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Abstract

This collection of essays investigates dynamic choices and the revealed preference of
indirect choices.

In Chapter 1, I study dynamic choices when new information is ambiguous. I
introduce a new updating rule, the conditional maximum likelihood rule (CML) for
updating ambiguous information. CML satisfies a new axiom, increased sensitivity
after updating, while existing updating rules do not. With CML, a decision maker’s
posterior is unaffected by the order in which independent signals arrive. CML accom-
modates recent experimental findings on updating ambiguous information and has
applications on learning and information design.

In Chapter 2 (co-authored with Mu Zhang), we propose a new model of menu
preference that captures the optimism of decision makers. We model a decision maker
who anticipates her preference to change in the future and optimistically evaluates
each menu according to the best choice that could possibly be made by her future
self. We characterize this menu preference, discuss its uniqueness and propose a
comparative measure of optimism. The model connects optimism with the naive
quasi-hyperbolic discounting model and has novel predictions on decision makers’
choices over menus.

In Chapter 3 (co-authored with Gaoji Hu, Jiangtao Li and John K.-H. Quah),
we develop a theory for testing the rationality of decision makers when their indirect
preferences over menus are observed. A preference over menus is said to be an indirect
preference if it is induced by a preference over the objects that make up those menus.
We consider partial information of a decision maker’s ranking over certain menus
and provide necessary and sufficient conditions on those rankings that guarantee the
existence of a preference over objects that induces the observed menu rankings. We

then apply this basic result to a wide variety of applications.
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1.1 Introduction

In decision theory, the term ambiguity refers either to an event with unknown
probability or to information that has multiple probabilistic interpretations. Since
the seminal work of Ellsberg (1961), a variety of models have been proposed to ratio-
nalize decision makers’ (henceforth DM) choices over bets on ambiguous events.! In
contrast, relatively few papers focus on updating ambiguous information. The grow-
ing literature on mechanism and information design under ambiguity has highlighted
the importance of the latter topic.

In many applications (e.g., Bose and Renou (2014) and Beauchéne, Li, and Li
(2019)), the DM’s prior over the payoff-relevant state space is unambiguous but the
information he receives is ambiguous. Our focus in this chapter is on such applications.
As in most existing models of choice under uncertainty, our DM is a max-min expected
utility maximizer. That is, when the DM has a set of priors, he evaluates each
ambiguous prospect according to its minimal expected utility over all possible priors.
In this chapter, we offer an alternative to full-Bayesian updating (henceforth FB)
where the set of posteriors is the set of Bayes’ updates of the priors.

One consequence of FB is that a DM’s set of posteriors may be a superset of his
set of priors. This dilation of beliefs may occur even when the DM has a single prior;
that is, even if there is no payoff-relevant ambiguity (Wasserman and Kadane, 1990).
Shishkin and Ortoleva (2019) (henceforth SO19) offer experimental evidence indicat-
ing that ambiguity averse DMs do not dilate after receiving ambiguous information.
This finding is inconsistent with FB and other well-known updating rules such as
the maximum likelihood rule (henceforth ML). Our new updating rule, CML, does
not create dilation and is consistent with experimental evidence presented in recent

papers.

1See, for instance, Gilboa and Schmeidler (1989), Schmeidler (1989), Maccheroni, Marinacci, and
Rustichini (2006), Chew and Sagi (2008), Gul and Pesendorfer (2014), etc.



To see how our updating rule works, consider the following example: there is a
coin and an urn. The urn contains 100 balls; each ball is either red or blue. It is
not known how many balls there are of either color. The coin is tossed, and a ball is
drawn from the urn. Consider a bet that yields $20 to the DM if the coin shows tails
and $0 if the coin shows heads. Before taking the bet, the DM receives a message
about the outcome of the toss. The message is either “tails” or “heads”. The message
matches the outcome of the coin toss if a red ball is drawn and does not match the
outcome if a blue ball is drawn. After receiving the message, the DM is asked if he
would be willing to give up the bet in exchange for a objective lottery that yields $20
with probability 1/2 and $0 with probability 1/2.

Suppose that the DM receives the signal “tails”. Given the signal, the bet depends
on the color of the ball that is drawn: if the ball is red, the DM has won; if it is blue,
he has lost. Hence, it could be argued that once the signal is observed, the bet
becomes ambiguous and therefore, an ambiguity averse DM might strictly prefer the
objective lottery to the bet. Full-Bayesian updating is consistent with this view: with
FB, an ambiguity averse DM would strictly prefer the objective lottery to the bet
after receiving either signal “tails” or signal “heads”.

Since the bet is equivalent to the objective lottery before the signal, the above
argument suggests that ambiguity averse DMs lower their value of the bet after ob-
serving the signal. SO19, however, find that ambiguity averse DMs typically do not
change their value of the bet after observing the signal. Our model provides the
following rationale for the behavior of such DMs: if the outcome of the coin toss is
tails, then signal “tails” is most likely when the number of red balls in the urn is
maximal. Symmetrically, if the outcome of the coin toss is heads, then the signal
“tails” is most likely when the number of blue balls in the urn is maximal. Therefore,

updating based on the conditionally most likely event, i.e., CML, preserves the initial



symmetry and implies that the DM is indifferent between the bet and the objective
lottery even after observing the signal.

Our model has a fundamental state space S and a signal space ©. We call § x ©
the extended state space. A function mapping from the extended state space to
payoffs is an extended act. A function mapping from the state space to payoffs is an
act. An extended evaluation function, V', describes the DM’s ex ante preferences over
extended acts. An evaluation function, Vj, describes the DM’s ex post preferences
over acts after observing signal 6. Section 1.2.1 provides the necessary formalism and
an axiomatic characterization of max-min (extended) evaluation functions.

An updating rule specifies for each extended evaluation function V' and each sig-
nal 6 an evaluation function V3. CML is defined as follows. Consider an extended
evaluation function V', which admits a max-min representation with a set of priors
P over S x ©. Throughout the chapter, we assume that P has no ambiguity over S,
i.e., each prior p € P has the same marginal distribution over S. For any signal 6,
the evaluation function Vj specified by CML admits a max-min representation with

the singleton posterior set {19} over S, where for each s € S, ug(s) is given by

maxpep (s, 0)
ves maxpep (s, 0)

MQ(S) = Z

That is, with CML, a DM who has prior set P updates his belief over S to gy after
observing . The maximization in the formula captures the conditional maximum
likelihood of the signal on each state.

In Section 1.2.3, we introduce a new axiom, increased sensitivity after updating
(henceforth ISU), which distinguishes CML from existing updating rules. The idea of
the axiom can be illustrated through the following example. Consider a state space
containing three states {si, so, s3} with prior (1/3,1/3,1/3). Let event {si,s2} be

realized. The Bayes’ posterior is given by (1/2,1/2). Assume that the DM is an



expected utility maximizer. If his payoff at state s; increases by € > 0, his ex ante
expected payoff increases by €/3, and his ex post expected payoff increases by €/2.
Clearly, he is more sensitive to payoff changes on s; after event {sy, ss} is realized.
Axiom ISU is motivated by this observation.

We state axiom ISU in our framework. Consider two extended acts f* and g*.
Suppose that ¢g*(s,0) > f*(s,0) for some (s,0) € S x O, and ¢g*(s',8') = f*(s',0) for
all (¢,0") different from (s,0). Let f and g be two acts satisfying f(8) = f*(6, $) and
g(8) = ¢g*(0,5) for each § € S. An updating rule satisfies ISU if for any extended

evaluation function V' and any signal 6,

V(f*) = Va(f) implies V(g%) < Vp(g),

where Vj is the evaluation function specified by the updating rule. We interpret this
axiom as follows. If the extended act changes from f* to ¢*, the DM has a payoff
increase at (s,#). The payoff increase should affect the DM more after 6 is observed,
since it rules out event S x (©\{#}) and increases the chance that (s,€) occurs.
Therefore, the difference between the evaluations of f* and ¢g* at the ex post stage
should be higher than that at the ex ante stage. Since f has the same value as f*,
¢ must have a higher value than g*. The condition V(f*) = Vy(f) further rules out
the possibility that different sensitivities to payoff changes are caused by different ex
ante and ex post utility levels. Axiom ISU is satisfied by CML but violated by other
updating rules.

In Section 1.3, we characterize CML. We show that an updating rule is CML if
and only if it satisfies axiom ISU, axiom independence of irrelevant signals, and axiom
mixture independence (Theorem 1.3.1). The latter two axioms are also satisfied by
FB and ML. When the DM’s extended evaluation function is not observed, we provide

a characterization of CML rationalizable belief profiles. Specifically, a belief profile



contains the DM’s ex ante belief over S and ex post belief over S after observing
each signal. We provide a necessary and sufficient condition for the existence of an
information structure under which the belief profile is consistent with CML updating.

In Section 1.4, we consider three applications of CML. First, we show that CML is
divisible. That is, the DM’s posterior is not affected by the order in which independent
signals arrive. This makes CML suitable for the analysis of Wald-type problems under
ambiguity. Second, we relate CML to experimental evidence involving signals of
unknown accuracy. We show that a DM who updates according to CML under-reacts
to ambiguous information, as observed by Liang (2021) (henceforth L19). We also
investigate the learning behavior of a DM who updates signals of unknown accuracy
with CML.

Finally, we apply CML to a Kamenica and Gentzkow (2011)-style information
design problem. We consider a designer who wants to persuade an agent to take an
action that affects the designer’s payoff. The designer can choose any ambiguous or
unambiguous information structure. We show that the designer can almost achieve
her maximal payoff when facing a CML agent. That is, for any € > 0, there exists an
ambiguous information structure such that the designer’s payoff is no less than her
maximal payoff minus e.

Section 1.5 contains our comparisons of CML with existing alternatives. We show
that within the max-min expected utility framework, no updating rule satisfies axiom
ISU if we allow multiple priors over the payoff-relevant state space. Hence, we show

that the ISU assumption is appropriate only when ambiguity arises from information.

Related Literature. A couple of experimental studies directly test how subjects
react to ambiguous information, e.g., Epstein, Halevy, et al. (2019), Kellner, Le Que-
ment, and Riener (2019), etc. Our study is mostly related to the two experimental

papers: SO19 and L19. In both papers, the state space is finite. Both papers test



how DMs react to ambiguous information when there is no ambiguity over the state
space. Our theory can partially accommodate their findings.

Another stream of literature studies ambiguous information in game-theoretical
frameworks, including Blume and Board (2014), Bose and Renou (2014), Kellner and
Le Quement (2017), Beauchéne, Li, and Li (2019), Kellner and Le Quement (2018),
etc. In this chapter, we also apply CML to study the information design problem.
We characterize the set of payoffs that can be achieved by an information designer
when the agent updates according to CML.

This chapter contributes to the literature of updating under ambiguity. The two
most studied updating rules under ambiguity are FB and ML. FB is analyzed by
Wasserman and Kadane (1990) and Jaffray (1992) and axiomatized by Pires (2002).
ML is introduced by Dempster (1967) and Shafer (1976) and axiomatized by Gilboa
and Schmeidler (1993) and Cheng (2021). Cheng (2021) also provides a new updating
rule, the relative maximum likelihood rule, under which a DM’s posterior set is a
convex combination of FB and ML posterior sets. CML differs from these rules in
two respects. First, CML satisfies axiom ISU. Second, with CML, the DM’s prior
over the state space is always updated to a single posterior and thus is not dilated.

Hanany and Klibanoff (2007) introduce the dynamic consistent updating rule,
featuring a DM who only updates a subset of his priors using Bayes’ rule to maintain
the optimality of the ex ante optimal choice. The posterior set of a DM who updates
according to Hanany and Klibanoff (2007) depends on the ex ante act as well as the
choice menu, which violates consequentialism.? CML differs from this rule in two
respects. First, CML satisfies consequentialism. Second, the CML posterior of a DM
may not be contained in his FB posterior set (Example 1).

A new updating rule, named the proxy rule, is proposed and axiomatized by

Gul and Pesendorfer (forthcoming). Gul and Pesendorfer (forthcoming) introduce

2Consequentialism says that the ex post evaluation of a choice does not depend on its payoffs on
states not contained in the realized event.



the axiom “not all news is bad news” and show that the axiom is satisfied by the
proxy rule but not FB or ML. A common feature of the proxy rule and CML is
that information does not render unambiguous events ambiguous. The key difference
between CML and the proxy rule is that CML does not satisfy “not all news is bad
news” while the proxy rule does not satisfy ISU.3

The rest of the chapter is organized as follows. We present the model in Section
1.2. We characterize CML in Section 1.3. Section 1.4 contains applications of CML.
We discuss CML in Section 1.5. All omitted proofs in this chapter are in Appendix
A.

1.2 Model

For an arbitrarily nonempty set H, let A(H) denote the set of finitely supported
probability distributions over H, i.e., d € A(H) if and only if there exists a nonempty
and finite subset H' C H such that d(H') = 1. If H is finite, let A°(H) be the relative
interior of A(H), i.e., d € A°(H) if and only if d(H") > 0 for each nonempty H' C H.
Any probability distribution over H' C H is viewed as a probability distribution over
H that has support H’, and any probability distribution over H that has support H’
is also viewed as a probability distribution over H’. For any two sets of probability
distributions D and D’ over H and any a € [0,1], let aD + (1 —a)D’ be the a-convex
combination of the two sets: aD + (1 — @)D’ ={ad+ (1 —a)d' : d € D,d € D'}.

For any function f : H — R and any d € A(H), define Eq(f) = >, d(h)f(h) as
the d-evaluation of f. For any nonempty D C A(H), define Ep(f) = infyep Eq(f) as
the D-evaluation of f. For any two functions f and g, we write f > g if f(h) > g(h)
for all h € H. For any subset H' C H, we write f =" ¢ if f(h) = g(h) for all
h € H'. We let fH'g denote the function that agrees with f on H’ and agrees

with ¢ on H\H’. For any a € [0,1], af + (1 — a)g denotes the function satisfying

3See Section 1.5.2 for a detailed discussion.



that (af + (1 — a)g)(h) = af(h) + (1 — a)g(h) for all h € H. For any partition
= {H' .. H"}of H, fis said to be measurable with respect to I if f(h) = f(})
whenever h and A’ are in the same block of the partition.

Let H = Hy; X Hy. For any d € A(H) and any hy € Hs, if d(hy,hy) > 0 for
some hy € Hy, then d|lhy € A(H;) denotes the conditional probability of d on hs:
d|ha(hy) = d(hy, ha) /(D oh, em, d(hy, hy)) for all b, € Hy. For any D C A(H) and any
hy € Ho, define the set of conditional distributions of D on hy as D|hy = {d|hy : d €
D,3hy € Hy s.t. d(hy,he) > 0}. For any function f : H — R, let f|hy denote the
function mapping from H; to R satisfying that f|ha(hy) = f(hi, ha),Vhy € H;. For
convenience, we write h for the singleton set {h} throughout the chapter when there

is no confusion.

1.2.1 Evaluation Functions and Extended Evaluation Func-

tions

In this section, we introduce evaluation functions and extended evaluation func-
tions, both of which are assumed to have max-min representations. Fach updating
rule is defined as a function that maps extended evaluation functions and signals to
evaluation functions.

Let S be the state space. We assume that S contains at least three states and
is finite. Let © be the set of signals. © is countably infinite. Let K be the payoff
space, which is an interval of R containing a nonempty interior. An act is a function
f S — K, and an extended act is a function f*: S x © — K. We use z € K to
denote the constant act as well as the constant extended act that equals x everywhere.
Let F denote the set of all acts and F* the set of all extended acts.

The DM’s priors over S x © can be identified through his choices over extended

acts. The DM'’s choices over extended acts are characterized by an extended evalua-



tion function. An extended evaluation function is a map V' : F* — K satisfying that

for any x € K and any f*, g%, h* € F*:
(i) (Identity): V(z) = =.

(ii) (Comtinuity): the sets {a € [0,1] : V(af* + (1 — a)g*) > V(h*)} and {a €
0,1] : V(af*+ (1 — a)g*) < V(h*)} are closed.

(iii) (Certainty Independence): Va € (0,1), V(f*) > V(g*) if and only if V (a f*+
(1—a)z) > V(iag*+ (1 —a)z).

(iv) (Monotonicity): f* > g* implies V(f*) > V(g%).
(v) (Uncertainty Aversion): V(f*) = V(g*) implies V(3 f* + 3g) > V(f*).

(vi) (Finite Support): There exists a nonempty and finite subset ©' C © such that
V(f*) =V(g") whenever f~ —Sx0' g*.

(vii) (No Ambiguity over State Space): If f* and ¢g* are measurable with respect
to the partition {s x O}, and V(f*) = V(g*), then V(5 f* + 2¢%) = V(f*).

Let V be the set of all extended evaluation functions. Conditions (i)-(v) are

standard for a max-min expected utility representation.?

Together with condition
(vi), there exists a unique nonempty, convex and closed set P C A(S x ©') such that
V(f*) = Ep(f*) for each extended act f*. P is said to represent V. Conditions (vii)
ensures that each prior p in P has the same marginal distribution over S, i.e., for
each p,p’ € P and each s € S, p(s x ©) = p/(s x O). Such a set of priors over S x ©
is said to be simple. We discuss more general prior sets in Section 1.5.1.

For any P that is simple, we can decompose it to a prior p over S and a set of
conditional probabilities {c!(+]s)ses her € (A(O))° satisfying that:
(i) u(s) = p(s x ©) for each s € S and each p € P,
(ii) Vt € T, there exists p € P such that u(s)c'(0]s) = p(s,0), Vs € S and V0 € O,

and

4See Gilboa and Schmeidler (1989) for more details.
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(iii) Vp € P, there exists t € T such that p(s,0) = pu(s)c'(0]s), Vs € S and VO € O.
We write P = (i, {c'(-|$)ses }ier) if the above conditions hold. Based on the refor-
mulation, a DM who has a simple prior set has no ambiguity over the state space but
may have multiple probabilistic interpretations over the signals, where each t € T
denotes one possible interpretation.

After observing some signal 6, the DM’s ex post beliefs can be revealed from his
choices over acts. The DM’s choices over acts are described by an evaluation function.
An evaluation function is a map U : F — K satisfying identify, continuity, certainty
independence, monotonicity and uncertainty aversion. These conditions ensure that
U admits a max-min representation by a unique nonempty, convex and closed set of
probability distributions @ C A(S). When Q = {u*}, we say that U is represented
by p*. Q is the DM’s set of beliefs over the state space after observing signal 6. Let
U be the set of all evaluation functions.

We proceed to define updating rules. We only consider signals that happen with
non-zero probabilities.> For this purpose, we define non-null signals for an arbitrary
extended evaluation function V. (s,0) € S x O is said to be V null if V(f*) =V (¢*)
for any f*, g* € F* satisfying f* =(9*ONE0 = If (s5,0) is not V null, it is V non-null.
It can be easily shown that if V' is represented by P, (s,6) is V null if and only if
for all p € P, p(s,0) = 0. A signal 6 is said to be V non-null if there exists s € S
such that (s,0) is V non-null. The set of all V' non-null signals is denoted as Oy.
V non-null states are defined similarly. In the examples and applications, we omit
states and signals that are not non-null.

Define G C V x O such that (V,6) € G if and only if § € Oy. That is, a tuple

(V,0) is contained in G if and only if # is V non-null. An updating rule is a function

r-g—u.

5We do not model how DMs react to unexpected information in this chapter. For theories of
updating events with zero probability, see, for example, Ortoleva (2012).
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For simplicity, for any V' € V and 0 € Oy, we write V, for I'(V, 0). To interpret, the
extended evaluation function V' characterizes the DM’s prior beliefs over the produce
of the state and signal spaces. Given V', an updating rule maps each observed signal
to the DM’s ex post evaluation function over acts, which reflects the DM’s ex post

beliefs over the state space after observing the signal.

1.2.2 CML Updating

We introduce CML in this section. Let the DM’s prior set over S x © be a simple
set P. Consider a signal 6 satisfying that p(s, ) > 0 for some p € P and s € S. When
signal 6 is observed, CML updating leads to a singleton posterior set {ug} C A(S),

where for each s € S
max,ep p(S, 0), . (1.1)
Y veg Maxpep p(s',0)

fo(s) =

Equivalently, if P = (u, {c'(:|$)ses }ter), then for each s € S, we have

p(s) maxer ct(6]s)
Zsfes #(3/) maXxiert Ct(9|5/)

po(s) = (1.2)

We interpret the above formulation as the DM uses the signal’s maximal conditional
probability on each state to update his belief. The DM’s CML posterior set is always
a singleton and thus is not dilated. With CML, information does render unambiguous
events ambiguous.

We note that the CML posterior may not be the Bayes’ posterior of any one of
the DM’s priors over S x O, i.e., yy may not be contained in P|f. Example 1.2.1

illustrates this point.

Example 1.2.1 Let S ={s,s,s"} and © = {0,0'}. The DM’s prior set over S x ©
is a simple set P = {ap' + (1 —a)p? : a € [0,1]}, where p' and p? are shown in Table
1.1.
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Table 1.1: Distributions of the priors in Example 1.2.1

pl 2 G p2 2] o’

s | 4/15 | 1/15 s | 4/15 | 1/15

s | 4/15 | 1/15 s | 1/15 | 4/15

$"| 1/15 | 4/15 | | ¢" | 4/15 | 1/15

Since the maximal probabilities of (s,8), (s',6) and (s”,6) are all equal to 4/15, the
DM’s CML posterior is (1/3,1/3,1/3) when signal 6 is observed. Note that P|6
consists of all convex combinations of p'|f# and p?|0, where p'|0 = (4/9,4/9,1/9)
and p*l0 = (4/9,1/9,4/9). Obviously, (1/3,1/3,1/3) is not a convex combination
of p'|f and p?|f. That is, (1/3,1/3,1/3) is not contained in P|f. Since the DM
updates his belief based on the conditionally most likely scenario for each state,
correlations among different states’ conditional probabilities are neglected. Hence,

the DM’s posterior can be outside of P|0.

CML is formally defined as follows.

Definition 1.2.2 An updating rule is CML if for any V € V represented by P and
any 0 € Oy, the evaluation function Vy specified by the updating rule is represented

by the CML posterior ug given by condition (1.1).

1.2.3 Axiom ISU

In this section, we introduce the axiom ISU, which distinguishes CML from ex-
isting updating rules. To start with, we introduce two existing updating rules: FB
and ML. Let V be the DM’s extended evaluation function, which is represented by

P. Let a V non-null signal  be observed.

13



(FB.) A DM who follows FB updates P to the posterior set P|¢. That is, given
signal 6, he updates each prior p in P following Bayes’ rule. With FB, the DM’s ex
post evaluation function Vj is represented by the closure of P|6.

(ML.) A DM who follows ML first selects priors P from P that maximize the

probability of S x 6 :

POM = {peP:p(S x 0) > p/(S x 0), V) € P}.

Then, he updates each prior in P% following Bayes’ rule, which leads to the posterior
set PPM|9. With ML, the DM’s ex post evaluation function Vj is represented by
PoMIQ.

We motivate axiom ISU in an unambiguous environment, in which the DM updates
according to Bayes’ rule and is an expected utility maximizer. Let S = {s, s’} and
© = {0,6'}. The DM has a single prior p over S x O satisfying that p(s,0) = p(s',0) =
p(s,0') = p(s',0") = 1/4. Consider an arbitrary extended act f*. If the payoff of f*
at (s,0) increases by € > 0, its evaluation increases by €/4. When 6 is observed, the
DM'’s posterior over {s,s'} is (1/2,1/2). Hence, the DM’s ex post evaluation of the
act f*|6 increases by €/2 if the payoff of f* at (s, ) increases by e.

The key observation from the above example is that the DM becomes more sen-
sitive to payoff changes at (s,0) after signal 6 is observed, since the realization of
rules out event S x (©\#), which makes payoff changes at (s, ) more likely to occur.
This argument does not rely on whether the information is ambiguous or not. Based

on this observation, we introduce axiom ISU.

Definition 1.2.3 An updating rule satisfies axiom ISU if for any extended evalu-

ation function V', any 0 € Oy and any f*,g* € F* with g*(s,0) > f*(s,0) and
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g* —_(SxO)\(s,0) f*}

V(f*) = Ve(f710) implies V(g") < Vo(g7|0).

To understand the definition of axiom ISU, note that V(f*) = Vy(f*|f). Since
the increase of payoff at (s,6) affects the DM more after 6 is observed, we have

V(g*) < Vy(g*|0). However, the next example shows that axiom ISU is violated by
both FB and ML.

Example 1.2.4 Let S = {s,s'} and © = {6,60'}. The DM’s prior set over S x O is
a simple set P = {ap' + (1 — a)p? : a € [0, 1]}, where p' and p? are shown in Table
1.2.

Table 1.2: Distributions of the priors and extended acts in Example 1.2.4

pl 0 o’ p2 0 o .f* 16 g* Ja o

s | 1/83/8 s |1/3]1/6 s |3]6 s | 15/4 |6

s |3/811/8| | s |1/8]3/8] | s |20 s 2 |0

Let V be the DM’s extended evaluation function, represented by P. Consider ex-

tended acts f* and g*, as shown in Table 1.2. We can verify that

V(f*) = E{pl,p2}(f*) = ]Ep2(f*) = 9/47

and

Vi(g") = ]E{pl,pQ}(g*) =Ep(g") =5/2.

Let signal 6 be observed.
First, assume that the DM updates according to FB. The DM’s posterior set over
S consists of all convex combinations of p'|6 = (1/4,3/4) and p?|6 = (8/11,3/11).

Hence, a DM who follows FB evaluates f*|0 as Eg,19,20)(f*|0) and evaluates g*|6 as
15



E{p1|97p2|9} (g* ’9) We have

Eprio.p210y (f710) = Eprjp(f*10) = 9/4,

and

Ep 0,203 (9710) = Epro(g7|0) = 39/16.

Next, assume that the DM follows ML. The DM selects the prior that maximizes
the probability of S x 6, which is p'. Thus, his posterior set is {p'|6}. Again, his ex

post evaluations of f*|0 and ¢*|0 are given by

Epi0(f*10) = 9/4 and Enp(g*|0) = 39/16.

Since E2(f*) = Epp(f*|0) and E,2(g9*) > Epje(g*]0), both ML and FB violate
axiom ISU. In contrast, CML satisfies axiom ISU, which is implied by the following

proposition.

Proposition 1.2.5 Let V € V, 0 € Oy and Vy = I'(V,0), where I" is CML. For
any extended acts f* and g* and any (s,0) € S x O, if g*(s,0) > f*(s,0) and

gt =EXONGO) 5 then

V(g") = V(f") < Va(g"10) — Va(f7]0).

Proposition 1.2.5 says that CML satisfies a stronger version of axiom ISU. If a DM
updates according to CML, he is always more sensitive to payoff changes at (s, #) after
0 is observed, no matter whether his ex ante evaluation equals his ex post evaluation

or not.
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1.3 Characterization

In this section, we provide an axiomatic foundation for CML. We provide three
axioms to fully characterize CML, two of which are also satisfied by both FB and
ML. The only axiom that is violated by FB and ML is axiom ISU. After that, we
consider the situation in which a DM’s extended evaluation function is not observable.
Instead, we observe the DM’s prior belief 1 over the state space and posterior belief
after observing each signal. We provide a sufficient and necessary condition under
which the DM’s belief profile can be rationalized by CML, i.e., there exists a simple
set of priors over S x © that has marginal distribution g over S such that CML

updating leads to the desired posterior of the DM under each signal.

1.3.1 Axiomatic Foundation

For any two extended evaluation functions V and V' and any £ C S x ©, V and
V' are said to agree on E, denoted by V ~F V' if for any extended act f* and any
payoff z, V(f*Ez) = V'(f*Ex). To interpret, consider two DMs who have extended
evaluation functions V and V' respectively. If V and V' agree on F, then the two DMs
agree on how to trade off payoffs on E. Therefore, when the payoff of an extended
act on the complement of E is constant, the two DMs have the same evaluation of

the extended act.

