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Abstract

We prove a variety of results spanning combinatorics, compressed sensing, and theo-

retical computer science. Our methods throughout are primarily combinatorial, but

we also use algebraic techniques and occasionally estimates from analysis.

We begin by proving lower and upper bounds for tensor rank, a purely algebraic

quantity of importance to complexity theory. As the highlight, we improve the best

known lower bounds for explicit tensors.

We continue by proving some complexity-theoretic results of interest to com-

pressed sensing. Specifically, given standard complexity-theoretic assumptions, we

show that any natural extension of the Mumford-Shah functional is infeasible to

compute, as is the problem of testing a frame for possessing full spark. Along the

way, we both construct some explicit full spark frames and show that full spark frames

are dense in the set of Parseval frames.

We follow the theme of merging complexity and compressed sensing further by

using insights from the theory of expander graphs to give an efficient procedure to

reconstruct a signal from intensity measurements, a problem known as phase retrieval.

Our procedure improves upon the efficiency of all previously-known methods.

In the penultimate chapter, we complete the characterization of the basic classes

in the proof of the strong perfect graph theorem.

Finally, we resolve a 75-year old conjecture in combinatorial number theory due

to Richard Rado.
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Chapter 1

Introduction

1.1 Background and overview of results

The results of this thesis span several different fields: computational complexity the-

ory, compressed sensing, the theory of perfect graphs, and combinatorial number

theory.

1.2 Tensor rank

Computational complexity theory, broadly speaking, studies how difficult it is to

perform different tasks under different computational models. One particularly im-

portant model is that of circuits, which closely resemble the actual electric circuits

underlying computer chips. As it happens, it has historically been challenging to

prove strong circuit lower bounds. In this work, we do not directly work on this prob-

lem, nor even define the terms involved. Instead, in Chapter 2 we follow an approach

suggested by the results of Strassen [Str73] and Raz [Raz10], which showed that good

enough tensor rank lower bounds have implications for algebraic circuit (and formula)

lower bounds.

Tensor rank is a generalization of matrix rank for higher-order “matrices”, and as
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such is a purely algebraic quantity. However, the quantity is particularly complicated,

and can reasonably be considered a computational model in its own right.

We explore tensor rank lower and upper bounds, focusing on explicit tensors. We

construct explicit tensors whose rank matches the best known bounds in a few cases,

and improves them in all other cases.

Inspired by the observation that permutation matrices are high rank, we explore

generalized versions which we denote permutations tensors. We show, by counting,

that there exist permutation tensors with high rank. However, we show that a natural

class of permutation tensors (which we call group tensors) does not achieve these

bounds. This eliminates perhaps the most natural candidates for high tensor rank.

We also explore monotone tensor rank, which is defined by natural analogy to

other uses of monotone in complexity theory. We give explicit tensors of low tensor

rank but high monotone tensor rank, achieving a nearly optimal separation. This

situation is similar to many known results in complexity theory.

1.3 The complexity of Mumford-Shaw type regu-

larization

Computational complexity theory offers a powerful vocabulary for classifying the

difficulty of computational problems, the most famous phrase of which is NP-complete

(or NP-hard).

In Chapter 3, we take a natural problem in the theory of image processing and

show that it is NP-hard. Specifically, there is a technique in image processing known

as Mumford-Shah segmentation, for which polynomial-time solutions are known. We

show that taking the slightest generalization of this technique is already NP-hard in

general to solve, or even approximate up to an additive error.

Along the way, we reprove a classic result in the context of sparsity-constrained
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minimization.

1.4 Full spark frames

The field of compressed sensing, roughly speaking, studies the problem of efficiently

processing and reconstructing signals from under-determined information, particu-

larly by using properties of the signal such as sparsity in a particular basis.

In many of the applications in compressed sensing (and especially the related

field of frame theory), there is a pressing need for deterministic constructions of

frames with the following property: every size-M subcollection of the M -dimensional

frame elements is a spanning set. Such frames are called full spark frames, and in

Chapter 4, we start off by providing constructions using Vandermonde matrices and

discrete Fourier transforms.

Later in the chapter, we prove that full spark Parseval frames are dense in the

entire set of Parseval frames, meaning full spark frames are abundant, even if one

imposes a particular additional tightness constraint.

Finally, in the same vein as the previous chapter, we prove that the problem

of testing whether a given matrix is full spark is hard for NP under randomized

polynomial-time reductions, indicating that deterministic full spark constructions are

particularly significant because they guarantee a property which is otherwise difficult

to check.

1.5 Phase retrieval with polarization

In many areas of imaging science, it is difficult to measure the phase of linear measure-

ments. As such, one often wishes to reconstruct a signal from intensity measurements,

that is, perform phase retrieval. In Chapter 5, we provide a novel measurement de-

sign which is inspired by interferometry and exploits certain properties of expander
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graphs. We also give an efficient phase retrieval procedure, and use recent results in

spectral graph theory to produce a stable performance guarantee that rivals the state

of the art.

We use the results of Chapter 4 freely in this chapter, as full spark frames turn

out to be a quite useful concept.

1.6 Forbidden induced subgraphs of double-split

graphs

The concept of perfect graphs is a natural concept in graph theory. In the course of

proving the strong perfect graph theorem (which serves as the crowning classification

result in this theory), Chudnovsky, Robertson, Seymour, and Thomas showed that

every perfect graph either belongs to one of five basic classes or admits one of several

decompositions. Four of the basic classes are closed under taking induced subgraphs

(and have known forbidden subgraph characterizations), while the fifth one, consisting

of double-split graphs, is not.

In Chapter 6, we find the forbidden induced subgraph characterization of double-

split graphs. It contains 44 graphs, and so in particular is finite.

1.7 Equations resolving a conjecture of Rado on

partition regularity

The field of combinatorial number theory studies many problems. Some of the most

fruitful aspects of the theory have come from problem involving colorings of the

integers avoiding or exhibiting particular additive or multiplicative structure.

In Chapter 7, we study the regularity of linear equations. Specifically, a linear

equation L is called k-regular if every k-coloring of the positive integers contains
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a monochromatic solution to L. Richard Rado conjectured that for every positive

integer k, there exists a linear equation that is (k− 1)-regular but not k-regular. We

prove this conjecture by giving explicit equations with this property for every k.

This conjecture is part of problem E14 in Richard K. Guy’s book “Unsolved

problems in number theory”, where it is attributed to Rado’s 1933 thesis, “Studien

zur Kombinatorik”, so this problem had been unsolved for 75 years.

1.8 Publications

All of the chapters included in this work have either appeared in print or have been

submitted to a journal (in modified form). They are also all available on the arXiv.org

e-Print archive.

The research in Chapter 2 was performed with the help of Michael Forbes and

Jacob Tsimerman. The associated article was published in the IEEE Conference on

Computational Complexity [AFT11] and has not yet appeared in a journal. (This

situation is not uncommon in theoretical computer science).

The research in Chapter 3 was performed with Rachel Ward. The associated

article was published in IEEE Transactions on Image Processing [AW10].

The research in Chapters 4 and 5 was performed with different subsets of Afonso

Bandeira, Jameson Cahill, Matthew Fickus, and Dustin G. Mixon. One associated

article was published in the Journal of Fourier Analysis and Applications [ACM12].

The other has been submitted to the SIAM Journal on Imaging Sciences [ABFM12].

The research in Chapter 6 was performed with Alexandra Fradkin and Ilhee Kim.

The associated article was published in the SIAM Journal on Discrete Mathemat-

ics [AFK12].

The research in Chapter 7 was performed with Jacob Tsimerman. The associated

article was published in the Journal of Combinatorial Theory, Series A [AT10].
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1.9 Original authorship

Like many mathematicians, I collaborate frequently. Given the context, however, it is

important to understand the individual contributions to all of the research contained

within this thesis.

Note that no coauthor contributed to more than one of the many chapters of this

thesis, except Dustin Mixon and Jacob Tsimerman who contributed to two each.

The research underlying Chapters 2 and 7 (particularly the latter) was performed

in such a way that it is essentially impossible to isolate the individual contributions

of the authors. All of the key ideas came in intense brainstorming sessions I had with

Jacob Tsimerman.

I provided the key idea and techniques of Chapter 3, a reduction from the NP-hard

problem SUBSET-SUM to the problem under analysis. This reduction was relevant

to independent research of Rachel Ward, which is not featured within. I similarly

provided the complexity-theoretic content of Chapter 4. The rest is joint work.

I provided the key idea and techniques of Chapter 5, which is the use of expander

graphs for phase retrieval.

I wrote a computer program to discover the main result of Chapter 6, which was

then proven over many sessions together with Alexandra Fradkin and Ilhee Kim.

1.10 Further directions

Many of the results in this thesis naturally suggest further research. In some cases,

these further avenues have already been explored.

The results of Chapter 2 have been pushed even further, to a record-holding

rank of approximately 3.52n for an [n] × [n] × [n] tensor. (The previous record was

3n.) This result is not yet published and should appear in a journal paper at some

point [AFT13].
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Meanwhile, our results have been cited many times, of which we mention two

particularly productive uses. J. M. Landsberg analyzed our tensors from the point of

view of border rank and showed that our tensors had the minimal rank of any concise

tensor, despite their having non-negligible rank. [Lan13]

Yang D. Li used our separation results involving monotone tensor rank to prove

further separation results in algebraic complexity. [Li11]

Chapter 4 has, in a sense, served as a standard reference for results in compressed

sensing that were previously suspected but never published. (The paper has had at

least 25 citations in two years.)

Chapter 5 is part of a large group of papers pushing phase retrieval. In particular,

the ideas of the paper have already found use in sparse retrieval problems, as well as

for masked signals.

The other Chapters have been cited a few times already, but not used directly in

further arguments.
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Chapter 2

Tensor rank: some lower and

upper bounds

2.1 Introduction

Most real-world computing treats data as Boolean, and thus made of bits. However,

for some computational problems this viewpoint does not align with algorithm design.

For example, the determinant is a polynomial, and computing it typically does not

require knowledge of the underlying bit representation and rather treats the inputs

as numbers in some field. In such settings, it is natural to consider the computation

of the determinant as computing a polynomial over the underlying field, as opposed

to computing a Boolean function.

When computing polynomials, just as when computing Boolean functions, there

are many different models of computation to choose. The most general is the alge-

braic circuit model. Specifically, to compute a polynomial f over a field F in variables

x1, . . . , xn, one defines a directed acyclic graph, with exactly n source nodes (each la-

beled with a distinct variable), a single sink node (which is thought of as the output),

and internal nodes labeled with either +, meaning addition, or ×, meaning mul-

8



tiplication. Further, each non-leaf is restricted to have at most two children nodes.

Computation is defined in the natural way: each non-source node computes the (poly-

nomial) function of its children according to its label, and source nodes compute the

variable they are labeled with. One can also consider the algebraic formula model,

which requires the underlying graph to be a tree. In both of these models, we define

the size of the circuit/formula to be the total number of nodes in the graph.

Neither the algebraic circuit nor the formula model are well understood, in the

sense that while it can be shown that there exist polynomials which require large

circuits for their computation, no explicit1 examples of such polynomials are known.

Indeed, finding such lower bounds for explicit functions is considered one of the most

difficult problems in computational complexity theory. Several lower bounds are

known, such as Strassen’s [Str75] result (using the result of Baur-Strassen [BS83])

that the degree n polynomial
∑n

i=1 x
n
i requires Ω(n lg n) size circuits. However, no

super-linear size lower bounds are known for constant-degree polynomials. In the

case of formulas, Kalorkoti [Kal85] proved a quadratic-size lower bound for an explicit

function.

One avenue for approaching improvements for both of these models is by proving

lower bounds for tensor rank. A tensor is a generalization of a matrix, and an order-d

tensor is defined as a function T : [n]d → F, where [n] denotes the set {1, . . . , n}. A

tensor is rank one if it can be factorized as T (i1, . . . , id) =
∏d

j=1 ~vj(ij) for ~vj ∈ Fn.

The rank of a tensor is the minimum r such that T =
∑r

k=1 Sk for rank one tensors

Sk. It can be seen that an order-2 tensor is a matrix, and the notions of rank coincide.

It can also be observed that the rank of an [n]d tensor is always at most nd−1, and

a counting-type argument shows that over any field there exist tensors of rank at

least nd−1/d. A tensor is called explicit if T (i1, . . . , id) can be computed by algebraic

circuits of size at most polynomial in poly(d lg n), that is, at most polynomial in the

1A polynomial is said to be explicit if the coefficient of a monomial ~X~α is computable by algebraic
circuits of size at most poly(|~α|).
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size of the input (i1, . . . , id). All explicit tensors in this paper will also be uniformly

explicit.

Interest in tensors arise from their natural correspondence with certain polynomi-

als. Consider the sets of variables {Xi,j}i∈[n],j∈[d]. Given a tensor T : [n]d → F, one

can define the polynomial

fT ({Xi,j}i∈[n],j∈[d]) =
∑

i1,...,id∈[n]

T (i1, . . . , id)
d∏
j=1

Xij ,j

This connection was used in the following two results. First, Strassen [Str73] showed

that

Theorem (Strassen [Str73], see also [vzG88]). For a tensor T : [n]3 → F, the circuit

size complexity of fT is Ω(rank(T )).

Thus, any super-linear lower-bound for order-3 tensor rank gives a super-linear

lower bounds for general arithmetic circuits, even for the constant degree polynomials.

More recently, Raz [Raz10] proved

Theorem (Raz [Raz10]). For a family of tensors Tn : [n]d(n) → F with rank(Tn) ≥

n(1−o(1))d(n) and ω(1) ≤ d(n) ≤ O(log n/ log log n), the formula-size complexity of fTn

is super-polynomial.

Thus, while Strassen’s result cannot be used to prove super-quadratic circuit-size

lower bounds (because of the upper bounds on order-3 tensor rank), Raz’s result

shows that tensor rank could be used to prove very strong lower-bounds. These

results motivate a study of tensor rank as a model of computation in of itself.

2.2 Prior work

Strassen’s connection between order-3 tensor rank and circuit complexity further

established a close connection between tensor rank to what is known as bilinear com-
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plexity. As several important problems, such as matrix multiplication and polyno-

mial multiplication, are bilinear, one can study their bilinear complexity, and thus

their order-3 tensor rank. We interpret various prior results in the language of

tensor rank. For the matrix multiplication (which corresponds to a tensor of size

[n2]× [n2]× [n2]), Shpilka [Shp03] showed that the tensor rank is at least 3n2− o(n2)

over F2, and Bläser [Blä99] earlier showed that over any field the tensor rank is at least

2.5n2 − Θ(n). For polynomial multiplication (which corresponds to a tensor of size

[2n− 1]× [n]× [n]), Kaminski [Kam05] showed that the tensor rank over Fq is known

to be (3 + 1/Θ(q3))n − o(n) and earlier work by Brown and Dobkin [BD80] showed

that over F2 the tensor rank is at least 3.52n. Lower bounds for these problems seem

difficult, in part because strong upper bounds exist for both matrix multiplication

and polynomial multiplication.

This work attempts to prove tensor rank lower bounds for any explicit function,

not just problems of prior interest such as matrix or polynomial multiplication. Pre-

vious work in this realm include that of Ja’Ja’ [Ja’79] (see their Theorem 3.6), who

used the Kronecker theory of pencils to show tensor rank lower bounds of 1.5n for

[n]×[n]×[2] tensors, for large fields. The work was later expanded by Sumi, Miyazaki,

and Sakata [SMS09] to smaller fields. However, in these works the rank is shown to

be at most 1.5n, so seemingly cannot be pushed further.

It is also worth noting that H̊astad proved [H̊as89, H̊as90] that determining if the

tensor rank of T : [n]3 → F is at most r is NP-hard, for F finite or the rationals (the

problem is also known to be within NP for finite F, but not known for the rationals).

Implicit in his work is a tensor rank lower bound (for explicit order-3 tensors) of

4n/3. To the best of our knowledge, the hardness of approximating tensor rank is an

open question. Part of its difficultly is that any gap-preserving reduction from NP to

tensor rank would automatically yield lower bounds for explicit tensors.

It is also a folklore result (eg. see Raz [Raz10]) that one can reshape, or embed,

11



a nbd/2c × nbd/2c size matrix into a order-d tensor, thus achieving a nbd/2c rank lower

bound for [n]d size tensors.

2.3 Our results

Our work has several components, each studying different aspects of the tensor rank

problem. We first give two new methods in proving tensor rank lower bounds. In

Section 2.5, we detail the first construction, which proves the best known2 tensor rank

lower bound for a tensor of size [n]× [n]× [n] (over any field). In particular, using a

generalization of Gaussian elimination we prove

Theorem (Corollary 2.5.4). Let F be an arbitrary field. There are explicit {0, 1}-

tensors Tn : [n]3 → F such that rank(Tn) = 3n−Θ(lg n).

However, our analysis of this construction is exact so no further improvements

can be made. In Section 2.10, we give a different order-3 tensor construction with

a 3n − Θ(lg n) rank lower bound over F2 that has no matching upper bound, and

leave as a open question what is the correct rank. In Section 2.11, we show how to

extend the order-3 tensor rank lower bounds to yield a lower bound (for odd d) of

2nbd/2c + n−Θ(d lg n) for the tensor rank of an explicit 0/1 size [n]d tensor, which is

improves by a factor of 2 on the folklore reshaping lower bound of nbd/2c.

In Section 2.6, we explore the tensor rank of permutation tensors. For matrices,

permutation matrices are all full-rank and have a tight connection with the determi-

nant. Consequently, it is natural to conjecture that a generalization of permutation

matrices, which we call permutation tensors, have high rank. In particular, using

a counting lower bound for Latin squares, we show that indeed there is a order-3

permutation tensor with super-linear tensor rank (over finite fields).

2When comparing this result to those listed in the prior work, it is helpful to note the differences
in size of the tensors, such as comparing [n2]3 (for matrix multiplication) to our [n]3. Thus, over F2,
we essentially match Shpilka’s 3n2 − o(n2) matrix multiplication result up to low-order terms.
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A natural class of permutation tensors are those constructed from groups. That

is, for a finite group G we can define the group tensor T dG : Gd → F, which is a 0/1

tensor defined by T dG(g1, . . . , gd) = 1 iff g1 · · · gd = 1G. It seems natural to conjecture

that these tensors might also have high-rank. However, using representation theory

we can give a strong upper bound on the rank of any group tensor (over large fields

such as C). To prove results over any field, we use interpolation methods and field-

transfer results to bound the rank of any group tensor arising from an abelian group.

In particular, we have the following theorem.

Theorem (Theorem 2.6.5, and Corollary 2.6.11). Let G be a finite group. For “large”

fields F, rankF(T dG) ≤ |G|d/2. Further, for any field F, if G is abelian then rankF(T dG) ≤

O(|G|1+lg d lgd−1 |G|).

In each case under consideration, we show that group tensors have rank far from

the maximal Θd(|G|d−1), and thus are not good candidates for high tensor rank for

large d (which are needed for Raz’s application). We are unable to place non-trivial

upper bounds on the rank of T dG for G non-abelian and small F, but it seems natural to

conjecture that strong upper-bounds exist given the above results. While these results

do not unconditionally imply any circuit lower bounds, they elucidate differences

between tensor rank and matrix rank by proving that group tensors are not a viable

candidate of high-rank tensors. However, conditioned on the upper bound given in

Theorem 2.6.5 being tight, we are able to give super-linear tensor rank lower bounds

for explicit order-3 tensors.

Finally, in Section 2.7 we explore monotone tensor rank. Monotone computation

exploits the idea that if a polynomial only uses positive coefficients (over an ordered

field such as Q), then one might try to compute this polynomial only using positive

field elements. Previous researchers have tried, in various models, to show that such

restricted computation is much more inefficient than unrestricted computation. In-

deed, for general algebraic circuits Valiant [Val80] has shown that allowing negative

13



field elements allows for an exponential improvement in the efficiency of computing

certain polynomials. We continue in this line of work. In particular, we can show the

following nearly optimal separation.

