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Abstract

In this thesis, we study two problems. The first one is about the regularity of the solutions to the

Muskat equation. The Muskat equation describes the interface of two liquids in a porous medium.

We show that if a solution to the Muskat problem is sufficiently smooth, then it must be analytic

except at the points where a turnover of the fluids happens. We also show analyticity in a region

that degenerates at the turnover points provided some additional conditions are satisfied.

The other problem concerns the radial symmetry properties of stationary and uniformly rotating

solutions of the 2D Euler/g-SQG equations. We show some rigidity results giving conditions under

which the solutions must be radial. We also show some flexibility results: the existence of non-radial

solutions. The results on this second problem are joint work with Javier Gomez-Serrano, Jaemin

Park and Yao Yao. They are based on the papers [42], [44], [45], and [43].
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Chapter 1

The regularity of the solutions to

the Muskat equation

1.1 Introduction

The Muskat problem is a free boundary problem studying the interface between fluids in porous

media [76]. It can also describe the Hele-Shaw cell [87]. We focus on the problem where two fluids

have different density ρ1, ρ2 and the same viscosity. The equation in the periodic setting reads

∂zi
∂t

(α, t) =
ρ2 − ρ1

2

∫ π

−π

sin(z1(α)− z1(α− β))(∂αzi(α)− ∂αzi(α− β))

cosh(z2(α)− z2(α− β))− cos(z1(α)− z1(α− β))
dβ, (1.1)

for i = 1, 2. Here z(α, t) = (z1(α, t), z2(α, t)) is a parameterization of the boundary curve. z(α, t)−

(α, 0) is periodic in α.

Depending on the position of the heavier fluid, the Muskat problem is divided into three regimes.

When the interface is a graph and the heavier fluid is on the bottom, it is a stable regime. When the

interface is a graph and heavier one is above the boundary, it is a stable regime when goes backward

in time. The third regime is an unstable regime with turnover points in the curve, in which the

heavier liquid lies below at some place and above at other place. The Rayleigh-Taylor coefficient σ

is used to characterize these three regimes and is defined as

σ =
ρ2 − ρ1

2

∂αz1(α, t)

(∂αz1(α, t))2 + (∂α,tz2(α, t))2
. (1.2)

σ ≥ 0 is corresponding to the stable regime and σ ≤ 0 the backward stable regime. When σ changes

1



sign, it is in the unstable regime.

Figure 1.1: An interface with turnover points.

In the unstable regime, the solution which has turnover points was discovered in [13], [14], and

[24], [25] .

However uniqueness is not known and is a hard unsolved problem. The trouble is that the

known solutions are real analytic, and uniqueness can be proven only within the class of real analytic

solutions. For the analytic solutions, the shrinking of analycitity region leads to a good term which

can help us to get the uniqueness. So our current goal is to get a complete understanding of the

analyticity behavior.

We show the sufficiently smooth solution is analytic except at the turnover points, and the

degenerated analyticity near the turnover points. The existence and uniqueness are crucially related

to the way the real-analyticity degenerates at those points.

Theorem 1.1.1. Let f(α, t) = (f1(α, t), f2(α, t)) ∈ C1([−t0, t0], H6[−π.π]) be a solution of the

Muskat equation satisfying the Arc-chord condition. If ∂αf1(α0, t) ̸= 0, and −t0 < t < t0, then

f(·, t) is analytic at α0.

1.1.1 The outline of the proof of Theorem 1.1.1

In Section 2.2, we define a cut off function λ(α) and focus on f c(α, t) = λ(α)f(α, t). We then localize

the equation such that the modified R − T condition has a fixed sign. In order to make use of the

sign, if the sign is positive, we let the time go forward, if the sign is negative, we let the time go

backward.

2



In Section 2.3, we introduce c(α) with supp c(α) ⊂ {α|λ(α) = 1}. With the assumption that

f c(α, t) is analytic in domain DA = {α + iy| − c(α)t ≤ y ≤ c(α)t}, we derive the equation on the

curve {(α+ ic(α)γt)|α ∈ [−π, π]} for fixed γ ∈ [−1, 1]. Then we obtain the equation

d

dt
z(α, γ, t) = T (z(α, γ, t), t), (1.3)

with z(α, γ, 0) = f c(α, 0). The analyticity assumption on f c is dropped after we get (1.3).

c(α)

Figure 1.2: The curve c(α) for Theorem 1.1.1.

In section 2.4, for each fixed γ, we use the energy estimate and the Galerkin method to show the

existence of the solution z(α, γ, t). The main term is controlled by G̊arding’s inequality, where we

use a lemma from [14]. This part is similar as in [12] and [14].

In Section 2.5, Section 2.6, and Section 2.7, we verify that the z(α, 0, t) coincides with the f c(α, t)

and that z(α, γ, t) is also smooth enough with respect to γ.

In Section 2.8, we derive some lemmas about the Cauchy-Riemann operator and use those lemmas

to show analyticity of z(α, y
c(α)tγ, t) by checking it satisfies the Cauchy-Riemann equations.

Remark 1.1.2. In [12], the analyticity domain can be chosen as a strip, and the analyticity follows

directly from existence. Since our c(α) supported in a small region, we do not have such good

behavior.

Remark 1.1.3. Our method concerning the analytcity is not limited to the Muskat problem. See

Section 11.3 in Chapter 11.

At turnover point α0, ∂αz1(α0, t) = 0. If we assume the second order derivative not vanishing

3



at this point, the Rayleigh-Taylor condition has different sign at each side of the α0. Therefore

we cannot expect the same instant analyticity result and break down happens. Given an extra

assumption, we have the following theorem:

Theorem 1.1.4. Let f(α, t) = (f1(α, t), f2(α, t)) ∈ C1([−t0, t0], C100([−π.π]) be a solution of the

Muskat equation with two turnover points. Z1(t), Z2(t) are values of α of these two turnover points.

If we assume the solution satisfying the following three conditions:

∂2αf1(Z1(t), t) ̸= 0, (1.4)

∂αf1(α, t) ̸= 0 except at Z1(t), Z2(t), (1.5)

and

(
dZ1

dt
(t) + p.v.

∫ π

−π

K(f(Z1(t), t)− f(β, t))dβ)∂2αf1(Z1(t), t) < 0, (1.6)

then when −t0 < t < t0, f(·, t) can be analytically extended to region Ω = {x+ iy| − ϵ1(t) +Zµ(t) ≤

x ≤ Z1(t) + ϵ1(t), |y| ≤ ϵ2(t)(x− Z1(t))
2}.

Remark 1.1.5. For generic initial condition with two turnover points, the quantity (1.6) is not 0.

Here we treat case where this quantity is negative. It would be very interesting to understand also

the greater than or equal to 0 case.

1.1.2 The outline of the proof of Theorem 1.1.4

In Section 3.2, we discuss the extra assumption (1.6). In Section 3.3, we change the variable such

that the turnover happens at two fixed α. Without loss of generality, we let one of the points be

α = 0 and focus on the behavior around 0.

In Section 3.4, we localize the equation and split the solution in to right hand side and left hand

side at 0. In order to avoid the singularity, we subtract a polynomial of high order before we do the

split. Without loss of generality, we only study the solution on the right hand side f̃+(α, t).

In Section 3.5 and 3.6, we introduce a translation by a function τ(t) with τ(0) = 0, a modified
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equation

d

dt
h(α, γ, t) = T (h(α, γ, t), γ, t), (1.7)

with h(α, γ, 0) = f̃+(α, 0), and a desingularized version

d

dt
hϵ(α, γ, t) = T ϵ(h(α, γ, t), γ, t), (1.8)

with hϵ(α, γ, 0) = f̃+(α, 0). They satisfies the following conditions:

1. When γ = 0, f̃+(20)(α+ τ(t), t) is a solution of (1.7).

2. If f̃+(20)(α, t) is analytic in D̃A = {α + iy|α ≥ 0,−c(α)γt ≤ y ≤ c(α)γt}, then f̃+(20)(α +

τ(t) + ic(α+ τ(t))γt, t) is a solution of (1.7). (1.3).

c(α)

Figure 1.3: The curve c(α) for Theorem 1.1.4.

3. If hϵ(α, γ, t) ∼ (α+ τ(t))k near α = −τ(t), then T ϵ(hϵ(α, γ, t)) ∼ (α+ τ(t))k near α = −τ(t).

4.limϵ→0 T
ϵ(h(α, γ, t)) = T (h(α, γ, t)) if h(α, γ, t) is sufficiently smooth.

In Section 3.7 and 3.8, we prove that the T ϵ satisfies the properties of the Picard theorem.

In Section 3.9, we prove an energy estimate of (1.8) which is independent of ϵ. A modified version

of G̊arding’s inequality lemma 3.9.4 is introduced . In the end of the subsection, we get the existence

of solution h(α, γ, t) ∈ C1
t ([0, t0], C

1
γ([−1, 1], H5

α[−π, π])), for sufficently small t0.

In Section 3.10, we show h(α, 0, t) = f̃+(20)(α + τ(t), t). Therefore h(α, γ, t) is an extension of

f̃+(20)(α+ τ(t), t).

In Section 3.11, we again introduce some lemmas of the Cauchy-Riemann operator and use the
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them to show the analyticity.

Remark 1.1.6. The modified G̊arding’s inequality in Section 3.9 is non-trivial and not only a

perturbation of the previous version lemma from [14]. That is because ΛTπ
(max(α, 0)) is not in L∞,

where ΛTπ is (−∆)
1
2 on the Torus [0, π].

Remark 1.1.7. The additional assumption (1.6) is used to show the translation function τ(t) in-

creasing, which is crucial to our proof when we show the Picard theorem.
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Chapter 2

The regularity far away from the

turnover points

2.1 Notation

In the chapter we use the following notation:

δ: a sufficiently small number.

λ(α): λ(α) ≥ 0 and in C100(−∞,∞), satisfying

λ(α) =


1 |α| ≤ δ,

0 |α| ≥ 2δ,

δc: sufficiently small number depending on δ.

c(α):

{ c(α) = δc, when α ≤ δ
32 ,

supp c(α) ⊂ [− δ
8 ,

δ
8 ]

c(α) ∈ C100(−∞,∞), ∥c(α)∥C100(−∞,∞) ≤ δ.

f(α, t) = (f1(α, t), f2(α, t)): the original solution of the Muskat equation.

f c(α, t), f̃(α, t):

f c(α, t) = λ(α)f(α, t),

f̃(α, t) = (1− λ(α))f(α, t).
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t0: the original solution exists when t ∈ [−t0, t0].

t1: the energy estimate holds in [0, t1].

2.2 Localize the equation

This step is to localize the equation such that the R − T coefficient has a fixed sign. Without loss

of generality, we study the behavior at origin. Let λ(α) ∈ C100(−∞,∞) satisfying λ(α) ≥ 0 and

λ(α) =


1 |α| ≤ δ,

0 |α| ≥ 2δ,

and f c(α, t) = f(α, t)λ(α), f̃(α, t) = f(α, t)(1 − λ(α)). Here δ is a sufficiently small number such

that when α ∈ [−2δ, 2δ], ∂αf1(α, 0) has a fixed sign. Without loss of generality, we assume

∂αf1(α, 0) > 0. (2.1)

Then we have

∂fcµ
∂t

= λ(α)

∫ π

−π

sin(f c1(α)− f c1(β) + f̃1(α)− f̃1(β))(∂αf
c
µ(α)− ∂αf

c
µ(β))

cosh(f c2(α)− f c2(β) + f̃2(α)− f̃2(β))− cos(f c1(α)− f c1(β) + f̃1(α)− f̃1(β)))
dβ+

(2.2)

λ(α)

∫ π

−π

sin(f c1(α)− f c1(β) + f̃1(α)− f̃1(β))(∂αf̃µ(α)− ∂αf̃µ(β))

cosh(f c2(α)− f c2(β) + f̃2(α)− f̃2(β))− cos(f c1(α)− f c1(β) + f̃1(α)− f̃1(β)))
dβ.

(2.3)

We have f c ∈ C1([0, t0], H
6(T )), f̃ ∈ C1([0, t0], H

6[−π, π]).

2.3 The equation on the complex plane

2.3.1 Change the contour

Let c(α) satisfy

{ c(α) = δc, when α ≤ δ
32 ,

supp c(α) ⊂ [− δ
8 ,

δ
8 ]

c(α) ∈ C100(−∞,∞), ∥c(α)∥C100(−∞,∞) ≤ δ.

(2.4)
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Here c(α) is defined such that f̃ , λ can be analytically extended to the complex domain DA =

{(x+ iy)| −∞ ≤ x ≤ ∞,−c(x)t ≤ y ≤ c(x)t} and satisfy

f̃(α+ ic(α)t) = f̃(α), (2.5)

and

λ(α+ ic(α)t) = λ(α). (2.6)

Now we assume f c is also analytic in this complex domain DA. For any fixed γ ∈ [−1, 1], we want

to find the new equation on the contour {α+ ic(α)γt|α ∈ [−π, π]}. Let αt
γ = α+ ic(α)γt. We have

df cµ(α
t
γ , t)

dt
= ic(α)γ(∂αf

c
µ)(α

t
γ , t) + (∂tf

c
µ)(α

t
γ , t) (2.7)

= ic(α)γ(∂αf
c
µ)(α

t
γ , t)

+ λ(αt
γ)

∫ π

−π

sin(f c1(α
t
γ , t)− f c1(β

t
γ , t) + f̃1(α

t
γ , t)− f̃1(β

t
γ , t))((∂αf

c
µ)(α

t
γ , t)− (∂βf

c
µ)(β

t
γ , t))

cosh(f c2(α
t
γ , t)− f c2(β

t
γ , t) + f̃2(αt

γ , t)− f̃2(βt
γ , t))− cos(f c1(α

t
γ , t)− f c1(β

t
γ , t) + f̃1(αt

γ , t)− f̃1(βt
γ , t))

(1 + ic′(β)γt)dβ

+ λ(αt
γ)

∫ π

−π

sin(f c1(α
t
γ , t)− f c1(β

t
γ , t) + f̃1(α

t
γ , t)− f̃1(β

t
γ , t))((∂αf̃µ)(α

t
γ , t)− (∂β f̃µ)(β

t
γ , t))

cosh(f c2(α
t
γ , t)− f c2(β

t
γ , t) + f̃2(αt

γ , t)− f̃2(βt
γ , t))− cos(f c1(α

t
γ , t)− f c1(β

t
γ , t) + f̃1(αt

γ , t)− f̃1(βt
γ , t))

(1 + ic′(β)γt)dβ.

2.3.2 The equation for z

Let z(α, γ, t) be the solution of the equation (2.7) with initial data z(α, γ, 0) = f c(α, 0). Our

motivation is to set z(α, γ, t) = f c(α+ ic(α)γt, t). Since

(∂αf
c
µ)(α

t
γ) =

∂α(f
c
µ(α

t
γ))

1 + ic′(α)γt
,

we have

dzµ(α, γ, t)

dt
=

ic(α)γ

1 + ic′(α)γt
∂αzµ(α, γ, t)+ (2.8)

λ(αt
γ)

∫ π

−π

sin(z1(α, γ, t)− z1(β, γ, t) + f̃1(α
t
γ , t)− f̃1(β

t
γ , t))(

∂αµz(α,γ,t)
1+ic′(α)γt − ∂βzµ(β,γ,t)

1+ic′(β)γt )(1 + ic′(β)γt)dβ

cosh(z2(α, γ, t)− z2(β, γ, t) + f̃2(αt
γ , t)− f̃2(βt

γ , t))− cos(z1(α, γ, t)− z1(β, γ, t) + f̃1(αt
γ , t)− f̃1(βt

γ , t))

+ λ(αt
γ)

∫ π

−π

sin(z1(α, γ, t)− z1(β, γ, t) + f̃1(α
t
γ)− f̃1(β

t
γ))((∂αf̃µ)(α

t
γ , t)− (∂β f̃µ)(β

t
γ , t))(1 + ic′(β)γt)dβ

cosh(z2(α, γ, t)− z2(β, γ, t) + f̃2(αt
γ , t)− f̃2(βt

γ , t))− cos(z1(α, γ, t)− z1(β, γ, t) + f̃1(αt
γ , t)− f̃1(βt

γ , t))
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with

z(α, γ, 0) = f(α, 0).

We drop the analyticity assumption of f c from now. Notice that f̃ and λ can still be analytically

extended to DA as in (2.5) and (2.6).

2.4 The existence of z for fixed γ

We first do the energy estimate. The idea of the energy estimate is similar as in [14] and [12]. We

assume z is of finite Fourier mode here.

Since f̃(α+ ic(α)t, t) = f̃(α, t), λ(α+ ic(α)t) = λ(α), we have

dzµ(α, γ, t)

dt
= T (z) (2.9)

=
ic(α)γ

1 + ic′(α)γt
∂αzµ(α)+

λ(α)

∫ π

−π

sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))(
∂αzµ(α)

1+ic′(α)γt −
∂βzµ(β)

1+ic′(β)γt )(1 + ic′(β)γt)dβ

cosh(z2(α)− z2(β) + f̃2(α)− f̃2(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))

+ λ(α)

∫ π

−π

sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))((∂αf̃µ)(α)− (∂β f̃µ)(β))(1 + ic′(β)γt)dβ

cosh(z2(α)− z2(β) + f̃2(α)− f̃2(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))
.

Here we omit the dependency of z on γ and t, and the dependency of f̃ on t for the sake of simplicity.

Let

U = H5[T ],

where T is Torus of length 2π and

∥z∥Arc = sup
α∈[−2δ,2δ],β∈[−π,π]

(α− β)2

| cosh(z2(α)− z2(β) + f̃1(α)− f̃1(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))|
.

For the L2 norm, we have

∥T (z)∥L2[−π,π] ≲ ∥T (z)∥L∞[−π,π] ≲ C(∥z∥U )∥z∥Arc.

Here C is a bounded function depending on δ, δc and ∥f∥C1([0,t],H6[−π,π]), ∥f̃∥C1([0,t0],H6[−π,π]). We

will keep using the same notation C in the following proof.
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Now we take 5th derivative and have

∂5αT (z) =

=
ic(α)γ

1 + ic′(α)γt
∂6αzµ(α)+

λ(α)

∫ π

−π

sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))(
∂6
αzµ(α)

1+ic′(α)γt −
∂6
βzµ(β)

1+ic′(β)γt )(1 + ic′(β)γt)dβ

cosh(z2(α)− z2(β) + f̃1(α)− f̃1(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))

+ λ(α)

∫ π

−π

sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))((∂
6
αf̃µ)(α)− (∂6β f̃µ)(β))(1 + ic′(β)γt)dβ

cosh(z2(α)− z2(β) + f̃1(α)− f̃1(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))

+
∑
i

Oi

= T1(z) + T2(z) + T3(z) +
∑
i

Oi.

Here Oi terms contain at most 5th derivative on both z and f̃ .

Before we show the explicit form of Oi, we introduce some notations. Let

V k
g (α) = (g1(α, t), g2(α, t), ∂αg1(α, t), ∂αg2(α, t), ..., ∂

k
αg1(α, t), ∂

k
αg2(α, t)), (2.10)

Ṽ k
g (α) = (

g1(α, t)

1 + ic′(α)γt
,

g2(α, t)

1 + ic′(α)γt
, ..., ∂kαg1(α, t)∂

5
α(

1

1 + ic′(α)γt
), ∂kαg2(α, t)∂

5
α(

1

1 + ic′(α)γt
)).

V k
g,i(α) is the ith component in V k

g,i(α) and Ṽ
k
g,i(α) the ith component in Ṽ k

g,i(α).

When we write Xi(α, t), we mean

Xi(α, t) = (∂liα
1

1 + ic′(α)γt
), (2.11)

with li ≤ 5.

A function Kj
−σ(A,B), Kj

−σ(A,B,C) is of −σ type if for A, B, C in Rn, it has the form

cj
sin(A1 +B1)

m1 cos(A1 +B1)
m2

(cosh(A2 +B2)− cos(A1 +B1))m0
(2.12)

× (sinh(A2 +B2))
m3(cosh(A2 +B2))

m4Πm5
j=1(Aλj

)Πm6
j=1(Bλj,2

)Πm7
j=1(Cλj,3

),

with m1 +m3 +m5 +m6 +m7 − 2m0 ≥ −σ. cj is a constant.

We claim that we can write other terms as following three types, by separating the highest order
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term in the derivative. Here we omit the dependency on γ and t.

O1,i = ∂biα λ(α)

∫ π

−π

Ki
−1(V

3
z (α)− V 3

z (β), V
3
f̃
(α)− V 3

f̃
(β), Ṽ 3

z (α)− Ṽ 3
z (β))Xi′(β)(z̃

3(α)− z̃3(β))dβ,

where z̃3 ∈ V 3
z ∪ Ṽ 3

z ∪ V 3
f̃
, 1 ≤ bi ≤ 5.

O2,i = ∂biα λ(α)

∫ π

−π

Ki
−1(V

2
z (α)− V 2

z (β), V
2
f̃
(α)− V 2

f̃
(β), Ṽ 2

z (α)− Ṽ 2
z (β))Xi′(β)(z̃

5(α)− z̃5(β))dβ,

where z̃5 ∈ V 5
z ∪ Ṽ 5

z ∪ V 5
f̃
, 1 ≤ bi ≤ 5.

O3,i = ∂biα (
ic(α)γ

1 + ic′(α)γt
)∂

b′i
α zµ(α),

where 1 ≤ bi, b
′
i ≤ 5.

Then we have the following lemmas

Lemma 2.4.1. We have

∥Oi∥L2[−π,π] ≲ C(∥z∥U , ∥z∥Arc).

Proof. Since Ki
−1 is of −1 type, we have

∥Ki
−1(V

3
z (α)− V 3

z (β), V
3
f̃
(α)− V 3

f̃
(β), Ṽ 3

z (α)− Ṽ 3
z (β))(α− β)∥C0[−2δ,2δ]×[−π,π] ≲ C(∥z∥U , ∥z∥Arc),

we could use lemma 2.6.1 to get the result for O1,i. Moreover, we have

∥Ki
−1(V

2
z (α)− V 2

z (β), V
2
f̃
(α)− V 2

f̃
(β), Ṽ 2

z (α)− Ṽ 2
z (β))(α− β)∥C1[−2δ,2δ]×[−π,π] ≲ C(∥z∥U , ∥z∥Arc),

we then use lemma 2.5.3 to get the estimate for O2,i. O3,i can be bounded easily.

Lemma 2.4.2. We have

∥T3(z)∥L2[−π,π] ≲ C(∥z∥U , ∥z∥Arc).

Proof. Let

K(z(α)−z(β), f̃(α)−f̃(β)) = sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))

cosh(z2(α)− z2(β) + f̃2(α)− f̃2(β))− cos(z1(α)− z1(β) + f̃1(α)− f̃1(β))
.
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It is also of K−1 type. We have

∥K(z(α)− z(β), f̃(α)− f̃(β))(α− β)∥C1[−2δ,2δ]×[−π,π] ≲ C(∥z∥U , ∥z∥Arc).

Then the result follows from lemma 2.5.3.

Then we are left to deal with T1 + T2.

We have

T2(z(α)) = λ(α)p.v.

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ
∂6αzµ(α)

(1 + ic′(α)γt)

− λ(α)p.v.

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))∂6βzµ(β)dβ

= T2,1(z)(α) + T2,2(z)(α).

Moreover, we could further split the T2,2 and have

T2,2(z)(α) = −λ(α)p.v.
∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))∂6βzµ(β)dβ

= −λ(α) lim
β→α

(K(z(α)− z(β), f̃(α)− f̃(β)) tan(
α− β

2
))p.v.

∫ π

−π

cot(
α− β

2
)∂6βz(β)dβ

− λ(α)

∫ π

−π

(K(z(α)− z(β), f̃(α)− f̃(β)) tan(
α− β

2
)− lim

β→α
(K(z(α)− z(β), f̃(α)− f̃(β)) tan(

α− β

2
)))

cot(
α− β

2
)∂6βz(β)dβ

= T2,2,1(z) + T2,2,2(z).

Since K(z(α)− z(β), f̃(α)− f̃(β)) is of −1 type, we have,

∥K(z(α)− z(β), f̃(α)− f̃(β)) tan(
α− β

2
)∥C3

α,β([−2δ,2δ]×[−π,π]) ≲ C(∥z∥Arc + ∥z∥U ). (2.13)

Let

K̃(z(α)− z(β), f̃(α)− f̃(β))

=
K(z(α)− z(β), f̃(α)− f̃(β)) tan(α−β

2 )− limβ→α(K(z(α)− z(β), f̃(α)− f̃(β)) tan(α−β
2 ))

tan(α−β
2 )

.
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Then

∥K̃(z(α)− z(β), f̃(α)− f̃(β))∥C2
α,β([−2δ,2δ]×[−π,π])

≲ C(∥z∥Arc + ∥z∥U ).

We can do the integration by parts in the T2,2,2(z) and have

T2,2,2(z)(α) = −λ(α)
∫ π

−π

K̃(z(α)− z(β), f̃(α)− f̃(β))∂6βz(β)dβ

= λ(α)

∫ π

−π

∂βK̃(z(α)− z(β), f̃(α)− f̃(β))∂5βz(β)dβ.

Therefore we have

∥T2,2,2(z)(α)∥L2[−π,π] ≲ C(∥z∥Arc + ∥z∥U )∥∂5αz(α)∥L2[−π,π].

In conclusion, we have

d∂5αzµ(α, γ, t)

dt
= T1(z) + T2,1(z) + T2,2,1(z) + (T2,2,2(z) + T3(z) +

∑
i

Oi(z)) (2.14)

= (
ic(α)γ

1 + ic′(α)γt
+

λ(α)

1 + ic′(α)γt
p.v.

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ)∂6αzµ(α)

− λ(α) lim
β→α

(K(z(α)− z(β), f̃(α)− f̃(β)) tan(
α− β

2
))2πΛ(∂5αz)(α)

+ (T2,2,2(z) + T3(z) +
∑
i

Oi(z))

where Λ is (−∆)
1
2 on the Torus T of length 2π and

∥(T2,2,2(z) + T3(z) +
∑
i

Oi)∥L2 ≲ C(∥z∥Arc + ∥z∥U ). (2.15)

Then we have

d

dt
∥∂5αz(α, γ, t)∥2L2

α[−π,π] = 2ℜ
∫ π

−π

∂5αz(α, γ, t) · ∂5α
d

dt
z(α, γ, t)dα (2.16)

=
∑
µ=1,2

(2ℜ
∫ π

−π

∂5αzµ(α)(
ic(α)γ

1 + ic′(α)γt
+

λ(α)

1 + ic′(α)γt
p.v.

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ)︸ ︷︷ ︸
main term

·∂6αzµ(α)dα︸ ︷︷ ︸
main term
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−2ℜ
∫ π

−π

∂5αzµ(α)λ(α) lim
β→α

(K(z(α)− z(β), f̃(α)− f̃(β)) tan(
α− β

2
))2πΛ(∂5αzµ)(α)dα︸ ︷︷ ︸

main term

)

+B.T.

where B.T. ≤ C(∥z∥Arc + ∥z∥U ). Next we show the following lemma to control the main terms.

Lemma 2.4.3. If L1(α), L2(α) ∈ C2(T ), −ℜL1(α) ≥ |ℑL2(α)|, h ∈ H1, then we have

∫ π

−π

h(α)L1(α)(Λh)(α)dα+

∫ π

−π

h(α)L2(α)∂αh(α)dα ≤ C(∥L1∥C2(T ) + ∥L2∥C2(T ))∥h(α)∥2L2 .

Proof. First, we have

I2 =

∫ π

−π

h(α)L2(α)∂αh(α)dα

=

∫ π

−π

ℜL2(α)(ℜh(α)ℜh′(α) + ℑh(α)ℑh′(α))dα

−
∫ π

−π

ℑL2(α)(ℜh(α)ℑh′(α)−ℑh(α)ℜh′(α))dα

= I2,1 + I2,s.

We could do the integration by parts to I2,1 and have

|I2,1| = |1
2

∫ π

−π

dℜL2(α)

dα
((ℜh(α))2 + (ℑh(α))2)dα| ≲ C(∥L2(α)∥C1(T ))∥h(α)∥2L2 .

Moreover,

I1 =

∫ π

−π

h(α)L1(α)(Λh)(α)dα

=

∫ π

−π

ℜL1(α)(ℜh(α)Λℜh(α) + ℑh(α)Λℑh(α))dα

−
∫ π

−π

ℑL1(α)(ℜh(α)Λℑh(α)−ℑh(α)Λℜh(α))dα

= I1,M + I1,2.

We can still do the integration by parts to the I1,2 and have

∫ π

−π

ℑL1(α)(ℜh(α)Λℑh(α)−ℑh(α)Λℜh(α))dα

15



=

∫ π

−π

(Λ(ℑL1ℜh)(α)−ℑL1(α)Λℜh(α))ℑh(α)dα.

Moreover, for any g1 ∈ H2(T ), g2 ∈ H1(T ), we have

∥Λ(g1g2)− g1Λg2∥L2(T ) ≲ ∥g2∥L2(T )∥g1∥H2(T ).

Hence

I1,2 ≲ ∥ℑL1(α)∥H2(T )∥ℑh(α)∥L2(T )∥ℜh(α)∥L2(T )

≲ ∥ℑL1(α)∥H2(T )∥h(α)∥2L2(T ).

Now we are left to control I1,M + I2,s. We have

I1,M + I2,s =

∫ π

−π

ℜL1(α)(ℜh(α)Λℜh(α) + ℑh(α)Λℑh(α))dα

+

∫ π

−π

ℑL2(α)(ℜh(α)ℑh′(α)−ℑh(α)ℜh′(α))dα.

Now we use a lemma from [12, Section 2.4].

Lemma 2.4.4. Let a, b be real valued functions on T , a(α) ≥ |b(α)| and satisfying a, b ∈ C2(T ).

Then we have

ℜ
∫
T

f(x)(a(x)Λf(x) + b(x)if ′(x))dx ≥ −C(∥a∥C2(T ) + ∥b∥C2(T ))

∫
T

|f(x)|2dx.

Then from lemma 3.9.4, we have

I1,M + I2,s ≲ C(∥L1∥C2(T ) + ∥L2∥C2(T ))∥h(α)∥2L2 .

Then we get the result.

Now let

L1
z(α, γ, t) = −2π lim

β→0
(K(z(α, γ, t)− z(β, γ, t), f̃(α, t)− f̃(β, t)) tan(

α− β

2
)) (2.17)

= −2π
∂αz1(α, γ, t) + ∂αf̃1(α, t)

(∂αz1(α, γ, t) + ∂αf̃1(α, t))2 + (∂αz2(α, γ, t) + ∂αf̃2(α, t))2
,

16



and

L2
z(α, γ, t) = (

ic(α)γ

1 + ic′(α)γt
+

1

1 + ic′(α)γt
p.v.

∫ π

−π

K(z(α, γ, t)− z(β, γ, t), f̃(α, t)− f̃(β, t))(1 + ic′(β)γt)dβ).

(2.18)

Since supp c(α) ⊂ {α|λ(α) = 1}, from (2.16), we have

d

dt
∥∂5αz(α, γ, t)∥2L2

α[−π,π]

=
∑
µ=1,2

2ℜ
∫ π

−π

∂5αzµ(α)λ(α)L
2
z(α)∂

6
αzµ(α)dα︸ ︷︷ ︸

main term

+2ℜ
∫ π

−π

∂5αzµ(α)λ(α)L
1
z(α)Λ(∂

5
αzµ)(α)dα︸ ︷︷ ︸

main term

+B.T.

From lemma (2.4.3), if −ℜL1
z(α) ≥ |ℑL2

z(α)| for α ∈ [−2δ, 2δ], since suppλ ⊂ [−2δ, 2δ], we have

d

dt
∥∂5αz(α, γ, t)∥2L2

α[−π,π] ≲ B.T.

Moreover, when t = 0, α ∈ [−2δ, 2δ], from (2.17) and (2.18) we have

−ℜL1
z(α, γ, 0) = 2π

∂αf
c
1(α, 0) + ∂αf̃1(α, 0)

(∂αf c1(α, 0) + ∂αf̃1(α, 0))2 + (∂αf c2(α, 0) + ∂αf̃2(α, 0))2

= 2π
∂αf1(α, 0)

(∂αf1(α, 0))2 + (∂αf2(α, 0))2

and

ℑL2
z(α, 0) = ic(α)γ + ℑ(p.v.

∫ π

−π

K(f c(α, 0)− f c(β, 0), f̃(α, 0)− f̃(β, 0))dβ)

= ic(α)γ.

From (2.1), we could choose δc in (2.4) to be sufficiently small and have

inf
α∈[−2δ,2δ]

(−ℜL1
z(α, γ, 0)− |ℑL2

z(α, γ, 0)|) > 0.

Then let

∥z∥RT (t) = sup
α∈[−2δ,2δ]

1

|ℜL1
z(α, γ, t) + |ℑL2

z(α, γ, t)||
.
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If ∥z∥RT (t) <∞ for all 0 ≤ t ≤ t0, we have

d

dt
∥z∥2U ≲ C(∥z∥U + ∥z∥Arc), (2.19)

for 0 ≤ t ≤ t0.

Therefore, we could let ∥z∥Ũ = ∥z∥U + ∥z∥Arc + ∥z∥RT . From (2.19), and the following lemma

2.4.5, we have

d

dt
∥z∥2

Ũ
≲ C(∥z∥Ũ ).

Then ∥z(α, γ, t)∥Ũ is bounded for sufficiently small time t1. We claim that the bound and the time

can be chosen such that it holds for all γ ∈ [−1, 1].

Lemma 2.4.5. We have the following two estimates:

d

dt
∥z∥Arc ≲ C(∥z∥Ũ ),

and

d

dt
∥z∥RT ≲ C(∥z∥Ũ ).

Proof. For the ∥z∥RT , we have

d

dt
sup

α∈[−2δ,2δ]

1

|ℜL1
z(α) + |ℑL2

z(α)||
≤ sup

α∈[−2δ,2δ]

1

|ℜL1
z(α) + |ℑL2

z(α)||2
(∥ d
dt
L1
z(α)∥L∞

α [−2δ,2δ] + ∥ d
dt
L2
z(α)∥L∞

α [−2δ,2δ]).

From (2.17), we have

∥ d
dt
L1
z(α)∥L∞

α [−2δ,2δ] ≲ C(∥z∥Ũ )(∥
d

dt
z(α, γ, t)∥C1(T ) + ∥ d

dt
f̃(α, t)∥C1(T ))

≲ C(∥z∥Ũ )(∥T (z)∥C1(T ) + C).

From (2.9), it is easy to get

∥T (z)∥C1(T ) ≲ C(∥z∥Ũ ).
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Then

∥ d
dt
L1
z(α)∥L∞

α [−2δ,2δ] ≲ C(∥z∥Ũ ).

From (2.18), we have

∥ d
dt
L2
z(α, γ, t)∥L∞

α [−2δ,2δ] ≲ C + C∥ d
dt
p.v.

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ∥L∞
α [−2δ,2δ]

+ ∥p.v.
∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ∥L∞
α [−2δ,2δ]

≤ ∥p.v.
∫ π

−π

∇K(z(α)− z(β), f̃(α)− f̃(β)) · (dz
dt

(α)− dz

dt
(β) +

df̃

dt
(α)− df̃

dt
(β))(1 + ic′(β)γt)dβ∥L∞

α [−2δ,2δ]

+ ∥p.v.
∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(ic′(β)γ)dβ∥L∞
α [−2δ,2δ]

+ ∥p.v.
∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(1 + ic′(β)γt)dβ∥L∞
α [−2δ,2δ] + C

= Term2,1 + Term2,2 + Term2,3 + C.

From condition (2.13) and lemma 2.5.2, we have

Term2,2 + Term2,3 ≲ C(∥z∥Ũ ).

Moreover, ∇K(z(α)− z(β), f̃(α)− f̃(β)) is of −2 type, and

∥∇K(z(α)− z(β), f̃(α)− f̃(β)) · (dz
dt

(α)− dz

dt
(β) +

df̃

dt
(α)− df̃

dt
(β))(α− β)∥C1([−2δ,2δ]×[−π,π])

≲ (∥T (z)∥C2(T ) + C)C(∥z∥Ũ ).

From (2.9), it is easy to get

∥T (z)∥C2(T ) ≲ C(∥z∥Ũ ).

Then Term2,1 ≲ C(∥z∥Ũ ). Hence

∥ d
dt
L2
z(α)∥L∞

α [−2δ,2δ] ≲ C(∥z∥Ũ ).
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Then we have the estimate

d

dt
∥z∥RT =

d

dt
sup

α∈[−2δ,2δ]

1

|ℜL1
z(α) + |ℑL2

z(α)||
≲ C(∥z∥Ũ ).

Moreover, we have

d

dt
∥z∥Arc =

d

dt
sup

α∈[−2δ,2δ],β∈[−π,π]

| 1

( cosh(z2(α)−z2(β)+f̃1(α)−f̃1(β))−cos(z1(α,γ,t)−z1(β,γ,t)+f̃1(α)−f̃1(β))
(α−β)2 )

|

≤ sup
α∈[−2δ,2δ],β∈[−π,π]

| 1

( cosh(z2(α)−z2(β)+f̃1(α)−f̃1(β))−cos(z1(α,γ,t)−z1(β,γ,t)+f̃1(α)−f̃1(β))
(α−β)2 )

|2

· ∥ d
dt

(
cosh(z2(α)− z2(β) + f̃1(α)− f̃1(β))− cos(z1(α, γ, t)− z1(β, γ, t) + f̃1(α)− f̃1(β))

(α− β)2
)∥L∞

α,β [−π,π]×[−π,π]

≤ ∥z∥2Arc

(∥ sinh(z2(α)− z2(β) + f̃2(α)− f̃2(β))

α− β

d
dt (z2(α)− z2(β)) +

d
dt (f̃2(α)− f̃2(β))

(α− β)
∥L∞

α,β [−π,π]×[−π,π]

+ ∥ sin(z1(α)− z1(β) + f̃1(α)− f̃1(β))

α− β

d
dt (z1(α)− z1(β)) +

d
dt (f̃1(α)− f̃2(β))

(α− β)
∥L∞

α,β [−π,π]×[−π,π])

≲ ∥z∥2Arc∥z∥U (∥T (z)∥C1
α[−π,π] + C)

≲ C(∥z∥Ũ ).

We also introduce a corollary here to be used in the later section.

Corollary 2.4.6. For g(α) ∈ H1(T ), if z ∈ H5(T ), ∥z∥Arc ≤ ∞ and −ℜL1
z(α) − |ℑL2

z(α)| > 0

when α ∈ [−2δ, 2δ] for γ ∈ [−1, 1], then we have

sup
γ∈[−1,1]

(

∫ π

−π

g(α)λ(α)

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(
∂αg(α)

1 + ic′(α)γt
− ∂αg(β)

1 + ic′(β)γt
)dβdα

+

∫ π

−π

g(α)∂αg(α)
ic(α)γ

1 + ic′(α)γt
dα) ≲ ∥g∥2L2 .

2.4.1 The approximation of the equation

Now we approximate the problem and have the following equations,

dzn(α, γ, t)

dt
= φn ∗ Tn(φn ∗ zn) = φn ∗

(
ic(α)γ

1 + ic′(α)γt
∂α(φn ∗ zn)(α)

)
+
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φn ∗
(
λ(α)

∫ π

−π

Kn((φn ∗ zn)(α)− (φn ∗ zn)(β), f̃(α)− f̃(β))(
∂α(φn ∗ znµ)(α)
1 + ic′(α)γt

−
∂β(φn ∗ znµ)(β)
1 + ic′(β)γt

)(1 + ic′(β)γt)dβ

)
+ φn ∗

(
λ(α)

∫ π

−π

Kn((φn ∗ zn)(α)− (φn ∗ zn)(β), f̃(α)− f̃(β))(f̃µ(α)− f̃µ(β))(1 + ic′(β)γt)dβ

)
,

where

Kn((φn ∗ zn)(α)− (φn ∗ zn)(β), f̃(α)− f̃(β))

= sin(∆((φn ∗ zn1 )(α) + f̃1(α)))

· 1

| cosh(∆((φn ∗ zn2 )(α) + f̃2(α)))− cos(∆((φn ∗ zn1 )(α) + f̃1(α)))|2 + 1
n sin(α−β

2 )2

· cosh(∆((φn ∗ zn2 )(α) + f̃2(α)))− cos(∆((φn ∗ zn1 )(α) + f̃1(α))),

with

∆((φn ∗ zn2 )(α) + f̃2(α)) = (φn ∗ zn2 )(α)− (φn ∗ zn2 )(β) + f̃2(α)− f̃2(β), (2.20)

∆((φn ∗ zn1 )(α) + f̃1(α)) = (φn ∗ zn1 )(α)− (φn ∗ zn1 )(β) + f̃1(α)− f̃1(β), (2.21)

and initial value zn(α, γ, 0) = φn ∗ f(α, 0). Here the convolution of φn is the projection to the finite

Fourier mode of α.

By the Picard theorem, for any fixed γ ∈ [−1, 1], there exists solutions in C1([0, tn], H
5
α(T )).

Moreover, by the structure of our approximation, we have zn = φn ∗ zn, and for 1 ≤ j ≤ 5,

d

dt

∫ π

−π

|∂jαzn(α, γ, t)|2dα

= 2ℜ
∫ π

−π

∂jαz
n(α, γ, t)∂jα(φn ∗ Tn(φn ∗ zn))dα

= 2ℜ
∫ π

−π

∂jα(φn ∗ zn)(α, γ, t)∂jα(Tn(φn ∗ zn))dα.

Then we can do the similar energy estimate as the previous section by letting

∥zn∥Ũn = ∥zn∥H5[−π,π] + ∥zn∥RTn + ∥zn∥Arcn ,

where

∥zn∥Arcn = sup
α∈[−2δ,2δ],β∈[−π,π]

| cosh(∆((φn ∗ zn2 )(α) + f̃2(α)))− cos(∆((φn ∗ zn1 )(α) + f̃1(α)))|(α− β)2

| cosh(∆((φn ∗ zn2 )(α) + f̃2(α)))− cos(∆((φn ∗ zn1 )(α) + f̃1(α)))|2 + 1
n sin(α−β

2 )2
,
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with ∆((φn ∗ zn2 )(α) + f̃2(α)) and ∆((φn ∗ zn1 )(α) + f̃1(α)) from (2.20), (2.21), and letting

∥zn∥RTn = sup
α∈[−2δ,2δ]

1

|ℜL1,n
z (α) + |ℑL2,n

z (α)||
,

with

L1,n
zn (α, γ, t) = −2π lim

β→0
(Kn((φn ∗ zn)(α)− (φn ∗ zn)(β), f̃(α)− f̃(β)) tan(

α− β

2
)),

L2,n
zn (α, γ, t) = (

ic(α)γ

1 + ic′(α)γt
+

1

1 + ic′(α)γt
p.v.

∫ π

−π

Kn((φn∗zn)(α)−(φn∗zn)(β), f̃(α)−f̃(β))(1+ic′(β)γt)dβ).

Then we can use the similar energy estimate and the compactness argument to show there exist

a solution

z(α, γ, t) ∈ L∞([0, t1], H
5
α(T )). (2.22)

satisfying

z(α, γ, t) =

∫ t

0

T (z)dτ + f c(α, 0), (2.23)

for sufficiently small time t1. Moreover,

∥z∥Arc <∞, (2.24)

and

−ℜL1
z(α)− |ℑL2

z(α)| > 0, when α ∈ [−2δ, 2δ]. (2.25)

Since the energy estimate has a bound for all γ ∈ [−1, 1], we have a existence time t1 that holds for

γ.

Now we abuse the notation and write T (z) as T (z(α, γ, t), γ, t). We have the following lemma:

Lemma 2.4.7. For any g(α), h(α) ∈ Hj+1(T ), j = 3, 4, ∥g∥Arc ≤ ∞ and ∥h∥Arc ≤ ∞, we have

∥T (g(α), γ, t)∥Hj(T ) ≲ 1. (2.26)
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∥T (g(α), γ, t)− T (h(α), γ, t)∥Hj(T ) ≲ ∥g(α)− g(α)∥Hj+1(T ). (2.27)

∥T (g(α), γ, t)− T (g(α), γ, t′)∥Hj(T ) ≲ |t− t′|. (2.28)

Proof. We only show (2.26) and the left can be shown in the same way. From (2.9), we have

T (g(α), γ, t) =
ic(α)γ

1 + ic′(α)γt
∂αg(α)+

λ(α)

∫ π

−π

K(g(α)− g(β), f̃(α)− f̃(β))(
∂αg(α)

1 + ic′(α)γt
− ∂βg(β)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ λ(α)

∫ π

−π

K(g(α)− g(β), f̃(α)− f̃(β))(∂αf̃(α)− ∂β f̃(β))(1 + ic′(β)γt)dβ

= T1(g(α), γ, t) + T2(g(α), γ, t) + T3(g(α), γ, t).

It is trivial that T1 satisfying the (2.26) since c(α) is sufficiently smooth.

Moreover, the ∂αf̃ ∈ H5(T ) and is more regular than ∂αg(α)
1+ic′(α)γt . Hence we only consider T2. For

T2, we have

∥K(g(α)− g(β), f̃(α)− f̃(β))(α− β)∥Cj−2([−2δ,2δ]×T ) ≲ 1. (2.29)

Then

∥T2∥L2(T ) ≲ ∥T2∥L∞(T ) ≲ 1.

Moreover, we can use the notation from (2.12), (2.10), and get

∂jαT2(g) =

λ(α)

∫ π

−π

K(g(α)− g(β), f̃(α)− f̃(β))(
∂j+1
α g(α)

1 + ic′(α)γt
−

∂j+1
β g(β)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+
∑
j′

∂
bj′
α λ(α)

∫ π

−π

Kj′

−1(V
[ j+1

2 ]
g (α)− V

[ j+1
2 ]

g (β), V
[ j+1

2 ]

f (α)− V
[ j+1

2 ]

f (β), Ṽ
[ j+1

2 ]
g (α)− Ṽ

[ j+1
2 ]

g (β))

·Xi(β)(z̃
j(α)− z̃j(β))dβ

= Term2,1 + Term2,2.
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Here z̃j ∈ V j
g ∪ Ṽ j

g ∪ V j

f̃
. [ j+1

2 ] is the biggest integer less than j+1
2 . Then from (2.29), we could use

lemma 2.5.3 to bound Term1. Moreover, since j + 1− [ j+1
2 ] ≥ [ j+1

2 ] ≥ 2. We have

∥Kj′

−1(V
[ j+1

2 ]
g (α)− V

[ j+1
2 ]

g (β), V
[ j+1

2 ]

f (α)− V
[ j+1

2 ]

f (β), Ṽ
[ j+1

2 ]
g (α)− Ṽ

[ j+1
2 ]

g (β))(α− β)∥C0([−2δ,2δ]×[−π,π])

≲ C(∥g∥Hj+1∥f̃∥Hj+1).

Then we could use lemma 2.6.1 to bound Term2.

Then from lemma 2.4.7, (2.22) and (2.23), we have

z(α, γ, t) ∈ L∞([0, t1], H
5
α(T )) ∩ C0([0, t1], H

4
α(T )) ∩ C1([0, t1], H

3
α(T )). (2.30)

2.5 The uniqueness

In this section we show there exists sufficiently 0 < t2 ≤ t1 such that for 0 ≤ t ≤ t2, we have

z(α, 0, t) = f c(α, t).

Let z0(α, t) = z(α, 0, t). From (2.9), we have

dz0µ(α, t)

dt
= λ(α)

∫ π

−π

K(z0(α)− z0(β), f̃(α)− f̃(β))(∂αz
0
µ(α)− ∂βz

0
µ(β))dβ

+ λ(α)

∫ π

−π

K(z0(α)− z0(β), f̃(α)− f̃(β))(∂αf̃µ(α)− ∂β f̃µ(β))dβ.

Moreover, from (2.2), we have

df cµ(α, t)

dt
= λ(α)

∫ π

−π

K(f c(α)− f c(β), f̃(α)− f̃(β))(∂αf
c
µ(α)− ∂βf

c
µ(β))dβ

+ λ(α)

∫ π

−π

K(f c(α)− f c(β), f̃(α)− f̃(β))(∂αf̃µ(α)− ∂β f̃µ(β))dβ.

Then we have the equation for the difference:

d(z0µ(α, t)− f c(α, t))

dt
= λ(α)

∫ π

−π

K(z0(α)− z0(β), f̃(α)− f̃(β))(∂α(z
0
µ − f cµ)(α)− ∂β(z

0
µ − f cµ)(β))dβ

+ λ(α)

∫ π

−π

(K(z0(α)− z0(β), f̃(α)− f̃(β))−K(f c(α)− f c(β), f̃(α)− f̃(β)))

· (∂αf̃µ(α) + ∂αf
c
µ(α)− ∂β f̃µ(β)− ∂βf

c
µ(β))dβ

= Term1 + Term2.
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We first control Term2, we have

Term2 = (2.31)

λ(α)

∫ π

−π

∫ 1

0

d

dτ
(K(f c(α)− f c(β)− τ(f c(α)− z0(α)− (f c(β)− z0(β))), f̃(α)− f̃(β)))

· (∂αf̃µ(α) + ∂αf
c
µ(α)− ∂β f̃µ(β)− ∂βf

c
µ(β))dτdβ

= −λ(α)
∫ π

−π

∫ 1

0

∇K(f c(α)− f c(β)− τ(f c(α)− z0(α)− (f c(β)− z0(β))), f̃(α)− f̃(β)))

· (f c(α)− z0(α)− (f c(β)− z0(β)))(∂αf̃µ(α) + ∂αf
c
µ(α)− ∂β f̃µ(β)− ∂βf

c
µ(β))dτdβ.

Since the component of ∇K is of −2 type, we have

∥∇K(f c(α)− f c(β)− τ(f c(α)− z0(α)− (f c(β)− z0(β))), f̃(α)− f̃(β)))(α− β)2∥C1
α,β([−2δ,2δ]×[−π,π])

(2.32)

≲ (∥f c(α)∥C2[−π,π] + ∥z0(α)∥C2[−π,π] + ∥f̃(α)∥C2[−π,π])C(∥f c − τ(f c − z0)∥Arc).

When t = 0, we have z0 = f c, then

∥f c − τ(f c − z0)∥Arc = ∥f c∥Arc ≲ 1. (2.33)

Moreover, we have the following lemma

Lemma 2.5.1. For g, h ∈ C1(T ), ∥h∥Arc < ∞, there exists δ depending on ∥h∥Arc and ∥h∥C1(T )

such that when ∥g − h∥C1(T ) ≤ δ, ∥g∥Arc <∞.

Proof. We have

| cosh(g2(α)− g2(β) + f̃2(α)− f̃2(β))− cosh(h2(α)− h2(β) + f̃2(α)− f̃2(β))|

≤ |g2(α)− g2(β)− (h2(α)− h2(β))|
∫ 1

0

| sinh((1− τ)(h2(α)− h2(β)) + τ(g2(α)− g2(β)))|dτ

≤ (α− β)2∥g − h∥C1(T )C(∥h∥C1(T ) + ∥g − h∥C1(T )).

and

| cos(g1(α)− g1(β) + f̃1(α)− f̃1(β))− cos(h1(α)− h1(β) + f̃1(α)− f̃1(β))|

≤ |g1(α)− g1(β)− (h1(α)− h1(β))|
∫ 1

0

| sin((1− τ)(h1(α)− h1(β)) + τ(g1(α)− g1(β)))|dτ
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≤ (α− β)2∥g − h∥C1(T )C(∥h∥C1(T ) + ∥g − h∥C1(T )).

Since

| cosh(h2(α)− h2(β) + f̃2(α)− f̃2(β))− cos(h1(α)− h1(β) + f̃1(α)− f̃1(β))| ≥ ∥h∥Arc|α− β|2.

We have

| cosh(g2(α)− g2(β) + f̃2(α)− f̃2(β))− cos(g1(α)− g1(β) + f̃1(α)− f̃1(β))|

≥ (∥h∥Arc − ∥g − h∥C1(T )C(∥h∥C1(T ) + ∥g − h∥C1(T )))|α− β|2.

Then we have the result.

Since we have z0(α, t) ∈ C1([0, t1], H
3(T )), f c(α, t) ∈ C1([0, t1], H

6(T )), then from (2.33), and

lemma 2.5.1, there exists t2, satisfying 0 ≤ t2 ≤ t1, such that for 0 ≤ t ≤ t2,

∥f c − τ(f c − z0)∥Arc ≲ 1. (2.34)

Then from corollary 2.5.4, (2.31) ,(2.32), and (2.34), we have

∥Term2∥2L2(T ) ≤ ∥z0 − f c∥2L2(T ).

Then

d

dt

∫ π

−π

|z0(α, t)− f c(α, t)|2dα

= 2ℜ
∫ π

−π

(z0(α, t)− f c(α, t))
d

dt
(z0(α, t)− f c(α, t))dα

=
∑
µ=1,2

2ℜ
∫ π

−π

(z0µ(α, t)− f cµ(α, t))λ(α)

∫ π

−π

K(z0(α)− z0(β), f̃(α)− f̃(β))(∂α(z0µ − f cµ)(α)− ∂β(z0µ − f cµ)(β))dβdα

+B.T 0

where B.T 0 ≲ ∥z0(α, t)−f c(α, t)∥2L2[−π,π]. Then from corollary 2.4.6 when γ = 0, conditions (2.25),

(2.22), (2.24), we have

d

dt

∫ π

−π

|z0(α, t)− f c(α, t)|2dα ≲ ∥z0(α, t)− f c(α, t)∥2L2(T ).
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Moreover, we have z0(α, 0) = f c(α, 0). Therefore we have

z0(α, t) = f c(α, t). (2.35)

for 0 ≤ t ≤ t2.

Lemma 2.5.2. For G(α, β) ∈ C1([−2δ, 2δ]× [−π, π]), we have

∥p.v.
∫ π

−π

G(α, β)

(α− β)
dβ∥L∞[−2δ,2δ] ≲ ∥G(α, β)∥C1([−2δ,2δ]×[−π,π]).

Proof. We have

|p.v.
∫ π

−π

G(α, β)

(α− β)
dβ|

= |
∫ π

−π

G(α, β)−G(α, α)

(α− β)
dβ|+ |p.v.

∫ π

−π

1

α− β
dβG(α, α)| ≲ ∥G(α, β)∥C1([−2δ,2δ]×[−π,π]).

Lemma 2.5.3. For g(α) ∈ L2[−π, π], G(α, β) ∈ C1([−2δ, 2δ]× [−π, π]), we have

∥
∫ π

−π

G(α, β)
g(α)− g(β)

(α− β)
dβ∥L2[−2δ,2δ] ≲ ∥G(α, β)∥C1([−2δ,2δ]×[−π,π])∥g∥L2[−π,π].

Proof. We have

∫ π

−π

G(α, β)
g(α)− g(β)

(α− β)
dβ

=

∫ π

−π

G(α, β)−G(α, α)

α− β
(g(α)− g(β))dβ +G(α, α)p.v.

∫ π

−π

g(α)− g(β)

α− β
dβ

= Term1 + Term2.

Here

∥Term1∥L2[−2δ,2δ] ≲ ∥G(α, β)∥C1([−2δ,2δ]×[−π,π])∥g(α)∥L2[−π,π],

and

∥Term2∥L2[−2δ,2δ] ≲ ∥G(α, α)∥C0([−2δ,2δ])∥g(α)∥L2[−π,π].
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Corollary 2.5.4. For g(α) ∈ L2[−π, π],h(α) ∈ C2[−π, π], G(α, β) ∈ C1([−2δ, 2δ] × [−π, π]), we

have

∥
∫ π

−π

G(α, β)
(g(α)− g(β))(h(α)− h(β))

(α− β)2
dβ∥L2[−2δ,2δ] ≲ ∥G(α, β)∥C1([−2δ,2δ]×[−π,π])∥g∥L2[−2δ,2δ]∥h∥C2[−π,π].

Proof. We can use lemma 2.5.3 and let G̃(α, β) = G(α, β)h(α)−h(β)
(α−β) .

2.6 The continuity of z with respect to γ

We first show ∥z(α, γ, t)− z(α, γ′, t)∥H3(α) ≲ |γ − γ′|.

For the sake of simplicity, we further shrink the time t1 to t̃1 such that for all 0 ≤ t ≤ t̃1,

γ, γ′ ∈ [−1, 1], τ ∈ [0, 1], we have ∥τz(α, γ, t)+(1−τ)z(α, γ′, t)−τz(α, γ, 0)−(1−τ)z(α, γ′, 0)∥C1(T ) =

∥τz(α, γ, t)+(1− τ)z(α, γ′, t)−f c(α, 0)∥C1(T ) is sufficiently small. Then from lemma 2.5.1, we have

∥τz(α, γ, t) + (1− τ)z(α, γ′, t)∥Arc <∞.

This is not necessary but helps to simplify our estimate in this section.

Now we estimate the difference, we have

dz(α, γ)

dt
− dz(α, γ′)

dt
= T (z(α, γ, t), γ, t)− T (z(α, γ′, t), γ′, t) (2.36)

= (T (z(α, γ, t), γ, t)− T (z(α, γ′, t), γ, t)) + (

∫ γ′

γ

(∂ηT )(z(α, γ
′, t), η, t)dη)

= Term1 + Term2.

For Term2, we have

(∂γT )(z(α), γ, t) =
d

dγ
(

ic(α)γ

1 + ic′(α)γt
)∂αz(α) (2.37)

+ λ(α)

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))
d

dγ
(
1 + ic′(β)γt

1 + ic′(α)γt
− 1)dβ∂αz(α)

+ λ(α)

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))(∂αf̃(α)− ∂β f̃(β))ic
′(β)tdβ

= Term2,1 + Term2,2 + Term2,3.
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Since z(α, γ, t) ∈ L∞
t ([0, t0], H

5(T )), we have

∥Term2,1∥H3(T ) ≲ 1.

Moreover,

Term2,2 = λ(α)

∫ π

−π

K(z(α)− z(β), f̃(α)− f̃(β))[
(ic(β)− ic(α))t

1 + ic′(α)γt
− (ic(β)− ic(α))γtic′(α)t

(1 + c′(α)γt)2
]dβ∂αz(α).

Since K is of −1 type, we have

K(z(α)− z(β), f̃(α)− f̃(β))(α− β) ∈ C3([−2δ, 2δ]× [−π, π]). (2.38)

Therefore ∥Term2,2∥H3(T ) ≲ 1. Moreover, Term2,3 can be bounded in the similar way since

|∂αf̃(α)−∂β f̃(β)
α−β | ∈ C3([−2δ, 2δ]× [−π, π]) and we get

∥Term2,3∥H3(T ) ≲ 1.

Then we have

∥(∂γT )(z(α), γ, t)∥H3(T ) ≲ 1. (2.39)

and

∥Term2∥H3(T ) ≲ |γ − γ′|. (2.40)

For Term1, we have

Term1 =
ic(α)γ

1 + ic′(α)γt
∂α(z(α, γ)− z(α, γ′)) (2.41)

+ λ(α)

∫ π

−π

K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))(
∂αz(α, γ)− ∂αz(α, γ

′)

1 + ic′(α)γt
− (

∂βz(β, γ)− ∂βz(β, γ
′)

1 + ic′(β)γt
))

· (1 + ic′(β)γt)dβ (2.42)

+ λ(α)

∫ π

−π

(K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))−K(z(α, γ′)− z(β, γ′), f̃(α)− f̃(β)))

(
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
+ ∂αf̃(α)− ∂β f̃(β))(1 + ic′(β)γt)dβ

= Term1,1 + Term1,2 + Term1,3. (2.43)
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It is easy to get

∥Term1,1∥L2(T ) + ∥Term1,2∥L2(T ) ≲ ∥z(α, γ)− z(α, γ′)∥H3(T ). (2.44)

Moreover,

Term1,3 = λ(α)

∫ π

−π

∫ 1

0

∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))dτ

(2.45)

· (z(α, γ)− z(β, γ)− (z(α, γ′)− z(β, γ′)))

(
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
+ ∂αf̃(α)− ∂β f̃(β))(1 + ic′(β)γt)dβ.

Since the component of ∇K is of −2 type, we have

sup
τ

∥∇K(τ(z(α, γ)−z(β, γ)+(1−τ)(z(α, γ′)−z(β, γ′)), f̃(α)− f̃(β))(α−β)2∥C3([−2δ,2δ]×[−π,π]) ≲ 1,

then we have

∥Term1,3∥L2(T ) ≲ ∥z(α, γ)− z(α, γ′)∥H3(T ). (2.46)

Now we control ∂3αTerm1. For ∂
3
αTerm1,1, we have

∂3αTerm1,1 =
ic(α)γ

1 + ic′(α)γt
∂4α(z(α, γ)− z(α, γ′)) +

∑
1≤j≤3

C1,j∂
j
α(

ic(α)γ

1 + ic′(α)γt
)∂4−j

α (z(α, γ)− z(α, γ′))

(2.47)

= Term3
1,1,M + Term3

1,1,2.

Here ∥Term3
1,1,2∥L2(T ) ≲ ∥z(α, γ) − z(α, γ′)∥H3(T ). For ∂3αTerm1,2, we first introduce several lem-

mas.

Lemma 2.6.1. For g(α) ∈ H1[−π, π], G(α, β) ∈ C0([−2δ, 2δ]× [−π, π]), we have

∥
∫ π

−π

G(α, β)
g(α)− g(β)

(α− β)
dβ∥L2[−2δ,2δ] ≲ ∥G(α, β)∥C0([−2δ,2δ]×[−π,π])∥g∥H1[−π,π].
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Proof. We have

|
∫ π

−π

G(α, β)
g(α)− g(β)

(α− β)
dβ|

≤ ∥G(α, β)∥C0([−2δ,2δ]×[−π,π])

∫ π

−π

|g(α)− g(β)|
(α− β)

dβ

≤ ∥G(α, β)∥C0([−2δ,2δ]×[−π,π])

∫ π

−π

∫ 1

0

|g′(τ(α) + (1− τ)(β))|dτdβ

≲ ∥G(α, β)∥C0([−2δ,2δ]×[−π,π])∥g∥H1[−π,π].

Lemma 2.6.2. For g(α) ∈ Hk(T ), G(α, β) ∈ C1([−2δ, 2δ]× T ) ∩Ck([−2δ, 2δ]× T ), for k ≥ 0, we

have

∥
∫ π

−π

G(α, β)
g(α)− g(β)

α− β
dβ∥Hk[−2δ,2δ] ≲ (∥G(α, β)∥C1([−2δ,2δ]×T ) + ∥G(α, β)∥Ck([−2δ,2δ]×T ))∥g∥Hk(T ).

Proof. From lemma 2.5.3, when k = 0, we have the L2 norm. Moreover, when k ≥ 1, we have

∂kα

∫ π

−π

G(α, β)
g(α)− g(β)

α− β
dβ

= ∂kα

∫ π

−π

G(α, α− β)
g(α)− g(α− β)

β
dβ

=
∑

0≤j≤k

Cj

∫ π

−π

∂jαG(α, α− β)
∂k−j
α g(α)− ∂k−j

α g(α− β)

β
dβ.

For j ≤ k − 1, we could use lemma 2.5.3 to get the estimate. For j = k, we could use lemma 2.6.1

to get the estimate.

Lemma 2.6.3. For k ≥ 2, g(α) ∈ Hk(T ), G(α, β) ∈ Ck([−2δ, 2δ]× T ), we have

∥∂kα(
∫ π

−π

G(α, β)
g(α)− g(β)

α− β
dβ)−

∫ π

−π

G(α, β)
∂kαg(α)− ∂kβg(β)

α− β
dβ∥L2[−2δ,2δ]

≲ ∥G(α, β)∥Ck([−2δ,2δ]×T )∥g∥Hk−1(T )

Proof. We have

∂kα(

∫ π

−π

G(α, β)
g(α)− g(β)

α− β
dβ)−

∫ π

−π

G(α, β)
∂kαg(α)− ∂kβg(β)

α− β
dβ

=
∑

1≤j≤k

Cj

∫ π

−π

∂jα(G(α, α− β))
∂k−j
α g(α)− ∂k−j

β g(α− β)

β
dβ.
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Then for j ≤ k − 1. we could use lemma 2.5.3 to get the estimate. Then for j = k. we could use

lemma 2.6.1 to get the estimate.

Lemma 2.6.4. For g(α) ∈ H3(T ), h(α) ∈ H3(T ), G(α, β) ∈ C3([−2δ, 2δ]× T ), we have

∥∂3α(
∫ π

−π

G(α, β)
g(α)− g(β)

α− β

h(α)− h(β)

α− β
dβ)∥L2[−2δ,2δ]

≲ ∥G(α, β)∥C3([−2δ,2δ]×T )∥g∥H3(T )∥h∥H3(T ).

Proof. We take the derivative and have

∂3α(

∫ π

−π

G(α, α− β)
g(α)− g(α− β)

β

h(α)− h(α− β)

β
dβ)

=
∑

j1+j2+j3=3

∫ π

−π

∂j1α (G(α, α− β))
∂j2α g(α)− ∂j2α g(α− β)

β

∂j3α h(α)− ∂j3α h(α− β)

β
dβ.

If j2 ≤ 1, j3 ≤ 1, then

∥
∫ π

−π

∂j1α (G(α, α− β))
∂j2α g(α)− ∂j2α g(α− β)

β

∂j3α h(α)− ∂j3α h(α− β)

β
dβ∥L2[−2δ,2δ]

≲ ∥∂j1α (G(α, α− β))∥C0([−2δ,2δ]×T )∥g∥C2(T )∥h∥C2(T )

≲ ∥G(α, β)∥C3([−2δ,2δ]×T )∥g∥H3(T )∥h∥H3(T ).

If j2 = 3, then j1 = j3 = 0,by lemma 2.5.4, we have

∥
∫ π

−π

∂j1α (G(α, α− β))
∂j2α g(α)− ∂j2α g(α− β)

β

∂j3α h(α)− ∂j3α h(α− β)

β
dβ∥L2[−2δ,2δ]

≲ ∥(G(α, α− β))∥C1([−2δ,2δ]×T )∥g∥H3(T )∥h∥C2(T )

≲ ∥G(α, β)∥C3([−2δ,2δ]×T )∥g∥H3(T )∥h∥H3(T ).

If j2 = 2, then j1 = 1 or j3 = 1, by lemma 2.6.1, we have

∥
∫ π

−π

∂j1α (G(α, α− β))
∂j2α g(α)− ∂j2α g(α− β)

β

∂j3α h(α)− ∂j3α h(α− β)

β
dβ∥L2[−2δ,2δ]

≲ ∥∂j1α (G(α, α− β))∥C0([−2δ,2δ]×T )∥g∥H3(T )∥∂j3α h∥C1(T )

≲ ∥G(α, β)∥C3([−2δ,2δ]×T )∥g∥H3(T )∥h∥H3(T ).

When j3 = 3 or j3 = 2, it can treated similarly as j2 = 3 and j2 = 2.
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Then from lemma 2.6.3 and (2.38), we have

∂3αTerm1,2 = λ(α)

∫ π

−π

K(z(α, γ)− z((α− β, γ)), f̃(α)− f̃(α− β)) (2.48)

· (∂3α(
∂α(z(α, γ)− z(α, γ′))

1 + ic′(α)γt
)− ∂3α(

∂α(z(α− β, γ)− z(α− β, γ′))

1 + ic′(α− β)γt
))(1 + ic′(α− β)γt)dβ

+ Term3
1,2,1,

where ∥Term3
1,2,1∥L2(T ) ≲ ∥z(α, γ)− z(α, γ′)∥2H3(T ). Moreover, we have

λ(α)

∫ π

−π

K(z(α, γ)− z((α− β, γ)), f̃(α)− f̃(α− β)) (2.49)

· (∂3α(
∂α(z(α, γ)− z(α, γ′))

1 + ic′(α)γt
)− ∂3α(

∂α(z(α− β, γ)− z(α− β, γ′))

1 + ic′(α− β)γt
))(1 + ic′(α− β)γt)dβ

= λ(α)

∫ π

−π

K(z(α, γ)− z((α− β, γ)), f̃(α)− f̃(α− β))

· (∂
4
α(z(α, γ)− z(α, γ′))

1 + ic′(α)γt
− ∂4α(z(α− β, γ)− z(α− β, γ′))

1 + ic′(α− β)γt
))(1 + ic′(α− β)γt)dβ

+
∑

0≤j≤2

Cjλ(α)

∫ π

−π

K(z(α, γ)− z((α− β, γ)), f̃(α)− f̃(α− β))(1 + ic′(α− β)γt)

· (∂1+j
α (z(α, γ)− z(α, γ′))∂3−j

α (
1

1 + ic′(α)γt
)− ∂1+j

α (z(α− β, γ)− z(α− β, γ′))∂3−j
α (

1

1 + ic′(α− β)γt
))dβ

= Term3
1,2,M + Term3

1,2,3.

Then from lemma 2.5.3, we have

∥Term3
1,2,3∥L2(T ) ≲ ∥z(α, γ)− z(α, γ′)∥H3(T ). (2.50)

For ∂3αTerm1,3, we use equation (2.45). Since

∥∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))(α− β)2∥C3([−2δ,2δ]×[−π,π]) ≲ 1,

and

∂αz(α, γ
′)

1 + ic′(α)γt
+ ∂αf̃(α) ∈ H4(T ).

from lemma 2.6.4, we have

∥∂3αTerm1,3∥L2(T ) ≲ ∥z(α, γ)− z(α, γ′)∥H3(T ). (2.51)
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In conclusion, from (2.44), (2.46), and (2.40), we have

d

dt

∫ π

−π

|z(α, γ)− z(α, γ′)|2dα = 2ℜ
∫ π

−π

(z(α, γ)− z(α, γ′))Term1 + Term2dα

≲ |γ − γ′|2 + ∥z(α, γ)− z(α, γ′)∥2H3(T ).

From (2.47) ,(2.48), (2.49), (2.50), (2.51) and (2.40), we have

d

dt

∫ π

−π

|∂3α(z(α, γ)− z(α, γ′))|2dα

= 2ℜ
∫ π

−π

∂3α(z(α, γ)− z(α, γ′)) · ∂3αTerm1 + ∂3αTerm2dα

= 2ℜ
∫ π

−π

∂3α(z(α, γ)− z(α, γ′)) · Term3
1,1,M + Term3

1,2,Mdα+B.T 0

=
∑
µ=1,2

2ℜ
∫ π

−π

∂3α(zµ(α, γ)− zµ(α, γ
′))

ic(α)γ

1 + ic′(α)γt
∂4α(zµ(α, γ)− z(α, γ′))dα

+
∑
µ=1,2

2ℜ
∫ π

−π

∂3α(zµ(α, γ)− zµ(α, γ
′))λ(α)

∫ π

−π

K(z(α, γ)− z(α− β, γ), f̃(α)− f̃(α− β))

· (∂
4
α(z(α, γ)− z(α, γ′))

1 + ic′(α)γt
− ∂4α(z(α− β, γ)− z(α− β, γ′))

1 + ic′(α− β)γt
))(1 + ic′(α− β)γt)dβdα

+B.T 0,

where

|B.T 0| ≲ ∥z(α, γ)− z(α, γ′)∥2H3(T ) + |γ − γ′|2.

Then from corollary 2.4.6, we have

d

dt

∫ π

−π

|∂3α(z(α, γ)− z(α, γ′))|2dα ≲ ∥z(α, γ)− z(α, γ′)∥2H3(T ) + |γ − γ′|2.

Moreover, the initial date ∥z(α, γ)− z(α, γ′)∥2H3(T )|t=0 = 0. Therefore we have

∥z(α, γ)− z(α, γ′)

γ − γ′
∥H3(T ) ≲ 1. (2.52)

2.7 The differentiability of z with respect to γ

Now we show the differentiability. We define a new function w(α, γ, t). It satisfies the equation that

dz
dγ would satisfy if it is differentiable.
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Let w be the solution of the following equation:

dw(α, γ, t)

dt
= T̃ (w) = DzT (z(α, γ, t), γ, t)[w] + ∂γT (α, γ, t), (2.53)

with initial value w(α, γ, 0) = 0. Here DzT (z(α, γ, t), γ, t)[w] is the Gateaux derivative.

As in the existence of z(α, γ, t), we first show the energy estimate. First, from (2.39), we have

∥(∂γT )(z(α), γ, t)∥H3(T ) ≲ 1.

Moreover,

DzT (z(α, γ, t), γ, t)[w] =
ic(α)γ

1 + ic′(α)γt
∂αw(α, γ)+ (2.54)

λ(α)

∫ π

−π

K(z(α, γ)− z(β, γ), f̃(α, γ)− f̃(β, γ))(
∂αw(α, γ)

1 + ic′(α)γt
− ∂βw(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ λ(α)

∫ π

−π

∇K(z(α, γ)− z(β, γ), f̃(α, γ)− f̃(β, γ)) · (w(α, γ)− w(β, γ))

· (∂αf̃(α, γ)− ∂β f̃(β, γ) +
∂αz(α, γ)

1 + ic′(α)γt
− ∂βz(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ.

It has the similar structure as (2.41) and (2.45). The only difference in the first two terms in

(2.41) and (2.54) is that ∂αw(α, γ) takes the place of z(α,γ)−z(α,γ′)
γ−γ′ . In (2.45), and the third term of

(2.41), w(α, γ) takes the place of z(α,γ)−z(α,γ′)
γ−γ′ and

∫ 1

0
∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)−

z(β, γ′)), f̃(α) − f̃(β))dτ is replaced by ∇K(z(α, γ) − z(β, γ)). Therefore we could use the similar

estimate and have

d

dt
∥w∥2H3(T ) ≲ C(∥w∥2H3(T )).

As in the existence of z(α, γ, t), we could do the similar energy estimate to the approximation of the

equation

dwn(α, γ, t)

dt
= T̃ (w) = φn ∗ (DzT (z(α, γ, t), γ, t)[φn ∗ wn]) + φn ∗ (∂γT (α, γ, t)), (2.55)

with initial value wn(α, γ, 0) = 0. Then from the Picard theorem and compactness argument, there

exists 0 ≤ t3 ≤ t1, such that

w(α, γ, t) =

∫ t

0

T̃ (w(α, γ, τ))dτ,
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and

∥w(α, γ, t)∥L∞([0,t3],H3
α(T )) ≲ 1. (2.56)

We claim there is an uniform t3 holds for all γ ∈ [−1, 1]. Moreover, we have the following lemma

Lemma 2.7.1. For any g(α), h(α) ∈ Hj+1(T ), j ≤ 2, we have

∥T̃ (g(α), γ, t)∥Hj(T ) ≲ 1. (2.57)

∥T̃ (g(α), γ, t)− T̃ (h(α), γ, t)∥Hj(T ) ≲ ∥g(α)− h(α)∥Hj+1(T ). (2.58)

lim
t→t′

∥T̃ (g(α), γ, t)− T̃ (g(α), γ, t′)∥Hj(T ) = 0. (2.59)

Proof. It is easy to get these bounds since z(α, γ, t) ∈ L∞([0, t0], H
5
α(T )) ∩ C0([0, t0], H

4
α(T )).

Then we have w(α, γ, t) ∈ L∞([0, t3], H
3
α(T )) ∩ C0([0, t3], H

2
α(T )) ∩ C1([0, t3], H

1
α(T )).

We claim that we could do the similar argument as in the estimate of ∥z(α, γ)−z(α, γ′)∥H3
α(T ) ≲

|γ − γ′| to get

∥w(α, γ)− w(α, γ)∥H1
α(T ) ≲ |γ − γ′|.

Then from (2.56), we have

lim
γ′→γ

∥w(α, γ′)− w(α, γ)∥H2
α(T ) = 0. (2.60)

Now we show w is the derivative of z with respect of γ. Let

v(α, γ, γ′, t) =
z(α, γ, t)− z(α, γ′, t)

γ − γ′
− w(α, γ, t).

From (2.53) and (2.36), we have

dv(α, γ, γ′, t)

dt
=
T (z(α, γ, t), γ, t)− T (z(α, γ′, t), γ, t)

γ − γ′
+

∫ γ′

γ
(∂ηT )(z(α, γ

′, t), η, t)dη

γ − γ′
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−DzT (z(α, γ, t), γ, t)[w(α, γ, t)]− (∂γT )(z(α, γ, t), γ, t)

= (
T (z(α, γ, t), γ, t)− T (z(α, γ′, t), γ, t)

γ − γ′
−DzT (z(α, γ, t), γ, t)[w(α, γ, t)])

+ (

∫ γ′

γ
(∂ηT )(z(α, γ

′, t), η, t)dη

γ − γ′
− (∂γT )(z(α, γ, t), γ, t))

= Term1 + Term2.

We have

Term2 =
1

γ − γ′

∫ γ′

γ

(∂ηT )(z(α, γ
′, t), η, t)dη − (∂γT )(z(α, γ, t), γ, t)

=

∫ γ′

γ

(∂ηT )(z(α, γ
′, t), η, t)− (∂γT )(z(α, γ

′, t), γ, t)

γ − γ′
dη + ((∂γT )(z(α, γ

′, t), γ, t)− (∂γT )(z(α, γ, t), γ, t)).

From (2.37) and (2.52), we have

∥((∂γT )(z(α, γ′, t), γ, t)− (∂γT )(z(α, γ, t), γ, t))∥L2(T ) ≲ ∥z(α, γ, t)− z(α, γ′, t)∥H2(T ) ≲ |γ − γ′|.

and

∥(∂ηT )(z(α, γ′, t), η, t)− (∂γT )(z(α, γ
′, t), γ, t)∥L2(T ) ≲ |η − γ|.

Then

∥Term2∥L2(T ) ≲ |γ − γ′|.

Moreover, for Term1, from (2.54), (2.36), (2.41) and (2.45) we have

T (z(α, γ, t), γ, t)− T (z(α, γ′, t), γ, t)

γ − γ′
−DzT (z(α, γ, t), γ, t)[w(α, γ, t)]

=
ic(α)γ

1 + ic′(α)γt
∂α(v(α, γ, γ

′))

+ λ(α)

∫ π

−π

K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))(
∂αv(α, γ, γ

′)

1 + ic′(α)γt
− ∂βv(β, γ, γ

′)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ λ(α)

∫ π

−π

∫ 1

0

∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))

· (z(α, γ)− z(β, γ)− (z(α, γ′)− z(β, γ′))

γ − γ′
)

(
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
+ ∂αf̃(α)− ∂β f̃(β))(1 + ic′(β)γt)dτdβ

− λ(α)

∫ π

−π

∇K(z(α, γ)− z(β, γ), f̃(α, γ)− f̃(β, γ)) · (w(α, γ)− w(β, γ))

· (∂αf̃(α)− ∂β f̃(β) +
∂αz(α, γ)

1 + ic′(α)γt
− ∂βz(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ
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= Term1,1 + Term1,2 + Term1,3 + Term1,4.

Here

Term1,3 + Term1,4

= λ(α)

∫ π

−π

∫ 1

0

∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))dτ · (v(α, γ, γ′)− v(β, γ, γ′))

· (∂αf̃(α)− ∂β f̃(β) +
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ λ(α)

∫ π

−π

[

∫ 1

0

∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))dτ

−∇K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))] · (w(α, γ)− w(β, γ))

(
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
+ ∂αf̃(α)− ∂β f̃(β))(1 + ic′(β)γt)dβ

+ λ(α)

∫ π

−π

∇K(z(α, γ)− z(β, γ), f̃(α)− f̃(β)) · (w(α, γ)− w(β, γ))

(
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂βz(β, γ

′)

1 + ic′(β)γt
− (

∂αz(α, γ)

1 + ic′(α)γt
− ∂βz(β, γ)

1 + ic′(β)γt
))dβ

= Term1,5 + Term1,6 + Term1,7.

Since the component of ∇K is of −2 type, we could use lemma 2.5.3 to bound Term1,5 and have

∥Term1,5∥2L2(T ) ≲ ∥v(α, γ, γ′)∥2L2(T ).

For Term1,6, we have

∥[
∫ 1

0

∇K(τ(z(α, γ)− z(β, γ)) + (1− τ)(z(α, γ′)− z(β, γ′)), f̃(α)− f̃(β))dτ

−∇K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))](α− β)2∥C1([−2δ,δ]×[−π,π])

≲ ∥z(α, γ)− z(α, γ′)∥H3(T ).

Then from lemma 2.5.4, and (2.52), we have

∥Term1,6∥L2(T ) ≲ |γ − γ′|.
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From lemma (2.5.4), we again have

∥Term1,7∥L2(T )

≲ ∥∇K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))(α− β)2∥C1([−2δ,δ]×[−π,π])∥w(α, γ)∥C2(T )∥
∂αz(α, γ

′)

1 + ic′(α)γt
− ∂αz(α, γ)

1 + ic′(α)γt
∥L2(T )

≲ ∥z(α, γ)− z(α, γ′)∥H1(T ) ≲ |γ − γ′|,

where we use (2.56) and (2.52). Therefore we have

d

dt

∫ π

−π

|v(α, γ, γ′)|2dα

= 2ℜ
∫ π

−π

v(α, γ, γ′)
ic(α)γ

1 + ic′(α)γt
∂α(v(α, γ, γ′))dα

+ 2ℜ
∫ π

−π

v(α, γ, γ′)λ(α)

∫ π

−π

K(z(α, γ)− z(β, γ), f̃(α)− f̃(β))(
∂αv(α, γ, γ′)

1 + ic′(α)γt
− ∂βv(β, γ, γ′)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβdα

+B.T 0.

where

B.T 0 ≲ |γ − γ′|2 + ∥v(α, γ, γ′)∥2L2(T ).

Then by corollary 2.4.6, and the initial value v(α, γ, γ′, 0) = 0, from the Gronwall’s inequality we

have limγ′→γ ∥v(α, γ, γ′, t)∥L2(T ) = 0 when t ≤ t3.

Form (2.56), and (2.52), we have

∥v(α, γ, γ′, t)∥H3(T ) ≲ 1.

Then from the interpolation theorem, we have

lim
γ′→γ

∥v(α, γ, γ′, t)∥H2(T ) = 0.

Then from (2.60), we have

z(α, γ) ∈ C1
γ([−1, 1], H2

α(T )),

with

d

dγ
z(α, γ, t) = w(α, γ).
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From (2.53), we also have

d

dt

d

dγ
z =

dw

dt
=
dT (z)

dγ
=

d

dγ

d

dt
z.

In conclusion we have



z(α, γ, t) ∈ C1
t ([0, t1], H

3
α(T )),

z(α, γ, t) ∈ C1
γ([−1, 1], H2

α(T )),

dz
dγ ∈ C0

t ([0, t3], H
2
α(T )) ∩ C1

t ([0, t3], H
1
α(T ))

d
dt

d
dγ z =

d
dγ

d
dtz

z(α, 0, t) = f c(α, t), when 0≤ t ≤ t2.

Then we will show the analyticity in the next section.

2.8 The analyticity

In this section, we want to show f(α, t) is an real analytic function near 0 for each fixed t, 0 < t < t3.

We first show that it is enough to prove

ic(α)t

1 + ic′(α)γt

d

dα
z(α, γ, t)− d

dγ
z(α, γ, t) = 0. (2.61)

Lemma 2.8.1. If z satisfies (2.61), then f(x) can be analytically extended to DA = {α+ iy| −∞ <

α <∞,−c(α)t ≤ y ≤ c(α)t}.

Proof. From the uniqueness (3.166), we have z(α, 0, t) = f c(α, t). Then f c(α+ iy, t) = z(α, y
c(α)t , t)

is a extension of f c(α, t) on DA. Moreover, when c(α) ̸= 0, we have

d

dα
(z(α,

y

c(α)t
, t)) = (∂αz)(α,

y

c(α)t
, t)− (∂γz)(α,

y

c(α)t
, t)(

yc′(α)

c(α)2t
).

d

dy
(z(α,

y

c(α)t
, t)) = (∂γz)(α,

y

c(α)t
, t)(

1

c(α)t
).

Then we have

d

dα
f c(α+ iy, t) + i

d

dy
f c(α+ iy, t)

= (∂αz)(α,
y

c(α)t
, t)− (∂γz)(α,

y

c(α)t
, t)(

yc′(α)

c(α)2t
) + i(∂γz)(α,

y

c(α)t
, t)(

1

c(α)t
).
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Now let y
c(α)t = γ. Then

d

dα
f c(α+ iy, t) + i

d

dy
f c(α+ iy, t) = ∂αz(α, γ, t)− (

c′(α)γ

c(α)
− i

c(α)t
)∂γz(α, γ, t)

= ∂αz(α, γ, t)− (
ic′(α)γt+ 1

ic(α)t
)∂γz(α, γ, t)

= 0.

Moreover, z(α, γ, t) ∈ C1
γ([−1, 1], H2

α(T )). Then ∂αf
c, ∂γf

c are continuous. Therefore we have the

analyticity of f c near 0. We also have f(α, t) = f c(α, t) when |α| ≤ δ. Then we have the result.

Let

A0(h)(α, γ, t) = (
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h(α, γ, t).

Before we prove A0(z) = 0, we first introduce some general lemmas.

Lemma 2.8.2. If all the derivatives are well-defined and ∂α∂γh(α, γ, t) = ∂γ∂αh(α, γ, t), we have

(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)

∂αh(α, γ)

1 + ic′(α)γt
=

∂α
1 + ic′(α)γt

(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h(α, γ),

Proof. First, for the right hand side, we have

(RHS) =

ic(α)t
1+ic′(α)γt∂

2
αh(α, γ)

1 + ic′(α)γt
+

ic(α)t

1 + ic′(α)γt
(

−ic′′(α)γt
(1 + ic′(α)γt)2

∂αh(α, γ))−
∂α∂γh(α, γ)

1 + ic′(α)γt
+
ic′(α)t∂αh(α, γ)

(1 + ic′(α)γt)2
.

Also

(LHS) = [
ic′(α)t

(1 + ic′(α)γt)2
− ic(α)tic′′(α)γt

(1 + ic′(α)γt)3
]∂αh(α, γ) +

ic(α)t

(1 + ic′(α)γt)2
∂2αh(α, γ)−

1

1 + ic′(α)γt
∂α∂γh(α, γ).

From the two equalities above, we have the result.

Lemma 2.8.3. If all the derivatives are well-defined and we have

d

dt
h =

ic(α)γ

1 + ic′(α)γt
∂αh+ T̃ (h),

and d
dα

d
dth = d

dt
d
dαh,

d
dt

d
dγh = d

dγ
d
dth,

d
dα

d
dγh = d

dγ
d
dαh, then we have

d

dt
A0(h) =

ic(α)γ

1 + ic′(α)γt
∂αA0(h) +A0(T̃ (h))
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Proof.

d

dt
A0(h)(α, γ, t)

=
d

dt
(

ic(α)t

1 + ic′(α)γt
)∂αh+

ic(α)t

1 + ic′(α)γt
∂α

d

dt
h− ∂γ

d

dt
h

=
d

dt
(

ic(α)t

1 + ic′(α)γt
)∂αh+ (

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)(

ic(α)γ

1 + ic′(α)γt
∂αh) +A0(T̃ (h))

=
d

dt
(

ic(α)t

1 + ic′(α)γt
)∂αh+

ic(α)t

1 + ic′(α)γt
∂α(

ic(α)γ

1 + ic′(α)γt
)∂αh+

ic(α)t

1 + ic′(α)γt

ic(α)γ

1 + ic′(α)γt
∂2αh

− ∂γ(
ic(α)γ

1 + ic′(α)γt
)∂αh− (

ic(α)γ

1 + ic′(α)γt
∂γ∂αh) +A0(T̃ (h))

= (
ic(α)t

1 + ic′(α)γt
∂α(

ic(α)γ

1 + ic′(α)γt
)︸ ︷︷ ︸

Term1

+
d

dt
(

ic(α)t

1 + ic′(α)γt
)− ∂γ(

ic(α)γ

1 + ic′(α)γt
)︸ ︷︷ ︸

Term2

)∂αh

+
ic(α)γ

1 + ic′(α)γt
(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)∂αh︸ ︷︷ ︸

Term3

+A0(T̃ (h)).

Moreover, we have

d

dt
(

ic(α)t

1 + ic′(α)γt
)− ∂γ(

ic(α)γ

1 + ic′(α)γt
)︸ ︷︷ ︸

Term2

= 0,

ic(α)t

1 + ic′(α)γt
∂α(

ic(α)γ

1 + ic′(α)γt
)︸ ︷︷ ︸

Term1

=
ic(α)γ

1 + ic′(α)γt
∂α(

ic(α)t

1 + ic′(α)γt
),

and

ic(α)γ

1 + ic′(α)γt
(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)∂αh︸ ︷︷ ︸

Term3

=
ic(α)γ

1 + ic′(α)γt
∂α((

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h)−

ic(α)γ

1 + ic′(α)γt
∂α(

ic(α)t

1 + ic′(α)γt
)∂αh.

Therefore

d

dt
A0(h)(α, γ, t) =

ic(α)γ

1 + ic′(α)γt
∂α((

ic(α)t

1 + ic′(α)γt
∂α−∂γ)h)+A0(T̃ (h)) =

ic(α)γ

1 + ic′(α)γt
∂αA0(h)+A0(T̃ (h)).
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Lemma 2.8.4. Let K̃ be meromorphic. ∂αX(α, γ), ∂γX(α, γ) are well-defined and in C0
α[−π, π],

∂αh(α, γ) and ∂γh(α, γ) are well-defined vector functions with components in C0
α[−π, π]. If for fixed

α, there is no singular point in the integrals below and c(π) = c(−π) = 0, c(α) ∈ W 2,∞, then we

have

A0(

∫ π

−π

K̃(h(α, γ)− h(β, γ))X(β, γ)(1 + ic′(β)γt)dβ) =∫ π

−π

∇K̃(h(α, γ)− h(β, γ)) · (A0(h)(α, γ, t)−A0(h)(β, γ, t))X(β, γ)(1 + ic′(β)γt)dβ

+

∫ π

−π

K̃(h(α, γ)− h(β, γ))A0(X)(β, γ)(1 + ic′(β)γt)dβ

= Dh(

∫ π

−π

K̃(h(α, γ)− h(β, γ))X(β, γ)(1 + ic′(β)γt)dβ)[A0(h)]

+

∫ π

−π

K̃(h(α, γ)− h(β, γ, t))A0(X)(β, γ)(1 + ic′(β)γt)dβ.

Here Dh is the Gateaux derivative.

Proof. We have

A0(

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))X(α− β, γ)(1 + ic′(α− β)γt)dβ) =

ic(α)t

1 + ic′(α)γt
(K̃(h(α, γ)− h(−π, γ))X(−π, γ)(1 + ic′(−π)γt)− K̃(h(α, γ)− h(π, γ))X(π, γ)(1 + ic′(π)γt))︸ ︷︷ ︸

Term1

+

∫ α+π

α−π

∇K̃(h(α, γ)− h(α− β, γ)) · (( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h(α, γ)− (

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h(α− β, γ, t))︸ ︷︷ ︸

Term2

X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term2

+

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸

Term3

+

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))X(α− β, γ)(
ic(α)t

1 + ic′(α)γt
ic′′(α− β)γt− ic′(α− β)t)dβ︸ ︷︷ ︸

Term4

= Term1+

+

∫ α+π

α−π

∇K̃(h(α, γ)− h(α− β, γ)) · (( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h(α, γ)− (

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)h(α− β, γ, t))︸ ︷︷ ︸

Term2,1

X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term2,1
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+

∫ α+π

α−π

∇K̃(h(α, γ)− h(α− β, γ)) · (( ic(α− β)t

1 + ic′(α− β)γt
∂α − ic(α)t

1 + ic′(α)γt
∂α)h(α− β, γ, t))︸ ︷︷ ︸

Term2,2

X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term2,2

+

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))(
ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸

Term3,1

+

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))(
ic(α)t

1 + ic′(α)γt
∂α − ic(α− β)t

1 + ic′(α− β)γt
∂α)X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸

Term3,2

+

∫ α+π

α−π

K̃(h(α, γ)− h(α− β, γ))X(α− β, γ)(
ic(α)t

1 + ic′(α)γt
ic′′(α− β)γt− ic′(α− β)t)dβ︸ ︷︷ ︸

Term4

= Term1 + Term2 + Term2,2 + Term3,1 + Term3,2 + Term4.

Moreover,

Term2,2 + Term3,2 + Term4 =

=

∫ α+π

α−π

d

dβ
(K̃(h(α, γ)− h(α− β, γ))X(α− β, γ)(ic(α− β)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(α− β)γt)))dβ

= K̃(h(α, γ)− h(−π, γ))X(−π, γ)(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))

− K̃(h(α, γ)− h(π, γ))X(π, γ)(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))

We use the condition that c(−π) = c(π) = 0 and we could get the Term1 + Term2,2 + Term3,2 +

Term4 = 0. Then we have the result.

Now we use lemma 2.8.2, 2.8.3, 2.8.4, to show the result. From (2.8), we have

dzµ(α, γ, t)

dt
=

ic(α)γ

1 + ic′(α)γt
∂αzµ(α, γ, t)+

+ λ(αt
γ)

∫ π

−π

K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t))(
∂αzµ(α, γ, t)

1 + ic′(α)γt
− ∂βzµ(β, γ, t)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ λ(αt
γ)

∫ π

−π

K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t))((∂αf̃µ)(α
t
γ , t)− (∂β f̃µ)(β

t
γ , t))(1 + ic′(β)γt)dβ.
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Since we have A0(λ(α
t
γ)) = 0, from lemma 2.8.3, we get

dA0(zµ)

dt
=

ic(α)γ

1 + ic′(α)γt
∂αA0(zµ)(α, γ, t)

+ λ(αt
γ)A0(

∫ π

−π

K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t))

(
∂αzµ(α, γ, t)

1 + ic′(α)γt
− ∂βzµ(β, γ, t)

1 + ic′(β)γt
+ (∂αf̃µ)(α

t
γ , t)− (∂β f̃µ)(β

t
γ , t))(1 + ic′(β)γt)dβ).

Let

h(α, γ) = (z(α, γ, t) + f̃(αt
γ , t),

∂αzµ(α, γ, t)

1 + ic′(α)γt
+ (∂αf̃µ)(α

t
γ , t)),

K̃(h(α, γ)− h(β, γ)) = K(h1(α, γ)− h1(β, γ))(h2(α, γ)− h2(β, γ)),

and

X(α, γ) = 1.

then by lemma 2.8.4 and lemma 2.8.2 and A0((∂αf̃µ)(α
t
γ , t)) = 0, and A0(f̃µ(α

t
γ , t)) = 0, we have

dA0(zµ)

dt
=

ic(α)γ

1 + ic′(α)γt
∂αA0(zµ)(α, γ, t)

+ λ(αt
γ)

∫ π

−π

K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t))(
∂αA0(zµ)(α, γ, t)

1 + ic′(α)γt
− ∂βA0(zµ)(β, γ, t)

1 + ic′(β)γt
)

· (1 + ic′(β)γt)dβ

+ λ(αt
γ)

∫ π

−π

∇K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t)) · (A0(z)(α, γ, t)−A0(z)(β, γ, t))

· (∂αzµ(α, γ, t)
1 + ic′(α)γt

− ∂βzµ(β, γ, t)

1 + ic′(β)γt
+ (∂αf̃µ)(α

t
γ , t)− (∂β f̃µ)(β

t
γ , t))(1 + ic′(β)γt)dβ

= Term1 + Term2 + Term3.

Since

∥∇K(z(α, γ, t)− z(β, γ, t) + f̃(αt
γ , t)− f̃(βt

γ , t))(α− β)2∥C1([−2δ,2δ]×[−π,π]) ≲ 1,

∥∂αzµ(α, γ, t)
1 + ic′(α)γt

+ (∂αf̃µ)(α
t
γ , t)∥C2([−2δ,2δ]×[−π,π]) ≲ 1,

by lemma 2.5.4, we have

∥Term3∥L2(T ) ≲ ∥A0(z)∥L2(T ).
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Then by corollary 2.4.6, we have

d

dt
∥A0(z)∥2L2(T ) ≲ ∥A0(z)∥2L2(T ).

Moreover when t = 0, A0(z) = −∂γz(α, γ, 0) = −∂γf(α, 0) = 0. Therefore A0(z) = 0, when t ≤ t3.
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Chapter 3

The degenerated regularity near

the turnover points

3.1 Notation

In this chapter we use the following notation:

Z1(t), Z2(t): They are values of α of the turnover points.

δ: a sufficiently small number.

λ(α): λ(α) ≥ 0 and in C100(−∞,∞), satisfying

λ(α) =


1 |α| ≤ δ,

0 |α| ≥ 2δ.

δc: sufficiently small number depending on δ.

c(α):

{ c(α) = δcα
2, when α ≤ δ

32

supp c(α) ⊂ [0, δ8 ]

c(α) ∈ C100([0,∞]) ∩ C1,1([−∞,∞]), ∥c(α)∥C100([0,∞])∩C1,1(−∞,∞) ≤ δ.

x(α, t): The new variable such that −π
2 , 0 be two fixed turnover points.

f(α, t) = (f1(α, t), f2(α, t)): the original solution of the Muskat equation.
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f̃(α, t):

f̃(α, t) = f(x(α, t), t).

f̃+(α, t):

f̃+(α, t) = (f̃(α, t)−
60∑
i=1

f̃<i>(0)

i!
αi)λ(α)1α≥0.

f̃L(α, t):

f̃L(α, t) = f̃(α, t)− f̃+(α, t).

λ̃(α): λ̃(α) ≥ 0 and in C100(−∞,∞), satisfying

λ̃(α) =


1 |α| ≤ 10δ,

0 |α| ≥ 20δ,

Xi(α, t): functions that are products of ∂liα f̃
L(α, t) ,∂

l′i
α

1
x(α,t) , ∂

l′′i
α x(α, t), with li, l

′
i, l

′′
i ≤ 21.

X̃i(α, t):

X̃i(α, t) = ∂biα (
dx(α,t)

dt
dx(α,t)

dα

),

with bi ≤ 20.

D̃A: D̃A = {α+ iy|0 < α < δ
4 , |y| < c(α)t}.

t0: the original solution exists when t ∈ [−t0, t0].

δ1: the bound of the C2 norm of the solution to control the arc-chord condition.

tRT : the Refined R-T holds in [0, tRT ].

t1: the energy estimate holds in [0, t1].

V k: we set

V k(α) = (f̃+1 (α, t), f̃+2 (α, t), ∂αf̃
+
1 (α, t), ∂αf̃

+
2 (α, t), ..., ∂kαf̃

+
1 (α, t), ∂kαf̃

+
2 (α, t)).

V k
h : we set

V k
h (α, γ, t) = (D−20h1(α, γ, t), D

−20h2(α, γ, t), ..., D
−20+kh1(α, γ, t), D

−20+kh2(α, γ, t)).

48



V k
f̃L

: we set

V k
f̃L(α) = (f̃L1 (α, t), f̃

L
2 (α, t), ∂αf̃

L
1 (α, t), ∂αf̃

L
2 (α, t), ..., ∂

k
αf̃

L
1 (α, t), ∂

k
αf̃

L
2 (α, t)).

S:

S = {h(α, γ, t) = 0,when α ≤ −τ(t) and α ≥ π

8
}.

Sδ1 :

Sδ1 = {h(α, γ, t) = 0,when α ≤ −τ(t) and α ≥ π

8
, sup

γ,t
∥h∥C2

α[−τ(t),π] ≲ δ1}.

V io,k:

V io,k = Ci0
γ ([−1, 1], Hk

α[−π, π]).

U :

U = V 0,k ∩ V 1,k−1... ∩ V 3,k−3 ∩ Sδ1 .

3.2 Discussion of the assumption

Let Z1(t), Z2(t) be values of α of these two turnover points. By this definition of Z1(t), we have

d
dt∂αf(Z1(t), t) = 0. Then

(∂t∂αf1)(Z1(t), t) +
dZ1

dt
(t)(∂2αf1)(Z1(t), t) = 0. (3.1)

Moreover,

(∂t∂αf1)(α, t) = ∂α∂tf1(α, t)

=p.v

∫ π

−π

(
cos(f1(α, t)− f1(β, t))

cosh(f2(α, t)− f2(β, t))− cos(f1(α, t)− f1(β, t))
− (sin(f1(α, t)− f1(β, t)))

2

(cosh(f2(α, t)− f2(β, t))− cos(f1(α, t)− f1(β, t)))2
)

· (∂αf1(α, t))(∂αf1(α, t)− ∂βf1(β, t))dβ

− p.v

∫ π

−π

sin(f1(α, t)− f1(β, t))(∂αf1(α, t)− ∂βf1(β, t)) sinh(f2(α, t)− f2(β, t))

(cosh(f2(α, t)− f2(β, t))− cos(f1(α, t)− f1(β, t)))2
∂αf2(α, t)dβ

+ p.v

∫ π

−π

sin(f1(α, t)− f1(β, t))

cosh(f2(α, t)− f2(β, t))− cos(f1(α, t)− f1(β, t))
dβ∂2αf1(α, t).

We can plug in α = Z1(t) and get

(∂t∂αf1)(Z1(t), t)
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= −p.v
∫ π

−π

sin(f1(Z1(t), t)− f1(β, t))(∂αf1Z1(t), t)− ∂βf1(β, t)) sinh(f2(Z1(t), t)− f2(β, t))

(cosh(f2(Z1(t), t)− f2(β, t))− cos(f1(Z1(t), t)− f1(β, t)))2
∂αf2(Z1(t), t)dβ

+ p.v

∫ π

−π

sin(f1(Z1(t), t)− f1(β, t))

cosh(f2(Z1(t), t)− f2(β, t))− cos(f1(Z1(t), t)− f1(β, t))
dβ∂2αf1(Z1(t), t).

Then from (3.1), we have

p.v.

∫ π

−π

sin(f1(Z1(t), t)− f1(β, t))(∂αf1(Z1(t), t)− ∂βf1(β, t)) sinh(f2(Z1(t), t)− f2(β, t))

(cosh(f2(Z1(t), t)− f2(β, t))− cos(f1(Z1(t), t)− f1(β, t)))2
∂αf2(Z1(t), t)dβ

=(p.v.

∫ π

−π

sin(f1(Z1(t), t)− f1(β, t))

cosh(f2(Z1(t), t)− f2(β, t))− cos(f1(Z1(t), t)− f1(β, t))
dβ +

dZ1(t)

dt
)∂2αf1(Z1(t), t).

Then our assumption is equivalent to

p.v

∫ π

−π

sin(f1(Z1(t), t)− f1(β, t))(∂αf1(Z1(t), t)− ∂βf1(β, t)) sinh(f2(Z1(t), t)− f2(β, t))

(cosh(f2(Z1(t), t)− f2(β, t))− cos(f1(Z1(t), t)− f1(β, t)))2
∂αf2(Z1(t), t)dβ < 0.

(3.2)

The next lemma shows there exists curve(though may not be a solution) satisfying the 3.2.

Lemma 3.2.1. There exists curve (f01 (α), f
0
2 (α)) with two turnover points satisfying

p.v.

∫ π

−π

sin(f1(α)− f1(β))(∂αf1(α)− ∂βf1(β))(sinh(f2(α)− f2(β)))f
′

2(α)dβ

(cosh(f2(α)− f2(β))− cos(f1(α)− f1(β)))2
< 0 (3.3)

at both two points α0, α1.

Proof. The f1(α), f2(α) we choose satisfy

|f ′1(α)|L∞ ≤ 2,

|f ′′1 (α)|L∞ ≤ 4

c
,

|f1(α)| ≤ c when x ∈ [−c, c],

f1(α) = α, when x ∈ [−π, c] ∪ [c, π],

f2(α) = f̃2(
α

c
), x ∈ [−c, c],

inf
α∈[−1,1]

f̃ ′2(α) ≥
1

2
sup

α∈[−1,1]

f̃ ′2(α) = 1,

f2(α) is increasing when α ∈ [−π + η, π − η],

f2(−
π

2
) = −3, f2(−c) = −1, f2(c) = 1, f2(

π

2
) = 3,

sup |f2(α)| = 6.
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∂αf1(α0) = ∂αf1(α1) = 0,

− c < α0 < α1 < c,

|c| < π

16
, |η| < π

16

|c| ≤ |η|.

Now we show (3.3). From now on we take α = αµ, µ = 0, 1.

3

1

-1

-3

-c−π
2

−π + η c π
2 π − η

Figure 3.1: A graph of the interface satisfying (3.3).

For β ∈ [−c, c], we have

|p.v.
∫ c

−c

sin(f1(α)− f1(β))(∂αf1(α)− ∂βf1(β))(sinh(f2(α)− f2(β)))dβ

(cosh(f2(α)− f2(β))− cos(f1(α)− f1(β)))2
|

≤ 4e12|c|
supτ∈[−c,c] |f ′′1 (τ)|2(α− β)3 supτ∈[−c,c] |f ′2(τ)||α− β|

infτ∈[−c,c] |f
′
2(τ)|4(α− β)4

≲ c2,

where we use ∂αf1(α) = 0, and the following two inequalities

| sinh(f2(α)− f2(β))| ≤ e2 sup |f2||f2(α)− f2(β)|,
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and

| cosh(f2(α)− f2(β))− cos(f1(α)− f1(β))| ≥ | cosh(f2(α)− f2(β))− 1| ≥ 1

2
(f2(α)− f2(β))

2.

When β ∈ [−π+η, −3
4 π]∪[−

π
2 ,−c], we have π > f1(α)−f1(β) > 0, ∂αf1(α)−∂βf1(β) = 0−∂βf1(β) <

0, sinh(f2(α)− f2(β)) > 0, hence corresponding integral is negative.

For [c, π2 ] ∪ [ 34π, π − η], similarly we have −π < f1(α) − f1(β) < 0, ∂αf1(α) − ∂βf1(β) = 0 −

∂βf1(β) < 0, sinh(f2(α)− f2(β)) < 0, hence corresponding integral is still negative.

For [− 3
4π,−

1
2π] ∪ [ 12π,

3
4π], we still have the negative sign and moreover

| sin(f1(α)− f1(β))(∂αf1(α)− ∂βf1(β))(sinh(f2(α)− f2(β)))dβ

(cosh(f2(α)− f2(β))− cos(f1(α)− f1(β)))2
| ≥ |

sin(π6 )1 sinh(1)

(1 + cosh(12))2
| (3.4)

Here we use 5
6π > f1(α)− f1(β) >

1
4π and |f2(α)− f2(β)| > 1, sup |f2| ≤ 6.

For [−π,−π + η], [π − η, π], we have

|p.v.
∫ −π+η

−π

sin(f1(α)− f1(β))(∂αf1(α)− ∂βf1(β))(sinh(f2(α)− f2(β)))dβ

(cosh(f2(α)− f2(β))− cos(f1(α)− f1(β)))2
|

≤η e2∗6

(1− (cos π
4 ))

2

Here we use

3

2
π > f1(α)− f1(β) >

1

4
π,

and

| cosh(f2(α)− f2(β))− cos(f1(α)− f1(β))| ≥ | cos(f1(α)− f1(β))− 1|.

Then let η and c be sufficiently small, and we can get the result.

3.3 Fix the turnover points

Without loss of generality, we set Z1(0) = 0, Z2(0) = −π
2 .

We now change the variable so that the turning points happen at 0 and π
2 for all the time. Let

x(α, t) = α− sin(α)(Z2(t) +
π

2
− Z1(t)) + Z1(t). (3.5)
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Due to the smallness of Z1(t) and Z2(t)− π
2 when t is sufficiently small, x(·, t) is a diffeomorphism

from R → R and T → T . Let f̃(α, t) = f(x(α, t), t). Then we have

df̃µ(α, t)

dt
=
df̃µ
dα

(α, t)(
dx(α,t)

dt
dx(α,t)

dα

) +

∫ π

−π

K(f̃(α, t)− f̃(β, t))(
∂αf̃µ(α, t)

dx(α,t)
dα

− ∂αf̃µ(β, t)
dx(β,t)

dβ

)(
dx(β, t)

dβ
)dβ.

(3.6)

with

∂αf̃1(0, t) = 0, ∂αf̃1(−
π

2
, t) = 0.

3.4 Localization

Next we separate f̃ and let

f̃ = f̃+ + f̃L (3.7)

Here

f̃+(α, t) = (f̃(α, t)−
60∑
i=1

f̃<i>(0)

i!
αi)λ(α)1α≥0, (3.8)

where λ(α) ≥ 0 and in C100(−∞,∞), satisfying

λ(α) =


1 |α| ≤ δ,

0 |α| ≥ 2δ.

We will focus on f̃+ and study the behavior when α > 0. Then α < 0 part can be done by the same

way letting t go to the other direction. Notice that from the condition in Theorem ??, it is now in

C59(−∞,∞). Then we have

df̃µ
+
(α, t)

dt
=
df̃µ

+

dα
(α, t)(

dx(α,t)
dt

dx(α,t)
dα

)︸ ︷︷ ︸
Term1

(3.9)

−df̃µ
L
(α, t)

dt
+
df̃µ

L

dα
(α, t)(

dx(α,t)
dt

dx(α,t)
dα

)︸ ︷︷ ︸
Term2

+

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

+
(α, t)

dx(α,t)
dα

− ∂β f̃µ
+
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ︸ ︷︷ ︸

Term3
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+

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

L
(α, t)

dx(α,t)
dα

− ∂β f̃µ
L
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ︸ ︷︷ ︸

Term4

= Term1 + Term2 + Term3+

+

∫ π

−π

∫ 1

0

∇K(ζf̃+(α, t)− ζf̃+(β, t) + f̃L(α, t)− f̃L(β, t)) · (f̃+(α, t)− f̃+(β, t))︸ ︷︷ ︸
Term4,1

(
∂αf̃µ

L
(α, t)

dx(α,t)
dα

− ∂β f̃µ
L
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dζdβ︸ ︷︷ ︸

Term4,1

+

∫ π

−π

K(f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

L
(α, t)

dx(α,t)
dα

− ∂β f̃µ
L
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ︸ ︷︷ ︸

Term4,2

.

where we separate the last term into the part depending on f̃+ and the other part.

3.4.1 Take the derivative

We take 20th derivative and get

df̃µ
+(20)

(α, t)

dt
= f̃µ

+(21)
(α)(

dx(α,t)
dt

dx(α,t)
dα

)

+

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
f̃µ

+(21)
(α, t)

dx(α,t)
dα

− f̃µ
+(21)

(β, t)
dx(β,t)

dβ

)(
dx(β, t)

dβ
)dβ

+
∑
i

Oi + Tfixed(α)

= f̃µ
+(21)

(α)(
dx(α,t)

dt
dx(α,t)

dα

+
1

dx(α,t)
dα

p.v.

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
dx(β, t)

dβ
)dβ)

− p.v.

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
df̃µ

+(20)
(β, t)

dβ
)dβ

+
∑
i

Oi + Tfixed(α)

Here Tfixed(α) comes from Term2 + Term4,2. We have

Tfixed(α) = ∂20α (−df̃µ
L
(α, t)

dt
+
df̃µ

L

dα
(α)(

dx(α,t)
dt

dx(α,t)
dα

) (3.10)
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+

∫ π

−π

K(f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

L
(α, t)

dx(α,t)
dα

− ∂β f̃µ
L
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ).

and it depends on f̃L but not f̃+. The Oi terms are the terms with at most 20th derivative hit on

f̃+.

Before we show the explicit form of Oi, we introduce some notations. Let

V k(α) = (f̃+1 (α, t), f̃+2 (α, t), ∂αf̃
+
1 (α, t), ∂αf̃

+
2 (α, t), ..., ∂kαf̃

+
1 (α, t), ∂kαf̃

+
2 (α, t)). (3.11)

V k
f̃L(α) = (f̃L1 (α, t), f̃

L
2 (α, t), ∂αf̃

L
1 (α, t), ∂αf̃

L
2 (α, t), ..., ∂

k
αf̃

L
1 (α, t), ∂

k
αf̃

L
2 (α, t)). (3.12)

When we write Xi(α, t), we mean

Xi(α, t) = (∂liα f̃
L(α, t))ϕi(∂

l′i
α (

1
dx
dα (α, t)

))ϕ
′
i(∂

l′′i
α
d

dα
x(α, t))ϕi′′ , (3.13)

with li, l
′
i, l

′′
1 ≤ 21, ϕi, ϕ

′
i, ϕi′′ ∈ {0, 1}. VX(α, t) is the vector with all component of Xi(α, t).

When we write X̃i(α, t), we mean

X̃i(α, t) = ∂biα (
dx(α,t)

dt
dx(α,t)

dα

), (3.14)

with bi ≤ 21.

We have

Xi(α, t), X̃i(α, t), f̃
L(α, t) ∈ C1([0, t0], C

38(−∞,∞)) (3.15)

and they can be analytically extended to the set {α+ iy|0 < α < δ
2}.

We claim that we can write other terms as following five types, by separating the highest order

term in the derivative. When we write
∑

iO
i, we always mean

∑
1≤i′≤5

∑
iO

1,i.

O1,i =

∫ π

−π

Ki
o(V

10(α)− V 10(β), V 21
f̃L (α)− V 21

f̃L (β), VX(α)− VX(β))Xi′(β)(∂
bi
α f̃

+
v (α, t)− ∂biα f̃

+
v (β, t))dβ.
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O2,i =

∫ π

−π

Ki
o(V

10(α)− V 10(β), V 21
f̃L (α)− V 21

f̃L (β), VX(α)− VX(β))Xi′(β)∂
si
α f̃

+
µ (α)(∂biα f̃

+
v (α, t)− ∂biα f̃

+
v (β, t))dβ.

O3,i =

∫ π

−π

K̃i
o(V

10(α)− V 10(β), V 21
f̃L (α)− V 21

f̃L (β), VX(α)− VX(β))Xi′(β)∂
bi
α f̃

+
µ (α, t)dβ.

O4,i =

∫ π

−π

∫ 1

0

Ki
o(ζV

10(α)− ζV 10(β), V 21
f̃L (α)− V 21

f̃L (β), VX(α)− VX(β))Xi′(β)ζ
qi(∂biα f̃

+
v (α, t)− ∂biα f̃

+
v (β, t))dζdβ.

O5,i = ∂biα f̃
+
u (α, t)X̃i(α)

with 0 ≤ bi ≤ 20, si ≤ 10. Here we have Ki
o, K̃

i
o are the kernels of the form

sin(f̃+1 (α, t)− f̃+1 (β, t) + f̃L1 (α, t)− f̃L1 (β, t))
m1 cos(f̃+1 (α, t)− f̃+1 (β, t) + f̃L1 (α, t)− f̃L1 (β, t))

m2

× sinh(f̃+2 (α, t)− f̃+2 (β, t) + f̃L2 (α, t)− f̃L2 (β, t))
m3 cosh(f̃+2 (α, t)− f̃+2 (β, t) + f̃L2 (α, t)− f̃L2 (β, t))

m4

×Πm5
j=1[∂

λj
α f̃+1 (α, t)− ∂

λj

α,tf̃
+
1 (β, t)]×Πm6

j=1[∂
λj,2
α f̃+2 (α, t)− ∂λj,2

α f̃+2 (β, t)]

×Πm7
j=1[∂

λj,3
α f̃L1 (α, t)− ∂λj,3

α f̃L1 (β, t)]×Πm8
j=1[∂

λj,4
α f̃L2 (α, t)− ∂λj,4

α f̃L2 (β, t)]

×Πm9
j=1[Xi,j(α)−Xi,j(β)]

× (cosh(f̃+2 (α, t)− f̃+2 (β, t) + f̃L2 (α, t)− f̃L2 (β, t))− cos(f̃+1 (α, t)− f̃+1 (β, t) + f̃+1 (α, t)− f̃+1 (β, t)))−m0 .

with 1 ≤ λj,1, λj,2 ≤ 10, 1 ≤ λj,3, λj,4 ≤ 21, and for all Ki
o,

m1 +m3 +m5 +m6 +m7 +m8 +m9 − 2m0 ≥ −1, (3.16)

for all K̃i
o,

m1 +m3 +m5 +m6 +m7 +m8 +m9 − 2m0 ≥ 0. (3.17)
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O1,i, O2,i and O3,i come from Term3. There are three terms because Term3 can be written as

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

+
(α, t)

dx(α,t)
dα

− ∂αf̃µ
+
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ

=

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(∂αf̃µ
+
(α, t)− ∂αf̃µ

+
(β, t))dβ

+

∫ π

−π

K(f̃+(α, t)− f̃+(β, t) + f̃L(α, t)− f̃L(β, t))(

dx(β,t)
dβ

dx(α,t)
dα

− 1)∂αf̃µ
+
(α, t)dβ.

O4,i comes from Term4,1.

O5,i comes from Term1.

Notice that O2,i can be written as a product of O1,i type times ∂siα f̃
+
µ with si ≤ 10. And for

each ζ in the inner integral, O4,i is similar as O1,i except that we change V 10(α) to ζV 10(α) and

times ζqi . These two terms will behave similarly as O1,i.