Independence of Irrelevant Signals (Axiom IIS). For any {V,V'} CV and
any 0 € Oy, if V &% V' then Vy = V.

Axiom IIS says that if two DMs agree on how to trade off payoffs on S x # ex
ante, then when 0 is realized, the two DMs have the same ex post evaluation function.
Equivalently, when V' is represented by P and V'’ by P’, axiom IIS says that if P
and P’ induce the same set of probability distributions over the algebra generated by

all subsets of S x #, then the posterior beliefs of the two DMs are the same after
17



is observed. That is, if the two DMs agree on how probabilities are distributed over
S x 0 ex ante, then they have the same posterior beliefs over S given . Clearly, this
axiom is satisfied by FB and ML.

For any a € [0, 1] and any two extended evaluation functions V' and V', we define

the a-mixture of V and V' as aV + (1 — a)V’ such that for all f* € F*,

oV + (L= )V'(f*) = aV(f*) + (1 — a)V'(f*).

Note that oV + (1 —a)V” is also an extended evaluation function. With this notation,

we state our second axiom.

Mixture Independence (Axiom MI). For any a € (0, 1], any {V,V'} C V and
any 0 e @V\@V/, Vo = (OéV + (1 — Oé)V,)g.

Consider two DMs whose extended evaluation functions are V and aV' + (1 —a)V’
separately where V', V' and 6 satisfy the primitive condition of axiom MI. Let V' be
represented by P and oV + (1 — )V’ by P®. The probabilities of each event in
S x 0 assigned by P shrink uniformly by a factor of a compared to the probabilities
assigned by P. Axiom MI says that the ratio a does not affect the DM’s posterior
beliefs as long as the signal @ is observed. Therefore, the two DMs have the same ex
post evaluation function given #. FB and ML also satisfy this axiom. The last axiom

is axiom ISU.

Increased Sensitivity after Updating (Axiom ISU). For any V' € V, any
0 € Oy and any {f* ¢*} C F* satisfying f*(s,0) < g*(s,0) and f* =*ONE0 o=

V(f*) = Vo(f*]6) implies V(g") < Vo(g"|0).
The three axioms fully characterize CML.

Theorem 1.3.1 An updating rule is CML if and only if it satisfies axioms IIS, MI

and ISU.
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1.3.2 CML Rationalizability

In this section, we study the situation in which the DM’s extended evaluation
function cannot be observed. Let the DM’s ex ante evaluation function be U. U
describes the DM’s choices over acts before any information. Let U be represented
by i € A(S). We assume throughout this section that u € A°(S).° The DM’s choices
over acts under signal # is characterized by the ex post evaluation function Uy. Let
{Up}oco- be the DM’s set of ex post evaluation functions, where ©* is a finite set of
signals. Uy is represented by g € A(S).” Given the profile (u, {119 }oco+), We want
to provide a sufficient and necessary condition under which the ex post beliefs of the

DM are updated according to CML under some set of interpretations of signals.

Definition 1.3.2 (u, {16 }toco+) is CML rationalizable if there exists a finite set of

conditional probabilities {c'(:|$)ses hier over ©F such that for each 6 € ©*,

Z,u max c'(0s") > 0, (1.3)

teT
s'eS

and for each s € S,
p(s) maxer ¢H(6)s)

) 14
seg H(s") maxyer ct(0]s') (1.4)

fo(s) = 5

Condition (1.3) requires that all observed signals are not unexpected. Condition
(1.4) says that the DM updates according to CML. The following example shows that

not all belief profiles are CML rationalizable.

Example 1.3.3 Let S = {s,5',s"} and ©* = {0,0'}. Suppose that the DM’s prior
over S is u = (1/3,1/3,1/3). His posterior is ug = (1/6,1/2,1/3) under signal 0
and pg = (1/6,1/2,1/3) under signal 6. We argue that (u,{pe, e}) is not CML

OIf u(s) = 0, we can simply delete state s and define the state space to be S\{s}. If any posterior
of the DM assigns positive probability to s, we can directly reject the hypothesis that the DM
updates with CML.

"Again, if Uy is represented by a non-singleton set Qg, we can reject the hypothesis that the DM
updates with CML.
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rationalizable. The reason is that the posterior probabilities of state s are too small
compared to the posterior probabilities of state s’. When signal 6 is realized, the
conditional likelihoods ratio used for updating between s and s’ is 1 : 3. Since the
conditional maximum likelihood of € on s is at most 1, the conditional maximum
likelihood of 6 on s is at most 1/3. By a similar argument, the conditional maximum
likelihood of ¢ on s is at most 1/3. Obviously, this is impossible, since it indicates
that the summation of the conditional probabilities of 6 and ¢ on s is strictly less

than one.

The next theorem completely characterizes the set of CML rationalizable belief
profiles. The characterization exactly rules out the situation in Example 1.3.3: con-
ditional on any state s, the summation of the probabilities of all signals cannot be

strictly less than one.

Theorem 1.3.4 (u, {16 }toco) is CML rationalizable if and only if for each s € S,

N —1
max Ho(s') > 1.
ves (s

76
2 )

9cO (s

1.4 Application

In this section, we give three applications of CML. First, we show that CML is
divisible, i.e., CML updating is unaffected by the order in which independent signals
arrive. Second, we apply CML to study how DMs update with signals of unknown
accuracy. We show that CML predicts under-reaction to such signals and illustrate
how DMs learn with such signals. Finally, we apply CML to study an information
design problem where a designer can introduce ambiguous information structures to
affect the action taken by an agent. We show that if the agent follows CML, the

designer can almost achieve the maximal payoff.
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1.4.1 Divisibility

An important question in the literature of belief updating is whether DMs’ beliefs
are affected by the order independent signals arrive. An updating rule is divisible,
or path-independent, if the posterior set of the DM is unaffected by the order of
independent signals. Cripps (2018) gives the representations of divisible rules when
there is no ambiguity. In this section, we show that CML satisfies divisibility.

For simplicity, let S, © and ©’ be finite. © and ©' are two different sets of signals.
Let the DM’s prior over S be . The DM believes that the conditional distributions
of © and © on S have multiple possibilities, which are given by {c'(:|s)ses}ter and
{c”(-|5)ses }ererr. The two signal sets © and ©’ are independent. Hence, the DM
believes that the set of possible conditional distributions over © x ©' is given by
{c®)(-|8)ses tuayerxr where for each (t,#) € T x T", ¢4)(0,0'|s) = ¢! (0]s) - ' (0] s)
for each 6 € © and 0’ € ©'.

Fix the two independent signal sets. We argue that CML updating is path-
independent. First, assume that signals # and 6" arrive simultaneously. The DM'’s

posterior fig ¢ satisfies that for any s € .5,

1(s) max . persr B (0, 0']s)
s'es p(s") max ¢ pyerxr b (0,0'|s')

.6/ (S) = Z

Since ¢“)(6,6'|s) = ct(|s) - ' (#'|s), we have for any s € S,

() maxyer ¢ (6]s) maxyep ¢t (6']s)

#9,9'(5) = Z

ges 1(s") maxyer H(0]s") maxyeq ¢ (§]s")

Based on the updating formula, the conditional likelihoods used for updating is the
multiplication of the conditional maximum likelihoods of the two signals on the each

state.

21



Next, consider the case where signal 6 is observed first. The DM updates his prior

1 to py such that for each s € S,

w(s) maxer cH(0]s)
> yes H(s") maxier ¢! (0]s')

po(s) =

Then, he observes signal ' and updates pg to (g)e such that for each s € S,

po(s) maxyeqs ¢ (0']s)
D ves Ho(s) maxper ' (0']s')

(1o)or(s) =

Obviously, pge and (ug)e are the same. Similarly, if signal 6" arrives before 6, the

DM'’s posterior remains to be f19¢. In conclusion, CML is divisible.

1.4.2 Information with Ambiguous Accuracy

SO19 and L19 study how DMs react to information of ambiguous accuracy. Some
of their experimental findings are inconsistent with FB and ML under the max-
min expected utility framework. For example, the experimental evidence of SO19
suggests that ambiguity averse DMs may not dilate their prior when processing am-
biguous information. In addition to the non-dilation property, we show that CML
can accommodate another experimental finding by L19: under-reaction to ambigu-
ous information. We then discuss how DMs learn in the long run with CML when
information has ambiguous accuracy.

We introduce the framework. Let S = {s1, s2} be the state space and © = {6,605}
the signal space. There are two possible levels of accuracy of the signals: H and L.
We require that H, L € (0,1), H > L and H + L > 1. Hence, the DM believes that
the conditional probabilities of the signals have two possibilities ¢!/ and c¢* where
cH(0:1]s1) = cf(03]s2) = H and c(0y]s1) = c(0s]s2) = L.

The first observation is that when H = 1 — L, the DM will maintain his prior

over S upon receiving any signal with CML. Since given any signal 6;, the conditional
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maximum likelihood of #; on s; is H and the conditional maximum likelihood of ; on
s; (j # 1) is 1 — L. The two conditional likelihoods cancel out. This coincides with the
experimental finding of SO19 that ambiguous averse DMs do not adjust their value
of bets after such signals.

Next, we introduce the definition of under-reaction to unambiguous information
by L19. Consider acts f and g that satisfy f(s;) = g(s2) =1 and f(s2) = g(s1) = 0.

Consider another conditional distribution ¢(+|s)scs where

H+L
6(61‘81) = 0(92’82) = 9 .

Let v} be the DM’s ex post evaluation of f after observing ¢; when he believes the
conditional distributions of the signals are given by either ¢/ or ¢. Let v} be the
DM’s ex post evaluation of f after observing #; when he believes the conditional
distributions of the signals are given by c. vy and vy are defined similarly. A DM
under-reacts to ambiguous information if v} < v} and vy > vy. To interpret, observing
signal 6 is good news for f and bad news for g. Hence, after observing 6, the DM
increases his evaluation of f and decreases his evaluation of g. If he under-reacts to
ambiguous information, he increases less for his evaluation of f and decreases less
for his evaluation of g when the information is ambiguous, i.e., there are multiple
possible conditional distributions of the signals.

CML predicts under-reaction to ambiguous information when H + L > 1. To see
this, let the DM’s prior over {si,s2} be u = (a,1 — «), where a € (0,1). Assume
that signal 0; is observed. Given the set of interpretations {cf, ¢}, the DM’s CML
posterior g, satisfies

Moy (31) _ aH

po,(s2)  (1—a)(1—L)
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Given the unambiguous interpretation {c}, the DM’s CML posterior j satisfies

1y, (s1) oL

o (s2)  (1—a)(1—HE)
To see that the DM always under-reacts to ambiguous information, note that

po(s1) pg,(sy)  H  (H+L)/2

po,(s2)  pg(s2) 1—L 1—(H+L)/2
(H—L)(1—H—1L)
(I—L)(2—H-1)

<0.

Hence, the DM updates more when the information is unambiguous. The same
argument applies for signal 6;.

We end this section by discussing the implications of CML on learning. Consider
the situation in which the DM believes the conditional probabilities of the signals are
given by either ¢ or ¢* where H + L > 1. Suppose that the true signal generating
process is given by c. In this case, the information is asymmetrically informative.
Fix the true state of the world. At each period, a signal from {6;,60-} is generated
according to ¢ independently. CML has simple predictions on learning in such an
environment: as the number of signals observed by the DM increases, for any € > 0,
the probability that the DM’s posterior assigns probability more than 1 — € to the
true state converges to 1. That is, the DM will learn the true state of the world with
the informative signals if she updates according to CML.

To see why the DM would learn the true state of the world, note that the DM
always updates according to the conditional likelihood ratio % if 6 is observed and
according to the ratio % if 6, is observed. Hence, if the proportion of signals 6; (65)
is strictly greater than the proportion of signals 65 (6;) and the number of the signals

is large enough, the DM’s belief would converge to state s; (s3). Since the underlying
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conditional probabilities are given by ¢ which is informative, the probability that the
signal with the same index as the true state has a higher proportion converges to 1.

The DM learns the true state almost surely if he updates according to CML.

1.4.3 Information Design

The problem of information design is first studied by Kamenica and Gentzkow
(2011), in which information structures are unambiguous. Beauchéne, Li, and Li
(2019) study the case where the information designer can use ambiguous informa-
tion structures, and the agent follows FB. In this section, we consider ambiguous
information structures and assume that the agent follows CML.

Let a finite set S be the state space. A designer and an agent have a common
prior € A°(S). Let a finite set A be the set of all actions. The designer can design
information structures for the agent. After observing a signal, the agent chooses an
action. The utilities of the designer and the agent depend on both the true state and
the action taken by the agent. Let v : S x A — R be the designer’s utility function.
Let u: .S x A — R be the agent’s utility function.

Since the agent follows CML, the posterior set of the agent is always a singleton.
For any p* € A(S), let BR(u*) be the set of actions that maximize the expected

utility of the agent under p*, i.e

R(u*):{aeA:Zu*(s) (s,a) >Z,u ),Va' € A}.

seS seSs

Let A* C A be the set of all optimal actions of the agent, i.e.,

= |J BR(w

u*eA(S)

We impose the following assumption on A*.
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Assumption 1.4.1 For each a € A*, there exists p* € A°(S) such that a € BR(u*).

The assumption says that the agent’s optimal actions can be achieved by posteriors
in the interior of A(S). Note that this assumption is generically true.

We next define ambiguous information structures. An ambiguous informa-
tion structure is a tuple (O, {c(-|s)ses}ier) where © is a finite set of signals and
{ct(:8)ses hier C (A(O)) is a finite set of signal generating systems. We require that
for each 8 € ©, maxer ¢*(f]s) > 0 for some s € S. Let pg be the CML posterior of i
under this information structure when signal 6 is observed, i.e., ug satisfies condition
(1.2).

Consider an ambiguous information structure (©,{c'(-|s)sestier) and a set of
actions {a’}gco, we say that G = (0, {c!(-|8)ses her, {a }oco) is implementable if
(i) For each 0 € ©, a’ € BR(ug).

(i) For any t,t' € T,

S ws)@lshols,a”) = 33 uls)e (Bls)o(s, ).

seS €O seS €O

Condition (i) says that a is the agent’s optimal action when observing signal . Con-
dition (ii) ensures the commitment power of the designer: she has no incentive to pick
any particular signal generating system since under each signal generation system, her
expected payoff is the same. If G = (0, {c'(:|8)ses tters {ap}oco) is implementable,

let v*(G) denote the designer’s expected payoff under G, i.e.,
vH(G) =) > p(s)c(B]s)u(s,a’) VE € T.
seS €O
Ideally, the designer’s maximal payoff is given by

> (u(S) {lgéggv(&a)) :

seS
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That is, under each state of the world, the agent takes the designer’s optimal action
from the feasible action set A*. The next theorem states that the maximal payoff of

the designer can be almost achieved with suitable information structures.

Theorem 1.4.2 Suppose that assumption 1.4.1 holds. For any € > 0, there exists
an ambiguous information structure (©,{c'(:|s)ses }ter) and a set of actions {a’}geco
such that G = (0,{c(+|s)ses }ier, {a }oco) is implementable and

v(G) > (,u(s) maxv(s,a)) —e.

acAx*
seS

We give a simple example to illustrate the idea of Theorem 1.4.2. Let S = {s1, 2}
and A* = {aj,a2}. ay is the designer’s optimal action on state s;. ay is the de-
signer’s optimal action on s,. The common prior of the designer and the agent is
w = (1/2,1/2). The agent’s optimal action is a; if his posterior is u; = (1/3,2/3);
the agent’s optimal action is as if his posterior is s = (2/3,1/3).

Consider the following ambiguous information structure. There are 20000 signals
© = {07} ;c01.... 1000},1e1,2) and 20000 signal generating systems {c'}eq1, 1000} 1e{1,2}-
Our target is that for [ € {1, 2}, when signal 67 is realized, the agent’s CML posterior
is ;. Thus, the agent chooses action a; at signal 67! for any j. Moreover, we want
the agent’s posterior at signal 6! to be induced by ¢! for each j and each I. We
illustrate the construction of ¢! for some j as an example. Let

A0 |s1) = 0.01, and (07 |sy) = 0.02.

The two conditional probabilities indeed induce the posterior py = (1/3,2/3) given
the prior p = (1/2,1/2). We want to allocate the rest of the conditional probabilities

correctly, i.e., we want the rest of the conditional probabilities on each state to be
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allocated to the signals that induce the designer’s optimal action on the state. Let

1-0.01

BYZVIN R R .
s 1-0.02
(032 — Pk
d (9 82) 10000 ,V] )
O s1) = 0,V5%, and (07 sy) = 0,5 # j.

With ¢!, conditional on s;, the agent chooses action a; with probability 1. Condition
on sy, the agent chooses action as with probability 0.98. Other signal generating
systems can be constructed similarly. We need many signals to ensure the conditional
probability of 67 to be very small under ¢/ if (j,1) # (j/,1') so that only ¢/ plays a
role for controlling the agent’s posterior at signal 67/. Note that the only payoff loss

under ¢! is when (sq,67!) is realized. However, we can let the payoff loss be smaller

by adding more signals and shrinking the conditional probability ¢/!(671|s,).

We note that the optimal payoff is usually not achievable. For example, assume
that a € A* is the the designer’s unique optimal action at state s and is not an
optimal action of the designer at any other state. Assume further that the agent
chooses a only if the probability of state s’ (s’ # s) is greater than half. In this case,

the designer must incur a payoff loss in order to induce action a, where the payoft

loss comes from the situation in which a is chosen at state s'.

1.5 Discussion

1.5.1 A More General Framework: Violation of Axiom ISU

A natural extension of our framework is to allow the DM to have multiple priors
over the state space. However, we show that axiom ISU will be violated by any

updating rule. The only assumption we impose on the updating rule is that if (s, ) has

28



zero prior probability, then s has zero posterior probability after signal 6 is observed.

Consider the following example.

Example 1.5.1 Let S = {s1, 9, 83,54} and 0 = {#1,6,}. The DM’s prior set over
Sx0isP={ap'+ (1 —a)p®:a€l0,1]}, where p' and p* are shown in Table 1.3.

Note that P is not simple since it does not induce a unique prior over S.

Table 1.3: Distributions of the priors in Example 1.5.1

pl th 05 p2 th 05

511011 0 51106 0

s2 1071 0 s2 1011 0

s 0 |01 s3 | 0 ]0.2

S4 0 0.1 Sq 0 0.1

Let 0; be observed. Since only (s1,61), (s2,61), (s3,02) and (s4, 6>) have non-zero
prior probabilities, the DM’s posterior set is given by some Q C A({s1, $2}). Assume
without loss of generality that the payoff space is R. Consider two extended acts f*
and g* :

f*(slagl) = 07 f*(32791) = 17f*(s3782) = 107 f*(84792) =T,
g*(s1,01) = 1,9"(52,01) = 0,9 (s3,02) = =10, g"(54,02) = ¥,

where x and y will be determined later on. The P-evaluations of f* and ¢g* are given
by

E{pl,pQ}(f*) =E,(f")=17+0.1z,
Eppp23(97) = Epe(g") = =14+ 0.1y.

After 0; is observed, the ex post evaluations are given by

Eo(f*|0) = ;}}égu*(Sz),
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Eo(g70) = min u"(s:).

Let € > 0 be small enough. Increasing the payoff of f* on (sg,6;) by € increases its P-
evaluation by p'(sz2,61)e and increases the Q-evaluation of f*0; by min,cg p1*(s2)e.
Similarly, increasing the payoff of ¢* on (s1,6;) by € increases its P-evaluation by
p*(s1,061)e and increases the Q-evaluation of ¢*|f; by min,-co p*(s1)e. We can pick z
and y such that

Ep (f*) = Eo(f*]0),
Ey2(g9") = Eo(g"|0).

By axiom ISU, we conclude that

min 1i*(s3) > p'(s2,61) = 0.7,
HrEQ

and

min p*(s1) > p*(s1,601) = 0.6,
weqQ

which is impossible.
Example 1.5.1 shows that axiom ISU is generally violated under the max-min
expected utility framework. This gives a justification for our framework where ambi-

guity only comes from signals, in which ISU assumption works.

1.5.2 Comparison with the Proxy Rule

In this section, we compare CML with the proxy rule by Gul and Pesendorfer
(forthcoming). To start with, we introduce the proxy rule. For simplicity, assume
that S x © is finite. Proxy rule works for totally monotone capacities. Totally
monotone capacities have the following equivalent multi-prior characterization. For

any nonempty £ C S x 0O, let Py be the set of all probability distributions that have
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support E, i.e., Pp = {p € A(S x ©) : p(F) = 1}. A totally monotone capacity has

a multiple-prior representation given by

Z CMEPE, (15)

ECSx©:E#£0)

where ap € [0, 1] for each nonempty £ C S x © and Y pcg,0.p49 @r = 1. Let |E]
denote the cardinality of event £. With the proxy rule, when 6 is observed, the DM’s

set of posteriors is given by

Z ag-|[EN(Sx0)|-|E|™!
(OéE/ . |El N (S X 8)| . |E,

|_1)7DEQ(S><0)'

ECSxO:E#0D E’CS%:E’#@

A key property of the proxy rule is that “not all news is bad news”: given an informa-
tion structure and an extended act f*, the DM’s ex post evaluation of f*|f should be
weakly higher than his evaluation of f* under some signal §. The following example

illustrates that CML violates “not all news is bad news”.

Example 1.5.2 Let S = {s,s'} and © = {6,0'}. The DM’s prior set is a simple set
P which consists of all convex combinations of p',p? p® and p*, as shown in Table

1.4.

Table 1.4: Distributions of the priors in Example 1.5.2

pl 2 o' p2 0 o’

s 1 9/20 | 1/20 s | 1/20 | 9/20

s | 2/5 | 1/10 s | 1/10 | 2/5

p3 2 6 p4 2] o'

s 19/20 | 1/20 s | 1/20 | 9/20

s | 1/10 | 2/5 s | 2/5 | 1/10
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Note that P admits a totally monotone capacity since it satisfies condition (1.5):
1 3
P =55Psort 55 SPont ¢ﬁso (0 + 7 ¢%s T ¢ﬁ@cwn-F157%wcw4yﬁ@y

To see that CML violates “not all news is bad news”, consider an extended act f*
such that f*(s,0) = f*(s,0') = 0 and f*(s',0) = f*(s',6') = 1. The DM’s prior over
Sis p=(1/2,1/2) according to P. When 0 is realized, the DM’s CML posterior over

Sis (& When ¢ is realized, the DM’s CML posterior is (7%, ). Obviously, the

172 17) 177

DM lowers his evaluation of f* after each signal. As a result, CML violates “not all

news is bad news”. The next example shows that the proxy rule violates axiom ISU.

Example 1.5.3 Let S = {s,s'} and © = {6,0'}. The DM’s prior set is a simple set

P ={ap'+ (1 —a)p?: a €[0,1]}, where p' and p? are shown in Table 1.5.

Table 1.5: Distributions of the priors in Example 1.5.3

pl 0 o p2 I o

s |1/3]1/6 s |1/3]1/6

s | o |12 |¢]1/2] 0

P admits a totally monotone capacity since
1 1 1
P =3Py + gPeon + 5Pis ooy

The DM’s prior over {s,s'} is p = (1/2,1/2) according to P. With the proxy rule,

when 6 is observed, the DM’s posterior over S is p* = (4/7,3/7). Consider an

extended act f*: f*(s,0) = f(s',0) =1, f*(s',0) = 0 and f*(s,0") = 10/7. We can

verify that the evaluation Ep(f*) is 4/7. With the proxy rule, the ex post evaluation

of f*|0 is given by E,-(f*|6), which is again equal to 4/7. Consider another extended

act g* where ¢g*(s,0) = g(¢',0") = 1, ¢*(s',0) = 1/2 and ¢*(s,0') = 10/7. ¢g* differs
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from f* only at (s',0), where g* yields a higher payoff. We have Ep(g*) = 23/28 >

E,-(g*|0) = 11/14. Hence, axiom ISU is violated by the proxy rule.
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Chapter 2

Optimism in Choices over Menus
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2.1 Introduction

!Understanding dynamic choices of a DM plays an important role in the analysis
of various economic problems. When today’s choice affects future choices, the current
choice of a DM reflects not only her current preference but also how she anticipates
her future self to behave. Evidence from a large strand of literature suggests that DMs
are typically optimistic towards their future choices (Larwood and Whittaker, 1977).
Such optimism leads to contingent plans that are usually overturned. For instance,
health-club members often choose to sign monthly or annual contracts with the gym
instead of paying for per-visit passes, which turns out to cost them more than $300 on
average (DellaVigna and Malmendier, 2006); subjects may overestimate their effort
input initially and tend to work less than planned in real effort tasks (Augenblick,
Niederle, and Sprenger, 2015; Augenblick and Rabin, 2018; Fedyk, 2018).

In this chapter, we model the optimism of DMs through their ex-ante choices over
menus. We consider a DM who has multiple guesses of her future preferences. For
any given menu, different future preferences correspond to possibly different future
choices. An optimistic DM always anticipates the future preference that generates
the best future choice to be realized and hence evaluates the menu according to the
best possible future choice.

Our model provides a clear connection between optimism and naivete of the
DM. For instance, in the naive quasi-hyperbolic discounting model introduced by
O’Donoghue and Rabin (1999, 2001), the DM discounts future utility by ¢ € (0, 1]
and has an additional present bias parameter § € (0, 1] capturing her taste for im-
mediate gratification. The DM exhibits naivete when she underestimates her future
present bias, i.e., she anticipates her future self to have present bias parameter B > 0.

To see how this fits in our model, consider a DM who believes that her future present

!This chapter is based on the paper “Optimism in Choices over Menus” joint with Mu Zhang.
The paper has been presented in 2021 North American Winter Meeting of the Econometric Society.
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bias lies within the interval [, 5] C (0,1] and is optimistic about her future choices.
Our model predicts that she optimistically anticipates her future present bias to be
[ since this is the most aligned future preference with her current one. Therefore,
when the DM’s actual present bias 3 is contained in the set [f3, /3], she exhibits naive
quasi-hyperbolic discounting. More recently, Ahn, lijima, Le Yaouanq, and Sarver
(2019) develop a behavioral notion of naivete by considering a DM who always prefers
a menu to her ex-post choices from the menu. The DM’s favor towards menus reflects
her optimism.

We formally present our model in Section 2.2. Let X be a finite outcome space. A
preference of the DM is represented by a von Neumann-Morgenstern expected utility
function over the set of lotteries on X. A menu is a nonempty and compact subset
of lotteries. Following Kreps (1979), the primitive of our model is a menu preference
>=.2 A DM has a current preference u and a set of anticipated future preferences V.

Given a menu A, the DM first considers the subset ¢(V, A) of A which contains all

rationalizable future choices, i.e., choices in A that optimize some preference in V:

c(V,A)={pe A:Jv eV st v(p) =maxv(q)}.

geA

The DM then evaluates A according to the w-optimal choice in ¢(V, A). The in-
duced menu preference, represented by the tuple (u, V), is called an optimistic menu

preference (OMP). With an OMP, menu A is preferred to menu B if and only if

max u > max u(q).
pEc(V},i&) () _qec(v?iB) (@)

Theorem 2.3.1 characterizes OMPs with seven axioms, among which four axioms

are the same as or natural weakening of standard axioms in the literature of menu

2We will explicitly use the term “menu preference” to denote the DM’s preference over menus
throughout this chapter. Otherwise, a “preference” refers to an expected utility of the DM over
lotteries.
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preferences. (i) The menu preference is complete and transitive and (ii) satisfies
independence of degenerate decisions and (iii) weak continuity. (iv) Allowing ran-
domization over choices in any given menu does not change the utility of the menu.

