From the holdings of the Department of Special Collections , Princeton University Library,
Princeton, NJ

These documents are either in the public domain, or can only be used for educational and research
purposes (Fair use) as per U.S. Copyright law (text below). By accessing this file, all users agree that their
use falls in the public domain or within fair use as defined by the copyrightlaw. We do not charge any
permission or usage fees for the publication of images of material inour collections, including those provided
by Princeton University Library, via our website, catalog, or directly from staff.For more information
regarding copyright, credit, and citation please review the information onthe Copyright, Credit and Citation
Guidelines page of our website.
https://library.princeton.edu/special-collections/policies/copyright-credit-and-citation-guidelines. If you have
any questions, including how to order higher-quality images from the collection, contact Special Collections
Public Services via our Ask Us! Form. https://library.princeton.edu/special-collections/ask-us

Doctoral Dissertations, 2011-2026 Mathematics

2022

Gibbs measures on sparse random graphs

Airey, Dylan

Princeton, NJ : Princeton University

http://arks.princeton.edu/ark:/88435/dsp01v118rh71p

U.S. Copyright law: The copyright law of the United States (Title 17, 8108, United States Code) governs the
making of photocopies or other reproductions of copyrighted material. Under certain conditions specified in the
law, libraries and archives are authorized to furnish a photocopy or other reproduction. One of these specified
conditions is that the photocopy or reproduction is not to be used for any purpose other than private study,
scholarship, or research. If a user makes a request for, or later uses, a photocopy or reproduction for purposes
in excess of fair use that user may be liable for copyright infringement. This institution reserves the right to
refuse to accept a copying order if, in its judgment, fulfilment of the order would involve a violation of copyright
law. https://www.copyright.gov/title17/title17.pdf



(GIBBS MEASURES ON SPARSE RANDOM GRAPHS

DYLAN AIREY

A DISSERTATION
PRESENTED TO THE FACULTY
OF PRINCETON UNIVERSITY
IN CANDIDACY FOR THE DEGREE

OF DOCTOR OF PHILOSOPHY

RECOMMENDED FOR ACCEPTANCE
BY THE DEPARTMENT OF
MATHEMATICS

ADVISER: ALLAN MURRAY SLY

MAY 2022



©) Copyright by Dylan Airey, 2022.
All Rights Reserved



Abstract

Many combinatorial optimization problems can be phrased in terms of Gibbs measures
on labellings of the vertices of a graph. Techniques and insights from statistical
physics have been applied in recent years to find the solvability thresholds as well as
the structure of solutions for many of these problems. When the underlying graph
is random, two key quantities of interest are the quenched and annealed free energy
densities. The annealed free energy density is much easier to compute, and for some
models, like the Ising ferromagnet, the quenched and annealed free energy densities
agree at all temperatures. For others, the system undergoes a phase transition, and
the two disagree at low temperature. We show this latter phenomenon is typical
in the sense that for an open dense subset of interaction functions, on a random
regular graph the quenched and annealed free energy densities of the associated Gibbs
measure disagree for sufficiently low temperatures.

We also present joint work with L. Bowen and F. Lin in which we consider a par-
ticular model, 2-colorings of random regular hypergraphs, to answer an open problem
in sofic entropy theory. A sofic approximation to a countable group is a sequence of
partial actions on finite sets that asymptotically approximates the action of the group
on itself by left-translations. A group is sofic if it admits a sofic approximation. Sofic
entropy theory is a generalization of classical entropy theory in dynamics to actions
by sofic groups. However, the sofic entropy of an action may depend on a choice of
sofic approximation. All previously known examples showing this dependence rely
on degenerate behavior. We exhibit an explicit example of a mixing subshift of finite

type with two different positive sofic entropies.
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Chapter 1

Introduction

Applying techniques from statistical mechanics to combinatorial optimization prob-
lems on graphs has been a very active and fruitful area of research. Such methods have
been used to make sweeping predictions about the optimal values of such problems, as
well as the structure of the space of solutions. In many cases, these predictions have
been rigorously verified, such as in the chromatic number of random regular graphs
[1], the maximum size of independent sets on random regular graphs [2], the size
of both the Max-Cut and maximum bisection of random regular graphs and sparse
Erdos-Rényi graphs [3], random k-SAT [4], and community detection in the stochastic
block model [5].

Each of these models has required a careful analysis and difficult ad-hoc combina-
torial estimates which are generally applicable only to that model. One of the aims
of this dissertation is to study the behavior of a generic model.

The other aim is to use a specific model, 2-colorings of random regular hyper-

graphs, to answer an open question in sofic entropy.



1.1 Statistical physics models on graphs

1.1.1 Gibbs measures

Given a finite alphabet A, we may consider a collection of n variables taking values
in A. We call the set A" the space of spin configurations. In analogy with physics,
we think of these variables as the spins of a collection of interacting particles. These
interactions give rise to an energy function, the hamiltonian, which for our purposes
will be a function H : A" — R. Associated to each hamiltonian H is the Gibbs
measure at inverse temperature 3. This is a probability measure py € Prob(VA)

given by

for all x € A" where Z is a normalizing constant called the partition function.
According to physics, a closed system (where total energy is constant) will tend to-
ward an equilibrium which maximizes entropy, and the Gibbs measure (or Boltzmann
distribution), is precisely this equilibrium. The parameter 5 balances between energy
and entropy. When 8 = 0 (infinite temperature), u is simply the uniform measure
over AV, and entropy is maximized. When 3 — oo (zero temperature), u is supported
exactly on the ground states of H, those spin configurations with minimum energy.

Of central importance is the free energy density, given by the normalized logarithm

of the partition function

©(B) == lim llog Z(p®).

n—oo 1

Many quantities of interest can be expressed in terms of p(/3): for example the average
energy density lim,Hoo<%H ) is given by %gp(ﬁ ), and phase transitions occur at points
of non-analyticity of ¢(3).

A common class of hamiltonians are given by pairwise interactions between par-

ticles. These pairwise interactions form the structure of a graph G = (V, E), where



V' is our collection of variables.

Example 1.1.1. Let V = {-n,—n+1,--- ,n—1,n}? with {n,n'} € E when ||n —
n'[[y = 1. That is, G = (V, E) is the d-dimensional integer lattice restricted to the

hypercube of side length 2n + 1. Let A = {£1}, and

H(X>:_ Z XnXn’-

(n,n’)eE

This is the ferromagnetic Ising model on the lattice, a model for magnetism and
one of the simplest statistical mechanics models exhibiting a phase transition (when

d>2).

Example 1.1.2. Let G = (V, E) be the complete graph on n vertices, A = {£1} and

for each 1 <i,5 < n let g;; be 1id standard Gaussian random variables. Then

1 n
H(x) = \/_N Z 9ij XiXj

ij=1
1s the hamiltonian for the Sherrington-Kirkpatrick model.

Unlike the Ising model on the lattice, the Sherrington-Kirkpatrick model has a
random hamiltonian. One may then ask for the behavior of the associated Gibbs
measure for a typical sample of the hamiltonian. We may consider classes of random
Gibbs measures in another way: fixing an interacting term as in the Ising model, but

allowing the graph of pairwise interactions to be a random graph.

1.1.2 Random graph models

Throughout this work we will work with random regular graphs and hyper-graphs.
There are a number of possible probability distributions one may consider. First,
for n,d € N the number of d-regular graphs on n-vertices is a finite set, and so one

may consider the uniform distribution over this set. This is the uniform model for

3



d-regular random graphs. While conceptually simple, this model is difficult to work
with in practice.

Another common choice is the configuration model. Here one views [n] x [d] as a
collection of half-edges. Choosing a perfect matching uniformly at random and gluing
together these half edges accordingly then yields a d-regular multi-graph. Necessarily
nd must be even in order for such a matching to exist.

In this work we will instead work with yet another model, the permutation
model. We sample d permutations m;, € Sym(n) for 1 < i < d independently
and uniformly at random. We then consider the multi-graph with V' = [n] and
E={{v,m,(v)}:veV,1<i<d}. The graphs generated will be 2d-regular rather
than d-regular.

Note that the configuration model is equivalent to choosing an element of Hom(x{_,Z /27, Sym(n)
uniformly at random where *¢_,Z /27 is the d-fold free product of Z /27, while the per-
mutation model is equivalent to choosing an element of Hom(Fy, Sym(n)) uniformly

at random.

1.2 Gibbs measures on random regular graphs and
replica symmetry

A key property of random regular graphs is that they are locally tree-like: for any
fixed R € N, as n — oo w.h.p. the radius R neighborhood of an arbitrarily close to 1
fraction of vertices will contain no cycles. This motivates the following construction
of Gibbs measures on random regular graphs.

Let ' =F; = (s1, -+, sq) be the free group on d generators. Let G,, = (V,,, E,,) be
given by the random permutation model, and let o, : I' = Sym(n) be the associated
homomorphism. For v € V,, define 119" : AY» — AT by 119" (x)(7) = x(0.(7)(v)). In

words, II7" is the lift to the universal cover I' of the coloring x with basepoint v. See



3.1 for further motivation of this mapping.

Definition 1.2.1. An interaction function is a continuous function ® : A" — R.
The hamiltonian Hg,, : A" — R associated to an interaction function ® is given
by

Hpn(X)(00) == Y (17" (x))-

'UEVn
For an interaction function ® the Gibbs measure at inverse temperature (5 is

the probability measure jipg ,, € Prob(AY") given by

where Z = erAVn e PH2(X) is q normalizing constant called the partition function.
We suppress the dependence on n and o,, when it is clear from context.

Example 1.2.2. The following are interaction functions associated to commonly

studied systems.

o A = {1} and ®pypny(x) = =30 21,2, + x1,0,1 is the ferromagnetic

Ising model

o A= {=£1} and Qps_rsing(x) = Zle T T, +21,.2 -1 1S the anti-ferromagnetic

Ising model

o A=1{0,1} and Op.(x) = —x1, + S0, c(21y, T,) + (1, T,1) where ¢(0,0) =
c(0,1) = ¢(1,0) = 0 and ¢(1,1) = co is the hard-core model.

o |A| > 2 and Ppoys(z) = —Zle Ly =z, + ﬂxlr:fﬂsfl is the ferromagnetic

i

Potts model

Technically @, is not an interaction function according to our definition since it
takes values of co. We may work with such interactions by modifying their domain.

We consider such cases in 2.5.



Since we are working with random graphs, the hamiltonian and Gibbs measure
will themselves be random. While the free energy (/) is a random variable, standard
concentration results (see Appendix B) imply that log Z(5®) concentrates about its

expectation, and so one may instead analyze
1
lim —E[log Z(5¢)],
n—oo M,

the quenched free energy density. In general this limit may not exist, and even
when it does, it is usually extremely difficult to compute. However, by Jensen’s

inequality one may find an upper bound given by the annealed free energy density

1

lim 1 log E[Z(5®)].

n—oo 1

The annealed free energy density is much more tractable, though still difficult to
compute generally.

For many interaction functions, at sufficiently high temperatures the decay of
correlations in f1g4 leads to the phenomenon of replica symmetry. One consequence
of this property is that the quenched and annealed free energy densities agree. For
d-regular random graphs, the annealed free energy is equal to the replica symmetric
prediction of the free energy (see Proposition 14.8 in [6]).

G. Parisi in [7] introduced a scheme, now called the Parisi ansatz, to predict the
free energy of the Sherrington-Kirkpatrick model based on the idea of sampling spin
configurations from the Gibbs measure independently (these are the replicas which
give replica symmetry its name), and considering the distribution of the overlap, the

fraction of vertices where the two configurations agree. He predicted a particular

'The terms quenched and annealed are taken from alloy production. One quenches an alloy by
plunging the hot metal into a cold water bath and freezing the atoms in place, while one anneals an
alloy by letting the metal to come to room temperature gradually. This alloys the atoms to move as
the alloy cools, the dynamics of the magnetism and atom placement take place over the same time
scale.



form for this overlap distribution which implies an interesting clustering phenomenon
for the Gibbs measure. The mass of the Gibbs measure is concentrated on small
clusters of spin configurations, those clusters are arranged in clusters, the clusters of
clusters are themselved arranged in clusters, and so on. When this clustering stops
after k-steps, the system is said to be k-step replica symmetry breaking, otherwise the
system exhibits full replica symmetry breaking. In particular, this gives the Gibbs
measure an ultrametric structure.

Parisi’s predictions for the SK model have been shown to hold rigorously. In [8],
D. Ruelle developed the Ruelle probability cascades as an explicit description of the
thermodynamic limit of the Gibbs measure for the GREM (generalized random energy
model), a model constructed with the predicted clustering phenomenon built in, but
which was much easier to study. Through the development of invariance properties
by E. Bolthausen and A. Sznitman in [9] and stability properties by S. Ghirlanda
and F. Guerra in [10] and M. Aizenman and P. Contucci in [11], further connections
between the Ruelle probability cascades and the SK model were found. The full RSB
free energy formula has been rigorously verified for the SK model by M. Talagrand
in his celebrated work [12], and the ultrametric structure of the Gibbs measure was
established by D. Panchenko in [13]. A comprehensive summary of the analysis of the
SK model can be found in [14]. Many other models of interest have been rigorously
shown to exhibit replica symmetry breaking since then (see for example [2, 15]). We

ask the following question.

Question 1.2.3. For a generic interaction, does the Gibbs measure on a random

reqular graph exhibit replica symmetry breaking at sufficiently low temperatures?
We do not answer this question, but do prove a suggestive result.

Definition 1.2.4. For an interaction ®, we say the replica symmetric free energy



prediction fails at inverse temperature 5 if

lim inf % log E[Z(8®)] — %E[log 2(89)] > 0.

n—oo

We define RF to be the set of ® € C(AY,R) such that for some By < oo, the replica

symmetric free enerqgy prediction fails for ® at inverse temperature B for all 5 > Sy.
We may now state the main theorem of 2.

Theorem 1.2.5. The set RF contains an open, dense subset of C(A",R).

Remark 1.2.6. While 1.2.5 shows the replica symmetric free energy prediction fails
generically (in the sense of Baire category), this is not sufficient to claim that a
generic system is replica symmetry breaking, nor is it sufficient to show the existence
of a phase transition. To prove 1.2.5 we only need rough bounds on the ground state
energy for a typical graph, and we have a stronger analysis for a class of atypical
graphs that we construct. To show replica symmetry breaking, one would need much
finer information about the Gibbs measure on a typical graph. To show the existence
of a phase transition in other models, one usually shows the annealed free energy is
an analytic function, that the quenched and annealed free energies agree at sufficiently
high temperatures, and that they disagree at sufficiently low temperatures. This implies
the existence of some temperature where the quenched free energy is not analytic.
However in our model, we cannot rule out the possibility that the annealed free energy
1s non-analytic, and it is also theoretically possible that the quenched and annealed

free energies only agree at B = 0.

1.2.1 Related works

A common goal in probability theory is to establish universality of some phenomenon.

The classical central limit theorem is the prototypical example of this phenomenon.



In the regime of replica symmetry breaking, P. Carmona and Y. Hu in [16] established
that the free energy of the SK model with g;; iid according to any distribution with
variance 1 finite third moments is the same as the Gaussian case.

In [3] in Remark 1.4 the authors note that it is expected that a generic ferromag-
netic model on a non-amenable graph (for example random regular graphs) will enter
a spin-glass phase under a zero magnetization constraint. This is a fundamentally dif-
ferent regime from the setting of this dissertation: the zero magnetization constraint
is a global constraint, and not expressible in terms of local interactions.

In [15], the authors establish the replica symmetry breaking phenomenon for an
extremely wide class of models on random regular hypergraphs, computing the free
energy density exactly. While we do not establish replica symmetry breaking in the
sense of overlaps, our results apply to interactions beyond nearest neighbor interac-

tions.

1.3 Sofic entropy

The following material, and the material in 3, are adapted from [17].

The topological entropy of a homeomorphism 7" : X — X of a compact Hausdorff
space X was introduced in [18]. It was generalized to actions of amenable groups
via Fglner sequences in the 1970s [19] and to certain non-amenable groups via sofic
approximations more recently [20]. It plays a major role in the classification and
structure theory of topological dynamical systems.

To explain further, suppose I' is a countable group with identity 1pr and o : I' —
Sym(V') is a map where V' is a finite set and Sym(V') is the group of permutations of
V. It is not required that ¢ is a homomorphism. Let D € I' (the symbol € denotes

a finite subset) and 6 > 0. Then o is called



e (D,d)-multiplicative if

#{v eV : a(gh)v =0c(g)o(h)v Vg,h € D} > (1 —10)|V]|,

e (D,¢)-trace preserving if

#HoeV:o(flo#vVfeD\{Ir}} > (1 -0)V]

e (D,d)-sofic if it is both (D, d)-multiplicative and (D, §)-trace preserving.

A sofic approximation to I' consists of a sequence ¥ = {0;}ien of maps o; : I' —
Sym(V;) such that for all finite D C I', § > 0 and all but finitely many i, o; is (D, J)-
sofic. A group is sofic if it admits a sofic approximation. In this paper we will usually
assume |V;| = i.

If I" acts by homeomorphisms on a compact Hausdorff space X and a sofic approx-
imation X to I' is given then the Y-entropy of the action is a topological conjugacy
invariant, denoted by hx(I'vX) € {—oco} U [0, 00]. It is also called sofic entropy if
¥ is understood. It was first defined in [20] where the authors obtain a variational
principle connecting it with the previously introduced notion of sofic measure entropy
[21]. It is monotone under embeddings and additive under direct products but not
monotone under factor maps. See [22] for a survey.

A curious feature of this new entropy is that it may depend on the choice of sofic
approximation. This is not always the case; for example, if I' is amenable then sofic
entropy and classical entropy always agree. However, there are examples of actions

'~ X by non-amenable groups I' with sofic approximations X, ¥y satisfying

hgl (FmX) = -0 < th(FmX)

See [22, Theorem 4.1]. The case hy,(I'X) = —oo is considered degenerate: it

10



implies that there are no good models for the action with respect to the given sofic
approximation. Until this paper, it was an open problem whether a mixing action

could have two different non-negative values of sofic entropy. Our main result is:

Theorem 1.3.1 (Theorem 1.1 in [17]). There exists a countable group I', a mizing
action '~ X by homeomorphisms on a compact metrizable space X and two sofic

approzimations 1, X9 to I' such that

0<hy,(I'nX) < by, X) < 0.

Remark 1.3.2. The range of sofic entropies for an action '\X is the set of all
non-negative numbers of the form hs(T'~X) as 3 varies over all sofic approximations
to I'. By taking disjoint unions of copies of sofic approzimations, it is possible to show
the range of sofic entropies is an interval (which may be empty or a singleton). So

for the example of Theorem 1.3.1, the range of sofic entropies is uncountable.

Remark 1.3.3. It remains an open problem whether there is a measure-preserving
action T ( X, p) with two different non-negative sofic entropies. Theorem 1.3.1 does

not settle this problem because it is entirely possible that any invariant measure p on

X with hy, (T (X, 1)) > hs, (X)) satisfies hy, (T (X, 1)) = —o0.

1.3.1 Random sofic approximations

We do not know of any explicit sofic approximations to I' which are amenable to
analysis. Instead, we study random sofic approximations. For the purposes of
this dissertation, these are sequences {P,}, of probability measures P,, on spaces of
homomorphisms Hom(I', Sym(n)) such that, for any finite D € I and § > 0 there is
an € > 0 such that

P, (o is (D, 0)-sofic) > 1 —n""

11



for all sufficiently large n. Because n=" decays super-exponentially, if 2,, C Hom(I", Sym(n))
is any sequence with an exponential lower bound of the form P, (£2,) > e~ (for some
constant ¢ > 0) then there exists a sofic approximation ¥ = {o,} with o, € Q, for
all n.

It is this non-constructive existence result that enables us to use random sofic

approximations to prove Theorem 1.3.1.

12



Chapter 2

The quenched and annealed free

energy for generic interactions

The key idea behind the main construction of this chapter is to perturb a given interac-
tion function in order to introduce frustrations. For example, the anti-ferromagnetic
Ising model on a graph with an odd cycle is frustrated: there is no way to assign
spins on the cycle such that every pair of neighbors has a different spin. We use the
fact that w.h.p. a random regular graph is not bipartite to introduce an appropriate
frustration that will break the replica symmetric free energy prediction.

To prove 1.2.5, we first define an easier to study subset G, based on the ground
state energy min, c 4v» Ho(X), which we will show is open and dense. That G is open is
very simple to show and is presented in 2.3, only relying on basic Lipschitz properties

of the ground state energy. The main contribution is showing that G is dense in 2.4.

2.1 Non-backtracking matrix of regular graphs

Throughout this chapter we will make use of the non-backtracking matrix of a graph.
The adjacency matrix Ag € Maty«y(R) of a graph G = (V, E) is an intensely

studied object. Powers of A count the paths of a given length between vertices,

13



and the spectrum of this matrix determines expansion properties. In recent years a
closely related matrix, the non-backtracking matrix, has received a large amount of
attention, for example in Bordenave’s simpler proof of Freidman’s theorem on the
second eigenvalue for the adjacency matrix of random regular graphs [23], or in the
spectral redemption results for the stochastic block model [5]. Given an undirected
graph G = (V. E) let E denote the set of directed edges, two for each original edge
in the graph. Each & € E then has an origin vertex o(€) and a target vertex £(é), as
well as a mirror directed edge €*. The non-backtracking matrix B := Bg € Matz, 5
is then given by
1 ift(€) = o(f) and f # é&*

0 otherwise

Powers of this matrix count non-backtracking paths between vertices. A path is non-
backtracking if it never doubles back across an edge it just traversed.
The adjacency matrix of a graph and its non-backtracking matrix are closely

related to one another, particularly for regular graphs.

Proposition 2.1.1 ([?]). Let G = (V, E) be a connected d-regular graph (d > 3) on
n vertices. Let N = dn and let {\;}_; be the eigenvalues of the adjacency matriz,

with A\ = d. Then the non-backtracking matriz is unitarily similar to

02 ) en (079
A =diag | d—1, R =1, ,—1,1,--- .1

A A

where the eigenvalue —1 occurs with multiplicity nd/2 —n, 1 occurs with multiplicity

nd/2 —n+1, |a;| < 2(d — 1) for all i, and 0;,0; € C are solutions to

One consequence of this proposition is that for the non-backtracking matrix for a

14



connected d-regular graph, all eigenvectors for eigenvalues not d — 1 are orthogonal

to 1, the vector with every entry 1 and eigenvector with eigenvalue d — 1.

2.2 Relationship between ground state energy and
RF

Definition 2.2.1. For an interaction ® € C(A",R), we say the large deviations rate
function for the ground state energy is supported on an interval if there exists € > 0

such that

1
liminf —logP | min He(y) < E l min H¢(X)] — en] > —00. (2.1)

n—oo n XEAVR xEAVR
We denote the set of such ® by G.

The connection between G and RF is given by the following two results. The

arguments are standard, but we include them for completeness.

Claim 2.2.2. If ® : A" — R is bounded, then

lim lim sup ‘%E[log Z(pP)] + %E {min H¢(X)] ‘ = 0.

B—0  nooo xeAV

Proof. 1t is clear that

e—,Bmian> < Z e—,BHq>()<) < |A|ne—ﬂminH¢'

x€AV

Taking the logarithm, adding f min He, taking the expected value, then dividing by

pn and taking the appropriate limits yields the desired result since |A| < 0. O

Lemma 2.2.3. G C RF.
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Proof. Suppose ® € G. Then & satisfies 2.1 with corresponding € > 0. Let us denote

1
C = liminf —logP [min Hy < E[min Hg] — en] > —o0.

n—,oo M
Then

1 1 .
~log E[Z(®)] > — log E[e™"™" ]
n n

1 .
> —log (e_ﬁE[mmH‘bHﬂmP [min Hy < E[min Hg| — en])
n

1
= —EE[min Hg| + fe + —log P[min Hp < E[min Hg] — en.
n n
By 2.2.2 we may choose 3, and N sufficiently large such that for alln > N and 8 >

1 1
5 Ellos 2(52)] < 5 — —Elmin Ho

1
— log P[min Hy < E[min Hg| — en] > C' — <
n

2
and % +C > e
Then
B . 1 . . 1 Be €
——E[min Hg| + fe + — log P[min Hy < E[min Hg| — en] > —Ellog Z(5P)] + 5t C - 3
n n n
1 €
—Ellog Z (B —.
> ~Ellog Z(62)] + 5
Finally we see for n > N and 8 > [y that
" log ELZ(3%)] ~ ~Ellog Z(5%)] > *
— _—— O —
n ©8 n & 2
which implies ® € RF. O]
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2.3 (§ is open

Lemma 2.3.1. G is open.

Proof. Note for any y € K'» that ® — Hg(x) is n-Lipschitz. Thus ® — min He and

® — E[min Hg| are n-Lipschitz as well, which implies
Hq>+5\p — ]E[mm H(p_i_g\p] < He — E[mm H(p] + 20n

for any ¥ € C(K",R) with ||¥|l < 1 and § > 0. Suppose ® satisfies 2.1 with ¢ > 0.

Then we have

P [min Hpicu < E[min Hq>+§\1;] — %n

> P [min Hp < E[min Hg] — en].

Applying the logarithm to both sides and taking the appropriate limits implies ® +
vegd. ]

2.4 Construction of interactions in RF

We prove the remaining part of 1.2.5 with the following.
Theorem 2.4.1. G is dense.

We begin by constructing the set of interactions which will act as our perturbations
for a general interaction. For an element s € {si', s3',---,s3'}, let [s] denote the
set of group elements in I' whose reduced word representation begins with s. Let us

define for f e Nand 1 <3< 2d

| [s]NBy(lp) 1<i<d
B(Z) —
12

[s;i 1N Be(lp) d+1<i<2d

17



That is, Béi) for 1 <4 < 2d are the branches of the Cayley tree restricted to levels at

most /.

