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Abstract

In this thesis we study the question of solving an equation arising in conformal geometry. Specifically,
we obtain information about the equation Uk(g’lAg) = constant. Here ¢ is a metric in a given
conformal class [go] and A, is the Schouten tensor of g.

First, we generalize a result of Chang, Gursky, and Yang to show that under certain geometric
conditions, entire solutions of this equation on R™ must necessarily arise via pullback from the
sphere under stereographic projection. This “Obata” type theorem provides an alternate proof of a
result of Li and Li. However, our approach uses integral estimates which may be more amenable to
application on manifolds which are not locally conformally flat.

“okL-Yamabe

Second, we study the question of solving o = constant on n-manifolds M, the
problem”, when £ = 2 and n = 3. The o,-Yamabe problem has been studied for many values of n
and k before (by Li and Li, by Guan and Wang, by Gursky and Viaclovsky, by Sheng, Trudinger,
and Wang, and by Trudinger and Wang, among others); however, some cases remain open. The case
where n > 2k is unresolved in general. A perhaps more natural question to consider in this case is
solving wvop, = constant, for n > 2k, where vy are the renormalized volume coefficients studied by
Graham and by Chang and Fang. Unfortunately, the approach used for other values of n and k does
not apply in this final case—for vy, one cannot use the local estimates of Guan and Wang and of
Chen. This is because the local estimates use algebraic properties of o which do not hold for vyg.
Though the o9-Yamabe problem in dimension 3 has been studied before, we study an alternative

approach which avoids the use of the local estimates. We hope this approach may prove useful for

resolving the question of solving vor = constant.
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Chapter 1

Introduction

For a given Riemannian manifolds (M, go) of dimension n, conformal geometry seeks to understand
geometric behavior under a conformal change of metric go — g = e*”gy. Here w a real valued

function on M. To this end, the Schouten tensor A, is defined as

RY

9. = Ried. — ——
(A%);; = Ric]; 50— 1)

g

(Depending on the author the right hand side of this equation may be multiplied by —5) The
Schouten tensor is an important object of study in conformal geometry because it is determines the
behavior or the Riemann curvature tensor under a conformal change. Specifically, we have the Ricci

decomposition for the Riemann tensor

1
Riemg = Wq (&) mAq g

Here o is the Kulkarni-Nomizu product and W, is the Weyl tensor. The important property of
the decomposition above is that the (1,3) Weyl tensor (that is, one upper index and three lower
indices) is pointwise invariant under a conformal change of the metric g. Thus the Schouten tensor
encodes the behavior of the Riemann tensor under a conformal change.

One of the most well known problems in conformal geometry is the Yamabe Problem. The
Yamabe Problem asks if it is possible to find a metric of constant scalar curvature among all metrics
conformal to a fixed background metric. The problem has been solved in the affirmative in the case
when M is compact (see Yamabe [33], Trudinger [33], Aubin [1], and Schoen [30]).

The eigenvalues Aq,---, A, of the Schouten tensor are the eigenvalues of the matrix g=1A,.



Because the trace of the Schouten tensor is a multiple of the scalar curvature, we can interpret the

Yamabe Problem as asking for solutions to the equation

o1(g7tA,) = constant,

where o1 denotes the trace the matrix gflAg. A natural generalization of the Yamabe Problem is

then to find solutions of

or(g tA,) = constant.

This is the main equation of interest for this thesis. Here o,(Ay) is the k-th elementary symmetric

function of the eigenvalues Ay, -+, A\,

or(g~'Ag) = ST A,

1<y <+ <ip<n
Occasionally we will simply write oy = 0% (A,) = o, (g7 1 A,) for convenience.

The main result of Chapter 3, Theorem 3.1 is a generalization of Theorem 0.1 of [8] to the case
k > 2. In particular we show that finite volume metrics on R™ conformal to the standard metric
and satisfying o} = constant must necessarily arise by pulling back the round metric on S™ to R”
via stereographic projection. This can be thought of as a fully nonlinear generalization of Obata’s
Theorem (see Section 3.1 for a discussion) that any metric conformal to the standard metric on
the sphere S™ with constant scalar curvature must necessarily be isometric to the standard metric.
Theorem 3.1 has also been proved by A. Li and Y. Li for all n and k [25]; however, the approach
given here is different and has the advantage that its integral estimates may be more applicable to
general Einstein manifolds. In particular, [25] uses the method of moving planes (which depends
on the geometry of R™) whereas our approach (adapted from [8]) uses integral estimates. We note
that Theorem 3.1 is useful to characterize limiting metrics that may arise when using a blow-up
technique—see, for example, [6].

The main results of Chapter 4 are concerned with the question of solving this o) = constant,
where k = 2 and n = 3. For general n and k this is known as the oy- Yamabe Problem. Viaclovsky
introduced this problem in [36]. It was originally addressed in the case k¥ = 2, n = 4 by Chang,
Gursky, and Yang in 2002 [7]. Later is was answered for locally conformally flat manifolds by Li
and Li, 2003 [25] and by Guan and Wang, 2003 [22]. The case k > n/2 was resolved by Gursky

and Viaclovsky, 2007 [20] and in the case 2 < k < n/2, provided the equation o = constant is



variational, by Sheng, Trudinger, and Wang 2010 [31]. The case k < n/2 remains open in the case
when M is not locally conformally flat and when the equation o, = constant is not variational.

The “renormalized volume coeflicients” vy are an interesting quantity related to the og. They
have been studied by Graham [15],[16], Chang and Fang [4], and Chang, Fang, and Graham [5]
among others. In order to describe the renormalized volume coefficients, we will first need some
background about Poincare-Einstein spaces.

Poincare-Einstein (PE) manifolds were originally developed by Fefferman and Graham [11] for use
in conformal geometry. They have since become a topic of intense study due to their connection with
the anti de Sitter/conformal field theory correspondence in string theory introduced by Maldacena
[26]. One may think of Poincare-Einstein spaces as natural generalizations of the Poincare ball model
of hyperbolic space. Specifically, if M™*! is a compact manifold with boundary OM = X", and g
is a metric on the interior of M, then g is said to be conformally compact if g = p~2g for a metric g
defined on all of M and a non-negative function p satisfying p=1(0) = X and dp # 0 on X (such a
function p is called a defining function). If in addition |[Vp|; = 1 on a neighborhood of of X = dM,
then we say that p is a geodesic defining function. A manifold which is both conformally compact
and Einstein is called Poincare Einstein. For a fixed g with g = p~2g, different choices of p will
correspond to different choices of g. However, for all such g, v = g|x must lie in a single conformal
class [y]. This class is called the asymptotic infinity of M. In this way, there is a correspondence
between PE metrics on M and conformal classes on 0X.

An important fact following from the above definitions is that if we write g = p~2g with p a

geodesic defining function, then near X we have g = dp® + Jp, Where

9o ~90) + P°92) + 0" g1y + P 9 + 0" Ging1) + -+, nodd (1.1)

9p ~9(0) +p29(2) +...+pn—29(n_2) +png(n) —|—p”logph+pn+lg(n+1) + .-+, neven

where the g and h are symmetric 2-tensors defined on X. The terms gj, are determined by go = = for
k < n, as is h when n is even. However, though g,, satisfies some simple constraints, it is essentially
undetermined by v (g;, j > n, is determined by gy,).

The renormalized volume coefficients voy, arise when computing the volume form of a PE metric

g using the (1.1). Specifically, with the notation as above, where g = ¢~2?5 is a PE metric and p a



geodesic defining function, we see

detg,

—n—1
( detry

dvg = — )2 dv.,dp

detg,

detr )2 =1+ v +vap* + -

(

where in the second line we have an expansion in even powers of p. These coefficients have the

following important properties:

1. oy is defined for 2k < n for n even, and for all k¥ when n is odd, and in each case is determined

by ~

2. When M is locally conformally flat or when k = 1,2, voy, = 01(4y,)

3. vy, is variational when defined, in the sense that the Euler-Lagrange equation for [ ~ U2k (7)dvs,

as «y varies over a conformal class, is v, = constant.

4. Under a conformal change 4 = 2%, the expression for the conformal transformation of voy

involves at most second derivatives of w

We can think of the last property as saying that vop, = o + lower order terms, in a sense that can
be made precise.

To provide some context, recall the state of the Yamabe problem as discussed earlier in this
section. In particular, the unresolved case of the oi-Yamabe problem is when k£ < 4 and oy is
not variational (or when the underlying space is not locally conformally flat). The four properties
listed above strongly suggest that we should instead look to solve vsr, = constant, rather than
o, = constant, in the unresolved cases of the oj-Yamabe problem.

Previously, a major difficulty in such an approach arose from the fact that o has some useful
algebraic properties which do not hold in general for vs. Our approach avoids using algebraic
properties of the o) (which are crucial in the local estimates of [23] or [10], upon which previous
results rely), and instead uses only the continuity method. In particular, we adapt pieces of the
approach of [8] from dimension 4 to dimension 3. Though our results are not as strong as in the
four dimensional case, they provide some progress in adapting to non-critical dimensions. Since
vg4 = 02(A,) for any dimension, we have an approach to consider v4 = g2 = constant in dimension

3. Hopefully, we can generalize our result to other vo; to address the last remaining open case in

the o, Yamabe problem.



In dimension 4, [8] shows that there is a one parameter family of equations, denoted (x)s, con-
necting o9 = constant at § = 0 and another equation at § = 1 (similar to @ = constant) whose
solution is known to exist (see Corollary 2.2 and ensuing discussion in [7]). The authors then use the
continuity method to show that, starting with a solution of (x)1, the set of & € [0, 1] such that (x)s
has a solution is both open and closed. Hence in particular oo = constant has a solution. Openness
(Proposition 4.1, [7]) is proved by showing that the linearization of (x)s has no zero eigenvalues.
Closedness (Theorem 3.1, Theorem 5.1, [7]) is proved by showing a-priori estimates for solutions of
(*)s-

In dimension 3 we use a similar approach. In our case, the one parameter family of equations
(4.6) connects the equation Q) = constant and o9 = constant. In Chapter 4 we address what aspects
of the analogous continuity method fail and succeed. First we mention some known results regarding
when the equation @@ = constant has solutions. Next, we remark that in general it is not the case
that the linearization of (4.6) has no non-zero eigenvalues. Hence openness does not hold in general.
However, we do still have a-priori estimates (see Theorems 4.2 and 4.3) so closedness holds.

In Chapter 2 we provide some basic facts and notation used throughout the paper. In Chapter
3 we prove Theorem 3.1. Theorems 4.2 and 4.3 are shown in Chapter 4. Chapter 5 provides some
closing discussion. In the appendix we adapt [35] to dimension 3 (this is very simple purely due to
the Sobolev inequality being “stronger” in dimension 3 than dimension 4, however the argument is

included for completeness).



Chapter 2

Background and Notation

In this section we will introduce necessary background and notation for the remainder of this thesis.
Notation used in only one section will be addressed therein.

We say that two metrics g and gg are conformal provided g = Mgy for some positive function A.
We will denote the Ricci curvature of a metric g by Ric, and the scalar curvature by R,.

The Schouten Tensor of a metric g is given by

R
A, = Ric, — ———
g = Ricy 2 — 1)9

We will also write

R

Ey = Ricg — ng (2.1)
for the traceless Ricci tensor.

If a matrix M has eigenvalues A1, -+, Ay, then for 1 < k < n we define

or(M) = S A,

1<ig < <in<n

and we also denote o1,(Ay) = ok (g7 ' Ay). Also, the traceless part of M is written

M=M -

Ul(M)I

where I is the identity matrix. Occaisionally we will use the algebraic fact

205(M) = 01(M)? — o1 (M?) (2.2)



We write

M €T} provided o1(M), -+ ,04(M) >0

Sometimes we may write g € Fg as shorthand for g~ A4, € I‘:.

The Newton tensor T} is defined by

T (M) = o) (M)I — oy (M)M + - - + (=1)* Loy (M)M*= + (=1)* M*

The Newton tensor is divergence free on locally conformally flat manifolds and when k& = 1 (see
[36]):
ViT;; =0 (2.3)

When M € T}, T;(M) is positive definite for j < k (see [12]). Also, the Newton tensor satisfies

Tr(Tp(M)) = (n— k)op(M)

As is convenient we may write T%(M) or Ty(M) to mean the k-th Newton tensor.



Chapter 3
Entire Solutions of o, = constant

3.1 Introduction and Notation

Throughout this section g = v~2|dz|? will denote a metric conformal to the Euclidean metric on
R™. Here v > 0. Note: here we write the conformal factor as v=2. We will use a different
convention in Chapter 4.

As mentioned in the introduction, we seek to generalize Theorem 0.1 in [8] to the following:

Theorem 3.1. Let g = v=2(x)|dz|? be a conformal metric on R™, n > 2k, with g~*A, € T},
satisfying

or(g tA,) = constant (3.1)

Assume in addition that
vol(g) = / v ""dr < 0o (3.2)
Then v = a|z|? +b;x' + ¢ for constants a, b;, c. In particular, g is obtained by pulling back the round
metric on S™ to R™.
To give context for the result we prove, we first recall the following result of Obata [27]:

Theorem 3.2. Suppose go is the round on the sphere S™. Then for any metric g = v_2gg conformal

to the round metric with Ry = constant, g is necessarily isometric to the round metric on S™.

Proof. Suppose g is a metric as given in the statement of the theorem. Then the trace-free Ricci

tensor £ may be written in terms of v as




Take the g inner product of (3.3) with v™'E, and integrate over S™ to find

-2

— - n —
LB, =~ =2) [ o8, Vi) + TR (B (0 v,

As F is trace free, the second term on the right side is zero. Hence by the Divergence Theorem,

LBy = 0 =2) [ 0GB, @),

where § is the divergence operator. However, the second Bianchi identity tells us that édE; =

-2V R,. Since Ry is constant, we see that E, is divergence free. Thus

/ |Ey|?v dvy, =0

Hence F; = 0 and so g is Einstein. O

We will modify Obata’s result so as to reduce it (in the non-compact case we consider here) to a
tail term estimate (see Proposition 3.8). The outline of this chapter is as follows. In Section 3.2 we
prove some basic algebraic facts about the traceless Newton tensor T*. In Section 3.3 we obtain an
equation for f o in terms of lower order expressions and “tail terms” (terms involving derivatives
of a cutoff function). Next we estimate the tail term in Sections 3.4 and 3.5. Finally, we conclude
with the proof of the Theorem 3.1.