The remaining three axioms are driven by optimism of the DM. For any given
menu, the DM optimistically anticipates the best rationalizable choice to be chosen
in the future. First, any choice in a given menu that is strictly better than the menu
itself cannot be rationalized by any future preference of the DM. Hence, deleting
such choices should not change the utility of the menu. This is azxiom independence
of irrationalizable choices. Second, consider two menus A and B as well as their
union A U B. The best rationalizable future choice in menu A U B must also be
rationalizable in either A or B. Therefore, A U B cannot be strictly better than A
and B simultaneously. This is axiom positive set-betweenness. Finally, consider a
randomized menu with probability a to be A and probability 1 — « to be B. The
DM would prefer this uncertainty to be resolved early since she can then tailor her
anticipated future choice to the realized menu in order to be as optimistic as possible.
As a result, the randomized menu whose uncertainty is resolved in the future cannot
be strictly better than A and B simultaneously. This is azxiom preference for early
resolution of uncertainty. Together, the seven axioms are sufficient and necessary for
a menu preference to be an OMP.

We present the uniqueness result in Theorem 2.4.3 and comparative statics of
our model in Theorem 2.4.6. For both theorems, we adopt the notion “u-alignment”
following Ahn, lijima, Le Yaouanq, and Sarver (2019) for each preference u. A pref-
erence v is said to be more u-aligned than a preference v’ if for any menu A and
any choice ¢ that is optimal in A under v’, there exists a choice p that is optimal in
A under v such that u(p) is weakly greater than u(q). Hence, if the DM’s current
preference is u and she anticipates that her future preference set contains both v and

v, then she always ignores v’ since future choices rationalized by v in any menu are
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always weakly better than those rationalized by v’. u-alignment generates a pre-order
>, over the set of preferences. Our uniqueness result says that if (u, V) and (v, V')
represent the same OMP, then u and u' represent the same preference, and the sets
of >>,-undominated preferences in V and V' are the same. For the comparative stat-
ics, consider two DMs with OMPs. DM1 is said to be more optimistic than DM2
if whenever DM2 prefers a menu to a singleton menu, so does DM1. We show by
Theorem 2.4.6 that DM1 is more optimistic than DM2 if and only if they share the
same current preference v and for each DM2’s future preference v,, there exists some
DMT1’s future preference v; such that v; >, vs.

We apply our model to investigate intertemporal choices in Section 2.5. We
demonstrate how our model accommodates naive quasi-hyperbolic discounting. We
then show that our model generates the disjunction effect in choices over menus
through a simple example: a DM can make the same choice in different scenarios
due to different reasons but find no reason to make that choice when she is uncertain

about which scenario is going to occur.

Related Literature. This chapter provides a richer framework to accommodate
recent experimental findings on DMs’ optimism. Breig, Gibson, and Shrader (2020)
show that present bias is not the only source of procrastination through experiments.
Their results suggest that procrastination can also be induced by excessively opti-
mistic beliefs about future demands on an individual’s time. This is accommodated
by our model since in our model, DMs can exhibit optimism not only about her future
present bias parameters but also about other parameters of future preferences.

This chapter is closely related to Strotz (1955) and Dekel and Lipman (2012)
(henceforth DL12). Strotz (1955) considers a DM who anticipates her future pref-
erence set to be a singleton. DL12 and this chapter extend Strotz (1955) towards
different directions by considering multiple future preferences: DL12 study a random

version of the Strotz model and demonstrates how it relates to the costly self-control
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model introduced by Gul and Pesendorfer (2001); our model takes a non-probabilistic
approach and captures the optimism of the DM. Our model predicts that the DM
prefers early resolution of uncertainty while the model of DL12 features indifference
to the timing of resolution of uncertainty. As we will show, the intersection of our
model and the model of DLL12 is exactly the Strotz model.

In another related paper by Chandrasekher (2018) (henceforth C18), he considers
a finite alternative space and studies the planner-doer model introduced by Thaler
and Shefrin (1981). In his model, the doer (future self) has a unique preference,
and the planner (current self) can restrict the feasible set of the doer in each menu
using informal commitments. C18 gives a characterization for the menu preference of
the planner. Our model coincides with the model of C18 when the alternative space
is finite.®> However, since we study menus of lotteries, our model requires different
identification strategies and has additional implications on how uncertainty affects
the DM’s choices.

The remaining part of this chapter is organized as follows. We introduce the
model in Section 2.2 and characterize it in Section 2.3. In Section 2.4, we discuss the
uniqueness of our model and comparative statics. The applications of our model are
given in Section 2.5. In Section 2.6, we discuss the connections between our model

and other existing models of menu preferences. All omitted proofs are in Appendix

B.

2.2 Model

Let X be a finite and nonempty outcome space. A(X) denotes the set of prob-
ability distributions over X and is endowed with the Euclidean topology, which is
induced by the Euclidean metric d. Elements in A(X) are called lotteries. A menu is

a nonempty closed subset of A(X). M denotes the set of all menus and is endowed

3We formally show this in Appendix B.
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with the Hausdorff topology, which can be induced by the Hausdorff metric dj,.* A
menu preference is a binary relation - defined over M. As is standard in the litera-
ture, we use ~ and > to denote the symmetric part and the asymmetric part of the
menu preference.

Let R¥ be the DM’s set of possible preferences over lotteries. Each element v € R¥
is an expected utility of the DM: For each lottery p € A(X), the utility of p under u
is given by u(p) = Y, x UsPs- Let 0 € RY denote the origin. Following Ergin and

Sarver (2010), we consider a normalized space of preferences

U:{UGRX:Zuizl,Zux:()}U{o}.

zeX zeX

Since U is bounded and closed, it is compact. It is commonly known that we can
uniquely identify each preference with elements in U, up to positive affine transfor-
mations. We thus work with ¢/ instead of R*.

For any nonempty V C U and any A € M, let ¢(V, A) denote the set of choices in
A that are rationalized by V, i.e., c(V,A) ={p € A: v € V s.t. v(p) = max,eav(q)}.
To interpret, ¢(V, A) contains the DM’s all possible future choices in A given her set

of future preferences V.

Definition 2.2.1 A menu preference - is an optimistic menu preference (OMP) if
there is a tuple (u,V), where w € U and V C U\{o} is nonempty and closed, such
that A =~ B if and only if

max u > max u(qg).
p6c(v)§4) () _ch(V?(B) (@)

When the above holds, the menu preference 7 is said to be represented by (u, V).

4The Hausdorff metric dj, is defined as

— : / . /
dn(A, B) := max {gleaﬁpelg d(p,q ),Iglﬂgglelgd(p ,q)} VA, Be M.
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Note that in Definition 1, we require V C U\{o}. This is without loss of generality.
If o € V, then for any menu A, ¢(V, A) = A, and thus max,c.(v, 1) u(p) = maxgea u(q).
This is equivalent to the case where u € V. Hence, we can rule out o from the set of
possible future preferences.

If 7~ is represented by (u, V), we interpret u as the DM’s current preference and V
as the set of the DM’s anticipated future preferences. For a given menu A, the DM
considers all future rationalizable choices ¢(V, A) and optimistically anticipates the

best one to be chosen.

2.3 Axiomatization

We characterize OMPs in this section. To start with, we define some notations.
We write p instead of {p} to denote the singleton menu, and use the terms “lotteries”
and “singleton menus” interchangeably when there is no confusion. For a given menu
A, let conv(A) be the convex hull of A, i.e., p € conv(A) if and only if p is a convex
combination of elements in A. Note that conv(A) is also a well-defined menu. For
each menu A, define A* := {p € A : A = p} as the set of lotteries in A that are
weakly worse than A. For any two menus A, B and any « € [0,1], let A+ (1 —a)B

be the menu defined as

aA+(1—a)B:={ap+(1—a)g:p€ A,q € B}.

aA+ (1 —a)B is the a-mixture of menus A and B. The mixture menu can be inter-
preted as a randomization over the two menus such that the uncertainty is resolved in
the future. The realized menu is A with probability a and B with probability 1 — «.

The first axiom guarantees the rationality of the DM.

Axiom 1—Weak Order (WO): 7 is complete and transitive.
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The next axiom follows Ergin and Sarver (2010), which states that the preference
ranking between two menus remains unchanged if they are mixed with the same

singleton menu.

Axiom 2—Independence of Degenerate Decisions (IDD): For any A, B €
M and any p € A(X), if A > B, then for any o € (0, 1),

aA+(1—a)p>aB+ (1—a)p.

For a given menu A, its convex hull conv(A) can be considered as the menu that
allows the DM to randomize her choices in A. The next axiom states that allowing
randomization over choices in any given menu does not change the attractiveness of

the menu.

Axiom 3—Indifference to Randomization (IR): For any A € M, A ~

conv(A).

Since the DM’s future preferences are all linear, when we allow for randomiza-
tion, her future self will only randomize among choices that are optimal without
randomization. Since the DM’s current preference is also linear, such randomization
in the future does not change the DM’s current optimal utility. Hence, each menu is

indifferent to its convex hull.

Axiom 4—Weak Continuity (WC): For any A, B,C € M, {B'e M : A >~
B'} is open in M and {a € [0,1] : aB + (1 — a)C = A} is open in [0, 1].

Axiom WC contains two parts. First, it says that the set of menus that are strictly
worse than menu A is an open set. However, the set of menus that are strictly better
than menu A is not open. To see why, consider menu A = {p,q}. Assume that

the DM has only one possible future preference. Assume further that p is indifferent
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with ¢ under the DM’s future preference, but is strictly better than ¢ under the
DM’s current preference. Therefore, an optimistic DM would evaluate A according
to p. However, when p is slightly perturbed to p’ such that p’ is strictly worse than ¢
under the future preference, the DM realizes that her future self will choose ¢ from the
perturbed menu {p’, ¢} and thus evaluates the menu according to ¢q. Hence, the utility
of a menu might discontinuously decrease when there is an infinitesimal perturbation.
The second part of axiom WC fills the above gap by a weaker continuity condition.
The remaining three axioms are driven by optimism of the DM. The first of them

is axiom independence of irrationalizable choices.

Axiom 5—Independence of Irrationalizable Choices (IIC): For any A, B €
M, if A C B C A, then A~ B.

Since any choice in a given menu that is strictly better than the menu itself cannot
be rationalized by any future preference of the DM, deleting such choices should not

change the utility of the menu.

Axiom 6—Positive Set-Betweenness (PSB): For any A, B € M, if A - B,

then A - AU B.

Axiom PSB is introduced by Dekel, Lipman, and Rustichini (2009). To see how
it is implied by optimism, consider two menus A, B and their union AU B. The best
choice in A U B that can be rationalized by some future preference must also be a
rationalizable choice in either A or B. Therefore AU B cannot be strictly better than

A and B simultaneously.
Axiom 7—Preference for Early Resolution of Uncertainty (PERU): For

any A, B € M, A = B implies Va € (0, 1),

Az aA+(1-a)B.
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Axiom PERU is also called axiom aversion to contingent planning in Ergin and
Sarver (2010). To interpret the axiom, consider a randomized menu with probability
a to be A and 1 — « to be B. Recall that oA + (1 — a)B can be interpreted as
the randomized menu where the uncertainty is resolved after the future preference
is realized. Hence, the DM’s optimistic anticipation of her future choice does not
depend on the realization of A or B. By comparison, if the uncertainty is resolved
at the current stage, then the DM has more freedom to tailor her anticipated future
choice to the realized menu in order to be as optimistic as possible. As a result,
aA + (1 — a)B cannot be strictly better than A and B simultaneously.

We proceed to state our characterization theorem. For a given OMP =, V is
said to be the maximal set of future preferences of > if there exists u € U such that
(i) (u,V) represents 77 and (ii) V' C V for any (v/,)’) that also represents 7. Let
V(7)) denote the maximal set of future preferences of - if such a set exists. Our
main theorem asserts that the seven axioms fully characterize OMPs, and that V()

always exists.

Theorem 2.3.1 A menu preference = is an OMP if and only if it satisfies axioms
WO, IDD, IR, WC, IIC, PSB and PERU. In addition, the current preference u € U

1s unique and the mazximal set of future preferences of an OMP always exists.

We sketch the proof of the sufficiency part. Let M* denote the set of finite menus.
For any p € A, let N(p, A) denote the set of preferences in U that rationalize p in A,
e, N(p,A)={vel:v(p) >v(q),Vqge A}. We write A =* Bif p>gforallpe A
and q € B.

By axioms WO, IDD and WC, we can identify the current preference u € U by
restricting the menu preference to singleton menus. We then identify the maximal
set of future preferences. Let T be the set of tuples (A, p) such that A € M¥ p=* A
and p = AUp. For any (A,p) € T, N(p, AU p) contains no future preference of the

DM since otherwise, p is rationalized in A U p by some future preference which leads
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to p ~ AUp. The maximal set of future preferences is thus given by

V=u\{oh\| U N AUp)
(Ap)eT
The compactness of V is ensured by axiom WC.

We verify that the tuple (u,)) indeed represents the menu preference . First,
we focus on finite menus. The key observation is that for any (A, p) and (B, ¢) such
that p =* A, ¢ =* B and N(p, AUp) = N(q, BU q), it holds that p = AU p if and
only if ¢ = BUg, i.e., (A,p) € T if and only if (B, q) € T. We prove this by showing
that p ~ AUp and g = B U q lead to a contradiction. For illustrative purposes, we
focus on the case where ¢ = p =* AU B and AUp = BUgq. By axiom PERU, for
any a € (0,1),

AUprm aAUp+ (1 —a)BUg.

By taking « close to 1, axiom WC implies that the utility of cAUp+ (1 —a)B Uq
is close to the utility of A U p, and thus close to the utility of p. By axioms IR,
PSB and IIC, we show that there exists » € A Up+ (1 — a)B U ¢ such that (i)
r~aAUp+ (1 —a)BUyg, (ii) r is an extreme point® of the mixture menu, and (iii)
p 7 r. By condition (i), u(r) is close to u(p). Therefore, r € ap + (1 — a)B U gq.
Condition (iii) further implies that r € ap + (1 — o) B. However, the unique extreme
point of tcAUp+ (1 —a)BUgin ap+ (1 —a)BUq is ap + (1 — a)q, which is a
contradiction.

By a similar argument, we can show that if ¢ =* B and N (¢, BUq)NV = (), then
q = B Uq. We then prove that for any A € M and any p € A, (i) p = A implies
N(p,A)NY =0, and (ii) there is some ¢ € A such that A ~ ¢ and N(q, A)NV # 0.

5

r is an extreme point of a menu C' if r is not a convex combination of any two different points

in C.
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This means the tuple (u, V) represents the menu preference = over finite menus M.

Finally, we extend the representation from finite menus M¥ to all menus M.

2.4 Uniqueness and Comparative Statics

Throughout this section, any menu preference is assumed to be an OMP. Let
R(z) be the set of all tuples (u, V) representing the menu preference 7. We first give
a characterization for R(27).

By Theorem 2.3.1, if both (u, V) and (u/, V') represent 7, v must be the same as u’.
Thus, we only investigate the uniqueness of the set of future preferences. When the
current preference u equals to o, we know that (o, V) represents 2~ for any nonempty
and closed set V. To avoid triviality, we only consider the case where u # 0. Define
Wy = {w € U\{o} : u-w = 0}. W, contains all preferences over lotteries that are

orthogonal to u. To proceed, we have the following definitions.

Definition 2.4.1 For any u,v,w € U, anyn € [—1,1] and any 6 € [0,1], (n;0,w) is

a u-decomposition of v if
w € W, and v = nu + Ow.

D, (v) denotes the set of u-decompositions of v.

Definition 2.4.2 For any u,v,v" € U\{o}, v is more u-aligned than v', denoted by

v >, v, if there exist (n;0,w) € Dy(v) and (n';0',w) € D,(v') such that n > 1.

Our definition of w-alignment is equivalent to the definition by Ahn, Iijima,
Le Yaouanq, and Sarver (2019), which adapts the technology developed by DL12.
To understand the definitions, consider two preferences over lotteries v; and vy such
that vy >, vo. For any menu A and any choice ¢ that is rationalized by vy in A, the

u-decompositions of v; and vy indicate that we can find a v;-rationalizable choice p
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in A that is u-better than ¢q. Consequently, for an optimistic DM, she ignores the
future preference vy if she anticipates v; to be one of her possible future preferences.
That is, only I>,~-undominated future preferences matter for the DM’s preference over

menus. This idea is formalized by the following uniqueness theorem.

Theorem 2.4.3 For any menu preference = that is an OMP, if {(u, V), (u,f))} C
R(ZZ) where u # o, then for any v € V, there ezists v’ € V such that v' >, v, and

vice versa. That is, the sets of >, -undominated preferences in V and V are identical.

By Theorem 2.4.3, we can also identify the minimal set of future preferences of
the DM, which is the set of >>,-undominated preferences in V(7). Denote this set as
V(). The following straightforward corollary fully characterizes the DM’s possible

future preference sets.

Corollary 2.4.4 For any OMP - that is represented by (u,V(Z)) where u # o,
(u, V) € R(z) if and only if V(=) CV CV(x).

The uniqueness theorem motivates us to investigate the following comparative
statics. Recall that the DM optimistically evaluates each menu according to the op-
timal choice under the current preference among rationalizable choices in the future.
That is, her optimism favors non-singleton menus against singleton menus. Accord-
ingly, DM1 is said to be more optimistic than DM2 if whenever DM2 prefers a menu

to a singleton menu, so does DM1.

Definition 2.4.5 Menu preference 71 is said to be more optimistic than menu pref-

erence o if for any p € A(X) and any A € M, A 75 p implies A 71 p.

Suppose that DM1’s menu preference 77, is represented by (u,V;) and DM2’s
menu preference 7~y is represented by (u,Vs). If Vy is more u-aligned than Vs, i.e.,
for each v' € Vs, there exists v € V; such that v >, v/, then DM1 must evaluate each
menu based on a u-better choice than DM2. This implies that 77; is more optimistic

than 7. The following theorem asserts that the reverse also holds.
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Theorem 2.4.6 Consider two menu preferences 721 and 75 that are OMPs. Suppose
that there exist lotteries p and q such that p =1 q. The following statements are
equivalent.

(1) 71 s more optimistic than 7.

(i) For any (u1, V1) € R(Z1) and any (uz, Va) € R(Z2), ur = ug, and for any v € Vs,

there exists v1 € Vy such that vy >, vs.

We note that by Corollary 2.4.4, condition (ii) in Theorem 2.4.6 is equivalent to

up = ug and V(Z52) C V(7Z1).

2.5 Application

In this section, we apply our model to investigate intertemporal choices. We show
how our model accommodates naive quasi-hyperbolic discounting. After that, we
demonstrate through a simple example that our model leads to the disjunction effect

in the DM’s choices over menus.

2.5.1 Naive Quasi-Hyperbolic Discounting

The naive quasi-hyperbolic discounting model has been studied in O’Donoghue
and Rabin (1999, 2001). We show how to connect OMP with this model. Consider
three time periods: period 1, period 2 and period 3. A DM’s period-1 preference is
characterized by a tuple (6,,6;), where §, € (0, 1) is the DM’s discount rate between
periods 1 and 2, and 6, € (0,1) is the DM’s discount rate between periods 2 and 3.
Hence, when period t’s payoft is z; for each t € {1,2,3}, the DM’s total payoff is
given by u(xy, z2,x3) = 11 + 0,22 + 0,0px3.

The DM’s preference in period 2 is determined by her period-2 discount rate
0. The DM’s belief about her period-2 discount rates is given by a compact

set © C [0,1]. Each element of © represents one possible rate at which her
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period-2 self discounts future payoffs. Her set of future preferences is thus Vg =
{vo(21, 29, x3) = T2 + O23,0 € ©}. The DM’s choices made in period 1 are fully deter-
mined by the tuple (6,,0;, ©). The following proposition characterizes an optimistic

DM’s choice behavior for an arbitrary tuple (6,, 6, ©).

Proposition 2.5.1 Consider a DM with an OMP whose period-1 preference and
belief are given by (0,,60,,0). The DM can be characterzied by
i) (04, 6y,{6s}) when 0, € O;

(

(ii) (0q, Os, {%1688( 6}) when 6, > max 6;
(iil) (64, 6, {Iglelél 0}) when 6, < min 6;
(

iv) (04, 0p,{0,0}) when reléléle <0, < rglezgcﬁ and 6, ¢ ©, where

= max 6 and = min 6.
0€O:0<0, 0€O:0>0,

Proposition 2.5.1 is a direct corollary of Theorem 2.4.3. Given the DM’s period-1
preference u, her period-1 choices are only affected by her future preferences that are
most aligned with u in Vg. Note that the DM’s period-1 discount rate between period
2 and period 3 is 0,. Thus, any period-2 preference vy is >,-undominated in Vg if
and only if there exists no ¢ € © such that 6" is “closer” to 6, than #. That is, the
DM'’s current choices can only be affected by the discount rates in © that are closest
to 6, from above and from below.

Several observations of the proposition should be noted. First, when 6, >
maxgee  and 0, € O, the DM exhibits naive quasi-hyperbolic discounting. To see
this, define § := 6, 5 := 6,/6,, and B = (ropezg( 9) /0p. In period 1, the DM discounts
period-2 and period-3’s payoffs by discount rates 85 and 32 respectively, and she

optimistically anticipates her period-2 self’s discount rate to be Bé .
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Second, when 6, € O, the DM makes choices in period 1 as if she is fully naive.
She has no concern about dynamic inconsistency because she anticipates her future

self to share the same preference as her current self.

2.5.2 Disjunction Effect

In this section, we use a simple example to show that the DM’s optimism can be
mitigated by uncertainty that is resolved in the future. We provide a novel connec-
tion between this prediction and the disjunction effect (Tversky and Shafir, 1992) in
choices over menus and demonstrate how to apply it to economic settings such as
gym membership.

Consider a DM whose preference over menus is an OMP. The DM decides whether
and when to buy a durable good in two periods. For simplicity, assume the discount
factor is 1 and the DM’s utility is additive across different periods. From the per-
spective of period 1, the DM’s flow payoff of consuming the good in each period is
g > 0. The price of the good in period 1 is %g. Hence the DM can secure herself the
total payoff 1—10 g if she purchases the good in period 1. The DM anticipates her future
preference to change: her period-2 self receives either %g or 2g flow payoff from the
good.

Consider case 1 where the period-2 price is % g for sure. An optimistic DM will
delay the purchase decision in period 1 since when her period-2 self has flow payoff
2g, she will buy the good in period 2 for sure, which yields her a higher total payoff
%g than the payoff %g from purchasing the good in period 1.

Next, consider case 2 where the price in period 2 has probability %L to be %g and
probability % to be % g. The DM will also delay the purchase decision, since when her
period-2 self has flow payoff % g, she will buy the good only if its price is %g in period
2. In this case, the DM’s period-1 total payoff from delaying the purchase decision is
% g, which is again higher than % g.
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Finally, consider case 3, which is a randomization of the above two cases with
equal probability: period-2 price of the good has probability % to be %g, probability
g to be %g and probability % to be %g. By delaying the purchase decision in period 1,
the DM’s optimal total payoff is % g, which happens when her period-2 self has flow
payoft %g. Since this payoff is strictly lower than %g, the DM would immediately
purchase the good in period 1.

This simple example can be interpreted as the disjunction effect (Tversky and
Shafir, 1992) in choices over menus.® That is, a DM can make the same choice in
different scenarios due to different reasons but find no reason to make that choice if
she is uncertain about which scenario will finally occur. We elaborate the reasons for
the DM to delay her purchase in cases 1 and 2 as follows.

In case 1, the DM delays the purchase decision because the price of the good will
decrease for sure and she knows that she will purchase the good in period 2 when her
period-2 self has a high flow payoff. In case 2, the DM delays her purchase of the
good because of the value of information. In particular, if her period-2 self has a low
flow payoff, she will buy the good only when the period-2 price is low. Therefore, she
optimistically believes that by waiting, she can benefit from the information as the
price of the good will be realized in period 2.

However, in case 3, since the DM does not know whether case 1 or case 2 occurs,
both reasons for delaying the purchase decision are weakened: The expected price of
the good in period 2 is no longer attractive, and she does not gain from the information
as much as case 2. Hence, she strictly prefers to buy the good immediately.

We end this section by briefly discussing how the results can be applied to other

economic settings. For instance, if a health-club member does not anticipate future

6In Tversky and Shafir (1992), the disjunction effect is viewed as a violation of the Savege’s sure-
thing principle, where the DM prefers x to y conditional on knowing that event A occurs or knowing
that event A does not occur, but reverses her preference if she does not know whether A occurs or
not. See also Croson (1999) and Hristova and Grinberg (2008) for evidence of the disjunction effect
in Prison’s Dilemma games.
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price of per-visit passes to decrease and believes that she will not make more informed
decisions by waiting, then she may sign an annual contract with the gym even if she
is not present-biased. This provides an alternative explanation for the findings of

DellaVigna and Malmendier (2006).

2.6 Discussion of Axioms

In this section, we strengthen some of our axioms to show the connections between
our model and other existing models of menu preferences. First, we introduce axiom

continuity, which is a stronger version of axiom WC.

Axiom Continuity (C): For any A e M, {B e M : B > A} and {C € M :

A > C'} are open.

Axiom C says that any infinitesimal perturbation of a menu cannot make its utility
change drastically. The axiom is used in many menu preference models including Gul
and Pesendorfer (2001), Dekel, Lipman, and Rustichini (2001), Dekel, Lipman, and
Rustichini (2009), Stovall (2010), etc. The next theorem shows that our model reduces

to two trivial cases when it satisfies axiom C.

Theorem 2.6.1 An OMP 7, satisfies axiom C'if and only if it has one of the follow-

g two representations:

(i) Ju € U such that VA, B € M, A B < max,eca u(p) > max,ep u(q),

(i) Ju € U such that VA,B € M, A5 B < min,e 4 u(p) > mingep u(q).
Next, we introduce axiom independence, which strengthens axiom IDD.

Axiom Independence (I): For any A, B,C € M and any o € (0,1), A > B if

and only if aA+ (1 — a)C = aB+ (1 — «a)C.
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Axiom I says that the DM’s preference over two menus preserves if they are mixed
with the same menu. Axiom I is used for characterizing linear menu preferences such
as Gul and Pesendorfer (2001), Dekel, Lipman, and Rustichini (2001), etc. The axiom
is also satisfied by the Strotz model and the random Strotz model by DL12. Our next

theorem shows that our model reduces to the Strotz model if it satisfies axiom 1.

Theorem 2.6.2 An OMP 77, satisfies aziom I if and only if - can be represented by

(u, V) such that'V is a singleton.

We summarize the relation between our model and other models in Figure 2.1,
where M refers to the representation given by Theorem 2.6.1. The random GP model
allows for random temptation utilities and is a generalization of the temptation and
self-control model of GP0O1. DL12 show that the random GP model is a special class
of the random Strotz model. Since the random GP model satisfies axiom continuity;,
it intersects with our model at the two trivial cases given by Theorem 2.6.1. Although
not shown in Figure 2.1, our model also intersects with the model of GP01 at the two

trivial cases.

Figure 2.1: Comparison with Different Menu Preference Models

Random
Strotz
Random
GP
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Chapter 3

A Theory of Revealed Indirect

Preference
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3.1 Introduction

!This chapter explores the structure of indirect preference. Given a set of alter-
natives X, we refer to nonempty subsets of X as menus. A preference over menus
constitutes an indirect preference so long as there is a preference over the alternatives
in X such that menu A is preferred to another menu B whenever A contains an object
that is preferred to every object in B.

The study of indirect preferences has a long history in economic theory. Indeed, a
basic question in consumer theory concerns the recovery of the direct utility function
(defined on bundles of ¢ goods) from the indirect utility over the prices of those
goods. In this case, plainly, a vector of prices (with income held fixed at some value)
corresponds to a linear budget set, which is just a specific type of menu from the
consumption space X = ]Rﬁ. It is well-known that the crucial property that makes it
possible for a function defined over prices to be a bona fide indirect utility function is
for it to be quasiconvex in prices (see Krishna and Sonnenschein (1990) and Jackson
(1986)).

