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Abstract

In this thesis, we study two problems. The first one is about the regularity of the solutions to the
Muskat equation. The Muskat equation describes the interface of two liquids in a porous medium.
We show that if a solution to the Muskat problem is sufficiently smooth, then it must be analytic
except at the points where a turnover of the fluids happens. We also show analyticity in a region
that degenerates at the turnover points provided some additional conditions are satisfied.

The other problem concerns the radial symmetry properties of stationary and uniformly rotating
solutions of the 2D Euler/g-SQG equations. We show some rigidity results giving conditions under
which the solutions must be radial. We also show some flexibility results: the existence of non-radial
solutions. The results on this second problem are joint work with Javier Gomez-Serrano, Jaemin

Park and Yao Yao. They are based on the papers [42], [44], [45], and [43].
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Chapter 1

The regularity of the solutions to

the Muskat equation

1.1 Introduction

The Muskat problem is a free boundary problem studying the interface between fluids in porous
media [76]. It can also describe the Hele-Shaw cell [87]. We focus on the problem where two fluids

have different density p1, p2 and the same viscosity. The equation in the periodic setting reads

dg, (1.1)

2 ) = 22 [ _Snla(e) =l D)) o)
ot 2 _ cosh(za(a) — za(a — B)) — cos(z1 () — z1(a — B))
for i = 1,2. Here z(a,t) = (21(a, t), 22(a, t)) is a parameterization of the boundary curve. z(a,t) —
(, 0) is periodic in a.

Depending on the position of the heavier fluid, the Muskat problem is divided into three regimes.
When the interface is a graph and the heavier fluid is on the bottom, it is a stable regime. When the
interface is a graph and heavier one is above the boundary, it is a stable regime when goes backward
in time. The third regime is an unstable regime with turnover points in the curve, in which the
heavier liquid lies below at some place and above at other place. The Rayleigh-Taylor coefficient o

is used to characterize these three regimes and is defined as

_ P2 M 5azl(a7t)
2 (Oazila, )2+ (Oai22(a, 1))2 (1.2)

g

o > 0 is corresponding to the stable regime and ¢ < 0 the backward stable regime. When ¢ changes



sign, it is in the unstable regime.

\J

Figure 1.1: An interface with turnover points.

In the unstable regime, the solution which has turnover points was discovered in [13], [14], and
[24], [25] .

However uniqueness is not known and is a hard unsolved problem. The trouble is that the
known solutions are real analytic, and uniqueness can be proven only within the class of real analytic
solutions. For the analytic solutions, the shrinking of analycitity region leads to a good term which
can help us to get the uniqueness. So our current goal is to get a complete understanding of the
analyticity behavior.

We show the sufficiently smooth solution is analytic except at the turnover points, and the
degenerated analyticity near the turnover points. The existence and uniqueness are crucially related

to the way the real-analyticity degenerates at those points.

Theorem 1.1.1. Let f(a,t) = (fi(a,t), fala,t)) € CY([—to,to], HS[—m.7]) be a solution of the
Muskat equation satisfying the Arc-chord condition. If 0y f1(ap,t) # 0, and —tg < t < to, then

f(-,t) is analytic at ayp.

1.1.1 The outline of the proof of Theorem 1.1.1

In Section 2.2, we define a cut off function A(«) and focus on f(a,t) = A(@)f(«,t). We then localize
the equation such that the modified R — T condition has a fixed sign. In order to make use of the
sign, if the sign is positive, we let the time go forward, if the sign is negative, we let the time go

backward.



In Section 2.3, we introduce c(a) with suppc(a) C {a|A(a) = 1}. With the assumption that
f¢(a,t) is analytic in domain Dy = {a + iy| — c(a)t <y < c(a)t}, we derive the equation on the

curve {(a + ic(a)yt)|a € [—m,w]} for fixed v € [-1,1]. Then we obtain the equation

%z(a,%t) =T(z(a,7,1),1), (1.3)

with z(a,v,0) = f¢(«,0). The analyticity assumption on f€ is dropped after we get (1.3).

A

\

Figure 1.2: The curve ¢(«) for Theorem 1.1.1.

In section 2.4, for each fixed v, we use the energy estimate and the Galerkin method to show the
existence of the solution z(«,~,t). The main term is controlled by Garding’s inequality, where we
use a lemma from [14]. This part is similar as in [12] and [14].

In Section 2.5, Section 2.6, and Section 2.7, we verify that the z(«, 0, t) coincides with the f¢(a,t)
and that z(a,7y,t) is also smooth enough with respect to .

In Section 2.8, we derive some lemmas about the Cauchy-Riemann operator and use those lemmas

to show analyticity of z(c, C(z) :7,t) by checking it satisfies the Cauchy-Riemann equations.

Remark 1.1.2. In [12], the analyticity domain can be chosen as a strip, and the analyticity follows
directly from existence. Since our c(«) supported in a small region, we do not have such good

behavior.

Remark 1.1.3. Our method concerning the analytcity is not limited to the Muskat problem. See

Section 11.3 in Chapter 11.

At turnover point «g, 0n21(a,t) = 0. If we assume the second order derivative not vanishing



at this point, the Rayleigh-Taylor condition has different sign at each side of the «g. Therefore
we cannot expect the same instant analyticity result and break down happens. Given an extra

assumption, we have the following theorem:

Theorem 1.1.4. Let f(a,t) = (fi(ayt), fa(a,t)) € CH([—to, to], C1°([—m.7]) be a solution of the
Muskat equation with two turnover points. Z1(t), Z(t) are values of v of these two turnover points.

If we assume the solution satisfying the following three conditions:

G2 Fu(Z1(8).1) # 0, a4
Ou f1(a,t) # 0 except at Zy(t), Za(t), (1.5)

and
(%(t) + p.v. 4 K(f(Z1(t),t) — f(B,1)dB)I% f1(Z1(t),t) <0, (1.6)

—T

then when —tg <t < to, f(-,t) can be analytically extended to region Q = {x +iy| —e1(t) + Z,(t) <

z < Z1(t) + er(t), [yl < e2(t)(x - Z1(1))*}.

Remark 1.1.5. For generic initial condition with two turnover points, the quantity (1.6) is not 0.
Here we treat case where this quantity is negative. It would be very interesting to understand also

the greater than or equal to 0 case.

1.1.2 The outline of the proof of Theorem 1.1.4

In Section 3.2, we discuss the extra assumption (1.6). In Section 3.3, we change the variable such
that the turnover happens at two fixed a. Without loss of generality, we let one of the points be
a = 0 and focus on the behavior around 0.

In Section 3.4, we localize the equation and split the solution in to right hand side and left hand
side at 0. In order to avoid the singularity, we subtract a polynomial of high order before we do the
split. Without loss of generality, we only study the solution on the right hand side f"’(a7 t).

In Section 3.5 and 3.6, we introduce a translation by a function 7(¢) with 7(0) = 0, a modified



equation
d
M@ 7:t) =T(h(a,7,1),7.1), (1.7)

with h(a,v,0) = f*(,0), and a desingularized version

d
%he(aaf}/at) = Te(h(a77>t)377t)a (18)

with 2¢(ar,y,0) = f+ (e, 0). They satisfies the following conditions:

1. When v = 0, f120 (a4 7(t),t) is a solution of (1.7).

2. If ft(20)(q,t) is analytic in Dy = {a + iyla > 0, —c(a)yt < y < e(a)yt}, then f+20) (o +
7(t) +ic(a + 7(t))7t, t) is a solution of (1.7). (1.3).

A

\J

Figure 1.3: The curve ¢(«) for Theorem 1.1.4.

3. If h¥(a,7,t) ~ (a+7(t))* near a = —7(t), then T¢(h¢(a,7,t)) ~ (o + 7(t))* near a = —7(t).

4.lime 0 T¢(h(a, 7, t)) = T(h(a,vy,t)) if h(a,,t) is sufficiently smooth.

In Section 3.7 and 3.8, we prove that the T satisfies the properties of the Picard theorem.

In Section 3.9, we prove an energy estimate of (1.8) which is independent of €. A modified version
of Garding’s inequality lemma 3.9.4 is introduced . In the end of the subsection, we get the existence
of solution h(a,v,t) € CL([0,to], C}([-1,1], H}[—m,7])), for sufficently small to.

In Section 3.10, we show h(a,0,t) = f2%(a + 7(t),t). Therefore h(a,,t) is an extension of
FrE(a+7(t)t).

In Section 3.11, we again introduce some lemmas of the Cauchy-Riemann operator and use the



them to show the analyticity.

Remark 1.1.6. The modified Garding’s inequality in Section 3.9 is non-trivial and not only a

perturbation of the previous version lemma from [14]. That is because A1, (max(«,0)) is not in L>°,

where Ay is (—~A)2 on the Torus [0, 7).

Remark 1.1.7. The additional assumption (1.6) is used to show the translation function T(t) in-

creasing, which is crucial to our proof when we show the Picard theorem.



Chapter 2

The regularity far away from the

turnover points

2.1 Notation

In the chapter we use the following notation:
6: a sufficiently small number.

Aa): M) > 0 and in C19°(—o0, o), satisfying

1 o <4,
AMa) =
0 o] =2,

d.: sufficiently small number depending on .

c(a):
c(a) = 6., when a < 3%,
{ suppc(a) C [-3, 3]
() € CM%(—00,00), [le(@) || 100 (— o0,00) < .
fla,t) = (fi(a, t), fo(a, t)): the original solution of the Muskat equation.

= (A
fe(ast), flast):
fc(a7t> = )\(oz)f(a,t),

fla,t) = (1= Ma)) f (e t).

7



to: the original solution exists when t € [—tg, to].

t1: the energy estimate holds in [0, ¢;].

2.2 Localize the equation

This step is to localize the equation such that the R — T coefficient has a fixed sign. Without loss

of generality, we study the behavior at origin. Let A(a) € C'%(—o00, 00) satisfying A(a) > 0 and

1 ol <4,
AMa) =

0 laf > 25,

and f°(a,t) = f(a,t)A(a), f(a,t) = f(a,t)(1 — A(«)). Here 6 is a sufficiently small number such

that when « € [—20,26], 0,.f1(c,0) has a fixed sign. Without loss of generality, we assume
Oa fi(a,0) > 0. (2.1)

Then we have

ofi _ sin(ff (@) — f7(B) + J?(Oé) = 1(8) (Gafi(@) = 0af(B))

Ma ’ z f f a
o =N >/_,, cosh(f5(a) — J5(B) + fo(a) — a(B) —cos( (@) — F5(B) + Frle) — H )
(2.2)
o /fr sin(ff(@) = f1(8) + 1(0) = L(B)Oaful@) —0ufuB) 40
—x cosh(f5(a) — f5(B) + f2(a) — f2(B)) — cos(f(a) — f{(B) + fi(a) — f1(B)))
(2.3)

We have f¢ € C([0,to], H5(T)), f € C([0,to], HO[—m, w]).

2.3 The equation on the complex plane

2.3.1 Change the contour
Let c(a) satisfy
c(a) = ., when o < 3%,

{ suppc(a) C [-2, 8] (2.4)

c(a) € C199(—o00, ), (@) [lc100(—o0,00) < .



Here ¢(a) is defined such that f,\ can be analytically extended to the complex domain D, =

{(z +iy)| — o0 <z < 00, —c(z)t <y < c(x)t} and satisfy

fla+ic(a)t) = f(oz), (2.5)

and
AMa +ic(a)t) = AMa). (2.6)

Now we assume f¢ is also analytic in this complex domain D4. For any fixed v € [—1, 1], we want

to find the new equation on the contour {a +ic(a)vyt|a € [=m, 7}, Let o, = a4 ic(a)yt. We have

dfe(at,
P ity @n ) 1) + P01 27)

= ic(a)y(9afs)(f, t)
™ sin(ff(ak,t) — ff(BL,t) + fu(al,t
) /4 cosh(f5(at, t)(f ‘(fé”(ﬁ%), t) i ;2(04;7 t) i 5’72(53)7 t)) (COS(J)F
(1 -+ i (Byrt)ds
oy [ el s+ Fiets ) B8, 00 fuxazc, 0~ @sFB.0)
—n cosh(f5(ad, 1) — f5(BY,t) + falad,t) — f2(Bh, 1)) — cos(ff(ad, 1) — fE(BY,t) + fi(ad,t) — f1(Bh.1))
(1 -+ ic (Bt)ds.

)(Gafi) (03, 1) — Gs L) (5, 1)
flah,t) — fl(ﬂi,) filad 1) = fu(BL,1)

2.3.2 The equation for z

Let z(a,7,t) be the solution of the equation (2.7) with initial data z(«,7,0) = f¢(®,0). Our

motivation is to set z(a,y,t) = f(a + ic(a)vyt, t). Since

0u )ty = {2
we have

! / sin(a(ayy 1) — 21087 1) + filad,6) — LB O)(FEEREY — FEEN (1 +ic (8115
77w cosh(za(a, 7, t) = 2(B,7,t) + falad 1) — fa(BE, 1)) — cos(z1(a, v, t) — 2187, 1) + fi(ed, 1) — fi(B,1))

) / sin(z1 (@, 7.1) = 21(8,7.6) + fi(ah) = 1(8))(afu) (@ 1) = (B F,) (84 1) (1 + ic'(B)yt)d5

—r cosh(za(0,7,1) — 22(8,7,1) + fa(at, 1) — Fo(B5, ) — cos(z1(a,7,1) — 21(8,7,1) + faat,t) — Fa(BL, 1)




with

z(a,7v,0) = f(,0).

We drop the analyticity assumption of f¢ from now. Notice that f and A can still be analytically
extended to Dy as in (2.5) and (2.6).

2.4 The existence of z for fixed v

We first do the energy estimate. The idea of the energy estimate is similar as in [14] and [12]. We
assume z is of finite Fourier mode here.

Since f(a + ic(a)t,t) = f(a,t), Ma +ic(a)t) = Ma), we have

dzu(a,7,t)
dt
__icfa)y
1+ic (a)yt
/w sin(z1(@) = 21(8) + f1(0) = LB (5 — o) (1 +i¢ (B)1)d3
—= cosh(z(a) = 22(8) + fa(a) = f2(8)) — cos(z1(a) — z1(8) + fi(a) = f2(5))
A / sin(z1(a) — 21(8) + i) = 1) ((@afi)(@) ~ (Bs£)(B) A+ ic' (B)yt)dB
—n cosh(za(a) — 2(8) + fal) — 2(B)) — cos(z1(a) — 21(8) + fi(@) — F1(8))

=T(z) (2.9)

zu(a)+

B
)+

Here we omit the dependency of z on 7 and ¢, and the dependency of f on t for the sake of simplicity.
Let
U=H® [T,

where 7T is Torus of length 27 and

(o — B)?

2]l are = sup = = = =

a€[-25,26],8€[—m,x] | cosh(za() — 22(B) + fi(a) — f1(B)) — cos(z1(a) — 21(B) + fi(«

For the L? norm, we have

1T z2—rm1 S NT )L f—r.m1 S CllIZ[0)]12] Are-

Here C is a bounded function depending on 6, d. and || f|lc1 (0,4, H6[—7,x])» Hf”cl([(),to],HG[_TrJ‘-]). We

will keep using the same notation C' in the following proof.
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Now we take 5th derivative and have

T (2) =

__icla)y
— W@gzu(a)—#
Ao /W sin(z1(a) — 21(8) + fi(a) — (5))(11?((3; _ 12?(5) )1+ (5)%‘)6%
—r cosh(za(a) — 22(8) + fi(a) — f1(B)) — cos(z1(a) — z1(B) + fila) — f1(B))
N )\(a) /ﬂ Sin(21(0£) — 251( ) + fl( ) 1(?))((86‘]0[0( ) (86‘](-”)( ))( +ic ( )’Yt)dﬁ
—r cosh(zz(a) — 22(8) + fi(a) — f1(B)) — cos(z1(a) — z1.(B8) + fi(a) — f1(B))

+y 0

:Tl(Z)+T2 +T3 +ZOZ

Here O; terms contain at most 5th derivative on both z and f .

Before we show the explicit form of O, we introduce some notations. Let

ng(a) = (g1(a, 1), go(a, 1), 0ag1(, 1), Ouga(ct,t), ..., 0% g1 (1), 0% ga (e, 1)), (2.10)
~ L g1 (a,t) g2(a, t) & 1 1
= t _— t _— ).
Vy (o) = (1+zc( vt 1 +id (a)yt” - a1 (o 1), (1—|— "« )Wt) LAHCIEN (1+zc( )y t))
k . . . k C k . . g k
V% (@) is the ith component in V;(a) and V', () the ith component in V', ().
When we write X;(«, t), we mean
Xi(a,t) = (ali;) (2.11)
ST il ()t '
with ll‘ S 5.
A function KiU(A,B), K{U(A,B7C) is of —c type if for A, B, C in R", it has the form
sin(A; + B1)™ cos(A; + By)™? (2.12)

< (cosh(Az 4+ B) — cos(A4y + By))™o
X (Sinh(Ag + Bg))m3 (COSh(AQ + BQ))m‘LH;n:‘sl(A)\j )H;n:ﬁl (BAJ.@)HT:H (C)\j,g),

with my + ms + ms + me + mr — 2mg > —0. ¢; is a constant.

We claim that we can write other terms as following three types, by separating the highest order

11



term in the derivative. Here we omit the dependency on v and t.
o = 53“(04)/ K (V) = V2(B), VE(a) = V(B), V() = V() Xu (B)(Z(er) — 2°(8))dP

where % € V3 U V3 U Vf?’, 1<b; <5.

0% =gt [ KL (VE(@) - VA(B), VE(a) = VE(B), V2 (a) — VZ(8)) Xs (B)(2°(a) — 2°(B))dB,

—T

where 35 evju‘?juvj?, 1<b; <5.

where 1 < b;,b; <5.

Then we have the following lemmas

Lemma 2.4.1. We have

10illL2j—m,m S Cl2llws 2] Are)-

Proof. Since K is of —1 type, we have

1KLL (VE (@) = V2(B), VP (@) = VE(B), VE(a) = VE(B) (e~ B)lleoi-2s.25x (-] S Cllzlu Izl are),

we could use lemma 2.6.1 to get the result for O, ;. Moreover, we have

1K (V2(@) = V2(B), VE(a) = V(B), VE(a) = VZ(B) (e = B)lleri-2s.251x-nnl S Cllzlu, Izl are),

we then use lemma 2.5.3 to get the estimate for O%%. O3 can be bounded easily. O

Lemma 2.4.2. We have

IT5(2) |21 S Clll2ll0, |2l are)-

Proof. Let

_ sin(z1 () — z1(8) + fl(a) - fl(ﬁ))

(@) =20) 1= 18D = (@) = 22(8) + Jola) = Fo(B)) —cos(ea(@) — 1(8) + Fula) = Fi())

12



It is also of K_; type. We have
K (2(c) — 2(B), fla) = F(B))(a = B)llcr[=2s.261x (=] S CI2lu, |2l are)-

Then the result follows from lemma 2.5.3.

Then we are left to deal with 177 + T5.
We have

4 = ~ 62, (o
Ta(e(@) = Nalpr. | Ko@) = 2(3).f(@) = FO)(1 -+ i (s

- Aajps. [ " K(2(a) - 2(8), () — F(8))8%7,(8)dB

=T 1(2)(a) + T 2(2) ().

Moreover, we could further split the 75 2 and have

a—p

cot( 5 )82z(6)dﬁ

=T521(2) + T 22(2).
Since K (z(a) — 2(B), f(e) — f(B)) is of —1 type, we have,
1K (2() = 2(8), f(c) — f(B)) tan(%;ﬁ)”Ciyﬁ([—%,%]x[—w,w]) < Cllzllare + ll2ll)-

Let

(2.13)

13



Then

1K (2(r) = 2(B), f(a) — f(ﬁ))||Ciﬂ([—25,25]><[—7r,7r])

S Ozl are + [I2]l0)-

We can do the integration by parts in the T5 2 2(z) and have

Therefore we have

I T2,2.2(2) (@)l 2(-r,m) S Cllzllare + 12l 1052() [ L2 m-

In conclusion, we have

dagz#(aﬂ 7, t)

7 =Ti(2) +T21(2) + To21(2) + (To2,2(2) + T3(2 JrZOZ

(2.14)

— (el A [ K Gala) - 209),F() — @)+ i (8110d8)28500)

1+ic (a)yt  1+id ()

~ Ma) Jim (K (=(a) ~ 2(8), f(0) ~ F(8) tan( 5 2))2wA 322 (0)

B—a

+ (T22,2(2) + T5(2 —I—ZOl

where A is (—=A)2 on the Torus T of length 27 and

1(T2,22(2) + Ts(2) + > 022 S C(|2]lare + lI2]l0)- (2.15)
Then we have
d o5 2 " s 5 d
7||8az(a’77t)||L2 [—m7] = 2R 804’2(04777 ) aa%’z(a 77t)d (216)
B 5 ic(a)y ; 5 .,
-3 122@%/_7} @) e b s [ K@)~ 2(9), Fla) - F(B)( + i (310)d5)
main term
08z, (a)da
—_———

main term
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)27 A(052,,) () de)

20 [ 882,(0)A () im (K (=(0) ~ 2(5), F(a) — F(8) tan(*5 7

B—a

main term

+B.T.

where B.T. < C(||z]| arc + ||z|lv). Next we show the following lemma to control the main terms.

Lemma 2.4.3. If Li(«), La(a) € C*(T), —RL1(a) > |SL2(a)|, h € H', then we have

' h(e) Ly(e)(Ah)(a)de + ’ h(a)La(a)dah(a)da < C(||Lillo2 (7 + || Lallc2cm) 1 A(a) |-

—T —1T

Proof. First, we have

I, = /_7r h(a)La(a)Ogh(a)da
= j RLo>(a)(Rh(a) RN (o) + Sh(a)Sh (a))da

— /Tr SLa(a)(RR(a)SH (@) — Sh(a)RE (a))do

—T

=11+ Iy,.
We could do the integration by parts to I>; and have

Bl =15 [ 2 (Rn(a))? + (Sh(a)?)dal £ OO (@) escr) ()]

—Tr

Moreover,

I = /7r h(a) L1 (a)(Ah)(a)da

—T

_ /_ " RLy () (Rh(a)ARA(@) + Sh(a)ASh(a))da
_ [ " Ly () (Rh(0)ASh(a) — Sh(a)ARA(a))da

=Iim+ 110
We can still do the integration by parts to the I; 2 and have

/_7T SLy () (Rh(a)ASh(a) — Sh(a)ARK(«))da
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- / " (ASLRR) (@) — SLy(a) ARA(0))Sh(a)da.

—T

Moreover, for any g1 € H*(T), g2 € H'(T), we have

I1A(g9192) — 91Ag2ll2(7) < llgallz2emlgnll a2 o)

Hence

I 2 SAISLa(Q) 2 () [ISA(@) || 2 () [[RA() || 2 (1)

SISLa(@)llzzem 1) 1227

Now we are left to control I ps + Iz ;. We have

Lhovy+1Izs= i RL1 (o) (RA() ARR () + Sh(a)ASh())da

—T

+ /j SLa(a)(Rh(a)Ih (o) — Sh(a)RE (o))da

Now we use a lemma from [12, Section 2.4].

Lemma 2.4.4. Let a, b be real valued functions on T, a(a) > |b()| and satisfying a,b € C*(T).

Then we have
R [ F@ (@) f(@) +ba)if @)do > ~Cllallcar + [Blesiry) [ 1fa)Pde
Then from lemma 3.9.4, we have
L+ Lo S C(I L2y + [ Lallez () [ 7(a) 172

Then we get the result.

Now let

L (1) = 27 T (K (20,7, 8) — 2(8.7.1), F(0, 1) — (8. 0) tan( )

B—0
3&«21(%% t) + aoz.fl(aat)
(80&21(0‘7’%” + aafl(avt))Q + (6(122(0‘7770 + 6af2(057t))2’

=27

16
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and

P8 = (s s | R(alan,0) = (6000, Flant) = FB.0)0 +ic (8)10)d5).
(2.18)
Since supp c(a) C {a|A(a) = 1}, from (2.16), we have
d 2
d7||852(a t>||L2 [—m,7]
=Y om / 06 (@@ L2 @0z @) +2R [ 95, ()N @ L @IA@F 2, (o

main term main term

+ B.T.
From lemma (2.4.3), if —RL!(a) > |SL?(a)| for a € [—26,26], since supp A C [—26, 26], we have
d s 2
a”aaz(av’y’t)”LQ [—m7m] ~ S BIT.

Moreover, when ¢ = 0, « € [—24, 26], from (2.17) and (2.18) we have

Do fE(0r,0) + Do f1 (e, 0)
(O fi(2,0) + 0o fi(e, 0))2 + (D0 f5(@,0) + Do fo(a, 0))2
Oa f1(a,0)
(00 f1(,0))? + (9a f2(e, 0))?

- %Li(avva 0) =2m

=27

and
SLE(a, 0) = ic(a)y + g(p-v-/ K(f(,0) = f(8,0), f(a, 0) = f(5,0))dB)
= ic(a)y.

From (2.1), we could choose ¢, in (2.4) to be sufficiently small and have

inf (—RL! ,0) —|SL? ,0)|) > 0.
ae[1—n26,25]( 2, 7,0) = [SLZ(a, v, 0)])

Then let

1
z t sup ’
Ve = P s RLT(wn-0) + [SL2(an O]
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If ||z]|rr(t) < oo for all 0 <t < tp, we have

d
1218 S Cllzlu + llzllare), (2.19)
for 0 <t <ty.
Therefore, we could let ||z||5 = ||z[|lu + ||2]|arc + ||2]|rr- From (2.19), and the following lemma
2.4.5, we have

d
2% S Clizllp)-

Then |z(c,7,t)|7 is bounded for sufficiently small time ¢;. We claim that the bound and the time

can be chosen such that it holds for all v € [—1,1].

Lemma 2.4.5. We have the following two estimates:

d
g lzlare S Clll=llg),

and
7d <
L ellar < Ozl

Proof. For the ||z||gr, we have

LI ! < ! L ) 1L 2] )
Qt aelomas) IRLL() + [SL2(Q)]]| ~ aclomas IRLL(a) + [SL2(a)[[2 ap = I E1=2020) TGy LAl [-20.200)

From (2.17), we have

d d d
15 La (@ -20.20 S Cllzllg) (I 2(0 v, Ollor ey + 15 e Do)

S Cllzll) AT erery + €

From (2.9), it is easy to get

IT(2)llcr oy < Clzll)-
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Then

d
L oo <
| =LA@z 2520 S Cllllg)

From (2.18), we have

||£ (04 s )||Loo[ 26,26 N CJFCH*Z”U / K(z(a) - (5)7,];(04) - f(@))(l +i0/(5)7t)d5||L;o[—25,25}

Hlpo [ K@) = 2(8).5(@) = BN+ i (B8l e 09
<lpe. [ VK(Z(&)-Z(B),f(a)—f(B))~(%(a)—%(ﬂ)+(fl{() U (@)1 +ic (31082525
Hlpo [ K(eo) = 2(8),5(0) = B (OBl a0s

s

+ llpo. / K(- 8), F(a) = F(8)(1 +ic' (B)y1)dB (520 + C

=Termg1 + Termg o + Termos + C.
From condition (2.13) and lemma 2.5.2, we have
Termaoyo + Termas S C(||2]7)-
Moreover, VK (z(a) — z(8), f(a) — f(B)) is of —2 type, and

IV (ela) — 2(8), Fla) ~ 7)) - (@)~ 23+ L0 - Li@))(a = B)ler asaspeionmd

S UTE@)lex ) + O)C=llg)-
From (2.9), it is easy to get
1T (2)llc2(my < Cll=llg)-

Then Termsa1 S C(||2]|5)- Hence

d
||£L§( )||Loo[ 25,26] <C(||Z|| ).
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Then we have the estimate

d d 1
at _ = < ~).
atl*Ier =G S R + s ~ CUFle)

Moreover, we have

d d )
Zillelare == sup P Y A e e e e s RN AP AT
o€[=26,20], €[ =m.m] ( L )= (ozfﬁ)zz1 ay,t)—z1(8,7, 1(a)—f1 )
! 2
< sup | ] ] ~ ~ |
acl-20.28) Bel-mn] (h(@)=z @) (@) hB) ety (2= BrO+A()=H(E))
: ||i(cosh(z2(a) — 2(8) + fi(@) — f1(B)) — cos(z1 (e, v, ) — 21(B, 7, t) + fi(a) — fl(ﬁ)))H )
) (OZ N /6)2 Ly g[—m,m]x[—m,m]
< Izl
(F(2(0) — 2(8) + Fal0) — H(B) fGale) = 29 + 5 (Fale) = 2(A))
“s (@=p5) L gl=mm]x[=m,7]
sin(z1(e) = 21(8) + fil@) = 1(8)) g (21(@) = 21(8)) + g (f1(e) — f2(8))
+ — - [Py m———r—
“s (0 9) :

Szl 2llo (1T ()l o (= mm + C)

S Cllzllg)-

We also introduce a corollary here to be used in the later section.

Corollary 2.4.6. For g(a) € HY(T), if z € H>(T), ||z]|lare < 00 and —RLL(a) — |[SL?(a)| > 0

when o € [—26,20] for v € [—1,1], then we have

T T _, ~a oz 8ag(OZ) _ aag(ﬂ) o
wes[ulf,u(/w g(a) () . K(z(@) = 2(8), /() f(ﬁ))(l-i-ic’(a)’ﬁ 1+ic’(ﬁ)7t)d’8d

[ stevnglor ol da) < gl

2.4.1 The approximation of the equation

Now we approximate the problem and have the following equations,

dz"(a,y,t)

o = n * T"(pn % 2™) =y * <Z’C(a)7€)a(g0n * z”)(a)>+

1+ic (a)yt
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P F Oa(pn * ZLL)(Q) 9p(pn * Zﬁ)(ﬂ) .
eot (M) [ K (g 2)(0) = () (8), o) = FoN(y o ) - S S 0 id (5)tyas
T pns ( / K™ (0 # 2")(@) — (pn % 2)(B), (@) — FB) (Flar) — ﬁ(ﬂ»(maw)w)dﬂ),
where

K" ((pn * 2™)(@) = (00 x 2")(8), fa) = F(8))

= sin(A((pa * 21)() + fi())
1
" cosh(A((pn * 25)(a) + fa(a))) — cos(A((pn * 24)(@) + Jr(@)? + L sin(252)2

- cosh(A((pn * 25)(a) + fa(@)) — cos(A((pn * 1) (a) + fi(a)),

with

Al(pn * z5)(a) + fa(@) = (pn * 25) (@) = (pn * 25)(B) + fa(a

~—
\
"
=
~

(2.20)

A((on * 21) (@) + fr(@)) = (n * 21) (@) = (on * 27)(8) + file) = f1(B), (2.21)

and initial value 2" («,~,0) = ¢, * f(a,0). Here the convolution of ¢,, is the projection to the finite
Fourier mode of «.
By the Picard theorem, for any fixed v € [—1,1], there exists solutions in C([0,t,], H2(T)).

Moreover, by the structure of our approximation, we have z" = ¢, * 2", and for 1 < j <5,

G | e opda

= 2§R/ A7 2" (0, 7, )0 (0 * T (o * 27))da

™ .
= 23%/ 2 (pn % 2™) (a7, ) 0L (T (pr % 2™))dar.
-7
Then we can do the similar energy estimate as the previous section by letting
12" lgn = 12" |z [—m,] + 12" | 4 (2" [ A7em

where

sup | cosh(A((pn * 25)(a) + f2(@))) — cos(A((¢n * 2)(@) + fi(@))l(a = B)?
ae[-26,25],5€l-m] | cosh(A((n * 25) (@) + fa(a))) — cos(A((n * 2 )(a) + fr(e)))? +  sin(*57)?

12" | Aren =
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with A((pp * 25) (@) + fa(@)) and A((py, * 27)(a) + f1(@)) from (2.20), (2.21), and letting

1
z"|rRTn =  sup — —
ael-26,25) [RLY" () + [SL2" (o)

with

~ a_ﬁ

L5 (0,7, 1) = ~2m B (K (o 2%)(@) — (o # 2)(8), Fle) — F() an( 252,
L2 0t) = (i T | K (e @) (s (8), F) - FB) (1 ic (3)y0)d5).

Then we can use the similar energy estimate and the compactness argument to show there exist
a solution

z(a,v,t) € L=([0,t1], H2(T)). (2.22)

satisfying
t
z(a, 7, 1) :/ T(z)dr + f(a,0), (2.23)
0
for sufficiently small time ¢;. Moreover,
||ZHA’I‘C < 09, (224)
and
~RLY(a) — |SL2(a)| > 0, when a € [—24, 26]. (2.25)
Since the energy estimate has a bound for all v € [—1, 1], we have a existence time ¢; that holds for

Y-

Now we abuse the notation and write T'(z) as T'(z(«, v,t),v,t). We have the following lemma:

Lemma 2.4.7. For any g(a), h(a) € HITYT), j = 3,4, ||gllarc < o0 and ||h||arc < 00, we have

1T (g(c), v )y S 1- (2.26)
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1T (g(c),v:t) = T(h(), v, )l ¢y S llga) = g(@)|[gsrer).- (2.27)

1T (g(c), v, t) = T(g(e), v sy S It —1]. (2.28)

Proof. We only show (2.26) and the left can be shown in the same way. From (2.9), we have

T(g(0).7:0) = [ dasle)
Ma) [ K(gla) = 9(6). Fla) ~ FON s — 1 )1+ i (s

+ Aa) /_ﬂ K(g(a) = g(B), f(a) = F(8))(0af(a) — 05 f(8))(1 +ic (B)yt)ds
= Tl(g(a)vlyvt) + TQ(Q(C&),’V,If) + TS(g(a)a’y»t)'

It is trivial that T} satisfying the (2.26) since c(«) is sufficiently smooth.

Moreover, the 8, f € H ?(T) and is more regular than ; f;?((g))y ;- Hence we only consider Tp. For

T5, we have

1K (g9(@) = 9(8), f(@) = F(B)) (@ = B)llci—2(—20.201x7) S 1. (2.29)

Then

1T2ll2(m) S T2l () S 1-

~

Moreover, we can use the notation from (2.12), (2.10), and get
91 Ts(g) =
w . . §it1 (B
@) [ K@) - 99w~ FoN O - T i Gras
F oA [ @) - v v ) - v ), 7 @) - 7 )

- Xi(B)(Z (@) — 2 (B))dB

=Termo1 + Terma .
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Here 2/ € VJ U VJ U VJ []T} is the biggest integer less than ﬂ Then from (2.29), we could use

lemma 2.5.3 to bound Term;. Moreover, since j + 1 — [%] > [JT] > 2. We have

1K (VEF ) = vER ), v ) — v

S Clglasa |l fll s +2)-

3,75 @) = VI (8)) (0 = B) oo (25,26 mom)

Then we could use lemma 2.6.1 to bound Terms. O

Then from lemma 2.4.7, (2.22) and (2.23), we have

2(a,v,t) € L=([0,t1], H2(T)) N C°([0, 1], HX(T)) n C*([0, 1], H3(T)). (2.30)

2.5 The uniqueness

In this section we show there exists sufficiently 0 < t5 < t; such that for 0 < ¢t < t5, we have
2(a,0,t) = f(a, t).
Let 2%(a,t) = 2(a, 0,t). From (2.9), we have

[ K(- 8), F(a) — F(8))(8a20(a) — B522(8))dB

+ Ao / K(z 8), F(0) = F(B)) (Pafu(cr) — D5 Fu(B))dB.

Moreover, from (2.2), we have

dfc sl [ K(f (8), f(e) = F(B8)(Dafi(e) = Dp f5(B))d

+ @) / K(f°() - f(8), F(@) — F(8))(Oafu(c) — 95 fu(8))dP.

Then we have the equation for the difference:

d(z,(a, )d fla, 1)) [ K(z B), fla) = F(8)(Dalzh — fo) () — Dp(z0 — f2)(B))dB

+ (o) /_ " (K (2(a) — 2(8). f(a) — F(B)) — K(f(a) — £°(8). F(a) — F(B))
(D fula) + Oafi(r) — Dp fu(B) — D fe(B))dB

= Termy + Terms.
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We first control Terms, we have

Terms = (2.31)
3@ [ 7@ ) - ) - ) - 09 - HE0). )~ )
+(Oafu(0) + 0afi(0) = 0 fu(B) — Dsf;(8))drdp

@) [ [ EGE@ = 190 1) - 2a) - () - L) F) - )

(@) = 2%(a) = (f(B) = 2°(8)(@a fu(a) + Dafii(@) — 85 £ (B) — D5 £5(8))drdp.

Since the component of VK is of —2 type, we have

IVE(f¢(a) = f9(B) = 7(f(a) = 2°(a) = (f°(8) — 2°(B)), F(@) = FBI)(e = B) e (2526 x[—m.m])

(2.32)
S (£ @) 2pmm + 12°(@) o212 + [ F(@) |02 m a) CULFE = T( = 2| are)-
When t = 0, we have 2% = f¢, then
¢ =7(f¢ = 2 are = 1 are S 1. (2.33)

Moreover, we have the following lemma

Lemma 2.5.1. For g,h € CY(T), ||hl|arec < o0, there exists 6 depending on ||h||arc and ||h||cr (1

such that when ||g — hl|cr¢ry <6, [|gllare < 00.

Proof. We have

| cosh(ga(@) — g2(8) + fa(@) — f2(B)) — cosh(ha(a) — ha(B) + fo(a) — f2(B))]
2(6))]

1
< lg2(a) = g2(B) — (ha(a) — ha(B)) /O | sinh((1 —7)(h2(e) — h2(B)) + 7(g2() — g2(8)))|dr

< (a=8)2llg = hlcrmCIhllcrry + llg = hller)-

and

< lg1(@) — 91(B) — —hi(B |/ |sin((1 = 7)(ha(@) = hi(8)) + 7(91(c) — 92(8)))|dr



< (a=8)%lg — bl CIhllcriry + 1lg = hllcrery)-
Since

| cosh(ha(a) — ha(B) + fa(a) — f2(B)) — cos(hi(a) — h1(B) + fila) — f1(B))] > |A]l arcla — BI>.

We have

| cosh(ga () — g2(B) + f2(a) - fz(ﬁ)) —cos(g1(a) — g1(8) + fl(a) - fl(ﬂ))l

> (17l are = llg = Bllcr @ ClIBllcrry + llg = hller ()l — BI.

Then we have the result. O

Since we have 2°(«a,t) € C1([0,t1], H3(T)), f(a,t) € C*([0,t1], H5(T)), then from (2.33), and
lemma 2.5.1, there exists to, satisfying 0 < t5 < t1, such that for 0 < ¢ < to,

¢ =7(F = 2" are S 1.

(2.34)
Then from corollary 2.5.4, (2.31) ,(2.32), and (2.34), we have
ITermal|Za iy < 112° = folIL2(7)-

Then
d [ |2%(a, t) — fS(a, t)|?da
dt ” ) K
o [ (fah) 0, ) (0, 1) — fo(a)da

DR [ (eplent) = frlas)Aa) [ K (20(a) = 20(8), f(a) = F(8))(Da(2) — fi) (@) = 9p(=0 — f5)(8))dBda

p=1,2 —m -7

+ B.1°

where B.T° < [|2%(c, t) = f*(e, t)[|72(_ »)- Then from corollary 2.4.6 when v = 0, conditions (2.25),
(2.22), (2.24), we have

1 s

dt |ZO(Oé,t) - fc(a,t)|2d0é S ||Zo(a7t) - fc(aat)H%Q(T)'

—T
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Moreover, we have 2%(a, 0) = f¢(a,0). Therefore we have

L(a,t) = f¢(a,t). (2.35)

for 0 <t < ts.

Lemma 2.5.2. For G(a,f3) € C*([-26,26] x [—m,]), we have

T G(ay
I [ O a8l 252 5 160 D)lcn-asini-ne):

Proof. We have

Ip~v-/_ G, ) dp|

(a—pB)
™ G(a, B) — G(a, o1
- |/_7r (o (ﬁ;_ﬁ)(a O‘)dﬂ\ T |p.v./_ﬂ 7@_Bd5G(a7a)| S NG, B)ll o ((—26.28)x [—m.m])-

Lemma 2.5.3. For g(a) € L?|—n, 7], G(a, 8) € C*([—26,26] x [—m, 7]), we have

" a) —g(8
1] 6608 2= 8 8t 252 S 16 Do 25260 -nmp ol

Proof. We have

" e 590~ 9(6)
| cta. %285

_ [T G, B) = G, @) -
7/77'r Oé—ﬁ g -7 Oé—ﬁ

=Termy + Terms.

Here

|Termi | r2(—2s26) S |G (e, B)|lor ((—25,25) x [, a 19() | L2 [= 7,77

and

||T€T'm2||L2[—25,26] S ”G(O‘v0‘)”0“([—26,26])”g(O‘)HLQ[—mW]'
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O

Corollary 2.5.4. For g(a) € L?[—m,7],h(a) € C?[—7, 7], G(o, B) € CH([—26,26] x [—m,7]), we

have

0 Gl 9@ =B8N () — h(3))

(o B) dB| r21-25,26) S G (v, B)|lc ((—26,26) x [— 7)) |91 L2 [— 25,261 [| 2] 02 [ =2 7] -
Proof. We can use lemma 2.5.3 and let G(a, 8) = G(a, ) M?ﬁ:ggﬁ). O

2.6 The continuity of z with respect to v

We first show [|z(c,v,t) — 2(o, ¥, t) | H3a) S 17 — ']
For the sake of simplicity, we further shrink the time t; to #; such that for all 0 < ¢t < #;,
v, € [=1,1], 7 € [0,1], we have ||7z(c, 7, t)+(1-7)2(a, 7, 1) —T2(,7,0) = (1=7)z(a,7, 0) || c1 () =

|l 72(a, v, t) + (1 =7)z(a,,t) = f¢(, 0)|| 1 () is sufficiently small. Then from lemma 2.5.1, we have
IT2(0, 7, 8) + (1 = 7)2(e, 7', 1) are < o0.

This is not necessary but helps to simplify our estimate in this section.

Now we estimate the difference, we have

dz(a,7)  dz(a,7)

dt - dt = T(z<a77’t)7'77t) - T(Z(aa7/7t)7’7l7t) (236)
= (T(ele7,0,750) = Tlel 07 0) + ([ @) a0 0,3, ))
=Termy + Terms.
For Terms, we have
(0,7) (), 7. 1) = $<%>aaz<a> (237)
" 5 - d 1+id(B)yt
+ Aa) » K(z(a) = 2(8), f(a) — f(ﬂ))%(m —1)dB04z(a)

+ M) ' K(z(a) = 2(8), f(a) = (8))(9af(a) — 85F(B))ic' (B)tds

—T

=Termo 1 + Termsg o + Termo 3.
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Since z(a,v,t) € L([0,to], H>(T)), we have

HTengJ ||H3(T) S 1.

Moreover,
Termaa = Aa) [ K(sta) = 2(9), f(a) - fipn (5L At LD = Ol 55, o)
Since K is of —1 type, we have

K(:(e) - 2(8), fle) - F(8))(a— ) € C*(1~26,28) [, 7). (25%)

Therefore ||Termas||gs(ry < 1. Moreover, Termy 3 can be bounded in the similar way since

|%‘Zﬂﬂﬁ)| € 03([-24,20] x [—m,7]) and we get
Termas|lgsery S 1.

Then we have

1(05T) (2(c), v, )| 7o) S 1- (2.39)
and
ITermallmscry S v = (2.40)
For T'ermy, we have
Termy = —“ g (:(a,7) - 2(a,7") (2.41)

1+ id(a)yt
aaZ(Oé, ’7) — 8042(aa ’7/)
1+ ic (a)yt

aﬁz(557) — 852(577/)
1+ id ()t

(L+id (B)yt)dB (2.42)
+ M) /_ﬁ (K (2(a,7) = 2(8,7), f(@) = F(B)) = K(2(a,7) = 2(8,7), f(a) = F(8)))

Oaz(a,y') — 9p2(B,7) ; . y
Tridtayt ~ 11ic@)yt T 0af (@) =% f(B)A +ic(B)yt)dp

+ (@) /j K (z(a,7) = 2(8,7), f() = F(B))( —( )

=Termy 1 + Termy o + Termy s. (2.43)
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It is easy to get

||Term1,1||L2(T) + ||Term1,2| L2(T) < lz(a,y) — Z(Oz,’y/)HHS(T). (2.44)

Moreover,

T 1
Terms 5 = Aa) / / VE(r(2(a,7) — 2(8,7) + (- )(z(an ) — 2(8.7)). F(a) — F(B))dr
(2.45)
(o) — 2(8,7) — (2@ ) — 2(B.7))

0u(0y)  052(B.Y) o c y
(o~ Tt + 0af(@) = 0,78 (1 + ic (Bprt)as.

Since the component of VK is of —2 type, we have

wpHVKﬁ@k%w—ZWJH+U—TM4mVW—dﬁwﬁxf@%:ﬂ@ﬂa—mﬂb%wmmupmﬂ)SL

then we have

[Termusllzacry < 12 7) — oy )scry. (2.46)
Now we control d3Term;. For d3Terms 1, we have

3 _dc(a)y 4 _ ’ Y ic(a)y 4—j _ /
o Termy; = T ic’(a)'ytaa(z(aﬁ) z(a,v")) + 1;3 C’l,]aa(l n ic/(a)vt)aa (z(a,y) — z(a, "))

(2.47)

— 3 3
=Termy  p +Termy ;5.

Here || Term? | ol o2y S ll2(e, ) — 2(a, ¥ ) ms(7). For 93Termy , we first introduce several lem-

mas.

Lemma 2.6.1. For g(a) € H'[-m, 7], G(a, B) € C°([—26, 28] x [—m,7]), we have

" g(a) —g(B
1] 6t s) 2= 250 S 1G @ Dloo-ss267< nep ol .
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Proof. We have

[ cen =5
< [1G(@, B) o 26,201 x .71 /_ Wdﬁ
-
< ||G(a,ﬁ)||00([725,25]x[7,m])/_ /0 1§/ (r(a) + (1 — 7)(8))|drd8

S ||G<aaﬁ)”co([726,25]><[77r,7r])||g||H1[fﬂ',7r]-

O

Lemma 2.6.2. For g(a) € H¥(T), G(a, B) € C1([-26,25] x T) N C*([-28,26] x T), for k >0, we

have

() 9(8)

I| GaB)? —5 dB|| mri—2s.20) S (IG (e, Bl o1 ((=26,260x ) + G (v, B)llen ((—26,26)x 7)) 91| 12 (7

Proof. From lemma 2.5.3, when k = 0, we have the L2 norm. Moreover, when k > 1, we have

o [ Glap 2 =2

5
=0 [ Gla.a—p 2 =g =Py
04 7g(c) — 0 Tg(a — )
C; I G(a,a— B)—2 o ds.
-yl ;

For 7 < k — 1, we could use lemma 2.5.3 to get the estimate. For j = k, we could use lemma 2.6.1

to get the estimate. O

Lemma 2.6.3. For k >2, g(a) € H*(T), G(a, B) € C*([—26,25] x T), we have

8’“g(oz) —959(P)
||8k /_WG a— ﬂ dﬁ /_WG o _BB dB||L21-2525)

S G (e, B)llen(-26.201x 1) 9]l 2517

Proof. We have

%l G(a,ﬁ)wdﬁ)_ [ Gl )20 O)é_gﬁg(ﬂ)dﬁ
OF=Jg(a _ak—j a—
Z C/ aJ (a,a — B)) o 7g(a) ﬂ,g g( ﬁ)dﬂ.
1<j<k
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Then for j < k — 1. we could use lemma 2.5.3 to get the estimate. Then for j = k. we could use

lemma 2.6.1 to get the estimate. O

Lemma 2.6.4. For g(a) € H3(T), h(a) € H3(T), G(a, B) € C3([—26,25] x T), we have

s 7 o 51900 = 9(8) hle) — h(3)
e O R

dp) | L21-25,24)

S NG (e, B)les((—26,260x ) 191 13 () || o] 123 (7 -

Proof. We take the derivative and have

3 T Gla,a — 6)9(04) —gla—pB) h(a) — h(a — ﬂ)dﬁ)

- B B
T 972g(a) — 072g(a — B) 822 h(a) — &3 h(a —
— Z / 8&1(G(a,a—6)) ag( ) ﬂa g( B) ( ) ﬂ ( B)dﬁ
Ji+ja+jz=3""T
It .j? <1, j?) <1, then
T 92g(a) — 072g(a — B) 022 h(a) — 022 h(a — B
1] ot (Glaa - oy A= Ceala = D B = O
SN0 (Gla, o = B)) | co(—2s,251x T gl 2 (7 1Bl 27y
S NG (e, B) s (26,260 <) 1911 3 () | Bl 123 (7) -
If jo = 3, then j; = j3 = 0,by lemma 2.5.4, we have
T 92g(a) — 072g(a — B) &2 h(a) — &3 h(a —
1] ot (Glaa - py A=l = D B Z O D) gy
S (G, a = B)ller (25,260 x ) N9l 23 (1) 1Rl 02 (1
S NG (e, B) s (26,260 x ) 191 3 () | Bl 123 (7) -
If jo = 2, then j; =1 or j3 = 1, by lemma 2.6.1, we have
T 972g(a) — 072g(a — B) &2 h(a) — &2 h(a —
1] ot (Glaa - oy A=l = D B Z MO D)
S N0H(G(a, o = B)) || co(—26.260x ) |91 3 (T |02 Rl [ o ()
S G (e, B) s (26,260 <) 191 3 () | Bl 123 (7) -
When j3 = 3 or j3 = 2, it can treated similarly as jo = 3 and jo = 2. O
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Then from lemma 2.6.3 and (2.38), we have

D3Termy 2 = A\(a) /_7r K(z(a,) — z((a = 8,7)), f(a) — f(a—B)) (2.48)

o (2(a,7y) — Z(aﬁ/))) B 33(‘904(2(04 —B7) —z(a=B7)) N +ic (o — B)yt)dB

3
(0 1+ id(a)yt o 1+id(a—p)yt

+ Term:{’,m,
where [|[Term$ 5 [|2(7) < [l2(,y) — z(a,w')”%s(ﬂ. Moreover, we have

Aa) /_7r K(z(a,7) = z((a = 8,7)), fla) = fla - 8)) (2.49)

0o (2(,7) = 2(a, 7)) Bu(2(a = B,7) — 2(a — B,7)) B
14 ic ()t ) = al 1+id (o — Byt )L+ ic' (o = B)yt)dp

@ [ " K(x(7) — 2((a = B,7)), Fla) — Fla— B))

- (9al

(z(a,y) — z(a, ' (2o — — z(a — d
- a (14’1')(;'(@)(7{”) _ Oa(x( 1+Bi,c:/()a—(ﬁ)fyt BN\ 4 i (o — B)rt)as

+ Y o [ " K(2(er) — (@ — B,7)). Fla) — Fla— B)(1 +id (a — B)yt)

0<y<2

14 Ny 1 Al (e ol — B A3 1
(ORI (o(0) = o VO () = 0K el = 7) = 2 = B DY (B

= Termi’,gyM + Term‘;’,zﬁ.
Then from lemma 2.5.3, we have
I Terms o sllrzcr) S ll2(e,7) = 2(e, ) | macr).- (2.50)
For 93Term, 3, we use equation (2.45). Since
IVE (r(2(e,7) = 2(8,7)) + (1 = 7)(2(a,7") = 2(8:7")): fl@) = F(B) (e = B)?lles (2626 x [-mm)) S 1

and

daz(a, ') ;
W + aaf(()é) € H4(T)

from lemma 2.6.4, we have

105 Terma sz < (o) = (Y ) lmacr).- (2.51)
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In conclusion, from (2.44), (2.46), and (2.40), we have

% |z(a,y) — z(a77’)|2da = 2R (2(a,) — 2(a,y'))Termy + Termada

—Tr

Sy =P+ e 7) = () e (-

From (2.47) ,(2.48), (2.49), (2.50), (2.51) and (2.40), we have

d

= | 1030 — (0, Pda

—T

= 2R 93 (2(a, ) — z(a,7")) - 03Termy + 93 Termada

—T

=2R [ 03((a,7) — 2(a,7)) - Termi, , + Term? , \da+ B.1°

= Z 2R 92 (2, ) — zu(a,v’))mﬁé(zu(a,w) —z(a,7))da

s

+ > 2w ! 2 (2, ) — zp(a, YDM@) | K(2(e,7) — 2(a = B,7), f(a) — fla —B))

Oh(alar ) — +(0,7) _ Oh(ala— 5y) — ol — 5,7)) iy
A 1+ i ()t B 1+ id (o — Bt N1 +ic' (e — B)yt)dBda
+ B.T°,

where

|B.T| S ll2(e, ) = 2 W rs ey + 17 =71
Then from corollary 2.4.6, we have

d T
7 | 102((ey) = 2o ) Pda S (e y) = 2l ) sy + 1y =71

Moreover, the initial date ||z(«, ) — 2z(a, 7/)”%13(7’)|t=0 = 0. Therefore we have

|| Z(CY,’)/) - Z(Oé,’y/) |

po— sy S 1. (2.52)

2.7 The differentiability of z with respect to v

Now we show the differentiability. We define a new function w(c,~,t). It satisfies the equation that

g—fy would satisfy if it is differentiable.
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Let w be the solution of the following equation:

dw(a,7,1)

o =T(w) = D, T(2(a,v,t),7,t)[w] + 8,T(a,7,1), (2.53)

with initial value w(e,~,0) = 0. Here D, T (z(c,7,t),7,t)[w] is the Gateaux derivative.

As in the existence of z(«,~,t), we first show the energy estimate. First, from (2.39), we have

10, T)(2(e), 7, )l 37y S 1-

Moreover,

D, T(z(a,7,t),7,t)[w] = m@aw(a,’y)ﬁ— (2.54)
Na) [ K(etan) = 2(8.7), Flav) = Fa (el - LB i3y
#7a) [ VK (sla) = 2(8.2). Fl@) = F(5.2) - (wfa ) = w(B.7)

Ouflom) — 0573 ) + (A0 OBy i (s

1+id(a)yt  14id(B)yt

It has the similar structure as (2.41) and (2.45). The only difference in the first two terms in
(2.41) and (2.54) is that d,w(a,v) takes the place of % In (2.45), and the third term of

(2.41), w(a, ) takes the place of %ﬁaﬂ and fol VK (r(z(a,y) — 2(8,7)) + 1 — 1) (2(e,y) —

2(8,7")), f(a) — f(B))dr is replaced by VK (z(a,7y) — 2(8,7)). Therefore we could use the similar

estimate and have

d

As in the existence of z(«, v, t), we could do the similar energy estimate to the approximation of the

equation

WHGD — Fw) = g # (DT ({0707, # 07]) + 0% (BT (07,0, (255)

with initial value w™(«,v,0) = 0. Then from the Picard theorem and compactness argument, there

exists 0 < tg < t1, such that

w(a,vy,t) :/o T(w(a,%T))dT,
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and

lw(e, v, )| Lo (0,651,223 (7)) S 1 (2.56)

We claim there is an uniform ¢3 holds for all v € [—1, 1]. Moreover, we have the following lemma

Lemma 2.7.1. For any g(a),h(a) € HITY(T), j < 2, we have

1T (g(), v, )l ms () S 1. (2.57)
||T(g(a)v’77t) - T(h(a)ﬂ’%t)”Hj(T) 5 Hg(a) - h(a)||Hj+1(T)~ (258)
lim [T(g(),7,t) = T(g(), 7, ) iy = 0. (2.59)

t—t’
Proof. Tt is easy to get these bounds since z(c,v,t) € L>([0,to], H2(T)) N C°([0,t0], HA(T)). O

Then we have w(a,v,t) € L>([0,t3], H3(T)) N C°([0,t3], H2(T)) N C*([0,t3), HL(T)).
We claim that we could do the similar argument as in the estimate of ||z(a, ) —2(a,¥')[|z3 (1) S
|y = 9| to get

Jw(e,y) = wle, )z Sy =7l

Then from (2.56), we have
lim w(a,y") = w(a, )| a2 = 0. (2.60)
v =y

Now we show w is the derivative of z with respect of v. Let

t) — "t
Z(O‘af% ) ZEOQPY? )7w(057’)/,t).
Y=

U(aa Vs ’Y/a t) =

From (2.53) and (2.36), we have

do(oy.7'+1) _ T(e(eny,1).7.8) = T, 1), ,1) | Sy Oy, 0, m, D
e =7 =7
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— DT(z(e, 7, 1), 7, ) [w(e, 7, 8)] = (0, T)(2(a, 7, 1), 7, 1)

- FEer D 2 TEOT DD b (., 0,90 (e, . 8)

v
” (0,T)(2(a, ', t),m, t)d
e 7( j LIDN o 1) (s 78)

=Termy + Terms.

We have

1
Terms = m/ (O T)(z(a, ', ), m, t)dn — (05 T)(2(ev, v, 1), 7, t)
e

_ / (04T)(2(0, 7, ),m,8) = (D T)(2(, 7', 1), 7, )
~ y=7

dn + ((0,T)(z(, ', 1), 7,t) = (0, T)(2(, 7, 1), 7, 1))

From (2.37) and (2.52), we have

100, T) (2(. 7', 1), 75 1) = (5 T) (2 (s v, ), v )l L2y S M2 (e v, t) — 2(a, Y )|l 2y S 1y =7l
and
H(anT)(Z(a”y/’t)vnat) - (a’YT)<Z(a7’Ylat)>'77t)HL2(T) S |77 - ,7"

Then

|Terma||r2¢my S Iy — '

Moreover, for Termy, from (2.54), (2.36), (2.41) and (2.45) we have

Tl 1) %2 —TE@Y 020 b (e, 1), 9,6l 1)

v
ic()y
ma ( (06 Y 7))
2@ [ KCetarn) >f<a>f</3>><?aj(§;g;;jf"j(ﬁ;]ﬂ’m(l+z'c'</3>vt>dﬁ
Ao / / VE(r 2(B,7)) + (1 - 1)(2(as7") — 2(8,7)). F(a) — (8))
| (H0) = 2(8.9) = ((y) = 2(8.7)),

v =

Gaz(e,y') _ 952(B,7) ; ; y
(T id(ayt ~ Tric@)yi T 0al(@) =0 f (B +ic (Byyt)drdp

~ @) [ TR (la) = 2(8,7). Flam) = F(5) - (w(0,7) = w(B7)
- (@uf(a) ~ 0:F(5) + ﬁfi«a))w - L+ i Bn0ds
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=Termy1 +Termy o+ Termy 3+ Termy 4.

Here

Termy s+ Termq 4

@) [ [ ()~ 20.) + (0 a0 ) = 237, @) - O ol )

(0uf(e) ~ 05 7(6) + 18+j(c< 1 RO il Bas

@) [T VRt 2390 + (- et 20657 F) - i

VK () — 28,7, @) — FB)] - (wlan) —w(Biy)
(et - PG 0uf(0) = 0231+ i (B0
+ Mo / VE (2(,7) — 2(8,7), F(@) = F(8)) - (wlen) — w(B,7))

f
(Ourlr) | 0ax(5r) | duslar) _ Oael
1+id(a)yt  1+id(B)yt 1 + i (a)yt

B:7)
14 (ﬂ)fyt))dﬁ

=Termy s+ Termy e+ Termq 7.

Since the component of VK is of —2 type, we could use lemma 2.5.3 to bound Term; 5 and have

||Term1’5 ||%2(7-) < v, v, 7/) H%?(T)'

For Term, ¢, we have

H[/O VK (r(2(a,7) = 2(8,7) + (1 = 7)(2(e, ") = 2(8,7)), f(@) = f(B))dr
— VK (2(a,7) = 2(8,7), f(a) = f(8))](a -

S llz(es ) = 2(e,y) s (7).

B)2 | o1 ((—26,8)x [—m,])

Then from lemma 2.5.4, and (2.52), we have

|Termygllczery S v =
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From lemma (2.5.4), we again have

| Terma 7|2

~ ~ 8(){ ) ! 8@ )
S IVE (2(a,7) = (8,7, f(@) = F(B) (@ = B ller -as. x—mmp lwles Dl ez 1 +‘“( - it - 1+jﬁ?gajit|Lz<T>

Szl ) = 2(a )y S 1y =7l
where we use (2.56) and (2.52). Therefore we have

d us
g | e

™

=2R U(@,’Y,’Y/)ﬂaa(v(af% ’y/))da

o 1+ id(a)vt

T ™ - ~ Onv(a, v,y v (B, 7,7 .
w2 [ sla ) [ Kleta) = 2(8.9). o) = FONEE ) - LEETI 1+ ie(By00dsda
+ B.T°.
where

B'To S "Y - ’yl|2 + Hv(a,’}/,’)/)||%2(7’)~

Then by corollary 2.4.6, and the initial value v(a,7,7’,0) = 0, from the Gronwall’s inequality we
have lim./ .~ [[v(e, 7,7, t)| 2(7) = 0 when ¢ < 3.

Form (2.56), and (2.52), we have

H’U(avf)/a’}/at)HH“)’(T) 5 1.

Then from the interpolation theorem, we have

lim [lv(a,v,7",t)lg2(1) = 0.
vy

Then from (2.60), we have

Z(Ot,’}/) € C;([flv 1],H§(T>),

with

%Z(amt) = w(a,”).
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From (2.53), we also have

dd_ _dw_dT(z) _dd_

dtdy" " dt ~ dy dydt

z2(a, 7, 1) € CH([0,11], HE(T)),
(o, 1) € CY([=1, 1), H(T)),

In conclusion we have % € C([0,ts], HA(T)) N CL([0, ts], HL(T))

z(a,0,t) = f(a,t), when 0< ¢ < to.

Then we will show the analyticity in the next section.

2.8 The analyticity

In this section, we want to show f(«,t) is an real analytic function near 0 for each fixed t, 0 < ¢ < 3.

We first show that it is enough to prove

ie(la)t  d d
—_— t) — — t) =0. 2.61
a0~ Aslant) =0 (261

Lemma 2.8.1. If z satisfies (2.61), then f(x) can be analytically extended to Dy = {a+iy| — oo <

a < oo, —c(a)t <y < c(a)t}.

Proof. From the uniqueness (3.166), we have z(«,0,t) = f¢(a,t). Then f¢(a+iy,t) = z(«, c(Z)t7t)

is a extension of f¢(«a,t) on D 4. Moreover, when c¢(a) # 0, we have

A Y (8.2 Y (N e Y yc'(a)
dOé( ( ) C(Oz)tvt)) (aa )( ) C(Oz)f/’t) (a’Y )( ’ C(Oé)t,t)(C(Oé)Qt)
d Y Y 1
diy(z(av C(Oé)t’t)) - (872)(0‘7 c(a)t’t)(c(a)t)'

['hen we have
— fa+iy,t) +i— f(a+ iy, t)
da ¥ dy Y

Y Y Y
= (aaz)(aa C(a)tvt) - (872’)(057 ﬁ’t)(
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Now let =~. Then

Y
cla)t

d d / )
%fc(a +iy,t) +i—f(a+ iy, t) = Oaz(a,y,t) — (c (@)y -t t)&yz(a,'y,t)

.dy cla)  c(a)
= 8az(a’75t) - (w(iaczzit_‘_l)a—yz(a,’y,t)
=0.

Moreover, z(a,¥,t) € C3([—1,1], H3(T)). Then d,f¢, 8, f¢ are continuous. Therefore we have the
analyticity of f¢ near 0. We also have f(«,t) = f(a,t) when |a| < . Then we have the result. [
Let

ic(a)t

Ao(h)(a,v,t) = (m

aa - a’y)h(av e t)

Before we prove Ag(z) = 0, we first introduce some general lemmas.

Lemma 2.8.2. If all the derivatives are well-defined and 0o,0yh(a,y,t) = 0,0ah(c, 7, 1), we have

ic(a)t
1+ id(a)yt

Ooh(a,y) Oa ic(a)t
1+id(a)yt  1+id(a)yt 1 +id (a)yt

( 8a - 87) aa - 8’7)h(a7’7)7

Proof. First, for the right hand side, we have

ic(a) . .
(RHS) — Wa%(a 7) ic(a)t ( —icd" ()t ah(a, ) — DaOyh(a,y)  ic (a)tdah(a, )
1+ id(a)yt 1+ (a)vyt (1 +ic ()yt)? 1+id(a)yt (14 id(a)yt)?
Also
B id (a)t ie(a)tic” (a)yt ic(a)t 25 1
LHS) = T Fetann? ~ Gridlane® oMo+ Tt o)) = Taayy o)
From the two equalities above, we have the result. O]

Lemma 2.8.3. If all the derivatives are well-defined and we have

d ic(a)y
—h=—""1 9, h+T(h
"= Trio(api et + T,
and %%h = %%h, %%h = %%h, %%h @ dah then we have
d ic(a)y -
—A = ———~—0,A Ao(T
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Proof.

d
aAO(}O (047 Vs t)
d ic(a)t ic(a)t d P d b

dt (1 + ic’(a)’yt)a 1 +id (a)yt " dt Tdt

_d, ic(a)t ic(a)t ic(a)v ~

= a1 +ic’(a)'yt)aah+ G (a0 e /(o )’ytaah) T Ao(T(R))

_d, ic(a)t ic(a)t ic(a)y ic(a)t ic(a)y 9
B dt(l + ic’(a)’yt)aah 1 + ic/ (o)t a(l +ic/ (a)y t) of 1+ic(a)yt 14 ic’(a)vtao‘h

Lo, (O g (Y5 k) + AT ()

T +id ()t 1L+id(a)yt 7
_ ic(a)t ic(a)y d ic(a)t ic(a)y
B (1 +ic (a)yt a 1+ ic’(a)’yt) dt(l + ic’(a)’yt) O 1+ z‘c’(a)fyt»&ah
Termq Termso

ic(a)y ic(a)t _
TTic(art T id(ayyon ~ e +Au(T(h)).

Terms
Moreover, we have
d dc(a)t ie(a)y B
dt ( 1+ ic’(a)vt) &,(1 + ic’(a)’yt) =0
Termso
ic(a)t 1c(a)y ic(a)y 1c(a)t
(@), icoyy __icla)y , icle)t

1+ (a)yt 1 +icd (a)yt 1+ i (a)yt 1+ i (a)yt”’

Termq

and
L jci(c(’l()o?)vt G +Z ji’a(i)’yt Oa = 05)0ah
1 jci(cc’y()g)vta“(‘(lz (;(f(z)vta“ —0h) =g jci(c?()oj)yta“(l +Z jg)g)yt Oah.

Therefore

@AO( N y:t) = 1jj(:()g)qtaa(ﬁjjgg)w%av)hHAo(T(h)) m(cg”)a Ao(h)+Ao(T(R)).
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Lemma 2.8.4. Let K be meromorphic. 9,X (av,7), 0, X (a,y) are well-defined and in CO|—m, x],
dah(a,v) and d,h(a, ) are well-defined vector functions with components in C2[—n,x|. If for fized
«a, there is mo singular point in the integrals below and c(m) = c¢(—7) = 0, c(a) € W, then we
have

Ao(/_ K (h(c, ) — h(B,7)) X (B,7)(1 + id (B)yt)dp) =

[ VE (h(a,7) = h(B,7)) - (Ao(h)(a,7,) = Ao(h)(B,7, 1)) X (8,7) (1 +ic (B)yt)dpB

+ [ Rhlai) = h(5.7) 40X (8,7) (1 + i (B3

= Dh(/_ K(h(a,) = h(8,7))X (8,7) (1 +ic (B)yt)dB)[Ao ()]

+ [ " R (h(@) = (8.7 1) Ao(X) (B, ) (1 + ic' (B)yt)d.

Here Dy, is the Gateaux derivative.

Proof. We have

a+m
Ao( [ R(blar) = hla = ) X(a = B.3)(1+ ic (o~ H)r1)dB) =

e (R (h(a3) = Bm ) X (om, )1+ i (=m)3t) = K (hes2) = ) X (m2)(1+ i€ (m)70)

atm ic(a ic(a
# [T IR ba) ~ b= ) (a0 = 0)h(a7) ~ (a0~ 0,)h(a — 57,0)

X(a—B,7) (1 +ic (a = B)yt)dp

Termso
atm ic(a)t .
[ Rh(00) = hla = B 70— )X (@ = A1+ i (o = B0y
Terms
+ /0‘+Tf K(h(a,v) —h(a—B,y) X (a — B )(Mic”(a — Byt —ic (o — B)t)dp
o » Y Y )Y 1+’LCI((X)’Yt Y
Termy

=Terml+

ic(la— B)t

m&x - 87)h(04 - B,7,1))

T icla
w [ VR (@) = hla = 5.) (0~ () ~

Terma

X(a—B,7)(1 +ic (a = B)yt)dp

Terma
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+ /:jr VE (ha,y) —hla = 5,7)) (5 fji?;;_ﬁ)ﬁtm " - _:ji?g)vtﬁa)h(a )
Ton
X(a—B,7)(1 +id (a — B)yt)dB
Ton
- + K(h(a,7) — hla — 8, w)(%aa )X (- 81+ i (a — Byt)da
Ten
# [T R0 o= g, - I X - B0) 1+ i~ Bt
Temn

ot ic(a
+ [ R = ba - )X (a8 w(mi,();wz'c"(a Byt —id(a - BB

Termy

= Termq 4+ Termso + Terma o + Terms 1 + Termgo + Termy.
Moreover,

Termo o +Termg o+ Termy =

ic(a)t

W(l + ic'(a — B)yt)))dp

a+m
= [ LR bam) o = B X(a — By)licla — B)t -

= R(h(a,7) ~ hom2) X (-m)e-m)t = e (1 i ()10
= R(h(0,7) = hr )X (7, elm)t = 1o (Ui (m)30)

We use the condition that ¢(—7) = ¢(m) = 0 and we could get the Termy + Termg o + Terms o +

Term4 = 0. Then we have the result. O

Now we use lemma 2.8.2, 2.8.3, 2.8.4, to show the result. From (2.8), we have

dzu(a v,t) _ de(e)y
1 4dd (a)yt

Oazu(0,y,t)+

aazu(aa Y, t) _ 6ﬂzlt(ﬂa s t)
1+id(a)yt  14id(B)yt

— 2B, 1) + flad 1) = F(BS, D) )(L+ic (B)yt)dp

/ K(2
A O"y)[ K(Z(O‘ar%t) - 2(57770 + f(afyat) - f( fyat))((aaf#)(afy?t) - (aﬁf/t)(ﬂfyat))(l + iCl(ﬂ)’yt)dﬂ.
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Since we have Ag(A(af)) =0, from lemma 2.8.3, we get
dAo(z,)  dcla)y
dt - 1 +icz(a)7t8aA0(zu)(a7’Yat)
+ )\(aty)Ao(/ K(2(a,7,) = 2(8,7, 1) + f(al, ) = f(BL,1))

aazp,(a7 v t) . aﬁzu (Ba 7> t)
1+id(a)yt  1+id(B)yt

+ (Dafu) (@4, t) = (9p.£u) (85, ) (1 + i (B)71)dB).

Let
hla) = (elav120) + Fla 0, G 1 0,0l
K(h(a, ) = h(B,7)) = K(h1(a,y) = ha (B, 7) (ha (e, 7) = h2(B,7)),
and

X(a,7) = 1.
then by lemma 2.8.4 and lemma 2.8.2 and Ao((dafy) (1)) =0, and Ag(f.(at,t)) =0, we have

dAo(z) _icla)y
dt 1+ ic (a)y

@) [ R o(00) = 25,720 + ol ) = F(8 )

taaAO(Z/L)(av Y t)

00 Ao (ZH)(O[, Y, t) . aﬁAO(ZH)(B7 s t)
1+ic (a)yt 1+ac (B)yt

)
(L +ic (B)yt)dp

+ )‘(af/) /:r VK(Z(O[,’}/,t) - Z(Baf}/at) + f(ogyvt) - f(ﬂfiwt)) ’ (AO(Z)(O"’th) - AO(Z)(ﬂa'% t))
6‘azu(a,’y,t) B 55%(@%”

st~ Tt Oafu)(0h, ) = @5 LB, 0)(1 + i (Byr1)d8

=Termi + Terms + Terms.

Since
IVE (2(r, 7, t) — 2(8,7,t) + flak, t) = F(B, 1)) (@ = B)? o1 ((—2826)x o]y S L

H aazu(a7 s t)

aa , ! t - —T,T S 17
1+ ic/(a)yt T Qa5 Olloz(-25.20x-ma) S

by lemma 2.5.4, we have

[Terms|r2cm) < 1 Ao(2)||L2()-
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Then by corollary 2.4.6, we have

d
Aoy S 1 40(2) 227

Moreover when t = 0, Ag(z) = —0y2(c,7,0) = =0, f(c,0) = 0. Therefore Ag(z) =0, when t < t5.
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Chapter 3

The degenerated regularity near

the turnover points

3.1 Notation

In this chapter we use the following notation:
Z1(t), Z5(t): They are values of « of the turnover points.
6: a sufficiently small number.

A@): A(a) >0 and in C19°(—o0, o0), satisfying

1 o <4,
AMa) =

0 |al > 26.

d0.: sufficiently small number depending on §.

c(a):

c(a) = §.a?, when a < %

{ supp c(a) C [0, 3]
c(a) € C1([0, 00]) N CH1 ([—00, 0]), [le(@) 100 (f0,00))NC11 (—00,00) < O

x(a,t): The new variable such that —7%, 0 be two fixed turnover points.

fla,t) = (fi(a, t), fa(a, t)): the original solution of the Muskat equation.
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fla,t):

7 (o)
60  F<i> ‘
Frlnt) = (Fla,) = 3 e @)1z
FH(a, )

fL(a’t) = f(avt) - f~+(04,t).

AMa): Aa) >0 and in C1%°(—o0, 00), satisfying

1 o] <106,
AMa) =
0 o] > 206,

X;(a,t): functions that are products of 9% fZ (e, t) ,812# 8l(i/x(o¢,t), with I;, 14,17 < 21.

X z(a,t)’ 7 AR
Xi(oz,t): dotot
il t) = O (),
da
with b; < 20.

Da: Dy ={a+iyl0 <a< S|y < cla)t}.

to: the original solution exists when t € [—tg, to].

51: the bound of the C? norm of the solution to control the arc-chord condition.
trr: the Refined R-T holds in [0, trr].

t1: the energy estimate holds in [0, ¢1].

VE: we set
VF@) = (fif (0, 1), 5 (1), 0a fiF (0, 1), 0afs (00 1), o, 5T (00, 1), 06 S (0, 1)),
Vik: we set

fo:(a777 t) = (D_20h1 (OZ, v, t)7 D_20h2(a7 77t)7 ceey D_20+kh1(a= v, t)7 D_2O+kh2(a7’77 t))
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fo“L : we set

Vi) = (fi (1), Jo (e, 1), 0a fi (1), 8o f3 (0, t), ooy D0 fT (e, 1), 05 f5 (0, 1)).

S:
S = {h(@,7,t) = 0, when a < ~7(t) and a > <},
S5,
S5 = {h(e,7,1) = 0, when a < —=7(t) and o > g, sup [|hllcz ()7 S 01}
v,t
Viek,
G,k __ i k

Vel = O (=1, 1], Hy[—m, 7).

U:

U=Vornybrl ny3k=3ngs.

3.2 Discussion of the assumption

Let Z1(t), Z2(t) be values of « of these two turnover points. By this definition of Z;(t), we have
%aaf(Zl(t),t) = 0. Then

(010a f1)(Z1(2),t) + %(t)(@ifl)(Zl(t),t) =0. (3.1)
Moreover,
(0:0a f1)(a,t) = 0a0; f1(a, t)
o [ cos(filent) = 1(5,1) _ (sin(f1 (@ 1) = 1(58.1)))? )
" J_x cosh(faa,t) = fa(B,1)) — cos(fi(a,t) — f1(B,t))  (cosh(fa(a,t) — f2(B,1)) — cos(fi(,t) — f1(B,1)))?

: (aafl(aat))(aafl(o‘at) - aﬁfl(ﬂat))dﬂ

—p U/Tr sin(f1 (e, t) — f1(8,1))(Daf1(a,t) — O f1(B,t)) sinh(fa(e t) — f2(B,1))
- (cosh(fz(a,t) — f2(B,1)) — cos(fi(a,t) — f1(B,1)))?

aaf?(av t>d5

™ sin(fl(a,t) - fl(ﬂ7t))

v 2 1\Q,1).
+p. /_F cosh(fa(a,t) — fa(3, 1)) —cos(fl(a,t)_fl(ﬁ,t))dﬁaaf( t)

We can plug in a = Z;(t) and get

(ataafl)(zl (t)7 t)
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0o f1Z1(t),t) — O f1(B,1)) sinh(fa(Z1(F),t) — f2(B,1))
f2(B:1)) = cos(f1(Z1(t),t) — f1(B,1)))?
fl /33 )

(6,1)) )
cos(f1(Z1(t),t) — (B’t))dﬂaafl(zl(t),t)_

_ . [ sni(Zi(0), 1) — £1(5, 1))
- /4 (cosh(f2(Zy(t
/Tr Sm(fl(Zl(
_x cosh(fa(Z1(t),t) — f2(B,t

Oa f2(Z1(1),t)dB

(
t) -
t) -

),
t),
+ p.v )=

Then from (3.1), we have

; " osin(f1(Z1(t),t) — f1(B,1))(Oaf1(Z1(t),t) — Op f1(B,1)) sinh(f2(Z1(t), ) — f2(B,1))

pe | (cosh(F2(Z1(0). 1) — a(B.6)) — cos(Fu(Zu(0).0) — F2(5, )2 Oa 2 21(1). 1)

dZ,(t)
dt

sin(f1(Z1(t),t) — f1(B,t))
s(

0| SRR R AT R Ph O

ag +

Then our assumption is equivalent to

" osin(f1(Z1(1),t) — f1(8,8))(0af1(Z1(2), ) — 0pf1(B, 1)) sinh(f2(Z1(2), t) — f2(B,1))
p.v /4 (cosh(fo(Z1(t),t) — fa(B,t)) — cos(f1(Z1(t),t) — f1(B,1)))2 9o fo(Z:1(1),t)dB < 0.

(3.2)

The next lemma shows there exists curve(though may not be a solution) satisfying the 3.2.

Lemma 3.2.1. There exists curve (f{(a), f2(a)) with two turnover points satisfying

™ sin(f1(a) — £1(8))(Bafi(e) — A f1(B))(sinh( fo(e) — f2(B))) f2(a)dB
p.0. /_Tr (cosh(fa(a) — f2(B)) — cos(f1(a) — f1(B)))? <0 (3.3)

at both two points ag, ag.

Proof. The f1(a), fo(a) we choose satisfy

@)= <2,
IO

£1(@)] < ¢ when @ € [e,d],

fi() = a, when z € [, U|e, 7],
fa@) = B(2)x € [—ed,

1
inf > — su 1,
acfol, 1]f2( @) 2a€[ I;l]fz( a) =

f2(@) is increasing when o € [—7 + 7, 7™ — 7],

fz(_g) = =3, fa(=c) = —1, falc) = 1’f2(g) -
sup | f2(av)| = 6.
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Oa f1(a) = Oa f1(a1) = 0,

—c<og <oy <c,

] < =, [n| < =
T
a=716"M= 15
] < Jnl.

Now we show (3.3). From now on we take a =, =0, 1.

A

\J

Figure 3.1: A graph of the interface satisfying (3.3).

For 3 € [—¢, c]|, we have

Ip.v. / sin(fi (@) = f1(8))(Baf1(a) = 95f1(B))(sinh(fa(e) = fo(5)))d
—c (cosh(fo(a) = fa(B)) = cos(fi(a) = f1(5)))?
SUPref_cq [ (T)* (e = B)® sup e g [ £3(7) ] — B
infre—c,q [f2(T)* (e = B)*

< 4e'?|c|
< 2

~ )

where we use J, f1(a) = 0, and the following two inequalities

|sinh(fa() — f2(8))] < GQSup|f2||f2(0‘) — f2(B)],
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and

| cosh(fa(a) = f2(B)) — cos(fi(a) = f1(B))] = | cosh(fa(a) — f2(B)) — 1| = %(f2(04) — f2(8)).

When f € [~m+n, Fa]U[~F, —c], wehave m > fi(a) = f1(8) > 0, a fi(a) =05 f1(B) = 0-0sf1(B) <
0, sinh(fa(a) — f2(8)) > 0, hence corresponding integral is negative.
For [c, 5] U [%7‘(77{ — 7], similarly we have —m < fi(a) — f1(8) < 0, duf1(a) — D f1(B) = 0 —
0sf1(B) < 0, sinh(f2(a) — f2(8)) < 0, hence corresponding integral is still negative.
1

For [—37,—ix] U[i7, 7], we still have the negative sign and moreover

sin(fy(0) ~ 1(8))(9ufi(@) ~ 031(8)) (sinh(fo() ~ ()8 _ sn(F)Lsinb()

| (cosh(Fo(e0) — £2(3)) — cos(fr(e) —~ F2(A)))? T +eosniz)? O
Here we use %ﬂ' > fi(a) = f1(B) > %77 and |fa(a) — f2(B)| > 1, sup | f2| < 6.
For [—m,—m + 7], [r — n, 7], we have
ip /_”+" sin(f1 () — f1(8))(9af1(a) — 9pf1(8))(sinh(f>(ar) — fz(ﬂ)))dﬁ‘
- (cosh(fa(a) = f2(B)) — cos(fi(a) — f1(B)))?
62*6
T (cos )2
Here we use
Sr > fue) — A(B) > 4.

and

[cosh(fz(a) — f2(B)) — cos(fi(a) — f1(B))| = [cos(fi(a) — f1(B)) — 1.
Then let 1 and ¢ be sufficiently small, and we can get the result. O

3.3 Fix the turnover points

Without loss of generality, we set Z,(0) =0, Z2(0) = — 3.

We now change the variable so that the turning points happen at 0 and 5 for all the time. Let

xmﬁza—mmm@m+g—2¢»+zw. (3.5)
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Due to the smallness of Z;(t) and Z5(t) — § when ¢ is sufficiently small, x(-,t) is a diffeomorphism

from R — R and T — T. Let f(a,t) = f(z(a,t),t). Then we have

df,(a,t)  df, Ll o c o Oafulont)  Oafu(Bt), dz(B,
Uulel) e oyl + [ Ki(an) - 7(6.0) el )  Qalul B0 A0,
do - da d
’ (3.6)
with
00 fi(0.4) = 0. Oufi(=F.8) = 0.
3.4 Localization
Next we separate f and let
f=rt+7* (3.7)
Here
- . 60 Fei> 0) .
fHa,t) = (fla,t) — Z ! i!( >al))\(a)1a20, (3.8)

=1

where A(a) > 0 and in C1%°(—o0, o), satisfying

1 |af <4,
M) =

0 |al > 26.

We will focus on f+ and study the behavior when v > 0. Then « < 0 part can be done by the same
way letting ¢ go to the other direction. Notice that from the condition in Theorem ?7?, it is now in

C%%(—00,00). Then we have

Pt Ft dx(a,t)
df, (a,t)  df, dulat)
i T da (O"t)(%im) (3.9)
Termy
7L ;L dz(a,t)
df, (a,t) df, y
- = dt + dZ (Oé,t)( %C(E’t))
Termo
" f f r r Ou ~L+ , 0 P , d ,
+/ K(f(@,t) = F7(8:1) + (e 1) = F4(8.D)( {:;(a&o; 28 ﬂJ;Z(B(,tB) t))( xgg t))dﬁ

Terms
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- R ~ ~ ~ ~ L ~ L
+ [ EE@n — 60+ P - et - Pl B0 @B
T T do T dg

Termy

=Term; +Termso + Terms+

+/_” /0 VE(fT(a,t) = CfH (B, 1) + fE(a,t) — FL(B, 1) - (T (a,t) — FT(B,1))

Termay 1

~ I ~ L
aa ) a ) d ?
(ol ) Ol 0y A0 acas

da dg

Termy,

" i Doy () Dsfu(B.1), dx(B.1)
+ / K(FHot) = FH3.0) (P~ — a8

- “da —dB

Termy, s

where we separate the last term into the part depending on f T and the other part.

3.4.1 Take the derivative
We take 20th derivative and get

F +(20)

dfp, dz(a,t)

dt (o1 - f#+(21)(a)( dzétz,t) )
da
- +(21) - +(21)
" rs rs r3 r3 ) ) d )
+ [ K@D - a0+ e - e dwéa,(j‘ 0 _ L dxégﬁf D)0
+ Z Ol + Tfized(a)
~ dz(a,t) Tr B - B ~
~ 5 Gy + mmpe [ EE @) - 60+ e - e
T da T da -
- ~ +(20)
—po [ K@) - P30+ o) - 74, t))(df“diﬂ(ﬁ’“)dﬂ
+ Z OZ + Tfiwed(a)
Here Tizeq(a) comes from Terms + Termy . We have
s L ;L dx(a,t)
d d —_—
Tyiveale) = 020 (- e t08 D Car (3.10)

da
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<L ~ L
T = = Oa , 0 , dx(p,
+ [ RGHa - ot - Bl B0 D45
- do dB

and it depends on fX but not f*. The O’ terms are the terms with at most 20th derivative hit on

.

Before we show the explicit form of O, we introduce some notations. Let

VE(@) = (fif (e, t), i (1), 8afi (1), 8o f (@), oo, O JiF (e, 1), D0 S (1)), (3.11)

Vi (@) = (ff (1), f3 (@, 1), 0afl (1), Do f3 (st), ooy DL FT (o, 1), DL 5 (e, 1)). (3.12)

When we write X;(a,t), we mean

1

i\ = 85; FL a, i 82
Xilat) = (@) @

o d
)% (ki %x(a,t))w (3.13)

with 1;, 15,1 <21, ¢y, &}, ¢ € {0,1}. Vx (e, t) is the vector with all component of X;(a,t).

When we write X;(a,t), we mean

dz(a,t)
v __ ab; dt
Xi(at) = 00 (=), (3.14)
do
‘We have
X;(a,t), Xi(o, t), fE(a, t) € CH([0, L], C%¥ (=00, 0)) (3.15)

and they can be analytically extended to the set {a +iy|0 < a < g}
We claim that we can write other terms as following five types, by separating the highest order

. . . . Z 171
term in the derivative. When we write 3, O°, we always mean > ;.5 >, 0"

ot = [ KL V(@) - v1o(s), Vil () = VEL(B), V(@) = Vx (8) Xur(B) (00 [ (a t) — 08 £ (8,1))dB.

—T
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0" = /_ " KV (@) - VIO(8), VEi(a) = VEL(B), Vx (@) = Vx (8)Xir (B)03 [, (@) (05 [ (. t) — 86! [ (B, 1))dB.
0 = [ TRV a) - VIO(8), VEi (o) = VE(B), Vx (@) = Vx (8) X (8)00: f,f (or,t)dP.
0&i=(/?té K (CV(a) = VI(B), VE (@) = VEL(B), Vx () — Vx (8)) X (B)CH (90! fif (ev,t) — 08 FiF (8,1))dCdB.

0% = 0% fF () X;(a)
with 0 < b; < 20, s; < 10. Here we have K?, K? are the kernels of the form

sin(fi (e t) = fi7 (8,8) + FL(a,t) = FE(B, )™ cos(f (1) = FiF(B,1) + fl (e t) = FL(B, )™

x sinh(f; (1) = £ (B,4) + i (o t) = fF(8,))™ cosh(f5 () = fif (B,1) + fi (o, t) = F(B, )™
X T02, (007 fiF (o t) = 007 T (B, 8)] X T2, (039 ff (e, ) — 0302 f (B, 1))

XTI (0002 FE (a, t) — 0302 FE(B, )] XTI (000 F (0, 1) — 000+ (8, 1)]

X H;»nzgl [Xi,5(a) — X5 ;(8)]

X (COSh(f;(aat) - f;(ﬁvt) + f2L(Oévt) - fQL(Bat)) - COS(ff(OQt) - f;r(ﬁat) + ff(()@t) - f;r(ﬁat)))imo'

with 1 S )\j,la Aj72 S 10, 1 S )‘j,37>‘j,4 S 21, and for all Kg,

my 4+ ms + ms + mg + m7 + mg + mg — 2mg > —1, (3.16)

for all f(}),

my +m3 + ms + me +my + mg +mg — 2mgy > 0. (3.17)
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O1,i, O2; and O3 ; come from T'erms. There are three terms because T'erms can be written as

” ; o+ ;+
K(f(at) = F7(8.0) + f(ant) - fL(B,t))(aaﬁ’;(aEg’t) - a‘”{{;(ﬁf’w)(dw;ﬂﬁ’ s
- T da T dB
= | K at) = JHB.0 + T 0t) = FHB.0) @l (0.0) = dufi” (8.0))dB
T dz(B,t)
+ [ Kt = FHB.0 + [Het) = FHB0) (G — D0afy (a,t)dB,
- da

O%' comes from Termay,.

05" comes from Term;.

Notice that O%? can be written as a product of O type times 63];: with s; < 10. And for

each ¢ in the inner integral, O*? is similar as O1; except that we change V'°(a) to (V1°(a) and

times (%. These two terms will behave similarly as Oy ;.

3.4.2 Change the contour

Let ¢(«) satisfy

c(a) = §.a?, when a < 3%

{ supp ¢(«a) C [0, %]
c(a) € CM°([0,00]) N CH! ([—00,09)), [le(@)]l 100 (j0,00])NE 1 (—00,00) < O

Then we assume that f(7 t) can be extended to an analytic function in the region Dy = {a+1iyl0 <

a < S, |yl < c(a)t}. We remark that fE(a,t), z(a,t) can be analytically extended to the region D4

without any assumption.

With this assumption we change the contour. From now on ,we will omit the dependency of t in

f for the simplicity. Let a! , = a + ic(a)yt. For —1 < v < 1, we have
7,0 8

dfif®(ato) _dfi®Vly) 1 Oy
dt = da : 1+id (o)t (icfa)y + 807(0&*’0)—'—
1 g ~ ~ ~ ~
mpﬂ K(JH(CVEY,O) - Zfy,o) + fL(O‘fy,o) — fy,o))xl(ﬁfy,o)(l + ic' (B)yt)dp)
do Y, -
T : - ; dfii*(8.0)
—pv [ K(f+(04t7,0) - f+(»3i,o) + fL(Oérty,o) - 3,0))T%dﬁ

+ Z Ol + Tfmed(afy’o).

K2
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Aty | A el g)

pEe e into two terms. There is in fact

The "p.v.” shows up because we write

no singularity, and then we could change the contour safely. Now O? becomes

oh' = Kci»(vlo(atq,o) - Vlo( '2;,0)7 V)?Ll (042,,0) - Vfng( 3,0)7 VX(O‘tq,o) - VX(BE/,O))Xi’ (Bt,o)

—T

(98 FF)(ad 0) = (98 FF) (B o)) (1 + i (B)yt)dB.

0% = Ké(vlo(aty,o) - Vlo( z,o)a V]?Ll (afy,O) - Vfng( fy,O)? Vx (aty,o) - Vx (5»ty,0))Xi’ (53,0)

—T

(03 1) o) (08 F) (e, 0) = (08 FI)(B, ) (1 + i (Byyt)ds.

0> = f(é(vlo(aiy,o) - Vlo( ;,0)7 VfZLl (043,0) - VfQLl( 'ty,O)? Vx (OKE,,O) - Vx (ﬁi,o))Xi' (ﬂi,o)

—T

(0 ) (@h 0) (1 + i (B)yt)dB.

™ 1
0t = [ [ KUV (0l 0) = VI8, VA (0h0) = V(B 0). Vi (0h0) = Vic(840)

Xir(B5,0)C4 (90 F.1)(e 0) = (90 £7)(85,0))dC (1 + i (B)yt)dB.

O™ = 5 [ (o, 0) Xi(ad o)

3.5 The modified equation

3.5.1 Change the variable again

Here the coefficient before % f +(20) (afyyo) may not vanish at zero. We again change variable in order
to make it vanish at zero, which is crucial for us in the energy estimate after perturbation. We have

1 . atI t 1

1 + iCl(Oé)’yf (ZC(O[)’}/ + @(Q%O) + dx t

%(a'y,O)
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- pa. /_ ' K(f* (ol o) = FH(BL o)+ FE(eh o) — FH(BL o)) (B o) (1 + ic (B)vt)dB)

1 8tx t 1
Zm( c(a )7+ﬂ( v0) T %(ago)
o [ Rl o) = FH(8,0) + 20t 0) = P800 (8, 0)(1 + i (810003
Oy 1 T i+ FL At \\ ./ ( at .y
—@(0)— jﬁ(O)pv/ K(f7(0) = fif (BL o) + F2(0) — f2(BL))2'(BL) (1 + ic (B)yt)dB
8t1' r3 /
o0 e [ KGO~ F )+ 10 e 8)48)

Here we use the analyticity assumption of f* and the property of c(a). Since c(a) = d.a2, we could

change the contour in the last step. We have the following lemma

Lemma 3.5.1. For sufficiently small t, the inequality below is true:

8t1‘

(O dx(B,t)
O

g5 B0 (0.1) <o.

0.6) + d<10t> / K 0.) = FH(8.0) + F(0.1) — FH(8.1))

(3.18)

Proof. From (1.6), we have

(ddZtl( ) +pv /_ K(f(Z.(t),t) — f(B,1))dB) (D2 f1)(Z1(t), 1) < 0.
(3.5) gives:
dx(0,t)  dZi(t)
. dt
and
dxilz, t) =1— cos(a)(Za(t) — g — Z1(t)) > 0,

when ¢ is sufficiently small. Moreover, we can change the variable and get

po. [ " K(H(Z(0).1) — £(B,1))dB

dx (B, t)
g

—pv/_ K(FF(0,1) = F*(8.1) + FX(0.8) — FE(B.1)) dp.

We also have

2z

02 f1(at) =(351’1)(56(04»15),t)(;%)z(avt)+(5‘xf1)(x(a, £),t)(552 (@ 0)-
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Then at a = 0, we get

(@212)(0,0) = @2F)(Z:(0), O 1) (00,0) + (0F1)(Z1(0),6) g (1)

= (@21) (1,1 (5001, 0),

where we use the fact that Z;(t) is a turnover point. By definition of fr, fX in (3.7), we get
92 fL(0,t) = 2 £1(0,t). Therefore, we have

Oy T - - - - - .
o004 gy [ K00 = P+ 00 - e TR sk o
(P 2 o
= g U O pe [ KU~ GO 0O.0 s
<0,

when t is sufficiently small. O

Without loss of generality, we assume

2 fLo,t) > 0. (3.19)

We claim if 92 f(0,t) < 0, we could let the time go backward for a > 0 and let the time go forward

when «a < 0 and the same proof follows. Then

(g + gy | KO =50+ P10 = 7o) g7 am <o
Hence there exists 7(¢) > 0 with 7/(¢) > 0,7(0) = 0 such that
_7_/ — + rL L (6)
(v * g [ KGO FE @)+ 0 ) s
Therefore
afi ™ (0h,)
dt
_df (el ) 1 o, 1
doa [1 + iC’(a)’yt( clay + ﬂ( 0) (gi(ag,o))

v /_W K(f*(a o) = FT(BLo) + FH(ad o) = FH(BL.0) (B o) (1 + ¢ (B)yt)dB
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-2 (0)- g;@)p.v. RGO = T30+ 720) = B (800 + ¢ (B1100d5)]

dfu % (o 0) 1 /
+ da : 1+ id(a)yt H(=T()

L 3 ) i JFHE0)
oo [ K 0) ~ P @)+ 70t )~ ) g

+ Z Oz + Tfimed(afy’o)~

Then we change variable again. Let of, = a + 7(t) + ic(a + 7(t))yt. Since

aff* ety 1 oy k) AR (k) il ()t (1)
do 1+id (a)yt (=) = do =)+ do 1+ ic (o)t
We get
dfy ™ (o)
dt
27+
e e S
T _ +(20) / ot
—pa [ RG@) = ) + et - oy LB
+ Z ok + Tfi:ced(afy)
where
1 . ., O o
By(a,7,t) = (ic(o + 7(t))y +ic (04+T(t))7tT()+ﬁ( 5)

1+ac (o + 7(t))t
P S / K(f*(al) - FH(8) + fH(al) - FH(BL)

(% (ah))
dx (! ) , o de(B
Has = 200 e RGO - G5+ 0 - o) as)
And other terms become
/ Ki(V1(al) - VIO(81), V3 (al) — VE(8), Vx (ah) — Vi (8)) X (1)

(B8 F5) () = (@2 F(BY)) (L + i (B + (1)) yt)dB.
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0% = / Ko(V10(al) = VIO(BL), VEL(ah) = VEL(BL), Vix (o) — Vix (85)) Xir (B5)

(92 i) @) (9% £ (ah) = (9 DB (L + i (8 + (1)) d.