Theorem (Theorem 2.7.3). Let F be any ordered field. There is a explicit 0/1 tensor

T : [n]d → F such that rankF(T ) ≤ dn, but the monotone rank of T is nd−1.

2.4 Definitions and notation

We first define tensors, and give some basic facts about them. Throughout this paper,

[n] shall denote the set {1, . . . , n}, JnK shall denote the set {0, . . . , n−1}, and lg n shall

denote the logarithm of n base 2. Further, the notation JEK (the Iverson bracket)

will often be used as an indicator variable for the event E, and can be distinguished

from JnK by context.

Definition 2.4.1. A tensor over a field F is a function T :
∏d

j=1[nj]→ F. It is said

to have order d and size (n1, . . . , nd). If all of the nj are equal to n, then T is said to

have size nd. T is said to belong to the tensor product space ⊗dj=1Fnj .

In later sections, the input space of a tensor will sometimes be a group or a set

JnK instead of the set [n]. Throughout this paper F shall denote a arbitrary field,

the variable n (or (n1, . . . , nd)) shall be reserved for the tensor size, and d shall be

reserved for the order. Fq will denote the field on q elements. We can now define the

notion of rank for tensors.

Definition 2.4.2. A tensor T :
∏d

j=1[ni]→ F is simple if for j ∈ [d] there are vectors

~vj ∈ Fnj such that T = ⊗dj=1~vj. That is, for all ij ∈ [nj], T (i1, . . . , id) =
∏d

j=1 ~vj(ij)

where ~vj(ij) denotes the ij-th coordinate of ~vj.

Definition 2.4.3. The rank of a tensor T :
∏d

j=1[nj]→ F, is defined as the minimum
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number of terms in a summation of simple tensors expressing T , that is,

rankF(T ) = min

{
r : T =

r∑
k=1

⊗dj=1~vj,k, ~vj,k ∈ Fnj
}

Notice that by definition, a non-zero tensor is simple iff it is of rank one.

The next definition shows how identically sized order-(d− 1) tensors can be com-

bined into an order-d tensor.

Definition 2.4.4. For T1, . . . , Tnd ∈ ⊗d−1
j=1Fnj define T = [T1 | · · · | Tnd ] by the

equation T (i1, . . . , id−1, id) = Tid(i1, . . . , id−1). The Tij are said to be the layers of T

(along the d-th axis). Layers along other axes are defined analogously.

Conversely, given T ∈ ⊗dj=1Fnj , define the l-th layer of T (along the d-axis),

sometimes denoted Tl ∈ ⊗d−1
j=1Fnj , to be the tensor defined by Tl(i1, . . . , id−1) =

T (i1, . . . , id−1, l).

2.5 Combinatorially-defined tensors

In this section, we construct combinatorially-defined tensors and prove linear lower

bounds for their rank. To do so, we use the follow fact about tensors, which is

proved in Section 2.9. For matrices, this can be seen as a statement about Gaussian

elimination.

Corollary (Iterative Layer Reduction, Corollary 2.9.2). For layers

S1, . . . , Snd ∈ Fn1 ⊗ · · · ⊗ Fnd−1

with S1, . . . , Sm linearly independent (as vectors in the space Fn1···nd−1), there exist
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constants ci,j ∈ F, i ∈ {1, . . . ,m}, j ∈ {m+ 1, . . . , nd}, such that

rank([S1 | . . . | Snd ]) ≥ rank

([
Sm+1 +

m∑
i=1

ci,m+1Si

∣∣∣∣∣. . .
∣∣∣∣∣Snd +

m∑
i=1

ci,ndSi

])
+m

(2.5.1)

The idea of this section is to construct tensors such that we can apply Corol-

lary 2.9.2 as many times as possible. As mentioned in Remark 2.9.3, for a [n]d tensor,

the lemma can be applied at most dn times, and thus the lower bounds can at best

be dn. In general, the lemma may not be able to be applied this much because the

elimination of layers zeroes out too much of the tensor. However, in this section we

construct tensors (for d = 3) such that we can almost apply the lemma dn times.

The result is that we give explicit (order 3) 0/1-tensors with tensor rank exactly

3n−Θ(lg n) over any field. To begin, we apply the above corollary twice, along two

different axes, to get the following lemma.

Lemma 2.5.1. Let A1, . . . , Ak be n× n sized F-matrices. Let Im denote the m×m

identity matrix, and 0m denote the m×m zero matrix. Then,

rank


In 0n

0n In

∣∣∣∣∣∣∣
0n 0n

A1 0n

∣∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣∣
0n 0n

Ak 0n


 ≥ rank([A1 | · · · | Ak]) + 2n (2.5.2)

and

rank




0 0 0

In 0n 0

0n In 0

∣∣∣∣∣∣∣∣∣∣
0 0 0

0n 0n 0

A1 0n 0

∣∣∣∣∣∣∣∣∣∣
· · ·

∣∣∣∣∣∣∣∣∣∣
0 0 0

0n 0n 0

Ak 0n 0


 ≥ rank([A1 | · · · | Ak]) + 2n (2.5.3)

where the left-hand side of Equation 2.5.3 expresses the tensor rank of a [2n + 1] ×

[2n+ 1]× [k]-sized tensor.

Proof. Notice that the left hand sides of Equation 2.5.2 and Equation 2.5.3 are equal.
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This follows from applying Corollary 2.8.9 twice (using that this corollary extends to

layers along any axes, not just the d-th, by applying Lemma 2.8.8), once on the layers

slicing the page vertically, and once on the layers slicing the page horizontally. Thus,

it is enough to show Equation 2.5.2.

We now apply Corollary 2.9.2. First, we use it on the layers slicing the page

vertically and deriving that

rank


In 0n

0n In

∣∣∣∣∣∣∣
0n 0n

A1 0n

∣∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣∣
0n 0n

Ak 0n


 ≥ rank


In
C

∣∣∣∣∣∣∣
0n

A1

∣∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣∣
0n

Ak


+ n (2.5.4)

where C is an n × n matrix of field elements defined by the constants ci,j of Corol-

lary 2.9.2. Notice that the layers being dropped in the use of this corollary must be

linearly independent. However, as they are the layers of [In | 0n | · · · | 0n] which

slice the page vertically, they have exactly one 1 in the first row3, and have 0 entries

elsewhere. As their non-zero entries are in different positions, they are linearly in-

dependent. Similarly, we can apply the corollary again on the remaining layers that

slice the page horizontally to see that

rank


In
C

∣∣∣∣∣∣∣
0n

A1

∣∣∣∣∣∣∣ · · ·
∣∣∣∣∣∣∣
0n

Ak


 ≥ rank([C + C ′ | A1 | · · · | Ak]) + n (2.5.5)

where C ′ is yet another n × n matrix of field elements produced by Corollary 2.9.2.

We now invoke Corollary 2.8.9 to observe that

rank([C + C ′ | A1 | · · · | Ak]) ≥ rank([A1 | · · · | Ak]) (2.5.6)

Combining Equations (2.5.4), (2.5.5), and (2.5.6) yields Equation (2.5.2) and thus

3It is immaterial whether we call this a “row” or “column”, as no specific orientation of these
tensors was chosen.
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the claim.

Applying this lemma recursively yields the following construction.

Definition 2.5.2. Let H : N → N denote the Hamming weight function. That is,

H(n) is the number of 1’s in the binary expansion of n.

Theorem 2.5.3. For i ∈ {0, . . . , blg nc}, let Sn,i be an n × n matrix defined in the

following recursive manner.

• S1,0 = [1]

• For 2n > 1,

S2n,i =



 0n 0n

Sn,i 0n

 if i < blg nc

In 0n

0n In

 if i = blg nc

• For 2n+ 1 > 1,

S2n+1,i =




0 0 0

0n 0n 0

Sn,i 0n 0

 if i < blg nc


0 0 0

In 0n 0

0n In 0

 if i = blg nc

Then, denoting Tn = [Sn,0 | · · · | Sn,blgnc],

1. Tn has size [n]× [n]× [blg nc+ 1].
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2. rank(Tn) = 2n− 2H(n) + 1 .

3. On inputs n and (i, j, k) ∈ [n]× [n]× [blg nc+ 1], Tn(i, j, k) can be computed in

polynomial time. That is, in time O(polylog(n)).

Proof. (1): This is clear from construction.

(2): We first note that blg 2nc = blg n+ 1c = blg nc+ 1. We first prove the upper

bound, and then the lower bound.

To see that rank(Tn) ≤ 2n− 2H(n) + 1 we observe that Tn has exactly this many

non-zero entries. Denote this quantity rn. We proceed by induction on the recursive

definition of the Sn,i. For n = 1, there is clearly exactly 2 ·1−2H(1)+1 = 1 non-zero

entry. For 2n > 1, r2n = rn+2n which by induction yields r2n = (2n−2H(n)+1)+2n.

Observing that H(n) = H(2n), we see that r2n = 2(2n)−2H(2n)+1. For 2n+1 > 1,

r2n+1 = rn + 2n, which by induction yields r2n+1 = (2n− 2H(n) + 1) + 2n. Noticing

that H(2n+ 1) = H(n) + 1 we have that r2n+1 = 2n− 2(H(2n+ 1)− 1) + 1 + 2n =

4n+2−2H(2n+1)+1 = 2(2n+1)−2H(2n+1)+1. Thus, the induction hypothesis

shows that rn = 2n− 2H(n) + 1 for all n, and thus upper-bounding the rank by this

quantity.

For the rank lower bound, we use Lemma 2.5.1 and induction on the recursive

definition of the Sn,i. Clearly, rank(T1) ≥ 1. Then for 2n > 1, rank(T2n) ≥ rank(Tn)+

2n, and for 2n + 1 > 1, rank(T2n+1) ≥ rank(Tn) + 2n. These are exactly the same

recurrences from the proceeding paragraph, and so they have the same solution:

rank(Tn) ≥ 2n− 2H(n) + 1.

Combining these two bounds shows that rank(Tn) = 2n− 2H(n) + 1.

(3): This is clear from the equations defining the Sn,i.

Another application of Corollary 2.9.2 (along the one axis it has not yet been

applied) yields the following claim.
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Corollary 2.5.4. Define Sn,i as in Theorem 2.5.3. Let n ∈ N and restrict to n ≥ 2.

Then, for i ∈ [n] define n× n matrices S ′n,i by

S ′n,i =



Sn−1,i−1 0

0 0

 if i ∈ [blg(n− 1)c+ 1]

0n−1 ~ei−(blg(n−1)c+1)

0 0

 else

where ~ej ∈ Fn−1 is the indicator column vector where ~ej(k) = Jj = kK. (Notice that

blg(n− 1)c+ 1 ≤ n− 1 for all n ≥ 2.) Then, denoting T ′n = [S ′n,1 | · · · | S ′n,n],

1. T ′n has size [n]3.

2. rank(T ′n) = 3n− 2H(n− 1)− blg(n− 1)c − 2 ≥ 3n−Θ(lg n).

3. On inputs n and (i, j, k) ∈ [n]×[n]×[n], T ′n(i, j, k) can be computed in polynomial

time, that is, O(polylog(n)).

Proof. (1): This is clear from construction.

(2): Observe that in the construction of T ′n, the matrices S ′n,i for i > blg(n−1)c+1

are linearly independent. Thus, applying Corollary 2.9.2, we see that

rank(T ′n) ≥ rank([S̃ ′n,1 | · · · | S̃ ′n,blg(n−1)c+1]) + n− (blg(n− 1)c+ 1)

where

S̃ ′n,i =

Sn−1,i−1 ~ci

0 0


for some arbitrary vectors ~ci ∈ Fn−1. It follows from Corollary 2.8.9 that we can drop

the bottom row and last column of each of the S̃n,i without increasing the rank, so
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that

rank([S̃ ′n,1 | · · · | S̃ ′n,blg(n−1)c+1]) ≥ rank([Sn−1,0 | · · · | Sn−1,blg(n−1)c])

where the Sn−1,i−1 are as defined in Theorem 2.5.3, and as such, rank([Sn−1,0 | · · · |

Sn−1,blg(n−1)c]) = 2(n − 1) + 2H(n − 1) + 1. Combining these inequalities yields the

rank lower bound for T ′n.

(3): This is clear from the equations defining T ′n, and using the explicitness of the

Sn−1,i−1 as seen from Theorem 2.5.3.

Note that this analysis is exact. Section 2.10 contains similar lower bounds over

F2 using different methods, where no non-trivial upper bound is known.

2.6 Permutation tensors

One of the most natural families of full-rank matrices are permutation matrices. This

section examines a natural generalization of permutation matrices to tensors, which

we call permutation tensors. A counting argument (Proposition 2.6.2) shows that

there exists order-3 permutation tensors of super-linear rank (over any fixed finite

field), so it is natural to conjecture that permutation tensors may all have near-

maximal rank, just as in the matrix setting. However, we show (Subsection 2.6.2)

that this is false: we give tensor rank upper bounds proving that permutation tensors

constructed from groups have rank much less than maximal.

We begin with the formal definition of permutation tensors.

Definition 2.6.1. Let F be a field, and T be a tensor T : [n]d → F. T is a permutation

tensor if T assumes only 0/1 values, and T has exactly one 1 in each generalized row.

(A generalized row, sometimes just “row”, is the set of n inputs to T resulting from

fixing d− 1 of the coordinates, and varying the remaining coordinates).

It is not hard to see that order-2 permutation tensors and permutation matrices;
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as permutation matrices are those 0/1-matrices such that each row and column have

exactly one 1.

2.6.1 Rank lower bounds

We now show that there exist permutation tensors of super-linear rank (over finite

fields).

Proposition 2.6.2. Let F be a finite field. Then there exists a permutation tensor

T : [n]3 → F of rank at least Ω(n log|F| n).

Proof. A Latin square is an n × n matrix, with each entry labeled with a symbol

from [n], such that no symbol is duplicated in any row or column. Observe that

order-3 permutation tensors exactly correspond to Latin squares. We now use the

following fact about Latin squares, whose proof uses lower bounds for the permanent

of doubly-stochastic matrices.

Theorem ([vLW01]). The number of n× n Latin squares is at least (n!)2n/nn
2
.

A standard counting argument completes the claim.

It remains unclear if this result generalizes to higher orders. That is, can one show

that for any k > 3 there exist permutation tensors of rank at least ω(nbd/2c)?

2.6.2 Rank upper bounds

In this section we define a class of permutation tensors constructed from finite groups,

and show that these tensors have rank far from maximal. We will give two rank upper-

bound methods. The first method uses representation theory and accordingly only

works where the group has a complete set of irreducible representations (which usually

means “large” fields). The second method is based on polynomial interpolation, and

while it gives worse upper bounds and only works for finite abelian groups, it gives
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results over any field. Neither of these methods applies to all finite non-abelian groups

over small fields, and the rank of the corresponding tensors is unclear.

Definition 2.6.3. Let G be a finite group (written multiplicatively, with identity 1G)

, and F a field. Define the order-k group tensor T dG : Gd → F by

T dG(g1, . . . , gd) = Jg1 · · · gd = 1GK

We first explore the representation-theory based upper bound. To do so, we first

cite relevant facts from representation theory.

Theorem 2.6.4 ([Ser77]). Let G be a finite group and F a field. A representation of

G is a homomorphism ρ : G→ Fd×d, where d is the dimension of the representation

and is denoted dim ρ. The character of a representation ρ is a map χρ : G → F

defined by tr ◦ρ, that is, taking the trace of the resulting matrix of the representation.

If char(F) is coprime to |G|, and F contains N-th roots of unity, for N equal to

the least common multiple of all of the orders of elements of G, then there exists a

complete set of irreducible representations. In particular, for c denoting the number

of conjugacy classes of G, there is a set of representations ρ1, . . . , ρc and associated

characters such that (among other properties) we have

1. 1
|G|
∑c

i=1(dim ρi) · χi(g) = Jg = eK

2.
∑c

i=1(dim ρi)
2 = n

3. dim ρi divides |G|

In particular, for finite abelian groups, c = n and dim ρi = 1 for all i.

Notice that property (1) in the above theorem is an instance of the column or-

thonormality relations of character tables, which follow from the more commonly

mentioned row orthonormality relations. We now use these facts to derive upper

bounds on the rank of T kG when the conditions to the above theorem hold.
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Theorem 2.6.5. Let G be a finite group, d ≥ 2 and F a field, such that char(F) is

coprime to |G|, and F contains N-th roots of unity, for N equal to the least com-

mon multiple of the orders of elements of G. Then given the irreducible represen-

tations ρ1, . . . , ρc for G over F, the order-d group tensor has |G| ≤ rankF(T dG) ≤∑c
i=1(dim ρi)

d ≤ |G|d/2.

In particular, for finite abelian groups, rankF(T kG) = |G|.

Proof. rankF(T dG) ≥ |G|: This follows from observing that for fixed g3, . . . , gd,

T dG(·, ·, g3, . . . , gd)

is a permutation matrix, and thus its rank (of |G|) lower bounds the rank of T dG (over

any field). This can also be seen by induction on Corollary 2.8.9.

G abelian =⇒ rankF(T kG) ≤ |G|: Theorem 2.6.4 further implies dim ρi = 1 for all

irreducible representations of finite abelian groups, which implies rankF(T dG) ≤ |G|

for abelian groups.∑c
i=1(dim ρi)

d ≤ |G|d/2: Theorem 2.6.4(2) shows that
∑c

i=1(dim ρi)
2 = n. Thus

the claim is equivalent to showing that for d ∈ Z, d ≥ 2 and ni ∈ R≥0,
∑
ni = n =⇒∑

n
d/2
i ≤ nd/2. To show this, we first show that (n + m)d/2 + 0d/2 = (n + m)d/2 ≥

nd/2+md/2. To see, this, observe that assuming without loss of generality that n ≥ m,

we have that

(n+m)d ≥ nd +

(
d

dd/2e

)
ndd/2embd/2c +md ≥ nd + 2nd/2md/2 +md = (nd/2 +md/2)2

where we use that
(

d
dd/2e

)
≥ d ≥ 2. Taking square roots yields (n + m)d/2 + 0d/2 ≥

nd/2 +md/2. Thus, given non-negative ni summing to n, one can iteratively zero out

certain ni while increasing the sum
∑
n
d/2
i , until only n1 = n and thus

∑
n
d/2
i = nd/2.

Thus, this is a bound on the initial sum of
∑
n
d/2
i .

rankF(T dG) ≤
∑c

i=1(dim ρi)
d: The result will follow by constructing, for each i, the
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order-d tensor

T dρi(g1, . . . , gd) = χi(g1 · · · gd)

in rank (dim ρi)
d. Theorem 2.6.4(1) shows that T dG = 1

|G|
∑c

i=1(dim ρi) · T dρi and so

distributing the dim ρi/ |G| term inside the simple tensors yields the result (where we

crucially use the restriction on the field characteristic).

Thus, all that remains is to show that rankF(T dρi) ≤ (dim ρi)
d. Using the group

homomorphism properties of the representations and expanding the definition of the

trace through the matrix multiplication we see

T dρi(g1, . . . , gd) =

dim ρi∑
k1=1

· · ·
dim ρi∑
kd=1

(ρi(g1))k1,k2 · · · (ρi(gd−1))kd−1,kd(ρi(gd))kd,k1

and one can observe that for fixed k1, . . . , kd, the function

(ρi(g1))k1,k2 · · · (ρi(gd−1))kd−1,kd(ρi(gd))kd,k1

is a simple tensor so the above shows rankF(T dρi) ≤ (dim ρi)
d as desired.

The above result is possibly tight, motivating the question: is there a group G

and irreducible representation ρ of G such that rankF(T dρ ) < (dim ρ)d? As the above

result is tight for abelian groups, any affirmative answer to the above question would

involve a non-abelian G.

Even supposing the above result was tight, one can ask what implications this

gives for circuit lower bounds, especially because group tensors are explicit when the

defining group operation is efficiently computable. However, applying tensor rank

lower bounds to Raz’s [Raz10] result requires order-d tensors of rank n(1−o(1))d, and

Theorem 2.6.5 shows that no group tensor can achieve this rank over large fields.