The main differences between the argument here and the one in [8] is the necessity of the recursive
formula in Section 3.3 (to deal with values of k larger than 2) as well as the Taylor expansion in
tensor estimate in Section 3.2. The tensor estimate involves an indirect approach, different from
the Lagrange multiplier technique in [8]. The remainder of the argument is essentially a direct
adaptation of their proof.

In this chapter we denote the k-th power sum of g1 A, p, to be the sum of the k-th powers of

of the eigenvalues of g=1(4,),

br = Tr((g_lAg)k)

Note that for the remainder of this chapter (except where explicitly indicated in Section 3.6) all
terms are written with respect to the |dx|? metric—for example, V; is simply a Euclidean derivative,
Viv = d;v = v;, and |Vu| denotes the norm of the Euclidean gradient with respect to the |dx|?

metric.



3.2 Tensor Estimates
This section generalizes the results of Proposition 2.2 in [8]. Note that 7% (A,) = —E.

Proposition 3.3. Suppose g7'A, € I‘;. Then

e The following holds with equality if and only if ' =0.
g(T*, T >0 (3.4)
e For some positive constant C = C(n, k),
g(T", T") < Cop_rg(T*, T") (3.5)

Remark: We note that (3.4) is a trivial consequence of (3.5). However, (3.4) (which is simple to
show) is used in the proof of (3.5) (which has a much more difficult proof) and (3.4) is used often

enough that we feel it is convenient to state the two results separately.

Proof. Note that the above statements do not depend on the geometric properties of A,. Instead
they only use the algebraic property that A, € F;
Proof of (3.4): We will imitate the proof given in [8] using Lemma 23 from [36]. First, note that

T! = %g — A. Since T* is traceless,

g(T*, TY) = — g(T*, A,)

n—k
= _g(Tk - ng7Ag)
n—=~k
:_Q(TkvAg)_ 0k01
—k
:—(k+1)0'k+1+n Or0O1

In the last line we have used Proposition 1.2 of [29]. Hence we must simply show that

n—k

(k+1)ogk+1 < Ok01

holds on F;c" with equality if and only if T = 0. This is exactly the content of Lemma 23 in [36].
Proof of (3.5): We will take a different approach from [8] to prove the statement for arbitrary k.

Our proof only shows the existence of a constant C = C(n, k) but does not find its value.

10



Because T*, o} only depend on the vector A of eigenvalues of g=1A,, for the purpose of this
proof we will think of 7% and o}, as functions defined on points A € R™

First, notice that by (3.4) the right side of (3.5) is non-negative for A € Fg, and by continuity
the same holds on ﬁ Next, notice that both sides of (3.5) are homogeneous in A of the same

degree. Hence it suffices to prove (3.5) on
Kim 1 nTT

a compact set. So if we can show that (3.5) holds in K near the zeroes of the right side of (3.5),
then (3.5) holds on all of K and the result follows from the extreme value theorem. In other words,

we want to show that
h(A) — g(Ty, Ty)

fN) " —op1g(Th, Th)

is bounded near the zeroes of f. To do so, we write

K =0KUK where
OK =orf NK
K=T}nK

The proof proceeds in several steps

e Step 1: We compute the zeroes of f on K. Specifically, we obtain that the only zero of f on

K is when A = 1,--+,1). The only zeroes of f on 9K occur at the intersection of K with

yor

1

certain coordinate planes, Z, i1, defined below.
e Step 2: We obtain a useful expression for h.

e Step 3: We check that h vanishes to much faster than f at the zeroes of f on 0K that is, if
A is a zero of f on K, we show that h = o(f) near A. We prove this by comparing Taylor
expansions.

e Step 4: We show that both h and f vanish to the second order at ﬁ(l, 1) e K.

Step 1:

As computed in the proof of (3.4),

n—k
f= o OkOk-101 = (k+1)okt108-1

11



and, moreover, we saw that the only zero of f on K is when A = ﬁ(l, -+, 1) = xg. So it remains

to compute the zeroes of f on K —we show that these are the intersections of K with the coordinate
n — k + 1 planes.

Now, since I’} is the component of o, > 0 containing the set {z € R" : z1,--- ,x, > 0} (see
equation (2.2) in [23]), we have o, = 0 on K. So we have f = —(k 4+ 1)og410,x—1 on K. Hence
f=0o0n 9K if and only if o517 = 0 or 41 = 0. Assume for the moment that the first case holds,
that is oxyr1 = 0 (we will see shortly that o1 = 0 is a weaker condition under the assumption

or = 0). So, we now check that

{okt1 =0} nork (3.6)

C{Az()\l,-~-,)\n)ER”:)\il:---:)\i”fkﬂ=Of0rsome1§i1<---<in_k+1§n}

=1 dn—k+1

We in fact prove the more general statement that {o;41 =0} N{o; =0} in R™ is Z,,_;41 (any j).

First note that the following fact: if a non-constant polynomial p(t) has all real roots, then so
does its derivative p’(¢). In addition, the roots of p’ are the multiple roots of p, plus a (necessarily
simple, by degree considerations) root between each pair of consecutive, distinct roots of p. So if
t =ty is a root of p’ of degree j > 2, then ty is a root of p of degree j + 1.

Take A = (A1, , Ay) in R™ with o (A) = ox+1(A) = 0 and consider the polynomial py (t) :=
I (t— X)) =t — o (Mt L 4 -+ (=1)"0,(A). Then p~*+1D(t) has a derivative of order two
at t = 0. Hence p has a zero of order n — k+ 1 at ¢t = 0. That is, n — k + 1 of the \; are zero. Hence
A € Z,,_p+1. This completes the case when o471 = 0.

If instead we have o;p_; = 0, the same argument shows that A € Z,,_;,3. However, since
Zn—t+3 C Zp—k+1, we again must have A € Z,_py1. This shows that the only zeroes of f on 0K

occur on Z,_j+1, completing Step 1.
Step 2:

Before we compute the Taylor expansion of h, we first need a more useful expression for it. We

12



compute

—g(T*, T*) — L(Tr(T%))?

S|I—=3

=g(T*, T%) — =(n — k)?0}

Interpreting T} as a map from vectors (of eigenvalues) to vectors (of eigenvalues), recall

A
TF(A) :801’37/\14() so that

T} (A) =0 (Ay)
Hence we have

g(TF, T%) =0, (A1)? + - - + o (An)? and so

h(A) = g(T*, T%) =0 (Ay)2 + - + on(A,)? — @ag (3.7)

where A; is A with the 1-th eigenvalue omitted. This completes step 2.
Step 3:

Now that we have determined the zero set of f on K, we check the boundedness of ? Here we
check the boundedness near 0K (boundedness on K is proven in Step 4). As we will see, h(A) =0
at a point A € K if f(A) =0 also. So we will compare the Taylor expansions of h and f.

Consider a point A = (Ay,---,A,) € OK such that f(A) = 0. Then by Step 1 we know
A € Z, k1. As we will see, the behavior of h and f at A will be determined by the number of
coordinates of A which are equal to zero. We will need to keep track of this number. For exactly
one j with1 < j <k—1, we have A € (Z,,—; — Z,—j1+1) N K. This means that exactly j coordinates

of A are nonzero.

Assume without loss of generality that Ay = --- = A,_; = 0. Thus, we will write A = (¢|3) =
(o1, - ,0n—j, P, -+ ,B;) where a is a zero vector and S has no coordinates equal to zero. For
a general point x € R”, we will write z = (y|2) = (y1,-* ,Yn—j> 21, - , %), where any of the

coordinates of x may or may not be zero.

13



Now, since k > j,

2 (n—k)?

h(A) ZUk(A1)2+"'+Uk(An) - Uk(A)z
=ok(1]8)” + -+ + on(dn—;18)* + on(alf)’ + - ox(alB;)? — wak@ﬁf
=(n — §)ok(018)? + o1 (0]51)? + - - - 01(0|5;)* — @%(0\5)2

=0

where A; is A with the i-th coordinate removed. So at points in 0K, if f(A) = 0, then h(A) = 0 as

well.

We will compute the Taylor series of f and h at points in 0K where f = 0. The strategy is as

follows. First, by homogeneity, % will be bounded on a neighborhood in K of a point A € K if

and only if % is bounded on a neighborhood in the tangent plane T' to K at A. Thus it suffices to

compare the Taylor series of the functions f and h restricted to T—that is, restricted to the plane

through A which is orthogonal to A.

To do so, we will use a few simple facts.

1.

If p is an integer with 1 < p < n, then o,(A) = 0,(8) is zero for p > j, and the largest p
for which o,(A) # 0 is p = j. Moreover, o;(A) > 0 since A € 9T}, and so since o;(A) =

B1---B; # 0 we have 0;(A) > 0. Also, one can easily check that o1(A) > 0.

Because we will only be interested in the Taylor series restricted to T, we will only take
derivatives of f and h in directions orthogonal to A. In other words, if we extend the collection

coordinate directions {y1,--- ,yn—;} to a basis for the orthogonal complement of A,

{b1, b1t ={y1 s Yn—jwi, e wioa}

then we may compute the Taylor series with respect to this basis. However, note that since
both f and h are zero on Z,_;, any derivative of f or h in a direction wy,- - ,w;—1 will
necessarily vanish. This is because any linear combination of wy, -+ ,w;—; added to A will
still lie in Z,,_;. Thus to compute the Taylor series for f and h restricted to T, it suffices to

compute only the terms with derivatives in the directions y1,- -, yn—;-

If Il = (ly,-- ,lp—j) is a multi-index of length n — j with |I| = m and all entries non-negative,
let 0'o, denote aly11 8;/] 0p. Then then d'o, evaluated at A will be 0 if any entries of [ are

greater than one or if m < p — j.
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4. Form>p—jand 0<ly, - ,l,—; <1, we have (0'0,)(A) = gp_m(B).

The last two statements are simple to check because A has exactly j entries equal to zero and
no variable in o, occurs to a power higher than one.

Now, let’s compute the Taylor series for f of order 2k —1—2j. By Fact (3) above, any derivative
of f= "T_kakak,lal — (k+ 1)og410k—1 of order less than 2k — 1 — 25 will necessarily vanish at A.
Moreover, by the same logic, any derivative of o4 10k,_1 of order 2k — 1 — 25 will necessarily vanish
at A. Thus to compute the Taylor polynomial for f of order 2k — 1 — 2j at A, it suffices to compute
the Taylor polynomial for oxor_1071 of order 2k — 1 — 2j at A.

From Facts (2), (3), and (4) above, we see that the Taylor polynomial of order 2k — 1 — 2j for f

at A on T is given by

y77+€
(n+¢)!

) n—
> Pepm ="t %

|6|<2k—1-2j ' (m,0)€A,

oj(B)o;(B)o1(B) (3.8)

where ¢ is a multi-index of length n — j and A; is the collection of pairs of multi-indices of length

n — j such that

0§771a"' 777n7j7<13"' 7<n§1
In| =k —j

I(l=k—=1—j

By Fact (1), each coefficient o;(5)0;(8)o1(8) in this sum is positive and hence each term in this
sum is positive on a neighborhood of A in I‘kTL. To show that % is bounded, we show that every
term in the Taylor series for h is a a term in (3.8) multiplied by something o(|y|). This implies that
h = f-o(y|) and hence % is bounded near A.

To this end, we can argue as for f that the Taylor series of h vanishes up to order 2k —2j. Hence

by Facts (2), (3), and (4) we know that every term in the Taylor series of h is a constant multiple

of a term of the form

yn+C
UmmW@%AQWMU+OV (7,¢) € Ay, or
. . yn+C
Ok—|n|(Bi)ok—1¢|(Bi) (17,¢) € Ag

(n+Q)V

15



where As is is the collection of all pairs of multi-indices of length n — j such that

OST/I)"' annfjacla"' aCn < 1

nl, [¢] =k = j

However, comparing such terms with terms in (3.8), we see that every term 75, in the Taylor

series for h is a multiple of a term 7 in the Taylor polynomial of order 2k — 1 — 2j for f, with

|7n| < o(Jy|)7s. Hence % vanishes at A, and so % is bounded on 0K as A was arbirtrary.
Step 4:

Finally, it remains only to address the zero of % on K. That is, let A = ﬁ(l, <o, 1). We

compute the second order Taylor expansions of h and f at A. We then have, for h:

hA) =" (on(Ap)? -

=1
(") )

=0

Vih(A) = 20;6(]\1)0;6_1(]\141)7(n;k)ZZJk(A)Jk_l([\i)
1=1,l#i

1 n—1\/n—-2 (n—Fk)?_(n\(n—-1
=" ) () () ()
=0

V) = 3 2orr(or (b)) — 002 (A

i Ok—1\241)0k—1\4Y41 n O—1\4\g

1=1,%i

16



VERM) = Y 2ok-1(Aj)or-1(Aa) + or(M)or—a(Ai))
1=1,1i,j

_@2(07@71(]\@)0-]@71(/11) + Uk(A)Jk,Q(Aij) fori £ j

:713;2((71—2)((2:?>2+ (") Gos)
- (nnk)Q((Z—D2+ (Z) (Z_;)»

B 1 S(n—1\" 1
- n(k*Q)/22(n —k) (k; — 1) n(n —1)2

For f we have

n —

FlA) =— kak(/\)ak—1(/\)01 (A) = (k+ 1)ok-1(A)ors1(A)
:nklm(nn_k@)(kn1)”_(]““)(1@”1)(1421)
—0

Vif(A) =5 )/( L(ox-1(A)or—1(A)or(A) + 0k (A)o—2(A)a1 (A) + 0g(A)

= (k+ 1) (or—2(Aios1(A) + op—1(A)ok(4Ay))))

et (o) () () G ()60

“ena) () () ()

=0
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n—=k

Vi f(A) = - (r—1(As)(op—2(Ag)ar(A) 4+ o1 (A)) 4+ op_2(A) (op_1(Aior (A) + or(A)

+ o1 (R)op 1 (A) + 0k (M) ok —2(As)) — (g + 1)(0h-2(R)or(As) + o s(Ai)ow(A,))
e (i) (000)+ () (D)
+(Z)(Z ) <'f+1>( )(k )

() ()

n—=k . - .