0% = [ Ki(V'°(ad,) ~ VI*(BL), VL (ah) — VEL(8), Vx (o) — Vi (B4)) Xu (8

—T

(0% ;1) () (1 +ic (B + 7(t))yt)d.

T 1
0t = [ [ KevI(at) — CVIO(8), Vi ad) = VAL (Bh0). V(o) = Vi (3)

Xor (BL)CT (95 fh) () — (0% F)(BL)dC(L +ic (B + 7(t))yt)dB.

P ghi f ;
0> = 93 f.f (o) Xi(al)

3.5.2 Times a cut off function

Now we want to make sure the solution of our new equation is supported in a small region to focus

on the local behavior. Let A defined on the union of a real line and a disk Ds = {|a +iy| < d}. On

the real line, let \ € C19%(—00, 00) satisfying

supp A C [—208,205], A = 1 when z € [—104,104]. (3.20)

On the disk A = 1. Therefore we have A\ = A, and then

NS (ayt) = 04 f* ().

d‘f:br(zo) (at )
dt
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_ a7V (ad)Mat)

dt
=K (@) (1 + i (o m()70) 7P (o) + M) 5 (7 ah)
Sty D)
=Aad) =———"Bj(e,7,1)
i +(20) / ot
~Mabypa [ K(FHd) = Fr() + ol - fL(Bt))Wdﬁ

Mo

Z OZ + )\ szwed( )

= M) My (fHC) = Xad ) M (f1C0) + ZA YO (FHP0) + Mol ) Trizeala)
Here we use the fact that the support of X and f* is empty.

3.5.3 Modify the terms to preserve the behavior near o = —7(¢)

In order to preserve the good behavior near & = —7(t) , we need to do further changes to Ms and
O;.

We do not change M; and let

Fir®0at)

ME(FHE0) = My (FHe0) = 2

Bji(a,7,1). (3.21)

For My, we separate the integral into the "near —7(¢) part” and the ”far away from —7(t)” part

and do integration by parts. We have
afir ™" (8)
dp

_ 2okt Pt ot Pt FL ot L gt F+(20) ( gt +(20) ¢
—po. / L KU = @) + Fad) = eI E) ~ £ )

+ [ TOR(ah) - FRB) + k) — FHEL)
2a+7(t)

M(FH) = o [ R al) - FHBY) + FEat) - FHBY) a3

i)
= K(fT(ah) = FHr(Qa+7)") + F(ad) — FE((2a + 7)) (ST (20 + 7(1)),) — £,/ (ah))
— K(fT(al) = f7(0) + fE(ab) = L) (- 720 ()
2a+7(t) d B B 5 B
—po. / —(K(fF(ad) = FHB) + fE () — FEBI(FFEO(BL) — £ (ad))dp

—r@y A8
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—K(ft(el) = [T (@a+7@):) + [ (al) — FE(2a+ 7)) FF 0 (20 + 7(1)!)
/" (K (fr(at) = FH(BL) + FE(at) — FE(BL))
2a-+7(t) L+id (B +7(t)vt

FEEOB) (A +ic (B + m(t)rt)dp
=Termy + Termg + Termg + Termy + Terms.
We further do the change to the Terms. We change the contour from the curve to a vertical line and

a horizontal line starting from 2« + 7(¢). Here 1+ ic’(2a + 7(¢))nt in the denominator of Terms o

coming from 1+ ¢/ (8 + 7)yt by changing 8 to 2« + 7(t) and v to 7.

~ d fHiat) — f i FLiat) — fL(3t et (f) ~
Term5:/ dﬂ(K(f+( ) = 7B & 7(0) = B gt ()fj(m)((?a+T(t))fy)ic(2a+27'(t))td77
0

14 icd (20 + 27(t))nt

T d ~ ~ } ) i
- R = )+ )~ PN

=Terms,1 + Termso.

Here after change the contour, we change the f+20(3!) to f+20(gf) = f+9(8 + 7(¢)) when
B > 2o+ 7(t) in the integral. Notice that the f+(20(8 + 7(¢)) is known and well-defined even
without the analyticity assumption. In the latter section, we change f (afy) to an unknown solution

h(a,v,t), and all f+(20) (8 4 7(t)) will be kept same. In conclusion, let
M35 = Termy + Termg + Termg + Termy + Terms 1 + Terms o. (3.22)

For O, we change it in the following way. First we separate the terms in the bracket (9% f; )(al)—

(0 fj)(ﬁz)) and use the fact that f+ =0 when a < —7(t). We then have

0% =pa. [ KL(V'°(ah) — VIO(8L), V2L (ah) — VEL(BL). Vir(ah) — Vi (84)) X (8)

—T

(08 f) () (1 +ic (B + 7(t))yt)dB
—pv. j u Ky(V'(ak) = VIO(BL), VAL (al) = VAL(BL), Vi (ah) — Vi (85)) Xur(85)
@5 f)(BL) (1 +ic (B + 7(t))vt)dB

=Termi + Terms.

We do not change the first term (like in M7). For the term 2 we separate the integral into the "near
—7(t) part” and the "far away from —7(t)” part like in M. But we do not do the integration by

parts and change the contour directly. Because this term has less singularity than M,. Here we
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have

s

Ko (VI%(ah) = VIU(BY), VEL(0f) = VEL(BY), V(o) — Vi (B5)) Xir (B7)

Terms = — p.v.
—7(t)

(0% FVBY (1 +id (B+7(t)yt)dp
2a+7(t)
= —p'v/ Ko (VP(ad) = VI(BY), VA (o)) = VEL(BY), Vx (af) — Vx (85))Xir(5Y)

—7(t)
0% F (B (L +ic (B + T(t)yt)dB
/ Ko (V1al) = VI>(2a + (1)), VEL(ah) = VEL((2a+ 7(1))7), Vi () = Vi ((2a + 7(1))7)

Xir((2a+7(0);) (95 F.1) (20 + 7(t))}) (ie(20 + 27 (1)) )dn

- / KLV (ak) — VIO(85), VAL (0}) — VEL(BY). Vi (o) — Vi (85) X (5Y)

a+7(t)
(0% £.5)(85)ds

=Termyo 1 + Termg o + Terms 3.

Hence we let

olhe = Termy +Termao 1 + Termsg o 4+ Terma 3. (3.23)

For the O% terms, notice that it is a O type terms times an extra factor 95 fj we do the same
change as O'' and do not change the factor B;;fj For the type O%%¢, for any fixed ¢ in the

integral, it is O type term except there is coefficient (. We do the same change for each fixed .

We do not change O%%(like M;(h)) and O®% and let

OB,i,c — OS,i O5,i,c — 05,1'
s .

In conclusion, we have

d+(20 t ~
e O _ S(at s (F+ ) - At 157 )+ 3o MabORT ) + M Trisale)

We claim M = MY, My = MY, O; = Of with the analyticity assumption on f+(29 They are same

on v = 0 even without the analyticity condition.
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3.5.4 Conclusion: the modified equation 7" in the complex plane

We first let er(ZO)(ozfy) = h(a, A\, t) and write the equation in h. The first step is to get the lower
order derivative of f* from h. Here we use the property that up to 59 order of derivative of f+ at

—7(t) is 0. We claim that for all 0 <14 < 20,
FrO(at) = D= () .1,
where

D~ Dh(a,7,1)

{ Jo @ +id (ar + 7)) .. [5 (L +id (o + 7(8)yt)h(ai, v, daiday—y..day —7(t) <a<w

0 - < a<—(7(t))

Then we have the equation for h by changing the corresponding f“‘(i)(ag) to D=0~ (h)(a, v, t)

whenever y # 0. We will keep f* if v = 0 (on the real line). When a > —7(t), we have

= T(h) (3.24)

Il
N
Q
.
S~—
=
=
S~—
\
N

(ad)M5(h) + X)) Z OV (h) + X)) Tfizea(ad).

From (3.21),

dh#(av ’Vv t)

Mi(h) = 28

BD_2O(h) (Ol,’y,t), (325)

with

1 . . / 615'7; t
T+ ic(a+ @) (ic(a + 7(t))y +ic (o + 7(t))ytr'(t) + @(0‘7)

Bp—20py(a,7,t) = |

+ (df(lat)) - p.v. ) K(D—20(h)(a,’y,t) _ D_Qo(h)(ﬁ,%t) + fL(Oé?Y) . fL(ﬁ,ty))
da \7Y -
dmcgg'y)dﬂ - %(0) - gzl(o)p.v : K(szo(h)(fT(t),fy,t) _ DiQO(h)(ﬂ,’y,t) " fL(O) _ fL(ﬂ’ty))dx;g,y)

From (3.22), the next term is

M5 (h) = Termq + Terms + Terms + Termy + Terms 1 + Terms o (3.26)
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= K(D*(h)(a,7,8) = D> (h)2a +7(t),7,1) + f* () — FH((2a + 7(1))5)) (hu(2a+ 7(1)), 7, ) — hyu(@, 7, 1))

—K (D7 (h)(er,y,t) = D™(h) (=7 (), 7. 1) + fE () = F2(0))(—hpu(er, v, 1))
Terms
2a+7(t) d - -
7})’0/ %(K(Dizo(h)(af'}/at) - DiQO(h)(ﬂafya t) + fL(afy) - fL(ﬂfy))(h#(ﬂ,’y, t) - hu(avvvt))dﬂ
—7(t)
Terms
—K(D7?(h)(ev,,t) = D72 (h) (2 + 7(t), 7. t) + fE(ad) — FE((2a + 7(8)L)) by (20 + 7(£), 7, 1)

Termy
7 aE(K(D720(h) (e, 7,t) = D20(h) (B, t) + fE (o) = FE(BY)) | s=204+1)
/0 14 icd (20 + 27(t))nt

Terms

R ) FRE) + ) — PO (305
2a+7(t)

hy (20 + 7(t),m, t)ic(2a + 27(¢))tdn

Terms o

For the sake of later proof, we separate the Termg into the singular part and the non-singular part.

We also separate T'erms o into the part depending on h and the part not depending on h, which is

2actr(®) d —20 —20 FLy ot FL(nt
Terms; = / 5 (KD (0) (@, 7,1) = D0 (R)(B,7,1) + FE(ad) = FE(B)) (s 7, 8) = By (8,7, )dB

—r@py dB
= Jim (- (K (D) (0 7,1) — D™2(h)(8.7,0) + F(0) — FH () e — 6)?)

B—a d,@
' 2a+7(t) h,l,(oz,%t) _ h“(ﬂ,y,t)
p.v./T(t) (0= P2 s

2a+7(t) 4 i % R o s .
+ / o T plapE@ W@y t) = DTEB.0) + 1) — e - 8)
- lim (%(K(D_Qo(h)(amt) — D OMR)(B,7,8) + FE(al) — FE(B))(a — B)2)]
X hﬂ(a7’y7t) B hﬂ(ﬁa,%t)
w=p 7

= T€’I"m3_’1 +Term3,2.

——

singular part

Terms o =—/2 o %(K(—F(BS)JFJ?L(O&Q) — FEBON PO (B5)dB

/odﬁfwu T 5 KD W) (a,,0) = FF() + P al) = FUETT ) (3)ap
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= T€’I"m5’2,1 +Term5,272.

does not depend on h

For the O1%¢, we further denote

V}ZC(OQ’}Q t) = (D_20h1 (Oé, v t)7 D_20h2(aa v t)a seey D_20+kh1(04, Y, t)a D_20+kh2(a777 t)) (327)

from (3.23), we then have

Ol,i,C(h) =Termy + Termao 1 + Termsaa + Termays.

=po. [ KL(V(a,7,1) — V(. 7.1). VEH(al) — VEL(BL), Vx (o) — Vi (8)) X (8)

—T

D720+bi (h)(a, 7, t)(l + ic'(ﬁ =+ T(t))'}/t)dﬂ

2a+47(t) )
— p.v. / KZ)(Vhlo(avA/v t) - ViLlO(B»A/v t)a VJFQLI (Oéﬁ/) - ngg (ﬁ’ty)v VX(afy) - VX(B'ty))XZ’ (ﬁ'ty)

—7(t)
(D720 (R) (8,7, 1)) (1 +ic (B + 7(t))yt)dB
+ /0 " KV, 1) — V{020 + 7(0). 1), VE (o) = VEH(2a +7(1))}), Vx (ah) = Vx ((2a + 7(1))])

X ((2a + T(t))fl)(D_QOH” (h)(2a + 7(t),7,t)) (ic(2a + 27(t))t)dn

- / o FO ) = VI Vi (@) = VA (B). V(o) = Vx ()Xo (8)
a+T7(t

(0% £.)(85)dpB.
We also separate the T'erms 3 as in the M. We have
Termas = - | VIV 0h) = VR, V(o) — Vi (5 Ko B) 02 £ (0548
2a0+71(t

1 T d ;
- [ f e A GV 2, 8) = VI8, VAL @) — VAR, V(o) — Vi (B9 K3

(0% ) (B5)dB

= Term2,371 + TeTm2’372.

Hence we get

OY"¢(h) = Termy + Terma, + Termas + Terma gy + Terma s .
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For O%%¢ type terms, we have
0%5¢(h) = OV"°(h) D™ % hy, (o, v, t). (3.28)
For O*%¢ type terms, we have

4,i,c - ! 1,,c %
0] (h), ; OC (h)( dC. (3.29)

Here O means a OLi¢ type term and Oé’i’c(h) means O%¢ type term except changing some

h(@) = h(B) to ((h(a) — h(B))-

For O%%¢ type terms, we have

O%e(h) = [ Ki(Vi(al) — ViO(8,). VAL (0h) — VEL(BL), Vi (ah) = Vi (BL) X (BL)  (3.30)

—T

(14 ic (B + 7(t))yt)dBD 2% (b, ) (a, v, t).
For O%%¢ type terms, we have
O%"¢(h) = D72%04(hy,)(a, 7y, ) Xi (o). (3.31)

When o < —7(t) , we let h(a,~,t) = 0, which is also compatible with fo),

In conclusion, we have

dh, (o, y,t) T(h) — { Aol )Mt (h) = Mak)Ms(h) + Aak) 32, 07(h) + Mk Tpizea(al)  —7(t) Sa <
e B 0 -1 <a < —((t),
(3.32)

with the initial value h,(a,7,0) = f+(9(a,0). Notice that all the terms which do not depend on
h are well defined even without the analyticity assumption on f.
The equation at v =0: 7°

From the modified equation (3.32), we have for any fixed 7, %h(a,y,t} only depends on h(a,n,t)

with |n] < |y|. Therefore we have

dh,, (o, 0,1t)

o =T%h(a,0,t)) (3.33)
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_{ Mag) (M7 (h(a,0,1)) = M5 (h(a,0,1)) + 32; 0% (h(@,0,1)) + Tizealap))  —7(t) <a<m

0 -7 < a<—(7(t)),

with the initial value h,(c,0,0) = T (a,0). Let ho(a,t) = h(a,0,t),

. S L[ ho (o, t)dagdog g ... do —rt)<a<m
Dy Do () = { Jo ot 0o o(ai,t) 1.-.day (t) <a< (3.34)
0 — < a < —(7(t)).
we have
¢ ho,u(a,t
M17O(h0) = %BDgzo(ho)<a7t)7
main term
with
O
Bszo(hO)(a,t) [ﬁ(df})
1 g B . _

* iy P KD 000 - D () 6.0) + (el - ()

« 0 -7

(
L) g5 02 (0) — o [ KD o) (-r(0).0) = D3 (ho) (5. + FH0) - P38 o),

MQC’O(h) = Termy + Termg + Terms 1 + Terms o + Termy + Terms o1 + Terms oo

= K(Dy " (ho)(a,t) — Dy * (ho)(2a+ 7(1), 1) + f*(a) — F((2a + 7(1))§)) (ho,u (20 + 7(1)), 1) = ho (@, 1))

—K(Dg*(ho)(a, t) — D5 > (ho) (=7 (1), t) + f*(a) = F¥(0))(—ho u(v, )
Termso
. d _2 2 FL ot FL (ot 2ot () hou(c,t) — hou(B,1)
+ g%(%(K(DO %(ho)(a, t) — Dy (ho) (B, 1) + f*(eh) — F*(B5)) (. — B)*)p-v. /T(t) CEE g

main term Terms 1

20+7(t) _ -
[ D o) )~ Dy (o) (B.0) + F ) — FH(E) (o~ -

—7(t)
tim (A (D52 (o)) = Dy () (8.0) + F¥ah) = P8 (o — 92 D= 0B g
Terms 2
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—K(Dy " (ho)(av,t) = Dy * (ho) (20 + 7(1), 1) + f*(af) — F¥((2a + 7(1))§)) ho,u (20 + 7(1)), 1)

Termgy

AU B + Pk = PN s

Terms 2,1

[ L i a RGPS ) o0~ FH 6 + Fhal) — PT3535

Terms 2,2

The equation does not have Terms 1 because here v = 0. For the O, we still denote
ViE (e, t) = (Dy *ho 1 (v, t), Dy *°hoo(c, t), D™ ho 1 (a,t), D™ ¥ ho o (e, t), ..., D72 hg 1 (a, 1), D2 g 5 (e, t)).
we then have

0140 (hg) = Term 14 Term 2,1+ Term 2,3,1+ Term 2,3,2.
=p.v. / Ko (Vi (e t) = Vi (B, 1), Vi (ag) = VEL(B5), Vix () — Vix (80)) X (55)
Dy 2"+ (ho) (e, 1)d 8

2a+7(t)
*P-U/ Ko (Vig (o) = Vi (B, 4), VE (a) = VE(B5), Vx (o) — Vx (B0)) X (B5)

-7 ()
(Dy >0 (ho)(B,1))dB
/2: o oV B0) V(@) = VELBE). Vic(ew) = Vi (B5)) Xe (B0)(0% £ (5) a8

/dCo [ L RAGVA t) — VIO(50), VA (ab) — VA (3E). Vi (o) = Vi (68)) X (5
2a+7(t dCO

(0% f5)(B5)dB.

Similarly,
O2,i,c,0(h0) _ 01,57070(h0)D0—20+si hO,u(aa t),

and

o
O4,1,c,0(h0) :/ Oé,z,c,O(hO)qudC_
0

Here O14¢0 means a 0%+ type term and O1 ey ¥(h) means O1¢0 type term except changing

some h(a) — h(B) to ((h(e) — h(B))-
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For 03%%0 type terms, we have

0¥ 0ho) = [ Ki(Vi(ab) = Vil (85)): VEL(ab) — VEL(B)h, Vix () — Vix (85)) X (B5)

—T

dBDG " (ho ) (o).
For O%%¢ type terms, we have

0><(ho) = Dg ™" (ho .) (e, 1) Xi(ap).

We claim that f+(29(a + 7(t),t) is a solution of this equation. We will show that it is the only

solution in the later Section 3.10.

3.6 Perturb the modified equation

In order to use the Picard theorem to get the existence, we first desingularize the equation and let

dh’u(aa ’7’ t)

a L= { 0

We claim that when h € H?[—7(t),n], then ||T(h) — T'(R)| goo{—r(t),x] = O-.

3.6.1 Perturb M,

For the first term, we desingularize the term %. Let

M{(h) = Bp-o(m (@, 7, )b [ j:(t) (M, "Y’(t()a_hﬁ()% . 2))(20‘ — B g, (3.35)
with
Bo-angiy(@7,1) = [ id(a1+ e+ 0+ i+ T () + %(a;, N
+ gy pe KD a0 = DRG0+ PHatt) — P S s
2 oty s [T KD (0,208~ D)., + FH0.8) — P8 0) g

Oa 0,2(0, 1)

—T
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Here

b =

1 2
=z (3.36)
™

lim¢_,0 fa:.r(;)(t) ((a(awdﬂ
Note that b; is a constant when o > —7(t).
Due to the property of Poisson Integral, we claim when h € C2[—m, 7],

hm(M1 (h) - BD—20(h)8ah) =0

e—0

as € — 0 when a > —7(¢).

3.6.2 Perturb M,

For the My, we desingularize the T'erms; and Terms o. Also notice that only Terms ; is the main
term in the energy estimate. The perturbation of T'erms o helps to show the continuity in ¢ but does

not affect the energy estimate.

M5 (h) = Termy + Terms + Terms 1 +Term§ o + Termg + Terms 1 + Terms 21 + Terms 22

= K(D_Qo(h) (017 s t) - D_Qo(h)(2a + T(t)>’77 t) + fL(a?y) - -fL((2a + T<t))t7))(hu(2a + T(t)»’% t) - h#(a7 s t))

Termq

_K(D72O(h)(a7 s t) - DiQO(h’)(_T(t)v s t) + fL(O‘fyv t) - fL(O7 t))(_hu)(a’ s t)

Termso

+Termg ; +Terms o1 + Terms 22

—K(D™2(h)(a, 7y, t) = D™ (h) (2 +7(t), 7, ) + fE (@l 8) = FH((2a + 7(1)5, 1) hy(2a + 7(1). 7, 1)
Termy

n /fy %(K(D_Qo(hxa/%t) - D_Zo(h)<ﬁ7nat) + fL(a'tyat) - fL( ;’t)>)|ﬁ:2a+'r(t)
0 1+id (2a+ 27(t))nt

h#((2a + T(t))v B t)

Terms, 1
ic(2a 4 27(t))tdn
Terms, 1
T d 5 B B ~
[ R T )+ TS )~ FHE 0N (3,08
2a+7(t)

TGTM5,271

— / / @ K(GD () (0, 1) — FH (8 1) + FE(al ) = FE(85.0) F (85, t)dB .
0 2a-+7(t) dCl dﬂ

Terms 2,2
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Let
d

KM2,3(O‘7/8) = %(K(Dim)(h)(avf%t) - DiQO(h)(ﬁ’Vat) +fL(O‘fyvt) - fL( gat)))a

and

. 20470 he (@, 7y, t) = hy, (8,7, 1)
Termg, = L}I_ISX(KMQ,S (o, B) (e = 5)2)/ - "

) (a—pB)2+ e dp

o O Ky, (0, 8)(a = B)? — limp (K, , (@, B)(a = B)?) (BE(8,7, 1)) (@ — B)
Terms o = (/_T(t) p— M(a B PR ag
209470 Ky (@, 8) (@ = B)? = limgsa (Kan (@, 8) (@ = B))
1 pa. [ . a5 dBhe, (0, 7,1)

. €
= Te1"m37271 +Termso.a.
In conclusion, we have

M5 (h) = Termy + Termg + Termg | + Termsg o 1 + Terms 22 (3.37)

+Termy + Terms 1 + Terms 1 + Terms 2.

3.6.3 Perturb O

Similarly, for the O terms, we also perturb the the term Termsg 1, which is an integral from —7(¢)
to 2a 4 7(¢). Still, this perturbation helps to get the continuity and the energy estimate holds even

without the perturbation.

OY¢(h) = Term; + Terms, + Termaz + Termaz 1+ Termas o,
=p.v. KZ;(Vhlo(aa v, t) - Vhlo(ﬁa v, t)7 Vfgg (a'tw t) - Vfgﬁ( 2/7 t)7 VX(a'ty? t) - VX( 'ty? t))XZ’(B»ty)
D=20Fb (B (a, 7y, ) (1 4 ic (B + 7(t))yt)dB
+ Term;l
T 10 10 21/ ¢ 21 t t ¢
+ /0 K;(Vh (Oé, Y t) - Vh (20[ + T(t)a m, t))a VfL (Oé,y, t) - VfL ((20[ + T(t)a t)n)v Vx(()é,y, t) - Vx((QOé + T(t)7 t)n)

Xir((20+7())3, ) (D721 (h) (20 + 7(1), 7, 1)) (ic(2a + 27 (1)) t)dn

- / o KOV 0. VRS 0) = V(380 Viclal ) = Vi (35000 Xo (38,0008 FD (B )05
2+71(t
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1 ™
d .
- ‘/0 dCO/2 () dicoK;(COVhlo(OﬁPYa t) - Vlo(ﬁ(g?t)? VJFQLl(afwt) - V;g(ﬂéat)a VX(afwt) - VX(ﬂé,t))

Xi' (56) t) (anglj_>(68a t)dﬁ
Let

Kovis(a, ) = Ko(Vy°(a, 7, 8) = Vi°(8,7,1), VEL (o, ) = VEL(B),1), Vx (@l 8) — Vx (B,1))

X (B3, )1 +ic (B + T(t)1).

and

2047(t) (Oz _ 6)D720+bi (h) (5’ v, t)
Termb, = — /T(t) Kovis(a,B)(a—B) @t e dg.
In conclusion, we have

O%"¢(h) = Term; + Terms ; +Termsg o + Terma s + Terma 3 o. (3.38)

For O%%€ type terms, we have
O%5(h) = OV (R) D=2+ b, (a, 7y, ). (3.39)

For O*%¢ type terms, we have

. 1 =
Obie () = / O (R)cHdC. (3.40)
0

For O%%¢ and O%%¢ type terms, we do not change them. We have

0¥ (h) = | Ko(Vi®(ah ) = Vi°(BL), VEL(ah) = VEL(BY), Vi (af) — Vx (B5)) X (8)  (3.41)

—T

(L+ic (B +7(t))y)dBD > (b)) (@, 7, 1),

and

D

05 (h) = D—20+bi(hu)(a,ry7t) i(afwt)_ (3.42)
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3.7 The good behavior of T

Lemma 3.7.1. Let
h,g € CP([0,t+], Cio ([=1,1], H*[—m,7])) N S5, = Wik, (3.43)

Here
S ={h(a,7,t) =0, when o < —7(t) and o > g},
Ss, = {h(a,v,t) = 0, when o < —7(t) and a > %, sup [|hllc2 (=), < 01},
v,t
01, t* are fized sufficiently small numbers and ig,k € N, ig + k < 40, ig < 4. The bound of 61 is
used in the Arc-Chord condition lemma 3.7.19.

Then

T<(h) € C{([0,t.], C2([-1,1], H* [-m, @])) N S. (3.44)

Moreover, the Lipschitz condition holds;
1T°(h) = T(9)lwio-r S 1h = gllwio, (3.45)

Here < depends on €, §, 61, te and Oc, ||hllwiox, ||g|lwio.k-

Proof. From lemma 3.7.2, lemma 3.7.11, and lemma 3.7.17, we have the result. O

3.7.1 Different types of 7T}

Since we have done the desingularization, it should be easy to show it is in H¥[—7(¢),7]. The main
difficulty here is to show the good behavior around —7(t) (84T¢(h)(—7(t),v,t) =0, for j < k — 1).
The idea is

1. the terms depending on h preserves this behavior,

2. the sum of terms which does not depend on h also satisfies this behavior.

The part one is true because either the term is a product of h(or lower derivative of h) with some
good functions, or the integral with h only lives from —7(t) to 2a + 7(t).

The second part is true because when on the real line(y = 0), the sum automatically satisfies
this condition because the good property of f*. And changing from the real line to the complex

plane(y # 0) does not affect the behavior of the sum around —7(t).

76



Lemma 3.7.2. All terms in T can be written as following types: (The conditions hold for all
g, k € N with ig + k < 30,19 §4)

The first type (only one term):

N 2a4T1 [} —
) Mad)Lha (a7, 1) [P0 MenihBatqs  —r(t) <a <,
Ti(h) =
0 - S « S _(T(t))7
with L}.. satisfying the following condition:
li Lio(—a,7,t) =0, 3.46
ol Lne (s, t) (3.46)

Ly, can be extended to a function in C20([—1,1], CEF2[—7(t), 5]), with

1 ) <
Sgp ||Lh5 (aa77t)Hc_QO([,171]’024-2[,7(,5),% )~ 13 (347)

1 71 ) < _ .
Slszth(a,%t) Lgs(a7’y’t)|C;O([_171],C§+2[_T(t)7%])N||h gllwioox, (3.48)

Sltlp ”Dthlﬁ (a7, t)[g]”cfp([,1,1]yc(’;+2[,-,-(t))%]) S lgllwioks (3.49)

and for any 0 <t <t < tx,

L0 (@) (6 751) = i) (6% P gto 1y o oy 7 (3.50)

S O(t - t/) + ”h(aa’%t) - h(a”%tl) (351)

oo (11,11, 15 =]

with |O(t —t')| — 0 as t — ¢’ independent of h. Here Dy, is the Gateaux derivative.

The second type (only one term):

3 2a+T o,y,t)— s Vs ox— €
I
.

0 -7 <a<—(7(t))

with L}, satisfying the same conditions as L},..
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The third type:

3 2047 (t K 2P h(B,,t) (a—
{ Mab) f22000 Lii(a,y, B, B8 200D g —r(t)<a <7

0 -1 <a<—(7(t))

satisfies the following condition:

Lif can be extended to a function in Clo([—1,1], 02:22([77@), 2] x [=7(t), 27)), and satisfying

3,2
Sup [ (20 857 lll oo 1,082, 317 0,3y S 1 (3:52)

3,1 3,2 ) B
Slip 1Ly (a0, By, t) — Ly (@, B,7,1)] OO (1,11, (=7 (), 1 [-7(1), 3 7)) S b= gllwior, (3.53)

Sl;p ||DhL2’j(a, B, t)lg] Hcfyil([,1’1]’02}2([77@),%]X[,-,-(t)%,r])) S lgllwior, (3.54)

and for any 0 <t/ <t < tg,

1L oty (6 By 13 8) = Ly iy (0B, )]

O (111, CH R (= (). FIx (), 1) (3:55)

a,B

S O(t - t/) + ||h(05,’)/,t) - h(a7F)/’t/)HC?YO([il’l]’Hk[iﬂ—’ﬂ—])’

with lim,_,0 O(z) = 0. Here b; < 20.

The fourth type:

t

Tih) = { Nab) Ly (e, 7y, t)D20% h(a, 5, 1) or Mol Ly (e, v, ) D724 h(2a + 7(8), 7, 1) —7(t) <a <7
i(h) =

0 -7 <a<—(7(t))

with Li’f satisfying the following conditions. Here b; < 20.

4,i
sup 1L, (e, y,t)]

I (- 1,1],05 2 7 (1), 5]) ~ L (3.56)
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4, 4, , )
Slz-p ||th (04,77 t) - Lgs (a’ Vs t)' 01{0([_1,1]7c§+2[_-,—(t)7%]) 5 Hh - g”WlO’ka

Sltlp ”Dthlzs (v, 7, t)[g]Hcfro([,1,1],C§+2[,-,-(t))%]) S lgllwioks

and for any 0 <t/ <t < tx,

4,0 4,i INTES
120 . (@ 0 8) = L,y (@ Y Ol cto oy o o), 30

S O(t - t/) + ”h(aa77t) - h(a’77tl)”C}'YO([,Ll])Hk[,WJ])'

The fifth type:
ith) = {

Here b; < 20. Li’f satisfies the following condition:

; ) <
G0, (1] x [~ 1,1],CE P2 [ (0),2]) > L

sup Lyt (e, y,m, )]
and

5,1 5,1 . )
Sltlp ”th (e, v, m,t) — LgS (a’%77’t)”Cf,?n([le]x[71,1],C§+2[7r(t),g]) Sk = gllwior,

5,i
Sltlp ||Dth3(0¢7%77,t)[9]| CI0, (=1,1]x [~ 1,1],CE 2 =7 (8), =) S lgllwioks

, and for any 0 <t/ <t < t,,

5,4 5,1 / )
”th(a,%t) (aa Y1, t) - th(a’%t/) (aa v,m,t )||C:{(,)T,([_171]X[_lyl],C§+1[—T(t’),%])

<O 1)+ 7@ 7.8) — b7 ) | i 1 1y 15 1m o)
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0 - <a<-—7(t)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)



The fixed terms are

— { M) 325 fongriy Li(ah B,6)dB + Mh) Tpigea(al 1), —7(t) <a <
0 -1 <a<-—1(t)

with Lj(cod,, B,t) € Clo([-1, 1],6’2:%2((77'(15), T x Qa+1(t),n])), and for 0 <t' <t <o,

. t :
sup ||Lj(a"/"8’t)HC,:O([71,1],C§}2((7T(t),§]><(2a+'r(t),7r])) St

9

t t’ ’ ) ’
12500, B:8) = Ljles s B E)lleso oy 42 (o), 51x atriy,py S O = 1)
t
SUP [ Trivealesy Dl io (- c4+2 (<rey 2 S 1
ITsiaea(ed, t) = Tizea(ay )l o 1 ,080 (—riery, 3 S O —1)-

Forl! +1" <k+2,1 <14y, we have

lim (<L) (0L, 20+ 7(1), ) = 0.

a——1(t) da

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

Here fized terms not only include Tfmed(ozfy, t) which only depends on T, but also include the terms

depending on f+ on the real line.

Proof. We will only show A(af)Mf, —A(af)Ms, X(af)OM ¢, Aol )O>"¢, and A(of,)O%"¢. From

(3.38), (3.39), (3.40), we claim that O%%¢ and O*"¢ have the similar form of O%¢. The sub-types

of Lys used below and why they satisfy the conditions are explained in the lemma 3.7.3, 3.7.4, 3.7.6,

3.7.7, 3.7.8, 3.7.9 and 3.7.10 .

From (3.35), A(al ) Mf is of the type Ts. From (3.41), A(eZ,)O*"< is in T} with sub-type 1. From
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(3.42), A(af)O™"€ is in Ty with sub type 6. From (3.37), we also have

— )\(ozf/)M;(h) = (—)\(af/)Terml) + (—)\(ag)Termg) + (—)\(atw)Terng) + (—A(afy)Termg’z’l)
— —
Ty, sub-type 2 a sum of terms of Ty, sub-type 2 )\(aﬁr)Tf Ty sub-type 1

+ —()\(ocfy)Termg,QQ) + (—(/\(ozfy)Termél) + (—()\(afy)Termm) + (—()\(afy)Term&g,l) + (—()\(ocfy)Term&z’g) .

Ty sub-type 5 Ty, sub-type 2 Ts, sub-type 1 fixed terms, sub-type 1 Ty, sub-type 3

and

)\(osz)Ol’i’€ = Aol )Termy + Aol )Terms ; + Ao )Termas+ Aol )Termas: + /\(oztv)Termz;),,g .

T4, sub-type 1 T, sub-type 2 Ts, sub-type 2 fixed terms, sub-type 2 Tf, sub-type 4

Before we show the sub-types, we introduce some notations. A function K7 -(4,B,C) is of —o type

if for A, B, C'in R", it has the form

) Sil’l(Al + Bl)ml COS(Al + Bl)m2
“ (cosh(Ag 4+ Bs) — cos(Ay + By))™o

(3.69)

x (sinh(Az + B2))™ (cosh(Ag + Ba))™TI7%, (Ay IS, (Ba, )T (Cay ). (3.70)

with my + ms + ms + me + my — 2mg > —0o. ¢; is a constant.
We use Ag(a,7,t) to show g(a,v,t) —g(5,7,t) and notation in (3.11), (3.12), (3.13), and (3.27).
Here we take A = AV,)%(a,v,t), B = AVJ?Ll (af,t), C = AVx(al,t). For example,

K7, (AV(a,7,t), AVZL (1), AVx (1)) =

Kia(viim(a7’y’ t) - Vhlo(577a t)v V)?g(afyvt) - VfgI}( 'tyvt); VX(afyvt) - VX(ﬁfyvt))

We then use this notation to write Lys into different sub-forms and show they satisfy the prop-

erties in lemma 3.7.2.

Lemma 3.7.3. Lps in T7 is

oo do
Lis(aa’}/vt) = — lim (%Kj—l(Avhlo(aa’%t)aAvfgl}(a'tyvt)aAVX(afyat))(a - 5)2)

B—a

with particular K? (A, B,C) = cosh(A2ir}é;4)lj—Cfsl()A1+Bl)' Moreover, it satisfies the conditions (3.46),

(3.47), (3.48), (3.49), and (3.50).
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Proof. Since we have

a4

g

= ZKK(U+1)(VI'L10(OZ777t) - Vhlo(ﬁ777t)7vf21:}(afyvt) - VJ?I:}( 'tyvt)a VX(aivt) - VX(ﬁ'ty»t))
l/

K_o(Vy°(a,,t) = Vi (B, 7,1), VE (o, 1) = VEL(BS, 1), Vx (1) — Vi (B, 1)) (3.71)

G (95(Vi° (8,7, 1), 95 (VEL (8, 1)), 95 (Vx (55, 1)),
with
||Gl/(85(V,}0(6,7,t)),8g(Vf?L1( fyvt))vaﬂ(VX(ﬁfyat)))”cf;o([_1,1],Ck+3[_.,-(t)777]) S L.

The conditions (3.47), (3.48), (3.49), (3.50) follows from lemma 3.7.21 (the behavior of K7 when

B > —7(t)). The (3.46) relies on the particular kernel. We have

1 o d sin(A; + By) Y
Lo (0, y:1) = ﬁhgtlx(dﬁ(cosh(Ag + By) —cos(A; + By) )= B)7),

with A, = D=%h,(a,v,t) — D=2°h,(B,7,t), B, = ff(a,’y,t) — f;f(ﬁ,'y,t). Then

i SiI’l(Al + Bl) )(
dB *cosh(As + By) — cos(A; + By) “
cos(A; + By)(a — B)? d
= — (A1 + B
cosh(4; + By) — cos(A; + By) dﬁ( 1+ B
Sin(A]_ + Bl)(sinh(A2 + Bg)%(AQ + BQ) + SiIl(Al + Bl)i(Al + Bl))

a3 )
(cosh(A; + By) — cos(Ag + Bs))? (= B)°.

- B)?

From 8, f(0,t) = 0, 9, D~2°h(—7(t),~,t) = 0, we have

) sin(4; + By) . . A1+ By d t
1 s T Y e et S O ) )
e ah T (@=B) et ath @—p) _dad TR
Then we get the condition (3.46). O

Lemma 3.7.4. L, in Ts is

2 1 8,:%

Tiota Ty fele + 7@y i (at r()ytr'(t) + 5 (a3)

2
L%a‘ (OZ,’Y, t) = ;BD_QO(h) (O[,’}/,t) = ;

+ ﬁ “p. ’ K(D™*(h)(a, 7, t) = D72 (h)(8,7,t) + [ (al) = FH(85))

(Oaz(ad -
dx (B¢ T ™ _ B - o dr(Bl
s = B2 0) - g [ RO w0220 - D0+ PO - ) )

and satisfies the conditions (3.46), (3.47), (3.48), (3.49).
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Proof. Because c¢(a) € C'%°[0,00) with ¢(0) = ¢/(0) = 0, z() is sufficiently smooth. Then we only

need to show the next lemma 3.7.5. O

Lemma 3.7.5. If

Lys(a, 7, t) =pu. | KL (AV, (.7, 1), AVE(0f, 1), AVx (o], 1) Xi (85, ) (1 +ic (B + 7(1))yt)dB,

—T

for some K_1 type kernel, then it satisfies (3.47), (3.48), (3.49), (3.50) and
limaﬁfr(t)Jths (OZ, s t) = Lps (_T(t)a Vs t) (372)

Proof. First, we have

us

Lys(a,7,t) = po. [ KL4(0,AVZi(al, ), AVx (af, 1)) X (8, )(1 + ic (B + 7(t))yt)ds
s 1 d _vﬂ-

+p.v./ / SR (CAVI(,7,8), AVEL (0! 1), AV (0 0)X:(85, )1+ i (8 -+ (1) 70)d5
—m JO

= Termy + Terms.
For the T'ermy, we first show
lime__r¢y+ Termy (o, vy, t) = Termy (—7(t),7,1). (3.73)

Since

Term, = p.v. /7r K (0, AszLl(ozf/, t), AVx (o, 1) Xi (8L, t)(1 4 ic' (B + 7(t))t)dp

—T
T

~ lin (K, (0, AV (040, AVi (0} D) @ — D) il D1 +ic -+ 00 [ —Las

+ /Tr (K® (0, A‘/]?Ll(oztwt)7 AVX(ai,t))(a - B8)X;( fy,t)(l +ic (B + 7(t))7t)

—T

_ ngS@ AVEL(ah. 1), AV (al, 1)) (= B)) Xi(ah, ) (1 + i’ (a + T(t))vt))ﬁdﬂ

From lemma 3.7.20, we could use the Lebesgue convergence theorem to get (3.73). Now we show
Term; satisfying condition (3.47) and (3.50). Since T'erm; dose not depend on h, the other condition

are satisfied automatically. From (3.8), we further separate fEL (a, t) into the part that is polynomial
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in [—g, —g] and the part that vanishes up to 59th order at 0, which is

60 i .
et = ) - 3 @ iz @) aco, (3.74)

and

Frlast) = fPR(at) + ().

Here f~(a,t) € C%%(—00,00) and when a > 0,

also for j < 59,
A f(0,8) =0.

&L (a,t) is a polynomial in [—2,—%]. Moreover, from (3.13), we have

Xi(a ) = (05 P (0 1) (91 DK (o)), (3.75)

with 1;, 15,17 <21, ¢;, ¢}, ¢ € 0,1. Then we can also separate X; as X}/ + X, with

SN

XL { 5‘iéfL,L(a,t)(8g(%(1&7”))%(&2 (o, )0 =1, -
(%({x,t))(ﬁ;( <laf %x(mt))@“ i =0,
8}; - a’t ag dz L d’; aglx Ol,t @i P = ].7

AT { P )0 (geq))™ (0 da(en )¢ (3.77)

0 ¢; = 0.

Then we rewrite Termy, we have

Term; = p.v. K (0, AV~L,L(O¢2, t)+AVy (Ozfy, ), AVxe (afy, 1)+ AVx- (afy, t))

—T

(X8, 8) + X7 (85, ) (A +id (B+7(t))yt)dB

=po. [ KL(0,AVp(al,8), AVxe(al, 1)) - (X (B, 6) (1 +ic (B + 7(t))yt)dB

1 T q )
+A d(p.v.[ﬂd—C(Kil(O,AV~L,L(a§,t)+CAVf~, (afyvt)aAVXL(O‘fyat)+CAVX*(O‘§yvt))
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(X (B, ) + CX7 (B, 1)) (1 +ic! (B + (1)) yt)d

=Termy,1 + Termy .

Since the component of Vi » (o, t) and Vyr (1) are analytic in D = {a+iy|lal < 2}. We want

to change the contour of T'ermy,; when § < —7(t). Let

c(a a >0,
éla) = { () - (3.78)
c(—a) a<0,
and
al = a+7(t) 4+ ic(a+ 7(t))yt. (3.79)

Since by the definition c(a) = a? when « is sufficiently small, we have é(a) € C%(—o00,0). By
the arc-chord condition (3.93), there is no zero point of denominator when g < —7(t), a > —7(t),

therefore we could change the contour, and have

Termiy =pov. [ K. (0,AVi . (al,t), AVyr (6, 8) X (B, 8)(1+id (B + 7(t))vt)dB.

—T

Since from (3.15) the components in V.. (o, t) and Vxr (e, t) are also in CP([0, 1], 0% (—00, 00)),
then when k + ip < 30, T'ermq, satisfies the smoothness condition (3.47) and the continuity in ¢

condition (3.50). For T'erm, 2, we have

4
dg
= K" (0, AV o (ah, 1) + CAV_ (o, 1), AVyr (o, t) + CAV— (ol )05 f~ (8, 1)

- (] )3 )70 0531, 0)7

i’ U = U =
+ ) K750, AV (o, t) + CAV_ (o, 1), AVxr (o, £) + (AVx- (o, 1)) (9 f~ (k) — 95 (8L, 1))
j/

(K210, AVjr o (0, 1) + CAV_ (al, 1), AV (), t) + CAVx - (ol 1) (X[ (8L, 1) + X, (B,1)))

(X (B, ) + X[ (B5,1)
+ Z KEQ(Oa AVNLL(O‘?W t) + CAfo (afyv t)v AVxe (Oé?y’ t) + (AVx- (afyv t))

1

(6n - 0l F=(al, D)((0 =) (0, 1)) (O D) (0, )% — b - 015 F~ (8L, 1)((D = ) (8L, 1)) (0505 (B, £))°

@ 8(1% B 8535

(X (B, ) + X[ (B5,1)

85

1"

0



= KTerngJ + KT@Tm172’2 + KT@T’mLQ’E;,

for some —2 type functions KZIQ and K",, with all index of derivative less than 21, ¢, ¢}, @5, dn, ¢h,, D1t €
{0,1}. Here the first term shows up when the derivative hits on (X} (8%, )+ ¢X; (8Y,t)), the second

one shows up when it hits on (AVz_ (4, 1), the last one shows up when it hits on (AVx-(af,?).

Then the term becomes

Termi o

= Termlg,l -+ Term1,2_2 + Term17273

us s

1
KTermq 2dB + / d¢p.v. KTermg 23dp.
0

—Tr

1 s 1
:/ d¢p.v. KTermm?ldB—l—/ d¢p.v.
0 - 0

—Tr

For Termy 2,1, we have

TerngJ

_ /0 Cdcp _w K1 (0, AV, (o, 8) + CAV; (ol 8), AVe (al, 1) + CAVy—(al, 1))
O f( §7t>-¢i~<<a§8;x>< L) (0 Dpm)(BL, 1) dB
=Zf@pu/rmzﬁﬁaAVmim;ﬂ+cAw:m;@¢M@Lm;ﬂ+gAnfm;ﬂ)
O F B0 - - (5 )60 (0 ) 3, .

where we use f~( !,t) =0 when 3> —7(t) and ¢(8 + 7(t)) = 0 when 8 < —7(t).

Since

(@) (B + (1) )=ty = 0

when j < 38, from lemma 3.9.19, we have

R RGRRIOR)
(

Fery e =T

Then by k + i9 < 30, from lemma 3.7.28, we have (3.47) and (3.50) for Termy 2.

Since from (3.74), f~(at,t) = 0 when o > —7(t), then ki f- (af,t) and o f- (af,t) disappear

in Termy 22 and Termy 2 3. Moreover, from (3.77), (3.76), and (3.15) we have

(XF(B,1) + CX7 (8, 1) € C([=1,1), H[=m, 7(t)])
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when iy < 4. Hence this two terms can be done in the same way by lemma 3.7.28.

For Terms, we first claim that

d .
2 KAV (@, ), AVE (a3, 1), AVx (a3, 1))

= 3 KL (CAV (@7, 1), AVZ (ol £), AVx (a, ) (D2 h(a, 7,8) — D=2 h(8,7,1)),
1
with s; < 10 for some —2 type K',. Therefore we have

™ 1
po- [ [ e A @70, AVE k). AVc(ad )X (3L, 01+ i (5-+ r(0)10)d5
-7 JO
-7(t)
= Z/ KL (CAVO (a7, 1), Avf?j(ag,t), AVx(al, 1)) (1 +ic (B + T(t)vt) X (B, 1)dBD " h(a, 7, 1)
+Y po. KL (CAV (o, 7,1), AVEL (o, 1), AV (), 1)) X (85, ) (D72 h(a, 7, t) — D20 h(B, 7, 1))

(1+icd (B + 7(t)yt)dB

=Termsg1 + / (KL, (CAV (a7, 1), AVfgL1 (O‘fw t), AVX(O‘fy7 t)(a—5)?)
-7(t)

(D~2**th(a,y,t) = D™2*h(B,4,t) — (o — B) ge D" *1h(a, v, 1)) (L +ic (B+ (D)) 4
- P (3

LDy O [ (R (CAVI (a0, AVE (@S, 1), AVl ) (a = B3+ i (6 -+ 1))
)

X84, 6)——ds

=Termyo 1 + Termg o + Terms 3.

0L D=+ (o y.)
(a+7(t))k—l+20—sl

From lemma 3.9.19, lemma 3.7.14, we have || l2(—rt)m) S Ik =7 (), Since
s < 10, by corollary 3.7.26 (the behavior of K_, when 8 < —7(¢)) and iy < 4, then we have

Termsg 1 satisfies the conditions (3.47), (3.48), (3.49), (3.50) and

lim Termg, =Terms;

a——7(t)+ a==(t)

From corollary 3.7.14, we have D~20%sih ¢ HF+20=si[—7(¢), 7r]. Since s; < 10, from lemma 3.7.21
(the behavior of K~ when > —7(t)), Terms s satisfies the conditions (3.47), (3.48), (3.49), (3.50),
and

lim  Termgas = Termaa|a—r()-
a——T1(t)*+
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For the last term, we further take the most singular term and get

d o ons ™
T273 = %D 20 lh<a7 v, t)p’l) / ( )[(K£2(<Avhlo(aa s t)7 AVJFZLl(afy? t)a AVX(O&M t))(()é - ﬁ)Q)
—7(t

S(L4id (B + T()vt) X (B, 1)

- g%((Kiz(CAVJO(a,V, t), AVZL(al, 1), AVx (af, 1)) (e — B)*) X" (a, 1) (1 +ic (a + 7(t) )y1)]

1
a—p?”
d
—D72%
o (a,7,1)

(1 4id (a+ T(t))fyt)p.v.[ o a%ﬁdﬂ

/}%(Kﬂz(CAVio(ay 7, t), AV (ol 1), AVx (o), 1) (o = B)*) X" (o, 1)

=To31+T>39.

T5 3,1 can be bounded in the similar way as in T5 » and then it satisfies the conditions (3.47), (3.48),
(3.49), (3.50), and

lim  Termagz1 = Terma3ila—r()-
a——T1(t)t

l - s
From lemma 3.9.19, lemma 3.7.14, we have || ?Zi“;l(jt);::igo(f‘;;ﬁtl) 2 (—r(t),x] S 1Pl Ex[—r(t),)- Since

s; < 10, the log singularity in p.v. fl_(t) ﬁdﬁ is cancelled. Hence from lemma 3.7.21 (the behavior

of K=7 when 8 > —7(t)), Terma 3o also satisfies the conditions (3.47), (3.48), (3.49), (3.50), and

lim  Termsgzs = Termsa3szala—r()-
a——T1(t)t

Lemma 3.7.6. L‘Z’f in T5 has the following two forms: sub-type 1:

Li’f(a,ﬁ,’y,t) = ((Oé - ﬁ)2%(Kil(AVh10(aa77t)aAvfng(a'twt)aAVX(afyat)))Xz( 'yat)
d . 1
- Bll_I)TL((a - /6)2%(K11(Avhlo(aa’%t)7 Avfgg(a'tyvt)a AVX(afwt)))Xz(a'tyat))m

or the form sub-type 2
Lyl (. B,7,1) = ((a = B) (KL (AV, (., 1), AVEL (al, 1), AVx (@l 1)) Xy (85, 1) (1 +ic (B + 7(t))t)

and all functions of these forms satisfy the conditions (3.52), (3.53), (3.54), (3.55).
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Proof. For the first sub-type, we use (3.71), (3.15) and lemma 3.7.21 (the behavior of K~7 when
B > —7(t). For the sub-type 2, we use (3.15) and lemma 3.7.21 directly. O

Lemma 3.7.7. L;tlf in Ty has the following six forms: sub-type 1:

Ly a,v,t) =po. [ K [(AV(a,,1), AV (ol ), AV (), 1) Xi(85, ) (1 + ic (8 + 7(t))y1)d

sub-type 2
Lif (O(, s t) = KZ—I (Avhlo(aa s t)v AV]?Ll (OJW t)a A‘/X (O‘i/v t) |ﬁ:2a+‘r(t)7

or

Lyl (a7, t) = KL (AV (a7, 1), AVEL (1), AV (), 1) =715

. . 1 sin(A;+B
with particular K? (A, B,C) = cosh(A2+E(e2)1—cosl()Al+Bl)'

sub-type 3

) 1 . d _ -
Ly (o, 7, ) = / dc (25 EL GVl (o, t) = VO(8p), AVE (@l ), AVx (03, 1) Xa(Bo, O)F ) (85)dB.
0 2a47(t)

sub-type 4

. 1 ™ ) N
Lyl (a,y,t) = /0 a | ()(Kil<<vﬁ°<a,w,t>—V“’(ﬂéxAv;Ll(ai,t),Avx(a;t))Xi(ﬁé,wf*(b“(ﬁé)dﬂ.
a+T(t

sub-type 5

) 2a+7(t) d )
Lt = [ (o ) G URL (AT0 1), AVE G, ), AV (o4, 1)
—71(t

— tim (o — AP (KL, (AV2(a,7,1), AVE (0, 1), AVx (0, 1))

B—a dﬂ m

sub-type 6
L;-ltll (a7 v, t) = Xi(azn t)v

with b; < 20. Moreover, all functions of these forms satisfy the conditions of Li’f in Ty (3.56),

(3.57), (3.58) and (3.59).
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Proof. The sub-type 1 has the same form as in lemma 3.7.5 when we control the L},. Therefore

we can use lemma 3.7.5 to get the result. The sub-type 2 relies on the particular Kil(A, B,C) =

cosh( AQiIgf)lj:f;()Al +5 and we use corollary 3.7.23 and corollary 3.7.24. For sub-type 3, we have

d
—K_
g~ 7

= Z Klfl(a%»l) (CVth(OZ, s t) - Vlo(ﬁé)’ AV]?LI (afya t)v AVX(C&W t))
ll

(CVhlo(aa v t) - Vlo(ﬁé)? AVJ?LI (a?ya t)7 A‘/X (Oé?w t))

-Gr (aﬁ(vlo(ﬂ(tb t)), aﬁ(vfgg( 'tyv t))> aﬂ(VX (ﬂf/a t)))7

with

”Gl’ (aﬁ(vlo(ﬁ(t)’ t))a aﬁ(VJ?Ll( fy? t))’ 8ﬁ(VX(6}ya t)))||C};{0([71,1],Ck+3[7‘r(t),ﬂ']) f, L.

From lemma 3.9.19, we have

)

Gyl S 1 (3.80)

Then we can use (3.15) and corollary 3.7.27 to get the estimate for sub-type 3. For sub-type
4 we can use (3.80), (3.15), and corollary 3.7.27 directly. For sub-type 5, we could use (3.71) and
lemma 3.7.21 with —2 type kernel , then the corresponding conditions follows. Sub-type 6 is trivial
from (3.15). O

Lemma 3.7.8. Li’ in Ty has the following two forms: sub-type 1

; d
L m ) = S5 (K (Vi0(0,708) = V(1) VAL (0 0) = VEL(Bh.0). V(04 8) = V0l )=z rio

ic(2a + 27(t))t
1+id (2a + 27(t))nt”

and sub-type 2

Li;i(a77a777t) = Ki—l(Vizlo(a7’7at) - Vhlo(67nat)angg(a’twt) - ngg( 7t;7t)a VX(artyvt) - VX(BZ?t))|B:2a+T(t)

X7((2a+ (1)) % ic(20 + 27(t))t.

and all functions of these forms satisfy the conditions ofLi’Sj in Ts (3.60), (3.61), (3.62), and (3.63).
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Proof. Since

ic(2a + 27(t))

(a+7(t))?2 € H'[-7(t),, (3.81)

the estimates for sub-type 2 follow from (3.15) and lemma 3.7.22. For sub-type 1, we have

d
—K_,
g

= > K ey (Vi y,8) = ViIO(B,m, 1), VAL 6) = VAL(B), 1), Vi (0, 1) — Vx (af, )
ll

(Vhlo(aafy,t) - V;}O(ﬁ,n,t),V)?Ll(afy,t) - V)?Ll( Zat)va(afyat) - VX(afyat))

Gr(05(Vi(B,7,1)),95(V7L (B, 1)), 05 (Vx (B, 1)),

with
HGl’(aﬁ(Vhl%ﬁ’ s t))a aﬁ(VfQLl( 1t7a t))’ 8B(VX (ﬁytp t)))‘ c;'q"([_lyl]X[_Ll]vckﬂ[_q.(t),ﬂ]) S L.
Then we could again use (3.81), (3.15) and lemma 3.7.22 to get the result. O

Lemma 3.7.9. L7 in the fized terms have the following two forms: sub-type 1

D (a0 57 0) = (K7 (V1035 0), AVEL (@) 1), AV (0, 0)) (36,07 (35,

sub-type 2
Ly (a, 8,7, 1) = (KL, (VB8 1), AVEL (o £), AV (o, 1)) X; (85, ) (85, ).

and all functions of these forms satisfy the conditions (3.64), (3.65) and (3.68).

Proof. For sub-type 2, we again could use corollary 3.7.27, (3.15) and (3.80). For sub-type 1, we use

additionally,

d

ap 1o (VI (80), AVEL (@3, 1), AVx (. 1))

= Y K () (ZVI(Bh, 1), AVE (), ), AV (o, 1))
l/

) Gl’(aﬂ(vl()(ﬁ[t)’t))v 8,3(Vf”2L1( i>t))’ aB(VX(Bf/at)))a
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with

”Gl’ (8,@(‘/10(/867 t)), 8B(VJ32L1( zv t)), 85(VX (,BE{, t)))||C»iyo([71,1],0’“4’3[77'(75),7!‘]) 5 L.

O
Lemma 3.7.10. When io + k < 30, Tyizea(0,,t) satisfies condition (3.66), and (3.67).
Proof. From (3.10), we have
;L s L dz(a,t)
df, (a,t) df —
‘ _ a20/_&Jp (@ p dt
waed(avt) = 8a ( dt + do (Oé,t)( dx((ia’t) ) (382)
" Oufu’ (@) _ 0f, (B,1), da(B,1)
7L L alp &, BJu ) TP,
+ . K(f (avt) - f (ﬂﬂt))( daz(a,t) - dz(B,t) )( dﬁ )dﬂ)
da dg
= Tflixed(a’ t) + T)%i;ced(a7 t) + T?ixed(aa t)' (383)

We have fX(a,t) € CY([0,t],C%(—00,00)) and analytic in D = {a +iy|0 < a < T} then
T ivea(@ 1), TFipeqal, t) satisty (3.66) and (3.67). For T}, (e, t), first from the arc-chord condi-

tion (3.89), it is well defined. Moreover, we have
szzed «, t Z V21( ) - V]?Ll(ﬁ7t)>VX(a7t) - VX(B>t))XJ(B7t)dB7 (384)
for some K type kernels. Then

Tfizeal Z (0, Vi(al, 1) = VEL(BS, 1), Vx (o, 1) = Vi (B3, 1) X; (85, ) (1 + i’ (B + (1)) 1t)dB,

for some Ky type kernel Kg. Since K type is also a K_; type, we could use lemma 3.7.5 with h = 0.

Then we have the result. ]

O

3.7.2 The behaviour of 7T°

Lemma 3.7.11. When T is of the types one to five in previous lemma 3.7.2, then it satisfies the
condition (3.44), (3.45).

Proof. We will deal with T5(h), and other types can be shown in the same way with lemma 3.7.14.
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From our construction, since there is no singularity in the denominator, we claim the following

two bound is true

<1,

SUP ITE (1)l cso (1,1y, 0ty S

€ e ) < . )
Sl;p 77 (h) — T (g)HCQ‘J([—171]7H’€[—7—(t),7r]) SR = gllwiok-

Moreover, by the definition of X (3.20), we have S\(af/) = 0 when « > Z if ¢t and § is sufficiently

8
small. Also we know T (h) = 0 when a < —7(t). Hence supp T (h) € Ci0([-1,1], H*[-7(t),7]) and
Ti(h) € S.

Then we consider the behavior of T§(h) near —7(t). We have

2a+7(t) _
i(Lh ( ,’}/,t)/ h(a777t) h(ﬁ7’77t)d5)

da? —r(t) (a—B)*+ e
i’ ot (®) h(Oé,’Y, t) B h(a - ﬁa v, t)
= C; 105 0!
= 32 Coul (B2l [ e )
2a47(t) ajlh(a, v, t) ( )
= C; 105 s , 2
/Z<J J,J Lh (O[ Y t))(/—T(t) (OL . /6) + 2 d6+

Vi a h( 7'7at)_ag<”h(_7—(t)a77t) ' —i" a h( »’77t)_ag¢”h(2a+7_(t)v’77t)
D () - A N Sy e ) e )

G <y’

Since for any v, t, we have h € H¥[—7, 7] N S. We get

a——T1(t

lim -  h(a,y,t) =0,

when j < k — 1. Then by the boundedness conditions of L}, we have

2a+7(t) _
lim d — (L. (a7, )/ Ma, ) (B % )dﬁ) =0

a—s—r+ dad —7(t) ( )

Similarly, when j < k — 1, [ < iy, we have

) d d 2a47(t) h( ) ( )
a—liInTJr dad d’y (L}LS( 777t) /'r(t) (a ﬂ) + € dﬂ) =0

Then by the fact that T5(h) = 0 when oo < —7(t), we have

<1,

SUp |5 ()l io (1,01, b8 e,y S
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and

Slzp ||T1€(h) - Tle(g)| C»iyo([fl,l].,Hk[fﬂ,ﬂ]) 5 Hh - g”C?(CiO([71,1],Hk[77r,7r]))'

Finally, we show the continuity of 75 (h) in t. When 0 <t < t' <tg, a > —7(t'), we have

B 2a+7(t) o .
N L

-, 2a+7(t") h(o, v, t') — h(B,~,t)
— Mot L. vt / ) Vs
(a'y) pe (@7, 1) ) (a— B)? + ¢

— () (At 2atT® h(a,v,t) = h(B,7,1)
= () A thfany [ RS D

- 2047 h(a,y,t) — h(B,7,1)
A t Lls 9 ,t _Ll 9 7t/ / AL -
+ (a7)< he (0,7, t) n(a,7,1)) ) (a — B)2 + €2

~ ) 2a+7(t) h(a v t) _ h(ﬁ ~y t) 2a+7(t") h(a v t/) — h(ﬁ vy t/)
+ )\ Oét Lls Q, ’t/ / > I e d _/ K] s )
( 'y) h ( Y )( (t) (CV _ 5)2 + 62 —7(t) (Ol - 6)2 —+ 62

g

g

g

dp)

=Termy + Termso + Terms.

Since A(a) € C'%°[—x, 7], from the condition of L} (a,~,t) (3.47) we have

ot —t").

I Term;|

) <
CYX (=11, H* [—7(t),7]) ~

From the Lipschitz condition of L} (a7, t) (3.48), we have

<Ot -t).

[Termallcio_y 1), (= r () m]) S

For the last term, we have

2a+7(t") o AN _ ’
Terms:;\(ag)L}lls(a’%t,)(/ T by, 8) = hayy, ) — (B, 1) — h(B ) 4

) (a—p)2+e
—r () N /2a+7'(t) h(c,v,t) — h(B,7,1) i3
2a+7(t) (a0 —B)? + €2 .

+ @) (e ) / )
—7(t

Then from (3.47), (3.50), we have

ITermsllcao o me—rqy vy S 17 8) = Rles 1 O)llgso a1y px

+/7(t) = 7(#) | A, 7. 1)]

CHO([=1,1),H* [—m,7])"
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For —7(t) < a < —7(t'), we have

T (h)(t) = TE(h)(#') = Ti (h)(1).

Moreover,
||Tf(h)(t)||cgo([,1,1],Hk[77(,5),77(1:/)])
_ 2047 p(q,y,t) — h(B,7,1t)
— IMat)LE. (o, ,t/ ML 8 )| ,
IAC@s) Lis (e, 7, 8) o (a@—B2+& lezo (1,114 (o), =)
S [1h(e, v, 1)

O30 ([=1,1), HE [=7(8), =7 () +2( (&) =7 (¢ )])"

Therefore, we have

IT5 (R)(t) = T (R)()]

C;O([_Ll]’Hk[_Tr’ﬂ-]) S, O(t - tl) + T(t) - T(tl)+

Hh(a,%t) - h(av77t/)||C1'Y0([,1’1]7Hk[,w’ﬂ]) + ||h(05,’y,t)|

OO ([=11], HE [—7(8),—m()+2(r(t) =7 (¢")])"

From lemma 3.7.12 and corollary 3.7.13, it tends to 0 as ¢t — ¢/ or t' — .

Lemma 3.7.12. If h(a,v,t) € CP([0,t+], CY([-1,1], L*[—=,7]), then for 0 < t,t' < to, we have
M [lh(a, v, )l oo -1, 221 (1) 7)) = O-
Proof. For any € > 0, there exists § such that when |y —+/| < §, we have
[h(e, v, t) = R,y )| L2[—mm] < €

Let —1 <71 <72 < ... <7, <1, with |y; — ;] < &. By the property of L? integral, there exists &
such that when |t — ¢'| < 6;, we have

sup [|h(e, i, )l 2 - r(),re)) < €
Then when [t — '] < 6, [[h(c, v, 8l L2[—7(t),r(1ry] < 26

O
Corollary 3.7.13. If h(a,~,t) € CP([0,t+], C([=1,1], L*[—m, 7)), then for 0 < t,t' < to, we have

Jim [h(a, v, D)llco (1,11, L2[=r(t),7(2))) = O
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Proof. For any € > 0, there exists 4 > 0, such that when |t — | < §, we have
sup [[h(o, v, t) — h(o, 7, ') || L2mmom] < €
¥
Since from the lemma 3.7.12, lim;_,4 Hh(aa’Y»t/)Hcg([—l,l],m[—r(t),r(t/)]) =0, then

lim, Sup 1o, s )l 2(rity reyy < i (1(e ys ) llog (-1, 2.y + € = €

O
Lemma 3.7.14. If
h(a,v,t) € Wik,
and when o < —7(t), h(a,v,t) = 0. we have
D7 (h(a,,1)) € CP([0, to], O ([~1, 1), H** [, 7)) (3.85)
with D= (h) = 0 when a < —7(t). Moreover,
D (h(2a+7(t),7, 1)) € CP([0, to], O3 ([=1, 1], H* [, g])) (3.86)

Proof. We prove the (3.85), and the other one follows the same way. For the (3.85), when j = 1, we

have

D7 'h(a,y,t) = /j o h(ag, vy, t)(1 +ic (ag + 7(t))yt)dayg. (3.87)

Therefore

1
106 DR, ¥, )l o (1 17,118ty w1y = WL Vs o (1), b0 1))

Moreover, for j < k — 1, we have

lim )8&8aD_1h(a, v, t)

a——T1(t
= lim > 0 ha,y, )05 (1 +ic (o +7(t))yt) = 0.
a——T1(t) IR

By the definition, D~*(h) = 0 when o < —7(t). Then D~!(h) € Clo([-1,1], H* [—x, 7).
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For 0 <t <t <ty a>—7(t'), we have

= /a h(a, v, t)(1 + ic' (ao + 7(t))yt)dog — /a Mo, 7, ) (1 + i (ap + ()4t da
—7(t) N
) [ <t')(h(a0’ V5t) = hlao, 7, 1)) (1 +ic (o0 + 7(8))7t) + (hao, 7, ') (i (a0 + 7(£)) 7t — i’ (a0 + 7(t")) vt )dexo

—7(t")
+ / h(ag, vy, t)(1 + (g + 7(£))yt)dag.
Therefore we have

ID=(h)(t) = D™ (R)())]

CO([=1,1], H*+1[—7,7]) S Mo, v, t) — h(a07'77t/)| CEO([=1,1), H 1 [—7(t),7]) +O(t - tl)

+7(t) = 7(t).
For —7(t) < a < —7(t'), we have

1D~ (R)(t) = D= (R)(¢))]

1 S 1D~ )0

O30 ([=11), HE+ =7 (), 7 (¥ O30 ([=1,1], HEH =7 (), —7(¢')])

S ||h||C,iYO([—1,1],[—[’9[7T(t)’*7'(t,)])’

where we use (3.87) in the last inequality. In conclusion, from lemma 3.7.12 and corollary 3.7.13,

we have

ID=(R)(t) = D™ (R)())]

C32([-1,1], H*+1[—7,x))

tends to 0 as ¢ — t' or ¢ — t. We can then use induction to show the j > 1 case. O
Before we show estimate the F'T' terms in lemma 3.7.2, we first go back to study the original

equation on the real line:

3.7.3 The loose bound for ¢ = 0 case on the real line

Let

SO = {h(a,t) = 0,when a < —7(t) and a > g},

S% = {h(a,t) = 0,when a < —7(t) and a > g sup [|hllcz[rm S 61},
t
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Corollary 3.7.15. When v =0, T in previous section 1.8.1 (3.33) can also be written as :

T°(h)(a,0,t) = Ty (h)(a,0,t) + Ta(h)(a,0,8) + Y T4(h) (e, 0,) + > Ti(h)(a,0,t) + FT(,0,1),

with
Mab)LE, (o, 0,t)p.v. Zatr(®) Ma0)=h(B0) g3 _r(4) < a < T,
T1(h)(e, 0,t) = lim Tt (h) (v, 0, 1) :{ (a0) L. ( N et (a—p)? (t)
0 0 -1 <a < —(1(t),
Mab)L2, (o, 0,8)Z04h(a, 0, ¢ —Tt)<a<m
i) = Jig T (0,0 = { OO0 DRH0 O ,
- 0 7 <a < —(r(1)
and
Mag)pv. [20570 [2(a,0,8,0) 210 g5 1ty <a <
() = liy 75 0.0) = { " = |
- 0 —r<a<—(rl)

Moreover, T? (h(c,0,t)) = T;(h)(a, 0,t) maps C([0, to], Hk[—ﬂ',ﬂ'])ﬁsgl to C2([0,to), H*=3[—m, 7])N
SO and satisfying the Lipchitz condition for i =1,2,3.
T2 (h(a,0,t)) = Ti(h)(a, 0,t) maps CP([0,to], H*[—m, 7)) N Sgl to C([0,to], H*[—m, 7)) N SO sat-

isfying the Lipchitz condition for i = 4.

Proof. The similar proof follows as in lemma 3.7.2, lemma 3.7.11. Here we point out several dif-
ferences. First we take v = 0. Since T%(h)(a,0,t) only depends on h(c,7,t) when v = 0, this
difference does not affect the proof. Second we take e = 0 in 77, T5, and 75, and lose several orders
of derivative. Therefore we use k — 3 instead of k and the similar proof follows. Also, when vy = 0,

Ti(h) = 0, hence the fifth type does not show up. O
Lemma 3.7.16. The sum of all fized terms FT° € C°([0,t], H3*[—m,7]) N S°.

Proof. Notice that fT(29 ig a solution of

df 29 (a4 7(t))

= T @ ().

Since fH0(a + 7(t)) € CL([0,t0], H¥®[-m,x]), and fT*O(a + 7(t)) = 0 when a < —7(t) or

a > g, we have TO(f+2 (o + 7(t)) € CO([0,t], H3¥[—7, 7]) N S°. Moreover, from corollary 3.7.15,
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TO(FH20 (a4 7(t))) € CO([0, 8], H3®[—m, 7)) N S for 1 < i < 5. Then fixed terms FT° also satisfies

FT° € C°([0,t], H*®[—7, ]) N S°.

Then we deal with FT' (when gamma # 0) in lemma 3.7.2.
Lemma 3.7.17. The fized terms FT in lemma 3.7.2 satisfies the conditions (3.44). (3.45).

Proof. Since they do not depend on h, we only need to show (3.44). By (3.64), (3.65), (3.66), and
(3.67), we have FT € Cio([-1,1],C¥*?(—7(t), 7]). Then we show for any v € [-1,1], I <k — 1, we

have

lim 8 FT =0. (3.88)

a——1(t)

From lemma 3.7.16, we have (3.88) is true when vy = 0. Moreover, for v # 0, We have

li ! t)dp + Tpigea(al ,t
a%ln‘l(t 8 Z/QaJrT (t) —Y”@, ) IB+ 7 d(aﬂ{ ))

=(3.68) allni(t)zj: /2 - )(al (ol B,1)dB + (0L Triveal(ct,, t))

= lim Z/ " Z C”/(ang)(a’;, B, _ 95 (1 4 id (a + (1)) yt)dp
. 2a+T1(t v

a——T1(t)

+ > CLr (08 Tizea) (o, )ITL_ 0501 (1 + ic! (o + 7(t) 1)
ll

= lim Zc”,nl L7 (1 i (a4 7(t))y )(2/2 (05 L) (at, B, 1)dB + (04 Trirea) (0, 1))

a——T(t) ; a+r(t)

=> Cur itni(f)(ﬂzzlag(l’l/’”)(l+ic’(a+7(t))7t)) lim (> /2 (0L L) (o, B, 1)dB + (O Triea)(al, 1))
l, St

a——1(t) a+7(t)

:0,

where we use condition (3.68) in the second equality and the v = 0 case and (3.64) in the last
equality. Then FT € Clo([-1,1], H*[—m, 7]).

Then we show continuity in ¢. When 0 < ¢t <t/ < ¢*, a > —7(t') we have

s

FT(t) = FT(t') = Mok) Y / Li(al, B,1)dB + Mol ) Trigea(al, 1) —
2a+7(t)
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(@)Y [ 105,005 + Aol Tiealal 1)

§ 2047(t")

— (Mat) = A3 / Lj(ak, B,6)dB + A(0!)Tpizea(ad, 1))
i 2a47(t)

t’ T t t / X/t 2atr(t) t’ !

+Ae) D J e B0 Ll 8as =X [ (el ¢

+ M2 ) (Trigea(, 1) — Trizea(al; ,t')).

Then by the conditions of L; (3.64), (3.65) and the conditions of Tf;zeq (3.66), (3.67), we have
|FT(t) — FT(t’)||Cio([71’1]’Hk(4(t,)7w]) SOt—t)+ 0@ —t)+7(t) — 7))+ O —t).

Moreover, from (3.64), (3.66),

IFT(t) = FT(t')]

= [[FT(#)]

. . < _ ¢/
IO ([— 1), H (—7(8),m(17)) O ([ 1,1) HM (—r ()7 (ery)) S O = ).

When o < —7(t), FT(t) = FT(t") = 0. Then we have the result. O

3.7.4 The loose bound for ¢ = 0 case

As in the lemma 3.7.15, we can also control the limit case when v # 0, and have:

Corollary 3.7.18. T in previous section (3.32) can also be written as the

T(h) = Ty(h) + Ta(h) + Y T5(h) + > Ti(h)+ Y _ Ti(h) + FT.
with

Mat)LE, (a, 7y, t)p.v. 2oct 7 (t) Mar)=hBrt) gz _r(t) <a <,
Ty (h)(a,v,t) = hH(l) T (h)(a, v, t) = { (a5) Ls (,7,%) I*T(t) (a=B)? (t) <
e—

0 —T<a< 7(7—(2&))7

Mot L2, (a7, Z0ah(a, 7, —rt)<a<m
T2<h>=2%T5<h><a,w>={ 7l Wot) 7 <(t)< ;(t)) :
—nm<a<—(T
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and

T53(h) = lim T5(h)(a, 7y, t) = —7(t) 2))

~ T i —20+b;
{ Mab)pv. [220 0 L (e, y, B, ) P p 2P 0dg —r(t) <a <
0 0 —r<a<—(r(t)

T}, T¢ and FT are unchanged from lemma 3.7.2.
Moreover, The unperturbed version Ty (h), Ta(h), T4(h) maps CP([0,t0], Cio([—1, 1], H*[—m, 7])) N
S, to CL([0,to], Clo([-1,1], H*3[—m,7])) N S.

Proof. Everything is same except we take ¢ = 0 and lose several orders of derivative. Here k to k— 3

is not the best bound but it is enough here. O

3.7.5 Lemmas

In the following lemmas, we always assume iy < 4, k + i < 30, and lim,_,0 O(xz) = 0. We first
introduce a lemma to guarantee the Arc-chord condition, when ||A[|cz < 41, with 0; sufficiently

small.

Lemma 3.7.19. If ||gllcz, ||/ ]lcz. is sufficiently small, g(o) satisfying O.g(—7(t)) = 0 for 0 <
1 <1 and g(8) = 0 when f < —7(t), we have the following inequalities. Here ., 7E fBL are fized

and defined in (3.7) (3.74). When -1 <~y <1, n| <|y[, § > a > —7(t),
cosh(fy (a+7(t) = f3 (B +7(t))) — cos(ff (a+(8)) = L (B+7(1))) Z llw = Bl2 jorz (3-89)

cosh(fy “(a+7(1)) = fy (B +7(8)) = cos(fFI" " (a+7(0) = FI P (B+7(1))) Z Il = Bl j2nz- (3:90)

cosh(f3 (o)) — f3(83)) — cos(f{(a}) = FL(B)) Z llw = BIIZ oz (3.91)
cosh(fy () = fo " (B2))) — cos(f{" () = [ (82)) Z llev = BIIR oz (3.92)
cosh(fy (@) = fo " (BL)) — cos(f{"" (@) — fI"(B1) Z la = Bl 2z (3.93)

COSh(Qz(a)—92(5)+f2L(aty)—fQL(ﬁf,))—005(91(a)—91(5)+J;1L(043,)—f1L(5§)) 2 ||a—5||u2e/2wz- (3.94)
cosh(fy (o) = f3 (2 +7(1)})) — cos(f{ () = fE((2a +7(1))5))) Z (e +7(1))*. (3.95)
cosh(gz(a)+fy (al) = f3 (2a+7(1))})) —cos(g1 (@) + f{* (o)) = FE ((2a+7(1)}) Z (a+7(t))%. (3.96)

cosh(fy () = f3 ((=7(1))})) = cos(f (o) = fE((=7(1);))) Z (a+7(1)%. (3.97)
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cosh(gz(@) + f3 (o) = f3 (=7(t))})) = cos(gi (@) + f(ah) = fE(=7(1)})) Z (a+7(1))>.  (3.98)

Moreover, when additionally B > 2a + 7(t) we have
cosh(fy (o)) — f3 () — cos(fE () = FL(BY)) 2 llov = B 2z (3.99)

cosh(—f; (B5) + FE(ab) — FF(BY)) — cos(— i (B4) + FE(al) = FE(BY) 2 la — BIIZ oz (3.100)

cosh(ga(c) — f(BY) + FF () — FE(BE)) — cos(gu(a) — £ (BY) + FE(ad) — FE(BY) 2 lla— BIR oz
(3.101)

When additionally 8 < —7(t), 0 < { <1 we have
cosh(ga(a)—g2(8)+f3 (o) = f3 (BL)) —cos(g1 () g1 (8)+ (o)) = FI(BL)) Z la—=BIIR janz- (3.102)

cosh(fy () — f2'(83)) — cos(fi' () = FL(83)) 2 llev = BlIf 2z (3.103)
cosh(fy () = fo " (B8)) — cos(f{" (o) = IR (88)) Z Nl = Bl 2z (3.104)

cosh(—=Cf5 (BY) + f5 " () — F " (B8)) — cos(—=Cfi (B) + FL (o) — F7(B) 2 llow = BlIR jamz
(3.105)

Proof. For A, A, B, B € R, we have

| cosh(A) — cos(A) — (cosh(B) — cos(B))] (3.106)

< |sinh(A + 7(B — A))||A — B| + |sin(A + 7(B — A))||A — B|

< C(1A| +BI)(|Al + |B)(|A = B|) + C(|A| + |B)(|A| + |B|)(|A - B)).
with some increasing function C'(x). Since f(a,t) satisfies the arc-chord condition, we have

cosh(fa(a) = f2(8)) = cos(fi(a) = f1(B)) 2 (a = B)*.

Because f(o,t) = f(X(a,t),t), we have

COSh(fQ(Oé) - fz(ﬁ)) - COS(fl(Oé) - fl(ﬂ))
= cosh(fa(z(a, 1)) = fo(x(B,1)) — cos(fi(z(a, 1)) = fi(x(B), 1) Z (z(e,t) — x(8,1))* Z (a = B)?

102



Then we only need to bound the difference, by (3.106), we have

| cosh(f5 (e) = f5(8)) — cos(f{* (@) — 5 (8))]
> | cosh(fz() = f2(8)) — cos(fi(a) = f2(8))] = (a = B CUIF (@)l ey + 17 (@DesIFH (@)l
2 (a= B = (a=B2C(If(@)lex + I/ (@lle)IFF (@)lles

where we use f = f& + f*. f is fixed and by (3.8), we can take Hf‘*‘(oz)HCé to be sufficiently small
if we let & sufficiently small. Therefore we have (3.89). Similarly, from (3.74), ||f~ (@)[l¢1 can also
be controlled to be sufficiently small by choosing ¢. Therefore we have (3.90).

We also have
|fE(e) = fEB) — (fE(a +ic(a)yt) — fE(B +ic(B)))] < la = BIIFF (o) — FE (o +ic(e)yt) || e

Ast =0, ||fE(a) = fE(a+ ic(a)yt)||c1 can be taken sufficiently small. Hence we get (3.91). (3.92)
follows the same way as (3.91). From (3.79), ||f1LL(oz~§) - flLL(ﬁ}/)HCé tends to 0 as ¢ — 0, then
from (3.92) we have (3.93). Since ||g||c2 is sufficiently small, we have (3.94).

We take 8 = 2a + 7(t) in (3.91) to get
cosh(fy () = f3 (2 +7(t))})) = cos(f (al) = FE((2a + 7(1))5))) Z (a + (1))

By If¥(at) — FH(a})] S ta+ 7(1)? and |g(a)] < gllca(a+r(£))? we get (3.96). (3.97) and (3.98)
are similar by taking § = —7(t) instead of 2« + 7(¢).
When 8 > 2a+ 7(t) , from (3.91), we have

cosh(fy (o)) — f3(85)) — cos(f{(a}) = FL(B)) Z llw = BIIZ oz
By [F2(84) = FH(BO)1 S t(B+7()% FFB) < I Fllo=(B+7(1))%, lg(@)] < [If T lle=(8 +7(1))?, and

B+7#)? < la— BH%/%Z, we have (3.100) and (3.101).

When 8 < —7(t), we still use (3.91) to get
cosh(fy (a}) = f3(8Y)) — cos(fi (o) = FL(B)) Z lla = BI1R 2z

Since when 8 < —7(t), we have 8¢ = 8. Then we have (3.103). Moreover, g(3) = 0 when § < —7(t)

and |g(a)| < ||lgllc2(a + 7(t))?. Hence we get (3.102).
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Similarly, since |f~(85)] < ||f ™ lc2(8 + 7(t))?, we can use (3.92) to get (3.104) and(3.105). [

Lemma 3.7.20. For any o € N, t < tg, we have

) <
G0 ([-1,2],00 ([—r(t) m]x [m,m])) ~ b

(3.107)

||K*U(07 Vﬁg(afwt) - Vfng( 'tyvt)v VX(O‘twt) - Vx(ﬁi,t))(a - B)7

||K—O'(O7 V~L,L (&fya t) - VfL,L (nya t)7 Vx (dfya t) - Vx (Bftya t))(()é - ﬁ)g“Cio([7171]7CK+4([7T(t) 7] x[—m,m])) S L

(3.108)
and for 0 < t' <t <tp,
1K (0, Vi o (8, 8) = Vien (B4, ), Vi (@l ) = Ve (B, ) (e = B)° (3.109)
= Ko (0, Ve (@5,1) = Vieo (B, #), Vx (85, #) = Vi (B ) (@ = B)7 llio (—1,1y ¢ 4207y i [
SOt —t).

Proof. For (3.107), from the arc-chord condition (3.91), , and the structure of K~7 we only need to

show

(08 7 (0 £) — (08 F1)H (811 -

, (3.110)

(o= B) CIO([=1,1],C01 ([—7(t), 7] x [—m,7])) ~
with d; < 21, and
X(afy?t)_X( fyvt)
' <
| (a—D) oo (111,000 (- rmiximmly) S 1 (3.111)

From (3.15), X(a,t), 8% f(a,t) € C([0,t],C38(—00,00)). We also have c¢(a) € CV1(—00,00).
Therefore

X(al,t), fH(al,t) € L2([0,4),Co([1,1], CM (—o0,00))).

Then (3.110) and (3.111) follows and we have (3.107).

Similarly, since ¢(a) € C%°(—00, 00) and iy + k < 30, we have

X(a,t), fh@a,t) e cO([0,¢],C([-1,1], CF(—00, 00))), (3.112)
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Then from arc-chord condition (3.93), we have (3.108).

For the difference in ¢, we claim

K_o(0,AV7, (L, ), AVx (G, 1)) (a — B)7 — K_o (0, AV7, (&L, '), AVx (G4, 1)) (a — B)°
1
_ Z/O K oy (0, AV 4 (64,1) + C(AVp 0 (62, 8) — AV L (G, 1))
l

(AVi (68, t) — AV L (&, 1))
(= B)

AV (@4, 1) + C(AVx (8, 1) — AVx (a4, 1), 1)dC(a = B)°H

1
+ Z\/O Kl_(a+1)(0, AVNLﬁL(dfy, t) + C(AV—L,L (&EY s t/) p— AV~L,L (dfy, t))
I

(AVx (a4, ') — AVx(at,1))

,AVX(@fy, t) + C(AVX(dfy/a t/) - AVX(dfy’t))a t))dC(a - ﬂ)UJrl (a — B) ’

for some K_(,1) kernel. Then from (3.108) (we claim the extra ¢ term will not affect the result)

and (3.112), we get (3.109). O

Lemma 3.7.21. Let Y0k (t) = Clo([-1,1], C¥([-7(t), 5] X [=7(t),7)). For h, g in
Wi(hk = Cto([()? t0]7 Cio([_lv 1}> Hk([_7n ﬂ—]))) N 8517
we have the following four inequalities for t < tx:

||K—0'(Vh10(aa’75 t) - Vhlo(ﬁa’y’t)v VJFZLl(afyat) - Vfng( ftyvt)v VX(o‘f)wt) - VX(ﬁft)wt))(a - 5)U|

yio-k+a(t)
(3.113)

S L
||K—O'(Vh10(aa’%t) - Vhlo(ﬁaq/at)avfzg(afyat) - VJFQI}( E/,t),VX(Oé,ty,t) - VX( 'ty7t)) (3114)

— K _o(V(a,7,t) = VIO, 7,1), VEL(al, 1) = VEL(BE, 1), Vi (ad, 1) — Vi (B, £))(a — B)7|

Yokt (¢)

S 1h = gllwior,

SUp [|Di o (V20,7 8) = Vi®(8,79,0), VAL @) = VAL (8L.1), Vi (0l 1) = Vi (81 1) gl o= B)°]

Yio-k+4(t)

(3.115)
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S llgllwiox
and for 0 <t <t <tp,

||K—O'(Vhlo(a777t) - Vhlo(ﬂ777t)a Vfgg(aint) - Vng( 'i/at)v VX(afwt) - VX(/B};Mt)) (3116)

Yio k+3 (t/)

- K*U(Vhlo(aa ) t/) - Vhlo(ﬁv s t/)a VJFQLl (afylﬂ t/) - Vf21} (ny/at/)’ VX(afy/v t/) - Vx (nylv tl))(a - B)U|

5 O(t - t/) + ||I'L(Ot,")/,t) - h(aa’%t/)‘

CO([~1,1], H*[~7,x])"

Proof. We have

|| Vhlo(a/}/vt) - Vhlo(ﬂa/yvt)

a—pf |

Yokt (1) 5 ”hHWio’kv

V]?E(Oé?wt) - Vfgg( 'twt)

a—p

vior+agy S 1Pl e9 (0,001,095 (—o0,00))

viortay S X1 o((0,t0),c38 (—00,00))

From the arc-chord condition (3.94), by taking g(a) = D~2%h(a, ~,t), we have

cosh(ha(@) = ha(B) + f3(d) = f5 (BL)) — cos(ha (@) — ha(B) + fl(ad) = FL(BL)) 2 Il = Bl janz-
Then from the structure of K7 and inequalities above, we have (3.113). Moreover, since

dilCK,J(AVhlo(a,%t) + C(AV;O(a,%t) — AV (a, v, 1)), AVJ;QLl(atW,t), AVx (ol t))(a = B)°

= S oy (A0, 7. 1) + AV (0,7, 1) — AV, 7,1)), AVEL (0l ), AV (o, )
1

o1 D7 (0, y,t) — D=2 st g(ar, 7y, 1)
(@—p) ’

(a=p)

with s; < 10, we have (3.114) and (3.115) by using the (3.113) for o 4+ 1 type. For the difference in

106



t with 0 <t/ <t < tg, we have for o, § > —7(t')

Ko (AVO(@, 1), AVEL (o, 1), AVx (ol 1)) (@ = B)7 — Ko (AV,*(aly,#'), AV2L(al), 1), AV (o}, ¢)) (= B)7
1
=> /0 Kl ) (AV (0l 1) + C(AV (o], 1)) — AVR%(al, 1), AVEL (o, 1) + C(AVE () #) — AV (ol 1))
l1

oi1 (AD™20Fs0 h(a,y,¢') — AD™20%50 h(a, v, 1))
(a—B)

1
S [ RSy (Va0 + AV (@S ) — AVP(at ), AVE (. 0) + C(AVE 0 #) — AVE o 0)
l2

,AVx (al,t) + C(AVx (al ,t') — AVx(al, 1)), t))dC - (o — B)

(A9 fE(al ') — ADL'™ fE(al 1))
(a—B)

1
#30 [R (BV0(0. )~ AVLO(a ), AVE a0+ CAVE @ #) ~ AVEaf0)
I3

LAV (1) + ((AVx (') — AVx (o, ), 8))d¢ (o = B)7

(AX,,, (o4 ') — AX,, (1))
(a—B) 7

,AVx (al,t) + C(AVx (al ,t') — AVx(al, 1)), t))dC - (o — )7

with s;, <10, ny, < 21. Then we can get (3.116). O

Lemma 3.7.22. Let Yok (t) = Cio([-1,1] x [-1,1],C¥([=7(t), §]). For h, g in W** we have the

following four inequalities:

1Ko (Vi (v, ) = Vi (2a+ 7(8), 1, 1), Vi (@l 1) = VE (20 + 7(t));, 1), V(o 1) = Vx ((2a + 7(t))3, 1))
(3.117)

(a+7(t)7] S

f/io,k+4(t) ~ 1

1o (V% 7.1) — Vi (20 + 7(t), 1, 1), VEL (@, 6) = VE (20 + (1)} 1), Vi (0 £) = Vi (20 + 7(0)', 1)
(3.118)
— K_U(ng(a, v,t) — Vg10(2a +7(t),m,t), Vfng(oztw t) — VJ?Ll((Zoz + T(t));, t), VX(ozf/, t) — Vx((2a+ T(t)):], t))

(a+7(1))7]

Yio:k+4(g) S 1 = gllwio.r,

DK o (Vi (v, ) = Vi (2 + 7(8),m, 1), Vin(eh, 8) = VE (2o + 7(8);, 1), Vx (0, 8) = V(20 + (1), 1)) 9]

(3.119)
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(a+7(1)7]

Yio:k+a(t) S b= gllwio-xs
and for 0 <t <t <tp,

1Ko (Vi (v, ) = Vi (2a+ 7(8), 1, 1), Vi (@l 8) = VE (20 + 7(1))5, 1), V(o) = Vx ((2a + 7(t));, 1))
(3.120)

— Ko (Vi%(a,7,1) = Vi Qo+ 7(t),n, t), VL (0l 1) = VAL (2 + ()} 1), V() = V(20 + ()}, 1)

(0 () oy < O =)+ e 7.1) = (a7t | oy 1y 5o

Proof. We can use the similar proof as in lemma 3.7.21, by using arc-chord condition (3.96) and by

the following inequalities. For (3.117), (3.118), (3.119), we have

Vi (a, v, 1)

ey

viortaey S [hllwiox,

Vi'(2a +7(t), 7, 1)
(a+7(t))

lyio sy S 1hllwiox,

V2 (0l 1)~ V(20 + T(0)h 1)
(@ +7(0)

I lyionsaey S IFE(@)E9(0,t0],098 (—o0,00)>

VX(artyat) _VX((2Q+T(t))$}vt) || ) < HX”
" viorta() S [ X Nep((0,t0],095(=00,00))-

For (3.120), we have

Vil(,y,t) Ve, t)
(a+7(t) (a+7())

Yio.kta(¢r) S ”h(av'%t) - h(a,"y, t/)Hcfyo([leLHk[fmﬂ])

VilQa+7(t),7,t)  VQ2a+1(t),,t)

N PD) (o r(1)

lyiortaqy SOt —1t),
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VZ 0k, 1) = VEN(@a+r(0)l,t)  VEN (el 1) — VZH(20+ ()}, )
(a+7(0)) - (a+7()

||Yio,k+3(t/) S O(t - t/),

Vi (ol 1) = Vx((2a+7(0)h,1) Vi (aX,t') = Vx((2a + ()}, 1))

I a+7(t) a+7(t)

yiok+ay S Ot —t).

VZL(al ) =VZ ((2a+7(1));,.t)

@) because

We can control the

VE (a4, 1) = VE((2a +7(t));,t) =

VE (a4, 1) = VE((2a +7(1))5, t) + VE (22 + 7(1))},8) = Vi ((2a + 7(1);, 1),

and af — af, = ic(a+ 7(t))(y —n)t with fgf:g))ﬁ € C*®°[—7(t),n].

Corollary 3.7.23. Let yor = Cio([-1,1], C*[=7(t), §]). For h, g in Wik with particular

sin(4; + By)
cosh(As + Bo) — cos(Ay + By)’

K,1 (A, B, C) =
we have the following four inequalities:
||K—1 (AVhlo (Oé, Y, t)a AVJFQLl (a'tyv t)a A‘/X (Otfy, t)) |B:2a+7(t) ||?"ka+3 S

~ )

||K*1(Avh10(a7 e t)v AVJ?Ll (afyv t)7 AVvX (Oéfy, t))
— K_1 (AVglo(Oév v t)7 AV]?I} (a'tya t)a A‘/X (afw t)) |ﬁ:2a+‘r(t) ||?i0,k+3

S 1P = gllwion,

||DhK—1 (A‘/hlo (O(, s t): Avfng (OZ?W t)7 AVx (Oéfy, t)) [g} |ﬂ:2a+7(t) |

o k3

S llgllwox,
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and for 0 <t <t <tp,

K _1(AV O (a, v, 1), AVfng(ozfy, t), AVX(ozt77 t))

— K1 (AV (a,7,t"), AVEL (ol ), AV (0, 1)) | 520t (1

o k+2

5 O(t - t/) + ||h(a777t) - h<a77vt/)|

CR0 ([=1,1), H* [, m])”
Proof. We use the similar proof as the previous lemma 3.7.22, except that here we have

|| SiIl(Al + Bl)|,3=2a+T(t) ” . <
(a+7(t))? CO([0,44], 770 F2) ~

L,

because the 8, f£(0,t) = 0. This helps us to get one more (a + 7(t)) in the numerator. In fact, we

have

As + Bilp=satr@y = D7Phi(e, 7, 1) = D701 Qe+ 7(1),7,1) + L (@)}, 1) — FE((2a+7(1))%, 1)
o /1 D™hy (a4 {(a +7(t)), 7 1)
- a+7(t)

0
[ B rdos o
0 a+7(t)

(1 +id ((a+ 7)1 + O))yt)d¢ (o + 7(t))?