This question could be posed in a more general form that is not specific to the
consumer theory context. Kreps (1979) considers all possible menus drawn from a
set of alternatives X and shows that a preference over these menus constitutes an
indirect preference if and only if it satisfies the following property: if an agent prefers
menu A to B, then he is indifferent between A and A U B.2 Tyson (2018) extends
this result by characterizing indirect preference defined over a given subcollection
of menus; note that Tyson’s result is also related to the classical result on indirect

utility functions since the latter induces a preference defined over all linear budget

IThis chapter is based on the paper “A Theory of Revealed Indirect Preference” joint with Gaoji
Hu, Jiangtao Li and John K.-H. Quah. The paper has been presented in 2019 North American
Winter Meeting of the Econometric Society.

ZKreps (1979) uses this as a benchmark for the axiomatization of preference for flexibility. Other
models of menu preferences include (among others) Dekel, Lipman, and Rustichini (2001), Gul and
Pesendorfer (2001), and Dekel and Lipman (2012).

95



sets, which forms a subcollection of menus among all possible menus drawn from the
space of consumption bundles X = Rﬂ.
In this chapter, we consider an observer who has access to a finite collection of

observations, M := {(At, Bt)} At each observation ¢, the observer knows that

teT”
the agent weakly prefers menu A to B'; and for a (possibly empty) subcollection S
of those observations, the observer knows that A’ is strictly preferred to B* for each
t € S. We say that the data set M can be rationalized if the observed preference
between each pair of menus is part of an indirect preference, i.e., there exists a
preference over the space of alternatives X such that A’ is (strictly) preferred to B
if and only if A’ contains an alternative that is (strictly) better than each alternative
in B

Our fundamental result establishes that a data set M can be rationalized if and
only if it satisfies the never-covered property; this is an intuitive property that could
be defined via an iterative procedure. As a simple example of what it entails, suppose
the observer knows that the agent strictly prefers menu A to B and weakly prefers
A’ to B'. Since there is an alternative in A that strictly dominates everything in B, a
necessary condition for rationalization is that B does not contain A, i.e., A\ B # 0.
But this is not all. We also need to check if A C Bj; if this holds, then clearly there
is some element in A that dominates every element in BU B’ and so A\ (B U B')
must also be nonempty. In other words, some element must remain in A after all of
A’s revealed dominated elements have been iteratively excluded; this property turns
out to be both necessary and sufficient for rationalization.

Note that the setting of our result is different from that of Kreps (1979), Tyson
(2018), or the characterization results on indirect utility over prices. In those papers,
it is assumed that the observer knows the complete ranking over the collection of
menus under consideration. On the other hand, our result allows the observer to

have only an incomplete ranking over menus; for example, the observer need not
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know the agent’s preference between menus A* and AY. The never-covered property
reduces to the properties found in the earlier papers if the set of observations leads
to a complete ranking over the collection of menus being considered.

Another paper that is closely related to this chapter is that of Fishburn (1976).
That paper studies a different rationalizability problem (which is closely connected
to the issue of coarse rationalizability discussed below), but its basic result could
also be interpreted as a result on preference over menus; interpreted in that way,
it provides a characterization of indirect preference (through a property called the
partial congruence ariom) in the special case where A® is strictly preferred to B for
each t € T'. Our never-covered property is a generalization of the partial congruence
axiom that allows for the possibility that the observer only knows that one menu is
weakly preferred to another. This generalization is nontrivial and it is also crucial
in certain applications, including the application to coarse rationalizability discussed
below.

In some applications, it may not suffice to have a preference on X that rationalizes
a data set M; it may also be desirable to have the preference be the extension of
some given preorder. For example, in the case of consumer theory, it would be natural
to require any rationalizing preference to be increasing in the product order on the
consumption space X = ]Rﬁ. In cases where the space of alternatives X, and the
menus defined on it, contain infinitely many elements, it is also natural to assume
that there is a topology on X and to require preferences over X to be continuous,
which guarantees the existence of optimal elements when menus are compact. We
show that our basic result can be extended to incorporate these features. Last but
not least, we show that the never-covered property can be verified via an efficient
algorithm, which facilitates the empirical application of our results.

This chapter also discusses four applications of our theory.
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(i) First, we revisit the question of characterizing indirect utility over prices. Instead
of assuming that the entire indirect utility function is known, we assume that the
observer only knows the consumer’s preference for a finite set of price pairs, i.e., p’
is preferred to ¢' (for t = 1,2,...,T), with income normalized at 1. We show that
there is an increasing, continuous and concave utility function that rationalizes the
observed price preferences provided the latter satisfies a generalization of the quasi-
convex property (on indirect utility functions). In the case in which p' is strictly
preferred to ¢! for all ¢, the condition says the following: for any nonempty subset 7"
of observations, there exists some ¢’ € T such that no ¢ in the convex hull of {¢*}ser
is weakly less than p'.

(ii) Consider a data set with 7" observations; at each observation ¢, it is observed
that an agent chooses z! from the menu C!. Various versions of Afriat’s theorem
(1967)% answer the following question: what necessary and sufficient conditions on
O = {(2%, C") }1er guarantee the existence of a utility function U defined on X such
that z' € argmax,cc: U(x) for all observations ¢. Afriat’s Theorem assumes that an
observer knows precisely the choice made by the agent, but there are many scenarios
where the observation is coarse, in the sense that the agent’s choice cannot be precisely
pinned down to z!, but is known simply to come from a subset of C*. For instance,
suppose that goods are categorized into several categories, and the observer only
knows the consumer’s total spending on each category of goods at each observation.
In this case, the observer will be able to infer that the consumer is choosing from a set
A C C" but not the precise choice itself. Another possibility is that the observations
are known to be imperfect; even though y' is the recorded choice, one may then wish
to have a more permissive check of rationalization where the true choice is allowed to

deviate from %! in a limited way.

3See, for example, Varian (1982), Forges and Minelli (2009), Reny (2015), and Nishimura, OK,
and Quah (2017). For a textbook treatment of the Afriat’s theorem, see Kreps (2013) and Chambers
and Echenique (2016).
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These scenarios are formally captured by specifying an observation as (A, C?),
where A® C C* contains the agent’s choice. The corresponding rationalization con-
dition requires that there be a utility function U and z' such that ' € A" and
2t € argmax,ect U(x) for all observations t. Notice that this is equivalent to the
condition that (considered as menus) A* is weakly preferred to C* for all ¢. It follows
that the never-covered property could be used to characterize rationalizable data sets
and our algorithm provides a practical way of checking for this property in empirical
applications.?

The last two applications of our theory provide characterizations of choice models
outside the classical paradigm.

(iii) In the multiple preferences model (Aizerman and Malishevski, 1981; Salant and
Rubinstein, 2008), an agent’s choice from a menu C' could be the optimal choice for
any one of a set of preferences. The question we pose is the following: suppose that
for a finite collection of menus C* we observe the agent’s choices from each menu,
which we denote by A’; when can we find a collection of preferences {77 }ic; such
that Z! = A', where Z* consists of all elements of C* that are optimal according to
some preference 2Z" in {Z; }ies 7 It turns out that this problem can be reformulated as
a problem of rationalizing menu preferences and thus could be solved with a version
of the never-covered property. Our result generalizes the finding in Aizerman and
Malishevski (1981), who address this issue in the case where the choice set from every
possible menu is observed.

(iv) The second model we consider is the minimax regret model (Wald, 1950; Sav-
age, 1951). In this model, an agent has multiple utility functions over alternatives,

drawn from a set U. For a given menu C, the regret of alternative x under one of

4Fishburn (1976) considers a related problem where he requires arg max,cc: U(z) C A? for all
observations ¢. This is equivalent to requiring the menu A! to be strictly preferred to C*\ A* for all
t. We think that our formulation of rationalizability is more appropriate in empirical applications;
unlike Fishburn’s formulation, we allow for the possibility that an alternative in C*\ A* is also
optimal for the agent and it is the natural generalization of the rationalizability notion in Afriat’s
Theorem, which does allow for the optimality of alternatives in C* \ {z'}.
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the agent’s utility functions v € U is given by u(z) — maxye4 u(y). The agent evalu-
ates alternative z according to its maximal regret max,ey (u(x) — maxyea u(y)), and
chooses alternatives from the choice set that minimize the maximal regret. Using the
never-covered property once again, we could find necessary and sufficient conditions
on a data set under which the set of choices at each observed menu coincides exactly
with the set of model consistent choices, for an appropriately chosen .

The rest of the chapter is organized as follows. In Section 3.2, we set out the
notations that are used throughout the chapter. In Section 3.3, we introduce the
main theorem, discuss several of its special cases, and also formulate the algorithm
to test the never-covered property. The four applications of our theory are presented
(respectively) in Sections 3.4, 3.5, 3.6, and 3.7. All omitted proofs are in Appendix
C.

3.2 Preliminaries

We work with a fixed nonempty set X, which can be viewed as the universal set
of alternatives. Let A denote the collection of nonempty subsets of X. We refer to
elements of X as menus. Generic elements of X are denoted by z, y, z, etc, while
generic elements of X are denoted by A, B, C, etc.

A preorder > on X is a binary relation on X that is reflexive and transitive.® We
use > to denote the asymmetric part of >. For a given preorder > on X and a set
A € X, we define A' to be the decreasing closure of A with respect to the preorder
> ie.,

AY:={r € X :y >z for some y € A},

STerminology: a binary relation R on X is a nonempty subset of X x X, but as usual, we write
xRy instead of (z,y) € R. We say that R is reflexive if xRz for each z € X, transitive if xRyRz
implies zRz for each z,y,z € X, complete if either xRy or yRz holds for any z,y € X, and anti-
symmetric if for any z,y € X such that x # y, xRy and yRx do not hold simultaneously. The
asymmetric part of R is defined as the binary relation P on X such that z Py if and only if z Ry but
not yRzx.
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and define A% to be the strictly decreasing closure of A with respect to the preorder
>, ie.,

AH = {r € X :y > for some y € A}.

We write max(A; ) := A\ A% to denote the set of >-undominated alternatives in
A.

A preference 77 on X is a complete preorder on X. We use > to denote the
asymmetric part of 2Z. If > is anti-symmetric, then we call > a strict preference. We
say that x is a Z-maximal element in A if z € A and x 77 y for all y € A, and write
max(A; 7Z) to denote the set of 7Z-maximal alternatives in A. When convenient, we
write x =~ A if x 7~ y for each y € A and z > A if © > y for each y € A.

Oftentimes, it is useful to study preferences restricted to a particular class. We

say that the preference - extends the preorder > if
x 77y whenever x > y, and = > y whenever z > y.

We can think of > as an exogenously given dominance relation on X, and view the
statement x > y as saying that x is an objectively better alternative than y, which
the individual’s preference =~ should respect.

The general choice environment we have defined here broadly follows that in
Nishimura, OK, and Quah (2017). As a basic example of this environment, we
note that in consumer theory, the consumption space with n commodities is typi-
cally X = R’ and it is common to assume that a consumer would always strictly
prefer to have more of any good. In this case, the consumer’s preference would extend
the coordinatewise ordering > on R’}r.(s Bear in mind that this setup allows for an
arbitrary preference without a preorder restriction, since this can be thought of as
the case in which the preference extends the trivial preorder > where x > y if and

only if x = y.

6Formally, x > y if and only if 2; > y; for each i € {1,2,...,n}, and > y if and only if x > y and
x; > y; for some i € {1,2,...,n}. We write 2 > y if and only if z; > y; for each i € {1,2,...,n}.
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3.3 Rationalizability of menu preferences

In this section, we study the conditions under which a finite list of observed
menu preference pairs collected from an agent is consistent with some (unobserved)
preference on the underlying alternatives. The data collected by the observer is

formally represented as M := {(A*, B")} where T is a nonempty finite index set

teT’
and A and B! are menus. For each ¢, the observer either knows that the agent weakly
prefers A? to B! or that the agent strictly prefers A* to B:.” Let W be the collection
of observations where A? is weakly preferred to B!, and let S be the collection of

observations where A is strictly preferred to BY. By definition, {W, S} is a partition

of T. For any nonempty 7" C T', we let
A(T") := e A* and B(T") == U, B
The following definition specifies precisely what it means for M to be rationalized.

Definition 3.3.1 A set of menu preference pairs M = {(At, Bt)}tGT 15 rationalized

by a preference =~ on X if for any t € T, there ewists v* € A' such that

(i) ' = B' and

(i)' = Bt ift € S.

We say that M s rationalizable in this case. We say that a preference -

D>-rationalizes M if = rationalizes M and extends >; in this case, M is >-

rationalizable.?

"This formulation includes the case in which the observer knows that the agent is indifferent
between two menus (say) A and B, because this case could be considered as two observations, with
the agent weakly preferring A to B in one observation and B to A in the other observation.

8Definition 3.3.1 is one of several possible formulations of the rationalizability of a set of menu
preference pairs. For example, one could require that for any ¢ € T, (1) for any y € B, there exists
x € A® such that 2 = y and (2) there exists ' € A’ such that 2 = B' if t € S. To see the (subtle)
differences between these two formulations, suppose that the preorder is >. The first data set has
only one observation (B, B) where B = (0,1) and the relation is weak. The second data set has only
one observation (A, B) where A is the set of rational numbers in (0,1), B = (0, 1), and the relation
is weak. Definition 3.3.1 would classify both data sets as not >-rationalizable, while the alternative
formulation would classify both as >-rationalizable. That being said, in all the applications that
we study (and in most economic environments), either X is fine or X is infinite but the menus are
compact. In these cases, these two formulations are equivalent.
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Our objective in this section is to characterize those sets of menu preference pairs

M= {4, B}

e which can be >-rationalized. Readers familiar with the revealed
preference theory will notice that the issue is fairly straightforward when A? is a sin-
gleton for each t. In that case, the problem is (in its essentials) within the scope of
the well-known theorems of Afriat (1967) and Richter (1966) and their extensions;
in the manner of those theorems, some version of a no-cycling condition on the re-
vealed preference relations defined on {x'},c7 (which will be stated formally later in
Definition 3.3.4) is both necessary and sufficient for the existence of a preference that
extends > and satisfies (1) and (2) in Definition 3.3.1.% Of course, A? is typically not
a singleton. Thus, we could understand the issue before us in the following way: we
have to formulate a property on M that guarantees the existence of a selection x*
from A’ such that the resulting (notional) set of observations {({z'}, B")} rer Sat-

isfies the required no-cycling condition. The next subsection provides the property

guaranteeing that such a selection exists.

3.3.1 The Never-Covered Property

Suppose that the data set M = {(A’, B")}, . is >-rationalized by some pref-

teT

erence relation 2Z. Consider an arbitrary observation t. By the definition of >-

~

rationalizability, A’ contains an alternative x with = - B'. Since 7 extends >,
x ¢ B, Moreover, if t € S, then A! contains an alternative z with z = B! and so
x ¢ B™. Thus A’ cannot be covered by B if t € W, and cannot be covered by B'*
iftes.

This argument could be generalized to more than one observation. For any

nonempty subset 77 C T, notice that (i) if x satisfies x = B(T") then x ¢ B(T")%;

9To be precise, Nishimura, OK, and Quah (2017) already provides a condition on {({z'}, Bt)}teT
that is necessary and sufficient for the existence of a preference - that extends > and satisfies
xt = Bt for each t € T. In our case, we potentially have observations where we require ! = B*; thus
a modification of the condition in Nishimura, OK, and Quah (2017) is required to accommodate
these cases, but this extension of their result is fairly straightforward.
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and (i) if z satisfies # = B(T" N S) then z ¢ B(T' N S)*. Thus, if A(T") con-
tains an alternative Z satisfying both conditions, then A(7”) cannot be covered by
B(T")“ U B(T' N S)*. Indeed, we can find such an alternative Z in A(T"): for each
t € T', pick 2* € A! such that 2 = Bt if t € W and 2 = B! if t € S; then let
& =max({z' }er; 7)) € A(T).

We are now ready to introduce the procedure that we call the iterated exclu-
sion of dominated observations. Given a nonempty subset of observations 7", let
®O(T") := 0, and let ®'(T") be the collection of observations ¢ such that A’ is covered

by B(T'Y*JB(T' N S)*, ie.,
YT = {te T : A" C B(T)*|JB(T'n S)'}.

We know there is & € A(T") such that & 2 B(T') and & = B(T" N S). Then, & »= A’
for each t € ®(T") and, since A’ is preferred to BY, we obtain that & > B for each
t € ®Y(T"). Thus, z = B((T"'NS)U P (T"))*. Obviously, A(T") cannot be covered by
B(T)YH BTN S)U®YT"))*. Let

O(T):={teT': A" C B(T)™| JB(T'nS)u e (T"))'}.

Note that ®(7T") C ®*(7"). By a similar argument, we know that if ¢ € ®(7”) then
& > B' and consequently, A(T”) cannot be covered by B(T")* | B((T'NS)U®2(T"))*.

We may repeat this argument for m = 2,3, ..., where
"N T) = {t e T': A" C B(T)™| B((T' N S)uo™(T"))*}.

Since ®™(7") is an increasing sequence in m in the set inclusion sense and the data set
is finite, the procedure stops at m* when ®™ (T") = ®™ T1(T"). Let ®(T") := ™ (T");

we refer to ®(7”) as the set of revealed dominated observations (or simply dominated
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observations) in T'. Since B(T')*|JB((T" N S) U ®(T"))* cannot contain Z, it does

not cover A(T”). In other words, ®(7") is a strict subset of 7.

Definition 3.3.2 M = {(At,Bt)}

e satisfies the never-covered property under > if,

for any nonempty T' C T, the set of revealed dominated observations ®(T") satisfies

(T £ T

We have shown that the never-covered property under > is a necessary condition
for a data set to be D>-rationalizable. The main result of this chapter, Theorem
3.3.5, shows that it is also sufficient. The example below illustrates how we can use
the never-covered property under > to test the >-rationalizability of a set of menu

preference pairs.

Example 3.3.3 Consider the classic model of consumer demand with two goods.
We take the preorder to be the coordinatewise ordering > on X = R2. Figure 3.1(a)
depicts linear budget sets, K?, K7 and K". Figure 3.1(b) depicts linear budget sets,
K?, K9, and K".10

Suppose that M consists of two observations, (K?, K?) and (K? K"), where both
relations are weak. We claim that M is not >-rationalizable. Suppose to the contrary
that M is >-rationalizable, say, by a preference relation 7. Then, there exists at
least one bundle Z contained in K? U K9 such that £ 77 K9U K". Since K7U K" =
KP? U K7U K7, the bundle # is 7Z-maximal in K? U K7 U K". However, any -
maximal alternative in K? U K?U K" cannot be in K? since (i) 7 extends >; and
(i) K? is covered by (K?U K")°.'' Furthermore, # cannot be contained in K4
either; otherwise, there would be some y € KP such that y =~ % and thus y is
~-maximal in K? U K9U K", which is a contradiction. Notice that our argument
corresponds precisely to a violation of the never-covered property under > for 7/ = T.

Since B(T)*|JB(T' N S)¥ = (K?U K")° covers K?, ®}(T') contains the observation

10The 45 degree line in Figure 3.1(b) will be used in Example 3.3.16.
HFor any set K, we use K° to denote its interior.
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Figure 3.1: Data Sets: (a) >-Rationalizable and (b) not >-Rationalizable

X9 4]
45° line

K? K"

x T

(a)

(K?,K9). Since K¢ C B(®Y(T)), K7 C B(T)* U B(TNS)udY(T))* and ®*(T) =T.
Thus, ®(T) =T.

On the other hand, the data set M = {(K?, K9)), (K%, K")}, where both relations
are weak, is >-rationalizable. The optimal bundle in each set must be z*, and it is

easy to check that the set ®(7) is empty.

3.3.2 The Basic Result

Our proof of the sufficiency of the never-covered property under I> in guaranteeing
the >-rationalizability of M proceeds by explicitly providing a way of selecting x! in
A! for each t such that there exists a preference 2~ on X that extends > and satisfies
(i) o' 7 B' for all t € T and (ii) 2* > B for t € S (see Definition 3.3.1). Suppose
that we have selected z! from A for each ¢ in some way. How do we check whether
there exists a preference with the required conditions? This can be characterized by
a no-cycling property which we now explain.

Let Y = {2'},er. For z* and 2% in Y, we say that 2! is revealed preferred to ¥

and denote it by 2t Ra? if 2’ € B, and we say that 2! is revealed strictly preferred
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to ' and denote it by 2t Pz if either (i) ' € B™* or (i) t € S and 2" € B*. The

following is a no-cycling condition on the binary relations R and P.

Definition 3.3.4 Given a data set M = {(A", B")} a selection xt from A for

teT’
each t € T 1is a no-cycling selection under > if the revealed preference relations R

and P obey the following no-cycling property: there does not exist ', x*2 ... x'" in
{x'}ier such that

" Ra” R--- Ra' and 2™ Pa™. (3.1)

To see why this could be a plausible characterization, note that it is plainly a
necessary condition. Indeed, suppose the preference - extends > and, with this
preference, z* satisfies (1) zf = B* for all t € T and (2) z* > B for t € S. If 2" is
revealed preferred to z', then by definition, ! >~ y > a¥ for some y € BY; since -
extends I> and = is transitive, we obtain «* = 2%, If z* is revealed strictly preferred to
2% then we have either (i) 2! 2 y > 2¥ for some y € B! or (ii) t € S and 2' = y > 2
for some y € B; in both cases, we may conclude that 2t > 2. Given the transitivity
of 7, we plainly cannot have x', z'2 ... z' in {z'};cr satisfying (3.1).

We have just shown that if a data set of menu preference pairs is >-rationalizable,
then it admits a no-cycling selection under >. Theorem 3.3.5 below states that the
converse is also true and that both are equivalent to the never-covered property under

>.

Theorem 3.3.5 Given a set of menu preference pairs M = {(AﬂBt)}teT and a

preorder &>, the following statements are equivalent:
(i) M is >-rationalizable.
(ii) M satisfies the never-covered property under >.

(iii) M admits a no-cycling selection under >.

We end this subsection by providing a different formulation of the never-covered

property under I>. The never-covered property under I> implies that for any nonempty
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T' C T, there exists some ® C T” such that for any t € 7"\ ®, A' ¢ B(T")*|J B((T'N
S)Ud)*+. To see this, we could simply set & = ®(T"). The following proposition shows

that the converse is also true.

Proposition 3.3.6 Consider the data set M = {(A", B")}

teT”

(i) For any nonempty T" C T, if there exists ® CT" such that for anyt € T"\ ®,
At B(T)*| JB((T'n S)u @),

then ®(T") C .

(ii) If for any nonempty T" C T, there exists ® C 1" such that for anyt € T"\ ®,
At B(T)*| JB((T'n S) U @),
then M satisfies the never-covered property under >.

3.3.3 Algorithm

Given a subset T, it is straightforward to check whether ®(7") = T’. Thus,
Theorem 3.3.5 provides us with a way of checking if a set of menu preference pairs is
>-rationalizable: we need to check whether ®(7") # T” for all 7" C T'. This may not
seem promising as an empirical procedure, since for a data set with n observations,
we would have to go through all 2" — 1 nonempty subsets of T" to guarantee the
D>-rationalizability of that set. In this subsection, we provide a simple algorithm to
check whether the never-covered property under > holds. This algorithm requires us
to check whether ®(T") # T" for at most n subsets of T. Thus, the never-covered
property under > can be checked in an efficient manner.

Following the convention in the computer science literature, we use k' to denote

the updated value of a variable k.
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ALGORITHM. Set T° :=T. Set k := 1.

START. Derive T* := ®(T*1). Consider the following three mutually exclusive

cases:

(i) TF = 0.
Stop and output >-Rationalizable.
(i) 0 #£TFC T+
Go to START with &' =k + 1.
(iii) 0 #T% =Tk

Stop and output Not B>-Rationalizable.

Note that the ALGORITHM is effectively checking whether ®(T*) = T* for an endoge-
nous sequence of subsets of T'. We emphasize that, for a data set with n observations,
the ALGORITHM necessarily terminates within n steps, and we only need to check at
most n subsets of T'.

Proposition 3.3.7 below provides the justification for this ALGORITHM.

Proposition 3.3.7 The set of menu preference pairs M = {(At,Bt)}teT is >-

rationalizable if and only if the ALGORITHM outputs >-Rationalizable.

3.3.4 Nice Rationalization when > is Trivial

The analysis in the previous subsections holds for any preorder > and any partition
{W,S} of T In this subsection, we focus on the important special case in which the
rationalizing preference is not required to extend any given preorder or, put another
way, the preorder I> is simply the trivial preorder where x &> y if and only if z = y.

Consider a set of menu preference pairs M = {(At, BY) } s Where S'is nonempty. ‘2

Since D> is trivial, A* = A and A% = () for all A. Thus, the procedure of iterated

121f > is trivial, then any data set such that S = () is rationalizable (by the preference relation
that the DM is indifferent among all alternatives).
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exclusion of dominated observations reduces to the following: for any nonempty 7" C

T,

YT ={teT : A C B(T'NS)} and

T ={teT A CB(T'NS)UP™T"))}, form=1,2,....

This iteration must stop at some point, i.e., there is m* such that ®™ (T") =
P™+1(T"). The set of dominated observations is ®(T") := ®™ (T"). By definition,
M satisfies the never-covered property under the trivial preorder if ®(7”) # 1" for all
nonempty 77" C T'. For the sake of brevity, we would simply refer to M as satisfying
the never-covered property, if it satisfies the never-covered property under the trivial
preorder.

The following example is a simple illustration of the application of Theorem 3.3.5

and the ALGORITHM to this setting.

Example 3.3.8 Let X = {z,y, z,r,w} and suppose that > is trivial. The data set

M consists of the following observations:

Al ={x,y}, B' = {z,r,w};
A% ={y, 2}, B* = {x,r,w};
A® = {x,r}, B ={y, z,w}; and

At = {r,w}, B* = {z}.

where A! is strictly preferred to B! and the other relations are weak. In this case,
T = {1,2,3,4} and S = {1}. Since A* C B!, we obtain ®(T) = {4}. Since
B'U B' = B!, ®*(T) = {4}, and thus ®(T) = {4}. The ALGORITHM now directs

us to calculate ®({4}); this set is empty and so the ALGORITHM concludes that M
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is rationalizable. And indeed it is: for example, the preference x ~y > r ~ w ~ z

rationalizes M.

The following definition imposes a stronger notion of rationalizability than the one
provided in Definition 3.3.1 because the preference - is required to have an optimum

in every menu in the list of observations.

Definition 3.3.9 A set of menu preference pairs M = {(At,Bt)} is nicely ra-

teT
tionalized by a preference 7= on X if for all t € T, max(A"; =) and max(B"; ) are
nonempty, and for any x' € max(A'; =) and y' € max(B'; =), we have (i) ' = '
and (i) = y' if t € S. In this case, we say that M is nicely rationalizable. A

preference 2~ nicely >-rationalizes M if 77 nicely rationalizes M and extends >; in

this case, we say that M is nicely >-rationalizable.

In general, it is possible for a preference to rationalize a data set without it being
a nice rationalization. Of course, this cannot happen when X is finite, since the
existence of an optimum given a preference is then guaranteed. The next result says
that it cannot happen when the preorder is trivial either, in the sense that every
data set that is rationalizable (by some preference) is also nicely rationalizable (by a

possibly different preference).

Theorem 3.3.10 The following statements on the data set M = {(At,Bt)}teT are

equivalent:

(i) M is rationalizable.
(ii) M satisfies the never-covered property.

(iii) M is nicely rationalizable.

Example 3.3.11 As an illustration of Theorem 3.3.10, consider the case in which
the data set consists of just one observation: A! = {1}, B! = (0, 1), with A' strictly

preferred to B'. Can this data set be rationalized by a preference that extends the
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standard total order > on R? Clearly, such a rationalization exists; in fact, > is itself
the unique rationalization. However, this is not a nice rationalization since (0, 1) does
not have an optimum according to >. On the other hand, Theorem 3.3.10 guarantees
that there is a nice rationalization of the strict preference of A' over B! if we do not
require the rationalizing preference to extend >. And indeed it does: simply let 1 > r

for all < 1, and for all r, 7" € (0,1) let r ~ 1.