Vi f(A) = ——(Ok—2(Aij)or-1(A)o1(A) + -1 (Ai)ok—2 Aj)or(A) + o1 (Ai)or_1(A)

(
+or-1(Aj)or—2(8i)o1(A) + ok (M) ok—s(Aij)or (A) + or(A)or—2(As)
1

TaGpzt Ty (n— )( >+< )( 1)
(‘D(k”) o) (oa) (1) (o)
()G2) (o)) - () e)
Gy () + (2 ()
) ()G
:n(k*12)/2 2(2) n;Zn_—kl) n —kk T

Summarizing, we have that

2(Ai)o ox—1(A)o

Ok—
1

+

_|_

+

0=h(A) = f(4)
0 =V,h(A) = V. f(A)

n—k?2(n—1\ n—q)n—
n(k—12)/2 721((71 - ]32 (k - 1) (n= 1) Vb = Zz; - 1% VLW

Hence % is well defined at A. This completes the argument that % is bounded on K , finishing step

4.
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Combining all the steps, we see that h/f is bounded on K and our proof is complete. O

3.3 Expansion of Integrals of o

Next we will show that, in some sense, we can “reduce” integrals of o and v to integrals in o,

(s < k), v, Vo, and “tail terms” involving V1.

Proposition 3.4. Let n be as above. Then

k/akv Vndw—Zak S/U;.C | Vo v ndx (3.9)

s=1

+Zbk S/Tk *(Vo, V)o! =7 | V|2~ Yq

where

" 7k—nk—|—75—2k5<n—’y+s—l>
k—s —

28 s—1

bp1=—1
b 1 (n—y+s-1
Fms T sl s—1

Remark: Note that when n = v, we have aj_s =

2—9, and for s > 2, by_s = 2—1,1 In particular,

both are positive when 2k <n. Whenv=n —1, 2k =n, we have aj_s = _g.?s

We will need a few lemmas before we can prove the above proposition.

Lemma 3.5.

n—k+1

kor(Ay) =wv Z@ (V; ka B — nT*Y(Vo, Vo) + op_1|Vol? (3.10)

Proof. See equation (3.8) in [14] O

The following lemma is similar to Lemma 3.6 in [14]. However, in [14] the integration is taken
over an open set U, whereas in our computation we will be integrating of R and the integrand will

contain a cutoff function. Hence we reproduce the argument here.

Lemma 3.6. For a given p > 1, let n € C®(R") satisfy n = 1 on B(p), supp n C B(2p), and

Vn < p~t. Fors €N, we have
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ZT’“_S(VMVv)|VU\2(S_1)U_'Yndx (3.11)

.3
k— 1-
=(1+ Ts) /ak_s|Vv|2sv*”’nda: + (HTLQ#/kasfl(Vv,Vv)|Vv25v*777dx
s s
n—k+s+1

1
S P— /Uk,5,1|Vv|2(s+1)v_'yndx = 5. /Tk_s_l(Vv,Vn)|Vv|2svl_7dx

Proof. Recall that when g = v=2|dz|?, we have g~' A, = vVi,v — §|Vv|?d;; and Tiljfs = Op—s9ij —

> AilT/;-*S*l. We then compute

/Tk*S(Vv,V"U)|Vv\2(571)v*777dz

= [ op_s|VoBv  nde — [ (TF571 A, - Vo @ Vo), | Vo>~ Vo Tndz
9 9

= / or_s| V|20 nde — / (TF=71 V%0 - Vo ® Vo), | Vo2 Dol = nde (3.12)
1
+ 5/Tk_s_l(Vv,VU)|VU\QSU_7ndx

Next we integrate by parts the second term in the above expression:

- / (TF=71 V20 - Vo ® Vo), | Vo2 Dol = Tnde

1
- /Tk—s—l(vuw%),W)vl—vndx
1-— 1
:TS’Y/T’ffsfl(vv’vv)|vv‘251)7777d$+278/ E al(Vj’()jjll;fsfl)|vv|2svlf’%’7dm
Jl
1
~ 5. TF==1(Vv, V)| V| v~V dx

Of course, the boundary term vanishes because of the cutoff function. Plugging in (3.10), we have

/Tk_s_l(Vv,Vv)\VU|2(S_1)vl_777dx (3.13)
:14_;78_7/kasfl(Vv,Vv)\VU|281F”77d33—|— %/ak_JVstv*'ynda:
_nzktstl /Jk,5,1|Vv|2(s+1)v_Wndac — i/T’“_S_I(Vv,V77)|Vv|281)1_"’ds
4s 2s
Now, using (3.13) in (3.12), we are finished. O

Finally, we are ready to prove the main proposition of this section. We imitate the proof of

Proposition 5.5 in [14].
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Proof. of Propsition 3.4. Let v € R. Integrate (3.10) over the annulus A,, and we have

k:/akv_”ndx

/ZV Tk D) 7nd:cfn/Ti];»_l(V’u,Vfu)vandx
n—k+1

+ %/ak,ﬂVz}Pv_'yndm

n—k+1

=(—14+~—n) /Tkil(Vv, Vou)v™ Tndx + 5

/0’]6_1|V’U‘21)7’Y77d:ﬂ

- /Tk_l(Vv7 V)t Vdx
Following the notation of [14], we write

Apg=— H"% / T3V, Vo) Vo2~ Dy~ Tpde

n—k+s
_1’_7

/Uk_s|Vv|251)_“’ndx
2s

Using (3.11) in the expression for Aj_g, we have

—k -~k
Ak,S :(n +s _ s+tn—vK+s /O_kis|vv‘2suf’ynd‘r
2s s 2s
s+n—vs+1 s+n—7+1/ h—s—1 95 —
_ Tk—s S~V nd
+ . 5% ( ST 1 (Vv, Vv)|Vo|** v "ndx)
s+n—vys+1 n—k+s+1/ 2(s+1), —
—e1| V0P d
+ s 25 ( 2(s+1) Tk—s-1|V] v ndz)
-~ 1
+ m%%/Tk_s_l(Vv,Vn)\VUPSvl_'de
k—nk -2k - 1
_p R+ s 5 Op—s|VU|* v Inde + (n=y+s)(s+ )Ak s—1
252 252
+ n-—yrs _2Z2+ 5 /Tk_s_l(Vv, V)| Vo> vt Vde

Thus we see that

k
k/ak"ufvndx :Zak,s/ak,s|V1}|25v*”’ndm

s=1

—|—Zbk S/Tk *(Vo, V) |Vo2e~ Dl =7dg
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where

:’yk: —nk 4+ vs — ZkSHS.*l m—y+5)0G+1)

Ak —s

252 Jj=1 22
:’yk—nk—i—’ys—?ksnkln—v—i—j
255 =ty
Yk —nk+vs—2ks (n—vy+s—1
N 2%s s—1
and
bp—1=-1
b n—yts—1l_, (n=v+j=-2)(G-1)
T (s — 12 T (i —2p?

C(s=Dn—vy+s—1)!
S 257 1((s = 1)N2(n —7)!

1 m—vy+s-1
2sl< s—1 ) (s22)

as desired (in the above products we use the convention that the product over an empty set has

value 1). O

3.4 Tail Term Estimate

One fact we will need throughout this section is the following: for A, € T'y, s < k, (so that T* is

positive definite),

7| =VIT°P

=/Tr(T> - T%)

=\/Tr(T*)? — 205(T*)
<Tr(T?)

=(n — s)os (3.14)

where we have used o2(T"®) > 0 because T is positive definite.

Before we can give the main result of this seciton, we will first need a technical lemma.

Lemma 3.7. Let Cy,- - ,Cy, be given and suppose m < k, 2k <n, 1 < s <k, and j < 2(k —m).

22



Then there exists a constant C(Cy, -+ ,Cp,m, j,k,n) such that

p? / am|Vv|2k_j_2mvj_"ndx

m
< Z Cr—i /Um_l|Vv|2(k_m+l)v_"ndx +€(/v_”ndx)% (3.15)
1=0
In particular, Cy,- - ,Cy, can be taken as small as desired, with the tradeoff that C will become very

large.

Proof. We induct on m.

Base case: suppose m = 0. By definition og = 1, so by Holder’s and Young’s inequatlities we

have

Pij/\VUFk*jqﬂ'*nndI
S(/ |v1}|2kv—nndx) 2’;;1' (p_Qk/U2k_nd.'I})%

§61/Vv|2kv7"77d9:+C’Elp72k/v%7"nd1’

2k

<e; / Vo |2 o~ nda + Celp_%(/v_"ndac)n%%(/ nda)

n—2k

§61/|V’u|2kv*"ndz+C’El(/v7”ndx)

where €1 (j, k) and C¢, (j, k) are to be determined. So, if we take ¢; < <2, the proof is compete in

the base case.
Induction hypothesis: suppose (3.15) holds for 0 < m < mg < k — 1, my fixed.

Induction step: Let m = mg, and compute:

p‘j/0m+1|VU\2k_j_2m_20j‘”ndx
S(/ Ot | VO[22 20" dr) S

_ —o9m—92— __J
'(P 2k+2m+2/0m+1’l)2k 2m—2 "ndx)%f?mf?

Sem/gm+l|vv|2k72m72v7mndx+Cempf2k+2m+2/0m+1v2k72m727nndx

where €,,(m, j, k,n) and C, (m,j, k,n) are to be determined. We now apply (3.9) and (3.14) to the
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second term on the last line:

p—2k+2m+2 / O'm+1v2k_2m_2_n77d.’1,‘

m+1
Sp—2k+2m+2(§ :/O’m+1,5‘V’U|287}2k_2m_2_nnd$
s=1

m—+1
+P_1 § :/Um+1,5|V’U|23_1U2k_2m_1_n7’]d$)
s=1

and by strong induction, we are finished. O
We now give the main result of this section.

Proposition 3.8. Suppose g = v=2|dz|? is a conformal metric on R™. If g~1 A, € FZ‘, or(g7tA,) =

a is constant, 2k < n, and [v™"dx = 8 < oo, then there exists a constant C(w, 3,n) so that

/ o1 | V|0t T"dr < Cp?, p>>1 (3.16)

P
where A(p) ={x € R": p < |z| < 2p}.

Proof. We will show that I(p) := pr ok—1|Vv|?v™"dz is bounded independent of p (note the dif-
ferent power of v in I(p) compared to (3.16)) is bounded independent of p. By Lemma 1.3 in [8],
v(z) < C|x|?, so this will suffice.

To prove the proposition we will use expansion (3.9) with v = n. In this case, the coefficients
of all the “main” terms (that is, those not involving derivatives of 1) on the right hand side are
positive. The left side of (3.9) is bounded above (and below) from the assumption of finite volume
and o) = constant. Also, I(p) is a main term on the right hand side. Thus, if we can show that the
“tail” terms (those involving derivatives of 1) on the right side of (3.9) are bounded in magnitude
by the main terms, then by the boundedness of the left side of (3.9) and sign considerations, I(p)
must also be bounded (we will see this in more detail below).

Now, consider a tail term of the form

Th—s ::/Tk_s(Vv,Vn)|Vv|2(s_1)v_"+1dac

S/pfl\/O,k_s|V,U|2sflvfn+1daj

where we have again used (3.14). This last term is of the form in (3.15) with m =k — s and j =1,

so if we choose the constants Cy, -+ ,Cy,—; in the statement of Lemma 3.7 to be sufficiently small,
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we obtain

constant :k/akv_”ndx

k
= g ak_s/ok_s\VvFSv*Vndx
s=1

k
+Zbk,s/Tk_s(Vv,Vn)|Vv|2(3_1)v1_’Ydat
s=1
k
> Z L Vo2 ndz — O( [ v "ndz) "5
= 9 k—s Ui n

The last term on the right is finite, and ax_s > 0 for v = n. As I(p) is a term on the right hand

side, is bounded independent of p. As mentioned above, v(z) < C|z|?, so the proposition holds. [

3.5 Tail Term Estimate, n = 2k

We have the following analogue of Lemma 3.7 in the case n = 2k.
Lemma 3.9. Let Cy, -+ ,Cy, be given and suppose m < k, 2k =n, 1 < s <k, j <n—2m. Then
there exists a constant C(Co, -+ ,Cp,m, j,n) such that

p*j/Um|Vv|”*j*2mvj+1*”77dm

< Z Crn—i /am,l |Vv\2(k_m+l)v1_”ndx + Cp?
1=0

In particular, Cy, - - ,C,, may be taken as small as desired, with the tradeoff that C will become very

large.
Proof. Again, we induct on m. In the base case, we have

pl / | V| I T ydy

J

S(/\Vv|”v1*”77dx)”’jn(p’"/vndm)ﬁ
Sel/|VU\"U1_"ndx—i—Celp_"p_z/nda:

<e; / Voo " ndx + C., p*

so, as before, if we take ¢; < Cy/2, the base case is finished.
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The induction step is identical to the proof of Lemma 3.7 except that for each vP°*¢" appearing

in an integrand, power is increased by one. [
We can now extend Proposition 3.8 to the n = 2k case.

Proposition 3.10. Suppose g = v=2|dx|? is a conformal metric on R™. Ifg~ 1A, € I}, o) (g7 4,) =

« is a constant, 2k = n, and fRn v "z = f < o0, then there exists a constant C(«, f,n) so that

/ op_1| V|0 T de < Cp?, p>>1 (3.17)

P

Proof. Take v =n — 1 in Proposition 3.4. Then from the remark after the statement of the propo-

sition, we see there exist positive constants Dy, - - - , Dj and constants dy, - -+ ,dx—_1 such that
0 SDk/O‘kvl—nndm + Dy_1 /Uk71|VU|21;1_"nd$ R DO/|V’U|2kv1_n77dx
<p 'dp—1 /ka—1|Vv|v2*”77dx +-+ptdy / | Vo212~ da

Notice that each term on the first line is positive. By Lemma 3.9, if we take Cy, - - - , Cy—1 sufficeintly

small, we then have

Dy D,
0 SDk/UkUI_"ndiﬁ-F%/kaﬂvvﬁvl_"ndx—&—--~+ 70/|Vv|2’“v1_”nd:c

<Cp?

and we are finished. O

3.6 Proof of Theorem

Proof. of Theorem 3.1 We imitate the proof of Theorem 0.1 in [8]. Except where explicitly indicated,
the computations in this section are with respect to g = v=2|dz|?, as are all derivatives and norms.
Let p > 1 and let 7 be a cut-off function supported in B(2p) satisfying n = 1 on B(p), |0;n|r- < p~ 1.

