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Abstract

In this thesis, we study the regularity theory and quantitative geometry in Riemannian geometry
and conformal geometry. The thesis consists of two parts.

The first part concentrates on my work on the regularity theorems for collapsed spaces with Ricci
curvature bounds. Specifically, we establish a quantitative nilpotent structure theorem and a new
e-regularity theorem for collapsed manifolds with Ricci curvature bounds. As applications, we also
study the structure of the collapsed Gromov-Hausdorff limits with bounded Ricci curvature.

The focus of the second part is the connection between quantitative geometry of Kleinian groups
and positivity of non-local curvature in conformal geometry. Precisely, let (M™,g) be a closed
locally conformally flat with positive scalar curvature. We prove that, if Q)2,-curvature is positive

for 1 < v < 2, the limit set of the corresponding Kleinian group has Hausdorff dimension less than

n—=2y
2

, which is sharp. In dimension 3, the positivity of @3 implies a conformal sphere theorem. In
dimension 4 and 5, we obtain a topological classification theorem for the conformally flat manifolds

with positive QQ2-curvature.
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Introduction and Organization of

the Thesis



Chapter 1

Results in Ricci Curvature from

Riemannian Geometry

Part IT of this thesis is essentially based on my joint work with Aaron Naber in [NaZh]. In the follow-
ing sections, we will briefly introduce the background and motivation. With necessary terminology,
we will give the precise statement of our main theorem. Then we will outline the key ingredients of

the proof.

1.1 Brief Background of the e-Regularity Theorems

A classical theme in Einstein manifolds, and indeed any nonlinear equation, is that of an e-regularity
theorem. The spirit of any such theorem is that one assumes some weak control on the solution,
and then proves from this strong control on the solution. The original example of such a theorem

in the case of an Einstein manifold (M™", g) is to assume on some ball By(z) that

7[ |Rm |2 < e. (1.1)
BQ(ZE)

In this case it has then been proven that |Rm| < 1 on Bj(z), see [An3]. This had proven to
be especially powerful in the four dimensional case. In fact, in the four dimensional case (1.1)
can be relaxed to || Ba(p) |Rm |? < ¢, which gives the e-regularity for collapsed Einstein 4-manifolds
under an assumed L? curvature bound, see [CT]. Unfortunately, in higher dimensions, even in
the noncollapsed setting, there is no natural context in which one can apply the above e-regularity

without simply assuming a bound on [, |Rm |"/2. To fix this one has to look for a more powerful



e-regularity theorem. Namely, it is the combined work of [An1], [ChC1] that if one assumes |Ric| < e

and

dGH(BQ(SC),BQ<On>> <e€, (1.2)

where dg g is the Gromov-Hausdorff distance and B2(0™) C R™, then it still holds that |[Rm| <1
on Bj(z). More generally, by the work of [ChNa2] one needs only assume that Bs(z) is Gromov-
Hausdorff close to R" ¢ x C(Y*~1!) for a metric space Y/~! with dim C(Y*~!) = ¢ < 3, see Theorem
3.26 for a slight refinement.

These turn out to be a much more powerful e-regularity theorem, the reason being that the
condition dg g (Bay (), Bay(y*)) < er, with y* € R" ¢ x C(Y*~!) a cone point, is one that can be
shown to hold at most points and most scales » < 1 under only a noncollapsing assumption, see
[ChC1], [ChNal] for the classical and quantitative stratification results. In fact, using this as a
starting point, a whole regularity theory, including apriori LP estimates for the curvature, can be
proven for general noncollapsed Einstein manifolds, see [ChNal], [ChNa2]. One would like a similar
structure theory for the collapsed setting.

The above e-regularity theorems, and their induced regularity theories, depend heavily on the
assumption of noncollapsing. To be more precise, given a pointed Riemannian manifold (M™, g, p)
with Ric > —(n — 1) we say that M is noncollapsed, or v-noncollapsed, if Vol(By(p)) > v > 0. One
can see that In Vol(Bi(p)) plays the role of a weak energy, and so a lower bound on the volume acts
as an upper bound on the energy, see [ChNal] for more on this.

The goal of this paper is to extend the e-regularity theorems of (1.2) and [ChNa2] to the collapsed

setting. That is, we wish to replace the assumption dgg(Ba(x), B2(0™)) < € with

dGH(BQ(l‘),BQ(Ok)) < €, (13)

where & < n and 0 € RF. In fact, we will wish to deal with more general situations where
0% € RF¢ x Z*, where Z¢ is a length space of dimension ¢ < 3. However, we will begin our
discussion on the case 0¥ € R*. The motivation is that even in the collapsed setting it is still the
case that the assumption of

dar(Bay (), B (0%)) < er (1.4)

is sufficiently weak that it may be controlled at most points and scales, see [ChC1], [CoNal.

Unfortunately, condition (1.3) by itself is simply not enough when k < n. We will discuss these



examples in more detail in Chapter 4, but let us briefly describe an important example of Gross-
Wilson in [GrW]. In this case by studying a holomorphic fibration map f : K3 — S? they build
a sequence of Ricci flat spaces (K3, g;) which collapse to the topological 2-sphere X ~ S%. X is
smooth away from a finite number of points {p, }, however the tangent cone is R? at every point of
X. In particular, for r small and j large every ball B, (z) C (K3, g;) is close to the corresponding
ball B,.(0?) C R? in the sense of Gromov-Hausdorff topology. However, the curvature blows up near
Pa, and hence no e-regularity can possibly hold.

To see how to fix this, and to motivate our theorems, let us expand a little on the behavior of the
above example. If we begin again with a ball B,(z) C (K3, g;), then we have two cases to analyze.
Namely, either the ball B,.(z) is near a singular point or not. On the one hand, if the ball is not
near any singular point then we have the desired curvature bound |Rm | < 772. A closer look shows
us that in this case the topology of f~(B,(z)) ~ B,(0%) x T?, where T? is the two dimensional
torus. In particular, we would like to emphasize that the fundamental group of f~!(B,(z)) is a free
abelian group of rank 2, which is of maximal rank. On the other hand, let us assume for simplicity
that x = p, is one of the singular points. In this case as we discussed we have no such apriori
curvature bounds on B,.(p,), and a closer look also tells us the topology of f~1(B,(ps)) is also more
ill-behaved. In particular f~1(p,) is topologically of Kodaira type I;, which is a two dimensional
torus with one circle fiber identified to a point. In particular, we would like to emphasize that the
fundamental group of f~1(B,(ps)) is of rank one, which is not maximal. See Chapter 4 for more on
this. See also [GVZ] for more examples.

The main results of this paper are to see that the above example is typical in its behavior.

1.2 eRegularity and the Fundamental Group

In this subsection we will state the main theorems of this paper. Throughout, we are always assuming
(M™, g,p) is a Riemannian manifold such that By(p) has a compact closure in By(p). This acts as
a form of local completeness. Similar to the standard e-regularity theorem for noncollapsed spaces,
we will be interested in the case when By(p) has bounded Ricci curvature |Ric| < n —1 and is

Gromov-Hausdorff close to a singular space of the form RF~* x Z¢,

dar (Ba(p), B2(0F74, 2%) < 6, (0874, 2%) e RF=* x Z¢, (1.5)



where dim(R*~* x Z*) = (k—¢) + ¢ = k. Note by [CoNa] that if R¥=* x Z* is the Gromov-Hausdorff
limit of a sequence of manifolds with a lower Ricci bound then the length space Z* does in fact
have a well defined dimension (See theorem 3.33 for the more precise description). We call such a
Z* a Ricci limit space. Inspired by [FY] our e-regularity theorems come from studying the ‘“fibered’

fundamental group

5(p) = Tmage[m1(Bs(p)) = m1(Bz(p))] - (1.6)

Note that if M were an honest fiber bundle over R¥=¢ x Z*, then I's(p) would be the fundamental
group of the fiber. Following the techniques of [FY] and [KW] it can be checked for § < §o(n, By (z%))
that under the assumption of (1.5) I's(p) contains a nilpotent subgroup of index < wq and rank
< n—k, see Section 3.5.3 and Appendix 10 for more on this. Note that given any finitely generated
almost nilpotent subgroup I, the nilpotency rank of I' is well-defined. In the above context, it
thus holds that rank(T's(p)) < n — k. Our main theorem states that an e-regularity result holds if

rank(T's(p)) is maximal. More precisely:

Theorem 1.1. Let (M™,g,p) satisfy the Ricci bound |Ric| < n—1, then for each Ricci-limit space
(Z*, 2%) with dim Z* = £ < 3 in the sense of [CoNa], there exist positive constants § = §(n, By (z%)) >

0, wo = wo(n, B1(z%)), co = co(n, B1(z%)) such that if
deu (Ba(p), B2(0F74,2%) < 6, (087, 2%) e RF* x Z°, (1.7)

then Ts(p) = Image[n1(Bs(p)) — w1 (Ba(p))] is (wo,n — k)-nilpotent with rank(T's(p)) < n —k, and

if equality holds then for each q € By(p) we have the conjugate radius bound
ConjRad(q) > ¢o(n, B1(2%)) > 0. (1.8)
In particular, if M™ is Einstein, then we have that

sup |Rm| < C(n, B1(2")). (1.9)

Bi(p)

Finally, we have the following converse. Assume |Ric| < n —1 and ConjRad(q) > c¢o > 0 holds for
each q € Bs(p), then if
deu (Bs(p), B3(0%)) < 6(n,co), 0% € RY, (1.10)

then T'5(p) = Image[m (Bs(p)) — m1(B2(p))] is almost nilpotent with rank(T's(p)) =n — k.



Remark 1.1. To obtain the uniform curvature bound, instead of Einstein we may simply assume a

bound on |V Ric|.

Remark 1.2. We will in fact prove a lower bound on the weak harmonic radius, not just the

conjugate radius. However, under bounded Ricci these two are known to be equivalent.

Remark 1.3. The dimension assumption dim Z° = ¢ < 3 in Theorem 1.1 is sharp. That is, if
dim Z¢ = 4, one cannot expect the e-reqularity in this context. See Example 4.3 on Eguchi-Hanson

metric for more details.

Remark 1.4. In the converse direction of Theorem 1.1, we have assumed

dar(Bs(p), B3(0%)) < 6, (1.11)

where B3(0F) € R*. Notice that this assumption B3(0F) C RF is necessary. If this condition is
removed, there are counterexamples in which the curvature is uniformly bounded while the rank is

not mazximal. See Example 7.8.

Let us note that unlike the e-regularity in the non-collapsed case (see Theorem 3.26), the positive
constants 6(n, By (2°)), co(n, B1(2%)), C(n, B1(z")) have a dependence on Z* in the collapsed context.
In fact, this dependence can be made quite explicit. Indeed, by [CoNa], Z¢ has a unique dimension
in that for a.e. 2 € Z' the tangent cone is unique and isometric to R’ (see theorem 3.33 for the
more precise statement). Thus, given the base point z¢ € Z¢ let us consider the noncollapsing radius
defined by

re(2%) = sup {O <r< 1‘32’ € Bl(zz),dGH(Br(z),Br(OZ)) < 10767"} (1.12)

where 0° € R’. Then, in Theorem 1.1 we have that § = d(n,r.(2%)),co = co(n,r.(2%)),C =
C(n,7.(2")). Thus, a lower bound on the noncollapsing radius is a natural replacement for the lower

volume bound assumption needed in the noncollapsing case.

1.2.1 Outline of the Proof

The proof of the main result requires several basic steps. Let us give the outline for Einstein
manifolds, the general bounded Ricci case is verbatim, but one replaces curvature bounds by lower
bounds on the harmonic or conjugate radius. To describe the proof let us even begin by discussing

the noncollapsed setting. In [ChNa2] it was proved that if (M™,g,p) satisfies Vol(By(p)) > v > 0



then there exists €(n,v) > 0 such that if | Ric| < € and

den (32(1?)732(0,9*)) <e, (1.13)
where (0,y*) € R"¢ x C(Y*1) and ¢ < 3, then

sup |[Rm|<1. (1.14)
Bi(p)

The first observation is that the assumption of a cone structure on the three dimensional factor,
while natural in the noncollapsed setting, is very unnatural in the collapsed setting. As a first step
it is therefore helpful then to see that even in the noncollapsed setting it is unnecessary. Indeed,
combining the e-regularity results of [ChNa2] with the quantitative differentiation of [ChNal], we
see in Theorem 3.26 that the following may be proved. If (M™,g,p) satisfies Vol(Bi(p)) > v > 0

then there exists e(n,v) > 0 such that if |Ric| < e and
dan (Ba(p), Ba(0,2")) < e. (1.15)
where (0, 2*) € R" ¢ x Z* and ¢ < 3, then
sup |Rm| < C(n,v). (1.16)

Bi(p)

Notice that, in exchange for losing the cone structure we have only changed the curvature bound
from 1 to some uniform constant C(n,v).
Now our primary goal in proving Theorem 1.1 is to reduce the statement to the one of Theorem

3.26. To accomplish this we need to show two points. First, if (M™, g,p) satisfies | Ric| < € with

daw (Bg(p),BQ(O,Z*)> <e,

rank(T's(p)) =n —k, (1.17)
where (0,2*) € RF=¢ x Z*, then we need to show that
Vol(By(p)) >v >0, (1.18)

has some uniform lower bound, where p is a lift of p to the universal cover of By(p). Additionally,



we then need to show that

B(p) = B,(0,2") CR"* x Z*, (1.19)

where Z is potentially a different length space and r > 0 is of some uniform size.

Let us begin by mentioning that the proof of (1.18) and (1.19) is easier if = 0 and thus Z* = {pt}
is a point and B,.(p) ~ R™ is a ball in R™. Indeed, in this case one can use the rank condition along
with the ideas of [FY] and the algebraic constructions of Section 5 to build (n — k)-independent lines
on the universal cover of Ba(p), which in turn force the new R factors on the cover by using the
splitting theorem. The moral of this argument is similar to the abelian rank arguments presented
in [ChGr]. The precise statement is in Proposition 6.4.

In the general case of (1.18) and (1.19) when ¢ # 0, one cannot directly use the rank condition
to construct the new lines on the cover. The reason for this is the potential lack of compactness
of the factor Z. See Section 3.1 to see why the compactness plays a role, and see Example 4.5 to
see that the line splitting argument legitimately fails when Z¢ is not compact. That is, in Example
4.5, Z* is smooth and noncompact with positive Ricci curvature, and I's(p) has maximal nilpotency
rank, but the non-collapsed covering space does not admit any lines.

Indeed, we must argue in an entirely different manner, and instead rely on the cone splitting
ideas of [ChNal] to build our new R-factors on the cover. However, in the context of lower bounds
on Ricci curvature, the construction of cone points fundamentally requires noncollapsing. Thus, we
will in fact need to prove (1.18) first, and then once this is in hand we will prove (1.19) through a
cone splitting argument. This is all contained in Theorem 6.1, which is the main technical challenge
of the paper.

In more detail, to prove (1.18) in the general case we begin by proving a refined version of the
¢ = 0 case. Indeed, in Chapter 6.2 we show that if the assumptions (1.17) hold with ¢ = 0, then
for any normal covering of Ba(p) whose deck transformation group satisfies the appropriate rank
condition, the conclusion that B,.(p) ~ R™ holds, where p is a lift of p to the given normal cover.
The proof of this is similar in spirit to that of the £ = 0 case on the universal cover, that is we want
to use the rank assumption to build lines on the cover. Similar but weaker statements were proved
in [FY] and [KW] in the context of lower sectional and Ricci respectively; in our case the algebraic
requirements are much more involved, see Remark 6.3 for more detailed explanation on this. In the
construction of the new lines by exploiting the rank condition, a key step of this argument is to

build geometrically well behaved collection of generators for the deck transformation group. More



precisely, in Chapter 5 we show how to build a geometrically compatible polycyclic extension of the
lower central series for a general deck transformation group in this context. With this in hand we
can argue as in [FY] to build independent lines on the normal cover, and thus force new splittings.

We use this result to prove the noncollapsing (1.18) in the following manner. Returning to the
general factor space Z*, we use [CoNa] to see that there exists a ball By, (z) C Z° with Ba,.(2) ~ R.
In particular, there exists a ball Ba,.(q) € Ba(p) in the original ball such that Ba,.(q) ~ RF. If we lift
Bs-(q) to the universal cover of Ba(p), then we can view the connected component of this lifting as
a normal covering of Ba,(q) itself. We prove in Lemma 6.3 a nonlocalness property for the fibered
fundamental group. Roughly, it shows that if rankT's(p) = n — k, then rank (Image[m(B(;/T(q)) —
71(Ba (p))]) = n—k, where § << ¢’r. This is sufficient to apply the results of Section 6.2 discussed in
the last paragraph, and in particular to see that there is some definite size ball B, (¢') C Ba(p) which
is close to a ball in R™. By volume convergence one can immediately conclude the noncollapsing
(1.18) for By(p) itself.

Once (1.18) has been proved, then we can proceed to prove (1.19) through a cone splitting
argument. More precisely, using the quantitative differentiation of [ChNal], see lemma 3.29 for a
precise statement, we see that after dropping to some definite radius that B, (p) ~ R*~* x C(Y)
is very close to being a cone space with p the cone point. On the other hand, with the algebraic
results of Chapter 5, we can use the rank condition on the fibered fundamental group to construct
n — k independent points p1,...,pn—r € C(Y) inside the cone factor, which are themselves also
tips of cone points. The cone splitting of [ChNal], see lemma 3.31, tells us that if we have n — k
independent points for which a metric space is a cone space with respect to all of these points, then
our metric space must split a R"~*-factor. That is, we can conclude that C(Y) ~ R" ¢ x Zt, which

in particular proves (1.19). When ¢ < 3, by applying Theorem 3.26 we can thus prove Theorem 1.1.

1.3 Organization of Part II

This paper is organized as follows:

In Chapter 3 we will introduce some preliminary notions and results from the literature. At
several points we will give slight extensions of those results from the literature, but these extensions
are minor and mostly well understood by experts.

Chapter 4 is dedicated to presenting some motivating examples which intuitively show the pic-
tures of the e-regularity in the collapsed setting. Additionally, we will give examples in order to

show that each assumption in Theorem 1.1 is sharp.



In Chapter 5 we focus primarily on studying some algebraic properties of almost nilpotent groups.
Our main result of this Section will be to produce a polycyclic extension of the lower central series
of a nilpotent group which will behave well from a geometric point of view. This will be important
in the proof the quantitative splitting results of Section 6.

In Chapter 6, we will develop our central technical tools for the e-regularity in the collapsed
setting. Our main result of this Section, and indeed the main technical point of the paper, will be
Theorem 6.1, whose content was the focus of the previous subsection.

In Chapter 7 we combine the results of all the previous Sections in order to prove the main
Theorem of the paper. Indeed, we will also prove a version of the main Theorem in the context
of only a lower Ricci bound, though the result is obviously much stronger under a two sided Ricci
curvature bound.

Our main purpose in Chapter 8 is to give a proof of a fiber bundle structure under bounded Ricci
curvature and lower Ricci curvature respectively. For technical preparations, we will briefly review
some basic regularity and compactness results in the context of lower Ricci curvature. In fact, the
fiber bundle result that we will prove has been stated without proof in the literature, and in any
case is well known to experts, but we include a proof for completeness since we require this result
for the converse direction of Theorem 1.1.

In Chapter 9 will give some applications of our e-regularity theorem (Theorem 1.1) to the struc-
ture of a Ricci-limit space. Specifically, we will prove an orbifold-regularity theorem under the
assumption of bounded Ricci curvature and maximal nilpotent rank.

In Chapter 10 we prove a generalization of the main result of [KW]. In fact, the proof is primarily
just a combination of the results of [KW] with some technical constructions from Section 5 and 6.

However, since this refinement is important for applications we include it.
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Chapter 2

Results in ()2,-Curvatures from

Conformal Geometry

Part III of this thesis focuses on my recent results in the topological effect of ()2-curvatures on

locally conformally flat manifolds. The main part is from my work [Zh]

2.1 Background and Statement of Main Theorems

Compact locally conformally flat manifolds with positive scalar curvature can be viewed as Kleinian
manifolds by Schoen-Yau’s fundamental work in [SY]. That is, if (M™, g) is a compact locally con-
formally flat manifold with R, > 0, then the universal cover (]Téﬁ, g) can be conformally embedded
in the standard sphere (S™, g1). Moreover, 71 (M™) is isomorphic to a Kleinian group I' < Conf(S™)
such that

M» =~ Q) =S™\ A, (2.1)

where A = A(T') is the limit set of the Kleinian group I'. In [SY], Schoen-Yau also proved the

following Hausdorff dimension estimate on the limit set A in the above setting,

dimy (A) < 2 5 2 (2.2)

The above Hausdorff dimension estimate immediately gives homotopy vanishing and homology van-
ishing results, which are interesting topological obstructions for conformally flat manifolds with

nonnegative scalar curvature (see [SY] for more details).

11



In this paper, we are trying to generalize the above theory to the fractional setting. In conformal
geometry, scalar curvature R, arises as the zeroth order term of the conformal Laplacian operator.

More precisely, denote J, then

= _Re
- 2(n—1)’

9
ity (2.3)

PQE—AQ—F 5

It is standard that the second order conformal Laplacian operator P, satisfies the following conformal
covariance property: For n > 3, let g = vﬁg and let ﬁg be the conformal Laplacian with respect
to the conformal metric g, then

~ n+2

Py(u) = v~ »2 Py(uv). (2.4)

The fourth order analogy of P» is called Paneitz operator, which is defined by

—4
Py(u) = (—0g)%u + Divy (44, (Vau, e;)e; — (n — 2)J,V qu) + ”TQ4 u, (2.5)

where

A, = L(Ricg ~Jy-9). (2.6)

n—2

The above Q4 = (”7_4)_1P4(1) is called Branson’s ) curvature. Similar to (2.4), Paneitz operator

has the following conformal covariance property: For n > 5 and § = vﬁg, then

-~ n+4

Py(u) = v~ »1 Py(uv). (2.7)

Chang-Hang-Yang studied the covering geometry similar to what Schoen-Yau did (see more details
in [CHY]). In our paper, we focus on fractional order conformally covariant operator P and the
corresponding @2, curvature for 1 < y < 2. The basic theory for P», is developed by Chang-
Gonzalez in their work [ChGon]. See Section 11 for more notations about that. The main part of
this paper is to study the covering geometry of compact locally conformally flat manifold (M™, g)
with Ry > 0 and @2, > 0 for 1 < v < 2. Specifically, the main theorem of this paper is the following

estimate on the Hausdorff dimension of the limit set.

Theorem 2.1. Let n > 4 and let (M", g) be a compact locally conformally flat manifold with Ry > 0

and Q2 > 0 for some v € (1,2), then

dimgy(A) < "=,

(2.8)
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Remark 2.1. Ezample 15.3 shows that the Hausdorff dimension upper bound (2.8) is optimal.

An immediate application of Theorem 2.1 is the following existence result for fractional order

Yamabe problem.

Theorem 2.2. Let (M™, g) be a compact locally conformally flat manifold with Ry > 0. Assume that
Q2y > 0 for some v € (1,max{2,§}), then for every v' € (1,7], there exists a smooth Riemannian

metric § which is conformal to g such that @27/ =1.

The above Hausdorff dimension estimate in effect leads to the following topological consequences.
From now on, we assume that m (M™) is torsion-free (see the discussion at the end of Chapter 11
for the necessity of this assumption).

For n = 3, the following sphere theorem holds.

Theorem 2.3. Let (M3, g) be a compact conformally flat manifold with R, > 0 and Q3 > 0, then

M3 is conformal to (S®,g1) with the round metric.
When n = 4 or 5, we have the following topological rigidity.

Theorem 2.4. Givenn =4 or 5, assume that (M™, g) is a compact locally conformally flat manifold
with Ry > 0 and Q2 > 0 for some v € (1,2), then M™ is diffeomorphic to S™ or #¢(S' x S"~1) for

some k € Z if one of the following holds:
I.n=41<vy<2

2. n=25,

[S][9)

<y <2,

Remark 2.2. In Theorem 2.4, if m1(M™) is non-elementary, then ' is isomorphic to a Schottky

group.

Remark 2.3. In case (2) of Theorem 2.4, the lower bound ~v > % is sharp. In fact, by Example
15.8, (M5, w) satisfies
Ry >0, Q2 >0, (2.9)

for every 1 <~ < % and Q3 = 0, but clearly M® = S3 x %2 is not covered by #(S' x S%).

Proof of Theorem 2.4. First, we consider the case that I' = m(M") # {e} is elementary. Since
R, > 0, it is a classical result by [GL] that M™ is not covered by T". Therefore I' has to be an
infinite cyclic group generated by a loxodromic element, and hence M" is diffeomorphic to S* x S?~1.

So Theorem 2.4 holds in this case.

13



Now we switch to the general case in which I' = 71 (M™) is non-elementary. Under the assumption
either (1) or (2), by Theorem 2.1, we have that dimy (A(T)) < 1. Furthermore, Patterson-Sullivan’s
theorem (see theorem 11.8) implies that §(I'") = dimy(A(I)) < 1. Since I' is non-elementary,

0 < §(I') < 1. Applying theorem 6.1 in [Izeki], M™ is diffeomorphic to #(S! xS"~1) for k € Z. O
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Part 11

Quantitative Nilpotent Structure
and Regularity of Spaces with

Ricci Curvature Bounds
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Ich habe mir daher zundchst die Aufgabe gestellt, den Begriff einer mehrfach ausgedehnten Grofie
aus allgemeinen Gréflenbegriffen zu construiren. Es wird daraus hervorgehen, dafS eine mehrfach
ausgedehnte Gréfie verschiedener Mafverhdltnisse fdhig ist und der Raum also nur einen besonderen

Fall einer dreifach ausgedehnten Grofie bildet.

Georg Friedrich Bernhard Riemann: Uber die Hypothesen, welche der Geometrie zu Grunde liegen,

1854

I have first, therefore, set myself the task of constructing the concept of an multiple generalized
magnitude from general motion of magnitude. Hence it will follow that, an multiple generalized
magnitude is capable of various relations of measures and also the space is just a special case of

triple generalized magnitude.

Georg Friedrich Bernhard Riemann: On the hypotheses which lie on the bases of geometry, 1854
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Chapter 3

Preliminaries in Metric Spaces,
Ricci Curvature and Fundamental

Groups

In this chapter, we will review some preliminary results needed for the paper. At times we will
give mild generalizations of known results in the literature. The organization of this section is as
follows. In Section 3.1 we begin by recalling the notion of Gromov-Hausdorff convergence, as well
as some basic results on isometries and lines in homogeneous spaces. In Section 3.3 we recall the
noncollapsed e-reglarity results of [ChNa2]. In Section 3.4 we discuss some basic properties of Ricci
limit spaces. In particular, we recall from [CoNa] that there is a well defined dimension, and what
this means, as we will be using this point. Finally in Section 3.5 we recall the basics of nilpotent
groups and their relation to the fundamental group of spaces with lower Ricci bounds. We recall
the results of [KW], and give a mild extension of their results which will be useful in our context.

This extension is proved in Chapter 10.

3.1 Gromov-Hausdorff Distance and Isometries of Metric Spaces

3.1.1 Gromov-Hausdorff Distance

To begin with, we list basic definitions in Gromov-Hausdorff theory.

Definition 3.1 (Proper Metric Space). A metric space (X, d) is proper if every close ball B,.(p) is

17



compact.

Definition 3.2 (e-Net). Let (X,d) be a metric space. Given € > 0, a subset N C X is called an
e-net if T.(N) = X, where

T. = {x € X|d(z,N) < €}. (3.1)
Definition 3.3 (Length Space). A metric space (X,d) is called a length space if d coincides with
the induced intrinsic metric dy. That is, for every x,y € X we have d(x,y) = di(x,y), where

di(z,y) = inf{L(Vgy)|Vay : [0,1] = X is a path from x to y}. (3.2)

Definition 3.4 (Pointed e-Gromov-Hausdorff-Approximation). Let (X, p) and (Y, q) be pointed met-
ric spaces. A pointed map f : Be-1(p) — (Y, q) with f(p) = q is called a pointed e-GHA (Gromov-

Hausdorff approximation) if it satisfies the following:

(i) (e-onto) B.-1(q) C Be(f(Be-1(p))),

(ii) (e-isometric) for any x1,x2 € B-1(p), we have that

ldx (21, 22) — dy (f(z1), f(22))] < e (3.3)

By the pointed e-GHA, we can define the pointed G H-distance between two metric spaces.

Definition 3.5 (pointed GH-distance). Let (X,p) and (Y, q) be pointed metric spaces, then pointed
GH-distance is defined as follows:

déy(X,p), (Y,q)) = inf{e >0

e-GHAs [+ (X,p) = (V.q) and g5 (V,q) = (X.p) }. (34)
Remark 3.1. (1) Let
Met? = {all of the isometric classes of proper and complete pointed metric spaces}, (3.5)

then this collection endowed with the pointed GH-distance (MetP,d. ;) is a complete metric space.
(2) For a convergent sequence of pointed complete metric spaces {(X;,p;)}, assume that they are

proper and diam(X;) < D, then the convergence is independent of the choice of reference points.

The following compactness theorem is proved by Mikhail Gromov in 1978, which is a milestone

result in the metric aspect of Riemannian geometry (see [Gr2]).
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Theorem 3.6 (Gromov’s Compactness Theorem). A subclass C C MetP is compact in pointed
Gromov-Hausdorff distance if the following holds. For every e > 0 and R > 0, there exists a
No(e, R) > 0 such that for oll (X,d,p) € C and for all Br(x) C X, Br(z) has a finite e-net N, with
#N. < Co.

The following corollary is immediate.

Corollary 3.7. Givenn € Z, and A € R, we define

MP(n) = {All isometric classes of pointed n dimensional Riemannian manifolds} (3.6)

and

MP(n, A) = {All isometric classes of pointed Riemannian manifolds (M",g) with Ric > A}, (3.7)

then MP(n, A) is precompact in MP(n) in the pointed Gromov-Hausdorff topology.

Now we introduce the concept of a tangent cone which plays a tremendously important role in
metric geometry. Roughly, it measures the infinitesimal behavior around a point in a metric space.

Precisely,
Definition 3.8 (Tangent cone). Let (X,d,p) be a metric space and let A\; — oo, then the tangent
cone at p given by the blowing-up sequence {/\j}J‘?';l 1s defined by

if the above Gromov-Hausdorff limit exists.

Remark 3.2. By Gromov’s Precompactness Theorem, any point on a Ricci-limit space has a tangent

cone. However, the tangent cone highly depends on the choice of the blowing-up sequence.

3.1.2 Isometric Actions on Metric Spaces

In this subsection, we study the isometric action of a metric space. First, we will discuss a classical
lemma on the existence of a line on a metric space which will be used later. Next, we will introduce
the notion of equivariant Gromov-Hausdorff distance.

We make the following convention for the convenience of the next chapters. We always assume

the metric spaces (X, d) are proper and the isometry group Isom(X) properly acts on (X,d). In
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fact, in our applications, the above assumptions automatically hold.

Definition 3.9. Let (X,d) be a metric space, the isometric embedding v : (—oo, +00) — X is called

a line, and the isometric embedding v : [0, +00) — X is called a ray.

A standard result (see for instance [Yal]) is that, for any non-compact complete proper length
space X, if it is homogeneous, then it admits a line. The following is a slight generalization of this

fact, and is fairly standard. We give a proof for the convenience of the readers.

Lemma 3.10. Let (X,d) be a non-compact complete locally compact length space. If X is C-
homogeneous for some C' < oo, that is, for every x,y € X, there is an isometry f € Isom(X) with

dx(y, f(x)) < C, then X admits a line.

Remark 3.3. If the constant C in the above lemma is 0, the space X is homogeneous and thus the

above lemma is the standard one.

Proof. First, we show that for any p € X there is a ray at p. Take a sequence of points {¢;} C X
such that d(p, ¢;) — co. Since X is a locally compact and complete length space, for each g¢;, there
is a minimal geodesic joining ¢; and p, denoted by ;. Let B;(p) be a closed metric ball of radius 1
in X, so it is compact in our context. Then, by Arzela-Ascoli theorem, there exists a subsequence
{7i,} which converge to a minimal geodesic v; : [0,1] — X. Similarly, in Ba(p), there exists a
subsequence of {v;, }, denoted by {v;,} which converge to a minimal geodesic 72 : [0,2] — X. Note
that 72 coincides with 41 in By (p). Continuing we can construct s, 4 and so forth. Then the ray
is defined by v = G vi : [0,00) = X.

The next is tcj:clonstruct a line from v. For each m € N, let g,, € Isom(X) be an isometry
satisfying dx (gm - v(m),p) < C. We denote by v, = gm © v : [0,4+00) — X the image of v under
the isometry g, € Isom(X), then ~,, is a ray. Let oy, : [-m,+00) — X be a ray defined by
o(t) := ym(t +m). Since dx(om(0),p) = dx(gm - ¥(m),p) < C, after passing to a subsequence the

rays o, : [-m,00) — X converge to a line. O

Next we introduce the basic concepts on equivariant-Gromov-Hausdorff distance which gives an
interaction between the metric structure and the symmetry for a sequence of metric spaces. Before
defining the equivariant Gromov-Hausdorff distance, we introduce the notation MetZ . Let MetL,

be the collection of the triples (X, p, G) which satisfies the following conditions:
1. (X,p) € Met?,

2. G is a closed subgroup of Isom(X).
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In the above notations, given R > 0, define G(R) = {g € G|d(g9(z),x) < R}.
With the above notation, we are ready to define the equivariant Gromov-Hausdorff distance in

Mett,.

Definition 3.11 (e-eqGHA). Let (X,p,G), (Y,q, H) € Met?,. An e-equivariant-Gromov-Hausdorff
approximation (e-eqGHA) is a triple of maps (f,p,v) with f : (Be-1(p)) — (Y,q), ¢ : G(e™1) —
H(e Y, v : H(e ') — G(e7') such that the following holds:

1. ‘d($17$2) — d(f(l’l),f(l'g)” < €, V(L’l,CCQ € X.

2. Be-1(q) C Te(f(Be-1(p)))-

3. Ifge G(e™Y), © € B.-1(p), then
A(g(/ (@), p(9)(F@)) < e. (3.9)

4. Ifh€ H(e™t), x € Be-1(p), then
d(f(z/;7ho f(:c)) <e (3.10)

Definition 3.12 (Equivariant-Gromov-Hausdorff Distance). Let (X,p,G), (Y, q, H) € Met?,, then

their equivariant-Gromov-Hausdorff distance is defined by

Eoon (X.0.G), (Vg H)) = {e>0[3 an e~ cqGHA (f,0,0) : (X,G.p) = (V, H.q)

and 3 an ¢ — eqGHA (f,3,9) : (Y, H,q) — (X,G,p)}. (3.11)

With the equivariant-Gromov-Hausdorff distance, one can define the equivariant Gromov-Hausdorff

convergence correspondingly.

3.2 Some Structure Theorems in Lower Ricci Curvature

The proof of our main theorem (Theorem 1.1) essentially requires the fundamental structure theo-
rems in lower Ricci curvature. For the sake of the completeness of the thesis, we list the theorems
here.