Definition 2.4.2. Given L € N, 1 < i < 2d, and v € K" we define the branch

empirical distribution of x to be the probability measure &; (x) € Prob(K) given

by
1

-1 (%) (4)

Eir(x)(k) =

Let k € K, p,qg € R, and L € N. Then we define Ej 1 ,, C K" to be the set of

x € K" such that for all € Nwith L/2 < ¢ < Land 1 <i<2d

[p+2¢,p+3q if€=0 mod2
gz7g([)3)(l{?) €

p—i¢p+3g =1 mod?2

In words, we require that k£ has frequency close to p + ¢ on even levels of each
branch, and frequency close to p on odd levels. Similarly, define Oy r,, With the
reversed parity requirement for ¢ instead. We then define Wi'7" = —1p, ,  and
Vi pg = ~Lows,,

Fix € > 0 and an interaction ® € C(K',R). We must find some interaction ¥
such that || ¥]| <1 and ® + e¥ € G. Since K is compact, without loss of generality

we may also assume |||, < 1.

For § = ;5 > 0, let N be sufficiently large such that
1 . o1 .
—Ex[min Hg x| < liminf —E,, [min Hg ,| + ¢
N ’ n—o0o N ’
and such that

)
Py [The spectral gap of the non-backtracking matrix of Gy > .01] > 1 — 3

Such an N exists by Theorem 2 in [23]. Note that min H y + N is a non-negative

18



random variable since Hg ny(X) > —N||®||o > —N. Thus by Markov’s inequality

PN [mianN S E[mianN] —+ (SN] =1- PN [minH@N + N > E[Hlil’lHq,,N] + N -+ 5N]
EN[HHHH@’N] —|—N

>1-—

- ]EN[HIIHH@’N]—FN—F&N
2 )

>1l——2> - .

SRy

Thus we may pick some homomorphism o* € Hom(I', Sym(V)) such that + min He, y
on the graph induced by ¢* is at most %E ny|min Hg y]+60 < liminf, %En [min Hg |+
26 and such that the spectral gap of the non-backtracking matrix is larger than .01.
Let x* denote the minimizer of Hg y (choosing arbitrarily among ties). Pick some

k* € K such that

Such a spin necessarily exists since |K| > 2.
We claim

L even odd
U= \Ijk*,hp*,q + \Dk*,Lyp*vq

for 0 < ¢ < min {m, 1 —p*} and L > max {10g(1—211/0(glgé?d—1)))’6} is our desired
interaction. First it is clear that ¥ € C(K",R) since it is Bp(1r)-local. It is also
clear that £y, and Oy, are disjoint, so |[|[¥|l« < 1.

We will now prove 2.4.1 in two parts: first bounding E[min Hg,.y|, and then

constructing a sequence of not too unlikely events where min Hg .y < E[min Hg g]—

on.

2.4.1 Bounding E[min Heg ]

We will use the following property of the sets Ej 1,4 and Ok p -
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Proposition 2.4.3. If L > 6, for any k € K, p,q € R5p, and 1 <1 <d
Sz'Ek,L,p,q N Ek,L,p,q = (Z) and SiOk,L,p,q N Ok,L,p,q = (Z)

Proof. We will prove the proposition for Ej, 1, ,, 4, the proof for Oy, 1, , is identical. We
may assume without loss of generality that ¢ = 1. Suppose s;2 € Ej r,4. It is clear

that
2d
(s12)"*(k) = s1(z~*(k)) and slBédH) ={1r} U U Bé?l.
Thus for any ¢ > 3

(k:)ﬁBdH\BedH‘—’ ( de+1)\Bd+1>’

(s1x) 1 OUB \Béi)Q

—Z

s12)” ﬂBg 1\Béz2

Let ¢ € 2N be such that / —1 > L/2 and ¢ < L. Such an ¢ exists since L > 6. Then

s1T)” ﬂBézl\Bg 5

" 1
< _
= 2d—1);p+3q

—pt Lg<pa
=p+ge<pt3q

2d—1f1Z

Thus
1

1 (d+1) \ p(d+1) 2
d—1) | ()N B\ By '| <p+ 34

3
and z §é Ek,L,p,q‘ O

We may now analyze the expected value of the minimum of Hg, cy.
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Claim 2.4.4. We have

1 1
lim sup ——E[min Hg y] < limsup ——E[min Hg| + 2E[a(G)]e

n—00 n n—00 n

where a(Q) is the mazimum density of an independent set in the graph.

Proof. We color a vertex red if W¢*(IIg"(x)) = —1 and blue if W§*(II7"(x)) = —1.
Clearly vertices cannot be colored both red and blue. Furthermore, two neighboring
vertices may not share the same color either by 2.4.3 and the fact that II7" (s1)(v) (x) =

s;I17"(x). Thus the set of red and blue vertices each form independent sets, which

implies He ey > He — 2a(G)ne from which the claim follows. O

We may bound E[a(G)] using a simple first moment bound.

Proposition 2.4.5. For the random permutation model, limsup,,_, .. Ela(G)] < .45

for any d > 2.

Proof. Let Z(«) count the number of independent sets of density . Then P[a(G) >
a] = P[Z(«) > 0], since the existence of an independent set of a given density implies
the existence of an independent set for any smaller density. Since Z(«a) is an integer

valued random variable, P[Z(«) > 0] < E[Z(«)] by Markov’s inequality, and we have

E[Z(a)] = Z P[x is an independent set].

x€{0,1}"
x " H1)=an

By symmetry this sum is equal to

( " )]P’[X is an independent set]
no

where Y is some fixed spin configuration with x~!(1) = an. We may construct without
repetition all permutations 7 such that (x(v), x(7w(v)) # (1,1) for all v € V' by the

following process.
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1. Choose two subsets V; and Wy of size an from y~1(0).
2. Choose an injective mapping from x~'(1) — V4 and one from x~*(1) — W.
3. Choose an injective mapping from x~1(0) \ Vo — x~(0) \ Ws.

This yields
d

nld na
n(l -«
n(l — 2«

(")

1 1—a)\”
P[x is an independent set] = ((n( a)) na!*n(1 — 2a)!>

S
N———
IS8

~—

Thus by Stirling’s approximation

soon= (27 /2

=expn((1 —d)H(a) +d(1 —a)H(a/(1 —a)) + o(1))

=expn (H(a)+ 2d(1 —a)log(l —a) — d(1 — 2a)log(l — 2a) + o(1))

where H(z) = —zlogx — (1 — z)log(1 — x) is the Shannon entropy. Let f; denote
this exponential growth rate function. Then f;(0) = 0, f7(0) > 0 and f7(«) < 0 for
all & € (0,1/2], so fq has a unique zero in (0, 1/2]. Furthermore, 2(1 —«)log(l —a) —
(1 —2a)log(l —2a) <0 for all @ € [0,1/2], so it suffices to show that the unique zero
of fo is at most .45. This follows by simply evaluating f5(.45) = —.166. .., which is

negative. O

22



2.4.2 Bounding the probability of min Hg oy < E[min Hg,cg| —
on

Recall our choices of N, ¢*, and x*. Let sign : I' — Z/27Z be the homomorphism
defined by sign(s;) = sign(sg) = -+ = sign(sq) = 1. We define 6 : I' — Sym(Vy x
Z]2Z) by

a(7)(v,i) = (" (7)(v), sign(v)i).

Note that the graph generated by ¢ is the bipartite double cover of the graph gener-
ated by o*. We also define Y € K"~N*%/2Z ¢ be the lift of x*, defined by X(v,7) = x*(v)
for each v € Viy and i € Z/27. We recall some basic facts about the bipartite double

cover of a graph G.

e If B is the non-backtracking matrix of G, then the bipartite double cover has

non-backtracking matrix

B
0
— . . . . 17 U .
e If ¥ is an eigenvector of B with eigenvalue A, then and are eigen-
U —U

vectors of the bipartite double cover non-backtracking matrix with eigenvalues

A and —\ respectively.

Lemma 2.4.6. If (1-1/100(2d—1))%/2 < 4, for any (v,i) € VyxZ/2Z, L/2 < { < L,

1<j<2d, x € KWL and k € K

% IXTHR) NV x {i}] 4 [—q/4, ¢/4] if (=0 mod 2
Eie(X) (k) € .
%|Xﬁl(k)ﬂVN x {i+1}+[—q/4,q/4] if¢=1 mod 2

Proof. Let B denote the non-backtracking matrix of the graph generated by &. Let

v € Vy. Let us assume ¢ = 0 and £ = 0 mod 2, the other cases follow identically.
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Fix 1 < 1 < 2d. Let us denote v = (5((1,70)7(0*(31.)(1,)’1)). Then clearly

315
BTU= ) D e ) b))

'yEBf,J m#j

This follows simply from the observation that the non-backtracking matrix on & lifts
to the non-backtracking operator on I', and that a non-backtracking walk on I" started

from (1r, s;) uniformly distributes over B . Thus

= Y T ((le_lg)“ﬂ (0 0), (. 1)

w,w' eV

1
(2d— 1)

(700) ™ (]) N B\ B =

Now by assumption on ¢*, =B has top eigenvalues 1 and —1, and every other

’le

eigenvalue has magnitude at most 1 — . We may decompose

100(2d i)

1 [ Loaw 1 Loan N
T

YT 1N 1N

Toan —Toan

Here 1,, is the all 1’s vector in R” and we identify R*N with RV~ *{0} 5 RV~>{1} The
1

Loan Loan
vector v € span : by 2.1.1. It is clear that ||[o]] < 1 by a

Loan —loan
simple computation. Thus

1 A e 1 Loan 1 Loan - (3 1 ¢
2d — 1 YT 4N 4dN = 100(2d — 1)

Toan —Togn
Toan Toan

and since 7y waeVy Lx(w)=k* - = ¥Ix7'(k) N Vy x {0}
Loan —logn
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we find

\

1 ¢ 1 L)2 ‘
o ) <(1-— g
<( 100(2d—1)) —< 100(2d—1)> <1

5\~ i i 1y,
(20 ™ ) BONBE,| = < [ ) 0 Ve x {0}

Let ¥/ € KY~*2/?Z he some spin configuration such that

)Z/(U70> = )Z(U,O)
|(X) RNV x {1} = N(p +q)

dHam(S(a )2’) =dq.

Such a y’ clearly exists by reassigning the spins of any subset of size Nq in Viy x {1}\

X' (k*) to k*. This is possible as by assumption

N.

N | —

[V {1\ )] = [V \ () )| 2

Then by 2.4.6 as well as the Lipschitz property of Hg(x) with respect to x

1 N~ 1 N
o Horew(X)(0) < 57 Ha(X)(0) + 24| 2| — ¢
1 * *
= Ho(X)(07) — e+ 24| 2]
1
< liminf —E, [min Hg| + 2¢||®|| + 25 — ¢
n—oo M

1 € €
lim inf —E, jmin A — 4+ — -
<limin - [min ¢}+20+20 €

1
< liminf —E[min He oy
n—oo M

where this last inequality follows by Claim 2.4.4 and Proposition 2.4.5.
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Lemma 2.4.7. For any fired o : I' — Sym(NV)

L. 1 . .
hgggolf WP’“V lokn is a k — lift of on] > —oc.

Proof. Let us consider spin configurations x : Viny — Vi, that is we color the vertices
of the graphs generated by a o,y by the vertices of of V. Note oy is a k-lift of
oy precisely when there exists a spin configuration y : Viyy — Vi such that for all

1<i<dandveVyy

X(arn (s:)(v)) = on(s:)(x(v))-

Given a coloring x : Viny — Vi, we consider the empirical vertex and edge distri-

butions 7% € Prob(Vy) and 7¥ € Prob(Vyy x Vi) given by

#4(a) = o A# v € Vin () = a)
7¥(ab) = oA {v € Viw : X(0) = 0, X(ouv(5:)(0)) = ).

Then if we consider the probability distributions = € Prob(Vy) and #; € Prob(Vy x

V) given by

() =

7%,‘(1}, w) = ﬂ-w:aN(si)(v)7
we have oy is a k-lift of o precisely when there is some coloring x : Viy — Vv such

that

X =7 and 7} = 7;.

Let us denote the number of such colorings by Z (7, (7;)%_,). We claim that if k7 (a) €
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Z and km(a,b) € Z for all a,b € A then

1
lim inf -~ log Ewn[Z(7, (71)L,)] > —o0. (2.2)

k—o0

The total number of spin configurations is |Vy|Vs¥l = N*¥¥. The lemma then follows
from 2.2 since the expectation of Z (7, (7;)L,) is at most N*V times the probability
of the event that there is a spin configuration with the given empirical vertex and
edge distributions. Now it is a standard computation (see Theorem 3.5 in [22] for

example) that

. 1 N and . .
Jim = log By [Z(7), (7)i=y)] = (1 — d)H(7) + ;H(W) > —00
and 2.2 follows. ]

It is a simple observation that if (6*)®* is a k-lift of o*, then Hg oy (x*)((0*)®*) =

kHotew(x*)(0*). Thus the bound on 5 Heiep(X')(5) and 2.4.7 establish 1.2.5.

2.5 Subshifts

We have worked only with permissive shift systems, where every spin may neighbor
any other. Many models of interest exhibit hard-core (i.e. topological) constraints
however, such as independent sets and colorings. To work with such constraints in

our set-up, we consider subshifts over I'.
Definition 2.5.1. A subset X C K" is a subshift if it is closed and shift-invariant.

It is an easy fact that any subshift may be presented by a set of forbidden words.
That is, there is a collection of finite subsets F and spin configurations y» € A such
that = € X precisely when vx|p # yr for each v € I" and F' € F. Subshifts for which

this collection is finite form a particularly important class of subshifts.
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Definition 2.5.2. A closed shift-invariant set X C K' is a shift of finite type
(abbreviated SE'T) if there is some finite set F € I' and some set W C KT such that
x € X if and only if (yx)|r € W.

When X is an SFT, we will often reduce to the case where it is given by pairwise
constraints. This is accomplished by considering the recoding map. Given a finite

set F' € I, we define p*' : KU — (K)!' by

PF(x)v = x’v‘lF'

Then the p'(X) is also an SFT and its constraints are given by a {0, 1}-valued matrix
for each generator s;.

Given an subshift X, we must define an appropriate analogue of A"".

Definition 2.5.3. For a graph G = (V,, E,,) given by o, : I' — Sym(V,,) and SFT

X, the space of microstates of X on G is
Mo (X)={x e K" :1I%"(x) € X for allv e V,}.

In words, we require that each vertex sees a locally allowable spin configuration.

Example 2.5.4. If F = {Ip,s1,87',-*+ ,84,8;'} and F = {{ e KI' : ¢1p) =
0 oré&(lp) =1 and &(v) = 0 fory € F\ {Ir}}, then the resulting subshift X is the

golden mean shift ', and M, (X) consists of all independent sets on the graph G.

Given an interaction ® € C(X,R) we define the partition function at inverse

temperature 8 by
Zu(p2) = Y el

XEMn(X)

!The name golden mean shift comes from the subshift of finite type with the given restrictions over
Z. Consider the transformation x — pz mod 1 with partition {[0,1/¢),[1/¢,1)} where ¢ = %
is the golden ratio. Then the symbolic shift encoded by this system will consist precisely of binary

sequences with no consecutive 1’s.
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where Hy(x) = D,y P17 (x)) as usual.

When adapting the results from the previous sections, two problems arise. First,
contrary to the permissive case, M,,(X) may be empty. For example, if X C {0, 1}
is the two point set given by the spin configurations which alternate 0 and 1, then
with high probability G is not bipartite and so M, (X) is empty. Second, when
perturbing the coloring x to create X', we required being able to substitute a small
fraction of spins arbitrarily. This posed no issue in the permissive setting, but we
may not generally make this substitution for general subshifts (e.g. the previously
given two point shift would require each half of a bipartite graph to be colored with

a single color, allowing no substitutions).

2.5.1 Lack of valid microstates

For those n where M,,(X) is empty with positive probability, E[min,cx, He(x)] = 00
and Ellog Z,(8®)] = —oo. Thus if we can show that

lim inf ~PM,.(X) #£ ] > —o0, (2.3)

n—oo M

the desired inequalities in 1.2.4 and 2.2.1 are immediately satisfied at the given in-
dices, and we may restrict to those n where M, (X) is non-empty with probability
1. However, 2.3 does not hold for all choices of SFT. Trivially X = () is an SFT, and
M, (X) is then empty for all n with probability 1. However, even non-empty SFTs
may have no microstates. An example of an SF'T over the free group with no periodic
spin configurations is given in Theorem 3.3.5 of [24].

In general, checking if M,,(X) is non-empty, equivalently if periodic points exist, is
hard. Over Z instead of [F4, this problem is tractable, and for 1-step SFTs corresponds
to irreducibilty of the transition matrix. As Fy is given by a free product of copies of

Z, restricting to the following class of SFTs simplifies the problem.

29



Definition 2.5.5. A 1-step SFT X C A" is isotropic if there is some {0, 1}-valued

matriz A € Mat g4 such that x € X precisely when

Ty Tsiy

for all vy €T
Note the golden mean shift and coloring shift are isotropic SFTs.

Lemma 2.5.6. For any isotropic SFT X, if the transition matriz A is irreducible,

there is an integer k such that

lim inf kipkn[Mkn(X) 0] > —oc.

n—o0 n

Proof. From the classical theory of subshifts of finite type over Z, if A is irreducible
there is some p € A” which is an element of the subshift defined by A and is periodic.

Let k£ be the period of p. Define the vertex and edge marginals of p by

1
a) = {0 <i<k—1:p =a}

1
ﬁ-p(aab):EHOSZ'S]C_I:pi:a7pi+1:b}|'

Recall from the proof of 2.4.7 the quantity Z (7, (7P)%_,). By the same reasoning

n—oo

1
lim inf k—Ekn[Z(irp, (7Y ,)] > —oo0.
n

Any element of AYk» counted by Z (7P, (7P)%_, ) is necessarily a valid spin configuration,

and since limsup,,_, . = log {AV’@"’ = log A < 00, the claim follows. O
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2.5.2 Dobrushin mixing

The second issue of overwriting a fraction of the vertices is remedied with the following
property.

Definition 2.5.7. An subshift X is Dobrushin-mixing (or D-mizing) if for any
set A €T, there is a set B € I such that if x,x' € X, there is some y € X such that
yla = x[a and y|lr\p = 2'|r\B.

Example 2.5.8 (Golden mean (independent set) SF'T). Assume without loss of gen-
erality that A = Br(1p). Let B = Bry1(1r). Then for x,2' € X define y € X by
yla = z|a, Yl = 2'|r\B, and y|pa = 0P\A. Then for each v € A with y(v) = 1, if
v € 0yN A theny(v') =x(y) =0 sincex € X, and if v € 0ynN (I'\ A) C 0A then
y(v') = 0. The same holds for v € T'\ B. Finally for v € B\ A, we have y(v) =0

and the local constraint is automatically satisfied. Thus y € X.

Example 2.5.9 (k-colorings with k > 2d + 1). Take the same A and B as in the
previous example. Let x,x' € X and sety|a = x|[a and y|rmp = 2'|r\p. We may choose
for each v € B\ A some ¢ € K such that ¢ # x(0yNA) and ¢ ¢ 2'(0yN(IT'\ B)). This
follows simply from the observation that |0y| = 2d, and so no matter the coloring of
07 there is always at least one valid color for v if k > 2d 4+ 1. Setting y(y) to the

corresponding c then yields a valid coloring.

Note that for a typical k-coloring of I', as L tends to infinity the colors at radius
L from the identity do not determine the identity uniquely with high probability as
long as d < %k‘(logk‘ + loglogk + 1 + 0x(1)) (this is freezing transition for random
colorings of the tree). Unfortunately, the spin configuration x* in our proof may not
necessarily exhibit this same statistical behavior, and we require that any boundary

condition does not determine the root, rather than almost any.

Definition 2.5.10. Let X be a Dobrushin-mizing subshift, and let B be the set asso-

ciated to A = {1r}. The radius of interaction of X is the minimum R such that
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B C Bp(1r).

2.6 Construction of interactions in RF for sub-

shifts

The goal of this section to prove an analogue of 1.2.5 for subshifts. We first define an

analogue of R.F.

Definition 2.6.1. For a subshift X we define RF(X) to be the set of interactions
¢ € C(X, R) such that

o] 1
h]?lg)lf - logE,, [Z,, (B8P)] — n_kEnk [log Z,,, (6P)] > 0

where ()5, is some increasing sequence of natural numbers with positive density.

Due to the possible emptiness of M,,(X) with probability 1, we cannot require
this liminf holds when taken over all n. As we will require X is a subshift of finite
type for the construction as is, we are able to establish the lim inf on a set of positive

density.

Theorem 2.6.2. There is some function d, : N — N such that the following holds.
Let X s a Dobrushin-mixing subshift of finite type with at least one periodic point
on I with interaction radius R such that d > d,(R). Then RF(X) contains a dense

open subset of C(X,R).

We will first consider a homomorphism 7 : I' — Sym(Vy) for M € N which
will function as the analogue of the sign homomorphism. Specifically, rather than
lifting ¢ : I' — Sym(Vy) to its bipartite cover, we will lift to o x 7. We may
choose M sufficiently large such that there exists 7 : I' — Sym(V),) such that the

non-backtracking matrix of 7 is larger than .01, and such that there is some vertex
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w* € Vs such that |o(Bgr(1r))(w*)| = |Br(1lr)| where R is the interaction radius of
X. That is, that the depth R neighborhood of w* in the graph is a tree. Both of
these events occur with high probability, so for M sufficiently large such a 7 exists.
Let us denote this homomorphism by 7*.

For a homomorphism ¢ : I' — Sym(Vy), the adjacency matrix of the graph
generated by o x 7 is given by 3% | S;(0) ® Si(7*) + Si(0)* @ Si(7*)* where S;(7*) €
Matysx s is the permutation matrix associated to 7%(s;). Thus by Theorem 2 in
[25] and Corollary 2 in [26], each eigenvalue of the adjacency matrix will, with high
probability in o, have magnitude strictly less than 2d — .01, except perhaps for the
eigenvalues coming from 7*. By construction, these will also be less than 2d — .01,
and so the adjacency matrix for o x 7* will be greater than .01 with high probability.

Fix & € C'(X,R) and € > 0. Since X is compact, we may assume without loss of
generality that ||®]] < 1. Let us fix § > 0 sufficiently small in terms of e. Choose N suf-
ficiently large such that E[miny e, (x) Ho(x)] > limsup,,_, ., E[min,em, (x) Ho(X)]—6
where the lim sup is taken over all n for which M,,(X) is non-empty with probability
1. We may also take N be sufficiently large such that with probability at least 1—0/8,
the adjacency matrix of the graph generated by o x 7* has spectral gap at least .01,
and such that this graph is connected. Arguing as we did for the permissive case, we
may then select some ¢*, x*, and £* in the exact same way.

As the action of I on V), given by 7* is transitive, which follows from connected-

ness of G(7*), we may identify V), with cosets of H =) Stab(w), and the graph

weViy
G(7*) with the Schreier coset graph of H. Note that, by our choice of 7, H does not
intersect Br(1r).

Now let x : Viy x Viy — K be the spin configuration defined by x(v,w) = x*(v)
for all v € Vy and w € Vj;. Note that x € Muyy(X) since x € Mp(X). We
construct a spin configuration X' € My (X) by the following procedure. First,

pick a v € (x*)~'(k*) arbitrarily consider 2 = II *7'(¥). By the Dobrushin-mixing

(v,w*)
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condition, we may find some valid spin configuration ' € X such that z’ |F\BR(1I‘) =
zm\ By and 2'(1p) # x(1p). Furthermore, since X is an SFT, by shift-invariance
and the locality of the validity check, we may make these same substitutions at each
v € H. As X is compact, we may take the limit of the spin configurations created by
these substitutions, and get an element of X which maps down to a consistent spin
configuration on G(o x 7). Let us call this configuration y’.

The key property of X’ that we will use is that X'|v, x(vi,\Br(w*) = X|Va x(Var\Br(w*)»
and that |(Y/) ' (E*) N (Vi x {w*})| # [x 1 (k*) N (Vy x {w*}|. That is, on the copies
of Vi which are sufficiently far from Viy x w*, ¥’ and x are identical, while they have
a different frequency of the spin £* on Vy x {w*}.

For yH € T'/H, L € N, and O C Prob(A) let S,4(O, L) denote the set of all
x € X such that for all k € A and L/2 < ¢ < L with Bz@ N~yH #0

1 i
| nBP | c 0
’B,E’) er‘

We define

\Ijbase = H ES.YH(O.YH,L)
~HET/H

where
Or = {m € Prob(A) s (i) = 5 160)7 () Vi x (217} < g |-

In words, we require that the empirical branch distributions restricted to the cosets

of H closely match those of x'. We define our perturbation ¥ to be

We claim that ||V|| <1 and that Wpese(2) # Ypase(s;z) for any 1 < i < d.
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That [|[¥|| < 1 follows from the observation that for any vyH € I'/H, there
is some pair w,w’ € Vj; such that 7(y)(w) = w' and |[Y'(k*) N (Vy x {w})| #
IX'(k*) N (Vi x {w'})]. We may see this inductively by starting with w* and 7(y)(w*).
If the level sets of Vi have different frequencies of k* under x’ we are done, otherwise
may consider 7(7)(w*) and 7(7?)(w*) and so on. This process will eventually reach
Vi \ Br(w*) as H does not intersect Br(1r), at which point we know by construction
of ¥’ that the frequencies will differ.

That Wpase() # Wpase(s;x) follows identically to 2.4.3.