3.4.2 Change the contour

Let c(α) satisfy

{ c(α) = δcα
2, when α ≤ δ

32

supp c(α) ⊂ [0, δ8 ]

c(α) ∈ C100([0,∞]) ∩ C1,1([−∞,∞]), ∥c(α)∥C100([0,∞])∩C1,1(−∞,∞) ≤ δ.

Then we assume that f̃(·, t) can be extended to an analytic function in the region D̃A = {α+ iy|0 <

α < δ
4 , |y| < c(α)t}. We remark that f̃L(α, t), x(α, t) can be analytically extended to the region D̃A

without any assumption.

With this assumption we change the contour. From now on ,we will omit the dependency of t in

f̃ for the simplicity. Let αt
γ,0 = α+ ic(α)γt. For −1 ≤ γ ≤ 1, we have

df̃
+(20)
µ (αt

γ,0)

dt
=
df̃

+(20)
µ (αt

γ,0)

dα

1

1 + ic′(α)γt
(ic(α)γ +

∂tx

∂αx
(αt

γ,0)+

1
dx
dα (α

t
γ,0)

p.v.

∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))x
′(βt

γ,0)(1 + ic′(β)γt)dβ)

− p.v.

∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))
df̃

+(20)
µ (βt

γ,0)

dβ
dβ

+
∑
i

Oi + Tfixed(α
t
γ,0).
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The ”p.v.” shows up because we write
df̃+(20)(βt

γ,0)

dβ and
df̃+(20)(αt

γ,0)

dα into two terms. There is in fact

no singularity, and then we could change the contour safely. Now Oi becomes

O1,i =

∫ π

−π

Ki
o(V

10(αt
γ,0)− V 10(βt

γ,0), V
21
f̃L (α

t
γ,0)− V 21

f̃L (β
t
γ,0), VX(αt

γ,0)− VX(βt
γ,0))Xi′(β

t
γ,0)

((∂biα f̃
+
v )(αt

γ,0)− (∂biα f̃
+
v )(βt

γ,0))(1 + ic′(β)γt)dβ.

O2,i =

∫ π

−π

Ki
o(V

10(αt
γ,0)− V 10(βt

γ,0), V
21
f̃L (α

t
γ,0)− V 21

f̃L (β
t
γ,0), VX(αt

γ,0)− VX(βt
γ,0))Xi′(β

t
γ,0)

(∂siα f̃
+
µ )(αt

γ,0)((∂
bi
α f̃

+
v )(αt

γ,0)− (∂biα f̃
+
v )(βt

γ,0))(1 + ic′(β)γt)dβ.

O3,i =

∫ π

−π

K̃i
o(V

10(αt
γ,0)− V 10(βt

γ,0), V
21
f̃L (α

t
γ,0)− V 21

f̃L (β
t
γ,0), VX(αt

γ,0)− VX(βt
γ,0))Xi′(β

t
γ,0)

(∂biα f̃
+
µ )(αt

γ,0)(1 + ic′(β)γt)dβ.

O4,i =

∫ π

−π

∫ 1

0

Ki
o(ζV

10(αt
γ,0)− ζV 10(βt

γ,0), V
21
f̃L (α

t
γ,0)− V 21

f̃L (β
t
γ,0), VX(αt

γ,0)− VX(βt
γ,0))

Xi′(β
t
γ,0)ζ

qi((∂biα f̃
+
v )(αt

γ,0)− (∂biα f̃
+
v )(βt

γ,0))dζ(1 + ic′(β)γt)dβ.

O5,i = ∂biα f̃
+
u (αt

γ,0)X̃i(α
t
γ,0)

3.5 The modified equation

3.5.1 Change the variable again

Here the coefficient before d
dα f̃

+(20)(αt
γ,0) may not vanish at zero. We again change variable in order

to make it vanish at zero, which is crucial for us in the energy estimate after perturbation. We have

1

1 + ic′(α)γt
(ic(α)γ +

∂tx

∂αx
(αt

γ,0) +
1

dx
dα (α

t
γ,0)
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· p.v.
∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))x
′(βt

γ,0)(1 + ic′(β)γt)dβ)

=
1

1 + ic′(α)γt
(ic(α)γ +

∂tx

∂αx
(αt

γ,0) +
1

dx
dα (α

t
γ,0)

· p.v.
∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))x
′(βt

γ,0)(1 + ic′(β)γt)dβ

− ∂tx

∂αx
(0)− 1

dx
dα (0)

p.v.

∫ π

−π

K(f̃+(0)− f̃+0 (βt
γ,0) + f̃L(0)− f̃L(βt

γ))x
′(βt

γ)(1 + ic′(β)γt)dβ

+
∂tx

∂αx
(0) +

1
dx
dα (0)

p.v.

∫ π

−π

K(f̃+(0)− f̃+0 (β) + f̃L(0)− f̃L(β))x′(β)dβ).

Here we use the analyticity assumption of f̃+ and the property of c(α). Since c(α) = δcα
2, we could

change the contour in the last step. We have the following lemma

Lemma 3.5.1. For sufficiently small t, the inequality below is true:

(
∂tx

∂αx
(0, t) +

1
dx
dα (0, t)

∫ π

−π

K(f̃+(0, t)− f̃+(β, t) + f̃L(0, t)− f̃L(β, t))
dx(β, t)

dβ
dβ)∂2αf̃

L
1 (0, t) < 0.

(3.18)

Proof. From (1.6), we have

(
dZ1

dt
(t) + p.v.

∫ π

−π

K(f(Z1(t), t)− f(β, t))dβ)(∂2αf1)(Z1(t), t) < 0.

(3.5) gives:

dx(0, t)

dt
=
dZ1(t)

dt
,

and

dx(α, t)

dα
= 1− cos(α)(Z2(t)−

π

2
− Z1(t)) > 0,

when t is sufficiently small. Moreover, we can change the variable and get

p.v.

∫ π

−π

K(f(Z1(t), t)− f(β, t))dβ

= p.v.

∫ π

−π

K(f̃+(0, t)− f̃+(β, t) + f̃L(0, t)− f̃L(β, t))
dx(β, t)

dβ
dβ.

We also have

∂2αf̃1(α, t) = (∂2xf1)(x(α, t), t)(
dx

dα
)2(α, t) + (∂xf1)(x(α, t), t)(

d2x

dα2
(α, t)).
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Then at α = 0, we get

(∂2αf̃1)(0, t) = (∂2xf1)(Z1(t), t)(
dx

dα
)2(α, 0) + (∂xf1)(Z1(t), t)

d2x

dα2
(α, t)

= (∂2xf1)(Z1(t), t)(
dx

dα
)2(α, 0),

where we use the fact that Z1(t) is a turnover point. By definition of f̃+, f̃L in (3.7), we get

∂2αf̃
L
1 (0, t) = ∂2αf̃1(0, t). Therefore, we have

∂tx

∂αx
(0, t) +

1
dx
dα (0, t)

∫ π

−π

K(f̃+(0, t)− f̃+(β) + f̃L(0, t)− f̃L(β, t))
dx(β, t)

dβ
dβ)∂2αf̃

L
1 (0, t)

=
1

dx
dα (α, t)

(
dZ1

dt
(t) + p.v.

∫ π

−π

K(f(Z1(t), t)− f(β, t))dβ)(∂2xf1)(Z1(t), t)
1

( dxdα )
2(α, t)

< 0,

when t is sufficiently small.

Without loss of generality, we assume

∂2αf̃
L
1 (0, t) > 0. (3.19)

We claim if ∂2αf̃
L
1 (0, t) < 0, we could let the time go backward for α > 0 and let the time go forward

when α < 0 and the same proof follows. Then

(
∂tx

∂αx
(0) +

1
dx
dα (0)

∫ π

−π

K(f̃+(0)− f̃+0 (β) + f̃L(0)− f̃L(β))
dx(β)

dβ
dβ) < 0.

Hence there exists τ(t) ≥ 0 with τ ′(t) > 0, τ(0) = 0 such that

−τ ′(t) = (
∂tx

∂αx
(0) +

1
dx
dα (0)

∫ π

−π

K(f̃+(0)− f̃+0 (β) + f̃L(0)− f̃L(β))
dx(β)

dβ
dβ).

Therefore

df̃
+(20)
µ (αt

γ,0)

dt

=
df̃

+(20)
µ (αt

γ,0)

dα
[

1

1 + ic′(α)γt
(ic(α)γ +

∂tx

∂αx
(αt

γ,0) +
1

( dxdα (α
t
γ,0))

· p.v.
∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))x
′(βt

γ,0)(1 + c′(β)γt)dβ
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− ∂tx

∂αx
(0)− 1

dx
dα (0)

p.v.

∫ π

−π

K(f̃+(0)− f̃+0 (βt
γ,0) + f̃L(0)− f̃L(βt

γ,0))x
′(βt

γ,0)(1 + c′(β)γt)dβ)]

+
df̃

+(20)
µ (αt

γ,0)

dα

1

1 + ic′(α)γt
· (−τ ′(t))

− p.v.

∫ π

−π

K(f̃+(αt
γ,0)− f̃+(βt

γ,0) + f̃L(αt
γ,0)− f̃L(βt

γ,0))
df̃

+(20)
µ (βt

γ,0)

dβ
dβ

+
∑
i

Oi + Tfixed(α
t
γ,0).

Then we change variable again. Let αt
γ = α+ τ(t) + ic(α+ τ(t))γt. Since

df̃
+(20)
µ (αt

γ,0)

dα

1

1 + ic′(α)γt
· (−τ ′(t)) =

df̃
+(20)
µ (αt

γ,0)

dα
· (−τ ′(t)) +

df̃
+(20)
µ (αt

γ,0)

dα

ic′(α)γtτ ′(t)

1 + ic′(α)γt

We get

df̃
+(20)
µ (αt

γ)

dt

=
df̃

+(20)
µ (αt

γ)

dα
Bf̃ (α, γ, t)

− p.v.

∫ π

−π

K(f̃+(αt
γ)− f̃+(βt

γ) + f̃L(αt
γ)− f̃L(βt

γ))
df̃

+(20)
µ (βt

γ)

dβ
dβ

+
∑
i

Oi + Tfixed(α
t
γ)

where

Bf̃ (α, γ, t) = [
1

1 + ic′(α+ τ(t))γt
(ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t) +

∂tx

∂αx
(αt

γ)

+
1

( dxdα (α
t
γ))

· p.v.
∫ π

−π

K(f̃+(αt
γ)− f̃+(βt

γ) + f̃L(αt
γ)− f̃L(βt

γ))

dx(βt
γ)

dβ
dβ − ∂tx

∂αx
(0)− 1

dx
dα (0)

p.v.

∫ π

−π

K(f̃+(0)− f̃+0 (βt
γ) + f̃L(0)− f̃L(βt

γ))
dx(βt

γ)

dβ
dβ)]

And other terms become

O1,i =

∫ π

−π

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

((∂biα f̃
+
v )(αt

γ)− (∂biα f̃
+
v )(βt

γ))(1 + ic′(β + τ(t))γt)dβ.
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O2,i =

∫ π

−π

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂siα f̃
+
µ )(αt

γ)((∂
bi
α f̃

+
v )(αt

γ)− (∂biα f̃
+
v )(βt

γ))(1 + ic′(β + τ(t))γt)dβ.

O3,i =

∫ π

−π

K̃i
o(V

10(αt
γ,)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂biα f̃
+
µ )(αt

γ)(1 + ic′(β + τ(t))γt)dβ.

O4,i =

∫ π

−π

∫ 1

0

Ki
o(ζV

10(αt
γ)− ζV 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ,0), VX(αt

γ)− VX(βt
γ))

Xi′(β
t
γ)ζ

qi((∂biα f̃
+
v )(αt

γ)− (∂biα f̃
+
v )(βt

γ))dζ(1 + ic′(β + τ(t))γt)dβ.

O5,i = ∂biα f̃
+
u (αt

γ)X̃i(α
t
γ)

3.5.2 Times a cut off function

Now we want to make sure the solution of our new equation is supported in a small region to focus

on the local behavior. Let λ̃ defined on the union of a real line and a disk Dδ = {|α+ iy| ≤ δ}. On

the real line, let λ̃ ∈ C100(−∞,∞) satisfying

supp λ̃ ⊂ [−20δ, 20δ], λ̃ = 1 when x ∈ [−10δ, 10δ]. (3.20)

On the disk λ̃ = 1. Therefore we have λ̃λ = λ, and then

λ̃∂iαf̃
+(α, t) = ∂iαf̃

+(α, t).

We get

df̃
+(20)
µ (αt

γ)

dt
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=
df̃

+(20)
µ (αt

γ)λ̃(α
t
γ)

dt

=λ̃
′
(αt

γ)(1 + ic′(α+ τ(t))γt)f̃+(21)
µ (αt

γ) + λ̃(αt
γ)
d

dt
(f̃+(20)

µ (αt
γ))

=λ̃(αt
γ)
f̃
+(20)
µ (αt

γ)

dα
Bf̃ (α, γ, t)︸ ︷︷ ︸

M1

− λ̃(αt
γ) p.v.

∫ π

−π

K(f̃+(αt
γ)− f̃+(βt

γ)) + f̃L(αt
γ)− f̃L(βt

γ))
df̃

+(20)
µ (βt

γ))

dβ
dβ︸ ︷︷ ︸

M2

+ λ̃(αt
γ) ·

∑
i

Oi + λ̃(αt
γ)Tfixed(α

t
γ)

= λ̃(αt
γ)M1(f̃

+(20))− λ̃(αt
γ)M2(f̃

+(20)) +
∑
i

λ̃(αt
γ)O

i(f̃+(20)) + λ̃(αt
γ)Tfixed(α

t
γ)

Here we use the fact that the support of λ̃
′
and f̃+ is empty.

3.5.3 Modify the terms to preserve the behavior near α = −τ(t)

In order to preserve the good behavior near α = −τ(t) , we need to do further changes to M2 and

Oi.

We do not change M1 and let

M c
1 (f̃

+(20)) =M1(f̃
+(20)) =

f̃
+(20)
µ (αt

γ)

dα
Bf̃ (α, γ, t). (3.21)

.

For M2, we separate the integral into the ”near −τ(t) part” and the ”far away from −τ(t)” part

and do integration by parts. We have

M2(f̃
+(20)) = p.v.

∫ π

−π

K(f̃+(αt
γ)− f̃+(βt

γ) + f̃L(αt
γ)− f̃L(βt

γ))
df̃

+(20)
µ (βt

γ)

dβ
dβ

= p.v.

∫ 2α+τ(t)

−τ(t)

K(f̃+(αt
γ)− f̃+(βt

γ) + f̃L(αt
γ)− f̃L(βt

γ))d(f̃
+(20)
µ (βt

γ)− f̃µ
+(20)

(αt
γ))

+

∫ π

2α+τ(t)

K(f̃+(αt
γ)− f̃+(βt

γ) + f̃L(αt
γ)− f̃L(βt

γ))d(f̃µ
+(20)

(βt
γ))

= K(f̃+(αt
γ)− f̃+((2α+ τ(t))tγ) + f̃L(αt

γ)− f̃L((2α+ τ(t))tγ))(f̃
+(20)
µ ((2α+ τ(t))tγ)− f̃+(20)

µ (αt
γ))

−K(f̃+(αt
γ)− f̃+(0) + f̃L(αt

γ)− f̃L(0))(−f̃+(20)
µ (αt

γ))

− p.v.

∫ 2α+τ(t)

−τ(t)

d

dβ
(K(f̃+(αt

γ)− f̃+(βt
γ) + f̃L(αt

γ)− f̃L(βt
γ))(f̃

+(20)
µ (βt

γ)− f̃+(20)
µ (αt

γ))dβ
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−K(f̃+(αt
γ)− f̃+((2α+ τ(t))tγ) + f̃L(αt

γ)− f̃L((2α+ τ(t))tγ))f̃
+(20)
µ ((2α+ τ(t))tγ)

−
∫ π

2α+τ(t)

d
dβ (K(f̃+(αt

γ)− f̃+(βt
γ) + f̃L(αt

γ)− f̃L(βt
γ))

1 + ic′(β + τ(t))γt
f̃+(20)
µ (βt

γ)(1 + ic′(β + τ(t))γt)dβ

= Term1 + Term2 + Term3 + Term4 + Term5.

We further do the change to the Term5. We change the contour from the curve to a vertical line and

a horizontal line starting from 2α + τ(t). Here 1 + ic′(2α + τ(t))ηt in the denominator of Term5,2

coming from 1 + ic′(β + τ)γt by changing β to 2α+ τ(t) and γ to η.

Term 5 =

∫ γ

0

d
dβ (K(f̃+(αt

γ)− f̃+(βt
η) + f̃L(αt

γ)− f̃L(βt
η))|β=2α+τ(t)

1 + ic′(2α+ 2τ(t))ηt
f̃+(20)
µ ((2α+ τ(t))tη)ic(2α+ 2τ(t))tdη

−
∫ π

2α+τ(t)

d

dβ
(K(f̃+(αt

γ)− f̃+(βt
0) + f̃L(αt

γ)− f̃L(βt
0))f̃

+(20)
µ (βt

0)dβ

= Term5,1 + Term5,2.

Here after change the contour, we change the f̃+(20)(βt
γ) to f̃+(20)(βt

0) = f̃+(20)(β + τ(t)) when

β > 2α + τ(t) in the integral. Notice that the f̃+(20)(β + τ(t)) is known and well-defined even

without the analyticity assumption. In the latter section, we change f̃(αt
γ) to an unknown solution

h(α, γ, t), and all f̃+(20)(β + τ(t)) will be kept same. In conclusion, let

M c
2 = Term1 + Term2 + Term3 + Term4 + Term5,1 + Term5,2. (3.22)

For O1,i, we change it in the following way. First we separate the terms in the bracket ((∂biα f̃
+
v )(αt

γ)−

(∂biα f̃
+
v )(βt

γ)) and use the fact that f̃+ = 0 when α < −τ(t). We then have

O1,i =p.v.

∫ π

−π

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂biα f̃
+
v )(αt

γ)(1 + ic′(β + τ(t))γt)dβ

− p.v.

∫ π

−τ(t)

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂biα f̃
+
v )(βt

γ)(1 + ic′(β + τ(t))γt)dβ

= Term1 + Term2.

We do not change the first term (like in M1). For the term 2 we separate the integral into the ”near

−τ(t) part” and the ”far away from −τ(t)” part like in M2. But we do not do the integration by

parts and change the contour directly. Because this term has less singularity than M2. Here we
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have

Term2 =− p.v.

∫ π

−τ(t)

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂biα f̃
+
v )(βt

γ)(1 + ic′(β + τ(t))γt)dβ

= −p.v.
∫ 2α+τ(t)

−τ(t)

Ki
o(V

10(αt
γ)− V 10(βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(∂biα f̃
+
v )(βt

γ)(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

Ki
o(V

10(αt
γ)− V 10((2α+ τ(t))tη), V

21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

Xi′((2α+ τ(t))tη)(∂
bi
α f̃

+
v )((2α+ τ(t))tη)(ic(2α+ 2τ(t))t)dη

−
∫ π

2α+τ(t)

Ki
o(V

10(αt
γ)− V 10(βt

0), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)

(∂biα f̃
+
v )(βt

0)dβ

= Term2,1 + Term2,2 + Term2,3.

Hence we let

O1,i,c = Term1 + Term2,1 + Term2,2 + Term2,3. (3.23)

For the O2,i terms, notice that it is a O1,i type terms times an extra factor ∂siα f̃
+
µ . we do the same

change as O1,i and do not change the factor ∂siα f̃
+
µ . For the type O4,i,c, for any fixed ζ in the

integral, it is O1,i type term except there is coefficient ζ. We do the same change for each fixed ζ.

We do not change O3,i(like M1(h)) and O
5,i and let

O3,i,c = O3,i, O5,i,c = O5,i.

In conclusion, we have

df̃
+(20)
µ (αt

γ)

dt
= λ̃(αt

γ)M
c
1 (f̃

+(20))− λ̃(αt
γ)M

c
2 (f̃

+(20)) +
∑
i

λ̃(αt
γ)O

c
i (f̃

+(20)) + λ̃(αt
γ)Tfixed(α

t
γ).

We claim M1 =M c
1 , M2 =M c

1 , Oi = Oc
i with the analyticity assumption on f̃+(20). They are same

on γ = 0 even without the analyticity condition.
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3.5.4 Conclusion: the modified equation T in the complex plane

We first let f̃+(20)(αt
γ) = h(α, λ, t) and write the equation in h. The first step is to get the lower

order derivative of f̃+ from h. Here we use the property that up to 59 order of derivative of f̃+ at

−τ(t) is 0. We claim that for all 0 ≤ i ≤ 20,

f̃+(i)(αt
γ) = D−(20−i)(h)(α, γ, t),

where

D−(20−i)h(α, γ, t)

=

{ ∫ α

0
(1 + ic′(α1 + τ(t))γt)...

∫ αi−1

0
(1 + ic′(αi + τ(t))γt)h(αi, γ, t)dαidαi−1...dα1 −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t))

Then we have the equation for h by changing the corresponding f̃+(i)(αt
γ) to D

−(20−i)(h)(α, γ, t)

whenever γ ̸= 0. We will keep f̃+ if γ = 0 (on the real line). When α > −τ(t), we have

dhµ(α, γ, t)

dt
= T (h) (3.24)

= λ̃(αt
γ)M

c
1 (h)− λ̃(αt

γ)M
c
2 (h) + λ̃(αt

γ)
∑
i

O1,i,c(h) + λ̃(αt
γ)Tfixed(α

t
γ).

From (3.21),

M c
1 (h) =

dhµ(α, γ, t)

dα
BD−20(h)(α, γ, t), (3.25)

with

BD−20(h)(α, γ, t) = [
1

1 + ic′(α+ τ(t))γt
(ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t) +

∂tx

∂αx
(αt

γ)

+
1

( dxdα (α
t
γ))

· p.v.
∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))

dx(βt
γ)

dβ
dβ − ∂tx

∂αx
(0)− 1

dx
dα (0)

p.v

∫ π

−π

K(D−20(h)(−τ(t), γ, t)−D−20(h)(β, γ, t) + f̃L(0)− f̃L(βt
γ))

dx(βt
γ)

dβ
dβ)].

From (3.22), the next term is

M c
2 (h) = Term1 + Term2 + Term3 + Term4 + Term5,1 + Term5,2 (3.26)
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= K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))(hµ(2α+ τ(t)), γ, t)− hµ(α, γ, t))︸ ︷︷ ︸

Term1

−K(D−20(h)(α, γ, t)−D−20(h)(−τ(t), γ, t) + f̃L(αt
γ)− f̃L(0))(−hµ(α, γ, t))︸ ︷︷ ︸

Term2

−p.v.
∫ 2α+τ(t)

−τ(t)

d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ))(hµ(β, γ, t)− hµ(α, γ, t))dβ︸ ︷︷ ︸

Term3

−K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))hµ(2α+ τ(t), γ, t)︸ ︷︷ ︸

Term4∫ γ

0

d
dβ (K(D−20(h)(α, γ, t)−D−20(h)(β, η, t) + f̃L(αt

γ)− f̃L(βt
η))|β=2α+τ(t)

1 + ic′(2α+ 2τ(t))ηt
hµ(2α+ τ(t), η, t)ic(2α+ 2τ(t))tdη︸ ︷︷ ︸

Term5,1

−
∫ π

2α+τ(t)

d

dβ
(K(D−20(h)(α, γ, t)− f̃+(βt

0)) + f̃L(αt
γ)− f̃L(βt

0)))f̃
+(20)
µ (βt

0)dβ︸ ︷︷ ︸
Term5,2

.

For the sake of later proof, we separate the Term3 into the singular part and the non-singular part.

We also separate Term5,2 into the part depending on h and the part not depending on h, which is

Term3 =

∫ 2α+τ(t)

−τ(t)

d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(hµ(α, γ, t)− hµ(β, γ, t))dβ

= lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2)

· p.v.
∫ 2α+τ(t)

−τ(t)

hµ(α, γ, t)− hµ(β, γ, t)

(α− β)2
dβ

+

∫ 2α+τ(t)

−τ(t)

1

α− β
[
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2

− lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2)]

· hµ(α, γ, t)− hµ(β, γ, t)

(α− β)
dβ

= Term3,1︸ ︷︷ ︸
singular part

+Term3,2.

T erm5,2 =−
∫ π

2α+τ(t)

d

dβ
(K(−f̃+(βt

0) + f̃L(αt
γ)− f̃L(βt

0)))f̃
+(20)
µ (βt

0)dβ

−
∫ 1

0

dζ1

∫ π

2α+τ(t)

d

dζ1

d

dβ
(K(ζ1D

−20(h)(α, γ, t)− f̃+(βt
0) + f̃L(αt

γ)− f̃L(βt
0)))f̃

+(20)
µ (βt

0)dβ
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= Term5,2,1︸ ︷︷ ︸
does not depend on h

+Term5,2,2.

For the O1,i,c, we further denote

V k
h (α, γ, t) = (D−20h1(α, γ, t), D

−20h2(α, γ, t), ..., D
−20+kh1(α, γ, t), D

−20+kh2(α, γ, t)). (3.27)

from (3.23), we then have

O1,i,c(h) = Term1 + Term2,1 + Term2,2 + Term2,3.

=p.v.

∫ π

−π

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

D−20+bi(h)(α, γ, t)(1 + ic′(β + τ(t))γt)dβ

− p.v.

∫ 2α+τ(t)

−τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(D−20+bi(h)(β, γ, t))(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

Ki
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

Xi′((2α+ τ(t))tη)(D
−20+bi(h)(2α+ τ(t), γ, t))(ic(2α+ 2τ(t))t)dη

−
∫ π

2α+τ(t)

Ki
o(V

10
h (α, γ, t)− V 10(βt

0), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)

(∂biα f̃
+
v )(βt

0)dβ.

We also separate the Term2,3 as in the M2. We have

Term2,3 = −
∫ π

2α+τ(t)

Ki
o(−V 10(βt

0)), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)(∂

bi
α f̃

+
v )(βt

0)dβ

−
∫ 1

0

dζ0

∫ π

2α+τ(t)

d

dζ0
Ki

o(ζ0V
10
h (α, γ, t)− V 10(βt

0), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)

(∂biα f̃
+
v )(βt

0)dβ

= Term2,3,1 + Term2,3,2.

Hence we get

O1,i,c(h) = Term1 + Term2,1 + Term2,2 + Term2,3,1 + Term2,3,2.
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For O2,i,c type terms, we have

O2,i,c(h) = O1,̃i,c(h)D−20+sihµ(α, γ, t). (3.28)

For O4,i,c type terms, we have

O4,i,c(h) =

∫ 1

0

O1,̃i,c
ζ (h)ζq0dζ. (3.29)

Here O1,̃i,c means a O1,i,c type term and O1,̃i,c
ζ (h) means O1,i,c type term except changing some

h(α)− h(β) to ζ(h(α)− h(β)).

For O3,i,c type terms, we have

O3,i,c(h) =

∫ π

−π

K̃i
o(V

10
h (αt

γ)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ) (3.30)

(1 + ic′(β + τ(t))γt)dβD−20+bi(hµ)(α, γ, t).

For O5,i,c type terms, we have

O5,i,c(h) = D−20+bi(hµ)(α, γ, t)X̃i(α
t
γ). (3.31)

When α ≤ −τ(t) , we let h(α, γ, t) = 0, which is also compatible with f̃+(20).

In conclusion, we have

dhµ(α, γ, t)

dt
= T (h) =

{
λ̃(αt

γ)M
c
1 (h)− λ̃(αt

γ)M
c
2 (h) + λ̃(αt

γ)
∑

iO
i,c(h) + λ̃(αt

γ)Tfixed(α
t
γ) −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t)),

(3.32)

with the initial value hµ(α, γ, 0) = f̃+(20)(α, 0). Notice that all the terms which do not depend on

h are well defined even without the analyticity assumption on f.

The equation at γ = 0: T 0

From the modified equation (3.32), we have for any fixed γ, d
dth(α, γ, t) only depends on h(α, η, t)

with |η| ≤ |γ|. Therefore we have

dhµ(α, 0, t)

dt
= T 0(h(α, 0, t)) (3.33)

69



=

{
λ̃(αt

0)(M
c,0
1 (h(α, 0, t))−M c,0

2 (h(α, 0, t)) +
∑

iO
i,c,0(h(α, 0, t)) + Tfixed(α

t
0)) −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t)),

with the initial value hµ(α, 0, 0) = f̃+(20)(α, 0). Let h0(α, t) = h(α, 0, t),

D
−(20−i)
0 h0(α, t) =

{ ∫ α

0

∫ α1

0
...
∫ αi−1

0
h0(αi, t)dαidαi−1...dα1 −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t)).
(3.34)

we have

M c,0
1 (h0) =

h0,µ(α, t)

dα
BD−20

0 (h0)
(α, t)︸ ︷︷ ︸

main term

,

with

BD−20
0 (h0)

(α, t) = [
∂tx

∂αx
(αt

0)

+
1

( dxdα (α
t
0))

· p.v.
∫ π

−π

K(D−20
0 (h0)(α, t)−D−20

0 (h0)(β, t) + f̃L(αt
0)− f̃L(βt

0))

dx(βt
0))

dβ
dβ − ∂tx

∂αx
(0)− 1

dx
dα (0)

p.v

∫ π

−π

K(D−20
0 (h0)(−τ(t), t)−D−20

0 (h0)(β, t) + f̃L(0)− f̃L(βt
0))

dx(βt
0)

dβ
dβ)].

M c,0
2 (h) = Term1 + Term2 + Term3,1 + Term3,2 + Term4 + Term5,2,1 + Term5,2,2

= K(D−20
0 (h0)(α, t)−D−20

0 (h0)(2α+ τ(t), t) + f̃L(αt
0)− f̃L((2α+ τ(t))t0))(h0,µ(2α+ τ(t)), t)− h0,µ(α, t))︸ ︷︷ ︸

Term1

−K(D−20
0 (h0)(α, t)−D−20

0 (h0)(−τ(t), t) + f̃L(αt
0)− f̃L(0))(−h0,µ(α, t))︸ ︷︷ ︸

Term2

+ lim
β→α

(
d

dβ
(K(D−20

0 (h0)(α, t)−D−20
0 (h0)(β, t) + f̃L(αt

0)− f̃L(βt
0)))(α− β)2)p.v.

∫ 2α+τ(t)

−τ(t)

h0,µ(α, t)− h0,µ(β, t)

(α− β)2
dβ︸ ︷︷ ︸

main term Term3,1

+

∫ 2α+τ(t)

−τ(t)

1

α− β
[
d

dβ
(K(D−20

0 (h0)(α, t)−D−20
0 (h0)(β, t) + f̃L(αt

0)− f̃L(βt
0))(α− β)2−︸ ︷︷ ︸

Term3,2

lim
β→α

(
d

dβ
(K(D−20

0 (h0)(α, t)−D−20
0 (h0)(β, t) + f̃L(αt

0)− f̃L(βt
0)))(α− β)2)]

h0,µ(α, t)− h0,µ(β, t)

(α− β)
dβ︸ ︷︷ ︸

Term3,2
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−K(D−20
0 (h0)(α, t)−D−20

0 (h0)(2α+ τ(t), t) + f̃L(αt
0)− f̃L((2α+ τ(t))t0))h0,µ(2α+ τ(t)), t)︸ ︷︷ ︸

Term4

−
∫ π

2α+τ(t)

d

dβ
(K(−f̃+(βt

0) + f̃L(αt
0)− f̃L(βt

0)))f̃
+(20)
µ (βt

0)dβ︸ ︷︷ ︸
Term5,2,1

−
∫ 1

0

dζ1

∫ π

2α+τ(t)

d

dζ1

d

dβ
(K(ζ1D

−20
0 (h0)(α, t)− f̃+(βt

0) + f̃L(αt
0)− f̃L(βt

0)))f̃
+(20)
µ (βt

0)dβ︸ ︷︷ ︸
Term5,2,2

.

The equation does not have Term5,1 because here γ = 0. For the O1,i,c, we still denote

V k
h0
(α, t) = (D−20

0 h0,1(α, t), D
−20
0 h0,2(α, t), D

−19h0,1(α, t), D
−19h0,2(α, t), ..., D

−20+kh0,1(α, t), D
−20+kh0,2(α, t)).

we then have

O1,i,c,0(h0) = Term 1 + Term 2, 1 + Term 2, 3, 1 + Term 2, 3, 2.

=p.v.

∫ π

−π

Ki
o(V

10
h0

(α, t)− V 10
h0

(β, t), V 21
f̃L (α

t
0)− V 21

f̃L (β
t
0), VX(αt

0)− VX(βt
0))Xi′(β

t
0)

D−20+bi
0 (h0)(α, t)dβ

− p.v.

∫ 2α+τ(t)

−τ(t)

Ki
o(V

10
h0

(α, t)− V 10
h0

(β, t), V 21
f̃L (α

t
0)− V 21

f̃L (β
t
0), VX(αt

0)− VX(βt
0))Xi′(β

t
0)

(D−20+bi
0 (h0)(β, t))dβ

−
∫ π

2α+τ(t)

Ki
o(−V 10(βt

0), V
21
f̃L (α

t
0)− V 21

f̃L (β
t
0), VX(αt

0)− VX(βt
0))Xi′(β

t
0)(∂

bi
α f̃

+
v )(βt

0)dβ

−
∫ 1

0

dζ0

∫ π

2α+τ(t)

d

dζ0
Ki

o(ζ0V
10
h0

(α, t)− V 10(βt
0), V

21
f̃L (α

t
0)− V 21

f̃L (β
t
0), VX(αt

0)− VX(βt
0))Xi′(β

t
0)

(∂biα f̃
+
v )(βt

0)dβ.

Similarly,

O2,i,c,0(h0) = O1,̃i,c,0(h0)D
−20+si
0 h0,µ(α, t),

and

O4,i,c,0(h0) =

∫ 1

0

O1,̃i,c,0
ζ (h0)ζ

q0dζ.

Here O1,̃i,c,0 means a O1,i,c,0 type term and O1,̃i,c,0
ζ (h) means O1,i,c,0 type term except changing

some h(α)− h(β) to ζ(h(α)− h(β)).
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For O3,i,c,0 type terms, we have

O3,i,c,0(h0) =

∫ π

−π

K̃i
o(V

10
h0

(αt
0)− V 10

h0
(βt

0)), V
21
f̃L (α

t
0)− V 21

f̃L (β)
t
0, VX(αt

0)− VX(βt
0))Xi′(β

t
0)

dβD−20+bi
0 (h0,µ)(α, t).

For O5,i,c type terms, we have

O5,i,c,0(h0) = D−20+bi
0 (h0,µ)(α, t)X̃i(α

t
0).

We claim that f̃+(20)(α + τ(t), t) is a solution of this equation. We will show that it is the only

solution in the later Section 3.10.

3.6 Perturb the modified equation

In order to use the Picard theorem to get the existence, we first desingularize the equation and let

dhµ(α, γ, t)

dt
= T ϵ(h) =

{
λ̃(αt

γ)M
ϵ
1(h)− λ̃(αt

γ)M
ϵ
2(h) + λ̃(αt

γ)
∑

iO
i,ϵ(h) + λ̃(αt

γ)Tfixed(α
t
γ) −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t))

We claim that when h ∈ H5[−τ(t), π], then ∥T ϵ(h)− T (h)∥L∞[−τ(t),π] = 0..

3.6.1 Perturb M1

For the first term, we desingularize the term dh
dα . Let

M ϵ
1(h) = BD−20(h)(α, γ, t)bl

∫ 2α+τ(t)

−τ(t)

(h(α, γ, t)− h(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ, (3.35)

with

BD−20(h)(α, γ, t) = [
1

1 + ic′(α+ τ(t))γt
(ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t) +

∂tx

∂αx
(αt

γ , t)

+
1

(∂αx(αt
γ , t))

· p.v.
∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ , t)− f̃L(βt

γ , t))
dx(βt

γ , t)

dβ
dβ

− ∂tx

∂αx
(0, t)− 1

∂αx(0, t)
p.v

∫ π

−π

K(D−20(h)(−τ(t), γ, t)−D−20(h)(β, γ, t) + f̃L(0, t)− f̃L(βt
γ , t))

dx(βt
γ , t)

dβ
dβ)].
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Here

bl =
1

limϵ→0

∫ α+τ(t)

−τ(t)
(α−β)2ϵ

((α−β)2+ϵ2)2 dβ
=

2

π
. (3.36)

Note that bl is a constant when α > −τ(t).

Due to the property of Poisson Integral, we claim when h ∈ C2
α[−π, π],

lim
ϵ→0

(M ϵ
1(h)−BD−20(h)∂αh) = 0,

as ϵ→ 0 when α > −τ(t).

3.6.2 Perturb M2

For the M2, we desingularize the Term3,1 and Term3,2. Also notice that only Term3,1 is the main

term in the energy estimate. The perturbation of Term3,2 helps to show the continuity in t but does

not affect the energy estimate.

M ϵ
2(h) = Term1 + Term2 + Termϵ

3,1 + Termϵ
3,2 + Term4 + Term5,1 + Term5,2,1 + Term5,2,2

= K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))(hµ(2α+ τ(t), γ, t)− hµ(α, γ, t))︸ ︷︷ ︸

Term1

−K(D−20(h)(α, γ, t)−D−20(h)(−τ(t), γ, t) + f̃L(αt
γ , t)− f̃L(0, t))(−hµ)(α, γ, t)︸ ︷︷ ︸

Term2

+ Termϵ
3,1 + Termϵ

3,2,1 + Term3,2,2

−K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ , t)− f̃L((2α+ τ(t))tγ , t))hµ(2α+ τ(t), γ, t)︸ ︷︷ ︸

Term4

+

∫ γ

0

d
dβ (K(D−20(h)(α, γ, t)−D−20(h)(β, η, t) + f̃L(αt

γ , t)− f̃L(βt
η, t)))|β=2α+τ(t)

1 + ic′(2α+ 2τ(t))ηt
hµ((2α+ τ(t)), η, t)︸ ︷︷ ︸

Term5,1

ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
Term5,1

−
∫ π

2α+τ(t)

d

dβ
(K(−f̃+(βt

0, t) + f̃L(αt
γ , t)− f̃L(βt

0, t)))f̃
+(20)(βt

0, t)dβ︸ ︷︷ ︸
Term5,2,1

−
∫ 1

0

dζ1

∫ π

2α+τ(t)

d

dζ1

d

dβ
(K(ζ1D

−20(h)(α, γ, t)− f̃+(βt
0, t) + f̃L(αt

γ , t)− f̃L(βt
0, t)))f̃

+(20)(βt
0, t)dβ︸ ︷︷ ︸

Term5,2,2

.
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Let

KM2,3(α, β) =
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ , t)− f̃L(βt
γ , t))),

and

Termϵ
3,1 = lim

β→α
(KM2,3

(α, β)(α− β)2)

∫ 2α+τ(t)

−τ(t)

hϵµ(α, γ, t)− hϵµ(β, γ, t)

(α− β)2 + ϵ2
dβ

Termϵ
3,2 = (

∫ 2α+τ(t)

−τ(t)

KM2,3(α, β)(α− β)2 − limβ→α(KM2,3(α, β)(α− β)2)

α− β

(hϵµ(β, γ, t))(α− β)

(α− β)2 + ϵ2
dβ

+ p.v.

∫ 2α+τ(t)

−τ(t)

KM2,3
(α, β)(α− β)2 − limβ→α(KM2,3

(α, β)(α− β)2)

(α− β)2
dβhϵµ(α, γ, t)

= Termϵ
3,2,1 + Term3,2,2.

In conclusion, we have

M ϵ
2(h) = Term1 + Term2 + Termϵ

3,1 + Termϵ
3,2,1 + Term3,2,2 (3.37)

+ Term4 + Term5,1 + Term5,2,1 + Term5,2,2.

3.6.3 Perturb Oi

Similarly, for the O1,i terms, we also perturb the the term Term2,1, which is an integral from −τ(t)

to 2α+ τ(t). Still, this perturbation helps to get the continuity and the energy estimate holds even

without the perturbation.

O1,i,ϵ(h) = Term1 + Termϵ
2,1 + Term2,2 + Term2,3,1 + Term2,3,2.

=p.v.

∫ π

−π

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))Xi′(β

t
γ)

D−20+bi(h)(α, γ, t)(1 + ic′(β + τ(t))γt)dβ

+ Termϵ
2,1

+

∫ γ

0

Ki
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t)), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t), t)tη), VX(αt
γ , t)− VX((2α+ τ(t), t)tη)

Xi′((2α+ τ(t))tη, t)(D
−20+bi(h)(2α+ τ(t), γ, t))(ic(2α+ 2τ(t))t)dη

−
∫ π

2α+τ(t)

Ki
o(−V 10(βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))Xi′(β

t
0, t)(∂

bi
α f̃

+
v )(βt

0, t)dβ

74



−
∫ 1

0

dζ0

∫ π

2α+τ(t)

d

dζ0
Ki

o(ζ0V
10
h (α, γ, t)− V 10(βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))

Xi′(β
t
0, t)(∂

bi
α f̃

+
v )(βt

0, t)dβ.

Let

KO1,i,3(α, β) = Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))

Xi′(β
t
γ , t)(1 + ic′(β + τ(t))γt).

and

Termϵ
2,1 = −

∫ 2α+τ(t)

−τ(t)

KO1,i,3(α, β)(α− β)
(α− β)D−20+bi(h)(β, γ, t)

(α− β)2 + ϵ2
dβ.

In conclusion, we have

O1,i,ϵ(h) = Term1 + Termϵ
2,1 + Term2,2 + Term2,3,1 + Term2,3,2. (3.38)

For O2,i,ϵ type terms, we have

O2,i,ϵ(h) = O1,̃i,ϵ(h)D−20+sihµ(α, γ, t). (3.39)

For O4,i,ϵ type terms, we have

O4,i,ϵ(h) =

∫ 1

0

O1,̃i,ϵ
ζ (h)ζq0dζ. (3.40)

For O3,i,ϵ and O5,i,ϵ type terms, we do not change them. We have

O3,i,ϵ(h) =

∫ π

−π

K̃i
o(V

10
h (αt

γ,)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ) (3.41)

(1 + ic′(β + τ(t))γt)dβD−20+bi(hµ)(α, γ, t),

and

O5,i,ϵ(h) = D−20+bi(hµ)(α, γ, t)X̃i(α
t
γ , t). (3.42)
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3.7 The good behavior of T ϵ

Lemma 3.7.1. Let

h, g ∈ C0
t ([0, t∗], Ci0

γ ([−1, 1], Hk[−π, π])) ∩ Sδ1 =W i0,k. (3.43)

Here

S = {h(α, γ, t) = 0,when α ≤ −τ(t) and α ≥ π

8
},

Sδ1 = {h(α, γ, t) = 0,when α ≤ −τ(t) and α ≥ π

8
, sup

γ,t
∥h∥C2

α[−τ(t),π] ≲ δ1},

δ1, t
∗ are fixed sufficiently small numbers and i0, k ∈ N , i0 + k ≤ 40, i0 ≤ 4. The bound of δ1 is

used in the Arc-Chord condition lemma 3.7.19.

Then

T ϵ(h) ∈ C0
t ([0, t∗], C

i0
γ ([−1, 1], Hk[−π, π])) ∩ S. (3.44)

Moreover, the Lipschitz condition holds;

∥T ϵ(h)− T ϵ(g)∥W i0,k ≲ ∥h− g∥W i0,k , (3.45)

Here ≲ depends on ϵ, δ, δ1, t∗ and δc, ∥h∥W i0,k , ∥g∥W i0,k .

Proof. From lemma 3.7.2, lemma 3.7.11, and lemma 3.7.17, we have the result.

3.7.1 Different types of T ϵ
i

Since we have done the desingularization, it should be easy to show it is in Hk[−τ(t), π]. The main

difficulty here is to show the good behavior around −τ(t) (∂jαT ϵ(h)(−τ(t), γ, t) = 0, for j ≤ k − 1).

The idea is

1. the terms depending on h preserves this behavior,

2. the sum of terms which does not depend on h also satisfies this behavior.

The part one is true because either the term is a product of h(or lower derivative of h) with some

good functions, or the integral with h only lives from −τ(t) to 2α+ τ(t).

The second part is true because when on the real line(γ = 0), the sum automatically satisfies

this condition because the good property of f̃+. And changing from the real line to the complex

plane(γ ̸= 0) does not affect the behavior of the sum around −τ(t).
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Lemma 3.7.2. All terms in T ϵ can be written as following types: (The conditions hold for all

i0, k ∈ N with i0 + k ≤ 30, i0 ≤ 4).

The first type (only one term):

T ϵ
1 (h) =

{
λ̃(αt

γ)L
1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)
h(α,γ,t)−h(β,γ,t)

(α−β)2+ϵ2 dβ −τ(t) < α ≤ π,

0 −π ≤ α ≤ −(τ(t)),

with L1
hs satisfying the following condition:

lim
α→(−τ(t)+)

L1
hs(−α, γ, t) = 0, (3.46)

Lh can be extended to a function in Ci0
γ ([−1, 1], Ck+2

α [−τ(t), π4 ]), with

sup
t

∥L1
hs(α, γ, t)∥Ci0

γ ([−1,1],Ck+2
α [−τ(t),π4 ])

≲ 1, (3.47)

sup
t

∥L1
hs(α, γ, t)− L1

gs(α, γ, t)∥Ci0
γ ([−1,1],Ck+2

α [−τ(t),π4 ])
≲ ∥h− g∥W i0,k , (3.48)

sup
t

∥DhL
1
hs(α, γ, t)[g]∥Ci0

γ ([−1,1],Ck+2
α [−τ(t),π4 ])

≲ ∥g∥W i0,k , (3.49)

and for any 0 ≤ t′ < t ≤ t∗,

∥L1
hs(α,γ,t)(α, γ, t)− L1

hs(α,γ,t′)(α, γ, t
′)∥

C
i0
γ ([−1,1],Ck+1[−τ(t′),π4 ])

(3.50)

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

, (3.51)

with |O(t− t′)| → 0 as t→ t′ independent of h. Here Dh is the Gateaux derivative.

The second type (only one term):

T ϵ
2 (h) =

{
λ̃(αt

γ)L
2
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)
(h(α,γ,t)−h(β,γ,t))(α−β)ϵ

((α−β)2+ϵ2)2 dβ. −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t))

with L2
hs satisfying the same conditions as L1

hs .
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The third type:

T ϵ,i
3 (h) =

{
λ̃(αt

γ)
∫ 2α+τ(t)

−τ(t)
L3,i
hs (α, γ, β, t)

D−20+bih(β,γ,t)(α−β)
(α−β)2+ϵ2 dβ. −τ(t) < α ≤ π

0 −π ≤ α ≤ −(τ(t))

satisfies the following condition:

L3,i
hs can be extended to a function in Ci0

γ ([−1, 1], Ck+2
α,β ([−τ(t), π4 ]× [−τ(t), 23π])), and satisfying

sup
t

∥L3,i
hs (α, β, γ, t)∥Ci0

γ ([−1,1],Ck+2
α,β ([−τ(t),π4 ]×[−τ(t), 23π]))

≲ 1, (3.52)

sup
t

∥L3,i
hs (α, β, γ, t)− L3,i

gs (α, β, γ, t)∥Ci0
γ [−1,1],Ck+2

α,β ([−τ(t),π4 ]×[−τ(t), 23π))
≲ ∥h− g∥W i0,k , (3.53)

sup
t

∥DhL
3,i
hs (α, β, γ, t)[g]∥Ci0

γ ([−1,1],Ck+2
α,β ([−τ(t),π4 ]×[−τ(t), 23π]))

≲ ∥g∥W i0,k , (3.54)

and for any 0 ≤ t′ < t ≤ t0,

∥L3,i
hs(α,γ,t)(α, β, γ, t)− L3,i

hs(α,γ,t′)(α, β, γ, t
′)∥

C
i0
γ ([−1,1],Ck+1

α,β ([−τ(t′),π4 ]×[−τ(t′), 2π3 ]))
(3.55)

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

,

with limx→0 O(x) = 0. Here bi ≤ 20.

The fourth type:

T i
4(h) =

{
λ̃(αt

γ)L
4,i
hs (α, γ, t)D−20+bih(α, γ, t) or λ̃(αt

γ)L
4,i
h (α, γ, t)D−20+bih(2α+ τ(t), γ, t) −τ(t) < α ≤ π

0 −π ≤ α ≤ −(τ(t))

with L4,i
hs satisfying the following conditions. Here bi ≤ 20.

sup
t

∥L4,i
hs (α, γ, t)∥Ci0

γ ([−1,1],Ck+2
α [−τ(t),π4 ])

≲ 1, (3.56)
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sup
t

∥L4,i
hs (α, γ, t)− L4,i

gs (α, γ, t)∥Ci0
γ ([−1,1],Ck+2

α [−τ(t),π4 ])
≲ ∥h− g∥W i0,k , (3.57)

sup
t

∥DhL
1
hs(α, γ, t)[g]∥Ci0

γ ([−1,1],Ck+2
α [−τ(t),π4 ])

≲ ∥g∥W i0,k , (3.58)

and for any 0 ≤ t′ < t ≤ t∗,

∥L4,i
hs(α,γ,t)(α, γ, t)− L4,i

hs(α,γ,t′)(α, γ, t
′)∥

C
i0
γ ([−1,1],Ck+1

α [−τ(t′),π4 ])
(3.59)

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.

The fifth type:

T i
5(h) =

{
λ̃(αt

γ)
∫ γ

0
D−20+bih(2α+ τ(t), η, t)L5,i

hs (α, γ, η, t)dη −τ(t) < α ≤ π

0 −π ≤ α ≤ −τ(t)

Here bi ≤ 20. L5,i
hs satisfies the following condition:

sup
t

∥L5,i
hs (α, γ, η, t)∥Ci0

γ,η([−1,1]×[−1,1],Ck+2
α [−τ(t),π4 ])

≲ 1, (3.60)

and

sup
t

∥L5,i
hs (α, γ, η, t)− L5,i

gs (α, γ, η, t)∥Ci0
γ,η([−1,1]×[−1,1],Ck+2

α [−τ(t),π4 ])
≲ ∥h− g∥W i0,k , (3.61)

sup
t

∥DhL
5,i
hs (α, γ, η, t)[g]∥Ci0

γ,η([−1,1]×[−1,1],Ck+2
α [−τ(t),π4 ])

≲ ∥g∥W i0,k , (3.62)

, and for any 0 ≤ t′ < t ≤ t∗,

∥L5,i
hs(α,γ,t)(α, γ, η, t)− L5,i

hs(α,γ,t′)(α, γ, η, t
′)∥

C
i0
γ,η([−1,1]×[−1,1],Ck+1

α [−τ(t′),π4 ])
(3.63)

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.
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The fixed terms are

FT =

{
λ̃(αt

γ)
∑

j

∫ π

2α+τ(t)
Lj(α

t
γ , β, t)dβ + λ̃(αt

γ)Tfixed(α
t
γ , t), −τ(t) < α ≤ π

0 −π ≤ α ≤ −τ(t)

with Lj(α
t
γ , β, t) ∈ Ci0

γ ([−1, 1], Ck+2
α,β ((−τ(t), π4 ]× (2α+ τ(t), π])), and for 0 ≤ t′ ≤ t < t0,

sup
t

∥Lj(α
t
γ , β, t)∥Ci0

γ ([−1,1],Ck+2
α,β ((−τ(t),π4 ]×(2α+τ(t),π]))

≲ 1, (3.64)

∥Lj(α
t
γ , β, t)− Lj(α

t′

γ , β, t
′)∥

C
i0
γ ([−1,1],Ck+2

α,β ((−τ(t′),π4 ]×(2α+τ(t),π]))
≲ O(t− t′). (3.65)

sup
t

∥Tfixed(αt
γ , t)∥Ci0

γ ([−1,1],Ck+2
α (−τ(t),π4 ])

≲ 1, (3.66)

∥Tfixed(αt
γ , t)− Tfixed(α

t′

γ , t
′)∥

C
i0
γ ([−1,1],Ck+1

α (−τ(t′),π4 ]
≲ O(t− t′). (3.67)

For l′ + l′′ ≤ k + 2, l ≤ i0, we have

lim
α→−τ(t)

(
d

dα
)l

′′
((∂l

′

α∂
l
γ)Lj(α

t
γ , 2α+ τ(t), t)) = 0. (3.68)

Here fixed terms not only include Tfixed(α
t
γ , t) which only depends on f̃L, but also include the terms

depending on f̃+ on the real line.

Proof. We will only show λ(αt
γ)M

ϵ
1 , −λ(αt

γ)M
ϵ
2 , λ(α

t
γ)O

1,i,ϵ, λ(αt
γ)O

3,i,ϵ, and λ(αt
γ)O

5,i,ϵ. From

(3.38), (3.39), (3.40), we claim that O2,i,ϵ and O4,i,ϵ have the similar form of O1,i,ϵ. The sub-types

of Lhs used below and why they satisfy the conditions are explained in the lemma 3.7.3, 3.7.4, 3.7.6,

3.7.7, 3.7.8, 3.7.9 and 3.7.10 .

From (3.35), λ(αt
γ)M

ϵ
1 is of the type T ϵ

2 . From (3.41), λ(αt
γ)O

3,i,ϵ is in T4 with sub-type 1. From
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(3.42), λ(αt
γ)O

5,i,ϵ is in T4 with sub type 6. From (3.37), we also have

− λ(αt
γ)M

ϵ
2(h) = (−λ(αt

γ)Term1)︸ ︷︷ ︸
T4, sub-type 2

+ (−λ(αt
γ)Term2)︸ ︷︷ ︸

a sum of terms of T4, sub-type 2

+(−λ(αt
γ)Term

ϵ
3,1)︸ ︷︷ ︸

λ(αt
γ)T

ϵ
1

+(−λ(αt
γ)Term

ϵ
3,2,1)︸ ︷︷ ︸

T ϵ
3 sub-type 1

+−(λ(αt
γ)Term3,2,2)︸ ︷︷ ︸

T4 sub-type 5

+(−(λ(αt
γ)Term4)︸ ︷︷ ︸

T4, sub-type 2

+(−(λ(αt
γ)Term5,1)︸ ︷︷ ︸

T5, sub-type 1

+(−(λ(αt
γ)Term5,2,1)︸ ︷︷ ︸

fixed terms, sub-type 1

+(−(λ(αt
γ)Term5,2,2)︸ ︷︷ ︸

T4, sub-type 3

.

and

λ(αt
γ)O

1,i,ϵ = λ(αt
γ)Term1︸ ︷︷ ︸

T4, sub-type 1

+λ(αt
γ)Term

ϵ
2,1︸ ︷︷ ︸

T ϵ
3 , sub-type 2

+λ(αt
γ)Term2,2︸ ︷︷ ︸

T5, sub-type 2

+ λ(αt
γ)Term2,3,1︸ ︷︷ ︸

fixed terms, sub-type 2

+λ(αt
γ)Term2,3,2︸ ︷︷ ︸

T ϵ
4 , sub-type 4

.

Before we show the sub-types, we introduce some notations. A function Kj
−σ(A,B,C) is of −σ type

if for A, B, C in Rn, it has the form

cj
sin(A1 +B1)

m1 cos(A1 +B1)
m2

(cosh(A2 +B2)− cos(A1 +B1))m0
(3.69)

× (sinh(A2 +B2))
m3(cosh(A2 +B2))

m4Πm5
j=1(Aλj

)Πm6
j=1(Bλj,2

)Πm7
j=1(Cλj,3

), (3.70)

with m1 +m3 +m5 +m6 +m7 − 2m0 ≥ −σ. cj is a constant.

We use ∆g(α, γ, t) to show g(α, γ, t)− g(β, γ, t) and notation in (3.11), (3.12), (3.13), and (3.27).

Here we take A = ∆V 10
h (α, γ, t), B = ∆V 21

f̃L
(αt

γ , t), C = ∆VX(αt
γ , t). For example,

Kj
−σ(∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)) =

Kj
−σ(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t)).

We then use this notation to write Lhs into different sub-forms and show they satisfy the prop-

erties in lemma 3.7.2.

Lemma 3.7.3. Lhs in T ϵ
1 is

L1
hs(α, γ, t) = − lim

β→α
(
d

dβ
Kj

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2)

with particular Kj
−1(A,B,C) =

sin(A1+B1)
cosh(A2+B2)−cos(A1+B1)

. Moreover, it satisfies the conditions (3.46),

(3.47), (3.48), (3.49), and (3.50).
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Proof. Since we have

d

dβ
K−σ(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t)) (3.71)

=
∑
l′

Kl′

−(σ+1)(V
10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))

Gl′(∂β(V
10
h (β, γ, t)), ∂β(V

21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t))),

with

∥Gl′(∂β(V
10
h (β, γ, t)), ∂β(V

21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t)))∥Ci0
γ ([−1,1],Ck+3[−τ(t),π])

≲ 1.

The conditions (3.47), (3.48), (3.49), (3.50) follows from lemma 3.7.21 (the behavior of K−σ when

β > −τ(t)). The (3.46) relies on the particular kernel. We have

L1
hs(α, γ, t) = − lim

β→α
(
d

dβ
(

sin(A1 +B1)

cosh(A2 +B2)− cos(A1 +B1)
)(α− β)2),

with Aµ = D−20hµ(α, γ, t)−D−20hµ(β, γ, t), Bµ = f̃Lµ (α, γ, t)− f̃Lµ (β, γ, t). Then

d

dβ
(

sin(A1 +B1)

cosh(A2 +B2)− cos(A1 +B1)
)(α− β)2

=
cos(A1 +B1)(α− β)2

cosh(A1 +B1)− cos(A1 +B1)

d

dβ
(A1 +B1)

−
sin(A1 +B1)(sinh(A2 +B2)

d
dβ (A2 +B2) + sin(A1 +B1)

d
dβ (A1 +B1))

(cosh(A1 +B1)− cos(A2 +B2))2
(α− β)2.

From ∂αf̃(0, t) = 0, ∂αD
−20h(−τ(t), γ, t) = 0, we have

lim
α→−τ(t)+

lim
α→β

sin(A1 +B1)

(α− β)
= lim

α→−τ(t)+
lim
α→β

A1 +B1

(α− β)
=

d

dα
f̃(−τ(t)tγ , t) = 0.

Then we get the condition (3.46).

Lemma 3.7.4. L2
hs in T ϵ

2 is

L2
hs(α, γ, t) =

2

π
BD−20(h)(α, γ, t) =

2

π
[

1

1 + ic′(α+ τ(t))γt
(ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t) +

∂tx

∂αx
(αt

γ)

+
1

(∂αx(αt
γ))

· p.v.
∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))

dx(βt
γ)

dβ
dβ − ∂tx

∂αx
(0)− 1

∂αx(0)
p.v

∫ π

−π

K(D−20(h)(−τ(t), γ, t)−D−20(h)(β, γ, t) + f̃L(0)− f̃L(βt
γ))

dx(βt
γ)

dβ
dβ)].

and satisfies the conditions (3.46), (3.47), (3.48), (3.49).
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Proof. Because c(α) ∈ C100[0,∞) with c(0) = c′(0) = 0, x(αt
γ) is sufficiently smooth. Then we only

need to show the next lemma 3.7.5.

Lemma 3.7.5. If

Lhs(α, γ, t) = p.v.

∫ π

−π

Ki
−1(∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)dβ,

for some K−1 type kernel, then it satisfies (3.47), (3.48), (3.49), (3.50) and

limα→−τ(t)+Lhs(α, γ, t) = Lhs(−τ(t), γ, t). (3.72)

Proof. First, we have

Lhs(α, γ, t) = p.v.

∫ π

−π

Ki
−1(0,∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)dβ

+ p.v.

∫ π

−π

∫ 1

0

d

dζ
Ki

−1(ζ∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)dβ

= Term1 + Term2.

For the Term1, we first show

limα→−τ(t)+Term1(α, γ, t) = Term1(−τ(t), γ, t). (3.73)

Since

Term1 = p.v.

∫ π

−π

Ki
−1(0,∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)dβ

= lim
β→α

(Ki
−1(0,∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))(α− β))Xi(α
t
γ , t)(1 + ic′(α+ τ(t))γt)p.v.

∫ π

−π

1

α− β
dβ

+

∫ π

−π

(Ki
−1(0,∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))(α− β)Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)

− lim
β→α

(Ki
−1(0,∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))(α− β))Xi(α
t
γ , t)(1 + ic′(α+ τ(t))γt))

1

α− β
dβ

From lemma 3.7.20, we could use the Lebesgue convergence theorem to get (3.73). Now we show

Term1 satisfying condition (3.47) and (3.50). Since Term1 dose not depend on h, the other condition

are satisfied automatically. From (3.8), we further separate f̃L(α, t) into the part that is polynomial
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in [− δ
2 ,−

δ
2 ] and the part that vanishes up to 59th order at 0, which is

f̃−(α, t) = (f̃(α, t)−
60∑
i=1

f̃<i>(0)

i!
αi)λ(α)1α≤0, (3.74)

and

f̃L(α, t) = f̃L,L(α, t) + f̃−(α, t).

Here f̃−(α, t) ∈ C59(−∞,∞) and when α > 0,

f̃−(α, t) = 0,

also for j ≤ 59,

∂jαf̃
−(0, t) = 0.

f̃L,L(α, t) is a polynomial in [− δ
2 ,−

δ
2 ]. Moreover, from (3.13), we have

Xi(α, t) = (∂liα f̃
L(α, t))ϕi(∂

l′i
α (

1
dx
dα (α, t)

))ϕ
′
i(∂

l′′i
α
d

dα
x(α, t))ϕi′′ , (3.75)

with li, l
′
i, l

′′
1 ≤ 21, ϕi, ϕ

′
i, ϕi′′ ∈ 0, 1. Then we can also separate Xi as X

L
i +X−

i , with

XL
i =

{ ∂liα f̃
L,L(α, t)(∂

l′i
α (

1
dx
dα (α,t)

))ϕ
′
i(∂

l′′i
α

d
dαx(α, t))

ϕi′′ ϕi = 1,

( 1
dx
dα (α,t)

)ϕ
′
i(∂

l′′i
α

d
dαx(α, t))

ϕi′′ ϕi = 0,
(3.76)

X−
i =

{
∂liα f̃

−(α, t)(∂
l′i
α (

1
dx
dα (α,t)

))ϕ
′
i(∂

l′′i
α

d
dαx(α, t))

ϕi′′ ϕi = 1,

0 ϕi = 0.
(3.77)

Then we rewrite Term1, we have

Term1 = p.v.

∫ π

−π

Ki
−1(0,∆Vf̃L,L(α

t
γ , t) + ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ∆VX−(αt
γ , t))

· (XL
i (β

t
γ , t) +X−

i (βt
γ , t))(1 + ic′(β + τ(t))γt)dβ

= p.v.

∫ π

−π

Ki
−1(0,∆Vf̃L,L(α

t
γ , t),∆VXL(αt

γ , t)) · (XL
i (β

t
γ , t))(1 + ic′(β + τ(t))γt)dβ

+

∫ 1

0

dζp.v.

∫ π

−π

d

dζ
(Ki

−1(0,∆Vf̃L,L(α
t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))
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· (XL
i (β

t
γ , t) + ζX−

i (βt
γ , t)))(1 + ic′(β + τ(t))γt)dβ

= Term1,1 + Term1,2.

Since the component of Vf̃L,L(αt
γ , t) and VXL(αt

γ , t) are analytic in D̃ = {α+ iy||α| ≤ δ
4}. We want

to change the contour of Term1,1 when β ≤ −τ(t). Let

c̃(α) =

{
c(α) α ≥ 0,

c(−α) α ≤ 0,
(3.78)

and

α̃t
γ = α+ τ(t) + ic̃(α+ τ(t))γt. (3.79)

Since by the definition c(α) = α2 when α is sufficiently small, we have c̃(α) ∈ C60(−∞,∞). By

the arc-chord condition (3.93), there is no zero point of denominator when β ≤ −τ(t), α > −τ(t),

therefore we could change the contour, and have

Term1,1 = p.v.

∫ π

−π

Ki
−1(0,∆Vf̃L,L(α̃

t
γ , t),∆VXL(α̃t

γ , t))X
L
i (β̃

t
γ , t)(1 + ic̃′(β + τ(t))γt)dβ.

Since from (3.15) the components in Vf̃L,L(α, t) and VXL(α, t) are also in C0
t ([0, 1], C

38(−∞,∞)),

then when k + i0 ≤ 30, Term1,1 satisfies the smoothness condition (3.47) and the continuity in t

condition (3.50). For Term1,2, we have

d

dζ
(Ki

−1(0,∆Vf̃L,L(α
t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))(X

L
i (β

t
γ , t) + ζX−

i (βt
γ , t)))

= Ki
−1(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))∂

li
β f̃

−(βt
γ , t)

· ϕi · ((∂
l′i
β

1

∂βx
)(βt

γ , t))
ϕ′
i((∂

l′′i
β ∂βx)(β

t
γ , t))

ϕ′′
i

+
∑
j′

Kj′

−2(0,∆Vf̃L,L(α
t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))(∂

l′j
α f̃

−(αt
γ , t)− ∂

l′j
β f̃

−(βt
γ , t))

· (XL
i (β

t
γ , t) + ζX−

i (βt
γ , t))

+
∑
n

Kn
−2(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))

(ϕn · ∂lnα f̃−(αt
γ , t)((∂

l′n
α

1

∂αx
)(αt

γ , t))
ϕ′
n((∂

l′′n
α ∂αx)(α

t
γ , t))

ϕ′′
n − ϕn · ∂liβ f̃

−(βt
γ , t)((∂

l′n
β

1

∂βx
)(βt

γ , t))
ϕ′
n((∂

l′′n
β ∂βx)(β

t
γ , t))

ϕ′′
n)

· (XL
i (β

t
γ , t) + ζX−

i (βt
γ , t))
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= KTerm1,2,1 +KTerm1,2,2 +KTerm1,2,3,

for some−2 type functionsKj′

−2 andK
n
−2, with all index of derivative less than 21, ϕ, ϕ′i, ϕ

′
i, ϕn, ϕ

′
n, ϕ

′′
n ∈

{0, 1}. Here the first term shows up when the derivative hits on (XL
i (β

t
γ , t)+ζX

−
i (βt

γ , t)), the second

one shows up when it hits on ζ∆Vf̃−(αt
γ , t), the last one shows up when it hits on ζ∆VX−(αt

γ , t).

Then the term becomes

Term1,2

= Term1,2,1 + Term1,2,2 + Term1,2,3

=

∫ 1

0

dζp.v.

∫ π

−π

KTerm1,2,1dβ +

∫ 1

0

dζp.v.

∫ π

−π

KTerm1,2,2dβ +

∫ 1

0

dζp.v.

∫ π

−π

KTerm1,2,3dβ.

For Term1,2,1, we have

Term1,2,1

=

∫ 1

0

dζp.v.

∫ π

−π

Ki
−1(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))

· ∂liβ f̃
−(βt

γ , t) · ϕi · ((∂
l′i
β

1

∂βx
)(βt

γ , t))
ϕ′
i((∂

l′′i
β ∂βx)(β

t
γ , t))

ϕ′′
i dβ

=

∫ 1

0

dζp.v.

∫ −τ(t)

−π

Ki
−1(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))

· ∂liβ f̃
−(βt

γ , t) · ϕi · ((∂
l′i
β

1

∂βx
)(βt

γ , t))
ϕ′
i((∂

l′′i
β ∂βx)(β

t
γ , t))

ϕ′′
i dβ,

where we use f̃−(βt
γ , t) = 0 when β > −τ(t) and c(β + τ(t)) = 0 when β < −τ(t).

Since

(∂jβ f̃
−)(β + τ(t), t))|β=−τ(t) = 0

when j ≤ 38, from lemma 3.9.19, we have

∥
∂liβ f̃

−(β + τ(t), t)

(β + τ(t))l
∥H38−l′ ≲ 1.

Then by k + i0 ≤ 30, from lemma 3.7.28, we have (3.47) and (3.50) for Term1,2,1.

Since from (3.74), f̃−(αt
γ , t) = 0 when α ≥ −τ(t), then ∂l

′
i
α f̃−(αt

γ , t) and ∂
l′n
α f̃−(αt

γ , t) disappear

in Term1,2,2 and Term1,2,3. Moreover, from (3.77), (3.76), and (3.15) we have

(XL
i (β

t
γ , t) + ζX−

i (βt
γ , t)) ∈ Ci0

γ ([−1, 1], H30[−π, τ(t)])
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when i0 ≤ 4. Hence this two terms can be done in the same way by lemma 3.7.28.

For Term2, we first claim that

d

dζ
Ki

−1(ζ∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

=
∑
l

Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(D
−20+slh(α, γ, t)−D−20+slh(β, γ, t)),

with sl ≤ 10 for some −2 type Kl
−2. Therefore we have

p.v.

∫ π

−π

∫ 1

0

d

dζ
Ki

−1(∆ζV
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))X
i(βt

γ , t)(1 + ic′(β + τ(t))γt)dβ

=
∑
l

∫ −τ(t)

−π

Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(1 + ic′(β + τ(t))γt)Xi(βt
γ , t)dβD

−20+slh(α, γ, t)

+
∑
l

p.v.

∫ π

−τ(t)

Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))X
i(βt

γ , t)(D
−20+slh(α, γ, t)−D−20+slh(β, γ, t))

(1 + ic′(β + τ(t))γt)dβ

= Term2,1 +

∫ π

−τ(t)

(Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2)

(D−20+slh(α, γ, t)−D−20+slh(β, γ, t)− (α− β) d
dαD

−20+slh(α, γ, t))(1 + ic′(β + τ(t))γt)

(α− β)2
Xi(βt

γ , t)dβ

+
d

dα
D−20+slh(α, γ, t)p.v.

∫ π

−τ(t)

(Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2)(1 + ic′(β + τ(t))γt)

Xi(βt
γ , t)

1

α− β
dβ

= Term2,1 + Term2,2 + Term2,3.

From lemma 3.9.19, lemma 3.7.14, we have ∥∂l
αD−20+slh(α,γ,t)

(α+τ(t))k−l+20−sl
∥L2

α[−τ(t),π] ≲ ∥h∥Hk
α[−τ(t),π]. Since

sl ≤ 10, by corollary 3.7.26 (the behavior of K−σ when β < −τ(t)) and i0 ≤ 4, then we have

Term2,1 satisfies the conditions (3.47), (3.48), (3.49), (3.50) and

lim
α→−τ(t)+

Term2,1 = Term2,1|α=−τ(t).

From corollary 3.7.14, we have D−20+slh ∈ Hk+20−sl
α [−τ(t), π]. Since sl ≤ 10, from lemma 3.7.21

(the behavior of K−σ when β > −τ(t)), Term2,2 satisfies the conditions (3.47), (3.48), (3.49), (3.50),

and

lim
α→−τ(t)+

Term2,2 = Term2,2|α=τ(t).
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For the last term, we further take the most singular term and get

T2,3 =
d

dα
D−20+slh(α, γ, t)p.v.

∫ π

−τ(t)

[(Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2)

· (1 + ic′(β + τ(t))γt)Xi(βt
γ , t)

− lim
β→α

((Kl
−2(ζ∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2))Xi(αt
γ , t)(1 + ic′(α+ τ(t))γt)]

· 1

α− β
dβ

+
d

dα
D−20+slh(α, γ, t) lim

β→α
(Kl

−2(ζ∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)2)Xi(αt
γ , t)

· (1 + ic′(α+ τ(t))γt)p.v.

∫ π

−τ(t)

1

α− β
dβ

= T2,3,1 + T2,3,2.

T2,3,1 can be bounded in the similar way as in T2,2 and then it satisfies the conditions (3.47), (3.48),

(3.49), (3.50), and

lim
α→−τ(t)+

Term2,3,1 = Term2,3,1|α=τ(t).

From lemma 3.9.19, lemma 3.7.14, we have ∥∂l
α∂αD−20+slh(α,γ,t)

(α+τ(t))k−l+20−sl−1 ∥L2
α[−τ(t),π] ≲ ∥h∥Hk

α[−τ(t),π]. Since

sl ≤ 10, the log singularity in p.v.
∫ π

−τ(t)
1

α−βdβ is cancelled. Hence from lemma 3.7.21 (the behavior

of K−σ when β > −τ(t)), Term2,3,2 also satisfies the conditions (3.47), (3.48), (3.49), (3.50), and

lim
α→−τ(t)+

Term2,3.3 = Term2,3,2|α=τ(t).

Lemma 3.7.6. L3,i
hs in T ϵ

3 has the following two forms: sub-type 1:

L3,i
hs (α, β, γ, t) = ((α− β)2

d

dβ
(Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)))Xi(β
t
γ , t)

− lim
β→α

((α− β)2
d

dβ
(Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)))Xi(α
t
γ , t))

1

α− β

or the form sub-type 2

L3,i
hs (α, β, γ, t) = ((α− β)(Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)

and all functions of these forms satisfy the conditions (3.52), (3.53), (3.54), (3.55).
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Proof. For the first sub-type, we use (3.71), (3.15) and lemma 3.7.21 (the behavior of K−σ when

β > −τ(t). For the sub-type 2, we use (3.15) and lemma 3.7.21 directly.

Lemma 3.7.7. L4,i
hs in T4 has the following six forms: sub-type 1:

L4,i
hs (α, γ, t) = p.v.

∫ π

−π

Ki
−1(∆V

10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))Xi(β
t
γ , t)(1 + ic′(β + τ(t))γt)dβ

sub-type 2

L4,i
hs (α, γ, t) = Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)|β=2α+τ(t),

or

L4,i
hs (α, γ, t) = Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)|β=−τ(t),

with particular Kj
−1(A,B,C) =

sin(A1+B1)
cosh(A2+B2)−cos(A1+B1)

.

sub-type 3

L4,i
hs (α, γ, t) =

∫ 1

0

dζ

∫ π

2α+τ(t)

(
d

dβ
(Ki

−1(ζV
10
h (α, γ, t)− V 10(βt

0),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t)))Xi(β
t
0, t)f̃

+(bi)(βt
0)dβ.

sub-type 4

L4,i
hs (α, γ, t) =

∫ 1

0

dζ

∫ π

2α+τ(t)

(Ki
−1(ζV

10
h (α, γ, t)− V 10(βt

0),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t))Xi(β
t
0, t)f̃

+(bi)(βt
0)dβ.

sub-type 5

L4,i
hs (α, γ, t) = p.v.

∫ 2α+τ(t)

−τ(t)

((α− β)2
d

dβ
(Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t)))

− lim
β→α

((α− β)2
d

dβ
(Ki

−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))))
1

(α− β)2
dβ

sub-type 6

L4,i
hs (α, γ, t) = X̃i(α

t
γ , t),

with bi ≤ 20. Moreover, all functions of these forms satisfy the conditions of L4,i
hs in T4 (3.56),

(3.57), (3.58) and (3.59).
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Proof. The sub-type 1 has the same form as in lemma 3.7.5 when we control the L1
hs . Therefore

we can use lemma 3.7.5 to get the result. The sub-type 2 relies on the particular Kj
−1(A,B,C) =

sin(A1+B1)
cosh(A2+B2)−cos(A1+B1)

and we use corollary 3.7.23 and corollary 3.7.24. For sub-type 3, we have

d

dβ
K−σ(ζV

10
h (α, γ, t)− V 10(βt

0),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t))

=
∑
l′

Kl′

−(σ+1)(ζV
10
h (α, γ, t)− V 10(βt

0),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t))

·Gl′(∂β(V
10(βt

0, t)), ∂β(V
21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t))),

with

∥Gl′(∂β(V
10(βt

0, t)), ∂β(V
21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t)))∥Ci0
γ ([−1,1],Ck+3[−τ(t),π])

≲ 1.

From lemma 3.9.19, we have

∥ f̃
+(bi)(βt

0)

(β + τ(t))l
∥H38−l ≲ 1. (3.80)

Then we can use (3.15) and corollary 3.7.27 to get the estimate for sub-type 3. For sub-type

4 we can use (3.80), (3.15), and corollary 3.7.27 directly. For sub-type 5, we could use (3.71) and

lemma 3.7.21 with −2 type kernel , then the corresponding conditions follows. Sub-type 6 is trivial

from (3.15).

Lemma 3.7.8. L5,i
hs in T5 has the following two forms: sub-type 1

L5,i
hs (α, γ, η, t) =

d

dβ
(Ki

−1(V
10
h (α, γ, t)− V 10

h (β, η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
η, t), VX(αt

γ , t)− VX(αt
η, t))|β=2α+τ(t)

× ic(2α+ 2τ(t))t

1 + ic′(2α+ 2τ(t))ηt
.

and sub-type 2

L5,i
hs (α, γ, η, t) = Ki

−1(V
10
h (α, γ, t)− V 10

h (β, η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
η, t), VX(αt

γ , t)− VX(βt
η, t))|β=2α+τ(t)

Xj((2α+ τ(t))tη)× ic(2α+ 2τ(t))t.

and all functions of these forms satisfy the conditions of L5,j
hs in T5 (3.60), (3.61), (3.62), and (3.63).
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Proof. Since

ic(2α+ 2τ(t))

(α+ τ(t))2
∈ H30

α [−τ(t), π], (3.81)

the estimates for sub-type 2 follow from (3.15) and lemma 3.7.22. For sub-type 1, we have

d

dβ
K−σ(V

10
h (α, γ, t)− V 10

h (β, η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
η, t), VX(αt

γ , t)− VX(αt
η, t))

=
∑
l′

Kl′

−(σ+1)(V
10
h (α, γ, t)− V 10

h (β, η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
η, t), VX(αt

γ , t)− VX(αt
η, t))

Gl′(∂β(V
10
h (β, γ, t)), ∂β(V

21
f̃L (β

t
η, t)), ∂β(VX(βt

η, t))),

with

∥Gl′(∂β(V
10
h (β, γ, t)), ∂β(V

21
f̃L (β

t
η, t)), ∂β(VX(βt

η, t)))∥Ci0
γ,η([−1,1]×[−1,1],Ck+3[−τ(t),π])

≲ 1.

Then we could again use (3.81), (3.15) and lemma 3.7.22 to get the result.

Lemma 3.7.9. Lj in the fixed terms have the following two forms: sub-type 1

Lj(α, β, γ, t) = (
d

dβ
(Kj

−1(−V 10(βt
0, t),∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t)))Xj(β
t
0, t)f̃

+(bi)(βt
0, t).

sub-type 2

Lj
hs(α, β, γ, t) = (Kj

−1(−V 10(βt
0, t),∆V

21
f̃L (α

t
γ , t),∆VX(αt

γ , t))Xj(β
t
0, t)f̃

+(bi)(βt
0, t).

and all functions of these forms satisfy the conditions (3.64), (3.65) and (3.68).

Proof. For sub-type 2, we again could use corollary 3.7.27, (3.15) and (3.80). For sub-type 1, we use

additionally,

d

dβ
K−σ(−V 10(βt

0),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t)))

=
∑
l′

Kl′

−(σ+1)(−V
10(βt

0, t),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t)))

·Gl′(∂β(V
10(βt

0, t)), ∂β(V
21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t))),
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with

∥Gl′(∂β(V
10(βt

0, t)), ∂β(V
21
f̃L (β

t
γ , t)), ∂β(VX(βt

γ , t)))∥Ci0
γ ([−1,1],Ck+3[−τ(t),π])

≲ 1.

Lemma 3.7.10. When i0 + k ≤ 30, Tfixed(α
t
γ , t) satisfies condition (3.66), and (3.67).

Proof. From (3.10), we have

Tfixed(α, t) = ∂20α (−df̃µ
L
(α, t)

dt
+
df̃µ

L

dα
(α, t)(

dx(α,t)
dt

dx(α,t)
dα

) (3.82)

+

∫ π

−π

K(f̃L(α, t)− f̃L(β, t))(
∂αf̃µ

L
(α, t)

dx(α,t)
dα

− ∂β f̃µ
L
(β, t)

dx(β,t)
dβ

)(
dx(β, t)

dβ
)dβ)

= T 1
fixed(α, t) + T 2

fixed(α, t) + T 3
fixed(α, t). (3.83)

We have f̃L(α, t) ∈ C1([0, t], C59(−∞,∞)) and analytic in D̃ = {α + iy|0 < α < π
4 }, then

T 1
fixed(α

t
γ , t), T

2
fixed(α

t
γ , t) satisfy (3.66) and (3.67). For T 3

fixed(α, t), first from the arc-chord condi-

tion (3.89), it is well defined. Moreover, we have

T 3
fixed(α, t) =

∑
j

∫ π

−π

Kj
0(0, V

21
f̃L (α, t)− V 21

f̃L (β, t), VX(α, t)− VX(β, t))Xj(β, t)dβ, (3.84)

for some K0 type kernels. Then

T 3
fixed(α

t
γ , t) =

∑
j

∫ π

−π

Kj
0(0, V

21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))Xj(β

t
γ , t)(1 + ic′(β + τ(t))γt)dβ,

for some K0 type kernel Kj
0 . Since K0 type is also a K−1 type, we could use lemma 3.7.5 with h = 0.

Then we have the result.

3.7.2 The behaviour of T ϵ

Lemma 3.7.11. When T ϵ is of the types one to five in previous lemma 3.7.2, then it satisfies the

condition (3.44), (3.45).

Proof. We will deal with T ϵ
1 (h), and other types can be shown in the same way with lemma 3.7.14.
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From our construction, since there is no singularity in the denominator, we claim the following

two bound is true

sup
t

∥T ϵ
1 (h)∥Ci0

γ ([−1,1],Hk[−τ(t),π])
≲ 1,

sup
t

∥T ϵ
1 (h)− T ϵ

1 (g)∥Ci0
γ ([−1,1],Hk[−τ(t),π])

≲ ∥h− g∥W i0,k .

Moreover, by the definition of λ̃ (3.20), we have λ̃(αt
γ) = 0 when α > π

8 if t and δ is sufficiently

small. Also we know T ϵ
1 (h) = 0 when α ≤ −τ(t). Hence suppT ϵ

1 (h) ∈ Ci0
γ ([−1, 1], Hk[−τ(t), π]) and

T ϵ
1 (h) ∈ S.

Then we consider the behavior of T ϵ
1 (h) near −τ(t). We have

d

dαj
(L1

hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ)

=
∑
j′≤j

Cj,j′∂
j−j′

α (L1
hs(α, γ, t))∂j

′

α (

∫ α+τ(t)

−α−τ(t)

h(α, γ, t)− h(α− β, γ, t)

(β)2 + ϵ2
dβ)

=
∑
j′≤j

Cj,j′∂
j−j′

α (L1
hs(α, γ, t))(

∫ 2α+τ(t)

−τ(t)

∂j
′

α h(α, γ, t)− ∂j
′

α h(β, γ, t)

(α− β)2 + ϵ2
dβ+

∑
j′′≤j′

∂j
′−j′′−1

α (
∂j

′′

α h(α, γ, t)− ∂j
′′

α h(−τ(t), γ, t)
(α+ τ(t))2 + ϵ2

) + ∂j
′−j′′−1

α (
∂j

′′

α h(α, γ, t)− ∂j
′′

α h(2α+ τ(t), γ, t)

(α+ τ(t))2 + ϵ2
)).

Since for any γ, t, we have h ∈ Hk[−π, π] ∩ S. We get

lim
α→−τ(t)+

∂jαh(α, γ, t) = 0,

when j ≤ k − 1. Then by the boundedness conditions of L1
h, we have

lim
α→−τ+

d

dαj
(L1

hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ) = 0.

Similarly, when j ≤ k − 1, l ≤ i0, we have

lim
α→−τ+

d

dαj

d

dγl
(L1

hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ) = 0.

Then by the fact that T ϵ
1 (h) = 0 when α ≤ −τ(t), we have

sup
t

∥T ϵ
1 (h)∥Ci0

γ ([−1,1],Hk[−π,π])
≲ 1,
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and

sup
t

∥T ϵ
1 (h)− T ϵ

1 (g)∥Ci0
γ ([−1,1],Hk[−π,π])

≲ ∥h− g∥
C0

t (C
i0
γ ([−1,1],Hk[−π,π]))

.

Finally, we show the continuity of T ϵ
1 (h) in t. When 0 ≤ t < t′ ≤ t0, α > −τ(t′), we have

T ϵ
1 (h)(t)− T ϵ

1 (h)(t
′) = λ̃(αt

γ)L
1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ

− λ̃(αt′

γ )L
1
hs(α, γ, t′)

∫ 2α+τ(t′)

−τ(t′)

h(α, γ, t′)− h(β, γ, t′)

(α− β)2 + ϵ2
dβ

= (λ̃(αt
γ)− λ̃(αt′

γ ))L
1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ

+ λ̃(αt′

γ )(L
1
hs(α, γ, t)− L1

h(α, γ, t
′))

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ

+ λ̃(αt′

γ )L
1
hs(α, γ, t′)(

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ −

∫ 2α+τ(t′)

−τ(t′)

h(α, γ, t′)− h(β, γ, t′)

(α− β)2 + ϵ2
dβ)

= Term1 + Term2 + Term3.

Since λ̃(α) ∈ C100[−π, π], from the condition of L1
h(α, γ, t) (3.47) we have

∥Term1∥Ci0
γ ([−1,1],Hk[−τ(t′),π])

≲ O(t− t′).

From the Lipschitz condition of L1
h(α, γ, t) (3.48), we have

∥Term2∥Ci0
γ ([−1,1],Hk[−τ(t′),π])

≲ O(t− t′).

For the last term, we have

Term3 = λ̃(αt′

γ )L
1
hs(α, γ, t′)(

∫ 2α+τ(t′)

−τ(t′)

h(α, γ, t)− h(α, γ, t′)− (h(β, γ, t)− h(β, γ, t′))

(α− β)2 + ϵ2
dβ

+ λ̃(αt′

γ )L
1
hs(α, γ, t′)(

∫ −τ(t′)

−τ(t)

+

∫ 2α+τ(t)

2α+τ(t′)

)
h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ.

Then from (3.47), (3.50), we have

∥Term3∥Ci0
γ ([−1,1],Hk[−τ(t′),π])

≲ ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

+
√
τ(t)− τ(t′)∥h(α, γ, t)∥

C
i0
γ ([−1,1],Hk[−π,π])

.
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For −τ(t) ≤ α ≤ −τ(t′), we have

T ϵ
1 (h)(t)− T ϵ

1 (h)(t
′) = T ϵ

1 (h)(t).

Moreover,

∥T ϵ
1 (h)(t)∥Ci0

γ ([−1,1],Hk[−τ(t),−τ(t′)])

= ∥λ̃(αt
γ)L

1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ∥

C
i0
γ ([−1,1],Hk[−τ(t),−τ(t′)])

≲ ∥h(α, γ, t)∥
C

i0
γ ([−1,1],Hk[−τ(t),−τ(t)+2(τ(t)−τ(t′))])

.

Therefore, we have

∥T ϵ
1 (h)(t)− T ϵ

1 (h)(t
′)∥

C
i0
γ ([−1,1],Hk[−π,π])

≲ O(t− t′) +
√
τ(t)− τ(t′)+

∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

+ ∥h(α, γ, t)∥
C

i0
γ ([−1,1],Hk[−τ(t),−τ(t)+2(τ(t)−τ(t′))])

.

From lemma 3.7.12 and corollary 3.7.13, it tends to 0 as t→ t′ or t′ → t.

Lemma 3.7.12. If h(α, γ, t) ∈ C0
t ([0, t∗], C0

γ([−1, 1], L2[−π, π]), then for 0 ≤ t, t′ ≤ t0, we have

lim
t′→t

∥h(α, γ, t)∥C0
γ([−1,1],L2[−τ(t),τ(t′)]) = 0.

Proof. For any ϵ > 0, there exists δ such that when |γ − γ′| ≤ δ, we have

∥h(α, γ, t)− h(α, γ′, t)∥L2[−π,π] ≤ ϵ.

Let −1 ≤ γ1 < γ2 < ... < γn ≤ 1, with |γi − γj | < δ. By the property of L2 integral, there exists δt

such that when |t− t′| ≤ δt, we have

sup
i

∥h(α, γi, t)∥L2[−τ(t),τ(t′)] ≤ ϵ.

Then when |t− t′| ≤ δt, ∥h(α, γ, t)∥L2[−τ(t),τ(t′)] ≤ 2ϵ.

Corollary 3.7.13. If h(α, γ, t) ∈ C0
t ([0, t∗], C0

γ([−1, 1], L2[−π, π]), then for 0 ≤ t, t′ ≤ t0, we have

lim
t→t′

∥h(α, γ, t)∥C0
γ([−1,1],L2[−τ(t),τ(t′)]) = 0.
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Proof. For any ϵ > 0, there exists δ̃ > 0, such that when |t− t′| ≤ δ̃, we have

sup
γ

∥h(α, γ, t)− h(α, γ, t′)∥L2[−π,π] < ϵ.

Since from the lemma 3.7.12, limt→t′ ∥h(α, γ, t′)∥C0
γ([−1,1],L2[−τ(t),τ(t′)]) = 0, then

lim
t→t′

sup
γ

∥h(α, γ, t)∥L2[−τ(t),τ(t′)] ≤ lim
t→t′

∥h(α, γ, t′)∥C0
γ([−1,1],L2[−τ(t),τ(t′)]) + ϵ = ϵ.

Lemma 3.7.14. If

h(α, γ, t) ∈W i0,k,

and when α ≤ −τ(t), h(α, γ, t) = 0. we have

D−j(h(α, γ, t)) ∈ C0
t ([0, t0], C

i0
γ ([−1, 1], Hk+j [−π, π])) (3.85)

with D−j(h) = 0 when α ≤ −τ(t). Moreover,

D−j(h(2α+ τ(t), γ, t)) ∈ C0
t ([0, t0], C

i0
γ ([−1, 1], Hk+j [−π, π

3
])). (3.86)

Proof. We prove the (3.85), and the other one follows the same way. For the (3.85), when j = 1, we

have

D−1h(α, γ, t) =

∫ α

−τ(t)

h(α0, γ, t)(1 + ic′(α0 + τ(t))γt)dα0. (3.87)

Therefore

∥∂αD−1h(α, γ, t)∥
C

i0
γ ([−1,1],Hk[−τ(t),π])

≲ ∥h(α, γ, t)∥
C

i0
γ ([−1,1],Hk[−τ(t),π])

.

Moreover, for j ≤ k − 1, we have

lim
α→−τ(t)

∂jα∂αD
−1h(α, γ, t)

= lim
α→−τ(t)

∑
j,j′

Cj,j′∂
j′

α h(α, γ, t)∂
j−j′

α (1 + ic′(α+ τ(t))γt) = 0.

By the definition, D−1(h) = 0 when α ≤ −τ(t). Then D−1(h) ∈ Ci0
γ ([−1, 1], Hk+1[−π, π]).
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For 0 ≤ t′ < t ≤ t0, α > −τ(t′), we have

D−1(h)(t)−D−1(h)(t′)

=

∫ α

−τ(t)

h(α0, γ, t)(1 + ic′(α0 + τ(t))γt)dα0 −
∫ α

−τ(t′)

h(α0, γ, t
′)(1 + ic′(α0 + τ(t′))γt′)dα0

=

∫ α

−τ(t′)

(h(α0, γ, t)− h(α0, γ, t
′))(1 + ic′(α0 + τ(t))γt) + (h(α0, γ, t

′)(ic′(α0 + τ(t))γt− ic′(α0 + τ(t′))γt′)dα0

+

∫ −τ(t′)

−τ(t)

h(α0, γ, t)(1 + c′(α0 + τ(t))γt)dα0.

Therefore we have

∥D−1(h)(t)−D−1(h)(t′)∥
C

i0
γ ([−1,1],Hk+1[−π,π])

≲ ∥h(α0, γ, t)− h(α0, γ, t
′)∥

C
i0
γ ([−1,1],Hk+1[−τ(t),π])

+O(t− t′)

+
√
τ(t)− τ(t′).

For −τ(t) < α < −τ(t′), we have

∥D−1(h)(t)−D−1(h)(t′)∥
C

i0
γ ([−1,1],Hk+1[−τ(t),τ(t′)])

≲ ∥D−1(h)(t)∥
C

i0
γ ([−1,1],Hk+1[−τ(t),−τ(t′)])

≲ ∥h∥
C

i0
γ ([−1,1],Hk[−τ(t),−τ(t′)])

,

where we use (3.87) in the last inequality. In conclusion, from lemma 3.7.12 and corollary 3.7.13,

we have

∥D−1(h)(t)−D−1(h)(t′)∥
C

i0
γ ([−1,1],Hk+1[−π,π])

tends to 0 as t→ t′ or t′ → t. We can then use induction to show the j > 1 case.

Before we show estimate the FT terms in lemma 3.7.2, we first go back to study the original

equation on the real line:

3.7.3 The loose bound for ϵ = 0 case on the real line

Let

S0 = {h(α, t) = 0,when α ≤ −τ(t) and α ≥ π

8
},

S0
δ1 = {h(α, t) = 0,when α ≤ −τ(t) and α ≥ π

8
, sup

t
∥h∥C2

α[−π,π] ≲ δ1},
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Corollary 3.7.15. When γ = 0, T 0 in previous section 1.8.1 (3.33) can also be written as :

T 0(h)(α, 0, t) = T1(h)(α, 0, t) + T2(h)(α, 0, t) +
∑
i

T i
3(h)(α, 0, t) +

∑
i

T i
4(h)(α, 0, t) + FT (α, 0, t),

with

T1(h)(α, 0, t) = lim
ϵ→0

T ϵ
1 (h)(α, 0, t) =

{
λ̃(αt

0)L
1
hs(α, 0, t)p.v.

∫ 2α+τ(t)

−τ(t)
h(α,0,t)−h(β,0,t)

(α−β)2 dβ −τ(t) < α ≤ π,

0 −π ≤ α ≤ −(τ(t)),

T2(h) = lim
ϵ→0

T ϵ
2 (h)(α, 0, t) =

{
λ̃(αt

0)L
2
hs(α, 0, t)π2 ∂αh(α, 0, t) −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t))
,

and

T3(h) = lim
ϵ→0

T ϵ
3 (h)(α, 0, t) =

{
λ̃(αt

0)p.v.
∫ 2α+τ(t)

−τ(t)
L3,i
hs (α, 0, β, t)

D−20+bih(β,0,t)
α−β dβ −τ(t) < α ≤ π

0 −π ≤ α ≤ −(τ(t))
.

Moreover, T 0
i (h(α, 0, t)) = Ti(h)(α, 0, t) maps C0

t ([0, t0], H
k[−π, π])∩S0

δ1
to C0

t ([0, t0], H
k−3[−π, π])∩

S0 and satisfying the Lipchitz condition for i = 1, 2, 3.

T 0
i (h(α, 0, t)) = Ti(h)(α, 0, t) maps C0

t ([0, t0], H
k[−π, π])∩ S0

δ1
to C0

t ([0, t0], H
k[−π, π])∩ S0 sat-

isfying the Lipchitz condition for i = 4.

Proof. The similar proof follows as in lemma 3.7.2, lemma 3.7.11. Here we point out several dif-

ferences. First we take γ = 0. Since T i(h)(α, 0, t) only depends on h(α, γ, t) when γ = 0, this

difference does not affect the proof. Second we take ϵ = 0 in T ϵ
1 , T

ϵ
2 , and T

ϵ
3 , and lose several orders

of derivative. Therefore we use k − 3 instead of k and the similar proof follows. Also, when γ = 0,

T i
5(h) = 0, hence the fifth type does not show up.

Lemma 3.7.16. The sum of all fixed terms FT 0 ∈ C0([0, t], H35[−π, π]) ∩ S0.

Proof. Notice that f̃+(20) is a solution of

df̃+(20)(α+ τ(t))

dt
= T 0(f̃+(20)(α+ τ(t))).

Since f̃+(20)(α + τ(t)) ∈ C1
t ([0, t0], H

38[−π, π]), and f̃+(20)(α + τ(t)) = 0 when α ≤ −τ(t) or

α ≥ π
8 , we have T 0(f̃+(20)(α + τ(t)) ∈ C0([0, t], H38[−π, π]) ∩ S0. Moreover, from corollary 3.7.15,
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T 0
i (f̃

+(20)(α+ τ(t))) ∈ C0([0, t], H35[−π, π])∩ S0 for 1 ≤ i ≤ 5. Then fixed terms FT 0 also satisfies

FT 0 ∈ C0([0, t], H35[−π, π]) ∩ S0.

Then we deal with FT (when gamma ̸= 0) in lemma 3.7.2.

Lemma 3.7.17. The fixed terms FT in lemma 3.7.2 satisfies the conditions (3.44). (3.45).

Proof. Since they do not depend on h, we only need to show (3.44). By (3.64), (3.65), (3.66), and

(3.67), we have FT ∈ Ci0
γ ([−1, 1], Ck+2(−τ(t), π]). Then we show for any γ ∈ [−1, 1], l ≤ k − 1, we

have

lim
α→−τ(t)

∂lαFT = 0. (3.88)

From lemma 3.7.16, we have (3.88) is true when γ = 0. Moreover, for γ ̸= 0, We have

lim
α→−τ(t)

∂lα(
∑
j

∫ π

2α+τ(t)

Lj(α
t
γ , β, t)dβ + Tfixed(α

t
γ , t))

=(3.68) lim
α→−τ(t)

∑
j

∫ π

2α+τ(t)

(∂lαLj(α
t
γ , β, t))dβ + (∂lαTfixed(α

t
γ , t))

= lim
α→−τ(t)

∑
j

∫ π

2α+τ(t)

∑
l′

Cl,l′(∂
l′

αLj)(α
t
γ , β, t)Π

l′

n=1∂
σ(l,l′,n)
α (1 + ic′(α+ τ(t))γt)dβ

+
∑
l′

Cl,l′(∂
l′

αTfixed)(α
t
γ , t)Π

l′

n=1∂
σ(l,l′,n)
α (1 + ic′(α+ τ(t))γt)

= lim
α→−τ(t)

∑
l′

Cl,l′Π
l′

n=1∂
σ(l,l′,n)
α (1 + ic′(α+ τ(t))γt)(

∑
j

∫ π

2α+τ(t)

(∂l
′

αLj)(α
t
γ , β, t)dβ + (∂l

′

αTfixed)(α
t
γ , t))

=
∑
l′

Cl,l′ lim
α→−τ(t)

(Πl′

n=1∂
σ(l,l′,n)
α (1 + ic′(α+ τ(t))γt)) lim

α→−τ(t)
(
∑
j

∫ π

2α+τ(t)

(∂l
′

αLj)(α
t
γ , β, t)dβ + (∂l

′

αTfixed)(α
t
γ , t))

= 0,

where we use condition (3.68) in the second equality and the γ = 0 case and (3.64) in the last

equality. Then FT ∈ Ci0
γ ([−1, 1], Hk[−π, π]).

Then we show continuity in t. When 0 < t < t′ < t∗, α > −τ(t′) we have

FT (t)− FT (t′) = λ̃(αt
γ)
∑
j

∫ π

2α+τ(t)

Lj(α
t
γ , β, t)dβ + λ̃(αt

γ)Tfixed(α
t
γ , t)−
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(λ̃(αt′

γ )
∑
j

∫ π

2α+τ(t′)

Lj(α
t′

γ , β, t
′)dβ + λ̃(αt′

γ )Tfixed(α
t′

γ , t
′))

= (λ̃(αt
γ)− λ̃(αt′

γ ))(
∑
j

∫ π

2α+τ(t)

Lj(α
t
γ , β, t)dβ + λ̃(αt

γ)Tfixed(α
t
γ , t))

+ λ̃(αt′

γ )
∑
j

∫ π

2α+τ(t)

(Lj(α
t
γ , β, t)− Lj(α

t′

γ , β, t
′))dβ − λ̃(αt′

γ )

∫ 2α+τ(t′)

2α+τ(t′)

Lj(α
t′

γ , β, t
′)dβ

+ λ̃(αt′

γ )(Tfixed(α
t
γ , t)− Tfixed(α

t′

γ , t
′)).

Then by the conditions of Lj (3.64), (3.65) and the conditions of Tfixed (3.66), (3.67), we have

∥FT (t)− FT (t′)∥
C

i0
γ ([−1,1],Hk(−τ(t′),π])

≲ O(t− t′) +O(t− t′) + |τ(t)− τ(t′)|+O(t− t′).

Moreover, from (3.64), (3.66),

∥FT (t)− FT (t′)∥
C

i0
γ ([−1,1],Hk(−τ(t),τ(t′)))

= ∥FT (t)∥
C

i0
γ ([−1,1],Hk(−τ(t),τ(t′)))

≲ O(t− t′).

When α < −τ(t), FT (t) = FT (t′) = 0. Then we have the result.

3.7.4 The loose bound for ϵ = 0 case

As in the lemma 3.7.15, we can also control the limit case when γ ̸= 0, and have:

Corollary 3.7.18. T in previous section (3.32) can also be written as the

T (h) = T1(h) + T2(h) +
∑
i

T i
3(h) +

∑
i

T i
4(h) +

∑
i

T i
5(h) + FT.

with

T1(h)(α, γ, t) = lim
ϵ→0

T ϵ
1 (h)(α, γ, t) =

{
λ̃(αt

γ)L
1
hs(α, γ, t)p.v.

∫ 2α+τ(t)

−τ(t)
h(α,γ,t)−h(β,γ,t)

(α−β)2 dβ −τ(t) < α ≤ π,

0 −π ≤ α ≤ −(τ(t)),

T2(h) = lim
ϵ→0

T ϵ
2 (h)(α, γ, t) =

{
λ̃(αt

γ)L
2
hs(α, γ, t)π2 ∂αh(α, γ, t) −τ(t) ≤ α ≤ π

0 −π ≤ α < −(τ(t))
,
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and

T3(h) = lim
ϵ→0

T ϵ
3 (h)(α, γ, t) =

{
λ̃(αt

γ)p.v.
∫ 2α+τ(t)

−τ(t)
L3,i
hs (α, γ, β, t)

D−20+bih(β,γ,t)
(α−β) dβ −τ(t) < α ≤ π

0 −π ≤ α ≤ −(τ(t))
.

T i
4, T

i
5 and FT are unchanged from lemma 3.7.2.

Moreover, The unperturbed version T1(h), T2(h), T
i
3(h) maps C0

t ([0, t0], C
i0
γ ([−1, 1], Hk[−π, π]))∩

Sδ1 to C0
t ([0, t0], C

i0
γ ([−1, 1], Hk−3[−π, π])) ∩ S.

Proof. Everything is same except we take ϵ = 0 and lose several orders of derivative. Here k to k−3

is not the best bound but it is enough here.

3.7.5 Lemmas

In the following lemmas, we always assume i0 ≤ 4, k + i0 ≤ 30, and limx→0 O(x) = 0. We first

introduce a lemma to guarantee the Arc-chord condition, when ∥h∥C2
α

≲ δ1, with δ1 sufficiently

small.

Lemma 3.7.19. If ∥g∥C2
α
, ∥f̃+∥C2

α
, is sufficiently small, g(α) satisfying ∂iαg(−τ(t)) = 0 for 0 ≤

i ≤ 1 and g(β) = 0 when β ≤ −τ(t), we have the following inequalities. Here f̃+, f̃L, f̃L,L are fixed

and defined in (3.7) (3.74). When −1 ≤ γ ≤ 1, |η| ≤ |γ|, π
4 ≥ α > −τ(t),

cosh(f̃L2 (α+ τ(t))− f̃L2 (β + τ(t)))− cos(f̃L1 (α+ τ(t))− f̃L1 (β + τ(t))) ≳ ∥α− β∥2R/2πZ. (3.89)

cosh(f̃L,L
2 (α+ τ(t))− f̃L,L

2 (β+ τ(t)))− cos(f̃L,L
1 (α+ τ(t))− f̃L,L

1 (β+ τ(t))) ≳ ∥α−β∥2R/2πZ. (3.90)

cosh(f̃L2 (α
t
γ)− f̃L2 (β

t
γ))− cos(f̃L1 (α

t
γ)− f̃L1 (β

t
γ)) ≳ ∥α− β∥2R/2πZ. (3.91)

cosh(f̃L,L
2 (αt

γ)− f̃L,L
2 (βt

γ)))− cos(f̃L,L
1 (αt

γ)− f̃L,L
1 (βt

γ)) ≳ ∥α− β∥2R/2πZ. (3.92)

cosh(f̃L,L
2 (α̃t

γ)− f̃L,L
2 (β̃t

γ))− cos(f̃L,L
1 (α̃t

γ)− f̃L,L
1 (β̃t

γ)) ≳ ∥α− β∥2R/2πZ. (3.93)

cosh(g2(α)−g2(β)+f̃L2 (αt
γ)−f̃L2 (βt

γ))−cos(g1(α)−g1(β)+f̃L1 (αt
γ)−f̃L1 (βt

γ)) ≳ ∥α−β∥2R/2πZ. (3.94)

cosh(f̃L2 (α
t
γ)− f̃L2 ((2α+ τ(t))tη))− cos(f̃L1 (α

t
γ)− f̃L1 ((2α+ τ(t))tη))) ≳ (α+ τ(t))2. (3.95)

cosh(g2(α)+f̃
L
2 (α

t
γ)−f̃L2 ((2α+τ(t))tη))−cos(g1(α)+f̃

L
1 (α

t
γ)−f̃L1 ((2α+τ(t))tη)) ≳ (α+τ(t))2. (3.96)

cosh(f̃L2 (α
t
γ)− f̃L2 ((−τ(t))tη))− cos(f̃L1 (α

t
γ)− f̃L1 ((−τ(t))tη))) ≳ (α+ τ(t))2. (3.97)
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cosh(g2(α) + f̃L2 (α
t
γ)− f̃L2 (−τ(t))tη))− cos(g1(α) + f̃L1 (α

t
γ)− f̃L1 (−τ(t)tη)) ≳ (α+ τ(t))2. (3.98)

Moreover, when additionally β ≥ 2α+ τ(t) we have

cosh(f̃L2 (α
t
γ)− f̃L2 (β

t
0))− cos(f̃L1 (α

t
γ)− f̃L1 (β

t
0)) ≳ ∥α− β∥2R/2πZ. (3.99)

cosh(−f̃+2 (βt
0) + f̃L2 (α

t
γ)− f̃L2 (β

t
0))− cos(−f̃+1 (βt

0) + f̃L1 (α
t
γ)− f̃L1 (β

t
0)) ≳ ∥α− β∥2R/2πZ. (3.100)

cosh(g2(α)− f̃+2 (βt
0) + f̃L2 (α

t
γ)− f̃L2 (β

t
0))− cos(g1(α)− f̃+1 (βt

0) + f̃L1 (α
t
γ)− f̃L1 (β

t
0)) ≳ ∥α− β∥2R/2πZ.

(3.101)

When additionally β ≤ −τ(t), 0 ≤ ζ ≤ 1 we have

cosh(g2(α)−g2(β)+f̃L2 (αt
γ)−f̃L2 (βt

γ))−cos(g1(α)−g1(β)+f̃L1 (αt
γ)−f̃L1 (βt

γ)) ≳ ∥α−β∥2R/2πZ. (3.102)

cosh(f̃L2 (α
t
γ)− f̃L2 (β

t
0))− cos(f̃L1 (α

t
γ)− f̃L1 (β

t
0)) ≳ ∥α− β∥2R/2πZ. (3.103)

cosh(f̃L,L
2 (αt

γ)− f̃L,L
2 (βt

0))− cos(f̃L,L
1 (αt

γ)− f̃L,L
1 (βt

0)) ≳ ∥α− β∥2R/2πZ, (3.104)

cosh(−ζf̃−2 (βt
0) + f̃L,L

2 (αt
γ)− f̃L,L

2 (βt
0))− cos(−ζf̃−1 (βt

0) + f̃L,L
1 (αt

γ)− f̃L,L
1 (βt

0)) ≳ ∥α− β∥2R/2πZ.

(3.105)

Proof. For A, Ã,B, B̃ ∈ R, we have

| cosh(A)− cos(Ã)− (cosh(B)− cos(B̃))| (3.106)

≤ | sinh(A+ τ(B −A))||A−B|+ | sin(Ã+ τ(B̃ − Ã))||Ã− B̃|

≤ C(|A|+ |B|)(|A|+ |B|)(|A−B|) + C(|Ã|+ |B̃|)(|Ã|+ |B̃|)(|Ã− B̃|).

with some increasing function C(x). Since f(α, t) satisfies the arc-chord condition, we have

cosh(f2(α)− f2(β))− cos(f1(α)− f1(β)) ≳ (α− β)2.

Because f̃(α, t) = f(X(α, t), t), we have

cosh(f̃2(α)− f̃2(β))− cos(f̃1(α)− f̃1(β))

= cosh(f2(x(α, t))− f2(x(β, t))− cos(f1(x(α, t))− f1(x(β), t)) ≳ (x(α, t)− x(β, t))2 ≳ (α− β)2
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Then we only need to bound the difference, by (3.106), we have

| cosh(f̃L2 (α)− f̃L2 (β))− cos(f̃L1 (α)− f̃L2 (β))|

≥ | cosh(f̃2(α)− f̃2(β))− cos(f̃1(α)− f̃2(β))| − (α− β)2C(∥f̃(α)∥C1
α
+ ∥f̃+(α)∥)C1

α
∥f̃+(α)∥C1

α

≳ (α− β)2 − (α− β)2C(∥f̃(α)∥C1
α
+ ∥f̃+(α)∥C1

α
)∥f̃+(α)∥C1

α
,

where we use f = f̃L + f̃+. f is fixed and by (3.8), we can take ∥f̃+(α)∥C1
α
to be sufficiently small

if we let δ sufficiently small. Therefore we have (3.89). Similarly, from (3.74), ∥f̃−(α)∥C1
α
can also

be controlled to be sufficiently small by choosing δ. Therefore we have (3.90).

We also have

|f̃Li (α)− f̃Li (β)− (f̃Li (α+ ic(α)γt)− f̃Li (β + ic(β)γt))| ≤ |α− β|∥f̃Li (α)− f̃Li (α+ ic(α)γt)∥C1
α
.

As t→ 0, ∥f̃Li (α)− f̃Li (α+ ic(α)γt)∥C1
α
can be taken sufficiently small. Hence we get (3.91). (3.92)

follows the same way as (3.91). From (3.79), ∥f̃L,L
1 (α̃t

γ) − f̃L,L
1 (β̃t

γ)∥C1
α
tends to 0 as t → 0, then

from (3.92) we have (3.93). Since ∥g∥C2
α
is sufficiently small, we have (3.94).

We take β = 2α+ τ(t) in (3.91) to get

cosh(f̃L2 (α
t
γ)− f̃L2 ((2α+ τ(t))tγ))− cos(f̃L1 (α

t
γ)− f̃L1 ((2α+ τ(t))tγ))) ≳ (α+ τ(t))2.

By |f̃L(αt
γ)− f̃L(αt

η)| ≲ t(α+ τ(t))2 and |g(α)| ≤ ∥g∥C2(α+ τ(t))2 we get (3.96). (3.97) and (3.98)

are similar by taking β = −τ(t) instead of 2α+ τ(t).

When β ≥ 2α+ τ(t) , from (3.91), we have

cosh(f̃L2 (α
t
γ)− f̃L2 (β

t
γ))− cos(f̃L1 (α

t
γ)− f̃L1 (β

t
γ)) ≳ ∥α− β∥2R/2πZ.

By |f̃L(βt
γ)− f̃L(βt

0)| ≲ t(β+ τ(t))2, |f̃+(β)| ≤ ∥f̃+∥C2(β+ τ(t))2, |g(α)| ≤ ∥f̃+∥C2(β+ τ(t))2, and

(β + τ(t))2 ≲ ∥α− β∥2R/2πZ, we have (3.100) and (3.101).

When β ≤ −τ(t), we still use (3.91) to get

cosh(f̃L2 (α
t
γ)− f̃L2 (β

t
γ))− cos(f̃L1 (α

t
γ)− f̃L1 (β

t
γ)) ≳ ∥α− β∥2R/2πZ

Since when β ≤ −τ(t), we have βt
γ = βt

0. Then we have (3.103). Moreover, g(β) = 0 when β ≤ −τ(t)

and |g(α)| ≤ ∥g∥C2(α+ τ(t))2. Hence we get (3.102).
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Similarly, since |f̃−(βt
0)| ≤ ∥f̃−∥C2(β + τ(t))2, we can use (3.92) to get (3.104) and(3.105).

Lemma 3.7.20. For any σ ∈ N , t ≤ t0, we have

∥K−σ(0, V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))(α− β)σ∥

C
i0
γ ([−1,1],C0,1([−τ(t),π]×[−π,π]))

≲ 1

(3.107)

∥K−σ(0, Vf̃L,L(α̃
t
γ , t)− Vf̃L,L(β̃

t
γ , t), VX(α̃t

γ , t)− VX(β̃t
γ , t))(α− β)σ∥

C
i0
γ ([−1,1],CK+4([−τ(t),π]×[−π,π]))

≲ 1,

(3.108)

and for 0 ≤ t′ < t ≤ t0,

∥K−σ(0, Vf̃L,L(α̃
t
γ , t)− Vf̃L,L(β̃

t
γ , t), VX(α̃t

γ , t)− VX(β̃t
γ , t))(α− β)σ (3.109)

−K−σ(0, Vf̃L,L(α̃
t′

γ , t
′)− Vf̃L,L(β̃

t′

γ , t
′), VX(α̃t′

γ , t
′)− VX(β̃t′

γ , t
′))(α− β)σ∥

C
i0
γ ([−1,1],CK+3([−τ(t′),π]×[−π,π]))

≲ O(t− t′).

Proof. For (3.107), from the arc-chord condition (3.91), , and the structure of K−σ we only need to

show

∥
(∂di

α f̃
L)(αt

γ , t)− (∂di
α f̃

L)L(βt
γ , t)

(α− β)
∥
C

i0
γ ([−1,1],C0,1([−τ(t),π]×[−π,π]))

≲ 1, (3.110)

with di ≤ 21, and

∥
X(αt

γ , t)−X(βt
γ , t)

(α− β)
∥
C

i0
γ ([−1,1],C0,1([−τ(t),π]×[−π,π]))

≲ 1, (3.111)

From (3.15), X(α, t), ∂di
α f̃(α, t) ∈ C1([0, t], C38(−∞,∞)). We also have c(α) ∈ C1,1(−∞,∞).

Therefore

X(αt
γ , t), f̃

L(αt
γ , t) ∈ L∞([0, t], Ci0

γ ([−1, 1], C1,1(−∞,∞))).

Then (3.110) and (3.111) follows and we have (3.107).

Similarly, since c̃(α) ∈ C60(−∞,∞) and i0 + k ≤ 30, we have

X(α̃t
γ , t), f̃

L(α̃t
γ , t) ∈ C0([0, t], Ci0

γ ([−1, 1], Ck+4(−∞,∞))), (3.112)
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Then from arc-chord condition (3.93), we have (3.108).

For the difference in t, we claim

K−σ(0,∆Vf̃L,L(α̃
t
γ , t),∆VX(α̃t

γ , t))(α− β)σ −K−σ(0,∆Vf̃L,L(α̃
t′

γ , t
′),∆VX(α̃t′

γ , t
′))(α− β)σ

=
∑
l

∫ 1

0

Kl
−(σ+1)(0,∆Vf̃L,L(α̃

t
γ , t) + ζ(∆Vf̃L,L(α̃

t′

γ , t
′)−∆Vf̃L,L(α̃

t
γ , t))

,∆VX(α̃t
γ , t) + ζ(∆VX(α̃t′

γ , t
′)−∆VX(α̃t

γ , t)), t))dζ(α− β)σ+1
(∆Vf̃L,L(α̃t′

γ , t
′)−∆Vf̃L,L(α̃t

γ , t))

(α− β)

+
∑
l′

∫ 1

0

Kl′

−(σ+1)(0,∆Vf̃L,L(α̃
t
γ , t) + ζ(∆Vf̃L,L(α̃

t′

γ , t
′)−∆Vf̃L,L(α̃

t
γ , t))

,∆VX(α̃t
γ , t) + ζ(∆VX(α̃t′

γ , t
′)−∆VX(α̃t

γ , t)), t))dζ(α− β)σ+1
(∆VX(α̃t′

γ , t
′)−∆VX(α̃t

γ , t))

(α− β)
,

for some K−(σ+1) kernel. Then from (3.108) (we claim the extra ζ term will not affect the result)

and (3.112), we get (3.109).