We start with the quantitative splitting theorem by Cheeger-Colding (see [ChC]) which plays a

critical role throughout the whole proof.
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Theorem 3.13 (Quantitative Splitting Theorem). Given n > 2, ¢ > 0, R > 0, there exists
d(n, e, R) > 0 such that the following property holds. Let (M™, g,p) complete with Ric > —(n — 1)
and let po,p— € M™ such that E(p) < § where E(p) = d(p,p+) + d(p,p—) — d(p+,p—), then there

exists some complete length space (X, d,z) such that
dar(Br(p), Br(0',2)) <, (0Y,7) € R' x X. (3.12)

The above quantitative version of the splitting theorem has the following corollary for a Ricci-

limit space.

Corollary 3.14. Let (M}, g;,p;) complete with Ric > —(n —1)é; for §; — 0 and

n GH
(MI", gj,pj) == (X.d,p), (3.13)

for some complete length space (X, dx,p). If (X,dx,p) admits a line, then X is isometric to R¥ x Y

where (Y, dy,y) is a complete length space without any line.

One of technical ingredients of proof of the above quantitative splitting theorem is on the integral
estimates for quantitative splitting functions which can be viewed as the harmonic approximation
of Busemann functions. Such integral estimates will be frequently used in our thesis in various

contexts. So now we are in a position to quickly review that.
Definition 3.15 (e-splitting map). An e-splitting map u = (u',...,u*) : B,.(p) — RF is a harmonic

map such that
1. Au® =0 for every 1 < a<k.

2. |Vu®| <1+4¢€ forevery 1 <a<k.

k k
> 7[ {(Vu®, V) — S5 + Z][ 2| V2 ? < e (3.14)
B.(p) a=1" Br(p)

a,B=1
Cheeger-Colding’s in effect constructed a Gromov-Hausdorff approximation by the quantitative

splitting map.

Theorem 3.16 (Cheeger-Colding). Givenn > 2, € > 0 and R > 0, there exists §(n,e, R) > 0 such
that if (M™, g,p) is complete with Ric > —(n — 1)62, the following holds:
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. Let u : Br(p) — R* be a §-splitting map, then there exists a map f : Br(p) — u~1(0%) such

If

that
(u, f): Br(p) — R”* x u_l(Ok) (3.15)
is an e-GHA.
dar(Bs-1(p), Bs—1 (0%, ) < 6, (0%,z) € RF x X, (3.16)

then there exists an e-splitting map u : Br(p) — R”.

The most crucial and essentially new technical part in our proof highly relies on the metric cone

structure of a tangent cone for a non-collapsed Ricci-limit space. This structure was proved in [ChC|

and we also list them in this subsection.

Theorem 3.17 (Almost Volume Cone Implies Almost Metric Cone). Given n > 2, R > 0 and for

every € > 0, there exists d(e,n, R) > 0 such that if (M",g) satisfies Ric, > —(n — 1)¢ then the

following holds:

If

Vol(0B2r(p)) _gy. Vol(Bar(p))
Vol_s(@B2n(07)) = '~ Vol_4(Ban(0))’ (317)
then
dau(Bar(p), Bar(2%)) <€, 2" € C(Z), (3.18)

where C(Z) is a metric cone over some compact metric space Z with diam(Z) < m + .

2. If

Vol(Bar(p)) Vol(Br(p))
Vol 3 (Bon(0m) = L = N0l (Ba(0m)’ (3.19)
then
den (B%R(m,B%R(z*)) <e 2 eC(2), (3.20)

where C(Z) is a metric cone over some compact metric space Z with diam(Z) < w + e.

3. If

(3.21)



then
deu(Br(p), BR(0")) <€, 0" € R™. (3.22)

Theorem 3.18 (Tangent Cones Are Metric Cones). Let (M, g;,pi) be a sequence of Riemannian

K2

manifolds with Ricg, > —(n — 1) and Vol(Bi(p;)) > v > 0 such that

(MP, giopi) <25 (X, d, p). (3.23)

2

Then every tangent cone on X is a metric cone.

Since our e-regularity theorem can be viewed as another version of the stratification of the singular

set in a Ricci-limit space, so we recall some basic notions and results.

Definition 3.19 (Stratified singular set). Let (X,d,p) be a metric space of Hausdorff dimension n,
then

Sk(X) = {x € X|Any tangent cone at x does not splitt off R*1}, (3.24)
and §(X) = 8,,_1(X). Then the regular set is defined by R(X) = X \ S(X).

Remark 3.4. Immediately, by definition, we have that

So(X) CS1(X)C... CEpa(X) C Sp1(X) = S(X). (3.25)

Theorem 3.20 (Cheeger-Colding, Structure of non-collapsed Ricci-limits). Let (M, g, p:) ased

3

(X,d,p) with Ricg, > —(n — 1) and Volg, (B1(pi)) > v > 0, then the following holds:
1. Every tangent cone for any point x € X is a metric cone.
2. dimy (Sk(X)) < k.
3. S§(X) =8,—2(X).

If we assume that Ricci curvature is uniformly bounded, then we obtain a much stronger strati-

fication theorem. The following theorem was proved recently by Cheeger-Naber in [ChNa2].

Theorem 3.21 (Cheeger-Naber). Let (M, g;,p;) be a sequence of complete Riemannian manifolds

K2

with | Ricg, | <n —1, Vol(B1(p;)) > v > 0 such that
pGH
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for some complete length metric space (X,d,p). Then

S(X) = Sn_a(X). (3.27)

In particular, dimy (S(X)) < n —4.
In dimension 4, Cheeger-Naber gave a much stronger improvement in [ChNa2].

Theorem 3.22 (Cheeger-Naber). Let (M}, g;,p;) be a sequence of complete Riemannian manifolds

7

with | Ricy, | < 3 such that

G
(M;Laghpi) p—> (X7 dvp) (328)

T

for some complete length metric space (X,d,p), then (X,d,p) is a CY“-orbifold for any 0 < a < 1.
Now we end this subsection by the volume convergence theorem due to T. Colding (see [Colding]).

Theorem 3.23 (Colding). Let (M]*,gi,pi) be a sequence of Riemannian manifolds with Ric,, >

K2

—(n—1), Vol(B1(p;)) > v > 0, such that

(2

for some length space (X,d,p) with dimy (X) = n. Then for any fized R > 0,

lim Voly, (Br(p;)) = H"(Br(p)). (3.30)

1—00

3.3 Ricci Curvature and Noncollapsed e-regularity Theorems

The following is a standard useful manner of measuring regularity on a manifold:

Definition 3.24 (C'-harmonic coordinates). Let u = (u1,...,u,) : B.(p) — R™ with u(p) = 0 and
w a diffeomorphism onto its image. We call u a Ct-harmonic coordinates system with |ul, < 1 if

the following properties hold:
1. For each 1 < k <mn, uy is harmonic.

2. If gi; = 9g(Vug, Vuy) is the metric in coordinates, then |g;; —0i;|co(B,.(p)) +79i5 —0ij|cr (B(p)) <

1075, where the scale-invariant norms are taken in euclidean coordinates.

Using the above we immediately have the notion of the harmonic radius of M:
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Definition 3.25. For x € M we define the harmonic radius r(x) by

rp(x) = sup{r > 0|3 harmonic coordinates u : B.(x) — R™ with ||u|, < 1}. (3.31)
Remark 3.5. Note that the harmonic radius is scale invariant. That is, if rp(z) = 7, and we rescale
the metric of M so that B,.(x) — B1(z), then rp(z) = 1 in the new space.

Remark 3.6. Notice the Lipschitz bound |Vry| < 1.

It was discussed in the introduction that a key e-regularity theorem tells us that for spaces with
bounded Ricci curvature | Ric | < €(n) that if dgg(Ba(p), B2(2*)) < €(n), where 2* € R"~3 x C(Y),
then rp(p) > 1. We will want to study in this section what happens when the cone assumption is
dropped. In this case we have the following, which is a slight extension of the e-regularity theorem

(theorem 6.1) in [ChNa2].

Theorem 3.26. Given n, v > 0, there are positive constants € = e(n,v) > 0 and rq = ro(n,v) > 0

such that if (M™,g,p) satisfies |Ric| <n —1, Vol(Bi1(p)) >v >0 and

der(Ba(p), B2(0"72,y)) <€, (0772, y) e R"3 x Y, (3.32)

for some metric space (Y,y), then for each q € B1(p), we have that

rr(q) > 19 > 0. (3.33)

Remark 3.7. We can also write the above result in a scale-invariant version. That is, if | Ric| <

n—1, Vol(B,(p)) >v-r" and

dar (Bar (p), B2 (0" 7%, y)) <eer, (0"7%,y) e R %Y (3.34)

then correspondingly we have the harmonic radius bound ry(p) > 1 - 1¢.
Before the proof, we need clarify some notions. We start with the definition of

Definition 3.27 (Metric Cone). Let (X,dy) be a compact length space, the metric cone (C(X),d.)
is a topological space C(X) = [0, +00) x X/ ~ with a cone metric d.. The equivalent relation ‘~’ is
defined as follows: for z1 = (r1,21), 22 = (r2,2), then z1 ~ 2z iff 21 = 20 orr1 =ro = 0. We call

z* = (r*,z*) is the cone vertex if r* = 0. The cone metric d. is defined in the following way: for
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every z1 = (r1, 1), 22 = (ra, x2),

\/r% + 713 — 2rirg cosdo(z1,xa), diam(X) <,
de(21,22) = (3.35)

r(21) + 7(22), diam(X) > 7.

Definition 3.28. Let (X,d) be a length space, then we define the following:

(i) We say X is k-symmetric at = if there is some compact metric space Y such that X is
isometric to C(Y) x R¥, where C(Y) is a cone space over Y and x is the cone tip under this
isometry.

(it) Givenz € X, 0<r <1 and e > 0, we say X is (k,e,1)-symmetric al x if there is some

compact metric space Z which is k-symmetric at z € Z such that

don(Br(z),B.(2)) < re. (3.36)

(#it) Denote by ro = 27%. Given x € X, we call ro is a good scale if X is (0, €,14)-symmetric

at x, and a bad scale otherwise.
The following lemmas allow us to reduce the result of Theorem 3.26 to theorem 6.1 of [ChNa2]:

Lemma 3.29. [ChNal] Let (M™, g, p) be a Riemannian manifold with Ric > —(n—1) and Vol(B;(p)) >
v > 0. Then for each € > 0, there exists N(n,e,v) > 0 such that for every q € By1(p), we have that

there are at most N bad scales at q.

We also the need the following quantitative cone splitting lemma which simply follows from

standard contradicting arguments.
Lemma 3.30. Let (M™,g,p) be a Riemannian manifold with Ric > —(n—1). For each e > 0, there
exists dp(n,€) > 0 such that if for some metric space (Y,y),

der (Ba(p), B2(0%,y)) < &, (0%,y) e RF x Y, (3.37)

and

dau(Ba(p), B2(y1)) < do, y1 € C(Y1) (3.38)

for some cone space C(Y1) over some compact metric space Y1 with the cone tip y1, then we have
that
dar(Ba(p), Ba(0%, 40)) <€, (0%,50) € R* x C(Yp) (3.39)
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where C(Yy) is some cone space over a compact metric space Yo with the cone tip yo.
Applying the above lemmas, we proceed to prove Theorem 3.26.

The proof of Theorem 3.26. Fix n, v, we will explicitly determine
e(n,v) > 0,179 = r9(n,v) >0 (3.40)

such that for some metric space Y, if (3.32) holds for € > 0, then
Th(p) > 10 > 0. (3.41)

Let ¢ = €(n,v) > 0 be the positive constant in the non-collapsed e-regularity of theorem 6.1 in
[ChNa2] and denote by dy = do(€’,n) > 0 the constant in Lemma 3.30. Take any ¢ € B;(p), Lemma
3.29 implies that, with respect to the constant §y > 0 defined above, we can drop a definite number
of factors

N = N(n,dy(€',n),v) >0 (3.42)

such that there exists some r > 0 with
92N (e v) 9= N(me'w) ¢/, (3.43)
then for some cone space C(Y™*), it holds that
da(Bar(q), Bar(y™)) < rdo, q € B1(p), (3.44)
where y* € C(Y™) is the cone tip. Let (3.32) hold for
0<e=r-d(ne). (3.45)
Then if we restrict to Ba,(q) C Bz(p), it holds that
deu (Bar(q), B2r(0"72y)) < e =1 6. (3.46)

Combining with (3.44), by Lemma 3.30, there exists a cone space R"~3 x C(Yp) over some compact
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metric space Yy with the cone tip (0”73, 3) such that
daw (Bay(q), Bar (073 ) < 7€ (3.47)
Applying theorem 6.1 of [ChNa2], we obtain the harmonic radius bound for each ¢ € B;(p),
rn(q) >r > 0. (3.48)

Since the constants r > 0, € > 0 are determined by (3.43) and (3.45) which depend only on n, v, we
have finished the proof.
O

We end this subsection by introducing the following Cone-splitting Principle (see [ChNal] for
more details) which is a powerful tool to study the e-regularity especially in the non-collapsed context
(see Subsection 6.2). The following lemma will be heavily used in the proof of the quantitative

splitting result.

Lemma 3.31 (Cone-splitting Principle). Let (C(Y),y*) be a metric cone with vertex y* over some
compact metric space Y. Assume that there exists a metric cone (C(Y),§*) and there is an isometry
F:R*xC(Y)— C(Y) such that y* € F(R® x {g*}), then for some compact metric space W, C(Y')

is isometric to R**t! x C(W).

3.4 Metric Geometry and Topology of Ricci-limit Spaces

In this section, we briefly discuss the geometric properties of a Ricci-limit space which will be used

in the proof of our e-regularity Theorems.

Definition 3.32 (Ricci-limit Space). We call a metric-measure space (X,dx,vx,x) a Ricci-limit
space if there exists a sequence (M]", g;,v;,p;) of Riemannian manifolds with Ricg, > —(n— 1)\ and

v; = Vol(B1(p;)) ~'dvg, such that

(Mgl,gi,VmPi) ﬂ) (]Rk X X, dgrx x, VRr X VXaCU)- (349)

Note this differs a little from other papers in the literature, which might call a Ricci limit space a

metric-measure space which arises as a direct limit of Riemannian manifolds. It takes very little work
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to see that all the results that hold for these spaces also hold for Ricci-limit spaces in our sense. In

this section, we focus on the concept of the dimension of a Ricci-limit space and its isometry group.

3.4.1 The Dimension of a Ricci-limit Space

There is a natural definition of the dimension of a Ricci-limit space. This definition is given by the

following theorem, which follows from [CoNa] directly.
Theorem 3.33 ([CoNa]). Let (X,d,v,z) be a Ricci limit space. Then there is a unique integer
k > 0 such that v(X \ Ry) = 0, where

Ri(X) = {y € X‘each tangent cone at y is isometric to ]Rk}, (3.50)
The above unique integer k is called the dimension of X, and the points in Ri(X) are called k-regular
points.
Remark 3.8. [t is conjectured that the Hausdorff dimension of X coincides with the dimension

given by the above theorem.

3.4.2 The Isometry Group of a Ricci-limit Space

To study the isometry group of a Ricci-limit space, we recall some basic notions in compact-open
topology. Given a metric space Y, it is standard to define the topology of Isom(Y") which is called

the compact-open topology. Denote
V(K,U) = {g € Isom(Y)|g(K) Cc U}, (3.51)
where K C Y is compact and U C Y is open and let
K(Y)={V(K,U)|K is compact, U is open}. (3.52)

Definition 3.34. The compact-open topology of Isom(Y') is the topology which is generated by KK(Y)
such that IC(Y') is the subbase.

Let us briefly review some basic facts of the compact open topology of Isom(Y). In fact, the
compact open topology of Isom(Y’) is equal to the compact-convergence topology. Moreover, Isom(Y)

and Y share the same separation properties with respect to the compact-open topology. There is

30



another standard fact that if Y is a proper metric space, then Isom(Y') is locally compact with
respect to the compact-open topology.

Let G = Isom(Y') be the isometry group of ¥ endowed with the compact-open topology. Hence,
G is locally compact. Gleason-Yamabe’s theorem gives a criterion for a locally compact topological
group to be a Lie group. Roughly speaking, a locally compact topological group G is a Lie group
if G has no small subgroup. The above idea is applied to study the isometry group of a Ricci-limit
space. Applying the Holder continuity result of tangent cones developed in [CoNa], Colding and

Naber proved the following theorem (see [CoNal):
Theorem 3.35 ([CoNa|). Let (Y,d,v,y) be a Ricci-limit space, then Isom(Y') is a Lie group.

Let G be as above. Now we give a metric characterization of the identity component of G.
Denote by Gg the identity component of the Lie group G = Isom(Y'), and then we will prove the

following Lemmas.

Lemma 3.36. In the above notations, let B, C Isom(Y) be any open set containing the identity

element e € Isom(Y'), there exists eo(Y, Be) > 0 such that
I(e) = {g € Isom(Y)|d(g - z,2) < €9, Vz € w} (3.53)
is an open set containing the identity and
I(eo) C Be. (3.54)

Proof. First, by definition, for each fixed € > 0, it is obvious that

I(E) = V(-Be—l(y)’Ts(Be—l(y)))v (355)

where T.(B.-1(y))) is the e-neighborhood of the compact set B.-1(y). Hence, I(€) is a subbase
element and thus I(€) is open.
Since B, is open, by the definition of compact-open topology, there exist a open set e C B, C B,

and finitely many V(K,,U;) for 1 < j < N such that

N
ee B, = V(EK;U)). (3.56)

j=1
We will prove that for some sufficiently small €y(Y, Be) > 0, I(eo) C B.. It suffices to show that for
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all 1 < j < N and for every g € I(e), it holds that
g(Kj) C Uj. (357)

N

Since |J Kj is compact, there exists Ry > 0 such that

j=1
N
U &j € Br,(v). (3.58)
j=1

Notice that, e(K;) = K for every 1 < j < N, which implies that K; C U;. Since K; is compact,

there exists an finite open cover of K; such that

K;c|Jo, cu;. (3.59)

v=1

Let 6; > 0 be the Lebesgue number of this open cover, and then for each ¢; € K it holds that for
some 1 < v; < my,

B(;j/g,((]j) - Oyj C Uj. (360)

Let
1 . _
6()Egmln{él,...75N,(10'R()) 1}, (3.61)

then for each z; € K; C Bgr,(y) C Bsal(y) and for each g € I(ep),
g-zj € B60 (Zj) C B(;j/g(zj) C Uj. (362)

Therefore, g € V(K;,U;). So we have finished the proof.
O

Lemma 3.37. Let (Y,d,v,y) be a Ricci-limit space and let G = Isom(Y'). Denote by G the identity

component of the Lie group G, then there exists eq(Y) > 0 such that
Go = (I(co)). (3.63)

Proof. Since (Y,y) is a Ricci limit space, by theorem 3.35, G = Isom(Y") is a Lie group and hence the

identity component Gy is a normal subgroup of G. By Lemma 3.36, given the identity component
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Gy, there exists ¢g(Y) > 0 such that

1(60) C Gy. (364)

If I(eg) = e. Notice that Gy is Hausdorff and thus I(ep) is closed. Since I(eg) is open and Gy is
connected,

Go = {e} = I.,. (3.65)

We are done. Now we focus on the case I(eg) # {e}, that is, I(ep) is a non-trivial neighborhood
containing e. Since Gy is a connected Lie group, Gy can be generated by any arbitrary non-trivial
neighborhood. Therefore,

Go = (I(e0)). (3.66)

O

3.5 Ricci Curvature and Fundamental Group

This section is to show the connections between curvature and fundamental group. Specifically,
we will discuss some Generalized Margulis Lemmas in the context of sectional and in general Ricci
curvature bounded from below. Roughly speaking, the moral of General Margulis Lemma is that if
curvature (sectional or Ricci) is bounded from below, the subgroup of m1(Ba(p)) generated by short

loops is well controlled, i.e. an almost nilpotent group.

3.5.1 Nilpotent groups and Polycyclic Groups

In this subsection, we recall some basic notions related to nilpotent groups and polycyclic groups.

First, we give the definitions of a nilpotent group and a polycyclic group.

Definition 3.38 (Nilpotent Group). A group I' is called nilpotent if the lower central series of ' is

of finite length, that is, there exists a finite descending normal series
FEFO|>F1I>...I>Fk:{6}, (367)

where I'; = [I',T;_4] for all 1 < j < k. The length of the lower central series is called the nilpotency

step or class of T, namely, Step(T") = k.
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Definition 3.39. A group I is called polycyclic if there is a finite subnormal series

r=r,el, 1>...0T;>T={e} (3.68)
such that T';_q is normal in T'; and T';/T';_1 is cyclic for each 1 < j < m. Such a subnormal series
is called a polycyclic series.

Remark 3.9. It is known that all finitely generated nilpotent groups are polycyclic (see [KM]).

For a polycyclic group, we introduce the following invariants which will be used to define the

rank of a finitely generated nilpotent group.

Lemma 3.40. Let I' be a polycyclic group with a subnormal series
r=r,.,cl,1>...>pI>Iy= {6}, (369)

such that T'j_1 is normal in T'j and T'j /T j_1 is nontrivial and cyclic for each 1 < j < m. Define the
integer

Nz(T) = #{1 <j< m’rj/rj_1 =~ Z}. (3.70)

Then Nz(T') is independent of the choice of the polycyclic series, and is called the polycyclic rank of T.
In particular, if T' is torsion-free, then the above normal series can be chosen such thatT';/T;_1 = 7Z

foreach 0 <j<m-—1.

Definition 3.41. Let I" be a finitely generated nilpotent group, then the nilpotency rank is defined
by:
rank(T") = Nz(T). (3.71)

Let us define the nilpotency length of a finitely generated nilpotent group.

Definition 3.42. Let I' be a finitely generated nilpotent group, then its nilpotency length, denoted

by length(T"), is defined by the length of the shortest polycyclic series
{6}:A0<]A1<]A2<]...<]Ak:]\7 (372)
which satisfies for all 1 <1i,5 <k,

[Ai; Aj] < Amingijy—1- (3.73)
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The following lemma for a finitely generated nilpotent group will be applied in our later Theorems.

The proof of the lemma is quite standard, for instance, see [KM].

Lemma 3.43. Let I be a finitely generated nilpotent group, then the following hold:
(i) T contains a torsion-free nilpotent subgroup of finite index.
(13) Given a nilpotent subgroup I < T, then [I' : I'] < oo iff rank(T") = rank(I").

(#it) rank(T") < length(T'), Step(T") < length(T").

In fact, the above definition of nilpotency rank can be extended to a finitely generated almost

nilpotent group.

Definition 3.44. A group T is called almost nilpotent if there exists a nilpotent subgroup N with
[[': N] < o0, and it is called (C, m)-nilpotent if there exists a nilpotent subgroup N with [I' : N] < C

and length(N) < m.

The following lemma gives the definition of the rank of a finitely generated almost nilpotent

group.
Lemma 3.45. Let I' be a finitely generated almost nilpotent group, then the following holds.

1. FEach nilpotent subgroup N with [I" : N] < oo has the same nilpotency rank. The common rank

is called the nilpotency rank of T', denoted by rank(T).

2. if there exists N <T such that rank(N) = m, then rank(I") > m.

3.5.2 Collapse with Bounded Sectional Curvature

The source of intuitions of our theorems is the collapse of manifolds with bounded sectional curvature,
which is a very important special case of collapse with bounded Ricci curvature. The category
of closed manifolds with bounded sectional curvature and bounded diameter has been fairly well
understood in the last several decades.

It is the nilpotent structure that gives rich geometric and topological information of collapsed
manifolds with bounded sectional curvature. A pioneer theorem in this direction is due to M.
Gromov ([Grl]), which gives a deep understanding on the almost flat manifolds. Before stating the

theorems, we give the definition of a nilmanifold (nilpotent manifold) and an infranilmanifold.

Definition 3.46 (Nilmaifold). We say a manifold M"™ a nilmanifold if there exists a lattice L < N

for some simply connected nilpotent Lie group N such that M™ is diffeomorphic to N/L.
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Definition 3.47 (Infranilmanifold). We say a manifold M™ an infranilmanifold if there exist some
simply connected nilpotent Lie group N, a finite group H < Aut(N) and a lattice L < N such that
M™ is diffeomorphic to N/(H x L).

Theorem 3.48 (Gromov). For any n > 2, there exists e(n) > 0 such that if (M™,g) is a closed
manifold with

diam?®(M™) - max [secy | <€, (3.74)
then M™ is finitely covered by a nilmanifold.

E. Ruh gave an improved version of the above theorem.

Theorem 3.49 (Ruh). For any n > 2, there exists e(n) > 0 and w(n) > 0 such that if (M™,g) is
a closed manifold with

diam?(M™) - max |secq | <€, (3.75)

then M™ is diffeomorphic to N/T'. Here N is a simply-connected nilpotent Lie group, T = H x L

with a lattice L < N and |H| < w(n). Namely, M™ is diffeomorphic to an infranilmanifold.

Almost flat manifolds can be viewed as the case of maximally collapsed with bounded sectional
curvature, namely, a family of metrics with bounded curvature that converge to a point. Gromov
and Ruh gave a clear structure of infranilmanifold in this case. In [Fukl], [Fuk2], [Fuk3], [Yal] and
[FY], K. Fukaya and T. Yamaguchi established some more genral pictures. In the following, we will

introduce their fibration theorem for the collapse with bounded sectional curvature.

Theorem 3.50 (K. Fukaya, T. Yamaguchi). For n > 2 and a closed manifold (B, h), there exists

§(n,InjRad(B*)) > 0 such that if a closed manifold (M™, g) satisfies sec, > —1 and
dar(M™, B*) < §/10, (3.76)

then there is a fiber bundle structure F"~% — M™ i> B*. such that the following holds:

1. The fiber bundle map f € CY(M™, B*) is a 30-GHA such that each fiber is connected with
diam, (F"~%) < 34.

2. f is an almost Riemannian submersion, that is, for each vector v orthogonal to a fiber,

V) < ldf (Il 108 (3.77)

Il .
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3. mH(F"=F) has a nilpotent subgroup T with length([') < n —k and [7*(F"~F) : T] < w(n).

4. If |sec| < 1, then f € C°(M™, B*) and ||1lpn—« || < C(n). In particular, F"~* is diffeomor-

phic to an infranilmanifold.

Remark 3.10. In [Ya2], T. Yamaguchi generalized theorem 3.50 for to the case of Alexandrov

spaces.

In general, the limit space of a sequence of manifolds with bounded curvature is an Alexandrov
space (not a Riemannian manifold any more). In this case, there does not exist a regular fiber
bundle structure from the manifolds to the limit space. K. Fukaya proved in [Fuk3| a singular

fibration theorem for general collapsing manifolds with bounded curvature.

Theorem 3.51 (Fukaya). Let (M, g;) be a sequence of Riemannian manifolds with |sec|q, < 1

K2

and diam(M]") < D such that (M], g;) G, (X* d), where (X*,d) is a k-dimensional Alezandrov

3

space. Then

1. The O(n)-frame bundles (F(M]"),g;,O(n)) equipped with canonical Riemannian metrics g;
equivariant-Gromov-Hausdorff converge to a smooth Riemannian manifold (Y, h) with a C*<-
Riemannian metric h such that there exists O(n)-invariant C*-fiber bundle maps f; : (F(M), O(n)) —

(Y,0(n)) which descends to a singular fibration f; : M — X*, and the following diagram

commutes
Ny s (F(M), O(n), i) = (Y, O(n), h) (3.78)
i | /O(n) ml/om) | ml/om)
N; (M, g:) - (x*,d).

2. ]Vi are nilmanifolds.
As a corollary, one has the following:

Corollary 3.52 (Fukaya). Let (M",g) be a complete Riemannian manifold with |secy | < 1, there
exists 6(n) > 0 such that for every x € M™, there exists an open neighborhood of x with Bs(x) C

U C By(z) such that U is diffeomorphic to a disk bundle over an infranilmanifold.

Now we explain why the above structures are related to our main focus. As what we have

mentioned in Chapter 1, in the setting of theorem 3.50, for every p € M™, it holds that

I'5(p) = Image[m (Bs(p)) — m1(Ba(p))] = m (F" ), (3.79)
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namely, T's(p) is isomorphic to the fundamental group of the fiber. Actually, corollary 3.52 gives a
very important example in which, applying the long exact sequence for the disk bundle, 71 (U) =
m1(F) with F the local infranil-fiber. That also explains why we call T's(p) the fibered fundamental
group. In the general context of lower sectional curvature, Fukaya-Yamaguchi proved the almost
nilpotency of the fibered fundamental group I's(p) (see theorem 3.53). Our main theorem in Part
I is to focus on the almost nilpotency of I's(p). Specifically, we will relate the maximality of its

nilpotent rank and various geometric and regularity properties of the underlying spaces.

3.5.3 Almost Nilpotency Theorems

Let us now recall the connection between Ricci curvature and nilpotency of the fundamental group
which is called the Generalized Margulis Lemma. The first such results go back to K. Fukaya and T.
Yamaguchi (see [FY] and [Ya2]), where under the assumption of a lower sectional curvature bound

(or generally in the context of Alexandrov space) they proved the following:

Theorem 3.53 ([FY], [Ya2]). There exists some positive constant e(n) > 0 such that the following
holds: If (X™,p) is an n-dimensional Alexandrov space with curvature > —1, then for any p € X we

have that

Te(p) = Image[mi (Be(p)) = m(B1(p))] (3.80)

is almost nilpotent.

The primary drawback of the above result is that the index of the nilpotent group was not a
priori bounded. This was improved more recently in [KPT] to deal with this, where it was shown

the index is indeed uniformly bounded. Precisely,

Theorem 3.54 ([KPT]). There exists positive constants e(n) > 0 and w(n) > 0 such that the
following holds: If (X™,p) is an n-dimensional Alexandrov space with curvature > —1, then for any

p € X we have that

e(p) = Image[m; (Be(p)) — m1(Bi(p))] (3.81)
is (w(n), n)-nilpotent.

Recently using similar techniques, though technically much more demanding, these results have

been extended in [KW] to the Ricci curvature context.

Theorem 3.55 ([KW]). There are positive constants €1(n) > 0 and w(n) < oo such that the

following holds: If (M™, g,p) is a complete n-dimensional complete Riemannian manifold with Ric >
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—(n —1), then for any p € M™ we have that

Ie, (p) = Image[m (Be, (p)) = m(B1(p))] (3.82)

is (w(n), n)-nilpotent.

Another direction of understanding the fundamental group of a manifold with lower Ricci cur-
vature bound is the number of the generators of the fundamental group. In this direction, a very

useful result due to Kapovitch-Wilking (see [KW]) is as follows.

Theorem 3.56 (Kapovitch-Wilking). Given n > 2, R > 0, there exists a positive contstant
Co(n,R) > 0 such that if (M"™,g,p) is a Riemannian manifold with Ric > —(n — 1) such that

Bogr(p) is compact and w1 (M™) is generated by loops of length < R, then w1 (M™) can be generated
by Co loops of length < R.

Though not explicitly stated, in fact their techniques lead to some refinements, which will be
important in this work. In particular, with the help of the algebraic structure of Section 5, the
nonlocalness Lemma of Section 6, the dimensional result of theorem 3.33, and the induction lemma

of [KW] we prove the following in Appendix 10:

Theorem 3.57. Let (Z%,2%) be a pointed Ricci-limit metric space with dim Z¥ = k in the sense
of theorem 3.33. Then there exists €y = €o(n, B1(2%)) > 0, wo = wo(n, B1(2*)) < 0o such that if a
Riemannian manifold (M™, g,p) with Ric > —(n — 1) satisfies that Ba(p) has a compact closure in
By(p) and

dau (Ba(p), B2(2")) < e, (3.83)

then the group

Te, (p) = Image[m: (B, (p)) = m1(Bz(p))] (3.84)

is (wo,n — k)-nilpotent. In particular, rank(T'¢, (p)) < n — k.

Remark 3.11. The constants €y, wo depend only on the noncollapsing radius r.(z*), see (1.12).
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Chapter 4

Motivating Examples:
Degenerations of Riemannian
Metrics with Ricci Curvature

Bounds

The eventual goal of this paper is to prove e-regularity Theorems for collapsed manifolds with Ricci
curvature bounds. The straightforward generalization of the noncollapsed e-regularity of Theorem
3.26 fails, and in this Section we study the important examples which tell us why, and help moti-
vate the main Theorem’s of the paper. We will also present some examples which show that the

assumptions in our e-regularity Theorems are optimal.

4.1 Example 4.1: Codimension 1 Collapse with Bounded
Ricci Curvature

In [An2] via a surgery construction of the Riemannian Schwarzschild metric M. Anderson built a
complete simply connected Ricci flat manifold (M™, g) which is asymptotically R"~* x S* outside

of a disk. In particular we have that the asymptotic cone of M™ is isometric to R" ', which is to
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say for x € M™ fixed that as r — oo we have

(M”,r_zgmc) CH, (]R"_l,O"_l). (4.1)

In particular, for any € > 0 and all r sufficiently large we have that
dan (Ba(w,), B2(0"1)) < e, (4.2)

where z,, € M™ denotes the point x in the space (M™,772g). On the other hand, it is easy to check
in the example that ConjRad(z,) ~ r~! — 0 as r — oo, and hence the direct version of Theorem
3.26 cannot hold in the collapsed setting. On the other hand, as is stated in Theorem 1.1 we should
expect the fiberd fundamental group T's(z) to be almost nilpotent of rank at most 1. Using that M
is simply connected and the behavior of its asymptotics, it is not hard to see that in this example we
have that rank(T's(x,)) = 0 for all § > 0 and r sufficiently large. Hence, though it does not satisfy
the e-regularity theorem, we do have the expected drop in the fundamental group.

We would like to mention that the above procedure in effect gives a singular degneration in a
compact version. That is, with the same surgery, one can construct a family of Riemannian metrics

on (M™, gc) with | Ricg, | < 10 such that

(M",ge) <, (T"*, g0) (4.3)

where the limit (T""!, go) is the (n — 1)-dimensional flat torus. In this convergence, the curvatures

of g. blow up in an arbitrary dense subset in M".

4.2 Example 4.2: Singular Fibration of K3 Surface

In [GrW] the authors constructed a family of Ricci flat Kéhler metrics (K3, g;) on a K3 surface with
elliptic fibrations over CP! =2 §2,

f:K3— S% (4.4)

Away from 24 singular points, the fibers of f are tori, even almost isometrically with respect to the

geometries on (K3,g;). Each of the 24 singular fibers is of Kodaira type I; which is the pinched
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torus, that is, there is a finite subset {qi,...qg24} C S? such that
) =1, £=1,...,24. (4.5)

Geometrically, the sequence of collapsing K3 geometries converge

GH

(K’?’?gj) (Szadoo)7 (46)
where the metric do, is a smooth metric on the topological two sphere S? away from the 24 singular
points. It may be checked, using the explicit coordinate expression for the metric d., that at every
point of (52, ds) the tangent cone is R%. Hence, for every € > 0 we have for all 7 > 0 sufficiently

small and any x € S? that
dan (Br(x),BT(OQ)) <er. (4.7)

In particular, we are again in a position to test the hypothesis of the noncollapsing e-regularity
Theorem 3.26. Again, we immediately see that if x is one of the 24 singular points, then the
curvature of (K3, g;) blows up along f~*(z). However, note that since f~1(z) ~ I is a torus with a
pinched neck, we have that m1(f~1(z)) & Z. With a little work it can be then seen that one should
expect the same of the fibered fundamental group I's(x;). More precisely, for z; € (K3, g;) — = and
all § > 0, we see that for large enough j that I's(z;) = Z. Since we have collapsed two dimensions
here, this is a drop from the maximal possible fundamental group, and again confirms the picture

of Theorem 1.1.