3.3.5 Strict Menu Preferences and Strict Rationalization

We now turn to the case in which > is trivial and T" = S, so that the rational-

izability of a data set M = {(A’, B")}, . reduces to the following: there exists a

teT
preference - on X such that for each ¢, there exists x € A® with z = B*. This case
is of particular interest, as the procedure of iterated exclusion of dominated obser-
vations ends in one round and the never-covered property has a much simpler form.
To wit, since T' = S, for any nonempty 7" C T, B(T' N S) = B(T"). Therefore, the

procedure of iterated exclusion of dominated observations reduces to the following:

for any nonempty 77 C T,

YT ={teT : A CBI'NS)}={teT :A"CB(I")} and

*(T)={teT : A CB(T'NS)U (T")} ={teT : A' C B(T")} = o(T").

Therefore, the set of dominated observations is ®(7") = {t € T" : A" C B(T")}, and
the never-covered property ®(7”) # T" holds if and only if A(T") € B(T").

We note that this special case of our result is (in its essentials) covered by Fishburn
(1976), who establishes that there is = such that z' € A" with z' = B for each t if

and only if
A(T') € B(T") for all nonempty 7" C T. (3.2)
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Following Fishburn, we shall refer to the property (3.2) as the partial congruence
axiom. In fact, Fishburn’s result is somewhat more general because it partially covers
the case in which 7 is infinite.'®> We have confined our attention to the case in which
T is finite because it is the case most relevant to empirical applications and it allows
us to formulate an efficient algorithm for checking the never-covered property.4

The following result summarizes our findings when menu preferences are strict.

Corollary 3.3.12 For a data set M = {(At,Bt)}teT where T =S, the following

statements are equivalent:

(i) M is nicely rationalizable.
(il) M is nicely rationalizable by a strict preference.

(ili) M satisfies the partial congruence aziom.

The equivalence of the first and second statements in this corollary is due to
Fishburn (1976, Lemma 1). As we have explained, the partial congruence axiom and
the never-covered property are equivalent when 7' = S and thus the equivalence of
the first and third statements follows from Theorem 3.3.10.

It almost goes without saying that when S is a strict subset of T (so that there are
some observations where rationalization only requires 2 € A’ such that z* = B* rather
than z' > B'), the partial congruence axiom no longer characterizes rationalizable
data sets and one needs to appeal to the never-covered property. Indeed, consider
the data set in Example 3.3.8; is it possible for A* = B! for all t? The answer is

‘No’ because A(T) = B(T) and the partial congruence axiom is violated. However,

13Fishburn (1976) considers two separate cases. For the case in which T could be infinite but
At is required to be finite for each t, he shows that rationalizability is characterized by the partial
congruence axiom. When 7 is countable and A? is allowed to be infinite, his characterization result
(Theorem 3) takes a different form, but it is equivalent to the partial congruence axiom when 7' is
finite. The case in which 7' is more than countable and A! is infinite is not covered by his results
(or ours).

141f T is infinite, then there is obviously no hope of any algorithm for checking rationalizability.
Fishburn’s paper (perhaps partly because of its emphasis on the case of infinite T") does not discuss
algorithms for checking the partial congruence axiom.
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if we only require the relation in the first observation to be strict (as we did in that
example), then the data set is rationalizable because it satisfies the (weaker) never-
covered property.

We now discuss the relationship between our work and the paper of de Clippel and
Rozen (forthcoming). We first describe the problem they solve using our terminology.
They assume that the preorder > is trivial. They consider finite data sets where each
observation ¢ has the form ({A%};cq), 2"), where {AL};c ) is a collection of subsets
of X and develop an algorithm that enables them to determine if { ({A%}e ), ")}, or
admits an upper contour rationalization in the following sense: there is a strict prefer-
ence >~ such that, at each ¢, there is a set in the collection {A%} ;e s that is contained
in the upper contour of ', i.e., there is Aj ) in {A}}jes( such that Aj,) = x.1?

This problem and our menu rationalization problem have different economic mo-
tivations; however, when X is finite (so that all the relevant subsets in both problems
are also finite), the two problems could be thought of as equivalent in the sense that
it is always possible to convert one problem into the other, which also means that any
algorithm developed for one could, in principle, be used to solve the other. That said,
it should be clear from the conversion procedure (outlined in the Appendix) that
there is no general computational reason for solving either problem in this round-
about fashion, since the converted data set would typically have more observations
than the original data set. Thus, the two algorithms are best understood as distinct

and serving different purposes.

3.3.6 Menu Preferences in Kreps (1979) and Tyson (2018)

Let X C X be a nonempty collection of menus and let =™ be a preference over

~

X (which means that =™ is a reflexive, transitive, and complete binary relation on

~

X). Abusing our terminology somewhat, we say that a preference 7~ on X nicely

15 A version of their algorithm is contained in the first working paper version of their paper; see
de Clippel and Rozen (2012).
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rationalizes =y if, for all D € X, the set argmax(D; =) is nonempty and, for any
2" € argmax(D’; ) and 2" € argmax(D"; =), we have 2’ = 2” if D' =™ D" and
2 = a"if D' =M D"

Tyson (2018) shows that a menu preference = on X is nicely rationalizable if

and only if it satisfies the cover dominance condition, as defined below.

Definition 3.3.13 (Tyson (2018)) A menu preference =M over X satisfies the

cover dominance condition, if for any A, D € X and {B;}ie; C X,

A M B, foreachi € I and D C Uje1B; = A M D.

Furthermore, when X is finite and closed under union, the cover dominance con-

dition can be equivalently stated in the following way.

Definition 3.3.14 Let X be closed under union. A menu preference =M over X is

Kreps-consistent if, for any A,B € X, A =M B implies that A ~™ AU B.16

Hence, Tyson (2018) generalizes the result in Kreps (1979) which states that,
when X is finite, a menu preference on X’ (the set of all nonempty subsets of X) is
nicely rationalizable if and only if it is Kreps-consistent.

In our setup, it is assumed that M, a finite list of preference pairs between menus
A" and B, is observed. Its key difference with Kreps (1979) and Tyson (2018) is
that these observations need not constitute a preference over all the menus in X =
{A"}yer U{B'}ier; in other words, while we posit that it is known that A’ is weakly
preferred to BY, we do not require the observer to know how A* compares with A" or
with B

Provided that the collection of menus X is finite, we could always construct a

finite set of menu preferences M* from a preference =* on X in the following way:

16We denote by ~M the equivalence relation induced from ™.

5



(At BY) € M* if and only if A* =M B! and t € S if and only if A* = B

Clearly, M* is nicely rationalizable (in the sense of Definition 3.3.9) by a preference -
if and only if =~ nicely rationalizes the menu preference =~*. By Theorem 3.3.10, the
nice rationalizability of = is characterized by the never-covered property on M*. In
particular, this means that one can efficiently check if = is nicely rationalizable by
implementing our algorithm for checking the never-covered property. It also follows
immediately from Theorem 3.3.10 and the results in Tyson (2018) that, when X
is finite, the cover dominance condition on =™ and the never-covered property on
M are equivalent; furthermore, if X is also closed under union, then each of these

conditions is equivalent to Kreps-consistency.

3.3.7 Continuous Cationalizability

When the space of alternatives X is infinite, it is helpful to endow it with a
topology and study continuous preferences. This guarantees (among other things)
that the preference generates an optimum choice on compact menus and that the
optimum varies continuously with the menu. For example, a continuous preference
on the consumption space R’} would guarantee that the demand correspondence is
nonempty when prices are strictly positive (so that the budget set is compact) and
7

varies continuously with prices.!

We say that a set of menu preference pairs M = {(At, Bt)} is D>-rationalized

teT
by a continuous utility function v : X — R if u represents a preference =~ that
>-rationalizes M in the sense of Definition 3.3.1. Theorem 3.3.15 below provides

conditions under which M can be rationalized by a continuous utility function.

"More generally, if we endow the collection of compact menus with the Hausdorff metric, then
the correspondence mapping a compact menu to its optima is well-defined and upper hemicontinous.
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Theorem 3.3.15 Suppose that X s a locally compact and separable metric space
and > is a continuous preorder on X.'® For the set of menu preference pairs
M = {(At,Bt)}teT where B! is compact for each t € T, the following statements

are equivalent:

(i) M is >-rationalizable.
(il) M satisfies the never-covered property under >.

(iii) M is >-rationalized by a continuous utility function u.

Note that this theorem does not assume that A’ is a compact set. It does assume
that B' is a compact set, which guarantees that for any continuous utility function
u, the set arg max,epe u(x) is nonempty. If, in addition, A® is a compact set for all ¢,
then arg max,c ¢ u(x) is also nonempty for all ¢ and thus M is nicely >-rationalized
by a continuous utility function u if M satisfies the never-covered property under >.

The following example illustrates the application of Theorem 3.3.15.

Example 3.3.16 Let X = R be the consumption space with n goods. To capture
the notion that a consumer strictly prefers more goods to less, we let the product
order > to be underlying preorder. Then utility function u extends > if and only if
it is strictly increasing, in the sense that u(z’) > wu(z) whenever 2’ > z. The order
> is continuous in the Euclidean topology on ;. Suppose that M = {(A’, B') }ser,
where A and B! are compact sets; Theorem 3.3.15 guarantees that M can be nicely
rationalized by a strictly increasing and continuous utility function if and only if it
obeys the never-covered property under >.

There are other preorders besides the product order that could be natural in this
setting. For example, X = R"} could be the space of contingent consumption, where
the probabilities of each state are known (or part of the hypothesis). Then, based

on those probabilities, different bundles in X could be ranked according to the first

18 Terminology: a preorder = is continuous (or closed) if {(z,y) € X x X : & =Z y} is a closed set
in X x X.
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order stochastic dominance, i.e., x >pgp y if = first order stochastically dominates y.
For example, suppose that the states are equiprobable; then x >rsp y and y >psp «
if the entries in y is a permutation of those in x. In this case, a utility function
that extends >pgp is simply a utility function that is strictly increasing in > and
symmetric.

Obviously, >rgp is a finer order than > in the sense that > C >pgp. It is also
straightforward to check that >pgp is a continuous preorder. Suppose that M =
{(A, Bt)}teT and A' and B! are compact for all ¢; by Theorem 3.3.15, M satisfies
the never-covered property under >ggp if and only if it admits a nice rationalization
by a continuous utility function that extends >pgp.

Consider the example depicted in Figure 3.1(b), where KP is weakly preferred to
K1 in observation 1 and K¢ is weakly preferred to K" in observation 2. Since the
never-covered property under > is satisfied, these observations can be rationalized
by a continuous and strictly increasing utility function. However, they are not ratio-
nalizable by a preference that extends >pgp when states 1 and 2 are equiprobable.
Notice that for every (a,b) € K?, there is (a/, ') € K9 such that either (a’,V') > (a,b)
or (V,a') > (a,b)); thus K7 C K% In formal terms, ®({1}) = {1}, so the never-

covered property is violated.

3.4 Application: Revealed Price Preference

One of the major themes in classical consumer theory is the recovery of the utility
function from indirect utility. Formally, the question can be posed in the following
way. Let v : R}, — R be a function. What necessary and sufficient conditions on v
guarantee that

v(p) = max{u(z) :p-x <1}

YFrom Figure 3.1(b), it is clear that K? is contained in the interior of KU (K1), where (K?)’
is the reflection of K7 on the 45 degree line.
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for some function u : R — R (interpreted as the consumer’s utility function)? This
question has been thoroughly studied (see, for example, Krishna and Sonnenschein
(1990) and Jackson (1986)) and it is well-known that the distinctive property that v
necessarily satisfies is quasi-convexity.

Our objective in this section is to develop a finite analog of this question, in the
sense that instead of recovering u from the function v we ask what conditions would
allow us to recover a preference on the underlying bundles that are consistent with a
finite list of preferences over prices. Of course, the quick and short answer to the issue
before us is the never-covered property, but the additional structure of the consumer
problem, with linear budget sets in Euclidean space, allows us to say more.

We work with a data set with T' observations, where at each observation ¢, the
consumer reports either a weak or strong preference between two price vectors. Fol-
lowing our convention, if ¢ € W, then the consumer weakly prefers the price vector
pt to ¢'. If t € S, then the consumer strictly prefers the price vector p' to ¢*. With-
out loss of generality, we normalize the income of the consumer to be 1, so that the

consumer’s budget set at price p € R} is
L(p) ={z eR} :p-z < 1}.

A preference for p' over ¢' means a preference for the budget L(p') over L(q"). Thus
the set of preferences over budget sets may be denoted by M = {(L(p"), L(¢"))} et

The next result is an application of Theorem 3.3.15 to this environment.

Theorem 3.4.1 The following statements on M = {(L(pt),L(qt))}teT are equiva-

lent:

(i) M can be rationalized by a locally nonsatiated preference on Ri.%

(ii) M satisfies the never-covered property under the product order >.

20Terminology: A preference = is locally nonsatiated if for every z € R’ and every open neigh-
borhood N around z, there 2’ € N such that z’ = z.
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(iii) M can be nicely rationalized by a strictly increasing, continuous, and concave

utility function u : R} — R.

A straightforward application of Theorem 3.3.15 tells us that M satisfies the never-
covered property under > if and only if it can be rationalized by a strictly increasing
and continuous utility function. The latter statement is replaced in Theorem 3.4.1 by
both a weaker statement (rationalization by a locally nonsatiated preference) and a
stronger statement (rationalization by a strictly increasing, continuous, and concave
utility function). A proof of this result is in the Appendix, but it is worth noting
the following here. In establishing that Statement (i) implies (ii), we cannot simply
appeal to the argument in Section 3.3.1 because in that case we make the assumption
that the rationalizing preference - extends a preorder; however, the local nonsatia-
tion assumption on 2~ in this context allows us to retrace that argument, essentially
because for any linear budget set L (assuming strictly positive prices), L* = L and
L is the interior of L. As for the implication from (ii) to (iii), the linearity of the
budget sets is crucial in guaranteeing that the rationalizing utility function can be
chosen to be concave; our proof of that implication combines Theorem 3.3.15 with the
Afriat’s Theorem (see Afriat (1967)) which guarantees rationalization with a concave
utility function.

We know from standard consumer theory that quasiconvexity plays a crucial role
in the characterization of indirect utility functions. The never-covered property could
be thought of as the finite analog to quasiconvexity. In the case in which all the price
preferences are strict, i.e., T' = S, this connection is especially clear and is presented
in Corollary 3.4.2 below.

To motivate the characterizing condition in Corollary 3.4.2, suppose that M is
rationalized by a strictly increasing, continuous, and concave utility function u. This
implies that the indirect utility function v is strictly decreasing in prices and quasi-

convex. Given T” C T, suppose that v(p'") > v(p') for all t € T” and v(¢*") > v(q")
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for all t € T". Since T = S, v(p®) > v(¢*"). Since v is quasiconvex, v(¢*") > v(q) for

all ¢ € conv({qs}seT/). Thus

v(p") = v(p”) > v(g”) > v(q)

for all ¢ € conv({qs}seT/). Since v is decreasing, we conclude that p'” * ¢ for any
q € Conv({qs}seT/). It turns out that this quasiconvex-like property is precisely

equivalent to the never-covered property.

Corollary 3.4.2 The set of preferences over budget sets M = {(L(pt),L(qt))}teT,
where T =S, is rationalizable by a strictly increasing, continuous, and concave utility
function u : R — R if and only if the following property holds: for any nonempty

TCT,
there exists some t € T" such that p* 2 q for any q € conv({qs}sep).

The proof of this result, as well as its extension to the case in which W is nonempty,

can be found Appendix C.

3.5 Application: Coarse Rationalizability

So far in this chapter, we have considered the rationalization of a set of menu
preference pairs. In this section, we discuss a formally related but economically
distinct issue, namely, the rationalization of choices from menus. Our contribution
is to provide a method for testing rationalizability in situations where observations
are coarse, in a sense we shall make specific. Among other things, we provide an

extension of the Afriat’s Theorem to this environment.
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3.5.1 Four Concepts of Rationalization

Suppose that at observation ¢, there is a menu C* and a set A®* C C*. Two no-
tions of rationalization are commonly used in analyses of this type. The first concept
requires a preference 7~ such that A* = max(C"; ) for all ¢t € T’; the Richter’s Theo-
rem (see Richter (1966)) characterizes data sets which are rationalizable in this sense.
The second concept requires a preference - such that A* C max(C*; ) for all t € T';
the Afriat’s Theorem (and its generalizations to nonlinear domains) characterize data
sets that satisfy this concept of rationalization. Loosely speaking, the first notion of
rationalization is the one most commonly used in the theoretical revealed preference
literature; on the other hand, empirical work using revealed preference has mostly
relied on the second, weaker notion, which is unsurprising since it does not posit that
the observer has observed all the optimal choices, but only one (or some) of them.

A third concept of rationalization has been characterized in Fishburn (1976),
where the set of optimal points is required to be contained in A’; in other words,
max(C*; =) C A'. Obviously, Fishburn’s concept generalizes the one in Richter’s
Theorem by allowing some elements of A to be nonoptimal, but it retains the re-
quirement that nothing outside of A* is optimal. This suggests that a fourth concept
of rationalization may be useful in empirical applications: one that allows for the
possibility that some elements in A’ are nonoptimal (following Fishburn) and also
that some elements outside of A" are optimal (following Afriat). In formal terms, it
requires that max(C*; =) N A" £ ().

The revealed preference literature since the 1970s have by and large neglected Fish-
burn’s rationalization concept and its corresponding result. We think that Fishburn’s
concept, as well as the relaxation of that concept which we just proposed, deserves
notice because they are relevant to empirical applications of revealed preference.

These concepts are applicable whenever there are coarse observations, where the
observer knows (or hypothesizes) that there is an optimal choice found in A’, but is
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agnostic about precisely which alternatives within A* are optimal. There are at least
three broad scenarios where it is useful to think of coarse observations.

(i) The most obvious cases are those where the observations are simply known to be
imprecise. For example, a researcher may have information on how much is spent
on broad categories of goods, without knowing the allocation within each category.
Alternatively, a researcher may have records on a consumer’s credit card purchases,
which puts a lower bound on how money is spent each month on different goods, but
does not provide the precise breakdown of monthly expenditure since there could be
goods bought with cash.

(ii) There could be situations where some alternative y' is recorded as the choice
from C! but, in testing for rationality or estimating the preference, the researcher
may wish to accommodate the possibility that choices were observed with error;
this could be accomplished by defining a neighborhood A* around ' (in some sense
appropriate to the specific context) and then checking if there is a preference 77 with
max(C* =) N A # () for all t € T.

(iii) In experimental settings, it is common to find subjects whose choice behavior
are not exactly consistent with rationality. Since the choices ! are typically observed
perfectly, it is implausible to attribute the rationality violations to observational er-
rors. However, one could still use the size of the neighborhood A" (suitably measured)
as a way of comparing the rationality of different experimental subjects; those who
require large A's to rationalize their behavior can be deemed less rational than those

where A’ is just a small neighborhood of y*.

3.5.2 Coarse Data Sets and Menu Preferences

We consider an observer who has a finite set of coarse observations of a decision
maker’s choices. We denote a coarse data set by O = {(A', Ct)}teT where {W, S} is

a partition of T' and for each t € T we have () # A® C C'. The interpretation is as
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follows. When t € W, A! contains at least one choice of the decision maker in C*;
when t € S, A! contains all the choices of the decision maker in C*. The observer

would like to recover a preference 7~ that rationalizes the data in the following sense.

Definition 3.5.1 A preference = on X rationalizes the coarse data set O =
{(At7ct)}t€T Zf
(i) max(C* =) N A" £ O for each t € W, and

(i) max(C*; =) C A* for eacht € S.

If 7 exists, we say that O is rationalizable. If 7~ can be chosen to rationalize O and

extend a given preorder &>, then O is >-rationalizable.

Obviously, conditions (i) and (ii) in this definition correspond precisely to the
fourth and third concepts of rationalization discussed in Section 3.5.1. Note that
if T'= W, then every coarse data set is trivially rationalized by a preference that
is indifferent across all alternatives. So in the case, the rationalizability problem is
interesting only if the preference is required to be locally nonsatiated or to extend
some preorder .

Checking if a coarse data set is rationalizable is straightforward, given the results
on menu preferences we have developed in Section 3.3. Indeed, for any coarse data

set O = {(A,C")}

sep» We could construct the following set M* of menu preference
pairs: the menu A? is weakly preferred to the menu C* for all t € T' and A? is strictly
preferred to the menu C* \ A’ for t € S. Clearly, M* is rationalized by a preference
>~ if and only if the coarse data set O is rationalizable by the same preference .
Thus every result we have on the rationalizability (or >-rationalizability) of the set

of menu preference pairs M* has an analog for O.

In the following subsection, we extend the Afriat’s Theorem to coarse data sets.
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3.5.3 A Generalization of Afriat’s Theorem

We consider a data set O = {(A", L(p', yt))}teT where for each t € T, p' € R},
is the price vector, y' is the total expenditure, and L(p,y") := {z € R} : p' - & < y'}
is the budget set at observation ¢.2! Departing from the standard setting of Afriat’s
Theorem, the observer does not know the exact choice of the consumer and only
knows that the choice lies in A" C L(p"). The following result provides us with a test

of coarse rationalizability in this setting.

Theorem 3.5.2 Let O = {(A’, L(p', yt))}teT be a coarse data set where T'=W and

At C L(p',y) for allt € T. The following statements are equivalent:

(i) O can be rationalized by a locally nonsatiated preference.
(i) O satisfies the never-covered property under the product order >.*

(iii) O can be rationalized by a strictly increasing, continuous, and concave utility

function.

Example 3.5.3 In studies of consumer demand, a researcher would often not have
information on the demand for every relevant good. A common way to address
this issue is to perform some aggregation procedure across goods, even though this
approach is strictly valid only under stringent conditions on the utility function and/or
the pattern of prices changes.

To be more specific, suppose that at observation ¢, the information available con-
sists of the prices of all goods p’ € R, the demand for the first m — 1 goods, and
the total expenditure on the remaining goods (which we denote by cfnn) In other

words, the actual demand for goods m, m + 1,...,n is not observed. To get round

this problem, the researcher could construct a price index for those goods, pt,, which

2INote that we departing from the convention and notation of the previous section by not normal-
izing expenditure at 1. This presentation is more appropriate in this section to highlight the fact
that total expenditure y* is part of the observer’s data.

22Tn this statement, we are interpreting O as a set of weak menu preferences.
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would be a function of their prices (p!,,pl, 1, .., p,), with the corresponding demand
for the composite good being z, = ¢}, ,,/D%,. In this way, the researcher creates a data
set of the standard form, with prices (p}, ph, ..., p%,) and demand (%, 2%, ...,z ) for
m goods at each observation.

Coarse data sets offer a potentially useful alternative approach to tackle this prob-
lem. At observation ¢, the researcher observes z for i =1,...,m —1 and ¢}, . Thus

the demand of the consumer must lie in the set

A'={zeR} :a;=alfori=1,...,m—1and )" pa;=c, }

m—1 ¢ ¢

The corresponding coarse data set is O = {(A", L(p', ")) her, where y' = > """ plat+
Chp.n- This can be analyzed using Theorem 3.5.2.

As an illustration, suppose that O consists of two observations where

pt=(2,2535), z1=15 ;=9 y'=12

p?=(4,3,3), ri =3, chy=45, y*=16.5.

This data set is coarse rationalizable. Indeed, the bundle Z = (1.5,9/2.5,0) is in A*
but p? - & = 16.8 > 16.5, so it is not in L(p? y?). Given that there are just two
observations, this is enough to guarantee that O satisfies the never-covered property
under >.

On the other hand, suppose we were to aggregate goods 2 and 3 into a composite
commodity, with the price of the composite good fixed at 3 at both observations 1 and
2. Then the demand for the composite good at these observations are 73 = 9/3 = 3

and 73 = 4.5/3 = 1.5. The corresponding two-good data set has

pt=1(2,3), z'=(15,3), y'=12;
p*=(4,3), 2*=(3,1.5) y*=16.5.
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Figure 3.2: An Example of Observation Errors

X2

x

0
Notes: The data set {(x!, L), (22, L?)} is not rationalizable, but {(A!, L1), (4%, L?)} (as depicted)
is rationalizable.
It is straightforward to check that this data set violates GARP and is not rationaliz-

able.

Example 3.5.4 Consider a researcher who observes that the consumer chooses the
bundle z' from the budget set L(p',y"). To allow for the possibility that z' was
observed with error, the researcher could allow for the true consumption bundle to

be in the set

At ={z e L(p",v") : p' 2 =19y and |plx; — plat| < ky' for all i},

where k € [0,1]. In other words, the expenditure on good i is allowed to deviate from
pial but not by more than ky'. This is illustrated in Figure 3.2, where the ‘original’
data set {(z', L'), (z%, L?)} is not rationalizable, but {(A', L), (A?, L?)} (as depicted)
is rationalizable. More generally, our extension of the Afriat’s Theorem provides a

way to check if O = {(A*, L(p', yt))}teT is rationalizable.
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3.6 Application: Multiple Preferences

In this section, we investigate the observable restrictions of the multiple pref-
erences model; see, for example, Aizerman and Malishevski (1981) and Salant and
Rubinstein (2008). In contrast with the single preference model, the choice behavior
of the DM may be a result of multiple rationales. Formally, the DM has a set II of

strict preferences, and she chooses
f(A) = {m : x = max(A; >) for some >€ H}

in each menu A.

We represent the observed choice behavior of the DM by a data set (X, f), where
Y. C X and f(A) is the collection of alternatives that the DM chooses in A € ¥. We
say that (X, f) is rationalizable by multiple preferences if there exists a set II of strict

preferences such that

for all A € ¥. For notational simplicity, we denote by g(A) := A\ f(A) the collection
of alternatives that are not chosen in A € ¥. In what follows, we identify necessary
and sufficient conditions under which (X, f) is rationalizable by multiple preferences
by applying our results in Section 3.3.

For a given data set (X, f), let us first consider the following data set of menu

preferences

0= {(f(A)»g(A))}Aez’

where all menu preferences are strict. It is easy to see that if (¥, f) is rationalizable
by multiple preferences, then there necessarily exists a strict preference > such that

max(A; >) € f(A) for all A € ¥. In other words, O must be rationalizable by a strict
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preference. However, this is not sufficient for rationalizability by multiple preferences,

as illustrated by the following example.

Example 3.6.1 Let X = {z,y,z}. Consider the data set (3, f) consisting of the

following three observations:?3

(1) f{z y}) =z
(i) f({y, 2}) = v;
(iif) f({z,y, 2}) = {z, 2}.

Consider the data set of menu preferences O = {(z,y), (y,2), ({z, z},y)}. It fol-
lows from Corollary 3.3.12 that O is rationalizable by a strict preference (for example,
by the strict preference x = y > z). However, (3, f) is not rationalizable by multiple
preferences. To see this, suppose to the contrary that (X, f) is rationalizable by mul-
tiple preferences. By definition, there exists a set II of strict preferences such that
fu(A) = f(A) for all A € 3. The first observation f({z,y}) = = reveals that = > y
for all > € II, and the second observation f({y,z}) = y reveals that y > z for all
> € II. By transitivity, it must be that x > z for all > € II, which contradicts with

the third observation that f({z,y,z}) = {z, z}.

We now present a characterization of the multiple preferences model as follows.
By Corollary 3.3.12, the data set of menu preferences O = {(f(A),g(A))}AGE is

rationalizable by a strict preference if and only if for all () # X' C X,

Uaesr f(A) € Uaesr g(A).

ZWe abuse the notation by suppressing the set delimiters, e.g., writing = rather than {z}.