Lemma 3.7.21. Let Y i0,k(t) = Ci0
γ ([−1, 1], Ck([−τ(t), π4 ]× [−τ(t), π)). For h, g in

W i0,k = C0
t ([0, t0], C

i0
γ ([−1, 1], Hk([−π, π]))) ∩ Sδ1 ,

we have the following four inequalities for t ≤ t∗:

∥K−σ(V
10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))(α− β)σ∥Y i0,k+4(t)

(3.113)

≲ 1,

∥K−σ(V
10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t)) (3.114)

−K−σ(V
10
g (α, γ, t)− V 10

g (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))(α− β)σ∥Y i0,k+4(t)

≲ ∥h− g∥W i0,k ,

sup
t

∥DhK−σ(V
10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))[g](α− β)σ∥Y i0,k+4(t)

(3.115)
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≲ ∥g∥W i0,k

and for 0 ≤ t′ < t ≤ t0,

∥K−σ(V
10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t)) (3.116)

−K−σ(V
10
h (α, γ, t′)− V 10

h (β, γ, t′), V 21
f̃L (α

t′

γ , t
′)− V 21

f̃L (β
t′

γ , t
′), VX(αt′

γ , t
′)− VX(βt′

γ , t
′))(α− β)σ∥Y i0,k+3(t′)

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.

Proof. We have

∥V
10
h (α, γ, t)− V 10

h (β, γ, t)

α− β
∥Y i0,k+4(t) ≲ ∥h∥W i0,k ,

∥
V 21
f̃L

(αt
γ , t)− V 21

f̃L
(βt

γ , t)

α− β
∥Y i0,k+4(t) ≲ ∥f̃L(α)∥C0

t ([0,t0],C
38(−∞,∞)),

∥
VX(αt

γ , t)− VX(βt
γ , t)

α− β
∥Y i0,k+4(t) ≲ ∥X∥C0

t ([0,t0],C
38(−∞,∞)),

From the arc-chord condition (3.94), by taking g(α) = D−20h(α, γ, t), we have

cosh(h2(α)− h2(β) + f̃L2 (α
t
γ)− f̃L2 (β

t
γ))− cos(h1(α)− h1(β) + f̃L1 (α

t
γ)− f̃L1 (β

t
γ)) ≳ ∥α− β∥2R/2πZ.

Then from the structure of K−σ and inequalities above, we have (3.113). Moreover, since

d

dζ
K−σ(∆V

10
h (α, γ, t) + ζ(∆V 10

g (α, γ, t)−∆V 10
h (α, γ, t)),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))(α− β)σ

=
∑
l

Kl
−(σ+1)(∆V

10
h (α, γ, t) + ζ(∆V 10

g (α, γ, t)−∆V 10
h (α, γ, t)),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

· (α− β)σ+1D
−20+slh(α, γ, t)−D−20+slg(α, γ, t)

(α− β)
,

with sl ≤ 10, we have (3.114) and (3.115) by using the (3.113) for σ + 1 type. For the difference in
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t with 0 ≤ t′ < t ≤ t0, we have for α, β ≥ −τ(t′)

K−σ(∆V
10
h (α̃t

γ , t),∆V
21
f̃L (α

t
γ , t),∆VX(αt

γ , t))(α− β)σ −K−σ(∆V
10
h (αt′

γ , t
′),∆V 21

f̃L (α
t′

γ , t
′),∆VX(αt′

γ , t
′))(α− β)σ

=
∑
l1

∫ 1

0

Kl1
−(σ+1)(∆V

10
h (αt

γ , t) + ζ(∆V 10
h (αt′

γ , t
′)−∆V 10

h (αt
γ , t)),∆V

21
f̃L (α

t
γ , t) + ζ(∆V 21

f̃L (α
t′

γ , t
′)−∆V 21

f̃L (α
t
γ , t))

,∆VX(αt
γ , t) + ζ(∆VX(αt′

γ , t
′)−∆VX(αt

γ , t)), t))dζ · (α− β)σ+1 (∆D
−20+sl1h(α, γ, t′)−∆D−20+sl1h(α, γ, t))

(α− β)∑
l2

∫ 1

0

Kl1
−(σ+1)(∆V

10
h (αt

γ , t) + ζ(∆V 10
h (αt′

γ , t
′)−∆V 10

h (αt
γ , t)),∆V

21
f̃L (α

t
γ , t) + ζ(∆V 21

f̃L (α
t′

γ , t
′)−∆V 21

f̃L (α
t
γ , t))

,∆VX(αt
γ , t) + ζ(∆VX(αt′

γ , t
′)−∆VX(αt

γ , t)), t))dζ(α− β)σ+1
(∆∂

nl2
α f̃L(αt′

γ , t
′)−∆∂

nl2
α f̃L(αt

γ , t))

(α− β)

+
∑
l3

∫ 1

0

Kl2
−(σ+1)(∆V

10
h (αt′

γ , t
′)−∆V 10

h (αt
γ , t)),∆V

21
f̃L (α

t
γ , t) + ζ(∆V 21

f̃L (α
t′

γ , t
′)−∆V 21

f̃L (α
t
γ , t))

,∆VX(αt
γ , t) + ζ(∆VX(αt′

γ , t
′)−∆VX(αt

γ , t)), t))dζ · (α− β)σ+1
(∆Xnl3

(αt′

γ , t
′)−∆Xnl3

(αt
γ , t))

(α− β)
,

with sl1 ≤ 10, nl2 ≤ 21. Then we can get (3.116).

Lemma 3.7.22. Let Ỹ i0,k(t) = Ci0
γ ([−1, 1]× [−1, 1], Ck([−τ(t), π4 ]). For h, g in W i0,k, we have the

following four inequalities:

∥K−σ(V
10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t), VX(αt
γ , t)− VX((2α+ τ(t))tη, t))

(3.117)

(α+ τ(t))σ∥Ỹ i0,k+4(t) ≲ 1,

∥K−σ(V
10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t), VX(αt
γ , t)− VX((2α+ τ(t))tη, t))

(3.118)

−K−σ(V
10
g (α, γ, t)− V 10

g (2α+ τ(t), η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t), VX(αt
γ , t)− VX((2α+ τ(t))tη, t))

(α+ τ(t))σ∥Ỹ i0,k+4(t) ≲ ∥h− g∥W i0,k ,

∥DhK−σ(V
10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t), VX(αt
γ , t)− VX((2α+ τ(t))tη, t))[g]

(3.119)
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(α+ τ(t))σ∥Ỹ i0,k+4(t) ≲ ∥h− g∥W i0,k ,

and for 0 ≤ t′ < t ≤ t0,

∥K−σ(V
10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t), VX(αt
γ , t)− VX((2α+ τ(t))tη, t))

(3.120)

−K−σ(V
10
h (α, γ, t′)− V 10

h (2α+ τ(t′), η, t′), V 21
f̃L (α

t′

γ , t
′)− V 21

f̃L ((2α+ τ(t′))t
′

η , t
′), VX(αt′

γ , t
′)− VX((2α+ τ(t′))t

′

η , t
′))

(α+ τ(t))σ∥Ỹ i0,k+3(t′) ≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.

Proof. We can use the similar proof as in lemma 3.7.21, by using arc-chord condition (3.96) and by

the following inequalities. For (3.117), (3.118), (3.119), we have

∥V
10
h (α, γ, t)

(α+ τ(t))
∥Y i0,k+4(t) ≲ ∥h∥W i0,k ,

∥V
10
h (2α+ τ(t), γ, t)

(α+ τ(t))
∥Y i0,k+4(t) ≲ ∥h∥W i0,k ,

∥
V 21
f̃L

(αt
γ , t)− V 21

f̃L
((2α+ τ(t))tη, t)

(α+ τ(t))
∥Y i0,k+4(t) ≲ ∥f̃L(α)∥C0

t ([0,t0],C
38(−∞,∞)),

∥
VX(αt

γ , t)− VX((2α+ τ(t))tη, t)

α− β
∥Y i0,k+4(t) ≲ ∥X∥C0

t ([0,t0],C
38(−∞,∞)).

For (3.120), we have

∥V
10
h (α, γ, t)

(α+ τ(t))
− V 10

h (α, γ, t′)

(α+ τ(t′))
∥Y i0,k+4(t′) ≲ ∥h(α, γ, t)− h(α, γ, t′)∥

C
i0
γ ([−1,1],Hk[−π,π])

∥V
10
h (2α+ τ(t), γ, t)

(α+ τ(t))
− V 10

h (2α+ τ(t′), γ, t′)

(α+ τ(t′))
∥Y i0,k+4(t) ≲ O(t− t′),
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∥
V 21
f̃L

(αt
γ , t)− V 21

f̃L
((2α+ τ(t))tη, t)

(α+ τ(t))
−
V 21
f̃L

(αt′

γ , t
′)− V 21

f̃L
((2α+ τ(t′))t

′

η , t
′)

(α+ τ(t′))
∥Y i0,k+3(t′) ≲ O(t− t′),

∥
VX(αt

γ , t)− VX((2α+ τ(t))tη, t)

α+ τ(t)
−
VX(αt′

γ , t
′)− VX((2α+ τ(t))t

′

η , t
′)

α+ τ(t′)
∥Y i0,k+3(t) ≲ O(t− t′).

We can control the
V 21
f̃L (αt

γ ,t)−V 21
f̃L ((2α+τ(t))tη,t)

α+τ(t) because

V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tη, t) =

V 21
f̃L (α

t
γ , t)− V 21

f̃L ((2α+ τ(t))tγ , t) + V 21
f̃L ((2α+ τ(t))tγ , t)− V 21

f̃L ((2α+ τ(t))tη, t),

and αt
γ − αt

η = ic(α+ τ(t))(γ − η)t with c(α+τ(t))
(α+τ(t))2 ∈ C∞[−τ(t), π].

Corollary 3.7.23. Let Y
i0,k

= Ci0
γ ([−1, 1], Ck[−τ(t), π4 ]). For h, g in W i0,k, with particular

K−1(A,B,C) =
sin(A1 +B1)

cosh(A2 +B2)− cos(A1 +B1)
,

we have the following four inequalities:

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))|β=2α+τ(t)∥Y i0,k+3 ≲ 1,

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

−K−1(∆V
10
g (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))|β=2α+τ(t)∥Y i0,k+3

≲ ∥h− g∥W i0,k ,

∥DhK−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))[g]|β=2α+τ(t)∥Y i0,k+3

≲ ∥g∥W i0,k ,
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and for 0 ≤ t′ < t ≤ t0,

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

−K−1(∆V
10
h (α, γ, t′),∆V 21

f̃L (α
t′

γ , t
′),∆VX(αt′

γ , t
′))|β=2α+τ(t)∥Y i0,k+2

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.

Proof. We use the similar proof as the previous lemma 3.7.22, except that here we have

∥
sin(A1 +B1)|β=2α+τ(t)

(α+ τ(t))2
∥
C0([0,t∗],Y i0,k+3

)
≲ 1,

because the ∂αf̃
L
1 (0, t) = 0. This helps us to get one more (α+ τ(t)) in the numerator. In fact, we

have

A1 +B1|β=2α+τ(t) = D−20h1(α, γ, t)−D−20h1(2α+ τ(t), γ, t) + f̃L1 ((α)
t
γ , t)− f̃L1 ((2α+ τ(t))tγ , t)

= −
∫ 1

0

D−19h1(α+ ζ(α+ τ(t)), γ, t)

α+ τ(t)
(1 + ic′((α+ τ(t)(1 + ζ))γt)dζ(α+ τ(t))2

−
∫ 1

0

f̃L1
′
((α+ ζ(α+ τ(t)))tγ , t)

α+ τ(t)
(1 + ic′((α+ τ(t)(1 + ζ))γt)dζ(α+ τ(t))2.

Since D−19h1(α+ ζ(α+ τ(t)), γ, t)|α=−τ(t) = 0 and f̃L
′

1 ((α+ ζ(α+ τ(t)))tγ , t)α=−τ(t) = 0, we get the

result.

Corollary 3.7.24. Let Y
i0,k

= Ci0
γ ([−1, 1], Ck+2[−τ(t), π4 ]). For h, g in W i0,k, with particular

K−1(A,B,C) =
sin(A1 +B1)

cosh(A2 +B2)− cos(A1 +B1)
,

we have the following four inequalities:

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))|β=−τ(t)∥Y i0,k+3 ≲ 1,

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

−K−1(∆V
10
g (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))|β=−τ(t)∥Y i0,k+3

≲ ∥h− g∥W i0,k ,
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∥DhK−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))[g]|β=−τ(t)∥Y i0,k+3

≲ ∥g∥W i0,k ,

and for 0 ≤ t′ < t ≤ t0,

∥K−1(∆V
10
h (α, γ, t),∆V 21

f̃L (α
t
γ , t),∆VX(αt

γ , t))

−K−1(∆V
10
h (α, γ, t′),∆V 21

f̃L (α
t′

γ , t
′),∆VX(αt′

γ , t
′))|β=−τ(t)∥Y i0,k+2

≲ O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

.

Proof. We use the same proof as the previous corollary 3.7.23 by the arc-chord condition (3.98).

Lemma 3.7.25. For h, g in W i0,k, 0 ≤ ζ0 ≤ 1, l + l′ ≤ k + 3, j ≤ i0, when −τ(t) < α ≤ π
4 ,

ζ ∈ [0, 1], we have the following four inequalities:

sup
β∈[−π,−τ(t)]∪[2α+τ(t),π]

|(∂lα∂l
′

β ∂
j
γ)K−σ(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))|

(3.121)

≲ (
1

|β − α|
)l+l′+j+σ

sup
β∈[−π,−τ(t)]∪[2α+τ(t),π]

|(∂lα∂l
′

β ∂
j
γ)(K−σ(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))

(3.122)

−K−σ(ζV
10
g (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t)))|

≲ ∥h− g∥W i0,k(
1

|β − α|
)l+l′+1+j+σ

sup
β∈[−π,−τ(t)]∪[2α+τ(t),π]

|(∂lα∂l
′

β ∂
j
γ)Dh(K−σ(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))[g]|

(3.123)
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≲ ∥g∥W i0,k(
1

|β − α|
)l+l′+1+j+σ

and for 0 ≤ t′ < t ≤ t∗, α > −τ(t′)

sup
β∈[−π,−τ(t)]∪[2α+τ(t),π]

|(∂lα∂l
′

β ∂
j
γ)(K−σ(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))

(3.124)

−K−σ(ζV
10
h (α, γ, t′)− V (βt′

0 , t
′), V 21

f̃L (α
t′

γ , t
′)− V 21

f̃L (β
t′

0 , t
′), VX(αt′

γ , t
′)− VX(βt′

0 , t
′)))|

≲ (O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

)(
1

|β − α|
)l+l′+1+j+σ.

Proof. For the first bound (3.121), we have

∂lα∂
l′

β ∂
j
γK−σ(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))

=
∑
l

Kl
−(σ+l+l′+j)(ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))G

l(α, β, γ, t)

with |Gl(α, β, γ, t)| ≲ 1. Then we can only consider σ̃ = σ + l + l′ + j without derivative. Recall

that Kσ̃ has the form (3.69), by arc-chord conditions (3.101) and (3.102), we have

| 1

denominator
| ≲ 1

(α− β)2m0
.

Moreover, we have

|ζV 10
h (α, γ, t)− V (βt

0, t)| ≤ |V 10
h (α, γ, t)|+ |V 10(αt

0, t)|+ |V (αt
0, t)− V (βt

0, t)|

≲ |α+ τ(t)|+ |α+ τ(t)|+ |α− β|,

|V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t)| ≤ |V 21

f̃L (α
t
0, t)− V 21

f̃L (β
t
0, t)|+ |V 21

f̃L (α
t
0, t)− V 21

f̃L (α
t
γ , t)| ≲ |α− β|+ |α+ τ(t)| ≲ |α− β|,

and

|VX(αt
γ , t)− VX(βt

0, t)| ≤ |VX(αt
0, t)− VX(βt

0, t)|+ |VX(αt
0, t)− VX(αt

γ , t)| ≲ |α− β|+ |α+ τ(t)| ≲ |α− β|.
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Hence we have

|numerator| ≲ |α− β|m1+m3+m5+m6 .

Then we get the first inequality (3.121). For the (3.122),(3.123) and (3.124), as in the previous

lemma, we could write

d

dζ1
K−σ(ζ1ζV

10
h (α, γ, t)− V (βt

0, t), V
21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t)),

and

d

dζ1
K−σ(ζ1ζV

10
h (α, γ, t)− ζ1V (βt

0, t), ζ1V
21
f̃L (α

t
γ , t)− ζ1V

21
f̃L (β

t
0, t), ζ1VX(αt

γ , t)− ζ1VX(βt
0, t)).

as sums of the product of K−(σ+1) terms and other non-singular terms to bound the difference.

Corollary 3.7.26. When β < −τ(t) in the previous lemma, the 1
|α−β| bound can be replaced by

1
α+τ(t) . Moreover, here

K−σ(ζV
10
h (α, γ, t)− V 21

f̃L (β
t
0, t), V

21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
0, t), VX(αt

γ , t)− VX(βt
0, t))

= K−σ(ζV
10
h (α, γ, t), V 21

f̃L (α
t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))

= K−σ(ζ(V
10
h (α, γ, t)− V 10

h (β, γ, t)), V 21
f̃L (α

t
γ , t)− V 21

f̃L (β
t
γ , t), VX(αt

γ , t)− VX(βt
γ , t))

Proof. We use 1
|α−β| ≲ 1

α+τ(t) when β < −τ(t). In the equation we use βt
γ = βt

0 and V (βt
0, t) =

V 21
f̃L

(βt
γ , t) = V 10

h (βt
0, t) = V 10

h (βt
γ , t) = 0.

Corollary 3.7.27. When β > 2α+ τ(t) in the previous lemma, the 1
|α−β| bound can be replaced by

1
β+τ(t) .

Lemma 3.7.28. For 0 ≤ ζ ≤ 1, l + l′ ≤ k + 3, j ≤ i0, when −τ(t) < α ≤ π
4 , we have the following

two inequalities:

sup
β∈[−π,−τ(t)]

|(∂lα∂l
′

β ∂
j
γ)K

i
−σ(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t)) (3.125)

≲ (
1

|β − α|
)l+l′+j+σ ≲ (

1

|β + τ(t)|
)l+l′+j+σ,
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and for 0 ≤ t′ < t ≤ t0, α > −τ(t′)

sup
β∈[−π,−τ(t)]

|(∂lα∂l
′

β ∂
j
γ)(K

i
−1(0,∆Vf̃L,L(α

t
γ , t) + ζ∆Vf̃−(α

t
γ , t),∆VXL(αt

γ , t) + ζ∆VX−(αt
γ , t))

(3.126)

−Ki
−σ(0,∆Vf̃L,L(α

t′

γ , t
′) + ζ∆Vf̃−(α

t
γ , t

′),∆VXL(αt′

γ , t
′) + ζ∆VX−(αt′

γ , t
′)))|

≲ (O(t− t′) +O(t− t′) + ∥h(α, γ, t)− h(α, γ, t′)∥
C

i0
γ ([−1,1],Hk[−π,π])

)(
1

|β + α|
)l+l′+1+j+σ

≲ (O(t− t′))(
1

|β + τ(t)|
)l+l′+1+j+σ. (3.127)

Proof. We have

|Vf̃L,L(α
t
γ , t)− Vf̃L,L(β

t
0, t)| ≤ |Vf̃L,L(α

t
0, t)− Vf̃L,L(β

t
0, t)|+ |Vf̃L,L(α

t
0, t)− Vf̃L,L(α

t
γ , t)|

≲ |α− β|+ |α+ τ(t)| ≲ |α− β|,

|Vf̃−(β
t
0, t)| ≲ |β + τ(t)| ≲ |α− β|,

|VXL(αt
γ , t)− VXL(βt

0, t)| ≤ |VXL(αt
0, t)− VXL(βt

0, t)|+ |VXL(αt
0, t)− VXL(αt

γ , t)| ≲ |α− β|+ |α+ τ(t)|

≲ |α− β|,

|VX−(βt
0, t)| ≲ |β + τ(t)| ≲ |α− β|.

Then we can use the similar proof as in lemma 3.7.25 by arc-chord condition (3.105) instead of

(3.102).
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3.8 Picard theorem

Lemma 3.8.1. If take δ sufficiently small, there exists tϵ, and hϵ ∈ C1([0, tϵ], C
i0
γ ([−1, 1], Hk

α[−π, π]))∩

Sδ1 such that

{ d
dth

ϵ(α, γ, t) = T ϵ(hϵ)(α, γ, t),

hϵ(α, γ, 0) = f̃+(20)(α, 0).

Proof. Let

{
hϵn+1(α, γ, t) =

∫ t

0
T ϵ(hϵn)(α, γ, τ)dτ + f̃+(20)(α, 0),

hϵ0(α, γ, t) = 0.

From lemma 3.7.2, there exists sufficiently small tϵ such that for all n, hϵn ∈ C1([0, tϵ], C
i0
γ ([−1, 1], Hk

α[−π, π]))∩

Sδ1 and

∥hn+1(α, γ, t)− hn(α, γ, t)∥C0([0,tϵ],C
i0
γ ([−1,1],Hk

α[−π,π]))∩Sδ1

≤ 1

2
∥hn(α, γ, t)− hn−1(α, γ, t)∥C0([0,t1],C

i0
γ ([−1,1],Hk

α[−π,π]))∩Sδ1

.

Therefore, we can take limit and there exists hϵ(α, γ, t) ∈ C0([0, tϵ], C
i0
γ ([−1, 1], Hk

α[−π, π])) ∩ Sδ1

satisfying

hϵ(α, γ, t) =

∫ t

0

T ϵ(hϵ)(α, γ, τ)dτ + f̃+(20)(α, 0).

Moreover, by lemma 3.7.2, we have hϵ ∈ C1([0, tϵ], C
i0
γ ([−1, 1], Hk

α[−π, π])) ∩ Sδ1 with

d

dt
hϵ(α, γ, t) = T ϵ(hϵ)(α, γ, t).

We remark that if τ(t) < 0, hn may not be 0 when α < −τ(t) and then the iteration breaks.

That is the reason we need the extra assumption (1.6).
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3.9 Energy estimate independent of ϵ

Let V io,k = Ci0
γ ([−1, 1], Hk

α[−π, π]), we want to show the energy estimate in

U = V 0,k ∩ V 1,k−1... ∩ V 3,k−3 ∩ Sδ1 . (3.128)

3.9.1 Control the main term-first step

From the structure of T ϵ, only T ϵ
1 T

ϵ
2 and T i,ϵ

3 depending on ϵ. From Lemma 3.9.12, ∥T i,ϵ
3 (hϵ)∥U ≲ 1

independent of ϵ. Therefore we only need to consider T ϵ
1 T

ϵ
2 .Also notice that there is only one T ϵ

1 (h
ϵ)

and T2(h
ϵ).

Therefore, for L2 norm, we have

d

dt

∫ π

−π

|hϵ(α, γ, t)|2dα

= 2ℜ
∫ π

−π

hϵ(α, γ, t)T ϵ
1 (h)(α, γ, t)dα+ 2ℜ

∫ π

−π

hϵ(α, γ, t)T ϵ
2 (h)(α, γ, t)dα+B.T

= E0
1 + E0

2 +B.T.

Here B.T. ≤ B(∥h∥U ) with B a bounded function. From lemma 3.9.15, with k = 0, and the property

of L1
hϵ,s (3.46) and (3.47), we have

E0
1 = 2ℜ

∫ π

−τ(t)

hϵ(α, γ, t)

∫ 2α+τ(t)

−τ(t)

hϵ(α, γ, t)− hϵ(β, γ, t)

(α− β)2 + ϵ2
dβλ̃(αt

γ)
L1
hϵ,s(α, γ, t)

α+ τ(t)
(α+ τ(t))dα

= 2ℜ
∫ π

−τ(t)

hϵ(α, γ, t)

∫ π

−τ(t)

hϵ(α, γ, t)− hϵ(β, γ, t)

(α− β)2 + ϵ2
dβλ̃(αt

γ)L
1
hϵ,s(α, γ, t)dα+B.T 0

= E0
1,M +B.T.0

Here

B.T.0 ≤ C(∥h∥C0
γ([−1,1],L2

α[−τ(t),π]), ∥L1
hϵ,s∥C0

γ([−1,1],C1
α[−τ(t),π]), ∥L2

hϵ,s∥C0
γ([−1,1],C1

α[−τ(t),π]))∥h(α, γ, t)∥2L2
α[−τ(t),π].

For the first term, we have

E0
1,M = 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL1

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL1

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα
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− 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL1

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL1

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα.

We call the first two terms E0
1,M,M and the last two terms E0

1,M,s. We leave it as this form for now

and move on to control E0
2 . Similarly, from (3.46), (3.47), and lemma 3.9.18, we have

E0
2 = 2ℜ

∫ π

−τ(t)

hϵ(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβλ̃(αt

γ)
L2
hϵ,s(α, γ, t)

α+ τ(t)
(α+ τ(t))dα

= 2ℜ
∫ π

−τ(t)

hϵ(α, γ, t)

∫ π

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβλ̃(αt

γ)
L2
hϵ,s(α, γ, t)

α+ τ(t)
(α+ τ(t))dα+B.T 0

= E0
2,M +B.T 0

For E0
2,M , we have

E0
2,M = 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL2

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL2

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

− 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL2

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL2

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

= B.T 0 + E0
2,M,s,

where we used lemma 3.9.21 to show the first two terms are B.T 0 Now we are left with

E0
1,M,M + E0

1,M,s + E0
2,M,s

= 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL1

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℜL1

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

− 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL1

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL1

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)
(α− β)2 + ϵ2

dβdα

− 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL2

hϵ,s(α, γ, t)ℜhϵ(α, γ, t)
∫ π

−τ(t)

ℑhϵ(α, γ, t)−ℑhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

+ 2

∫ π

−τ(t)

λ̃(αt
γ)ℑL2

hϵ,s(α, γ, t)ℑhϵ(α, γ, t)
∫ π

−τ(t)

ℜhϵ(α, γ, t)−ℜhϵ(β, γ, t)(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα.
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Let dϵ(α, γ, t) = 2ℜL1
hϵ,s(α, γ, t), dϵ2(α, γ, t) = 2ℑL1

hϵ,s(α, γ, t), dϵ3(α, γ, t) = 2ℑL2
hϵ,s(α, γ, t). From

the (3.148), we have

−dϵ(α, γ, t) ≥ 2C|dϵ2(α, γ, t)|+ 2C|dϵ3(α, γ, t)|, (3.129)

with C = 9, α ∈ (−τ(t), π4 ) ∩ supp λ̃(αt
γ). Then by the refined G̊arding’s inequality 3.9.4, we have

E0
1,M,M + E0

1,M,s + E0
2,M,s ≤ B.T 0

Then we finish the L2 case. We also introduce a corollary here for in the later sections. The proof

is same as the L2 case of the energy estimate.

Corollary 3.9.1. If supph ⊂ [−1, 1]× [−τ(t), π4 ],

h ∈ C0
γ([−1, 1], L2

α[−τ(t), π]),

for i=1,2, for any L̃1, L̃2 satisfying the following properties:

L̃i(α, γ, t) ∈ C0
γ([−1, 1], C1

α[−τ(t), π]),

L̃i(−τ(t), γ, t) = 0,

and when α ∈ (−τ(t), π4 ) ∩ supp λ̃(αt
γ),

−ℜL̃1(α, γ, t) ≥ 2C|ℑL̃1(α, γ, t)|+ 2C|ℑL̃2(α, γ, t)|,

then we have

sup
γ
[2ℜ

∫ π

−τ(t)

h(α, γ, t)λ̃(αt
γ)

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβL̃1(α, γ, t)dα (3.130)

+ 2ℜ
∫ π

−τ(t)

h(α, γ, t)λ̃(αt
γ)

∫ 2α+τ(t)

−τ(t)

(h(α, γ, t)− h(β, γ, t))(α− β)ϵ

(α− β)2 + ϵ2
dβL̃2(α, γ, t)dα]

≲ C(∥h∥C0
γ([−1,1],L2

α[−τ(t),π]), ∥L̃1∥C0
γ([−1,1],C1

α[−τ(t),π]), ∥L̃2∥C0
γ([−1,1],C1

α[−τ(t),π]))∥h∥2L2
α[−τ(t),π])

When h is sufficiently smooth, we can also take limit to the previous corollary 3.130 and get:
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Corollary 3.9.2. If we also have h ∈ C0
γ([−1, 1], H3

α[−τ(t), π]), the following inequality holds

sup
γ
[2ℜ

∫ π

−τ(t)

h(α, γ, t)λ̃(αt
γ)p.v.

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2
dβL̃1(α, γ, t)dα

+ 2ℜ
∫ π

−τ(t)

h(α, γ, t)λ̃(αt
γ)
π

2
∂αh(α, γ, t)L̃2(α, γ, t)dα]

≲ C(∥h∥C0
γ([−1,1],L2

α[−τ(t),π]), ∥L̃1∥C0
γ([−1,1],C1

α[−τ(t),π]), ∥L̃2∥C0
γ([−1,1],C1

α[−τ(t),π]))∥h∥2L2
α[−τ(t),π])

Proof. Since h ∈ C0
γ([−1, 1], H3

α[−τ(t), π]), we have

lim
ϵ→0

∥
∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2 + ϵ2
dβ − p.v.

∫ 2α+τ(t)

−τ(t)

h(α, γ, t)− h(β, γ, t)

(α− β)2
dβ∥L∞

α [−τ(t),π] → 0,

and

lim
ϵ→0

∥
∫ 2α+τ(t)

−τ(t)

(h(α, γ, t)− h(β, γ, t))(α− β)ϵ

(α− β)2 + ϵ2
dβ − π

2
∂αh(α, γ, t)∥L∞

α [−τ(t),π] → 0.

Then we can take the limit of (RHS) of (3.130) and get the result.

We also claim the following corollary is true by fixing γ = 0 in the proof of corollary 3.9.2.

Corollary 3.9.3. If supph ⊂ [−τ(t), π4 ],

h(α, t) ∈ H3
α[−τ(t), π]),

for i=1,2, for any L̃1, L̃2 satisfying the following properties:

L̃i(α, t) ∈ C1
α[−τ(t), π],

L̃i(−τ(t), t) = 0,

and

−ℜL̃1(α, t) ≥ 2C|ℑL̃1(α, t)|+ 2C|ℑL̃2(α, t)|,

then we have

2ℜ
∫ π

−τ(t)

h(α, t)λ̃(αt
0)

∫ 2α+τ(t)

−τ(t)

h(α, t)− h(β, t)

(α− β)2
dβL̃1(α, t)dα (3.131)

+ 2ℜ
∫ π

−τ(t)

h(α, t)λ̃(αt
0)

∫ 2α+τ(t)

−τ(t)

(h(α, t)− h(β, t))(α− β)ϵ

(α− β)2
dβL̃2(α, t)dα]
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≲ C(∥h∥L2
α[−τ(t),π], ∥L̃1∥C1

α[−τ(t),π], ∥L̃2∥C1
α[−τ(t),π])∥h∥2L2

α[−τ(t),π]

3.9.2 Refined G̊arding’s inequality

Lemma 3.9.4. Let c(α), c̃(α) ∈ C([0, π]),f, g ∈ L2([0, π]), satisfying

|c(α)| ≲ α, |c̃(α)| ≲ α, supp c, supp c̃, supp f, supp g ⊂ [0,
π

4
],

there exists C > 0, such that when C|c(α)| ≤ c̃(α), we have

∫ π

0

c(α)f(α)

∫ π

0

(α− β)ϵ

((α− β)2 + ϵ2)2
(g(α)− g(β))dβ (3.132)

≤
∫ π

0

c̃(α)f(α)

∫ π

0

1

((α− β)2 + ϵ2
(f(α)− f(β))dβdα

+

∫ π

0

c̃(α)g(α)

∫ π

0

1

(α− β)2 + ϵ2
(g(α)− g(β))dβdα+B.T,

and

∫ π

0

c(α)f(α)

∫ π

0

1

(α− β)2 + ϵ2
(g(α)− g(β))dβdα (3.133)

≤
∫ π

0

c̃(α)f(α)

∫ π

0

1

(α− β)2 + ϵ2
(f(α)− f(β))dβdα

+

∫ π

0

c̃(α)g(α)

∫ π

0

1

(α− β)2 + ϵ2
(g(α)− g(β))dβdα+B.T.

where

B.T ≲ (∥f∥2L2 + ∥g∥2L2)

independent of ϵ. We can take C = 9.

Corollary 3.9.5. If we also assume f, g ∈ H3, we have

∫ π

0

c(α)f(α)
1

bl
g′(α)dα

≤
∫ π

0

c̃(α)f(α)

∫ π

0

1

(α− β)2
(f(α)− f(β))dβdα

+

∫ π

0

c̃(α)g(α)

∫ π

0

1

(α− β)2
(g(α)− g(β))dβdα+B.T,
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∫ π

0

c(α)f(α)p.v.

∫ π

0

1

(α− β)2
(g(α)− g(β))dβ

≤
∫ π

0

c̃(α)f(α)p.v.

∫ π

0

1

(α− β)2
(f(α)− f(β))dβdα

+

∫ π

0

c̃(α)g(α)p.v.

∫ π

0

1

(α− β)2
(g(α)− g(β))dβdα+B.T.

with bl =
2
π from (3.36).

Proof. We can take the limit of the previous lemma and get the result.

Proof. Now we start to show the lemma 3.9.4. First we introduce some lemmas.

Lemma 3.9.6. Let HR be the Hilbert transform on the real line. We have

∫ π

0

c(α)f(α)

∫ π

0

(α− β)ϵ

((α− β)2 + ϵ2)2
g(β)dβdα

=

∫ π

0

c(α)f(α)

∫ π

0

(HRg(β)−HRg(α))(
1

((α− β)2 + ϵ2)2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

Proof. Since

HR(
ϵ

β2 + ϵ2
) =

β

β2 + ϵ2
, (3.134)

by changing the order of the Hilbert transform and the derivative, we have

HR(
βϵ

(β2 + ϵ2)2
) =

1

2

β2 − ϵ2

(β2 + ϵ2)2
=

1

2
[

1

β2 + ϵ2
− 2ϵ2

(β2 + ϵ2)2
].

Now we extend g(β) to be a function g on R with g(β) = 0 on [0, π]c. By the property of Hilbert

transform, we have

∫ π

0

c(α)f(α)

∫ π

0

(α− β)ϵ

((α− β)2 + ϵ2)2
g(β)dβdα

=

∫ π

0

c(α)f(α)

∫ ∞

−∞

(α− β)ϵ

((α− β)2 + ϵ2)2
g(β)dβdα

=

∫ π

0

c(α)f(α)

∫ ∞

−∞

1

2
[

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
]HRg(β)dβdα
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Now we claim

∫ π

0

c(α)f(α)

∫ ∞

−∞
[

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
]HRg(β)dβdα (3.135)

=

∫ π

0

c(α)f(α)

∫ π

0

[
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
]HRg(β)dβdα+B.T.

Let us verify it. Since |c(α)| ≲ |α|, we can use the Hilbert inequality and have

∥f(α)c(α)
∫ 0

−∞

1

(α− β)2 + ϵ2
HRg(β)dβ∥L1 ≲ ∥

∫ ∞

0

1

α+ β
HRg(−β)dβ∥L2[0,∞)∥f∥L2

≲ ∥HR(g)∥L2∥f∥L2 = B.T.

For the other terms, we use supp c(α) ⊂ [0, π4 ] and we have (3.135). Moreover

∫ π

0

(
1

(α− β)2 + ϵ2
− 2ϵ2

(α− β)2 + ϵ2
)dβ =

∫ π

0

d

dβ

α− β

(α− β)2 + ϵ2
dβ =

α− π

(α− π)2 + ϵ2
− α

α2 + ϵ2
.

(3.136)

Since | α−π
(α−π)2+ϵ2 − α

α2+ϵ2 | · |c(α)| ≲ 1 on [0, π4 ], we have

∫ π

0

c(α)f(α)

∫ π

0

[
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
]HRg(β)dβdα (3.137)

=

∫ π

0

c(α)f(α)

∫ π

0

[
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
](HRg(β)−HRg(α))dβdα+B.T.

Lemma 3.9.7. We have

∫ π

0

∫ π

0

c(α)f(α)(g(α)− g(β))
1

(α− β)2 + ϵ2
dβdα

=
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β)))(g(α)− g(β))(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα+B.T.

∫ π

0

∫ π

0

c(α)f(α)(g(α)− g(β))
ϵ2

((α− β)2 + ϵ2)2
dβdα

=
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β)))(g(α)− g(β))(
ϵ2

((α− β)2 + ϵ2)2
− ϵ2

((α+ β)2 + ϵ2)2
)dβdα+B.T.

We remark that we do not need the supp f, supp g condition here.
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Proof. We only show the first one and the second one follows the same way.

∫ π

0

∫ π

0

c(α)f(α)(g(α)− g(β))
1

(α− β)2 + ϵ2
dβdα

=
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β))(g(α)− g(β))(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα

+
1

2

∫ π

0

∫ π

0

(c(α)− c(β))f(β)(g(α)− g(β))
1

(α− β)2 + ϵ2
dβdα

+
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β))(g(α)− g(β)(
1

(α+ β)2 + ϵ2
)dβdα

=I1 + I2 + I3

We now show I2 + I3 are good terms.

I2 + I3

=
1

2

∫ π

0

∫ π

0

(c(α)− c(β))f(β)(g(α)− g(β))
1

(α− β)2 + ϵ2
dβdα

+
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β))(g(α)− g(β)(
1

(α+ β)2 + ϵ2
)dβdα

=
1

2

∫ π

0

(−
∫ π

0

(c(α)− c(β))

(α− β)2 + ϵ2
dα+

∫ π

0

c(α)

(α+ β)2 + ϵ2
dα)f(β)g(β)dβ

+
1

2

∫ π

0

∫ π

0

(c(α)− c(β))g(α)

(α− β)2 + ϵ2
dαf(β)dβ

+
1

2

∫ π

0

∫ π

0

1

(α+ β)2 + ϵ2
dβc(α)f(α)g(α)dα

− 1

2

∫ π

0

∫ π

0

(c(α))f(β)

(α+ β)2 + ϵ2
)dβg(α)dα

− 1

2

∫ π

0

∫ π

0

(c(α))g(β)

(α+ β)2 + ϵ2
)dβf(α)dα

=J1 + J2 + J3 + J4 + J5

For the first term, from lemma 3.9.8, we have that −
∫ π

0
(c(α)−c(β))
(α−β)2+ϵ2 dα+

∫ π

0
c(α)

(α+β)2+ϵ2 dα is bounded.

Then J1 = B.T.

For J2, we have

∫ π

0

(c′(α)(α− β))g(α)

(α− β)2 + ϵ2
dα

=

∫ ∞

−∞

(c′(α)(α− β))g(α)

(α− β)2 + ϵ2
dα

=

∫ ∞

−∞

ϵ

(α− β)2 + ϵ2
HR(c′(α)g(α))dα
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So

∥
∫ π

0

(c(α)− c(β))g(α)

(α− β)2 + ϵ2
dα∥L2 ≲ ∥g∥L2 + ∥

∫ π

0

(c(α)− c(β)− c′(α)(α− β))g(α)

(α− β)2 + ϵ2
dα∥L2

≲ ∥g∥L2 .

Then J2 can be controlled by Holder inequality.

J3 is bounded because the boundness of
∫ π

0
1

(α+β)2+ϵ2 dβc(α), and J4, J5 can be controlled by the

Hilbert’s inequality and | c(α)
(α+β)2+ϵ2 | ≲ | 1

α+β |.

Lemma 3.9.8. We have sup0≤β≤π | −
∫ π

0
c(α)−c(β)
(α−β)2+ϵ2 dα+

∫ π

0
c(α)

(α+β)2+ϵ2 dα| ≲ 1.

Proof. Since supp c and supp c̃ ⊂ [0, π4 ], when β ≥ π
3 , we have

| −
∫ π

0

c(α)− c(β)

(α− β)2 + ϵ2
dα+

∫ π

0

c(α)

(α+ β)2 + ϵ2
dα|

= | −
∫ π

4

0

(c(α))

(α− β)2 + ϵ2
dα+

∫ π

0

c(α)

(α+ β)2 + ϵ2
dα|

≲ 1.

When β ≤ π
3 , we have

−
∫ π

0

(c(α)− c(β))

(α− β)2 + ϵ2
dα+

∫ π

0

c(α)

(α+ β)2 + ϵ2
dα

= −
∫ π

2β

(c(α)− c(β))

(α− β)2 + ϵ2
dα+

∫ π

0

c(α)

(α+ β)2 + ϵ2
dα−

∫ 2β

0

(c(α)− c(β)− c′(β)(α− β))

(α− β)2 + ϵ2
dα

= −
∫ π−2β

0

c(α+ 2β)

(α+ β)2 + ϵ2
dα+

∫ π−2β

0

c(β)

(α+ β)2 + ϵ2
dα+

∫ π−2β

0

c(α)

(α+ β)2 + ϵ2
dα+

∫ π

π−2β

c(α)

(α+ β)2 + ϵ2
dα

−
∫ 2β

0

(c(α)− c(β)− c′(β)(α− β))

(α− β)2 + ϵ2
)dα

= Term1 + Term2 + Term3 + Term4 + Term5.

Here

|Term1 + Term3| = |
∫ π−2β

0

c(α+ 2β)− c(α)

(α+ β)2 + ϵ2
dα| ≲ 2β

∫ π−2β

0

1

(α+ β)2
dα ≲ 1,

|Term2| ≲ β

∫ π

0

1

(α+ β)2
dα ≲ 1,

and since β ≤ π
3 ,

|Term4| ≲ 1,
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|Term5| ≲ 2β ≲ 1.

Then we have the result.

Lemma 3.9.9. We have

∫ π

0

∫ π

0

c(α)f(α)
f(α)− f(β)

(α− β)2 + ϵ2
dα (3.138)

=

∫ π

0

∫ π

0

c(α)HRf(α)(HRf(α)−HRf(β))(
1

(α− β)2 + ϵ2
)dβdα+B.T. (3.139)

Proof. We first show

∫ π

0

∫ π

0

c(α)f(α)(f(α)− f(β))(
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα (3.140)

=

∫ π

0

∫ π

0

c(α)HRf(α)(HRf(α)−HRf(β))(
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

From (3.134), and (3.136), We have

∫ π

0

∫ π

0

c(α)f(α)(f(α)− f(β))(
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα

=−
∫ π

0

c(α)f(α)

∫ ∞

−∞
f(β)(

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

=− 2

∫ π

0

c(α)f(α)

∫ ∞

−∞
HRf(β)

(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

=− 2

∫ π

0

f(α)

∫ ∞

−∞
c(β)HRf(β)

(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

+ 2

∫ π

0

f(α)

∫ ∞

−∞
HRf(β)

(c(β)− c(α))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

=− 2

∫ π

0

c(β)HRf(β)

∫ ∞

−∞
f(α)

(α− β)ϵ

((α− β)2 + ϵ2)2
dαdβ +B.T.

=−
∫ π

0

c(β)HRf(β)

∫ ∞

−∞
HRf(α)(

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dαdβ +B.T.

=−
∫ π

0

c(β)HRf(β)

∫ ∞

−∞
(HRf(α)−HRf(β))(

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dαdβ +B.T.

=−
∫ π

0

c(α)HRf(α)

∫ ∞

−∞
(HRf(β)−HRf(α))(

1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

=−
∫ π

0

c(α)HRf(α)

∫ π

0

(HRf(β)−HRf(α))(
1

(α− β)2 + ϵ2
− 2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

where we use the Hilbert’s inequality and the fact that |c(α)| ≲ |α|.
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Then we show

∫ π

0

∫ π

0

c(α)f(α)(f(α)− f(β))(
ϵ2

((α− β)2 + ϵ2)2
)dβdα (3.141)

=

∫ π

0

∫ π

0

c(α)HRf(α)(HRf(α)−HRf(β))(
ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

From (3.141) and (3.140), we can get (3.138).

For the LHS of (3.141), we have

∫ π

0

∫ π

0

c(α)f(α)(f(α)− f(β))(
ϵ2

((α− β)2 + ϵ2)2
)dβdα

=

∫ ∞

−∞
c(α)f(α)

∫ ∞

−∞
(f(α)− f(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα+B.T.

=

∫ ∞

−∞
HR(c(α)f(α))

∫ ∞

−∞
(HRf(α)−HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα+B.T.

=

∫ ∞

−∞
c(α)HRf(α)

∫ ∞

−∞
(HRf(α)−HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα

+

∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(α)−HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα+B.T.

Here we take c(α) = 0 when α ≤ 0 and α ≥ π.

Then we are left to show

∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(α)−HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα = B.T. (3.142)

Here

∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(α)−HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα

=

∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(α))

ϵ2

((α− β)2 + ϵ2)2
dβdα

−
∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(β))

ϵ2

((α− β)2 + ϵ2)2
dβdα

=

∫ ∞

−∞

∫ π

0

(c(α)− c(γ))f(γ)

α− γ
dγ

∫ ∞

−∞
(HRf(α))

ϵ2

((α− β)2 + ϵ2)2
dβdα

−
∫ ∞

−∞

∫ ∞

−∞

∫ π

0

(c(β)− c(γ))f(γ)

α− γ
dγ(HRf(α))

ϵ2

((α− β)2 + ϵ2)2
dβdα

=

∫ ∞

−∞

∫ ∞

−∞

∫ π

0

(
(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
)f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα
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For the integral on α < 0, and β < 0,

|
∫ 0

−∞

∫ 0

−∞

∫ π

0

(
(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
)f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

=|
∫ ∞

0

∫ ∞

0

∫ π

0

(
c(γ)

α+ γ
− c(γ)

β + γ
)f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβHRf(−α)dα|

≤|
∫ ∞

0

∫ ∞

0

∫ π

0
c(γ)

(α+γ)(β+γ)f(γ)dγϵ
2|α− β|

((α− β)2 + ϵ2)2
dβ|HRf(−α)|dα|

≤|
∫ ∞

0

∫ ∞

0

∫ π

0
|f(γ)|
|(α+γ)|dγϵ

2|α− β|
((α− β)2 + ϵ2)2

dβ|HRf(−α)|dα|

≲|
∫ ∞

0

∫ π

0

(
|f(γ)|

|(α+ γ)|
dγ|HRf(−α)|dα|

= B.T,

where we use the Holder inequality and the Hilbert’s inequality in the last step.

For the integral over α < 0, β > 0,

(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
=
c(α)− c(β)

α− γ
− (c(β)− c(γ))(α− β)

(α− γ)(β − γ)
.

We have

|
∫ 0

−∞

∫ ∞

0

∫ π

0

c(α)− c(β)

α− γ
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

≤|
∫ ∞

0

∫ ∞

0

∫ π

0

1

α+ γ
|f(γ)|dγ ϵ

2|c(−α)− c(β)|
((α+ β)2 + ϵ2)2

dβ|HRf(−α)|dα|

≲|
∫ ∞

0

∫ π

0

(
|f(γ)|

|(α+ γ)|
dγ|HRf(−α)|dα|

= B.T.

Here we use |c(−α)− c(β)| ≲ |α+ β|. Moreover,

|
∫ 0

−∞

∫ ∞

0

∫ π

0

(c(β)− c(γ))(α− β)

(α− γ)(β − γ)
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

≲|
∫ ∞

0

∫ ∞

0

∫ π

0

1

α+ γ
|f(γ)|dγ ϵ2|α+ β|

((α+ β)2 + ϵ2)2
dβ|HRf(−α)|dα|

≲|
∫ ∞

0

∫ π

0

(
|f(γ)|

|(α+ γ)|
dγ|HRf(−α)|dα|

= B.T,
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where we use | (c(β)−c(γ))
β−γ | ≲ 1. For the integral overα > 0, β < 0,

(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
=

(c(α)− c(γ))(β − α)

(α− γ)(β − γ)
+
c(α)− c(β)

β − γ
.

We have

|
∫ ∞

0

∫ 0

−∞

∫ π

0

(c(α)− c(β))

(β − γ)
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

=|
∫ ∞

0

∫ ∞

0

∫ π

0

1

(β + γ)
f(γ)dγ

ϵ2(c(α)− c(−β))
((α+ β)2 + ϵ2)2

dβ(HRf(α))dα|

≲|
∫ ∞

0

∫ ∞

0

∫ π

0

1

(β + γ)
|f(γ)|dγ ϵ2|α+ β|

((α+ β)2 + ϵ2)2
dβ|HRf(α)|dα|

≲∥HRf∥L2∥
∫ ∞

−∞

∫ π

0

1

(β + γ)
|f(γ)|1β≥0dγ

ϵ2|α+ β|
((α+ β)2 + ϵ2)2

dβ∥L2

≲∥HR(f)∥L2∥
∫ π

0

1

(β + γ)
|f(γ)|dγ∥L2

∫ ∞

−∞

ϵ2|β|
((β)2 + ϵ2)2

dβ

= B.T.

Moreover,

|
∫ ∞

0

∫ 0

−∞

∫ π

0

(c(α)− c(γ))(α− β)

(β − γ)(α− γ)
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβHRf(α)dα|

≤|
∫ ∞

0

∫ ∞

0

∫ π

0

1

(β + γ)
|f(γ)|dγ ϵ2|α+ β|

((α+ β)2 + ϵ2)2
dβ|HRf(α)|dα|,

Then we can use the same way as in the previous inequality to bound it.

For the integral over 2π > α > 0, β > 0, we have

| (c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
| ≲ |α− β|.

Hence

|
∫ 2π

0

∫ ∞

0

∫ π

0

(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

≲ |
∫ 2π

0

∫ ∞

0

∫ π

0

|f(γ)|dγ ϵ2|α− β|
((α− β)2 + ϵ2)2

dβ|HRf(α)|dα|

≲
∫ 2π

0

|HRf(α)|dα
∫ π

0

|f(γ)|dγ

≲ ∥f∥2L2
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= B.T.

For the integral over β > 0, α > 2π,

(c(α)− c(γ))

α− γ
− (c(β)− c(γ))

β − γ
=
c(α)− c(β)

α− γ
− (c(β)− c(γ))(α− β)

(α− γ)(β − γ)
.

|
∫ ∞

2π

∫ ∞

0

∫ π

0

c(α)− c(β)

α− γ
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

≲|
∫ ∞

2π

∫ ∞

0

∫ π

0

|f(γ)|dγ ϵ2|α− β|
((α− β)2 + ϵ2)2

dβ
|HRf(α)|
α− π

dα|

≲
∫ ∞

2π

|HRf(α)|
1

α− π
dα

∫ π

0

|f(γ)|dγ

≲ (

∫ ∞

2π

|HRf(α)|2dα)
1
2

∫ π

0

|f(γ)|dγ

=B.T.

And

|
∫ ∞

2π

∫ ∞

0

∫ π

0

(c(β)− c(γ))(α− β)

(α− γ)(β − γ)
f(γ)dγ

ϵ2

((α− β)2 + ϵ2)2
dβ(HRf(α))dα|

≲|
∫ ∞

2π

∫ ∞

0

∫ π

0

|f(γ)|dγ ϵ2|α− β|
((α− β)2 + ϵ2)2

dβ
|HRf(α)|
α− π

dα|

Then we can use the same method as before to show the result. By (3.140) and (3.141), we can

show the lemma.

Now we use those lemmas to show the theorem. We first show (3.132). By lemma 3.9.6,

(LHS) =

∫ π

0

c(α)f(α)

∫ π

0

(HRg(β)−HRg(α))(
−1

((α− β)2 + ϵ2)
+

2ϵ2

((α− β)2 + ϵ2)2
)dβdα+B.T.

(3.143)

=L1 + L2 +B.T.

Next, we use lemma 3.9.7 and get

L1 = −1

2

∫ π

0

∫ π

0

c(α)(f(α)−f(β)))(HRg(β)−HRg(α))(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα+B.T.

(3.144)
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L2 =

∫ π

0

∫ π

0

c(α)(f(α)−f(β)))(HRg(β)−HRg(α))(
ϵ2

((α− β)2 + ϵ2)2
− ϵ2

((α+ β)2 + ϵ2)2
)dβdα+B.T.

(3.145)

Since we have when 0 ≤ α ≤ π, 0 ≤ β ≤ π,

1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
> 0,

ϵ2

((α− β)2 + ϵ2)2
− ϵ2

((α+ β)2 + ϵ2)2
> 0,

ϵ2

((α− β)2 + ϵ2)2
− ϵ2

((α+ β)2 + ϵ2)2
≤ 4(

1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
, )

By Holder inequality, we get

|(LHS)| ≤9

4

∫ π

0

∫ π

0

c(α)(f(α)− f(β))2(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα (3.146)

+
9

4

∫ π

0

∫ π

0

c(α)(HRg(β)−HRg(α))
2(

1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα+B.T.

Moreover, in (3.133), by lemma 3.9.7, and 3.9.9,

(RHS) =
1

4

∫ π

0

∫ π

0

c̃(α)(f(α)− f(β))2(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα (3.147)

+
1

4

∫ π

0

∫ π

0

c̃(α)(HRf(β)−HRf(α))
2(

1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα

1

4

∫ π

0

∫ π

0

c̃(α)(g(α)− g(β))2(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα

+
1

4

∫ π

0

∫ π

0

c̃(α)(HRg(β)−HRg(α))
2(

1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα

+B.T.

By 3.146 and 3.147, we can take C = 9 and get (3.132). For (3.133), by lemma 3.9.7, we have

(LHS) =
1

2

∫ π

0

∫ π

0

c(α)(f(α)− f(β))(g(α)− g(β))(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα+B.T.

≤ 1

4

∫ π

0

∫ π

0

c(α)(f(α)− f(β))2(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα

+
1

4

∫ π

0

∫ π

0

c(α)(g(α)− g(β))2(
1

(α− β)2 + ϵ2
− 1

(α+ β)2 + ϵ2
)dβdα+B.T.

The (RHS) of (3.133) is same as (3.147), since (3.132) and (3.133) have same RHS. Then we can

again take C = 9.
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3.9.3 The Refined R-T condition

In this section we show when α ∈ (−τ(t), π4 )∩supp λ̃(αt
γ) the following inequality is true, for t < tRT

with tRT sufficiently small independent of ϵ:

−dϵ(α, γ, t) ≥ 2C|dϵ2(α, γ, t)|+ 2C|dϵ3(α, γ, t)|. (3.148)

From (3.46), we have

dϵ(−τ(t), γ, t) = dϵ2(−τ(t), γ, t) = dϵ3(−τ(t), γ, t) = 0.

Therefore it is enough to show the following refined R-T condition for α ∈ (−τ(t), π4 ) ∩ supp λ̃(αt
γ).

-

∂αd
ϵ(α, γ, t)− 2C|∂αdϵ2(−τ(t), γ, t)| − 2C|∂αdϵ3(−τ(t), γ, t)| > 0. (3.149)

Here we have supp λ̃(αt
γ) ⊂ [−20δ, 20δ]. Therefore we only need to show 3.149 holds when α ∈

(−τ(t), 20δ).

Lemma 3.9.10. (3.149) holds for small t ≤ tRT independent of ϵ.

Proof. From lemma 3.9.11, we know at t = 0,

−∂αdϵ(α, γ, 0) = −∂αℜL1
hϵ,s(α, γ, 0) > C0.

when α ∈ [0, 20δ]. ∂αd2(α, γ, 0) = ∂αd3(α, γ, 0) = 0 because everything is real at t = 0. From (3.50),

we also have when 0 ≤ t′ ≤ t,

∥Lj
hϵ,s(α, γ, t)− Lj

hϵ,s(α, γ, t
′)∥C0

γ([−1,1],C1
α[τ(t′),π4 ])

≲ ∥hϵ,s(α, γ, t)− hϵ,s(α, γ, t′)∥U +O(t− t′).

Moreover,

∥Lj
hϵ,s(α, γ, t)− Lj

hϵ,s(−τ(t′), γ, t)∥C0
γ([−1,1],C1

α[−τ(t),−τ(t′)])

≤ (τ(t)− τ(t′))∥Li
hϵ,s(α, γ, t)∥C0

γ([−1,1],C2
α[−τ(t),−τ(t′)] ≲ B(∥h∥U )(τ(t)− τ(t′)),

when k ≥ 2. Hence there exists small tRT which is independent of ϵ, such that(3.149) holds when

t ≤ tRT .
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Lemma 3.9.11. When t = 0, if δ is sufficiently small, there exists C0 depending on δ such that

−∂αdϵ(α, γ, 0) = −∂αℜL1
hϵ,s(α, γ, 0) > C0.

when α ∈ [0, 20δ].

Proof. Recall that

−L1
hϵ,s(α, γ, t) = lim

β→α
(
d

dβ
(

sin(A1 +B2)

cosh(A2 +B2)− cos(A1 +B1)
)(α− β)2),

where A+B = D−20hϵ(α, γ, t)−D−20hϵ(β, γ, t) + f̃L(αt
γ , t)− f̃L(βt

γ , t).

When t = 0, we have

A+B = f̃+(α, 0)− f̃+(β, 0) + f̃L(α, 0)− f̃L(β, 0) = f̃(α, 0)− f̃(β, 0).

Then

− L1
hϵ,s(α, γ, 0) = lim

β→α
(
d

dβ
(

sin(f̃1(α, 0)− f̃1(β, 0))

cosh(f̃2(α, 0)− f̃2(β, 0))− cos(f̃1(α, 0)− f̃1(β, 0))
)(α− β)2)

= lim
β→α

((
cos(f̃1(α, 0)− f̃1(β, 0))f̃

′

1(β, 0)

cosh(f̃2(α, 0)− f̃2(β, 0))− cos(f̃1(α, 0)− f̃1(β, 0))
−

sin(f̃1(α, 0)− f̃1(β, 0))(− sinh(f̃2(α, 0)− f̃2(β, 0))f̃
′

2(β, 0)− sin(f̃1(α, 0)− f̃1(β, 0))f̃
′

1(β, 0))

(cosh(f̃2(α, 0)− f̃2(β, 0))− cos(f̃1(α, 0)− f̃1(β, 0)))2
)(α− β)2)

=
2f̃

′

1(α, 0)

(f̃
′
1(α, 0))

2 + (f̃
′
2(α, 0))

2
+

4f̃
′

1(α, 0)

(f̃
′
1(α, 0))

2 + (f̃
′
2(α, 0))

2

= 6
f̃

′

1(α, 0)

(f̃
′
1(α, 0))

2 + (f̃
′
2(α, 0))

2

By the assumption (3.19) we have d2

dα2 f̃1(α, 0)|α=−τ(0) = d2

dα2 f̃1(α, 0)|α=0 > 0, moreover, by the

condition of turnover points, we have d
dα f̃1(α, 0)|α=0 = 0.

Then by letting δ sufficiently small, we get the result.

3.9.4 Control the higher order term

Now we control

Ek =
d

dt

∫ π

−π

|∂kαhϵ(α, γ, t)|2dα.
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Like in E0 case, similarly, we have

d

dt

∫ π

−π

|∂kαhϵ(α, γ, t)|2dα

= 2ℜ
∫ π

−π

∂kαh
ϵ(α, γ, t)∂kαT

ϵ
1 (h

ϵ)(α, γ, t)dα+ 2ℜ
∫ π

−π

∂kαh
ϵ(α, γ, t)∂kαT

ϵ
2 (h

ϵ)(α, γ, t)dα+B.T

= Ek
1 + Ek

2 +B.T.

For the first term, we have

Ek
1 = 2ℜ

∫ π

−τ(t)

∂kαh
ϵ(α, γ, t)∂kα(λ̃(α

t
γ)L

1
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))

(α− β)2 + ϵ2
dβ)dα

= 2ℜ
∫ π

−τ(t)

∂kαh
ϵ(α, γ, t)λ̃(αt

γ)L
1
hϵ,s(α, γ, t)∂kα

∫ 2α+τ(t)

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))

(α− β)2 + ϵ2
dβ)dα+B.T.

where we use lemma 3.9.25 and condition of L1
hϵ,s (3.47). Moreover, by lemma 3.9.22, and condition

of L1
hϵ,s (3.47), we also have

Ek
1 = ℜ

∫ π

−τ(t)

∂kαh
ϵ(α, γ, t)

L1
hϵ,s(α, γ, t)

α+ τ(t)
(α+ τ(t))

∫ 2α+τ(t)

−τ(t)

(∂kαh
ϵ(α, γ, t)− ∂kαh

ϵ(β, γ, t))

(α− β)2 + ϵ2
dβ)dα+B.T

= Ek
1,M +B.T.

Similarly, for the next term, we have

Ek
2 = 2ℜ

∫ π

−τ(t)

∂kαh
ϵ(α, γ, t)∂kα(λ̃(α

t
γ)L

2
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)dα

= 2ℜ
∫ 2α+τ(t)

−τ(t)

∂kαh
ϵ(α, γ, t)(λ̃(αt

γ)L
2
hϵ,s(α, γ, t)∂kα(

∫ 2α+τ(t)

−τ(t)

(hϵ(α, γ, t)− hϵ(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ))dα+B.T

= E0
2,M +B.T.

where we use corollary 3.9.27 and condition of L2
hϵ,s (3.47). Moreover, by lemma 3.9.23, and condition

of L2
hϵ,s (3.46), we again also have

Ek
2 = ℜ

∫ π

−τ(t)

∂kαh
ϵ(α, γ, t)λ̃(αt

γ)
L2
hϵ,s(α, γ, t)

α+ τ(t)
(α+ τ(t))

∫ 2α+τ(t)

−τ(t)

(∂kαh
ϵ(α, γ, t)− ∂kαh

ϵ(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα

+B.T = Ek
2,M +B.T.
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Notice that Ek
1,M +Ek

2,M has the same form of E0
1,M +E0

2,M except that ∂kαh
ϵ(α, γ, t) takes the place

of hϵ(α, γ, t). Hence corollary 3.9.1 leads to

Ek
1,M + Ek

2,M ≲ B(∥h∥U ).

3.9.5 The derivative with respect to γ

For V i0,k, still from the structure of T ϵ, only T ϵ
1 T

ϵ
2 and T i,ϵ

3 depending on ϵ. From Lemma 3.9.12,

∥T i,ϵ
3 (hϵ)∥U ≲ 1 independent of ϵ. We have

d

dt

∫ π

−π

|∂kα∂i0γ hϵ(α, γ, t)|2dα

= 2ℜ
∫ π

−π

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα∂
i0
γ T ϵ

1 (h
ϵ)(α, γ, t)dα+ 2ℜ

∫ π

−π

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα∂
i0
γ T ϵ

2 (h
ϵ)(α, γ, t)dα+B.T

= Ek,i0
1 + Ek,i0

2 +B.T.

We consider the first term and have

Ek,i0
1

= 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα(L
1
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

∂i0γ (h)(α, γ, t)− ∂i0γ (h)(β, γ, t)

(α− β)2 + ϵ2
dβ)dα

+ 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)
∑

j≤i0−1,l≤k

Cj,i0∂
k−l
α ∂i0−j

γ L1
hϵ,s(α, γ, t)∂lα

∫ 2α+τ(t)

−τ(t)

∂jγ(hϵ)(α, γ, t)− ∂jγ(hϵ)(β, γ, t)

(α− β)2 + ϵ2
dβdα.

From corollary 3.9.25, for l ≤ k, j ≤ i0 − 1, we have

∥∂lα
∫ 2α+τ(t)

−τ(t)

∂jγ(h
ϵ)(α, γ, t)− ∂jγ(h

ϵ)(β, γ, t)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥hϵ(α, γ, t)∥V i0−1,k+1

≲ B(∥h∥U ).

Here we have the last inequality because the structure of U (3.128). Similarly,

Ek,i0
2

= 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα(L
2
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(∂i0γ (hϵ)(α, γ, t)− ∂i0γ (hϵ)(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)dα

+ 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)
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·
∑

j≤i0−1,l≤k

Cj,i0∂
k−l
α ∂i0−j

γ L2
hϵ,s(α, γ, t)∂lα

∫ 2α+τ(t)

−τ(t)

(∂jγ(hϵ)(α, γ, t)− ∂jγ(hϵ)(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα.

From corollary 3.9.26, for l ≤ k, j ≤ i0 − 1, we have

∥∂lα
∫ 2α+τ(t)

−τ(t)

(∂jγ(h
ϵ)(α, γ, t)− ∂jγ(h

ϵ)(β, γ, t))(α− β)ϵ

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥hϵ(α, γ, t)∥V i0−1,k+1

≲ B(∥h∥U ).

Then we have

Ek,i0
1 + Ek,i0

2 = 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα(L
1
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

∂i0γ (hϵ)(α, γ, t)− ∂i0γ (hϵ)(β, γ, t)

(α− β)2 + ϵ2
dβ)dα

+ 2ℜ
∫ π

−τ(t)

∂kα∂
i0
γ h

ϵ(α, γ, t)∂kα(L
2
hϵ,s(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(∂i0γ (hϵ)(α, γ, t)− ∂i0γ (hϵ)(β, γ, t))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)dα+B.T.

Then it can be controlled in the same way as Ek
1 + Ek

2 because here ∂i0γ h takes the place of h and

other parts remain same. In conclusion, we have

d

dt
∥hϵ∥2U ≲ B(∥hϵ∥U ).

3.9.6 Take the limit

Now we have a uniform bound in U for the hϵ(α, γ, t). Let k = 20. We claim that we can use the

compactness argument to take the limit and show there exists sufficiently small time t1 such that

there exists h ∈ C1([0, t1], C
1([−1, 1], H5[−π, π])) satisfying

h(α, γ, t) = 0, when α ≤ −τ(t), (3.150)

and

dh(α, γ, t)

dt
= T (h),

where T (h) is from (3.32). Moreover, when γ = 0, h0(α, t) = h(α, 0, t) is a solution of

dh0(α, t)

dt
= T 0(h0),

where T 0(h0) is from (3.33).

Like in (3.129), let d(α, γ, t) = 2ℜL1
hs(α, γ, t), dϵ2(α, γ, t) = 2ℑL1

hs(α, γ, t), dϵ3(α, γ, t) = 2ℑL2
hs(α, γ, t).
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We claim the corresponding refined R-T condition (3.129) also holds for the limit:

−d(α, γ, t) ≥ 2C|d2(α, γ, t)|+ 2C|d3(α, γ, t)|. (3.151)

3.9.7 Lemmas for the good terms

We introduce some lemmas. ”≲” in this section does not depend on ϵ. If we do not specify, here

h(α, γ, t) ∈ Ci0
γ ([−1, 1], Hk

α[−π, π]) ∩ Sδ.

Lemma 3.9.12. The inequality for T ϵ
3 in (3.44) and (3.45) is independent of ϵ1.

Proof. We only show the bi = 20 case. By lemma 3.85, we get the same result for bi < 20.

First, we show (3.44). For the L2 case, we have

∫ 2α+τ(t)

−τ(t)

L3,i
hs (α, β, γ, t)

h̃(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ

=

∫ 2α+τ(t)

−τ(t)

(L3,i
hs (α, β, γ, t)− L3,i

h (α, α, γ, t))
h(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ

+ L3,i
hs (α, α, γ, t)

∫ 2α+τ(t)

−τ(t)

h(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ

= Term1 + Term2.

By the smoothness of L3,i
hs (3.52), we claim

∥
(L3,i

hs (α, β, γ, t)− L3,i
hs (α, α, γ, t))(α− β)

(α− β)2 + ϵ2
∥
C

i0
γ ([−1,1],C0((−τ(t),π4 )×(−τ(t), 2π3 )))

≲ 1.

Then we have

∥Term1∥Ci0
γ ([−1,1],L2[−τ(t),π4 ])

≲ 1.

By the following lemma 3.9.14, we also get the similar bound for Term2:

∥Term2∥Ci0
γ ([−1,1],L2[−τ(t),π4 ])

≲ 1.

Then we take kth derivative and have

∂kα

∫ 2α+τ(t)

−τ(t)

L3,i
hs (α, β, γ, t)

h(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ
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=
∑
k′≤k

∫ α+τ(t)

−α−τ(t)

∂k
′

α (L3,i
hs (α, α− β, γ, t))

∂k−k′

α h(α− β, γ, t)(β)

(β)2 + ϵ2
dβ

+
∑

k1+k2+k3≤k−1

Ck1,k2,k3
∂k3
α (∂k1

α (L3,i
hs (α, α− β, γ, t))|β=α+τ(t))∂

k2
α (

(∂k−1−k1−k2−k3
α h)(−τ(t), γ, t)(α+ τ(t))

(α+ τ(t))2 + ϵ2
)

−
∑

k1+k2+k3≤k−1

C ′
k1,k2,k3

∂k3
α (∂k1

α (L3,i
hs (α, α− β, γ, t))|β=−α−τ(t))∂

k2
α (

(∂k−1−k1−k2−k3
α h)(2α+ τ(t), γ, t)(α+ τ(t))

(α+ τ(t))2 + ϵ2
)

= Termk
1 + Termk

2 + Termk
3 .

Since from (3.52), we have for j + j′ ≤ k,

∥
(∂jα∂

j′

β L
3,i
hs (α, β, γ, t)− ∂jα∂

j′

β L
3,i
hs (α, α, γ, t))(α− β)

(α− β)2 + ϵ2
∥
C

i0
γ ([−1,1],C0((−τ(t),π4 )×(−τ(t), 2π3 )))

≲ 1.

then Termk
1 can be controlled in the same way in L2. Termk

2 and Termk
3 can be controlled by (3.52)

and lemma 3.9.19.

For (3.45), we have

∫ 2α+τ(t)

−τ(t)

L3,i
hs (α, β, γ, t)

h(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ −

∫ 2α+τ(t)

−τ(t)

L3,i
gs (α, β, γ, t)

g(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ

=

∫ 2α+τ(t)

−τ(t)

(L3,i
hs (α, β, γ, t)− L3,i

gs (α, β, γ, t))
h(β, γ, t)(α− β)

(α− β)2 + ϵ2
dβ

+

∫ 2α+τ(t)

−τ(t)

L3,i
gs (α, β, γ, t)

(h(β, γ, t)− g(β, γ, t))(α− β)

(α− β)2 + ϵ2
dβ

= TermD
1 + TermD

2 .

T ermD
2 can be bounded similarly as (3.44) by changing h to h− g. TermD

1 can also be bounded in

the same way by using (3.53) instead of (3.52).

Lemma 3.9.13. We have

∥p.v.
∫ 2α+τ(t)

−τ(t)

L3,i
hs (α, β, γ, t)h(β, γ, t)

(α− β)
dβ∥

C
i0
γ ([−1,1],L2[−τ(t),π4 ])

≲ ∥L3,i
hs (α, β, γ, t)∥Ci0

γ ([−1,1],C1((−τ(t),π4 )×(−τ(t), 2π3 )))
∥h(α, γ, t)∥

C
i0
γ ([−1,1],L2[−τ(t),π])

.

Proof. We have

∥p.v.
∫ 2α+τ(t)

−τ(t)

L3,i
hs (α, β, γ, t)h(β, γ, t)

(α− β)
dβ∥
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= p.v.

∫ 2α+τ(t)

−τ(t)

(L3,i
hs (α, β, γ, t)− L3,i

hs (α, α, γ, t))h(β, γ, t)

(α− β)
dβ

+ L3,i
hs (α, α, γ, t)p.v.

∫ 2α+τ(t)

−τ(t)

h(β, γ, t)

(α− β)
dβ

= Term1 + Term2.

Moreover, we have

|Term1|Ci0
γ ([−1,1],L2[−τ(t),π4 ])

≲ ∥L3,i
hs (α, β, γ, t)∥Ci0

γ ([−1,1],C1((−τ(t),π4 )×(−τ(t), 2π3 )))
∥h(α, γ, t)∥

C
i0
γ ([−1,1],L2[−τ(t),π])

.

Let

hex(α) =

{
h(α) −π ≤ α ≤ π,

0 α < −π or α > π.

Then

p.v.

∫ 2α+τ(t)

−τ(t)

h(β, γ, t)

(α− β)
dβ

=

∫ ∞

−∞

h(β, γ, t)

(α− β)
dβ −

∫ ∞

2α+τ(t)

hex(β, γ, t)

(α− β)
dβ −

∫ −τ(t)

−∞

hex(β, γ, t)

(α− β)
dβ

= Term2,1 + Term2,2 + Term2,3.

Then we could use the property of Hilbert transform to control Term2,1 and Hilbert’s Inequality to

control Term2,1 + Term2,2.

Lemma 3.9.14. If h(α) ∈ Hk[−π, π] with ∂jαh(−τ(t)) = 0 when j ≤ k − 1, we have

∥
∫ 2α+τ(t)

−τ(t)

h(β)(α− β)

(α− β)2 + ϵ2
dβ∥Hk[−τ(t),π4 ] ≲ ∥h(α, γ, t)∥Hk[−τ(t),π].

Proof. We first consider the L2 case. Let

hex(α) =

{
h(α) −π ≤ α ≤ π,

0 α < −π or α > π.

G(α) =

∫ ∞

2α+τ(t)

h(β)(α− β)

(α− β)2 + ϵ2
dβ.
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Then

|G(α− τ(t))| = |
∫ ∞

2α

h(β − τ(t))(α− β)

(α− β)2 + ϵ2
dβ| ≲

∫ ∞

2α

|hex(β − τ(t))

(α+ β)2
|dβ.

By the Hilbert’s inequality, we have

∥G(α− τ(t))∥L2[0,∞] ≲ ∥hex(α)∥L2[−τ(t),∞].

Moreover, ∫ ∞

−∞

hex(β)((α− β)2 + ϵ2)

(α− β)2 + ϵ2
dβ = CH

∫ ∞

−∞
H(hex)(β)

ϵ

(α− β)2 + ϵ2
dβ.

Here H is the Hilbert transform on the real line. Hence

∥
∫ ∞

−∞

hex(β)

(α− β)2 + ϵ)
dβ∥L2[−τ(t),π4 ] ≲ ∥hex∥L2[−∞,∞] ≲ ∥h∥L2[−τ(t),π].

Since

∫ ∞

−∞

hex(β)(α− β)

(α− β)2 + ϵ2)
−G(α) =

∫ 2α+τ(t)

−τ(t)

h(β)(α− β)

(α− β)2 + ϵ2
dβ,

we get the result. For K ≤ 1, there are extra boundary terms. We have

|∂α
∫ α+τ(t)

−α−τ(t)

h(α− β)(β)

(β)2 + ϵ2
dβ|

≲ |
∫ 2α+τ(t)

−τ(t)

∂kαh(β)(α− β)

(α− β)2 + ϵ2
dβ|

+ |
∑

k′k−1

Ck,k′∂k−1−k′

α (
∂k

′

α h(−τ(t))(α+ τ(t))

(α+ τ(t))2 + ϵ2
)− ∂k−1−k′

α (
∂k

′

α h(2α+ τ(t))(α+ τ(t))

(α+ τ(t))2 + ϵ2
)|.

Since ∂jαh(α, γ, t) = 0 when j ≤ k − 1, we have

|Term1| ≲
∑

k′≤k−1

(| ∂k
′

α h(α)

(α+ τ(t))k−k′+1
|+ | ∂

k′

α h(2α+ τ(t))

(α+ τ(t))k−k′+1
|).

By lemma 3.9.19, we have,

∥Term1∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−π,π].

For the Term2, it can be controlled in the same way as in L2 case.
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Lemma 3.9.15. We have

∥∂jα((α+ τ(t))

∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h(α)∥Hk[−π,π], (3.152)

and

∥∂j
′

α (

∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h(α)∥Hk[−π,π], (3.153)

for all j ≤ k, j′ ≤ k − 1.

Proof. We have

∂jα((α+ τ(t))

∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ)

= ∂jα((α+ τ(t))

∫ −α−τ(t)

α−(π)

h(α)− h(α− β)

(β)2 + ϵ2
dβ)

= (α+ τ(t))∂jα

∫ −α−τ(t)

α−(π)

h(α)− h(α− β)

(β)2 + ϵ2
dβ + j∂j−1

α

∫ −α−τ(t)

α−(π)

h(α)− h(α− β)

(β)2 + ϵ2
dβ

= (α+ τ(t))

∫ −α−τ(t)

α−(π)

∂jαh(α)− ∂jαh(α− β)

(β)2 + ϵ2
dβ

+
∑

j′≤j−1

Cj,j′(α+ τ(t))(∂j
′

α (
∂j−j′−1
α h(α)− ∂j−j′−1

α h(−τ(t))
(α+ τ(t))2 + ϵ2

) + ∂j
′

α (
∂j−j′−1
α h(α)− ∂j−j′−1

α h(π)

(α− π)2 + ϵ2
))

+ j
∑

j′≤j−2

C̃j,j′(∂
j′

α (
∂j−j′−2
α h(α)− ∂j−j′−2

α h(−τ(t))
(α+ τ(t))2 + ϵ2

) + ∂j
′

α (
∂j−j′−2
α h(α)− ∂j−j′−2

α h(π)

(α− π)2 + ϵ2
))

+ j

∫ −α−τ(t)

α−(π)

∂j−1
α h(α)− ∂j−1

α h(α− β)

(β)2 + ϵ2
dβ

= Term1 +
∑

j′≤j−1

Cj,j′(α+ τ(t))(∂j
′

α (
∂j−j′−1
α h(α)

(α+ τ(t))2 + ϵ2
)) +

∑
j′≤j−1

Cj,j′(α+ τ(t))(∂j
′

α (
∂j−j′−1
α h(α))

(α− π)2 + ϵ2
))

+ j
∑

j′≤j−2

C̃j,j′(∂
j′

α (
∂j−j′−2
α h(α))

(α+ τ(t))2 + ϵ2
) + j

∑
j′≤j−2

C̃j,j′(∂
j′

α (
∂j−j′−2
α h(α)

(α− π)2 + ϵ2
))

+ j

∫ −α−τ(t)

α−(π)

∂j−1
α h(α)− ∂jαh(α− β)

(β)2 + ϵ2
dβ

= Term1 + Term2 + Term3 + Term4 + Term5 + Term6.

The first term can be controlled by lemma 3.9.16. Moreover,

|Term2| ≲
∑

j′≤j−1,j′′≤j′

|∂j−j′−1+j′′

α h(α)|
(α+ τ(t))2+j′−j′′

||α+ τ(t)|
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≲
∑

j′′≤j−1

|∂j−1−j′′

α h(α)|
(α+ τ(t))2+j′′

||α+ τ(t)|

≲
∑

j′′≤j−1

|∂j−1−j′′

α h(α)|
(α+ τ(t))1+j′′

.

Hence it can be controlled by lemma 3.9.19. Term 3 can be bounded easily because there is no

singularity in the denominator. Term 4 is similar as Term 2 and Term 5 is similar as Term 3. Term

6 can be controlled by lemma 3.9.17. Then we get (3.152).

(3.153) can be shown in the same way. It is the part of (3.152) when one derivative hits on

(α+ τ(t)).

Lemma 3.9.16. We have

∥(α+ τ(t))

∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h(α)∥L2[−τ(t),π].

Proof. We have

|(α+ τ(t))

∫ −α−τ(t)

α−(π)

h(α)− h(α− β)

(β)2 + ϵ2
dβ|

≤ |(α+ τ(t))

∫ −α−τ(t)

α−(π)

1

(β)2 + ϵ2
dβ||h(α)|

+ |(α+ τ(t))

∫ π

2α+τ(t)

h(β)

(α− β)2 + ϵ2
dβ|

≲ |h(α)|+ Term2(α).

Moreover, we have

Term2(α− τ(t)) = |(α)
∫ π

2α−τ(t)

h(β)

(α− τ(t)− β)2 + ϵ2
dβ| (3.154)

= |(α)
∫ π+τ(t)

2α

h(β − τ(t))

(α− β)2 + ϵ2
dβ|

≲
∫ 2π

0

|h(β − τ(t))|
(α+ β)

dβ.

Hence by Hilbert inequality, we have

∥Term2(α− τ(t))∥L2[0,π4 +τ(t)] ≲ ∥h(α− τ(t)∥L2[0,π−τ(t)].

Then we have the result.
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Lemma 3.9.17. When h ∈ H1[−τ(t), π], with h(−τ(t)) = 0, we have

∥
∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h(α)∥H1[−τ(t),π].

Proof. First,

∫ π

2α+τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ

= (α+ τ(t))

∫ π

2α+τ(t)

h(α)
α+τ(t) −

h(β)
β+τ(t)

(α− β)2 + ϵ2
dβ +

∫ π

2α+τ(t)

(α− β) h(β)
β+τ(t)

(α− β)2 + ϵ2
dβ

= Term1 + Term2.

T erm1 can be bounded by lemma 3.9.16 and lemma 3.9.19 with l = 1. We also have

|Term2| ≤
∫ π

2α+τ(t)

h(β)
β+τ(t)

|α− β|
dβ.

Then it can be bounded by Hilbert’s inequality as in (3.154), and we have

∥Term2∥L2[−τ(t),π4 ] ≲ ∥ h(β)

β + τ(t)
∥L2[−τ(t),π].

Then by lemma 3.9.19 with l = 1, we have the result.

Lemma 3.9.18. We have

∥∂jα((α+ τ(t))

∫ π

2α+τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h(α)∥Hk[−π,π], (3.155)

∥∂j
′

α

∫ π

2α+τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ] ≲ ∥h(α)∥Hk[−π,π], (3.156)

for all j ≤ k, j′ ≤ k − 1. Here ≲ doe not depend on ϵ.

Proof. It has the similar structure as in the previous lemma. For (3.155), we have

∂jα((α+ τ(t))

∫ π

2α+τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)

= ∂jα((α+ τ(t))

∫ −α−τ(t)

α−(π)

(h(α)− h(α− β))βϵ

((β)2 + ϵ2)2
dβ)
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= (α+ τ(t))∂jα

∫ −α−τ(t)

α−(π)

(h(α)− h(α− β))βϵ

((β)2 + ϵ2)2
dβ + j∂j−1

α

∫ −α−τ(t)

α−(π)

(h(α)− h(α− β))βϵ

((β)2 + ϵ2)2
dβ

= (α+ τ(t))

∫ −α−τ(t)

α−(π)

(∂jαh(α)− ∂jαh(α− β))(β)ϵ

((β)2 + ϵ2)2
dβ

+
∑

j′≤j−1

Cj,j′(α+ τ(t))∂j
′

α (
(∂j−j′−1

α h(α)− ∂j−j′−1
α h(−τ(t)))(α+ τ(t))ϵ

((α+ τ(t))2 + ϵ2)2
)

+
∑

j′≤j−1

Cj,j′(α+ τ(t))∂j
′

α (
(∂j−j′−1

α h(α)− ∂j−j′−1
α h(π))(α− π)ϵ

((α− π)2 + ϵ2)2
)

+ j
∑

j′≤j−2

C̃j,j′∂
j′

α (
(∂j−j′−2

α h(α)− ∂j−j′−2
α h(−τ(t)))(α+ τ(t))ϵ

((α+ τ(t))2 + ϵ2)2
)

+ j
∑

j′≤j−2

C̃j,j′∂
j′

α (
(∂j−j′−2

α h(α)− ∂j−j′−2
α h(π))(α− π)ϵ

((α− π)2 + ϵ2)2
)

+ j

∫ −α−τ(t)

α−π

(∂j−1
α h(α)− ∂j−1

α h(α− β))βϵ

((β)2 + ϵ2)2
dβ

= Term1 +
∑

j′≤j−1

Cj,j′(α+ τ(t))∂j
′

α (
(∂j−j′−1

α h(α))(α+ τ(t))ϵ

((α+ τ(t))2 + ϵ2)2
)

+
∑

j′≤j−1

Cj,j′(α+ τ(t))∂j
′

α (
∂j−j′−1
α h(α))(α− π)ϵ

((α− π)2 + ϵ2)2
)

+ j
∑

j′≤j−2

C̃j,j′(∂
j′

α (
∂j−j′−2
α h(α))(α+ τ(t))ϵ

((α+ τ(t))2 + ϵ2)2
)

+ j
∑

j′≤j−2

C̃j,j′∂
j′

α (
∂j−j′−2
α h(α)(α− π)ϵ

((α− π)2 + ϵ2)2
) + Term6

= Term1 + Term2 + Term3 + Term4 + Term5 + Term6.

Each term can be controlled in the same way as in the corresponding lemma 3.9.15 by using

αϵ

(α2 + ϵ2)2
≲

1

(α2 + ϵ2)
.

(3.156) can also be shown in the same way. It is part of (3.155) when one derivative hits on

(α+ τ(t)).

Lemma 3.9.19. If h(α) ∈ H l[−τ(t), π] with ∂l′αh(−τ(t)) = 0 for l′ ≤ l − 1, then for j, j′ ≤ l we

have

∥ ∂jαh(α)

(α+ τ(t))l−j
∥L2[−τ(t),π] ≲ ∥h(α)∥Hl[−τ(t),π].
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Proof. We have

∥ ∂jαh(α)

(α+ τ(t))l−j
∥L2 = ∥

∫ 1

0
∂j+1
α h(α− ζ(α+ τ(t)))dζ

(α+ τ(t))l−j−1
∥L2

≤
∫ 1

0

∥ ∂j+1
α h(α̃)

(α̃+ τ(t))l−j−1( 1
1−ζ )

l−j−1
∥L2

1√
1− ζ

dζ

≤
∫ 1

0

∥ ∂j+1
α h(α̃)

(α̃+ τ(t))l−j−1
∥L2(1− ζ)l−j−1 1√

1− ζ
dζ

≲ ∥ ∂j+1
α h(α̃)

(α̃+ τ(t))l−j−1
∥L2 .

We could repeat this process and get the result.

Corollary 3.9.20. If h(α) ∈ H l[−τ(t), π] with ∂l′αh(−τ(t)) = 0 for l′ ≤ l − 1, then for j ≤ l we

have

∥ ∂jαh(α)

(α+ τ(t))l−j−j′
∥Hj′ [−τ(t),π] ≲ ∥h(α)∥Hl[−τ(t),π].

Lemma 3.9.21. If Lh2(−τ(t)) = 0, Lhs(α) ∈ C1[−τ(t), π], we have

|
∫ π

−τ(t)

Lhs(α)h(α)

∫ π

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα| ≲ ∥Lhs(α)∥C1[−τ(t),π]∥h∥2L2[−τ(t),π].

Proof. We separate h(α), h(β) and get

|
∫ π

−τ(t)

Lhs(α)h(α)

∫ π

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα|

≲
∫ π

−τ(t)

h2(α)
Lhs(α)

α+ τ(t)

∫ π

2α+τ(t)

(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα||α+ τ(t)|

+ |
∫ π

−τ(t)

Lhs(α)h(α)

∫ π

−τ(t)

(h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβdα|

≲
∫ π

−τ(t)

|h(α)|2dα∥Lhs(α)∥C1[−τ(t),π]

+ |1
2

∫ π

−τ(t)

h(α)

∫ π

−τ(t)

(Lhs(α)− Lhs(β))

α− β

(h(β))(α− β)2ϵ

((α− β)2 + ϵ2)2
dβdα|

≲ ∥Lhs(α)∥C1[−τ(t),π]∥h∥2L2[−τ(t),π]

+ |
∫ π

−τ(t)

|h(α)|
∫ π

−τ(t)

∥Lhs(α)∥C1[−τ(t),π]
|h(β)|ϵ

(α− β)2 + ϵ2
dβdα|

≲ ∥Lhs(α)∥C1[−τ(t),π]∥h∥2L2[−τ(t),π],

where we use the Young’s inequality in the last step.
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Lemma 3.9.22. We have

∥(α+ τ(t))(∂jα

∫ 2α+τ(t)

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ −

∫ 2α+τ(t)

−τ(t)

∂jαh(α)− ∂jαh(β)

(α− β)2 + ϵ2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π],

when j ≤ k. For any j′ ≤ k − 1, we have

∥(∂j
′

α

∫ 2α+τ(t)

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ −

∫ 2α+τ(t)

−τ(t)

∂j
′

α h(α)− ∂jαh(β)

(α− β)2 + ϵ2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

Proof. First we have

∂jα

∫ 2α+τ(t)

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ

= ∂jα

∫ α+τ(t)

−(α+τ(t))

h(α)− h(α− β)

(β)2 + ϵ2
dβ

=

∫ α+τ(t)

−(α+τ(t))

∂jαh(α)− ∂jαh(α− β)

(β)2 + ϵ2
dβ +

∑
l+l′=j−1

Cl,l′∂l−l′

α

∂l
′

αh(α)− ∂l
′

αh(−τ(t))
(α+ τ(t))2 + ϵ2

−
∑

l+l′=j−1

Cl,l′∂l−l′

α

∂l
′

αh(α)− ∂l
′

αh(2α+ τ(t))

(α+ τ(t)))2 + ϵ2

=

∫ α+τ(t)

−(α+τ(t))

∂jαh(α)− ∂jαh(α− β)

(β)2 + ϵ2
dβ + Term 2 + Term 3.

We have

|Term 2|+ |Term 3| ≲
∑

l≤j−1,l′≤l

|∂l′αh(2α+ τ(t))|
(α+ (τ(t)))l−l′+2

+
∑

l≤j−1,l′≤l

|∂l′αh(α)|
(α+ τ(t)))l−l+2

,

and

(α+ τ(t))(|Term 2|+ |Term 3|) ≲
∑

l≤j−1,l′≤l

|∂l′αh(2α+ τ(t))|
(α+ τ(t))l−l′+1

+
∑

l≤j−1,l′≤l

|∂l′αh(α)|
(α+ τ(t)))l−l′+1

.

They can be bounded by lemma 3.9.19. Here we also use h(2α+τ(t)) can be extended toHk[−τ(t), π]

with ∂j
′

α h(2α+τ(t))|α=−τ(t) = 0 when j ≤ k−1. Then we get first inequality. The second inequality

can be done in the same way.

Lemma 3.9.23. We have

∥(α+ τ(t))(∂jα

∫ 2α+τ(t)

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ −

∫ 2α+τ(t)

−τ(t)

(∂jαh(α)− ∂kαh(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)∥L2[−τ(t),π4 ]

≲ ∥h∥Hk[−τ(t),π],
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for j ≤ k. For any j′ ≤ k − 1, we have

∥(∂j
′

α

∫ 2α+τ(t)

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ −

∫ 2α+τ(t)

−τ(t)

(∂j
′

α h(α)− ∂j
′

α h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ)∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

Proof. The proof is same as the previous lemma (3.9.22).

Lemma 3.9.24. If h(−τ(t)) = 0, h = 0 when α > π
4 and h ∈ H1[−τ(t), π], τ(t) < π

2 , we have

∥
∫ π

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥H1[−τ(t),π].

Proof. First, the following estimate holds:

∥
∫ π

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ −

∫ π−τ(t)

−τ(t)

h(α)− h(β)

sin2(α− β) + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥H1[−τ(t),π]. (3.157)

In fact, we have

∥
∫ π

π
2

h(α)− h(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h(α)∥L2[−τ(t),π].

Moreover,

∥
∫ π

2

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ −

∫ π
2

−τ(t)

h(α)− h(β)

sin2(α− β) + ϵ2
dβ∥L2[−τ(t),π4 ]

≲ ∥
∫ π

2

−τ(t)

|h(α)− h(β)|| sin(α− β)2 − (α− β)2

(sin2(α− β) + ϵ2)((α− β)2 + ϵ2)
|dβ∥

≲ ∥h(α)∥L2[−τ(t),π].

We also have

∥
∫ π

π
2

h(α)− h(β)

sin2(α− β) + ϵ2
dβ∥L2[−τ(t),π4 ]

= ∥
∫ π−τ(t)

π
2

h(α)

sin2(α− β) + ϵ2
∥L2[−τ(t),π4 ]

≲ ∥h(α) 1

(α+ τ(t))
∥L2[−τ(t),π4 ]

≲ ∥h(α)∥H1[−τ(t),π].

Here we use lemma 3.9.19 in the last inequality. Therefore (3.157) is true.
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Moreover, if h ∈ H
3
2 [T ], where T is the torus of length π, for any f ∈ C∞(T ), we have

∫ π−τ(t)

−τ(t)

f(α)

∫ π−τ(t)

−τ(t)

h(α)− h(β)

sin2(α− β) + ϵ2
dβdα

=

∫ π−τ(t)

−τ(t)

Λ
− 1

2

T (f − f̂(0))(α)

∫ π−τ(t)

−τ(t)

Λ
1
2

T h(α)− Λ
1
2

T h(β)

sin2(α− β) + ϵ2
dβdα

≤1

2
(

∫ π−τ(t)

−τ(t)

∫ π−τ(t)

−τ(t)

(Λ
− 1

2

T (f(α)− f̂(0))− Λ
− 1

2

T (f(β)− f̂(0)))2

sin2(α− β)
dβdα)

1
2

· (
∫ π−τ(t)

−τ(t)

∫ π−τ(t)

−τ(t)

(Λ
1
2

T h(α)− Λ
1
2

T h(β))
2

sin2(α− β)
)dβdα

1
2

≲ (

∫ π−τ(t)

−τ(t)

Λ
− 1

2

T (f(α)− f̂(0))Λ
1
2

T (f(α)− f̂(0))dα)
1
2 (

∫ π−τ(t)

−τ(t)

Λ
1
2

T (h(α))Λ
3
2

T (h(α))dα)
1
2

≲
1

2
∥f∥L2∥ΛT h(α)∥L2 ≲ ∥f∥L2∥h(α)∥H1

Since h(−τ(t)) = 0, h = 0 when α > π
4 and h ∈ H1[−τ(t), π], we have h ∈ H1[T ]. Then we could

choose a sequence in H
3
2 to approximate it and get the result. Therefore

∥
∫ π

−τ(t)

h(α)− h(β)

sin2(α− β) + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥H1[−τ(t),π]. (3.158)

Corollary 3.9.25. we have

∥∂jα
∫ 2α+τ(t)

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

for j ≤ k − 1.

Proof. From lemma 3.9.22, we have

∥∂jα
∫ 2α+τ(t)

−τ(t)

h(α)− h(β)

(α− β)2 + ϵ2
dβ −

∫ 2α+τ(t)

−τ(t)

∂jαh(α)− ∂jβh(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π],

Moreover, from lemma 3.9.17, we have

∥
∫ π

2α+τ(t)

∂jαh(α)− ∂jβh(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π],
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From lemma 3.9.24, we have

∥
∫ π

−τ(t)

∂jαh(α)− ∂jβh(β)

(α− β)2 + ϵ2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

Then the three inequalities lead to the result.

Lemma 3.9.26. If h ∈ H1[−τ(t), π], h(−τ(t)) = 0, h = 0 when α > π
4 , we have

∥
∫ π

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2

α[−τ(t),π4 ] ≲ ∥h∥H1[−τ(t),π].

Proof. We have

∥
∫ π

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ]

= ∥
∫ −π+τ(t)+α

α+τ(t)

∫ 1

0
h′(α− ζ(β))dζβ2ϵ

(β2 + ϵ2)2
dβ∥L2[−τ(t),π4 ]

≲
∫ π

−π

∥
∫ 1

0
h′(α− ζ(β))dζ∥L2[−τ(t),π4 ]β

2ϵ

(β2 + ϵ2)2
dβ∥

≲ ∥h∥H1[−τ(t),π]

∫ π

−π

β2ϵ

(β2 + ϵ2)2
dβ

≲ ∥h∥H1[−τ(t),π].

Corollary 3.9.27. We have

∥∂jα
∫ 2α+τ(t)

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π],

for j ≤ k − 1.

Proof. From lemma 3.9.23, we have

∥∂jα
∫ 2α+τ(t)

−τ(t)

(h(α)− h(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ−

∫ 2α+τ(t)

−τ(t)

(∂jαh(α)− ∂jβh(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

Moreover, from lemma 3.9.18, we have

∥
∫ π

2α+τ(t)

(∂jαh(α)− ∂jβh(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π],
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By lemma 3.9.26, we get

∥
∫ π

−τ(t)

(∂jαh(α)− ∂jβh(β))(α− β)ϵ

((α− β)2 + ϵ2)2
dβ∥L2[−τ(t),π4 ] ≲ ∥h∥Hk[−τ(t),π].

By the three inequalities above, we get the result.

3.10 The uniqueness of T 0

From corollary 3.7.15, let h0(α, t) = h(α, 0, t), g(α, t) = f̃+(20)(αt
0, t), we have

d

dt
h0(α, t) = T 0(h0(α, t)) = (3.159)

= T 0
1 (h) + T 0

2 (h) +
∑
i

T 0,i
3 (h) +

∑
i

T 0,i
3 (h) +

∑
i

T 0,i
4 (h) + FT 0.

and

d

dt
g(α, t) = T 0(g(α, t)) = (3.160)

= T 0
1 (g(α, t)) + T 0

2 (g(α, t)) +
∑
i

T 0,i
3 (g(α, t)) +

∑
i

T 0,i
3 (g(α, t)) +

∑
i

T 0,i
4 (g(α, t)) + FT 0.

Here T 0,i
5 disappear because we let γ = 0. Corollary 3.7.15 give

∥T 0,i
4 (h0)− T 0,i

4 (g)∥L2
α[−π,π] ≲ ∥h0(α, t)− g(α, t)∥L2

α[−π,π]. (3.161)

Here ≲ depends on ∥h0∥H5
α[−π,π] and ∥g∥H5

α[−π,π]. Let L1
h0,s = L1

hs(α, 0, t), L2
h0,s = L2

hs(α, 0, t) and

L3,i
h0,s = L3,i

hs (α, 0, t), from similar estimate as in lemma 3.7.2 by taking γ = 0, we have

∥L1
h0,s(α, t)− L1

gs(α, t)∥C1
α[−τ(t),π4 ] + ∥L2

h0,s(α, t)− L2
gs(α, t)∥C1

α[−τ(t),π4 ] (3.162)

+
∑
i

∥L3,i
h0,s(α, β, t)− L3,i

gs (α, β, t)∥C1
α([−τ(t),π4 ]×[−τ(t), 2π3 ]) ≲ ∥h0(α, t)− g(α, t)∥L2

α[−π,π],

∥L1
h0,s(α, t)∥C1

α[−τ(t),π4 ] + ∥L2
h0,s(α, t)∥C1

α[−τ(t),π4 ] (3.163)

+
∑
i

∥L3,i
h0,s(α, β, t)∥C1

α([−τ(t),π4 ]×[−τ(t), 2π3 ]) ≲ 1.
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and

L1
h0,s(α, t)|α=−τ(t), L

2
h0,s(α, t)|α=−τ(t) = 0. (3.164)

Then

T 0,i
3 (h0)− T 0,i

3 (g)

= λ̃(αt
0)p.v.

∫ π

−τ(t)

(L3,i
h0,s(α, β, t)− L3,i

gs (α, β, t))
D−20+bi

0 g(β, t)

(α− β)2
(α− β)dβ

+ λ̃(αt
0)p.v.

∫ π

−τ(t)

L3,i
h0,s(α, β, t)

D−20+bi
0 h0(β, t)−D−20+bi

0 g(β, t)

(α− β)2
(α− β)dβ

= Term1 + Term2.

Here D0 is the same as (3.34). From (3.162), we have

∥Term1∥L2
α[−τ(t),π4 ] ≲ ∥h0(α, t)− g(α, t)∥L2

α[−π,π].

From (3.163) and lemma 3.9.13, we have the same bound for Term2. Therefore we have

∥T 0,i
3 (h0)− T 0,i

3 (g)∥L2
α[−τ(t),π4 ] ≲ ∥h0(α, t)− g(α, t)∥L2

α[−π,π]. (3.165)

Now we control ∥h0 − g∥L2
α[−π,π]. By (3.159), (3.160), (3.165), and (3.161), we have

d

dt

∫ π

−π

|h0 − g|2dα = 2ℜ
∫
(h0 − g)T1(h0)− T1(g)dα+ 2ℜ

∫
(h0 − g)T2(h0)− T2(g) +B.T 0

= DE1 +DE2 +B.T 0.

Here B.T 0 ≲ B(∥h0∥H5[−π,π] + ∥g∥H5[−π,π])∥h0 − g∥L2[−π,π]. Moreover, we have

DE1 +DE2 = 2ℜ
∫ π

−π

(h0(α)− g(α))(L1,0
hs (α)− L1,0

gs (α))p.v.

∫ 2α+τ(t)

−τ(t)

g(α)− g(β)

(α− β)2
dβλ̃(αt

0)dα

+ 2ℜ
∫ π

−π

(h0(α)− g(α))L1,0
hs (α)p.v

∫ 2α+τ(t)

−τ(t)

(h0(α)− g(α))− (h0(β)− g(β))

(α− β)2
dβλ̃(αt

0)dα

+ 2ℜ
∫ π

−π

(h0(α)− g(α))(L2,0
hs (α)− L2,0

gs (α))
π

2
∂αg(α)λ̃(αt

0)dα

+ 2ℜ
∫ π

−π

(h0(α)− g(α))L2,0
hs (α)

π

2
∂α(h0(α)− g(α))λ̃(αt

0)dα
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= DE1,1 +DE1,M +DE2,1 +DE2,M .

Since

∥p.v.
∫ 2α+τ(t)

−τ(t)

g(α)− g(β)

(α− β)2
dβ∥L∞[−τ(t),π4 ] = ∥p.v.

∫ 2α+τ(t)

−τ(t)

g(α)− g(β)− (α− β)∂αg(α)

(α− β)2
dβ∥L∞[−τ(t),π4 ]

≲ ∥g∥H5[−π,π],

from (3.162), we have |DE1,1| ≲ B.T 0. We also have |DE2,1| ≲ B.T 0 from (3.162). Finally, from

(3.163), (3.164), corollary 3.9.3 and the refined R-T condition (3.151)(with γ = 0), we get

DE1,M +DE2,M ≲ B.T 0.

Then

d

dt

∫ π

−π

|h0 − g|2dα ≲ B.T 0.

At t = 0, h0(α, 0) = f̃+(20)(α, 0) by definition. Therefore we have

h0(α, t) = g(α, t). (3.166)

3.11 Analyticity

Let

A(h)(α, γ, t) = (
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt

d

dα
− d

dγ
)h(α, γ, t).

We have

dh

dt
= T (h).

The idea is to show that dA(h)
dt is almost DhT (A(h)), with Dh the Gateaux derivative. Then by the

fact that the main term T1 and T2 is quasilinear, we could still use the refined G̊arding’s inequality

to show

d

dt
∥A(h)∥2L2 ≲ ∥A(h)∥2L2 ,

and get the result.
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Now we begin the proof. From (3.32), we have when α > −τ(t),

dhµ(α, γ, t)

dt
= λ̃(αt

γ)M
c
1 (h)− λ̃(αt

γ)M
c
2 (h)

+ λ̃(αt
γ)
∑
i

O1,i,c(h) + λ̃(αt
γ)
∑
i

O2,i,c(h) + λ̃(αt
γ)
∑
i

O3,i,c(h) + λ̃(αt
γ)
∑
i

O4,i,c(h) + λ̃(αt
γ)
∑
i

O5,i,c(h)

+λ̃(αt
γ)Tfixed(α

t
γ).

First, from (3.25), λ̃(αt
γ)M

c
1 (h) can be separated into two parts.

M c
1 (h) = B1

D−20(h)(α, γ, t)
dhµ
dα

+B2
D−20(h)(α, γ, t)

dhµ
dα

(3.167)

=M c
1,1(h) +M c

1,2(h),

with B1
D−20(h)(α, γ, t) =

ic(α+τ(t))γ
1+ic′(α+τ(t))γt + ic′(α+ τ(t))γtτ ′(t) and

B2
D−20(h)(α, γ, t) =

1

1 + ic′(α+ τ(t))γt
(
∂tx

∂αx
(αt

γ)−
∂tx

∂αx
(0)

+
1

(∂αx)(αt
γ)

· p.v.
∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))

dx(βt
γ)

dβ
dβ − 1

(∂αx)(0)
p.v

∫ π

−π

K(D−20(h)(−τ(t), γ, t)−D−20(h)(β, γ, t) + f̃L(0)− f̃L(βt
γ))

dx(βt
γ)

dβ
dβ).

By the definition of c(α+ τ(t)), it is supported in where λ̃(α+ τ(t)) = 1, therefore

λ̃(αt
γ)M

c
1 (h) = (

ic(α+ τ(t))γ

1 + ic′(α+ τ(t))γt
+ ic′(α+ τ(t))γtτ ′(t))

dhµ
dα

+ λ̃(αt
γ)B

2
D−20(h)(α, γ, t)

dhµ
dα

= (
ic(α+ τ(t))γ

1 + ic′(α+ τ(t))γt
+ ic′(α+ τ(t)γt)γτ ′(t))

dhµ
dα

+ λ̃(αt
γ)M

c
1,2(h).

The reason we do this separation is that the first term comes from the derivative when it hits on

α+ τ(t) + ic(α+ τ(t))γt, which makes it play a different role from the other terms.

Therefore, from lemma 3.11.6, and the trivial term A(λ̃(αt
γ)) = 0, we have when α > −τ(t),

dA(hµ)(α, γ, t)

dt
= (

ic(α+ τ(t))γ

1 + ic′(α+ τ(t))γt
+ ic′(α+ τ(t))γtτ ′(t))

dA(hµ)

dα
+ λ̃(αt

γ)A(M
c
1,2(h))− λ̃(αt

γ)A(M
c
2 (h))

+ λ̃(αt
γ)
∑
i

A(O1,i,c(h)) + λ̃(αt
γ)
∑
i

A(O2,i,c(h)) + λ̃(αt
γ)
∑
i

A(O3,i,c(h)) + λ̃(αt
γ)
∑
i

A(O4,i,c(h))

+ λ̃(αt
γ)
∑
i

A(O5,i,c(h)) + λ̃(αt
γ)A(Tfixed(α

t
γ)).
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We then calculate A(M c
1,2(h)). First, we further separate B2

D−20(h) and have

B2
D−20(h)(1 + ic′(α+ τ(t))γt) = B2,1

D−20(h)(1 + ic′(α+ τ(t))γt) +B2,2
D−20(h)(1 + ic′(α+ τ(t))γt)

(3.168)

+B2,3
D−20(h)(1 + ic′(α+ τ(t))γt) +B2,4

D−20(h)(1 + ic′(α+ τ(t))γt)

=
∂tx

∂αx
(αt

γ)−
∂tx

∂αx
(0)

+

∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))(
1

(∂αx)(αt
γ)

− 1

(∂βx)(βt
γ)

)
dx(βt

γ)

dβ
dβ

+ p.v.

∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))(1 + ic′(β + τ(t))γt)dβ

− 1

(∂αx)(0)

∫ π

−π

K(D−20(h)(−τ(t), γ, t)−D−20(h)(β, γ, t) + f̃L(0)− f̃L(βt
γ))

dx(βt
γ)

dβ
dβ.

Here we remove the ”p.v.” in the last term by corollary 3.7.24. Since f̃L(α, t) , ∂tx(α, t), and x(α, t)

are analytic in D̃ = {α+ iy||α| ≤ δ
4}, we get

A(B2,1
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)) = 0.

Moreover, by letting

ḧ(α+ τ(t)) = (D−20(h)(α, γ, t), f̃L(αt
γ),

1

(∂αx)(αt
γ)

),

K̆(ḧ(α+τ(t))−ḧ(β+τ(t))) = K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t)+f̃L(αt
γ)−f̃L(βt

γ))(
1

(∂αx)(αt
γ)

− 1

(∂βx)(βt
γ)

),

and

X(β + τ(t), γ) = (∂βx)(β
t
γ),

from lemma 3.11.7, and corollary 3.11.18, we have ,

A(B2,2
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)) = (Dh(B

2,2
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt))[A(h)].

Similarly, from corollary 3.11.16 and corollary 3.11.18, we have

A(B2,4
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)) = (Dh(B

2,4
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt))[A(h)].
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Therefore, by using lemma 3.11.5, we get

A(M c
1,2(h)) = A(B2

D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)
d
dα (hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
) (3.169)

=

4∑
j=1

A(B2,j
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)

d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt
)

=
∑

j=1,2,4

(Dh(B
2,j
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt))[A(h)]

d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt
)

+
∑

j=1,2,4

(B2,j
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt)

d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
)

+A(p.v.

∫ π

−π

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ)(1 + ic′(β + τ(t))γt)dβ

(
d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt
))

= A1,2,1 +A1,2,2 +A1,2,3.

The last term will be calculated together with M c
2 to get rid of the principal value.

For the next term M c
2 (h), we again rewrite this term. From (3.26), by integration by parts, we

have

M c
2 (h) = p.v.

∫ 2α+τ(t)

−τ(t)

(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))
d

dβ
(hµ(β, γ, t))dβ

−K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))hµ(2α+ τ(t), γ, t)

+

∫ γ

0

d
dβ (K(D−20(h)(α, γ, t)−D−20(h)(β, η, t) + f̃L(αt

γ)− f̃L(βt
η))|β=2α+τ(t)

1 + ic′(2α+ 2τ(t))ηt
hµ((2α+ τ(t)), η, t)

ic(2α+ 2τ(t))tdη

−
∫ π

2α+τ(t)

d

dβ
(K(D−20(h)(α, γ, t)− f̃+(βt

0)) + f̃L(αt
γ)− f̃L(βt

0))f̃
+
µ (βt

0)dβ.

Then by (3.166), we can replace the f̃+(20)(βt
0) by h(β, 0, t) , and get

M c
2 (h) = p.v.

∫ 2α+τ(t)

−τ(t)

(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))
d

dβ
(hµ(β, γ, t))dβ

−K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))hµ(2α+ τ(t), γ, t)

−
∫ γ

0

∇K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tη))

· (D−19(h)(2α+ τ(t), η, t) + (f̃L)′((2α+ τ(t))tη))hµ((2α+ τ(t)), η, t)ic(2α+ 2τ(t))tdη

+

∫ π

2α+τ(t)

∇K(D−20(h)(α, γ, t)−D−20(h)(β, 0, t) + f̃L(αt
γ)− f̃L(βt

0))

154



· (D−19(h)(β, 0, t) + (f̃L)′(βt
0))hµ(β, 0, t)dβ.

Then from (3.169), we have

A1,2,3 −A(M c
2 (h)) = A(

∫ 2α+τ(t)

−τ(t)

(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))

(
d
dα (hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
−

d
dβ (hµ)(β, γ, t)

1 + ic′(β + τ(t))γt
)(1 + ic′(β + τ(t))γt)dβ

+K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))hµ(2α+ τ(t)), γ, t)

+

∫ γ

0

∇K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tη))

· (D−19(h)(2α+ τ(t), η, t) + (f̃L)′((2α+ τ(t))tη))hµ((2α+ τ(t)), η, t)ic(2α+ 2τ(t))tdη

−
∫ π

2α+τ(t)

∇K(D−20(h)(α, γ, t)−D−20(h)(β, 0, t) + f̃L(αt
γ)− f̃L(βt

0))

· (D−19(h)(β, 0, t) + (f̃L)′(βt
0))hµ(β, 0, t)dβ

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))(1 + ic′(β + τ(t))γt)dβ

·
d
dα (hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
).

From corollary 3.11.13 and 3.11.18, we have

A1,2,3 −A(M c
2 (h)) =

∫ 2α+τ(t)

−τ(t)

(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))

(3.170)

(
d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
A2,0

−
d
dβA(hµ)(β, γ, t)

1 + ic′(β + τ(t))γt
)(1 + ic′(β + τ(t))γt)︸ ︷︷ ︸

A2,1

dβ

+

∫ 2α+τ(t)

−τ(t)

(DhK(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))[A(h)])

(
d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
A2,2

−
d
dβhµ(β, γ, t)

1 + ic′(β + τ(t))γt
)(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
A2,3

+K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))(A(h))µ(2α+ τ(t), γ, t)︸ ︷︷ ︸

A2,4

+DhK(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))[A(h)](h)µ(2α+ τ(t), γ, t)︸ ︷︷ ︸

A2,5
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+

∫ γ

0

∇K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tη))︸ ︷︷ ︸

A2,6

·(D−19(h)(2α+ τ(t), η, t) + (f̃L)′((2α+ τ(t))tη))
2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
A(hµ)((2α+ τ(t)), η, t)︸ ︷︷ ︸

A2,6

ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
A2,6

+

∫ γ

0

∇K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tη))︸ ︷︷ ︸

A2,7

·D−19(A(h))(2α+ τ(t), η, t)hµ((2α+ τ(t)), η, t)
2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
ic(2α+ 2τ(t))tdη)︸ ︷︷ ︸

A2,7

+

∫ γ

0

∇2K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) + f̃L(αt
γ)− f̃L((2α+ τ(t))tη))︸ ︷︷ ︸

A2,8

[(D−20(A(h))(α, γ, t)− 2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
D−20(A(h))(2α+ τ(t), η, t))︸ ︷︷ ︸

A2,8

,

(D−19(h)(2α+ τ(t), η, t) + (f̃L)′((2α+ τ(t))tη))]hµ((2α+ τ(t)), η, t)ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
A2,8

,

−
∫ π

2α+τ(t)

∇2K(D−20(h)(α, γ, t)−D−20(h)(β, 0, t) + f̃L(αt
γ)− f̃L(βt

0))[D
−20(A(h))(α, γ, t),︸ ︷︷ ︸

A2,9

(D−19(h)(β, 0, t) + (f̃L)′(βt
0))]hµ(β, 0, t)dβ︸ ︷︷ ︸

A2,9

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

Dh(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ)))[A(h)]︸ ︷︷ ︸
A2,10

·(1 + ic′(β + τ(t))γt)dβ
d
dα (hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
A2,10

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
A2,11

·
d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
A2,11

= A2,0 +A2,1 +A2,2 +A2,3 +A2,4 +A2,5 +A2,6 +A2,7 +A2,8 +A2,9 +A2,10 +A2,11.
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Here some terms disappear because A(f̃L(αt
γ)) = 0. We have

A2,0 +A2,2 +A2,10 +A2,11

= Dh(B
2,3
D−20(h)(1 + ic′(α+ τ(t))γt))[A(h)]

d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt

+B2,3
D−20(h)(1 + ic′(α+ τ(t))γt)

d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
.

Therefore, from (3.169), we get

A1,2,1 +A1,2,2 +A2,0 +A2,2 +A2,10 +A2,11 (3.171)

=

4∑
j=1

(Dh(B
2,j
D−20(h)(α, γ, t))(1 + ic′(α+ τ(t))γt))[A(h)]

d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt
)

+

4∑
j=1

(B2,j
D−20(h)(α, γ, t))(1 + ic′(α+ τ(t))γt)

d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt
)

= Dh(B
2
D−20(h)(1 + ic′(α+ τ(t))γt))[A(h)]

d
dαhµ(α, γ, t)

1 + ic′(α+ τ(t))γt

+B2
D−20(h)(1 + ic′(α+ τ(t))γt)

d
dαA(hµ)(α, γ, t)

1 + ic′(α+ τ(t))γt

= Term1 + Term2.

From lemma 3.7.4, we have BD−20(h)(α, γ, t) =
π
2L

2
hs(α, γ, t). Since B1

D−20(h)(α, γ, t) in (3.167)

does not depend on h, from (3.49), the following inequality holds:

∥Dh(B
2
D−20(h)(α, γ, t)(1 + ic′(α+ τ(t))γt))[A(h)]∥C0

γ([−1,1],L2
α[−τ(t),π4 ]) ≲ ∥A(h)∥C0

γ([−1,1],L2
α[−τ(t),π]).

Moreover, we have h ∈ C1([0, t], C1([−1, 1], H5[−π, π])). Hence Term1 in (3.169) is bounded and

from (3.170), (3.169), (3.171), we have

A(M c
1,2(h)−M c

2 (h)) = B2
D−20(h)(α, γ, t)

dA(hµ)

dα
+

∑
j=1,3≤j≤9

A2,j +B.T 0,

with

∥B.T 0∥
C0
γ ([−1,1],L2

α[−τ(t), π
4

])≲∥A(h)∥C0
γ ([−1,1],L2

α[−τ(t),π]).

In the next lemma 3.11.1, we show that C0
γ([−1, 1], L2

α[−τ(t), π4 ]) norms of all terms from A2,3 to

A2,9 are bounded by ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π]).
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Lemma 3.11.1. All C0
γ([−1, 1], L2

α[−τ(t), π4 ]) norms of A2,3 to A2,9 are bounded by ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π]).

Proof. For A2,3, we have K(D−20(h)(α, γ, t) − D−20(h)(β, γ, t) + f̃L(αt
γ) − f̃L(βt

γ)) is a kernel of

type σ = −1 . Therefore from lemma 3.7.21, we have the bound.

For A2,4 and A2,5, we have K(D−20(h)(α, γ, t) −D−20(h)(2α + τ(t), γ, t) + f̃L(αt
γ) − f̃L((2α +

τ(t))tγ)) is a term of sub-type 2 of L4,i
hs in lemma 3.7.7 , then we can also control these two terms

from (3.56) and (3.58).

For A2,6, and A2,7, we have the component of ∇K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), η, t) +

f̃L(αt
γ)− f̃L((2α+ τ(t))tη)) has the form Kj

−2 in lemma 3.7.22. Moreover,

| ic(α+ τ(t))t

(α+ τ(t))2
| ≲ 1.