We have the following expression for the trace-free Ricci tensor F of ¢ in terms of v:

n—2

E=—(n—- Q)UVZ(QFI) + vA, (v g (3.18)

We take the inner product of both sides with v=272T* and integrate over R”. We will use the fact
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that T is trace free and also the divergence theorem.

/—g(ji’k,E)v_andvg :/(n —2)g(7°“k7V§(v_1)772dvg
—— [ (- 20g(67* V(i

- / (n— )T (V o (0™1), Vo)) do,

Since o (g~'Ay) is constant, T* is divergence free (Proposition 3.3, [29]). Thus the first term on

the right side vanishes. Now,

/ g(*, Eyondu, = — / (n— 2T (Vo (01, V() dv,
< / TNV (0~ 1)V (72) g
g/|z"“k|\vgv\|vgmv*2dvg

12 _
S [ 31T BV 0l Voo,
In the last step we have used (3.5) (note E = —1"). Now, by the Schwartz Inequality,

/ —g(T*, By tndu, <( / (T E)o 2 dv,) '

suppVn

<[ s TP 1T o) (3.19)
By inequality (3.4), —g(i’k,E) > 0. In addition, suppVn C suppn, and hence (3.19) gives
0< /—g(i“k,E)v_lnzdvg < /Uk,1|vgv|2|vg77|211_3dvg

From the definition of 7, we have |Vn|2 = v?|Vn|g. < p~2v?, |[Vo|2 = v*|Vv[?, and dv, = v~ "dx so

we have

/—g(j}jk,E)vflndvg Spfz/ok_l\VvFvl*”dx

<C
by Propositions 3.8 and 3.10. Hence
/ fg(j)’k,E)vfldvg < 00
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and so

[ g By tpdn, = [ @ B, -0
suppVn suppVn

as p — oo. In particular, as p — oo in equation (3.19), the right hand side is a product of a term

tending to zero and a bounded term. Hence both sides of equation (3.19) tend to zero, and

/ 79(1%75])@*165% =0

Thus —g(fk, E) =0 on R™. Equation (3.4) then gives E = 0. Theorem 3.1 quickly follows, as if we

write F in terms of the Euclidean metric gy,

n—2

E,=—(n—2)v 'Viv— v Agugo

or in other words, for each i, j
5' . n
8i8jv =2 E Vik
n
k=1

The only solutions of this system are of the required form. O
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Chapter 4

Some Results on a Continuity
Method Approach to Solving oy =

constant on 3-Manifolds

4.1 Introduction

In order to describe the approach we use to study oo = constant in dimension 3, we must first
mention two related families of objects: the Paneitz (or more generally, GIMS [17]) operators and
the @ curvatures. These families arise in the following way.

One interesting fact is that, modulo lower order terms, the Laplacian is conformally invariant.

More precisely, if (M, go) is an n-dimensional manifold, define the conformal Laplacian L via

—1
Lof = —4""_Aof + Rof
n—2

where R is the scalar curvature of gy and f is a given function. Then if g = uwe go is a conformal

metric, we have

Lyf = u™ 2 Lo(uf) (4.1)

Moreover, setting f = 1 gives
n—1 n+2

Rg = 4mu7 n—2 LOU (42)
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A natural question, then, is whether there exist other differential operators which transform
similarly to (4.1) under conformal scaling, and if there exist corresponding “curvature functions”
analogous to (4.2).

Remarkably, in many cases, generalizations exist. In arbitrary dimensions, [3] and [17] provide
more information. However, for our purposes, we are interested in the “conformally invariant square
of the Laplacian” in dimension 3, which we will denote P, and the corresponding @-curvature, which
we will denote (). Some information about these quantities can be found in, for example, [24] and

[37]. They are given by

L oip2 230
Q= 4AR 2| Ric| +32R (4.3)
5 1
Pf =A?f +4V(Rici;V;f) — Z%(RVJ) - 5Qf (4.4)

There are two important properties of @ which will be crucial for our discussion (see also [24]):

e The ) curvature transforms in a simple way under a conformal rescaling. In particular, if
= u"%go, then

Qg = —2u"Pyu (4.5)

e The equation () = constant can be connected to the equation oo = constant via a useful one
parameter family of metrics. Specifically, the following two equations are (by definition of @
and o2(g71(A4,)) equivalent

11—«
32

fta =40 — %(RQ +8AR) (4.7)

(R? + 8AR) (4.6)

Mo :Q+

Here p, is a constant depending on «. We note that if & = 1, then @Q = p;. If @ = 0, then

g2 = lo.

We also make the following observation to serve as additional motivation for our approach.
Whenever w is a function such that g = €?%gq is a solution of Q@ = constant > 0, then (4.7) is

satisfied with o = 1. If g has volume 1 and positive scalar curvature, then integrating both sides of
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(4.7) with respect to g, we have

RZ
O<ua=/4ag—3—2dvg<4/agdvg

Relabel g as the background metric gg. Provided M has positive Yamabe invariant, a result of

Ge, Lin, and Guan states:

Proposition 4.1. (See Corollary 2 of [13]) Let (M, go) be a closed manifold of dimension 3 with

positive Yamabe constant Yi(go) > 0 and go € T'{ such that

/ o2(gg Ay, )dvg > 0
M3

then there is a metric g € [go] with g € Ty, i.e. with
R, >0 and o9(g~ " A,) > 0

In other words, once we have a constant ) curvature metric we can find one with o2 > 0
pointwise. This suggests that by starting with a metric satisfying @) = constant we may be able to
deform to one with o9 = constant.

The significance of above discussion is that it suggests using a continuity method approach to
solve o9 = constant by starting with a constant @-curvature metric (such metrics are known to exist

in some cases and have been studied before, see [24],[37]). In other words, let
I ={a€][0,1]: (4.6) has a solution satisfying (4.10) — (4.14)}

To run the continuity method we must check that that I is open and closed.

We assume that we have 1 € I-that is, we start with a metric with Q@ = constant. In dimension
3, the existence of solutions of this equation has been studied in several papers; we briefly mention
some of the results here. In [37], Xu and Yang show that on 3 dimensional manifolds with positive
Paneitz operator, one can solve the equation Q = constant in the same conformal class. To acheive

this they minimize the functional

E,(u) = ( / |u| P dug)?/P / uPuduy

over W22, A minimizer u for p = 6 satisfies Pu = constant xu~", which by (4.5) implies g = u~*gg
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has constant @-curvature. However, at p = 6 the equation is critical so they minimize the functional
for p > 6 to obtain a minimizer u,. They then show that the u, have a limit as p — 6. Moreover,
they also show that the existence of a conformal metric with positive Paneitz operator is preserved
under connected sums.

In [24], Hang and Yang give another condition which guarantees the existence of a constant

Q-curvature metric. Specifically, they define the functional
E(u) = /uPudvo (4.8)

In general it is not clear that F(u) has a global minimum over positive functions u € W22, However,

under their condition
(PT) := for any u € W%, with v > 0, and u = 0 at some point, we have E(u) > 0

they show that Fg(u) does have a global minimum over positive functions v € W?2? (which in
particular satisfies Pu = constant * u~" so that g = u=*gy has constant Q-curvature).

Openness of I depends on the linearized equation having all eigenvalues nonzero. This holds in
dimension 4 (see section 4 in [7]) but at present we are unsure of a condition to guarantee this holds
in dimension 3. One can check that in certain cases, the linearization of (4.6) will not necessarily
have all eigenvalues non-zero. A useful class of examples is provided by the Berger spheres, defined

as follows. The 3-sphere S? may be identified with the Lie group

SU@2) ={(¢25) sa,b € C,af* + [b* = 1}

The Lie algebra of SU(2) is

QH(Q) = {(t;iltg ltf;?) : tly t2; t3 S R}

A natural orthonormal basis for 8u(2) is

Xi=(6%), X=0@§ XN=07)

Given ay,a2,a3 € R, left-invariance uniquely determines a metric gq, 45,05 OD S® such that
alel, a;ng, angg is an orthonormal basis. In the case as = ag = 1, several geometric quantities

related to this metric are computed in [24]. They also have a method compute the eigenvalues of
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the Paneitz operator for these metrics, and using the same technique one can check that for certain
values of a; and «, the linearization of (4.6) will have a zero eigenvalue. Hence, unlike the four
dimensional case, in three dimensions we do not in general expect I to be open.

Fortunately, closedness of I is easier to check. One must simply obtain priori estimates for
solutions of (4.6)-this is the content of the main results of the second section of our paper.

Our first result is analogous to Theorem 3.1 in [7] but adapted to dimension 3. The main
difference is that we must assume have one additional constraint, (4.11). The significance of this

constraint will be addressed in Chapter 5. Our hypotheses are

(M, go) is a manifold of positive Yamabe class (4.9)
W, 18 a smooth solution of (4.6) for ap < a < 1 (4.10)
/e3w“dv0 =1, that is, g, = €“go has unit volume (4.11)
wy, has positive scalar curvature (4.12)
C’io < po < Cy for some fixed C (4.13)
|/wadvo| <Cyhforag<a<l (4.14)

Note: for a > 0, we write g, = e?“=gg to be the metric satisfying (4.6). For the purpose of
consistency with standard literature, the metric gy always denotes the background metric—we do not
mean that go is a metric satisfying (4.6) at o = 0.

Then

Theorem 4.2. Under hypotheses (4.9)-(4.14) with ag > 0, there exists a smooth function wa,

satisfying (4.6) with a = . Moreover, wq, has positive scalar curvature and satisfies

/(Aoe_w/2)2dvo gg (4.15)
/Aoe*w/2|Ve*w/2|(2)ew/2dvo <C (4.16)
/|Ve_w/2\gewdvo <C (4.17)

lw| <C (4.18)

where C' depends only on the constant in (4.9)-(4.14) and (M, go).

Remark: We note that under the hypotheses of Theorem 4.2, using (4.18) and the chain rule
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applied to (4.15)-(4.17) gives

/(Aow)deo Sg
e
/7A0w|Vw|(2)dvo <C

/|Vw|édvo <C

respectively. Since
C
/|ng\gdv0 = /(Aow)2 — Rico(Vw, Vw)dvg < o

we then have

LA

lw][we22 <

The above theorem provides a-priori estimates for solutions of (4.6) for & > 0 and allows us
to show that I is closed when it is bounded away from 0. However, if we want to take the limit
of solutions of (4.6) as @ — 0 we need something stronger than (4.15). We prove the analogue of

Theorem 5.1 from [7], again in dimension 3.

Theorem 4.3. Assume (4.9)-(4.14) with ag = 0. Then there exists a w € W23 such that

w23 <C (4.19)

lw| <C (4.20)

such that g = e gy has positive scalar curvature almost everywhere. Moreover, w is a weak solution
of 09 = constant in the sense that w, — w weakly in W23 as o — 0. Here C depends only on

(M, go) and the constant in (4.9)-(4.14).

We can think of Theorems 4.2 and 4.3 as saying that I is closed (though technically at o = 0 we
only have a weak solution).

As explained in the first chapter, we seek to adapt the proof from [7] to dimension 3. In Section
4.2, we first provide some background information. In Section 4.3, we adapt a result from [19]
to show that solutions of our main equation (4.6) satisfy a Weitzenbock formula. Specifically, we
derive (4.43) by using that fact that solutions of (4.6) are actually critical points for a particular
functional. In Section 4.4, we show Theorem 4.2 simply by integrating our main equation (4.6) and

estimating the terms we obtain. Theorem 4.2 is analogous to Theorem 3.1 from [7]. Note that we
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cite a result from [35] which is from dimension 4-we adapt this to dimension 3 in the appendix.
Finally in Section 4.5, we show Theorem 4.3. Again, the approach is to imitate the argument of
[7], in particular Theorem 5.1 and Proposition 5.2. The idea of the argument is explained in the

beginning of Section 4.5.

4.2 Preliminary Formulae

A straightforward algebraic calculation shows that in dimension 3

R
o1(4,) = =2 (4.21)
A 1 2 1 2
02(Ag) = =5 |Bgly + 1o By (4.22)
1, 5 3

= _§|chg|g + ER“] (423)

Rq
Ag=Eg+ 15 9i (4.24)

R
Ty =—Eg+ —7gi (4.25)

6

Moreover, if g = e2go, then the following expressions give formulee for curvature quantities

under conformal change:

R, =Roe?" — 4Aw + 2|Vuw|? (4.26)

Ricy, =Ricy — V*w — Awg — dw @ dw + |Vwl|?g (4.27)
1

A, :AO—VQw—deOdw—l—i\Vw\Qg (4.28)

where all derivatives and curvatures are with respect to g. The same formula written with the

derivatives and curvatures of gy will also be useful.

R, =e 2" (Ry — 4A¢w — 2|Vwl}) (4.29)

Ric, =Ricy — Viw + dw @ dw — Agwgo — |Vw|3go (4.30)
1

Ag :AO — ng + dw ® dw — §|VOU}|2QO (431)

We assume throughout this chapter that g, gg € I‘f; that is, o1 > 0 for both g and gg.

Next we prove some basic estimates about Ric and T, adapted to the dimenison 3 case from [7].
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Lemma 4.4. Suppose the scalar curvature R is positive at a fived point p € M, where M is a

3-dimensional manifold. The for all X € T,,(M), we have

T(X,X) > 02(A)g(X, X)

8 +4v3
8+4vs .

o A)g(X, X)

Ric(X, X) >
Proof. By [32] p.234, |E(X, X)| < \/2|E||XP. Thus

R
Ric(X,X) =E(X,X) + §|X|2

2 R
> —\[Z|B|| X+ 5 |XP?
> i+ Fix

PR R

|E|? aR R

2(_\/6aR_%+§)|X|2
2+1/3

—2(2+/3) 3
5 R)|X[?

= Y E)?

_8+4V3
R

oa(A)|X[?

if we take a = %(\/g — \/g) The other inequality is similar, as T = —F + %g.

Finally, we will need some basic properties of metrics with positive scalar curvature.