4.3 Example 4.3: The Eguchi-Hanson Metric

We will give a sequence of collapsing Ricci flat Kéhler manifolds. In this example, the fibered
fundamental group attains the maximal rank, however the e-regularity fails due to a lack of Gromov-
Hausdorff control.

Consider first a sequence of tori with flat metrics which collapse to a point:

(T, i) < pt, (4.8)

where n > 4. On the other hand let (M* h;) = (M*,i~2gpy) be a sequence of rescaled Eguchi-



Hanson spaces with Ricy, = 0, then it is a standard fact that

(M*, h;) £ (R*)Zs, do), (4.9)
by letting i — co. Topologically we have that M? is the cotangent bundle over S?, and in particular
simply connected.

Now let us consider the Ricci flat spaces (M]*,w;) = (T* x M*, g; @ h;). Then we have that

(M}, wi,pi) <5 (R /Z2, do, 07). (4.10)
In this sequence it is not hard to check that rank(T's,(p;)) = n — 4, which is maximal. However, the
curvature blows up near to the vertex. This example shows both the necessity of Gromov-Hasudorff

control and that the dimensional assumption in Theorem 1.1 is sharp.

4.4 Example 4.4: Non-Collapse and Conjugate Radius

We construct a family of non-collapsed metrics (M2, gs, ps) with nonnegative Gaussian curvature
such that when § — 0 the pointed Gromov-Hausdorff limit space is (R?, ggz,0?). However, there
exists g5 € B1(ps) such that ConjRad,, (¢5s) — 0 and in particular, InjRad,, (gs) — 0. This example
shows what we can expect for the e-regularity in the context of sectional curvature or Ricci curvature
only bounded from below. Even in the non-collapsed setting with smooth limit space, the conjugate
radius and hence injectivity radius may go to zero at some point. Hence, in this paper, in the context
of lower Ricci curvature we go for a uniform control on the weak conjugate radius (see Definition
7.11 for the precise definition). In Subsection 7.1, we will prove the e-regularity in the context of
Ricci curvature bounded from below. Also we will discuss and review in Chapter 8 the regularity
results on lower Ricci curvature.

Now we give the concrete construction of metric. Consider the following C':!-warped product

metrics on (R?,0?). Fix some 0 < § < 1072, for each € > 0, let
gs.c = dr® + f2(r)do? (4.11)

with

esing7 0<r<d-e
fse(r) =

rcosd + €(sind — dcosd), r >0 -e.
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Observe that fs(r) is a concave C''-function with Lip(f; (7)) < 1/e for 0 <7 < oo, and thus g5

is a C™!'-Riemannian metric. Also it holds that for fixed 0 < § < 1072,
2 2\ PGH 1 2
(R agtS,EaO ) — (C<S )795,070 )7 (412)

where g5 = dr? + 12 - cos? § - df? is a cone metric.
Now we prove that the conjugate radius tends to zero. To this end, we focus on the behavior
of the Jacobi field with respect to the C1'1-Riemannian metric gs .. Fix § - € < tg < 1which will be

determined later in the proof, let 7 : (—00,00) — R? be a unit speed geodesic through 0% with
d((0),0%) = to. (4.13)

Let e1(t) L ~/(t) be a parallel vector field along the geodesic 7. We will calculate the Jacobi field
J(t) = F(t)eq(t) with J(0) =0, J'(0) = e1(y(0)). Let

t1 = min{t > 0]y(t) N Bs..(0%)} =to — 6 - ¢, (4.14)

and

ty = max{t > 0y(t) N Bs..(0*)} = to + 0 - ¢, (4.15)

then the Jacobi field J(t) has the following expression,

t, 0<t<ty,
F(t) = Clesin%—&—Cgcos%, t1 <t <ts, (4.16)

F’(tg)(t — tz) + F(tg), to <t < oo.

Consider the geodesic segment 7|¢, <¢t<t, C Bse(0?). By the initial data

F(t1) =t1, F'(t1) =1, (4.17)
it holds that
Cy =1, Cy =t (4.18)
That is, for t; <t < to,
t—1t t—1t
F(t) = esin L 4t cos L>o. (4.19)
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In particular,

t
F(ts) = €sin28 + t; cos 26 > 0, F'(t5) = cos 28 — —* sin 26.
€

(4.20)

Now we are in a position to estimate the conjugate radius for g.. Let

t = /e, (4.21)
then ¢t = 20 - € + /€ and for sufficiently small € > 0, F’(t2) < 0. Recall that K(y(t)) =0 for t > to,
so it holds that

F(t) = F'(ta)(t — t2) + F(t2). (4.22)
Let teonj > to such that

F(tconj) = Oa
and hence

(4.23)

F(t2)
teonj = t
J 2+ —F’(tg)
€sin 26 + /e cos 26
= to+ \[

—cos20 + \% sin 26
< 24/

(4.24)
The last inequality holds for sufficiently small € > 0. Therefore, v(tcon;) is a conjugate point of (0)
and thus

ConjRad,, (v(0)) < 2V,

(4.25)
with d(7(0),0%) = tg = Je + \/e.
For fixed § > 0, ¢ > 0, by standard smoothing calculations, for any ¢ > 0, there is a smooth
Riemannian metric ggz =dr? + ( f(gze) (r))2d6? such that the following holds:
(1) éle) — fs. and thus g((;f)

. — gs, pointwise and the radial geodesic keeps the same in the
sequence,

.. (’L) " . f§1€))//
(i1) (f57)" <0 and thus K o
’ 5e

—22e e (0,672 4+ O(1/i)],
(f5')

iii) for almost every z € (R?,02), lim K () (z) = K, ().

g 95,c

1—00 S,€ !

Consider the Jacobi equations with respect to the metrics gs,,i,

F' = —K;F;. (4.26)
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Classical result shows that

| F5 — Follco — 0, (4.27)

and notice that ||F;||c11 < C(0,€) it is easy to conclude that
| F; = Foller — 0. (4.28)
Let gs,e = 7¥5,¢(0) in the above construction,
CoanadgffZ (gs,e) < 4y/e. (4.29)

Choose € = §2 and when § — 0, it holds that

(Rza gs = 345,62, 02) pG—H) (sz gRr2, 02)7 (430)
and for qs = 45,52,
ConjRad,, (gs,s2) < 46 — 0. (4.31)

4.5 Example 4.5: Isometric Nilpotent Group Action without
Lines

Here we present an example based on the calculations in [W]. This example is used to show the
necessity of the cone splitting ideas in the proof of our e-regularity theorem, which is a new manner

to prove the splitting given appropriate symmetry compared to the classical line splitting arguments.

More specifically, in [W] a complete noncompact space (M™,g) was built with the following

properties:
1. Ricy > 0,
2. There exists a free isometric action on M"™ by a simply connected nilpotent lie group N™~*.
3. M does not contain any lines. Equivalently, due to (1), M™ does not split any R factors.
4. M™/N™=* is diffeomorphic, but not isometric, to R*.

Let us analyze these properties in the context of this paper. Recall from the discussion of Section

1.2.1 that our basic strategy in the proof of the e-regularity theorem is to construct new R-factors
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on the limit space of normal covers. For convenience, let us briefly recall the context by presenting

the following toy model. Let (M}, g;, p;) satisfy Ricy, > —i~2 and the following diagram,

K2

—~ - eqGH e ~
(Mzn7 Fiapi) u (Y7 1—‘007 y) (432)

pGH

(MP,pi) ——— (Y, ),

where M is the universal cover of M and assume that I'; = 71 (M) and rank(I';) = m. If Y is
compact, then by the techniques of [FY] Y has m-independent lines and thus Y =~ R™ x Z with
m’ > m and VA compact, see lemma 3.10. If Y is non-compact, the above line splitting fails, even
in the context of nonnegative Ricci curvature. In fact, let us now use the example of [W] presented

above to produce a counterexample.

Indeed, let I'; < N™ % be a sequence of increasingly dense co-compact lattices, and let M =
M™/T;, where M™ is the example presented at the beginning of this subsection. For this example

we then have that

My =M S Y = M
i = To = N"F rank(Ty) =n —k,

Mmr Gy (4.33)

where Y is diffeomorphic to R* and thus noncompact. But now of course Y = M™ does not contain
any lines, and so does not split any R-factors. In particular, this shows that in the general case,
when Y is noncompact one requires new arguments to produce lines, which is why we use a cone
splitting argument for the proof of Theorem 1.1.

Let us end this section by giving a brief remark on the relationship between this example and
Theorem 6.1, which is the main theorem in Section 6. First, if a sequence with maximal rank
collapses to a non-compact metric space, then as in Example 4.5, the limit of the non-collapsed
universal covers may not split off any extra Euclidean factor. On the other hand, Theorem 6.1 gives

a way to see extra splittings upstairs, but only on a smaller but definite size scale.
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Chapter 5

The Structure of Almost Nilpotent

Groups

The proof of Theorem 1.1 will require not only the fundamental group control of [KW], but various
refinements which require the ability to pick geometrically compatible bases along with studying not
only the fibered fundamental group but the structure of the deck transformations of other normal
covers. This section is devoted to developing all the algebraic tools which will be necessary to make
these studies. The main theorem in this Section is Theorem 5.26. Roughly speaking, this theorem
is to build polycyclic extensions of the lower central series of nilpotent subgroups of I's(p) which are
compatible with the geometry. Such extensions will play an important role in inductive arguments
throughout the paper. In Section 5.1 and Section 5.2, we set up some necessary preliminaries to

prove the main theorem in this section.

5.1 Effective Generating Set of a Finite-Index Subgroup

In this section, we focus on Schreier’s Lemma (lemma 4.2.1 in [S]) and its applications. Schreier’s
Lemma explicitly gives a generating set of a subgroup, called Schreier’s generating set. We will
prove some effective estimates on the above generating set. That is, if a subgroup H < G has a
priori controlled index C < oo in GG, then each generator in Schreier’s generating set has controlled
length in terms of the generators of G.

Although Schreier’s Lemma works for any group and its subgroup, every group in this subsection

is assumed to be finitely generated, which is enough for our geometric applications.
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5.1.1 Alphabetical ordering in a finitely generated group

In this subsection, we define the alphabetical ordering which is a total ordering of a finitely generated
group. This ordering is the foundation to build the effective generating set of a subgroup of controlled

index. We start with some basic notions.

Definition 5.1. Let T" be a finitely generated group with an ordered symmetric generating set S =
(81,---,84) with St = 8. We define the following notions:

(i) Let g € T'. If g = 84y =S4y = - - 84, with s;; € S for 1 < j < m, then s, - 54, - ... 8;, is
called a presentation of g in terms of the elements in S. A specific presentation is denoted by the

corresponding bold letter,

g =Siy Siy-e-"Si,,- (5.1)

(#1) Given a group element g € T', a presentation g = i, * Siy * ...+ S, 1S called a reduced
presentation of length m if s;, - s;, ., # e for all 1 < j < m —1 and denote s(g) = m. The set of
all reduced presentations of g € I' is denoted by Py, while the set of all reduced presentations in I is

denoted by P(T'). Thus £s is a function from P(T) to N.

Remark 5.1. By definition, it happens that two different presentations g1 and go corresponds to

the same group element in .
We will give a total ordering among all reduced presentations of a group.

Definition 5.2. Let T" be a finitely generated group with an ordered symmetric generating set S =
(81,...,8q) with ST = S. We define an ordering <,, for any two different reduced presentations in
P(T):

i) If g € P(T') and g # e, thene <, g.
i) 81 <p S2 <p ... <p Sq.

n
55, be two reduced presentations. We say g1 <p g2 if either
1

v=

(
(
(#i1) Let g1 = ﬁ si, and go =
(@) £5(g1) < Lo(ga), ie. m <m0 o
(

b) ¢s(g1) = Ls(g2) = m, then there exists 1 < vy < m such that i,, < j,, and i, < j, for all
1<v <y,

Remark 5.2. The above ordering <, in the set of all reduced words is equivalent to the ordering in

the set of all presentations.

Lemma 5.3. The following properties hold:
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(i) Let T and S as above, for any two reduced presentations gi,gs € P(T'), then exactly one of
g1 = g2, g1 <p g2 and g2 <p, g1 1S true.

(ii) If g1 <p g2, g2 <p g3, then g1 <, g3.

(138) If g1 <p g2 and there is no cancellation between gs and ga, then gs - g1 <, g3 - g2 and

9193 <p g2 - 9g3-
Proof. The proof immediately follows from the definition. So we omit the proof here. O

With the above ordering, we can define the canonical presentation of a group element, and then

we are able to provide a total ordering among the group elements.

Definition 5.4. Let T be a finitely generated group with an ordered symmetric generating set (not

containing the identity)

St =8 =(s1,82,...,54)- (5.2)
We call a presentation g = s;, -84, - ...~ 54, € Py 15 a canonical presentation of g if this presentation
satisfies the following:
(i) For any presentation g = sj, - sj, - ... 55 , € Pg with s;, € S, we have m < m/.

(i2) Denote by M, C P, the set of all reduced presentations of g such that the length of each
presentation in Mg is equal to m, then the presentation g = s;, - Si, - ... - S;,, is the first member in

Mgy w.r.t. the ordering <,.

Remark 5.3. The above canonical presentation is well-defined. In fact, for the above fized m,

#(My) < d™ and thus we can pick up the first element in My w.r.t. the ordering <.
Definition 5.5. Let g € T', then lengthg(g) is the defined by the length of its canonical presentation.

Example 5.6. Suppose we have 4 different presentations of g: 35353, 52515453, 52515385, $35456-
Then by definition, g = s2515385 is the canonical presentation, lengthg(g) = 4, and s2s15355 <p

52518483 <p 838486 =p s:{’sis%.

Lemma 5.7. Let I' as above, then each group element g € I' has a unique canonical presentation.

Proof. Given g € T. Let 45 : P(T') — N be the function which maps each reduced presentation to its
length. First, the image set £g(P,) is a subset of N, and thus the set £g(P,) has a finite minimum
in N. Therefore, g has a presentation satisfying (7).

Let m = lengthg(g), then #(M,) < d™. Immediately, there exists a unique member in M,

which satisfies (i7). O
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Lemma 5.8. Let s;, - si, - ... 8, be the canonical presentation of some element g € I', then for
k m

each 1 < k < m—1, both [] s;, and [] si, are canonical presentations of the corresponding
v=1

v=k+1
group elements.

k
Proof. First, we prove that gp = [] s;, is the canonical presentation of g for each 1 < k < m by

v=1
ko
contradiction. Suppose that there is some 1 < kg < m — 1 such that g, = [] s, is not a canonical
v=1
k1
presentation of the element gy,. Let gr, = [[ s;, be the canonical presentation of gy, such that
v=1
ks ko ko
IT sj, <p II si, with k1 < ko. Since there is no cancellation between the two presentations [] s;,
v=1 v=1 v=1
m
and [[ si,, property (ii4) in Lemma 5.3 implies the following inequality
v=ko+1
k1 m ko m m
H S, ° H Si, <p H Si, * H Si, = H S, - (53)
v=1 v=ko+1 v=1 v=ko+1 v=1

m
Consequently, [] s;, is not the canonical presentation of g, which gives the contradiction.
v=1

k
We have proved that [] s;, is the canonical presentation of g, for each 1 < k < m. Immediately,
v=1
m

IT si, is the canonical presentation of hj. Otherwise, by the same arguments, the canonical
v=k+1

m
presentation of g would be strictly before [] s;,, which is impossible. O
v=1

Now we define a total ordering in a finitely generated group.

Definition 5.9. Let T and S as above, there is an ordering relation < called the alphabetical ordering
such that for every two different elements, the following holds:

(i) e < g for any g # e.

(#1) 51 < 82 < ... < 8q4.

(tw) Let g = S;, * Sip - ... S;,, and h =55, - sj, -...-s;, be the unique canonical presentations of

n*

g,h €', then g < h iff 85, - Siy .- S, =p Sjy *Sja =+ Sj

5.1.2 The canonical transversal of a subgroup

In this subsection, we introduce the most important technical tool in this section. The canonical
transversal gives a unique “minimal” representative of each coset, which plays a crucial role in

controlling the behavior of a subgroup. We begin with the following basic definitions and conventions.
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Definition 5.10. Let I be a group and let N <T'. Given g € T,
g-N={g-hlhe N}, N-g={h-glhe N}, (5.4)
are called a left coset and a right coset respectively. The number of left cosets, which is equal to the

number of the right cosets, is called the index of N in T, and denoted by [T : N].

Remark 5.4. If N <T', then both
I'/N ={g-N|VgeT} (5.5)

and

N\T'={N -g|Vg eT} (5.6)
have a group structure and they are isomorphic. Moreover, for all g € T, we have that g- N = N - g.

Definition 5.11. Let T be a finitely generated group and N be a subgroup of T' with [I' : N] = C' < oo.
c

Let {g; - N}S_, be the left cosets such that |J g;- N =T and (g;- N)N (g; - N) =0 fori #j. A
j=1

transversal or section of N in T is a selection of representatives, i.e. it is a surjective map

F:T—={g1,..-,9c} (5.7)

such that g € g; - N if and only if F(g) = g,.

With the definition of the transversal of a subgroup, we will explain Schreier’s explicit construc-
tion of a generating set of a subgroup. Roughly speaking, each transversal of a subgroup gives an

algorithm which finds a generating set of the subgroup.

Lemma 5.12 (O. Schreier). Let S = (s1,...,84) be a generating set of the finitely generated group
I. Assume that N <T with [[': N] = C < co. Let F be a transversal of N in I' with Image(F) =

{g1,--.,9c}, then
S

{(F(gj : Si))_l © 8 gjlgj S Image(F), S; € S} (58)
is a generating set of N.

Remark 5.5. In the above notations, obviously,

#(8) < C?-d. (5.9)
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Now we give the existence and uniqueness of the canonical transversal with some effective control.

Lemma 5.13 (Canonical transversal). Let I, S and N as above. Let {Nj}jC:1 be the left cosets of

N in T, then there is a unique transversal (called the canonical transversal)
F.:T — Image(F) ={g1,-.-,9c} (5.10)

such that
() g; is the first element in N; w.r.t. the alphabetical ordering <,

(1) lengthg(g;) < C for each 1 < j < C.

Proof. First, take the first element in N; for each 1 < j < C'. This choice has uniquely determined the
transversal F.. Now it suffices to check property (i¢) for the transversal F.. Argue by contradiction
and suppose (#3) fails. That is, there exists g;, € Image(F,) with the canonical presentation in terms
of the elements in S,

Gjo = 51, " Sly "+ Sley,, M > 1 (5.11)

For each 1 < k < C' + m, denote
C+m

we= [ s (5.12)

v=C+m—k+1
and
C+m—k

hk = H S, - (513)

v=1
Clearly, gj, = ht - wx. By Lemma 5.8, for each 1 < k < C' + m, equation (5.12) and equation
(5.13) gives the canonical presentation of wy and hy respectively. In particular, lengthg(wg) = k

and lengthg(hy) = C' +m — k. We will prove the following claim:
Claim. wy, € Image(F,) for each 1 <k < C +m.

We argue by contradiction. Suppose wy, & Image(F;) for some 1 < kg < C'+m, then F,(wg,) <

wy,- The contradiction would arise if we proved that
P - Fc(wko) = Gjo- (514)
In fact, notice that, F.(wg,) - N = wy, - N which leads to

hko . Fc(wko) -N = hkg * Wk N = 9jo - N. (515)
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Consequently, g;, is not the first element in the left coset g;, - N. Contradiction.

Now we are in a position to prove inequality (5.14). Let

C4+m—ko C+m K’
hko = H Sl,, Wk, = H Sl Fc(wko) = H Sj,- (516)
v=1 v=C+m—ko+1 v=1

be the canonical presentations. By assumption, k' < kg. Property (4i7) in Lemma 5.3 shows that

CH+m—ko K’ C+m—ko C+m
hi, - Fe(wi,) = ( 11 Sl,,) : (H Sa@) <p ( 11 Sly) : ( 11 Szy> =gjo- (5.17)
v=1 v=1 v=1 v=C+m—ko+1
C+m—ko
Since the canonical presentation hy, - F.(wy,) is before or equal to the presentation ([ s,) -
v=1
k' C+m C+m
(IT sj,), the canonical presentation of hy, - Fi.(wy,) is before [] s;,. By assumption, [ s, is
v=1 v=1 v=1
the canonical presentation of hy, - wy,, then it holds that,
hkg . Fc(wko) < hko *Wky = Gjo- (518)
We have proved the Claim.
With the Claim, we obtain a sequence of different elements {wy, ..., woim} C Image(F.). How-

ever, # Image(F,) = C' < C + m. This contradiction shows that property (i) has to be true. O

Our main result of this section is the following Proposition, which gives an effective estimate for

the Schreier’s generating set of a subgroup with a priori controlled index.

Proposition 5.14. Let T’ be a finitely generated group with a generating set S = {s1,82,...,84}-
Let N <T with [[ : N]=C < co. Then N has a generating set S such that

(i) #(5) < C*-d,

(ii) lengthg(8) < 2C + 1 for each 5 € S.

Proof. The proof is the combination of lemma 5.12 and Lemma 5.13. In fact, let S be the generating
set from lemma 5.12 with respect to the canonical transversal F, of N, then the remark after that
lemma shows that

#(8) < C?-d. (5.19)
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Let 5 € S, then there exists g;, € Image(F.) and s; € S such that

§=(Fe(si°9jo) ™" - 80" Gjo- (5.20)
Lemma 5.13 gives that
lengthS(Fc(si 'gjo)) < C? 1engthS(gj0) < Ca (521)
which implies that
lengthg(5) < C +1+C =2C +1. (5.22)
The proof is complete. O

In the above context, if N is a normal subgroup, then we can obtain some better properties on

the canonical transversal.

Lemma 5.15. Let T and S as above. Assume that N I and let F, be the canonical transversal with
respect to the quotient group T'/N (group of left cosets). Given w € T' with the canonical presentation
in terms of the elements in S,

wW=S) ... 5. (5.23)

Forany1 <j <k, letu=sy-...-8; andv = sy, - ... 8,. Then w € Image(F.) implies that

u € Image(F,.) and v € Image(F,).

Proof. Lemma 5.13 shows that v € Image(F.). So it suffices to show u € Image(F.). Suppose that
u & Image(F,), then F.(u) < u. Then by the same arguments of the proof of the Claim in Lemma
5.13,

Fe(u)-v<u-v. (5.24)

The definition of F, gives that F.(u)- N = - N. Since N T, it holds that v- N = N - v and then

F.(u)-v-N=F.(u)-N-v=u-N-v=wu-v-N. (5.25)

The above equation shows that F.(u)-v- N and u - v - N belong to the same left coset, and thus
inequality (5.24) contradicts to the assumption that u - v is the first element in u - v - N. Therefore,

v € Image(F,). O

Corollary 5.16. Let ', S and N as Lemma 5.15. Let F, be the minimal transversal with respect

to the quotient T'/N. Given w € T' with the canonical presentation in terms of the elements in S,
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w=3 ... 8,. Assume that w € Image(F,), then for every i < j,

S1. - 8 .- 81, € Image(F?,). (5.26)

i+l e

In particular, s;, € Image(Fe) for all 1 <14 <k.

Proof. Lemma 5.15 shows that @ = s, - s;,,, - ... 8, € Image(F.). Applying Lemma 5.15 to @, we

i+1

have that u = s;, - s ...+ 81, € Image(Fe). O

it1

5.2 Basics in Commutators Calculus

This section is to introduce some useful facts in the computations of commutators.

Definition 5.17. Let G be any arbitrary group with a generating set B. The sets of weighted basic
commutators are inductively defined as follows:

(i) Co(B) = B.

(i1) Cx(B) = {lgk, si]lgx € Cr—1(B), s; € B}.

The following lemma is standard in commutators calculus which inductively computes the lower

commutators subgroup from higher commutators subgroup.

Lemma 5.18 ([KM]). Let G be any arbitrary group with a generating set B, and let Go = G. Then
for each s € Ny, G5 = [Gs-1,G] can be generated by Cs(B) and Ggqq.

Corollary 5.19. Let N be a nilpotent group with a generating set B and Step(N) = ¢o. Then
Co

Ng = [Ns_1, N] has a generating set |J Ci(B).
k

=s

Proof. Since N is nilpotent with Step(NN) = ¢y, it holds that
Ne, ={e}, Ceo(B) = {e}. (5.27)

By lemma 5.18, N, _ is generated by C.,—1(B). Repeating lemma 5.18, we obtain that for each
Co

1 < s < ¢y Ny is generated by |J Ci(B). O
k_

=s
We finish this subsection by constructing a subgroup of controlled-index in a finitely-generated

nilpotent group. This construction will be used in the proof of Theorem 3.57.
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Lemma 5.20. Let N be a finitely generated nilpotent group with a generating set By = {0¢.1,...,00,d, }
and Step(N) = c. For each 1 <k <c—1, let Ct(B) = {ok1,.-.,0k,4,} be the set of basic commu-

tators of weight k. For each 0 <k <c—1, let
ap = (ak’l, . ,ak’dk) (5.28)

be a di-tuple in Ni’“ and let

Na, = (00" o), (5.29)

then each g € N can be written in the following standard form

c—1 dg c—1
9= (HHUZ?]J> " Jas gaENaE HNam (530)
k=0j=1 k=0

where 0 < by ; < agj for all0 <k <c—1and1 <j <dg. In particular,

c—1 dk

(N : N < I I] aws- (5.31)

k=0j=1

Proof. We can argue by induction on the step of N. Consider N > N;. Obviously, the statement
of the Proposition holds for Step(NN) = 1, namely, N is a finitely generated abelian group. Assume
that the statement is true for all finitely generated nilpotent group of step < ¢ — 1. Now we prove
that for a finitely generated nilpotent group N with Step(V) = c.

The notations are the same as those in the statement of the Proposition. First, claim that each

element g € N can be presented as follows: for some (ro.1,...,70,4) € Z such that
g= ag?il e ag?(’jzo g1, g1 € Ni. (5.32)
In fact, for any ¢ < j and g € N, it holds that
00,5900, = 00,i* 00,5 " g1, (5.33)

where g1 = [(00,; - §) ", 044] € N1. Hence, for any g = 04, - 001, - - .. - 00,,, € N, we can rearrange

the generators such that equation (5.32) holds. We have proved the claim. Furthermore, for each
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1 <7 < dp, there exists a unique 0 < by ; < ag,; and mg ; € Z such that
70,5 = Mo,j * o,j + bo,j- (5.34)
Simple inductive arguments shows that

bo,1 bo,dq

g=004" T g1 G (5.35)

)

where ¢} € N1, g, € N,.
Now we proceed to prove that g € N has the standard form in equation (5.30). We present ¢ in
terms of the ordered generators as in equation (5.35). Since Ny = [N, N] satisfies Step(N1) = ¢ —1,

by the induction hypothesis,

c—1 dy c—1
b .
o = (T TLewy) - i ot € TT Nowe (5.:36)
k=1j=1 k=1
Then equation (5.30) follows. O

5.3 Refinement of the Lower Central Series of a Nilpotent
Group

We prove in this subsection the main technical result in Section 5. For a finitely generated nilpotent
group N with a generating set S, we will give an effective and geometrically compatible refinement
of the lower central series. This effective refinement guarantees that the generator of each Z-factor
group has controlled length with respect to S, which plays a fundamental role in the inductive
arguments throughout the paper. First, recall the following standard isomorphism lemma in group

theory.

Lemma 5.21. Let A and B be two groups. If f : A — B is a surjective homomorphism, then the
following holds:
(i) For each By < B, the pre-image f~1(By) is a group.
(i1) If B1 < Ba, then f~1(By) < f~1(B2). Moreover, f~*(Bz)/f~*(B1) = By/B.
(#i7) let Ay < Ay < A, then
[f(A2) : f(A1)] < [A2: Ayl (5.37)

With the algebraic preparations in the above sections, we are ready to show the main result of
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this section. Throughout this subsection, we will assume that IV is a finitely generated nilpotent
group with rank(N) = m and Step(N) = cg. Let N = (B) with B = {g1,92,...,9;} and B~! = B.
Let

N=Ny> Ny >...>> Ngy—1 > N, = {e} (5.38)

be the lower central series with Ny = [Ns_1, N] for every 1 < s < ¢p. It is standard that for
each 1 < s < ¢g, N, is normal in N and N,_1/N; is a finitely generated abelian group. Denote

ng = rank(Ns_1/Ng). Obviously, ZO Ng = M.

s=1
Theorem 5.22. In the above notations, there exists a refinement of the lower central series (5.38)
such that for each 1 < s < ¢q the following properties hold:

(i) There is a normal series
Ng_1D> Ngp, D> Nsp1> Ng o> ...0> Ng1 D> Ngog> N (5.39)

such that Ns /Nsr—1 = 7Z for 1 <k < ns, while Ns_1/Ns ., and N, o/Ns are finite abelian groups.
(i) There exists a subset

{0'571,0372,...,057115} CNs—l (540)

such that for each 1 < k < ng,

lengthp(os) < 3-2° —2. (5.41)

Moreover, the quotient group Ng i /Ns k—1 is generated by o - Ns p—1. In particular, (o - Ng 1) =

Z.

Proof. At the beginning of the proof, we clarify the notations which will be used in the proof. We

have assumed that the finitely generated nilpotent group N has a symmetric generating set B,
co

then Lemma 5.19 shows that N;_; has a generating set Bs_; = |J Cp(B). By straightforward

k=s—1
calculations, for each bs_1 € B,_1,

lengthp(bs_1) < 3-2% — 2. (5.42)

Let

pry: Ny—1 — Ns—1/N; (5.43)

be the natural quotient homomorphism and denote As = N;_1/N;. Since Ay is a finitely generated

abelian group with rank(As) = ns, then A; > Tor(A;) with As/ Tor(As) = Z™, where Tor(A;) is
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the torsion subgroup of A;. Denote G = pr; ' (Tor(4;)), by Lemma 5.21, G, o < Ns—1 and

Ny_1/Gso = pry H(Ay)/pry H(Tor(Ay)) = Ay/ Tor(Ag) = 7. (5.44)
Let {#1,...,0n,} be a sequence of elements in Ns;_1/G, o such that
(U1,...,0) = ZF, V1 <k < n,. (5.45)
Let
s Ns—1 — Ns_1/Gs (5.46)

be the natural quotient homomorphism. In the proof of this Theorem, for convenience, given any
g € N,_1, the image 74(g) is denoted by g. The Theorem will be proved through the following

Claims.

Claim 1. There exists a sequence of elements {051,052,...,0sn.} C Bs—1 C Ns_; such that
for each 1 < k < nyg,

lengthp(os ) < 3-2° — 2, (5.47)

and

/

sk =(0s1s-+,05k), (5.48)

is a free abelian subgroup in Ns_1/Gs o with rank(A] ;) = k, where 0, x = 75(05,x)-

Let Fs be the canonical transversal with respect to the quotient Ny_1/Gs o with Fi(e) = e. With
respect to the canonical transversal Fy, there is a sequence of elements {v,};*;, C Image(Fs) C N
such that for each 1 < ¢ < ng, vy € Uy, where Uy are torsion-free generators as in (5.45). For each
1<l < ng,let

Ve ="bp1-bp2-... bpa, (5.49)

be the canonical presentation of v, such that by ; € Bs_; with 1 < j < dy. By Corollary 5.16,

be,; € Image(F5), and hence B&j is of infinite order in Ny_1 /G, for all 1 < j < d,. That is,

(bej) =7, V1 < j<dy, 1< <my. (5.50)

Claim 1 follows from the following inductive statement.
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(¥) For each 1 < ¢ < ng, there exists some by, € Bs_1 with 1 < p, < d; in the canonical

presentations of {vi,...,v,, } such that o, can be chosen as by ,,.

Let / =1 and we choose

0s1 =b11. (5.51)

Equation (5.50) shows that (5, 1) = (b1 1) = Z.

We just set ng > 1. Otherwise, it is done. Assume that Statement (x) holds for 1 < ¢ <
k — 1, we will search some by, in the canonical presentations of {v1,..., v} such that o) can
be chosen as by ,,. Observe that there exists some by ,, € Bs—1 with 1 < pp < dg such that

l_’k,uk & (Fs1y...,05k—1). If not, then for all 1 < ¢ <k and 1 < j < dy, it holds that

bej € (Ts1se s Ts k1) (5.52)
which implies that
Uy € <5’S’1,...,63,k,1>7 V1 </¢<k. (553)
That is, rank(vy,...,0,) = k — 1 which contradicts to equation (5.45). Therefore, if we choose
Os,k = by u,, then by (5.50)
(@) = (brur) 2 Z, (5.54)
and
<5—s,1, ) 5’8,’6717 5s,k> = Zk~ (555)

Now the induction is complete.
Finally, for each 1 < k < ng, lengthg(o, k) < 3-2% — 2 follows from o, € Bs_1 and equation

(5.42). We have finished the proof of the Claim 1.

We have constructed the subset (5.77). So now we are in a position to give the desired normal

series.

Claim 2. There exists a normal series

Ns_1> Ngp, > Ngp,—1>...00 Ng1 > NgogD> Ng = [Ny_1, N] (5.56)

such that for each 1 < k < ng, the following holds:
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(¢) Ns/Nsr—1 = Z. Moreover, Ns_1/Ns ,, and N, /Ny are finite abelian groups.

(#2) The quotient factor Ny /Ny _1 is generated by o x - Ng k—1, and hence (o5 - N p—1) = Z.
For each 1 < k < ng, let A/s, & be the free abelian group defined by equation (5.48) such that
AL /A oy 2 L. (5.57)
Recall that 7, is the natural quotient homomorphism
st No—1 = Nys_1/Gs 0, (5.58)

then define

Nop =77 (AL ) (5.59)

for each 1 < k < n,. Lemma 5.21 implies that Ny ;_1 <@ Ngj and Ngp/Ngr—1 = Z for each

1 <k <n,. Moreover, Ny ,,, << Ng_1, Ny < N, o and

Ns—l/Ns,ns = AS/A/ N370/Ns = TOI‘(AS). (560)

EROS

Hence both of the above two quotient groups are finite abelian. We have obtained normal series
(5.56) and proved property (i).
Now we are showing that Ny, = (0, Ns p—1) for each 1 < k < n,. By definition, 75 € A;k,

and thus oy s € 77;1(‘4{9,1@) = N, 1. So it suffices to show that

Ns < <Us,kaNs,k71>~ (561)

In fact, take any g € Ny, there are aq,...,ar € Z such that
G=034 0% ... a3% € ALy (5.62)

Since the quotient 74 is a homomorphism,

—akr __ =ai —Qk—1 !/
g Osk =051 " O5k1 € As,kfl' (563)
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By definition, g - o }* € N 1 and thus

9 € (05 No 1) (5.64)

The last is to show that the quotient group N j/Ns,—1 is generated by o4k - Nsk—1. The
relation N ;_1 < Ny implies that for any di € Z and h € N, ;_1, there exists b’ € N _1 such
that U,;fl -h- O'g,ls =hie h- U,‘fjs = U,‘fjs -h'. Consequently, any g € Ny, can be presented in terms

of O'ik - ¢’ for some d € Z and for some g’ € N; ;1. Therefore,
g- Ns,k,—l = (Uk,s : Ns,k—l)d- (565)
Property (ii) has been proved. Now the proof of Claim 2 is complete.

The Theorem immediately follows from Claim 1 and Claim 2.