Thus, the expected value of the ground state energy of ® + ¢V is bounded by
the expected ground state energy of ® plus € times densest coloring of vertices by
['/H U {x} where % is a joker color which may neighbor itself. By a first moment
argument, this density is strictly less than 1 if |[I'/H| < d (in fact we only require that
|G/H| is smaller than the typical colorability threshold for the random permutation
model, but this requires a stronger argument than a first moment bound). This
requirement is what leads to the function d,.

On the other hand, picking L sufficiently large and using the spectral gap of the
back-tracking matrix of G(o x 7) (which follows from the spectral gap of the adjacency
matrix of G(¢ x 7) and 2.1.1), we may prove an analogue of 2.4.6, and we see for each
(v,w) € Viy x Vs that \II(H‘(’“XU)T(X’ )) = 1 precisely because W is defined in terms of
v

The same argument can then be used to bound ﬁHq)Jre\p (X'), and taking random
lifts of o* x 7* then yields the required event with probability decreasing at most

exponentially.
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Chapter 3

Dependence of topological sofic
entropy on the choice of sofic

approximation

3.0.1 Proper colorings of random hyper-graphs from a sta-
tistical physics viewpoint

The idea for our main construction comes from studies of proper colorings of random
hyper-graphs. Although these studies have very different motivations than those
that inspired this paper, the examples that they provide are roughly the same as
the examples used to prove Theorem 1.3.1. The relevant literature and an outline is
presented next.

A hyper-graph is a pair G = (V, E) where F is a collection of subsets of V.
Elements of E are called hyper-edges but we will call them edges for brevity’s
sake. G is k-uniform if every edge e € E has cardinality k.

A 2-coloring of G is amap x : V — {0,1}. An edge e € E is monochromatic

for x if |x(e)| = 1. A coloring is proper if it has no monochromatic edges.
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Let Hi(n,m) denote a hyper-graph chosen uniformly among all ((7%)) k-uniform
hyper-graphs with n vertices and m edges. We will consider the number of proper
2-colorings of Hy(n,m) when k is large but fixed, and the ratio of edges to vertices
r :=m/n is bounded above and below by constants.

This random hyper-graph model was studied in [27, 28, 29]. These works are moti-
vated by the satisfiability conjecture. To explain, the lower satisfiability threshold
= r: (k) is the supremum over all 7 such that

rsat

lim Prob[Hy(n, [rn]) is properly 2-colorable] = 1.

n—0o0

The upper satisfiability threshold rf, = rZ (k) is the infimum over all  such
that

lim Prob[Hy(n, [rn]) is properly 2-colorable] = 0.

n—oo

+
sat-

The satisfiability conjecture posits that rg, = 2. It is still open.
Bounds on these thresholds were first obtained in [27] as follows. Let Z(G) be
the number of proper 2-colorings of a hyper-graph GG. A first moment computation

shows that

fe(r) = lim n~ ' log E[Z(Hy(n, [rn]))]

n—o0

where fk(r) = 10g(2) + Tlog(l - 21716)' Let Tfirst = rﬁrst(k) be such that fk(’rﬁrst) = 0.

If r > rg then fi(r) < 0. Therefore r

sat S Tfirst-

Let 7secona be the supremum over numbers » > 0 such that the second moment
E[Z(H}(n, [rn]))?] is equal to E[Z(Hg(n, [rn]))]* up to sub-exponential factors. The

Paley-Zygmund inequality gives the bound 7econd < 7ot -
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In [27], it is shown that

log(2 log(2
Phrst = g2( )2k _ g2( ) + O(Qik),
log(2 log(2) + 1

So there is a constant-sized gap between the two thresholds.

A more detailed view of the second moment is illuminating. But before explaining,
we need some terminology. Let [n] be the set of natural numbers {1,2,..,n}. A
coloring x of [n] is equitable if [x~1(0)| = |x~*(1)]. We will assume from now on that
n is even so that equitable colorings of [n] exist. Let Z.(G) be the number of equitable
proper colorings of a hyper-graph G. A computation shows that E[Z(Hg(n, [rn]))]
equals E[Z.(Hy(n, [rn]))] up to sub-exponential factors. This enables us to work
with equitable proper colorings in place of all proper colorings. This reduces the
computations because there is only one equitable coloring up to the action of the
symmetric group Sym(n).

A computation shows that the second moment factorizes as

]E[Ze<Hk(n7 m))2] = E[Ze(Hk(na m))]E[Ze(Hk(nv m))|X is proper]

where x : [n] — {0,1} is any equitable 2-coloring. Let H}(n,m) be the random
hyper-graph chosen by conditioning Hy(n,m) on the event that y is a proper 2-
coloring. This is called the planted model and y is the planted coloring. So
computing the second moment of Z,(Hy(n, m)) reduces to computing the first moment
of Z.(H(n,m)).

The normalized Hamming distance between colorings x, x" : [n] — {0,1} is

dn(x, X') ="' {v € [n] + x(v) # X' (v)}-
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Let ZX(6) be the number of equitable proper colorings x" with d,,(x, x’) = 0. Then
Z(HX(n,m)) Z Zx(6

In [27], it is shown that E[ZX(§)|x is proper] is equal to exp(ny(J)) (up to sub-
exponential factors) where 1 is an explicit function.

Note that (6) = ¥ (1 — J) (since if X’ is a proper equitable coloring then so is
1—x" and d,(x,1 — ') = 1 —dn(x,X')). A computation shows (1/2) = fi(r).
If r < rgecona then 1(0) is uniquely maximized at § = 1/2. However, if r > 7gcond
then the maximum of 1 is attained in the interval § € [0,27%/2]. In fact, ¥(0) is
negative for § € [27%/2,1/2 — 27%/2]. So with high probability, there are no proper
equitable colorings ¥’ with d,(x,x’) € [27%/2,1/2 — 27%/2]. This motivates defining
the local cluster, denoted C(x), to be the set of all proper equitable 2-colorings x’
with d,(x, x') < 272

The papers [28, 29] obtain a stronger lower bound on the lower satisfiability thresh-
old using an argument they call the enhanced second moment method. To explain,
we need some terminology. We say a proper equitable coloring x is good if the size
of the local cluster |C(x)| is bounded by E[Z.(H(n,m))]. One of the main results of
28, 29] is that Pr[x is good|x is proper| tends to 1 as n — oo with m = rn + O(1)
and 7 < Tsecond + — 1°g( )+ o, (1). An application of the Paley-Zygmund inequality to
the number of good colorings yields the improved lower bound

1 —log(2
Tsecond T Tg() + Ok(l) < rsat

The argument showing Pr[x is good|x is proper] — 1 is combinatorial. It is shown
that (with high probability) there is a set R C [n] with cardinality |R| ~ (1 —27%)n
which is rigid in the following sense: if X' : [n] — {0, 1} is any proper equitable 2-

coloring then either: the restriction of x’ to R is the same as the restriction of y to R
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or d,(x/, x) is at least cn/k" for some constants ¢,t > 0. This rigid set is constructed
explicitly in terms of local combinatorial data of the coloring x on H}(n,m).

In summary, these papers study two random models Hy(n,m) and H}(n,m).

1—log(2)

S2~), the typical number of

When r = m/n is in the interval (7second, "second +
proper colorings of Hy(n, m) grows exponentially in n but is smaller (by an exponen-
tial factor) than the expected number of proper colorings of H)X(n, m). It is these facts
that we will generalize, by replacing Hy(n, m), HX(n,m) with random sofic approx-
imations to a group I' so that the exponential growth rate of the number of proper
colorings roughly corresponds with sofic entropy.

Although the models that we study in this paper are similar to the models in
(27, 28, 29], they are different enough that we develop all results from scratch. More-

over, although the strategies we employ are roughly same, the proof details differ

substantially. The reader need not be familiar with these papers to read this paper.

3.0.2 The action

In the rest of this introduction, we introduce the action ' X in Theorem 1.3.1 and

outline the first steps of its proof. So fix positive integers k, d. Let

be the free product of d copies of Z/kZ.
The Cayley hyper-tree of I', denoted G = (V, E), has vertex set V = T". The
edges are the left-cosets of the generator subgroups. That is, each edge e € E has

theforme:{gsg: 0<j<k—1}forsomegeTl and 1<i<d.

Remark 3.0.1. It can be shown by considering each element of I' as a reduced word
in the generators sy, ..., Sq that G is a hyper-tree in the sense that there exists a unique

“hyper-path” between any two vertices. More precisely, for any v,w € V, there exists
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a unique sequence of edges ey, ..,e; such that v € e, w € e, le;Neip1| =1, €; # €
for any i # j, and v & ey, w & e¢;_1. More intuitively, there are no “hyper-loops” in

G.

The group I' acts on {0,1}" by (g9z); = x,-1s for g, f € T,z € {0,1}". Let
X C {0,1}" be the subset of proper 2-colorings. It is a closed [-invariant subspace.

Furthermore, I'» X is topologically mixing;:

Claim 3.0.2. For any nonempty open sets A, B in X, there exists N such that for
any g € T with |g| > N, gAN B # 0. Here |g| denotes the shortest word length of

representations of g by generators sy, ..., Sq.

Proof. Tt suffices to show the claim for A,B being cylinder sets. We make a further
simplification by assuming each A, B is a cylinder set on a union of hyper-edges, and
a yet further simplification that each A, B is a cylinder set on a connected union of
hyper-edges. Informally, by shifting the “coordinates” on which A depends so that
they are far enough separated from the coordinates on which B depends, we can
always fill in the rest of the graph to get a proper coloring.

More precisely, suppose A = {z € X : & [ Fy = xa}, where F4 C E such that
for any ey, ey € F, there is a finite sequence of fi, -, f; € F4 such that e; N f; # 0,
finfixn # 0, and fyNey # 0, Fa = Ueer e, and x4 : Fa — {0,1} and similarly
B={xe€ X :z | Fg=xp} xaand xyp must be bichromatic on each edge in their
respective domains since A and B are nonempty.

Let N = max{|h| : h € Fa} + max{|h| : h € Fg} + k. Then it can be shown for
any g with |g| > N, that g7 'F, N Fg = (). It follows from our earlier remark that
there exists a unique hyper-path connecting g~ F4 to Fp (otherwise there would be
a hyperloop in G). Thus for example one can recursively fill in a coloring on the rest
of I by levels of hyperedges - first the hyperedges adjacent to g 'F4 and Fp, then

the next layer of adjacent hyperedges, and so on. At each step, most hyperedges only
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have one vertex whose color is determined, so it is always possible to color another
vertex of an edge to make it bichromatic. Only along the hyper-path connecting
g 'F4 to F at some step there will be a hyperedge with two vertices whose colors
are already determined, but since k is large there is still another vertex to color to

make the edge bichromatic.

]

We will show that for certain values of k, d, the action I'» X satisfies the conclusion

of Theorem 1.3.1.

3.0.3 Sofic entropy of the shift action on proper colorings

Given a homomorphism o : I' = Sym(V), let G, = (V, E,) be the hyper-graph with
vertices V' and edges equal to the orbits of the generator subgroups. That is, a subset
e C V is an edge if and only if e = {a(sf)v}f;é for some 1 <i<dandveV.

Recall that a hyper-graph is k-uniform if every edge has cardinality k. We will say
that a homomorphism o : T' — Sym(V') is uniform if G, is k-uniform. Equivalently,
this occurs if for all 1 < i < d, o(s;) decomposes into a disjoint union of k-cycles.

A 2-coloring x : V — {0,1} of a hyper-graph G is e-proper if the number of
monochromatic edges is < €|V|. Using the formulation of sofic entropy in [22] (which
was inspired by [30]), we show in §3.1 that if ¥ = {0, },>1 is a sofic approximation

to I' by uniform homomorphisms then the ¥-entropy of 'v.X is:

he(TAX) = ing lim sup |V;| ™! log #{e-proper 2-colorings of G, }.
€> ;

1—00

3.0.4 Random hyper-graph models

Definition 3.0.3. Let Homy¢ (I, Sym(n)) denote the set of all uniform homomor-

phisms from T' to Sym(n). Let PY be the uniform probability measure on Homype (I, Sym(n))
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and let E be its expectation operator. The measure Py is called the uniform model.
We will always assume n € kZ so that Homy,¢(I', Sym(n)) is non-empty. In §3.2 we
show that {P%},>1 is a random sofic approzimation. We will use the uniform model

to obtain the sofic approximation 31 which appears in Theorem 1.3.1.

Recall that if V' is a finite set, then a 2-coloring x : V' — {0,1} is equitable if
Ix71(0)] =[x (1)]. We assume from now on that n is even so that equitable colorings

of [n] exist.

Definition 3.0.4. Fiz an equitable coloring x : [n] — {0,1}. Let Hom, (I', Sym(n))
be the set of all uniform homomorphisms o : I' — Sym(n) such that x is proper as a
coloring on G,. Let PX be the uniform probability measure on Hom, (I', Sym(n)) and
let EX be its expectation operator. The measure P is called the planted model and
X s the planted coloring. When x s understood, we will write P2 and EP instead of
PX and EX. In §3.2 we show that {P£},>1 is a random sofic approzimation. We will
use the planted model to obtain the sofic approximation o which appears in Theorem

1.3.1.

Remark 3.0.5. If x and x' are both equitable 2-colorings then there are natural bijec-
tions from Hom, (I, Sym(n)) to Hom,,(I', Sym(n)) as follows. Given a permutation
m € Sym(n) and o : I' — Sym(n), define 0™ : I' — Sym(n) by 0™ (g) = wo(g)n
Because x and X' are equitable, there exists 1 € Sym(n) such that x = x' onw. The
map o +— o™ defines a bijection from Hom, (I', Sym(n)) to Hom,. (I, Sym(n)). More-
over T defines an hyper-graph-isomorphism from G, to G,~. Therefore, any random
variable on Hom(I',Sym(n)) that depends only on the hyper-graph G, up to hyper-
graph-isomorphism has the same distribution under PX as under PX . This justifies

calling PX the planted model.
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3.0.5 The strategy and a key lemma

The idea behind the proof of Theorem 1.3.1 is to show that for some choices of (k, d),
the uniform model admits an exponential number of proper 2-colorings, but it has
exponentially fewer proper 2-colorings than the expected number of proper colorings
of the planted model (with probability that decays at most sub-exponentially in n).

To make this strategy more precise, we introduce the following notation. Let
Z(€; 0) denote the number of e-proper 2-colorings of G,. A coloring is o-proper if it
is (0, 0)-proper. Let Z (o) = Z(0;0) be the number of o-proper 2-colorings.

In §3.2, the proof of Theorem 1.3.1 is reduced to the Key Lemma:
Lemma 3.0.6 (Key Lemma). Let f(d, k) := log(2)+ % log(1—2'"%). Also letr = d/k.

Then

f(d,k) = lim n 'logE"[Z(0)] = inflimsupn " log E*[Z(e; 0)]. (3.1)

n—>00 0 0o

Moreover, for any

0<m<m<(1-1log2)/2

there exists ko (depending on ng,m1) such that for all k > kg if

r—dfk = 10g2(2> L%~ (14 10g(2))/2 + 1
for some n € [no,m] then
fld,k) < lim inf n'logE2[Z(0)]. (3.2)
Also,
0 = infliminfn"log (Pt (|n~"log Z(o) — f(d, k)| <€)). (3.3)

e>0 n—oo
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In all cases above, the limits are over n € 27 N kZ.

Equations (3.1) and (3.2) are proven in §3.3 and §3.4 using first and second moment
arguments respectively. This part of the paper is similar to the arguments used in
[27].

Given o : I' — Sym(n) and x : [n] — {0,1}, let C,(x) be the set of all proper
equitable colorings ' : [n] — {0, 1} with d,(x,x’) < 27%/2. In section §3.4.2, second
moment arguments are used to reduce equation (3.3) to the following:

Proposition 3.4.11. Let 0 < ny < (1 —log2)/2. Then for all sufficiently large k

(depending on 1), if

d/k = log(2)

5 2% — (1 +10g(2))/2 417

ri=

for some n with ny < n < (1—1og2)/2 then with high probability in the planted model,
ICo(x)| < E¥(Z.). In symbols,

lim BY(1C, ()] < EL(Z.) = 1.

In §3.5, Proposition 3.4.11 is reduced as follows. First, certain subsets of vertices
are defined through local combinatorial constraints. There are two main lemmas
concerning these subsets; one of which bounds their density and the other proves
they are ‘rigid’. Proposition 3.4.11 is proven in §3.5 assuming these lemmas.

The density lemma is proven in §3.6 using a natural Markov model on the space
of proper colorings that is the local-on-average limit of the planted model. Rigidity
is proven in §3.7 using an expansivity argument similar to the way random regular
graphs are proven to be good expanders. This completes the last step of the proof of

Theorem 1.3.1.
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3.1 Topological sofic entropy

This section defines topological sofic entropy for subshifts using the formulation from

[30]. The main result is:

Lemma 3.1.1. For any sofic approzimation 3 = {0, } with o, € Hom;¢ (I, Sym(n)),

he(T~X) = inf limsupn ™' log Z(¢; 0y,).

>0 nooo

Let T denote a countable group, A a finite set (called the alphabet). Let T' =
(T9)4er be the shift action on A" defined by T9z(f) = x(g7'f) for x € A". Let
X C A" be a closed I'-invariant subspace. We denote the restriction of the action to
X by ';vX. Also let ¥ = {o; : I' = Sym(V}) }ien be a sofic approximation to I

Given o : I' = Sym(V), v € V and = : V' — A the pullback name of z at v is
defined by

7 (z) € A, M7 (2)(9) = To(g-1yo Vg eT.

For the sake of building some intuition, note that when ¢ is a homomorphism, the

map v — [17(x) is I'-equivariant (in the sense that I17

U(g)v(x) = ¢gII9(z)). In particular

I19(x) € A" is periodic. In general, we think of II7(x) as an approximate periodic
point.
Given an open set O C A! containing X and an € > 0, amap z : V — A is called

an (O, €, 0)-microstate if
#{oeV: IIJ(x) e O} > (1 —¢)|V].

Let Q(O,¢,0) C AV denote the set of all (O,¢,0)-microstates. Finally, the Y-

entropy of the action is defined by

hs(INX) = iréf ir>1£ limsup |V;| ! log #Q(O, ¢, ;)

i—00
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where the infimum is over all open neighborhoods of X in A". This number depends
on the action I'» X only up to topological conjugacy. It is an exercise in [22] to show
that this definition agrees with the definition in [31]. We include a proof in Appendix

A for completeness.

Proof of Lemma 3.1.1. Let € > 0 be given. Let S(e;0,) C 2" be the set of (€, 0,)-
proper 2-colorings. Let Oy C 2F be the set of all 2-colorings x : I' — {0, 1} such that
for each generator hyper-edge e C I', x(e) = {0,1}. A generator hyper-edge is a
subgroup of the form {s/ : 0 < j < k} for some i. Note Oy is an open superset of X.

We claim that Q(Oy, ke/d, 0,) C S(€;0,). To see this, let x € Q(Oy, ke/d, 0y,).
Then I17*(x) € Oy if and only if all hyper-edges of G, containing v are bi-chromatic
(with respect to x). So if II7* ¢ Oy, then v is contained in up to d monochromatic
hyperedges. On the other hand, each monochromatic hyperedge contains exactly k
vertices whose pullback name is not in Oy. It follows that y € S(€;0,). This implies
hs(TAX) < infeglimsup, .. n log Z(€; 0,).

Given a finite subset F of hyper-edges of the Cayley hyper-tree, let Ox be the set
of all x € 2I' with the property that y(e) = {0,1} for all e € F. If O’ is any open
neighborhood of X in 2'' then O’ contains Oz for some F. To see this, suppose that
there exist elements yr € Oz \ O’ for every finite F. Let x be a cluster point of {xr}
as F increases to the set E of all hyper-edges. Then y € X \ O, a contradiction. It
follows that

he(INX) = ir]{_f ir>1£ limsup |V;| ' log #Q(Ox, €, 0;).

i—00

Next, fix a finite subset F of hyper-edges of the Cayley hyper-tree. We claim that
S (ﬁ;a,& C QOx,€,0,). Toseethis, let y € S (ﬁ, an) and B(x, 0,) C V,, be the
set of vertices contained in a monochromatic edge of x. Now for v € V,,, 119"(x) ¢ O
if and only if I17"(x) is monochromatic on some edge in F. This occurs if and only if

there is an element f € T in the union of F such that o,,(f~')v € B(x, 0,). There are
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at most k|F||B(x, 0,)| such vertices. But |B(x,0,)| < (ﬁ)n, so there are at most

ken such vertices. It follows that y € Q(Oxz,¢€,0,). Therefore,

inf limsupn~'log Z(e; 0,,) < igf ir>1£ limsup |Vi| " log #Q(Ox, €, 0;) = hs(T~X).

&0 o 1—00

3.2 Reduction to the key lemma

The purpose of this section is to show how Lemma 3.0.6 implies Theorem 1.3.1. This
requires replacing the (random) uniform and planted models with (deterministic) sofic

approximations. The next lemma facilitates this replacement.

Lemma 3.2.1. Let D C I be finite and 6 > 0. Then there are constants €, Ny > 0

such that for all n > Ny with n € 2Z N kZ,
P*{o: o is not (D,d)—sofic} <n™ ",

PP{o: o is not (D,d)—sofic} <n ",

Proof. The proof given here is for the uniform model. The planted model is similar.

The proof begins with a series of four reductions. By taking a union bound, it
suffices to prove the special case in which D = {w} for w € T nontrivial. (This is the
first reduction).

Let w = 53 ---s;' be the reduced form of w. This means that i; € {1,...,d},
i; # 141 for all j with indices mod [ and 1 <r; < k for all j. Let |w| =7 +---+ 7
be the length of w.

For any g € T, the fixed point sets of o(gwg™') and o(w) have the same size. So

after conjugating if necessary, we may assume that either [ = 1 or iy # ;.

48



T1

For 1 < j </, the j-th beginning subword of w is the element w; = s sl
15 i1

Given a vertex v € V,, and ¢ € Homy,;¢(I', Sym(n)), let p(v,0) = (e1,...,¢e) be the
path defined by: for each j, e; is the unique hyper-edge of G, labeled i; containing
o(w;)v. A vertex v € V,, represents a (o, w)-simple cycle if o(w)v = v and for

every 1 < a < b <[, either
° eaﬂeb:@,
e b=a+1and |e, Ney| =1,
e or (a,b) = (1,1) and |e, Ney| = 1.

We say that v represents a (o, w)-simple degenerate cycle if o(w)v = v and
[l =2and |e; Ney| > 2.

If o(w)v = v then either
e v represents a (o, w)-simple cycle,

e there exists nontrivial w’ € I' with |w'| < |w|+Fk such that some vertex vy € Uje;

represents a (o, w')-simple cycle,

e or there exists nontrivial w’ € T with |w’| < |w| + k such that some vertex

vy € Uje; represents a (o, w')-simple degenerate cycle.

So it suffices to prove there are constants €, Ny > 0 such that for all n > N,

en

Pi{o: #{v € [n]: v represents a (o, w)-simple cycle} > dn} < n~
and

Pi{o: #{v € [n]: v represents a (o, w)-simple degenerate cycle} > dn} < n~

(This is the second reduction).
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Two vertices v,v" € V,, represent vertex-disjoint (o, w)-cycles if p(v,0) =
(e1,. . e),p(v',0) = (€,...,¢) and e; N e = ( for all i, 5.
Let G,,(0,w) be the set of all 0 € Homyue(I', Sym(n)) such that there exists a

subset S C [n] satisfying
1. |S] > én,
2. every v € S represents a (o, w)-simple cycle,
3. the cycles p(v, o) for v € S are pairwise vertex-disjoint.

If v represents a simple (o, w)-cycle then there are at most (kl)? vertices v" such
that ¢" also represents a simple (o, w)-cycle but the two cycles are not vertex-disjoint.
Since this bound does not depend on n, it suffices to prove there exist ¢ > 0 and N
such that

B (Gl (6, w)) < "

for all n > Ny. (This is the third reduction. The argument is similar for simple
degenerate cycles).
Let m = [0n] and vy,..., v, be distinct vertices in [n] = V,,. For 1 <i < m, let

F; be the set of all 0 € Homyi¢ (I, Sym(n)) such that for all 1 < j <74
1. v; represents a (o, w)-simple cycle,
2. the cycles p(vy,0),...,p(v;,0) are pairwise vertex-disjoint.

By summing over all subsets of size m, we obtain

PG < (1 )PA(E)

H(6,1-0)n orows at most exponentially, it suffices to show there exist

Since (::L) ~ e
€ > 0 and Ny such that PY(F,,) < n=" for all n > Ny. (This is the fourth reduction.

The argument is similar for simple degenerate cycles).
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Set Fy = Homyy(I', Sym(n)). By the chain rule
m—1
P (Fn) = H Py (Fipa|F3).
i=0

In order to estimate P%(F; 1|F;), F; can be expressed a disjoint union over the
cycles involved in its definition. To be precise, define an equivalence relation R; on

F; by: 0,0’ are R;-equivalent if for every 1 < j <i, 1 <¢g<landr >0
U(S;quq)vj = 0'(quwq)vj~

In other words, o, 0’ are R;-equivalent if they define the same paths according to all
vertices up to v; (so p(vj, o) = p(v;,0’)) and their restrictions to every edge in these
paths agree. Of course, F; is the disjoint union of the R;-classes. Note that Ry is
trivial (everything is equivalent).

In general, if A, By, ..., B,, are measurable sets and the B;’s are pairwise disjoint
then P(A|U; B;) is a convex combination of P(A|B;) (for any probability measure P).
Therefore, P! (F;,1|F;) is a convex combination of probabilities of the form P%(F; | B;)
where B; is an R;-class.

