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Abstract

Many combinatorial optimization problems can be phrased in terms of Gibbs measures

on labellings of the vertices of a graph. Techniques and insights from statistical

physics have been applied in recent years to find the solvability thresholds as well as

the structure of solutions for many of these problems. When the underlying graph

is random, two key quantities of interest are the quenched and annealed free energy

densities. The annealed free energy density is much easier to compute, and for some

models, like the Ising ferromagnet, the quenched and annealed free energy densities

agree at all temperatures. For others, the system undergoes a phase transition, and

the two disagree at low temperature. We show this latter phenomenon is typical

in the sense that for an open dense subset of interaction functions, on a random

regular graph the quenched and annealed free energy densities of the associated Gibbs

measure disagree for sufficiently low temperatures.

We also present joint work with L. Bowen and F. Lin in which we consider a par-

ticular model, 2-colorings of random regular hypergraphs, to answer an open problem

in sofic entropy theory. A sofic approximation to a countable group is a sequence of

partial actions on finite sets that asymptotically approximates the action of the group

on itself by left-translations. A group is sofic if it admits a sofic approximation. Sofic

entropy theory is a generalization of classical entropy theory in dynamics to actions

by sofic groups. However, the sofic entropy of an action may depend on a choice of

sofic approximation. All previously known examples showing this dependence rely

on degenerate behavior. We exhibit an explicit example of a mixing subshift of finite

type with two different positive sofic entropies.
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Chapter 1

Introduction

Applying techniques from statistical mechanics to combinatorial optimization prob-

lems on graphs has been a very active and fruitful area of research. Such methods have

been used to make sweeping predictions about the optimal values of such problems, as

well as the structure of the space of solutions. In many cases, these predictions have

been rigorously verified, such as in the chromatic number of random regular graphs

[1], the maximum size of independent sets on random regular graphs [2], the size

of both the Max-Cut and maximum bisection of random regular graphs and sparse

Erdös-Rényi graphs [3], random k-SAT [4], and community detection in the stochastic

block model [5].

Each of these models has required a careful analysis and difficult ad-hoc combina-

torial estimates which are generally applicable only to that model. One of the aims

of this dissertation is to study the behavior of a generic model.

The other aim is to use a specific model, 2-colorings of random regular hyper-

graphs, to answer an open question in sofic entropy.
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1.1 Statistical physics models on graphs

1.1.1 Gibbs measures

Given a finite alphabet A, we may consider a collection of n variables taking values

in A. We call the set An the space of spin configurations. In analogy with physics,

we think of these variables as the spins of a collection of interacting particles. These

interactions give rise to an energy function, the hamiltonian, which for our purposes

will be a function H : An → R. Associated to each hamiltonian H is the Gibbs

measure at inverse temperature β. This is a probability measure µH ∈ Prob(V A)

given by

µH(χ) =
1

Z
e−βH(χ)

for all χ ∈ An where Z is a normalizing constant called the partition function.

According to physics, a closed system (where total energy is constant) will tend to-

ward an equilibrium which maximizes entropy, and the Gibbs measure (or Boltzmann

distribution), is precisely this equilibrium. The parameter β balances between energy

and entropy. When β = 0 (infinite temperature), µ is simply the uniform measure

over AV , and entropy is maximized. When β → ∞ (zero temperature), µ is supported

exactly on the ground states of H, those spin configurations with minimum energy.

Of central importance is the free energy density, given by the normalized logarithm

of the partition function

φ(β) := lim
n→∞

1

n
logZ(βΦ).

Many quantities of interest can be expressed in terms of φ(β): for example the average

energy density limn→∞⟨ 1
n
H⟩µ is given by ∂

∂β
φ(β), and phase transitions occur at points

of non-analyticity of φ(β).

A common class of hamiltonians are given by pairwise interactions between par-

ticles. These pairwise interactions form the structure of a graph G = (V,E), where

2



V is our collection of variables.

Example 1.1.1. Let V = {−n,−n + 1, · · · , n − 1, n}d with {n,n′} ∈ E when ∥n −

n′∥1 = 1. That is, G = (V,E) is the d-dimensional integer lattice restricted to the

hypercube of side length 2n+ 1. Let A = {±1}, and

H(χ) = −
∑

(n,n′)∈E

χnχn′ .

This is the ferromagnetic Ising model on the lattice, a model for magnetism and

one of the simplest statistical mechanics models exhibiting a phase transition (when

d ≥ 2).

Example 1.1.2. Let G = (V,E) be the complete graph on n vertices, A = {±1} and

for each 1 ≤ i, j ≤ n let gij be iid standard Gaussian random variables. Then

H(χ) =
1√
N

n∑
i,j=1

gijχiχj

is the hamiltonian for the Sherrington-Kirkpatrick model.

Unlike the Ising model on the lattice, the Sherrington-Kirkpatrick model has a

random hamiltonian. One may then ask for the behavior of the associated Gibbs

measure for a typical sample of the hamiltonian. We may consider classes of random

Gibbs measures in another way: fixing an interacting term as in the Ising model, but

allowing the graph of pairwise interactions to be a random graph.

1.1.2 Random graph models

Throughout this work we will work with random regular graphs and hyper-graphs.

There are a number of possible probability distributions one may consider. First,

for n, d ∈ N the number of d-regular graphs on n-vertices is a finite set, and so one

may consider the uniform distribution over this set. This is the uniform model for

3



d-regular random graphs. While conceptually simple, this model is difficult to work

with in practice.

Another common choice is the configuration model. Here one views [n]×[d] as a

collection of half-edges. Choosing a perfect matching uniformly at random and gluing

together these half edges accordingly then yields a d-regular multi-graph. Necessarily

nd must be even in order for such a matching to exist.

In this work we will instead work with yet another model, the permutation

model. We sample d permutations πi,n ∈ Sym(n) for 1 ≤ i ≤ d independently

and uniformly at random. We then consider the multi-graph with V = [n] and

E = {{v, πi,n(v)} : v ∈ V, 1 ≤ i ≤ d}. The graphs generated will be 2d-regular rather

than d-regular.

Note that the configuration model is equivalent to choosing an element of Hom(∗di=1Z/2Z, Sym(n))

uniformly at random where ∗di=1Z/2Z is the d-fold free product of Z/2Z, while the per-

mutation model is equivalent to choosing an element of Hom(Fd, Sym(n)) uniformly

at random.

1.2 Gibbs measures on random regular graphs and

replica symmetry

A key property of random regular graphs is that they are locally tree-like: for any

fixed R ∈ N, as n→ ∞ w.h.p. the radius R neighborhood of an arbitrarily close to 1

fraction of vertices will contain no cycles. This motivates the following construction

of Gibbs measures on random regular graphs.

Let Γ = Fd = ⟨s1, · · · , sd⟩ be the free group on d generators. Let Gn = (Vn, En) be

given by the random permutation model, and let σn : Γ → Sym(n) be the associated

homomorphism. For v ∈ Vn define Πσn
v : AVn → AΓ by Πσn

v (χ)(γ) = χ(σn(γ)(v)). In

words, Πσn
v is the lift to the universal cover Γ of the coloring χ with basepoint v. See
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3.1 for further motivation of this mapping.

Definition 1.2.1. An interaction function is a continuous function Φ : AΓ → R.

The hamiltonian HΦ,n : AVn → R associated to an interaction function Φ is given

by

HΦ,n(χ)(σn) :=
∑
v∈Vn

Φ(Πσn
v (χ)).

For an interaction function Φ the Gibbs measure at inverse temperature β is

the probability measure µβΦ,n ∈ Prob(AVn) given by

µβΦ,n(χ) =
1

Zn(βΦ)
e−βHΦ(χ)

where Z =
∑

χ∈AVn e
−βHΦ(χ) is a normalizing constant called the partition function.

We suppress the dependence on n and σn when it is clear from context.

Example 1.2.2. The following are interaction functions associated to commonly

studied systems.

� A = {±1} and ΦIsing(x) = −
∑d

i=1 x1Γxsi + x1Γxs−1
i

is the ferromagnetic

Ising model

� A = {±1} and Φaf−Ising(x) =
∑d

i=1 x1Γxsi+x1Γxs−1
i

is the anti-ferromagnetic

Ising model

� A = {0, 1} and Φhc(x) = −x1Γ +
∑d

i=1 c(x1Γ , xsi) + c(x1Γ , xs−1
i
) where c(0, 0) =

c(0, 1) = c(1, 0) = 0 and c(1, 1) = ∞ is the hard-core model.

� |A| > 2 and ΦPotts(x) = −
∑d

i=1 1x1Γ=xsi
+ 1x1Γ=xs−1

i

is the ferromagnetic

Potts model

Technically Φhc is not an interaction function according to our definition since it

takes values of ∞. We may work with such interactions by modifying their domain.

We consider such cases in 2.5.
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Since we are working with random graphs, the hamiltonian and Gibbs measure

will themselves be random. While the free energy φ(β) is a random variable, standard

concentration results (see Appendix B) imply that logZ(βΦ) concentrates about its

expectation, and so one may instead analyze

lim
n→∞

1

n
E[logZ(βϕ)],

the quenched free energy density. In general this limit may not exist, and even

when it does, it is usually extremely difficult to compute. However, by Jensen’s

inequality one may find an upper bound given by the annealed free energy density

1

lim
n→∞

1

n
logE[Z(βΦ)].

The annealed free energy density is much more tractable, though still difficult to

compute generally.

For many interaction functions, at sufficiently high temperatures the decay of

correlations in µβΦ leads to the phenomenon of replica symmetry. One consequence

of this property is that the quenched and annealed free energy densities agree. For

d-regular random graphs, the annealed free energy is equal to the replica symmetric

prediction of the free energy (see Proposition 14.8 in [6]).

G. Parisi in [7] introduced a scheme, now called the Parisi ansatz, to predict the

free energy of the Sherrington-Kirkpatrick model based on the idea of sampling spin

configurations from the Gibbs measure independently (these are the replicas which

give replica symmetry its name), and considering the distribution of the overlap, the

fraction of vertices where the two configurations agree. He predicted a particular

1The terms quenched and annealed are taken from alloy production. One quenches an alloy by
plunging the hot metal into a cold water bath and freezing the atoms in place, while one anneals an
alloy by letting the metal to come to room temperature gradually. This alloys the atoms to move as
the alloy cools, the dynamics of the magnetism and atom placement take place over the same time
scale.
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form for this overlap distribution which implies an interesting clustering phenomenon

for the Gibbs measure. The mass of the Gibbs measure is concentrated on small

clusters of spin configurations, those clusters are arranged in clusters, the clusters of

clusters are themselved arranged in clusters, and so on. When this clustering stops

after k-steps, the system is said to be k-step replica symmetry breaking, otherwise the

system exhibits full replica symmetry breaking. In particular, this gives the Gibbs

measure an ultrametric structure.

Parisi’s predictions for the SK model have been shown to hold rigorously. In [8],

D. Ruelle developed the Ruelle probability cascades as an explicit description of the

thermodynamic limit of the Gibbs measure for the GREM (generalized random energy

model), a model constructed with the predicted clustering phenomenon built in, but

which was much easier to study. Through the development of invariance properties

by E. Bolthausen and A. Sznitman in [9] and stability properties by S. Ghirlanda

and F. Guerra in [10] and M. Aizenman and P. Contucci in [11], further connections

between the Ruelle probability cascades and the SK model were found. The full RSB

free energy formula has been rigorously verified for the SK model by M. Talagrand

in his celebrated work [12], and the ultrametric structure of the Gibbs measure was

established by D. Panchenko in [13]. A comprehensive summary of the analysis of the

SK model can be found in [14]. Many other models of interest have been rigorously

shown to exhibit replica symmetry breaking since then (see for example [2, 15]). We

ask the following question.

Question 1.2.3. For a generic interaction, does the Gibbs measure on a random

regular graph exhibit replica symmetry breaking at sufficiently low temperatures?

We do not answer this question, but do prove a suggestive result.

Definition 1.2.4. For an interaction Φ, we say the replica symmetric free energy

7



prediction fails at inverse temperature β if

lim inf
n→∞

1

n
logE[Z(βΦ)]− 1

n
E[logZ(βΦ)] > 0.

We define RF to be the set of Φ ∈ C(AΓ,R) such that for some β0 <∞, the replica

symmetric free energy prediction fails for Φ at inverse temperature β for all β > β0.

We may now state the main theorem of 2.

Theorem 1.2.5. The set RF contains an open, dense subset of C(AΓ,R).

Remark 1.2.6. While 1.2.5 shows the replica symmetric free energy prediction fails

generically (in the sense of Baire category), this is not sufficient to claim that a

generic system is replica symmetry breaking, nor is it sufficient to show the existence

of a phase transition. To prove 1.2.5 we only need rough bounds on the ground state

energy for a typical graph, and we have a stronger analysis for a class of atypical

graphs that we construct. To show replica symmetry breaking, one would need much

finer information about the Gibbs measure on a typical graph. To show the existence

of a phase transition in other models, one usually shows the annealed free energy is

an analytic function, that the quenched and annealed free energies agree at sufficiently

high temperatures, and that they disagree at sufficiently low temperatures. This implies

the existence of some temperature where the quenched free energy is not analytic.

However in our model, we cannot rule out the possibility that the annealed free energy

is non-analytic, and it is also theoretically possible that the quenched and annealed

free energies only agree at β = 0.

1.2.1 Related works

A common goal in probability theory is to establish universality of some phenomenon.

The classical central limit theorem is the prototypical example of this phenomenon.

8



In the regime of replica symmetry breaking, P. Carmona and Y. Hu in [16] established

that the free energy of the SK model with gij iid according to any distribution with

variance 1 finite third moments is the same as the Gaussian case.

In [3] in Remark 1.4 the authors note that it is expected that a generic ferromag-

netic model on a non-amenable graph (for example random regular graphs) will enter

a spin-glass phase under a zero magnetization constraint. This is a fundamentally dif-

ferent regime from the setting of this dissertation: the zero magnetization constraint

is a global constraint, and not expressible in terms of local interactions.

In [15], the authors establish the replica symmetry breaking phenomenon for an

extremely wide class of models on random regular hypergraphs, computing the free

energy density exactly. While we do not establish replica symmetry breaking in the

sense of overlaps, our results apply to interactions beyond nearest neighbor interac-

tions.

1.3 Sofic entropy

The following material, and the material in 3, are adapted from [17].

The topological entropy of a homeomorphism T : X → X of a compact Hausdorff

space X was introduced in [18]. It was generalized to actions of amenable groups

via Følner sequences in the 1970s [19] and to certain non-amenable groups via sofic

approximations more recently [20]. It plays a major role in the classification and

structure theory of topological dynamical systems.

To explain further, suppose Γ is a countable group with identity 1Γ and σ : Γ →

Sym(V ) is a map where V is a finite set and Sym(V ) is the group of permutations of

V . It is not required that σ is a homomorphism. Let D ⋐ Γ (the symbol ⋐ denotes

a finite subset) and δ > 0. Then σ is called

9



� (D, δ)-multiplicative if

#{v ∈ V : σ(gh)v = σ(g)σ(h)v ∀g, h ∈ D} > (1− δ)|V |,

� (D, δ)-trace preserving if

#{v ∈ V : σ(f)v ̸= v ∀f ∈ D \ {1Γ}} > (1− δ)|V |,

� (D, δ)-sofic if it is both (D, δ)-multiplicative and (D, δ)-trace preserving.

A sofic approximation to Γ consists of a sequence Σ = {σi}i∈N of maps σi : Γ →

Sym(Vi) such that for all finite D ⊂ Γ, δ > 0 and all but finitely many i, σi is (D, δ)-

sofic. A group is sofic if it admits a sofic approximation. In this paper we will usually

assume |Vi| = i.

If Γ acts by homeomorphisms on a compact Hausdorff space X and a sofic approx-

imation Σ to Γ is given then the Σ-entropy of the action is a topological conjugacy

invariant, denoted by hΣ(Γ↷X) ∈ {−∞} ∪ [0,∞]. It is also called sofic entropy if

Σ is understood. It was first defined in [20] where the authors obtain a variational

principle connecting it with the previously introduced notion of sofic measure entropy

[21]. It is monotone under embeddings and additive under direct products but not

monotone under factor maps. See [22] for a survey.

A curious feature of this new entropy is that it may depend on the choice of sofic

approximation. This is not always the case; for example, if Γ is amenable then sofic

entropy and classical entropy always agree. However, there are examples of actions

Γ↷X by non-amenable groups Γ with sofic approximations Σ1,Σ2 satisfying

hΣ1(Γ↷X) = −∞ < hΣ2(Γ↷X).

See [22, Theorem 4.1]. The case hΣ1(Γ↷X) = −∞ is considered degenerate: it

10



implies that there are no good models for the action with respect to the given sofic

approximation. Until this paper, it was an open problem whether a mixing action

could have two different non-negative values of sofic entropy. Our main result is:

Theorem 1.3.1 (Theorem 1.1 in [17]). There exists a countable group Γ, a mixing

action Γ↷X by homeomorphisms on a compact metrizable space X and two sofic

approximations Σ1,Σ2 to Γ such that

0 < hΣ1(Γ↷X) < hΣ2(Γ↷X) <∞.

Remark 1.3.2. The range of sofic entropies for an action Γ↷X is the set of all

non-negative numbers of the form hΣ(Γ↷X) as Σ varies over all sofic approximations

to Γ. By taking disjoint unions of copies of sofic approximations, it is possible to show

the range of sofic entropies is an interval (which may be empty or a singleton). So

for the example of Theorem 1.3.1, the range of sofic entropies is uncountable.

Remark 1.3.3. It remains an open problem whether there is a measure-preserving

action Γ↷(X,µ) with two different non-negative sofic entropies. Theorem 1.3.1 does

not settle this problem because it is entirely possible that any invariant measure µ on

X with hΣ2(Γ↷(X,µ)) > hΣ1(Γ↷X) satisfies hΣ1(Γ↷(X,µ)) = −∞.

1.3.1 Random sofic approximations

We do not know of any explicit sofic approximations to Γ which are amenable to

analysis. Instead, we study random sofic approximations. For the purposes of

this dissertation, these are sequences {Pn}n of probability measures Pn on spaces of

homomorphisms Hom(Γ, Sym(n)) such that, for any finite D ⋐ Γ and δ > 0 there is

an ϵ > 0 such that

Pn(σ is (D, δ)-sofic) > 1− n−ϵn
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for all sufficiently large n. Because n−ϵn decays super-exponentially, if Ωn ⊂ Hom(Γ, Sym(n))

is any sequence with an exponential lower bound of the form Pn(Ωn) > e−cn (for some

constant c > 0) then there exists a sofic approximation Σ = {σn} with σn ∈ Ωn for

all n.

It is this non-constructive existence result that enables us to use random sofic

approximations to prove Theorem 1.3.1.
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Chapter 2

The quenched and annealed free

energy for generic interactions

The key idea behind the main construction of this chapter is to perturb a given interac-

tion function in order to introduce frustrations. For example, the anti-ferromagnetic

Ising model on a graph with an odd cycle is frustrated: there is no way to assign

spins on the cycle such that every pair of neighbors has a different spin. We use the

fact that w.h.p. a random regular graph is not bipartite to introduce an appropriate

frustration that will break the replica symmetric free energy prediction.

To prove 1.2.5, we first define an easier to study subset G, based on the ground

state energy minχ∈AVn HΦ(χ), which we will show is open and dense. That G is open is

very simple to show and is presented in 2.3, only relying on basic Lipschitz properties

of the ground state energy. The main contribution is showing that G is dense in 2.4.

2.1 Non-backtracking matrix of regular graphs

Throughout this chapter we will make use of the non-backtracking matrix of a graph.

The adjacency matrix AG ∈ MatV×V (R) of a graph G = (V,E) is an intensely

studied object. Powers of A count the paths of a given length between vertices,
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and the spectrum of this matrix determines expansion properties. In recent years a

closely related matrix, the non-backtracking matrix, has received a large amount of

attention, for example in Bordenave’s simpler proof of Freidman’s theorem on the

second eigenvalue for the adjacency matrix of random regular graphs [23], or in the

spectral redemption results for the stochastic block model [5]. Given an undirected

graph G = (V,E) let E⃗ denote the set of directed edges, two for each original edge

in the graph. Each e⃗ ∈ E⃗ then has an origin vertex o(e⃗) and a target vertex t(e⃗), as

well as a mirror directed edge e⃗∗. The non-backtracking matrix B := BG ∈ MatE⃗×E⃗

is then given by

Be⃗,f⃗ =


1 if t(e⃗) = o(f⃗) and f⃗ ̸= e⃗∗

0 otherwise

.

Powers of this matrix count non-backtracking paths between vertices. A path is non-

backtracking if it never doubles back across an edge it just traversed.

The adjacency matrix of a graph and its non-backtracking matrix are closely

related to one another, particularly for regular graphs.

Proposition 2.1.1 ([?]). Let G = (V,E) be a connected d-regular graph (d ≥ 3) on

n vertices. Let N = dn and let {λi}ni=1 be the eigenvalues of the adjacency matrix,

with λ1 = d. Then the non-backtracking matrix is unitarily similar to

Λ = diag

d− 1,

θ2 α2

0 θ′2

 , · · · ,

θn αn

0 θ′n

 ,−1, · · · ,−1, 1, · · · , 1


where the eigenvalue −1 occurs with multiplicity nd/2− n, 1 occurs with multiplicity

nd/2− n+ 1, |αi| < 2(d− 1) for all i, and θi, θ
′
i ∈ C are solutions to

θ2 − λiθ + d− 1 = 0.

One consequence of this proposition is that for the non-backtracking matrix for a
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connected d-regular graph, all eigenvectors for eigenvalues not d − 1 are orthogonal

to 1, the vector with every entry 1 and eigenvector with eigenvalue d− 1.

2.2 Relationship between ground state energy and

RF

Definition 2.2.1. For an interaction Φ ∈ C(AΓ,R), we say the large deviations rate

function for the ground state energy is supported on an interval if there exists ϵ > 0

such that

lim inf
n→∞

1

n
logP

[
min
χ∈AVn

HΦ(χ) < E
[
min
χ∈AVn

HΦ(χ)

]
− ϵn

]
> −∞. (2.1)

We denote the set of such Φ by G.

The connection between G and RF is given by the following two results. The

arguments are standard, but we include them for completeness.

Claim 2.2.2. If Φ : AΓ → R is bounded, then

lim
β→∞

lim sup
n→∞

∣∣∣∣ 1βnE[logZ(βΦ)] + 1

n
E
[
min
χ∈AV

HΦ(χ)

]∣∣∣∣ = 0.

Proof. It is clear that

e−βminHΦ ≤
∑
χ∈AV

e−βHΦ(χ) ≤ |A|ne−βminHΦ .

Taking the logarithm, adding βminHΦ, taking the expected value, then dividing by

βn and taking the appropriate limits yields the desired result since |A| <∞.

Lemma 2.2.3. G ⊆ RF .
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Proof. Suppose Φ ∈ G. Then Φ satisfies 2.1 with corresponding ϵ > 0. Let us denote

C = lim inf
n→∞

1

n
logP [minHΦ < E[minHΦ]− ϵn] > −∞.

Then

1

n
logE[Z(βΦ)] ≥ 1

n
logE[e−βminHΦ ]

≥ 1

n
log
(
e−βE[minHΦ]+βϵnP [minHΦ < E[minHΦ]− ϵn]

)
= −β

n
E[minHΦ] + βϵ+

1

n
logP[minHΦ < E[minHΦ]− ϵn].

By 2.2.2 we may choose β0 and N sufficiently large such that for all n > N and β > β0

1

βn
E[logZ(βΦ)] <

ϵ

2
− 1

n
E[minHΦ]

1

n
logP[minHΦ < E[minHΦ]− ϵn] > C − ϵ

2

and
βϵ

2
+ C > ϵ.

Then

−β
n
E[minHΦ] + βϵ+

1

n
logP[minHΦ < E[minHΦ]− ϵn] >

1

n
E[logZ(βΦ)] +

βϵ

2
+ C − ϵ

2

>
1

n
E[logZ(βΦ)] +

ϵ

2
.

Finally we see for n > N and β > β0 that

1

n
logE[Z(βΦ)]− 1

n
E[logZ(βΦ)] >

ϵ

2

which implies Φ ∈ RF .
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2.3 G is open

Lemma 2.3.1. G is open.

Proof. Note for any χ ∈ KVn that Φ 7→ HΦ(χ) is n-Lipschitz. Thus Φ 7→ minHΦ and

Φ 7→ E[minHΦ] are n-Lipschitz as well, which implies

HΦ+δΨ − E[minHΦ+δΨ] < HΦ − E[minHΦ] + 2δn

for any Ψ ∈ C(KΓ,R) with ∥Ψ∥∞ ≤ 1 and δ > 0. Suppose Φ satisfies 2.1 with ϵ > 0.

Then we have

P
[
minHΦ+ ϵ

3
Ψ < E[minHΦ+ ϵ

3
Ψ]−

ϵ

3
n
]

≥ P [minHΦ < E[minHΦ]− ϵn] .

Applying the logarithm to both sides and taking the appropriate limits implies Φ +

ϵ
3
Ψ ∈ G.

2.4 Construction of interactions in RF

We prove the remaining part of 1.2.5 with the following.

Theorem 2.4.1. G is dense.

We begin by constructing the set of interactions which will act as our perturbations

for a general interaction. For an element s ∈ {s±1
1 , s±1

2 , · · · , s±1
d }, let [s] denote the

set of group elements in Γ whose reduced word representation begins with s. Let us

define for ℓ ∈ N and 1 ≤ i ≤ 2d

B
(i)
ℓ =


[si] ∩Bℓ(1Γ) 1 ≤ i ≤ d

[s−1
i−d] ∩Bℓ(1Γ) d+ 1 ≤ i ≤ 2d

.

17



That is, B
(i)
ℓ for 1 ≤ i ≤ 2d are the branches of the Cayley tree restricted to levels at

most ℓ.

Definition 2.4.2. Given L ∈ N, 1 ≤ i ≤ 2d, and x ∈ KΓ we define the branch

empirical distribution of x to be the probability measure Ei,L(x) ∈ Prob(K) given

by

Ei,L(x)(k) =
1

(2d− 1)L−1

∣∣∣x−1(k) ∩B(i)
L \B(i)

L

∣∣∣ .
Let k ∈ K, p, q ∈ R, and L ∈ N. Then we define Ek,L,p,q ⊆ KΓ to be the set of

x ∈ KΓ such that for all ℓ ∈ N with L/2 ≤ ℓ ≤ L and 1 ≤ i ≤ 2d

Ei,ℓ(x)(k) ∈


[p+ 2

3
q, p+ 4

3
q] if ℓ ≡ 0 mod 2

[p− 1
3
q, p+ 1

3
q] if ℓ ≡ 1 mod 2

.

In words, we require that k has frequency close to p + q on even levels of each

branch, and frequency close to p on odd levels. Similarly, define Ok,L,p,q with the

reversed parity requirement for ℓ instead. We then define Ψeven
k,L,p,q = −1Ek,L,p,q

and

Ψodd
k,L,p,q = −1Ok,L,p,q

.

Fix ϵ > 0 and an interaction Φ ∈ C(KΓ,R). We must find some interaction Ψ

such that ∥Ψ∥ ≤ 1 and Φ + ϵΨ ∈ G. Since KΓ is compact, without loss of generality

we may also assume ||Φ||∞ ≤ 1.

For δ = ϵ
40
> 0, let N be sufficiently large such that

1

N
EN [minHΦ,N ] < lim inf

n→∞

1

n
En[minHΦ,n] + δ

and such that

PN [The spectral gap of the non-backtracking matrix of GN > .01] > 1− δ

8
.

Such an N exists by Theorem 2 in [23]. Note that minHΦ,N + N is a non-negative
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random variable since HΦ,N(χ) ≥ −N∥Φ∥∞ ≥ −N . Thus by Markov’s inequality

PN [minHΦ,N ≤ E[minHΦ,N ] + δN ] = 1− PN [minHΦ,N +N > E[minHΦ,N ] +N + δN ]

≥ 1− EN [minHΦ,N ] +N

EN [minHΦ,N ] +N + δN

≥ 1− 2

2 + δ
≥ δ

4
> 0.

Thus we may pick some homomorphism σ∗ ∈ Hom(Γ, Sym(N)) such that 1
N
minHΦ,N

on the graph induced by σ∗ is at most 1
N
EN [minHΦ,N ]+δ < lim infn→∞

1
n
En[minHΦ,n]+

2δ and such that the spectral gap of the non-backtracking matrix is larger than .01.

Let χ∗ denote the minimizer of HΦ,N (choosing arbitrarily among ties). Pick some

k∗ ∈ K such that

p∗ :=
1

N
(χ∗)−1(k∗) ≤ 1

2
.

Such a spin necessarily exists since |K| ≥ 2.

We claim

Ψ := Ψeven
k∗,L,p∗,q +Ψodd

k∗,L,p∗,q

for 0 < q < min
{

ϵ
40∥Φ∥∞ , 1− p∗

}
and L > max

{
2 log q/4

log(1−1/(100(d−1)))
, 6
}

is our desired

interaction. First it is clear that Ψ ∈ C(KΓ,R) since it is BL(1Γ)-local. It is also

clear that EL,p and OL,p are disjoint, so ∥Ψ∥∞ ≤ 1.

We will now prove 2.4.1 in two parts: first bounding E[minHΦ+ϵΨ], and then

constructing a sequence of not too unlikely events where minHΦ+ϵΨ < E[minHΦ+ϵΨ]−

δn.

2.4.1 Bounding E[minHΦ+ϵΨ]

We will use the following property of the sets Ek,L,p,q and Ok,L,p,q.
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Proposition 2.4.3. If L ≥ 6, for any k ∈ K, p, q ∈ R≥0, and 1 ≤ i ≤ d

siEk,L,p,q ∩ Ek,L,p,q = ∅ and siOk,L,p,q ∩Ok,L,p,q = ∅.

Proof. We will prove the proposition for Ek,L,p,q, the proof for Ok,L,p,q is identical. We

may assume without loss of generality that i = 1. Suppose s1x ∈ Ek,L,p,q. It is clear

that

(s1x)
−1(k) = s1(x

−1(k)) and s1B
(d+1)
ℓ = {1Γ} ∪

2d⋃
i=2

B
(i)
ℓ−1.

Thus for any ℓ ≥ 3

∣∣∣x−1(k) ∩B(d+1)
ℓ \B(d+1)

ℓ−1

∣∣∣ = ∣∣∣s1 (x−1(k) ∩B(d+1)
ℓ \B(d+1)

ℓ−1

)∣∣∣
=

∣∣∣∣∣(s1x)−1(k) ∩
2d⋃
i=2

B
(i)
ℓ−1 \B

(i)
ℓ−2

∣∣∣∣∣
=

2d∑
i=2

∣∣∣(s1x)−1(k) ∩B(i)
ℓ−1 \B

(i)
ℓ−2

∣∣∣ .
Let ℓ ∈ 2N be such that ℓ− 1 ≥ L/2 and ℓ ≤ L. Such an ℓ exists since L ≥ 6. Then

1

(2d− 1)ℓ−1

2d∑
i=2

∣∣∣(s1x)−1(k) ∩B(i)
ℓ−1 \B

(i)
ℓ−2

∣∣∣ ≤ 1

(2d− 1)

2d∑
i=2

p+
1

3
q

= p+
1

3
q < p+

2

3
q.