O
The following Corollary will be applied in the proof of some Lemmas in Section 6.1.
Corollary 5.23. In the notations of the Theorem 5.22, the following properties hold:
(1)
N/ = <Ul,7zl 5 O'l,nl—la ey 01,17 02,n2702,7L2—17 ey 02,17 ey 0-60771/@0 ) Uco,nCO—lv sy Uc0,1> (566)
is a nilpotent subgroup in N with rank(N') = m.
(11) for any a; j € Z with 1 <i < ¢y and 1 < j < ny,
a1 n a1 nq,— az n az no— , Qe ,ne, QAeq,nen —1 Ay,
NN = <O’1’17;11 s 0'1’1,,'7411711, ey U;l’lil s 0'272,”422 5 0'2’2,”22711, ey O';?ll geeey O—Co?ncoo ) O—CU,OnCO(Ll g 70'60?11>
(5.67)

is a nilpotent subgroup of N' with rank(N") = m.

Proof. (i) We prove it by induction on the step of the nilpotent group N. It is clear that the
statement is true if Step(IN) = 1. In this case, N’ is a finite-index free abelian subgroup in N such
that rank(N’) = rank(N). Assume that the statement is true for any finitely generated nilpotent

group of step < ¢ — 1, we will prove that the statement also holds for N with Step(N) = ¢ > 2.
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Let us denote

A
N1 = (0205502515021, -+, Ocgneys Tegineg—1s - -1 Oco,1) < N1 = [N, N].

Notice that, Step(N1) = ¢ — 1 and then

rank(N;) = rank(Ny) = m — nq, .

where n; = rank(N/N;). Let us denote

! — .
Nl,j = <01,ja +++501,1,02n5,02n5—15+++50215+++,0co,neys Tco,ney—1s - - - ao-co,1>a 1<j<n;.

It suffices to show that for every 1 < j <mn; — 1,

[N{,j+1 : N{,j] =0

and

[N{,l t Nj] = co.
In fact, by Lemma 3.43, the above two equations imply that
rank(Ny ;) > rank(Ny ;) +1, 1 <j<n; —1

and

rank(Nj ;) > rank(Ny) + 1.

Therefore, by inequality (5.69),

m > rank(N') = rank(Ny ,, ) > rank(N7) +ny = (m —n1) + ny,

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)

(5.75)

and thus rank(N’) = m. Now we prove equation (5.71) and equation (5.72). In fact, by Theorem

5.22, N17j+1/N17j = <O'j+1 . N17j> ~ 7. Notice that, N{,j < Nl,j and then for any d17j+1 € 7,

Uiljfff ¢ Nj ;. We have proved (5.71). Similarly, (5.72) also holds. The proof is complete

(#4) The argument is the same as that of (¢). So we just omit the proof.
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5.4 Geometric Properties of Almost Nilpotent Groups

Those algebraic tools developed in the above subsections will now be presented and used in a more
geometric fashion. The basic setting is that on a Riemannian manifold (M™,g,p), assume that
Ts(p) = Image[m (Bs(p)) — m1(Ba(p))] is (w, £)-nilpotent for some a priori constants w > 0, £ > 0.
Note that in the context of Ric, > —(n—1), theorem 3.55 shows that the above statement is always
true for sufficiently small 6(n).

We will focus on more delicate geometric properties of (w, £)-nilpotency. Specifically, the nilpo-
tent subgroup A of controlled index w in T's(p) can be generated by the short loops of scale roughly
§. Moreover, the lower central series of A/ has a nice refinement such that each infinite cyclic factor is
generated by short loops of scale roughly §. This refinement of the normal series plays an important
role in the proof of our e-regularity Theorems. First, we give a precise description of the above

picture.

Definition 5.24 ((m,€)-displacement property). Given a metric space (X,d,p), a nilpotent group
N with rank(N) = m, assume that N < Isom(X). We say N satisfies the (m,¢€)-displacement
C
property at p if there exists a c-tuple (ny,na,...,n.) € Z¢ with ¢ = Step(N) and m = >_ ng such
s=1

that for each 1 < s < ¢, the following properties hold:

(7) the lower central series has the refinement
Ng_1> Ny, > Ny o1 > Ngp,—o>...0> Ngq > Ny oD N (5.76)

such that Ngj/Nsp—1 = Z with 1 < k < ng, where Ny = [Nys_1,N]| and Ng = N. Moreover,
Ns_1/Nsn, and Ngo/Ns are finite groups.
(i) There exists a subset

{0'571,05’2,...70'5’715} C N5,1 (577)

such that for each 1 < k < ng,

d(os k- p,p) <e, (5.78)
and Ng /N k-1 = (0s - Nox—1). Each o, is called an e-graded generator.

Remark 5.6. In applications, we will focus on a normal cover with the isometric action of the deck

transformation group.

By Definition 5.24, Theorem 5.22 can be written in a geometric fashion. That is,
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Lemma 5.25. Given § > 0, £,w < oo, then the constant K = 10-w - 2¢ < co satisfies the following
property. Let (X,d,p) be a metric space and T' < Isom(X) be finitely generated such that:
(#) T is (w, £)-nilpotent,

(#4) T has a finite generating set

Ss(p) = {717...,%1 d(vj-p,p) <9, 75 €Isom(X), 1 <j<d; < oo}, (5.79)

then T’ has a nilpotent subgroup N with [[' : N] < w, length(N) < £ and N satisfies the (m, K - §)-

displacement property at p for some m < £.

Proof. By (i), there exists N < T' such that [I' : N] < w, rank(N) = m and Step(N) = ¢y <
length(N) < £. Lemma 5.14 states that NV has a generating set B with #(B) < w? - d; such that
for each b € B,

lengthg, () (b) < 2w +1, (5.80)

which implies that
d(b-p,p) < (2w+1) -4 (5.81)

The (m, K - §)-displacement property of N immediately follows from Theorem 5.22. That is, by
Theorem 5.22, we can refine the lower central series of N such that (5.76) holds. Moreover, there

exists a subset

{05,17 LRI 7Us,n5} C stl (582)
such that
N i/Nsi—1=(0sk  Nsr-1) (5.83)
and
lengthp(os ;) < 3-2% — 2. (5.84)

Therefore, d(os - p,p) < 2w+1)-(3-2°—-2)- 6 < K -0.
O

In the context of lower Ricci curvature, we consider a normal covering space M with the deck
transformation group G. The Theorem below shows the structure of Ge(p) which is generated by

short elements in G. The proof is a combination of Theorem 3.57 and Lemma 5.25.

Theorem 5.26. Let (Z%,2%) be a pointed Ricci-limit metric space with dim Z* = k in the sense

of theorem 8.33. Then there erists ¢g = eo(n, B1(zF)) > 0, wo = wo(n, B1(zF)) < oo, Ko =
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Ko(n, B1(2%)) < oo such that the following holds. For every0 < 6 < €, if (M", g,p) is a Riemannian
manifold with Ric > —(n — 1) such that Ba(p) has a compact closure in By(p) and

dar(Ba(p), Ba(24)) < 6, (5.85)
and if m : (B/2®7]5, G) — Ba(p) is a normal covering with w(p) = p and the deck transformation

group G, then the group
Gs(p) = (9 € Gld(g - p,p) < 26) (5.86)

contains a nilpotent subgroup N such that
(7/) [é§(p) N] < wy, length(N) <n-— ka

(13) N has the (mo, Ko - §)-displacement property at p, where mg = rank(N) < n — k.

Proof. First, we construct a nilpotent subgroup N < G’g(p) such that (¢) holds. To this end, let
Ss(p, G) ={y € Gld(v - p,p) < 26} (5.87)

and then by definition Ss(p, G) is a generating set of Gs(p). Let p be a lift of p on the universal

cover and then let us denote by 4 € w1 (Bz(p)) the unique lifting such that

d(¥-p,p) <29, pr(y) =, (5.88)

where pr : m; (M np) — (J\//f ™ p) is the natural quotient homomorphism. By the above unique lifting,

we define the group
Gs(p) = (7 € m(Ba(p)|y € S5(p,G) ). (5.89)

Immediately, Gs(p) < Ts(p) = Tmage[m (Bs(p)) — m1(B2(p))]. Theorem 3.57 shows that there

exists a nilpotent subgroup Ay < T's(p) such that
[Cs(p) : No] < wo(n, Bi(z")), length(Np) < n — k. (5.90)
For N1 =Ny N ég(p) < N, it holds that,

[Gs(p) : M1] = [Gs(p) : No N Gs(p)] < [Ts(p) : No] < wo(n, By (")), (5.91)
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and

length(N7) < length(Np) < n — k. (5.92)

Let N = pr(N;) be the homomorphism image and immediately
N < Gs(p), length(N) < length(Ny) < n — k. (5.93)

Note that G5(p) = pr(Gs(p)), and then by lemma 5.21,

[Gs(p) : N1 = [pr(G5(p)) : pr(M)] < [Gs(p)) : Mi] < wo(n, Bi(2Y)). (5.94)

We have verified (4).
By lemma 3.43 (éii), Step(N) < length(N) < n — k and then property (ii) directly follows from

Theorem 5.22.
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Chapter 6

Quantitative Splitting and

Non-Collapse on Covering Spaces

In this chapter we discuss the technical heart of this paper. The following Theorem is the most
crucial technical ingredient in the proof of e-regularity for both lower Ricci curvature bound and

bounded Ricci curvature. Its proof is also the main goal of this section:

Theorem 6.1. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) such that B2(p) has
a compact closure in By(p). Given a pointed Ricci-limit space (Z°,2%) with dim Z° = ¢ there exists
vo(n, B1(2)) > 0, and for every ¢ > 0 there exists 6o(e,n, By (2)) > 0 such that if

(i) dam (Ba(p), B2(0F,2)) < 6o, (0F4,2") e RF* x Z°,

(14) T (p) = Tmagelm: (Bs, () — m1(Ba(p))] satisfies rank(Ts,(p)) = — k,
then for each g € B1(p)

(1) Vol(By/2(q)) = vo(n, Bi(2")) > 0,

(2) for some dg <r <1,
dar (B (4), B.(0"7,2)) < re, (074 2) e R x C(2), (6.1)
where § is a lift of q on the universal cover of Bi(q) and (C(Z),%) is a metric cone over some

compact metric space Z with the cone tip 2.

The key aspect of the above result, as opposed to similar results in the literature and in this
subsection, is that the space Z is an arbitrary complete space. To accomplish this we will need to use

the cone splitting principle, as opposed to the line splitting (see Lemma 6.5) which is more commonly
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used. The cone splitting principle in the context of lower Ricci curvature requires noncollapsing,
thus we will need to first prove (1) before we can prove (2).

The outline of this chapter is as follows. In Section 6.1 we prove a result which in effect tells us
that the rank of the fibered fundamental group is nonlocal in nature. Specifically, it will allow us to
control the fibered fundamental group of a point based on the fibered fundamental group of nearby
points. In Section 6.2 we will prove a version of Theorem 6.1 when Z is assumed to be a point.
On the other hand, this version will not require maximality of the rank and will hold for general
covering spaces. We will use this in Section 6.3, in combination with the nonlocal results of Section
6.1, in order to prove (1), the noncollapsing of the covering space. Finally, in Section 6.4 we will

combine this with the cone splitting principle in order to finish the proof of Theorem 6.1.

6.1 Nonlocalness Properties of Fibered Fundamental Groups

Here we prove that if the fibered fundamental group I's(p) = Image[n1(Bs(p)) — m1(B2(p))] has
large nilpotency rank at some point p, then the nilpotency rank of the fibered nilpotent group
centered at any other nearby point is also large. This non-localness property will be used in the
proof of the quantitative splitting result on a normal cover. This is also important in order to extend

the region of control of our e-regularity theorem. We begin with the following:

Lemma 6.2. Given n > 2, 0 < € < 1/10, R > 1, there exists U1 = Ui(e,R,n) > 0, Ny =
Ni(e, R,n) < oo such that the following properties hold: let (M™, g,p) be a Riemannian manifold

with Ric > —(n — 1) such that Bag(p) has a compact closure in Byg(p). If v € Isom(M™) satisfies
d(y-p,p) < ¥i(e, R,n), (6.2)

then there is some positive integer 1 < d < Ny such that for all x € Br(p)
Ay - z,z) < e (6.3)

Remark 6.1. From the proof of this Lemma, it holds that for fited R > 1, hH(l) Uy(e, R,n) =0 and
e—

lirr(lJ Ni(e, R,n) = co. Moreover, when € — 0 and R — oo simultaneously, ¥4 — 0 and N1 — oo.
e—

Proof. As the first step, we show that for each 0 < € < 1/10, R > 1, there exists U1 = ¥y (¢, R, n),
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My = My(e~1, R,n) such that for fixed ¢ € Br(p), if v € G satisfies

d(’}/ - p,p) < lIll(ea ’I’L7R),

then for some positive integer 1 < d(q) < My such that

d(v4D . ¢, ) < e.

To this end, let IV be a positive integer such that

Bejo(W* - q) C Bar(p), V1< a < N.

(6.4)

(6.6)

We claim that there exists ¥; = Wy (e, R,n), No = No(e~ !, R,n) such that if inequality (6.4) holds

for ¥y, then for all N > Ny there are 1 < ag < By < N with

Beja(¥ - q) N Beya (77 - q) # 0.

(6.7)

Let us consider a little more general case than the claim. We will prove that there exists

No(e™!, R,n) < oo such that if {z,}Y; is a finite subset in Bg(p) with Bej2(za) C Bagr(p) and

BE/Q(:IJQ) ﬂBe/g(xﬁ) =0, Vi<a<pB< ]\7/7

then

We choose zo € {z,}N_, such that

Vol(B,2(x0)) = 1Sngi§nN/ {Vol(B.2(za))}-

Since B, 2(20) C B2r(p) C Bior(zo) and the balls in {B,/5(z,)} are disjoint, then

Vol(Bzr(p)) < Vol(Bior(zo)) . V™ (10R) = Ny(e!, R,n)

V= Vi (e/2)

= Vol(B,a(0)) ~ Vol(B./2(x0))

(6.8)

(6.10)

(6.11)

the last inequality is by Bishop-Gromov volume comparison theorem, where V™ (1) is the volume of

the ball B,.(0") in the space form of curvature —1 and dimension n.
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If we take x, = 7* - ¢, then the claim follows. In fact, let ¥; = m, where M, =

2No(e7t, R,n) and Ny is the constant in (6.11). Clearly, by (6.11), for fixed R > 1,

lim My(e™ ', R,n) = oo, liH(l) Ti(e !, R,n) =0. (6.12)
e—

e—0

By triangle inequality, for each 1 < o < M
d(y* - q,p) <d(v* - q,7" -p) +d(v" - p,p) < R+ My - ¥y < 2R, (6.13)

which implies that for each 1 < a < My, B2(v* - q) C Bagr(p). Since My = 2Ny > No, then there

existis 1 < ag < By < My such that

Be2(7% - 4) N Bepa (7 - q) # 0, (6.14)

That is,
Beja(77°7 - q) N Beja(q) # 0, 1< Bo — g < M. (6.15)

We have finished the proof of the claim. Let d(q) = fy — o, immediately, d(y*9 - q,q) < e. The

proof of the first step is complete.

The next stage is to finish the proof of the statement. Fix a positive constant € > 0. Let {yo }*_,

k
be a ;5-dense subset of Br(p) with yo = p such that Br(p) C L_JO Be/10(ya) and

(Yo yp) > =, Yo # B. (6.16)

- 207

Relative volume comparison theorem implies that there exists some large integer ko = ko(e ™%, R,n) >
0 such that
k< kole™, R,n). (6.17)

Let ¥y be the function in the first step and define

€ \I/l \IIQ,R, ’fl)
Woleln) = S Wleln) = (T << U, (6.18)
0 0

Let

d(p,v-p) < V. (6.19)
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By the arguments in the first step, inequality (6.19) implies that for each 0 < a < k, there exists

some integer 1 < d, < Mo(e~%, R,n) with dy = 1 and

d('yda Yo, ya> < \112~ (620)

k
Define d = [] da, then immediately d < Mé“ < M(]fo, and let
1

a=

Ni(e ', R,n) = My(e*, R,n)kolc " Fom), (6.21)

Triangle inequality implies that for each 0 < a < k and for each g, € Be/10(Ya)

d(Vd'Qaﬂa) < d(vd'%ﬁd 'ya) +d(7d 'youya) +d(yaaQa)
€
< oM AV Ya,ya)
< g +ME Wy < e (6.22)

k
Notice that Br(p) C |J Be/10(¥a), then for each z € Br(p), the above inequality gives that
a=0
d(y% - z,x) <e (6.23)

with 1 < d < Ni(e7i|n).
The constants Ny = Ni(e™!,R,n) and ¥ = ¥(e, R, n) have been defined in (6.18) and (6.21),
then the proof of the Lemma is complete.

O

By applying the above Lemma, we obtain the following non-localness of the nilpotency rank of

the fibered fundamental group.

Lemma 6.3. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) and such that Bz (p)
has a compact closure in By(p). There exists e1(n) > 0, w(n) < oo such that for each € < €1(n)
there exists Uy = Wo(eln) << € such that the following holds:

(1) T (p) = Tmage[ms (Buy (p)) — 1 (Bs(p))] s (1, n)-nilpotent.

(#4) For each x € B1(p), the group I'.(z) = Image[r1(Be(x)) = m1(Ba(p))] is (w, n)-nilpotent with
rank(T'.(z)) > rank(I'y, (p)). Moreover, I'c(x) = Image[m1(B(x)) — m1(Bi(x))] is (w,n)-nilpotent
with rank(L'¢(z)) > rank(I'y, (p)).
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(#i1) The group T'¢(B1(p)) = ({y € m1(B2(p))|d(y - %,%) < 2¢, Vi € B1(p)}) is (w,n)-nilpotent

with rank(T's(B1(p))) > rank(T'y, (p)), where p is a lift of p on the universal cover of Ba(p).

Remark 6.2. Property (i) is a rewording of theorem 3.55 due to Kapovitch-Wilking. We restate it

here just for the convenience of our arguments.

Proof. Let K =10 -w - 2™ be the corresponding constant in Lemma 5.25, and for each € > 0 define

Y (eln)
2K (n) <6

Wo(eln) = (6.24)

where W is the function in Lemma 6.2. Let N1 = N (e~ !|n) be the corresponding constant in Lemma
6.2. We will prove that the above constants satisfy properties (i), (i7), (ii7).
(i) Take €1(n), w(n) to be the corresponding constants as in theorem 3.55, then ', (p) contains

a nilpotent group N such that
[T, (p) : N < w(n), Step(N) < length(N) < n. (6.25)

By definition, for each € < €1(n),

Te(p) < Te, (p)- (6.26)

Denote NV = I'c(p) NN, and then
[Ce(p) : N] < [Te, (p) : N] < w, Step(N) < Step(N) < n. (6.27)

Therefore, property (i) is proved.
(#9) First, we construct a nilpotent subgroup of I'.(p) whose rank is equal to rank(I'y, (p)).
Notice that, (i) gives that I'y,(p) is (w, n)-nilpotent. Now applying Lemma 5.25 implies that,

'y, (p) contains a nilpotent subgroup N such that
[Ty, (p) : NT < w, Step(N) = ¢p < length(N) < n, (6.28)

and N satisfies (mg, K - ¥g)-displacement property with mg = rank(N) = rank(I'g,(p)). Recall

Definition 5.24, we collect all those (mg, K - ¥p)-graded generators

S = {0171, e 701777417 e 7060,17 .. '?UCO,HCO}' (629)
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Note that, for each 1 <i < ¢p, 1 < j < ny,

d(oij-p,p) < K- Vo < U(eln), (6.30)
then by Lemma 6.2, there exists
1< ay; < Ni(e 'n) (6.31)
such that
d(azij’j - %,0;4) <€ VI € Bi(p), (6.32)

where p is a lift of p on the universal cover of By(p). Denote

S, = {crill‘l, . ,o'il?;?l . SN ,ag(f?ﬁ:go b Na = (8,), (6.33)

»Yeco,l 0

then by definition, N, < I'c(Bi1(p)). In particular, N, < I'.(z) for every x € B;(p). Lemma 5.23
shows that

rank(N,) = rank((S)) = rank(N') = rank(T'y, (p)). (6.34)

Since I'.(z) is (w, n)-nilpotent, Lemma 3.43 implies that
rank(T'.(x)) > rank(N,) = rank(T'y, (p)). (6.35)

Note that, from the construction, it is clear that N, < T'.(z) = Image|m(B.(z)) — m1(Bi(x))].
Therefore, rank(T'c(z)) > rank(N,) = rank(I'y,(p)). We have finished the proof of property (i7).
(74i) From the Claim in the proof of Theorem 3.57, the group I'.(B:1(p)) is (w,n)- nilpotent.
Therefore, by (ii),
rank(I'c(B1(p))) > rank(N,) = rank(T'y, (p)). (6.36)

O

6.2 Symmetry and Quantitative Splitting of Normal Cover-
ing Spaces

In this subsection we prove quantitative splittings on normal covering spaces in two different contexts,

which depends on the compactness of limit space of the base manifolds.
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We start with a quantitative splitting by assuming the limit space of the base manifolds is
FEuclidean, which is the foundation of the non-collapse arguments on the universal cover in Theorem

6.1 (see more details in Proposition 6.9):

Proposition 6.4. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) and assume that
Bs(p) has a compact closure in By(p). Let 7 : (B/2®7]3) — (Bz(p),p) be a normal cover with
m(p) = p and the deck transformation group G. Given € > 0, there exists 0(e,n) > 0 such that if
(i) dar(Ba(p), B2(0%)) < 6, 0F € RF,
(i1) Gs(p) = (v € Gld(v - p, p) < 26) satisfies rank(G5(p)) > m,

then for some 6 < r < 1 and some integer d(p) > m, it holds that
dan (Br(ﬁ), BT(O’“”(”))) < er, OFHP) ¢ RE+d(P) (6.37)

Remark 6.3. Similar, though less general, statements are proved in [FY], [KW]. Besides the
greater generality of the above statement, there is also a techmical challenge which is new in the
above statement which does not appear previously. Namely, in [KW] an additional assumption is
made, which is that m (Ba(p)) is generated by loops of length < 6. This allows them to handle the
compact case. To avoid this assumption we use the algebraic structure of Theorems 5.22 and 5.26

to build a geometrically compatible extension of the lower central series of the nilpotent subgroup in
Gs (p)-
Remark 6.4. Theorem 5.26 implies that for sufficiently small § > 0, Gs(p) is (wo(n),n — k)-

nilpotent. In particular, rank(é(; (p)) is well-defined. Assumption (i) is just to emphasize the relation

between the nilpotency rank((?(; (p)) and the number of the Euclidean factors on the normal cover.

Remark 6.5. If the normal cover is chosen as the universal cover of Ba(p), then the correspond-
ing deck transformation group is exactly the fundamental group of Ba(p), i.e. G = m1(Ba(p)) and
Gs(p) = Image[m (Bs(p)) — m1(Ba(p))]. In this case, immediately we obtain the quantitative split-

ting on the universal cover (see Proposition 6.8).

Remark 6.6. Note that we are not giving explicitly the v > 0 for which the result holds, only that

it holds for some r of a definite size.
Before proving the Proposition, we need to show the following lemmas.

Lemma 6.5. Let (M, g;,p;) be a sequence of complete Riemannian manifolds with Ricg, > —(n —

1)e?. Assume that
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for some complete non-compact length space (X, d, p). If X is C-homogeneous for some C < 00, i.e.
for every x,y € X, there is an isometry f € Isom(X) with dx (y, f(z)) < C, then X is isometric to
R* x X', where k > 1 and X' is compact. In particular, any ray v C X can be extended to a line

which is tangential to RF.

Proof. Lemma 3.10 implies that if X is non-compact, then X admits a line. Due to Cheeger-
Colding’s splitting theorem, X is isometric to R x X; for some complete length space X;. Since X
is C-homogeneous, we must have that X; is C-homogeneous. If X; is compact then we are done,
otherwise we may again find a line in X;. Therefore, by Cheeger-Colding’s splitting theorem again,
X = R? x X,. The above process stops after a finite number of steps such that X = R* x X’ for
some compact length space X’. In this case we have that any ray v in X is tangential to R* and

thus can be extended to a line. O

Lemma 6.6. For each ¢ > 0, n > 2, there exists 6 = d(e,n) > 0 such that the following property
holds: let (M™,g,p) be a Riemannian manifold with Ric, > —(n — 1)6% such that Bs-1(p) has a

compact closure in Bys—1(p) and for some complete length space (Z, z),

dar(Bs-1(p), Bs—1(0%,2)) < 8, (0%, 2) e RF x Z, (6.39)

—

then on any covering space m : (Bs-1(p),p) — Bs-1(p) with w(p) = p,
dar(Be-1(p), Be-1(0F,2) <€, (0%,2) e R¥ x 7/, (6.40)

where Be-1(p) is a ball on the covering space and (Z',2") is complete length space.

Proof. We argue by contradiction. Suppose for some €3 > 0, there is no such § > 0. That is, we have
a sequence of §; — 0, a sequence of Riemannian manifolds (M, g;, p;) with Ric > —(n — 1)d? and
a sequence of complete length space (Z;, z;) such that 35;1 (pi) has a compact closure in B, st (pi)
and

daw(Bs-1(pi), Bs-1 (0%, 2)) < &;, (0F,2) € R* x Z,, (6.41)

—

but there is some covering space 7; : (Bg-1(p;),p;) — Bg-1(p;) such that for any complete length
space (Z',2'),

dor (B2 (9i), B-1(0%,2)) > e, (0%,2') e R x Z". (6.42)

By Gromov’s pre-compactness theorem, there is some complete length space (Zy, z9) such that
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for sufficiently large i,
da i (Bs-1(pi), Bs-1(0%, 29)) < 28;, (0%, 2;) € R* x Z,. (6.43)

Let F(p;) be the fundamental domain of (Bmi)mi) containing p;, and then denote by Usr(p;)

the subset of the covering space (B;—l@i), p;) which satisfies
Uzr(pi) = 77 ' (Bzr(pi)) N F (). (6.44)

Fix 0 < R << ¢; ', then as in [ChC] we have the following harmonic maps:

(I)i = (hgl), ey hik)) : BZR(pi) — BQR(Ok)7 (645)
where hgl), cee hl(k) are harmonic functions and satisfy the following estimate,
][ (VA VRDY — 5.4 +][ Z IV2h{™|? < U(8|n, R). (6.46)
Bar(pi) 1<a<f<k Bar(pi) =1

Observe that the inequality (6.46) is identical to the one on Usg(p;), that is,

(VA TRy = 5.4 +][U Z IV2h{™)2 < W(5;|n, R), (6.47)
2R pz

)al

fU2R(ﬁi) 1<a<p<k

o —

where h{® is the lifting of h{*) on the covering space Bos—1 (p;).
Denote

k
fiz Y (VA VAD) —dasl + Y V2R, (6.48)

1<a<p<k a=1

and let {U,})Y, be a finite collection of copies of Usg(p;) which covers Bg(p;) and satisfies Uy N
Br(p;) # 0 for each 1 < ¢ < N. Then clearly

N
U U: € Bior(5:) (6.49)
=1
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and inequality (6.47) holds on each Uy, which implies

1
7{312(151') fo = Vol(Br(p:)) /BR(ﬁi) I

= Vol(B1or(pi)) /BR(@:) 4
< NC(ni’R)/ i
ZVOI(UE) Br(pi)
=1
N
< NC(ni’R)Z fi
3 Vol(Uy) =17V
=1
N
U(e;|n, R) > Vol(Uy)
< C(nR) N =
S Vol(Uy)
=1
= W(§|n, R). (6.50)

The last inequality follows from (6.47). Using the quantitative splitting theorem of [ChC] the above

estimates imply that there exists some complete length space (Z’, 2") such that
dar(Br(pi), Br(0F,2")) < ¥ (8;|n, R), (0%,2) e R* x Z'. (6.51)

Therefore, taking R = ;' and sufficiently large i such that W(J;|n, R) < ¢/2, we obtain the

contradiction. O
With the above Lemmas, we proceed to prove Proposition 6.4.

Proof of Proposition 6.4. We argue by contradiction. Suppose for some ¢y > 0, no such § > 0 exists.

That is, we have a contradicting sequence (M, g;,p;) with Ric,, > —(n — 1) and Ba(p;) has a

K2

—

compact closure in By(p;), and let 7; : (Ba(p;), Di, Gi) — (Ba2(pi), pi) be a sequence of normal covers
with the deck transformation groups G;, such that for §; — 0 and for any arbitrary sequence {s;}
with 1 > s; > d;, we have the following properties:

(i) daw (Ba2(p;i), B2(0F)) < 6; — 0, 0F € RE.

(i7) for sufficiently large i (depending only on n), rank(Gs, (p;)) = mo > m (passing to a
subsequence if necessary), notice that by Theorem 5.26 for sufficiently large 4, Ggi (pi) is always

(w(n),n — k)-nilpotent.
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(#i7) but for any integer d > m, it holds that for each 4,
de (Bsi (5:), Bs, (ok+d>) > sic0, 0FFd € RFH, (6.52)

where p; is a lift of p; on the normal cover.

Let ¢ = 53 /2 and rescale the metric h; = 6;291', then we have the following properties: the
contradicting sequence (M, h;,p;) satisfies Ricy, > —(n — 1)e? and BQEi—l(pi7hi) has a compact
closure in B4ef1 (pi, hi) such that for sufficiently large ¢, the following holds,

(i) dGH(Bze;l(Pi, hi),Bge;l(Ok)) <€ — 0, 0% € RF,

(i1)" G.,(pi, hi) is (w(n),n — k)-nilpotent with rank(G., (p;, hi)) = mo > m, where

Ge,(pishi) = <{% €G;

dp; (Vi * DisDi) < 26¢}>. (6.53)

In the following proof, we will obtain a contradiction to (iii) by applying (¢)" and (i7)’. We start

with the first claim.

Claim 1. Passing to a subsequence, we have the following commutative diagram

(Bge/;@ih Giaﬁi) caclt (]R’C x R? x Yy, G, (OHd,yo)) (6.54)
(Bzejl(pi) = BQE/;l\(pi)/Gi,Pi) vett (]Rk,O’“),

where d > 0, (Yo,y0) is a compact length space and the normal covering maps 7; converge to a

submetry m.,. Moreover, G acts trivially on R* and thus G, acts transitively on R? x Yj.

Lemma 6.6 implies that passing to a subsequence, it holds that
(Bomt (0),51) 225 (RF v, (0%,1)), (0%,9) € R x Y, (6.55)

where (Y, y) is a complete length space. If Y is compact, it is done. If Y is non-compact, we will
prove that Y is isometric to R? x Yy with d > 1 and Yy compact.

As in the proof of Lemma 6.6, fix 0 < R << 2¢; ' and let

O, 5= (@5}}{, . .,@52) - Br(p:) — Br(0%) (6.56)
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be the RF-splitting map such that A@Efﬁ% =0 for each 1 < a < k. Let <f>,;7R be the lifted map of
D, g, ie. </I;¢,R = ¢, pom;. Lemma 6.6 shows that ‘i)i,R is also a R¥-splitting map. Therefore, (Y,y)
is the Gromov-Hausdorff limit of the lifted level sets &);}%(&% r(Pi)). Moreover, by definition, the
level sets ‘5;}1%@1 r(pi)) keep invariant under the deck transformation group G;. Then the isometry
group G, can be viewed as an action on (Y, y), i.e. Goo < Isom(Y), and thus G, acts transitively
on Y and it acts trivially on R¥. Since (Y,y) is assumed non-compact, Lemma 6.5 implies that the
complete non-compact length space Y is isometric to R¢ x Y with Yy compact for some d > 1. We

have proved Claim 1.

The main ingredient is to prove the following: the assumption
rank(éq (pi7 hl)) =mg > m, (657)

gives the inequality

d>mg>m, (6.58)

in diagram (6.54). Inequality (6.58) will be proved through the following arguments.

To simplify the arguments, we will blow down the limit space Y, in diagram (6.54). That is,

there exists a slowly converging sequence p; — 0 and u; > 63 /2 such that under the rescaled metrics

h; = ufhi with B; = i B,y -1 (pi, hi) we have the following commutative diagram:

(ﬁi,Gi,ﬁi> cacht (]kaRd,Goo,Ok+d) (6.59)
(o) (1)

where G, acts transitively on R? and trivially on R*. In the following arguments, the inequality
d > m will be proved by the dimension estimate of the limiting orbit. To this end, we will analyze
the behavior of the nilpotent subgroup of G; and its limit in Go.

In this paragraph, we sum up the properties of the nilpotent subgroup of GG; which will be applied
in the proof of inequality (6.58). Let \; = p;e; — 0, by the contradicting assumption (i)', under

the rescaled metric b;, it holds that the group

G, (pis b)) = <{gz € Gildy,(gi - PiDi) < )\z}> (6.60)
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is (w(n),n)-nilpotent. Hence, é,\i (pi, hi) contains a nilpotent subgroup N; such that (passing to a

subsequence if necessary),

(G, (Pi, bi) : Mi] < w(n), co = Step(N;) < length(N;) < n. (6.61)
Lemma 5.25 implies that there exists

K =10"-w(n) < oo, (6.62)

~

such that N; has the (mg, K - \;)-displacement property at p; € (B;, p;). That is, for each 1 < s < ¢y,
let N = [Nq(z_)l,./\/;], /\/'O(i) = N; and denote

n, = rank(N® /N, (6.63)

so the (mg, K - \;)-displacement property of AV; implies that for each 1 < s < ¢g, there is a normal

series

N o ND oo N s N >N (6.64)

such that for every 1 < a < ng the following holds:
(a) N.;(%//\f;g_l = 7. ./\/;(2_)1/./\/}(2%5 and Nfg//\/g(” are finite groups.
(b) There are {a(i) . ,agles} C /\/'s(i) such that,

5,10
d(0isa - Di, i) < K - A, (6.65)

and Ns(zgé N = (0324 Ns(zo)ﬁﬁ = Z.

s,a—1

The above normal series actually gives a sequence of normal Z-cover. Denote by

(), : (ﬁi/-/\/'i,s(afl)api,s(afl)) — (ﬁi//\/i,smpz‘,sa) (6.66)

)

the normal cover induced by the transformation group A; 5o = i)sa/M’S(a,l) = (0 s -./\/;-,S(Oé,l))
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Actually, the cyclic normal covers imply the following diagram of equivariant convergence,

pGH

( B,/ N pl ) (Rk x 7y, (ok,zs)) (6.67)

\ \
( 7,/ s a 17 SZ)aapgl)a 1) %’ (Rk X Zs,ozflvA.(S?(Ox)v (Okazs,afl))

mh l iw&’z)

(B2 ) (0 s 2y (0 200)
V \
GH
( / 17p9 1) £ (Rk X Zs—17(0k7zs—1))

where Z; o, = s,a—l/Ag?g)'

Claim 2. In diagram (6.67), given 1 < a < ng, dimH(Agi’g) Zs,a—1) > L.

By theorem 3.35, Isom(R¥ x Z, ,_1) is a Lie group. Since Ag?;) is a closed subgroup of Isom(RR

Zs.a-1) (actually acting trivially on R¥), Ag?}) is also a Lie group. Denote by Ag’a the identity

k%

component of Ag?Z)7 we will show that
dimy (A, - Z5(a—1)) > 1. (6.68)

By definition, A, is connected, so is the orbit AJ , - 25 4—1. It suffices to show that the orbit
A9, - Zs,a—1 contains at least two points.