(4.32)

(4.33)

Lemma 4.5. Fiz a constant A and suppose go,g € Fi" with g = e*“gy and \fwdvo| < A. Then

there exists C(go, A) > 0 with

w>—-C
Ao’w SC
/devo <C

/|Vw|gdv0 <C

(4.34)
(4.35)

(4.36)

(4.37)

Proof. go_lAgo, g 'A, € '} is equivalent to the condition that Rgy,, Ry > 0. Suppose the minimum

of w occurs at a point p € M. Then at p, equation (4.29) gives

4Agw = — e*™ R, + Ry — 2|Vw/|?

<C(go)
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and so (4.35) holds. By Green’s formula,

—mw+w=/cmwAw@wmw (4.39)

where G(z,y) is the Green’s function for (M, go) and @w = [ wdvy satisfies |w| < A. As M is compact,
we may add a function to G and assume that it is positive. So using (4.39) and (4.35) gives (4.34).
Next, integration of (4.38) gives (4.37). (4.36) follows from the hypothesis and the Poincare

inequality. O

4.3 An Identity for Solutions of (4.6)

Interestingly, solutions of (4.6) are actually critical points of a certain Riemannian functional (4.40).
Consequently, they satisfy an identity (4.43) which will be useful in a later computation. Note that
(4.43) is essentially the dimension 3 version of equation (5.10) in [7]. The proof we give below uses
a different technique than the one used in [7] but either approach would suffice.

We first show

Lemma 4.6. Solutions w of (4.6) are critical points of the functional

«
Foig —>/ (4oa2(g7 1 Ay) — ERg)dvg (4.40)
M

over metrics g = 62'”90 satisfying Vol(g) = 1.

Recall that the gradient VF, of the Riemannian functional F,, at g is a symmetric 2-tensor such

that if g(¢) is a one parameter family of metrics with g(0) = g, ¢’(0) = h, then

GO0 = [ (TFaih)gdo,

(See [2] for more information) Equation (3.12) in [19] says that for o =0
1 1 5 1,
V]:o = QAEZ‘]' + BARQM - ivzij — 8E¢mEmj — ERE” + §R 9i5 — 60’2(Ag)gij (441)
Hence to compute V.F, we must find VG, where

g;g—>/ RZdv,
M
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By [2], [19], we know that

(R?)' =2RR’ = 2R(—A(trh) + 6°h — Ric" h;;)

1
(dvy) =5tr(k)
where ’ denotes %h:o. Here all derivatives, curvatures, etc. are with respect to g. Hence
iy 1
( /M Ridvg) = /N ) (=2RAtr(h) + 2R6°h — 2RRic" hij + 5 R*tr(h))dv

Integrating by parts and using (2.1) gives

2 1
VG = —20gRy + 2V} Ry — 2RE;; — SRgi; + 5 Rgi;

Combining this with equation (4.41), we find

a 1 1
(VJ:Q)ij = (V(]:o - 3—2g))w ZQAEij + EARgij - §ViVjR (4.42)
5 1
—8F; Emj — ERE” + §R29ij — 60’2g2’j
«Q 2 o 1,
— 3*2(72AR91'J‘ + QVZVJR — 2REij — gR Gij + §R gl-j)

Let Ay :={w € C*®°(M)| [ dvy = [ €**dvy = 1} denote the functions with average equal to zero
with respect to g. Occasionally we will write g € A; to mean g = e?¥gy where w € A;. We have

the following analogue of Proposition 3.1 of [19]:

Proof. of Lemma 4.6
As in the proof in [19], the Euler equation for F, restricted to volume 1 metrics (not necessarily
conformal to gg) is

VFa=Ag

where A € R is a Lagrange multiplier.

By the remark following the proof of Proposition 3.1 in [19], the Euler equation for F,|4, is
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obtained by taking the trace. In particular, (4.42) gives

3\ =Tr(F.)
1 o 1
_ 2 1p2 e _ip2
=—8|E| +3R 18042(Ay) 32( 4AR 2R)

=—209+ %AR+ LR

64
O
Now we imitate the proof of Proposition 3.2 from [19]. In particular, we have

Proposition 4.7. Suppose that M is compact and g is critical for Fu|a,. Then we have

1 1 5

SAIEP = [VE[? + (B, V2R) + 4tr(E*) + ZR|B* + %((VQR, E) — R|EJ?) (4.43)
Proof. At each point of M, we have (VF, — Ag, E) = 0. By (4.42), we see that

1 5
2(E,AE) — 5<E,v2}z> — 8tr(E?) — 6R|E|2 - %((VQR, E)—R|IE*) =0

Now simply use A|E|? = (E,AE) + |[VE[%. O

4.4 A Priori Estimates for Solutions for a € (0, 1]

As mentioned in the first chapter, the Paneitz operator and the Q-curvature are connected via
equations involving conformal change of metric. In particular, in 3-dimensions, we have that if

g =u"*gp, then

1
ngzﬂ = —Pyu (4.44)

(see [24]). For the purpose of this computation, writing g = u~*gy may be the most natural.
However, for the sake of consistency of notation with the rest of this chapter, we will instead write

g = e?¥go. So (4.44) becomes

1
§Qge'Yw/2 _ 7P067w/2

From (4.4), we can multiply this equation by e~*/? and integrate to obtain
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/ Qdvg = / — Qe duy

7/ w/2P0€ w/2dv0

5
:/_(Aoe—u;/2)2+4Ri60(ve—w/27ve—w/2) _ iRolv —w/2 2+ Q e “’dv (445)

By (4.29) and the chain rule, we also have

/Rgdvg :/Rf]emdvg

B / (Roe™2 4 8e™30/2 Age™ /2 — 16¢™" Ve /2 [2) 263 dug
/ R3e™ +16e™"/2 RoAoe™"/? — 32R| Ve~ /2[§ (4.46)

+ 64(Age™/2)2 — 25667/ Ve /22 Age™/? 4 256| Ve /2|4 duy

Combining (4.45) and (4.46), any solution of (4.6) satisfies

/ Qq + devg (4.47)
= / —204(Aoe_w/2)2 —8(1 — a)e®/2|Ve /2 2Ape /2 £ 8(1 — a)|Ve v/ |ev

+8Rico(Ve /%, Ve /?) — (; — @)Ro|Ve /22 4 Qpe™™

1 1-
+ 7R2 v 704 67w/2R0A067w/2d’U0

Lemma 4.8. For any solution w of (4.6) satisfying (4.9)-(4.14), the estimates (4.15)-(4.18) hold.

Proof. Lemma 4.5 gives

/e_wdvo < /e_c <C (4.48)

1
/|Ve_“’/2|gdv0 =1 / |Vw|?e™dvy < C/ |Vwl|3dvy < C (4.49)

where C' depends only on D and (M, go).

Applying this to (4.47) we have we have
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/2a(Aoe_w/2)2 +8(1 — a)e/?|Ve /22 Age /2 — 8(1 — a)|Ve /2 |te¥dvy < C (4.50)
By (4.29) and the chain rule this implies

/Qa(AOe_w/2)2 + (1= @)Ry|Ve ™/22e® + 8(1 — a)|Ve /2|3 dvy < C (4.51)

We first show that (4.15)-(4.18) hold for w,. There are two cases to consider: o bounded away
from zero and « near zero.

Case I: Suppose « € [1/2,1]. Then because R, is positive, (4.51) gives

/(Aoe_“’/g)zdvo < /Qa(Aoe_w/Q)deo <C (4.52)
and so integrating by parts we obtain
/|Ve_“’/2|gdvo = /(Aoe_w/2)2 — Rico(Ve™ /2, Ve ™ /?)dvy < C (4.53)
Combining this with (4.49) and the Sobolev inequality gives

/|Ve_“’/2|6dv0 <C (4.54)

and (4.15) is proved. Since the metric has volume 1, (4.54) gives

[ Iverterdn, < ([ 1vev 2 Pdu) [ vau) < 0

showing (4.17). Hence (4.16) then follows from (4.4) and (4.52) because

/Aoefw/2|vefw/2|(2)ew/2dvo < (/(Aoefw/2)2dv0)l/2(/|Vefw/2|alew)l/2 <C

This completes case 1.

Case II: Suppose « € [0,1/2]. Then since we have positive scalar curvature, (4.51) gives

a/(Aoe_w/2)2dvo <C

so that (4.15) follows as in case I. (4.51) also gives (4.17):
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/\Vefw/2|éewdvo <8(1-a) / Ve /28 dvy < C

Hence (4.50) implies (4.16)

/ew/2|V6w/2|nge*w/2dvo < 8(1-— a)/ew/2|V6w/2\3Aoe*w/2dvo <C

and we are finished with case II.

Next, we notice that (4.18) holds in both case I and case II as follows. By the chain rule,

1
/|V6_“’/2|§ewdvo = Z/|Vw|ée_wdvo

Hence we have

/|Vw|8dvo < (/ |Vw|ge*wdu0)3/4(/ )4 < O

Aw

By the Moser-Trudinger inequality, w is in the Orliz class el””? and hence eM is integrable for

any A. So for € > 0, we have

/|Vw|g—fdv0 < (/ |Vw|ge*wdv0)%(/e<%*1>wczvo)ﬁ/4 <C.

so that ||w||y1.4-« < Ce. Hence for some S > 0 we have ||w|cs < C. Because assumption, the

mean value of w with respect to dvg is bounded. Hence |w| < C.

O

Proof. of Theorem 4.2 By Lemma 4.8 and the remark following Theorem 4.2, we know that as
a — ag, we is bounded in W22, By Lemma 6.1 for every k we have uniform C* bounds on w,.
Hence a subsequence of w, converges in C™ to a smooth function w,, satisfying (4.6). Moreover,

W, satisfies (4.15)-(4.18). Now, for each o > oy, we have by (4.29)
40w + 2|Vwa|d + Rae*™ > = Ry
As R, > 0, multiplying this equation by a smooth ¢ and integrating we have

/ 4P Apgwe, + 20| Vwg |2dvy < / PpRodvg
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Since w, — W, in W22 we have

/ 4PN Way + 20| Ve, |3dve < / PpRodvg

and so R,, > 0 almost everywhere. R,, is smooth because w,, is smooth, and hence R,, > 0

everywhere. Moreover, by (4.22) we may write (4.6) as

1 o o

for the metric gqo,. As 14 is bounded below, at the minimum of R we have R? > % Because R > 0,

we must necessarily have R > %

4.5 Estimates for o near 0

We now proceed as in [7], section 5. From this point forward the constant m, denotes the constant
appearing in the (4.6), and assume g = e*“gq is a solution of (4.6). The integrals in this section
will be with respect to the volume form dv, and all curvatures and norms will be with respect to
g except when explicitly specified with a 0 to indicate gg. For example R = R, and Ry = Ryg,.
Also, throughout this section we will use the letter C' to denote a constant (which may vary from
line to line) depending only on go and u, as well as the constants appearing in (4.9)-(4.14) (and, in
particular, independent of «). Throughout this section it may be necessary to take « close to 0, all
results in this section apply for « sufficiently small.

The idea is as follows. As a first step we seek to prove

/33 < c/a\Vw|6+c/R2 +C (4.56)

To do this, we first recall that by (2.3) the first Newton tensor T;; is divergence free. Hence we

have that for any function f,

0= /Vi(/rijvjf) = /Tiljvfjf
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If f = R, we will see that

5,1
0= /TijV%R > /,(ﬂ - E%l)R3 + 16Tr(E®) + lower order terms

If f = %|Vw[?, we will see that

R®* R

1
/Ejv?j(|vw|2) > /*TT(E?’) + 361 §|Vw\4 + lower order terms

0=3

Taking a linear combination of this two expressions will cancel the T7(E?) terms. From this we
(4.56) quickly follows. The steps in this argument consist mainly of using (4.6), integration by parts,
and algebra.

Once (4.56) is obtained, Theorem 4.3 follows from a few more computations.

First, we have

Lemma 4.9. If T;; is the first Newton tensor, then
5 1
T;;ViV;iR = 4Acy + 4|VE|? + 16Tr(E®) + §R|E|2 - 6|VR|2 + %((VZR, E)—R|E]*) (4.57)
Proof. We have

A-02) =3 AIBP ~ LA(R?)
1 1 1
:§A|E\2 — 5 RAR - ﬂ\VR\Z
=|VE]* + i(E, V2R) + 4tr(E?) + %R|E|2
+ 2 ((V2R,E) - RIE]?) — - RAR — - |VRP?
32 24 24
=|VE|* - injviij + 4tr(E®) + %R|E|2

- 2 2 1 2
= _RIEI?) - —
+ Sal(V2R,E) - RIBP) - o [VR

where in the third equality we used (4.43). O

Write I = [ T;;V;V,;R. So we have

1 .
I> /4|VE\2 ~ SIVRP +16Tr(E) + §R|E|2 + 2(V?R, B) - RIEP) (4.58)
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First we estimate the term [ R|E|?.
Lemma 4.10. We have

1. [RIEP?> [(55 — SR —2u0R

2. [RIE> < [2|VR] + (& — &)R?

Proof. From our equation (4.6),

a 1 1 1«
L RAR= [ =R(—jiy — =|E]? + (— — 2 )R?
/128R r /SR( Ho = S B+ (35 — 19 B)

and hence
1 «

2 o 2 L &3
/R|E| —/8|VR| o+ (g — )R

As g is positive both parts follow. O
Next we estimate more of the terms in (4.58).

Lemma 4.11.

/4|VE|2 - é|v3|2 > / : % - 2|VRP (4.59)

Proof. Differentiating our equation (4.6), we obtain

@
= — —2(— RVR
16V(AR) + |E|VI|E| 2(48 128) v
Multiply both sides by %VR and integrate to obtain
a glEl
= | — E|) —16(— — — 4.60
0 /2R<VR,V(AR)>+ 7 (VR,V|E|) 6( 128)|V 2 ( )

By the AM-GM inequality, we have

E 2
[s'wrvim) < [avipp + a5 wne

|E]?

/4|VE|2 Ay —|VR|?