(1+ic ((a + 7(t) (1 + O)yt)dC (e + 7(t))>.

Since Dy (a+ (@ +7(1)), 7 )la=—r(ry = 0 and fI' ((a+((a+7(1))!

fot)a=—r(t) = 0, we get the

result. O
Corollary 3.7.24. Let yor = Cio([=1,1],C*2[=7(t), Z]). For h, g in Wik with particular

sin(A1 + Bl)
cosh(As + Bs) — cos(A; + By)’

K—I(A7B,C) =

we have the following four inequalities:

”Kfl(AVhlo(av Y t)v AVJFQLl (afw t)v AVX(O‘fyv t))|,3=—7'(t) | yio-k+3 5 ]-7

||K—1(Avhlo(a7 v, t)v AVfZLl (ain t)7 A‘/X(afrtyv t))

_ Kil(Avglo(a?%t),AV]?Ll(afy,t),AVX(afy,t))m:_T(tﬂ

o k+3

5 ||h - g||W10>k7
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IDRE -1 (AV, (0,7, 8), AV (04, 1), AV (o, 1)) 9]l s=—r(t) [grio s

S llglhwiox

and for 0 <t <t <tp,

1K1 (AV (i, v, 1), AVJ?Ll(a';, t), AVx (ozty, t))

viosk+2

- K—l(AVhlo(O" Vs tl)a AVf?Ll (O‘fy/ ) t/)’ AVX(O‘fylv t/))|,3=—7—(t)|

5 O(t - t/) + ||h(Oé, Vs t) - h(a7'77 t/)| Cf,o([—l,l],Hk[—ﬂ',Tr])'

Proof. We use the same proof as the previous corollary 3.7.23 by the arc-chord condition (3.98). O

Lemma 3.7.25. For h, g in W% 0 < (o < 1,1+ <k+3, 7 <iy, when —7(t) < a < T

¢ €10,1], we have the following four inequalities:

|(82858%)K—0(<‘/1L10(a77’t) - V(Bé’t)7 Vfng(afwt) - Vfng(ﬂé,t), VX(a77t) - VX(Béat)”

sup
Be[—m,—7(t)]U[2a+T(t),n]
(3.121)
<( 1 )l+l’+j+a
T —al
sSup |(a(l:¢alﬁla']y)(K*G(CVhlo(av Y, t) - V(ﬁéa t)v Vfgf} (Cli/, t) - Vf?j} (687 t)v VX (afyv t) - VX (ﬁ(t)a t))
pe[—m,—7(t)]U[2a+T7(t),n]
(3.122)

- K—G(Cvglo(a,77 t) - V(ﬁév t)a V]FQLI (O‘fya t) - Vf2Ll (ﬂ(t)’ t)’ Vx (afya t) - Vx (667 t)))|

N gHwio,k(M)l-H +1+j+o

|(8@8¢;8§)Dh(K_U(CV,}0(a,fy,t) - V(ﬁéat)a Vfng(Oéfy,t) - V]?Ll(ﬂé,t), VX(O‘fyvt) - VX(ﬂ(t)at))[g”

sup
pe[—m,—7(t)]U[2a+T7(t),n]
(3.123)
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’ .
S ||g||Wi0,k(m)l+l +ltjto

and for 0 <t <t <tx, a>—7(t')

sSup |(a<lxaf3lajy)(K—0(CVhlo(a’ s t) - V(Bé’ t)v VJFQLl (CME/, t) - VfQLl(ﬁé’ t)v VX (O‘fyv t) - VX (68’ t))
Be[—m,—7(t)]U[2a+T(t),n]

(3.124)

— Ko (Vi (e, 7, t') = V(B 1), VEL (@l ) = VEL(BY ), Vix (ol ') = Vix (B3 )]

1 / o
S (O = 1) + e, v, 1) = s v, ) o (1 1y, ) ) 1B —af A

Proof. For the first bound (3.121), we have

040505 K o (CV%(a, 7,1) = V(B5,8), VEL(d 8) = VEL(B3, 1), Vix (@, 1) — Vix (B3, 1))

= Z Kl—(o+l+l/+j)(CVh10(aa Vs t) - V(B(t), t)a V]?Ll (afya t) - V]?2L1 (ﬂé? t)a VX(afya t) - VX (56’ t))Gl(av 6’ Y t)
1

with |G!(a, 3,7,t)] < 1. Then we can only consider & = o + [ + I’ + j without derivative. Recall

that K5 has the form (3.69), by arc-chord conditions (3.101) and (3.102), we have

1 1< 1
denominator' ~ (o — 3)2mo’

Moreover, we have

Vi (a7, 8) = VI(B5, )] < [V, (e, 7, )] + [V ag, )] + [V (ag, t) — V (55, 1)]

Slat+r@]+la+ @)+ a5,

[V2H(al, 1) — VZH(B.0)] < [VE(ad.1) = VLB 1)] + [V (b, 1) — VAL 0k 0)] S o — Bl + a4 7(8)] < Ja— B,

and

[Vx (e, 8) = Vx (85, )| < [Vx(ag, t) — Vx (85, 1) + [Vx (0, 1) — Vx (@, )] S la = Bl + |+ 7(t)] < | = Bl.
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Hence we have

lnumerator| < |a — B|mrtmstmatime,

Then we get the first inequality (3.121). For the (3.122),(3.123) and (3.124), as in the previous

lemma, we could write

d
%K—a(glcvhlo(avf}@ t) - V(/B& t)a Vfng (O[fy, t) - V]?le (ﬂév t)a VX (O[fy, t) - VX (/B(t)7 t))a
and
dil Kfo'(glcv}y,lo(a»/}/7 t) - Clv(ﬁ67 t)7 CIVJ?E (a'ty’ t) - CIVJFQE (683 t)? ClVX(Oé,ty, t) - CIVX (ﬂ67 t))

as sums of the product of K_(,1) terms and other non-singular terms to bound the difference. [J

Corollary 3.7.26. When § < —7(t) in the previous lemma, the ﬁ bound can be replaced by
m. Moreover, here

K—U(CV}SO(OQ’YJ;) - VfQLl(ﬁéat)v VJ?Ll(a'tyvt) - VfQLl(ﬁ(tbt)) VX(artyvt) - VX(ﬁéat))
= K,g(gv,}o(a,y,t),Vf?g(ag,t) - vf?g( 1), Vx (o, ) — Vx (B, 1))

= K—O'(C(Vhlo(aa’yat) - Vhlo(ﬁ”y,t)),‘/}gg(afwt) - Vng( 'tyat)vv)((afwt) - VX(/B};Mt))

Proof. We use ﬁ < ﬁT(t) when 8 < —7(t). In the equation we use 8 = B and V(5§,t) =
VEL(BY 1) = V0 (B, 1) =V, (B3, 1) = 0. O

v

Corollary 3.7.27. When 8 > 2a+ 7(t) in the previous lemma, the ﬁ bound can be replaced by

_1
B+T(t)”

Lemma 3.7.28. For 0 < (< 1,1+1'<k+3, j<ip, when —7(t) < a < §, we have the following

two inequalities:

sup |(8&8§8%)Kig(07 AVip (o, t) + CAV;- (ab,t), AVxr(al,t) + CAVx-(al,t)) (3.125)
Be[—m,—7(t)]
S (s
18 —«af

_
16+ 7(1)]

)l+l’+j+a < (

~

)l+l’+j+a
)
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and for 0 <t' <t <tg, a>—7(t)

sup [(0L,0509) (K™ (0, AV, 1 (ol 1) + CAVG (o), 1), AV (o, 1) + (AVy - (o))
BE[—m,—7(1)]

(3.126)

— K" (0, AV, 1 (ol ) + CAV7_ (of, 1), AVxr (ol 1) + CAVx - (o) 1))

v 1
“C;O([7171]7Hk[77r777]))( |6 —|— a‘

SO =t + 0t —t') +[|h(e, 7, 1) = h(a, 7, 1) JHF e

1

N t/))(m

AR RrAS (3.127)

Proof. We have

View (0 t) = Vi (85,01 < [Vies(ab,t) = View (B O] + Viww (6 t) = Vins (ol )]

Sla=Bl+la+7)] S la—4l

V- (85, )] S 1B+ 7(0)] < e = B,

[Vxr(ed,t) = Vyr (86,1)] < [Vxr(ag, t) — Vxe (86, )| + [Vxe (af,t) — Ve (o, )] < lo— B+ |a +7(t)]

§|O{*ﬂ|,

V- (B0, ) S 1B+ 7(t)] < la = BI.

Then we can use the similar proof as in lemma 3.7.25 by arc-chord condition (3.105) instead of

(3.102). O
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3.8 Picard theorem

Lemma 3.8.1. Iftake § sufficiently small, there exists t, and h* € C*([0,t.], Ol ([-1,1], HE[—m, 7]))N

Ss, such that

{ %he(a”}/’t) = Té(he)(a777t)a
he(a,7,0) = f+(a,0).

Proof. Let

{ h;+1(0‘>77t) = f(f T<(hy,) (v, 7y, T)dT + f‘+(20) (@, 0),
h(é)(aaﬁyat) =0.

From lemma 3.7.2, there exists sufficiently small ¢ such that for all n, h§, € C*([0,t], C2([-1,1], HE[—m, x]))N

Ss, and

th+1(0h ) t) — hn(aa Y5 t) HCO([O,te],C}‘yO([—1,1],H£[—ﬂ',ﬂ']))ﬁ551

1
< §‘|hn(a777t) - hnfl(a"y’t)“CO([O,tl],Cf;D([—1,1],H§[—7r77r]))r‘]s51'

Therefore, we can take limit and there exists h¢(a,7,t) € C°([0,t], Cio([—1,1], HE[—m,7])) N S5,

satisfying

t

W) = [ 10 @ rdr + FFa0),
0
Moreover, by lemma 3.7.2, we have h¢ € C*([0,t], Cio([—1,1], HE[-m,7])) N S5, with

d
%he(a,%t) =T(h°)(c, 7, 1)

O

We remark that if 7(¢) < 0, h, may not be 0 when o < —7(¢) and then the iteration breaks.

That is the reason we need the extra assumption (1.6).
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3.9 Energy estimate independent of ¢

Let Viek = Cio([—1,1], Hi[—m, 7]), we want to show the energy estimate in

U=Vornybrl ny3k=3ngs. (3.128)

3.9.1 Control the main term-first step

From the structure of T, only T¢ T§ and Ty depending on e. From Lemma 3.9.12, || T4 (h¢)||y < 1
independent of e. Therefore we only need to consider TT T .Also notice that there is only one Ty (h¢)
and T, (he).

Therefore, for L? norm, we have

d ™
o ORI
=2%R h (e, v, t)TE(h) (e, 7y, t)da + 2R he(a,v,t)Ts(h) (e, v, t)da + B.T

=FEY + EY + B.T.

Here B.T. < B(||h||r) with B a bounded function. From lemma 3.9.15, with k = 0, and the property

of L} .. (3.46) and (3.47), we have

Lj..(a,v,1)
a+7(t)

T 2a+7(t) 1 _ 1e B
oo e[ OO RO 5 (a +r(t))da
)

—r(t —7(t) (a—pB)* +e

" he(a?’77t) — h6(677’t)
=2%R he(a,y,t /
—7(t) ( ) —7(t) (a—p)2+e

dﬂj\(ag)L}Lg,s (v, 7, t)doa + B.T°

=E}  +BT"
Here

B.T.2 < C(Ihlleg(-1..22 (). m)» [ s

o118 1=ty m))s | Ehess oo —1a1.cn 1w 0. m) (s 7 O 22 [0y -

For the first term, we have

T Rh(a,v,t) — RhE(B, 7, t)

EY ., = 2/7r Mo RLE (o, v, £)RR (o, v, t / dBdo
1,M ) ( 'y) h ( ) ( ) ) (O[ _ 5)2 + €2
s T Sh(a,y,t) — ShE(B, 7, t)
+2/ Ma)RLE. . (a, v, )She (o, 7, t / ST, Y 48da
(1) (03 R L JSRA ) —r(t) (=B +e
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"o " Sh(a, 7, t) — Sh(B,7,1)
72/ Ma)SLE. (o, v, )RR (o, 7y, t / hd 2 ' 2 dBda
—r(t) (03)3 L ( JRA%( ) () (a—pB)% + €

T T Rh(a,,t) — RRE(B, 7, 1)
+ 2/ Ma)SLE (o, v, 8)ShE (o, 7y, t / ) dBda.
—r(t) (03)3 e JShE( ) () (a—pB)? + €

We call the first two terms EY ;, ,, and the last two terms EY 5, .. We leave it as this form for now

and move on to control E. Similarly, from (3.46), (3.47), and lemma 3.9.18, we have

™ 2O (he(a,y,t) = hE(B, 7, ) (@ = Be

0 __ ‘(o at

By =2m (1) " ’V’t)/m) ((a = B)% +¢€2)? Ao @)
T € T (he(avva t) — hé(ﬂ s ))(

AR “/T@ (=B +e)?

=FE9, +BT°

Li..(a,v,1)
a+ 7(t)

Ly (o, 7,t)
a+7(t)

(a+7(t))da

= 2R = B)e dm(ag) (o + 7(t))da + B.T°

For ES ,,, we have

" T Rhe — Rhe -
By =2 / IR O e e e

0 She — QA _
0 RLE (a7, D90 .1) [ . R

[
2/ ol )SL3..(a ,’y,t)é)?he(oz,'y,t)/ﬂ Shilasy, t) = ShE(B, 7, (e = B)e 5,
/

dBda

+2

—r(t) ((a = pB)? +€2)?

T € T %he(aa’y’t) _%he(ﬂa’%t)(a_ﬁ)e
JLhEE( 77at)‘§h (O"’%t) /T(t) ((a—ﬁ)2+62)2

2 dBda

+

=BT E2Ms7

where we used lemma 3.9.21 to show the first two terms are B.T° Now we are left with

0 0 0
EY v + B4 s + Eo s

T 3 " %he(aa ’y?t) — mhe(ﬁ’ s t)
= Mo )RLE. (o, v, )RR (o, 7, t / dBda
JAR O O R A e

i ~ T Ohg(av’%t) — C\\Yhe(ﬂ7’7 t)
+2/ Mo )RLL. . (a, v, £)ShE (v, v, ¢ / h ’
( 'y) h ( Y ) ( Y ) —r(t) (Oé—ﬁ)z +€2

" "W, t) ~ IS 0)
—2/ Nal)SLE. . (a, v, )RR (a, ,t/ bl s M ik
( 'y) h ( 0 ) ( Y ) —r(t) (Oz—ﬂ)Z +62

g 5 )/W %he(a,’%t)_%h6<ﬁ77at)dﬁda

dBda

dBda

+2 Mal )L} e (o, v, £)ShE (, 7, t
ey T —r(t) (—B)? + ¢

T T € €
3 t\oxT2 € Sh (Oé/%t)—dh (ﬁv'yat)(a_ﬁ)€
— (1) 073 L (0, EFRA% 2,7, 1) /_Tu) ((a —B)? +¢2)? Apda

T tver2 e T Rh(a,v,t) — RRE(B, 7, t) (o — B)e
+2 Aaz)SLje.s (o, 7, 1) Sh(a, 7, 1) /_T(t) (CEETE dBda.

117



Let d*(a,v,t) = 2RL;}. . (o, 7, 1), dS(a,v,t) = 2S L. (a,7,t), d§(a, v, t) = 2SL2. . (a,7,t). From
the (3.148), we have

—d(a,v,t) > 2C|d5 (e, 7y, t)| + 2C|d5 (o, v, )|, (3.129)
with C' =9, a € (—7(t), T) Nsupp S\(Ozfy) Then by the refined Garding’s inequality 3.9.4, we have
E(l),M,M + E(l),M,s + ES,M,S <BT°

Then we finish the L? case. We also introduce a corollary here for in the later sections. The proof

is same as the L? case of the energy estimate.
Corollary 3.9.1. Ifsupph C [-1,1] x [-7(t), F],
he CO((-1,1), L2[~r(t). 7)),
for i=1,2, for any L1, Ly satisfying the following properties:
Li(a,7,t) € CY([~1,1], Ca [~ (t), 7)),
Li(=7(t),7,1) = 0,
and when o € (—7(t), ) N supp S\(Ozfy),

_éﬁil(a777t) > 2C|S[~’1(a777t)| + 2C|C‘}I~’2(aa77t)‘7

then we have

T . 2047(8) h(Oé,’%t) - h(ﬁf%t) T
Sgp[gge o h(a, v, t)A(ak) /_T(t) (a—pB)2+e2 dBL1(a,v,t)da (3.130)
. 20570 (h(a, v, t) — h(B,7,t))(a — B)

EdﬂEQ (OZ, v, t)da}

+ 2R h(a, 7, )M (at /
[ e [ e

S C(Ibllco-1.01.L2 (- (t),w)s 1L lco 11,08 (- r(t) 2y 1 L2l co 111,08 (—r () ) NN F2 [y )

When h is sufficiently smooth, we can also take limit to the previous corollary 3.130 and get:
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Corollary 3.9.2. If we also have h € CY([-1,1], H3[—7(t),7]), the following inequality holds

T B 2a+7(t) h ) —h ¢ B
sup[2R h(a,’y,t))\(afy)p.v./ (@7, 1) (25’% )dﬁLl(a,'y,t)da
~ —r(t) —r(t) (a—pB)
+2R [ ey, DA(04) S Oah(a, 7.t La(a, 7, t)da]
—7(t)
Clklco 111,021~ 11 oo (11,08 @) | L2l oo 111,08 ). a)) IPI 2 - 1) )

Proof. Since h € C9([—1,1], H3[—7(t),7]), we have

247 h(a 7 )— h(B,7,1t) 20470 ha,y,t) = h(B, 7, 1)
lim/ ’ ”dﬂ—.v./ 7 8 48] ety a1 — 0,
| (t) —B)?+e P —r(t) (a —pB)? ez i=r
and
2a+7(t
. 77at)7h(6ﬂ77t))(a*ﬂ)€ 75
il /T(t (a—p)2+e 4h = g0ahte 7 Dz -rm = 0
Then we can take the limit of (RHS) of (3.130) and get the result. O

We also claim the following corollary is true by fixing v = 0 in the proof of corollary 3.9.2.

Corollary 3.9.3. Ifsupph C [-7(t), §,

h(a,t) € Hy[-7(t), 7)),
for i=1,2, for any L1, Ly satisfying the following properties:

L(m t) € CL[—7(t), ],

and

—RLy (o, t) > 2C|S Ly (e, )] + 2C|S Lo (a, )],

then we have

T

. 2a+7(t) w
[ hesoda) [ . T

San [T (hlast) — b8 D) (o — H)e
v [ niesniap) | . T

dBL1(a,t)da (3.131)

dB Ly (a, t)da]

119



S Ol ez = r@y,mps 1 L1l (= (1), I Lallen ey ) 121172 (s ey,

3.9.2 Refined Garding’s inequality

Lemma 3.9.4. Let ¢(a),é(a) € C([0,7]),f,g € L?([0,]), satisfying

lc(a)| < o, |é(a)| S a,suppc,supp ¢, supp f,suppg C [0, 4],

there exists C > 0, such that when Clc(a)| < é(a), we have

. e o

| ctrse) | i ma ate) —(3)as
7T~ s 1

< [ s | fmgratfie) - F#)dada

T B s 1
+/0 C(a)g(a)/O m(g(a) — g(B))dBdo + B.T,

and
s ™ 1
[errto) [ g tate) - a(a)dsda
7T~ s 1
< [ ) | gt - r(#)dsda
+ [ deto) [ s ta(e) —g(a)dsda+ BT
where

B.T S (1172 + llgll2)
independent of e. We can take C = 9.

Corollary 3.9.5. If we also assume f,g € H?, we have

()1 (@) o/ (@)do
0 1}
s 5 by 1
< [ s | =gt - ro)asda
™ B T 1
+ [ et [ 2 gleta) ~g(8)dsda+ BT
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s

0

() fl@)pv. / ' T gpEale) — a(a)as
T 4 1
< / &(a) f(a)pv. / ) — (3)asa

o (a=p)?
T 5 s 1
+/ c(a)g(a)p.v./ 72(9(04) —g(B))dBda+ B.T.
0 o (a=p)
with b = 2 from (3.36).
Proof. We can take the limit of the previous lemma and get the result. O

Proof. Now we start to show the lemma 3.9.4. First we introduce some lemmas.

Lemma 3.9.6. Let Hgi be the Hilbert transform on the real line. We have

/0 C(Ol)f(a)/o W&I(ﬁ)dﬁda

-/ " e(e)f(a) / " (Hrg(8) — Hrgl(a)) (— 2¢
0 0

(a=B2+e)?  ((a—p)*+e)?

)dBdo + B.T.

Proof. Since

€ B

HR(52+62):52+62’

(3.134)

by changing the order of the Hilbert transform and the derivative, we have

Be
(B2 + €2)2

1 B2 — €2 1 1 2¢2
)*5(524_62)2 7§[ﬁ2+62 - (32+62)2

Hg( ].

Now we extend g(f) to be a function g on R with g(8) = 0 on [0,7]°. By the property of Hilbert

transform, we have

B)?+€?)
_ [ *_ (a=P)e
= [ et [ e Basie
T <1 1 2¢2
:/0 c(a)f(a) [m 5[(@ — 6)2 +€2 - ((Oé _6)2 +€2)2]HRg(ﬂ)d5da
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Now we claim

7 > 1 2¢2
/0 c(a) f(a) /_Oo[(Ohﬁ)zJr€2 - ((a76)2+62)2]HRg(6)dﬁdO¢ (3.135)
T T 1 2¢2
-/ C(a)f(a)/o [(a_ﬂ)2 ke ((a_ﬁ)Q+62)2]Hng(ﬁ)d,8da+B.T.

Let us verify it. Since |c(a)| < ||, we can use the Hilbert inequality and have
0 1 < 1
Ifteyete) [ ara Bl I | g Hra(-B)d8 ol

S =@zl = B.T.

For the other terms, we use supp c¢(a) C [0, 5] and we have (3.135). Moreover

T 1 2¢? (" d - B B a—T o
/0 ((a—6)2+e2 B (a—5)2+62)dﬁ_/0 %(a—ﬁy—i-e?dﬁ_ (a0 — )% + €2 a2 e
(3.136)

jus

- a2ie2| “|le(a)] <1 on [0, 4}, we have

Since | (a_aW3§+€2

/ " e(e)f(a)
0
= [ c()f(o)

, et |

Hrg(B)dBdo (3.137)

1 2¢2
B2+e  ((a—p)%+e2)2

/Tr[ 1 B 2¢2
o (@=p82+e  ((a=p)+e)?
i J(Hrg(8) — Hrg(o))dBdo + B.T.

Lemma 3.9.7. We have

T e 1
/0 /0 cla) f(a)(g(e) — g(ﬁ))mdﬁda
1

1 ™ ™ 1
=5 [ | @ - 1) ~ s =g — e e+ BT,

62

| crsiato) - o0 s apadsda

€2 €2

1 (™ [T
= 5/0 /0 C(Oé)(f(a) - f(ﬁ)))(g(a) _g(ﬂ))(((a _ 5)2 +€2)2 - ((a +B)2 T 62)2 )dﬁda + B.T.

We remark that we do not need the supp f,supp g condition here.
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Proof. We only show the first one and the second one follows the same way.

o 1
| [ dersta)ote) - o6 =g adsda

1 (" (" X 1

5 | [ o)) = 10)et0) 90N o= ~ e
I )

3 [ [t = e@1e)a(0) ~ o3 frmgrrp g afdo

+%/O /O C(Oz)(f(a)ff(ﬂ))(g(a)fg(g)(%w)dﬂda

:Il +12+Ig

We now show I + I3 are good terms.

Ip + I3

=5 | [ (et = clans3)ata) - 9(8) =gy o
L 1

+§A(Acmﬂﬂm—fWMﬂ@_gwxm+ﬂy \ipda

(8 CCEECIN

7 (o)~ el8)g(e)
A e SO

+

+

© 3
=
Ts
|2

For the first term, from lemma 3.9.8, we have that — fo (@)—c(B)) 10y + fo wda is bounded.

—B)2+e2
Then Jl =

For J5, we have

/ﬁ@%Ma—mmmua
ﬁ) + €2
[ e ot
[e%e] +62
- [ gl @gta))da
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So

~—

(

| [ A=A g g g+ [ AL =AD =

< llgllze-

Then J5 can be controlled by Holder inequality.

J3 is bounded because the boundness of fo

+

€2

oc+B 24e2
Hilbert’s inequality and |%\ < ‘ﬁ'
Lemma 3.9.8. We have supg<g<, | — [, %da + Jy (afﬁ(%dcﬂ <1

Proof. Since supp ¢ and supp ¢ C [0, 7], when 8 > %, we have

" ofa) - c(f) " ofa)
'*/ W—BP+@da+A @t pe e

) el
= l m—ﬁv+@d'+l @i pRsal

<1

When 3 < %, we have

ORI S R
A m—ﬂv+@d‘*A @rppre’

B B))g(a) daHL2

__[Tlde)—c(B) [T cla) [P (@) = e(B) = ¢ (B) (e — B))
= /2 d —l—/o ( /0 da

g (a—p)2+€ a—|—5)2—|—€2da

_/w«ﬁw—dm—dwxa—mgm
0 (a =P+

=Termy + Termso + Terms + Termy + Terms.

Here

T—268 cla+26) —
T +T = / d 2 /
|Term, erms| = | CENET 2 | <28

T < d<1
|Terma| < ﬁ/ Oz-i-ﬁ o ,

: s
and since 8 < %,

|Termy| <1,

124

(a=BP +e

Y ot 2p) 8 () % ofa) "
“A <a+ﬂv+@m”+A <a+ﬂv+ém”+4 (a+ﬂV+¥m%+L4Bm+BP+@

dBc(a), and Jy, J5 can be controlled by the

O

c(a)

do



|Terms| <268 < 1.
Then we have the result.

Lemma 3.9.9. We have

/ / ﬁ)z do (3.138)

/ / ) Hr f(a HRf(a)—HRf(B))(i(aiﬁl)Q+€2)d6da+B.T. (3.139)
Proof. We first show
[ [ crs@is@ - 160 —grra — o) (3.140)
@ AP (@ Br+e)
= [ [ e tin @) ste) ~ Ha SO s — ey e+ BT

From (3.134), and (3.136), We have

//a (@) (@) = (5”(<a—ﬁ1>2+62‘<<a—ﬁ2§§+e2>2)dﬁda
/ / I3 2+€2—((a_62)€22+62)2)d5da+B.T.
/ e(a / Hr f(B BJ)F e gy aphde

—2 f@ / ) (B)an(ﬁ)mdﬁda
co [ gt [ im0 C<a>><a6;)f>€dﬂda

B)? +
:—2/0 B Hr f(B / fla 6 Ta—gr s aplads+BT.
_ /O (RSP [ Haf a><(a _51)2 T _52)62 ored3 + BT
—— [ @)t ) [t f(0) ~ Hr S ON s — e ads + B,
=~ [ et@ttns(@) [t I6) ~ Hr @) i — g ldda + BT,
1 2¢2

:_/o C(O‘)an(a)/o Hr ()~ Hr NG —gra ~ (a=pprap Pl t BT

where we use the Hilbert’s inequality and the fact that |c(a)| < |af.
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Then we show

//ca a)(f(a) — (ﬁ))(m)dﬁda (3.141)

2
/ / a)Hr f(a)(Hr f(o) — HRf(ﬁ))(m)dﬁda +B.T.

From (3.141) and (3.140), we can get (3.138).
For the LHS of (3.141), we have

| etorr@)se) = 1) (g aya o

2

- / _do)f) / (@) = 8) g dida+ BLT.

= [ Htet@s(@) [ (Hn @) = Hrf(3) oy dfda + B,

-/ " (o) Hr (o) / " (Hr (o) — Hrf(8)) dBda

o 62
/ / Y gy [ (R f(0) = Hr () g g + BT

Here we take ¢(«) = 0 when o < 0 and a > 7.

Then we are left to show

[T (ela) () (), [ ¢ -
/_OO/O o~ dy /_OO(HRf(Oz) - HRf(ﬁ))mdﬁda =B.T. (3.142)
Here

€2

[ O [ g - .
/ N ar [ (e () = i 3) G amedP

e Dty [ (@) s
_/ / dW[Z(HRf(B))Mdﬁda
[ Day / Z(Hnﬂa»mwda

L] / D (e ) ey

_ CORO) e o
‘/_oo /m/ a1 5 O g PR (@)
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For the integral on o < 0, and 8 < 0,

C0 [T (el@) — () (elB) —er)) e
|/_oo /—oo/() ( a—v a B—7 )f(FY)d’y((a_ﬂ)z+62)2dB(HRf(a))dO“
B 0o 00 ™ C("y) B c(fy) L de
7|/ / / aﬂ Bﬂ)f(v)dv((a m2+62)2dﬁHRf( )da|
af [ = (a”)(ﬁﬂ) DO B ) o o

T e2)2

Tf )I 2
v | - B
| / / a8l (o)l dal

©
S [ (j b H ()

= B.T,

IN

where we use the Holder inequality and the Hilbert’s inequality in the last step.

For the integral over ao < 0, 8 > 0,

(cla) =c(v)  (c(B) —c(v) _ cle) —c(B)  (e(B) —c(v)(e = B)
o=y B—n a—7 (a=7)B-7)

We have

| / In /w“)‘c(ﬁ)mdw(( dB(Hrf(a)do]

wJo Jo a—v - B)? +¢€)?
R A O e’le(—a) — ¢(B)] N
<[ el S s R s -a)ldal
= 7 1) o
—B.T

Here we use |c(—a) — ¢(B)| < |a + B]. Moreover,

B f(’Y)dV((a_;)—g_i_ez)gdﬁ(HRf(a))da‘

I
s /aﬂm e it f(-a)lda
I

A

d VHr f(—a)ldal
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where we use |M| < 1. For the integral overa > 0, 8 < 0,

(cl@) —c(v)) _ (c(B) —clv) _ (ela) —c)(B—a) | cla) —c(B)

a—y B—n (a=7)(B—-"7) B
We have
|/ / / —° /6 dy((ﬂe)—2+€2)2dﬂ(HRf(a))da|
C(Oé)*C( 5))
N|/ / / Tﬂ ()l ’Y%dﬁmnﬂaﬂdﬂ
e2|a + B
Sl | / Dol gy ozl
SRl [ sl [~ s
= B.T.
Moreover,

f(n)dy dfHr f(a)dal

(= B)% + ¢2)?

62
0 4Bl 481 f())dal,

/o By O Gy T ey

Then we can use the same way as in the previous inequality to bound it.
For the integral over 2 > a > 0, 8 > 0, we have
(c(@) — (7)) (eB) — ()

- < Ja— B
e =S ja -l

Hence

<|/%/ / e sl fa)lda
5A thawaélfvwv

S £
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=B.T.

For the integral over 8 > 0, a > 2,

2
(= B)2 + 62)2d5(HRf(a))da|

L[
y / / / o f|€2) LI
< / i fla

da/ | f()|dy

s</ |ana\da%/|fwdv
21T 0

v)dy

=B.T.
And
[ a)ﬁ)f(v)dvmdﬁ(lfnf(a))dal
o

Then we can use the same method as before to show the result. By (3.140) and (3.141), we can

show the lemma. O

Now we use those lemmas to show the theorem. We first show (3.132). By lemma 3.9.6,

T N -1 2¢2
(w115) = [ @)@ [ (Hrg(B) - Hrg(@) (i + gy ddda + BT

(3.143)

=L, + Ly + BT.

Next, we use lemma 3.9.7 and get

1 T 1 1
=3 [ [ o))~ 1O ra() - Hroo) r—grra— o ey s o+ BT,

(3.144)
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Ly = /0 /0 c(a)(f(a)=f(8)))(Hrg(B)—Hrg(a))( ((a— B2+ e2)2 - (o + B)? + €2)2 )dBda+B.T.

(3.145)
Since we have when 0 < a <7,0< 3 <,
1 1 0
(a—B)2+e (a+fh)?+e -0
€2 €2
(@ PPt P (aiBrier
€2 B €2 < 4 1 _ 1 )
(@B +eP  (@+ar+e? = a-pr+e (atpr+e
By Holder inequality, we get
9 [™ [T )2 1 1
[((LHS)| <f/ / c(a)(f(a) — ((a 5 (@t i) +E2)d5da (3.146)
) 1 1
/ / )(Hrg(B) — Hrg(a)) ((a e @iprie )dBda + B.T.
Moreover, in (3.133), by lemma 3.9.7, and 3.9.9,
)2 1 1
(RHS) / / é(a) ((a At (aiBrte )dBdo (3.147)
9 1 1
/ / Y(Hrf(B) — Hr f(a)) ((a B2+ &2 - (a+ fB)2 +62)d,3da
)2 1 1
1)) [ e -0 gy
1 1
w1 | ) tra3) - o) (g ~ g

+ B.T.

By 3.146 and 3.147, we can take C' = 9 and get (3.132). For (3.133), by lemma 3.9.7, we have

1 1
(LHS) / / B))(g(a) — 9(6))((a i e ifrs —)dfdo+ B.T.
- c(a)(f(a) — )2 1 _ 1 o
74/0 /0 ((04—5)2‘9‘62 (a+5)2+62)dﬂd

lﬂﬂca o 5 1 B 1 .
w1 [ oot~ o g — ) tde + BT

The (RHS) of (3.133) is same as (3.147), since (3.132) and (3.133) have same RHS. Then we can

again take C'=9. O
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3.9.3 The Refined R-T condition

In this section we show when o € (—7(t), §) Nsupp :\(ozfy) the following inequality is true, for t < tpy

with tpp sufficiently small independent of e:
—d* (e, 8) > 205 (e, 7, )] + 2C1d5 (0,7, 1), (3.148)
From (3.46), we have

de(—T(t)777t) = d;(_T(t)v’yvt) = dg(_T(t)v’yvt) =0.

Therefore it is enough to show the following refined R-T condition for a € (—=7(t), §) Nsupp 5\(04%)

6ad6(aa77t) - 20\3ad§(—7'(t),7, t)' - 20|aad§(_T(t)7’Y?t)| > 0. (3149)

Here we have supp S\(afy) C [—206,208]. Therefore we only need to show 3.149 holds when « €
(—7(t),200).

Lemma 3.9.10. (3.149) holds for small t < tpy independent of e.

Proof. From lemma 3.9.11, we know at ¢t = 0,
—0ad(a,7,0) = —0,RLj... (v, 7y, 0) > Co.

when a € [0,200]. dada(e,7,0) = duds(a,y,0) = 0 because everything is real at t = 0. From (3.50),

we also have when 0 <t/ < t,

L7 s (@7, 8) = Lie (3 ) oo -101.00 ), 2)

S A5 (o, t) = A% (o, ) |Ju + Ot — ).
Moreover,

1 Lhe.e (@, 75 8) = L (=7 (t), 35 )l o 1-1,11,08 (=61, (1))

< (7(t) = TN Lhes (@, v, Ol co-1.11.02 [ (1), —r ()] S B([BI0) (7 (8) = 7(t)),

when k > 2. Hence there exists small ¢pp which is independent of €, such that(3.149) holds when

t <tpr.
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Lemma 3.9.11. When t =0, if § is sufficiently small, there exists Cy depending on 6 such that

—0ad(a,7,0) = —0,RLj... (v, y,0) > Co.

when « € [0,206].

Proof. Recall that

A B
Lhes(ary,t) = lim Sin(4, + By)

B—m(dﬂ (cosh(Ag + By) — cos(A1 + By) o= B)°),

where A+ B = D~2h¢(a,v,t) — D™2h(B3,7,t) + fL (ol t) — FE(BL,1). O

When t = 0, we have
A+ B = fT(a,0)— f7(B,0) + fX(c,0) = f5(B,0) = f(ax,0) — f(B,0).

Then

1 sm(f( ) f (ﬁ,O)) 2
L (007 0= I (5 cos (a0 0) — 72(3.0)) — cos(a(a 0) — Ao )
= i (—cs(h(@0) ~ AB.0)A(8,0)
P osh (o, 0) — (3. 0)) — cos(fr (e,0) — Fr(5.0))
s 0.0) = F(5.0)(— sinh(Fo(0.0) = L3 0)(5.0) — snlfs(0.0) = Fr(BOAG0) o
(cosh(Fala, 0) — Fa(3.0) — cos(fr (e,0) — f1(5.0)))2

B0 N (U

Fl@0)? 1 o(@ 0P Fu@0)? 1 (Gl 0)F

fi(a,0)

(fi(@,0))2 + (f3(a,0))2

By the assumption (3.19) we have dd—;fl(a,0)|a:_7(0) = %fl(a,o)\azo > 0, moreover, by the

condition of turnover points, we have %fl(a, 0)|a=o0 = 0. O

Then by letting ¢ sufficiently small, we get the result.

3.9.4 Control the higher order term

Now we control

Bt =5 [ 1okt (e Pa.
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Like in E° case, similarly, we have

d

= [ 105n (@, 0o

—Tr

=2R [ ONh (a7, )OETS (he) (e, v, t)da + 2R [ OKh(a, v, )08 T5 (he) (e, v, t)dav + B.T
=EY+EY + BT,

For the first term, we have

" N 2047 (he (o, y,t) = he(B,7,1))
EF = 2R O he(a, v, )9k (Aol ) LL. . (a, ,tt/, itk 20 13)de
1 o (a7, 1) OE (M) L. (v, 7, ) o (a—pPte )
" g 20470 (he (0,7, t) — he(B,7, 1))
= 2R Ok ne (o, v, )Nt )L} . (v, JBQ/ 2D 2 dB)da+ B.T.
—r(t) ( Y ) ( 'y) h ( Y ) ) (04—6)2+62 )

where we use lemma 3.9.25 and condition of Lj. . (3.47). Moreover, by lemma 3.9.22, and condition
of L}... (3.47), we also have

B L. (o, 7,1) 2047 (G he (o, 7y, t) — OER(B, 7, 1))

EF =R OF R (o, y, t) L 2 (o 4 1 (t / a A a” V2 D aB)da + B.T
1 —T(t) ( ,y ) CK+T(t) ( ( )) —7—(75) (Oé—ﬁ)2 +€2 ﬁ)

= Ef y + B.T.

Similarly, for the next term, we have

us

< 2a47(t) he(a, vy, t) — he(B,7,t)) (e — B)e
EfF = on OEhe (v, 7y, )0k (Ao ) L2, . (v, v, t / ( ik LR dB)da
2 ) ( ) ( ( “/) h ( ) —r(¥) ((a . 5)2 + 62)2 )
2a+7(t) - 2a+7(t) (he(a,,t) — he(B,7,1))(a — B)e
= 2R %MamJAatﬂwm%Hﬁ/ A D dpB))da + B.T
r(t) ( )( ( A/) h ( ) ( —r(t) ((OZ—ﬁ)Q +62)2 ))
=FE9, +BT.

where we use corollary 3.9.27 and condition of L2 , (3.47). Moreover, by lemma 3.9.23, and condition
of L?.. (3.46), we again also have

4 < L2, (a,7,t)
k= kpe tyZhes\® DY)
E2 =% —r(t) 8ah (047%75))\(0‘7) o+ T(t) (Oé + T(t))/

+ BT =FE5, + BT

P ke {a,7,0) = 95 (B ) — e
0 (0= pF+ )2 e
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Notice that EY ,, + E5 ), has the same form of EY ), + EJ ,/ except that 05h¢(a,~,t) takes the place

of h¢(a,,t). Hence corollary 3.9.1 leads to
Ef,M + E;M < B([lkllv)-

3.9.5 The derivative with respect to vy

For Vio-F still from the structure of 7€, only Tf T5 and Tg’s depending on €. From Lemma 3.9.12,

[ T%(he)||r < 1 independent of e. We have

d (™ ;
G [ 1ekornctan.ida

= 2R ohIh (a,y, )0k DT (he) (e, 7, t)dor + 2R 8@61'/0 R (e, 7y, )0k 0L TS (he)(av, 7, t)do + B.T

—T —T

=B + By + B.T.
We consider the first term and have

k,io
Ey

i , 2o+t gio(h) (e, 7y, t) — 02 (h)(B, 7, t)
= 2R Okl he (o, v, )0k (L, (a7, t / T D T ' D2 dB)da
—ry ( 0 (Lo ) () (a0 — B)2 + 2 )

7T . . X 2a+7(t) 6.7 he t) — a] he t
+ 2R DEOR (yv,t) Y CagOh Tl TILL. (a7, 1)), / 2 (09,7, ) - el 2)(5’7’ ) 4da.
—7(t) j<io—1,1<k —7(t) (Oé_ﬁ) +e

From corollary 3.9.25, for | < k, j < iy — 1, we have

Bl 27,31 S 1A (2,7, 1)

Vio—1,k+1

10! /2"”(” 09 (h°)(a,y,t) — D2 (h)(B, 7, t)
a —-r(t) (Oé _ 6)2 + 62
< B(|[hlv).

Here we have the last inequality because the structure of U (3.128). Similarly,

k,io
E2

. 270 (90 (1) (@, 7,1) — 0% (h) (B, 7, ) (@ — Be
_ k aio he k L26 s\, . — . cn dp)d
2R ) 30467 (aa s t)aa( he (a v t) /T(t) ((a — 5)2 + 62)2 ﬂ) “

+ 2% ONOOh (a,,1)
-7(t)
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—laio—J 2oct(?) aj he Oé,")/,t 7aj he ﬂa’%t 01766
' Z C}io 08105 ]L%e,s(a,%t)aé/ (G (AN (()oz—g)g _i(€2)2 i ) dfda.
j<io—1,I<k —7(t)
From corollary 3.9.26, for | < k, j < iy — 1, we have
207 (9 (h) (e, 7, t) — 9 (h)(B, 7, 1)) (@ = B)e
o), = @ ppF+e A2 ri,3) S (07, D llyia-sicn

S B([[Allo)-

Then we have

; ; " ; 2070 920 (he) (v, 7, t) — 0% (he) (B, 7, 1)
ERio L phio — op LR (a,~, )k (LE. . (v, 7, t / 7 - v 8 a8Vda
1 2 ) v ( ) ( h ( ) () (Ol o 6)2 + €2 )
" ; 2et70 (92 (he) (@, 7,) — 0% (h)(B,7.1)) (@ — B)e
+ 2R Ok dlhE (o, v, 1)Ok (L2, . (ar, 7, t / 7 A 7 > D dB)do + B.T.
] ( el ) (1) ((a—pB)* +e2)? )

Then it can be controlled in the same way as Ef + E% because here (%Oh takes the place of h and

other parts remain same. In conclusion, we have
d €12 < €
i 10°llo < B(Alw)-

3.9.6 Take the limit

Now we have a uniform bound in U for the h*(a,~,t). Let k = 20. We claim that we can use the
compactness argument to take the limit and show there exists sufficiently small time t; such that

there exists h € C1([0,t1], CY([—1,1], H?[—m, 7])) satisfying
h(a,7,t) =0, when a < —7(t), (3.150)

and

where T'(h) is from (3.32). Moreover, when v = 0, ho(a,t) = h(a,0,t) is a solution of

dhO (O[, t)

=170
dt (h0)7

where T9(hg) is from (3.33).

Like in (3.129), let d(av, v, t) = 2RL}. (o, v, ), d5(av, v, t) = 23 L} (o, 7, t), d§ (o, 7, 1) = 28 L7 (o, 7, 1).
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We claim the corresponding refined R-T condition (3.129) also holds for the limit:

—d(a,7,t) > 2C|d2(a, v, t)| + 2C|ds(r, v, )| (3.151)

3.9.7 Lemmas for the good terms

We introduce some lemmas. ”<” in this section does not depend on €. If we do not specify, here

h(aa s t) € C'iyo([_la 1]7 Hi[_ﬂ-? 71']) n Sé-
Lemma 3.9.12. The inequality for T5 in (3.44) and (3.45) is independent of €.

Proof. We only show the b; = 20 case. By lemma 3.85, we get the same result for b; < 20.

First, we show (3.44). For the Ly case, we have

Y h(B,7,t)(a = B)
Lyt (as By, t) =5 —dp
/Tu) " (a—pB)*+e
rl®) s, " h(,7. 1)~ 5)
= L3N o, B,7,t) — L (a, v, 7y, t MEBINET ) g
[, B0 s, ) O s
» 2O (B, t) (e~ B)
+ L3, a7y, t / — 2 4B
el ) —r(t) (a=p)+e
=Termi + Terms.
By the smoothness of Li’f (3.52), we claim
H(Lif(a,ﬁ,’y,t)—Lif(()(,()[,’y,t))(a—ﬂ)” ) <1
(a—B)2 4 2 CO([=LALCO((=7 (1), D)X (=7(8),55) ~
Then we have
| Term;| <1

CO([—1,1),L2[—7(t),F]) ~

By the following lemma 3.9.14, we also get the similar bound for Termes:

< 1.

ITermall o (-1, z20-r(0,51) S

Then we take kth derivative and have

Ly (@, By, t)

Batrt) h(B, 7, t)(a = 5)
k 9 )
Oa /—T(t) (o = B)? + €2 w
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a+7(t)

-y [ diaa-s 5,1y 2a e = 5,7, O(F)

k' <k —a—7(t)

+ Z Ckl,k27k38§3 (821 (sz(aao‘ - ﬁa'% t))‘B:a+T(t))a§2(

k1+ka+k3<k—1

=) Gl ek O (O (L (a0 = B, 1)) | = —ar ()08 (

ki+ko+ks<k—1

Qh—1=k—ka—ks ) (_r(£), 7, ) (a + 7(t))

)

(a+7(1)% + €
(82—1—k1—k2_k3h)(206 + T(t)7 s t)(a + T(t))

)

@+ 707+

= Term® + Term® + Termk.
1 2 3

Since from (3.52), we have for j + j' <k,

(03,05 Ly! (v, 8,7, 1) = 9305 Ly! (@, .7, 1)) (@ = B) »
(a—pB)2+e CR([~1,1],C0 (=7 (), F) X (—7(£), 3¢

<
y ~ L

then Term! can be controlled in the same way in L2. Termb and Term% can be controlled by (3.52)
and lemma 3.9.19.

For (3.45), we have

2atT(®) o h(B,v,t)(a — ) Zotr(®) o 9(8,7,t)(a — B)
3, s [y _ 3,t s
/_T(t) Ll B )= gy 48 /_T(t) O A oy e

2047(t) , h(B,7,t)(a = B)
_ 312 _ 3,Z P b A R A S i
= /_T(t) (th (Oé,ﬂ,’}/,t) Lgs (aaﬂ777t)) (Oé _ B)Q + 62 dﬁ

2a+7(t)
3,1 (h(ﬁaf}/,t) 7g(ﬂ7’yat))(a76)
+/T(t) LgS (a7/87’77t) (a—5)2+62

dp

dp

= TermP? + Term?.
1 2

Term% can be bounded similarly as (3.44) by changing h to h — g. Term? can also be bounded in

the same way by using (3.53) instead of (3.52). O

Lemma 3.9.13. We have

dp|

Ipo /2‘”“” Lyt (0 8,7, )h(B, 7, 1)
() (a—p)

SILY (e, By, )]

CLO([~1,1],L2[~7(t), %)

00 ((=1,11,07 (= (0,3 x (—r(t), 20 1@ s D)l o (1 1y, 2ty )

Proof. We have

||p . /2a+7'(t) Li’z (047 ﬁa Y5 t)h(ﬁv s t)

d
() (a—5) A
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2a+7(t) 3,0 a,a
[ o pon )~ Ly OB 4

—r(t) (a—5)

) 2a+7(t) h t
+L3’_f(oz,oz,7,t)p.v./ 7(6’% )

d
—7(t) (Ol - 6) 6

=Termi + Terms.
Moreover, we have

|Term;

3,1 ) )
e (-1.21-0,3) S 10 (00857 Dl oo oy om0 0, 2 I Oll ot 1., 22070y,

Let

h(a) —rT<a<m,

0 o< —Tor a>m.

Then
2a+7(t
h(B,71)
. —2d
e /_T(t) (a—B) ’

h(B,7,t) * hea(Bs % (®) hex (8, % t)
- =g —1 7 7d ——=d
/ (=) o 2047 (t) (= A= / P

=Termo 1 + Termsg o + Terms 3.
Then we could use the property of Hilbert transform to control Terms ; and Hilbert’s Inequality to
control Termsg 1 + Terma o. O

Lemma 3.9.14. If h(a) € H*[—n, 7] with 8Jh(—7(t)) = 0 when j < k — 1, we have

O n(B)(a - p)
—7(t) mdﬁllm[—ﬂn,zw”h(a Ol e o))

Proof. We first consider the L? case. Let

hea(ar) = { hle) -m<as<m,

0 o< —Tor o> .

_ [ hBla=p)
G(a) B /2(x+7(t) (Oé - B)Q + €2 dB

138



Then

Gla )] =| [~ MO g < [ Rl 2= g

By the Hilbert’s inequality, we have

1G (@ = 7))l 2(0,00) S [Ihea (@] L2(—r(t).00)-

Moreover,
™ hea(B)((a = B)* +€%) /°° €
g =C H(h dg.
/,Oo (a—fB)2+e p=Cn - ( e’”)(ﬁ)(a—ﬂ)u@ p
Here H is the Hilbert transform on the real line. Hence
n/ D) Bt 1 S Wheallzziosoe S Ilzaro

Since

/oo hew(6)<a_ﬂ) —G(a) :/2(1+T(t) h(ﬁ)(a_ﬁ) dﬁ,

oo (= B)? + €2) iy (@=p)P+e
we get the result. For K < 1, there are extra boundary terms. We have

7O h(a - B)(B )4 df|
ca—r@r) (B +€

2t 9k n(B) (a — B)
—r(t) (a—B)* + ¢

w D8 (=) (o + 7 (1)) 1w 98 R0+ 7(8)(a+ 7(1)
2 Gl T gre )% O e )

|0a

<

dp|

k'k—1
Since 9% h(c,7,t) = 0 when j < k — 1, we have

Ok h(a) O h(2a + 7(t))

|Termq| < k/gqu(' (@t r(0)FF +1| |<a+ T(£))F R+ .

By lemma 3.9.19, we have,

ITerma|pz—r), =) S Pl 0= a-

For the Terma, it can be controlled in the same way as in L? case.
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Lemma 3.9.15. We have

o) [ OO gy S Wb (152)

204r(t) (@ — B)% + €2

and

[T @) =)
e el S @l (3.153)

forallj <k, j<k-—1.

Proof. We have

" h(e@) = h(B)

Alarrw) [ )
Y ~77 h(a) — h(a - B)
—8a((a+7(t))/ - Wdﬁ)
_ —a Tt)hOé* 1 *a*’r(t)hafhoéf
= (a+ (t)d] /Q(ﬂ) Wdﬂﬂw /(ﬂ) Wdﬂ
(o ~7Y 9hh(a) — d)h(a  B)
= +T(t))/a—(7r) (B)? +¢€ v
, 9i—i'—1 =3 =1} (—r , §i—i'—1 =3 =1} (n
"2 Gl e )
i 579 2 h(a) = 057 2 h(=7 (1)) i 0579 2 h(0) — 9577 2 h(r)
w12 G G e ARG e )
[T 8 k() — 93 h(a = B)
i /aor) (B)? + € 4
j—3'—1 L, §i—i -1
= Terml + l,;IC’j,j/(aJrT(t))(@g(M ,;10” a+ (1) (m»
j aa J—Qh o 3] j—Qh( )
+7 l;;)]a o m ,;20_7] m))
[T 9 (e) — 4l — B)
i /oz—(7r) (B)? + ¢ 4

=Terml + Term?2 + Term3 + Term4 + Termb + Term6.

The first term can be controlled by lemma 3.9.16. Moreover,

aJ 3 =1+5"p,
|Term?2| S Z | o ),‘/ o+ 7(2)]

yrailTmey (@ TOP
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211" h(a
< 3 e MOl )

Lo @ T TR

< ¥ 037" ()]

P oNCE O

Hence it can be controlled by lemma 3.9.19. Term 3 can be bounded easily because there is no

singularity in the denominator. Term 4 is similar as Term 2 and Term 5 is similar as Term 3. Term

6 can be controlled by lemma 3.9.17. Then we get (3.152).

(3.153) can be shown in the same way. It is the part of (3.152) when one derivative hits on

(a+7(t)).

Lemma 3.9.16. We have

latry [ M)

2a+r(t) (@ —B) + €

Proof. We have

—a=7®) hle) — hlor —
(a+r0) [ Me) ~ha = p) 4

a—(m) (6)2 + €2
—a—T1(t) 1
Y T ()

o) [ o
< |h(@)| + Terma(a).
Moreover, we have
Termo(o—r(0) =1(0) [ ot a
— ) [T HOO)
.
< [Therl,

Hence by Hilbert inequality, we have

[Terma(a — () lL2j0, = 47y S 1M = 7(O)[ L2 (0,77 (1))

Then we have the result.
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Lemma 3.9.17. When h € H[—7(t), 7], with h(—7(t)) = 0, we have

” /2‘” h(a) _ h(ﬁ)

- mdﬁnﬂ[—ﬂm,g] S M) v (t) -

Proof. First,

" h(@) = h(B)
——d
/2a+‘r(t) (Oé - ﬁ)2 + € B
. @) k) r (- )0

(ot / atr(D) — BEr(D d5+/
( ( )) 2a+7(t) (a - ﬂ)2 + €2 2a+7(t) (a - ﬂ) €

= Termy + Terms.

Termy can be bounded by lemma 3.9.16 and lemma 3.9.19 with [ = 1. We also have

x h(8)
|Terms| < / CAEOWYY
204+7(t) lo — B

Then it can be bounded by Hilbert’s inequality as in (3.154), and we have

h(B)

||T@7”m2||L2[—T(t)7%] S ”W”LQ[_T(QM'

Then by lemma 3.9.19 with [ = 1, we have the result.

Lemma 3.9.18. We have

gty [ O PO = B)E 41 oo < TR (@) s

vatrry (= B)? +€2)?

[T () = ) )
O [ e s 7

forall j <k,j <k—1. Here < doe not depend on e.

Proof. It has the similar structure as in the previous lemma. For (3.155), we have

J (ot T T (h(c) = h(B))(a — B)e
Oallort7(1)) /2a+r(t) (= B)? +€2)? 46)

_ s 7O () — hla — ))5e
=y [ )
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€
dﬁ”LZ[—T(t),%] 5 ||h(a)||Hk[—7r,ﬂ']a

(3.155)

(3.156)



g

_ LT (A) — h(a = B)Be L iy [TOTTW (h(a) — h(a — B))Be
_m+“m%1;m (CEETIEER L%@ (B2 + )2

ey [T (Ghk(a) — Bh(a — B))(B)e
— (a+7(1)) /{l_(w) e i3
s cm«a+7@»@x“%ﬂ_’“”&;ﬁ:@bﬁ;?@”“*”“”%

J'<j—1

i (0477 h(a) = 9577 " h(m)) (o = 7)e
+ 7 Z Cj 0% (

J'<j—2

(0377 2h(a) — 9377 2h(=7(1)))(a + 7(1))e
((a+7(1) +€2)?
_ o (0977 20 () — 91T 2 b (7)) (o — e
+ Cjy 0 (— = )
Jjg;z (a—m)2 1)
[T (9] h(a) — 9 (o — B))Be
wif (B + )2

=Terml + Z Cj(a+7(t)07 (

7'<j—1

£ Y Cpplat (ol KR e,

Pl (@ =m)% +€2)?

STNE A 919" 2 h(a)) (o + 7(t))e
Z C]’] (aa( ((Ol+7'(t))2 +62)2 )

)

dp

(0377 h(e))(a +7(1))e
((+7(1))* + €2)?

)

+J
<=2

v 01 a)(a—me
+J Z Cj 1 ( (a—7§)2)3— 62)2) )+ Term6
7'<i—2

=Terml 4+ Term2 + Term3 + Termd + Termb5 + Terméb.
Each term can be controlled in the same way as in the corresponding lemma 3.9.15 by using

fo3 < 1
(@®+e)2 "~ (2 +e)

(3.156) can also be shown in the same way. It is part of (3.155) when one derivative hits on

(a+7(t)). O

Lemma 3.9.19. If h(a) € H'[—7(t), x| with O\ h(—7(t)) = 0 for I' < 1—1, then for j,j' <1 we
have

A h(a)
@+ ra)=7 1Pr@m SN ),z
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Proof. We have

|Gy Jy Ath(a = Clat r(0))dC,
(a+ ()"~ (a+ 7)1 L

g

! 8+1h(&) 1
S/”(mr()) (P T

oIt h(a 1
S v

21+ h(@)
N||W|‘L2

We could repeat this process and get the result. O

Corollary 3.9.20. If h(e) € H'[—7(t), 7] with &, h(—7(t)) = 0 for I' <1 —1, then for j < | we

have
97 h(a)
(@t (07

H ||HJ [=7(t),7] ~ Hh‘( )”Hl[fT(t),ﬂ']'

Lemma 3.9.21. If Ly2(—7(t)) =0, Lp:(a) € C—7(t), 7], we have

" ™ (h(e) — h(B ,
| () Lne(c)hle) /Tu)( ((()a—/é(’) ))Jf 2)2 = dpdal S |1 Lns (@)l =r (o) m 1Az 1) )

Proof. We separate h(a), h(8) and get

" " (h(a) - h(B))(a — B)e
[ e / o s

?)?
) (o e L) ) # olla+ T
SJ/—Tmh( a0 /MT@) ((a— g + ez WPalla+ ()]

" " BB
T /_T@) Ln-(e)h(@) /_T@) ((a— P 1 2y 2Pdel

S [ Ih@)PdallLe @)er-rom

—7(t)
R Y R C R GG
) () a—p (= B)? +¢2)?
S Ias (@)l (= ety 11T 21— r (),
" " |h(B)le
+ | |h(a)] [ Lns (@)l cr (=7 (t),m) 7 3 @Bda]
—r(t) —r(t) SO0 = p)2 e
S Ine (@) ot =) P17 21r (2 )
where we use the Young’s inequality in the last step. O
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Lemma 3.9.22. We have

Jh(B)
2

} 2a+7(t) ha) — b 6 2a+7(t) 8]h @
H(a+7(t))<5i/ ——— _/ st - dB) |2ty S Al (=7 0).m;

ey (@=pB)2+e —r(t) (= 5) +e

when j < k. For any 7 < k — 1, we have

S 2 p(a) — h(B) 2047 93" h(o) — 09 h(B)
ag/ W g 7/ A r2i—rer. =1 < Bl 1t -
¢ vy @-pRie 3 o e Bl L2i—rt), =) S Nl =7 () m

Proof. First we have
2a47(t) ]’L( ) h(ﬁ)
s 7d
/_T(t) (= B)? + € d
o /“““) h(a) —hla— )

dg
C(atr)  (B)2+€

atr(t)  gj j Y, 14 — OV h(—
:/ 9%h(a) — 0, h( B)dﬁ—k Y ot 9o, h(e) 8(1/21( TQ(t))
~(atr(®)) (8)% + i (a+7(1)% +¢
Z Cll’al O h(a) — 0L h(2a + (1))
2
a CETONEE:
a+T7(t) Vi _ ]
=/ dahla) = 9, (2 )dﬁ—i-Teer—i-TermS.
—(atT(8) (B)? + e
We have
|08 h(200 + 7(1))] 10 h(a)|
Term 2| + |Term 3| < @ s + T e
Term 2+ Term 3| S 2 Tar Gy 2 @t )
and

A h(2a + 7(t A" h(a
3 |00 1 Q)N Z |00 1)

(a+7()(|Term 2| + |Term 3|) < W @t ()T

1<j—1,'<l 1<j—1,1'<l

They can be bounded by lemma 3.9.19. Here we also use h(2a+7(t)) can be extended to H*[—7(t), 7]
with 8{;h(2a+7(t))|a:_7(t) = 0 when j < k—1. Then we get first inequality. The second inequality

can be done in the same way. O

Lemma 3.9.23. We have

22 (o) — h(ﬂ))(o‘z}ﬁ 5 - / o) - aﬁh(m)ga =D

o+ 7(8))(@2 / E

() ((a=B)*+e —r(t) ((a=pB)2 +e

S Al =7 ),

dB)|L2(—r(t), =]
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for j < k. For any j' <k — 1, we have

L r2et() (b)) — o — Be 2047() (93" B (ey) — §9 a— Be
oy [ e HENa ey (04 () = B3/ 1(B)) (0 = )

dB)l|z2rcor.2) < Bl
—7(t) (= p)2+€2)? —r(t) ((a—B)2 + €2)2 )HL (),Z] Sl ||Hk )]

Proof. The proof is same as the previous lemma (3.9.22). O
Lemma 3.9.24. If h(—7(t)) =0, h =0 when a > % and h € H'[-7(t), 7], 7(t) < 5, we have

g h((l) — h(ﬂ)
76@3 2 < ||A]| g1
|| T(t)( 5) ||L [=7(t), 2] ~ H ||H [=7(t),m]"

Proof. First, the following estimate holds:

o) — 1) h(a) —
[ D) gy [T ) )

= 2Bl w31 S a0 3.157
—r (@ = B)F + € ey sin®(a— B) + €2 Bllzz—r@.51 < Ibllzrri—r@m- - (3:157)

4

In fact, we have

|| / L ARy 1103 A

Moreover,

o -hp) . [F M
” —r (1) @-pr+a? /—T<t> sin®(a — 8) +

s o sin(a—5)2—(a—6>2
S oM = MO G =)+ et — 7 + o)

S @) 2= rt),m)-

BHL[ T(t), %]

4

|dB

We also have

)
T— T(t) O{)
- ”/2 sin?(a — B) + €2 le2t-rv. 2
1
S ||h(a)m||L2[—T(t)&]

S (@)l —rt)m-

Here we use lemma 3.9.19 in the last inequality. Therefore (3.157) is true.
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Moreover, if h € H2[T], where T is the torus of length 7, for any f € C°°(T), we have

T—T7(t) m—T7(t) h(Oé) _ h(ﬁ)
/‘ ﬂ@/%ﬂ a5 L alide
; AZh(B)

—7(t)
B T—T7(t) 7% o . m—T(t) Ag—h(a)* .
-[, Ao / R Al
(7(0) = 0) = AT (18) = FOD? 1

T—7(t) pmw T(t)
_2 /'r(t) /T(t) Sin2(()é*ﬂ)
3 2

m—7(t) pr—7(t)
«f o / " sm2(a—ﬁ)
(/T@) A7 (F(a) — F(0)A
< LislelArh(@) e < 112 R (@) 0

N

[\

(t),w], we have h € H[T]. Then we could

(t)) =0, h =0 when o > T and h € H'|

Since h(—
choose a sequence in H 2 to approximate it and get the result. Therefore
" h(a) — h(B)
(o3 12 T S Al w 3.158
1wt a0 S o a1
O

Corollary 3.9.25. we have
 p2a47(t) () — h(B)
o’ la) = MP) 4 .
H /‘r(t) (a—5)2_|_ 2 ﬂHL2 [—7(®), %] ~ H ||Hk[ (t),7]-
forj <k—1.

Proof. From lemma 3.9.22, we have

) 2a47(t) h(a) _ h(ﬂ)
Jj _
192 /_T(t) (a=pB)*+e€ v /_T(t)

2a+7(1) 3jh( ) aﬁ ( )
s Bl r. 31 S Ilero.m)

(a—p)?

Moreover, from lemma 3.9.17, we have

™ 9ih(a) —4h
(a—=p)*+e

(B8)
5Bl L2—r(t), 1) S 1l e =7ty 71

2a+7(t)
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From lemma 3.9.24, we have

™ 9hh(a) = 3h(B)
d h
Y e R e LI P
Then the three inequalities lead to the result. O
Lemma 3.9.26. If h € H'[-7(t), 7], h(—7(t)) =0, h = 0 when a > %, we have

4 h(a) — h(B -5
1 P a0 S Wil

Proof. We have

" (h(a) = h(B))(a — Be
| ey ((a=PB)2+€2)? ABllzzt-rco. 31

Tt f) (@ - ¢(8))d¢Be
2

B 21— ri) =
@) 7+ ) 2.2
1
< /“ I Jo W'(a=¢(B ))dC||L2[—T(t),g]52€dBH
~J s (B2 +€2)?
™ ,626
< 1 R
S WMlrom | e
S Pl (=7 (1) 7 -
O
Corollary 3.9.27. We have
[P (h(a) = h(B))(a — B)e
les, | A8 et—ror 51 S Ilsor
o (a=pppaeyr RO O
forj <k-—1.
Proof. From lemma 3.9.23, we have
Ha] /2a+7(t) (h(a) — h(B))(cx — ﬁ)edﬂ_ 2a4-7(t) (QJXh(a) — 8éh(ﬁ))(a - ,B)EdB” . o < [l
S (CEVIERE et (=B + e oAl s A

Moreover, from lemma 3.9.18, we have

™ (8)h(a) — Oh(B))(a — B)e

d -7 'y S h -7 7|
| 2a+7(t) ((a—B)2 +€2)? Bllzo—rt).21 S Il a5 (= (t) 7
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By lemma 3.9.26, we get

T (9Lh(a) — Fh(B))(a — B)e
H —7(t) ((a — 5)2 + 62)2 d/BHL?[*’T(t )3~ HhHH’V[ (t),m]

By the three inequalities above, we get the result. O

3.10 The uniqueness of 7Y

From corollary 3.7.15, let ho(a,t) = h(a,0,t), g(a,t) = fT29(ab, t), we have

9 hola, 1) = (ol 1)) = (3.159)

=TO(h) + T(h —s—ZTOZ )+ > T3 (h) + Y TP (h) + FT.
i i

and

L gl t) = T(g(a, 1)) = (3.160)

= T(g(o, 1)) + TP (g(e, 1) + > T3 (g(a, 1) + Y T3 (g(ast)) + Ty (g(a, 1) + FT°.
Here Ts? ot disappear because we let v = 0. Corollary 3.7.15 give
175 (ho) = T3 (9)l| 2 [—m.m) S NP0l ) = g, D)l 2 [, m)- (3.161)

Here < depends on ||hol| g5 (—r,x and [|g]lgs(—x,x. Let Ljo. = Ly. (@, 0,t), L3o. = Lj.(c,0,t) and

Li’LJ = L‘;’L’f(a, 0,t), from similar estimate as in lemma 3.7.2 by taking v = 0, we have

[ Lho. () = Lo (a, )l ca j—r ey, 2] + [ Lo (a0, t) = Lo () |l on =7 (1), 2] (3.162)

+ Z ILy5.. (e, B, t) Lf}-’f(a,57t)||c;([—f(t),g]x[—T(t),%ﬂ]) S lhol(a, t) — gla, )| 2 [~

[ Lho.s (@ )l cn vy, 21 + | Lo (s ) lon 1), 2] (3.163)

+ Z L35 (B, D)ll o (- o), x[—r(t),25]) S L
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(3.164)

and
Lll'LO’S (Oé, t) |a:7'r(t)7 Lio-ﬁ (aa t) |a:7'r(t) =0.
Then
13" (ho) — T3 (9)

- ™ . . D—20+b¢

=Moo [ (5o 50) - Tt 8.0) 5 0 )i
~ = ‘ D=20+bip, _ —20+b;

+ )\(oz(t))p.v./_ . L?;:oz,s (017 B, t) 0 0(6(7;) 5)20 9(B,1) (a . ﬁ)d,@

= Termy + Terms.

Here Dy is the same as (3.34). From (3.162), we have

[Termallrz—r@),=) S llho(a,t) — gle, )l L2 [~ 7 -
From (3.163) and lemma 3.9.13, we have the same bound for Termsy. Therefore we have
1757 (ho) = T5" (@)l 2 (= ey, 2) S P00 t) = gl ) L2 (= m- (3.165)

Now we control ||hg — gl[12[—x,x- By (3.159), (3.160), (3.165), and (3.161), we have

i/”
at | .

= DFE, + DE> + B.T.

Iho — g*da = 2R / (ho — 9)Ts (o) — Ta(g)da + 2R / (ho — 9)To (o) —Ta(g) + B.T°

Here B.T° < B(||hol| 5= ,x] + |91l 51— 7)) R0 — 9l 2= 7). Moreover, we have

T 2a47(t) o) — ~
DEy+ DBy =28 [ (hofo) ~ )13 (@) - It [ XS dg 0o
- 2a+7(t) a) = ala)) — _ -
w2 [ (o) — gt 2iappo [ 7 Lol =N Q) 9D 455 e
—r —7(t)
2 Oagla)X(at)da

s20 [ (ho(0) — gle)) (L3 (@) — L27(e)) 2

L)da

—T

2 [ (hof) — 0(0)) L3 (@) 5 0u(ho() — gla)) Ao

—T
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= DEy 1 + DEy o + DEy + DE, .

Since

2a+7(t) 2a+7(t)
g(a) —g(B) B g(a) = g(B) — (o — B)dag(a)
oo [ S o = e [ P o P—

5 ||g||H5[—7r,7r]7

from (3.162), we have |DE; 1| < B.T°. We also have |DFs 1| < B.T° from (3.162). Finally, from

(3.163), (3.164), corollary 3.9.3 and the refined R-T condition (3.151)(with v = 0), we get
DEy z + DEgy < B.TY.

Then
4 [ |ho — g|*da < B.T°.
dt |

At t =0, ho(a,0) = fT29(«,0) by definition. Therefore we have

ho(a,t) = g(a, t). (3.166)

3.11 Analyticity

Let
icla+7()t d d
A(h t) = — ——)h t).
(h)(,7,1) (1+ic’(oz—|—7'(t))’yt da dv) (@ ,%)
We have
dh
— =T(h).
o = L(h)
The idea is to show that d‘?iih) is almost D, T(A(h)), with Dy, the Gateaux derivative. Then by the

fact that the main term 77 and T is quasilinear, we could still use the refined Garding’s inequality

to show

d
1AM S IAM)Z2,

and get the result.
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Now we begin the proof. From (3.32), we have when o > —7(t),

dhﬂ(a7 /7? t)
dt

+ M) Z O ¢(h) + Aak) Z 0>¢(h) + A(ah) Z 0>¢(h) + A(al) Z O0*¢(h) + A(al) Z O (h)

= X)) M (h) — A(aly) M5 (h)

+5\(Ozt7)TfiIed (Oz,ty ) .

First, from (3.25), X(afy)Mf(h) can be separated into two parts.

dh dh
c —_ Rl 14 2 o
Ml (h) = BD_go(h) (O[,"y, t)w + BD—Qo(h) (O[,"y, t)w (3167)

= M7 1(h) + M7 5(h),
with Bb,zo(h)(oz,y7 t) = % +ic (o + 7(t))ytr'(t) and

_ 1 O 1y _ O
Cl+id(a+ T(t))vt(aax (o O 0)

B2D*20(h) (a7 b t)

! ﬁ R j K(D™(h)(a,7,t) = D2 (h)(8,7,1) + f*(a) = F*(BL))
dxégv)dﬂ (8(1;)(0)27'” j KD O(h)(~7(t),7,t) — D2 (h)(B,7,t) + F(0) fL(ny))dméﬁv)dﬁ).

By the definition of ¢(a + 7(t)), it is supported in where A(a 4 7(t)) = 1, therefore

ic(a+7(t))y
1+id(a+7(t))

icla+7(t))y
1+ic (a+ 7(t))7t

dh,,

Nl )M (k) = ( da

. dh ~
poi +ic (a+ T(t))vtr’(t))d—; + M) Bh 200y (@, 7, 1)

=

+id (o + T(t)*yt)*yr’(t))% + A(od)) Mf 5 (h).

The reason we do this separation is that the first term comes from the derivative when it hits on
a+ 7(t) + ic(a + 7(t))vyt, which makes it play a different role from the other terms.

Therefore, from lemma 3.11.6, and the trivial term A(;\(oztv)) = 0, we have when a > —7(¢),

dA(hu)(a, v, 1) ic(a+7(t))y - ey @A) 5 c S (ot c
dt - (1 + iC/(CX + T(t))’yt +c (Oé + T(t>)’yt7— (t))T + )‘(a'y)A(Ml,Q(h)) - )‘(a"/)A(MQ (h))

d
+A05) D A0 () + Alah) D AOH(h) + Alah) D AOM (W) +A(a}) D A0 ()

+A(ah) Z A(OP () + M) A(Tizea(ay).
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We then calculate A(Mf 5(h)). First, we further separate B?, ., (h) and have

B a0y (1 + i (v + 7(t))7t) = Bélzo(h)( +ic (a+ 7(t))7t) + B%%m(h)(l +ic (a4 7(t))7t)

(3.168)
+ Bh o (1+ic (@ + 7(0)7t) + Bhytao ) (14 (a+ 7(8) 1)
= 2 (at) - 3“; (0)
/—ﬂ O™ 0000) =D 070+ P40~ PN s~ ey s

+p~v~/_ K(D™*(h) (e, 7,t) = D22(h) (B, 7, 1) + fH(ad) = FH(BL) (1 + i (B + 7(t)yt)dp

d(B.)
ap

M /K “20(R)(—7(t), 7, 1) — DT20(R) (B, t) + F(0) — FE(BL)) dp.

Here we remove the ”p.v.” in the last term by corollary 3.7.24. Since fX(a,t) | Orz(a, t), and z(a, t)

are analytic in D = {a + iy||a| < 2}, we get
A(BB ao gy (0,7, (1 + i (a+ 7(D)t)) = 0.

Moreover, by letting

h(a + (1) = (D72 (h)(a, 7, 1), F(al)),

R(H(o47(0)~h(347(0) = KD (w70~ (031,814 P 08) P 5~

);

and

X(B+7(t),7) = (9p2)(57),

from lemma 3.11.7, and corollary 3.11.18, we have ,

A(BE (01 (1 + i (04 T()78)) = (Di(BE2 0 (0,3, )(1 + i (a + (1)) [A(R)]

Similarly, from corollary 3.11.16 and corollary 3.11.18, we have

A(BE sy (007 01+ i (0 T(0)70)) = (Da(BE oy (0,3, (1 + i (£ (070 [A(R)]
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Therefore, by using lemma 3.11.5, we get

dn (h) (0,7, 1)
1+id(a+7(t)yt

7h ( a, 7, ) )
1+ac (a+ 7(t))yt

%hﬂ (aa 77 t)

A(M7 5(h)) = A(B%m(h)(oz, Y, t)(1 +id (o + 7(8))yt) ) (3.169)

A(B

M%

B 20y (@7, 8) (1 +ic’ (a + 7(2))7t)

j=1

= 3 OBl L+ i+ AR S
2,7 ./ %A(h#)(av’%t)
+]:1 4<BD 20(h)< )( +ZC (a+T(t))’yt)lizc’(aqLT(t))'yt)
A(p.v. /_ K(D7*(h)(a,y,t) = D72 (h)(8,7,1) + FH (o) = FH(BL) (1 +ic' (B + 7(t))v1)dp3
dahﬂ(a,’y, t)

( )

1+id(a+7(t)yt

=A121+A122+ A12,3.

The last term will be calculated together with M5 to get rid of the principal value.
For the next term M$(h), we again rewrite this term. From (3.26), by integration by parts, we

have

2a47(t) 5
Mﬁ(*b)ZP-U/_ o (K(D™2(h)(a,y,t) = D™ (h)(B,7,t) + fH(ab) — f* (b’t))dﬂ
— K(D7*(h) (v, 7,t) = D72 (h) 2a + (1), 7, 8) + fH (o) = FE((20+ 7())5)) b (2 + 7(8), 7, 8)

+/ S (E(D720(h)(a, 7y, 8) = D720(R)(B,m,t) + fE(ad) = FE(BE)) p=2atr(t)
o 1+iic (2a+ 27(t))nt

(hu(B,7,t))dB

hu((2a+7(t)),n,t)
ic(2c + 27(t))tdn

D0 - P + et~ PN )05

Then by (3.166), we can replace the f+(20)(56) by h(3,0,t) , and get

2a+7(t)

M;(h) :p-v-/ (K (D72 (h)(a,7,t) = D20 () (B,7,t) + fF (o) — TR (BY))

0 ) ) d
—7(t) B( l(ﬂ Y t)) B

— K(D™*(h)(a,7,t) — D™2°(h)(2c + (1), v, t) + FE(a) — fE((2a + 7(1)! )b (20 + 7(2), 7, 1)
_ /07 VK (D 2(h)(a, 7, t) — D™2(h)(2a + 7(t),n,t) + FE(al) — FE((2a+ (1))
(DR 2a+ (), n,t) + (FF) (2a + 7(0)E)hu((2a + 7(1)), m, t)ic(20 + 27(t) ) tdn

+ /7r VE (D™ (h)(a,y,t) = D72 (h)(8,0,1) + f*(a}) = FE(55))
2a+7(t)
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(D7(R)(B,0.) + (F1) (B6))hu (B, 0, 1)dB.

Then from (3.169), we have

2a+7(t) - ~
Ai23 — A(M3(h)) = A(/_ o (K(D7?(h)(v,y,t) = D72 (B) (8,7, ) + f1 (o) — fH(B))
A (h) (0,7, 1) a5 (1) (B,7.1) )
(1 —i i (a+ ()t 1+ id (B + T(t))'yt)(l +id (B +7(t))yt)dp
+ K(D72(h)(a,7,t) = D>°(h) 2+ 7(1), v, £) + fH(ad) = FH((20+ 7(£))2)hu(2a + 7(8)), 7, 1)
+ [ VRO W@, ~ D)0+ i)+ FHlad) - 20+ 7(0))

(DT (R)2a + (1), m,) + (F1) (20 + 7(8))5)) P20+ 7(2)), 1, tic(2a + 27 (1) )tdny
- /;+ o VE(D™?(h)(a,7,t) = D7*°(h)(8,0,t) + f* (o) = FH(55))
(DT (R)(B,0,8) + (F1) (86)) (8,0, 1)dB
+ / K (D72 (h)(,7,t) = D720 (h)(B,7, 1) + f(al) = FH(B)) (1 + i (B + 7(t))1t)ds3
[=m,—7(t)]U[2a+T(t),n]

A )@
1+id(a+7(t)yt

).

From corollary 3.11.13 and 3.11.18, we have

2a+7(t)

Avns — AMS(h)) = / L D@0 = D, 0+ FHal) — )

(3.170)

AR (@) G5 AR (B Y)

i+t 1+@ + @) HiCP+ @) ds

A2,0 Az
2a+7(t) i ~
+L © (DK (D™ (h)(a,y,t) — D™*°(R)(B,7,t) + fL(afY) - fL(ﬂfy))[A(h)])

dahu(27,1) (8,7 ) ,
T Mot r@)t 1TidBr@ne L TicB+r®)t)ds

A2.’2 A2,3

+K (D7 (h)(a, 7y, 1) = D7 (h) (2a+ 7(t),7,1) + fH(ah) = FH((2a + 7(1)))) (A(h) (20 + (1), 7, 1)

Az.a

+Dp (D720 (h) (e, 7,t) = D20(h)(2a + 7(1), 7, 1) + FH () = FH(2a + m()))AR)] () (2a + 7(2), 7. )

Az s
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+ /O7 VE (D™ (h)(a,7,t) = D™ (h)(2a + 7(t),m,1) + f*(ah) — FH (20 + 7(1))7))

Az e
2ic(a+ 7(1))t(1 +ic' 2o + 27(t))nt)
(I+icd (a4 7(8)vt) (ic(2a + 27(¢))1)

Azs

(D7(h) (2 + 7(t),m, t) + (fX) (22 + 7(1)1)) A(h)((2a +7(1)),m,1)

ic(2a 4 27(¢))tdn

Az6

+ /O7 VE (D™ (h)(a,7,t) = D™ (h)(2a + 7(t),m,1) + F*(a}) = FE (20 + 7(1))}))

As 7
2ic(a+ 7(8))t(1 +ic’ (2a + 27(t))nt)
(14 id(a+ 7(t)vt) (ic(2a + 27(t))t)

A7

+ /; VEE(D™2(h)(a, 7, t) = D72 (h) 2+ 7(t), 1, 8) + [H(al) = fH((2a+7(1))

D7 (A(R)(2a + T(t), 1, h,((2a+7(t)),n,t) ic(2a + 27(¢))tdn)

Az g
2ic(a+ 7(8))t(1 +ic’ (2a + 27(t))nt)
(1 +ic (o + 7(8)yt) (ic(2a + 27(1))1)

Az s

[(D™20(A(R)) (7, t) — D72°(A(R))(2a + 7(t),n, 1)),

(D™ () 2a+7(t), 1. 8) + (F5) (20 + 7)) hu((20+ 7(1)), 0, t)ic(2a + 27 (1))t

Az g

<[ TR 000 = D E0.0) + FHal) - FHEND AR o1

Az

(D~ (1)(B,0,8) + (F7)(83))]hyu (8,0, £)d3

Az

+/ Dp(K(D™*°(h) (v, 7, 1) = D72 (h)(8,7,t) + fX (o) = FH(BL)[A(R)]
[—7,—7()]U[2a+7(t),7]

Az,10

d «
(L ic (B +7(t))1t)df iaz(j(ggr :(t)t))%

Az 10

+ / K (D7 (h)(,7,t) = D720 (h)(B,7,t) + f¥(al) = FH(B)) (1 + i (B + 7(t))7t)ds
[=m,—7(t)]U[2a+T(t),n]

Az 11
AU (0,71
1+ id(a+7(t))yt

Az 11

=Aso+ A1+ Aso+Ass+Apa+Aos+ Asg+ Aar+ Asg+ Asg+ As 1o+ Az 11
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Here some terms disappear because A(fE(al ’)) = 0. We have

Ago+ Agg+ As10+ A2 11

p,(a
= Du(B3? 200y (1 + ic'(a +7(t)71))[A(R)] 1 +dfch(a(+ Z&t)))'yt

aa Ahy) (@7, 1)
1+ (a+ 7(t)yt

+ Bh oo (1+ic (a+ 7(1)7t)
Therefore, from (3.169), we get

A1+ A122+ A20+ A2z + Az10 + A2 11 (3.171)

dp («
- Z DB gy @07, )1+ i+ (O AG]

)

e A(h) (a7, 1)
1+id(a+7(t)y

%hu(@a%t)
1+ac (o + 7(t))t

e A(h) (e, 7, 1)
1+id(a+7(t)yt

Z D 20( h) ?t))(l_‘_icl(a""T(t))’yt) t)

= Di(Bh-20() (1 +ic (c + 7(t))7t))[A()]

+ BzD,zo(h)(l +ic (o + 7(t))t)

=Termy + Terms.

From lemma 3.7.4, we have Bp-z20(,)(a,v,t) = 5L7.(a,7,t). Since B}j,m(h)(a,v, t) in (3.167)

does not depend on h, from (3.49), the following inequality holds:

1D (B 20y (7, ) (1 + i’ (e + (V) [A)] [l oo (- 111,22 (). 7)) S NAD) oo (1-1.11.L2 (7 (1) 7)) -

Moreover, we have h € C1([0,¢],CY([-1,1], H3[—m,7])). Hence Term; in (3.169) is bounded and
from (3.170), (3.169), (3.171), we have

dA(hy)

A(ME 5() = M5 () = By 00 7,0) =

+ > A+ BT
§=1,3<5<9
with

1B.7°

cQ(-1.1),23 (= (). 2 SIAMI 00 (=111, 23 (= (1) 7))

In the next lemma 3.11.1, we show that C9([—1,1], L%[-7(t), §]) norms of all terms from A3 to

A279 are bounded by ”A(h)||C9/([7171]7L§[7T(t)77r])~
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Lemma 3.11.1. All CY([-1,1], LZ[—7(t), §]) norms of Aa 3 to Az are bounded by AR lco ((-1,10,22 [~ ()7 -

4

Proof. For As 3, we have K(D™2°(h)(a,v,t) — D72°(h)(B,7,1t) + fL(atV) - fL(ﬁfy)) is a kernel of
type 0 = —1 . Therefore from lemma 3.7.21, we have the bound.

For As 4 and As 5, we have K(D72°(h)(a,v,t) — D72°(h)(2ac + 7(t),7,t) + fL(atw) — (20 +
T(t))f/)) is a term of sub-type 2 of Li’f in lemma 3.7.7 , then we can also control these two terms
from (3.56) and (3.58).

For Az, and Ag 7, we have the component of VK (D~2°(h)(a,v,t) — D72°(h)(2a + 7(t),n, t) +

fE(et) — fE((2a+ 7(t))!)) has the form K’ in lemma 3.7.22. Moreover,

|ic(a +7(t)t <
(a+7(t)? ™~
Then from lemma 3.7.22, we have the result. For A, g, we have the component of V2K (D2 (h)(a, v, t)—

D=2(h)(2a+7(t),n,t) —|—fL(o/;) - fL((Qa—FT(t))f.])) has the form K” , in lemma 3.7.22. Moreover,

ic(a+ 7(t))t <1
(a+7(¢))?

)

D72 (A(M) (7, 1)
o+ 7(t) leo(-1a1.22 (7. 3) S NAM) o (-1.11.L2 (=7 (1))

and
D=29(A(R))(2ac + 7(t),m, 1)
a+7(t)

lco(=1,11,22 (=), ) S IAMR)lco (1,11, 02 (—7(8),m))-

Then from lemma 3.7.22, we have the bound.
For As g, we still use the component of V2K (D2 (h)(«a,~,t)—D~20(h)(8,0, t)+fL(afy)—fL(56))

has the form KZB in lemma 3.7.27. Moreover,

h(B,0,t
|ML?[T(1§),#] S

Then from lemma 3.7.27, we can bound this term. O

For the term A, 1, we again do the integration by parts and have

2a+7(t) B B d
— Az1 =p.v. / (K(D™2(h)(a,v,t) = D2 (R)(B, 7, 1) + fF(ad) — FH(85)) = (A(hy) (8,7, 1))dB

— dp

= K(D™*(h)(a,7,1) = D~2(h) (20 + (1), 7,1)) + F () = FH((2a +7(1))5)
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(A(hu) 2o+ 7(t),7, 1) — A(hy) (@, 7, 1))

— K(D™*(h)(a,7,t) = D™ (h)(=7(1), 7, ) + f*(ah) = FE (20 + 7(8))5)) (Alhy) (=7(8),7,) = A(hy) (e, 7, 1))

2a+7(t) . ~
—pu. / N %(K(D’zo(h)(a,%t)—D’2O(h)(6,%t)+fL(ai)—fL(ﬂfy))(A(hu)(ﬂ,%t)—A(hu)(av%t))dﬂ

=As11+A21,2
- AE(%(K(DQO(M(O@%Q — D720 (h)(B,7,t) + fE(al) — FE(BL)) (e — B)?)

/2a+f<t> (A(hy) (8,7, t) = A(hy) (e, 7, 1))
Jorw (o —B)?

2a+7(t) 5 5
[ i G (RO B a,,0) = DB Et) + 708 = P — 5

g

— D0 @) = D BE0) + )~ P - g L) =S 0:0:0)

=As11+ A 10+ A2 1

_ /2Q+T(t)[l' (L (K (D) (0,7, 1) = D-2(R) (8,7, 1) + F-(ah) = FX(8)) o - B)?)
P adB @, b * e

- D0 @) = D80 + )~ P e - o) D g

e T i (L (R (D(0)(@,7,1) — D O(0)(B,.0) + o) — P — B
p.. " smlas s Y s 3 4

’ 1

- @(K(D_Qo(h)(a,%t) — D72 (h)(B,7,1) + f*(ah) = FE(B5))) (a — B)?]

=Asi1+As o+ As i+ Az a+ Asas.

(a—p)?

(3.150) gives A(h)(—7(t),7v,t) =0. For Ay1.1, Az 12 and As ;5 from lemma 3.7.2, we have
Ag 11 = Ly? (o, v, )(A(h) (2a + 7(t), 7, 1) — A(h) (a, 7, 1)),

A1+ A2 10 = Li;h(a,fy, t)A(h)(a, 7, 1),

and

Agis = LyP(a, v, ) A(h)(a,7,t).

The first two are of sub-type 2, the last one is of sub-type 5 in lemma 3.7.7. Therefore, by lemma
3.7.7, we have

[A2,1,1 + A21,2 + Az15lloo (-1, 02 [~ (6), 7)) S TA) co (=111, 02 (7 (0),7])-
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Similarly,

3,54
77-(t) Lh (Oé,ﬁ,’}/,t) (OZ _ B)

with Li’j“(a,’y, t) of sub-type 1 in lemma 3.7.6. Then from (3.52), and lemma 3.9.13, we have

2a+7(t) Alh p
A2,1,4 = —p-’U./ Mdﬁ,

[[Az2,1,4

lco-110,22 (1), 2)] S AR |l co (=110, 22 (=7 (1) 7)) -

For the main term A ; az, it is of the form

a+7(t) _
Mysar = b / O (A (B.1.1) = Alhy)(@.1)

—7(t) (a - 6)2

with L}, in lemma 3.7.3. Therefore

A (1)~ ME() = B sy 0, 7,1) 2o (3.172)

| 280 (Al (@:7.1) = Al (8.7.1))
et f =

dg + B.T°,

Now we show some lemmas control the O’ terms and Tfixed(afy, t).

Lemma 3.11.2. We have

[AOY oo (112121 S NAM) oo ((—1,11,22 [~ (5).x)

Proof. First, we still rewrite the O1%¢ by changing the f+(29 (84 7(t),t) by h(3,0,t) and also write

singular terms together to cancel the p.v.. We have

Ol,i’C(h) = p-v. Kz(vhlo(a7 Y5 t) - Vhlo(ﬁ7 Y5 t)v Vfgg (afy) - VJ?Ll (ﬁ'ﬁ/)a VX(ai) - VX (ﬁfy))Xl/ (ﬁfy)

—T

D=2+ () (a, 7, t)(1 4 ic (B + 7(t))yt)dB

2a+7(t)
—p.U./ ® Ké(vhlo(a”}/7t) - Vhlo(ﬁa’% t)a Vfg(afy) - V‘)?Ll(ﬁ'ty)v VX(Ogy) - VX(ﬁE/))Xl'( 'ty)
—T1(t

(D=2 (R) (8,7, 0)(1 + i/ (8 + (1) 10)dB

[ R t) = V(2 0,00, VE@)) = VA2 + 0)}), Ve (al) = Vi(2a + 7(0))
Xir((2a+7(8)L) (D720 (h) (2a + 7(t),m, 1)) (ic(20 + 27(¢))t)dn

V(00— V(6,00 Vah) — VA, V(o) — Ve (56) X0 56)

a+T7(t)
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(D=2 h)(3,0,1)d8

-/ (t() KAV @, 7,1) = ViO(8,7.0), VL (ah) = VEL(L), Vac(at) — Vac (82)) X (8))

(D208 () (@, 7, 8) — D=2 () 8,7, ) (L + i€/ (3 + 7(8)v8)d

+ [T R0 @) - V0 00,0, VE @S ~ VA (20 (0),), Vi ad) - Vi((2a + 7(0))
X (204 7(0)5)(D2 (h) (20 + 7(0), 1, 1)) (20 -+ 2¢(1) )y

- V) = V(3,00 VEd) = VA, Vi) = Vi (80 Xe 40
(D=20*"R)(8,0,t)d

+ / Kg(vhlo(aa ) t) - Vhlo(ﬁa Y t)7 Vfgg (azﬁy) - V]?Ll (ﬁf/)u VX(afy) - VX (ﬁfy))Xl'(ﬁfty)
[—7,—7(t)]U2a+T7(¢),7]

D—20+bs (h)(a, v, t)(1 +ic' (B + 7(t))yt)ds

Then by corollary 3.11.10, we have

A () = pa | DAV a701) = VI3 200), VE@!) = VA (30),Vial) = Ve (B DI (5)
(1+i/(8 + 7()7)dBD 2 (h) (0,7, )

. [V t) = V(310 8), VE@S) = VE(B)). V(o) = Vx(85) X (3))

D24 (A(R)) (0,7 )1+ i€/ (8 + 7(8)) )8

2a+7(t) )
“po [ DU 0,0 = 0 1), V) - VA (BE), Vilat) = V(B AW X 3]
—T1(t

(D722 (R)(B,7,1))(1 + ic (B + 7(t))yt)dB

20047(t)
~po [ L V0 = V(B0 VEL (04) = VAL (34), Vi (al) = Vi ()Xo (8))

(D204 (A(R)) (8,7, )(1 + i/ (B + (1)) 7)dB
+ /O ViV 7,t) = Vi (2o + 7(t),m,1), VE (o) = VAL (20 + 7(1);), Vi (o) = Vi (20 + (1))

~ 2Zic(a+ 7(8)t(1 + i (2a + 27(¢))nt)
(I+ic (a+ 7(t)vt)(ic(2ac + 27(2))t

' (V/%(()h) (aa Y, t) V/{?h) (2a + T(t)7 m, t))

)
Xir((200+ 7)) (D720 (h) (20 + 7(t), 1, 1)) (ic(200 + 27 (1)) t)dn

+ / TRV @07, 8) — i+ 7(0),0,6), VL al) — VEH((2a + T(0)}). Vi (a}) - Vi ((2a + 7(0))

2ic(a + 7(t))t(1 + i (2a + 27(t))nt)

(L4 ic (a + 7(t))7t) (ic(2c + 27(t))t) (DT (Ah) 20+ 7(0), m,0) e+ 2r(E)) )

X ((2a+ T(t))f?)
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-/ o TR0 = V30,00, VEL @) = VE(30), Vo) = Vi (38) - VA (0070060 5)

(D20%% ) (8,0,t)dB

= AOl,l + AOLQ + AO173 + A01,4 + AO175 + AOLG + A01’7.