Thus

1

(2d− 1)ℓ−1

∣∣∣x−1(k) ∩B(d+1)
ℓ \B(d+1)

ℓ−1

∣∣∣ < p+
2

3
q

and x /∈ Ek,L,p,q.

We may now analyze the expected value of the minimum of HΦ+ϵΨ.
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Claim 2.4.4. We have

lim sup
n→∞

− 1

n
E[minHΦ+ϵΨ] ≤ lim sup

n→∞
− 1

n
E[minHΦ] + 2E[α(G)]ϵ

where α(G) is the maximum density of an independent set in the graph.

Proof. We color a vertex red if Ψeven
L,p (Πσn

v (χ)) = −1 and blue if Ψodd
L,p(Π

σn
v (χ)) = −1.

Clearly vertices cannot be colored both red and blue. Furthermore, two neighboring

vertices may not share the same color either by 2.4.3 and the fact that Πσn
σn(si)(v)

(χ) =

siΠ
σn
v (χ). Thus the set of red and blue vertices each form independent sets, which

implies HΦ+ϵΨ ≥ HΦ − 2α(G)nϵ from which the claim follows.

We may bound E[α(G)] using a simple first moment bound.

Proposition 2.4.5. For the random permutation model, lim supn→∞ E[α(G)] < .45

for any d ≥ 2.

Proof. Let Z(α) count the number of independent sets of density α. Then P[α(G) ≥

α] = P[Z(α) > 0], since the existence of an independent set of a given density implies

the existence of an independent set for any smaller density. Since Z(α) is an integer

valued random variable, P[Z(α) > 0] ≤ E[Z(α)] by Markov’s inequality, and we have

E[Z(α)] =
∑

χ∈{0,1}n
χ−1(1)=αn

P[χ is an independent set].

By symmetry this sum is equal to

(
n

nα

)
P[χ is an independent set]

where χ is some fixed spin configuration with χ−1(1) = αn. We may construct without

repetition all permutations π such that (χ(v), χ(π(v)) ̸= (1, 1) for all v ∈ V by the

following process.
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1. Choose two subsets V0 and W0 of size αn from χ−1(0).

2. Choose an injective mapping from χ−1(1) → V0 and one from χ−1(1) → W0.

3. Choose an injective mapping from χ−1(0) \ V0 → χ−1(0) \W0.

This yields

P[χ is an independent set] =
1

n!d

((
n(1− α)

nα

)2

nα!2n(1− 2α)!

)d

=

(
n(1− α)!2

n(1− 2α)!n!

)d
=

((
n(1− α)

nα

)/(
n

nα

))d
.

Thus by Stirling’s approximation

E[Z(α)] =
(
n(1− α)

nα

)d/(
n

nα

)d−1

= expn ((1− d)H(α) + d(1− α)H(α/(1− α)) + o(1))

= expn (H(α) + 2d(1− α) log(1− α)− d(1− 2α) log(1− 2α) + o(1))

where H(x) = −x log x − (1 − x) log(1 − x) is the Shannon entropy. Let fd denote

this exponential growth rate function. Then fd(0) = 0, f ′
d(0) > 0 and f ′′

d (α) < 0 for

all α ∈ (0, 1/2], so fd has a unique zero in (0, 1/2]. Furthermore, 2(1−α) log(1−α)−

(1−2α) log(1−2α) ≤ 0 for all α ∈ [0, 1/2], so it suffices to show that the unique zero

of f2 is at most .45. This follows by simply evaluating f2(.45) = −.166 . . ., which is

negative.
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2.4.2 Bounding the probability of minHΦ+ϵΨ < E[minHΦ+ϵΨ]−

δn

Recall our choices of N , σ∗, and χ∗. Let sign : Γ → Z/2Z be the homomorphism

defined by sign(s1) = sign(s2) = · · · = sign(sd) = 1. We define σ̃ : Γ → Sym(VN ×

Z/2Z) by

σ̃(γ)(v, i) = (σ∗(γ)(v), sign(γ)i).

Note that the graph generated by σ̃ is the bipartite double cover of the graph gener-

ated by σ∗. We also define χ̃ ∈ KVN×Z/2Z to be the lift of χ∗, defined by χ̃(v, i) = χ∗(v)

for each v ∈ VN and i ∈ Z/2Z. We recall some basic facts about the bipartite double

cover of a graph G.

� If B is the non-backtracking matrix of G, then the bipartite double cover has

non-backtracking matrix 0 B

B 0

 .

� If v⃗ is an eigenvector of B with eigenvalue λ, then

v⃗
v⃗

 and

 v⃗

−v⃗

 are eigen-

vectors of the bipartite double cover non-backtracking matrix with eigenvalues

λ and −λ respectively.

Lemma 2.4.6. If (1−1/100(2d−1))L/2 < q
4
, for any (v, i) ∈ VN×Z/2Z, L/2 ≤ ℓ ≤ L,

1 ≤ j ≤ 2d, χ ∈ KVN×Z/2Z, and k ∈ K

Ei,ℓ(χ)(k) ∈


1
N
|χ−1(k) ∩ VN × {i}|+ [−q/4, q/4] if ℓ ≡ 0 mod 2

1
N
|χ−1(k) ∩ VN × {i+ 1}|+ [−q/4, q/4] if ℓ ≡ 1 mod 2

.

Proof. Let B̃ denote the non-backtracking matrix of the graph generated by σ̃. Let

v ∈ VN . Let us assume i = 0 and ℓ ≡ 0 mod 2, the other cases follow identically.
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Fix 1 ≤ i ≤ 2d. Let us denote v⃗ = δ((v,0),(σ∗(si)(v),1)). Then clearly

B̃ℓ−1v⃗ =
∑
γ∈B(j)

ℓ

∑
m ̸=j

δ((σ∗(γ)(v),0),(σ∗(γsj)(v),1)).

This follows simply from the observation that the non-backtracking matrix on σ̃ lifts

to the non-backtracking operator on Γ, and that a non-backtracking walk on Γ started

from (1Γ, si) uniformly distributes over B
(i)
ℓ . Thus

1

(2d− 1)ℓ

∣∣∣(Πσ̃
v (χ)

)−1
(k) ∩B(j)

ℓ \B(j)
ℓ−1

∣∣∣ = ∑
w,w′∈VN

1χ(w)=k∗

((
1

2d− 1
B
)ℓ−1

v⃗

)
((w, 0), (w′, 1)).

Now by assumption on σ∗, 1
2d−1

B has top eigenvalues 1 and −1, and every other

eigenvalue has magnitude at most 1− 1
100(2d−1)

. We may decompose

v⃗ =
1

4dN

12dN

12dN

+
1

4dN

 12dN

−12dN

+ v⃗⊥.

Here 1n is the all 1’s vector in Rn and we identify R4dN with RVN×{0}×RVN×{1}. The

vector v⊥ ∈ span


12dN

12dN

 ,

 12dN

−12dN




⊥

by 2.1.1. It is clear that ∥v⃗⊥∥ ≤ 1 by a

simple computation. Thus

∥∥∥∥∥∥∥
(

1

2d− 1
B
)ℓ−1

v⃗ − 1

4dN

12dN

12dN

− 1

4dN

 12dN

−12dN


∥∥∥∥∥∥∥ ≤

(
1− 1

100(2d− 1)

)ℓ

and since 1
4dN

∑
w,w′∈VN 1χ(w)=k∗


12dN

12dN

−

 12dN

−12dN


 = 1

N
|χ−1(k) ∩ VN × {0}|
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we find

∣∣∣∣ 1

(2d− 1)ℓ

∣∣∣(Πσ̃
vχ
)−1

(k) ∩B(i)
ℓ \B(i)

ℓ−1

∣∣∣− 1

N

∣∣χ−1(k) ∩ VN × {0}
∣∣∣∣∣∣

<

(
1− 1

100(2d− 1)

)ℓ
≤
(
1− 1

100(2d− 1)

)L/2
<
q

4
.

Let χ̃′ ∈ KVN×Z/2Z be some spin configuration such that

χ̃′(v, 0) = χ̃(v, 0)∣∣(χ̃′)−1(k∗) ∩ VN × {1}
∣∣ = N(p+ q)

dHam(χ̃, χ̃′) = q.

Such a χ̃′ clearly exists by reassigning the spins of any subset of size Nq in VN ×{1}\

χ̃−1(k∗) to k∗. This is possible as by assumption

∣∣VN × {1} \ χ̃−1(k∗)
∣∣ = ∣∣VN \ (χ∗)−1(k∗)

∣∣ ≥ 1

2
N.

Then by 2.4.6 as well as the Lipschitz property of HΦ(χ) with respect to χ

1

2N
HΦ+ϵΨ(χ̃

′)(σ̃) ≤ 1

2N
HΦ(χ̃)(σ̃) + 2q∥Φ∥ − ϵ

=
1

N
HΦ(χ

∗)(σ∗)− ϵ+ 2q∥Φ∥

≤ lim inf
n→∞

1

n
En[minHΦ] + 2q∥Φ∥+ 2δ − ϵ

< lim inf
n→∞

1

n
En[minHΦ] +

ϵ

20
+

ϵ

20
− ϵ

≤ lim inf
n→∞

1

n
E[minHΦ+ϵΨ]

where this last inequality follows by Claim 2.4.4 and Proposition 2.4.5.
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Lemma 2.4.7. For any fixed σN : Γ → Sym(N)

lim inf
k→∞

1

kN
PkN [σkN is a k − lift of σN ] > −∞.

Proof. Let us consider spin configurations χ : VkN → VN , that is we color the vertices

of the graphs generated by a σkN by the vertices of of VN . Note σkN is a k-lift of

σN precisely when there exists a spin configuration χ : VkN → VN such that for all

1 ≤ i ≤ d and v ∈ VkN

χ(σkN(si)(v)) = σN(si)(χ(v)).

Given a coloring χ : VkN → VN , we consider the empirical vertex and edge distri-

butions π̇χ ∈ Prob(VN) and π̂
χ
i ∈ Prob(VN × VN) given by

π̇χ(a) =
1

kN
#{v ∈ VkN : χ(v) = a}

π̂χi (a, b) =
1

kN
#{v ∈ VkN : χ(v) = a, χ(σkN(si)(v)) = b}.

Then if we consider the probability distributions π̇ ∈ Prob(VN) and π̂i ∈ Prob(VN ×

VN) given by

π̇(v) =
1

N

π̂i(v, w) = 1w=σN (si)(v),

we have σkN is a k-lift of σN precisely when there is some coloring χ : VkN → VN such

that

π̇χ = π̇ and π̂χi = π̂i.

Let us denote the number of such colorings by Z(π̇, (π̂i)
d
i=1). We claim that if kπ̇(a) ∈
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Z and kπ̂(a, b) ∈ Z for all a, b ∈ A then

lim inf
k→∞

1

kN
logEkN [Z(π̇, (π̂i)di=1)] > −∞. (2.2)

The total number of spin configurations is |VN ||VkN | = NkN . The lemma then follows

from 2.2 since the expectation of Z(π̇, (π̂i)
d
i=1) is at most NkN times the probability

of the event that there is a spin configuration with the given empirical vertex and

edge distributions. Now it is a standard computation (see Theorem 3.5 in [22] for

example) that

lim
k→∞

1

kN
logEkN [Z(π̇), (π̂i)di=1)] = (1− d)H(π̇) +

d∑
i=1

H(π̂) > −∞

and 2.2 follows.

It is a simple observation that if (σ∗)⊗k is a k-lift of σ∗, then HΦ+ϵΨ(χ
k)((σ∗)⊗k) =

kHΦ+ϵΨ(χ
∗)(σ∗). Thus the bound on 1

2N
HΦ+ϵΨ(χ̃

′)(σ̃) and 2.4.7 establish 1.2.5.

2.5 Subshifts

We have worked only with permissive shift systems, where every spin may neighbor

any other. Many models of interest exhibit hard-core (i.e. topological) constraints

however, such as independent sets and colorings. To work with such constraints in

our set-up, we consider subshifts over Γ.

Definition 2.5.1. A subset X ⊂ KΓ is a subshift if it is closed and shift-invariant.

It is an easy fact that any subshift may be presented by a set of forbidden words.

That is, there is a collection of finite subsets F and spin configurations yF ∈ AF such

that x ∈ X precisely when γx|F ̸= yF for each γ ∈ Γ and F ∈ F . Subshifts for which

this collection is finite form a particularly important class of subshifts.
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Definition 2.5.2. A closed shift-invariant set X ⊆ KΓ is a shift of finite type

(abbreviated SFT) if there is some finite set F ⋐ Γ and some set W ⊂ KF such that

x ∈ X if and only if (γx)|F ∈ W.

When X is an SFT, we will often reduce to the case where it is given by pairwise

constraints. This is accomplished by considering the recoding map. Given a finite

set F ⋐ Γ, we define ρF : KΓ → (KF )Γ by

ρF (x)γ = x|γ−1F .

Then the ρF (X) is also an SFT and its constraints are given by a {0, 1}-valued matrix

for each generator si.

Given an subshift X, we must define an appropriate analogue of AVn .

Definition 2.5.3. For a graph G = (Vn, En) given by σn : Γ → Sym(Vn) and SFT

X, the space of microstates of X on G is

Mn(X) = {χ ∈ KVn : Πσn
v (χ) ∈ X for all v ∈ Vn}.

In words, we require that each vertex sees a locally allowable spin configuration.

Example 2.5.4. If F = {1Γ, s1, s−1
1 , · · · , sd, s−1

d } and F =
{
ξ ∈ KF : ξ(1Γ) =

0 or ξ(1Γ) = 1 and ξ(γ) = 0 for γ ∈ F \ {1Γ}
}
, then the resulting subshift X is the

golden mean shift 1, and Mn(X) consists of all independent sets on the graph G.

Given an interaction Φ ∈ C(X,R) we define the partition function at inverse

temperature β by

Zn(βΦ) =
∑

χ∈Mn(X)

e−HΦ(χ)

1The name golden mean shift comes from the subshift of finite type with the given restrictions over

Z. Consider the transformation x 7→ φx mod 1 with partition {[0, 1/φ), [1/φ, 1)} where φ = 1+
√
5

2
is the golden ratio. Then the symbolic shift encoded by this system will consist precisely of binary
sequences with no consecutive 1’s.
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where HΦ(χ) =
∑

v∈Vn Φ(Π
σn
v (χ)) as usual.

When adapting the results from the previous sections, two problems arise. First,

contrary to the permissive case, Mn(X) may be empty. For example, if X ⊂ {0, 1}Γ

is the two point set given by the spin configurations which alternate 0 and 1, then

with high probability G is not bipartite and so Mn(X) is empty. Second, when

perturbing the coloring χ̃ to create χ̃′, we required being able to substitute a small

fraction of spins arbitrarily. This posed no issue in the permissive setting, but we

may not generally make this substitution for general subshifts (e.g. the previously

given two point shift would require each half of a bipartite graph to be colored with

a single color, allowing no substitutions).

2.5.1 Lack of valid microstates

For those n where Mn(X) is empty with positive probability, E[minχ∈Xn HΦ(χ)] = ∞

and E[logZn(βΦ)] = −∞. Thus if we can show that

lim inf
n→∞

1

n
P[Mn(X) ̸= ∅] > −∞, (2.3)

the desired inequalities in 1.2.4 and 2.2.1 are immediately satisfied at the given in-

dices, and we may restrict to those n where Mn(X) is non-empty with probability

1. However, 2.3 does not hold for all choices of SFT. Trivially X = ∅ is an SFT, and

Mn(X) is then empty for all n with probability 1. However, even non-empty SFTs

may have no microstates. An example of an SFT over the free group with no periodic

spin configurations is given in Theorem 3.3.5 of [24].

In general, checking ifMn(X) is non-empty, equivalently if periodic points exist, is

hard. Over Z instead of Fd, this problem is tractable, and for 1-step SFTs corresponds

to irreducibilty of the transition matrix. As Fd is given by a free product of copies of

Z, restricting to the following class of SFTs simplifies the problem.
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Definition 2.5.5. A 1-step SFT X ⊆ AΓ is isotropic if there is some {0, 1}-valued

matrix A ∈ MatA×A such that x ∈ X precisely when

Axγ ,xsiγ = 1

for all γ ∈ Γ.

Note the golden mean shift and coloring shift are isotropic SFTs.

Lemma 2.5.6. For any isotropic SFT X, if the transition matrix A is irreducible,

there is an integer k such that

lim inf
n→∞

1

kn
Pkn[Mkn(X) ̸= ∅] > −∞.

Proof. From the classical theory of subshifts of finite type over Z, if A is irreducible

there is some p ∈ AZ which is an element of the subshift defined by A and is periodic.

Let k be the period of p. Define the vertex and edge marginals of p by

π̇p(a) =
1

k
|{0 ≤ i ≤ k − 1 : pi = a}|

π̂p(a, b) =
1

k
|{0 ≤ i ≤ k − 1 : pi = a, pi+1 = b}| .

Recall from the proof of 2.4.7 the quantity Z(π̇p, (π̂p)di=1). By the same reasoning

lim inf
n→∞

1

kn
Ekn[Z(π̇p, (π̂p)di=1)] > −∞.

Any element ofAVkn counted by Z(π̇p, (π̂p)di=1) is necessarily a valid spin configuration,

and since lim supn→∞
1
kn

log
∣∣AVkn

∣∣ = logA <∞, the claim follows.
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2.5.2 Dobrushin mixing

The second issue of overwriting a fraction of the vertices is remedied with the following

property.

Definition 2.5.7. An subshift X is Dobrushin-mixing (or D-mixing) if for any

set A ⋐ Γ, there is a set B ⋐ Γ such that if x, x′ ∈ X, there is some y ∈ X such that

y|A = x|A and y|Γ\B = x′|Γ\B.

Example 2.5.8 (Golden mean (independent set) SFT). Assume without loss of gen-

erality that A = BL(1Γ). Let B = BL+1(1Γ). Then for x, x′ ∈ X define y ∈ X by

y|A = x|A, y|Γ\B = x′|Γ\B, and y|B\A = 0B\A. Then for each γ ∈ A with y(γ) = 1, if

γ′ ∈ ∂γ ∩ A then y(γ′) = x(γ′) = 0 since x ∈ X, and if γ′ ∈ ∂γ ∩ (Γ \ A) ⊆ ∂A then

y(γ′) = 0. The same holds for γ ∈ Γ \ B. Finally for γ ∈ B \ A, we have y(γ) = 0

and the local constraint is automatically satisfied. Thus y ∈ X.

Example 2.5.9 (k-colorings with k ≥ 2d + 1). Take the same A and B as in the

previous example. Let x, x′ ∈ X and set y|A = x|A and y|Γ\B = x′|Γ\B. We may choose

for each γ ∈ B \A some c ∈ K such that c ̸= x(∂γ∩A) and c /∈ x′(∂γ∩(Γ\B)). This

follows simply from the observation that |∂γ| = 2d, and so no matter the coloring of

∂γ there is always at least one valid color for γ if k ≥ 2d + 1. Setting y(γ) to the

corresponding c then yields a valid coloring.

Note that for a typical k-coloring of Γ, as L tends to infinity the colors at radius

L from the identity do not determine the identity uniquely with high probability as

long as d < 1
2
k(log k + log log k + 1 + ok(1)) (this is freezing transition for random

colorings of the tree). Unfortunately, the spin configuration χ∗ in our proof may not

necessarily exhibit this same statistical behavior, and we require that any boundary

condition does not determine the root, rather than almost any.

Definition 2.5.10. Let X be a Dobrushin-mixing subshift, and let B be the set asso-

ciated to A = {1Γ}. The radius of interaction of X is the minimum R such that
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B ⊆ BR(1Γ).

2.6 Construction of interactions in RF for sub-

shifts

The goal of this section to prove an analogue of 1.2.5 for subshifts. We first define an

analogue of RF .

Definition 2.6.1. For a subshift X we define RF(X) to be the set of interactions

Φ ∈ C(X,R) such that

lim inf
k→∞

1

nk
logEnk

[Znk
(βΦ)]− 1

nk
Enk

[logZnk
(βΦ)] > 0

where (nk)
∞
k=1 is some increasing sequence of natural numbers with positive density.

Due to the possible emptiness of Mn(X) with probability 1, we cannot require

this lim inf holds when taken over all n. As we will require X is a subshift of finite

type for the construction as is, we are able to establish the lim inf on a set of positive

density.

Theorem 2.6.2. There is some function d⋆ : N → N such that the following holds.

Let X is a Dobrushin-mixing subshift of finite type with at least one periodic point

on Γ with interaction radius R such that d ≥ d⋆(R). Then RF(X) contains a dense

open subset of C(X,R).

We will first consider a homomorphism τ : Γ → Sym(VM) for M ∈ N which

will function as the analogue of the sign homomorphism. Specifically, rather than

lifting σ : Γ → Sym(VN) to its bipartite cover, we will lift to σ × τ . We may

choose M sufficiently large such that there exists τ : Γ → Sym(VM) such that the

non-backtracking matrix of τ is larger than .01, and such that there is some vertex

32



w∗ ∈ VM such that |σ(BR(1Γ))(w
∗)| = |BR(1Γ)| where R is the interaction radius of

X. That is, that the depth R neighborhood of w∗ in the graph is a tree. Both of

these events occur with high probability, so for M sufficiently large such a τ exists.

Let us denote this homomorphism by τ ∗.

For a homomorphism σ : Γ → Sym(VN), the adjacency matrix of the graph

generated by σ× τ ∗ is given by
∑d

i=1 Si(σ)⊗Si(τ
∗)+Si(σ)

∗⊗Si(τ
∗)∗ where Si(τ

∗) ∈

MatM×M is the permutation matrix associated to τ ∗(si). Thus by Theorem 2 in

[25] and Corollary 2 in [26], each eigenvalue of the adjacency matrix will, with high

probability in σ, have magnitude strictly less than 2d − .01, except perhaps for the

eigenvalues coming from τ ∗. By construction, these will also be less than 2d − .01,

and so the adjacency matrix for σ× τ ∗ will be greater than .01 with high probability.

Fix Φ ∈ C(X,R) and ϵ > 0. Since X is compact, we may assume without loss of

generality that ∥Φ∥ ≤ 1. Let us fix δ > 0 sufficiently small in terms of ϵ. ChooseN suf-

ficiently large such that E[minχ∈MN (X)HΦ(χ)] > lim supn→∞ E[minχ∈Mn(X)HΦ(χ)]−δ

where the lim sup is taken over all n for which Mn(X) is non-empty with probability

1. We may also take N be sufficiently large such that with probability at least 1−δ/8,

the adjacency matrix of the graph generated by σ × τ ∗ has spectral gap at least .01,

and such that this graph is connected. Arguing as we did for the permissive case, we

may then select some σ∗, χ∗, and k∗ in the exact same way.

As the action of Γ on VM given by τ ∗ is transitive, which follows from connected-

ness of G(τ ∗), we may identify VM with cosets of H =
⋂
w∈VM Stab(w), and the graph

G(τ ∗) with the Schreier coset graph of H. Note that, by our choice of τ , H does not

intersect BR(1Γ).

Now let χ̃ : VN × VM → K be the spin configuration defined by χ̃(v, w) = χ∗(v)

for all v ∈ VN and w ∈ VM . Note that χ̃ ∈ MNM(X) since χ ∈ MN(X). We

construct a spin configuration χ̃′ ∈ MNM(X) by the following procedure. First,

pick a v ∈ (χ∗)−1(k∗) arbitrarily consider x = Πσ∗×τ∗
(v,w∗) (χ̃). By the Dobrushin-mixing
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condition, we may find some valid spin configuration x′ ∈ X such that x′|Γ\BR(1Γ) =

x|Γ\BR(1Γ) and x
′(1Γ) ̸= x(1Γ). Furthermore, since X is an SFT, by shift-invariance

and the locality of the validity check, we may make these same substitutions at each

γ ∈ H. As X is compact, we may take the limit of the spin configurations created by

these substitutions, and get an element of X which maps down to a consistent spin

configuration on G(σ × τ). Let us call this configuration χ̃′.

The key property of χ̃′ that we will use is that χ̃′|VN×(VM\BR(w∗) = χ̃|VN×(VM\BR(w∗),

and that |(χ̃′)−1(k∗) ∩ (VN × {w∗})| ≠ |χ̃−1(k∗) ∩ (VN × {w∗}|. That is, on the copies

of VN which are sufficiently far from VN ×w∗, χ̃′ and χ̃ are identical, while they have

a different frequency of the spin k∗ on VN × {w∗}.

For γH ∈ Γ/H, L ∈ N, and O ⊆ Prob(A) let SγH(O, L) denote the set of all

x ∈ X such that for all k ∈ A and L/2 ≤ ℓ ≤ L with B
(i)
ℓ ∩ γH ̸= ∅

1∣∣∣B(i)
ℓ ∩ γH

∣∣∣
∣∣∣x−1(·) ∩B(i)

ℓ ∩ γH
∣∣∣ ∈ O.

We define

Ψbase =
∏

γH∈Γ/H

1SγH(OγH ,L)

where

OγH =

{
m ∈ Prob(A) :

∣∣∣∣m(k∗)− 1

N

∣∣(χ̃′)−1(k∗) ∩ VN × {γH}
∣∣∣∣∣∣ < 1

2N

}
.

In words, we require that the empirical branch distributions restricted to the cosets

of H closely match those of χ̃′. We define our perturbation Ψ to be

Ψ =
∑

γH∈Γ/H

Ψbase ◦ γ.

We claim that ∥Ψ∥ ≤ 1 and that Ψbase(x) ̸= Ψbase(six) for any 1 ≤ i ≤ d.
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That ∥Ψ∥ ≤ 1 follows from the observation that for any γH ∈ Γ/H, there

is some pair w,w′ ∈ VM such that τ(γ)(w) = w′ and |χ̃′(k∗) ∩ (VN × {w})| ≠

|χ̃′(k∗) ∩ (VN × {w′})|. We may see this inductively by starting with w∗ and τ(γ)(w∗).

If the level sets of VN have different frequencies of k∗ under χ̃′ we are done, otherwise

may consider τ(γ)(w∗) and τ(γ2)(w∗) and so on. This process will eventually reach

VM \BR(w
∗) as H does not intersect BR(1Γ), at which point we know by construction

of χ̃′ that the frequencies will differ.

That Ψbase(x) ̸= Ψbase(six) follows identically to 2.4.3.

Thus, the expected value of the ground state energy of Φ + ϵΨ is bounded by

the expected ground state energy of Φ plus ϵ times densest coloring of vertices by

Γ/H ∪ {∗} where ∗ is a joker color which may neighbor itself. By a first moment

argument, this density is strictly less than 1 if |Γ/H| < d (in fact we only require that

|G/H| is smaller than the typical colorability threshold for the random permutation

model, but this requires a stronger argument than a first moment bound). This

requirement is what leads to the function d⋆.

On the other hand, picking L sufficiently large and using the spectral gap of the

back-tracking matrix of G(σ×τ) (which follows from the spectral gap of the adjacency

matrix of G(σ×τ) and 2.1.1), we may prove an analogue of 2.4.6, and we see for each

(v, w) ∈ VN × VM that Ψ(Πσ∗×τ∗
(v,w) (χ̃′)) = 1 precisely because Ψ is defined in terms of

χ̃′.

The same argument can then be used to bound 1
NM

HΦ+ϵΨ(χ̃
′), and taking random

lifts of σ∗ × τ ∗ then yields the required event with probability decreasing at most

exponentially.
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Chapter 3

Dependence of topological sofic

entropy on the choice of sofic

approximation

3.0.1 Proper colorings of random hyper-graphs from a sta-

tistical physics viewpoint

The idea for our main construction comes from studies of proper colorings of random

hyper-graphs. Although these studies have very different motivations than those

that inspired this paper, the examples that they provide are roughly the same as

the examples used to prove Theorem 1.3.1. The relevant literature and an outline is

presented next.

A hyper-graph is a pair G = (V,E) where E is a collection of subsets of V .

Elements of E are called hyper-edges but we will call them edges for brevity’s

sake. G is k-uniform if every edge e ∈ E has cardinality k.

A 2-coloring of G is a map χ : V → {0, 1}. An edge e ∈ E is monochromatic

for χ if |χ(e)| = 1. A coloring is proper if it has no monochromatic edges.
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Let Hk(n,m) denote a hyper-graph chosen uniformly among all
((nk)
m

)
k-uniform

hyper-graphs with n vertices and m edges. We will consider the number of proper

2-colorings of Hk(n,m) when k is large but fixed, and the ratio of edges to vertices

r := m/n is bounded above and below by constants.

This random hyper-graph model was studied in [27, 28, 29]. These works are moti-

vated by the satisfiability conjecture. To explain, the lower satisfiability threshold

r−sat = r−sat(k) is the supremum over all r such that

lim
n→∞

Prob[Hk(n, ⌈rn⌉) is properly 2-colorable] = 1.

The upper satisfiability threshold r+sat = r+sat(k) is the infimum over all r such

that

lim
n→∞

Prob[Hk(n, ⌈rn⌉) is properly 2-colorable] = 0.

The satisfiability conjecture posits that r−sat = r+sat. It is still open.

Bounds on these thresholds were first obtained in [27] as follows. Let Z(G) be

the number of proper 2-colorings of a hyper-graph G. A first moment computation

shows that

fk(r) = lim
n→∞

n−1 logE[Z(Hk(n, ⌈rn⌉))]

where fk(r) := log(2) + r log(1− 21−k). Let rfirst = rfirst(k) be such that fk(rfirst) = 0.

If r > rfirst then fk(r) < 0. Therefore r+sat ≤ rfirst.

Let rsecond be the supremum over numbers r ≥ 0 such that the second moment

E[Z(Hk(n, ⌈rn⌉))2] is equal to E[Z(Hk(n, ⌈rn⌉))]2 up to sub-exponential factors. The

Paley-Zygmund inequality gives the bound rsecond ≤ r−sat.
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In [27], it is shown that

rfirst =
log(2)

2
2k − log(2)

2
+O(2−k),

rsecond =
log(2)

2
2k − log(2) + 1

2
+O(2−k).

So there is a constant-sized gap between the two thresholds.

A more detailed view of the second moment is illuminating. But before explaining,

we need some terminology. Let [n] be the set of natural numbers {1, 2, .., n}. A

coloring χ of [n] is equitable if |χ−1(0)| = |χ−1(1)|. We will assume from now on that

n is even so that equitable colorings of [n] exist. Let Ze(G) be the number of equitable

proper colorings of a hyper-graph G. A computation shows that E[Z(Hk(n, ⌈rn⌉))]

equals E[Ze(Hk(n, ⌈rn⌉))] up to sub-exponential factors. This enables us to work

with equitable proper colorings in place of all proper colorings. This reduces the

computations because there is only one equitable coloring up to the action of the

symmetric group Sym(n).