Then from lemma 3.7.22, we have the result. ForA2,8, we have the component of∇2K(D−20(h)(α, γ, t)−

D−20(h)(2α+ τ(t), η, t)+ f̃L(αt
γ)− f̃L((2α+ τ(t))tη)) has the form Kj

−3 in lemma 3.7.22. Moreover,

| ic(α+ τ(t))t

(α+ τ(t))2
| ≲ 1,

∥D
−20(A(h))(α, γ, t)

α+ τ(t)
∥C0

γ([−1,1],L2
α(−τ(t),π4 )) ≲ ∥A(h)∥C0

γ([−1,1],L2
α(−τ(t),π)),

and

∥D
−20(A(h))(2α+ τ(t), η, t)

α+ τ(t)
∥C0

γ([−1,1],L2
α(−τ(t),π4 )) ≲ ∥A(h)∥C0

γ([−1,1],L2
α(−τ(t),π)).

Then from lemma 3.7.22, we have the bound.

For A2,9, we still use the component of∇2K(D−20(h)(α, γ, t)−D−20(h)(β, 0, t)+f̃L(αt
γ)−f̃L(βt

0))

has the form Kj
−3 in lemma 3.7.27. Moreover,

∥ h(β, 0, t)

(β + τ(t))3
∥L∞

β [−τ(t),π] ≲ 1.

Then from lemma 3.7.27, we can bound this term.

For the term A2,1, we again do the integration by parts and have

−A2,1 = p.v.

∫ 2α+τ(t)

−τ(t)

(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt
γ)− f̃L(βt

γ))
d

dβ
(A(hµ)(β, γ, t))dβ

= K(D−20(h)(α, γ, t)−D−20(h)(2α+ τ(t), γ, t)) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))

158



(A(hµ)(2α+ τ(t), γ, t)−A(hµ)(α, γ, t))

−K(D−20(h)(α, γ, t)−D−20(h)(−τ(t), γ, t)) + f̃L(αt
γ)− f̃L((2α+ τ(t))tγ))(A(hµ)(−τ(t), γ, t)−A(hµ)(α, γ, t))

− p.v.

∫ 2α+τ(t)

−τ(t)

d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ))(A(hµ)(β, γ, t)−A(hµ)(α, γ, t))dβ

= A2,1,1 +A2,1,2

− lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ))(α− β)2)

p.v.

∫ 2α+τ(t)

−τ(t)

(A(hµ)(β, γ, t)−A(hµ)(α, γ, t))

(α− β)2
dβ

−
∫ 2α+τ(t)

−τ(t)

[ lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2)

− d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2]

(A(hµ)(β, γ, t)−A(hµ)(α, γ, t))

(α− β)2
dβ

= A2,1,1 +A2,1,2 +A2,1,M

− p.v.

∫ 2α+τ(t)

−τ(t)

[ lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2)

− d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2]

(A(hµ)(β, γ, t))

(α− β)2
dβ

+ p.v.

∫ 2α+τ(t)

−τ(t)

[ lim
β→α

(
d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2)

− d

dβ
(K(D−20(h)(α, γ, t)−D−20(h)(β, γ, t) + f̃L(αt

γ)− f̃L(βt
γ)))(α− β)2]

1

(α− β)2
dβ(A(hµ)(α, γ, t))

= A2,1,1 +A2,1,2 +A2,1,M +A2,1,4 +A2,1,5.

(3.150) gives A(h)(−τ(t), γ, t) = 0. For A2,1,1, A2,1,2 and A2,1,5 from lemma 3.7.2, we have

A2,1,1 = L4,j1
hs (α, γ, t)(A(h)(2α+ τ(t), γ, t)−A(h)(α, γ, t)),

A2,1,1 +A2,1,2 = L4,j2
hs (α, γ, t)A(h)(α, γ, t),

and

A2,1,5 = L4,j3
hs (α, γ, t)A(h)(α, γ, t).

The first two are of sub-type 2, the last one is of sub-type 5 in lemma 3.7.7. Therefore, by lemma

3.7.7, we have

∥A2,1,1 +A2,1,2 +A2,1,5∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π]).
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Similarly,

A2,1,4 = −p.v.
∫ 2α+τ(t)

−τ(t)

L3,j4
h (α, β, γ, t)

A(h)(β, γ, t)

(α− β)
dβ,

with L3,j4
h (α, γ, t) of sub-type 1 in lemma 3.7.6. Then from (3.52), and lemma 3.9.13, we have

∥A2,1,4∥C0
γ([−1,1],L2

α[−τ(t),π4 )] ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π]).

For the main term A2,1,M , it is of the form

A2,1,M = L1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(A(hµ)(β, γ, t)−A(hµ)(α, γ, t))

(α− β)2
dβ.

with L1
hs in lemma 3.7.3. Therefore

A(M c
1,2(h)−M c

2 (h)) = B2
D−20(h)(α, γ, t)

dA(hµ)

dα
(3.172)

+ L1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(A(hµ)(α, γ, t)−A(hµ)(β, γ, t))

(α− β)2
dβ +B.T 0,

Now we show some lemmas control the Oi terms and Tfixed(α
t
γ , t).

Lemma 3.11.2. We have

∥A(O1,i,c)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π])

Proof. First, we still rewrite the O1,i,c by changing the f̃+(20)(β+ τ(t), t) by h(β, 0, t) and also write

singular terms together to cancel the p.v.. We have

O1,i,c(h) = p.v.

∫ π

−π

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

D−20+bi(h)(α, γ, t)(1 + ic′(β + τ(t))γt)dβ

− p.v.

∫ 2α+τ(t)

−τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(D−20+bi(h)(β, γ, t))(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

Ki
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

Xi′((2α+ τ(t))tη)(D
−20+bi(h)(2α+ τ(t), η, t))(ic(2α+ 2τ(t))t)dη

−
∫ π

2α+τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, 0, t)), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)
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(D−20+bih)(β, 0, t)dβ

=

∫ 2α+τ(t)

−τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(D−20+bi(h)(α, γ, t)−D−20+bi(h)(β, γ, t))(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

Ki
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

Xi′((2α+ τ(t))tη)(D
−20+bi(h)(2α+ τ(t), η, t))(ic(2α+ 2τ(t))t)dη

−
∫ π

2α+τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, 0, t)), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0))Xi′(β

t
0)

(D−20+bih)(β, 0, t)dβ

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

D−20+bi(h)(α, γ, t)(1 + ic′(β + τ(t))γt)dβ

Then by corollary 3.11.10, we have

A(O1,i,c(h)) = p.v.

∫ π

−π

DhK
i
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))[A(h)]Xi′(β

t
γ)

(1 + ic′(β + τ(t))γt)dβD−20+bi(h)(α, γ, t)

+ p.v.

∫ π

−π

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

D−20+bi(A(h))(α, γ, t)(1 + ic′(β + τ(t))γt)dβ

− p.v.

∫ 2α+τ(t)

−τ(t)

DhK
i
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))[A(h)]Xi′(β

t
γ)

(D−20+bi(h)(β, γ, t))(1 + ic′(β + τ(t))γt)dβ

− p.v.

∫ 2α+τ(t)

−τ(t)

Ki
o(V

10
h (α, γ, t)− V 10

h (β, γ, t), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(D−20+bi(A(h))(β, γ, t))(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

∇1K
i
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

· (V 10
A(h)(α, γ, t)−

2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
V 10
A(h)(2α+ τ(t), η, t))

Xi′((2α+ τ(t))tη)(D
−20+bi(h)(2α+ τ(t), η, t))(ic(2α+ 2τ(t))t)dη

+

∫ γ

0

Ki
o(V

10
h (α, γ, t)− V 10

h (2α+ τ(t), η, t), V 21
f̃L (α

t
γ)− V 21

f̃L ((2α+ τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη)

Xi′((2α+ τ(t))tη)
2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
(D−20+bi(A(h))(2α+ τ(t), η, t))(ic(2α+ 2τ(t))t)dη
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−
∫ π

2α+τ(t)

∇1K
i
o(V

10
h (α, γ, t)− V 10

h (β, 0, t)), V 21
f̃L (α

t
γ)− V 21

f̃L (β
t
0), VX(αt

γ)− VX(βt
0)) · V 10

A(h)(α, γ, t)Xi′(β
t
0)

(D−20+bih)(β, 0, t)dβ

= AO1,1 +AO1,2 +AO1,3 +AO1,4 +AO1,5 +AO1,6 +AO1,7.

Here some terms disappear because A(Vf̃L(αt
γ)) = A(VX(αt

γ)) = 0 and A(Xi′(α
t
γ)) = 0.

ForAO1,1 andAO1,2, p.v.
∫ π

−π
Ki

o(V
10
h (α, γ, t)−V 10

h (β, γ, t), V 21
f̃L

(αt
γ)−V 21

f̃L
(βt

γ), VX(αt
γ)−VX(βt

γ))Xi′(β
t
γ)(1+

ic′(β + τ(t))γt)dβ is of the same form as L4,i
hs as the sub-type 1 in lemma 3.7.7. Then from (3.58)

we can control AO1,1. Similarly, from (3.56), we can control AO1,2.

ForAO1,3 andAO1,4,K
i
o(V

10
h (α, γ, t)−V 10

h (β, γ, t), V 21
f̃L

(αt
γ)−V 21

f̃L
(βt

γ), VX(αt
γ)−VX(βt

γ))Xi′(β
t
γ)(1+

ic′(β + τ(t))γt)(α − β) is of the form sub-type 2 of L3,i
h in the lemma (3.7.6). Then AO1,4 can be

bounded by (3.54) and lemma 3.9.13. AO1,3 can be controlled similarly by using (3.52) instead of

(3.54).

For AO1,5, the component of ∇1K
i
o(V

10
h (α, γ, t) − V 10

h (2α + τ(t), η, t), V 21
f̃L

(αt
γ) − V 21

f̃L
((2α +

τ(t))tη), VX(αt
γ)− VX((2α+ τ(t))tη) has the form Kj

−2 in lemma 3.7.22. Moreover,

| ic(α+ τ(t))t

(α+ τ(t))2
| ≲ 1.

Then from lemma 3.7.22, we have the result.

ForAO1,6, the component ofKi
o(V

10
h (α, γ, t)−V 10

h (2α+τ(t), η, t), V 21
f̃L

(αt
γ)−V 21

f̃L
((2α+τ(t))tη), VX(αt

γ)−

VX((2α+ τ(t))tη) has the form Kj
−1 in lemma 3.7.22. Then it can be bounded in the same way as in

AO1,5.

ForAO1,7, we have the component of∇1K
i
o(V

10
h (α, γ, t)−V 10

h (β, 0, t)), V 21
f̃L

(αt
γ)−V 21

f̃L
(βt

0), VX(αt
γ)−

VX(βt
0)) has the form Kj

−2 in lemma 3.7.27. Moreover,

∥ h(β, 0, t)

(β + τ(t))2
∥L∞

β [−τ(t),π] ≲ 1,

Then from lemma 3.7.27, we can bound this term.

Corollary 3.11.3. We have

∥A(O2,i,c)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]),
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and

∥A(O4,i,c)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]),

Proof. From (3.28) and (3.29), they can be bounded in the same way as A(O1,i,c).

Lemma 3.11.4. We have

∥A(O3,i,c)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π]).

Proof. From (3.30), we have

O3,i,c(h) =

∫ π

−π

K̃i
o(V

10
h (αt

γ)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ) (3.173)

(1 + ic′(β + τ(t))γt)dβD−20+bi(hµ)(α, γ, t).

Then

A(O3,i,c(h)) = A(

∫ π

−π

K̃i
o(V

10
h (αt

γ)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(1 + ic′(β + τ(t))γt)dβ)D−20+bi(hµ)(α, γ, t)

+

∫ π

−π

K̃i
o(V

10
h (αt

γ)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)(1 + ic′(β + τ(t))γt)dβ

D−20+biA(hµ)(α, γ, t)

= AO3,1 +AO3,2.

Since from (3.17), there is no singularity in K̃i
o, from lemma 2.8.4,, we have

AO3,1 = Dh(

∫ π

−π

K̃i
o(V

10
h (αt

γ)− V 10
h (βt

γ), V
21
f̃L (α

t
γ)− V 21

f̃L (β
t
γ), VX(αt

γ)− VX(βt
γ))Xi′(β

t
γ)

(1 + ic′(β + τ(t))γt)dβ)[A(h)]D−20+bi(hµ)(α, γ, t),

where we use A(f̃L(αt
γ , t)) = 0 and A(Xi(α

t
γ , t)) = 0.

The
∫ π

−π
K̃i

o(V
10
h (αt

γ)−V 10
h (βt

γ), V
21
f̃L

(αt
γ)−V 21

f̃L
(βt

γ), VX(αt
γ)−VX(βt

γ))Xi′(β
t
γ)(1+ic

′(β+τ(t))γt)dβ

is of the same form as L4,i
hs as the sub-type 1 in lemma 3.7.7. Then from (3.58) we can control AO3,1.

Simlilarly, from (3.56) we can control AO3,2.
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From (3.31), and lemma 3.11.17, it is easy to get

∥A(O5,i,c)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]) ≲ ∥A(h)∥C0
γ([−1,1],L2

α[−τ(t),π4 ]).

From lemma 3.7.10, since f̃L(α, t) is analytic in the region DA, we have A(T 1
fixed(α

t
γ , t)) = 0 and

A(T 2
fixed(α

t
γ , t)) = 0. From lemma 2.8.4, we get A(T 3

fixed(α
t
γ , t)) = 0. Therefore A(Tfixed(α

t
γ , t)) =

0.

Now we only left with the main terms

dA(hµ)(α, γ, t)

dt
= (

ic(α+ τ(t))

1 + ic′(α+ τ(t))γt
+ ic′(α+ τ(t)γt)τ ′(t))

dA(hµ)

dα
+ λ̃(αt

γ)B
2
D−20(h)(α, γ, t)

dA(hµ)

dα

+ λ̃(αt
γ)L

1
hs(α, γ, t)p.v.

∫ 2α+τ(t)

−τ(t)

(A(hµ)(α, γ, t)−A(hµ)(β, γ, t))

(α− β)2
dβ +B.T.0

By (3.167), the first two terms can combine and from lemma 3.7.4, we have

dA(hµ)(α, γ, t)

dt
= λ̃(αt

γ)
π

2
L2
hs(α, γ, t)

dA(hµ)

dα

+ λ̃(αt
γ)L

1
hs(α, γ, t)p.v.

∫ 2α+τ(t)

−τ(t)

(A(hµ)(α, γ, t)−A(hµ)(β, γ, t))

(α− β)2
dβ +B.T 0.

Now we have

d

dt
∥A(hµ)∥2L2

= 2ℜ
∫ π

−π

A(hµ)(α, γ, t)λ̃(αt
γ)
π

2
L2
hs(α, γ, t)

dA(hµ)

dα

+λ̃(αt
γ)L

1
hs(α, γ, t)

∫ 2α+τ(t)

−τ(t)

(A(hµ)(α, γ, t)−A(hµ)(β, γ, t))

(α− β)2
dβdα

+B.T.0

Then we can again use corollary in the energy estimate 3.9.2 and (3.151) to get

d

dt
∥A(hµ)∥2L2 ≲ ∥A(hµ)∥2L2 .

. The initial value A(hµ)(α, γ, 0) = 0 by the definition h(α, γ, 0) = f̃+(α, 0). Then A(hµ)(α, γ, t) = 0

when t is sufficiently small. Then we have the analyticity.
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3.11.1 Lemmas

Lemma 3.11.5. If all the derivatives are well-defined and ∂α∂γh(α, γ, t) = ∂γ∂αh(α, γ, t), we have

(
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)

∂αh(α, γ)

1 + ic′(α+ τ(t))γt
=

∂α
1 + ic′(α+ τ(t))γt

(
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)h(α, γ),

Proof. We can get the result from lemma 2.8.2.

Lemma 3.11.6. If all the derivatives are well-defined, d
dα

d
dth = d

dt
d
dαh,

d
dt

d
dγh = d

dγ
d
dth,

d
dα

d
dγh =

d
dγ

d
dαh, and h satisfies

d

dt
h =

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
∂αh+ T (h),

then we have

d

dt
A(h) =

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
∂αA(h) +AT (h).

Proof.

d

dt
A(h)(α, γ, t)

=
d

dt
(

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)∂αh+

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α

d

dt
h− ∂γ

d

dt
h

= ∂t(
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)∂αh︸ ︷︷ ︸

Term1

+(
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)(

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
∂αh)︸ ︷︷ ︸

Term2

+AT (h)

We have

Term2 = (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)(

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)∂αh

+ (
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)∂α(

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂αh− ∂γ(

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂αh

= (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂α((

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)h)︸ ︷︷ ︸

Term2,1

−(
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂α(

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)︸ ︷︷ ︸

Term2,2

∂αh

+ (
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)∂α(

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂αh︸ ︷︷ ︸

Term2,3

−∂γ(
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂αh︸ ︷︷ ︸

Term2,4
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Moreover, we have

Term1 + Term2,2 + Term2,3 + Term2,4

= [∂t(
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)

− (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂α(

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)

+
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α(

ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)

− ∂γ(
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)]∂αh

= [(
ic(α+ τ(t))

1 + ic′(α+ τ(t))γt
) + (

ic′(α+ τ(t))τ ′(t)t

1 + ic′(α+ τ(t))γt
)︸ ︷︷ ︸

C1

− ic(α+ τ(t))t(ic′(α+ τ(t))γ + ic′′(α+ τ(t))γτ ′(t)t)

(1 + ic′(α+ τ(t))γt)2︸ ︷︷ ︸
C3

− (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)(

ic′(α+ τ(t))t

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
C4

− ic(α+ τ(t))t(ic′′(α+ τ(t))γt))

(1 + ic′(α+ τ(t))γt)2︸ ︷︷ ︸
C2

)

+
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
(
ic′(α+ τ(t))γ + ic′′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
C3

− (ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t))(ic′′(α+ τ(t))γt)

(1 + ic′(α+ τ(t))γt)2︸ ︷︷ ︸
C2

)

− (
ic(α+ τ(t)) + ic′(α+ τ(t))tτ ′(t)

1 + ic′(α+ τ(t))γt
)︸ ︷︷ ︸

C1

+(
(ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t))(ic′(α+ τ(t))t)

(1 + ic′(α+ τ(t))γt)2
)︸ ︷︷ ︸

C4

]∂αh

= 0.

Therefore, we have

d

dt
A(h)(α, γ, t) = Term2,1 +A(T (h))

= (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂α((

ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
∂α − ∂γ)h) +A(T (h))

= (
ic(α+ τ(t))γ + ic′(α+ τ(t))γtτ ′(t)

1 + ic′(α+ τ(t))γt
)∂αA(h) +A(T (h)).

Hence we have the result.

Let

A0(h)(α, γ) = (
ic(α)t

1 + ic′(α)γt

d

dα
− d

dγ
)h(α, γ).
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A(h)(α+ τ(t), γ) = (
ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt

d

dα
− d

dγ
)h(α+ τ(t), γ).

Now we do the following lemmas from A0 and A. In those lemmas, the ḧ, h̆ we use are vector

functions satisfying the conditions in the lemmas correspondingly.

Lemma 3.11.7. Let K̃ be meromorphic, ∂αh(α, γ) and ∂γh(α, γ) is well-defined and in C0
α[−π +

τ(t), π+τ(t)]. If for fixed α > −τ(t), there is no singular point in the integrals below and c(π+τ(t)) =

c(−π + τ(t)) = 0, c(α) ∈W 2,∞, then we have

A(

∫ π

−π

K̃(h(α+ τ(t), γ)− h(β + τ(t), γ))X(β + τ(t), γ)(1 + ic′(β + τ(t))γt)dβ)

=

∫ π

−π

∇K̃(h(α+ τ(t), γ)− h(β + τ(t), γ)) · (A(h)(α+ τ(t), γ, t)−A(h)(β + τ(t), γ, t))

X(β + τ(t), γ)(1 + ic′(β + τ(t))γt)dβ

+

∫ π

−π

K̃(h(α+ τ(t), γ)− h(β + τ(t), γ))A(X)(β + τ(t), γ)(1 + ic′(β + τ(t))γt)dβ

= Dh(

∫ π

−π

K̃(h(α+ τ(t), γ)− h(β + τ(t), γ))X(β + τ(t), γ)(1 + ic′(β + τ(t))γt)dβ)[A0(h)]

+

∫ π

−π

K̃(h(α+ τ(t), γ)− h(β + τ(t), γ, t))A0(X)(β + τ(t), γ)(1 + ic′(β + τ(t))γt)dβ

Here Dh is the Gateaux derivative.

Proof. The proof is similar as in lemma 2.8.4.

Lemma 3.11.8. Let K̆ be meromorphic, h̆(α, γ), ḧ(α, γ), X(α, γ) ∈ C1
γ([−1, 1], C1

α[−π, π]) . If for

fixed α > 0, there is no singular point in the integrals of O(h̆, ḧ) below and c(0) = c(π) = c(−π) = 0,

c(α) ∈W 2,∞, then when 0 < α < π
2 , for

O(h̆, ḧ) =

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))(h̆(α, γ)− h̆(β, γ))(X(β, γ))(1 + ic′(β)γt)dβ

+

∫ γ

0

h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))ic(2α)t(X(2α, η))dη

−
∫ π

2α

h̆(β, 0)K̆(ḧ(α, γ)− ḧ(β, 0))(X(β, 0))dβ

+

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(X(β, γ))(1 + ic′(β)γt)dβh̆(α, γ)

= O1 +O2 +O3 +O4,
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we have

A0(O(h̆, ḧ)) =

∫ 2α

0

∇K̆(ḧ(α, γ)− ḧ(β, γ)) · ([A0(ḧ)(α, γ)]− [A0(ḧ)(β, γ)])(1 + ic′(β)γt)︸ ︷︷ ︸
FA1

(h̆(α, γ)− h̆(β, γ))X(β, γ)dβ︸ ︷︷ ︸
FA1

+

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))([A0(h̆)(α, γ)]− [A0(h̆)(β, γ)])(X(β, γ))(1 + ic′(β)γt)dβ︸ ︷︷ ︸
FA2

+

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))(h̆(α, γ)− h̆(β, γ))[A0(X)(β, γ)](1 + ic′(β)γt)dβ︸ ︷︷ ︸
FA3

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · [A0(ḧ)(α, γ)]X(2α, η)ic(2α)tdη︸ ︷︷ ︸
FA4

−
∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(ḧ)(2α, η)]X(2α, η)ic(2α)tdη︸ ︷︷ ︸

FA5

+

∫ γ

0

h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(X)(2α, η)]ic(2α)tdη︸ ︷︷ ︸

FA6

+

∫ γ

0

(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(h̆)(2α, η)]K̆(ḧ(α, γ)− ḧ(2α, η))X(2α, η)ic(2α)tdη︸ ︷︷ ︸

FA7

−
∫ π

2α

h̆(β, 0)∇K̆(ḧ(α, γ)− ḧ(β, 0)) · [A0(ḧ)(α, γ)](X(β, 0))dβ︸ ︷︷ ︸
FA8

+

∫
[−π,0]∪[2α,π]

∇K̆(ḧ(α, γ)− ḧ(β, γ)) · ([A0(ḧ)(α, γ)]− [A0(ḧ)(β, γ)])(X(β, γ))(1 + ic′(β)γt))dβh̆(α, γ)︸ ︷︷ ︸
FA9

+

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))[A0(X)(β, γ)](1 + ic′(β)γt))dβh̆(α, γ)︸ ︷︷ ︸
FA10

+

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))X(β, γ)(1 + ic′(β)γt))dβ[A0(h̆)(α, γ)]︸ ︷︷ ︸
FA11

Proof. First, consider O1,

A0(O1) =

168



A(

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))X(α− β, γ)(1 + ic′(α− β)γt)dβ)

=
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(h̆(α, γ)− h̆(0, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

Term1

+K̆(ḧ(α, γ)− ḧ(2α, γ))(h̆(α, γ)− h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)]︸ ︷︷ ︸
Term1

+

∫ α

−α

∇K̆(ḧ(α, γ)− ḧ(α− β, γ)) · ([( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)]− [(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α− β, γ)])︸ ︷︷ ︸

Term2

(1 + ic′(α− β)γt)(h̆(α, γ)− h̆(α− β, γ))X(α− β, γ)dβ︸ ︷︷ ︸
Term2

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))([(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h̆(α, γ)]− [(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h̆(α− β, γ)])X(α− β, γ)︸ ︷︷ ︸

Term3

(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term3

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))[(
ic(α)t

1 + ic′(α)γt)
∂α − ∂γ)X(α− β, γ)]︸ ︷︷ ︸

Term4

(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term4

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))X(α− β, γ)[
ic(α)t

1 + ic′(α)γt
(ic′′(α− β)γt)− ic′(α− β)t]dβ︸ ︷︷ ︸

Term5

= Term1 + Term2 + Term3 + Term4 + Term5.

So we have

Term2 + Term3 + Term4 + Term5

=

∫ α

−α

∇K̆(ḧ(α, γ)− ḧ(α− β, γ)) · ([( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)]− [(

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)ḧ(α− β, γ)])︸ ︷︷ ︸

Term2,1

(1 + ic′(α− β)γt)X(α− β, γ)(h̆(α, γ)− h̆(α− β, γ))dβ︸ ︷︷ ︸
Term2,1

+

∫ α

−α

∇K̆(ḧ(α, γ)− ḧ(α− β, γ)) · [( ic(α− β)t

1 + ic′(α− β)γt
− ic(α)t

1 + ic′(α)γt
)∂αḧ(α− β, γ)]︸ ︷︷ ︸

Term2,2
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(1 + ic′(α− β)γt)X(α− β, γ)(h̆(α, γ)− h̆(α− β, γ))dβ︸ ︷︷ ︸
Term2,2

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))([(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)h̆(α, γ)]− [(

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)h̆(α− β, γ)])︸ ︷︷ ︸

Term3,1

X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term3,1

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))[(
ic(α− β)t

1 + ic′(α− β)γt
− ic(α)t

1 + ic′(α)γt
)∂α)h̆(α− β, γ)]︸ ︷︷ ︸

Term3,2

X(α− β, γ)(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term3,2

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))[(
ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)X(α− β, γ)]︸ ︷︷ ︸

Term4,1

(1 + ic′(α− β)γt)dβTerm4,1

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))[(
ic(α)t

1 + ic′(α)γt
∂α − ic(α− β)t

1 + ic′(α− β)γt
∂α)X(α− β, γ)]︸ ︷︷ ︸

Term4,2

(1 + ic′(α− β)γt)dβ︸ ︷︷ ︸
Term4,2

+

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(h̆(α, γ)− h̆(α− β, γ))X(α− β, γ)︸ ︷︷ ︸
Term5

[
ic(α)t

1 + ic′(α)γt
(ic′′(α− β)γt)− ic′(α− β)t]dβ︸ ︷︷ ︸

Term5

= Term2,1 + Term2,2 + Term3,1 + Term3,2 + Term4,1 + Term4,2 + Term5.

We have

Term2,2 + Term3,2 + Term42 + Term5

= −
∫ α

−α

d

dβ
[K̆(ḧ(α, γ)− ḧ(α− β, γ))(

ic(α)t

1 + ic′(α)γt
− ic(α− β)t

1 + ic′(α− β)γt
)(1 + ic′(α− β)γt)

X(α− β, γ)(h̆(α, γ)− h̆(α− β, γ))]dβ

= −K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(h̆(α, γ)− h̆(0, γ))X(0, γ)
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+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(h̆(α, γ)− h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt).

Therefore we have

A0(O1) =
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(h̆(α, γ)− h̆(0, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

B1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(h̆(α, γ)− h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)]︸ ︷︷ ︸
B1

+ Term2,1︸ ︷︷ ︸
FA1

+Term3,1︸ ︷︷ ︸
FA2

++ Term4,1︸ ︷︷ ︸
FA3

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(h̆(α, γ)− h̆(0, γ))X(0, γ)︸ ︷︷ ︸

B2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(h̆(α, γ)− h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3

= Term2,1︸ ︷︷ ︸
FA1

+Term3,1︸ ︷︷ ︸
FA2

+Term4,1︸ ︷︷ ︸
FA3

+
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(h̆(α, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)]︸ ︷︷ ︸
B1,1

+
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(−h̆(0, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)]︸ ︷︷ ︸
B1,2

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(h̆(α, γ))X(0, γ)︸ ︷︷ ︸

B2,1

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−h̆(0, γ))X(0, γ)︸ ︷︷ ︸

B2,2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,2

.
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Here B1 = B1,1 +B1,2, B2 = B2,1 +B2,2, B3 = B3,1 +B3,2.

Then we consider A0(O2), we have

A0(O2) = A(

∫ γ

0

h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))X(2α, η)ic(2α)tdη)

=

∫ γ

0

(
2ic(α)t

1 + ic′(α)γt
(∂αh)(2α, η))X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))ic(2α)tdη︸ ︷︷ ︸

Term1

+

∫ γ

0

h̆(2α, η)(
2ic(α)t

1 + ic′(α)γt
(∂αX)(2α, η))K̆(ḧ(α, γ)− ḧ(2α, η))ic(2α)tdη︸ ︷︷ ︸

Term2

−h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))ic(2α)t︸ ︷︷ ︸
Term3

+

∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( ic(α)t

1 + ic′(α)γt
(∂αḧ)(α, γ)− (∂γ ḧ)(α, γ))ic(2α)tdη︸ ︷︷ ︸

Term4=FA4

−
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
(∂αh)(2α, η))ic(2α)tdη︸ ︷︷ ︸

Term5

+

∫ γ

0

h̆(2α, η)X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))
i2c(α)t

1 + ic′(α)γt
ic′(2α)tdη︸ ︷︷ ︸

Term6

= Term1 + Term2 + Term3 + Term4 + Term5 + Term6

Now we do the change to the terms 1,2,5 by writing the terms as A0(h̆).

Term1 + Term2 + Term5 =∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη︸ ︷︷ ︸

Term1,1

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη︸ ︷︷ ︸

Term1,2

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)X(2α, η)]h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη︸ ︷︷ ︸

Term2,1

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)X(2α, η)]h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη︸ ︷︷ ︸

Term2,2

−
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η)]ic(2α)tdη︸ ︷︷ ︸

Term5,1
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−
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η)]ic(2α)tdη︸ ︷︷ ︸

Term5,2

= Term1,1 + Term1,2 + Term2,1 + Term2,2 + Term5,1 + Term5,2.

Then, we have

Term1,2 + Term2,2 + Term5,2 + Term6

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)X(2α, η)]h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

−
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η)]ic(2α)tdη

+

∫ γ

0

h̆(2α, η)X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))
i2c(α)t

1 + ic′(α)γt
ic′(2α)tdη

=

∫ γ

0

d

dη
[h̆(2α, η)X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))

i2c(α)t

1 + ic′(α)γt
(ic′(2α)ηt+ 1)]dη

= (h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))
i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1))

− h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))
i2c(α)t

1 + ic′(α)γt
.

Moreover, we have

Term1,1 =

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[(

ic(2α)t

2(1 + ic′(2α)ηt)

d

dα
− d

dη
)h̆(2α, η)]X(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(h̆)(2α, η)]K̆(ḧ(α, γ)− ḧ(2α, η))X(2α, η)dη︸ ︷︷ ︸

FA7

,

T erm2,1 =

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)X(2α, η)]h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[(

ic(2α)t

2(1 + ic′(2α)ηt)

d

dα
− d

dη
)X(2α, η)]h̆(2α, η)K̆(ḧ(α, γ)− ḧ(2α, η))dη

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(X)(2α, η)]K̆(ḧ(α, γ)− ḧ(2α, η))h̆(2α, η)dη︸ ︷︷ ︸

FA6

,
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and

Term5,1 = −
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η)]

ic(2α)tdη

= −
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)

· [( ic(2α)t

2(1 + ic′(2α)ηt)

d

dα
− d

dη
)ḧ(2α, η)]ic(2α)tdη

= −
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[(A0ḧ)(2α, η)]ic(2α)tdη︸ ︷︷ ︸

FA5

.

Therefore we have

A0(O2) = Term1,1 + Term2,1 + Term5,1 + Term4 + Term3 + (Term1,2 + Term2,2 + Term5,2 + Term6)

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(h̆)(2α, η)]K̆(ḧ(α, γ)− ḧ(2α, η))X(2α, η)dη︸ ︷︷ ︸

FA7

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(X)(2α, η)]K̆(ḧ(α, γ)− ḧ(2α, η))h̆(2α, η)dη︸ ︷︷ ︸

FA6

−
∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t
)[A0(ḧ)(2α, η)]ic(2α)tdη︸ ︷︷ ︸

FA5

+

∫ γ

0

h̆(2α, η)X(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · [(A0(ḧ)(α, γ)]ic(2α)tdη︸ ︷︷ ︸
FA4

−h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))ic(2α)t︸ ︷︷ ︸
B4

+h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))
i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1)︸ ︷︷ ︸

B5

−h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))
i2c(α)t

1 + ic′(α)γt︸ ︷︷ ︸
B6

For O3, we have

A0(O3) = A0(−
∫ π

2α

X(β, 0)h̆(β, 0)K̆(ḧ(α, γ)− ḧ(β, 0))dβ)
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=
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))︸ ︷︷ ︸

B7

−
∫ π

2α

X(β, 0)h̆(β, 0)∇K̆(ḧ(α, γ)− ḧ(β, 0)) · ( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)dβ︸ ︷︷ ︸

FA8

Finally, for O4, we have

A(O4) = A0(

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))(X(α− β, γ))(1 + ic′(α− β)γt)dβh̆(α, γ))

=

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(X(β, γ))(1 + ic′(β)γt)dβA0(h̆)(α, γ)︸ ︷︷ ︸
FA11

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(1 + ic′(−π)γt)h̆(α, γ)︸ ︷︷ ︸

Term1,1,B8,1

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(1 + ic′(0)γt)h̆(α, γ)︸ ︷︷ ︸

Term1,2,B8,2

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(1 + ic′(2α)γt)h̆(α, γ)︸ ︷︷ ︸

Term1,3,B8,3

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(1 + ic′(π)γt)h̆(α, γ)︸ ︷︷ ︸

Term1,4,B8,4

+

∫
[α−π,−α]∪[α,α+π]

X(α− β, γ)∇K̆(ḧ(α, γ)− ḧ(α− β, γ))︸ ︷︷ ︸
Term2

·([( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)]− [(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α− β, γ, t)])(1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸

Term2

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))[(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)X(α− β, γ)](1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸

Term3

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))X(α− β, γ)(
ic(α)t

1 + ic′(α)γt
ic′′(α− β)γt− ic′(α− β)t)dβh̆(α, γ)︸ ︷︷ ︸

Term4

= FA11 + Term1,1 + Term1,2 + Term1,3 + Term1,4+

+

∫
[α−π,−α]∪[α,α+π]

X(α− β, γ)∇K̆(ḧ(α, γ)− ḧ(α− β, γ))︸ ︷︷ ︸
Term2,1
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·([( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)]− [(

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)ḧ(α− β, γ)])(1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸

Term2,1

+

∫
[α−π,−α]∪[α,α+π]

∇K̆(ḧ(α, γ)− ḧ(α− β, γ)) · [( ic(α− β)t

1 + ic′(α− β)γt
∂α − ic(α)t

1 + ic′(α)γt
∂α)ḧ(α− β, γ)]︸ ︷︷ ︸

Term2,2

X(α− β, γ)(1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸
Term2,2

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))([
ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)X(α− β, γ)](1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸

Term3,1

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))[(
ic(α)t

1 + ic′(α)γt
∂α − ic(α− β)t

1 + ic′(α− β)γt
∂α)X(α− β, γ)]︸ ︷︷ ︸

Term3,2

(1 + ic′(α− β)γt)dβh̆(α, γ)︸ ︷︷ ︸
Term3,2

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))X(α− β, γ)(
ic(α)t

1 + ic′(α)γt
ic′′(α− β)γt− ic′(α− β)t)dβh̆(α, γ)︸ ︷︷ ︸

Term4

= FA11 + Term1,1 + Term1,2 + Term1,3 + Term1,4 + Term2,1 + Term2,2 + Term3,1 + Term3,2 + Term4.

Then we have

Term2,2 + Term3,2 + Term4 =

=

∫
[α−π,−α]∪[α,α+π]

d

dβ
[K̆(ḧ(α, γ)− ḧ(α− β, γ))X(α− β, γ)(ic(α− β)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(α− β)γt))]dβ

· h̆(α, γ)

= K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))h̆(α, γ)︸ ︷︷ ︸

B9,1

−K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))h̆(α, γ)︸ ︷︷ ︸

B9,2

+K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))h̆(α, γ)︸ ︷︷ ︸

B9,3

−K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))h̆(α, γ).︸ ︷︷ ︸

B9,4
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Then

A0(O4) = FA11 + Term1,1 + Term1,2 + Term1,3 + Term1,4︸ ︷︷ ︸
B8

+Term2,1︸ ︷︷ ︸
FA9

+ Term3,1︸ ︷︷ ︸
FA10

+Term2,2 + Term3,2 + Term4︸ ︷︷ ︸
B9

.

Here we use B8 to show the sum B8,1 +B8,2 +B8,3 +B8,4, and B9 to show the sum B9,1 +B9,2 +

B9,3 +B9,4 = B9.

Then we are left to show all B terms are cancelled.

B1 +B2 +B3 +B4 +B5 +B6 +B7 +B8 +B9

=
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(h̆(α, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B1,1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(−h̆(0, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,2

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B1,2

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(h̆(α, γ))X(0, γ)︸ ︷︷ ︸

B2,1

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−h̆(0, γ))X(0, γ)︸ ︷︷ ︸

B2,2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,2

−h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))ic(2α)t︸ ︷︷ ︸
B4

+h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))
i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1)︸ ︷︷ ︸

B5
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−h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))
i2c(α)t

1 + ic′(α)γt︸ ︷︷ ︸
B6

+
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))︸ ︷︷ ︸

B7

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(1 + ic′(−π)γt)h̆(α, γ)︸ ︷︷ ︸

B8,1

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(1 + ic′(0)γt)h̆(α, γ)︸ ︷︷ ︸

B8,2

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(1 + ic′(2α)γt)h̆(α, γ)︸ ︷︷ ︸

B8,3

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(1 + ic′(π)γt)h̆(α, γ)︸ ︷︷ ︸

B8,4

+K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))h̆(α, γ)︸ ︷︷ ︸

B9,1

−K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))h̆(α, γ)︸ ︷︷ ︸

B9,2

+K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))h̆(α, γ)︸ ︷︷ ︸

B9,3

−K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))h̆(α, γ)︸ ︷︷ ︸

B9,4

=
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(h̆(α, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

C1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

C2

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(−h̆(0, γ))X(0, γ)(1 + ic′(0)γt)︸ ︷︷ ︸

C3

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

C4

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(h̆(α, γ))X(0, γ)︸ ︷︷ ︸

C5
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−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−h̆(0, γ))X(0, γ)︸ ︷︷ ︸

C3

+K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(h̆(α, γ))X(2α, γ)(1 + ic′(2α)γt)︸ ︷︷ ︸

C6

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt︸ ︷︷ ︸
C4

− ic(2α)t

1 + ic′(2α)γt︸ ︷︷ ︸
C7

)(−h̆(2α, γ))X(2α, γ)(1 + ic′(2α)γt)

−h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))ic(2α)t︸ ︷︷ ︸
C7

+h̆(2α, γ)X(2α, γ)K̆(ḧ(α, γ)− ḧ(2α, γ))
i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1)︸ ︷︷ ︸

C4

−h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))
i2c(α)t

1 + ic′(α)γt︸ ︷︷ ︸
C8

+
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)X(2α, 0)K̆(ḧ(α, γ)− ḧ(2α, 0))︸ ︷︷ ︸

C8

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(1 + ic′(−π)γt)h̆(α, γ)︸ ︷︷ ︸

C9

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(1 + ic′(0)γt)h̆(α, γ)︸ ︷︷ ︸

C1

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(1 + ic′(2α)γt)h̆(α, γ)︸ ︷︷ ︸

C2

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(1 + ic′(π)γt)h̆(α, γ)︸ ︷︷ ︸

C10

+K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))h̆(α, γ)︸ ︷︷ ︸

C9

−K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))h̆(α, γ)︸ ︷︷ ︸

C5

+K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))h̆(α, γ)︸ ︷︷ ︸

C6

−K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))h̆(α, γ)︸ ︷︷ ︸

C10
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= 0.

Here we write the same Ci under terms that cancel with each other.

Remark 3.11.9. We could change [−π, π] in lemma 3.11.8 to any interval [bL, bR] satisfying bL <

0 < bR. The corresponding result holds for 0 < α < bR
2 .

Corollary 3.11.10. Let K̆ be meromorphic, 0 ≤ τ(t) ≤ π
4 , h̆(α, γ), ḧ(α, γ), X(α, γ) ∈ C1

γ([−1, 1], C1
α[−π+

τ(t), π+ τ(t)]) . If for fixed α > −τ(t), there is no singular point in the integrals of O(h) below and

c(0) = c(π + τ(t)) = c(−π + τ(t)) = 0, c(α) ∈W 2,∞, then when −τ(t) < α < π
4 , for

Õ(h̆, ḧ) =

∫ 2α+τ(t)

−τ(t)

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(h̆(α+ τ(t), γ)− h̆(β + τ(t), γ))X(β + τ(t), γ)

(1 + ic′(β + τ(t))γt)dβ

+

∫ γ

0

h̆(2α+ 2τ(t), η)K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))ic(2α+ 2τ(t))t(X(2α+ 2τ(t), η))dη

−
∫ π

2α+τ(t)

h̆(β + τ(t), 0)K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), 0))(X(β + τ(t), 0))dβ

+

∫
[−π,0]∪[2α+2τ(t),π]

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(X(β + τ(t), γ))(1 + ic′(β + τ(t))γt)dβh̆(α+ τ(t), γ)

we have

A(Õ(h̆, ḧ)) =

∫ 2α+τ(t)

−τ(t)

∇K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ)) · ([A(ḧ)(α+ τ(t), γ)]− [A(ḧ)(β + τ(t), γ)])︸ ︷︷ ︸
FA1

(1 + ic′(β + τ(t))γt)(h̆(α+ τ(t), γ)− h̆(β + τ(t), γ))X(β + τ(t), γ)dβ︸ ︷︷ ︸
FA1

+

∫ 2α+τ(t)

−τ(t)

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))([A(h̆)(α+ τ(t), γ)]− [A(h̆)(β + τ(t), γ)])︸ ︷︷ ︸
FA2

(X(β + τ(t), γ))(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
FA2

+

∫ 2α+τ(t)

−τ(t)

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(h̆(α+ τ(t), γ)− h̆(β + τ(t), γ))[A(X)(β + τ(t), γ)]︸ ︷︷ ︸
FA3

(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
FA3
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+

∫ γ

0

h̆(2α+ 2τ(t), η)∇K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η)) · [A(ḧ)(α+ τ(t), γ)]X(2α+ 2τ(t), η)︸ ︷︷ ︸
FA4

ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
FA4

−
∫ γ

0

h̆(2α+ 2τ(t), η)∇K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η)) · ( 2ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)(
1 + ic′(2α+ 2τ(t))ηt

ic(2α+ 2τ(t))t
)︸ ︷︷ ︸

FA5

[A(ḧ)(2α+ 2τ(t), η)]X(2α+ 2τ(t), η)ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
FA5

+

∫ γ

0

h̆(2α+ 2τ(t), η)K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))(
2ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)(
1 + ic′(2α+ 2τ(t))ηt

ic(2α+ 2τ(t))t
)︸ ︷︷ ︸

FA6

[A(X)(2α+ 2τ(t), η)]ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
FA6

+

∫ γ

0

(
2ic(α+ τ(t))t

1 + ic′(α+ τ(t))γt
)(
1 + ic′(2α+ 2τ(t))ηt

ic(2α+ 2τ(t))t
)[A(h̆)(2α+ 2τ(t), η)]K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))︸ ︷︷ ︸

FA7

X(2α+ 2τ(t), η)ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
FA7

−
∫ π

2α+τ(t)

h̆(β + τ(t), 0)∇K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), 0)) · [A(ḧ)(α+ τ(t), γ)](X(β + τ(t), 0))dβ︸ ︷︷ ︸
FA8

+

∫
[−π,0]∪[2α,π]

∇K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ)) · ([A(ḧ)(α+ τ(t), γ)]− [A(ḧ)(β + τ(t), γ)])︸ ︷︷ ︸
FA9

(X(β + τ(t), γ))(1 + ic′(β + τ(t))γt))dβh̆(α+ τ(t), γ)︸ ︷︷ ︸
FA9

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))[A(X)(β + τ(t), γ)]︸ ︷︷ ︸
FA10

(1 + ic′(β + τ(t))γt))dβh̆(α+ τ(t), γ)︸ ︷︷ ︸
FA10

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))X(β + τ(t), γ)(1 + ic′(β + τ(t))γt))dβ︸ ︷︷ ︸
FA11

[A(h̆)(α+ τ(t), γ)]︸ ︷︷ ︸
FA11

.
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Proof. By letting [bL, bR] = [−π + τ(t), π + τ(t)] in Remark 3.11.9, we have

Õ(h̆, ḧ)(α) = O(h̆, ḧ)(α+ τ(t)),

and

A(Õ(h̆, ḧ)(α)) = A0(O(h̆, ḧ))(α+ τ(t)).

Then we have the result.

Lemma 3.11.11. Let K be meromorphic, h̆(α, γ), ḧ(α, γ) ∈ C1
γ([−1, 1], C1

α[−π, π]). If for fixed

α > 0, there is no singular point in the integrals in M(h̆ḧ) below and c(0) = c(π) = c(−π) = 0,

c(α) ∈W 2,∞, then when 0 < α < π
2 , for

M(h̆, ḧ) =

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dβ h̆(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ

+ K̆(ḧ(α, γ)− ḧ(2α, γ))h̆(2α, γ)

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη

−
∫ π

2α

h̆(β, 0)∇K̆(ḧ(α, γ)− ḧ(β, 0)) · dḧ
dβ

(β, 0)dβ

+

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(1 + ic′(β)γt)dβ
( d
dα h̆)(α, γ)

1 + ic′(α)γt

=M1 +M2 +M3 +M4 +M5.

we have

A0(M) =

∫ 2α

0

Dḧ(K̆(ḧ(α, γ)− ḧ(β, γ)))[A0(ḧ)](
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dβ h̆(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ︸ ︷︷ ︸

FM1,1

+

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))(
d
dαA0(h̆)(α, γ)

1 + ic′(α)γt
−

d
dβA0(h̆)(β, γ)

1 + ic′(β)γt
)(1 + ic′(β)γt)dβ︸ ︷︷ ︸

FM1,2

+DḧK̆(ḧ(α, γ)− ḧ(2α, γ))[A0(ḧ)]h̆(2α, γ)︸ ︷︷ ︸
FM2,1

+K̆(ḧ(α, γ)− ḧ(2α, γ))A0(h̆)(2α, γ)︸ ︷︷ ︸
FM2,2
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+

∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(A0[ḧ](α, γ)),
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
]ic(2α)tdη︸ ︷︷ ︸

FM3,1

−
∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
2ic(α)t(1 + ic′(2α)ηt)

(1 + ic′(α)γt)(ic(2α)t)
A0(ḧ)(2α, η)),

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
]ic(2α)tdη︸ ︷︷ ︸

FM3,2

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · 2ic(α+ τ(t))t(1 + ic′(2α)ηt)

(1 + ic′(α)γt)(ic(2α)t)
(
( d
dαA0(ḧ))(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη︸ ︷︷ ︸

FM3,3

+

∫ γ

0

A0(h̆)(2α, η)
2ic(α)t(1 + ic′(2α)ηt)

(1 + ic′(α)γt)(ic(2α)t)
∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη︸ ︷︷ ︸

FM3,4

−
∫ π

2α

h̆(β, 0)∇2K̆(ḧ(α, γ)− ḧ(β, 0))[A0(ḧ)(α, γ),
dḧ

dβ
(β, 0)]dβ︸ ︷︷ ︸

FM4

+

∫
[−π,0]∪[2α,π]

∇K̆(ḧ(α, γ)− ḧ(β, γ)) · (A0(ḧ)(α, γ)−A0(ḧ)(β, γ))(1 + ic′(β)γt))dβ
( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
FM5,1

+

∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(1 + ic′(β)γt))dβ
d
dαA0(h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
FM5,2

.

Proof. First, we do the M1

First, we compare O1 with M1. Since in M1, we only change h̆(α, γ) − h̆(β, γ) by
dh̆(α,γ)

dα

1+ic′(α)γt −
dh̆(β,γ)

dβ

1+ic′(β)γt and letting X(β, γ) = 1, we have

A0(M1) =

A(

∫ α

−α

K̆(ḧ(α, γ)− ḧ(α− β, γ))(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dα h̆(α− β, γ)

1 + ic′(α− β)γt
)(1 + ic′(α− β)γt)dβ)

=
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dα h̆(0, γ)

1 + ic′(0)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

B1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)]︸ ︷︷ ︸

B1

+

∫ 2α

0

∇K̆(ḧ(α, γ)− ḧ(β, γ)) · (A0(ḧ)(α, γ)−A0(ḧ)(β, γ))(1 + ic′(β)γt)(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dβ h̆(β, γ)

1 + ic′(β)γt
)dβ︸ ︷︷ ︸

FM1,1

+

∫ 2α

0

K̆(ḧ(α, γ)− ḧ(β, γ))(A0(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(α, γ)−A0(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(β, γ))(1 + ic′(β)γt)dβ︸ ︷︷ ︸

FM1,2
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−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

d
dα h̆(0, γ)

1 + ic′(0)γt
)︸ ︷︷ ︸

B2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3

= FM1,1 + FM1,2

+
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,1

+K̆(ḧ(α, γ)− ḧ(2α, γ))(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)]︸ ︷︷ ︸

B1,1

+
ic(α)t

1 + ic′(α)γt
[K̆(ḧ(α, γ)− ḧ(0, γ))(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,2

+K̆(ḧ(α, γ)− ḧ(2α, γ))(−
( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)]︸ ︷︷ ︸

B1,2

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)︸ ︷︷ ︸

B2,1

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)︸ ︷︷ ︸

B2,2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,2

.

Here we use lemma 2.8.2 in the FM1,2 term. For M2, we have

A0(M2) = A0(K̆(ḧ(α, γ)− ḧ(2α, γ))h̆(2α, γ))

=K̆(ḧ(α, γ)− ḧ(2α, γ))(
2ic(α)t

1 + ic′(α)γt
(∂αh)(2α, γ)− (∂γh)(2α, γ))

+∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · ( ic(α)t

1 + ic′(α)γt
(∂αḧ)(α, γ)− (∂γ ḧ)(α, γ)− (

2ic(α)t

1 + ic′(α)γt
(∂αḧ)(2α, γ)− (∂γ ḧ)(2α, γ)))

h̆(2α, γ).
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Then we can write each term into A0(h̆) and the remaining terms. We get

A0(M2) = K̆(ḧ(α, γ)− ḧ(2α, γ))(
2ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(∂αh)(2α, γ)︸ ︷︷ ︸

B4

+K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(2α)t

1 + ic′(2α)γt
(∂αh)(2α, γ)− (∂γh)(2α, γ))︸ ︷︷ ︸

FM2,2

−∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · [( 2ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(∂αḧ)(2α, γ)]h̆(2α, γ)︸ ︷︷ ︸

B5

+∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · [( ic(α)t

1 + ic′(α)γt
)(∂αḧ)(α, γ)− (∂γ ḧ)(α, γ)− ((

ic(2α)t

1 + ic′(2α)γt
)(∂αḧ)(2α, γ)− (∂γ ḧ)(2α, γ))]︸ ︷︷ ︸

FM2,1

h̆(2α, γ)︸ ︷︷ ︸
FM2,1

.

For the third term, we have

A0(M3) = A0(

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη)

= −h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)ic(2α)t︸ ︷︷ ︸

Term1

+

∫ γ

0

(
2ic(α)t

1 + ic′(α)γt
(∂αh)(2α, η))∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη︸ ︷︷ ︸

Term2

+

∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
ic(α)t

1 + ic′(α)γt
(∂αḧ)(α, γ)− (∂γ ḧ)(α, γ)), (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term3,FM3,1

−
∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
2ic(α)t

1 + ic′(α)γt
(∂αḧ)(2α, η)),

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
]ic(2α)tdη︸ ︷︷ ︸

Term4

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · [( ic(α)t

1 + ic′(α)γt

d

dα
)(
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term5

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)

i2c(α)t

1 + ic′(α)γt
ic′(2α)tdη︸ ︷︷ ︸

Term6

= Term1 + Term2 + FM3,1 + Term4 + Term5 + Term6.

Now we do the change to the terms by writing the terms in Term2+Term4+Term5 as A0(h̆). We
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have

Term2 + Term4 + Term5

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)dη︸ ︷︷ ︸

Term2,1=FM3,4

+

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)dη︸ ︷︷ ︸

Term2,2

−
∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
2ic(α)t

1 + ic′(α)γt
)(
1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η), (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]︸ ︷︷ ︸

Term4,1=FM3,2

ic(2α)tdη︸ ︷︷ ︸
Term4,1=FM3,2

−
∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η), (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term4,2

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1

2

d

dα
− 1 + ic′(2α)ηt

ic(2α)t

d

dη
)(
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term5,1=FM3,3

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)(
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term5,2

.

Here we used

(
1
2 ic(2α)t

1 + ic′(2α)γt
∂α − ∂γ)(

(∂αḧ)(2α, η)

1 + ic′(2α)ηt
) = A0(

(∂α)ḧ(α, η)

1 + ic′(α)ηt
)(2α, η) =

(∂αA0(ḧ))(2α, η)

1 + ic′(2α)ηt
,

when showing Term5,1 = FM3,3. It follows from lemma 2.8.2:

(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)(

(∂α)ḧ(α, η)

1 + ic′(α)ηt
) =

(∂α)

1 + ic′(α)ηt
(

ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, η).

We also have

Term2,2 + Term4,2 + Term5,2 + Term6

=

∫ γ

0

ic(2α)t(
2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)h̆(2α, η)]∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)dη︸ ︷︷ ︸

Term2,2
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−
∫ γ

0

h̆(2α, η)∇2K̆(ḧ(α, γ)− ḧ(2α, η))[(
2ic(α)t

1 + ic′(α)γt
)(
1 + ic′(2α)ηt

ic(2α)t

d

dη
)ḧ(2α, η), (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term4,2

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · ( 2ic(α)t

1 + ic′(α)γt
)[(

1 + ic′(2α)ηt

ic(2α)t

d

dη
)(
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)]ic(2α)tdη︸ ︷︷ ︸

Term5,2

+

∫ γ

0

h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (
( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)

i2c(α)t

1 + ic′(α)γt
ic′(2α)tdη︸ ︷︷ ︸

Term6

=

∫ γ

0

d

dη
[h̆(2α, η)∇K̆(ḧ(α, γ)− ḧ(2α, η)) · (

( d
dα ḧ)(2α, η)

1 + ic′(2α)ηt
)

i2c(α)t

1 + ic′(α)γt
(ic′(2α)ηt+ 1)]dη

= (h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)

i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1))

− (h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · ( d
dα
ḧ)(2α, 0)

i2c(α)t

1 + ic′(α)γt
(1)

Finally, we have

A0(M3) = Term1 + Term2,1 + FM3,1 + Term4,1 + Term5,1 + (Term2,2 + Term4,2 + Term5,2 + Term6)

= Term1 + FM3,4 + FM3,1 + FM3,2 + FM3,3 + (Term2,2 + Term4,2 + Term5,2 + Term6)

= −h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)ic(2α)t︸ ︷︷ ︸

B6

+ FM3,4 + FM3,1 + FM3,2 + FM3,3

+h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)

i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1)︸ ︷︷ ︸

B7

−h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · ( d
dα
ḧ)(2α, 0)

i2c(α)t

1 + ic′(α)γt
(1)︸ ︷︷ ︸

B8

Then we consider M4

A0(M4) = A(−
∫ π

2α

h̆(β, 0)∇K̆(ḧ(α, γ)− ḧ(β, 0)) · dḧ
dβ

(β, 0)dβ)

=
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · (dḧ

dα
)(2α, 0)︸ ︷︷ ︸

B9
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−
∫ π

2α

h̆(β, 0)∇2K̆(ḧ(α, γ)− ḧ(β, 0))[(
ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ),

dḧ

dβ
(β, 0)]dβ︸ ︷︷ ︸

FM4

.

For M5, we still compare it with O4. We only change h̆(α, γ) to
( d
dα h̆)(α,γ)

1+ic′(α)γt and set X(β, γ) = 1.

Recall that we have

A0(O4) =∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(X(β, γ))(1 + ic′(β)γt)dβA0(h̆)(α, γ)

+

∫
[α−π,−α]∪[α,α+π]

X(α− β, γ)∇K̆(ḧ(α, γ)− ḧ(α− β, γ))

· (( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)− (

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)ḧ(α− β, γ, t))(1 + ic′(α− β)γt)dβh̆(α, γ)

+

∫
[α−π,−α]∪[α,α+π]

K̆(ḧ(α, γ)− ḧ(α− β, γ))(
ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)X(α− β, γ)(1 + ic′(α− β)γt)dβh̆(α, γ)

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(1 + ic′(−π)γt)h̆(α, γ)

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(1 + ic′(0)γt)h̆(α, γ)

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(1 + ic′(2α)γt)h̆(α, γ)

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(1 + ic′(π)γt)h̆(α, γ)

+ K̆(ḧ(α, γ)− ḧ(−π, γ))X(−π, γ)(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))h̆(α, γ)

− K̆(ḧ(α, γ)− ḧ(0, γ))X(0, γ)(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))h̆(α, γ)

+ K̆(ḧ(α, γ)− ḧ(2α, γ))X(2α, γ)(ic(2α)t− ic(α)t

1 + ic′(2α)γt
(1 + ic′(2α)γt))h̆(α, γ)

− K̆(ḧ(α, γ)− ḧ(π, γ))X(π, γ)(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))h̆(α, γ).

Then, we have

A0(M5) =∫
[−π,0]∪[2α,π]

K̆(ḧ(α, γ)− ḧ(β, γ))(1 + ic′(β)γt)dβ
d
dαA0(h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
FM5,2

+

∫
[α−π,−α]∪[α,α+π]

∇K̆(ḧ(α, γ)− ḧ(α− β, γ))︸ ︷︷ ︸
FM5,1
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·(( ic(α)t

1 + ic′(α)γt
∂α − ∂γ)ḧ(α, γ)− (

ic(α− β)t

1 + ic′(α− β)γt
∂α − ∂γ)ḧ(α− β, γ, t))(1 + ic′(α− β)γt)dβ

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
FM5,1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))(1 + ic′(−π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B10

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(1 + ic′(0)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B11

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(1 + ic′(2α)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B12

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))(1 + ic′(π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B13

+K̆(ḧ(α, γ)− ḧ(−π, γ))(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B14

−K̆(ḧ(α, γ)− ḧ(0, γ))(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B15

+K̆(ḧ(α, γ)− ḧ(2α, γ))(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B16

−K̆(ḧ(α, γ)− ḧ(π, γ))(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B17

.

In conclusion, we only need to show the sum of B terms are 0. We have

17∑
i=1

Bi

=
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B1,1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

B1,2
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+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B1,2

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)︸ ︷︷ ︸

B2,1

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)︸ ︷︷ ︸

B2,2

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,1

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

B3,2

+K̆(ḧ(α, γ)− ḧ(2α, γ))(
2ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(∂αh)(2α, γ)︸ ︷︷ ︸

B4

−∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · [( 2ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(∂αḧ)(2α, γ)]h̆(2α, γ)︸ ︷︷ ︸

B5

−h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)ic(2α)t︸ ︷︷ ︸

B6

+(h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)

i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1))︸ ︷︷ ︸

B7

−h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · ( d
dα
ḧ)(2α, 0)

i2c(α)t

1 + ic′(α)γt
(1)︸ ︷︷ ︸

B8

+
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · (dḧ

dα
)(2α, 0)︸ ︷︷ ︸

B9

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))(1 + ic′(−π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B10

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(1 + ic′(0)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B11

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(1 + ic′(2α)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B12
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− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))(1 + ic′(π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B13

+K̆(h̆(α, γ)− h̆(−π, γ))(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B14

−K̆(ḧ(α, γ)− ḧ(0, γ))(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B15

+K̆(ḧ(α, γ)− ḧ(2α, γ))(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B16

−K̆(ḧ(α, γ)− ḧ(π, γ))(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
B17

=
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

C1

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

C2

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)(1 + ic′(0)γt)︸ ︷︷ ︸

C3

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(−

( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

C4

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(

( d
dα h̆)(α, γ)

1 + ic′(α)γt
)︸ ︷︷ ︸

C5

−K̆(ḧ(α, γ)− ḧ(0, γ))(
ic(α)t

1 + ic′(α)γt
− ic(0)t

1 + ic′(0)γt
)(1 + ic′(0)γt)(−

d
dα h̆(0, γ)

1 + ic′(0)γt
)︸ ︷︷ ︸

C3

+K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt
− ic(2α)t

1 + ic′(2α)γt
)(
( d
dα h̆)(α, γ)

1 + ic′(α)γt
)(1 + ic′(2α)γt)︸ ︷︷ ︸

C6

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
ic(α)t

1 + ic′(α)γt︸ ︷︷ ︸
C4

− ic(2α)t

1 + ic′(2α)γt︸ ︷︷ ︸
C7

)(−
( d
dα h̆)(2α, γ)

1 + ic′(2α)γt
)(1 + ic′(2α)γt)

+ K̆(ḧ(α, γ)− ḧ(2α, γ))(
2ic(α)t

1 + ic′(α)γt︸ ︷︷ ︸
C4

− ic(2α)t

1 + ic′(2α)γt︸ ︷︷ ︸
C7

)(∂αh)(2α, γ)
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−∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · [( 2ic(α)t

1 + ic′(α)γt︸ ︷︷ ︸
C8

− ic(2α)t

1 + ic′(2α)γt︸ ︷︷ ︸
C9

)(∂αḧ)(2α, γ)]h̆(2α, γ)

−h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)ic(2α)t︸ ︷︷ ︸

C9

+ (h̆(2α, γ)∇K̆(ḧ(α, γ)− ḧ(2α, γ)) · (
( d
dα ḧ)(2α, γ)

1 + ic′(2α)γt
)

i2c(α)t

1 + ic′(α)γt
(ic′(2α)γt+ 1))︸ ︷︷ ︸

C8

−h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · ( d
dα
ḧ)(2α, 0)

i2c(α)t

1 + ic′(α)γt
(1)︸ ︷︷ ︸

C10

+
2ic(α)t

1 + ic′(α)γt
h̆(2α, 0)∇K̆(ḧ(α, γ)− ḧ(2α, 0)) · (dḧ

dα
)(2α, 0)︸ ︷︷ ︸

C10

+
ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(−π, γ))(1 + ic′(−π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C11

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(0, γ))(1 + ic′(0)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C1

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(2α, γ))(1 + ic′(2α)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C2

− ic(α)t

1 + ic′(α)γt
K̆(ḧ(α, γ)− ḧ(π, γ))(1 + ic′(π)γt)

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C12

+K̆(ḧ(α, γ)− ḧ(−π, γ))(ic(−π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(−π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C11

−K̆(ḧ(α, γ)− ḧ(0, γ))(ic(0)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(0)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C5

+K̆(ḧ(α, γ)− ḧ(2α, γ))(ic(2α)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(2α)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C6

−K̆(ḧ(α, γ)− ḧ(π, γ))(ic(π)t− ic(α)t

1 + ic′(α)γt
(1 + ic′(π)γt))

( d
dα h̆)(α, γ)

1 + ic′(α)γt︸ ︷︷ ︸
C12

= 0.

Here we use c(π) = c(−π) = c(0) = 0.
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Remark 3.11.12. We could change [−π, π] in lemma 3.11.11 to any interval [bL, bR] satisfying

bL < 0 < bR. The corresponding result holds for 0 < α < bR
2 .

Corollary 3.11.13. Let K be meromorphic, 0 ≤ τ(t) ≤ π
4 h̆(α, γ), ḧ(α, γ) ∈ C1

γ([−1, 1], C1
α[−π +

τ(t), π + τ(t)]). If for fixed α > 0, there is no singular point in the integrals in M(h) below and

c(0) = c(π + τ(t)) = c(−π + τ(t)) = 0, c(α) ∈W 2,∞, then when 0 < α < π
4 , for

M̃(h̆, ḧ) =

∫ 2α+τ(t)

−τ(t)

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(
( d
dα h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt
−

d
dβ h̆(β + τ(t), γ)

1 + ic′(β + τ(t))γt
)

(1 + ic′(β + τ(t))γt)dβ

+ K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), γ))h̆(2α+ 2τ(t), γ)

+

∫ γ

0

h̆(2α+ 2τ(t), η)∇K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η)) · (
( d
dα ḧ)(2α+ 2τ(t), η)

1 + ic′(2α+ 2τ(t))ηt
)ic(2α+ 2τ(t))tdη

−
∫ π

2α+τ(t)

h̆(β + τ(t), 0)∇K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), 0)) · dḧ
dβ

(β + τ(t), 0)dβ

+

∫
[−π,0]∪[2α+τ(t),π]

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(1 + ic′(β + τ(t))γt)dβ
( d
dα h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt
,

we have

A(M̃) =

∫ 2α+τ(t)

−τ(t)

Dḧ(K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ)))[A(ḧ)](
( d
dα h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt
−

d
dβ h̆(β + τ(t), γ)

1 + ic′(β + τ(t))γt
)︸ ︷︷ ︸

FM1,1

(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
FM1,1

+

∫ 2α+τ(t)

−τ(t)

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(
d
dαA(h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt
−

d
dβA(h̆)(β + τ(t), γ)

1 + ic′(β + τ(t))γt
)︸ ︷︷ ︸

FM1,2

(1 + ic′(β + τ(t))γt)dβ︸ ︷︷ ︸
FM1,2

+DḧK̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), γ))[A(ḧ)]h̆(2α+ 2τ(t), γ)︸ ︷︷ ︸
FM2,1

+K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), γ))A(h̆)(2α+ 2τ(t), γ)︸ ︷︷ ︸
FM2,2

+

∫ γ

0

h̆(2α+ 2τ(t), η)∇2K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))[(A[ḧ](α+ τ(t), γ)),
( d
dα ḧ)(2α+ 2τ(t), η)

1 + ic′(2α+ 2τ(t))ηt
]︸ ︷︷ ︸

FM3,1
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ic(2α+ 2τ(t))tdη︸ ︷︷ ︸
FM3,1

−
∫ γ

0

h̆(2α+ 2τ(t), η)∇2K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))[(
2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)︸ ︷︷ ︸
FM3,2

A(ḧ)(2α+ 2τ(t), η)),
( d
dα ḧ)(2α+ 2τ(t), η)

1 + ic′(2α+ 2τ(t))ηt
]ic(2α+ 2τ(t))tdη︸ ︷︷ ︸

FM3,2

+

∫ γ

0

h̆(2α+ 2τ(t), η)∇K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η)) · 2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)︸ ︷︷ ︸
FM3,3

(
( d
dαA0(ḧ))(2α, η)

1 + ic′(2α)ηt
)ic(2α)tdη︸ ︷︷ ︸

FM3,3

+

∫ γ

0

A(h̆)(2α+ 2τ(t), η)
2ic(α+ τ(t))t(1 + ic′(2α+ 2τ(t))ηt)

(1 + ic′(α+ τ(t))γt)(ic(2α+ 2τ(t))t)
∇K̆(ḧ(α+ τ(t), γ)− ḧ(2α+ 2τ(t), η))︸ ︷︷ ︸

FM3,4

·(
( d
dα ḧ)(2α+ 2τ(t), η)

1 + ic′(2α+ 2τ(t))ηt
)ic(2α+ 2τ(t))tdη︸ ︷︷ ︸

FM3,4

−
∫ π

2α+τ(t)

h̆(β + τ(t), 0)∇2K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), 0))[A(ḧ)(α+ τ(t), γ),
dḧ

dβ
(β + τ(t), 0)]dβ︸ ︷︷ ︸

FM4

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

∇K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ)) · (A(ḧ)(α+ τ(t), γ)−A(ḧ)(β + τ(t), γ))︸ ︷︷ ︸
FM5,1

(1 + ic′(β + τ(t))γt))dβ
( d
dα h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
FM5,1

+

∫
[−π,−τ(t)]∪[2α+τ(t),π]

K̆(ḧ(α+ τ(t), γ)− ḧ(β + τ(t), γ))(1 + ic′(β + τ(t))γt))dβ
d
dαA(h̆)(α+ τ(t), γ)

1 + ic′(α+ τ(t))γt︸ ︷︷ ︸
FM5,2

.

Proof. By letting [bL, bR] = [−π + τ(t), π + τ(t)] in Remark 3.11.12, we have

M̃(h̆, ḧ)(α) =M(h̆, ḧ)(α+ τ(t)),

and

A(M̃(h̆, ḧ)(α)) = A0(M(h̆, ḧ))(α+ τ(t)).
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Then we have the result.

Lemma 3.11.14. Let K be meromorphic, h̆(α, γ) ∈ C1
γ([−1, 1], C1

α[−π, π]). If there is no singular

point in the integral below and c(π) = c(−π) = 0, c(α) ∈W 2,∞, then we have

A0(

∫ π

−π

K̆(h̆(β, γ))(1 + ic′(β)γt)dβ) =

∫ π

−π

DhK̆(h̆(β, γ))[A0(h̆)(β, γ)](1 + ic′(β)γt)dβ

Proof.

A0(

∫ π

−π

K̆(h̆(β, γ))(1 + ic′(β)γt))dβ

= −
∫ π

−π

∇K̆(h̆(β, γ)) · dh̆(β, γ)
dγ

(1 + ic′(β)γt)dβ∂αh̆(α)−
∫ π

−π

K̆(h̆(β, γ))ic′(β)γtdβ

=

∫ π

−π

∇K̆(h̆(β, γ)) · [( ic(β)t

1 + ic′(β)γt
∂β − ∂γ)h̆(β, γ)](1 + ic′(β)t)dβ

−
∫ π

−π

∇K̆(h̆(β, γ)) · ∂βh̆(β, γ)ic(β)tdβ −
∫ π

−π

K̆(h̆(β, γ))ic′(β)tdβ

=

∫ π

−π

DhK̆(h̆(β))A0(h̆)(β, γ)(1 + ic′(β)γt)dβ.

Corollary 3.11.15. Let K be meromorphic, h̆(α, γ), X(α, γ) ∈ C1
γ([−1, 1], C1

α[−π, π]). If there is

no singular point in the integrals below and c(π) = c(−π) = 0, c(α) ∈W 2,∞, then we have

A0(

∫ π

−π

K̆(h̆(β, γ))X(β, γ)(1 + ic′(β)γt)dβ)

=

∫ π

−π

DhK̆(h̆(β, γ))[A0(h̆)(β, γ)]X(β, γ)(1 + ic′(β)γt)dβ

+

∫ π

−π

K̆(h̆(β, γ))A0(X)(β, γ)(1 + ic′(β)γt))dβ.

Proof. We can use lemma 3.11.14, by letting the new K̃(h̆(β, γ), X) = K̆(h̆(β, γ), X(β, γ)).

By using the similar method, we also have

Corollary 3.11.16. Let K be meromorphic, h̆(α, γ), X(α, γ) ∈ C1
γ([−1, 1], C1

α[−π, π]). If there is

no singular point in the integrals below and c(π + τ(t)) = c(−π + τ(t)) = 0, c(α + τ(t)) ∈ W 2,∞,

then we have

A(

∫ π

−π

K̆(h̆(β, γ))X(β, γ)(1 + ic′(β + τ(t))γt)dβ)
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=

∫ π

−π

DhK̆(h̆(β, γ))[A(h̆)(β, γ)]X(β, γ)(1 + ic′(β + τ(t))γt)dβ

+

∫ π

−π

K̆(h̆(β, γ))A(X)(β, γ)(1 + ic′(β + τ(t))γt))dβ.

Lemma 3.11.17. If h̆ ∈C1([−1, 1], H1[−π, π]) with h̆(α) = 0 when α ≤ 0, c(α) ∈ W 2,∞ and

c(0) = 0, then we have

A0(D
−i
0 (h̆)) = D−i

0 (A0(h̆)), (3.174)

where

D−1
0 (h) =

∫ α

0

h̆(α1, γ)(1 + ic′(α1)γt)dα1.

Proof. When i=1, we have

A0(D
−1(h̆)) = A0(

∫ α

0

h̆(α1, γ)(1 + ic′(α1)γt)dα1)

= ic(α)th̆(α, γ)−
∫ α

0

∂γ h̆(α1, γ)(1 + ic′(α1)γt)dα1 −
∫ α

0

h̆(α1, γ)ic
′(α1)tdα1

= ic(α)th̆(α, γ) +

∫ α

0

(
ic(α1)t

1 + ic′(α1)γt
∂α1

− ∂γ)h̆(α1, γ)(1 + ic′(α1)γt))dα1

−
∫ α

0

ic(α1)t∂α1 h̆(α1, γ) + h̆(α1, γ)ic
′(α1)tdα1

Then we can do integration by parts to the second term and have

A0(D
−1(h)) = ic(α)th̆(α, γ) +

∫ α

0

(
ic(α1)t

1 + ic′(α1)γt
∂α1

− ∂γ)h̆(α1, γ)(1 + ic′(α1)γt))dα1

− ic(α1)t∂αh̆(α1, γ)|α0

= D−1(A0(h̆)).

Since h ∈ C1([−1, 1], H1[−π, π]), and h = 0 when α ≤ 0, we have D−i(h) ∈ C1([−1, 1], H1+i[−π, π])

and D−i(h) = 0 when α ≤ 0. Then for j ≥ 1, we could do this process j times and get the result.

By using the similar method, we have

Corollary 3.11.18. If h ∈C1([−1, 1], H1[−π, π]) with h̆(α) = 0 when α ≤ −τ(t), c(α) ∈W 2,∞ and

c(0) = 0, then we have

A(D−i(h)) = D−i(A(h)). (3.175)

where

D−1(h) =

∫ α

−τ(t)

h̆(α1, γ)(1 + ic′(α1 + τ(t))γt)dα1.
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Chapter 4

The radial symmetry properties of

stationary and uniformly rotating

solutions of the 2D Euler/g-SQG

equations

4.1 Introduction

Let us start by considering the initial value problem for the two-dimensional incompressible Euler

equation in vorticity form. Here the evolution of the vorticity ω is given by


∂tω + u · ∇ω = 0 in R2 × R+,

u(·, t) = −∇⊥(−∆)−1ω(·, t) in R2,

ω(·, 0) = ω0 in R2,

(4.1)

where ∇⊥ := (−∂x2
, ∂x1

). Note that we can express u as u(·, t) = ∇⊥(ω(·, t) ∗ N ), where N (x) :=

1
2π ln |x| is the Newtonian potential in two dimensions. More generally, the 2D Euler equation

belongs to the following family of active scalar equations indexed by a parameter α, (0 ≤ α < 2),
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known as the generalized Surface Quasi-Geostrophic (gSQG) equations:


∂tω + u · ∇ω = 0 in R2 × R+,

u(·, t) = −∇⊥(−∆)−1+α
2 ω(·, t) in R2,

ω(·, 0) = ω0 in R2.

(4.2)

Here we can also express the Biot–Savart law as

u(·, t) = ∇⊥(ω(·, t) ∗Kα), (4.3)

where Kα is the fundamental solution for −(−∆)−1+α
2 , that is,

Kα(x) =


1
2π ln |x| for α = 0,

−Cα|x|−α for α ∈ (0, 2),

(4.4)

where Cα = 1
2π

Γ(α
2 )

21−αΓ(1−α
2 ) is a positive constant only depending on α.

We will be focusing on establishing radial symmetry properties for stationary and uniformly-

rotating solutions to equations (4.1) and (4.2). We either work with the patch setting, where ω(·, t) =

1D(t) is an indicator function of a bounded set that moves with the fluid, or the smooth setting,

where ω(·, t) is smooth and compactly-supported in x. For well-posedness results for patch solutions,

see the global well-posedness results [6, 20] for (4.1), and local well-posedness results [84, 36, 64, 23]

for (4.2) with α ∈ (0, 2).

Let us begin with the definition of a stationary/uniformly-rotating solution in the patch setting.

For a bounded open set D ⊂ R2, we say ω = 1D is a stationary patch solution to (4.2) for some

α ∈ [0, 2) if u(x) · n⃗(x) = 0 on ∂D, with u given by (4.3). This leads to the integral equation

1D ∗ Kα ≡ Ci on ∂D, (4.5)

where the constant Ci can differ on different connected components of ∂D. And if ω(x, t) = 1D(RΩtx)

is a uniformly-rotating patch solution with angular velocity Ω (where RΩtx rotates a vector x ∈ R2

counter-clockwise by angle Ωt about the origin), then 1D becomes stationary in the rotating frame

with angular velocity Ω, that is,
(
∇⊥(1D ∗ Kα)− Ωx⊥

)
· n⃗(x) = 0 on ∂D. This is equivalent to
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∇⊥(1D ∗ Kα − Ω
2 |x|

2) · n⃗(x) = 0 on ∂D, and as a result we have

1D ∗ Kα − Ω

2
|x|2 ≡ Ci on ∂D, (4.6)

where Ci again can take different values along different connected components of ∂D. Note that

a stationary patch D also satisfies (4.6) with Ω = 0, and it can be considered as a special case of

uniformly-rotating patch with zero angular velocity.

Likewise, in the smooth setting, if ω(x, t) = ω0(RΩtx) is a uniformly-rotating solution of (4.2)

with angular velocity Ω (which becomes a stationary solution in the Ω = 0 case), then we have

(∇⊥(ω0 ∗Kα)− Ωx⊥) · ∇ω0 = 0. As a result, ω0 satisfies

ω0 ∗ Kα − Ω

2
|x|2 ≡ Ci on each connected component of a regular level set of ω0, (4.7)

where Ci can be different if a regular level set {ω0 = c} has multiple connected components.

Clearly, every radially symmetric patch/smooth function automatically satisfies (4.6)/(4.7) for

all Ω ∈ R. The goal of this section is to address the complementary question, which can be roughly

stated as following:

Question 4.1.1. In the patch or smooth setting, under what condition must a stationary/uniformly-

rotating solution be radially symmetric?

4.1.1 The rigidity results for 2D Euler in the patch setting

Let us deal with the patch setting first. In the previous literature, affirmative answers to Ques-

tion 4.1.1 have only been only obtained for simply-connected patches. Fraenkel [34, Chapter 4]

proved that if D satisfies (4.6) with the same constant C on the whole ∂D, then D must be a disk.

Hmidi [50] proved the case of Ω < 0 with some additional convexity assumption. In the special case

Ω = 1
2 , Hmidi [50] also showed that a simply-connected uniformly-rotating patch D must be a disk.

On the other hand, it is known that there can be non-radial uniformly-rotating patches for

Ω ∈ (0, 12 ). Kirchhoff proved [63], any ellipse D with semiaxes a, b is a uniformly-rotating patch

with angular velocity ab
(a+b)2 . Deem–Zabusky [32] numerically found families of patch solution with

m-fold symmetry by bifurcating from a disk at explicit angular velocities Ω0
m = m−1

2m . Burbea gave

the first rigorous proof of their existence [9]. De la Hoz–Hmidi–Mateu–Verdera showed the existence

of m-fold doubly-connected non-radial patches bifurcating at any angular velocity Ω ∈
(
0, 12

)
from

some annulus of radii b ∈ (0, 1) and 1 [31].
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Our first main result gives a complete answer to Question 4.1.1 for 2D Euler in the patch setting.

Note that D is allowed to be disconnected, and each connected component can be non-simply-

connected. Figure 4.1 illustrates a comparison of our result (in red color) with the previous results

(in black color).

0 1
2 Ω

m−1
2m

all patches must be radial

???

simply-connected patch
must be a disk

simply-connected patch
must be a disk

convex patch
must be a disk

all patches must be radial

bifurcation curves

Figure 4.1: For 2D Euler in the patch setting, previous results on Question 4.1.1 are summarized in
black color. Our results in Theorem A are colored in red.

Theorem 4.1.2. Let D ⊂ R2 be a bounded open set with C1,γ boundary. We assume D is a

stationary/uniformly-rotating patch of (4.2) when α = 0. Then D must be radially symmetric if

Ω ∈ (−∞, 0) ∪ [ 12 ,∞), and radially symmetric up to a translation if Ω = 0.

4.1.2 The rigidity results for 2D Euler in the smooth setting

One of our main motivations is to find sufficient rigidity conditions in terms of the vorticity, such that

the only stationary/uniformly-rotating solutions are radial ones. Heuristically speaking, this belongs

to the broader class of “Liouville Theorem” type of results, which show that solutions satisfying

certain conditions must have a simpler geometric structure, such as being constant (in one direction,

or all directions) or being radial. In the literature we could not find any conditions on 2D Euler

that leads to radial symmetry, although several other Liouville-type results have been established for

2D fluid equations: For 2D Euler, Hamel–Nadirashvili [47, 46] proved that any stationary solution

without a stagnation point must be a shear flow. (But note that this result does not apply to our

setting (4.7), since the velocity field u associated with any compactly-supported ω0 must have a

stagnation point). See also the Liouville theorem by Koch–Nadirashvili–Seregin–Šverák for the 2D

Navier–Stokes equations [65].

Regarding uniformly-rotating smooth solutions (Ω ̸= 0) for 2D Euler, Castro–Córdoba–Gómez-

Serrano [19] were able to desingularize a vortex patch to produce a smooth m-fold V-state with

Ω ∼ m−1
2m > 0 for m ≥ 2. Recently Garćıa–Hmidi–Soler [37] studied the construction of V-states

bifurcating from other radial profiles (Gaussians and piecewise quadratic functions).
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Our second main result is the following theorem, which gives radial symmetry of compactly sup-

ported stationary/uniformly-rotating solutions in the smooth setting for Ω ≤ 0, under the additional

assumption ω0 ≥ 0:

Theorem 4.1.3. Let ω0 ≥ 0 be smooth and compactly-supported. Then ω0 must be radially sym-

metric if Ω < 0, and radially symmetric up to a translation if Ω = 0.

Although the extra assumption ω0 ≥ 0 might seem unnatural at the first glance, it is indeed

necessary (see the subsection 4.1.9).

4.1.3 The rigidity results for g-SQG equations

Even though the kernels Kα are qualitatively similar for all α ∈ [0, 2), there is a key difference on the

symmetry v.s.non-symmetry results between the cases α = 0 and α > 0: For the 2D Euler equation

(α = 0), we proved in Theorem A that any rotating patch D with Ω ≤ 0 must be radial, even if D

is not simply-connected. However, this result is not true for any α ∈ (0, 2): de la Hoz–Hassainia–

Hmidi–Mateu [29] showed that there exist non-radial patches bifurcating from annuli at Ω < 0 and

Gómez-Serrano [41] constructed non-radial, doubly connected stationary patches (Ω = 0). Therefore

we cannot expect a non-simply-connected rotating patch D with Ω ≤ 0 to be radial for α ∈ (0, 2).

Positive answers to Question 4.1.1 were obtained in the Ω = 0, simply-connected patch case for

α < 5
3 in the following works. Reichel [82, Theorem 2], Lu–Zhu [70] and Han–Lu–Zhu [48] proved

this result for α ∈ [0, 1). Here [70] also covered generic radially increasing potentials not too singular

at the origin (which include all Riesz potentials Kα,d with α ∈ [0, 1)). Recently, Choksi–Neumayer–

Topaloglu [21, Theorem 1.3] further pushed the range to α ∈ [0, 53 ), leaving the range α ∈ [ 53 , 2) an

open problem. In all these results for α > 0, ∂D was assumed to be at least C1. All above results

were obtained using the moving plane method.

In our result, we use a completely different approach to give an affirmative answer to Ques-

tion 4.1.8 for all Ω ≤ 0 and α ∈ [0, 2), under a weaker assumption on the regularity of ∂D.

Theorem 4.1.4. Let D be a simply-connected bounded open set with rectifiable boundary. If D is a

stationary/uniformly-rotating patch of (4.2) with Ω ≤ 0, then it must be a disk.

In addition, in the smooth setting (4.7), we prove a similar result in Corollary 7.1.4 for uniformly-

rotating solutions with Ω ≤ 0 for all α ∈ [0, 2): if the super level-sets {ω0 > h} are all simply-

connected for all h > 0, then ω0 must be radially decreasing.

In g-SQG there also exists non-radial uniformly rotating patches. Hassainia–Hmidi [49] showed
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the existence of V-states with Ck boundary regularity in the case 0 < α < 1, and in [16], Castro–

Córdoba–Gómez-Serrano upgraded the result to show existence and C∞ boundary regularity in the

remaining open cases: α ∈ [1, 2) for the existence, α ∈ (0, 2) for the regularity. In that case, the

solutions bifurcate at angular velocities given by Ωα
m := 2α−1 Γ(1−α)

Γ(1−α
2 )

2

(
Γ(1+α

2 )
Γ(2−α

2 )
− Γ(m+α

2 )
Γ(m+1−α

2 )

)
. This

boundary regularity was subsequently improved to analytic in [17]. See also [52] for another family

of rotating solutions, [29, 83] for the doubly connected case and [18] for a construction in the smooth

setting.

One can check that Ωα
m are increasing functions of m for any α, whose limit is a finite number

Ωα := 2α−1 Γ(1−α)

Γ(1−α
2 )

2

Γ(1+α
2 )

Γ(2−α
2 )

for α ∈ [0, 1), and +∞ if α ≥ 1. It is then a natural question to ask

whether there exist V-states (with area π) that rotate with angular velocity faster than Ωα for

α ∈ (0, 1). Our fourth main theorem answers this question among all simply-connected patches:

Theorem 4.1.5 (= Theorem 7.2.1). For α ∈ (0, 1), let 1D be a simply connected V-state of area

π and let its angular velocity be Ω ≥ Ωα. Then D must be the unit disk.

We illustrate a comparison of our results with the previous results (in black color) in Figure 4.2.

0

(finite if 0 < α < 1, Ω

Ωαm
a simply-connected patch

simply-connected stationary patch
must be a disk for α ∈ [0, 5

3
)

must be a disk (0 < α < 2)
a simply-connected patch
must be a disk (0 < α < 1)

= +∞ if 1 ≤ α < 2)
there exists nonradial

non-simply-connected patch

Ωα

Figure 4.2: For gSQG in the patch setting, previous results on Question 4.1.1 are summarized in
black color, with our results in Theorem 4.1.6 and 4.1.5 colored in red.

4.1.4 The outline of the proof for theorem 4.1.2, 4.1.3, 4.1.4 and 4.1.5

While all the previous symmetry results on Question 4.1.1 and 4.1.8 [34, 70, 48, 50, 82, 21] are done

by moving plane methods, our approaches are completely different, which have a variational flavor.

Chapter 5 is devoted to show Theorem 4.1.2. It is based on computing the first variation of the

energy functional

E [1D] = −1

2

∫
R2

1D(x)(1D ∗ N )(x)− Ω

2
|x|21D(x)dx

in two different ways, as we deform D along a carefully chosen vector field that is divergence-free
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in D. On the one hand, we show the first variation should be 0 if D is a stationary/rotating patch

with angular velocity Ω; on the other hand, we show that the first variation must be non-zero if

Ω ≤ 0 or Ω ≥ 1
2 , leading to a contradiction. If D is simply-connected, we give a very short proof in

Section 5.2.1, where a rearrangement inequality due to Talenti [89] is crucial to get a sign condition.

For a non-simply-connected patch D, the choice of the right vector field is more involved. Since

1D ∗ N − Ω
2 |x|

2 now takes different constant values on different connected components of ∂D, in

order to keep the first variation to be 0, we have to modify our perturbation vector field such that it

also preserves the area of each hole. We then prove a new version of a rearrangement inequality for

this modified vector field in a similar spirit as Talenti’s result, leading to a non-zero first variation

if D is non-radial and Ω ≤ 0 or Ω ≥ 1
2 .

In Chapter 6, we show the smooth setting in Theorem 4.1.3, which is based on a similar idea, but

technically more difficult. The point of view is to approximate a smooth function by step functions

and consider the above perturbation in each set where the step function is constant. To do this

we need to obtain some quantitative (stability) estimates on our version of Talenti’s rearrangement

inequality, in particular in terms of the Fraenkel asymmetry of the domain in the spirit of Fusco–

Maggi–Pratelli [35].

In Chapter 7 Section 7.1, we prove Theorem 4.1.4. It is still based on a variational approach,

but we need a different perturbation from the vector field in Theorem 4.1.2, which heavily relies

on the Newtonian potential, and fails for general Riesz potential Kα. The key ingredient to prove

Theorem 4.1.4 is to perturb D using the continuous Steiner symmetrization [7], which has been

successfully applied in other contexts by Carrillo–Hittmeir–Volzone–Yao [10] (nonlinear aggregation

models) or Morgan [75] (minimizers of the gravitational energy). This method is much more flexible

and allows to treat more singular kernels than in the existing papers using moving plane methods.

Due to the low regularity of the kernels, instead of computing the derivative of the energy under the

perturbation, we work with finite differences instead.

In Chapter 7 Section 7.2, we prove Theorem 4.1.5 by using maximum principles and monotonicity

formulas for nonlocal equations. The idea is to find the smallest disk B(0, R) containing D (which

intersects ∂D at some x0), then use two different ways to compute ∇(1B(0,R)\D ∗ Kα) at x0, and

obtain a contradiction if Ω ≥ Ωα and D is not a disk. The proof works for the full range of α ∈ [0, 2),

thus closing the problem raised by Hmidi [50] and de la Hoz–Hassainia–Hmidi–Mateu [30] among

all simply-connected patches.
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4.1.5 The rigidity results for vortex sheets

A vortex sheet is a weak solution of the 2D Euler equations, whose vorticity ω = curl(v) is a delta

function supported on a curve or a finite number of curves Γi = zi(α, t), i.e.

ω(x, t) =
∑
i

ϖi(α, t)δ(x− zi(α, t)). (4.8)

Here ϖi(α, t) is the vorticity strength on Γi with respect to the parametrization zi, and the above

equation is understood in the sense that

∫
R2

φ(x)dω(x, t) =
∑
i

∫
φ(zi(α, t))ϖi(α, t)dα

for all test functions φ(x) ∈ C∞
0 (R2).

The motivation of the study of the equation (4.1) with vortex sheet initial data comes from the

fact that in fluids with small viscosity, flows separate from rigid walls and corners [71, 85]. To model

it, one may think of a solution to (4.1) with one incompressible fluid where the velocity changes sign

in a discontinuous (tangential) way across a streamline z. This discontinuity induces vorticity in z.

The equations of motion of ϖi and zi can be derived by means of the Birkhoff-Rott operator

([15, 69, 71, 88]), namely:

BR(z,ϖ)(x, t) =
1

2π
PV

∫
(x− z(β, t))⊥

|x− z(β, t)|2
ϖ(β, t)dβ, (4.9)

yielding

∂tzi(α, t) =
∑
j

BR(zj , ϖi)(zi(α, t)) + ci(α, t)∂αzi(α, t) (4.10)

∂tϖi(α, t) = ∂α(ci(α, t)ϖi(α, t)), (4.11)

where the term ci(α, t) accounts for the reparametrization freedom of the curves. See the paper [55]

by Izosimov–Khesin where they propose geodesic, group-theoretic, and Hamiltonian frameworks for

their description.

Inspired by the rigidity result in the 2D Euler patch case, we have the following rigidity result:

Theorem 4.1.6. Let ω be a stationary/uniformly-rotating vortex sheet with angular velocity Ω.

Assume that ω is concentrated on Γ, which is a finite union of smooth curves, and ω0 has positive

vorticity strength. With some regularity and positivity assumptions, if Ω ≤ 0, Γ must be a union of
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concentric circles, and ω0 must have constant strength along each circle. In addition, if Ω < 0, all

circles must be centered at the origin.

4.1.6 The outline of the proof for 4.1.6

In Section 8.2 the equations for the stationary/rotating vortex sheet are derived.

In Section 8.3 we perform the desingularization procedure by considering patches of thickness

∼ ε which are tubular neighborhoods of the sheet.

Section 8.4 is devoted to construct the aforementioned divergence free vector-field along which

the first variation is non-zero. Due to the approximation, we lose the property that any stationary

solution has to be a critical point if ε > 0 and very careful, quantitative estimates need to be done.

This setup is also reminiscent of the numerical work by Baker–Shelley [3], where they approximate

the motion of a vortex sheet by a vortex patch of very small width.

In Section 8.5 we conclude the quantitative estimates and prove the symmetry result from The-

orem 4.1.6.

4.1.7 The flexibility results for vortex sheets

On the other hand, we also study the flexibility result for the vortex sheet. In the literature, there

are very few known examples of nontrivial steady solutions, and in fact, other than the circle or the

line, the list only comprises the segment of length 2a and density

γ(x) = Ω
√
a2 − x2, x ∈ [−a, a], (4.12)

which is a rotating solution with angular velocity Ω [4] and the family found by Protas–Sakajo [81],

made out of segments rotating about a common center of rotation with endpoints at the vertices of

a regular polygon. We remark that none of these are supported on a closed curve.

Numerically, O’Neil [77, 78] used point vortices to approximate the vortex sheet and compute

uniformly rotating solutions and Elling [33] constructed numerically self-similar vortex sheets forming

cusps. O’Neil [79, 80] also found numerically steady solutions which are combinations of point

vortices and vortex sheets.

The main goal of next theorem is to find a class of uniformly-rotating vortex sheets, concentrated

on a closed curve which is not a circle. This is the first proof of existence of a family of solutions of

such kind.

205



Theorem 4.1.7. There exists non-radial uniformly-rotating vortex sheets with angular velocity Ω =

1 bifurcating from circles.

4.1.8 The outline of the proof for theorem 4.1.7

In Section 9.1 we write down the equations and describe the main spaces used in the bifurcation.

Section 9.2 is devoted to the bulk of the proof of Theorem 9.1.2. The main idea is to employ

bifurcation theory. However, the standard methods (Crandall-Rabinowitz [28]) fail since the lin-

earized operator around the circle does not satisfy the transversality condition. This phenomenon

is usually known in the literature as a degenerate bifurcation [60, 59]. In this degenerate situation,

we no longer have a single branch emanating from the disk, but two, and therefore the linearized

operator fails to describe the local behaviour at the bifurcation point. To overcome this issue, we

use a technique from Hmidi–Mateu [51] (in the hyperbolic case) and Hmidi–Renault [54] (in the

elliptic case). We first reduce the nonlinear problem to a suitable finite dimensional space through

a Lyapunov-Schmidt reduction. In the derived finite dimensional system we perform a higher or-

der expansion and show the structure of the zero sets around the bifurcation point. The explicit

calculations details are shown in Section 9.4.

In Section 9.3, numerical calculations of the bifurcation branch and a brief discussion of the

numerical methods employed are presented.

4.1.9 Non-trivial, compactly supported stationary solutions for 2D Euler

We consider vorticity of the form ω =
∑n

i=1 θi1Di , where θi ∈ R and Di is a simply-connected

domain for 1 ≤ i ≤ n. Let zi(x) = (bi +Ri(x))(cos(x), sin(x)), x ∈ T be a parameterization of ∂Di.

For the stationary solutions, the equation (4.6) is equivalent to

1

4π

n∑
i=1

θi

∫ 2π

0

log(|zi(x)− zi(y)|2)z
′

i(y)dy · (z
′

i(x))
⊥ = 0. (4.13)

4.1.10 Non-radial stationary solutions with infinite energy

Notice that in the smooth case Theorem 4.1.3, we have an additional condition on the positive

vorticity, which seems unnatural at the first glimpse. We want to address the necessity of the

hypothesis ω ≥ 0 by answering (on the positive) the following question:

Question 4.1.8. Do there exist non-trivial, compactly supported stationary solutions for which ω

changes sign?
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Our first main result immediately gives the answer to the above question.

Theorem 4.1.9. There exist non-radial, sign-changing two-layered vortex patch solutions
∑2

i=1 θi1Di
,with

analytic boundary to the 2D Euler equation whose kinetic energy is infinite, that is,
∫
R2 |∇⊥ω ∗

N |2dx = ∞.

4.1.11 Non-radial stationary solutions with finite energy

Although the solution in Theorem 4.1.9 has compactly supported vorticity, the velocity field may not

be compactly supported. It is an interesting problem to study whether nonradial stationary solution

with compactly supported velocity exists. Lately, Gavrilov [38, 39] managed to construct nontrivial

stationary solutions of 3D Euler with compactly supported velocity, which was further simplified

and extended to other equations by Constantin–La–Vicol [22]. We study the same problem in 2D

Euler.

Our second main theorem concerns the solutions with finite kinetic energy. For the radial vorticity

ω with zero-average,
∫
R ω(x)dx = 0, its velocity vanishes outside the support of ω. With this

observation, one can easily produce globally non-radial solutions by placing multiple copies of such

vorticity so that their supports do not overlap. See Figure 4.3. However the flow on each connected

component of the support of the velocity is still circular (around different points). From now on,

we say that such a solution is locally radial. More precisely a solution to the 2D Euler equation is

locally radial if each connected component of ω is radial up to a translation and
∫
C ωdx = 0 for

each connected component C of supp(ω). The next theorem states that there exist more non-trivial

stationary solutions.

ω = −Θ < 0

ω = 1

R2

ω = 1

R2

ω = −Θ < 0

Figure 4.3: One can choose Θ so that the radial vorticity has zero average (left). Since the support
of such velocity and vorticity coincide, one can place such solutions to produce non-radial solutions
(right).
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Theorem 4.1.10. There exist three-layered vortex patch solutions
∑3

i=1 θi1Di
to the 2D Euler

equation that are not locally radial, with finite kinetic energy and analytic boundary. Furthermore,

the solutions have compactly supported velocity.

4.1.12 The outline of the proof for theorem 4.1.9 and theorem 4.1.10

Section 10.1 sets up the functional framework and the equation that a stationary solution has to

satisfy.

Section 10.2 proves Theorem 4.1.9, in the easier case where the finite energy hypothesis is

dropped. We pick a two-layered patch and employ the bifurcation theory by checking the hypotheses

of the Crandall-Rabinowitz Theorem.

Section 11.1 proves Theorem 4.1.10 with finite energy hypotheses. When we add this hypotheses,

the linearized operator degenerates at the starting point of the bifurcation curve, and the standard

bifurcation theory does not work. We then work on three-layer patches to get more freedom. We

prove theorem by using the Nash-Moser iteration and bounding a Dirichlet to Neumann operator .

The Appendix contains some technical background results used throughout the proof, as well as

basic bifurcation theory and some integrals needed for the spectral study.
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Chapter 5

The rigidity results for 2D-Euler

patch case

5.1 Notations

Through this chapter 5 and the next chapter 6 , we use the following notations.

For a simple closed curve Γ, denote int(Γ) by its interior, which is the bounded connected

component of R2 separated by the curve Γ. Note that the Jordan–Schoenflies theorem guarantees

that int(Γ) is open and simply connected.

We say that two disjoint simple closed curves Γ1 and Γ2 are nested if Γ1 ⊂ int(Γ2) or vice versa.

We say that two domains D1, D2 are nested if one is contained in a hole of the other one.

For a bounded domain D ⊂ R2, we denote by ∂outD its outer boundary. And if D is doubly-

connected, we denote by ∂inD its inner boundary,

For a set D, we use 1D(x) to denote its indicator function. And for a statement S, we let

1S =


1 if S is true

0 if S is false

. (e.g. 1π<3 = 0).

For an open set U ⊂ R2, in the boundary integral
∫
∂U

n⃗ · f⃗dσ, the vector n⃗ is taken as the outer

normal of the open set U in that integral.

For a countable number of disjoint sets Ui ⊂ R2, we denote their union by ∪̇iUi to emphasize

the disjointedness.
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5.2 Radial symmetry of steady/rotating patches for 2D Euler

equation

Throughout this section we work with the 2D Euler equation (4.1) in the patch setting. For a

stationary or uniformly-rotating patch D with angular velocity Ω ∈ R, let

fΩ(x) := (1D ∗ N )(x)− Ω

2
|x|2.

Recall that in (4.6) we have shown that fΩ ≡ Ci on each connected component of ∂D, where the

constants can be different on different connected components.

Our goal in this section is to prove Theorem 4.1.2, which completely answers Question 4.1.1

for 2D Euler patches. As we described in the introduction, our proof has a variational flavor,

which is done by perturbing D by a carefully chosen vector field, and compute the first variation

of an associated energy functional in two different ways. In Section 5.2.1, we will define the energy

functional and the perturbation vector field, and give a one-page proof in Theorem 5.2.1 that answers

Question 4.1.1 among simply-connected patches. (Note that even among simply-connected patches,

it is an open question whether every rotating patch with Ω > 1
2 or Ω < 0 must be a disk.) In the

following subsections, we further develop this method, and modify our perturbation vector field to

cover non-simply-connected patches.

5.2.1 Warm-up: radial symmetry of simply-connected rotating patches

We begin by providing a sketch and some motivations of our approach, and then give a rigorous

proof afterwards in Theorem 5.2.1. Suppose that D is a C1,γ simply-connected rotating patch with

angular velocity Ω that is not a disk. We perturb D in “time” (here the “time” t is just a name

for our perturbation parameter, and is irrelevant with the actual time in the Euler equation) with

a velocity field v⃗(x) ∈ C1(D) ∩ C(D) that is divergence-free in D, which we will fix later. That is,

consider the transport equation

ρt +∇ · (ρv⃗) = 0

with ρ(·, 0) = 1D. We then investigate how the “energy functional”

E [ρ] := −
∫
R2

1

2
ρ(x)(ρ ∗ N )(x)− Ω

2
|x|2ρ(x)dx
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changes in time under the perturbation. Formally, we have

d

dt
E [ρ]

∣∣∣
t=0

= −
∫
R2

ρt(x, 0)
(
(ρ(·, 0) ∗ N )(x)− Ω

2
|x|2
)
dx

= −
∫
D

v⃗(x) · ∇
(
(1D ∗ N )(x)− Ω

2
|x|2
)
dx.

(5.1)

The above transport equation and the energy functional only serve as our motivation, and will not

appear in the proof. In the actual proof we only focus on the right hand side of (5.1), which is an

integral that is well-defined by itself:

I := −
∫
D

v⃗(x) · ∇
(
(1D ∗ N )(x)− Ω

2
|x|2
)
dx = −

∫
D

v⃗ · ∇fΩ dx. (5.2)

We will use two different ways to compute I, and show that if D is not a disk, the two ways lead to

a contradiction for Ω ≤ 0 or Ω ≥ 1
2 .

On the one hand, since fΩ is a constant on ∂D (denote it by c), the divergence theorem yields

the following for every v⃗ ∈ C1(D) ∩ C(D) that is divergence-free in D:

I = −c
∫
∂D

n⃗ · v⃗dσ +

∫
D

(∇ · v⃗)fΩ dx = −c
∫
D

∇ · v⃗dx+

∫
D

(∇ · v⃗)fΩ dx = 0. (5.3)

On the other hand, we fix v⃗ as follows, which is at the heart of our proof. Let v⃗(x) := −∇φ(x) in

D, where

φ(x) :=
|x|2

2
+ p(x) in D, (5.4)

with p(x) being the solution to Poisson’s equation


∆p(x) = −2 in D

p(x) = 0 on ∂D.

(5.5)

Note that φ is harmonic in D, thus v⃗ is indeed divergence-free in D. This definition of v⃗ is motivated

by the fact that among all divergence-free vector fields in D, such v⃗ is the closest one to −x⃗ in

the L2(D) distance. (In fact, such v⃗ is connected to the gradient flow of
∫
D

|x|2
2 dx in the metric

space endowed by 2-Wasserstein distance, under the constraint that |D(t)| must remain constant

[73, 74, 2].) Formally, one expects that D becomes “more symmetric” as we perturb it by v⃗, which

inspires us to consider the first variation of E under such perturbation.

In the proof we will show that with such choice of v⃗, we can compute I in another way and
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obtain that I > 0 for Ω ≤ 0 and I < 0 for Ω ≥ 1
2 . Therefore in both cases, we obtain a contradiction

with I = 0 in (5.3).

Our proof makes use of a rearrangement inequality for solutions to elliptic equations, which is

due to Talenti [89]. Below is the form that we will use; the original theorem works for a more general

class of elliptic equations.

Proposition 5.2.1 ([89]). Let D ⊂ R2 be a bounded open set, and let p be defined as in (5.5). Let

B be an open disk centered at the origin with |B| = |D|, and let pB solve (5.5) in B. Then we have

p∗ ≤ pB pointwise in B, where p∗ is the radial decreasing rearrangement of p. This leads to

∫
D

p(x)dx ≤
∫
B

pB(x)dx.

Using that pB(x) =
1
2 (r

2
B − |x|2), where πr2B = |B| = |D| and

∫
B
pB(x) =

π
4 r

4
B it follows that

∫
D

p(x)dx ≤ 1

4π
|D|2,

where the equality is achieved if and only if D is an open disk (cf. [58, Theorem 3.1 and Remark

3.1]).

Now we are ready to prove the following theorem, saying that any simply-connected station-

ary/rotating patch with Ω ≤ 0 or Ω ≥ 1
2 must be a disk. Interestingly, the same proof can treat the

two disjoint intervals Ω ≤ 0 and Ω ≥ 1
2 all at once.

Theorem 5.2.1. Let D be a simply-connected bounded domain with C1,γ boundary. If D is a

rotating patch solution with angular velocity Ω, where Ω ≤ 0 or Ω ≥ 1
2 , then D must be a disk, and

it must be centered at the origin unless Ω = 0.

Proof. Let D be a rotating patch with Ω ∈ (−∞, 0] ∪ [ 12 ,∞). As we described above, in this

theorem we will use two different ways to compute the integral I defined in (5.2), where we fix

v⃗(x) := −∇φ(x), with φ and p defined as in (5.4) and (5.5).

On the one hand, we have that v⃗ is divergence free inD, and elliptic regularity theory immediately

yields that v⃗ ∈ C1(D) ∩ C(D). Using the assumption that D is a rotating patch, we know fΩ is a

constant on ∂D. (Note that ∂D is a connected closed curve since we assume D is simply-connected).

Thus the computation in (5.3) directly gives that I = 0.
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On the other hand, we compute I as follows:

I = −
∫
D

v⃗ · ∇fΩdx =

∫
D

∇φ · ∇fΩdx =

∫
D

x · ∇fΩdx︸ ︷︷ ︸
=:I1

+

∫
D

∇p · ∇fΩdx︸ ︷︷ ︸
=:I2

. (5.6)

For I1, we have

I1 =

∫
D

x · ∇(1D ∗ N )dx−
∫
D

x · Ωxdx

=
1

2π

∫
D

∫
D

x · (x− y)

|x− y|2
dydx− Ω

∫
D

|x|2dx

=
1

4π

∫
D

∫
D

x · (x− y)− y · (x− y)

|x− y|2
dydx− Ω

∫
D

|x|2dx

=
1

4π
|D|2 − Ω

∫
D

|x|2dx,

(5.7)

where the third equality is obtained by exchanging x with y in the first integral, then taking average

with the original integral. To compute I2, using the divergence theorem (and the fact that p = 0 on

∂D), we have

I2 = −
∫
D

p∆fΩdx = (2Ω− 1)

∫
D

pdx. (5.8)

Plugging (5.7) and (5.8) into (5.6) gives

I =
1

4π
|D|2 − Ω

∫
D

|x|2dx+ (2Ω− 1)

∫
D

pdx. (5.9)

When Ω = 0, Proposition 5.2.1 directly gives that I > 0 if D is not a disk, contradicting I = 0.

When Ω ∈ (−∞, 0) ∪ [ 12 ,∞), let B be a disk centered at the origin with the same area as D.

Towards a contradiction, assume D ̸= B. Among all sets with the same area as D, the disk B is

the unique one that minimizes the second moment. To see this, denoting by rB the radius of B, we

have

∫
D

|x|2dx−
∫
B

|x|2dx =

∫
D\B

|x|2dx−
∫
B\D

|x|2dx ≥
∫
D\B

r2Bdx−
∫
B\D

r2Bdx = 0,

where the last equality follows from |D \B| = |B \D|, which is due to |D| = |B|; and the inequality
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is strict whenever D ̸= B. Thus if D ̸= B, we have

∫
D

|x|2dx >
∫
B

|x|2dx =
1

2π
|D|2,

where the last step follows from an elementary computation. Plugging this into (5.9) gives the

following inequality for Ω ∈ [ 12 ,∞):

I < 1

4π
|D|2 − Ω

2π
|D|2 + (2Ω− 1)

∫
D

pdx = (1− 2Ω)
( 1

4π
|D|2 −

∫
D

pdx
)
≤ 0.

On the other hand, for Ω ∈ (−∞, 0), we have

I > 1

4π
|D|2 − Ω

2π
|D|2 + (2Ω− 1)

∫
D

pdx = (1− 2Ω)
( 1

4π
|D|2 −

∫
D

pdx
)
> 0,

and we get a contradiction to I = 0 in all the cases, thus the proof is finished.

Remark 5.2.2. In fact, one can easily check that the proof of Theorem 5.2.1 applies to a bounded

disconnected patch D = ∪̇N
i=1Di with C1,γ boundary, as long as each connected component Di is

simply-connected, which yields that such a patch cannot be a rotating solution. Here the proof

remains the same, except a small change in it: on the one hand, since now we have fΩ = ci on ∂Di,

(5.3) should be replaced by

I = −
N∑
i=1

(
ci

∫
∂Di

n⃗ · v⃗dσ +

∫
Di

(∇ · v⃗)fΩdx
)

= 0.

On the other hand, the same argument as in the proof of Theorem 5.2.1 shows I ≠ 0 whenever D

contains more than one connected component.

Remark 5.2.3. When the domain D is Lipschitz, we no longer have v⃗ = −x − ∇p ∈ C1(D).

Nevertheless, the divergence theorem in the proof of Theorem 5.2.1 can still be justified, thanks to

the fact that ∇p ∈ L2(∂D) for a Lipschitz domain D, where ∇p|∂D is taken in the nontangential

limit sense, and this follows from [56, Theorem 5.6].

Even in the regime Ω ∈ (0, 12 ), where non-radial rotating patches are known to exist (recall that

there exist patches bifurcating from a disk at Ωm = m−1
2m for all m ≥ 2), our approach still allows

us to obtain the following quantitative estimate, saying that if a simply-connected patch D rotates

with angular velocity Ω ∈ (0, 12 ) that is very close to 1
2 , then D must be very close to a disk, in the

sense that their symmetric difference must be small.
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Corollary 5.2.4. Let D be a simply-connected bounded domain with C1,γ boundary. Assume D is

a rotating patch solution with angular velocity Ω, where Ω ∈ ( 14 ,
1
2 ). Let δ := 1

2 − Ω. Then we have

|D△B| ≤ 2
√
2δ|D|,

where B is the disk centered at the origin with the same area as D.

Proof. In the proof of Theorem 5.2.1, combining the equation I = 0 and (5.9) together, we have

that

1

4π
|D|2 − Ω

∫
D

|x|2dx− (1− 2Ω)

∫
D

pdx = 0.

Dividing both sides by Ω and rearranging the terms, we obtain

∫
D

|x|2dx− 1

2π
|D|2 =

1− 2Ω

Ω

(
1

4π
|D|2 −

∫
D

pdx

)
≤ 2δ|D|2

π
,

where in the inequality we used that 2δ := 1− 2Ω, Ω > 1
4 , and

∫
D
pdx ≥ 0.

Since
∫
B
|x|2dx = 1

2π |D|2, the above inequality implies that

∫
D\B

|x|2dx−
∫
B\D

|x|2dx ≤ 2δ|D|2

π
. (5.10)

Since D and B has the same area, let us denote β := |D \B| = |B \D|. Among all sets U ⊂ Bc with

area β,
∫
U
|x|2dx is minimized when U is an annulus with area β and inner circle coinciding with

∂B. To see this, let U0 be such an annulus, and denote by rin and rout its inner and outer radius

(note that rin is also the radius of B). Then we have

∫
U

|x|2dx−
∫
U0

|x|2dx =

∫
U\U0

|x|2dx−
∫
U0\U

|x|2dx ≥
∫
U\U0

r2outdx−
∫
U0\U

r2outdx = 0,

where the inequality follows from that U \U0 ⊂ Bc \U0 ⊂ B(0, rout)
c (recall that U ⊂ Bc), and the

last equality follows from |U \ U0| = |U0 \ U |, which is due to |U | = |U0|.

Thus an elementary computation gives

∫
D\B

|x|2dx ≥ inf
U⊂Bc,|U |=β

∫
U

|x|2dx =
β(2|B|+ β)

2π
.

Likewise, among all sets V ⊂ B with area β,
∫
V
|x|2dx is maximized when V is an annulus with
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area β and outer circle coinciding with ∂B, thus

∫
B\D

|x|2dx ≤ sup
V⊂B,|V |=β

∫
V

|x|2dx =
β(2|B| − β)

2π
.

Subtracting these two inequalities yields

∫
D\B

|x|2dx−
∫
B\D

|x|2dx ≥ β2

π
,

and combining this with (5.10) immediately gives

β2 ≤ 2δ|D|2,

thus |D△B| = 2β ≤ 2
√
2δ|D|.

5.2.2 Radial symmetry of non-simply-connected stationary patches

In this subsection, we aim to prove radial symmetry of a connected rotating patch D with Ω ≤ 0,

where D is allowed to be non-simply-connected. Let D ⊂ R2 be a bounded domain with C1,γ

boundary. Assume D has n holes with n ≥ 0, and then let h1, · · · , hn ⊂ R2 denote the n holes of D

(each hi is a bounded open set). Note that ∂D has n + 1 connected components: they include the

outer boundary of D, which we denote by ∂D0, and the inner boundaries ∂hi for i = 1, ..., n. We

orient ∂hi the opposite way as ∂D0.

To begin with, we point out that even for the steady patch case Ω = 0, the proof of Theorem 5.2.1

cannot be directly adapted to the non-simply-connected patch. If we define v⃗ in the same way, then

the second way to compute I still goes through (since Proposition 5.2.1 still holds for non-simply-

connected D), and leads to I > 0 if D is not a disk. But the first way to compute I no longer gives

I = 0: if D is stationary and not simply-connected, f(x) := (1D ∗N )(x) may take different constant

values on different connected components of ∂D, thus the identity (5.3) no longer holds.

In order to fix this issue, we still define v⃗ = −∇φ = −∇( |x|
2

2 + p), but modify the definition of p

in the following lemma. Compared to the previous definition (5.5), the difference is that p now takes

different values 0, c1, . . . , cn on each connected component of ∂D. The lemma shows that there exist

values of {ci}ni=1, such that
∫
∂hi

∇p · n⃗dσ = −2|hi| along the boundary of each hole. As we will see

later, this leads to
∫
∂hi

v⃗ · n⃗dσ = 0 for i = 1, . . . , n, which ensures I = 0. (Of course, with p defined

in the new way, the second way of computing I no longer follows from Proposition 5.2.1, and we
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will take care of this later in Proposition 5.2.7.)

Lemma 5.2.5. Let D, hi and ∂D0 be given as in the first paragraph of Section 5.2.2. Then there

exist positive constants {ci}ni=1, such that the solution p : D → R to the Poisson equation


∆p = −2 in D,

p = ci on ∂hi for i = 1, . . . , n,

p = 0 on ∂D0.

(5.11)

satisfies ∫
∂hi

∇p · n⃗ dσ = −2|hi| for i = 1, . . . , n. (5.12)

Here |hi| is the area of the domain hi ⊂ R2.

Proof. Let u satisfy that


∆u = −2 in D

u = 0 on ∂D.

Furthermore let the function vj for j = 1, ..., n be the solution to


∆vj = 0 in D

vj = 0 on ∂D \ ∂hj

vj = 1 on ∂hj ,

where vj ∈ C2(D) ∩ C1(D) by elliptic regularity. Now we consider the following linear equation,

Ax = b, (5.13)

where Ai,j =
∫
∂hi

∇vj · n⃗ dσ and bi = −2|hi| −
∫
∂hi

∇u · n⃗ dσ. We argue that (5.13) has a unique

solution. Thanks to the divergence theorem, we have

0 =

∫
D

∆vjdx =

∫
∂D0

∇vj · n⃗dσ −
n∑

i=1

∫
∂hi

∇vj · n⃗dσ.

217



Therefore,

n∑
i=1

Ai,j =

∫
∂D0

∇vj · n⃗dσ < 0, (5.14)

where the last inequality follows from the Hopf Lemma [57] since vj attains its minimum value 0 on

∂D0, and vj ̸≡ 0 on ∂D. A similar argument gives that Ai,j > 0 for i ̸= j and Aj,j < 0. Thus A is

invertible by Gershgorin circle theorem [40], leading to a unique solution of (5.13). Let us denote

the solution by x = (c1, ..., cn)
t. Then the function p defined by

p := u+

n∑
i=1

civi

satisfies the desired properties (5.12).

Now we prove that ci > 0 for i ≥ 1. Suppose that ci∗ := mini ci ≤ 0. Then by the minimum

principle, p attains its minimum on ∂hi∗ . Therefore,

0 ≤
∫
∂hi∗

∇p · n⃗dσ = −2|hi∗ | < 0,

which is a contradiction.