Now we use our equation (4.6) to replace the |E|? piece of the last term above:
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E|? 1
/' Pivrp = /R2 AR~ 2Ma+2(£_@)pﬁ)|v3|2

Ha 2 - 2
- A =
/ 2|VR\ R—- 8 5| VR| +8( 128)\VR|
Substituting this expression into the previous inequality, we have
/8@<VR V|E|) < /4\VE|2 +8(— — 2| VRP - IVR]?AR — 8 SIVR[?
R ’ - 48 128 2R2

Next, integrate by parts the first term of (4.60):

& S 2
/2R<VR,V(AR)> —/ 2R(AR) 2R2|VR| AR
Using (4.61) and (4.62) in (4.60), we obtain

« ‘ 9

o 2, 2
< | —— 4
0_/ (AR) 2R2|VR| AR+ 4|VE| +8(48 128)‘

Ha
2R2\v3| AR —8=2 |VR|2—16(——@)|V |2

:/——(AR) + 4|V E|? —8( 2 VR —8“‘J‘|VR|2

2R 48 128

Rearranging terms and using p, > 0, we are finished.

Corollary 4.12.

51 _ ayp 10

_ 2
3log ~g)t T ety (VPR E) -

« «
. 2« 2 3
12 [ SL(ARP ~ VRE 16705 +

Proof. Use Lemmas 4.10 and 4.11 in (4.58).

Lemma 4.13. For « sufficiently small,
/a\VRP < /aR3+R2 +1
Proof. From Lemma 4.2 of [19], we see that

1
Tr(E?) > ——|E?
() = —%|E|
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so that

5
16Tr(E3 fRE2>——E3 RE2
7 ( >+3 |E| \f| " + S R|E]

=|E*(~ f\EIJr °R)

From the AM-GM inequality, we have

__16, JalE] 8 (alEP
B =~ Py /5> - TR

16

V6

2| =

where a is any constant. If we choose a = 4\/67 then we have

3 § 2 @ _ 2 % 2
166r(E°) + RIEP > (~321B]” + 3R?) (4.63)

2
/ 64% 2 (A)

/64|E|2( AR+ - R? 4 o)
R ‘16 @

128
AR
> [ 40=—""|E?
> [ 1257 E]

Now, by the AM-GM inequality,
AR (AR? |E*
4a="|EP? > 20 [ —p—t — 2L
/ o B2 O‘/ TR TR

where 7 is a constant to be chosen later. Next, use our equation (4.6) to replace |E|? in the second

term, above, to obtain

AR (AR?  |BP 1 a
=t > _ _ =
4/aR|E| 72a/ e CAR =20 + (55— o))
(AR)Q a AR E2 Ha |E|2 i 64 2
=12 — 2— — FE
8 / Nt B2t LRI

Now we combine terms to obtain

2 1«
/4 (]_ _ &)ﬁ|E|2 > 2 / (AR) 24 64 R|E|2
n

161 TR
so that
A 2 AR)? 55— 13
/5120{7R‘E|2 aa /—T]( R) _ 24 128 R|E|2
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Substituting this into (4.63) gives

5 256 AR)? L -2
/16tr(E3) + =R|E* > 0‘8 /—77(  _m Y RIEP? (4.64)

Next, substituting (4.64) into (4.58) and using (4.59), we have

0=I

o (AR 20 (AR 5= G o e @ oo :
=/ 3 - - E = E)— R|E
_/2 R +1_%( = o RIEF) + S((V'R, E) — R|E[%)

o 4772 (AJE)Q (Z 332 ° 2 a 2 2

provided « sufficiently small. In particular, if we choose 1 small enough, say n = ﬁ, then we can

estimate the terms above by

A 2
02/%( ]];) +%<V2R,E>—CozR|E|2—C’R2—C

The term of the form &(V?R, E) can be rewritten as —5|VR|? by integrating by parts and using

the Bianchi identity V;Ric;; = %VJR. By Lemma 4.10 we have

@ (AR)2 @ 2 2 3 2
> | = —(—= + \V/ — — — .
0 /4 R (48 pa)|VR| CaR CR C (4.65)

(AR)Q & 2 3 2
> _Q__ _ _ _
/32a R 3128|VR| CaR CR C

Also

A 2
/3a|VR|2 = /—3aRAR < /16a( ]I;) + z—ZR3

so plugging this into (4.65)
0> /16a|VR|2 —CaR® - CR?* - C

and we are finished. O

Now we consider

Il := /T”VlVJV =0

where V = 1|Vw|[2.
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Lemma 4.14.

TijViVjV ZTijvinijvkw — vkkaAijTij
+ ViwVp AY Ty — T3 Vi Vwl*Vjw (4.66)

1
+ 1R(Vw, VIV|?) + RigjmTij VimwV w

Proof. First, V;V = Vj(%\Vw\Q) = V,;ViwViw. Hence V,V;V =V, Vio,wV;Viw+V,;V,;ViwView.
Moreover, V;V;Viyw = V;VV;w. Hence we have

ViViVjw = ViViViw + Rigjm Vipw

and so

ViV;V = V;ViewV;Viw + Vi ViViwView + Rigjm Vi wVigw (4.67)

Rearranging (4.28),
1
Viw = Ay — Ay — dw @ dw + §|Vw\2g

and so we have
1
ViViVijw = =V Aij + Vi A = ViiViwViw — ViwVpVjw + §vk\vw\29ij
Plug this equation into (4.67) to obtain

V;V;V =V,;ViwV;Viw — vkkaAij + vkkaA?j
— Vivkwvjkaw — VijwVZ-kaw

1
+ ivkkaWngij + Rikjmvmkaw

Take the inner product of both sides with T;; and use T;;g;; = 201(A) with 01(4) = R to

obtain the desired result.

Next we will further expand (4.66). For notational simplicity write

T,V V;V =11, + -+ I
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Lemma 4.15.

IIl ET‘”V'LV]CUJVJV]C’LU
R3
R TT(Es) + @ + QEjAjkVinkw — 2‘VU)‘202(A)
R
+ §|Vw|4 — 2Tz‘inkA?k + TijA?kA?k

— 2T AQ YV wV w + Ty A | Vwl?
Proof. Since all the tensors under consideration are symmetric, (4.28) gives

11, =T;;V;V,wV;Viw
=T, (= Ay + AY — ViwView + %|Vw|2gik)
(—Ajk + A?k — VwViw + %|Vw|29j;€)
=T AinAjr — 2T Ain Ay + 2T Ae VjwV pw — T Ay | V|
+ Ty AQ AY), — 2T AV jwV w4 Ty A Vwl?
+ T3, ViwV jw|Vw|? — T;; ViwV jw|Vw]? + imwwﬁ

3

R
= — TT(Eg) + @ — 2TZJA1kA?k + 2Tiinijkaw - 202(A)|Vw|2

R
+ Tij A A, — 2T A%V jwVw + T AY | Vw|® + g\vw\‘*

In the last equality we have used (4.21)-(4.25) to find

T =§ (4.68)
TyjAij =01 (A) — |A]? = 20(A) (4.69)
T;j A A =(—E + %g)ij(E + l%g)ik(E + l%g)kj
= —Tr(E®) + %
[

Lemma 4.16.

IIQ = — kava”T”

= — (Vw, Voy(A))
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Proof. From the basic properties of the Newton tensor, Vio2(A) = T;; Vi A;j. O
Lemma 4.17.

1
11 51R<Vw,V|Vw|2>

1 1 1
== S RAV WV w+ 5R,al?jviwvjw - ZR|Vw|4
Proof. From (4.28), we have

1
II; :ZRNw,vwa)

1
=§RViijVinjw

1 1
=5 R(=Ai; + AY, = ViwVjw + 5|Vw|2gl-j)viwvjw

1 1 1
= - 3 RA;VwVjw+ 5RAg)jvﬂuvj-u; - ZR|vw|4

Lemma 4.18.

IIG :Rik]—mSiijkaw

R
= — QEkAjkv,‘ijw + §AUV1wV]w + 202(14)|Vw|2

Proof. The Weyl Tensor vanishes in dimension 3, so by the Ricci Decomposition Rm = A, o g.

Hence
RitjmTi; Vi wView =(gij Akm — gimAjk — 9jkAim + GemAij) Ti; VimwVgw
:TkkAijVinjw — 2TikAjkVinjw + AUTU|VIU|2
Applying (4.68) and (4.69) to the last term gives the result. O

Combining Lemmas 4.14-4.18, we have
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Corollary 4.19.

R* R
TijViVjV = — T’I‘(Eg) + @ - g|Vw|4 — (Vw, VUQ(A>> — TijVi|Vw|2ij
— 2T AinAY), + Tij AD A, — 2T AR ViwView + T A V|

1
+ vk’kaAngij + §RA%VZwV]w
Proof. We have

TV V;V =11 + 11, + 113+ 114+ 115 + 1
3 R3 2 R 4

=(-Tr(E”) + 361 + 2T, A, V,wView — 2|Vw| oo (A) + §|Vw|

= 2T35 A Ay, + Tij A AGy, — 2T35 A3V jwVw + Tiy AY [ Vwl?)

+ (—(Vw, Voa(A) + (VikwVi AL T;) 4+ (=T33 Vi Vwl*V jw)

1 1 1
+ (-5 RAG ViwViw + 5RA?].ijvjw - ZR‘Vw‘4)
R
+ (22T A ViwViw + Ay ViwVjw + 205(A) Vo )
RS

3 R A

+ Ty A A, — 2T ARV jwVpw + Ty AY [ Vw|? — (Vw, Voa(A))
1
+ ViwV i AL Ty — Ty Vi V| Viw + 5RA‘gjviwvjw
Before estimating 1;;V;V;V, we first do some basic calculuations.

Lemma 4.20.

|A°| <C

IVA°| <C + C|Vu|

Proof. The proof given for Claim 5.17 in [7] does not depend on dimension and hence applies here

without modification. O
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Corollary 4.21. We have

~T;; AirAY), > — C|Ric|?
T;; A% A}, > — C|Ric|
—2T;; A}V jwVw > — C|Ric||Vwl|?
T;; A |Vwl* > — C|Ric||Vw/?
ViwVpAY Ty > — C|Ric||[Vw| — C|Ric||[Vw|?

1 )
51~L4?jviwvjw > — C|Ric||Vw|?
Proof. By definition, |T'|,|A| < C|Ric|. Combining this with the Lemma 4.20 gives the results. [

Corollary 4.22.

R® R
T;;ViV;V > — Tr(E*) + 1 g|Vw|4 — (Vw,Voa(A)) — T;;Vi|Vw|*Vjw (4.70)

— C|Ric|* — C|Ric||[Vw|* = C

Proof. Apply Corollary 4.21 to Corollary 4.19. O
Before we estimate this expression, we will need the following technical lemma.

Lemma 4.23.
/—a\V2w|2|Vw|2 2 /—aR3 —a|Vw|® —aR? - a (4.71)

Proof. By (4.28) we have

1
|V2w|2 = | — A” + A?J — Viwvjw + §|Vw|29ij|2

S AP + |[Vw|* +1

Consequently
/fa|V2w|2\Vw\2 > /76’04|A|2|Vw|2 — Ca|Vw|® — Ca
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Now, 02(A) = §(Tr?*(A) — |A]*) = —3|A|? + 55 R?, and so for a small

/—a|V2w|2|Vw|2 > / ~CalVul(~205(4) + - F?) - CalVul’ - Ca
> / —Ca|Vw|?o3(A) — CaR?|Vw|* — Ca|Vuw|® — Ca
:/—Ca|Vw|2(%R2 + %AR + pta) — CaR*|Vw|? — Ca|Vuw|® — Ca
> / —Ca?|Vw|?AR — CaR?*|Vuw|? — Ca|Vuw|® — Ca
2/0a2<V|Vw|2, VR) - CaR|Vu|? — Ca|Vul® - Ca
2/—CQ2|V2wHVwHVR| — CaR*|Vw|* — Ca|Vuw|® — Ca

> / —CQ?|VR] — Ca2|V2ul2|Vul: — CaR2|Vu]2 — Ca|Vul® — Ca
Hence for a0 small,
/—a\V2w|2|Vw|2 > /—6’042|VR|2 — CaR?|Vuw|* - Ca|Vuw|® — Ca
By Lemma 4.13, we have
/—CaQ\VR\Q > /—Ca2R3 — CaR? — Ca
By Young’s Inequality, R?|Vw|* < R3 + |Vw|® and so

/—a\V2w|2|Vw|2 Pe /—aR3 —aR? — a|Vu|® — «

O
We now estimate /1.
Proposition 4.24. For all o > 0 sufficiently small, we have
0=II (4.72)
R* R .
> T E3 e 4 3 6
_/ r(E°) + %61 8 |[Vw|* — CaR® — Ca|Vuw|

—CR2-C
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Proof. Using (4.26) and integrating by parts, we obtain

/ (Vw, Vo, (A / Awos(A (4.73)

7/74 (A)+% 2w 2(A)+%|Vw|202(A)

Again using integration by parts and using (4.28), (4.69), and V,T;; = 0, we have
/—Tijviwwﬁvjw =/|Vw|2viTijvjw+ \Vw|*T;;V,;V jw (4.74)
2 0 1 2
:/ |Vﬂ)| ’I%j(*Aij + Aij — Vszjw + §|V"w| gij)
R
=/—|Vw|2Tiinj + Ty AY | Vw|? — |Vw|2njviwvjw+—|vw|4

:/—2\%4202( ) + Ti; A | Vwl® + |Vw|* Rici; ViwV; w+—|vw|4

Substituting (4.73) and (4.74) into (4.70) and combining terms,

0=ITI (4.75)
R3 3
3 sr e 2
> [ 10(B) + g - FIVult = SIVuloaa)
— %O’Q(A) + @Roe 2w Q(A) + |Vw|2chUV,ijw

+ T;; A |Vw|® — C|Ric> — C|Ric||[Vw|* — C

Now, by our equation (4.6)

R B R o ,
/—ZJQ(A) 7/ TR+ AR+ o) (4.76)

— [ —2RAR- & g3 _He
/64RR 512R 1

2 @ 53 Ha
/ |VR| 512R 1 —R
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Similarly
Ry —2w /Ro _9 (&7 (e} 2
o A)= [ 2w ARy Y R2
/46 72(4) 1 ¢ (AR g+ ha)

o _9 «@ 2w p2 | Ma —2w
= = “AR+ — R*+52R
64R06 R+512R06 + 4 0€

:/ 61 (VRo, VR)e™" — (Ve ™" VR)Ry + 1o Roe >R + £ Roe™

64 512 512
2/70a|VR| — Ca|Vuw||VR|-C
> / —a|VR]? = C|Vul2 = C
2/—a|VR|2 -C
by Young’s Inequality. Combining this with (4.76), we find
R Ry _, a 2 a 53 Ha
— o (A) + =2 gy (A) > | — - —R¥-Lep_ 4.
/ g oA+ e Te(4) 2 / s VA =5t g ¢ (477)
In addition, we have
/—§|Vw|2o— (4) = — §/|Vw\2(3AR+ 2 R4 ) (4.78)
2 2 2 16 128 * ‘

2/—%|Vw|2AR—C’|Vw|2 — CaR|Vul?
z/%wwwﬁ,vm—c-cmﬂvm?
z/—%wwumwm — O~ CaR?|Vul?