A computation shows that the second moment factorizes as

E[Ze(Hk(n,m))2] = E[Ze(Hk(n,m))]E[Ze(Hk(n,m))|χ is proper]

where χ : [n] → {0, 1} is any equitable 2-coloring. Let Hχ
k (n,m) be the random

hyper-graph chosen by conditioning Hk(n,m) on the event that χ is a proper 2-

coloring. This is called the planted model and χ is the planted coloring. So

computing the second moment of Ze(Hk(n,m)) reduces to computing the first moment

of Ze(H
χ
k (n,m)).

The normalized Hamming distance between colorings χ, χ′ : [n] → {0, 1} is

dn(χ, χ
′) = n−1#{v ∈ [n] : χ(v) ̸= χ′(v)}.
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Let Zχ(δ) be the number of equitable proper colorings χ′ with dn(χ, χ
′) = δ. Then

Ze(H
χ
k (n,m)) =

∑
δ

Zχ(δ).

In [27], it is shown that E[Zχ(δ)|χ is proper] is equal to exp(nψ(δ)) (up to sub-

exponential factors) where ψ is an explicit function.

Note that ψ(δ) = ψ(1 − δ) (since if χ′ is a proper equitable coloring then so is

1 − χ′ and dn(χ, 1 − χ′) = 1 − dn(χ, χ
′)). A computation shows ψ(1/2) = fk(r).

If r < rsecond then ψ(δ) is uniquely maximized at δ = 1/2. However, if r > rsecond

then the maximum of ψ is attained in the interval δ ∈ [0, 2−k/2]. In fact, ψ(δ) is

negative for δ ∈ [2−k/2, 1/2 − 2−k/2]. So with high probability, there are no proper

equitable colorings χ′ with dn(χ, χ
′) ∈ [2−k/2, 1/2 − 2−k/2]. This motivates defining

the local cluster, denoted C(χ), to be the set of all proper equitable 2-colorings χ′

with dn(χ, χ
′) ≤ 2−k/2.

The papers [28, 29] obtain a stronger lower bound on the lower satisfiability thresh-

old using an argument they call the enhanced second moment method. To explain,

we need some terminology. We say a proper equitable coloring χ is good if the size

of the local cluster |C(χ)| is bounded by E[Ze(Hk(n,m))]. One of the main results of

[28, 29] is that Pr[χ is good|χ is proper] tends to 1 as n → ∞ with m = rn + O(1)

and r < rsecond +
1−log(2)

2
+ ok(1). An application of the Paley-Zygmund inequality to

the number of good colorings yields the improved lower bound

rsecond +
1− log(2)

2
+ ok(1) ≤ r−sat.

The argument showing Pr[χ is good|χ is proper] → 1 is combinatorial. It is shown

that (with high probability) there is a set R ⊂ [n] with cardinality |R| ≈ (1− 2−k)n

which is rigid in the following sense: if χ′ : [n] → {0, 1} is any proper equitable 2-

coloring then either: the restriction of χ′ to R is the same as the restriction of χ to R
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or dn(χ
′, χ) is at least cn/kt for some constants c, t > 0. This rigid set is constructed

explicitly in terms of local combinatorial data of the coloring χ on Hχ
k (n,m).

In summary, these papers study two random models Hk(n,m) and Hχ
k (n,m).

When r = m/n is in the interval (rsecond, rsecond + 1−log(2)
2

), the typical number of

proper colorings of Hk(n,m) grows exponentially in n but is smaller (by an exponen-

tial factor) than the expected number of proper colorings of Hχ
k (n,m). It is these facts

that we will generalize, by replacing Hk(n,m), Hχ(n,m) with random sofic approx-

imations to a group Γ so that the exponential growth rate of the number of proper

colorings roughly corresponds with sofic entropy.

Although the models that we study in this paper are similar to the models in

[27, 28, 29], they are different enough that we develop all results from scratch. More-

over, although the strategies we employ are roughly same, the proof details differ

substantially. The reader need not be familiar with these papers to read this paper.

3.0.2 The action

In the rest of this introduction, we introduce the action Γ↷X in Theorem 1.3.1 and

outline the first steps of its proof. So fix positive integers k, d. Let

Γ = ⟨s1, . . . , sd : sk1 = sk2 = · · · = skd = 1⟩

be the free product of d copies of Z/kZ.

The Cayley hyper-tree of Γ, denoted G = (V,E), has vertex set V = Γ. The

edges are the left-cosets of the generator subgroups. That is, each edge e ∈ E has

the form e = {gsji : 0 ≤ j ≤ k − 1} for some g ∈ Γ and 1 ≤ i ≤ d.

Remark 3.0.1. It can be shown by considering each element of Γ as a reduced word

in the generators s1, ..., sd that G is a hyper-tree in the sense that there exists a unique

“hyper-path” between any two vertices. More precisely, for any v, w ∈ V , there exists
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a unique sequence of edges e1, .., el such that v ∈ e1, w ∈ el, |ei ∩ ei+1| = 1, ei ̸= ej

for any i ̸= j, and v /∈ e2, w /∈ el−1. More intuitively, there are no “hyper-loops” in

G.

The group Γ acts on {0, 1}Γ by (gx)f = xg−1f for g, f ∈ Γ, x ∈ {0, 1}Γ. Let

X ⊂ {0, 1}Γ be the subset of proper 2-colorings. It is a closed Γ-invariant subspace.

Furthermore, Γ↷X is topologically mixing:

Claim 3.0.2. For any nonempty open sets A, B in X, there exists N such that for

any g ∈ Γ with |g| > N , gA ∩ B ̸= ∅. Here |g| denotes the shortest word length of

representations of g by generators s1, ..., sd.

Proof. It suffices to show the claim for A,B being cylinder sets. We make a further

simplification by assuming each A, B is a cylinder set on a union of hyper-edges, and

a yet further simplification that each A, B is a cylinder set on a connected union of

hyper-edges. Informally, by shifting the “coordinates” on which A depends so that

they are far enough separated from the coordinates on which B depends, we can

always fill in the rest of the graph to get a proper coloring.

More precisely, suppose A = {x ∈ X : x ↾ FA = χA}, where FA ⊂ E such that

for any e1, e2 ∈ FA there is a finite sequence of f1, · · · , fℓ ∈ FA such that e1 ∩ f1 ̸= ∅,

fi ∩ fi+1 ̸= ∅, and fℓ ∩ e2 ̸= ∅, FA = ∪e∈FA
e, and χA : FA → {0, 1} and similarly

B = {x ∈ X : x ↾ FB = χB}. χA and χB must be bichromatic on each edge in their

respective domains since A and B are nonempty.

Let N = max{|h| : h ∈ FA} + max{|h| : h ∈ FB} + k. Then it can be shown for

any g with |g| > N , that g−1FA ∩ FB = ∅. It follows from our earlier remark that

there exists a unique hyper-path connecting g−1FA to FB (otherwise there would be

a hyperloop in G). Thus for example one can recursively fill in a coloring on the rest

of Γ by levels of hyperedges - first the hyperedges adjacent to g−1FA and FB, then

the next layer of adjacent hyperedges, and so on. At each step, most hyperedges only
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have one vertex whose color is determined, so it is always possible to color another

vertex of an edge to make it bichromatic. Only along the hyper-path connecting

g−1FA to FB at some step there will be a hyperedge with two vertices whose colors

are already determined, but since k is large there is still another vertex to color to

make the edge bichromatic.

We will show that for certain values of k, d, the action Γ↷X satisfies the conclusion

of Theorem 1.3.1.

3.0.3 Sofic entropy of the shift action on proper colorings

Given a homomorphism σ : Γ → Sym(V ), let Gσ = (V,Eσ) be the hyper-graph with

vertices V and edges equal to the orbits of the generator subgroups. That is, a subset

e ⊂ V is an edge if and only if e = {σ(sji )v}k−1
j=0 for some 1 ≤ i ≤ d and v ∈ V .

Recall that a hyper-graph is k-uniform if every edge has cardinality k. We will say

that a homomorphism σ : Γ → Sym(V ) is uniform if Gσ is k-uniform. Equivalently,

this occurs if for all 1 ≤ i ≤ d, σ(si) decomposes into a disjoint union of k-cycles.

A 2-coloring χ : V → {0, 1} of a hyper-graph G is ϵ-proper if the number of

monochromatic edges is ≤ ϵ|V |. Using the formulation of sofic entropy in [22] (which

was inspired by [30]), we show in §3.1 that if Σ = {σn}n≥1 is a sofic approximation

to Γ by uniform homomorphisms then the Σ-entropy of Γ↷X is:

hΣ(Γ↷X) := inf
ϵ>0

lim sup
i→∞

|Vi|−1 log#{ϵ-proper 2-colorings of Gσi}.

3.0.4 Random hyper-graph models

Definition 3.0.3. Let Homunif(Γ, Sym(n)) denote the set of all uniform homomor-

phisms from Γ to Sym(n). Let Pun be the uniform probability measure on Homunif(Γ, Sym(n))
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and let Eun be its expectation operator. The measure Pun is called the uniform model.

We will always assume n ∈ kZ so that Homunif(Γ, Sym(n)) is non-empty. In §3.2 we

show that {Pun}n≥1 is a random sofic approximation. We will use the uniform model

to obtain the sofic approximation Σ1 which appears in Theorem 1.3.1.

Recall that if V is a finite set, then a 2-coloring χ : V → {0, 1} is equitable if

|χ−1(0)| = |χ−1(1)|. We assume from now on that n is even so that equitable colorings

of [n] exist.

Definition 3.0.4. Fix an equitable coloring χ : [n] → {0, 1}. Let Homχ(Γ, Sym(n))

be the set of all uniform homomorphisms σ : Γ → Sym(n) such that χ is proper as a

coloring on Gσ. Let Pχn be the uniform probability measure on Homχ(Γ, Sym(n)) and

let Eχn be its expectation operator. The measure Pχn is called the planted model and

χ is the planted coloring. When χ is understood, we will write Ppn and Epn instead of

Pχn and Eχn. In §3.2 we show that {Ppn}n≥1 is a random sofic approximation. We will

use the planted model to obtain the sofic approximation Σ2 which appears in Theorem

1.3.1.

Remark 3.0.5. If χ and χ′ are both equitable 2-colorings then there are natural bijec-

tions from Homχ(Γ, Sym(n)) to Homχ′(Γ, Sym(n)) as follows. Given a permutation

π ∈ Sym(n) and σ : Γ → Sym(n), define σπ : Γ → Sym(n) by σπ(g) = πσ(g)π−1.

Because χ and χ′ are equitable, there exists π ∈ Sym(n) such that χ = χ′ ◦ π. The

map σ 7→ σπ defines a bijection from Homχ(Γ, Sym(n)) to Homχ′(Γ, Sym(n)). More-

over π defines an hyper-graph-isomorphism from Gσ to Gσπ . Therefore, any random

variable on Hom(Γ, Sym(n)) that depends only on the hyper-graph Gσ up to hyper-

graph-isomorphism has the same distribution under Pχn as under Pχ′
n . This justifies

calling Pχn the planted model.
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3.0.5 The strategy and a key lemma

The idea behind the proof of Theorem 1.3.1 is to show that for some choices of (k, d),

the uniform model admits an exponential number of proper 2-colorings, but it has

exponentially fewer proper 2-colorings than the expected number of proper colorings

of the planted model (with probability that decays at most sub-exponentially in n).

To make this strategy more precise, we introduce the following notation. Let

Z(ϵ;σ) denote the number of ϵ-proper 2-colorings of Gσ. A coloring is σ-proper if it

is (0, σ)-proper. Let Z(σ) = Z(0;σ) be the number of σ-proper 2-colorings.

In §3.2, the proof of Theorem 1.3.1 is reduced to the Key Lemma:

Lemma 3.0.6 (Key Lemma). Let f(d, k) := log(2)+ d
k
log(1−21−k). Also let r = d/k.

Then

f(d, k) = lim
n→∞

n−1 logEun[Z(σ)] = inf
ϵ>0

lim sup
n→∞

n−1 logEun[Z(ϵ;σ)]. (3.1)

Moreover, for any

0 < η0 < η1 < (1− log 2)/2

there exists k0 (depending on η0, η1) such that for all k ≥ k0 if

r = d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η ∈ [η0, η1] then

f(d, k) < lim inf
n→∞

n−1 logEpn[Z(σ)]. (3.2)

Also,

0 = inf
ϵ>0

lim inf
n→∞

n−1 log
(
Pun
(∣∣n−1 logZ(σ)− f(d, k)

∣∣ < ϵ
))
. (3.3)
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In all cases above, the limits are over n ∈ 2Z ∩ kZ.

Equations (3.1) and (3.2) are proven in §3.3 and §3.4 using first and second moment

arguments respectively. This part of the paper is similar to the arguments used in

[27].

Given σ : Γ → Sym(n) and χ : [n] → {0, 1}, let Cσ(χ) be the set of all proper

equitable colorings χ′ : [n] → {0, 1} with dn(χ, χ
′) ≤ 2−k/2. In section §3.4.2, second

moment arguments are used to reduce equation (3.3) to the following:

Proposition 3.4.11. Let 0 < η0 < (1 − log 2)/2. Then for all sufficiently large k

(depending on η0), if

r := d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η with η0 ≤ η < (1− log 2)/2 then with high probability in the planted model,

|Cσ(χ)| ≤ Eun(Ze). In symbols,

lim
n→∞

Pχn
(
|Cσ(χ)| ≤ Eun(Ze)

)
= 1.

In §3.5, Proposition 3.4.11 is reduced as follows. First, certain subsets of vertices

are defined through local combinatorial constraints. There are two main lemmas

concerning these subsets; one of which bounds their density and the other proves

they are ‘rigid’. Proposition 3.4.11 is proven in §3.5 assuming these lemmas.

The density lemma is proven in §3.6 using a natural Markov model on the space

of proper colorings that is the local-on-average limit of the planted model. Rigidity

is proven in §3.7 using an expansivity argument similar to the way random regular

graphs are proven to be good expanders. This completes the last step of the proof of

Theorem 1.3.1.
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3.1 Topological sofic entropy

This section defines topological sofic entropy for subshifts using the formulation from

[30]. The main result is:

Lemma 3.1.1. For any sofic approximation Σ = {σn} with σn ∈ Homunif(Γ, Sym(n)),

hΣ(Γ↷X) = inf
ϵ>0

lim sup
n→∞

n−1 logZ(ϵ;σn).

Let Γ denote a countable group, A a finite set (called the alphabet). Let T =

(T g)g∈Γ be the shift action on AΓ defined by T gx(f) = x(g−1f) for x ∈ AΓ. Let

X ⊂ AΓ be a closed Γ-invariant subspace. We denote the restriction of the action to

X by Γ↷X. Also let Σ = {σi : Γ → Sym(Vi)}i∈N be a sofic approximation to Γ.

Given σ : Γ → Sym(V ), v ∈ V and x : V → A the pullback name of x at v is

defined by

Πσ
v (x) ∈ AΓ, Πσ

v (x)(g) = xσ(g−1)v ∀g ∈ Γ.

For the sake of building some intuition, note that when σ is a homomorphism, the

map v 7→ Πσ
v (x) is Γ-equivariant (in the sense that Πσ

σ(g)v(x) = gΠσ
v (x)). In particular

Πσ
v (x) ∈ AΓ is periodic. In general, we think of Πσ

v (x) as an approximate periodic

point.

Given an open set O ⊂ AΓ containing X and an ϵ > 0, a map x : V → A is called

an (O, ϵ, σ)-microstate if

#{v ∈ V : Πσ
v (x) ∈ O} ≥ (1− ϵ)|V |.

Let Ω(O, ϵ, σ) ⊂ AV denote the set of all (O, ϵ, σ)-microstates. Finally, the Σ-

entropy of the action is defined by

hΣ(Γ↷X) := inf
O

inf
ϵ>0

lim sup
i→∞

|Vi|−1 log#Ω(O, ϵ, σi)
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where the infimum is over all open neighborhoods of X in AΓ. This number depends

on the action Γ↷X only up to topological conjugacy. It is an exercise in [22] to show

that this definition agrees with the definition in [31]. We include a proof in Appendix

A for completeness.

Proof of Lemma 3.1.1. Let ϵ > 0 be given. Let S(ϵ;σn) ⊂ 2Vn be the set of (ϵ, σn)-

proper 2-colorings. Let O0 ⊂ 2Γ be the set of all 2-colorings χ : Γ → {0, 1} such that

for each generator hyper-edge e ⊂ Γ, χ(e) = {0, 1}. A generator hyper-edge is a

subgroup of the form {sji : 0 ≤ j < k} for some i. Note O0 is an open superset of X.

We claim that Ω(O0, kϵ/d, σn) ⊂ S(ϵ;σn). To see this, let χ ∈ Ω(O0, kϵ/d, σn).

Then Πσn
v (χ) ∈ O0 if and only if all hyper-edges of Gσ containing v are bi-chromatic

(with respect to χ). So if Πσn
v /∈ O0, then v is contained in up to d monochromatic

hyperedges. On the other hand, each monochromatic hyperedge contains exactly k

vertices whose pullback name is not in O0. It follows that χ ∈ S(ϵ;σn). This implies

hΣ(Γ↷X) ≤ infϵ>0 lim supn→∞ n−1 logZ(ϵ;σn).

Given a finite subset F of hyper-edges of the Cayley hyper-tree, let OF be the set

of all χ ∈ 2Γ with the property that χ(e) = {0, 1} for all e ∈ F . If O′ is any open

neighborhood of X in 2Γ then O′ contains OF for some F . To see this, suppose that

there exist elements χF ∈ OF \O′ for every finite F . Let χ be a cluster point of {χF}

as F increases to the set E of all hyper-edges. Then χ ∈ X \ O′, a contradiction. It

follows that

hΣ(Γ↷X) = inf
F

inf
ϵ>0

lim sup
i→∞

|Vi|−1 log#Ω(OF , ϵ, σi).

Next, fix a finite subset F of hyper-edges of the Cayley hyper-tree. We claim that

S
(

ϵ
k|F| ;σn

)
⊂ Ω(OF , ϵ, σn). To see this, let χ ∈ S

(
ϵ

k|F| ;σn

)
andB(χ, σn) ⊂ Vn be the

set of vertices contained in a monochromatic edge of χ. Now for v ∈ Vn, Π
σn
v (χ) /∈ OF

if and only if Πσn
v (χ) is monochromatic on some edge in F . This occurs if and only if

there is an element f ∈ Γ in the union of F such that σn(f
−1)v ∈ B(χ, σn). There are
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at most k|F||B(χ, σn)| such vertices. But |B(χ, σn)| ≤ ( ϵ
|F|)n, so there are at most

kϵn such vertices. It follows that χ ∈ Ω(OF , ϵ, σn). Therefore,

inf
ϵ>0

lim sup
n→∞

n−1 logZ(ϵ;σn) ≤ inf
F

inf
ϵ>0

lim sup
i→∞

|Vi|−1 log#Ω(OF , ϵ, σi) = hΣ(Γ↷X).

3.2 Reduction to the key lemma

The purpose of this section is to show how Lemma 3.0.6 implies Theorem 1.3.1. This

requires replacing the (random) uniform and planted models with (deterministic) sofic

approximations. The next lemma facilitates this replacement.

Lemma 3.2.1. Let D ⊂ Γ be finite and δ > 0. Then there are constants ϵ,N0 > 0

such that for all n > N0 with n ∈ 2Z ∩ kZ,

Pun{σ : σ is not (D, δ)−sofic} ≤ n−ϵn,

Ppn{σ : σ is not (D, δ)−sofic} ≤ n−ϵn.

Proof. The proof given here is for the uniform model. The planted model is similar.

The proof begins with a series of four reductions. By taking a union bound, it

suffices to prove the special case in which D = {w} for w ∈ Γ nontrivial. (This is the

first reduction).

Let w = srlil · · · s
r1
i1

be the reduced form of w. This means that ij ∈ {1, . . . , d},

ij ̸= ij+1 for all j with indices mod l and 1 ≤ rj < k for all j. Let |w| = r1 + · · ·+ rl

be the length of w.

For any g ∈ Γ, the fixed point sets of σ(gwg−1) and σ(w) have the same size. So

after conjugating if necessary, we may assume that either l = 1 or i1 ̸= il.
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For 1 ≤ j ≤ l, the j-th beginning subword of w is the element wj = s
rj
ij
· · · sr1i1 .

Given a vertex v ∈ Vn and σ ∈ Homunif(Γ, Sym(n)), let p(v, σ) = (e1, . . . , el) be the

path defined by: for each j, ej is the unique hyper-edge of Gσ labeled ij containing

σ(wj)v. A vertex v ∈ Vn represents a (σ,w)-simple cycle if σ(w)v = v and for

every 1 ≤ a < b ≤ l, either

� ea ∩ eb = ∅,

� b = a+ 1 and |ea ∩ eb| = 1,

� or (a, b) = (1, l) and |ea ∩ eb| = 1.

We say that v represents a (σ,w)-simple degenerate cycle if σ(w)v = v and

l = 2 and |e1 ∩ e2| ≥ 2.

If σ(w)v = v then either

� v represents a (σ,w)-simple cycle,

� there exists nontrivial w′ ∈ Γ with |w′| ≤ |w|+k such that some vertex v0 ∈ ∪jej

represents a (σ,w′)-simple cycle,

� or there exists nontrivial w′ ∈ Γ with |w′| ≤ |w| + k such that some vertex

v0 ∈ ∪jej represents a (σ,w′)-simple degenerate cycle.

So it suffices to prove there are constants ϵ,N0 > 0 such that for all n > N0,

Pun
{
σ : #{v ∈ [n] : v represents a (σ,w)-simple cycle} ≥ δn

}
≤ n−ϵn.

and

Pun
{
σ : #{v ∈ [n] : v represents a (σ,w)-simple degenerate cycle} ≥ δn

}
≤ n−ϵn.

(This is the second reduction).
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Two vertices v, v′ ∈ Vn represent vertex-disjoint (σ,w)-cycles if p(v, σ) =

(e1, . . . , el), p(v
′, σ) = (e′1, . . . , e

′
l) and ei ∩ e′j = ∅ for all i, j.

Let Gn(δ, w) be the set of all σ ∈ Homunif(Γ, Sym(n)) such that there exists a

subset S ⊂ [n] satisfying

1. |S| ≥ δn,

2. every v ∈ S represents a (σ,w)-simple cycle,

3. the cycles p(v, σ) for v ∈ S are pairwise vertex-disjoint.

If v represents a simple (σ,w)-cycle then there are at most (kl)2 vertices v′ such

that v′ also represents a simple (σ,w)-cycle but the two cycles are not vertex-disjoint.

Since this bound does not depend on n, it suffices to prove there exist ϵ > 0 and N0

such that

Pun(Gn(δ, w)) ≤ n−ϵn

for all n ≥ N0. (This is the third reduction. The argument is similar for simple

degenerate cycles).

Let m = ⌈δn⌉ and v1, . . . , vm be distinct vertices in [n] = Vn. For 1 ≤ i ≤ m, let

Fi be the set of all σ ∈ Homunif(Γ, Sym(n)) such that for all 1 ≤ j ≤ i

1. vj represents a (σ,w)-simple cycle,

2. the cycles p(v1, σ), . . . , p(vi, σ) are pairwise vertex-disjoint.

By summing over all subsets of size m, we obtain

Pun(Gn(δ, w)) ≤
(
n

m

)
Pun(Fm).

Since
(
n
m

)
≈ eH(δ,1−δ)n grows at most exponentially, it suffices to show there exist

ϵ > 0 and N0 such that Pun(Fm) ≤ n−ϵn for all n ≥ N0. (This is the fourth reduction.

The argument is similar for simple degenerate cycles).
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Set F0 = Homunif(Γ, Sym(n)). By the chain rule

Pun(Fm) =
m−1∏
i=0

Pun(Fi+1|Fi).

In order to estimate Pun(Fi+1|Fi), Fi can be expressed a disjoint union over the

cycles involved in its definition. To be precise, define an equivalence relation Ri on

Fi by: σ, σ
′ are Ri-equivalent if for every 1 ≤ j ≤ i, 1 ≤ q ≤ l and r > 0

σ(sriqwq)vj = σ′(sriqwq)vj.

In other words, σ, σ′ are Ri-equivalent if they define the same paths according to all

vertices up to vi (so p(vj, σ) = p(vj, σ
′)) and their restrictions to every edge in these

paths agree. Of course, Fi is the disjoint union of the Ri-classes. Note that R0 is

trivial (everything is equivalent).

In general, if A,B1, . . . , Bm are measurable sets and the Bi’s are pairwise disjoint

then P(A| ∪iBi) is a convex combination of P(A|Bi) (for any probability measure P).

Therefore, Pun(Fi+1|Fi) is a convex combination of probabilities of the form Pun(Fi+1|Bi)

where Bi is an Ri-class.

Now fix a Ri-class Bi (for some i with 0 ≤ i < m). Let K be the set of all

vertices covered by the cycles defining Bi. To be precise, this means K is the set of

all u ∈ [n] = Vn such that there exists an edge e with u ∈ e such that e is contained

in a path p(vj, σ) with 1 ≤ j ≤ i and σ ∈ Bi. Since each path covers at most kl

vertices, |K| ≤ ikl.

If l > 1 (the case l = 1 is similar), fix subsets e1, . . . , el−1 ⊂ [n] of size k. Condi-

tioned on Bi and the event that the first (l − 1) edges of p(vi+1, σ) are e1, . . . , el−1,

the Pun-probability that vi+1 represents a simple (σ,w)-cycle vertex-disjoint from K is
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bounded by the probability that a uniformly random k − 1-element subset of

[n] \

( ⋃
2≤j≤l−1

ej ∪K

)

contains vi+1. Since ∣∣∣∣∣ ⋃
2≤j≤l−1

ej ∪K

∣∣∣∣∣ ≤ (i+ 1)kl ≤ mkl = kl⌈δn⌉,

this probability is bounded by C/n where C = C(w, d, k, δ) is a constant not depend-

ing on n or the choice of Bi. It follows that Pun(Fi+1|Fi) ≤ C/n for all 0 ≤ i ≤ m− 1

and therefore

Pun(Fm) ≤ (C/n)m ≤ (C/n)δn.

This implies the lemma (the argument is similar for simple degenerate cycles).

Proof of Theorem 1.3.1 from Lemma 3.0.6. Choose d, k, η0, η1, η according to the hy-

potheses of Lemma 3.0.6 so that η ∈ [η0, η1], k ≥ k0 and all of the conclusions to

Lemma 3.0.6 hold. Construct Γ↷X according to Section 1.3. We will always take

n ∈ 2Z ∩ kZ. We will first show the existence of a sofic approximation Σ1 = {σn} to

Γ such that

inf
ϵ>0

lim sup
n→∞

n−1 logZ(ϵ;σn) = f(d, k).

Then by Lemma 3.1.1, we will have hΣ1(Γ↷X) = f(d, k) > 0.

Observe that Lemma 3.0.6(1) implies the following: for every β > 0 there ex-

ists ϵ(β) > 0 (with ϵ decreasing as β decreases), N , and ξ(β, ϵ,N) > 0 such that

for n > N , Pun(n−1 log(Z(ϵ;σn)) − f(d, k) ≥ β) < e−ξn. In other words, the num-

ber of ϵ-proper colorings can only exponentially exceed f(d, k) with exponentially

small probability. This is because the negation of the above would imply that
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infϵ>0 lim supn→∞ n−1 logEun[Z(ϵ;σ)] > f(d, k), contradicting (1). Let Fn,β,ϵ be the

event that n−1 log[Z(ϵ;σn)]− f(d, k) ≥ β.

Let Hn,β be the event that |n−1 logZ(σn)− f(d, k)| < β. Lemma 3.0.6(3) implies

Pun(Hn,β) decays at most subexponentially in n. Precisely, for any c > 0 there exists

N = N(c, β) such that n > N implies Pun(Hn,β) > e−cn.

Let In,β,ϵ be the event that |n−1 logZ(ϵ;σn) − f(d, k)| < β. Notice that since

Z(ϵ;σn) ≥ Z(σn) for any ϵ, F
c
n,β,ϵ ∩Hn,β ⊂ In,β,ϵ.

Consider a decreasing sequence βm → 0, and ϵm and ξm depending on βm as dis-

cussed above. Since Pun(Hn,β) is decaying only subexponentially, we can choose an

increasing sequence Km satisfying Km ≥ max1≤j≤mNj, and for each m, Pun(Hn,βm) >

2
∑m

i=1 e
−ξin for all n > Km. Now it follows that n > Km implies Pun(∩mj=1F

c
n,βj ,ϵj

∩

Hn,βj) ≥ Pun(Hn,βm)−
∑m

i=1 e
−ξin ≥ e−ξ1n. By the observation in the preceding para-

graph, Pun(∩mj=1In,βj ,ϵj) ≥ e−ξ1n.

Given δ > 0 and D ⊂ Γ finite, let JD,δ,n be the event that σn is (D, δ)-sofic. Let

δm → 0 be a decreasing sequence and Dm ⊂ Γ be an increasing sequence of finite

subsets of Γ.

Lemma 3.2.1 implies that Pun(J cD,δ,n) decays super-exponentially in n for anyD and

δ, so there exists an increasing sequence Nm such that for n > Nm, Pun(∩mj=1In,βj ,ϵj ∩

JDm,δm,n) ≥ 0.5e−ξ1n. It follows that we can choose a deterministic sofic approximation

sequence Σ1 = {σn} such that

inf
ϵ>0

lim sup
n→∞

n−1 logZ(ϵ;σn) = f(d, k).

We next show the existence of Σ2. Equation (2) of Lemma 3.0.6 implies the

existence of a number fp with

f(d, k) < fp < lim inf
n→∞

n−1 logEpn[Z(σ)].
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Since Z(σ) ≤ 2n for every σ, there exist constants c,N0 > 0 such that

Ppn{σ : Z(σ) ≥ exp(nfp)} ≥ exp(−cn) (3.4)

for all n ≥ N0.

Now let δ > 0 and D ⊂ Γ be finite. Then there exists N2 such that if n > N2 and

σn is chosen at random with law Ppn, then with positive probability,

1. σn is (D, δ)-sofic,

2. n−1 logZ(σn) ≥ fp.

This is implied by Lemma 3.2.1 and equation (3.4). So there exists a sofic approxi-

mation Σ2 = {σ′
n} to Γ such that

lim sup
n→∞

n−1 logZ(σ′
n) ≥ fp.

Since Z(σ′
n) ≤ Z(β;σ′

n), Lemma 3.1.1 implies hΣ2(Γ↷X) ≥ fp > f(d, k) = hΣ1(Γ↷X).

3.3 The first moment

To simplify notation, we assume throughout the paper that n ∈ 2Z ∩ kZ without

further mention. This section proves (3.1) of Lemma 3.0.6. The proof is in two parts.

Part 1, in §3.3.1, establishes:

Theorem 3.3.1.

lim
ϵ↘0

lim sup
n→∞

(1/n) logEun[Z(ϵ;σ)] = lim sup
n→∞

(1/n) logEun[Z(σ)].

Part 2 has to do with equitable colorings, where a 2-coloring χ : [n] → {0, 1} is
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equitable if

|χ−1(0)| = |χ−1(1)| = n/2.