Now fix a R;-class B; (for some i with 0 < i < m). Let K be the set of all
vertices covered by the cycles defining B;. To be precise, this means K is the set of
all u € [n] =V, such that there exists an edge e with u € e such that e is contained
in a path p(v;,0) with 1 < j < i and o € B;. Since each path covers at most kl
vertices, |K| < ikl.

If [ > 1 (the case [ = 1 is similar), fix subsets ej,...,e;_1 C [n] of size k. Condi-
tioned on B; and the event that the first (I — 1) edges of p(v;11,0) are ey, ..., e_1,

the P¥-probability that v, represents a simple (o, w)-cycle vertex-disjoint from K is
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bounded by the probability that a uniformly random k — 1-element subset of

[n]\< U erK>

2<j<l-1

contains v;,1. Since

U GjUK

2<j<i-1

< (i + 1)kl < mkl = ki[én],

this probability is bounded by C/n where C' = C(w, d, k,d) is a constant not depend-
ing on n or the choice of B;. It follows that P¥(F;41|F;) < C/nforall 0 <i<m —1

and therefore

P (F) < (C/n)™ < (C/n)™.

This implies the lemma (the argument is similar for simple degenerate cycles).

]

Proof of Theorem 1.3.1 from Lemma 3.0.6. Choose d, k,n9,n1,n according to the hy-
potheses of Lemma 3.0.6 so that n € [ng,m], & > ko and all of the conclusions to
Lemma 3.0.6 hold. Construct '»X according to Section 1.3. We will always take
n € 2Z N kZ. We will first show the existence of a sofic approximation ¥, = {0, } to
I' such that

inf limsupn~'log Z(€;0,) = f(d, k).

>0 oo
Then by Lemma 3.1.1, we will have hy, (I'nX) = f(d, k) > 0.

Observe that Lemma 3.0.6(1) implies the following: for every f > 0 there ex-
ists €(8) > 0 (with € decreasing as 8 decreases), N, and &(8,¢, N) > 0 such that
for n > N, P4(n"tlog(Z(e;0,)) — f(d, k) > B) < e*". In other words, the num-
ber of e-proper colorings can only exponentially exceed f(d,k) with exponentially

small probability. This is because the negation of the above would imply that
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inf..qlimsup,,_,..n ' logE[Z(¢;0)] > f(d, k), contradicting (1). Let F, . be the
event that n=1log[Z(e;0,)] — f(d, k) > .

Let H, g be the event that [n~!log Z(0,) — f(d, k)| < 8. Lemma 3.0.6(3) implies
PY(H, ) decays at most subexponentially in n. Precisely, for any ¢ > 0 there exists
N = N(c, ) such that n > N implies P}:(H, ) > e ".

Let I, 5. be the event that |n~'log Z(e;0,) — f(d, k)] < B. Notice that since
Z(€0,) > Z(oy) forany e, Fg o N Hyp C Lype.

Consider a decreasing sequence f,, — 0, and ¢, and &, depending on 3, as dis-
cussed above. Since P!(H, ) is decaying only subexponentially, we can choose an
increasing sequence K, satisfying K, > max;<;<,, N;, and for each m, P*(H, 3,,) >
235, e 5" for all n > K. Now it follows that n > K, implies P, (N7, Fy 5.
H,p,) > Pi(Hyp, ) — > i e %" > e 1" By the observation in the preceding para-
graph, PL(L, I g, ) > €6,

Given § > 0 and D C I finite, let Jp s, be the event that o, is (D, J)-sofic. Let
0, — 0 be a decreasing sequence and D,, C I' be an increasing sequence of finite
subsets of I'.

Lemma 3.2.1 implies that P}, (J}, 5,,) decays super-exponentially in n for any D and
0, so there exists an increasing sequence IV, such that for n > N,,, Pﬁ(ﬂ;’”‘zllnﬁj’q N

ID b)) = 0.5e~%1". It follows that we can choose a deterministic sofic approximation

sequence ¥; = {0, } such that

inf limsupn~'log Z(€;0,) = f(d, k).

0 pnooo

We next show the existence of 5. Equation (2) of Lemma 3.0.6 implies the

existence of a number f, with

f(d, k) < f, < liminfn~'log B2 [Z ()]
n—oo
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Since Z(o) < 2" for every o, there exist constants ¢, Ny > 0 such that
PP{o: Z(o) > exp(nf,)} > exp(—cn) (3.4)

for all n > N,.
Now let 6 > 0 and D C I be finite. Then there exists Ny such that if n > N, and

0, is chosen at random with law PP then with positive probability,
1. o, is (D, 6)-sofic,
2. ntlog Z(oy) > fp-
This is implied by Lemma 3.2.1 and equation (3.4). So there exists a sofic approxi-

mation Xy = {0/} to I" such that

limsupn'log Z(a)) > f,.

n—oo

Since Z(o],) < Z(B;0},), Lemma 3.1.1 implies hy, (X)) > f, > f(d, k) = hg, ([X).
[l

3.3 The first moment

To simplify notation, we assume throughout the paper that n € 2Z N kZ without
further mention. This section proves (3.1) of Lemma 3.0.6. The proof is in two parts.

Part 1, in §3.3.1, establishes:

Theorem 3.3.1.

ll\rln limsup(1/n)log EX[Z(€; 0)] = limsup(1/n)logE;[Z(0)].

n—oo n—0o0
Part 2 has to do with equitable colorings, where a 2-coloring x : [n] — {0, 1} is
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equitable if

X HO) =[x ()] = n/2.
Let Z.(o) be the number of proper equitable colorings of G,. §3.3.2 establishes

Theorem 3.3.2.

1 1
lim —logE:[Z(0)] = lim —logE%[Z.(0)].

n—oo 1 n—oo 1N,

Moreover,

% log B*[Z.(0)] = £(d, k) + O(n""log(n))
where f(d, k) =log(2) + log(1 — 2'7F).

Combined, Theorems 3.3.1 and 3.3.2 imply (3.1) of Lemma 3.0.6.

Remark 3.3.3. If r := (d/k) then the formula for lim, , +logE%[Z(c)] above is

the same as the formula found in [27, 28, 29] for the exponential growth rate of the

number of proper 2-colorings of Hy(n,m).

Remark 3.3.4. When we write an error term, such as O(n~1tlog(n)), we always

assume that n > 2 and the implicit constant is allowed to depend on k or d.

3.3.1 Almost proper 2-colorings

For 0 < z < 1, let n(z) = —zlog(z). Also let n(0) = 0. If T = (T});e; is a collection

of numbers with 0 < T; < 1, then let

H(T):=Y n(T})

il

be the Shannon entropy of T.
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Definition 3.3.5. A k-partition of [n]| is an unordered partition of [n| into sets of
size k. Of course, such a partition exists if and only if n/k € N in which case there

are

n!

ER ()1 (3:5)

such partitions. By Stirling’s formula,
1
- log(#{k-partitions}) = (1 — 1/k)(log(n) — 1) — (1/k)log(k — 1)! + O(n"*log(n))(3.6)

Definition 3.3.6. The orbit-partition of a permutation p € Sym(n) is the partition
of [n] into orbits of p. Fix a k-partition w. Then the number of permutations p whose
orbit partition is w equals (k — 1)!"/*.

Given 0 € Homuyie(I', Sym(n)), define the d-tuple (7§, ..., n5) of k-partitions by:

(U

is the orbit-partition of o(s;). Fix a d-tuple of k-partitions (7, ...,mq). Then the
number of uniform homomorphisms o such that =7 = m; for all i is [(k — 1)!"/*]2.
Combined with (3.5), this shows the number of uniform homomorphisms into Sym(n)
18

nl(k — 1)1k

knE(n /)|
By Stirling’s formula,

%log #Hom (T, Sym(n)) = d(1 — 1/k)(logn — 1)+ O(n~log(n)).  (3.7)

Definition 3.3.7. Let w be a k-partition, x : [n] — {0,1} a 2-coloring and t =

(tj)i=o € [0, 1" a vector with 3. t; = 1/k. The pair (, x) has type tif for all j,

#{een: lenx (1) =4} =nt;.
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Lemma 3.3.8. Let t = (to,t1,...,t;) € [0,1]**! be such that >t = 1/k and
nt; € L. Letp =) jt;. Let x : [n] — {0,1} be a map such that [x~'(1)| = pn. Let

f(&) be the number of k-partitions 7 of [n] such that (m,x) has type t. Then
k
(1/n)log f(t) = (1=1/k)(log(n)—1)—H (p, 1=p)+H ()= Y _ t;1og(j!(k—j))+O(n"" log(n)).
=0
Proof. The following algorithm constructs all such partitions with no duplications:

Step 1. Choose an unordered partition of the set x~'(1) into t;n sets of size j (j =
0,...,k).

Step 2. Choose an unordered partition of the set x~'(0) into t;n sets of size k — j

(j=0,....k).

Step 3. Choose a bijection between the collection of subsets of size j constructed in part

1 with the collection of subsets of size k — j constructed in part 2.

Step 4. The partition consists of all sets of the form o U 8 where a C x7!(1) is a set of
size j constructed in Step 1 and S C x~*(0) is a set of size (k — j) constructed

in Step 2 that it is paired with under Step 3.

The number of choices in Step 1 is % The number of choices in Step 2 is
j=1U)} in):
((A=p)n)! g TR 10\
Tl ) Gl The number of choices in Step 3 is HFl (tjn)l. So

_ (pn)!((1 — p)n)!
f(#) Hfzoj!tjn(k — j)!tj”(tjn)!~

(3.8)

The lemma follows from this and Stirling’s formula. O]

1. T;; > 0 for all 4, 7,
2. Z?:o T;; = 1/k for all 4,
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3. there exists a number, denoted p(T'), such that p(T) = 2?20 jTi; for all 4.
Let M, be the set of all T' € M such that nT is integer-valued.

Lemma 3.3.9. Let A be an integer-valued q X p matrixz (for some p,q € N), b € R?
and X C RP the set of all x € RP such that Ax = b and x; > 0 for all i. Forn € N,
let K,, be the set of all x € K such that nx is integer-valued.

Assume K is compact and there exists v € K with x; > 0 for all ©. Then there
is a constant C > 0 such that if K,, is non-empty then it is C'/n-dense in K in the
following sense. For any x € X there exists ©’ € K,, such that ||z — 2’| < C/n.

Moreover, the constant C' can be chosen to depend continuously on the vector b € RY.

Proof. To begin, we will define several constants which will enable us to choose C' > 0.
Because A is integer-valued, its kernel, denoted ker(A) C R?, is such that ker(A)NZP
has rank equal to the dimension of ker(A). Therefore, ker(A) N ZP is cocompact in
ker(A). So there is a constant C'; > 0 such that for any z € ker(A) there is an element
2" € ker(A) N ZP with ||z — 7| < Ch.

By hypothesis, there is a constant C5 > 0 and an element y € X such that
y; > C5 for all 7. Because K is compact there is another constant C3 > 0 such
that ||z — yl|lee < C5 for all z € K. Let C = % + Cy. Now let x € K be
arbitrary and suppose X,, is non-empty. We will show there exists ” € X,, such that
|z = 2"]|oo < C/n.

Let

Then z} > (C1/Cyn)y; > Cy/n for all i. Also ||z — /|| = (C1/Con) ||z -yl < B2

Because X, is non-empty, there exists x,, € K,,. By linearity, K is the intersection
of the hyperplane x, + ker(A) with the positive orthant. Thus we can write 2’ =
Tn+(1/n)z' 4 2" where 2’ € ker(A)NZP and 2" € ker(A) satisfies ||2”|| < C1/n. Let

2" =z, + (1/n)z". Note [[2" — 2||c = [|2"|lcc < C1/n. Since x} > C}/n this implies
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xf > 0 for all 4. It is now straightforward to check that z” € X,,. By the triangle

inequality

C1C3 B
Con +Cy/n=C/n.

Iz = "o <l = 2'lloe + 2" — 2"l <

Because x and n are arbitrary, this implies the Lemma with C' = Cé—f‘“’ + . Moreover
(' does not depend on the vector b; while C5, C3 can be chosen to depend continuously

on b.

Lemma 3.3.10. Given a matriz T € M define

d k
F(T) = H(T)+(1—d)H(p,1—p)— (d/k)logk+> Y Tlog (’;)

i=1 j=0

—

where p = p(T). Then for any € > 0,

(1/n)log EX[Z(e; 0)] = sup {F(f) . T eM, and Z Z T;; < e} + O(n log(n))

i=1 j=0,k
where the constant implicit in the error term does not depend on €.

Proof. Given o € Hom¢(I', Sym(n)) and 1 < i < d, let 77 be the orbit-partition of
o(s;). For T as above, let Zg(f) be the number of e-proper colorings x : [n] — {0,1}

such that (77, x) has type T; = (Tio, ..., Tix). It suffices to show that
(1/n)1og E4[Z,(T)] = F(T) + O(n™" log(n))

for all n > 2 such that T € M,,. This is because the size of M,, is a polynomial
(depending on k,d) in n so the supremum above determines the exponential growth
rate of EX[Z(¢; 0)].

To prove this, fix a T as above and let n be such that nT is integer-valued. Fix a
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coloring x : [n] — {0,1} such that |[x~'(1)| = pn. By symmetry,

EX(Z,(T)] = (” )IP’Z[(w?, \) has type 7 Vi,
pn

The events {(77, x) has type T;}%, are jointly independent. So

E2(2,(7)] = () TL P8I ) s pe 7, 39

By symmetry, P%[(77, x) has type ﬁ] is the number of k-partitions 7 such that (7, x)

has type T; divided by the number of k-partitions. By Lemma 3.3.8 and (3.6),

1 S
—logPr[(7, x) has type T}
n

k

= H(p1—p)+ H(T) — 3 Ty log(Gi(k — 1)1) + (1/k) log(k — 1)! + O(n™log(n))
=0
Combine this with (3.9) to obtain

(1/n)log B4 [Z, (T)]

— (1= H(p,1-p)+ HT) = Y > Tylog(il(k — )!) + (/) loglh — 1! + O(n™ " log(m).

This simplifies to the formula for F(T') using the assumption that Z?:o T;; = 1/k for
all 7.

]

Proof of Theorem 3.3.1. By Lemma 3.3.9 applied to M, continuity of F' and com-
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pactness of M,

d
lim sup{F(f): T € M,, and ZZTZ-J-SE}

i=1 j=0,k

d
:sup{F(f): T € M and ZZE]-SE}.

i=1 j=0,k

Theorem 3.3.1 now follows from Lemma 3.3.10 by continuity of F' and compactness

3.3.2 Equitable colorings

Proof of Theorem 3.3.2. Let My be the set of all T € M such that Ti; = 0 whenever
j € {0,k}. By Lemma 3.3.10, it suffices to show that F' admits a unique global

maximum on My and moreover if T' € M, is the global maximum then p(T) = 1/2

—

and F(T) = f(d, k).
The function F' is symmetric in the index i. To exploit this, let M’ be the set of

all vectors t = (tj)f;ll such that ¢; > 0 for all j and Zj:ll t; =1/k. Let

k—1
p() = Y it
j=1

k—1
k
F(f) = dH()+ (1—d)H(p,1 —p) — (d/k)logk+d Y t;log (j)

j=1
Note that F(f) = F(T) if T is defined by T,; = t; for all i,j. Moreover, since
Shannon entropy is strictly concave, for any T e My, if ¢ is defined to be the average:
t=d 37 T;j then F(#) > F(T) with equality if and only if t; = T;j for all 7, j.
So it suffices to show that F' admits a unique global maximum on M’ and moreover

if £ € M/ is the global maximum then p(¢) = 1/2 and F(¢) = f(d, k).
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Because % = —[log(t]) -+ 1]’ ng; = j’ a,nd _8H(g£j1—p) :jlog <%)’

OF

o= —d[log(t;) + 1] + (1 — d)jlog (%) + dlog (];)

Since this is positive infinity whenever ¢; = 0, it follows that every maximum of F
occurs in the interior of M’. The method of Lagrange multipliers implies that, at a

critical point, there exists A € R such that

VF = )\V (f!—)ZQ) = (AN LA

J

So at a critical point,

or , 1—0p AN
o dlog(t;) + 1] + (1 — d)j log (T) + dlog (J> =\

Solve for ¢; to obtain

J p
Note
E—1
j=1
k—1
1=1/p> it
=1
implies
E—1 k—1 i(1—d)/d
K\ (1=pY’
0=S"(k—j/p)t; = (pk:—J)(.) <—)
=1 = J p
So define
k—1 1-d)/d
[k 1— 2\
o) =30 (V) (2F)
j=1
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It follows from the above that g(p(f)) = 0 whenever £ is a critical point.
We claim that g(z) = 0 if and only if z = 1/2 (for x € (0,1)). The change of
variables j — k — j in the formula for g shows that g(1 —z) = — (ﬁ)k(l_d)/dg(x).

So it is enough to prove that g(z) < 0 for = € (0,1/2).

d. The binomial formula

To obtain a simpler formula for g, set y(x) = (1—735)(1*‘1)/

implies

Because 0 < z < 1/2, y > (&) which implies that the middle coefficient (z(1+y)—

y) =z —y(l —x) <0. So
gl@)/k<(1—-2)y*—2<0
where the last inequality holds because

. . k(d—l)/d< .
vy = 11—z 11—z

assuming k(d — 1)/d > 1. This proves the claim.

So if £ is a critical point then p(f) = 1/2. Put this into the equation above for ;

=

where C' = exp(—A/d — 1). Because

to obtain

1/k:k§tj :(Jki (l;) =C(2F - 2)
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it must be that

{— m (’;) (3.10)

The formula F(t) = f(d, k) now follows from a straightforward computation. O

3.4 The second moment

This section gives an estimate on the expected number of proper colorings at a given
Hamming distance from the planted coloring. This computation yields (3.2) of Lemma
3.0.6 as a corollary. It also reduces the proof of (3.3) to obtaining an estimate on the
typical number of proper colorings near the planted coloring.

Before stating the main result, it seems worthwhile to review notation. Fix n > 0
with n € 2Z N kZ. Fix an equitable 2-coloring x : [n] — {0,1}. This is the planted
coloring. The planted model P? is the uniform probability measure on the set
Hom, (I, Sym(n)) of all uniform homomorphisms o such that x is o-proper. Also
let Z. : Hom,(I',Sym(n)) — N be the number of equitable proper 2-colorings. For
§ € [0,1], let Z,(6;-) : Hom,(I', Sym(n)) — N be the number of equitable proper
2-colorings X such that |d,(x,X) — | < 1/2n where d,, is the normalized Hamming

distance defined by

dn(x,X) =" #{v € [n] : x(v) # X(v)}-

We will also write Z,(9;0) = Z,(0) = Z(J) when x and/or o are understood.

The main result of this section is:

Theorem 3.4.1. With notation as above, for any 0 < § < 1 such that én/2 is an
nteger,

1o BR[Z(5)] = w(6) + Osn™) + O(n™ log(n)
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(for n > 2) where

d 5k (1 — )k
Y0(8) = (1= d)H (6,1~ 8) + dHo(5,1 — 6) + - log (1_1 ;k_l(il 0) )

0o 1s defined to be the unique solution to

1— 2271’»‘ + (50/2)k71

e 2(60/2)% + 2((1 — 60)/2)F 0
and
H(5,1—-0) = —dlogd— (1—9)log(1—19),
H()((;, 1— 5) = —510g 50 — (1 — (5) lOg(l — (50)

Moreover, the constant implicit in the error term O(n~'log(n)) may depend on k but
not on §. The constant implicit in the Os(n™1) term depends continuously on § for

5 €(0,1/2].

Remark 3.4.2. If 6y = § then d = 1/2. In the general case, 6y = 6+O(27%). Theorem
3.4.1 parallels similar results in [27, 28] for the random hyper-graph Hy(n,m). This

18 explained in more detail in the next subsection.

The strategy behind the proof of Theorem 3.4.1 is as follows. We need to estimate
the expected number of equitable colorings at distance ¢ from the planted coloring.
By symmetry, it suffices to fix another coloring X that is at distance § from the
planted coloring and count the number of uniform homomorphisms ¢ such that both
x and X are proper with respect to G,. This can be handled one generator at a time.
Moreover, only the orbit-partition induced by a generator is used in this computation.
So, for fixed x, X, we need to estimate the number of k-partitions of [n] that are bi-
chromatic under both y and Y. To make this strategy precise, we need the next

definitions.
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Definition 3.4.3. Let X be an equitable 2-coloring of [n]. An edge P C [n] is (x, X)-
bichromatic if x(P) = x(P) = {0,1}. Recall that a k-partition is a partition m =
{Pr,..., Py} of [n] such that every part P € m has cardinality k. A k-partition 7 is
(x, X)-bichromatic if every part P € m is (x, X)-bichromatic.

Given a (x, X)-bichromatic edge P C [n] of size k, there is a 2 x 2 matriz (X, P)
defined by

(X, P) =Pnx'(0)n X ()]

Let € denote the set of all such matrices (over all P,X). This is a finite set. To be

precise, £ is the set of all 2 x 2 matrices € = (e;5)i j—01 such that
o ¢;; €{0,1,... k} foralli,j
e 0<epgten <k
e 0<eg tep <k
b Zzy e =k.

If mis a (x, X)-bichromatic k-partition then it induces a function tg, : € — [0,1] by

tia(@)=n"'#{Per: e=¢(X,P)}.

Let T be the set of all functions t : € — [0, 1] satisfying
® > e t(€) =1/k,
o > celewnten)t(e) =1/2,
o Y .cleon +en)t(@) =1/2.
Also let T, be the set of t € T such that nt(€) is integer-valued for each € € £. A

k-partition m has type (x,X,t) if t = tyx.
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Lemma 3.4.4. Given an equitable 2-coloring X : [n] — {0,1}, let pX¥ = (p?‘j) be the

2 X 2 matrix

py =1/ @Y G-

Then

In particular, pX is determined by the Hamming distance d,(x, X)-

Proof. Let p = pX. The lemma follows from this system of linear equations:

1/2 = po+pn
1/2 = pio+pn
dn(X,X) = Po1 + Pio

1 = poo + po1 + pio + p11-

The first two occur because both y and Y are equitable. The third follows from

the definition of normalized Hamming distance and the last holds because {x~'(z) N

X 1(]’)}14,]-6{0,1} partitions [n]. O

For t € T, define the 2 x 2 matrix p' = (pj;) by

Pl =) eit(e).

ees

If 7 is a k-partition that has type (¥, X,t) (for some equitable ) then pX = p*. This
motivates the definition.

The main combinatorial estimate we will need is:

Lemma 3.4.5. Lett € T, and X : [n] — {0,1} be equitable. Suppose pt = pX. Let
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g(X,t) be the number of k-partitions of type (x, X,t). Also let
G(t) := (1 —1/k)(log(n) — 1) — H(p") — (1/k)log(k!) + H(t) + Zt é) log ( >

k- . . !
where (ﬂ) is the multinomial ——~——— . Then
€ epo‘eplierorerl!

(1/n)log g(X,t) = G(t) + O(n™" log(n))
(for n > 2) where the constant implicit in the error term depends on k but not on Y
ort.

Proof. The following algorithm constructs all such partitions with no duplications:
Step 1. Choose a partition {QF; : 7,7 € {0,1},&€ £} of x'(i) N X' (j) such that
Q5| = eit(@)n.
Step 2. For i,j € {0,1} and € € £, choose an unordered partition ﬁfj of ij into t(€)n
sets of size e;;.
Step 3. Fori,j € {0,1} with (i, j) # (0,0) and € € &, choose a bijection af; : m§y — 7f,.

Step 4. The k-partition consists of all sets of the form PU, ;c101y.4.5)£(0.0) of;(P) over

all P € 75, and €€ &.

The number of choices in Step 1 is

IT @nx ol TestEn)

1,7€{0,1} ees
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The combined number of choices in Steps 1 and 2 is

H X N X)) H e O (t(@m) !

i,jG{O,l} eet
—4
= (H(t(g)n)!> IT '@nx @i est
eect i,j€{0,1} eecE

The number of choices in Step 3 is [[. o (t(€)n)!?. So

st ={ 1] KT@nx ol <H<t<é>n>!> IT Iestr

1,j€{0,1} eee i,j€{0,1} ee€

An application of Stirling’s formula gives

(1/m) 0 9(%,£) = (1=1/k) (log(n)—1)— H(p")+ H ()~ 3 () log(es) +O(n~" log(n))
T
(for n > 2) where the constant implicit in the error term depends on &k but not on y

or t.

Since ) __t(€) = 1/k,

S t(@1og () = (1/8) (k) ~ 3 t(6) og(es),

Substitute this into the formula above to finish the lemma.

[]

Next we use Lagrange multipliers to maximize G(t). To be precise, for ¢ € [0, 1],
let T(9) be the set of all ¢ € T such that pl;, = §/2. Define 7,,(§) = T(0) N T,. To
motivate this definition, observe that if y is an equitable 2-coloring and § = d,,(x, X)

then p§1 = §/2. So if 7 is a k-partition with type (x, X,t) then p, = §/2.
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Lemma 3.4.6. Let 0 € [0,1]. Then there exists a unique ss € T (8) such that

t?%) G(t) = G(ss).

Moreover, if 6o, C > 0 and ts € T(9) are defined by

i b L= 2270 4 (60/2)™
2 21—22F42(50/2)F +2((1 — ) /2)*
o 1

k[l — 227k +2(80/2)% + 2((1 — 60)/2)¥]

B 1_50 €oo+e11 50 €o1+€10 k
R O

then ss = ts.

Proof. Define F': T — R by

F(t) = H(t) + zé:t(é') log (’;)

For all t € T(0), G(t)— F(t) is constant in ¢. Therefore, it suffices to prove the lemma
with F' in place of G.