« 9o
> [« 2 Yoo o 2~ 2 2
> [ - S VRE = LT Vel - € - Car?[Tul

> / —%WRF — CaR?— Ca|Vuw|® — CR* — C

using Young’s Inequality again, as well as (4.71). Using (4.77) and (4.78) in (4.75), we have

0=II (4.79)
3 RS R 4 2, 3
Z 7T7’(E ) + — — —\Vw\ + ‘VUJ| RZCijVﬂUVj’w — CaR

— Ca|Vuw|® — CR? — C + |Vw|*T;; AY; — C|Ric|> — C|Ric||[Vw|*
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The last three terms in (4.79) can be controlled easily:

[ 5IvulTal = [ ~clri|vup
/fC|Ric\2 :/C(QUQ(A) - 232)
z/C—CR2
[ -iRicPIvul = [ iRic? ~ vul

2/—(]]%2—

where in the last line we have used Theorem 4.2 for w. Hence

0=II
RS
/ TT(Eg) + @ - *|VU)|4 + |VUJ|2RZCUVIUJVJIU
— CaR?® — CalVw|® - CR* - C

Next we use (4.33) and integrate by parts to estimate the Ricci term in (4.80):

4
/\Vw\QRicijVinjw Z/8+R\/§02(A)|Vw|4

8 «

R(lﬁAR+@R2+ua)|vw|4
A
> [ 288wl
_ [ _= -1 4_9@ 4
_/ 2VRV(R )| Voolt = 5 vaw\

CK| “ZE| 4 2v72 ]l
> — ;7 — \V4 V Y

a|VR|? 4 a|VR]? 2 |2 9
> —
_/ 5 12 [Vw|* — 5 R |Vwl[* — 128a|VZw|?| V|

:/—2a|V2w|2|Vw|2
So by (4.71), we have
/|Vw|2RicijVinjw 2 /—aR3 —a|Vuw|® — aR? —

Using (4.81) in (4.80), we obtain (4.72).
We now have
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Theorem 4.25. Let g = e*“gq be a solution of (4.6) with with satisfying (4.9)-(4.14). Then provided

a is sufficiently small, there exists a constant C = C(gg) so that
/R3dv < C/a|Vw|6dv + C/Rde +C

Proof. Note that |E| < |Ric] + R < R from the proof of Corollary 4.21. By Corollary 4.12 and

Proposition 4.24

0>I+1611

:/TUVNJR—% 16TijVNjV

a(AR)2 @ 2 3 5,1 34 2 2 3
> _ _ (= - = _ _
7/ 5 R 16| VEI? +16Tr(E) + 2 (5 )R (<v R,E) — R|E|*) — 16Tr(E?)
3
+ % — 2R|Vw|* — CaR? — C’a|Vw|6 —~CR>-C
> / o (AR)? 19 gy (VR E) ~ 2RIVuf* ~ CaR® - CalVul® ~ CR? — C
- 2 R 216 ’
> / ER?’ - —|VR|2 - —(VR V(Ric — gg» —2R|Vuw|* - CaR?® — Ca|Vuw|® — CR* - C
>/ 216R3 — —|VR|2 - —(VR vR> — 2R|Vw|* = CaR?® — Ca|Vw|® — CR* - C
> / — —2R|Vw|* — CaR® — Ca|Vw|® — CR* - C
R3 S\f R3 3 6 )
> - — — — —
/ i [Vul® ~ &~ CaR® — CalVul® ~ R - C
/———W |® — CaR® - Ca|Vw|® — CR* - C

Here we have used the Bianchi identity and Lemma 4.13 to eliminate the (V2R, E) term. Rearrang-

ing, we obtain the desired inequality for o small:

/(\%)3 < /(1+Ca)|Vw|6+CR2+C (4.82)

O

We have now proved the main estimate necessary for Theorem 4.3. However, a few more results
are necessary to obtain the theorem.

First we show the analogue of Lemma 5.21 from [7].

58



Lemma 4.26.

R

/(\/E)Z\W\2 g/(1+0a)|Vw|6+CR2+C

/(Aw)Q\Vw\Q g/Aw|Vw|4+caR3+ca|Vw|6+CR2 +C
1

/\vw\ﬁ §/§R\Vw|4+CaR3+Ca|Vw|6+CR2—|—C

/Aw\Vw\‘l g/aR?’—i—a\Vw\G—FRQ—i-l

Proof. of (4.83) By Young’s inequality and Theorem 4.25 we have

R o o 2 R 1
/(ﬁ) [Vl Sg/(\/ﬁ)3+§/|Vw|6
g/(1+ca)|Vw|6+CR2+C

of (4.84) By (4.26) we have

R 2 2 6
— )|V -V
[ (7 vul = vul
1
:/ 57 (—40w + 2|Vul? + Roe™" |Vl — [Vul

2 1 1 o
:/g(Aw)2|Vw|2+6|Vw|6+ﬂRge | Vw?

2 1 1
- gAw|Vw|4 — gAwRoe_Qw\Vw\Q + 6R06_2W|Vw|4 — |Vwl®
and so

s [@wrvep
R 2
:/(ﬁ)ﬂwﬁ — [Vul® + % Aw|Vu’
A e awgz L w2 Lp owig, 4
24Roe |[Vw|® + 3AwRoe |Vw| 6Roe [Vw|

The last two terms on the right hand side can be estimated using (4.26) and Theorem 4.2:

/%AwR0672w|Vw|2 SJ/ Vw|* + (Aw)?

5/1+R2

1
/76R0672M|Vw|4 5/ Vw|* < C
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Hence (4.83) and (4.87) give (4.84).
of (4.85) By (4.26) and (4.28),

/2|Vw|2RicijVinjw

1
:/2|vw|2Aijviwvjw + SRVl

1 1
:/2|Vw|2(A?j - ViVw — VwViw + §|Vw|2gij)viwvjw + §R|VU}|4

1
:/2|Vw|2A?jVinjw —2|Vw]*V,;V,wV,wV jw — |[Vw|® + §R|Vw|4

1 1
:/2|Vw|2A?jVinjw — EVZ-\Vw\4Viw — |Vw|® + §R|Vw|4

1 1
:/2|Vw|2Agjviwvjw + 5 AwlVult - |Vl + SRIVul!

1.1 1 1 1
:/2|vw|2A9j + (51w = R+ Roe™2)|Vult - |Tul* + S RIVu!

1
:/2|Vw|2A?jviwvjw + §R06*2W|Vw|4 - Z\Vw\ﬁ + %R|Vw|4
3 6 3 4

(4.88) and (4.81) give (4.85).
of (4.86) Using (4.26) in (4.85), we have

[1vur
1
< / 5R|Vw|4 + CaR® + CalVuw|® + CR? + C

1
= /(§R06_2w — 28w + [Vw]?)|[Vu|* + CaR® + Ca|Vw|® + CR* + C

< / —2Aw|Vuw|* + |Vw|® + CaR? + Ca|Vw|® + CR? + C

Rearranging gives (4.86).
The results of the above Lemma 4.26 allow us to show

Proposition 4.27.
/\v2w|2|vw|2 < /a|Vw|6 LR 41

Proof. (4.84) and (4.86) give

/(Aw)2|w|2 < /aR3 +a|Vuw|® + R? + 1
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The Bochner formula states

1

§A|Vw|2 = |V?w|? + Ric;;V,wVjw + (Vw, VAw)
If we multiply this equation by |Vw|? we obtain

YR (4.91)
1
:/i\Vw\2A|Vw|2 — |Vw|?Rici; ViwV jw — |Vw|*(Vw, VAw)
1 22 2p; 2 2 2
= 75|V|Vw| | — [Vw|*Ric;; ViwVjw + [Vwl* (Aw)* + Aw(Vw, V|Vw|*)
1 1 1
< / —§|V|Vw|2|2 — |Vw|?Rici; ViwV jw + |Vw|*(Aw)? + §|Vw|2(Aw)2 + 5|V|Vw|2|2

B / g‘WP(Aw)? — [Vw[*Rici; ViwV juw

Using (4.81) and (4.90) in (4.91)with Theorem 4.25 gives (4.89). O
Two small computations remain before we can complete this section.

Lemma 4.28.

/IA\3 < /R3 +C (4.92)

Proof. We have |A]* = |E|? + 4 R? and so

/|A|3 5/|E|3 + R (4.93)
From our given equation (4.6)
1 «a @ I
E 2 _(— _ 2 ZAR — Pa
] (24 64)R 8 R 2

Multiplying by |F| and integrating by parts gives

1 o s o
[180 = [ - spRIEI - B21E| - SIEIAR

24 64

1 « «
< | —— —)RYE|+ -VI|E
S 64)R| |+8V| IVR

1 oo o 9  « 9
< [(= - S)RYE|+ =|VE]* + =|VR
<[5~ SDREN + SIVER + SIVR
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Since R?|E| < 2R? + 1|E|?, the previous inequality gives
/|E|3 < /a\VEP +a|VR|* + R
Integrating (4.57) and using the Bianchi identity gives

1 5 le}
/|VE\2 :/E\VR\Q —16Tr(E3) — gR|E|2 - g(<sz, E) - R|EJ?)

1 2 3 5« 2 @ 2
=/ = —16Tr(E°) — (- — —)R|E —
/G\VR\ 6Tr(E”) (3 8)R| | +48|VR|

and so

/|VE|2 < /|VR|2 +CIEP +C
Substituting into equation implies
/|E|3 < /33 +a|VR)> +C

Using Lemma 4.13 and (4.93) we get (4.92). O
Finally we compute

Lemma 4.29. For p > 6 we have

( / VuP)? < Cp) / Vul® +C (4.94)

Proof. For the purposes of this proof, we will alternate between computations with respect to the
metric g = e?“ gy and the background metric go. We will state explicitly which volume form is used
in all cases.

First note that the Sobolev embedding theorem implies that in dimension 3,3 < LP for any

p. So for any f € W3, we have

( / FPduo)™’? < / IV £ 3dvo + / | Pdvg
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Taking f = |Vw|063%pw we have

/fpdvo :/|Vw|ge(3_p)wdv0

:/|Vw|pdvo

Thus

([ IVulao®® < [ 1V(Fule’ ") du + [ [Vwige™s* duy (4.95)
EE 3=p 0 13 3 9=3p,
= [ |le? “V|Vuw|p + |Vw|oVe 7 “)|gdvo + [ |[Vwlge ? “dug

3

< / |v§w§e9f”” + |Vw|ge%pr + |Vw|8e%wdvo

§/|ng|3e%w + \Vw\?)e%w + Cdug
Since w is bounded the expression for the change of V2 under a conformal scaling we have
[VEwl§ < e[ V2w]? + e |Vwl* < [Vwl? + [Vuwl* (4.96)
Using (4.96) in (4.95) gives
([ 1P 5 [ 1970 +Vul® + Cd,

By (4.28) we have
|V2w|? < AP+ |[Vw|® + C (4.97)

and so

([1vurpir s [148 + vuP+
using Theorem 4.25 gives (4.94). O

For the remainder of this section we revert to our convention that all norms, volumes, etc. are
with respect to g = e2%gp.

We are now ready to show our main estimate.
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Proposition 4.30.

/ IVw|P <C(p) for any p > 0 (4.98)
/ R® <C (4.99)
/\AI3 <C (4.100)
/|V2w|2 <C (4.101)
[wllcs <C(B) for any B <1 (4.102)

Proof. of (4.98) Integrating by parts and using Holder’s inequality, we have

[1vu = [(vw.vw)vul
:/—wAw|Vw|4 — wVwV|Vuw|?
< [ Wl vul vl
<([ 1Pl Ivul) 2 [ [Tultuy
<([ 1Pl IVl 2 [ (w2 f 19wl

By Theorem 4.2 w is bounded, and so (4.89), (4.94) and Theorem 4.2 give

/|Vw|6 ,S(/a|Vw|6+R2+C)1/2(/\Vw\6+0)1/2
St [19ult+ ([ B[ 1Vl 4 ([ )24 ([ 1vul)2 4 €

< / R*+C
By Theorem 4.25 we have
/R2 < (/ R3)?3 < (/ |Vw|®)?/? + C (4.103)
Combining the previous two inequalities gives

/\Vw|6 <c
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so that (4.94) implies

[ vl < cw)

4.99) This follows from (4.98), (4.103) and Theorem 4.25.

of (

of (4.100) This follows from (4.92) and (4.99).

of (4.101) This follows from (4.98), (4.101) and (4.97).
of (

4.102) This follows since w is bounded and (4.98).
O

Proof. of Theorem 4.3 The above proposition applies to any solution w, of (4.6) satisfying the
hypotheses of Theorem 4.3. Letting o — 0 gives a (subsequence of) w, converges weakly to a
function w in W?22. Moreover, w has the properties given in Theorem 4.3. Note that by the
same argument given in the proof of Theorem 4.2, w has non-negative scalar curvature almost

everywhere. m
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Chapter 5

Final Remarks

5.1 Further Questions from Chapter 3

There are a few directions one might consider to continue the work from Chapter 3:

1. Is the approach in Section 3.2 necessary? Though sufficient, the argument seems surprisingly
complicated. Can an alternative argument be given? What is the optimal constant in (3.5)?
We note that in [8] the authors use a Lagrange-multiplier argument instead. Such an argument
does give the value of an optimal constant. Unfortunately, the argument becomes significantly
more complex when adapting to oy for £k > 2. For this reason we instead developed the

approach of Section 3.2.