Let Ze(σ) be the number of proper equitable colorings of Gσ. §3.3.2 establishes

Theorem 3.3.2.

lim
n→∞

1

n
logEun[Z(σ)] = lim

n→∞

1

n
logEun[Ze(σ)].

Moreover,

1

n
logEun[Ze(σ)] = f(d, k) +O(n−1 log(n))

where f(d, k) = log(2) + d
k
log(1− 21−k).

Combined, Theorems 3.3.1 and 3.3.2 imply (3.1) of Lemma 3.0.6.

Remark 3.3.3. If r := (d/k) then the formula for limn→∞
1
n
logEun[Z(σ)] above is

the same as the formula found in [27, 28, 29] for the exponential growth rate of the

number of proper 2-colorings of Hk(n,m).

Remark 3.3.4. When we write an error term, such as O(n−1 log(n)), we always

assume that n ≥ 2 and the implicit constant is allowed to depend on k or d.

3.3.1 Almost proper 2-colorings

For 0 < x ≤ 1, let η(x) = −x log(x). Also let η(0) = 0. If T⃗ = (Ti)i∈I is a collection

of numbers with 0 ≤ Ti ≤ 1, then let

H(T⃗ ) :=
∑
i∈I

η(Ti)

be the Shannon entropy of T⃗ .
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Definition 3.3.5. A k-partition of [n] is an unordered partition of [n] into sets of

size k. Of course, such a partition exists if and only if n/k ∈ N in which case there

are

n!

k!n/k(n/k)!
(3.5)

such partitions. By Stirling’s formula,

1

n
log(#{k-partitions}) = (1− 1/k)(log(n)− 1)− (1/k) log(k − 1)! +O(n−1 log(n)).(3.6)

Definition 3.3.6. The orbit-partition of a permutation ρ ∈ Sym(n) is the partition

of [n] into orbits of ρ. Fix a k-partition π. Then the number of permutations ρ whose

orbit partition is π equals (k − 1)!n/k.

Given σ ∈ Homunif(Γ, Sym(n)), define the d-tuple (πσ1 , . . . , π
σ
d ) of k-partitions by:

πσi is the orbit-partition of σ(si). Fix a d-tuple of k-partitions (π1, . . . , πd). Then the

number of uniform homomorphisms σ such that πσi = πi for all i is [(k − 1)!n/k]d.

Combined with (3.5), this shows the number of uniform homomorphisms into Sym(n)

is [
n!(k − 1)!n/k

k!n/k(n/k)!

]d
.

By Stirling’s formula,

1

n
log#Homunif(Γ, Sym(n)) = d(1− 1/k)(log n− 1) +O(n−1 log(n)). (3.7)

Definition 3.3.7. Let π be a k-partition, χ : [n] → {0, 1} a 2-coloring and t⃗ =

(tj)
k
j=0 ∈ [0, 1]k+1 a vector with

∑
j tj = 1/k. The pair (π, χ) has type t⃗ if for all j,

#
{
e ∈ π : |e ∩ χ−1(1)| = j

}
= ntj.
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Lemma 3.3.8. Let t⃗ = (t0, t1, . . . , tk) ∈ [0, 1]k+1 be such that
∑

j tj = 1/k and

ntj ∈ Z. Let p =
∑

j jtj. Let χ : [n] → {0, 1} be a map such that |χ−1(1)| = pn. Let

f (⃗t) be the number of k-partitions π of [n] such that (π, χ) has type t⃗. Then

(1/n) log f (⃗t) = (1−1/k)(log(n)−1)−H(p, 1−p)+H (⃗t)−
k∑
j=0

tj log(j!(k−j)!)+O(n−1 log(n)).

Proof. The following algorithm constructs all such partitions with no duplications:

Step 1. Choose an unordered partition of the set χ−1(1) into tjn sets of size j (j =

0, . . . , k).

Step 2. Choose an unordered partition of the set χ−1(0) into tjn sets of size k − j

(j = 0, . . . , k).

Step 3. Choose a bijection between the collection of subsets of size j constructed in part

1 with the collection of subsets of size k − j constructed in part 2.

Step 4. The partition consists of all sets of the form α ∪ β where α ⊂ χ−1(1) is a set of

size j constructed in Step 1 and β ⊂ χ−1(0) is a set of size (k − j) constructed

in Step 2 that it is paired with under Step 3.

The number of choices in Step 1 is (pn)!∏k
j=1(j)!

tjn(tjn)!
. The number of choices in Step 2 is

((1−p)n)!∏k−1
j=0 (k−j)!

tjn(tjn)!
. The number of choices in Step 3 is

∏k−1
j=1(tjn)!. So

f (⃗t) =
(pn)!((1− p)n)!∏k

j=0 j!
tjn(k − j)!tjn(tjn)!

. (3.8)

The lemma follows from this and Stirling’s formula.

Let M be the set of all matrices T⃗ = (Tij)1≤i≤d,0≤j≤k such that

1. Tij ≥ 0 for all i, j,

2.
∑k

j=0 Tij = 1/k for all i,
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3. there exists a number, denoted p(T⃗ ), such that p(T⃗ ) =
∑k

j=0 jTij for all i.

Let Mn be the set of all T⃗ ∈ M such that nT⃗ is integer-valued.

Lemma 3.3.9. Let A be an integer-valued q × p matrix (for some p, q ∈ N), b ∈ Rq

and K ⊂ Rp the set of all x ∈ Rp such that Ax = b and xi ≥ 0 for all i. For n ∈ N,

let Kn be the set of all x ∈ K such that nx is integer-valued.

Assume K is compact and there exists x ∈ K with xi > 0 for all i. Then there

is a constant C > 0 such that if Kn is non-empty then it is C/n-dense in K in the

following sense. For any x ∈ K there exists x′ ∈ Kn such that ∥x − x′∥∞ < C/n.

Moreover, the constant C can be chosen to depend continuously on the vector b ∈ Rq.

Proof. To begin, we will define several constants which will enable us to choose C > 0.

Because A is integer-valued, its kernel, denoted ker(A) ⊂ Rp, is such that ker(A)∩Zp

has rank equal to the dimension of ker(A). Therefore, ker(A) ∩ Zp is cocompact in

ker(A). So there is a constant C1 > 0 such that for any z ∈ ker(A) there is an element

z′ ∈ ker(A) ∩ Zp with ∥z − z′∥∞ < C1.

By hypothesis, there is a constant C2 > 0 and an element y ∈ K such that

yi > C2 for all i. Because K is compact there is another constant C3 > 0 such

that ∥x − y∥∞ < C3 for all x ∈ K. Let C = C1C3

C2
+ C1. Now let x ∈ K be

arbitrary and suppose Kn is non-empty. We will show there exists x′′ ∈ Kn such that

∥x− x′′∥∞ ≤ C/n.

Let

x′ =

(
1− C1

C2n

)
x+

C1

C2n
y.

Then x′i ≥ (C1/C2n)yi > C1/n for all i. Also ∥x−x′∥∞ = (C1/C2n)∥x− y∥∞ < C1C3

C2n
.

Because Kn is non-empty, there exists xn ∈ Kn. By linearity, K is the intersection

of the hyperplane xn + ker(A) with the positive orthant. Thus we can write x′ =

xn+(1/n)z′+z′′ where z′ ∈ ker(A)∩Zp and z′′ ∈ ker(A) satisfies ∥z′′∥∞ < C1/n. Let

x′′ = xn + (1/n)z′. Note ∥x′′ − x′∥∞ = ∥z′′∥∞ < C1/n. Since x′i > C1/n this implies
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x′′i > 0 for all i. It is now straightforward to check that x′′ ∈ Kn. By the triangle

inequality

∥x− x′′∥∞ ≤ ∥x− x′∥∞ + ∥x′ − x′′∥∞ <
C1C3

C2n
+ C1/n = C/n.

Because x and n are arbitrary, this implies the Lemma with C = C1C3

C2
+C1. Moreover

C1 does not depend on the vector b; while C2, C3 can be chosen to depend continuously

on b.

Lemma 3.3.10. Given a matrix T⃗ ∈ M define

F (T⃗ ) := H(T⃗ ) + (1− d)H(p, 1− p)− (d/k) log k +
d∑
i=1

k∑
j=0

Tij log

(
k

j

)

where p = p(T⃗ ). Then for any ϵ ≥ 0,

(1/n) logEun[Z(ϵ;σ)] = sup

{
F (T⃗ ) : T⃗ ∈ Mn and

d∑
i=1

∑
j=0,k

Tij ≤ ϵ

}
+O(n−1 log(n))

where the constant implicit in the error term does not depend on ϵ.

Proof. Given σ ∈ Homunif(Γ, Sym(n)) and 1 ≤ i ≤ d, let πσi be the orbit-partition of

σ(si). For T⃗ as above, let Zσ(T⃗ ) be the number of ϵ-proper colorings χ : [n] → {0, 1}

such that (πσi , χ) has type T⃗i = (Ti,0, . . . , Ti,k). It suffices to show that

(1/n) logEun[Zσ(T⃗ )] = F (T⃗ ) +O(n−1 log(n))

for all n ≥ 2 such that T⃗ ∈ Mn. This is because the size of Mn is a polynomial

(depending on k, d) in n so the supremum above determines the exponential growth

rate of Eun[Z(ϵ;σ)].

To prove this, fix a T⃗ as above and let n be such that nT⃗ is integer-valued. Fix a
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coloring χ : [n] → {0, 1} such that |χ−1(1)| = pn. By symmetry,

Eun[Zσ(T⃗ )] =
(
n

pn

)
Pun[(πσi , χ) has type T⃗i ∀i].

The events {(πσi , χ) has type T⃗i}di=1 are jointly independent. So

Eun[Zσ(T⃗ )] =
(
n

pn

) d∏
i=1

Pun[(πσi , χ) has type T⃗i]. (3.9)

By symmetry, Pun[(πσi , χ) has type T⃗i] is the number of k-partitions π such that (π, χ)

has type T⃗i divided by the number of k-partitions. By Lemma 3.3.8 and (3.6),

1

n
logPun[(πσi , χ) has type T⃗i]

= −H(p, 1− p) +H(T⃗i)−
k∑
j=0

Tij log(j!(k − j)!) + (1/k) log(k − 1)! +O(n−1 log(n)).

Combine this with (3.9) to obtain

(1/n) logEun[Zσ(T⃗ )]

= (1− d)H(p, 1− p) +H(T⃗ )−
d∑
i=1

k∑
j=0

Tij log(j!(k − j)!) + (d/k) log(k − 1)! +O(n−1 log(n)).

This simplifies to the formula for F (T⃗ ) using the assumption that
∑k

j=0 Tij = 1/k for

all i.

Proof of Theorem 3.3.1. By Lemma 3.3.9 applied to M, continuity of F and com-
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pactness of M,

lim
n→∞

sup

{
F (T⃗ ) : T⃗ ∈ Mn and

d∑
i=1

∑
j=0,k

Tij ≤ ϵ

}

= sup

{
F (T⃗ ) : T⃗ ∈ M and

d∑
i=1

∑
j=0,k

Tij ≤ ϵ

}
.

Theorem 3.3.1 now follows from Lemma 3.3.10 by continuity of F and compactness

of M.

3.3.2 Equitable colorings

Proof of Theorem 3.3.2. Let M0 be the set of all T⃗ ∈ M such that Tij = 0 whenever

j ∈ {0, k}. By Lemma 3.3.10, it suffices to show that F admits a unique global

maximum on M0 and moreover if T⃗ ∈ M0 is the global maximum then p(T⃗ ) = 1/2

and F (T⃗ ) = f(d, k).

The function F is symmetric in the index i. To exploit this, let M′ be the set of

all vectors t⃗ = (tj)
k−1
j=1 such that tj ≥ 0 for all j and

∑k−1
j=1 tj = 1/k. Let

p(⃗t) =
k−1∑
j=1

jtj

F (⃗t) = dH (⃗t) + (1− d)H(p, 1− p)− (d/k) log k + d
k−1∑
j=1

tj log

(
k

j

)
.

Note that F (⃗t) = F (T⃗ ) if T⃗ is defined by T⃗ij = t⃗j for all i, j. Moreover, since

Shannon entropy is strictly concave, for any T⃗ ∈ M0, if t⃗ is defined to be the average:

t⃗j = d−1
∑d

i=1 T⃗ij then F (⃗t) ≥ F (T⃗ ) with equality if and only if t⃗j = T⃗ij for all i, j.

So it suffices to show that F admits a unique global maximum on M′ and moreover

if t⃗ ∈ M′ is the global maximum then p(⃗t) = 1/2 and F (⃗t) = f(d, k).
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Because ∂H (⃗t)
∂tj

= −[log(tj) + 1], ∂p
∂tj

= j, and ∂H(p,1−p)
∂tj

= j log
(

1−p
p

)
,

∂F

∂tj
= −d[log(tj) + 1] + (1− d)j log

(
1− p

p

)
+ d log

(
k

j

)
.

Since this is positive infinity whenever tj = 0, it follows that every maximum of F

occurs in the interior of M′. The method of Lagrange multipliers implies that, at a

critical point, there exists λ ∈ R such that

∇F = λ∇

(
t⃗ 7→

∑
j

tj

)
= (λ, λ, . . . , λ).

So at a critical point,

∂F

∂tj
= −d[log(tj) + 1] + (1− d)j log

(
1− p

p

)
+ d log

(
k

j

)
= λ.

Solve for tj to obtain

tj = exp(−λ/d− 1)

(
k

j

)(
1− p

p

)j(1−d)/d
.

Note

1 = k
k−1∑
j=1

tj

1 = 1/p
k−1∑
j=1

jtj

implies

0 =
k−1∑
j=1

(k − j/p)tj =
k−1∑
j=1

(pk − j)

(
k

j

)(
1− p

p

)j(1−d)/d
.

So define

g(x) :=
k−1∑
j=1

(kx− j)

(
k

j

)(
1− x

x

)j(1−d)/d
.
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It follows from the above that g(p(⃗t)) = 0 whenever t⃗ is a critical point.

We claim that g(x) = 0 if and only if x = 1/2 (for x ∈ (0, 1)). The change of

variables j 7→ k − j in the formula for g shows that g(1 − x) = −
(

x
1−x

)k(1−d)/d
g(x).

So it is enough to prove that g(x) < 0 for x ∈ (0, 1/2).

To obtain a simpler formula for g, set y(x) =
(
1−x
x

)(1−d)/d
. The binomial formula

implies

g(x) =
k−1∑
j=1

(kx− j)

(
k

j

)
yj

= kx[(1 + y)k − 1− yk]− ky[(1 + y)k−1 − yk−1]

= k[(x(1 + y)− y)(1 + y)k−1 − x+ (−x+ 1)yk].

Because 0 < x < 1/2, y >
(

x
1−x

)
which implies that the middle coefficient (x(1+ y)−

y) = x− y(1− x) < 0. So

g(x)/k < (1− x)yk − x < 0

where the last inequality holds because

yk =

(
x

1− x

)k(d−1)/d

<
x

1− x

assuming k(d− 1)/d > 1. This proves the claim.

So if t⃗ is a critical point then p(⃗t) = 1/2. Put this into the equation above for tj

to obtain

tj = C

(
k

j

)
where C = exp(−λ/d− 1). Because

1/k =
k−1∑
j=1

tj = C

k−1∑
j=1

(
k

j

)
= C(2k − 2)
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it must be that

tj =
1

k(2k − 2)

(
k

j

)
. (3.10)

The formula F (⃗t) = f(d, k) now follows from a straightforward computation.

3.4 The second moment

This section gives an estimate on the expected number of proper colorings at a given

Hamming distance from the planted coloring. This computation yields (3.2) of Lemma

3.0.6 as a corollary. It also reduces the proof of (3.3) to obtaining an estimate on the

typical number of proper colorings near the planted coloring.

Before stating the main result, it seems worthwhile to review notation. Fix n > 0

with n ∈ 2Z ∩ kZ. Fix an equitable 2-coloring χ : [n] → {0, 1}. This is the planted

coloring. The planted model Ppn is the uniform probability measure on the set

Homχ(Γ, Sym(n)) of all uniform homomorphisms σ such that χ is σ-proper. Also

let Ze : Homχ(Γ, Sym(n)) → N be the number of equitable proper 2-colorings. For

δ ∈ [0, 1], let Zχ(δ; ·) : Homχ(Γ, Sym(n)) → N be the number of equitable proper

2-colorings χ̃ such that |dn(χ, χ̃) − δ| < 1/2n where dn is the normalized Hamming

distance defined by

dn(χ, χ̃) = n−1#{v ∈ [n] : χ(v) ̸= χ̃(v)}.

We will also write Zχ(δ;σ) = Zχ(δ) = Z(δ) when χ and/or σ are understood.

The main result of this section is:

Theorem 3.4.1. With notation as above, for any 0 ≤ δ ≤ 1 such that δn/2 is an

integer,

1

n
logEpn[Z(δ)] = ψ0(δ) +Oδ(n

−1) +O(n−1 log(n))
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(for n ≥ 2) where

ψ0(δ) = (1− d)H(δ, 1− δ) + dH0(δ, 1− δ) +
d

k
log

(
1− 1− δk0 − (1− δ0)

k

2k−1 − 1

)
,

δ0 is defined to be the unique solution to

δ0
1− 22−k + (δ0/2)

k−1

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k
= δ

and

H(δ, 1− δ) := −δ log δ − (1− δ) log(1− δ),

H0(δ, 1− δ) := −δ log δ0 − (1− δ) log(1− δ0).

Moreover, the constant implicit in the error term O(n−1 log(n)) may depend on k but

not on δ. The constant implicit in the Oδ(n
−1) term depends continuously on δ for

δ ∈ (0, 1/2].

Remark 3.4.2. If δ0 = δ then δ = 1/2. In the general case, δ0 = δ+O(2−k). Theorem

3.4.1 parallels similar results in [27, 28] for the random hyper-graph Hk(n,m). This

is explained in more detail in the next subsection.

The strategy behind the proof of Theorem 3.4.1 is as follows. We need to estimate

the expected number of equitable colorings at distance δ from the planted coloring.

By symmetry, it suffices to fix another coloring χ̃ that is at distance δ from the

planted coloring and count the number of uniform homomorphisms σ such that both

χ and χ̃ are proper with respect to Gσ. This can be handled one generator at a time.

Moreover, only the orbit-partition induced by a generator is used in this computation.

So, for fixed χ, χ̃, we need to estimate the number of k-partitions of [n] that are bi-

chromatic under both χ and χ̃. To make this strategy precise, we need the next

definitions.
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Definition 3.4.3. Let χ̃ be an equitable 2-coloring of [n]. An edge P ⊂ [n] is (χ, χ̃)-

bichromatic if χ(P ) = χ̃(P ) = {0, 1}. Recall that a k-partition is a partition π =

{P1, . . . , Pn/k} of [n] such that every part P ∈ π has cardinality k. A k-partition π is

(χ, χ̃)-bichromatic if every part P ∈ π is (χ, χ̃)-bichromatic.

Given a (χ, χ̃)-bichromatic edge P ⊂ [n] of size k, there is a 2× 2 matrix e⃗(χ̃, P )

defined by

e⃗i,j(χ̃, P ) = |P ∩ χ−1(i) ∩ χ̃−1(j)|.

Let E denote the set of all such matrices (over all P, χ̃). This is a finite set. To be

precise, E is the set of all 2× 2 matrices e⃗ = (eij)i,j=0,1 such that

� eij ∈ {0, 1, . . . , k} for all i, j

� 0 < e10 + e11 < k

� 0 < e01 + e11 < k

�
∑

i,j eij = k.

If π is a (χ, χ̃)-bichromatic k-partition then it induces a function tχ̃,π : E → [0, 1] by

tχ̃,π(e⃗) = n−1# {P ∈ π : e⃗ = e⃗(χ̃, P )} .

Let T be the set of all functions t : E → [0, 1] satisfying

�
∑

e⃗∈E t(e⃗) = 1/k,

�
∑

e⃗∈E(e10 + e11)t(e⃗) = 1/2,

�
∑

e⃗∈E(e01 + e11)t(e⃗) = 1/2.

Also let Tn be the set of t ∈ T such that nt(e⃗) is integer-valued for each e⃗ ∈ E. A

k-partition π has type (χ, χ̃, t) if t = tχ̃,π.
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Lemma 3.4.4. Given an equitable 2-coloring χ̃ : [n] → {0, 1}, let pχ̃ = (pχ̃ij) be the

2× 2 matrix

pχ̃ij = (1/n)|χ−1(i) ∩ χ̃−1(j)|.

Then

pχ̃ =

 1/2− dn(χ, χ̃)/2 dn(χ, χ̃)/2

dn(χ, χ̃)/2 1/2− dn(χ, χ̃)/2


In particular, pχ̃ is determined by the Hamming distance dn(χ, χ̃).

Proof. Let p = pχ̃. The lemma follows from this system of linear equations:

1/2 = p01 + p11

1/2 = p10 + p11

dn(χ, χ̃) = p01 + p10

1 = p00 + p01 + p10 + p11.

The first two occur because both χ and χ̃ are equitable. The third follows from

the definition of normalized Hamming distance and the last holds because {χ−1(i) ∩

χ̃−1(j)}i,j∈{0,1} partitions [n].

For t ∈ T , define the 2× 2 matrix pt = (ptij) by

ptij :=
∑
e⃗∈E

eijt(e⃗).

If π is a k-partition that has type (χ, χ̃, t) (for some equitable χ̃) then pχ̃ = pt. This

motivates the definition.

The main combinatorial estimate we will need is:

Lemma 3.4.5. Let t ∈ Tn and χ̃ : [n] → {0, 1} be equitable. Suppose pt = pχ̃. Let
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g(χ̃, t) be the number of k-partitions of type (χ, χ̃, t). Also let

G(t) := (1− 1/k)(log(n)− 1)−H(pt)− (1/k) log(k!) +H(t) +
∑
e⃗

t(e⃗) log

(
k

e⃗

)

where
(
k
e⃗

)
is the multinomial k!

e00!e01!e10!e11!
. Then

(1/n) log g(χ̃, t) = G(t) +O(n−1 log(n))

(for n ≥ 2) where the constant implicit in the error term depends on k but not on χ̃

or t.

Proof. The following algorithm constructs all such partitions with no duplications:

Step 1. Choose a partition {Qe⃗
ij : i, j ∈ {0, 1}, e⃗ ∈ E} of χ−1(i) ∩ χ̃−1(j) such that

|Qe⃗
ij| = eijt(e⃗)n.

Step 2. For i, j ∈ {0, 1} and e⃗ ∈ E , choose an unordered partition πe⃗ij of Q
e⃗
ij into t(e⃗)n

sets of size eij.

Step 3. For i, j ∈ {0, 1} with (i, j) ̸= (0, 0) and e⃗ ∈ E , choose a bijection αe⃗ij : π
e⃗
00 → πe⃗ij.

Step 4. The k-partition consists of all sets of the form P ∪
⋃
i,j∈{0,1},(i,j)̸=(0,0) α

e⃗
ij(P ) over

all P ∈ πe⃗00 and e⃗ ∈ E .

The number of choices in Step 1 is

∏
i,j∈{0,1}

|χ−1(i) ∩ χ̃−1(j)|!
∏
e⃗∈E

(eijt(e⃗)n)!
−1.
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The combined number of choices in Steps 1 and 2 is

∏
i,j∈{0,1}

|χ−1(i) ∩ χ̃−1(j)|!
∏
e⃗∈E

eij!
−t(e⃗)n(t(e⃗)n)!−1

=

(∏
e⃗∈E

(t(e⃗)n)!

)−4 ∏
i,j∈{0,1}

|χ−1(i) ∩ χ̃−1(j)|!
∏
e⃗∈E

eij!
−t(e⃗)n.

The number of choices in Step 3 is
∏

e⃗∈E(t(e⃗)n)!
3. So

g(χ̃, t) =

 ∏
i,j∈{0,1}

|χ−1(i) ∩ χ̃−1(j)|!

(∏
e⃗∈E

(t(e⃗)n)!

)−1
 ∏
i,j∈{0,1}

∏
e⃗∈E

eij!
−t(e⃗)n

 .

An application of Stirling’s formula gives

(1/n) log g(χ̃, t) = (1−1/k)(log(n)−1)−H(pt)+H(t)−
∑
e⃗,i,j

t(e⃗) log(eij!)+O(n
−1 log(n))

(for n ≥ 2) where the constant implicit in the error term depends on k but not on χ̃

or t.

Since
∑

e⃗ t(e⃗) = 1/k,

∑
e⃗

t(e⃗) log

(
k

e⃗

)
= (1/k) log(k!)−

∑
e⃗,i,j

t(e⃗) log(eij!).

Substitute this into the formula above to finish the lemma.

Next we use Lagrange multipliers to maximize G(t). To be precise, for δ ∈ [0, 1],

let T (δ) be the set of all t ∈ T such that pt01 = δ/2. Define Tn(δ) = T (δ) ∩ Tn. To

motivate this definition, observe that if χ̃ is an equitable 2-coloring and δ = dn(χ, χ̃)

then pχ̃01 = δ/2. So if π is a k-partition with type (χ, χ̃, t) then pt01 = δ/2.
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Lemma 3.4.6. Let δ ∈ [0, 1]. Then there exists a unique sδ ∈ T (δ) such that

max
t∈T (δ)

G(t) = G(sδ).

Moreover, if δ0, C > 0 and tδ ∈ T (δ) are defined by

δ

2
=

δ0
2

1− 22−k + (δ0/2)
k−1

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

C =
1

k[1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k]

tδ(e⃗) = C

(
1− δ0

2

)e00+e11 (δ0
2

)e01+e10 (k
e⃗

)

then sδ = tδ.

Proof. Define F : T → R by

F (t) = H(t) +
∑
e⃗

t(e⃗) log

(
k

e⃗

)
.

For all t ∈ T (δ), G(t)−F (t) is constant in t. Therefore, it suffices to prove the lemma

with F in place of G.

The function F is concave over t ∈ T (δ). This implies the existence of a unique

sδ ∈ T (δ) such that

max
t∈T (δ)

F (t) = F (sδ).

By definition, T (δ) is the set of all functions t : E → [0, 1] satisfying

1/k =
∑
e⃗∈E

t(e⃗)

pij =
∑
e⃗∈E

eijt(e⃗),
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where p = (pij) is the matrix

p =

 1/2− δ/2 δ/2

δ/2 1/2− δ/2

 .
For any e⃗ ∈ E ,

∂F

∂t(e⃗)
= − log t(e⃗)− 1 + log

(
k

e⃗

)
. (3.11)

Since this is positive infinity when t(e⃗) = 0, sδ must lie in the interior of T (δ). By

the method of Lagrange multipliers there exists λ ∈ R and a 2×2 matrix µ⃗ such that

∂F

∂t(e⃗)
(sδ) = λ+ µ⃗ · e⃗. (3.12)

Evaluate (3.11) at sδ, use (3.12) and solve for sδ(e⃗) to obtain

sδ(e⃗) = C0

(
k

e⃗

)
xe0000 x

e01
01 x

e10
10 x

e11
11

for some constants C0, xij. In fact, since F is concave, sδ is the unique critical

point and so it is the only element of T (δ) of this form. So it suffices to check

that the purported tδ given in the statement of the lemma has this form and that

it is in T (δ) as claimed. The former is immediate while the latter is a tedious but

straightforward computation. For example, to check that
∑

e⃗ tδ(e⃗) = 1/k, observe

that, by the multinomial formula for any (xij)i,j∈{0,1},

∑
e⃗∈E

(
k

e⃗

)
xe0000 x

e01
01 x

e10
10 x

e11
11

=
[
(x00 + x01 + x10 + x11)

k

−(x00 + x01)
k − (x00 + x10)

k − (x11 + x01)
k − (x11 + x10)

k + xk00 + xk01 + xk10 + xk11

]
.
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Substitute x00 = x11 =
1−δ0
2

and x01 = x10 = δ0/2 to obtain

∑
e⃗∈E

tδ(e⃗) = C

[
1− 4(1/2)k + 2

(
1− δ0

2

)k
+ 2

(
δ0
2

)k]
= 1/k.

The rest of the verification that tδ ∈ T (δ) is left to the reader.

Proof of Theorem 3.4.1. Let E(δ) be the set of all equitable 2-colorings χ̃ : [n] →

{0, 1} such that dn(χ̃, χ) = δ. Also let Fχ̃ ⊂ Homunif(Γ, Sym(n)) be the set of all σ

such that χ̃ is a proper 2-coloring of the hyper-graph Gσ. By linearity of expectation,

Epn[Zχ(δ)] =
∑
χ̃∈E(δ)

Pun(Fχ̃|Fχ).

The cardinality of E(δ) is
(
n/2
δn/2

)2
. By Stirling’s formula

n−1 log

(
n/2

δn/2

)2

= H(δ, 1− δ) +O(n−1 log(n)). (3.13)

We have Pun(Fχ̃|Fχ) is the same for all χ̃ ∈ E(δ). This follows by noting that the

distribution of hyper-graphs in the planted model is invariant under any permutation

which fixes χ. If η, η′ are two configurations with dn(η, χ) = dn(η
′, χ) = δ then there

is a permutation π ∈ Sym(n) which fixes χ and such that η ◦ π = η′. To see this note

that we simply need to find a π ∈ Sym(n) which maps the sets χ−1(i) ∩ η−1(j) to

χ−1(i) ∩ η′−1(j) for each i, j ∈ {0, 1}. Such a map exists since for each i, j the two

sets have the same size. It follows that

n−1 logEpn[Zχ(δ)] = H(δ, 1− δ) + n−1 logPun(Fχ̃|Fχ) +O(n−1 log(n)) (3.14)

for any fixed χ̃ ∈ E(δ).

For 1 ≤ i ≤ d, let Fχ,i be the set of uniform homomorphisms σ such that the

orbit-partition of σ(si) is χ-bichromatic in the sense that χ(P ) = {0, 1} for every P
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in the orbit-partition of σ(si). Then the events {Fχ,i ∩ Fχ̃,i}di=1 are i.i.d. and

Fχ ∩ Fχ̃ =
d⋂
i=1

Fχ,i ∩ Fχ̃,i.

Therefore,

Pun(Fχ̃|Fχ) =
Pun(Fχ̃,1 ∩ Fχ,1)d

Pun(Fχ)
. (3.15)

Note Pun(Fχ,1 ∩ Fχ̃,1) is, up to sub-exponential factors, equal to the maximum of

g(χ̃, t) over t ∈ Tn(δ) divided by the number of k-partitions of [n]. So equation (3.6)

implies

1

n
logPun(Fχ̃,1∩Fχ,1) = max

t∈Tn(δ)

1

n
log g(χ̃, t)−(1−1/k)(log(n)−1)+(1/k) log((k−1)!)+O(n−1 log n).

So Lemma 3.4.5 implies

1

n
logPun(Fχ̃,1∩Fχ,1) = max

t∈Tn(δ)
G(t)−(1−1/k)(log(n)−1)+(1/k) log((k−1)!)+O(n−1 log n).