The function F' is concave over ¢ € T(§). This implies the existence of a unique
ss € T(6) such that

F(t) = F(sy).
max (t) (s5)

By definition, 7(0) is the set of all functions ¢t : £ — [0, 1] satisfying

1k = > 1@
eee

Py = Y et(@),
eece
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where p = (p;;) is the matrix

1/2-6/2  §/2
§/2  1/2-6/2

p:

For any ¢ € &,

8?% = —logt(€) — 1+ log (Z) (3.11)

Since this is positive infinity when ¢(€) = 0, ss must lie in the interior of 7(§). By

the method of Lagrange multipliers there exists A € R and a 2 x 2 matrix fi such that

a‘%(sa) —A+ji-€ (3.12)

Evaluate (3.11) at s, use (3.12) and solve for ss(€) to obtain

ss@) = o )ity
for some constants Cp,x;;. In fact, since F' is concave, s; is the unique critical
point and so it is the only element of 7(d) of this form. So it suffices to check
that the purported 5 given in the statement of the lemma has this form and that
it is in 7(9) as claimed. The former is immediate while the latter is a tedious but
straightforward computation. For example, to check that ) _.t5(€) = 1/k, observe

that, by the multinomial formula for any (z;;); jefo,11,

k
€00 ,,.€01 ,.€10 .€11
E (é’ Loo o1 L10 L11
gee

= [(9500 + xo1 + 10 + In)k

— (w00 + z01)" — (oo + 210)* — (211 + 201)* — (211 + T10)" + 2l + 2§, + 2y + 27, |-
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Substitute zgy = 11 = =2 and z¢; = x19 = do/2 to obtain

1—4(1/2)F 42 (1 _25°>k+2 (%)k] =1/k.

The rest of the verification that t5 € T(6) is left to the reader. O

D ts(e) = C

eeE

Proof of Theorem 3.4.1. Let £(J) be the set of all equitable 2-colorings x : [n] —
{0,1} such that d, (X, x) = 0. Also let F5; C Hom;¢(I', Sym(n)) be the set of all o

such that X is a proper 2-coloring of the hyper-graph G,. By linearity of expectation,

B2 (Z,(0)] = ) Pu(Fx|Fy).
X€&(9)

The cardinality of £(¢) is ( 52/ /22)2. By Stirling’s formula

n~!log (7:1/2> = H(3,1—0)+O(n 'log(n)). (3.13)

We have PY(F5|Fy) is the same for all Y € £(0). This follows by noting that the
distribution of hyper-graphs in the planted model is invariant under any permutation
which fixes x. If n, 7" are two configurations with d,(n, x) = d,(1’, x) = ¢ then there
is a permutation m € Sym(n) which fixes y and such that nomx = 7. To see this note
that we simply need to find a 7 € Sym(n) which maps the sets x (i) N n71(j) to
x~H(@) Ny~Y(j) for each 4,5 € {0,1}. Such a map exists since for each i, the two

sets have the same size. It follows that
n'logE2[Z,(8)] = H(6,1 —6) +n ' log P%(Fx|Fy) + O(n~ " log(n)) (3.14)

for any fixed ¥ € £(9).
For 1 < i < d, let F,; be the set of uniform homomorphisms o such that the

orbit-partition of o(s;) is x-bichromatic in the sense that x(P) = {0,1} for every P

72



in the orbit-partition of o(s;). Then the events {F,; N Fy;}{ , are i.i.d. and
d
F\y N Fy=()Fyn Fy.
i=1

Therefore,

u P (Fe N Fya)?
PY(F|Fy) = I;UI(F )Xl : (3.15)
n\= X

Note P! (Fy1 N Fy1) is, up to sub-exponential factors, equal to the maximum of
g(X,t) over t € T,(6) divided by the number of k-partitions of [n]. So equation (3.6)

implies

1 1 ~
- log Py (FxaiNFy 1) = tglragg) - log g(X,t)—(1—1/k)(log(n)—1)+(1/k) log((k—1))+O(n ' log n).

So Lemma 3.4.5 implies

% log Py, (Fx1NFy 1) = tén’/'f%) G(t)—(1-1/k)(log(n)—1)+(1/k) log((k—1))+O(n " logn).

We apply Lemma 3.3.9 to 7(J) to obtain the existence of s((;n) € T.(0) with ||s((;n) —
tslloo < Os(n~1) where the constant implicit in the Os(n™!) term depends continuously

on § for 6 € (0,1/2]. Since G is differentiable in a neighborhood of ¢5, we have

_ -1
tén’T?()((S) G(t) = G(ts) + Os(n™ 7).

So Lemma 3.4.6 implies

%log PU(Fyy N Fy) = —H(P) + Hits) — 3 t5(2) log(es!) + (1/k) log(k — 1)!

RN
27‘]76

+05(n~ ) + O(n~*log(n)).
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Since 5= (8/2,6/2, (1 —8)/2, (1 — 6)/2), H(p) = H(5,1 — §) + log(2). So

1
~logPy(Fya N Fyi) = —H(0,1—0) = log(2) + H(ts) — D t5(¢)log(e;)
,5,€

+(1/k)log(k — D)! + Os(n™ ") + O(n" ' log(n)). (3.16)

On the other hand, Theorem 3.3.2 implies

%log PY(F,) = %log ((7;;2)_ EZ;‘[ZC(O)]>
= (d/k)log(1 —2'7%) + O(n™' log(n)).

Combine this result with (3.14), (3.15) and (3.16) to obtain

nog B [Z,(5)] = (1—d)H(6,1—6) — dlog(2) + dH(ts) —d Y _ t5(€)log(e;;!)

+(d/k)log(k — 1)! — (d/k) log(1 — 27%) + Os(n™") + O(n " log(n)).
Since ) t5(€) = 1/k,
> t5(é)log ) = (1/k)log k! =) " t5(&) log(ey;!).
” € — Y
€ 2,J,€
Substitute this into the previous equation to obtain
n~ogEL[Z,(8)] = 1o(8) + Os(n") + O(n~" log(n))

where

Go() = (1—d)H(S,1-5) - dlog(2) + dH(ts) +d'>_ t5(&)log (’;)
ecE

—(d/k)log k — (d/k)log(1 — 2'7F).
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Observe that in every estimate above, the constant implicit in the error term does
not depend on 4. To finish the lemma, we need only simplify the expression for .

By Lemma 3.4.6,

H(ts) = —Zta(g) logts(€)
- — Zm(@j <logC + (ego + €11) log (1 _250> + (eo1 + €10) log (%) + log (2))

= —(1/k)(logC) — (1 — &) log(1 — &o) — dlog(dp) + log 2 — Ztg(é’) log (2)

k
= —(1/k)(logC) + Ho(6,1 —0) +log2 — Ztg(é’) log (€>.
Combined with the previous formula for 1)y, this implies
Vo(0) = (1—=d)H(6,1—6) — (d/k)log C + dHy(5,1 — ) — (d/k)logk — (d/k)log(1 — 2'7F).

To simplify further, use the formula for C' in Lemma 3.4.6 to obtain

1 —227F 42(80/2)% + 2((1 — o) /2)*
1 — 21—k
1— 68— (1—6)F
2k-1 _ 1 '

—(d/k) (log C +logk + log(1 — 2'7%)) = (d/k)log

= (d/k)log (1 -

Thus (8) = (1 — d)H (8,1 — 8) + dHy(6,1 — §) + Llog(1 — =500,

2k=T_7
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3.4.1 Analysis of ¢y and the proof of Lemma 3.0.6 inequality
(3.2)

Theorem 3.4.1 reduces inequality (3.2) to analyzing the function vy. A related func-
tion 1, defined by

B d 1—ah—(1—a)*
Y(z) = H(J:,l—x)—l—ElOg <1_ ok—1 _ | )

has been analyzed in [27, 28]. It is shown there ¢(x) is the exponential rate of growth
of the number of proper colorings at normalized distance x from the planted coloring
in the model Hy(n,m). Moreover, if r = d/k is close to @ -2F — (1+10g(2))/2 then
the global maximum of (z) is attained at some z € (0,27%/2). Moreover, v has a
local maximum at z = 1/2 and is symmetric around x = 1/2. It is negative in the
region (27%/2.1/2 — 27%/2). We will not need these facts directly, and mention them

only for context, especially because we will obtain similar results for 1g.

The relevance of ¢ to 1y lies in the fact that

Yo(0) = ¥(do) — (H(do, 1 — do) — Ho(d,1 —6)) + (d — 1) [Ho(d,1 —6) — H(d,1 —6)(3.17)

As an aside, note that Hy(d,1 —0) — H(d,1—9) is the Kullback-Leibler divergence of
the distribution (6,1 — §) with respect to (dg, 1 — dp).

To prove inequality (3.2), we first estimate the difference 1y(5) — ¥ (dp) and then
estimate ¥(dp). Because the estimates we obtain are useful in the next subsection,

we prove more than what is required for just inequality (3.2).
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Lemma 3.4.7. Suppose 0 < 6y < 1/2. Definee >0 by § = 0o(1 —e). Then

H(8o,1—080) — Ho(6,1 —0) = 50510g(1;5°)20,
0

Ho(6,1—0) = H(3,1-6) = O(%e*),
e = 0@27™),
(1=08) = 1—20p.
The last equation implies 1o(1 — §) = 1o(9).
Proof. The first equality follows from:

H((So, 1-— (S()) — H()((S, 1-— (S) = —50 log 50 — (1 — 50) lOg(l — 50) + 510g 50 + (1 — 5) lOg(l — 50)

= (0o — 9)log(1/d0) + (0o — ) log(1 — dp)

1
— 50510g( 5 60) .
0

The second estimate follows from:

Hy(0,1—=6)—H(0,1—=6) = 6 (logd —logdy) + (1 —0) (log(1 — ) — log(1 — dy))

= (5log(1—€)+(1—5)log(l_6)

1—d
= —de+(1—-6)log 1—1—1 5 + O(6pe?)
— 0o

= —0e + boe + O(6e%) = O(0pe?).
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The third estimate follows from:

e = 1— 5%
1— 227k 4 (5y/2)F 1
1 — 227k 1 2(80/2)F + 2((1 — &) /2)F
2(00/2)* = (0/2)" " +2((1 — 60)/2)"
1— 2% 2(80/2)% + 2((1 — 0o /2)*
(80/2)" (6o — 1) + 2((1 — o) /2)"
1—227F 4 2(00/2)% + 2((1 — d0g) /2)*
(1—do)" o5
1 — 22k 4+ 2(60/2)% 4+ 2((1 — d0)/2)F

=1

= 27F (1 -8 - (3.18)

The denominator is 1 + O(27%) and the numerator is O(27%). The result follows.

The last equation follows from:

1_22—k+ 50 2)k—1
1=0 = 1-4 (1 g 2(50/2)k(+/2(21 - 50)/2)k)
1 —227F 4+ 2(80/2)% + 2 ((1 = 80)/2)% — 0o(1 — 227F + (60/2)F )
1 — 227k 4+ 2(09/2)% 4+ 2((1 — d9)/2)*
(1= 8) (1= 227 + (1 = 6)/2) )
1— 22k £ 2(80/2)% + 2((1 — 80)/2)F"

The last expression shows that (1 — )y = 1 — Jo.

Lemma 3.4.8. Let 0 <1 be Ok(1). If

d/k — log(2)

5 2% — (1 +1og(2))/2 417

r =

then

fdk) = 9(1/2) = o(1/2) = (1 - 227" + O(27%)
Y27 = 27+ O(K*27%).
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In particular, if k is sufficiently large then ¥(27%) > f(d, k).
Proof. By direct inspection f(d, k) = 1¥(1/2) = 1y(1/2). By Taylor series expansion,

log(1 —21F) = —21=F — 2172k + O(273%). So

f(d,k) = log(2) +rlog(l—2'"F)

= log(2) + (@ 28 — (14 1og(2))/2 + 77) (=27 = 2172F) + O(r27?)

= (1—2n)27%+0(27").
Next we estimate 1)(27%). For convenience, let x = 27%. Then
-2~ (1 —2)f=k-27F + O(k*27%).

Since log(1 — ) = —x — 2%/2 + O(z?),

Lk 1— k
log <1— 1-o—(1-2) >_—2k-2‘2’“+0(k22‘3k).

2k-1 ]
So
1—aF —(1—2) _ _
rlog (1 — S (_ N ) > = —klog(2) - 27% + O(k*272F).
Also,

H(z,1—x) = (klog(2) +1)-27" + 0(27%).

Add these together to obtain
P(27F) = 27F + O(K*27%).
O

Corollary 3.4.9. Inequality (3.2) of Lemma 3.0.6 is true. To be precise, let 0 < 1
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be constant with respect to k. Then for all sufficiently large k (depending on ng), if

_ log(2)

=d/k
r / )

28— (14-10g(2))/2 + 1

for some n > ng with n = O(1) then

f(d, k) < liminf n~ ' log E2[Z(0)].

n—0o0

Proof. By definition,

n~'logE2[Z(0)] > max n tlogEP[Z(0)].

0€[0,1/2]

By Theorem 3.4.1,
0~ 0g B[ Z(0)] > maxo(8) + Os(n ™) + O(n~" log(n))

where C,, is the set of § € [0,1/2] such that dn/2 is an integer. Because v : [0,1/2] —
R is continuous, lim,_,. maxsec, Yo(0) = maxsep,1/2) ¥o(d). The constant implicit in
the Os(n~!) depends continuously on § for § € (0,1/2], while the constant implicit in

the O(n~'log(n)) error term does not depend on §. So

liminf n~'log B [Z(0)] > max (6)

n—00 T S€v,1/2]

for any 0 < v < 1/2. Because 1), is continuous,
liminfn tlog B2 [Z(0)] > max o(6). (3.19)

n—00 T 6€[0,1/2]

Because Hy(d,1 —0) — H(5,1 —0) > 0 (since it is a Kullback-Liebler divergence), the
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first equality of Lemma 3.4.7 implies

Uo(6) = ¥(do) — (H(do,1 — o) — Ho(6,1 —6)) + (d — 1) [Ho(d,1 = 6) — H(3,1 = 6)]

> ¥(do) — doe log (1 ;050) :

By Lemma 3.4.8, ¢(27%) = f(d, k)+2n27%+0(k?*272). By Lemma 3.4.7, ¢ = O(27%).
As § varies over [0, 1/2], dy also varies over [0, 1/2], so there exists d such that 5y = 27%.

For this value of ¢,

—k

$o(8) > (27*) — 2 e log ( ) > F(d k) + 2027 + Ok,

Combined with (3.19) this implies the Corollary. O
In the next subsection, we will need the following result.

Proposition 3.4.10. Let

0<mn < (1-1log2)/2.

Then there ezists ko (depending on 1) such that for all k > ko if

r=d/k = 262

5 2R — (1410g(2))/2 +1n

for some n € [no, (1 —log?2)/2) then in the interval [27%/2,1 — 27%/2] 4 attains its

unique mazimum at 1/2. That is,

max{t(8) : 2752 < § <1 — 272} = 4(1/2) = f(d, k) = log(2) + rlog(1 — 2'7*)

and if § € [27F/2.1 — 27K/2) and & # 1/2 then 1o(8) < 1o(1/2).

Proof. By Lemma 3.4.7, it suffices to restrict & to the interval [27%/2,1/2] (because

1o(0) = (1 — 6)). So we will assume § € [27%/2,1/2] without further mention.
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Define ¢ by

sk (1 _ Sk
6r(6y) = glog (1 1 5§k1(i : do) ) '

Observe

_ Sk _ _ k
2/)1(50) - (_ 1 5§k_1(i : 50) 4 O<4k))

= —log(2)[1 — (1 —do)"]+ O(27").

By (3.17) and the first inequality of Lemma 3.4.7,

Yo(0) < (do) + (d—1)[Ho(6,1 —0) — H(d,1—6)]

= H(d,1— )+ 11 (00) + (d — 1)[Ho(6,1 — 6) — H(6,1 —6)]. (3.20)

Moreover, (d—1) = O(k2*) and, by Lemma 3.4.7, Hy(5,1—8)—H(5,1—08) = O(54™").

Therefore,

Yo(0) < H(8p,1— ) +1(do) + O(60k27F)

< H(do,1— o) —log(2)[1 — (1 — 80)*] + O((dok + 1)27%).  (3.21)

Observe that dp > 0. We divide the rest of the proof into five cases depending on
where & lies in the interval [27%/2,1/2].
Case 1. Suppose 27%/2 < §, < L. We claim that 1(6) < 0. Note —log(dy) <

(k/2)log(2) and —(1 — &) log(1 — dg) = dg + O(62). So

H(éo, 1-— (50) = —50 lOg (50 — (1 — (50) lOg(l — (50)

< do(k/2)log(2) + do + O(57)-
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By Taylor series expansion,
k kY
1—(1—=6)" > kdoy — <2>50 > 3kdp /4.
So by (3.21)

Uo(6) < 6o(k/2)log(2) 4 0y — 3kdy log(2)/4 + O(d5)

= &[l — klog(2)/4] + O(83).

Thus 10(0) < 0 if k is sufficiently large.
Case 2. Let 0 < & < 1/2 be a constant such that H (&, 1—&) < log(2)(1—e~%/2).
Suppose i < §g < &. We claim that 1y(d) < 0 if k is sufficiently large.

By monotonicity, H(dy, 1 — o) < H(&,1 —&y). Since 1 —x < e * (for x > 0),
1— (1= >1—e?0>1—¢1/2
By (3.21),
Yo(0) < H(&o,1— &) —log(2)(1—e %)+ O(k27%).

This implies the claim.
Case 3. Let & be a constant such that max(&y,1/3) < & < 1/2. Suppose
& < dp < & We claim that ¢y (d) < 0 for all sufficiently large k£ (depending on &;).
By (3.21),

Po(6) < H(&1,1— &) —log(2)[1 — (1= 60)"] + O(k27")

< H(&,1—&) —log(2) + O((1 — &)¥).

This proves the claim.
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Case 4. We claim that if & < dp < 0.5 — 27% then y(8) < f(d, k) for all
sufficiently large k& (independent of the choice of &;).
Recall that we define € by 6 = dy(1 — ¢). By (3.18),

(1—bo)" —a5"
1— 227k 4 2(60/2)% + 2((1 — 69) /2)*
< 27Fa-g)r+o0(4t) <237

e = 2VF (1 -6 -

since & > 1/3, assuming k is sufficiently large.
The assumption on r implies d = O (ka) So the second equality of Lemma 3.4.7
implies

(d—1)[Ho(6,1—0) — H(6,1 —6)] = O (kd.57%).

Through elementary but messy calculus computations one may show using the fact

that r = O(2*) that

¥(1/2) =0

V"(1/2) = —4 + O(k*27")

1 1

V" () = pei + O(k3(2/3)%) for any x € [1/3,2/3].

By Taylor’s theorem,

B0 = 0(1/2) = 2+ ()0~ /2P + 5 (o = s+ on(1)) (o= 1728822

for some §p < v < 1/2. Since §y > 1/3, we have 1/2 — §y < 1/6. Furthermore,

: 1 (R : 1 1
since © — 5 — 7—5z Is monotone decreasing on (0,1/2], we have -5 — T <

1 1 27
@37 ~ @EE = 4 Lhus

%(#—ﬁ)(1/2—50>3< 127 1
2(1/2 — 8y)? 1271

84



and for sufficiently large k we have (i - ﬁ + Ok(1)> (1/2—09)% < (2+0x(1))(1/2—

v2

6
d0)?. Since ¥(1/2) = f(d, k), (3.20) implies

) < 8 R)~(2rou(D)(1/2-00 g o = s +ouD)) (1/2-0)40 (k57

is strictly less than f(d, k) if k is sufficiently large.
Case 5. Suppose 0.5 —27% < §, < 0.5. Let v = 0.5 — dy. By (3.18),

e=0([(1/2+)" " = (12— ]27F).

Define L(x) := (1/2+z)* 1 — (1/2 — )k~ We claim that L(y) < . Since L(0) = 0,
it suffices to show that L'(x) <1 for all x with |z| < 0.01. An elementary calculation

shows

L'(z)=(k—1)[(1/2+2)* 7+ (1/2—2)"7].

So L'(z) < 1if |x] < 0.01 and k is sufficiently large. Altogether this proves ¢ =

O (727*). So the second equality of Lemma 3.4.7 implies
(d—1)[Ho(6,1 —68) — H(6,1—68)] = O (k27"9%).
By (3.22) and (3.20),
Yo(0) < f(d,k) = (2+ 0 (1))7* + O (k27"%) .

This is strictly less than f(d, k) if k is sufficiently large.
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3.4.2 Reducing Lemma 3.0.6 inequality (3.3) to estimating

the local cluster

As in the previous section, fix an equitable coloring x : V,, — {0,1}. Given a uniform

homomorphism ¢ € Hom,,;¢(I', Sym(n)), the cluster around Yy is the set

Colx) = {X € Ze(0) : dn(x, X) < 2”“/2} .

We also call this the local cluster if x is understood.

In §3.5 we prove:

Proposition 3.4.11. Let 0 <1y < m < (1 —log2)/2. Then for all sufficiently large

k (depending on no,m ), if

_ log(2)

r:=d/k 5

28— (1410g(2))/2 + 1

for some n with ny < n < ny then with high probability in the planted model, |C,(x)| <
E¥(Z,). In symbols,
lim PX(|Co(x)| < EX(Z.)) = 1.

n—o0

The rest of this section proves Lemma 3.0.6 inequality (3.3) from Proposition
3.4.11 and the second moment estimates from earlier in this section. So we assume
the hypotheses of Proposition 3.4.11 without further mention.

We say that a coloring x is o-good if it is equitable and |C,(x)| < E¥(Z.(0)). Let
Sy(0) be the set of all o-good proper colorings and let Z,(o) = |S,(o)| be the number
of o-good proper colorings.

We will say a positive function G(n) is sub-exponential in n if lim,, ., n"' log G(n) =
0. Also we say functions G and H are asymptotic, denoted by G(n) ~ H(n), if
lim, 0 G(n)/H(n) = 1. Similarly, G(n) < H(n) if limsup,,_,.. G(n)/H(n) < 1.
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Lemma 3.4.12. E¥(Z,) ~ E¥(Z.) = F(n)E%(Z) where F(n) is sub-exponential in n.

Proof. For brevity, let H = Homy(I', Sym(n)). Let PX be the probability operator

in the planted model of x. By definition,

Ei(Z,) = [HIT'Y Zo)=H) D ls0)

o€H o€H x:V—{0,1}

= D Pi(x € S(0))

= > Pu(C,(x)| < Ex(Z)|x proper) PL(x proper)

X equitable

= Y BC00] < ELZ))Ex proper

X equitable

~ Y P:(x proper) = E!(Z)

X equitable

where the asymptotic equality ~ follows from Proposition 3.4.11. The equality
EY(Z.) = F(n)E%(Z) holds by Theorem 3.3.2. O
Lemma 3.4.13. E!(Z?) < C(n)Ex(Z,)?, where C(n) = C(n, k,r) is sub-ezponential
mn.

Proof.

E,(Z;) = I’Hl‘lz<zlsg<a>(x)>

oc€EH X

= [HIT'D 0D 15,0 (015, (X)

oc€H x,X
= ZIP’Z(X €S, and x € Sy)

XX
= ) Pu(x € Sy)PL(X € Sylx € Sy)
X>X

= Y Pi(x € S)Ei(Z,lx € Sy). (3.23)

X

For a fixed x € Sy(0) we analyze E;:(Z,|x € S;) by breaking the colorings into

those that are close (i.e. in the local cluster) and those that are far. So let Z,(0) :
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Hom, (I", Sym(n)) — N be the number of good proper colorings such that d,(x, x) =
5. (We will also use Z.(6) = Z,(6) for the analogous number of equitable proper

colorings). Then
EX(ZlveS,) <2E: | Y awwxe@ om0 Zﬁahesg32®
0<6<2-k/2 2-k/246<1/2

The coefficient 2 above accounts for the following symmetry: if X is a good coloring

with d,,(x, X) = d then 1 — X is a good coloring with d,,(x,1 — X) =1 — §. Note that
Ei| > z0)|xes,| <EU#CMX € S,) <ELZ) (3.25)
0<5<2-k/2

where the last inequality holds by definition of Sy.

For colorings not in the local cluster,

Bl Y zopes| < E| Y ZO)es,

2-k/2<5<1/2 2-k/2<6<1/2

IN
=
E

3

]P)u
> o]y e ) G
27k/2<6S1/2 ’I’L(X g)

where the sum is over all § € Z[1/n] in the given range. By definition and Proposition

3.4.11,

P (x proper) 1 1

= = —1
Pi(x € Sg)  Pu(x € Sylx proper)  PX(|C,(x)| < Ex(Z.))

as n — oco. Since E¥(-|x proper) = EX(-), the above inequality now implies

Ey > Zg(é)(xesg < Y EMZO) <G Y @

2-k/2<5<1/2 2-k/2<6<1/2 2-k/2<6<1/2

< Cine™@H < CyEY(Z,) (3.26)
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where the second inequality holds by Theorem 3.4.1 for some function Cy = Cy(n, k, )
which is sub-exponential in n. The second-to-last inequality holds because the number
of summands is bounded by n since ¢ is constrained to lie in Z[1/n] and by Proposition
3.4.10, ¢o(d) < f(d, k). The last inequality holds for some function Cy = Cy(n, k,r)

that is sub-exponential in n since by Theorem 3.3.2, n~!'logE¥(Z,.) converges to

f(d, k).
Combine (3.24), (3.25) and (3.26) to obtain

E.(Zglx € Sg) < 2(1+ Co)EL(Ze).
Plug this into (3.23) to obtain
E;(Zy) <21+ Co)Ep(Ze)” ~ 2(1 + C2)E;(Z,)°

where the asymptotic ~ holds by Lemma 3.4.12. This proves the lemma.