Here some terms disappear because A(V. () = A(Vx(4)) = 0 and A(Xi (af)) = 0.
For AO1 1 and AOs . pav. [, Ky(Vi®(a,7)=ViO(8, 7. 1), V2 (@l ~VEL(BL), Vi (o)~ Ve (8)) X (BL) (14
i (B + 7(t))yt)dg is of the same form as Lif as the sub-type 1 in lemma 3.7.7. Then from (3.58)
we can control AO; ;. Similarly, from (3.56), we can control AO1 .
For AOy 5 and Ay 4, K(Vi (a7, )=V2%(8,7,8), VL (@l ~VEL (81, Vi (o) Vi (84)) X (82) 1+
i (B + 7(t))yt) (e — B) is of the form sub-type 2 of Ly in the lemma (3.7.6). Then AO; 4 can be
bounded by (3.54) and lemma 3.9.13. AO; 3 can be controlled similarly by using (3.52) instead of
(3.54).
For AO; 5, the component of ViK!(V,!%(a,v,t) — V,19(2a + T(t),n,t),V;Ll(ozf/) - VfQLl((Qoz +
7(1)5), Vx (o)) — Vx ((2a 4 7(t))},) has the form K7, in lemma 3.7.22. Moreover,

ic(a+ 7(t))t

Tarrwr ST

Then from lemma 3.7.22, we have the result.
For AO; ¢, the component of K (V,1%(a,~,t)—V,!°(2a+7(t),n,t), VJ?Ll (afy)—VJ?Ll ((2at7(t))), Vx (o)~
Vx ((2a+7(t))},) has the form K7 | in lemma 3.7.22. Then it can be bounded in the same way as in

A0175.
For AO; 7, we have the component of V1 K (V20 (v, t)—-V,19(8,0,1)), Vf?L1 (Ozfy)fong (B5), Vx (o)~

Vx (L)) has the form K7, in lemma 3.7.27. Moreover,

h(B,0,1)
HWHL?[*T“)W] S

Then from lemma 3.7.27, we can bound this term. O

Corollary 3.11.3. We have

[AO* oo -2, 2 S 1AM oo (-1.11.22 (- (1), 25

162



and

[AO* oo -1a1.21-t).2) S 1AM oo (-1.11.22 1= (8). 2])5
Proof. From (3.28) and (3.29), they can be bounded in the same way as A(O%¢). O

Lemma 3.11.4. We have

A0 oo (1121 ).2)) S NAM) oo -1.11.L2 [+ (1) 7))
Proof. From (3.30), we have

o) = [ RAVO(al) - Vio(8L), VAL (ah) — VE (8L, Vx(al) — Vi (B)Xo(8)  (3173)

—T

(1+ic' (B + 7()yt)dBD > (hy,) (a, 7, 1).
Then

A%y = A [ RIVO(ah) - VRO(B), VL (al) - VEI(BL), Vi (ah) — Vi (81) X (3))

—T

(1+id (B +7(t)7t)dB) D2t (h,) (a, 7, 1)

o [ R al) - VOB, VAL h) — VEL(BL), Vi (ah) — Vi (B1)Xo (8)) (1 + /(8 + r(t)1)d3

—T

D_20+biA(hu> (a7 v, t)

= A0371 + A0372.
Since from (3.17), there is no singularity in f(é, from lemma 2.8.4,, we have

AOs1 = Dy( | Ki(Vi%(ah) = ViiO(85), VEL(ah) = VEL(BY). Vx(ah) — Vix (85)) X (B5)

—T

(1 +ic (8 + 7(£))7)dB)[A(R)] D™ (hy,) (e, 7, 1),

where we use A(fL(al,t)) =0 and A(X;(at,t)) = 0.
The [ K (V;0(ad)=V,/0(8L), VL (0l ) =VEL(BY), Vix (ah) = Vi (85)) Xir (B5) (1ic (B+7(1))yt)dp
is of the same form as Li’f as the sub-type 1 in lemma 3.7.7. Then from (3.58) we can control AOs3 ;.

Simlilarly, from (3.56) we can control AOs . O
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From (3.31), and lemma 3.11.17, it is easy to get

A0 N eo (112217021 S NAM) lco((-1.17,L2 (1), 2))-

From lemma 3.7.10, since f¥(a,t) is analytic in the region D4, we have A(T}med(at t)) = 0 and

A(TFpeq(cd, 1)) = 0. From lemma 2.8.4, we get A(T},,.q4(%,t)) = 0. Therefore A(Tfizea(c,,t)) =
0.

Now we only left with the main terms

dA(hy) (o, v,t) ic(a+7(t)) . i GAM) 5 dA(hy)
dt = Tictat iy Tl TOT ) ==+ A02) Bh 200 (07,6 =50
S(atyT1 2T (A (75 8) = A(hy) (8,7, 1)) 0
+ AMa,) Ly (a, 7y, t)p.v. /_T(t) L dg + B.T.

By (3.167), the first two terms can combine and from lemma 3.7.4, we have

dA(h ~ s dA(h
( lesfaf%t) _ A(ai)gL%(a,’y,t) d(aﬂ)
B 2a+7(t) _
+ Mat)Lh (a, 7, t)p.v. [ ., (A(hu)(a»véi)_ ;gh“)(ﬂ’%t»dﬂ + BT,

Now we have

d
AR

N s
=2R A(h,u)(av’)/vt))‘(afy)iL%ﬁ(aa’%t)

—T

aA(h,)
do

o 2047 (t) (A(hu)(ay%t) — A(hu)(ﬂ,%t))
+/\(av)th(a,%t)/T(t) (o —pB)?

dBda

+B.T."
Then we can again use corollary in the energy estimate 3.9.2 and (3.151) to get
d 2 < 2
ARz S 1Az

. The initial value A(h,,)(a,7,0) = 0 by the definition h(a,v,0) = f*(a,0). Then A(h,)(e,7,t) =0

when t is sufficiently small. Then we have the analyticity.
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3.11.1 Lemmas

Lemma 3.11.5. If all the derivatives are well-defined and 0,0,h(a,,t) = 0,0h(a,v,t), we have

ic(a+71(t))t Ooh(a,y 0, ) t
(ot Ty Dehlon) B Hlad TN,y ya,q,
1+id(a+7(t)yt 1+id(a+7)yt  1+id(a+ 7))yt 1 +icd (a+ 7())yt
Proof. We can get the result from lemma 2.8.2. O
_dd ddyp _ dd d dyp _
Lemma 3.11.6. If all the derivatives are well-defined, -Z T dth = T ah, Eﬂh = Hﬁhf Eﬂh =

i dah and h satisfies

ih _ icla+ 7))y + id (a+ 7(t))ytr'(t)
dt 1+id (a+7(t)7t

Ouh +T(h),

then we have

Proof.

LA (0,71

_d, dcla+T(t)t ic(a+7(1))t d, . d

~ @' Tricat ot " T rt e P

B icla+7(t))t icla+7(t))t ie(a+ 7(t)y +ic (o + 7(¢) )yt (t)

_at(1+ic,(a+7(t)) Jah + (1755 ot (Ot 200 — 03)( T+ i (at )t doh) +AT (h)
Termq Termso

We have

ic(a+7(t))y +ic (a + 7(t))vtr'(t) ) icla+7(t))t
1+id(a+7(t)yt 1+id(a+7(t)yt
ic(o+7(t)t ic(a+ 7(t)y + ic (o + 7))yt () ic(a+ 7(t)y + ic (o + 7))yt ()
(1 +ic’(a+7'(t))’yt) a 1+ ic(a+7(t)t J0ah =0 ( 1+id(a+7(t)t J0ah

Termsy = ( Oa — O0)0ah

ic(a+ 7(t))y +ic (o + 7(t))ytr' (t) ic(a+ 7(t)

_ )t
= L+ ic (a+7(t)7t 0 ((1+zc (a4 7(t)) 7t 10 = O)h)
ic(a 4+ 7(t))y +ic (a + 7(t))ytr' (1) | ic(a+ 7(t))t
= 1+id(a+7(t)vt 0 (1+zc (oz—|—7'(t))'yt)aah
Terms
icla+7(t))t ic(a+ 7(t))y + id (o + 7(8))vtr'(t) icla+7(t)y +id (a+ 7(t))ytr'(t)
+ (1 +ic (a+ T(t))’yt)aa( 1+id (a+ 7))yt J0ah =0 ( 1+ i (a4 7(t))vt J0ah
Terma,s Terma,q

165



Moreover, we have

Termy +Termaos + Terma s + Termay
B ie(a+ 7(t))t
= [0 1+id(a+ T(t))vt)
ic(a+ 7(t))y +ic (a + 7(t))ytr'(t) 10u ic(a+ 7(t))t
1+ac (a+ 7(t))t N4 (a+ 1)yt
ic(a+7(t))t 9 (ic(a +7()y +ic (o + 7(t))ytr' (¢) )
L+ic (a+7(t)yt " L4ic(a +7(t)yt
9 (ic(a +7(t)y + ic (o + 7(8))yt7' (¢)
K 1+ id(a+7(t))yt

—( )

)]0ah

[ ic(a+ 7(t)) )+ ( id(a+ 7)) (8)t = icla+ 7))t (a+ 7(t)y + i’ (a+ 7())yr' (D)t)
1+id (a+7(t)vt 1+icd(a+7(t)t (1 +ic (o + 7(t))vt)?
Ch Cs
B (ic(a + 7(t))y + ic (o + 7(8))yt7' (¢) ) id(a+71@)t (ot T(t)t(ic" (a + T(t))vt)))
i+ (O TFidla O (Lt ic(at r@n0?
Cy Co

ic(a+7(t))t
1+ id(a+7(t)vyt

id (a+ 7))y +id(a + 7(t))ytr' (t)
1+ ic (o + 7(t)yt
C3
 (ic(a 4+ 7(t)y +ic (o + 7(8))yt7' (1)) (ic” (e + 7(8))t) )
(1 +id(a+7(t))vt)?
Cs
ic(a+ 7(t)) +ic (o + 7(8))t7'(t)

(

(icla+ 7(t))y +ic (a + 7(8))ytr' () (i (a + 7(2))t)

~ 14ic (a+7(t)vt )+ (1+ic (o + 7(t))1)2 )]0ah
C1 Cy
=0.
Therefore, we have
%A(h)(a,’y,t) =Terma 1 + A(T(h))
el 4 7(t)y 4 i (a + 7(t))ytr'(t) ic(a+ 7(¢))t B
- L+ ic (o + ()t oI tay r(ymr e~ O+ AT(R)
_ (zc(a + Titzzcjr(;c—ioi(t);itt))*yh (1) V0w A(h) + A(T(R).
Hence we have the result. O]

Let

icla)t d d

- = - )h(e,7).

Ao = T aida ~ d
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A+ 7(07) = (o~ (et 7(0)2).

Now we do the following lemmas from Ay and A. In those lemmas, the h, h we use are vector

functions satisfying the conditions in the lemmas correspondingly.

Lemma 3.11.7. Let K be meromorphic, d,h(c,) and Oyh(a,v) is well-defined and in CO[—m
T(t), m+7(t)]. If for fivzed a« > —7(t), there is no singular point in the integrals below and c(m+7(t)) =
c(—m+7(t)) =0, c(a) € W2, then we have

A([ K(h(a+7(t),7) = h(B +7(t), 7)) X (B +7(t),7)(L +ic' (B +7(t))7t)dB)

= [ VE (h(a+7(t),7) = h(B+7(t),7)) - (A(R)(a + 7(t),7,t) — A(h)(B +7(t),7,1))

X(B+7(t), 7)1 +id (B +7(t)yt)ds

[ K(h ) = h(B+7(t),7)AX) (B + 7(t),7)(1 +ic'(B + 7(t))yt)dp
= Dh(/i K(h(a+7(t),7) = h(B+7(8), 7)) X (8 +7(t),7)(1 + ic (8 + 7(£))71)dB) [ Ao (h)]

+ /_W K(h(a+7(t),7) = h(B+7(t),7,1)) Ao(X) (B +7(t),7) (1 + ic' (8 + 7(t))71)df

Here Dy, is the Gateauz derivative.
Proof. The proof is similar as in lemma 2.8.4. O

Lemma 3.11.8. Let K be meromorphic, B(a,v),ﬁ(a,v),X(a,v) € C%,([—l,l],cé[—ﬂ',ﬂ']) . f for
fired o > 0, there is no singular point in the integrals of O(h, h) below and ¢(0) = () = ¢(—7) = 0,

c(o) € W, then when 0 < oo < 5, for

O( f«ﬁ( ) = h(B. 7)) (h(a,y) — (B, 7))(X(B,7)) (1 +ic'(B)vt)df

a, ) K (h(a,y) — h(2a,) ie(2a)t(X (2a, 1))y

7) = (B, ) (X (B.A))(L +ic (B)yt)dBA(ar, )

i
/ h(2

- [ R0k ia.) - (5.0)(X(5.0)d5
/

U2« 71']

O1 4 O3 4+ O3 + Oy,
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we have

Ao(O(h, ) :/o an((h(am) —h(B8,7)) - ([Ao(h) (e, 7)] = [Ao(R)(B, M) (1 +ic' (B)1)

FA;

(71(0[, 7) - E(ﬂa V))X(ﬂa V)dﬂ

FA

2c
+/O K (h(a,y) = (B, 7)) ([Ao(R) (e, 7)] = [Ao(R)(B, M) (X (B,7)) (1 + i (B)yt)ds

FAs
+ /O ) K(h(a,y) = h(B,7)) (Ale,7) = h(B, ) [Ao(X)(B,1](1 + i’ (8)yt)dB

FAs

+ /(: h(2a,m) VK (h(a,v) = h(2a,1)) - [Ao(h) (@, 7)) X (20, n)ic(2a)tdn

FAy
e g - 2ic(a)t 1+id (2a)nt . .
FAs;

7. o - 2ic(a)t 1+ic (2a)nt
+ [ heami e, ) - e ) (o) (o

)[Ao(X) (2, n)lic(2a)tdn

FAg

b [ (B i ) 2, )] K e ) = 2 ) X 20 ic(2a)edy

FA;
= /; h(B,0)VEK (h(a,7) = h(8,0)) - [Ao(h)(cr, 1)](X (8,0))d3

FAg

o e

+/[ oo ]VK(/?/(OZ,V)—75/(5,7))-([140(%)(04,7)]—[Ao(ﬁ)(ﬁ,v)])(X(ﬁm))(l+iC’(5)7t))dB7L(aw)

FAg

+ / K (h(a,v) = h(B,7))[Ao(X) (B, ](1 + i (B)71))dBh(er, 7)
[=m,0]U[2ax,7]

FAio

o

" / R (h(a,) — (B, 1) X (B.7) (1 + i (Byyt))dBlAo(R) (7))
[=m,0]U[2c,7]

FA

Proof. First, consider O1,

Ao(O1) =
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/_ (i (o — B,7)) (b, ) — h(a — B, 7)) X (o — B,7) (1 + i’ (o — B)1t)dB)

zc(a)t

= W[k(h(a,y) — 1(0,9))(A(er, ) = h(0,7))X (0,7)(1 + ic'(0)yt)

Termq

v

+ K (e, y) = h(20,7)) (e, 7) = (20,7)) X (20, 7) (1 + ic/ (2a)71)]

Termq

ic(a)t . ic(a)t .
+ [ Vk(h(a) ~ bla = ) (520, - 2,)h()] (1 9.~ 0, )bl — $.7)
Terms
(1+ic (a — B)vt)(hla, ) — k(e = B,7)) X (a — B,7)dp
Termo
+ [ Rl — o = 8 A0, = 0,)a)] = (15— 00 = 1)l = B,7)) X = 6.7)
a 1+ic(a)yt 77 ’ 1+ic (a)yt ’
(Lo P
v ic(a)t
+ [ Kl = e = B (han) = hla = (5 00— 97X 6,7)
(1+ic (o — Ht)ds
o ic(a)t o c
[k (@ = B ha,) ~ (e = 8:2)X(a = i) (i (0 — B)2t) —ie 2 — G}

Terms

=Termi + Termso + Terms + Termy + Terms.

So we have

Termo 4+ Terms + Termy + Terms

= [ k(i) = o = 8. (0 = )i ] - [P0, - 0, — 62
Terma 1
(1 +ic (@ = B)yt) X (@ = B,7)(h(a,7) — h(a — B,7))dB
Terma 1
+ [ vk hla—B.7)) [(Hi‘;ifzaf)gm - jjif’gm) (e = 8,7)]

Terma o
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(1+ic (o = B)yt) X (a = B,7) (A, 7) = h(a — B,7))dp

Terma 2

+ [ Rl = o= B3 gy 0n — 0)ha )] = [ o =00 = 0)hla = 5.
Terms,1
X(a = )1 +ic (o — B3
Terms,1
ic(a— B)t ic(a)t

1+icd(a—pB)yt  1+id ()t

+ [ Kl = e = Bon)(htann) = hla = Bl g gy70n — )X (0 = 8.7)
(1 + iCl(Oz ﬂ),yt)dBTerm4 1
+ [ Kl = e = B han) = ha = B a0 ~ T g0 X (@ = 8.
Termy 2

(14 ic (o — B)yt)dpB

Termy s

[K (0,7) — il — B,7)) (e, 7) — bl — B, 7)) X (0 — B,7)

Terms
ic(a)t (ic" (a = B)yt) —ic'(a — B)t]dp

[1 +ic/ (o)t

Terms

=Termo 1 +Termg o+ Terms 1 + Termso + Terma + Termy s + Terms.

We have

Termg o 4+ Terms o + Termy, + Terms

o o i (i e — ic(a)t _ ic(la — B)t i
— /ﬂ dB[K(h( ) — h(a ﬁ,v))(lﬂc,(am 1+ic’(a—ﬁ)7t)(1+ (a — B)t)

X(a = B,7)(h(a,7) = h(a — 8,7)))dB
o i)t ic(0)t
1+ic(a)yt  14id(0)yt

)(1 + ic (0)yt) (h(er, ) — 7(0,7)) X (0,7)
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. - ic(a)t ie(2a)t

K (o) = F20. 1) T ottt ~ T seagys) e 1) — 20 1) X (20,9)(1+ i (20)71).

Therefore we have

ic(a)t

Ao(01) = 1JFT,(QW[I?(B(C% ) — 1(0,7)) (h(a, ) = h(0,7)) X (0,7)(1 +ic'(0)t)
B1
+ K (h(a, ) — h(2e, 7)) (h(er, v) — B(20,7)) X (20, 7) (1 + i’ (200) yt)]
By

+Termg +Termsz 1+ + Termy
—_———  — ——
FA, FA, FAs

SR ((007) ~ O o = T )1+ i O)) e 7) = 0. 1)X(0,)
B
# R(hl0,7) ~ 20 ) (o~ Ty (1) = B2, )X (2a2) 1+ 8¢ ()
B3

=Termo 1 +Terms1+Termy,
——— —— N—
FA, FA, FAs

el R (ha,) = h(0.9)) (B 2) X 09)(1+ i€ 00

Bi1

. v

+ K(h(a,7) = h(20,7)) (h(e, 7)) X (20, 7) (1 + i (2a)71)]

Bi,1

[K (h(a,7) = 1(0,7))(=A(0,7)) X (0,7) (1 + ic' (0)7t)

ic(a)t
1+ id(a)yt

Bi,2

+ K (h(a,7) = h(2a,7))(=h(20,7)) X (2a,7)(1 + ic' (2a)71)]

Bi,2

K (h(a,y) = b0, ) (5 J:jiozzm -2 _:j-i?()é)%)(l+ic’(0)yt)(ﬁ(a,7))X(0,*y)

B3 1
~K((0,7) = 0 (e = o)1+ i€ O (-h(0. 1) X (0.7

B 2
+ R(hl0,7) = 20 ) (o = T (e )X (2a) (1 + i (a))

Bs 1
+ K(hl,) = 20 ) (o ~ Ty (h2 )X (20 ) (1 4 i (2a)t).
Bgs,2
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Here By = B1,1 + B12, By = B21 + Ba2, B3 = B3 1 + B32.

Then we consider Ag(O3), we have

Ao(02) = A(/O7 h(20,m) K (h(a, ) — h(20, 1)) X (2ax, n)ic(2a)tdn)

T 2ic(a)t e .
:/0 (m@ah)@aaU))X(QQ,W)K(h(OZW)—h(Qavﬁ))ZC(Qa)tdﬁ

Termq

2ic(a)t . .

+ [ heo (s 0 X) (G K (e ) = 2o m)ic(2a)tdn

Termo

v U e .

—h(2a,7) X (2a,v) K (h(c,v) — h(2a,7))ic(2a)t

+ [, X Ca TR () ~ FEam) - (s @uh(a,) = @) o, ic(2a)dy
Terma=FAy
v, o - 2ic(a)t .
—/0 h(2a, n) X (2, n) VK (h(e, ) — h(2e,7m)) - (m(ﬁah)@a, n))ic(2a)tdn
Terms
+/OV h(20, ) X (20, ) K (h(r, ) — ﬁ(2a,n))%ic’(2a)tdn

Termeg

= Termy + Terms + Terms + Termy + Terms + Termg
Now we do the change to the terms 1,2,5 by writing the terms as AO(E).

Termy + Termsy + Terms =

[ etz e g 2t - EEE 0, )X (2 ) e ) = 2 )

Termi 1

+ / ic(2a)(— 2Dy LH i @at dyp o % (0 m) K (o) — h(2a0m)dy

1+ id(a)vyt ic(2a)t  dn
Termy 2
+ [ i G~ e g X Gasmlha. ) K (o) 2.y
Terms 1
+ [ietay 2B L) 20 lia, ) (hla,) — 2y
v oo . ’ 2ic(a)t 1d 14idR2ant d . .
_/o h(20,m) X (20, ) VK (h(er,7) — h(20,m)) - (m)[@@ - W%)h(mm)]ld%)tdn

Terms, 1
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1+ (2a)nt d

e a2 mic(20)tdy

— [ hza )X @0, VR (i(a,) — hiza.m) - (o

0 1+ ic (o)t

Terms 2

=Termy 1+ Termy o+ Terma 1 + Termo s + Terms 1 + Terms o.

Then, we have

Termy o+ Termaog + Terms o + Termg

(7. 2ic(a)t 1+ (2a)nt d |y e .
= | et (i o 2o )X (20 ) (e 3) = 20

T 2ic(a)t 1+ic (2a)nt d .
+ [ et s (T ) X (220 ) (e 7) 2o )

1+id(2a)nt d

o)t d—n)ﬁ(Qa,n)]ic(Qoz)tdn

v . 2ic(a)t
_/0 h(20,m)X (20, ) VE (e, 7) = h(2e,m) - (75 (a)vt)[(

L o » i2c(a)t ,
+ /0 (2a, ) X (2c, ) K (h(a,y) — h(2a,n))mw (2a)tdn

Td oy o - i2¢(a)t .,
= /0 %[h(mn)X(?am)K(h(aw) - h@mnDW(w (2a)nt + 1)]dn
2¢c(a)t
1+ id(a)yt

12¢c(a)t

14 icd (a)vyt’

= (h(20,7)X (2, 7) K (h(r,7) = h(2a,7)) (ic' (2a)yt + 1))

— h(20,,0) X (2r, 0) K (h(c,7) — h(2ax,0))

Moreover, we have

2ic(a)t 1d 14idQ2a)nt

T d s s .
T@Tml,l = /0 ZC(2tl)t(1 +ZC/(OL)"}/t)[(§% - ZC(QO&)t d*)h@%ﬁ)]X(Qaan)K(h@ﬁ) - h(204,77))d77
[ 2ic(a)t 1+ic (2a)nt ic(2oz) d d . oo .

_ /07 ie(20)t( 2ic(a)t 1+ ic (2a)nt

it reaye Ao 20 (e, 7) 20, m) X (20 ),

FA;

2ic(a)t 1d 1+4idQ2a)nt d

Terma 1 :/0 ic(%v)ﬂm”@@ ~ ic2a)t  dn

= [ etz o (IR B X a2, (h(a,) 2,

— [ et 2O LI 4 x) 0, )] 2 3) — e )2

FAg
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and

Terms 1 = [ (2, X (20, VR (ia7) = 2a,n) - (2ol o - LB a0,

ic(2a)tdn

- Y. N N i) — B2 . 2ic(a)t 1+ic (2a)nt
= [ b2 X Qo) VR (i)~ hea.m) - (e (s

)

ic(2a)t d d. .
G Fic@aym da ~ @ Wlica)idn
1+ id(2a)nt .

. . 2ic(a)t )(Aoh) (2ar, m)]ic(2a)tdn .

= _/0 h(QOé, U)X(QOK,U)VK(h(av’Y) - h(QOé, 77)) : (1 + ’LC/(CV)’Yt)( ZC(2OZ)t

FAs

Therefore we have

Ap(O2) = Termq 1 + Termay + Terms 1 + Termy + Terms + (Terma o + Terma o + Terms o + Termg)

2ic(a)t 1+ icl(2a)nt)[A0(7z)(2a, n)]f((ﬁ(a, 5) — 71(204, )X (20, n)dn

_/0 ic(2a)t(1+ic’(a)’yt ic(2a)t

FAz

U e . v

v 2ic(a)t 1+id(2a)nt
+ [ et ) (G S LA () 20 I (o) 2o )20,

FAg

v o - 2ic(a)t 14id (2a)nt . ‘
- [0 X (G0 VR () = 2, m) - (s B o) 20 lict2a)tay

FAsg

+ [z, X )V e, 3) = 2, - (Ao(h) @, lie(2a)dy

FA,
—h(20,7)X (20, 7) K (h(er, 7) — h(2ax,7))ie(2a)t
By

+;L(2a, )X (2c, V)f((h(a’ ) - H(2a, 7))%

(id (2a)yt + 1)

Bs

—h(2a,0)X (20, 0) K (h(r, ) — h(2a, 0»%

Bs

For O3, we have

us

Ao(03) = Ao(— | X(B,0)h(B,0)K (h(a,v) — h(8B,0))dB)

20
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o 2ic(a)t N o OV (o~ — (20
—71+Z.C,(a)7th(2 ;0)X (20, 0) K (h(a, ) = h(2,0))

B7
_ ; X (B8,0)h(B,0)VEK (h(e, ) — h(3,0)) - (%

FAg

0o — Oy) (e, y)dB

Finally, for Oy, we have

U e

A9 = Ao | K(ha,) = e = B,9))(X o= 8,9)) 1+ (o = Byt) (e )

l[a—m,—a]Ua,a+7]

= [ E0) R KB+ (318 40(R) o)

FAn

e K(f(0,) — F-m ) X (-7, 2)(1 4 i (-nt) i)

Termi,1,Bs,1

o R (ha,) = 0.2 X(0.0)(1 4 i€ O, )

Termy 2,Bg 2

_%K(H(av ) — h(20,7)) X (20, 7) (1 + ic (2a)yt) (e, )

Termy 3,Bg 3

T sy <) — )X ) i ) )

Termy,4,Bg 4

+f X(a~ 8.7)VK(h(a,7) ~ ha— 5,7)
l[a—m,—a]U[a,a+7]

Terms
ic(a)t . ic(a)t

TT it 0,)h(a, )] - [(Waa — dy)h(a = B, 7, ) (1 +ic (a — B)yt)dBh(a,7)

-([(

Termso

oo . ic(a)t

+ /[a_m_a]u[a’aﬂ] K(h(a,7) = hla = BTy n 'l:C/(Oé)")/taa = 0y)X (o= B,M](1 +ic'(a = B)yt)dBh(a, )

Terms

oo ic(a)t

+ /[(x—ﬂ,—a]u[a,(x+7r] K(h(a,y) — h(a = B,7)) X (a — B, ’Y)(Wicﬁ(a — B)yt —ic' (a — B)t)dBh(a, )

Termy

= FAi+Termi 1+ Termy o+ Termy g+ Termy 4+

+f X(a— 8,7)VK (ha,7) ~ ho— 8,7)
l[a—m,—a]U[a,a+7]

Terma 1
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ic(a)t . icla — )t
Waa — Oy)h(a, )] — [(m

Terma

o .. ic(a— B)t ic(a)t
- /[a—m—<y]u[a,a+7r] VK(h(a7 7) - h(a a 677)) . [( 1+ ic’(a - B)Vt o 1+ ic’(oz)’yt

(I( Oa = 0)h(a = B, (1 + ic'(a — B)yt)dBh(a, )

Do)l = B,7)]

Terma o

X(a— B,7)(1 +ic (o — B)yt)dBh(er, )

Terms 2
oo . ic(la— B)t - i
+ /[a—ﬂ,—a]u[(x,a+7r] K(h(a,v) — h(a— B,v))([mé)@ —0y) X (a— B,7)](1 +ic' (o — B)yt)dBh(cv, )
Terms
oo . ic(a)t icla — )t

Oa) X (a = B,7)]

i /[a_ﬂ,_ama,am B{hleny) =hie =5 Nt ~ Tricta -

Terms, s

(1 +1ic (a — B)yt)dBh(er, )

Terms o

oo ic(a)t

+ /[a_m_a]u[ma”] K(h(a,y) = h(a = B,7)) X (o = 5, 7)(Wicﬂ(a — Byt —ic' (a — B)t)dBh(a, )

Termy

= FAy +Termy +Termy o +Termy s+ Termy g+ Termo1 + Termgo 4+ Termsy + Termso + Termy.
Then we have

Termo o +Terma o+ Termy =
ic(a)t

- 1+ iC/(a)’yt(l + ic/(a - B)Wt»]dﬁ

-/ LU ha2) = i — B 2) X = i) il — B
[a—m,—a]U[a,a+n]

’ ]VZ(O" ’Y)
. ic(a)t

= K(h(a,7) = h(=m,7)) X (=m,7)(ic(~m)t - W(l +ic (—m)yt)h(a, )

Bog 1
~K(h(a,7) = hO.)X 0.1 ie0)t — 1o
By 2

+K (h(or, ) = h(20, 7)) X (20, ) (ic(2a)t — %

(14 ¢ (0)yt))A(a, )

(1 + ic (2a)7t))h(a,7)

B3

K (o) — o)) X () ()t — H(a()cfm

Bg 4

(1 +id (m)71) (e, ).
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Then

Ap(O4) = FA11 + Termyy + Termy o + Termy s + Termy 4+ Terma
——

Bg FAQ

+Terms 1 +Termag +Termso + Termy.
——

FAio By

Here we use Bg to show the sum Bg; + Bg s + Bg 3 + Bg 4, and By to show the sum Bg 1 + By 2 +
By 3+ Bg 4 = By.

Then we are left to show all B terms are cancelled.

By + By + B3 + By + Bs + Bg + By 4 Bg + By

= H(‘?j)wmw 7) = 1(0,7)) (A, 7)) X (0,3)(1 + ic' (0)72)

Bi1
ic(a)t
1+ ac (a)vyt

K (i, ) = (20, 7)) (e, 1)) X (20,7) (1 + i (20)7)

Bi1

%mma, 7) = h(0,7)(=h(0, 1) X(0,) (1 +ic (0)11)

B2

mm(a, 7) = h(20,7))(=h(20, 7)) X (20, 7)(1 + e’ (20)1)

Bi,2

~K((0,7) = 0 (e = o)1+ i O)) (i )X (0.

Ba 1
K0~ O o~ T )+ €O (h(0.2) X 0,)

B 2
+ R(hl,) = 20 ) (o ~ Ty (B X (20 ) (1 4 i ()t

Bs 1
+ R (h(a,) = ) (o — e h@a )X a1+ i 2a))
Bs 2

—h(20,7) X (20, 7) K (h(er, 7) — h(2a, ) )ic(20)t
By

+h(20, )X (20, 7) K (h(at, ) — 5(20477))%

(ic (200t + 1)

Bs
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~h(2a,0)X (20, 0)K (h(ev, ) — h(2a, O))%

Bsg

2ic(a)t v o .
HT’(@)WSh@a’O)X@a’ 0)K (h(a,y) — h(2c,0))

B~
Q) gi(any) — ()X () (1t ic (—m)yt)h(e )

1+id(a)yt

Bs 1
O (i) — 7(0,7))X (0,7)(1 + ic (O}t h(a, )

C1+id(a)t

Bs,2

- R R (h(a,) (20 ) X (20,2)(1 4 i€ 20, )

Bsg 3
Q) g i(asy) — b)) X (7)1 + i (gt (e )

C1+id(a)yt

Bs 4
ic(a)t

- W(l +ic (=m)yt) h(e, )

+K (h(a,y) = h(=m,7)) X (=, ) (ie(—m)t

Bg 1
ic(a)t
1+ id(a)yt
By 2

+K (h(a,) — (20, 7)) X (20, 7) (ic(200)t — %

—K(h(e,7) = h(0,7))X (0,7)(ic(0)¢ (14 ic (0)yt))h(a, )

(14 ic' (2a)vt))h(c, )

By 3
—K (h(a, ) = h(m, 1) X (, 7) (ie(m)t — H@g)w

Bg 4

K (h(a,7) = 1(0,7)) (A, 7)) X (0,7) (1 +ic (0)71)

(1 +ic (m)yt))A(er, 7)

_dc(a)t
14id (o)t

C
)t i i) — h(2on 7)) (7)) X (20, 1) (1 + i (2a)71)

1+ id(a)yt

C>
ic(a)t K (h(r, ) = 7(0,7))(—h(0,7)) X (0,7)(1 +ic’ (0)72)

1+ id(a)vt

C3

%ma, 7) = h(20,7))(=h(20,7)) X (20, 7)(1 + i’ (2a)7t)

Cy
ic(a)t ic(0)t
14+id(a)yt 1+ (0)yt

Cs

—K (e, v) = h(0,7)( )(L+ic (0)yt) (R, 7)) X (0,7)
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—K (h(or, ) — 5(07’7))(1 J:'iifog)yt 1 J:jg)()é)vt
Cs

+K (h(o, ) — 5(20477))(1 Jjg)g)w 1 fji?(zx)yt

)(1 + i (0)78) (—h(0,7)) X (0,7)

)(A(er, 7)) X (20, 7)(1 + i/ (20)7t)

Cs
+ K(hl0,7) = 20 ) (s ~ T gy (hEa ) X (Ga,) (1 + i 2yt
Cy Cr
—h(20,7) X (20, 7)K (v, 7) = h(2a,7))ic(2a)t
Cy
. i2c(a)t

(20, 7)X (20, 7) K (R, ) - h(2a, 7)) (ic (2a)7t + 1)

1+ic (o)t

Cy

~h(2a,0)X (20, 0)K (h(ev, ) — h(2a, 0))%

Cs
2ic(a)t
1+id(a)yt

h(2a,0)X (2a, 0)K (h(cr, v) — h(2av, 0))

Cs
0, ) — B, )X () (1 + i~y ()

1+ id(a)yt

_ic(a)t
1+ id(a)yt

=
o
2
N—
=
2
—
=
Jr
~.
Q\
=
N—
S}
2
N—
>

f((}i(a”}/) - (av’)/)

o K((0,7) — (20,9)) X (20,9)(1 + i€ (a0, )

Cy

—%K(ﬁ(a,y) — B(W,”Y))X(m’y)(l + ic’(w)'yt)ﬁ(a,fy)

Cio

o N ic(a)t

+E (h(e, ) = h(=m,7)) X (=7, 7) (ic(=7)t — W(l +id (=m)t)) (e, )

Cy
ic(a)t
1+ (a)t
Cs

+K(h(a,) = h2a, )X (20, ie(2a)t - o

—K (h(a,y) = h(0,7))X(0,7)(ic(0)t (1 +id (0)7)h(a.7)

(14 i (2a)vt))h(e, )

Cs

— K (e, ) — B, )X () (ie(m)t — H(a&fw

C1o

(1 +ic (m)vt))A(ar, )
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Here we write the same C; under terms that cancel with each other. O

Remark 3.11.9. We could change [—m, x| in lemma 3.11.8 to any interval [br,br] satisfying by, <

0 < bgr. The corresponding result holds for 0 < a < %R

Corollary 3.11.10. Let K be meromorphic, 0 < 7(t) < T h(e, ™), h(e, 7), X (o, ) € CH([-1,1],C[—m+
T(t), 7+ 7(t)]) . If for fixzed o > —7(t), there is no singular point in the integrals of O(h) below and

c(0) = c(m+7(t)) = c(—m + 7(t)) =0, c(a) € W*, then when —7(t) < a < %, for

o 2at7(t) | . y y
O(h,h) = [ " K(h(a+7(t),7) = h(B +7(8), 7)) (h(e + 7(8),7) = h(B + (), 7)) X (B +7(¢),7)

(1+id (B + 7(t)yt)dB

+ /OW 7L(20¢ + 27(t), n)f((h(a +7(t),y) — h(2a+ 27(t),n))ic(2a + 27 () t(X (2 + 27(t), n))dn

- /2: " (B +7(t), 0K (h(a+7(t), ) — h(B+7(t),0)(X (B +7(t),0))dB

U e

+ / K (h(a+7(t),7) = h(8 +7(8), ) (X (B + (), 1))(L +ic (8 + 7(8))yt)dBh(a + 7(2), )
[=m,0lU2a+27(t),]

we have
- 2047(t) . . .
A(O(h, h)) = [ o VE(h(a+7(t),7) —h(B+7(t),7)) - ([Ah) (e + 7(t),7)] — [A(R)(B + 7(t),7)])
FA;
(1+ic (B+ 7(t)vt) (hla + 7(t),7) — h(B + 7(),7) X (B + 7(t),7)dB

FA,

2a+7(t) . ) } ]
+ [ o Kh(a+7@),v) = h(B+7@), ) ([AR)(a+ 7(t),)] — [A(R)(B + 7(t),7)])

FAs

(X(B+7(t),7) (1 +ic (B + 7(t))yt)dB

FAs

v

207(t) ) )
' / b Kbt (0),9) = h(8+ (), ) (hle+7(0),9) = KB +7(0), MIAK)B +7(2),7)

FAg

(1+id (B + 7(t))yt)dB
FA;
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+ /Oﬂ{ iL(Qa + 27(t), n)VIV((fL(a +7(t),v) — h(2a + 27(t),n)) - [A(h)(a + 7(t),7)] X (2 + 27(),n)

FAy

ic(2a + 27(t))tdn

FAy

- . 2ic(a+ 7(t))

. ] t . 14id (2 +27(t))nt
_/0 h(2a+27(), M VE(h(a+7(2),7) = h(2ac+ 27(8), 7)) - (7 ic' (o + 7 ()t

ic(2a + 27(t))t

) )

FAs

[A(h)(2a + 27(¢), )] X (2a + 27(t), n)ic(2a + 27(1) )tdn
FAs

. - . 2ic(a+7(t))t
+ / h(2a -+ 2r(t) )R ((a -+ 7(t).7) = h2a+ 2000 (7000 T o

1+ic (2a+ 27(t))nt
ic(2a + 27(t))t

) )

FAg

[A(X)(2a + 27(t), n)]ic(2c + 27(t) )tdn

FAg

T 2ic(a+ T(E)t
+/0 et r)

1 +ic (2ac + 27(t))nt
ic(2a + 27(t))t

J[A(R) (2 + 27 (1), ] K (h(a + (t),7) = h(2a + 27(t), 7))

)

FAq

X (2a + 27(t), n)ic(2a + 27(t))tdn

FAq

- /;+ " R(B +7(),0)VK (h(a + 7(t),7) = h(B + (), 0)) - [A(h) (v + 7(), )X (B + 7(¢),0))d

FAg

+ /[_ o }Vf{(h(a +7(),7) = h(B+7(t),7)) - [A(R)(a + 7(t),y)] = [A(R)(B + 7(£),7)])

FAg

(X(B+7(t),7)(L +ic' (B + T(t))yt))dBh(a + (L), )
FAg

+ / K(h(a+7(t),7) = h(B+7(), N)AX) (B +7(t),7)]
[—m,—7(t)]U[2a+T(t),7]

FAjo

(1+ic (B + 7(t))yt))dBh(o + 7(t),7)

FAio

+f K(h(er+7(t),7) = h(8 + (01 )X (B +7(0. 1) (1 +i¢ (8 + (0)70)d8
[=m,—7(8)]V[2a+7(¢),7]

FAp

[A(h) (e +7(1),7)] -

FAn
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Proof. By letting [br,br] = [-7 + 7(t), 7 + 7(t)] in Remark 3.11.9, we have

and

Then we have the result. ]

Lemma 3.11.11. Let K be meromorphic, ﬁ(a,’y),ﬁ(a,’y) € C’i([—l,l],C’é[—w,ﬂ). If for fized
o > 0, there is no singular point in the integrals in M(hh) below and ¢(0) = ¢(n) = ¢(—7) = 0,

c(o) € W, then when 0 < ae < 5, for

200 (%ﬁ)(a,w) d%}vl(ﬂﬁ)

M) = [ R ) (B - {8
+ K(h(e,y) = h(20,7))h (20, 7)
v o . . dj o
[ ha VR (i) — h@a,n)) - (42D o

1+id(2a)nt

|
= [ b0V K (i) ~ F(6.0)) - 55 (5. 0d5

2 o — iC/ M
[—w,O]U[2a,7r]K(h< »7) = h(B,7) (A + (ﬁ)vt)dﬁlJric,(oé)mj

= M + My + My + My + Ms.

we have

(LR (a,y)  A5h(B,7)

A1) = [ Dy~ s — 1 i (5)ye)ad
FMj 1
220 ) L A(h) (o) a5 Ac(h)(B,7) .
FMi.»

+D; K (h(a,v) — h(2a,7))[Ao(R)] (2, 7)

FMs>

+R(7L(O¢, 7) - h’(2a’ 7))‘40 (71) (20[’ 7)

FMs 2
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(di B)(Qa 77) ]

+ [V, m K hlo,) = el (Aol ). T et
FMs
2l 2 2ic(a)t(1 + ic' (2a)nt) - ( iﬁ)(Qa n)
- /0 (20, ) VK (h(e,7) = h2es D) (T 50070 faeay 20 2 ) 185550y

ic(2a)tdn

FMs >

7y - . 2ic(a + T(O)H(L + ic (2a)nt) , (= Ao(h)) (20, 1) .
+ A h(2e ) VE (R, 7) = b)) - a0t D Ge@a)) (d1+ic’(2a)77t Jie(2a)tdn
FMs.3
| 2icla)t(1+ i aynt) o o , ()(20,7)
/ Ao(h) (@0 m) = s ey v (e ) = h(2asm)) - (55 a e Hic(20)tdn
FMs, 4
- [ HE.0V K h(e,) ~ (5,0) (Aol e 2), 5 5,01
FM,
. ) ) ) ., (4£h)(,7)
" /[ oy TR0 (5,20 (o)) = Ao B )1+ i (Bp0)s P
FMs.

" /[ oy Kl ) =31+ (8)1))ds L

FMs »

Proof. First, we do the M,

N dh(a)
First, we compare O; with M;. Since in M;, we only change h(a,y) — (ﬂ ~) by T ((Z)'yf —

dh(B,v)

B
1+ic’(B)vt

and letting X (3,7) = 1, we have

Ao(My) =

d a. A
Al o oy BN OBy oo gy
(AP () 2h(0,9)
1+id (vt 1+ic (0)yt

ic(a)t

m[ﬁ((h(a,’y) — h(O ))(

)(1 4 ic (0)t)

B,
(R0, (LH)Eay)
1+icd(a)yt  14id(2a)yt

By

+ K (h(a, ) = h(2a,7))( )(1+ic' (2a)7t)]

(Lh)(e,y)  d5h(B.7)

+/O ) VK (h(c,7) = h(B,7)) - (Ao(h) (e, 7) = Ao(R) (B, 7)) (1 + ic (B)7t) (-

1+id(ayt  1+id(B)yt

FMi

R : (4£h)(,7) (4£h)(,7) L
+/o K(h(a,v) — h(ﬂﬁ))(Ao(m)(aﬁ) - Ao(m)(ﬂﬁ))(l +ic' (B)yt)ds

F DM o
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oo . el ic - a, 4 )
—K (e, v) = h(0. M) ({7 ii’()of)'yt T1x ii(’)()g)fyt)(l + i (0)rt)( iﬁ?c)’((a):)t - 1%&(—12'0(’(20;')%)
Ba

; ic(a)t ica)t (R () (GER)(2a,7)

+ K(h(a,y) - h(2a,7))(1 +id(a)yt 1+ iC/(QQ)’yt)(l +id(a)yt 1+ ic’(2a)7t)(l +ic'(20)7t)
B3
=FM; 1+ FM
ic(a)t (%B)(O%’Y)

[K (h(a, ) = h(0,7))(
B

4 1) (o
(o) — 20 ) (D)

Bi1

)(L +ic'(0)yt)

1+ ic (a)yt 1+ dic (o)t

)1 +id (2a)yt)]

ic(a)t o -- %71(0,7) c
W[K(h(aﬂ) - h(oﬂ))(—m)(l +ic’(0)7t)
B2
L. . (1) (2cx, )

+K (h(e,7) = h(20,7)) (= )(L+ic' (2a)7t)]

1+ id(2a)7t

Bi2
ic(a ic ) a,
K (iam) O (A~ 4 a0 (D)
oo .. ic(a | ic dp )
—K(hle, ) = R0 iﬁ’(zwt i iﬁ?()g)vt)(l + "C’(O)”t)(_%)
Ba 2
) . R AT
+ K(h(ey) = 2 )(3 fjify(lf)yt 1 ;:((:2(05)5)% i(fgf((a}?t)(l +ic' (2a)11)
Bs,1
o . .. ic(a)t ic(2a)t _ (%E)(QOH’Y)

+ K(h(, ) = h(20,7))(

L+ic(a)yt  1+ic (2a)yt ( 1+ic/(2a)7t)(1“C/(ZO‘W)-

B3 2

Here we use lemma 2.8.2 in the F'M; > term. For My, we have

AO(MQ) = AO([V((h(a”Y) - h<2a7’7))h(2a77))

it (h(0,7) = (20 7) (a5 Bl (20,7) = (0,h)(20)

FVE(i(a,y) - h(2a,7)) - (leia(zm 2ic(a)t

W(aah)(2a77) — (05h)(20,7)))

(Bah) (@, ) = (85 1) (e, 7) = (

v

h(2a, 7).
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v

Then we can write each term into Ag(h) and the remaining terms. We get

Ao(b2) = K (e 3) = 20, ) (s = ol

By

)(0ah)(2a,7)

R (hl0,7) = 20 ) (o 7 0ol 2007) = (2,1 20, 7)
F Mz o
Lo . 2ic(a)t ic(2a)t

—VE(h(e,7) = h(2a,7)) - [( )(@ah)(2a,7)]R(2a,7)

L+id(a)yt  1+id(2a)yt
Bs

+VE (h(a,) = h(2a,7)) - [(%

ic(2a)t

J@ab)(@,7) = Osh) (@) = (T3 marn

)(0ah)(20r,7) = (9yh)(221,7))]

FMQ’I

h(2a,7).
N——
FMs

For the third term, we have

7n)ic(2a)tdn)

; ; (i) (20,7)

= —h(2a,7)VE (h(a,7) = h(2a,7)) - ( Jic(2a)t

Termq

n / (2 b (@an)VE () — h(2am)) - (

(1) (201, 1) )
1+ ic (a)yt

ic(2a)td
1+4+ic (2a)nt ic(2atdn

Termso

R 9y . ZC(O{)t . .
+/0 h(2a, m) V=K (h(e,v) — h@mn))KW(Gah)(am) — (9yh)(e, 7)), (

Terms,FMs 1

(1) (20, 1)

W)]ic@a)tdn

v 95 . 2ic(a)t . (%5)(204777) .
—/0 h(20, ) V=K (h(cv,v) — h(2a,n))[(m(%h’)(mm)),m]w(m)tdn
Termy
. o . . (o iy «, .
+/0 h(2a,n)VEK (h(a,v) — h(2a,7m)) - [( T ii’(zwt % i“ﬁ?gl(éa)zzf)]zc@a)tdn
v o e . is « 12c(a

Termeg

=Termy + Termg + FMz 1 + Termy + Terms + Termg.

Now we do the change to the terms by writing the terms in Terms + Termy + Terms as Ao(ﬁ). We
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have

Termso + Termy + Terms

(£2h)(20,m)

— [ it G~ e g TR () — 2, n) - (R

1+id(a)vyt ic(2a)t  dn

TeT‘sz:F]\/[gA

)dn

(g h) (2a,m)
1+id(2a)nt

n / L ic(2ay(— 2Dty 1 F ic'(z‘“)"tCZ?w(za,n)]vK(h(m) (20, -

d
1+ id(a)vt ic(2a)t i

Terma 2

2ic(a)t 1d 14idRa)nt d . ( OLh)(2a n)
Triord Gda ™ e )@ G o Gai

Term471:FJ\lg,2

_ / " h(2am)V2E (e ) — T(2as ) [( )

ic(2a)tdn
—_——
TGTM4,1:FM3,2
- [ e v Rt - a2

1+ ic (a)vyt

1 +ic' (2a)nt d
ic(2a)t  dn

(e 1) (20, 1m)
t

)h(2e). (1 +ic' (20)n

) YJic(2a)tdn

Termy o

2ic(o)t )[(li _1+id et i)( (L h)(2a,m)

1+id(a)yt" 2 da ie(2a)t  dn’t 1+ id (2a)nt
Terms 1=FMs 3

2ic(a)t ) 1 +ic'(2a)nt d

1+ id(a)yt ic(2a)t  dn

- / ’ h(2c, ) VK (h(a, ) — h(2a,7)) - ( Vic(2a)tdn
0

() (20, 1)
t

+/0 71(20(,77)VIU(('}'L(04»7) - 5(204’ m) - ( 1+id(2a)n

) Yic(2a)tdn.

Terms 2

Here we used

(8ah) (20,m)
1+id (2a)nt

(aaAO(h)) (204, 77)
1+ id(2a)nt

(Ba)h(er, )
1+id(a)nt

Lic(2a)t Do — 0.)

(1 +ic (2a)yt

) = Ao )(2a,m) =

when showing Terms 1 = F'M3 3. It follows from lemma 2.8.2:

ic(a)t
1+ id(a)vyt

(@)l n) . () ( ic(a)t

L+id(a)nt”  1+id(a)nt 1+ ic’(a)'ytaa — 0y)h(a,m).

( 9o = 05)(

We also have

Termg o 4+ Termy s + Terms o + Termg

(1) (20, 1)
1+id(2a)nt

= [ ietzae( e R 2, IV R e 2) ~ h2am) - )i

1+ id(a)yt ic(2a)t

Termz o
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Ty o . 2ic(a)t 1+ic (2a)nt d - (Lh)(2a,m) ..
= [ H20n) VAR (0,) = o)) (1 ) (g ST i), ({5 (2t

v o . ic(a | id (2a 4L 1) (20,
+ /O h(20,m) VK (h(a,y) — h(2a,7)) - (1fic(,(gw)[(lt.C@f)t)”tCZ7>(iﬁ’?c),((za;l)]ic(za)tdn

Terms 2

T o . 4 1) (2a 12¢(«

+ [ hzan) VR (o) ~ hzan) - (R O30y,
Termeg

(7 d o . (%ﬁ)(?a,n) i2¢(a)t .,
— | d e VR (i) = hzam) - (S 2 e (a)t + 1l

a « 12¢c(a
= (2, 7)VE (h(a,) — b2, ) (idﬁiy?c)’(éo;)?y)t 1 +2ic(’(0)z§7t

— (h(20,0)V K (I, 7) — h(2a,0)) - (%5)(20" 0)%(1)

(i (2a)yt + 1))

Finally, we have

Ao(M3) = Termy + Termaoq + FMs 1 + Termaq + Terms 1 + (Terma o + Termy o + Terms o + Terme)

= Terml + FM374 + FM371 + FM372 + FM373 + (Termg’g + Term472 + Term5,2 + T67‘m6)

= (200, )V (hfex, ) = h207)) - (22550 ie(20)1

Bg

+ FMs 4+ FMsq + FMsz o+ FMs 3

4 «Q 12c(a

B7

(id (2a)yt + 1)

—h(2a,,0)VEK (h(a,y) — h(2a,0)) - (%h)@a, 0)

i2¢c(a)t
1+ac (o)t

(1)

Bs

Then we consider My

Ao(My) = A~ /2 " 18,0V (e, 7) — h(8,0)) - o 6.08)

o 2ic(a)t e . dh
= Wh(?aﬁ)v}((h(a,’y) — h(2a,0)) - (%)(2@, 0)

By
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= [ ROV (o) B O] =500 ~ 0], G5 (5,0)d5.
F My

7 iUL «
For Ms, we still compare it with O4. We only change h(a,7) to gfii,)((a)’;{t) and set X(3,7) = 1.

Recall that we have
Ao(O4) =

+f X(a - 5.7)VK(h(a,7) ~ ha— 5,7)
l[a—m,—a]U[a,a+7]

ic(a)t . ic(la — PB)t . ., o
m o — av)h(oz,’y) — (maa - a’y)h(a = B,7,1)(1 +ic' (o — B)yt)dBh(c, )

O .. ic(la — B)t . i
+ /[a_ﬂ7_a]u[a7a+ﬂ] K(h(o,y) = h(a — 5ﬁ))(maa — 0y)X(a = B,7)(1 +ic'(a = B)yt)dBh(a,7)

%f((ﬁ(a, ) = (=, )X (=7, 7) (1 + i (=)t h(a, )

-((

- mk(ﬁ(aﬁ) — 1(0,9))X(0,7)(1 + ic (0)yt)h(a, )
- e R (h(a,) — h(2a2) X (2a0) (1 + i€ a0

- %k(h(aﬁ) — h(m, )X (7, 7) (1 + ic (7)yt) h(e, )

+ K(h(ay) = h(=m,7) X (=, ) (ic(~m)t - %

- K(h(a,) = BO.)X 0. 1)ie(0)t — 1o (14 i O, )

+ k(h(a7 v) — H(Qa, 7))X(2a7’y)(ic(2a)t - szcc(lc(yg)i)pyt

= K((0,) = hlr )X ()l = o (1 i (e )b ).

(1 +ic (=m)7t)h(a, )

(1 +ic (2a)7t))h(a,7)

Then, we have

Ao(Ms) =

v

/[ o Fi ) = 3 )1 i s B

FM{))Q
+ VE (o) = ha ~ 5,7)
[a—7,—a]U[o,a+7]

FMs
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ic(a)t . ic(la— p)t

(g5 h) (@)
Waa - &Y)h(a,'y) - (m ‘

(( 1+ ic (a)yt

a(x - 67)h(06 - BvFYat))(l + ic’(a - ﬂ)"}/t)dﬂ

FMs 1

(4= 7)(er,)
1+ (a)vyt

ic(a)t

1JFT,(Q)WLff('fl(aav) = h(=m,7))(1 + ic' (~m)yt)

Bio

(i) (@)
1+id(a)vt

ic(a)t

—mf((ﬁ(w 7) = 7(0,7) (1 +ic (0)1)

Bi1

ic(a)t e - .y (%fl)(a/ﬂ
—WK(h(a,’y) — h(2a,7))(1 +ic (201)715)1‘{’_?/(0‘)%

B2

icla)t o - . .y (%ﬁ)(a,'y)
—WKUL(O‘W) — h(m,7))(1 +ic (W)Wt)m

Bis

U

—|—K(h(047’7) h( WaW))(ZC( ﬂ’)t 1+iC/(Ot)’Yt
Bia

B P < 2

R(ia,) ~ O ie(0)t - 20

Bis

I eyt

+K (h(e,y) — h(2a,7))(ic(2a)t 1+id (a)yt
Bie

Y VR

K(h(Oé7'7) h(ﬂ—vp}’))(w(ﬂ)t 1—|—Z'C’(Oé)’)/t

Bi7

(g5 1) (@)

(1 +id (—m)yt)) 1+ id (o)t

(1) (@)

(1+ic' (%)) 1+id (a)yt

(g P (@, 7)

(1+ic' 2a)78)) 30 ic'(a)yt

(g (@)

(1 +id (m)yt)) T it

In conclusion, we only need to show the sum of B terms are 0. We have

17
N
=1

ic(@)t 0.y e (@)

= WK(h(a,v) — RO, ic’(a)fyt)(l +ic'(0)yt)

Bia
ic(a)t
1+ id(a)vt

(451 (@)

K(h(or,y) — 5(2“7))(1 +ic/ (a)yt

Bi1

K (h(ev,v) = h(0,7)(

B2

)(1 +ic (2a)7t)

 h(0,9)
1+ (0)yt

ic(a)t

1+ id(a)vt (1 +ic(00t)
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i)t ; (Gah)(2a,7)

T oy K (h(erm) = h(2a, ) (~ 25221+ i (20)71)

Bi,2
. . iv a
=R (e ) = B E((:’OEZ)W 1T E%WU + i 0r)( iﬁ};z’((agy)t)
B2 1
. . 4y
—K(h(@,7) = (0,7) 15202)01:)% - 1J:§i’0()(§)fyt)(1 ”C/(O)W)(_%)
B2 2
. . AT
+ K(h(or7) = h(2e 1) 1 :?SEZW 1 —i—lii’z(z)of)vt)( icﬁzlc)’((oj):)t)(l +id (20)71)
Bs,1
o . ic(a)t ic(2a)t (%fz)@a, 20) y
+ K (h(a,7) = h(20,7))( 1+ ic (o)t 1+ i (2a)7t B 11 ic’(2a)’yt)(1 +ic' (2a)71)
Bs,2
+i(hla,) ~ b)) (o = ) 0u)(20,)
By
. 2ic(a)t ic(2a)t

—VE (h(e,7) = h(2a,7)) - [( )(0ah) (20, 7)) (201, 7)

1+id(a)yt  1+id(2a)yt

Bs

4 (20
—h(20, 7) VK (h(e,7) — h(2a,7)) - (m

)ic(2a)t

Bsg

£ « 12¢c(a
+H(h(20, ) VR (e, ) = h(20, 7)) (fﬁi;c)’(éa)z 1 +2ic(’(c)v§7t

Br
~h(20,0)VK (h(a,) - h(2a,0)) - (;5)(20"0)%

(ic (2007t + 1))

(1)

Bs

2ic(a)t o - dh
mh@a, 0)VK(h(a,v) — h(2a,0)) - (@)(2(1, 0)

Bg
ic(a)t

R (hla,) — Fm )1+ i () O

Bio
icla)t o - - .y (%71) (a,7)
- 1+ iC/(OZ)’)/t (h(a7 ’7) - h(07 ’7))(1 +1c (O)Wt) 1(:_ ic’(a)’yt
Bll
ic(la)t o - . (%ﬁ)(a,’y)

K(h(a,7y) — h(2a,7))(1 + ic' (2a)vt)

C1+id(a)yt 1+id(a)yt

B2
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1+ ic (o)t

ic(a)t

*Wf{(h(aﬁ) — h(m, 7)) (1 +id (m)yt)

Bis
ic(a)t (%71)(067 7)

+K (h(a,y) = h(=m,7))(ic(~m)t (1 + ic'(=m)7t))

C1+id(a)yt 1+id(a)yt
Big
. dy a,
K (f(a7) = 0.7l — U 1 a0y
Bis
. I AVON
+EK (h(a,v) = h(20,7))(ic20)t — %(1 + ic’(2a)yt))%
Bis
. AV
K (F(a7) = hm i)t = U 4 i) (D)
Bz
ic(a)t (%E)(O‘ﬁ)

= Wf((ﬁ(aﬁ) = b0, 7)) (22 o) (1 i€O1)

Cy
icfa)t (Gah) (@)

TTic(ape e y) = ha )R Tar ) A+ ic (2a)yt)

Cz
ic(a)t o » - %71(0,7) c
WKUL(OZ”Y) - h(o’ﬁm(iliT’(O)vt)(l +ic'(0)7t)
Cs
icla)t o - o (%71)(204,7) .
WKUL(@W) - h@%ﬂ)(‘%)(l + ¢ (2a)7t)
Cy
. ) RRAYN
(7))t 1 a0 ()
Cs
‘ ‘ d
K (iam) ~ 0 (el — Ao
Cs
. . dy o
+HE (o)~ hee. )3 ji?(Zm T ES(O;ZW)( iﬁ?ﬁ’((a,)’;)t) (+ic o)
Ce
. . A7\ (20

+ K(ho, ) — hize M) jifog)fyt i 'CL'S(C;Z)W)(_ fdf?i(éaﬁb(l Fic@at)

Cu Cy
+ K (o) = h(2o, ) (5 ffc(?;gw T jfgz)w)(aah)@a, ”)

Cy C7
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— VK (h(e, ) — h(2a,7)) - [(

. 2ic(a)t ic(2a)t . .
1+id(ayt 1+ ic’(2a)'yt)(8ah)(2a’ VIA(2a,7)
Cs Cy
PR
(20, ) VE (0, ) — (20, ) - (EEE) i,

1+ icd(2a)yt

+ (h(20,7)VE (h(er,7) = h(2a,7)) - (

Cy

(h)(20) | izelae
14+ic(2a)yt" 1 + ic (a)yt

(id (2a)vyt + 1))

—h(2a, 0)VK (h(c, y) — h(2a,0)) - (%ﬁ)(?a,O)

Cy

i2c(a)t

1+ ic’(oz)’yt(l)

2ic(a)t

1+ ic (o)t

Cio

h(20, 0)VK (h(c,v) — h(2a,0)) - (Z—h)(m,())

ic(a)t
1+ id(a)vt

ic(a)t
1+ id(a)yt

K (h(a,7) = h(0,7))(1 + ic' (0)yt)

Cio
4 pY(a
((07) ~ om )L+ i () s DOT)
Cll
(=7 (@)

1+ id(a)yt

ic(a)t
1+ ic (o)t

K(h(a,v) — h(2a,7))(1 + ic/ (2a)~t)

Cy

(P (@, 7)

1+ ic (a)yt

ic(a)t
1+ id(a)vt

K(h(a,y) = h(m,7))(1 + i (m)yt)

C2

1+id(a)yt

Ci2
7 (h 7 ic(a dj a,
Cin1
| e
(7)) (0t — D 1 i o)D)
Cs
(7 i ic(o dj a,
+E (o, ) — (20, 7)) (ie(2a)t - Hii,({jma + icf@aww
Ce
. e
—K (e, ) = h(m, 7)) ie(m)t - %“ + ic/(w))m
Ci2
=0.

Here we use ¢(m) = ¢(—m)

¢(0) = 0.
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Remark 3.11.12. We could change [—m, x| in lemma 3.11.11 to any interval [br,br] satisfying

by, <0 < bgr. The corresponding result holds for 0 < a < %R.

Corollary 3.11.13. Let K be meromorphic, 0 < 7(t) < % h(ev, ), ho, ) € CH([-1,1],Ci[-7 +
T(t),m + 7(t)]). If for fized o > 0, there is no singular point in the integrals in M(h) below and
c(0) = c(m+7(t)) = c(—m +7(t)) =0, c(a) € W*, then when 0 < a < %, for

Lh)a+7®),7)  dhB+7().7)

. 2047(t) . (
M{(h h) :[ ) K(h(a+7(t),7) = h(B + 7(8), 7))( 1130: id(a+ T(t))’}/t 1+ (B + 7(t)yt

(1+id(B+ 7(t)yt)ds
+ Iu((h(a +7(t),7) — h(20 + 27(1&),'7))%(204 +27(¢),7)

(L 1)(2a + 27(t),n)
14+id(2a+27(t))nt

/ h 200+ 27 (¢t (h(a +7(t),7y) — fl(20x +27(t),m)) - ( Yic(2a + 27(t))tdn

dh 5 1 1(0),0d8

g
(G (a +7(1),7)
1+ i (o + 7(8))yt’

/2 o M3 T O.0F K (0 +7(0),9) (5 +7(0),0)-

+ / B (h(a+7(8),7) = h(B + 7(6),7)(1 + ic (8 + 7(t))1)d
[—m,0U[2a+7(t),n]

we have

a+T1(t day T
Aty = [ Dy i+ (0. ~ 3+ i iy e TO) B ETO.0)
) 15 it 700t 1+ i@

FM1,1

(1+id (B + 7(t)yt)dB

FMi

) /2a+7'(t) o . %A(E)(a +7(t),7) %A(ﬁ)(ﬁ +7(t),7)

L et 0.9 =G0 T T e T 1T @Bt )

FMi o

(1+id (B + 7(t))yt)dB

FM; »

o

+D; K (o +7(1),7) = h(2a +27(t), 7)) [A(W)]h(2a +27(t),7)

FM271

9

+EK (h(a+ 7(t),7) — h(2a + 27(£),7))A(h) (2 + 27(t),7)

FMQ‘Q

(L h)(2a + 27(t),n)
1+id(2a + 27(¢))nt

+ /O’Y 13(204 + 27(t), n)VQIU((ﬁ(a +7(t),7y) — H(Zoz +27(¢), n))[(A[h](oz +7(t),7)), ]

FM371
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ic(2a 4 27(t))tdn

Fngl

v, 9 . 2ic(a+ 7(8))t(1 + ic (2 + 27(¢))nt)
- /0 h(2a+27(t),n) VK (h(a + 7(t),7) — h(2a + 27(¢), 1)) [( (& ic (@ + 7)) (c@a 1 2r(6)1)

FM3,2

d o Tl
A(h)(2a + 27(t),m)), i”ﬂﬁ?c),(éai;((?)}?t

FMs 5

lic(2a + 27(¢))tdn

v, oo 594 9 - 2ic(a+ 7(¢))t(1 4 ic' (20 + 27(2))nt)
+ /O hZact27(t), MV E e+ 7(8),7) = 2+ 27(0:0)) - 4 ot 9 (ie(2a + 2 (6)8)

FM3’3

(i Ao (h)) (20, 1)

( 1+ icd (2a)nt

Yic(2a)tdn

FMs 3

+ /07 A(R)(2a + 27(t),m) 2ic(a + 7(t))t(1 +ic (20 + 27())nt) o }

[+ ida+ ()8 e@a + 2r()y © - e+ (b)) = hZat2r(t).n)

FMs 4
i“ o T
FMs4
_ /2: (t) h(B +7(t),0) V2K (h(a + 7(t),7) — (B + 7(1),0)[A(h) (a + 7(£),7), %(5 (), 0)]dB
FM,

+ / VE (h(a +7(t),7) = h(B+(8),7) - (A (e + 7(t),7) — A (B +7(t),7))
[-m,—7(D)]V[2a+T7(¢),7]

FMs 1

(1) (@ + 7(t),7)

(1+id(B+ T(ﬁ))'ytndﬁl +ic (a4 7(t))yt

FM;,
. L AR (a+7(t),)

K (h(o+ 7 —h T ic T da )
Kl r(00) = B )i+ st TR

FMs o

Proof. By letting [br,br] = [-7 + 7(t), 7 + 7(t)] in Remark 3.11.12, we have

v

M (h, h) () = M (h, h) (o + 7(t)),

A(M (h, h)(a)) = Ag(M (h, b)) (e + 7(t)).
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Then we have the result. ]

Lemma 3.11.14. Let K be meromorphic, h(a,~) € CI([-1,1],Ch[=m, ). If there is no singular

point in the integral below and c(m) = c¢(—7) = 0, c(a) € W**°, then we have

Ay / K (h(8,7))(1 + ic (B)1t)dB) = / Dy (h(8,7)[Ao(h) (B, M](1 + ic’ (B)yt)dB

Proof.

([ " R((B.7)(1 +ic (B)y))d

—T

v

—— [ kG- P i Grodsonita) — [ K @)as
= [ VEK(h(B,7)) - [(% 5 — 0)h(B,)](1 +ic (8)t)dB

| VR 9ah 3 ic@ras — [ KEEi G)s

_ / " DL ((B)) Ao(R)(B,) (1 + ic! (B)y1)dB.

O
Corollary 3.11.15. Let K be meromorphic, h(a,~), X (a,7) € CI([-1,1],Cl[—m, ). If there is
no singular point in the integrals below and c(r) = c¢(—7) = 0, c(a) € W>°, then we have
Ao( [ (3G + i (8)10)d5)
= [ DuR((5 1) AR B (511 + i (3)70)d5

+ [ " (B, A)) Ao(X)(B,7) (1 + i (B)11))dB.

Proof. We can use lemma 3.11.14, by letting the new K (h(8,7), X) = K(h(8,7), X (3,7)). O
By using the similar method, we also have

Corollary 3.11.16. Let K be meromorphic, h(a,7), X (a,v) € CY([-1,1],Ci[—m,w]). If there is
no singular point in the integrals below and c(m + 7(t)) = c(—m + 7(t)) = 0, c(a + 7(t)) € W2,

then we have

/_ K(h(B,7)X(B,7)(1 +ic (8 + (1)) 1£)dB)
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= /_ﬂ Dy K (h(B,7))[AMR) (B.AIX (B,7) (1 +ic (B + 7(1))y1)dp

[T R84 A (B A1+ i (8 + T(0)11))dB.

—T

Lemma 3.11.17. If h €C'(|~1,1], H'[—7,7]) with h(c) = 0 when a < 0, c¢(a) € W2 and
¢(0) = 0, then we have

Ao(Dy " (R)) = Dy (Ao (), (3.174)

where

Dyt(h) = / }uz(al,'y)(l +ic (ay)yt)da .
0
Proof. When i=1, we have

[e%

Ao(D7Y(R)) = Ao( [ h(a1,~)(1 +ic (a1)yt)day )

(o3

= ic(a)th(a,~) —

o— >—

5‘771(041,7)(1 +ic (aq)yt)dayg — / ﬁ(al,fy)ic’(al)tdal
0

—iclayth(a,) + [ N

ic(aq)t

J— 7 il
i angsifn — O (Lt ic (@) yt)des

—/ ic(al)taalfuz(al,'y) + ﬁ(al,v)ic’(al)tdal
0

Then we can do integration by parts to the second term and have

ic(an)t

A(D ) = i) + [

Day = Oy )h(a1,7)(L + e (ar)yt) ) den

—ic(an)tduh(ar, 7)|§

= D7} (Ao (R)).
Since h € C'([-1,1], H'[-m,7]), and h = 0 when a < 0, we have D~%(h) € C'([-1,1], H*[—m, 7])
and D~(h) = 0 when a < 0. Then for j > 1, we could do this process j times and get the result. [J
By using the similar method, we have

Corollary 3.11.18. If h € C*([-1,1], H![—m,7]) with h(c) = 0 when a < —7(t), ¢(a) € W2 and
¢(0) = 0, then we have

A(D7U(h)) = D7 A(R)). (3.175)

where

o= [ " o (1o + ()0
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Chapter 4

The radial symmetry properties of
stationary and uniformly rotating

solutions of the 2D Euler/g-SQG

equations

4.1 Introduction

Let us start by considering the initial value problem for the two-dimensional incompressible Euler

equation in vorticity form. Here the evolution of the vorticity w is given by

Ow+u-Vw=0 in R? x R,
u(-,t) = =V (=A)'w(-,t) in R2 (4.1)
w(-,0) = wp in R?,

where V4 := (—0,,,0:,). Note that we can express u as u(-,t) = V1 (w(-,t) * N), where N (z) :=
%lnm is the Newtonian potential in two dimensions. More generally, the 2D Euler equation

belongs to the following family of active scalar equations indexed by a parameter «, (0 < o < 2),
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known as the generalized Surface Quasi-Geostrophic (gSQG) equations:

Ow—+u-Vw=0 in R? x R,
u(-t) = V(A" Eu(-, 1)  in R (4.2)
w(-,0) =wp in R2.

Here we can also express the Biot—Savart law as
u(at) = Vl(w('7t) *Koc)v (43)
where K, is the fundamental solution for —(—A)~!*2 that is,

2 In |z] for a =0,

Ko(z) = (4.4)
—Cylz|™™  for a € (0,2),

= %#(%1)7%) is a positive constant only depending on «.

where C\,

We will be focusing on establishing radial symmetry properties for stationary and uniformly-
rotating solutions to equations (4.1) and (4.2). We either work with the patch setting, where w(-,t) =
1p) is an indicator function of a bounded set that moves with the fluid, or the smooth setting,
where w(-, t) is smooth and compactly-supported in . For well-posedness results for patch solutions,
see the global well-posedness results [6, 20] for (4.1), and local well-posedness results [84, 36, 64, 23]
for (4.2) with a € (0,2).

Let us begin with the definition of a stationary /uniformly-rotating solution in the patch setting.

For a bounded open set D C R?, we say w = 1p is a stationary patch solution to (4.2) for some

a€10,2) if u(z) - fi(x) = 0 on 0D, with u given by (4.3). This leads to the integral equation
1px Ko =C; on 9D, (4.5)

where the constant C; can differ on different connected components of 9D. And if w(z,t) = 1p(Ra:x)
is a uniformly-rotating patch solution with angular velocity € (where Rq:z rotates a vector z € R?
counter-clockwise by angle Q¢ about the origin), then 1p becomes stationary in the rotating frame

with angular velocity €, that is, (VL(ID * o) — QxL) -7fi(z) = 0 on D. This is equivalent to
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V4i(1p * Ko — £|z[?) - 7i(z) = 0 on 9D, and as a result we have
Q o
1p* Ko — §\x| =C; ondD, (4.6)

where C; again can take different values along different connected components of dD. Note that
a stationary patch D also satisfies (4.6) with Q = 0, and it can be considered as a special case of
uniformly-rotating patch with zero angular velocity.

Likewise, in the smooth setting, if w(x,t) = wo(Rarx) is a uniformly-rotating solution of (4.2)
with angular velocity  (which becomes a stationary solution in the 2 = 0 case), then we have

(V4 (wo * Ko) — Qzt) - Vwg = 0. As a result, wy satisfies
Qo
wo * Ko — §|x| =(C; on each connected component of a regular level set of wy, (4.7)

where C; can be different if a regular level set {wy = ¢} has multiple connected components.
Clearly, every radially symmetric patch/smooth function automatically satisfies (4.6)/(4.7) for
all Q € R. The goal of this section is to address the complementary question, which can be roughly

stated as following:

Question 4.1.1. In the patch or smooth setting, under what condition must a stationary/uniformly-

rotating solution be radially symmetric?

4.1.1 The rigidity results for 2D Euler in the patch setting

Let us deal with the patch setting first. In the previous literature, affirmative answers to Ques-
tion 4.1.1 have only been only obtained for simply-connected patches. Fraenkel [34, Chapter 4]
proved that if D satisfies (4.6) with the same constant C' on the whole D, then D must be a disk.
Hmidi [50] proved the case of 2 < 0 with some additional convexity assumption. In the special case
Q= %, Hmidi [50] also showed that a simply-connected uniformly-rotating patch D must be a disk.

On the other hand, it is known that there can be non-radial uniformly-rotating patches for

Q € (0, %) Kirchhoff proved [63], any ellipse D with semiaxes a,b is a uniformly-rotating patch

with angular velocity %. Deem—Zabusky [32] numerically found families of patch solution with
m-fold symmetry by bifurcating from a disk at explicit angular velocities Q¥ = ”21—;1 Burbea gave

the first rigorous proof of their existence [9]. De la Hoz-Hmidi-Mateu—Verdera showed the existence
of m~fold doubly-connected non-radial patches bifurcating at any angular velocity 2 € (0, %) from

some annulus of radii b € (0,1) and 1 [31].
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Our first main result gives a complete answer to Question 4.1.1 for 2D Euler in the patch setting.
Note that D is allowed to be disconnected, and each connected component can be non-simply-

connected. Figure 4.1 illustrates a comparison of our result (in red color) with the previous results

(in black color).

2m
all patches must be radial j all patches must be radial
——————— - >
convex patch 1 299 QO
must be a disk 2 e

simply-connected patch -bifurcation curves simply —connecteq patch
must be a disk must be a disk

Figure 4.1: For 2D Euler in the patch setting, previous results on Question 4.1.1 are summarized in
black color. Our results in Theorem A are colored in red.

Theorem 4.1.2. Let D C R? be a bounded open set with CY7 boundary. We assume D is a
stationary/uniformly-rotating patch of (4.2) when o = 0. Then D must be radially symmetric if
Q€ (—00,0)U[3,00), and radially symmetric up to a translation if Q = 0.

2

4.1.2 The rigidity results for 2D Euler in the smooth setting

One of our main motivations is to find sufficient rigidity conditions in terms of the vorticity, such that
the only stationary/uniformly-rotating solutions are radial ones. Heuristically speaking, this belongs
to the broader class of “Liouville Theorem” type of results, which show that solutions satisfying
certain conditions must have a simpler geometric structure, such as being constant (in one direction,
or all directions) or being radial. In the literature we could not find any conditions on 2D Euler
that leads to radial symmetry, although several other Liouville-type results have been established for
2D fluid equations: For 2D Euler, Hamel-Nadirashvili [47, 46] proved that any stationary solution
without a stagnation point must be a shear flow. (But note that this result does not apply to our
setting (4.7), since the velocity field u associated with any compactly-supported wy must have a
stagnation point). See also the Liouville theorem by Koch-Nadirashvili-Seregin-Sverak for the 2D
Navier—Stokes equations [65].

Regarding uniformly-rotating smooth solutions (Q # 0) for 2D Euler, Castro—Cérdoba—Gdémez-
Serrano [19] were able to desingularize a vortex patch to produce a smooth m-fold V-state with
Q ~ 2L > 0 for m > 2. Recently Garcia-Hmidi-Soler [37] studied the construction of V-states

2m

bifurcating from other radial profiles (Gaussians and piecewise quadratic functions).
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Our second main result is the following theorem, which gives radial symmetry of compactly sup-
ported stationary/uniformly-rotating solutions in the smooth setting for < 0, under the additional

assumption wg > 0:

Theorem 4.1.3. Let wg > 0 be smooth and compactly-supported. Then wy must be radially sym-

metric if Q < 0, and radially symmetric up to a translation if Q = 0.

Although the extra assumption wg > 0 might seem unnatural at the first glance, it is indeed

necessary (see the subsection 4.1.9).

4.1.3 The rigidity results for g-SQG equations

Even though the kernels K, are qualitatively similar for all « € [0, 2), there is a key difference on the
symmetry v.s.non-symmetry results between the cases a = 0 and a > 0: For the 2D Euler equation
(a = 0), we proved in Theorem A that any rotating patch D with 2 < 0 must be radial, even if D
is not simply-connected. However, this result is not true for any « € (0,2): de la Hoz—Hassainia—
Hmidi-Mateu [29] showed that there exist non-radial patches bifurcating from annuli at Q < 0 and
Goémez-Serrano [41] constructed non-radial, doubly connected stationary patches (€2 = 0). Therefore
we cannot expect a non-simply-connected rotating patch D with © < 0 to be radial for a € (0, 2).

Positive answers to Question 4.1.1 were obtained in the 2 = 0, simply-connected patch case for
o < 2 in the following works. Reichel [82, Theorem 2], Lu-Zhu [70] and Han-Lu-Zhu [48] proved
this result for o € [0, 1). Here [70] also covered generic radially increasing potentials not too singular
at the origin (which include all Riesz potentials K, 4 with o € [0,1)). Recently, Choksi-Neumayer—
Topaloglu [21, Theorem 1.3] further pushed the range to a € [0, 2), leaving the range « € [3,2) an
open problem. In all these results for & > 0, 0D was assumed to be at least C'. All above results
were obtained using the moving plane method.

In our result, we use a completely different approach to give an affirmative answer to Ques-

tion 4.1.8 for all Q <0 and « € [0,2), under a weaker assumption on the regularity of 9D.

Theorem 4.1.4. Let D be a simply-connected bounded open set with rectifiable boundary. If D is a

stationary/uniformly-rotating patch of (4.2) with Q <0, then it must be a disk.

In addition, in the smooth setting (4.7), we prove a similar result in Corollary 7.1.4 for uniformly-
rotating solutions with < 0 for all a € [0,2): if the super level-sets {wy > h} are all simply-
connected for all A > 0, then wy must be radially decreasing.

In g-SQG there also exists non-radial uniformly rotating patches. Hassainia—Hmidi [49] showed
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the existence of V-states with C* boundary regularity in the case 0 < a < 1, and in [16], Castro-
Cérdoba—Gomez-Serrano upgraded the result to show existence and C'*° boundary regularity in the

remaining open cases: « € [1,2) for the existence, o € (0,2) for the regularity. In that case, the

: : ios o o ._ga-1 T-a) (T(+5)  T(m+3) o
solutions bifurcate at angular velocities given by QF, := 2 r(1-3)° (F(Q—g) T(mri-3) )" This

boundary regularity was subsequently improved to analytic in [17]. See also [52] for another family
of rotating solutions, [29, 83] for the doubly connected case and [18] for a construction in the smooth
setting.

One can check that Q, are increasing functions of m for any «, whose limit is a finite number

o .— ga-1 F(l—a)2 r(1+%)
r(i-g)"r(2-%)

whether there exist V-states (with area w) that rotate with angular velocity faster than Q, for

for a € [0,1), and 400 if @ > 1. Tt is then a natural question to ask

a € (0,1). Our fourth main theorem answers this question among all simply-connected patches:

Theorem 4.1.5 (= Theorem 7.2.1). For o € (0,1), let 1p be a simply connected V-state of area

7w and let its angular velocity be Q@ > Q. Then D must be the unit disk.

We illustrate a comparison of our results with the previous results (in black color) in Figure 4.2.

a simply-connected patch
must be a disk (0 < a <2) o

a simply-connected patch
> must be a disk (0 < a < 1)

oV

Q,, (finite if 0 < a < 1,

there exists nonradial ~ o if1<a<?2)

non-simply-connected patch

simply-connected stationary patch

must be a disk for a € [0, %)

Figure 4.2: For gSQG in the patch setting, previous results on Question 4.1.1 are summarized in
black color, with our results in Theorem 4.1.6 and 4.1.5 colored in red.

4.1.4 The outline of the proof for theorem 4.1.2, 4.1.3, 4.1.4 and 4.1.5

While all the previous symmetry results on Question 4.1.1 and 4.1.8 [34, 70, 48, 50, 82, 21] are done
by moving plane methods, our approaches are completely different, which have a variational flavor.
Chapter 5 is devoted to show Theorem 4.1.2. It is based on computing the first variation of the

energy functional

E[lp] = —%/Rz 1p(z)(1p * N)(z) — %|x|2lp(x)dx

in two different ways, as we deform D along a carefully chosen vector field that is divergence-free
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in D. On the one hand, we show the first variation should be 0 if D is a stationary/rotating patch
with angular velocity €2; on the other hand, we show that the first variation must be non-zero if
Q<0or 2> %, leading to a contradiction. If D is simply-connected, we give a very short proof in
Section 5.2.1, where a rearrangement inequality due to Talenti [89] is crucial to get a sign condition.
For a non-simply-connected patch D, the choice of the right vector field is more involved. Since
1p * N — %|az|2 now takes different constant values on different connected components of dD, in
order to keep the first variation to be 0, we have to modify our perturbation vector field such that it
also preserves the area of each hole. We then prove a new version of a rearrangement inequality for
this modified vector field in a similar spirit as Talenti’s result, leading to a non-zero first variation
if D is non-radial and 2 <0 or 2 > %

In Chapter 6, we show the smooth setting in Theorem 4.1.3, which is based on a similar idea, but
technically more difficult. The point of view is to approximate a smooth function by step functions
and consider the above perturbation in each set where the step function is constant. To do this
we need to obtain some quantitative (stability) estimates on our version of Talenti’s rearrangement
inequality, in particular in terms of the Fraenkel asymmetry of the domain in the spirit of Fusco—
Maggi-Pratelli [35].

In Chapter 7 Section 7.1, we prove Theorem 4.1.4. It is still based on a variational approach,
but we need a different perturbation from the vector field in Theorem 4.1.2, which heavily relies
on the Newtonian potential, and fails for general Riesz potential K. The key ingredient to prove
Theorem 4.1.4 is to perturb D using the continuous Steiner symmetrization [7], which has been
successfully applied in other contexts by Carrillo-Hittmeir—Volzone—Yao [10] (nonlinear aggregation
models) or Morgan [75] (minimizers of the gravitational energy). This method is much more flexible
and allows to treat more singular kernels than in the existing papers using moving plane methods.
Due to the low regularity of the kernels, instead of computing the derivative of the energy under the
perturbation, we work with finite differences instead.

In Chapter 7 Section 7.2, we prove Theorem 4.1.5 by using maximum principles and monotonicity
formulas for nonlocal equations. The idea is to find the smallest disk B(0, R) containing D (which
intersects 9D at some xp), then use two different ways to compute V(1p(,r)\p * Ka) at o, and
obtain a contradiction if 2 > Q, and D is not a disk. The proof works for the full range of « € [0, 2),
thus closing the problem raised by Hmidi [50] and de la Hoz—Hassainia—Hmidi-Mateu [30] among

all simply-connected patches.
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4.1.5 The rigidity results for vortex sheets

A vortex sheet is a weak solution of the 2D Euler equations, whose vorticity w = curl(v) is a delta

function supported on a curve or a finite number of curves I'; = z;(«, ), i.e.
w(z,t) = Z wi(a, t)d(x — zi(a,t)). (4.8)
i

Here w;(, t) is the vorticity strength on I'; with respect to the parametrization z;, and the above

equation is understood in the sense that

/Rz o(z)dw(z, t) = Xi:/go(zi(a,t))wi(a,t)da

for all test functions ¢(z) € C§°(R?).

The motivation of the study of the equation (4.1) with vortex sheet initial data comes from the
fact that in fluids with small viscosity, flows separate from rigid walls and corners [71, 85]. To model
it, one may think of a solution to (4.1) with one incompressible fluid where the velocity changes sign
in a discontinuous (tangential) way across a streamline z. This discontinuity induces vorticity in z.

The equations of motion of w; and z; can be derived by means of the Birkhoff-Rott operator

([15, 69, 71, 88]), namely:

BR(z,w)(x,t) = ;TPV/mw(B,t)dﬁ, (4.9)

yielding
Orziant) = Z BR(zj,w:)(zi(, 1)) + ci(a, t)dnzi(a, t) (4.10)
Byi(,t) = Du(ci(a, t)y (e, 1)), (4.11)

where the term ¢;(«, t) accounts for the reparametrization freedom of the curves. See the paper [55]
by Izosimov—Khesin where they propose geodesic, group-theoretic, and Hamiltonian frameworks for
their description.

Inspired by the rigidity result in the 2D Euler patch case, we have the following rigidity result:

Theorem 4.1.6. Let w be a stationary/uniformly-rotating vortex sheet with angular velocity €.
Assume that w is concentrated on I', which is a finite union of smooth curves, and wy has positive

vorticity strength. With some regularity and positivity assumptions, if Q <0, I' must be a union of
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concentric circles, and wy must have constant strength along each circle. In addition, if Q < 0, all

circles must be centered at the origin.

4.1.6 The outline of the proof for 4.1.6

In Section 8.2 the equations for the stationary/rotating vortex sheet are derived.

In Section 8.3 we perform the desingularization procedure by considering patches of thickness
~ ¢ which are tubular neighborhoods of the sheet.

Section 8.4 is devoted to construct the aforementioned divergence free vector-field along which
the first variation is non-zero. Due to the approximation, we lose the property that any stationary
solution has to be a critical point if € > 0 and very careful, quantitative estimates need to be done.
This setup is also reminiscent of the numerical work by Baker—Shelley [3], where they approximate
the motion of a vortex sheet by a vortex patch of very small width.

In Section 8.5 we conclude the quantitative estimates and prove the symmetry result from The-

orem 4.1.6.

4.1.7 The flexibility results for vortex sheets

On the other hand, we also study the flexibility result for the vortex sheet. In the literature, there
are very few known examples of nontrivial steady solutions, and in fact, other than the circle or the

line, the list only comprises the segment of length 2a and density

v(z) = QVa? — 22, x € [—a,al, (4.12)

which is a rotating solution with angular velocity Q2 [4] and the family found by Protas—Sakajo [81],
made out of segments rotating about a common center of rotation with endpoints at the vertices of
a regular polygon. We remark that none of these are supported on a closed curve.

Numerically, O’Neil [77, 78] used point vortices to approximate the vortex sheet and compute
uniformly rotating solutions and Elling [33] constructed numerically self-similar vortex sheets forming
cusps. O’Neil [79, 80] also found numerically steady solutions which are combinations of point
vortices and vortex sheets.

The main goal of next theorem is to find a class of uniformly-rotating vortex sheets, concentrated
on a closed curve which is not a circle. This is the first proof of existence of a family of solutions of

such kind.
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Theorem 4.1.7. There exists non-radial uniformly-rotating vortex sheets with angular velocity ) =

1 bifurcating from circles.

4.1.8 The outline of the proof for theorem 4.1.7

In Section 9.1 we write down the equations and describe the main spaces used in the bifurcation.

Section 9.2 is devoted to the bulk of the proof of Theorem 9.1.2. The main idea is to employ
bifurcation theory. However, the standard methods (Crandall-Rabinowitz [28]) fail since the lin-
earized operator around the circle does not satisfy the transversality condition. This phenomenon
is usually known in the literature as a degenerate bifurcation [60, 59]. In this degenerate situation,
we no longer have a single branch emanating from the disk, but two, and therefore the linearized
operator fails to describe the local behaviour at the bifurcation point. To overcome this issue, we
use a technique from Hmidi-Mateu [51] (in the hyperbolic case) and Hmidi-Renault [54] (in the
elliptic case). We first reduce the nonlinear problem to a suitable finite dimensional space through
a Lyapunov-Schmidt reduction. In the derived finite dimensional system we perform a higher or-
der expansion and show the structure of the zero sets around the bifurcation point. The explicit
calculations details are shown in Section 9.4.

In Section 9.3, numerical calculations of the bifurcation branch and a brief discussion of the

numerical methods employed are presented.

4.1.9 Non-trivial, compactly supported stationary solutions for 2D Euler

We consider vorticity of the form w = E?:l 0;1p,, where 6, € R and D, is a simply-connected
domain for 1 <14 < n. Let z(x) = (b; + Ri(x))(cos(z),sin(z)), x € T be a parameterization of dD;.

For the stationary solutions, the equation (4.6) is equivalent to

= Z"i/o “log(124(x) — 5 ()P )y - (21 (@) =0. (4.13)
i=1

4.1.10 Non-radial stationary solutions with infinite energy

Notice that in the smooth case Theorem 4.1.3, we have an additional condition on the positive
vorticity, which seems unnatural at the first glimpse. We want to address the necessity of the

hypothesis w > 0 by answering (on the positive) the following question:

Question 4.1.8. Do there exist non-trivial, compactly supported stationary solutions for which w

changes sign?
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Our first main result immediately gives the answer to the above question.

Theorem 4.1.9. There exist non-radial, sign-changing two-layered vortex patch solutions 23:1 0:1p, ,with
analytic boundary to the 2D FEuler equation whose kinetic energy is infinite, that is, fRZ V4w *

N|2dx = oo.

4.1.11 Non-radial stationary solutions with finite energy

Although the solution in Theorem 4.1.9 has compactly supported vorticity, the velocity field may not
be compactly supported. It is an interesting problem to study whether nonradial stationary solution
with compactly supported velocity exists. Lately, Gavrilov [38, 39] managed to construct nontrivial
stationary solutions of 3D Euler with compactly supported velocity, which was further simplified
and extended to other equations by Constantin—La—Vicol [22]. We study the same problem in 2D
Euler.

Our second main theorem concerns the solutions with finite kinetic energy. For the radial vorticity
w with zero-average, wa(x)dx = 0, its velocity vanishes outside the support of w. With this
observation, one can easily produce globally non-radial solutions by placing multiple copies of such
vorticity so that their supports do not overlap. See Figure 4.3. However the flow on each connected
component of the support of the velocity is still circular (around different points). From now on,
we say that such a solution is locally radial. More precisely a solution to the 2D Euler equation is
locally radial if each connected component of w is radial up to a translation and fc wdx = 0 for
each connected component C of supp(w). The next theorem states that there exist more non-trivial

stationary solutions.

Figure 4.3: One can choose © so that the radial vorticity has zero average (left). Since the support
of such velocity and vorticity coincide, one can place such solutions to produce non-radial solutions
(right).
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Theorem 4.1.10. There exist three-layered vortex patch solutions Zle 0;1p, to the 2D Euler
equation that are not locally radial, with finite kinetic energy and analytic boundary. Furthermore,

the solutions have compactly supported velocity.

4.1.12 The outline of the proof for theorem 4.1.9 and theorem 4.1.10

Section 10.1 sets up the functional framework and the equation that a stationary solution has to
satisfy.

Section 10.2 proves Theorem 4.1.9, in the easier case where the finite energy hypothesis is
dropped. We pick a two-layered patch and employ the bifurcation theory by checking the hypotheses
of the Crandall-Rabinowitz Theorem.

Section 11.1 proves Theorem 4.1.10 with finite energy hypotheses. When we add this hypotheses,
the linearized operator degenerates at the starting point of the bifurcation curve, and the standard
bifurcation theory does not work. We then work on three-layer patches to get more freedom. We
prove theorem by using the Nash-Moser iteration and bounding a Dirichlet to Neumann operator .

The Appendix contains some technical background results used throughout the proof, as well as

basic bifurcation theory and some integrals needed for the spectral study.
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Chapter 5

The rigidity results for 2D-Euler

patch case

5.1 Notations

Through this chapter 5 and the next chapter 6 , we use the following notations.

For a simple closed curve I', denote int(I') by its interior, which is the bounded connected
component of R? separated by the curve I'. Note that the Jordan-Schoenflies theorem guarantees
that int(T") is open and simply connected.

We say that two disjoint simple closed curves I'y and I’y are nested if 'y C int(I's) or vice versa.
We say that two domains Dy, Dy are nested if one is contained in a hole of the other one.

For a bounded domain D C R?, we denote by Oy D its outer boundary. And if D is doubly-
connected, we denote by 0;, D its inner boundary,

For a set D, we use 1p(x) to denote its indicator function. And for a statement S, we let

1 if S is true
1g = . (e.g. 1,<3=0).
0 if S is false

For an open set U C R?, in the boundary integral faU - fda, the vector 77 is taken as the outer
normal of the open set U in that integral.
For a countable number of disjoint sets U; C R?, we denote their union by U;U; to emphasize

the disjointedness.
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5.2 Radial symmetry of steady/rotating patches for 2D Euler
equation

Throughout this section we work with the 2D Euler equation (4.1) in the patch setting. For a

stationary or uniformly-rotating patch D with angular velocity 2 € R, let
fo(x) := (1p * N)(z) — =|z|?.

Recall that in (4.6) we have shown that fo = C; on each connected component of 9D, where the
constants can be different on different connected components.

Our goal in this section is to prove Theorem 4.1.2, which completely answers Question 4.1.1
for 2D Euler patches. As we described in the introduction, our proof has a variational flavor,
which is done by perturbing D by a carefully chosen vector field, and compute the first variation
of an associated energy functional in two different ways. In Section 5.2.1, we will define the energy
functional and the perturbation vector field, and give a one-page proof in Theorem 5.2.1 that answers
Question 4.1.1 among simply-connected patches. (Note that even among simply-connected patches,
it is an open question whether every rotating patch with € > % or Q < 0 must be a disk.) In the
following subsections, we further develop this method, and modify our perturbation vector field to

cover non-simply-connected patches.

5.2.1 Warm-up: radial symmetry of simply-connected rotating patches

We begin by providing a sketch and some motivations of our approach, and then give a rigorous
proof afterwards in Theorem 5.2.1. Suppose that D is a C!7 simply-connected rotating patch with
angular velocity Q that is not a disk. We perturb D in “time” (here the “time” ¢ is just a name
for our perturbation parameter, and is irrelevant with the actual time in the Euler equation) with
a velocity field #(x) € C1(D) N C(D) that is divergence-free in D, which we will fix later. That is,
consider the transport equation

pt + V- (pt) =0

with p(+,0) = 1p. We then investigate how the “energy functional”

el == [ 3p@)px N)(e) - Glal o

210



changes in time under the perturbation. Formally, we have

= [ @0 (0.0 = ) (a) = G e )

—— [ #0)-9((1p + N)(e) - Flol?) s

=0 (5.1)

The above transport equation and the energy functional only serve as our motivation, and will not
appear in the proof. In the actual proof we only focus on the right hand side of (5.1), which is an

integral that is well-defined by itself:

I::—/Dﬁ(w)-V((lp *N)(m)—§|:U|2)dx=—/Dﬁ~Vdex. (5.2)

We will use two different ways to compute Z, and show that if D is not a disk, the two ways lead to
a contradiction for Q < 0 or > %
On the one hand, since fq is a constant on 9D (denote it by c¢), the divergence theorem yields

the following for every @ € C1(D) N C(D) that is divergence-free in D:

I:—c/ ﬁ~17da+/(v-17)fgdx:—c/ V-ﬁdx+/(V~17)deax:O. (5.3)
oD D D D

On the other hand, we fix ¥ as follows, which is at the heart of our proof. Let ¥(z) := —Vp(z) in
D, where
Ll :
o(x) == - +p(z) in D, (5.4)

Ap(z) = — in
p(z) = -2 D (55)

p(z) =0 on 0D.