89



As illustrated by Example 3.6.1, this is not sufficient. We strengthen this condition

as follows: for any nonempty ¥’ C ¥ and B € X,

(Uaesy f(A)\Uaesy 9(A)) € B = f(B)N (Unesr g(A)) = 0.2

To understand the condition, note that it is plainly a necessary condition. Indeed,
suppose that the data set is rationalizable by multiple preferences. If an alternative
is not chosen in A, then under each preference, it is dominated by some alternative
chosen in A. Hence, any alternative in g(A) is not chosen in a menu that contains
f(A). This implies that the set of choices made in Ugesy A does not contain any
alternative in Ugesy g(A). Furthermore, since f(A) contains all maximal alternatives
under each preference in A, choices made in U¢ysy A should be a subset of Ugesy f(A),
and thus a subset of Ugesy f(A) \ Uaesy g(A). By a similar argument, any alternative
in Ugesy g(A) is not chosen in any menu containing Uaesy f(A) \ Uaesr g(A), as stated
by the condition. Theorem 3.6.2 shows that this new condition is both necessary and
sufficient for the rationalizability of a data set by multiple preferences.

From a practical perspective, we provide a divide-and-conquer approach to test
whether a give data set (X, f) is rationalizable by multiple preferences. Rationaliz-
ability by multiple preferences requires that for each A € ¥ and « € f(A), there exist
a strict preference such that x is the maximal element in A according to this strict
preference. Furthermore, the maximal element in any other set A" € 3 according to
this strict preference must lie in f(A’). Thus, for each A € ¥ and = € f(A), the

following data set of menu preferences

Ouy = (z, A\ z) U{(f(A), A"\ f(A") }A’GE,A’;éA’

24To see that this is a strengthening of the previous condition, suppose that there exists some
nonempty ¥’ C ¥ such that Uaesr f(A) € Uaesr g(A). Fix an arbitrary nonempty set B € ¥/, Since
Uaesy f(A)\Uaesr g(A4) =0 C B, it follows from the new condition that f(B)N (Uaess g(A)) = 0.
We have arrived at a contradiction, since f(B) C Uaexr f(A) C Uaexr g(A).
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where all menu preferences are strict, must be rationalizable by a strict preference.

Let

D = {Oxz} A, vef(a)-

A necessary condition for the data set (X, f) to be rationalizable by multiple pref-
erences is that each 04, in ® is rationalizable by a strict preference. Theorem
3.6.2 below shows that the converse is also true. Recall that it is straightforward to
check whether a data set of menu preferences is rationalizable by a strict preference
(see Section 3.3.3). Thus, it is straightforward to check whether a data set (¥, f) is

rationalizable by multiple preferences using the divide-and-conquer approach.

Theorem 3.6.2 The following statements are equivalent:

(i) (%, f) is rationalizable by multiple preferences.

(i) For any nonempty ¥’ C ¥ and B € X,

(Uaesr f(A)\Uaes g(A)) € B = f(B)N (Uaexr g(A)) = 0.

(iii) Each O4, in ® is rationalizable by a strict preference.

Theorem 3.6.2 holds for any data set (X, f). In the special case of complete
data, that is, when ¥ = X', Aizerman and Malishevski (1981) show that the multiple
preferences model could be characterized by the following two axioms:

Chernoff: AC B= f(B)NAC f(A) forall A,B € X.
Aizerman: f(B) CAC B= f(A) C f(B) forall A,B € X.

In words, the Chernoff axiom says that a best choice in some set is still best if the
set shrinks. The Aizerman axiom says that deleting from a given set some choices
outside the choice set cannot make new choices chosen. We establish this result as

a corollary of Theorem 3.6.2 by showing that our characterization for any data set
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(complete or incomplete) follows from the Chernoff axiom and the Aizerman axiom

in the case of complete data.

Corollary 3.6.3 (Aizerman and Malishevski (1981)) The data set (X, f) is ra-
tionalizable by multiple preferences if and only if it satisfies the Chernoff ariom and

the Aizerman aziom.

3.7 Application: Minimax Regret

The decision criterion of minimax regret is first suggested in Savage (1951)’s read-
ing of Wald (1950) to model a DM who anticipates regret and thus incorporates in
her choice the desire to minimize the worst-case regret. In this section, we investigate
the observable restrictions of the minimax regret model by applying our results in
Section 3.3.

We adopt the standard framework of the state space that has been discussed by,
for example, Kreps (1979) and Dekel, Lipman, and Rustichini (2001). We consider
any nonempty finite set X. Let U denote a state space with a typical element wu.
To economize on notation, we also write u to denote the utility function of the DM
associated with the state u. The regret of choosing x relative to y is u(y) — u(z) if
the state is u, the worst-case regret of choosing x relative to y is

ou(z,y) == max {u(y) —u(z)},

uelU

and the worst-case regret of choosing x in a menu A is

max ou(x,y).

92



The DM who uses the minimax regret decision criterion chooses all alternatives that
generate the lowest worst-case regret. That is, the DM chooses

fu(A) = argmin {r;lea} ou(z,y)}

in each menu A.%°

We represent the observed choice behavior of the DM by (X, f), where ¥ C X
and f(A) is the choice of the DM in A € 3. For the sake of simplicity, we assume
that f is a choice function.?® We say that (X, f) is rationalizable under the minimax
regret model if there exists a finite set U of utility functions such that

f(A) = argmin { max du(w,y)} (3.3)

z€A

for all A € 3.

Given the flexibility to construct the set of utility functions, the readers might
wonder, whether there are any observable restrictions of the minimax regret model.
To get this out of the way, let us first present a data set (X, f) that is not rationalizable
under the minimax regret model in Example 3.7.1. We shall also use this data set in

Example 3.7.4 (Continued) to illustrate the approach that we establish in this section.

Example 3.7.1 Let X = {z,y,z,w}. Consider a data set (X, f) consisting of the
following three observations: f(X) =z, f(X \ z) =y, and f(X \ w) = v.

Suppose that (X, f) is rationalizable under the minimax regret model, say, by
the set U of utility functions. In what follows, we show that (1) f(X) = z and

f(X\ 2) = y imply that ¢y (y,2) > ¢u(y,w); and (2) f(X) =z and f(X \w) =y

25Qur minimax regret model differs from that in Milnor (1954) and Stoye (2011), who axiomatize
the preference ordering represented by (the negative of)

mog { g o gto) — e (o)}

where f and g are acts in a menu M, S is a state space, and u is an expected utility functional.
26The case of a choice correspondence can be accommodated using similar logic.
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imply that ¢y (y, w) > ¢u(y,z). Thus, we have a contradiction. Since f(X) =z, z
generates a lower worst-case regret in X than y does. It follows that the worst-case
regret of x in X \ z is lower than the worst-case regret of y in X. Since f(X \ 2) = y,
the worst-case regret of y in X \ z is lower than the worst-case regret of z in X \ z.
Therefore, the worst-case regret of y in X and X \ z are not the same. This is possible
only if the worst-case regret of y relative to z is higher than the worst-case regret of y
relative to w. Similarly, since f(X) =z and f(X \ w) =y, we can conclude that the
worst-case regret of y relative to w is higher than the worst-case regret of y relative

to z.

We present a lemma that simplifies our analysis below. This lemma shows that,
without loss of generality, we can work with the following choice function:

f(A) = argmin { max ¢y(z,y)} (3.4)

€A " yeA\z
for all A € 3. The proof is trivial and purely algebraic, and hence omitted.

Lemma 3.7.2 There exists a finite set U of utility function such that (3.3) holds for

all A € ¥ if and only if (3.4) holds for all A € X under the same U .

By Lemma 3.7.2, the rationalizability of a data set (3, f) under the minimax
regret model is equivalent to the existence of a finite set U of utility functions such

that

A),y) < ;
e du(f(A),y) max du(x,y)

forall A€ ¥ and x € A\ f(A). For notational simplicity, throughout the rest of this
section, we shall write (z,y) rather than ¢y (x,y) to denote the worst-case regret of
x relative to y. This should not cause any confusion.

Interestingly, the rationalizability of a data set under the minimax regret model

is related to menu preferences. For any (3, f), we construct its corresponding data
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set O as follows: for each A € ¥ and x € A with z # f(A), let (4;, B;) € O where

A =2 x (A\z)and B; = f(A) x (A\ f(A)).

The interpretation of the data point (A;, B;) is that the menu A; is strictly better
than B; in the numeric order, which captures that alternative 2 which is not chosen
in A generates a higher worst-case regret in A than f(A) does. Theorem 3.7.3 below
makes the formal link between the rationalizability of a data set under the minimax

regret model and the rationalizability of menu preferences.

Theorem 3.7.3 The data set (X, f) is rationalizable under the minimazx regret model

if and only if the corresponding data set O is rationalizable by a strict preference.

Recall that it is straightforward to check whether a data set of menu preferences
is rationalizable by a strict preference (see Section 3.3.3). Thus, it is straightforward
to check whether a data set (X, f) is rationalizable under the minimax regret model.
We now revisit Example 3.7.1 to illustrate how to use Theorem 3.7.3 to show that

the data set is not rationalizable under the minimax regret model.

Example 3.7.4 (Continued) We construct the corresponding data set O as fol-

lows:

A= {(y,2), (y,2), (v, w0) }, By = {(z,y), (z,2), (z,w) };
Ay = {(z,2),(2,9), (z,w)}, By = {(z,y), (z,2), (z,w) };
Az = {(w,2), (w,y), (w,2)}, By = {(z,y),(z,2), (z,w)};
Ay ={(z,y), (z,w)}, By = {(y,2), (y,w)};
As = {(w,2), (w,y)}, Bs = {(y,2), (y,w)};
A = {(z,y), (=,2)}, Bs = {(y,2), (y,2)};

A7:{(z,x),(z,y)}, 37:{(y,x),(y,z)}.
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By Corollary 3.3.12, O is not rationalizable by a strict preference. In particular,
(/_11 U A, U fl@) - (Bl U By U BG). By Theorem 3.7.3, (X, f) is not rationalizable

under the minimax regret model.
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Appendix A

Appendices for Chapter 1

A.1 Proof of Proposition 1.2.5

Let V' € V be represented by P. Consider f* and g¢g* satisfying the conditions

stated in the proposition. We have

V(") = V(") =Ep(g") — Ep(f*)
=Ep(9%) — Ep- (f7)
<Ep-(97) — Ep (f7)
=p*(s,0)(g"(s,0) — ["(s,0))

<maxp(s,0)(g"(s,0) — f*(s,6)),

peEP

where p* € P minimizes the expectation of f*. Other inequalities are obvious. Let

1o be the CML posterior when signal 6 is observed. We have

Vo(g™10) — Vo(f710) =pe(s)(g"(s,0) — f*(s,0))

_magepp(s) g
_Zsles (Hlangpp(S/,Q))(g ( 76) f ( 76))

> r}?eag(p(sﬂ ‘9)(9*(87 0) - f*<87 Q))
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The last inequality holds since ) ¢ (max,ep p(s',0)) < > . o' (s" x ©) < 1 for

each p’ € P. The proposition is thus shown.

A.2 Proof of Theorem 1.3.1

For any extended evaluation function V' € V that is represented by P, it is obvious
that 6 € ©y if and only if there exists p € P and s € S such that p(s,8) > 0.

Consider a nonempty and finite subset £ of S x ©. Let X(E) be the algebra
generated by all subsets of E'in S x ©. For any set of probability distributions P* over
S x O, we let P*|3(E) denote the set of probability distributions over ¥(E) induced
by P*. For any two extended evaluation functions V and V' that are represented by
P and P’ respectively, it is clear that V and V' agree on F if and only if P|X(F) =
P’|2(E). We proceed to the proof of the theorem.

(Necessity.) For axiom IIS, consider V, V' € V. Let V be represented by P and
V' by P'. If V and V' agree on S x 6, then we have P|X(S x ) = P'|X(S x 0).
Therefore, § € ©y implies that § € Oy,. Moreover, for each s € S, max,ep p(s,0) =
max, cp P (s, 0). By the formula of the CML posterior (1.1), we have Vp = V. Axiom
MI is shown similarly. Axiom ISU is shown by Proposition 1.2.5.

(Sufficiency.) Assume that axioms IIS, MI and ISU all hold. Through out the
proof of the sufficiency part, assume the payoff space to be R. This is without loss of
generality since for any payoff y not in K, we can pick = in the interior of K and take

the convex combination ax + (1 — )y of  and y such that ax + (1 — a)y is in K.

Lemma A.2.1 Let V €V be represented by P = (u, {c'(+|$)ses }rer) and Vi repre-
sented by Qp, where 6 € Oy If

Z,u )max c'(f]s) = 1, (A.1)

teT
seSs

98



then Qg = {u}.

Proof. Fix some s € S with u(s) > 0. By condition (A.1), maxserc'(f]s) = 1.

Consider an extended act f* satisfying that

f*<87 9) =0,
Fi(s,0) = 1,¥0' € O\,

f5(s,0) =0,¥(s,0") € (S x O)\(s x O).

For such an extended act, we have

V(f*) = n(s)(1 — maxc'(0]s)) = 0 = Vy(f7|0).

teT
Consider an extended act ¢g* satisfying that
9°(s,0) =

g'(s,0") =

g'(s,0) =0,V(s,0) € (S x ©)\(s x ©).

1
27
1,v0' € ©\0,

We have
* 1 . .,
Vig") = §M(S)a and Vy(g*|0) = 5 min p (s).

U EQy

For extended acts f* and ¢*, axiom ISU implies that

> uls)
min yi7(s) = pi(s)

Since this holds for each s € S with u(s) > 0, we have for each p* € Qy and each

s€ S, p*(s) = u(s). That is, Qp = {u}. =
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Now, consider an arbitrary extended evaluation function V' that is represented by
P = (11, {c"(*|s)ses ter). Let 6 be a V non-null signal and Vj, be represented by Qj.
Let pg be the CML posterior of P. We want to show that Qy = py.

First, consider an extended evaluation function V’. Let V' be represented by
P' = (', {d'(-]s)ses }rer) such that
(i) 1 = wo,
(i) w/(s)d'(s,0) = p(s)c'(s,0) for all t € T and s € S.
Since pg(s) > u(s)c'(s,0) for each t € T and s € S, d'(s,6) can be well-defined.
Clearly, P'|3(S x ) = P|Z(S x ). Therefore, V and V' agree on S x #. By axiom
I1S, Vy = V. We can ensure that maxer d*(0|s) = maxerd (0|s’) for each s, s € S.
Let this constant number be «, which is in (0, 1].

Next, consider two extended evaluation functions V" and V™. V" is represented
by P” = (", {€'(-|s)ses }ter) such that
(i) u” = pe,
(i) e'(0s) = @ forallse SandteT.
Let V" satisfy that 6 ¢ V. Clearly, V" + (1 —a)V"™ and V' agree on S x . Since 6
is V™ null, by axiom IIS and axiom MI, V' = V}/. That is, V' = Vj. By the definition
of o, maxeref(6]s) = 1 for each s € S. By Lemma A.2.1, V;' is represented by gy,

i.e., Qp = pg. This completes the proof of the theorem.

A.3 Proof of Theorem 1.3.4

(Necessity.) Suppose that the DM believes the possible set of conditional distri-
butions is {(c*(+|s))ses }ter which satisfies conditions (1.3) and (1.4). For each s € S

and each 0 € ©F,

veo (s’

:u9(8) :u9<3/) - _ maXer Ct(e‘s) > max Ct(9|8)
maxyegs (maxger ct(0|s')) — ter '
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Therefore,

(rste}) = 5 (i) =1

0co*

2.

po(s)
iea. ()
This shows the necessity part.

(Sufficiency.) Suppose that the belief profile (u, {1 }oco~) satisfies that for each

s €S,

po(s) (- Hols') -
S () =0 (8.2

o~
We construct the finite set of conditional distributions. Define {c?(-|s)cs}gce~, where
each ¢’ is labeled by a signal § € ©*. Let Sp := argmax,cg (119(s)/u(s)) . For each
s € .S and 0 € OF, let

Obviously, ¢?(f|s) < 1 for each s € S and ?(f|s) = 1 for each s € Sy. By condition

(A.2), we have

> f(0)s) > 1

R
for each s € S. Hence, we can find non-negative numbers {¢?(¢'|s)}yce-\g for each

0 € ©* and each s € S such that

> LO)s) =1,
0'co*
and

A@)s) < P (@]s).

Since {c” (0]s)}orco- is maximized at 6 = @ for each s and each 6, we have the desired

posterior g for each 0 € ©*.
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A.4 Proof of Theorem 1.4.2

If there exists a* € (),.g arg max,e4- v(s, a), let a® = a* for each s € S. Otherwise,
for each s € S, pick a® € argmax,ec 4+ v(s,a). Pick p* € A°(S) such that a® € BR(u*).
{u*}ses are the target posteriors. For each p®, pick a vector (A\%)yes € (0,1) such

that
pXe ()
M(S//))‘zﬂ T (S”)

for each ¢',s"” € S. Fix the vector (A} )yes for each s € S. For any {r*},cs C (0, 1),

let n({r*}ses) be an integer satisfying that

1-— TS/AS:/ .
max < min 7). (A.3)
seSs’eS n({r}tses) —1  seSs’es

For the given € > 0, pick {r°}ses € (0, 1) such that

/

Vs € 8,3 pu(s)(rAsu(s a®) + (1= A )(s a”)) = I", (A.4)

s'es

where [* satisfies that

r>) ( max v((s a)) —e. (A.5)

ses

In the case a® = a*, we have

r=>Y (u(s) gg%fv(&a)) )

ses

which implies that {r°},cg exist. For the case where (), g argmax,ea- v(s,a) = 0,

since as r° converges to zero,

/

Zu (r*A3v(s’,a®) + (1 —r*X3)v(s,a®))

s'eS
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is strictly lower than but converges to

S n(s)olsa”) = X (s mae(s.a)),

s'esS seS

the numbers {r°}scs that satisfy the desired conditions exist. Fix the numbers
{r*}ses-

We proceed to construct the information structure. Let N = n({r*}ss). Let
S = {51,....,5m}. Let © = {0;:}jeq1,...m}1eq1,...n}- Let there be m - N signal generating
systems. Each signal generating system is denoted by ¢/ for some j € {1,...,m} and

[ €{1,..,N}. For each ¢/, let

(0;4]5) = ri\% Vs € S,
1—7r%\

IOy p]s) = N1

,if s=syand I #1', and

(0 1|s) = 0 otherwise.

By condition (A.3), for each 6;,, its conditional maximum probability on each s € S
is achieved uniquely by ¢! and equal to r¥\¢’. Hence, the CML posterior at signal
01 1s p.

Consider G = (0, {¢"(+|8)ses tie(1, .mpie1,...N}» {agﬂll}gj’lee), where a%' = a%. We
argue G satisfies the desired conditions of the theorem. Note that a%! is indeed the
optimal action of the agent given the CML posterior p%. For each signal generating
system ¢!, conditional on state s, action a® is taken by the agent with probability

1. Conditional on state s # s;, action @’ is taken by the agent with probability

E]

1=t
1 N-1

, and action a® is taken with probability % By conditions (A.4) and

(A.5), we know that G satisfies the conditions in the statement of the theorem.
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Appendix B

Appendices for Chapter 2

B.1 Proof of Theorem 2.3.1

Throughout the proof, for any A € M, any u € U and any nonempty and closed
subset ¥V C U, we define

t(u,V,A) = )
(u, V, A) argperg(%)U(p)

Define function I' : U x A(X) — R as I'(u,p) := u(p). One can verify that I' is

continuous on the product space U x A(X). We first show that ¢(u, V, A) is nonempty.

Lemma B.1.1 For any A € M, any v € U and any nonempty and closed V C U,

t(u,V, A) is nonempty.

Proof. It suffices to show that ¢(V, A) is closed. Consider a sequence {p,}>>, C
c(V, A) converging to p. By the definition of ¢(V, A), we can find a sequence {v, }2°; C
V such that I'(vy, pn) > (v, q) for any n and any ¢ € A. By compactness of V, we
can find a subsequence {vy,, }32, of {v,}>2, such that v,, converges to some v € V.
By continuity of ', we know I'(v, p) > I'(v, q) for any ¢ € A. As aresult, p € ¢(V, A).
This implies that ¢(V, A) is closed. m
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(Necessity.) Suppose that 7 is represented by (u,)), where u € U and V C
U\{o} is nonempty and compact. Define V' : M — R such that

V(A) = max, u(p).

By Lemma B.1.1, V(A) is well-defined. Hence, axiom WO holds. It is also easy to
verify axioms IDD and WC.

For axiom IR, note that for any A € M, ¢(V, A) C ¢(V, conv(A)) C conv(c(V, A)).
Since w is linear, V(conv(A)) = V(A). That is, conv(A) ~ A. For axiom IIC, note
that for any B € M, if AA C B C A for some A € M, then ¢(V,B) = ¢(V, A).
Therefore, A ~ B. For axiom PSB, consider A, B € M such that A >~ B. We have

max u > max u(q).
pec(v},il) () _qec(v?(B) (@)

Note that ¢(V, AU B) C ¢(V, A) Uc(V, B). Therefore,

ma. u(r) < ma max u max u = max u(p).
rEc(V,A)EJB) (>_ X{pEc(V),(A) (p),ch(V?(B) (Q)} pEc(Vﬁ) <p)

This indicates that A -~ AU B.
Finally, for axiom PERU, consider o € (0,1) and A, B € M such that A 7 B.

We show that A 75 @A+ (1 — «)B. It is easy to see that

cV,a0aA+ (1 —a)B) Cac(V,A) + (1 — a)c(V, B). (B.1)
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By condition (B.1), for any p € t(u,V,aA + (1 — a)B), there exist ¢; € ¢(V, A),

¢ € ¢(V, B) such that p = ag; + (1 — «)ge. Hence,

V(eA+ (1 —a)B) = ulp) = au(q) + (1 — a)u(ge)
< aV(A) + (1 - a)V(B)

< V(A).

(Sufficiency.) We first show that both the current preference and the maximal
set of future preferences can be identified by restricting 7~ to finite menus. We then
derive the representation for finite menus. Finally, we extend the representation to
compact menus. Denote the collection of nonempty finite menus as M*". Throughout

the proof, assume that all axioms hold.

Lemma B.1.2 There exists a unique u € U such that for any p,q € A(X), p7q<

u(p) > u(q).

Proof. 7 is a weak order over singleton menus. By axiom IDD, p > ¢ implies
ap+ (1 —a)r > ag+ (1 —a)r for any a € (0,1) and r € A(X). Axiom WC implies
that for any lotteries p,q and r, if p > r > ¢, then there exists o, 5 € (0,1) such
that ap + (1 — a)q > r = fp+ (1 — B)q. These three conditions are standard for an
expected utility representation. The expected utility is unique up to a positive affine

transformation. Thus, we can uniquely identify such an expected utility in /. =
Lemma B.1.3 For any A € M and {B;}, C M, if A = U, B;, then for some
Proof. It is a simple implication of axiom PSB. =

Lemma B.1.4 For any A € M, there exists p*, q* € A such that p* 77 A 77 ¢*.

Proof. Suppose that A = p for all p € A. By Lemma B.1.3, for any collection

{B;}, € M satisfying that U , B; = A, we have B; 77 A for some i € {1,...,n}. We
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can choose the collection {B;}! ; such that the diameter of each menu B; is smaller

than % for some positive integer k, i.e.,

Y

T =

d(p.p') <
pemax (p,p") <

for each i € {1,...,n}. By this, we can find a convergent sequence of menus { B*}/*
such that B¥ C A and B* 7 A for each k and the diameters of {B*}}/> converge to
0. Let p* be the limiting singleton menu of the sequence of menus. Obviously, p* € A.
By axiom WC, we know p* 7~ A. Hence, it is impossible that A > p for all p € A.
Next, suppose that ¢ = A for all ¢ € A. Therefore, A* = (. By axiom IIC, we
have ¢ ~ A for each ¢ € A since A* C ¢. Hence, it is impossible that ¢ = A for all

geEA =

Lemma B.1.5 For any A € M, there exists p € At such that
(i)if BeE M andp € BC A, then B 7 A;

(ii) if B€ M and p € B C AY, then B ~ A;

(iii) A ~ A% ~ p.

Proof. Consider any menu A. By Lemma B.1.4, A' is not empty. We first prove
statement (i) by contradiction. If the statement is not true, for any p € A%, we
can find B € M such that p € B C A and A >~ B. Hence, we can find for each
p € A% some menu B, such that p € B, C A and A = B,. For each p, let By be a
superset of B, such that By is a subset of A and open in A. Let By be the closure
of By in A. Obviously, By is also a well-defined menu. For each p € At we make
dn(By, By) small enough such that by axiom WC, A = B;. Note that {By},c1 is an
open cover of A*. Therefore, we can find a finite set {p;}}"; € A* such that {Bg };",
covers A*. Obviously,{ B }7, also covers At ie., A¥ C UL, B¢. By axiom IIC,
A~ UL, B . By Lemma B.1.3, there exists i € {1,...,n} such that B; = A, which

is a contradiction. Therefore, statement (i) holds.
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For statement (ii), consider B such that p € B C A%. By statement (i), we know
B~ A. By Lemma B.1.4, there exists p’ € B such that p’ 7 B, which implies A = B.
Hence, B ~ A. Statement (iii) is directly implied by statement (ii). m

For any menu A, let ext(A) denote the set of extreme points of A, i.e., p € ext(A)
if and only if p is not a convex combination of any two different points in A. We

proceed to the next lemma.
Lemma B.1.6 For any A € MT, there exists p € ext(A) such that A ~ p.

Proof. By axiom IR, for any A € M A ~ conv(A). Since A is finite, ext(A) is
also a well-defined menu and conv(ext(A)) = conv(A). Therefore, A ~ ext(A). By
Lemma B.1.5, there exists p € ext(A) such that p ~ ext(A) ~ A. The lemma is
proved. m

For the remaining part of the proof, let u € U be the current utility identified
in Lemma B.1.2. When u = o, Lemma B.1.5 implies that for any A € M, A ~ p
for some p € A. It implies that A ~ B for any two menus A and B since each
singleton menu is indifferent. Therefore, (0,)) represents the menu preference =~ for
any nonempty and compact V C U\{o}. In particular, the maximal set of future
preferences is U\{o}. From now on, we focus on the nontrivial case where u #
o. To proceed, we introduce some notations. For any A € M and any p € A,
define N(p,A) := {vel:v(p) >v(q),Yq € A}. N(p,A) is the set of preferences
over lotteries rationalizing the choice of p in A. We say that A dominates B, denoted
by A =* B, if Vp € A and Vq € B, we have p > ¢. The next lemma is a technical

result.

Lemma B.1.7 Fiz any collection of menus {A;}"y € M¥ such that p; € A; for
each i € {0,...,n} and N(py, Ag) C U N(pi, A;). Let {o;}?y and {q;}?-, satisfy
that o; > 0 for each i € {0,...,n}, ¢; € A; for each i € {1,....,n} and >\ ja; = 1.
If agpo + Y iy ugq; is an extreme point of Y. a;A;, then qp = py for some k €

{1,...,n}.
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Proof. Suppose agpy + Y., @g; is an extreme point of the menu > a; A;. Since
the menu is finite, there is an expected utility v’ € R* such that v/(aopo+_ 5, @igi) >
v'(r) for any distinct r € Y."  a;A;.0 There exists v € U such that v(aopy +
>oi, auq;) > v(r) for any distinct r € Y a; A;. Therefore, we know v € N(po, Ao).
By the fact that N(po, Ag) C U N(p;, A;), we know that there is some k such that
v € N(px, Ax). This implies that v(aopo + > im; €igi) = v(aopo + D2, @i + akPi)-
It happens only when agpg + Z?:l Q;q; = po + Zi#k @;q; + agpr. Therefore, we

conclude that for some k € {1,....n}, g = pr. ™

Lemma B.1.8 For any A € M and lottery p, if p =* A, then for any o € (0,1) and

any lottery q, we have
p-AUpsap+(1—a)g-aAUp+ (1 —a)g.