We apply Lemma 3.3.9 to T (δ) to obtain the existence of s
(n)
δ ∈ Tn(δ) with ∥s(n)δ −

tδ∥∞ < Oδ(n
−1) where the constant implicit in theOδ(n

−1) term depends continuously

on δ for δ ∈ (0, 1/2]. Since G is differentiable in a neighborhood of tδ, we have

max
t∈Tn(δ)

G(t) = G(tδ) +Oδ(n
−1).

So Lemma 3.4.6 implies

1

n
logPun(Fχ̃,1 ∩ Fχ,1) = −H(p⃗) +H(tδ)−

∑
i,j,e⃗

tδ(e⃗) log(eij!) + (1/k) log(k − 1)!

+Oδ(n
−1) +O(n−1 log(n)).
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Since p⃗ = (δ/2, δ/2, (1− δ)/2, (1− δ)/2), H(p⃗) = H(δ, 1− δ) + log(2). So

1

n
logPun(Fχ̃,1 ∩ Fχ,1) = −H(δ, 1− δ)− log(2) +H(tδ)−

∑
i,j,e⃗

tδ(e⃗) log(eij!)

+(1/k) log(k − 1)! +Oδ(n
−1) +O(n−1 log(n)). (3.16)

On the other hand, Theorem 3.3.2 implies

1

n
logPun(Fχ) =

1

n
log

((
n

n/2

)−1

Eun[Ze(σ)]

)
= (d/k) log(1− 21−k) +O(n−1 log(n)).

Combine this result with (3.14), (3.15) and (3.16) to obtain

n−1 logEpn[Zχ(δ)] = (1− d)H(δ, 1− δ)− d log(2) + dH(tδ)− d
∑
i,j,e⃗

tδ(e⃗) log(eij!)

+(d/k) log(k − 1)!− (d/k) log(1− 21−k) +Oδ(n
−1) +O(n−1 log(n)).

Since
∑

e⃗ tδ(e⃗) = 1/k,

∑
e⃗

tδ(e⃗) log

(
k

e⃗

)
= (1/k) log k!−

∑
i,j,e⃗

tδ(e⃗) log(eij!).

Substitute this into the previous equation to obtain

n−1 logEpn[Zχ(δ)] = ψ0(δ) +Oδ(n
−1) +O(n−1 log(n))

where

ψ0(δ) = (1− d)H(δ, 1− δ)− d log(2) + dH(tδ) + d
∑
e⃗∈E

tδ(e⃗) log

(
k

e⃗

)
−(d/k) log k − (d/k) log(1− 21−k).
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Observe that in every estimate above, the constant implicit in the error term does

not depend on δ. To finish the lemma, we need only simplify the expression for ψ0.

By Lemma 3.4.6,

H(tδ) = −
∑
e⃗

tδ(e⃗) log tδ(e⃗)

= −
∑
e⃗

tδ(e⃗)

(
logC + (e00 + e11) log

(
1− δ0

2

)
+ (e01 + e10) log

(
δ0
2

)
+ log

(
k

e⃗

))
= −(1/k)(logC)− (1− δ) log(1− δ0)− δ log(δ0) + log 2−

∑
e⃗

tδ(e⃗) log

(
k

e⃗

)
= −(1/k)(logC) +H0(δ, 1− δ) + log 2−

∑
e⃗

tδ(e⃗) log

(
k

e⃗

)
.

Combined with the previous formula for ψ0, this implies

ψ0(δ) = (1− d)H(δ, 1− δ)− (d/k) logC + dH0(δ, 1− δ)− (d/k) log k − (d/k) log(1− 21−k).

To simplify further, use the formula for C in Lemma 3.4.6 to obtain

−(d/k)
(
logC + log k + log(1− 21−k)

)
= (d/k) log

1− 22−k + 2(δ0/2)
k + 2((1− δ0)/2)

k

1− 21−k

= (d/k) log

(
1− 1− δk0 − (1− δ0)

k

2k−1 − 1

)
.

Thus ψ0(δ) = (1− d)H(δ, 1− δ) + dH0(δ, 1− δ) + d
k
log(1− 1−δk0−(1−δ0)k

2k−1−1
).
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3.4.1 Analysis of ψ0 and the proof of Lemma 3.0.6 inequality

(3.2)

Theorem 3.4.1 reduces inequality (3.2) to analyzing the function ψ0. A related func-

tion ψ, defined by

ψ(x) := H(x, 1− x) +
d

k
log

(
1− 1− xk − (1− x)k

2k−1 − 1

)

has been analyzed in [27, 28]. It is shown there ψ(x) is the exponential rate of growth

of the number of proper colorings at normalized distance x from the planted coloring

in the model Hk(n,m). Moreover, if r = d/k is close to log(2)
2

·2k− (1+ log(2))/2 then

the global maximum of ψ(x) is attained at some x ∈ (0, 2−k/2). Moreover, ψ has a

local maximum at x = 1/2 and is symmetric around x = 1/2. It is negative in the

region (2−k/2, 1/2 − 2−k/2). We will not need these facts directly, and mention them

only for context, especially because we will obtain similar results for ψ0.

The relevance of ψ to ψ0 lies in the fact that

ψ0(δ) = ψ(δ0)− (H(δ0, 1− δ0)−H0(δ, 1− δ)) + (d− 1) [H0(δ, 1− δ)−H(δ, 1− δ)] .(3.17)

As an aside, note that H0(δ, 1− δ)−H(δ, 1− δ) is the Kullback-Leibler divergence of

the distribution (δ, 1− δ) with respect to (δ0, 1− δ0).

To prove inequality (3.2), we first estimate the difference ψ0(δ)− ψ(δ0) and then

estimate ψ(δ0). Because the estimates we obtain are useful in the next subsection,

we prove more than what is required for just inequality (3.2).
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Lemma 3.4.7. Suppose 0 ≤ δ0 ≤ 1/2. Define ε ≥ 0 by δ = δ0(1− ε). Then

H(δ0, 1− δ0)−H0(δ, 1− δ) = δ0ε log

(
1− δ0
δ0

)
≥ 0,

H0(δ, 1− δ)−H(δ, 1− δ) = O(δ0ε
2),

ε = O(2−k),

(1− δ)0 = 1− δ0.

The last equation implies ψ0(1− δ) = ψ0(δ).

Proof. The first equality follows from:

H(δ0, 1− δ0)−H0(δ, 1− δ) = −δ0 log δ0 − (1− δ0) log(1− δ0) + δ log δ0 + (1− δ) log(1− δ0)

= (δ0 − δ) log(1/δ0) + (δ0 − δ) log(1− δ0)

= δ0ε log

(
1− δ0
δ0

)
.

The second estimate follows from:

H0(δ, 1− δ)−H(δ, 1− δ) = δ (log δ − log δ0) + (1− δ) (log(1− δ)− log(1− δ0))

= δ log(1− ε) + (1− δ) log

(
1− δ

1− δ0

)
= −δε+ (1− δ) log

(
1 +

δ0ε

1− δ0

)
+O(δ0ε

2)

= −δε+ δ0ε+O(δ0ε
2) = O(δ0ε

2).
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The third estimate follows from:

ε = 1− δ

δ0

= 1− 1− 22−k + (δ0/2)
k−1

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

=
2(δ0/2)

k − (δ0/2)
k−1 + 2((1− δ0)/2)

k

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

=
(δ0/2)

k−1(δ0 − 1) + 2((1− δ0)/2)
k

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

= 21−k · (1− δ0) ·
(1− δ0)

k−1 − δk−1
0

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k
. (3.18)

The denominator is 1 +O(2−k) and the numerator is O(2−k). The result follows.

The last equation follows from:

1− δ = 1− δ0

(
1− 22−k + (δ0/2)

k−1

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

)
=

1− 22−k + 2(δ0/2)
k + 2

(
(1− δ0)/2)

k − δ0(1− 22−k + (δ0/2)
k−1
)

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

=
(1− δ0)

(
1− 22−k + ((1− δ0)/2)

k−1
)

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k
.

The last expression shows that (1− δ)0 = 1− δ0.

Lemma 3.4.8. Let 0 ≤ η be Ok(1). If

r = d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

then

f(d, k) = ψ(1/2) = ψ0(1/2) = (1− 2η)2−k +O(2−2k)

ψ(2−k) = 2−k +O(k22−2k).
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In particular, if k is sufficiently large then ψ(2−k) > f(d, k).

Proof. By direct inspection f(d, k) = ψ(1/2) = ψ0(1/2). By Taylor series expansion,

log(1− 21−k) = −21−k − 21−2k +O(2−3k). So

f(d, k) = log(2) + r log(1− 21−k)

= log(2) +

(
log(2)

2
· 2k − (1 + log(2))/2 + η

)(
−21−k − 21−2k

)
+O(r2−3k)

= (1− 2η)2−k +O(2−2k).

Next we estimate ψ(2−k). For convenience, let x = 2−k. Then

1− xk − (1− x)k = k · 2−k +O(k22−2k).

Since log(1− x) = −x− x2/2 +O(x3),

log

(
1− 1− xk − (1− x)k

2k−1 − 1

)
= −2k · 2−2k +O(k22−3k).

So

r log

(
1− 1− xk − (1− x)k

2k−1 − 1

)
= −k log(2) · 2−k +O(k22−2k).

Also,

H(x, 1− x) = (k log(2) + 1) · 2−k +O(2−2k).

Add these together to obtain

ψ(2−k) = 2−k +O(k22−2k).

Corollary 3.4.9. Inequality (3.2) of Lemma 3.0.6 is true. To be precise, let 0 < η0
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be constant with respect to k. Then for all sufficiently large k (depending on η0), if

r = d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η ≥ η0 with η = Ok(1) then

f(d, k) < lim inf
n→∞

n−1 logEpn[Z(σ)].

Proof. By definition,

n−1 logEpn[Z(σ)] ≥ max
δ∈[0,1/2]

n−1 logEpn[Z(δ)].

By Theorem 3.4.1,

n−1 logEpn[Z(σ)] ≥ max
δ∈Cn

ψ0(δ) +Oδ(n
−1) +O(n−1 log(n))

where Cn is the set of δ ∈ [0, 1/2] such that δn/2 is an integer. Because ψ0 : [0, 1/2] →

R is continuous, limn→∞maxδ∈Cn ψ0(δ) = maxδ∈[0,1/2] ψ0(δ). The constant implicit in

the Oδ(n
−1) depends continuously on δ for δ ∈ (0, 1/2], while the constant implicit in

the O(n−1 log(n)) error term does not depend on δ. So

lim inf
n→∞

n−1 logEpn[Z(σ)] ≥ max
δ∈[υ,1/2]

ψ0(δ)

for any 0 < υ < 1/2. Because ψ0 is continuous,

lim inf
n→∞

n−1 logEpn[Z(σ)] ≥ max
δ∈[0,1/2]

ψ0(δ). (3.19)

Because H0(δ, 1− δ)−H(δ, 1− δ) ≥ 0 (since it is a Kullback-Liebler divergence), the
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first equality of Lemma 3.4.7 implies

ψ0(δ) = ψ(δ0)− (H(δ0, 1− δ0)−H0(δ, 1− δ)) + (d− 1) [H0(δ, 1− δ)−H(δ, 1− δ)]

≥ ψ(δ0)− δ0ε log

(
1− δ0
δ0

)
.

By Lemma 3.4.8, ψ(2−k) = f(d, k)+2η2−k+O(k22−2k). By Lemma 3.4.7, ε = O(2−k).

As δ varies over [0, 1/2], δ0 also varies over [0, 1/2], so there exists δ such that δ0 = 2−k.

For this value of δ,

ψ0(δ) ≥ ψ(2−k)− 2−kε log

(
1− 2−k

2−k

)
≥ f(d, k) + 2η2−k +O(k22−2k).

Combined with (3.19) this implies the Corollary.

In the next subsection, we will need the following result.

Proposition 3.4.10. Let

0 < η0 < (1− log 2)/2.

Then there exists k0 (depending on η0) such that for all k ≥ k0 if

r = d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η ∈ [η0, (1 − log 2)/2) then in the interval [2−k/2, 1 − 2−k/2], ψ0 attains its

unique maximum at 1/2. That is,

max{ψ0(δ) : 2−k/2 ≤ δ ≤ 1− 2−k/2} = ψ0(1/2) = f(d, k) = log(2) + r log(1− 21−k)

and if δ ∈ [2−k/2, 1− 2−k/2] and δ ̸= 1/2 then ψ0(δ) < ψ0(1/2).

Proof. By Lemma 3.4.7, it suffices to restrict δ to the interval [2−k/2, 1/2] (because

ψ0(δ) = ψ0(1− δ)). So we will assume δ ∈ [2−k/2, 1/2] without further mention.
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Define ψ1 by

ψ1(δ0) =
d

k
log

(
1− 1− δk0 − (1− δ0)

k

2k−1 − 1

)
.

Observe

ψ1(δ0) = r

(
−1− δk0 − (1− δ0)

k

2k−1 − 1
+O(4−k)

)
= − log(2)[1− (1− δ0)

k] +O(2−k).

By (3.17) and the first inequality of Lemma 3.4.7,

ψ0(δ) ≤ ψ(δ0) + (d− 1)[H0(δ, 1− δ)−H(δ, 1− δ)]

= H(δ0, 1− δ0) + ψ1(δ0) + (d− 1)[H0(δ, 1− δ)−H(δ, 1− δ)]. (3.20)

Moreover, (d−1) = O(k2k) and, by Lemma 3.4.7, H0(δ, 1−δ)−H(δ, 1−δ) = O(δ04
−k).

Therefore,

ψ0(δ) ≤ H(δ0, 1− δ0) + ψ1(δ0) +O(δ0k2
−k)

≤ H(δ0, 1− δ0)− log(2)[1− (1− δ0)
k] +O((δ0k + 1)2−k). (3.21)

Observe that δ0 ≥ δ. We divide the rest of the proof into five cases depending on

where δ0 lies in the interval [2−k/2, 1/2].

Case 1. Suppose 2−k/2 ≤ δ0 ≤ 1
2k
. We claim that ψ0(δ) < 0. Note − log(δ0) ≤

(k/2) log(2) and −(1− δ0) log(1− δ0) = δ0 +O(δ20). So

H(δ0, 1− δ0) = −δ0 log δ0 − (1− δ0) log(1− δ0)

≤ δ0(k/2) log(2) + δ0 +O(δ20).
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By Taylor series expansion,

1− (1− δ0)
k ≥ kδ0 −

(
k

2

)
δ20 ≥ 3kδ0/4.

So by (3.21)

ψ0(δ) ≤ δ0(k/2) log(2) + δ0 − 3kδ0 log(2)/4 +O(δ20)

= δ0[1− k log(2)/4] +O(δ20).

Thus ψ0(δ) < 0 if k is sufficiently large.

Case 2. Let 0 < ξ0 < 1/2 be a constant such that H(ξ0, 1−ξ0) < log(2)(1−e−1/2).

Suppose 1
2k

≤ δ0 ≤ ξ0. We claim that ψ0(δ) < 0 if k is sufficiently large.

By monotonicity, H(δ0, 1− δ0) ≤ H(ξ0, 1− ξ0). Since 1− x ≤ e−x (for x > 0),

[1− (1− δ0)
k] ≥ 1− e−kδ0 ≥ 1− e−1/2.

By (3.21),

ψ0(δ) ≤ H(ξ0, 1− ξ0)− log(2)(1− e−1/2) +O(k2−k).

This implies the claim.

Case 3. Let ξ1 be a constant such that max(ξ0, 1/3) < ξ1 < 1/2. Suppose

ξ0 ≤ δ0 ≤ ξ1. We claim that ψ0(δ) < 0 for all sufficiently large k (depending on ξ1).

By (3.21),

ψ0(δ) ≤ H(ξ1, 1− ξ1)− log(2)[1− (1− δ0)
k] +O(k2−k)

≤ H(ξ1, 1− ξ1)− log(2) +O((1− ξ0)
k).

This proves the claim.
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Case 4. We claim that if ξ1 ≤ δ0 ≤ 0.5 − 2−k then ψ0(δ) < f(d, k) for all

sufficiently large k (independent of the choice of ξ1).

Recall that we define ε by δ = δ0(1− ε). By (3.18),

ε = 21−k · (1− δ0) ·
(1− δ0)

k−1 − δk−1
0

1− 22−k + 2(δ0/2)k + 2((1− δ0)/2)k

≤ 21−k(1− ξ1)
k +O

(
4−k
)
≤ 2 · 3−k

since ξ1 > 1/3, assuming k is sufficiently large.

The assumption on r implies d = O
(
k2k
)
. So the second equality of Lemma 3.4.7

implies

(d− 1)[H0(δ, 1− δ)−H(δ, 1− δ)] = O
(
k4.5−k

)
.

Through elementary but messy calculus computations one may show using the fact

that r = O(2k) that

ψ′(1/2) = 0

ψ′′(1/2) = −4 +O(k22−k)

ψ′′′(x) =
1

x2
− 1

(1− x)2
+O(k3(2/3)k) for any x ∈ [1/3, 2/3].

By Taylor’s theorem,

ψ(δ0) = ψ(1/2)− (2 + ok(1))(δ0 − 1/2)2 +
1

6

(
1

υ2
− 1

(1− υ)2
+ ok(1)

)
(δ0 − 1/2)3.(3.22)

for some δ0 ≤ υ ≤ 1/2. Since δ0 ≥ 1/3, we have 1/2 − δ0 ≤ 1/6. Furthermore,

since x 7→ 1
x2

− 1
(1−x)2 is monotone decreasing on (0, 1/2], we have 1

υ2
− 1

(1−υ)2 ≤
1

(1/3)2
− 1

(2/3)2
= 27

4
. Thus

1
6

(
1
υ2

− 1
(1−υ)2

)
(1/2− δ0)

3

2(1/2− δ0)2
≤ 1

12
· 27
4

· 1
6
< 1
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and for sufficiently large k we have 1
6

(
1
υ2

− 1
(1−υ)2 + ok(1)

)
(1/2−δ0)3 < (2+ok(1))(1/2−

δ0)
2. Since ψ(1/2) = f(d, k), (3.20) implies

ψ0(δ) ≤ f(d, k)−(2+ok(1))(1/2−δ0)2+
1

6

(
1

υ2
− 1

(1− υ)2
+ ok(1)

)
(1/2−δ0)3+O

(
k4.5−k

)
is strictly less than f(d, k) if k is sufficiently large.

Case 5. Suppose 0.5− 2−k ≤ δ0 < 0.5. Let γ = 0.5− δ0. By (3.18),

ε = O
([
(1/2 + γ)k−1 − (1/2− γ)k−1

]
2−k
)
.

Define L(x) := (1/2+x)k−1− (1/2−x)k−1. We claim that L(γ) ≤ γ. Since L(0) = 0,

it suffices to show that L′(x) ≤ 1 for all x with |x| ≤ 0.01. An elementary calculation

shows

L′(x) = (k − 1)
[
(1/2 + x)k−2 + (1/2− x)k−2

]
.

So L′(x) ≤ 1 if |x| ≤ 0.01 and k is sufficiently large. Altogether this proves ε =

O
(
γ2−k

)
. So the second equality of Lemma 3.4.7 implies

(d− 1) [H0(δ, 1− δ)−H(δ, 1− δ)] = O
(
k2−kγ2

)
.

By (3.22) and (3.20),

ψ0(δ) ≤ f(d, k)− (2 + ok(1))γ
2 +O

(
k2−kγ2

)
.

This is strictly less than f(d, k) if k is sufficiently large.
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3.4.2 Reducing Lemma 3.0.6 inequality (3.3) to estimating

the local cluster

As in the previous section, fix an equitable coloring χ : Vn → {0, 1}. Given a uniform

homomorphism σ ∈ Homunif(Γ, Sym(n)), the cluster around χ is the set

Cσ(χ) :=
{
χ̃ ∈ Ze(σ) : dn(χ, χ̃) ≤ 2−k/2

}
.

We also call this the local cluster if χ is understood.

In §3.5 we prove:

Proposition 3.4.11. Let 0 < η0 < η1 < (1− log 2)/2. Then for all sufficiently large

k (depending on η0, η1), if

r := d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η with η0 ≤ η ≤ η1 then with high probability in the planted model, |Cσ(χ)| ≤

Eun(Ze). In symbols,

lim
n→∞

Pχn
(
|Cσ(χ)| ≤ Eun(Ze)

)
= 1.

The rest of this section proves Lemma 3.0.6 inequality (3.3) from Proposition

3.4.11 and the second moment estimates from earlier in this section. So we assume

the hypotheses of Proposition 3.4.11 without further mention.

We say that a coloring χ is σ-good if it is equitable and |Cσ(χ)| ≤ Eun(Ze(σ)). Let

Sg(σ) be the set of all σ-good proper colorings and let Zg(σ) = |Sg(σ)| be the number

of σ-good proper colorings.

We will say a positive functionG(n) is sub-exponential in n if limn→∞ n−1 logG(n) =

0. Also we say functions G and H are asymptotic, denoted by G(n) ∼ H(n), if

limn→∞G(n)/H(n) = 1. Similarly, G(n) ≲ H(n) if lim supn→∞G(n)/H(n) ≤ 1.

86



Lemma 3.4.12. Eun(Zg) ∼ Eun(Ze) = F (n)Eun(Z) where F (n) is sub-exponential in n.

Proof. For brevity, let H = Homunif(Γ, Sym(n)). Let Pχn be the probability operator

in the planted model of χ. By definition,

Eun(Zg) = |H|−1
∑
σ∈H

Zg(σ) = |H|−1
∑
σ∈H

∑
χ:V→{0,1}

1Sg(σ)(χ)

=
∑
χ

Pun(χ ∈ Sg(σ))

=
∑

χ equitable

Pun (|Cσ(χ)| ≤ Eun(Ze)|χ proper)Pun(χ proper)

=
∑

χ equitable

Pχn (|Cσ(χ)| ≤ Eun(Ze))Pun(χ proper)

∼
∑

χ equitable

Pun (χ proper) = Eun(Ze)

where the asymptotic equality ∼ follows from Proposition 3.4.11. The equality

Eun(Ze) = F (n)Eun(Z) holds by Theorem 3.3.2.

Lemma 3.4.13. Eun(Z2
g ) ≤ C(n)Eun(Zg)2, where C(n) = C(n, k, r) is sub-exponential

in n.

Proof.

Eun(Z2
g ) = |H|−1

∑
σ∈H

(∑
χ

1Sg(σ)(χ)

)2

= |H|−1
∑
σ∈H

∑
χ,χ̃

1Sg(σ)(χ)1Sg(σ)(χ̃)

=
∑
χ,χ̃

Pun (χ ∈ Sg and χ̃ ∈ Sg)

=
∑
χ,χ̃

Pun(χ ∈ Sg)Pun(χ̃ ∈ Sg|χ ∈ Sg)

=
∑
χ

Pun(χ ∈ Sg)Eun(Zg|χ ∈ Sg). (3.23)

For a fixed χ ∈ Sg(σ) we analyze Eun(Zg|χ ∈ Sg) by breaking the colorings into

those that are close (i.e. in the local cluster) and those that are far. So let Zg(δ) :
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Homχ(Γ, Sym(n)) → N be the number of good proper colorings such that dn(χ, χ̃) =

δ. (We will also use Ze(δ) = Zχ(δ) for the analogous number of equitable proper

colorings). Then

Eun(Zg|χ ∈ Sg) ≤ 2Eun

 ∑
0≤δ≤2−k/2

Zg(δ)
∣∣∣χ ∈ Sg

+ 2Eun

 ∑
2−k/2<δ≤1/2

Zg(δ)
∣∣∣χ ∈ Sg

 .(3.24)

The coefficient 2 above accounts for the following symmetry: if χ̃ is a good coloring

with dn(χ, χ̃) = δ then 1− χ̃ is a good coloring with dn(χ, 1− χ̃) = 1− δ. Note that

Eun

 ∑
0≤δ≤2−k/2

Zg(δ)
∣∣∣χ ∈ Sg

 ≤ Eun
(
#Cσ(χ)|χ ∈ Sg

)
≤ Eun(Ze) (3.25)

where the last inequality holds by definition of Sg.

For colorings not in the local cluster,

Eun

 ∑
2−k/2<δ≤1/2

Zg(δ)
∣∣∣χ ∈ Sg

 ≤ Eun

 ∑
2−k/2<δ≤1/2

Ze(δ)
∣∣∣χ ∈ Sg


≤ Eun

 ∑
2−k/2<δ≤1/2

Ze(δ)
∣∣∣χ proper

 Pun(χ proper)

Pun(χ ∈ Sg)

where the sum is over all δ ∈ Z[1/n] in the given range. By definition and Proposition

3.4.11,

Pun(χ proper)

Pun(χ ∈ Sg)
=

1

Pun(χ ∈ Sg|χ proper)
=

1

Pχn
(
|Cσ(χ)| ≤ Eun(Ze)

) → 1

as n→ ∞. Since Eun(·|χ proper) = Eχn(·), the above inequality now implies

Eun

 ∑
2−k/2<δ≤1/2

Zg(δ)
∣∣∣χ ∈ Sg

 ≲
∑

2−k/2<δ≤1/2

Eχn(Ze(δ)) ≤ C1

∑
2−k/2<δ≤1/2

enψ0(δ)

≤ C1ne
nf(d,k) ≤ C2Eun(Ze) (3.26)
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where the second inequality holds by Theorem 3.4.1 for some function C1 = C1(n, k, r)

which is sub-exponential in n. The second-to-last inequality holds because the number

of summands is bounded by n since δ is constrained to lie in Z[1/n] and by Proposition

3.4.10, ψ0(δ) ≤ f(d, k). The last inequality holds for some function C2 = C2(n, k, r)

that is sub-exponential in n since by Theorem 3.3.2, n−1 logEun(Ze) converges to

f(d, k).

Combine (3.24), (3.25) and (3.26) to obtain

Eun(Zg|χ ∈ Sg) ≤ 2(1 + C2)Eun(Ze).

Plug this into (3.23) to obtain

Eun(Z2
g ) ≤ 2(1 + C2)Eun(Ze)2 ∼ 2(1 + C2)Eun(Zg)2

where the asymptotic ∼ holds by Lemma 3.4.12. This proves the lemma.

Corollary 3.4.14. Lemma 3.0.6 inequality (3.3) is true. That is:

0 = inf
ϵ>0

lim inf
n→∞

n−1 log
(
Pun
(∣∣n−1 logZ(σ)− f(d, k)

∣∣ < ϵ
))
.

Proof. By Theorem 3.3.2,

n−1 logEun(Z(σ)) → f(d, k)

as n→ ∞. In particular, for every ϵ > 0, for large enough n, Pun (n−1 logZ(σ) > f(d, k) + ϵ) <

exp
(
− ϵ

2
n
)
. So it suffices to prove

0 = inf
ϵ>0

lim inf
n→∞

n−1 log
(
Pun
(
n−1 logZ(σ) ≥ f(d, k)− ϵ

))
.
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Since Z(σ) ≥ Zg(σ), it suffices to prove the same statement with Zg(σ) in place of

Z(σ). By Lemma 3.4.12 and Theorem 3.3.2, n−1 log (Eun[Zg(σ)]) converges to f(d, k)

as n→ ∞. So we may replace f(d, k) in the statement above with n−1 log (Eun[Zg(σ)]).

Then we may multiply by n both sides and exponentiate inside the probability. So it

suffices to prove

0 = inf
ϵ>0

lim inf
n→∞

n−1 log
(
Pun
(
Zg(σ) ≥ Eun[Zg(σ)]e−nϵ

))
. (3.27)

By the Paley-Zygmund inequality and Lemma 3.4.13

Pun
(
Zg(σ) > Eun[Zg(σ)]e−nϵ

)
≥ (1− e−nϵ)2

Eun[Zg(σ)]2

Eun[Zg(σ)2]
≥ 1

C

where C = C(n) is sub-exponential in n. This implies (3.27).

3.5 The local cluster

To prove Proposition 3.4.11, we show that with high probability in the planted model,

there is a ‘rigid’ set of vertices with density approximately 1 − 2−k. Rigidity here

means that any proper coloring either mostly agrees with the planted coloring on the

rigid set or it must disagree on a large density subset. Before making these notions

precise, we introduce the various subsets, state precise lemmas about them and prove

Proposition 3.4.11 from these lemmas which are proven in the next two sections.

So suppose G = (V,E) is a k-uniform d-regular hyper-graph and χ : V → {0, 1}

is a proper coloring. An edge e ∈ E is χ-critical if there is a vertex v ∈ e such that

χ(v) /∈ χ(e \ {v}). If this is the case, then we say v supports e with respect to

χ. If χ is understood then we will omit mention of it. We will apply these notions

both to the case when G is the Cayley hyper-tree of Γ and when G = Gσ is a finite

hyper-graph.
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For l ∈ {0, 1, 2, . . .}, define the depth l-core of χ to be the subset Cl(χ) ⊂ V

satisfying

C0(χ) = V,

Cl+1(χ) = {v ∈ V : v supports at least 3 edges e such that e \ {v} ⊂ Cl(χ)}.

By induction, Cl+1(χ) ⊂ Cl(χ) for all l ≥ 0. Also let C∞(χ) = ∩lCl(χ).

The set Cl(χ) is defined to consist of vertices v so that if v is re-colored (in some

proper coloring) then this re-coloring forces a sequence of re-colorings in the shape

of an immersed hyper-tree of degree at least 3 and depth l. Re-coloring a vertex of

C∞(χ) would force re-coloring an infinite immersed tree of degree at least 3.

Also define the attached vertices Al(χ) ⊂ V by: v ∈ Al(χ) if v /∈ Cl(χ) but

there exists an edge e, supported by v such that e \ {v} ⊂ Cl−1(χ). Thus if v ∈ Al(χ)

is re-colored then it forces a re-coloring of some vertex in Cl−1(χ). In this definition,

we allow l = ∞ (letting ∞− 1 = ∞).

In order to avoid over-counting, we also need to define the subset A′
l(χ) of vertices

v ∈ Al(χ) such that there exists a vertex w ∈ Al(χ), with w ̸= v, and edges ev, ew

supported by v, w respectively such that

1. ev \ {v}, ew \ {w} ⊂ Cl−1(χ),

2. ev ∩ ew ̸= ∅.

In this definition, we allow l = ∞.

We will need the following constants:

λ0 =
1

2k−1 − 1
, λ := dλ0 =

d

2k−1 − 1
.

The significance of λ0 is: if e is an edge and v ∈ e a vertex then λ0 is the probability

v supports e in a uniformly random proper coloring of e. So λ = dλ0 is the expected

91



number of edges that v supports. For the values of d and k used in the Key Lemma

3.0.6, λ = log(2)k +O(k2−k).

For the next two lemmas, we assume the hypotheses of Proposition 3.4.11.

Lemma 3.5.1. For any δ > 0 there exists k0 such that k ≥ k0 implies

lim
l→∞

lim inf
n→∞

Pχn
(
|Cl(χ) ∪ Al(χ) \ A′

l(χ)|
n

> 1− e−λ(1 + δ)

)
= 1.

Lemma 3.5.1 is proven in §3.6.

Definition 3.5.2. Fix a proper 2-coloring χ : V → {0, 1}. Let ρ > 0. A subset

R ⊂ V is ρ-rigid (with respect to χ) if for every proper coloring χ′ : V → {0, 1},

|{v ∈ R : χ(v) ̸= χ′(v)}| is either less than ρ|V | or greater than 2−k/2|V |.