Remark 5.2.6. In order to push the regularity of the domain down to Lipschitz, to prove (5.14),

instead of the Hopf Lemma, we may use the following observation in 2 dimensions [1, p.935-p.936]:

let D ⊂ R2 be a Lipschitz domain and let Σ ⊂ ∂D be relatively open with respect to ∂D. Let vj

be a harmonic function in D and continuous in D. If vj vanishes on Σ and its normal derivative

vanishes in a subset of Σ with positive surface measure, then vj ≡ 0 in D. In addition, the use of

the divergence theorem is justified by the same argument as in Remark 5.2.3.

Next we prove a parallel version of Talenti’s theorem for the function p constructed in Lemma 5.2.5.

We will use this result throughout Section 8.2–8.3.

Proposition 5.2.7. Let D ⊂ R2 be a bounded domain with C1,γ boundary. Assume D has n holes

with n ≥ 0, and denote by h1, · · · , hn ⊂ R2 the holes of D (each hi is a bounded open set). Let

p : D → R be the function constructed in Lemma 5.2.5. Then the following two estimates hold:

sup
D

p ≤ |D|
2π

(5.15)
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and ∫
D

p(x)dx ≤ |D|2

4π
(5.16)

Furthermore, for each of the two inequalities above, the equality is achieved if and only if D is either

a disk or an annulus.

Proof. The proof is divided into two parts: In step 1 we prove the two inequalities (5.15) and (5.16),

and in step 2 we show that equality can be achieved if and only if D is a disk or an annulus.

Step 1. When D is simply-connected, (5.15) and (5.16) directly follow from Talenti’s theo-

rem Proposition 5.2.1. Next we consider a non-simply-connected domain D, and prove that these

inequalities also hold when p : D → R is defined as in Lemma 5.2.5.

For k ∈ R+, let us denote Dk := {x ∈ D : p(x) > k}, g(k) := |Dk| and D̃k := Dk∪̇(∪̇{i:ci>k}hi).

Elliptic regularity theory gives that p ∈ C∞(D), thus by Sard’s theorem, k is a regular value for

almost every k ∈ (0, supD p), that is, |∇p(x)| > 0 on {x ∈ D : p(x) = k}. Thus {x ∈ D : p(x) = k}

is a union of smooth simple closed curves and equal to ∂D̃k for almost every k ∈ (0, supD p).

Since ∂Dk = ∂D̃k∪̇(∪̇{i:ci>k}∂hi) for k /∈ {c1, ..., cn}, we compute

g(k) = −1

2

∫
Dk

∆p(x)dx = −1

2

∫
∂Dk

∇p · n⃗dσ

= −1

2

∫
∂D̃k

∇p · n⃗dσ +
1

2

∑
{i:ci>k}

∫
∂hi

∇p · n⃗dσ

= −1

2

∫
∂D̃k

∇p · n⃗dσ −
∑

{i:ci>k}

|hi|,

where the last identity is due to (5.12). Therefore, it follows that

g(k) +
∑

{i:ci>k}

|hi| = −1

2

∫
∂D̃k

∇p · n⃗dσ =
1

2

∫
∂D̃k

|∇p|dσ, (5.17)

where the last equality follows from the fact that ∇p is perpendicular to the tangent vector on the

level set.

On the other hand, the coarea formula yields that

g(k) =

∫
R

∫
∂D̃s

1Dk

1

|∇p|
dσds =

∫ ∞

k

∫
∂D̃s

1

|∇p|
dσds.
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Therefore, it follows that for almost every k ∈ (0, supD p),

g′(k) = −
∫
∂D̃k

1

|∇p|
dσ. (5.18)

Thus it follows from (5.17) and (5.18) that

g′(k)

g(k) + ∑
{i:ci>k}

|hi|

 = −1

2

(∫
∂D̃k

|∇p|dσ
)(∫

∂D̃k

1

|∇p|
dσ

)
≤ −1

2
P (D̃k)

2, (5.19)

where P (E) denotes the perimeter of a rectifiable curve ∂E. Note that the last inequality becomes

equality if and only if |∇p| is a constant on ∂D̃k. Also, the isoperimetric inequality gives that

P (D̃k)
2 ≥ 4π|D̃k|, (5.20)

where equality holds if and only if D̃k is a disk. This yields that

g′(k)

g(k) + ∑
{i:ci>k}

|hi|

 ≤ −2π|D̃k| = −2π

g(k) + ∑
{i:ci>k}

|hi|

 . (5.21)

Therefore, g′(k) ≤ −2π for almost every k ∈ (0, supD p). Combining it with the fact that g(0) = |D|,

we have

g(k) ≤ (g(0)− 2πk)+ = (|D| − 2πk)+ for almost every k ≥ 0.

This proves that supD p ≤
|D|
2π . It follows that

∫
D

p(x)dx =

∫
D

∫ |D|
2π

0

1{k<p(x)}dkdx =

∫ |D|
2π

0

g(k)dk ≤
∫ |D|

2π

0

(|D| − 2πk)+dx =
|D|2

4π
.

Step 2. Now we show that for the two inequalities (5.15) and (5.16), the equality is achieved

if and only if D is either a disk or an annulus. First, if D is either a disk or annulus centered at

some x0 ∈ R2, then uniqueness of solution to Poisson’s equation gives that p is radially symmetric

about x0. Since we have ∆p = −2 in D and p = 0 on the outer boundary of D, this gives an explicit

formula p(x) = − |x−x0|2
2 + R2

2 for x ∈ D, where R is the outer radius of D. For either a disk or an

annulus, one can explicitly compute supD p and
∫
D
pdx to check that equalities in (5.15) and (5.16)

are achieved.

To prove the converse, assume that either (5.15) or (5.16) achieves equality, and we aim to show

that D is either a disk or an annulus. In order for either equality to be achieved, (5.21) needs to
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achieve equality at almost every k ∈ (0, supD p). In addition, g(k) needs to be continuous in k since

g(k) is decreasing. Since (5.21) follows from a combination of the Cauchy-Schwarz inequality in

(5.19) and the isoperimetric inequality in (5.20), we need to have all the three conditions below in

order for either (5.15) or (5.16) to achieve equality:

(1) |∇p| is a constant on each level set ∂D̃k for almost every k ∈ (0, supD p);

(2) D̃k is a disk for almost every k ∈ (0, supD p).

(3) g(k) = |Dk| is continuous in k. As a result, |D̃k| is continuous in k at all k ̸= ci, with ci > 0

defined in (5.11).

Next we will show that if all these three conditions are satisfied, then D must be an annulus or

disk. First, note that by sending k ↘ 0 in condition (2), and combining it with the continuity of

|D̃k| as k ↘ 0, it already gives that the outer boundary of D must be a circle. Therefore if D is

simply-connected, it must be a disk.

If D is non-simply-connected, using condition (2) and (3), we claim that D can have only one

hole, which must be a disk, and p must achieve its maximum value in D on the boundary of the

hole. To see this, let hi be any hole of D, and recall that p|∂hi
= ci. As we consider the set limit of

D̃k as k approaches ci from below and above, by definition of D̃k we have

lim
k↗ci

D̃k = lim
k↘ci

D̃k∪̇(∪̇{j:cj=ci}hj).

By (2) and (3), the left hand side limk↗ci D̃k is a disk, and the set limk↘ci D̃k on the right hand

side is also a disk (if the limit is non-empty). But after taking union with the holes {hj : cj = ci}

(each is a simply-connected set), the right hand side will be a disk if and only if limk↘ci D̃k is empty,

∪̇{j:cj=ci}hj = hi, and hi is a disk. This implies ci = supD p and cj < ci for all j ̸= i. But since hi

is chosen to be any hole of D, we know D can have only one hole (call it h), which is a disk, and

supD p = p|∂h. Finally, note that condition (1) gives that all the disks {D̃k} are concentric, and as

a result we have D is an annulus, finishing the proof.

Finally, we are ready to show that every connected stationary patch D with C1,γ boundary must

be either a disk or an annulus.

Theorem 5.2.2. Let D ⊂ R2 be a bounded domain with C1,γ boundary. Suppose that ω(x) := 1D(x)

is a stationary patch solution to the 2D Euler equation in the sense of (4.5). Then D is either a

disk or an annulus.

Proof. If D has n holes (where n ≥ 0), denote them by h1, . . . , hn. By (4.5), the function f := 1D∗N
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is constant on each of connected component of ∂D, and let us denote

f(x) =


ai on ∂hi

a0 on ∂D0.

(5.22)

Let p : D → R be defined as in Lemma 5.2.5, and let φ := |x|2
2 + p. Similar to the proof of

Theorem 5.2.1, we calculate I :=
∫
D
∇φ · ∇fdx in two different ways. Note that ∇f = ∇(f − a0)

in D. Applying the divergence theorem to I and using (5.22) and ∆φ = 0 in D, it follows that

I =

∫
∂D

(∇φ · n⃗)(f − a0)dσ −
∫
D

∆φ(f − a0)dx =

n∑
i=1

(ai − a0)

∫
∂hi

∇φ · n⃗dσ. (5.23)

By definition of φ, and combining it with the property of p in (5.12), we have

∫
∂hi

∇φ · n⃗dσ =

∫
∂hi

∇
(
|x|2

2

)
· n⃗dσ +

∫
∂hi

∇p · n⃗dσ

=

∫
hi

2dx+

∫
∂hi

∇p · n⃗dσ = 0.

(5.24)

Plugging this into (5.23) gives I = 0. On the other hand, we also have

I =

∫
D

x · ∇fdx+

∫
D

∇p · ∇fdx =: E1 + E2.

We compute

E1 =

∫
D

x · (1D ∗ ∇N )dx =

∫
D

∫
D

1

2π

x · (x− y)

|x− y|2
dydx =

|D|2

4π
, (5.25)

where the last equality is obtained by exchanging x with y and taking the average with the original

integral. For E2, the divergence theorem yields that

E2 =

∫
∂D

p∇f · n⃗dσ −
∫
D

p∆fdx =

∫
∂D

p∇f · n⃗dσ −
∫
D

pdx.

Using the property of p in (5.11) and the fact that ∆f = 0 in hi, the divergence theorem yields

∫
∂D

p∇f · n⃗dσ = −
n∑

i=1

∫
∂hi

p∇f · n⃗dσ = −
n∑

i=1

ci

∫
hi

∆fdx = 0, (5.26)
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As a result, we have E2 = −
∫
D
pdx. If D is neither a disk nor an annulus, Proposition 5.2.7 gives

I = E1 + E2 =
|D|2

4π
−
∫
D

pdx > 0,

contradicting I = 0.

In the next corollary, we generalize the above result to a nonnegative stationary patch with

multiple (disjoint) patches.

Corollary 5.2.8. Let ω(x) :=
∑n

i=1 αi1Di
, where αi > 0, each Di is a bounded domain with C1,γ

boundary, and Di ∩ Dj = ∅ if i ̸= j. Assume that ω is a stationary patch solution, that is, the

function f(x) := ω ∗ N satisfies ∇⊥f · n⃗ = 0 on ∂Di for all i = 1, . . . , n. Then ω is radially

symmetric up to a translation.

Proof. Following similar notations as the beginning of Section 5.2.2, we denote the outer boundary

of Di by ∂Di0, and the holes of each Di (if any) by hik for k = 1, . . . , Ni. Let pi : Di → R be defined

as in Lemma 5.2.5, that is, pi satisfies
∆pi = −2 in Di

pi = cik on ∂hik

pi = 0 on ∂Di0,

where cik is chosen such that
∫
∂hik

∇pi · n⃗dσ = −2|hik|. We then define φ : ∪n
i=1Di → R, such that

in each Di we have φ = φi :=
|x|2
2 + pi.

Similar to Theorem 11.1.7, we compute

I :=

∫
R2

ω∇φ · ∇fdx =

n∑
i=1

∫
Di

αi∇φi · ∇fdx

in two different ways. On the one hand, since f = ω ∗N is a constant on each connected component

of ∂Di, the same computation of Theorem 11.1.7 yields that
∫
Di

∇φi · ∇fdx = 0, therefore I = 0.

On the other hand, since ∇φ = x+∇pi in each Di, we break I into

I =

n∑
i,j=1

αiαj

∫
Di

x · ∇(1Dj
∗ N )dx+

n∑
i,j=1

αiαj

∫
Di

∇pi · ∇(1Dj
∗ N )dx =: I1 + I2.
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For I1, we compute

I1 =

n∑
i,j=1

αiαj

2

(∫
Di

x · ∇(1Dj ∗ N )dx+

∫
Dj

x · ∇(1Di ∗ N )dx

)

=

n∑
i,j=1

αiαj

2

(∫
Di

∫
Dj

x · (x− y)

2π|x− y|2
dydx+

∫
Dj

∫
Di

x · (x− y)

2π|x− y|2
dydx

)

=

n∑
i,j=1

αiαj

4π
|Di||Dj |, (5.27)

where we exchanged i with j to get the first equality. For I2, we have

I2 =

n∑
i=1

α2
i

∫
Di

∇pi · ∇(1Di
∗ N )dx+

∑
i ̸=j

αiαj

∫
Di

∇pi · ∇(1Dj
∗ N )dx =: I21 + I22.

By the same computation for E2 in the proof of Theorem 11.1.7, we have

I21 = −
n∑

i=1

α2
i

∫
Di

pidx. (5.28)

For i ̸= j, we denote j ≺ i if Dj is contained in a hole of Di. (And if Dj is not contained in any

hole of Di, we say j ̸≺ i.) Using this notation, the divergence theorem directly yields that

∫
∂Di

pi∇(1Dj ∗ N ) · n⃗dσ = −
Ni∑
k=1

∫
∂hik

pi∇(1Dj ∗ N ) · n⃗dσ = 0 if j ̸≺ i. (5.29)

And if j ≺ i, then the divergence theorem and (5.15) in Proposition 5.2.7 yield

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ ≥ − sup

∂Di

pi|Dj | ≥ − 1

2π
|Di||Dj | if j ≺ i. (5.30)

Hence it follows that

I22 ≥ −
∑
i̸=j

1j≺i
αiαj

2π
|Di||Dj | = −

∑
i ̸=j

(1j≺i + 1i≺j)
αiαj

4π
|Di||Dj |, (5.31)

where the last step is obtained by exchanging i, j and taking average with the original sum. Note

that we have 1j≺i + 1i≺j ≤ 1 for any i ̸= j. From (5.27), (5.28) and (5.31), we obtain

I ≥
n∑

i=1

α2
i

(
|Di|2

4π
−
∫
Di

pidx

)
+

∑
j ̸≺i and i ̸≺j

i̸=j

αiαj
|Di||Dj |

4π
. (5.32)
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Since we already know that I = 0 and all the summands in (5.32) are nonnegative, it follows that

|Di|2

4π
=

∫
Di

pidx for all i = 1, . . . , n and {(i, j) : i ̸= j, i ̸≺ j and j ̸≺ i} = ∅.

Therefore every Di is either a disk or an annulus by Proposition 5.2.7 and they are nested. By

relabeling the indices, we can assume that i ≺ i+ 1 for i = 1, . . . , n− 1.

Next we prove that all Di’s are concentric by induction. For k ≥ 1, suppose D1, . . . , Dk are

known to be concentric about some o ∈ R2. To show Dk+1 is also centered at o, we break f into

f =

k∑
i=1

(αi1Di
) ∗ N +

n∑
i=k+1

(αi1Di
) ∗ N .

In the first sum, each Di is centered at o for i ≤ k, thus Lemma 5.2.9(a) (which we prove right after

this theorem) yields that
∑k

i=1(αi1Di) ∗N = C
2π ln |x− o| on ∂inDk+1, where C =

∑k
i=1 αi|Di| > 0.

In the second sum, for each i ≥ k + 1, since each Di is an annulus with ∂inDk+1 in its hole,

Lemma 5.2.9(b) gives that 1Di ∗ N ≡ const on ∂inDk+1 for all i ≥ k + 1. Thus overall we have

f = C
2π ln |x− o|+C2 on ∂inDk+1 for C > 0. Combining it with the assumption that f is a constant

on ∂inDk+1, we know Dk+1 must also be centered at o, finishing the induction step.

Now we state and prove the lemma used in the proof of Corollary 5.2.8, which follows from

standard properties of the Newtonian potential.

Lemma 5.2.9. Assume g ∈ L∞(R2) is radially symmetric about some o ∈ R2, and is compactly

supported in B(o,R). Then η := g ∗ N satisfies the following:

(a) η(x) =

∫
R2 gdx

2π
ln |x− o| for all x ∈ B(0, R)c.

(b) If in addition we have g ≡ 0 in B(o, r) for some r ∈ (0, R), then η = const in B(o, r).

Proof. To show (a), we take any x ∈ B(o,R)c and consider the circle Γ ∋ x centered at o. By radial

symmetry of η about o and the divergence theorem, we have

∇η · x
|x|

=
1

|Γ|

∫
Γ

∇η · n⃗dσ =
1

|Γ|

∫
int(Γ)

∆ηdx =

∫
R2 g(x)dx

2π|x− o|
,

which implies η(x) =
∫
gdx
2π ln |x− o|+ C. To show that C = 0, for |x| sufficiently large we have

|C| =
∣∣∣ ∫

B(o,R)

g(x)(N (x− y)−N (x− o))dy
∣∣∣ ≤ ∥g∥L∞(R2) sup

y∈B(o,R)

|N (x− o)−N (x− y)|,
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and by sending |x| → ∞ we have C = 0, which gives (a). To show (b), it suffices to prove that

∇η ≡ 0 in B(o, r). Take any x ∈ B(o, r), and consider the circle Γ2 ∋ x centered at o. Again,

symmetry and the divergence theorem yield that

|∇η(x)| = 1

|Γ2|

∫
Γ2

∇η · n⃗dσ =
1

|Γ2|

∫
int(Γ2)

∆ηdx =

∫
int(Γ)

g(x)dx

|Γ|
= 0,

finishing the proof of (b).

5.2.3 Radial symmetry of non-simply-connected rotating patches with

Ω < 0

In this subsection, we show that a nonnegative uniformly rotating patch solution (with multiple

disjoint patches) must be radially symmetric if the angular velocity Ω < 0.

Theorem 5.2.3. For i = 1, . . . , n, let Di be a bounded domain with C1,γ boundary, and assume

Di ∩Dj = ∅ for i ̸= j. If ω =
∑n

i=1 αi1Di is a nonnegative rotating patch solution with αi > 0 and

angular velocity Ω < 0, then ω must be radially symmetric.

Proof. In this proof, let

fΩ(x) := ω ∗ N − Ω

2
|x|2.

In each Di, let us define pi as in Lemma 5.2.5. Let φi :=
|x|2
2 + pi in each Di. As in Theorem 5.2.3,

we compute I :=
∑n

i=1 αi

∫
Di

∇φi · ∇fΩdx in two different ways. Since fΩ is a constant on each

connected component of ∂Di and ∇φi is divergence free in Di, we still have I = 0 as in the proof

of Theorem 11.1.7.

On the other hand, we have

I =

n∑
i=1

αi

∫
Di

(x+∇pi) · ∇ (ω ∗ N ) dx+ (−Ω)︸ ︷︷ ︸
≥0

n∑
i=1

αi

∫
Di

(x+∇pi) · xdx

=: I1 + (−Ω)I2.

As in the proof of Corollary 5.2.8, we have

I1 =

n∑
i=1

α2
i

(
|Di|2

4π
−
∫
Di

pidx

)
+

∑
j ̸≺i and i ̸≺j

i̸=j

αiαj
|Di||Dj |

4π
≥ 0. (5.33)

Note that I1 = 0 as long as all Di’s are nested annuli/disk, even if they are not concentric. For I2,
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using Cauchy-Schwarz inequality in the second step, and Lemma 5.2.10 in the third step (which we

will prove right after this theorem), we have

I2 =

n∑
i=1

αi

(∫
Di

|x|2dx+

∫
Di

∇pi · xdx
)

≥
n∑

i=1

αi

(∫
Di

|x|2dx−
(∫

Di

|∇pi|2dx
)1/2(∫

Di

|x|2dx
)1/2)

≥ 0.

(5.34)

Combining (5.33) and (5.34) gives us I ≥ 0. If there is any Di that is not a disk or annulus centered

at the origin, Lemma 5.2.10 would give a strict inequality in the last step of (5.34), which leads to

I > 0 and thus contradicts with I = 0.

Now we state and prove the lemma that is used in the proof of Theorem 5.2.3.

Lemma 5.2.10. Let D be a bounded domain with C1,γ boundary, and let p be as in Lemma 5.2.5.

Then we have

−
∫
D

∇p · xdx =

∫
D

|∇p|2dx ≤
∫
D

|x|2dx. (5.35)

Furthermore, in the inequality, “=” is achieved if and only if D is a disk or annulus centered at the

origin.

Proof. We compute

∫
D

|∇p|2dx =

∫
∂D

p∇p · n⃗dσ +

∫
D

2pdx

= −
∫
∂D

px · n⃗dσ +

∫
D

2pdx,

where in the last equality we use that p is constant along each ∂hi, as well as the following identity

due to (5.12) and the divergence theorem (here n⃗ is the outer normal of hi):

∫
∂hi

∇p · n⃗dσ = −2|hi| = −
∫
hi

∆
|x|2

2
dx = −

∫
∂hi

x · n⃗dσ.

On the other hand, the divergence theorem yields

−
∫
D

∇p · xdx = −
∫
∂D

px · n⃗dσ +

∫
D

2pdx.

Therefore using Young’s inequality −∇p · x ≤ 1
2 |∇p|

2 + 1
2 |x|

2 (where the equality is achieved if and
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only if −∇p = x), we have

∫
D

|∇p|2dx = −
∫
D

∇p · xdx ≤ 1

2

∫
D

|∇p|2dx+
1

2

∫
D

|x|2dx,

which proves (5.35). Here the equality is achieved if and only if −∇p = x in D, which is equivalent

with p + |x|2
2 being a constant in D, and it can be extended to D due to continuity of p. By our

construction of p in Lemma 5.2.5, p is already a constant on each connected component of ∂D,

implying |x|2
2 is constant on each piece of ∂D, hence ∂D must be a family of circles centered at the

origin. By the assumption that D is connected, it must be either a disk or annulus centered at the

origin.

5.2.4 Radial symmetry of non-simply-connected rotating patches with

Ω ≥ 1
2

In this final subsection for patches, we consider a bounded open set D with C1,γ boundary. D can

have multiple connected components, and each connected component can be non-simply-connected.

If 1D is a rotating patch solution to the Euler equation with angular velocity Ω ≥ 1
2 , we will show

D must be radially symmetric and centered at the origin.

To do this, one might be tempted to proceed as in Theorem 5.2.1 and replace p : D → R by the

function defined in Lemma 5.2.5. Here the first way of computing I =
∫
D
(x + ∇p) · ∇fΩdx still

yields I = 0, but the second way gives some undesired terms caused by the holes hi:

I =
1

4π
|D|2 − Ω

∫
D

|x|2dx+ (2Ω− 1)

∫
D

pdx+ 2Ω

n∑
i=1

p|∂hi
|hi|.

Due to the last term on the right hand side, we are unable to show I ≤ 0 when Ω ≥ 1
2 as we did

before in Theorem 5.2.1. For this reason, we take a different approach in the next theorem. Instead

of defining p as a function in D and I as an integral in D, we want to define them in Dc. But since

Dc is unbounded, we define pR and IR in a truncated set B(0, R) \Dc, and then use two different

ways to compute IR. By sending R → ∞, we will show that the two ways give a contradiction

unless D is radially symmetric.

Theorem 5.2.4. For a bounded open set D with C1,γ boundary, assume that 1D is a rotating patch

solution to the Euler equation with angular velocity Ω ≥ 1
2 . Then D is radially symmetric and

centered at the origin.
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Proof. Since D is bounded, let us choose R0 > 0 such that BR0
⊃ D. For any R > R0, consider the

open set BR \D, which may have multiple connected components. We call the component touching

∂BR as D0,R, and name the other connected components by U1, . . . , Un. Throughout this proof we

assume that n ≥ 1: if not, then each connected component of D is simply connected, which has

been already treated in Theorem 5.2.1 and Remark 5.2.2. We also define V := BR \D0,R, which is

the union of D and all its holes. Note that V may have multiple connected components, but each

must be simply-connected. See Figure 5.1 for an illustration of D0,R, {Ui}ni=1 and V .

D

∂B(0, R0)
∂B(0, R)

D0,R
U1

U2

V

Figure 5.1: For a set D ⊂ B(0, R0) (the whole yellow region on the left), the middle figure illustrates
the definition of D0,R (the blue region), {Ui} (the gray regions), and right right figure illustrate
V = BR \D0,R (the green region).

To prove the theorem, the key idea is to define pR and IR in BR \D, instead of in D. Let p0,R

and pi be defined as in Lemma 5.2.5 in D0,R and Ui respectively, then set φ0,R := p0,R + |x|2
2 in

D0,R, and φi := pi +
|x|2
2 in Ui for i = 1, . . . , n. Finally, define pR and φR : R2 → R as

pR := p0,R1D0,R
+

n∑
i=1

pi1Ui
, φR := φ0,R1D0,R

+

n∑
i=1

φi1Ui
.

Since 1D rotates with angular velocity Ω ≥ 1
2 , we know fΩ := 1D ∗N − Ω

2 |x|
2 is constant on each

connected component of ∂D. Next we will compute

IR :=

∫
BR\D

∇fΩ · ∇φRdx (5.36)

in two different ways. If some connected component of ∂D is not a circle, we will derive a contra-

diction by sending R → ∞. We point out that as we increase R, the domain D0,R will change, but

the sets {Ui}ni=1 and V all remain unchanged.
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On the one hand, we break IR into

IR =

∫
D0,R

∇fΩ · ∇φ0,Rdx+

n∑
i=1

∫
Ui

∇fΩ · ∇φidx =: I1
R + I2

R.

Since fΩ is constant on each connected component of ∂Ui, the same computation as (5.23)–(5.24)

gives I2
R = 0. For I1

R, note that although fΩ is a constant along the boundary of each hole of D0,R,

it is not a constant along ∂outD0,R = ∂BR. Thus similar computations as (5.23)–(5.24) now give

I1
R =

∫
∂BR

(
1D ∗ N − Ω

2
R2
)
∇φ0,R · n⃗dσ

=

∫
∂BR

((1D ∗ N )(x)− |D|N (x))∇φ0,R · n⃗dσ(x),
(5.37)

where in the second equality we used
∫
∂BR

∇φ0,R · n⃗dσ = 0 and the fact that N (x) is constant on

∂BR. For any x ∈ ∂BR, since D ⊂ BR0 and R > R0, we can control (1D ∗ N )(x)− |D|N (x) as

∣∣(1D ∗ N )(x)− |D|N (x)
∣∣∣ ≤ 1

2π

∫
D

∣∣∣ log |x− y| − log |x|
∣∣∣dy ≤ |D|

2π

∣∣∣∣log(1− R0

R

)∣∣∣∣ on ∂BR. (5.38)

We introduce the following lemma to control |∇φ0,R · n⃗| on ∂BR, whose proof is postponed to the

end of this subsection.

Lemma 5.2.11. Let D ⊂ BR0
be an open set with C1,γ boundary. For any R > R0, let D0,R, V ,

p0,R and φ0,R be defined as in the proof of Theorem 5.2.4. Then we have

|∇φ0,R · n⃗| ≤ NR2
0

2R log(R/R0)
on ∂BR, (5.39)

where N > 0 is the number of connected components of V (and is independent of R).

Once we have this lemma, plugging (5.39) and (5.38) into (5.37) yields

|I1
R| ≤

N |D|R2
0

2

∣∣∣∣log(1− R0

R

)∣∣∣∣ (log(R/R0))
−1 ≤ |D|C(D,R0)

R logR
→ 0 as R→ ∞.

Combining this with I2
R = 0 gives

lim
R→∞

IR = 0. (5.40)

Next we compute IR in another way. Note that 1BR
∗N − |x|2

4 is a radial harmonic function in BR,
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thus is equal to some constant CR in BR. Using this fact, we can rewrite fΩ as

fΩ = 1D ∗ N − Ω

2
|x|2 = (1D − 1BR

) ∗ N −
(Ω
2
− 1

4

)
|x|2 + CR.

As a result, IR can be rewritten as

IR = −
∫
BR\D

∇
(
1BR\D ∗ N

)
· ∇φRdx− (2Ω− 1)

2

∫
BR\D

x · ∇φRdx

=: −J 1
R − (2Ω− 1)

2
J 2
R.

(5.41)

Next we will show J 1
R,J 2

R ≥ 0, leading to IR ≤ 0. Let us start with J 2
R. Applying Lemma 5.2.10 to

each of D0,R and {Ui}ni=1 immediately gives

J 2
R ≥

∫
D0,R

|x|2 +∇p0,R · xdx+

n∑
i=1

∫
Ui

|x|2 +∇pi · xdx =: T0,R +

n∑
i=1

Ti ≥ 0. (5.42)

Note that the Ti’s are independent of R for i = 1, . . . , n, and we know Ti ≥ 0 with equality achieved

if and only if Ui is an annulus or a disk centered at the origin. This will be used later to show all

{Ui}ni=1 are centered at the origin in the Ω > 1
2 case. (When Ω = 1

2 , the coefficient of J 2
R becomes

0 in (5.41), thus a different argument is needed in this case.)

We now move on to J 1
R. We first break it as

J 1
R =

∫
BR\D

∇(1BR\D ∗ N ) · xdx+

∫
BR\D

∇(1BR\D ∗ N ) · ∇pRdx =: J11 + J12.

An identical computation as (5.25) gives J11 =
1

4π

(
|D0,R| +

n∑
i=1

|Ui|
)2
. For J12, the same compu-

tation as (5.28)–(5.30) gives the following (where we used that each Ui lies in a hole of D0,R for

i = 1, . . . , n):

J12 ≥ −
∫
D0,R

p0,Rdx−
n∑

i=1

∫
Ui

pidx−
∑

1≤i≤n

|Ui| sup
D0,R

p0,R −
∑

1≤i,j≤n
j≺i

|Ui||Uj |
2π

.
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Adding up the estimates for J11 and J12, we get

J 1
R ≥

(
1

4π
|D0,R|2 −

∫
D0,R

p0,Rdx

)
+

 ∑
1≤i≤n

|Ui|

( 1

2π
|D0,R| − sup

D0,R

p0,R

)

+

n∑
i=1

(
1

4π
|Ui|2 −

∫
Ui

pidx

)
+

∑
j ̸≺i and i̸≺j

i ̸=j

1

4π
|Ui||Uj |.

(5.43)

By Proposition 5.2.7, all terms on the right hand side are nonnegative. But note that only the

two terms in the second line are independent of R. Plugging (5.43) and (5.42) into (5.41) gives the

following (where we only keep the terms independent of R on the right hand side):

lim inf
R→∞

(−IR) ≥
n∑

i=1

(
1

4π
|Ui|2 −

∫
Ui

pidx

)
+

∑
j ̸≺i and i ̸≺j

i ̸=j

1

4π
|Ui||Uj |+

2Ω− 1

2

n∑
i=1

Ti ≥ 0.

Combining this with the previous limit (5.40), we know Ui must be an annulus or a disk for i =

1, . . . , n, and they must be nested in each other. In addition, if Ω > 1
2 , we have Ti = 0 for i = 1, . . . , n,

implying that each Ui is centered at the origin.

The radial symmetry of D0,R is more difficult to obtain. Although the first two terms on the right

hand side of (5.43) are both strictly positive if D0,R is not an annulus, we need some uniform-in-R

lower bound to get a contradiction in the R → ∞ limit. Between these two terms, it turns out the

second term is easier to control. This is done in the next lemma, whose proof we postpone to the

end of this subsection.

Lemma 5.2.12. Let D ⊂ BR0
be an open set with C1,γ boundary. For any R > R0, let D0,R,

V and p0,R be given as in the proof of Theorem 5.2.4. If V is not a single disk, there exists some

constant C(V ) > 0 only depending on V , such that

lim inf
R→∞

(
1

2π
|D0,R| − sup

D0,R

p0,R

)
≥ C(V ) > 0.

If V is not a disk, Lemma 5.2.12 gives lim infR→∞ J 1
R >

(∑
1≤i≤n |Ui|

)
C(V ) > 0. (Recall that

in the beginning of this proof we assume
∑

1≤i≤n |Ui| > 0, and it is independent of R.) This implies

lim infR→∞(−IR) ≥ C(V ) > 0, contradicting (5.40).

So far we have shown that ∂D is a union of nested circles, and it remains to show that they are

all centered at 0. For the Ω > 1
2 case, we already showed all {Ui}ni=1 are centered at 0, so it suffices

to show the outmost circle ∂V (denote by B(õ, r̃)) is also centered at 0. By definition of {Ui}ni=1,
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we have D = B(õ, r̃) \
(
∪̇n
i=1Ui

)
. Note that 1B(õ,r̃) ∗ N = |x−õ|2

4 + C for some constant C, and

1∪̇n
i=1Ui

∗ N is radially increasing. Therefore fΩ can be written as

fΩ = 1B(õ,r̃) ∗ N − 1∪̇n
i=1Ui

∗ N − Ω

2
|x|2 =

|x− õ|2

4
− g(x),

where g is radially symmetric, and strictly increasing in the radial variable. Since both fΩ and |x−õ|2
4

are known to take constant values on ∂B(õ, r̃), it implies g must be constant on ∂B(õ, r̃) too, and

the fact that g is a radially increasing function gives that õ = 0. This finishes the proof for Ω > 1
2 .

For Ω = 1
2 , we do not know whether {Ui}ni=1 are centered at 0 yet. Denote by U1 be the innermost

one. Then we have

fΩ(x) =
|x− õ|2

4
− 1∪̇n

i=1Ui
∗ N − |x|2

4
=
õ · x
2

+ const for x ∈ ∂outU1, (5.44)

where the second equality follows from Lemma 5.2.9(b), where we used that 1 ≺ j for all 2 ≤ j ≤ n.

Combining (5.44) with the fact that fΩ = const on ∂outU1 gives õ = 0, that is, the outmost circle

must be centered at 0. This leads to fΩ = −
∑n

i=1 1Ui
∗ N . Since fΩ = const on each connected

component of ∂Ui, we can apply the last part in the proof of Corollary 5.2.8 to show that all {Ui}ni=1

are all concentric. Denoting their center by o1, we can show that o1 = 0: Lemma 5.2.9(a) gives

fΩ(x) = C ln |x − o1| for some C < 0 on ∂B(õ, r̃), and since we have f = const on ∂B(õ, r̃) and

õ = 0, it implies that o1 = 0, finishing the proof.

Proof of Lemma 5.2.11. For notational simplicity, we shorten p0,R, D0,R and φ0,R into pR, DR

and φR thoughout this proof. Recall that ∂DR = ∂BR ∪ ∂V . Clearly we have φR = R2

2 on ∂BR,

due to pR = 0 on ∂outDR = ∂BR. We claim that

−NR
2
0

2
≤ φR − R2

2
≤ R2

0

2
on ∂V, (5.45)

where N ≥ 1 is the number of connected components of V . Once it is proved, we apply the

comparison principle to the functions φR − R2

2 and ±g, where

g(x) :=
NR2

0

2 log(R/R0)
log

R

|x|
.

Note that g ≡ 0 on ∂BR, and g ≥ NR2
0

2 on ∂V since ∂V ⊂ BR0
. If 0 ̸∈ DR, then the functions

φR − R2

2 and ±g are all harmonic in DR, their values on ∂BR are all 0, and their boundary values
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on ∂V are ordered due to (5.45). The comparison principle in DR then yields

−g(x) ≤ φR(x)−
R2

2
≤ g(x) in DR. (5.46)

Since φR− R2

2 ≡ g ≡ 0 on ∂BR, (5.46) gives |∇φR · n⃗| ≤ |∇g · n⃗| = NR2
0

2R log(R/R0)
on ∂BR, which is the

desired estimate (5.39). And if 0 ∈ DR, then (5.46) still holds in DR \ Bϵ for all sufficiently small

ϵ > 0 by applying the comparison principle in this set, and (5.39) again follows as a consequence.

In the rest of the proof we will show (5.45). Its second inequality is straightforward:

φR − R2

2
≤ R2

0

2
+ sup

DR

pR − R2

2
≤ R2

0

2
on ∂V,

here the first inequality follows from the definition of φR and the fact that V ⊂ BR0
, and the second

inequality is due to supDR
pR ≤ |DR|

2π ≤ R2

2 in Proposition 5.2.7.

It remains to prove the first inequality of (5.45). Let us fix any R > R0. Denote the N connected

components of ∂V by {Γi}Ni=1, and let Γ0 := ∂BR. These notations lead to ∂DR = ∪N
i=0Γi. For

i = 0, . . . , N , let Li ⊂ R be the range of φR − R2

2 on Γi. By continuity of φR, each Li is a closed

bounded interval, which can be a single point. Clearly, L0 = {0} due to φR|∂BR
= R2

2 . Towards a

contradiction, suppose

vmin := min
1≤i≤N

inf Li = inf
∂V

(
φR − R2

2

)
=: −N |R0|2

2
− δ for some δ > 0. (5.47)

As for the maximum value, since L0 = {0} we have

vmax := max
0≤i≤N

supLi ≥ 0. (5.48)

For i = 1, . . . , N , using pR|Γi = const, φR = pR + |x|2
2 and Γi ⊂ BR0 , the length of each interval Li

satisfies ∣∣Li

∣∣ = oscΓi

|x|2

2
≤ R2

0

2
for i = 1, . . . , N. (5.49)

Comparing (5.49) with (5.47)–(5.48), we know the union of {Li}Ni=0 cannot fully cover the interval

[vmin, vmax], thus they can be separated in the following sense: there exists a nonempty proper subset

S ⊂ {0, . . . , N}, such that the range of Li for indices in S and Sc := {0, . . . , N} \ S are strictly
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separated by at least δ, i.e. mini∈S inf Li ≥ maxi∈Sc supLi + δ. In terms of φR, we have

min
i∈S

inf
Γi

φR ≥ max
i∈Sc

max
Γi

φR + δ. (5.50)

Since φR is harmonic inDR, whose boundary is ∪N
i=0Γi, it is a standard comparison principle exercise

to show that (5.50) implies ∑
i∈S

∫
Γi

∇φR · n⃗dσ > 0, (5.51)

where n⃗ denotes the outer normal of DR. But on the other hand, we have

∫
Γi

∇φR · n⃗dσ = 0 for i = 0, . . . , N. (5.52)

To see this, the cases i = 1, . . . , N can be done by an identical computation as (5.24), and the i = 0

case follows from
∫
∂DR

φR · n⃗dσ =
∫
DR

∆φRdx = 0 and the fact that ∂DR = ∪N
i=0Γi. Thus we have

obtained a contradiction between (5.51) and (5.52), completing the proof.

Proof of Lemma 5.2.12. Assume V has N connected components {Vj}Nj=1 for N ≥ 1. For

notational simplicity, we shorten D0,R, p0,R and φ0,R into DR, pR and φR in this proof. Let

ϵR := 1
2π |DR| − supDR

pR, which is nonnegative by Proposition 5.2.7. Towards a contradiction,

assume there exists a diverging subsequence {Ri}∞i=1 such that limi→0 ϵRi
= 0.

Define φ̃Ri
:= φRi

− R2
i

2 . We claim that {φ̃Ri
}∞i=1 has a subsequence that converges locally

uniformly to some bounded harmonic function φ∞ in R2 \ V .

To show this, we will first obtain a uniform bound of {φ̃Ri
}∞i=1. Note that (5.45) gives that

sup∂V |φ̃Ri | ≤
NR2

0

2 for all i ∈ N+. Since φ̃Ri
≡ 0 on ∂BRi

for all i ∈ N+, the maximum principle

for harmonic function gives supDRi
|φ̃Ri | ≤

NR2
0

2 for all i ∈ N+.

For any R > 2R0, we will obtain a uniform gradient estimate for {φ̃Ri
} in DR for all Ri > 2R.

First note that since ∂BR is in the interior of DRi (due to Ri > 2R), interior estimate for harmonic

function (together with the above uniform bound) gives that ∥φ̃Ri
∥C2(∂BR) ≤ C(N,R0). On the

other boundary ∂V , recall that φ̃Ri
|∂Vj

= |x|2
2 + ci,j , with |ci,j | ≤ (N+1)R2

0

2 . Thus ∥φ̃Ri
∥C2(∂DR) ≤

C(N,R0) for all Ri > 2R, and the standard elliptic regularity theory gives the uniform gradient

estimate supDR
|∇φ̃Ri

| ≤ C(V ). This allows us to take a further subsequence (which we still denote

by {φ̃Ri
}) that converges uniformly in DR to some harmonic function φ̃∞ ∈ C(DR). Since R > 2R0

is arbitrary, we can repeat this procedure (for countably many times) to obtain a subsequence that

converges locally uniformly to a harmonic function φ̃∞ in R2 \ V , where φ̃∞|∂Vj
= |x|2

2 + cj with
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|cj | ≤ (N+1)R2
0

2 . This finishes the proof of the claim.

Now define

p̃Ri
:= pRi

− R2
i

2
= φ̃Ri

− |x|2

2
,

which is known to converge locally uniformly to p̃∞ := φ̃∞ − |x|2
2 in R2 \ V . Note that p̃∞ is not

radially symmetric up to any translation: To see this, recall that p̃∞|∂Vj
≡ cj . If p̃∞ is radial about

some x0, it must be of the form − |x−x0|2
2 + c due to ∆p̃∞ = −2. As a result, the level sets of p̃∞

are all nested circles, thus V must be a single disk (where we used that each connected component

of V is simply-connected).

Next we will show that limi→0 ϵRi
= 0 implies p̃∞ is radial up to a translation, leading to a

contradiction. For k ∈ R, let gi(k) := |{x ∈ DRi
: pRi

(x) > k}|. In the proof of Proposition 5.2.7,

we have shown that gi(0) = |DRi |, gi is decreasing in k, with g′i(k) ≤ −2π for almost every k ∈

(0, supDRi
pRi

). Since supDRi
pRi

= 1
2π |DRi

| − ϵRi
, we can control gi(k) from below and above as

follows:

(|DRi | − 2πk − 2πϵRi)+ ≤ gi(k) ≤ (|DRi | − 2πk)+ for all k ≥ 0. (5.53)

Likewise, define g̃i(k) := |{x ∈ DRi : p̃Ri(x) > k}|, and g̃∞(k) := |{x ∈ DRi : p̃∞(x) > k}|. Since

p̃Ri
= pRi

− R2
i

2 , we have g̃i(k) = gi(k +
R2

i

2 ) for all k ≥ −R2
i

2 , thus (5.53) is equivalent to

(−|V | − 2πk − 2πϵRi
)+ ≤ g̃i(k) ≤ (−|V | − 2πk)+ for all k ≥ −R

2
i

2
.

The locally uniform convergence of pRi
gives limi→∞ g̃i = g̃0, and since we assume limi→∞ ϵRi

= 0,

we take the i→ ∞ limit in the above inequality and obtain

g̃∞(k) = (−2πk − |V |)+ for all k ∈ R,

which implies

g̃′∞(k) = −2π for all k ∈ (−∞, sup
R2\V

p̃∞). (5.54)

Applying the proof of Proposition 5.2.7 to p̃∞ (note that the proof still goes through even though p̃∞

takes negative values, and is defined in an unbounded domain), we have that (5.54) can happen only

if D̃k := {p̃∞ > k}∪̇(∪̇{j:cj>k}Vj) is a disk for almost every k ∈ (−∞, supR2\V p̃∞), and |∇p̃∞| is a

constant on almost every ∂D̃k. These two conditions imply that all regular sets of p̃∞ are concentric

circles, thus p̃∞ is radial up to a translation, and we have obtained a contradiction.
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Chapter 6

The rigidity results for 2D-Euler

smooth case

6.1 Notation

We will use the same notation as in section 5.1.

6.2 Radial symmetry of nonnegative smooth stationary/rotating

solutions for 2D Euler with Ω ≤ 0

Let ω(x, t) = ω0(RΩtx) be a nonnegative compactly-supported stationary/rotating solution of 2D

Euler with angular velocity Ω ≤ 0. Recall that by (4.7), fΩ := ω0 ∗ N − Ω
2 |x|

2 is a constant

along each connected component of a regular level set of ω0. In this section, we prove that ω0 is

radial up to a translation for Ω = 0, and radial for Ω < 0. As we discussed in the introduction, the

ω ≥ 0 condition is necessary: in [43] we show that there exists a compactly-supported, sign-changing

smooth stationary vorticity ω0 that is non-radial, and the construction also works for Ω < 0 that is

close to 0.

Most of this section is devoted to the proof of Theorem 6.2.1 in the Ω = 0 case (the Ω < 0 case

is done in Corollary 6.2.5 as a simple extension). In the proof, the two key steps are to show that

every connected component of a regular level set of ω is a circle, and these circles are concentric.

These are done by approximating ω by a step function ωn =
∑Mn

i=1 αi1Di such that the sets {Di}

are disjoint, and ∥ω − ωn∥L∞ = O(1/n). We then define φn = |x|2
2 +

∑Mn

i=1 1Di
pi corresponding to

237



this step function ωn, and compute In =
∫
ωn∇φn · ∇fdx in two ways.

Due to the O(1/n) error in the approximation, the qualitative statement in Proposition 5.2.7

that “the equality is achieved if and only if D is a disk or annulus” is no longer good enough for us.

We need to obtain various quantitative versions of (5.15) for doubly-connected domains, and three

such versions are stated below.

In Lemma 6.2.2, the quantitative constant c0 > 0 depends on the Fraenkel asymmetry of the

outer boundary defined in Definition 6.2.1.

Definition 6.2.1 (c.f. [35, Section 1.2]). For a bounded open set E ⊆ R2, we define the Fraenkel

asymmetry A(E) ∈ [0, 1) as

A(E) := inf
x0

{
|E∆(x0 + rB)|

|E|
: x0 ∈ R2, πr2 = |E|

}
,

where B is a unit disk in R2.

Lemma 6.2.2. Let D be a doubly connected set. Let us denote the hole of D by an open set h, and

let D̃ := D ∪ h. We define p in D as in Lemma 5.2.5. Then if A(D̃) > 0, there is a constant c0 > 0

that only depends on A(D̃), such that

p|∂h ≤ |D|
2π

(1− c0).

Lemma 6.2.2 will be used in the proof of Theorem 6.2.1 to show that all level sets of ω are

circles. To obtain radial symmetry of ω, we also need to show all these level sets are concentric. To

do this, we need to obtain some quantitative lemmas for a region between two non-concentric disks.

In Lemma 6.2.3 we consider a thin tubular region between two non-concentric disks whose radii are

close to each other, and obtain a quantitative version of (5.15) for such domain.

Lemma 6.2.3. For ϵ > 0, consider two open disks B1 := B(o1, 1) and B2 = B(o2, 1 + ϵ) such

that B1 ⊂ B2. Suppose |o1 − o2| = aϵ with a ∈ (0, 1), and let p be defined as in Lemma 5.2.5 in

D := B2 \B1. Then if ϵ and a satisfy that 0 < ϵ < a2

64 , we have

p
∣∣
∂B1

≤ |D|
2π

(
1− a2

16

)
. (6.1)

In Lemma 6.2.4 we consider a region between two non-concentric disks (that is not necessarily a

thin tubular region), and obtain a quantitative version of (5.15) for such domain.
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Lemma 6.2.4. Consider two open disks Br := B(o1, r) and BR = B(o2, R) such that Br ⊂ BR .

Let p be defined as in (5.2.5) in D := BR\Br. Suppose l := |o1 − o2| > 0 and there exist δ1 > 0, and

δ2 > 0 such that δ1 < r < R < δ2. Then there exist a constant c0 that only depends on δ1, δ2 and l

such that

p|∂Br ≤ |D|
2π

(1− c0).

The proofs of the above quantitative lemmas will be postponed to Section 6.2.1. Now we are

ready to prove the main theorem.

Theorem 6.2.1. Let ω be a smooth1 compactly supported nonnegative stationary solution to the 2D

Euler equation. Then ω is radially symmetric up to a translation.

Proof. Note that as mentioned in step 1 of Proposition 5.2.7, by Sard’s theorem, we have that for

almost every k ∈ (0, ∥ω∥L∞), ω−1({k}) is a smooth 1-manifold. Furthermore, since ω is compactly

supported, each such level set is a disjoint union of finite number of simple closed curves. For any

such closed curve, we call it a “level set component” in this proof.

We split the proof into several steps. Throughout step 1, 2 and 3, we prove that all level set

components of ω must be circles. In step 4, we will prove that any two level set components are

nested, i.e. one is contained in the other. Lastly we present the proof that all level set components

are concentric in step 5 and 6.

Step 1. Towards a contradiction, suppose there is k > 0 that is a regular value of ω, and

ω−1({k}) has a connected component Γ that differs from a circle. Recall that int(Γ) denotes the

interior of Γ, which is open and simply connected. Since Γ is not a circle, we have A(int(Γ)) > 0,

with A as in Definition 6.2.1.

In this step, we investigate level set components near Γ. Since k is a regular value, we can find an

open neighborhood U of Γ and a constant η > 0 such that |∇ω| > η in U . For any x ∈ Γ, consider

the flow map Φt(x) originating from x, given by

d

dt
Φt(x) =

∇ω(Φt(x))

|∇ω(Φt(x))|2

with initial condition Φ0(x) = x. Since ∇ω
|∇ω|2 is smooth and bounded in U , we can choose δ1 > 0 so

that Φt(Γ) := {Φt(x) : x ∈ Γ} lies in U for any t ∈ (−δ1, δ1). Note that Φt’s are diffeomorphisms,

1In fact it is sufficient to assume ω0 ∈ C2(R2). In the proof, the application of Sard’s theorem in Step 1 is the step
that requires the highest regularity and it is applicable for functions in C2(R2). (See [86, Theorem 6.1]). Therefore
ω0 ∈ C2(R2) ensures that ω−1({k}) is a C2 1-manifold for almost every k ∈ (0, ∥ω∥L∞ ), whose regularity is sufficient
for all the following steps.
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thus Φt(Γ) is also a smooth simple closed curve for t ∈ (−δ1, δ1). Then we observe that

d

dt
ω(Φt(x)) = ∇ω(Φt(x)) ·

∇ω(Φt(x))

|∇ω(Φt(x))|2
= 1 for (t, x) ∈ (−δ1, δ1)× Γ. (6.2)

Hence for each t ∈ (−δ1, δ1), Φt(Γ) is a level set component and

ω(Φt1(Γ)) ̸= ω(Φt2(Γ)) if t1 ̸= t2. (6.3)

By continuity of the map (t, x) 7→ Φt(x), we can find δ2 ∈ (0, δ1) such that

A(int(Φt(Γ))) >
1

2
A(int(Γ)) for any t ∈ (−δ2, δ2). (6.4)

Since two different level sets cannot intersect, we can assume without loss of generality that

int(Φ−δ2(Γ)) ⊂ int(Φδ2(Γ)). Then it follows from the intermediate value theorem and (6.2) that

int(Φ−δ2(Γ)) ⊂ Φt(Γ) ⊂ int(Φδ2(Γ)), for any t ∈ (−δ2, δ2). (6.5)

Lastly we denote V := int(Φδ2(Γ))\int(Φ−δ2(Γ)) which is a nonempty open doubly-connected set,

therefore |V | > 0.

Step 2. For any integer n > 1, we claim that we can approximate ω by a step function ωn of

the form ωn(x) =
∑Mn

i=1 αi1Di
(x), which satisfies all the following properties.

(a) Each Di is a domain with smooth boundary and possibly has a finite number of holes.

(b) Each connected component of ∂Di is a level set component of ω.

(c) Di ∩Dj = ∅ if i ̸= j.

(d) ∥ωn − ω∥L∞(R2) ≤ 2
n∥ω∥L∞(Rn).

To construct such ωn for a fixed n > 1, let r0 = 0 and rn+1 = ∥ω∥L∞ . We pick r1, . . . , rn

to be regular values of ω, such that 0 < r1 < · · · < rn < ∥ω∥L∞ , and ri+1 − ri <
2
n∥ω∥L∞ for

i = 0, . . . , n. We denote Di :=
{
x ∈ R2 : ri < ω(x) < ri+1

}
for i = 1, . . . , n − 1, and let Dn :={

x ∈ R2 : ω(x) > rn
}
. Thus for each i = 1, · · · , n, Di is a bounded open set with smooth boundary.

We can then write it as Di = ∪̇mi

l=1D
l
i for some mi ∈ N where Dl

i’s are connected components of Di.

Then let ωn(x) :=
∑n

i=1 ri
∑mi

l=1 1Dl
i
. By relabeling the indices, we rewrite ωn(x) =

∑Mn

i=1 αi1Di ,
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where Mn =
∑n

i=1mi, and each αi ∈ {r1, . . . , rn}. One can easily check that such ωn satisfies

properties (a)–(d).

Of course, there are many ways to choose the values r1, · · · , rn, with each choice leading to a

different ωn. From now on, for any n > 1, we fix ωn(x) :=
∑Mn

i=1 αi1Di
(x) as any function constructed

in the above way. (Note that αi and Di all depend on n, but we omit their n dependence for

notational simplicity.)

Finally, let us point out that for ωn(x) constructed above, if Di ⊂ V for some i, then Di must

be doubly connected, since step 1 shows that all level set components in V are nested curves. We

will use this in step 3 and 5.

Step 3. For any n > 1, let ωn(x) =
∑Mn

i=1 αi1Di
(x) be constructed in Step 2. For each Di, let

we define pni in Di as in Lemma 5.2.5. We set


pn :=

∑Mn

i=1 p
n
i 1Di

φn
i := pi +

|x|2
2 in Di

φn :=
∑Mn

i=1 φ
n
i 1Di

.

(6.6)

As in Theorem 11.1.7, let f := ω ∗ N , and we will compute

In :=

∫
R2

ωn(x)∇φn(x) · ∇f(x)dx =

Mn∑
i=1

αi

∫
Di

∇φn(x) · ∇f(x)dx (6.7)

in two different ways and derive a contradiction by taking the n→ ∞ limit.

On the one hand, the same computation as in (5.23)–(5.24) yields that

In =

Mn∑
i=1

αi

(∫
∂Di

f(x)∇φn
i (x) · n⃗dσ −

∫
Di

f(x)∆φn
i (x)dx

)
= 0. (6.8)

On the other hand,

In =

∫
R2

ωn(x)x · ∇f(x)dx+

∫
R2

ωn(x)∇pn(x) · ∇f(x)dx

=: In
1 + In

2 .
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Since ωn satisfies property (d) in step 2, it follows that

lim
n→∞

In
1 =

∫
R2

ω(x)x · ∇f(x)dx.

A similar computation as in (5.25) yields that

∫
R2

ω(x)x · ∇f(x)dx =
1

2π

∫
R2

∫
R2

ω(x)ω(y)
x · (x− y)

|x− y|2
dxdy

=
1

4π

∫
R2

∫
R2

ω(x)ω(y)dxdy

=
1

4π

(∫
R2

ω(x)dx

)2

, (6.9)

where we used the symmetry of the integration domain to get the second equality.

Now we estimate the limit of In
2 . By Lemma 5.2.10, we have

∫
Di

|∇pni |2dx ≤
∫
Di

|x|2dx, hence

∥ωn∇p∥L2(R2) is uniformly bounded. Since ωn → ω in L∞, the bounded convergence theorem yields

that

lim
n→∞

∫
R2

ωn∇pn · ∇ ((ωn − ω) ∗ N ) (x)dx = 0,

therefore

lim inf
n→∞

In
2 = lim inf

n→∞

∫
R2

ωn(x)∇pn(x) · ∇(ωn ∗ N )dx.

From now on, we will omit the n dependence in pni for notational simplicity. Let us break the

integral in the right hand side as

∫
R2

ωn(x)∇pn(x) · ∇(ωn ∗ N )dx =

Mn∑
i,j=1

αiαj

∫
Di

∇pi · ∇(1Dj ∗ N )dx

=

Mn∑
i=1

α2
i

∫
Di

∇pi · ∇(1Di
∗ N )dx+

∑
i̸=j

αiαj

∫
Di

∇pi · ∇(1Dj
∗ N )dx

=: F1 + F2.

(6.10)

For F1, the divergence theorem yields

F1 =

Mn∑
i=1

α2
i

(∫
∂Di

pi∇(1Di
∗ N ) · n⃗dσ −

∫
Di

pidx

)
= −

Mn∑
i=1

α2
i

∫
Di

pidx, (6.11)
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where the second equality follows from an identical computation as in (5.26). Then by Proposi-

tion 5.2.7, we have

F1 ≥ − 1

4π

Mn∑
i=1

α2
i |Di|2. (6.12)

For F2, the divergence theorem yields

F2 =
∑
i ̸=j

αiαj

(∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ −

∫
Di

pi1Dj
dx

)
=
∑
i ̸=j

αiαj

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ,

where we use property (c) in step 2 to get the last equality.

For i ̸= j, recall that as in the proof of Corollary 5.2.8, we denote j ≺ i if Dj is contained in a

hole of Di. Then divergence theorem gives

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ


= 0 if j ̸≺ i,

≥ − sup∂Di
pi|Dj | if j ≺ i.

(6.13)

Next we will improve this inequality for j ≺ i and i ∈ L, where L := {i : Di ⊂ V }. (Note that

L depends on ωn, where we omit this dependence for notational simplicity.) From the discussion at

the end of step 2, we know that Di has exactly one hole for all i ∈ L. Using the divergence theorem

together with this observation, (6.13) becomes

∫
∂Di

pi∇(1Dj ∗ N ) · n⃗dσ


= 0 if j ̸≺ i,

≥ − supDi
pi|Dj | if j ≺ i and i ̸∈ L,

= −pi|∂inDi
|Dj | if j ≺ i and i ∈ L.

(6.14)

For the second case on the right hand side, we simply use the crude bound supDi
pi ≤ |Di|

2π from

Proposition 5.2.7. For the third case we can have a better bound: for any i ∈ L, by Lemma 6.2.2

and (6.4), there exists an ϵ > 0 that only depends on A(int(Γ)) (and in particular is independent of

n), such that pi|∂inDi
≤ ( 1

2π − ϵ)|Di|. Thus (6.14) now becomes

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ


= 0 if j ̸≺ i,

≥ − 1
2π |Di||Dj | if j ≺ i and i ̸∈ L,

≥ −( 1
2π − ϵ)|Di||Dj | if j ≺ i and i ∈ L.

(6.15)
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Now we are ready to estimate F2. Let us break it into

F2 =
∑
j≺i

(i,j)̸∈L×L

αiαj

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ +

∑
j≺i

(i,j)∈L×L

αiαj

∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ

≥ −
∑
j≺i

(i,j)̸∈L×L

αiαj
1

2π
|Di||Dj | −

∑
j≺i

(i,j)∈L×L

αiαj

( 1

2π
− ϵ
)
|Di||Dj |

where the first equality follows from case 1 of (6.15), and the second inequality follows from case 2,3

of (6.15). Finally, by exchanging i with j and taking average with the original inequality, we have

F2 ≥ − 1

4π

∑
i ̸=j

(i,j) ̸∈L×L

(1i≺j + 1j≺i)αiαj |Di||Dj | −
1

2

∑
i̸=j

(i,j)∈L×L

(1i≺j + 1j≺i)αiαj

( 1

2π
− ϵ
)
|Di||Dj |

≥ − 1

4π

∑
i ̸=j

(i,j) ̸∈L×L

αiαj |Di||Dj | −
1

2

∑
i ̸=j

(i,j)∈L×L

αiαj

( 1

2π
− ϵ
)
|Di||Dj |

= − 1

4π

∑
i ̸=j

αiαj |Di||Dj |+
ϵ

2

∑
i ̸=j

(i,j)∈L×L

αiαj |Di||Dj |,

(6.16)

where the second inequality is due to the fact that for any i ̸= j, at most one of i ≺ j and j ≺ i can

be true, thus we always have 1i≺j + 1j≺i ≤ 1.

Therefore, from (6.12) and (6.16) it follows that

F1 + F2 ≥ − 1

4π

Mn∑
i,j=1

αiαj |Di||Dj |+
ϵ

2

∑
(i,j)∈L×L

αiαj |Di||Dj | −
ϵ

2

∑
i∈L

α2
i |Di|2

= − 1

4π

(
Mn∑
i=1

αi|Di|

)2

+
ϵ

2

(∑
i∈L

αi|Di|

)2

− ϵ

2

∑
i∈L

α2
i |Di|2. (6.17)

Since we will send n→ ∞, in the rest of step 3 we will denote L by Ln to emphasize that L depends

on ωn. (In fact αi and Di depend on n as well, and we omit the n dependence for them to avoid

overcomplicating the notations.)

Note that
∑

i∈Ln αi1Di converges to ω1V in L1(R2). Also if i ∈ Ln, then the nondegeneracy of

|∇ω| on V yields that limn→∞ supi∈Ln |Di| = 0, consequently

lim
n→∞

∑
i∈Ln

α2
i |Di|2 ≤ ∥ω∥L∞ lim

n→∞
sup
i∈Ln

|Di|
∫
R2

ωdx = 0.
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Therefore it follows that

lim inf
n→∞

In
2 = lim inf

n→∞
(F1 + F2)

≥ − lim
n→∞

1

4π

(
Mn∑
i=1

αi|Di|

)2

+ lim
n→∞

ϵ

2

(∑
i∈Ln

αi|Di|

)2

= − 1

4π

(∫
R2

ω(x)dx

)2

+
ϵ

2

(∫
V

ω(x)dx

)2

. (6.18)

Note that ω is strictly positive in V , due to |∇ω| > 0 in V and ω ≥ 0 in R2. Thus from (6.8), (6.9)

and (6.18), it follows that

0 = lim
n→∞

In ≥ lim
n→∞

In
1 + lim inf

n→∞
In
2 ≥ ϵ

2

(∫
V

ω(x)dx

)2

> 0, (6.19)

which is a contradiction and we have proved that any level set component is a circle.

Step 4. In this step we show that every pair of level set components are nested. Towards a

contradiction, assume that there exist two level set components Γ1 and Γ2 that are not nested.

From step 3, we know that Γ1 and Γ2 are circles. Then the disks int(Γ1) and int(Γ2) are disjoint,

and they must be separated by a positive distance since Γ1 and Γ2 are level sets of regular values

of ω. As in step 1, using the flow map Φt originating from the two circles, we can find disjoint open

annuli V1 and V2 such that Γi ⊂ Vi for i = 1, 2, and both ∂outVi and ∂inVi are level set components

of ω.

For any n > 1, let ωn(x) =
∑Mn

i=1 αi1Di
(x) be constructed in step 2, and let

Ln
1 := {i : Di ⊂ V1} and Ln

2 := {i : Di ⊂ V2} .

Let pi be defined in (6.6) of step 3, and In defined in (6.7). Then on the one hand, the same

computations in step 3 give

lim
n→∞

In = 0 and lim
n→∞

In
1 =

1

4π

(∫
R2

ω(x)dx

)2

. (6.20)

Let F1 and F2 be given by (6.10). For F1, the estimate (6.12) still holds. For F2, using (6.13)
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and Proposition 5.2.7, we have

F2 ≥ − 1

4π

∑
i≺j or j≺i

αiαj |Di||Dj |.

Since V1 and V2 are assumed to be not nested, if (i, j) ∈ Ln
1 × Ln

2 then neither i ≺ j nor j ≺ i.

Therefore it follows that

F2 ≥ − 1

4π

∑
i ̸=j

αiαj |Di||Dj |+
1

4π

∑
(i,j)∈L1×L2

αiαj |Di||Dj |+
1

4π

∑
(j,i)∈L1×L2

αiαj |Di||Dj |.

Combining the estimates for F1 and F2 yields

F1 + F2 ≥ − 1

4π

Mn∑
i,j=1

αiαj |Di||Di|+
1

2π

∑
i∈Ln

1

αi|Di|

∑
i∈Ln

2

αi|Di|

 .

As n→ ∞, since
∑

i∈Ln
1
αi1Di

and
∑

i∈Ln
2
αi1Di

converge to ω1V1
and ω1V2

respectively in L1(R2),

we have

lim inf
n→∞

In
2 ≥ lim

n→∞
(F1 + F2) = − 1

4π

(∫
R2

ω(x)dx

)2

+
1

2π

(∫
V1

ω(x)dx

)(∫
V2

ω(x)dx

)
. (6.21)

Combining (6.20) and (6.21) gives us a similar contradiction as in (6.19), except that ϵ
2

(∫
V
ω(x)dx

)2
is now replaced by 1

2π

(∫
V1
ω(x)dx

)(∫
V2
ω(x)dx

)
. Thus we complete the proof that level sets are

nested.

Step 5. In this step, we aim to show that all level set components are concentric within the

same connected component of {ω > 0} :=
{
x ∈ R2 : ω > 0

}
. This immediately implies that each

connected component of {ω > 0} is an annulus or a disk, and ω is radially symmetric about its

center.

Towards a contradiction, suppose that there are two level set components Γin and Γout in the

same connected component of {ω > 0}, such that they are nested circles, but their centers Oin and

Oout do not coincide. We denote their radii by rin and rout, and define

U := int(Γout) \ int(Γin).

For an illustration of Γin and Γout and U , see Figure 6.1(a).

We claim that ω is uniformly positive in U . Recall that all level set components of ω are nested
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by step 4. Thus if ω achieves zero in U , the zero level set must be also nested between Γin and

Γout, since it can be taken as a limit of level set components whose value approaches 0; but this

contradicts with the assumption that Γin and Γout lie in the same connected component of {ω > 0}.

As a result, we have ωmin := infU ω > 0.

Γout

Γin

Oin Oout
rout

rin

U
{Di}i∈Bn

(a) (b)

Figure 6.1: (a) Illustration of the circles Γin and Γout, whose centers are Oin and Oout. The set U
is colored in blue. (b) For a fixed n, each open set {Di}i∈Bn

is colored in yellow. Note that their
union gives exactly the set U .

For a sufficiently large n, let ωn =
∑Mn

i=1 αi1Di
(x) be given in step 2, where we further require

both Γin and Γout coincide with some boundary of Di. (This is allowed in our construction of ωn in

step 2, since ω is regular along both Γin and Γout.) Let us denote

Bn := {1 ≤ i ≤Mn : Di ⊂ U},

and note that U := ∪i∈Bn
Di. See Figure 6.1(b) for an illustration of {Di}i∈Bn

.

As before, we denote i ≺ j if Di is nested in Dj . For the integral In in (6.7), on the one hand,

we have In = 0 for all n > 1 by (6.8). On the other hand, following the same argument as in

step 3 up to (6.13) (where we also use that each Di is already known to be doubly-connected, thus∫
∂Di

pi∇(1Dj
∗ N ) · n⃗dσ = −pi|∂inDi

|Dj | if j ≺ i), we have

lim inf
n→∞

In = lim inf
n→∞

 1

4π

( Mn∑
i=1

αi|Di|
)2

−
Mn∑
i=1

α2
i

∫
Di

pidx−
∑

1≤i,j≤Mn,j≺i

αiαjpi
∣∣
∂inDi

|Dj |


≥ lim inf

n→∞

( ∑
1≤i,j≤Mn, j≺i

αiαj

( 1

2π
|Di| − pi

∣∣
∂inDi

)
|Dj |︸ ︷︷ ︸

=:Tn

)
,

where in the last step we used Proposition 5.2.7.

Note that Proposition 5.2.7 gives Tn > 0, where we have strict positivity, since Oin ̸= Oout
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implies that some {Di}i∈Bn
must be non-radial. But since the area of these Di’s may approach 0 as

n→ ∞, in order to derive a contradiction after taking lim infn→∞, we need to obtain a quantitative

estimate for Proposition 5.2.7 for a thin tubular region Di between two circles, which is done in

Lemma 6.2.3.

Next we show that the sets {Di}i∈Bn that are “non-radial to some extent” must occupy a certain

portion of U . For i ∈ Bn, denote by oiin and riin the center and radius of ∂inDi, and likewise oiout

and riout the center and radius of ∂outDi. Note that if Di is the inner-most set in {Di}i∈Bn , then we

have oiin = Oin, and the outmost Di satisfies o
i
out = Oout. In addition, if ∂outDi = ∂inDj for some

i, j ∈ Bn, then o
i
out = ojin. Thus the triangle inequality gives

∑
i∈Bn

|oiin − oiout| ≥ |Oin −Oout| =: c0 > 0. (6.22)

In order to apply Lemma 6.2.3 (which requires the region to have inner radius 1), for each i ∈ Bn,

consider the scaling

p̃i(x) := (riin)
−2pi(r

i
inx).

Then p̃i is defined in D̃i := (riin)
−1Di. Due to the scaling, D̃i has inner radius 1 (denote the hole by

h̃i), and outer radius 1 + ϵi, where ϵi :=
riout−riin

riin
> 0. In addition, the distance between the centers

of ∂inD̃i and ∂outD̃i is aiϵi, where

ai :=
|oiin − oiout|
|riin − riout|

.

One can also easily check that p̃i satisfies ∆p̃i = −2 in D̃i, and
∫
∂h̃i

∇p̃ · n⃗dσ = −2|h̃i| = −2π. By

Lemma 6.2.3, if 0 < ϵi <
(ai)

2

64 , then p̃i|∂h̃i
≤ |D̃i|

2π (1− a2
i

16 ). Thus in terms of pi, we have

pi
∣∣
∂inDi

≤ 1

2π
|Di| − c1a

2
i |Di| if i ∈ Bn satisfies riout − riin ≤ c2a

2
i , (6.23)

where c1 := 1
32π and c2 := rin

64 are independent of n and i, due to the fact that riin ≥ rin > 0 for all

i ∈ Bn. Using the definition of ai, (6.22) can be written as

∑
i∈Bn

ai|riin − riout| ≥ c0. (6.24)

Note that
∑

i∈Bn
|riin − riout| satisfies the upper bound

∑
i∈Bn

|riin − riout| ≤
|U |
2πrin

=:M, (6.25)
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which follows from

|U | =
∑
i∈Bn

|Di| = π
∑
i∈Bn

|riin − riout| (riin + riout)︸ ︷︷ ︸
>2rin

.

Combining (6.24) and (6.25) gives

∑
i∈Bn

1ai>
c0
2M

|riin − riout| ≥
∑
i∈Bn

(
ai −

c0
2M

)
|riin − riout| ≥

c0
2
, (6.26)

where the first inequality follows from 1ai>
c0
2M

≥ ai − c0
2M (recall that ai ∈ (0, 1)), and the second

inequality follows from subtracting c0
2M times (6.25) from (6.24).

Let

Kn :=
{
i ∈ Bn : ai >

c0
2M

}
.

Using this definition and the fact that |Di| > 2πrin|riin − riout|, (6.26) can be rewritten as

∑
i∈Kn

|Di| > 2πrin
∑
i∈Kn

|riin − riout| ≥ πrinc0. (6.27)

Now we take a sufficiently large n, and discuss two cases (note that different n may lead to different

cases):

Case 1. Every i ∈ Kn satisfies riout − riin ≤ min{c2( c0
2M )2, rinc04rout

}. By definition of Kn, we have

riout − riin ≤ c2(
c0
2M )2 ≤ c2a

2
i for i ∈ Kn. (The motivation of the second term in the min function

will be made clear later.) Then by (6.23), we have

1

2π
|Di| − pi

∣∣
∂inDi

≥ c1a
2
i |Di| ≥

c1c
2
0

4M2
|Di| for all i ∈ Kn.

Since Kn is a subset of Bn (and recall that αi ≥ ωmin > 0 for all i ∈ Bn), we have the following

lower bound for Tn:

Tn ≥ ω2
min

∑
i,j∈Kn, j≺i

( 1

2π
|Di| − pi

∣∣
∂inDi

)
|Dj |

≥ ω2
min

∑
i,j∈Kn, j≺i

c1c
2
0

4M2
|Di||Dj | = ω2

min

∑
i,j∈Kn, i ̸=j

c1c
2
0

8M2
|Di||Dj |

= ω2
min

c1c
2
0

16M2

(( ∑
i∈Kn

|Di|
)2

−
∑
i∈Kn

|Di|2
) (6.28)
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Note that the second term in the min function in the assumption gives

max
i∈Kn

|Di| < 2πrout(r
i
out − riin) ≤

πrinc0
2

≤ 1

2

∑
i∈Kn

|Di|,

where we use (6.27) in the last inequality. Applying this to the right hand side of (6.28) gives

Tn ≥ ω2
min

c1c
2
0

16M2
· 1
2

( ∑
i∈Kn

|Di|
)2

≥ ω2
min

c1c
2
0

32M2
(πrinc0)

2.

Case 2. If Case 1 is not true, then there must be some i0 ∈ Kn satisfying ri0out − ri0in >

min{c2( c0
2M )2, rinc04rout

} =: c3, which leads to

|oi0in − oi0out| = ai0(r
i0
out − ri0in) >

c0c3
2M

=: l.

Although this set Di0 is likely not thin enough for us to apply Lemma 6.2.3, since |oi0in − oi0out| is

bounded below by a positive constant independent of n, we can still use Lemma 6.2.4 to conclude

that 1
2π |Di0 | − pi0

∣∣
∂inDi0

≥ c4 for some c4 > 0 only depending on rin, rout and l. This leads to

Tn ≥
∑
i0≻j

ωminαjc4|Dj | ≥ ωminc4
∑

Dj⊂int(Γin)

αj |Dj | ≥ ωminc4 ·
1

2

∫
int(Γin)

ωdx,

where the last inequality follows from the fact that for all sufficiently large n, the definition of ωn

gives
∑

Dj⊂int(Γin)
αj |Dj | =

∫
int(Γin)

ωndx ≥ 1
2

∫
int(Γin)

ωdx. Note that the last integral is positive

since ω > 0 on Γin, and it is clearly independent of n.

From the above discussion, for all sufficiently large n, regardless of whether we are in Case 1

or 2 for this n, we always have that Tn is bounded below by some uniformly positive constant

independent of n. Therefore taking the n→ ∞ limit gives

lim inf
n→∞

In ≥ lim inf
n→∞

Tn > 0.

This contradicts In = 0, therefore finishing the proof of step 5.

Step 6. It remains to show that all connected components of {ω > 0} are concentric. If {ω > 0}

has finitely many connected components, we could proceed similarly as the end of the proof of

Corollary 5.2.8. But since {ω > 0} may have countably many connected components, we need to

use a different argument.

Let us denote the connected components of {ω > 0} by {Ui}i∈I , where I may have countably
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many elements. Denote their centers by {oi}i∈I , their radii by {Ri}i∈I , and their outer boundaries

by {∂outUi}i∈I . Without loss of generality, suppose the x-coordinates of their centers {o1i }i∈I are

not all identical.

Among the (possibly infinitely many) collection of circles {∂outUi}i∈I , let Γr be the “circle with

rightmost center” among them, in the following sense:

• If there exists some i0 ∈ I such that o1i0 = supi∈I o
1
i , we define Γr := ∂outUi0 . (If the supremum

is achieved at more than one indices, we set i0 to be any of them.)

• Otherwise, take any subsequence {ik}k∈N ⊂ I such that limk→∞ o1ik = supi∈I o
1
i . Since ω has

compact support, we can extract a further subsequence (which we still denote by {ik}k∈N), such

that both oik and rik converge as k → ∞, and denote their limit by Or ∈ R2 and Rr ∈ R. Finally

let Γr := ∂B(Or, Rr).

With the above definition, we point out that f := ω ∗N = const on Γr. Note that in both cases

above, we can find a sequence of level set components of ω that converges to Γr, in the sense that

the Hausdorff distance between the two sets goes to 0. Since f = const on each level set component

of ω, continuity of f gives that f = const on Γr.

Let fi(x) := (ω1Ui) ∗ N for i ∈ I; note that by definition we have f =
∑

i∈I fi. Lemma 5.2.9

gives the following:

(a) For all x ∈ (int(∂outUi))
c, we have fi(x) =

1
2π

( ∫
Ui
ωdx

)
ln |x− oi|.

(b) If Ui is doubly-connected, then fi = const in int(∂inUi), where the constants are different for

different i.

Note that for any i ∈ I, Ui must be either nested inside Γr, or have Γr nested in its hole.

(By a slight abuse of notation, we use i ≺ Γr and i ≻ Γr to denote these two relations.) Let

ΓR
r := (O1

r +Rr, O
2
r) and ΓL

r := (O1
r −Rr, O

2
r) be the rightmost/leftmost point of the circle Γr. Note

that (b) implies fi(Γ
R
r ) = fi(Γ

L
r ) for all i ≻ Γr, whereas (a) gives the following for all i ≺ Γr:

fi(Γ
R
r ) =

∫
Ui
ωdx

2π
ln |ΓR

r − oi| ≥
∫
Ui
ωdx

2π
ln |ΓL

r − oi| = fi(Γ
L
r ),

where the inequality follows from that |O1
r + Rr − o1i | ≥ |O1

r − Rr − o1i |, which is a consequence of

o1i ≤ O1
r due to our choice of Or. (Also note that ΓR

r and ΓL
r have the same y-coordinate.)

As a result, summing over all i ∈ I gives f(ΓR
r ) ≥ f(ΓL

r ), where the equality is achieved if and

only if o1i = Or for all i ≺ Γr. Now we discuss two cases:

Case 1. There is some i ≺ Γr with o1i < Or. In this case the above discussion gives f(ΓR
r ) >

f(ΓL
r ), which directly leads to a contradiction to f = const on Γr.
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Case 2. If case 1 does not hold, then let us define Γl as a “circle with leftmost center” among

{∂outUi}i∈I in the same way as Γr. Then we must have O1
l < O1

r , and since case 1 does not hold

(i.e. all i ≺ Γr satisfy that o1i = Or), we must have Γl ≻ Γr. By definition of Γr, there exists some

Ui0 whose outer boundary is sufficiently close to Γr and center sufficiently close to Or. As a result,

i0 ≺ Γl and o
1
i0
> O1

l .

Let ΓL
l and ΓR

l be the leftmost/rightmost point of Γl. A parallel argument as above then

gives that fi(Γ
L
l ) ≥ fi(Γ

R
l ) for all i ∈ I. Since we have found an i0 ≺ Γl with o1i0 > O1

l , we

have fi0(Γ
L
l ) > fi0(Γ

R
l ), thus summing over all i ∈ I gives the strict inequality f(ΓL

l ) > f(ΓR
l ),

contradicting with f = const on Γl.

In both cases above we have obtained a contradiction, thus {oi}i∈I must have the same x-

coordinate. An identical argument shows that their y-coordinate must also be identical, thus {Ui}i∈I

are concentric. Since ω is known to be radial within each Ui (about its own center) in step 1–5, the

proof is now finished.

In the next corollary, we show that the above proof for stationary smooth solutions can be ex-

tended (with some modifications) to show radial symmetry of nonnegative rotating smooth solutions

with Ω < 0.

Corollary 6.2.5. Let ω(x, t) = ω0(RΩtx) be a smooth, nonnegative compactly-supported uniformly-

rotating solution of 2D Euler with angular velocity Ω < 0. Then ω0 is radially symmetric about the

origin.

Proof. The proof is very similar to the proof of Theorem 6.2.1, and we only highlight the differences.

Let {ωn} be the same approximation for ω0 as in step 2 of Theorem 6.2.1. We consider the same

setting as in (6.6) and (6.7), except with f(x) replaced by fΩ(x) := ω0 ∗ N − Ω
2 |x|

2. From the

assumption on ω0, we have that fΩ is a constant on each level set component of ω0. Thus the same

computations in (6.8) give In = 0 for all n > 1.

On the other hand, we have

In =

∫
R2

ωn∇φn · ∇ (ω0 ∗ N ) dx+ (−Ω)

∫
R2

ωn∇φn · xdx =: In
1 + (−Ω)︸ ︷︷ ︸

≥0

In
2 . (6.29)

The same argument as in (5.34) of Theorem 5.2.3 gives that In
2 ≥ 0. As for In

1 , in step 3 – step

5 of the proof of Theorem 6.2.1, we have already shown that lim infn→∞ In
1 ≥ 0, and the equality

is achieved if and only if each connected component of {ω0 > 0} is radially symmetric up to a

translation, and they are all nested.
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Let us decompose supp ω0 into (possibly infinitely many) connected components ∪i∈IUi, with

centers {oi}i∈I . Our goal is to show oi ≡ (0, 0) for i ∈ I. Note that it suffices to show that their

x-coordinates satisfy supi∈I o
1
i ≤ 0. Once we prove this, a parallel argument gives infi∈I o

1
i ≥ 0,

which implies o1i ≡ 0 for i ∈ I, and the same can be done for the y-coordinate.

Towards a contradiction, suppose supi∈I o
1
i > 0. We can then define Γr in the same way as step

6 of the proof of Theorem 6.2.1, i.e. it is the “circle with rightmost center” among {∂outUi}i∈I ,

and its center Or satisfies O1
r = supi∈I o

1
i > 0. Since fΩ = const along each level set component of

ω0, we again have that fΩ = const on Γr. Let ΓR
r and ΓL

r be the rightmost/leftmost points on Γr.

Note that their distances to the origin satisfy |ΓR
r | > |ΓL

r |, where the strict inequality is due to the

assumption O1
r > 0.

Let us define fi(x) = (ω01Ui
)∗N for i ∈ I, and note that fΩ = (

∑
i∈I fi)−Ω|x|2. The properties

(a,b) in step 6 of Theorem 6.2.1 still hold for fi, thus we have fi(Γ
R
r ) ≥ fi(Γ

L
r ) for all i ∈ I. This

leads to

fΩ(Γ
R
r ) =

(∑
i∈I

fi(Γ
R
r )
)
+ (−Ω)︸ ︷︷ ︸

>0

∣∣ΓR
r

∣∣2 > (∑
i∈I

fi(Γ
L
r )
)
+ (−Ω)

∣∣ΓL
r

∣∣2 = fΩ(Γ
L
r ),

contradicting the fact that fΩ ≡ const on Γr.

6.2.1 Proofs of the quantitative lemmas

Before the proof of Lemma 6.2.2, let us state two lemmas that we will use in the proof. The first

one is a quantitative version of the isoperimetric inequality obtained by Fusco, Maggi and Pratelli

[35].

Lemma 6.2.6 (c.f. [35, Section 1.2]). Let E ⊆ R2 be a bounded open set. Then there is some

constant c ∈ (0, 1), such that

P (E) ≥ 2
√
π
√
|E|
(
1 + cA(E)2

)
,

where P (E) = H1(∂E) denotes the perimeter of E.

The second lemma is a simple result relating the Fraenkel asymmetry of a set E with its subsets

U .

Lemma 6.2.7 (c.f. [26, Lemma 4.4]). Let E ⊆ R2 be a bounded open set. For all U ⊆ E satisfying
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|U | ≥ |E|(1− A(E)
4 ), we have

A(U) ≥ A(E)

4
.

Proof of Lemma 6.2.2. The proof of the Lemma 6.2.2 is similar to [26, Proposition 4.5] obtained

by Craig, Kim and the last author. For the sake of completeness, we give a proof below. Let g(k),

Dk and D̃k be defined as in Proposition 5.2.7, let D̃ = D ∪ h and define ph := p|∂h. We start

by following the proof of Proposition 5.2.7, except that after obtaining (5.19), instead of using the

isoperimetric inequality, we use the stability version in Lemma 6.2.6 to control P (D̃k). This gives

g′(k)
(
g(k) + |h|1ph>k

)
≤ −1

2
P (D̃k)

2

≤ −2π|D̃k|
(
1 + cA(D̃k)

2
)2

≤ −2π
(
g(k) + |h|1ph>k

) (
1 + cA(D̃k)

2
)
.

Hence it follows from Lemma 6.2.7 that

g′(k) ≤ −2π
(
1 + c

A(D̃)2

16

)
for all k such that |D̃k| ≥ |D̃|

(
1− A(D̃)

4

)
. (6.30)

We claim that

g(k) ≤ |D| − 2π
(
1 + c

A(D̃)2

16

)
k for k ≤ min

{
ph,

A(D̃)|D̃|
16π

}
. (6.31)

Towards a contradiction, suppose there is k0 ≤ min
{
ph,

A(D̃)|D̃|
16π

}
such that (6.31) is violated. Since

1 + cA(D̃)2

16 ≤ 2, we have

g(k0) > |D| − 4πk0 ≥ |D| − A(D̃)|D̃|
4

,

therefore

|D̃k0
| = g(k0) + |h|

> |D| − A(D̃)|D̃|
4

+ |h|

= |D̃| − A(D̃)|D̃|
4

= |D̃|
(
1− A(D̃)

4

)
.
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Hence for all k ∈ (0, k0], g
′(k) satisfies the inequality (6.30). Thus we have

g(k0) ≤
∫ k0

0

−2π
(
1 + c

A(D̃)2

16

)
dk + |D|

= |D| − 2π
(
1 + c

A(D̃)2

16

)
k0,

contradicting our assumption on k0.

Finally, to control ph, we discuss two cases below, depending on which one in the minimum

function in (6.31) is smaller. For simplicity, we denote A := A(D̃)|D̃|
16π and B := cA(D̃)2

16 .

Case 1: ph ≤ A. In this case (6.31) holds for all k ≤ ph, thus

0 ≤ g(ph) ≤ |D| − 2π (1 +B) ph,

implying

ph ≤ |D|
2π (1 +B)

≤ |D|
2π

(1− c0),

for some constant c0 which only depends on A(D̃).

Case 2: ph > A. In this case (6.31) gives g(A) ≤ |D| − 2π(1 + B)A and we use a crude

bound for k ≥ A that is g′(k) ≤ −2π. Therefore for k > A,

g(k) =

∫ k

A

g′(k)dk + g(A) ≤ −2π(k −A) + |D| − 2π(1 +B)A

= |D| − 2πk − 2πAB

≤ |D|
(
1− A(D̃)

8
B
)
− 2πk,

where the last inequality follows from A > A(D̃)|D|
16π . Plugging in k = ph gives

0 ≤ g(ph) ≤ |D|
(
1− A(D̃)

8
B
)
− 2πph,

leading to

ph ≤ |D|
2π

(1− c0),

again c0 only depends on A(D̃).

255



Next we prove Lemma 6.2.3.

Proof of Lemma 6.2.3. Without loss of generality, we can assume that o1 = (0, 0) and o2 =

(aϵ, 0). To estimate p|∂B1
, we decompose p into

p = p
∣∣
∂B1

g + u,

where g satisfies 
∆g = 0 in D

g = 1 on ∂B1

g = 0 on ∂B2,

(6.32)

and u satisfies 
∆u = −2 in D

u = 0 on ∂D.

(6.33)

Using this decomposition as well as the definition of p, we have

−2|B1| =
∫
∂B1

∇p · n⃗dσ = p
∣∣
∂B1

∫
∂B1

∇g · n⃗dσ +

∫
∂B1

∇u · n⃗dσ,

where n⃗ is the outer-normal of B1 throughout this proof. Thus

p
∣∣
∂B1

=
1∫

∂B1
∇g · n⃗dσ

(
−2π −

∫
∂B1

∇u · n⃗dσ
)
. (6.34)

To estimate p
∣∣
∂B1

, it remains to estimate the two integrals in (6.34).

The function g can be explicitly constructed using the conformal mapping from D to a perfect

annulus centered at 0. Consider the Möbius map h : C → C given by

h(z) :=
z + b

1 + bz
,

where b ∈ R will be fixed soon. Note that the unit circle and the real line are both invariant under

h, and ∂B2 is mapped to some circle centered on the real line. In order to make h(∂B2) centered at

0, since the left/right endpoints of ∂B2 are ±(1 + ϵ) + aϵ, we look for b ∈ R that solves

h(1 + ϵ+ aϵ) = −h(−1− ϵ+ aϵ). (6.35)
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Plugging the definition of h into the above equation, we know that b is a root of the quadratic

polynomial

f(b) := b2 − 2 + (1− a2)ϵ

a
b+ 1.

Clearly, for 0 < a < 1, f has two positive roots whose product is 1, thus one is in (0, 1) and the other

in (1,+∞). We define b to be the root in (0, 1). One can easily check that f(a) < 0, and f(a2 ) > 0

if a2 > 2(1− a2)ϵ, which is true due to our assumption a2 > 64ϵ. Thus for all ϵ ∈ (0, a
2

64 ) we have

0 <
a

2
< b < a < 1.

Note that h is holomorphic in C except at the two singularity points −b and − 1
b . We have

already shown that −b ∈ B1, thus it is outside of D. Next we will show that − 1
b ∈ Bc

2, thus is also

outside of D. To see this, note that

−1− ϵ+ aϵ+ b

1 + b(−1− ϵ+ aϵ)
= h(−1− ϵ+ aϵ) = −h(1 + ϵ+ aϵ) = − 1 + ϵ+ aϵ+ b

1 + b(1 + ϵ+ aϵ)
< 0,

where the inequality follows from the fact that a, b, ϵ > 0. Since the numerator of the left hand side

is already known to be negative due to a, b ∈ (0, 1), its denominator must be positive, leading to

− 1
b < −1− ϵ+ aϵ, i.e. − 1

b ∈ Bc
2.

Now we define g : R2 \ {(−b, 0) ∪ (−1/b, 0)} → R as

g(x) := − 1

log |h(1 + ϵ+ aϵ)|
log |h(z)|+ 1 for z = x1 + ix2.

Let us check that g indeed satisfies (6.32): first note that g satisfies the boundary conditions in

(6.32), since h maps D to a perfect annulus centered at the origin, whose inner boundary is ∂B1. In

addition, g is harmonic in R2 \ {(−b, 0) ∪ (−1/b, 0)}, thus harmonic in D.

Using the explicit formula of g, we have

∆g(x) = − 2π

log |h(1 + ϵ+ aϵ)|

(
δ(−b,0)(x)− δ(− 1

b ,0)
(x)
)

in the distribution sense. We can then apply the divergence theorem to g in B1, and compute the

integral containing g in (6.34) explicitly as

∫
∂B1

∇g · n⃗dσ = − 2π

log |h(1 + ϵ+ aϵ)|
. (6.36)
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As for the integral containing u in (6.34), we compare u with a radial barrier function

w(x) := −2(|x| − 1)(|x| − 1− 2ϵ),

which satisfies w = 0 on ∂B1 and w > 0 on ∂B2. Note that

∆w =

(
∂rr +

1

r
∂r

)
w = −8 +

4 + 4ϵ

r
≤ −2 in D,

where we used that ϵ ∈ (0, 12 ) and r > 1 in D in the last inequality. Thus w − u is superharmonic

in D and nonnegative on ∂D, which allows us to apply the classical maximum principle to obtain

u ≤ w in D. Combining this with the fact that u = w = 0 on ∂B1, we have

∇u(x) · n⃗(x) ≤ ∇w(x) · n⃗(x) = d

dr
w(r)

∣∣∣
r=1

= 4ϵ for all x ∈ ∂B1,

hence ∫
∂B1

∇u · n⃗dσ ≤ 8πϵ. (6.37)

Plugging (6.36) and (6.37) into (6.34), we obtain

p
∣∣
∂B1

≤ log(|h(1 + ϵ+ aϵ)|)(1 + 4ϵ).

Since log s ≤ s− 1 for s > 1, it follows that

log |h(1 + ϵ+ aϵ)| ≤ h(1 + ϵ+ aϵ)− 1 =
1 + ϵ+ aϵ+ b

1 + b(1 + ϵ+ aϵ)
− 1

= ϵ

(
1 +

a− 2b− ab− bϵ− abϵ

1 + b(1 + ϵ+ aϵ)

)
≤ ϵ

(
1− ab

4

)
≤ ϵ

(
1− a2

8

)
,

where we used b > a
2 to obtain the last two inequalities. Finally, using that ϵ < a2

64 , we have

p
∣∣
∂B1

≤ ϵ

(
1− a2

8

)(
1 +

a2

16

)
≤ ϵ

(
1− 1

16
a2
)
<

|D|
2π

(
1− 1

16
a2
)
,

where in the last step we use that |D| = π(1+ϵ)2−π > 2πϵ. This finishes the proof of the lemma.

Finally we give the proof of Lemma 6.2.4.

Proof of Lemma 6.2.4. Without loss of generality, we can assume that o2 is the origin. Let
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β := p|∂Br
. From the proof of Proposition 5.2.7, we already know that g′(k) ≤ −2π, where g(k) :=

| {x ∈ D : p(x) > k} |. This implies that g(k) ≥ −2π(k − β). Therefore we have

∫
D

pdx ≥
∫ β

0

g(k)dk ≥
∫ β

0

−2π(k − β)dk = πβ2.

On the other hand, the same computation in the proof of Lemma 5.2.10 gives

β|Br|+
∫
D

pdx =
1

2

∫
D

|∇p|2dx ≤ 1

2

∫
D

|x|2dx.

Since

1

2

∫
D

|x|2dx =
1

2

(∫
BR

|x|2dx−
∫
Br

|x|2dx
)

=
|D|2

4π
+

|D||Br|
2π

+
|Br|2

4π
− 1

2

∫
Br

|x|2dx

=
|D|2

4π
+

|D||Br|
2π

− l2|Br|
2

,

it follows that

πβ2 + β|Br| ≤
|D|2

4π
+

|D||Br|
2π

− l2|Br|
2

. (6.38)

By solving the quadratic inequality (6.38), we find that

β ≤ |D|
2π

(1− c0),

for some constant c0 which only depends on δ1, δ2 and l.
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Chapter 7

The rigidity results for g-SQG

7.1 Radial symmetry for stationary/rotating gSQG solutions

with Ω ≤ 0

In this section, we consider the family of gSQG equations with 0 < α < 2, and study the symmetry

property for rotating patch/smooth solutions with angular velocity Ω ≤ 0.

Let us deal with patch solutions first. As we have discussed in the introduction, we cannot expect

a non-simply-connected patch D with Ω ≤ 0 to be radial, due to the non-radial examples in [29, 41]

for α ∈ (0, 2). For a simply-connected patch D, the constant on the right hand side of (4.6) is the

same on ∂D, which motivates us to consider Question 4.1.8 in the introduction. The goal of this

section is to prove Theorem 4.1.4, which gives an affirmative answer to Question 4.1.8 for the whole

range α ∈ [0, 2).

Our results are not limited to the Riesz potentialsKα,d in (4.4); in fact, we only need the potential

being radially increasing and not too singular at the origin. Below we state our assumption on the

potential K, which covers the whole range of Kα,d with α ∈ [0, 2).

(HK) Let K ∈ C1(Rd \ {0}) be radially symmetric with K ′(r) > 0 for all r > 0. (Here we denote

K(x) = K(r) by a slight abuse of notation.) Also assume there is some C > 0, δ > 0 such that

K ′(r) ≤ Cr−d−1+δ for all 0 < r ≤ 1.

Our proof is done by a variational approach, which relies on a continuous Steiner symmetrization

argument in a similar spirit as [10].
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7.1.1 Definition and properties of continuous Steiner symmetrization

Below we define the continuous Steiner symmetrization for a bounded open set D ⊂ Rd with respect

to the direction e1 = (1, 0, . . . , 0), which can be easily adapted to any other direction in Rd. The

definition is the same as [10, Section 2.2.1], which we briefly outline below for completeness.

For a one-dimensional open set U ⊂ R, we define its continuous Steiner symmetrization Mτ [U ]

as follows. If U = (a, b) is an open interval, then Mτ [U ] shifts the midpoint of this interval towards

the origin with velocity 1, while preserving the length of interval. That is,

Mτ [U ] :=


(
a− τ sgn(a+b

2 ), b− τ sgn(a+b
2 )
)

for 0 ≤ τ < |a+b|
2 ,

(− b−a
2 , b−a

2 ) for τ ≥ |a+b|
2 .

If U = ∪N
i=1Ui is a finite union of open intervals, thenMτ [U ] is defined by ∪N

i=1M
τ [Ui], and as soon as

two intervals touch each other, we merge them into one interval as in [10, Definition 2.10(2)]. Finally,

if U = ∪∞
i=1Ui is a countable union of open intervals, we define Mτ [U ] as a limit of Mτ [∪N

i=1Ui] as

N → ∞ as in [10, Definition 2.10(3)]. See [10, Figure 1] for an illustration of Mτ [U ].

Next we move on to higher dimensions. We denote a point x ∈ Rd by (x1, x
′), where x′ =

(x2, . . . , xd) ∈ Rd−1. For a bounded open set D ⊂ Rd and any x′ ∈ Rd−1, we define the section of

D with respect to the direction x1 as

Dx′ := {x1 ∈ R : (x1, x
′) ∈ D},

which is an open set in R. If the section Dx′ is a single open interval centered at 0 for all x′ ∈ Rd−1,

then we say the set D is Steiner symmetric about the hyperplane {x1 = 0}. Note that this definition

is stronger than being symmetric about {x1 = 0}. For example, an annulus in R2 is symmetric about

{x1 = 0}, but not Steiner symmetric about it.

Finally, for any τ > 0, the continuous Steiner symmetrization of D ⊂ Rd is defined as

Sτ [D] := {(x1, x′) ∈ Rd : x1 ∈Mτ [Dx′ ]},

with Mτ given above being the continuous Steiner symmetrization for one-dimensional open sets.

See Figure 7.1 for a comparison of the sets D and Sτ [D] for small τ > 0.

One can easily check that Sτ [D] satisfies the following properties.

Lemma 7.1.1. For any bounded open set D ⊂ Rd, its continuous Steiner symmetrization Sτ [D]
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{x1 = 0} {x1 = 0}

D Sτ [D]
D

Figure 7.1: Illustration of the continuous Steiner symmetrization Sτ [D] for a set D ⊂ R2. The left
figure is the set D, with the midpoints of all subintervals of its 1D section highlighted in red circles.
The right figure shows the set Sτ [D] for some small τ > 0, with the new midpoints denoted by blue
squares.

satisfies the following properties:

(a) |Sτ [D]| = |D| for any τ > 0, where | · | denotes the Lebesgue measure in Rd.

(b) (Sτ [D])△D ⊂ Bτ [D] for any τ > 0, where △ is the symmetric difference between the two sets,

and Bτ [D] is the τ -neighborhood of ∂D, given by

Bτ [D] := {x ∈ Rd : dist(x, ∂D) ≤ τ}. (7.1)

Proof. (a) is a direct consequence of the fact that |Mτ [U ]| = |U | for any open set U ⊂ R and τ > 0

[10, Lemma 2.11(b)]. To prove (b), one can start with the one-dimensional version: For any bounded

open set U ⊂ R, we have Mτ [U ]△U ⊂ {x ∈ R : dist(x, ∂U) ≤ τ}, which follows from the fact that

the intervals move with velocity at most 1. Thus for any bounded open set D ⊂ Rd,

Sτ [D]△D = {(x1, x′) ∈ Rd : x1 ∈Mτ [Dx′ ]△Dx′}

⊂ {(x1, x′) : dist(x1, ∂(Dx′)) ≤ τ}

⊂ Bτ [D],

finishing the proof.

7.1.2 Simply-connected patch solutions with Ω ≤ 0

We assume that D ⊂ Rd satisfies the following condition.
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(HD)D ⊂ Rd is an open set, and there exists someM > 0 depending onD, such that |Bτ [D]| ≤Mτ

for all sufficiently small τ > 0, where Bτ [D] is given in (7.1).

It can be easily checked that for d ≥ 2, any bounded open set D with Lipschitz continuous

boundary satisfies condition (HD). In fact, for d = 2, we will show any bounded open set D ⊂ R2

with a rectifiable boundary satisfies (HD), with a precise bound

|Bτ [D]| ≤ 2|∂D|τ for all τ ≥ 0, (7.2)

where |∂D| is the total length of ∂D. Let us first prove (7.2) holds for any polygon P ⊂ R2. Erect

two polygons at distance τ from P and the transversal sides being bisectors of the inner angles of

P (see Figure 7.2). It is clear that Bτ [P ] is contained in the trapezoidal region, which has area no

more than 2|∂P |τ . Finally, this can be extended to the general case by approximating any rectifiable

curve by polygons.

P

τ
τ

area = 2l1τ

l1

τ

τ

Figure 7.2: Illustration of the polygon P and the underlying trapezoidal region (the whole colored
region). Here the blue trapezoid has area 2l1τ (l1 is the corresponding side length in P ), and
summing over all edges gives a total area 2|∂P |τ . Since the trapezoids may intersect for large τ , the
whole trapezoidal region has area no more than 2|∂P |τ .

Below we state our main theorem of this section, which is slightly more general than Theo-

rem 4.1.4.

Theorem 7.1.1. Let D ⊂ Rd and K ∈ C1(Rd \ {0}) satisfy the conditions (HD) and (HK)

respectively. Let g ∈ C1(Rd) be a radial function with g′(r) > 0 for all r > 0.

If D satisfies that

1D ∗K − Ω

2
g(x) = const on ∂D (7.3)

for some Ω ≤ 0 (where the constant is the same on all connected components of ∂D), then D is a

ball. Moreover, the ball is centered at the origin if Ω < 0.
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Remark 7.1.2. (1) Note that D does not need to be simply-connected in Theorem 7.1.1. However,

since the constant on the right hand side of (7.3) is assumed to be the same on all connected

components of ∂D, comparing with (4.6), Theorem 7.1.1 only implies that all simply-connected

patches with Ω ≤ 0 must be a disk.

(2) In the case Ω = 0, the problem is translation invariant, so in the proof we assume without

loss of generality that the center of mass of D is at the origin.

Proof. We prove it by contradiction. Without loss of generality, we assume K satisfies the additional

assumption that K(1) = 0 (note that (7.3) still holds if we add any constant to K), and D is not

Steiner symmetric about the hyperplane {x1 = 0}. Let Dτ := Sτ [D] be the continuous Steiner

symmetrization of D at time τ > 0. By Lemma 7.1.1(b), we have

Dτ△D ⊂ Bτ [D], (7.4)

where Bτ is defined in (7.1). Let us consider the functional

E [D] :=

∫
Rd

∫
Rd

1D(x)1D(y)K(x− y)dxdy︸ ︷︷ ︸
=:I[D]

+(−Ω)

∫
Rd

g(x)1D(x)dx︸ ︷︷ ︸
=:V[D]

.

We will use two different ways to compute d+

dτ E [D
τ ]
∣∣∣
τ=0

, where d+

dτ denotes the right derivative. On

the one hand, using the equation (7.3) and the regularity assumptions on D,K and g, we aim to

show that

d+

dτ
E [Dτ ]

∣∣∣
τ=0

= 0. (7.5)

Instead of directly taking the derivative, we consider the finite difference

E [Dτ ]− E [D] =

∫
Rd

2(1Dτ − 1D)

(
1D ∗K − Ω

2
g(x)

)
dx︸ ︷︷ ︸

=:I1

+

∫
Rd

(1Dτ − 1D)((1Dτ − 1D) ∗K)dx︸ ︷︷ ︸
=:I2

,

where in the equality we used that
∫
1D(1Dτ ∗K)dx =

∫
1Dτ (1D ∗K)dx for any radial kernel K.

Let us control the term I1 first. First note that (7.4) implies that the integrand is supported in

Bτ [D]. Next we claim that (HK) implies 1D ∗K − Ω
2 g ∈ C0,δ′(Rd) for δ′ := min{δ, 1}, where C0,1

stands for Lipschitz continuity. The proof is a simple potential theory estimate, which we provide
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below for completeness. For any x, z ∈ Rd,

|(1D ∗K)(x+ z)− (1D ∗K)(x)| =
∣∣∣∣∫

Rd

1D(x− y)(K(y + z)−K(y))dy

∣∣∣∣
≤
∫
|y|<2|z|

|K(y + z)−K(y)|dy +
∫
|y|>2|z|

1D(x− y)|K(y + z)−K(y)|dy

=: J1 + J2.

Since (1D ∗K)(x) ∈ L∞(Rd), one can moreover assume that |z| < 1
3 , then, a crude estimate gives

J1 ≤
∫
|y|<2|z|

|K(y + z)|+ |K(y)|dy ≤ 2

∫
|y|<3|z|

|K(y)|dy ≤ C(d)|z|δ,

where in the last step we used that (HK) and K(1) = 0 imply |K(y)| ≤ C|y|−d+δ for |y| ≤ 1. For

J2, note that (HK) and the mean-value theorem gives

|K(y + z)−K(y)| ≤ C|y|−d−1+δ|z| for all |y| > 2|z|,

and plugging it into the integral gives J2 ≤ C(d, |D|)|z|δ. Putting the estimates for J1 and J2

together gives that 1D ∗K ∈ C0,δ′(Rd) for δ′ = min{δ, 1}, and combining this with the assumption

g ∈ C1(Rd) gives 1D ∗K − Ω
2 g ∈ C0,δ′(Rd).

In addition, by (7.3), We have 1D ∗K − Ω
2 g(x) ≡ C0 on ∂D for some constant C0. Thus we have

∣∣∣1D ∗K − Ω

2
g(x)− C0

∣∣∣ ≤ C(δ′, d, |D|)τ δ
′

in Bτ [D]

for some constant C > 0, where we used the Hölder continuity of 1D ∗K − Ω
2 g and the definition of

Bτ [D]. This leads to

|I1| ≤ 2|Bτ [D]| sup
x∈Bτ [D]

∣∣∣1D ∗K − Ω

2
g(x)− C0

∣∣∣ ≤ C(δ′, d, |D|)Mτ1+δ′ ,

where in the first inequality we used that
∫
Bτ

(1D−1Dτ )C0dx = 0, which follows from Lemma 7.1.1(a);

and in the second inequality we used (HD).

Next, using (7.4) we control I2 by the crude bound

|I2| ≤
∫
Rd

1Bτ [D]|(1Bτ [D] ∗K)|dx ≤ |Bτ [D]| ∥1Bτ [D] ∗K∥∞ ≤Mτ∥(1Bτ [D])
∗ ∗K∥∞,

where the last step follows from the Hardy–Littlewood inequality, where (1Bτ [D])
∗ is the radial
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decreasing rearrangement of 1Bτ [D]. By (HD), (1Bτ [D])
∗ is a characteristic function of a ball whose

radius is bounded by C(d)(Mτ)1/d, thus

∥(1Bτ [D])
∗ ∗K∥∞ ≤

∫ C(d)(Mτ)1/d

0

|K(r)|ωdr
d−1dr ≤

∫ C(d)(Mτ)1/d

0

ωdr
−1+δdx ≤ C(d)(Mτ)

δ
d ,

and plugging it into the I2 estimate gives

|I2| ≤ C(d)M
d+δ
d τ1+

δ
d .

Putting the estimates of I1 and I2 together directly yields

|E [Dτ ]− E [D]|
τ

≤ C(δ′, d,M, |D|)τmin{ δ
d ,δ

′},

and since δ > 0 we have d+

dτ E [D
τ ]
∣∣∣
τ=0

= 0.

Now, we use another way to calculate d+

dτ E [D
τ ]
∣∣
τ=0

. Let us deal with the Ω < 0 case first. Since

K is radial and increasing in r, it has been shown in [7, Corollary 2] and [68, Theorem 3.7] that

the interaction energy I[Dτ ] =
∫
Dτ

∫
Dτ K(x−y)dxdy is non-increasing along the continuous Steiner

symmetrization, leading to

d+

dτ
I[Dτ ] ≤ 0 for all τ ≥ 0.

For the other term V[Dτ ] = (−Ω)
∫
Dτ g(x)dx, by the assumptions that g′(r) > 0 for all r > 0 and

D is not Steiner symmetric about {x1 = 0}, we can use [10, Lemma 2.22] to show, for Ω < 0,

d+

dτ
V[Dτ ]

∣∣∣∣
τ=0

= (−Ω)
d+

dτ

∫
Dτ

g(x)dx

∣∣∣∣
τ=0

< 0.

Adding them together gives

d+

dτ
E [Dτ ]

∣∣∣∣
τ=0

< 0

leading to a contradiction with (7.5).

In the Ω = 0 case, recall that we assume that the center of mass of D is at the origin. Thus if D

is not Steiner symmetric about {x1 = 0}, the same proof as [10, Proposition 2.15] gives that I[D]

must be decreasing to the first order for a short time, leading to

d+

dτ
E [Dτ ]

∣∣∣∣
τ=0

=
d+

dτ

∫
Dτ

∫
Dτ

K(|x− y|)dxdy
∣∣∣∣
τ=0

< 0,
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again contradicting (7.5). We point out that although the proposition was stated for continuous

densities, the same proof works for the patch setting. In addition, although [10] only dealt with the

kernels no more singular than Newtonian potential, the proof indeed holds for all kernelsK satisfying

(HK): see [11, Theorem 6] for an extension to all Riesz potentials Kα,d with α ∈ (0, 2).

The above theorem immediately leads to the following result concerning simply-connected sta-

tionary/rotating patch solution with Ω ≤ 0.

Theorem 7.1.2. Let D ⊂ R2 be a bounded, simply-connected domain with rectifiable boundary. If

1D is a V-state for (4.2) for some α ∈ [0, 2) with angular velocity Ω ≤ 0, then D must be a disk. In

addition, the disk must be centered at the origin if Ω < 0.

Proof. We have 1D∗K−Ω
2 |x|

2 = C for some constant C on ∂D. For the Euler equation,K = 1
2π ln |x|.

For the g-SQG equation. K = −Cα|x|−α. In both cases, the proof follows from Theorem 7.1.1.

Remark 7.1.3. As we discussed in the beginning of this subsection, in the case of gSQG with

α ∈ (0, 2), Theorem 7.1.2 is not true if the simply connected assumption is dropped, due to the

non-radial patches in [29, 41] bifurcating from annuli.

7.1.3 Smooth solutions with simply-connected level sets with Ω ≤ 0

The rest of this section is devoted to the smooth setting. We will show that any nonnegative smooth

rotating solution of the Euler or gSQG equation with angular velocity Ω ≤ 0 must be radial, under

the additional assumption that all the super level-sets Uh

Uh := {x ∈ Rd : ω0(x) > h} (7.6)

are simply-connected for any h > 0. We believe that the simply-connected assumption is necessary,

since it is likely that the bifurcation arguments from annuli in [29, 41] can be extended to the smooth

setting as well, using a similar argument as in [19] or [18].

Theorem 7.1.3. Let ω(x) ∈ C1(R2) be nonnegative and compactly supported. In addition, assume

the super level-set Uh as in (7.6) is simply connected for all h ∈ (0, supω). Assume K satisfies

(HK). If for some Ω ≤ 0, we have

ω ∗K − Ω

2
|x|2 = C0(h) on ∂Uh for all h ∈ (0, supω), (7.7)

then ω is radially decreasing up to a translation. Moreover, it is centered at the origin if Ω < 0.
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Proof. We prove it by contradiction. For the Ω < 0 case, without loss of generality, we assume ω

is not symmetric decreasing about the line x1 = 0. For the Ω = 0 case, similar to Remark 7.1.2,

without loss of generality we assume the center of mass is at the origin, and then we assume ω is

not symmetric decreasing about the line x1 = 0.

For any τ ≥ 0, we define the continuous Steiner symmetrization ωτ (x) in the same way as [10,

Definition 2.12]:

ωτ (x) :=

∫ h0

0

1Sτ [Uh](x) dh,

where h0 := supω, and Sτ [Uh] is the continuous Steiner symmetrization of the super level set Uh

at time τ ≥ 0.

Consider the energy functional

E [ω] :=
∫
R2

∫
R2

ω(x)ω(y)K(x− y)dxdy︸ ︷︷ ︸
=:I[ω]

+(−Ω)

∫
R2

ω(x)|x|2dx︸ ︷︷ ︸
=:V[ω]

.

We proceed similarly as in Theorem 7.1.1 to compute d+

dτ E [ω
τ ] in two different ways. We first rewrite

the finite difference E [ωτ ]− E [ω] as

E [ωτ ]− E [ω]

=

∫
R2

2(ωτ (x)− ω(x))

(
ω ∗K − Ω

2
|x|2
)
dx+

∫∫
R2×R2

(ωτ (x)− ω(x))(ωτ (y)− ω(y))K(x− y)dxdy

=: I1 + I2. (7.8)

Since ω ∈ C1
c (R2) and K satisfies (HK) (hence is locally integrable), one can easily check that

ω ∗K − Ω
2 |x|

2 is Lipschitz in D̃ := {x ∈ R2 : dist(x, suppω) ≤ 1}. Note that we have supp ωτ ∈ D̃

for all τ ∈ [0, 1]. Combining this fact with the assumption (7.7), there exists C1 > 0 independent of

h, such that

∣∣∣(ω ∗K)(x)− Ω

2
|x|2 − C0(h)

∣∣∣ ≤ C1τ on Sτ [Uh]△Uh for all h ∈ (0, h0). (7.9)

Let us first rewrite I1 as

I1 = 2

∫ h0

0

∫
R2

(
1Sτ [Uh](x)− 1Uh(x)

)(
(ω ∗K)(x)− Ω

2
|x|2
)
dx dh.

By Lemma 7.1.1(a), we have
∫
R2(1Sτ [Uh](x)−1Uh(x))dx = 0 for all h ∈ (0, h0). Thus we can control
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I1 as

|I1| =
∣∣∣∣2 ∫ h0

0

∫
R2

(
1Sτ [Uh](x)− 1Uh(x)

)(
(ω ∗K)(x)− Ω

2
|x|2 − C0(h)

)
dxdh

∣∣∣∣
≤ 2C1τ

∫ h0

0

∣∣∣(Sτ [Uh])△Uh
∣∣∣dh

≤ 2C1τ

∫ h0

0

2|∂Uh|τ dh

= 4C1τ
2

∫
supp ω

|∇ω|dx ≤ C(ω)τ2.

(7.10)

Here in the second line we used (7.9); in the third line we used Lemma 7.1.1(b) and the property

(7.2) in two dimensions; and in the fourth line we used the co-area formula and the fact that ω ∈ C1
c .

We next move on to I2. Since |∇ω| is bounded, Lemma 7.1.1(b) leads to

|ωτ (x)− ω(x)| =
∣∣∣∣∫ ∞

0

1Sτ [Uh](x)− 1Uh(x)dh

∣∣∣∣
≤ C∥∇ω∥L∞τ for all x ∈ R2,

and supp ωτ ∈ D̃ for all τ ∈ [0, 1]. Thus

|I2| ≤ ∥ωτ − ω∥L1∥(ωτ − ω) ∗K∥L∞

≤ ∥ωτ − ω∥L1∥ωτ − ω∥L∞

∫
D̃

|K(x)|dx

≤ C(ω)τ2.

Combining the estimates for I1 and I2 gives E [ωτ ]− E [ω] ≤ C(ω)τ2 for all τ ∈ [0, 1], thus

d+

dτ
E [ωτ ]

∣∣∣∣
τ=0

=
d+

dτ
(I1 + I2)

∣∣∣∣
τ=0

= 0. (7.11)

On the other hand, we compute d+

dτ E [ω
τ ]
∣∣
τ=0

in a different way as

d+

dτ
E [ωτ ]

∣∣∣∣
τ=0

=
d+

dτ
(I[ωτ ] + V[ωτ ])

∣∣∣∣
τ=0

.

In the Ω < 0 case, similarly as in Theorem 7.1.1, we have I[ωτ ] is non-increasing along the continuous

Steiner symmetrization by [7, Corollary 2] and [68, Theorem 3.7], thus

d+

dτ
I[ωτ ] ≤ 0 for all τ > 0.
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For V[ωτ ], by the assumption that ω is not symmetric decreasing about {x1 = 0}, we again use [10,

Lemma 2.22] to show, for Ω < 0,

d+

dτ
V[ωτ ] = (−Ω)

d+

dτ

∫
R2

ωτ (x)|x|2dx
∣∣∣∣
τ=0

< 0.

Adding them together gives d+

dτ E [D
τ ]
∣∣
τ=0

< 0, contradicting (7.11).

In the Ω = 0 case, we assume that the center of mass of ω is at the origin. Thus if ω is not

symmetric decreasing about {x1 = 0}, the same proof as [10, Proposition 2.15] gives that I[D]

must be decreasing to the first order for a short time (again, the proof holds for all kernels K

satisfying (HK); see [11, Theorem 6] for extensions to Riesz kernels Kα,d with α ∈ (0, 2)). This

gives d+

dτ E [D
τ ]
∣∣
τ=0

< 0, again contradicting (7.11).

The above theorem immediately gives the following corollary concerning the V-states for the

Euler and gSQG equations.

Corollary 7.1.4. Assume ω(x) ∈ C1(R2) is a nonnegative, compactly supported V-state satisfying

the Euler equation or the gSQG equation for some α ∈ (0, 2) with Ω ≤ 0. In addition, assume the

super level-set Uh as in (7.6) is simply connected for all h ∈ (0, supω). Then ω must be radially

decreasing if Ω < 0, and radially decreasing up to a translation if Ω = 0.

Proof. For the Euler equation, K = 1
2π ln |x|. For the gSQG equation. K = −Cα|x|−α. In both

cases, the proof follows from Theorem 7.1.3.