Note that ¢ is harmonic in D, thus ¢/ is indeed divergence-free in D. This definition of ¢/ is motivated
by the fact that among all divergence-free vector fields in D, such ¥ is the closest one to —Z in
the L?(D) distance. (In fact, such ¢ is connected to the gradient flow of [, %da} in the metric
space endowed by 2-Wasserstein distance, under the constraint that |D(t)| must remain constant
[73, 74, 2].) Formally, one expects that D becomes “more symmetric” as we perturb it by o, which
inspires us to consider the first variation of £ under such perturbation.

In the proof we will show that with such choice of ¥, we can compute Z in another way and
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obtain that Z > 0 for 2 <0 and Z < 0 for Q > Therefore in both cases, we obtain a contradiction

1
5.
with Z =0 in (5.3).

Our proof makes use of a rearrangement inequality for solutions to elliptic equations, which is

due to Talenti [89]. Below is the form that we will use; the original theorem works for a more general

class of elliptic equations.

Proposition 5.2.1 ([89]). Let D C R? be a bounded open set, and let p be defined as in (5.5). Let
B be an open disk centered at the origin with |B| = |D|, and let pg solve (5.5) in B. Then we have

p* < pp pointwise in B, where p* is the radial decreasing rearrangement of p. This leads to

/Dp(x)diﬂS/BpB(x)dx.

Using that pp(x) = 1(r% — |2|?), where nry, = |B| = |D| and [5pp(z) = Tr} it follows that

1
< —|DJ]?
| plars < D2

where the equality is achieved if and only if D is an open disk (cf. [58, Theorem 3.1 and Remark

3.1)).

Now we are ready to prove the following theorem, saying that any simply-connected station-
ary/rotating patch with Q <0 or Q > % must be a disk. Interestingly, the same proof can treat the

two disjoint intervals 2 < 0 and 2 > % all at once.

Theorem 5.2.1. Let D be a simply-connected bounded domain with CY7 boundary. If D is a
rotating patch solution with angular velocity 0, where Q < 0 or Q > %, then D must be a disk, and

it must be centered at the origin unless {1 = 0.

Proof. Let D be a rotating patch with Q € (—o00,0] U [5,00). As we described above, in this
theorem we will use two different ways to compute the integral Z defined in (5.2), where we fix
t(x) := —=V(x), with ¢ and p defined as in (5.4) and (5.5).

On the one hand, we have that ¢/ is divergence free in D, and elliptic regularity theory immediately
yields that © € C*(D) N C(D). Using the assumption that D is a rotating patch, we know fq is a

constant on 0D. (Note that D is a connected closed curve since we assume D is simply-connected).

Thus the computation in (5.3) directly gives that Z = 0.
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On the other hand, we compute Z as follows:

Iz—/f}'-Vdex:/ V@-Vfgda::/ x-Vdex—i—/ Vp -V fadx . (5.6)
D D D D

:ZIl :IIQ

For Z;, we have

Ilz/w'V(ID*N)d:rf/mQxdw
D

D
1 x —
= —/ / Mdydm—(l/ |z|?dx
2 JpJp |z =yl D
1 Az =) —vy - (x—
7/ / z-(z—y) yQ(l‘ y)dydx_Q/ JEER
4m Jp Jp lz -yl D
_Lipp 2
= 51D -2 [ fofae.

where the third equality is obtained by exchanging x with y in the first integral, then taking average

with the original integral. To compute Z», using the divergence theorem (and the fact that p = 0 on

0D), we have
Iy = —/ pAfodr = (20 — 1)/ pdx. (5.8)
D D
Plugging (5.7) and (5.8) into (5.6) gives
I= i|D\2 - Q/ |z|?dx + (29 — 1)/ pdz. (5.9)
4 D D

When Q = 0, Proposition 5.2.1 directly gives that Z > 0 if D is not a disk, contradicting Z = 0.
When Q € (—00,0) U [3,00), let B be a disk centered at the origin with the same area as D.

Towards a contradiction, assume D # B. Among all sets with the same area as D, the disk B is

the unique one that minimizes the second moment. To see this, denoting by rg the radius of B, we

have

/ |x|2dx—/ |z|?dx :/ |;v|2d:r—/ |z|2dx 2/ r%dm—/ ridx =0,
D B D\B B\D D\B B\D

where the last equality follows from | D\ B| = |B\ D|, which is due to |D| = | B|; and the inequality
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is strict whenever D # B. Thus if D # B, we have

1
/ |z|?dx >/ |z|?dx = —|D|?,
D B 2

where the last step follows from an elementary computation. Plugging this into (5.9) gives the

following inequality for € € [1,00):

1 Q 1
I<—|DP?—-—|DP+(22—1 dz = (129 —D2—/ dr) <0.
< = IDF = 511DF + 2 =1) [ pdz = (1= 20)(IDP - [ pae) <0

On the other hand, for Q € (—o0,0), we have

1 Q 1
T>—|D? - —|DP*+(20-1 =(1-2Q —D2—/
> D — DI + >/Dpdx (1—20)(ID| Dpd:v)>0,

and we get a contradiction to Z = 0 in all the cases, thus the proof is finished. O

Remark 5.2.2. In fact, one can easily check that the proof of Theorem 5.2.1 applies to a bounded
disconnected patch D = Uij\ilDi with CYY boundary, as long as each connected component D; is
simply-connected, which yields that such a patch cannot be a rotating solution. Here the proof
remains the same, except a small change in it: on the one hand, since now we have fo = ¢; on 0D;,

(5.3) should be replaced by

I:—Z(ci/[miﬁ-ﬂda—k/Dv(Vﬁ)dex) =0.

i=1 i

On the other hand, the same argument as in the proof of Theorem 5.2.1 shows T # 0 whenever D

contains more than one connected component.

Remark 5.2.3. When the domain D is Lipschitz, we no longer have v = —x — Vp € CY(D).
Nevertheless, the divergence theorem in the proof of Theorem 5.2.1 can still be justified, thanks to
the fact that Vp € L?(0D) for a Lipschitz domain D, where Vp|ap is taken in the nontangential

limit sense, and this follows from [56, Theorem 5.6].

Even in the regime Q € (0, %), where non-radial rotating patches are known to exist (recall that
there exist patches bifurcating from a disk at €, = "5—7_”1 for all m > 2), our approach still allows
us to obtain the following quantitative estimate, saying that if a simply-connected patch D rotates
with angular velocity 2 € (0, %) that is very close to %7 then D must be very close to a disk, in the

sense that their symmetric difference must be small.
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Corollary 5.2.4. Let D be a simply-connected bounded domain with C*7 boundary. Assume D is

a rotating patch solution with angular velocity €2, where Q € (i, %) Let § := % — Q. Then we have
|DAB| < 2v26|D|,

where B is the disk centered at the origin with the same area as D.

Proof. In the proof of Theorem 5.2.1, combining the equation Z = 0 and (5.9) together, we have

that

1
—|DJ? - Q/ lz|2de — (1 — 2Q)/ pdx = 0.
47 D D

Dividing both sides by 2 and rearranging the terms, we obtain

1 1-2Q2 /1 26|D|?
/ |z|?dz — —|D|* = —|DJ? —/ pdx | < g,
D 2m Q 4 D s

where in the inequality we used that 26 := 1 — 2Q, Q > %, and fD pdx > 0.

Since [, |z|?dz = 5= |D|?, the above inequality implies that

25| D|?
/ |J;\2da:—/ |z|?dx < izl . (5.10)
D\B B\D ™

Since D and B has the same area, let us denote 3 := |D\ B| = |B\ D|. Among all sets U C B¢ with

area (3, fU |z|2dz is minimized when U is an annulus with area 3 and inner circle coinciding with
OB. To see this, let Uy be such an annulus, and denote by 7;, and r,,; its inner and outer radius

(note that r;, is also the radius of B). Then we have

/ \x|2dx7/ |z|?dx :/ |x|2dx7/ |z|2dx 2/ rgutdxf/ r2de =0,
U Uo U\Uo Uo\U U\Uo Uo\U

where the inequality follows from that U\ Uy C B¢\ Uy C B(0, rout)¢ (recall that U C B¢), and the
last equality follows from |U \ Uy| = |Up \ U], which is due to |U| = |Uy|.

Thus an elementary computation gives

2B
/ @?dz > inf / o2ds = BCIBIEB).
D\B U

UCBe®,|U|=8 2w

Likewise, among all sets V C B with area [, fv |z|?dz is maximized when V is an annulus with
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area  and outer circle coinciding with 9B, thus

/ |[L“2dl‘ < sup / ‘led_x = W
B\D v

VCB,|V|=8

Subtracting these two inequalities yields

2
/ |z|?dx 7/ |z|?dx > =,
D\B B\D T

and combining this with (5.10) immediately gives
B2 < 2| DI,
thus [DAB| = 23 < 2v/25|D. O

5.2.2 Radial symmetry of non-simply-connected stationary patches

In this subsection, we aim to prove radial symmetry of a connected rotating patch D with Q < 0,
where D is allowed to be non-simply-connected. Let D C R2? be a bounded domain with C!+7
boundary. Assume D has n holes with n > 0, and then let A1, - -- , h, C R? denote the n holes of D
(each h; is a bounded open set). Note that D has n + 1 connected components: they include the
outer boundary of D, which we denote by 0Dy, and the inner boundaries dh; for i = 1,....,n. We
orient Oh; the opposite way as dDy.

To begin with, we point out that even for the steady patch case 2 = 0, the proof of Theorem 5.2.1
cannot be directly adapted to the non-simply-connected patch. If we define ¢ in the same way, then
the second way to compute Z still goes through (since Proposition 5.2.1 still holds for non-simply-
connected D), and leads to Z > 0 if D is not a disk. But the first way to compute Z no longer gives
Z = 0: if D is stationary and not simply-connected, f(z) := (1p *N)(z) may take different constant
values on different connected components of 9D, thus the identity (5.3) no longer holds.

In order to fix this issue, we still define ¥ = —Vp = 7v(¥ + p), but modify the definition of p
in the following lemma. Compared to the previous definition (5.5), the difference is that p now takes
different values 0, ¢y, . .., ¢, on each connected component of dD. The lemma shows that there exist
values of {¢;}_;, such that ff)hi Vp - iido = —2|h;| along the boundary of each hole. As we will see
later, this leads to fahi v-fido =0 for i = 1,...,n, which ensures Z = 0. (Of course, with p defined

in the new way, the second way of computing Z no longer follows from Proposition 5.2.1, and we
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will take care of this later in Proposition 5.2.7.)

Lemma 5.2.5. Let D, h; and 0Dy be given as in the first paragraph of Section 5.2.2. Then there

exist positive constants {c;}_,, such that the solution p : D — R to the Poisson equation

Ap=-2 inD,

p=c on Oh; fori=1,... n, (5.11)
p=20 on 0Dy.
satisfies
Vp-itdo=—=2lh;| fori=1,... n. (5.12)
oh;

Here |h;| is the area of the domain h; C R?.

Proof. Let u satisfy that

Au=-2 inD

u=20 on 0D.

Furthermore let the function v; for j = 1,...,n be the solution to

A’Uj:O in D
v; =0 on 0D \ Oh;

v; =1 on Oh;,
where v; € C?(D) N CY(D) by elliptic regularity. Now we consider the following linear equation,
Az =0, (5.13)

where A;; = [;, Vv -fido and b; = —2|h;| — [5, Vu-7ido. We argue that (5.13) has a unique
solution. Thanks to the divergence theorem, we have

0= / Av;dr = Vu; - fido — Z Vv, - fido.
D 8Dy = Jon;
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Therefore,

ZAi’j = VUJ' -nido < 0, (514)
i=1 9Do

where the last inequality follows from the Hopf Lemma [57] since v; attains its minimum value 0 on
0Dy, and v; # 0 on 9D. A similar argument gives that A; ; > 0 for 4 # j and A;; < 0. Thus A is
invertible by Gershgorin circle theorem [40], leading to a unique solution of (5.13). Let us denote

the solution by z = (c1, ..., ¢, )t. Then the function p defined by

n
p=u-+ Z Civ;
i=1

satisfies the desired properties (5.12).
Now we prove that ¢; > 0 for ¢ > 1. Suppose that ¢;. := min; ¢; < 0. Then by the minimum

principle, p attains its minimum on Qh;«. Therefore,

0< Vp - fido = —2|h;»
Ohs

<0,

which is a contradiction. O

Remark 5.2.6. In order to push the regularity of the domain down to Lipschitz, to prove (5.14),
instead of the Hopf Lemma, we may use the following observation in 2 dimensions [1, p.935-p.936]:
let D C R? be a Lipschitz domain and let ¥ C 0D be relatively open with respect to OD. Let V;
be a harmonic function in D and continuous in D. If v; vanishes on ¥ and its normal derivative
vanishes in a subset of X with positive surface measure, then v; = 0 in D. In addition, the use of

the divergence theorem is justified by the same argument as in Remark 5.2.3.

Next we prove a parallel version of Talenti’s theorem for the function p constructed in Lemma 5.2.5.

We will use this result throughout Section 8.2-8.3.

Proposition 5.2.7. Let D C R? be a bounded domain with C*Y boundary. Assume D has n holes
with n > 0, and denote by hy,--- ,h, C R? the holes of D (each h; is a bounded open set). Let

p: D — R be the function constructed in Lemma 5.2.5. Then the following two estimates hold:

|D|
pp < 5.15
5 27 (5.15)
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and

|DJ?

/Dp(x)da: < (5.16)

Furthermore, for each of the two inequalities above, the equality is achieved if and only if D is either

a disk or an annulus.

Proof. The proof is divided into two parts: In step 1 we prove the two inequalities (5.15) and (5.16),
and in step 2 we show that equality can be achieved if and only if D is a disk or an annulus.

Step 1. When D is simply-connected, (5.15) and (5.16) directly follow from Talenti’s theo-
rem Proposition 5.2.1. Next we consider a non-simply-connected domain D, and prove that these
inequalities also hold when p : D — R is defined as in Lemma 5.2.5.

For k € RT, let us denote Dy, := {z € D : p(z) > k}, g(k) := |Dy| and Dy, := DipU(Ugiier>kyhi)-
Elliptic regularity theory gives that p € C°°(D), thus by Sard’s theorem, k is a regular value for
almost every k € (0,supp, p), that is, |[Vp(z)| > 0on {x € D: p(x) =k}. Thus {z € D: p(z) =k}
is a union of smooth simple closed curves and equal to dDj, for almost every k € (0,supp p).

Since 0D, = 8ﬁkU(U{i:Ci>k}6hi) for k ¢ {c1,...,cn}, we compute

1 1
g(k) = —3 Ap(x)dz = —3 Vp - fido
Dy, dDy,

== Vp-iido+ = > Vp - fido
2 Job, (i, >k} O
1

=—= [ Vp-iido— Z |hil s
2 9Dy {i:c; >k}

where the last identity is due to (5.12). Therefore, it follows that

1 1
g(k) + h; :—7/ Vp~ﬁd0:f/ Vpldo, 5.17
0+ 3 m==3 [ 5wl (517)

{ice; >k} Dy

where the last equality follows from the fact that Vp is perpendicular to the tangent vector on the
level set.

On the other hand, the coarea formula yields that

1 > 1
g(k :// 1 —dodSZ/ / ——dods.
(k) R JOD, b |Vpl k JoD, %4
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Therefore, it follows that for almost every k € (0, supp p),

o[ L
g (k) = /aka o5 (5.18)

Thus it follows from (5.17) and (5.18) that

1 1 1 -
g (k)| gk) + Z |hil | = —= (/~ |Vp|da) (/~ da) < ——P(Dp)?, (5.19)
{irci ok} 2 \Jab, ab, V| 2
where P(F) denotes the perimeter of a rectifiable curve JE. Note that the last inequality becomes
equality if and only if |Vp| is a constant on dDy,. Also, the isoperimetric inequality gives that

P(Dy,)? > 4n| Dy, (5.20)

where equality holds if and only if Dy, is a disk. This yields that

gk [gk)+ D bl < —2x|Di = =2r [ g(k)+ > |hil]. (5.21)

{i:ci>k} {iZCi>k}

Therefore, ¢’ (k) < —27 for almost every k € (0,supp p). Combining it with the fact that g(0) = |D|,

we have
g(k) < (g(0) — 27k) 4+ = (|D| — 27k) 4 for almost every k > 0.
This proves that supyp < %. It follows that

D] D]

= = 2 \DJ?
/ p(z)dx = / / Lik<p(z)ydhde = / g(k)dk < / (|ID] — 27k) 4 dx = P
D D Jo 0 0 4

Step 2. Now we show that for the two inequalities (5.15) and (5.16), the equality is achieved
if and only if D is either a disk or an annulus. First, if D is either a disk or annulus centered at

some xo € R?, then uniqueness of solution to Poisson’s equation gives that p is radially symmetric

about xg. Since we have Ap = —2 in D and p = 0 on the outer boundary of D, this gives an explicit
2
formula p(z) = _Ir—%ol + R; for ¢ € D, where R is the outer radius of D. For either a disk or an

annulus, one can explicitly compute supp p and [}, pda to check that equalities in (5.15) and (5.16)
are achieved.
To prove the converse, assume that either (5.15) or (5.16) achieves equality, and we aim to show

that D is either a disk or an annulus. In order for either equality to be achieved, (5.21) needs to
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achieve equality at almost every k € (0,supp, p). In addition, g(k) needs to be continuous in k since
g(k) is decreasing. Since (5.21) follows from a combination of the Cauchy-Schwarz inequality in
(5.19) and the isoperimetric inequality in (5.20), we need to have all the three conditions below in
order for either (5.15) or (5.16) to achieve equality:

(1) |Vp| is a constant on each level set dDy, for almost every k € (0,supp p);

(2) Dy, is a disk for almost every k € (0,supp p).

(3) g(k) = |Dg| is continuous in k. As a result, |Dy| is continuous in k at all k # ¢;, with ¢; > 0
defined in (5.11).

Next we will show that if all these three conditions are satisfied, then D must be an annulus or
disk. First, note that by sending k \, 0 in condition (2), and combining it with the continuity of
|ﬁk| as k \ 0, it already gives that the outer boundary of D must be a circle. Therefore if D is
simply-connected, it must be a disk.

If D is non-simply-connected, using condition (2) and (3), we claim that D can have only one
hole, which must be a disk, and p must achieve its maximum value in D on the boundary of the
hole. To see this, let h; be any hole of D, and recall that p|sn, = ¢;. As we consider the set limit of
Dy, as k approaches ¢; from below and above, by definition of Dy, we have

klglcl Dy, = klglg DkU(U{j:cj:Ci}hfj)-
By (2) and (3), the left hand side limy ., Dy, is a disk, and the set limy e, Dy, on the right hand
side is also a disk (if the limit is non-empty). But after taking union with the holes {h; : ¢; = ¢;}
(each is a simply-connected set), the right hand side will be a disk if and only if limg~_, Dy, is empty,
U{jzcj:ci}hij = h;, and h; is a disk. This implies ¢; = supp, p and cj < ¢; for all j # . But since h;
is chosen to be any hole of D, we know D can have only one hole (call it h), which is a disk, and
supp p = plon. Finally, note that condition (1) gives that all the disks {Dj} are concentric, and as

a result we have D is an annulus, finishing the proof. O

Finally, we are ready to show that every connected stationary patch D with C*¥ boundary must

be either a disk or an annulus.

Theorem 5.2.2. Let D C R? be a bounded domain with C*7 boundary. Suppose that w(x) := 1p(x)
is a stationary patch solution to the 2D FEuler equation in the sense of (4.5). Then D is either a

disk or an annulus.

Proof. If D has n holes (where n > 0), denote them by hy, ..., h,. By (4.5), the function f := 1p*N

221



is constant on each of connected component of D, and let us denote

a; on Oh;
flx) = (5.22)

ap on 8D0

Let p : D — R be defined as in Lemma 5.2.5, and let ¢ := \w\ + p. Similar to the proof of
Theorem 5.2.1, we calculate Z := fD Ve - Vfdz in two different ways. Note that Vf = V(f — ao)

in D. Applying the divergence theorem to Z and using (5.22) and Ay = 0 in D, it follows that

n

I= /aD(ng . ﬁ)(f - CLO)dO' - /D A(,O(f — ao)dx = Z(az — ao) V(p - ndo. (523)

i=1 Ohs

By definition of ¢, and combining it with the property of p in (5.12), we have

2
/ Vgpw’ida:/ V<x|>oﬁda+ Vp - iido

(5.24)
:/2d;v+ Vp - ndo = 0.
hi oh;
Plugging this into (5.23) gives Z = 0. On the other hand, we also have
I:/ x~Vfdx+/ Vp-Vfdr=: E1 + E>.
D D
We compute
E / -(1p * VN)d / / d dx = DI (5.25)
= x = =— .
! b 27 \J; — y|2 47’

where the last equality is obtained by exchanging x with y and taking the average with the original

integral. For Fs, the divergence theorem yields that

E2:/ pr~ﬁdU—/pAfdx=/ pr-ﬁda—/pdx.
oD D oD D

Using the property of p in (5.11) and the fact that Af = 0 in h;, the divergence theorem yields

/ pr-ﬁda:—Z/ pr-ﬁdo:—Zci/ Afdz =0, (5.26)
8D i1 Joh; P hs
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As a result, we have Ep = — [ ppdz. If D is neither a disk nor an annulus, Proposition 5.2.7 gives

|DJ?
T=E +E =" _ [ paz>o,
47 D

contradicting Z = 0. O

In the next corollary, we generalize the above result to a nonnegative stationary patch with

multiple (disjoint) patches.

Corollary 5.2.8. Let w(z) := Y., a;1p,, where a; > 0, each D; is a bounded domain with C*7
boundary, and D; N D; = 0 if i # j. Assume that w is a stationary patch solution, that is, the
function f(x) := w * N satisfies VXf -7 = 0 on OD; for all i = 1,...,n. Then w is radially

symmetric up to a translation.

Proof. Following similar notations as the beginning of Section 5.2.2, we denote the outer boundary
of D; by dD;o, and the holes of each D; (if any) by h; for k =1,..., N;. Let p; : D; — R be defined

as in Lemma 5.2.5, that is, p; satisfies

Pi = Cik on dhy,

pi =0 on 9D;o,

where ¢;;, is chosen such that fah.k Vp; - iido = —2|h;i|. We then define ¢ : U ; D; — R, such that
_ =

in each D; we have ¢ = ¢; := =+t

Similar to Theorem 11.1.7, we compute

I::/ wV<p~Vfda::Z/ a;V; -V fdx
R? i=17Di

in two different ways. On the one hand, since f = w* N is a constant on each connected component
of 0D;, the same computation of Theorem 11.1.7 yields that va V; - Vfdx =0, therefore Z = 0.

On the other hand, since Vo = x + Vp; in each D;, we break Z into

7= Z aiaj/D,_l,.V(le *N)d$+ Z aiaj/D.prV(le *N)dl’ =7y + Is.

i,5=1 i,5=1
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For 7Z;, we compute

(/ v V(ip, *N)dx+/Dx-V(1D « N)d )
(/ / 2vr\:c \2d d”/ / 2w|xy|2dydx>

;0
- Z % 1Dy)|D,, (5.27)

ij=1

where we exchanged i with j to get the first equality. For 75, we have

Z / Vpi - V(1p, * N) d:C—&—Za,aj/ Vpi - V(lp, * N)dx =: I + I.
i#]

By the same computation for E5 in the proof of Theorem 11.1.7, we have

.[21 = — Zaf/ pld.’b (528)
=1 g

For i # j, we denote j < 7 if D, is contained in a hole of D;. (And if D; is not contained in any

hole of D;, we say j 4 i.) Using this notation, the divergence theorem directly yields that

/ piV(1lp, * N) - fido = — Z/ V(lp, *N)-iide =0 if j Ai. (5.29)
oD, Ohk
And if j < i, then the divergence theorem and (5.15) in Proposition 5.2.7 yield
1
/ piV(lp, * N) -iido > —sup p;|D;| > ——|D;||D;| if j <. (5.30)
oD; oD; 2

Hence it follows that

ozzozj

;05
Ip > = i 2 DillDsl = =D (Lj<i + Lig) = Dill Dy, (5.31)

i#] i#]

where the last step is obtained by exchanging 7,7 and taking average with the original sum. Note

that we have 1,-; + 1,4; <1 for any ¢ # j. From (5.27), (5.28) and (5.31), we obtain

~ o (I1Di]? | Dil|Dj]

jA%1 and 147
i#g
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Since we already know that Z = 0 and all the summands in (5.32) are nonnegative, it follows that

| Dy|?
47

:/ pidx for all i =1,...,nand {(4,5): i # j,i Ajand j £i} = 0.
D.

i

Therefore every D; is either a disk or an annulus by Proposition 5.2.7 and they are nested. By
relabeling the indices, we can assume that i < ¢+ 1fori=1,...,n—1.
Next we prove that all D;’s are concentric by induction. For k > 1, suppose D1,..., D} are

known to be concentric about some o € R2. To show Dyy1 is also centered at o, we break f into

f=

)

(ilp,) * N+ Y (eilp,) N

k n
=1 i=k+1

In the first sum, each D; is centered at o for ¢ < k, thus Lemma 5.2.9(a) (which we prove right after
this theorem) yields that Zle(ailpi) *x N = % In |z — 0| on Oy Dgy1, where C' = Zle o;|D;| > 0.
In the second sum, for each i > k + 1, since each D; is an annulus with 0y, D41 in its hole,
Lemma 5.2.9(b) gives that 1p, * N' = const on 8, Dg41 for all ¢ > k + 1. Thus overall we have
f= % In |z — o] + Cs on 9y, D41 for C' > 0. Combining it with the assumption that f is a constant

on Oin Di11, we know Dj11 must also be centered at o, finishing the induction step. O

Now we state and prove the lemma used in the proof of Corollary 5.2.8, which follows from

standard properties of the Newtonian potential.

Lemma 5.2.9. Assume g € L>®(R?) is radially symmetric about some o € R?, and is compactly

supported in B(o, R). Then n:= g+ N satisfies the following:

(o) n(a) = 20

In|z —o| for all z € B(0, R)°.
(b) If in addition we have g =0 in B(o,r) for some r € (0, R), then n = const in B(o,r).

Proof. To show (a), we take any x € B(o, R)¢ and consider the circle I' 5 x centered at o. By radial

symmetry of n about o and the divergence theorem, we have

x 1 1 Jro g(z)da
V7]~—:—/Vn-ﬁda=— Andr = B2
|z| Tl Jr T int(T) 2|z — of
which implies n(x) = IQg;lz In|z — o] + C. To show that C = 0, for |z| sufficiently large we have

IC| = ]/ g(@)N(z —y) = N(z —0))dy| < ||gllp~@z)y sup [N(z —0) —N(z —y)|,
B(o,R) yEB(0,R)

05
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and by sending |z| — oo we have C' = 0, which gives (a). To show (b), it suffices to prove that
Vn = 0 in B(o,r). Take any x € B(o,7), and consider the circle T's 3 x centered at 0. Again,

symmetry and the divergence theorem yield that

V()| = LV fido =

1 1
—_ r—= ——— =
[T P2 Jine(rs) Tl

finishing the proof of (b). O

5.2.3 Radial symmetry of non-simply-connected rotating patches with

Q<0

In this subsection, we show that a nonnegative uniformly rotating patch solution (with multiple

disjoint patches) must be radially symmetric if the angular velocity < 0.

Theorem 5.2.3. Fori = 1,...,n, let D; be a bounded domain with C*7 boundary, and assume
D;ND; =0 fori#j. Ifw=> ", alp, is a nonnegative rotating patch solution with o;; > 0 and

angular velocity < 0, then w must be radially symmetric.

Proof. In this proof, let
Q
fa(@) =wsx N — §\x|2

In each D;, let us define p; as in Lemma 5.2.5. Let ¢; := @ + p; in each D;. As in Theorem 5.2.3,
we compute Z := Y 1" o [, D, V; - Vfadx in two different ways. Since fq is a constant on each
connected component of dD; and V; is divergence free in D;, we still have Z = 0 as in the proof
of Theorem 11.1.7.

On the other hand, we have

n

I:Zai/ (x+Vp;) - V(w*N)dz + (—Q) 041/ (x + Vp;) - zdz
- D; ~ =1 D;

N

= Il + (—Q)IQ

As in the proof of Corollary 5.2.8, we have

o (1D | Di| Dl
=Y o ( = /Dipidx> + 0y aiaj— == > 0. (5.33)

i=1 j#At and 145
i#j
Note that Z; = 0 as long as all D;’s are nested annuli/disk, even if they are not concentric. For Z,,

226



using Cauchy-Schwarz inequality in the second step, and Lemma 5.2.10 in the third step (which we

will prove right after this theorem), we have

n

Ty = Zai (/ |z|?dx +/ Vp; - xdm)
D; D;

i=1 i

> éai </D |z|?dx — (/D |vpi2dx)1/2(/Di |:c|2dx) 1/2) o

i

Combining (5.33) and (5.34) gives us Z > 0. If there is any D; that is not a disk or annulus centered
at the origin, Lemma 5.2.10 would give a strict inequality in the last step of (5.34), which leads to

Z > 0 and thus contradicts with Z = 0. O
Now we state and prove the lemma that is used in the proof of Theorem 5.2.3.

Lemma 5.2.10. Let D be a bounded domain with C17 boundary, and let p be as in Lemma 5.2.5.

Then we have

f/ Vp~3:d:z::/ |Vp|2d:1:§/ |z|2da. (5.35)
D D D

“__»

Furthermore, in the inequality, s achieved if and only if D is a disk or annulus centered at the

origin.

Proof. We compute

/|Vp|2dx=/ pr-ﬁda+/ 2pdx
D oD D

:—/ px-ﬁda+/2pdx,
oD D

where in the last equality we use that p is constant along each dh;, as well as the following identity

due to (5.12) and the divergence theorem (here 7 is the outer normal of h;):

2
Vp - fido = =2|h;| = —/ Aﬁda: = —/ x - fido.
oh, he 2 oh;

On the other hand, the divergence theorem yields

—/Vp-xdx:—/ px-ﬁdo—l—/dex.
D aD D

Therefore using Young’s inequality —Vp - x < %|Vp|2 + %|az|2 (where the equality is achieved if and
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only if —Vp = z), we have

1 1
/ |Vp|2dz = —/ Vp-zdr < f/ \Vp\zdx—i—f/ |z2dz,
D D 2Jp 2Jp

which proves (5.35). Here the equality is achieved if and only if —Vp = z in D, which is equivalent

2 R
with p + % being a constant in D, and it can be extended to D due to continuity of p. By our

construction of p in Lemma 5.2.5, p is already a constant on each connected component of 9D,

2
implying % is constant on each piece of 0D, hence 0D must be a family of circles centered at the
origin. By the assumption that D is connected, it must be either a disk or annulus centered at the

origin. O

5.2.4 Radial symmetry of non-simply-connected rotating patches with

1
Q>1

In this final subsection for patches, we consider a bounded open set D with C'Y boundary. D can

have multiple connected components, and each connected component can be non-simply-connected.

1

5, we will show

If 1p is a rotating patch solution to the Euler equation with angular velocity £ >
D must be radially symmetric and centered at the origin.

To do this, one might be tempted to proceed as in Theorem 5.2.1 and replace p : D — R by the
function defined in Lemma 5.2.5. Here the first way of computing Z = fD(x + Vp) - Vfadz still

yields Z = 0, but the second way gives some undesired terms caused by the holes h;:

n
7= 4i|D|2 - Q/ |z |2dx + (2 — 1)/ pda + 20 " plon,|hil.
T D D i=1
Due to the last term on the right hand side, we are unable to show Z < 0 when Q > % as we did
before in Theorem 5.2.1. For this reason, we take a different approach in the next theorem. Instead
of defining p as a function in D and Z as an integral in D, we want to define them in D¢. But since
D¢ is unbounded, we define p® and Zp in a truncated set B(0, R) \ D¢, and then use two different
ways to compute Zr. By sending R — oo, we will show that the two ways give a contradiction

unless D is radially symmetric.

Theorem 5.2.4. For a bounded open set D with C*7 boundary, assume that 1p is a rotating patch
solution to the Fuler equation with angular velocity > % Then D is radially symmetric and

centered at the origin.
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Proof. Since D is bounded, let us choose Ry > 0 such that Br, D D. For any R > Ry, consider the
open set Br \ D, which may have multiple connected components. We call the component touching
0BpR as Dy g, and name the other connected components by Uy, ..., U,. Throughout this proof we
assume that n > 1: if not, then each connected component of D is simply connected, which has
been already treated in Theorem 5.2.1 and Remark 5.2.2. We also define V' := B \ Do, g, which is
the union of D and all its holes. Note that V may have multiple connected components, but each

must be simply-connected. See Figure 5.1 for an illustration of Dy g, {U;}; and V.

9B(0, R)

Figure 5.1: For a set D C B(0, Ro) (the whole yellow region on the left), the middle figure illustrates
the definition of Dy g (the blue region), {U;} (the gray regions), and right right figure illustrate
V = Br \ Dy r (the green region).

To prove the theorem, the key idea is to define p® and Zg in Bg \ D, instead of in D. Let Do,R
and p; be defined as in Lemma 5.2.5 in Dy r and U; respectively, then set ¢o r := po,r + % in
Dy g, and ¢; :=p; + % in U; for i = 1,...,n. Finally, define p® and ¢ : R? - R as

n n
p™ = po.rlD, 5 + ZPJU” ™ == o,r1Dy 5 + Z‘PilUr
i=1 i=1

Since 1p rotates with angular velocity € > %, we know fq := 1p* N — %|x\2 is constant on each

connected component of dD. Next we will compute

Ig = / _ Vfa-Velda (5.36)
Bgr\D

in two different ways. If some connected component of 9D is not a circle, we will derive a contra-
diction by sending R — co. We point out that as we increase R, the domain Dy g will change, but

the sets {U;}7_; and V all remain unchanged.
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On the one hand, we break Zg into

Tn=[  Vfa-Veordst Y [ Vo Veids = Th+ T,
Do,r i=1 /Ui

Since fq is constant on each connected component of OU;, the same computation as (5.23)—(5.24)
gives T3 = 0. For T}, note that although fq is a constant along the boundary of each hole of Dy g,

it is not a constant along Oy Do, r = OBr. Thus similar computations as (5.23)—(5.24) now give

I}%:/ (1D *N—QRQ)VLPO,R~ﬁdO'
9Bg 2
(5.37)
=A ((1p * N) () — [DIN(x)) Vo5 - ido(z),
Br

where in the second equality we used [, o8, V¥o,r " fido = 0 and the fact that () is constant on

OBp. For any = € B, since D C Bg, and R > Ry, we can control (1p x N)(x) — |[DIN(z) as

Ry
log (1 - X
Og( R)

We introduce the following lemma to control |Vg g - 7i| on 0B, whose proof is postponed to the

D

|(1p * N)(z) — \D\N(m)‘ < %/ ‘log|a: —y|— log|x\‘dy < = on dBg. (5.38)
D

|
2

end of this subsection.

Lemma 5.2.11. Let D C Bg, be an open set with C*7 boundary. For any R > Ry, let Do r, V,

po,r and @o r be defined as in the proof of Theorem 5.2.4. Then we have

NR?
IVeoo,r 7| < SR X on 0Bg, (5.39)

og(R/Ro)
where N > 0 is the number of connected components of V' (and is independent of R).

Once we have this lemma, plugging (5.39) and (5.38) into (5.37) yields

N|D|R? Ry _ C(D, Ry)
Thl < ——Cllog (1-=)]( V< |p|—=——2 .
(Thl < =50 log (1 - 32 )| Goa(B/Ro) ™ < IDIZ ) 50 as R o
Combining this with 72 = 0 gives
lim Zp = 0. (5.40)
R—o0
Next we compute Zg in another way. Note that 15, * N — % is a radial harmonic function in Bg,
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thus is equal to some constant C'z in Bg. Using this fact, we can rewrite fq as

Q Q 1
fa=1p*N — §|33|2 =(1p —1p,) * N — (5 - z)mz + Ckr.
As a result, Zg can be rewritten as
20 —1
IR:—/ V(lBR\ﬁ*N)~V<dex—g/ oz Vpldr
Br\D ' 2 Jen\D (5.41)
20 -1

Next we will show jé, ,71% > 0, leading to Zr < 0. Let us start with j}% Applying Lemma 5.2.10 to

each of Dy r and {U;}}_; immediately gives

JE > / |z|? + Vpo.g - zdx + Z/ |@|* + Vp; - xde = Ty n + Y _T; > 0. (5.42)
Do,r i=1 Y Ui

i=1

Note that the T;’s are independent of R for i = 1,...,n, and we know T; > 0 with equality achieved
if and only if U; is an annulus or a disk centered at the origin. This will be used later to show all
{U;}1, are centered at the origin in the Q > £ case. (When 2 = £, the coefficient of J3 becomes
0 in (5.41), thus a different argument is needed in this case.)

‘We now move on to J; é. We first break it as

j}%:/ 7V(1BR\B*N)1‘d$+/ 7V(1BR\5*N)~Vdex=: Ji1 + Jio.
Br\D Bgr\D
1 - 2
An identical computation as (5.25) gives Ji; = y (|D0,R| + Z |Ui|) . For Jy9, the same compu-
7T
i=1
tation as (5.28)—(5.30) gives the following (where we used that each U; lies in a hole of Dy g for

i=1,...,n):

- Ul\U;
hez= [ ponde=3" [ pte— ¥ lswpon— 3 L
DO,R i=1 U; Do, r U

1<i<n , 1<i,j<n
j=i
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Adding up the estimates for Jy; and Jyo, we get

1 1
Tp > <47T|D0,R|2 _/DO,RPO’Rdx> + Z |Usi| <2ﬂ_DO,R| —glolgpo,R>

1<i<n

(1 1
+Z <47r|Ui|2 —/U‘ pz’dx) + Z E|Ui||Uj"
=1 K

jAi and i£j
i#]

(5.43)

By Proposition 5.2.7, all terms on the right hand side are nonnegative. But note that only the
two terms in the second line are independent of R. Plugging (5.43) and (5.42) into (5.41) gives the

following (where we only keep the terms independent of R on the right hand side):

n

1 1 20— 1 «
liminf(—Zg) > —|U;|? - ; — U ||U; T, > 0.
ﬂ1£< R)_;<4WU@| /vazda?>+47442d.7<l4ﬂ|Uz|UJ|+ 5 Zl i >0
1= B JAT and 1K) 1=
i£j

Combining this with the previous limit (5.40), we know U; must be an annulus or a disk for i =
1,...,n, and they must be nested in each other. In addition, if Q > %, we have T; =0fori=1,...,n,
implying that each U; is centered at the origin.

The radial symmetry of Dy g is more difficult to obtain. Although the first two terms on the right
hand side of (5.43) are both strictly positive if Dy g is not an annulus, we need some uniform-in-R
lower bound to get a contradiction in the R — oo limit. Between these two terms, it turns out the
second term is easier to control. This is done in the next lemma, whose proof we postpone to the

end of this subsection.

Lemma 5.2.12. Let D C Bg, be an open set with C*7 boundary. For any R > Ry, let Do g,
V and po,r be given as in the proof of Theorem 5.2.4. If V is not a single disk, there exists some

constant C(V') > 0 only depending on 'V, such that

hRULiO%f (217T|D0,R| - gljﬁlpo’R> >C(V)>o0.

If V is not a disk, Lemma 5.2.12 gives liminfp_,oo Jp > (Z1gign |Ui|> C(V) > 0. (Recall that
in the beginning of this proof we assume >, ;. |U;| > 0, and it is independent of R.) This implies
liminfr_, o (—Zgr) > C(V) > 0, contradicting (5.40).

So far we have shown that 0D is a union of nested circles, and it remains to show that they are
all centered at 0. For the 2 > % case, we already showed all {U;}?_; are centered at 0, so it suffices

to show the outmost circle 9V (denote by B(6,7)) is also centered at 0. By definition of {U;}! ,,
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we have D = B(6,7) \ (U2 U;). Note that 1pm * N = le—al” o‘ + C for some constant C, and

Lyr U, * N is radially increasing. Therefore fq can be written as

9| |2: |£C75|2

fo=1pewn *N =1y v, * N — > V. g9(z),

<12

where g is radially symmetric, and strictly increasing in the radial variable. Since both fq and %

are known to take constant values on dB(0,7), it implies ¢ must be constant on 9B(6,7) too, and

the fact that g is a radially increasing function gives that 6 = 0. This finishes the proof for 2 > %

For Q = §, we do not know whether {U;}"_, are centered at 0 yet. Denote by Uy be the innermost
one. Then we have

|z — 6/ lz|>  6-x

falz) = . Lyn v, ¥ N — PR + const for x € Oy Uy, (5.44)

where the second equality follows from Lemma 5.2.9(b), where we used that 1 < j for all 2 < j < n.
Combining (5.44) with the fact that fo = const on 9,,tU; gives 0 = 0, that is, the outmost circle
must be centered at 0. This leads to fo = —> ., 1y, * N. Since fo = const on each connected
component of OU;, we can apply the last part in the proof of Corollary 5.2.8 to show that all {U;}7_;
are all concentric. Denoting their center by o1, we can show that o = 0: Lemma 5.2.9(a) gives

fa(z

) = Cln|z — oq| for some C' < 0 on 9B(0,7), and since we have f = const on 9B(0,7) and
0 = 0, it implies that o; = 0, finishing the proof. O

Proof of Lemma 5.2.11. For notational simplicity, we shorten pg r, Do, r and ¢ r into pr, Dr
and g thoughout this proof. Recall that 0Dg = 0Br U V. Clearly we have pp = %2 on 0Bg,

due to pr = 0 on Oput Dr = 0Bgr. We claim that

on 9V, (5.45)

where N > 1 is the number of connected components of V. Once it is proved, we apply the
comparison principle to the functions ¢ — R; and +g, where
NR? R

g(z) = Toa(R/RD loa(R/ o) log m

Note that ¢ = 0 on 0Bg, and g > Nfg on 9V since OV C Bpg,. If 0 ¢ Dg, then the functions

YR — R; and +g are all harmonic in Dg, their values on 0Bp are all 0, and their boundary values
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on 9V are ordered due to (5.45). The comparison principle in Dg then yields

—9() < pr(r) = 5 < g(z) i Dg. (5.46)

NR?

2RTog(R/Rg) O 0Bpr, which is the

Since o — R; = g =0 on 0Bg, (5.46) gives |Vogr 7| < |Vg-7i| =
desired estimate (5.39). And if 0 € Dg, then (5.46) still holds in Dg \ B, for all sufficiently small
€ > 0 by applying the comparison principle in this set, and (5.39) again follows as a consequence.

In the rest of the proof we will show (5.45). Its second inequality is straightforward:
2
< % on 9V,

here the first inequality follows from the definition of ¢ and the fact that V' C Bg,, and the second
inequality is due to supp—pr < % < %2 in Proposition 5.2.7.

It remains to prove the first inequality of (5.45). Let us fix any R > Ry. Denote the N connected
components of 9V by {T;},, and let [y := dBg. These notations lead to dDg = U T';. For
i=20,...,N, let L; C R be the range of pp — R; on I';. By continuity of ¢g, each L; is a closed
bounded interval, which can be a single point. Clearly, Ly = {0} due to ¢grlop, = R;. Towards a

contradiction, suppose

L . R? N|Ry|?
Vppin 1= lgluSnN inf L; = 18r%/f (ng — 7) =to—— 6 for some § > 0. (5.47)
As for the maximum value, since Ly = {0} we have
= ; > 0. .
Vmax 021%)%\7 supL; >0 (5.48)

2
Fori=1,...,N, using pr|r, = const, or = pr + % and I'; C Bp,, the length of each interval L,

satisfies

2 RQ
’LZ":OSCFI.%S% fori=1,...,N. (5.49)

Comparing (5.49) with (5.47)—(5.48), we know the union of {L;}¥, cannot fully cover the interval

[Umin, Umax], thus they can be separated in the following sense: there exists a nonempty proper subset

S c {0,...,N}, such that the range of L; for indices in S and S¢ := {0,...,N}\ S are strictly
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separated by at least J, i.e. min;cginf L; > max;cgec sup L; + 6. In terms of i, we have

mininf pr > maxmax pgr + 6. 5.50
icS T, ¥ iese T 14 ( )
Since ¢ g is harmonic in Dg, whose boundary is UY jT';, it is a standard comparison principle exercise

to show that (5.50) implies

> : Vg - itdo > 0, (5.51)
ies /T

where 7 denotes the outer normal of Dr. But on the other hand, we have
/ Veogr-7tdo =0 fori=0,...,N. (5.52)
T

To see this, the cases i = 1,..., N can be done by an identical computation as (5.24), and the i = 0
case follows from faDR YR - fido = fDR Aprdr = 0 and the fact that dDg = UY_,I";. Thus we have

obtained a contradiction between (5.51) and (5.52), completing the proof. O

Proof of Lemma 5.2.12. Assume V has N connected components {V]}é\’:l for N > 1. For
notational simplicity, we shorten Dy g, po,r and ¢o r into Dg,pr and ¢p in this proof. Let
€ER = i|DR| — supp, Pr, which is nonnegative by Proposition 5.2.7. Towards a contradiction,
assume there exists a diverging subsequence {R;}5°; such that lim; ,geg, = 0.

2

Define ¢gr, = ¢r, — Rz We claim that {¢g,}72; has a subsequence that converges locally

uniformly to some bounded harmonic function ¢, in R?\ V.

To show this, we will first obtain a uniform bound of {Pg,}52,. Note that (5.45) gives that

2
supyy |@r,| < Nfﬂ for all i € N*. Since ¢r, = 0 on dBp, for all ¢ € N, the maximum principle

2
for harmonic function gives supp, |oR;| < Nf’ ° for all 4 € NT.

For any R > 2Ry, we will obtain a uniform gradient estimate for {¢g,} in Dg for all R; > 2R.
First note that since OBp, is in the interior of Dg, (due to R; > 2R), interior estimate for harmonic
function (together with the above uniform bound) gives that ||Gr,|lc2aBr) < C(N, Rp). On the

|z|? N+1R}
2

other boundary 9V, recall that o, |ov, = 2l 4 ¢, with |e; | < ¢

| . Thus ||@r, llc2opy) <

C(N,Rp) for all R; > 2R, and the standard elliptic regularity theory gives the uniform gradient

estimate supp,, [VPrg,| < C(V). This allows us to take a further subsequence (which we still denote

by {¢r,}) that converges uniformly in D to some harmonic function ¢, € C(Dg). Since R > 2R,

is arbitrary, we can repeat this procedure (for countably many times) to obtain a subsequence that
|]

2
converges locally uniformly to a harmonic function @, in R?\ V, where Poolov, = 5 + ¢; with
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le;| < %. This finishes the proof of the claim.

Now define

|z

2
which is known to converge locally uniformly to poe = Poo — % in R?2\ V. Note that p., is not

radially symmetric up to any translation: To see this, recall that po|ov; = ¢;. If poo is radial about

some g, it must be of the form —% + ¢ due to Aps = —2. As a result, the level sets of P
are all nested circles, thus V must be a single disk (where we used that each connected component
of V is simply-connected).

Next we will show that lim; ,oer, = 0 implies po, is radial up to a translation, leading to a
contradiction. For k € R, let g;(k) := |{x € Dg, : pgr,(z) > k}|. In the proof of Proposition 5.2.7,

we have shown that g;(0) = |Dg,|, ¢; is decreasing in k, with ¢j(k) < —27 for almost every k €

(0,supDRi Pr;)- Since SUpp, PR, = 5| Dp,| — €r,, we can control g;(k) from below and above as
follows:

(IDg,| — 27k — 2mer, )+ < g;(k) < (|Dg,| — 27k)4  for all k > 0. (5.53)

Likewise, define g;(k) := |{z € Dg, : pr,(z) > k}|, and goo(k) := |{x € Dpg, : Poo(z) > k}|. Since

DR; = PR; — RT, we have g;(k) = g;(k + %f) for all k > —Rg, thus (5.53) is equivalent to

R?
(—|V| =27k = 27eR,)+ < §i(k) < (=|V| = 27k); for all k > —71.

The locally uniform convergence of pr, gives lim; .~ §; = go, and since we assume lim; . €g, = 0,

we take the ¢ — oo limit in the above inequality and obtain
Joo(k) = (—27k — |V|)4 for all k € R,

which implies

g (k) = —2m  for all k € (—00, SUp Poo)- (5.54)
R2\V

Applying the proof of Proposition 5.2.7 to p (note that the proof still goes through even though p
takes negative values, and is defined in an unbounded domain), we have that (5.54) can happen only
if Dy, == {Poe > k}U(Ujic; 1} V;) Is a disk for almost every k € (—00, Supge\y o), and Vo] is a
constant on almost every dDy,. These two conditions imply that all regular sets of jios are concentric

circles, thus po, is radial up to a translation, and we have obtained a contradiction. O
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Chapter 6

The rigidity results for 2D-Euler

smooth case

6.1 Notation

We will use the same notation as in section 5.1.

6.2 Radial symmetry of nonnegative smooth stationary/rotating

solutions for 2D Euler with 2 <0

Let w(x,t) = wo(Ra:x) be a nonnegative compactly-supported stationary/rotating solution of 2D
Euler with angular velocity @ < 0. Recall that by (4.7), fq = wo * N — %|:1c|2 is a constant
along each connected component of a regular level set of wg. In this section, we prove that wg is
radial up to a translation for €2 = 0, and radial for €2 < 0. As we discussed in the introduction, the
w > 0 condition is necessary: in [43] we show that there exists a compactly-supported, sign-changing
smooth stationary vorticity wg that is non-radial, and the construction also works for 2 < 0 that is
close to 0.

Most of this section is devoted to the proof of Theorem 6.2.1 in the £ = 0 case (the © < 0 case
is done in Corollary 6.2.5 as a simple extension). In the proof, the two key steps are to show that
every connected component of a regular level set of w is a circle, and these circles are concentric.

M,

These are done by approximating w by a step function w, = > ;"] a;1p, such that the sets {D;}

are disjoint, and [|w — wp||L~ = O(1/n). We then define ¢" = @ + Zfi’] 1p,pi corresponding to
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this step function w,,, and compute Z,, = f wp V™ - V fdx in two ways.

Due to the O(1/n) error in the approximation, the qualitative statement in Proposition 5.2.7
that “the equality is achieved if and only if D is a disk or annulus” is no longer good enough for us.
We need to obtain various quantitative versions of (5.15) for doubly-connected domains, and three
such versions are stated below.

In Lemma 6.2.2, the quantitative constant ¢y > 0 depends on the Fraenkel asymmetry of the

outer boundary defined in Definition 6.2.1.
Definition 6.2.1 (c.f. [35, Section 1.2]). For a bounded open set E C R?, we define the Fraenkel
asymmetry A(E) € [0,1) as

A(E) := inf

Zo

EA B
{| (:E|OE+T ) :wOGRz,wr2E|},

where B is a unit disk in R2.

Lemma 6.2.2. Let D be a doubly connected set. Let us denote the hole of D by an open set h, and
let D := DUh. We define p in D as in Lemma 5.2.5. Then if A(D) > 0, there is a constant ¢y > 0
that only depends on A(D), such that
D

< — (1 —c¢g).

plon < 5 (1= co)
Lemma 6.2.2 will be used in the proof of Theorem 6.2.1 to show that all level sets of w are
circles. To obtain radial symmetry of w, we also need to show all these level sets are concentric. To
do this, we need to obtain some quantitative lemmas for a region between two non-concentric disks.

In Lemma 6.2.3 we consider a thin tubular region between two non-concentric disks whose radii are

close to each other, and obtain a quantitative version of (5.15) for such domain.

Lemma 6.2.3. For ¢ > 0, consider two open disks By := B(01,1) and By = B(o2,1 + €) such
that By C By. Suppose |01 — 02| = ae with a € (0,1), and let p be defined as in Lemma 5.2.5 in

D := By \ By. Then if € and a satisfy that 0 < € < g, we have

| D] a?
o X — - — . .
p‘dBl - 27 1 16 (6 1)

In Lemma 6.2.4 we consider a region between two non-concentric disks (that is not necessarily a

thin tubular region), and obtain a quantitative version of (5.15) for such domain.
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Lemma 6.2.4. Consider two open disks B, := B(o01,r) and Br = B(02, R) such that B, C Bgr .
Let p be defined as in (5.2.5) in D := Br\B,. Suppose | := |0y — 03| > 0 and there exist 6; > 0, and
09 > 0 such that 61 < r < R < d3. Then there exist a constant cy that only depends on d1, d2 and l

such that

D]
< —(1- .
plos, < 5 (1—co)

The proofs of the above quantitative lemmas will be postponed to Section 6.2.1. Now we are

ready to prove the main theorem.

Theorem 6.2.1. Let w be a smooth' compactly supported nonnegative stationary solution to the 2D

Euler equation. Then w is radially symmetric up to a translation.

Proof. Note that as mentioned in step 1 of Proposition 5.2.7, by Sard’s theorem, we have that for
almost every k € (0, ||w||z=), w™({k}) is a smooth 1-manifold. Furthermore, since w is compactly
supported, each such level set is a disjoint union of finite number of simple closed curves. For any
such closed curve, we call it a “level set component” in this proof.

We split the proof into several steps. Throughout step 1, 2 and 3, we prove that all level set
components of w must be circles. In step 4, we will prove that any two level set components are
nested, i.e. one is contained in the other. Lastly we present the proof that all level set components
are concentric in step 5 and 6.

Step 1. Towards a contradiction, suppose there is k > 0 that is a regular value of w, and
w™1({k}) has a connected component I' that differs from a circle. Recall that int(T") denotes the
interior of I', which is open and simply connected. Since I' is not a circle, we have A(int(I")) > 0,
with A as in Definition 6.2.1.

In this step, we investigate level set components near I'. Since k is a regular value, we can find an
open neighborhood U of I' and a constant > 0 such that |Vw| > n in U. For any = € I', consider

the flow map ®;(z) originating from x, given by

d Vw(®y(x))
fhadl S — Y\
it = Mo
with initial condition ®¢(x) = x. Since % is smooth and bounded in U, we can choose §; > 0 so

that ®;(T') := {®4(z) : « € T'} lies in U for any ¢ € (—d1,d1). Note that ®;’s are diffeomorphisms,

n fact it is sufficient to assume wo € C2(R2). In the proof, the application of Sard’s theorem in Step 1 is the step
that requires the highest regularity and it is applicable for functions in C2(R2). (See [86, Theorem 6.1]). Therefore
wo € C%(R?) ensures that w™({k}) is a C? 1-manifold for almost every k € (0, ||w|| o ), whose regularity is sufficient
for all the following steps.
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thus ®,(T") is also a smooth simple closed curve for ¢t € (—d1,01). Then we observe that

d Vw(Ps(x))

—w (P () = Vw(P(z)) - V(@ (2)) =1 for (t,z) € (—61,61) x I. (6.2)

dt

Hence for each t € (—d1,01), ®:(T") is a level set component and
w(®@4, (1)) # w(Py, (1)) if £1 # to. (6.3)
By continuity of the map (¢, x) — ®4(z), we can find d5 € (0,1) such that
A(int (94(T))) > %A(int(F)) for any t € (=42, 2). (6.4)

Since two different level sets cannot intersect, we can assume without loss of generality that

int(®_5,(T")) C int(Ps,(T")). Then it follows from the intermediate value theorem and (6.2) that
int(®_s,(I")) C ®,(T") C int(Ps,(T)), for any t € (—dz, Ia). (6.5)

Lastly we denote V' := int(®s, (T"))\int(P_s,(I")) which is a nonempty open doubly-connected set,
therefore |V| > 0.

Step 2. For any integer n > 1, we claim that we can approximate w by a step function w, of

the form wy,(z) = Ef‘iﬁ a;1p, (), which satisfies all the following properties.
(a) Each D; is a domain with smooth boundary and possibly has a finite number of holes.
(b) Each connected component of 0D; is a level set component of w.
(c) D;ND; =0ifi+#j.
(d) [lwn — wllpoe @2y < 2||w|| Lo mn)-

To construct such w,, for a fixed n > 1, let ro = 0 and rp11 = ||w||p~. We pick r1,...,7r,
to be regular values of w, such that 0 < 7y < -++ < 1, < ||w|[z=, and 7341 — r; < 2|w|/pe~ for
1 =20,...,n. We denote D; := {x eER?: 7 <w(x) <ri+1} fori =1,...,n—1, and let D, =
{m € R?: w(z) > rn}. Thus for each i = 1,--- ,n, D; is a bounded open set with smooth boundary.
We can then write it as D; = U, D! for some m; € N where D!’s are connected components of D;.

Then let wy(z) := > 7> 0 1pi. By relabeling the indices, we rewrite wy,(z) = Ef\i”i a;1p,,
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where M, = Z?:l m;, and each «; € {ry,...,r,}. One can easily check that such w, satisfies
properties (a)—(d).

Of course, there are many ways to choose the values rq,--- ,r,, with each choice leading to a
different w,,. From now on, for any n > 1, we fix w, (x) := Zf‘iﬁ a;lp,(z) as any function constructed
in the above way. (Note that «; and D; all depend on n, but we omit their n dependence for
notational simplicity.)

Finally, let us point out that for w,(x) constructed above, if D; C V for some %, then D; must
be doubly connected, since step 1 shows that all level set components in V' are nested curves. We
will use this in step 3 and 5.

Step 3. For any n > 1, let w,(z) = Zf\il a;1p,(x) be constructed in Step 2. For each D;, let

we define p}’ in D; as in Lemma 5.2.5. We set

pn = le\i’i p;l/lDi
P i=p; + % in D; (6.6)

n Mn n
p = Zi:l ¥i'lp,.

As in Theorem 11.1.7, let f := w * N, and we will compute

My,
"= / @)V (@) VS a)de =3 o /D V(@) Vi@ (6.7)

in two different ways and derive a contradiction by taking the n — oo limit.

On the one hand, the same computation as in (5.23)—(5.24) yields that
M,
"= a < (2)Vl (z) - fido — / f(x)Acp?(:c)d:z:) =0. (6.8)
8D7; Di

i=1

On the other hand,

I?’L

/ wp(x)z - V f(x)dr + / wn () Vp"™(z) - V f(x)dz
RQ R2

IV + I3
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Since w,, satisfies property (d) in step 2, it follows that

n11_>n01011 = /}R2 w(z)z -V f(zx)de

A similar computation as in (5.25) yields that

/R? w(@)z - Vf(z :%/R?/sz Ix(f;g)dmdy
%/H%Q/sz y)dxdy
1
477( ) , (6.9)

where we used the symmetry of the integration domain to get the second equality.

Now we estimate the limit of 7. By Lemma 5.2.10, we have fDi |Vp2|2dx < fDi |z|?dz, hence
llwn V|| L2(R2y is uniformly bounded. Since w, — w in L°°, the bounded convergence theorem yields
that

lim wa VP -V (wn, — w) x N) (z)dx = 0,

n—o0 [po

therefore

liminfZ3 = liminf [ w,(z)Vp"(z) - V(w, * N)dx
n—o00 n—oo  Jp2

From now on, we will omit the n dependence in p} for notational simplicity. Let us break the

integral in the right hand side as

M

/ wn () V"™ (x) - V(wy, * N)dx = aza]/ Vpi - V(1p, * N)dx
R? |

6=
:Z / Vp; - V(1p, * N) dm—i—Zaza]/ Vpi-V(lp, * N)dx
i#£]

IFl +F2

(6.10)

For Fi, the divergence theorem yields
M’!L

M?’L
F=Y </8D in(IDi*N)oﬁdaf/D pidx) - Z / pede, (6.11)

1=1 k2 K3
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where the second equality follows from an identical computation as in (5.26). Then by Proposi-

tion 5.2.7, we have

1 M,
211,12
F > *EZOZHDJ : (6.12)

i=1

For F5, the divergence theorem yields

= Zaiaj </ piV(1p, * N) - iido —/ pilpjdac) = Zaiaj/ piV(1p, * N) - fido,

Py aD; D; Py aD;

where we use property (c) in step 2 to get the last equality.
For i # j, recall that as in the proof of Corollary 5.2.8, we denote j < ¢ if D; is contained in a
hole of D;. Then divergence theorem gives
=0 if 7 A1,

/ piV(1p, * N) - iido (6.13)
oD: > —supyp, pi|D;| i j <.

Next we will improve this inequality for j < ¢ and ¢ € L, where L := {i: D; C V'}. (Note that
L depends on w,,, where we omit this dependence for notational simplicity.) From the discussion at

the end of step 2, we know that D; has exactly one hole for all 7 € L. Using the divergence theorem

together with this observation, (6.13) becomes

=0 if j £,
/ in(].Dj *N) - fido
oD;

v

—supp, pi|Dj| ifj<iandi¢ L, (6.14)

—Pi

owmp:|Dj|  ifj<iandi€ L.

D;
|2 | from
T

For the second case on the right hand side, we simply use the crude bound supp p; <
Proposition 5.2.7. For the third case we can have a better bound: for any ¢ € L, by Lemma 6.2.2
and (6.4), there exists an € > 0 that only depends on A(int(I")) (and in particular is independent of

n), such that p;|s,, p, < (3= — €)|D;|. Thus (6.14) now becomes

=0 if A,
/aD piV(lp, * N) -iido ¢ > — L |D;||D,| if j<iandi gL, (6.15)

> —(5= —€)|D;||D;| ifj<iandie€ L.
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Now we are ready to estimate F,. Let us break it into

B= Y aiaj/ piV(lp, * N) iido + > aiaj/ piV(lp, * N) - ido
. aD; . aD;
7= 1<
(i,j)LXL (i,j)ELXL
1 1
> Y DD = Y ey (5o o) IDiIDy|
J=1 J=1
(i,j)¢LXL (i,j)ELXL

where the first equality follows from case 1 of (6.15), and the second inequality follows from case 2,3

of (6.15). Finally, by exchanging ¢ with j and taking average with the original inequality, we have

1 1 1
B> = 3 (L + Ldaioy DillDs = 5 D2 (i + Ly<idaay (- — ) IDil1Dy|
i#] i#j
(i,j)gLXL (i,j)ELXL
1 1 1
2= 2 aiglDillDgl -5 > aiozj<§—e)\Di||Dj|
i#] i#]
(i,j)ZLXL (i,j)ELXL
1 €
Z—Ez%%|Dil|Dﬂ+§ > aiay|Di||D;l,
it it
(i,j)ELXL

(6.16)

where the second inequality is due to the fact that for any ¢ # j, at most one of ¢ < j and j < i can
be true, thus we always have 1;.; + 1;4; < 1.

Therefore, from (6.12) and (6.16) it follows that

M,
1 = € €
Fit+ P2 - > ;o |Dil | Djl + 5 > aiaj|Di||Dj\—§Za?|Di|2
=1 (i,§)ELXL €L
1 M, 2 2
_ 1D, € D] - £ 21p.|2
=0 (Zcmm) + 5 (Zcmm) 5 > ailDif*. (6.17)
=1 i€L i€L

Since we will send n — oo, in the rest of step 3 we will denote L by L™ to emphasize that L depends
on wy. (In fact a; and D; depend on n as well, and we omit the n dependence for them to avoid
overcomplicating the notations.)

Note that > a;1p, converges to wly in L'(R?). Also if i € L™, then the nondegeneracy of

€L

|[Vw| on V yields that lim, . sup;cp» |D;| = 0, consequently

nh_}rrgo Z aZ|D;|? < |Jw| o= n11—>120 sup \D1|/ wdz = 0.
ieLn ieLn k2

244



Therefore it follows that

lim inf Z3' = lim inf (F} + F3)
n—roo

n—oo
LM 2 2
. . €
= o (Z ai”’i') ol g (Z aiiDz")

icLn™

-1 (/R w(:c)d:z:>2 +s (/Vw(z)da:)Z. (6.18)

Note that w is strictly positive in V, due to |Vw| > 0 in V and w > 0 in R2. Thus from (6.8), (6.9)

and (6.18), it follows that

2
0= lim Z" > lim Z0 + liminf I3 > g ( / w(x)dx) >0, (6.19)
1%

n— oo n— oo n— oo

which is a contradiction and we have proved that any level set component is a circle.

Step 4. In this step we show that every pair of level set components are nested. Towards a
contradiction, assume that there exist two level set components I'; and I'y that are not nested.

From step 3, we know that I'y and I's are circles. Then the disks int(I';) and int(I'z) are disjoint,
and they must be separated by a positive distance since I'y and I'y are level sets of regular values
of w. As in step 1, using the flow map &, originating from the two circles, we can find disjoint open
annuli V7, and V5 such that I'; € V; for i = 1,2, and both 9, V; and 0;,V; are level set components
of w.

For any n > 1, let w,(x) = Ef\i’i a;1p,(z) be constructed in step 2, and let

LY :={i: D, cVi} and Ly:={i:D;C Va}.

Let p; be defined in (6.6) of step 3, and Z" defined in (6.7). Then on the one hand, the same

computations in step 3 give

1
n—00 n—o00 47

2
lim 7" =0 and lim 77 = — </ w(z)das) . (6.20)
R2

Let Fy and F; be given by (6.10). For Fi, the estimate (6.12) still holds. For F5, using (6.13)
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and Proposition 5.2.7, we have

1
Bz- Z i Dil | Dy
1<J or j<1
Since V; and V; are assumed to be not nested, if (4,7) € L} x L% then neither ¢ < j nor j < i.

Therefore it follows that

1 1 1
Fy> = ooy DillDjl+ = > iyl DillDjl+ o~ > oiay|Dil|[Dyl.

i#] (i,4)€L1 X L (§,i)€L1X L2

Combining the estimates for F} and F5 yields

M
1 ~ 1
F1+F22_E,Z OéialeiHDi|+% Z a;|D;| Z a;| D]
i,j=1 i€eLy i€Ly
As n = 00, since 37, pn oilp, and 37,0 ailp, converge to wly, and wly, respectively in L'(R?),

we have

lminf T} > lim (Fy + Fy) = —ﬁ (/sz(x)da:>2 + % (/V w(x)dx) (/Vzw(x)dx) (6.21)

Combining (6.20) and (6.21) gives us a similar contradiction as in (6.19), except that § ( f;, w(x)dw)2
is now replaced by % (fvl w(m)dw) (f\@ w(sr:)dx). Thus we complete the proof that level sets are
nested.

Step 5. In this step, we aim to show that all level set components are concentric within the
same connected component of {w > 0} := {x ER?:w > 0}. This immediately implies that each
connected component of {w > 0} is an annulus or a disk, and w is radially symmetric about its
center.

Towards a contradiction, suppose that there are two level set components T'y, and I'yyt in the
same connected component of {w > 0}, such that they are nested circles, but their centers O;, and

Oout do not coincide. We denote their radii by 7j, and ryu, and define
U :=1int(Tout) \ int(Tin).

For an illustration of 'y, and Ty and U, see Figure 6.1(a).

We claim that w is uniformly positive in U. Recall that all level set components of w are nested
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by step 4. Thus if w achieves zero in U, the zero level set must be also nested between I';; and
T'out, since it can be taken as a limit of level set components whose value approaches 0; but this
contradicts with the assumption that I'y, and T'oyt lie in the same connected component of {w > 0}.

As a result, we have wpi, := infyw > 0.

F()ut

(a) (b)

Figure 6.1: (a) Ilustration of the circles I'y, and oy, whose centers are Oi, and Oyt The set U
is colored in blue. (b) For a fixed n, each open set {D;};cp, is colored in yellow. Note that their
union gives exactly the set U.

For a sufficiently large n, let w, = Ef‘iﬁ a;lp,(z) be given in step 2, where we further require

both T'j, and Tyt coincide with some boundary of D;. (This is allowed in our construction of w, in

step 2, since w is regular along both Ty, and Toys.) Let us denote
B,:={1<i<M,:D; CU},

and note that U := U;ep, D;. See Figure 6.1(b) for an illustration of {D;}icp, -

As before, we denote i < j if D; is nested in D;. For the integral Z" in (6.7), on the one hand,
we have Z™ = 0 for all n > 1 by (6.8). On the other hand, following the same argument as in
step 3 up to (6.13) (where we also use that each D; is already known to be doubly-connected, thus

Jop, PiV(1p; ¥ N) - fido = —p;

owD:|Djl if 7 < 1), we have

1, M , M,
. . n __1: . . i _ 2 i _ . . . .
liminf Z" = lim inf —( E aZ\D1|) g ozi/ pidx g a,oszzla . 1Djl
n—00 n—00 47 D, in D
i=1 i=1 i 1<i,j <M, ,j<i

2u0.)I1 ).

o 1
s (3 (g
1<i,j<Mp, j<i

=T,

where in the last step we used Proposition 5.2.7.

Note that Proposition 5.2.7 gives T,, > 0, where we have strict positivity, since Oj, # Oout
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implies that some {D;};cp, must be non-radial. But since the area of these D;’s may approach 0 as
n — 0o, in order to derive a contradiction after taking liminf,,_, .., we need to obtain a quantitative
estimate for Proposition 5.2.7 for a thin tubular region D; between two circles, which is done in
Lemma 6.2.3.

Next we show that the sets {D,};cp, that are “non-radial to some extent” must occupy a certain

portion of U. For i € B, denote by o}, and r{ the center and radius of &, D;, and likewise o,

and r? = the center and radius of Oy D;. Note that if D; is the inner-most set in {D;};cp , then we
out S

have oiin = O, and the outmost D; satisfies of , = Oout. In addition, if OoueD; = O D; for some

i,j € By, then 0! , = oijn. Thus the triangle inequality gives

Z ‘Oiin - Ogut| > ‘Oin - Oout| =:cp > 0. (622)
i€B,,

In order to apply Lemma 6.2.3 (which requires the region to have inner radius 1), for each i € B,,,

consider the scaling

pi(x) = (riy) *pi(ripe).

Then p; is defined in D; := (ri,)~1D;. Due to the scaling, D; has inner radius 1 (denote the hole by

in

h;), and outer radius 1 + ¢;, where ¢; := T"“TLT > 0. In addition, the distance between the centers

in

of 9y, D; and Opyy D; 1S a;€;, where
i

_ ‘Oi‘n - Oéut|

CT Il
in out

—-T

One can also easily check that p; satisfies Ap; = —2 in D;, and faﬁ Vp - fido = —Q\Bi| = —2m. By

2 ™ 2
Lemma 6.2.3,if 0 < ¢; < ((161-4) , then py[ 57 < “;;l (1 — £&). Thus in terms of p;, we have

1 . .
Pilg, p, < §|Dl| —c1a?|D;| ifi € B, satisfies 1’ — i, < coa?, (6.23)

1
327

and ¢ := F4 are independent of n and i, due to the fact that ri > rin > 0 for all

where ¢; 1=

i € By,. Using the definition of a;, (6.22) can be written as

> ailrl, = iyl = co. (6.24)
i1€B,

Note that >,z |ri —ri .| satisfies the upper bound

Z |Tin 7Tout| < | | =M, (625)

27r;
1€B, m
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which follows from

|U‘ = Z |D ‘ =7 Z |T1n_ Outl r1n+rout)

i€B, i€B, o
Combining (6.24) and (6.25) gives
i i €o i i Co
Z ]lai>;f1(\)/1|7ﬂin - Toutl > Z (ai - m) ‘rin - rout' > 57 (626)
i€B, i€B,
where the first inequality follows from 1, .« > a; — 537 (recall that a; € (0,1)), and the second

inequality follows from subtracting 53 times (6.25) from (6.24).

Let

. Co
n::{ €B,:a; —}
K 1 tap >

Using this definition and the fact that |D;| > 27y, |rf, — 78

i ls (6.26) can be rewritten as

D Dl > 2mrin Y [rhy = mhu] = Trinco. (6.27)
€K, ek,
Now we take a sufficiently large n, and discuss two cases (note that different n may lead to different
cases):
Case 1. Every i € K,, satisfies r} —rf, < min{ca(5%)?, 2}, By definition of K, we have

T — T < c2(53)? < coa? for i € K. (The motivation of the second term in the min function

will be made clear later.) Then by (6.23), we have

2
> c102|Di| > 0

1
D
27r| — 4M?

il =pil, o ID;|  for all i € K,,.

Since K,, is a subset of B,, (and recall that a; > wpmin > 0 for all i € B,,), we have the following

lower bound for T,:

1
T, > wr2nin Z (§|D'L‘ _pZ’amD7)|D]‘

1,j€EK,, j<i
01(3 clc
>0l Y. osIDilDs] = > Gp DDl (6.28)
ivjeKn7j<i ,jeKn,iaﬁj

2
— 2. 9%
T 16M2

S I, |) ) |Di|2>

€K, €Ky,
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Note that the second term in the min function in the assumption gives

. . TTinCo 1
ng%)i ‘D’L| < 27TT0ut(7dtl)ut - rizn) S 12D S § GZK |D1|?
€Ky,

where we use (6.27) in the last inequality. Applying this to the right hand side of (6.28) gives

acd 1 2 c1¢2
Tn Z wrznin 161]\402 ! 2( Z |Dz|> Z w?xling);iMOz(ﬁrinCO)Z'

i€Kn
Case 2. If Case 1 is not true, then there must be some iy € K, satisfying %, — ric >
min{ca(587)?, 72} =: ¢z, which leads to
ou
10 10 — . 0 __ 2t —
|Oin ~ Oout| = Qig (Tout Tin) > oM =1

Although this set D;, is likely not thin enough for us to apply Lemma 6.2.3, since [0l — 0l9,| is
bounded below by a positive constant independent of n, we can still use Lemma 6.2.4 to conclude

that ﬁ|Dio\ — Dig |ainDi0 > ¢4 for some ¢4 > 0 only depending on 7y, rouy and I. This leads to

T, > Z Wimin@;jC4| Dj| > wmincs Z a;|Dj| > wmincs - ;/int(r )Wd%
i0>j D, Cint(Tin) in

where the last inequality follows from the fact that for all sufficiently large n, the definition of w,
gives > p cing(ry) @051 = fint(l";n) wpdz > int(ry,) @do. Note that the last integral is positive
since w > 0 on I'y,, and it is clearly independent of n.

From the above discussion, for all sufficiently large n, regardless of whether we are in Case 1
or 2 for this n, we always have that T, is bounded below by some uniformly positive constant
independent of n. Therefore taking the n — oo limit gives

liminf Z"™ > liminf 7;, > 0.

n— oo n—oo

This contradicts Z™ = 0, therefore finishing the proof of step 5.

Step 6. It remains to show that all connected components of {w > 0} are concentric. If {w > 0}
has finitely many connected components, we could proceed similarly as the end of the proof of
Corollary 5.2.8. But since {w > 0} may have countably many connected components, we need to
use a different argument.

Let us denote the connected components of {w > 0} by {U,}icr, where I may have countably
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many elements. Denote their centers by {0;}icr, their radii by {R;}icr, and their outer boundaries
by {OoutUs }icr- Without loss of generality, suppose the z-coordinates of their centers {o}};c; are
not all identical.

Among the (possibly infinitely many) collection of circles {OousUs }icr, let T be the “circle with
rightmost center” among them, in the following sense:

e If there exists some ig € I such that 0}0 = SUP;c; o}, we define I';. := 0yt U, (If the supremum
is achieved at more than one indices, we set i to be any of them.)

e Otherwise, take any subsequence {ix}ren C I such that limy_, oo o}k = sup,c; o). Since w has
compact support, we can extract a further subsequence (which we still denote by {i}ren), such
that both o;, and r;, converge as k — 0o, and denote their limit by O, € R? and R, € R. Finally
let T, ;== 0B(O,, R;).

With the above definition, we point out that f := w * N = const on I',.. Note that in both cases
above, we can find a sequence of level set components of w that converges to I',., in the sense that
the Hausdorff distance between the two sets goes to 0. Since f = const on each level set component
of w, continuity of f gives that f = const on I',.

Let fi(z) := (wly,) * N for i € I; note that by definition we have f = >, fi. Lemma 5.2.9
gives the following:

(a) For all z € (int(0outU;))¢, we have fi(z) = i(fu wdz) In |z — oy

(b) If U; is doubly-connected, then f; = const in int(9i,U;), where the constants are different for
different 1.

Note that for any ¢ € I, U; must be either nested inside I',, or have I', nested in its hole.
(By a slight abuse of notation, we use ¢ < I', and i > I', to denote these two relations.) Let
I'2:= (Ol +R,,0?%) and T'L := (O — R,,0?) be the rightmost /leftmost point of the circle T',.. Note

that (b) implies f;(TF) = f;(T'L) for all i = T',., whereas (a) gives the following for all i < T',.:

fUi wd

Jy, wdz x
B 1 FL o = f. FL
27_(_ 2'/T n‘ 7 01‘ fl( ’I‘)’

fi(07) = [T — o] 2
where the inequality follows from that |O! + R, —o}| > |O! — R, — o}|, which is a consequence of
o} < O} due to our choice of O,. (Also note that I'® and I'L have the same y-coordinate.)

As a result, summing over all i € I gives f(I'') > f(I'L), where the equality is achieved if and
only if 0} = O, for all i < T',.. Now we discuss two cases:

Case 1. There is some i < I, with o} < O,. In this case the above discussion gives f(I'%) >

f(TE), which directly leads to a contradiction to f = const on T',.
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Case 2. If case 1 does not hold, then let us define I'; as a “circle with leftmost center” among
{8outUi }icr in the same way as I',. Then we must have O} < O}, and since case 1 does not hold
(i.e. all i < T, satisfy that o} = O,.), we must have I'; = T'.. By definition of T',., there exists some
Ui, whose outer boundary is sufficiently close to I',. and center sufficiently close to O,. As a result,
ig < I'; and 0110 > Oll.

Let FlL and Ff% be the leftmost/rightmost point of I';. A parallel argument as above then
gives that f;(I'f) > f;(f?) for all i € I. Since we have found an io < Iy with o}, > O}, we
have f;,(TF) > fi,(['F), thus summing over all i € I gives the strict inequality f(I'F) > f(I'F),
contradicting with f = const on I';.

In both cases above we have obtained a contradiction, thus {o;};c; must have the same x-
coordinate. An identical argument shows that their y-coordinate must also be identical, thus {U; }ier

are concentric. Since w is known to be radial within each U; (about its own center) in step 1-5, the

proof is now finished. O

In the next corollary, we show that the above proof for stationary smooth solutions can be ex-
tended (with some modifications) to show radial symmetry of nonnegative rotating smooth solutions

with Q < 0.

Corollary 6.2.5. Let w(z,t) = wo(Rarx) be a smooth, nonnegative compactly-supported uniformly-
rotating solution of 2D Fuler with angular velocity @ < 0. Then wy is radially symmetric about the

ortgin.

Proof. The proof is very similar to the proof of Theorem 6.2.1, and we only highlight the differences.
Let {wy} be the same approximation for wg as in step 2 of Theorem 6.2.1. We consider the same
setting as in (6.6) and (6.7), except with f(z) replaced by fa(z) := wo * N' — £|z|%. From the
assumption on wy, we have that fq is a constant on each level set component of wy. Thus the same
computations in (6.8) give Z" = 0 for all n > 1.

On the other hand, we have

" = / wp V" - V (wo * N) d + (—Q)/ wp, V" - xde = I + (—=Q) I3 (6.29)
R2 R2 ~——

>0

The same argument as in (5.34) of Theorem 5.2.3 gives that Z) > 0. As for Z}', in step 3 — step
5 of the proof of Theorem 6.2.1, we have already shown that liminf,,_,., Z* > 0, and the equality
is achieved if and only if each connected component of {wy > 0} is radially symmetric up to a

translation, and they are all nested.
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Let us decompose supp wg into (possibly infinitely many) connected components U;cU;, with
centers {o;}ier. Our goal is to show o; = (0,0) for ¢ € I. Note that it suffices to show that their
z-coordinates satisfy sup;c; ol < 0. Once we prove this, a parallel argument gives inf;c; o} > 0,
which implies o} = 0 for i € I, and the same can be done for the y-coordinate.

Towards a contradiction, suppose sup;¢; o} > 0. We can then define T',. in the same way as step
6 of the proof of Theorem 6.2.1, i.e. it is the “circle with rightmost center” among {OouwtU; }ier,
and its center O, satisfies O} = sup;c;0; > 0. Since fo = const along each level set component of
wo, we again have that fo = const on I',. Let I'® and I'Z be the rightmost/leftmost points on T,.
Note that their distances to the origin satisfy || > |T'Z|, where the strict inequality is due to the
assumption O} > 0.

Let us define f;(z) = (woly,)*N for i € I, and note that fo = (3°,c; fi) —Q|z|>. The properties
(a,b) in step 6 of Theorem 6.2.1 still hold for f;, thus we have f;(T'Z%) > f;(T'L) for all i € I. This

leads to
faTR) = (Yo A@TH) + ) PFP > (3 AH) + (~)TH = fa(Th),
il e il
contradicting the fact that fo = const on T,. O

6.2.1 Proofs of the quantitative lemmas

Before the proof of Lemma 6.2.2, let us state two lemmas that we will use in the proof. The first
one is a quantitative version of the isoperimetric inequality obtained by Fusco, Maggi and Pratelli

[35].

Lemma 6.2.6 (c.f. [35, Section 1.2]). Let E C R? be a bounded open set. Then there is some

constant ¢ € (0,1), such that

P(E) 2 2v/m/|E| (1 + cA(E)?)

where P(E) = HY(OE) denotes the perimeter of E.

The second lemma is a simple result relating the Fraenkel asymmetry of a set E with its subsets

U.

Lemma 6.2.7 (c.f. [26, Lemma 4.4]). Let E C R? be a bounded open set. For all U C E satisfying
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Ul > |FE 1—M,wehave
4

Awy> A8,

Proof of Lemma 6.2.2. The proof of the Lemma 6.2.2 is similar to [26, Proposition 4.5] obtained
by Craig, Kim and the last author. For the sake of completeness, we give a proof below. Let g(k),
Dy, and Dy, be defined as in Proposition 5.2.7, let D = D U & and define p, := plan- We start
by following the proof of Proposition 5.2.7, except that after obtaining (5.19), instead of using the

isoperimetric inequality, we use the stability version in Lemma 6.2.6 to control P(Dk). This gives

o () (g(k) + 111y, 54) < —3 P(Di)?
< —27| Dy (1 + cA(Dk)2>2

< —27r(g(k‘) + |h|1ph>k> (1 + C‘A(Dk)Q) '

Hence it follows from Lemma 6.2.7 that

M\ 2
J(k) < —27r(1 4+ AD) ) for all k such that [Dy| > |D|(1 - M). (6.30)
1 4
We claim that
A(D)? . A(D)|D|
g(k) < |D|—27T(1+c 16 )k forkzgmln{ph’miﬂ}. (6.31)

Towards a contradiction, suppose there is kg < min {p;“ A(fé)ﬂml } such that (6.31) is violated. Since

1—1—0%2)2 < 2, we have
g(ko) > |D| — Arko > |D| — @,
therefore
| Dio| = 9(ko) + |h|
1oy - ADIDL
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Hence for all k € (0, ko], ¢’ (k) satisfies the inequality (6.30). Thus we have

1 AD)
g(ko)g/o —27T<1+c T )dk‘—|—|D|

=|D| - 27r(1 + cA(llZ)2>k0,

contradicting our assumption on k.

Finally, to control p;, we discuss two cases below, depending on which one in the minimum

— AD)D| and B := cA(E)2

function in (6.31) is smaller. For simplicity, we denote A : Tom -

Case 1: p, < A. In this case (6.31) holds for all k& < pj, thus
0 <g(pn) <|D|—2m (1 + B)p,

implying
D] |D|

P L B VT
Ph=or1+B) = o (L~ 0);

for some constant ¢y which only depends on A(D).

Case 2: pp, > A. In this case (6.31) gives g(A) < |D| — 2n(1 + B)A and we use a crude
bound for k > A that is ¢'(k) < —2m. Therefore for k > A,

g(k) = /k o' (k)dk + g(A) < —2m(k — A) + |D| — 2(1 + B)A
A

= |D| — 27k — 2w AB

<Ip|(1- A(sD)B) — 2rk,

where the last inequality follows from A > %. Plugging in k = py, gives
A(D
0<g(pn) < IDI(l - %B) = 27ph,

leading to

again ¢ only depends on A(D). O
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Next we prove Lemma 6.2.3.

Proof of Lemma 6.2.3. Without loss of generality, we can assume that o; = (0,0) and 0o =

(ae,0). To estimate p|op,, we decompose p into

P="plyp 9+

where g satisfies

Ag=0 inD
g=1 on 0B, (6.32)
g=20 on 0Bsy,

and u satisfies

Au=-2 inD
(6.33)

u=20 on OD.

Using this decomposition as well as the definition of p, we have

—2|B| = Vp~ﬁdJ:p‘BBl/ Vg - fido + Vu - fido,
0B, 0B 0B

where 77 is the outer-normal of B; throughout this proof. Thus

1

== | 27— Vu - fido | . 6.34
10’6131 Jop, Vg - iido ( 0B, ) (6.34)

To estimate p|aBl, it remains to estimate the two integrals in (6.34).
The function g can be explicitly constructed using the conformal mapping from D to a perfect

annulus centered at 0. Consider the Mdbius map h : C — C given by

z+b

where b € R will be fixed soon. Note that the unit circle and the real line are both invariant under
h, and 0B5 is mapped to some circle centered on the real line. In order to make h(OBs) centered at

0, since the left/right endpoints of dBs are +(1 + €) + ae, we look for b € R that solves

h(1+ e+ ae) = —h(—1— €+ ae). (6.35)
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Plugging the definition of h into the above equation, we know that b is a root of the quadratic
polynomial

2+ (1—a?)

F(b) == b2 — b+ 1.

Clearly, for 0 < a < 1, f has two positive roots whose product is 1, thus one is in (0, 1) and the other
in (1,400). We define b to be the root in (0,1). One can easily check that f(a) <0, and f(§) >0

if a2 > 2(1 — a?)e, which is true due to our assumption a? > 64e. Thus for all € € (0, g—z) we have
a
0< 3 < b<a<l.

Note that h is holomorphic in C except at the two singularity points —b and —%. We have
already shown that —b € By, thus it is outside of D. Next we will show that —% € B¢, thus is also

outside of D. To see this, note that

—1—€e+ae+b l4+e+aec+d
= h(-1— = —h(1 S
TF b1 —eqaq Tl etad) (et ad) =~ i+ e+ ae)

<0,

where the inequality follows from the fact that a,b,e > 0. Since the numerator of the left hand side

is already known to be negative due to a,b € (0,1), its denominator must be positive, leading to

—t<—-1—e+aeie —1 € Bs.

Now we define g : R? \ {(—=b,0) U (—=1/b,0)} — R as

1
log [h(1 + €+ ae)|

g(x) == log|h(2)|+1 for z =z + izs.

Let us check that g indeed satisfies (6.32): first note that g satisfies the boundary conditions in
(6.32), since h maps D to a perfect annulus centered at the origin, whose inner boundary is 0B;. In
addition, g is harmonic in R? \ {(—=b,0) U (—1/b,0)}, thus harmonic in D.

Using the explicit formula of g, we have

Aglz) = " log |h(12—|7—re + ae)| (5(_570)@) B 6(_%’0) (x))

in the distribution sense. We can then apply the divergence theorem to g in By, and compute the

integral containing g in (6.34) explicitly as

2
Vg - fido = il

_ . 6.36
o5, log A(1 + < + ac) (6:36)
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As for the integral containing u in (6.34), we compare u with a radial barrier function

w(@) = =2(|z| = 1)(z] =1 = 2e),

which satisfies w = 0 on 0B; and w > 0 on dBsy. Note that

4+ 4e
r

Aw = (&r + 18r> w=—8+ <-2 inD,
r

where we used that e € (0,3) and r > 1 in D in the last inequality. Thus w — u is superharmonic
in D and nonnegative on 0D, which allows us to apply the classical maximum principle to obtain

w < w in D. Combining this with the fact that u = w = 0 on 9B, we have

Vu(z) - fi(z) < Vw(z) - ii(x) = %w(r) = 4e for all z € 9By,
hence
Vu - iido < 8re. (6.37)

0B

Plugging (6.36) and (6.37) into (6.34), we obtain
Plop, <log([h(1+ €+ ae)|)(1 + 4e).

Since logs < s —1 for s > 1, it follows that

_ l+etae+bd
14 b(1 4 €+ ae)

1+a7267ab7b67abe
=€
14 b(1 + € + ae)

log|h(1+ €+ ae)] <h(l+e+ae)—1

a®
64>

a? a? 1 | D] 1
<ell——)(1+=)<e(1-=0a® e
p831—€< 8><+16>_€< 16a><27r< 16“)’

where in the last step we use that |D| = (1+¢)?—7 > 27e. This finishes the proof of the lemma. [

where we used b > g to obtain the last two inequalities. Finally, using that e < we have

Finally we give the proof of Lemma 6.2.4.

Proof of Lemma 6.2.4. Without loss of generality, we can assume that o, is the origin. Let
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B := plop,. From the proof of Proposition 5.2.7, we already know that ¢'(k) < —2m, where g(k) :=
|{z € D :p(x) > k}| This implies that g(k) > —2n(k — 8). Therefore we have

B B
/ pdx > / g(k)dk > / —2n(k — B)dk = 32
D 0 0
On the other hand, the same computation in the proof of Lemma 5.2.10 gives

1 1
B|Br\+/ pda?:f/ |Vp|2de < 7/ |lz|2dz.
D 2Jp 2Jp

Since

1 1
f/ |z|?de = - (/ |z|?dx —/ m|2dx)
2Jp 2 \UBn B,

D|? D||B, B> 1
LI PIB 1B L g,

47 2 47 2 Jp,
_ D . |D||B,|  P|B]
47 2 2

it follows that
DP | DB, 2B

2
B, < 6.38
n8? 4+ 1B < o 20T (6.39)
By solving the quadratic inequality (6.38), we find that
D
<),

2w

for some constant ¢y which only depends on dy, d2 and . O

259



Chapter 7

The rigidity results for g-SQG

7.1 Radial symmetry for stationary/rotating gSQG solutions
with Q <0

In this section, we consider the family of gSQG equations with 0 < « < 2, and study the symmetry
property for rotating patch/smooth solutions with angular velocity 2 < 0.

Let us deal with patch solutions first. As we have discussed in the introduction, we cannot expect
a non-simply-connected patch D with € < 0 to be radial, due to the non-radial examples in [29, 41]
for a € (0,2). For a simply-connected patch D, the constant on the right hand side of (4.6) is the
same on JD, which motivates us to consider Question 4.1.8 in the introduction. The goal of this
section is to prove Theorem 4.1.4, which gives an affirmative answer to Question 4.1.8 for the whole
range « € [0,2).

Our results are not limited to the Riesz potentials K, 4 in (4.4); in fact, we only need the potential
being radially increasing and not too singular at the origin. Below we state our assumption on the

potential K, which covers the whole range of K, 4 with « € [0, 2).

(HK) Let K € C'(R?\ {0}) be radially symmetric with K’(r) > 0 for all » > 0. (Here we denote
K(xz) = K(r) by a slight abuse of notation.) Also assume there is some C' > 0, 6 > 0 such that

K'(r) < Cr=3= 19 for all 0 < r < 1.

Our proof is done by a variational approach, which relies on a continuous Steiner symmetrization

argument in a similar spirit as [10].
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7.1.1 Definition and properties of continuous Steiner symmetrization

Below we define the continuous Steiner symmetrization for a bounded open set D C R¢ with respect
to the direction e; = (1,0,...,0), which can be easily adapted to any other direction in R?. The
definition is the same as [10, Section 2.2.1], which we briefly outline below for completeness.

For a one-dimensional open set U C R, we define its continuous Steiner symmetrization M7[U]
as follows. If U = (a,b) is an open interval, then M7 [U] shifts the midpoint of this interval towards

the origin with velocity 1, while preserving the length of interval. That is,

(a — ngn(“TH’),b — ngn(“T“’)) for0< 7 < w,

MU =
(—t5, b59) for 7 > 17321,

If U = UN | U; is a finite union of open intervals, then M7 [U] is defined by UY ; M7 [U;], and as soon as
two intervals touch each other, we merge them into one interval as in [10, Definition 2.10(2)]. Finally,
if U = U2, U; is a countable union of open intervals, we define M7[U] as a limit of M7[UY U] as
N — oo as in [10, Definition 2.10(3)]. See [10, Figure 1] for an illustration of M7 [U].

Next we move on to higher dimensions. We denote a point * € R? by (x1,2’), where 2/ =
(72,...,74) € R¥"L. For a bounded open set D C R? and any 2’ € R?"!, we define the section of

D with respect to the direction x; as
Dy :={z1 €R: (z1,2") € D},

which is an open set in R. If the section D, is a single open interval centered at 0 for all 2/ € R4~1,
then we say the set D is Steiner symmetric about the hyperplane {x1 = 0}. Note that this definition
is stronger than being symmetric about {z; = 0}. For example, an annulus in R? is symmetric about
{z1 = 0}, but not Steiner symmetric about it.

Finally, for any 7 > 0, the continuous Steiner symmetrization of D C R? is defined as
ST[D] := {(x1,2") € R : 1 € MT[D,]},

with M7 given above being the continuous Steiner symmetrization for one-dimensional open sets.
See Figure 7.1 for a comparison of the sets D and S7[D] for small 7 > 0.

One can easily check that S7[D] satisfies the following properties.

Lemma 7.1.1. For any bounded open set D C R%, its continuous Steiner symmetrization S™[D]
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Figure 7.1: Tllustration of the continuous Steiner symmetrization ST[D] for a set D C R?. The left
figure is the set D, with the midpoints of all subintervals of its 1D section highlighted in red circles.
The right figure shows the set S7[D] for some small 7 > 0, with the new midpoints denoted by blue
squares.

satisfies the following properties:
(a) |ST[D]| = |D| for any T > 0, where | - | denotes the Lebesgue measure in RY.
(b) (STID])AD C BT[D] for any T > 0, where A is the symmetric difference between the two sets,
and BT[D] is the T-neighborhood of D, given by

BT[D] := {z € R : dist(x,0D) < 7}. (7.1)

Proof. (a) is a direct consequence of the fact that |[M7[U]| = |U| for any open set U C R and 7 > 0
[10, Lemma 2.11(b)]. To prove (b), one can start with the one-dimensional version: For any bounded
open set U C R, we have M7 [U|AU C {z € R : dist(z,0U) < 7}, which follows from the fact that
the intervals move with velocity at most 1. Thus for any bounded open set D C R¢,
ST[D]AD = {(z1,2') € R : 2y € MT[Dp]AD,}
C {(x1,2") : dist(x1,0(Dy)) < 7}

C B"[D],

finishing the proof. O

7.1.2 Simply-connected patch solutions with 2 <0

We assume that D C RY satisfies the following condition.
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(HD) D C R%is an open set, and there exists some M > 0 depending on D, such that |B”[D]| < Mt
for all sufficiently small 7 > 0, where B [D)] is given in (7.1).

It can be easily checked that for d > 2, any bounded open set D with Lipschitz continuous
boundary satisfies condition (HD). In fact, for d = 2, we will show any bounded open set D C R?

with a rectifiable boundary satisfies (HD), with a precise bound

|BT[D]| < 2|0D|r  for all 7 > 0, (7.2)

where |0D] is the total length of dD. Let us first prove (7.2) holds for any polygon P C R2. Erect
two polygons at distance 7 from P and the transversal sides being bisectors of the inner angles of
P (see Figure 7.2). It is clear that B7[P] is contained in the trapezoidal region, which has area no
more than 2|0P|7. Finally, this can be extended to the general case by approximating any rectifiable

curve by polygons.

area = 2l17

Figure 7.2: Tllustration of the polygon P and the underlying trapezoidal region (the whole colored
region). Here the blue trapezoid has area 2ly7 (I; is the corresponding side length in P), and
summing over all edges gives a total area 2|0P|7. Since the trapezoids may intersect for large 7, the
whole trapezoidal region has area no more than 2|0P|r.