Lemma 3.5.3. For any ρ > 0,

lim
l→∞

lim inf
n→∞

Pχn (Cl(χ) ∪ Al(χ) \ A′
l(χ) is ρ-rigid) = 1.

Lemma 3.5.3 is proven in §3.7. We can now prove Proposition 3.4.11:

Proposition 3.4.11. Let 0 < η0 < η1 < (1− log 2)/2. Then for all sufficiently large

k (depending on η0, η1), if

r := d/k =
log(2)

2
· 2k − (1 + log(2))/2 + η

for some η with η0 ≤ η ≤ η1 then with high probability in the planted model, |Cσ(χ)| ≤

Eun(Ze). In symbols,

lim
n→∞

Pχn
(
|Cσ(χ)| ≤ Eun(Ze)

)
= 1.

Proof. Let 0 < ρ, δ be small constants satisfying

log(2)δ +H(ρ, 1− ρ) + log(2)ρ < (1− 2η − log(2))2−k. (3.28)
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Let l be a natural number. Also let σ : Γ → Sym(n) be a uniform homomorphism

and χ : [n] → {0, 1} a proper coloring. To simplify notation, let

R = Cl(χ) ∪ Al(χ) \ A′
l(χ).

By Lemmas 3.5.1 and 3.5.3 it suffices to show that if |R|/n > 1− e−λ− δ and R is ρ-

rigid then |Cσ(χ)| ≤ Eun(Ze) (for all sufficiently large n). So assume |R|/n > 1−e−λ−δ

and R is ρ-rigid.

Let χ′ ∈ Cσ(χ). By definition, this means dn(χ
′, χ) ≤ 2−k/2. Since R is ρ-rigid,

this implies

|{v ∈ R : χ(v) ̸= χ′(v)}| ≤ ρn.

Since this holds for all χ′ ∈ Cσ(χ), it follows that

|Cσ(χ)| ≤
(
|R|
ρn

)
2ρn2n−|R|.

By Stirling’s formula

n−1 log

(
|R|
ρn

)
≤ n−1 log

(
n

ρn

)
≤ H(ρ, 1− ρ) +O(n−1 log(n)).

Since |R|/n > 1− e−λ − δ = 1− 2−k − δ +O(k2−2k),

n−1 log(2n−|R|) ≤ log(2)[2−k + δ] +O(k2−2k).

Thus,

n−1 log |Cσ(χ)| ≤ log(2)2−k + log(2)δ+H(ρ, 1− ρ) + log(2)ρ+O(k2−2k +n−1 log(n)).
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On the other hand,

n−1 logEun(Ze) = f(d, k) +O(n−1 log(n)) = (1− 2η)2−k +O(2−2k) +O(n−1 log(n))

by Lemma 3.4.8 and Theorem 3.3.2.

Therefore, the choice of ρ, δ in (3.28) implies |Cσ(χ)| ≤ Eun(Ze) for all sufficiently

large n. This also depends on k being sufficiently large, but the lower bound on k is

uniform in n.

3.6 A Markov process on the Cayley hyper-tree

Here we study a Γ-invariant measure µ on X which is, in a sense, the limit of the

planted model. We will define it by specifying its values on cylinder sets.

Let D ⊂ Γ be a connected finite union of hyper-edges. Let ξ ∈ {0, 1}D be a

proper coloring. We define C(ξ) ⊂ X to be the set of proper colorings ξ′ ∈ X with

ξ′ ↾ D = ξ (where ↾ means “restricted to”). We set µ(C(ξ)) equal to the reciprocal of

the number of proper colorings of D. In particular, if ξ′ ∈ {0, 1}D is another proper

coloring of D, then µ(C(ξ)) = µ(C(ξ′)).

Because X is totally disconnected, any Borel probability measure on X is deter-

mined by its values on clopen subsets (since these generate the topology). Since every

clopen subset is a finite union of cylinder sets of the form above, Kolmogorov’s Ex-

tension Theorem implies the existence of a unique Borel probability µ on X satisfying

the aforementioned equalities.

Note this measure has the following Markov property. Let x = (xg)g∈G be a

random element of X with law µ. Let v ∈ Γ and let e ⊂ Γ be a hyperedge containing

v. Let Past(e, v) be the set of all g ∈ Γ such that every path in the Cayley hyper-

tree from g to an element of e passes through v. In particular, e ∩ Past(e, v) = {v}.
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Then the distribution of (xg)g∈e\{v} conditioned on {xg : g ∈ Past(e, v)} is uniformly

distributed on the set of all colorings y : (e \ {v}) → {0, 1} such that there exists

some h ∈ e \ {v} with y(h) ̸= x(v).

3.6.1 Local convergence

We will prove the following lemma.

Lemma 3.6.1. Let χ : V → {0, 1} be an equitable coloring with |V | = n. If B ⊆ X

is clopen, then for every ϵ > 0

lim
n→∞

Pχn

(∣∣∣∣∣ 1n∑
v∈V

1B(Π
σn
v (χ))− µ(B)

∣∣∣∣∣ > ϵ

)
= 0.

To prove this lemma we will first show that if fn : Homχ(Γ, Sym(n)) → R is the

function

fn(σn) :=
1

n

∑
v∈V

1B(Π
σn
v (χ))

then fn concentrates about its expectation using Theorem B.0.2, and then we will

show that this expectation is given by µ(B).

Proposition 3.6.2. We have

lim
n→∞

Pχn (|fn − Eχn[fn]| > ϵ) = 0.

Proof. For g ∈ Γ, let prg : X → {0, 1} be the projection map prg(x) = xg. For D ⊂ Γ,

let FD be the smallest Borel sigma-algebra such that prg is FD-measurable for every

g ∈ D.

Since every clopen subset B of X is a finite union of cylinder sets, the function

1B is FD-measurable for some finite set D ⊂ Γ.

We will use the normalized Hamming metrics dSym(n) and dHom on Sym(n) and

Homχ(Γ, Sym(n)) respectively. These are defined in the beginning of Appendix B.
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We claim fn is L-Lipschitz for some L < ∞. Let σ, σ′ ∈ Homχ(Γ, Sym(n)). Because

1B is FD-measurable,

|fn(σ)− fn(σ
′)| ≤ n−1#{v ∈ [n] : χ(σ(γ−1)(v)) ̸= χ(σ′(γ−1)(v)) for some γ ∈ D}

≤ n−1#{v ∈ [n] : σ(γ−1)(v) ̸= σ′(γ−1)(v) for some γ ∈ D}

≤
∑
γ∈D

dSym(n)(σ(γ
−1), σ′(γ−1)).

Now dSym(n) is both left and right invariant. So

dSym(n)(gh, g
′h′) ≤ dSym(n)(gh, gh

′) + dSym(n)(gh
′, g′h′) = dSym(n)(h, h

′) + dSym(n)(g, g
′)

for any g, g′, h, h′ ∈ Sym(n). Furthermore we immediately have for any 1 ≤ i ≤ d

that dSym(n)(σ(si), σ
′(si)) ≤ dHom(σ, σ

′). Together these imply dSym(n)(σ(γ), σ
′(γ)) ≤

|γ|dHom(σ, σ
′) for any γ ∈ Γ where |γ| is the distance from γ to the identity in the

word metric on Γ. Thus if we take L =
∑

γ∈D |γ| <∞ we see that |fn(σ)− fn(σ
′)| ≤

LdHom(σ, σ
′) as desired.

The Proposition now follows from Theorem B.0.2.

To finish the proof of Lemma 3.6.1, it now suffices to show the expectation of fn

with respect to the planted model converges to µ(B) as n → ∞. We will prove this

by an inductive argument, the inductive step of which is covered in the next lemma.

Lemma 3.6.3. Let D ⊂ Γ be either a singleton or a connected finite union of hy-

peredges containing the identity. Let ξ ∈ {0, 1}D be a proper coloring. Let FD,ξ,v ⊂

Homχ(Γ, Sym(n)) be the event that Πσn
v (χ) ↾ D = ξ ↾ D. Let Q(D) be the number of

proper colorings of D. Then

lim
n→∞

sup
v∈χ−1(ξ(1Γ))

∣∣∣∣Pχn (FD,ξ,v)− 2

Q(D)

∣∣∣∣ = 0. (3.29)
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Remark 3.6.4. The factor of 2 in 2
Q(D)

is there to account for the fact that we are

requiring v ∈ χ−1(ξ(1Γ)).

Proof. The statement is immediate if D = {1Γ} is a singleton. For induction we

assume that the statement is true for some finite D ⊂ Γ. Let D′ ⊃ D be a connected

union of hyper-edges such that there exists a unique hyper-edge e with D′ = D ∪ e.

By induction, it suffices to prove the statement for D′.

Note by symmetry that Pχn(FD,ξ,v) is the same for all v ∈ χ−1(ξ(1Γ)). Let us

denote this common value by cD,ξ. Define AD,ξ = {(v, σ) : v ∈ V, σ ∈ FD,ξ,v}. If

g ∈ D then (v, σ) 7→ (σ(g−1)v, σ) is a bijection from AD,ξ to Ag−1D,g−1ξ. This implies

n

2
cD,ξ |Homχ(Γ, Sym(n))| = |AD,ξ|

= |Ag−1D,g−1ξ|

=
n

2
cg−1D,g−1ξ |Homχ(Γ, Sym(n))| .

Thus cg−1D,g−1ξ = cD,ξ. After replacing D
′ with γ−1D′ where γ ∈ e ∩D is the unique

element in e∩D, we may therefore assume without loss of generality that e∩D = {1Γ}.

By symmetry we may also assume ξ(1Γ) = 1 and e = {si1 : i = 0, · · · , k − 1} is the

hyper-edge generated by s1.

For any subset W ⊂ Γ, let EW,v be the event that σn(g
−1)(v) ̸= σn(g

′−1)(v) for

any g, g′ ∈ W with g ̸= g′. Since the planted model is a random sofic approximation,

by Lemma 3.2.1 we have Pχn(ED∪e,v) = 1− on(1) uniformly in v. We will show that

lim
n→∞

sup
v∈χ−1(1)

∣∣∣∣Pχn(Fe,ξ,v∣∣∣∣FD,ξ,v, ED∪e,v

)
− 1

2k−1 − 1

∣∣∣∣ = 0. (3.30)

Next we show how to finish the lemma assuming (3.30). We claim that Q(D∪e) =

Q(D)(2k−1 − 1). To see this, observe that if ξ′ is a proper coloring of D and ξ′′ is

any coloring of e \ {1Γ} then the concatenation ξ′ ⊔ ξ′′ is a proper coloring of D ∪ e
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unless ξ′′(g) = ξ′(1Γ) for all g ∈ e \ {1Γ}. Since |e \ {1Γ}| = k − 1, this implies

that every proper coloring of D admits 2k−1 − 1 proper extensions to D ∪ e. So

Q(D ∪ e) = Q(D)(2k−1 − 1) as claimed.

Since FD∪e,ξ,v = Fe,ξ,v ∩ FD,ξ,v,

Pχn (FD∪e,ξ,v) = Pχn
(
Fe,ξ,v

∣∣∣∣FD,ξ,v)Pχn (FD,ξ,v)

= Pχn
(
Fe,ξ,v

∣∣∣∣FD,ξ,v, ED∪e,v

)
Pχn (FD,ξ,v) + on(1).

The lemma now follows from the inductive hypothesis, (3.30) and Q(D ∪ e) =

Q(D)(2k−1 − 1).

It now suffices to prove (3.30). Let Dj denote the union of all subsets {gsij : i =

0, · · · , k − 1} over all g ∈ D such that {gsij : i = 0, · · · , k − 1} ⊆ D. That is, Dj is

the union of all hyperedges generated by sj which lie completely within D. Because

e = {si1 : i = 0, · · · , k − 1}, e ∩D1 = ∅. Multiplication by sj on the right preserves

Dj.

Fix v ∈ V = {1, . . . , n} and consider an injective function h : D → V such that

h(1Γ) = v and χ (h (e′)) = {0, 1} for all hyper-edges e′ ∈ D. Let N(χ, h) be the set

of σ ∈ Homχ(Γ, Sym(n)) such that σ(g−1)v = h(g) for all g ∈ D. By definition,

Pχn
(
σn(g

−1)(v) = h(g) ∀g ∈ D
)
=

|N(χ, h)|
|Homχ(Γ, Sym(n))|

.

For each j ∈ {1, . . . , d}, let Nj(χ, h) be the set of permutations πj ∈ Sym(n) such

that

1. the orbit-partition of πj is a k-partition which is properly colored by χ,

2. h(gsj) = π−1
j h(g) for all g ∈ D ∩Ds−1

j .
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We claim that the map

N(χ, h) 7→ N1(χ, h)× · · · ×Nd(χ, h)

that sends σ to (σ(s1), . . . , σ(sd)) is a bijection.

The fact that it is injective is immediate since Γ is generated by s1, . . . , sd. In

order to prove that it is surjective, fix elements πj ∈ Nj(χ, h) for all j. Define σ ∈

Homχ(Γ, Sym(n)) by σ(sj) = πj. It suffices to check that σ(g−1)(v) = h(g) ∀g ∈ D.

By induction on the number of edges in D, it suffices to assume that the equation

σ(g−1)(v) = h(g) holds for some g ∈ D ∩ Ds−1
j and prove σ((gsj)

−1)(v) = h(gsj).

This follows from:

σ((gsj)
−1)(v) = σ(s−1

j )σ(g−1)(v) = π−1
j h(g) = h(gsj).

This proves the claim. Therefore,

Pχn
(
σn(·)−1(v) ↾ D = h

)
=

∏d
j=1 |Nj(χ, h)|

|Homχ(Γ, Sym(n))|
. (3.31)

Let HD = {h : D → V : h is injective, χ(h(g)) = ξ(g) ∀g ∈ D, and h(1Γ) = v}.

We have

Pχn(FD,ξ,v, ED,v) =
∑
h∈HD

Pχn(σn(·)−1(v) ↾ D = h).

Similarly

Pχn(FD∪e,ξ,v, ED∪e,v) =
∑

h′∈HD∪e

Pχn(σn(·)−1(v) ↾ D ∪ e = h′).
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Each h ∈ HD is the restriction to D of

(m− 1)!

(
n/2−#ξ−1(1) ∩D

m− 1

)
(k −m)!

(
n/2−#ξ−1(0) ∩D

k −m

)
(3.32)

distinct h′ ∈ HD∪e where m = |ξ−1(1) ∩ e|. We can express

Pχn(Fe,ξ,v|FD,ξ,v, ED∪e,v) =
Pχn(FD∪e,ξ,v, ED∪e,v)

Pχn(FD,ξ,v, ED∪e,v)

=
Pχn(FD∪e,ξ,v, ED∪e,v)

Pχn(FD,ξ,v, ED,v)
+ on(1)

=

∑
h′∈HD∪e

Pχn(σn(·)−1(v) ↾ D ∪ e = h′)∑
h∈HD

Pχn(σn(·)−1(v) ↾ D = h)
+ on(1)

=

∑
h′∈HD∪e

∏d
j=1 |Nj(χ, h

′)|∑
h∈HD

∏d
j=1 |Nj(χ, h)|

+ on(1)

where the on(1) term follows from the inductive hypothesis and the fact that Pχn(ED,v) ≥

Pχn(ED∪e,v) = 1− on(1).

If h1, h2 ∈ HD then χ(h1(g)) = ξ(g) = χ(h2(g)) for all g ∈ D. Observe that

|Nj(χ, h1)| = |Nj(χ, h2)|. This follows by conjugating by a permutation in Sym(n, k)

which preserves the color classes of χ and which maps h1(g) to h2(g) for each g ∈ D.

Similarly, if h′1, h
′
2 ∈ HD∪e then |Nj(χ, h

′
1)| = |Nj(χ, h

′
2)|. Therefore,

Pχn(Fe,ξ,v|FD,ξ,v, ED∪e,v) =
|HD∪e|

∏d
j=1 |Nj(χ, h

′)|
|HD|

∏d
j=1 |Nj(χ, h)|

+ on(1)

for any h ∈ HD and h′ ∈ HD∪e.

Next we choose h′ ∈ HD∪e and h ∈ HD so that h′ extends h. Note |Nj(χ, h
′)| =
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|Nj(χ, h)| for all j ̸= 1 because Dj = (D ∪ e)j. Therefore,

Pχn(Fe,ξ,v|FD,ξ,v, ED∪e,v)

=
|HD∪e||N1(χ, h

′)|
|HD||N1(χ, h)|

+ on(1)

=
|N1(χ, h

′)|
|N1(χ, h)|

(m− 1)!

(
n/2−#ξ−1(1) ∩D

m− 1

)
(k −m)!

(
n/2−#ξ−1(0) ∩D

k −m

)
+ on(1)

∼ |N1(χ, h
′)|

|N1(χ, h)|
(n/2)k−1 (3.33)

where the second equality uses (3.32). Here we are using the notation f(n) ∼ g(n)

to mean limn→∞
f(n)
g(n)

= 1.

To compute |N1(χ, h)|, let

TD,n =

{
t⃗ ∈ [0, 1]k+1 : t0 = tk = 0,

∑
i

ti =
1

k
,
∑
i

iti =
#χ−1(1) \ h(D1)

#V \ h(D1)
, (n−#D1)ti ∈ Z

}

be the set of possible types of orbit-partitions of permutations of V \ h(D1) that

contribute to the count |N1(χ, h)|. To be precise, if t⃗ ∈ TD,n then there is a k-partition

of V \ h(D1) such that the number of parts P of the partition with |P ∩ χ−1(1)| = i

is ti(n−#D1).

If we fix t⃗ ∈ TD,n then the number of permutations whose orbit partition has type

t⃗ is

(k − 1)!(n−#D1)/k
(n/2−#ξ−1(1) ∩D1)!(n/2−#ξ−1(0) ∩D1)!∏k
j=0 j!

tj(n−#D1)(k − j)!tj(n−#D1)(tj(n−#D1))!

where we have used (3.8). It follows that

|N1(χ, h)| = (k − 1)!(n−#D1)/k
(n/2−#ξ−1(1) ∩D1)!(n/2−#ξ−1(0) ∩D1)!(

n−#D1

k

)
!

×
∑
t⃗∈TD,n

SD,n(⃗t)
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where

SD,n(⃗t) =
((n−#D1)/k)!∏k−1

i=1 i!
ti(n−#D1)(k − i)!ti(n−#D1)(ti(n−#D1))!

. (3.34)

So

|N1(χ, h
′)|

|N1(χ, h)|
∼ (n/k)

(k − 1)!(n/2)k

∑
t⃗∈TD∪e,n

SD∪e,n(⃗t)∑
t⃗∈TD,n

SD,n(⃗t)
.

We plug this into (3.33) to obtain

lim
n→∞

Pχn(Fe,ξ,v|FD,ξ,v, ED∪e,v) = lim
n→∞

2

k!

∑
t⃗∈TD∪e,n

SD∪e,n(⃗t)∑
t⃗∈TD,n

SD,n(⃗t)
. (3.35)

Define t∗ ∈ [0, 1]k+1 by t∗0 = t∗k = 0 and t∗i =
1

k(2k−2)

(
k
i

)
for 0 < i < k. We establish

asymptotic estimates of the sum of SD,n(⃗t) in Lemma 3.6.5 and show that it suffices

to sum over a small ball around t∗.

Recall m = |ξ−1(1) ∩ e|. Let T̃D,n = {t⃗ ∈ TD,n : tm > 0}. We define fn : T̃D,n →

TD∪e,n by

fn(⃗t)j =


(n−#D1)tj−1

n−#D1−k if j = m

n−#D1

n−#D1−k tj if j ̸= m

.

Because e ∩D1 = ∅, if t⃗ ∈ T̃D,n then fn(⃗t) ∈ TD∪e,n.

We claim that for any δ > 0 there exists an N := N(δ) and δ′ > 0 such that for

n > N , TD∪e,n ∩ Bδ′(t
∗) ⊆ fn(T̃D,n ∩ Bδ(t

∗)). This follows from observing that fn is

invertible and that d(fn(⃗t), t⃗) ≤ k2

n−#D1−k . By Lemma 3.6.5 we have

lim
n→∞

∑
t⃗∈TD∪e,n

SD∪e,n(⃗t)∑
t⃗∈TD,n

SD,n(⃗t)
= lim

n→∞

∑
t⃗∈T̃D,n∩Bδ(t∗)

SD∪e,n(fn(⃗t))∑
t⃗∈TD,n∩Bδ(t∗)

SD,n(⃗t)
. (3.36)
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Furthermore, since 1 ≤ m ≤ k − 1 and t∗m > 0, for δ > 0 sufficiently small we have

T̃D,n ∩ Bδ(t
∗) = TD,n ∩ Bδ(t

∗). Because #(D ∪ e)1 = #D1 + k, the ratio
SD∪e,n(fn (⃗t))

SD,n (⃗t)

simplifies to

k

n−#D1

m!(k −m)!tm(n−#D1) =
k(k!)(
k
m

) tm.
In particular, at t∗ we obtain

SD∪e,n(fn(t
∗))

SD,n(t∗)
=

k!

2k − 2
.

Suppose t⃗ ∈ Bδ(t
∗). Then |tm − t∗m| < δ. So

∣∣∣∣SD∪e,n(fn(⃗t))

SD,n(⃗t)
− k!

2k − 2

∣∣∣∣ = ∣∣∣∣SD∪e,n(fn(⃗t))

SD,n(⃗t)
− SD∪e,n(fn(t

∗))

SD,n(t∗)

∣∣∣∣ = k(k!)(
k
m

) |tm − t∗m| ≤ k!δ.

Since δ is arbitrary, this and (3.36) imply

lim
n→∞

∑
t⃗∈TD∪e,n

SD∪e,n(⃗t)∑
t⃗∈TD,n

SD,n(⃗t)
=

k!

2k − 2
.

We plug this into (3.35) to obtain

lim
n→∞

Pχn(Fe,ξ,v|FD,ξ,v, ED∪e,v) =
1

2k−1 − 1
.

Lemma 3.6.5. For any δ > 0 we have

lim
n→∞

∑
t⃗∈TD,n∩Bδ(t∗)

SD,n(⃗t)∑
t⃗∈TD,n

SD,n(⃗t)
= 1.

Proof. We use the following general consequence of Stirling’s formula: let l ∈ N,

t⃗ ∈ [0, 1]l with
∑

i ti = 1. Let t⃗(n) be any sequence in [0, 1]l such that nt⃗(n) ∈ Nl and
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t⃗(n) → t⃗ as n→ ∞. If t⃗(n) = (tn,i)
l
i=1 then limn→∞ n−1 log

(
n

ntn,1,...,ntn,l

)
= H (⃗t).

By (3.34)

SD,n(⃗t) =

(
(n−#D1)/k

tn,1(n−#D1), . . . , tn,k−1(n−#D1)

)(k−1∏
i=1

(
k

i

)ti(n−#D1)
)
k!−(n−#D1)/k.

By setting N = (n−#D1)/k, we obtain

lim
n→∞

n−1 log

(
(n−#D1)/k

tn,1(n−#D1), . . . , tn,k−1(n−#D1)

)
= k−1 lim

n→∞
N−1 log

(
N

tn,1kN, . . . , tn,k−1kN

)
= k−1H(kt⃗) = −

k∑
i=0

ti log(kti) = H (⃗t)− k−1 log(k).

We thus have:

lim sup
n→∞

sup
t⃗∈TD,n

∣∣∣∣ 1n logSD,n(⃗t)− ψ(⃗t)

∣∣∣∣ = 0

where ψ is given by

ψ(⃗t) := −1

k
log(k(k)!) +H (⃗t) +

k∑
i=0

ti log

(
k

i

)
.

Note that ψ does not depend on n or D. Furthermore ψ is continuous and strictly

concave. By the method of Lagrange multipliers (see Section 3.3.2) its maximum on

M := {x ∈ [0, 1]k+1 : x0 = xk = 0,
∑

i xi =
1
k
} occurs at t∗. In particular given δ > 0

there is some 0 < η < δ such that

inf
x∈M∩Bη(t∗)

ψ(x)− sup
x∈M\Bδ(t∗)

ψ(x) > 0.

We claim that Bη(t
∗)∩TD,n ⊆ Bη(t

∗)∩M is non-empty for sufficiently large n. Since

#TD,n ≤ nk this claim and standard arguments involving the exponential growth of
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SD,n(t) imply the lemma.

To prove the claim, we exhibit a member of Bη(t
∗) ∩ TD,n in a series of three

steps. First, let t(1) ∈ Rk+1 be defined by t
(1)
i =

⌊t∗i (n−#D1)⌋
n−#D1

for each 0 ≤ i ≤ k. This

satisfies the integrality condition, that is (n − #D1)t
(1)
i ∈ Z for all i. Furthermore

|t∗ − t(1)| ≤
∑k

i=0 |t∗i − t
(1)
i | ≤ k−1

n−#D1
.

Second, define t(2) ∈ Rk+1 by

t
(2)
i =


t
(1)
1 +

(
1
k
−
∑k−1

j=1 t
(1)
j

)
if i = 1

t
(1)
i otherwise

.

Since n−#D1

k
∈ Z and (n − #D1)t

(1)
i ∈ Z for each i we maintain the integrality

condition, and
∑

i t
(2)
i = 1

k
. Furthermore

∣∣t(2) − t(1)
∣∣ ≤ ∣∣∣∣∣1k −

k−1∑
i=1

t
(1)
i

∣∣∣∣∣ =
∣∣∣∣∣
k∑
i=0

(t∗i − t
(1)
i )

∣∣∣∣∣ ≤
k∑
i=0

∣∣∣t∗i − t
(1)
i

∣∣∣ ≤ k − 1

n−#D1

.

Finally let ∆ = #χ−1(1)\h(D1)
n−#D1

−
∑k

i=0 it
(2)
i . Define t(3) ∈ Rk+1 by

t
(3)
i =


t
(2)
1 −∆ if i = 1

t
(2)
2 +∆ if i = 2

t
(2)
i otherwise

.

We claim t(3) ∈ Bη(t
∗) ∩ TD,n for n sufficiently large. First t

(3)
0 = t

(2)
0 = t

(1)
0 =

t∗0 = 0, with the same equalities holding for t
(3)
k . We have t

(3)
i (n − #D1) ∈ Z since

t
(2)
i (n−#D1) ∈ Z for each i and ∆(n−#D1) ∈ Z. We also have

∑
i t

(3)
i =

∑
i t

(2)
i =

1
k
. Furthermore

∑
i it

(3)
i =

∑
i it

(2)
i + 2∆ − ∆ = χ−1(1)\h(D1)

n−#D1
. Finally by repeated
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application of the triangle inequality

|t∗ − t(3)| ≤ k − 1

n−#D1

+
k − 1

n−#D1

+ 2|∆|.

We show that |∆| is small for n sufficiently large. This will not only imply that

t(3) ∈ Bη(t
∗), but also that t

(3)
i ∈ [0, 1] for each i. Note that

n/2−#D1

n
≤ #χ−1(1) \ h(D1)

n−#D1

≤ n/2

n−#D1

=
(n−#D1)/2 + #D1/2

n−#D1

.

This implies
∣∣∣#χ−1(1)\h(D1)

n−#D1
− 1

2

∣∣∣ ≤ max{#D1

n
, #D1

2(n−#D1)
}. Thus

|∆| ≤
∣∣∣∣#χ−1(1) \ h(D1)

n−#D1

− 1

2

∣∣∣∣+
∣∣∣∣∣12 −

k∑
i=0

it
(2)
i

∣∣∣∣∣
≤ max

{
#D1

n
,

#D1

2(n−#D1)

}
+

∣∣∣∣∣
k∑
i=0

it∗i −
k∑
i=0

it
(1)
i

∣∣∣∣∣+
∣∣∣∣∣
k∑
i=0

it
(1)
i −

k∑
i=0

it
(2)
i

∣∣∣∣∣
≤ max

{
#D1

n
,

#D1

2(n−#D1)

}
+

2(k − 1)2

n−#D1

.

As k and #D1 are fixed, we have |t∗ − t(3)| < η for large enough n. Since t∗i ∈ (0, 1)

for each 1 ≤ i ≤ k− 1 we have |t(3)i − t∗i | ≤ |t(3) − t∗|. Thus for sufficiently large n we

will also have t
(3)
i ∈ (0, 1) for each 1 ≤ i ≤ k − 1. Therefore t(3) ∈ [0, 1]k+1 and we

have t(3) ∈ Bη(t
∗) ∩ TD,n for n sufficiently large.

Proof of Lemma 3.6.1. Let µχn be the Borel probability measure on X defined by

µχn(B) = Eχn

(
1

#V

∑
v∈V

1B (Πσn
v (χ))

)

for any Borel set B ⊂ X. By Proposition 3.6.2, it suffices to show that µχn(B) → µ(B)

as n → ∞ for any clopen set B ⊂ X. Because clopen sets are finite unions of

cylinder sets, it suffices to show that if D ⊂ Γ is a finite subset and ξ ∈ {0, 1}D then
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limn→∞ µχn([ξ]) = µ([ξ]) where [ξ] is the cylinder set {x ∈ X : x ↾ D = ξ}. We can

further assume D to be a connected finite union of hyperedges with 1Γ ∈ D. The

proof now follows from Lemma 3.6.3 since

µχn([ξ]) = n−1
∑
v∈V

Pχn (FD,ξ,v) = n−1
∑

v∈χ−1(ξ(1Γ))

Pχn (FD,ξ,v) = (1/2)Pχn (FD,ξ,v0)

where, in the last equality, v0 is any vertex in χ−1(ξ(1Γ)). These equations are justified

as follows. By symmetry, if v0, v1 ∈ χ−1(ξ(1Γ)), then Pχn (FD,ξ,v0) = Pχn (FD,ξ,v1). On

the other hand, if v /∈ χ−1(ξ(1Γ)), then Pχn (FD,ξ,v) = 0. Lastly, |χ−1(ξ(1Γ))| = n/2.

3.6.2 The density of the rigid set

This subsection proves Lemma 3.5.1. So we assume the hypotheses of Proposition

3.4.11. An element x ∈ X is a 2-coloring of the Cayley hyper-tree of Γ. Inter-

preted as such, Cl(x), Al(x), A
′
l(x) are well-defined subsets of Γ (see §3.5 to recall the

definitions).

For l ∈ N ∪ {∞}, let

C̃l = {x ∈ X : 1Γ ∈ Cl(x)},

Ãl = {x ∈ X : 1Γ ∈ Al(x)},

Ã′
l = {x ∈ X : 1Γ ∈ A′

l(x)}.

Recall that λ0 = 1
2k−1−1

and λ = dλ0. Since we assume the hypothesis of Prop.

3.4.11, λ is asymptotic to log(2)k as k → ∞.
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Proposition 3.6.6.

µ(C̃∞) ≥ 1− λ2e−λ +O(k62−2k),

µ(C̃∞ ∪ Ã∞) ≥ 1− e−λ +O(k42−2k).

Proof. For brevity, let ei ⊂ Γ be the subgroup generated by si. So ei is a hyper-edge

of the Cayley hyper-tree. Let F i
l ⊂ X be the set of all x such that

1. 1Γ supports the edge ei with respect to x and

2. ei \ {1Γ} ⊂ Cl(x).