Corollary 3.4.14. Lemma 3.0.6 inequality (3.3) is true. That is:

0 = infliminfn~'log (}P)Z (‘n_l log Z(0) — f(d, k‘)} < e)) )

e>0 n—oo

Proof. By Theorem 3.3.2,
n'logEN(Z(0)) — f(d. k)

asn — oo. In particular, for every € > 0, for large enough n, P* (n"tlog Z(0) > f(d, k) +¢) <

exp (—%n) So it suffices to prove

0 = infliminfn"log (P (n'logZ(o) > f(d, k) —¢)).

e0 n—oo
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Since Z(o) > Z,(0), it suffices to prove the same statement with Z,(o) in place of
Z(c). By Lemma 3.4.12 and Theorem 3.3.2, n~!log (E%[Z,(0)]) converges to f(d, k)
asn — 0o0. So we may replace f(d, k) in the statement above with n~! log (E%[Z,(0)]).
Then we may multiply by n both sides and exponentiate inside the probability. So it
suffices to prove

0 = infliminfn~"log (P (Z,(0) > E¥[Z,(c)]e™™)). (3.27)

e0 n—oo

By the Paley-Zygmund inequality and Lemma 3.4.13

_ e EYZ ()] 1
P (7 > E4[Z ney > (1 — n62L>_
n( 9(0) n[ Q(U)]e ) —( € ) Eg[Zg(a)Q] - C
where C' = C(n) is sub-exponential in n. This implies (3.27). O

3.5 The local cluster

To prove Proposition 3.4.11, we show that with high probability in the planted model,
there is a ‘rigid’ set of vertices with density approximately 1 — 27*. Rigidity here
means that any proper coloring either mostly agrees with the planted coloring on the
rigid set or it must disagree on a large density subset. Before making these notions
precise, we introduce the various subsets, state precise lemmas about them and prove
Proposition 3.4.11 from these lemmas which are proven in the next two sections.

So suppose G = (V, E) is a k-uniform d-regular hyper-graph and y : V' — {0, 1}
is a proper coloring. An edge e € F is y-critical if there is a vertex v € e such that
x(v) & x(e\ {v}). If this is the case, then we say v supports e with respect to
X. If x is understood then we will omit mention of it. We will apply these notions
both to the case when G is the Cayley hyper-tree of I' and when G = G, is a finite

hyper-graph.
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For | € {0,1,2,...}, define the depth I-core of x to be the subset C;(x) C V

satisfying

Cit1(x) ={v € V: v supports at least 3 edges e such that e\ {v} C Ci(x)}.

By induction, Ciy1(x) C Ci(x) for all I > 0. Also let Coo(x) = MiCi(x).

The set Cj(x) is defined to consist of vertices v so that if v is re-colored (in some
proper coloring) then this re-coloring forces a sequence of re-colorings in the shape
of an immersed hyper-tree of degree at least 3 and depth [. Re-coloring a vertex of
Cs(x) would force re-coloring an infinite immersed tree of degree at least 3.

Also define the attached vertices A;(x) C V by: v € Ai(x) if v ¢ C)(x) but
there exists an edge e, supported by v such that e\ {v} C C;_1(x). Thus if v € A;(x)
is re-colored then it forces a re-coloring of some vertex in C;_1(x). In this definition,
we allow [ = oo (letting co — 1 = 00).

In order to avoid over-counting, we also need to define the subset Aj(x) of vertices
v € Aj(x) such that there exists a vertex w € A;(x), with w # v, and edges e, €,

supported by v, w respectively such that
1. €y \ {,U}a Cw \ {’LU} - Cl—l(X)7
2. e, Ney # 0.

In this definition, we allow [ = oo.

We will need the following constants:

1 d
A= d)\ozﬁ

The significance of \q is: if e is an edge and v € e a vertex then )\ is the probability

v supports e in a uniformly random proper coloring of e. So A = d) is the expected
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number of edges that v supports. For the values of d and k used in the Key Lemma
3.0.6, A = log(2)k + O(k27%).

For the next two lemmas, we assume the hypotheses of Proposition 3.4.11.

Lemma 3.5.1. For any § > 0 there exists ko such that k > ko tmplies

1Ci(x) U Ai(x) \ A1)

n

lim lim inf P¥ (

l—o0 n—oo

> 1 —e_)‘(1+(5)) =1

Lemma 3.5.1 is proven in §3.6.

Definition 3.5.2. Fiz a proper 2-coloring x : V. — {0,1}. Let p > 0. A subset
R C V is p-rigid (with respect to x) if for every proper coloring x' : V. — {0, 1},

{v e R:x(v) # X' (v)}] is either less than p|V| or greater than 27%/2|V|.

Lemma 3.5.3. For any p > 0,

lim lim inf PX (Cy(x) U Ai(x) \ Aj(x) is p-rigid) = 1.

00 n—oo

Lemma 3.5.3 is proven in §3.7. We can now prove Proposition 3.4.11:
Proposition 3.4.11. Let 0 < ny < n; < (1 —log2)/2. Then for all sufficiently large

k (depending on no,m ), if

ri=d/k = 1°g2<2) L2k — (1+1log(2))/2 + 1

for some n with ng < n < ny then with high probability in the planted model, |Cy(x)| <
EY(Z.). In symbols,

lim PX(IC, (x)| < Ep(Z.)) = 1.

Proof. Let 0 < p,d be small constants satisfying

log(2)0 + H(p, 1 — p) +log(2)p < (1 — 21 — log(2))27". (3.28)
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Let [ be a natural number. Also let o : I' — Sym(n) be a uniform homomorphism

and x : [n] — {0, 1} a proper coloring. To simplify notation, let

R=Ci(x)UA)\ A4(x).

By Lemmas 3.5.1 and 3.5.3 it suffices to show that if |R|/n > 1—e™ —§ and R is p-
rigid then |C, (x)| < E%(Z.) (for all sufficiently large n). So assume |R|/n > 1—e™*—§
and R is p-rigid.

Let ' € C,(x). By definition, this means d,(x’,x) < 27%/2. Since R is p-rigid,
this implies

{ve R:x(v) # X ()} < pn.

Since this holds for all x" € C,(x), it follows that

C.(x)] < ('R')wzw.

pn

By Stirling’s formula

n~'log (|R|) <n 'log (n) < H(p,1—p)+ O(n " log(n)).
pn on
Since |R|/n>1—e*—=0=1-2"%—§+ O(k272F),

n~tog(2" 1) <log(2)[27% 4 6] + O(k27%).

Thus,

n log [Cy(x)| < log(2)27" +10g(2)d + H(p,1 — p) +1og(2)p + O(k27* +n""log(n)).
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On the other hand,
ntlogEY(Z,) = f(d, k) +O(n"'log(n)) = (1 —21)27" + O(272*) + O(n""log(n))

by Lemma 3.4.8 and Theorem 3.3.2.
Therefore, the choice of p,d in (3.28) implies |C,(x)| < E¥(Z.) for all sufficiently
large n. This also depends on k being sufficiently large, but the lower bound on £ is

uniform in n.

3.6 A Markov process on the Cayley hyper-tree

Here we study a I'-invariant measure g on X which is, in a sense, the limit of the
planted model. We will define it by specifying its values on cylinder sets.

Let D C T be a connected finite union of hyper-edges. Let & € {0,1}” be a
proper coloring. We define C'(§) C X to be the set of proper colorings ¢’ € X with
¢ | D = ¢ (where | means “restricted to”). We set p(C(€)) equal to the reciprocal of
the number of proper colorings of D. In particular, if & € {0,1}” is another proper
coloring of D, then u(C(€)) = pu(C(£)).

Because X is totally disconnected, any Borel probability measure on X is deter-
mined by its values on clopen subsets (since these generate the topology). Since every
clopen subset is a finite union of cylinder sets of the form above, Kolmogorov’s Ex-
tension Theorem implies the existence of a unique Borel probability u on X satisfying
the aforementioned equalities.

Note this measure has the following Markov property. Let z = (z,),ec be a
random element of X with law p. Let v € I and let e C I' be a hyperedge containing
v. Let Past(e,v) be the set of all g € T such that every path in the Cayley hyper-

tree from ¢ to an element of e passes through v. In particular, e N Past(e,v) = {v}.
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Then the distribution of (z4)4ee\ (v} conditioned on {z, : g € Past(e,v)} is uniformly
distributed on the set of all colorings y : (e \ {v}) — {0, 1} such that there exists

some h € e\ {v} with y(h) # x(v).

3.6.1 Local convergence

We will prove the following lemma.

Lemma 3.6.1. Let x : V — {0,1} be an equitable coloring with |V|=mn. If B C X

o) -

To prove this lemma we will first show that if f, : Hom, (I', Sym(n)) — R is the

is clopen, then for every e > 0

L3 1) — (B)

veV

lim PX (
n—oo

function

fulon) == S 15(1127 (1)

veV

then f,, concentrates about its expectation using Theorem B.0.2, and then we will

show that this expectation is given by u(B).

Proposition 3.6.2. We have
lim P (| fn — EX[fa]] > €) =0.
n—oo

Proof. For g € ', let pr, : X — {0, 1} be the projection map pr,(z) = z,. For D C T,
let Fp be the smallest Borel sigma-algebra such that pr, is Fp-measurable for every
geD.

Since every clopen subset B of X is a finite union of cylinder sets, the function
15 is Fp-measurable for some finite set D C T,

We will use the normalized Hamming metrics dgym(m) and dgom on Sym(n) and

Hom, (I", Sym(n)) respectively. These are defined in the beginning of Appendix B.
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We claim f, is L-Lipschitz for some L < co. Let 0,0’ € Hom, (', Sym(n)). Because

1p is Fp-measurable,

|fulo) — fuld)| < n ' {v € [n] : x(a(v 1) () # x(¢' (v ) (v)) for some v € D}
<n '{v e [n]:a(v () # (v 1) (v) for some v € D}

< Z dSym(n) (0(771)7 UI(’}FI))'

YyeD

Now dgym(n) is both left and right invariant. So

dSym(n) (gh7 g,h/) < dSym(n) (gha gh,) + dSym(n) (ghla glh,> = dSym(n) (ha h/) + dSym(n) <g> gl>

for any g,q’,h,h' € Sym(n). Furthermore we immediately have for any 1 < i < d
that dsymn)(0(8:),0'(5:)) < diom (0, 0”). Together these imply dsymm)(0(7),0'(7)) <
|Y|dnom (0, 0’) for any v € I' where || is the distance from 7 to the identity in the
word metric on I'. Thus if we take L =3 |7| < oo we see that |f,(0) — fu(0’)| <

Ldyom (o, 0’) as desired.

The Proposition now follows from Theorem B.0.2. O]

To finish the proof of Lemma 3.6.1, it now suffices to show the expectation of f,
with respect to the planted model converges to p(B) as n — oo. We will prove this

by an inductive argument, the inductive step of which is covered in the next lemma.

Lemma 3.6.3. Let D C T’ be either a singleton or a connected finite union of hy-
peredges containing the identity. Let & € {0,1}P be a proper coloring. Let Fpg, C
Hom, (I, Sym(n)) be the event that II5*(x) | D =& [ D. Let Q(D) be the number of

proper colorings of D. Then

lim sup |PX(Fpeo) — =—| =0. (3.29)
M0 1 (€(1r)) “ QD)
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Remark 3.6.4. The factor of 2 in ﬁ is there to account for the fact that we are

requiring v € x1(&(1r)).

Proof. The statement is immediate if D = {1r} is a singleton. For induction we
assume that the statement is true for some finite D C I'. Let D’ D D be a connected
union of hyper-edges such that there exists a unique hyper-edge e with D' = D Ue.
By induction, it suffices to prove the statement for D’.

Note by symmetry that PX(Fpg,) is the same for all v € x*(£(1r)). Let us
denote this common value by c¢pe. Define Ape = {(v,0) : v € Vo € Fpg,}. If

g € D then (v,0) — (c(g~")v,0) is a bijection from Ap¢ to A,-1p 4-1¢. This implies

n
e [Hom, (' Sym(n))| = [Apg]

= |Ag‘1D7g‘1£|

n
= 5 G 1Dg1e |Hom, (I", Sym(n))] .

Thus ¢,-1pg-1¢ = cpe. After replacing D' with v~!D" where v € e D is the unique
element in eN D, we may therefore assume without loss of generality that enD = {1r}.
By symmetry we may also assume £(1p) = 1 and e = {s{ : ¢ =0,--- ,k — 1} is the
hyper-edge generated by s;.

For any subset W C T, let Eyw, be the event that o,(¢7')(v) # 0,(¢"")(v) for
any g,g € W with g # ¢’. Since the planted model is a random sofic approximation,

by Lemma 3.2.1 we have PX(Ep_es) = 1 — 0,(1) uniformly in v. We will show that

lim sup
T wex (1)

Fpew, EDUe,v) — —) =0. (3.30)

Px (Fe,gﬂ,

Next we show how to finish the lemma assuming (3.30). We claim that Q(DUe) =
Q(D)(2¥1 —1). To see this, observe that if ¢ is a proper coloring of D and ¢” is

any coloring of e \ {1r} then the concatenation &' LU {” is a proper coloring of D U e
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unless £"(g) = &(1r) for all g € e\ {1r}. Since |e \ {Ir}| = k — 1, this implies

2k71

that every proper coloring of D admits — 1 proper extensions to D Ue. So

Q(DUe) = Q(D)(2¥1 —1) as claimed.

Since Fpuegw = Fego N Fpgp,

PY (Fpuegw) = P <Fe,£,v

FD,s,v) PX (Fpw)

= ]P)% <Fe,§,'u FD,£,1)7 EDUe,'U) Pz (FD,ﬁ,v) + On(l)

The lemma now follows from the inductive hypothesis, (3.30) and Q(D Ue) =
QD)2 1),

It now suffices to prove (3.30). Let D; denote the union of all subsets {gs§- D=
0,---,k—1} over all g € D such that {gs} :i=0,--- ,k — 1} C D. That is, D; is
the union of all hyperedges generated by s; which lie completely within D. Because
e={s{: i=0,---,k—1}, en Dy = 0. Multiplication by s; on the right preserves
D;.

Fix v € V = {1,...,n} and consider an injective function h : D — V such that
h(1r) = v and x (h(€e’)) = {0, 1} for all hyper-edges ¢/ € D. Let N(x,h) be the set

of o € Hom, (T, Sym(n)) such that o(g~)v = h(g) for all g € D. By definition,

PX (0(97)(v) = h(g) ¥g € D) = ,HOIJ%X’S};ELWM

For each j € {1,...,d}, let N;(x,h) be the set of permutations 7; € Sym(n) such

that
1. the orbit-partition of 7; is a k-partition which is properly colored by x,

2. h(gs;) = W}lh(g) forallge DN Dsj_l.
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We claim that the map
N(X7 h‘) = NI(X7 h) XX Nd(X7 h)

that sends o to (o(s1),...,0(sq)) is a bijection.

The fact that it is injective is immediate since I' is generated by si,...,s4. In
order to prove that it is surjective, fix elements 7; € N;(x,h) for all j. Define o €
Hom, (T, Sym(n)) by o(s;) = ;. It suffices to check that o(g7')(v) = h(g) Vg € D.
By induction on the number of edges in D, it suffices to assume that the equation
o(g~")(v) = h(g) holds for some g € DN Ds;' and prove o((gs;)™)(v) = h(gs;).

This follows from:

o((gs;) ) () = o(s;)alg ") (v) = 7;  hig) = h(gs;).

This proves the claim. Therefore,

¢ IN;(x, h
Py (Un(')ilw) | D= h) - |H1(:[Iil;(|r,s(y>in(7)l|))| (3.31)

Let Hp = {h : D — V : his injective, x(h(g)) = £(g) Yg € D, and h(1y) = v}.
We have

PX(Fpew Epw) = > Pi(on(-) " (v) | D =h).

heHp

Similarly

PX(Fpuegws Epvew) = > PX(oa()7'(v) [ DUe=1).

h'€Hpe
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Each h € Hp is the restriction to D of

n/2—#61(1)ND n/2— #£0)N D
—1)! —m)! .
] (AT g [ Gl (3.32)
distinet ' € Hpy. where m = [€71(1) Ne|. We can express
]P)X(FDUe X EDU@ v)
IP)XF; vF vaE ev) — = = :
n( o | P& e, ) IP)%(FD,f,U?EDUE,U)
IP)X(F’DLJeﬁ vy EDUe v)
= T\ Db, ) 4 o,(1
PX(Fpgwvs Epw) (1)
, PX(o,(:)'(v) | DUe= N
S B0 10) | ) o

> nerry, Pa(oa ()7 (v) [ D = h)
_ Zh/eHDUe 1_£j=1 |N;(x, 1) +on(1)
ZheHD Hj:l [N;(x; h)l

where the 0,,(1) term follows from the inductive hypothesis and the fact that PX(Ep ,) >
PX(Epuew) = 1 — 0a(1).

If hi,hy € Hp then x(hi(g)) = &(g) = x(h2(g)) for all ¢ € D. Observe that
|N;(x, h1)| = |N;(x, ha)|. This follows by conjugating by a permutation in Sym(n, k)
which preserves the color classes of x and which maps hi(g) to ha(g) for each g € D.
Similarly, if by, by, € Hpue then |N;(x, hy)| = |N;(x, hy)|. Therefore,

[ Hpuel T NG (x, 1)

P%(Fe,ﬁ,v|FD,§,vy EDUe,v) -
|Hp| Ty [N;(x, b))

+ 0,(1)

for any h € Hp and h' € Hpye.

Next we choose b/ € Hpy. and h € Hp so that h' extends h. Note |N;(x, h')| =
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|N;(x, h)| for all j # 1 because D; = (D Ue);. Therefore,

P%(Fe,g,vlFD,ﬁ,m EDUe,v)
[ HoullN: (1))

Hpll Mook oW
_ [Nl )] n/2—#67H(1)N n/2—#£7(0)N D
B |N1(X,h>|<m Lt ( m— 1 )<k_m)'( k—m > + o,(1)
~ |N1(X’ h/)| n k—1

R (3.33)

1L, _ (1) \ A(Dy)
Tp. {te[ol]k+ to tk_OZt th #V\h(Dl) ,(n—#Dl)tiEZ}

be the set of possible types of orbit-partitions of permutations of V \ h(D;) that
contribute to the count | Ny (x, h)|. To be precise, if t € Tp.,, then there is a k-partition
of V'\ h(D7) such that the number of parts P of the partition with [P Ny (1) =1
is t;(n — #D»).

If we fix ¢ € Tp,, then the number of permutations whose orbit partition has type

—

t is

(1 — Dyi-#pe /2= #E71(1) N Di)!(n/2 — #£7(0) N Dy)!
! ngoj!tj(nf#Dﬂ(k _ j)!tj(’ﬂ*#Dl)(tj (TL _ #Dl))'

where we have used (3.8). It follows that

o (12 = #EW O DY/ = HEO DY 5~ g

’Nl(Xa )’_( (n ZEDI)-

tETDﬂn
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where

((n —#D1)/k)!

$o00) = w0 o oo goy
So
NG (/) Eerpu, Spuen(®)
NiQeB)l =D /2 Ty, Spai)
We plug this into (3.33) to obtain
lim PX(Fe ol Fp o Epoes) = lim 2 Lt S

Define t* € [0,1]*™ by t§ = t; = 0 and ¢} = (%) for 0 < i < k. We establish

1
k(2F—2)

asymptotic estimates of the sum of Sp,(Z) in Lemma 3.6.5 and show that it suffices
to sum over a small ball around ¢*.
Recall m = [£71(1) Ne|. Let TND,n = {Fe Tpan : tm > 0}. We define f, : TD,H —

TDUe,n by

(n—#Dq) t'—l
n—#D
fn(ﬂj = a

#D ;
st i #Fm

if j=m

Because eN D; =0, if { € ijn then fn(f) € Tpuen-
We claim that for any J > 0 there exists an N := N(J) and ¢’ > 0 such that for
n > N, Tpuen N By (t*) C fn(TDn N Bg(t*)). This follows from observing that f,, is

invertible and that d(f,(t),) < - +. By Lemma 3.6.5 we have

#

lim ZEETDUE’” SDUGJL(B = lim ZtETD nNBs(t SDUen fn ﬂ
e ZFETD,TL SD’“(E) oo ZtETD,nﬂBs(t*) SD,n 5

(3.36)
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Furthermore, since 1 < m < k —1 and t;, > 0, for 6 > 0 sufficiently small we have

TD,n N Bs(t*) = Tp,, N Bs(t*). Because #(D Ue)y, = #D; + k, the ratio &’ED’L—({%@

simplifies to

L (k)
=,k = m)ltn(n = #D1) = B

ton.

In particular, at t* we obtain

SDUe,n(fn(t*)) l{'

Spa(t) 28 —2

Suppose t € Bs(t*). Then |t,, —t%| < §. So

SDUe,n(fn(tj) _ k' ‘ _ SDU@,n(fn(ﬂ) _ SDUe,n(fn(t*)) _ k(k')|t N t* | < k'é
SD,n(tj 2k —2 SD,n(a SDJL(t*) (:1) " "
Since 0 is arbitrary, this and (3.36) imply
. ZfeTDUe n SDuen (ﬂ k!
lim : = 5 )
nee ZFGTD’,L SD,n(f) 28 =2
We plug this into (3.35) to obtain
esrpolial e,&,v ROR Ue,v k-1 _ 1
]

Lemma 3.6.5. For any 0 > 0 we have

. ZFGTD,nt(; (t*) Span (f)
lim =
n—00 Zt_‘ETD,n SD,n(ﬂ

Proof. We use the following general consequence of Stirling’s formula: let [ € N,

t'€[0,1]" with 3, #; = 1. Let £ be any sequence in [0, 1)! such that nt™ € N' and
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" — tasn — oo. If W = (t,;)'_; then lim, ,oontlog (, " =)= H({).

Nlp, 1,000y nip,

By (3.34)

_ (n—#D1)/k TR —(n—#D1)/k
000 = (40— 45 tonsn— #51) (E (7) ¢ '

By setting N = (n — #D;)/k, we obtain

o (n—#D1)/k
Mm " log (tm(n —#D1), ..t (n — #D1>)

N
— k!lim N1
oo OB (tmlkN, . ,tmk_lkN)

= kT H(Kt) = =) tilog(kt;) = H(t) — k™" log(k).

1=0

We thus have:

limsup sup
n—oo FETD,n

L 10g S (F) - w@‘ ~0

where v is given by

k
() 1=~ log(k(K)D) + H(D) + o (k)

Note that ¢ does not depend on n or D. Furthermore 1 is continuous and strictly
concave. By the method of Lagrange multipliers (see Section 3.3.2) its maximum on
M :={z € [0,1]"! : 29 = 2, = 0, %, 2; = £} occurs at ¢*. In particular given § > 0
there is some 0 < 1 < ¢ such that

inf r)—  sup x) > 0.
zeMmBy,(t*)l/)( ) xeM\Bs(t*)w( )

We claim that B, (t*) N Tp, C B,(t*) N M is non-empty for sufficiently large n. Since

#Tp., < n* this claim and standard arguments involving the exponential growth of
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Spn(t) imply the lemma.
To prove the claim, we exhibit a member of B,(t*) N Tp, in a series of three

steps. First, let t) € R¥*! be defined by to) L(—;’;}Dlj for each 0 < ¢ < k. This

satisfies the integrality condition, that is (n — #Ds)t; () ¢ 7 for all . Furthermore

1)
|t _t |<Zz()|t*_t( |<n#D1

Second, define t?) € R*¥*! by

4 (k Sk 117551)> ifi=1

tz(-l) otherwise

t* =

Since WTM € Z and (n — #Dl)tgl) € Z for each i we maintain the integrality

condition, and 37, ¢{?) = =. Furthermore

= " k k E_ 1
1@ W] < 12 2N = ST — 1Y)y -t < =
sl -2t = |2 <2 < T #B
=1 =0 =0
Finally let A = % — Z . zt . Define t® ¢ R¥*1 by
(
—Aifi=1
3
B =0 LA =2
tl@) otherwise
\
First t&) =t = ¢ =

We claim t® € B,(t*) N Tp,, for n sufficiently large.

t; = 0, with the same equalities holding for t,(f). We have tg?’) (n — #D,) € Z since

t§2) (n — #Dy) € Z for each i and A(n — #D;) € Z. We also have Zit =>. t(2)

Furthermore ), itz(-s) = > it 2 )41 2A — A = %. Finally by repeated

1
-
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application of the triangle inequality

k—1 k—1
it* —t®)] < +
n— #Dl n— #Dl

PN

We show that |A| is small for n sufficiently large. This will not only imply that

t® € B,(t*), but also that £ € [0,1] for each i. Note that

n/2 — #D, - #x (1) \ h(Dy) - n/2  (n—#D1)/2+#Dy/2
n - n — #D, “n—#D, n— #D; '

This implies

#X'M\R(D1) 1 #D #D
W — 5‘ < max{Tl, 2(71_—#1131)} Thus

1 k
5—22%9

h(D
n — #Dl 2
k
#D, #D, } 1) (1) (2)
< max , + ity it ity — (12
<me{ B2 o Z Z ; 2

As k and #D; are fixed, we have |t* — t®®| < 7 for large enough n. Since t* € (0, 1)
for each 1 <7 < k —1 we have |tl(-3) — 17| < [t® —¢*|. Thus for sufficiently large n we
will also have £ € (0,1) for each 1 < i < k — 1. Therefore t® € [0, 1]**! and we

have t® € B, (t*) N Tp,, for n sufficiently large.