Below we state our main theorem of this section, which is slightly more general than Theo-

rem 4.1.4.

Theorem 7.1.1. Let D C R? and K € C*(R?\ {0}) satisfy the conditions (HD) and (HK)
respectively. Let g € CY(R?) be a radial function with g'(r) > 0 for all r > 0.
If D satisfies that
1p*x K — %g(m) = const on 0D (7.3)

for some Q < 0 (where the constant is the same on all connected components of D), then D is a

ball. Moreover, the ball is centered at the origin if Q < 0.
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Remark 7.1.2. (1) Note that D does not need to be simply-connected in Theorem 7.1.1. However,
since the constant on the right hand side of (7.3) is assumed to be the same on all connected
components of 0D, comparing with (4.6), Theorem 7.1.1 only implies that all simply-connected
patches with Q0 < 0 must be a disk.

(2) In the case @ = 0, the problem is translation invariant, so in the proof we assume without

loss of generality that the center of mass of D is at the origin.

Proof. We prove it by contradiction. Without loss of generality, we assume K satisfies the additional
assumption that K (1) = 0 (note that (7.3) still holds if we add any constant to K), and D is not
Steiner symmetric about the hyperplane {z; = 0}. Let D™ := S7[D] be the continuous Steiner

symmetrization of D at time 7 > 0. By Lemma 7.1.1(b), we have
D"AD C B"[D], (7.4)
where BT is defined in (7.1). Let us consider the functional

ewl= [ [ 1oK@ - ydedy+(-9) [ ga)iple)ds.

=:Z[D] =:V[D]

, where % denotes the right derivative. On

We will use two different ways to compute %5 [D7]

the one hand, using the equation (7.3) and the regularity assumptions on D, K and g, we aim to

show that

A
e _ =0 (7.5)

Instead of directly taking the derivative, we consider the finite difference

(D7) - £[D) :/

a 2(1D" — lD) (1[) * K — S;g(x)> d.l?—f—/]Rd(lDT — 1D)((1DT — 1D) *K)dl‘,

=:I =:I>

where in the equality we used that [1p(1p- * K)dz = [1p-(1p * K)dz for any radial kernel K.
Let us control the term I; first. First note that (7.4) implies that the integrand is supported in
B [D]. Next we claim that (HK) implies 1p * K — £g € CO9" (RY) for 8" := min{4, 1}, where C%!

stands for Lipschitz continuity. The proof is a simple potential theory estimate, which we provide
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below for completeness. For any z, 2 € R,

(1 K)a+2) = (1o + K)@)| = | [ 10l =)y +2) = K)dy
<[ K- K@yt [ o g)lK ) - K)ldy
lyl<2|z| ly|>2|z|

= J1 + J2.

Since (1p * K)(z) € L*°(R?), one can moreover assume that |z| < %, then, a crude estimate gives

ne [ KGEAl+IKG <2 [ KG)ldy < C@):
lyl<2lz| ly

[<3|z|
where in the last step we used that (HK) and K (1) = 0 imply |K (y)| < Cly|~%* for |y| < 1. For
Ja, note that (HK) and the mean-value theorem gives

(K (y +2) — K(y)| < Cly|~" 2| forall Jy| > 2z,

and plugging it into the integral gives J, < C(d,|D|)|z|°. Putting the estimates for J; and J,
together gives that 1p x K € C%9' (R9) for §' = min{d, 1}, and combining this with the assumption
g€ CHRY) gives 1p x K — Lg € CO9 (RY).

In addition, by (7.3), We have 1p x K — %g(m) = Cy on 9D for some constant Cy. Thus we have
Q )
ID*K—ig(x)—Co < C(¢,d,|D|)r®  in BT[D]

for some constant C' > 0, where we used the Holder continuity of 1p x K — % g and the definition of

B7[D]. This leads to
r Q / 148
L <2B7[D]| sup |1p+ K = Sg(x) - Co| < C(&',d,|D)MT,
!

z€BT[D

where in the first inequality we used that [, (1p—1p-)Codz = 0, which follows from Lemma 7.1.1(a);
and in the second inequality we used (HD).

Next, using (7.4) we control I by the crude bound
12| < /d 1g7(p)|(1p=p) * K)|dz < |BT[D][ |15+ (p) * Klloc < M7||(157(p))" * Kl|cc,
R
where the last step follows from the Hardy-Littlewood inequality, where (15-(p))* is the radial
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decreasing rearrangement of 15-[p;. By (HD), (15-[p))* is a characteristic function of a ball whose

radius is bounded by C(d)(M7)Y/?, thus
(d)(Mr)t/4 (d)(Mr)t/? s
(pp) <Kl < [ K tar < war~ 1 Fde < C(d)(MT) 1,
0 0
and plugging it into the I estimate gives
d+é

\L| < C(d)M & 71+,

Putting the estimates of I; and Is together directly yields

EDT| - €D . ,
| [ ] [ ]| SC(él,d,M,‘DDTmm{g’é }’
T
and since d > 0 we have £E,’[DT] =0.
7=0
Now, we use another way to calculate E [DTH . Let us deal with the 2 < 0 case first. Since

K is radial and increasing in r, it has been shown in [7, Corollary 2] and [68, Theorem 3.7] that
the interaction energy Z[D7| = [ Dr / p- K(z—y)dxdy is non-increasing along the continuous Steiner

symmetrization, leading to

d+
EI[DT] 0 forall 7 >0.
For the other term V[D"] = (=) [},, g(z)dz, by the assumptions that ¢’(r) > 0 for all 7 > 0 and

D is not Steiner symmetric about {x; = 0}, we can use [10, Lemma 2.22] to show, for < 0,

dr Q d+ d
~_V[D"T =(-Q)— 0.
| =g [ g <
Adding them together gives
d+
—£&[D7] <0
dr 7=0

leading to a contradiction with (7.5).

In the Q = 0 case, recall that we assume that the center of mass of D is at the origin. Thus if D
is not Steiner symmetric about {1 = 0}, the same proof as [10, Proposition 2.15] gives that Z[D)]
must be decreasing to the first order for a short time, leading to

ar .
D]

d+
=[] Ko yhdedy) <o
T JDT

7=0 7=0
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again contradicting (7.5). We point out that although the proposition was stated for continuous
densities, the same proof works for the patch setting. In addition, although [10] only dealt with the
kernels no more singular than Newtonian potential, the proof indeed holds for all kernels K satisfying

(HK): see [11, Theorem 6] for an extension to all Riesz potentials K, 4 with a € (0, 2). O

The above theorem immediately leads to the following result concerning simply-connected sta-

tionary/rotating patch solution with Q < 0.

Theorem 7.1.2. Let D C R? be a bounded, simply-connected domain with rectifiable boundary. If
1p is a V-state for (4.2) for some « € [0,2) with angular velocity Q < 0, then D must be a disk. In

addition, the disk must be centered at the origin if Q < 0.

Proof. We have 1p+K —$|z|? = C for some constant C on dD. For the Euler equation, K = 5~ In [z].

For the g-SQG equation. K = —C,|z|~%. In both cases, the proof follows from Theorem 7.1.1. [

Remark 7.1.3. As we discussed in the beginning of this subsection, in the case of ¢SQG with
a € (0,2), Theorem 7.1.2 is not true if the simply connected assumption is dropped, due to the

non-radial patches in [29, 41] bifurcating from annuli.

7.1.3 Smooth solutions with simply-connected level sets with 2 < 0

The rest of this section is devoted to the smooth setting. We will show that any nonnegative smooth
rotating solution of the Euler or gSQG equation with angular velocity 2 < 0 must be radial, under

the additional assumption that all the super level-sets U"
UM :={z e R?: wy(z) > h} (7.6)

are simply-connected for any h > 0. We believe that the simply-connected assumption is necessary,
since it is likely that the bifurcation arguments from annuli in [29, 41] can be extended to the smooth

setting as well, using a similar argument as in [19] or [18].

Theorem 7.1.3. Let w(x) € C1(R?) be nonnegative and compactly supported. In addition, assume
the super level-set U™ as in (7.6) is simply connected for all h € (0,supw). Assume K satisfies

(HK). If for some Q <0, we have
Q
wx K — §|x\2 =Co(h) on dU" for all h € (0,supw), (7.7)

then w is radially decreasing up to a translation. Moreover, it is centered at the origin if Q < 0.
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Proof. We prove it by contradiction. For the {2 < 0 case, without loss of generality, we assume w
is not symmetric decreasing about the line 7 = 0. For the {2 = 0 case, similar to Remark 7.1.2,
without loss of generality we assume the center of mass is at the origin, and then we assume w is
not symmetric decreasing about the line z; = 0.
For any 7 > 0, we define the continuous Steiner symmetrization w”(z) in the same way as [10,
Definition 2.12]:
ho
w'(z) = / Lg-un)(z) dh,
0

where hg := supw, and S7[U"] is the continuous Steiner symmetrization of the super level set U"

at time 7 > 0.

Consider the energy functional

Elw] = /]R? /R2 w(z)w(y)K(x — y)dxdy + (—0Q) /]Rz w(z)|x|dx .

=:T[w] =:V[w]

We proceed similarly as in Theorem 7.1.1 to compute %8 [wT] in two different ways. We first rewrite

the finite difference Ejw™] — Ew] as

£l] - £l
T Q T T
= [ 2@ sty (wr k= Gl Yot [ @70 = ()T 0) - o) Ko~ )dady

=: Il +IQ (78)

Since w € C}(R?) and K satisfies (HK) (hence is locally integrable), one can easily check that
w* K — $|z|? is Lipschitz in D := {x € R?: dist(z,suppw) < 1}. Note that we have supp w” € D
for all 7 € [0,1]. Combining this fact with the assumption (7.7), there exists C; > 0 independent of

h, such that

Q
‘(w « K)(2) = 5 Jaf C’o(h)‘ <7 on ST[UMAU" for all h € (0, o). (7.9)
Let us first rewrite I; as

L= 2/0% /R2 (157[(];«0](:10) - th(gc)) ((w * K)(x) — %|x|2) dx dh.

By Lemma 7.1.1(a), we have [p, (1g-n)(2) — 1y (2))dz = 0 for all h € (0, ko). Thus we can control
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I as

L) = ‘2/0% /R (157[Uh,] () — 1yn (33)) ((w « K)(z) — %W - Co(h)>dxdh‘

h(]
S 201’7’/
0

ho
< 2017/ 210U |1 dh
0

(ST[U’l])AU’l)dh
(7.10)

= 46’172/ |Vw|dz < C(w)72.
supp w

Here in the second line we used (7.9); in the third line we used Lemma 7.1.1(b) and the property
(7.2) in two dimensions; and in the fourth line we used the co-area formula and the fact that w € C_.

We next move on to 3. Since |Vw| is bounded, Lemma 7.1.1(b) leads to
(@) = ol = | [ Torn(a) = 1on ol
< O||Vwl||p=7 for all z € R?,

and supp w” € D for all 7 € [0,1]. Thus

L] < o — wlpa [l — w) * K]
< " — g lw” — il / K (2)|dz
D

< C(w)r™

Combining the estimates for I; and I gives E[w]| — Ew] < C(w)7? for all T € [0, 1], thus

d+g d+
—Ew" =—(L + I =0. 7.11
el =g en) (711)
On the other hand, we compute %S[wTHT:O in a different way as

dt d*

—EwT = Tlw™] + V[w"

e =)

In the © < 0 case, similarly as in Theorem 7.1.1, we have Z[w7] is non-increasing along the continuous

Steiner symmetrization by [7, Corollary 2] and [68, Theorem 3.7], thus

d+
—Zw'] <0 forall 7>0.
dr
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For V[w"], by the assumption that w is not symmetric decreasing about {z; = 0}, we again use [10,

Lemma 2.22] to show, for < 0,

V)= (0L [ e <o
dr w | = dr R2W xT)|x i .

7=0

Adding them together gives %S[DTHTZO < 0, contradicting (7.11).

In the Q = 0 case, we assume that the center of mass of w is at the origin. Thus if w is not
symmetric decreasing about {z; = 0}, the same proof as [10, Proposition 2.15] gives that Z[D]
must be decreasing to the first order for a short time (again, the proof holds for all kernels K
satisfying (HK); see [11, Theorem 6] for extensions to Riesz kernels K, 4 with a € (0,2)). This

gives %S[DTHT:O < 0, again contradicting (7.11). O

The above theorem immediately gives the following corollary concerning the V-states for the

Euler and gSQG equations.

Corollary 7.1.4. Assume w(x) € C1(R?) is a nonnegative, compactly supported V-state satisfying
the Euler equation or the gSQG equation for some a € (0,2) with Q < 0. In addition, assume the
super level-set UM as in (7.6) is simply connected for all h € (0,supw). Then w must be radially

decreasing if 2 < 0, and radially decreasing up to a translation if Q = 0.

Proof. For the Euler equation, K = ilnm. For the gSQG equation. K = —Cy|z|~™. In both

cases, the proof follows from Theorem 7.1.3. O

7.2 Radial symmetry of rotating gSQG solutions with 2 > (),

In this section, we focus on rotating gSQG patches with area m and o # 0. As we discussed in the

introduction, for o € [0,2), there exist rotating patches bifurcating from the unit disk at angular

a—1 T(l—a I(1+% (m+$ a . .
=2 11“((1—%))2 (FEZ—;’% — F(iﬂ_z%)), where Q2 is increasing in m for any fixed

a € 10,2). Let us denote Q, := lim,, o, Q%,. If @ € (0,1) we have that

. o
velocities 1%,

Q, =2>"1

Fl—a) T'(1+%)
Th e T ) (7.12)

Note that €, is a continuous function of « for a € (0,1), with Qp = %7 and Q, = +oo for all
a€[1,2).
A natural question is whether there can be rotating patches with area 7m with Q > Q. for

a € (0,1). Note that the area constraint is necessary for all « > 0: if D is a rotating gSQG patch
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for o € (0,2) with angular velocity €2, then one can easily check that its scaling A\D = {\z : z € D}
is a rotating patch with angular velocity A™“Q.

In Theorem 5.2.4, we showed that for the 2D Euler case (o = 0), all rotating patches with
Q>0 = % must be a disk. In this section, our goal is to show that all simply-connected rotating
patches with area 7 with > Q,, for o € (0,1) must be a disk. Whether there exist non-simply-

connected or disconnected rotating patches with Q > Q, for « € (0,1) is still an open question.

Below is the main theorem of this section. Recall that for « € (0,2), K, = —Cqlx|™® is the

1 reg)

fundamental solution for —(—A)~1*% where C, = 5y T OSE) -
2

Theorem 7.2.1. Let D C R? be a bounded, simply-connected patch with C* boundary. Let us denote
R := maxgep |x|. Assume that D is a uniformly rotating patch with angular velocity Q0 of the gSQG
equation with « € (0,1), i.e.,

Q
1p*x Ko — §|JJ|2 =C ondD. (7.13)

Let Q.(R) := R™“Qq. If @ > Q.(R), then D must coincide with B(0, R).

Remark 7.2.1. (a) Note that all sets D C R? with area © must have R > 1. In this case we have
O (R) < Q, thus Theorem 7.2.1 immediately implies that all simply-connected rotating patches with
area ™ and Q > Q, must be a disk.

(b) Note that the constant §, is sharp, since there exist patches bifurcating from a disk of radius

1 at velocities Q2,, which can get arbitrarily close to Qo as m — 0o [49, Theorem 1.4).

m?’

Proof. Towards a contradiction, assume that D # B(0, R). Let g € 9D be the farthest point from
0. Then we have that D C B(0, R), and let U := B(0, R) \ D. See Figure 7.3 for an illustration of

U and xg. Then (7.13) can be rewritten as
Q
1y * Ko = 1p(0,r) * Ko — §|x| —C ondD. (7.14)

The key idea of this proof is to use two different ways to compute V(1y * K, ) (o) - o, and obtain
a contradiction if Q > Q.(R). On the one hand,

(o —y) - w0

V(ly * Ko )(x0) - 29 = aCyq o[+

dy >0, (7.15)
U |$0 -

where we used the fact that (xg —y) - xo > 0 for all y € U C B(0, R) since the two vectors point to

the same halfplane.
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Figure 7.3: Hlustration of the set U and the point xg.

On the other hand, we claim the following properties hold for 1y * K,:

1. A(ly * Ko) < 0in D.

2. Along 0D, the minimum of 1y x K, is achieved at x.

To show property 1, using the fact that K, = —C,lz|™® is the fundamental solution for
—(=A)"% we have 1y * Ko = —(=A) "3 1y, thus A(ly * K,) = (=A)*/?1y. Thus for any
x € D, using the singular integral definition of the fractional Laplacian [66, Theorem 1.1, Definition
(e)] and the fact that 1y = 0 in D, we have

(_A>a/21U(m) _ Cl(a)/ 1U<x) — 1U(y)

0—1u(y)
dy=C a/ ——dy<0 forzeD
e o g W 1(a) A y

2 |z —y[>*e

for some constant C7(«) > 0. Note that despite the denominator being singular, the integral indeed
converges for all x € D, due to the fact that D is open and the integrand is identically zero in D
which yields

A(ly * Ku)(x) = (=A)*?1y(z) < 0 in D. (7.16)

We now move on to property 2. Due to (7.14) and the fact that z( is the outmost point on
dD, it suffices to show that the radial function 1p(o,r) * Ko — $|2|? is non-increasing in |z| for all
Q > Q.(R). We prove this in Proposition 7.2.2 right after this theorem.

The above claims allow us to apply the maximum principle to 1y * K, (recall that 1y x K, is
superharmonic in D by property 1), which yields that the minimum of 1 % K, in D is also achieved
at xg, thus

V(lU * Ka)(xo) . ﬁ(l‘o) S 0,

where 7i(z) is the outer normal of D at xg. Since 7i(xg) = zo/|zol|, the above inequality contradicts

with (7.15). As a result, D must coincide with B(0, R). O

Now we prove the proposition that was used in the proof of the above theorem.
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Proposition 7.2.2. For a fized o € (0,1) and R > 0, let Q.(R) be the smallest number such that
Qe
gR(LU) = 13(0’3) * Ka — 7|$‘2

is non-increasing in |x|. Then we have Q.(R) = R™*Qq, with Qy given in (7.12).

Proof. Recall that K, = —Cy|z|~* with C,, = 277#;?&) Since |#|? and 1p(0,r) * Ko are both

radially symmetric and increasing in |z|, we have

/ |2 —yl""dy—/ |21 —y[~dy
Q:(R) =2C, sup B(O.R) B(O.R) )

|1 |#]z2| |x1|2 - |$2|2

Let us denote the fraction above by F(z1,z2). We claim that the sup,,|4j,,| F'(z1,22) is attained
when |z1| = R, and |x2| — R.

To prove the claim, we first compute I(z) := | B(O,R) |x —y|~*dy. Taking the Fourier transform:

I(z) = C’sza/ 2 I1(r) Jo (|x|7"> dr,
0 R

where C' is some positive constant. By Sonine-Schafheitlin’s formula [90, p. 401] and by continuity,

we obtain

CR20202 ?2( 2)21«1 (s-1515) ifll<R
I(z) =
2 a 2 :
CRQ_QQa_2|$|_aRaF(1(j;) o Fy 5,5,27%) if \a?| > R.

J(Z) — % (2F1 (% - 17%717%>> if z < R2
L((1-9) 1R (5.9.22)) iz R
e Lo (5,14 5.2, %) if z < R?

ala=2), —1—*302}1( 1+g,2,R) if 2> R?

Writing the series expansion (respectively at z = 0 and z = c0) of the hypergeometric series:

ala—2) 1 o « 1 > F(9+n)F( +1+g) Z\"
A =2) _1_g pa a1\ [(1\? I‘(—‘—&—n)l"(n—l—l—g) LN
— 1 ¢ TR:R (2’ +2’2’z)_ z) i ;r(%fl)F(%)F(n)F<n2+1) (z) ’



which are both minimized at z = R? since every coefficient is negative. This proves the claim

The claim immediately implies

Co d

- T |z —y|~dy ; (7.17)
R d|z| Jpo,r) z|=R

QC<R) =

Where ﬁx‘ denotes the derivative in the radial variable (recall that |, B(O.R) | — y|~“dy is radially

symmetric). To compute the derivative at || = R, we can simply compute the partial derivative in

the x; direction at the point (R,0):

0 a —2-1
B / |z —y|~dy a/ (R=v1)*+3) (R — y1)dyrdys
Z1 JB(0,R) z=(R,0) B(0 R)

=—2/0R((R—y1) +922) 7 yl%y
- 1—Rla(/01(1— 1—u2 du—/ 1+ﬂ)% ) (7.18)

— _9l-§ Rl (/2 (1 —cos@)~2 cosfdf — /2(1 +cosf)” 2 C059d9>
0 0

= =272 R, - I),

where in the third line we used the identity (R £ /R2 —y3)? +y3 = 2R?(1 +

1— (R 1y2)?), as
well as the substitution u = R~ ys,.

Using a substitution 6 = 23, we rewrite I; as

us

I = 2/4 (1 —cos(28))" % cos(28) dB = 21 % /Z(smﬂ)*aa — 2sin? B) dp.
0 0

Likewise, the substitution § = 7 — 23 allows us to rewrite —I5 as

™
4

4

- = 2/5(1 —cos(26)) "% cos(26) df = 2172 /i(sinﬂ)_o‘(l — 2sin? ) dp.

Adding the above two identities for Iy and —I, together gives

I, —I,=2"% /a(smﬂ)*a(l — 2sin? ) df
0

s (5 ) o)
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where B stands for the beta function. Here the second identity follows from the property that

B(x,y) =2 foﬂ/2(sin 0)2*~1(cos 0)2¥~1df, and the third line follows from the property that B(z,y) =

L(x)T(y)
T(z+y) -

21722, /70 (22), we have

According to the properties of the gamma function I'(z + 1) = 2I'(z) and I'(2)['(z + 3) =

a  2T(1 —«)

L —L=2"1"% : 7.19
1o 2-a Ta-29)p (7.19)
Finally, plugging this into (7.18) and (7.17) gives
Q.(R) = R °C,2'"2(I, — )
B R‘"‘i I'($) o 270(1 — «)
2r 2T (1 — 2)2—a\ T(1—2)2
27 M1 —)l(§ +1
eI ONG )
r1-5)re2-3)
finishing the proof. O

At the end of this section, we point out that Theorem 7.2.1 directly gives the following quantita-
tive estimate: if a simply-connected patch D rotates with angular velocity Q € (0, ) that is very

close to €, then D must be very close to a disk in terms of symmetric difference.

Corollary 7.2.3. Assume 0 < o < 1. Let D be a rotating patch with area m and angular velocity

Q€ (0,Q), and let B be the unit disk. Then we have

IDAB| < 27 ((%&)m - 1) .

Note that for a fized a € (0,1), the right hand side goes to 0 as Q 7 Q.

Proof. Denote R := max,cp |z|. If D is a rotating patch with angular velocity Q and is not a disk,
Theorem 7.2.1 gives that @ < R™%€Q,, which gives that R < (‘%)Y Thus D C B(0, (%)),

which implies that the symmetric difference DA B satisfies

IDAB| =2|D\ B| <2 ‘B(O, (%)1/“) \B‘ —2n ((%“)2/@ - 1) .
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Chapter 8

The rigidity results for vortex

sheets

8.1 Notations

For a bounded domain D C R?, we denote |D| by its area (i.e. its Lebesgue measure). For z € R?
and r > 0, denote by B(xz,r) or B,(z) the open ball centered at x with radius r.

Through Section 3-5 of this paper, we will desingularize the vortex sheet into a vortex layer with
width ~ ¢, and obtain various quantitative estimates. In all these estimates, we say a term f is
O(g(e)) if | f] < Cyg(e) for some constant C' independent of e.

For a domain U C R2, in the boundary integral faU f ndo, n denotes the outer normal of the

domain U.

8.2 Equations for a stationary/rotating vortex sheet

Let w(-,t) = wo(Rqt) be a stationary/rotating vortex sheet solution to the incompressible 2D Euler
equation, where wg € M(R?)NH ~1(R?) is a Radon measure. Here Q = 0 corresponds to a stationary
solution, and ) # 0 corresponds to a rotating solution. Assume wy is concentrated on I', which is a
finite disjoint union of curves. Throughout this paper we assume I" satisfies the following:

(H1) Each connected component of I' is smooth and with finite length, and it is either a simple
closed curve (denote them by I'y, ..., T',,), or a non-self-intersecting curve with two endpoints (denote

them by I'y11,...,pym). Here we require n +m > 1, but allow either n or m to be 0.
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Let us denote

dr := mindist(T';, T'y), (8.1)
ki
which is strictly positive since we assume the curves {T';}74" are disjoint. For i = 1,...,n + m,

denote by L; the length of I';. Let z; : S; — I'; denote a constant-speed parameterization of I'; (in

counter-clockwise direction if I'; is a closed curve), where the parameter domain S; is given by

R/Z fori=1,...,n,
Si =

[0,1] fori=n+1,...,n+m.

!| = L;, and the arc-chord constant

il =

Note that this gives |z

Fr:= max sup _Ja=8l (8.2)

i=lentmazpes, |zi(a) — zi(B)]

is finite, since I' is non-self-intersecting. Let s : I' — R? be the unit tangential vector on I', given

’

by s(zi(a)) = |2§3§| = Zlé?), and n : I' — R? be the unit normal vector, given by n = s*. See

Figure 8.1 for an illustration.
For i =1,...,n + m, let us denote by 7;(«) the vorticity strength at z;(a) with respect to the
arclength parametrization, which is related to w;(«) by

(o) = File)
%4(0) = L)

for a € S;. (8.3)

Throughout this paper we will be working with ~y;, instead of w;. We impose the following regularity
and positivity assumptions on ~;:

(H2) Assume that v; € C%(S;) for i = 1,...,n and v; € C*(S;) N CL(S?) for some b € (0, 1) for
i=n+1,...,n+m!

(H3) For i =1,...,n, assume 7; > 0in S;. And for i =n+1,...,n+m, assume ~; > 0 in S7,
and 7;(0) = 7;(1) = 0.

Note that for a closed curve, (H3) implies that ; is uniformly positive; whereas for an open
curve, -; is positive in the interior of S; but vanishes at its endpoints. This is because any sta-
tionary/rotating vortex sheet with continuous v; must have it vanishing at the two endpoints of

any open curve: if not, one can easily check that |BR(z;(a)) - n(z;(a))| — oo as « approaches the

IFor an open curve i = n + 1,...,n + m, note that (H2) does not require 7; to be C' up to the boundary of
Si, and its derivative is allowed to blow up at the endpoints. This is motivated by the fact that in the explicit
uniformly-rotating solution (4.12), its strength ~ is Holder continuous in [—a,a] and smooth in the interior, but its
derivative blows up at the endpoints.
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endpoint, thus such a vortex sheet cannot be stationary in the rotating frame.
With the above notations of z; and ~;, the Birkhoff-Rott integral (4.9) along the sheet can now

be expressed as

n+m n+m

BR(z(a)) = Z BRi(zi(a)) = Z PV g Ko (zi(@) — zi(a) v ()| 2z (a)] o (8.4)
k=1 k=1 k

with the kernel K5 given by

1

— ~1gl _ T
Ks () := (2m)" V™ log |z| = 2l

and the principal value in (8.4) is only needed for the integral with k = .

Let v : R? — R? be the velocity field generated by wp, given by v := V*(wg * ). Note that
v € C*®(R?\ T), but v is discontinuous across I'. Let v*,v~ : I' — R? denote the two limits of v
on the two sides of I (with v being the limit on the side that n points into — see Figure 8.1 for an
illustration), and [v] := v= — v the jump in v across the sheets. [v] is related to the vortex-sheet

strength v as follows (see [71, Eq. (9.8)] for a derivation): [v]-n =0, and

In addition, the Birkhoff-Rott integral (8.4) is the the average of v and v~, namely

BR(zi(«)) = %(er(zi(a)) +v (zi()) forallae S;i=1,...,n+m.

Figure 8.1: Illustration of the closed curves I'y, ..., T, and the open curves I'y, 11, ...,y 4m, and the
definitions of n, s, v and v~.

278



In the following lemma, we derive the equation that the Birkhoff-Rott integral satisfies for a

stationary/rotating vortex sheet.

Lemma 8.2.1. Assume w(-,t) = wo(Ra:x) is a stationary/uniformly-rotating vortex sheet with

angular velocity Q € R, and wy is concentrated on U?:lmfi, with z; and ; defined as above. Then

the Birkhoff-Rott integral BR (8.4) and the strength ~y; satisfy the following two equations:

(BR—Qz ) n=v -n=v -n=0 onT, (8.6)

and

C; onS;fori=1,...,n,
(BR(2i(a)) — Q2 (@) - s(zi(@)) vil@) = (8.7)
0 on S; fori=n+1,...,n+m.

In particular, the above two equations imply that BR(z;(a)) — Qz;t(a) =0 fori=n+1,...,n+m.

Proof. By definition of the stationary/uniformly-rotating solutions, wy is a stationary vortex sheet
in the rotating frame with angular velocity Q. In this rotating frame, an extra velocity —Qz;- should
be added to the right hand side of (4.10). Therefore the evolution equations (4.10)—(4.11) become

the following in the rotating frame (where we also use (8.4)):

Orzi(a,t) = BR(zi(a, t)) — sz‘(a, t) + ci(a, t)0nzi(ayt) (8.8)

Orwwi(a,t) = Oa(ci(a, t)w; (o, t)), (8.9)

where the term ¢;(a,t) accounts for the reparametrization freedom of the curves. Since wy is sta-
tionary in the rotating frame, z;(-,t) parametrizes the same curve as z;(-,0). Therefore 0;z;(c, t) is

tangent to the curve I';, and multiplying n(z;(«,t)) to (8.8) gives
0= 0yzi(a,t) - n(zi(a, 1)) = (BR(zi(a, t)) — Qzi-(a, 1)) - n(zi(a, 1)), (8.10)
where we use that n(z;(«a,t)) - 9n2;(a,t) = 0. This proves (9.1).
Now we prove (9.2). Towards this end, let us choose

(e 1) = BRG(@:0) = 0z (0, 1)) - s(za(e, 1)
h ‘aozzi(a,tﬂ ’

so that multiplying s(z;(c,t)) to (8.8) gives dyz; (v, t) - s(z;(, t)) = 0, and combining it with (8.10)

gives Oz;(a, t) = 0. In other words, with such choice of ¢;, the parametrization z;(«, t) remains fixed
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in time. Since wy is stationary in the rotating frame, we know that with a fixed parametrization

zi(a,t) = z;(,0), the strength w;(c,t) must also remain invariant in time. Thus (8.9) becomes

cila,t)wi(o,t) = C.

Plugging the definition of ¢; into the equation above and using the fact that z; is invariant in ¢, we

have
(BR(2i(a)) = Qz; (a)) - s(zi(@))wi(e)

=-C; forallaels;,
|0azi(a)]

and finally the relationship between 7; and w; in (8.3) yields (9.2) for i = 1,...,n.

And for the open curves i = n+ 1,...,n 4+ m, note that we do not have any reparametrization
freedom at the two endpoints a = 0, 1, therefore the endpoint velocity BR(z;(0,t)) — Qz;-(0,¢) must
be 0 to ensure that wq is stationary in the rotating frame. This immediately leads to C; = 0 for

i=mn+1,...,n+ m, finishing the proof of (9.2). O

8.3 Approximation by a thin vortex layer

Our aim in this section is to desingularize the vortex sheet wg. Namely, for 0 < ¢ < 1, we will
construct a vorticity w® € L (R?) N L*(R?) that only takes values 0 and €~ !, and is supported in
an O(e€) neighborhood of T, such that w® weakly converges to wg as € — 07.

For each i = 1,...,n + m, we will describe a neighborhood of I'; using the following change of

coordinates: let RS : S; x R — R? be given by
Ri(a,n) := zi(a) + evi(a)n(zi(a))n, (8.11)

and let

Dze = {R§<avn)iaesf,ﬁe (_LO)}

Note that each Df is a connected open set, and for all € > 0 sufficiently small, the sets (D$)?4™ are
disjoint. For ¢ =1,...,n, the domains Dj are doubly-connected with smooth boundary, and its inner
boundary coincides with T';; see the left of Figure 8.2 for an illustration. And fori =n+1,...,n+m,
the domains Df are simply-connected, and its boundary is smooth except at most two points; see
the right of Figure 8.2 for an illustration.

In addition, for € > 0 that is sufficiently small, one can check that RS : S? x (—=1,0) — DS is a
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Figure 8.2: Illustration of the definitions of RS and Df for a closed curve (left) and an open curve
(right).

diffeomorphism. Since v; € C1(S;) and z; € C?(S;), we only need to show RS : S¢ x (—1,0) — D¢

is injective. Below we prove this fact in a stronger quantitative version, which will be used later.

Lemma 8.3.1. For anyi = 1,...,n+ m, assume I'; and ~; satisfy (H1)-(H2). Then the map
RS : 59 x(—1,0) — DS given by (8.11) is injective. In addition, there exist some cg, €9 > 0 depending

on ||zillc2(s:), [|VillLe(s,) and Fr, such that for all € € (0,€) we have

[Ri(a’,n) = Ri(r,n)| = co(la’ — af + elvi(a)n — yi(a')n']), (8.12)

for all a,a’ € S?, n,n € (—1,0).2

Proof. To begin with, note that (8.12) immediately implies that RS : S9 x (—1,0) — D is injective,
where we used the positivity assumption v; > 0 in S{ in (H2). Thus it suffices to prove (8.12).
Throughout the proof, we fix any i € {1,...,n+m}, and we will omit the subscript ¢ for notational

simplicity. Using the definition (8.11), let us break R¢(a/,n’) — R*(a,n) into

Re(a’,n) = R(a,m) = 2(e') = 2(a) + € (v(a)n" = v(e)n) n(z(a")) + ey(e)n (n(z(a”)) — n(z(a))) -
=T =T =:T3

(8.13)

For T and T3, we have

1 = 2 (o")( = )] <[lz]lc2gs)la — ',

(8.14)
T3] < ex(@)z]lc2 (sl = ).

2In fact, (8.12) also holds (with a slightly smaller eg and co) for 1,1’ € (—2,2), even though such R{ may not
belong to Dj. We will use this fact later in the proof of Lemma 8.3.5.
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Also, using that 2’'(a’) = Ls(z(«)) is perpendicular to n(z(«')), we have

[2'() (0 = a) + To| = |L(a’ — a)s(z(a)) + e (v(a )0’ = v(a)n) n(z(a))]

1 1
> §L|0/ —al+ € Iv(e )" —~(a)n],

where we use that \/22 +y2 > 1(|z| + |y|). Combining this with (8.14) gives
/ L / 1 /! /
[T+ T+ T3] > o~ of| (5 Izl (Ja — o] + e3(a)) ) + gehahr — (),

thus

L 1
|R (/1) = R (a,m)| > Viche o[+ 56\7(0/)77’ — () (8.15)

for all 0 < € < L(8||z|lc2||7|lz=) "t and o — /] < m.
For |a — o/| > m, recall that the definition of F in (8.2) gives |z(a/) — z(a)| > Fi''|o/ — af.

Thus a crude estimate gives
1
R (e, 1) = R(a,m)| > [2() — z(a)| — 2|yl poe(s) > E\O/ —al+ey(a)n’ —v(a)n|  (8.16)

for 0 < € < L(64Fr||z||c2||7v]|z=)"t. (Note that for such € we have 4e||vy|| =~ < ﬁ|a’ — af due to
our assumption that |o — o/| > W)
Finally, combining (8.15) and (8.16), it follows that (8.12) holds for ¢y = min{%, ﬁ, 1} and

€0 = min{ L(8|z||c2||7||z=) "1, L(64FF||z||c2||7]|z=)~'}. This finishes the proof. O

In the next lemma we compute the partial derivatives and Jacobian of Rf(a,n), which will be

useful later.

Lemma 8.3.2. For anyi=1,...,n+m, let z; be a constant-speed parameterization of the curve

T; (with length L;), and let RS be given by (8.11). Then its partial derivatives are

A 2 ()t
0u (o) = 2i0) + ¢ (+i(@) g (@) T )
! ‘ (8.17)
¢ zi(a)*
O Bti (e, m) = evi(a) =" —.
Moreover, its Jacobian is given by
det(VanR) = eLivi(a) — €Ly} (e)ri(e)n, (8.18)
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where k;(@) denotes the signed curvature of T'; at z;(«).

Proof. Since z; is the constant-speed parameterization of I'; (which has length L;), we have |2}| = L;
and n(z;(a)) = z/(a)*+/L;. Taking the o and 7 partial derivatives of (8.11) directly yields (8.17).

Putting the two partial derivatives into columns of a 2 X 2 matrix and computing the determinant,
we have

P | o2 (@) 2H(0)

det(Va ) = €)1 :

= eLivi(or) — € Ly (o) ks (o),

where in the second equality we used that 2/(a) = k;(a)n(z;(«))L? (recall that z; has constant

speed L;). This finishes the proof. O

Remark 8.3.3. We point out that for each i = 1,...,n + m, the determinant formula (8.18)

immediately gives the following approximation of |Df|, which will be helpful in the proofs later:

€ € S;

Di 1 1 0
|Di] = 7/ ldz = 2/ / det(Va,n R (o, n)) dnda = Li/ vi(a)da + O(e), (8.19)
Ds 8 J—1

where the O(¢) error term has its absolute value bounded by Ce, with C' only depending on ||z c2(s,)
and [|%il[ Lo (s;)-
Finally, let D€ := U™ D¢, and w® : R? — R is defined as
ntm

wx) =€ pe(z)=e ' > 1pe(a),
=1

and let

ve = VH(w x N) (8.20)

be the velocity field generated by w*.

In the next lemma we aim to obtain some fine estimate of v¢ in the thin vortex layer D€. Our
goal is to show that along each cross section of the thin layer (i.e. fix ¢ and «, and let  vary in
[—1,0]), the function n — v¢(R$(«,n)) is almost a linear function in 7, with the endpoint values (at

n = —1 and 0) being almost v~ (z;(«)) and v*(z;(«)) respectively.

Lemma 8.3.4. Fori=1,...,n+m, assume I'; and v; satisfy (H1)—(H3). Let

gila,n) = BR(z(0)) ~ (n+ 3 )M(aa))  fora € S,
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and note that g;(c,0) = v (z(a)) and gi(a,—1) = v~ (2;(c)) (see Figure 8.3 for an illustration of

gi(a,n)). Then for all sufficiently small € > 0, for alli=1,... ,n+m we have

[vE(RS (v, m)) — gi(c,m)| < Ceb| loge| for all € S;,n € [-1,0], (8.21)

where b € (0,1) is as in (H2), and C depends on b, max; ||zil|c2(s,), max; [|villcv(s,), dr and Fr.

Ré(a,n)e gi(a,m)

Figure 8.3: Illustration of the definition of g;(c,-) (the orange arrows).

Proof. Let i be any fixed index in 1,...,n +m. We begin with breaking v¢ into contributions from

different components {D§}} 21", namely

n+m

n+m
Vi) = 3 vi Z Kz (& —y)dy,
k=1

where the kernel K, is given by (8.5). Similarly, we can break BR(z;(«)) into BR(zi(a)) =
n+m

Z BRy(z(«)), where BRy is the contribution from the k-th integral in (8.4), and note that
k=1

the PV symbol is only needed for k = 1.

e Estimates for k # i terms. For any k # i, we aim to show that
Vi (R (a,n)) = BRi(zi())| < Ce, (8.22)

where C' depends on dr,maxg ||zk||cz and maxy |[kx||L~. Applying a change of variable y =

R (¢!, 1), we can rewrite v§, as

Vi (Ri(a,n) = e Kz(R( ) —y)dy
(8.23)

/ / Ky (R (« R( 1)) e tdet (Vo Re (/1)) dnde’.
Sk

::T2
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Using the facts that R{(a,n) — R5.(a/,n') = z;(a) — zi(a') + O(e) as well as |z;(o) — z5(a’)| > dp > 0
(recall that dr is as given in (8.1)), for all sufficiently small € > 0 we have T} = K»(2;(a) — z1(a’)) +
O(e). For Ty, the explicit formula (8.18) for the determinant gives 7o = Lyvi (') + O(€). Plugging

these into the above integral yields

vi(Ri(a,n)) = : Ka(zi(a) = zr(e)) Liye(e’) do’ + O(e) = BRi(zi(a)) + O(e),

finishing the proof of (8.22).
e Estimates for the k =i term. It will be more involved to control the k = ¢ term, and our goal

is to show that

ViR (o)) — BRi(z(e)) + (n+ 3) M(zz«a»\ < Ce'|logel. (8.24)

To begin with, we again rewrite v¢ as in (8.23) with k = 4, and plug in the formula (8.18) for the

determinant. This leads to
vi(i(a.m) = | / Ka(RS(aym) = RE(0',m)) (Livi(e!) = eLir? (Yool Yn) dif'de’
Sk
= Il + IZu

where I, I are the contributions from the two terms in the last parenthesis respectively. Let us
control I first, and we claim that

| < Ce|loge|. (8.25)

Using (8.12) of Lemma 8.3.1 and the fact that |Ky(z)| < |#|~1, we can bound I, as

0
L) = / / Ko (Ri(om) — Re(a! 1)) eLin (o )ra(o! oy dif ded
S J—1

0 A
§C€/ / ’YZ(CY) dldal
s J_1la’ —al+ ema/) "oy
17 ll oo
<cef | dda’ (8 = (o) — i(a)n) (8.26)
Sk

il 10 = af +€l0'] —a\ +elo'|
1/E H'Y7Hoo , , ( , 1( , ))
<C’e/ / do'dp’ (B i=e¢ (o —a
1/e S~ ille |5’| + 16|
< Ce|loge|

where C' depends on ||z;||c2 and ||| L.
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0
In the rest of the proof we focus on estimating I; = / / Ks(R§(a,m)—RS (' ') Lirvi(a) dn do.
Sk J—1

For ¢ € [0,1], let us define

fla, o ,n,n'st) == R{(a,n —tn) — Ri (e, —tn)"),

0
J(t) ::/S /_1Kz(f(Oaa'm,n’;t))Lm(o/)dn’da’. (8.27)

Note that in the definition of f, the argument n—tn’ of R{ belongs to [—1, 1], instead of [—1,0] as in
the original definition of (8.11). Here R$(«,n —tn’) is defined as in the formula (8.11), even though
it might not belong to Df. Clearly, J(0) = I;. The motivation for us to define such f and J(¢) is
that at ¢t = 1, we have

0 0
J(1) = /S / K (Ri(en =) = 5 () Lyl df o’ = / ViR (com — o)) drf,  (8.28)

-1

where v; is the velocity field generated by the sheet I';. Recall that v; has a jump across I';, where
we denote its limits on two sides by vii. Using Lemma 8.3.5, which we will prove momentarily, we

have

, vi(zi(@) + O("|loge|) if n—1' € (0,2),
vi(Ri(a,n—1)) = (8.29)
vi (zi(a)) + O(e’|loge|) if n—n' € (=2,0).

We can then split the integration domain on the right hand side of (8.28) into n’ € (—1,7n) and

7 € (n,0), and use (8.29) to approximate the integrand in each interval. This gives

J(1) = (n+ Vv (z:(a)) = vy (zi(a)) + O(e’| log e])

= BRi(zi(a)) — (n+ ;) V](z:(a)) + O(e[log e]),

(8.30)

where in the last step we used that [v](z;(a)) = [vi](zi(@)), since all other v; with k # i are
continuous across I';.

Finally, it remains to control |J(0) — J(1)|. Note that by (8.12), we have

flosdyn,n'st) > co(lo— o[+ e|vi(a@’)n" — vi(e)nl).

In addition, we have

2 Flosalmaf0) = Je(r(aIm(z(a) — e’ Inz ()| < Oclar— o'
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where the last inequality follows from (H2) and the fact that n(z;(a)) € C1(S;). Therefore, for any

€ (0,1), taking the ¢ derivative of (8.27) and using that |VKy(z)| < |z|~2, we have

o [Pyi(a’) 1o
<C sdn do
)l /sk/ \a—a’|+e|%( ' = i(a)mn|) !

vi(a’) "o
< 06/ / dn/da
s )1 la— a7 (Ja— o[+ elva(a)y — yi(a)n)) "

/e plville 1 d0'ds (0 . L
/1/e/||m|oo B0 (18 + 107)) B (0" =il )n" —yila)n, B =€ (o' — )

1/e My
gceb/ 1 og <1+ ||’V|Z/6|)|II|/ )dﬂ’
1/e

< Cé,

where C' depends on b, ||vil|cv(s,), [12illc2(s,) and Fr. This leads to

[J(1) = Ih| = [J(1) = J(0)] < Ce’[loge|.

Finally, combining this with (8.30) and (8.25) yields (8.24), finishing the proof of the k = ¢ case.
We can then conclude the proof by taking the sum of this estimate with all the k # i estimates in
(8.22). O

The following lemma proves (8.29). Let v; be the velocity field generated by the sheet I';, which is
smooth in R?\T;, and has a discontinuity across I';. It is known that v; converges to V?: respectively
on the two sides of T'; [71]. However, we were unable to find a quantitative convergence rate (in
terms of the distance from the point to I';) in the literature, especially under the assumption that

7; is only in C?(S;) for the open curves. Below we prove such an estimate.

Lemma 8.3.5. Fori=1,...,n+m, let v; be the velocity field generated by the sheet I';, given by
)= / Ko(z — z(a)) yi(a)|zi(a)) | da’  for x € R\ T;.
S

Then there exist constants C,eg > 0 depending on on'b (as in (H2)), ||zillc2(s,), |7illevsy) and Fr,

such that for all € € (0,€¢9) and n € (—2,2) we have

vi(Ri(a,m)) = v (zi())| < Ce’|loge|  if n € (0,2), (8.31)

|vi(R§(oz,77)) — V;(zi(a)ﬂ < Ceb| loge| ifne(-2,0), (8.32)
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where
M . Vi = BRi(z(a)) -

n(zi(a))*yi(a)

V+ :BRI(Zz(Oé))—F 2 )

and BR; is the contribution from the i-th integral in (8.4).

Proof. We will show (8.31) only since (8.32) can be treated in the same way. From the definition of

RS in (8.11), we have

(2

Li (z:(@) = zi(a) 7ila) oy L erm(z;(a)) () vi(a)
/Si |2 o /S |2

vi(R5(a,m)) = — —
) = 5 (@) = zi(a’) + emm(zi(a) (@) 27 (@) = zi(a’) + em(zi(a) i (o)

=: A; + As.

We claim that for all € > 0 sufficiently small and 7 € [0, 2), we have

|A; — BR;i(2())| < Ce®|loge], (8.33)
1
Ay — w < Ce, (8.34)
and note that these two claims immediately yield (8.31). From now on, let us fix i € {1,...,n + m}

and omit it in the notation for simplicity. Throughout this proof, let us denote

y(a,a) :=z2(a) — 2(a’)  and c(a):=emm(z(a))y(a),

so that
1L ' / 1L /
=5 [ e e A 5, e st
Note that
Fytla = of| < ly(a,0)| < [zl — o). (8.35)
For the closed curves with ¢ = 1,...,n, since z has period 1, we can always set a — o’ € [f%, %) in
this proof.

Applying (8.12) (with ' = 0), we have

[y (e, @) + e(a)]* > colla — o] + e*n*y* (@) = colla — o] + |e(a) ). (8.36)

Since z’'(«) = Ls(z(«)), let us define



which is a close approximation of y in the sense that
ly (e, 0') = y(a, )| < [lzllc2 (o — ). (8.37)
Using s(z(«)) L n(z(«)), we have
¥ (a, @) +c(a)]® = LP|la— o' + En** (@) = L|a — o/ + |c(a)]?. (8.38)

From now on, for notational simplicity, we compress the dependence of y(«, o’),¥(«, '), c(a) on «
and o' in the rest of the proof.

e Estimate (8.33). Note that BR;(z(«)) can also be written using the above notations as
L yt
BR; = —PV | Z—=~(a)da,
() = 52PV [ Lostetyda

thus A; — BR;(2(a)) can be written as follows:

Ay — BR;(2(a)) = £PV/S < o yL) ~v(o')do!

2m ly +c  |yl?
=:f(y,c)

L L
— 52 [t 00@) st + TPy [ sy, e
=: A1 + Ag.

A direct computation gives
1 v - 2
fly,c) = Y et (8.39)

P Iy e
Sincey-c = (y —y) ¢ < Cla—d|?|c|, (where we use y L n(z(«)) and (8.37)), combining this with

(8.35) and (8.36) gives a crude bound

o — o'Pe] + [c]?
— oo — /P +[e?)’

£ <
el <

Plugging this into A1; and using the Holder continuity of «y, we have

A2 2
‘A11| S// |OL O[| |C| + |C| ‘Oé*Ol/|de/
s la—=a'|(la—a'* +[c|?)

S el [ (el fePlel s (0=’ - a)
161<lel

lel<16]<1

S lel” < o,

289



where the last step follows from the fact that |c| < 2¢||v]|co. Now let us turn to Ajs, which requires

a more delicate estimate of f(y,c). Let us break A;s as

Ly(a)
2T

Ly(o)

Ao —
12 o

/(f(y,C)*f(Sf,c))da% PV/ f(y,c)da’ =: By + Bo.
S S

For By, let us take the gradient of f(y,c) (as in (8.39)) in the first variable. An elementary compu-

tation yields that

g el
IVif(x,¢)| < Clx| mm{1, x} (8.40)

as long as x satisfies

|x + c|2 > co(|x|2 + |c\2). (8.41)

We point out that x = &y + (1 — £)y indeed satisfies (8.41) for all £ € [0,1]: to see this, in the proof
of Lemma 8.3.1, if we replace T} in (8.13) by £y + (1 — £)¥, one can easily check the proof still goes

through for & € [0,1]. In addition, for any £ € [0, 1] we also have
€y + (1= &)y = cola — o], (8.42)
Thus the gradient estimate (8.40) together with (8.37) and (8.42) yields
[f(y.e) = f(¥,0)l < min{L [efla — o/|7"} < min{l, elo —o’| 7},
and plugging this into By gives
| B | §e+/ ela—o/|7tda’ < €| loge|.
e<|a—a’|<1

As for Bs, using the definition of y, the identity (8.38) and the fact that y - ¢ = 0, we have

L 2
B, — Lv(a)PV/ A
S

o 5P 7 + <P
L 2 r_
_ Drifole(0) gy | o —a o
2L g o/ —al2(L?|a! — af? 4 |c]?)
For the closed curves i = 1,...,n, we immediately have By = 0 since a — o/ € [—3, 1), and the

integrand is an odd function of o — a.
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For the open curves i =n + 1,...,n + m, the above integral becomes

_ DlePatead py [0 _
== VL e ® YT
Leento) [0

ol L et )

where in the second inequality we used that the integral in [—a, ] gives zero contribution to the
principal value, since the integrand is odd.

Next we discuss two cases. If a > |c|, we bound the integrand by C8~3, which gives
|Bs| < Cy(a)lc]?a™? < Clcffab™2 < Cc|® < Cé.

where the second inequality follows from the assumption (0) = 0 for an open curve in (H3), as well
as the Holder continuity of 4. And if 0 < o < |c], the integrand can be bounded above by 6~!|c|72,

which immediately leads to
|Bs| < Cy(a)|logal < C|c|b| log|c|| < Ceb\ log e|.

In both cases we have |By| < Ce’|loge|, and combining it with the B; and A;; estimates gives
(8.33).
o Estimate (8.34). We break Az into

Let " — Let 1 1 Let 1
A — c‘/vw) g@dd+ cv@%/( I 2)dd+ CV@O/ LI
2 Js |y +cf 2r Js\ly+cl? |y+c 2 Js |y +cf

=: Aoy + Ago + Aos.

For Asq, (8.36) and the Holder continuity of v immediately lead to

o — o/’ / b b
|A21] < Clc| : mda <le|” < C¢. (8.43)

For A, its integrand can be controlled as

1 1

B ly =9Iy +el+[y+el) _ Clo— /|2
ly+cl? |y+cf?

ly+clPly+ef 7 (la—o/P+][c?)??
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where the last step follows from (8.36), (8.37) and (8.38). This allows us to control Ass as

1 2
0
Ay < C —————df < C|c| |1 < Cell . 8.44
| 22| = |C|/_1 (92 + ‘C|2)3/2 = |C|‘ Og‘CH = 6| Og€| ( )
Finally, for the Ag3 term, (8.38) gives
Lety(a) 1 n+(a)y(a) 1 L/ — )
Agz = do = de t 0= ————=
2 o /S 2| — a2 + 2 o /192 0 (e o)

. . . L L . La L(l—«a .
where the integration interval I = (—m, m) fori=1,...,n, and I = (_W’ (|c| )) for i =
n+1,...,n+ m, and in the last equality we also used that % =n'. For i =1,...,n, one can
easily check that

1 e 1
———df—7w| =2 ——df < Clc| <C
/102_’_1 7r /2L02+1 < Clc| < Ck,
which immediately leads to
- R |t (71| o
23 2 102 4+1 =
for i =1,...,n. Next we turn to the open curves i =n+1,...,n + m, and let us assume « € [0, %]

without loss of generality. In this case we have

Lo
Tl 1 o 1 lc| =
= ——df df <minq C—, = Ce.
/_OC 02 +1 +/L<1a) 02 +1 _mln{ a’2}+ ‘

1
[y -n

where we used 1 — a > % to control the second integral by Ce. Using the above inequality as well

as the fact that y(a) < Ca® due to (H3), we have

n(z(a))y(a)
2

B _ (@)
‘AZS - 27T

/ L_ 49— 7| < Ca’ min H,l +Ce<O(lc|’ +e¢) < Ce
1 02+1 «

fori =n+1,...,n+m. Finally, combining the As3 estimates together with (8.43) and (8.44) yields
(8.34). O
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8.4 Constructing a divergence-free perturbation

In this section, we aim to construct a divergence-free velocity field u¢ : D¢ — R2, such that —u€

tends to make each D¢ “more symmetric”. Let u®: D¢ — R? be given by
u‘:=z+ Vp* in D, (8.45)
where the function p¢ : D¢ — R is chosen such that
V-u*=0 in D€, (8.46)
and on each connected component [ of 9D¢, u¢ satisfies

/u6 -ndo =0, (8.47)
l

where n is the unit normal of [ pointing outwards of D¢. Note that D¢ has a total of 2n+m connected
components: Df is doubly-connected for ¢ = 1,...,n (denote its outer and inner boundaries by

D5 ., and ODf;,; note that 9Df

i,in? 7,in

coincides with T';), whereas it is simply-connected for i =
n+1,...,n+m (denote its boundary by 0D5).

Next we show that there indeed exists a function p¢ so that u satisfies (8.46)—(8.47). Clearly,
(8.46) requires that p° satisfies
Ap = -2 in D°. (8.48)

Once (8.46) is satisfied, the divergence theorem yields that u® satisfies (8.47) for each | = D5 for
t=n+1,...,n+m.

Next let us set the boundary conditions as

plops =0 fori=n+1,...,n+m. (8.49)
Fori=1,...,n,let
0 ondDs,,
Pt = fori=1,...,n, (8.50)
¢ ondDf; =T,
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where ¢§ > 0 is the unique constant such that

Vp-ndo = =2|U;| fori=1,...,n, (8.51)
oU;

where U; is the domain enclosed by 0D¢

¢in = L'i (thus U; is independent of €), and n is the outer
normal of U; (thus the inner normal of Df). The existence of ¢§ is guaranteed by [42, Lemma 2.5].
One can then check that |, oU,; u‘ - ndo = 0. Applying the divergence theorem in Df then gives us
that faD;m u® - ndo = 0 as well, thus u® satisfies (8.47) for i =1,...,n.

In [42] we proved a rearrangement inequality for such p¢ in a similar spirit of Talenti’s rearrange-

ment inequality for elliptic equations [89], which we state below.

Lemma 8.4.1 ([42, Proposition 2.6]). The function p¢ : D¢ — R defined in (8.48)(8.51) satisfies

the following in each D fori=1,...,n+m:

| D;]

supp < Dt (8.52)
and
Ds|?
/De pf(x)dx < % (8.53)

Moreover, each inequality above achieves equality if and only D5 is either a disk or an annulus.

Note that the inequalities (8.52)—(8.53) hold for any domain with C* boundary. Even though
the inequalities are strict when Dy is non-radial, they are not strong enough to rule out non-radial
vortex sheets, as we need quantitative versions of strict inequalities that are still valid in the e — 0%
limit. As we will see in the proof of Proposition 8.5.2, the key step is to show that if some I'; is
either not a circle or does not have a constant -;, then the following quantitative version of (8.53)
holds: ¢~2 (% — ng p%x)dx) > ¢o > 0, where ¢ is independent of e.

In order to upgrade (8.53) into a quantitative version, we need to obtain some fine estimates for
p¢ that take into account the shape of the thin domains D§. For i =n +1,...,n 4+ m, since p* =0
on 0D5, and the domain Df is a thin simply-connected domain with width e <« 1, intuitively one
would expect that |p¢| < Ce?. The next proposition shows that this crude estimate is indeed true,

and its proof is postponed to Section 8.4.1.

Proposition 8.4.2. For anyi=n+1,...,n+m, let p* : D — R be given by (8.48)~(8.49). Then
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there exist €1 and C only depending on ||zil|c2(s,), |Vill Lo (s,) and Fr, such that

Ipf| < Ce®  in DS

for all e € (0,€1).

Fori=1,...,n, the estimate is more involved, since p* takes different values ¢{ and 0 on the inner
and outer boundaries of Df. Heuristically speaking, since Df is a doubly-connected thin tubular
domain with width ~ €, we would expect that p§ (in a,n coordinate) changes almost linearly from
0 to ¢§ as 1 goes from —1 (outer boundary) to 0 (inner boundary). Next we will show that the error
between p¢(RS(c,n)) and the linear-in-n function c{(1 + n) is indeed controlled by O(€?). We will
also obtain fine estimates of the gradient of the function ¢(1+7), as well as the boundary value c§.

Again, its proof is postponed to Section 8.4.1.

Proposition 8.4.3. For any ¢ = 1,...,n, let p° : ﬁf — R and ¢ € R be given by (8.48) and
(8.50)~(8.51). For such p°, let us define p¢,¢° : D — R as follows:

P(Ri(a,m) :=ci(L+m) fora€S;,nel0,—1], (8.54)
q =p°—p° in Df.
Also let
2\U;
5, Ui (8.55)

T Li fs, 7 Ha)da’
Then there exist €, and C only depending on ||zi||cs(s,), |Villc2(s,) and Fr, such that for all e € (0,¢€1)

we have the following:

l¢f| < Ce*  in D,

(8.56)
=0 on 0D5,
4 g <ce (8.57)
< ( pe Bi
'Vp (R (a,m)) — %(a)n(zi(a)) < Ce foraceS;nel0,—1]. (8.58)

8.4.1 Proof of the quantitative lemmas for p°

In this subsection we aim to prove Propositions 8.4.2 and 8.4.3. We start with a technical lemma

on estimating the solution of Poisson’s equation (with zero boundary condition) in the domain D5.
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Lemma 8.4.4. For anyi=1,...,n+m, assume I'; and v; satisfy (H1)-(H3). Let v € C?*(D$)N

C(D5) solve the Poisson’s equation with zero boundary condition:

Avt =—-1 in Dj,
(8.59)

ve =10 on 0D;.

Then there exist positive constants eg = C(||zi||c2(s,)s [|7illL=(s:), ) and C1,Co = C(||7illo=(s,))s

such that for all € € (0, ) we have
0<v<Cieé®  in DS (8.60)

and

VUL (r,y < Coe fori=1,...,n. (8.61)

Proof. Throughout the proof, let i € {1,...,n + m} be fixed. For notational simplicity, in the rest
of the proof we omit the subscript ¢ in RS, D5, S;, z; and ;.

Step 1. We start with a simple geometric result that D€ is “flat” in a small neighborhood of
any interior z(a). For any a € 5°, let V¢(a) := DN By (2(a)), where || - || denotes || - || o (s)-

We will show that any y € V¢(«) satisfies

[(2(a) = y) - n(2(e))] < 2€]7]l 0 (8.62)

for all sufficiently small € > 0 (to be quantified in (8.67)). See Figure 8.4(a) for an illustration.
Since y € V¢(a) C D¢, there exist 8 € S and n € (—1,0) such that y = R(8,n) = z(8) +
ey(B)n(z(B))n. It follows that

|(2() =) - n(z(a))] < [(2(@) = 2(8)) - n(z(e)] + €l[7llo

<[12" lloo (@ = B)* + €l|¥lloo

(8.63)

where in the second inequality we used

|(2(e) = 2(8)) — /(&) (a = B)| < [|2"]| oo (cx — B)? (8.64)

and z'(a) - n(z(a)) = 0. To bound o — 3 on the right hand side of (8.63), the fact that y €
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(a) (b)

Figure 8.4: (a) In Step 1, V¢(«) (the yellow set) must lie between the two dashed lines for small e.
(b) In Step 2, OV<(ayg) is decomposed into IV (ap) (in dark green) and 9V () (in purple).

Be||y (2()) gives
6ellvlloe = [2(a) =yl = |2(@) — 2(B)] — e(B), (8.65)

which implies |z(a) — 2(8)| < 7€||V||oo- Since the arc-chord constant Fr given in (8.2) is finite, this
implies

la = B] < TFr 7]l e (8.66)

Plugging this into the right hand side of (8.63), we know (8.62) holds for all
0 < €< (490" oo FElIlloc) ™" (8.67)

Step 2. Next we prove (8.60). Note that v€ is superharmonic in D¢ and vanishes on the boundary,
thus it follows from the maximum principle that v¢ > 0 in D¢. Denote M := maxgecpe v¢(x), and
pick zg = R(ag,m0) € D€ such that v°(xg) = M. Note that ap € S°. Without loss of generality,
we can assume that z(ag) = (0,0) and s(z(ap)) = e1 := (1,0), so that n(z(ag)) = (0,1) and

2o = (0,ey()mo). Let us consider a barrier function b; : R? — R given by

56'2

by (z1,22) = x% -5

Clearly Ab; = 1, so v + by is harmonic in D€. It then follows from the maximum principle that

mauxm(v6 + b1) is achieved at some boundary point Zg € OV¢(ap). Let us break 0V¢(ayp) into
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OVE(ap) U Vs (ap) (see Figure 8.4(b) for an illustration), given by
an(ao) = 0D°N BGEHWHQC(Z<O‘0))7 8V2E(Oéo> = DN aBGEHVHM (Z(Oéo)) (8.68)

We claim that Zo € OV (ap). To see this, note that any y = (y1,y2) € IVs (o) satisfies
ly| = 6€ll7]lco and |yz2| < 2€||v|lco, where the latter follows from (8.62) and our assumptions that
s(z(aw)) = e1 and z(ap) = (0,0). This implies that |yi| > 4e€||v|lco > |y2], thus b1(y) < 0. Using
that v¢(xo) = M > v(y) and by (o) = b1(0, ey(ag)no) > 0, we have (v + b1)(y) < (v + by)(xo).
This shows that maxm(v6 +b1) cannot be achieved on 9V (ay), finishing the proof of the claim.

Since &y € OV (ap) C 0D€, the boundary condition in (8.59) yields that v¢(Zy) = 0. Thus
M + b1 (o) = v(x0) + b1(z0) < v(Zg) + b1(Zo) = b1(Zo)-
Using by (zg) = b1(0, ey(ap)no) > 0, the above inequality becomes
M < by(Zo) < [Tol* < 36]|7]1 %€, (8.69)

where the second inequality follows from the definition of b;. This proves (8.60) for C; = 36|v||%

Step 3. It remains to prove (8.61). First note that for ¢ € {1,...,n}, the assumptions (H1)-
(H3) yield that D§ has C? boundary, therefore v € C?(D$)NC*(D5). Let us fix i € {1,...,n} and
any o € S, and we aim to show that |Vo(z(«))| < Cae. Again, without loss of generality we can

assume that z(a) = (0,0) and s(z(a)) = e;. Let us consider a new barrier function by : R? — R

2
x
by(x1,x2) := 2 + 4€||Y| o2 — L (8.70)

?7
which satisfies b3(0,0) = 0, and one can easily check that its zero level set has horizontal tangent at
(0,0) (thus tangent to 9D at z(«)).
Again, let us decompose IV <(a) as OV (a) U OV () as in (8.68) (except that ag now becomes

«). We claim that for all sufficiently small € > 0, the new barrier function by satisfies

Aby =1 in V(a), (8.71)
by <0 on OVf, (8.72)
by < —€>  on OVy. (8.73)
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Let us assume for a moment that (8.71)—(8.73) are true. Then it follows that
v€ 4 Caby <0 in V(a), (8.74)

where Cy := max {1,C;} and C; is as in (8.60) (in the end of step 2 we have C; = 36]v||%,). To
show (8.74), note that v¢+4 Cabs is subharmonic in V¢(«) due to (8.71) and the definition of Cs, thus
its maximum is attained on its boundary. The boundary conditions in (8.59) and (8.72) yield that
v€ 4+ C2be < 0 on OV (a); whereas (8.60), (8.73) and the definition of Cy yield that v¢ + Cbs < 0
on 0Vs(a). Thus v¢ + Caby < 0 on OV (a) U Vs (), implying (8.74).

However, v¢ + Cabs is actually zero at z(a) € 9V<¢(«), therefore Hopf’s Lemma implies that

V (v¢ + Cab2) (2()) - Ti(2(«r)) > 0, where 7i(z(c)) is the outer normal of 9D at z(«). Hence
Vo (z())] = =V (2(@) - 7i(2(@) < CaVba(z(a)) - 7i(z(a)) = 4C2]|v(l0€, (8.75)

where the first equality follows from the fact that v¢ is superharmonic in D€ and constant on 9D*,
and the second equality is a direct computation of Vby. Thus (8.75) proves (8.61).

To complete the proof, we only need to prove (8.71)—(8.73) for small ¢ > 0. Note that (8.71)
follows immediately from computing the Laplacian of be. For (8.72), let us pick y € 9V (), and we
aim to show that ba(y) < 0. Note that y = R%(8,0) or R°(3,—1) for some 3 € S. We first deal with
the first case.

Let us denote y = (y1,y2). Rewriting (8.64) into two inequalities for the two components, and

using that z(a) = (0,0) and 2'(a)) = Ley (L is the length of the curve I';), we have

0= y1 = L{a = B)| < [|2" ]| (@ = B)° (8.76)

ol =10 = ol < [z [loc(a — B)*. (8.77)

Also, (8.66) gives |a— 8] < TFp||v|lce. Applying it to (8.76), for all € > 0 sufficiently small we have
that
L
0l = Zla— g1 (5.75)

Plugging (8.78) and (8.77) into ba(y) = — 147 + y3 + 4€||7||ocy2, we have

L2
ba(y) < ——5-(a = B)? + 112" I3 (@ = B)* + delVllooll2" l|oo (a — B)?

L 2 2
< —§—|—C’e +Ce | (a—p)° <0,
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for all € > 0 sufficiently small, where the second inequality follows from (8.66). This finishes the
proof of (8.72) for the case y = R*(3,0).

Before we deal with the case y = R¢(3,—1), let us prove (8.73) first. For any y = (y1,y2) €
Vs (a), (8.62) gives |ya| < 2€||7||co. Combining this with |y| = 6¢||v|lo yields |y1| > v/32¢||7]|oo-
Thus

(v/32¢]7]l)?

ba(y) < (2ellvlloc)? + dellVlloo (2€ ]|Vl o) — —y = —4€*|7]13%-

Finally we turn to the proof of (8.72) for the case y = R¢(3, —1). Note that the curve {R°(5, —1) :
B € S} N Bee|ly||.. (2(a)) lies in the interior of the region bounded by I' N Bg|| .. (2(c)) on the top,
OBge||y||.. (2()) on the sides, and y2 = —2¢||7|l on the bottom. (The last one follows from (8.62)
and our assumption that s(z(a)) = e;). We have already shown by < 0 on I' N Bg4) (2(c)) and
the lateral boundaries, and it is easy to check that by < 0 on yo = —2¢||y]|0o- Since the set {bs < 0}

is simply-connected, it implies that by < 0 in the interior of this region, finishing the proof. O

Note that (8.60) of Lemma 8.4.4 immediately implies Proposition 8.4.2. (The only difference
is that Av® = —1 in Lemma 8.4.4 whereas Ap® = —2 in Proposition 8.4.2, so the constant C in
Proposition 8.4.2 is twice of that in (8.60)). The lemma also implies the following corollary, which

will be helpful in the proof of Proposition 8.4.3.
Corollary 8.4.5. For any i =1,...,n+ m, assume I'; and ~; satisfy (H1)—-(H3). Assume v¢ €
C%(D§) N C(Ds) satisfies that

|Ave| < Cy  in DS,

v* =0 on 0Ds,

for some constant Cy > 0. Then for the same constants ey, C1,Co as in Lemma 8.4.4, the following

holds for all € € (0,¢€):

|v€] < CoChre?  in DX, (8.79)
and if v¢ € C*(D¢) N CY(DS), we have
Vo] Lo (r,) < CoCae  for i=1,...,n. (8.80)
Proof. Let © be a solution to
Av=—-Cy in D§,

(S}
I
o

on 0D5.
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It is clear that v“ + ¥ is super-harmonic and v¢ — ¥ is sub-harmonic in Dj, and they both vanish on

the boundary. Thus the maximum principle implies that
—5<v° < in DL (8.81)

Applying (8.60) of Lemma 8.4.4 to C%? we obtain 0 < o < CyC1e® in DS for all € € (0, ¢), leading
to (8.79). Furthermore, (8.81) and the fact that v® and v both have zero boundary condition imply
that

Vo€ < |Vo|  on dD5.

We then apply (8.61) of Lemma 8.4.4 to C% and obtain ||[Vv€| e r,) < CoCse, which proves (8.80).
O

Now we are ready to prove Proposition 8.4.3.

Proof of Proposition 8.4.3. Throughout the proof, let i € {1,...,n} be fixed. For notational
simplicity, in the rest of the proof we omit the subscript ¢ from all terms.

We claim that

V(R (e, m)) —

6’y(oé)n(z(oz)) <Ce forallae S nel0,-1], (8.82)

1AG |z (pey < C (8.83)

for some constant C' > 0 only depending on ||z cs(s,), [|7illc2(s;) and Fr. Assuming these are
true, let us explain how they lead to (8.56)—(8.58). By (8.50) and (8.54), p¢ and p¢ have the same
boundary condition, thus ¢¢ = 0 on dD¢. This and (8.83) allow us to apply Corollary 8.4.5 to ¢ to
obtain the estimate (8.79), implying (8.56).

Due to (8.80) of Corollary 8.4.5, we also have
[V©|| oo (ry < Ce. (8.84)
Using (8.51) and p¢ = p¢ + ¢¢, we have

—2|U]| :/ Vi€ - ndo + V¢ - ndo
oU oU
L

€

=2 [y @)da+ 000,
S
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where the second equality follows from (8.82) for n = 0, n(z(a))) = —n(z(«a)) and do = Lda, as well
as (8.84). Rearranging the terms and using the definition of 5 in (8.55) yields (8.57).

Finally, note that (8.57) and (8.82) directly lead to (8.58), where we are using the fact that ~; is
uniformly positive for i = 1,...,n, due to (H3).

The rest of the proof is devoted to proving the claims (8.82) and (8.83). For (8.82), we compute

the gradient of p¢. Differentiating (8.54) with respect to « and 7, we obtain

0
(va,nRe(avn))tvﬁ(Rﬁ(avn)) = ’ (885)

c€

where (V,,,R)" denotes the transpose of the Jacobian matrix of R¢. Since V, ,R¢ = (0, R, 9, R°),

using the formula for inverses of 2 x 2 matrices, we have

((vaﬁ)t)_l = Jar) (= (0, R)*, (0aR)L). (8.86)

where J(a,n) := det(Vq,,R°). Multiplying the inverse matrix on both sides of (8.85), we have

(~@r - 01 ) | | = Sonrer (8.8)

CE

VP (R (e, ) =

<l

Recall that Lemma 8.3.2 gives (0, R)* = /() + O(¢) = Ln(z(a)) + O(e), and J = eLy + O(€?).

Plugging these into (8.87) gives

Vi (Rlan) = & (“(Z(O‘)) + O(e)) . (8.88)

€ Y

Note that it follows from (8.52) that ¢¢ < 2 where |D¢| < Ce due to (8.19). These imply

27 0

Ce

<, (8.89)
€

and applying it to (8.88) yields (8.82).

To prove (8.83), since ¢¢ = p¢ — p¢ and Ap® = —2 in D¢, it suffices to show that
|Ap| < C  in DS, (8.90)

and we will begin with an explicit computation of 9, p¢ and 0., .,p¢. Let us denote R¢ =: (R!, R?).
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For notational simplicity, in the rest of the proof we will use subscripts on R¢, R!, R? and J to
denote their partial derivative, e.g. R} := 9, R!.
From (8.87), it follows that
CG

0u, (R () = — 5 2.

Differentiating in a and 7, we get

CE

¥ 00,5 (R an) = (V) Vo (-5 22)

e[ BR R [BRL - SRG
¢ ’ |
_R}I Rfll TZIRgé - %Rin
thus
e ct (Ja 1 J, 1
O () = 5 (3 RERE = TRARL, — THRD? + SRARE,).

Likewise, Oy,.,P(R(a,n)) takes the same expression except every R? is changed into R'. Adding

them together gives

~€ c Ja € € 1 € € J, € € 1 € €
Ap“(R(a,m)) = (JZR,, TR = SRy Rio — J—’;Ra (RG + SR Ran) . (8.91)

Using the explicit formulae of Ry, R, and J in Lemma 8.3.2, we directly obtain |R|,|RS,| < C;
|R|,|RE, | ol < Ce; |y < Ce%; and J~! < Ce! when e is sufficiently small, where C' depends
on ||zl c3(s,) and ||vil|c2(s,)- As a result, all the four terms in the parenthesis of (8.91) are bounded
by some constant C' independent of e. Finally, (8.89) yields % < C as well, thus [Ap¢| < C, and

this proves the second claim (8.83). O

8.5 Proof of the symmetry result

In this section we prove that a stationary vortex sheet with positive vorticity must be radially
symmetric up to a translation, and a rotating vortex sheet with positive vorticity and angular

velocity €2 < 0 must be radially symmetric. The key idea of the proof is to define the integral

I ::/ elue-V<w€*N—2|$|2) dzx

0 (8.92)
= / ez +VpS)-V <w€ * N — 2|x2> dz,
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and compute it in two different ways. The motivation of the definition is as follows. As discussed in

[42, Section 2.1], I¢ can be thought of as a first variation of an “energy functional”
1 Q
Ew] = / §w€(of x N') — §w€|x|2dx

when we perturb w® by a divergence free vector u® in D¢. (This functional £ only serves as our
motivation, and will not appear in the proof.) On the one hand, using that wy is stationary in
the rotating frame with angular velocity Q2 and w€ is a close approximation of wgy, we will show in
Proposition 8.5.1 that I€ is of order O(e|logel), thus goes to zero as € — 0. On the other hand,
using the particular u that we constructed in Section 8.4, we will prove in Proposition 8.5.2 that if
Q =0, I° is strictly positive independently of € unless all the vortex sheets are nested circles with

constant density; and also prove a similar result in Corollary 8.5.3 for Q2 < 0.

Proposition 8.5.1. Assume w(-,t) = wo(Ra:-) is a stationary/uniformly-rotating vortex sheet with
angular velocity Q € R, where wy satisfies (H1)-(H3). Then there exists some C > 0 only depending
on b (0,8 m (HZ)), max; ||Zz||CJ(Sl); max;<nq ||’YiHC’2(Si)7 maX;>n ||'7i||Cb(Si)7 dr and FF, such that

|I€| < Ce®|loge| for all sufficiently small € > 0.

Proof. Let us decompose I¢ =: 377" It where I} := [, e 'z + Vp©) - V(w * N — L|z|?)da.
We start with showing that |If| < Ce®|loge| for i =n+1,...,n+m. For such i, p¢ = 0 on dD5,

thus the divergence theorem (and the fact that w® = e~1 in Df) gives

If = / Y <w€ * N — Q|x|2) d:rf/ e et = 20)pf(x)d.
Dt 2 D

=:T¢

7

Using the estimate [p¢| < Ce? in Proposition 8.4.2 and the fact that |D§| < Ce from (8.19), we easily
bound the second integral by Ce. To control the first integral T}, we rewrite it using the change of
variables # = R$(«,7n) and the definition v¢ := V+(w® * A) in (8.20): (also note that on the right

hand side we group €~! with the determinant)

i [ [ Rt (<00 R - 0itan) e} die

=:J5

and recall that the exact expression of the determinant was given in (8.18). Let us take a closer

look at the integrand, which is a product of 3 terms. Clearly, the definition of R gives RS(a,n) =
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zi(a) + O(e). As for the middle term Jf, Lemma 8.3.4 yields

o) = ~BR (@) + (14 3 ) M) - () + O@logd). (593)

Using the fact that BR(z;(a)) = Qzi-(a) for i = n+ 1,...,n + m (which follows from (9.1) and

(9.2)), it becomes
Ji(ayn) = (17 + ;) (V]! (zi(@)) + O(e®| log e]). (8.94)

Also it follows from (8.18) that K{(«,n) = L;vi(a) + O(e). Plugging these three estimates into the

above integral gives
e ’ 1 1L b b
Tf = zi(@) - {0+ 5 ) V7 (z:(a)) Livi(@)dnda + O(e’| log e]) = O(€’| log e,
S, J—1

where the last step follows from the fact that fgl(n + %)dn = 0. This finishes the proof that

[If] < Ceb|loge| for i =n+1,...,n+m, where C depends on b, max; ||z[|c2(s,), max; [|villcv(s,)
dp and FF.
In the rest of the proof we aim to show |If| < Ce®|loge| for i = 1,...,n, which is slightly more

involved. Recall that in Proposition 8.4.3 we defined p¢ and ¢¢ in D§ for i = 1,...,n, where they
satisfy p® = p¢ + ¢¢ in Df, and ¢¢ = 0 on 9D5. This allows us to apply the divergence theorem (to

the ¢¢ term only) and decompose If as
Q
I = / e Nz +Vpe) -V <w€ * N — 2|x2> dx — / e et = 2Q)¢ (v)dx = IT | + I .
€ D:

We can easily show that Ify = O(e): (8.56) of Proposition 8.4.3 gives |¢°| < C'e?, and combining it
with |D§| < Ce in (8.19) immediately yields the desired estimate.
Next we turn to If;. Again, the change of variables z = Rf(a,7) and the definition v¢ :=

V4 (we x N) gives

0
o= [ (s RS- (- () (R m) — OR5(0m)) € det (Vo o) dide

=:Kf

=:J¢

i

For the three terms in the product of the integrand, we will approximate the first term using the

definition of R{ and (8.58) of Proposition 8.4.3:

Bi
i)

Ri(a,n) + VP (Ri(e,n)) = zi() + n(zi(@)) + O(e),
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where f; := 2] y is given by (8.55). Lemma 8.3.4 allows us to approximate the middle

Li [s, 7 (@)da
term Jf as (8.93), however (8.94) no longer holds since for ¢ = 1,...,n we do not have BR(z;(«)) =
Qzt(a). As for Kf, we again use (8.18) to approximate it by Kf(a,n) = L;vi(a) + O(e). Plugging

these three estimates into the integrand of I7; gives

I, = /S 1- (zi(a) n %5(;) n(zi(a))) : ( “BR(2(a)) — in(a)>Li%(a)da +O(|loge)),

where we again use the fact that the ( + 3) term gives zero contribution since fEl(n + Ldn = 0.
Next we will show the integral on the right hand side is in fact 0. Since w is a rotating solution with

angular velocity 2, the conditions (9.1) and (9.2) yield that
~BR*(zi(a)) = Qzi(a) = Ci7; ' (a)n(zi(a)),

for some constant C;. Plugging this into the above integral gives

1= Gt [ (o) mGato)) + L5

2|U4|

=C;L; (/S zi(a) - n(z(a))da + Li> + O(e"|log €],

) da+ O(e’| log €|)

where the second step follows from the definition of §; in (8.55). Let us compute the integral on the

right hand side by changing to arclength parametrization and applying the divergence theorem:

[ = niafonda =~ [ aonir = -2Y1
S T

Li Jou, i

which yields If; = O(e’|loge|), and finishes the proof that |If| < Ce®|loge| for i = 1,...,n, where
C depends on b, ||z cs(s,), [17illc2(s,), dr and Fr.
Finally, summing the If estimates for i = 1,...,n + m gives |I¢| < Ce®|loge| for all sufficiently

small € > 0, thus we can conclude. O

Now we will use a different way to compute I¢. Let us first define a new integral I¢ that is the

same as [€ except with §2 set to zero:
. / (@ + Vpf) - V (@ + N da. (8.95)

Next we will prove that 7€ is strictly positive independently of € unless all the vortex sheets are nested
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circles with constant density. As we will see in the proof, the key step is to show that if some I'; is

either not a circle or does not have a constant ~;, then the estimates on p° in Propositions 8.4.2-8.4.3
€2

lead to the following quantitative version of (8.53): ¢~2 (% - fo pe (x)dx) > ¢p > 0, where ¢ is

independent of e.

Proposition 8.5.2. Let I¢ be defined as in (8.95). Assume that T; and ~; satisfy (H1)-(H3) for
i=1,...,n+m. Then we have I¢ > 0 for all sufficiently small € > 0.
In addition, if T is not a union of nested circles with constant +;’s on each connected component,

there exists some ¢o > 0 independent of €, such that I¢ > ¢y > 0 for all sufficiently small € > 0.

Proof. We start by decomposing I¢ as
I = / ez V(w x Ndx + / eV - V(W x N)dx =: I + IS,

I} can be easily computed as

| e|2 1 n+m 2
b 2W62/5/5 |x—y|2 d dy 12 Ame? Z |D;| (8.96)

=1

where the second equality is obtained by exchanging x with y and taking the average with the

original integral. As for IS5, we have

1 1
I5 = f/ pV(w*N) -ndo — f/ pwedx
6D5 € €

1 ¢
:_,Z Vw *N) nda—?/ pedx (8.97)

n n+m n+m
1 D6
j:

where the first equality follows from the divergence theorem, the second equality follows from the

boundary conditions (8.49) and (8.50) for p¢ (as well as the fact that U; and 0D have opposite

outer normals), and the last inequality follows from the divergence theorem as well as the inequality

¢f <suppep < ‘ ‘ due to (8.52).
Let us denote j < ¢ifi € {1,...,n},j € {1,...,n+m}, j # ¢ and I'; lies in the interior of the

domain enclosed by I'; (that is, I'; C U;). If not, we denote j 4 i¢. Note that for sufficiently small

307



€ > 0, we have

IDE| i j <,
/1D;dx: ! (8.98)
U;

0 otherwise.
Applying this to (8.97) yields

n+m n+m

€ 1 € € 1 €
I > 9 E 1< |Di|| D[ — = E /DE pidx
ij=1 i=1 Y Dj

(8.99)
1 n+m 1 n+m
> Lt L) D5 =5 > [ pida
ij=1 i=1 7 D;
where in the first step we used that the i = n+ 1,...,n 4+ m terms have zero contribution in the
first sum, due to the definition of j < 1.
Adding (8.96) and (8.99) together, we obtain
n+m 2 n+m € €
e 1 (|Df] ; 1 | D || D5

::Bf .
=:AS »J

From (8.53), it follows that AS > 0 for all i = 1,...,n+m, with equality achieved if and only if each
D5 is a disk or an annulus. Note that Bf ; > 0 as well for all ¢ and j, since for any i # j, at most
one of i < j and j < i can hold. Putting these together yields that I¢ > 0 for any sufficiently small
e> 0.

In the rest of the proof, we assume I' is not a union of nested circles with constant ~;’s on each
connected component. Therefore at least one of the following 3 cases must be true. In each case we
aim to show that I, > ¢y > 0, where ¢g is independent of € for all sufficiently small € > 0.

Case 1. There exists some open curve I'; that is not a loop. In this case Dy is simply-connected,
and p¢ = 0 on dD§ by (8.49). Applying Proposition 8.4.2 to p¢ in D, we have suppe p° < Ce?,
where C is independent of e. This leads to ng pdx < Cé3, since |D§| = O(e) by (8.19). As a result,

for the index 7 we have

12— / L / ’
Ae = 17 Cdr > —- i (a)d — Ck,
P ez € b pidr =2\ (ar)dor €

where we again used (8.19) in the second inequality. This gives that AS > g( [s. vi(@)da)? > 0 for
all sufficiently small € > 0.

Case 2. There exists some closed curve I'; that is either not a circle, or ; is not a constant. In
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this case we aim to show that AS > ¢p > 0, and this will be done by finding good approximations

|D{|?
4mwe2

De)2 2 2
1Dg® > </ %-(a)da> —Ce=:J; = Ck, (8.101)
Si

4re2 T 4r

(independent of €) for both terms in AS. For the first term using (8.19) we again have

where J; > 0 is independent of e. For the second term ¢ =2 ng pidz, rewriting the integral using the

change of variables © = Rf(a,n) gives

0 € € €
672/ p;dw —_ / / p (R’L (04,77)) det(vayan)dndOé
D¢ 5; /-1 € €

Recall that in Proposition 8.4.3 we defined p¢(R$(a, 1)) := ¢5(1 + 1) and g, such that p¢ — p = ..
By (8.56) and (8.57), for all @ € S; and 5 € (—1,0) we have

pe(Bi(e;n) Pr(Ri(an) Sl <ce
€ € €

—52‘(1-1-77)’ <

(1+n)’+

— AUl s defined in (8.55). Combining this with the expression of the determinant
L; fsi v; (a)do

in (8.18), we have

where 3; :=

< /D; pide = /s /_1(61'(1 +n) + O(€))(Livi(a) + O(e))dndo
Ui

S I i

where K; is independent of e. Putting this together with (8.101) yields the following:

L2 Js vi(e)da . 4|U| (8.102)
B EW </s Vi (a)da/& vi(a)do — 2 > —Ce.

Let us take a closer look at the two terms inside the parenthesis. For the first term, Cauchy-Schwarz
inequality gives

[ 2 @ya /S Yi(@)da > 1,

with equality achieved if and only if 7y; is a constant. For the second term, the isoperimetric inequality

yields
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(recall that L; = |0U;|), with equality achieved if and only U; is a disk. By the assumption of Case 2,
at least one of the inequalities must be strict, thus the parenthesis on the right hand side of (8.102)
is strictly positive (and independent of €). Therefore there exists some constant ¢g > 0 such that
Ic > AS > ¢g for all sufficiently small e.

Case 3. There exist i # j such that ¢ A j and j A 4. Then it is clear that for such 4,7, Bf ; in

(8.100) is given by Bt = 210l

5ty = ity [ wtenaa) ([ | B(@)da ) - Ce

which yields I > %LiLj(fSi ’y,»doz)(fsj v;da) > 0 for all sufficiently small € > 0.

. Hence (8.19) gives

This finishes our discussion on all 3 cases. To conclude, since I' is not a union of nested circles
with constant 7;’s on each connected component, at least one of the 3 cases must hold, and all of

them lead to I€ >co > 0. O
The above proposition immediately leads to the following corollary for the 2 < 0 case.

Corollary 8.5.3. Assume that T'; and v; satisfy (H1)—-(H3) fori=1,...,n+m. Let I¢ be defined
as in (8.92), and assume Q < 0. Then we have I¢ > 0 for all sufficiently small € > 0. In addition, if
T" is not a union of concentric circles all centered at the origin with constant v;’s, there exists some

co > 0 independent of €, such that I¢ > co > 0 for all sufficiently small € > 0.

Proof. Let us decompose I¢ as follows (recall the definition of I¢ in (8.95))

If = I 4 (-Q) (6_1 /D(|9[:|2 + Vp* x)dm) =: I +(;QJ€' (8.103)
>0

Recall that Proposition 8.5.2 gives I, > ¢y > 0 as long as I' is not a union of nested circles with

constant ;’s. By [42, Lemma 2.11], we have

/ (|2 + Vp-2)de >0 foranyi=1,...,n+m,
Ds

i

thus J¢ > 0. Putting them together, and using the fact that Q < 0, we know 1€ > ¢g > 0 if I is not
a union of nested circles with constant ~;’s.

To finish the proof, we only need to focus on the case that the I';’s are nested circles with
constant 7;’s, but not all of them are centered at the origin. Assume that there exists k € {1,...,n}

such that I'y is a circle with radius r, centered at x;, # 0. Since 74 is a constant, Dj is an
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annulus given by B(zg, 7k + €yi) \ B(zk, rx). The symmetry of Df, about x; immediately leads to

Plp; = —% r— a2+ %(rk + evi)%. An elementary computation gives

6_1/ (|$\2 + Vp© - x)dr = 6_1/ |:13|2 —(z —xg) - axdx = e_1|$k\2|DZ| > 27rrk'yk|xk\2 >0,
De D

€
k k

where in the second-to-last step we used that |Dj| = 2meryys + 7re2'y,%. Setting ¢y 1= 2mrEyk|T8|?

gives I€ > ¢g > 0, thus we can conclude. O]

Now we are ready to prove Theorem 4.1.2. Note that for 2 < 0, the symmetry result immediately
follows from Proposition 8.5.1 and Corollary 8.5.3. For €2 = 0, Proposition 8.5.1-8.5.2 already imply
that a stationary vortex sheet with positive strength must be a union of nested circles with constant
strength on each of them. To finish the proof, we only need to show that these nested circles must

be concentric.

Proof of Theorem 4.1.2. For a uniformly-rotating vortex sheet with Q < 0, the symmetry result
for 2 < 0 is a direct consequence of Proposition 8.5.1 and Corollary 8.5.3. Next we focus on the
stationary (i.e. = 0) case.

Combining Propsitions 8.5.1-8.5.2, we obtain that I' is a union of nested circles, and ~; is constant
onI; for all i = 1...,n. It remains to show that all I';’s are concentric. Let us denote by v; the
contribution to the velocity field by I';. Since I'; is a circle with constant strength -;, a quick
application of the divergence theorem yields that v; = 0 in the open disk enclosed by I';, whereas

. viLi(r — m?)l

vi(z) = in the open set outside I';, where x? is the center of the circle T';.

2m|z — 292
Without loss of generality, let us reorder the indices such that I'; is nested inside I'; for ¢ < j.

Towards a contradiction, let k& > 1 be such that I'y is the first circle that is not concentric with

I';. From the above discussion, we know that v; = 0 on I'y for i = k+ 1,...,n (since I'y is nested

. . YiLi(z — 29)* ) ,

inside I';), whereas for i = 1,...,k — 1 we have v; = 2‘—0|2 on I'y, since all these I';’s have
e — af

the same center 29 and are nested inside I'y. Summing them up (and also using the fact that I'

contributes zero normal velocity on itself, since it is a circle with constant strength), we have

0L

n k—1
r—x -n
i=1 i=1 1

where the right hand side is not a zero function since I'y, has a different center from x¢. This causes a
contradiction with the fact that w = wy is stationary. As a result, all I'y, ..., T, must be concentric

circles, finishing the proof. O
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Chapter 9

The flexibility results for vortex

sheets

9.1 The equations and the functional spaces

Let w(z,t) = wo(Rawx) be a stationary/rotating vortex sheet solution to the incompressible 2D
Euler equation, where wg € M(R?) N H~1(R?) and Rq,x is the rotation of x counter-clockwise by
angle Ot about the origin. Here Q2 = 0 corresponds to a stationary solution, and €2 # 0 corresponds
to a rotating solution. Assume that wq is concentrated on I'. Throughout this paper we will assume

that T is a simple closed curve and 2 > 0. Following [44, Lemma 2.1], we have that:

Lemma 9.1.1. Assume w(-,t) = wo(Raix) is a stationary/uniformly-rotating vortex sheet with
angular velocity Q € R, and wqy is concentrated on I, with z and v defined as in section 8.2. Then

the Birkhoff-Rott integral BR (8.4) and the strength ~ satisfy the following two equations:

(BR-—Qzt) n=v -n=v -n=0 onTl, (9.1)
and
(BR(2())) — Q2 (a)) - s(2(a)) |Z((°‘a>) =C. (9.2)

Note that (9.2) can be written as

(1 - Ry [(BRGT)0) - 2:(0) 1) - 2000 g, 0.3
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where Py is a projection to the mean, that is, Pyf := i ffﬁ f(0)de. For simplicity, we also denote

f(0)df == 5= [T f(6)d6. Now plugging z(6) = (1 + r(6))(cos(d),sin(0)) and v(#) := b+ g(f) into
(9.1), (9.2) and (9.3) yields that

F(b,g,r) = (F1,F2) = (0,0), (9.4)

where

(r'(0) cos(6 —n) — (1 +7(6))sin(0 —n)) (1 +r(n) — (L +r(9))r'(9) ,
(1 +7(0))2 + (1 +7(n)* = 2(L+7(0))(1 + r(n)) cos(6 —n)

+Qr'(0)(1 4+ r(0)),

fl(b,g,’f‘) ::z'n (bJFQ(W))

Fao(byg,r) =1 — P) fz(b,g, ),
i . (14 (6))2 — ((8) sin(6 — ) + (1 + r(6)) cos(® — m)(1 + r(n))
Falbogr) =2 04 900 = Gl (L r(n)® — 201 1 7(0)) (1 (7)) cos(@ — )

(b+g(8)) ) b+g(0)
R () LA A e SR 17y o

dn

Throughout the paper we will work with the following analytic function spaces. Let ¢ > 0 be a
sufficiently small parameter and let C,,(c) be the space of analytic functions in the strip [Im(z)| < c.

For k € N, denote

™
-

X&:{ﬂmeaﬁm ﬂ@z}Z%aﬂ%ﬂ/1V@+MP+WVW+MF+UW—@F+W?W—M2M<m}

vE = {f(9) €Cule), fO) =D an sin<2n9>,/ £(0 +ic)* + 10" £(0 +ic)|* + (0 — ic)[* + 0" £(0 — ic)|*dO < oo} ,
n=1 -
From now on, due to scaling considerations, we will fix 2 = 1 and b will play the role as bifurcation

parameter. It is clear that F(b,0,0) = (0,0) for all b € R since F;(b,0,0) = 0 and Fy(b,0,0) is

constant. Our main theorem in this paper is the following:

Theorem 9.1.2. Let k > 3, and let ¢ > 0 be sufficiently small. Then, there exists a curve of
solutions (b, g,7) of F = (0,0), belonging to Rx X* x X 1 and a neighbourhood of (b, g,7) = (2,0,0),
bifurcating from (b, g,r) = (2,0,0) such that (g,r) # (0,0).
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9.2 Proof of the Main Theorem

The goal of this section is to prove the existence of non-radial uniformly-rotating vortex sheets.
To do so, we will split the proof into the following steps: first we will prove that the functional
F is C3, next we will study DF to show that, as mentioned in the introduction, it is a Fredholm
operator of index 0, with dim(Ker(DF)) = 1. The next step is to apply Lyapunov-Schmidt theory
and reduce the problem to a finite (2) dimensional one. In those coordinates, linear expansions
fail to be conclusive (all the linear terms vanish) since 2 nontrivial branches emanate from the
bifurcation point (as opposed to 1). Instead, we perform a quadratic expansion to determine that
locally the bifurcation branches look like two pairs of straight lines (specifically as 22 — y? = 0 in
some well-chosen coordinates) and hence the bifurcation does not trivialize (as if it had been of the
type 2 +y? = 0). We conclude the proof by handling the higher order terms and showing that they

don’t alter the quadratic behaviour in a sufficiently small neighbourhood of the bifurcation point.