In particular, for the purposes of tensor rank lower bounds, the lower bounds of

Corollary 2.11.2 are asymptotically (in d) as good as the rank achievable by any
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group tensor (over large fields).

However, if tight, Theorem 2.6.5 would yield better lower bounds than Corol-

lary 2.11.2 for odd d. In particular, the symmetric group Gn has a complete set of

irreducible representations over the rationals [Ser77]. Thus, the tightness of Theo-

rem 2.6.5 would imply a lower bound for rankQ(T dGn), which is an explicit tensor. To

understand this lower bound, the following fact is useful.

Theorem 2.6.6 ([VK85]). The largest dimension of an irreducible representation of

Gn over Q is of size
√
n!/eΘ(

√
n)

In particular, for d = 3, all of the above imply that

rankQ(T dGn) ≥ |Gn|1.5 /eΘ(
√

log|Gn|),

which is Ω(n1.5−ε), for any ε > 0. Then, applying Strassen’s [Str73] result would

yield Ω(n1.5−ε) lower bounds for the (unrestricted) circuit size of explicit degree-3

polynomials (that have 0/1 coefficients). Such a conclusion would surpass the best

known circuit size lower bound even for super-constant degree polynomials, which is

Strassen’s [Str75] Ω(n log n) lower bound for degree n polynomials. Thus, tightness

of Theorem 2.6.5 would have interesting consequences.

Regardless of whether the result is tight, Theorem 2.6.5 only works over “large

fields” in general. In particular, it does not (in general) give insight into the rank of

group tensors over fixed finite fields, or even over the rationals. To take an example,

the cyclic group Zn requires n-th roots of unity for its irreducible representations.

While Lemma 2.6.10 does show a relation between rankQ(T dZn) and rankQ[x]/〈xn−1〉(T
d
Zn)

(where Q[x]/〈xn − 1〉 is the field of rationals adjoined with a n-th primitive root of

unity, so Theorem 2.6.5 applies) this relationship implies nothing beyond trivial rank

upper bounds. Thus, to achieve rank upper bounds for group tensors over small

fields we take a different approach, one using polynomial interpolation. Our result
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only applies to finite abelian groups, but is able to show that have “low” rank in this

regime.

Proposition 2.6.7. Let F be a field with at least d(n − 1) + 1 elements. Let T :

JnKd → F be a tensor such that

T (i1, . . . , id) =

d(n−1)∑
m=0

cm Ji1 + i2 + · · ·+ id = mK

for constants cm ∈ F. Then, rank(T ) ≤ d(n− 1) + 1.

Proof. Sketch. We begin by sketching the proof. The proof follows the result of Ben-

Or (as reported in Shpilka-Wigderson [SW01]) on computing the symmetric polyno-

mials efficiently over large fields. To compute a desired polynomial f(~x), one can

introduce a new variable α and an auxiliary polynomial P (α, ~x) such that

• P is efficiently computable, of degree at most d′ in α

• For some m, f(~x) = Cαm(P (α, ~x)). That is, f equals the coefficient of αm in P .

To compute f on input ~x, we can then evaluate P on (α1, ~x), . . . , (αd′+1, ~x) and then

use interpolation to recover Cαm = f(x).

To apply this idea to tensors, we observe the coefficients (in the variable α) of the

polynomial

P (α, {X(i)
j }i,j) :=

d∏
i=1

(
X

(i)
0 + αX

(i)
1 + α2X

(i)
2 + · · ·+ αn−1X

(i)
n−1

)

exactly correspond to the type of tensors we are trying to produce. As P is degree

at most d(n − 1) in α, and further P is a rank one tensor in disguise, interpolation

completes the result.

Details. To apply Ben-Or’s interpolation idea to tensors, we first note the con-

nection between tensors and polynomials. Consider the space of polynomials P :=
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F[{X(1)
i }n−1

i=0 , . . . , {X
(d)
i }n−1

i=0 ], that is, polynomials on the variables X
(j)
i that are set-

multilinear with respect to the sets {X(j)
i }n−1

i=0 . One can call such a polynomial simple

if it can be written as

d∏
j=1

(
aj,0X

(j)
0 + · · ·+ aj,n−1X

(j)
n−1

)

One can then define the rank(p), for p ∈ P , as the least number of simple polynomials

needed to sum to p. One can observe that P is a [n]d tensor product space, and the

notions of rank coincide. In this language, we seek to upper-bound the rank of the

polynomial

T ({X(j)
i }i,j) =

d(n−1)∑
m=0

cm
∑

i1+···+id=m

X
(1)
i1
· · ·X(d)

id

To implement Ben-Or’s method, define the auxiliary polynomial P by

P (α, {X(i)
j }i,j) :=

d∏
i=1

(
X

(i)
0 + αX

(i)
1 + α2X

(i)
2 + · · ·+ αn−1X

(i)
n−1

)

For fixed α, this polynomial is simple. When α is considered a variable, this polyno-

mial has degree d(n− 1) in α. Further, the coefficient of αm is

Cαm(P (α, {X(j)
i }i,j)) =

∑
i1+···+id=m

X
(1)
i1
· · ·X(d)

id

which corresponds exactly to tensors of the desired form. We can now interpret the

auxiliary polynomials as polynomials in F({X(j)
i }i,j)[α], the polynomial ring in the

variable α over the field of rational functions in the X
(j)
i . As |F| > d(n− 1), we can

consider the evaluations {P (αl, {X(j)i}i,j)}
d(n−1)
l=0 ∈ F[{X(j)

i }i,j] for distinct αl ∈ F.

Polynomial interpolation means that the coefficients Cαm(P ) are recoverable from

linear combinations of the evaluations of P . As the αl ∈ F, the (linear) evaluation map

from the coefficients of P to the evaluations is defined by a F-matrix. Therefore, the
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inverse of this map is also defined by an F-matrix. Specifically, there are coefficients

am,l ∈ F such that

Cαm(P (α, {X(j)
i }i,j)) =

d(n−1)∑
l=0

am,lP (αl, {X(j)
i }i,j)

Therefore,

T ({X(j)
i }i,j) =

d(n−1)∑
m=0

cm

d(n−1)∑
l=0

am,lP (αl, {X(j)
i }i,j)

=

d(n−1)∑
l=0

d(n−1)∑
m=0

cmam,l

P (αl, {X(j)
i }i,j)

Thus, T is in the span of d(n− 1) + 1 simple polynomials. By moving the coefficients

on the simple polynomials inside the product, this shows that T is expressible as the

sum of d(n − 1) + 1 simple polynomials. Using the above connection with tensors,

this shows that the rank is at most d(n− 1) + 1.

We now turn to using Proposition 2.6.7 to upper bound the rank group tensors

formed from cyclic groups.

Corollary 2.6.8. Let F be a field with at least d(n− 1) + 1 elements. Then,

rank(T dZn) ≤ d(n− 1) + 1.

Using the Structure Theorem of Abelian Groups the following can now be shown

(see Corollary 2.6.11).

Corollary 2.6.9. Let G be a finite abelian group, and F be a field with at least |G|

elements. Then rankF(T dG) ≤ |G|1+lg d.

While all of the results based on Proposition 2.6.7 do not require the field to have

large roots of unity, they still require the field to have large size. Thus, they seemingly
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do not answer the question of the rank of group tensors over small fields. However,

as the next lemma shows (with proof in Section 2.12), one can transfer results over

large-sized fields to small-sized fields with a minor overhead.

Lemma 2.6.10. Let K a field that extends F. Then for any tensor T : [n]d → F,

rankF(T ) ≤ (dimFK)d−1 · rankK(T ), where dimFK is the dimension of K as an F-

vector space.

Proof. Define m := dimFK. Thus, we can identify K = Fm as vector spaces, where

we choose that 1 ∈ K is the first element in the F-basis for K. This gives an F-algebra

isomorphism µ between K and a sub-ring M of the m ×m F-matrices, where M is

defined as the image of µ. The map µ is defined by associating x ∈ K with the matrix

inducing the linear map µ(x) : Fm → Fm, where µ(x) is the multiplication map of x.

That is, using that K = Fm we can see that the map y 7→ xy for y ∈ K is an F-linear

map, and thus defines µ(x) over Fm.

That the map is injective follows from the fact that µ(x) must map 1 ∈ K to

x ∈ K, so x is recoverable from µ(x) (and surjectivity follows be definition of M). To

see the required homomorphism properties is also not difficult. As (x+ z)y = xy+ zy

for any x, y, z ∈ K, this shows that µ(x + z) = µ(x) + µ(z) as linear maps, and

thus as matrices. Similarly, as (xz)y = x(zy) for any x, y, z ∈ K it must be that

µ(xz) = µ(x)µ(z). That this map interacts linearly in F implies that it is an F-

algebra homomorphism, as desired.

Now consider a tensor T : [n]d → F with simple tensor decomposition T =∑rankK(T )
l=1 ⊗dj=1~aj,l over K. First observe that if we define the map π : K → F de-

fined by

π(x) =


x if x ∈ F

0 else

then T =
∑rankK(T )

l=1 π(⊗dj=1~aj,l). Thus for each l, π(⊗dj=1~aj,l) is a tensor Tl : [n]d → F.
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We now show that rankF(Tl) ≤ md−1. First observe that for x ∈ F, µ(x) is

a diagonal matrix. In particular, because we chose 1 ∈ K to the first element in

the F-basis for K, for x ∈ F, π(x) is equal to the (1, 1)-th entry in µ(x). Thus, it

follows that Tl(i1, . . . , id) = (µ(~a1,l(i1)) · · ·µ(~ad,l(id)))1,1. By expanding out the matrix

multiplication we can see that Tl is expressible as

Tl(i1, . . . , id) =
m∑

k1=1

· · ·
m∑

kd−1=1

µ(~a1,l(i1))1,k1 · µ(~a2,l(i2))k1,k2 · · ·

µ(~ad−1,l(id−1))kd−2,kd−1
· µ(~ad,l(id))kd−1,1

and just as in Theorem 2.6.5 we see that for fixed kj the summands are simple F-

tensors, and thus rankF(Tl) ≤ md−1.

Using the observation that T =
∑rankK(T )

l=1 Tl and the above bound for the F-rank

of Tl, we then see that rankF(T ) ≤ (dimF K)d−1 rankK(T ), as desired.

With this field-transfer result, we can now state rank upper bounds for group

tensors (for finite abelian groups) for any field.

Corollary 2.6.11. Let F be any field, and G be a finite abelian group. Then

rankF(T dG) ≤ |G|1+lg d dlg |G|ed−1.

In particular, if G is cyclic, then rankF(T dG) ≤ d |G| dlg |G|ed−1.

Proof. Observe that using the Structure Theorem of Finite Abelian groups, we can

apply Corollary 2.12.3 to G =
∏m

i=1 Zni , and using that d(ni − 1) + 1 ≤ dn (as

d ≥ 2) shows that rankF(T dG) ≤ dm
∏
ni. As m ≤ lg |G| and |G| =

∏
ni, the result

follows.

This last result shows that for any finite abelian group, any field and any large d,

the rank of the corresponding group tensor is far from possible Ω(nd−1). These results

31



do not settle the rank of group tensors for non-abelian groups over small fields, and

leaves the open question whether the methods of Theorem 2.6.5 or Proposition 2.6.7

(or other methods) can resolve this case.

2.7 Monotone tensor rank

We now explore a restricted notion of tensor rank, that of monotone tensor rank. In

algebraic models of computation, monotone computation requires that the underlying

field is ordered, which we now define.

Definition 2.7.1. Let F be a field. F is ordered if there is a linear order < such that

• For all x, y, z ∈ F, x < y =⇒ x+ z < x+ y.

• For all x, y ∈ F and z ∈ F>0, x < y =⇒ xz < yz.

where F>0 = {x | x ∈ F, x > 0}.

Recall that every ordered field has characteristic zero, and thus is infinite.

Over ordered fields, computation of polynomials that only use positive coefficients

can be done using only positive field constants, but many works (such as [Val80]) have

shown that the circuit model of computation, the restriction to positive field constants

in computation leads drastically worse efficiency as compared to unrestricted com-

putation. In this section, we show that in the tensor rank model of computation,

monotone computation is also much less efficient then unrestricted computation. We

first define the notion of monotone tensor rank.

Definition 2.7.2. Let F be a ordered field. Consider a tensor T :
∏d

i=1[ni] → F≥0.

Define the monotone tensor rank of T , denoted m-rank(T ), to be

m-rank(T ) = min

{
r : T =

r∑
l=1

~vl,1 ⊗ · · · ⊗ ~vl,d, ~vl,i ∈ (F≥0)ni

}
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We now show an essentially maximal separation between monotone tensor rank

and unrestricted tensor rank, for the explicit group tensor T dZn .

Theorem 2.7.3. Let F be an ordered field. Consider the group tensor T dZn. Then

1. rankF(T dZn) ≤ d(n− 1) + 1

2. m-rankF(T dZn) = nd−1

Proof. Sketch. The upper bounds follow from Corollary 2.6.8, and from the trivial

nd−1 upper bound for tensor rank.

The lower bounds follows from the observation that a non-negative simple tensor

“covers” non-zero entries in T dZn . It is not hard to show that if a simple tensor covers

at least two non-zero entries in T dZn then it places a positive weight on a zero-entry of

T dZn . As this cannot be canceled out in a monotone computation, each simple tensor

must cover at most one non-zero entry. As there are nd−1 such entries, the result

follows.

Details. m-rankF(T dZn) ≥ nd−1: We remark that the following lower bound will

only rely on the fact that T dZn is a permutation tensor, and no other properties.

In monotone computation, there is no cancellation of terms. Thus, in a monotone

simple tensor decomposition T =
∑r

l=1 Tl, one can see that the partial sums T≤m =∑m
l=1 Tl successively cover more and more of the non-zero entries of T . We will show

that in any monotone decomposition of T dZn , at most one non-zero entry can be covered

by any Tl, which implies that the monotone rank is at least the number of non-zero

entries, which is nd−1.

We now prove that in any monotone simple tensor decomposition

T dZn =
r∑
l=1

⊗dj=1~aj,l,

each simple tensor Tl := ⊗dj=1~aj,l can cover at most one non-zero entry of T dZn . Suppose
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not, for contradiction. Then there is a simple tensor Tl that covers at least two non-

zero entries (i1, . . . , id) and (i′1, . . . , i
′
d) of T dZn . However, these tuples must differ in at

least one index, we we assume without loss of generality to be index 1, so that i1 6= i′1.

Consequently, we must have that ~a1,l(i1),~a1,l(i
′
1) > 0 (as all field constants are positive

in monotone computation). As ~aj,l(ij) > 0 for j > 1 (as Tl(i1, i2, . . . , id) = 1), it must

be that Tl(i
′
1, i2, . . . , id) = ~a1,l(i

′
1)
∏d

j>1~aj,l(ij) > 0. However, this is a contradiction.

For now this positive number at Tl(i
′
1, i2, . . . , id) cannot be canceled out by other

simple tensors in a monotone computation and we must have T dZn(i′1, i2, . . . , id) = 0

by the fact that this is a permutation tensor. Thus, it must be that each simple tensor

in this monotone computation can only cover a single non-zero entry of T dZn , which

implies the lower bound by the above argument.

2.8 Basic facts about tensors

We now prove some relevant facts about tensors that are needed for the rest of the

paper.

Lemma 2.8.1. A ⊗dj=1Fnj -tensor is an
∏d

j=1 nj dimensional F-vector space, with

standard basis {⊗dj=1~eij ,j}ij∈[nj ] where {eij ,j}ij∈[nj ] is the standard basis for Fnj .

Proof. Recall that the tensor product space ⊗dj=1Fnd is the set of functions from∏d
j=1[nj] to F. As a F-valued function space, it is thus an F-vector space. That it is∏d
j=1 nh dimensional follows from the fact that this is the cardinality of the domain.

To see that the basis is as claimed, note that the function ⊗dj=1~eij ,j is equal to the

tensor T (i′1, . . . , i
′
d) =

∏d
j=1

q
i′j = ij

y
. It is then not hard to see that these tensors are

a basis for the tensor product space.

Lemma 2.8.2 (Multilinearity of Tensor Product). Suppose j ∈ [d], ~vj ∈ Fnj , and

a, b ∈ F. In the tensor product space ⊗dj=1Fnj , for any j0 ∈ [d] and ~w ∈ Fnj0 the
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following identity holds:

~v1⊗· · ·⊗ (a~vj0 + b~w)⊗· · ·⊗ ~vd = a(~v1⊗· · ·⊗~vj0⊗· · ·⊗ ~vd) + b(~v1⊗· · ·⊗ ~w⊗· · ·⊗ ~vj)

Proof. This follows directly from Definition 2.4.2.

We now use these properties to establish a class of rank-preserving maps on ten-

sors.

Lemma 2.8.3. For j ∈ [d], consider linear maps Aj : Fnj → Fn′j .

1. The Aj induce a function on simple tensors ⊗dj=1~vd 7→ ⊗dj=1Aj~vj which uniquely

extends to a linear map on the tensor product spaces which is denoted ⊗dj=1Aj :

⊗dj=1Fnj → ⊗dj=1Fn
′
j .

2. If the Aj are invertible, then so is ⊗dj=1Aj and its inverse is given by ⊗dj=1A
−1
j .

3. For T :
∏d

j=1[nj]
d → F, rank(T ) ≥ rank

(
(⊗dj=1Aj)(T )

)
, with equality if the Aj

are invertible.

Proof. (1): By Lemma 2.8.1 the tensor product space ⊗dj=1Fnj has a basis consist-

ing entire of simple tensors. Thus by standard linear algebra, the map ⊗dj=1~vj 7→

⊗dj=1Aj~vj on this basis extends uniquely to a linear map ⊗dj=1Aj on the entire tensor

product space.

It must also be shown that the map ⊗dj=1Aj induced from the basis elements is

also compatible with the map ⊗dj=1~vj 7→ ⊗dj=1Aj~vj defined on the rest of the simple

tensors. This fact follows from the linearity of the Aj and the multilinearity of the

tensor product, Lemma 2.8.2. That is, we first use that each ~vj can be expressed in

terms of the basis elements ~vj =
∑nj

ij=1 cij ,j~eij ,j and then notice that by multilinearity
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of the tensor product we have

d⊗
j=1

Aj~vj =
d⊗
j=1

Aj

 nj∑
ij=1

cij ,j~eij ,j

 =
d⊗
j=1

 nj∑
ij=1

cij ,jAj~eij ,j


=

n1∑
i1=1

· · ·
nd∑
id=1

ci1,1 · · · cid,d
d⊗
j=1

Aj~eij ,j

=

n1∑
i1=1

· · ·
nd∑
id=1

ci1,1 · · · cid,d
d⊗
j=1

Aj
(
⊗dj=1~eij ,j

)
We observe similarly that

⊗dj=1~vj =

n1∑
i1=1

· · ·
nd∑
id=1

ci1,1 · · · cid,d(⊗dj=1~eij ,j).

As the unique linear map induced above defines
⊗d

j=1Aj(⊗dj=1~vj) as

n1∑
i1=1

· · ·
nd∑
id=1

ci1,1 · · · cid,d
d⊗
j=1

Aj(⊗dj=1~eij ,j),

this shows that ⊗dj=1Aj~vj =
⊗d

j=1Aj(⊗dj=1~vj), and so the two maps agree on the

simple tensors.

It should also be noted that this argument is independent of the basis chosen, as

long as the basis is chosen among the simple tensors. This fact follows from the fact

that the induced map on the entire space agrees with the map only defined on the

simple tensors. Thus, the map
⊗d

j=1 Aj is well-defined.

(2): Denote the linear maps A := ⊗dj=1Aj, and A−1 := ⊗dj=1A
−1
j . Part 1 of this

lemma shows that the maps A and A−1 compose, in either order, to be the identity

on the simple tensors. As there is a basis among the simple tensors, by Lemma 2.8.1,

this means that A ◦A−1 and A−1 ◦A are both identity maps. Thus A−1 is indeed the

inverse map of A.
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(3): Consider a minimal simple tensor decomposition of T , so that

T =
r∑
l=1

⊗dj=1~vj,l.