First, we give a geometric description of the identity component Ag,a. For each € > 0, define

I 0(e) = {gEA

d(g : ys,a—17ys7a—l) < €, vys,a—l S Befl(zs,a—l)}- (669)

then applying Lemma 3.37, there exists €(Zs,q—1) > 0 such that (I, o(€)) = AJ ,. Inequality (6.65)
implies that, if ¢ is sufficiently large (depending only on n and €), it holds that (where we have

identified agf,)x with its natural projection on J\/S(l J\/S 1)

(o), - p 1ol ) < KN < plen), (6.70)
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n), where W is the function in Lemma 6.2. Define

)

Li(w/2) = sup {¢ € N2 |a((00)" -y plh 1) < /2], (6.71)

and notice that <0’£z()1> Z acts isometrically and properly on B, /N, S a 1, then

L;(1/2) < 0. (6.72)

Consequently, for each £ > L; + 1,

()l > /2. (6.73)

Since the generator agfa satisfies d(agz()l pgzL 1 pgzL 1) < i, then by triangle inequality,

< d(((’g%)LiH pﬁ% 1»pg121 1)

)

< d((o B pl s @) )+ d(() P B el )

e
2

= d(og% *Pi,s(a—1)) Pi,s(a— 1)) + d((Ug,ZX)Ll 'pi,s(oz—l)7pi,sa—1)

< p+ ’; < U(En). (6.74)

(o)™ By ) < 5 W € Bt ista ) (6.75)
Moreover, due to a; - (L; + 1) > L,
() e p L p ) > 5 (6.76)
Denote gsf = (os (1) 2)% (Lt “then the equivariant convergence
(Bi/NE 1 AL By ) S5 (BE X Zoam1 AL, (0%, 200-1)) (6.77)

gives that there exists gs o € ALY such that

d(gs,a : ys,aflays,afl) < éa Vys,ocfl S Bl (Zs,afl) (678)
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and

d(gs,a *Zs,a—1; Zs,(x—l) > M(Z n) . (679)

The above two inequalities imply that g, o is a non-trivial element in (I5 o (€)) = AY , and inequality
(6.79) shows that the orbit Ag’a - 2y a—1 contains at least two points. By definition, the identity
component Ag’a is connected, then the connected orbit Agva “Zs,a—1 contains a non-trivial continuous

path connecting zs o—1 and gs o - zs,a—1. Therefore, for each 1 < a < ny,
dimgg (ALY - zg,0-1) > dimy (A, - 2z50-1) > 1. (6.80)
So we have proved Claim 2.

With Claim 2, take s = ¢ in diagram (6.67), then Z., = R%. We proceed to prove the dimension
estimate

dimy (Ze,) = m. (6.81)

In fact, in the context of quotients of Euclidean space, it is standard that in diagram (6.67),
dimy(Zs,a—1) = dimp (ALY - 2, o—1) + dimy (Zs.0), (6.82)
which implies that

dimy(Z,) > dimy(Zo0) > > dimy (ALY - zgam1) + dimy(Zsn,)
a=1

> ng+ dimH(Zs,o)
> ng + dimy(Z,). (6.83)
Therefore,
co
dimy(Ze,) > Y e+ dimy(Zo) = mo + dimy(Zo) > m, (6.84)

s=1
where Zg = IRd/J\/'OO and by assumption mg > m.
Combining Claim 1 and Claim 2, we have obtained that

(Baer (0), Gisti) 2“5 (RF X R x Yo, Goe, (0F,0) ), d = m, (6.85)

1

where (Y0, o) is a compact length space. It gives that for each 10 < R << 2¢; " and for some
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compact length space Yj,
den (Br(p:), BR(0", o)) < U(€i|n, R) — 0, d > m. (6.86)
We have proved inequality (6.58).
We will finish the proof of the Proposition. Rescaling to the original metrics g;, it holds that
den (Bre, (§i), Bre, (0°7%,5:)) < € - U(eiln, R), (057, y;) € R x V;, (6.87)

where (Y;,y;) = (€;Y0, y0). Therefore,

dan (Bre, (), Bre,(0°9)) < dan (Bae, (1), Bre, (07, 1))
+ dGH<BRet 4 ), BRE,(Oker))
< Rei(\I/(ei|n,R)+(hamTpfo)>. (6.88)

diam(Yp)
R

Take some large R > 103 such that < . By definition ¢; = 53/2 > §;, then for sufficiently

large i such that ¥(e;|n, R) <

dant (Brysoro (i), Brysrr(05°0) ) < (o)1) T, 0 e RMY, d = m, (6.89)

which gives a contradiction to (6.52).

O

Now we extend the above splitting to a more general context. That is, the limit space of the
base manifolds is assumed of the form R* x Z, where Z is any arbitrary metric space. In particular,
the metric space Z is not necessarily compact. In this general case, Fukaya-Yamaguchi’s type line
splitting strategy fails because their method essentially depends on the compactness of Z (see Lemma
3.10 for the reason). In exchange, we assume that the normal cover (]?2—(;) ,P) is non-collapsed. The
non-collapsing condition enables us to argue in a different manner. That is, we will apply the
cone splitting principle to produce R-factors on the normal covers. Precisely, we have the following

Proposition:

Proposition 6.7. Given e > 0, n > 2, v > 0, there exists do(e,n,v) > 0 such that the following

holds. If (M™, g,p) is a Riemannian manifold which satisfies Ric > —(n — 1) and Ba(p) has a
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compact closure in By(p), and if

(i) dar(Ba(p), B2(0%, 2)) < 6, (0F,2) € R* x Z, where (Z,2) is a complete length space,

(i) 7 : (Bj(p?),ﬁ, G) — (Ba(p),p) is the normal cover of By(p) with w(p) = p and with the
deck transformation group G such that the group Gs,(p) = ({g € Gld(g - p,p) < 20}) satisfies
vank(Gis, () > m,

(#it) Vol(B1(p)) > v > 0,

then for some dp < r <1, d(p) > m,
dam (B (p), B (0FT4P) 2)) < re, (0FFT4P) 2) ¢ RFHIP) » (2), (6.90)

where (C(Z),2) is a metric cone over some compact metric space Z with cone tip 2.

Proof. We will prove this Proposition by contradiction. Suppose the statement fails. That is, for
some €y > 0, vg > 0, there is a sequence of Riemannian manifolds (M}, g;, p;) with Ricy, > —(n—1),
such that By (p;) has a compact closure in B4(p;), and there is a sequence of complete length spaces
(Zi, ), and for any sequence s; > ¢; the following properties hold (passing to a subsequence if
necessary).

(i) dam (Ba(pi), B2(0F, 2;)) < &, (0F,2;) € R* x Z;, for some complete length space (Z;, z;),

(3) m; : (B/-Q(E),ﬁi, G;) — (B2(pi), pi) is the normal cover of Ba(p;) with m(p;) = p; and with the
deck transformation group G such that the group G'gi (pi) = {9: € Gild(g; - Di, D:i) < 20;}) satisfies
rank(Gs, (p;)) = mo > m,

(#it) Vol(B1(p;)) > v > 0,
but

(iv) for any m/ > m and for any metric cone (C(Z), %),
dar (B, (i), B, (0™ 2)) > s; - eg, (0F1™,2) € RF™ x C(2). (6.91)

Let ¢, = 53 /2 and rescale the metric h; = e;2gi, then we have the following properties: the
contradicting sequence (M}, h;,p;) satisfies Ricp, > —(n — 1)e? and B, —1(p;, h;) has a compact
closure in B, _-1(p;, h;) such that the following holds,

(7)’ by Gromov’s precompactness theorem, there is some complete length space (Z], z{)) such that

dar (Bye—1(pis hi), By—1 (0%, 20)) < e; = 0, (0%, 20) € R* x Zj, (6.92)
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(i1)" Ge,(pis hi) = ({9 € Gildn, (gi - Di, Di) < 2€;}) has rank mg > m,
(234)" Volp, (B1(pi, hi)) > C(n) - vo > 0,

(i)’ for any m’ > m, any sequence s; > 6; and for any metric cone (C(Z), 2),
der (B, .~ (i, hi), B, 1 (0FF™ 2)) > s; - ;1 e, (0FT™,2) € RF™ x C(2). (6.93)

In the following proof, we will obtain a contradiction to (iv’) by applying (i)', (i7)" and (7ii)’.
By (iii)', B,.—1(p;) is non-collapsed and thus every tangent cone on the limit space is a metric cone.

/2

So we can choose a slowly converging sequence p; — 0 with p; > eg such that under the rescaled

metrics h; = ui_th-, the following diagram holds,

(ﬁi,Gi,ﬁi) e (]Rk % O(Y), oo, (Ok,y*)) (6.94)
(Bip) e (RE x g, (0%, 44) ).

where B; = ;' B, -1(p;), (C(Y),y*) is a metric cone over some compact length space Y with the

cone vertex y*, and G € Isom(C(Y)) is a Lie group. By (4i)’, then

G, (i, i) = ({9: € Gildy, (g - Di, Di) < 2Xi}) (6.95)

1/2

satisfies rank(é,\i (pi,b;)) = mo > m with \; = ui_l g <€’ " —0.

Since the Lie group G, isometrically acts on C(Y), then each point y € G - y* is a cone tip.

If the orbit G, - y* is not a point, Lemma 3.31 implies that for some s > 1,
CY)2R?x C(2), T - y* C RY, (6.96)
where the metric cone C' (Z ) does not admit any line. In fact, we will prove that
d>m

: (6.97)

by applying the assumption rank(é,\i (pi, bi)) = mo > m. The proof of inequality (6.97) is similar to
the proof of inequality (6.58) in Proposition 6.4. Inequality (6.97) easily follows from the following

Claim:
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Claim. If rank(Gy,(p;, b;)) = m, in digram (6.94), the inequality dimy (G - y*) > m holds on

the limit cone (C(Y),y*).

The proof of this Claim is very similar to Claim 2 in the proof of Proposition 6.4. We have
proved in Theorem 5.26 that for sufficiently large ¢, G »; (Pi, i) contains a nilpotent subgroup N

such that (passing to a subsequence if necessary),

rank(N;) = mg < n, co = Step(N;) < length(N;) < n, [Gx, (pi, bs) : Ni] < w(n), (6.98)

and N; satisfies the (mg, K(n) - \;)-displacement property for some constant K = K(n) > 0. Let

No be the equivariant limit of A;. Now it suffices to prove that

dimy (Noo - ") > m. (6.99)

To this end, consider the following diagrams:

(ﬁi7G,~, pi) =aGH (]R’f % R x C(2), G, (o’f,o%z)) (6.100)
pr(’), pr)
(El/NS(,Zgw Ag%)aJrlvpgz;zx) el (]Rk X Zs,avASZ)er (Oka Zs,a))
e e
pGH

( / s a+17p9 a+1> (Rk X ZS,OH—la (Oka Zs,oz-i—l))a

where Z; o, = C’(Y)/./\/},(f;f)7 NED = lim N, AL, = N(f_)irl/Ns,(f:) and ALY = lim Ag)a Note
11—

s
’ ’ i—00

that the above diagram is commutative. In particular,

prihss = @i o i, privedy = el o) (6.101)

In the following arguments, we concentrate on the slice R? x {2}. First, we show that the limit
Lie group G preserves the slice R? x {2} in diagram (6.100), where 2 is the cone vertex of C'(Z).
That is, Goo < Isom(R% x C(Z)) induces an isometric Lie group action on R? x {£}. In fact, if not,
suppose there exists (vg,2) € R? x {2}, goo € Goo such that go.((vo, 2)) € RY x {2}. Recall that
the metric cone C(Z) is chosen such that it does not contain any line. Moreover, goo(R? x C(Z))

is a metric cone with the cone tip goo((v0, 2)) because goo € Gop is an isometry and R% x C(Z) is a
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metric cone with vertex (vg, 2). By Lemma 3.31, there exists d’ > 1, a metric cone C(W) such that
C(Z) is isometric to RY x C(W). This contradicts to the choice of the integer d and C(Z).
We denote Uy = prgf’,i)(IRd x {2}). The proof of the dimension estimate (6.99) follows from the

following inequality, for each 1 < s < ¢g and 0 < a < ng — 1,
dimy (Us o) > dimyy (Us.aq1) + 1. (6.102)
If (6.102) holds, then it is straightforward that
dimy (Us0) > dimyy (Us,p, ) + 1. (6.103)
Moreover, the normal series gives that
dimyy (Us ) > dimy (Us—1,0)- (6.104)

Therefore,

dimpy (RY) > dimy(Uey.0) = ((dimpu(Uey0) = dimy (U,n,) )
= 3 ((@im(Us0) = dimu (Usn,)) + (dimpe(Us.n, ) = dima(Us-1,0)) )
s=1
> ) (dimy(Us o) — dimy (Us,n,))
s=1
co
> Y ng=mg>m. (6.105)

Then we are done. Now we focus on the proof of inequality (6.102). Notice that, equation (6.101)
gives

Usarr = proch (R x {23) = o0%0, o prle (RY x {2}) = %01 (UL ). (6.106)

Notice that A§ o gives an isometry Lie group action on U, 4, then it is standard that
dimy (Uy o) = dimy (Us a1) + dimp (A - 20.0). (6.107)
By the same arguments of Claim 2 in the proof of Proposition 6.4, it holds that
dimp (A, - 260) > 1. (6.108)
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Specifically, inequality (6.108) follows from the facts that the identity component of Ag?il_l is non-
trivial and the corresponding orbit contains at least two points. Therefore, we have prove inequality

(6.102), and the proof of the Claim is complete.

The proof of this Proposition is almost finished. In fact, for sufficiently large i,
dan (B(pi, ), Bi(0"*,2) < e, 2 € (C(2), 2), (6.109)
and by rescaling back to the metrics h; = u?b;,
der(Bu,(9i), B, (0F7°,8)) < €0 - i, 2 € (C(2),2), (6.110)

where (C(Z), %) is a metric cone over some compact metric space Z with cone tip 2. But the above
1/2

i

inequality contradicts (iv)’ because p; > €

6.3 Quantitative Splitting and Non-Collapse of Universal Cov-
ers

In this subsection, we prove the non-collapsing of the universal cover in Theorem 6.1 by using those
technical tools developed in the above subsections.

First, we prove the non-localness of the quantitative splitting on the universal cover. That is, if
the quantitative splitting in Proposition 6.4 holds at one point, the splitting in fact holds at all nearby
points. The non-localness of the quantitative splitting property follows from the non-localness of
the nilpotency rank of the fibered fundamental group (See Lemma 6.3). This non-local quantitative

splitting result will be applied in the proof of the non-collapse of the universal cover.

Proposition 6.8. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) and such that
Bsy(p) has a compact closure in By(p). For each € > 0, there exists 6o = do(n,€) > 0, such that if
(i) dar (Ba(p), B2(0%)) < b, 0F € RF,
(i3) Ts, (p) = Image[m1(Bs, (p)) — m1(B2(p))] satisfies rank(T's, (p)) > m,

then there is some 09 < r < 1 such that for each x € B1(p) and for some integer (depending on x)
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d(x) > m, it holds that
den (Br(jf:), Br(o’“+d<m>)) < re, Q) ¢ RiHE), (6.111)

where T is a lift of x on the universal cover of By(z).

Proof. Fix 0 < § < €1(n) which is to be determined later, where €;(n) is the same constant in

Lemma 6.3. Then we define the positive constant 0 < §y << 1 by letting
do = Po(0|n) << § < €1(n) (6.112)

where Uy is the function in Lemma 6.3. Property (i¢) of Lemma 6.3 shows that for every x € By (p),
Is(x) is (w(n),n)-nilpotent with rank(I's(x)) > m. Moreover, if the Gromov-Hausdorff control (7)

holds for &g > 0, then for every x € By (p),
dar(Bi(z), B1(0%)) < 6y << 6, 0% € RF. (6.113)

Therefore, By (x) satisfies the assumptions on the Gromov-Hausdorff control and the nipotency rank
in Proposition 6.4. Hence by choosing the above 6 = d(e,n) > 0 as the corresponding constant
in Proposition 6.4, and let assumptions (i) and (#) hold for d9 = ¥y(djn) > 0, then for some

1>r>d(n,e) > do(n,e) >0,
dar (B (%), Bp(0"FT4®)) < re, 0FF4®) € RFHE) - d(z) > m, (6.114)

where Z is a lift of z on the universal cover of B;(x). O

Recall that Theorem 3.57 states that the nilpotency rank of the fibered fundamental group is
bounded by the collapsed dimension. We will prove that if the nilpotency rank attains the maximum,
i.e. is equal to the collapsed dimension, then the universal cover is non-collapsed. Precisely, we have

the following:

Proposition 6.9. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) and such that
Bs(p) has a compact closure in By(p). Given a Ricci-limit space (Z*,2F) with dim Z% = k in the
sense of theorem 3.33, there exists 5o = 6o(n, B1(2%)) > 0, vg = vo(n, B1(z¥)) > 0 such that if

(i) dar(Ba(p), B2(2%)) < &, 2F € ZF,

(i) T, (p) = Image[m (Bs, (p)) — m1(Ba(p))] satisfies rank(T's, (p) = n — k,
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then for any x € By(p) ,
Vol(By 2(%)) > vo(n, B1(2")) > 0, (6.115)

where T is a lift of © on the universal cover of By(x).

Remark 6.7. This non-collapse result works in a very general setting, that is, we only assume
uniform lower Ricci curvature bound and maximal nilpotency rank. In particular, the limit space in

assumption (i) is for any k-dimensional Ricci-limit space in the sense of theorem 3.33.

Proof. Tt suffices to prove the statement at p. The general case follows from the non-localness of the
nilpotency rank of the fibered fundamental group. Let assumptions (i), (i7) hold for some &y > 0
which will be determined later. Due to theorem 3.33, the regular set Ry (Z%) is of full measure (the

limiting renormalized measure). Given any § > 0, we can define the positive constant
s = 5(0, B1(2")) = sup {r > 0‘3 y € Bl/lo(zk) such that dg (B, (y), B.(0%)) < %7’5}, (6.116)
then s(6, B1(z")) > 0. Consequently, there exists some zo € By5(2") such that
de(Ba(z0), Bo(0F)) < 355. (6.117)
Since dgp (B2 (p), B2(2F)) < 6o << 1, we can pick some ¢ € B /4(p) such that
dau(Bs(q), Bs(20)) < 26p. (6.118)

Let &g > 0 satisfy

1
do < 1—0\110(55|n) << 86 < seq, (6.119)

where €y, ¥g are in Lemma 6.3. It follows that,

1
dar(Bs(q), Bs(0%)) < 260 + 550 < s0. (6.120)

Let 7 : (Eg\(;),ﬁ) — Ba(p) be the universal cover, then the pre-image (7~1(B(q)),§) on E—g\(;)

is a normal cover of Bs(q). Note that the deck transformation group of this normal cover is G =

st (BQ (p)) Let

Goslq) = <{7 c G‘d(v 3,9 < 55}> (6.121)
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and then

Gss5(q) < Image[m1(Bss(q)) — m1(B2(p))]- (6.122)

Theorem 3.55 shows that if § is sufficiently small, G'45(g) is (w(n), n)-nilpotent. Moreover, rank(Ts, (p)) =

n—k and dp < ¥o(sd|n), then Lemma 6.3 implies that rank(Gss(q)) > n—Fk, and thus rank(Gss(q)) =
n—k. Now fix € > 0 and combined with (6.120), if the above § > 0 is chosen as the one in Proposition

6.4, then for some d(n,€) < r < 1 we have that,

der(Bs (), Bor (0F74D)) < sre, 0FF4@) ¢ RFH@ | d(q) > n — k. (6.123)

Immediately, the inequality k 4+ d(q) > k + (n — k) = n and the curvature condition Ric > —(n — 1)

implies that k 4 d(q) = n, and thus

s (Ber (@), Bor(0M)) < sre, O™ € R™. (6.124)

Applying volume convergence theorem, we have that, if (6.123) holds for sufficiently small eo(n) > 0,

Vol(B.y (@) > 5 Vol(B, (07). (6.125)

Therefore,
Vol(B, 5(5)) > Vol(Bu () > %VOI(BST(O”)) > vo(n, By(25)) > 0. (6.126)
O

6.4 Proof of the Main Technical Theorem

Proposition 6.9 of the last subsection gives the non-collapse of universal covers by assuming the
maximality of the nilpotency rank of I's(p). Hence this non-collapse result enables us to apply
Proposition 6.7 to obtain a strong quantitative splitting result in which the limiting base space is

arbitrary (compared with Proposition 6.4). That is, we can now prove Theorem 6.1:

Proof of Theorem 6.1. First, by Proposition 6.9, there exists vy(n, B1(z)) > 0, §(n, B1(z%)) > 0

such that for any ¢ € Bi(p) if (), (#¢) holds for the above ¢ > 0, then

Vol(B 5(4)) = vo(n, B1(2")) > 0, (6.127)
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where ¢ is a lift of ¢ on the universal cover of Bi(g). Therefore, by Proposition 6.7, for every
€ > 0, there exists &'(e,n, B1(z%)) > 0 such that if (i), (#) holds for §p = min{4, '}, then for some
dbo<r<l,

dan (B (§), B (0774, 2)) <r-e, (0" 2) e R x C(2), (6.128)

where C (Z ) is a metric cone over some compact space Z with cone tip 2.
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Chapter 7

The e-Regularity Theorems for
Lower and Bounded Ricci

Curvature

In this section we prove the e-regularity theorems for collapsed manifolds in the context of Ricci
curvature bounded from below and bounded Ricci curvature respectively. In essence, we will see
that under the conditions of Theorem 1.1 with only a lower Ricci curvature bound, then the weak
conjugate radius will be bounded uniformly from below. From Subsection 7.2 to Subsection 7.4, we
will improve upon these results in the context of bounded Ricci curvature in order to prove the main
Theorem in this paper.

The e-regularity in the context of lower Ricci curvature will hold when our ball is close to
Euclidean space or a half-space. On the other hand, by using Theorem 3.26, we will see that the
e-regularity in the bounded Ricci context only requires that M™ is close to a space of the form
RF=* x Z* with dim(Z%) = ¢ < 3. This is a sharp assumption (see Example 4.3). Let us point out
here that we do not assume that Z¢ is a cone space here, since this is an unnatural assumption in

the collapsed context. See the comments after Theorem 1.1.
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7.1 The Statement and the Proof of the e-Regularity for
Lower Ricci Curvature

In this subsection we will give a precise statement of the e-regularity theorem for collapsed manifolds

with lower Ricci curvature bound. Let us begin with a useful notion of regularity.

Definition 7.1. Given a Riemannian manifold (M™, g) and € > 0 we define for each x € M™ the
weak conjugate radius (or e-conjugate radius) ConjRad,(x) to be the supremum of r > 0 such that

for each 0 < s < r there exists a mapping ¢, : Bs(0™) — By(Z), where

1. Bs(0™) CR™ and & € By (x) is a lift of x to the universal cover of Ba,(x),
2. ¢s(0™) = .

3. ¢s is a homeomorphism onto its image.

4. ¢s is a es-Gromov-Hausdorff map, i.e. dgu(Bs(Z), Bs(0™)) < se.

Remark 7.1. If we assume Ric > —(n — 1), then (8) automatically follows from (4) due to the

uniform Reifenberg property (see [ChC1]). In fact, ¢s is a C*-homeomorphism.

Notice that the size of the weak conjugate radius contains both geometric and topological conse-
quences. We prove the following useful lemma on the estimate on the weak conjugate radius, which

will be used in the proof of the e-regularity theorem for lower Ricci curvature bound.

Lemma 7.2. Assume Ric > —(n — 1), then for each € > 0, there exists ro = ro(e,n) > 0 and
d =0d(e,n) > 0 such that if
CZGH(B,»0 (52), B,-O (On)) < ro0, (7.1)

then it holds that
ConjRad (x) > % > 0. (7.2)

Proof. Tt suffices to show that given e > 0 there exists d(n,e) > 0 and rq(n,e) > 0 such that (7.1)
implies that for all 0 < r < rq,

e (B, (7), By (0M)) < re. (7.3)

In fact, if (7.3) holds, by the uniform Reifenberg property, it holds that B, /2(0™) is C*-homeomorphic

to its image in B, /2(&). Therefore, ConjRad,(z) > 79/2.
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We proceed to show the inequality (7.3). Given € > 0 assume that (7.1) holds for some constants

0 > 0, 7o > 0 which depend only on n, € and will be determined later. By rescaling,

dau(B1(%,752g), B1(0™)) < 6. (7.4)

By volume convergence theorem and relative volume comparison, for all 0 < s <1,

Vol(B,(%,7152%g)) _ Vol(Bi(Z,75%g))
Vol(B;(0™)) = Vol(B1(0™)) =2 1=¥(0|n) — 1. (7.5)

With respect to the rescaled metric Ric, > —(n — 1)s*rZ, then the almost maximal volume

—92,,—2
2TO g

property (7.5) implies the following almost rigidity due to [ChC],
dGH<Bsr0 (i‘0>7 Bsro (077,)) < STO‘I]2(67 7"0|n)~ (76)

For the fixed € > 0, we choose sufficiently small 6 > 0 and ro > 0 such that U5(d, ro|n) < € and the

inequality (7.3) follows. Then we finish the proof. O

Now let us state the main theorem of this subsection, which gives the e-regularity result in the

context of uniform lower Ricci curvature.

Theorem 7.3. Let (M™, g) be a Riemannian manifold with Ric > —(n—1) and such that Ba(p) has
a compact closure in Ba(p). There exists wo(n) < oo, and for each € > 0 there exists 6 = d(n,€) > 0,
co = co(n,€) > 0 such that if

e (Ba(p), B2(0%)) < 6, (7.7)

where B(0F) C R* or RE = R*~! x R, then the group T's(p) = Image[r1(Bs(p)) — m1(Ba(p))]
is (wo,n — k)-nilpotent. In particular, rank(T's(p)) < n — k, and if equality holds, then for every
q € B1(p) we have that

ConjRad (q) > ¢o(n,€) > 0. (7.8)

Remark 7.2. We see from Theorem 3.57 that the fibered fundamental group Ts(p) in fact has
nilpotency length bounded by n — k with uniformly bounded index. Our main interest then is to study

the case of maximal rank.

Remark 7.3. In this e-reqularity Theorem, we assume that the limit space splits off at least RF~1.
This GH-control on the limit space is sharp because we can take a convex surface (K > 0) converging

to a flat cone.
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Remark 7.4. The conclusion of this e-reqularity gives uniform control the weak conjugate radius
and this is optimal in the context of lower Ricci. In fact, Example 4.4 shows that in general it is
impossible to expect any control on the conjugate radius even in the non-collapsed setting with smooth

limit space.
The proof of Theorem 7.3 quickly follows from Theorem 6.1.

Proof of Theorem 7.3. First, Theorem 3.57 gives the rank bound and the index bound wg(n). So
the remaining is to prove the weak conjugate radius estimate. Observe that, it suffices to show that

for each € > 0, there exists do(€,n) > 0, co(e,n) > 0 such that if

der (Ba(p), B2(0%)) < b, (7.9)
where B5(0%) C R* or R, and if
rank(Ts, (p)) =n — k, (7.10)
then for each ¢ € By(p),
dar(Be(§), Bey (0™)) < coe, 0™ € R™, (7.11)

where ¢ is the lifting of ¢ on the universal cover of Bi(q). In fact, by Lemma 7.2 and inequality

(7.11) we would then have that

ConjRad,(q) > co/2. (7.12)

Now let us prove inequality (7.11). Applying Theorem 6.1, there exists vg(n) > 0, and for each
€ > 0 there exists do(n, €) > 0 such that if (7.9) and (7.10) hold for dg > 0, then Vol(B /2(§)) > vo > 0
and for some 0 < §g < r < 1,

daw(Br (), B.(0"1,0%)) < 7€, (7.13)

where 0* € R! or 0* is the cone tip of Ri' By the stratification result on the singular set of [ChC1],
we have that for every € > 0, there exists €(n,vp) > 0 such that if inequality (7.13) holds for € > 0,
then

den(Br(§), B-(0")) < re, 0" € R™, (7.14)

and thus the proof is complete. O
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7.2 Harmonic Radius and Curvature Estimates

In this subsection, we discuss the main part of Theorem 1.1. The essential conclusion in the e-
regularity result for bounded Ricci curvature is that conjugate radius is uniformly controlled from
below if the assumptions of Theorem 1.1 hold. More directly we will show that the C'-harmonic
radius is uniformly bounded from below on the universal cover. Furthermore, if the manifold is
Einstein or just has uniform bound on |V Ric|, the standard elliptic regularity theory and the

harmonic radius estimate in fact gives the uniform curvature estimates.

Proposition 7.4. Let (M™,g,p) be a Riemannian manifold with bounded Ricci curvature |Ric| <
n — 1 and such that Ba(p) has a compact closure in By(p). For each Ricci-limit space (Z*, 2°) with
dim Z* = ¢ < 3, there exists 5o = do(n, B1(2%)) > 0 and ho = ho(n, B1(2°)) > 0 such that if

(i) dar(Ba(p), B2(0F,2%)) < 8o, (0F74,2%) e RF* x 2,

(i) Ty (p) = Tmagelm (B, () — m1 (Ba(p))] satisfies rank(Ts, (p)) =n — k,

then for each q € By(p)

1(§) > ho > 0, (7.15)
where q is a lift of ¢ on the universal cover of B1(q).

Proof. We assume that conditions (i), (i) hold for dy(n, B1(z%)) > 0, which will be determined
momentarily. By Theorem 6.1, there is some vy (n, By (2%)) > 0 and for each ¢ > 0, there exists some

positive constant §(e,n, By(2%)) > 0 such that if (i), (i4) holds for § > 0, then

and for some § < r < 1,

dar(Br(§), B, (0", 2)) < re, (0"%,2)eR" ™" x Z, £<3, (7.17)

where C(Z) is a metric cone over some compact metric space Z with cone tip 2. Therefore, by
Theorem 3.26, there exists €y(n,v) > 0, r,(n,v9) > 0 such that if (7.16) holds for vo(n, By (2¢)) > 0

and equation (7.17) holds for €y(n,vo) > 0, then

Th(q) = 7 rr(n,v0) > 0 - (N, v0). (7.18)
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Therefore, for the above €g(n, vg) > 0, correspondingly, we choose

g = 5(60771,31(2@)) >0, hg =4 - Th(’I’L,’Uo) >0 (719)

which depend only on n and the geometry of B;(z%). The proof is complete.
O

Now we prove the curvature bound in Theorem 1.1. Actually, we can prove it in a little more
general setting, that is, we will replace the Einstein condition with the uniform bound on the
covariant derivative of Ricci tensor. The arguments are rather classical once we have the harmonic

radius bound in Proposition 7.4.

Proposition 7.5. Givenn > 2, A < co and a Ricci-limit space (Z*, 2*) with dim(Z%) = ¢ < 3, there

are positive constants 5o = 6o(n, B1(2%)) > 0 and C = C(n, A, B1(2")) < oo such that if the constant

do > 0 satisfies assumptions (i), (ii) in Proposition 7.4 and in addition assume sup |V Ric| < A,
B2 (p)

then

sup |Rm | < C(n, A, B1(2Y)). (7.20)
Bi(p)

Additionally, if (M™,g,p) is Einstein Ric = A\g with |A\| < n — 1, then for each j € N, there exists

0 < Cj(n, B1(2")) < oo such that

sup |V Rm | < C;(n, By (2")). (7.21)
Bi(p)

Proof. The proof is the standard Schauder estimate and we only prove (). It suffices to show that
for each q € Bi(p), | Rm|(§) < C(n, A, B1(z%)), where § is a lift of ¢ on the universal cover of B;(q).
By Proposition 7.4, r1,(§) > ho(n, Z*) > 0. Hence, in By, 2(G), we can express Ricci tensor in terms

of the harmonic coordinates {x1,...,z,},

9%g;; dg
Kkl ) rs
Riy = 9" 5 rgat Q(axm ): (7.22)

where R;; are components of Ricci tensor and @ is a quadratic form in terms of the first derivative of
gij- Note that g;; has uniform C'"*-norm in By, 2(). Since |V Ric| < A, by the classical Schauder

estimate, it follows that

W31V gijlco B, (@) + 1o IV gisl o (Bay a@) < Cln, ). (7.23)

101



The above estimate actually gives the curvature bound,

sup |Rm| < C(n,A)hy 2. (7.24)
By /4(9)
Descending to the base space, we obtain the desired curvature bound. O

7.3 Conjugate Radius Bound Implies Maximal Nilpotency
Rank

The converse direction of Theorem 1.1 is an immediate consequence of the following fibration con-
struction that we will discuss. A similar nonlocal version of Proposition 7.6 was given in [DWY],
however since their methods are nonlocal in nature, e.g. a smoothing process by the Ricci flow, we
give a different proof in Chapter 8. Our proof of this fiber bundle result essentially relies on the
pointwise C'' and C? estimates of harmonic functions under a lower conjugate radius bound, which
gives an explicit and intrinsic construction of the fiber bundle map (compared with Fukaya and Ya-
maguchi’s embedding method via distance function, for instance see [Yal]). In fact, this analytical
method can be applied in a broad setting. Finally, we will apply the smoothing techniques in [DWY]

to topologically identify the fiber.

Proposition 7.6. Let (M™,g,p) be a Riemannian manifold with |Ric| < n—1 and such that Bs(p)
has a compact closure in Bg(p). Given co > 0, there exists § = §(n,co) > 0 such that if

(i) dgr(Bs(p), B3(0%)) <6, 0F € R*, k <n,

(ii) for each q € Bs(p), we have the conjugate radius lower bound ConjRad(q) > ¢o > 0,
then there is a smooth map ® : Bs/s(p) — B5/2(0k) such that @‘1(39/4(01“)) is diffeomorphic to

Byg;4(0%) x N"=k where N"=* is an infra-nilmanifold of dimension n — k.

Remark 7.5. In fact, one can drop the upper Ricci bound in the above result. To do this one must
show that each point q € By 5(p) there is a covering of an ro(n, co)-neighborhood of q with uniform
lower injectivity radius bounds. This is true, but since the proof is a bit involved and takes us away

from the purpose of this paper we will not worry about it.

We will prove the above in Chapter 8. The converse direction of Theorem 1.1 now follows from

the Proposition below.

Proposition 7.7. Let (M",g,p) be a Riemannian manifold with | Ric| < n—1 such that Bs(p) has
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a compact closure in Bg(p). There exists w(n) > 0 and given ¢y > 0 there exists §(n,co) > 0 such
that if

(i) der(Bs(p), B3(0F)) <4, 0F € R*, k < n,

(#i) for each q € Bs(p), we have the conjugate radius lower bound ConjRad(q) > ¢o > 0,
then

I's(p) = Image[m (Bs(p)) = m1(Bz(p))] (7.25)

contains a nilpotent subgroup of rank n — k of index at most w(n) < oo.

Proof. 1f all of the assumptions hold, by Proposition 7.6, there exists a smooth map
®: Bs)a(p) — Bs/z(ok)a 0" c R, (7.26)

such that the pre-image ®~!(Bg,4(0%)) is homeomorphic to the trivial bundle By,,(0F) x F"=*,
where F"~F is an infranilmanifold of dimension n — k. Hence there exists some w(n) < oo and
a w(n)-finite normal cover of F"~* denoted by Fn=k guch that F"* is a compact nilmanifold.
Then F™F is diffeomorphic to N~ /A for some simply-connected nilpotent Lie group N"* (and
thus diffeomorphic to R"~*) and for some co-compact lattice N' < N"~*. It is a standard fact that
rank(N) = dim(N"~*) = n—Fk (see [Ra] for instance). Since F"~¥ is a bounded normal cover of F™~*
by w(n), it follows that [ (F"%) : N] < w(n) < oo and thus rank(m; (F" %)) = rank(N) = n — k.