9.2.1 Continuity of the functional

In this subsection, we will check the regularity of F. As explained above, we will reduce the infinite
dimensional problem to a finite dimensional problem and investigate its Taylor expansion up to
quadratic order. Hence, we need to check if the functional is regular enough to do so. To this end,

we have the following proposition:

Proposition 9.2.1. Let k > 3. Then there exists a neighborhood U of (2,0,0) € R x Xk x Xk+1
such that F € C* (U; Y} x XF).

Proof. Since the stream function, w * N(z) := 5= [p2log |z — y|dw is invariant under rotations, it
follows immediately that F is also invariant under rotation by m-radians, hence F has only even
Fourier modes. Also the oddness of F; and evenness of F5 follow from the invariance under reflection.

To prove the regularity, we briefly sketch the idea. We impose k > 3 to ensure that H* is a
Banach algebra. It is clear that F is smooth in b. It is also straightforward that, for example, for

all (g,7) near (0,0) € X* x Xk+1

d ) ) ((8) cos(8 — 1) — (14 7(8)) sin(6 — ) (1 + () — (1 + r(O))(0)
a7 1Bt the)| = PV i) e e T )7 — 201§ (@)L + () cos(@ — 1)
{( 4(9) cos(0 — ) — ha(8) sin(® — ) (1 + r(n)) — ha(O)r'(9)
(@t () (0170 — 2011 (@)1 + () cos(d —n)

+(b+9(m)
(

) )
(r'(6) cos(6 —n) — (1 + r(6)) sin(0 — n)) ha(n) — (1 +(6))hs
(1 +7(0))? + (1 +7(n)* = 2(1+7(0))(1 + r(n)) cos( —n)
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= [((6) cos(6 —n) — (1 + r(0)) sin(6 —n)) (1 +7r(n)) — (1 +r(6))r'(6)]

(1
o 2+ 7(0))ha(6) + 2(1 + (1)) ha(n) — 2cos(9 — 1) (ha(0)(L +7(n)) + ha(n)(L +7(0)))]
(L+7(0)* + (L +r(n)* =20 +7(0))(1+r(n))cos(d —n))*

= Dfl(bvg7r)[h17h2]7

dn + Qh%(0)

and DF; : R x XF x Xk £(XE x XF1 vF x XF) is continuous. A similar derivation can be
performed for DF,. For the higher derivatives, we refer to [16, 17, 41, 53, 83] for the method to deal

with the singular integrals arising throughout the calculations. O

9.2.2 Fredholm index of the linearized operator DF

This subsection is devoted to show that DJF is Fredholm of index zero. We can make all the
calculations explicit, moreover the operator diagonalizes in Fourier modes. We have the following

lemmas:

Lemma 9.2.2. Let g(0) = > 7, an cos(2nd) and r(0) = > o7 | b, cos(2nb). Then we have that

g(0
D‘F<b’070) [g,r]z ( ) )
7(0)
where
9(0) = Z an sin(2n6), 7(0 Z cos(2n8),
n=1 n=1
and the coefficients satisfy, for any n > 1
\ an | _ -3 -2n (Q—%) an | _ an,
bn b p(n-1) bn bn

Proof. We use (9.20) in Lemma 9.4.2 and obtain
o d _ g(n)sin(0 —n) b /
9(0) = = F1(btg,tr) = 272COS(9777)d77+ Q r'(0)

2. cos(2nn) sin(f — 17 b .
= — n 2 - 5 n S 2
E U=y = dn + E n) 5 by, sin(2n6)

n=1

_y (C;” +(—2n) <Q ;’) bn> sin(2nf),

n=1

where the last equality follows from (9.46). Similarly, we apply (9.21) in Lemma 9.4.2 and (9.47)
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to obtain

#(0) = (’2’ - Q) 9(60) + b2 (mdn - r(9)>
_ nil (;’ - Q) a, cos(2n0) + b2 nil b (602(3”29108 (‘;OS_(?)‘") dp — COs(2n9)>
— 7,5_0:1 <<g - Q> an +b*(n —1) bn> cos(2nf).
This proves the lemma. 0

Remark 9.2.3. The same calculation shows that for any b # 2 there exists €(b) > 0 such that the
only solution (b, g,r) such that ||g||, ||| < (b) is (b,0,0) by virtue of the Implicit Function Theorem.

In other words, that the only solution £(b)-close to the disk is the disk itself.

Lemma 9.2.4. Let us fitr b = 2 and Q = 1. We also denote v := (0,cos(20)) € XF x X*+1 and
w := (0,c08(20)) € YX x XE. Then it holds that

Ker(DF(2,0,0)) = span{v} C XF x X1

Im(DF(2,0,0))" = span{w} C YF x XF.

Proof. From Lemma 9.2.2, we have

for all n > 1. For all n > 2, M, is clearly an isomorphism, while Ker(M;) = Im(lwl)L =

By orthogonality of Fourier modes, this proves the lemma. O

9.2.3 Lyapunov-Schmidt reduction

In this subsection, we will aim to derive a finite dimensional system which is equivalent to (9.4).

From Lemma 10.2.7, we have the following orthogonal decompositions of the function spaces:

X := X¥ x XF+1 = span {v} @ Ker (DF(2,0,0))" =: span{v} & X, v € Ker (DF(2,0,0)),

Y := VP x XF = span {w} & Im (DF(2,0,0)) =: span{w} &Y, w € Im (DF(2,0,0))",
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where v and w are as defined in Lemma 10.2.7. Let us consider the orthogonal projections
P:X —span{v}, @Q:Y — span{w}.
More precisely, we have

P(g(0),r(9)) = (O, (i/r(n) Cos(277)d77> cos(2t9)> for all (g,7) € X* x X*+1, (9.5)

Q(G(6), R(9)) = <o, <71r / R(n) cos(2n)dn) cos(20)) for all (G,R) € Y* x X¥. (9.6

We remark that we will sometimes abuse notation and identify F(b, g,r) with F(b, (g,7)), where
(g,7) € X. Let us define G : R x span {v} x X = Y as follows:

G, f,x):=F(b, f+z), for beR, fespan{v}, xe€lX.
Then (9.4) is equivalent to (for (g,7) = f + z)
QG(b, f,z)=0 and (I—Q)G(,f z)=0. (9.7)
However, it follows from Lemma 10.2.7 that
D, ((I -Q)G)(b,0,0)=(I—-Q)DF(b,0)P: X —Y (9.8)

is an isomorphism, consequently, the implicit function theorem yields that there is an open set

U C R x span {v} near (b,0) and a function ¢ : U +— X such that
(I =Q)G, f,pb, f)) =T = Q) F(b, f + ¢(b, f)) = 0.
Note that from F(b,0) = (0,0) for any b € R, we have
¢(b,0) =0, (9.9)
and thus (9.7) is equivalent to

0=0QG(, f,¢(b, ) = QF b, f+¢b,f)), (b f)el. (9.10)
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Since span {v} is one dimensional, we have f = tv for some ¢ € R, therefore the system (9.10) can
be written in terms of the variables b and ¢ as
da
0=QF(,tv+ ¢(b,tv)) = / T (QF (b, stv + (b, stv))) ds
0
1
= / QDF (b, stv+ (b, stv))(tv + tdrp(b, stv)v)ds,
0

where we used (9.9) to obtain the second equality. Dividing the right-hand side by ¢ to get rid of

the trivial solutions, we are led to solve the following two dimensional problem:
1
0= Freq(b,t) := / QDF (b, stv + (b, stv)) (v + dre(b, stv)v)ds, (b, tv) € U. (9.11)
0

9.2.4 Quadratic expansion of the reduced functional

The main idea is to expand the reduced functional F,.q up to quadratic terms. To this end, we

recall the following proposition for the derivatives of F.¢q.

Proposition 9.2.5. ([51, Proposition 3], [54, Proposition 3.1]) Let Fr.q be defined as in (9.11).
Then the following hold:

(a) First derivatives:

abFred(Qa 0) = QabD]:(Qa 0)’0,

Frea(2,0) = L 0F @, 10)
tLred\4, _thQ , LU o
(b) Second derivatives:
O Frea(2,0) = 2Q0, DF(2,0)3,
OuFrea0) =~ t0F@ )|+ 0T F@ v+ s0)
ttLred\ 4, — 3dt3 , LU —o dtds , LU v tzs:o’
O Frea(2 0)—18Qd—2}"(bt) +1Q6‘D]-"(2 O)A+Qd—2]~"(2t + s0)
tbL red\ 4, - 9 b dt2 ) LU b=2.t=0 2 b )Y dtds Y v t:s:(]’
where
) o &
V= — [D]:(Q, 0)] ) [(I - Q)]:(Qa t?])] )
dt t=0
o= —[DF(2,0) " (I - Q)9 DF(2,0)v.
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Now using the values found in Lemma 9.4.7, we can obtain the derivatives of Fj.¢q.

Proposition 9.2.6. Let F,..q be defined as in (9.11). Then it holds that

Oy Freq(2,0) =0, (9.12)
O Fea(2,0) = 0. (9.13)
Aoy Frea(2,0) = 2w, (9.14)
O Freq(2,0) = —8w, (9.15)
O Frea(2,0) = 0. (9.16)

Proof. (9.12) follows immediately from (9.6) and (9.31). For (9.13), we use (9.32) and the orthogo-
nality of the Fourier modes. (9.14) follows from (9.40). (9.15) follows from (9.36) and (9.37). Lastly,
(9.16) follows from (9.33), (9.38) and (9.39). O

9.2.5 Proof of Theorem 9.1.2

Now we are ready to prove the main theorem of this section.

Proof. From (9.11), it suffices to show that there exist (b,¢) such that ¢t # 0 and F,.q(b,t) = 0. To

do so, we expand F,.q up to quadratic terms and obtain that for all (b,¢) near (2,0),

Frea(b,t) = [Frea(2,0) + Oy Frea(2,0)(b — 2) + 01 Freq(2,0)t

1 1
+§8bbFTed(2, 0)(b—2)? + 5attFmi(z, 0)t* + O Frea(2,0)(b— 2)t + ((b—2)* + %) e(b, 1) | w,

where €(b,t) is a continuous function such that lim ¢)_(2,0) €(b,t) = €(2,0) = 0. From Proposi-

tion 9.2.6, it follows that (we drop w for simplicity)
Frea(b,t) = (b—2)> —4t> + (b — 2)*> + t?) €(b, t).

Now we use the change of variables b := x + 2 and ¢t = xy, so that

- Fred(x+2axy)

F(z,y) := = (1 74y2) + (1 4+ y?)e(z + 2, zy). (9.17)

x2

Clearly, F (0, %) = 0 and @F (O, %) = —4 # 0. Therefore the implicit function theorem implies

that there exists a continuous function ¢ near 0 such that F(z, ¢(z)) = 0 and ¢(0) = 3. Therefore

319



it follows from (9.17) that there exists a pair (b,t) such that ¢ # 0 and F.q(b,t) = 0. This finishes

the proof. 0O

1
o

Figure 9.1: Plot of the bifurcation diagram of the solutions given by Theorem 9.1.2. The dashed
red lines correspond to the linear expansion (9.17) around the bifurcation point (2,0). See Figure
9.2 for a numerical plot of the solutions at the points A, B, C, D. The branches continue beyond
what is calculated.

9.3 Numerical results

In this section, we describe how to compute numerically the branches of solutions emanating from
the disk, previously proved (locally) in Theorem 9.1.2. See Figure 9.1. To do so, we calculate

solutions of the form

N N
R(0) =1+ > ricos(2k0), +(0) =Dk cos(2k0)
k=1 k=0

with v9 = b. We first employed continuation in b, in increments of Ab = 0.001, starting from b = 1.8
and b = 2.1 and using as initial guess for the starting b the solution given by the linear theory
and for the subsequent b the solution found in the previous iteration. After discovering a fold at
approximately b ~ 1.68, we switched variables and instead we recalculated using continuation in 71,
which appears to be monotonic along the branches. As before, we start at r; = £0.125 and take an
increment Ary = 0.001.

To compute a solution for a fixed r; we use the Levenberg-Marquardt algorithm [67, 72]. We

aim to find a zero of the system of equations F(b,g,7)(6;), with 0; = %7 j=1,...,Ng and
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24
22

18

S16

12

08
06

¥(6)

I -]

Ny = 1024 with variables 1, k # 1 (recall that r; is fixed at each iteration since it is the continuation

parameter) and v;. We take N = 160. In order to perform the integration in space, we desingularize

the principal value at 7 = 6 by subtracting %H('y) to F1, where H denotes the Hilbert transform,

computed explicitly since we have the Fourier expansion of 7y, and perform a trapezoidal integration

on the rest (for which the integrand is smooth), with step h = ]2\,—7; We remark that the integrand of

F> has a removable singularity (thus no principal value integration is needed) and can be integrated

using the trapezoidal integration if the limit at n = 6 is taken properly.

U4 12 34 1 54 32 74 2
o/n

(a) v(#) and z(#) for r; = 0.362,b ~ 1.6799

05

14 12 34 1 54 32 74 2
o0/m

(c) v(0) and z(0) for r; = 0.525,b ~ 4.0954

1

2

¥(6)
B

0 14 12 34 1 54 32 74
1223

(b) v(6) and z(0) for r

40

2 "2 45 4 05 0 05 1

= 0.825,b ~ 1.7779

0.25

15

0
0 14 12 34 1 54 32 T4
0/m

(d) v(0) and z(0) for r

0.5

2 4 3 2 1 0 1 2

=0.925,b ~ 9.3439

Figure 9.2: Panels (a)-(d): v(0) and z(6) at the points A-D highlighted in Figure 9.1. In panel (b),
~ appears to tend to be concentrated only on the horizontal parts of z, leading to a possible solution
consisting only of two symmetric curves (cf. [77, Figure 1]) and a change of topology.

9.4 Appendix

9.4.1 Functional derivatives

Recall that F(b, g,r) = (F1,F2) is given in (9.4). For simplicity, we denote

Ar = (b+9(n)),

A2 =
A3 =
A4 =

As == (b+g(n)(b+g(9)),

(r'(0) cos(8 — ) — (1 +7(6)) sin(0 —n)) (1 +r(n)) — (1 +7(0))r'(6),

(14 7(0))? + (1 +7(0))* = 21+ 7(0))(1 + r(n)) cos(0 =)’
r'(0)(1 +7(0)),

Ag = (1+7(0))* = (' (0) sin(0 — ) + (1 + r(6)) cos(6 — 1) (1 + (1)),

A7 =

1

(0)? 4+ (1 +1r(6))%’



(1+7(0)*(b+9(6)

S OO

We also denote the average integral by f(6)df := % ffﬂ f(8)do. Therefore the functional F can be

written as

Fi= AlAgAgdn + QA4, (918)

Fy = AsAg A7 Azdn — QAs. (9.19)

We will expand A;(g,0,n) and A;(r,0,n) up to quadratic/cubic order in g and 7.

Lemma 9.4.1. Let Als be as above. We have

Ap=b+g(n),
Ay = —sin(f —n) + [1'(0)(cos(d —n) — 1) — (r(0) + (1)) sin(6 — )]

+ [ (0)r(n)(cos(0 —n) — 1) = r'(0)(r(6) — r(n)) — r(0)r(n) sin(6 —n)],

Ay = 1 __rO)+rm)
5T 2 2cos(0—7n) 2—2cos(d—n)
gy O+ O 4t = O
1 (r(0) +r(n)(r(0) — r(n) 2 )
* 2 —2cos(f —n) { 1—cos(d —n) — [r(0) +r(0)*r(n) + r(@)r(n)* + r(n)*]| + o(r),

Ay =1'(0) + r(0)r'(0),

As =0 +b(g(0) + 9(n)) + 9(0)g(n),

Ag = (1= cos(0 =) + [(r(0) + r(n))(1 — cos(0 —m)) + (r(6) = r(n)) = r'(6) sin(6 — n)]
+[r(O)(r(0) = r(m) + r(0)r(n)(1 = cos(6 —n)) — r'(O)r(n) sin(6 —n)],

Az =1—=20(0) + [3r(0)> — ' (0)%] + [4r(0)r(0) — 4r(0)*] + O(r"),

Ag = b+ g(0) — br'(0)> + [2br(0)r'(0)* — g(0)r'(0)*] + O(r* + g*).
Proof. Straightforward. O

Linear parts

__r@)+r(n)
2—2cos(0—n)"

We denote by A7 the jth order term in A;. For example, A} =
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Lemma 9.4.2. Let F;’s and A;’s be defined as before. Then

%fl(b, totr)| = —de + <Q - ;’) ' (6), (9.20)
%fg(b, tg,tr) = (g — Q) g(0) + b (2 j(glo_s(z(i)n) dn — 7”(9)> : (9.21)

Proof. We compute F; first. In view of (9.18), we collect the linear terms in A; Ay As + QA4 from

Lemma 9.4.1. Hence we have

tg(n)sin(@ —n) . r"(0)(cos(0 —n) =1) = (r(6) + (1)) sin(d —n)

fl(bvtgatr) = 2—2COS( ) +bt 2 — 2008(9—77)
bt sz("_ 222)(8((90)_ p ") 4 4 10 (6) + 0(2)

__tg(n)sin(f —n) b\ 2
= 272cos(9777)d77+t Q 5 r'(6) + O(t*).
Thus we obtain (9.20) by differentiating with respect to ¢.

In order to compute the derivative of Fy, we collect the linear terms in (9.19) from Lemma 9.4.1

and obtain

(b, tg. 1) (9(9)2+ 9(n))
o [(r(O) +r(m)  (r(0) —r(n) _ r'(6)sin(0 —n)
b [ 2 +22(:os(977)_22cos(977)}
— tb*r(0) — g(rw) +1(n)) — tQg(0)dn + O(t?)

=t (5-0) o0+ (10— r0)) + 0,

where we used g(n)dn = r(n)dn = 0 and %dn = 0. By differentiating in ¢, we obtain the

desired result (9.21). O

Quadratic parts
Now we compute the quadratic expansion of F; and Fo.

Lemma 9.4.3. Let F;’s and A;’s be defined as before. Then

_ (b / r(0)(r(0) —r(n) (r(0) —r(n))* sin(0 —n)
Fi= (2+Q> r(0)r'(0) — b 5~ 2cos(@—1) dn+b (2= 2cos(0 —n))? dn

+ linear terms + O(r® 4 g*), (9.22)
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Fo = gr(O)Q —bg(0)r(0) +b (Q — g) ' (6)>
_ B2 O) —r@)(GrO) +rm) -, 900) +gm)(r(6) = r(n) i

2 2—2cos(6 —n) g 2 —2cos(d —n)
g(n)r' () sin(6 — n) , 3, 3
— . 2
b 2 —2cos(0 — 1) dn + linear terms + O(r° + g°) (9.23)

Proof. We compute F; first. By collecting quadratic terms in (9.18) from Lemma 9.4.1, we have
(we will have, for example, A3A9A4% + AYAZAY + AVAJA% + ATALAY + AT AJAL + A9AL AL+ QAY).

o [—;r’w)r(n) O)(0) —r() _ r(®)r(n) sin(d - n)}

2 —2cos(d —n) 2 —2cos(6 —n)

~ttgy o i - 250

N {g(n);/(ﬁ) ~g()(r 2(_ o 811717 (0 —n } N 7‘2(9_ QCO(SZ )SH:]()G —n)

N {br’w)(r(g)ﬂ(n)) G (2)_2(2)))(2;111579) n)} QRO (O)dy + OGP + ¢°)
S

+ linear terms + O(13 + ¢%),

which yields (9.22). Now we will expand F, up to the quadratic order. By collecting all quadratic
terms in (9.19) from Lemma 9.4.1, we obtain (we will have A2AJAYAY + AJAZAYAY + AJAJAZAY +
AVAQAQAZ + ALALAYAY+ ALADALAG + AL AQADAL + ADALALAD + AQALAD AL+ ADAQAL AL —QA2),

7 = 909 | {bzrw)(() rm) | er@r@n) bz?"(G)T(n)Sin(H—n)]

2 2 —2cos(d —n) 2 2 —2cos(0 —n)
L2 3r(0) —r'(0)%) [52 r(0)® +r@)rm) +rm?) v (r(0) —r(n)? ]
2 2 22— 2cos(0 — 1)

[ (9(0) +9(m)(r(0) +r(m)  , (9(0) +9()(r(0) —r(n) ., (9(0) +g(n)r'(0)sin(6 — n)
ik 2 o 2 —2cos(6 —n) -t 2 —2cos(d —n)
(60) + () — HOOE 2O + ()

[0 27(0)(r(0) —r(n) |,y or(0)r'(6) sin(6 — n)

+ _—b r(0)(r(0) + r(n)) — 2b 2~ 2cos(@— 1) +2b 2~ 2cos(0 —7) }

[ 2 (r(0) +7(n))? (r(0)* —r(n)?) r(0)(r(0) + r(n)) sin(0 — n)

| 2 7b22—2cos(9—77)+b2 2 —2cos(6 —n) }

+ 02 (0)(r(0) + r(n)) + b (0)%dn + O(r® + ¢°)

_ GO —r"0)%) bg(0)r(6) + b’ (6)2

2
+ T (—b;w(e) — r(m))(5r(6) + r(n) + blg(0) + 9(m) (r(0) — r<n>>)
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_ bg(m)r'(0) sin(6 — n)

2~ 2cos(0 — 1) dn + linear terms + O(r3 + ¢°),

where we used g(n)dn = r(n)dn = 5 S;t(oi(en ydn = 0. This yields the desired result (9.23). O

Lemma 9.4.4. Let F;’s and A;’s be defined as before. Then

d2
——Fi(b,tg + sg,tr + s7)

b » N
= (2 + Q) (r(0)7"(0) + 7(0)r'(6))

dtds
r'(0)(r(0) — () ., 7(O)(r(0) —7(n))
-t 2 —2cos(6 —n) di =0 2 —2cos(6 — 1) dn
(r(8) = r(n)(7(8) = 7(n)) sin(d —n)
+2b 2 ToosT— , (9.24)
and
@ b, = 3b%r(0)7(0) — b(g(0)7(0) + g(0)r(6 2b [ Q b "(0)7' (0
Gl ta kst )| =3 (0)7(0) — balO)7(0) + a(0)r(0) + 2 (2= 5) (07 0)
2 (r(0) —r)(67(O) + () b (7(0) = F(n)(5r(0) +r(m)) |
2 2 —2cos(6 —n) Ty 2 —2cos(0 —n) g
(9(0) + g())(7(0) — 7(n)) (9(0) + g(n))(r(0) — r(n))
o 2 —2cos(6 —n) di -+ 2 —2cos(6 —n) e

g()i'(0) sin(0 — n) g(n)r' (0) sin(6 — n)
-’ 2 —2cos(0 —n) dn—b 2 —2cos(6 —n) di. (9.25)

Proof. We compute F; first. From (9.22) in Lemma 9.4.3, we collect all st terms and obtain

Fi(b,tg + sg,tr + st) = st [(; + Q) (r(0)F(9) + 7(0)r'(9))
r(0)(7(0) = 7(n)) 7(0)(r(0) = r(n))
b 2 —2cos(d —n) dn—="b 2—2cos(6 —n) e

(r(0) —r(n)(F(8) —7(n))
(2 —2cos(f —n))?

+2b

} + linear terms + O(t* + s?).

Once we differentiate the above equation with respect to ¢ and s, the desired result (9.24) follows

immediately. Similarly, we collect all st terms from (9.23) and obtain

.7:"2(b, tg + s, tr + s7) = st |3b%r(0)7(0) — b(g(0)7(0) + §(0)r(0)) + 2b (Q _ ;’) ' (0)7 (0)

O (00) = r)T0) + () B (706) — F)Gr(6) + (),
2 2 —2cos(d —n) 2 2—2cos(6 —1n)
(9(0) + g())(7(0) — 7(n)) (9(0) + () (r(0) = r(n))
o 2 —2cos(6 —n) di+ 2—2cos(6 —n) n

g(m)7(0) sin(0 — n) g(n)r'(0) sin(0 — n)
- 2 —2cos(6 —n) di =0 2 —2cos(6 —n) dn]
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+ linear terms + O(t? + s?).

Once we differentiate the above equation with respect to ¢ and s, the desired result (9.25) follows

immediately. O

Cubic parts

We will expand F, up to cubic order with respect to the r variable (we fix g = 0). We denote

B := A3Ag so that (9.19) can be written as (with g = 0)

Fo = b*BdnAy; — QAs. (9.26)

We will first expand B up to cubic order.

Lemma 9.4.5. Let Fp, A; and B be as defined as before. Then

_1 r(0) —r(n) 1 r(0)? —r(n)?
Bdn = 2 + 2 —2cos(6 — n)dni 22— 2cos(0 — 1)
1(r(0) —r(m)(r(0)* +rn)?) (r(0) —r(n)® r(0)(r(0) — r(n))? sin(0 — )
+ 2 2 —2cos(6 —n) dn = (272005(9777))26577—1— (2 —2cos(f —n))? i
+0(r).

Proof. Using (9.4.1), we will compute the constant (=: B?), linear (=: B'), quadratic (=: B?) and

cubic (=: B?) terms of B = A3Ag separately. It is straightforward that
0 1
B%dn = 7 (9.27)

For B!, we compute B(= AJAQ + AA}),

1, ) —rm) r'(0)sin( —mn) , __r(0) —r(n)
Bdn = 2—2cos(f—1n) 2—2cos(f — n)dn ~2—2cos(d —n) " (9:28)
where we used %dn = 0. For B?, we compute A3AJ + AJA2 + AL A}, hence
2 _ [1(O)2 +r(@)r(m) +r(m)? 1 (r(0) —r(n)
Bdn—[ 2 _222008(9n)dn}
r(0)(r(0) —r(m)  rO)r(n) _ r'O)r(n)sin® —n)
+|:2—2COS(9—’I7) LR 2 —2cos(6 —n) dn}
1 r(0)? —rm?* | r'(0)(r(0) +r(n)sin(0 - n)
+ {—2(7“(0) +r(n)* = 2 —2cos(d —n) + 2 —2cos(8 —n) dn}
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_ 10?2 =r()?
T 22—2cos(d — 1) @, (9-29)

where we used 2_52115)1@”_)") dn = 0. For B3, we compute B3(= A3AY + A3AL + ALAZ + AJA3),

g [ ODEO = tO0 4y 20) 411072 0) + 10+ o)

. [( r(0) +r(n)(r(0)* + . r(0)r(n) +T(77)2)dn_ %(7‘(9) ;T(;?il(sr(;@)—n)r(n)fdn
QT(GQ)i();(;(n)jy) dn = (2(7”(29 l%(;(n)f))zd”

_r(0)(r(6)? +2r£9;rc(;7s)(;_r(nn))2) sin(6 — ) i+ T’(H)((g(é’_) Q—Czivg;)iS;r)l)(g —1) dn}

N [_T(g)_(g(ig;(; 7“_(7777))2) dn— T(G)r(n)(Tzw) +7(n)) i+ 7“’(9)7‘(77)2@_(92)0;7(“6()?72);;11(9 )

+

.

L(r(0) =rm)(r@)?+rm)?) ,  (r(8) —r(n)® 7' (0)(r(0) — (1)) sin(d — )
3 2-2cos0-1) T B 2eosl@—n )T T @ —geos0—m)2

(9.30)

Thus the desired result follows from (9.27), (9.28), (9.29) and (9.30). O

Lemma 9.4.6. Let F», A;’s and B be as defined as before. Then

1d° _ 02 (r(0) —r(m)Br(0) + 2r(0)r(n) +r(n)?) 2 (r(0) —r(n)®
EﬁFQ(b’O’tT) — 2 2 —2cos(f —n) di=b (2 —2cos(0 —n))? i
27 (0)(r(0) — r(n))?sin(0 —n) 5 (3r(0)* —1'(6)*)(r(6) — r(n))
0 (2 —2cos(0 —n))? b 2—2cos(6 —n) dn

+2b(b — Q)r(0)r (6)2 — 2b%r(6)®

Proof. We first collect all cubic terms of F5(b,0,7) in . From (9.26), we have that the cubic terms

consist of b?(B3A% + B>Al + B' A% + B°A3) — QA3. Using Lemma 9.4.1 and 9.4.5 and the fact that

A7 does not depend on 7, we obtain

= o [1(r(0) = r(n)(r(0)* +7(n)?) (r(0) —r(n))? 7' (0)(r(6) — r(n))*sin(d — n)
Falb ) =8 | T @ 2ees0 - Pt T (@~ Beos(d = n)) n
,7(0)(r(0)* = 7(n)?) 5 (3r(0)* = (0)*)(r(0) —r(n)) 5 2
b 5 2cos(d — 1) dn+b 5 Bcos(0 — 1) dn + b [2r(0)r'(0)* — 2r(6)°]

— 2bQr(0)r’ (0)* + lower order terms + O(r?)
B 00) = )0 + 20 O)r) + ), GO =)’

2 2—2cos(6 —1n) (2 —2cos(0 —n))?
r'(0)(r(0) — r(n))?sin(6 — n) (3r(0)? —r'(0)*)(r(6) — r(n))
+v° (2 —2cos(f —n))? n+ 2 —2cos(6 —n) dn
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+2b(b — Q)r(0)r' (0)? — 2b%r(0)> + lower order terms + O(r4).

Therefore, the desired result follows immediately.

9.4.2 Derivatives of the reduced functional

We denote v := (0, cos(20)). Given a pair of functions (g,r), we denote @ be the projection to the

second mode of r, that is, Q(g,7) := (£ [7(6) cos(20)d0) cos(26).

Lemma 9.4.7. Let F, v, Q be defined as before. We fit b =2 and Q2 = 1. Then,

Oy DF(2,0)v = (sin(26),0),

1

2dt?

d2

F(2,tv)

d2
81,62@}' (b, tv)

v

v

t=0

(—2sin(46), —3 cos(49)),

= (070)7

b=2,t=0

= — [DF(2,0)] " (I — Q)8,DF(2,0)v = (2cos(26),0),

= — [DF(2,0)]

2
P oF

dtds
1d3

3dt3

Q—F

d2
dtds

QF(2,tv)

—1

(2,tv + s0)

t=0

d2

wli-Qraw)|
= (0, —12cos(26)),

t=s=0

= (0,4 cos(20)),

(2,tv + s0) = (0,0),

SQODF(2,0)0 = (0,0),

2Q0,DF(2,0)0 = (0,2 cos(20)).

Proof. To prove (9.31), it follows from Lemma 9.4.2 that

8, DF (b, 0)v = (Sm(za), 2 (

cos(26) — cos(2n)
2 —2cos(6 —n)

where the last equality follows from (9.47).

To prove (9.32), note that

2
14 F(2,tv)

t=0

Hence it follows from Lemma 9.4.3 that

i
2 dt?

.7:1 (2, t’U)

t=0

= —4 cos(20) sin(26) + 4 sin(26)
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= (;j;fl(ztv)

= <8 cos(46), g cos(49)) )

dn — cos(za))> = (sin(26),0),

-
,3(I — Py) 45 Fa(2, tv)
t=0

cos(20) — cos(2n)

2 —2cos(6 —n)

(9.31)

(9.32)
(9.33)

(9.34)

(9.35)
(9.36)
(9.37)

(9.38)
(9.39)

(9.40)

)



(cos(26) — cos(2n))? sin(§ — n)

T T S cos(0 — )2

dn

= —4 co0s(20) sin(20) + 4 sin(20) cos(26) — 2sin(46)

= —2sin(46),

where the second equality follows from (9.47) and Lemma 9.4.11. Also, Lemma 9.4.3 gives

%(I - Po)%ﬁz@,tv) T (I — Py) [6cos?(20)] — 2(I — ) (cos(20) — cgs£2g)c)0(§(;oi(727§) + cos(2m)) |
=—4(I — Ry) cos2(29) —2(I — Py) (cos(26) — cos(2n)) cos(2n) dn

2 —2cos(6 —n)
= —3cos(46),

where the second equality follows from (9.47) and the last equality follows from Lemma 9.4.9.
Therefore we obtain (9.32).

To prove (9.33), we can repeat the above computation and find that %]}g(b, tv) € span {cos(46)},
independently of b. By projecting it to the space of the second mode, we obtain (9.33).

To prove (9.34), note that (I — Q)J,DF(2,0)v = (sin(26), 0), which follows from (9.31). Also, it

follows from Lemma 9.4.2 and (9.46) that
DF(2,0)(—2cos(20),0) = (sin(260),0) = (I — Q)0 DF(2,0)v.

This immediately implies (9.34).
To prove (9.35), we use Lemma 9.4.2 and (9.47) and (9.46) to obtain

DF(2,0) (8 cos(40), —2cos(40)> = (—4sin(46), —6 cos(46)) = j—;]—"(ltv)

9

t=0

where the last equality follows from (9.32). Therefore we obtain

— [DF(2,0) 7" &

o (1= QF (2, t0)

= (—8 cos(46), % cos(49)) ;

t=0

which proves (9.35).

To prove (9.36), note that d‘ti; QF = (O7 Py d‘f—;]%). Therefore, it follows from (9.35) and (9.25)
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in Lemma 9.4.4 that (plugging g =0, § = —8cos(46), r = cos(26), and 7 = 2 cos(46))

2

ﬁP%FQ(Z tv + s0) = Py [(18 cos(26) cos(46) + 16 cos(26) cos(40))

9 (cos(20) — cos(2n)) (L2 cos(46) + 3 cos(4n))
2 —2cos(6 —n)

(cos(40) — cos(4n)) (5 cos(20) + cos(27)) i
2—2cos(6 —n)

(cos(40) + cos(4n))(cos(26) — cos(2n))
2—2cos(6 —n)

cos(4n) sin(20) sin(6 — n)

2 —2cos(6 —n)

dn

-3

—16

dn

—-32

dn

= PBK| + PoKy + PoK3 + Po Ky + P K.

For K7, we compute

Py, K = P5(34 cos(26) cos(40)) = 17P5(cos(26) + cos(66)) = 17 cos(26).

For K5 we compute

cos(26) — cos(2n) -3

PK, =P, [ —1 4
Ky 2( 5 cos( 0)2_2608(9_,7) 2 —2cos(f —n)

=P (—15 cos(20) cos(46) + 2(005(29) - cos(69)))

= Py(—6cos(26) — 9 cos(60))

= —6cos(26),

where the second equality follows from (9.47) and Lemma 9.4.9. For K3, we compute

cos(46) — cos(4n) i3

PK3=P (—15 cos(20) 2—2cos(0 —n) 2 —2cos(f —n)

= P» (—30cos(20) cos(46) — 3 cos(66))
= Py (—15co0s(20) — 18 cos(66))

= —15cos(26),

where the second equality follows from (9.47) and Lemma 9.4.9. For K4, we compute

cos(26) — cos(2n) (cos(20) — cos(2n)) cos(4n)
2 —2cos(6 —n) di = 16 2—2—cos(f —n)

P2K4 = P2 (—16 COS(40)
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(cos(26) — cos(2n)) cos(4n) dn)

(cos(46) — cos(4n)) cos(2n) dn)

(9.41)

(9.42)

(9.43)



= P, (—16 cos(20) cos(46) + 8 cos(26) — 8 cos(66))
= P, (—16 cos(60))

=0, (9.44)
where the second equality follows from (9.47) and Lemma 9.4.9. For K5, we compute

P, K5 = —16P»(sin(26) sin(46))
= —8P, (cos(26) — cos(66))

= —8cos(26), (9.45)
where the first equality follows from (9.46). Hence it follows from (9.41), (9.42), (9.43), (9.44) and

(9.45) that

d? -
MQ; = (O,PthdSJ_'.2> = (O, —].2COS(20))7

which proves (9.36).
To prove (9.37), note that %Q%}" = (O, 1P %ﬁg). We use Lemma 9.4.6 with r = cos(26) and

obtain
1 d® - (cos(20) — cos(2n))(3 cos?(20) + 2 cos(26) cos(2n) + cos?(2n))
—Py—F5(2 =P |4
3 2dt3]:2( ) =Py [ 2 —2cos(6 —n) i

(cos(20) — cos(2n))?
(2 —2cos(f —n))?
(cos(26) — cos(2n))? sin(6 — n)
(2 —2cos(0 —n))?
(3cos?(26) — 4sin?(26))(cos(260) — cos(2n)) p
2 —2cos(0 —n) g

—16sin(26)

dn

+8

+ (32 cos(20) sin®(20) — 16 cos®(260))]
=Pl + Polo+ PoLy + PoLy + PoLs.
For L, we compute

cos(26) — cos(2n) (cos(260) — cos(2n)) cos(2n) d

— 2
Pl =P <12 cos“(20) 23— 2cos(@—1) dn + 8 cos(20) 3~ Dcos(0 — 1)
cos(26) — cos(217)d n 2(cos(29) — cos(27)) cos(4n)d
2 —2cos(6 —n) g 2 —2cos(6 —n) g
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= Py ( 12 cos®(20) + 8 cos(26) 1 + 1(;05(419) + 2cos(26) + (— cos(26) + cos(60))
2 2

= P»(8cos(20) + 6 cos(66))

= 8cos(20),
where the second equality follows from (9.47) and 9.4.9. For L, we use Lemma 9.4.10 and obtain

PyLy =8P, <Z cos(20) — cos(69))

= —18cos(26).
For L3, we use Lemma 9.4.11 and obtain
PyL3 = 16 P, sin(20) sin(40) = 8P (cos(26) — cos(60)) = 8 cos(26).

For L4, we compute

9 cos(26) — cos(2n) .9 cos(26) — cos(2n)
= — 20
PoLy=P, <24cos (26) 2~ 2cos0—1) dn — 32sin*(20) 53— 2cos(0— 1) dn

= P»(24 cos®(26) — 32sin?(26) cos(26))
= P»(10cos(26) + 14 cos(66))

= 10cos(26),
where the second equality follows from (9.47). For Ls, it follows immediately that
PyLs = Py (—4cos(20) — 12 cos(60)) = —4 cos(26).

Collecting the above results, we obtain

1 d3

—Py—F5(2,tv) = 4cos(2
3 thg]:g( ,tv) cos(26),

which implies (9.37).
To prove (9.38), we use (9.34) and (9.25) in Lemma 9.4.4 with ¢ =0, § = 2cos(260), r = cos(20)
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and 7 = 0 and obtain

2

e i )
Pgm]:g(Qﬂf’U +50) =P, (—4 cos”(20) + 4

(cos(260) + cos(2n))(cos(26) — COS(Zr]))d
2 —2cos(f —n) g
cos(2n) sin(20) sin(f — n) dn)

8
+ 2 —2cos(0 —n)

=P (4 cos?(26) + 4 cos?(26) + 4 (; + ;005(40)> + 4si112(29)>

207

where the second equality follows from (9.47), (9.46) and (9.4.9). This implies (9.38).
To prove (9.39), it follows from (9.35) and Lemma 9.4.2 that

OyDF(2,0) (—8 cos(46), g cos(49)) = (3sin(40),2 cos(40)).

By projecting it to the image of @), we obtain (9.39).

To prove (9.40), we note that Q0,DF(2,0)0 = (O, Pgab%fg(ltf))) . Hence it follows from

t=0
(9.21) in Lemma 9.4.2 and (9.34) that Pgab%fg(ltf)) = cos(26). This implies (9.40). O
t=0
9.4.3 Basic Integrals
Lemma 9.4.8. For N> m > 1, it holds that
cos(mn)sin(0 —n) 1
5 —2cos(0 — 1) dn = 5 sin(mf), (9.46)
cos(mf) — cos(mn) m
= — . .4
5 2cos(f — 1) dn 5 cos(m#) (9.47)

Proof. For (9.46), it is clear that %de = 4 cos(mn) cot (%T")dn = $H(cos(m#))(6),

where H denotes the Hilbert transform in the periodic domain. Therefore the result follows imme-
diately since H (cos(m#))(0) = sin(mb).
For (9.47), we recall that L= g, — A () =: (=A)2 f(0). Thus (9.47) follows immediately.

1—cos(0—n)
O
Lemma 9.4.9.
(cos(20) — cos(2n)) cos(4n) , 1 1
3~ 2cos(0 1) dn = 5 cos(20) + 5 cos(60), (9.48)
(cos(20) — cos(2n))cos(2n) , 1 1
5~ Dcos(0 — 1) dn = 5135 cos(40), (9.49)
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(cos(40) — cos(4n)) cos(2n) ,
2 seos@-m) 1 ) o
(cos(229):2 EZZEZn);)m(M) iy = %Sm( 16), (9.51)

Proof. We will show (9.48) only. (9.49), (9.50) and (9.51) can be proved in the same way. For (9.48),

one can write

(005(22‘9)_2‘;:((2”2);;’8(4’7) dn = %A(COS(ZG) cos(46))(6) — %COS(QG)A(COS(ZLH))(&)

1 1
=-3 cos(20) + 3 cos(60),

where the last equality follows from (9.47). O

Lemma 9.4.10.

(cos(20) — cos(2n)

)° 9 P
5 dn = — cos(20) — cos(60).

(2 —2cos(0 —n)) 4
Proof. We compute
3 : ~ 3 cos® (452) sin®(6 4 1)
(cos(20) — cos(2n)) (—2sin(f — n) sin(0 + 1)) 2 n
(2 —2cos(f —n))2 dn = 2 dn=4- . (o— dn
K (4 sin? (Q_T")) sin ( 2’7)
3 M i3 20 3n
48 2 Ssllrrll ; 1) dn = 40;)1 ﬂ2 (3 sin®(26) cos(26) cos? nsinn + cos®(20) sin® ) dn
2 2
31 noe2 n g 31 o3
5 5 21 )
1929 o) CO5” 3 CO8” nsiny Leod(2g) S a8y 21 L o 5 5 osd(2
12 sin”(26) cos(20) snd dn + 4 cos®( 9)7sing dn 7 Sin (20) cos(26) + 7 €08 (20)
= Zcos(?@) — cos(66),
which proves the lemma. O

Lemma 9.4.11.

(cos(26) — cos(2n))? sin(6 — n)
(2 —2cos(f —n))?

dn = —sin(46).
Proof. Using the integration by parts, we compute

(cos(26) — cos(2n))?sin(@ —n) . (cos(26) — cos(2n)) sin(2n)
(2 —2cos(0 —n))? di = =2 2 —2cos(6 —n) d

Therefore the result follows from (9.51). O
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Chapter 10

The flexibility results for

2D-Euler-infinite energy

10.1 Functional equations and functional setting for station-
ary vortex patches

Let us consider vorticity w of the form w := 211:1 O;1p, for some n € N, where ©; € R and D, is a
simply-connected domain for each ¢ = 1,...,n. Suppose the boundary of D; is parametrized by a
time-dependent 27-periodic curve z;(-,t) : T +— R2. The evolution equation of the boundary can be

written as a system of equations,

Orzj(x,t) - &EZJ-(I,L‘)l = u(z;(x,t),t) - 8Izj(x,t)L. (10.1)

where u(-,t) := V* (w(-,t) * 5= log| - |) is the velocity vector. We will look for stationary solutions

to (10.1). Let us assume that each z; can be written as

zi(x) = (b; + Ri(z))(cos(x),sin(z)), =z €T, (10.2)
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where b; is a positive constant for each i. By plugging these parametrizations into (10.1), we are led
to solve the following system for b := (by,...,b,), © := (01,...,0,) and R := (Ry,..., Ry):

1 1 ,
0=7F;(0,0,R) = u(z()) - 25" =Y —Ouwij(R) - " = > -0 (ul j(R)R) — uj ;(R)(b; + Ry))
i=1

i=1

=:5;(bs,bj,Ri,Rj)

(10.3)

where u; j(R)(x) := V* (1p, *log |- [?) (zj(z)), which can be thought of as a contribution of the ith

patch on the jth curve, and uf are the angular and the radial components of u; ;. More

T
; and uj ;

J

explicitly, we have

8100 e ) = [ ot = )0+ BB} @) ~ 05+ By )
< log((b; + Ry (@))? + (bi + Ra(y)® — 2(b; + Ry (@) (b + Ri(y)) cos(a — y)dy
-/ 7 sin(e = ) (0 + Ri); + Bo(a)) + B, ()
< log((b; + Ry (@))? + (b + Ra(y)? — 2(b; + Ry (@) (b + Ri(y)) cos(a — y)dy.

(10.4)

It is clear that S;;(b;, b;,0,0) = 0, since u; ;=0 for radial patches. Thus we have
F(b,0,0) =0, for any b, O. (10.5)

In what follows, we will pick one of ©; as a bifurcation parameter, while the others are fixed.

We now proceed to discuss the functional spaces that we will use. In Section 10.2 we will work
with the following analytic spaces. Following [17], we denote the space of analytic functions in the
strip {z € C : Im(2) < ¢} by Cy(c). For k € Z, we will consider the following spaces of 2X-periodic

m

functions:

X = f(z) € Cule)s  flx) =) ajmcos(jma), | fllxrm < o0,
j=1

vEm .= f(z) € Cule), flz)= Zajm sin(jma), | fllyrm <oop,
j=1

where || f] yxm =[| fllyrm = 3252, [ajm|*(1 + jm)?* (cosh(cjm)? + sinh(cjm)?).
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In Section 11.1 we will consider the following spaces of 2H’“—periodic functions:

xtm=d f(a) € HNT) s f@) =Y ajmcos(ma), | fllxem < oo,

Jj=1

YEm = f@) e BNT): f(@) = agmsin(ma), [fllysm < oo ¢,
j=1
where [|fllxem =Ifllyen =l flleco-

10.2 Warm-up: Existence of non-radial stationary vortex
patches with infinite energy

As a warm-up, in this section we aim to show that there exists a non-trivial patch solution with

infinite kinetic energy, 5 [p2 |V (w*log||) |*dz = oo. Recall that ([71, Proposition 3.3]),

/ |V (wxlog|-|) [Pde < co <= w(z)dx = 0. (10.6)
R2 R2

In our proof, we will find a continuous bifurcation curve, emanating from a two-layered vortex patch

whose vorticity does not has zero mean.

10.2.1 Main results for infinite energy

Let us counsider two-layer vortex patches, that is, ¢ € {1,2} in the setting in Section 10.1. For

b,0 € (0, 1), using the scaling invariance of the equations, we will choose the parameters to be

bi=1, be=b, ©;=0, 0Oy=-1, (10.7)
so that if Ry = Ry = 0, then
O in Bl\Bb
w= (10.8)
0-1 in Bb,

where B, denotes the unit disk centered at the origin. Note that the case ® = 1 corresponds to an

annulus. Later, we will fix b as well, and let © play the role as a bifurcation parameter. With this
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setting, the system (10.3) is equivalent to
0=F(O,R)=(F'(0,R),F*(©,R)), R=(Ri,Ry), (10.9)

where we omit the dependence of ©2 and b1, by for notational simplicity.

Theorem 10.2.1. Let k,m be such that k > 3, 2 < m € N. Let b satisfy the condition in Lemma
10.2.8. Then for some ¢ > 0 and sg = so(k,m,c,b) > 0, there exist two bifurcation curves [0,sg) D
s+ (0%(s), R (s)) € Rx (XF™)2 such that for each s € (0,s0), (0% (s), RT(s)) is a solution of the
equation (10.9) and R*(s) # 0 € (X®™)2. The bifurcation curve emanates from (0% (0), R*(0)) =
(©%,0), where ©F are defined in Lemma 10.2.8.

Theorem 10.2.1 immediately implies the existence of non-radial stationary vortex patches with

infinite energy.

Corollary 10.2.2. Let 2 < m € N. Then there is an m-fold symmetric stationary patch solution

for the 2D Euler equation with analytic boundary and infinite kinetic energy, that is

1
/ V(w*log|o>2dx—oo.
R2 2T

Proof. By Theorem 10.2.1, there are two continuous bifurcation curves U= : [0, s9) +— R x (X f””)Q

of solutions of (10.9) such that

Ve (s) = (0%(s),R(s)), F(¥*(s)) =0, and ¥H0)=(6,,0),

for some sp > 0. From (10.1) and (10.3), it is clear that for each s € (0, s) and for each choice of +,

O -1 ifxe Dys),

w*(z) =40 if 2 € Dy(s)\Da(s) (10.10)

0 otherwise,

is a stationary solution to the Euler equation, where D;(s) and Ds(s) are the bounded domains
determined by (10.2) with R(s). Since R(s) € (Xf’m)Q, the boundaries are analytic.

Now we consider the kinetic energy of the solution. From (10.6), it suffices to show that
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Jz2 @°(x)dz # 0. By the continuity of the bifurcation curve, this immediately implies that [,, w®(z)dz #

0 for small s > 0. Then it follows from Lemma 10.2.11 that v*> < O hence
/ w(z)dx = 7 (—b* +OF) > 0.
R2

This completes the proof. O

The rest of this section will be devoted to prove Theorem 10.2.1. The proof will be divided into
5 steps. These steps correspond to check the hypotheses of the Crandall-Rabinowitz theorem 11.4.1
for our functional F' in (10.9). The hypotheses in Theorem 11.4.1 can be read as follows in our

setting:

1. The functional F satisfies
F(O,R) : (0,1) x {VE} s (VF1m)2
where V¢ is an open neighborhood of 0,

ve={(f.9) € (XE™? : |Ifl] e + llgll i < €}

for some € > 0 and k > 3.
2. F(©,0) =0 for every 0 < © < 1.

3. The partial derivatives 0o F, DF, 0o DF exist and are continuous, where DF is Gateaux

derivative of F with respect to the functional variable R.

4. Ker(DF(©E,0)) C (XF™)2 and (YF~1™)2 /Im(DF(O%,0)) are one-dimensional (see Propo-

sition 10.2.8 for the definition of ©).
5. 0o DF(O%,0)[ve] € Im(DF(O,0)), where vy is a non-zero element in Ker(DF (O, 0)).

Remark 10.2.3. We remark that if i # j then the functions inside the logarithm in S;; in (10.4)
are uniformly bounded from below in y for all x by a strictly positive constant depending on the
parameters. Then we can analytically extend the integrand in  to the strip |3(2)| < ¢ in such a way
that the real part of this extension stays uniformly bounded away from 0 for a small enough c. The

case i = j can be treated similarily as in [17, Remark 2.1].
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10.2.2 Proof of Theorem 10.2.1
Steps 1,2 and 3: Regularity

In order to check the first three steps, it suffices to check if S;; in (10.4) satisfies the hypotheses,
since F is a linear combination of S;;. As mentioned in Remark 10.2.3, the case i # j is trivial since
there is no singularity in the integrand and analytically extended into a strip in C, if (Ry, R2) is in a
sufficiently small neighborhood of (0,0). For i = j, the first three steps with slightly different settings
were already done in the literature. For example, step 1 can be done in the same way as in [29].
Step 2 follows immediately from (10.5). Existence and continuity of the Gateaux derivatives for the

gSQG equation was done in [41] and the same proof can be adapted to our setting straightforwardly.

Step 4: Analysis of the linear part.

In this section, we will focus on the spectral study of the Gateaux derivative DF(0,0) := DrF(0,0).

Calculation of DF We aim to express the Gateaux derivative of F around (©,0) in the direction

(H(x),h(z)) in terms of Fourier series.

Lemma 10.2.4. Let S;; be defined as in (10.4). Then:

d
aSij(bi,bj,thi,thj)

= /bi(h;(x) cos(z — y) — hj(y)) log(b7 + b7 — 2b;b; cos(z — y))dy =: L1 + La.
t=0

Proof. Let Vi;’ab (resp. Vé’ab) be the contribution of the first term (resp. second term) of (10.4)
where the first factor contributes with a ¢t and the second with t*. We are looking for all combinations

such that a + b = 1. We start looking at the first summand. We have that:

Lo / cos(z — y)(bil;(x) — by () log(b? + b2 — 2b;b; cos(x — ))dy.

)

Similarly, for the second one,

2,01 : oy hi(@) (b — b cos(x — y)) + hi(y) (bi — bj cos(z — y))
Viio = 2/51H($ y)(bib)) b2 + b7 — 2b;b; cos(z — y) dy.

Vlt = - / sin(w — y) (bihy () + bihi(y)) log (b7 + b} — 2b;b; cos(x — y))dy,

)

where we have used Lemma 11.4.2. Integrating by parts in Vi?.’m:

Vé—’Ol _ /((bihj (x) + bjhi(y)) sin(z — y) — hi(y)(b; — bj cos(z — y))) log(b? i~ 2b;b; cos(x — y))dy,
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Finally, adding all the log terms and the non-log terms together:
Vo v v = /bi(h}(@ cos(z — y) — hi(y)) log(b3 + b7 — 2b;b; cos(x — y))dy,

as we wanted to prove. O

Lemma 10.2.5. Let h; = A; cos(mz) and r = % Then:
i,05

d r
751' '(bia bath’tath) =2 SIH(mx)mbz (A i Al) :
PTE j 3 o J m

Proof. From Lemma 10.2.4 and Corollary 11.4.4, we have that

Ly = —mb;A; sin(maz)Ap(r, 1),

Lo = mb; A; sin(max)Ag(r,m),

Adding the two contributions gives the desired result. O

Note that the functional F is a linear combination of S;; (see (10.3)). Using the above two

lemmas, we obtain the following proposition:

Proposition 10.2.6. Let h(x) =) a,cos(nx), H(x) =), A, cos(nx), then we have that:

where

U(x) = Z U, sin(nz), wu(x)= Z Uy, sin(nx),

and the coefficients satisfy, for any n:

Un Ar b-%+2 — A
— (—TL)Mn(@) — (—TL) 2 2n 2n 2n
U, an @g—n —%—i—%(l—@) an
Proof. It follows from (10.7), the definition of F in (10.9), (10.3) and Lemma 10.2.5. O
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One dimensionality of the Kernel of the linear operator. Our goal here is to verify the one

dimensionality of Ker(DF(©,0)) for some ©. More precisely, we will prove the following proposition:

Proposition 10.2.7. Fiz 2 < m € N and take any b € (0,b,,), where by, is as in Lemma 10.2.8.

Then there exist two ©F € (0,1), such that Ker(DF(O7,0)) is one-dimensional. Furthermore,

b= 51— 65)

Ker(DF(0£,0,0)) = span { vo(0E) cos(ma) := cos(mx) p € XFm x xkm,

+
@771 bm
2m

The proof of the above proposition relies on the analysis of the matrix M,, in Lemma 10.2.8 and

10.2.9, which we will prove below.

Lemma 10.2.8. Let A,,(O) be

A (0) = %det(Mm(@)) = (0V"" + b*m(m(1 —©) — 1)+ O(1 —m)(m(1 — ©) — 1)) (10.11)

Then, for any m > 2, there exists 0 < by, < 1 such that for any 0 < b < b,, < 1, there exists
0< O, <Ot <1 such that A,,(0F) =0. We also have that rk(M,, (%)) = 1 for those values of
O, O, , where rk(A) is the rank of a matriz A.

m’

Proof. For fixed m, we study the polynomial A,,(©). We need to solve
Ay (0) = m(m —1)0% — ((m — 1) + b*m? — b*™)O + b*m(m — 1) = 0. (10.12)

Since A,,(0) is a quadratic function, we only need to show that the discriminant is positive. We

have

Dy = ((m —1)? + 0*m? — b*™)? — 4m?(m — 1)*b?
= ((m — 12 +b*m? — b — 2m(m — 1)b)((m — 1)* + b*m? — b*™ + 2m(m — 1)b)
=(m—1=bm—0b")(m—1—bm+b™)((m—1)* +b*m? — b*™ 4 2m(m — 1)b)

= Dm,l : Dm,2 : Dm,3-

Since m > 2, 0 < b < 1, we have D,;, 3 >1—1=0. We also have

1—pm
Dpo=m(l—=0)+0"—-1=(1-b)[m—

’ 17b}:(1—b)(m—(1+b+b2+...+bm_1))>O.
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D, 1 is decreasing in b when b > 0 and D,,, 1(0) = m —1 > 0, D,;, 1(1) = —2. Let b, be the only

zero point of Dy, 1 in (0,1). If we take 0 < b < by, we have

Dy >0, D, > 0. (10.13)

Hence A,,(©) has two different solutions ©,, < ©;. Moreover, the matrix does not vanish when

b # 0, implying rk(M,,(0:)) = 1. Now we are left to show 0 < ©F < 1. We have

00 =b <1,

and
((m —1)2 +b*m? — v*™) 1-1

+ - _ >
ey +0,, mim —1) 2 lm =) > 0.

Hence, 0 < ©,, <1 and 0 < ©;. If © > 1, then A,,(1) < 0. However,

A (1) = 0*™ —mb® — (1 —m) (10.14)
1— b2m
2
= (1= — 57"
=(1-0)(m—1-b*—..=b"""2)>0.
Therefore 0 < ©F < 1. O

We now show that Aj,,(0F) # 0 for any j # 1.

Lemma 10.2.9. Let j > 1 and let ©F and @;tm be defined as in the previous Lemma. Then

ef,>6f >0, >0 . Hence, M;,(0F

im =) is non-singular for all j > 1.

Proof. Since ©F solves the equation

@2 B ((m _ 1)2 + b2m2 _ me)

2 _
=) O +b? = 0.

 (m=1)24b2m2—p>™)
- m(m—1)

We only need to show F(b,m) : is strictly increasing with respect to m. We

have

F(b,m+1)— F(b,m)
(m2 + b2(m 4 1)2 _ b2(m+1)) ((m _ 1)2 + b2m2 — bzm)

(m+1)m m(m — 1)
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(m? + b%(m + 1)% = 2 D))(m — 1) — ((m — 1)2 + b*m? — b*™)(m + 1)
(m+1)m(m —1)
2(m+1)2(m—1) —m2(m+1)) +m?(m —1) — (m + 1)(m — 1)2 = > 2 (m — 1) + (m + 1)b*>™
(m+1)m(m—1)
—b2(m+1)+m—1-0""2(m — 1)+ b2 (m + 1)
(m+ 1)m(m —1) ’

Thus

F(bym+1)—F(b,m) >0 —b* (m+1)+m—1-b"""2(m — 1) +b*"(m +1) >0

S 1+ (140" = (=1 4+H)A+*"")m >0 —(1+ )P 24+ 4+ 02 + D)+ (1 +0*")m >0

m m m
= PN L 14 m > 06 > (1-0F) (1 -0 F) > 0.
k=1 k=1 k=1
It is easy to show the last inequality since 0 < b < 1. O

£ be as defined in Lemma 10.2.8. Assume that

m

Proof of Proposition 10.2.7: Let m > 2 and let b, ©

H(z) =3, Ajm cos(jma) and h(z) = 3, ajm cos(jma) satisfy
F(©5,,0)[H,h] = (0,0).
Then it follows from Proposition 10.2.6 that

A 0
M0 7" | =

Qjm 0
For all j > 1, it follows from Lemma 10.2.9 that M]m(@i) is invertible, thus A;,, = a;jm = 0. For j

771 bm

Lb-2t(1-0k)
1, Lemma 10.2.8 tells us that (A, am) € Ker(M,,(0F)) = span { vo(0E) := | *" 2 )
O

This finishes the proof.

Codimension of the image of the linear operator. We now characterize the image of DF (O 0).

We have the following proposition:

Proposition 10.2.10. Let

Z=4(Q,q) € YT x YTV Q) = Qjmsin(jma), q(x) = D gjm sin(jma),
j=1 j=1
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Qm *%bm+1
HAQ,q e R s.t. = )\Q,q 2

dm *ﬁb‘i’g(l*@i)
Then Z = Im (DF(©%,0,0)).

Proof. In view of Proposition 10.2.6, Im (DF(0%,0)) C Z is trivial, since M;,,(0%) is non-singular

__1 pm+1
2mb

for j > 1, and Im(M,,(0%)) = span . In order to prove Im (DF(©%,0)) D

1 b
—5-b+35(1-0)
Z, we need to check whether the possible preimage satisfies the desired regularity. To do so, we have

the following asymptotic lemma;:

Lemma 10.2.11. For fized m > 2 and b defined as in Proposition 10.2.7, we have b*> — ©F < 0

and

b oty b + + 1 :
Wﬁjm(e)m) =1 (b —-05)(1-6,)+0 ) as j — 0o, (10.15)

Consequently, we have
det(M;, (02)) ™! Spmo 1, for sufficiently large j. (10.16)

Remark 10.2.12. As shown in the above lemma, there is no bifurcation curve from the two-layered
vortex patch with zero-average. This is due to the fact that the radial vorticity w determined by b
and ©F as in (10.8) satisfies [, wdx =7 (—b* + @ﬁ) > 0. Note that if we require © = b* to ensure
Jwdz =0, it follows from (10.11) that A, (b?) = mb*(1 — b%) + b2(b*™ — 1), which does not vanish
for any m > 2 unless b =0 or b = 1. Therefore, for any 0 < b < 1, the linearized operator is an

isomorphism and the implicit function theorem shows that there cannot be a bifurcation.

bstar;heta Firstweshowthatb? < ©F. By Lemma 10.2.8, 00, = b and 0 < ©F < 1. Thus

©% > b2 Therefore the first assertion is proved. The second assertion follows directly from (10.11)

b oty b 2 _9E)(1— 0 (im)? ) = 22— et)(1- ot e
T Am(B5) = 1 (0 - 05)(1 - ) + O (m)) = § (7~ %) (1~ 05) + 0 (-

Lastly, by choosing j large so that |WA]-,”(®$)| > %(@fl —b*)(1 - k) >0, we have

1 <1

|det(Mjm (0;,) 1) = S
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which proves (10.16). Now for an element (Q, q) € Z, let (H, h) be such that

H(x)= Z Ajm cos(jma), h(x) = Z ajm cos(jmz),

Jj=1 Jj=1

with

= —— s J = (—]m)_lMJm(@i)_l Qj fOI'j > 1.

m
Qm >\Q,q Qjm qjm

It is clear from (10.2.6) that DF (0 ,0,0)(H, h) = (Q, q). We will prove that (H,h) € X*™ x Xkm,

From Lemma 10.2.11 and the fact that M;,,(©:%) is nonsingular for j > 1, it follows that
|[Ajm* + lajm]® < (Gm) 72 (1Qjm * + lgjm[*) ~ forall j > 1. (10.17)

Thus, we obtain

kN = D (1 Agml® + lagm]®) (1 + jm)* (cosh(ejm)® + sinh(ejm)?)
j=1
1

~

< W)\éﬂ(l + m)?* (cosh(cm)? + sinh(em)?)
+>_(7m) "2 (1Qjm|* + lajm[?) (1 + jm)** (cosh(cjm)? + sinh(cjm)?)
j=2

ST+ (1@ s Hlal2 1)

< 00.

This proves that (H,h) € X*™ x X¥™ and therefore Z C Im (DF(0%,0)). O

Step 5: Transversality

Proposition 10.2.13. We have that
96 DF(65,,0)[vo] & Im(DF(6;,,0)), (10.18)

where vy = vo(OL) is as given in Proposition 10.2.7.

Proof. For h(x) =} ajm cos(jmz), H(z) = 3_; Ajp cos(jma), we have that (see Proposition 10.2.6):
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U
deDF(O%,0)[H,h] = :

where

U(x) = Z Ujmsin(jmz), u(z) = Z Ujm sin(jme),

J J

and the coeflicients satisfy, for any j:

Ujm . Ajm . ~5ta O Ajm
= (_Jm)‘?@Mjm(@;—i) 1= (—jm) - X
Ujm Ajm 2m T2 Gjm
Letting
b _ b 1_@i) —_ L pm+1
2m 2< m 2m
UO(Gi) = ot m ) U)(@i) = ) b " )
S2b —5-b+35(1-05)

be the generators of Ker(M,,(0:%)) and Im(M,,(0%)) respectively, the transversality condition

is equivalent to prove that w;(07) and w(6©=) are not parallel, where

R ).
o (4= 1)

4m m

w1 (0F) = 0o M (07)10(05) =

This is equivalent to prove that:

0;«&—% (;—1> (;—(1—@i)>2+i:j (;—1>¢<@§—(1—W)> <@§—(1—1mbm)>7éo.

We prove it by contradiction. If ©F =1 — %, we have b™ = m(1 — ©F) — 1. Moreover, by
(10.11),we have

O™ + ™2 m 4+ 0 (1 — m)b™ = 0.
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Hence,

O +v¥*m+0E(1—m)=0
=0E(m(1-06%)-1)+t*m+0E(1-m)=0

= —m(0I)2 +bv*m =0.

Since ©F > 0,b > 0, we have

0f =,

m

implying a contradiction since ©;},0;, = b* and O}, # O,.. If ©OF =1 — 1771’7", we can follow the

same way to get O = b and get a contradiction. O

Proof of Theorem 10.2.1: All the hypotheses of the Crandall-Rabinowitz theorem were checked in

Propositions 10.2.7, 10.2.10 and 10.2.13. Therefore the desired result follows immediately. O
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Chapter 11

The flexibility results for

2D-Euler-finite energy

11.1 Existence of non-radial stationary vortex patches with
finite energy

In this section, we aim to prove that there exist non-trivial patch solutions with finite kinetic energy,
5= Jo2 |V (wxlog] - |) [*dz < co. As mentioned in (10.6), this property is equivalent to [ wdz = 0.

By Remark 10.2.12, we can not use two-layer patches and instead we will consider three-layer patches.

11.1.1 Main results for finite energy

We consider vortex patches with three layers, that is, ¢ € {1,2,3} in the setting in Section 10.1.
The total vorticity that we consider is of the form w = Z?:l O;1p,, where D; is determined by
0D; = {(b; + Ri(x))(cosz,sinz) : z € T}. We will look for a bifurcation curve from the radial one,
Z?:1 ©;1p,,, where B, denotes the disk with radius r centered at the origin. We have the following

parameters and functional variables:
e b; € R: the radii of the different layers of the annuli. We will have 1 =: by > by > bs.
e O; € R: the vorticity at the different layers. We will choose ©; := 1.

e R:= (Ry,Ra, R3) € (X*™)3 for some 3 < k € N : the functional variables that determine

the boundaries.
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In the rest of this section, we will fix m, by and O so that for 2 < m € N,

1\ = m(bs? — 1) _ { b2 213 — 1)m —1}
0<by< (= and —— 2 <O, <min{?2 e 11.1
Given R, ©;, by and by, we choose b3 so that
3 27
/ w(zr)dx = Z/ 0i(b; + Ri(z))*dz = 0. (11.2)
R2 = Jo
Since by, by and ©1, O are fixed constants, (11.2) implies that b3 is a function of ©3 and R, more
precisely,
by = b3(O3, R)

1 2 27 2
- \/27@3 (@1/0 (b1 +R1(x))2dx+@2/0 (b2+R2(x))2dx+®3/0 Rg(x)zdx> (11.3)

If ©3,03(03, R) # 0, then its derivative with respect to R is given by

d
Db3(©3, R)[h] := %53(@37 R+ th)

t=0

1
= 5030003 ) (@1/TRl(:v)hl(a:)alm+@2/TR2(m)hz(a:)d:r+@3/TRg(:ﬂ)hg(az)dm)7

(11.4)

where we used [} hi(x)dz = 0 for h; € X*™.

Note that for sufficiently small || R; || and [©3—03 |, where ©3 ,, is as defined in Lemma 11.1.24,
we can choose by = b3(0O3, R;) so that (11.2) is compatible with ba > b > 0 (see Lemma 11.1.24).
Therefore, a 4-tuple (O3, Ry, Ro, R3) =: (O3, R) uniquely determines w = Zle 0;1p, such that the
boundary of the ith patch surrounds the jth patch if ¢ < j and fR wdz = 0. In the proof, ©3 will play
the role of the bifurcation parameter and we will look for a bifurcation from (03 ,,,0) € Rx (X*™)3,

With this setting, the system (10.3) is equivalent to
0= G(@g,, R) = (Gl (@3, R), GQ(@?,, R), G3(@3, R)), (11.5)
where

Gj(@B,R) = fj(b(@3aR)>@37R))’ and b(@3»R) = (blaanb3(@3aR))7 ] = 13273' (116)
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Now, we are ready to state the main theorem of this section:

Theorem 11.1.1. Let k > 3 and 2 < m € N, ©1 = b; = 1 and b and Oy as in (11.1). Then
for some so = so(m, k,ba,O2) > 0, there exists a bifurcation curve [0,s9) > s — (©3(s), R(s)) €
R x (Xkm)3 such that for each s € (0,s0), (O3(s), R(s)) is a solution of the equation (11.5) and
(R(s)) # 0 € (X®™)3. The bifurcation curve emanates from (©3(0), R(0)) = (0% ,,,0), where 03 ,,

is defined in Lemma 11.1.24.

Theorem 11.1.1 immediately implies the existence of non-radial stationary vortex patches with

finite kinetic energy.

Corollary 11.1.2. Let 2 < m € N and k > 3. Then there is an m-fold symmetric stationary patch

solution of the 2D Euler equation with H*-reqular boundary and finite kinetic energy, that is

1
— log| -
/Rz V(w*% og | >

Proof. By the definition of bs in (11.2), each w = Zg’zl ©;1p, which is determined by (O3(s), R(s))

2
dx < 0.

for s € (0,s0), satisfies [ wdz = 0. This is equivalent to [, |V (w* 5=1log|-|) [2dz < oo, (see

(10.6)). O

The existence of the bifurcation curves will be proved by means of a Nash-Moser iteration scheme
(Theorem 11.1.7). The proof of Theorem 11.1.1 will be accomplished in Subsection 11.1.5 by checking

the hypotheses of Theorem 11.1.7.

11.1.2 Compactly supported velocity

In this subsection, we digress briefly to observe an interesting consequence of Theorem 11.1.1. Thanks
to a simple maximum principle lemma, it can be shown that each stationary solution on the bifur-

cation curves has compactly supported velocity.

Lemma 11.1.3. (the key Lemma) Assume that w € L' N L (R™) for n > 2 is compactly sup-
ported and let Q0 be the unbounded connected component of supp(w)c. We additionally assume that

Jon wdz = 0. Then for f:=wx N, where

L log || ifn=2
N(.’I}) _ 27

1 2— L 2 .
rom PP Va= w5 ifn> 2
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it holds that

sup f(z) = max f(z) and inf f(z) = min f(z).

Consequently, if f is constant on OS2, then f is constant in Q.

Remark 11.1.4. The above lemma does not hold without the assumption fR" wdx = 0. For example,

f:=1p, * N is harmonic in Q := BS, while maxq f is unbounded in Q°.

Proof. Tt suffices to prove the maximum part since we can apply the argument to — f for the minimum
part. The proof is classical but we present a proof for the sake of completeness.

Let M := sup,cq f(x). Then A := {x € Q: f(x) = M} is relatively closed in Q, since f is
continuous. Furthermore, since f is harmonic in 2, the mean value property yields that A is open.
Therefore A must be either () or € since €2 is connected. If A = Q, then the result follows trivially.
Now, let us suppose that A = (). Towards a contradiction, assume that M > max,ecgq f(z). Since f
is bounded in R™ (this property still holds when n = 2, thanks to fR2 wdx = 0), therefore the only
possible case is that

lim f(z)= M. (11.7)

Let us consider ¢(r) := ﬁ fla:lzr f(z)do(x). For any sufficiently large r such that Q¢ C B,., where

B,. is the ball centered at the origin with radius r, it follows that

d d 1 1
—(r) = — 15— rx)do(x) = w5 w(x
" = T e \zl:lf( Jdo(x) = 55 e (

Furthermore, (11.7) yields that

lim ¢(r) = M,

700

hence, we have ¢(r) = M for all sufficiently large r. For such r > 0, we have

1
= — do < < M.
|08, | \z\:rf(x) 7= oy ) =
This implies A cannot be empty, which is a contradiction. Hence M = max,caq f(z). O

Corollary 11.1.5. Let 2 < m € N and k > 3. There exists an m-fold symmetric stationary patch
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solution of the 2D Euler equation with H*-reqular boundary and compactly supported velocity.

Proof. Let w = Z?:1 ©;1p, be the vorticity determined by (O3(s), R(s)) for s € (0, sp) in Theo-
rem 11.1.1. From (10.1) and (10.3), it follows that its stream function f := s-w xlog| | is constant
on the outmost boundary 0D;. However, Lemma 11.1.3 implies that sup D¢ J = infpe f, therefore,

f is constant in D$. This proves that supp(V~*f) C D;. O

Remark 11.1.6. In this paper we focus on patch type solutions w = >+, ©;1p,. Lemma 11.1.3 is
still applicable for smooth w as well as long as the boundary of Q := supp(w) can be approzimated
by regular level curves of w (See Figure 11.1). This is due to the fact that the stream function of
the smooth stationary w must be constant on each regular level set of w (see [42, Section 1]), hence
the stream function has to be constant on each connected component of 0. If 0Q has only one

connected component, then the velocity vanishes in the unbounded component of €2°.

Figure 11.1: Illustration for smooth stationary w where Q := supp(w) is colored in blue, whose
boundary is not necessarily connected. The dashed lines are regular level sets of w, which converges
to the outermost boundary. In such case, the stream function is constant on the outermost boundary
00°% thus Lemma 11.1.3 implies that the velocity vanishes in the unbounded part of Q¢.

11.1.3 Nash-Moser theorem

We first prove a bifurcation theorem using the Nash-Moser scheme under some assumptions, which
will turn out to be satisfied by our nonlinear functional. We follow the ideas from Berti [5].

Let 2 <m € N fixed. We denote

Xk .= xkm yk.—ykm (0% .—C®T), R:=(Ri,RaRs)€ (X’““)gm(C"O)B, do = Deo,,
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for simplicity. Furthermore, for a Banach space X and an element R € X, we denote the norm of R by
|R|x :=||R| x. In addition, we use the notation A <, ; B if there exists a constant C' = C(a,b) > 0
depending on some variables a,b such that A < CB. We also use ¢, ¢y, .... to denote universal

constants that may vary from line to line.

Theorem 11.1.7. Assume that there exists ©5 € R and an open neighborhood I x V3 of (©3%,0) €
R x (X?’)3 such that for each 2 < k € N, G : I x (Xk+1)3 — (Yk)3 satisfies the following: For
(©3,R) € I x (V3N (C>)?)

(a) (Existence of a curve of trivial solutions) G(03,0) =0 for all ©3 € I.

(b) (Regularity) It holds that

(G(©3, R)|yrys Sk 1+ [Rlxrrnys, (11.8)
100G (O3, R)|(yryz Sk 1+ R xis1y (11.9)
|D*G(O3, R)[h, h]|(yrys S (14 [Rl(xres))[2[Exrinys (11.10)
|00 DG(O3, R)[R]|(viys Sk (1+ [Rl(xr+sys) |l (xrrys (11.11)
06 D*G (O3, R)[h, B[y rys Sk (1+ | R|(xrssys) [hlFxrrys (11.12)
1000 DG (O3, R)[1]|(yr)s Sk (14| R|(xr+sys )|l xre1ys (11.13)

(¢c) (Decomposition of DG) DG(O3, R) € L((X**1)3;(Y*)3) has the following decomposition:

DG(®3; R) [h] = CL(@3, R)[h] + A(®37 R) [h]v

such that a(03, R) € L((XFT1)3, (YF)?), A(O3, R) € L((XFH1)3, Yk x (Y*)?). Also, there

exists 0 <1 < 1 such that if || R|[(gr+2ys <0, then

|a(@3, R) [h] |(Yk)3 51@ |G(@3, R)l(yk)s |h|(Xk+1)3, (11.14)

|A(Os, R)[h]lyxs1x(yiye Sk (14 [ Rl xcisaya) Bl (xrsnya, (11.15)

(6-1) A:R x (XF+3)3 s L(XFH1)3 YR+ x (Y#)2) is Lipschitz continuous. That is, if

(01, RY), (02, R?) € I x (V3N (C™)?),
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and ||Rl||(Hk+3(']I‘))2, ||R2||(H’“+3(’]I‘))2 <1, it holds that

|A(O}, RY)[h] — A0, Ry Sk (1O} — ©F + |RY = R2|(xneya) |Bl(xrsnys.  (11.16)

(¢-2) (Tame estimates) There exists 0 <1 < 1 such that if | R||(gr+s3(1))s <1, and A(O3, R)[h] = 2
for some z € (C*)3 and h € Ker(A(©%,0))1, then h € (C>®)3. Furthermore, for any even

o € NU{0}, it holds that
|h|(Xk'+1+0)3 Sk (14 \R|(Xk+4+o)3) |Z\yk+1x(yk)2 + |Z‘Y’€+1+“><(Y’“+°‘)2 : (11.17)

(d) (Fredholm index zero) There exist non-zero vectors v and w such that v and w are supported

on the m-th Fourier mode and

Ker(A(©3,0)) = span{v}, Im(A(©3, 0))J‘ = span{w},

(e) (Transversality) 0o A(©3%,0)[v] ¢ Im(A(O%,0)).

Then, for any ko > 2, there exist a constant so = so(ko) > 0 and a curve [0, s9) 3 s — (O3(s), R(s)) €

I x (X*o*t1)3 such that G(©3,R) = 0 and R(s) # 0 for s > 0. The curve emanates from
(©3(0), B(0)) = (©3,0).

Remark 11.1.8. Note that the evenness of o for the tame estimate in (¢ — 2) is simply because X*

is a space of even functions and any odd order derivatives of h € X* are odd.

The rest of this section is devoted to prove Theorem 11.1.7.
Towards the proof, let ko > 2 be fixed. We define the projections P : (X*o+1)3 s Ker(A(©%,0))
and @ : (Y*0)3 s Im(A(©%,0))* by

PR:=(v-R)v and QR:=(w-R)w, (11.18)

where (f - g) denotes the usual L? inner product. Note that from the assumptions (d) and (e), we
make an ansatz that for sufficiently small s > 0, the bifurcation curve s — (©3(s), R(s)) can be

written as

(©3(s). B(s)) = (05 + v R(s),50+ (I = P)R(s)) .
for some R(s) € (X*o*1)3 such that |(I — P)R\(Xk0+1)3 = o(s). From this ansatz, we define a family
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of functionals G : (X*ot1)3 oy (Yho)3 by

Gs(R) :=G(O5+v-R,sv+ (I — P)R), (11.19)

and look for R € (X*o+1)3 such that G,(R) = 0 and |(I — P)R|(xro+1ys = o(s) for sufficiently small
s > 0. This will be achieved by Newton’s method, where the first approximate solution is R = 0.
To perform Newton’s method, we need to study the linearized operator DG, at each approximate

solution R # 0: For h € (X**1)3 which can be directly computed from (11.19),

= 00G(©3+4+v-R,sv+ (I — P)R)(v-h) + DG(©3 +v - R,sv+ (I — P)R)[(I — P)h]

= T,(R)[h] +a(O®f +v- R,sv+ (I — P)R)[(I — P)h|, (11.20)
where

Ts(R)[h] == 06G(O3+v-R,sv+ (I — P)R)(v-h)+ A©3 +v-R,sv+ (I — P)R)[(I — P)hl.
(11.21)

The above decomposition of Dés into T 4 a follows from the assumption (¢). Recall that Newton’s
method relies on the invertibility of T5(R) for small s > 0. However, as we will see in the next
lemma, T is not fully invertible between (X*0t1)3 and (Y*0)3 because of its loss of derivatives.
This is a motivation of adapting a Nash-Moser scheme in our proof. However, (11.14) suggests that
the inverse of Ty is a good approximate right inverse of DG,. In the next subsection, we will focus

on the properties of Ts(R).

Analysis of T

We will look for a solution R to Gs(R) = 0 in (X*0*1)3 for small s > 0. In each step of Newton’s
method (Nash-Moser iteration), we will regularize the approximate solution R,, (see (11.58)). The
theorem will be achieved by proving that R,, converges in (X*+1)3, However, we will also obtain
boundedness of the sequence R, in the higher norms, which is necessary because of the extra
regularity conditions as in (¢), (¢ — 1) and (¢ — 2). For this reason, we will establish several lemmas
assuming that an approximate solution R is more regular then (X*01)3  which will turn out to be

true at the end of the proof.
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Lemma 11.1.9. Let0 < e < 1 and2 < kg € N be fized. There exist positive constants so(e, ko), co(€, ko)

and 0 < 0(e, ko) < 1 such that for each 0 < s < sg, the following holds: If

|PR|(Xko+2)3 < 86, (11.22)
|(I = P)R|(xror2ys < 5", (11.23)
|R‘(Hk0+4)3 <6, (11.24)
then
(A) For allt € [0,1],
(O +v-Rsv+ (I —P)R)cIxV? (11.25)

where V3 is as in Theorem 11.1.7. Therefore,

To(R)[h] := 006G (0% + v R,sv+ (I — P)R)(v-h) + A(©% +v- R, sv+ (I — P)R)[(I — P)h],

s well-defined.

(B) T(R) : (XF*ot1)3 1 Yhotl 5 (YF0)2 s an isomorphism and

‘TS(R)[h]|YkO+1><(YkO)2 < Co|h|(Xk0+1)3, (11.26)
_ C

T, (R) ™ 2] xxro1ys < ;O\z|yko+lx(yko)2, (11.27)

’(DGS(R) o Ty(R)™ — 1) [z]\(yk0)3 < colGo(R)yroys ITo(R) [l xrosnys,  (11.28)

for some ¢y = co(e, ko) > 0.

If R € C°, then for any even o € NU{0} and z € X o1+ x (Xko+o)2 e have T4(R)~1[2] €
(Xk°+1+")3. Also, we have that
_ ¢
’Ts(R) 1[2]\(Xk0+1+0)3 < ;0 (1+ |R(xro+atays)|zlyrotix yroy2 + |Z|Y"‘0+1+"><(Y"‘0+")2) )

(11.29)

where cg may depend on not only €, kg but also o.
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(C) Furthermore, we can choose ¢y so that when R = 0, the following hold:

_ ¢
|P(T(0) " [2])| xkot1ys < £|z\yko+1x(yko>27 (11.30)
|(I— P)(TS(O)_l[Z])|(XkO+1)3 S C()|Z‘yk0+1><(yk0)2. (1131)
We will frequently use
_ ¢
T, (R) 1Z|(Xk0+1)3 < §°|z\(yk0+1)3, (11.32)

which is more crude than (11.27).

Proof. Let us fix € > 0 and kg > 2. We will show that if (11.22)-(11.24) hold for sufficiently small
s > 0 and for some small 6 > 0 depending on ¢, then (A),(B) and (C) hold for some ¢ > 0.

Proof of (A). To see (A), notice that (11.25) is trivial. From the assumptions (b) and (¢) in
Theorem 11.1.7, the linear operator Ts(R) is well-defined.

Proof of (B). The estimate (11.26), follows from (11.21), (11.15), (11.9) and

|sv+(I—P)R|( S14051,

Hk0+3)3

where the last inequality follows from (11.24). Before proving (11.27), we first prove that
|Q3@G(@§ +v-Rysv+ (I — P)R)|Xk0+l><(xk0)2 > cs, (11.33)

for some ¢ = ¢(e) > 0. The above inequality is a consequence of the transversality condition (e) in
Theorem 11.1.7. In what follows, ¢, c1, ¢, ... denote positive constants that may change from line
to line and depend only on € but not on s.

By the regularity assumptions of G in (b) in Theorem 11.1.7, we estimate the quantity in (11.33)
using a Taylor expansion up to linear order: For a fixed R, we set f(s,y) := Q0oG(©5 +v- R, sv+
(I — P)y), so that

£(s,R) = QdoG(0% +v- R, sv+ (I — P)R). (11.34)
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Using the fundamental theorem of calculus, we can write

(s, R) ::/0 %(ﬂs,tm)dtw(s,o)

1 S
:/O %(f(s,tR))dtJrf(O,O)Jr/o %f(t,())dto

In terms of G, (11.34) and the above equality give us that

|Q8@G(@§ +ov- R, SU + (I — P)R)|Yko+1><(yk0)2 = |f(S,R)‘yk0+1X(yk0)2

> - 5w 1Q0e DG(0% + v - R, sv + t((I = P)R))|| £((xro+2)s,(yro+ysy (I — P)R|(Xk0+2)3

- \Q@eG(®§ +v-R, 0)|Yk0+1><(yk0)2

+ ’ / Q0o DG(O5 + v - R, tv)[v]dt
0

Ykot+1lx (Y’CO)Q

=: —L1 — L2 + L37 (1135)

where the first term after the inequality follows from b) in Theorem 11.1.7 and

/

d

— (f(s,tR))

dt
dt

(Ykot1)3

1
d
d< [ |5 Glstn)
Yk0+1><(yk0)2 0 dt

< sup |Drf(s, LR)R] (yros1ys
0<t<1

and the rest follows simply from the triangular inequality. Then the regularity assumption (b) in

Theorem 11.1.7 yields that (recall [|R|[ xko+ays < d < 1,)

Ly < (I - P)R\( y < c187te, (11.36)

Xko+2
where the last inequality follows from (11.23). For Lg, we use (a) in Theorem 11.1.7 to obtain
Ly =0. (11.37)

To estimate L3, we compute

Ly > ‘/ QIo DG(O3, tv)[v]dt
0

QIoeDG(05 + u, tv)[v] |v - R]|dt.

Yk0+1 X (Ykg)Z

(11.38)

S
— / sup
Ykot+1x(Yko)2 0 ue(0,|v-R]|)
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For the first integral, we can write

t
Q0o DG (05, tv)[v] = Qe DG(O3,0)[v] —l—/o Q0o D*G (0%, uv)[v, v]du

t
= QA(©3,0)[v] Jr/o Q@@DQG(@g,uv)[v,v]du,

where the last equality follows from (a) and (c¢) in Theorem 11.1.7, which shows a(©%,0) = 0. For

the integral term, using (11.12), we have
|Q86D2G(®§aUU)[UaUHkaHX(ka)z S ‘Q@@DZG(@Z’;,UU)[U,U]’(YkO+1)3 5 (1+||RH(X’“0+4)3)Hv||(X"‘0+2)3 <c

where the last inequality follows from (11.24). Therefore

s t
> 51QA(®3. 0)ull ity — | [ cdui
0 0

/S Q0o DG (03, tv)[v]dt
0

XkOJrlX(XkU)Q
> 5|Q0e DG(03, 0)[v]] ko1 (xkoy2 — C25°

> c38 — 0252,

where the last inequality follows from the transversality (e). For the second integral in (11.38), we

have that for sufficiently small s > 0,
sup |8@@DG(®§ + u,tv)[vﬂykogx(yko)z 5 sup (1 + |tU‘(Xk0+4)3)|U‘(XkO+2)3 S Cc1,
u€(0,|v-R|),t€(0,s) te(0,s)
for sufficiently small s, which follows from (11.13). Hence using (11.22), we obtain from (11.38) that

L3 > ¢35 — c98% — cs'te (11.39)

Thus the claim (11.33) follows from (11.35) (11.36), (11.37) and (11.39) for small s, depending on e.
Towards the proof of (11.27), we will consider how to invert A(0%+v- R, sv+ (I — P)R)[(I — P)].
Since the dimension of Im(DG(03%,0)1) is one and w is the basis of Im(DG(0%,0))*, the above

claim (11.33) proves that

|lw-0eG(O3 +v- R,sv+ (I — P)R)| > cs. (11.40)
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To simplify the notations, we denote

A[h] := A(©} +v - R,sv+ (I — P)R)[(I — P)h], (11.41)

006G := 06G(©" +v-R,sv+ (I — P)R).

We denote by @Q; the projection from Y*o+! x (Yko)2 into Im(A)L. Since the norm of R is small,
we expect that the functional structure of A should be similar to the structure of A(©3,0). Indeed,
by continuity hypotheses (11.16), (11.24) and Lemma 11.4.15, where we can think of A as a linear
map from Ker(A(0%,0)), we can choose ¢ small enough so that if (11.24) holds, then there exists

0 # w; € Yko+l x (Y*0)2 such that

Im(A)* = span {w; } (11.42)

|'lU — W1|yk0+1x(yk0)2 < 05, (1143)

Al £ er(a(03,0)) 1Ay < © (11.44)
A1—1

A7 ) ker(ao3.0) ) < & (11.45)

Now, we claim that we can further restrict § if necessary so that
|wy - Do G| > cs. (11.46)

In fact, note that (11.22)-(11.23) imply that R € (X**2)3  thus by (11.9), we have JoG €

(YkRot1)3  ykotl 5 (Yk0)2. Also we have

oG = /01 0, (96G(O + v - R,t(sv+ (I — P)R)))dt

1
_ / 06 DG(O% + v - R, t(sv+ (I — P)R))[sv + (I — P)R]dt,
0
thus
|86G|Yk0+1><(yk;0)2 S ‘a@G|(YkO+1)3 S C‘S'U + (I — P)RI(XkO+2)2 S CS, (1147)

where the second inequality follows from (11.9) and the last inequality follows from (11.23). Then
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it follows that (recall that f - g is the dot product in L? space),

|06G - wi| > |00G - w| — |00G - (w1 — w)|
> 18— |00G - (w1 — w)]
> €15 — c8|w — wi|xrot1x (xH0)2

> 18 — cds,

where we used (11.40), (11.47) and (11.43) for the second, third and the fourth inequality, respec-
tively. Hence, assuming ¢ is small, we have (11.46).
To prove (11.27), pick an arbitrary z € Y*o+1 x (Y*0)2, There exists a unique € Ker (A(03,0))

and a unique h € Ker (A(©3, 0))* such that

(v-n)Q100G = Q12 (11.48)

(v (I — Q1)6G + A[h] = (I — Q1)z. (11.49)

In fact, there exists a unique 7 in (11.48) thanks to (11.46) and that @i is the projection to a
one-dimensional space spanned by w;. Once 7 is fixed, the existence and the uniqueness of h in

(11.49) follows from (11.45). Once n and h are determined, it is clear that
To(R)[h+n) = (v (h+n)06G + Aln+ h] = (v-7)deG + A[h] = z, (11.50)

where we used v-h = 0 and A[n] = A[(I — P)y] = 0, which follows from the definition of A in
(11.41). Therefore T(R)~'z = h + 7. Furthermore we have from (11.48) and (11.49) that

|2 - wi|
|T]‘(Xk0+l)3 S Cm (1151)
|h|(Xko+1)3 S ‘A~_1(I - Q1)8@G(v . ’I’])|(Xk0+1)3 + |A_1(I - Ql)Z‘(XkOJrl)s. (1152)
Using (11.46) and (11.45), we obtain
|Z|Y’“o+1><(Y’“o)2
|77|(X’“0+1)3 < Cf, (11.53)
Zlyko+1 ko )2 Z|yko+1 kg )2
|h‘(ch0+1)3 < C‘a@G|YkO+1X(YkO)2M + C‘Z|Yk0+1><(yk0)2 < C||YO¢7 (11.54)

S S

where we used (11.47). This proves (11.27).
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To show (11.28), we compute
(DGS(R) o Ty(R)™! — 1) [2] = a(©% +v-R,sv+ (I — P)R) o T(R)"\[2],
which follows from (11.20). This implies

) <cla(®f —v-R,sv+ (I — P)R) o T(R)*l[z“(

(xt xta)’

< ClG(O5 + v Rysv -+ (1= PR (s T (B) [l nginy

S C|C~TV9(]%)|(YIRO)'g |T‘3(R)71[ZH(X’¢0+1)3’

where we used (11.14) to get the second inequality and used the definition of G4(R) to obtain the
last inequality.
In order to prove (11.29), we improve on the estimates in (11.51) and (11.52). For (11.51), recall

that 7 is in a one-dimensional space, span{v} and v is supported on the m-th Fourier mode. Thus,

z
|77|(Xk0+1+0)3 < C|77‘(Xk0+1)3 < CWW—X(YW, (11.55)
S

where ¢ may depend on o. Furthermore, (¢-2) in Theorem 11.1.7 and (11.49) give us that

|h|(Xk0+1+”)3 S C(l + |R|(Xko+4+o')3) (|(U . n)aeG‘Yk0+l><(Yk0)2 + |Z‘Yk0+l><(yk0)2>

¢ (10 MGy ros1ta s yrosrys + |2lyrosnio qyroo: ) - (11.56)
Using (11.47) and (11.53), we have
|(U . n)89G|Yk0+1><(Yko)2 < |8@G‘Y’€o+1x(yko)2 |U ’ 77| <c |Z‘Yk0+1><(Yk0)2 :

For the higher norm of oG, we use (11.9) and and (11.53) and obtain

(v n)a@G|Yko+1+dx(Yko+0)2 < C|8®G|(yko+1+o)3 v -7

c
< < (14 Rl xrorainys ) [2lyros oy
Therefore, (11.56) gives us

c
|h|(xko+1+a)3 < S ((1 + |R‘(Xk0+4+a)3) |Z|ykg+lx(yk0)2 + |z|ykg+1+ax(ykg+o)2> .
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Combining with (11.55), we obtain (11.29).
Proof of (C). Finally, if R = 0, then we have [0o Gy ko+1 x (vko)2 = [00G(O3, 80)[yrot1x (yroy2 <

¢s. Therefore we can improve (11.54) and obtain

|h|(Xk0+1)3 < c|zlyro+r X (Y*0)25

which implies (11.31). (11.27) follows trivially from (11.30). This completes the proof. O

Lemma 11.1.10. Let G, be as in (11.19). Then there exists an open set V3 near 0 € (X3)® such

that for all R,R € V3 and k > 2,
(a’) (Initial value) |és(0)|(Xk)3 <i s2.

(b°) (Taylor estimate) If || R||(xn+s)s, ||R||(Xk+3)3 < for some 0 < n=mn(k) <1, then

|G9(R) - GS(R) - DGS(R)[R - R]|(Yk)3 Sk |R - R|(2Xk+1)3

|Go(R) = Gs(R) = DGS(R)[R — R] = §D*G[R = R, R — Rl|(yrys Sk | R = Rl}ginys.

Proof. (&) follows from the fact that v € Ker(DG(03,0)) and G(©3%,0) = 0. (b’) is due to (b) in
Theorem 11.1.7. O

Nash-Moser iteration

For 8,N >0 and 2 < k € N, we consider a regularizing operator S(N) : (X*)3 s (C°°)? such that

‘S(N)R|(Xk+/3)3 Sk,,@ NB|R|(X1<)3 VRe (Hk)B
(11.57)

‘(I - S(N))R‘(Hk)S Sk,ﬁ N7B|R|(Xk+ﬁ)3 VRe (HkJFB)?’.

Note that we can choose S so that PS(N) = S(N)P, since v is supported on the m-th Fourier mode
(see (d) in Theorem 11.1.7).

For N,, > 1 and even integer § > 0, which will be chosen later, we set

Rpy1 = Ry — S(N,)T(R,) " [Gs(Ry,)]  forn >0
(11.58)
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and

QAp = |Rn+1 — Rn|(xk0+1)3
a,, = |Rn+1 — Rn|(Xk0+2)3
(11.59)

a,, = ‘Rn+1 - Rn|(X"‘0+4)3

bn = |és (Rn)|(Y’€0)3

Cn = |T5(Rn)71[és (Rn)]|(Xk0+1+ﬁ)3.

Note that our goal is to show that > ., a, < 0o, which implies that R,, converges in (X*0+1)3,
In order to prove the assumptions in (11.22)-(11.24), we will need the boundedness of a), and a! as

well.