Proof. By axiom IDD, the left-hand side implies the right-hand side. To see the
other direction, first note that by Lemma B.1.5, p =* A implies p 77 AU p. Assume
for some a € (0,1), we have p ~ AUp and ap+ (1 —a)qg = aAUp+ (1 — a)q. By
compactness of A and Lemma B.1.2, we can find r € A such that u(r) > u(p’) for any
p' € A. Since p ~ AUp, we know AUp > r, and thus aAUp+(1—a)q > ar+(1—a)q.
Lemma B.1.5 implies that there exists some lottery [ € AU p+ (1 — a)q such that
I ~aAUp+ (1 —a)g. Since aAUp+ (1 —a)g = ar+ (1 —a)g, I can only be
ap + (1 — a)q, which contradicts to the fact that ap + (1 — a)g > cAUp+ (1 — a)q.

The lemma is thus proved. m

Lemma B.1.9 For any A, B € M¥ and any two lotteries p, q such that p =* A and

q>*B,if N(¢, BUq) € N(p, AUp), then p = AU p implies ¢ = BUq.

1See, for example, Theorem 2.3 in Bertsimas and Tsitsiklis (1997).
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Proof. Consider p,q, A and B that satisfy the primitive conditions stated by the
lemma. Suppose that p = AUp and ¢ % B Uq. We want to derive a contradiction.
Since ¢ =* B, by Lemma B.1.5, ¢ ¥ B U q implies ¢ ~ BUJq.

First, we argue that we can find B* and ¢* such that ¢* »* B*, ¢* ~ B* U ¢*,
N(q*,BUg*) C N(p, AUp), and p > ¢* =* A. Choose r € A such that r =~ p’ for each
p' € A. Take any A € (0,1) and define w = A\r+ (1 — \)p. By Lemma B.1.2, we know
p=w>=*A. Let g €(0,1) and define B* := pw+ (1 — 3)B and ¢* = fw+ (1 — f)q.
We require § to be close enough to 1 such that p > ¢* =* A. Thanks to Lemma
B.1.8, we have ¢* ~ B* U ¢*. Since B and ¢ are transformed linearly to B* and ¢*,
we know that N(q*, B*Uq*) = N(q,BUq) and ¢* =* B*. Therefore, the desired
conditions for B* and ¢* are satisfied.

Since p = AUp, by Lemma B.1.5, we can find p’ € A such that AUp ~ p’. Thus,

B*Uq* ~ ¢* = AUp. By axiom PERU, we know for any a € (0, 1),

¢ ~B"Uq¢" ZaB"Uqg 4+ (1 —a)AUp. (B.2)

Consider | € A(X) such that ¢* > [ =* B*. We can find o* € (0,1) such that for any
a € (ot 1),

ag*+(1—a)AUp>="1>"aB"+ (1 —a)AUp. (B.3)

Since B* U ¢* ~ ¢* > [, by axiom WC, there is some o™ € (0,1) such that for any
a € (™, 1),

aB*Uq¢ +(1—a)Aup =L (B.4)

For any a € (max{a*,a*},1), by Lemma B.1.6, there is an extreme point ¢ of
aB*Uqg*+ (1—a)AUp such that ¢ ~ aB*Uq¢* + (1 —a)AUp. Since N(q¢*, B*Uq*) C
N(p, AUp), Lemma B.1.7 implies that ¢ € aB*+ (1 —a)AUp or ¢ = ag* + (1 — a)p.
Conditions (B.3) and (B.4) imply that § = ag* + (1 — a)p. Since p > ¢*, condition

(B.2) leads to a contradiction. The lemma is proved. m
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A immediate corollary of Lemma B.1.9 is that when p, ¢, A, B satisfy p =* A, q =*
B and N(p, AUp) = N(q, BUq), we have p = AUp < g = BUgq. The next lemma

generalizes this result.

Lemma B.1.10 Let {A4;}", € M and {p;}1y € A(X) satisfy that (i) p; =* A
and p; = A; Up; for each i € {1,...,n}, and (ii) po >* Ag. If N(po, Ao U py) C

"N (pi, A; Up;), then po = Ag U po.

Proof. For each i € {1,...,n}, we can find A} such that

(i) pi =" Al

(ii) N(ps, A} Up;i) = N(pi, Ai Up;), and

(iii) g¢;, ¢, € AL implies ¢; ~ ..

To construct A, note that p; > ¢ for any ¢ € A;. For any q € A;, consider the linear
combination ap; + (1 — a)g such that au(p;) + (1 — a)u(g) = su(p;) + 3 maxu(r).

2 TEA»;

One can easily verify that

su(p;) + %%%U(T) —u(q)
o= u(p;) — u(q) =0

Therefore, let

yu(ps) + 3 maxu(r) —u(g)

Qpiq = )

U(pz) - U(Q)
we can define

A;' = {q, :dge A d = Qp, gDi + (1— O‘pi,qM}-

To show that A’ satisfies the desired conditions, we just need to show N (p;, AiUp;) =
N(p;; A; U p;). This is obvious since for any o € (0,1), v(p;) > v(q) if and only if
v(p;) > aw(p;)+(1—a)v(q). By the construction of A’, we know the desired conditions
are satisfied. By Lemma B.1.9, we know p; = A, U p; for i € {1,...,n}. By a similar
construction, it is without loss of generality to assume that for any 7,5 € {1,...,n},

pi ~ pj and ¢; ~ g; for any ¢; € A} and ¢; € A%
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Since p; > p; U A for i € {1,...,n}, by Lemma B.1.5, we know A, Up; ~ A, ~ ¢
for any ¢; € Aj. Therefore, A; Up; ~ A’ Up; for i,j € {1,...,n}. By axiom PERU,

i=1n

S A Up; for any j € {1,...,n}.

i=1n

AsUp; 2 > LA U p; for any j € {1,...,n}. By Lemma B.1.5, we have A Upj ~

By a similar construction as in Lemma B.1.9, we can further assume that p; >
po~ q; =% Ag for any i € {1,...,n} and ¢; € A,. Now suppose Ay U py ~ py. We want
to derive a contradiction. Since Ay U py ~ pg ~ >.r, L AL U p;, by axiom PERU, for

i=1n

any a € (0, 1), we have

AQUpO>’O_/A0Up0+ 1—Oé (Z A/Upz) (B5)

By Lemma B.1.6, we can find an extreme point p of adg U py + (1 —
a) (30, LA Up;) such that p ~ adoUpy + (1 —a) (X0, A Up;). By ax-
iom WC, there exists o € (0,1) such that for any a € (a* 1), we know
p € apy+ (1 — a) (ZZL L iA’Upi). By condition (B.5) and that p; > po, we
have p € apy + (1 — a) > 7, LA, This is impossible since by Lemma B.1.7,
apo + (1 — ) Y7 | LA} contains no extreme points. We are done. ®

Define 7 := {(A,p) : A€ M p=* A p= AUp}. If T is empty, let V = U\{o}.

Otherwise, define

= U\{o)\ | U N Aup)

(Ap)eT
Y contains all the preferences that are potentially in the DM’s set of future preferences.
Define N(p,A Up) := N(p,AUp)\{o}. It is easy to see that N(p,A U p) is closed
(and thus compact) for each pair of (A, p) € T. Finally, define N °(p, AUp) to be the

relative interior of N(p, AU p) with respect to U.

Lemma B.1.11 V s not empty.
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Proof. We argue that —u € V. By the construction of V, if T = (), we must have
—u € V. If not, consider any (A,p) € T. p »=* A implies that —u ¢ N(p, AU p).

Therefore, V' is never empty. =

Lemma B.1.12 For any p € A(X), the set {A € M :p>=* A p>= AUp} is open.

Proof of Lemma B.1.12. We show both {A e M :p>* A} and {A e M :p >~
AUp} are open. Continuity of u ensures that {A € M : p =* A} is open. The second

part follows from axiom WC and the fact that d,(AUp, BUp) < dn(A,B). m

Lemma B.1.13 Suppose T # (. For each (A,p) € T, there is a collection

{(As,pi)yier C T such that N(p, AUp) C Uie; N°(pi, A; U ps).

Proof. It is without loss of generality to consider (A, p) € T such that AU p is in
the relative interior of A(X) by Lemma B.1.9. For any v € N(p,A U p), we have
v(p) > v(q) for any ¢ € A. By the definition of N(p, AU p), v is not constant over
X. Thus, we can find € € R¥ such that Y e, =0, > |e,| being small enough and
v-e < 0. Consider A" such that A" :={¢': 3¢ € A,¢' = g+¢€}. Let > __|e,| be smaller
enough to ensure that A’ € M¥. By Lemma B.1.12, we have p =* A’ and p = A’ Up,
i.e. (A',p) € T. Moreover, we know that v € N°(p, A’ U p) since v(p) — v(¢’) > 0
for any ¢’ € A" and is bounded away from 0 uniformly. This finishes the proof of the
lemma. m

An immediately implication of Lemma B.1.13 is that U(A,p)g—]{f(p, AUp) is rela-
tively open in Y. Thus, when T # 0,V =U — U(Am)eTN(p, AUp)|—{o} is compact.

Lemma B.1.13 also implies the following result of finite covering.

Lemma B.1.14 Suppose T # 0. Consider A € MY and a lottery p such that
N(p, AUp) CU\V, there is a finite collection {(A;, p;) Yy C T such that N(p, AUp) C

Ui N (pi, Ai U ps).
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Proof. We just need to show that there is a finite collection {(A;,p;)}r, C T
such that N(p,A Up) C UZ”:lN(pi,Ai U p;) since o € N(p', A’ Up') for any A’ p’. By
N(p, AUp) € U\V, we know N (p, AUp) C U(p,gerN(B, BUq) C UpgerN°(B, BUg)
by Lemma B.1.13. By the open covering theorem, we can find a finite collection
{(Ai, pi)}i=y © T such that N(p, AUp) C U, N°(pi, A; Upi) C Ul N(pi, A; U py).

This finishes the proof of the lemma. m

Lemma B.1.15 Consider A € MY and a lottery p such that p =* A. p = AUp if

and only if N(p, AUp)NY = (.

Proof. If N(p, AUp) NV = 0, we know T # ). We have N(p, AUp) C U\V. By
Lemma B.1.14, there is a finite collection of {(A;, p;)}7-; C T, such that N(p, AUp) C
U, N(p;, A; U p;). By Lemma B.1.10, we know p = AUp. If N(p, AUp) NV # (),
either 7 = () which directly implies that A U p ~ p, or by the construction of V,

AU p ~ p. This finishes the proof of the lemma. =

Lemma B.1.16 Consider a menu A € M¥ . The following statements are true.
(i) For any p € A\A%, N(p,A)NV = 0);
(i) 3 p € A such that N(p, A)NV # () and A ~ p.

Proof. We first show statement (i). Consider p € A\ A+. By Lemma B.1.5, we know
p = A~ AtUp. Thus (A%, p) € T. By Lemma B.1.15, we know that N (p, A*Up)NY =
(). Therefore, N(p, A)NV = ) since N(p, A) C N(p, A*Up).

For statement (ii), consider first when 7 = . In this case, V = U\{o}, we are
done. When T # (), choose p € A such that p satisfies the condition stated in Lemma
B.1.5. Consider the sets B,C such that B:={¢g€ A:p > q}and C :={r e A:
p ~ r}. First note that BUp ~ p. By Lemma B.1.15, N(p, BUp) NV # (). This
implies that there exists v € V such that v(p) > v(q) for any ¢ € B. By statement
(i), v ¢ N(q, A) for any g € A\A¥. Tt implies that Ir € C such that v(r) > v(q) for

any g€ A. m
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In the remaining part of the proof, we extend the representation from finite menus
to compact menus. We have shown that (u,)) represents the menu preference -
restricted on M¥. To finish the proof of the theorem, we just need to show that we
can extend the representation to M.

Consider first when 7 = (). We argue that for any A € M, it must be true that
A ~ g for some ¢ such that ¢ =~ r for any » € A. Otherwise, by Lemma B.1.5, we
know JA and for any p € A\ A%, we have p = A+ Up. By the compactness of A}, for
any € > 0, we can find a finite set A’ such that dj,(A4’, A*) < e. Let ¢ be small enough.
By Lemma B.1.12, we have p = A’Up and p =* A’. Therefore, (A’,p) € T, which is
a contradiction. Thus, when 7 = (), the construction that V = U\{o} indeed ensures
that (u, V) represents the menu preference .

From now on, assume 7 # (). Consider A € M, we first show that for any p € A
such that p = A, we have N(p,A) NV = (. By Lemma B.1.5, we have p =* A
and p = AYUp. We want to show that N(p, A* Up) NV = 0, and this immediately
leads to N(p, A) NV = ). We prove by contradiction. Assume v € N(p, A*Up) N V.
By Lemma B.1.12, there exists a positive number ¢ such that for any B € M* with
dn(B, AY) < §, we have p =* B and p = B U p. Pick such a finite menu B C A'.
However, since v € N(p, A), we know v € N(p, A*Up), and thus v € N(p, B U p),
which is a contradiction. Therefore, N(p, A) NV = 0.

Next, we show that 3p € A such that p ~ A and N(p, A) NV # (. By Lemma
B.1.5, we can find p € A such that p ~ A and p ~ B for any B containing p
with B C A*. Define A~ := {p' € A: A ~ p'}. We consider a sequence of finite
menus {B,}°, such that for each n, (i)B, C A%, (ii) B, C B,.1, (iii) p =* B,, and
(iv)dy(AY, B, U A™) converges to 0. Define C, := B, U A~. We first show that for
each n, there is some v,, € V such that c({v,},C,) N A~ # (). To see this, note that
for each n, Lemma B.1.15 implies that v, € V, such that ['(v,,p) > T'(v,,q) for

each ¢ € B,,. Thus, ¢({v,},C,) N A~ # (). For each n, select p, € c({v,},C,) N A™.
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Consider a subsequence {n}%2, such that v,, converges to v* € V and p,, converges
to p* € A~. For each lottery q in A¥, we can find a selection ¢,, € C,, converging
to g. The fact that I'(v,,, pn,) > I'(vn,, ¢, ) implies that I'(v*, p*) > I'(v*, q) for each
q € AY. This indicates that c({v*}, A¥) N A~ # (). Since for any ¢ € A with ¢ = A,
N(g, A)NV =, we conclude that c¢({v*}, A) N A~ # (. Therefore, there exists some
p* € A~ such that N(p*, A) NV # (). The theorem is proved.

B.2 Proof of Theorem 2.4.3

We prove the theorem through a sequence of lemmas.

Lemma B.2.1 For any u, vy, vy € U\{0}, if (n1; 01, w) € Dy(v1), (n2; 02, w) € D, (vs)

and ny > o, then for any A € M,

max u > max u(q).
pec({v1},4) (p) T gec({v2},4) (Q)

Proof. By the primitive conditions, we have v; = nu + 1w and vy = nou + Grw.
Since u-w = 0, N} 467 = 73 + 03 = 1. Since 0,0, € [0,1], we know 6, = /1 — 1? and
Oy = \/1—7773 . Since 1, > 19, we can find a positive number ¢ > 0 and a nonnegative
number b > 0 such that v; = avy + bu. Find p; € c¢({v1}, A),p2 € c({va}, A) such
that u(p;) = pecr(?zjal}]f,A) u(p) and u(ps) = qecr(%?ﬁ’m u(q). Suppose to the contrary that
u(p2) > u(p1). We must have b = 0. Otherwise, b > 0 and wvy(p2) > va(p;) imply
v1(p2) > v1(p1), which is a contradiction. Since b = 0, we know v; = vy, and thus
u(p1) = u(p2), which is again a contradiction. m

To proceed, for any OMP -, recall that V(D) = U(%V)GR&)V is the maximal
set of future preferences. We note that for any u,v € U\{o}, v has a unique u-
decomposition (n;60,w) when v ¢ {u,—u}. To see this, note that n = w - v and
0 = /1—n2 Since v ¢ {—u,u}, we know |n| < 1. Thus, § > 0. w is pinned

down by w = “, which is unique. If v € {—u,u}, for any w € U\{o}, we can
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find a u-decomposition (7;0,w) where n = 1 or —1 and 6 = 0. Moreover, for each

VYV CU\{o}, we define

YV, u,w) ={n: (n;0,w) € D,(v) for some 6 € [0,1],v € V}.

For the following Lemma B.2.2, we maintain all the notations introduced here.

Lemma B.2.2 Consider an OMP =. If (u,V) € R(Z) and u # o, then for any

w € U\{o} such that u-w =0, we have

max = max
ney(V,u,w) AeEyY(V (%) u,w)

Proof. We first show that for any nonempty compact V C U\{o}, any u # o
and any w € U\{o} with u-w = 0, negr(l‘%}uiw)n is well-defined. For any sequence
{vn}22, such that v, € V and (n,;0,,w) € D,(v,) for some 7, and 6,,, we can find
a convergent subsequence {(ny, , 0, )}7>, converging to (n,6). By this, we know that

(n;0,w) € Dy(nu + 6w) and nu + 6w € V. Thus, the maximum is achieved.

To proceed, consider any (u,V) € R(2Z). We have V C V() and thus

max 17 < max 1.
ney(V,u,w) nev(V(2),u,w)

First note that v(V(2),u,w) = {—1} if and only if V() = {—u}. In this case,
V = V() = {—u}, and the lemma trivially holds.

Next, consider the case where 1 € v(V(2), u, w) for some w € W,. This happens
if and only if u € V(7). We argue that v € V, and thus the lemma holds for this

case. Suppose that u ¢ V, we know there is some positive number € € (0, 1) such that

maxu-v<1—e
veEY
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by the compactness of V. We construct a menu A such that the menu preference
represented by (u, V) is different from the menu preference represented by (u, V(7))
over menu A and the singleton menu [ = (ﬁ, o ﬁ) This leads to a contradiction.
To see this, let

A={l}U{p:p=1-Pu+dw,weW,}

where 3,6 > 0 are constants and close to 0 to ensure that each lottery in A is well-

defined. It is not hard to verify that A is compact. We further require that

0 - 1—e€

ERV e e
Given menu A, since u € V(2), we know that A ~ [ if the menu preference - is
represented by (u, V(7). If the menu preference - is represented by (u, V), we argue
that [ ¢ ¢(V, A), and thus [ = A. To see this, consider any v € V. We have v(l) = 0.
If (i) v = —u, then max,cs v(p) = fu-u = F >0, and if (ii) v # —u, v = nu+ Ow for
some w € W, thenn € (=1,1—¢) and 6 # 0. For case (ii), we know v(p) = —nS+ 06
for p = 1 — fu+ dw. Since # > 0 and § > 0 and 5 > 0, if n < 0, then v(p) > 0

trivially. If instead n > 0, then v(p) > —(1 —¢)8 + /1 — (1 —¢€)20 > 0. The last

1—¢

Tra o Thus, in both cases, v(l) < v(p)

inequality is by the assumption that % >
for some p € A. This shows that u € V.
Finally, we consider the case where v(V(),u,w) # {—1} and 1 ¢ v(V(X2), u, w)

for each w € W,. Suppose there is some w* € W, such that

max 7 < max .
ney(V,u,w*) NEYV(Z),u,w*)

Thus, there is some n € (—1,1) such that

nu+ /1 =n*w* € V(Z)
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and some € > 0 close to 0 such that ¥Y(w, ) € W, x (n — €, 1] with ||w —w*|| <€, we

have
nu++v1—7w ¢V, (B.6)
where || - || denotes the sup-norm. For notation convenience, define f(z) := /1 — x2

for x € [-1,1]. Note that f(n) > 0.
Define menu

B={p:p=1+dw,weW,}

where 6 > 0 and is close enough to 0 to ensure each lottery of B is well-defined.
Define

qg=1+ow"+ au+ pw”

where o > 0 and both a and S are close enough to 0 so that ¢ is well-defined. Define
menu C' = B U {q}. We will require certain properties over 0, «, [ conditional on
different cases. Recall that we assume that 1 ¢ v(V(75),u,w) for each w € W, and
thus both {u-v"}yey-) and {u-v'}yey are bounded above by some constant ¢ € (0, 1).
Consider two cases.

The first case. If n > 0, we let 9, «, 8 satisfy that

an+Bf(n) =0 (B.7)

2

65— (E+A1-7)>0 (B.8)

f(e) (6 —(6+8)(1 - %)) > . (B.9)

In this case, we know 5 < 0 and as long as |a| and || are small enough compared to
J, the conditions are satisfied. We want to show that g ¢ ¢(V,C) and ¢ € ¢(V(z2), C),
which leads to a contradiction. ¢ € ¢(V(5),C) is from the observation that under

preference nu + f(n)w*, ¢ is indifferent with lottery [ 4+ dw* by condition (B.7) and
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weakly better than [ + dw for any w € W,. To see ¢ ¢ ¢(V, B), we consider two
situations.
Situation (i) v/ € V such that v' = n'u + f(n')w’ for w' € W, and ||w" — w*|| > e.

It is easy to see that w* - w' <1 — % Define ¢’ = [ + ow’. We have

V() = v'(q) = f()(6 = (6 + B)w" - w') — an'.
When n > 0, we have f(n') € (f(c), 1] and thus
V) = o) 2 500) (5= 6+ )1 - 5) ) - e
> 10 (5-6+p-5) —a

> 0.

where the second inequality comes from condition (B.8) and the last inequality comes
from condition (B.9). When 7’ < 0, condition (B.8) ensures that v'(¢') — v'(¢) > 0
since —an’ is strictly positive in this case.

Situation (ii) v" € V such that v" = n'u + f(')w’ for v’ € W, and ||w' — w*|| < e.

By condition (B.6), we know 1’ < n — €. Define ¢’ similarly. We have

v'(q") —v'(q) = f(n)(6 — (0 + Blw" - w') — anf

> —Bf(n') —an >0.

The last inequality is by condition (B.7) and that ' < 7.

The second case. If n <0, we let §, «, B satisfy conditions (B.8), (B.9) and

3" € (0,¢€),an+ Bf(n) = ae'. (B.10)
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The only difference is now § > 0. Consider v' € V such that v = n'u + f(n')w’ for

some w' € W,. Let ¢ =1+ ow’. We know

V(q) —v'(q) = fF()(6 = (0 + Blw" - w') — anf

When 7' > 0, a similar argument as Case 1.1 implies that v’(¢") > v'(¢). When ' <0,

again by condition (B.6), we know 1’ < n — e < n. Hence,

f) (6 =@+ Buw™ - w') — arf
>—Bf(n) —an
== B(f() = fn) — aln’ —n) — a€
> = B(f(n) = f(n)) + ae — a€
>ae — ae’

>0.

The first equality is by condition (B.10). The last inequality is by € < €. The lemma
is thus proved. m
By Lemma B.2.2, we know the sets of I>,~-undominated future preferences in V

and V() are the same. This completes the proof of the theorem.

B.3 Proof of Theorem 2.4.6

By the proof of Theorem 2.3.1, V(27) is compact and v ¢ V() if and only if there
exists p and a finite menu A such that p =* A, p > AUp and v € N(p, AUp). We first
show that 7Z; is more optimistic than 7, if and only if u; = uy and V(ZZ2) C V(7).
Assume that ~~; is more optimistic than 7—,. We argue that p ~; ¢ implies p ~» q.

Suppose not, then we can find p, ¢ such that p ~; ¢ and p =5 q. However, since there
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exist some p', ¢’ such that p’ =1 ¢/, by taking o € (0, 1) close to 1, we have
ag+ (1 —a)p =1 ap+ (1 —a)d

ap+ (1 —a)g =2 ag+ (1 —a)p'.

This violates the fact that 7~ is more optimistic than >~5. Thus, p ~; ¢ implies p ~4 ¢,
which further implies that p 77, ¢ if and only if p =5 ¢q. Consequently, the current
preferences for 777 and 7 are the same. Denote it as u. To see that V(72) C V(7Z1),
note that v ¢ V(7Z1) implies there exist p and A where p =% A, p =1 AU p and
v € N(p,AUp). Since 7Z; is more optimistic, we know p =5 A, p =2 AU p and
v € N(p, AUp). Therefore, v ¢ V(72), and thus V(7Z2) C V().

The inverse direction is obvious since V(Z2) C V(1) implies ¢(V(722), A) C

~2 =

c(V(zZ1), A) for any menu A.

~1

B.4 Proof of Theorem 2.6.1

Let = be represented by some (u,)). The two cases correspond to u € V and
V = {—u} respectively. Sufficiency is trivial. We prove necessity by contradiction.
Assume that 2~ is continuous and V does not contain u, and contains some v # —u.
Define 7 = max,cpu - v. We know 77 € (—1,1). Take v € V such that v = fu + fw
for some w € U\{o} with u-w = 0.

First suppose that 77 > 0. Define menu A, s as

1 1 1 1
Aus =3 =, = |t v el 0,u~v’§ﬁ}u{<—,...,—>+5u}.
: {(m |X|) Mo X X

Compactness of A, s is easy to verify. « and ¢ are taken to be positive and close enough

to 0 to ensure that the menu is well-defined. When a = 7 > 0, it is easy to see that

(% i) +du is rationalized by v in A, 5. By taking any € € (0, ), within the menu

X100 X
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A e, (ﬁ, s ‘71|> + (6 — €)u is never rationalized. Thus, A,s ~ (ﬁ, ey ﬁ) + ou

while Ay 5 2 (ﬁ, ceey ﬁ) +anu. Note that § = % > « > am. As aresult, continuity
is violated.
Next suppose that 7 = 0. Consider the menu A, s where a = 0 and 6 > 0. It is

L) +d0u and Ay 5 ~ (L L) for any positive

easy to verify that Ags ~ (\Yll’ o TX] XT> o TX]

o/. Therefore, continuity is violated.
Finally, suppose that 7 < 0. Consider the menu A, s where @ < 0 and o = 7).
Similar to the proof of case n > 0, increasing ¢ a bit discontinuously decreases the

utility of the menu.

B.5 Proof of Theorem 2.6.2

If - can be represented by (u, {v}), independence is easy to verify. If 7 satisfies
independence, then A ~ A" and B ~ B’ implies A+ (1 — a)B ~ aA'+ (1 — a)B’
for any a € (0,1). We show that if 77 cannot be represented by (u,{v}) for some v,
then independence is violated. = cannot be represented by some (u, {v}) if and only
if 7~ is represented by some (u, V) such that (i) uw € V and (ii) there exists vy, vy € V
such that neither v; nor vy is more u-aligned than the other. Consider such vy, v, € V
where vy = nyu + fyw; and vy = Mou + Oowy such that wy, ws € W,. Without loss of
generality, assume there exists no v € V which is more u-aligned than v; or v,. By
our proof of Theorem 2.4.3, for any € > 0, we can find menus A; and A, with p; € A;
and py € Aj such that (i) p; > p for any p € A;\{p1}, (ii) p2 = ¢ for any ¢ € As\{p2},
(iii) v € V rationalizes p; in A; only if d(v,v1) < €, and (iv) v € V rationalizes po
in Ay only if d(v,vy) < e. Therefore, by taking e close enough to 0 such that there
exists no v with d(v,v1) < € and d(v,v9) < €, we have for any a € (0, 1), any lottery

p rationalized by some v € V in aA; + (1 — a)As cannot be ap; + (1 — a)pe. It
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implies that ap; + (1 — a)ps = aA; + (1 — a)As, which contradicts independence.

The theorem is thus proved.

B.6 Equivalence to C18 with Finite Alternatives

We show the equivalence between our model and the model by C18 in this section
when the alternative space is finite. Throughout this section, let Z be a nonempty
and finite alternative space. A menu is a nonempty subset of Z. Let M be the set
of menus. A utility function is a function mapping Z to R. A menu preference is
complete and transitive binary relation 2~ over M. For any menu A and any set
of utility functions V, we continue to use the notation ¢(V, A) to denote the set of
choices in A that are rationalized by V.