Now we claim that the group

I's(p) = Image[m (Bs(p)) — m1(B2(p))] (7.27)

is isomorphic to 71 (F"~%). Take a fiber F"~* C Bs(p) at p. Notice that, each element in 7y (F"~*)
and T'5(p) can be generated by a closed geodesic of length at most 24. In the following arguments,

we give the injective homomorphisms
o :m(F"%) = Ts(p), ¢ :Ts(p) = m(F"F) (7.28)

such that

1/’ oY= Idﬂ'l(F"*k)? @ o 1/’ = Idl_'(;(p)a (729)

which particularly implies that w1 (F1) = T's(p).

Observe that, by Proposition 7.6, there exists an open set such that Bs(p) C U and U is
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diffeomorphic to D¥ x F™~*. Denote by ¢ the homomorphism induced by F"~* < U, and then
U = D*x F"=* implies that 71 (F" %) = ¢(m (F" %)) = 71 (U). Since every generator v € 71 (F"~¥)
is chosen such that £(y) < 24, ¢(vy) canonically determines an element in I's(p). That is, ¢ gives a
homomorphism 71 (F"~*) — T'5(p). The next is to check the injectivity of ¢. In fact, for a trivial
loop v € Ts(p), v is trivial in 7;(U), and thus v is trivial in 71 (F"~*). Hence ¢ is an injective
homomorphism from 71 (F) to T's(p).

On the other hand, let ) be the natural composed homomorphism T's(p) — m1(U) = m (FF).
For any trivial loop v € 71 (F"~F), then 7 is trivial in 7y (U) and thus trivial in ['s(p). Therefore, 9
is injective. Moreover, it is straightforward to prove equation (7.29). We have proved the claim.

Therefore, I's(p) contains a nilpotent subgroup N of rank n — k and of index at most w(n) < occ.

O

7.4 The Proof of the Main e-Regularity Theorem

We complete this section by proving Theorem 1.1 and also giving an example to show the optimality

of the converse direction in Theorem 1.1.

Proof of Theorem 1.1. The proof of the main theorem is now just a combination of Theorem 3.57,
Proposition 7.4, and Proposition 7.7. Indeed, let us assume that for some § > 0 to be determined

momentarily we have
dan (Ba(p), Ba((057",2%))) < 5, (7.30)

where (0F=¢ 2f) € RF¢ x Z¢ with dim(Z*) = ¢ < 3. First, by Theorem 3.57, it holds that
rank(Ts(p)) < n — k for sufficiently small 0 < § < &o(n, B1(2)). Furthermore, the assumption
rank(I's(p)) = n — k and the Gromov-Hausdorff control (7.30) enable us to apply Proposition 7.4.
That is, we may choose &(n, B;(z"))) such that if the above assumptions hold, then we have on the

universal cover the estimate for every ¢ € B1(p),
() > ho(n, B1(2%)). (7.31)

It is a standard point, indeed just work in coordinates, to check that this implies the desired conjugate
radius lower bound. Additionally, if the manifold is assumed to be Einstein, then curvature bound

follows from Proposition 7.5. The converse conclusion is contained in Proposition 7.7. Thus we have
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finished the proof.

O

In the rest of this subsection, we give a simple counterexample to show that the assumption in
the converse direction of Theorem 1.1 is sharp. More precisely, the converse direction of Theorem 1.1
is not true in general if the limit space is not euclidean or not a smooth manifold. That is, without
the Gromov-Hausdorff control (1.10), bounded curvature does not imply that the nilpotency rank

of T's5(p) = Image[m (Bs(p)) — m1(B2(p))] attains the maximum.

Example 7.8. Let M3 = R? x S*. We define an isometric action of Zj, = {e\/jl%m <j<k-1}

as follows: for any (re\/jw, eﬁ*") € M3, the rotation v = eVTIHE s given by

Yo - (re‘/jw,e\/jl“"> (re‘/jl((”%), e\/jl(“”%)). (7.32)
Under the above assumption, Z;, properly discontinuously and freely acts on M3, then the quotient
space N} = M3 |Zy, is a flat manifold with the quotient metric. Letting k — oo, then the limit space
is a half line, i.e.

G
(N}?aglmpk) —H> (]R}Hg(ho)a (733)

and the convergence keeps sectional curvature bounded. Notice that M? is a normal Zs-cover of
N2, ie. m(NP)/mi(M3) 2 Zy, and m (M3) = Z. On the other hand, the inclusion homomorphism

it m(Bi(pr)) = w1 (NP) is surjective. Therefore,

rank (Image[ﬂ'l(Bl(pk)) - m(N,f)]) = rank(m (N?)) = 1. (7.34)
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Chapter 8

Regularity and Fiber Bundle
Structure for Lower Ricci

Curvature

8.1 A Review on the Regularity and Compactness Theorems

8.1.1 Injectivity Radius Estimate in Lower Ricci Curvature

To begin with, we state and prove a simple but very important fact on the injectivity radius estimate
in the context of lower Ricci curvature (Proposition 8.1). Actually, this fact is well-known for the
experts in Riemannian geometry. However, to the best of author’s knowledge, there are few references
in which one can find a detailed proof of this estimate. So for the sake of the reader’s convenience,

we give a proof here. Possibly (and probably) there should be a simpler proof.

Proposition 8.1 (Injectivity Radius Estimate). Let (M™, g,p) be a Riemannian manifold with
Ric > —(n —1). For any ¢y > 0, there exists ig(co,n) > 0 such that if ConjRad(z) > ¢o for every
x € Ba(p) then

InjRad(z) > i > 0,V € By (p), (8.1)

—_~—

where w: (B1(p),p) — (B1(p),p) is the universal covering map.

The proof of Proposition 8.1 needs the following classical fact in Riemannian geometry.
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Lemma 8.2. Let (M"™,g,p) be a simply-connected Riemannian manifold. Assume that p does not
have any conjugate point in Bo(p), then for any q € Bi(p) with | = d(p,q), there exists a unique

minimizing geodesic Ypq : [0,1] — M™ with v(0) =p and v(1) = q.

Lemma 8.3 (Non-Collapse Lemma). Let (M™,g,p) be a simply-connected Riemannian manifold
with Ric > —(n — 1). Given co > 0, there exists vo(n,co) > 0 such that the following holds. If

ConjRad(z) > ¢o > 0 for every x € Ba(p), then Vol(Bi(p)) > vg > 0.

Proof. We argue by contradiction. Suppose the conclusion is not true, that is, there exists ¢ > 0

and a sequence (M, g;, p;) such that

K2

VOlgi (Bl (pz))

o <wv; = 0. (82)

It directly follows from the definition of a Riemannian manifold that for any fixed i € Z,

lim Voly, (B, (p:)) — lim Voly, (B:(p:))

Y0 \DrAPi)) 1, 8.3
r—0 VOIO (BT(O")) r—0 wnr" - ( )

where Volg(B,(0™)) denotes the volume of B,(0™) C R™ in the standard Euclidean metric. By (8.2),

there exists a sequence r; — 0 such that

Vol, (B, (p) _ 1 54

wpTt 2

Now we blow the metrics g; by the above scale ; — 0, i.e., hy =7, 24, then the following properties

hold for the rescaled metrics h;:

1. Ricy, > —(n—1)r? — 0.

@ )

2. ConjRad,, (z;) > co - ;' — oo for any z; € (B,-1(p;), h;), and there are n pairs y;”’, 2, €
B ,-1(p;) with 1 < j < n such that the minimizing geodesics
100 "1
391 [0,1] = MP, ATL0) = piy A7) (1) =y, A0 (1) = 2, (8.5)

satisfy that %(3_‘)_ U 'yz(]_), 1 < j < n are distinct minimizing geodesic from ygj ) to 2U ), and they

i

are perpendicular to each other at p;. In fact, this property directly follows from lemma 8.2.

VOlhi(Bl(On)) _ l
Wn -2

By property (2), when i — oo, the minimizing geodesics fyz(ﬂ)_ u ’yl(]z, 1 < j < n converge
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to m orthogonal lines in the limit space. Then by applying property (1) and Cheeger-Colding’s

quantitative splitting theorem, we can obtain that

(Mzn,hupz) pG—H> (angOaOn)a (86)

where gq is the standard Euclidean metric. Therefore, by volume convergence theorem,
lim Voly,, (B1(p;i)) = wn, (8.7)
71— 00

which contradicts (3). The proof is done.

The proof of Proposition 8.1 immediately follows from Lamma 8.3 and the next lemma (see

[ChGrT] for the proof).

Lemma 8.4 (Cheeger-Gromov-Taylor). Let (M™,g,p) be a Riemannian manifold with Ric > —(n—
1). Given ¢y > 0, vo > 0, there exists lo(n, co,v9) > 0 such that the following holds. If ConjRad(z) >

co > 0 for every x € By(p), and Vol(Bi(p)) > vy > 0, then for any geodesic loop v, we have

8.1.2 Harmonic Radius Estimates and Compactness Theorems

This subsection is to review some fundamental compactness results in the setting of bounded Ricci
curvature and lower Ricci curvature. The sources of the definitions and theorems in this subsection

are the important papers by M. Anderson ([Anl]) and M. Anderson-J.Cheeger ([AnCh]).

Definition 8.5 (W*»-Harmonic Coordinates). Let (M™,g,z) be a Riemannian manifold and let
w = (U,...,up) : Bp(x) = R™ with u(z) = 0™ and u a diffeomorphism onto its image. Given
k€ N and p € (n,+00), we call u a W*P-harmonic coordinates system with ||ulw1.o(p, () < 1 if

the following properties hold:
1. For each 1 < j < n, u; is harmonic.
2. If gi; = 9(Vu;, Vuy) is the metric in coordinates, then
k

195 = ijleos, @y + D ™ F 107 gijll e (5, (2)) < 107°, (8.9)

m=1
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where the scale-invariant norms are taken in euclidean coordinates.

Definition 8.6 (C*“-Harmonic Coordinates). Let (M™, g,z) be a Riemannian manifold and let
w=(ug,...,up): Bp(x) = R™ with u(z) = 0™ and u a diffeomorphism onto its image. Given k € N
and o € (0,1), we call u a C**-harmonic coordinates system with ull ko (B, () < 1 if the following

properties hold:
1. For each 1 < j < n, u; is harmonic.
2. If gi; = g(Vu;, Vuy) is the metric in coordinates, then
k
|gij — 5ij|CO(BT(z)) + Z Tm‘amgileo(Br(z)) + Tk+a[8k:gij]ca(Br(I)) < 10—67 (810)
m=1

where the scale-invariant norms are taken in euclidean coordinates.

Definition 8.7 (W*P-Harmonic Radius). Let (M™, g,z) be a Riemannian manifold and let k € IN,

p € (n,+00), then the W*P-harmonic radius at x is defined by
r(x) = rg(z,k,p) = sup{r > 0|3 a W*P — harmonic coordinates system u : B.(x) — R™}. (8.11)

Definition 8.8 (C**-Harmonic Radius). Let (M™,g,z) be a Riemannian manifold and let k € IN,

a € (0,1), then the C*®-harmonic radius at = is defined by
ri(z) = 7 (2, k, @) = sup{r > 0|3 a C"* — harmonic coordinates system u : B,(x) — R"}. (8.12)

Under the assumption of injectivity radius bounded from below, one can obtain a lower bound
of harmonic radius if additionally assuming some Ricci curvature bounds. The following harmonic

radii estimates were obtained in [Anl] and [AnCh].

Theorem 8.9 (Anderson). Let (M™,g,p) be a Riemannian manifold with |Ric| < n —1 and
InjRad(x) > ig > 0 for every x € Ba(p) , then for every p € (n,00), there exists a positive constant

ro(n,ig,p) > 0 such that for every x € By(p) the W2P-harmonic radius is bounded from below, i.e.,
ri(z,2,p) > 1o > 0. (8.13)

In particular, for any 0 < a < 1, rp(x, 1, ) > r{(n,ig, ) > 0.
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Theorem 8.10 (Anderson-Cheeger). Let (M™,g,p) be a Riemannian manifold with Ric > —(n—1)
and InjRad(z) > ig > 0 for every x € By(p) , then for every p € (n,00), there erists a positive
constant ro(n,ig,p) > 0 such that for every x € Bi(p) the WYP-harmonic radius is bounded from
below, i.e.,

rg(x,2,p) > 19 > 0. (8.14)
In particular, for any 0 < a < 1, rp (2,0, ) > r{(n,ip, ) > 0.

With the harmonic radii estimate theorems, one has the following compactness theorems.

Theorem 8.11 (Anderson). Define
M (n, A, iy, D) = {(M",g,p)‘ [Ric| A, diam(M") < D, InjRad(M") 2 ig > 0}, (8.15)

then for every 0 < a < 1, M®(n, A, ig, D) is compact in the C*-topology.

Theorem 8.12 (Anderson-Cheeger). Define
M (n, A, ig, D) = {(M",g,p)‘ Ric > A, diam(M") < D, InjRad(M™) > i > 0}, (8.16)
then for every 0 < a < 1, M!(n, A, g, D) is compact in the C*-topology.

8.1.3 Smoothing Theorems

Our main focus in this chapter is to state and prove the fiber bundle theorems for the manifolds
with lower Ricci curvature and bounded Ricci curvature. To topologically identify the fibers, we
need to apply some smoothing results in different contexts.

First, we introduce the smoothing theorem due to Dai-Wei-Ye (see [DWY]) in the setting of
bounded Ricci curvature. Since the proof of this theorem essentially relies on Ricci flow, as what we
mentioned in Section , the nature of this theorem is non-local. Therefore, their proof of the fiber

bundle theorem is of nonlocal nature as well.

Theorem 8.13 (Dai-Wei-Ye). Let (M™,g,p) be a closed Riemannian manifold with |Ric| <n —1
and ConjRad(M™) > ¢y > 0, then there are eg(n,co) > 0 and Cj(n,co) > 0 such that for every

0 < e < ¢g there exists a smooth Riemannian metrics g. such that
lge — gllco(army < 4e, (8.17)
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V7 gell oy < Cjle,n, co). (8.18)

In our proof, we will use Petersen-Wei-Ye’s smoothing technique in [PWY]. A version of their

smoothing theorem is as follows:

Theorem 8.14 (Petersen-Wei-Ye). Let (M™,g,p) be a closed Riemannian manifold with Ric <
—(n —1) and ConjRad(M™) > ¢y > 0, then there are ey(n,co) > 0 and Cj(n,co) > 0 such that for

every 0 < e < eg there exists a smooth Riemannian metrics g. such that
e ‘g <ge <eg, (8.19)

||nge||CO(Mn) S Cj(G,Tl,Co). (820)

8.2 Fiber Bundle Result for Bounded Ricci Curvature

This section is devoted to give the proof of Proposition 7.6. For the convenience, let us restate the

proposition here.

Let (M™,g,p) be a Riemannian manifold with |Ric| < n—1 and Bs(p) has a compact closure in
Bs(p). Given ¢y > 0, there exists 6 = 6(n, co) > 0 such that if

1. dGH(Bg(p),Bg(Ok)) <4, 0k € Rk, k<n,

2. for each q € Bs(p), we have the conjugate radius lower bound ConjRad(q) > ¢o > 0,

then there is a smooth map ® : Bs/o(p) — B5/2(Ok) such that <I>_1(Bg/4(Ok)) is diffeomorphic to

Byg4(0%) x N"=k where N"=* is an infranilmanifold of dimension n — k.

Proof of Proposition 7.6. The proof consists of the following steps.
Step 1. There exists 0 < d1(n,cp) < 1 such that if (¢) holds for 0 < § < d; < 1, then for each

q € Bs/2(p), there is a local fiber bundle, which is a ¥(4|n)-Gromov-Hausdorff map.

Assume that

dar(Bs(p), Bs(0%)) < 8, 0F € R*, k <n, (8.21)

for some ¢ > 0 which will be determined later, and let

f: Bs(p) — Bs(0%), f(p) =0" € R* (8.22)
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be a %—GH approximation. Immediately, for each ¢ € Bs,5(p),

dar(Bi6(q), Biys(f(q))) < 9. (8.23)

Let h = 071g, then for the rescaled metric, it holds that Ric > —(n — 1)d and

dGH (Bé_(;—l/Z (q, h), B%_571/2 (f(q))) < 61/2. (824)
The above inequalities implies that there exists a smooth map

Ogn = (@), ..., 0")) : Bi(q,h) = Bi(f(q)), (8.25)

s

where for each 1 < p < k, A@((;f ,2 = 0, and they satisfy the following estimate (under the rescaled

metric)

k k
][ ST v Vel — 6,,ld Vol + ST IVeW) 2dVol, < U(dln).  (8.26)
Bi(g,h) 021 ’ ’ Bi(g,h) ;= ’

Moreover, ®,, is a ¥(d|n)-Gromov-Hausdorff map. Note that for each ¢, the conjugate radius is

uniformly bounded from below, that is,

ConjRad,,(q) > co -6 > 103, (8.27)
where we just choose
Co
0 < 108 (8.28)

Therefore, the exponential map exp, : (B1(0"), h) = (Bi(q), h) is non-degenerate with h = exp;y (h),

and thus we have the injectivity radius estimate at 0™ € B;(0™), i.e.
InjRad, (0™) > 1 > 0, (8.29)
then the C'-harmonic radius bound at 0" has definite lower bound provided |Ric;, | < (n — 1),

7 (0") = so(n) > 0, (8.30)
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and by Schauder estimate the C1"*-norm of the rescaled metric h is controlled by

‘V(hij — 6ij)|CO(stD/3(0")) + [V(h” - (5ij)]ca(3230/3(0n,)) < C(n). (8.31)

By our construction, the pull-back function CTJ((I” ,2 = ® o exp, is also harmonic for each 1 < p < k,
that is,

NGOUN(2) =0, Vi € Bagyy3(0,h), Yu=1,... k. (8.32)

Since the coefficients of the above equation have uniform C“-norm, the Schauder interior estimate

gives the C%“-bound,
V281 |cocs, a(0m)) + V28U cn(s,, m0my < C(0), p=1,... k. (8.33)
Descending to the base space, it holds that
V201 |cocs,, a(ay) + V2O (B, (@) < C(0), p=1,....k. (8.34)

On the other hand, relative volume comparison theorem and the average estimate (8.69) implies

the following estimate on By, /2(q),
k
][ S vel) val)y — §,,ld Vol, < ¥(d]n), (8.35)
Bao/2(@) yp=1

Observe that, given any € > 0, there exists
d=0(g,n) >0 (8.36)

such that if the integral C'-estimate (8.35) holds for the above § > 0, then by the uniform C%%-

estimate (8.34) and simple compactness arguments, the following pointwise C''-estimate holds,

k
> (Ve Val) — dul@) <& @ € Byyala)- (8.37)
=1
So we can choose € = €(n) > 0 such that the harmonic map ®, ;, is non-degenerate. Therefore, if (7)

holds for the constant d; = d1(n, ¢, €(n)) > 0 which is determined by inequality (8.71) and (8.77),

the harmonic map ®, ;, is non-degenerate and it gives a fiber bundle with fiber of dimension-(n — k).
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Step 2. For the original Riemannian metric g, there exists 0 < d2(n,cg) < 1 such that if ()
and (i7) hold for 0 < § < 3 < 1, then there exists a smooth fiber bundle map ® : Bj/2(p) —
Bs/o(f(p)) € R* such that ®~(By,4(0%)) is diffeomorphic to N™"~* x Bg,4(0%) and @ is a ¥(|n)-

Gromov-Hausdorff map.

Let

dar(Bs(p), B3(0)) < 6, 0F € R* (8.38)
where ¢ > 0 is determined later. Define

1/2
r(n,8) = % << 1, (8.39)

where so(n) is the constant in inequality (8.73) then for each ¢ € Bs/3(p), we have a local fiber
bundle @, : B,(q) = B,-(f(q)).

Choose a finite 5-dense subset {g¢}}\_; C Bi(p) such that

d(qa,qp) > /4, Ya # B. (8.40)

By relative volume comparison, N < Ng(d~!|n) and the number of the overlaps of the cover
{B,(g¢)}}L, are uniformly bounded by some constant Qo(n).

Since we always assume Ric, > —(n — 1), there is a good cut-off function due to Cheeger-
Colding. We briefly recall the construction here. For each q;,, 1 < ¢ < N. First, we define the

following functions,

Afo(w) =1, z € B(qe) \ Byya(ar) (8.41)

fe is constant on the boundary and bounded by C(r,n),

and the details of the above construction can be found in [ChC]. Take ¥ : R! — [0, 1] as a smooth
cut-off function such that the composed function ¢, = ¥(f,) can be extended to a global smooth

function on M™ with

1, z € BT/Q(Qg)
Pr = (8.42)

0, z € M™\ B.(q).
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It is standard to construct the partition of unity yielding to the cover {B,(q¢)}Y;:

N
1= Wy(x), x € Bi(p), B,/2(q0) C supp(¥e) C Br(qe), (8.43)
/=1
where
_  Pe
V= —5—. (8.44)
> e
=1
Now we define
o= (cp(l), N .,q><’<>) (8.45)
by
N
o0 =" w00 1< p <k, (8.46)
=1

where @g” ) is the coordinate function of the local fiber bundle map in terms of the original metric
g- The remaining is to prove that ® is a non-degenerate for each q € Bs,5(p), and thus & is a fiber
bundle map. Moreover, we will show that the level set is an infra-nilmanifold of dimension n — k.

For any q € Bs/2(p), there are N’ < Qo(n) balls in {B,(g¢)};; which intersects with B, /3(q).

In fact,
eN/
oW (z) = N Wy(x)- dY(2), 1 < p <k, Vo € Bya(q). (8.47)
Oé:el

It suffices to argue in terms of the rescaled metric h = §~1g. Denote ro(n) = so(n)/10. Notice that,
by the same argument as in Step 1, the pointwise C**-estimate in terms of the rescaled metric h

holds for the cut-off function ¢y,

lpelc.o (B, (ge,m)) < Cr(n). (8.48)

Since the number of overlaps is bounded by Qqo(n),

[Wenloza (B, (q0,n) < C2(Qo(n), n). (8.49)
Quick computation shows that
Exs
V2 < (v2 U, 00 < C(n). 8.50
V2@ lco By st < ag War Pai)| o gy = (8.50)
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The next we will prove that

(VO VO —6.lcom. wgm) < U(EIn), 1< puv <k (8.51)

ro/6(

which implies that @, is non-degenerate for sufficiently small §. Since @y (ge) gives a U(d|n)-

Gromov-Hausdorff map for 1 < /£ < N, then for any = € B, /3(q) C Bry(qa) N Bry(qs),

@1, (x) — @Y (2)] < W(3ln), 1< <k, b <o, < Ly, (8.52)
It is clear that
AR(@Y) = ®Y))(x) =0, x € By, s(q). (8.53)

By Cheng-Yau’s gradient estimate for harmonic functions in the context of uniform lower Ricci

curvature, it holds that
Vo) — Vel |(z) < C(n)|@l) — @) |(x),Ya € By, /(q)- (8.54)

The pointwise C'-estimate (8.93) immediately follows. In fact, fix any ¢/; < ag < fn/ and z €

B, /6(q), it holds that

(Ve ver)y — (vol, vel” |(z)

Ly
= > (V(Van- @15 = 28)), Y (Vo (@) — @) )| @)
a,B=01
ZNI
< D (IVOanl- 100 =00, +Wan] - V(@) — 0% )]) (@)-
a,B=41
(1IVesal- 10 — 01+ 1) - 1V (2 — 2% )]) @)
(8|n). (8.55)

By triangle inequality, for every z € B, /6(q),

(v, ve)) 6, < (Ve vel)) - (val, vl ) +[(vel), val),) - 5l

ap,h’

IN

U(8|n). (8.56)

Finally, notice that B3(0%) is contractible and thus the bundle map @ is in fact trivial.
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Step 3. There exists 0 < d3(n,cp) < 1 such that if assumptions (z), (47) hold for 0 < § < d3 < 1,

then the fiber N"~* = &~1(0*) in Step 2 is diffeomorphic to an infra-nilmanifold of dimension n — k.

It suffices to argue under the rescaled metric, that is, fix some 0 < § < 6, < 1 and let h =6 1g.
Recall that, under the rescaled metric, the arguments in Step 2 show that the harmonic fiber bundle
map P, satisfies the pointwise estiamtes (8.50), (8.93). Since |Ricy | < (n—1)¢ and ConjRad;,(q) >
co- 01 >2-.10% in our context, then by the smoothing theorem due to Petersen-Wei-Ye (theorem
8.14), for each fixed small 0 < e < 1072, there exists some metric with bounded curvature which

satisfies,

e “h < he < e“h, |VFhij| B, gy < Cr(e,n), Yk € Ny (8.57)

and ConjRad;,_(q) > 103. So applying the same scheme as in Step 2 (by the exponential map), there

exists sp(n)/2 < s1(n,€) < sp(n) such that under the smoothing metric h., it holds that

V20 B, (q.h) + V22 o, (0 < C(nse), (8.58)
and
(VO VoMY — 5| < T(6|n,€) << 1, Va € By, (g, he). (8.59)

then ®; is non-degenerate with respect to the smoothing metric h.. Moreover, we have the uniform
bound on second fundamental form of the fiber at ¢,
V2(I)§LH)

| h
< C(n) < < Cle,n). (8.60)
Ve,

|11,

€

Therefore, by Gauss-Codazzi equation, the sectional curvatures of the fibers are uniformly bounded
by some constant C(e,n). Since @5, a ¥(d|n)-Gromov-Hausdorff map with respect to the metric h,

the diameter (under he) of the fiber B, = ®; ' (®1,(q)) satisfies
diamy,_(Eq) < e - ¥(d|n). (8.61)

From now on, fix ¢ = 1/10°, Gromov’s theorem on the almost flat manifolds (combined with a

refinement by Ruh, see [Grl] and [Ruh]) gives that there exists eg,(n) > 0 such that if

diamj,_(E,) < ecr(n), (8.62)
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then the fiber F; is diffeomorphic to an infra-nilmanifold of dimension n — k. In fact,
diam,i (E,) - |sech, (E,)| < e* - ¥?(3|n) - C(n,¢), (8.63)

so inequality (8.105) immediately holds if we choose 6 > 0 sufficiently small (depending on n and

¢o). The proof is complete.

8.3 Fiber Bundle Result for Lower Ricci Curvature

In this section, we extend Proposition 7.6 to the setting of lower Ricci curvature.

Proposition 8.15. Let (M™,g,p) be a Riemannian manifold with Ric > —(n — 1) and Bs(p) has a

compact closure in Bg(p). Given co > 0, there exists 6 = §(n,co) > 0 such that if
1. dGH(Bg(p),Bg,(Ok)) < 6, ok € Rk, k<n,
2. for each q € Bs(p), we have the conjugate radius lower bound ConjRad(q) > ¢o > 0,

then there is a smooth map ® : Bs/o(p) — B5/2(Ok) such that @’1(39/4(0k)) is diffeomorphic to

Bg/4(0F) x N~k where N"=% is an infra-nilmanifold of dimension n — k.

Proof of Proposition 8.15. The proof consists of the following steps.
Step 1. There exists 0 < d1(n,co) < 1 such that if (i) holds for 0 < § < §; < 1, then for each

q € Bs/2(p), there is a local fiber bundle, which is a ¥(6|n)-Gromov-Hausdorff map.

Assume that

dar(Bs(p), Bs(0%)) < 6, 0F € R*, k <n, (8.64)

for some & > 0 which will be determined later, and let
f: Ba(p) — B3(0%), f(p) =0" € R (8.65)
be a %—GH approximation. Immediately, for each ¢ € Bs/2(p),

dau(Bi/s(q), Biys(f(q))) < 9. (8.66)
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Let h = 6~ 1g, then for the rescaled metric, it holds that Ric > —(n — 1) and

dan (By.s-12(a.1), By s12(f(0))) < 62 (8.67)
The above inequalities implies that there exists a smooth map

By = (B0 ®5) : Bi(a,h)  Bi(f(4), (8.68)

where for each 1 < p < k, Acbé*f ,3 = 0, and they satisfy the following estimate (under the rescaled

metric)
k k
][ ST Ve vl — 6,,ld Vol +][ ST IVeM2dVol, < W(dln).  (8.69)
Bi(g:h) 1y =1 Bi(g:h) =1

Moreover, ®, j, is a ¥(6|n)-Gromov-Hausdorff map.
Next, we give the W1P-harmonic radius bound for every 1 < p < oo on the local universal cover.

Note that for each g, the conjugate radius is uniformly bounded from below, that is,

ConjRad,(q) > co -0~ > 10°, (8.70)
where we just choose
co
0 < 105" (8.71)

Therefore, the exponential map exp, : (B1(0"), h) — (B1(gq), h) is non-degenerate with h = expy (h),
and thus we have that

ImjRady, (By 2(0")) > ig(n) > 0, (8.72)

then for every 1 < p < oo, the W!P-harmonic radius bound at 0" has definite lower bound provided

Ric; > —(n —1)é and the injectivity radius lower bound (8.72),

rp(0™) > so(n,p) > 0. (8.73)

)

By the definition of the harmonic splitting map, the lifted function ié’fL i

= &'}, oexp,, is harmonic

for each 1 < p < k. Hence by (8.73), for every 1 < p < oo,

H%W < C(n,p). (8.74)

ca] M——
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Applyingy Sobolev embedding, for every 0 < o < 1, we can choose p > =~ such that

&)
Hq)O"ﬁ

<Cn,a), 1 <u<k. 8.75
Cha (B 2(0m)) ( ) K ( )

Moreover, by standard covering arguments and volume doubling property, it holds that
k -~ ~
][ > ‘<vq>éﬁ>h, VO ) = 0 |d Vol < ¥(6]n), (8.76)
Bb‘o/2(0”) p,r=1 ’ ’

Combining (8.76) and (8.75), given any € > 0, there exists
d=0(g,n) >0 (8.77)

such that if the L?-gradient estimate (8.76) holds for the above chosen § > 0, then simple compact-

ness arguments imply that

k
Zl ‘<V¢>é‘;{h, VB ) = 0|(7) < & & € Byypa(07), (8.78)

IRz

So we can choose € = €(n) > 0 such that

det (<v¢>g’j{ﬁ,v¢>éﬁh>) >1/2, (8.79)

which implies that det ((V@;%,VQ(;,)J) > 1/2 and thus @, is a fiber bundle map downstairs.
Therefore, if (i) holds for the constant 6; = d1(n,co,€(n)) > 0 which is determined by inequality
(8.71) and (8.77), the harmonic map ®, 5 is non-degenerate and it gives a fiber bundle with fiber of

dimension-(n — k).

Step 2. For the original Riemannian metric g, there exists 0 < d2(n,co) < 1 such that if (7)
and (i) hold for 0 < § < d2 < 1, then there exists a smooth fiber bundle map ® : Bj/y(p) —
Bs/2(f(p)) € R* such that ®~(By,4(0%)) is diffeomorphic to N"~* x Bg/4(0%) and ® is a ¥(d|n)-

Gromov-Hausdorff map.

Let

der(Bs(p), Bs(0%)) < 6, 0F € R¥ (8.80)
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where § > 0 is determined later. Given 1 < p < oo, define

1/2
r(n,p,d) = % << 1, (8.81)

where so(n) is the constant in inequality (8.73) then for each ¢ € Bs/2(p), we have a local fiber
bundle @, : B, (q) = B (f(q)).

Choose a finite 5-dense subset {g¢}{*; C Bi(p) such that

d(qa:qs) > 1/4, Ya # B. (8.82)

By relative volume comparison, N < Ny (6, n) and the number of the overlaps of the cover { B, (g¢)}V,
are uniformly bounded by some constant Qq(n).
Since we always assume Ric, > —(n — 1), there is a good cut-off function (obtained from the

solution to the Poisson equation) due to Cheeger-Colding such that

1, z € Br/z(qg)

P = (8.83)
0, z € M™\ By(qe),
and
IVeel® + | Ape] < C(n) 172 (8.84)
It is standard to construct the partition of unity yielding to the cover {B,(q¢)}Y;:
N
1= Wy(x), z € Bi(p), B,y2(qe) C supp(¥e) C Br(qe), (8.85)
=1
where
I 4
U= (8.86)
> e
=1
Immediately,
IV, |2 + |A,| < C(n)-r2. (8.87)
Now we define
o= (<I><1>, N .,<1><’€>) (8.88)

121



N
o0 =3" w00 1< p <k, (8.89)
=1

where @g“ ) is the coordinate function of the local fiber bundle map in terms of the original metric
g. The remaining is to prove that ® is a non-degenerate for each q € Bj /2(;0)7 and thus ® is a fiber
bundle map. Moreover, we will show that the level set is an infra-nilmanifold of dimension n — k.

For any q € Bs/2(p), there are N’ < Qo(n) balls in {B,(g¢)};; which intersects with B, /3(q).

In fact,
Lo
oW (z) = 3 Wy(r)- ®Y(2), 1 < p <k, Vo € Bya(g). (8.90)
a:Zl

It suffices to argue in terms of the rescaled metric h = §~1g. Denote ro(n, p) = so(n,p)/10. Notice
that, by the same argument as in Step 1, the pointwise C?*®-estimate in terms of the rescaled metric

h holds for the cut-off function ¢y,
lpel oz (B, (g0,0)) < C1(n). (8.91)
Since the number of overlaps is bounded by Qq(n), so
VU nln < Ca(Qo(n),n). (8.92)
The next we will prove that

(VO VDY — 6, lc0m, atany < U6I), 1< v <k (8.93)

ro/6(

which implies that ®;, is non-degenerate for sufficiently small §. Since ®;(ge) gives a ¥(d|n)-

Gromov-Hausdorff map for 1 < ¢ < N, then for any = € B, /3(q) C By, (qa) N Br,(gs),

9%) (2) — @) (x)] < ¥(oln), 1< p <k, & < a,B < Uy (8.94)
It is clear that
An(@Y) — d0)(x) =0, x € Byy/3(q). (8.95)

By Cheng-Yau’s gradient estimate for harmonic functions in the context of uniform lower Ricci
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curvature, it holds that

Vo) —val)|(z) < C(n)|@%) — 8%)|(x), Vo € Byy6(a)- (8.96)

a7

The pointwise C'l-estimate (8.93) immediately follows. In fact, fix any ¢; < ap < fns and = €

B, 6(q), it holds that

(Ve vor)y — (val, vel |(z)

ZN’

= > (V(Van- @@L = 0L), Y (van- (@) - 2L )))| @)
a,ﬂ:él
L
< D (IVOanl- 100 = @l + [ Wan] - V(@) — 0% )]) (@)-
aﬁ El

(1IVZaal- 10, - 0|+ 19$)] - 1V (@) — 2% )]) @)

(8|n). (8.97)

By triangle inequality, for every « € B, /6(q),

(Ve Vo) — oyl < (Ve vey) - (val, el | + (Ve val,) - 5yl
< W(8|n). (8.98)

Finally, notice that B3(0k) is contractible and thus the bundle map & is in fact trivial.

Step 3. There exists 0 < d3(n, cp) < 1 such that if assumptions (i), (i¢) hold for 0 < § < d3 < 1,

then the fiber N"~* = ~1(0*) in Step 2 is diffeomorphic to an infra-nilmanifold of dimension n — k.