Proof of Lemma 3.6.1. Let ;X be the Borel probability measure on X defined by

wi(B) = E (#VZILB (T ( )))

veV

for any Borel set B C X. By Proposition 3.6.2, it suffices to show that 1X(B) — pu(B)
as n — oo for any clopen set B C X. Because clopen sets are finite unions of

cylinder sets, it suffices to show that if D C I is a finite subset and & € {0,1}” then
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limy, 00 X([€]) = p([€]) where [¢] is the cylinder set {x € X : 2 [ D = £}. We can
further assume D to be a connected finite union of hyperedges with 1r € D. The

proof now follows from Lemma 3.6.3 since

pX(E) =n"" ) P (Fpen) =n™" Y PBY(Fpew) = (1/2)P) (Fpew,)

vevV vexH(¢(1r))

where, in the last equality, v is any vertex in x~*(£(1r)). These equations are justified

as follows. By symmetry, if vo,v; € x 1(&(1r)), then PX (Fpeay) = PX (Fpeo,). On

the other hand, if v ¢ x*(£(1r)), then PX (Fp¢,) = 0. Lastly, |[x*({(1r))| = n/2.
]

3.6.2 The density of the rigid set

This subsection proves Lemma 3.5.1. So we assume the hypotheses of Proposition
3.4.11. An element x € X is a 2-coloring of the Cayley hyper-tree of I'. Inter-
preted as such, Cj(x), A;(x), Aj(x) are well-defined subsets of I' (see §3.5 to recall the
definitions).

For [ € NU {oc}, let

C, = {ZE eX: 1r e Cl(l‘)},
A = {ZE eX: 1r e Al(l’)},

A = {reX: 1p e Az)}.

Recall that \y = ﬁ and A = d)\y. Since we assume the hypothesis of Prop.

3.4.11, X is asymptotic to log(2)k as k — oo.
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Proposition 3.6.6.

w(Cy) > 1= N+ O(k527 %),

WCr UAy) > 1—e 4+ 0(k*27%).
Proof. For brevity, let e; C I' be the subgroup generated by s;. So e; is a hyper-edge
of the Cayley hyper-tree. Let F} C X be the set of all x such that
1. 1p supports the edge e; with respect to x and
2. ¢, \ {Ir} C Ci(x).

Since Ci11(z) C Cy(x), it follows that F},; C F/. The events F/ for i = 1,...,d are
i.i.d. Let p; = u(F}) be their common probability.

We write Prob(Bin(n,p) = m) = ()p™(1 — p)"~™ for the probability that a
binomial random variable with n trials and success probability p equals m. Since the
events Fl' |, ..., F% areiid., 4 is the event that either 1 or 2 of these events occur

and C) is the event that at least 3 of these events occur, it follows that

u(Ay) = Prob(Bin(d, 1) € {1,2}).

1(Cy) = Prob(Bin(d, p;_y) > 3).

Thus
1(Cy U A)) = Prob(Bin(d, pi_1) > 0).

Claim 3.6.7. py = \g and for 1 >0, pj.1 = f(p;) where

f(t) = X\o Prob(Bin(d — 1,t) > 3)F1.

Proof. To reduce notational clutter, let F; = F}'. Note that py = pu(Fy) = A is the
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probability that the edge e; is critical. So

i1 = p(F0)p(Fier | Fo) = dop(Fii1 | Fo).

Conditioned on Fy, Fj,; is the event that e; \ {1r} € Ciy1(z). By symmetry and
the Markov property p(Fj+1 | Fp) is the (k — 1)-st power of the probability that
s1 € Cip1(x) given that 1 supports e;. By translation invariance, that probability
is the same as the probability that 1r € Cj,;(x) given that 1 does not support the
edge e;. By definition of Cyy1(z) and the Markov property, this is the same as the
probability that a binomial random variable with (d—1) trials and success probability

p; is at least 3. This implies the claim. O]

The next step is to bound Prob(Bin(d — 1,t) > 3) from below:

d

PmMBmM—J¢)23y:1—(1—ﬂd1—@#—Uﬂ1—ﬂd2—< ;1>ﬁu—wﬂ3

21—6W1ﬁ0+ﬁi:?t+ngl;). (3.37)

The last inequality follows from the fact that (1 —¢)?! < e~(@=D This motivates

the next claim:

Claim 3.6.8. Suppose t is a number satisfying Ao (1 — )\261_>‘)k_1 <t < X Then

for all sufficiently large k,

0<A—(d-1¢t < 1
(d—1t (d—1)*>

1—t  2(1—¢t)? < (@-1%

1+

Proof. The first inequality follows from:
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The second inequality follows from:

k—1

A—(d—1Dt<A—(d— 1A (1 - A%
=dX\— (d— 1)) (1 _ )\2617,\)/%—1
< dhg = (d=1)Ao(1 = (k= 1)N%'?)

< Ao+ (d =)Aok — 1A% < A + kX% ™ =0 0.

The third line follows from the general inequality (1 — z)** > 1 — (k — 1)z valid
for all z € [0,1]. To see the limit, observe that under the hypotheses of Proposition
3.4.11, d ~ (log(2)/2)k2%. So X ~ log(2)k. In particular, kA3e!™* — 0 and Ay — 0 as
k — oco. The implies the limit. Thus if £ is large enough then the second inequality
holds.

To see the last inequality, observe that since t < A\g, t — 0 as £k — oco. On the
other hand, (d — 1)t ~ A ~ log(2)k. Thus % and (d — 1)t are asymptotic to

log(2)k. Since 1+ log(2)k + W < log(2)2k? for all sufficiently large k, this proves

the last inequality assuming £ is sufficiently large. O]

Now suppose that t is as in Claim 3. Then

N

Ao (1= Md=1)22)"" > x (1= A2

Vv

The first inequality is implied by (3.37). The second and third inequalities follow
from Claim 3. For example, since A — (d — 1)t < 1, e~ (@D < el=A,
Therefore, if p; satisfies the bounds Ag (1 — AQel_’\)k_l < p < Ao then f(p) = prys

satisfies the same bounds. Since po, = lim;_,o f1(No), it follows that
Mo > Do > Ao (1= A2 = \) 4 O(R327%). (3.38)
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Because (1 — £)" < e~ for any ¢,n > 0,

O UAL) = lim w(CUA) = lim Prob(Bin(d, pi—1) > 0) = Prob(Bin(d, px) > 0)

= 1—(1=ps)?>1—exp(—pood) =1 — e+ O(k*27%F).

The first equality occurs because CyU A; decreases to Coy U A . By (3.37) and Claim

3.6.8 (with d in place of d — 1),

1(Cs) = Prob(Bin(d, ps) > 3) > Prob(Bin(d, \g + O(k327%*)) > 3)

Do )2
> 1 —exp(—Xod) (1
= 1 —exp( 0)(+1—)\0+2(1—)\0)

> 1— A+ O(k%272F).

2) + O(k%27%F)

]

Lemma 3.6.9. u(A.) = o(e™) where the implied limit is as k — oo and 1 is

bounded.

Proof. As in the previous proof, let e; C I' be the subgroup generated by s;. So e; is
a hyper-edge of the Cayley hyper-tree.

Let z € X. We say that an edge e is attaching (for z) if it is supported by a
vertex v € Ao (z) and e\ {v} C Cx(z). Let F(z) =0 if 1p ¢ C(z). Otherwise, let
F(x) be the number of attaching edges containing 1. Then by translation invariance,

d

plAL) < 3 ma(F(e) = m). (339

m=2

Let G C X be the set of all x such that
1. e is a critical edge supported by some vertex v # 1,

2. eg \ {v,1r} C Coo(x),
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3. v € Ax(x).

By the Markov property and symmetry,

u(F(z) = m) < ( ! )u(G)m(l e (3.40)

Let

e (G; C X be the set of all z such that e; is supported by sq,
e Gy C X be the set of all  such that e; \ {s1,1r} C Cx(2),

e (G3 C X be the set of all z such that s; € A (z).

By symmetry
w(G) = (k= Du(Gs]G2 N G1)p(Ga|Gr) p(Gh).

Conditioned on G1 N Gy, if G3 occurs then there are no more than 1 attaching edge

e supported by s; with e # e;. By the Markov property and symmetry,
w(Gs|Gy N G1) < Prob(Bin(d — 1,ps) < 1) = O(Xe™)

where we have used (3.38). Also u(Gy) = A\o. Thus u(G) < O(k?e™*}). So (3.39) and

(3.40) along with straightforward estimates imply u(AL) = o(e™).

Lemma 3.6.10. limsup, .. u(A]) < u(A%).

Proof. Given a coloring x : I' — {0, 1} of the Cayley hyper-tree and [ € N, define
AV(X) = Umst AL (x). Also define AY = {x € X : 1p € A/(x)}. Since A} > A} and
the sets A/ are decreasing in [, it suffices to prove that NjsgA/ C A’_.

Suppose © € Mi>oA/. Then there exists an infinite set S C N such that = € A
(VI €S). So1r € Aj(x) (VI € S). So for each [ € S, there exist g; € Aj(x) \ {1r} and

hyper-edges ¢, f; C I" such that
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1. 1r supports ¢; (with respect to x),
2. g; supports f; (with respect to z),
3. eeU i\ {lr,a} C Ci1(x),

4. €lﬂfl?£®'

Because ¢; N f; # 0, g; is necessarily contained in the finite set {sf"s?j 1<, <
d,0 < p; < k}. So after passing to an infinite subset of S if necessary, we may assume
there is a fixed element g € I' such that g = ¢, (VI € S). Similarly, we may assume
there are edges e, f C T" such that ¢, = e and f; = f (VI € S).

Observe that 1r ¢ Cy(x) because 1pr € Aj(x) implies 1r ¢ Ci(x) (VI € S).
Similarly, g ¢ C(x). Because ¢, U f; \ {1r, 9/} C Ci(x) (VI € S) and the sets C)(x)
are decreasing in [, it follows that eU f\{1r, g} C Cx(x). Therefore {1r, g} C Aso(z).
This verifies all of the conditions showing that 1p € A’_(x) and therefore z € A’ as

required.

We can now prove Lemma 3.5.1:

Proof of Lemma 3.5.1. Observe that the sets C’l,ﬁl,flg are clopen for finite [. By

Lemma 3.6.1,
e GO0 Y Ax) \ A1 (0] AT
X _ —
(151{% hrrgglf PX ( p L (CI UA N\ Al> ) 1. (3.41)

for any finite /. Since Ao, U C. is the decreasing limit of 4; U C}, Lemma 3.6.10
implies

lilm inf u(CyU A\ A7) > u(Coo U Ay \ AL).
—00
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By Proposition 3.6.6 and Lemma 3.6.9,
P UAG\AL) > 1 — e +o(e™),

Together with (3.41), this implies the lemma. O

3.7 Rigid vertices

This section proves Lemma 3.5.3. So we assume the hypotheses of Proposition 3.4.11.
As in the previous section, fix an equitable coloring x : V' — {0,1}. We assume
V| = n and let 0 : I' — Sym(V) be a uniformly random uniform homomorphism

conditioned on the event that x is proper with respect to o.

Lemma 3.7.1 (Expansivity Lemma). There is a constant ko > 0 such that the
following holds. If k > ko then with high probability (with respect to the planted
model), as n — oo, for any T C V with |T| < 27%/2n the following is true. For a
vertex v let E, denote the set of hyperedges supported by v. Let Er be the set of all

edges e € UperE, such that leN'T| > 2. Then
LBy < 24T,

Proof.

Claim 3.7.2. There exists kg € N such that k > ko implies
o k/2 <A<k,
o 1/2—k2'7F2 >

o and for any 0 <t <27%2 and k/2 < XN <k

H(t,1—t)+ NH(2t/N,1—2t/X) + 2tlog(4k) + 4t log(t) < 0.9t log(t).
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Proof. Recall that A = log(2)k+O(k27%). So the first two requirements are immediate
for kg large enough.

We estimate each of the first three terms on the left as follows. Because 1 =

limg o lﬁﬁolg_(:)) , there exists kg € N such that k > kq implies fﬁﬁ;g_(:)) < 1.01.
Note,
NH2t/N,1—=2t/N) = —2tlog(2t/\) — (N — 2t)log(1 — 2t/\)

= —2tlog(2t/\) + O(t) < —2tlog(t) + 2tlog(\') + O(t)

< —2tlog(t) + 2tlog(k) + O(t).

So by making kg larger if necessary, we may assume

NH(2t/N, 1 — 2t/N)

< 2.01.
—tlog(t) -

Since

2t log(4k) < 2log(4k)
—tlog(t) = (k/2)log(2)

2loglh) () 1. Combining these inequalities, we obtain

we may also assume = Tlog(?)

H(t,1—t)+ NH(2t/N,1—2t/\) + 2t log(4k) + 4t log(t)

< (1.01 4 2.01 +0.01 — 4)(—tlog(t)) < 0.9¢log(t).

]

From now on, we assume k > ko with kg as above. To simplify notation, let
¢ = 272 Given a 2d-tuple ¢ = (ci9,c11 ... ,Cd,0,Cq,1) of natural numbers, let £,
be the event that there are exactly ¢; critical edges of the form {o(s;)?(v) : 0 <
Jj < k — 1} and supported by a vertex of color 0, and ¢;; critical edges of the form

{o(s;)’(v) : 0 < j < k — 1} and supported by a vertex of color 1. We denote
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| = > 1<icaperony Cio- Let PX, be the planted model conditioned on E..
This measure can be constructed as follows. Let I, be the set of triples (i, b, j) with
1<i<d, be{0,1} and 1 < j < ¢;p. First choose edges {e;p,;}(ip.5)cr. uniformly at

random subject to the conditions:
1. each e;p; C [n] has cardinality k and e;,;Ne;p ;v = 0 whenever b 0 or j # j/,
2. each e, ; is critical and is supported by a vertex of color b with respect to .
Next choose a uniformly random uniform homomorphism ¢ subject to:
1. x is a proper coloring with respect to o,
2. each e, is of the form {o(s;)?(v): 0 < j <k — 1} with respect to o,
3. the edges {€;}(ipj)ecr. are precisely the critical edges of x with respect to o.

Then o is distributed according to PY,,.
For 1 <1 < n, let T, be the collection of all subsets T' C V' = [n] such that |T'| =1
and |Ep| > 2|T|. Note that 77 is empty.

To prove the lemma, we claim it suffices to show the following:

Claim 3.7.3. If n is sufficiently large and kn/2 < |c[ < kn then Yy 1., EX, [#T]

tends to zero in n.

We briefly return to the model PX not conditioned on E,. Let E be the set of all
critical edges. By Lemma 3.6.1, with high probability in PX, | F| is asymptotic to An
as n — 00. Let E! be the event that (k/2)n < |E| < kn. So PX(E!) — 1 as n — oc.

By a first moment argument and the above paragraph, to prove the lemma it
suffices to show that >, ., EX(#Ti|E},) tends to 0 in n. Now EX(#T|E}) is a
convex combination of EY, (#7;) over those ¢ such that kn/2 < |¢] < kn, so the

lemma follows from Claim 3.7.3.
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Before proving the above claim we need to prove another claim, which needs the
following setup. For s € I, and T' C V, let Fr; be the event that e is supported by
a vertex in T and |e; N T| > 2. For S C I, let Frg = NsesFrs. Note that for any
T C [n], the event {T" € T,} is contained in UgFr ¢ where the union is over all S C 1,

with |S| = 2. So
EX.#T) <D PYu(Frs). (3.42)
ST

where the sum is over all ' C [n] and S C I. with |T'| = [ and |S| = 2l.

Before proving the claim above, we need to prove:

Claim 3.7.4. For 1 <1 <(n, any T C V with cardinality |T| =1, any S C 1. with

S| <20 —1, and any sy € I.\ S, one has PY, (Frs|Frs) < 25—52

Proof of Claim 3.7.4. For s € I, let e; be a random edge in [n| with cardinality k as
in the sampling algorithm above. Without loss of generality, we imagine that e for
s € S has been chosen before eg,. Let sg = (ig, bo, jo). We say that an edge e is of
type i if e is of the form {o(s;)?(v) : 0 < j < k —1}. Let Sy C S be those edges of

type 79, and let Vi = U.eg,e€,

e n; be the number of vertices v € [n] \ Vj such that x(v) = i, and

e [; be the number of vertices v € T'\ V{ such that x(v) = i.

Let ey = es,. The probability that eq is supported by a vertex v in T' is Iy, /ny, (this
is conditioned on the edges e, for s € 5).
Suppose first that eq is supported by a vertex v in T with x(v) = 0 (so by = 0).
Then the probability that |eg N T| =1 is
(i)
()




It follows that for by = 0

lo (")
Pén(FT,S()lFT,S) = 1— 52 )

0 (kn—ll)
In order to bound this expression, consider
ni—I1
(kfl) _ <n1—l1)<n1—l1—k5—|—2)
(kn—ll) sl ny — k’ + 2

nl—ll—k—l—Z kil_ 1— ll -l
nl—k—{—Q N nl—k:—l—Q

> 1 — M >1— ﬁ
a ny — k + 2 ni
Thus,
klol
PX,(Frs|Frs) < ——.
nonq

A similar argument shows that the same bound above holds for the case by = 1.

Because Iy + 1} < |T| =1, (Iy +11)? — (I — 1)? < 12, so that [yl; < [?/4. Note

ng > n/2 — 2kl > n(1/2 — k2'7%2) > n/V/38

k)2

where we have used the assumption [ < (n = 27%/“n and Claim 4. Similarly, n, >

n/v/8. Substitute these inequalities above to obtain

2k1>

PX, (FrslFrs) < —

]

We now prove Claim 5. Apply the chain rule and Claim 3.7.4 to obtain: if S C I,
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has |S| = 2l and T' C [n| with |T'| = [ then

2k12\ %
]P)én(FT,S) < <F> .

By (3.42)

n\ (el [2k2\*
el < e < (7) (5) ()

where the sum is over all ' C [n] and S C I. with |T'| = [, |S| = 2. Define t, X by
tn = [ and |c¢| = A'n. By hypothesis k£/2 < X < k. Consider the following cases:

Case 1: 2 <1 < nP%!. Then we make the following estimates:

() <
(g) (kn)?.

l
It follows that EY,, [#7] < (M) , which is bounded by n~!! for large enough n.

n

IN

Case 2: [ > n%!. We make the following estimates:

Cﬁ = exp(nH(t,1—t)+ 0.5log(n) + O(1)),

(|C|) < exp(NnH(2t/N,1—2t/X) + 0.51log(kn) + O(1))
so that
EX,[#T] < Cknexp(n(H(t,1 —t) + NH(2t/N,1 = 2t/X) 4 2tlog(2k) + 4t log(t)))

for some constant C. For n sufficiently large and ¢t < 27%/2, this is bounded above by
Ckn exp(0.9nt log(t)) < Ckn27045%°" by Claim 3.7.2 and the choice of ko and 1. It

follows that in this range of [, E?n[#m decays super-polynomially.

119



This proves Claim 3.7.3 and finishes the lemma.

[]

Lemma 3.7.5. Let p > 0. Then there exists L such that | > L implies C(x) C [n]
is p-rigid (with high probability in the planted model as n — o0).

Proof. Without loss of generality, we may assume that 0 < p < u(Cy,).

Observe that the sets C; are clopen for finite {. By Lemma 3.6.1,

lim lim inf P ('M — W <C~'l>’ < 77> =1.
n

N0 n—oo

Since the sets Cj(x) are decreasing with [, this implies the existence of L such that

[ > L implies

lim inf PX
n—o0

(‘\Czqix)! B \CH;L(X)" - p/3> _ 1

Choose [ > L. Let ¢ : V' — {0, 1} be a o-proper coloring. Let

T ={veCx): x(v) #y(@)}

Define Tj4; similarly. Since |Ci(x) \ Ciz1(x)| < pn/3 (with high probability) and
T\ Tis1 C Ci(x) \ Ci1(x), it follows that |1} \ Ti41| < pn/3 (with high probability).

For every v € T4, let F, C E, be the subset of y-critical edges e such that
e C Ci(x).

We claim that if v € Tj4; then F, C E7, where
Er, ={e € Uyer, B, : |leNTy| > 2}.

Since v € Ti4q, ¥(v) # x(v). If e € F, then v supports e with respect to x. Therefore
because v : [n] — {0,1} is a proper coloring, there must exist a vertex w € e\ {v}

such that ¥ (w) # 1 (v). This, combined with y(w) # x(v), implies ¥(w) # x(w)
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since there are only two possible colors. Since {v,w} C e C Cj(x), this means that
leNT;| > 2 and therefore e € Ep;, which proves the claim.
For every v € Ty 1, |F,| > 3 by the definition of the sets Cj(x). Since edges can

only be supported by one vertex, the sets F, are pairwise disjoint. So

|Eg| = U Fy| > 3|Tia| > 3|Ti| — pn.
veT4q
If |T;| > pn then |Eq| > 3|T;| — pn > 2|T;|. So it follows from Lemma 3.7.1 that (with

high probability), |T;| > 27%/?n. Thus C} is p-rigid. ]
We can now prove Lemma 3.5.3.

Proof of Lemma 3.5.53. Let p > 0. By Lemma 3.7.5, there exists L such that [ > L
implies Cj(x) is (p/3)-rigid with high probability in the planted model as n — co. So
without loss of generality we condition on the event that Cj(x) is (p/3)-rigid.

Now let | —1 > L. Let ¢ : V' — {0,1} be a o-proper coloring. Let
Ty ={velialx): x(v) #¥(v)}

Ti={vellx): x(v) #¢(v)}
T'={ve A\ Alx) : x(v) #¥(v)}

We claim that |7;_1] > |T"|. To see this, let v € T’. Then there exists an edge e
supported by v (with respect to x) with e\ {v} C Cj_1(x). Since ® is proper and
¥(v) # x(v), there must exist a vertex w € e\ {v} with ¥ (w) # x(w). Necessarily,
w € Tj—;. So there exists a function f : 7" — T;_; such that f(v) is contained in an
edge e supported by v with e\ {v} C Cj_1(x). Because v ¢ Aj(x), f is injective. This
proves the claim.

Now suppose that |7;UT’| > pn. Since T; and 1" are disjoint, either |T;| > (p/3)n

121



or [T > (2p/3)n. If |T;| > (p/3)n, we are done because by assumption that C;(x) is
(p/3)-rigid, |T;| > 27%/?n and so

ITUT| > 27",
If |7 > (2p/3)n the claim implies |7;—1] > (2p/3)n. Now in the proof of Lemma

3.7.5 we have shown that |T;_1\ T;| < (p/3)n, so |T;| > (p/3)n and we are again done.

This proves the lemma. O]
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Appendix A

Topological sofic entropy notions

In this appendix, we recall the notion of topological sofic entropy from [31] and prove
that it coincides with the definition given in §3.1.

Let T be an action of I" on a compact metrizable space X. So for g € ', T9 :
X — X is a homeomorphism and 79" = T9T". We will also denote this action by
I'~X. Let 0 : ' — Sym(n) be a map, p be a pseudo-metric on X, F' € I' be finite

and 0 > 0. For z,y € X", let

1/2
1
poo(xay) :mﬁxp(%,yi)’ p2($7y) = (ﬁzp(mzayl)2>
be pseudo-metrics on X™. Also let
Map(T, p, F,6,0) = {z € X" :Vf € F, ps(T'z,z00(f)) < 6}.

Informally, elements of Map(T', p, F, 0, 0) are “good models” that approximate partial
periodic orbits with respect to the chosen sofic approximation.

For a pseudo-metric space (Y, p), a subset S C Y is (p,€)-separated if for all
s1 # s9 €S, p(s1,82) > €. Let N (Y, p) = max{|S|: S CY,S is (p, €)-separated} be

the maximum cardinality over all (p, €)-separated subsets of Y.
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Given a sofic approximation X to I', we define

hs(I~X, p) = sup inf inf limsup [V;|~* log(N.(Map(T, p, F, 5, 0:), poc))

>0 FEd>0 00

where the symbol F' € I' means that F' varies over all finite subsets of I'.

We say that a pseudo-metric p on X is generating if for every x # y there
exists g € I' such that p(gz, gy) > 0. By [31, Proposition 2.4], if p is continuous and
generating, fzg(T, p) is invariant under topological conjugacy and does not depend on
the choice of p. So we define hy(T) = hy (T, p) where p is any continuous generating
pseudo-metric. The authors of [31] define the topological sofic entropy of I'» X to be

hy(T). The main result of this appendix is:

Proposition A.0.1. Let A be a finite set and X C A" a closed shift-invariant
subspace. Let T be the shift action of T' on X. Then hg(InX) = hg(T) where
hs(I'X) is as defined in §3.1.

Proof. To begin, we choose a pseudo-metric on A! as follows. For =,y € AT,
let p(x,y) = ls_ 2y, Then p is continuous and generating. So hs(PAX) =
hs(DAX, p).

Let € > 0, O C A" be an open set. We first analyze Q(O, ¢, o) from the definition
of hg(I'~X). Note that the topology for A' is generated by the base B = {[a] : a €
AP F € T'} where if a € A" then [a] = {z € A" : z|p = a}. In other words, open
sets of B are those that specify a configuration on a finite subset of coordinates. For
FeTllet OF)={yec A" : 3z € X,y|lr = z|r} = Uﬁe)é;@[a] be the open set

a)n

containing all elements containing some configuration that appears in X in the finite

window F.
Claim A.0.2. Every open superset O D X contains some open set of the form O(F).

Because Q(O, ¢, 0) decreases as O decreases, it suffices to only consider open sets

of the form O(F') in the definition of hy(I'nX).
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Proof. O is a union of elements in B and X is compact, so that there exists X C
O’ C O with O’ containing only finitely many base elements. Let F' be the union of

all coordinates specified by base elements in O'. It follows that O’ contains O(F'). O

Without loss of generality and for convenience we can assume that F'is symmetric,
i.e. F = F~! and contains the identity. This is because we can replace any F with
the larger set U F~!' U {1r}, and both Map(T, p, F,d,0;) and Q(O(F),¢,0;) are
monotone decreasing in F.