Lemma 11.1.11. Let € > 0 and kg > 2 fized and let so and § be defined as in Lemma 11.1.9.
We also assume that § is even smaller if necessary, so that 6 < n(ko) where n(ko) is as in (b’)
in Lemma 11.1.10. For any n > 0 such that R, satisfies (11.22), (11.23) and (11.24) for some

s € (0,s0), then we have

a0 Se ko S (11.60)
an Se ko éNnbn forn > 1, (11.61)
bo Seiko.s 5 (11.62)
b1 Sekos (NS +1)s° + Ny PCo. (11.63)
but1 Sekors G + %Nnbi + N, P (1 +0,)C, forn>1, (11.64)
al, Seko éNﬁbn forn >0, (11.65)
all <cko éNﬁbn forn > 0. (11.66)

Furthermore, we have

[PR1|(xro+2ys Seko Nos (11.67)

|(I = P)Ra(xro+2)s Seko Nos®. (11.68)
Proof. Proof of (11.60), (11.61), (11.67) and (11.68). We first claim that

|PRy|(xrot1ys S8 (11.69)
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(I = P)Ra|(xror1ys S 8% (11.70)

Let us prove (11.69) first. Thanks to (a’) in Lemma 11.1.10 and (11.30), we have

®» | =

|PRi|(xkor1ys = |S(No)PTs(0) [Gs(0)]| xrot1ys S [PT(0)HGs(0)]](xro+1)s S ~1Gs(0)](yro g1y S 5,

where we used that S(Ny) and P commute to obtain the first equality. To prove (11.70), we use

(11.31) and compute

(T = P)Ra|rosnys S IS(N)(T = PYT(0) G (0)] |y

S = PYT(0) MG (0)]] (xrot1)s

A

‘és (0)|(Yk0+1)3

52,

A

which proves (11.70). With the claim, (11.60) follows immediately. (11.61) (11.67) and (11.68) can
be proved in exactly the same way as above using (11.57).
Proof of (11.62), (11.63) and (11.64). Note that Lemma 11.1.10 immediately implies (11.62).

Now, let us prove (11.63) and (11.64). We have

bn+1 = |GS(Rn+1)|(Y’“0)3 S |é5(Rn+1) - GS(Rn) - DéS(Rn)[RnJrl - Rn”(Y’“O)3
+|Gs(Rn) + DGo(Rp)[Bns1 — Rull(yrays

T, (11.71)

We claim that

J1 <88 ifn=0
(11.72)

Jl S ai = ‘Rn+1 — Rn|(2Xk0+1)3 if n Z 1.

If n =0, we have

~ ~ ~ 1 5~ 1 =
Ji S |Gs(Ba) = G(0) = DGL(0)[Ra] = 5 D*G(0) [Ry, B + 5 1D*G(0)[Ry, Ra(yroys
(vko)3

1 ~
S |R1|z())Xk0+1)3 + §|D2GS(O)[R17 RlH(Y"'O)?’

1 ~
S 83 + §|D2Gs(0)[R1, R1]|(yk0)3,
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where we used (b’) in Lemma 11.1.10 in the second inequality and (11.69) and (11.70) in the last
inequality. To estimate D2G, we recall the definition of G and compute

d

D?G(0)[Ry, Ry] = (dt

2
) G((")g +tv- Rl,SU + (I — P)tRl)
t=0

= 000G(03, sv)(v - R1)2 +2(v- R1)0e DG(03, sv)[(I — P)[Ry]]

+ D?G(©%,5v) [(I — P)Ry, (I — P)Ry].
Since deeG(03,0) = 0, therefore

000G (O3, V)| (yre)s =

/0 %(8@@G(9§7tv))dt < s,

(Yko)?

which implies oo G(03, 50)(v - R1)?|(yroys S 8%, since [v - Ry| < [PRy|(xro+1ys S s, which follows

from (11.69). Also it follows from (b), (11.69) and (11.70) that

12(v - R1)0e DG(O3, sv)[(I = P)[Ri]ll(yroys < 5%,

|D*G(©3, sv)[(I — P)Ry, (I — P)Ry]|(yroys S %,

~

< s3. Thus, we have J; < s3, which proves (11.72) for n = 0. If

~ ~

therefore, |D2G(0)[R1, Rl (ywoys

n > 1, the claim in (11.72) follows immediately from (b’) in Lemma 11.1.10.

In order to estimate Jy in (11.71), we have that for n > 0,

J2 S |(I - DGS(Rn) © Ts(Rn)_l)[és(Rn)H(Y’CO)3
+ |Dé5(Rn) (I - S(Nn)) TS(Rn)_l[(;S(RH)H(Y’“O)3

=: Ja1 + Joo.
Then it follows from (11.57) and (11.28) that

Jo1 S |é5(Rn)|(Yk0)3|TS(Rn)_1[GS(Rn)]|(Xk0+1)3
5 |GS(R”)|(Y‘CO)3|‘S1(]\77L)T‘5‘(Rn)71[és(RH)H(X’“O“)'3
+ |éS(Rn)|(Y’“0)3| (I - S(Nn)) TS(Rn)_l[éS(Rn)”(X’“O“)?'

5 Nn|é3(Rn)|(Y‘€0)3 |Ts (R7z)71[é8(Rn)} |(X"‘0)3
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+ N;B‘GS(Rn”(Y’“O)S|TS(Rn)71[G'S(Rn)]‘(X’c0+1+5)3
1 N P .
5 gNn|GS(Rn)|?yko)3 + Nn ﬁ‘Gs (Rn)l(Y’“‘O)3|TS(Rn) 1[GS(R71)H(X’€0+1+@)3

< %Nnbi + N, b, Ch,
where the fourth inequality follows from (11.32). Also we have
Jo2 S (L= SN2 To(Ra) (G (Rl ko0 S Ny PG
Hence we have for n > 0 that
I < %Nnbi + N, P(1+b,)C,. (11.73)
Thus with (11.71), (11.72), (11.73) and (a’) in lemma 11.1.10, we have that

by < (14 No)s® + Ny P Co

(11.74)
boy1 S a2+ IN,02 + NP (1+b,)C, forn>1.
Proof of (11.65) and (11.66). Finally, for (11.65) and (11.66), we use (11.32) to compute
1A 1
|Rng1 — Rnl(xro+2ys = |S(Ny)Ts(Ry) 1[GS(Rn)]\(XkO+2)3 < N2=b,, (11.75)
1A 1
|Rnt1 — Rul(xkorays = |S(Nn)To(Rn) 1[Gs(Rn)]\(Xko+4)a < N2Zb,. (11.76)
This finishes the proof. O
Let us now derive a recursive formula for C,,.
Lemma 11.1.12. For j = 0,...,n — 1 assume that R; satisfies the same assumptions as in

Lemma 11.1.11, that is, given € > 0 and ko > 2, R; satisfies (11.22), (11.23) and (11.24) and

the assumptions of Lemma 11.1.10 for s € (0, s9(€, ko)) and § = (e, ko) > 0. Then,
1 4
Cn Sekos —(1+mn sup N;Cj|, forn>1and Co <ckgp s
s §=0,..n—1

Proof. It follows from (a’) in Lemma 11.1.10 and (11.29) in Lemma 11.1.9 that

Co S

[

~ 1 -~
|GS(O)|Yko+1+ﬂx(Yko+B)2 5 ;‘Gs(o)‘(yko+1+ﬁ)3 S S.
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Now let us assume that n > 1. It follows from the definition of C,, in (11.59) and (11.29) that (recall

that f is even)

Cn S

CnM—l

(14 Balxciorasa )G (Rl sossxiays + 1Gs(Ru) yaos v rinsans)
Using (11.8), we have

|GS(RH)‘Yk0+1x(YkO)2 S |GS(Rn)|(Y’“0+1)3 § 1+ |Rn|(X’€o+2)3 5 L,

|G5(Rn)‘yko+l+ﬂ><(yko+5)2 5 1 + ‘Rn|(Xko+2+B)3-

therefore, we have

—_

Ch S ;(1 + |Rn|(Xk0+4+ﬁ)3).

For R,,, we have

n—1

|Rn‘(xko+4+5)3 S Z |Rj+1 - Rj|(Xko+4+B)3
j=0

<Z)S UG(Ry)]

(Xko+a+5)3
3
S Z N;C;
j=0
Sno sup N;’Cj.
7=0,...,n—1
Hence, we obtain the desired result. O
Now we are ready to prove the main theorem of this section.
Proof of Theorem 11.1.7: We fix ky > 2 and pick €, 5§ > 0 so that
Zs 12(80)" < 14+ for all s € (0, 3). (11.77)
k=1
And we choose
1
£:=816 and €:=min {4 2} >0, (11.78)

and let so = so(€, ko), 6 = d(€, ko) be as in Lemma 11.1.9. As before, we can also assume 0 is small
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enough so that § < (ko) where 7 is as in (b’) in Lemma 11.1.10. Since kg, ¢ and S are fixed,

by Lemma 11.1.11 and 11.1.12, we can find a constant K > 0 such that as long as R,, satisfies

(11.22),(11.23) and (11.24), for some s € (0, sp), it holds that for any sequence of positive numbers

N, and

small enough s > 0),

ag < Ks

|PRy|(xro+2ys < KNos

|(I = P)Ry|(xro+2ys < K Nos®.

a, < gNnbn forn>1,

by < Ks”,

b < K ((Ng +1)s3 + Ngﬁco)

boi1 < K(a? + %Nnbfl + N P(1+b,)C,) forn>1,

< EN,QLbn forn >0,
s

K
"< =N, forn>0,
s

/
a’n

S

K
Cn < — (1 +n  sup yN;.*cj|> for n > 1,
S 7j=0,..n—1

Co

IA

Ks.

In what follows, we assume without loss of generality that

K>1, and d<1.

n—1
oKkn < s 2(80)" 41 foralln > 1,
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(11.79)
(11.80)
(11.81)

(11.82)

(11.83)

(11.84)
(11.85)
(11.86)
(11.87)

(11.88)

(11.89)

(11.90)

For such K, we can find s* such that for all s € (0,s*) (each of them can be easily verified for

(11.91)

(11.92)
(11.93)

(11.94)

(11.95)



K s ) <
k=1

0,

| —

Kn+2)< s72(80)" for all n > 0,

3K3 < S2+(_%+%'%)(%)" foralln > 1,

o)

7

1) for all n > 1,

3K < (=5 (8D)(

o)

cz‘c:
&l

6K < o~ HE+TR

Lastly, we fix s € (0, min {so, s*,5}) and

We claim that for all n > 0,
(P1),, : Rp41 satisfies (11.22),(11.23) and (11.24).
(P2), : C, < NT68,
(P3)n @ byy1 < 5o (61

(P4),, : apy1 < Ks e

)(&)" for all n > 1.

(11.96)

(11.97)
(11.98)
(11.99)

(11.100)

(11.101)

Once we have the above claims, then (P1),, justifies all the recurrence formulae above for all n € N,

which follows from Lemma 11.1.11 and 11.1.12. Also, it is clear from (11.82) and (P4),, that

S € KN + K3 e ) < oo

n=0 n=1

Therefore R, is a Cauchy sequence in (Xk°+1)3, and we can find a limit Ry := lim,,_,o, R,. Then,

(P3),, and the continuity of the functional R — G implies that GS(RDO) = 0. From the definition of

G, in (11.19), this implies the existence of a solution R = R(s) # 0 for each s € (0, min {so, s*,5})

and finishes the proof.

Now we prove the claim (Pi), for i =1,...,4. We will follow the usual induction argument.

Initial step. In the initial case, we assume that n = 0. We first prove (P1)g. It follows from

(11.80),(11.81) and (11.101) that

‘»—l

5 1
|PR1|(Xko+2)3 < Ksi6 <s: < s€

|(I = P)Ruq|(xko+2ys < Ks'Tre < g'ti < gt
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(11.103)



where the two second inequalities follow from (11.92) (Ks16 < 4K3sTssz < si) and the last

inequalities follow from (11.94) and (11.78). Furthermore, it follows from (11.87), (11.83) and
(11.101) that
K

4
|R1‘(Xk'0+4)3 =ay < —- (S_%ﬁ) . (KSQ) < K25
S

W

< 296, (11.104)

N =

where the last inequality follows from (11.95). Therefore (P1)g holds for n = 0. (P2) follows
immediately from (11.89) and (11.101). In order to prove (P3)g, note that thanks to (11.84), it is

enough to show that

143 67

K ((Ng +1)s% 4+ Ngﬁco) < G

in other words,

K (s% + 83 +K8TS) < soded,

where we used (11.78), (11.89) and (11.101). By (11.94), s16 is the largest value among the three in

143 67 _ 45
6 6 6

the parentheses, hence it is sufficient to show that 3K? < s%1 143 67 _ 45

16. Since 4 6—47E>f%,itis
enough to show that 3K3 < s~ 2, which follows from (11.92). (P4), follows from (11.82), (11.101)
and (P3)o.

Induction step. In this step, we assume that (Pi) is true for all 0 < k < ng and aim to prove

(Pi)ng+1- Let us prove (P1),,41 first. It follows from (11.86), (11.101) and (P3) for k = 0,...,no,

that
no+1 no+1 L rarkn 2 Las ( er no+1 N .
Z a, < K Z 51 (8—175(67) ) 5ot (#) < K Z s 128" < gglte
k=1 k=1 =1

where the last inequality follows from our choice on € and s € § in (11.77). Hence, we have

no+1 B B B 1
Z aj, < (ng) site < Zglts < 531“,
k=1

N |

where the second inequality follows from (11.93) and the last inequality follows from (11.78) and
(11.94). Therefore we obtain

no+1
5 1 1 1
[P Rngal(xro+2)s < [PRif(xko+2)s + ;1 aj, < Ksit + 53“” < (KSILG> $2 + <23> ¢ < 55,

where the second inequality follows from (11.102) and the last inequality follows from € < 3 and

Kst6 < %, which can be deduced from (11.93) and (11.78). Using (11.103), instead of (11.102), one
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can easily obtain

|(I — P)R7zo+2|(xko+2)3 < Sl+€.

To prove (11.24) for R,,+2, we compute

not! notl 1 G Ky 4 143 (67 \k
|Rngt2l(aroraye < ag + Z ayp < 5+K Z ( ~16(8%) ) - sor (%)

% KZ “HE(8)" <, (11.105)

where the second inequality follows from (11.104), (11.87) and (P3)g, for 0 < k < ng, and the last
inequality follows from (11.96). This proves (P1)n,41-
We turn to (P2)p,+1. Using (11.88) and (P2),,, we have

K K
Chos1 < ;(2 +ng)N,, sup C; < §(2 + ng) N2

ng
J=0,...,n0

where the last inequality follows from (P2),,. Hence, it suffices to show that
S RN < (Vo)™
Plugging (11.101), this is equivalent to
K(no +2) < s (80" (58 - 55-81) = g1-2(80)"

which is true thanks to our choice of s in (11.97). This proves (P2),+1-
For (P3)n,+1, thanks to (11.85), it is enough to show that

143 ( 67 \"0+2
64 .

1
K (aglo-i-l + ;Nno-‘rlbio-i-l + ani—l(l + bno+1)Cno+1)> <so

Using (P4)n,, (11.101), (P3),,, (11.78), (P2)n,+1 and (11.94), which implies b,,+1 < 1, we only

need to show that

K [ (s 8™ ) gt ) ) p B B | < )

=:Aq
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6

We will show that K A; < 1% (5

)n0+2

for i = 1,2,3. For Ay, it suffices to show that

139

K3S_2+372(67) <

equivalently,

eqvalently,

and this follows from (11.99). For As, it is enough to show that

816 (67 \n0o+1 768 (67\m0+1 1 143 (67 \RO+2
2K s 16 (64) .S 16(64) < —g64 (64) ,
3
equivalently,
816 4 768 | 143 67 ( 670 +1
6K < s(—Te+Te+%5 &) (81)

i

which follows from (11.100). This proves (P3),,+1-
Lastly, (P4),,+1 can be proved by (11.82) and (P3),,+1, that is,

tngy2 < K57 Ny pabng o < Ks™s(—16t58) (8
which finishes the proof. O

11.1.4 Estimates on the velocity

In Subsection 11.1.5, we will check whether our functional G in (11.5) satisfies the hypotheses in
Theorem 11.1.7. In this section, we will derive some useful estimates on the velocity vector generated

by each patch. Recall that given by, bs > 0, by # be, and Ry, Ry € C*°(T), we denote for i,j = 1,2,

R = (Ry,Ry) € (C>(T))?, (11.107)

zi(R)(x) = (b; + R;(x))(cos z,sin z), (11.108)
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ulA R
u; j(R)(z) :== 1i(B)

u? (R)

,]

=/Tlog(\2j(R)($) — zi(R)(y)*)zi(R) (y)dy. (11.109)

Proposition 11.1.13. For k > 2, there exists € = e(k,b1,b2) > 0 such that if || R|| (g3 (r))> < €, then
(A) i (HMHT))? = (HH(T))?, and [|wijll s cmyz Skobabo 1HIRllrees (e

(B) The Gateauz derivative Du; ;(R) : (H*Y(T))? — (H*(T))? exists and
| D j (R)[R) | rresrmyy2. Shopr oo 1l s o2+ Rl s oz 1ol (e (myy2, for b€ (C°°(T))>.

(C) The map R+ Du; j(R) is Lipschitz continuous, in the sense that for R,r,h € (C*(T))? such

that || R| sy, 17l (e (my)2 < €5 and ||R||(zre+s(ry)yz, 7l zres(ryy2 <1,
[ Dui,j (R)[h]—=Dui j (r) (Al g1 (myy2. Shobobe [ B=7 [l cazeryy2 1all s (myyz I R=rll i )2 [ 2l (a0 (yy -
(D) For o € NU{0}, there exists a linear operator T7;(R) such that for h € (C>(T))?,

<;x) 0 (Dui j(R)[A]) = Dui j(R)[h) + T7;(R)[h],

where T, (R) satisfies
1T (R) [l ere+a myyz Sk (LRI grrare o) 1PNl p2gmyyz + IR raemy2) IR | (p2emy)e.

Remark 11.1.14. It is well known that roughly speaking, if 0D is C*T-regular for some k > 1,
a > 0 then the velocity V*(1p*log |z|) is also C*+*-regular up to the boundary. In (A) in the above
Proposition, we do not aim to prove the optimal reqularity since it is not necessary in the proof of

the main theorem.

The proof of the proposition will be given after Lemmas 11.1.15 and 11.1.16. We will deal
with the case i = j only. If i # j, then the integrand in u;; has no singularity thus the result
follows straightforwardly in a similar manner. Hence, by abuse of notation, we denote for b > 0 and

R e C>=(T),

z(R)(z) := (b+ R(x))(cosz,sinz), (11.110)
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w(R)(z) = = /Tlog (I2(R)(x) = 2(R)(»)*) 2(R)"* (y)dy. (11.111)

Let us write u(R) as

z Xr)— 2z 2
uR)a) = [ 10g (2~ 2ooste — ) (R -+ [ 1oy (EUAS=EIWEY sy
= [ tog (2~ 2c05(a — ) 2R W) + [ K(R)w)=(R) ()" dy
T T
=:ur(R)(x) +un(R)(x), (11.112)
where
K(R)(w,y) = F(R(@), R(y), J(R)(z,)),
F(u,v,w) := log(b* + b(u + v) + uv + w?), (11.113)
_ R(@) - R(y)

JR)ep) =

If || R|| 3¢ty < € for sufficiently small € > 0, it follows from Lemmas 11.4.10 and 11.4.5 that

I J(R) | 212y Soll Bl sy S e (11.114)

Therefore, for sufficiently small € > 0, Lemmas 11.4.8 and 11.4.10 imply that for [ > 2,

K (B e r2y Sep VHIRI e ey I (B) e r2y Sp LHI R e (s s (11.115)

The next lemma will be used to prove the growth condition of the velocity in (A) in Proposi-

tion 11.1.13.

Lemma 11.1.15. For k > 2, there exists € = €(k,b) > 0 such that if R € C*°(T) and || R| g3 1) < €,

then

lull (e myyz Skp LHIRI ey

Proof. For ur, then it follows from Lemma 11.4.14 and the fact that R — ur(R) is linear that

lur (Rl ek (ryy2 SIN2(R) | ars-r(ry)z S 1HIR| gy
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Now, let us consider the nonlinear part. We have

lunll e eryyz SIE(R) | e cre) |1 2(R) (oo (my)2 S 1HIR) mesa(ry,

where the last inequality follows from (11.115). O

Now we turn to (B), (C) and (D) in Proposition 11.1.13. We will use the following notations:

DK(R)[h] := %K(R + th)li=o = 0uF (R(z), R(y), J(R)(z, y)) h(z)
=:0uF(R)(z,y)
+ 0, F(R(z), R(y), J (R)(z,y)) h(y)
=10, F(R)(z,y)
+ 0w F(R(x), R(y), J(R)(x,y)) J(h)(z,y), (11.116)

=:0u F(R)(2,y)

where J(h) := ;(I)(%(g% and
sin 5

Dz(R)*[h) = %Z(R + th)*|i—0 = —h/(x)(sinx, cos z) — h(x)(cos x,sin ). (11.117)

With the above notations, we can write the derivative of the nonlinear term as

Duy (R)[H] = / K(R)(z,4)D=(R) [1](y)dy + / DE(R)[H)(z,4)=(R)" (y)dy

=: Duy (R)[h] + Dui (R)[h]. (11.118)

Again, Lemma 11.4.8 and (11.114) yield that if || R||zs(m) < € for sufficiently small € > 0, then for

1> 2,

10uF (R)| (e ry)2 100 F (R) || (1t (1)) 10w F (R |1t (myy2 St LR e oy + 1T (R) || 11 2y

< 1+||R||Hl+1(’ﬂ‘)- (11.119)
Also, if Ry, Ry € C*°(T) and || Ry g3 (1), || Rell 3 (T) < €, then from Lemma 11.4.8, it follows that

0uF(R1) — 0uF (R2) |l (51 (1)), 1|00 F(R1) — O F'(R2) || (51t (1y)2) [|0w F'(R1) — OwF'(R2) || (g1t (1y)2 Stll 1 — Rl g ry-
(11.120)
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For 0, F#(R)(z) := lim,_,, 0, F(R)(x,y) = 0, F(R(z), R(z), R'(x)), we have

10w E# (R) | reery St 14| R s 1y,
[0wF# (R) || oo (r) S 14| Rl r2(m) S 1.
00 F# (Ry) — 874;1[’##(1'“32)||Hl(1r) SillR1 — Ral| g ().

[0wF# (R1) — 0w F#(Ry)|| (1) SI1R1 — Rallm2(r).-

We decompose Du%;(R)[h] into

zmmmm=/@mwmwvmem@+/mmmumamduww
! =:K1(R)(x,y) ' =:K>2(R)(z,y)

a/%ﬂmuwwmuﬂmmw@
T
=:K3(R)(x,y)

=: DuRy (R)[h] + Dujyy(R)[h] + Duiys(R)[h].
Then it follows from Lemma 11.4.5, (11.119), (11.121) and (11.122) that for I > 2,

1K (R e r2y S 1HN B oy for i =1, 2,3,

1557 (R) | 112wy S 1+ Rll i x), where K3% (R)(z) := K3(R)(x, ),
K57 (R)|| oo () SIK3™ (R) |y SIK™ (R) |2y S 1+ Rl s emy S 1,
| Ki(R1) — Ko (R2)|| e (r2y Sill 1 — Rall oy, for i =1,2,3,

1 K5% (R1) — Ks¥ (Ro) |l vy SRy — Rall sy,

| K37 (R1) — K3# (Ro)|| L= (ry SIIR1 — Rollarz(m)-

(11.121)
(11.122)
(11.123)

(11.124)

(11.125)

(11.126)

(11.127)
(11.128)
(11.129)
(11.130)
(11.131)

(11.132)

Furthermore, it follows from the definitions of K3 and 0, F in (11.125), (11.116) and (11.113) that

IVE3(R)(z,y)|| Lo (r2) S 1HIR" || oo () HIVI(R) || oo (12) S 1H R || ooy S 1.

(11.133)

Lemma 11.1.16. For k > 2, there exists € = €(k,b) > 0 such that if R € C*(T) and || R g3 (1) < €,

the Gateaur derivative Du(R) : H*1(T) — (H*TY(T))? exists and

| Du(R) [Pl e+ (myy2 SkpllPll (wer 2+ Rl gsvs oy |12 a2 gry, for b€ C°(T).
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Furthermore, if Ri, Ry € C*(T), [|Rillas(r), [Rellmsr) < € and |[Ri|lgrrscry, | Rellgresry < 1,

then

[ Du(R1) — Du(Ro)[h]|l (mrw+r(my)2 SkallR1 — Rellmzcn) |l grrr ory+I| Ry — Rallgrrs(ny 1] g ) s

(11.135)
for h € C>(T).
Lastly, for o € NU{0}, there exists a linear operator Ty (R) such that for h € C*°(T),
(;;) (Du(R)[h]) = Du(R)[h9] + T (R)[h], (11.136)

where T°(R) satisfies
|77 (R)B]ll v (myy> Sie (L Rl pzssaso ) oll 2y + QI Rl s ) [BE T 2 gry. (11.137)

Proof. We omit the proof of (11.135) since it can be proved exactly same way as (11.134) with

(11.222) in Lemma 11.4.8. In order to prove (11.134), we deal with Duy,. Since it is linear, we have

Dur(R)[h)(z) := /log(? — 2cos(z — y))Dz(R)'*[h](y)dy.
T
Hence, it follows from Lemma 11.4.14 that

[Dur (R) [l zzwsryye SID2(R) S [Bll e cmyyz. SN e (ry- (11.138)

Now, we estimate Duy. Recalling the decomposition in (11.118) we will estimate Dul; and Du3

separately. For Dul;, it follows from (11.115) and (11.117) that
1Dl (R) g cmyye SIE (R g ooy I D2 (RY Ml zacayye S (4| Rll sy bll oy (11.139)
For Du%;, we recall the decomposition in (11.126), and use (11.127) and Lemma 11.4.11 to obtain

[ Dudsy (R) (Rl a1y | Dudva (R B\l s (myye S grees ooy I Rl ez emy |12l oo (ry-
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For Du%5(R)[h], we use (11.127), (11.128), (11.129), (11.133) and Lemma 11.4.12 to show that

| DuFes (R[]l (i myyz. SR grees oy l12 I oy + Il e oy

Therefore ||DU?V(R)[h]||(Hk+1(T))2 5||h||H’°+1('JI‘)"‘HR||H’°+3('JI‘)||h||H1(11‘)- With (11.138), (11.139) and
(11.118), the desired result follows.
Now, we turn to (11.136) and (11.137). Recall from (11.112), (11.118) and (11.126) that

Du(R)[H] = / log(2 — 2 cos(y))h(x — y)dy + / K(R)(z, y) D=(R)™ [h](y)dy
+ [ KB )= )y + / Ko(R)(2,9)2(R)" (y)h(y)dy
4 / K5(R) (., 9)2(R)™ ()] (1) (2, y)dy

= Li(R)[h] + I2(R)[h] + I3(R)[h] + La(R)[R] + I5(R)[A]

where K, K1, Ko, K3 are of the form H(R(z), R(y), J(R)(z,y)) for some smooth function H : R3

R. It suffices to show that for each i =1,...,5 and 0 € NU {0},

(i) B = L)+ 22 .

for some T7 (R) such that
177 (R) Rl v myyz S (LRI prisaso () 1Bll 2 cry + IR ) [B*F O p2ry. (11.140)

We only deal with I5 since the other terms can be done in the same way. We also assume o > 1
since o = 0 follows trivially. Let K3(R)(z,y) := K3(R)(x,z —y)z(R)'"(x —y). Then it follows from
(11.4.5), (11.127), (11.128) and (11.129) that for I > 2,

1K (R) | 11 gr2y St 1+ R e . (11.141)

IEF (B)l| a2y S 1| Rl sy where K3 (R)(2) := Ks(R)(x, ), (11.142)
Using the change of variables, y — x — y, we have

(;;) Is(R)[h) = /T K3(R)(w,9)J (W) @,z —y)dy+ Y Cpgo /T (0,)P K (R) (2, y) (D) (2, 2 — y)dy,

ptg=0,q<o—1
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— LB )@+ Y QWJAEM”%UM%x—wJM@X%w@

ptg=0,9<o—1

=T3P (R)[h)(x)

(11.143)

= (R (@) + TE (R[] (@), (11.144)

where Cp, 4., is some constant and we used 9, (J(h)(z,z —y)) = J(h')(z, 2 —y). It suffices to show
that T¢"9(R)[h] satisfies (11.140). Let K3(R)(z,y) := (9,)?K3(R)(x, 2z — y). Then it follows from
(11.141) and (11.142) that for [ > 2,

I35 (R)l a1t (r2yy2. St 1 Rl grieos (ry, (11.145)
I(E)#(R)|| (e (ryye S 1+ R s (ry, where (K3)#(R)(z) == K3(R)(z, ), (11.146)
1K) (Rl ry)> SIK(R) [ wee(r2))2 SIKs(R) | (#ro+2(r2))2- (11.147)

Furthermore, it follows similarly as (11.133) that
IVEG (R)|| oo (2) SIVPHVK3(R) || oo (r2) S LHIRPT | oo () S 1| Rl w5 )- (11.148)
Hence it follows from Lemma 11.4.12 that

1 T5 P (R)[A) || rermy S <||K§(R)H(Hk+2(1r2))2+||(f(;)#(R)H(HkH(Tz))z)Hh(q)HHl(T)
+ (||(K§)#(R)H(Loo(mrz))2+|\v—f<§(R)H(Loo(nrz))z) 1BD | gt
< (AR grroro )1 D] g1 (ry + QIR oo ) |29 || g oy

S (MR grvs+r ) |l mrvacry + (LR s o) 1Rl gs+1+a

where the second last inequality follows from (11.148). Now, recalling that ||R| sy < € and

plugging the following inequalities into the above estimate,
IR) greery SIRIz2my+HIRP 22y, [1Pllgeery SIPN 2@+ IR |2 r), for 1> 0,
we obtain

T3 "9 (R)[R) || g2y S (1+||R(k+p+3)||L2(1r)) <||hHL2(’H‘)+||h(1+q)||L2(’]F)>
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+ (1+|‘R(p+3)”L2(T))(HhHLQ(’H‘)"‘”h(kJrlJrq)HLZ(’JI‘))

For L, note that k +p+3 < k+3+ 0 and ¢ < o — 1, hence we have
Ly S (AHIIRFF o) |Bll 2oy IR L2y HI RETPED || oy [|WOFD | oy (11.150)

Using the interpolation inequality in Lemma 11.4.6, we have

B l_kfpgl " k+p;1

IRESPH| oy || (ROYE+2D|| oy SIRD| 5t [[(RO) b)) TE
1_ 1l4q oy

IR0+ oy Sl 1RG5

Thus, we have

k4+p—1

1+gq
o kto o ko
[REFPEI| Loy RO L2y S (HRM)||L2(1r)||h(kJr )||L2(T)) (H(R(Al))(k+ )||L2(T)||h||L2(T))

SR L2y |AEF| p2 oy + | REFD 2oy 1B 2 ¢y,

where we used p + ¢ = o and Young’s inequality. Plugging this inequality into (11.150) and using
|h() | 21y §||h||Lz(T)+||h(k+”) | 2 () to estimate the second term on the right-hand side in (11.150),
we obtain

L1 S U+ R grsaro ) 1Al 2ery + QIR zamy ) IRET | 2,

Similarly, we can obtain
Ly < (1+|| R grsaro ) 1Al 2ery + A+ R] ragmy ) IRET || 2,

Recalling (11.149), (11.143) and (11.144), we obtain (11.140). This proves (11.137) and finishes the

proof. O

Proof of Proposition 11.1.13: If ¢ = j, then the results follow immediately from Lemma 11.1.15 and
11.1.16. For i # j, the same results follow straightforwardly since there is not singularity in the

integrands. O

In the next proposition, we estimate the derivative of the velocity with respect to the parameter

b in view of (11.162).
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Proposition 11.1.17. Let R, z;(R), u;;, be as in (11.107), (11.108) and (11.109). For k > 2,

there exists € = e(k,b1,b2) > 0 such that if || R||(gs ()2 <€, then
106, wi 5 (R) || (v (myy2 S VHIRI (w1 (1y)2- (11.151)
Also, if || R (s cmyy2s 17l (s (myy2 < € and || R gy, 7l (st (ry)2 < 1, then,
[0, i i (R) — 5blui,j(7”)||(Hk(Tr))2 SIIR— 7”||(Hk+1(1r))2~ (11.152)

If 4,j # 1, then (11.151) and (11.152) follow trivially, since ug 2 is independent of b;. As in

Proposition 11.1.13, we only deal with the case where i = j = 1.

Lemma 11.1.18. Let R € C*°(T) and u(R) and z(R) be as in (11.110) and (11.111). For k > 2,

there exists € = €(k,b) > 0 such that if | R|| g3 (m))2 < €, then
10bu(R) || (rr(my)2 S 14 Bl o my.- (11.153)
Also, if |R| ma(ry, [Irllma(ry < € and [|R| (s (ryyz, 7l ssr(ryz < 1, then,
106, u(R) — b, u(r) | (v (1yy2 SIR = 7l o (ry- (11.154)
Proof. From (11.112), we have

Byu(R)(z) = dyur (R)(x) + Byun (R) (@)
- / log(2 — 2 cos(z — y))(— cosy, — siny)dy + / Ki(R)(,9)=(R)"™ (y)dy
T T
+ [ Ka(B) (e, cosy, —siny)dy
T

= Bl + BQ(R) + Bg(R)
where

Ky(R)(2,y) := G(R(x), R(y), J (R)(x,y)),
K5(R)(z,y) := F(R(x), R(y), J(R)(z, y)),

2b+u+v
Glu,v,w) = 9 F(u,0,0) = e e Tt

F(u,v,w) = log(b* + b(u 4+ v) + uv + w?).
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Again, using Lemma 11.4.8, we have that for || R||gs (1), [|7]|zs(r) < € for sufficiently small € > 0,

[ K a(R) || v (r2), 15 (R) || e (r2y S T+ Bl e ¢y,

[ K4(R) — Ka(r)|| e 12y, [ K5(R) — K5 ()| e r2y S (VBRI grwsr ooy H|7 L s+ (o) IR — 7l zraa oy

Then (11.153) and (11.154) follow immediately from Lemma 11.4.11. O

Proof of Proposition 11.1.17: The case i = j = 1 follows immediately from Lemma 11.1.18. If i #£ j

then the result follows straightforwardly in a similar manner. O

Regarding (11.10), (11.11) and (11.13) (note that since b3 in (11.3) depends on ©3 we need to
estimate the second derivative wit respect to bs of G.), we need to estimate the higher derivatives

of Us,j5-

Proposition 11.1.19. Let R, z;(R), w; ;, be as in (11.107), (11.108) and (11.109). For k > 2,

there exists € = €(k,b1,b2) > 0 such that if | R||(gsm))2 <€, then

1D 5 (R) [, B || (e (myy>. S (IR a2 o2 ) Rl i e (11.155)
1055 D*wi j (R)[hy W[l v (myy2. S (LR o2y ) 1A g oy
106, D i (R[]l (e (my)2 Sk (LHIRI (rrv2cryy2) 1Rl e ()2

196, b, D i (R) R (erx (my)2 Sk (LRI ez mpy2) [l (g (myy -

Proof. We also consider the i = j = 1 case only and briefly sketch the idea for (11.155), since the
proof is almost identical to Lemma 11.1.16 and Lemma 11.1.18. Adapting the setting in (11.110) and
(11.111), the Gateaux second derivative of u can be written as a linear combination of the integral

operators of the form

/T K(R)(x,y)L(x, y)dy,

where K (R)(z,y) = K(R(z), R(y), J(R)(x,y)) for some smooth function K : R? — R2, and L(z,y)
is a product of two of h(x), h(y), h'(y) and J(h)(z,y). As before, K satisfies the estimates in
(11.127), (11.128) and (11.129). Let us consider L(x,y) = J(h)(z,y)? only, that is,

T(R)[h, 1] := / K(R)(z,9)T(h)(x,4)] () (. y)dy.
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Therefore, it follows from Lemma 11.4.13 that
IT(R) Ry Bl vy SIE L prss ey Rl oy S QLR e oy ) BN e oy

where the last inequality follows from the fact that K satisfies (11.127). As mentioned, the other

terms can be estimated in a similar manner and we omit the proofs. O

11.1.5 Checking the hypotheses in Theorem 11.1.7

In this subsection we will show the hypotheses in theorem 11.1.7 are satisfied. We will always assume
that 2 < k € N is fixed. We denote R := (Ry, Ry, R3) € (X**}(T)n C“(T))g. Throughout the rest

of the paper, we assume that
|03 — O3] + [|R||(x3)s <, (11.156)
for some e, sufficiently small. Note that from (11.1), (11.3) and Lemma 11.1.24, it follows that
0 < b3(O3, R) < by, (11.157)

for sufficiently small € in (11.156).
We recall our functional from (10.3) and (11.6) can be written as (since by, be, ©1, 04 are fixed,

we omit their dependence but mark the dependence of O3 in the notations)

G1(03, R) S, 0: (Riudy — (by + Ry)uly) Riuf — (by + Ry)uf
1
G(O3,R) = | G2(03,R) | = 1~ S0 0: (Rhuly — (by + Ro)ul,) | =0 | Ryuf — (ba + Ra)uj | -
G3(03, R) S, 0: (Rhuls — (bs + Rs)ul5) Ryuf§ — (bs + Rs)uj
(11.158)
where for i, 5,k € {1,2,3},
ul = ul (03, R Z@ ulk, uy, == uy (03, R Z@ Ui ks
p P —sinz
Ui 5 = ui,j(b3(®3)7®3aR) = u;,j(b3(03), 03, R) - )
COS T
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T

COS ™
ui i = u; ;(b3(03), 03, R) = u; j(b3(03), 03, R) -

sinx

)

and u; ;(b3(©3), O3, R) is given by (11.108) and (11.109) and b3(Os, R) is given by (11.3). We also

denote by w(©3, R), ¥(03, R) : R? — R the corresponding vorticity and its stream function, more
precisely,

w(@37 R)(p) = Z 911D1 (p)7 \11(637 R)(p) = % (w(@ffn R) * 10g| ' |) (p)v pe RQ; (11159)
=1

D; = {r(cosz,sinz) € R* : v < b; + R;(z), = € T}. (11.160)

With the stream function, we can write G as

(11.161)

uf 0 0 I
0 u§ 0 hf
0 0 uf hf,

~h1ui(O3, R) + Ry Duf(O3, R)[h] — (b1 + R1) Dui(©s, R)[h]

—hou (O3, R) + Ry Duf (03, R)[h] — (by + Ra) Duj (03, R)[h]
7h3u§(®3, R) + RgDug(@g, R) [h} — (bg + Rg)Dug(@g, R) [h]

+

RllabSIL? — (b1 + R1)8b3u§

+ Db3(03, R)[1] | RLdp,uf — (b2 + Ro)Op,uly | (11.162)

Réabaug - (b3 + R3)absug - ug

where Db3(O3, R)[h] is given in (11.4). We define the projection Py : C°(T) — C*°(T) as

Rl = =5 [ S@ye
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and the linear maps,

Py (hquf(©3, R))
a(©y, R)[H] := 0  A(©s, R[] = DG(Os, R)[h] — a(©s, R)[A].  (11.163)

0

Now, we start checking the hypotheses. The hypothesis (a) immediately follows from (10.5),
(11.5) and (11.6).

Regularity of the functional G

In this subsection, we use the estimates obtained in Subsection 11.1.4 to prove that the functional

G defined in (11.158) satisfies the following proposition:

Proposition 11.1.20. Let 2 < k € N and O3 and R satisfy (11.156). Then, G : R x (X*+1)3
(Y*)3 is well-defined and (11.8)-(11.13) hold.

Proof. Note that G; is the tangential derivative of the stream function on the corresponding bound-

ary D; (see (11.161)). Thus, PyG;(©, R) = 0, that is, each G; has zero mean. If the boundary of

the patch D; is given by by R; € X**1 then w(©3, R) is invariant under %’T rotation about the

origin and reflection, therefore, G; is also %T periodic and odd. Furthermore, it follows from (A) in

Proposition 11.1.13 and Lemma 11.4.5 that

—sinx cosT
u;,;(O3, R) - (bj + R;)

sinx

uivj(Gg,R) . +

IG(®3, R (rr(rys S D

i,7=1,2,3

cosx HH’“(T) ‘H"'(T)

S 1R (g1 (my)s s

which proves (11.8) and that G : R x (X**1)3 s (Y*)? is well-defined. For (11.9) - (11.13),
the results follow from (A) and (B) in Proposition 11.1.13 and Proposition 11.1.17 and 11.1.19

straightforwardly. O

The Dirichlet-Neumann operator

Here, we aim to prove that the linear operator a(©g, R) in (11.163) satisfies (11.14). Thanks to
Lemma 11.1.3, we know that at a stationary solution, the corresponding velocity outside the support
of the vorticity must vanish. In the following proposition, we will prove this quantitatively by using

the main idea of [27, 14].
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Proposition 11.1.21. There exists n > 0 such that if || R1| gr+2(ry < 0, then

[uf (O3, R) [ grx (1) Sk 1G1(Os, R) || g (my

Proof. We adapt the notations in (11.159), (11.160) and (11.161) for w, ¥ and D;. Clearly we have

(we omit the dependence of ©3 and R for simplicity)

W)=V U(z@)- | T, Gila) = V(a(a) - 4(a), a€T, (11.164)

where z; is as given in (11.108). Note that ¥ is harmonic in D§. In addition, it follows from (11.2)

that [p. w(y)dy = 0, hence, for 2 € R?,

1
v | | st Egtal -0 (7).
B o

e <[ [ (1755 - ) 4] =0 (5m)

With the above decay rates, we can use integration by parts to obtain that for z € 0D1,

o
I

| togla —yiav()ay

—% / log [z — y[*V¥(y) - 7i(y)do(y) + Vy(log |z —yl) - 7i(y)(Y(y) — ¥(x))do(y)
0D, 0D;

1
= —§L1 —|—L2, (11165)

where 7 denotes the outer normal vector on dD;. By the change of variables, z +— z1(«), and

y — z1(p), we obtain
Ly :/loglzl(a) —21(B)*PV¥(21(8)) - (—21(8)")dp
T
= /Tlog(2 —2cos(a — B))VU(21(B)) - (=2, (B))dp

|21(e) —21(B))° 5 (=2 (B)
+ 1o (S 20) Tuaa() - (-41(0) )5

=: L11 + Lqo.
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Similarly, we have

I, — /T (z1() = 21(8)) - 21(B)* (U(21(B)) — ¥(z1())dB.

21(c) — 21(B)[?

Hence, we obtain

Ly = —Liy+2Ls. (11.166)
We claim that
I Laallresr oy 2 IV @ (21 (4)) - (=21 () ) e my (11.167)
[ Laall sy S IRl sz VO (21() - (=2 () )l L2emy (11.168)
(L2l grsrery SNV (21() - () ae ey (11.169)

Let us assume the above claims for a moment. Then it follows from the claims, (11.156) and (11.166)

that for sufficiently small > 0 in the hypothesis of the proposition, we have

IV (z1() - (=21 D) anery SUVE(E)) - L) -
With this inequality, we can obtain

2 ()"
EAQI
Sletlae ey (IVE(0)) - 21 C) e eny + IV (210)) - 21O e ry)

SV (21(4) - 21Ol e ery s

() H
|21()| Hk(T)

|V@@u»mem=va@aoy

where the first inequalities follows from 1 < |2{| < ¢ for some ¢ > 0 and the second inequality
follows from |21 || &1y SIR1l| g+ (my < 1 for some small . under the assumption (11.156). Finally,
recalling (11.164), we obtain the desired result.

To finish the proof, we need to prove the claims (11.167)-(11.169). (11.167) follows from Lemma 11.4.14.

To see (11.168), we observe that

log ( |21 () — 21(5)|2

o= 2O ) —tog(1 + K(a. ).
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Ri(@)-Ri(8) > o .
where K(a, 8) := 2(Ri(a) + R1(8)) + Ri(a)R1(B) + <7_) . Thus, it is straightforward

2sin(°‘Tﬁ)

that (thanks to (11.156), 1+ K > ¢ > 0 for some ¢ > 0)
[log(1 + K) | g1 (r2y S KN e (r2y S IRl ez (rys
where the last inequality follows from Lemma 11.4.5 and Lemma 11.4.10. Thus,

| Liall gt my S

[21(e) = z1(B)] 4
o (2—2003(0155> HHHl(T?)HV\I}(zl(')) ) (_21(')l)”L2(T)

S IRl sz [V (21() - (=21 () )2 cmy,

which yields (11.168). Lastly, in order to show (11.169), we rewrite Ly as

ta= [ st A= M) Yt 20

where

(21(@) — 21(B)) - £ (B)~ 2 —2cos(a —B)

9(a, B) = 2sin(2 75) 121(c) — 21(B)]”

My = %/E\I/(zl(a))da.

From Lemma 11.4.10, and 11.4.5, we have

gl eesr 2y S IRl etz (ry-

Therefore, it follows from Lemma 11.4.12 that

L2l rrery S (W (21(R, 1) — M) ey S IVE(21(R, ) - (21 (R, ) ey,
where the last inequality follows from Poincaré inequality. Hence (11.169) follows. O

Estimates on the linearized operator

Our goal here is to prove that G satisfies the hypotheses (¢), (¢ — 1) and (¢ — 2) in Theorem 11.1.7.

More precisely, we will prove the following proposition:
Proposition 11.1.22. Let a(O3, R) and A(O3, R) be as in (11.163). Then

1) a(©3,R) € L((XF1)3 (YF)3), A(O3,R) € L((XFH1)3 YFHL x (Y*)?) with the estimates
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(11.14) and (11.15).
2) For (O3, RY), (©3,R?) €I x (V3N (C*>)3), (11.16) holds.

8) For any even o € N U {0}, there exists 0 < n < 1 such that if ||R[|(gr+scmys < 1, and
A(©3, R)[h] = 2 for some z € (C*®)? and h € Ker(A(03,0))*, then (11.17) holds.

Proof. Proof of 1). By definition of a(©3, R) in (11.163), we have [1.a(Os, R)[h](x)dz = 0. Further-
more, clearly, b} is a 2E’T—periodic function and odd. Using the invariance under rotation/reflection

of the stream function, it follows straightforwardly that u¢, which is the radial derivative of the

2w

stream function on the outmost boundary, is also 2*-periodic and even. Therefore, a(©s3, R)[h] is 2&
y m m

periodic and odd. (11.14) follows immediately from (11.1.21), and a(©3, R) € L((X*T1)3,(Y*)?).
Similarly, A(©3, R) € L((X*T1)3 Y+ x (Y*)2) and (11.15) follows from (B) in Proposition 11.1.13.
Proof of 2). Thanks to (C) in Proposition 11.1.13 and Proposition 11.1.17, each term in
A(©3, R) is Lipschitz continuous with respect to R € (H**3(T)?). Furthermore, A(fs, R) and bs
depend on O3 smoothly, therefore the result follows immediately.
Proof of 3). In order to prove 3, we first claim that for each even o € N U {0}, there exist n

and a linear map T(R) : (C*(T))? = (C°°(T))? such that if || R|| gr+a(Ty)s < 7, then

(;;)U A(®3, R)[h] = A(O3, R)[h\?)] + L7 (R)[h], (11.170)

L7 (R) [P | s (myx (v ()2 Skoo Pl areve (ryys + AHI RN (revaso (oys) 1B (rrreryys.  (11.171)
Let us assume that the above claims are true for a moment and let us suppose
A(©3,R)[h] = z, for some z € (C(T))3, h € Ker(A(©3,0))* C (H*(T))3.
From (11.156), 2), Lemma 11.4.15 and the assumption that ||R[|(gs+s(m))s < 7 for some small enough

n, we have that A(O3, R) : Ker(A(03,0))+ C ((H*1(T))?) — Im(A(O, R)) C HFY(T) x (H*(T))?

is invertible and

|A(©3,R)~! HL(Im(A(es,R)),Ker(A(e; oyt S 1 (11.172)

Therefore, we have
1Pl crrssrcmys Szl ryx s )z (11.173)
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Now for each even o € N{0}, it follows from (11.170) that
(;L) ’ A(O3, R)[h] = A(O3, R)[n\?)] + L7 (R)[h] = 2.
Thanks to Proposition 11.1.23, we have h(?) € Ker(A(©%,0))*, thus, it follows from (11.172) that
W) = A3, R)~'[='7) — L7 (R)[n]],

and

IR grisa ey SN2 = L (R[] e oy e (v (myy2

SNzl resve (ryx s (ryy2 I L (R) B ze2 (my x (2% (1)) 2- (11.174)
From (11.171), we also have
(L7 (R) [P\l s (my ez ryyz S arese(ryye + ARl evare ye) 1Bl (e omys- (11.175)
Using Lemma 11.4.6, we have

(e—1)
||hH(Hk+o(T))3 §||h||(Hk+1(T))3 + H (h(kJrl))

(L2(T))*

H (o)
Shlazess oy + (105D ey ) || (h5)

(L2(T))*

S (4 CONAl e myys + elh s s,

for any € > 0, which follows from Young’s inequality. Plugging this into (11.175) and using (11.173),

we obtain

1L (R) (W)l 1 (myx ot )z S (CLEFIR| zresaro (ryys )12 ey oy + €A || e (ryys

Hence we choose sufficiently small € depending on k and o so that (11.174) yields that

”h(U)H(Hk“(T))B Szl mgrsiee myxcarto(myyz + QIR merate oryys) 121z oy x (e (my)2-

With this estimate and (11.173), (11.17) follows.

In order to finish the proof, we need to prove the claim (11.170) and (11.171), we note that each
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component of A(Os, R)[h] consists of linear combination of the following forms (see (11.4), (11.162)
and (11.163)):

uf (R)R,, for i = 2,3,

/Ri(x)hi(x)dx (RiOp,ul — (b + R;)Opyuf), for i=1,2 (11.177)

T

/ R3(x)hs(z)dx (Ré@bsug — (b3 + R3)Op,ul — uf) . (11.178)
T

For i = 2,3, it is clear that

<;i;> WRR) = b 1 S g (uf(R) P R, (11.179)
N A —

p+g=0, q<o—1
LT (R)[hi]

for some Cp 4. From Lemma 11.4.7, we have

LS (R) [hall gy SHwd (R) | gz my | hall e oy [l (R) | i ey || (a2 ()2

Shhillgere (ry + AR (gesa+a coyye) il oy (11.180)

where the second inequality follows from Proposition 11.1.13. For the other terms, we only deal with
R, Duf(©3, R)[h], since the other terms can be dealt with in the same way. Thus, we will show that

there exists a linear operator Lg(R)[h] such that

d o
(m) (R1Dui (03, R)[h]) = R; Duf (03, R)[A”] + LE (R)[h], (11.181)
L3 (R) [Pl zrss1 (1) Shoo 10Nl (rito (myye HI R er+ato (s 12 (273 (13- (11.182)

It follows from (D) in Proposition 11.1.13 that there exists 77 (R)[h] such that

(&) (®Du(EsRIA) = B (DullO0 RE) "+ 3 (R (Dulen, )
pt+g=0, g<o—1
= RiDuY(O3, R)WD |+ RT7(R)W] + > Crgul(RY)® (Dul (03, R)[H])"”,

ptg=0, q<o—1

=:L3 (R)[h]
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and
T (R) [P s oy S AR gz erp ) IF T | z2ryys + (LI R grasaamyya) 1Bl 22 oo
Therefore, from (B) in Proposition 11.1.13 and Lemma 11.4.7, it follows that

IRAT? (R)[P | gy ) SR pesr (o) T (R) Rl e oy

SIAEE 2 (mys + (AR grseave o) 12l 2 zyys (11.183)

where we used that H*™(T) is a Banach algebra and that ||R|| (g 1)) S|IRl|(zre+s(y)e < 7 for some

0 <7 < 1. From Lemma 11.4.7, we also have

(9)
[(R)® (Duf (83, R)[R])" || rrsr ) SR 2y | Dl (O3, R[] || o my+ | R || st 1o (my | Dl (O3, R) 1] 1
SIIDuf (O3, R)[R]|| gt vy + || Ra || grisve oy | Dul (O3, R)[A) | a2 m)
SlAllarte cryys + IRl (rsvs+e (ry)s [l (ry)s

R || o oy | Dud (O3, R)[R]| 112 ()
where the last inequality follows from (B) in Proposition 11.1.13,which also tells us that

1Duf (€3, R)[Pll s vy S (LI Rl a5 cyye ) 1Bll ars gy

S (AR (gwss+o(myys )P (213 (135
where we used k > 2. Therefore, we have
(9)
I(R)® (Duf (O3, R)[R]) |l sre+1 ) SNl crrero (myys + IR gressro oy 1A cars erys-

Combining with (11.183), we obtain (11.182). Since every term in (11.176), (11.177) and (11.178)
can be shown to satisfy the same property as in (11.181) and (11.182), combining with (11.179) and
(11.180), we obtain (11.170) and (11.171).
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Spectral Study

In this subsection, we will verify the hypotheses (d) and (e). They will be proved in Proposi-

tion 11.1.23 and Lemma 11.1.26 respectively.

Proposition 11.1.23. Let 2 < m € N. We can choose by = ©1 =1 and by and O3 be as in (11.1).
Also we set by as in (11.3). Then, there exists ©5 > 0 such that A(©%,0) € L((H*1)3, HF1 x

(H*)2) has one-dimensional kernel and codimension one. That is,
Ker(A(©3,0)) = span{v}, Im(A(©3%,0))* = span{w}.

Furthermore, 0 < b3(0%,0) < by < by =1 and v and w are supported on the m-th Fourier mode.

The proof of the above proposition will be achieved after proving several lemmas.

Let us first compute the derivative of G at (©3,0). Since we have G(©3,0) = 0 for any Os,
1 in Proposition 11.1.22 yields that a(©3,0) = 0 for any ©3. Moreover, it follows from (11.162),
(11.4) and Lemma 10.2.5 that letting hi(z) = >_, 5, h1,n cos(mnz), ha(z) = >_, 5, ha,, cos(mna),

hs(x) = 32,51 hs,n cos(mnx),

Q1(x)
A(©3,0)[h1, ha, ha] = | Qq(z) |

Qs(z)

where

Q1(z) = Z q1nsin(mnz), Q2(x) = Z qa,n sin(mnz), Qsz(x) = Z g3, sin(mnzx)

n>1 n>1 n>1

where the coeflicients satisfy, for any n:

hl,n di,n
(=mn)Mn(93,63) | hoy | =] qn |- (11.184)
h3,n q3,n
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with

M, (©3,b3) =
1
(75 + 2mn
[
2mn
bgVLTI,
2mn

Lemma 11.1.24. Let 2 < m € N, and by, Oy satisfy (11.1). Then, there exists OF :=

) — 30203 — 103b3
Osby (—3 +

and bz such that 0 < b < by, and

det(M;) = 0, ©1b7 + Ogb3 + O5b3 = 1+ Ob3 + O5b3 = 0,

det(M, (3, b3)) # 0,

2mn

1

®2b22

mn

b2
mn

)+ (=3b2) + (

1 b\ M
L (23
@2b2 2mn (b2 )

ifn>2.

1
2

) O3t O3bs

@3b3

bg
2n

1
2mn

(11.185)

3m >0

(11.186)

(11.187)

Proof. We first write det(M;) as a polynomial in b3. Under the constraint 1 + ©2b3 + O3b2 = 0, we

get
1
2m
My(©3,b3) = | %
2m

by
62 b2 om

Oabs (—1 + 25) + (—1ba) + (—1) @25

2m

by
63 b3 om

st (1)

Osbs (=3 + z;7) + (—3bs) + (—3) ©205
(11.188)

Therefore, multiplying the first row by 2m, multiplying the third column by b3 and dividing the

second column by by, we get

1 O2by"
Tt (My (@3, b)) = det | 2 0 (-3 ) + (1) + (- eu
= 0233 (
1 O2b3
=det | 350 (4 gm) +(-3) + (-3) g
= 055 ()
1 b3 (=1 — ©O2b3)b
=det | & e2-14L (—1 - ©208) 5% (
Hoenk (B)" (-8 (14 4) +
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bis m
bo

(-1-— @2b§) (

2
by

2
b2

O3b2b7
07t} (32)"
Ob (4 + 5) + (—503) + (~ 1) ©at3

2m

(=1 — ©2b3)b7

(—1— ©503) - (%)m

1

2

+am) + (=308) + (-

1
2

) ©2b3

nn

mn

b3

ba

.

Oty (4 + 5t) + (~3b)

_ O2b3
2



ailr a2 ais
a1 a22 G23 | >

azyp asz Ga33

where we used the condition 1+ 0562 + ©O3b% = 0 in the second equality to get rid of ©3. We further

compute

meg
2

det(M1(@3, 53)) = a31(012a23 - a13a22) - a32(a11a23 - a13a21) + a33(a11a22 - a12a21)

1 1 O (b5 — 55 )(—1 — O2b3) 1 1
— 3 ((1 — )(-1- 0:08) + z A (—2 - 2@2) b3

am 2 Am2by
1 1
— — 2 —_ —_
+A3’3( 1 @2b2) ( 9 + 27’77,) .

where Az 3 1= aj1a22 — ajaa2; = %(1 —b3™) + %(1 — b3) is the cofactor. Let us write

2mb2

b det(Ml(Gg, b3)) = Bob%m + Blb§ + By =: f(bg,)7 (11.189)
3
where )
1 1. ©2003 — 57)
=(-1-— [ (1 )y P2’
Bo = ( ©203) <4m( b%) + Am2by ’

1 1
B1 =433 (—2 - 2@2) ;

1 1
By = Ag’g(—l — @ng) (—2 + m) .

Under the condition in (11.1), we have

—1—03b3 >0, (11.190)

1 1. O2(bF — 5=)

21— = DL SO 11.191

4m< bg) + 4m2by > 5 ( )

A3’3 > 0, (11192)
1 6,

_2_224) 11.193
575 >0 ( )
11

_SL 2t o 11.194
2 + 2m < ( )

So By > 0, By > 0, By < 0. We then can use the Descartes rule of signs and show there exists a

unique solution b3 € (0,00). Since By < 0, the Descartes rule again tells us that we only need show
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that f(b2) > 0 to show the unique solution b3 such that f(bs) = 0 satisfies 0 < bg < by. Once this is

done, then ©} can be uniquely determined by 1 + b2 + ©3b3 = 0 and this proves the existence of

by and O} satisfying (11.186). Therefore we compute

f(by) = Boba™ 4 B1b3 + Bo
(©2b2 +1)(1 — b3) (5 — b5") (1 + ©283)

@ b2
= 2m 4 (221 _ p2m g2 op L1
=1 4mb§ +02 4m2by Jo5™ + (Qm(l b") + 2b2 (1=03))(— D) + -

b3(1—b3™) b3 1—b3"

_ _ 2
= 4m? 2m  2m )0;
m\j2m
1 -2t (g — U8B 1—pm w1 1 1 o, b3
24 - —(1-— 2
* Am2D2 Am2by om 213 2m)+2b§( b2) (=3, )10
1— b2 1 o, b3 11
1— 24 - -
+ (02" 4mb§)+2b2( b2)( 2+2 2m)
_1-b3

— 2m _ 2 _ 1
prs 5™ 4+ m —mb; — 1)

OB o

g o T
1—b3)°
_ (1-b) 4mb§) (m—1-b2—bi—...—b2"%) > 0.

Now we are left to show (11.187), that is, det(M,,(0%),b3) # 0. As before, we have (replacing m by

nm)
2nmb2 * 2nm 2
det(Mn (@3, bg)) = BO,nbg + Bl,nb3 + Bgm. (11195)

3
where )

1 1 O2(by™ — bnm)( 1 — ©2b3)

By, = 1— —=)(—1— 042
Om = 4mn( bg)( 2by) + 4n2m2bym ’

1 1
Bin,=A33n (-2 - 292> ,

1

B n — A n _1 - @ b2 - ),

2, 3,3,n( 203)(—5 - o)
_ 62 2nm 1 2

A3,3,n - Qnm( b ) + b2 (1 —b )

Since f(b3) = 0, where f is as in (11.189), that is, b3 = —%. Thus,

Bln Bln

05" Bon +03B1n + Bon = b5 Bow — 5= Bobs™ — 5= Ba + Ban.
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Let ¢(z) = 2" By, — Biin Byz — =5

5 . We will show that
1 ,

q(0) < 0and ¢'(2) <0 for 0 <z < b3™. (11.196)

Once we have the above inequalities, then q(b3™) < 0, which implies det(M,,(03%)) in (11.195) cannot
be zero. This clearly finishes the proof.
To show (11.196), let us first consider ¢(0). Note that

1 1
Bin  Assn Ban  Azza(—3+ 550)

By As3 ' B Aszs(—1 + 5-)

g0) = =22 By + Byp <05 20 > 0 o 00

>0
B By By Az 3

Thanks to (11.193), it suffices to show that 3 2n > 1. Note that

O2 1 ugm).

A3 3 S2) (1— p2mn) > o2

Clearly, the last inequality holds because by < 1, and ©9 < 0, therefore we have
q(0) < 0.

Now, we turn to ¢'(z) < 0. We have

Bl,n

/ n—1
- Bon —
q(z) =nz 0, )

Bo.

If By, <0, then z — ¢/(2) is deacreasing and ¢/(0) = — 2 5 Bo = —A‘”’ =By < 0, which yields

q'(z) <0 forall 0 <z <b3™. If By, > 0, it is sufficient to show

Bln

¢ (b3™) < n(b3™"*™)By.,, — B0 <0. (11.197)

From (11.1), we have (1 — %) + ©2(1 - ) > 1;53. And the lower bound of O3 in (11.1) is
2 2

m

equivalent to 92 (1 — b3™) + ;5 (1 — b3) > 0, hence
2

oz (1=03"m) + g (1=08)  (1—g5) + 22 (1= gzom)

3,3.n o mn 2nm—2m
(11.197) & =23 S 2 |
Asg S2L-03") + g (1-03) © (- g5)+ 21— i7w)
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O, 2 1 2 1, O 1 1., 0 1 O 2 1 2117 2mn—2
& [ 22 (1-b2") 4 — (1-b2)][(1— = )+ —2 (1— —— 1) —2 (1— 2 (1—b3™ ) — (1—b2)|p2mn—2m
o (1) (L1 g 22 (1 )] > (1= )2 (1 g 2 (137 -+ (LB ™2
N @2[(1 =03 (1= by %) +n(by® = (1 =b°")  (B3™ — 1)by ™ (b — 1) +n(1 — b3™)b3"™" ™ (1 — b§2)]
nm nm
1 1 1.1
—(1-03)(1—-=)— (1 —=)=(1—=b)p2"m=2m > 0
O5(1 — b3 2)(1 — by 2™)(1 — n)(1 — b3n™
o 2( 2 )( 2 )( n)( 2 ) _ (1 _ b52)2(1 _ bgnm72m) > 07
mn
b2 — 1)p2m 1 b2m(n—1)
T
B -1 (- 31— 1)
2m(n—1) m—
Since ui_bé)i"w < %5 < 2, the condition ©3 < 2% in (11.1) leads to the inequality
we want. This shows (11.196), and thus (11.187) holds. O

From Lemma 11.1.24, it is clear that the kernel of A(©3,0) is one dimensional. We denote by

v € Ker(A(©3,0)) and the one such that

vl vt
v =cos(mz) | v2 |, v2 | € Ker(M;(03,b3)). (11.198)
1 1

Since b and O} are tied in the relation 1+ ©2b3 + ©3b3 = 0, we now drop the dependence on bs
of M, (03) := M,(03,b3).

We now characterize the image of A(©3%,0).

Lemma 11.1.25. Let by, O2 satisfy the conditions in (11.1) and let bs, ©F be as in Lemma 11.1.24.

Then,
Ql 0 d1,n
Z=3Q=(Q1,Q2,Q3) e YFLm s yhm cyhbm 1 o, | = Z Ga.n | sin(mnz), (11.199)
n=1
Q3 q3,n
q1,1
ga1 | € span{ci,ca} o, (11.200)
q3,1

where ¢; is the ith column of M1(©3%,b3). Then Z = Im(A(©%,0)).
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Proof. We choose an element w € Im(A(0%,0))* to be the one such that

= ok o] COSlma) (e X e2) € Im(M;(97))*. (11.201)

where ¢; and ¢y are the first two column vectors in M;(0%), which are linearly independent. Since
det(M1(0%)) = 0, and det(M,, (03, b3)) # 0 for all n > 1, and Proposition 11.1.23, it is clear that
Im (A(©%,0)) C Z. In order to show the other direction, Z C Im (A(©3,0)), we pick an element

Q€ (Q1,Q2,Q3) € Z,Q; = >.." | q1.nsin(mnz), and we have )\%2, )‘2Q € R such that

@2 | = /\501 + /\ZQCQ.

hl,n di,n
(=11) My ()" = (—110) My (0°) | B | = | gon | =2 0 (11.202)
h3,n 43.n

Therefore it suffices to show that

‘h‘l”ﬂ| + |h2,n| + |h3,n

<O\ lqrnl + 920 + g5.0 ,  for all sufficiently large n.  (11.203)
|mn| ~ |mn|

where C' is independent of n. Once we have the above inequality, then it is clear that @ = A(©%,0)[h]

where

hi(z) = Z hin cos(mnz), ho(x) = Z han cos(mnz), hs(x) = Z hs.n cos(mnz),

n=1 n=1 n=1

and h € (H**1)3 which follows from

Pl prinys = D 1hamlPnmPEFD 4 o Pl 204D 4 Ry g frm [2ED

n>1
|Q2, |2 |LI2, |2
S Z |mn|2(k+1) (|an|2 + |m;|2 + |m7:|2
n>1

S @il + QN7 + Qs 7,
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This proves that Z C Im (A(©3,0)).

In order to prove (11.203), we denote

a1 a2 a3 air 0 0 0 a2 a3
*\ . — .
(—=mn)Mp(©3) = [ay ass asz3 | =] 0 ax 0 |+ |an 0 ags| = Dn+Sn
az1 az2 a3 0 0 oas3 az1 azz 0

Then (11.202) is equivalent to
Dy h™ = ¢" — S,h". (11.204)
We claim that
dy := Ozby + by + @323 #0, and d3:= O3b3+ b3+ Ozb3 # 0. (11.205)

From (11.185), and 0 < bg < by < 1, it follows that

and |S,h" < K™[AT|,  for some k € (0,1).

3
I
o
3
3
—
U
N}
|
‘@
>
o~
N>
S~—
o

nm

0 0 nn (dy — %)

Therefore, for sufficiently large n, D,, is a non-singular diagonal matrix, and it follows from (11.204)

|h1,n| 5 |q1,n| +I€nm‘hn‘7 |h2,n| 5 |q2,n| +I€nm‘hn‘, |h3,n < @ +Knm|hn|7

[nm| ~ |nm)|
which proves (11.203).
We are left to show (11.205). From (11.186),
b3 2, 72 o1 b1
do = Ogby + by + 63[)7 = (@2b2 + b2 + QSbS)F = b < 0. (11.206)
2 2 2

For ds, let us claim

1+ 6503
O, +1

1+ ©2b3

By( )™ 4 Bl(m) + By #0, where By, By and By are as in (11.189). (11.207)
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Plugging in By, By, Bs from (11.189), we can find that (11.207) is equivalent to

m 1
1 o 9208 —gx) (14 0.6H)™ 1 11
g0 gy e e gt T Asslog tgn) #0

_ @ —2m m 6 m 1
& 10 =0%) + TR0 =0+ )" £ 21— +

(1-063)](©2 +1)™.

According to (11.190), (11.191) and (11.192), the RHS is strictly positive and LHS is strictly negative.

From Lemma 11.1.24 and (11.189), Bob3™ + Byb3 + By = 0. This gives b3 # 5925 — 108 pen

d3 = (1+ Oy + O3)bz # 0. (11.208)

O

Proof of Proposition 11.1.23: The result follows immediately from Lemma 11.1.24 and 11.1.25. Note

that v and w are supported on the mth Fourier mode, thanks to (11.198) and (11.199). O
Lemma 11.1.26. Jo,A(0%,0)[v] ¢ Im(A(©3,0)).

Proof. From (11.184), it follows that

90,A(03,0)[h] = Q,

where
din hlv” q1,n hl,n
Q= Z Go.n | sSin(nmz), h= Z hy.n | cos(nmz), Go.n | = (=mn)de, M, (©3) | hy.,
n>1 n>1
q3n hg’n q3,n h3a"

Let us write

air a2 ai13 0 0 b3
. ail a2 .
M, (93) = Qg1 Q22 Q23 ;. CMss = ) a@le(@S) = 0 0 bos )
a1 G22
as1 asz as3 b31 b3z b33
(11.209)

where the vanishing elements in g, M;(0%) follows from (11.185). Note that

1 1 O2b
det(CMgg) = a11G22 — Q12021 = T <_d2 + 272
m 2m

5 (1- bgm)> ,  where dy is as in (11.205).
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From (11.206), we have

1—-0b% Ogby 9 1-v3 -1 1-b3/1
— 1 — pz™m = — —1
oy T om LR 2 \b >0,

where the first inequality follows from (11.1), and the last inequality follows from 0 < by < 1. Hence,
det(CMs3) > 0, (11.210)

and C M3g is invertible. Since Im(M;(0%))+ = Ker(M;(0%)7), we can choose

a a
—(CMgg)~ [ —cmp)- |
a3 )

=
I

aso ’

4
Il

so that © € KerA, and @ € (ImA)+. Then dg, A(©%,0)[v] ¢ Im(A(©%,0)) is equivalent to have
0o, M. (03,0)0 - @ # 0.

According to (11.209), it is equivalent to have

—1 asi _ a3
—(bm,bgg)CMSZ;, — (b31,b32)0M33 1 + bss 75 0. (11211)
as2 a23
Using jgz = 7217@33, which comes from ©3b% + ©,02 + 1 = 0, we compute

_ 1 bm+1

0 0 LR L

) —b7 T (m—1)

0o, M1(03) = 0 0 W
_ b3 —b3" Oz bg( 1 1 bs Osbs
©7 denr T 5 (T3t Taer t s

Then we have

-1 a31
(bi3, ba3) O My

a32
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pm
B 1 —(m — l)i)bQWH L1 7=00by — by + 51— —5% 1
 det(C'Ms3) 4m  2m’ 3 by _ Ogbptt 1 O, ’
2m 2m b;"_l
and
_ ais
(bs1,bsz) C M3 ™"
a23
b5
_ L ey ) 0 [ Ok o sht i T | (1
det(CMs3) 2m " 403 ot _ by 1 1
2m 2m b
Hence (11.211) is equivalent to
1 1 1 b3"
1 —1 1 1 570202 — 5by + 55— —35% 1
m +—)b§m+1 1,4 2m =202 2+21 2by 2 4 byy # 0.
det(CMgg) 8m?2 8m bgL _ O2by" 1 (S
2m 2m bg"*l
1 1 1 by
m—1 1 1 57, O2b2 — 5b2 + 5~ —3 1
—)p2m (1, — mn 2 m + det(C' M33)b 0.
& 8m?2 + 8m) 3 by’ _Oaby ! 1 Oz et(CMaa)bas 7
2m 2m b;”fl
1 1 b3 O9b3
t(C'Mas) | (—— + —)b . 2
& det(C'Mss) <( PR T o e 7y T @2b§)>
m—1 1 1 1 O, b2 ©4
e - - b2m+1 — _Zp _ O7
TG tElh (g, gt omb2™ 1 2m )7
2m — 1 2 1 1 (SH SD 1+ 0, 2 1
(= — = det(CMs3) —————5b5 + det(CMs3)(—— + —
( 32 )b3 (2b2 32t 3 2T om ) + det( 33)4(_1_@2[)%) 3 + det(CMs3)( 1T
(11.212)
To show (11.212), let us write
2m -1, 1 1 09 b2O2
Co=(——)z=——2
0= g, ~ 2 2mba™ 1 2m )
14+ 6,
Cy :=det(CMs3) ————5~
1= det(OMss) 70 33
Cs = det(C M. )(f1 + L)
2 = de 33 4 am. )
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then, it is enough to show that g(b3) := Cob3™ + C1b3 + Ca # 0. Note that we have

det(CMs3) >0, from (11.210)

(1+03)<0, from(11.1)and 0<be <1

140903 <0, from (11.186) and ©} > 0,
thus, C; < 0. we also have Cy < 0 since m > 1. For Cj, we have

11, 6 1 by 1 9, 1

(27)2*52 Qm(bgm,l*bQ))*E[gflJrﬁ(bgim*l)]
by 1 0, 1 1
_5(@ 1)[1+H(1+@+...+W)]
ba 1 09
2= 1)1+ =2
< (- D0+ 2
<0,

as by < 1, By < ;—21 < —1, which follows from (11.1). This yields that Cy < 0. Therefore the
2
Descartes rule of signs implies that there is no positive root of g(z) = 0, which implies g(bs) # 0,

that is (11.212). O

11.2 Analytic regularity of the boundary

Theorem 11.2.1. The solutions R(s) € (X*™)3 constructed in Theorem 11.1.1 are analytic when

s is sufficiently small.

Proof. We use [61, Theorem 1] and [62, Theorem 3.1] to prove the analyticity. Let the stream

function

3
1
o(s) = Z@ilDi * o log(-).
i=1

We first consider the outermost boundary dD;. For any x; € D1, we have
A(p = @1, m Dl\ﬁg,

p =cy1, on 0D;.

From Lemma 11.7, we have

Ve =0, on 0D;.
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Moreover, from Theorem 11.1.1, we know 9D is in C2. Thus ¢ is also in C?(D;\Dz). Then by [61,
Theorem 1], we have the analyticity of 9D;.

Now we consider 9Dy. We have

92 + @13 m DQ\Di?n
Ap =

@17 mn Dl\Dig
© = cg, on 0Ds.

From Corollary 11.4.4 and (11.206), at the bifurcation point, we have

3 2m
1
- ) — b1 2 12 —2b.b; _
On(0) 5 ;@l/o cos(z — y)b; log(b; + bj — 2b;b; cos(x — y))dy
1 by b b2
= = (=2m)(©1b1:= + O2bz + O3b3:~) = —(O1b2 + O2b2 + O3->) # 0.
2T bl bz b2

Thus when s is sufficiently small, 9, p(z) # 0.

From Theorem 11.1.1, we have dDs is in C2. So ¢ is also in C2((D\D3) N (D1\D2)) N CY(Dy).
Then we can use [62, Theorem 3.1] to get the result. The analyticity of D3 can be shown in the
same way by using (11.208) instead of (11.206). O

11.3 Using the energy estimate to show the analyticity

In this section we introduce an alternative way to get the analyticity, which follows the similar idea

from Chapter 1. For the sake of simplicity, here we only show a main general theorem.

Theorem 11.3.1. Let T(f) be an operator satisfying the following conditions. We assume there

exists € >0, k > 1, fo € H*(T), such that when || f — folla+ S,
(a) (Boundedness) T(f): H*(T) — H*(T) with |T(f)lgr) < 1,
(b) (Ezistence and boundedness of the Fréchet derivative )| Dy(T(f))[hl axcry S Pl ey
(¢) ( L* boundedness of the Fréchet derivative ) |D¢(T(f))[h]ll2(my S Ihlle2(m
(d) ET(f) = Ds(T(N))E]

(¢) iDs(T(f))[h] = Ds(T(f))[ih].
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Here T is the torus of length 2. If fo(x) also satisfies the equation

fo(x) = T(fo), (11.213)

fo(x) must be real analytic.

Proof. First, we assume fy to be an analytic function with analytic continuation f(x,t). Then

through the Cauchy-Riemann equation and (11.213) , we have

@ f(@ ) =il (f(z,1)),
f(@,0) = fo(x).

(11.214)

Our goal is to show this solution f(x,t) does exist and is analytic.

Through (a), (b), we have
ITC) =Tl sy S = gllar -
We can use the Picard theorem to show there is a solution satisfying
t
fat) = Fa.0) = [ iT(f( 7)),
0
with |t| < to for some ¢y > 0. Moreover
f(x,t) € W2 ((—to,t0), H*(T)). (11.215)

By (11.215), we have

f(l‘,t) —f(l‘,t—i—At)
At—0 At

d
- %f(afvt)”H’“(T) =0.

So

‘%f(x,t)f%f(x,twLAt) d d

Am AL - %%f(%t)HHk*I(T) =0.

Therefore we have

L 0) = - f 1) € CO(~tosto), HE(T)) € O%(~to,t0), IX(TY),  (11.216)

dt ~ drdt
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and

if(x,t) € Whoo((=tg, to), L*(T)). (11.217)

if(x,t)—|—idt

dx

Then we can control |- f(z,t) + i< f(z,t)||p2(7). We have

—/j |(— +ii)f(x,t)|2d:c\ (11.218)

_ 12Re /ﬂ (% + z‘i)f(x,t)(% + i%)%f(x,t)dﬂ

=|2Re /7T (% + Zi)f(x,t)(% + i%)iT(f(x,t))dﬂ

= 2Re [ (2 i) f e iDS T ) + i)

Here the first equality follows from (11.217), the second from (11.216).

Through (11.213), (11.214), we have

d

d
I (@, t) + iz f(@ )l L2 le=0 = 0.

Moreover, from(11.217), || f(z,t) + i%f(x,t)”%z(ﬂ € W1>°(~tg,t9). Then

d d ) td d d )
I3/ + i @ = [ 14w +ige oDl aerdr

Hence we can use the Gronwall inequality and get

d

.d
H%f(x’t) + Z@f(x,t)\\m(ﬂ =0. (11.219)

Moreover, since k > 1, from (11.215), we have 4% f(z,t) € Wh°((—tg,t0), H*(T)). Then 4% f(z,t)
is continuous in = and t. We also have f(z,t) = [/ i f(x,t)dt + f(0,t). Therefore 0, f(z,t) is
continuous in z and ¢.

Then by the (11.219) and (11.214), we have the analyticity. O
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11.4 Appendix

11.4.1 Crandall-Rabinowitz Theorem

We recall the Crandall-Rabinowitz theorem [28], that plays a crucial role throughout this paper.

Theorem 11.4.1. [28, Theorem 1.7] Let X,Y be Banach spaces, V a neighborhood of 0 in X and
F:(-,)xVeY

have the properties:
1. F(t,0) =0 for |t|] < 1,
2. The Gateaux derivatives of F', 04F DF, and 0;DF exist and are continuous,
3. Ker(DF(0,0)) and Im(DF(0,0))* are one-dimensional,

4. 0¢DF(0,0)[x0] ¢ Im(DF(0,0)), where

Ker(DF(0,0)) = span{zo} .

Then there is a neighborhood U of (0,0) C R x X, an interval (—a,a) and continuous functions

v:(—a,a) = R, (—a,a) — z such that p(0) = ¥ (0) and
F(e(a),azo + ap(a)) =0, |af <a.

11.4.2 Useful integrals

The following lemmas will deal with the integrals that appear throughout the calculation of the

linear operator:

Lemma 11.4.2. Consider the expansion of the function log(Ag + A1t + Ast?). We have that:

A
IOg(A() + Alt + A2t2) ~ IOg(A()) + t*l + t2

(2,40.42 - A§> s (Aif - 3A0A1A2>
Ao

242 343
Proof. Follows from the Taylor expansion. O
Lemma 11.4.3. Let 0 <r <1 and Ay(r,m) be
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cos(my) 27
Au(rm) / 1472 — 2rcos(y) vy 2t

Proof. We use the residue theorem. We set  to be the boundary of the unit disk and let z = ¥

cos(my) 1 z™ 1

Ai(r,m) = dy=— | ————~dz
1(r,m) /1+r2—2rcos(y) 4 ri ), 1tr2—z—z—1z
1 z™m 2wy r™ 2™

ri ), (z—r)(z—1) ‘ rior—31  1—p2

O
Corollary 11.4.4. Let 0 <7 <1 and Ay(r,m) be
2 2m m
Ao(r,m) = [ log(1 + r* — 2rcos(y)) cos(my)dy = -
Proof. For r < 1, we integrate by parts and we have
r [ cos((m—1)y) —cos((m + 1)y) 27
= —— d E—— L
Aolr,m) m 1+ 72— 2rcos(y) 4 m
For r = 1, we use the continuity. O
11.4.3 Integral estimates
Lemma 11.4.5. [71, Lemma 3.4] Let f,g € C>(T%). Then,
£ 9l rrecray Skllf oo ooy gl e ray + 1 f Nl e ooy g1l oo (ray - for k€ NU {0} (11.220)

Lemma 11.4.6. [?] Let f € C*°(T%). Then for 0 < k <n € NU {0}, it holds that

1—E

k
||kaHL2(1l'd) 5k7n||f||L2&d)||an‘|£2(1rd)~

Lemma 11.4.7. Let f,g € C>(T) and o,p,q € NU{0} satisfy p+q = o with ¢ < o —1. Then, for

each k > 0, it holds that

||f(p)9(q)||Hk(1r) Skyo ”f”HQ(T)”g”H’HO*l(’]I‘) + ||f||Hk+a(T)HgHH1(T)-
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Proof. Using Lemma 11.4.5 and the Sobolev embedding theorem, we have

£ P gD greery < | gll ro-rm)
§k,o ”f/HLOO(’]I‘)”g”H’HU*l(T) + ||f||Hk+o(1r)||g||L°°(T)

Sko 1 lzzmy gl arvo—1cry + 1L arre oy llgll 2 or) -

O
Lemma 11.4.8. Let F € C5°(R™) and u € (C(T?))". If ||ull(m2(r2))» S 1, then for k > 2,
1F (W) e (rzy Sk 1+l (g crzy)n- (11.221)
For uy,ug € (C*°(T?))", if llwi |l (m2(r2y)m s luzll (a2 (r2yye S 1 we have that for k > 2,
| F(u1) — Fug)|| e ery Sk (llull e ereyyn Hluall s ey ) lun — vzl (e erzyyn - (11.222)

Proof. Since [|u|(oe(r2))r S|ull(a2(r2y)» S 1. Then (11.221) follows straightforwardly from Lemma 11.4.5

and Fad di Bruno’s formula. For (11.222), we have

1 1
F(us ()~ F(us () = / &P (s () () ()t = (@) (@)t s ) ) )

Thus equation (11.222) follows from Lemma 11.4.5 and (11.221). O
Lemma 11.4.9. Let K(x,y) € C®(T?) and K (z,y) := %ff(ﬁ)l) Then for k € NU{0},
sin T
|2y SelK ] e o2
1K Skl

Proof. We first divide the domain of the integration into three regions:

={(z,y) €T?: |z —y| < 1/2},

1
(z,y) €T? : |z —y| > 1/2, ||:17y|27r|<2},

1
{xy YET? |z —y| >1/2, ||x—y|—27r|>2}.

412



Clearly, T? = D; U Dy U D3. We will show only that
_ 2
/ ‘DkK(fmy)’ drdy Skl K |71 2 (11.223)
Dy

since the other contributions from D, and D3 can be easily proved in the same or easier way.

For x,y € Dy, we can write

1

sin (52)

1 J—
/ 0, K (z, (x — y)u + y)du%.
0 sin(%5¥)

2

N 1
R(a,y) = / B (K (. (z — y)u + y)) du

Since Sir(:z:z_’z,) can be extended to a smooth function in D, we use Lemma 11.4.5 and obtain

2
/Dl

The right-hand side can be estimated as

J.

- 2 1 2
D*K (, y)‘ dzdy < H / Oy K (z,(z — y)u+y)du
0

H*(T2)

2 1 2
dzdy §/ (/ |D*0, K (2, (z — y)u + y)(1 +uk)|du> dady
T2 0

T _ k 2
:/ / D", K (z, 2)] (H((Z y)> ) L g
T |Jy r—vy r—vy
T 1 2
§/ / D*O, K (z,2) ———dz
T2 |Jy

dzxdy,
|z =y
where the equality follows from the change of variables, (x —y)u+wu — 2. Using the Cauchy-Schwarz

1
Dt [ 0K (a = pyut il

dxdy

inequality, we obtain

J.

2 1

x
2
dxdy,é/m/y |D*0y K (2, 2)|” der——dady

|z -y

£ 1
/ DFO K (x,2) ———dz
y |z — |

1
< |D*0,K (2, 2)|” dadyd>
~ y _
(.y,2)€T? y<z<z |z -yl

2m
S/TZ’ ‘DkayK(ac,z)F/Z —log (1—%) dxdz

S / |Dk8yK(z, z)|2 dz
T2

SIE s 2y,

where the second last inequality follows from the fact that z — fjﬁ —log (1 — )dx is uniformly

E2
T

bounded. This finishes the proof. O
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For R € C*(T), we denote

R(z) — R

J(R)(w,y) = 4(“"_) - (y) (11.224)
2sin(%5Y)
Lemma 11.4.10. Let R € C*°(T). Then, for k € NU {0},
2
108500 ) dedy Sul R (11.225)
T
Consequently, ||J(R)| g2y Skl Bl ge+1(ry- Furthermore, we have
| [rwema| i, (11,220
T HY(T)

Proof. For (11.225), it follows from Lemma 11.4.9 by putting K (z,y) = R(y). (11.226) follows from

classical singular integral theory, thus we omit the proof. O

Lemma 11.4.11. Let f, g € C*(T?) and let

T(x) = / F ()9, y)dy.

Then for k € NU {0},

||T||Hk(1r) §||f||Loo(1r2)||g||Hk(1r2)+||fHH'v(1r2)||9HL°°(T2)~
Proof. By Minkowski’s integral inequality and lemma 11.4.5, We have

H/Tf (m’y)g(wd@/HHW = /T 1£C )9 (o9 ey dy

5/E”f('ay)HLOO(T)Hg('ay)”H"‘(T)dy+/T||g('7y)||L°°(11‘)Hf('7y)HH’“('Jl‘)dy

} !
<l e ( / ||g<-,y>||zw>dy) T ( / ||f<~,y>||%m)dy)

S Wz 2y gl e 2y + gl zos o2y 11| v (r2)

414



Lemma 11.4.12. Let K € C*(T?), K#(z) := K(x,z) and R € C=(T). Let

T(R)(x) := / K (2, 9)J(R) (2, y)dy.

Then for k > 2,

IT(R)|| v ry Sk (||K||Hk+1(T2)+||K#||Hk(T))||RHH1(T) + (||K#HLoc(T)HWKHLm(W))||R||Hk(1r)~
Proof. Let K(x,y) := %ff:&)@) Clearly, we have
m{—~
1K | o 72y SIVE | Lo (1)- (11.227)
We write

T(R)(z) = K*(x) /T J(R)(z,y)dy + /T K(z,y)(R(z) — R(y))dy =: Ti(R)(x) + T>(R) ().

We can then get the L? estimate directly by Hélder’s inequality. From Lemma 11.4.5, 11.4.10 and

HY(T) < L°°(T), we have

T2 (R) e ¢y SIE (@)

/ J(R)(-,wdyH

Ko | J(R)(-,wdyH
T) T

H( H*(T)

5||K#($)||Hk(1r)||RHH1(T)+HK#||L°<>(T)||R||Hk(1r)~ (11.228)
For T2(R), it follows from Lemma 11.4.11 that

1T (R) v ey SIE W re ooy 1Rl oo cryHIK | e o | Rl vy

SIE | grr o2y | Rl 1 ry IV E || oo (1) | R 5 (1)

where the last inequality follows from (11.227). With (11.228), we obtain the desired result.

Lemma 11.4.13. Let K € C*(T?), K#(z) := K(x,z) and R € C™(T). Let

T(R)(x) := / K (2, 9)J (R)(2,4) T (R) (x, y)dy.
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Then for k > 3,

TRz vy Sl N s ooy | R e o

Proof. Clearly,

IT(R)|| 22Ty SIK|zo (2| J(R)]| oo (my [T (R) [ L2(T2)
SIE 2 vy | T (R) || 12 (v2) || B 21 ()
SIE N a2 cr2) | Bl g omy | Bl 221 ()

SIE | 22y 1Rl ) (11.229)

where we used H?(T?) < L*°(T?) and Lemma 11.4.10.

Now we compute the higher derivatives. Using the change of variables, y — = — y, we have

- / K(z,2 —y)J(R)(x.x — ) (R)(x.x — y)dy.

Since J(R)(z,r —y) = %}w, we have

k
() 7= X [(@r K- )R e = IR o~ )y

p1+p2+p3=Fk

> (@) E e =) IR ) JR) )y

p1+p2+p3=k

z : Apl »P2,P37

p1+p2-+p3=k

where f((:zc7 y) = K(x,z —y). If po = k or p3 = k, then we can write (assuming p; = k without loss

of generality),
Augs= [ H2 J(R)“; D) DA (10 ) B9 )y + Ko, 0) [ RO oty
/K z,y)J QSIL(wa(T @) (R)(x, 2y /K z,y)J QSIl(wa(;E DR 2) pay

+ K(z,2)R(z) /T J(R®) (2, y)dy

_ 4l 2 3
= Aok + Ab0k T 40,0k

Using Lemma 11.4.9 for the first two integrals, Lemma 11.4.10 for the second integral, and Cauchy-
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Schwarz inequality, we obtain

K(z,y)J ,y) — K(x,2)J(R)(z,x
430slom 5| [ K@) BE@ ) g0 Ry e
QSln( 5 ) Loo(T)
K(xz,y)J K(z,z2)J(R)(z,x
<| / e P LT
2s1n( 5 ) HY(T)

S NKI(R)| m2cr2) | Rl vy

S (K| zoe o) [T (R) | 2 72) + (1T (R) || oo (x2) 1K || 122 02) ) 1R 1

KG9 J(R)(y) — KC)I(R)G )

148 0lzcr S [ - (yg
2

KL KA )

)

<)
~Jr 23111(—3’

< HK($>Z~/)J(R)(9€ y) — K(z,2)J (R)(z, x)
2sin (mzy)

|R™) (y)|dy
Lo (T)

|R™ (y)|dy
H(T)

Bl )

’Hl(T?)
S NEIT(R)| m2cr2) | Rl ()

S (K N zoo o2y 1 (R) | 222 2y + | (R) || oo (v2) 1K || 222 (m2)) | R £ 75
and
145 0 &l 2y S K || oo (r2) | Rl 2 emy | Rl o )

Using the Sobolev embedding theorem, we have |K| o2y S|IK||g2er2) and [[J(R)| g2y S

||J(R)||H2(T2), thus

140,06l 22y SIE 22y (17 (R) 2 o)+ R g2y 1Rl 12y
SIS a2 o) 1Rl s oy | B 12

SIE N g2 2 | Rl e oy (11.230)

where the second inequality follows from (11.4.10) and the last inequality follows from k& > 3. If

p1,P2,p3 < k, We use Lemma 11.4.11 to obtain

K(z,z —y))J(R)(z,z — y)J(R)(z,x — y)dyHHk_l(W) (11.231)

||Ap17p27173 ”LZ(T) S
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_Hﬂwmwww+@ﬂM%MﬂMWwﬂmWW“4

HFk—1(T2)

SIVE gr-12y [ J(R) T (R)|| oo (r2) + | J(R) (R) || -1 (12) | VK || Loo (T2
S K e o2y [T (R) | 22 2y | (R) |2 (v2) + | (R) || =1 02y || T (R)] Loo (72) 1K || 223 (72)

S IK e o) 1R 3y

Similarly, if p; = k, then

||Ak,0,0||L2('H‘) f,”f{HH’“(W)”J(R)”%W(Tz)
§||K||Hk(']f2) ||R||%{3(T2)

S g ooy | RN B 2y - (11.232)
Therefore it follows from (11.230), (11.231) and (11.232) that

dk
— | T(R <|IK Rk g2-
| (&) 7] .. S1Eles el

With (11.229), the desired result follows O

Lemma 11.4.14. Define a linear map

T(R)(z) := /Tlog(Q — 2cos(z — y))R(y)dy.

Then for k € N, T : H*=Y(T) — H*(T) is an isomorphism.

Proof. The result follows immediately from Corollary 11.4.4. O

11.4.4 Stability of linear operators

Lemma 11.4.15. For Hilbert spaces X,Y,Z, assume that A : X — L(Y, Z) satisfies:
(1) X 52— Az) € LY, Z) is Lipschitz continuous near 0 € X,

(2) A(0) is injective and has codimension one, that is, there exists 0 # z € Z such that

Im(A(0))t = span{z}.
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Then there exists eg > 0 such that if |x|x < eg, then A(x) is also injective and has codimension

one. Furthermore, there exist ¢ > 0 and z1 € Z such that

Im(A(z))* = span{z} (11.233)
|z — 21z < clz|x, (11.234)
|A(T)| £y, im(A)) < 6 (11.235)
|A@) " £y < ¢ (11.236)

Proof. Let Q : Z — Im(A(0)) be the projection. Then QA(0) : Y — Im(A(0)) is an isomorphism.
Therefore we can choose € > 0 small enough so that QA(x) : Y +— Im(A(0)) is an isomorphism
whenever |z| < e. Therefore, if A(x)[y] = 0 for some y € Y, then QA(x)[y] = 0, which implies
y = 0. This shows A(z) is injective. In addition, the Fredholm index of A(0) is dim(Ker(A(0))) —
dim(coker(A(0))) = —1, therefore the Fredholm index of A(x) is also —1 ([8, Theorem 4.4.2]) for
small €, which implies A(x) has codimension one. This proves (11.233). Furthermore, A(z) : ¥ —
Im(A(z)) = (span{z})" is an isomorphism, therefore (11.235) and (11.236) follow immediately.
We remark that the constant ¢ can be chosen uniformly in z.

In order to prove (11.234), let us assume without loss of generality that |z|z = |z1|z = 1. For

any y € Y, we have

(AO)[y), z1)z = ((A(0) — A(z))[y], 21) 2 + (A(@)[y], 21) z = ((A(0) — A(x))[y], z1)

where the last equality follows from A(z)[y] € Im(A(x)) and 2; € Im(A(x))*. Therefore, we have

[(AO)[yl, 21) 2| < [A(0) — A(@)|£(viz)lYly - (11.237)

Note that we can decompose z; and find y € Y such that

z1=(z,z21)z2+ | 21 = (2,21) 22 | = (2,21)z2 + A(0)[y],
—_———

where the last equality follows from w € Im(A(0)), hence y = A(0)![w]. Then, we have

‘w|QZ = <U},U}>Z

= <U}, Zl>Z
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= (A(0)[y], z1) 2
< [A(0) = A(@)| vz lyly

< JA(0) — A(@)| 2v.2) | A0) M L(am(ao)) vy Wl z,

where the second equality follows from (w,z)z = 0 and the first inequality follows from (11.237).

Hence
lwlz < A0) — A(@)|20v;2)|A0) ™ £am(a(0))y)- (11.238)
Now, using z; = (z, 21)zz + w, we have
1= (21,2102 = (2,21)% + (W, 21) 2 = (z,21)% + (w, 21 — 2) 7,

where the last equality follows from (w, z) = 0. Hence, we have

(z,21)2 = V1~ (w,21 — 2)z.
Therefore we have

lz— 2112 =2-2(z,21) 7 =2 =21 — (w, 21 — 2)z < [{w, 21 — 2).| < |w|z|z1 — 2|2,
which implies
|z = 21| < [w|z < JA0) — A(@)|0v;2)[A0) " 2mao)y) S llx,

where the first inequality follows from (11.238) and the last inequality follows from the Lipschitz

continuity of 2 — A(x). This proves (11.234). O
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