Since Cl+1(x) ⊂ Cl(x), it follows that F
i
l+1 ⊂ F i

l . The events F i
l for i = 1, . . . , d are

i.i.d. Let pl = µ(F i
l ) be their common probability.

We write Prob(Bin(n, p) = m) =
(
n
m

)
pm(1 − p)n−m for the probability that a

binomial random variable with n trials and success probability p equals m. Since the

events F 1
l−1, . . . , F

d
l−1 are i.i.d., Ãl is the event that either 1 or 2 of these events occur

and C̃l is the event that at least 3 of these events occur, it follows that

µ(Ãl) = Prob(Bin(d, pl−1) ∈ {1, 2}).

µ(C̃l) = Prob(Bin(d, pl−1) ≥ 3).

Thus

µ(C̃l ∪ Ãl) = Prob(Bin(d, pl−1) > 0).

Claim 3.6.7. p0 = λ0 and for l ≥ 0, pl+1 = f(pl) where

f(t) = λ0 Prob(Bin(d− 1, t) ≥ 3)k−1.

Proof. To reduce notational clutter, let Fl = F 1
l . Note that p0 = µ(F0) = λ0 is the
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probability that the edge e1 is critical. So

pl+1 = µ(F0)µ(Fl+1 | F0) = λ0µ(Fl+1 | F0).

Conditioned on F0, Fl+1 is the event that e1 \ {1Γ} ∈ Cl+1(x). By symmetry and

the Markov property µ(Fl+1 | F0) is the (k − 1)-st power of the probability that

s1 ∈ Cl+1(x) given that 1Γ supports e1. By translation invariance, that probability

is the same as the probability that 1Γ ∈ Cl+1(x) given that 1Γ does not support the

edge e1. By definition of Cl+1(x) and the Markov property, this is the same as the

probability that a binomial random variable with (d−1) trials and success probability

pl is at least 3. This implies the claim.

The next step is to bound Prob(Bin(d− 1, t) ≥ 3) from below:

Prob(Bin(d− 1, t) ≥ 3) = 1− (1− t)d−1 − (d− 1)t(1− t)d−2 −
(
d− 1

2

)
t2(1− t)d−3

≥ 1− e−(d−1)t

(
1 +

(d− 1)t

1− t
+

(d− 1)2t2

2(1− t)2

)
. (3.37)

The last inequality follows from the fact that (1 − t)d−1 ≤ e−(d−1)t. This motivates

the next claim:

Claim 3.6.8. Suppose t is a number satisfying λ0
(
1− λ2e1−λ

)k−1 ≤ t ≤ λ0. Then

for all sufficiently large k,

0 ≤ λ− (d− 1)t ≤ 1

1 +
(d− 1)t

1− t
+

(d− 1)2t2

2(1− t)2
≤ (d− 1)2t2.

Proof. The first inequality follows from:

λ− (d− 1)t ≥ λ− (d− 1)λ0 = λ0 > 0.
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The second inequality follows from:

λ− (d− 1)t ≤ λ− (d− 1)λ0
(
1− λ2e1−λ

)k−1

= dλ0 − (d− 1)λ0
(
1− λ2e1−λ

)k−1

≤ dλ0 − (d− 1)λ0(1− (k − 1)λ2e1−λ)

≤ λ0 + (d− 1)λ0(k − 1)λ2e1−λ ≤ λ0 + kλ3e1−λ →k→∞ 0.

The third line follows from the general inequality (1 − x)k−1 ≥ 1 − (k − 1)x valid

for all x ∈ [0, 1]. To see the limit, observe that under the hypotheses of Proposition

3.4.11, d ∼ (log(2)/2)k2k. So λ ∼ log(2)k. In particular, kλ3e1−λ → 0 and λ0 → 0 as

k → ∞. The implies the limit. Thus if k is large enough then the second inequality

holds.

To see the last inequality, observe that since t ≤ λ0, t → 0 as k → ∞. On the

other hand, (d − 1)t ∼ λ ∼ log(2)k. Thus (d−1)t
1−t and (d − 1)t are asymptotic to

log(2)k. Since 1+ log(2)k+ log(2)2k2

2
≤ log(2)2k2 for all sufficiently large k, this proves

the last inequality assuming k is sufficiently large.

Now suppose that t is as in Claim 3. Then

f(t) ≥ λ0

(
1− e−(d−1)t

(
1 +

(d− 1)t

1− t
+

(d− 1)2t2

2(1− t)2

))k−1

≥ λ0
(
1− e1−λ(d− 1)2t2

)k−1 ≥ λ0
(
1− λ2e1−λ

)k−1
.

The first inequality is implied by (3.37). The second and third inequalities follow

from Claim 3. For example, since λ− (d− 1)t ≤ 1, e−(d−1)t ≤ e1−λ.

Therefore, if pl satisfies the bounds λ0
(
1− λ2e1−λ

)k−1 ≤ pl ≤ λ0 then f(pl) = pl+1

satisfies the same bounds. Since p∞ = liml→∞ f l(λ0), it follows that

λ0 ≥ p∞ ≥ λ0
(
1− λ2e1−λ

)k−1
= λ0 +O(k32−2k). (3.38)
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Because (1− t
n
)n ≤ e−t for any t, n > 0,

µ(C̃∞ ∪ Ã∞) = lim
l→∞

µ(C̃l ∪ Ãl) = lim
l→∞

Prob(Bin(d, pl−1) > 0) = Prob(Bin(d, p∞) > 0)

= 1− (1− p∞)d ≥ 1− exp(−p∞d) = 1− e−λ +O(k42−2k).

The first equality occurs because C̃l∪ Ãl decreases to C̃∞∪ Ã∞. By (3.37) and Claim

3.6.8 (with d in place of d− 1),

µ(C̃∞) = Prob(Bin(d, p∞) ≥ 3) ≥ Prob(Bin(d, λ0 +O(k32−2k)) ≥ 3)

≥ 1− exp(−λ0d)
(
1 +

dλ0
1− λ0

+
d2λ20

2(1− λ0)2

)
+O(k62−2k)

≥ 1− λ2e−λ +O(k62−2k).

Lemma 3.6.9. µ(Ã′
∞) = o(e−λ) where the implied limit is as k → ∞ and η is

bounded.

Proof. As in the previous proof, let ei ⊂ Γ be the subgroup generated by si. So ei is

a hyper-edge of the Cayley hyper-tree.

Let x ∈ X. We say that an edge e is attaching (for x) if it is supported by a

vertex v ∈ A∞(x) and e \ {v} ⊂ C∞(x). Let F (x) = 0 if 1Γ /∈ C∞(x). Otherwise, let

F (x) be the number of attaching edges containing 1Γ. Then by translation invariance,

µ(Ã′
∞) ≤

d∑
m=2

mµ(F (x) = m). (3.39)

Let G ⊂ X be the set of all x such that

1. e1 is a critical edge supported by some vertex v ̸= 1Γ,

2. e1 \ {v, 1Γ} ⊂ C∞(x),

111



3. v ∈ A∞(x).

By the Markov property and symmetry,

µ(F (x) = m) ≤
(
d

m

)
µ(G)m(1− µ(G))d−m. (3.40)

Let

� G1 ⊂ X be the set of all x such that e1 is supported by s1,

� G2 ⊂ X be the set of all x such that e1 \ {s1, 1Γ} ⊂ C∞(x),

� G3 ⊂ X be the set of all x such that s1 ∈ A∞(x).

By symmetry

µ(G) = (k − 1)µ(G3|G2 ∩G1)µ(G2|G1)µ(G1).

Conditioned on G1 ∩ G2, if G3 occurs then there are no more than 1 attaching edge

e supported by s1 with e ̸= e1. By the Markov property and symmetry,

µ(G3|G2 ∩G1) ≤ Prob(Bin(d− 1, p∞) ≤ 1) = O(λe−λ)

where we have used (3.38). Also µ(G1) = λ0. Thus µ(G) ≤ O(k2e−2λ). So (3.39) and

(3.40) along with straightforward estimates imply µ(Ã′
∞) = o(e−λ).

Lemma 3.6.10. lim supl→∞ µ(Ã′
l) ≤ µ(Ã′

∞).

Proof. Given a coloring χ : Γ → {0, 1} of the Cayley hyper-tree and l ∈ N, define

A′′
l (χ) = ∪m≥lA

′
m(χ). Also define Ã′′

l = {x ∈ X : 1Γ ∈ A′′
l (x)}. Since Ã′′

l ⊃ Ã′
l and

the sets Ã′′
l are decreasing in l, it suffices to prove that ∩l≥0Ã

′′
l ⊂ Ã′

∞.

Suppose x ∈ ∩l≥0Ã
′′
l . Then there exists an infinite set S ⊂ N such that x ∈ Ã′

l

(∀l ∈ S). So 1Γ ∈ A′
l(x) (∀l ∈ S). So for each l ∈ S, there exist gl ∈ Al(x) \ {1Γ} and

hyper-edges el, fl ⊂ Γ such that
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1. 1Γ supports el (with respect to x),

2. gl supports fl (with respect to x),

3. el ∪ fl \ {1Γ, gl} ⊂ Cl−1(x),

4. el ∩ fl ̸= ∅.

Because el ∩ fl ̸= ∅, gl is necessarily contained in the finite set {spii s
pj
j : 1 ≤ i, j ≤

d, 0 ≤ pi ≤ k}. So after passing to an infinite subset of S if necessary, we may assume

there is a fixed element g ∈ Γ such that g = gl (∀l ∈ S). Similarly, we may assume

there are edges e, f ⊂ Γ such that el = e and fl = f (∀l ∈ S).

Observe that 1Γ /∈ C∞(x) because 1Γ ∈ Al(x) implies 1Γ /∈ Cl(x) (∀l ∈ S).

Similarly, g /∈ C∞(x). Because el ∪ fl \ {1Γ, gl} ⊂ Cl(x) (∀l ∈ S) and the sets Cl(x)

are decreasing in l, it follows that e∪f \{1Γ, g} ⊂ C∞(x). Therefore {1Γ, g} ⊂ A∞(x).

This verifies all of the conditions showing that 1Γ ∈ A′
∞(x) and therefore x ∈ Ã′

∞ as

required.

We can now prove Lemma 3.5.1:

Proof of Lemma 3.5.1. Observe that the sets C̃l, Ãl, Ã
′
l are clopen for finite l. By

Lemma 3.6.1,

lim
δ↘0

lim inf
n→∞

Pχn
(∣∣∣∣ |Cl(χ) ∪ Al(χ) \ A′

l(χ)|
n

− µ
(
C̃l ∪ Ãl \ Ã′

l

)∣∣∣∣ < δ

)
= 1. (3.41)

for any finite l. Since Ã∞ ∪ C̃∞ is the decreasing limit of Ãl ∪ C̃l, Lemma 3.6.10

implies

lim inf
l→∞

µ(C̃l ∪ Ãl \ Ã′
l) ≥ µ(C̃∞ ∪ Ã∞ \ Ã′

∞).
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By Proposition 3.6.6 and Lemma 3.6.9,

µ(C̃∞ ∪ Ã∞ \ Ã′
∞) ≥ 1− e−λ + o(e−λ).

Together with (3.41), this implies the lemma.

3.7 Rigid vertices

This section proves Lemma 3.5.3. So we assume the hypotheses of Proposition 3.4.11.

As in the previous section, fix an equitable coloring χ : V → {0, 1}. We assume

|V | = n and let σ : Γ → Sym(V ) be a uniformly random uniform homomorphism

conditioned on the event that χ is proper with respect to σ.

Lemma 3.7.1 (Expansivity Lemma). There is a constant k0 > 0 such that the

following holds. If k ≥ k0 then with high probability (with respect to the planted

model), as n → ∞, for any T ⊂ V with |T | ≤ 2−k/2n the following is true. For a

vertex v let Ev denote the set of hyperedges supported by v. Let ET be the set of all

edges e ∈ ∪v∈TEv such that |e ∩ T | ≥ 2. Then

#ET ≤ 2#T.

Proof.

Claim 3.7.2. There exists k0 ∈ N such that k ≥ k0 implies

� k/2 ≤ λ ≤ k,

� 1/2− k21−k/2 ≥ 1√
8
,

� and for any 0 < t ≤ 2−k/2 and k/2 ≤ λ′ ≤ k

H(t, 1− t) + λ′H(2t/λ′, 1− 2t/λ′) + 2t log(4k) + 4t log(t) ≤ 0.9t log(t).
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Proof. Recall that λ = log(2)k+O(k2−k). So the first two requirements are immediate

for k0 large enough.

We estimate each of the first three terms on the left as follows. Because 1 =

limt↘0
H(t,1−t)
−t log(t) , there exists k0 ∈ N such that k ≥ k0 implies H(t,1−t)

−t log(t) ≤ 1.01.

Note,

λ′H(2t/λ′, 1− 2t/λ′) = −2t log(2t/λ′)− (λ′ − 2t) log(1− 2t/λ′)

= −2t log(2t/λ′) +O(t) ≤ −2t log(t) + 2t log(λ′) +O(t)

≤ −2t log(t) + 2t log(k) +O(t).

So by making k0 larger if necessary, we may assume

λ′H(2t/λ′, 1− 2t/λ′)

−t log(t)
≤ 2.01.

Since

2t log(4k)

−t log(t)
≤ 2 log(4k)

(k/2) log(2)

we may also assume 2t log(4k)
−t log(t) ≤ 0.01. Combining these inequalities, we obtain

H(t, 1− t) + λ′H(2t/λ′, 1− 2t/λ′) + 2t log(4k) + 4t log(t)

≤ (1.01 + 2.01 + 0.01− 4)(−t log(t)) ≤ 0.9t log(t).

From now on, we assume k ≥ k0 with k0 as above. To simplify notation, let

ζ = 2−k/2. Given a 2d-tuple c = (c1,0, c1,1 . . . , cd,0, cd,1) of natural numbers, let Ec

be the event that there are exactly ci,0 critical edges of the form {σ(si)j(v) : 0 ≤

j ≤ k − 1} and supported by a vertex of color 0, and ci,1 critical edges of the form

{σ(si)j(v) : 0 ≤ j ≤ k − 1} and supported by a vertex of color 1. We denote
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|c| =
∑

1≤i≤d,b∈{0,1} ci,b. Let Pχc,n be the planted model conditioned on Ec.

This measure can be constructed as follows. Let Ic be the set of triples (i, b, j) with

1 ≤ i ≤ d, b ∈ {0, 1} and 1 ≤ j ≤ ci,b. First choose edges {ei,b,j}(i,b,j)∈Ic uniformly at

random subject to the conditions:

1. each ei,b,j ⊂ [n] has cardinality k and ei,b,j ∩ei,b′,j′ = ∅ whenever b ̸= b′ or j ̸= j′,

2. each ei,b,j is critical and is supported by a vertex of color b with respect to χ.

Next choose a uniformly random uniform homomorphism σ subject to:

1. χ is a proper coloring with respect to σ,

2. each ei,b,j is of the form {σ(si)j(v) : 0 ≤ j ≤ k − 1} with respect to σ,

3. the edges {ei,b,j}(i,b,j)∈Ic are precisely the critical edges of χ with respect to σ.

Then σ is distributed according to Pχc,n.

For 1 ≤ l ≤ n, let Tl be the collection of all subsets T ⊂ V = [n] such that |T | = l

and |ET | > 2|T |. Note that T1 is empty.

To prove the lemma, we claim it suffices to show the following:

Claim 3.7.3. If n is sufficiently large and kn/2 ≤ |c| ≤ kn then
∑

2≤l≤ζn Eχc,n[#Tl]

tends to zero in n.

We briefly return to the model Pχn not conditioned on Ec. Let E be the set of all

critical edges. By Lemma 3.6.1, with high probability in Pχn, |E| is asymptotic to λn

as n→ ∞. Let E ′
n be the event that (k/2)n ≤ |E| ≤ kn. So Pχn(E ′

n) → 1 as n→ ∞.

By a first moment argument and the above paragraph, to prove the lemma it

suffices to show that
∑

2≤l≤ζn Eχn(#Tl|E ′
n) tends to 0 in n. Now Eχn(#Tl|E ′

n) is a

convex combination of Eχc,n(#Tl) over those c such that kn/2 ≤ |c| ≤ kn, so the

lemma follows from Claim 3.7.3.
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Before proving the above claim we need to prove another claim, which needs the

following setup. For s ∈ Ic and T ⊂ V , let FT,s be the event that es is supported by

a vertex in T and |es ∩ T | ≥ 2. For S ⊂ Ic, let FT,S = ∩s∈SFT,s. Note that for any

T ⊂ [n], the event {T ∈ Tl} is contained in ∪SFT,S where the union is over all S ⊂ Ic

with |S| = 2l. So

Eχc,n[#Tl] ≤
∑
S,T

Pχc,n(FT,S). (3.42)

where the sum is over all T ⊂ [n] and S ⊂ Ic with |T | = l and |S| = 2l.

Before proving the claim above, we need to prove:

Claim 3.7.4. For 1 ≤ l ≤ ζn, any T ⊂ V with cardinality |T | = l, any S ⊂ Ic with

|S| ≤ 2l − 1, and any s0 ∈ Ic \ S, one has Pχc,n(FT,s0|FT,S) ≤ 2kl2

n2 .

Proof of Claim 3.7.4. For s ∈ Ic, let es be a random edge in [n] with cardinality k as

in the sampling algorithm above. Without loss of generality, we imagine that es for

s ∈ S has been chosen before es0 . Let s0 = (i0, b0, j0). We say that an edge e is of

type i if e is of the form {σ(si)j(v) : 0 ≤ j ≤ k − 1}. Let S0 ⊂ S be those edges of

type i0, and let V0 = ∪e∈S0e,

� ni be the number of vertices v ∈ [n] \ V0 such that χ(v) = i, and

� li be the number of vertices v ∈ T \ V0 such that χ(v) = i.

Let e0 = es0 . The probability that e0 is supported by a vertex v in T is lb0/nb0 (this

is conditioned on the edges es for s ∈ S).

Suppose first that e0 is supported by a vertex v in T with χ(v) = 0 (so b0 = 0).

Then the probability that |e0 ∩ T | = 1 is

(
n1−l1
k−1

)(
n1

k−1

) .
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It follows that for b0 = 0

Pχc,n(FT,s0|FT,S) =
l0
n0

(
1−

(
n1−l1
k−1

)(
n1

k−1

) ) .
In order to bound this expression, consider

(
n1−l1
k−1

)(
n1

k−1

) =

(
n1 − l1
n1

)
· · ·
(
n1 − l1 − k + 2

n1 − k + 2

)
≥

(
n1 − l1 − k + 2

n1 − k + 2

)k−1

=

(
1− l1

n1 − k + 2

)k−1

≥ 1− (k − 1)l1
n1 − k + 2

≥ 1− kl1
n1

.

Thus,

Pχc,n(FT,s0|FT,S) ≤ kl0l1
n0n1

.

A similar argument shows that the same bound above holds for the case b0 = 1.

Because l0 + l1 ≤ |T | = l, (l0 + l1)
2 − (l0 − l1)

2 ≤ l2, so that l0l1 ≤ l2/4. Note

n0 ≥ n/2− 2kl ≥ n(1/2− k21−k/2) ≥ n/
√
8

where we have used the assumption l ≤ ζn = 2−k/2n and Claim 4. Similarly, n1 ≥

n/
√
8. Substitute these inequalities above to obtain

Pχc,n(FT,s0|FT,S) ≤ 2kl2

n2
.

We now prove Claim 5. Apply the chain rule and Claim 3.7.4 to obtain: if S ⊂ Ic
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has |S| = 2l and T ⊂ [n] with |T | = l then

Pχc,n(FT,S) ≤
(
2kl2

n2

)2l

.

By (3.42)

Eχc,n[#Tl] ≤
∑
S,T

Pχc,n(FT,S) ≤
(
n

l

)(
|c|
2l

)(
2kl2

n2

)2l

where the sum is over all T ⊂ [n] and S ⊂ Ic with |T | = l, |S| = 2l. Define t, λ′ by

tn = l and |c| = λ′n. By hypothesis k/2 ≤ λ′ ≤ k. Consider the following cases:

Case 1: 2 ≤ l ≤ n0.1. Then we make the following estimates:

(
n

l

)
≤ nl,(

|c|
2l

)
≤ (kn)2l.

It follows that Eχc,n[#Tl] ≤
(

4k4l4

n

)l
, which is bounded by n−1.1 for large enough n.

Case 2: l > n0.1. We make the following estimates:

(
n

l

)
= exp(nH(t, 1− t) + 0.5 log(n) +O(1)),(

|c|
2l

)
≤ exp(λ′nH(2t/λ′, 1− 2t/λ′) + 0.5 log(kn) +O(1))

so that

Eχc,n[#Tl] ≤ Ckn exp(n(H(t, 1− t) + λ′H(2t/λ′, 1− 2t/λ′) + 2t log(2k) + 4t log(t)))

for some constant C. For n sufficiently large and t ≤ 2−k/2, this is bounded above by

Ckn exp(0.9nt log(t)) ≤ Ckn2−0.45kn0.1
by Claim 3.7.2 and the choice of k0 and l. It

follows that in this range of l, Eχc,n[#Tl] decays super-polynomially.
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This proves Claim 3.7.3 and finishes the lemma.

Lemma 3.7.5. Let ρ > 0. Then there exists L such that l > L implies Cl(χ) ⊂ [n]

is ρ-rigid (with high probability in the planted model as n→ ∞).

Proof. Without loss of generality, we may assume that 0 < ρ < µ(C̃∞).

Observe that the sets C̃l are clopen for finite l. By Lemma 3.6.1,

lim
η↘0

lim inf
n→∞

Pχn
(∣∣∣∣ |Cl(χ)|n

− µ
(
C̃l

)∣∣∣∣ < η

)
= 1.

Since the sets Cl(χ) are decreasing with l, this implies the existence of L such that

l > L implies

lim inf
n→∞

Pχn
(∣∣∣∣ |Cl(χ)|n

− |Cl+1(χ)|
n

∣∣∣∣ < ρ/3

)
= 1.

Choose l > L. Let ψ : V → {0, 1} be a σ-proper coloring. Let

Tl = {v ∈ Cl(χ) : χ(v) ̸= ψ(v)}.

Define Tl+1 similarly. Since |Cl(χ) \ Cl+1(χ)| < ρn/3 (with high probability) and

Tl \ Tl+1 ⊂ Cl(χ) \ Cl+1(χ), it follows that |Tl \ Tl+1| < ρn/3 (with high probability).

For every v ∈ Tl+1, let Fv ⊂ Ev be the subset of χ-critical edges e such that

e ⊂ Cl(χ).

We claim that if v ∈ Tl+1 then Fv ⊂ ETl where

ETl = {e ∈ ∪v∈TlEv : |e ∩ Tl| ≥ 2}.

Since v ∈ Tl+1, ψ(v) ̸= χ(v). If e ∈ Fv then v supports e with respect to χ. Therefore

because ψ : [n] → {0, 1} is a proper coloring, there must exist a vertex w ∈ e \ {v}

such that ψ(w) ̸= ψ(v). This, combined with χ(w) ̸= χ(v), implies ψ(w) ̸= χ(w)
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since there are only two possible colors. Since {v, w} ⊂ e ⊂ Cl(χ), this means that

|e ∩ Tl| ≥ 2 and therefore e ∈ ETl , which proves the claim.

For every v ∈ Tl+1, |Fv| ≥ 3 by the definition of the sets Cl(χ). Since edges can

only be supported by one vertex, the sets Fv are pairwise disjoint. So

|ETl | ≥

∣∣∣∣∣∣
⋃

v∈Tl+1

Fv

∣∣∣∣∣∣ ≥ 3|Tl+1| ≥ 3|Tl| − ρn.

If |Tl| > ρn then |ETl | ≥ 3|Tl|−ρn > 2|Tl|. So it follows from Lemma 3.7.1 that (with

high probability), |Tl| > 2−k/2n. Thus Cl is ρ-rigid.

We can now prove Lemma 3.5.3.

Proof of Lemma 3.5.3. Let ρ > 0. By Lemma 3.7.5, there exists L such that l > L

implies Cl(χ) is (ρ/3)-rigid with high probability in the planted model as n→ ∞. So

without loss of generality we condition on the event that Cl(χ) is (ρ/3)-rigid.

Now let l − 1 > L. Let ψ : V → {0, 1} be a σ-proper coloring. Let

Tl−1 = {v ∈ Cl−1(χ) : χ(v) ̸= ψ(v)}.

Tl = {v ∈ Cl(χ) : χ(v) ̸= ψ(v)}.

T ′ = {v ∈ Al(χ) \ A′
l(χ) : χ(v) ̸= ψ(v)}.

We claim that |Tl−1| ≥ |T ′|. To see this, let v ∈ T ′. Then there exists an edge e

supported by v (with respect to χ) with e \ {v} ⊂ Cl−1(χ). Since ψ is proper and

ψ(v) ̸= χ(v), there must exist a vertex w ∈ e \ {v} with ψ(w) ̸= χ(w). Necessarily,

w ∈ Tl−1. So there exists a function f : T ′ → Tl−1 such that f(v) is contained in an

edge e supported by v with e\{v} ⊂ Cl−1(χ). Because v /∈ A′
l(χ), f is injective. This

proves the claim.

Now suppose that |Tl∪T ′| > ρn. Since Tl and T
′ are disjoint, either |Tl| > (ρ/3)n
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or |T ′| > (2ρ/3)n. If |Tl| > (ρ/3)n, we are done because by assumption that Cl(χ) is

(ρ/3)-rigid, |Tl| > 2−k/2n and so

|Tl ∪ T ′| > 2−k/2n.

If |T ′| > (2ρ/3)n the claim implies |Tl−1| > (2ρ/3)n. Now in the proof of Lemma

3.7.5 we have shown that |Tl−1 \Tl| < (ρ/3)n, so |Tl| > (ρ/3)n and we are again done.

This proves the lemma.
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Appendix A

Topological sofic entropy notions

In this appendix, we recall the notion of topological sofic entropy from [31] and prove

that it coincides with the definition given in §3.1.

Let T be an action of Γ on a compact metrizable space X. So for g ∈ Γ, T g :

X → X is a homeomorphism and T gh = T gT h. We will also denote this action by

Γ↷X. Let σ : Γ → Sym(n) be a map, ρ be a pseudo-metric on X, F ⋐ Γ be finite

and δ > 0. For x, y ∈ Xn, let

ρ∞(x, y) = max
i
ρ(xi, yi), ρ2(x, y) =

(
1

n

∑
i

ρ(xi, yi)
2

)1/2

be pseudo-metrics on Xn. Also let

Map(T, ρ, F, δ, σ) = {x ∈ Xn : ∀f ∈ F, ρ2(T
fx, x ◦ σ(f)) < δ}.

Informally, elements of Map(T, ρ, F, δ, σ) are “good models” that approximate partial

periodic orbits with respect to the chosen sofic approximation.

For a pseudo-metric space (Y, ρ), a subset S ⊂ Y is (ρ, ϵ)-separated if for all

s1 ̸= s2 ∈ S, ρ(s1, s2) ≥ ϵ. Let Nϵ(Y, ρ) = max{|S| : S ⊂ Y, S is (ρ, ϵ)-separated} be

the maximum cardinality over all (ρ, ϵ)-separated subsets of Y .
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Given a sofic approximation Σ to Γ, we define

h̃Σ(Γ↷X, ρ) = sup
ϵ>0

inf
F⋐Γ

inf
δ>0

lim sup
i→∞

|Vi|−1 log(Nϵ(Map(T, ρ, F, δ, σi), ρ∞))

where the symbol F ⋐ Γ means that F varies over all finite subsets of Γ.

We say that a pseudo-metric ρ on X is generating if for every x ̸= y there

exists g ∈ Γ such that ρ(gx, gy) > 0. By [31, Proposition 2.4], if ρ is continuous and

generating, h̃Σ(T, ρ) is invariant under topological conjugacy and does not depend on

the choice of ρ. So we define h̃Σ(T ) = h̃Σ(T, ρ) where ρ is any continuous generating

pseudo-metric. The authors of [31] define the topological sofic entropy of Γ↷X to be

h̃Σ(T ). The main result of this appendix is:

Proposition A.0.1. Let A be a finite set and X ⊂ AΓ a closed shift-invariant

subspace. Let T be the shift action of Γ on X. Then hΣ(Γ↷X) = h̃Σ(T ) where

hΣ(Γ↷X) is as defined in §3.1.

Proof. To begin, we choose a pseudo-metric on AΓ as follows. For x, y ∈ AΓ,

let ρ(x, y) = 1x1Γ ̸=y1Γ . Then ρ is continuous and generating. So h̃Σ(Γ↷X) =

h̃Σ(Γ↷X, ρ).

Let ϵ > 0, O ⊂ AΓ be an open set. We first analyze Ω(O, ϵ, σ) from the definition

of hΣ(Γ↷X). Note that the topology for AΓ is generated by the base B = {[a] : a ∈

AF , F ⋐ Γ} where if a ∈ AF then [a] = {x ∈ AΓ : x|F = a}. In other words, open

sets of B are those that specify a configuration on a finite subset of coordinates. For

F ⋐ Γ let O(F ) = {y ∈ AΓ : ∃x ∈ X, y|F = x|F} = ∪ a∈AF

[a]∩X ̸=∅
[a] be the open set

containing all elements containing some configuration that appears in X in the finite

window F .

Claim A.0.2. Every open superset O ⊃ X contains some open set of the form O(F ).

Because Ω(O, ϵ, σ) decreases as O decreases, it suffices to only consider open sets

of the form O(F ) in the definition of hΣ(Γ↷X).
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Proof. O is a union of elements in B and X is compact, so that there exists X ⊂

O′ ⊂ O with O′ containing only finitely many base elements. Let F be the union of

all coordinates specified by base elements in O′. It follows that O′ contains O(F ).

Without loss of generality and for convenience we can assume that F is symmetric,

i.e. F = F−1, and contains the identity. This is because we can replace any F with

the larger set F ∪ F−1 ∪ {1Γ}, and both Map(T, ρ, F, δ, σi) and Ω(O(F ), ϵ, σi) are

monotone decreasing in F .

Let n = |Vi|. We assume limi→∞ |Vi| = ∞. Now for each x ∈ Ω(O(F ), ϵ, σi)

we obtain an element x̃ ∈ Xn and then show that these partial orbits form a good

estimate for h̃Σ. Let G(x) = {v ∈ Vi : Π
σi
v (x) ∈ O(F )}. For every v ∈ G(x), choose

some x̃v ∈ X that agrees with Πσi
v (x) on F . For v /∈ G(x) choose an arbitrary element

x̃v ∈ X. Thus x̃ ∈ Xn .

Now for v ∈ G(x), f ∈ F , T f x̃v(1Γ) = x̃v(f
−1) = xσi(f)v. On the other hand we

also want x̃σi(f)v(1Γ) = xσi(f)v, which is true if v ∈ σi(f)
−1G(x) and σi(1Γ)σi(f)v =

σi(f)v. It follows that ρ2(T
f x̃, x̃ ◦ σi(f)) <

√
2ϵ.