2. Can the argument be extended to the subcritical case n < 2k? As a general rule, equations
involving oy, tend to be easier in the subcritical case n < 2k, so it is somewhat surprising
that the approach seems to work only for n > 2k (specifically, for n < 2k the exponent of the
volume term in (3.15) has the wrong sign). Moreover, by the result of [25] we know that the
appropriate result is in fact true for n < 2k, but it would be interesting to find a proof of the

result using integral estimates.

3. Is the assumption of finite volume necessary in Theorem 3.1?7 We note that in [8] finite volume
is not a necessary hypothesis for solutions of oo = constant in dimensions 4 and 5, and in fact
the same argument adapts to show that finite volume is not necessary in for o, = constant
in dimensions 2k and 2k + 1. Also, finite volume is not a hypothesis in the work of [25], so

perhaps it can be removed in this case.
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4. Can Theorem 3.1 be adapted to non locally conformally flat manifolds? Can oy be replaced
with the renormalized volume coefficients vg;, in the statement of Theorem 3.17 There are two
obvious difficulties with approaching this problem. First, it is unclear what the analogue of the
cone condition g7 4, € F'kF in Theorem 3.1 should be for vy;. Second, does the linearized form
of vy, satisfy the appropriate properties analogous to the Newton tensor 7?7 In particular, as
the proof of (3.4) and (3.5) depends strongly on the algebraic structure of oy, what should the

analogue of the estimates in Section 3.2 be?

5.2 Discussion of Additional Hypotheses Required for The-
orems 4.2 and 4.3 in Dimension 3

As mentioned in the introduction, hypotheses (4.11) and (4.13) are required for Theorems 4.2 and
4.3 in dimension 3 but unnecessary in the critical dimension 4 (that is, not necessary in the argument
of [7]).

The main difference from dimension 4 is that in dimension 3, (4.11), (4.13) do not follow from
(4.9),(4.10),(4.14).

Specifically, note that in dimension 3, (4.17) is equivalent to both of the inequalities

/|Vw|ée_wdv0 <C (5.1)

/|Vw|3wdvgw <C (5.2)

In dimension 4, the same argument as dimension 3 proves (5.2). However, the e™* factor no
longer appears in the the analogue of (5.1) because the e term in the volume cancels with the
e~ % arising in the expression for the change of [Vw|* under conformal rescaling. Hence under (4.14)
(but not (4.11),(4.13)) an argument analogous to the one in Section 4.4 implies that [ |Vw|*dvy is
bounded in dimension 4. It follows easily that [e”“dvy < C(p). Unfortunately, in dimension 3
we only obtain that [ |Vw|*e~"duvg is bounded. Without making some additional assumption it is
unclear why the volume must be bounded in this case.

In dimension 4, (4.13) follows from an upper and lower bound on the volume. Specifically, the
analogue of (4.7) in dimension 4 is

_ o
oa(g™tA,) — ZAgRg = Uo
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If we integrate this equation over the manifold we find

Vol(g)pa = / a2(g™ ! Agdug (5.3)

However, the right hand side of (5.3) is known to be conformally invariant in dimension 4, see
equation (0.2) and ensuing discussion in [7]. Hence in dimension 4 we see that (4.13) follows from

(4.11). In dimension 3, however, we have

_ [0
Vol(g)pa = /402(9 '4g) — @Rdeg

The right hand side of this equation does not appear to be conformally invariant and so it is unclear

if (4.13) would follow from (4.11).

5.3 Further Questions from Chapter 4

There are a few directions one might consider to continue the work from Chapter 4:

1. Are assumptions (4.11),(4.13) strictly necessary? What are the blow-up phenomenon for so-

lutions of (4.6)? Perhaps an approach similar to that of [6] may be useful.

2. When is the linearized version of (4.6) invertible? That is, when do we have “openness” in the
continuity approach discussed in the introduction? Unfortunately there do exist cases for which
the linearized equation is not necessarily invertible—one can check that for some of the Berger
spheres discussed in [24] the linearized version of (4.6) may in fact have a zero eigenvalue. Is

there a natural geometric condition which forces the linearization to be invertible?

3. What happens in dimension at least 57 The author suspects that as in dimension 4, the
linearization must be invertible in higher dimensions. The tradeoff, however, is that the a-
priori estimates in Sections 4.4,4.5 are somehow “less strong” in higher dimensions and will not
be enough to show the “closed” part of the countinuity method. Perhaps another technique can
resolve this issue? Moreover, it is as yet uncertain if the argument of 4.5 adapts to dimension

5 as the estimates are somewhat delicate and depend on constants which vary with dimension.

4. Can this approach be adapted to the renormalized volume coefficients vo;? At this point it ap-
pears that the most natural case to consider would be studying v,, in dimension n. Specifically,

the a priori estimates only appear to be sufficient for the “closed” portion of the continuity
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method in the subcritical and critical dimensions, while the linearization of (4.6) appears to
be guaranteed to be invertible only in the critical and supercritical case. However, even for the
next simplest case some significant concerns must be addressed. First, the 6-th order ) curva-
ture does not appear to “connect” to vg as naturally as the 4-th order @) curvature “connects”
to o9 in (4.6). Perhaps one should look for a different equation than QQ = constant as a starting
point for the continuity method. Second, in Section 4.5 we added a linear combination of I and
I to cancel the Tr(E?) term in their respective expressions. Most likely for v,,, n > 6, there
will be more terms to cancel. Hence it will likely be necessary to take a linear combination of

more than two summands, complicating the already involved computations from Section 4.5.

. Perhaps it is worth mentioning that the estimate from Theorem 4.3 can likely be extended to
show W?25~¢ estimates for e > 0 (see [8] for the argument in dimension 4). Of course, one
would like to see that the function obtained in Theorem 4.3 is in fact smooth. Obtaining higher
regularity for oo should not be difficult once C1* estimates for w are proved (see for example
the use of convexity to apply the Evans-Krylov result used in the last section of [6]). Ideally,
though, one would prefer to have an argument which avoids using the convexity properties of

o (and so, in particular, could be adapted to vay).

. Is it possible to solve oo = constant using the variational structure of 02?7 That is, critical

points of the functional

}_0:/‘72(9_1149)65%

among volume 1 metrics in a fixed conformal class must necessarily satisfy oo = constant.
Before taking the approach discussed in Chapter 4 we originally sought to find a maximizer for
Fo. In the case when M is locally conformally flat, F( is bounded from above when restricted
to Ty (see Proposition 11.6, [21]). However, for non-locally conformally flat manifolds it
is not clear that Fy is still bounded. If we take this condition as a hypothesis, it may be
possible to argue that a maximizer for Fy does in fact exist (and hence so would a solution for

o9 = constant).
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Chapter 6

Appendix

In this section we translate Lemma 2.1 of [35] to 3-dimensions. Our argument parallels theirs
essentially line by line except that we will work in dimension 3 while their paper is for dimension 4.
Conceptually, the argument is easier in dimension 3 because, in some sense, the statement f € W22
is stronger in dimension 3 than dimension 4. For the sake of completeness, however, we include the
argument here.

First we will need to write (4.6) in terms of the conformal factor w and the background metric

go- As usual g = e*“go. By (4.29) we have

R2 =~ *“(Ry — 4A¢w — 2|Vw|3)? (6.1)

=e M (R2 — 8RoAgw — 4Ro| Vw3 + 16(Agw)? + 16A0w| Vw2 + 4|Vw|3)
Also, (4.30) gives

|Ricg|§ =e | Ricy — V2w + dw @ dw — Agwgo — |Vw|igol? (6.2)
=e (| Rico|3 — 2(Rico, Viw)o + 2Rico(Vw, Vw) — 2RyAgw — 2Ro| Vw2 + Vw3
—2V2w(Vw, Vw) + 2(Agw)? + 280w|Vw|2 + |Vw|i — 2A0w|Vw|3 — 2|Vw]
+ 3(Agw)? 4 6Agw| Vw2 + 3|Vw|?)
=e " (|Rico|? — 2(Rico, Viw)o + 2Rico(Vw, Vw) — 2RoAgw — 2Ry |Vw|2 4 |Viw|2

— 2VEw(Vw, Vw) + 5(Aogw)? + 6 Agw|Vw|3 + 2|Vwlj)
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Next we note that in dimension 3 we have

Ayf = e (Dof + (Y, Vf)o)

for any function f. Hence by (4.29) we have

AyRy =e 2 (AgRy + (Vw, VRy)o) (6.3)
=e?(Ag(e " (Ry — 40w — 2|Vwl|3)) + (Vw, V(e ?“(Ry — 4M0w — 2|Vwl|3)))o)
=e 1 ((—2A0w + 4|Vw|2)(Ry — 400w — 2|Vw|3) — 4(Vw, VRy — 4V Agw — 2V |Vw|2)o
+ AgRy — 403w — 20| Vw2
+ (Vw, —2Vw(Ry — 4Aow — 2|Vw|3) + VRy — 4V Agw — 2V |Vw|2)o)
=e M (—2RoAgw + 8(Agw)? + 4A0w| Vw2 + 4R | Vw|? — 16A0w|Vw|Z — 8|Vw]]
— 4(Vw, VRo)o + 16(Vw, VAgw)o + 8(Vw, V|Vw|2)o + AgRo — 4A2w — 24| Vw3
— 2Ro|Vwl|3 + 8A¢w|Vw|3 + 4|Vw|§ + (Vw, VRo)o — 4(Vw, VAgw)o — 2(Vw, V|Vw|2)o)
=e M (2ReAgw + 8(Agw)? — 4Agw|Vw|Z + 2Ro| V|3 — 4| Vwl — 3(Vw, VRg)o

+ 12(Vw, VA()U)>0 + 6(Vw, V|Vw|(2)>0 + AogRg — 4A%w — 2A0|Vw|(2))

Suppose w is a solution of (4.7). Multiplying (4.7) by e and using (4.23) and (6.1)-(6.3) we

have
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-
32
4-a , «

32 Ry 4

= — 2(|Rico|2 — 2(Rico, Viw)o + 2Rico(Vw, Vw) — 2RoAgw — 2Ro| Vw2

Mae4w =c* (402 (9_1‘49) (R; + SAgRg))

:e4w(—2|Ricg|3 + AgRy)

+ | VE2w[2 — 2V3w(Vw, Vw) + 5(Aew)? + 6Agw| Vw3 + 2|Vwl3)
24—«

+ 372(1{3 — 8RyAgw — 4Ro|Vw|2 + 16(Agw)? 4 16 A¢w|Vw|3 + 4| Vwld)

(—2RoAgw + 8(Agw)? — 4Agw|Vw|3 + 2Ry | Vw|2 — 4|Vw|§ — 3(Vw, VRg)o

o

4
+ 12(Vw, VAw)o + 6(Vw, V|Vw|2)o + AgRo — 4A2w — 24| Vw]|?)

= - 2|RZC()|(2) + 4<Ri6(], V%w>0 — 4Ri00(vw, VU}) + (—2 + %)R()Aow

5 5

+ (1= ) Ro|Veol} = 2 V3wl + 4V5uw(Vw, Vu) + (2 = 22)(Agw)?
7 24 — 3

+ 5 A0w| Vel + (<1 4+ )| Vwl§ + == R3 + = (Vw, VRo)o

—3a(Vw, VAqw)o — 3;

(Vw, V|Vw|(2))0 — %A()RO + aA%w + %Ao‘vw%

This can be rewritten as

alZw + %A0|Vw|(2) — 3adiv(AgwVw) — 3?Oédiv(\Vw\ng) (6.4)
7
—9|V2uw2 — 4V2w(Vw, V) — (2 + g)(Aow)Q — 2aAgw|Vuwl|2 — (=1 + §)|vw|g
. 2 . 3a 3« 2
— 4(Ricy, Viw)o + 4Rico(Vw, Vw) — (=2 + Z)Rvow —(1- §)R0|Vw\o
24—«

(Vw, VR())O + 2|Ri00|(2) — TR(Q) + %AORO + ,uae4w

_3a
4
We remark that (6.4) is analogous to equation (1.3) of [35].

Lemma 6.1. If w is a smooth solution of (4.6) and ||w|wz» < M for some p > 2, then for each k

we have

1
|aaw| S C(M7 ka a, a)

Here « is a multi-index with |a| = k.

Proof. First we recall a few properties of multiplication of functions in Sobolev spaces. We have in
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particular for 1 < p < 3, multiplication is a continuous linear map of

3p

WLP ot lep _>W17(17 q= 76 (65)
-p
3

LP ) lep _)Lq’ q= 729 (66)

6—p
W@ WP oW L1, g = o P (6.7)

—-p

For 3 < p < o0, we have

wtr g whr Wwtrp (6.8)
P o WhP [P (6.9)
W @ W @ whe e (6.10)

(see [28]). Now, since w € WP it is an easy consequence of Holder’s inequality that the right hand
side of (6.4) is in L?/2. Following the notation of Lemma 2.1 in [35], we can interpret (6.4) as saying
that for 2 < p < 3,

A2w+Whes 4 Whes 4 Whats e L (6.11)

To make sense of this notation, note that the second term on the left hand side of (6.4) is §A¢|Vwl3.

Since w € W?P, we have Vw € WP, By (6.5) [Vw|? € W5 . Hence Ao|Vwl|3 € W15, The
explanation for the other terms on the left hand side of (6.11) is similar.

We remark that here the dependence of C on a,é arises due to the coefficents of the terms in
the left hand side of (6.4).
Now, for 2 < p < 3 we have 3%7 > %. Also, note that L% compactly embeds into WLlats,

Hence we have

_1.3p
Adw e W

By elliptic regularity and Sobolev embedding,
weWhes c W

We may repeat this process as necessary to obtain w & W2?" for some P > 3 with ||w| 2 <

C(M,a,1).
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Now, (6.8)-(6.10) imply that (6.4) can be written
Ay + WL p Wl e e

Arguing as before we have w € W32 As p’ > 3, we have w € C*® for some 0 < a < 1 and elliptic

regularity gives the desired result. O

We remark that the above argument actually works for any w € WP (not necessarily smooth)
which is a solution of (4.6) in an appropriate weak sense (again analogous to Lemma 2.1 in [35]).

However, such a result is more than is necessary for our purposes.
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