By part 1 of this lemma, we have a simple tensor decomposition

(⊗dj=1Aj)T =
r∑
l=1

⊗dj=1Aj~vj,l.

This establishes the desired rank inequality. To establish equality when the Aj are

invertible it is enough to run the inequality in the opposite direction using the linear

map ⊗dj=1A
−1
j and using part 2 of this lemma.

We now use these rank-preserving maps to establish facts about tensors and their

layers.

Lemma 2.8.4. Consider T = ⊗dj=1~vj ∈
⊗d

j=1 Fnj , where T is split into layers as

T = [T1 | · · · | Tnd ]. Then Tl = (~v1 ⊗ · · · ⊗ ~vd−1) · ~vd(l) ∈
⊗d−1

j=1 Fnj .

Proof. Definition 2.4.4 and Definition 2.4.2 show that

Tl(i1, . . . , id−1) := T (i1, . . . , id−1, l) = ~v1(i1) · · ·~vd−1(id−1) · ~vd(l).

We can then note that this is exactly the function ~v1 ⊗ · · · ⊗ ~vd−1, multiplied by the

scalar ~vd(l), as desired.

Lemma 2.8.5. Consider the operation of taking the l-th layer (along the d-th axis).

This is a linear map Ll :
⊗d

j=1 Fnj →
⊗d−1

j=1 Fnj .

Proof. Given the tensor T (·, . . . , ·). Taking the l-th layer yields

Tl(·, . . . , ·) := T (·, . . . , ·, l).
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Thus, the statements T = S +R =⇒ Tl = Sl +Rl, and c ∈ F, T = cS =⇒ Tl = cSl

hold because they are simply a restriction of the above identity.

We can now prove the main lemma of this section, on how applying linear maps

interacts with the layers of a tensor.

Lemma 2.8.6. Consider T ∈ ⊗dj=1Fnj . Expand T into layers, so T = [T1 | · · · | Tnd ].

Let (ai,j)i,j ∈ Fm×nd be a matrix. Define A : Fnd → Fm to be the linear map the

matrix (ai,j)i,j induces via the standard basis. Then,

(I ⊗ · · · ⊗ I ⊗ A)(T ) =

[
nd∑
i1=1

a1,i1Ti1

∣∣∣∣∣· · ·
∣∣∣∣∣
nd∑

im=1

am,imTim

]

Proof. The proof is in two parts. The first part proves the claim for simple tensors,

and the second part extends the claim, using the linearity shown in Lemma 2.8.5, to

general case.

We first prove the claim for simple tensors. Let T = ⊗dj=1~vj be a simple tensor.

Let {~ei,d}i∈[nd] be the standard basis for Fnd and {~ei′,d}i′∈[m] be the standard basis for

Fm. Then by expanding out in terms of the basis elements and using multilinearity,

we have

T = ~v1 ⊗ · · · ⊗ ~vd

=

nd∑
i=1

~v1 ⊗ · · · ⊗ ~vd−1 ⊗ (~vd(i)~ei,d)
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Denote T ′ := (I ⊗ · · · ⊗ I ⊗ A)(T ). So then,

T ′ =

nd∑
i=1

~v1 ⊗ · · · ⊗ ~vd−1 ⊗ A(~vd(i)~ei,d)

=

nd∑
i=1

~v1 ⊗ · · · ⊗ ~vd−1 ⊗ (~vd(i) · A(~ei,d))

=

nd∑
i=1

~v1 ⊗ · · · ⊗ ~vd−1 ⊗

(
~vd(i) ·

m∑
i′=1

ai′,i~ei′,d

)

=

nd∑
i=1

m∑
i′=1

~vd(i) · ai′,i · (~v1 ⊗ · · · ⊗ ~vd−1 ⊗ ~ei′,d)

By Lemma 2.8.4 and Lemma 2.8.5, we have,

T ′l =

nd∑
i=1

n′d∑
i′=1

~vd(i) · ai′,i · (~v1 ⊗ · · · ⊗ ~vd−1) · ~ei′,d(l)

and using that ~ei′,d(l) = Ji′ = lK,

=

nd∑
i=1

~vd(i) · al,i · (~v1 ⊗ · · · ⊗ ~vd−1)

=

nd∑
i=1

al,iTi

which establishes the claim for simple tensors.

Now let T ∈ ⊗dj=1Fnj be an arbitrary tensor. Consider a simple tensor expansion

T =
∑r

k=1 Sk for Sk = ⊗dj=1~vj,k. Denote Sk,l to be the l-th layer of Sk. So then as the

Sk are simple, we have that

(I ⊗ · · · ⊗ I ⊗ A)(Sk) =

[
nd∑
i1=1

a1,i1Sk,i1

∣∣∣∣∣· · ·
∣∣∣∣∣
nd∑

im=1

am,imSk,im

]
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by the above analysis. So then,

(I ⊗ · · · ⊗ I ⊗ A)(T ) = (I ⊗ · · · ⊗ I ⊗ A)

(
r∑

k=1

Sk

)

=
r∑

k=1

[
nd∑
i1=1

a1,i1Sk,i1

∣∣∣∣∣· · ·
∣∣∣∣∣
nd∑

im=1

am,imSk,im

]

by linearity of taking layers, Lemma 2.8.5, we get

=

[
r∑

k=1

nd∑
i1=1

a1,i1Sk,i1

∣∣∣∣∣· · ·
∣∣∣∣∣
r∑

k=1

nd∑
im=1

am,i1Sk,im

]

=

[
nd∑
i1=1

a1,i1

(
r∑

k=1

Sk,i1

)∣∣∣∣∣· · ·
∣∣∣∣∣
nd∑

im=1

am,im

(
r∑

k=1

Sk,im

)]

=

[
nd∑
i1=1

a1,i1Ti1

∣∣∣∣∣· · ·
∣∣∣∣∣
nd∑

im=1

am,imTim

]

which is the desired result.

We now apply this to get a symmetry lemma.

Corollary 2.8.7. Consider T ∈ ⊗dj=1Fnj . Expand T into layers, so T = [T1 | · · · |

Tnd ]. For any permutation σ : [nd]→ [nd],

rank([Tσ(1) | · · · | Tσ(nd)]) = rank([T1 | · · · | Tnd ])

Proof. Let P be the linear transformation defined by the permutation that σ induces

on the basis vectors of Fnd . Then P is invertible, and so by Lemma 2.8.3.2 the induced

transformation I ⊗ · · · ⊗ I ⊗ P is also invertible and so rank((I ⊗ · · · ⊗ I ⊗ P )(T )) =

rank(T ) by Lemma 2.8.3.2. Then, by Lemma 2.8.5 we see that (I⊗· · ·⊗ I⊗P )(T ) =

[T1 | · · · | Tnd ].

We also need another symmetry lemma.

40



Lemma 2.8.8. For T ∈ ⊗dj=1Fnj and a permutation σ : [d] → [d], define T ′ ∈

⊗dj=1Fnσ(j) by T ′(i1, . . . , id) = T (iσ−1(1), . . . , iσ−1(d)). Then, rank(T ) = rank(T ′).

Proof. We show rank(T ) ≥ rank(T ′), and the equality follows by symmetry as σ is in-

vertible. Consider a simple tensor decomposition T =
∑r

k=1⊗dj=1~vj,k. It is then easy

to see that T ′ =
∑r

k=1⊗~vσ(j),k by considering the equation pointwise: T ′(i1, . . . , id) =

T (iσ−1(1), . . . , iσ−1(d)) =
∑r

k=1

∏d
j=1 ~vj,k(iσ−1(j)) =

∑r
k=1

∏d
j=1 ~vσ(j),k(ij). The conclu-

sion then follows by considering a minimal rank expansion.

Finally, we need a corollary about how dropping layers from a tensor affects rank.

Corollary 2.8.9. For layers S1, . . . , Snd , S
′ ∈
⊗d−1

j=1 Fnj , we have that

rank([S1 | · · · | Snd ]) ≤ rank([S1 | · · · | Snd | S ′])

with equality if S ′ is the zero layer.

Proof. (≤): The projection map P induces the map (I ⊗ · · · ⊗ I ⊗ P ) which takes

[S1 | b · · · | Snd | S ′] to [S1 | · · · | Snd ] by Lemma 2.8.5 and so Lemma 2.8.3.3 implies

that the rank has not increased.

(≥): So now assume S ′ is the zero layer. Then again we apply Lemma’s 2.8.5 and

Lemma 2.8.3.3 but now extend the natural inclusion map ι : Fnd → Fnd+1 to a linear

map (I ⊗ · · · ⊗ I ⊗ ι) on the tensors which takes [S1 | · · · | Snd ] to [S1 | · · · | Snd | 0],

again showing that the rank has not increased.

2.9 Layer reduction

This section details a generalization of row-reduction, which we call layer-reduction.

We show that layer-reduction can alter a tensor in such a way to provably reduce its

rank. By showing this process can be repeated many times, a rank lower bound can

be established.
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The following lemma is the main technical part of this section. H̊astad implicitly

used4 a version of this lemma in his proof that tensor rank is NP-Complete [H̊as89,

H̊as90] However, H̊astad’s usage requires that Snd is a rank-one tensor. This special

case does not seem to directly imply our lemma, which was independently proven.

While the special case is sufficient to lower-bound the combinatorially-constructed

tensors of Section 2.5, the full lemma is needed to lower-bound the rank of the

algebraically-constructed tensors of Section 2.10.

Lemma 2.9.1 (Layer Reduction). For layers S1, . . . , Snd ∈
⊗d−1

j=1 Fnj with Snd non-

zero, there exist constants c1, . . . , cnd−1 ∈ F such that

rank([S1 | · · · | Snd ]) ≥ rank([S1 + c1Snd | · · · | Snd−1 + cnd−1Snd ]) + 1

Proof. Denote T := [S1 | . . . | Snd ]. The proof is in two steps. The first step defines a

linear transformation A on Fnd such that the linear transformation I ⊗ · · · ⊗ I ⊗A is

a higher-dimensional analogue of a row-reduction step in Gaussian elimination. That

is, for T ′ the image of T , it is seen that T ′ = [S1 + c1Snd | . . . | Snd−1 + cnd−1Snd | Snd ]

by Lemma 2.8.6. The ci are chosen in such a way so that T ′ has a minimal simple

tensor expansion where some simple tensor R is non-zero only on the Snd-layer. In

the second step, the Snd-layer is dropped and the remaining tensor T ′′ = [S1 + c1Snd |

. . . | Snd−1 + cnd−1Snd ] no longer requires R in its simple tensor expansion and so

rank(T ) ≥ rank(T ′′) + 1.

Consider a minimal simple tensor expansion T =
∑r

k=1⊗dj=1~vj,k. Expanding the

~vd,k in terms of basis vectors yields

T =
r∑

k=1

(~v1,k ⊗ · · · ⊗ ~vd−1,k)⊗ (~vd,k(1) · ~e1,d + · · ·+ ~vd,k(nd) · ~end,d))

4H̊astad’s usage, and proof, is reflected by Lemmas 2, 3 and 4 (and the following discussion) of
the conference version [H̊as89]. The journal version [H̊as90] ascribes the origin of these lemmas to
Lemma 2 in the work of Hopcroft and Kerr [HK71]
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and in particular Lemma 2.8.4 shows that Snd =
∑r

k=1(~v1,k⊗· · ·⊗~vd−1,k) ·~vd,k(nd). As

Snd is non-zero there must be some k0 such that ~vd,k0(nd) 6= 0. Define A : Fnd → Fnd

to be the linear transformation defined by its action on the standard basis

A(~ei,d) =


~end,d −

~vd,k0 (1)

~vd,k0 (nd)
~e1,d − · · · −

~vd,k0 (nd−1)

~vd,k0 (nd)
~end−1,d if i = nd

~ei,d else

Letting I denote the identity transformation, consider the tensor T ′ := (I ⊗ · · · ⊗

I ⊗ A)(T ) ∈ Fn1 ⊗ · · · ⊗ Fnd . By Lemma 2.8.6, we observe that T ′ = [S1 + c1Snd |

· · · | Snd−1 + cnd−1Snd | Snd ], where ci = − ~vd,k0 (j)

~vd,k0 (nd)
.

By Lemma 2.8.3 we have the simple tensor expansion T ′ =
∑r

k=1 ~v1,k ⊗ · · · ⊗

~vd−1,k ⊗ A~vd,k. By construction, A(~vd,k0) = ~vd,k0(nd) · ~end,d. Using Lemma 2.8.4 we

observe that the simple tensor ~v1,k0 ⊗ · · · ⊗ ~vd−1,k0 ⊗ A~vd,k0 has non-zero entries only

on the Snd-layer.

We now define the linear transformation A′ : Fnd → Fnd−1 defined by

A′(~ei,d) =


~0 if i = nd

~ei,d else

This will correspond to dropping the Snd-layer. We can compose this with A to get

A′′ = A′ ◦ A, defined by

A′′(~ei,d) =


− ~vd,k0 (1)

~vd,k0 (nd)
~e1,d − · · · −

~vd,k0 (nd−1)

~vd,k0 (nd)
~end−1,d if i = nd

~ei,d else

So now we take T ′′ = (I ⊗ · · · ⊗ I ⊗ A′′)(T ). By Lemma 2.8.6 we see that T ′′ =

[S1 + c1Snd | · · · | Snd−1 + cnd−1Snd ]. Further, we observe now that by construction
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A′′(~vd,k0) = ~0. This leads to the simple tensor expansion,

T ′′ =
r∑

k=1

~v1,k ⊗ · · · ⊗ ~vd−1,k ⊗ A′′~vd,k

= ~v1,k0 ⊗ · · · ⊗ ~vd−1,k0 ⊗ A′′~vd,k0 +
r∑

k=1,k 6=k0

~v1,k ⊗ · · · ⊗ ~vd−1,k ⊗ A′′~vd,k

= ~v1,k0 ⊗ · · · ⊗ ~vd−1,k0 ⊗~0 +
r∑

k=1,k 6=k0

~v1,k ⊗ · · · ⊗ ~vd−1,k ⊗ A′′~vd,k

=
r∑

k=1,k 6=k0

~v1,k ⊗ · · · ⊗ ~vd−1,k ⊗ A′′~vd,k

Therefore rank(T ′′) ≤ r − 1 = rank(T )− 1, and thus rank(T ) ≥ rank(T ′′)− 1.

The layer-reduction lemma will mostly be used via the following extension.

Corollary 2.9.2 (Iterative Layer-Reduction). For layers S1, . . . , Snd ∈ Fn1 ⊗ · · · ⊗

Fnd−1 with S1, . . . , Sm linearly independent (as vectors in the space Fn1···nd−1), there

exist constants ci,j ∈ F, i ∈ {1, . . . ,m}, j ∈ {m+ 1, . . . , nd}, such that

rank([S1 | . . . | Snd ]) ≥ rank

([
Sm+1 +

m∑
i=1

ci,m+1Si

∣∣∣∣∣. . .
∣∣∣∣∣Snd +

m∑
i=1

ci,ndSi

])
+m

(2.9.1)

Proof. The proof is by induction on m.

m = 1: This is Lemma 2.9.1, up to reordering of the layers, with the observation

that the singleton set {S1} is linearly-independent iff S1 is non-zero. The reordering

of layers is justified by Lemma 2.8.7.

m > 1: By the induction hypothesis we have that

rank([S1 | . . . | Snd ]) ≥ rank

([
Sm +

m−1∑
i=1

ci,mSi

∣∣∣∣∣. . .
∣∣∣∣∣Snd +

m−1∑
i=1

ci,ndSi

])
+m− 1

(2.9.2)

for the appropriate set of constants ci,j. As the Si are linearly independent, Sm +
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∑m−1
i=1 ci,mSi is non-zero and so we can eliminate this layer from

[
Sm +

m−1∑
i=1

ci,mSi

∣∣∣∣∣. . .
∣∣∣∣∣Snd +

m−1∑
i=1

ci,ndSi

]

by Lemma 2.9.1 and consequently have

rank

([
Sm +

m−1∑
i=1

ci,mSi

∣∣∣∣∣. . .
∣∣∣∣∣Snd +

m−1∑
i=1

ci,ndSi

])

≥ rank

([(
Sm+1 +

m−1∑
i=1

ci,m+1Si

)
+ cm,m+1

(
Sm +

m−1∑
i=1

ci,mSi

)∣∣∣∣∣
. . .

∣∣∣∣∣
(
Snd +

m−1∑
i=1

ci,ndSi

)
+ cm,nd

(
Sm +

m−1∑
i=1

ci,mSi

)])
+ 1 (2.9.3)

where the cm,j are new constants. Now define

c′i,j =


ci,j + cm,jci,m if i 6= m

cm,j else

(2.9.4)

Combining Equations (2.9.2), (2.9.3), and (2.9.4) yields the desired Equation (2.9.1).

Notice that by Lemma 2.8.8 we can in fact use Lemma 2.9.1 and Corollary 2.9.2

along any axis, not just the d-th one.

Remark 2.9.3. Lemma 2.9.1 shows that the rank of T :
∏d

j=1[nj] → F is at least

1 more than the rank of some T ′ :
∏d

j=1[n′j] → F, where n′j = nj for all j 6= j0,

and n′j0 = nj0 − 1. In using this lemma, the quantity
∑d

j=1 nj decreases by one.

Therefore, we can never hope to apply this lemma more than
∑d

j=1 nj many times,

and thus using this lemma alone will never produce lower bounds larger than this

quantity. Corollary 2.9.2 simply applies Lemma 2.9.1, so the same barriers apply.
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2.10 Algebraically-defined tensors

The results of this section will be field-specific, and so we no longer work over an

arbitrary field.

Lemma 2.10.1. Let Fq be the field of q elements. Consider n×n matrices M1, . . . ,Mk

over Fq such that all non-zero linear combinations have full-rank. Then the tensor

T = [M1 | · · · |Mk] has tensor rank at least qk−1
qk−qk−1n.

Proof. The proof is via the probabilistic method, using randomness to perform an

analogue of gate elimination. For non-zero ~c ∈ Fkq , the summation ~c · ~M will nullify

terms in a simple tensor expansion with some probability. This will in expectation

reduce the rank. We then invoke the hypothesis that the result is full-rank, to conclude

the bound on the original rank.

Consider a minimal simple tensor decomposition T =
∑r

i=1 ~ui ⊗ ~vi ⊗ ~wi. For

~c ∈ Fkq , consider (notation-abused) dot-product 〈~c, ~M〉, which can also be written as

the matrix
∑k

i=1 ciMi. By Lemma 2.8.6 it can be seen that this is the image of T under

the linear transformation I ⊗ I ⊗A, where A is the linear transformation that sends

the basis element ~ei to ci~e1. Consequently, we have that 〈~c, ~M〉 = (I ⊗ I ⊗ A)(T ) =∑r
i=1 ~ui⊗~vi⊗ (A~wi). Noticing that A~wi = 〈~c, ~wi〉, and that we can then treat this as

a matrix instead of one-layer tensor, we see that 〈~c, ~M〉 =
∑r

i=1〈~c, ~wi〉~ui ⊗ ~vi.

Minimality implies that ~ui 6= 0 for all i. So for a fixed i, the set of ~c such that

〈~c, ~wi〉 = 0 is a 1-dimensional subspace by the Rank-Nullity theorem. Using that the

field size is q, this shows that

Pr
~c∈uFkq\{~0}

[〈~c, ~wi〉 6= 0] =
qk − qk−1

qk − 1

Now define S~c := {i | 〈~c, ~wi〉 6= 0}. By linearity of expectation, E~c∈uFkq\{~0}[|S~c|] =

qk−qk−1

qk−1
r. Thus, there exits a non-zero ~c0 such that |S~c0| ≤ qk−qk−1

qk−1
r. Therefore, we

can write the matrix 〈~c, ~M〉 as 〈~c, ~M〉 =
∑r

i=1〈~c, ~wi〉~ui ⊗ ~vi =
∑

i∈S〈~c, ~wi〉~ui ⊗ ~vi.
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The hypothesis on the Mi says that 〈~c, ~M〉 is of full-rank, and therefore we have

that n ≤ rank(〈~c, ~M〉) ≤ |S| ≤ qk−qk−1

qk−1
r. As rank(T ) = r, we have that rank(T ) ≥

qk−1
qk−qk−1n.