7.2 Radial symmetry of rotating gSQG solutions with Ω > Ωα

In this section, we focus on rotating gSQG patches with area π and α ̸= 0. As we discussed in the

introduction, for α ∈ [0, 2), there exist rotating patches bifurcating from the unit disk at angular

velocities Ωα
m = 2α−1 Γ(1−α)

Γ(1−α
2 )

2

(
Γ(1+α

2 )
Γ(2−α

2 )
− Γ(m+α

2 )
Γ(m+1−α

2 )

)
, where Ωα

m is increasing in m for any fixed

α ∈ [0, 2). Let us denote Ωα := limm→∞ Ωα
m. If α ∈ (0, 1) we have that

Ωα = 2α−1 Γ(1− α)

Γ
(
1− α

2

)2 Γ
(
1 + α

2

)
Γ
(
2− α

2

) . (7.12)

Note that Ωα is a continuous function of α for α ∈ (0, 1), with Ω0 = 1
2 , and Ωα = +∞ for all

α ∈ [1, 2).

A natural question is whether there can be rotating patches with area π with Ω ≥ Ωα for

α ∈ (0, 1). Note that the area constraint is necessary for all α > 0: if D is a rotating gSQG patch
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for α ∈ (0, 2) with angular velocity Ω, then one can easily check that its scaling λD = {λx : x ∈ D}

is a rotating patch with angular velocity λ−αΩ.

In Theorem 5.2.4, we showed that for the 2D Euler case (α = 0), all rotating patches with

Ω ≥ Ω0 = 1
2 must be a disk. In this section, our goal is to show that all simply-connected rotating

patches with area π with Ω ≥ Ωα for α ∈ (0, 1) must be a disk. Whether there exist non-simply-

connected or disconnected rotating patches with Ω ≥ Ωα for α ∈ (0, 1) is still an open question.

Below is the main theorem of this section. Recall that for α ∈ (0, 2), Kα = −Cα|x|−α is the

fundamental solution for −(−∆)−1+α
2 , where Cα = 1

2π

Γ(α
2 )

21−αΓ(1−α
2 ) .

Theorem 7.2.1. Let D ⊂ R2 be a bounded, simply-connected patch with C1 boundary. Let us denote

R := maxx∈D |x|. Assume that D is a uniformly rotating patch with angular velocity Ω of the gSQG

equation with α ∈ (0, 1), i.e.,

1D ∗Kα − Ω

2
|x|2 = C on ∂D. (7.13)

Let Ωc(R) := R−αΩα. If Ω ≥ Ωc(R), then D must coincide with B(0, R).

Remark 7.2.1. (a) Note that all sets D ⊂ R2 with area π must have R ≥ 1. In this case we have

Ωc(R) ≤ Ωα, thus Theorem 7.2.1 immediately implies that all simply-connected rotating patches with

area π and Ω ≥ Ωα must be a disk.

(b) Note that the constant Ωα is sharp, since there exist patches bifurcating from a disk of radius

1 at velocities Ωα
m, which can get arbitrarily close to Ωα as m→ ∞ [49, Theorem 1.4].

Proof. Towards a contradiction, assume that D ̸= B(0, R). Let x0 ∈ ∂D be the farthest point from

0. Then we have that D ⊂ B(0, R), and let U := B(0, R) \D. See Figure 7.3 for an illustration of

U and x0. Then (7.13) can be rewritten as

1U ∗Kα = 1B(0,R) ∗Kα − Ω

2
|x|2 − C on ∂D. (7.14)

The key idea of this proof is to use two different ways to compute ∇(1U ∗Kα)(x0) ·x0, and obtain

a contradiction if Ω ≥ Ωc(R). On the one hand,

∇(1U ∗Kα)(x0) · x0 = αCα

∫
U

(x0 − y) · x0
|x0 − y|α+2

dy > 0, (7.15)

where we used the fact that (x0 − y) · x0 > 0 for all y ∈ U ⊂ B(0, R) since the two vectors point to

the same halfplane.
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B(0, R)

O

x0 D

U

Figure 7.3: Illustration of the set U and the point x0.

On the other hand, we claim the following properties hold for 1U ∗Kα:

1. ∆(1U ∗Kα) < 0 in D.

2. Along ∂D, the minimum of 1U ∗Kα is achieved at x0.

To show property 1, using the fact that Kα = −Cα|x|−α is the fundamental solution for

−(−∆)−1+α
2 , we have 1U ∗ Kα = −(−∆)−1+α

2 1U , thus ∆(1U ∗ Kα) = (−∆)α/21U . Thus for any

x ∈ D, using the singular integral definition of the fractional Laplacian [66, Theorem 1.1, Definition

(e)] and the fact that 1U ≡ 0 in D, we have

(−∆)α/21U (x) = C1(α)

∫
R2

1U (x)− 1U (y)

|x− y|2+α
dy = C1(α)

∫
R2

0− 1U (y)

|x− y|2+α
dy < 0 for x ∈ D

for some constant C1(α) > 0. Note that despite the denominator being singular, the integral indeed

converges for all x ∈ D, due to the fact that D is open and the integrand is identically zero in D

which yields

∆(1U ∗Kα)(x) = (−∆)α/21U (x) < 0 in D. (7.16)

We now move on to property 2. Due to (7.14) and the fact that x0 is the outmost point on

∂D, it suffices to show that the radial function 1B(0,R) ∗Kα − Ω
2 |x|

2 is non-increasing in |x| for all

Ω ≥ Ωc(R). We prove this in Proposition 7.2.2 right after this theorem.

The above claims allow us to apply the maximum principle to 1U ∗Kα (recall that 1U ∗Kα is

superharmonic in D by property 1), which yields that the minimum of 1U ∗Kα in D is also achieved

at x0, thus

∇(1U ∗Kα)(x0) · n⃗(x0) ≤ 0,

where n⃗(x0) is the outer normal of D at x0. Since n⃗(x0) = x0/|x0|, the above inequality contradicts

with (7.15). As a result, D must coincide with B(0, R).

Now we prove the proposition that was used in the proof of the above theorem.
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Proposition 7.2.2. For a fixed α ∈ (0, 1) and R > 0, let Ωc(R) be the smallest number such that

gR(x) := 1B(0,R) ∗Kα − Ωc

2
|x|2

is non-increasing in |x|. Then we have Ωc(R) = R−αΩα, with Ωα given in (7.12).

Proof. Recall that Kα = −Cα|x|−α with Cα = 1
2π

Γ(α
2 )

21−αΓ(1−α
2 ) . Since |x|2 and 1B(0,R) ∗Kα are both

radially symmetric and increasing in |x|, we have

Ωc(R) = 2Cα sup
|x1|≠|x2|

∫
B(0,R)

|x2 − y|−αdy −
∫
B(0,R)

|x1 − y|−αdy

|x1|2 − |x2|2
.

Let us denote the fraction above by F (x1, x2). We claim that the sup|x1|≠|x2| F (x1, x2) is attained

when |x1| = R, and |x2| → R.

To prove the claim, we first compute I(x) :=
∫
B(0,R)

|x−y|−αdy. Taking the Fourier transform:

I(x) = CR2−α

∫ ∞

0

ra−2J1(r)J0

(
|x|r
R

)
dr,

where C is some positive constant. By Sonine-Schafheitlin’s formula [90, p. 401] and by continuity,

we obtain

I(x) =


CR2−α2α−2 Γ(α

2 )
Γ(2−α

2 )
2F1

(
α
2 − 1, α2 , 1,

|x|2
R2

)
if |x| ≤ R

CR2−α2α−2|x|−αRα Γ(α
2 )

Γ(1−α
2 )

2F1

(
α
2 ,

α
2 , 2,

R2

|x|2

)
if |x| > R.

By the mean value theorem, it is enough to check that minJ(z) = J(R2), where

J(z) =


d
dz

(
2F1

(
α
2 − 1, α2 , 1,

z
R2

))
if z ≤ R2

d
dz

((
1− α

2

)
z−

α
2 Rα

2F1

(
α
2 ,

α
2 , 2,

R2

z

))
if z > R2

=


α(α−2)

4
1
R2 2F1

(
α
2 , 1 +

α
2 , 2,

z
R2

)
if z ≤ R2

α(α−2)
4 z−1−α

2 Rα
2F1

(
α
2 , 1 +

α
2 , 2,

R2

z

)
if z > R2

Writing the series expansion (respectively at z = 0 and z = ∞) of the hypergeometric series:

α(α− 2)

4

1

R2 2F1

(α
2
, 1 +

α

2
, 2, z

)
=

1

R2

∞∑
n=0

Γ
(
α
2 + n

)
Γ
(
n+ 1 + α

2

)
Γ
(
α
2 − 1

)
Γ
(
α
2

)
Γ(1 + n)Γ(2 + n)

( z

R2

)n
α(α− 2)

4
z−1−α

2 Rα
2F1

(
α

2
, 1 +

α

2
, 2,

1

z

)
=

(
1

z

)α
2

Rα−2
∞∑

n=1

Γ
(
α
2 + n

)
Γ
(
n− 1 + α

2

)
Γ
(
α
2 − 1

)
Γ
(
α
2

)
Γ(n)Γ(n+ 1)

(
R2

z

)n

,
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which are both minimized at z = R2 since every coefficient is negative. This proves the claim.

The claim immediately implies

Ωc(R) = −Cα

R

d

d|x|

∫
B(0,R)

|x− y|−αdy

∣∣∣∣
|x|=R

, (7.17)

Where d
d|x| denotes the derivative in the radial variable (recall that

∫
B(0,R)

|x − y|−αdy is radially

symmetric). To compute the derivative at |x| = R, we can simply compute the partial derivative in

the x1 direction at the point (R, 0):

∂

∂x1

∫
B(0,R)

|x− y|−αdy

∣∣∣∣
x=(R,0)

= −α
∫
B(0,R)

(
(R− y1)

2 + y22
)−α

2 −1
(R− y1)dy1dy2

= −2

∫ R

0

(
(R− y1)

2 + y2
2
)−α

2

∣∣∣y1=
√

R2−y2
2

y1=−
√

R2−y2
2
dy2

= −21−
α
2 R1−α

(∫ 1

0

(
1−

√
1− u2

)−α
2

du−
∫ 1

0

(
1 +

√
1− u2

)−α
2

du

)
= −21−

α
2 R1−α

(∫ π
2

0

(1− cos θ)−
α
2 cos θ dθ −

∫ π
2

0

(1 + cos θ)−
α
2 cos θ dθ

)

=: −21−
α
2 R1−α(I1 − I2),

(7.18)

where in the third line we used the identity (R ±
√
R2 − y22)

2 + y22 = 2R2(1 ±
√
1− (R−1y2)2), as

well as the substitution u = R−1y2.

Using a substitution θ = 2β, we rewrite I1 as

I1 = 2

∫ π
4

0

(1− cos(2β))−
α
2 cos(2β) dβ = 21−

α
2

∫ π
4

0

(sinβ)−α(1− 2 sin2 β) dβ.

Likewise, the substitution θ = π − 2β allows us to rewrite −I2 as

−I2 = 2

∫ π
2

π
4

(1− cos(2β))−
α
2 cos(2β) dβ = 21−

α
2

∫ π
2

π
4

(sinβ)−α(1− 2 sin2 β) dβ.

Adding the above two identities for I1 and −I2 together gives

I1 − I2 = 21−
α
2

∫ π
2

0

(sinβ)−α(1− 2 sin2 β) dβ

= 21−
α
2

(
1

2
B
(1− α

2
,
1

2

)
−B

(3− α

2
,
1

2

))
= 2−

α
2
Γ( 1−α

2 )Γ( 12 )

Γ(1− α
2 )

− 21−
α
2
Γ( 3−α

2 )Γ( 12 )

Γ(2− α
2 )

,
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where B stands for the beta function. Here the second identity follows from the property that

B(x, y) = 2
∫ π/2

0
(sin θ)2x−1(cos θ)2y−1dθ, and the third line follows from the property that B(x, y) =

Γ(x)Γ(y)
Γ(x+y) . According to the properties of the gamma function Γ(z + 1) = zΓ(z) and Γ(z)Γ(z + 1

2 ) =

21−2z
√
πΓ(2z), we have

I1 − I2 = 2−1+α
2

α

2− α
· 2πΓ(1− α)

Γ(1− α
2 )

2
. (7.19)

Finally, plugging this into (7.18) and (7.17) gives

Ωc(R) = R−αCα2
1−α

2 (I1 − I2)

= R−α 1

2π

Γ(α2 )

21−αΓ(1− α
2 )

α

2− α

(
2πΓ(1− α)

Γ(1− α
2 )

2

)
= R−α 2

α−1Γ(1− α)Γ(α2 + 1)

Γ(1− α
2 )

2Γ(2− α
2 )

= R−αΩα,

finishing the proof.

At the end of this section, we point out that Theorem 7.2.1 directly gives the following quantita-

tive estimate: if a simply-connected patch D rotates with angular velocity Ω ∈ (0,Ωα) that is very

close to Ωα, then D must be very close to a disk in terms of symmetric difference.

Corollary 7.2.3. Assume 0 < α < 1. Let D be a rotating patch with area π and angular velocity

Ω ∈ (0,Ωα), and let B be the unit disk. Then we have

|D△B| ≤ 2π

((Ωα

Ω

)2/α
− 1

)
.

Note that for a fixed α ∈ (0, 1), the right hand side goes to 0 as Ω ↗ Ωα.

Proof. Denote R := maxx∈D |x|. If D is a rotating patch with angular velocity Ω and is not a disk,

Theorem 7.2.1 gives that Ω ≤ R−αΩα, which gives that R ≤ (Ωα

Ω )1/α. Thus D ⊂ B(0, (Ωα

Ω )1/α),

which implies that the symmetric difference D△B satisfies

|D△B| = 2|D \B| ≤ 2

∣∣∣∣B(0, (Ωα

Ω

)1/α) \B∣∣∣∣ = 2π

((Ωα

Ω

)2/α
− 1

)
.
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Chapter 8

The rigidity results for vortex

sheets

8.1 Notations

For a bounded domain D ⊂ R2, we denote |D| by its area (i.e. its Lebesgue measure). For x ∈ R2

and r > 0, denote by B(x, r) or Br(x) the open ball centered at x with radius r.

Through Section 3-5 of this paper, we will desingularize the vortex sheet into a vortex layer with

width ∼ ϵ, and obtain various quantitative estimates. In all these estimates, we say a term f is

O(g(ϵ)) if |f | ≤ Cg(ϵ) for some constant C independent of ϵ.

For a domain U ⊂ R2, in the boundary integral
∫
∂U

f⃗ · ndσ, n denotes the outer normal of the

domain U .

8.2 Equations for a stationary/rotating vortex sheet

Let ω(·, t) = ω0(RΩt) be a stationary/rotating vortex sheet solution to the incompressible 2D Euler

equation, where ω0 ∈ M(R2)∩H−1(R2) is a Radon measure. Here Ω = 0 corresponds to a stationary

solution, and Ω ̸= 0 corresponds to a rotating solution. Assume ω0 is concentrated on Γ, which is a

finite disjoint union of curves. Throughout this paper we assume Γ satisfies the following:

(H1) Each connected component of Γ is smooth and with finite length, and it is either a simple

closed curve (denote them by Γ1, . . . ,Γn), or a non-self-intersecting curve with two endpoints (denote

them by Γn+1, . . . ,Γn+m). Here we require n+m ≥ 1, but allow either n or m to be 0.
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Let us denote

dΓ := min
k ̸=i

dist(Γi,Γk), (8.1)

which is strictly positive since we assume the curves {Γi}n+m
i=1 are disjoint. For i = 1, . . . , n + m,

denote by Li the length of Γi. Let zi : Si → Γi denote a constant-speed parameterization of Γi (in

counter-clockwise direction if Γi is a closed curve), where the parameter domain Si is given by

Si :=


R/Z for i = 1, . . . , n,

[0, 1] for i = n+ 1, . . . , n+m.

Note that this gives |z′i| ≡ Li, and the arc-chord constant

FΓ := max
i=1,...,n+m

sup
α̸=β∈Si

|α− β|
|zi(α)− zi(β)|

(8.2)

is finite, since Γ is non-self-intersecting. Let s : Γ → R2 be the unit tangential vector on Γ, given

by s(zi(α)) :=
z′
i(α)

|z′
i(α)|

=
z′
i(α)
Li

, and n : Γ → R2 be the unit normal vector, given by n = s⊥. See

Figure 8.1 for an illustration.

For i = 1, . . . , n +m, let us denote by γi(α) the vorticity strength at zi(α) with respect to the

arclength parametrization, which is related to ϖi(α) by

γi(α) =
ϖi(α)

|z′i(α)|
for α ∈ Si. (8.3)

Throughout this paper we will be working with γi, instead of ϖi. We impose the following regularity

and positivity assumptions on γi:

(H2) Assume that γi ∈ C2(Si) for i = 1, . . . , n and γi ∈ Cb(Si) ∩ C1(S◦
i ) for some b ∈ (0, 1) for

i = n+ 1, . . . , n+m.1

(H3) For i = 1, . . . , n, assume γi > 0 in Si. And for i = n+ 1, . . . , n+m, assume γi > 0 in S◦
i ,

and γi(0) = γi(1) = 0.

Note that for a closed curve, (H3) implies that γi is uniformly positive; whereas for an open

curve, γi is positive in the interior of Si but vanishes at its endpoints. This is because any sta-

tionary/rotating vortex sheet with continuous γi must have it vanishing at the two endpoints of

any open curve: if not, one can easily check that |BR(zi(α)) · n(zi(α))| → ∞ as α approaches the

1For an open curve i = n + 1, . . . , n + m, note that (H2) does not require γi to be C1 up to the boundary of
Si, and its derivative is allowed to blow up at the endpoints. This is motivated by the fact that in the explicit
uniformly-rotating solution (4.12), its strength γ is Hölder continuous in [−a, a] and smooth in the interior, but its
derivative blows up at the endpoints.
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endpoint, thus such a vortex sheet cannot be stationary in the rotating frame.

With the above notations of zi and γi, the Birkhoff-Rott integral (4.9) along the sheet can now

be expressed as

BR(zi(α)) =

n+m∑
k=1

BRk(zi(α)) :=

n+m∑
k=1

PV

∫
Sk

K2(zi(α)− zk(α
′)) γk(α

′)|z′k(α′)| dα′, (8.4)

with the kernel K2 given by

K2(x) := (2π)−1∇⊥ log |x| = x⊥

2π|x|2
, (8.5)

and the principal value in (8.4) is only needed for the integral with k = i.

Let v : R2 → R2 be the velocity field generated by ω0, given by v := ∇⊥(ω0 ∗ N ). Note that

v ∈ C∞(R2 \ Γ), but v is discontinuous across Γ. Let v+,v− : Γ → R2 denote the two limits of v

on the two sides of Γ (with v+ being the limit on the side that n points into – see Figure 8.1 for an

illustration), and [v] := v− − v+ the jump in v across the sheets. [v] is related to the vortex-sheet

strength γ as follows (see [71, Eq. (9.8)] for a derivation): [v] · n = 0, and

[v]× n = [v] · s = γ.

In addition, the Birkhoff-Rott integral (8.4) is the the average of v+ and v−, namely

BR(zi(α)) =
1

2
(v+(zi(α)) + v−(zi(α))) for all α ∈ Si, i = 1, . . . , n+m.

Γ1, . . . ,Γn

Γn+1, . . . ,Γn+m

s
n

v+v−

sn

v+ v−

Figure 8.1: Illustration of the closed curves Γ1, . . . ,Γn and the open curves Γn+1, . . . ,Γn+m, and the
definitions of n, s, v+ and v−.
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In the following lemma, we derive the equation that the Birkhoff-Rott integral satisfies for a

stationary/rotating vortex sheet.

Lemma 8.2.1. Assume ω(·, t) = ω0(RΩtx) is a stationary/uniformly-rotating vortex sheet with

angular velocity Ω ∈ R, and ω0 is concentrated on ∪n+m
i=1 Γi, with zi and γi defined as above. Then

the Birkhoff-Rott integral BR (8.4) and the strength γi satisfy the following two equations:

(BR− Ωx⊥) · n = v+ · n = v− · n = 0 on Γ, (8.6)

and

(BR(zi(α))− Ωz⊥i (α)) · s(zi(α)) γi(α) =


Ci on Si for i = 1, . . . , n,

0 on Si for i = n+ 1, . . . , n+m.

(8.7)

In particular, the above two equations imply that BR(zi(α))−Ωz⊥i (α) ≡ 0 for i = n+1, . . . , n+m.

Proof. By definition of the stationary/uniformly-rotating solutions, ω0 is a stationary vortex sheet

in the rotating frame with angular velocity Ω. In this rotating frame, an extra velocity −Ωz⊥i should

be added to the right hand side of (4.10). Therefore the evolution equations (4.10)–(4.11) become

the following in the rotating frame (where we also use (8.4)):

∂tzi(α, t) = BR(zi(α, t))− Ωz⊥i (α, t) + ci(α, t)∂αzi(α, t) (8.8)

∂tϖi(α, t) = ∂α(ci(α, t)ϖi(α, t)), (8.9)

where the term ci(α, t) accounts for the reparametrization freedom of the curves. Since ω0 is sta-

tionary in the rotating frame, zi(·, t) parametrizes the same curve as zi(·, 0). Therefore ∂tzi(α, t) is

tangent to the curve Γi, and multiplying n(zi(α, t)) to (8.8) gives

0 = ∂tzi(α, t) · n(zi(α, t)) = (BR(zi(α, t))− Ωz⊥i (α, t)) · n(zi(α, t)), (8.10)

where we use that n(zi(α, t)) · ∂αzi(α, t) = 0. This proves (9.1).

Now we prove (9.2). Towards this end, let us choose

ci(α, t) := − (BR(zi(α, t))− Ωz⊥i (α, t)) · s(zi(α, t))
|∂αzi(α, t)|

,

so that multiplying s(zi(α, t)) to (8.8) gives ∂tzi(α, t) · s(zi(α, t)) = 0, and combining it with (8.10)

gives ∂tzi(α, t) = 0. In other words, with such choice of ci, the parametrization zi(α, t) remains fixed
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in time. Since ω0 is stationary in the rotating frame, we know that with a fixed parametrization

zi(α, t) = zi(α, 0), the strength ϖi(α, t) must also remain invariant in time. Thus (8.9) becomes

ci(α, t)ϖi(α, t) ≡ Ci.

Plugging the definition of ci into the equation above and using the fact that zi is invariant in t, we

have

(BR(zi(α))− Ωz⊥i (α)) · s(zi(α))ϖi(α)

|∂αzi(α)|
≡ −Ci for all α ∈ Si,

and finally the relationship between γi and ϖi in (8.3) yields (9.2) for i = 1, . . . , n.

And for the open curves i = n + 1, . . . , n +m, note that we do not have any reparametrization

freedom at the two endpoints α = 0, 1, therefore the endpoint velocity BR(zi(0, t))−Ωz⊥i (0, t) must

be 0 to ensure that ω0 is stationary in the rotating frame. This immediately leads to Ci = 0 for

i = n+ 1, . . . , n+m, finishing the proof of (9.2).

8.3 Approximation by a thin vortex layer

Our aim in this section is to desingularize the vortex sheet ω0. Namely, for 0 < ϵ ≪ 1, we will

construct a vorticity ωϵ ∈ L∞(R2) ∩ L1(R2) that only takes values 0 and ϵ−1, and is supported in

an O(ϵ) neighborhood of Γ, such that ωϵ weakly converges to ω0 as ϵ→ 0+.

For each i = 1, . . . , n +m, we will describe a neighborhood of Γi using the following change of

coordinates: let Rϵ
i : Si × R → R2 be given by

Rϵ
i(α, η) := zi(α) + ϵγi(α)n(zi(α))η, (8.11)

and let

Dϵ
i := {Rϵ

i(α, η) : α ∈ S◦
i , η ∈ (−1, 0)} .

Note that each Dϵ
i is a connected open set, and for all ϵ > 0 sufficiently small, the sets (Dϵ

i )
n+m
i=1 are

disjoint. For i = 1, . . . , n, the domains Dϵ
i are doubly-connected with smooth boundary, and its inner

boundary coincides with Γi; see the left of Figure 8.2 for an illustration. And for i = n+1, . . . , n+m,

the domains Dϵ
i are simply-connected, and its boundary is smooth except at most two points; see

the right of Figure 8.2 for an illustration.

In addition, for ϵ > 0 that is sufficiently small, one can check that Rϵ
i : S◦

i × (−1, 0) → Dϵ
i is a
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Γi = Rεi(·, 0)

n

s
Rεi(α, η)εγi(α)

zi(α)

Dε
i

Rεi(·,−1)

Dε
j

Γj = Rεj(·, 0)
n

zj(α)

εγj(α) Rεj(·,−1)Rεj(α, η)
s

Figure 8.2: Illustration of the definitions of Rϵ
i and Dϵ

i for a closed curve (left) and an open curve
(right).

diffeomorphism. Since γi ∈ C1(Si) and zi ∈ C2(Si), we only need to show Rϵ
i : S

◦
i × (−1, 0) → Dϵ

i

is injective. Below we prove this fact in a stronger quantitative version, which will be used later.

Lemma 8.3.1. For any i = 1, . . . , n + m, assume Γi and γi satisfy (H1)–(H2). Then the map

Rϵ
i : S

◦
i ×(−1, 0) → Dϵ

i given by (8.11) is injective. In addition, there exist some c0, ϵ0 > 0 depending

on ∥zi∥C2(Si), ∥γi∥L∞(Si) and FΓ, such that for all ϵ ∈ (0, ϵ0) we have

|Rϵ
i(α

′, η′)−Rϵ
i(α, η)| ≥ c0

(
|α′ − α|+ ϵ|γi(α)η − γi(α

′)η′|
)
, (8.12)

for all α, α′ ∈ S◦
i , η, η

′ ∈ (−1, 0).2

Proof. To begin with, note that (8.12) immediately implies that Rϵ
i : S

◦
i × (−1, 0) → Dϵ

i is injective,

where we used the positivity assumption γi > 0 in S◦
i in (H2). Thus it suffices to prove (8.12).

Throughout the proof, we fix any i ∈ {1, . . . , n+m}, and we will omit the subscript i for notational

simplicity. Using the definition (8.11), let us break Rϵ(α′, η′)−Rϵ(α, η) into

Rϵ(α′, η′)−Rϵ(α, η) = z(α′)− z(α)︸ ︷︷ ︸
=:T1

+ ϵ (γ(α′)η′ − γ(α)η)n(z(α′))︸ ︷︷ ︸
=:T2

+ ϵγ(α)η (n(z(α′))− n(z(α)))︸ ︷︷ ︸
=:T3

.

(8.13)

For T1 and T3, we have

|T1 − z′(α′)(α′ − α)| ≤∥z∥C2(S)|α− α′|2,

|T3| ≤ ϵγ(α)∥z∥C2(S)|α− α′|.
(8.14)

2In fact, (8.12) also holds (with a slightly smaller ϵ0 and c0) for η, η′ ∈ (−2, 2), even though such Rϵ
i may not

belong to Dϵ
i . We will use this fact later in the proof of Lemma 8.3.5.
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Also, using that z′(α′) = Ls(z(α′)) is perpendicular to n(z(α′)), we have

|z′(α′)(α′ − α) + T2| = |L(α′ − α)s(z(α′)) + ϵ (γ(α′)η′ − γ(α)η)n(z(α′))|

≥ 1

2
L|α′ − α|+ 1

2
ϵ |γ(α′)η′ − γ(α)η| ,

where we use that
√
x2 + y2 ≥ 1

2 (|x|+ |y|). Combining this with (8.14) gives

|T1 + T2 + T3| ≥ |α− α′|
(
L

2
−∥z∥C2(S) (|α− α′|+ ϵγ(α))

)
+

1

2
ϵ|γ(α′)η′ − γ(α)η|,

thus

|Rϵ(α′, η′)−Rϵ(α, η)| ≥ L

4
|α− α′|+ 1

2
ϵ|γ(α′)η′ − γ(α)η| (8.15)

for all 0 < ϵ < L(8∥z∥C2∥γ∥L∞)−1 and |α− α′| ≤ L
8∥z∥C2

.

For |α−α′| > L
8∥z∥C2

, recall that the definition of FΓ in (8.2) gives |z(α′)− z(α)| ≥ F−1
Γ |α′ −α|.

Thus a crude estimate gives

|Rϵ(α′, η′)−Rϵ(α, η)| ≥ |z(α′)− z(α)| − 2ϵ∥γ∥L∞(S) ≥
1

2FΓ
|α′ − α|+ ϵ|γ(α′)η′ − γ(α)η| (8.16)

for 0 < ϵ < L(64FΓ∥z∥C2∥γ∥L∞)−1. (Note that for such ϵ we have 4ϵ∥γ∥L∞ ≤ 1
2FΓ

|α′ − α| due to

our assumption that |α− α′| > L
8∥z∥C2

).

Finally, combining (8.15) and (8.16), it follows that (8.12) holds for c0 = min{L
4 ,

1
2FΓ

, 12} and

ϵ0 = min{L(8∥z∥C2∥γ∥L∞)−1, L(64FΓ∥z∥C2∥γ∥L∞)−1}. This finishes the proof.

In the next lemma we compute the partial derivatives and Jacobian of Rϵ
i(α, η), which will be

useful later.

Lemma 8.3.2. For any i = 1, . . . , n +m, let zi be a constant-speed parameterization of the curve

Γi (with length Li), and let Rϵ
i be given by (8.11). Then its partial derivatives are

∂αR
ϵ
i(α, η) = z′i(α) + ϵ

(
γ′i(α)

z′i(α)
⊥

Li
η + γi(α)

z′′i (α)
⊥

Li
η

)
,

∂ηR
ϵ
i(α, η) = ϵγi(α)

z′i(α)
⊥

Li
.

(8.17)

Moreover, its Jacobian is given by

det(∇α,ηR
ϵ
i) = ϵLiγi(α)− ϵ2Liγ

2
i (α)κi(α)η, (8.18)
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where κi(α) denotes the signed curvature of Γi at zi(α).

Proof. Since zi is the constant-speed parameterization of Γi (which has length Li), we have |z′i| ≡ Li

and n(zi(α)) = z′i(α)
⊥/Li. Taking the α and η partial derivatives of (8.11) directly yields (8.17).

Putting the two partial derivatives into columns of a 2×2 matrix and computing the determinant,

we have

det(∇α,ηR
ϵ
i) = ϵγi(α)

|z′i(α)|2

Li
+ ϵ2γ2i (α)

z′′i (α)
⊥ · z′i(α)
L2
i

η

= ϵLiγi(α)− ϵ2Liγ
2
i (α)κi(α)η,

where in the second equality we used that z′′i (α) = κi(α)n(zi(α))L
2
i (recall that zi has constant

speed Li). This finishes the proof.

Remark 8.3.3. We point out that for each i = 1, . . . , n + m, the determinant formula (8.18)

immediately gives the following approximation of |Dϵ
i |, which will be helpful in the proofs later:

|Dϵ
i |
ϵ

=
1

ϵ

∫
Dϵ

i

1dx =
1

ϵ

∫
Si

∫ 0

−1

det(∇α,ηR
ϵ
i(α, η)) dηdα = Li

∫
Si

γi(α)dα+O(ϵ), (8.19)

where the O(ϵ) error term has its absolute value bounded by Cϵ, with C only depending on ∥zi∥C2(Si)

and ∥γi∥L∞(Si).

Finally, let Dϵ := ∪n+m
i=1 Dϵ

i , and ω
ϵ : R2 → R is defined as

ωϵ(x) := ϵ−11Dϵ(x) = ϵ−1
n+m∑
i=1

1Dϵ
i
(x),

and let

vϵ = ∇⊥(ωϵ ∗ N ) (8.20)

be the velocity field generated by ωϵ.

In the next lemma we aim to obtain some fine estimate of vϵ in the thin vortex layer Dϵ. Our

goal is to show that along each cross section of the thin layer (i.e. fix i and α, and let η vary in

[−1, 0]), the function η 7→ vϵ(Rϵ
i(α, η)) is almost a linear function in η, with the endpoint values (at

η = −1 and 0) being almost v−(zi(α)) and v+(zi(α)) respectively.

Lemma 8.3.4. For i = 1, . . . , n+m, assume Γi and γi satisfy (H1)–(H3). Let

gi(α, η) := BR(zi(α))−
(
η +

1

2

)
[v](zi(α)) for α ∈ Si,
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and note that gi(α, 0) = v+(zi(α)) and gi(α,−1) = v−(zi(α)) (see Figure 8.3 for an illustration of

gi(α, η)). Then for all sufficiently small ϵ > 0, for all i = 1, . . . , n+m we have

|vϵ(Rϵ
i(α, η))− gi(α, η)| ≤ Cϵb| log ϵ| for all α ∈ Si, η ∈ [−1, 0], (8.21)

where b ∈ (0, 1) is as in (H2), and C depends on b, maxi ∥zi∥C2(Si), maxi ∥γi∥Cb(Si), dΓ and FΓ.

Γi
zi(α)

n(zi(α))

v+(zi(α))

v−(zi(α))

Rεi(α, η) gi(α, η)

Dε
i

Figure 8.3: Illustration of the definition of gi(α, ·) (the orange arrows).

Proof. Let i be any fixed index in 1, . . . , n+m. We begin with breaking vϵ into contributions from

different components {Dϵ
k}

n+m
k=1 , namely

vϵ(x) =

n+m∑
k=1

vϵ
k(x) :=

n+m∑
k=1

ϵ−1

∫
Dϵ

i

K2(x− y)dy,

where the kernel K2 is given by (8.5). Similarly, we can break BR(zi(α)) into BR(zi(α)) =
n+m∑
k=1

BRk(zi(α)), where BRk is the contribution from the k-th integral in (8.4), and note that

the PV symbol is only needed for k = i.

• Estimates for k ̸= i terms. For any k ̸= i, we aim to show that

|vϵ
k(R

ϵ
i(α, η))−BRk(zi(α))| ≤ Cϵ, (8.22)

where C depends on dΓ,maxk ∥zk∥C2 and maxk ∥γk∥L∞ . Applying a change of variable y =

Rϵ
k(α

′, η′), we can rewrite vϵ
k as

vϵ
k(R

ϵ
i(α, η)) = ϵ−1

∫
Dϵ

k

K2(R
ϵ
i(α, η)− y) dy

=

∫
Sk

∫ 0

−1

K2(R
ϵ
i(α, η)−Rϵ

k(α
′, η′))︸ ︷︷ ︸

=:T1

ϵ−1 det(∇α′,η′Rϵ
k(α

′, η′))︸ ︷︷ ︸
=:T2

dη′dα′.
(8.23)
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Using the facts that Rϵ
i(α, η)−Rϵ

k(α
′, η′) = zi(α)−zk(α′)+O(ϵ) as well as |zi(α)−zk(α′)| ≥ dΓ > 0

(recall that dΓ is as given in (8.1)), for all sufficiently small ϵ > 0 we have T1 = K2(zi(α)− zk(α′))+

O(ϵ). For T2, the explicit formula (8.18) for the determinant gives T2 = Lkγk(α
′) + O(ϵ). Plugging

these into the above integral yields

vϵ
k(R

ϵ
i(α, η)) =

∫
Sk

K2(zi(α)− zk(α
′))Lkγk(α

′) dα′ +O(ϵ) = BRk(zi(α)) +O(ϵ),

finishing the proof of (8.22).

• Estimates for the k = i term. It will be more involved to control the k = i term, and our goal

is to show that

∣∣∣∣vϵ
i(R

ϵ
i(α, η))−BRi(zi(α)) +

(
η +

1

2

)
[v](zi(α))

∣∣∣∣ ≤ Cϵb| log ϵ|. (8.24)

To begin with, we again rewrite vϵ
i as in (8.23) with k = i, and plug in the formula (8.18) for the

determinant. This leads to

vϵ
i(R

ϵ
i(α, η)) =

∫
Sk

∫ 0

−1

K2(R
ϵ
i(α, η)−Rϵ

i(α
′, η′))

(
Liγi(α

′)− ϵLiγ
2
i (α

′)κi(α
′)η′
)
dη′dα′

=: I1 + I2,

where I1, I2 are the contributions from the two terms in the last parenthesis respectively. Let us

control I2 first, and we claim that

|I2| ≤ Cϵ| log ϵ|. (8.25)

Using (8.12) of Lemma 8.3.1 and the fact that |K2(x)| ≤ |x|−1, we can bound I2 as

|I2| =
∣∣∣∣∫

Sk

∫ 0

−1

K2(R
ϵ
i(α, η)−Rϵ

i(α
′, η′)) ϵLiγ

2
i (α

′)κi(α
′)η′ dη′dα′

∣∣∣∣
≤ Cϵ

∫
Sk

∫ 0

−1

γi(α
′)

|α′ − α|+ ϵ|γi(α′)η′ − γi(α)η|
dη′dα′

≤ Cϵ

∫
Sk

∫ ∥γi∥∞

−∥γi∥∞

1

|α′ − α|+ ϵ|θ′|
dθ′dα′ (θ′ := γi(α

′)η′ − γi(α)η)

≤ Cϵ

∫ 1/ϵ

−1/ϵ

∫ ∥γi∥∞

−∥γi∥∞

1

|β′|+ |θ′|
dθ′dβ′ (β′ := ϵ−1(α′ − α))

≤ Cϵ| log ϵ|

(8.26)

where C depends on ∥zi∥C2 and ∥γi∥L∞ .
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In the rest of the proof we focus on estimating I1 =

∫
Sk

∫ 0

−1

K2(R
ϵ
i(α, η)−Rϵ

i(α
′, η′))Liγi(α

′) dη′dα′.

For t ∈ [0, 1], let us define

f(α, α′, η, η′; t) := Rϵ
i(α, η − tη′)−Rϵ

i(α
′, η′ − tη′),

J(t) :=

∫
Sk

∫ 0

−1

K2(f(α, α
′, η, η′; t))Liγi(α

′) dη′dα′. (8.27)

Note that in the definition of f , the argument η− tη′ of Rϵ
i belongs to [−1, 1], instead of [−1, 0] as in

the original definition of (8.11). Here Rϵ
i(α, η− tη′) is defined as in the formula (8.11), even though

it might not belong to Dϵ
i . Clearly, J(0) = I1. The motivation for us to define such f and J(t) is

that at t = 1, we have

J(1) =

∫
Sk

∫ 0

−1

K2(R
ϵ
i(α, η − η′)− zi(α

′))Liγi(α
′) dη′dα′ =

∫ 0

−1

vi(R
ϵ
i(α, η − η′)) dη′, (8.28)

where vi is the velocity field generated by the sheet Γi. Recall that vi has a jump across Γi, where

we denote its limits on two sides by v±
i . Using Lemma 8.3.5, which we will prove momentarily, we

have

vi(R
ϵ
i(α, η − η′)) =


v+
i (zi(α)) +O(ϵb| log ϵ|) if η − η′ ∈ (0, 2),

v−
i (zi(α)) +O(ϵb| log ϵ|) if η − η′ ∈ (−2, 0).

(8.29)

We can then split the integration domain on the right hand side of (8.28) into η′ ∈ (−1, η) and

η′ ∈ (η, 0), and use (8.29) to approximate the integrand in each interval. This gives

J(1) = (η + 1)v+
i (zi(α))− ηv−

i (zi(α)) +O(ϵb| log ϵ|)

= BRi(zi(α))−
(
η +

1

2

)
[v](zi(α)) +O(ϵb| log ϵ|),

(8.30)

where in the last step we used that [v](zi(α)) = [vi](zi(α)), since all other vk with k ̸= i are

continuous across Γi.

Finally, it remains to control |J(0)− J(1)|. Note that by (8.12), we have

f(α, α′, η, η′; t) ≥ c0
(
|α− α′|+ ϵ|γi(α′)η′ − γi(α)η|

)
.

In addition, we have

∣∣∣∣ ∂∂tf(α, α′, η, η′; t)

∣∣∣∣ = ∣∣ϵ(γi(α)n(zi(α))− γi(α
′)n(zi(α

′))
)
η′
∣∣ ≤ Cϵ|α− α′|b,
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where the last inequality follows from (H2) and the fact that n(zi(α)) ∈ C1(Si). Therefore, for any

t ∈ (0, 1), taking the t derivative of (8.27) and using that |∇K2(x)| ≤ |x|−2, we have

|J ′(t)| ≤ C

∫
Sk

∫ 0

−1

ϵ|α− α′|bγi(α′)(
|α− α′|+ ϵ|γi(α′)η′ − γi(α)η|

)2 dη′dα′

≤ Cϵ

∫
Sk

∫ 0

−1

γi(α
′)

|α− α′|1−b (|α− α′|+ ϵ|γi(α′)η′ − γi(α)η|)
dη′dα′

≤ Cϵb
∫ 1/ϵ

−1/ϵ

∫ ∥γi∥∞

−∥γi∥∞

1

|β′|1−b(|β′|+ |θ′|)
dθ′dβ′ (θ′ := γi(α

′)η′ − γi(α)η, β
′ := ϵ−1(α′ − α))

≤ Cϵb
∫ 1/ϵ

−1/ϵ

|β′|b−1 log

(
1 +

∥γi∥L∞

|β′|

)
dβ′

≤ Cϵb,

where C depends on b, ∥γi∥Cb(Si), ∥zi∥C2(Si) and FΓ. This leads to

|J(1)− I1| = |J(1)− J(0)| ≤ Cϵb| log ϵ|.

Finally, combining this with (8.30) and (8.25) yields (8.24), finishing the proof of the k = i case.

We can then conclude the proof by taking the sum of this estimate with all the k ̸= i estimates in

(8.22).

The following lemma proves (8.29). Let vi be the velocity field generated by the sheet Γi, which is

smooth in R2\Γi, and has a discontinuity across Γi. It is known that vi converges to v±
i respectively

on the two sides of Γi [71]. However, we were unable to find a quantitative convergence rate (in

terms of the distance from the point to Γi) in the literature, especially under the assumption that

γi is only in Cb(Si) for the open curves. Below we prove such an estimate.

Lemma 8.3.5. For i = 1, . . . , n+m, let vi be the velocity field generated by the sheet Γi, given by

vi(x) :=

∫
Si

K2(x− zi(α
′)) γi(α

′)|z′i(α′)| dα′ for x ∈ R2 \ Γi.

Then there exist constants C, ϵ0 > 0 depending on on b (as in (H2)), ∥zi∥C2(Si), ∥γi∥Cb(Si) and FΓ,

such that for all ϵ ∈ (0, ϵ0) and η ∈ (−2, 2) we have

∣∣vi(R
ϵ
i(α, η))− v+

i (zi(α))
∣∣ ≤ Cϵb| log ϵ| if η ∈ (0, 2), (8.31)∣∣vi(R

ϵ
i(α, η))− v−

i (zi(α))
∣∣ ≤ Cϵb| log ϵ| if η ∈ (−2, 0), (8.32)
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where

v+
i = BRi(zi(α)) +

n(zi(α))
⊥γi(α)

2
, v−

i = BRi(zi(α))−
n(zi(α))

⊥γi(α)

2
,

and BRi is the contribution from the i-th integral in (8.4).

Proof. We will show (8.31) only since (8.32) can be treated in the same way. From the definition of

Rϵ
i in (8.11), we have

vi(R
ϵ
i(α, η)) =

Li

2π

∫
Si

(zi(α)− zi(α
′))

⊥
γi(α

′)

|zi(α)− zi(α′) + ϵηn(zi(α))γi(α)|2
dα′ +

Li

2π

∫
Si

ϵηn(zi(α))
⊥γi(α)γi(α

′)

|zi(α)− zi(α′) + ϵηn(zi(α))γi(α)|2
dα′

=: A1 +A2.

We claim that for all ϵ > 0 sufficiently small and η ∈ [0, 2), we have

|A1 −BRi(z(α))| ≤ Cϵb| log ϵ|, (8.33)∣∣∣∣A2 −
n(z(α))⊥γ(α)

2

∣∣∣∣ ≤ Cϵb, (8.34)

and note that these two claims immediately yield (8.31). From now on, let us fix i ∈ {1, . . . , n+m}

and omit it in the notation for simplicity. Throughout this proof, let us denote

y(α, α′) := z(α)− z(α′) and c(α) := ϵηn(z(α))γ(α),

so that

A1 =
L

2π

∫
S

y⊥(α, α′)γ(α′)

|y(α, α′) + c(α)|2
dα′, A2 =

L

2π

∫
S

c⊥(α)γ(α′)

|y(α, α′) + c(α)|2
dα′.

Note that

F−1
Γ |α− α′| ≤ |y(α, α′)| ≤ ∥z∥C1 |α− α′|. (8.35)

For the closed curves with i = 1, . . . , n, since z has period 1, we can always set α− α′ ∈ [− 1
2 ,

1
2 ) in

this proof.

Applying (8.12) (with η′ = 0), we have

|y(α, α′) + c(α)|2 ≥ c0(|α− α′|2 + ϵ2η2γ2(α)) = c0(|α− α′|2 + |c(α)|2). (8.36)

Since z′(α) = Ls(z(α)), let us define

ỹ(α, α′) := Ls(z(α))(α− α′),

288



which is a close approximation of y in the sense that

|y(α, α′)− ỹ(α, α′)| ≤ ∥z∥C2(α− α′)2. (8.37)

Using s(z(α)) ⊥ n(z(α)), we have

|ỹ(α, α′) + c(α)|2 = L2|α− α′|2 + ϵ2η2γ2(α) = L2|α− α′|2 + |c(α)|2. (8.38)

From now on, for notational simplicity, we compress the dependence of y(α, α′), ỹ(α, α′), c(α) on α

and α′ in the rest of the proof.

• Estimate (8.33). Note that BRi(z(α)) can also be written using the above notations as

BRi(z(α)) =
L

2π
PV

∫
S

y⊥

|y|2
γ(α′)dα,

thus A1 −BRi(z(α)) can be written as follows:

A1 −BRi(z(α)) =
L

2π
PV

∫
S

(
y⊥

|y + c|2
− y⊥

|y|2

)
︸ ︷︷ ︸

=:f(y,c)

γ(α′)dα′

=
L

2π

∫
S

f(y, c)(γ(α′)− γ(α))dα′ +
Lγ(α)

2π
PV

∫
S

f(y, c)dα′

=: A11 +A12.

A direct computation gives

f(y, c) = − y⊥

|y|2
2y · c+ |c|2

|y + c|2
. (8.39)

Since y · c = (y− ỹ) · c ≤ C|α−α′|2|c|, (where we use ỹ ⊥ n(z(α)) and (8.37)), combining this with

(8.35) and (8.36) gives a crude bound

|f(y, c)| ≲ |α− α′|2|c|+ |c|2

|α− α′|(|α− α′|2 + |c|2)
.

Plugging this into A11 and using the Hölder continuity of γ, we have

|A11| ≲
∫
S

|α− α′|2|c|+ |c|2

|α− α′|(|α− α′|2 + |c|2)
|α− α′|bdα′

≲
∫
|θ|<|c|

(|θ|1+b|c|−1 + |θ|b−1)dθ +

∫
|c|≤|θ|≤1

(|c||θ|b−1 + |c|2|θ|b−3)dθ (θ := α′ − α)

≲ |c|b ≤ Cϵb,
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where the last step follows from the fact that |c| ≤ 2ϵ∥γ∥∞. Now let us turn to A12, which requires

a more delicate estimate of f(y, c). Let us break A12 as

A12 =
Lγ(α)

2π

∫
S

(f(y, c)− f(ỹ, c))dα′ +
Lγ(α)

2π
PV

∫
S

f(ỹ, c)dα′ =: B1 +B2.

For B1, let us take the gradient of f(y, c) (as in (8.39)) in the first variable. An elementary compu-

tation yields that

|∇xf(x, c)| ≤ C|x|−2 min
{
1,

|c|
|x|

}
(8.40)

as long as x satisfies

|x+ c|2 ≥ c0(|x|2 + |c|2). (8.41)

We point out that x = ξy+ (1− ξ)ỹ indeed satisfies (8.41) for all ξ ∈ [0, 1]: to see this, in the proof

of Lemma 8.3.1, if we replace T1 in (8.13) by ξy+ (1− ξ)ỹ, one can easily check the proof still goes

through for ξ ∈ [0, 1]. In addition, for any ξ ∈ [0, 1] we also have

|ξy + (1− ξ)ỹ| ≥ c0|α− α′|. (8.42)

Thus the gradient estimate (8.40) together with (8.37) and (8.42) yields

|f(y, c)− f(ỹ, c)| ≲ min{1, |c||α− α′|−1} ≲ min{1, ϵ|α− α′|−1},

and plugging this into B1 gives

|B1| ≲ ϵ+

∫
ϵ<|α−α′|<1

ϵ|α− α′|−1dα′ ≲ ϵ| log ϵ|.

As for B2, using the definition of ỹ, the identity (8.38) and the fact that ỹ · c = 0, we have

B2 =
Lγ(α)

2π
PV

∫
S

− ỹ⊥

|ỹ|2
|c|2

|ỹ + c|2
dα′

=
Lγ(α)|c|2n(z(α))

2πL
PV

∫
S

α′ − α

|α′ − α|2(L2|α′ − α|2 + |c|2)
dα′.

For the closed curves i = 1, . . . , n, we immediately have B2 = 0 since α − α′ ∈ [− 1
2 ,

1
2 ), and the

integrand is an odd function of α′ − α.
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For the open curves i = n+ 1, . . . , n+m, the above integral becomes

B2 =
Lγ(α)|c|2n(z(α))

2πL
PV

∫ 1−α

−α

θ

|θ|2(L2|θ|2 + |c|2)
dθ (θ := α′ − α)

=
Lγ(α)|c|2n(z(α))

2πL

∫ 1−α

α

θ

θ2(L2θ2 + |c|2)
dθ,

where in the second inequality we used that the integral in [−α, α] gives zero contribution to the

principal value, since the integrand is odd.

Next we discuss two cases. If α > |c|, we bound the integrand by Cθ−3, which gives

|B2| ≤ Cγ(α)|c|2α−2 ≤ C|c|2αb−2 ≤ C|c|b ≤ Cϵb.

where the second inequality follows from the assumption γ(0) = 0 for an open curve in (H3), as well

as the Hölder continuity of γ. And if 0 < α ≤ |c|, the integrand can be bounded above by θ−1|c|−2,

which immediately leads to

|B2| ≤ Cγ(α)| logα| ≤ C|c|b| log |c|| ≤ Cϵb| log ϵ|.

In both cases we have |B2| ≤ Cϵb| log ϵ|, and combining it with the B1 and A11 estimates gives

(8.33).

• Estimate (8.34). We break A2 into

A2 =
Lc⊥

2π

∫
S

γ(α′)− γ(α)

|y + c|2
dα′ +

Lc⊥γ(α)

2π

∫
S

(
1

|y + c|2
− 1

|ỹ + c|2

)
dα′ +

Lc⊥γ(α)

2π

∫
S

1

|ỹ + c|2
dα′

=: A21 +A22 +A23.

For A21, (8.36) and the Hölder continuity of γ immediately lead to

|A21| ≤ C|c|
∫
S

|α− α′|b

|α− α′|2 + |c|2
dα′ ≤ |c|b ≤ Cϵb. (8.43)

For A22, its integrand can be controlled as

∣∣∣∣ 1

|y + c|2
− 1

|ỹ + c|2

∣∣∣∣ ≤ |y − ỹ|(|y + c|+ |ỹ + c|)
|y + c|2|ỹ + c|2

≤ C|α− α′|2

(|α− α′|2 + |c|2)3/2
,
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where the last step follows from (8.36), (8.37) and (8.38). This allows us to control A22 as

|A22| ≤ C|c|
∫ 1

−1

θ2

(θ2 + |c|2)3/2
dθ ≤ C|c|

∣∣ log |c|∣∣ ≤ Cϵ| log ϵ|. (8.44)

Finally, for the A23 term, (8.38) gives

A23 =
Lc⊥γ(α)

2π

∫
S

1

L2|α′ − α|2 + |c|2
dα′ =

n⊥(α)γ(α)

2π

∫
I

1

θ2 + 1
dθ (set θ :=

L(α′ − α)

|c|
),

where the integration interval I = (− L
2|c| ,

L
2|c| ) for i = 1, . . . , n, and I = (−Lα

|c| ,
L(1−α)

|c| ) for i =

n + 1, . . . , n + m, and in the last equality we also used that c⊥

|c| = n⊥. For i = 1, . . . , n, one can

easily check that ∣∣∣∣∫
I

1

θ2 + 1
dθ − π

∣∣∣∣ = 2

∫ ∞

L
2|c|

1

θ2 + 1
dθ ≤ C|c| ≤ Cϵ,

which immediately leads to

∣∣∣∣A23 −
n(z(α))⊥γ(α)

2

∣∣∣∣ = ∣∣∣∣n⊥(α)γ(α)

2π

(∫
I

1

θ2 + 1
dθ − π

)∣∣∣∣ ≤ Cϵ

for i = 1, . . . , n. Next we turn to the open curves i = n+ 1, . . . , n+m, and let us assume α ∈ [0, 12 ]

without loss of generality. In this case we have

∣∣∣∣∫
I

1

θ2 + 1
dθ − π

∣∣∣∣ = ∫ −Lα
|c|

−∞

1

θ2 + 1
dθ +

∫ ∞

L(1−α)
|c|

1

θ2 + 1
dθ ≤ min

{
C
|c|
α
,
π

2

}
+ Cϵ.

where we used 1 − α > 1
2 to control the second integral by Cϵ. Using the above inequality as well

as the fact that γ(α) ≤ Cαb due to (H3), we have

∣∣∣∣A23 −
n(z(α))⊥γ(α)

2

∣∣∣∣ = γ(α)

2π

∣∣∣∣∫
I

1

θ2 + 1
dθ − π

∣∣∣∣ ≤ Cαb min

{
|c|
α
, 1

}
+ Cϵ ≤ C(|c|b + ϵ) ≤ Cϵb

for i = n+1, . . . , n+m. Finally, combining the A23 estimates together with (8.43) and (8.44) yields

(8.34).
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8.4 Constructing a divergence-free perturbation

In this section, we aim to construct a divergence-free velocity field uϵ : Dϵ → R2, such that −uϵ

tends to make each Dϵ
i “more symmetric”. Let uϵ : Dϵ → R2 be given by

uϵ := x+∇pϵ in Dϵ, (8.45)

where the function pϵ : Dϵ → R is chosen such that

∇ · uϵ = 0 in Dϵ, (8.46)

and on each connected component l of ∂Dϵ, uϵ satisfies

∫
l

uϵ · ndσ = 0, (8.47)

where n is the unit normal of l pointing outwards ofDϵ. Note that ∂Dϵ has a total of 2n+m connected

components: Dϵ
i is doubly-connected for i = 1, . . . , n (denote its outer and inner boundaries by

∂Dϵ
i,out and ∂Dϵ

i,in; note that ∂Dϵ
i,in coincides with Γi), whereas it is simply-connected for i =

n+ 1, . . . , n+m (denote its boundary by ∂Dϵ
i ).

Next we show that there indeed exists a function pϵ so that uϵ satisfies (8.46)–(8.47). Clearly,

(8.46) requires that pϵ satisfies

∆pϵ = −2 in Dϵ. (8.48)

Once (8.46) is satisfied, the divergence theorem yields that uϵ satisfies (8.47) for each l = ∂Dϵ
i for

i = n+ 1, . . . , n+m.

Next let us set the boundary conditions as

pϵ|∂Dϵ
i
= 0 for i = n+ 1, . . . , n+m. (8.49)

For i = 1, . . . , n, let

pϵ =


0 on ∂Dϵ

i,out

cϵi on ∂Dϵ
i,in = Γi

for i = 1, . . . , n, (8.50)
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where cϵi > 0 is the unique constant such that

∫
∂Ui

∇pϵ · ndσ = −2|Ui| for i = 1, . . . , n, (8.51)

where Ui is the domain enclosed by ∂Dϵ
i,in = Γi (thus Ui is independent of ϵ), and n is the outer

normal of Ui (thus the inner normal of Dϵ
i ). The existence of cϵi is guaranteed by [42, Lemma 2.5].

One can then check that
∫
∂Ui

uϵ · ndσ = 0. Applying the divergence theorem in Dϵ
i then gives us

that
∫
∂Dϵ

i,out
uϵ · ndσ = 0 as well, thus uϵ satisfies (8.47) for i = 1, . . . , n.

In [42] we proved a rearrangement inequality for such pϵ in a similar spirit of Talenti’s rearrange-

ment inequality for elliptic equations [89], which we state below.

Lemma 8.4.1 ([42, Proposition 2.6]). The function pϵ : Dϵ → R defined in (8.48)–(8.51) satisfies

the following in each Dϵ
i for i = 1, . . . , n+m:

sup
Dϵ

i

pϵ ≤ |Dϵ
i |

2π
, (8.52)

and ∫
Dϵ

i

pϵ(x)dx ≤ |Dϵ
i |2

4π
. (8.53)

Moreover, each inequality above achieves equality if and only Dϵ
i is either a disk or an annulus.

Note that the inequalities (8.52)–(8.53) hold for any domain with C1,α boundary. Even though

the inequalities are strict when Dϵ
i is non-radial, they are not strong enough to rule out non-radial

vortex sheets, as we need quantitative versions of strict inequalities that are still valid in the ϵ→ 0+

limit. As we will see in the proof of Proposition 8.5.2, the key step is to show that if some Γi is

either not a circle or does not have a constant γi, then the following quantitative version of (8.53)

holds: ϵ−2
(

|Dϵ
i |

2

4π −
∫
Dϵ

i
pϵ(x)dx

)
≥ c0 > 0, where c0 is independent of ϵ.

In order to upgrade (8.53) into a quantitative version, we need to obtain some fine estimates for

pϵ that take into account the shape of the thin domains Dϵ
i . For i = n+ 1, . . . , n+m, since pϵ = 0

on ∂Dϵ
i , and the domain Dϵ

i is a thin simply-connected domain with width ϵ ≪ 1, intuitively one

would expect that |pϵ| ≤ Cϵ2. The next proposition shows that this crude estimate is indeed true,

and its proof is postponed to Section 8.4.1.

Proposition 8.4.2. For any i = n+1, . . . , n+m, let pϵ : Dϵ
i → R be given by (8.48)–(8.49). Then
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there exist ϵ1 and C only depending on ∥zi∥C2(Si), ∥γi∥L∞(Si) and FΓ, such that

|pϵ| ≤ Cϵ2 in Dϵ
i

for all ϵ ∈ (0, ϵ1).

For i = 1, . . . , n, the estimate is more involved, since pϵ takes different values cϵi and 0 on the inner

and outer boundaries of Dϵ
i . Heuristically speaking, since Dϵ

i is a doubly-connected thin tubular

domain with width ∼ ϵ, we would expect that pϵi (in α, η coordinate) changes almost linearly from

0 to cϵi as η goes from −1 (outer boundary) to 0 (inner boundary). Next we will show that the error

between pϵ(Rϵ
i(α, η)) and the linear-in-η function cϵi(1 + η) is indeed controlled by O(ϵ2). We will

also obtain fine estimates of the gradient of the function cϵi(1+ η), as well as the boundary value cϵi .

Again, its proof is postponed to Section 8.4.1.

Proposition 8.4.3. For any i = 1, . . . , n, let pϵ : Dϵ
i → R and cϵi ∈ R be given by (8.48) and

(8.50)–(8.51). For such pϵ, let us define p̃ϵ,qϵ : Dϵ
i 7→ R as follows:

p̃ϵ(Rϵ
i(α, η)) := cϵi(1 + η) for α ∈ Si, η ∈ [0,−1], (8.54)

qϵ := pϵ − p̃ϵ in Dϵ
i .

Also let

βi :=
2|Ui|

Li

∫
Si
γ−1
i (α)dα

. (8.55)

Then there exist ϵ1 and C only depending on ∥zi∥C3(Si), ∥γi∥C2(Si) and FΓ, such that for all ϵ ∈ (0, ϵ1)

we have the following:


|qϵ| ≤ Cϵ2 in Dϵ

i ,

qϵ = 0 on ∂Dϵ
i ,

(8.56)

∣∣∣∣cϵiϵ − βi

∣∣∣∣ ≤ Cϵ, (8.57)∣∣∣∣∇p̃ϵ(Rϵ
i(α, η))−

βi
γi(α)

n(zi(α))

∣∣∣∣ ≤ Cϵ for α ∈ Si, η ∈ [0,−1]. (8.58)

8.4.1 Proof of the quantitative lemmas for pϵ

In this subsection we aim to prove Propositions 8.4.2 and 8.4.3. We start with a technical lemma

on estimating the solution of Poisson’s equation (with zero boundary condition) in the domain Dϵ
i .
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Lemma 8.4.4. For any i = 1, . . . , n+m, assume Γi and γi satisfy (H1)–(H3). Let vϵ ∈ C2(Dϵ
i )∩

C(Dϵ
i ) solve the Poisson’s equation with zero boundary condition:


∆vϵ = −1 in Dϵ

i ,

vϵ = 0 on ∂Dϵ
i .

(8.59)

Then there exist positive constants ϵ0 = C(∥zi∥C2(Si), ∥γi∥L∞(Si), FΓ) and C1, C2 = C(∥γi∥L∞(Si)),

such that for all ϵ ∈ (0, ϵ0) we have

0 ≤ vϵ ≤ C1ϵ
2 in Dϵ

i (8.60)

and

∥∇vϵ∥L∞(Γi) ≤ C2ϵ for i = 1, . . . , n. (8.61)

Proof. Throughout the proof, let i ∈ {1, . . . , n+m} be fixed. For notational simplicity, in the rest

of the proof we omit the subscript i in Rϵ
i , D

ϵ
i , Si, zi and γi.

Step 1. We start with a simple geometric result that Dϵ is “flat” in a small neighborhood of

any interior z(α). For any α ∈ S◦, let V ϵ(α) := Dϵ ∩B6ϵ∥γ∥∞(z(α)), where ∥ · ∥∞ denotes ∥ · ∥L∞(S).

We will show that any y ∈ V ϵ(α) satisfies

∣∣(z(α)− y) · n(z(α))
∣∣ ≤ 2ϵ∥γ∥∞ (8.62)

for all sufficiently small ϵ > 0 (to be quantified in (8.67)). See Figure 8.4(a) for an illustration.

Since y ∈ V ϵ(α) ⊂ Dϵ, there exist β ∈ S and η ∈ (−1, 0) such that y = Rϵ(β, η) = z(β) +

ϵγ(β)n(z(β))η. It follows that

∣∣(z(α)− y) · n(z(α))
∣∣ ≤ |(z(α)− z(β)) · n(z(α))|+ ϵ∥γ∥∞

≤∥z′′∥∞(α− β)2 + ϵ∥γ∥∞,
(8.63)

where in the second inequality we used

|(z(α)− z(β))− z′(α)(α− β)| ≤ ∥z′′∥∞(α− β)2 (8.64)

and z′(α) · n(z(α)) = 0. To bound α − β on the right hand side of (8.63), the fact that y ∈
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z(α)

n(z(α))

V ε(α)
Dε

y = R(β, η)

2ε‖γ‖∞

6ε‖γ‖∞

Γ

z(α0)

n(z(α0))

V ε(α0)

∂V ε
1 (α0)

∂V ε
2 (α0)

z(β)

(a) (b)

Figure 8.4: (a) In Step 1, V ϵ(α) (the yellow set) must lie between the two dashed lines for small ϵ.
(b) In Step 2, ∂V ϵ(α0) is decomposed into ∂V ϵ

1 (α0) (in dark green) and ∂V ϵ
2 (α0) (in purple).

B6ϵ∥γ∥∞(z(α)) gives

6ϵ∥γ∥∞ ≥ |z(α)− y| ≥ |z(α)− z(β)| − ϵγ(β), (8.65)

which implies |z(α)− z(β)| ≤ 7ϵ∥γ∥∞. Since the arc-chord constant FΓ given in (8.2) is finite, this

implies

|α− β| ≤ 7FΓ∥γ∥∞ϵ. (8.66)

Plugging this into the right hand side of (8.63), we know (8.62) holds for all

0 < ϵ ≤ (49∥z′′∥∞F 2
Γ∥γ∥∞)−1. (8.67)

Step 2. Next we prove (8.60). Note that vϵ is superharmonic inDϵ and vanishes on the boundary,

thus it follows from the maximum principle that vϵ ≥ 0 in Dϵ. Denote M := maxx∈Dϵ vϵ(x), and

pick x0 = R(α0, η0) ∈ Dϵ such that vϵ(x0) = M . Note that α0 ∈ S◦. Without loss of generality,

we can assume that z(α0) = (0, 0) and s(z(α0)) = e1 := (1, 0), so that n(z(α0)) = (0, 1) and

x0 = (0, ϵγ(α0)η0). Let us consider a barrier function b1 : R2 7→ R given by

b1(x1, x2) = x22 −
x21
2
.

Clearly ∆b1 = 1, so vϵ + b1 is harmonic in Dϵ. It then follows from the maximum principle that

max
V ϵ(α0)

(vϵ + b1) is achieved at some boundary point x̃0 ∈ ∂V ϵ(α0). Let us break ∂V ϵ(α0) into
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∂V ϵ
1 (α0) ∪ ∂V ϵ

2 (α0) (see Figure 8.4(b) for an illustration), given by

∂V ϵ
1 (α0) := ∂Dϵ ∩B6ϵ∥γ∥∞(z(α0)), ∂V ϵ

2 (α0) := Dϵ ∩ ∂B6ϵ∥γ∥∞(z(α0)). (8.68)

We claim that x̃0 ∈ ∂V ϵ
1 (α0). To see this, note that any y = (y1, y2) ∈ ∂V ϵ

2 (α0) satisfies

|y| = 6ϵ∥γ∥∞ and |y2| ≤ 2ϵ∥γ∥∞, where the latter follows from (8.62) and our assumptions that

s(z(α0)) = e1 and z(α0) = (0, 0). This implies that |y1| ≥ 4ϵ∥γ∥∞ > |y2|, thus b1(y) < 0. Using

that vϵ(x0) = M ≥ vϵ(y) and b1(x0) = b1(0, ϵγ(α0)η0) ≥ 0, we have (vϵ + b1)(y) < (vϵ + b1)(x0).

This shows that max
V ϵ(α0)

(vϵ+ b1) cannot be achieved on ∂V ϵ
2 (α0), finishing the proof of the claim.

Since x̃0 ∈ ∂V ϵ
1 (α0) ⊂ ∂Dϵ, the boundary condition in (8.59) yields that vϵ(x̃0) = 0. Thus

M + b1(x0) = vϵ(x0) + b1(x0) ≤ vϵ(x̃0) + b1(x̃0) = b1(x̃0).

Using b1(x0) = b1(0, ϵγ(α0)η0) ≥ 0, the above inequality becomes

M ≤ b1(x̃0) ≤ |x̃0|2 ≤ 36∥γ∥2∞ϵ2, (8.69)

where the second inequality follows from the definition of b1. This proves (8.60) for C1 = 36∥γ∥2∞.

Step 3. It remains to prove (8.61). First note that for i ∈ {1, . . . , n}, the assumptions (H1)–

(H3) yield that Dϵ
i has C

2 boundary, therefore vϵ ∈ C2(Dϵ
i )∩C1(Dϵ

i ). Let us fix i ∈ {1, . . . , n} and

any α ∈ S, and we aim to show that |∇vϵ(z(α))| ≤ C2ϵ. Again, without loss of generality we can

assume that z(α) = (0, 0) and s(z(α)) = e1. Let us consider a new barrier function b2 : R2 → R

b2(x1, x2) := x22 + 4ϵ∥γ∥∞x2 −
x21
2
, (8.70)

which satisfies b2(0, 0) = 0, and one can easily check that its zero level set has horizontal tangent at

(0, 0) (thus tangent to ∂Dϵ at z(α)).

Again, let us decompose ∂V ϵ(α) as ∂V ϵ
1 (α) ∪ ∂V ϵ

2 (α) as in (8.68) (except that α0 now becomes

α). We claim that for all sufficiently small ϵ > 0, the new barrier function b2 satisfies

∆b2 = 1 in V ϵ(α), (8.71)

b2 ≤ 0 on ∂V ϵ
1 , (8.72)

b2 ≤ −ϵ2 on ∂V ϵ
2 . (8.73)
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Let us assume for a moment that (8.71)–(8.73) are true. Then it follows that

vϵ + C2b2 ≤ 0 in V ϵ(α), (8.74)

where C2 := max {1, C1} and C1 is as in (8.60) (in the end of step 2 we have C1 = 36∥γ∥2∞). To

show (8.74), note that vϵ+C2b2 is subharmonic in V ϵ(α) due to (8.71) and the definition of C2, thus

its maximum is attained on its boundary. The boundary conditions in (8.59) and (8.72) yield that

vϵ + C2b2 ≤ 0 on ∂V ϵ
1 (α); whereas (8.60), (8.73) and the definition of C2 yield that vϵ + C2b2 ≤ 0

on ∂V ϵ
2 (α). Thus v

ϵ + C2b2 ≤ 0 on ∂V ϵ
1 (α) ∪ ∂V ϵ

2 (α), implying (8.74).

However, vϵ + C2b2 is actually zero at z(α) ∈ ∂V ϵ(α), therefore Hopf’s Lemma implies that

∇ (vϵ + C2b2) (z(α)) · n⃗(z(α)) > 0, where n⃗(z(α)) is the outer normal of ∂Dϵ at z(α). Hence

|∇vϵ(z(α))| = −∇vϵ(z(α)) · n⃗(z(α)) < C2∇b2(z(α)) · n⃗(z(α)) = 4C2∥γ∥∞ϵ, (8.75)

where the first equality follows from the fact that vϵ is superharmonic in Dϵ and constant on ∂Dϵ,

and the second equality is a direct computation of ∇b2. Thus (8.75) proves (8.61).

To complete the proof, we only need to prove (8.71)–(8.73) for small ϵ > 0. Note that (8.71)

follows immediately from computing the Laplacian of b2. For (8.72), let us pick y ∈ ∂V ϵ
1 (α), and we

aim to show that b2(y) ≤ 0. Note that y = Rϵ(β, 0) or Rϵ(β,−1) for some β ∈ S. We first deal with

the first case.

Let us denote y = (y1, y2). Rewriting (8.64) into two inequalities for the two components, and

using that z(α) = (0, 0) and z′(α) = Le1 (L is the length of the curve Γi), we have

|0− y1 − L(α− β)| ≤ ∥z′′∥∞(α− β)2 (8.76)

|y2| = |0− y2| ≤ ∥z′′∥∞(α− β)2. (8.77)

Also, (8.66) gives |α− β| ≤ 7FΓ∥γ∥∞ϵ. Applying it to (8.76), for all ϵ > 0 sufficiently small we have

that

|y1| ≥
L

2
|α− β|. (8.78)

Plugging (8.78) and (8.77) into b2(y) = − 1
2y

2
1 + y22 + 4ϵ∥γ∥∞y2, we have

b2(y) ≤ −L
2

8
(α− β)2 + ∥z′′∥2∞(α− β)4 + 4ϵ∥γ∥∞∥z′′∥∞(α− β)2

≤
(
−L

2

8
+ Cϵ2 + Cϵ

)
(α− β)2 ≤ 0,
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for all ϵ > 0 sufficiently small, where the second inequality follows from (8.66). This finishes the

proof of (8.72) for the case y = Rϵ(β, 0).

Before we deal with the case y = Rϵ(β,−1), let us prove (8.73) first. For any y = (y1, y2) ∈

∂V ϵ
2 (α), (8.62) gives |y2| ≤ 2ϵ∥γ∥∞. Combining this with |y| = 6ϵ∥γ∥∞ yields |y1| ≥

√
32ϵ∥γ∥∞.

Thus

b2(y) ≤ (2ϵ∥γ∥∞)2 + 4ϵ∥γ∥∞(2ϵ∥γ∥∞)− (
√
32ϵ∥γ∥∞)2

2
≤ −4ϵ2∥γ∥2∞.

Finally we turn to the proof of (8.72) for the case y = Rϵ(β,−1). Note that the curve {Rϵ(β,−1) :

β ∈ S} ∩B6ϵ∥γ∥∞(z(α)) lies in the interior of the region bounded by Γ ∩B6ϵ∥γ∥∞(z(α)) on the top,

∂B6ϵ∥γ∥∞(z(α)) on the sides, and y2 = −2ϵ∥γ∥∞ on the bottom. (The last one follows from (8.62)

and our assumption that s(z(α)) = e1). We have already shown b2 ≤ 0 on Γ ∩ B6ϵ∥γ∥∞(z(α)) and

the lateral boundaries, and it is easy to check that b2 ≤ 0 on y2 = −2ϵ∥γ∥∞. Since the set {b2 ≤ 0}

is simply-connected, it implies that b2 ≤ 0 in the interior of this region, finishing the proof.

Note that (8.60) of Lemma 8.4.4 immediately implies Proposition 8.4.2. (The only difference

is that ∆vϵ = −1 in Lemma 8.4.4 whereas ∆pϵ = −2 in Proposition 8.4.2, so the constant C in

Proposition 8.4.2 is twice of that in (8.60)). The lemma also implies the following corollary, which

will be helpful in the proof of Proposition 8.4.3.

Corollary 8.4.5. For any i = 1, . . . , n +m, assume Γi and γi satisfy (H1)–(H3). Assume vϵ ∈

C2(Dϵ
i ) ∩ C(Dϵ

i ) satisfies that 
|∆vϵ| ≤ C0 in Dϵ

i ,

vϵ = 0 on ∂Dϵ
i ,

for some constant C0 > 0. Then for the same constants ϵ0, C1, C2 as in Lemma 8.4.4, the following

holds for all ϵ ∈ (0, ϵ0):

|vϵ| ≤ C0C1ϵ
2 in Dϵ

i , (8.79)

and if vϵ ∈ C2(Dϵ
i ) ∩ C1(Dϵ

i ), we have

∥∇vϵ∥L∞(Γi) ≤ C0C2ϵ for i = 1, . . . , n. (8.80)

Proof. Let ṽ be a solution to 
∆ṽ = −C0 in Dϵ

i ,

ṽ = 0 on ∂Dϵ
i .
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It is clear that vϵ + ṽ is super-harmonic and vϵ − ṽ is sub-harmonic in Dϵ
i , and they both vanish on

the boundary. Thus the maximum principle implies that

−ṽ ≤ vϵ ≤ ṽ in Dϵ
i . (8.81)

Applying (8.60) of Lemma 8.4.4 to ṽ
C0

, we obtain 0 ≤ ṽ ≤ C0C1ϵ
2 in Dϵ

i for all ϵ ∈ (0, ϵ0), leading

to (8.79). Furthermore, (8.81) and the fact that vϵ and v both have zero boundary condition imply

that

|∇vϵ| ≤ |∇ṽ| on ∂Dϵ
i .

We then apply (8.61) of Lemma 8.4.4 to ṽ
C0

and obtain ∥∇vϵ∥L∞(Γi) ≤ C0C2ϵ, which proves (8.80).

Now we are ready to prove Proposition 8.4.3.

Proof of Proposition 8.4.3. Throughout the proof, let i ∈ {1, . . . , n} be fixed. For notational

simplicity, in the rest of the proof we omit the subscript i from all terms.

We claim that

∣∣∣∣∇p̃ϵ(Rϵ(α, η))− cϵ

ϵγ(α)
n(z(α))

∣∣∣∣ ≤ Cϵ for all α ∈ S, η ∈ [0,−1], (8.82)

∥∆qϵ∥L∞(Dϵ) ≤ C (8.83)

for some constant C > 0 only depending on ∥zi∥C3(Si), ∥γi∥C2(Si) and FΓ. Assuming these are

true, let us explain how they lead to (8.56)–(8.58). By (8.50) and (8.54), pϵ and p̃ϵ have the same

boundary condition, thus qϵ = 0 on ∂Dϵ. This and (8.83) allow us to apply Corollary 8.4.5 to qϵ to

obtain the estimate (8.79), implying (8.56).

Due to (8.80) of Corollary 8.4.5, we also have

∥∇qϵ∥L∞(Γ) ≤ Cϵ. (8.84)

Using (8.51) and pϵ = p̃ϵ + qϵ, we have

−2|U | =
∫
∂U

∇p̃ϵ · ndσ +

∫
∂U

∇qϵ · ndσ

= −c
ϵL

ϵ

∫
S

γ−1(α)dα+O(ϵ),
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where the second equality follows from (8.82) for η = 0, n(z(α)) = −n(z(α)) and dσ = Ldα, as well

as (8.84). Rearranging the terms and using the definition of β in (8.55) yields (8.57).

Finally, note that (8.57) and (8.82) directly lead to (8.58), where we are using the fact that γi is

uniformly positive for i = 1, . . . , n, due to (H3).

The rest of the proof is devoted to proving the claims (8.82) and (8.83). For (8.82), we compute

the gradient of p̃ϵ. Differentiating (8.54) with respect to α and η, we obtain

(∇α,ηR
ϵ(α, η))t∇p̃(Rϵ(α, η)) =

 0

cϵ

 , (8.85)

where (∇α,ηR
ϵ)t denotes the transpose of the Jacobian matrix of Rϵ. Since ∇α,ηR

ϵ = (∂αR
ϵ, ∂ηR

ϵ),

using the formula for inverses of 2× 2 matrices, we have

(
(∇α,ηR

ϵ)
t
)−1

=
1

J(α, η)

(
−(∂ηR

ϵ)⊥, (∂αR
ϵ)⊥
)
. (8.86)

where J(α, η) := det(∇α,ηR
ϵ). Multiplying the inverse matrix on both sides of (8.85), we have

∇p̃ϵ(Rϵ(α, η)) =
1

J

(
−(∂ηR

ϵ)⊥, (∂αR
ϵ)⊥
) 0

cϵ

 =
cϵ

J
(∂αR

ϵ)⊥. (8.87)

Recall that Lemma 8.3.2 gives (∂αR
ϵ)⊥ = z′(α)⊥ +O(ϵ) = Ln(z(α)) +O(ϵ), and J = ϵLγ +O(ϵ2).

Plugging these into (8.87) gives

∇p̃ϵ(R(α, η)) = cϵ

ϵ

(
n(z(α))

γ
+O(ϵ)

)
. (8.88)

Note that it follows from (8.52) that cϵ ≤ |Dϵ|
2π , where |Dϵ| ≤ Cϵ due to (8.19). These imply

cϵ
ϵ

≤ C, (8.89)

and applying it to (8.88) yields (8.82).

To prove (8.83), since qϵ = pϵ − p̃ϵ and ∆pϵ = −2 in Dϵ, it suffices to show that

|∆p̃ϵ| ≤ C in Dϵ, (8.90)

and we will begin with an explicit computation of ∂x1x1 p̃
ϵ and ∂x2x2 p̃

ϵ. Let us denote Rϵ =: (R1, R2).
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For notational simplicity, in the rest of the proof we will use subscripts on Rϵ, R1, R2 and J to

denote their partial derivative, e.g. R1
α := ∂αR

1.

From (8.87), it follows that

∂x1
p̃ϵ(Rϵ(α, η)) = −c

ϵ

J
R2

α.

Differentiating in α and η, we get

∇ (∂x1 p̃
ϵ) (Rϵ(α, η)) =

(
(∇α,ηR

ϵ)
t
)−1

∇α,η

(
−c

ϵ

J
R2

α

)

=
cϵ

J

 R2
η −R2

α

−R1
η R1

α


Jα

J2R
2
α − 1

JR
2
αα

Jη

J2R
2
α − 1

JR
2
αη

 ,

thus

∂x1x1 p̃
ϵ(R(α, η)) =

cϵ

J

(
Jα
J2
R2

ηR
2
α − 1

J
R2

ηR
2
αα − Jη

J2
(R2

α)
2 +

1

J
R2

αR
2
αη

)
.

Likewise, ∂x2x2 p̃(R(α, η)) takes the same expression except every R2 is changed into R1. Adding

them together gives

∆p̃ϵ(R(α, η)) =
cϵ

J

(
Jα
J2
Rϵ

η ·Rϵ
α − 1

J
Rϵ

η ·Rϵ
αα − Jη

J2
Rϵ

α ·Rϵ
α +

1

J
Rϵ

α ·Rϵ
αη

)
. (8.91)

Using the explicit formulae of Rα, Rη and J in Lemma 8.3.2, we directly obtain |Rϵ
α|, |Rϵ

αα| ≤ C;

|Rϵ
η|, |Rϵ

αη|, |Jα| ≤ Cϵ; |Jη| ≤ Cϵ2; and J−1 ≤ Cϵ−1 when ϵ is sufficiently small, where C depends

on ∥zi∥C3(Si) and ∥γi∥C2(Si). As a result, all the four terms in the parenthesis of (8.91) are bounded

by some constant C independent of ϵ. Finally, (8.89) yields cϵ
J ≤ C as well, thus |∆p̃ϵ| ≤ C, and

this proves the second claim (8.83).

8.5 Proof of the symmetry result

In this section we prove that a stationary vortex sheet with positive vorticity must be radially

symmetric up to a translation, and a rotating vortex sheet with positive vorticity and angular

velocity Ω < 0 must be radially symmetric. The key idea of the proof is to define the integral

Iϵ :=

∫
Dϵ

ϵ−1uϵ · ∇
(
ωϵ ∗ N − Ω

2
|x|2
)
dx

=

∫
Dϵ

ϵ−1(x+∇pϵ) · ∇
(
ωϵ ∗ N − Ω

2
|x|2
)
dx,

(8.92)
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and compute it in two different ways. The motivation of the definition is as follows. As discussed in

[42, Section 2.1], Iϵ can be thought of as a first variation of an “energy functional”

E [ωϵ] :=

∫
1

2
ωϵ(ωϵ ∗ N )− Ω

2
ωϵ|x|2 dx

when we perturb ωϵ by a divergence free vector uϵ in Dϵ. (This functional E only serves as our

motivation, and will not appear in the proof.) On the one hand, using that ω0 is stationary in

the rotating frame with angular velocity Ω and ωϵ is a close approximation of ω0, we will show in

Proposition 8.5.1 that Iϵ is of order O(ϵ| log ϵ|), thus goes to zero as ϵ → 0. On the other hand,

using the particular uϵ that we constructed in Section 8.4, we will prove in Proposition 8.5.2 that if

Ω = 0, Iϵ is strictly positive independently of ϵ unless all the vortex sheets are nested circles with

constant density; and also prove a similar result in Corollary 8.5.3 for Ω < 0.

Proposition 8.5.1. Assume ω(·, t) = ω0(RΩt·) is a stationary/uniformly-rotating vortex sheet with

angular velocity Ω ∈ R, where ω0 satisfies (H1)–(H3). Then there exists some C > 0 only depending

on b (as in (H2)), maxi ∥zi∥C3(Si), maxi≤n ∥γi∥C2(Si), maxi>n ∥γi∥Cb(Si), dΓ and FΓ, such that

|Iϵ| < Cϵb| log ϵ| for all sufficiently small ϵ > 0.

Proof. Let us decompose Iϵ =:
∑n+m

i=1 Iϵi , where I
ϵ
i :=

∫
Dϵ

i
ϵ−1(x+∇pϵ) · ∇(ωϵ ∗ N − Ω

2 |x|
2)dx.

We start with showing that |Iϵi | ≤ Cϵb| log ϵ| for i = n+1, . . . , n+m. For such i, pϵ = 0 on ∂Dϵ
i ,

thus the divergence theorem (and the fact that ωϵ = ϵ−1 in Dϵ
i ) gives

Iϵi =

∫
Dϵ

i

ϵ−1x · ∇
(
ωϵ ∗ N − Ω

2
|x|2
)
dx︸ ︷︷ ︸

=:T ϵ
i

−
∫
Dϵ

i

ϵ−1(ϵ−1 − 2Ω)pϵ(x)dx.

Using the estimate |pϵ| ≤ Cϵ2 in Proposition 8.4.2 and the fact that |Dϵ
i | ≤ Cϵ from (8.19), we easily

bound the second integral by Cϵ. To control the first integral T ϵ
i , we rewrite it using the change of

variables x = Rϵ
i(α, η) and the definition vϵ := ∇⊥(ωϵ ∗ N ) in (8.20): (also note that on the right

hand side we group ϵ−1 with the determinant)

T ϵ
i =

∫
Si

∫ 0

−1

Rϵ
i(α, η) ·

(
−(vϵ)⊥(Rϵ

i(α, η))− ΩRϵ
i(α, η)

)
︸ ︷︷ ︸

=:Jϵ
i

ϵ−1 det(∇α,ηR
ϵ
i(α, η))︸ ︷︷ ︸

=:Kϵ
i

dηdα,

and recall that the exact expression of the determinant was given in (8.18). Let us take a closer

look at the integrand, which is a product of 3 terms. Clearly, the definition of Rϵ
i gives Rϵ

i(α, η) =
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zi(α) +O(ϵ). As for the middle term Jϵ
i , Lemma 8.3.4 yields

Jϵ
i (α, η) = −BR⊥(zi(α)) +

(
η +

1

2

)
[v]⊥(zi(α))− Ωzi(α) +O(ϵb| log ϵ|). (8.93)

Using the fact that BR(zi(α)) = Ωz⊥i (α) for i = n + 1, . . . , n + m (which follows from (9.1) and

(9.2)), it becomes

Jϵ
i (α, η) =

(
η +

1

2

)
[v]⊥(zi(α)) +O(ϵb| log ϵ|). (8.94)

Also it follows from (8.18) that Kϵ
i (α, η) = Liγi(α) +O(ϵ). Plugging these three estimates into the

above integral gives

T ϵ
i =

∫
Si

∫ 0

−1

zi(α) ·
(
η +

1

2

)
[v]⊥(zi(α))Liγi(α)dηdα+O(ϵb| log ϵ|) = O(ϵb| log ϵ|),

where the last step follows from the fact that
∫ 0

−1
(η + 1

2 )dη = 0. This finishes the proof that

|Iϵi | ≤ Cϵb| log ϵ| for i = n + 1, . . . , n +m, where C depends on b, maxi ∥zi∥C2(Si), maxi ∥γi∥Cb(Si),

dΓ and FΓ.

In the rest of the proof we aim to show |Iϵi | ≤ Cϵb| log ϵ| for i = 1, . . . , n, which is slightly more

involved. Recall that in Proposition 8.4.3 we defined p̃ϵ and qϵ in Dϵ
i for i = 1, . . . , n, where they

satisfy pϵ = p̃ϵ + qϵ in Dϵ
i , and q

ϵ = 0 on ∂Dϵ
i . This allows us to apply the divergence theorem (to

the qϵ term only) and decompose Iϵi as

Iϵi =

∫
Dϵ

i

ϵ−1(x+∇p̃ϵ) · ∇
(
ωϵ ∗ N − Ω

2
|x|2
)
dx−

∫
Dϵ

i

ϵ−1(ϵ−1 − 2Ω)qϵ(x)dx =: Iϵi,1 + Iϵi,2.

We can easily show that Iϵi,2 = O(ϵ): (8.56) of Proposition 8.4.3 gives |qϵ| ≤ Cϵ2, and combining it

with |Dϵ
i | ≤ Cϵ in (8.19) immediately yields the desired estimate.

Next we turn to Iϵi,1. Again, the change of variables x = Rϵ
i(α, η) and the definition vϵ :=

∇⊥(ωϵ ∗ N ) gives

Iϵi,1 =

∫
Si

∫ 0

−1

(
Rϵ

i(α, η)+∇p̃ϵ(Rϵ
i(α, η))

)
·
(
−(vϵ)⊥(Rϵ

i(α, η))− ΩRϵ
i(α, η)

)
︸ ︷︷ ︸

=:Jϵ
i

ϵ−1 det(∇α,ηR
ϵ
i(α, η))︸ ︷︷ ︸

=:Kϵ
i

dηdα.

For the three terms in the product of the integrand, we will approximate the first term using the

definition of Rϵ
i and (8.58) of Proposition 8.4.3:

Rϵ
i(α, η) +∇p̃ϵ(Rϵ

i(α, η)) = zi(α) +
βi

γi(α)
n(zi(α)) +O(ϵ),
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where βi := 2|Ui|
Li

∫
Si

γ−1
i (α)dα

is given by (8.55). Lemma 8.3.4 allows us to approximate the middle

term Jϵ
i as (8.93), however (8.94) no longer holds since for i = 1, . . . , n we do not have BR(zi(α)) =

Ωz⊥i (α). As for Kϵ
i , we again use (8.18) to approximate it by Kϵ

i (α, η) = Liγi(α) + O(ϵ). Plugging

these three estimates into the integrand of Iϵi,1 gives

Iϵi,1 =

∫
Si

(
zi(α) +

βi
γi(α)

n(zi(α))

)
·
(
−BR⊥(zi(α))− Ωzi(α)

)
Liγi(α)dα+O(ϵb| log ϵ|),

where we again use the fact that the (η + 1
2 ) term gives zero contribution since

∫ 0

−1
(η + 1

2 )dη = 0.

Next we will show the integral on the right hand side is in fact 0. Since ω is a rotating solution with

angular velocity Ω, the conditions (9.1) and (9.2) yield that

−BR⊥(zi(α))− Ωzi(α) = Ciγ
−1
i (α)n(zi(α)),

for some constant Ci. Plugging this into the above integral gives

Iϵi,1 = CiLi

∫
Si

(
zi(α) · n(zi(α)) +

βi
γi(α)

)
dα+O(ϵb| log ϵ|)

= CiLi

(∫
Si

zi(α) · n(zi(α))dα+
2|Ui|
Li

)
+O(ϵb| log ϵ|),

where the second step follows from the definition of βi in (8.55). Let us compute the integral on the

right hand side by changing to arclength parametrization and applying the divergence theorem:

∫
Si

zi(α) · n(zi(α))dα = − 1

Li

∫
∂Ui

x · ndσ = −2|Ui|
Li

,

which yields Iϵi,1 = O(ϵb| log ϵ|), and finishes the proof that |Iϵi | ≤ Cϵb| log ϵ| for i = 1, . . . , n, where

C depends on b, ∥zi∥C3(Si), ∥γi∥C2(Si), dΓ and FΓ.

Finally, summing the Iϵi estimates for i = 1, . . . , n +m gives |Iϵ| ≤ Cϵb| log ϵ| for all sufficiently

small ϵ > 0, thus we can conclude.

Now we will use a different way to compute Iϵ. Let us first define a new integral Ĩϵ that is the

same as Iϵ except with Ω set to zero:

Ĩϵ :=

∫
Dϵ

ϵ−1(x+∇pϵ) · ∇ (ωϵ ∗ N ) dx. (8.95)

Next we will prove that Ĩϵ is strictly positive independently of ϵ unless all the vortex sheets are nested
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circles with constant density. As we will see in the proof, the key step is to show that if some Γi is

either not a circle or does not have a constant γi, then the estimates on pϵ in Propositions 8.4.2–8.4.3

lead to the following quantitative version of (8.53): ϵ−2
(

|Dϵ
i |

2

4π −
∫
Dϵ

i
pϵ(x)dx

)
≥ c0 > 0, where c0 is

independent of ϵ.

Proposition 8.5.2. Let Ĩϵ be defined as in (8.95). Assume that Γi and γi satisfy (H1)–(H3) for

i = 1, . . . , n+m. Then we have Ĩϵ ≥ 0 for all sufficiently small ϵ > 0.

In addition, if Γ is not a union of nested circles with constant γi’s on each connected component,

there exists some c0 > 0 independent of ϵ, such that Ĩϵ > c0 > 0 for all sufficiently small ϵ > 0.

Proof. We start by decomposing Ĩϵ as

Ĩϵ =

∫
Dϵ

ϵ−1x · ∇(ωϵ ∗ N )dx+

∫
Dϵ

ϵ−1∇pϵ · ∇(ωϵ ∗ N )dx =: Iϵ1 + Iϵ2.

Iϵ1 can be easily computed as

Iϵ1 =
1

2πϵ2

∫
Dϵ

∫
Dϵ

x · (x− y)

|x− y|2
dxdy =

|Dϵ|2

4πϵ2
=

1

4πϵ2

(
n+m∑
i=1

|Dϵ
i |

)2

(8.96)

where the second equality is obtained by exchanging x with y and taking the average with the

original integral. As for Iϵ2, we have

Iϵ2 =
1

ϵ

∫
∂Dϵ

pϵ∇(ωϵ ∗ N ) · ndσ − 1

ϵ

∫
Dϵ

pϵωϵdx

= −1

ϵ

n∑
i=1

cϵi

∫
∂Ui

∇(ωϵ ∗ N ) · ndσ − 1

ϵ2

∫
Dϵ

pϵdx

≥ − 1

ϵ2

n∑
i=1

n+m∑
j=1

|Dϵ
i |

2π

∫
Ui

1Dϵ
j
dx− 1

ϵ2

n+m∑
i=1

∫
Dϵ

i

pϵdx,

(8.97)

where the first equality follows from the divergence theorem, the second equality follows from the

boundary conditions (8.49) and (8.50) for pϵ (as well as the fact that ∂Ui and ∂Dϵ
i have opposite

outer normals), and the last inequality follows from the divergence theorem as well as the inequality

cϵi ≤ supDϵ
i
p ≤ |Dϵ

i |
2π due to (8.52).

Let us denote j ≺ i if i ∈ {1, . . . , n} , j ∈ {1, . . . , n+m}, j ̸= i and Γj lies in the interior of the

domain enclosed by Γi (that is, Γj ⊂ Ui). If not, we denote j ⊀ i. Note that for sufficiently small
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ϵ > 0, we have ∫
Ui

1Dϵ
j
dx =


|Dϵ

j | if j ≺ i,

0 otherwise.

(8.98)

Applying this to (8.97) yields

Iϵ2 ≥ − 1

2πϵ2

n+m∑
i,j=1

1j≺i |Dϵ
i ||Dϵ

j | −
1

ϵ2

n+m∑
i=1

∫
Dϵ

i

pϵidx

= − 1

4πϵ2

n+m∑
i,j=1

(1j≺i + 1i≺j) |Dϵ
i ||Dϵ

j | −
1

ϵ2

n+m∑
i=1

∫
Dϵ

i

pϵidx

(8.99)

where in the first step we used that the i = n + 1, . . . , n +m terms have zero contribution in the

first sum, due to the definition of j ≺ i.

Adding (8.96) and (8.99) together, we obtain

Ĩϵ ≥
n+m∑
i=1

1

ϵ2

(
|Dϵ

i |2

4π
−
∫
Dϵ

i

pϵidx

)
︸ ︷︷ ︸

=:Aϵ
i

+

n+m∑
i,j=1

1

ϵ2
(1i ̸=j − (1j≺i + 1i≺j))

|Dϵ
i ||Dϵ

j |
4π︸ ︷︷ ︸

=:Bϵ
i,j

, (8.100)

From (8.53), it follows that Aϵ
i ≥ 0 for all i = 1, . . . , n+m, with equality achieved if and only if each

Dϵ
i is a disk or an annulus. Note that Bϵ

i,j ≥ 0 as well for all i and j, since for any i ̸= j, at most

one of i ≺ j and j ≺ i can hold. Putting these together yields that Ĩϵ ≥ 0 for any sufficiently small

ϵ > 0.

In the rest of the proof, we assume Γ is not a union of nested circles with constant γi’s on each

connected component. Therefore at least one of the following 3 cases must be true. In each case we

aim to show that Ĩϵ ≥ c0 > 0, where c0 is independent of ϵ for all sufficiently small ϵ > 0.

Case 1. There exists some open curve Γi that is not a loop. In this case Dϵ
i is simply-connected,

and pϵ = 0 on ∂Dϵ
i by (8.49). Applying Proposition 8.4.2 to pϵ in Dϵ

i , we have supDϵ
i
pϵ ≤ Cϵ2,

where C is independent of ϵ. This leads to
∫
Dϵ

i
pϵdx ≤ Cϵ3, since |Dϵ

i | = O(ϵ) by (8.19). As a result,

for the index i we have

Aϵ
i =

|Dϵ
i |2

4πϵ2
− ϵ−2

∫
Dϵ

i

pϵidx ≥ L2
i

4π

(∫
Si

γi(α)dα

)2

− Cϵ,

where we again used (8.19) in the second inequality. This gives that Aϵ
i ≥

L2
i

8π (
∫
Si
γi(α)dα)

2 > 0 for

all sufficiently small ϵ > 0.

Case 2. There exists some closed curve Γi that is either not a circle, or γi is not a constant. In
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this case we aim to show that Aϵ
i ≥ c0 > 0, and this will be done by finding good approximations

(independent of ϵ) for both terms in Aϵ
i . For the first term

|Dϵ
i |

2

4πϵ2 , using (8.19) we again have

|Dϵ
i |2

4πϵ2
≥ L2

i

4π

(∫
Si

γi(α)dα

)2

− Cϵ =: Ji − Cϵ, (8.101)

where Ji > 0 is independent of ϵ. For the second term ϵ−2
∫
Dϵ

i
pϵidx, rewriting the integral using the

change of variables x = Rϵ
i(a, η) gives

ϵ−2

∫
Dϵ

i

pϵidx =

∫
Si

∫ 0

−1

pϵ(Rϵ
i(α, η))

ϵ

det(∇α,ηR
ϵ
i)

ϵ
dηdα.

Recall that in Proposition 8.4.3 we defined p̃ϵ(Rϵ
i(α, η)) := cϵi(1 + η) and qϵ such that pϵ − p̃ϵ = qϵ.

By (8.56) and (8.57), for all α ∈ Si and η ∈ (−1, 0) we have

∣∣∣∣pϵ(Rϵ
i(α, η))

ϵ
− βi(1 + η)

∣∣∣∣ ≤ ∣∣∣∣pϵ(Rϵ
i(α, η))

ϵ
− cϵi

ϵ
(1 + η)

∣∣∣∣+ ∣∣∣∣cϵiϵ − βi

∣∣∣∣ ≤ Cϵ,

where βi :=
2|Ui|

Li

∫
Si

γ−1
i (α)dα

is defined in (8.55). Combining this with the expression of the determinant

in (8.18), we have

ϵ−2

∫
Dϵ

i

pϵidx =

∫
Si

∫ 0

−1

(βi(1 + η) +O(ϵ))(Liγi(α) +O(ϵ))dηdα

≤ |Ui|∫
Si
γ−1
i (α)dα

∫
Si

γi(α)dα+ Cϵ =: Ki + Cϵ,

where Ki is independent of ϵ. Putting this together with (8.101) yields the following:

Aϵ
i ≥ Ji −Ki − Cϵ

=
L2
i

4π

∫
Si
γi(α)dα∫

Si
γ−1
i (α)dα

(∫
Si

γ−1
i (α)dα

∫
Si

γi(α)dα− 4π|Ui|
L2
i

)
− Cϵ.

(8.102)

Let us take a closer look at the two terms inside the parenthesis. For the first term, Cauchy-Schwarz

inequality gives ∫
Si

γ−1
i (α)dα

∫
Si

γi(α)dα ≥ 1,

with equality achieved if and only if γi is a constant. For the second term, the isoperimetric inequality

yields

4π|Ui|
L2
i

≤ 1,

309



(recall that Li = |∂Ui|), with equality achieved if and only Ui is a disk. By the assumption of Case 2,

at least one of the inequalities must be strict, thus the parenthesis on the right hand side of (8.102)

is strictly positive (and independent of ϵ). Therefore there exists some constant c0 > 0 such that

Ĩϵ ≥ Aϵ
i ≥ c0 for all sufficiently small ϵ.

Case 3. There exist i ̸= j such that i ⊀ j and j ⊀ i. Then it is clear that for such i, j, Bϵ
i,j in

(8.100) is given by Bϵ
i,j =

|Dϵ
i ||D

ϵ
j |

4πϵ2 . Hence (8.19) gives

Bϵ
i,j ≥ LiLj

(∫
Si

γi(α)dα

)(∫
Sj

γj(α)dα

)
− Cϵ,

which yields Ĩϵ ≥ 1
2LiLj(

∫
Si
γidα)(

∫
Sj
γjdα) > 0 for all sufficiently small ϵ > 0.

This finishes our discussion on all 3 cases. To conclude, since Γ is not a union of nested circles

with constant γi’s on each connected component, at least one of the 3 cases must hold, and all of

them lead to Ĩϵ ≥ c0 > 0.

The above proposition immediately leads to the following corollary for the Ω < 0 case.

Corollary 8.5.3. Assume that Γi and γi satisfy (H1)–(H3) for i = 1, . . . , n+m. Let Iϵ be defined

as in (8.92), and assume Ω < 0. Then we have Iϵ ≥ 0 for all sufficiently small ϵ > 0. In addition, if

Γ is not a union of concentric circles all centered at the origin with constant γi’s, there exists some

c0 > 0 independent of ϵ, such that Iϵ > c0 > 0 for all sufficiently small ϵ > 0.

Proof. Let us decompose Iϵ as follows (recall the definition of Ĩϵ in (8.95))

Iϵ = Ĩϵ + (−Ω)

(
ϵ−1

∫
Dϵ

(|x|2 +∇pϵ · x)dx
)

=: Ĩϵ + (−Ω)︸ ︷︷ ︸
>0

Jϵ. (8.103)

Recall that Proposition 8.5.2 gives Ĩϵ ≥ c0 > 0 as long as Γ is not a union of nested circles with

constant γi’s. By [42, Lemma 2.11], we have

∫
Dϵ

i

(|x|2 +∇pϵ · x)dx ≥ 0 for any i = 1, . . . , n+m,

thus Jϵ ≥ 0. Putting them together, and using the fact that Ω < 0, we know Iϵ ≥ c0 > 0 if Γ is not

a union of nested circles with constant γi’s.

To finish the proof, we only need to focus on the case that the Γi’s are nested circles with

constant γi’s, but not all of them are centered at the origin. Assume that there exists k ∈ {1, . . . , n}

such that Γk is a circle with radius rk centered at xk ̸= 0. Since γk is a constant, Dϵ
k is an
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annulus given by B(xk, rk + ϵγk) \ B(xk, rk). The symmetry of Dϵ
k about xk immediately leads to

pϵ|Dϵ
k
= − 1

2 |x− xk|2 + 1
2 (rk + ϵγk)

2. An elementary computation gives

ϵ−1

∫
Dϵ

k

(|x|2 +∇pϵ · x)dx = ϵ−1

∫
Dϵ

k

|x|2 − (x− xk) · xdx = ϵ−1|xk|2|Dϵ
k| ≥ 2πrkγk|xk|2 > 0,

where in the second-to-last step we used that |Dϵ
k| = 2πϵrkγk + πϵ2γ2k. Setting c0 := 2πrkγk|xk|2

gives Iϵ ≥ c0 > 0, thus we can conclude.

Now we are ready to prove Theorem 4.1.2. Note that for Ω < 0, the symmetry result immediately

follows from Proposition 8.5.1 and Corollary 8.5.3. For Ω = 0, Proposition 8.5.1–8.5.2 already imply

that a stationary vortex sheet with positive strength must be a union of nested circles with constant

strength on each of them. To finish the proof, we only need to show that these nested circles must

be concentric.

Proof of Theorem 4.1.2. For a uniformly-rotating vortex sheet with Ω < 0, the symmetry result

for Ω < 0 is a direct consequence of Proposition 8.5.1 and Corollary 8.5.3. Next we focus on the

stationary (i.e. Ω = 0) case.

Combining Propsitions 8.5.1–8.5.2, we obtain that Γ is a union of nested circles, and γi is constant

on Γi for all i = 1 . . . , n. It remains to show that all Γi’s are concentric. Let us denote by vi the

contribution to the velocity field by Γi. Since Γi is a circle with constant strength γi, a quick

application of the divergence theorem yields that vi ≡ 0 in the open disk enclosed by Γi, whereas

vi(x) =
γiLi(x− x0i )

⊥

2π|x− x0i |2
in the open set outside Γi, where x

0
i is the center of the circle Γi.

Without loss of generality, let us reorder the indices such that Γi is nested inside Γj for i < j.

Towards a contradiction, let k > 1 be such that Γk is the first circle that is not concentric with

Γ1. From the above discussion, we know that vi = 0 on Γk for i = k + 1, . . . , n (since Γk is nested

inside Γi), whereas for i = 1, . . . , k − 1 we have vi =
γiLi(x− x01)

⊥

2π|x− x01|2
on Γk, since all these Γi’s have

the same center x01 and are nested inside Γk. Summing them up (and also using the fact that Γk

contributes zero normal velocity on itself, since it is a circle with constant strength), we have

BR(x) · n =

n∑
i=1

vi(x) · n =

(
k−1∑
i=1

γiLi

)
(x− x01)

⊥ · n
2π|x− x01|2

on Γk,

where the right hand side is not a zero function since Γk has a different center from x01. This causes a

contradiction with the fact that ω = ω0 is stationary. As a result, all Γ1, . . . ,Γn must be concentric

circles, finishing the proof.
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Chapter 9

The flexibility results for vortex

sheets

9.1 The equations and the functional spaces

Let ω(x, t) = ω0(RΩtx) be a stationary/rotating vortex sheet solution to the incompressible 2D

Euler equation, where ω0 ∈ M(R2) ∩H−1(R2) and RΩtx is the rotation of x counter-clockwise by

angle Ωt about the origin. Here Ω = 0 corresponds to a stationary solution, and Ω ̸= 0 corresponds

to a rotating solution. Assume that ω0 is concentrated on Γ. Throughout this paper we will assume

that Γ is a simple closed curve and Ω > 0. Following [44, Lemma 2.1], we have that:

Lemma 9.1.1. Assume ω(·, t) = ω0(RΩtx) is a stationary/uniformly-rotating vortex sheet with

angular velocity Ω ∈ R, and ω0 is concentrated on Γ, with z and γ defined as in section 8.2. Then

the Birkhoff-Rott integral BR (8.4) and the strength γ satisfy the following two equations:

(BR− Ωx⊥) · n = v+ · n = v− · n = 0 on Γ, (9.1)

and

(BR(z(α))− Ωz⊥(α)) · s(z(α)) γ(α)

|z′(α)|
= C. (9.2)

Note that (9.2) can be written as

(I − P0)

[(
BR(z,Γ)(z(θ))− Ωz(θ)⊥

)
· z

′(θ)γ(θ)

|z′(θ)|2

]
= 0, (9.3)
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where P0 is a projection to the mean, that is, P0f := 1
2π

∫ π

−π
f(θ)dθ. For simplicity, we also denote

f(θ)dθ := 1
2π

∫ π

−π
f(θ)dθ. Now plugging z(θ) = (1 + r(θ))(cos(θ), sin(θ)) and γ(θ) := b + g(θ) into

(9.1), (9.2) and (9.3) yields that

F(b, g, r) := (F1,F2) = (0, 0), (9.4)

where

F1(b, g, r) :=
π
−π (b+ g(η))

(r′(θ) cos(θ − η)− (1 + r(θ)) sin(θ − η)) (1 + r(η))− (1 + r(θ))r′(θ)

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)
dη

+Ωr′(θ)(1 + r(θ)),

F2(b, g, r) := (I − P0) F̃2(b, g, r),

F̃2(b, g, r) :=
π
−π (b+ g(η))

(1 + r(θ))2 − (r′(θ) sin(θ − η) + (1 + r(θ)) cos(θ − η))(1 + r(η))

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)
dη

× (b+ g(θ))

r′(θ)2 + (1 + r(θ))2
− Ω(1 + r(θ))2

b+ g(θ)

r′(θ)2 + (1 + r(θ))2
.

Throughout the paper we will work with the following analytic function spaces. Let c > 0 be a

sufficiently small parameter and let Cw(c) be the space of analytic functions in the strip |Im(z)| ≤ c.

For k ∈ N, denote

Xk
c :=

{
f(θ) ∈ Cw(c), f(θ) =

∞∑
n=1

an cos(2nθ),

∫ π

−π

|f(θ + ic)|2 + |∂kf(θ + ic)|2 + |f(θ − ic)|2 + |∂kf(θ − ic)|2dθ < ∞

}

Y k
c :=

{
f(θ) ∈ Cw(c), f(θ) =

∞∑
n=1

an sin(2nθ),

∫ π

−π

|f(θ + ic)|2 + |∂kf(θ + ic)|2 + f(θ − ic)|2 + |∂kf(θ − ic)|2dθ < ∞

}
,

From now on, due to scaling considerations, we will fix Ω = 1 and b will play the role as bifurcation

parameter. It is clear that F(b, 0, 0) = (0, 0) for all b ∈ R since F1(b, 0, 0) = 0 and F̃2(b, 0, 0) is

constant. Our main theorem in this paper is the following:

Theorem 9.1.2. Let k ≥ 3, and let c > 0 be sufficiently small. Then, there exists a curve of

solutions (b, g, r) of F = (0, 0), belonging to R×Xk
c ×Xk+1

c and a neighbourhood of (b, g, r) = (2, 0, 0),

bifurcating from (b, g, r) = (2, 0, 0) such that (g, r) ̸= (0, 0).

313



9.2 Proof of the Main Theorem

The goal of this section is to prove the existence of non-radial uniformly-rotating vortex sheets.

To do so, we will split the proof into the following steps: first we will prove that the functional

F is C3, next we will study DF to show that, as mentioned in the introduction, it is a Fredholm

operator of index 0, with dim(Ker(DF)) = 1. The next step is to apply Lyapunov-Schmidt theory

and reduce the problem to a finite (2) dimensional one. In those coordinates, linear expansions

fail to be conclusive (all the linear terms vanish) since 2 nontrivial branches emanate from the

bifurcation point (as opposed to 1). Instead, we perform a quadratic expansion to determine that

locally the bifurcation branches look like two pairs of straight lines (specifically as x2 − y2 = 0 in

some well-chosen coordinates) and hence the bifurcation does not trivialize (as if it had been of the

type x2+y2 = 0). We conclude the proof by handling the higher order terms and showing that they

don’t alter the quadratic behaviour in a sufficiently small neighbourhood of the bifurcation point.

9.2.1 Continuity of the functional

In this subsection, we will check the regularity of F . As explained above, we will reduce the infinite

dimensional problem to a finite dimensional problem and investigate its Taylor expansion up to

quadratic order. Hence, we need to check if the functional is regular enough to do so. To this end,

we have the following proposition:

Proposition 9.2.1. Let k ≥ 3. Then there exists a neighborhood U of (2, 0, 0) ∈ R ×Xk
c ×Xk+1

c

such that F ∈ C3
(
U ;Y k

c ×Xk
c

)
.

Proof. Since the stream function, ω ∗ N (x) := 1
2π

∫
R2 log |x − y|dω is invariant under rotations, it

follows immediately that F is also invariant under rotation by π-radians, hence F has only even

Fourier modes. Also the oddness of F1 and evenness of F2 follow from the invariance under reflection.

To prove the regularity, we briefly sketch the idea. We impose k ≥ 3 to ensure that Hk is a

Banach algebra. It is clear that F is smooth in b. It is also straightforward that, for example, for

all (g, r) near (0, 0) ∈ Xk
c ×Xk+1

c ,

d

dt
F1(b, g + th1, r + th2)

∣∣∣∣
t=0

= PV h1(η)
(r′(θ) cos(θ − η)− (1 + r(θ)) sin(θ − η)) (1 + r(η))− (1 + r(θ))r′(θ)

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)

+ (b+ g(η))

[
(h′2(θ) cos(θ − η)− h2(θ) sin(θ − η))(1 + r(η))− h2(θ)r

′(θ)

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)

+
(r′(θ) cos(θ − η)− (1 + r(θ)) sin(θ − η))h2(η)− (1 + r(θ))h′2(θ)

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)
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− [(r′(θ) cos(θ − η)− (1 + r(θ)) sin(θ − η)) (1 + r(η))− (1 + r(θ))r′(θ)]

× [2(1 + r(θ))h2(θ) + 2(1 + r(η))h2(η)− 2 cos(θ − η)(h2(θ)(1 + r(η)) + h2(η)(1 + r(θ)))]

((1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η))2

]
dη +Ωh′2(θ)

=: DF1(b, g, r)[h1, h2],

and DF1 : R ×Xk
c ×Xk+1

c 7→ L(Xk
c ×Xk+1

c ;Y k
c ×Xk

c ) is continuous. A similar derivation can be

performed for DF2. For the higher derivatives, we refer to [16, 17, 41, 53, 83] for the method to deal

with the singular integrals arising throughout the calculations.

9.2.2 Fredholm index of the linearized operator DF

This subsection is devoted to show that DF is Fredholm of index zero. We can make all the

calculations explicit, moreover the operator diagonalizes in Fourier modes. We have the following

lemmas:

Lemma 9.2.2. Let g(θ) =
∑∞

n=1 an cos(2nθ) and r(θ) =
∑∞

n=1 bn cos(2nθ). Then we have that

DF(b, 0, 0) [g, r] =

 ĝ(θ)

r̂(θ)

 ,

where

ĝ(θ) =

∞∑
n=1

ân sin(2nθ), r̂(θ) =

∞∑
n=1

b̂n cos(2nθ),

and the coefficients satisfy, for any n ≥ 1:

Mn

an
bn

 :=

 − 1
2 −2n

(
Ω− b

2

)
b
2 − Ω b2(n− 1)


an
bn

 =

ân
b̂n

 .

Proof. We use (9.20) in Lemma 9.4.2 and obtain

ĝ(θ) =
d

dt
F1(b, tg, tr) = − g(η) sin(θ − η)

2− 2 cos(θ − η)
dη +

(
Ω− b

2

)
r′(θ)

= −
∞∑

n=1

an
cos(2nη) sin(θ − η)

2− 2 cos(θ − η)
dη +

∞∑
n=1

(−2n)

(
Ω− b

2

)
bn sin(2nθ)

=

∞∑
n=1

(
−an

2
+ (−2n)

(
Ω− b

2

)
bn

)
sin(2nθ),

where the last equality follows from (9.46). Similarly, we apply (9.21) in Lemma 9.4.2 and (9.47)
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to obtain

r̂(θ) =

(
b

2
− Ω

)
g(θ) + b2

(
r(θ)− r(η)

2− 2 cos(θ − η)
dη − r(θ)

)
=

∞∑
n=1

(
b

2
− Ω

)
an cos(2nθ) + b2

∞∑
n=1

bn

(
cos(2nθ)− cos(2nη)

2− 2 cos(θ − η)
dη − cos(2nθ)

)

=

∞∑
n=1

((
b

2
− Ω

)
an + b2 (n− 1) bn

)
cos(2nθ).

This proves the lemma.

Remark 9.2.3. The same calculation shows that for any b ̸= 2 there exists ε(b) > 0 such that the

only solution (b, g, r) such that ||g||, ||r|| ≤ ε(b) is (b, 0, 0) by virtue of the Implicit Function Theorem.

In other words, that the only solution ε(b)-close to the disk is the disk itself.

Lemma 9.2.4. Let us fix b = 2 and Ω = 1. We also denote v := (0, cos(2θ)) ∈ Xk
c × Xk+1

c and

w := (0, cos(2θ)) ∈ Y k
c ×Xk

c . Then it holds that

Ker (DF(2, 0, 0)) = span {v} ⊂ Xk
c ×Xk+1

c ,

Im (DF(2, 0, 0))
⊥
= span {w} ⊂ Y k

c ×Xk
c .

Proof. From Lemma 9.2.2, we have

Mn =

− 1
2 0

0 4(n− 1)

 ,

for all n ≥ 1. For all n ≥ 2, Mn is clearly an isomorphism, while Ker(M1) = Im(M1)
⊥ =

 0

1

.

By orthogonality of Fourier modes, this proves the lemma.

9.2.3 Lyapunov-Schmidt reduction

In this subsection, we will aim to derive a finite dimensional system which is equivalent to (9.4).

From Lemma 10.2.7, we have the following orthogonal decompositions of the function spaces:

X := Xk
c ×Xk+1

c = span {v} ⊕Ker (DF(2, 0, 0))
⊥
=: span {v} ⊕ X , v ∈ Ker (DF(2, 0, 0)) ,

Y := Y k
c ×Xk

c = span {w} ⊕ Im (DF(2, 0, 0)) =: span {w} ⊕ Y, w ∈ Im (DF(2, 0, 0))
⊥
,
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where v and w are as defined in Lemma 10.2.7. Let us consider the orthogonal projections

P : X → span {v} , Q : Y → span {w} .

More precisely, we have

P (g(θ), r(θ)) =

(
0,

(
1

π

∫
r(η) cos(2η)dη

)
cos(2θ)

)
for all (g, r) ∈ Xk

c ×Xk+1
c , (9.5)

Q(G(θ), R(θ)) =

(
0,

(
1

π

∫
R(η) cos(2η)dη

)
cos(2θ)

)
for all (G,R) ∈ Y k

c ×Xk
c . (9.6)

We remark that we will sometimes abuse notation and identify F(b, g, r) with F(b, (g, r)), where

(g, r) ∈ X. Let us define G : R× span {v} × X 7→ Y as follows:

G(b, f, x) := F(b, f + x), for b ∈ R, f ∈ span {v} , x ∈ X .