It suffices to argue under the rescaled metric, that is, fix some 0 < § < 6§, < 1 and let h = 6 1g.
Since Ricp, > —(n — 1)§ and ConjRad,,(q) > co-d~1 > 2103 in our context, so by the smoothing
method due to Petersen-Wei-Ye ([PWY]), for each fixed small 0 < e < 1072, there exists some

smooth Riemannian metric h, with bounded curvature which satisfies,
e h < he < eh, |[V¥(he)ijl By (gne) < Cil(e,n), Vk € N (8.99)

With respect to the smoothing metric he, by the lifting arguments in Step 1 and standard Schauder
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estimate, the functions g

satisfy the following pointwise hessian estimate for every 0 < n < 1,

1 (|2 (B, 4wy < Clensm). (8.100)

So quick computations imply that for every x € B;(p) and for each 1 < <k, 0 <n < 1,

19205 (B 2.1y < ClEsm 1) (8.101)

Recall that, under the scaled metric h = §~!g, the arguments in Step 2 show that the harmonic
fiber bundle map @, satisfies the pointwise gradient estiamtes (8.93). So in terms of the smoothing

metric he, it holds that

ol 7, —

< U(dn,e) << 1, (8.102)
CO(Bsy/a(w;he))

then &, is non-degenerate with respect to the smoothing metric h.. Moreover, we have the uniform

bound on second fundamental form of the fiber at g,

V2045,

[ 11,

< C(n) < C(e,n). (8.103)

he

Therefore, by Gauss-Codazzi equation, the sectional curvatures of the fibers are uniformly bounded
by some constant C(e,n). Since &5, a ¥(d|n)-Gromov-Hausdorff map with respect to the metric h,

the diameter (under h.) of the fiber B, = ®;'(®),(q)) satisfies
diamy,_(E;) < e - U(d|n). (8.104)

From now on, fix ¢ = 1/10°, Gromov’s theorem on the almost flat manifolds (combined with a

refinement by Ruh, see [Grl] and [Ruh]) gives that there exists eg-(n) > 0 such that if
diamj, (E,) - |sech, (Ey)| < eqr(n), (8.105)
then the fiber E, is diffeomorphic to an infra-nilmanifold of dimension n — k. In fact,
diam,i (E,) - |sech, (E,)| < €* - ¥?(3|n) - C(n,¢), (8.106)
so inequality (8.105) immediately holds if we choose § > 0 sufficiently small (depending on n and
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¢o). The proof is complete.
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Chapter 9

The Structure of Ricci-Limit

Spaces

Our goal in this chapter is to give some immediate applications of our e-regularity theorem (Theorem

1.1). Mainly, we will prove some regularity theorems on the collapsed Ricci-limit spaces.

Theorem 9.1. Let (X*,d,x) be a Ricci-limit space of dimension k such that there is a sequence of
Riemannian manifolds (M, g;, x;) with the following properties:
1. |Ricg, | <n—1,
GH

2. (Mln,ghxi) — (Xk,d,l'),

3. there exists a sequence €; — 0 such that
T, (z;) = Image[m1 (B, (2;)) — m1(B2(2))] (9.1)

is almost nilpotent with rank(Ts, (x;)) =n — k,

then there exists an open subset O C By(x) with v(Bi(x)\ O) = 0 such that for every 0 < ao <1, O

is a CY:®-orbifold. In particular, if k = 4, By(x) is a C1*-orbifold.
Remark 9.1. If the manifolds (M]", g;,z;) are Einstein, then O is a C*°-manifold.

Proof. The proof is rather straightforward. We will prove that the set of regular points R(B1(x)) C

B1(X) is a CH-orbifold for every 0 < o < 1. It suffices to show that for every z € R(Bj(x)), there
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exists a small neighborhood x € U C R(Bj(z)) such that U is a C1**-orbifold for every 0 < a < 1.

By theorem 3.33, for every e > 0, there is some §(n, €, z) > 0 such that for any § < r < 1072,
dar(Br(2), B,(0%)) < re, 0F € R, (9.2)

In the following, we will show that B,.(z) is a C1**-orbifold for any 0 < a < 1. Now we consider
the convergence,

(B (2),9:) 2L (B, (2),d), 2 — 2. (9.3)

Then by assumption (3) and lemma 6.3, for sufficiently large ¢ € Z., the fibered fundamental group
T, (z;) = Image[m (Bsr(2;)) = m1 (B (2:)] (9.4)

has rank n — k, where § > 0 is the constant in Theorem 1.1. Hence, by Theorem 1.1, for every
point y; on the universal cover (B,.(z;), %) and for every 0 < a < 1, the C1**-harmonic radius has a
uniform lower bound,

rr(yi) > 71 -71o. (9.5)
Next we analyze the following commutative diagram,

— eqGH —

(Br(zz)aguéwrz) —_— (Znagoovéaroo) (96)

ﬂil/ri Trool/r‘oo

(Br(2:), 95) i (Br(2),d).

The above harmonic radius estimate implies that the limit space (272 Joo) Of the universal covers is
a smooth manifold with a C!**-Riemannian metric for any 0 < o < 1. Moreover, in the proof of
Proposition 6.7, we have shown that the limiting Lie group I's, has a nilpotent Lie subgroup N, of
dimension n — k. Therefore,

dimy(Fs) =n —k, (9.7

which implies that the isotropic subgroup of 'y, is of dimension 0 and hence it is finite. Hence, the
quotient space B,.(z) has to be a Ct-orbifold for any 0 < o < 1.

In the case of collapsed 4-manifolds with bounded Ricci curvature, the result is much stronger.

In fact, by Cheeger-Naber’s result, the limit space of the universal covers Ba(x;) is a C'1*-orbifold

and thus by the same arguments, the quotient is a C'**-orbifold as well. O
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Chapter 10

Generalized Margulis Lemma for

Collapsed Manifolds

In this chapter, we give a proof of Theorem 3.57, which extends theorem 3.55 in Kapovitch-Wilking’s
joint paper [KW]. Although they did not explicitly state it in this way, in fact their essential
techniques lead to the refinement stated in Theorem 3.57. Here we will show that the nilpotency
length of the fibered fundamental group is controlled from above by the the collapsed dimension.
The point here is that although in general the limit space is singular, we have the concept of limiting

dimension in the sense of theorem 3.33. We recall the statement of Theorem 3.57.

Let (Z%, 2%) be a pointed Ricci-limit metric space with dim Z* = k in the sense of theorem 3.33.
Then there erists €9 = eo(n, B1(2F)) > 0, wog = wo(n, B1(2*)) < oo such that if a Riemannian

manifold (M™, g,p) with Ric > —(n — 1) satisfies that Ba(p) has a compact closure in By4(p) and
der (Bz(p), B2(2")) < e, (10.1)

then the fibered fundamental group T, (p) = Image[m1(Be, (p)) — m1(B2(p))] is (wo, n—k)-nilpotent.

Proof of Theorem 3.57. Let us first outline the proof. The first step is to construct a nilpotent

subgroup in T'c(p) NT's(B1(p)) for some positive constants € > 0, § > 0 of definite amount, where

Ds(Bi(9) = ({7 € m(Balp))|d(y - 0.0) <, Vi € Bi(D) ), (10.2)
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and p is a lift of p on the universal cover of Bs(p). In the second step, we will prove a claim which
shows that T's(B1(p)) has a nilpotent subgroup of length < n — k and of controlled index. Finally,
we will see that I'(p) N T'5(B1(p)) has controlled index in I'c(p), from which we will have finished
the proof.

As the first stage, we construct a nilpotent subgroup N, < T'c(p) NTs(B1(p)) such that [[c(p) :
N,] < C(n). By theorem 3.56, there exists D;(n) < oo such that for any given € > 0, there is some
dy < Dy(n) such that I'c(p) = Image[m (B:(p)) — 71(B2(p))] has a generating set {v1,...,7vq4, } with
d(v;j - D, D) < 2¢ for every 1 < j < d;. The positive constant € > 0 will be determined momentarily.
On other hand, by theorem 3.55, there exists €1(n) > 0 such that for every 0 < € < €;(n) there is a

nilpotent subgroup A in T'¢(p) such that
[C(p) : N] < Ci(n), Step(N) = ¢ < length(N) < n. (10.3)
Lemma 5.14 implies that A has a generating set
B={(g",....g%), d2 < C}(n)- Dy(n), (10.4)

and d(g](-o) p,P) < 2(2C1 4+ 1) -e. Now we are in a position to explicitly write the nilpotent subgroup
N, < N. To this end, denote

B= U Cr(B), (10.5)
k=1

then straightforward calculations show that

#(B) <10 (d2)° < 10- (C3(n) - Dy(n))" = Ci(n). (10.6)

Let
BE{0'17...,0d3}, dgng(n)7 (107)

and
d(oj - p,p) < Cu(n) -, (10.8)

where Cy =2-(2C1 + 1) - (32" — 2). We choose

Wo(26]n)

—_— 10.
10, (10.9)
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for some 6(n, By (z*)) > 0 determined later, where ¥y is the function in Lemma 6.2. By Lemma 6.2,

there exists a sequence of integers 1 < a; < Ny(n) such that if we choose
No= (o0, 0.0), (10.10)
then for each 1 < j < ds and for all # € B,(p),

d(o - &, %) < 26, (10.11)

J
where p is a lift of p on the universal cover of By(p). In particular, inequality (10.11) gives that
No <T5(B1(p)). (10.12)
By the construction (10.10) and Lemma 5.20,
W NG] < Ni(n) P = Cs(n), [Te(p) : Na] < Ci(n) - Cs(n). (10.13)
The next is to prove the following Claim.
Claim. There exists § = d(n, By(z¥)) > 0, Cy = Co(n, B1(2*)) < oo such that if
den (B2 (p), B2 (%)) < 6, & € ZF, (10.14)

then

rs(B1(5) = ({7 € m(Bow)|d(r-4.0) < 8, ¥a € Bi(5) } ) (10.15)

contains a nilpotent subgroup N of length < n — k and of index < Cy(n, B;(z*)). In particular, we

have the nilpotency rank bound rank(T's(B1(p))) < n — k.

The proof is an application of the induction theorem of [KW], we will include the details for
completeness sake. We argue by contradiction and suppose there is a pointed Ricci-limit space
(Z*, 2¥) with dim Z* = k such that no such §(n, By (z¥)) > 0 and Cy(n, B1(2*)) < oo exist. That is,

there is a sequence ¢; — 0 and a sequence of Riemannian manifolds (M}*, g;, p;) with Ricy, > —(n—1)
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which satisfies Bo(p;) has a compact closure in By(p;) and
der (Ba(pi), Ba(2")) < ;. (10.16)

But each nilpotent subgroup in I's, (B1(p;)) of length < n—k has index > 2!, where p; is a lift on the
universal cover of By(p;). We will produce a contradiction by considering the intermediate covering

space of Ba(p;),

mi: (Nip) = (Ba(pi) /T (Ba(5i).5) — (Baw). ). (1017)

Notice that m (N;,p;) = I's,(B1(p;)). Passing to a subsequence, it holds that, for some complete
length space (Z, 2),

dan (Bsfl(;si),Befl(z)) <=0, 2 €2, (10.18)

i

where 51im0 €; = 0. Moreover, the covering maps m; : (N;, p;) — (Ba(pi), pi) converges to a submetry
i

Too : (Z,2) = (ZF,2%). Take a sequence &; € Bi/4(pi) with &; — 2o such that o, € By/4(2) is a

regular point in Z in the sense of theorem 3.33. Rescale the metrics at #; by letting h; = A\2g; with

A; — oo and \; < 111111{6_1/2,51-_1/2}7 then

%

(AN, 2) 295 (R™ 30), by = dim Z, (10.19)

1/2

and 71 (AN, ;) 2 T5(B1(p;:)) is generated by loops of length < §,”% < 1. Observe that,

ki = dim Z > dim Z* = k. (10.20)

In fact, take any regular point z,, € By(2%) C Z* with z; € B;(p;) converging to z... By definition,
the tangent cone at 2., is R* provided dim Z = k. For any fixed € > 0, there exists 7 = 7(€, By (z")) >
0 such that for sufficiently large 4, we have an R¥-splitting harmonic map ®; : B,.(z;) — B,(0*) which
is also an 7é-GH approximation between B,.(p;) and B,.(0¥). The standard rescaling arguments
combined with the average estimate in Lemma 6.6 show that the lifted harmonic map (f),- with
(I;i = ®; o7 is also an R¥-splitting map. Therefore, we can pass the quantitative R*-splitting
property to the limit space (2 ,2), which gives dim 7> k.

Therefore, by the induction theorem (theorem 6.1) in [KW], there is a positive constant Co(n) <
oo such that for sufficiently large i (depending on the dimension n and the geometry of By (z*) C Z¥),
Ts,(B1(pi)) has a nilpotent subgroup of length < n — k and of controlled index (independent of 7).

This is a contradiction, and we have proved the claim.
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Now if we choose 6(n, By (z*)) > 0 as the one in the above Claim, ¢y > 0 be a constant satisfying

(10.9), and take Ny = A, NN, then length(Np) < length(NV) < n — k and
NV, s No] = [Ny s No NN < [Ts(B1(P)) : N < Coln, By(2%)).
Therefore, by inequality (10.13),

[Te(p) : No] < [Le(p) : Naf - [Na 2 N

IN

The proof of the Theorem is complete.
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Part 111

Positivity of ()9,-Curvatures and

Geometry of Conformally Flat
Manifolds
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Geometrische Figenschaften werden durch die Transformationen der Hauptgruppe nicht gedndert.
Auch umgekehrt kann man sagen: Geometrische FEigenschaften sind durch ihre Unverdnderlichkeit

gegentber den Transformationen der Hauptgruppe characterisirt.

Christian Felix Klein: Vergleichende Betrachtungen iber neuere geometrische Forschungen

(“Erlanger Programm”) 1872

Geometric properties will not be changed by the transformations of the principal group. Also
conversely one can say: Geometric properties are characterized by their invariant under the trans-

formations of the principal group.
Christian Felix Klein: Comparative reviews on recent geometric researches

( “Erlangen Program”) 1872
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Chapter 11

Preliminaries on Kleinian Groups

and Fractional GJMS Operators

11.1 Basics in Kleinian Groups

We start with some brief review on the basic concepts about Kleinian groups and their useful
properties in conformal geometry.

Let I' < Conf(S") = Isom(B"*!) be a Kleinian group which by definition gives a properly
discontinuous action on a non-empty subdomain (I') C S™. The notion of limit set is fundamental

in the study of Kleinian groups.

Definition 11.1 (Limit set). Let T be a Kleinian group, then the limit set is defined by
AI) ={z € (8" g)F; €T, y € (8 g1), st lim dy, (7(y), ) = 0} (11.1)

Immediately, by definition, A(T") is a T'-invariant closed subset in S™. Moreover, if I" is co-compact,
then
A(T) = 9(T) =S™\ Q(T). (11.2)

If T acts freely on Q(T'), then the quotient space Q(T")/T is a locally conformall y flat manifold.
Schoen-Yau’s result in [SY] proved that there are a large class of locally conformally flat manifolds
of the form Q(T')/T". More precisely, let (M",g) be locally conformally flat, if R, > 0, then the
universal cover M™ can be conformally embedded in S™.

Next we introduce the concept of Poincaré exponent and its applications in the study of conformal
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geometry.

Definition 11.2 (Poincaré exponent). Let I' be a Kleinian group. Given s > 0, define the Poincaré

series as follows,

Pe(siz) = >[IV (@), (11.3)

yel

where |7 (x)]| is the length of the conformal factor. Poincaré exponent is defined by
O(T) = inf {s > O‘Pc(s;x) < o0, Vx € S”}. (11.4)
There are several equivalent definitions of Poincaré exponent. Now we describe Poincaré exponent

on a hyperbolic space (B"*!, g_1,0""!) with sec, , = —1.

Lemma 11.3. LetT < Isom(B"*1) 2 Conf(S™) be a Kleinian group and denote by §(T') the Poincaré

exponent in terms of Definition 11.2, then the following holds:

1. On (B™1 g q,0"Fh), et

Pe(s; O"“) = Z e_Sd-"—l(OHH’”'O"H), (11.5)
yel
then we have that
§(T') = inf {s > O‘Pe(s;O"“) < oo}. (11.6)

2. Let w(R) = #{y € ['|dy_, (v- 0", 0""1) < R}, then

0(T") = limsup M.

11.7
R—o0 R ( )

Example 11.4. Let T be elementary and torsion-free, namely, |A(T)| < 2. Then T must be an
infinite cyclic group generated by a lorodromic element or a parabolic group of rank k for some

k > 1. In the above two cases, §(T') = 0, k/2 respectively.

The above concept of Poincaré exponent gives many interesting consequences in conformal ge-
ometry. To this end, we start with some analytic preliminaries. Let (M™, g) be a closed locally
conformally flat manifold and assume that Mn is conformally embedded in S™. Therefore, there is
some subdomain Q(I') C S™ such that M"™ = Q(I')/T" where I' = 1 (M™) is a Kleinian group.

By stereographic projection, the universal cover M™ can be viewed as a subdomain in R” with

the Riemannian covering metric § = e2*gg. Since Ry, =0, the conformal change go = e 2% g gives
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the following natural elliptic equation,

—Ngle = Jzem T W =0, (11.8)

where J; = %. Cheng-Yau’s gradient estimate gives that for every z € R™ \ A with Byg(z) C

R"\ A,

sup |V; loge_%w(y” <C(n,g,R). (11.9)
yEBR(x)

As a corollary, we have the following Harnack inequality, there exists C(n, g, R) > 0 such that for
every y, z € Br(x)
Ol v < evW) < O evl®), (11.10)

We give some basic properties of the conformal factors, which will be used frequently in the

paper.

Lemma 11.5 ([CQY]). If M™ = Q(T')/T is closed, then there exists K > 0 such that for every
x e T,
K=todgt(z,A) <™ < K -dy'(z, ), (11.11)

where do is the distance function with respect to Fuclidean metric.

Next we give an integrability lemma for the conformal factor e®.

Lemma 11.6. Let T’ be a Kleinian group and denote by 6. = 6(T') > 0, then e € LY (R™) for

every 0 <p <n—d..

Proof. Let ¢ : S* \ {N} — R™ be the stereographic projection. First, we show that for every

0<p<n—2©,e?=ew?. (ﬂ) € LP(S™). In fact, for every v € I" and for every & € S™ \ A,
1Y (2)] - PO %) = @@, (11.12)

Let K C Q(T') be a bounded subset such that F C K. By (11.13), there exists some positive

constant Cy(g,diamg(K),n) > 0 such that that for every Z,y € K,

Oyt e®@ < @) < ¢ - @), (11.13)

Now fix a fundamental domain F' C Q(I'), then the integral over S” can be reduced to the
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following sum,

/ ep'“’(j)dvgl(&?) — Z/ ep'w('ri)dvgl(,y.j;)
Q) e

> /F Y (@) - e P dug, (). (11.14)

yel’

Harnack inequality (11.13) implies that for fixed &y € F', we have that for every & € F,
@) < ¢y - @), (11.15)

Therefore,

/ v, (#) < CF - Volg(F) - Y |7/ (0)|" - (11.16)
Q(T) ~el’

Since p < n — J., by the definition of Poincaré exponent, the above integral is finite.

71 2\ptn
/ ep'w(z)d,uo(x) :/ ep'w($) . <ﬂ)p d’Ul(i‘) < 00. (1117)
E Y=H(E) 2

Now we discuss the measure-theoretic properties of Kleinian groups.

Definition 11.7 (Hausdorff Content and Hausdorff Dimension). Let S C R™ and d € [0, +00), then

the d-dimensional Hausdorff content of S is defined by
C4(S) = inf { er : there is a cover of S by balls with radii r; > 0}. (11.18)
The Hausdorff dimension of S is defined by
dimy(S) = inf{d > 0|C%,(S) = 0}. (11.19)

If T' is non-elementary, Patterson-Sullivan characterized Poincaré exponent by the Hausdorff

dimension of the limit set A(T").

Theorem 11.8 (Patterson-Sullivan). Let I' be a non-elementary Kleinian group, then

§(I) = dimy (A(T)). (11.20)

138



The following lemma is rather standard and it is the foundation of the Hausdorff dimension

estimate in our paper. The proof is given in the paper [CHY].

Lemma 11.9. Let K C R™ be compact. Denote by do(z, K) = inf{lz —y| : y € K} for z € R™.

Assume that for some R >0 and o > 1, we have K C Br(0™) and

/ do(z, K)™%dz < oo, (11.21)
Br(0™M)\K

then dimy (K) < n — a. In addition, if « > n, then K = ().

Notice that, with Kleinian group action, Lemma 11.6 is a converse of lemma 11.9.
Now we end this chapter by stating a classical theorem by Schoen-Yau ([SY]).
Theorem 11.10. Let (M",g) be a closed locally conformally flat manifold with R, > 0, then
n—2

its universal M™ can be conformally embedded in S™. Furthermore, dimy (A(T)) < n5=, where

I 2m(M™) and A(T) is the limit set on S™.

Remark 11.1. In the above theorem, if the assumption Ry > 0 is replaced with R, > 0, then

correspondingly we have dimy (A(T)) < 252.

11.2 Fractional GJMS Operator and Fractional () Curvature

Applying scattering theory on conformally compact Einstein manifolds developed by Graham-
Zworski ([GrZ]), Chang-Gonzélez defined the notation of fractional GJMS operator in their joint
paper [ChGon]. In this section, we briefly review the definition of fractional GJMS operator and the
corresponding fractional @) curvature. We start with the basic notions for defining fractional GJMS
operators. Let (X"t M" g,) be a conformally compact Einstein manifold with conformal infinity
(M™,[h]) which satisfies the following:

(1) M = 9xX 71,

(2) g+ is complete on Int(X™*') such that Ricy, = —ngy,

(3) there exists a smooth defining function of M", denoted by p, such that p?g, is compact on

X7+ with p?gy |rar € [h] and

p(x) >0, x € Int(X" ),
plx) =0, z€ M™, (11.22)

[Vpl(z) #£0, z € M™.
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The following fact is standard (see [Gr] or [Lee]).

Lemma 11.11 (Geodesic defining function). Let (M™, [h]) be the conformal infinity, then for every
ho € [h] there exists a unique defining function r in a neighborhood of M™ such that

(1) 7%g4|r=0 = ho,

(2) there exists € > 0 such that |V7|.25, =1 on M™ x [0,€).

Now we are in a position to define fractional GJMS operators (see [ChGon] for more details).

According to the above notations, let s € C\ {5}, we will consider the following Poisson equation
(Ag, +s(n—s)u=0 (11.23)

and consider its generalized eigenfunction
u=Fy"* +Gy*, F,G € C®(X"), (11.24)

where y is the geodesic defining function for a given boundary (M", ho) with hg € [h] (see lemma
11.11). The scattering operator S(s) is a Dirichlet-to-Neumann operator which is given by the
following: if f = F'|,—¢, then

S(s)f = Gly—o. (11.25)

In [GrZ], it was proved that S(s) is a meromorphic family conformally covariant operators for s with

simple poles in § 4+ Z,. Now given v € (0, §), the fractional GJMS operator P, is defined by

Puof = Pufho,gslf = 275 OS5 4. (11.26)

Notice that the function I'(y) cancels the simple poles of the scattering operator S(% + ), and thus

the fractional GJMS operator Py, is continuous when v € (0,%). Moreover, if v € (0,n/2), the
operator P, satisfies the following conformal covariance property: let h = v"== h and let I?’g,y be

the fractional GJMS operator with respect to h, then
=~ _n+2y
Py (u) = v~ =27 Py (uv). (11.27)

for any u € C°°(M™). With the fractional GJMS operator Ps., we will define fractional @ curvature.

We start with a simpler case 0 <y < . Let P, be in (11.26), then the corresponding fractional Q
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curvature is defined by

)~ Py (1). (11.28)

In Chapter 14, we will discuss the critical case where n = 3 and v = % Actually, in general,

we can modify (11.26) and (11.28) to define the operator P»., and ()2~ curvature in the critical case

v = 5. First, if n is even and v = § = k € Z,, then s = n is a simple of the scattering operator

S(s), while the function I'(—y) has a simple pole at v = 7, so we define
Poy, = ¢ - Resg—p, S(5), (11.29)
where ¢, = (—1)¥t122Fk!(k — 1)!. Correspondingly, the curvature @, is given by
Qn =c - S(n)l. (11.30)

Notice that, if n is even, S(s)1 is holomorphic when s = n. Now assume that n is odd, then the

n

operator S(§ + ) is continuous at v = § and I'(—~) is also continuous at v = 4. In this case, the

definition of P, is identical to that in the case v < §. By [GrZ], if n is odd, lim S(s)1 = 0, then

s—n

the limit lim (%)’1P2,Y(1) exists and so we define
y—n/2

)P (1). (11.31)

By the computations in [GrZ], when v = %, the following conformal covariance property always

holds (n is either even or odd): if § = €?%g then,

€ Qn = Qun + Po(w). (11.32)

We end this section by giving a remark about the definition of the fractional GJMS operator.
Given a conformally compact Einstein manifold (X", g, M™) with a boundary (M", hg), then
by definition, the operator Pa, = Ps4[ho, g+] depends not only on the boundary geometry (M™, ho)
but also on the global geometry (X"*! g,). In other words, given (M™,h), the definition of the
operator P, on M™ depends on the choice of the space (X"*!, g,). In our paper, we focus on
the manifolds (M™, g) which are locally conformally flat with R, > 0. Notice that, in this setting,
(M™, g) is not covered by a torus and thus it is a Kleinian manifold with T’ 2 1 (M™) < Conf(S™)

convex co-compact. Furthermore, if ' is torsion-free, then (M", [g]) can be viewed as the conformal
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infinity of the complete hyperbolic manifold H"*!/T" (otherwise, H"*!/T" is a hyperbolic orbifold
with finite singularities). Throughout this paper, we will assume that 1 (M™) is torsion-free which
is necessary for the background of scattering theory from the above discussion, and the fractional

GJMS operator P, in this paper is always defined by the hyperbolic filling-in in the above context.
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Chapter 12

Fractional Laplacians on Euclidean

Space

We reviewed in Chapter 11 the definition of GJMS operators on a conformally compact Einstein
manifold. In this section, as a special case, we will focus on those operators on Euclidean space with

hyperbolic filling-in which plays a crucial role in the proof of the main theorems of this paper.

12.1 Harmonic Extension and Equivalent Definitions of Frac-
tional Laplacians

Let a € (0,1), first we introduce the following space

|u(2)]

Loo(R™) = {u R — ]Rl’ /n

which is a natural space in the definition of fractional Laplacian. Now we briefly review Caffarelli-
Silvestre’s result about harmonic extensions in [CaSi]. For fixed o € (0,1), denote by b=1—2a €
(=1,1), the for every f € C°°(R™) N L>=(R"), there exists a unique function U(z,y) € L®°(R})

such that

Div(y*VU)(z,y) = 0.
(12.2)

U(z,0) = f(x).
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Moreover, U(x,y) can be expressed as the following Poisson integral

y - F ()
=Cha —d¢. 12.3
x y /fn LE——§P-+3/)n+ € ( )

In fact, the above constant C,, o > 0 is chosen such that

ylfb
CW/ —__de=1. (12.4)
e (|7 — €2 +92) "5

With the above harmonic extension, Caffarelli-Silvestre proved that the definition of fractional
Laplacian given by harmonic extension (Definition 12.1) is actually equivalent to the one defined in
terms of Fourier transform (Definition 12.2) and equivalent to the one defined in terms of singular

integral (Definition 12.3) as well.

Definition 12.1. Let d,, o > 0 be some positive constant depending only on n and o, then we define
ou
(=N f(x) =dpg - lim —y®——. (12.5)

Definition 12.2. Let f € Loy (R™) which is viewed as a tempered distribution, then the fractional

Laplacian (—A)® is given by the following equation,
F((=L)2f) = [€P*F(f). (12.6)
Definition 12.3. Let dy o > 0 be some positive constant, then we define

(A f(@) =y -Pov. [ DT, (12.7)

Rre |2 -y

where f € Lo (R™).

In fact, the above definitions are equivalent to the following definition in terms of second order

difference.

Lemma 12.4. There exists some positive constant d, o > 0 such that

flat+y) + flz—y) —2f(x)

|y|n+2a

dy, (12.8)
]R'n,

where f € Lo (R™).

The following lemma is straightforward.
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Lemma 12.5. Given f € C*®(R™) N L>®(R"), let Uy(x,y) be the harmonic extension of f™ for

some 11 > 0 and let Us(x,y) be the harmonic extension of f™ for some 19 > 11 > 0. Then for every

(z,y) € R}, we have that

()™ (2, y) < Ua(a,y). (12.9)
Proof. Equivalently, we will prove that for every (z,y) € ]R’f'rJrl
Ur(z,y) < (U2)™ 7 (x,y). (12.10)
By Poisson’s formula, we have the following,
1 b T1
(z,y) Cna/ f (i)ﬂ,bd , (12.11)
n(jr = €2 +y?) e
and
1-b , r7m2
Uz(z,y) :Cn,a/ y S (S,L)H,bd (12.12)
R (Jo — &2 +y2) 2
In fact,
1-b . T1
U1(x,y) = Cn,a/ Y 5 / 2(€L)+1—b
m(le =€ +y?) 2
1-b -7 yl=bfm ket
Yy ) f (5) T2
= Cn,a / 1 P df
( Rn<(|x_§|2+y)ﬂ) ((| — &2+ y2) b) )
Holder yl—b 1_7 1 bf'r ) ’;1
S Cn,og(/ 2 n+1 b f 9 n+1 o ontl-b )
R (|2 —&* +y°) ISI +y?)
= (Cua e / LETO ge)®
- n,o 2 9\ ntl=b 2 n+1 b
R ([€7 +9%) 2 (lz — €12 +y?)
(12.4) (C / y' () 5)
S (e - g2y
= (Ua)™(x,y). (12.13)
O

12.2 Comparison Principle for Fractional Laplacians

Graham and Zworski developed the deep connection between scattering theory and conformal geom-

etry in their fundamental work [GrZ]. The following proposition is a crucial observation in the proof

of the main theorems. The proof follows from the combination of Lemma 12.5 and the expansion
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(11.24).

Proposition 12.6. Given 0 < a <1 and 72 > 11 > 0. Let f € C®(R"™) N L>(R™) then for every
r e R,

()@ =2 @) - ()77 @). (12.14)

Proof. Let U; be the harmonic extension of f™ and let Uy be the harmonic extension of f™. On

the other hand, let s = % and immediately 2s —n € (0,2). Now denote
uy =y" Uy, ug =y"° - Us, (12.15)
and then by the calculations in [ChGon], we have that
Agntiug + s(n — s)ug =0, Agntrug + s(n — s)ug = 0. (12.16)
Hence, we obtain the Taylor expansion of U; in geodesic defining function near to the slice {y = 0}:
Ur = (7 +00A) + ((Ses)f™) -y + Oy ), (12.17)

and

Uz = (7 +00%) + ((S6) ) -y " + 0> ")), (12.18)

Notice that 2s — n € (0,2), so near to the boundary {y = 0}, it holds that

TQ/’Tl
OO = (4 (S 5+ 00)
— f'rz . (1 + T2 ) S(Sz—f 25— + O(yQ))7 (1219)
T1 m
and
S(s)fm™
Uy = f™- (1 + (;)Tf TR 0(92)). (12.20)
By Lemma 12.5, it holds that (U;)™/™ < U,, which implies that
n SET S (12.21)

Gt e T fm
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By definition, (—A)* = 22 . % - S(s) with s = 222 and thus

n (AT (=)

o 7 2 (12.22)

Therefore,
() ™)) 2 7 7 ((-0)77) @), Vo € R (12.23)
O

12.3 Smooth Approximation and Convergence Lemmas

The Hausdorff dimension estimate in Theorem 2.1 relies on delicate estimates on the conformal
factor e¥. A crucial point to see this is to apply Proposition 12.6 to the conformal factor e*. How-
ever, Proposition 12.6 works only for the globally smooth function in R"™, while in our context, the
function e blows up along the limit set A(I") (see Lemma 11.5). So it is necessary to approximate
e” by a family of converging smooth functions and obtain the comparison for the smooth approx-
imations. The key step in this procedure is to prove the comparison inequalities of the smoothing
approximations indeed converge to the comparison inequality for e¢*. So the primary goal of this
section is to define the smooth approximations and prove various convergence results.

Let us start with the definition of the standard mollifier. Given p > 1, for every f € LV (R"),

loc

define
fe(@) = fxne(z) = . f@ —y)ne(y)dy, (12.24)
where
1 =z
ne(x) = (=) 20, (12.25)
satisfies the following
n € Cg°(R™), supp(n) € B1(0"), / n=1 (12.26)

Immediately, by the symmetry property of convolution, it holds that

fe(@)= [ flz—yn(y)dy = / [z —y)n(y)dy. (12.27)

R™ B, (On)

Now we present some basic properties of the standard mollifiers which will be frequently used in

the later proofs of the paper.
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Lemma 12.7. Let Q C R™ be an open subset. If f € C(Q), then for every compact subset K C €,

it holds that when ¢ — 0,

I fe = fllooxy — 0. (12.28)

The proof of Lemma 12.7 is straightforward and standard, so we omit the proof.

Next we introduce the convergence property of derivatives of mollifiers.

Lemma 12.8. Let f € C%(Br(p)), then for every x € Br(p), it holds that:

(1) for every 1 < j <n,

. Ofe, . Of
lgr(l) oz, (x) = oz, (x), (12.29)
(2) for every 1 <i<j<n,
2 2
lim 09 o f (12.30)

) = xZ).
e—0 &vj(’)xi 83338301

Proof. The proof of the lemma is standard. So we just give a quick outline of the proof of (1). Let

ej = %, then by mean value theorem,
Lj

fe(x + hej) — fe(x) _ f(z+he; —y)— flz—y)
h = /B o — ne(y)dy
/ %(ZE —y+&(h)e;) - ne(y)dy, (12.31)
Be(0m) 9T

where 0 < £(h) < h. Applying dominated convergence theorem,

Ol (z) = lim fe(@ + hej) — fe(@)
3xj h—0 h
0
= / Tf_(fc —y) ne(y)dy. (12.32)
B.(0m) 9T
So it follows that
Cof . of
ll_r)r(l) oz, (z) = oz, (x). (12.33)
[
Lemma 12.9. If lim f(x) — 0, then for every e >0, lim f.(z)— 0.
|| —+o00 |z|—+oo
Proof.
fe(@) = / f@ —y)ne(y)dy. (12.34)
B.(0™)
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Let gex(y) = f(x — y)ne(y). Clearly, for every y € B.(0"),

lim ge.(y) — 0. (12.35)
|z|—+o00
Moreover, |ge.(y)| < sup |f(2)] ne(y) < Ce(f) || fllLes (&n)- Then dominated convergence theorem
z€B.(x)
implies that
lim  fo(z)= lim gy = [l gy =0, (12.36)
|z]—4o00 |z|—+o00 B.(0™) B.(0™) |z]—+o00

O

The following convergence property of mollifiers is useful in the proof of convergence properties

of fractional Laplacians.