Corollary 2.10.2. Let Fq be the field of q elements. Consider n × n matrices

M1, . . . ,Mn over Fq such that all non-zero linear combinations have full-rank. Then

the tensor T = [M1 | · · · | Mn] has tensor rank at least 2q−1
q−1

n − dlogq ne − q
q−1

=

2q−1
q−1

n−Θ(logq n).

Proof. Let k ≤ n be a parameter, to be optimized over later.

Notice that the hypothesis show that the matrices Mi are linearly independent

and so Corollary 2.9.2 shows that

rank([M1 | · · · |Mn]) ≥ rank([M1 +M ′
1 | · · · |Mk +M ′

k]) + (n− k)

where the M ′
i are linear combinations of the Mk+1, . . . ,Mn. Thus, any non-zero linear

combination of the (Mi +M ′
i) is necessarily a non-zero linear combination of the Mi.

In particular, this shows that any non-zero linear combination of the (Mi + M ′
i) has

full-rank. Thus, by Lemma 2.10.1

rank([M1 +M ′
1 | · · · |Mk +M ′

k]) ≥
qk − 1

qk − qk−1
n

and so

rank([M1 | · · · |Mn]) ≥ n− k +
qk − 1

qk − qk−1
n =: f(k)

One can observe that k = logq

(
n ln q
1−1/q

)
maximizes f , but asymptotically it is
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sufficient to take k = dlogq ne. Then

f(k) = n− k +
1− q−k

1− 1/q
n

≥ n− dlogq ne+
1− 1/n

1− 1/q
n

≥ n− dlogq ne+
1

1− 1/q
n− 1/n

1− 1/q
n

≥ n− dlogq ne+
q

q − 1
n− q

q − 1

≥ 2q − 1

q − 1
n− dlogq ne −

q

q − 1

As f(k) lower-bounds the rank by the above, this establishes the claim.

The above lemma and its corollary establish a property implying tensor rank lower

bounds. We now turn to constructing tensors that have this property. Clearly we

seek explicit tensors, and by this we mean that each entry of the tensor is efficiently

computable.

We first observe that the property can be easily constructed given explicit field

extensions of the base field F.

Proposition 2.10.3. Let F be a field and f ∈ F[x] be an irreducible polynomial of

degree n. Then there exists n × n F-matrices M1, . . . ,Mn, such that all non-zero F-

linear combinations of the Mi have full-rank. Furthermore, the entries of each matrix

are computable in algebraic circuits of size O(polylog(n) poly(|f |0)), where |f |0 is the

number of non-zero coefficients of f .

Proof. Let f(x) = anx
n + · · ·+ a1x+ a0. Recall that K = F[x]/(f) is a field, and be-

cause deg f = n, K is a n-dimensional F-vector space, where we choose 1, x, . . . , xn−1

as the basis. This gives an F-algebra isomorphism µ between K and a sub-ring M of

the m×m F-matrices, where M is defined as the image of µ. The map µ is defined by

associating α ∈ K with the matrix inducing the linear map µ(α) : Fm → Fm, where
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µ(α) is the multiplication map of α. That is, using that K = Fm we can see that the

map β 7→ αβ for β ∈ K is an F-linear map, and thus defines µ(β) over Fm.

That the map is injective follows from the fact that µ(α) must map 1 ∈ K to α ∈ K,

so α is recoverable from µ(α) (and surjectivity follows be definition of M). To see

the required homomorphism properties is also not difficult. As (α + γ)β = αβ + γβ

for any α, β, γ ∈ K, this shows that µ(α + γ) = µ(α) + µ(γ) as linear maps, and

thus as matrices. Similarly, as (αγ)β = α(γβ) for any α, β, γ ∈ K it must be that

µ(αγ) = µ(α)µ(γ). That this map interacts linearly in F implies that it is an F-algebra

homomorphism, as desired.

In particular, this means that α ∈ K is invertible iff the matrix µ(α) ∈M ⊆ Fn×n

is invertible. As K is a field, the only non-invertible matrix in M is µ(0). The F-

algebra homomorphism means that for ai ∈ F and αi ∈ K, the linear combination∑
aiµ(αi) equals µ(

∑
aiαi) and so the matrix

∑
aiµ(αi) is invertible iff

∑
aiαi 6= 0.

Thus, as 1, x, . . . , xn−1 are F-linearly independent in K, it follows that the matrix

µ(1), µ(x), . . . , µ(xn−1) have that all non-zero F-linear combinations are invertible, as

desired.

We now study how to compute µ(xi). Observe that acting as a linear map on Fn,

µ(xi) sends xi+j (mod f). To read off the xk component can be done with a lookup

table to the coefficients of f , and thus in O(poly(|f |0)) size circuits.

To make the above construction explicit, we need to show that the irreducible poly-

nomial f can be found efficiently. We now cite the following result of Shoup [Sho90].

It says that we can find irreducible polynomials in finite fields in polynomial-time

provided that the field size is fixed.

Theorem 2.10.4 ([Sho90], Theorem 4.1). For any prime or prime power q, an irre-

ducible polynomial of degree n in Fq[x] can be found in time O(poly(nq)).

Combining Corollary 2.10.2, Proposition 2.10.3, and Theorem 2.10.4, we arrive at
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the following result.

Corollary 2.10.5. For any fixed prime or prime power q, over the field Fq there is

a family of tensors Tn of size [n]3 such that

1. rank(Tn) ≥ 2q−1
q−1

n−Θ(logq n)

2. On inputs n and (i, j, k) ∈ [n]3, Tn(i, j, k) is computable in O(poly(nq))

Note that this is strictly worse than Corollary 2.5.4 in two respects. First, while

this result asymptotically matches the lower bound of Corollary 2.5.4 over F2, the

above result is only valid over finite fields, and as the field size grows, the lower

bound approaches 2n− o(n). This seems inherent in the approach.

Further, the given construction is less explicit as computing even a single entry

of the tensor might require examining all n of the coefficients in the irreducible poly-

nomial f , preventing a O(polylog(n)) runtime. One method of circumventing this

problem is to use sparse irreducible polynomials. In particular, we use the following

well-known construction.

Lemma 2.10.6 ([vL99], Theorem 1.1.28). Over F2[x], the polynomial

f(x) = x2·3l + x3l + 1

is irreducible for any l ≥ 0.

Observe that this allows for much faster arithmetic in the extension field, and this

leads to the following result when applying the above results.

Corollary 2.10.7. Over the field F2, there is a family of tensors Tn of size [n]3

defined for n = 2 · 3l, such that

1. rank(Tn) ≥ 3n−Θ(lg n)
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2. On inputs n and (i, j, k) ∈ [n]3, Tn(i, j, k) is computable in O(polylog(n))

Thus, this algebraic construction is also explicit, at least for some values of n.

Also, this corollary is not limited to F2. Other constructions [GP97] are known over

some other fields. However, unlike the results of Section 2.5, it is not clear if better

lower bounds exist for the tensors in this section. Indeed, we do not at present know

non-trivial upper bounds for the tensors given here.

2.11 Higher-order tensors

In this section we investigate order-d tensors, particularly when d > 3 is odd. As

Raz [Raz10] shows, we can always “reshape” a lower-order tensor into a higher-order

tensor without decreasing rank. Raz mentions this for reshaping an order-d tensor

into an order-2 tensor (a matrix) and thus shows that there are explicit order-d tensors

with rank nbd/2c. We use our results for order-3 tensors to derive a better bound in

the case when d is odd.

We first state our reshaping lemma, keeping in mind that we again now work over

an arbitrary field.

Lemma 2.11.1. Let T be an order-3 tensor of size [nd]× [nd]× [n]. Then define the

order-(2d+ 1) tensor T ′ of size [n]2d+1 by

T ′(i1, . . . , i2d+1) = T

(
1 +

d−1∑
j=0

(ij+1 − 1)nj, 1 +
d−1∑
j=0

(ij+(d+1) − 1)nj, i2d+1

)

Then T ′ has rank at least rank(T ).

Further, if T (·, ·, ·) is computable in time f(n), then T ′(·, . . . , ·) is computable in

time O(poly(d) polylog(n) + f(n)).

Proof. First observe that the map (i1, . . . , id) 7→ 1 +
∑d−1

j=0(ij+1 − 1)nj is a bijection

from [n]d to [nd] as this is simply the base-n expansion. That this is map is computable
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in time O(poly(d) polylog(n)) establishes the claim about efficiency.

Now consider a rank r′ decomposition of T ′

T ′ =
r′∑
l=1

~vl,1 ⊗ · · · ⊗ ~vl,2d+1

We now define ~ul,1 ∈ Fnd . Via the bijection from above, we can write

~ul,1

(
1 +

d−1∑
j=0

(ij+1 − 1)nj

)
= ~vl,1(i1) · · ·~vl,d(id)

and similarly we define ~ul,2 ∈ Fnd by

~ul,2

(
1 +

d−1∑
j=0

(ij+(d+1) − 1)nj

)
= ~vl,d+1(id+1) · · ·~vl,2d(i2d)

, and we take ~ul,3 = ~vl,2d+1 ∈ Fn. Thus we see that

T =
r′∑
l=1

~ul,1 ⊗ ~ul,2 ⊗ ~ul,3

by examining the equation pointwise, and thus r′ ≥ rank(T ). The conclusion thus

follows when taking r′ = rank(T ′).

The above lemma shows that rank lower bounds for low-order tensors extend

(weakly) to rank lower bounds of higher-order tensors. We now apply this lemma to

the tensor rank lower bounds of Section 2.5. It is possible to do similarly with the

results of Section 2.10, but a weaker conclusion would result as those lower bounds

are weaker.

Corollary 2.11.2. For every d ≥ 1, there is a family of {0, 1}-tensors Tn of size

[n]2d+1 such that

rank(Tn) = 2nd + n−Θ(d lg n).
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Further, given n and i1, . . . , i2d+1, Tn(i1, . . . , i2d+1) is computable in polynomial time

(that is, in time O(poly(d) polylog(n))).

Proof. We first observe that the proof of Corollary 2.5.4 extends to give a family

of tensors Tn with size [n] × [n] × [f(n)], where rank(Tn) = 2n + f(n) − Θ(lg n),

where ω(lg n) ≤ f(n) ≤ n. Further, these tensors have their entries computed in

O(polylog(n)) time.

Thus, this leads to tensors of size [nd]× [nd]× [n] of rank 2nd + n−Θ(d lg n). By

Lemma 2.11.1 we can then see that these tensors can be reshaped into the desired

tensors, establishing the claim on the rank as well as the explicitness.

2.12 Tightness of results

Using Corollary 2.9.2, we see that Proposition 2.6.7 is essentially tight.

Proposition 2.12.1. Let F be a field. Let T be a tensor T : JnKd → F such that

T (i1, . . . , id) =


1 if i1 + · · ·+ id = n

0 if i1 + · · ·+ id > n

unconstrained else

then rankF(T ) ≥ (d− 1)(n− 1) + 1.

Proof. The proof is by induction on d, using Corollary 2.9.2 to achieve a lower bound.

d = 1: As T 6= 0, its rank must be at least 1, so the result follows.

d > 1: Decompose T into layers along the d-th axis, so that T = [T0 | · · · |

Tn−1]. Observe that the hypothesis on T implies that for any linear combination

S =
∑n−1

k=0 ciTi it must be that S 6= 0. For if not, one may consider the smallest i such

that ci 6= 0. Then S(n− i, 0, · · · , 0) = ci by the hypothesis on T and the construction

of S, which is a contradiction as ci 6= 0.
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Thus, Corollary 2.9.2 implies that rankF(T ) ≥ rankF(T0 +
∑n−1

i=1 aiTi) + (n−1) for

some ai ∈ F. However, observing that T ′ = T0 +
∑n−1

i=1 aiTi is an order-(d− 1) tensor

fitting the hypothesis of the induction we see that rankF(T ′) ≥ (d − 2)(n − 1) + 1.

Combining the above equations finishes the induction.

The above proposition shows that Proposition 2.6.7 is nearly tight, because to-

gether they show that defining T : JnKd → F by T (i1, . . . , id) = Ji1 + · · ·+ id = nK,

we see that (d− 1)(n− 1) + 1 ≤ rankF(T ) ≤ d(n− 1) + 1.

Proposition 2.6.7 was done by interpolating a univariate polynomial. By inter-

polating multivariate polynomials one may obtain an upper bound for the rank over

group tensors arising from the direct product of cyclic groups. However, the same

result is derivable in a more modular fashion, which we now present. We start with

the folklore fact that tensoring two tensors multiplies their rank bounds.

Lemma 2.12.2. Let F be a field. Let T : [n]d → F and S : [m]d → F be two tensors.

Define (T ⊗ S) : ([n]× [m])d → F by

(T ⊗ S)((i1, i
′
1), . . . , (id, i

′
d)) = T (i1, . . . , id) · S(i′1, . . . , i

′
d)

Then rankF(T ⊗ S) ≤ rankF(T ) rankF(S).

Proof. Suppose T =
∑r

l=1⊗dj=1~aj,l and S =
∑r′

l′=1⊗dj′=1~a
′
j′,l′ . Then T (i1, . . . , id) =∑

l

∏
j ~aj,l(ij) and S(i′1, . . . , i

′
d) =

∑
l′
∏

j′ ~a
′
j′,l′(i

′
j′). Thus, (T ⊗ S)((i1, i

′
1), . . . , (id, i

′
d))

equals
∑

l,l′
∏

j,j′ ~aj,l(ij)~a
′
j′,l′(i

′
j′) =

∑
l,l′
∏

(j,j′)(~aj,l ⊗ ~a′j′,l′)ij ,i′j′ . Thus, as for fixed l, l′

the tensor
∏

(j,j′)(~aj,l ⊗ ~a′j′,l′)ij ,i′j′ is simple (as a ([n]× [m])d → F tensor), this shows

the claim.

We now apply this to the direct product construction of groups.

Corollary 2.12.3. Consider integers n1, . . . , nm ∈ Z≥2 and consider the finite abelian

group G = Zn1×· · ·×Znm. Let F be a field with at least maxi(d(ni−1)+1) elements.
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Then, rank(T dG) ≤
∏

i(d(ni − 1) + 1).

Proof. First observe the relevant definitions imply that T dZn ⊗ T
d
Zm = T dZn×Zm . Thus,

the claim follows directly from Corollary 2.6.8 and Lemma 2.12.2.

We now recall the Structure Theorem of Finite Abelian Groups.

Theorem 2.12.4 (Structure Theorem of Finite Abelian Groups (see, e.g. [Art91])).

Let G be a finite abelian group. Then there are (not necessarily distinct) prime powers

n1, . . . , nm ∈ Z≥2 such that G = Zn1 × · · · × Znm.

This theorem shows that Corollary 2.12.3 extends to general groups. One can get

better bounds if more information is known about the group, of if results such as

Theorem 2.6.5 apply, but the next result shows that even without such information

group tensors from finite abelian groups have “low” rank.
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Chapter 3

On the complexity of

Mumford-Shah type regularization

3.1 Introduction

Consider a discrete signal x ∈ RN sampled from a piecewise smooth signal and

revealed through measurements y = Ax + e, where e ∈ Rm is observation noise and

A : RN 7→ Rm is a known linear operator identified with an m × N real matrix

(representing, for instance, a blurring or partial obscuring of the data). Consider the

truncated quadratic minimization problem,

x̂ = argmin
x∈RN

J (x),

J (x) = ‖Ax− y‖2
2 +

N−1∑
j=1

Q(xj+1 − xj), (3.1.1)

with truncated quadratic penalty term Q(u) = αmin{u2, β} parametrized by α, β >

0. Since its introduction in 1984 by Geman and Geman in the context of image

restoration [GG84, BZ87, Nik00], this problem has been the subject of considerable

theoretical and practical interest, finding applications ranging from visual analysis to
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crack detection in fracture mechanics [Ron07, Ron08]. The choice of regularization is

motivated as follows: Q desires to smooth small differences |xj+1 − xj| ≤
√
β where

it acts quadratically, but suspends smoothing over larger differences.

From a statistical point of view, the quadratic data-fidelity term ‖Ax− y‖2
2 can be

viewed as a log-likelihood of the data under the hypothesis that e is Gaussian random

noise, while the truncated quadratic regularization term corresponds to the energy of

a piecewise Gaussian Markov random field [GG84, Bes89, JW90].

The truncated quadratic minimization problem is non-smooth and highly non-convex.

However, several different characterizations of the minimizers have been unveiled

[Nik00, FW10]. It is known for instance that minimizers exist and satisfy a “gap”

property [Nik00, FW10]: the magnitude of successive differences of such solutions are

either smaller than a first threshold or larger than a second, strictly larger threshold.

These thresholds are independent of the observed data y = Ax+e and depend only on

the regularization parameters α and β. This dependence is explicit, so that a priori

information about the thresholds can be incorporated into choice of regularization

parameters.

When A is the N × N identity matrix, the truncated quadratic objective function

can be viewed as a discretization of the Mumford-Shah functional1, which motivated

1In [Cha95], the minimizers x̂ = x̂(N) of the N -dimensional truncated quadratic minimization
problem with A = I, parameters (α(N), β(N)) = (N2α,Nβ), and y(N) = y(j/N) identified with
discrete samples from a continuous function y ∈ L∞[0, 1], were shown to converge to the minimizer
of the Mumford-Shah functional,

x̂ = argmin
x∈SBV [0,1]

F(x),

F(x) =

∫
[0,1]\Sx

(
(x− y)2 + α ‖∇x‖22

)
dx+ αβ |Sx| ,

over the space SBV of bounded variation functions on [0, 1] with vanishing Cantor part. Note that
SBV functions have a well-defined discontinuity set Sx of finite cardinality |Sx|; see [FW10] for more

57



the variational approach for edge detection and image segmentation with its intro-

duction in 1988. When A is the identity matrix as such, the truncated quadratic

minimization problem can be solved in polynomial-time using dynamic programming

[Cha95]. However, for general m×N matrices A, existing algorithms for minimizing

the functional (3.1.1) guarantee convergence to local minimizers at best [FW10].

In this paper, we show that the truncated quadratic minimization problem is NP-hard

in general, certifying that the present convergence guarantees are the best one could

hope for. Consequently, the Mumford-Shah functional (3.1.2) cannot be tractably

extended to general inverse problems.

3.2 Truncated quadratic minimization reformulated

It will be helpful to recast the truncated quadratic minimization problem in terms

of the discrete differences uj = xj+1 − xj, effectively decoupling the action of the

regularization term Q. We may express this change of variables in matrix notation

as u = Dx, with D : RN → RN−1 the discrete difference matrix,

D =



−1 1 0 . . . . . . 0

0 −1 1 0 . . . 0

. . .

0 0 . . . . . . −1 1


.

The null space of D, which we denote in the following by N (D), is simply the

one-dimensional subspace of constant vectors in RN . The orthogonal projection of a

vector x ∈ RN onto this subspace is the constant vector c whose entries coincide with

the mean value 1
N

∑N
j=1 xj of x, while its projection onto the orthogonal complement

details.
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of N (D) is given by the least squares solution D†Dx, where D† is the pseudo-inverse

matrix of D in the Moore-Penrose sense. These observations yield the orthogonal

decomposition x = D†Dx+ c, or, incorporating the substitution u = Dx, the decom-

position x = D†u+ c.

Minimization of J , recast in terms of the variables u and c, becomes

(ĉ, û) = argmin
c∈N(D), u∈RN−1

J (c, u),

J (c, u) =
∥∥AD†u+ Ac− y

∥∥2

2
+

N−1∑
j=1

Q(uj), (3.2.1)

where the primal minimizer x̂ and (c, u)-minimizer (ĉ, û) are interchangeable accord-

ing to x̂ = D†û+ ĉ.