Now consider separation of {x̃ : x ∈ Ω(O(F ), ϵ, σi)}. We will show that a slightly

smaller subset is (ρ∞, 1)-separated. By the pigeonhole principle there exists a subset

V̄i of size at least (1− ϵ)n such that Ω(O(F ), ϵ, σi, V̄i) := {x ∈ Ω(O(F ), ϵ, σi) : G(x) =

V̄i} has cardinality at least e−n(H(ϵ,1−ϵ)+o(1))#Ω(O(F ), ϵ, σi). Furthermore, if x, y ∈

Ω(O(F ), ϵ, σi, V̄i) then ρ∞(x̃, ỹ) = 1 if x(v) ̸= y(v) for some v ∈ V̄i ∩ Fix(1Γ), where

Fix(1Γ) = {v ∈ Vi : σi(1Γ)v = v}. Since there are at most |A|(ϵ+o(1))n configurations

in AVi with some fixed configuration on V̄i ∩Fix(1Γ), there exists a (ρ∞, 1)-separated

subset of Ω(O(F ), ϵ, σi, V̄i) of size at least |A|−(ϵ+o(1))n#Ω(O(F )), ϵ, σi, V̄i). It follows

that

N1(Map(T, ρ, F,
√
2ϵ, σi), ρ∞) ≥ |A|−(ϵ+o(1))ne−n(H(ϵ,1−ϵ)+o(1))#Ω(O(F ), ϵ, σi).
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On the other hand, suppose we have some x̃ ∈ Map(T, ρ, F, δ, σi). This means that

for every f ∈ F , there exists a set Ṽi(f) of size > (1 − δ2)n such that for v ∈ Ṽi(f),

x̃σi(f)v(1Γ) = T f x̃v(1Γ) = x̃v(f
−1). Let Ṽi = ∩f∈F Ṽi(f). Then |Ṽi| > (1− |F |δ2)n and

for v ∈ Ṽi, for every f ∈ F , x̃σi(f)v(1Γ) = T f x̃v(1Γ) = x̃v(f
−1).

Define x ∈ AVi by xv = x̃v(1Γ). Then for any fixed v ∈ Ṽi, for every f ∈ F ,

Πσi
v (x)(f) = xσi(f−1)v = x̃σi(f−1)v(1Γ) = T f

−1
x̃v(1Γ) = x̃v(f). Since x̃v ∈ X, it follows

that x ∈ Ω(O(F ), δ2|F |, σi).

Also note that x̃, ỹ ∈ Map(T, ρ, F, δ, σi) are (ρ, ϵ)-separated for any ϵ ≤ 1 if and

only if x̃v(1Γ) ̸= ỹv(1Γ) for some v ∈ Vi, so that x ̸= y. It follows that

Nϵ(Map(T, ρ, F, δ, σi), ρ∞) ≤ #Ω(O(F ), δ2|F |, σi).

Note that in the definitions of hΣ and h̃Σ, F is fixed with respect to δ.
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Appendix B

Concentration for the planted

model

Definition B.0.1 (Hamming metrics). Define the normalized Hamming metric

dSym(n) on Sym(n) by

dSym(n)(σ1, σ2) = n−1#{i ∈ [n] : σ1(i) ̸= σ2(i)}.

Define the normalized Hamming metric dHom on Hom(Γ, Sym(n)) by

dHom(σ1, σ2) =
d∑
i=1

dSym(n)(σ1(si), σ2(si)).

The purpose of this section is to prove:

Theorem B.0.2. There exist constants c, λ > 0 (depending only on k, d) such that

for every δ > 0 there exists Nδ such that for all n > Nδ, for every 1-Lipschitz

f : Homχ(Γ, Sym(n)) → R,

Pχn (|f − Eχn[f ]| > δ) ≤ c exp(−λδ2n).
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B.0.1 General considerations

To begin the proof we first introduce some general-purpose tools.

Definition B.0.3. A metric measure space is a triple (X, dX , µ) where (X, dX)

is a metric space and µ is a Borel probability measure on X. We will say (X, dX , µ)

is (c, λ)-concentrated if for any 1-Lipschitz function f : X → R,

µ

(∣∣∣∣f −
∫
f dµ

∣∣∣∣ > ϵ

)
< ce−λϵ

2

.

If (X, dX , µ) is (c, λ)-concentrated and f : X → R is L-Lipschitz, then since f/L

is 1-Lipschitz,

µ

(∣∣∣∣f −
∫
f dµ

∣∣∣∣ > ϵ

)
= µ

(∣∣∣∣f/L−
∫
f/L dµ

∣∣∣∣ > ϵ/L

)
< c exp(−λϵ2/L2). (B.1)

Lemma B.0.4. Let (X, dX , µ) be (c, λ)-concentrated. If ϕ : X → Y is an L-Lipschitz

map onto a measure metric space (Y, dY , ν) and ν = ϕ∗µ is the push-forward measure,

then (Y, dY , ν) is (c, λ/L2)-concentrated.

Proof. This follows from the observation that if f : Y → R is 1-Lipschitz, then the

pullback f ◦ ϕ : X → R is L-Lipschitz. So equation (B.1) implies

ν

(∣∣∣∣f −
∫
f dν

∣∣∣∣ > ϵ

)
= µ

(∣∣∣∣f ◦ ϕ−
∫
f ◦ ϕ dµ

∣∣∣∣ > ϵ

)
< c exp(−λϵ2/L2).

The next lemma is concerned with the following situation. Suppose X = ⊔i∈IXi

is a finite disjoint union of spaces Xi. Even if we have good concentration bounds on

the spaces Xi, this does not imply concentration on X because it is possible that a

1-Lipschitz function f will have different means when restricted to the Xi’s. However,

if most of the mass of X is concentrated on a sub-union ∪j∈JXj (for some J ⊂ I)
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and the sets Xj are all very close to each other, then there is a weak concentration

inequality on X.

Lemma B.0.5. Let (X, dX , µ) be a measure metric space with diameter ≤ 1. Sup-

pose X = ⊔i∈IXi is a finite disjoint union of spaces Xi, each with positive measure

(µ(Xi) > 0). Let µi be the induced probability measure on Xi. Suppose there exist

J ⊂ I and constants η, δ, λ, c > 0 satisfying:

1. µ(∪j∈JXj) ≥ 1− η ≥ 1/2.

2. For every j, k ∈ J , there exists a measure µj,k on Xj×Xk with marginals µj, µk

respectively such that

µj,k({(xj, xk) : dX(xj, xk) ≤ δ}) = 1.

3. For each j ∈ J , (Xj, dX , µj) is (c, λ)-concentrated.

Then for every 1-Lipschitz function f : X → R and every ϵ > δ + 2η,

µ

(∣∣∣∣f −
∫
f dµ

∣∣∣∣ > ϵ

)
≤ η + c exp

(
−λ (ϵ− δ − 2η)2

)
.

Proof. Let f : X → R be a 1-Lipschitz function. After adding a constant to f

if necessary, we may assume
∫
f dµ = 0. Note that the mean of f is a convex

combination of its restrictions to the Xi’s:

0 =

∫
f(x) dµ(x) =

∑
i∈I

µ(Xi)

∫
f(xi) dµi(xi)

=
∑
i∈I\J

µ(Xi)

∫
f(xi) dµi(xi) +

∑
j∈J

µ(Xj)

∫
f(xj)dµj(xj).
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Since f is 1-Lipschitz with zero mean, |f | ≤ diam(X) ≤ 1. So

∣∣∣∣∣µ(∪j∈JXj)
−1
∑
j∈J

µ(Xj)

∫
f(xj) dµj(xj)

∣∣∣∣∣ =

∣∣∣∣∣∣µ(∪j∈JXj)
−1
∑
i∈I\J

µ(Xi)

∫
f(xi) dµi(xi)

∣∣∣∣∣∣
≤ η

1− η
≤ 2η

where the last inequality uses that µ(∪j∈JXj) ≥ 1− η and η ≤ 1/2.

For any j, k ∈ J , the µj and µk-means of f are δ-close:

∣∣∣∣∫ f(xj) dµj(xj)−
∫
f(xk) dµk(xk)

∣∣∣∣ =

∣∣∣∣∫ f(xj)− f(xk) dµj,k(xj, xk)

∣∣∣∣
≤

∫
|f(xj)− f(xk)| dµj,k(xj, xk) ≤ δ.

So for any j0 ∈ J ,

∣∣∣∣∣
∫
f(xj0) dµj0(xj0)− µ(∪j∈JXj)

−1
∑
j∈J

µ(Xj)

∫
f(xj) dµj(xj)

∣∣∣∣∣ ≤ δ.

Combined with the previous estimate, this gives

∣∣∣∣∫ f(xj0) dµj0(xj0)

∣∣∣∣ ≤ δ + 2η.

Now we estimate the µ-probability that f is > ϵ (assuming ϵ > δ + 2η):
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µ

(∣∣∣∣f −
∫
f dµ

∣∣∣∣ > ϵ

)
= µ(|f | > ϵ)

≤ η +
∑
j∈J

µj(|f | > ϵ)µ(Xj)

≤ η +
∑
j∈J

µj

(∣∣∣∣f −
∫
f(xj) dµj(xj)

∣∣∣∣ > ϵ−
∣∣∣∣∫ f(xj) dµj(xj)

∣∣∣∣)µ(Xj)

≤ η +
∑
j∈J

µj

(∣∣∣∣f −
∫
f(xj) dµj(xj)

∣∣∣∣ > ϵ− δ − 2η

)
µ(Xj)

≤ η + c exp
(
−λ (ϵ− δ − 2η)2

)
.

The next lemma is essentially the same as [32, Proposition 1.11]. We include a

proof for convenience.

Lemma B.0.6. [32] Suppose (X, dX , µ) is (c1, λ1)-concentrated and (Y, dY , ν) is (c2, λ2)-

concentrated. Define a metric on X × Y by dX×Y ((x1, y1), (x2, y2)) = dX(x1, x2) +

dY (y1, y2). Then (X × Y, dX×Y , µ× ν) is (c1 + c2,min(λ1, λ2)/4)-concentrated.

Proof. Let F : X × Y → R be 1-Lipschitz. For y ∈ Y , define F y : X → R by

F y(x) = F (x, y). Define G : Y → R by G(y) =
∫
F y(x) dµ(x). Then F y and G are

1-Lipschitz.

If |F (x, y) −
∫
F dµ × ν| > ϵ then either |F y(x) −

∫
F y dµ| > ϵ/2 or |G(y) −∫

G dν| > ϵ/2. Thus

µ× ν

({
(x, y) :

∣∣∣∣F (x, y)− ∫ F dµ× ν

∣∣∣∣ > ϵ

})
≤ µ× ν

({
(x, y) :

∣∣∣∣F y(x)−
∫
F y dµ

∣∣∣∣ > ϵ/2

})
+ ν

({
y :

∣∣∣∣G(y)− ∫ G dν

∣∣∣∣ > ϵ/2

})
≤ c1e

−λ1ϵ2/4 + c2e
−λ2ϵ2/4 ≤ (c1 + c2) exp(−min(λ1, λ2)ϵ

2/4).
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Lemma B.0.7. Let (X, dX , µ) and (Y, dY , ν) be metric-measure spaces. Suppose

1. X, Y are finite sets, µ and ν are uniform probability measures,

2. there is a surjective map Φ : X → Y and a constant C > 0 such that |Φ−1(y)| =

C for all y ∈ Y ,

3. (Y, dY , ν) is (c1, λ1)-concentrated,

4. for each y ∈ Y , the fiber Φ−1(y) is (c2, λ2)-concentrated (with respect to the

uniform measure on Φ−1(y) and the restricted metric),

5. for each y1, y2 ∈ Y there is a probability measure µy1,y2 on Φ−1(y1) × Φ−1(y2)

with marginals equal to the uniform measures on Φ−1(y1) and Φ−1(y2) such that

µy1,y2({(x1, x2) : dX(x1, x2) ≤ dY (y1, y2)}) = 1.

Then (X, dX , µ) is (c1 + c2,min(λ1, λ2)/4)-concentrated.

Proof. Let f : X → R be 1-Lipschitz. Let E[f |Y ] : Y → R be its conditional

expectation defined by

E[f |Y ](y) = |Φ−1(y)|−1
∑

x∈Φ−1(y)

f(x).

Also let E[f ] = |X|−1
∑

x∈X f(x) be its expectation.

We claim that E[f |Y ] is 1-Lipschitz. So let y1, y2 ∈ Y . By hypothesis (5)

E[f |Y ](y1)− E[f |Y ](y2) =

∫
f(x1)− f(x2) dµy1,y2(x1, x2)

≤
∫
dX(x1, x2) dµy1,y2(x1, x2)

≤ dY (y1, y2).
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The first inequality holds because f is 1-Lipschitz and the second by hypothesis (5).

This proves E[f |Y ] is 1-Lipschitz.

Let ϵ > 0. Because Φ is C-to-1, it pushes forward the measure µ to ν. Because

(Y, dY , ν) is (c1, λ1)-concentrated,

µ

(∣∣∣∣E[f |Y ] ◦ Φ−
∫
f dµ

∣∣∣∣ > ϵ/2

)
= ν (|E[f |Y ]− E[f ]| > ϵ/2) < c1e

−λ1ϵ2/4. (B.2)

Because each fiber Φ−1(y) is (c2, λ2)-concentrated, for any y ∈ Y ,

|Φ−1(y)|−1#
{
x ∈ Φ−1(y) : |f(x)− E[f |Y ](y)| > ϵ/2

}
< c2e

−λ2ϵ2/4.

Average this over y ∈ Y to obtain

µ ({x ∈ X : |f(x)− E[f |Y ](Φ(x))| > ϵ/2) < c2e
−λ2ϵ2/4.

Combine this with (B.2) to obtain

µ

(∣∣∣∣f −
∫
f dµ

∣∣∣∣ > ϵ

)
≤ µ (|f − E[f |Y ](Φ(x))| > ϵ/2) + µ

(∣∣∣∣E[f |Y ](Φ(x))−
∫
f dµ

∣∣∣∣ > ϵ/2

)
≤ c2e

−λ2ϵ2/4 + c1e
−λ1ϵ2/4

which implies the lemma.

B.0.2 Specific considerations

Given an equitable coloring χ : [n] → {0, 1}, let Hχ be the stabilizer of χ:

Hχ = {g ∈ Sym(n) : χ(gv) = χ(v) ∀v ∈ [n]}.
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Lemma B.0.8. The group Hχ is (4, n/16)-concentrated (when equipped with the

uniform probability measure and the restriction of the normalized Hamming metric

dSym(n)).

Proof. The group Hχ is isomorphic to the direct product Sym(χ−1(0))×Sym(χ−1(1))

which is isomorphic to Sym(n/2)2. By [32, Corollary 4.3], Sym(n/2) is (2, n/16)-

concentrated. So the result follows from Lemmas B.0.6 and B.0.4. This uses that

the inclusion map from Sym(n/2)2 to itself is (1/2)-Lipschitz when the source is

equipped with the sum of the dSym(n/2)-metrics and the target equipped with the

dSym(n) metric.

We need to show that certain subsets of the group Sym(n) are concentrated. To

define these subsets, we need the following terminology.

Recall that a k-partition of [n] is an unordered partition π = {P1, . . . , Pn/k} of

[n] such that each Pi has cardinality k. Let Part(n, k) be the set of all k-partitions

of [n]. The group Sym(n) acts on Part(n, k) by gπ = {gP1, . . . , gPn/k}.

Let σ ∈ Sym(n). The orbit-partition of σ is the partition Orb(σ) of [n] into

orbits of σ. For example, for any v ∈ [n] the element of Orb(σ) containing v is

{σiv : i ∈ Z} ⊂ [n]. Let Sym(n, k) ⊂ Sym(n) be the set of all permutations

σ ∈ Sym(n) such that the orbit-partition of σ is a k-partition.

Recall from §3.3.1 that a k-partition π has type t⃗ = (tj)
k
j=0 ∈ [0, 1]k+1 with

respect to a coloring χ if the number of partition elements P of π with |P ∩

χ−1(1)| = j is tjn. We will also say that a permutation σ ∈ Sym(n, k) has type

t⃗ = (tj)
k
j=0 ∈ [0, 1]k+1 with respect to a coloring χ if its orbit-partition Orb(σ)

has type t⃗ with respect to χ.

Let Sym(n, k;χ, t⃗) be the set of all permutations σ ∈ Sym(n, k) such that σ has

type t⃗ with respect to χ.

Lemma B.0.9. The subset Sym(n, k;χ, t⃗) is either empty or (6, λn)-concentrated
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(when equipped with the normalized Hamming metric dSym(n) and the uniform proba-

bility measure) where λ > 0 is a constant depending only on k.

Proof. Let Part(n, k;χ, t⃗) be the set of all (unordered) k-partitions of [n] with type

t⃗ (with respect to χ). We will consider this set as a metric space in which the

distance between partitions π, π′ ∈ Part(n, k;χ, t⃗) is d(π, π′) = k|π△π′|
2n

where △ denotes

symmetric difference.

Let Orb : Sym(n, k;χ, t⃗) → Part(n, k;χ, t⃗) be the map which sends a permu-

tation to its orbit-partition. We will verify the conditions of Lemma B.0.7 with

X = Sym(n, k;χ, t⃗), Y = Part(n, k;χ, t⃗) and Φ = Orb. Condition (1) is immediate.

Observe that Orb is surjective and constant-to-1. In fact for any partition π ∈

Part(n, k;χ, t⃗), |Orb−1(π)| = (k − 1)!n/k since an element σ ∈ Orb−1(π) is obtained

by choosing a k-cycle for every part of π. To be precise, if π = {P1, . . . , Pn/k} then

Orb−1(π) is the set of all permutations σ of the form σ =
∏n/k

i=1 σi where σi is a k-cycle

with support in Pi. This verifies condition (2) of Lemma B.0.7.

Observe that Hχ acts transitively on Part(n, k;χ, t⃗). Fix π ∈ Part(n, k;χ, t⃗) and

define a map ϕ : Hχ → Part(n, k;χ, t⃗) by ϕ(h) = hπ. We claim that ϕ is k2/2-

Lipschitz. Indeed, if h1, h2 ∈ Hχ then

d(h1π, h2π) =
k|h1π △ h2π|

2n

≤ k2#{p ∈ [n] : h1(p) ̸= h2(p)}
2n

=
k2

2
dSym(n)(h1, h2).

BecauseHχ is (4, n/16)-concentrated by Lemma B.0.8, Lemma B.0.4 implies Part(n, k;χ, t⃗)

is (4, n/4k4)-concentrated. This verifies condition (3) of Lemma B.0.7.

We claim that Orb−1(π) is (2, n/2k)-concentrated. To see this, let π = {P1, . . . , Pn/k}

and let Symk(Pi) ⊂ Sym(n) be the set of all k-cycles with support in Pi. Then

Orb−1(π) is isometric to Symk(P1) × · · · × Symk(Pn/k). The diameter of Symk(Pi),
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viewed as a subset of Sym(n) with the normalized Hamming metric on Sym(n), is

k/n. So the claim follows from [32, Corollary 1.17]. This verifies condition (4) of

Lemma B.0.7.

For π1, π2 ∈ Part(n, k;χ, t⃗), let Xπ1,π2 be the set of all pairs (σ1, σ2) ∈ Orb−1(π1)×

Orb−1(π2) such that if P ∈ π1∩π2 then the restriction of σ1 to P equals the restriction

of σ2 to P . Observe that Xπ1,π2 is non-empty and the projection maps Xπ1,π2 →

Orb−1(πi) (i = 1, 2) are constant-to-1. In fact, for any σ1 ∈ Orb−1(π1), the set of σ2

with (σ1, σ2) ∈ Xπ1,π2 is bijective with the set of assignments of k-cycles to parts in

π2 \ π1.

Let µπ1,π2 be the uniform probability measure onXπ1,π2 . Since the projection maps

are constant-to-1, the marginals of µπ1,π2 are uniform. Moreover, if (σ1, σ2) ∈ Xπ1,π2

then

{i ∈ [n] : σ1(i) ̸= σ2(i)} ⊂ ∪P∈π1\π2P.

Thus

dSym(n)(σ1, σ2) ≤ n−1| ∪P∈π1\π2 P | = n−1k|π1 △ π2|/2 = d(π1, π2).

This verifies condition (5) of Lemma B.0.7.

We have now verified all of the conditions of Lemma B.0.7. The lemma follows.

Let Sym(n, k;χ) be the set of all σ ∈ Sym(n, k) such that if t⃗ = (tj)
k
j=0 is the type

of σ with respect to χ then t0 = tk = 0. In other words, σ ∈ Sym(n, k;χ) if and only

if the orbit-partition π of σ is proper with respect to χ (where we think of π as a

collection of hyper-edges).

Let s⃗ = (sj) with s0 = sk = 0 and sj =
1

k(2k−2)

(
k
j

)
for 0 < j < k. For δ > 0 let

Symδ(n, k;χ) be the set of all σ ∈ Sym(n, k;χ) such that if t⃗ = (ti)
k
i=0 is the type of
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σ (with respect to χ) then
k∑
i=0

|si − ti|2 < δ2.

Lemma B.0.10. With notation as above, for sufficiently large n

|Symδ(n, k;χ)|
|Sym(n, k;χ)|

≥ 1− e−λ1δ
2n

where λ1 > 0 is a constant depending only on k.

Proof. Let

Part(n, k;χ, t⃗) = {π ∈ Part(n, k) : π has type t⃗ with respect to χ},

Part(n, k;χ) = {π ∈ Part(n, k) : χ is proper with respect to π},

Partδ(n, k;χ) =

{
π ∈ Part(n, k;χ) : if t⃗ is the type of π with respect to χ then

k∑
i=0

|ti − si|2 < δ2

}
.

The orbit-partition map from Sym(n, k) → Part(n, k) is constant-to-1 and maps

Sym(n, k;χ) onto Part(n, k;χ) and Symδ(n, k;χ) onto Partδ(n, k;χ). Therefore, it

suffices to prove

|Partδ(n, k;χ)|
|Part(n, k;χ)|

≥ 1− e−λδ
2n

where λ > 0 is a constant depending only on k.

Let M̃ be the set of all vectors t⃗ = (ti)
k
i=0 ∈ [0, 1]k+1 such that t0 = tk = 0,∑

i ti = 1/k and
∑

j jtj = 1/2.

Recall from Lemma 3.3.8 that if t⃗ ∈ M̃ and nt⃗ is Z-valued then

(1/n) log |Part(n, k;χ, t⃗)| = (1− 1/k)(log(n)− 1)− log(2) + J (⃗t) +O(n−1 log(n))

where J (⃗t) = H (⃗t)−
∑k

j=0 tj log(j!(k−j)!). By the proof of Theorem 3.3.2 (specifically

equation (3.10)), J is uniquely maximized in M̃ by the vector s⃗.

In order to get a lower bound on |Part(n, k;χ)|, observe that there exists r⃗ ∈ M̃
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such that nr⃗ is Z-valued and |si − ri| ≤ k/n for all i. Thus J(r⃗)− J(s⃗) = O(1/n). It

follows that

1

n
log |Part(n, k;χ)| ≥ 1

n
log |Part(n, k;χ, r⃗)| = (1− 1/k)(log(n)− 1)− log(2) + J(s⃗) +O(n−1 log(n)).

We claim that the Hessian of J is negative definite. To see this, one can consider

J to be a function of [0, 1]k+1. The linear terms in J do not contribute to its Hessian.

Since the second derivative of x 7→ −x log x is −1/x,

∂2J

∂ti∂tj
=

 0 i ̸= j

−1/ti i = j

Thus the Hessian is diagonal and every eigenvalue is negative; so it is negative definite.

Thus if t⃗ ∈ M̃ is such that
∑

i |ti − si|2 ≥ δ2 then

(1/n) log |Part(n, k;χ, t⃗)| ≤ (1−1/k)(log(n)−1)−log(2)+J(s⃗)−δ2λ′1+O(n−1 log(n))

where λ′1 = 1
2
mint⃗∈M̃min1≤i≤k−1 1/ti is half the smallest absolute value of an eigen-

value of the Hessian of J on M̃.

If t⃗ is the type of a k-partition π of n then ti ∈ {0, 1/n, 2/n, . . . , 1}. Thus the

number of different types of k-partitions of [n] is bounded by a polynomial in n

(namely (n+ 1)k+1). Thus

|Partδ(n, k;χ)|
|Part(n, k;χ)|

≥ 1− (n+ 1)k+1 exp(n[(1− 1/k)(log(n)− 1)− log(2) + J(s⃗)− δ2λ′1 +O(n−1 log(n))])

exp(n[(1− 1/k)(log(n)− 1)− log(2) + J(s⃗) +O(n−1 log(n))])

= 1− nc exp(−δ2λ′1n)

where c = Ok(1). This implies the lemma.
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Recall that a k-cycle is a permutation π ∈ Sym(n) of the form π = (v1, . . . , vk)

for some v1, . . . , vk ∈ [n]. In other words, π has n − k fixed points and one orbit of

size k. The support of π ∈ Sym(n) is the complement of the set of π-fixed points. It

is denoted by supp(π). Two permutations are disjoint if their supports are disjoint.

A permutation π ∈ Sym(n) is a disjoint product of k-cycles if there exist pairwise

disjoint k-cycles π1, . . . , πm such that π = π1 · · · πm. In this case we say that each πi

is contained in π.

Lemma B.0.11. Let t⃗, u⃗ ∈ [0, 1]k+1. Suppose

k∑
i=0

|ti − ui| < δ.

Suppose Sym(n, k;χ, t⃗) and Sym(n, k;χ, u⃗) are non-empty (for some integer n and

equitable coloring χ).

For σ, σ′ ∈ Sym(n, k), let |σ △ σ′| be the number of k-cycles τ that are either in σ

or in σ′ but not in both. Let

Z = {(σ, σ′) ∈ Sym(n, k;χ, t⃗)× Sym(n, k;χ, u⃗) : |σ △ σ′| ≤ δn}.

Then Z is non-empty and there exists a probability measure µ on Z with marginals

equal to the uniform probability measures on Sym(n, k;χ, t⃗) and Sym(n, k;χ, u⃗) re-

spectively.

Proof. Let ρ ∈ Sym(n) be a disjoint product of k-cycles. The type of ρ with respect

to χ is the vector r⃗ = (ri)
k
i=0 defined by: ri is 1/n times the number of k-cycles ρ′

contained in ρ such that | supp(ρ′) ∩ χ−1(1)| = i.

Let σ ∈ Sym(n, k;χ, t⃗). Then there exist disjoint k-cycles σ′
1, . . . , σ

′
m in σ such

that if ρ = σ′
1 · · ·σ′

m and r⃗ = (ri)
k
i=0 is the type of ρ then ri = min(ti, ui). Note m ≥

n(1/k−δ/2) by assumption on t⃗ and u⃗. Moreover, there exist k-cycles σ′
m+1, · · · , σ′

n/k
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such that the collection σ′
1, . . . , σ

′
n/k is pairwise disjoint and the type of σ′ = σ′

1 · · ·σ′
n/k

is u⃗. Then |σ △ σ′| = 2(n/k −m) ≤ δn. So (σ, σ′) ∈ Z which proves Z is non-empty.

We claim that there is a constant C1 > 0 such that for every σ ∈ Sym(n, k;χ, t⃗)

the number of σ′ ∈ Sym(n, k;χ, u⃗) with (σ, σ′) ∈ Z is C1. Indeed the following

algorithm constructs all such σ′ with no duplications:

Step 1. Let σ = σ1 · · ·σn/k be a representation of σ as a disjoint product of

k-cycles. Choose a vector r⃗ = (ri)
k
i=0 such that

1. there exists a subset S ⊂ [n/k] with cardinality |S| ≥ n(1/k− δ/2) such that if

ρ =
∏

i∈S σi then r⃗ is the type of ρ;

2. ri ≤ ui for all i.

Step 2. Choose a subset S ⊂ [n/k] satisfying the condition in Step 1.

Step 3. Choose pairwise disjoint k-cycles σ′
1, . . . , σ

′
n/k−|S| such that

1. supp(σi) ∩ supp(σ′
j) = ∅ (∀i ∈ S) (∀j);

2. σ′
j is not contained in σ (∀j);

3. if σ′ =
∏

i∈S σi
∏

j σ
′
j then σ

′ has type u⃗.

The range of possible vectors r⃗ in Step 1 depends only on k, n, t⃗, u⃗. The number

of choices in Steps 2 and 3 depends only on the choice of r⃗ in Step 1 and on k, n, t⃗, u⃗.

This proves the claim.

Similarly, there is a constant C2 > 0 such that for every σ′ ∈ Sym(n, k;χ, u⃗) the

number of σ ∈ Sym(n, k;χ, t⃗) with (σ, σ′) ∈ Z is C2. It follows that the uniform

probability measure on Z has marginals equal to the uniform probability measures

on Sym(n, k;χ, t⃗) and Sym(n, k;χ, u⃗) respectively.

Corollary B.0.12. Let USym(n,k;χ) denote the uniform probability measure on Sym(n, k;χ)

and let ESym(n,k;χ) be the associated expectation operator. There are constants c, λ > 0
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(depending only on k) such that for every δ > 0, there exists Nδ such that for all

n > Nδ, for every 1-Lipschitz f : Sym(n, k;χ) → R,

USym(n,k;χ)

(∣∣f − ESym(n,k;χ)[f ]
∣∣ > δ

)
≤ c exp(−λδ2n).

Moreover δ 7→ Nδ is monotone decreasing.

Proof. The set Sym(n, k;χ) is the disjoint union of Sym(n, k;χ, t⃗) over t⃗ ∈ [0, 1]k+1.

Let δ > 0. Lemmas B.0.9, B.0.10 and B.0.11 imply that for all sufficiently large n,

this decomposition of Sym(n, k;χ) satisfies the criterion in Lemma B.0.5 where we

set c = 3, η = exp(−λ1δ2n) and λ = λ0n where λ0, λ1 > 0 depend only on k. So for

every 1-Lipschitz function f : Sym(n, k;χ) → R, every ϵ > δ + 2η and all sufficiently

large n,

USym(n,k;χ)

(∣∣f − ESym(n,k;χ)[f ]
∣∣ > ϵ

)
≤ exp(−λ1δ2n) + c exp

(
−λ0n (ϵ− δ − 2η)2

)
.

In particular, there exist Nδ such that if n > Nδ the inequality above holds and

2η < δ. By choosing Nδ larger if necessary, we require that δ 7→ Nδ is monotone

decreasing.

Set ϵ = 3δ. Because ϵ− δ − 2η ≥ δ

USym(n,k;χ)

(∣∣f − ESym(n,k;χ)[f ]
∣∣ > 3δ

)
≤ exp(−λ1δ2n) + c exp

(
−λ0nδ2

)
≤ (1 + c) exp(−λδ2n)

where λ = min(λ0, λ1). The corollary is now finished by changing variables.

Proof of Theorem B.0.2. The space of homomorphisms Homχ(Γ, Sym(n)) is the d-

fold direct power of the spaces Sym(n, k;χ). So the Theorem follows from Corollary

B.0.12 and the proof of Lemma B.0.6.
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