Lemma 12.10. Fiz « € (0,1) and o € R™, and let Q@ = R™ \ B1(xz0) C R™ be open. Assume that
f € LY, pwy) with dpg, (y) = Wi%, then we have the following:

(1) There exists Co(n) > 0 such that for every 0 < e < 1073, it holds that

/ foldia, < Coln) / \ldria,. (12.37)
Q Q

where Q0 = R" \ By /2(20)-
(2) When e — 0,
/ |fe = fldpa, — 0. (12.38)
Q

Proof. (1) For every e > 0, by the definition of mollifiers and Fubini’s theorem,

L@t = [ | [ =2 de]di, o)

L 1= 2, )

aJB.(om)

[ ([ 1562 ) 2)at (12.30)
B.(om) NJo

IN

Since z € B.(0"), by triangle inequality, £ =y —z € @ = R \ Bia(wo) if y € Q@ = R™\ By(0").

Moreover,

/Q|f(y — Z)|dﬂxo (y) — M < M < Co(n) M (12.40)

o lao = o2 = g Tog — g — 27 = 7O Jg Jay gl
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Plugging into (12.39),

/ |fe|duzo
Q

IN

o [ ([ 15, (@) (210
< Colm) [ 1fldi (12.41)

So the proof of (1) is done.
(2) We will show that for every ¢ > 0, there exists €y(d,n, f) > 0 such that for every € < ¢g, it

holds that
/Ife Y)|dpiz, (y) < 9. (12.42)

In fact, for every 0 > 0, there exists g € Cp(2) with g, (supp(g)) < C1(n,d, f) such that

b
— [ .
/ﬁlf gldpz, < 10Co ()’ (12.43)

where Cy(n) > 0 is the constant in (1). Since g € Co(€) with g, (supp(g)) < Ci(n,d, f), so there
exists some compact subset K C Tjp-2(supp(g)) C Q such that for every 0 < € < 10~3 we have
supp(ge) C Tig-2(supp(g)). Denote by Mi(0,n, f) = iz (T10-2(supp(g))) > 0, by Lemma 12.7, then

for every § > 0 there exists €y(d,n, f) > 0 such that for every 0 < € < ¢, it holds that

0
ng - g”CO(supp(g)) < M7 (12.44)

which implies that

)
/ |ge — gldpa, < /~ |9e — gld iz, g/ |9e = gldpz, < 0" (12.45)
Q Q T,o—2 (supp(g))

Therefore, by (12.37), (12.43) and (12.44), for each 0 < € < ¢,

/Q\fe—flduzo < /Ife geldpizy + /Ige gldpe, + /Ig fldpa,
< .
< E+ 0G0 m) 1000(n)
< 4. (12.46)

So the proof of (2) is done.
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With the above basic properties of mollifiers, now we focus on the convergence properties of
fractional Laplacian (—A)* acting on the standard mollifiers f.. In the following proofs, mainly we
will choose the definition of (—A)® in terms of second order difference (see Definition 12.4).

Let A C R™ be a closed subset of zero measure. From now on, we will study functions which

satisfy the following assumption:

Assumption 12.11. f € Ly (R™) N C>(R™\ A) such that there exists K > 0, ¢ > 0 such that for
every y € R™\ A,
K1 dy(y, M) < f(y) < K - dy(y, ), (12.47)

where dy is the Fuclidean distance on R™.
Lemma 12.12. Fiz 0 < a <1 and A C R™ be a closed subset of zero measure. Let f € Lao(R™) N

C>®(R™\ A) and denote by f. the standard mollifier of f in the sense of (12.24). Then

lim ((=A)% fo)(x) = ((=4)" f)(2). (12.48)

e—0

for every x € R™\ A.

Proof. First, by Definition 12.4,

fe(x+y) + fe(z —y) — 2fc(z)

(=A)*f(x) = —Cpa . [y dy. (12.49)
Let
— fe(x + y) + fe(-T - y) B 2fe($)
H(z,y) = e , (12.50)
and
Hz,y) = L@ 9+ fla—y) = 2/@) (12.51)

e

Then for fixed 0 < do() < 155 - do(z, A),

(~2)fuz) = —Coa / H.(2.y)dy — Cy / H, (2. y)dy
Bs, (0™) "\ Bs, (0™)

1M (@) + I8 (). (12.52)
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Correspondingly,

(@)= —Cha /Bé o fl@+y) +|§|(nw+2—ay) —2f(x) dy. (12.53)

and

()= —Cpq / . f@+y) +| ; |(f+2_ay) = 2@ 4, (12.54)

So we will prove that for every x € R™ \ A,

im J(D =7
2111(1J I3 (z) = 1Y (2), (12.55)
and
im I (z) = 1
llrr(l] I} (z) = I (x). (12.56)

The first stage is to prove (12.55). The proof follows from the derivatives convergence property

in Lemma 12.8. In fact,

11D (z) — IW(2)] = _Cn,a/ (He(x,y) — H(z,y))dy, (12.57)
Bs, (0™)
and

‘(fs - f)(l’+y) + (fe - f)(l'*y) — 2(fe - f)(ﬂj)‘

|y‘n+2a

”VQ(fe - f)||B250(I)
|y|n+2a—2

IV2 £l Bas, ()
|y‘n+2a72

[He(2,y) — H(z,y)| =

C(n)

C(n) (12.58)

Notice that the function |y|"T2*=% € L'(Bs,(0")). Hence, applying Lemma 12.7 and dominated
convergence theorem, the convergence
lim I (z) = 1M (z) (12.59)

e—0

holds for every z € R™ \ A.
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Next we switch to prove (12.56). The proof basically follows from Lemma 12.10. In fact,

1)~ 1®@)| = Cua | |He(2,y) — H(x,y)ldy
"\ Bs, (0™)
€ (E+ € T —
CW(/ (e — NG y)|dy+/ D=,
R\ Bs, (0™) |yl R™\Bs, (0™) |y

|fe(z) — f(@)]
2 —r =
* /IR"\B(;O ony |yt y)

Cra(De(@) + F.(2) + 2G.(2)). (12.60)

IN

Notice that, for every x € R™ \ A,

De(z) = F.(z) = /}R A e = Dy, (12.61)

) |z —y|rt2e

and thus by Lemma 12.10,
lim D (z) = lim F.(x) = 0. (12.62)
e—0

e—0

On the other hand, by Lemma 12.7, for every x € R™ \ A,
lim G.(z) = 0. (12.63)

Now the proof of (12.56) is done, and hence the proof of the lemma is complete.

O

Lemma 12.13. Given 0 < o < 1 and 7 > 0, let [ satisfy Assumption 12.11 and f € L] .(R™).

loc

For every fized x € R" \ A, choose 8o(x) = 1o - min{do(z, A), 61} such that f(y) > 10° for every
y € Tios, (A) = {y € R"|do(y,A) < 1001 }. Then the following holds for every x € R™\ A:

1.
. 1(f)™ () — ()]
lim dy = 0. 2.64
0 oo By T2yl (1264
2.
fim ((f)" = )@+ y) + (f)7 = M) —y) —2((f)" — f7)(=)| dy=0. (12.65)
e—0 Bs, (on) |y|n+2a
3.
. I(f)™ () =Tl ,
ST = 20

153



tim ((=2)°(f)7) (@) = ((=2)°f7) @). (12.67)
5.
tim ((~2)log(f0) ) (2) = ((~2)* log f ) (). (12.68)

Proof. (1) follows from Cy-estimate of f. By Assumption 12.11, there exists Ky > 0, p > 0 such

that for every y € R™ \ Tj, /2(A), we have that

1
o (do(y,A))™™9 < fT(y) < Ko - (do(y,A))™7, (12.69)
and thus for every y € R" \ Ts, /2(A)

()l <279 Ko -9, . (12.70)

By the definition of f, it holds that for every y € R™ \ T5,(A),

Gl = (] s=2)n)z)

=/, 1= nae)

< NfllesBow)) - ’/B (On)ﬂe(z)dz

= ||fllze(B.(v))- (12.71)

T

Inequality (12.70) gives that for every y € R™ \ T, (A),

[(f)T (W) <279 Ko - 6577 (12.72)
Consequently,
/ [(fe)T (y) — fT(y)Idy o 27Ky 50_”’/ dy
R\ (Bsy (e)UT5, (A)) 1€ — 9729 - 39 R\ B, (a) 1T — y["F20
XN PN S
< 0 (12.73)
(6]
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and thus dominated convergence theorem implies that for every fixed = € R™ \ A,

/ |(f) () — [T (y)]
\(Bay (2)UT5, (8)) [T —y[rERe

dy — 0. (12.74)

(2) can be immediately proved by the C2-derivative estimate.

/ [((f)" =M +y) + (f)" = )@ —y) —2((fo)" — fT)(w)Idy
Bsy (07) |y +2e
IV2((f)™ = FT) | Lo (Basy (2))
= /Béo(on) |y|n—2 42 a- (12.75)

By straightforward calculations,

V()7 = 1) = (T V) = FUVED) ) = D) (72 @ dfe — £ 2df @ df ). (12.76)

The pointwise convergence property of Vf. and V2f. implies that the integral (12.75) is finite.
Therefore, dominated convergence theorem gives the desired convergence.

(3) follows from local integrability property, mean value theorem and Hélder’s inequality. From
now on, we assume that 7 > 0 and 7 # 1 because the case 7 = 1 has been proven in Lemma 12.12.

Let
W(y) = 7-max{|f|" (), |f/]"" (v)}, (12.77)

and then by Lagrange mean value theorem, it holds that

/ [(fe)™ () — fT(y)Idy < / W(y) - |fe— fl(y) dy (12.78)
T5,(A) T (M) . ‘

|3j _ y|n+2a ‘JZ‘ _ y|n+2a

Since do(z) < % and dy(y, A) < do, so triangle inequality implies that

|z —y| = do(z,y) >> do. (12.79)
Therefore,
|(fe)"(y) — (W)l 1 /
dy < ——55 W (y) - |fe — fl(y)dy. 12.80
/7‘50(A) |z — g2 862 Iy () )] ) (12.80)

(1) When 0 < 7 < 1, by definition, W (y)| < 1 for every y € T5,(A), which implies that

[(f)™ () — ()] 1
d € d . .
/TSO(A) ‘Jj _ y|n+2a Y < 56L+2a /’1"50(A) |f f|(y) Yy — 0 (12 81)
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(i) Next, we consider the case 7 > 1. Let p = 7 and ¢ = -5,

then % + é = 1. Now applying

Holder inequality to the right hand side of inequality (12.80), we have that

) - Fwl, o 1 v e
‘/T%(A) |SC — y|n+2a dy < 6614—204 </T§O(A) \W(y)|’1dy) (/’1“50(/\) |fe f| ) . (12.82)

Now we estimate the uniform bound (independent of €) of the integral fn ) |W(y)|?dy. In fact,
0

e Va A\ D/T
(AMMM<1@ - (LWJﬂU
= ([ Je—near

= ((/T " |f€_f‘.,_>1/7+ (/T N ‘f|7_>1/'r)771. (12.83)

)(T—l)/T

A

For ¢ — 0, it holds that

/ [fe—fI" =0, (12.84)
Tsq (A)

and then (12.83) implies that

1/ (r=1)/7
([ e o ([ )T (12.85)
Tsq (A) T, (M)

Immediately by the definition of the function W, we have that

(/T " \W(y)l(H)qdy)l/q <27t (/T \f(y)ITdy) (7_1)/7. (12.86)

00) (A)

Therefore, when € — 0, the above computations and (12.82) give that

/ |(f)(y) — fT(y)|dy 50 (12.87)
Tsy (A) -

|z — y|nt2e

The proof of (3) is done.

(4) easily follows from the combination of (1), (2) and (3).

Now we proceed to prove (5). First notice that, if f satisfies Assumption 12.11 and f € L] _(R")
for some 7 > 1, then it holds that log f € Lo (R™) and log(fe) € Lan(R™) which means that both
(=) log f and (—A)*log(f.) are well defined. In fact, for sufficiently small dy > 0, we have that

1 <<logf < fonTs,(A) and thus log f € L] (R™). In particular, log f € L] .(R™). Moreover, by

loc loc
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Assumption 12.11,

and thus for sufficiently large R >> 1, it holds that

1 -1
R\Br(0n) 1+ Y] R™\Br(0m) Y|

Cly|™
WL gy < oo, (12.89)
/]R"\BR(O") |y|m+2e

where the exponent m > 0 can be chosen such that 0 < m < a. Therefore, log f € Lo, (R™).
Similarly, one can show that log(f.) € Las(R™).

With the above preliminary result, we will show the convergence property. The above arguments
actually shows that for every x € R™ \ A,

|log(fe)(y) —log f(y)| dy =0, (12.90)

lim o — y[iee

€0 JRn\(Bs, (z)UTs, (A))

Moreover, the convergence of the integral in Bs,(0™) is the same as that in (2). Now it suffices to

prove that for every € R™ \ A,

Ty (A) ' '

e—0 |z — y|nt2e

The basic idea is the same as that in (3), for the completion we still give the detailed proof here.
We choose 8o(z) < 1gsdo(z, A) such that f(y) > 10® for every y € Tios,(A).

Tt is by definition that f(y) > 0 and f.(y) > 0 for every y € R", so denote

W (y) = max{(f)""(y), f ()} € (0,1), (12.92)

then Lagrangian mean value theorem and (12.92) imply that

/ |(log(fe))(y) — log f(y)l
Tso(A)

|z —y|r+2e

< gyne / W)l 1£.(9) — F)ldy
Tso(A)

< g / Fely) — F)ldy
Ts (A)

e—0
< 0. (12.93)

The proof is done.

157



O

Example 12.14. Let (M™,g) be a Kleinian manifold, then its universal cover (Kﬁ,g) satisfies
= e?Wgq where gy is the Euclidean metric. Denote by A the limit set of the Kleinian group

g
' = m(M™). By lemma 11.5, the function
f(z)=e@® vz e R™\ A (12.94)

satisfies Assumption 12.11.

Proposition 12.15. Given 5 > 71 > 0, assume that f € L]?

loc

(R™) satisfies Assumption 12.11,

Then for every v € R™\ A, we have

() ) @) 2 T () ((-2)°57) @) (12.95)

Proof. Let f. be the standard mollifier of f for every 0 < ¢ < 1076, Then by Proposition 12.6,

() (™) @) = 7 (7 (@) - ((-0)7 (7)™ ) @), (12.96)

Applying Lemma 12.12 and Lemma 12.13, we obtain the desired inequality by taking ¢ — 0.
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Chapter 13

Hausdorff Dimension Bound of the

Limit Set

In this chapter, we prove Theorem 2.1. The basic strategy is to bound the Hausdorff dimension of
the limit set A by applying lemma 11.9. So the key is to prove the following integral estimate on

the distance function to limit set A.

Proposition 13.1. Given n > 4, let (M™,g) be locally conformally flat such that R, > 0 and
Q24 > 0 for some 1 < v < 2. Denote by A = A(T") the limit set on S™. Let 0 < R < +oo satisfy
A C Br(0™), then

_nd2y
/ dy ? (z,A) < 0. (13.1)
Br(0™)\A

Proof. Let g = e*“ gy, then by the conformal covariance property of P,
Py (1) = e 7 W(=A)(e7), (13.2)

and thus by the definition of Q2,,

(") Bty = () e ayet ) (183)

QQW 2 9
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Applying lemma 11.5 and equation (13.3), we have that

_nt2y nt2y .,
[ uedy @) < g [ Qe
Br(0™)\A Br(0™)\A
n—2y .

= Clovg) [ AP (3

Br(0™)\A

Denote by a =~y —1¢€ (0,1), u = (—A)O‘(engzw“}) and define

Uy = {x € Br(0™)\ A‘u(x) > )\}. (13.5)

We will prove that the subsets Uy exhausts Br(0™) \ A when A — +o00. That is,

Br(0M\ A= lim U,. (13.6)

A—+oo

It suffices to show that when dy(z, A) — 0,

u(z) = (—A)O‘(enz‘h“’)(m) — —+o00. (13.7)
In fact, by Proposition 12.15,
n—2y n — 2y (a— n—2a
- oY 5w Sl N (- Yw(z) | - a > w ) )
(L) (@) = e ((—o)e™ ) @) (13.8)

Applying the conformal covariance property of Pa,, we have that

(_A)aen—22aw _ (n — 2&) n+2a

2 . Q20é e 2 w. (13.9)

Plugging the above equation into inequality (13.8),

n — 2"}/ ntda—2v

(*A)a(e";?vw)(x) > 5 e —w(@) Qaa (). (13.10)

Since we have chosen @ = v — 1 € (0, 1), immediately

n+da—2y n—2+2a
2 B 2

> 0. (13.11)

Moreover, by theorem 1.2 in [GQ)], there is some ¢y > 0 such that Qoo > ¢o > 0 provided M™ is

160



compact and R, > 0. Therefore,

(=)™ ™) (@) = o 5 , (13.12)
then lemma 11.5 implies that
lim  w(z)= lim (—A)*(" 2 %)(z) = +o0. (13.13)

do(fE7A)—>0 do(I,A)—)O

In the above notations, it holds that (—A)Y = (=A) o (—A)*. Let us estimate the following
integral over Uy. Denote by E\ = {z € Br(0™)\ Alu(z) = A\} and immediately E\UOBg(0"™) = 9Uj.

Let v be the unit normal vector field of Uy, then integration by parts gives that

/ (e F = [ s

Ux

- - /a (Vo)
- /E (Fouy) - /8 oo (o0 (13.14)

On the level set E we have that v = \gm (X can be chosen as regular values), which implies that

n—2y
2

/UA(—A)V(e Y) = —/EA [Voul _/aBR(on)Wou’V)

< C(n,g). (13.15)
Taking the limit A — +o00, we have that
/ (CAY () = dim [ (—A)(e2F) < C(n, g) < +oo. (13.16)
Br(0M)\A A=rtoo Juy

Plugging the above estimate and the assumption Q2 > ¢ > 0 into (13.4),

_nt2y
/ dy ? (z,A) <C(n,v,9) < oo. (13.17)
Br(0™)\A

So the proof of the proposition is complete.
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Proof of Theorem 2.1. First, by Proposition 13.1 and lemma 11.9, we have that

—2
dimy (A) < = . 7 (13.18)

Then standard continuity argument gives that there exists € > 0 such that for every v/ € (y,v + €)

it holds that (2, > 0 which implies that

!

n— 2y n— 2y

i <
dimy (A) < 5 5

(13.19)
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Chapter 14

The Critical Case: ()3 Curvature

on 3-Dimensional Manifolds

In this chapter, we will prove Theorem 2.3. The strategy of the proof is similar to that of Theorem

2.1. The new point is Proposition 14.1 which is a limiting version of Proposition 12.15.

Proposition 14.1. Let A C R? be a closed subset of zero measure and let e® satisfy Assumption

12.11. Then for every x € R3\ A,
(=2)Pw)(z) > e ((=0)2e) (x). (14.1)

Proof. Denote by f =e® and let f. the standard mollifier of f in the sense of (12.24). Let 1 < v <

3/2, by Proposition 12.6, then for every z € R?

T2

2 (207 0™ @) = ()™ @) ((CA )™ ) @), (14:2)

T1

where 71 = 322 and 7 = 322, At the first stage, we will prove that
2 2

((=2)"2(108(£0) ) (@) = (F) 7 (@) - (=2) () (@), (14.3)

To this end, let v — % then 71 — 0 and 75 — 1, by (14.2), so it turns out that

lim 2 (=A™ ) () 2 () @) ()2 (f) (@), (14.4)
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Notice that, by the continuity property of the fractional Laplacian operator, the left hand side

satisfies the following

Tim 2 (AT ) @) =l a7 (2 ()7 @)
= Jim (A7 (2 (07 - 1) (@) (14.5)

Jim ((f)™ = 1) =log(fe). (14.6)
Consequently,
T 2 (77 ) @) = (=) og(f0)) (2): (14.7)
Then (14.4) implies that,
((—A)”2 log(fe))(x) > (fo) M) - (=0)2(fo) (@) (14.8)

So the proof of (14.3) is done.

Next, applying Lemma 12.12 and (5) in Lemma 12.13, we have that for every x € R? \ A,
(=2)Pw)(x) > e @ ((=0)2ev) (x). (14.9)

Now the proof of the proposition is complete. O
As what we did in Chapter 13, we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. By lemma 11.5 and lemma 11.9, it suffices to show that

/ @ dr < C(g). (14.10)
Br(03)\A

Let § be the Riemannian metric on the universal cover of M3, and thus § = e?“gy. Denote by

@3 = (3,4, then the conformal covariance property gives that,

Qs - = (—=0)*w. (14.11)
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First, we will prove that for every = € R™ \ A,
d(zl,il{?éo((_A)l/Qw)(m) = tee
In fact, by Proposition 14.1, for every x € R™ \ A,
(~0)"2w)(@) 2 7@ (~0)!/267) (z).
Notice that conformal covariance property of P implies that
(=) 2 (") = Q1 - €.

By Proposition 14.1,

(=) Pw)(x) 2 e @ - (=0)12(e”)(2) = ") - Qi (2).

(14.12)

(14.13)

(14.14)

(14.15)

Since R, > 0, applying a result in [GQ], we have that Q; > 0 everywhere on M?3. By assumption,

M? is compact and so there is some ¢y > 0 such that
Qi(z) > co >0, Vo € M3,

which implies that

~

Q1(x) > ¢ >0, Va € Mg,

Therefore,

(=2)w)(z) = co - ™),

which implies that

:  AN1/2 _
odm (220 (@) = +oc,

The proof of (14.12) is done.

Now we are in a position to prove inequality (14.10). Let u(x) = ((—=A)Y?w)(zx) and

Uy = {x € Br(0™)\ Alu(z) > A},

165

(14.16)

(14.17)

(14.18)

(14.19)

(14.20)



then

/ (—A)3/2w(a:)dx = —/ (Vou,uo>—/ (Vou, vp)

Uax OU 8BR(0")

- / Vou| — / (Vou, vo)
oUx OBRr(0™)

< Clg). (14.21)
Since @3(33) > ¢ > 0, so we have that
1 ~ : 1
Lo < Qslw) - Wdw = — i [ (AP Pula)ds < O(o).
Br(0™M)\A €0 JBr(0m)\A co A—>+oo Jr,
(14.22)
O
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Chapter 15

Examples of Conformally Flat
Metrics with Constant

(J2,-Curvature

We will present in this section several examples with concrete Kleinian groups and we will compute
the @2, curvature of them. Moreover, we will give an example which shows both the estimate in
Theorem 2.1 and the assumption in Theorem 2.4 are in fact optimal.

Example 15.1 and Example 15.2 are rather standard spaces with positive (J2, curvature. The

detailed computations can be found in in [DGon].

Example 15.1 (Standard sphere). Given any n > 3, consider the sphere (S™,g1) with ¢ =
(ﬁ)%o. Immediately, secy, = 1 and R, = n(n — 1). Then for every v € (0,n/2), by the

conformal covariance property of Pa, we can compute that

F(7L+2’y)
Py (1) = —2-~>0. (15.1)
Y F( ZQV)
It follows that for every v € (0,n/2),
n—2y,_
Q2y = (—51) 7' P2y (1) > 0. (15.2)
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L 3-2y . (2
=1 — ) P (1) = 1 = =1(3) = 2. 15.3
Q3 'y—1>r?f1/2( 9 ) 27( ) 7_1};1/2 3—2v F(3_22,y) ( ) ( )

Example 15.2 (Standard cylinder). Fiz any n > 3, consider the compact manifold (M™, h) =
(S"~1 x S, h) with the standard product metric such that R, = (n — 1)(n — 2). To understand the
behavior of Pa, we look at the universal cover (W7 h) = (S"~ ! x R, h), where the covering metric
h can be written in terms of polar coordinates in R"™, h= 922 . So standard computations imply that

for every v € (0,n/2),

2 T2(222)
1
and hence by definition,
n—2
Q2y = (5" Py (1) > 0, 7 € (0,m/2). (15.5)

Then it follows that in the critical case, namely, n = 3 and v = %,

o 3—2y 227 . 122
Qs = tim (A2 py) = Ui

| — & 7
~v53/20 2 AH13/2 % .F2(%)

(15.6)

In the next example, the Kleinian group I' has limit set A(T") of positive Hausdorff dimension.
From this example, one can see that the dimension estimate in Theorem 2.1 is sharp, and lower

bound v = % in Theorem 2.4 is also optimal.

Example 15.3 (Limit set with positive dimension). Let (M° w) = (S x X2, g1 ® gs2) be a Rieman-
nian product space, where (S3, g1) is the 3-sphere with secg, =1 and (X%, hxz2) is a closed hyperbolic
surface with secp_, = —1. Then by standard calculations, the scalar curvature is constant R, = 4
and (M?®,w) is a locally conformally flat manifold. Indeed, the universal cover (M;,(:)) = (S$? x H?,
g1 @ h_1) has secy, =1 and sec,,_, = —1, which implies that

N dy? +dz?  gps
w:gl@h—lzgﬁ‘T: ;27

y>0. (15.7)

— — h
Therefore, (M5,@) is conformally flat and M?> L g \ St. It is a standard fact from hyperbolic

geometry that T' = m(M?) = m1(X?) is actually of Fuchsian type such that

5—3

dimg (A(T)) =1 = ==,

(15.8)
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homeo
and M® = (S°\ S!)/T.

Next, the universal covering space (Mvicb) can be explicitly written as the conformal infinity of

the 6-dimensional hyperbolic space (H®, gge) with secg. s = —1. In fact, gms can be represented as
follows,

Guwp = ds? + sinh?(s)g; + cosh®(s)g_1, (15.9)
where gy is the metric on S* with sec,, =1 and g_1 is the metric on H? with sec, , = —1. Under
the coordinate change s = —log(), then we have that

dr2 + (1—2)2g, + (1+ 5 )%g-
gup = T 4)i;( 1)°9-1 (15.10)

Indeed, with the above geodesic defining function r, (W,(E) can be viewed as the conformal infinity
of (H®, g-1).

Now we are in a position to understand the fractional order curvatures of (M®,w). By the
standard computations in Fourier transform (see [GonMaSi] for details), for the above conformal

. 3
factor y in (15.7), one can see that for 0 <y < 3,

(=A&)y 2 =)y 2, (15.11)

where
P-4 T(H21). p(Et)
(1) = ¢ () T (15.12)
=) T
Since w0 = gz‘ff , by the conformal covariance property of Py, = Py [@], we have that
i —< 3
P (1) =y 7 (=AY~ "2 =¢o(7), VO <y < 5 (15.13)
Hence by definition,
2¢0(7)
= Y 15.14
Q2 5_27>0, 0<y<3, (15.14)
which implies that
— 1' — 1' =0. 15.15
@ = lim Q= lim co(7) (15.15)

Generally, by Theorem 2.1, for every % < v < 2, M® does not admit any conformally flat metric
with Q2, > 0 and R > 0. Moreover, Chang-Hang-Yang’s work in [CHY] shows that M® does not

admit any locally conformally flat metric with Ry, > 0 and Q4 > 0.

169



Bibliography

[Anl] Anderson, M.T.: Convergence and rigidity of manifolds under Ricci curvature bounds. Invent.

Math. 102(2), 429-445 (1990)

[An2] Anderson, M.T.: Hausdor{f perturbations of Ricci flat manifolds and splitting theorem. Duke
Math. J. 68(1), 67-82 (1992)

[An3] Anderson, M.T.: The L2-structure of moduli spaces of Einstein metrics on 4-manifolds. Geom.

Funct. Anal., 2(1), 29-89 (1992)

[AnCh] Anderson, M.T., Cheeger, J.: C“-compactness for manifolds with Ricci curvature and in-

Jjectivity radius bounded below. J.Differ.Geom. 35 265-281(1992)

[CaSi] Caffarelli, L., Silvestre, L.: An extension problem related to the fractional Laplacian. Comm.

P. D. E. 32 (7-9), 1245-1260, (2007).
[CaCh] Case, J., Chang, A.: On fractional GJMS operators. Comm. Pure Appl. Math., to appear.

[CHY] Chang, S., Hang, F., Yang, P.: On a class of conformally flat manifolds. Int. Math. Res.
Not., (4), 185-209, (2004).

[CQY] Chang, A., Qing, J., Yang, P.: On finiteness of Kleinian groups in general dimension. J. fir
die reine und ange. Math., (571), 1-17, (2004)

[ChGon] Chang, A., Gonzilez, M.: Fractional Laplacian in conformal geometry. Adv. Math., 226
(2), 1410-1432, (2011).

[ChC] Cheeger, J., Colding, T.: Lower bounds on Ricci curvature and the almost rigidity of warped
products. Ann. Math. 144(1), 189-237 (1996)

[ChC1] Cheeger, J., Colding, T.-H.: On the structure of spaces with Ricci curvature bounded below.
I. J. Differ. Geom. 46(3), 406-480 (1997)

170



[ChC2] Cheeger, J., Colding, T.-H.: On the structure of spaces with Ricci curvature bounded below.
I1. J. Differ. Geom. 54(1), 13-35 (2000)

[ChGr] Cheeger, J., Gromoll, D.: The splitting theorem for manifolds of nonnegative Ricci curvature.
J. Differ. Geom. 6, 119-128 (1971)

[ChGrT] Cheeger, J., Gromov, M., Taylor, M.: Finite propagation speed, kernel estimates for func-
tions of the Laplace operator and the geometry of complete Riemannian manifolds. J. Diff. Geom.

17, 15-55, (1982).

[ChNal] Cheeger, J., Naber, A.: Lower bounds on Ricci curvature and quantitative behavior of

singular sets. Inventiones Math. 191 321-339, (2013)

[ChNa2] Cheeger, J., Naber, A.: Regularity of Finstein manifolds and the codimension 4 conjecture.
Ann. Math. 182(3), 1093-1165 (2014).

[CT] Cheeger, J., Tian, G.: Curvature and injectivity radius estimates for Finstein 4-manifolds. J.

Amer. Math. Soc. 19(2), 487-525, (2005)
[Colding] Colding, T.: Ricci curvature and volume convergence. Ann. Math. 145(3), 477-501, (1997)

[CoNa] Colding, T., Naber, A.: Sharp Hélder continuity of tangent cones for spaces with a lower
Ricci curvature bound and applications. Ann. Math. 176(2), 1173-1229, (2012)

[DWY] Dai, X., Wei, G., Ye, R.: Smoothing Riemannian metrics with Ricci curvature bounds.

Manuscripta Math. 90, 49-61, (1996).

[DGon] Dela Torre, A., Gonzélez, M.: Isolated singularities for a semilinear equation for the frac-

tional Laplacian arising in conformal geometry. preprint.

[Fukl] Fukaya, K.: Collapsing Riemannian manifolds to ones of lower dimensions. J. Differe. Geom.

25 139-156, (1987)

[Fuk2] Fukaya, K.: Collapsing Riemannian manifolds to ones with lower dimension II. J. Math.

Soc. Japan 41(2), 333-356, (1989)

[Fuk3] Fukaya, K.: A boundary of the set of the Riemannian manifolds with bounded curvatures and
diameters. J. Differ. Geom. 28, 1-21, (1988)

[FY] Fukaya, K., Yamaguchi, T.: The fundamental groups of almost nonnegatively curved manifolds.
Ann. Math. 176(2), 253-333, (1992)

171



[GonMaSi] Gonzélez, M., Mazzeo, R., Sire, Y.: Singular solutions of fractional order conformal

Laplacians. J. Geom. Anal. (22), 845-863, (2012).

[Gr] Graham, R.: Area and volume renormalizations for conformally compact Einstein metrics.

Rend. Circ. Mat. Palermo, Ser. II, Suppl. 63, 31-42, (2000).

[GrZ] Graham, R., Zworski, M: Scattering matriz in conformal geometry. Invent. Math., 152 (1),
89-118, (2003).

[Grl] Gromov, M.: Almost flat manifolds. J. Differ. Geom. 13(2), 231-241, (1978)

[Gr2] Gromov, M.: Metric Structures for Riemannian and Non-Riemannian Spaces. Boston:

Birkh&user, (1999)

[GL] Gromov, M., Lawson, H.B.: Positive scalar curvature and the Dirac operator on complete

Riemannian manifolds. Publications Mathématiques de I'THES, 58 (1), 83-196, (1983)

[GrW] Gross, M., Wilson, P.: Large complez structure limits of K3 surfaces. J. Differ. Geom. 55(3),
475-546, (2000)

[GVZ] Gross, M., Tosatti, V., Zhang, Y.: Gromov-Hausdorff collapsing of Calabi-Yau manifolds,

preprint, (2013).

[GQ] Guillarmou, C., Qing, J.: Spectral characterization of Poincaré-FEinstein manifolds with infinity

of positive Yamabe type. Int. Math. Res. Not., (9), 1720-1740, (2010).

[Izeki] Limit sets of Kleinian groups and conformally flat Riemannian manifolds. Invent. Math.,

122 (1), 603-625, (1995).

[Lee] Lee, J: The spectrum of an asymptotically hyperbolic Einstein manifold. Comm. Anal. Geom.
3, 253-271, (1995).

[KM] Kargapolov, M.I., Merzljakov, Ju. I.: Fundamentals of the theory of groups, Springer-Verlag,
(1979)

[KPT] Kapovitch, V., Petrunin, A., Tuschmann,W.: Nilpotency, almost nonnegative curvature, and
the gradient flow on Alexandrov spaces. Ann. Math. 171(1) 343-373, (2010)

[KW] Kapovitch, V., Wilking, B.: Structure of fundamental groups of manifolds with Ricci curvature
bounded below. Submitted to Publications Mathématiques de I'THES, (2011).

172



[NaZh] Naber, A., Zhang, R.: Topology and e-regularity theorems on collapsed manifolds with Ricci

curvature bounds. Geometry and Topology, to appear

[Oton] Ros-Oton, X.: Regularity for the fractional Gelfand problem up to dimension 7. J. Math.
Anal. Appl. 419 (1), 10-19, (2014).

[Pe] Petersen, P.: Riemannian geometry. Springer-Verlag, (2006).

[PWY] Petersen, P., Wei, G., Ye, R.: Controlled geometry via smoothing. Comment. Math. Helv.
74 (1999)

[QingRa] Qing, J., Raske, D.: On positive solutions to semilinear conformally invariant equations

on locally conformally flat manifolds. Int. Math. Res. Not., (20), 1-20, (2006).
[Ra] Raghunathan, M.: Discrete subgroups of Lie groups. Springer-Verlag, (1972)
[Ruh] Ruh, E.: Almost flat manifolds. J. Differ. Geom. 17(1), 1-14, (1982)

[SY] Schoen, R., Yau, S.: Conformally flat manifolds, Kleinian groups and scalar curvature. Invent.

Math. 92 (1), 47-71, (1988).

[S] Seress, A.: Permutation group algorithms, Cambridge Tracts in Mathematics, vol. 152, Cam-
bridge University Press, Cambridge, (2003)

[StUr] Stratmann, B., Urbanski, M.: The boz-counting dimension for geometrically finite Kleinian

groups. Fundamenta Mathematicae, 149 (1), 83-93, (1996).

[W] Wei, G.: Exzamples of complete manifolds of positive Ricci curvature and nilpotent isometry

groups Bull. Amer. Math. Soc. 19 (1) 311-313, (1988)

[Yal] Yamaguchi, T.: Collapsing and pinching under a lower curvature bound. Ann. Math. 133(2)
317-357, (1991)

[Ya2] Yamaguchi, T.: A convergence theorem in the geometry of Alexandrov spaces. Actes de la
Table Ronde de Géométrie Différentielle, Luminy 1992. Sémin. Congr., vol. 1, 601-642, Soc. Math.
France, Paris (1996)

[Zh] Zhang, R.: Non-local curvature and Topology of Locally Conformally flat manifolds. Preprint

173