If the null space of A contains the constant vectors, such as if A = TD for an

m × (N − 1) matrix T , the minimization problem (3.2.1) reduces to a function of u

only,

û = argmin
u∈RN−1

∥∥AD†u− y∥∥2

2
+

N−1∑
j=1

Q(uj).

Making the substitution A = TD and using that DD† = I, we see in particular that

any optimization problem of the form û = argminu∈RN−1 ‖Tu− y‖2
2+
∑N−1

j=1 Q(uj) can

be identified with an instance of a truncated quadratic minimization problem (3.1.1).

To summarize,

Lemma 3.2.1. Let T : RN−1 7→ Rm be a linear operator identified with a matrix of

Rm×(N−1). The minimization problem

û = argmin
u∈RN−1

‖Tu− y‖2
2 +

N−1∑
j=1

Q(uj) (3.2.2)
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corresponds to a truncated quadratic minimization problem

x̂ = argmin
x∈RN

‖TDx− y‖2
2 +

N−1∑
j=1

Q(xj+1 − xj) (3.2.3)

in the sense that x̂ = D†û is a minimizer for (3.2.3) if û minimizes (3.2.2), while

û = Dx̂ is a minimizer for (3.2.2) if x̂ is a minimizer for (3.2.3).

3.3 Reduction to SUBSET-SUM

Recall that the complexity class NP consists of all problems whose solution can be

verified in polynomial time given a certificate for the answer. For example, the prob-

lem SUBSET-SUM is to determine, given nonzero integers a1, . . . , ak and C, whether

or not there exists a subset S of {1, . . . , k} such that
∑

i∈S ai = C. This problem is

in NP because given any particular subset S, we can easily check whether or not its

corresponding sum is zero.

Further recall that a polynomial-time many-one reduction from a problem A to a

problem B is an algorithm that transforms an instance of A to an instance of B

with the same answer in time polynomial with respect to the number of bits used to

represent the instance of A. Intuitively, this captures the notion that A is no harder

than B, up to polynomial factors, and accordingly one may write A ≤ B. Finally, a

problem B is called NP-hard if every problem in NP is reducible to B. (Note that

A ≤ B and B ≤ C imply A ≤ C, so if an NP-hard problem B reduces to a problem

C, then C is NP-hard as well.) NP-hard problems can not be solved in polynomial

time unless P=NP.

In order to prove our NP-hardness result, we show that the known NP-hard prob-

lem SUBSET-SUM admits a polynomial-time reduction to an instance of the trun-
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cated quadratic minimization problem. Moreover, we show that any algorithm that

could efficiently approximate this minimum (to within an additive error) could solve

SUBSET-SUM efficiently as well; that is, the search for even an approximate solution

to a truncated quadratic minimization problem is NP-hard as well.

Theorem 3.3.1. Let a1, . . . , ak and C be given nonzero integers. Then there exists a

subset S of {1, . . . , k} such that
∑

i∈S ai = C if and only if minx∈R2k f(x) ≤ k, where

f(x) =

(
C −

k∑
i=1

aixi

)2

+ P ·
k∑
i=1

(1− xi − xi+k)2

+
2k∑
i=1

min

(
1,
x2
i

ε2

)
,

with 0 < ε ≤ 1
4(
∑
i|ai|)

and P ≥ 2k
ε2

. Moreover, this minimum is never strictly between

k and k + 1
4
.

Proof. Call a subset S ⊆ {1, . . . , k} good if
∑

i∈S ai = C. If a good subset S exists,

we may set

xi =


1 if i ∈ S,

0 if i /∈ S,

and xi+k =


0 if i ∈ S,

1 if i /∈ S,

for 1 ≤ i ≤ k. Then f(x) = k because the first and second terms vanish, and there

are exactly k nonzero xis. Therefore, if a good subset exists, the minimum is at most k.

Suppose no good subset exists, yet there exists x such that f(x) < k + 1
4
. Con-

sider the k pairs of coordinates xi, xi+k for 1 ≤ i ≤ k. If both |xi| and |xi+k|

were less than ε, a single summand in the second term already exceeds 2k, as

P · (1 − xi − xi+k)2 ≥ P · (1 − 2ε)2 ≥ 2k. Therefore, at least one of |xi| and |xi+k|

exceeds ε and the third term is already at least k. If more than one of |xi| and |xi+k|

exceeded ε, then the third term would be at least k + 1, so exactly one of the coor-

dinates in each pair exceeds ε in absolute value. If |xi| ≤ ε, then |xi+k − 1| ≤ 2ε as
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otherwise P · (1 − xi − xi+k)2 ≥ P · (ε)2 ≥ 2k; the symmetric holds if |xi+k| ≤ ε, so

all of the xi are within 2ε of either 0 or 1.

Let xi be the closer of 0 and 1 to xi. Then because no good subset exists and

C and the ai are integers,
∣∣∣C −∑k

i=1 aixi

∣∣∣ ≥ 1. It follows that the first term(
C −

∑k
i=1 aixi

)2

≥ (1 −
∑

2εai)
2 ≥ (1

2
)2 = 1

4
. But the third term was already

at least k, so this is a contradiction. Therefore, if no good subset exists, we must

have minx f(x) ≥ k + 1
4
.

Corollary 3.3.2. Solving the truncated quadratic regularization problem, even to

within an additive error, is NP-hard.

Proof. In light of Lemma 3.2.1, minimization of the function f is a truncated qua-

dratic minimization problem, with m = k + 1 and N = 2k. Therefore, we have

reduced the known NP-hard problem SUBSET-SUM to a truncated quadratic min-

imization problem. It remains to verify that this reduction is polynomial-time. To

see this, note that Theorem 3.3.1 ensures that the minimum of f is either at most k

or at least k + 1
4
; thus, we only need to approximate each of the polynomially-many

entries in the matrices and vectors in f to within a number of bits that is polynomial

compared to the number of bits needed to represent
∑

i |ai|.

3.4 Connection to sparse recovery

The only properties of the quadratic regularization term min{1, x2
i /ε

2} needed for

Theorem 3.3.1 were that it be bounded between 0 and 1, equal to 0 if xi = 0, and

equal to 1 if |xi| ≥ ε. Indeed, Theorem 3.3.1 holds for any regularization term
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satisfying these properties; for example, one could consider hard thresholding,

|x|0 =


0 x = 0,

1 x 6= 0,

which generates the `0 “counting norm” ‖x‖0 =
∑N

j=1 |xj|0. We then reprove the

known result that the `0-regularized optimization problem,

û = argmin
u∈RN

‖Tu− y‖2
2 + γ ‖u‖0 ,

is NP-hard in general. This functional is of considerable interest in the emerging

area of sparse recovery, as it is guaranteed to produce sparse solutions for sufficiently

large γ and over a certain class of matrices 2. In this light, the truncated quadratic

minimization problem may be interpreted as a relaxation of the `0-regularized opti-

mization problem, and our main result as showing that even such relaxations of the

`0-regularized functional are NP-hard.

2See [CW08] for matrix constructions that admit polynomial-time recovery algorithms for the
`0-regularized optimization problem. All constructions at present involve an element of randomness,
and a complete characterization of such matrices forms the core of the area known as compressed
sensing.
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Chapter 4

Full spark frames

4.1 Introduction

A frame over a Hilbert space H is a collection of vectors {fi}i∈I ⊆ H with frame

bounds 0 < A ≤ B <∞ such that

A‖x‖2 ≤
∑
i∈I

|〈x, fi〉|2 ≤ B‖x‖2 ∀x ∈ H. (4.1.1)

For a finite frame {fn}Nn=1 in an M -dimensional Hilbert space HM , the upper frame

bound B which satisfies (4.1.1) trivially exists. In this finite-dimensional setting, the

notion of being a frame solely depends on the lower frame bound A being strictly

positive, which is equivalent to having the frame elements {fn}Nn=1 span the Hilbert

space.

In practice, frames are chiefly used in two ways. The synthesis operator F : CN →

HM of a finite frame F = {fn}Nn=1 is defined by Fy :=
∑N

n=1 y[n]fn. As such, the M×

N matrix representation F of the synthesis operator has the frame elements {fn}Nn=1 as

columns, with the natural identification HM
∼= CM . Note that here and throughout,

we make no notational distinction between a frame F and its synthesis operator.

The adjoint of the synthesis operator is called the analysis operator F ∗ : HM → CN ,
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defined by (F ∗x)[n] := 〈x, fn〉.

Classically, frames are used to redundantly decompose signals, y = F ∗x, before

synthesizing the corresponding frame coefficients, z = Fy = FF ∗x, and so the frame

operator FF ∗ : HM → HM is often analyzed to determine how well this process

preserves information about the original signal x. In particular, if the frame bounds

are equal, the frame operator has the form FF ∗ = AIM , and so signal reconstruction

is rather painless: x = 1
A
FF ∗x; in this case, the frame is called tight. Oftentimes,

it is additionally desirable for the frame elements to have unit norm, in which case

the frame is a unit norm frame. Moreover, the worst-case coherence between unit

norm frame elements µ := maxi 6=j |〈fi, fj〉| satisfies µ2 ≥ N−M
M(N−1)

, and when equality

is achieved, the frame is necessarily tight with |〈fi, fj〉| = µ for all distinct pairs

i, j ∈ {1, . . . , N} [SH03]; in this case, the frame is called an equiangular tight frame

(ETF).

The utility of unit norm tight frames and ETFs is commonly expressed in terms

of a scenario in which frame coefficients {(F ∗x)[n]}Nn=1 are transmitted over a noisy

or lossy channel before reconstructing the signal:

y = D(F ∗x), x̃ = (FF ∗)−1Fy, (4.1.2)

where D(·) represents the channel’s random and not-necessarily-linear deformation

process. Using an additive white Gaussian noise model, Goyal [Goy98] established

that, of all unit norm frames, unit norm tight frames minimize mean squared error

in reconstruction. For the case of a lossy channel, Holmes and Paulsen [HP04] estab-

lished that, of all tight frames, unit norm tight frames minimize worst-case error in

reconstruction after one erasure, and that equiangular tight frames minimize this er-

ror after two erasures. We note that the reconstruction process in (4.1.2), namely the

application of (FF ∗)−1F , is inherently blind to the effect of the deformation process
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of the channel. This contrasts with Püschel and Kovačević’s more recent work [PK05],

which describes an adaptive process for reconstruction after multiple erasures; we will

return to this idea later.

Another application of frames is sparse signal processing. This field concerns signal

classes which are sparse in some basis. As an example, natural images tend to be

nearly sparse in the wavelet basis [DDEK12]. Some applications have signal sparsity

in the identity basis [MQKF11]. Given a signal x, let Ψ represent its sparsifying basis

and consider

y = FΨ∗x+ e, (4.1.3)

where F is the M × N synthesis operator of a frame, Ψ∗x has at most K nonzero

entries, and e is some sort of noise. When given measurements y, one typically wishes

to reconstruct the original vector x; this process is commonly referred to as compressed

sensing since we often take M � N . Note that y can be viewed as a noisy linear

combination of a few unknown frame elements, and the goal of compressed sensing is

to determine which frame elements are active in the combination, and further estimate

the scalar multiples used in this combination.

In order to have any sort of inversion process for (4.1.3), even in the noiseless case

where e = 0, F must map K-sparse vectors injectively. That is, we need Fx1 6= Fx2

for any distinct K-sparse vectors x1 and x2. Subtraction then gives that 2K-sparse

vectors like x1 − x2 cannot be in the nullspace of F . This identification led to the

following definition [DE03]:

Definition 4.1.1. The spark of a matrix F is the size of the smallest linearly depen-

dent subset of columns, i.e.,

Spark(F ) = min{‖x‖0 : Fx = 0, x 6= 0}.

Using the above analysis, Donoho and Elad [DE03] showed that a signal x with
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sparsity level < Spark(F )/2 is necessarily the unique sparsest solution to y = Fx,

and furthermore, there exist signals x of sparsity level ≥ Spark(F )/2 which are not

the unique sparsest solution to y = Fx. This demonstrates that matrices with larger

spark are naturally equipped to support signals with larger sparsity levels. One is

naturally led to consider matrices that support the largest possible sparse signal

class; we say an M ×N matrix F is full spark if its spark is as large as possible, i.e.,

Spark(F ) = M + 1. Equivalently, M ×N full spark matrices have the property that

every M ×M submatrix is invertible; as such, a full spark matrix is necessarily full

rank, and therefore a frame.

Consider a matrix whose entries are independent continuous random variables.

Certainly, the matrix is full spark with probability one, but this random process does

not allow one to control certain features of the matrix, such as unit-norm tightness or

equiangularity. Indeed, ETFs are notoriously difficult to construct, but they appear

to be particularly well-suited for sparse signal processing [BCM12, FM11, MQKF11].

For example, Bajwa et al. [BCM12] uses Steiner ETFs to recover the support of Ψ∗x

in (4.1.3); given measurements y, the largest entries in the back-projection F ∗y often

coincide with the support of Ψ∗x. However, Steiner ETFs have particularly small

spark [FMT12], and back-projection will correctly identify the support of x even

when the corresponding columns in F are dependent; in this case, there is no way to

estimate the nonzero entries of Ψ∗x. This illustrates one reason to build deterministic

full spark frames: their submatrices are necessarily invertible, making it possible to

estimate these nonzero entries.

For another application of full spark frames, we return to the problem (4.1.2) of

reconstructing a signal from distorted frame coefficients. Specifically, we consider

Püschel and Kovačević’s work [PK05], which focuses on an Internet-like channel that

is prone to multitudes of erasures. In this context, they reconstruct the signal after

first identifying which frame coefficients were not erased; with this information, the
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signal can be estimated provided the corresponding frame elements span. In this

sense, full spark frames are maximally robust to erasures. In particular, an M × N

full spark frame is robust to N −M erasures since any M of the frame coefficients

will uniquely determine the original signal.

Yet another application of full spark frames is phaseless reconstruction, which can

be viewed in terms of a channel, as in (4.1.2); in this case, D(·) is the entrywise abso-

lute value function. Phaseless reconstruction has a number of real-world applications

including speech processing [BCE06], X-ray crystallography [CSV11], and quantum

state estimation [RBKSC04]. As such, there has been a lot of work to reconstruct

an M -dimensional vector (up to an overall phase factor) from the magnitudes of

its frame coefficients, most of which involves frames in operator space, which inher-

ently require N = Ω(M2) measurements [BBCE09, RBKSC04]. However, Balan et

al. [BCE06] show that if an M ×N real frame F is full spark with N ≥ 2M − 1, then

D ◦ F ∗ is injective, meaning an inversion process is possible with only N = O(M)

measurements. This result prompted an ongoing search for efficient phaseless re-

construction processes [BBCE07, CSV11], but no reconstruction process can succeed

without a good family of frames, such as full spark frames.

Despite the fact that full spark frames have a multitude of applications, to date,

there has not been much progress in constructing deterministic full spark frames, let

alone full spark frames with additional desirable properties. A noteworthy exception

is Püschel and Kovačević’s work [PK05], in which real full spark tight frames are

constructed using polynomial transforms. In the present paper, we start by inves-

tigating Vandermonde frames, harmonic frames, and modifications thereof. We find

some classes of full spark ETFs, and characterize the M × N full spark harmonic

frames in which N is a prime power. In Section 3, we show that M × N full spark

Parseval frames form a dense subset of the entire collection of M×N Parseval frames.

As such, full spark frames are abundant, even after imposing the additional condition

68



of tightness. This result is balanced with Section 4, in which we prove that verify-

ing whether a matrix is full spark is hard for NP under randomized polynomial-time

reductions. In other words, assuming NP 6⊆ BPP (a computational complexity as-

sumption slightly stronger than P 6= NP and nearly as widely believed), then there is

no method by which one can efficiently test whether matrices are full spark. As such,

the deterministic constructions in Section 2 are significant in that they guarantee a

property which is otherwise difficult to check.

4.2 Deterministic constructions of full spark frames

A square matrix is invertible if and only if its determinant is nonzero, and in our

quest for deterministic constructions of full spark frames, this characterization will

reign supreme. One class of matrices has a particularly simple determinant formula:

Vandermonde matrices. Specifically, Vandermonde matrices have the following form:

V =



1 1 · · · 1

α1 α2 · · · αN
...

...
...

...

αM−1
1 αM−1

2 · · · αM−1
N


, (4.2.1)

and square Vandermonde matrices, i.e., with N = M , have the following determinant:

det(V ) =
∏

1≤i<j≤M

(αj − αi). (4.2.2)

Consider (4.2.1) in the case where N ≥M . Since every M×M submatrix of V is also

Vandermonde, we can modify the indices in (4.2.2) to calculate the determinant of

the submatrices. These determinants are nonzero precisely when the bases {αn}Nn=1

are distinct, yielding the following result:
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Lemma 4.2.1. A Vandermonde matrix is full spark if and only if its bases are dis-

tinct.

When viewed in terms of frame theory, Vandermonde matrices naturally point to

the discrete Fourier transform:

Theorem 4.2.2. The only M × N Vandermonde matrices that are equal norm and

tight have bases in the complex unit circle. Among these, the frames with the smallest

worst-case coherence have bases that are equally spaced in the complex unit circle,

provided N ≥ 2M .

Proof. Suppose a Vandermonde matrix is equal norm and tight. Note that a zero

base will produce the zeroth identity basis element δ0. Letting P denote the indices

of the nonzero bases, the fact that the matrix is full rank implies |P| ≥M − 1. Also,

equal norm gives that the frame element length

‖fn‖2 =
M−1∑
m=0

|fn[m]|2 =
M−1∑
m=0

|αmn |2 =
M−1∑
m=0

|αn|2m

is constant over n ∈ P . Since
∑M−1

m=0 x
2m is strictly increasing over 0 < x <∞, there

exists c > 0 such that |αn|2 = c for all n ∈ P . Next, tightness gives that the rows

have equal norm, implying that the first two rows have equal norm, i.e., |P|c = |P|c2.

Thus c = 1, and so the nonzero bases are in the complex unit circle. Furthermore,

since the zeroth and first rows have equal norm by tightness, we have |P| = N , and

so every base is in the complex unit circle.

Now consider the inner product between Vandermonde frame elements whose

bases {e2πixn}Nn=1 come from the complex unit circle:

〈fn, fn′〉 =
M−1∑
m=0

(e2πixn)m(e2πixn′ )m =
M−1∑
m=0

e2πi(xn−xn′ )m.

We will show that the worst-case coherence comes from the two closest bases. Con-
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sider the following function:

g(x) :=

∣∣∣∣M−1∑
m=0

e2πixm

∣∣∣∣2.
We will prove two things about this function:

(i) d
dx
g(x) < 0 for every x ∈ (0, 1

2M
),

(ii) g(x) ≤ g( 1
2M

) for every x ∈ ( 1
2M
, 1− 1

2M
).

First, we claim that (i) and (ii) are sufficient to prove our result. To establish this,

we first show that the two closest bases e2πixn′ and e2πixn′′ satisfy |xn′ − xn′′ | ≤ 1
2M

.