Then (9.4) is equivalent to (for (g, r) = f + x)

QG(b, f, x) = 0 and (I −Q)G(b, f, x) = 0. (9.7)

However, it follows from Lemma 10.2.7 that

Dx ((I −Q)G) (b, 0, 0) = (I −Q)DF(b, 0)P : X 7→ Y (9.8)

is an isomorphism, consequently, the implicit function theorem yields that there is an open set

U ⊂ R× span {v} near (b, 0) and a function φ : U 7→ X such that

(I −Q)G(b, f, φ(b, f)) = (I −Q)F(b, f + φ(b, f)) = 0.

Note that from F(b, 0) = (0, 0) for any b ∈ R, we have

φ(b, 0) = 0, (9.9)

and thus (9.7) is equivalent to

0 = QG(b, f, φ(b, f)) = QF(b, f + φ(b, f)), (b, f) ∈ U. (9.10)
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Since span {v} is one dimensional, we have f = tv for some t ∈ R, therefore the system (9.10) can

be written in terms of the variables b and t as

0 = QF(b, tv + φ(b, tv)) =

∫ 1

0

d

ds
(QF(b, stv + φ(b, stv))) ds

=

∫ 1

0

QDF(b, stv + φ(b, stv))(tv + t∂fφ(b, stv)v)ds,

where we used (9.9) to obtain the second equality. Dividing the right-hand side by t to get rid of

the trivial solutions, we are led to solve the following two dimensional problem:

0 = Fred(b, t) :=

∫ 1

0

QDF(b, stv + φ(b, stv))(v + ∂fφ(b, stv)v)ds, (b, tv) ∈ U. (9.11)

9.2.4 Quadratic expansion of the reduced functional

The main idea is to expand the reduced functional Fred up to quadratic terms. To this end, we

recall the following proposition for the derivatives of Fred.

Proposition 9.2.5. ([51, Proposition 3], [54, Proposition 3.1]) Let Fred be defined as in (9.11).

Then the following hold:

(a) First derivatives:

∂bFred(2, 0) = Q∂bDF(2, 0)v,

∂tFred(2, 0) =
1

2

d2

dt2
QF(2, tv)

∣∣∣∣
t=0

.

(b) Second derivatives:

∂bbFred(2, 0) = 2Q∂bDF(2, 0)ṽ,

∂ttFred(2, 0) =
1

3

d3

dt3
[QF(2, tv)]

∣∣∣∣
t=0

+Q
d2

dtds
F(2, tv + sv̂)

∣∣∣∣
t=s=0

,

∂tbFred(2, 0) =
1

2
∂bQ

d2

dt2
F(b, tv)

∣∣∣∣
b=2,t=0

+
1

2
Q∂bDF(2, 0)v̂ +Q

d2

dtds
F(2, tv + sṽ)

∣∣∣∣
t=s=0

,

where

v̂ := − [DF(2, 0)]
−1 d2

dt2
[(I −Q)F(2, tv)]

∣∣∣∣
t=0

,

ṽ := − [DF(2, 0)]
−1

(I −Q)∂bDF(2, 0)v.
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Now using the values found in Lemma 9.4.7, we can obtain the derivatives of Fred.

Proposition 9.2.6. Let Fred be defined as in (9.11). Then it holds that

∂bFred(2, 0) = 0, (9.12)

∂tFred(2, 0) = 0. (9.13)

∂bbFred(2, 0) = 2w, (9.14)

∂ttFred(2, 0) = −8w, (9.15)

∂tbFred(2, 0) = 0. (9.16)

Proof. (9.12) follows immediately from (9.6) and (9.31). For (9.13), we use (9.32) and the orthogo-

nality of the Fourier modes. (9.14) follows from (9.40). (9.15) follows from (9.36) and (9.37). Lastly,

(9.16) follows from (9.33), (9.38) and (9.39).

9.2.5 Proof of Theorem 9.1.2

Now we are ready to prove the main theorem of this section.

Proof. From (9.11), it suffices to show that there exist (b, t) such that t ̸= 0 and Fred(b, t) = 0. To

do so, we expand Fred up to quadratic terms and obtain that for all (b, t) near (2, 0),

Fred(b, t) = [Fred(2, 0) + ∂bFred(2, 0)(b− 2) + ∂tFred(2, 0)t

+
1

2
∂bbFred(2, 0)(b− 2)2 +

1

2
∂ttFred(2, 0)t

2 + ∂tbFred(2, 0)(b− 2)t+
(
(b− 2)2 + t2

)
ϵ(b, t)

]
w,

where ϵ(b, t) is a continuous function such that lim(b,t)→(2,0) ϵ(b, t) = ϵ(2, 0) = 0. From Proposi-

tion 9.2.6, it follows that (we drop w for simplicity)

Fred(b, t) = (b− 2)2 − 4t2 +
(
(b− 2)2 + t2

)
ϵ(b, t).

Now we use the change of variables b := x+ 2 and t = xy, so that

F̂ (x, y) :=
Fred(x+ 2, xy)

x2
=
(
1− 4y2

)
+ (1 + y2)ϵ(x+ 2, xy). (9.17)

Clearly, F̂
(
0, 12

)
= 0 and ∂yF̂

(
0, 12

)
= −4 ̸= 0. Therefore the implicit function theorem implies

that there exists a continuous function ϕ near 0 such that F̂ (x, ϕ(x)) = 0 and ϕ(0) = 1
2 . Therefore
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it follows from (9.17) that there exists a pair (b, t) such that t ̸= 0 and Fred(b, t) = 0. This finishes

the proof.

Figure 9.1: Plot of the bifurcation diagram of the solutions given by Theorem 9.1.2. The dashed
red lines correspond to the linear expansion (9.17) around the bifurcation point (2, 0). See Figure
9.2 for a numerical plot of the solutions at the points A, B, C, D. The branches continue beyond
what is calculated.

9.3 Numerical results

In this section, we describe how to compute numerically the branches of solutions emanating from

the disk, previously proved (locally) in Theorem 9.1.2. See Figure 9.1. To do so, we calculate

solutions of the form

R(θ) = 1 +

N∑
k=1

rk cos(2kθ), γ(θ) =

N∑
k=0

γk cos(2kθ)

with γ0 = b. We first employed continuation in b, in increments of ∆b = 0.001, starting from b = 1.8

and b = 2.1 and using as initial guess for the starting b the solution given by the linear theory

and for the subsequent b the solution found in the previous iteration. After discovering a fold at

approximately b ∼ 1.68, we switched variables and instead we recalculated using continuation in r1,

which appears to be monotonic along the branches. As before, we start at r1 = ±0.125 and take an

increment ∆r1 = 0.001.

To compute a solution for a fixed r1 we use the Levenberg-Marquardt algorithm [67, 72]. We

aim to find a zero of the system of equations F(b, g, r)(θj), with θj = jπ
Nθ
, j = 1, . . . , Nθ and
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Nθ = 1024 with variables rk, k ̸= 1 (recall that r1 is fixed at each iteration since it is the continuation

parameter) and γk. We take N = 160. In order to perform the integration in space, we desingularize

the principal value at η = θ by subtracting 1
2H(γ) to F1, where H denotes the Hilbert transform,

computed explicitly since we have the Fourier expansion of γ, and perform a trapezoidal integration

on the rest (for which the integrand is smooth), with step h = 2π
Nθ

. We remark that the integrand of

F2 has a removable singularity (thus no principal value integration is needed) and can be integrated

using the trapezoidal integration if the limit at η = θ is taken properly.
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Figure 9.2: Panels (a)-(d): γ(θ) and z(θ) at the points A–D highlighted in Figure 9.1. In panel (b),
γ appears to tend to be concentrated only on the horizontal parts of z, leading to a possible solution
consisting only of two symmetric curves (cf. [77, Figure 1]) and a change of topology.

9.4 Appendix

9.4.1 Functional derivatives

Recall that F(b, g, r) = (F1,F2) is given in (9.4). For simplicity, we denote

A1 := (b+ g(η)),

A2 := (r′(θ) cos(θ − η)− (1 + r(θ)) sin(θ − η)) (1 + r(η))− (1 + r(θ))r′(θ),

A3 :=
1

(1 + r(θ))2 + (1 + r(η))2 − 2(1 + r(θ))(1 + r(η)) cos(θ − η)
,

A4 := r′(θ)(1 + r(θ)),

A5 := (b+ g(η))(b+ g(θ)),

A6 := (1 + r(θ))2 − (r′(θ) sin(θ − η) + (1 + r(θ)) cos(θ − η))(1 + r(η)),

A7 :=
1

r′(θ)2 + (1 + r(θ))2
,
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A8 :=
(1 + r(θ))2(b+ g(θ))

r′(θ)2 + (1 + r(θ))2
.

We also denote the average integral by f(θ)dθ := 1
2π

∫ π

−π
f(θ)dθ. Therefore the functional F can be

written as

F1 = A1A2A3dη +ΩA4, (9.18)

F̃2 = A5A6A7A3dη − ΩA8. (9.19)

We will expand Ai(g, θ, η) and Ai(r, θ, η) up to quadratic/cubic order in g and r.

Lemma 9.4.1. Let A′
is be as above. We have

A1 = b+ g(η),

A2 = − sin(θ − η) + [r′(θ)(cos(θ − η)− 1)− (r(θ) + r(η)) sin(θ − η)]

+ [r′(θ)r(η)(cos(θ − η)− 1)− r′(θ)(r(θ)− r(η))− r(θ)r(η) sin(θ − η)] ,

A3 =
1

2− 2 cos(θ − η)
− r(θ) + r(η)

2− 2 cos(θ − η)

+
1

2− 2 cos(θ − η)

[
r(θ)2 + r(θ)r(η) + r(η)2 − (r(θ)− r(η))2

2− 2 cos(θ − η)

]
+

1

2− 2 cos(θ − η)

[
(r(θ) + r(η))(r(θ)− r(η))2

1− cos(θ − η)
−
[
r(θ)3 + r(θ)2r(η) + r(θ)r(η)2 + r(η)3

]]
+O(r4),

A4 = r′(θ) + r(θ)r′(θ),

A5 = b2 + b(g(θ) + g(η)) + g(θ)g(η),

A6 = (1− cos(θ − η)) + [(r(θ) + r(η))(1− cos(θ − η)) + (r(θ)− r(η))− r′(θ) sin(θ − η)]

+ [r(θ)(r(θ)− r(η)) + r(θ)r(η)(1− cos(θ − η))− r′(θ)r(η) sin(θ − η)] ,

A7 = 1− 2r(θ) +
[
3r(θ)2 − r′(θ)2

]
+
[
4r(θ)r′(θ)2 − 4r(θ)3

]
+O(r4),

A8 = b+ g(θ)− br′(θ)2 +
[
2br(θ)r′(θ)2 − g(θ)r′(θ)2

]
+O(r4 + g4).

Proof. Straightforward.

Linear parts

We denote by Aj
i the jth order term in Ai. For example, A1

3 = − r(θ)+r(η)
2−2 cos(θ−η) .
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Lemma 9.4.2. Let Fi’s and Ai’s be defined as before. Then

d

dt
F1(b, tg, tr)

∣∣∣∣
t=0

= − g(η) sin(θ − η)

2− 2 cos(θ − η)
dη +

(
Ω− b

2

)
r′(θ), (9.20)

d

dt
F̃2(b, tg, tr)

∣∣∣∣
t=0

=

(
b

2
− Ω

)
g(θ) + b2

(
r(θ)− r(η)

2− 2 cos(θ − η)
dη − r(θ)

)
. (9.21)

Proof. We compute F1 first. In view of (9.18), we collect the linear terms in A1A2A3 + ΩA4 from

Lemma 9.4.1. Hence we have

F1(b, tg, tr) = − tg(η) sin(θ − η)

2− 2 cos(θ − η)
+ bt

r′(θ)(cos(θ − η)− 1)− (r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)

+
bt sin(θ − η)(r(θ) + r(η))

2− 2 cos(θ − η)
dη + tΩr′(θ) +O(t2)

= − tg(η) sin(θ − η)

2− 2 cos(θ − η)
dη + t

(
Ω− b

2

)
r′(θ) +O(t2).

Thus we obtain (9.20) by differentiating with respect to t.

In order to compute the derivative of F̃2, we collect the linear terms in (9.19) from Lemma 9.4.1

and obtain

F̃2(b, tg, tr) =
bt(g(θ) + g(η))

2

+ tb2
[
(r(θ) + r(η))

2
+

(r(θ)− r(η))

2− 2 cos(θ − η)
− r′(θ) sin(θ − η)

2− 2 cos(θ − η)

]
− tb2r(θ)− tb2

2
(r(θ) + r(η))− tΩg(θ)dη +O(t2)

= t

(
b

2
− Ω

)
g(θ) + tb2

(
r(θ)− r(η)

2− 2 cos(θ − η)
dη − r(θ)

)
+O(t2),

where we used g(η)dη = r(η)dη = 0 and sin(θ−η)
2−2 cos(θ−η)dη = 0. By differentiating in t, we obtain the

desired result (9.21).

Quadratic parts

Now we compute the quadratic expansion of F1 and F̃2.

Lemma 9.4.3. Let Fi’s and Ai’s be defined as before. Then

F1 =

(
b

2
+ Ω

)
r(θ)r′(θ)− b

r′(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
dη + b

(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

+ linear terms+O(r3 + g3), (9.22)
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F̃2 =
3b2

2
r(θ)2 − bg(θ)r(θ) + b

(
Ω− b

2

)
r′(θ)2

− b2

2

(r(θ)− r(η))(5r(θ) + r(η))

2− 2 cos(θ − η)
dη + b

(g(θ) + g(η))(r(θ)− r(η))

2− 2 cos(θ − η)
dη

− b
g(η)r′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη + linear terms+O(r3 + g3). (9.23)

Proof. We compute F1 first. By collecting quadratic terms in (9.18) from Lemma 9.4.1, we have

(we will have, for example, A2
1A

0
2A

0
3 +A0

1A
2
2A

0
3 +A0

1A
0
2A

2
3 +A1

1A
1
2A

0
3 +A1

1A
0
2A

1
3 +A0

1A
1
2A

1
3 +ΩA2

4).

F1 = b

[
−1

2
r′(θ)r(η)− r′(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
− r(θ)r(η) sin(θ − η)

2− 2 cos(θ − η)

]
− b sin(θ − η)

2− 2 cos(θ − η)

[
r(θ)2 + r(θ)r(η) + r(η)2 − (r(θ)− r(η))2

2− 2 cos(θ − η)

]
+

[
−g(η)r

′(θ)

2
− g(η)(r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)

]
+
g(η)(r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)

+

[
br′(θ)(r(θ) + r(η))

2
+
b(r(θ) + r(η))2 sin(θ − η)

2− 2 cos(θ − η)

]
+Ωr(θ)r′(θ)dη +O(r3 + g3)

=

(
b

2
+ Ω

)
r(θ)r′(θ)− br′(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
+
b(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

+ linear terms +O(r3 + g3),

which yields (9.22). Now we will expand F̃2 up to the quadratic order. By collecting all quadratic

terms in (9.19) from Lemma 9.4.1, we obtain (we will have A2
5A

0
6A

0
7A

0
3 +A0

5A
2
6A

0
7A

0
3 +A0

5A
0
6A

2
7A

0
3 +

A0
5A

0
6A

0
7A

2
3+A

1
5A

1
6A

0
7A

0
3+A

1
5A

0
6A

1
7A

0
3+A

1
5A

0
6A

0
7A

1
3+A

0
5A

1
6A

1
7A

0
3+A

0
5A

1
6A

0
7A

1
3+A

0
5A

0
6A

1
7A

1
3−ΩA2

8),

F̃2 =
g(θ)g(η)

2
+

[
b2
r(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
+ b2

r(θ)r(η)

2
− b2

r′(θ)r(η) sin(θ − η)

2− 2 cos(θ − η)

]
+ b2

(3r(θ)2 − r′(θ)2)

2
+

[
b2(r(θ)2 + r(θ)r(η) + r(η)2)

2
− b2

2

(r(θ)− r(η))2

2− 2 cos(θ − η)

]
+

[
b
(g(θ) + g(η))(r(θ) + r(η))

2
+ b

(g(θ) + g(η))(r(θ)− r(η))

2− 2 cos(θ − η)
− b

(g(θ) + g(η))r′(θ) sin(θ − η)

2− 2 cos(θ − η)

]
− b((g(θ) + g(η)))r(θ)− b

(g(θ) + g(η))(r(θ) + r(η))

2

+

[
−b2r(θ)(r(θ) + r(η))− 2b2

r(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
+ 2b2

r(θ)r′(θ) sin(θ − η)

2− 2 cos(θ − η)

]
+

[
−b2 (r(θ) + r(η))2

2
− b2

(r(θ)2 − r(η)2)

2− 2 cos(θ − η)
+ b2

r′(θ)(r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)

]
+ b2r(θ)(r(θ) + r(η)) + bΩr′(θ)2dη +O(r3 + g3)

= b2
(3r(θ)2 − r′(θ)2)

2
− bg(θ)r(θ) + bΩr′(θ)2

+
1

2− 2 cos(θ − η)

(
−b

2

2
(r(θ)− r(η))(5r(θ) + r(η)) + b(g(θ) + g(η))(r(θ)− r(η))

)
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− bg(η)r′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη + linear terms +O(r3 + g3),

where we used g(η)dη = r(η)dη = sin(θ−η)
2−2 cos(θ−η)dη = 0. This yields the desired result (9.23).

Lemma 9.4.4. Let Fi’s and Ai’s be defined as before. Then

d2

dtds
F1(b, tg + sg̃, tr + sr̃)

∣∣∣∣
t=s=0

=

(
b

2
+ Ω

)
(r(θ)r̃′(θ) + r̃(θ)r′(θ))

− b
r′(θ)(r̃(θ)− r̃(η))

2− 2 cos(θ − η)
dη − b

r̃′(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
dη

+ 2b
(r(θ)− r(η))(r̃(θ)− r̃(η)) sin(θ − η)

(2− 2 cos(θ − η))2
, (9.24)

and

d2

dtds
F̃2(b, tg + sg̃, tr + sr̃)

∣∣∣∣
t=s=0

= 3b2r(θ)r̃(θ)− b(g(θ)r̃(θ) + g̃(θ)r(θ)) + 2b

(
Ω− b

2

)
r′(θ)r̃′(θ)

− b2

2

(r(θ)− r(η))(5r̃(θ) + r̃(η))

2− 2 cos(θ − η)
dη − b2

2

(r̃(θ)− r̃(η))(5r(θ) + r(η))

2− 2 cos(θ − η)
dη

+ b
(g(θ) + g(η))(r̃(θ)− r̃(η))

2− 2 cos(θ − η)
dη + b

(g̃(θ) + g̃(η))(r(θ)− r(η))

2− 2 cos(θ − η)
dη

− b
g(η)r̃′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη − b

g̃(η)r′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη. (9.25)

Proof. We compute F1 first. From (9.22) in Lemma 9.4.3, we collect all st terms and obtain

F1(b, tg + sg̃, tr + sr̃) = st

[(
b

2
+ Ω

)
(r(θ)r̃′(θ) + r̃(θ)r′(θ))

−br
′(θ)(r̃(θ)− r̃(η))

2− 2 cos(θ − η)
dη − b

r̃′(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
dη

+2b
(r(θ)− r(η))(r̃(θ)− r̃(η))

(2− 2 cos(θ − η))2

]
+ linear terms +O(t2 + s2).

Once we differentiate the above equation with respect to t and s, the desired result (9.24) follows

immediately. Similarly, we collect all st terms from (9.23) and obtain

F̃2(b, tg + sg̃, tr + sr̃) = st

[
3b2r(θ)r̃(θ)− b(g(θ)r̃(θ) + g̃(θ)r(θ)) + 2b

(
Ω− b

2

)
r′(θ)r̃′(θ)

−b
2

2

(r(θ)− r(η))(5r̃(θ) + r̃(η))

2− 2 cos(θ − η)
dη − b2

2

(r̃(θ)− r̃(η))(5r(θ) + r(η))

2− 2 cos(θ − η)
dη

+b
(g(θ) + g(η))(r̃(θ)− r̃(η))

2− 2 cos(θ − η)
dη + b

(g̃(θ) + g̃(η))(r(θ)− r(η))

2− 2 cos(θ − η)
dη

−bg(η)r̃
′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη − b

g̃(η)r′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη

]
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+ linear terms +O(t2 + s2).

Once we differentiate the above equation with respect to t and s, the desired result (9.25) follows

immediately.

Cubic parts

We will expand F̃2 up to cubic order with respect to the r variable (we fix g = 0). We denote

B := A3A6 so that (9.19) can be written as (with g = 0)

F̃2 = b2BdηA7 − ΩA8. (9.26)

We will first expand B up to cubic order.

Lemma 9.4.5. Let F̃2, Ai and B be as defined as before. Then

Bdη =
1

2
+

r(θ)− r(η)

2− 2 cos(θ − η)
dη − 1

2

r(θ)2 − r(η)2

2− 2 cos(θ − η)
dη

+

[
1

2

(r(θ)− r(η))(r(θ)2 + r(η)2)

2− 2 cos(θ − η)
dη − (r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη +

r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

]
+O(r4).

Proof. Using (9.4.1), we will compute the constant (=: B0), linear (=: B1), quadratic (=: B2) and

cubic (=: B3) terms of B = A3A6 separately. It is straightforward that

B0dη =
1

2
. (9.27)

For B1, we compute B1(= A1
3A

0
6 +A0

3A
1
6),

B1dη =
r(θ)− r(η)

2− 2 cos(θ − η)
− r′(θ) sin(θ − η)

2− 2 cos(θ − η)
dη =

r(θ)− r(η)

2− 2 cos(θ − η)
dη, (9.28)

where we used sin(θ−η)
2−2 cos(θ−η)dη = 0. For B2, we compute A2

3A
0
6 +A0

3A
2
6 +A1

3A
1
6, hence

B2dη =

[
r(θ)2 + r(θ)r(η) + r(η)2

2
− 1

2

(r(θ)− r(η))2

2− 2 cos(θ − η)
dη

]
+

[
r(θ)(r(θ)− r(η))

2− 2 cos(θ − η)
+
r(θ)r(η)

2
− r′(θ)r(η) sin(θ − η)

2− 2 cos(θ − η)
dη

]
+

[
−1

2
(r(θ) + r(η))2 − r(θ)2 − r(η)2

2− 2 cos(θ − η)
+
r′(θ)(r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)
dη

]
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= −1

2

(r(θ)2 − r(η)2)

2− 2 cos(θ − η)
dη, (9.29)

where we used sin(θ−η)
2−2 cos(θ−η)dη = 0. For B3, we compute B3(= A3

3A
0
6 +A2

3A
1
6 +A1

3A
2
6 +A0

3A
3
6),

B3dη =

[
(r(θ) + r(η))(r(θ)− r(η))2

2− 2 cos(θ − η)
dη − 1

2
r(θ)3 + r(θ)2r(η) + r(θ)r(η)2 + r(η)3dη

]
+

[
(r(θ) + r(η))(r(θ)2 + r(θ)r(η) + r(η)2)

2
dη − 1

2

(r(θ) + r(η))(r(θ)− r(η))2

2− 2 cos(θ − η)
dη

+
r(θ)3 − r(η)3

2− 2 cos(θ − η)
dη − (r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη

−r
′(θ)(r(θ)2 + r(θ)r(η) + r(η)2) sin(θ − η)

2− 2 cos(θ − η)
dη +

r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

]
+

[
−r(θ)(r(θ)

2 − r(η)2)

2− 2 cos(θ − η)
dη − r(θ)r(η)(r(θ) + r(η))

2
dη +

r′(θ)r(η)(r(θ) + r(η)) sin(θ − η)

2− 2 cos(θ − η)
dη

]
=

1

2

(r(θ)− r(η))(r(θ)2 + r(η)2)

2− 2 cos(θ − η)
dη − (r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη +

r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
.

(9.30)

Thus the desired result follows from (9.27), (9.28), (9.29) and (9.30).

Lemma 9.4.6. Let F̃2, Ai’s and B be as defined as before. Then

1

6

d3

dt3
F̃2(b, 0, tr)

∣∣∣∣
t=0

=
b2

2

(r(θ)− r(η))(3r(θ)2 + 2r(θ)r(η) + r(η)2)

2− 2 cos(θ − η)
dη − b2

(r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη

+ b2
r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
η + b2

(3r(θ)2 − r′(θ)2)(r(θ)− r(η))

2− 2 cos(θ − η)
dη

+ 2b(b− Ω)r(θ)r′(θ)2 − 2b2r(θ)3

Proof. We first collect all cubic terms of F̃2(b, 0, r) in r. From (9.26), we have that the cubic terms

consist of b2(B3A0
7 +B2A1

7 +B1A2
7 +B0A3

7)−ΩA3
8. Using Lemma 9.4.1 and 9.4.5 and the fact that

A7 does not depend on η, we obtain

F̃2(b, 0, r) = b2
[
1

2

(r(θ)− r(η))(r(θ)2 + r(η)2)

2− 2 cos(θ − η)
dη − (r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη +

r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
η

]
+ b2

r(θ)(r(θ)2 − r(η)2)

2− 2 cos(θ − η)
dη + b2

(3r(θ)2 − r′(θ)2)(r(θ)− r(η))

2− 2 cos(θ − η)
dη + b2

[
2r(θ)r′(θ)2 − 2r(θ)3

]
− 2bΩr(θ)r′(θ)2 + lower order terms +O(r4)

=
b2

2

(r(θ)− r(η))(3r(θ)2 + 2r(θ)r(η) + r(η)2)

2− 2 cos(θ − η)
dη − b2

(r(θ)− r(η))3

(2− 2 cos(θ − η))2
dη

+ b2
r′(θ)(r(θ)− r(η))2 sin(θ − η)

(2− 2 cos(θ − η))2
η + b2

(3r(θ)2 − r′(θ)2)(r(θ)− r(η))

2− 2 cos(θ − η)
dη
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+ 2b(b− Ω)r(θ)r′(θ)2 − 2b2r(θ)3 + lower order terms +O(r4).

Therefore, the desired result follows immediately.

9.4.2 Derivatives of the reduced functional

We denote v := (0, cos(2θ)). Given a pair of functions (g, r), we denote Q be the projection to the

second mode of r, that is, Q(g, r) :=
(
1
π

∫
r(θ) cos(2θ)dθ

)
cos(2θ).

Lemma 9.4.7. Let F , v, Q be defined as before. We fix b = 2 and Ω = 1. Then,

∂bDF(2, 0)v = (sin(2θ), 0), (9.31)

1

2

d2

dt2
F(2, tv)

∣∣∣∣
t=0

= (−2 sin(4θ),−3 cos(4θ)), (9.32)

∂bQ
d2

dt2
F(b, tv)

∣∣∣∣
b=2,t=0

= (0, 0), (9.33)

ṽ := − [DF(2, 0)]
−1

(I −Q)∂bDF(2, 0)v = (2 cos(2θ), 0), (9.34)

v̂ := − [DF(2, 0)]
−1 d2

dt2
[(I −Q)F(2, tv)]

∣∣∣∣
t=0

=

(
−8 cos(4θ),

3

2
cos(4θ)

)
, (9.35)

d2

dtds
QF(2, tv + sv̂)

∣∣∣∣
t=s=0

= (0,−12 cos(2θ)), (9.36)

1

3

d3

dt3
QF(2, tv)

∣∣∣∣
t=0

= (0, 4 cos(2θ)) , (9.37)

Q
d2

dtds
F(2, tv + sṽ) = (0, 0), (9.38)

1

2
Q∂bDF(2, 0)v̂ = (0, 0), (9.39)

2Q∂bDF(2, 0)ṽ = (0, 2 cos(2θ)). (9.40)

Proof. To prove (9.31), it follows from Lemma 9.4.2 that

∂bDF(b, 0)v =

(
sin(2θ), 2b

(
cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη − cos(2θ)

))
= (sin(2θ), 0) ,

where the last equality follows from (9.47).

To prove (9.32), note that 1
2

d2

dt2F(2, tv)

∣∣∣∣
t=0

=

(
1
2

d2

dt2F1(2, tv)

∣∣∣∣
t=0

, 12 (I − P0)
d2

dt2 F̃2(2, tv)

∣∣∣∣
t=0

)
.

Hence it follows from Lemma 9.4.3 that

1

2

d2

dt2
F1(2, tv)

∣∣∣∣
t=0

= −4 cos(2θ) sin(2θ) + 4 sin(2θ)
cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη
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+ 2
(cos(2θ)− cos(2η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

= −4 cos(2θ) sin(2θ) + 4 sin(2θ) cos(2θ)− 2 sin(4θ)

= −2 sin(4θ),

where the second equality follows from (9.47) and Lemma 9.4.11. Also, Lemma 9.4.3 gives

1

2
(I − P0)

d2

dt2
F̃2(2, tv)

∣∣∣∣
t=0

= (I − P0)
[
6 cos2(2θ)

]
− 2(I − P0)

(cos(2θ)− cos(2η))(5 cos(2θ) + cos(2η))

2− 2 cos(θ − η)
dη

= −4(I − P0) cos
2(2θ)− 2(I − P0)

(cos(2θ)− cos(2η)) cos(2η)

2− 2 cos(θ − η)
dη

= −3 cos(4θ),

where the second equality follows from (9.47) and the last equality follows from Lemma 9.4.9.

Therefore we obtain (9.32).

To prove (9.33), we can repeat the above computation and find that d2

dt2 F̃2(b, tv) ∈ span {cos(4θ)},

independently of b. By projecting it to the space of the second mode, we obtain (9.33).

To prove (9.34), note that (I −Q)∂bDF(2, 0)v = (sin(2θ), 0), which follows from (9.31). Also, it

follows from Lemma 9.4.2 and (9.46) that

DF(2, 0)(−2 cos(2θ), 0) = (sin(2θ), 0) = (I −Q)∂bDF(2, 0)v.

This immediately implies (9.34).

To prove (9.35), we use Lemma 9.4.2 and (9.47) and (9.46) to obtain

DF(2, 0)

(
8 cos(4θ),−3

2
cos(4θ)

)
= (−4 sin(4θ),−6 cos(4θ)) =

d2

dt2
F(2, tv)

∣∣∣∣
t=0

,

where the last equality follows from (9.32). Therefore we obtain

− [DF(2, 0)]
−1 d2

dt2
[(I −Q)F(2, tv)]

∣∣∣∣
t=0

=

(
−8 cos(4θ),

3

2
cos(4θ)

)
,

which proves (9.35).

To prove (9.36), note that d2

dtdsQF =
(
0, P2

d2

dtds F̃2

)
. Therefore, it follows from (9.35) and (9.25)
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in Lemma 9.4.4 that (plugging g = 0, g̃ = −8 cos(4θ), r = cos(2θ), and r̃ = 3
2 cos(4θ))

d2

dtds
P2F2(2, tv + sṽ) = P2 [(18 cos(2θ) cos(4θ) + 16 cos(2θ) cos(4θ))

−2
(cos(2θ)− cos(2η))( 152 cos(4θ) + 3

2 cos(4η))

2− 2 cos(θ − η)
dη

−3
(cos(4θ)− cos(4η))(5 cos(2θ) + cos(2η))

2− 2 cos(θ − η)
dη

−16
(cos(4θ) + cos(4η))(cos(2θ)− cos(2η))

2− 2 cos(θ − η)
dη

−32
cos(4η) sin(2θ) sin(θ − η)

2− 2 cos(θ − η)
dη

]
=: P2K1 + P2K2 + P2K3 + P2K4 + P2K5.

For K1, we compute

P2K1 = P2(34 cos(2θ) cos(4θ)) = 17P2(cos(2θ) + cos(6θ)) = 17 cos(2θ). (9.41)

For K2 we compute

P2K2 = P2

(
−15 cos(4θ)

cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη − 3

(cos(2θ)− cos(2η)) cos(4η)

2− 2 cos(θ − η)
dη

)
= P2

(
−15 cos(2θ) cos(4θ) +

3

2
(cos(2θ)− cos(6θ))

)
= P2(−6 cos(2θ)− 9 cos(6θ))

= −6 cos(2θ), (9.42)

where the second equality follows from (9.47) and Lemma 9.4.9. For K3, we compute

P2K3 = P2

(
−15 cos(2θ)

cos(4θ)− cos(4η)

2− 2 cos(θ − η)
dη − 3

(cos(4θ)− cos(4η)) cos(2η)

2− 2 cos(θ − η)
dη

)
= P2 (−30 cos(2θ) cos(4θ)− 3 cos(6θ))

= P2 (−15 cos(2θ)− 18 cos(6θ))

= −15 cos(2θ), (9.43)

where the second equality follows from (9.47) and Lemma 9.4.9. For K4, we compute

P2K4 = P2

(
−16 cos(4θ)

cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη − 16

(cos(2θ)− cos(2η)) cos(4η)

2− 2− cos(θ − η)
dη

)
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= P2 (−16 cos(2θ) cos(4θ) + 8 cos(2θ)− 8 cos(6θ))

= P2 (−16 cos(6θ))

= 0, (9.44)

where the second equality follows from (9.47) and Lemma 9.4.9. For K5, we compute

P2K5 = −16P2(sin(2θ) sin(4θ))

= −8P2 (cos(2θ)− cos(6θ))

= −8 cos(2θ), (9.45)

where the first equality follows from (9.46). Hence it follows from (9.41), (9.42), (9.43), (9.44) and

(9.45) that

d2

dtds
QF =

(
0, P2

d2

dtds
F̃2

)
= (0,−12 cos(2θ)),

which proves (9.36).

To prove (9.37), note that 1
3Q

d3

dt3F =
(
0, 13P2

d3

dt3 F̃2

)
. We use Lemma 9.4.6 with r = cos(2θ) and

obtain

1

3
P2

d3

dt3
F̃2(2, tv) =P2

[
4
(cos(2θ)− cos(2η))(3 cos2(2θ) + 2 cos(2θ) cos(2η) + cos2(2η))

2− 2 cos(θ − η)
dη

−8
(cos(2θ)− cos(2η))3

(2− 2 cos(θ − η))2
dη

−16 sin(2θ)
(cos(2θ)− cos(2η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη

+8
(3 cos2(2θ)− 4 sin2(2θ))(cos(2θ)− cos(2η))

2− 2 cos(θ − η)
dη

+
(
32 cos(2θ) sin2(2θ)− 16 cos3(2θ)

)]
= P2L1 + P2L2 + P2L3 + P2L4 + P2L5.

For L1, we compute

P2L1 = P2

(
12 cos2(2θ)

cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη + 8 cos(2θ)

(cos(2θ)− cos(2η)) cos(2η)

2− 2 cos(θ − η)
dη

+2
cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη + 2

(cos(2θ)− cos(2η)) cos(4η)

2− 2 cos(θ − η)
dη

)
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= P2

(
12 cos3(2θ) + 8 cos(2θ)

(
−1

2
+

1

2
cos(4θ)

)
+ 2 cos(2θ) + (− cos(2θ) + cos(6θ))

)
= P2(8 cos(2θ) + 6 cos(6θ))

= 8 cos(2θ),

where the second equality follows from (9.47) and 9.4.9. For L2, we use Lemma 9.4.10 and obtain

P2L2 = −8P2

(
9

4
cos(2θ)− cos(6θ)

)
= −18 cos(2θ).

For L3, we use Lemma 9.4.11 and obtain

P2L3 = 16P2 sin(2θ) sin(4θ) = 8P2(cos(2θ)− cos(6θ)) = 8 cos(2θ).

For L4, we compute

P2L4 = P2

(
24 cos2(2θ)

cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη − 32 sin2(2θ)

cos(2θ)− cos(2η)

2− 2 cos(θ − η)
dη

)
= P2(24 cos

3(2θ)− 32 sin2(2θ) cos(2θ))

= P2(10 cos(2θ) + 14 cos(6θ))

= 10 cos(2θ),

where the second equality follows from (9.47). For L5, it follows immediately that

P2L5 = P2 (−4 cos(2θ)− 12 cos(6θ)) = −4 cos(2θ).

Collecting the above results, we obtain

1

3
P2

d3

dt3
F̃2(2, tv) = 4 cos(2θ),

which implies (9.37).

To prove (9.38), we use (9.34) and (9.25) in Lemma 9.4.4 with g = 0, g̃ = 2 cos(2θ), r = cos(2θ)
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and r̃ = 0 and obtain

P2
d2

dtds
F̃2(2, tv + sṽ) = P2

(
−4 cos2(2θ) + 4

(cos(2θ) + cos(2η))(cos(2θ)− cos(2η))

2− 2 cos(θ − η)
dη

+8
cos(2η) sin(2θ) sin(θ − η)

2− 2 cos(θ − η)
dη

)
= P2

(
−4 cos2(2θ) + 4 cos2(2θ) + 4

(
−1

2
+

1

2
cos(4θ)

)
+ 4 sin2(2θ)

)
= 0,

where the second equality follows from (9.47), (9.46) and (9.4.9). This implies (9.38).

To prove (9.39), it follows from (9.35) and Lemma 9.4.2 that

∂bDF(2, 0)

(
−8 cos(4θ),

3

2
cos(4θ)

)
= (3 sin(4θ), 2 cos(4θ)).

By projecting it to the image of Q, we obtain (9.39).

To prove (9.40), we note that Q∂bDF(2, 0)ṽ =
(
0, P2∂b

d
dt F̃2(2, tṽ)

) ∣∣∣∣
t=0

. Hence it follows from

(9.21) in Lemma 9.4.2 and (9.34) that P2∂b
d
dt F̃2(2, tṽ)

∣∣∣∣
t=0

= cos(2θ). This implies (9.40).

9.4.3 Basic Integrals

Lemma 9.4.8. For N ∋ m ≥ 1, it holds that

cos(mη) sin(θ − η)

2− 2 cos(θ − η)
dη =

1

2
sin(mθ), (9.46)

cos(mθ)− cos(mη)

2− 2 cos(θ − η)
dη =

m

2
cos(mθ). (9.47)

Proof. For (9.46), it is clear that cos(mη) sin(θ−η)
2−2 cos(θ−η) dη = 1

2 cos(mη) cot
(

θ−η
2

)
dη = 1

2H(cos(mθ))(θ),

where H denotes the Hilbert transform in the periodic domain. Therefore the result follows imme-

diately since H(cos(mθ))(θ) = sin(mθ).

For (9.47), we recall that f(θ)−f(η)
1−cos(θ−η)dη = Λf(θ) =: (−∆)

1
2 f(θ). Thus (9.47) follows immediately.

Lemma 9.4.9.

(cos(2θ)− cos(2η)) cos(4η)

2− 2 cos(θ − η)
dη = −1

2
cos(2θ) +

1

2
cos(6θ), (9.48)

(cos(2θ)− cos(2η)) cos(2η)

2− 2 cos(θ − η)
dη = −1

2
+

1

2
cos(4θ), (9.49)
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(cos(4θ)− cos(4η)) cos(2η)

2− 2 cos(θ − η)
dη = cos(6θ), (9.50)

(cos(2θ)− cos(2η)) sin(2η)

2− 2 cos(θ − η)
dη =

1

2
sin(4θ). (9.51)

Proof. We will show (9.48) only. (9.49), (9.50) and (9.51) can be proved in the same way. For (9.48),

one can write

(cos(2θ)− cos(2η)) cos(4η)

2− 2 cos(θ − η)
dη =

1

2
Λ(cos(2θ) cos(4θ))(θ)− 1

2
cos(2θ)Λ(cos(4θ))(θ)

= −1

2
cos(2θ) +

1

2
cos(6θ),

where the last equality follows from (9.47).

Lemma 9.4.10.

(cos(2θ)− cos(2η))3

(2− 2 cos(θ − η))2
dη =

9

4
cos(2θ)− cos(6θ).

Proof. We compute

(cos(2θ)− cos(2η))3

(2− 2 cos(θ − η))2
dη =

(−2 sin(θ − η) sin(θ + η))3(
4 sin2

(
θ−η
2

))2 dη = 4−
cos3

(
θ−η
2

)
sin3(θ + η)

sin
(

θ−η
2

) dη

= 4
cos3 η

2 sin
3(2θ + η)

sin η
2

dη = 4
cos3 η

2

sin η
2

(
3 sin2(2θ) cos(2θ) cos2 η sin η + cos3(2θ) sin3 η

)
dη

= 12 sin2(2θ) cos(2θ)
cos3 η

2 cos
2 η sin η

sin η
2

dη + 4 cos3(2θ)
cos3 η

2 sin
3 η

sin η
2

dη =
21

4
sin2(2θ) cos(2θ) +

5

4
cos3(2θ)

=
9

4
cos(2θ)− cos(6θ),

which proves the lemma.

Lemma 9.4.11.

(cos(2θ)− cos(2η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη = − sin(4θ).

Proof. Using the integration by parts, we compute

(cos(2θ)− cos(2η))2 sin(θ − η)

(2− 2 cos(θ − η))2
dη = −2

(cos(2θ)− cos(2η)) sin(2η)

2− 2 cos(θ − η)
dη.

Therefore the result follows from (9.51).
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Chapter 10

The flexibility results for

2D-Euler-infinite energy

10.1 Functional equations and functional setting for station-

ary vortex patches

Let us consider vorticity ω of the form ω :=
∑n

i=1 Θi1Di
for some n ∈ N, where Θi ∈ R and Di is a

simply-connected domain for each i = 1, . . . , n. Suppose the boundary of Di is parametrized by a

time-dependent 2π-periodic curve zi(·, t) : T 7→ R2. The evolution equation of the boundary can be

written as a system of equations,

∂tzj(x, t) · ∂xzj(x, t)⊥ = u(zj(x, t), t) · ∂xzj(x, t)⊥. (10.1)

where u(·, t) := ∇⊥ (ω(·, t) ∗ 1
2π log | · |

)
is the velocity vector. We will look for stationary solutions

to (10.1). Let us assume that each zi can be written as

zi(x) = (bi +Ri(x))(cos(x), sin(x)), x ∈ T, (10.2)
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where bi is a positive constant for each i. By plugging these parametrizations into (10.1), we are led

to solve the following system for b := (b1, . . . , bn), Θ := (Θ1, . . . ,Θn) and R := (R1, . . . , Rn):

0 = Fj(b,Θ, R) := u(zj(·)) · z′⊥j :=

n∑
i=1

1

4π
Θiui,j(R) · z′⊥j =

n∑
i=1

1

4π
Θi

(
uθi,j(R)R

′
j − uri,j(R)(bj +Rj)

)︸ ︷︷ ︸
=:Sij(bi,bj ,Ri,Rj)

.

(10.3)

where ui,j(R)(x) := ∇⊥ (1Di ∗ log | · |2
)
(zj(x)), which can be thought of as a contribution of the ith

patch on the jth curve, and uθi,j and uri,j are the angular and the radial components of ui,j . More

explicitly, we have

Sij(bi, bj , Ri, Rj) =

∫ 2π

0

cos(x− y)((bi +Ri(y))R
′
j(x)− (bj +Rj(x))R

′
i(y))

× log((bj +Rj(x))
2 + (bi +Ri(y))

2 − 2(bj +Rj(x))(bi +Ri(y)) cos(x− y))dy

−
∫ 2π

0

sin(x− y)((bi +Ri(y))(bj +Rj(x)) +R′
i(y)R

′
j(x))

× log((bj +Rj(x))
2 + (bi +Ri(y))

2 − 2(bj +Rj(x))(bi +Ri(y)) cos(x− y))dy.

(10.4)

It is clear that Sij(bi, bj , 0, 0) = 0, since uri,j = 0 for radial patches. Thus we have

F(b,Θ, 0) = 0, for any b,Θ. (10.5)

In what follows, we will pick one of Θi as a bifurcation parameter, while the others are fixed.

We now proceed to discuss the functional spaces that we will use. In Section 10.2 we will work

with the following analytic spaces. Following [17], we denote the space of analytic functions in the

strip {z ∈ C : Im(z) ≤ c} by Cw(c). For k ∈ Z, we will consider the following spaces of 2π
m -periodic

functions:

Xk,m
c :=

f(x) ∈ Cw(c), f(x) =

∞∑
j=1

ajm cos(jmx), ∥f∥Xk,m
c

<∞

 ,

Y k,m
c :=

f(x) ∈ Cw(c), f(x) =

∞∑
j=1

ajm sin(jmx), ∥f∥Y k,m
c

<∞

 ,

where ∥f∥Xk,m
c

=∥f∥Y k,m
c

:=
∑∞

j=1 |ajm|2(1 + jm)2k(cosh(cjm)2 + sinh(cjm)2).

336



In Section 11.1 we will consider the following spaces of 2π
m -periodic functions:

Xk,m :=

f(x) ∈ Hk(T) : f(x) =

∞∑
j=1

ajm cos(jmx), ∥f∥Xk,m <∞

 ,

Y k,m :=

f(x) ∈ Hk(T) : f(x) =

∞∑
j=1

ajm sin(jmx), ∥f∥Y k,m <∞

 ,

where ∥f∥Xk,m =∥f∥Y k,m :=∥f∥Hk(T).

10.2 Warm-up: Existence of non-radial stationary vortex

patches with infinite energy

As a warm-up, in this section we aim to show that there exists a non-trivial patch solution with

infinite kinetic energy, 1
2π

∫
R2 |∇ (ω ∗ log | · |) |2dx = ∞. Recall that ([71, Proposition 3.3]),

∫
R2

|∇ (ω ∗ log | · |) |2dx <∞ ⇐⇒
∫
R2

ω(x)dx = 0. (10.6)

In our proof, we will find a continuous bifurcation curve, emanating from a two-layered vortex patch

whose vorticity does not has zero mean.

10.2.1 Main results for infinite energy

Let us consider two-layer vortex patches, that is, i ∈ {1, 2} in the setting in Section 10.1. For

b,Θ ∈ (0, 1), using the scaling invariance of the equations, we will choose the parameters to be

b1 = 1, b2 = b, Θ1 = Θ, Θ2 = −1, (10.7)

so that if R1 = R2 = 0, then

ω =


Θ in B1\Bb

Θ− 1 in Bb,

(10.8)

where Br denotes the unit disk centered at the origin. Note that the case Θ = 1 corresponds to an

annulus. Later, we will fix b as well, and let Θ play the role as a bifurcation parameter. With this
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setting, the system (10.3) is equivalent to

0 = F(Θ, R) = (F 1(Θ, R), F 2(Θ, R)), R = (R1, R2), (10.9)

where we omit the dependence of Θ2 and b1, b2 for notational simplicity.

Theorem 10.2.1. Let k,m be such that k ≥ 3, 2 ≤ m ∈ N. Let b satisfy the condition in Lemma

10.2.8. Then for some c > 0 and s0 = s0(k,m, c, b) > 0, there exist two bifurcation curves [0, s0) ∋

s 7→ (Θ±(s), R±(s)) ∈ R× (Xk,m
c )2 such that for each s ∈ (0, s0), (Θ

±(s), R±(s)) is a solution of the

equation (10.9) and R±(s) ̸= 0 ∈ (Xk,m
c )2. The bifurcation curve emanates from (Θ±(0), R±(0)) =

(Θ±
m, 0), where Θ±

m are defined in Lemma 10.2.8.

Theorem 10.2.1 immediately implies the existence of non-radial stationary vortex patches with

infinite energy.

Corollary 10.2.2. Let 2 ≤ m ∈ N. Then there is an m-fold symmetric stationary patch solution

for the 2D Euler equation with analytic boundary and infinite kinetic energy, that is

∫
R2

|∇
(
ω ∗ 1

2π
log | · |

)
|2dx = ∞.

Proof. By Theorem 10.2.1, there are two continuous bifurcation curves Ψ± : [0, s0) 7→ R×
(
Xk,m

c

)2
of solutions of (10.9) such that

Ψ±(s) =
(
Θ±(s), R(s)

)
, F (Ψ±(s)) = 0, and Ψ±(0) =

(
Θ±

m, 0
)
,

for some s0 > 0. From (10.1) and (10.3), it is clear that for each s ∈ (0, s0) and for each choice of ±,

ωs(x) :=


Θ− 1 if x ∈ D2(s),

Θ if x ∈ D1(s)\D2(s)

0 otherwise,

(10.10)

is a stationary solution to the Euler equation, where D1(s) and D2(s) are the bounded domains

determined by (10.2) with R(s). Since R(s) ∈
(
Xk,m

c

)2
, the boundaries are analytic.

Now we consider the kinetic energy of the solution. From (10.6), it suffices to show that
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∫
R2 ω

0(x)dx ̸= 0. By the continuity of the bifurcation curve, this immediately implies that
∫
R2 ω

s(x)dx ̸=

0 for small s > 0. Then it follows from Lemma 10.2.11 that b2 < Θ±
m, hence

∫
R2

ω0(x)dx = π
(
−b2 +Θ±

m

)
> 0.

This completes the proof.

The rest of this section will be devoted to prove Theorem 10.2.1. The proof will be divided into

5 steps. These steps correspond to check the hypotheses of the Crandall-Rabinowitz theorem 11.4.1

for our functional F in (10.9). The hypotheses in Theorem 11.4.1 can be read as follows in our

setting:

1. The functional F satisfies

F(Θ, R) : (0, 1)× {V ϵ} 7→ (Y k−1,m
c )2,

where V ϵ is an open neighborhood of 0,

V ϵ =
{
(f, g) ∈ (Xk,m

c )2 : ||f ||Xk,m
c

+ ||g||Xk,m
c

< ϵ
}

for some ϵ > 0 and k ≥ 3.

2. F(Θ, 0) = 0 for every 0 < Θ < 1.

3. The partial derivatives ∂ΘF , DF , ∂ΘDF exist and are continuous, where DF is Gateaux

derivative of F with respect to the functional variable R.

4. Ker(DF(Θ±
m, 0)) ⊂ (Xk,m

c )2 and (Y k−1,m
c )2/Im(DF(Θ±

m, 0)) are one-dimensional (see Propo-

sition 10.2.8 for the definition of Θ±
m).

5. ∂ΘDF(Θ±
m, 0)[v0] ̸∈ Im(DF(Θ±

m, 0)), where v0 is a non-zero element in Ker(DF(Θ±
m, 0)).

Remark 10.2.3. We remark that if i ̸= j then the functions inside the logarithm in Si,j in (10.4)

are uniformly bounded from below in y for all x by a strictly positive constant depending on the

parameters. Then we can analytically extend the integrand in x to the strip |ℑ(z)| ≤ c in such a way

that the real part of this extension stays uniformly bounded away from 0 for a small enough c. The

case i = j can be treated similarily as in [17, Remark 2.1].
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10.2.2 Proof of Theorem 10.2.1

Steps 1,2 and 3: Regularity

In order to check the first three steps, it suffices to check if Sij in (10.4) satisfies the hypotheses,

since F is a linear combination of Sij . As mentioned in Remark 10.2.3, the case i ̸= j is trivial since

there is no singularity in the integrand and analytically extended into a strip in C, if (R1, R2) is in a

sufficiently small neighborhood of (0, 0). For i = j, the first three steps with slightly different settings

were already done in the literature. For example, step 1 can be done in the same way as in [29].

Step 2 follows immediately from (10.5). Existence and continuity of the Gateaux derivatives for the

gSQG equation was done in [41] and the same proof can be adapted to our setting straightforwardly.

Step 4: Analysis of the linear part.

In this section, we will focus on the spectral study of the Gateaux derivativeDF(Θ, 0) := DRF(Θ, 0).

Calculation of DF We aim to express the Gateaux derivative of F around (Θ, 0) in the direction

(H(x), h(x)) in terms of Fourier series.

Lemma 10.2.4. Let Sij be defined as in (10.4). Then:

d

dt
Sij(bi, bj , thi, thj)

∣∣∣∣
t=0

=

∫
bi(h

′
j(x) cos(x− y)− h′i(y)) log(b

2
j + b2i − 2bjbi cos(x− y))dy =: L1 + L2.

Proof. Let V 1,ab
ij (resp. V 2,ab

ij ) be the contribution of the first term (resp. second term) of (10.4)

where the first factor contributes with a ta and the second with tb. We are looking for all combinations

such that a+ b = 1. We start looking at the first summand. We have that:

V 1,10
ij =

∫
cos(x− y)(bih

′
j(x)− bjh

′
i(y)) log(b

2
j + b2i − 2bjbi cos(x− y))dy.

Similarly, for the second one,

V 2,01
ij = −2

∫
sin(x− y)(bibj)

hj(x)(bj − bi cos(x− y)) + hi(y)(bi − bj cos(x− y))

b2j + b2i − 2bjbi cos(x− y)
dy,

V 2,10
ij = −

∫
sin(x− y)(bihj(x) + bjhi(y)) log(b

2
j + b2i − 2bjbi cos(x− y))dy,

where we have used Lemma 11.4.2. Integrating by parts in V 2,01
ij :

V 2,01
ij =

∫
((bihj(x) + bjhi(y)) sin(x− y)− h′i(y)(bi − bj cos(x− y))) log(b2j + b2i − 2bjbi cos(x− y))dy,
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Finally, adding all the log terms and the non-log terms together:

V 1,10
ij + V 2,01

ij + V 2,10
ij =

∫
bi(h

′
j(x) cos(x− y)− h′i(y)) log(b

2
j + b2i − 2bjbi cos(x− y))dy,

as we wanted to prove.

Lemma 10.2.5. Let hi = Ai cos(mx) and r =
min{bi,bj}
max{bi,bj} . Then:

d

dt
Sij(bi, bj , thi, thj)

∣∣∣∣
t=0

= 2π sin(mx)mbi

(
Ajr −Ai

rm

m

)
.

Proof. From Lemma 10.2.4 and Corollary 11.4.4, we have that

L1 = −mbiAj sin(mx)A0(r, 1),

L2 = mbiAi sin(mx)A0(r,m),

Adding the two contributions gives the desired result.

Note that the functional F is a linear combination of Sij (see (10.3)). Using the above two

lemmas, we obtain the following proposition:

Proposition 10.2.6. Let h(x) =
∑

n an cos(nx), H(x) =
∑

nAn cos(nx), then we have that:

DF(Θ, 0)[H,h] =

 U(x)

u(x)

 ,

where

U(x) =
∑
n

Un sin(nx), u(x) =
∑
n

un sin(nx),

and the coefficients satisfy, for any n:

 Un

un

 := (−n)Mn(Θ)

 An

an

 := (−n)

 b2

2 − Θ
2 + Θ

2n − bn+1

2n

Θ bn

2n − b
2n + b

2 (1−Θ)


 An

an

 .

Proof. It follows from (10.7), the definition of F in (10.9), (10.3) and Lemma 10.2.5.
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One dimensionality of the Kernel of the linear operator. Our goal here is to verify the one

dimensionality of Ker(DF(Θ, 0)) for some Θ. More precisely, we will prove the following proposition:

Proposition 10.2.7. Fix 2 ≤ m ∈ N and take any b ∈ (0, bm), where bm is as in Lemma 10.2.8.

Then there exist two Θ±
m ∈ (0, 1), such that Ker(DF(Θ±

m, 0)) is one-dimensional. Furthermore,

Ker(DF(Θ±
m, 0, 0)) = span

v0(Θ±
m) cos(mx) :=

 1
2mb−

b
2 (1−Θ±

m)

Θ±
m

2m bm

 cos(mx)

 ⊂ Xk,m
c ×Xk,m

c .

The proof of the above proposition relies on the analysis of the matrix Mn in Lemma 10.2.8 and

10.2.9, which we will prove below.

Lemma 10.2.8. Let ∆m(Θ) be

∆m(Θ) :=
4m2

b
det(Mm(Θ)) =

(
Θb2m + b2m(m(1−Θ)− 1) + Θ(1−m)(m(1−Θ)− 1)

)
(10.11)

Then, for any m ≥ 2, there exists 0 < bm < 1 such that for any 0 < b < bm < 1, there exists

0 < Θ−
m < Θ+

m < 1 such that ∆m(Θ±
m) = 0. We also have that rk(Mm(Θ±

m)) = 1 for those values of

Θ+
m, Θ−

m, where rk(A) is the rank of a matrix A.

Proof. For fixed m, we study the polynomial ∆m(Θ). We need to solve

∆m(Θ) = m(m− 1)Θ2 − ((m− 1)2 + b2m2 − b2m)Θ + b2m(m− 1) = 0. (10.12)

Since ∆m(Θ) is a quadratic function, we only need to show that the discriminant is positive. We

have

Dm := ((m− 1)2 + b2m2 − b2m)2 − 4m2(m− 1)2b2

= ((m− 1)2 + b2m2 − b2m − 2m(m− 1)b)((m− 1)2 + b2m2 − b2m + 2m(m− 1)b)

= (m− 1− bm− bm)(m− 1− bm+ bm)((m− 1)2 + b2m2 − b2m + 2m(m− 1)b)

=: Dm,1 ·Dm,2 ·Dm,3.

Since m ≥ 2, 0 < b < 1, we have Dm,3 > 1− 1 = 0. We also have

Dm,2 = m(1− b) + bm − 1 = (1− b)[m− 1− bm

1− b
] = (1− b)(m− (1 + b+ b2 + ...+ bm−1)) > 0.
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Dm,1 is decreasing in b when b ≥ 0 and Dm,1(0) = m − 1 > 0, Dm,1(1) = −2. Let bm be the only

zero point of Dm,1 in (0,1). If we take 0 < b < bm, we have

D1,m > 0, Dm > 0. (10.13)

Hence ∆m(Θ) has two different solutions Θ−
m < Θ+

m. Moreover, the matrix does not vanish when

b ̸= 0, implying rk(Mm(Θ±
m)) = 1. Now we are left to show 0 < Θ±

m < 1. We have

Θ+
mΘ+

m = b2 < 1,

and

Θ+
m +Θ−

m =
((m− 1)2 + b2m2 − b2m)

m(m− 1)
≥ 1− 1

m(m− 1)
> 0.

Hence, 0 < Θ−
m < 1 and 0 < Θ+

m. If Θ+
m ≥ 1, then ∆m(1) ≤ 0. However,

∆m(1) = b2m −mb2 − (1−m) (10.14)

= (1− b2)(m− 1− b2m

1− b2
)

= (1− b2)(m− 1− b2 − ...− b2m−2) > 0.

Therefore 0 < Θ±
m < 1.

We now show that ∆jm(Θ±
m) ̸= 0 for any j ̸= 1.

Lemma 10.2.9. Let j > 1 and let Θ±
m and Θ±

jm be defined as in the previous Lemma. Then

Θ+
jm > Θ+

m > Θ−
m > Θ−

jm. Hence, Mjm(Θ±
m) is non-singular for all j > 1.

Proof. Since Θ±
m solves the equation

Θ2 − ((m− 1)2 + b2m2 − b2m)

m(m− 1)
Θ + b2 = 0.

We only need to show F (b,m) := ((m−1)2+b2m2−b2m)
m(m−1) is strictly increasing with respect to m. We

have

F (b,m+ 1)− F (b,m)

=
(m2 + b2(m+ 1)2 − b2(m+1))

(m+ 1)m
− ((m− 1)2 + b2m2 − b2m)

m(m− 1)
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=
(m2 + b2(m+ 1)2 − b2(m+1))(m− 1)− ((m− 1)2 + b2m2 − b2m)(m+ 1)

(m+ 1)m(m− 1)

=
b2((m+ 1)2(m− 1)−m2(m+ 1)) +m2(m− 1)− (m+ 1)(m− 1)2 − b2m+2(m− 1) + (m+ 1)b2m

(m+ 1)m(m− 1)

=
−b2(m+ 1) +m− 1− b2m+2(m− 1) + b2m(m+ 1)

(m+ 1)m(m− 1)
.

Thus

F (b,m+ 1)− F (b,m) > 0 ⇔ −b2(m+ 1) +m− 1− b2m+2(m− 1) + b2m(m+ 1) > 0

⇔ (1 + b2)(−1 + b2m)− (−1 + b2)(1 + b2m)m > 0 ⇔ −(1 + b2)(b2m−2 + b2m−4...+ b2 + 1) + (1 + b2m)m > 0

⇔ −
m∑

k=1

b2m−2k −
m∑

k=1

b2k + (1 + b2m)m > 0 ⇔
m∑

k=1

(1− b2k)(1− b2m−k) > 0.

It is easy to show the last inequality since 0 < b < 1.

Proof of Proposition 10.2.7: Let m ≥ 2 and let b, Θ±
m be as defined in Lemma 10.2.8. Assume that

H(x) =
∑

j Ajm cos(jmx) and h(x) =
∑

j ajm cos(jmx) satisfy

DF (Θ±
m, 0)[H,h] = (0, 0).

Then it follows from Proposition 10.2.6 that

Mjm(Θ±
m)

Ajm

ajm

 =

0

0

 .

For all j > 1, it follows from Lemma 10.2.9 thatMjm(Θ±
m) is invertible, thus Ajm = ajm = 0. For j =

1, Lemma 10.2.8 tells us that (Am, am) ∈ Ker(Mm(Θ±
m)) = span

v0(Θ±
m) :=

 1
2mb−

b
2 (1−Θ±

m)

Θ±
m

2m bm


.

This finishes the proof. 2

Codimension of the image of the linear operator. We now characterize the image ofDF(Θ±
m, 0).

We have the following proposition:

Proposition 10.2.10. Let

Z =

(Q, q) ∈ Y k−1,m
c × Y k−1,m

c , Q(x) =

∞∑
j=1

Qjm sin(jmx), q(x) =

∞∑
j=1

qjm sin(jmx),
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∃λQ,q ∈ R s.t.

 Qm

qm

 = λQ,q

 − 1
2mb

m+1

− 1
2mb+

b
2 (1−Θ±

m)


 .

Then Z = Im (DF(Θ±
m, 0, 0)).

Proof. In view of Proposition 10.2.6, Im (DF(Θ±
m, 0)) ⊂ Z is trivial, since Mjm(Θ±

m) is non-singular

for j > 1, and Im(Mm(Θ±
m)) = span


 − 1

2mb
m+1

− 1
2mb+

b
2 (1−Θ)


 . In order to prove Im (DF(Θ±

m, 0)) ⊃

Z, we need to check whether the possible preimage satisfies the desired regularity. To do so, we have

the following asymptotic lemma:

Lemma 10.2.11. For fixed m ≥ 2 and b defined as in Proposition 10.2.7, we have b2 − Θ±
m < 0

and

b

4j2m2
∆jm(Θ±

m) =
b

4

(
b2 −Θ±

m

)
(1−Θ±

m) +O

(
1

jm

)
, as j → ∞, (10.15)

Consequently, we have

det(Mjm(Θ±
m))−1 ≲m,Θ 1, for sufficiently large j. (10.16)

Remark 10.2.12. As shown in the above lemma, there is no bifurcation curve from the two-layered

vortex patch with zero-average. This is due to the fact that the radial vorticity ω determined by b

and Θ± as in (10.8) satisfies
∫
R2 ωdx = π

(
−b2 +Θ±

m

)
> 0. Note that if we require Θ = b2 to ensure∫

ωdx = 0, it follows from (10.11) that ∆m(b2) = mb2(1− b2) + b2(b2m − 1), which does not vanish

for any m ≥ 2 unless b = 0 or b = 1. Therefore, for any 0 < b < 1, the linearized operator is an

isomorphism and the implicit function theorem shows that there cannot be a bifurcation.

bstarthetaF irstweshowthatb
2 < Θ±

m. By Lemma 10.2.8, Θ+
mΘ−

m = b2 and 0 < Θ±
m < 1. Thus

Θ±
m > b2. Therefore the first assertion is proved. The second assertion follows directly from (10.11)

since

b

4(jm)2
∆jm(Θ±

m) =
b

4(jm)2
(
(b2 −Θ±

m)(1−Θ±
m)(jm)2 +O (m)

)
=
b

4

(
b2 −Θ±

m

)
(1−Θ±

m) +O

(
1

jm

)
.

Lastly, by choosing j large so that | b
4(jm)2∆jm(Θ±

m)| > b
8 (Θ

±
m − b2)(1−Θ±

m) > 0, we have

|det(Mjm(Θ±
m)−1)| = 1

| b
4(jm)2∆jm(Θ±

m)|
≲ 1,
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which proves (10.16). Now for an element (Q, q) ∈ Z, let (H,h) be such that

H(x) =

∞∑
j=1

Ajm cos(jmx), h(x) =

∞∑
j=1

ajm cos(jmx),

with Am

am

 = − 1

m

 0

λQ,q

 ,

Ajm

ajm

 = (−jm)−1Mjm(Θ±
m)−1

Qjm

qjm

 for j > 1.

It is clear from (10.2.6) that DF(Θ±
m, 0, 0)(H,h) = (Q, q).We will prove that (H,h) ∈ Xk,m

c ×Xk,m
c .

From Lemma 10.2.11 and the fact that Mjm(Θ±
m) is nonsingular for j > 1, it follows that

|Ajm|2 + |ajm|2 ≲ (jm)−2
(
|Qjm|2 + |qjm|2

)
for all j > 1. (10.17)

Thus, we obtain

∥H∥2
Xk,m

c
+∥h∥2

Xk,m
c

=

∞∑
j=1

(
|Ajm|2 + |ajm|2

)
(1 + jm)2k(cosh(cjm)2 + sinh(cjm)2)

≲
1

m2
λ2Q,q(1 +m)2k(cosh(cm)2 + sinh(cm)2)

+

∞∑
j=2

(jm)−2
(
|Qjm|2 + |qjm|2

)
(1 + jm)2k(cosh(cjm)2 + sinh(cjm)2)

≲ 1 + (∥Q∥2
Y k−1,m
c

+∥q∥2
Y k−1,m
c

)

<∞.

This proves that (H,h) ∈ Xk,m
c ×Xk,m

c , and therefore Z ⊂ Im (DF(Θ±
m, 0)).

Step 5: Transversality

Proposition 10.2.13. We have that

∂ΘDF(Θ±
m, 0)[v0] ̸∈ Im(DF(Θ±

m, 0)), (10.18)

where v0 = v0(Θ
±
m) is as given in Proposition 10.2.7.

Proof. For h(x) =
∑

j ajm cos(jmx), H(x) =
∑

j Ajm cos(jmx), we have that (see Proposition 10.2.6):
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∂ΘDF(Θ±
m, 0)[H,h] =

 U(x)

u(x)

 ,

where

U(x) =
∑
j

Ujm sin(jmx), u(x) =
∑
j

ujm sin(jmx),

and the coefficients satisfy, for any j:

 Ujm

ujm

 := (−jm)∂ΘMjm(Θ±
m)

 Ajm

ajm

 := (−jm)

 − 1
2 + 1

2m 0

bm

2m − b
2


 Ajm

ajm

 .

Letting

v0(Θ
±
m) =

 b
2m − b

2 (1−Θ±
m)

Θ±
m

2m bm

 , w(Θ±
m) =

 − 1
2mb

m+1

− 1
2mb+

b
2 (1−Θ±

m)

 ,

be the generators of Ker(Mm(Θ±
m)) and Im(Mm(Θ±

m)) respectively, the transversality condition

is equivalent to prove that w1(Θ
±
m) and w(Θ±

m) are not parallel, where

w1(Θ
±
m) = ∂ΘMm(Θ±

m)v0(Θ
±
m) =

 b
4

(
1
m − 1

) (
1
m − (1−Θ±

m)
)

bm+1

4m

(
1
m − 1

)


This is equivalent to prove that:

0 ̸= −b
2

8

(
1

m
− 1

)(
1

m
− (1−Θ±

m)

)2

+
b2m+2

8m2

(
1

m
− 1

)
⇔
(
Θ±

m − (1− 1 + bm

m
)

)(
Θ±

m − (1− 1− bm

m
)

)
̸= 0.

We prove it by contradiction. If Θ±
m = 1 − 1+bm

m , we have bm = m(1 − Θ±
m) − 1. Moreover, by

(10.11),we have

Θ±
mb

2m + bm+2m+Θ±
m(1−m)bm = 0.
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Hence,

Θ±
mb

m + b2m+Θ±
m(1−m) = 0

⇒ Θ±
m(m(1−Θ±

m)− 1) + b2m+Θ±
m(1−m) = 0

⇒ −m(Θ±
m)2 + b2m = 0.

Since Θ±
m > 0, b > 0, we have

Θ±
m = b,

implying a contradiction since Θ+
mΘ−

m = b2 and Θ+
m ̸= Θ−

m. If Θ±
m = 1 − 1−bm

m , we can follow the

same way to get Θ±
m = b and get a contradiction.

Proof of Theorem 10.2.1: All the hypotheses of the Crandall-Rabinowitz theorem were checked in

Propositions 10.2.7, 10.2.10 and 10.2.13. Therefore the desired result follows immediately. 2
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Chapter 11

The flexibility results for

2D-Euler-finite energy

11.1 Existence of non-radial stationary vortex patches with

finite energy

In this section, we aim to prove that there exist non-trivial patch solutions with finite kinetic energy,

1
2π

∫
R2 |∇ (ω ∗ log | · |) |2dx < ∞. As mentioned in (10.6), this property is equivalent to

∫
R ωdx = 0.

By Remark 10.2.12, we can not use two-layer patches and instead we will consider three-layer patches.

11.1.1 Main results for finite energy

We consider vortex patches with three layers, that is, i ∈ {1, 2, 3} in the setting in Section 10.1.

The total vorticity that we consider is of the form ω =
∑3

i=1 Θi1Di
, where Di is determined by

∂Di = {(bi +Ri(x))(cosx, sinx) : x ∈ T}. We will look for a bifurcation curve from the radial one,∑3
i=1 Θi1Bbi

, where Br denotes the disk with radius r centered at the origin. We have the following

parameters and functional variables:

• bi ∈ R: the radii of the different layers of the annuli. We will have 1 =: b1 > b2 > b3.

• Θi ∈ R: the vorticity at the different layers. We will choose Θ1 := 1.

• R := (R1, R2, R3) ∈ (Xk,m)3, for some 3 ≤ k ∈ N : the functional variables that determine

the boundaries.
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In the rest of this section, we will fix m, b2 and Θ2 so that for 2 ≤ m ∈ N,

0 < b2 <

(
1

2

) 1
2m

and
m(b2

2 − 1)

(1− b2
2m)b22

< Θ2 < min

{
2
b2

2m−2(b22 − 1)m

1− b2m2
,
−1

b22

}
. (11.1)

Given R, Θi, b1 and b2, we choose b3 so that

∫
R2

ω(x)dx =

3∑
i=1

∫ 2π

0

Θi(bi +Ri(x))
2dx = 0. (11.2)

Since b1, b2 and Θ1, Θ2 are fixed constants, (11.2) implies that b3 is a function of Θ3 and R, more

precisely,

b3 = b3(Θ3, R)

=

√
− 1

2πΘ3

(
Θ1

∫ 2π

0

(b1 +R1(x))2dx+Θ2

∫ 2π

0

(b2 +R2(x))2dx+Θ3

∫ 2π

0

R3(x)2dx

)
(11.3)

If Θ3, b3(Θ3, R) ̸= 0, then its derivative with respect to R is given by

Db3(Θ3, R)[h] :=
d

dt
b3(Θ3, R+ th)

∣∣∣∣
t=0

= − 1

2πΘ3b3(Θ3, R)

(
Θ1

∫
T
R1(x)h1(x)dx+Θ2

∫
T
R2(x)h2(x)dx+Θ3

∫
T
R3(x)h3(x)dx

)
,

(11.4)

where we used
∫
T hi(x)dx = 0 for hi ∈ Xk,m.

Note that for sufficiently small ∥Ri∥L∞ and |Θ3−Θ∗
3,m|, where Θ∗

3,m is as defined in Lemma 11.1.24,

we can choose b3 = b3(Θ3, Ri) so that (11.2) is compatible with b2 > b3 > 0 (see Lemma 11.1.24).

Therefore, a 4-tuple (Θ3, R1, R2, R3) =: (Θ3, R) uniquely determines ω =
∑3

i=1 Θi1Di such that the

boundary of the ith patch surrounds the jth patch if i < j and
∫
R ωdx = 0. In the proof, Θ3 will play

the role of the bifurcation parameter and we will look for a bifurcation from (Θ∗
3,m, 0) ∈ R×(Xk,m)3.

With this setting, the system (10.3) is equivalent to

0 = G(Θ3, R) := (G1(Θ3, R), G2(Θ3, R), G3(Θ3, R)), (11.5)

where

Gj(Θ3, R) := Fj(b(Θ3, R),Θ3, R)), and b(Θ3, R) := (b1, b2, b3(Θ3, R)), j = 1, 2, 3. (11.6)
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Now, we are ready to state the main theorem of this section:

Theorem 11.1.1. Let k ≥ 3 and 2 ≤ m ∈ N, Θ1 = b1 = 1 and b2 and Θ2 as in (11.1). Then

for some s0 = s0(m, k, b2,Θ2) > 0, there exists a bifurcation curve [0, s0) ∋ s 7→ (Θ3(s), R(s)) ∈

R × (Xk,m)3 such that for each s ∈ (0, s0), (Θ3(s), R(s)) is a solution of the equation (11.5) and

(R(s)) ̸= 0 ∈ (Xk,m)3. The bifurcation curve emanates from (Θ3(0), R(0)) = (Θ∗
3,m, 0), where Θ∗

3,m

is defined in Lemma 11.1.24.

Theorem 11.1.1 immediately implies the existence of non-radial stationary vortex patches with

finite kinetic energy.

Corollary 11.1.2. Let 2 ≤ m ∈ N and k ≥ 3. Then there is an m-fold symmetric stationary patch

solution of the 2D Euler equation with Hk-regular boundary and finite kinetic energy, that is

∫
R2

∣∣∣∣∇(ω ∗ 1

2π
log | · |

)∣∣∣∣2 dx <∞.

Proof. By the definition of b3 in (11.2), each ω =
∑3

i=1 Θi1Di
which is determined by (Θ3(s), R(s))

for s ∈ (0, s0), satisfies
∫
R ωdx = 0. This is equivalent to

∫
R2 |∇

(
ω ∗ 1

2π log | · |
)
|2dx < ∞, (see

(10.6)).

The existence of the bifurcation curves will be proved by means of a Nash-Moser iteration scheme

(Theorem 11.1.7). The proof of Theorem 11.1.1 will be accomplished in Subsection 11.1.5 by checking

the hypotheses of Theorem 11.1.7.

11.1.2 Compactly supported velocity

In this subsection, we digress briefly to observe an interesting consequence of Theorem 11.1.1. Thanks

to a simple maximum principle lemma, it can be shown that each stationary solution on the bifur-

cation curves has compactly supported velocity.

Lemma 11.1.3. (the key Lemma) Assume that ω ∈ L1 ∩ L∞(Rn) for n ≥ 2 is compactly sup-

ported and let Ω be the unbounded connected component of supp(ω)c. We additionally assume that∫
Rn ωdx = 0. Then for f := ω ∗ N , where

N (x) =


1
2π log |x| if n = 2

1
n(2−n)Vn

|x|2−n, Vn := π
n
2

Γ(n
2 +1) if n > 2,
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it holds that

sup
x∈Ω

f(x) = max
x∈∂Ω

f(x) and inf
x∈Ω

f(x) = min
x∈∂Ω

f(x).

Consequently, if f is constant on ∂Ω, then f is constant in Ω.

Remark 11.1.4. The above lemma does not hold without the assumption
∫
Rn ωdx = 0. For example,

f := 1B1 ∗ N is harmonic in Ω := Bc
1, while maxΩ f is unbounded in Ωc.

Proof. It suffices to prove the maximum part since we can apply the argument to−f for the minimum

part. The proof is classical but we present a proof for the sake of completeness.

Let M := supx∈Ω f(x). Then A := {x ∈ Ω : f(x) =M} is relatively closed in Ω, since f is

continuous. Furthermore, since f is harmonic in Ω, the mean value property yields that A is open.

Therefore A must be either ∅ or Ω since Ω is connected. If A = Ω, then the result follows trivially.

Now, let us suppose that A = ∅. Towards a contradiction, assume that M > maxx∈∂Ω f(x). Since f

is bounded in Rn (this property still holds when n = 2, thanks to
∫
R2 ωdx = 0), therefore the only

possible case is that

lim
|x|→∞

f(x) =M. (11.7)

Let us consider ϕ(r) := 1
|∂Br|

∫
|x|=r

f(x)dσ(x). For any sufficiently large r such that Ωc ⊂ Br, where

Br is the ball centered at the origin with radius r, it follows that

d

dr
ϕ(r) =

d

dr

1

|Sn−1|

∫
|x|=1

f(rx)dσ(x) =
1

|∂Br|

∫
|x|<r

ω(x)dx = 0,

Furthermore, (11.7) yields that

lim
r→∞

ϕ(r) =M,

hence, we have ϕ(r) =M for all sufficiently large r. For such r > 0, we have

M =
1

|∂Br|

∫
|x|=r

f(x)dσ ≤ max
x∈∂Br

f(x) ≤M.

This implies A cannot be empty, which is a contradiction. Hence M = maxx∈∂Ω f(x).

Corollary 11.1.5. Let 2 ≤ m ∈ N and k ≥ 3. There exists an m-fold symmetric stationary patch
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solution of the 2D Euler equation with Hk-regular boundary and compactly supported velocity.

Proof. Let ω =
∑3

i=1 Θi1Di
be the vorticity determined by (Θ3(s), R(s)) for s ∈ (0, s0) in Theo-

rem 11.1.1. From (10.1) and (10.3), it follows that its stream function f := 1
2πω ∗ log | · | is constant

on the outmost boundary ∂D1. However, Lemma 11.1.3 implies that supDc
1
f = infDc

1
f , therefore,

f is constant in Dc
1. This proves that supp(∇⊥f) ⊂ D1.

Remark 11.1.6. In this paper we focus on patch type solutions ω =
∑n

i=1 Θi1Di
. Lemma 11.1.3 is

still applicable for smooth ω as well as long as the boundary of Ω := supp(ω) can be approximated

by regular level curves of ω (See Figure 11.1). This is due to the fact that the stream function of

the smooth stationary ω must be constant on each regular level set of ω (see [42, Section 1]), hence

the stream function has to be constant on each connected component of ∂Ω. If ∂Ω has only one

connected component, then the velocity vanishes in the unbounded component of Ωc.

∂Ωout

∂Ωin1

∂Ωin2

Figure 11.1: Illustration for smooth stationary ω where Ω := supp(ω) is colored in blue, whose
boundary is not necessarily connected. The dashed lines are regular level sets of ω, which converges
to the outermost boundary. In such case, the stream function is constant on the outermost boundary
∂Ωout, thus Lemma 11.1.3 implies that the velocity vanishes in the unbounded part of Ωc.

11.1.3 Nash-Moser theorem

We first prove a bifurcation theorem using the Nash-Moser scheme under some assumptions, which

will turn out to be satisfied by our nonlinear functional. We follow the ideas from Berti [5].

Let 2 ≤ m ∈ N fixed. We denote

Xk := Xk,m, Y k := Y k,m, C∞ := C∞(T), R := (R1, R2, R3) ∈
(
Xk+1

)3∩(C∞)3, ∂Θ := ∂Θ3
,
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for simplicity. Furthermore, for a Banach spaceX and an elementR ∈ X, we denote the norm ofR by

|R|X :=∥R∥X . In addition, we use the notation A ≲a,b B if there exists a constant C = C(a, b) > 0

depending on some variables a, b such that A ≤ CB. We also use c0, c1, .... to denote universal

constants that may vary from line to line.

Theorem 11.1.7. Assume that there exists Θ∗
3 ∈ R and an open neighborhood I × V 3 of (Θ∗

3, 0) ∈

R ×
(
X3
)3

such that for each 2 ≤ k ∈ N, G : I ×
(
Xk+1

)3 7→
(
Y k
)3

satisfies the following: For

(Θ3, R) ∈ I ×
(
V 3 ∩ (C∞)3

)
(a) (Existence of a curve of trivial solutions) G(Θ3, 0) = 0 for all Θ3 ∈ I.

(b) (Regularity) It holds that

|G(Θ3, R)|(Y k)3 ≲k 1 + |R|(Xk+1)3 , (11.8)

|∂ΘG(Θ3, R)|(Y k)3 ≲k 1 + |R|(Xk+1)3 (11.9)

|D2G(Θ3, R)[h, h]|(Y k)3 ≲k (1 + |R|(Xk+3)3)|h|2(Xk+1)3 (11.10)

|∂ΘDG(Θ3, R)[h]|(Y k)3 ≲k (1 + |R|(Xk+3)3)|h|(Xk+1)3 (11.11)

|∂ΘD2G(Θ∗
3, R)[h, h]|(Y k)3 ≲k (1 + |R|(Xk+3)3)|h|2(Xk+1)3 (11.12)

|∂ΘΘDG(Θ3, R)[h]|(Y k)3 ≲k (1 + |R|(Xk+3)3)|h|(Xk+1)3 (11.13)

(c) (Decomposition of DG) DG(Θ3, R) ∈ L((Xk+1)3; (Y k)3) has the following decomposition:

DG(Θ3, R)[h] = a(Θ3, R)[h] +A(Θ3, R)[h],

such that a(Θ3, R) ∈ L((Xk+1)3, (Y k)3), A(Θ3, R) ∈ L((Xk+1)3, Y k+1 × (Y k)2). Also, there

exists 0 < η < 1 such that if ∥R∥(Hk+2)3 ≤ η, then

|a(Θ3, R)[h]|(Y k)3 ≲k |G(Θ3, R)|(Y k)3 |h|(Xk+1)3 , (11.14)

|A(Θ3, R)[h]|Y k+1×(Y k)2 ≲k (1 + |R|(Xk+3)3)|h|(Xk+1)3 , (11.15)

(c̃-1) A : R× (Xk+3)3 7→ L((Xk+1)3, Y k+1 × (Y k)2) is Lipschitz continuous. That is, if

(Θ1
3, R

1), (Θ2
3, R

2) ∈ I × (V 3 ∩ (C∞)3),
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and ∥R1∥(Hk+3(T))2 , ∥R2∥(Hk+3(T))2 ≤ 1, it holds that

|A(Θ1
3, R

1)[h]−A(Θ2
3, R

2)|(Y k)3 ≲k

(
|Θ1

3 −Θ2
3|+ |R1 −R2|(Xk+3)3

)
|h|(Xk+1)3 . (11.16)

(c̃-2) (Tame estimates) There exists 0 < η < 1 such that if ∥R∥(Hk+3(T))3 ≤ η, and A(Θ3, R)[h] = z

for some z ∈ (C∞)3 and h ∈ Ker(A(Θ∗
3, 0))

⊥, then h ∈ (C∞)3. Furthermore, for any even

σ ∈ N ∪ {0}, it holds that

|h|(Xk+1+σ)3 ≲k,σ (1 + |R|(Xk+4+σ)3) |z|Y k+1×(Y k)2 + |z|Y k+1+σ×(Y k+σ)2 . (11.17)

(d) (Fredholm index zero) There exist non-zero vectors v and w such that v and w are supported

on the m-th Fourier mode and

Ker(A(Θ∗
3, 0)) = span {v} , Im(A(Θ∗

3, 0))
⊥ = span {w} ,

(e) (Transversality) ∂ΘA(Θ
∗
3, 0)[v] /∈ Im(A(Θ∗

3, 0)).

Then, for any k0 ≥ 2, there exist a constant s0 = s0(k0) > 0 and a curve [0, s0) ∋ s 7→ (Θ3(s), R(s)) ∈

I × (Xk0+1)3 such that G(Θ3, R) = 0 and R(s) ̸= 0 for s > 0. The curve emanates from

(Θ3(0), R(0)) = (Θ∗
3, 0).

Remark 11.1.8. Note that the evenness of σ for the tame estimate in (c̃− 2) is simply because Xk

is a space of even functions and any odd order derivatives of h ∈ Xk are odd.

The rest of this section is devoted to prove Theorem 11.1.7.

Towards the proof, let k0 ≥ 2 be fixed. We define the projections P : (Xk0+1)3 7→ Ker(A(Θ∗
3, 0))

and Q : (Y k0)3 7→ Im(A(Θ∗
3, 0))

⊥ by

PR := (v ·R) v and QR := (w ·R)w, (11.18)

where (f · g) denotes the usual L2 inner product. Note that from the assumptions (d) and (e), we

make an ansatz that for sufficiently small s > 0, the bifurcation curve s 7→ (Θ3(s), R(s)) can be

written as

(Θ3(s), R(s)) =
(
Θ∗

3 + v · R̃(s), sv + (I − P )R̃(s)
)
,

for some R̃(s) ∈ (Xk0+1)3 such that |(I −P )R̃|(Xk0+1)3 = o(s). From this ansatz, we define a family
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of functionals G̃s : (X
k0+1)3 7→ (Y k0)3 by

G̃s(R) := G(Θ∗
3 + v ·R, sv + (I − P )R), (11.19)

and look for R ∈ (Xk0+1)3 such that G̃s(R) = 0 and |(I − P )R|(Xk0+1)3 = o(s) for sufficiently small

s > 0. This will be achieved by Newton’s method, where the first approximate solution is R = 0.

To perform Newton’s method, we need to study the linearized operator DG̃s at each approximate

solution R ̸= 0: For h ∈ (Xk0+1)3, which can be directly computed from (11.19),

DG̃s(R)[h] := DRG̃s(R)[h]

= ∂ΘG(Θ
∗
3 + v ·R, sv + (I − P )R)(v · h) +DG(Θ∗

3 + v ·R, sv + (I − P )R)[(I − P )h]

=: Ts(R)[h] + a(Θ∗
3 + v ·R, sv + (I − P )R)[(I − P )h], (11.20)

where

Ts(R)[h] := ∂ΘG(Θ
∗
3 + v ·R, sv + (I − P )R)(v · h) +A(Θ∗

3 + v ·R, sv + (I − P )R)[(I − P )h].

(11.21)

The above decomposition of DG̃s into Ts+a follows from the assumption (c). Recall that Newton’s

method relies on the invertibility of Ts(R) for small s > 0. However, as we will see in the next

lemma, Ts is not fully invertible between (Xk0+1)3 and (Y k0)3, because of its loss of derivatives.

This is a motivation of adapting a Nash-Moser scheme in our proof. However, (11.14) suggests that

the inverse of Ts is a good approximate right inverse of DG̃s. In the next subsection, we will focus

on the properties of Ts(R).

Analysis of Ts

We will look for a solution R to G̃s(R) = 0 in (Xk0+1)3 for small s > 0. In each step of Newton’s

method (Nash-Moser iteration), we will regularize the approximate solution Rn (see (11.58)). The

theorem will be achieved by proving that Rn converges in (Xk0+1)3. However, we will also obtain

boundedness of the sequence Rn in the higher norms, which is necessary because of the extra

regularity conditions as in (c), (c̃− 1) and (c̃− 2). For this reason, we will establish several lemmas

assuming that an approximate solution R is more regular then (Xk0+1)3, which will turn out to be

true at the end of the proof.
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Lemma 11.1.9. Let 0 < ϵ < 1 and 2 ≤ k0 ∈ N be fixed. There exist positive constants s0(ϵ, k0), c0(ϵ, k0)

and 0 < δ(ϵ, k0) < 1 such that for each 0 < s < s0, the following holds: If

|PR|(Xk0+2)3 ≤ sϵ, (11.22)

|(I − P )R|(Xk0+2)3 ≤ s1+ϵ, (11.23)

|R|(Hk0+4)3 ≤ δ, (11.24)

then

(A) For all t ∈ [0, 1],

(Θ∗
3 + v ·R, sv + (I − P )R) ∈ I × V 3, (11.25)

where V 3 is as in Theorem 11.1.7. Therefore,

Ts(R)[h] := ∂ΘG(Θ
∗
3 + v ·R, sv + (I − P )R)(v · h) +A(Θ∗

3 + v ·R, sv + (I − P )R)[(I − P )h],

is well-defined.

(B) Ts(R) : (X
k0+1)3 7→ Y k0+1 × (Y k0)2 is an isomorphism and

|Ts(R)[h]|Y k0+1×(Y k0 )2 ≤ c0|h|(Xk0+1)3 , (11.26)

|Ts(R)−1[z]|(Xk0+1)3 ≤ c0
s
|z|Y k0+1×(Y k0 )2 , (11.27)∣∣∣(DG̃s(R) ◦ Ts(R)−1 − I
)
[z]
∣∣∣
(Y k0 )3

≤ c0|G̃s(R)|(Y k0 )3 |Ts(R)−1[z]|(Xk0+1)3 , (11.28)

for some c0 = c0(ϵ, k0) > 0.

If R ∈ C∞, then for any even σ ∈ N∪{0} and z ∈ Xk0+1+σ×(Xk0+σ)2, we have Ts(R)
−1[z] ∈(

Xk0+1+σ
)3
. Also, we have that

∣∣Ts(R)−1[z]
∣∣
(Xk0+1+σ)

3 ≤ c0
s

(
(1 + |R|(Xk0+4+σ)3)|z|Y k0+1×(Y k0 )2 + |z|Y k0+1+σ×(Y k0+σ)2

)
,

(11.29)

where c0 may depend on not only ϵ, k0 but also σ.
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(C) Furthermore, we can choose c0 so that when R = 0, the following hold:

|P (Ts(0)−1[z])|(Xk0+1)3 ≤ c0
s
|z|Y k0+1×(Y k0 )2 , (11.30)

|(I − P )(Ts(0)
−1[z])|(Xk0+1)3 ≤ c0|z|Y k0+1×(Y k0 )2 . (11.31)

We will frequently use

|Ts(R)−1z|(Xk0+1)
3 ≤ c0

s
|z|(Y k0+1)3 , (11.32)

which is more crude than (11.27).

Proof. Let us fix ϵ > 0 and k0 ≥ 2. We will show that if (11.22)-(11.24) hold for sufficiently small

s > 0 and for some small δ > 0 depending on ϵ, then (A),(B) and (C) hold for some c0 > 0.

Proof of (A). To see (A), notice that (11.25) is trivial. From the assumptions (b) and (c) in

Theorem 11.1.7, the linear operator Ts(R) is well-defined.

Proof of (B). The estimate (11.26), follows from (11.21), (11.15), (11.9) and

|sv + (I − P )R|(Hk0+3)
3 ≲ 1 + δ ≲ 1,

where the last inequality follows from (11.24). Before proving (11.27), we first prove that

|Q∂ΘG(Θ∗
3 + v ·R, sv + (I − P )R)|Xk0+1×(Xk0 )2 ≥ cs, (11.33)

for some c = c(ϵ) > 0. The above inequality is a consequence of the transversality condition (e) in

Theorem 11.1.7. In what follows, c, c1, c2, . . . denote positive constants that may change from line

to line and depend only on ϵ but not on s.

By the regularity assumptions of G in (b) in Theorem 11.1.7, we estimate the quantity in (11.33)

using a Taylor expansion up to linear order: For a fixed R, we set f(s, y) := Q∂ΘG(Θ
∗
3 + v ·R, sv +

(I − P )y), so that

f(s,R) = Q∂ΘG(Θ
∗
3 + v ·R, sv + (I − P )R). (11.34)
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Using the fundamental theorem of calculus, we can write

f(s,R) :=

∫ 1

0

d

dt
(f(s, tR)) dt+ f(s, 0)

=

∫ 1

0

d

dt
(f(s, tR)) dt+ f(0, 0) +

∫ s

0

d

dt
f(t, 0)dt.

In terms of G, (11.34) and the above equality give us that

|Q∂ΘG(Θ∗
3 + v ·R, sv + (I − P )R)|Y k0+1×(Y k0 )2 = |f(s,R)|Y k0+1×(Y k0 )2

≥ − sup
0≤t≤1

∥Q∂ΘDG(Θ∗
3 + v ·R, sv + t((I − P )R))∥L((Xk0+2)3,(Y k0+1)3)|(I − P )R|(Xk0+2)

3

− |Q∂ΘG(Θ∗
3 + v ·R, 0)|Y k0+1×(Y k0 )2

+

∣∣∣∣ ∫ s

0

Q∂ΘDG(Θ
∗
3 + v ·R, tv)[v]dt

∣∣∣∣
Y k0+1×(Y k0 )2

=: −L1 − L2 + L3, (11.35)

where the first term after the inequality follows from b) in Theorem 11.1.7 and

∫ 1

0

∣∣∣∣ ddt (f(s, tR))
∣∣∣∣
Y k0+1×(Y k0 )2

dt ≤
∫ 1

0

∣∣∣∣ ddt (f(s, tR))
∣∣∣∣
(Y k0+1)3

dt

≤ sup
0≤t≤1

|DRf(s, tR)[R]|(Y k0+1)3 ,

and the rest follows simply from the triangular inequality. Then the regularity assumption (b) in

Theorem 11.1.7 yields that (recall ∥R∥(Xk0+4)3 < δ < 1,)

L1 ≤ c1|(I − P )R|(Xk0+2)
3 ≤ c1s

1+ε, (11.36)

where the last inequality follows from (11.23). For L2, we use (a) in Theorem 11.1.7 to obtain

L2 = 0. (11.37)

To estimate L3, we compute

L3 ≥
∣∣∣∣ ∫ s

0

Q∂ΘDG(Θ
∗
3, tv)[v]dt

∣∣∣∣
Y k0+1×(Y k0 )2

−
∫ s

0

sup
u∈(0,|v·R|)

∣∣∣∣Q∂ΘΘDG(Θ
∗
3 + u, tv)[v]

∣∣∣∣
Y k0+1×(Y k0 )2

|v ·R|dt.

(11.38)
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For the first integral, we can write

Q∂ΘDG(Θ
∗
3, tv)[v] = Q∂ΘDG(Θ

∗
3, 0)[v] +

∫ t

0

Q∂ΘD
2G(Θ∗

3, uv)[v, v]du

= QA(Θ∗
3, 0)[v] +

∫ t

0

Q∂ΘD
2G(Θ∗

3, uv)[v, v]du,

where the last equality follows from (a) and (c) in Theorem 11.1.7, which shows a(Θ∗
3, 0) = 0. For

the integral term, using (11.12), we have

∣∣Q∂ΘD2G(Θ∗
3, uv)[v, v]

∣∣
Y k0+1×(Y k0 )2

≲
∣∣Q∂ΘD2G(Θ∗

3, uv)[v, v]
∣∣
(Y k0+1)3

≲ (1+∥R∥(Xk0+4)3)∥v∥(Xk0+2)3 ≤ c,

where the last inequality follows from (11.24). Therefore

∣∣∣∣ ∫ s

0

Q∂ΘDG(Θ
∗
3, tv)[v]dt

∣∣∣∣
Xk0+1×(Xk0 )2

≥ s |QA(Θ∗
3, 0)[v]|Xk0+1×(Xk0 )2 −

∫ s

0

∫ t

0

cdudt

≥ s |Q∂ΘDG(Θ∗
3, 0)[v]|Xk0+1×(Xk0 )2 − c2s

2

≥ c3s− c2s
2,

where the last inequality follows from the transversality (e). For the second integral in (11.38), we

have that for sufficiently small s > 0,

sup
u∈(0,|v·R|),t∈(0,s)

|∂ΘΘDG(Θ
∗
3 + u, tv)[v]|Y k0+1×(Y k0 )2 ≲ sup

t∈(0,s)

(1 + |tv|(Xk0+4)3)|v|(Xk0+2)3 ≤ c1,

for sufficiently small s, which follows from (11.13). Hence using (11.22), we obtain from (11.38) that

L3 ≥ c3s− c2s
2 − c1s

1+ϵ (11.39)

Thus the claim (11.33) follows from (11.35) (11.36), (11.37) and (11.39) for small s, depending on ϵ.

Towards the proof of (11.27), we will consider how to invert A(Θ∗
3+v ·R, sv+(I−P )R)[(I−P )].

Since the dimension of Im(DG(Θ∗
3, 0)

⊥) is one and w is the basis of Im(DG(Θ∗
3, 0))

⊥, the above

claim (11.33) proves that

|w · ∂ΘG(Θ∗
3 + v ·R, sv + (I − P )R)| > cs. (11.40)
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To simplify the notations, we denote

Ã[h] := A(Θ∗
3 + v ·R, sv + (I − P )R)[(I − P )h], (11.41)

∂ΘG := ∂ΘG(Θ
∗ + v ·R, sv + (I − P )R).

We denote by Q1 the projection from Y k0+1 ×
(
Y k0

)2
into Im(Ã)⊥. Since the norm of R is small,

we expect that the functional structure of Ã should be similar to the structure of A(Θ∗
3, 0). Indeed,

by continuity hypotheses (11.16), (11.24) and Lemma 11.4.15, where we can think of Ã as a linear

map from Ker(A(Θ∗
3, 0)), we can choose δ small enough so that if (11.24) holds, then there exists

0 ̸= w1 ∈ Y k0+1 × (Y k0)2 such that

Im(Ã)⊥ = span {w1} (11.42)

|w − w1|Y k0+1×(Y k0 )2 ≤ cδ, (11.43)

|Ã|L(Ker(A(Θ∗
3 ,0))

⊥
,Im(Ã))

≤ c, (11.44)

|Ã−1|L(Im(Ã),Ker(A(Θ∗
3 ,0))

⊥
)
≤ c. (11.45)

Now, we claim that we can further restrict δ if necessary so that

|w1 · ∂ΘG| > cs. (11.46)

In fact, note that (11.22)-(11.23) imply that R ∈ (Xk0+2)3, thus by (11.9), we have ∂ΘG ∈

(Y k0+1)3 ⊂ Y k0+1 × (Y k0)2. Also we have

∂ΘG =

∫ 1

0

∂t (∂ΘG(Θ
∗
3 + v ·R, t(sv + (I − P )R))) dt

=

∫ 1

0

∂ΘDG(Θ
∗
3 + v ·R, t(sv + (I − P )R))[sv + (I − P )R]dt,

thus

|∂ΘG|Y k0+1×(Y k0 )2 ≤ |∂ΘG|(Y k0+1)3 ≤ c|sv + (I − P )R|(Xk0+2)2 ≤ cs, (11.47)

where the second inequality follows from (11.9) and the last inequality follows from (11.23). Then
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it follows that (recall that f · g is the dot product in L2 space),

|∂ΘG · w1| ≥ |∂ΘG · w| − |∂ΘG · (w1 − w)|

≥ c1s− |∂ΘG · (w1 − w)|

≥ c1s− cs|w − w1|Xk0+1×(Xk0 )2

≥ c1s− cδs,

where we used (11.40), (11.47) and (11.43) for the second, third and the fourth inequality, respec-

tively. Hence, assuming δ is small, we have (11.46).

To prove (11.27), pick an arbitrary z ∈ Y k0+1× (Y k0)2. There exists a unique η ∈ Ker (A(Θ∗
3, 0))

and a unique h ∈ Ker (A(Θ∗
3, 0))

⊥
such that

(v · η)Q1∂ΘG = Q1z (11.48)

(v · η)(I −Q1)∂ΘG+ Ã[h] = (I −Q1)z. (11.49)

In fact, there exists a unique η in (11.48) thanks to (11.46) and that Q1 is the projection to a

one-dimensional space spanned by w1. Once η is fixed, the existence and the uniqueness of h in

(11.49) follows from (11.45). Once η and h are determined, it is clear that

Ts(R)[h+ η] = (v · (h+ η))∂ΘG+ Ã[η + h] = (v · η)∂ΘG+ Ã[h] = z, (11.50)

where we used v · h = 0 and Ã[η] = Ã[(I − P )η] = 0, which follows from the definition of Ã in

(11.41). Therefore T (R)−1z = h+ η. Furthermore we have from (11.48) and (11.49) that

|η|(Xk0+1)3 ≤ c
|z · w1|

|∂ΘG · w1|
(11.51)

|h|(Xk0+1)3 ≤ |Ã−1(I −Q1)∂ΘG(v · η)|(Xk0+1)3 + |Ã−1(I −Q1)z|(Xk0+1)3 . (11.52)

Using (11.46) and (11.45), we obtain

|η|(Xk0+1)3 ≤ c
|z|Y k0+1×(Y k0 )2

s
, (11.53)

|h|(Xk0+1)3 ≤ c|∂ΘG|Y k0+1×(Y k0 )2
|z|Y k0+1×(Y k0 )2

s
+ c|z|Y k0+1×(Y k0 )2 ≤ c

|z|Y k0+1×(Y k0 )2

s
, (11.54)

where we used (11.47). This proves (11.27).
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To show (11.28), we compute

(
DG̃s(R) ◦ Ts(R)−1 − I

)
[z] = a(Θ∗

3 + v ·R, sv + (I − P )R) ◦ T (R)−1[z],

which follows from (11.20). This implies

|
(
DG̃s(R) ◦ Ts(R)−1 − I

)
[z]|(Xk0)

3 ≤ c|a(Θ∗
3 − v ·R, sv + (I − P )R) ◦ T (R)−1[z]|(Xk0)

3

≤ c|G(Θ∗
3 + v ·R, sv + (I − P )R)|(Y k0)

3 |Ts(R)−1[z]|(Xk0+1)
3

≤ c|G̃s(R)|(Y k0)
3 |Ts(R)−1[z]|(Xk0+1)

3 ,

where we used (11.14) to get the second inequality and used the definition of G̃s(R) to obtain the

last inequality.

In order to prove (11.29), we improve on the estimates in (11.51) and (11.52). For (11.51), recall

that η is in a one-dimensional space, span{v} and v is supported on the m-th Fourier mode. Thus,

|η|(Xk0+1+σ)3 ≤ c|η|(Xk0+1)3 ≤ c
|z|Y k0+1×(Y k0 )2

s
, (11.55)

where c may depend on σ. Furthermore, (c̃-2) in Theorem 11.1.7 and (11.49) give us that

|h|(Xk0+1+σ)3 ≤ c(1 + |R|(Xk0+4+σ)3)
(
|(v · η)∂ΘG|Y k0+1×(Y k0 )2 + |z|Y k0+1×(Y k0 )2

)
+ c

(
|(v · η)∂ΘG|Y k0+1+σ×(Y k0+σ)2 + |z|Y k0+1+σ×(Y k0+σ)2

)
. (11.56)

Using (11.47) and (11.53), we have

|(v · η)∂ΘG|Y k0+1×(Y k0 )2 ≤ |∂ΘG|Y k0+1×(Y k0 )2 |v · η| ≤ c |z|Y k0+1×(Y k0 )2 .

For the higher norm of ∂ΘG, we use (11.9) and and (11.53) and obtain

|(v · η)∂ΘG|Y k0+1+σ×(Y k0+σ)2 ≤ c |∂ΘG|(Y k0+1+σ)3 |v · η|

≤ c

s

(
1 + |R|(Xk0+2+σ)3

)
|z|Y k0+1×(Y k0 )2 .

Therefore, (11.56) gives us

|h|(Xk0+1+σ)3 ≤ c

s

(
(1 + |R|(Xk0+4+σ)3) |z|Y k0+1×(Y k0 )2 + |z|Y k0+1+σ×(Y k0+σ)2

)
.
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Combining with (11.55), we obtain (11.29).

Proof of (C). Finally, if R = 0, then we have |∂ΘG|Y k0+1×(Y k0 )2 = |∂ΘG(Θ3, sv)|Y k0+1×(Y k0 )2 ≤

cs. Therefore we can improve (11.54) and obtain

|h|(Xk0+1)3 ≤ c|z|Y k0+1×(Y k0 )2 ,

which implies (11.31). (11.27) follows trivially from (11.30). This completes the proof.

Lemma 11.1.10. Let G̃s be as in (11.19). Then there exists an open set V 3 near 0 ∈ (X3)3 such

that for all R, R̃ ∈ V 3 and k ≥ 2,

(a’) (Initial value) |G̃s(0)|(Xk)3 ≲k s
2.

(b’) (Taylor estimate) If ∥R∥(Xk+3)3 , ∥R̃∥(Xk+3)3 ≤ η for some 0 < η = η(k) < 1, then


|DG̃s(R)[h]|(Y k)3 ≲k |h|(Xk+1)3

|G̃s(R̃)− G̃s(R)−DG̃s(R)[R̃−R]|(Y k)3 ≲k |R̃−R|2(Xk+1)3

|G̃s(R̃)− G̃s(R)−DG̃s(R)[R̃−R]− 1
2D

2G̃s[R̃−R, R̃−R]|(Y k)3 ≲k |R̃−R|3(Xk+1)3 .

Proof. (a’) follows from the fact that v ∈ Ker(DG(Θ∗
3, 0)) and G(Θ∗

3, 0) = 0. (b’) is due to (b) in

Theorem 11.1.7.

Nash-Moser iteration

For β,N > 0 and 2 ≤ k ∈ N, we consider a regularizing operator S(N) : (Xk)3 7→ (C∞)3 such that


|S(N)R|(Xk+β)3 ≲k,β N

β |R|(Xk)3 ∀ R ∈ (Hk)3

|(I − S(N))R|(Hk)3 ≲k,β N
−β |R|(Xk+β)3 ∀ R ∈ (Hk+β)3.

(11.57)

Note that we can choose S so that PS(N) = S(N)P , since v is supported on the m-th Fourier mode

(see (d) in Theorem 11.1.7).

For Nn > 1 and even integer β > 0, which will be chosen later, we set


Rn+1 = Rn − S(Nn)Ts(Rn)

−1[G̃s(Rn)] for n ≥ 0

R0 = 0,

(11.58)
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and 

an := |Rn+1 −Rn|(Xk0+1)3

a′n := |Rn+1 −Rn|(Xk0+2)3

a′′n = |Rn+1 −Rn|(Xk0+4)3

bn := |G̃s(Rn)|(Y k0 )3

Cn := |Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1+β)3 .

(11.59)

Note that our goal is to show that
∑∞

n=0 an <∞, which implies that Rn converges in (Xk0+1)3.

In order to prove the assumptions in (11.22)-(11.24), we will need the boundedness of a′n and a′′n as

well.

Lemma 11.1.11. Let ϵ > 0 and k0 ≥ 2 fixed and let s0 and δ be defined as in Lemma 11.1.9.

We also assume that δ is even smaller if necessary, so that δ < η(k0) where η(k0) is as in (b’)

in Lemma 11.1.10. For any n ≥ 0 such that Rn satisfies (11.22), (11.23) and (11.24) for some

s ∈ (0, s0), then we have

a0 ≲ε,k0 s, (11.60)

an ≲ε,k0

1

s
Nnbn for n ≥ 1, (11.61)

b0 ≲ε,k0,β s
2 (11.62)

b1 ≲ε,k0,β (N3
0 + 1)s3 +N−β

0 C0. (11.63)

bn+1 ≲ε,k0,β a
2
n +

1

s
Nnb

2
n +N−β

n (1 + bn)Cn for n ≥ 1, (11.64)

a′n ≲ε,k0

1

s
N2

nbn for n ≥ 0, (11.65)

a′′n ≲ε,k0

1

s
N4

nbn for n ≥ 0. (11.66)

Furthermore, we have

|PR1|(Xk0+2)3 ≲ε,k0
N0s (11.67)

|(I − P )R1|(Xk0+2)3 ≲ε,k0 N0s
2. (11.68)

Proof. Proof of (11.60), (11.61), (11.67) and (11.68). We first claim that

|PR1|(Xk0+1)3 ≲ s (11.69)
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|(I − P )R1|(Xk0+1)3 ≲ s2, (11.70)

Let us prove (11.69) first. Thanks to (a’) in Lemma 11.1.10 and (11.30), we have

|PR1|(Xk0+1)3 = |S(N0)PTs(0)
−1[G̃s(0)]|(Xk0+1)3 ≲ |PTs(0)−1[G̃s(0)]|(Xk0+1)3 ≲

1

s
|G̃s(0)|(Y k0+1)3 ≲ s,

where we used that S(N0) and P commute to obtain the first equality. To prove (11.70), we use

(11.31) and compute

|(I − P )R1|(Xk0+1)3 ≲ |S(N0)(I − P )Ts(0)
−1[G̃s(0)]|(Xk0+1)3

≲ |(I − P )Ts(0)
−1[G̃s(0)]|(Xk0+1)3

≲ |G̃s(0)|(Y k0+1)3

≲ s2,

which proves (11.70). With the claim, (11.60) follows immediately. (11.61) (11.67) and (11.68) can

be proved in exactly the same way as above using (11.57).

Proof of (11.62), (11.63) and (11.64). Note that Lemma 11.1.10 immediately implies (11.62).

Now, let us prove (11.63) and (11.64). We have

bn+1 := |G̃s(Rn+1)|(Y k0 )3 ≲ |G̃s(Rn+1)− G̃s(Rn)−DG̃s(Rn)[Rn+1 −Rn]|(Y k0 )3

+ |G̃s(Rn) +DG̃s(Rn)[Rn+1 −Rn]|(Y k0 )3

=: J1 + J2, (11.71)

We claim that 
J1 ≲ s3 if n = 0

J1 ≲ a2n = |Rn+1 −Rn|2(Xk0+1)3
if n ≥ 1.

(11.72)

If n = 0, we have

J1 ≲

∣∣∣∣G̃s(R1)− G̃s(0)−DG̃s(0)[R1]−
1

2
D2G̃s(0) [R1, R1]

∣∣∣∣
(Y k0 )3

+
1

2
|D2G̃s(0)[R1, R1]|(Y k0 )3

≲ |R1|3(Xk0+1)3 +
1

2
|D2G̃s(0)[R1, R1]|(Y k0 )3

≲ s3 +
1

2
|D2G̃s(0)[R1, R1]|(Y k0 )3 ,
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where we used (b’) in Lemma 11.1.10 in the second inequality and (11.69) and (11.70) in the last

inequality. To estimate D2G̃, we recall the definition of G̃s and compute

D2G̃s(0)[R1, R1] =

(
d

dt

)2

G(Θ∗
3 + tv ·R1, sv + (I − P )tR1)

∣∣∣∣
t=0

= ∂ΘΘG(Θ
∗
3, sv)(v ·R1)

2 + 2(v ·R1)∂ΘDG(Θ
∗
3, sv)[(I − P )[R1]]

+D2G(Θ∗
3, sv) [(I − P )R1, (I − P )R1] .

Since ∂ΘΘG(Θ
∗
3, 0) = 0, therefore

|∂ΘΘG(Θ
∗
3, sv)|(Y k0 )3 =

∣∣∣∣∫ s

0

d

dt
(∂ΘΘG(Θ

∗
3, tv)) dt

∣∣∣∣
(Y k0 )3

≲ s,

which implies |∂ΘΘG(Θ
∗
3, sv)(v · R1)

2|(Y k0 )3 ≲ s3, since |v · R1| ≲ |PR1|(Xk0+1)3 ≲ s, which follows

from (11.69). Also it follows from (b), (11.69) and (11.70) that

|2(v ·R1)∂ΘDG(Θ
∗
3, sv)[(I − P )[R1]]|(Y k0 )3 ≲ s3,

|D2G(Θ∗
3, sv)[(I − P )R1, (I − P )R1]|(Y k0 )3 ≲ s4,

therefore, |D2G̃s(0)[R1, R1]|(Y k0 )3 ≲ s3. Thus, we have J1 ≲ s3, which proves (11.72) for n = 0. If

n ≥ 1, the claim in (11.72) follows immediately from (b’) in Lemma 11.1.10.

In order to estimate J2 in (11.71), we have that for n ≥ 0,

J2 ≲ |(I −DG̃s(Rn) ◦ Ts(Rn)
−1)[G̃s(Rn)]|(Y k0 )3

+ |DG̃s(Rn) (I − S(Nn))Ts(Rn)
−1[G̃s(Rn)]|(Y k0 )3

=: J21 + J22.

Then it follows from (11.57) and (11.28) that

J21 ≲ |G̃s(Rn)|(Y k0 )3 |Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1)3

≲ |G̃s(Rn)|(Y k0 )3 |S(Nn)Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1)3

+ |G̃s(Rn)|(Y k0 )3 | (I − S(Nn))Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1)3

≲ Nn|G̃s(Rn)|(Y k0 )3 |Ts(Rn)
−1[G̃s(Rn)]|(Xk0 )3
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+N−β
n |G̃s(Rn)|(Y k0 )3 |Ts(Rn)

−1[G̃s(Rn)]|(Xk0+1+β)3

≲
1

s
Nn|G̃s(Rn)|2(Y k0 )3 +N−β

n |G̃s(Rn)|(Y k0 )3 |Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1+β)3

≲
1

s
Nnb

2
n +N−β

n bnCn,

where the fourth inequality follows from (11.32). Also we have

J22 ≲ | (I − S(Nn))Ts(Rn)
−1[G̃s(Rn)]|(Xk0+1)3 ≲ N−β

n Cn.

Hence we have for n ≥ 0 that

J2 ≲
1

s
Nnb

2
n +N−β

n (1 + bn)Cn. (11.73)

Thus with (11.71), (11.72), (11.73) and (a’) in lemma 11.1.10, we have that


b1 ≲ (1 +N0)s

3 +N−β
0 C0

bn+1 ≲ a2n + 1
sNnb

2
n +N−β

n (1 + bn)Cn for n ≥ 1.

(11.74)

Proof of (11.65) and (11.66). Finally, for (11.65) and (11.66), we use (11.32) to compute

|Rn+1 −Rn|(Xk0+2)3 = |S(Nn)Ts(Rn)
−1[G̃s(Rn)]|(Xk0+2)

3 ≲ N2
n

1

s
bn, (11.75)

|Rn+1 −Rn|(Xk0+4)3 = |S(Nn)Ts(Rn)
−1[G̃s(Rn)]|(Xk0+4)

3 ≲ N4
n

1

s
bn. (11.76)

This finishes the proof.

Let us now derive a recursive formula for Cn.

Lemma 11.1.12. For j = 0, . . . , n − 1 assume that Rj satisfies the same assumptions as in

Lemma 11.1.11, that is, given ϵ > 0 and k0 ≥ 2, Rj satisfies (11.22), (11.23) and (11.24) and

the assumptions of Lemma 11.1.10 for s ∈ (0, s0(ϵ, k0)) and δ = δ(ε, k0) > 0. Then,

Cn ≲ε,k0,β
1

s

(
1 + n sup

j=0,...n−1
N4

j Cj

)
, for n ≥ 1 and C0 ≲ε,k0,β s.

Proof. It follows from (a’) in Lemma 11.1.10 and (11.29) in Lemma 11.1.9 that

C0 ≲
1

s
|G̃s(0)|Y k0+1+β×(Y k0+β)2 ≲

1

s
|G̃s(0)|(Y k0+1+β)3 ≲ s.
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Now let us assume that n ≥ 1. It follows from the definition of Cn in (11.59) and (11.29) that (recall

that β is even)

Cn ≲
1

s

(
(1 + |Rn|(Xk0+4+β)3)|G̃s(Rn)|Y k0+1×(Y k0 )2 + |G̃s(Rn)|Y k0+1+β×(Y k0+β)2

)
.

Using (11.8), we have

|G̃s(Rn)|Y k0+1×(Y k0 )2 ≲ |G̃s(Rn)|(Y k0+1)3 ≲ 1 + |Rn|(Xk0+2)3 ≲ 1,

|G̃s(Rn)|Y k0+1+β×(Y k0+β)2 ≲ 1 + |Rn|(Xk0+2+β)3 .

therefore, we have

Cn ≲
1

s
(1 + |Rn|(Xk0+4+β)3).

For Rn, we have

|Rn|(Xk0+4+β)3 ≲
n−1∑
j=0

|Rj+1 −Rj |(Xk0+4+β)3

≲
n−1∑
j=0

∣∣∣S(Nj)Ts(Rj)
−1[G̃s(Rj)]

∣∣∣
(Xk0+4+β)3

≲
n−1∑
j=0

N3
j Cj

≲ n sup
j=0,...,n−1

N3
j Cj .

Hence, we obtain the desired result.

Now we are ready to prove the main theorem of this section.