Let n = |V;|. We assume lim; , |Vi| = co. Now for each = € Q(O(F), ¢, 0;)
we obtain an element £ € X" and then show that these partial orbits form a good
estimate for hy. Let G(z) = {v € V; : II%(z) € O(F)}. For every v € G(z), choose
some T, € X that agrees with I17*(x) on F. For v ¢ G(x) choose an arbitrary element
7, € X. Thus 7 € X" .

Now for v € G(z), f € F, T?%,(1r) = Z,(f™") = Z4,(so- On the other hand we
also want Z,,(f)o(1r) = Zo,(s)p, which is true if v € o;(f)"'G(x) and o;(1r)o;(f)v =
oi(f)v. Tt follows that py(T7%,% o 0;(f)) < V2.

Now consider separation of {Z : © € Q(O(F),€,0;)}. We will show that a slightly
smaller subset is (ps, 1)-separated. By the pigeonhole principle there exists a subset
V; of size at least (1 —¢)n such that Q(O(F),¢,04, Vi) := {x € QO(F),¢,0;) : G(z) =
V;} has cardinality at least e "(H(e1=9+e L (O(F), ¢, 0;). Furthermore, if z,y €
Q(O(F),¢,0:,V;) then pso(Z, ) = 1 if 2(v) # y(v) for some v € V; N Fix(1r), where
Fix(1r) = {v € V; : 0;(1p)v = v}. Since there are at most |A|(T°1)" configurations
in A" with some fixed configuration on V; N Fix(1r), there exists a (poo, 1)-separated
subset of Q(O(F), €, 0, V;) of size at least |A|~ (ML (O(F)), €, 04, V;). Tt follows

that

Ni(Map(T, p, F,V/2¢,0,), poc) > |A|~ (oI nH 1= LQ(O(F) €, 7).
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On the other hand, suppose we have some € Map(T, p, F', d, 0;). This means that
for every f € F, there exists a set Vi(f) of size > (1 — 02)n such that for v € V;(f),
Zoupo(lr) = T3, (1r) = 7,(f 7). Let V; = NyepVi(f). Then |Vi| > (1 — |F|6%)n and
for v € V;, for every f € F, %y,(5y(1r) = T/%,(1r) = &,(f 7).

Define © € A% by z, = Z,(1r). Then for any fixed v € V;, for every f € F,
% (2)(f) = Zoy(;-1y0 = Foyp-1y(1r) = T 3, (1r) = &,(f). Since &, € X, it follows
that = € Q(O(F), 8% F|, ;).

Also note that Z,5 € Map(T, p, F,0,0;) are (p, €)-separated for any ¢ < 1 if and

only if Z,(1r) # 9,(1r) for some v € V;, so that x # y. It follows that
Ne(Map(T, p, F,8,0:), poc) < #QUO(F), 6| F|, 0).

Note that in the definitions of ks and hy, F is fixed with respect to 4.
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Appendix B

Concentration for the planted

model

Definition B.0.1 (Hamming metrics). Define the normalized Hamming metric

dsym(n) 0on Sym(n) by
dsym(n)(01,02) = n"#{i € [n] = 01(i) # o2(i) }-
Define the normalized Hamming metric dyo, on Hom(T', Sym(n)) by
ditom (01, 2) stymn o1(81), 09(84)).

The purpose of this section is to prove:

Theorem B.0.2. There ezist constants ¢, A > 0 (depending only on k,d) such that
for every 6 > 0 there exists Ns such that for all n > Ns, for every 1-Lipschitz
f :Hom,(I',Sym(n)) — R,

Py (If — EX[f]] > 6) < cexp(—Ad"n).
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B.0.1 General considerations

To begin the proof we first introduce some general-purpose tools.

Definition B.0.3. A metric measure space is a triple (X, dx, ) where (X, dx)
is a metric space and p is a Borel probability measure on X. We will say (X, dx, i)

is (¢, A\)-concentrated if for any 1-Lipschitz function f : X — R,

,u<’f—/f du‘ >€> < ce .

If (X,dx, p) is (¢, \)-concentrated and f : X — R is L-Lipschitz, then since f/L

18 1-Lipschitz,

u(‘f—/fdu

Lemma B.0.4. Let (X, dx, ) be (¢, \)-concentrated. If ¢ : X — Y is an L-Lipschitz

> e) =4 (‘f/L - /f/L du’ > e/L) < cexp(—=\é2/L?). (B.1)

map onto a measure metric space (Y, dy,v) and v = ¢, is the push-forward measure,

then (Y, dy,v) is (¢, \/ L*)-concentrated.

Proof. This follows from the observation that if f : Y — R is 1-Lipschitz, then the

pullback fo¢: X — R is L-Lipschitz. So equation (B.1) implies

- fre

> e) = U (‘fOQb— /f0<;5 du‘ > e> < cexp(—Ae?/L?).

]

The next lemma is concerned with the following situation. Suppose X = U;c;X;
is a finite disjoint union of spaces X;. Even if we have good concentration bounds on
the spaces X, this does not imply concentration on X because it is possible that a
1-Lipschitz function f will have different means when restricted to the X;’s. However,

if most of the mass of X is concentrated on a sub-union Ujc;X; (for some J C I)
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and the sets X; are all very close to each other, then there is a weak concentration

inequality on X.

Lemma B.0.5. Let (X,dx,u) be a measure metric space with diameter < 1. Sup-
pose X = U1 X; 1s a finite disjoint union of spaces X;, each with positive measure
(u(X;) > 0). Let p; be the induced probability measure on X;. Suppose there exist

J C I and constants 1,0, A\, c > 0 satisfying:
1 p(UjesX;) > 1—n>1/2.

2. For every j,k € J, there exists a measure i) on X; X Xy with marginals p;, fu,

respectively such that
i ({ (g, zp) « dx(x,2) < 0}) = 1.

3. For each j € J, (Xj,dx, pj) is (¢, \)-concentrated.

Then for every 1-Lipschitz function f: X — R and every ¢ > d + 2n,

u('f—/f dﬂ‘ >6) <n+cexp(=A(e—6—2p)°).

Proof. Let f : X — R be a 1-Lipschitz function. After adding a constant to f
if necessary, we may assume [ f du = 0. Note that the mean of f is a convex

combination of its restrictions to the X;’s:

0= [ @) dute) = Y w(x) [ £ dust)

el

= > M(Xi)/f(xi) dm(a:i)+Zu(Xj)/f(-’Bj)duj(%)-

i€I\J jeJ
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Since f is 1-Lipschitz with zero mean, |f| < diam(X) < 1. So

]GJX ZM /f x] dﬂ] x]

jeJ

eI\J

IA
A
)

3

where the last inequality uses that p(Uje;X;) > 1—nand n <1/2.

For any j,k € J, the p; and pp-means of f are d-close:

‘/f(%‘) dp(;) — /f(xk) dp ()

= ‘/f zj) — f(xy) dpjp(xy, xr)

< /|f x] f ()] dﬂjk(xjaxk) <.

So for any jp € J,

)| < 6.

‘/f(xjo) duj()(xjo) - GJX Z:u /f x] d#] x]

jeJ

Combined with the previous estimate, this gives

<6+ 2n.

‘/f(%) g (5, )

Now we estimate the p-probability that f is > € (assuming € > § + 2n):
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u<‘f—/fdu‘>e) D

< 4y w(lfl > euX;)

jeJ
< n+ ZJW (‘f - /f(ﬂfj) dpj(x;)| > € — ‘/f(%‘) dpij(;) ) 1(X;)
< 77+Zﬂj (‘f - /f(l“j) dpj(z;)| > €—0— 277) 1(X;)

IN

n+cexp(—A(e—4d— 217)2) :

]

The next lemma is essentially the same as [32, Proposition 1.11]. We include a

proof for convenience.

Lemma B.0.6. [32] Suppose (X, dx, ) is (c1, A1) -concentrated and (Y, dy,v) is (c2, Aa)-
concentrated. Define a metric on X XY by dxxy((z1,y1), (x2,92)) = dx(z1,22) +

dy (y1,y2). Then (X XY, dxxy,p X v) is (¢1 + co, min(A1, \y)/4)-concentrated.

Proof. Let F: X x Y — R be I-Lipschitz. For y € Y, define F¥ : X — R by
F¥(x) = F(z,y). Define G:Y — R by G(y) = [ F¥(x) du(x). Then FY and G are
1-Lipschitz.

If |F(z,y) — [ F du x v| > € then either |F¥(xz) — [ FY du| > €/2 or |G(y) —
[ G dv| > €/2. Thus

/LXI/({(JL’,y): 'F(x,y)—/quxu >e})
uxy<{(x,y): Fy(x)—/Fy du‘ >€/2}> +I/({y: ’G(y)—/G v

cre M o eye 2 < (e 4 ¢p) exp(— min(Ag, Ap)€?/4).

IA

)

IA
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Lemma B.0.7. Let (X,dx,p) and (Y,dy,v) be metric-measure spaces. Suppose
1. X, Y are finite sets, u and v are uniform probability measures,

2. there is a surjective map ® : X —'Y and a constant C' > 0 such that |2~ (y)| =

C forallyey,
3. (Y,dy,v) is (c1, \1)-concentrated,

4. for each y € Y, the fiber ® ' (y) is (co, A2)-concentrated (with respect to the

uniform measure on ®~1(y) and the restricted metric),

5. for each y1,y2 € Y there is a probability measure fi,, ,, on " (y;) x &1 (ya)

with marginals equal to the uniform measures on ®1(yy) and ®(y2) such that
fy e ({ (21, 22) - dx (21, 72) < dy(y1,42)}) = 1.

Then (X, dx, 1) is (¢1 + ¢, min(Ay, A2)/4)-concentrated.

Proof. Let f : X — R be 1-Lipschitz. Let E[f|Y] : ¥ — R be its conditional

expectation defined by

E[f[Y](y) =@ W)™ Y fla):

z€P~1(y)

Also let E[f] = |X|™' >, cx f(z) be its expectation.

We claim that E[f]Y] is 1-Lipschitz. So let y1,y2 € Y. By hypothesis (5)

E[f|Y]() — E[f|Y](42) = / F(21) — F(z2) gy (a1, 72)

< /dx($1,$2) d:uyhyz(ajlvx?)

< dy(y1,y2).
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The first inequality holds because f is 1-Lipschitz and the second by hypothesis (5).
This proves E[f|Y] is 1-Lipschitz.
Let € > 0. Because ® is C-to-1, it pushes forward the measure y to v. Because

(Y, dy,v) is (¢, A1 )-concentrated,

s (‘E[f!Y] ot [ 1y

> ¢/2) = v (EUIY] =B > /2) < ™/ (B2
Because each fiber ®7(y) is (co, A2)-concentrated, for any y € Y,
@' #{r € @7 (y) : If(@) — E[fIYI(y)] > ¢/2} < cpe N
Average this over y € Y to obtain
n{w € X |f@) - E[f[Y](2(2))] > ¢/2) < coe /%,

Combine this with (B.2) to obtain

(ool

IN

mu—Euwwwmn>4m+uQMﬂﬂ@m»—/fm4>d@

— 2 _ 2
< coe Ag€ /4+Cle A1€e?/4

which implies the lemma.

B.0.2 Specific considerations

Given an equitable coloring x : [n] — {0, 1}, let H, be the stabilizer of x:

H, ={g € Sym(n) : x(gv) = x(v) Vv € [n]}.
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Lemma B.0.8. The group H, is (4,n/16)-concentrated (when equipped with the

uniform probability measure and the restriction of the normalized Hamming metric

dSym(n))’

Proof. The group H, is isomorphic to the direct product Sym(x~*(0)) x Sym(x (1))
which is isomorphic to Sym(n/2)?. By [32, Corollary 4.3], Sym(n/2) is (2,n/16)-
concentrated. So the result follows from Lemmas B.0.6 and B.0.4. This uses that
the inclusion map from Sym(n/2)? to itself is (1/2)-Lipschitz when the source is
equipped with the sum of the dgym(n/2)-metrics and the target equipped with the

dsym(n) metric. O

We need to show that certain subsets of the group Sym(n) are concentrated. To
define these subsets, we need the following terminology.

Recall that a k-partition of [n] is an unordered partition 7 = {Py,..., P/} of
[n] such that each P; has cardinality k. Let Part(n, k) be the set of all k-partitions
of [n]. The group Sym(n) acts on Part(n, k) by g7 = {gP1, ..., 9Pu/m}-

Let o0 € Sym(n). The orbit-partition of o is the partition Orb(o) of [n] into
orbits of . For example, for any v € [n] the element of Orb(c) containing v is
{o'v : i € Z} C [n]. Let Sym(n,k) C Sym(n) be the set of all permutations
o € Sym(n) such that the orbit-partition of ¢ is a k-partition.

Recall from §3.3.1 that a k-partition 7 has type ¢ = (t;)¥_, € [0,1]*"! with
respect to a coloring x if the number of partition elements P of © with |P N
x 1(1)] = j is t;n. We will also say that a permutation o € Sym(n, k) has type
t= (t;)f_y € [0,1]F" with respect to a coloring x if its orbit-partition Orb(c)
has type ¢ with respect to x.

Let Sym(n, k; X,f} be the set of all permutations ¢ € Sym(n, k) such that o has

type ¢ with respect to y.

Lemma B.0.9. The subset Sym(n,k;x,1) is either empty or (6, \n)-concentrated
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(when equipped with the normalized Hamming metric dsymm) and the uniform proba-

bility measure) where X > 0 is a constant depending only on k.

Proof. Let Part(n, k; x,t) be the set of all (unordered) k-partitions of [n] with type
t (with respect to x). We will consider this set as a metric space in which the
distance between partitions 7, 7’ € Part(n, k; x, 1) is d(7, 7') = k";—iﬂll where A denotes
symmetric difference.

Let Orb : Sym(n, k;x,t) — Part(n,k;x,t) be the map which sends a permu-
tation to its orbit-partition. We will verify the conditions of Lemma B.0.7 with
X = Sym(n, k; x,t), Y = Part(n, k; x, ) and ® = Orb. Condition (1) is immediate.

Observe that Orb is surjective and constant-to-1. In fact for any partition = €
Part(n, k; x, ), | Ortb ™! ()| = (k — 1)!"/* since an element o € Orb™* () is obtained
by choosing a k-cycle for every part of . To be precise, if 7 = {P,,..., P/} then
Orb™' () is the set of all permutations o of the form o = H?:/ " o; where o, is a k-cycle
with support in P;. This verifies condition (2) of Lemma B.0.7.

Observe that H, acts transitively on Part(n, k; x,t). Fix 7 € Part(n, k; x,t) and
define a map ¢ : H, — Part(n, k; x,t) by ¢(h) = hr. We claim that ¢ is k2/2-
Lipschitz. Indeed, if hy, hy € H, then

d(hym, hym) = klhlg—ihzwl
o el ) # )
N 2n
k,2

= ?dSym(n) (hly h2)

Because H, is (4,n/16)-concentrated by Lemma B.0.8, Lemma B.0.4 implies Part(n, k; x, t)
is (4,n/4k")-concentrated. This verifies condition (3) of Lemma B.0.7.

We claim that Orb™" () is (2, n/2k)-concentrated. To see this, let m = {Py,..., P x}
and let Sym(P;) C Sym(n) be the set of all k-cycles with support in P;. Then

Orb™!(7) is isometric to Sym, (P;) x - -+ x Symy, (P, ;). The diameter of Sym,(F;),
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viewed as a subset of Sym(n) with the normalized Hamming metric on Sym(n), is
k/n. So the claim follows from [32, Corollary 1.17]. This verifies condition (4) of
Lemma B.0.7.

For 1y, € Part(n, k; x, 1), let Xy, », be the set of all pairs (o1, 05) € Orb™* () x
Ol"b_l(ﬂ'g) such that if P € w1 Nmy then the restriction of o1 to P equals the restriction
of o to P. Observe that X, ., is non-empty and the projection maps X, », —
Orb™'(m;) (i = 1,2) are constant-to-1. In fact, for any o; € Orb™'(m;), the set of o,
with (01, 09) € X, &, is bijective with the set of assignments of k-cycles to parts in
T \ 7.

Let fir, x, be the uniform probability measure on X, »,. Since the projection maps
are constant-to-1, the marginals of jir, -, are uniform. Moreover, if (0, 09) € Xy, 1,

then

{ien]: 01(i) # 02(i)} C Uper\m P

Thus

dsym(n) (01, 02) <07 Uperp\my P| = n7 k|1 A 2| /2 = d(m1, 7).

This verifies condition (5) of Lemma B.0.7.
We have now verified all of the conditions of Lemma B.0.7. The lemma follows.

]

Let Sym(n, k; x) be the set of all ¢ € Sym(n, k) such that if £ = (tj)fzo is the type
of o with respect to x then ¢ty = t;, = 0. In other words, o € Sym(n, k; x) if and only
if the orbit-partition 7 of ¢ is proper with respect to x (where we think of 7 as a
collection of hyper-edges).

Let§:(sj)withsozsk:Oandsj:m(’;) for 0 < j < k. For § > 0 let

Symg(n, k; x) be the set of all o € Sym(n, k; x) such that if £ = (¢;)%_, is the type of
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o (with respect to x) then
k
Z ‘Si - t,L’Q < 52.
i=0

Lemma B.0.10. With notation as above, for sufficiently large n

[Symg(n, k; x)]| 51 e hitn
|Sym(n, k; x)|

where Ay > 0 is a constant depending only on k.

Proof. Let
Part(n, k;x,t) = {m € Part(n,k): 7 has type ¢ with respect to x},
Part(n, k;x) = {m € Part(n,k): x is proper with respect to 7},
k
Parts(n, k; x) = {7T € Part(n, k; x) : if £ is the type of 7 with respect to x then Z |t; — si|* -
i=0

The orbit-partition map from Sym(n,k) — Part(n,k) is constant-to-1 and maps
Sym(n, k; x) onto Part(n, k; x) and Symg(n, k; x) onto Parts(n, k; x). Therefore, it

suffices to prove
| Parts(n, k; X))

1 — —A§%n
Part(n, kix)| =

where A > 0 is a constant depending only on k.

Let M be the set of all vectors £ = (t;)F, € [0,1]*! such that tq = t; = 0,

Recall from Lemma 3.3.8 that if £ € M and nf is Z-valued then

(1/n)log | Part(n, k; x,1)| = (1 — 1/k)(log(n) — 1) — log(2) + J(f) + O(n™" log(n))

where J(t) = H(f)—Z?ZO t;log(j!(k—7)!). By the proof of Theorem 3.3.2 (specifically
equation (3.10)), J is uniquely maximized in M by the vector 5.

In order to get a lower bound on | Part(n, k; )|, observe that there exists ¥ € M
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such that ni’is Z-valued and |s; — r;| < k/n for all . Thus J(7) — J(§) = O(1/n). It

follows that
1 1 B »
- log | Part(n, k; x)| > - log | Part(n, k; x,7)| = (1 — 1/k)(log(n) — 1) —log(2) + J(5) + O(n™" 1o

We claim that the Hessian of J is negative definite. To see this, one can consider
J to be a function of [0, 1]*™!. The linear terms in J do not contribute to its Hessian.

Since the second derivative of z — —zlogz is —1/x,

#J ) 0 A

Thus the Hessian is diagonal and every eigenvalue is negative; so it is negative definite.

Thus if £ € M is such that 37, |t; — s;|2 > 62 then

(1/n)log | Part(n, k; x, )| < (1—1/k)(log(n)—1)—log(2)+.J(5) —6*N,+O(n ' log(n))

where \| = %minfeﬁ min; <;<x—1 1/t; is half the smallest absolute value of an eigen-

value of the Hessian of J on M.
If t is the type of a k-partition 7 of n then t; € {0,1/n,2/n,...,1}. Thus the
number of different types of k-partitions of [n] is bounded by a polynomial in n

(namely (n 4 1)*™). Thus

| Parts(n, k; x)| > 1—(n+ 1)k+1exp(n[(1 —1/k)(log(n) — 1) — log(2) + J(5) — 8*X} + O(n ! log
Part(n, ki x)| =~ exp(n[(1 — 1K) (log(n) — 1) — log(2) + J(5) + O(n~" log(n)
= 1—nSexp(—6*\n)

where ¢ = Og(1). This implies the lemma.
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Recall that a k-cycle is a permutation m € Sym(n) of the form © = (vy,..., vg)
for some vy,...,vp € [n]. In other words, 7 has n — k fixed points and one orbit of
size k. The support of 7 € Sym(n) is the complement of the set of 7-fixed points. It
is denoted by supp(m). Two permutations are disjoint if their supports are disjoint.
A permutation 7 € Sym(n) is a disjoint product of k-cycles if there exist pairwise
disjoint k-cycles 7y, ..., T, such that m = 7y ---m,,. In this case we say that each m;

is contained in 7.

Lemma B.0.11. Let ¢, € [0,1]**'. Suppose

k
=0

Suppose Sym(n, k;x,t) and Sym(n, k;x, @) are non-empty (for some integer n and
equitable coloring x ).
For o,0’ € Sym(n, k), let |0 A d'| be the number of k-cycles T that are either in o

or in o' but not in both. Let
Z ={(0,0") € Sym(n, k; x, ) x Sym(n, k; x, @) : |0 & 0| <én}.

Then Z 1s non-empty and there exists a probability measure y on Z with marginals
equal to the uniform probability measures on Sym(n, k;x,t) and Sym(n,k; x, @) re-

spectively.

Proof. Let p € Sym(n) be a disjoint product of k-cycles. The type of p with respect
to y is the vector ¥ = (r;)%, defined by: ; is 1/n times the number of k-cycles p/
contained in p such that | supp(p’) N x~1(1)| = 1.

/

. in o such

Let 0 € Sym(n, k;x,f}. Then there exist disjoint k-cycles of,...,0
that if p = o} ---0/ and 7= (r;)¥, is the type of p then r; = min(#;, u;). Note m >

n(1/k—3/2) by assumption on £ and i@. Moreover, there exist k-cycles o/, - - Ok
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such that the collection o/, ..., 07, /i, s pairwise disjoint and the type of o’ =00, Ik
is @. Then |0 A 0’| =2(n/k —m) < én. So (0,0") € Z which proves Z is non-empty.

We claim that there is a constant C; > 0 such that for every o € Sym(n, k; x, f)
the number of ¢’ € Sym(n,k;x,u) with (0,0’) € Z is C;. Indeed the following
algorithm constructs all such ¢’ with no duplications:

Step 1. Let 0 = 01---0,/, be a representation of o as a disjoint product of

k-cycles. Choose a vector 7= (r;)k_, such that

1. there exists a subset S C [n/k] with cardinality |S| > n(1/k — 6/2) such that if

p = [l;cq oi then 7 is the type of p;
2. r; <u, for all 7.

Step 2. Choose a subset S C [n/k] satisfying the condition in Step 1.

Step 3. Choose pairwise disjoint k-cycles o71,. .., 0/, Jk—|s Such that
1. supp(o;) Nsupp(cj) = 0 (Vi € 5) (Vj);
2. 0’ is not contained in o (Vj);

3. if o' = [[;eg0i[]; 0 then o’ has type .

The range of possible vectors 7 in Step 1 depends only on k,n, ¢, @. The number
of choices in Steps 2 and 3 depends only on the choice of 7 in Step 1 and on k,n, £, @.
This proves the claim.

Similarly, there is a constant Cy > 0 such that for every o’ € Sym(n, k; x, @) the
number of o € Sym(n, k; x,t) with (0,0") € Z is Cy. It follows that the uniform
probability measure on Z has marginals equal to the uniform probability measures
on Sym(n, k; x, 1) and Sym(n, k; x, i) respectively.

O

Corollary B.0.12. Let Usym(n k:y) denote the uniform probability measure on Sym(n, k; x)

and let Bsymn k:y) be the associated expectation operator. There are constants c, A > 0
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(depending only on k) such that for every § > 0, there exists N5 such that for all

n > Ns, for every 1-Lipschitz f : Sym(n, k;x) — R,

USym(n,k;x) (’f - ESym(n,k;x) [f” > 5) S CeXp(—/\(SQTL).

Moreover 6 — Ny is monotone decreasing.

Proof. The set Sym(n, k; x) is the disjoint union of Sym(n, k; x, ) over £ € [0, 1]¥+1.
Let 0 > 0. Lemmas B.0.9, B.0.10 and B.0.11 imply that for all sufficiently large n,
this decomposition of Sym(n, k; x) satisfies the criterion in Lemma B.0.5 where we
set ¢ = 3, n = exp(—A16%*n) and A\ = A\gn where \g, A\; > 0 depend only on k. So for
every 1-Lipschitz function f : Sym(n, k;x) — R, every € > § + 2n and all sufficiently

large n,

USym(n,k;x) (‘f - ESym(n,k;x) [f” > 6) < eXp(—)\152n) + cexp (—)\On (5 —0— 277>2> .

In particular, there exist Ns such that if n > Ns the inequality above holds and
2n < §. By choosing Njs larger if necessary, we require that § — Ny is monotone
decreasing.

Set € = 30. Because e —0 —2n >4
Usym@niing (| = Esymmuo [f]] > 36) < exp(=A16°n) + cexp (=Agnd®) < (1 + ¢) exp(—Ad*n)

where A = min(Ag, A\1). The corollary is now finished by changing variables.

]

Proof of Theorem B.0.2. The space of homomorphisms Hom, (I', Sym(n)) is the d-
fold direct power of the spaces Sym(n, k; x). So the Theorem follows from Corollary
B.0.12 and the proof of Lemma B.0.6.
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