Without loss of generality, the n’s are ordered in such a way that {xn}N−1
n=0 ⊆ [0, 1)

are nondecreasing. Define

d(xn, xn+1) :=

 xn+1 − xn, n = 0, . . . , N − 2

x0 − (xN−1 − 1), n = N − 1,

and let n′ be the n which minimizes d(xn, xn+1). Since the minimum is less than the

average, we have

d(xn′ , xn′+1) ≤ 1

N

(
(x0 − (xN−1 − 1)) +

N−1∑
n=0

(xn+1 − xn)

)
=

1

N
≤ 1

2M
, (4.2.3)

provided N ≥ 2M . Note that if we view {xn}n∈ZN as members of R/Z, then

d(xn, xn+1) = xn+1 − xn. Since g(x) is even, then (i) implies that |〈fn′+1, fn′〉|2 =

g(xn′+1 − xn′) is larger than any other g(xp − xp′) = |〈fp, fp′〉|2 in which xp − xp′ ∈

[0, 1
2M

] ∪ [1 − 1
2M
, 1). Next, (4.2.3) and (ii) together imply that |〈fn′+1, fn′〉|2 =

g(xn′+1 − xn′) ≥ g( 1
2M

) is larger than any other g(xp − xp′) = |〈fp, fp′〉|2 in which

xp − xp′ ∈ ( 1
2M
, 1 − 1

2M
), provided N ≥ 2M . Combined, (i) and (ii) give that

|〈fn′+1, fn′〉| achieves the worst-case coherence of {fn}n∈ZN . Additionally, (i) gives

71



that the worst-case coherence |〈fn′+1, fn′〉| is minimized when xn′+1 − xn′ is maxi-

mized, i.e., when the xn’s are equally spaced in the unit interval.

To prove (i), note that the geometric sum formula gives

g(x) =

∣∣∣∣M−1∑
m=0

e2πixm

∣∣∣∣2 =

∣∣∣∣e2Mπix − 1

e2πix − 1

∣∣∣∣2 =
2− 2 cos(2Mπx)

2− 2 cos(2πx)
=

(
sin(Mπx)

sin(πx)

)2

, (4.2.4)

where the final expression uses the identity 1− cos(2z) = 2 sin2 z. To show that g is

decreasing over (0, 1
2M

), note that the base of (4.2.4) is positive on this interval, and

performing the quotient rule to calculate its derivative will produce a fraction whose

denominator is nonnegative and whose numerator is given by

Mπ sin(πx) cos(Mπx)− π sin(Mπx) cos(πx). (4.2.5)

This factor is zero at x = 0 and has derivative:

−(M2 − 1)π2 sin(πx) sin(Mπx),

which is strictly negative for all x ∈ (0, 1
2M

). Hence, (4.2.5) is strictly negative

whenever x ∈ (0, 1
2M

), and so g′(x) < 0 for every x ∈ (0, 1
2M

).

For (ii), note that for every x ∈ ( 1
2M
, 1 − 1

2M
), we can individually bound the

numerator and denominator of what the geometric sum formula gives:

g(x) =

∣∣∣∣M−1∑
m=0

e2πixm

∣∣∣∣2 =
|e2Mπix − 1|2

|e2πix − 1|2
≤ |eπi − 1|2

|eπi/M − 1|2
=

∣∣∣∣M−1∑
m=0

eπim/M
∣∣∣∣2 = g( 1

2M
).

Consider the N × N discrete Fourier transform (DFT) matrix, scaled to have
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entries of unit modulus:



1 1 1 · · · 1

1 ω ω2 · · · ωN−1

1 ω2 ω4 · · · ω2(N−1)

...
...

...
...

...

1 ωN−1 ω2(N−1) · · · ω(N−1)(N−1)


,

where ω = e−2πi/N . The first M rows of the DFT form a Vandermonde matrix of

distinct bases {ωn}N−1
n=0 ; as such, this matrix is full spark by Lemma 4.2.1. In fact,

the previous result says that this is in some sense an optimal Vandermonde frame,

but this might not be the best way to pick rows from a DFT. Indeed, several choices

of DFT rows could produce full spark frames, some with smaller coherence or other

desirable properties, and so the remainder of this section focuses on full spark DFT

submatrices. First, we note that not every DFT submatrix is full spark. For example,

consider the 4× 4 DFT: 

1 1 1 1

1 −i −1 i

1 −1 1 −1

1 i −1 −i


.

Certainly, the zeroth and second rows of this matrix are not full spark, since the zeroth

and second columns of this submatrix form the all-ones matrix, which is not invertible.

So what can be said about the set of permissible row choices? The following result

gives some necessary conditions on this set:

Theorem 4.2.3. Take an N × N discrete Fourier transform matrix, and select the

rows indexed by M ⊆ ZN to build the matrix F . If F is full spark, then so is the

matrix built from rows indexed by

(i) any translation of M,
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(ii) any AM with A relatively prime to N ,

(iii) the complement of M in ZN .

Proof. For (i), we first define D to be the N × N diagonal matrix whose diagonal

entries are {ωn}N−1
n=0 . Note that, since ω(m+1)n = ωnωmn, translating the row indices

M by 1 corresponds to multiplying F on the right by D. For some set K ⊆ ZN of

size M := |M|, let FK denote the M ×M submatrix of F whose columns are indexed

by K, and let DK denote the M ×M diagonal submatrix of D whose diagonal entries

are indexed by K. Then since DK is unitary, we have

|det((FD)K)| = |det(FKDK)| = |det(FK)||det(DK)| = |det(FK)|.

Thus, if F is full spark, |det((FD)K)| = |det(FK)| > 0, and so FD is also full spark.

Using this fact inductively proves (i) for all translations of M.

For (ii), let G denote the submatrix of rows indexed by AM. Then for any set

K ⊆ ZN of size M ,

det(GK) = det(ω(Am)k)m∈M,k∈K = det(ωm(Ak))m∈M,k∈K = det(FAK).

Since A is relatively prime to N , multiplication by A permutes the elements of ZN ,

and so AK has exactly M distinct elements. Thus, if F is full spark, then det(GK) =

det(FAK) 6= 0, and so G is also full spark.

For (iii), we let G be the (N −M)×N submatrix of rows indexed byMc, so that

NIN =

[
F ∗ G∗

]F
G

 = F ∗F +G∗G. (4.2.6)

We will use contraposition to show that F being full spark implies that G is also full

spark. To this end, suppose G is not full spark. Then G has a collection of N −M
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linearly dependent columns {gi}i∈K, and so there exists a nontrivial sequence {αi}i∈K

such that ∑
i∈K

αigi = 0.

Considering gi = Gδi, where δi is the ith identity basis element, we can use (4.2.6) to

express this linear dependence in terms of F :

0 = G∗0 = G∗
∑
i∈K

αigi =
∑
i∈K

αiG
∗Gδi =

∑
i∈K

αi(NIN − F ∗F )δi.

Rearranging then gives

x := N
∑
i∈K

αiδi =
∑
i∈K

αiF
∗Fδi. (4.2.7)

Here, we note that x is nonzero since {αi}i∈K is nontrivial, and that x ∈ Range(F ∗F ).

Furthermore, whenever j 6∈ K, we have from (4.2.7) that

〈x, F ∗Fδj〉 = 〈F ∗Fx, δj〉 = N

〈
F ∗F

∑
i∈K

αiδi, δj

〉
= N2

〈∑
i∈K

αiδi, δj

〉
= 0,

and so

x ⊥ Span{F ∗Fδj}j∈Kc .

Thus, the containment

Span{F ∗Fδj}j∈Kc ⊆ Range(F ∗F )

is proper, and so

M = Rank(F ) = Rank(F ∗F ) > Rank(F ∗FKc) = Rank(FKc).

Since the M ×M submatrix FKc is rank-deficient, it is not invertible, and therefore
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F is not full spark.

We note that our proof of (iii) above uses techniques from Cahill et al. [CCH11],

and can be easily generalized to prove that the Naimark complement of a full spark

tight frame is also full spark. Theorem 4.2.3 tells us quite a bit about the set of

permissible choices for DFT rows. For example, not only can we pick the first M rows

of the DFT to produce a full spark Vandermonde frame, but we can also pick any

consecutive M rows, by Theorem 4.2.3(i). We would like to completely characterize

the choices that produce full spark harmonic frames. The following classical result

does this in the case where N is prime:

Theorem 4.2.4 (Chebotarëv, see [SL96]). Let N be prime. Then every square sub-

matrix of the N ×N discrete Fourier transform matrix is invertible.

As an immediate consequence of Chebotarëv’s theorem, every choice of rows from

the DFT produces a full spark harmonic frame, provided N is prime. Note that each

of these are equal-norm tight frames by construction. Harmonic frames can also be de-

signed to have minimal coherence; Xia et al. [XZG05] produces harmonic equiangular

tight frames by selecting row indices which form a difference set in ZN . Interestingly,

most known families of difference sets in ZN require N to be prime [JPS07], and so

the corresponding harmonic equiangular tight frames are guaranteed to be full spark

by Chebotarëv’s theorem. In the following, we use Chebotarëv’s theorem to demon-

strate full spark for a class of frames which contains harmonic frames, namely, frames

which arise from concatenating harmonic frames with any number of identity basis

elements:

Theorem 4.2.5 (cf. [Tao05, Theorem 1.1]). Let N be prime, and pick any M ≤ N

rows of the N × N discrete Fourier transform matrix to form the harmonic frame

H. Next, pick any K ≤ M , and take D to be the M ×M diagonal matrix whose

first K diagonal entries are
√

N+K−M
MN

, and whose remaining M − K entries are
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√
N+K
MN

. Then concatenating DH with the first K identity basis elements produces an

M × (N +K) full spark unit norm tight frame.

Proof. Let F denote the resulting M×(N+K) frame. We start by verifying that F is

unit norm. Certainly, the identity basis elements have unit norm. For the remaining

frame elements, the modulus of each entry is determined by D, and so the norm

squared of each frame element is

K(N+K−M
MN

) + (M −K)(N+K
MN

) = 1.

To demonstrate that F is tight, it suffices to show that FF ∗ = N+K
M

IM . The rows

of DH are orthogonal since they are scaled rows of the DFT, while the rows of

the identity portion are orthogonal because they have disjoint support. Thus, FF ∗ is

diagonal. Moreover, the norm squared of each of the first K rows is N(N+K−M
MN

)+1 =

N+K
M

, while the norm squared of each of the remaining rows is N(N+K
MN

) = N+K
M

, and

so FF ∗ = N+K
M

IM .

To demonstrate that F is full spark, first note that every M ×M submatrix of

DH is invertible since

|det((DH)K)| = |det(DHK)| = |det(D)||det(HK)| > 0,

by Chebotarëv’s theorem. Also, in the case where K = M , we note that the M ×M

submatrix of F composed solely of identity basis elements is trivially invertible. The

only remaining case to check is when identity basis elements and columns of DH

appear in the same M ×M submatrix FK. In this case, we may shuffle the rows of

FK to have the form A 0

B IK

 .
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Since shuffling rows has no impact on the size of the determinant, we may further use

a determinant identity on block matrices to get

|det(FK)| =
∣∣∣∣det

A 0

B IK

 ∣∣∣∣ = |det(A)det(IK)| = |det(A)|.

Since A is a multiple of a square submatrix of the N × N DFT, we are done by

Chebotarëv’s theorem.

As an example of Theorem 4.2.5, pick N to be a prime congruent to 1 mod 4, and

select N+1
2

rows of the N ×N DFT according to the index set M := {k2 : k ∈ ZN}.

If we take K = 1, the process in Theorem 4.2.5 produces an equiangular tight frame

of redundancy 2, which can be verified using quadratic Gauss sums. Note that this

corresponds to a special case of a construction in Zauner’s thesis [Zau99], which was

later studied by Renes [Ren07] and Strohmer [Str08]. Theorem 4.2.5 says that this

construction is full spark.

Maximally sparse frames have recently become a subject of active research [CHKK11,

FMT12]. We note that when K = M , Theorem 4.2.5 produces a maximally sparse

M × (N +K) full spark frame, having a total of M(M − 1) zero entries. To see that

this sparsity level is maximal, we note that if the frame had any more zero entries,

then at least one of the rows would have M zero entries, meaning the corresponding

M×M submatrix would have a row of all zeros and hence a zero determinant. Similar

ideas were studied previously by Nakamura and Masson [NM82].

Another interesting case is where K = M = N , i.e., when the frame constructed

in Theorem 4.2.5 is a union of the unitary DFT and identity bases. Unions of or-

thonormal bases have received considerable attention in the context of sparse ap-

proximation [DE03, Tro08]. In fact, when N is a perfect square, concatenating the

DFT with an identity basis forms the canonical example F of a dictionary with small

spark [DE03]. To be clear, the Dirac comb of
√
N spikes is an eigenvector of the
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DFT, and so concatenating this comb with the negative of its Fourier transform pro-

duces a 2
√
N -sparse vector in the nullspace of F . In stark contrast, when N is prime,

Theorem 4.2.5 shows that F is full spark.

The vast implications of Chebotarëv’s theorem leads one to wonder whether the

result admits any interesting generalization. Certainly, if one could characterize the

full spark submatrices of a general DFT, this would provide ample freedom to optimize

full spark frames for additional considerations. While we do not have a characteri-

zation for the general case, we do have one for the case where N is a prime power.

Before stating the result, we require a definition:

Definition 4.2.6. We say a subsetM⊆ ZN is uniformly distributed over the divisors

of N if, for every divisor d of N , the d cosets of 〈d〉 partitionM into subsets, each of

size b |M|
d
c or d |M|

d
e.

At first glance, this definition may seem rather unnatural, but we will discover

some important properties of uniformly distributed rows from the DFT. As an ex-

ample, we take a short detour by considering the restricted isometry property (RIP),

which has received considerable attention recently for its use in compressed sensing.

We say a matrix F is (K, δ)-RIP if

(1− δ)‖x‖2 ≤ ‖Fx‖2 ≤ (1 + δ)‖x‖2 whenever ‖x‖0 ≤ K.

Candès and Tao [CT05] demonstrated that the sparsest Ψ∗x which satisfies (4.1.3) can

be found using `1-minimization, provided F is (2K,
√

2−1)-RIP. Later, Rudelson and

Vershynin [RV08] showed that a matrix of random rows from a DFT and normalized

columns is RIP with high probability. We will show that harmonic frames satisfy

RIP only if the selected row indices are nearly uniformly distributed over sufficiently

small divisors of N .

To this end, recall that for any divisor d of N , the Fourier transform of the d-sparse
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normalized Dirac comb 1√
d
χ〈N

d
〉 is the N

d
-sparse normalized Dirac comb

√
d
N
χ〈d〉. Let

F be the N × N unitary DFT, and let H be the harmonic frame which arises from

selecting rows of F indexed byM and then normalizing the columns. In order for H

to be (K, δ)-RIP, M must contain at least one member of 〈d〉 for every divisor d of

N which is ≤ K, since otherwise

H 1√
d
χ〈N

d
〉 =

√
N
|M|(F

1√
d
χ〈N

d
〉)M =

√
N
|M|

(√
d
N
χ〈d〉

)
M

=
√

d
|M|χM∩〈d〉 = 0,

which violates the lower RIP bound at x = 1√
d
χ〈N

d
〉. In fact, the RIP bounds indicate

that

‖Hx‖2 = ‖H 1√
d
χ〈N

d
〉‖2 =

∥∥∥√ d
|M|χM∩〈d〉

∥∥∥2

= d
|M| |M ∩ 〈d〉|

cannot be more than δ away from ‖x‖2 = 1. Similarly, taking x to be 1√
d
χ〈N

d
〉

modulated by a, i.e., x[n] := 1√
d
χ〈N

d
〉[n]e2πian/N for every n ∈ ZN , gives that ‖Hx‖2 =

d
|M| |M ∩ (a + 〈d〉)| is also no more than δ away from 1. This observation gives the

following result:

Theorem 4.2.7. Select rows indexed by M ⊆ ZN from the N ×N discrete Fourier

transform matrix and then normalize the columns to produce the harmonic frame H.

Then H satisfies the (K, δ)-restricted isometry property only if

∣∣∣∣∣M∩ (a+ 〈d〉)
∣∣− |M|

d

∣∣∣ ≤ |M|
d
δ

for every divisor d of N with d ≤ K and every a = 0, . . . , d− 1.

Now that we have an intuition for uniform distribution in terms of modulated

Dirac combs and RIP, we take this condition to the extreme by considering uniform

distribution over all divisors. Doing so produces a complete characterization of full

spark harmonic frames when N is a prime power:
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Theorem 4.2.8. Let N be a prime power, and select rows indexed by M⊆ ZN from

the N × N discrete Fourier transform matrix to build the submatrix F . Then F is

full spark if and only if M is uniformly distributed over the divisors of N .

Note that, perhaps surprisingly, an index setM can be uniformly distributed over

p but not over p2, and vice versa. For example,M = {0, 1, 4} is uniformly distributed

over 2 but not 4, while M = {0, 2} is uniformly distributed over 4 but not 2.

Since the first M rows of a DFT form a full spark Vandermonde matrix, let’s check

that this index set is uniformly distributed over the divisors of N . For each divisor

d of N , we partition the first M indices into the d cosets of 〈d〉. Write M = qd + r

with 0 ≤ r < d. The first qd of the M indices are distributed equally amongst all d

cosets, and then the remaining r indices are distributed equally amongst the first r

cosets. Overall, the first r cosets contain q+1 = bM
d
c+1 indices, while the remaining

d − r cosets have q = bM
d
c indices; thus, the first M indices are indeed uniformly

distributed over the divisors of N . Also, when N is prime, every subset of ZN is

uniformly distributed over the divisors of N in a trivial sense. In fact, Chebotarëv’s

theorem follows immediately from Theorem 4.2.8. In some ways, portions of our

proof of Theorem 4.2.8 mirror recurring ideas in the existing proofs of Chebotarëv’s

theorem [DVB08, EI76, SL96, Tao05]. For the sake of completeness, we provide

the full argument and save the reader from having to parse portions of proofs from

multiple references. We start with the following lemmas, whose proofs are based on

the proofs of Lemmas 1.2 and 1.3 in [Tao05].

Lemma 4.2.9. Let N be a power of some prime p, and let P (z1, . . . , zM) be a polyno-

mial with integer coefficients. Suppose there exists N th roots of unity {ωm}Mm=1 such

that P (ω1, . . . , ωM) = 0. Then P (1, . . . , 1) is a multiple of p.

Proof. Denoting ω := e−2πi/N , then for every m = 1, . . . ,M , we have ωm = ωkm

for some 0 ≤ km < N . Defining the polynomial Q(z) := P (zk1 , . . . , zkM ), we have
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Q(ω) = 0 by assumption. Also, Q(z) is a polynomial with integer coefficients, and so it

must be divisible by the minimal polynomial of ω, namely, the cyclotomic polynomial

ΦN(z). Evaluating both polynomials at z = 1 then gives that p = ΦN(1) divides

Q(1) = P (1, . . . , 1).

Lemma 4.2.10. Let N be a power of some prime p, and pick M = {mi}Mi=1 ⊆ ZN

such that ∏
1≤i<j≤M

(mj −mi)

M−1∏
m=0

m!

(4.2.8)

is not a multiple of p. Then the rows indexed by M in the N × N discrete Fourier

transform form a full spark frame.

Proof. We wish to show that det(ωmn )m∈M,1≤n≤M 6= 0 for all M -tuples of distinct Nth

roots of unity {ωn}Mn=1. Define the polynomial D(z1, . . . , zM) := det(zmn )m∈M,1≤n≤M .

Since columns i and j of (zmn )m∈M,1≤n≤M are identical whenever zi = zj, we know

that D vanishes in each of these instances, and so we can factor:

D(z1, . . . , zM) = P (z1, . . . , zM)
∏

1≤i<j≤M

(zj − zi)

for some polynomial P (z1, . . . , zM) with integer coefficients. By Lemma 4.2.9, it

suffices to show that P (1, . . . , 1) is not a multiple of p, since this impliesD(ω1, . . . , ωM)

is nonzero for all M -tuples of distinct Nth roots of unity {ωn}Mn=1.

To this end, we proceed by considering

A :=

(
z1

∂

∂z1

)0(
z2

∂

∂z2

)1

· · ·
(
zM

∂

∂zM

)M−1

D(z1, . . . , zM)

∣∣∣∣
z1=···=zM=1

. (4.2.9)

To compute A, we note that each application of zj
∂
∂zj

produces terms according to the

product rule. For some terms, a linear factor of the form zj−zi or zi−zj is replaced by

zj or −zj, respectively. For each the other terms, these linear factors are untouched,
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while another factor, such as P (z1, . . . , zM), is differentiated and multiplied by zj.