Proof of Theorem 11.1.7: We fix k0 ≥ 2 and pick ϵ̃, s̃ > 0 so that

∞∑
k=1

s−1+2( 67
64 )

k

≤ s1+ϵ̃ for all s ∈ (0, s̃). (11.77)

And we choose

β := 816 and ϵ := min

{
1

4
,
ϵ̃

2

}
> 0, (11.78)

and let s0 = s0(ϵ, k0), δ = δ(ϵ, k0) be as in Lemma 11.1.9. As before, we can also assume δ is small
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enough so that δ < η(k0) where η is as in (b’) in Lemma 11.1.10. Since k0, ϵ and β are fixed,

by Lemma 11.1.11 and 11.1.12, we can find a constant K > 0 such that as long as Rn satisfies

(11.22),(11.23) and (11.24), for some s ∈ (0, s0), it holds that for any sequence of positive numbers

Nn, and

a0 ≤ Ks (11.79)

|PR1|(Xk0+2)3 ≤ KN0s (11.80)

|(I − P )R1|(Xk0+2)3 ≤ KN0s
2. (11.81)

an ≤ K

s
Nnbn for n ≥ 1, (11.82)

b0 ≤ Ks2, (11.83)

b1 ≤ K
(
(N3

0 + 1)s3 +N−β
0 C0

)
(11.84)

bn+1 ≤ K(a2n +
1

s
Nnb

2
n +N−β

n (1 + bn)Cn) for n ≥ 1, (11.85)

a′n ≤ K

s
N2

nbn for n ≥ 0, (11.86)

a′′n ≤ K

s
N4

nbn for n ≥ 0, (11.87)

Cn ≤ K

s

(
1 + n sup

j=0,...n−1

∣∣N4
j Cj

∣∣) for n ≥ 1, (11.88)

C0 ≤ Ks. (11.89)

In what follows, we assume without loss of generality that

K > 1, and δ < 1. (11.90)

For such K, we can find s∗ such that for all s ∈ (0, s∗) (each of them can be easily verified for

small enough s > 0),

2Kn < s−2( 67
64 )

n−1
+1 for all n ≥ 1, (11.91)

4K3s
7
16 <

1

2
, (11.92)

Ks
ϵ̃
2 ≤ 1

2
, (11.93)

s < 1, (11.94)

K2s
3
4 ≤ 1

2
δ, (11.95)
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K

∞∑
k=1

s−1+ 127
64 (

67
64 )

k

≤ 1

2
δ, (11.96)

K(n+ 2) ≤ s1−2( 67
64 )

n

for all n ≥ 0, (11.97)

3K3 ≤ s2+(−
139
32 + 143

64 · 6764 )(
67
64 )

n

for all n ≥ 1, (11.98)

3K ≤ s1+(−
141
32 + 143

64 (
67
64 ))(

67
64 )

n

for all n ≥ 1, (11.99)

6K ≤ s(−
816
16 + 768

16 + 143
64

67
64 )(

67
64 )

n

for all n ≥ 1. (11.100)

Lastly, we fix s ∈ (0,min {s0, s∗, s̃}) and

Nn := s−
1
16 (

67
64 )

n

for n ≥ 0. (11.101)

We claim that for all n ≥ 0,

(P1)n : Rn+1 satisfies (11.22),(11.23) and (11.24).

(P2)n : Cn ≤ N768
n .

(P3)n : bn+1 ≤ s
143
64 (

67
64 )

n+1

.

(P4)n : an+1 ≤ Ks−1+ 139
64 (

67
64 )

n+1

.

Once we have the above claims, then (P1)n justifies all the recurrence formulae above for all n ∈ N,

which follows from Lemma 11.1.11 and 11.1.12. Also, it is clear from (11.82) and (P4)n that

∞∑
n=0

an ≤ KN0s+K

∞∑
n=1

s−1+ 139
64 (

67
64 )

n

<∞.

Therefore Rn is a Cauchy sequence in (Xk0+1)3, and we can find a limit R∞ := limn→∞Rn. Then,

(P3)n and the continuity of the functional R 7→ G̃s implies that G̃s(R∞) = 0. From the definition of

G̃s in (11.19), this implies the existence of a solution R = R(s) ̸= 0 for each s ∈ (0,min {s0, s∗, s̃})

and finishes the proof.

Now we prove the claim (Pi)n for i = 1, . . . , 4. We will follow the usual induction argument.

Initial step. In the initial case, we assume that n = 0. We first prove (P1)0. It follows from

(11.80),(11.81) and (11.101) that

|PR1|(Xk0+2)3 ≤ Ks
15
16 ≤ s

1
4 ≤ sϵ (11.102)

|(I − P )R1|(Xk0+2)3 ≤ Ks1+
15
16 ≤ s1+

1
4 ≤ s1+ϵ, (11.103)

371



where the two second inequalities follow from (11.92) (Ks
15
16 ≤ 4K3s

7
16 s

1
2 < s

1
4 ) and the last

inequalities follow from (11.94) and (11.78). Furthermore, it follows from (11.87), (11.83) and

(11.101) that

|R1|(Xk0+4)3 = a′′0 ≤ K

s
·
(
s−

1
16

)4
·
(
Ks2

)
≤ K2s

3
4 ≤ 1

2
δ, (11.104)

where the last inequality follows from (11.95). Therefore (P1)0 holds for n = 0. (P2)0 follows

immediately from (11.89) and (11.101). In order to prove (P3)0, note that thanks to (11.84), it is

enough to show that

K
(
(N3

0 + 1)s3 +N−β
0 C0

)
≤ s

143
64 · 6764 ,

in other words,

K
(
s

45
16 + s3 +Ks

816
16 s
)
≤ s

143
64 · 6764 ,

where we used (11.78), (11.89) and (11.101). By (11.94), s
45
16 is the largest value among the three in

the parentheses, hence it is sufficient to show that 3K2 < s
143
64 · 6764−

45
16 . Since 143

64 · 67
64 − 45

16 > − 1
2 , it is

enough to show that 3K3 ≤ s−
1
2 , which follows from (11.92). (P4)0 follows from (11.82), (11.101)

and (P3)0.

Induction step. In this step, we assume that (Pi)k is true for all 0 ≤ k ≤ n0 and aim to prove

(Pi)n0+1. Let us prove (P1)n0+1 first. It follows from (11.86), (11.101) and (P3)k for k = 0, . . . , n0,

that
n0+1∑
k=1

a′k ≤ K

n0+1∑
k=1

s−1
(
s−

1
16 (

67
64 )

k)2
· s

143
64 (

67
64 )

k

≤ K

n0+1∑
k=1

s−1+2( 67
64 )

k

≤ Ks1+ϵ̃,

where the last inequality follows from our choice on ϵ̃ and s ∈ s̃ in (11.77). Hence, we have

n0+1∑
k=1

a′k ≤
(
Ks

ϵ̃
2

)
s1+

ϵ̃
2 ≤ 1

2
s1+

ϵ̃
2 ≤ 1

2
s1+ϵ,

where the second inequality follows from (11.93) and the last inequality follows from (11.78) and

(11.94). Therefore we obtain

|PRn0+2|(Xk0+2)3 ≤ |PR1|(Xk0+2)3 +

n0+1∑
k=1

a′k ≤ Ks
15
16 +

1

2
s1+ϵ ≤

(
Ks

7
16

)
s

1
2 +

(
1

2
s

)
sϵ ≤ sϵ,

where the second inequality follows from (11.102) and the last inequality follows from ϵ < 1
2 and

Ks
7
16 ≤ 1

2 , which can be deduced from (11.93) and (11.78). Using (11.103), instead of (11.102), one
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can easily obtain

|(I − P )Rn0+2|(Xk0+2)3 ≤ s1+ϵ.

To prove (11.24) for Rn0+2, we compute

|Rn0+2|(Hk0+4)3 ≤ a′′0 +

n0+1∑
k=1

a′′k ≤ 1

2
δ +K

n0+1∑
k=1

s−1
(
s−

1
16 (

67
64 )

k)4
· s

143
64 (

67
64 )

k

≤ 1

2
δ +K

∞∑
k=1

s−1+ 127
64 (

67
64 )

k

≤ δ, (11.105)

where the second inequality follows from (11.104), (11.87) and (P3)k, for 0 ≤ k ≤ n0, and the last

inequality follows from (11.96). This proves (P1)n0+1.

We turn to (P2)n0+1. Using (11.88) and (P2)n0
, we have

Cn0+1 ≤ K

s
(2 + n0)N

4
n0

sup
j=0,...,n0

Cj ≤
K

s
(2 + n0)N

772
n0

,

where the last inequality follows from (P2)n0 . Hence, it suffices to show that

K

s
(2 + n0)N

772
n0

≤ (Nn0+1)
768.

Plugging (11.101), this is equivalent to

K(n0 + 2) ≤ s1+(
67
64 )

n0( 772
16 − 768

16 · 6764 ) = s1−2( 67
64 )

n0

,

which is true thanks to our choice of s in (11.97). This proves (P2)n0+1.

For (P3)n0+1, thanks to (11.85), it is enough to show that

K

(
a2n0+1 +

1

s
Nn0+1b

2
n0+1 +N−β

n0+1(1 + bn0+1)Cn0+1)

)
≤ s

143
64 (

67
64 )

n0+2

.

Using (P4)n0
, (11.101), (P3)n0

, (11.78), (P2)n0+1 and (11.94), which implies bn0+1 ≤ 1 , we only

need to show that

K

(Ks−1+ 139
64 (

67
64 )

n0+1)2
︸ ︷︷ ︸

=:A1

+ s−1s−
1
16 (

67
64 )

n0+1

s
143
32 (

67
64 )

n0+1︸ ︷︷ ︸
=:A2

+2s
816
16 (

67
64 )

n0+1

s−
768
16 (

67
64 )

n0+1︸ ︷︷ ︸
=:A3

 ≤ s
143
64 (

67
64 )

n0+2

.

(11.106)
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We will show that KAi ≤ 1
3s

143
64 (

67
64 )

n0+2

for i = 1, 2, 3. For A1, it suffices to show that

K3s−2+ 139
32 (

67
64 )

n0+1

≤ 1

3
s

143
64 (

67
64 )

n0+2

,

equivalently,

3K3 ≤ s2+(−
139
32 + 143

64 · 6764 )(
67
64 )

n0+1

,

and this follows from our choice of s in (11.98). For A2, we need to show that

Ks−1+ 141
32 (

67
64 )

n0+1

≤ 1

3
s

143
64 (

67
64 )

n0+2

,

eqvalently,

3K ≤ s1+(−
141
32 + 143

64 (
67
64 ))(

67
64 )

n0+1

,

and this follows from (11.99). For A3, it is enough to show that

2Ks
816
16 (

67
64 )

n0+1

· s−
768
16 (

67
64 )

n0+1

≤ 1

3
s

143
64 (

67
64 )

n0+2

,

equivalently,

6K ≤ s(−
816
16 + 768

16 + 143
64

67
64 )(

67
64 )

n0+1

,

which follows from (11.100). This proves (P3)n0+1.

Lastly, (P4)n0+1 can be proved by (11.82) and (P3)n0+1, that is,

an0+2 ≤ Ks−1Nn0+2bn0+2 ≤ Ks−1s(−
1
16+

143
64 )(

67
64 )

n0+2

= Ks−1+ 139
64 (

67
64 )

n0+2

,

which finishes the proof. 2

11.1.4 Estimates on the velocity

In Subsection 11.1.5, we will check whether our functional G in (11.5) satisfies the hypotheses in

Theorem 11.1.7. In this section, we will derive some useful estimates on the velocity vector generated

by each patch. Recall that given b1, b2 > 0, b1 ̸= b2, and R1, R2 ∈ C∞(T), we denote for i, j = 1, 2,

R = (R1, R2) ∈ (C∞(T))2, (11.107)

zi(R)(x) = (bi +Ri(x))(cosx, sinx), (11.108)
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ui,j(R)(x) :=

u1i,j(R)
u2i,j(R)

 =

∫
T
log(|zj(R)(x)− zi(R)(y)|2)zi(R)′⊥(y)dy. (11.109)

Proposition 11.1.13. For k ≥ 2, there exists ϵ = ϵ(k, b1, b2) > 0 such that if ∥R∥(H3(T))2 ≤ ϵ, then

(A) ui,j : (H
k+1(T))2 7→ (Hk(T))2, and ∥ui,j∥(Hk(T))2 ≲k,b1,b2 1+∥R∥(Hk+1(T))2 .

(B) The Gateaux derivative Dui,j(R) : (H
k+1(T))2 7→ (Hk+1(T))2 exists and

∥Dui,j(R)[h]∥(Hk+1(T))2 ≲k,b1,b2∥h∥(Hk+1(T))2+∥R∥(Hk+3(T))2∥h∥(H1(T))2 , for h ∈ (C∞(T))2.

(C) The map R 7→ Dui,j(R) is Lipschitz continuous, in the sense that for R, r, h ∈ (C∞(T))2 such

that ∥R∥(H3(T))2 , ∥r∥(H3(T))2 ≤ ϵ, and ∥R∥(Hk+3(T))2 , ∥r∥(Hk+3(T))2 ≤ 1,

∥Dui,j(R)[h]−Dui,j(r)[h]∥(Hk+1(T))2 ≲k,b1,b2∥R−r∥(H2(T))2∥h∥(Hk+1(T))2+∥R−r∥(Hk+3(T))2∥h∥(H1(T))2 .

(D) For σ ∈ N ∪ {0}, there exists a linear operator Tσ
i,j(R) such that for h ∈ (C∞(T))2,

(
d

dx

)σ

(Dui,j(R)[h]) = Dui,j(R)[h
(σ)] + Tσ

i,j(R)[h],

where Tσ
i,j(R) satisfies

∥Tσ
i,j(R)[h]∥(Hk+1(T))2 ≲k (1+∥R∥(Hk+4+σ(T))2)∥h∥(L2(T))2 + (1+∥R∥(H4(T))2)∥h(k+σ)∥(L2(T))2 .

Remark 11.1.14. It is well known that roughly speaking, if ∂D is Ck+α-regular for some k ≥ 1,

α > 0 then the velocity ∇⊥(1D ∗ log |x|) is also Ck+α-regular up to the boundary. In (A) in the above

Proposition, we do not aim to prove the optimal regularity since it is not necessary in the proof of

the main theorem.

The proof of the proposition will be given after Lemmas 11.1.15 and 11.1.16. We will deal

with the case i = j only. If i ̸= j, then the integrand in ui,j has no singularity thus the result

follows straightforwardly in a similar manner. Hence, by abuse of notation, we denote for b > 0 and

R ∈ C∞(T),

z(R)(x) := (b+R(x))(cosx, sinx), (11.110)
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u(R)(x) :=

u1(R)
u2(R)

 :=

∫
T
log
(
|z(R)(x)− z(R)(y)|2

)
z(R)′⊥(y)dy. (11.111)

Let us write u(R) as

u(R)(x) =

∫
T
log (2− 2 cos(x− y)) z(R)′⊥(y)dy +

∫
T
log

(
|z(R)(x)− z(R)(y)|2

2− 2 cos(x− y)

)
z(R)′⊥(y)dy

=

∫
T
log (2− 2 cos(x− y)) z(R)′⊥(y)dy +

∫
T
K(R)(x, y)z(R)′(y)⊥dy

=: uL(R)(x) + uN (R)(x), (11.112)

where

K(R)(x, y) = F (R(x), R(y), J(R)(x, y)),

F (u, v, w) := log(b2 + b(u+ v) + uv + w2), (11.113)

J(R)(x, y) =
R(x)−R(y)

2 sin(x−y
2 )

.

If ∥R∥H3(T) ≤ ϵ for sufficiently small ϵ > 0, it follows from Lemmas 11.4.10 and 11.4.5 that

∥J(R)∥H2(T2) ≲b∥R∥H3(T) ≲ ϵ. (11.114)

Therefore, for sufficiently small ϵ > 0, Lemmas 11.4.8 and 11.4.10 imply that for l ≥ 2,

∥K(R)∥Hl(T2) ≲l,b 1+∥R∥Hl(T)+∥J(R)∥Hl(T2) ≲l,b 1+∥R∥Hl+1(T), , (11.115)

The next lemma will be used to prove the growth condition of the velocity in (A) in Proposi-

tion 11.1.13.

Lemma 11.1.15. For k ≥ 2, there exists ϵ = ϵ(k, b) > 0 such that if R ∈ C∞(T) and ∥R∥H3(T) ≤ ϵ,

then

∥u∥(Hk(T))2 ≲k,b 1+∥R∥Hk+1(T).

Proof. For uL, then it follows from Lemma 11.4.14 and the fact that R 7→ uL(R) is linear that

∥uL(R)∥(Hk(T))2 ≲∥z(R)′∥(Hk−1(T))2 ≲ 1+∥R∥Hk(T).
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Now, let us consider the nonlinear part. We have

∥uN∥(Hk(T))2 ≲∥K(R)∥Hk(T2)∥z(R)′∥(L∞(T))2 ≲ 1+∥R∥Hk+1(T),

where the last inequality follows from (11.115).

Now we turn to (B), (C) and (D) in Proposition 11.1.13. We will use the following notations:

DK(R)[h] :=
d

dt
K(R+ th)|t=0 = ∂uF (R(x), R(y), J(R)(x, y))︸ ︷︷ ︸

=:∂uF (R)(x,y)

h(x)

+ ∂vF (R(x), R(y), J(R)(x, y))︸ ︷︷ ︸
=:∂vF (R)(x,y)

h(y)

+ ∂wF (R(x), R(y), J(R)(x, y))︸ ︷︷ ︸
=:∂wF (R)(x,y)

J(h)(x, y), (11.116)

where J(h) := h(x)−h(y)

2 sin( x−y
2 )

and

Dz(R)′⊥[h] :=
d

dt
z(R+ th)′⊥|t=0 = −h′(x)(sinx, cosx)− h(x)(cosx, sinx). (11.117)

With the above notations, we can write the derivative of the nonlinear term as

DuN (R)[h] =

∫
T
K(R)(x, y)Dz(R)′⊥[h](y)dy +

∫
T
DK(R)[h](x, y)z(R)′⊥(y)dy

=: Du1N (R)[h] +Du2N (R)[h]. (11.118)

Again, Lemma 11.4.8 and (11.114) yield that if ∥R∥H3(T) ≤ ϵ for sufficiently small ϵ > 0, then for

l ≥ 2,

∥∂uF (R)∥(Hl(T))2 , ∥∂vF (R)∥(Hl(T))2 , ∥∂wF (R)∥(Hl(T))2 ≲l 1+∥R∥Hl(T)+∥J(R)∥Hl(T2)

≲l 1+∥R∥Hl+1(T). (11.119)

Also, if R1, R2 ∈ C∞(T) and ∥R1∥H3(T), ∥R2∥H3(T) ≤ ϵ, then from Lemma 11.4.8, it follows that

∥∂uF (R1)− ∂uF (R2)∥(Hl(T))2 , ∥∂vF (R1)− ∂vF (R2)∥(Hl(T))2 , ∥∂wF (R1)− ∂wF (R2)∥(Hl(T))2 ≲l∥R1 −R2∥Hl+1(T).

(11.120)
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For ∂wF
#(R)(x) := limy→x ∂wF (R)(x, y) = ∂wF (R(x), R(x), R

′(x)), we have

∥∂wF#(R)∥Hl(T) ≲l 1+∥R∥Hl+1(T), (11.121)

∥∂wF#(R)∥L∞(T) ≲ 1+∥R∥H2(T) ≲ 1. (11.122)

∥∂wF#(R1)− ∂wF
#(R2)∥Hl(T) ≲l∥R1 −R2∥Hl+1(T), (11.123)

∥∂wF#(R1)− ∂wF
#(R2)∥L∞(T) ≲∥R1 −R2∥H2(T). (11.124)

We decompose Du2N (R)[h] into

Du2N (R)[h] =

∫
T
∂uF (R)(x, y)z(R)

′⊥︸ ︷︷ ︸
=:K1(R)(x,y)

h(x)dy +

∫
T
∂vF (R)(x, y)z(R)

′⊥︸ ︷︷ ︸
=:K2(R)(x,y)

h(y)dy

+

∫
T
∂wF (R)(x, y)z(R)

′⊥︸ ︷︷ ︸
=:K3(R)(x,y)

J(h)(x, y)dy (11.125)

=: Du2N1(R)[h] +Du2N2(R)[h] +Du2N3(R)[h]. (11.126)

Then it follows from Lemma 11.4.5, (11.119), (11.121) and (11.122) that for l ≥ 2,

∥Ki(R)∥Hl(T2) ≲l 1+∥R∥Hl+1(T), for i = 1, 2, 3, (11.127)

∥K3
#(R)∥Hl(T) ≲ 1+∥R∥Hl+1(T), where K3

#(R)(x) := K3(R)(x, x), (11.128)

∥K3
#(R)∥L∞(T) ≲∥K3

#(R)∥H1(T) ≲∥K3
#(R)∥H2(T) ≲ 1+∥R∥H3(T) ≲ 1, (11.129)

∥Ki(R1)−K2(R2)∥Hl(T2) ≲l∥R1 −R2∥Hl+1(T), for i = 1, 2, 3, (11.130)

∥K3
#(R1)−K3

#(R2)∥Hl(T) ≲∥R1 −R2∥Hl+1(T), (11.131)

∥K3
#(R1)−K3

#(R2)∥L∞(T) ≲∥R1 −R2∥H2(T). (11.132)

Furthermore, it follows from the definitions of K3 and ∂wF in (11.125), (11.116) and (11.113) that

∥∇K3(R)(x, y)∥L∞(T2) ≲ 1+∥R′′∥L∞(T)+∥∇J(R)∥L∞(T2) ≲ 1+∥R′′∥L∞(T) ≲ 1. (11.133)

Lemma 11.1.16. For k ≥ 2, there exists ϵ = ϵ(k, b) > 0 such that if R ∈ C∞(T) and ∥R∥H3(T) ≤ ϵ,

the Gateaux derivative Du(R) : Hk+1(T) 7→ (Hk+1(T))2 exists and

∥Du(R)[h]∥(Hk+1(T))2 ≲k,b∥h∥(Hk+1(T))2+∥R∥Hk+3(T)∥h∥H1(T), for h ∈ C∞(T). (11.134)
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Furthermore, if R1, R2 ∈ C∞(T), ∥R1∥H3(T), ∥R2∥H3(T) ≤ ϵ, and ∥R1∥Hk+3(T), ∥R2∥Hk+3(T) ≤ 1,

then

∥Du(R1)−Du(R2)[h]∥(Hk+1(T))2 ≲k,b∥R1 −R2∥H2(T)∥h∥Hk+1(T)+∥R1 −R2∥Hk+3(T)∥h∥H1(T),

(11.135)

for h ∈ C∞(T).

Lastly, for σ ∈ N ∪ {0}, there exists a linear operator Tσ(R) such that for h ∈ C∞(T),

(
d

dx

)σ

(Du(R)[h]) = Du(R)[h(σ)] + Tσ(R)[h], (11.136)

where Tσ(R) satisfies

∥Tσ(R)[h]∥(Hk+1(T))2 ≲k ((1+∥R∥Hk+4+σ(T))∥h∥L2(T) + (1+∥R∥H4(T))∥h(k+σ)∥L2(T). (11.137)

Proof. We omit the proof of (11.135) since it can be proved exactly same way as (11.134) with

(11.222) in Lemma 11.4.8. In order to prove (11.134), we deal with DuL. Since it is linear, we have

DuL(R)[h](x) :=

∫
T
log(2− 2 cos(x− y))Dz(R)′⊥[h](y)dy.

Hence, it follows from Lemma 11.4.14 that

∥DuL(R)[h]∥(Hk+1(T))2 ≲∥Dz(R)′⊥[h]∥(Hk(T))2 ≲∥h∥Hk+1(T). (11.138)

Now, we estimate DuN . Recalling the decomposition in (11.118) we will estimate Du1N and Du2N

separately. For Du1N , it follows from (11.115) and (11.117) that

∥Du1N (R)[h]∥(Hk+1(T))2 ≲∥K(R)∥Hk+1(T2)∥Dz(R)′⊥∥(L2(T))2 ≲ (1+∥R∥Hk+2(T))∥h∥H1(T). (11.139)

For Du2N , we recall the decomposition in (11.126), and use (11.127) and Lemma 11.4.11 to obtain

∥Du2N1(R)[h]∥(Hk+1(T))2 , ∥Du2N2(R)[h]∥(Hk+1(T))2 ≲∥h∥Hk+1(T)+∥R∥Hk+2(T)∥h∥L∞(T).
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For Du2N3(R)[h], we use (11.127), (11.128), (11.129), (11.133) and Lemma 11.4.12 to show that

∥Du2N3(R)[h]∥(Hk+1(T))2 ≲∥R∥Hk+3(T)∥h∥H1(T)+∥h∥Hk+1(T).

Therefore ∥Du2N (R)[h]∥(Hk+1(T))2 ≲∥h∥Hk+1(T)+∥R∥Hk+3(T)∥h∥H1(T). With (11.138), (11.139) and

(11.118), the desired result follows.

Now, we turn to (11.136) and (11.137). Recall from (11.112), (11.118) and (11.126) that

Du(R)[h] =

∫
T
log(2− 2 cos(y))h(x− y)dy +

∫
T
K(R)(x, y)Dz(R)′⊥[h](y)dy

+

∫
T
K1(R)(x, y)z(R)

′⊥(y)h(x)dy +

∫
T
K2(R)(x, y)z(R)

′⊥(y)h(y)dy

+

∫
T
K3(R)(x, y)z(R)

′⊥(y)J(h)(x, y)dy

= I1(R)[h] + I2(R)[h] + I3(R)[h] + I4(R)[h] + I5(R)[h]

where K,K1,K2,K3 are of the form H(R(x), R(y), J(R)(x, y)) for some smooth function H : R3 7→

R. It suffices to show that for each i = 1, . . . , 5 and σ ∈ N ∪ {0},

(
d

dx

)σ

Ii(R)[h] = Ii(R)[h
σ] + Tσ

i (R)[h],

for some Tσ
i (R) such that

∥Tσ
i (R)[h]∥(Hk+1(T))2 ≲ (1+∥R∥Hk+4+σ(T))∥h∥L2(T) + (1+∥R∥H4(T))∥h(k+σ)∥L2(T). (11.140)

We only deal with I5 since the other terms can be done in the same way. We also assume σ ≥ 1

since σ = 0 follows trivially. Let K̃3(R)(x, y) := K3(R)(x, x− y)z(R)′⊥(x− y). Then it follows from

(11.4.5), (11.127), (11.128) and (11.129) that for l ≥ 2,

∥K̃3(R)∥Hl(T2) ≲l 1+∥R∥Hl+1(T), (11.141)

∥K̃#
3 (R)∥Hl(T) ≲ 1+∥R∥Hl+1(T), where K̃

#
3 (R)(x) := K̃3(R)(x, x), . (11.142)

Using the change of variables, y 7→ x− y, we have

(
d

dx

)σ

I5(R)[h] =

∫
T
K̃3(R)(x, y)J(h

(σ))(x, x− y)dy +
∑

p+q=σ,q≤σ−1

Cp,q,σ

∫
T
(∂x)

pK̃3(R)(x, y)J(h
(q))(x, x− y)dy,
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=: I5(R)[h
(σ)](x) +

∑
p+q=σ,q≤σ−1

Cp,q,σ

∫
T
(∂x)

pK̃3(R)(x, x− y)J(h(q))(x, y)dy︸ ︷︷ ︸
=:Tσ,p,q

5 (R)[h](x)

(11.143)

=: I5(R)[h
(σ)](x) + Tσ

5 (R)[h](x), (11.144)

where Cp,q,σ is some constant and we used ∂x (J(h)(x, x− y)) = J(h′)(x, x− y). It suffices to show

that Tσ,p,q
5 (R)[h] satisfies (11.140). Let K̃∗

3 (R)(x, y) := (∂x)
pK̃3(R)(x, x− y). Then it follows from

(11.141) and (11.142) that for l ≥ 2,

∥K̃∗
3 (R)∥(Hl(T2))2 ≲l 1+∥R∥Hl+p+1(T), (11.145)

∥(K̃∗
3 )

#(R)∥(Hl(T))2 ≲ 1+∥R∥Hl+p+1(T), where (K̃∗
3 )

#(R)(x) := K̃∗
3 (R)(x, x), (11.146)

∥(K̃∗
3 )

#(R)∥(L∞(T))2 ≲∥K̃3(R)∥(Wp,∞(T2))2 ≲∥K̃3(R)∥(Hp+2(T2))2 . (11.147)

Furthermore, it follows similarly as (11.133) that

∥∇K̃∗
3 (R)∥L∞(T2) ≲∥∇(p+1)K̃3(R)∥L∞(T2) ≲ 1+∥R(p+2)∥L∞(T) ≲ 1+∥R∥Hp+3(T). (11.148)

Hence it follows from Lemma 11.4.12 that

∥Tσ,p,q
5 (R)[h]∥Hk+1(T) ≲

(
∥K̃∗

3 (R)∥(Hk+2(T2))2+∥(K̃∗
3 )

#(R)∥(Hk+1(T2))2

)
∥h(q)∥H1(T)

+
(
∥(K̃∗

3 )
#(R)∥(L∞(T2))2+∥∇K̃∗

3 (R)∥(L∞(T2))2

)
∥h(q)∥Hk+1(T)

≲ (1+∥R∥Hk+3+p(T))∥h(q)∥H1(T) + (1+∥R∥Hp+3(T))∥h(q)∥Hk+1(T)

≲ (1+∥R∥Hk+3+p(T))∥h∥H1+q(T) + (1+∥R∥Hp+3(T))∥h∥Hk+1+q(T)

where the second last inequality follows from (11.148). Now, recalling that ∥R∥H3(T) ≤ ϵ and

plugging the following inequalities into the above estimate,

∥R∥Hl(T) ≲∥R∥L2(T)+∥R(l)∥L2(T), ∥h∥Hl(T) ≲∥h∥L2(T)+∥h(l)∥L2(T), for l ≥ 0,

we obtain

∥Tσ,p,q
5 (R)[h]∥Hk+1(T) ≲ (1+∥R(k+p+3)∥L2(T))

(
∥h∥L2(T)+∥h(1+q)∥L2(T)

)
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+ (1+∥R(p+3)∥L2(T))(∥h∥L2(T)+∥h(k+1+q)∥L2(T))

=: L1 + L2. (11.149)

For L1, note that k + p+ 3 ≤ k + 3 + σ and q ≤ σ − 1, hence we have

L1 ≲ (1+∥R(k+σ+3)∥L2(T))∥h∥L2(T)+∥h(σ)∥L2(T)+∥R(k+p+3)∥L2(T)∥h(1+q)∥L2(T). (11.150)

Using the interpolation inequality in Lemma 11.4.6, we have

∥R(k+p+3)∥L2(T) =∥(R(4))(k+p−1)∥L2(T) ≲∥R(4)∥1−
k+p−1
k+σ

L2(T) ∥(R(4))(k+σ)∥
k+p−1
k+σ

L2(T)

∥h(1+q)∥L2(T) ≲∥h∥1−
1+q
k+σ

L2(T) ∥h(k+σ)∥
1+q
k+σ

L2(T).

Thus, we have

∥R(k+p+3)∥L2(T)∥h(1+q)∥L2(T) ≲
(
∥R(4)∥L2(T)∥h(k+σ)∥L2(T)

) 1+q
k+σ

(
∥(R(4))(k+σ)∥L2(T)∥h∥L2(T)

) k+p−1
k+σ

≲∥R(4)∥L2(T)∥h(k+σ)∥L2(T)+∥R(k+4+σ)∥L2(T)∥h∥L2(T),

where we used p + q = σ and Young’s inequality. Plugging this inequality into (11.150) and using

∥h(σ)∥L2(T) ≲∥h∥L2(T)+∥h(k+σ)∥L2(T) to estimate the second term on the right-hand side in (11.150),

we obtain

L1 ≲ (1+∥R∥Hk+4+σ(T))∥h∥L2(T) + (1+∥R∥H4(T))∥h(k+σ)∥L2(T).

Similarly, we can obtain

L2 ≲ (1+∥R∥Hk+4+σ(T))∥h∥L2(T) + (1+∥R∥H4(T))∥h(k+σ)∥L2(T).

Recalling (11.149), (11.143) and (11.144), we obtain (11.140). This proves (11.137) and finishes the

proof.

Proof of Proposition 11.1.13: If i = j, then the results follow immediately from Lemma 11.1.15 and

11.1.16. For i ̸= j, the same results follow straightforwardly since there is not singularity in the

integrands. 2

In the next proposition, we estimate the derivative of the velocity with respect to the parameter

b in view of (11.162).
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Proposition 11.1.17. Let R, zi(R), ui,j, be as in (11.107), (11.108) and (11.109). For k ≥ 2,

there exists ϵ = ϵ(k, b1, b2) > 0 such that if ∥R∥(H3(T))2 ≤ ϵ, then

∥∂b1ui,j(R)∥(Hk(T))2 ≲ 1+∥R∥(Hk+1(T))2 . (11.151)

Also, if ∥R∥(H3(T))2 , ∥r∥(H3(T))2 ≤ ϵ and ∥R∥(Hk+1(T))2 , ∥r∥(Hk+1(T))2 ≤ 1, then,

∥∂b1ui,j(R)− ∂b1ui,j(r)∥(Hk(T))2 ≲∥R− r∥(Hk+1(T))2 . (11.152)

If i, j ̸= 1, then (11.151) and (11.152) follow trivially, since u2,2 is independent of b1. As in

Proposition 11.1.13, we only deal with the case where i = j = 1.

Lemma 11.1.18. Let R ∈ C∞(T) and u(R) and z(R) be as in (11.110) and (11.111). For k ≥ 2,

there exists ϵ = ϵ(k, b) > 0 such that if ∥R∥(H3(T))2 ≤ ϵ, then

∥∂bu(R)∥(Hk(T))2 ≲ 1+∥R∥Hk+1(T). (11.153)

Also, if ∥R∥H3(T), ∥r∥H3(T) ≤ ϵ and ∥R∥(Hk+1(T))2 , ∥r∥(Hk+1(T))2 ≤ 1, then,

∥∂b1u(R)− ∂b1u(r)∥(Hk(T))2 ≲∥R− r∥Hk+1(T). (11.154)

Proof. From (11.112), we have

∂bu(R)(x) = ∂buL(R)(x) + ∂buN (R)(x)

=

∫
T
log(2− 2 cos(x− y))(− cos y,− sin y)dy +

∫
T
K4(R)(x, y)z(R)

′⊥(y)dy

+

∫
T
K5(R)(x, y)(− cos y,− sin y)dy

=: B1 +B2(R) +B3(R)

where

K4(R)(x, y) := G(R(x), R(y), J(R)(x, y)),

K5(R)(x, y) := F (R(x), R(y), J(R)(x, y)),

G(u, v, w) = ∂bF (u, v, w) =
2b+ u+ v

b2 + b(u+ v) + uv + w2
,

F (u, v, w) = log(b2 + b(u+ v) + uv + w2).
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Again, using Lemma 11.4.8, we have that for ∥R∥H3(T), ∥r∥H3(T) ≤ ϵ for sufficiently small ϵ > 0,

∥K4(R)∥Hk(T2), ∥K5(R)∥Hk(T2) ≲ 1+∥R∥Hk+1(T),

∥K4(R)−K4(r)∥Hk(T2), ∥K5(R)−K5(r)∥Hk(T2) ≲ (1+∥R∥Hk+1(T)+∥r∥Hk+1(T))∥R− r∥Hk+1(T).

Then (11.153) and (11.154) follow immediately from Lemma 11.4.11.

Proof of Proposition 11.1.17: The case i = j = 1 follows immediately from Lemma 11.1.18. If i ̸= j

then the result follows straightforwardly in a similar manner. 2

Regarding (11.10), (11.11) and (11.13) (note that since b3 in (11.3) depends on Θ3 we need to

estimate the second derivative wit respect to b3 of G.), we need to estimate the higher derivatives

of ui,j .

Proposition 11.1.19. Let R, zi(R), ui,j, be as in (11.107), (11.108) and (11.109). For k ≥ 2,

there exists ϵ = ϵ(k, b1, b2) > 0 such that if ∥R∥(H3(T))2 ≤ ϵ, then

∥D2ui,j(R)[h, h]∥(Hk(T))2 ≲k (1+∥R∥(Hk+2(T))2)∥h∥2(Hk(T))2 , (11.155)

∥∂b3D2ui,j(R)[h, h]∥(Hk(T))2 ≲k (1+∥R∥(Hk+2(T))2)∥h∥2(Hk(T))2 ,

∥∂b1Dui,j(R)[h]∥(Hk(T))2 ≲k (1+∥R∥(Hk+2(T))2)∥h∥(Hk(T))2 ,

∥∂b1b1Dui,j(R)[h]∥(Hk(T))2 ≲k (1+∥R∥(Hk+2(T))2)∥h∥(Hk(T))2 .

Proof. We also consider the i = j = 1 case only and briefly sketch the idea for (11.155), since the

proof is almost identical to Lemma 11.1.16 and Lemma 11.1.18. Adapting the setting in (11.110) and

(11.111), the Gateaux second derivative of u can be written as a linear combination of the integral

operators of the form ∫
T
K(R)(x, y)L(x, y)dy,

where K(R)(x, y) = K̃(R(x), R(y), J(R)(x, y)) for some smooth function K̃ : R3 7→ R2, and L(x, y)

is a product of two of h(x), h(y), h′(y) and J(h)(x, y). As before, K satisfies the estimates in

(11.127), (11.128) and (11.129). Let us consider L(x, y) = J(h)(x, y)2 only, that is,

T (R)[h, h] :=

∫
T
K(R)(x, y)J(h)(x, y)J(h)(x, y)dy.
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Therefore, it follows from Lemma 11.4.13 that

∥T (R)[h, h]∥Hk(T) ≲∥K∥Hk+1(T)∥h∥2Hk(T) ≲ (1+∥R∥Hk+2(T))∥h∥2Hk(T),

where the last inequality follows from the fact that K satisfies (11.127). As mentioned, the other

terms can be estimated in a similar manner and we omit the proofs.

11.1.5 Checking the hypotheses in Theorem 11.1.7

In this subsection we will show the hypotheses in theorem 11.1.7 are satisfied. We will always assume

that 2 ≤ k ∈ N is fixed. We denote R := (R1, R2, R3) ∈
(
Xk+1(T) ∩ C∞(T)

)3
. Throughout the rest

of the paper, we assume that

|Θ∗
3 −Θ3|+ ∥R∥(X3)3 ≤ ϵ, (11.156)

for some ϵ, sufficiently small. Note that from (11.1), (11.3) and Lemma 11.1.24, it follows that

0 < b3(Θ3, R) < b2, (11.157)

for sufficiently small ϵ in (11.156).

We recall our functional from (10.3) and (11.6) can be written as (since b1, b2,Θ1,Θ2 are fixed,

we omit their dependence but mark the dependence of Θ3 in the notations)

G(Θ3, R) =


G1(Θ3, R)

G2(Θ3, R)

G3(Θ3, R)

 =
1

4π


∑3

i=1 Θi

(
R′

1u
θ
i,1 − (b1 +R1)u

r
i,1

)
∑3

i=1 Θi

(
R′

2u
θ
i,2 − (b2 +R2)u

r
i,2

)
∑3

i=1 Θi

(
R′

3u
θ
i,3 − (b3 +R3)u

r
i,3

)
 =:


R′

1u
θ
1 − (b1 +R1)u

r
1

R′
2u

θ
2 − (b2 +R2)u

r
2

R′
3u

θ
3 − (b3 +R3)u

r
3

 ,

(11.158)

where for i, j, k ∈ {1, 2, 3},

uθk := uθk(Θ3, R) =
1

4π

3∑
i=1

Θiu
θ
i,k, urk := urk(Θ3, R) =

1

4π

3∑
i=1

Θiu
r
i,k,

uθi,j = uθi,j(b3(Θ3),Θ3, R) = ui,j(b3(Θ3),Θ3, R) ·

− sinx

cosx

 ,
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uri,j = uri,j(b3(Θ3),Θ3, R) = ui,j(b3(Θ3),Θ3, R) ·

cosx

sinx

 ,

and ui,j(b3(Θ3),Θ3, R) is given by (11.108) and (11.109) and b3(Θ3, R) is given by (11.3). We also

denote by ω(Θ3, R),Ψ(Θ3, R) : R2 7→ R the corresponding vorticity and its stream function, more

precisely,

ω(Θ3, R)(p) :=

3∑
i=1

Θi1Di
(p), Ψ(Θ3, R)(p) :=

1

2π
(ω(Θ3, R) ∗ log | · |) (p), p ∈ R2, (11.159)

Di :=
{
r(cosx, sinx) ∈ R2 : r ≤ bi +Ri(x), x ∈ T

}
. (11.160)

With the stream function, we can write G as

G(Θ3, R)(x) = −


∂x (Ψ(Θ3, R)(z1(R)(x)))

∂x (Ψ(Θ3, R)(z2(R)(x)))

∂x (Ψ(Θ3, R)(z3(R)(x)))

 . (11.161)

The derivative of the functional will be given as

DG(Θ3, R)[h] =


uθ1 0 0

0 uθ2 0

0 0 uθ3



h′1

h′2

h′3



+


−h1ur1(Θ3, R) +R′

1Du
θ
1(Θ3, R)[h]− (b1 +R1)Du

r
1(Θ3, R)[h]

−h2ur2(Θ3, R) +R′
2Du

θ
2(Θ3, R)[h]− (b2 +R2)Du

r
2(Θ3, R)[h]

−h3ur3(Θ3, R) +R′
3Du

θ
3(Θ3, R)[h]− (b3 +R3)Du

r
3(Θ3, R)[h]



+Db3(Θ3, R)[h]


R′

1∂b3u
θ
1 − (b1 +R1)∂b3u

r
1

R′
2∂b3u

θ
2 − (b2 +R2)∂b3u

r
2

R′
3∂b3u

θ
3 − (b3 +R3)∂b3u

r
3 − ur3

 , (11.162)

where Db3(Θ3, R)[h] is given in (11.4). We define the projection P0 : C∞(T) 7→ C∞(T) as

P0f = f − 1

2π

∫
T
f(x)dx,
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and the linear maps,

a(Θ3, R)[h] :=


P0

(
h′1u

θ
1(Θ3, R)

)
0

0

 , A(Θ3, R)[h] := DG(Θ3, R)[h]− a(Θ3, R)[h]. (11.163)

Now, we start checking the hypotheses. The hypothesis (a) immediately follows from (10.5),

(11.5) and (11.6).

Regularity of the functional G

In this subsection, we use the estimates obtained in Subsection 11.1.4 to prove that the functional

G defined in (11.158) satisfies the following proposition:

Proposition 11.1.20. Let 2 ≤ k ∈ N and Θ3 and R satisfy (11.156). Then, G : R × (Xk+1)3 7→

(Y k)3 is well-defined and (11.8)-(11.13) hold.

Proof. Note that Gj is the tangential derivative of the stream function on the corresponding bound-

ary Dj (see (11.161)). Thus, P0Gj(Θ, R) = 0, that is, each Gj has zero mean. If the boundary of

the patch Di is given by by Ri ∈ Xk+1, then ω(Θ3, R) is invariant under 2π
m rotation about the

origin and reflection, therefore, Gj is also 2π
m periodic and odd. Furthermore, it follows from (A) in

Proposition 11.1.13 and Lemma 11.4.5 that

∥G(Θ3, R)∥(Hk(T))3 ≲
∑

i,j=1,2,3

∥∥∥∥ui,j(Θ3, R) ·

− sinx

cosx

R′
j

∥∥∥∥
Hk(T)

+

∥∥∥∥ui,j(Θ3, R) ·

cosx

sinx

 (bj +Rj)

∥∥∥∥
Hk(T)


≲ 1+∥R∥(Hk+1(T))3 ,

which proves (11.8) and that G : R × (Xk+1)3 7→ (Y k)3 is well-defined. For (11.9) - (11.13),

the results follow from (A) and (B) in Proposition 11.1.13 and Proposition 11.1.17 and 11.1.19

straightforwardly.

The Dirichlet-Neumann operator

Here, we aim to prove that the linear operator a(Θ3, R) in (11.163) satisfies (11.14). Thanks to

Lemma 11.1.3, we know that at a stationary solution, the corresponding velocity outside the support

of the vorticity must vanish. In the following proposition, we will prove this quantitatively by using

the main idea of [27, 14].
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Proposition 11.1.21. There exists η > 0 such that if ∥R1∥Hk+2(T) ≤ η, then

∥uθ1(Θ3, R)∥Hk(T) ≲k ∥G1(Θ3, R)∥Hk(T).

Proof. We adapt the notations in (11.159), (11.160) and (11.161) for ω, Ψ and Di. Clearly we have

(we omit the dependence of Θ3 and R for simplicity)

uθ1(α) = ∇⊥Ψ(z1(α)) ·

− sinα

cosα

 , G1(α) = ∇Ψ(z1(α)) · z′1(α), α ∈ T, (11.164)

where z1 is as given in (11.108). Note that Ψ is harmonic in Dc
1. In addition, it follows from (11.2)

that
∫
R2 ω(y)dy = 0, hence, for x ∈ R2,

|Ψ(x)| ≲
∣∣∣∣ ∫

R2

ω(y) log
|x− y|
|x|

dy

∣∣∣∣ = O

(
1

|x|

)
,

|∇Ψ(x)| ≲
∣∣∣∣ ∫

R2

ω(y)

(
(x− y)

|x− y|2
− x

|x|2

)
dy

∣∣∣∣ = O

(
1

|x|2

)
.

With the above decay rates, we can use integration by parts to obtain that for x ∈ ∂D1,

0 =

∫
Dc

1

log |x− y|∆Ψ(y)dy

= −1

2

∫
∂D1

log |x− y|2∇Ψ(y) · n⃗(y)dσ(y) +
∫
∂D1

∇y(log |x− y|) · n⃗(y)(Ψ(y)−Ψ(x))dσ(y)

=: −1

2
L1 + L2, (11.165)

where n⃗ denotes the outer normal vector on ∂D1. By the change of variables, x 7→ z1(α), and

y 7→ z1(β), we obtain

L1 =

∫
T
log |z1(α)− z1(β)|2∇Ψ(z1(β)) · (−z′1(β)⊥)dβ

=

∫
T
log(2− 2 cos(α− β))∇Ψ(z1(β)) · (−z′1(β)⊥)dβ

+

∫
T
log

(
|z1(α)− z1(β)|2

2− 2 cos(α− β)

)
∇Ψ(z1(β)) · (−z′1(β)⊥)dβ

=: L11 + L12.
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Similarly, we have

L2 =

∫
T

(z1(α)− z1(β)) · z′1(β)⊥

|z1(α)− z1(β)|2
(Ψ(z1(β))−Ψ(z1(α))dβ.

Hence, we obtain

L11 = −L12 + 2L2. (11.166)

We claim that

∥L11∥Hk+1(T) ≳ ∥∇Ψ(z1(·)) · (−z′1(·)⊥)∥Hk(T) (11.167)

∥L12∥Hk+1(T) ≲ ∥R1∥Hk+2(T)∥∇Ψ(z1(·)) · (−z′1(·)⊥)∥L2(T) (11.168)

∥L2∥Hk+1(T) ≲ ∥∇Ψ(z1(·)) · (z′1(·))∥Hk(T). (11.169)

Let us assume the above claims for a moment. Then it follows from the claims, (11.156) and (11.166)

that for sufficiently small η > 0 in the hypothesis of the proposition, we have

∥∇Ψ(z1(·)) · (−z′1(·)⊥)∥Hk(T) ≲ ∥∇Ψ(z1(·)) · (z′1(·))∥Hk(T).

With this inequality, we can obtain

∥∇Ψ(z1(·))∥Hk(T) =

∥∥∥∥∇Ψ(z1(·)) ·
z′1(·)⊥

|z′1(·)|

∥∥∥∥
Hk(T)

+

∥∥∥∥∇Ψ(z1(·)) ·
z′1(·)
|z′1(·)|

∥∥∥∥
Hk(T)

≲∥z′1∥Hk(T)
(
∥∇Ψ(z1(·)) · z′1(·)⊥∥Hk(T) + ∥∇Ψ(z1(·)) · z′1(·)∥Hk(T)

)
≲ ∥∇Ψ(z1(·)) · z′1(·)∥Hk(T),

where the first inequalities follows from 1
c < |z′1| < c for some c > 0 and the second inequality

follows from ∥z′1∥Hk(T) ≲∥R1∥Hk+1(T) ≤ η for some small η. under the assumption (11.156). Finally,

recalling (11.164), we obtain the desired result.

To finish the proof, we need to prove the claims (11.167)-(11.169). (11.167) follows from Lemma 11.4.14.

To see (11.168), we observe that

log

(
|z1(α)− z1(β)|2

2− 2 cos(α− β)

)
= log(1 +K(α, β)),
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where K(α, β) := 2(R1(α) +R1(β)) + R1(α)R1(β) +
(

R1(α)−R1(β)

2 sin(α−β
2 )

)2
. Thus, it is straightforward

that (thanks to (11.156), 1 +K ≥ c > 0 for some c > 0)

∥ log(1 +K)∥Hk+1(T2) ≲ ∥K∥Hk+1(T2) ≲ ∥R1∥Hk+2(T),

where the last inequality follows from Lemma 11.4.5 and Lemma 11.4.10. Thus,

∥L12∥Hk+1(T) ≲

∥∥∥∥ log( |z1(α)− z1(β)|2

2− 2 cos(α− β)

)∥∥∥∥
Hk+1(T2)

∥∇Ψ(z1(·)) · (−z′1(·)⊥)∥L2(T)

≲ ∥R1∥Hk+2(T2)∥∇Ψ(z1(·)) · (−z′1(·)⊥)∥L2(T),

which yields (11.168). Lastly, in order to show (11.169), we rewrite L2 as

L2 =

∫
T
g(α, β)

((Ψ(z1(β))−MΨ)− (Ψ(z1(α))−MΨ)

2 sin(α−β
2 )

dβ,

where

g(α, β) =
(z1(α)− z1(β)) · z′1(β)⊥

2 sin(α−β
2 )

· 2− 2 cos(α− β)

|z1(α)− z1(β)|2
, MΨ :=

1

2π

∫
T
Ψ(z1(α))dα.

From Lemma 11.4.10, and 11.4.5, we have

∥g∥Hk+1(T2) ≲ ∥R1∥Hk+2(T).

Therefore, it follows from Lemma 11.4.12 that

∥L2∥Hk+1(T) ≲ ∥(Ψ(z1(R, ·))−MΨ)∥Hk+1(T) ≲ ∥∇Ψ(z1(R, ·)) · (z′1(R, ·))∥Hk(T),

where the last inequality follows from Poincaré inequality. Hence (11.169) follows.

Estimates on the linearized operator

Our goal here is to prove that G satisfies the hypotheses (c), (c̃− 1) and (c̃− 2) in Theorem 11.1.7.

More precisely, we will prove the following proposition:

Proposition 11.1.22. Let a(Θ3, R) and A(Θ3, R) be as in (11.163). Then

1) a(Θ3, R) ∈ L((Xk+1)3, (Y k)3), A(Θ3, R) ∈ L((Xk+1)3, Y k+1 × (Y k)2) with the estimates
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(11.14) and (11.15).

2) For (Θ1
3, R

1), (Θ2
3, R

2) ∈ I × (V 3 ∩ (C∞)3), (11.16) holds.

3) For any even σ ∈ N ∪ {0}, there exists 0 < η < 1 such that if ∥R∥(Hk+3(T))3 ≤ η, and

A(Θ3, R)[h] = z for some z ∈ (C∞)3 and h ∈ Ker(A(Θ∗
3, 0))

⊥, then (11.17) holds.

Proof. Proof of 1). By definition of a(Θ3, R) in (11.163), we have
∫
T a(Θ3, R)[h](x)dx = 0. Further-

more, clearly, h′1 is a 2π
m -periodic function and odd. Using the invariance under rotation/reflection

of the stream function, it follows straightforwardly that uθ1, which is the radial derivative of the

stream function on the outmost boundary, is also 2π
m -periodic and even. Therefore, a(Θ3, R)[h] is

2π
m

periodic and odd. (11.14) follows immediately from (11.1.21), and a(Θ3, R) ∈ L((Xk+1)3, (Y k)3).

Similarly, A(Θ3, R) ∈ L((Xk+1)3, Y k+1×(Y k)2) and (11.15) follows from (B) in Proposition 11.1.13.

Proof of 2). Thanks to (C) in Proposition 11.1.13 and Proposition 11.1.17, each term in

A(Θ3, R) is Lipschitz continuous with respect to R ∈ (Hk+3(T)3). Furthermore, A(θ3, R) and b3

depend on Θ3 smoothly, therefore the result follows immediately.

Proof of 3). In order to prove 3, we first claim that for each even σ ∈ N ∪ {0}, there exist η

and a linear map T (R) : (C∞(T))3 7→ (C∞(T))3 such that if ∥R∥(Hk+3(T))3 ≤ η, then

(
d

dx

)σ

A(Θ3, R)[h] = A(Θ3, R)[h
(σ)] + Lσ(R)[h], (11.170)

∥Lσ(R)[h]∥Hk+1(T)×(Hk(T))2 ≲k,σ∥h∥(Hk+σ(T))3 + (1+∥R∥(Hk+4+σ(T))3)∥h∥(Hk+1(T))3 . (11.171)

Let us assume that the above claims are true for a moment and let us suppose

A(Θ3, R)[h] = z, for some z ∈ (C∞(T))3, h ∈ Ker(A(Θ∗
3, 0))

⊥ ⊂ (Hk+1(T))3.

From (11.156), 2), Lemma 11.4.15 and the assumption that ∥R∥(Hk+3(T))3 ≤ η for some small enough

η, we have that A(Θ3, R) : Ker(A(Θ∗
3, 0))

⊥ ⊂ ((Hk+1(T))3) 7→ Im(A(Θ, R)) ⊂ Hk+1(T)× (Hk(T))2

is invertible and

∥A(Θ3, R)
−1∥L(Im(A(Θ3,R)),Ker(A(Θ∗

3 ,0))
⊥) ≲ 1. (11.172)

Therefore, we have

∥h∥(Hk+1(T))3 ≲∥z∥Hk+1(T)×(Hk(T))2 . (11.173)
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Now for each even σ ∈ N {0}, it follows from (11.170) that

(
d

dx

)σ

A(Θ3, R)[h] = A(Θ3, R)[h
(σ)] + Lσ(R)[h] = z(σ).

Thanks to Proposition 11.1.23, we have h(σ) ∈ Ker(A(Θ∗
3, 0))

⊥, thus, it follows from (11.172) that

h(σ) = A(Θ3, R)
−1[z(σ) − Lσ(R)[h]],

and

∥h(σ)∥(Hk+1(T))3 ≲∥z(σ) − Lσ(R)[h]∥Hk+1(T)×(Hk(T))2

≲∥z∥Hk+1+σ(T)×(Hk+σ(T))2+∥Lσ(R)[h]∥Hk+1(T)×(Hk(T))2 . (11.174)

From (11.171), we also have

∥Lσ(R)[h]∥Hk+1(T)×(Hk(T))2 ≲∥h∥(Hk+σ(T))3 + (1+∥R∥(Hk+4+σ(T))3)∥h∥(Hk+1(T))3 . (11.175)

Using Lemma 11.4.6, we have

∥h∥(Hk+σ(T))3 ≲∥h∥(Hk+1(T))3 +

∥∥∥∥(h(k+1)
)(σ−1)

∥∥∥∥
(L2(T))3

≲∥h∥(Hk+1(T))3 +
(
∥h(k+1)∥(L2(T))3

) 1
σ

∥∥∥∥(h(k+1)
)(σ) ∥∥∥∥σ−1

σ

(L2(T))3

≲ (1 + C(ϵ))∥∥h∥(Hk+1(T))3 + ϵ∥h(σ)∥(Hk+1(T))3 ,

for any ϵ > 0, which follows from Young’s inequality. Plugging this into (11.175) and using (11.173),

we obtain

∥Lσ(R)[h]∥Hk+1(T)×(Hk(T))2 ≲ (C(ϵ)+∥R∥(Hk+4+σ(T))3)∥z∥Hk+1(T)×(Hk(T))2 + ϵ∥h(σ)∥(Hk+1(T))3

Hence we choose sufficiently small ϵ depending on k and σ so that (11.174) yields that

∥h(σ)∥(Hk+1(T))3 ≲∥z∥Hk+1+σ(T)×(Hk+σ(T))2 + (1+∥R∥(Hk+4+σ(T))3)∥z∥Hk+1(T)×(Hk(T))2 .

With this estimate and (11.173), (11.17) follows.

In order to finish the proof, we need to prove the claim (11.170) and (11.171), we note that each
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component of A(Θ3, R)[h] consists of linear combination of the following forms (see (11.4), (11.162)

and (11.163)):

uθi (R)h
′
i, for i = 2, 3,

hiu
r
i (Θ3, R), R

′
iDu

θ
i (Θ3, R)[h], (bi +Ri)Du

r
1(Θ3, R)[h], for i = 1, 2, 3. (11.176)∫

T
Ri(x)hi(x)dx

(
R′

i∂b3u
θ
i − (bi +Ri)∂b3u

r
i

)
, for i=1,2 (11.177)∫

T
R3(x)h3(x)dx

(
R′

3∂b3u
θ
3 − (b3 +R3)∂b3u

r
3 − ur3

)
. (11.178)

For i = 2, 3, it is clear that

(
d

dx

)σ (
uθi (R)h

′
i

)
= uθih

(σ+1)
i +

∑
p+q=σ, q≤σ−1

Cp,q,σ

(
uθi (R)

)(p)
h
(q+1)
i︸ ︷︷ ︸

Lσ
1 (R)[hi]

, (11.179)

for some Cp,q,σ. From Lemma 11.4.7, we have

∥Lσ
1 (R)[hi]∥Hk(T) ≲∥uθi (R)∥H2(T)∥hi∥(Hk+σ(T))3+∥uθi (R)∥Hk+σ(T)∥hi∥(H1(T))3

≲∥hi∥Hk+σ(T) + (1+∥R∥(Hk+1+σ(T))3)∥hi∥H1(T), (11.180)

where the second inequality follows from Proposition 11.1.13. For the other terms, we only deal with

R′
1Du

θ
1(Θ3, R)[h], since the other terms can be dealt with in the same way. Thus, we will show that

there exists a linear operator Lσ
2 (R)[h] such that

(
d

dx

)σ (
R′

1Du
θ
1(Θ3, R)[h]

)
= R′

1Du
θ
1(Θ3, R)[h

(σ)] + Lσ
2 (R)[h], (11.181)

∥Lσ
2 (R)[h]∥Hk+1(T) ≲k,σ∥h∥(Hk+σ(T))3+∥R∥(Hk+4+σ(T))3∥h∥(H3(T))3 . (11.182)

It follows from (D) in Proposition 11.1.13 that there exists Tσ(R)[h] such that

(
d

dx

)σ (
R′

1Du
θ
1(Θ3, R)[h]

)
= R′

1

(
Duθ1(Θ3, R)[h]

)(σ)
+

∑
p+q=σ, q≤σ−1

(R′
1)

(p)
(
Duθ1(Θ3, R)[h]

)(q)
= R′

1Du
θ
1(Θ3, R)[h

(σ)] +R′
1T

σ(R)[h] +
∑

p+q=σ, q≤σ−1

Cp,q,σ(R
′
1)

(p)
(
Duθ1(Θ3, R)[h]

)(q)
︸ ︷︷ ︸

=:Lσ
2 (R)[h]

,
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and

∥Tσ(R)[h]∥Hk+1(T) ≲ (1+∥R∥(H4(T))3)∥h(k+σ)∥(L2(T))3 + (1+∥R∥(Hk+4+σ(T))3)∥h∥(L2(T))3 .

Therefore, from (B) in Proposition 11.1.13 and Lemma 11.4.7, it follows that

∥R′
1T

σ(R)[h]∥Hk+1(T) ≲∥R′
1∥Hk+1(T)∥Tσ(R)[h]∥Hk+1(T)

≲∥h(k+σ)∥(L2(T))3 + (1+∥R∥(Hk+4+σ(T))3)∥h∥(L2(T))3 , (11.183)

where we used that Hk+1(T) is a Banach algebra and that ∥R∥(H4(T))3 ≲∥R∥(Hk+3(T))3 ≤ η for some

0 < η < 1. From Lemma 11.4.7, we also have

∥(R′
1)

(p)
(
Duθ1(Θ3, R)[h]

)(q)∥Hk+1(T) ≲∥R1∥H2(T)∥Duθ1(Θ3, R)[h]∥Hk+σ(T)+∥R1∥Hk+1+σ(T)∥Duθ1(Θ3, R)[h]∥H1(T)

≲∥Duθ1(Θ3, R)[h]∥Hk+σ(T)+∥R1∥Hk+1+σ(T)∥Duθ1(Θ3, R)[h]∥H3(T)

≲∥h∥(Hk+σ(T))3+∥R∥(Hk+3+σ(T))3∥h∥(H1(T))3

+∥R1∥Hk+1+σ(T)∥Duθ1(Θ3, R)[h]∥H3(T)

where the last inequality follows from (B) in Proposition 11.1.13,which also tells us that

∥Duθ1(Θ3, R)[h]∥H3(T) ≲ (1+∥R∥(H5(T))3)∥h∥(H3(T))3

≲ (1+∥R∥(Hk+3+σ(T))3)∥h∥(H3(T)3),

where we used k ≥ 2. Therefore, we have

∥(R′
1)

(p)
(
Duθ1(Θ3, R)[h]

)(q)∥Hk+1(T) ≲∥h∥(Hk+σ(T))3 + (1+∥R∥(Hk+3+σ(T))3)∥h∥(H3(T))3 .

Combining with (11.183), we obtain (11.182). Since every term in (11.176), (11.177) and (11.178)

can be shown to satisfy the same property as in (11.181) and (11.182), combining with (11.179) and

(11.180), we obtain (11.170) and (11.171).
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Spectral Study

In this subsection, we will verify the hypotheses (d) and (e). They will be proved in Proposi-

tion 11.1.23 and Lemma 11.1.26 respectively.

Proposition 11.1.23. Let 2 ≤ m ∈ N. We can choose b1 = Θ1 = 1 and b2 and Θ2 be as in (11.1).

Also we set b3 as in (11.3). Then, there exists Θ∗
3 > 0 such that A(Θ∗

3, 0) ∈ L((Hk+1)3, Hk+1 ×

(Hk)2) has one-dimensional kernel and codimension one. That is,

Ker(A(Θ∗
3, 0)) = span {v} , Im(A(Θ∗

3, 0))
⊥ = span {w} .

Furthermore, 0 < b3(Θ
∗
3, 0) < b2 < b1 = 1 and v and w are supported on the m-th Fourier mode.

The proof of the above proposition will be achieved after proving several lemmas.

Let us first compute the derivative of G at (Θ3, 0). Since we have G(Θ3, 0) = 0 for any Θ3,

1 in Proposition 11.1.22 yields that a(Θ3, 0) = 0 for any Θ3. Moreover, it follows from (11.162),

(11.4) and Lemma 10.2.5 that letting h1(x) =
∑

n≥1 h1,n cos(mnx), h2(x) =
∑

n≥1 h2,n cos(mnx),

h3(x) =
∑

n≥1 h3,n cos(mnx),

A(Θ3, 0)[h1, h2, h3] =


Q1(x)

Q2(x)

Q3(x)

 ,

where

Q1(x) =
∑
n≥1

q1,n sin(mnx), Q2(x) =
∑
n≥1

q2,n sin(mnx), Q3(x) =
∑
n≥1

q3,n sin(mnx)

where the coefficients satisfy, for any n:

(−mn)Mn(Θ3, b3)


h1,n

h2,n

h3,n

 =


q1,n

q2,n

q3,n

 , (11.184)
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with

Mn(Θ3, b3) =
(
− 1

2 + 1
2mn

)
− 1

2Θ2b
2
2 − 1

2Θ3b
2
3 Θ2b2

bmn
2

2mn Θ3b3
bmn
3

2mn

bmn
2

2mn Θ2b2
(
− 1

2 + 1
2mn

)
+
(
− 1

2b2
)
+
(
− 1

2

)
Θ3

b23
b2

Θ3b3
1

2mn

(
b3
b2

)mn

bmn
3

2mn Θ2b2
1

2mn

(
b3
b2

)mn

Θ3b3
(
− 1

2 + 1
2mn

)
+
(
− 1

2b3
)
− Θ2b3

2

 .

(11.185)

Lemma 11.1.24. Let 2 ≤ m ∈ N, and b2, Θ2 satisfy (11.1). Then, there exists Θ∗
3 := Θ∗

3,m > 0

and b3 such that 0 < b3 < b2, and

det(M1) = 0, Θ1b
2
1 +Θ2b

2
2 +Θ∗

3b
2
3 = 1 +Θ2b

2
2 +Θ∗

3b
2
3 = 0, (11.186)

det(Mn(Θ
∗
3, b3)) ̸= 0, if n ≥ 2. (11.187)

Proof. We first write det(M1) as a polynomial in b3. Under the constraint 1 +Θ2b
2
2 +Θ3b

2
3 = 0, we

get

M1(Θ3, b3) =


1

2m
Θ2b2

bm2
2m

Θ3b3
bm3
2m

bm2
2m

Θ2b2
(
− 1

2
+ 1

2m

)
+

(
− 1

2
b2
)
+

(
− 1

2

)
Θ3

b23
b2

Θ3b3
1

2m

(
b3
b2

)m

bm3
2m

Θ2b2
1

2m

(
b3
b2

)m

Θ3b3
(
− 1

2
+ 1

2m

)
+

(
− 1

2
b3
)
+

(
− 1

2

)
Θ2b3

 .

(11.188)

Therefore, multiplying the first row by 2m, multiplying the third column by b3 and dividing the

second column by b2, we get

2mb3
b2

det(M1(Θ3, b3)) = det


1 Θ2b

m
2 Θ3b

2
3b

m
3

bm2
2m

Θ2

(
− 1

2
+ 1

2m

)
+

(
− 1

2

)
+

(
− 1

2

)
Θ3

b23
b22

Θ3
1

2m
b23

(
b3
b2

)m

bm3
2m

Θ2
1

2m

(
b3
b2

)m

Θ3b
2
3

(
− 1

2
+ 1

2m

)
+

(
− 1

2
b23
)
+

(
− 1

2

)
Θ2b

2
3



= det


1 Θ2b

m
2 (−1−Θ2b

2
2)b

m
3

bm2
2m

Θ2

(
− 1

2
+ 1

2m

)
+

(
− 1

2

)
+

(
− 1

2

) (−1−Θ2b
2
2)

b22
(−1−Θ2b

2
2)

1
2m

(
b3
b2

)m

bm3
2m

Θ2
1

2m

(
b3
b2

)m

(−1−Θ2b
2
2)

(
− 1

2
+ 1

2m

)
+

(
− 1

2
b23
)
+

(
− 1

2

)
Θ2b

2
3



= det


1 Θ2b

m
2 (−1−Θ2b

2
2)b

m
3

bm2
2m

Θ2
2m

− 1
2
+ 1

2b22
(−1−Θ2b

2
2)

1
2m

(
b3
b2

)m

bm3
2m

Θ2
1

2m

(
b3
b2

)m

(−1−Θ2b
2
2)

(
− 1

2
+ 1

2m

)
+

(
− 1

2
− 1

2
Θ2

)
b23


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=: det


a11 a12 a13

a21 a22 a23

a31 a32 a33

 ,

where we used the condition 1+Θ2b
2
2+Θ3b

2
3 = 0 in the second equality to get rid of Θ3. We further

compute

2mb3
b2

det(M1(Θ3, b3)) = a31(a12a23 − a13a22)− a32(a11a23 − a13a21) + a33(a11a22 − a12a21)

= b2m3

(
1

4m
(1− 1

b22
)(−1−Θ2b

2
2) +

Θ2(b
m
2 − 1

bm2
)(−1−Θ2b

2
2)

4m2bm2

)
+A3,3

(
−1

2
− 1

2
Θ2

)
b23

+A3,3(−1−Θ2b
2
2)

(
−1

2
+

1

2m

)
.

where A3,3 := a11a22 − a12a21 = Θ2

2m (1− b2m2 ) + 1
2b22

(1− b22) is the cofactor. Let us write

2mb2
b3

det(M1(Θ3, b3)) = B0b
2m
3 +B1b

2
3 +B2 =: f(b3), (11.189)

where

B0 = (−1−Θ2b
2
2)

(
1

4m
(1− 1

b22
) +

Θ2(b
m
2 − 1

bm2
)

4m2bm2

)
,

B1 = A3,3

(
−1

2
− 1

2
Θ2

)
,

B2 = A3,3(−1−Θ2b
2
2)

(
−1

2
+

1

2m

)
.

Under the condition in (11.1), we have

− 1−Θ2b
2
2 > 0, (11.190)

1

4m
(1− 1

b22
) +

Θ2(b
m
2 − 1

bm2
)

4m2bm2
> 0, (11.191)

A3,3 > 0, (11.192)

− 1

2
− Θ2

2
> 0, (11.193)

− 1

2
+

1

2m
< 0. (11.194)

So B0 > 0, B1 > 0, B2 < 0. We then can use the Descartes rule of signs and show there exists a

unique solution b3 ∈ (0,∞). Since B2 < 0, the Descartes rule again tells us that we only need show
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that f(b2) > 0 to show the unique solution b3 such that f(b3) = 0 satisfies 0 < b3 < b2. Once this is

done, then Θ∗
3 can be uniquely determined by 1 +Θ2b

2
2 +Θ3b

2
3 = 0 and this proves the existence of

b3 and Θ∗
3 satisfying (11.186). Therefore we compute

f(b2) = B0b
2m
2 +B1b

2
2 +B2

= [
(Θ2b

2
2 + 1)(1− b22)

4mb22
+Θ2

( 1
bm2

− bm2 )(1 + Θ2b
2
2)

4m2bm2
]b2m2 + (

Θ2

2m
(1− b2m2 ) +

1

2b22
(1− b22))(−

b22
2

+
1

2
− 1

2m
− Θ2b

2
2

2m
)

= (
b22(1− b2m2 )

4m2
− b22

2m

1− b2m2
2m

)Θ2
2

+ [
(1− b22)b

2+2m
2

4m2b22
+

( 1
bm2

− bm2 )b2m2

4m2bm2
+

1− b2m2
2m

(−b
2
2

2
+

1

2
− 1

2m
) +

1

2b22
(1− b22)(−

b22
2m

)]Θ2

+ (b2m2
1− b22
4mb22

) +
1

2b22
(1− b22)(−

b22
2

+
1

2
− 1

2m
)

=
1− b22
4mb22

(b2m2 +m−mb22 − 1)

=
(1− b22)

2

4mb22
(
b2m2 − 1

1− b22
+m)

=
(1− b22)

2

4mb22
(m− 1− b22 − b42 − ...− b2m−2

2 ) > 0.

Now we are left to show (11.187), that is, det(Mn(Θ
∗
3), b3) ̸= 0. As before, we have (replacing m by

nm)

2nmb2
b3

det(Mn(Θ
∗
3, b3)) = B0,nb

2nm
3 +B1,nb

2
3 +B2,n. (11.195)

where

B0,n =
1

4mn
(1− 1

b22
)(−1−Θ2b

2
2) +

Θ2(b
nm
2 − 1

bnm
2

)(−1−Θ2b
2
2)

4n2m2bnm2
,

B1,n = A3,3,n

(
−1

2
− 1

2
Θ2

)
,

B2,n = A3,3,n(−1−Θ2b
2
2)(−

1

2
+

1

2nm
),

A3,3,n =
Θ2

2nm
(1− b2nm2 ) +

1

2b22
(1− b22).

Since f(b3) = 0, where f is as in (11.189), that is, b23 = −B2+B0b
2m
3

B1
. Thus,

b2nm3 B0,n + b23B1,n +B2,n = b2nm3 B0,n − B1,n

B1
B0b

2m
3 − B1,n

B1
B2 +B2,n.
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Let q(z) = znB0,n − B1,n

B1
B0z − B1,n

B1
B2 +B2,n. We will show that

q(0) < 0 and q′(z) < 0 for 0 ≤ z ≤ b2m2 . (11.196)

Once we have the above inequalities, then q(b2m3 ) < 0, which implies det(Mn(Θ
∗
3)) in (11.195) cannot

be zero. This clearly finishes the proof.

To show (11.196), let us first consider q(0). Note that

B1,n

B1
=
A3,3,n

A3,3
,
B2,n

B2
=
A3,3,n(− 1

2 + 1
2mn )

A3,3(− 1
2 + 1

2m )

q(0) = −B1,n

B1
B2 +B2,n < 0 ⇔ B2,n

B2
>
B1,n

B1
⇔ A3,3,n

A3,3
> 0

Thanks to (11.193), it suffices to show that
A3,3,n

A3,3
> 1. Note that

A3,3,n

A3,3
> 1 ⇔ Θ2

2mn
(1− b2mn

2 ) >
Θ2

2m
(1− b2m2 ).

Clearly, the last inequality holds because b2 < 1, and Θ2 < 0, therefore we have

q(0) < 0.

Now, we turn to q′(z) < 0. We have

q′(z) = nzn−1B0,n − B1,n

B1
B0.

If B0,n ≤ 0, then z 7→ q′(z) is deacreasing and q′(0) = −B1,n

B1
B0 = −A3,3,n

A3,3
B0 < 0, which yields

q′(z) < 0 for all 0 ≤ z ≤ b2m2 . If B0,n > 0, it is sufficient to show

q′(b2m2 ) ≤ n(b2mn−2m
2 )B0,n − B1,n

B1
B0 < 0. (11.197)

From (11.1), we have (1 − 1
b22
) + Θ2

m (1 − 1
b2m2

) >
1−b22
b22

. And the lower bound of Θ2 in (11.1) is

equivalent to Θ2

m (1− b2m2 ) + 1
b22
(1− b22) > 0, hence

(11.197) ⇔ A3,3,n

A3,3
=

Θ2

nm (1− b2nm2 ) + 1
b22
(1− b22)

Θ2

m (1− b2m2 ) + 1
b22
(1− b22)

>
(1− 1

b22
) + Θ2

mn (1−
1

b2nm
2

)

(1− 1
b22
) + Θ2

m (1− 1
b2m2

)
b2nm−2m
2 ,
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⇔ [
Θ2

nm
(1−b2nm2 )+

1

b22
(1−b22)][(1−

1

b22
)+

Θ2

m
(1− 1

b2m2
)] > [(1− 1

b22
)+

Θ2

mn
(1− 1

b2nm2

)][
Θ2

m
(1−b2m2 )+

1

b22
(1−b22)]b2mn−2m

2 ,

⇔ Θ2[
(1− b2mn

2 )(1− b−2
2 ) + n(b−2

2 − 1)(1− b−2m
2 )

nm
− (b2mn

2 − 1)b−2m
2 (b−2

2 − 1) + n(1− b2m2 )b2mn−2m
2 (1− b−2

2 )

nm
]

+
1

b22
(1− b22)(1−

1

b22
)− (1− 1

b22
)
1

b22
(1− b22)b

2nm−2m
2 > 0

⇔ Θ2(1− b−2
2 )(1− b−2m

2 )(1− n)(1− b2nm2 )

mn
− (1− b−2

2 )2(1− b2nm−2m
2 ) > 0,

⇔ Θ2 <
m(b22 − 1)b2m2
b22(1− b2m2 )

1− b
2m(n−1)
2

(1− b2mn
2 )(1− 1

n )
.

Since
1−b

2m(n−1)
2

(1−b2mn
2 )(1− 1

n )
≤ n

n−1 ≤ 2, the condition Θ2 < 2
b2

2m−2(b22−1)m

1−b2m2
in (11.1) leads to the inequality

we want. This shows (11.196), and thus (11.187) holds.

From Lemma 11.1.24, it is clear that the kernel of A(Θ∗
3, 0) is one dimensional. We denote by

v ∈ Ker(A(Θ∗
3, 0)) and the one such that

v = cos(mx)


v1

v2

1

 ,


v1

v2

1

 ∈ Ker(M1(Θ
∗
3, b3)). (11.198)

Since b3 and Θ∗
3 are tied in the relation 1+Θ2b

2
2 +Θ∗

3b
2
3 = 0, we now drop the dependence on b3

of Mn(Θ
∗
3) :=Mn(Θ

∗
3, b3).

We now characterize the image of A(Θ∗
3, 0).

Lemma 11.1.25. Let b2,Θ2 satisfy the conditions in (11.1) and let b3,Θ
∗
3 be as in Lemma 11.1.24.

Then,

Z =

Q = (Q1, Q2, Q3) ∈ Y k+1,m × Y k,m × Y k,m,


Q1

Q2

Q3

 =

∞∑
n=1


q1,n

q2,n

q3,n

 sin(mnx), (11.199)


q1,1

q2,1

q3,1

 ∈ span {c1, c2}

 , (11.200)

where ci is the ith column of M1(Θ
∗
3, b3). Then Z = Im (A(Θ∗

3, 0)).
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Proof. We choose an element w ∈ Im(A(Θ∗
3, 0))

⊥ to be the one such that

w =
1

|c1 × c2|
cos(mx) (c1 × c2) ∈ Im(M1(Θ

∗))⊥. (11.201)

where c1 and c2 are the first two column vectors in M1(Θ
∗
3), which are linearly independent. Since

det(M1(Θ
∗
3)) = 0, and det(Mn(Θ

∗
3, b3)) ̸= 0 for all n > 1, and Proposition 11.1.23, it is clear that

Im (A(Θ∗
3, 0)) ⊂ Z. In order to show the other direction, Z ⊂ Im (A(Θ∗

3, 0)), we pick an element

Q ∈ (Q1, Q2, Q3) ∈ Z,Qi =
∑∞

n=1 q1,n sin(mnx), and we have λ1Q, λ
2
Q ∈ R such that


q1,2

q2,2

q3,2

 = λ1Qc1 + λ2Qc2.

Thanks to (11.187), one can find a sequence of vectors hn := (h1,n, h2,n, h3,n) such that

(−mn)Mmn(Θ
∗)hn = (−mn)Mmn(Θ

∗)


h1,n

h2,n

h3,n

 =


q1,n

q2,n

q3,n

 =: qn, (11.202)

Therefore it suffices to show that

|h1,n|+ |h2,n|+ |h3,n| ≤ C

(
|q1.n|+

|q2,n|
|mn|

+
|q3,n|
|mn|

)
, for all sufficiently large n. (11.203)

where C is independent of n. Once we have the above inequality, then it is clear that Q = A(Θ∗
3, 0)[h]

where

h1(x) =

∞∑
n=1

h1,n cos(mnx), h2(x) =

∞∑
n=1

h2,n cos(mnx), h3(x) =

∞∑
n=1

h3,n cos(mnx),

and h ∈ (Hk+1)3, which follows from

∥h∥2(Hk+1)3 =
∑
n≥1

|h1,n|2|nm|2(k+1) + |h2,n|2|nm|2(k+1) + |h3,n|2|nm|2(k+1)

≲
∑
n≥1

|mn|2(k+1)

(
|q1,n|2 +

|q2,n|2

|mn|2
+

|q2,n|2

|mn|2

)
≲ ∥Q1∥2Hk+1 + ∥Q2∥2Hk + ∥Q3∥2Hk ,
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<∞.

This proves that Z ⊂ Im (A(Θ∗
3, 0)).

In order to prove (11.203), we denote

(−mn)Mn(Θ
∗
3) =:


a11 a12 a13

a21 a22 a23

a31 a32 a33

 =


a11 0 0

0 a22 0

0 0 a33

+


0 a12 a13

a21 0 a23

a31 a32 0

 =: Dn + Sn.

Then (11.202) is equivalent to

Dnh
n = qn − Snh

n. (11.204)

We claim that

d2 := Θ2b2 + b2 +Θ3
b23
b2

̸= 0, and d3 := Θ3b3 + b3 +Θ2b3 ̸= 0. (11.205)

From (11.185), and 0 < b3 < b2 < 1, it follows that

Dn =


− 1

2 0 0

0 mn
2

(
d2 − Θ2b2

nm

)
0

0 0 nm
2

(
d3 − Θ∗

3b3
nm

)
 and |Snh

n| ≲ κnm|hn|, for some κ ∈ (0, 1).

Therefore, for sufficiently large n, Dn is a non-singular diagonal matrix, and it follows from (11.204)

|h1,n| ≲ |q1,n|+ κnm|hn|, |h2,n| ≲
|q2,n|
|nm|

+ κnm|hn|, |h3,n| ≲
|q3,n|
|nm|

+ κnm|hn|,

which proves (11.203).

We are left to show (11.205). From (11.186),

d2 = Θ2b2 + b2 +Θ3
b23
b2

= (Θ2b
2
2 + b22 +Θ3b

2
3)

1

b2
=
b22 − 1

b2
< 0. (11.206)

For d3, let us claim

B0(
1 + Θ2b

2
2

Θ2 + 1
)m +B1(

1 + Θ2b
2
2

Θ2 + 1
) +B2 ̸= 0, where B0, B1 and B2 are as in (11.189). (11.207)
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Plugging in B0, B1, B2 from (11.189), we can find that (11.207) is equivalent to

−[
1

4m
(1− b−2

2 ) +
Θ2(b

m
2 − 1

bm2
)

4m2bm2
]
(1 + Θ2b

2
2)

m

(Θ2 + 1)m
− 1

2
A3,3 −A3,3(−

1

2
+

1

2m
) ̸= 0

⇔ −[(1− b−2
2 ) +

Θ2

m
(1− b−2m

2 )](1 + Θ2b
2
2)

m ̸= [
Θ2

m
(1− b2m2 ) +

1

b22
(1− b22)](Θ2 + 1)m.

According to (11.190), (11.191) and (11.192), the RHS is strictly positive and LHS is strictly negative.

From Lemma 11.1.24 and (11.189), B0b
2m
3 +B1b

2
3 +B2 = 0. This gives b23 ̸= 1+Θ2b

2
2

1+Θ2
=

−Θ3b
2
3

1+Θ2
, then

d3 = (1 + Θ2 +Θ3)b3 ̸= 0. (11.208)

Proof of Proposition 11.1.23: The result follows immediately from Lemma 11.1.24 and 11.1.25. Note

that v and w are supported on the mth Fourier mode, thanks to (11.198) and (11.199). 2

Lemma 11.1.26. ∂Θ3A(Θ
∗
3, 0)[v] /∈ Im(A(Θ∗

3, 0)).

Proof. From (11.184), it follows that

∂Θ3
A(Θ∗

3, 0)[h] = Q,

where

Q :=
∑
n≥1


q1,n

q2,n

q3,n

 sin(nmx), h =
∑
n≥1


h1,n

h2,n

h3,n

 cos(nmx),


q1,n

q2,n

q3,n

 = (−mn)∂Θ3
Mn(Θ

∗
3)


h1,n

h2,n

h3,n


Let us write

M1(Θ
∗
3) =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 , CM33 =

 a11 a12

a21 a22

 , ∂Θ3
M1(Θ

∗
3) =


0 0 b13

0 0 b23

b31 b32 b33

 ,

(11.209)

where the vanishing elements in ∂Θ3
M1(Θ

∗
3) follows from (11.185). Note that

det(CM33) = a11a22 − a12a21 =
1

2m

(
−1

2
d2 +

Θ2b2
2m

(1− b2m2 )

)
, where d2 is as in (11.205).
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From (11.206), we have

−1

2
d2 +

Θ2b2
2m

(1− b2m2 ) =
1− b22
2b2

+
Θ2b2
2m

(1− b2m2 ) >
1− b22
2b2

+
b22 − 1

2
=

1− b22
2

(
1

b2
− 1

)
> 0,

where the first inequality follows from (11.1), and the last inequality follows from 0 < b2 < 1. Hence,

det(CM33) > 0, (11.210)

and CM33 is invertible. Since Im(M1(Θ
∗
3))

⊥ = Ker(M1(Θ
∗
3)

T ), we can choose

ṽ =


−(CM33)

−1

 a13

a23


1

 , w̃ =


−(CMT

33)
−1

 a31

a32


1

 ,

so that ṽ ∈ KerA, and w̃ ∈ (ImA)⊥. Then ∂Θ3
A(Θ∗

3, 0)[v] /∈ Im(A(Θ∗
3, 0)) is equivalent to have

∂Θ3
Mz(Θ3, 0)ṽ · w̃ ̸= 0.

According to (11.209), it is equivalent to have

−(b13, b23)CM
T
33

−1

 a31

a32

− (b31, b32)CM33
−1

 a13

a23

+ b33 ̸= 0. (11.211)

Using db3
dΘ3

= − b3
2Θ3

, which comes from Θ3b
2
3 +Θ2b

2
2 + 1 = 0, we compute

∂Θ3
M1(Θ

∗
3) =


0 0

−(m−1)bm+1
3

4m

0 0
−bm+1

3 (m−1)
4mbm2

− bm3
4Θ∗

3

−bm3 Θ2

4Θ∗
3b

m−1
2

b3
2 (−

1
2 + 1

2m ) + b3
4Θ∗

3
+ Θ2b3

4Θ∗
3

 .

Then we have

(b13, b23)CM
T
33

−1

 a31

a32


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=
1

det(CM33)
(
−(m− 1)

4m

1

2m
)b2m+1

3

(
1,

1

bm2

) 1
2mΘ2b2 − 1

2b2 +
1

2b2
− bm2

2m

−Θ2b
m+1
2

2m
1

2m


 1

Θ2

bm−1
2

 ,

and

(b31, b32)CM33
−1

 a13

a23


=

1

det(CM33)

Θ∗
3

2m
(−b

2m+1
3

4Θ∗
3

)

(
1,

Θ2

bm−1
2

) 1
2mΘ2b2 − 1

2b2 +
1

2b2
−Θ2b

m+1
2

2m

− bm2
2m

1
2m


 1

1
bm2

 .

Hence (11.211) is equivalent to

1

det(CM33)
(
m− 1

8m2
+

1

8m
)b2m+1

3

(
1,

1

bm2

) 1
2mΘ2b2 − 1

2b2 +
1

2b2
− bm2

2m

−Θ2b
m+1
2

2m
1

2m


 1

Θ2

bm−1
2

+ b33 ̸= 0.

⇔ (
m− 1

8m2
+

1

8m
)b2m+1

3

(
1,

1

bm2

) 1
2mΘ2b2 − 1

2b2 +
1

2b2
− bm2

2m

−Θ2b
m+1
2

2m
1

2m


 1

Θ2

bm−1
2

+ det(CM33)b33 ̸= 0.

⇔ det(CM33)

(
(−1

4
+

1

4m
)b3 +

b33
4(−1−Θ2b22)

+
Θ2b

3
3

4(−1−Θ2b22)

)
+ (

m− 1

8m2
+

1

8m
)b2m+1

3 (
1

2b2
− 1

2
b2 +

Θ2

2mb2m−1
2

− b2Θ2

2m
) ̸= 0,

⇔ (
2m− 1

8m2
)b2m3 (

1

2b2
− 1

2
b2 +

Θ2

2mb2m−1
2

− b2Θ2

2m
) + det(CM33)

1 + Θ2

4(−1−Θ2b22)
b23 + det(CM33)(−

1

4
+

1

4m
) ̸= 0.

(11.212)

To show (11.212), let us write

C0 := (
2m− 1

8m2
)(

1

2b2
− 1

2
b2 +

Θ2

2mb2m−1
2

− b2Θ2

2m
)

C1 := det(CM33)
1 + Θ2

4(−1−Θ2b22)

C2 := det(CM33)(−
1

4
+

1

4m
),
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then, it is enough to show that g(b3) := C0b
2m
3 + C1b

2
3 + C2 ̸= 0. Note that we have

det(CM33) > 0, from (11.210)

(1 + Θ2) < 0, from (11.1) and 0 < b2 < 1

1 + Θ2b
2
2 < 0, from (11.186) and Θ∗

3 > 0,

thus, C1 < 0. we also have C2 < 0 since m > 1. For C0, we have

(
1

2b2
− 1

2
b2 +

Θ2

2m
(

1

b2m−1
2

− b2)) =
b2
2
[
1

b22
− 1 +

Θ2

m
(

1

b2m2
− 1)]

=
b2
2
(
1

b22
− 1)[1 +

Θ2

m
(1 +

1

b22
+ ...+

1

b
2(m−1)
2

)]

<
b2
2
(
1

b22
− 1)(1 +

Θ2

m
m)

< 0,

as b2 < 1, Θ2 ≤ −1
b22

< −1, which follows from (11.1). This yields that C0 < 0. Therefore the

Descartes rule of signs implies that there is no positive root of g(x) = 0, which implies g(b3) ̸= 0,

that is (11.212).

11.2 Analytic regularity of the boundary

Theorem 11.2.1. The solutions R(s) ∈ (Xk,m)3 constructed in Theorem 11.1.1 are analytic when

s is sufficiently small.

Proof. We use [61, Theorem 1] and [62, Theorem 3.1] to prove the analyticity. Let the stream

function

φ(s) =

3∑
i=1

Θi1Di ∗
1

2π
log(·).

We first consider the outermost boundary ∂D1. For any x1 ∈ ∂D1, we have

∆φ = Θ1, in D1\D2,

φ = c1, on ∂D1.

From Lemma 11.7, we have

∇φ = 0, on ∂D1.
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Moreover, from Theorem 11.1.1, we know ∂D1 is in C2. Thus φ is also in C2(D1\D2). Then by [61,

Theorem 1], we have the analyticity of ∂D1.

Now we consider ∂D2. We have

∆φ =


Θ2 +Θ1, in D2\D3,

Θ1, in D1\D2

φ = c2, on ∂D2.

From Corollary 11.4.4 and (11.206), at the bifurcation point, we have

∂nφ(0) =
1

2π

3∑
i=1

Θi

∫ 2π

0

cos(x− y)bi log(b
2
i + b2j − 2bibj cos(x− y))dy

=
1

2π
(−2π)(Θ1b1

b2
b1

+Θ2b2 +Θ3b3
b3
b2
) = −(Θ1b2 +Θ2b2 +Θ3

b23
b2
) ̸= 0.

Thus when s is sufficiently small, ∂nφ(x) ̸= 0.

From Theorem 11.1.1, we have ∂D2 is in C2. So φ is also in C2((D2\D3)∩ (D1\D2))∩C1(D1).

Then we can use [62, Theorem 3.1] to get the result. The analyticity of ∂D3 can be shown in the

same way by using (11.208) instead of (11.206).

11.3 Using the energy estimate to show the analyticity

In this section we introduce an alternative way to get the analyticity, which follows the similar idea

from Chapter 1. For the sake of simplicity, here we only show a main general theorem.

Theorem 11.3.1. Let T (f) be an operator satisfying the following conditions. We assume there

exists ϵ > 0, k ≥ 1, f0 ∈ Hk(T ), such that when ∥f − f0∥Hk ≲ ϵ,

(a) (Boundedness) T (f) : Hk(T) → Hk(T) with ∥T (f)∥Hk(T ) ≲ 1,

(b) (Existence and boundedness of the Fréchet derivative )∥Df (T (f))[h]∥Hk(T ) ≲ ∥h∥Hk(T ),

(c) ( L2 boundedness of the Fréchet derivative ) ∥Df (T (f))[h]∥L2(T ) ≲ ∥h∥L2(T ),

(d) d
dxT (f) = Df (T (f))[

df
dx ],

(e) iDf (T (f))[h] = Df (T (f))[ih].
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Here T is the torus of length 2π. If f0(x) also satisfies the equation

f
′

0(x) = T (f0), (11.213)

f0(x) must be real analytic.

Proof. First, we assume f0 to be an analytic function with analytic continuation f(x, t). Then

through the Cauchy-Riemann equation and (11.213) , we have


d
dtf(x, t) = iT (f(x, t)),

f(x, 0) = f0(x).

(11.214)

Our goal is to show this solution f(x, t) does exist and is analytic.

Through (a), (b), we have

∥T (f)− T (g)∥Hk(T ) ≲ ∥f − g∥Hk(T ).

We can use the Picard theorem to show there is a solution satisfying

f(x, t)− f(x, 0) =

∫ t

0

iT (f(x, τ))dτ.

with |t| < t0 for some t0 > 0. Moreover

f(x, t) ∈W 2,∞((−t0, t0), Hk(T )). (11.215)

By (11.215), we have

lim
∆t→0

∥f(x, t)− f(x, t+∆t)

∆t
− d

dt
f(x, t)∥Hk(T ) = 0.

So

lim
∆t→0

∥
d
dxf(x, t)−

d
dxf(x, t+∆t)

∆t
− d

dx

d

dt
f(x, t)∥Hk−1(T ) = 0.

Therefore we have

d

dt

d

dx
f(x, t) =

d

dx

d

dt
f(x, t) ∈ C0((−t0, t0), Hk−1(T )) ⊂ C0((−t0, t0), L2(T )), (11.216)
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and

d

dx
f(x, t) + i

d

dt
f(x, t) ∈W 1,∞((−t0, t0), L2(T )). (11.217)

Then we can control ∥ d
dxf(x, t) + i d

dtf(x, t)∥L2(T ). We have

| d
dt

∫ π

−π

|( d
dx

+ i
d

dt
)f(x, t)|2dx| (11.218)

= |2Re
∫ π

−π

(
d

dx
+ i

d

dt
)f(x, t)

d

dt
(
d

dx
+ i

d

dt
)f(x, t)dx|

= |2Re
∫ π

−π

(
d

dx
+ i

d

dt
)f(x, t)(

d

dx
+ i

d

dt
)
d

dt
f(x, t)dx|

= |2Re
∫ π

−π

(
d

dx
+ i

d

dt
)f(x, t)(

d

dx
+ i

d

dt
)iT (f(x, t))dx|

= |2Re
∫ π

−π

(
d

dx
+ i

d

dt
)f(x, t)iDfT (f(x, t))[(

d

dx
+ i

d

dt
)[f(x, t)]dx|

≲
∫ π

−π

|( d
dx

+ i
d

dt
)f(x, t)|2dx.

Here the first equality follows from (11.217), the second from (11.216).

Through (11.213), (11.214), we have

∥ d
dx
f(x, t) + i

d

dt
f(x, t)∥L2(T )|t=0 = 0.

Moreover, from(11.217), ∥ d
dxf(x, t) + i d

dtf(x, t)∥
2
L2(T ) ∈W 1,∞(−t0, t0). Then

∥ d
dx
f(x, t) + i

d

dt
f(x, t)∥2L2(T ) =

∫ t

0

d

dτ
∥ d
dx
f(x, τ) + i

d

dτ
f(x, τ)∥2L2(T )dτ.

Hence we can use the Gronwall inequality and get

∥ d
dx
f(x, t) + i

d

dt
f(x, t)∥L2(T ) = 0. (11.219)

Moreover, since k ≥ 1, from (11.215), we have d
dtf(x, t) ∈ W 1,∞((−t0, t0), H1(T )). Then d

dtf(x, t)

is continuous in x and t. We also have f(x, t) =
∫ x

0
i d
dtf(x, t)dt + f(0, t). Therefore ∂xf(x, t) is

continuous in x and t.

Then by the (11.219) and (11.214), we have the analyticity.

409



11.4 Appendix

11.4.1 Crandall–Rabinowitz Theorem

We recall the Crandall-Rabinowitz theorem [28], that plays a crucial role throughout this paper.

Theorem 11.4.1. [28, Theorem 1.7] Let X,Y be Banach spaces, V a neighborhood of 0 in X and

F : (−1, 1)× V 7→ Y

have the properties:

1. F (t, 0) = 0 for |t| < 1,

2. The Gateaux derivatives of F , ∂tF DF , and ∂tDF exist and are continuous,

3. Ker(DF (0, 0)) and Im(DF (0, 0))⊥ are one-dimensional,

4. ∂tDF (0, 0)[x0] /∈ Im(DF (0, 0)), where

Ker(DF (0, 0)) = span {x0} .

Then there is a neighborhood U of (0, 0) ⊂ R×X, an interval (−a, a) and continuous functions

φ : (−a, a) 7→ R, ψ : (−a, a) 7→ z such that φ(0) = ψ(0) and

F (φ(α), αx0 + αψ(α)) = 0, |α| < a.

11.4.2 Useful integrals

The following lemmas will deal with the integrals that appear throughout the calculation of the

linear operator:

Lemma 11.4.2. Consider the expansion of the function log(A0 +A1t+A2t
2). We have that:

log(A0 +A1t+A2t
2) ∼ log(A0) + t

A1

A0
+ t2

(
2A0A2 −A2

1

2A2
0

)
+ t3

(
A3

1 − 3A0A1A2

3A3
0

)

Proof. Follows from the Taylor expansion.

Lemma 11.4.3. Let 0 < r < 1 and A1(r,m) be
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A1(r,m) =

∫
cos(my)

1 + r2 − 2r cos(y)
dy =

2π

1− r2
rm

Proof. We use the residue theorem. We set γ to be the boundary of the unit disk and let z = eiy

A1(r,m) =

∫
cos(my)

1 + r2 − 2r cos(y)
dy =

1

ri

∫
γ

zm

1+r2

r − z − z−1

1

z
dz

= − 1

ri

∫
γ

zm

(z − r)(z − 1
r )
dz = −2πi

ri

rm

r − 1
r

=
2πrm

1− r2
.

Corollary 11.4.4. Let 0 < r ≤ 1 and A0(r,m) be

A0(r,m) =

∫
log(1 + r2 − 2r cos(y)) cos(my)dy = −2π

m
rm

Proof. For r ≤ 1, we integrate by parts and we have

A0(r,m) = − r

m

∫
cos((m− 1)y)− cos((m+ 1)y)

1 + r2 − 2r cos(y)
dy = −2π

m
rm

For r = 1, we use the continuity.

11.4.3 Integral estimates

Lemma 11.4.5. [71, Lemma 3.4] Let f, g ∈ C∞(Td). Then,

∥fg∥Hk(Td) ≲k∥f∥L∞(Td)∥g∥Hk(Td)+∥f∥Hk(Td)∥g∥L∞(Td) for k ∈ N ∪ {0}. (11.220)

Lemma 11.4.6. [?] Let f ∈ C∞(Td). Then for 0 ≤ k ≤ n ∈ N ∪ {0}, it holds that

∥∇kf∥L2(Td) ≲k,n∥f∥
1− k

n

L2(Td)
∥∇nf∥

k
n

L2(Td)
.

Lemma 11.4.7. Let f, g ∈ C∞(T) and σ, p, q ∈ N∪ {0} satisfy p+ q = σ with q ≤ σ− 1. Then, for

each k ≥ 0, it holds that

∥f (p)g(q)∥Hk(T) ≲k,σ ∥f∥H2(T)∥g∥Hk+σ−1(T) + ∥f∥Hk+σ(T)∥g∥H1(T).

411



Proof. Using Lemma 11.4.5 and the Sobolev embedding theorem, we have

∥f (p)g(q)∥Hk(T) ≤ ∥f ′g∥Hk+σ−1(T)

≲k,σ ∥f ′∥L∞(T)∥g∥Hk+σ−1(T) + ∥f∥Hk+σ(T)∥g∥L∞(T)

≲k,σ ∥f∥H2(T)∥g∥Hk+σ−1(T) + ∥f∥Hk+σ(T)∥g∥H1(T).

Lemma 11.4.8. Let F ∈ C∞
0 (Rn) and u ∈ (C∞(T2))n. If ∥u∥(H2(T2))n ≲ 1, then for k ≥ 2,

∥F (u)∥Hk(T2) ≲k 1+∥u∥(Hk(T2))n . (11.221)

For u1, u2 ∈ (C∞(T2))n, if ∥u1∥(H2(T2))n , ∥u2∥(H2(T2))n ≲ 1 we have that for k ≥ 2,

∥F (u1)− F (u2)∥Hk(T2) ≲k (1+∥u1∥(Hk(T2))n+∥u2∥(Hk(T2))n)∥u1 − u2∥(Hk(T2))n . (11.222)

Proof. Since ∥u∥(L∞(T2))n ≲∥u∥(H2(T2))n ≲ 1. Then (11.221) follows straightforwardly from Lemma 11.4.5

and Faá di Bruno’s formula. For (11.222), we have

F (u1(x))−F (u2(x)) =
∫ 1

0

d

dt
F ((u1(x)−u2(x))t+u2(x))dt =

∫ 1

0

∇F ((u1(x)−u2(x))t+u2(x))·(u1(x)−u2(x))dt.

Thus equation (11.222) follows from Lemma 11.4.5 and (11.221).

Lemma 11.4.9. Let K(x, y) ∈ C∞(T2) and K̃(x, y) := K(x,y)−K(x,x)

2 sin( x−y
2 )

. Then for k ∈ N ∪ {0},

∥K̃∥Hk(T2) ≲k∥K∥Hk+1(T2).

Proof. We first divide the domain of the integration into three regions:

D1 :=
{
(x, y) ∈ T2 : |x− y| < 1/2

}
,

D2 :=

{
(x, y) ∈ T2 : |x− y| > 1/2, ||x− y| − 2π| < 1

2

}
,

D3 :=

{
(x, y) ∈ T2 : |x− y| > 1/2, ||x− y| − 2π| > 1

2

}
.
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Clearly, T2 = D1 ∪D2 ∪D3. We will show only that

∫
D1

∣∣∣DkK̃(x, y)
∣∣∣2 dxdy ≲k∥K∥2Hk+1(T2), (11.223)

since the other contributions from D2 and D3 can be easily proved in the same or easier way.

For x, y ∈ D1, we can write

K̃(x, y) =

∫ 1

0

∂u (K(x, (x− y)u+ y)) du
1

sin
(
x−y
2

) =

∫ 1

0

∂yK(x, (x− y)u+ y)du
(x− y)

sin(x−y
2 )

.

Since (x−y)

sin( x−y
2 )

can be extended to a smooth function in D1, we use Lemma 11.4.5 and obtain

∫
D1

∣∣∣DkK̃(x, y)
∣∣∣2 dxdy ≲

∥∥∥∥ ∫ 1

0

∂yK(x, (x− y)u+ y)du

∥∥∥∥2
Hk(T2)

.

The right-hand side can be estimated as

∫
T2

∣∣∣∣Dk

∫ 1

0

∂yK(x, (x− y)u+ y)du|
∣∣∣∣2 dxdy ≲

∫
T2

(∫ 1

0

∣∣Dk∂yK(x, (x− y)u+ y)(1 + uk)
∣∣ du)2

dxdy

=

∫
T2

∣∣∣∣∣
∫ x

y

∣∣Dk∂yK(x, z)
∣∣(1 + ( (z − y)

x− y

)k
)

1

x− y
dz

∣∣∣∣∣
2

dxdy

≲
∫
T2

∣∣∣∣∫ x

y

Dk∂yK(x, z)
1

|x− y|
dz

∣∣∣∣2 dxdy,
where the equality follows from the change of variables, (x−y)u+u 7→ z. Using the Cauchy-Schwarz

inequality, we obtain

∫
T2

∣∣∣∣∫ x

y

Dk∂yK(x, z)
1

|x− y|
dz

∣∣∣∣2 dxdy ≲
∫
T2

∫ x

y

∣∣Dk∂yK(x, z)
∣∣2 dz 1

|x− y|
dxdy

≲
∫
(x,y,z)∈T3,y<z<x

∣∣Dk∂yK(x, z)
∣∣2 1

|x− y|
dxdydz

≲
∫
T2

∣∣Dk∂yK(x, z)
∣∣2 ∫ 2π

z

− log
(
1− z

x

)
dxdz

≲
∫
T2

∣∣Dk∂yK(x, z)
∣∣2 dz

≲∥K∥2Hk+1(T2),

where the second last inequality follows from the fact that z 7→
∫ 2π

z
− log

(
1− z

x

)
dx is uniformly

bounded. This finishes the proof.
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For R ∈ C∞(T), we denote

J(R)(x, y) =
R(x)−R(y)

2 sin(x−y
2 )

. (11.224)

Lemma 11.4.10. Let R ∈ C∞(T). Then, for k ∈ N ∪ {0},

∫
T2

∣∣DkJ(R)(x, y)
∣∣2 dxdy ≲k∥R∥2Hk+1(T). (11.225)

Consequently, ∥J(R)∥Hk(T2) ≲k∥R∥Hk+1(T). Furthermore, we have

∥∥∥∥ ∫
T
J(R)(·, y)dy

∥∥∥∥
Hk(T)

≲∥R∥Hk(T). (11.226)

Proof. For (11.225), it follows from Lemma 11.4.9 by putting K(x, y) = R(y). (11.226) follows from

classical singular integral theory, thus we omit the proof.

Lemma 11.4.11. Let f, g ∈ C∞(T2) and let

T (x) :=

∫
T
f(x, y)g(x, y)dy.

Then for k ∈ N ∪ {0},

∥T∥Hk(T) ≲∥f∥L∞(T2)∥g∥Hk(T2)+∥f∥Hk(T2)∥g∥L∞(T2).

Proof. By Minkowski’s integral inequality and lemma 11.4.5, We have

∥∥∥∥∫
T
f(x, y)g(x, y)dy

∥∥∥∥
Hk(T)

≲
∫
T
∥f(·, y)g(·, y)∥Hk(T)dy

≲
∫
T
∥f(·, y)∥L∞(T)∥g(·, y)∥Hk(T)dy +

∫
T
∥g(·, y)∥L∞(T)∥f(·, y)∥Hk(T)dy

≲ ∥f∥L∞(T2)

(∫
T
∥g(·, y)∥2Hk(T)dy

) 1
2

+ ∥g∥L∞(T2)

(∫
T
∥f(·, y)∥2Hk(T)dy

) 1
2

≲ ∥f∥L∞(T2)∥g∥Hk(T2) + ∥g∥L∞(T2)∥f∥Hk(T2)
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Lemma 11.4.12. Let K ∈ C∞(T2), K#(x) := K(x, x) and R ∈ C∞(T). Let

T (R)(x) :=

∫
T
K(x, y)J(R)(x, y)dy.

Then for k ≥ 2,

∥T (R)∥Hk(T) ≲k (∥K∥Hk+1(T2)+∥K#∥Hk(T))∥R∥H1(T) + (∥K#∥L∞(T)+∥∇K∥L∞(T2))∥R∥Hk(T).

Proof. Let K̃(x, y) := K(x,y)−K#(x)

2 sin( x−y
2 )

. Clearly, we have

∥K̃∥L∞(T2) ≲∥∇K∥L∞(T). (11.227)

We write

T (R)(x) = K#(x)

∫
T
J(R)(x, y)dy +

∫
T
K̃(x, y)(R(x)−R(y))dy =: T1(R)(x) + T2(R)(x).

We can then get the L2 estimate directly by Hölder’s inequality. From Lemma 11.4.5, 11.4.10 and

H1(T) ↪→ L∞(T), we have

∥T1(R)∥Hk(T) ≲∥K#(x)∥Hk(T)

∥∥∥∥∫
T
J(R)(·, y)dy

∥∥∥∥
H1(T)

+∥K#∥L∞(T)

∥∥∥∥∫
T
J(R)(·, y)dy

∥∥∥∥
Hk(T)

≲∥K#(x)∥Hk(T)∥R∥H1(T)+∥K#∥L∞(T)∥R∥Hk(T). (11.228)

For T2(R), it follows from Lemma 11.4.11 that

∥T2(R)∥Hk(T) ≲∥K̃∥Hk(T2)∥R∥L∞(T)+∥K̃∥L∞(T2)∥R∥Hk(T)

≲∥K∥Hk+1(T2)∥R∥H1(T)+∥∇K∥L∞(T)∥R∥Hk(T),

where the last inequality follows from (11.227). With (11.228), we obtain the desired result.

Lemma 11.4.13. Let K ∈ C∞(T2), K#(x) := K(x, x) and R ∈ C∞(T). Let

T (R)(x) :=

∫
T
K(x, y)J(R)(x, y)J(R)(x, y)dy.
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Then for k ≥ 3,

∥T (R)∥Hk(T) ≲k∥K∥Hk+1(T2)∥R∥2Hk(T2)

Proof. Clearly,

∥T (R)∥L2(T) ≲∥K∥L∞(T2)∥J(R)∥L∞(T)∥J(R)∥L2(T2)

≲∥K∥H2(T2)∥J(R)∥H2(T2)∥R∥H1(T)

≲∥K∥H2(T2)∥R∥H3(T)∥R∥H1(T)

≲∥K∥H2(T2)∥R∥2H3(T), (11.229)

where we used H2(T2) ↪→ L∞(T2) and Lemma 11.4.10.

Now we compute the higher derivatives. Using the change of variables, y 7→ x− y, we have

T (R)(x) =

∫
T
K(x, x− y)J(R)(x, x− y)J(R)(x, x− y)dy.

Since J(R)(x, x− y) = R(x)−R(x−y)

2 sin( y
2 )

, we have

(
d

dx

)k

T (R) =
∑

p1+p2+p3=k

∫
T
((∂x)

p1K(x, x− y))J(R(p2))(x, x− y)J(R(p3))(x, x− y)dy

=
∑

p1+p2+p3=k

∫
T
((∂x)

p1K̃(x, x− y))J(R(p2))(x, y)J(R(p3))(x, y)dy

=
∑

p1+p2+p3=k

Ap1,p2,p3
,

where K̃(x, y) := K(x, x− y). If p2 = k or p3 = k, then we can write (assuming p3 = k without loss

of generality),

A0,0,k =

∫
T

K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) (R(k)(x)−R(k)(y))dy +K(x, x)R′(x)

∫
T
J(R(k))(x, y)dy

=

∫
T

K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) R(k)(x)dy −
∫
T

K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) R(k)(y)dy

+K(x, x)R′(x)

∫
T
J(R(k))(x, y)dy

= A1
0,0,k +A2

0,0,k +A3
0,0,k.

Using Lemma 11.4.9 for the first two integrals, Lemma 11.4.10 for the second integral, and Cauchy-

416



Schwarz inequality, we obtain

∥A1
0,0,k∥L2(T) ≲

∥∥∥∥∫
T

K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) dy

∥∥∥∥
L∞(T)

∥R∥Hk(T)

≲

∥∥∥∥∫
T

K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) dy

∥∥∥∥
H1(T)

∥R∥Hk(T)

≲ ∥KJ(R)∥H2(T2)∥R∥Hk(T)

≲ (∥K∥L∞(T2)∥J(R)∥H2(T2) + ∥J(R)∥L∞(T2)∥K∥H2(T2))∥R∥Hk(T),

∥A2
0,0,k∥L2(T) ≲

∫
T

∥∥∥∥K(·, y)J(R)(·, y)−K(·, ·)J(R)(·, ·)
2 sin

( ·−y
2

) ∥∥∥∥
L∞(T)

|R(k)(y)|dy

≲
∫
T

∥∥∥∥K(·, y)J(R)(·, y)−K(·, ·)J(R)(·, ·)
2 sin

( ·−y
2

) ∥∥∥∥
H1(T)

|R(k)(y)|dy

≲

∥∥∥∥K(x, y)J(R)(x, y)−K(x, x)J(R)(x, x)

2 sin
(
x−y
2

) ∥∥∥∥
H1(T2)

∥R∥Hk(T)

≲ ∥KJ(R)∥H2(T2)∥R∥Hk(T)

≲ (∥K∥L∞(T2)∥J(R)∥H2(T2) + ∥J(R)∥L∞(T2)∥K∥H2(T2))∥R∥Hk(T),

and

∥A3
0,0,k∥L2(T) ≲ ∥K∥L∞(T2)∥R∥H2(T)∥R∥Hk(T).

Using the Sobolev embedding theorem, we have ∥K∥L∞(T2) ≲∥K∥H2(T2) and ∥J(R)∥L∞(T2) ≲

∥J(R)∥H2(T2), thus

∥A0,0,k∥L2(T) ≲∥K∥H2(T2)

(
∥J(R)∥H2(T2)+∥R∥H2(T)

)
∥R∥Hk(T)

≲∥K∥H2(T2)∥R∥H3(T)∥R∥Hk(T)

≲∥K∥H2(T2)∥R∥2Hk(T), (11.230)

where the second inequality follows from (11.4.10) and the last inequality follows from k ≥ 3. If

p1, p2, p3 < k, We use Lemma 11.4.11 to obtain

∥Ap1,p2,p3
∥L2(T) ≲

∥∥∥∥∫
T
∂x(K(x, x− y))J(R)(x, x− y)J(R)(x, x− y)dy

∥∥∥∥
Hk−1(T2)

(11.231)
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=

∥∥∥∥∫
T
((∂xK)(x, y) + (∂yK)(x, y))J(R)(x, y)J(R)(x, y)dy

∥∥∥∥
Hk−1(T2)

≲ ∥∇K∥Hk−1(T2)∥J(R)J(R)∥L∞(T2) + ∥J(R)J(R)∥Hk−1(T2)∥∇K∥L∞(T2)

≲ ∥K∥Hk(T2)∥J(R)∥H2(T2)∥J(R)∥H2(T2) + ∥J(R)∥Hk−1(T2)∥J(R)∥L∞(T2)∥K∥H3(T2)

≲ ∥K∥Hk(T2)∥R∥2Hk(T2)

Similarly, if p1 = k, then

∥Ak,0,0∥L2(T) ≲∥K̃∥Hk(T2)∥J(R)∥2L∞(T2)

≲∥K∥Hk(T2)∥J(R)∥2H2(T2)

≲∥K∥Hk(T2)∥R∥2H3(T2)

≲∥K∥Hk(T2)∥R∥2Hk(T2). (11.232)

Therefore it follows from (11.230), (11.231) and (11.232) that

∥∥∥∥( d

dx

)k

T (R)

∥∥∥∥
Hk(T)

≲∥K∥Hk+1(T2)∥R∥2Hk(T2).

With (11.229), the desired result follows

Lemma 11.4.14. Define a linear map

T (R)(x) :=

∫
T
log(2− 2 cos(x− y))R(y)dy.

Then for k ∈ N, T : Hk−1(T) 7→ Hk(T) is an isomorphism.

Proof. The result follows immediately from Corollary 11.4.4.

11.4.4 Stability of linear operators

Lemma 11.4.15. For Hilbert spaces X,Y, Z, assume that A : X 7→ L(Y, Z) satisfies:

(1) X ∋ x 7→ A(x) ∈ L(Y, Z) is Lipschitz continuous near 0 ∈ X,

(2) A(0) is injective and has codimension one, that is, there exists 0 ̸= z ∈ Z such that

Im(A(0))⊥ = span {z} .

418



Then there exists ϵ0 > 0 such that if |x|X ≤ ϵ0, then A(x) is also injective and has codimension

one. Furthermore, there exist c > 0 and z1 ∈ Z such that

Im(A(x))⊥ = span {z1} (11.233)

|z − z1|Z ≤ c|x|X , (11.234)

|A(x)|L(Y,Im(A(x))) ≤ c, (11.235)

|A(x)−1|L(Im(A(x)),Y ) ≤ c. (11.236)

Proof. Let Q : Z 7→ Im(A(0)) be the projection. Then QA(0) : Y 7→ Im(A(0)) is an isomorphism.

Therefore we can choose ε > 0 small enough so that QA(x) : Y 7→ Im(A(0)) is an isomorphism

whenever |x| ≤ ε. Therefore, if A(x)[y] = 0 for some y ∈ Y , then QA(x)[y] = 0, which implies

y = 0. This shows A(x) is injective. In addition, the Fredholm index of A(0) is dim(Ker(A(0))) −

dim(coker(A(0))) = −1, therefore the Fredholm index of A(x) is also −1 ([8, Theorem 4.4.2]) for

small ϵ, which implies A(x) has codimension one. This proves (11.233). Furthermore, A(x) : Y 7→

Im(A(x)) = (span {z1})⊥ is an isomorphism, therefore (11.235) and (11.236) follow immediately.

We remark that the constant c can be chosen uniformly in x.

In order to prove (11.234), let us assume without loss of generality that |z|Z = |z1|Z = 1. For

any y ∈ Y , we have

⟨A(0)[y], z1⟩Z = ⟨(A(0)−A(x))[y], z1⟩Z + ⟨A(x)[y], z1⟩Z = ⟨(A(0)−A(x))[y], z1⟩Z ,

where the last equality follows from A(x)[y] ∈ Im(A(x)) and z1 ∈ Im(A(x))⊥. Therefore, we have

|⟨A(0)[y], z1⟩Z | ≤ |A(0)−A(x)|L(Y ;Z)|y|Y . (11.237)

Note that we can decompose z1 and find y ∈ Y such that

z1 = ⟨z, z1⟩Zz +

z1 − ⟨z, z1⟩Zz︸ ︷︷ ︸
=:w

 = ⟨z, z1⟩Zz +A(0)[y],

where the last equality follows from w ∈ Im(A(0)), hence y = A(0)−1[w]. Then, we have

|w|2Z = ⟨w,w⟩Z

= ⟨w, z1⟩Z
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= ⟨A(0)[y], z1⟩Z

≤ |A(0)−A(x)|L(Y ;Z)|y|Y

≤ |A(0)−A(x)|L(Y ;Z)|A(0)−1|L(Im(A(0));Y )|w|Z ,

where the second equality follows from ⟨w, z⟩Z = 0 and the first inequality follows from (11.237).

Hence

|w|Z ≤ |A(0)−A(x)|L(Y ;Z)|A(0)−1|L(Im(A(0));Y ). (11.238)

Now, using z1 = ⟨z, z1⟩Zz + w, we have

1 = ⟨z1, z1⟩Z = ⟨z, z1⟩2Z + ⟨w, z1⟩Z = ⟨z, z1⟩2Z + ⟨w, z1 − z⟩Z ,

where the last equality follows from ⟨w, z⟩ = 0. Hence, we have

⟨z, z1⟩Z =
√

1− ⟨w, z1 − z⟩Z .

Therefore we have

|z − z1|2Z = 2− 2⟨z, z1⟩Z = 2− 2
√
1− ⟨w, z1 − z⟩Z ≤ |⟨w, z1 − z⟩z| ≤ |w|Z |z1 − z|Z ,

which implies

|z − z1| ≤ |w|Z ≤ |A(0)−A(x)|L(Y ;Z)|A(0)−1|L(Im(A(0));Y ) ≲ |x|X ,

where the first inequality follows from (11.238) and the last inequality follows from the Lipschitz

continuity of x 7→ A(x). This proves (11.234).
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