Our model has a natural counterpart in this discrete setting. A menu preference
> is an OMP if there exists a tuple (u, V) where u is the DM’s current utility function
and V is a finite set of future utility functions that are anticipated by the DM such
that for any two menus A and B, A 7~ B if and only if

max u(z) > max u(2').
z€c(V,A) z'e€c(V,B)

We use —MP to denote an OMP.

The model proposed by C18 is called the planner-doer model with subjective com-
mitment (PDSC), where the planner’s preference over menus is denoted by =FP5¢,
The menu preference P3¢ can be characterized by a tuple (u,v,C) where u is the
planner’s utility function, v is the doer’s utility function, and C is a finite collection
of nonempty subsets of Z that covers Z, in which each C' € C is interpreted as one

possible subjective commitment of the planner. For each given menu A, the planner

can pick a commitment C' such that the doer can only make choices from AN C.
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Hence, for any two menus A and B, A =FP5¢ B if and only if

max< max u(z)) > max( max u(z’)> :
CeC \ zec({v},ANC) C'eC \ z'ec({v},BNC")

We argue that a menu preference is an OMP if and only if it is a PDSC. To see
this, consider =¥ and let it be characterized by (u,V). Consider (u,v,C) defined
as follows:

(i) v=—u;

(ii) C' € C if and only if there exists v € V and k € R such that {z : z € C,v(2) >
k} CCand {z:2€C,v(z) =k} =1

We argue that the menu preference =775 constructed above is equivalent to 0%,
For any menu A, since v = —u, the planner wants to make the commitment set C'N A
as small as possible. By condition (ii), the planner only considers C' € C such that
|C' N A| = 1. For such a commitment set C, we can find some v" € V such that
C'N A Cargmax,csv'(z). Obviously, we have

max( max u(z)) = max u(z).
ceC \ zec({v},ANC) z€c(V,A)

Inversely, consider an arbitrary menu preference =FP5¢ that is characterized by
(u,v,C). We construct the menu preference =°M¥ that is characterized by (u,))
such that each ve € V corresponds to one C' € C and satisfies:

(i) ve(z) = v(2") > v(2") for all z,2" € C and 2" € Z\C
(i) ve(2) > ve(2') if and only if u(z) < u(2’) for all z,2" € Z\C.

By the construction, if C' N A # @, then ¢({vc},A) = ANC. If CNA =10, then

~OMP

~

c({ve}, A) = argmin,e 4 u(z). Obviously, is the same as P5¢.
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Appendix C

Appendices for Chapter 3

C.1 Proof of Theorem 3.3.5

We have argued in the main text that Statement (i) implies Statement (ii). In
what follows, we show that Statement (ii) implies Statement (iii) and that Statement
(ili) implies Statement (i).

(Statement (ii) = Statement (iii)) Suppose that M satisfies the never-covered
property under >. We shall explicitly provide a way of selecting z* in A’ for each
t € T such that {z'}ier is a no-cycling selection under >.

For ease of notation, let us denote by £(T”) the set of alternatives that are re-
vealed to be dominated through the procedure of iterated exclusion of dominated

observations, i.e.,
E(T) =BT BT nS)u (1)’

Since M satisfies the never-covered property under >, for any nonempty 7" C T,
®(T") is strict subset of 7", which implies that A (T") \ E(T") # 0.

Let T} := T and Sy := A(T1) \ £(T1). We proceed by induction. Suppose that we
have constructed T}, and S, for some k > 1. If T, # 0, we construct Ty, and Sjq
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as follows:

Tk+1 = (I)(Tk) = {t e Ty : Al - E(Tk>}, and

St 1= A(They1) \ € (Tht)-

Since M satisfies the never-covered property under >, if Tj, # (), then Ty 1 = ®(T})
is a strict subset of T and Sy = A(T) \ £(T)) # 0. The construction stops when
Ty # 0 and Ty, = () for some k*.

We are now ready to select z* in A’ for each ¢ € T such that {z'},c7 is a no-cycling
selection under >. For each 1 < k < k*, let Vj, := T} \ Ti41 denote the collection of
observations that are eliminated when constructing Ty, from Ty. Clearly, {V;}5_,
is a partition of 7. By definition, for each k and each t € V}, = T, \ Tj41, we have
A\ E(T) # 0 and hence A* N Sy = A' N (A(Tx) \ E(Ty)) # 0.

For each k and each t € Vj, = T}, \ Ty11, we pick an arbitrary z* € A*' N S,. We
proceed to verify that the revealed preference relations defined on {z*};cr obey the no-
cycling property. Let k() be the corresponding index k such that ¢ € Vj. It suffices to
show that (1) 2'Ra? implies that k(t) < k(#'); and (2) 2' Pz implies that k(t) < k(t').
Suppose that 2! Rz? but k(t) > k(t'). Then t € ®(T})) due to the construction of
{Viti_,. It follows that A® C &(Tyw)) and B* C E(Tywy). Since z'Rx’| we have
2 e Bt C E(Ty(), which contradicts with 2t e Skwy = A(Trwy) \ €(Thy). Hence,
x'Ra? implies k(t) < k(t'). Suppose that z* Pz but k(t) > k(t'). If k(t) > k('), then
we have the same contradiction as argue above. If k(t) = k(') = k for some k, then
both zt and 2! belong to S;. Since Sy = A(T}) \ E(T},) and B(Tp)™ U B(T, N S)* C
E(Ty), we have

ot at € S, C AT\ (B(Ti)™ U B(T, N S)Y).
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But this is impossible since 2t Pzt implies that either 2 € B ort € S and 2t € B".
Hence, 2! Pz implies k(t) < k(t).

(Statement (iii) = Statement (i)) Suppose that M admits a no-cycling se-
lection under >, {x'};c7. Let R* be the binary relation on X where & R* 3 if there is
t € T such that # = 2 and §j € B'. Let =* be the transitive closure of the binary
relation R*U >. By the Szpilrajn’s extension theorem (see Szpilrajn (1930)), =*
admits an extension .}

We claim that the preference 7~ has two properties: (a) it rationalizes the data set
and (b) it extends >. It follows from the construction that «* 7Z B for all t € T', so
it remains to show that z* = B* for t € S. To show (a), suppose to the contrary that
for some ' € S, ' ~ y for some y € BY. Given that = extends =*, this can only
occur if y =* %', This means there is t” € T such that y > z'" =* 2. Therefore we
obtain 2t P2 >=* z* which is excluded by the no-cycling property. This completes
the proof of (a). To show (b), note that x = y if > y by construction, so it remains
to show that x > y if > y. Suppose instead we have x >y but  ~ y. This can only
occur if y 2=* x. Since I> is a preorder, if x >y and y =* z, there must be ¢/, t" € T
such that y > 2% =* 2 > 2. So we obtain 2¥ > 2 >y > 2!, which means that

2t Pz, which is incompatible with 2" >~ &', given the no-cycling property.

C.2 Proof of Proposition 3.3.6

We prove the first statement below. The second statement is an immediate impli-
cation of the first statement. Fix a nonempty 77 C T and ® C T” such that for any
teT"\ o,

At BT B((T'n S) U @)

! This means that there is a complete preorder = such that z =~ yif x =*yand z = y if z =* y
where > is the asymmetric part of - and =* the asymmetric part of -*.
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To show that ®(7") C ®, we proceed by induction. Obviously,

PU(TY=0C P,

N T ={teT : A'C B(T)*| JB(T'nS)'} C o
Suppose that we have ®™(7") C ® for some m. It follows that
B(T)*|JB((T' nS)ue™(T)* € B(T)*| JB(T' nS)u )

Thus, t € T'\ ® implies t € T"\ ®"1(T"), which further implies that ®™*(T") C &.

By induction, we have ®(7") C .

C.3 Proof of Proposition 3.3.7

By Theorem 3.3.5, M is >-rationalizable if and only if it satisfies the never-
covered property under >. Thus, it suffices to show that M satisfies the never-covered
property under B> if and only if the ALGORITHM outputs >-Rationalizable.

(Only if-part) If M satisfies the never-covered property under &>, then ®(7") #
T’ for any nonempty 77 C T. Thus, Case (iii) never occurs when we run the AL-
GORITHM on this data set. Furthermore, T* is strictly decreasing in k in the set
inclusion sense, and 7% = () for some k*. Therefore, the ALGORITHM outputs >-
Rationalizable.

(If-part) Conversely, suppose that the ALGORITHM outputs >-Rationalizable.
We then have a sequence of subsets of T', {T°, T, ..., T*}, where T% = &(T*1) C
TF1 for all k = 1,2,...,k* and T* = (). For any nonempty 7" C T, there exists
some k such that 77 C T*% and 77 ¢ T**'. It is straightforward to verify that

the operator ®(-) is monotonically increasing in the set inclusion sense. As such,
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O(T") C ®(T*) = TFL. Since T" € T*1, we have ®(T") # T'. Thus, the data set

satisfies the never-covered property under >.

C.4 Proof of Theorem 3.3.10

By Theorem 3.3.5, Statements (i) and (ii) are equivalent, and obviously (iii) im-
plies (i). So it remains to show that (ii) implies (iii).
To the original data set M we add the observations {(A®, A%)} and

ter
{(B",B")}, ., where A" = A" and B" = B' for each t € T. Consider the aug-

teT?

mented data set

M= {4 B} A" A} U™, By

where all the added observations are considered weak preferences. Notice that M is
nicely rationalizable if and only if M* is rationalizable.

We denote a typical observation of M* by z; the observation z may be in T,
in o := {al,a2,...,at,...}, or in bT := {b1,02,...,bt,...}. Suppose that M =
{(At,Bt)} e satisfies the never-covered property, i.e., for any 77 C T, the set of
dominated observations at 7", ®(7"), satisfies ®(71") # T". We claim that this implies
that M* also satisfies the never-covered property, which will guarantee (by Theorem
3.3.5) that M* is rationalizable.

Given Z', a nonempty subset of Z, we denote its dominated observations by
®*(Z"). We need to show that ®*(Z’) # Z'. Suppose that Z' NS = ), where S C T
is the set of observations with strict preferences. Then ®*(Z’) = () and so obviously
d*(Z') # Z'. Now suppose that Z' N S is nonempty, which means that Z’ N T is
also nonempty. Since M satisfies the never-covered property, (Z'NT)\ ®(Z'NT) is

nonempty. It is straightforward to check in this case that if £ € (Z/NT)\ ®(Z'NT)
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then t € 7'\ ®*(Z'). Therefore, Z'\ ®*(Z') is nonempty since (2’ NT)\ ®(Z'NT)

is nonempty. We conclude that M* satisfies the never-covered property.

C.5 Menu Preference Rationalization and Upper
Contour Rationalization

It is straightforward to check that menu A is strictly preferred to menu B if and

only if there is an upper contour rationalization of the following set of observations:

({{y}}yea,z) for each = € B.

For example, {z,y} is strictly preferred to {z,w} if and only if there is an upper
contour rationalization of the observations ({{z},{y}},2) and ({{z},{y}},w). Con-
versely, suppose we wish to guarantee that there is a set in the collection {A,};ec;
that is contained in the upper contour set of x; this is equivalent to a rationalization

of the following set of menu preference pairs:
(Ujes {y;},2) for each Ujes {y;} where y; € A; for all j € J.

For example, either {z,y} or {z} is in the upper contour set of w if and only if there
is a rationalization of the following menu preferences: {z,z} is preferred to {w} and
{y, 2} is preferred to {w}.

Thus, it is always possible to convert an upper contour rationalization problem into
a menu preference rationalization problem and vice versa when X is finite (but not
when it is infinite) and any algorithm developed for one problem could, in principle, be
used to solve the other. However, it should also be clear from the conversion procedure
we outlined above that there is no general reason for solving either problem in this

roundabout fashion, since the converted data set would have more (and in some case
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many more) observations than the original data set. The two algorithms are best

understood as distinct and serving different purposes.

C.6 Proof of Theorem 3.3.15

The equivalence of Statements (i) and (ii) follows from Theorem 3.3.5 and obvi-
ously (iii) implies (i). It suffices to show that Statement (ii) implies (iii). By Theorem
3.3.5, since M satisfies the never-covered property under >, it admits a no-cycling
selection {x'};er under . From the proof of Theorem 3.3.5, we know that any pref-
erence that extends tran(R*U >) (the transitive closure of R*U >) will rationalize
the data and extend >>. It remains to show that there is a preference representable by
a continuous utility function that extends tran(R*U ). By Levin’s Theorem, such
an extension exists so long as tran(R*U ) is a closed preorder. That is indeed the
case (see the proof of this claim contained in the proof of Theorem 2 in Nishimura,
OK, and Quah (2017)) and it follows from the compactness of B for all t € T" and

the finite number of observations.

C.7 Proof of Theorem 3.4.1

Statement (iii) obviously implies (i). To show that (i) implies (ii), suppose that
M is rationalized by a locally nonsatiated preference = and z! € L(p') satisfies
b = L(¢") for all t € T and ' > L(¢') for all t € S. Let & = max({z'}er; ).
Denoting L,(T") = ;e L(p') and Ly(T”) in an analogous fashion, we note that
L,(T") cannot be covered by L,(T")*|J L, (T’ N S) since the former contains & and
the latter does not. Indeed, & = L,(T"NS)* = L,(T'NS), and so Z is not in L,(T'NS).
Nor can 2 be in L,(T")* = L,(T")° (the interior of L,(T")) because & =~ L,(T") and

the preference is locally nonsatiated. Taking it one step further, we know that  is
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not in Ly(T")° U Ly((T" N S) U ®(T")), where

OUT) = {teT :L@p') C Ly(T")"* | Ly(T' N S}

= {teT : L") C Ly(T")°| JLy(T' N S)}.

This is because & = L,((T" N S) U ®(T”)). Repeating this argument, we eventually
conclude that & is in A(7”) but not in L, (7")°J L,((T" N S) U &(T")) and hence
O(T") #1T'.

To show that (ii) implies (iii), note that Theorem 3.3.15 guarantees that there
is a strictly increasing and continuous utility function u : R} — R that rationalizes
M. So it suffices to show that there is a utility function « that also rationalizes M,
which has the additional property of concavity. Each budget, L(p') is compact and
so it has an optimum under u which we denote by z' (if there are multiple optimal
alternatives we may pick any one of them); similarly we denote the optimum bundle
in L(q") by y*. Since u is strictly increasing, p'-z' = ¢'-y* = 1, i.e., the optimal bundle
is on the budget plane and not just the budget set. Let = denote the preference (i.e,
the complete preorder) over {a'}er U {y'}er induced by w. Since it is generated
by u, the notional data set N = {(z*, p") hier U {(%', ¢") }1er 1s cyclically consistent
in the sense of Afriat (1967) (equivalently, obeys the generalized axiom of revealed
preference in the sense of Varian (1982)). The preference - is a completion of the
revealed preference relations generated by A and defined on {z'}ier U {y' bier; by
the Afriat’s Theorem, there is a strictly increasing, continuous and concave utility
function 4 such that a(z') > a(x) for all x € L(p), a(y") > a(z) for all x € L(q"),
and 4(z') > (>)u(y’) if ' = (=) y" (where > is the asymmetric part of 7). Thus @

also rationalizes M.
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C.8 Proof of Corollary 3.4.2

By Theorem 3.4.1, it suffices for us to show that L(p*)  U,cp L(¢") if and only
if p' # ¢ for any ¢ € conv({q*}ser).

(Only if-part) Suppose that there exists some ¢ € COIlV({qs}seT/) such that
p' > q. Then for any = € L(p'), we have p' - 2 > ¢ -z, which implies p' -z > ¢ -z for
some t' € T'. Thus, x € (J,cp» L(g®). Since this is true for all any = € L(p*), we have
L") € Uuerr (@)

(If-part) Fix some nonempty 7" C 7. Let

Q= {p € R} : p > ¢ for some ¢ € conv({qs}serp)}.

Clearly, @ is closed and convex. Since there exists some ¢ € 7" such that p' ¢ Q,
by the Hyperplane Separating Theorem, there exists a vector r € R” and a number
b where r # 0 such that p' -r = b < ¢-r for any ¢ € Q. It is easy to verify that
r > 0. Since r # 0, we have b = p* - r > 0. Let v = 7. We have p'- 7' =1 < ¢ -7/ for
all ¢ € Q. In words, r’ is affordable under the price vectore p! but not under any ¢*.

Therefore, L(p*) € U,err L(0°).

Extension of Corollary 3.4.2 Consider a set of preferences over budget sets
M = {(L(pt),L(qt))}teT. The data set M is rationalizable by a strictly increas-
ing, continuous, and concave utility function u : R — R if and only if the following

property holds: for any nonempty T" C T,

there exists ® C T and € > 0 such that p ? q whenever p < p' for some

teT'\® and q € conv({q*}ser U{d" — €}reauins)) 2

2 When T = 8, the characterizing condition in this corollary reduces to that in Corollary 3.4.2.
To see this, note that if 7/ NS = T, then the condition in Corollary ?? is equivalent to saying
that for any nonempty 7" C T, there exists t € T and € > 0 such that for any p < p' and
q € COHV({qS}SeT/ U{q" — e}reT/), p Z? q. By continuity, this is equivalent to the condition in
Corollary 3.4.2.

134



Proof. By Theorem 3.4.1, it suffices to show that M satisfies the never-covered
property under > if and only if the property in the statement holds. The never-
covered property under > requires that for any nonempty 77 C T, 7" \ ®(1") # 0.
By the definition of ®(17), if t € 7"\ ®(1”), then

L(p') & (U L(qt')o> U U L)
t'e(

tver’ T'NS)UP(T")
We first prove the following lemma.

Lemma C.8.1 L(p) ¢ (U, L(¢®)) U (UL, L(¢")°) if and only if there exists

s=1 r=1

some € > 0 such that for any p < p, L(p)  (Ur_, L(¢®* —€)) U (U, L(q")).

Proof. (Only if-part) Since L(p) € (Ui, L(¢°)) U (U, L(g")°), there exists
some z € L(p) such that = ¢ (U._, L(¢*)) U (U~ L(¢")°). Fix such an z. Since
x € L(p), for any p < p, there exists some § > 0 such that 2 + ¢ € L(p). Fix
such a 0. Since = ¢ |J._, L(¢®), there exists some sufficiently small ¢ > 0 such
that * ¢ U._; L(¢® — €), which further implies that = + ¢ ¢ (JI_, L(¢° — ¢€). Since
r¢ U, Lg)° x+0 ¢ U, L(¢"). Since x + ¢ is contained in L(p) but not in
(Ui L(¢® — ) U (UL L(g")), we have L(p) £ (Ui, L(¢® —€)) U (UL, L(d")-

(If-part) Fix e > 0 such that for any p < p, L(p) ¢ (UL, L(¢° —
e)) U (U;"zl L(q")). Clearly, for each 6 € (%, 1), Op < p, and there exists 2/ € L(0p)

such that 2/ ¢ (U,_; L(¢° — ¢)) U (U, L(¢")). Note that {z%},

which is compact. Therefore, {.’Lﬁ}ge(%J) has a convergent subsequence. Let x de-

%,1) S L(%p)a
note the limit of this subsequence. Since 2° € L(fp), + € L(p). Furthermore,
(1) = & (UL, L(¢*)), otherwise z € L(¢° — €)° for some s, which implies that

2’ € L(¢° — €)° for some § and some s; and (2) z ¢ (U, L(¢")°), otherwise

2’ € L(q") for some r and some 6. Since x is contained in L(p) but not in

(U::l L(qs)) U (U:Z:I L(qr)o)> we have L(p) £ (UZ:I L(qs)) U (U;n:l L(qr>o)' u
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It is easy to see that L(p) (Ui, L(¢°—€)) U (UL, L(g")) if and only if for all
q € conv({q®* — e}"_, U{q"}1™,), p # ¢ (using similar argument as in the proof of the
if-part of Corollary 3.4.2). The desired result then follows from this and Proposition

3.3.6. m

C.9 Proof of Theorem 3.5.2

We skip the proof that Statement (i) implies (ii), which is straightforward and
similar to the argument given in Section 3.4 for the claim that (i) implies (ii) in
Theorem 3.4.1. It is also obvious that (iii) implies (i). So it remains for us to show
that (ii) implies (ii). An appeal to Theorem 3.3.15 guarantees that there is z* (for
each t € T) and a strictly increasing and continuous utility function @ : R} — R
such that @(z") > u(z) for all x € L(p"). Therefore the notional data set {(xt,pt)}teT
must satisfy cyclical consistency (equivalently GARP). By Afriat’s Theorem, there is

a strictly increasing, continuous, and concave utility function u such that u(z') > u(z)

for all z € L(p') for all t € T'.

C.10 Proof of Theorem 3.6.2

(Statement (i) = Statement (ii)) Suppose that the data set (¥, f) is rational-
izable by multiple preferences. Fix an arbitrary nonempty >’ C 3 and B € Y. Since
(33, f) is rationalizable by multiple preferences, g(C') C g(UAeg/ A) for all C' € X', It

follows that Uesy g(A) C g(Uaesr A). We then have

f( Ugesy A) = Ugexr A \ g( Usesy A)
C Ugesr A\ Ugesy g(4)

= Usesy (f(A)Ug(A)) \ Uaesr g(A)
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= Uaesr f(A) \ Uaesr g(A).

Thus, if (UAeg/ F(A)\ Unesy g(A)) C B, we must have that f( Uaesy A) C B. Since
(3, f) is rationalizable by multiple preferences and f(UAeg/ A) C B, f(B) ﬁg( Ugesy
A) = (). Since Uyesy g(A) C g( Uaesy A), we have f(B)N (UAGE/ g(A)) = 0.
(Statement (ii) = Statement (iii)) We show that for each A € ¥ and = €
f(A), the data set O,, is rationalizable by a strict preference. Suppose to the
contrary, for some A € ¥ and = € f(A), the data set O, is not rationalizable by a

strict preference. By Corollary 3.3.12, there exists some nonempty >’ C ¥ such that

Upesy fax(B) € Upesr gan(B). (C.1)

Recall that in the main text, we show that the second statement implies that the
data set O = {(f(A),g(A))} Acs, 1s rationalizable by a strict preference. By Corollary

3.3.12,

Upesy f(B) € Upesr g(B.)

Since O and Oy4 , only differ when the menu is A, we can conclude that A € ¥'. Let
¥ =¥\ {4}. Since O = {(f(4), g(A))}Aez is rationalizable by a strict preference,

by Corollary 3.3.12, we have

Upesr faa(B) € Upesr gao(B). (C.2)

It follows from (C.1) and (C.2) that (UB@// faz(B)\Upesr gA,x(B)) Cga.(A)CA
and x € Upesy ga.(B). Therefore, z € f(A)N (UBGE// gx,A(B)). Since O and Oy,
coincide on ¥, the second statement requires that f(A) N (Upesr go,a(B)) = 0. We

arrive at a contradiction.
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(Statement (iii) = Statement (i)) Suppose that for any A € ¥ and = € f(A),
Qa4 is rationalizable by a strict preference. Let >4, denote a strict preference
that rationalizes O4,. By definition, max(A; =4,) = = € f(A) and max(A’; =4,
) € f(A) for any A’ € ¥ and A" # A. We claim that the set of strict preferences
{> A2 }aen, zef(a) rationalizes (X, f) under the multiple preferences model. It suffices

to show that

f{>A,x}Aez,zef(A)(A/) = f(A/)

for all A” € ¥. This follows immediately from the construction of the set of strict
preferences, since for each A’ € 3, (1) each element y in f(A’) is the maximal element
in A’ according to the strict preference >4/ ,; and (2) for any strict preference > in

= Az Aes. zef(a), the maximal element in A’ according to = lies in f(A').
9 bl f( )

C.11 Proof of Corollary 3.6.3

The only if-part is trivial. We only prove the if-part below. We show that the
second statement in Theorem 3.6.2 follows from the Chernoff axiom and the Aizerman

axiom.

Claim C.11.1 For any A€ X, if x € g(A), then f(f(A) Ux) = f(A).

Proof. Since (f(A)Uz) C A, the Chernoff axiom implies that f(A) C f(f(A)Uz).
Since f(A) C (f(A)Uz) C A, the Aizerman axiom implies that f(f(A4)Uz) C f(A).
Thus, f(f(A)Uz) = f(A).

Claim C.11.2 For any A,B € X, if f(A) C B, then f(B)Ng(A) = 0.

Proof. Suppose that there exists some x € (f(B) ﬂg(A)). Since z € g(A), by Claim
C.11.1, = is not chosen in f(A)Uz. The Chernoff axiom implies that z is not chosen

in any superset of f(A) U z. In particular, z ¢ f(B). We have a contradiction. =
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Claim C.11.3 For any nonempty X' C X and B € X, if ( Uacar f(A) \
Uacar g(A)) € B, then f(B)N (Uaex g(A)) = 0.
Proof. Fix an arbitrary nonempty X’ C X and B € X. By the Chernoff axiom,

g(C) C g( Usexr A) for all C' € X’'. Therefore, Uacxr g(A) C g( Uaexr A). We then

have

f(Uaerr A) = Usexr A\ g(Unerr A)
C Unear A\ Ugearr g(A)
= Uaear (f(A) U g(A)) \ Uaex g(A)

= Unex [(A) \ Unear g(A).

Thus, if (Uaex f(A) \Uaex 9(A)) € B, we must have f(Uacxr A) € B. By Claim
C.11.2, f(B)N g( Uaexr A) = (). The claim follows since Ugcyr g(A) C g( Ugexr A).
[

By Theorem 3.6.2, the data set is rationalizable by multiple preferences.

C.12 Proof of Theorem 3.7.3

Let X := {(z,y) € X x X 1z # y}.
(Only if-part) Suppose that the data set (X, f) is rationalizable under the min-
imax regret model. By definition, there exists a finite set U of utility functions such

that

ma A),y) < ma x,
B U < 3 (o)

forall A € ¥ and x € A\ f(A). Since X is finite and these inequalities are strict,

there exists a finite set U’ of utility functions such that

ma (f(A),y) < ma (x,
yEA\fD((A) bu (f( ) y) yEA\);‘ bu ( y)
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forall A € ¥ and x € A\ f(A), and ¢y (z,y) = ¢y (2, w) only if (z,y) = (z,w). Define
a strict partial order P such that (z,y) P (z,w) if and only if ¢y (x,y) > ¢/ (2, w).
It follows from the Szpilrajn’s extension theorem that we can extend P to a strict
preference . It is straightforward to verify that O can be rationalized by the strict
preference >.

(If-part) Suppose that O is rationalizable by a strict preference, say =. It suf-
fices to show that there exists a finite set U of utility functions such that for any
(z,v), (z,w) € X, pu(x,y) > dy(z,w) if and only if (z,y) = (2, w).

Since X is finite, we can construct a function 8 : X — (1,2) such that 8(z,y) >

B(z,w) if and only if (x,y) > (z,w). We now construct a finite set of utility functions

U= {uﬂmy}(x,y)ef(a

where the utility functions are indexed by (x,%) € X. For each (z,y) € X, let

0, if z =ux;

ux’y(z) - ﬁ(l',y), if z =y;

B(z,y)
2

, otherwise.
\

Obviously, u,,(y) — uzy(x) = B(x,y) > 1. We claim that w,,(y) — u.(z) < 1
if (z,w) # (x,y). First consider the case in which w # y. It follows from the

construction of the utility functions and the S function that

Bz, w)

<1
2

Uz,w(y) - uz7w(x) < uz,w(y) <
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Next, we consider the case in which w = y. Since (z,w) # (z,y), we have z # z. By

the construction of the utility functions,

Blz,w)  B(z,w) _

Uz (Y) — Uz () = B2, w) — 5 - :

Therefore, we can conclude that

¢U(x7y) = rq?ea[}( {u(y) - u(x)} = uz,y(y) - ua:,y('r) = 6(:[7 y)

We have constructed a finite set U of utility functions such that for any (z,y), (z,w) €
X,
¢U(x7y) > (/bU(za 'lU) — 5(%,2/) > 5(Z7w) — ('Ta y) ~ (Z7 w)

This completes the proof of the if-part.
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