Note that there are a total of M(M − 1)/2 linear factors, and only M(M − 1)/2

differentiation operators to apply. Thus, after expanding every product rule, there

will be two types of terms: terms in which every differentiation operator was applied

to a linear factor, and terms which have at least one linear factor remaining untouched.

When we evaluate at z1 = · · · = zM = 1, the terms with linear factors vanish, and so

the only terms which remain came from applying every differentiation operator to a

linear factor. Furthermore, each of these terms before the evaluation is of the form

P (z1, . . . , zM)
∏

1≤i<j≤M zj, and so evaluation at z1 = · · · = zM = 1 produces a sum

of terms of the form P (1, . . . , 1); to determine the value of A, it remains to count

these terms. The M − 1 copies of zM
∂

∂zM
can only be applied to linear factors of the

form zM − zi, of which there are M − 1, and so there are a total of (M − 1)! ways

to distribute these operators. Similarly, there are (M − 2)! ways to distribute the

M − 2 copies of zM−1
∂

∂zM−1
amongst the M − 2 linear factors of the form zM−1 − zi.

Continuing in this manner produces an expression for A:

A = (M − 1)!(M − 2)! · · · 1!0! P (1, . . . , 1). (4.2.10)

For an alternate expression of A, we substitute the definition of D(z1, . . . , zM)

into (4.2.9). Here, we exploit the multilinearity of the determinant and the fact that

(zn
∂
∂zn

)zmn = mzmn to get

A = det(mn−1)m∈M,1≤n≤M =
∏

1≤i<j≤M

(mj −mi), (4.2.11)

where the final equality uses the fact that (mn−1)m∈M,1≤n≤M is the transpose of a

Vandermonde matrix. Equating (4.2.10) to (4.2.11) reveals that (4.2.8) is an expres-

sion for P (1, . . . , 1). Thus, by assumption, P (1, . . . , 1) is not a multiple of p, and so

we are done.
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Proof of Theorem 4.2.8. (⇐) We will use Lemma 4.2.10 to demonstrate that F is full

spark. To apply this lemma, we need to establish that (4.2.8) is not a multiple of p,

and to do this, we will show that there are as many p-divisors in the numerator of

(4.2.8) as there are in the denominator. We start by counting the p-divisors of the

denominator:
M−1∏
m=0

m! =
M−1∏
m=1

m∏
`=1

` =
M−1∏
`=1

M−l∏
m=1

`. (4.2.12)

For each pair of integers k, a ≥ 1, there are max{M − apk, 0} factors in (4.2.12) of

the form ` = apk. By adding these, we count each factor ` as many times as it can

be expressed as a multiple of a power of p, which equals the number of p-divisors in

`. Thus, the number of p-divisors of (4.2.12) is

blogpMc∑
k=1

bM
pk
c∑

a=1

(M − apk). (4.2.13)

Next, we count the p-divisors of the numerator of (4.2.8). To do this, we use the

fact that M is uniformly distributed over the divisors of N . Since N is a power of

p, the only divisors of N are smaller powers of p. Also, the cosets of 〈pk〉 partition

M into subsets Sk,b := {mi ≡ b mod pk}. We note that mj − mi is a multiple of

pk precisely when mi and mj belong to the same subset Sk,b for some 0 ≤ b < pk.

To count p-divisors, we again count each factor mj −mi as many times as it can be

expressed as a multiple of a prime power:

blogpMc∑
k=1

pk−1∑
b=0

(
|Sk,b|

2

)
. (4.2.14)

Write M = qpk+r with 0 ≤ r < pk. Then q = bM
pk
c. SinceM is uniformly distributed

over pk, there are r subsets Sk,b with q+1 elements and pk−r subsets with q elements.

84



We use this to get

pk−1∑
b=0

(
|Sk,b|

2

)
=

(
q + 1

2

)
r +

(
q

2

)
(pk − r) =

q

2

(
(q − 1)pk + 2r + (qpk − qpk)

)
.

Rearranging and substituting M = qpk + r then gives

pk−1∑
b=0

(
|Sk,b|

2

)
=
q

2

(
2M − (q + 1)pk

)
= Mq −

(
q + 1

2

)
pk =

bM
pk
c∑

a=1

(M − apk).

Thus, there are as many p-divisors in the numerator (4.2.14) as there are in the

denominator (4.2.13), and so (4.2.8) is not divisible by p. Lemma 4.2.10 therefore

gives that F is full spark.

(⇒) We will prove that this direction holds regardless of whether N is a prime

power. Suppose M ⊆ ZN is not uniformly distributed over the divisors of N . Then

there exists a divisor d of N such that one of the cosets of 〈d〉 intersects M with ≤

bM
d
c−1 or ≥ dM

d
e+1 indices. Notice that if a coset of 〈d〉 intersectsM with ≤ bM

d
c−1

indices, then the complement Mc intersects the same coset with ≥ dN−M
d
e + 1 =

d |M
c|
d
e + 1 indices. By Theorem 4.2.3(iii), M produces a full spark harmonic frame

precisely when Mc produces a full spark harmonic frame, and so we may assume

without loss of generality that there exists a coset of 〈d〉 which intersects M with

≥ dM
d
e+ 1 indices.

To prove that the rows with indices in M are not full spark, we find column

entries which produce a singular submatrix. Writing M = qd + r with 0 ≤ r < d,

let K contain q = bM
d
c cosets of 〈N

d
〉 along with r elements from an additional coset.

We claim that the DFT submatrix with row entries M and column entries K is

singular. To see this, shuffle the rows and columns to form a matrix A in which

the row entries are grouped into common cosets of 〈d〉 and the column entries are

grouped into common cosets of 〈N
d
〉. This breaks A into rank-1 submatrices: each
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pair of cosets a+ 〈d〉 and b+ 〈N
d
〉 produces a submatrix

(ω(a+id)(b+jN
d

))i∈I,j∈J = ωab(ωbdiωa
N
d
j)i∈I,j∈J

for some index sets I and J ; this is a rank-1 outer product. Let L be the largest

intersection between M and a coset of 〈d〉. Then |L| ≥ dM
d
e + 1 is the number of

rows in the tallest of these rank-1 submatrices. Define AL to be the M ×M matrix

with entries AL[i, j] = A[i, j] whenever i ∈ L and zero otherwise. Then

Rank(A) = Rank(AL + A− AL) ≤ Rank(AL) + Rank(A− AL). (4.2.15)

Since A− AL has |L| rows of zero entries, we also have

Rank(A− AL) ≤M − |L| ≤M − (dM
d
e+ 1). (4.2.16)

Moreover, since we can decompose AL into a sum of dM
d
e zero-padded rank-1 sub-

matrices, we have Rank(AL) ≤ dM
d
e. Combining this with (4.2.15) and (4.2.16) then

gives that Rank(A) ≤M − 1, and so the DFT submatrix is not invertible.

Note that our proof of Theorem 4.2.8 establishes the necessity of having row

indices uniformly distributed over the divisors of N in the general case. This leaves

some hope for completely characterizing full spark harmonic frames. Naturally, one

might suspect that the uniform distribution condition is sufficient in general, but this

suspicion fails when N = 10. Indeed, the following DFT submatrix is singular despite

the row indices being uniformly distributed over the divisors of 10:

(e−2πimn/10)m∈{0,1,3,4},n∈{0,1,2,6}.

Also, just as we used Chebotarëv’s theorem to analyze the harmonic equiangular
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tight frames from Xia et al. [XZG05], we can also use Theorem 4.2.8 to determine

whether harmonic equiangular tight frames with a prime power number of frame

elements are full spark. Unfortunately, none of the infinite families in [XZG05] have

the number of frame elements in the form of a prime power (other than primes).

Luckily, there is at least one instance in which the number of frame elements happens

to be a prime power: the harmonic frames that arise from Singer difference sets have

M = qd−1
q−1

and N = qd+1−1
q−1

for a prime power q and an integer d ≥ 2; when q = 3 and

d = 4, the number of frame elements N = 112 is a prime power. In this case, the row

indices we select are

M ={1, 2, 3, 6, 7, 9, 11, 18, 20, 21, 25, 27, 33, 34, 38, 41, 44, 47, 53, 54, 55, 56,

58, 59, 60, 63, 64, 68, 70, 71, 75, 81, 83, 89, 92, 99, 100, 102, 104, 114},

but these are not uniformly distributed over 11, and so the corresponding harmonic

frame is not full spark by Theorem 4.2.8.

4.3 Full spark frames are dense

In this section, we rigorously show that full spark frames are dense in the entire

set of matrices. This corresponds to our intuition that a matrix whose entries are

independent continuous random variables is full spark with probability one. Later,

we apply the additional constraint of tightness, specifically Parseval tightness, where

the frame bound is 1. With this constraint, we will show that full spark Parseval

frames are dense in the entire set of Parseval frames.

In order to make our arguments rigorous, we view each entry Fmn of the M ×N

matrix F in terms of its real and imaginary parts: xmn + iymn; this decomposition

will become helpful later when we consider inner products between rows of F , which

are not algebraic operations on complex vectors. Recall that F is full spark pre-
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cisely when each M ×M submatrix has nonzero determinant. We note that for each

submatrix, the determinant is a polynomial in the xmn’s and ymn’s, and having this

polynomial be nonzero is equivalent to having either its real or imaginary part be

nonzero. This naturally leads us to the following definition from algebraic geometry:

A real algebraic variety is the set of common zeros of a finite set of polynomials,

that is, given polynomials p1, . . . , pr ∈ R[x1, . . . , xk], we define the corresponding real

algebraic variety by

V (p1, . . . , pr) := {x ∈ Rk : p1(x) = · · · = pr(x) = 0}.

Each submatrix determinant corresponds to a real algebraic variety V ⊆ R2MN of

two polynomials, and having this determinant be nonzero is equivalent to restricting

to the complement of V .

In general, a variety is equipped with a topology known as the Zariski topology,

in which subvarieties are the closed sets. As such, the set of matrices with a nonzero

determinant forms a Zariski-open set, since it is the complement of a variety. In order

to exploit this Zariski-openness, we require the additional concept of irreducibility:

A variety is said to be irreducible if it cannot be written as a finite union of proper

subvarieties. As an example, the entire space Rk is the variety which corresponds to

the zero polynomial; in this case, every proper subvariety is lower-dimensional, and so

Rk is trivially irreducible. On the other hand, the variety in R2 defined by xy = 0 is

not irreducible because it can be expressed as the union of varieties defined by x = 0

and y = 0. Irreducibility is important because it says something about Zariski-open

sets:

Theorem 4.3.1. If V is an irreducible algebraic variety, then every nonempty Zariski-

open subset of V is dense in V in the standard topology.

For example, the hyperplane defined by x1 = 0 is a subvariety of Rk, and since Rk
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is irreducible, the complement of the hyperplane is dense in the standard topology.

Going back to the variety defined by xy = 0, we know it can be expressed as a union

of proper subvarieties, namely the x- and y-axes, and complementing one gives a

subset of the other, neither of which is dense in the entire variety.

We are now ready to prove the following result:

Theorem 4.3.2. Every matrix is arbitrarily close to a full spark frame.

Proof. In an M × N matrix, there are
(
N
M

)
submatrices of size M × M , and the

determinant of each of these submatrices corresponds to a variety of two real polyno-

mials. Since the set of M ×N full spark frames is defined as the (finite) intersection

of the complements of these varieties, it is a Zariski-open subset of the irreducible

variety R2MN of all M ×N matrices. Moreover, this set is nonempty since it contains

the matrix formed by the first M rows of the N × N DFT, and so we are done by

Theorem 4.3.1.

We now focus on the set of Parseval frames, that is, tight frames with frame

bound 1. Note that M ×N Parseval frames are characterized by the rows forming an

orthonormal system of sizeM inN -dimensional space. The set of all such orthonormal

systems is known as the Stiefel manifold, denoted St(M,N). In general, a manifold is

a set of vectors with a well-defined tangent space at every point in the set. Since this

manifold property is nice, we would like to think of varieties as manifolds, but there

exist varieties with points at which tangent spaces are not well-defined; such points are

called singularities. Note that our definition of singularity is geometric, i.e., where the

variety fails to be a real differentiable manifold, as opposed to algebraic. For example,

the variety defined by xy = 0 is the union of the x- and y-axes, and as such, has a

singularity at x = y = 0. Certainly with different types of varieties, there are other

types of singularities which may arise, but there are also many varieties which do not

have singularities at all, and we call these varieties nonsingular. Nonsingularity is a
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useful property for the following reason:

Theorem 4.3.3. An algebraic variety which is nonsingular and connected is neces-

sarily irreducible.

Note that the orthonormality conditions which characterize Parseval frames F can

be expressed as polynomial equations in the real and imaginary parts of the entries

Fmn. As such, we may view the Stiefel manifold as a real algebraic variety; this

variety is nonsingular because it is a manifold. Moreover, the variety is connected

because the (connected) unitary group U(N) acts transitively on St(M,N). Thus by

Theorem 4.3.3, the variety of Parseval frames is irreducible. Having established this,

we can now prove the following result:

Theorem 4.3.4. Every Parseval frame is arbitrarily close to a full spark Parseval

frame.

Proof. Proceeding as in the proof of Theorem 4.3.2, we have that the set of M×N full

spark Parseval frames is Zariski-open in the irreducible variety of all M ×N Parseval

frames. Again considering the first M rows of the N × N DFT, we know this set is

nonempty, and so we are done by Theorem 4.3.1.

We note that Theorems 4.3.2 and 4.3.4 are also true when we further require

the frames to be real. In this case, we cannot use the first M rows of the N × N

DFT to establish that the Zariski-open sets are nonempty. For the real version of

Theorem 4.3.2, we use an M ×N Vandermonde matrix with distinct real bases; see

Lemma 4.2.1. However, this construction must be modified to use it in the proof

of the real version of Theorem 4.3.4, since such Vandermonde matrices will not be

tight; see Theorem 4.2.2. Given an M × N full spark frame F , the modification

G := (FF ∗)−1/2F is full spark and Parseval; indeed, GG∗ = IM , and since F is

a frame, (FF ∗)−1/2 is full rank, and so the columns of G are linearly independent

precisely when the corresponding columns of F are linearly independent.
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Another way that the proof of Theorem 4.3.4 changes in the real case is in verifying

that the real Stiefel manifold is irreducible. Just as in the complex case, this follows

from Theorem 4.3.3 since St(M,N) is connected [Rap02], but the fact that St(M,N)

is connected in the real case is not immediate. By analogy, the orthogonal group O(N)

certainly acts transitively on St(M,N), but unlike the unitary group, the orthogonal

group has two connected components. Intuitively, this is resolved by the fact that

N > M , granting additional freedom of movement throughout St(M,N).

In addition to Theorems 4.3.2 and 4.3.4, we would like a similar result for unit

norm tight frames, i.e., that every unit norm tight frame is arbitrarily close to a full

spark unit norm tight frame. Certainly, the set of unit norm tight frames is a real al-

gebraic variety, but it is unclear whether this variety is irreducible. Without knowing

whether the variety is irreducible, we can follow the proofs of Theorems 4.3.2 and 4.3.4

to conclude that full spark unit norm tight frames are dense in the irreducible compo-

nents in which they exist—a far cry from the density result we seek. This illustrates a

significant gap in our current understanding of the variety of unit norm tight frames.

It should be mentioned that Strawn [Str11] showed that the variety of M × N unit

norm tight frames (over real or complex space) is nonsingular precisely when M and

N are relatively prime. Additionally, Dykema and Strawn [DS06] proved that the

variety of 2×N real unit norm tight frames is connected, and so by Theorem 4.3.3,

this variety is irreducible when N is odd. It is unknown whether the variety of M×N

unit norm tight frames is connected in general. Finally, we note that a Theorem 4.3.4

gives a weaker version of the result we would like: every unit norm tight frame is

arbitrarily close to a full spark tight frame with frame element lengths arbitrarily

close to 1.
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4.4 The computational complexity of verifying full

spark

In the previous section, we demonstrated the abundance of full spark frames, even

after imposing the additional condition of tightness. But how would we check whether

a particular M ×N frame is full spark? Naturally, we would determine whether each

of the M × M submatrices is invertible; computing
(
N
M

)
determinants would do.

However, this is not necessarily the fastest way to go about testing whether a matrix

is full spark. For example, perhaps there is an easy-to-calculate expression for the

product of the
(
N
M

)
determinants; after all, this product is nonzero precisely when the

matrix is full spark. If such an expression exists, then it would suffice to find it, but

how might one disprove the existence of any such expression?

At the heart of the matter is computational complexity theory, which provides a

rigorous playing field for expressing how hard certain problems are. In this section,

we consider the complexity of the following problem:

Problem 4.4.1 (Full Spark). Given a matrix, is it full spark?

As an example of complexity, intuitively, doubling an integer is no harder than

adding integers, since one can use addition to multiply by 2. To make this more

precise, complexity theorists use what is called a polynomial-time reduction, that is,

a polynomial-time algorithm that solves problem A by exploiting an oracle which

solves problem B; the reduction indicates that solving problem A is no harder than

solving problem B (up to polynomial factors in time), and we say “A reduces to B,”

or A ≤ B. Since we can use the polynomial-time routine x + x to produce 2x, we

conclude that doubling an integer reduces to adding integers, as expected.

In complexity theory, problems are categorized into complexity classes according

to the amount of resources required to solve them. For example, the complexity

class P contains all problems which can be solved in polynomial time, while problems
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in EXPTIME may require as much as exponential time. Problems in NP have the

defining quality that solutions can be verified in polynomial time given a certificate

for the answer. Clearly, P ⊆ NP, since we can ignore the certificate and still solve

the problem in polynomial time. Finally, a problem B is called NP-hard if every

problem A in NP reduces to B, that is, every problem in NP is no harder than B,

and a problem is called NP-complete if it is both NP-hard and in NP. We note that

A ≤ B and B ≤ C together imply A ≤ C, and so to demonstrate that a problem C

is NP-hard, it suffices to show that B ≤ C for some NP-hard problem B. We also

note that an NP-hard problem can be solved in polynomial time only if P = NP; this

is an open problem, but it is widely believed that P 6= NP.

Sometimes, it can be difficult to find a deterministic reduction from one prob-

lem to another. One example is reducing the satisfiability problem (SAT) to the

unique satisfiability problem (Unique SAT). To be clear, SAT is an NP-hard prob-

lem [Kar72] that asks whether there exists an input for which a given Boolean func-

tion returns “true,” while Unique SAT asks the same question with an additional

promise: that the given Boolean function is satisfiable only if there is a unique input

for which it returns “true.” Intuitively, Unique SAT is easier than SAT because

we might be able to exploit the additional structure of uniquely satisfiable Boolean

functions; thus, it could be difficult to find a reduction from SAT to Unique SAT.

Despite this intuition, there is a randomized polynomial-time reduction from SAT to

Unique SAT [VV86]. Defined over all Boolean functions of n variables, the reduction

maps functions that are not satisfiable to other functions that are not satisfiable, and

with probability ≥ 1
8n

, it maps satisfiable functions to uniquely satisfiable functions.

After applying this reduction to a given Boolean function, if a Unique SAT oracle

declares “uniquely satisfiable,” then we know for certain that the original Boolean

function was satisfiable. But the reduction will only map a satisfiable problem to a

uniquely satisfiable problem with probability ≥ 1
8n

, so what good is this reduction?
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The answer lies in something called amplification; since the success probability is, at

worst, polynomially small in n (i.e., ≥ 1
p(n)

), we can repeat our oracle-based random-

ized algorithm a polynomial number of times np(n) and achieve an error probability

≤ (1 − 1
p(n)

)np(n) ∼ e−n which is exponentially small. In this section, we give a

randomized polynomial-time reduction from the following problem:

Problem 4.4.2. Given a bipartite graph, what is the girth of its transversal matroid?

Before giving the reduction, we will show that Problem 4.4.2 is NP-hard, but first

we briefly review some matroid theory. A matroid is a pair (E, I), where E is a finite

set and I is a collection of independent subsets of E such that

(i) ∅ ∈ I,

(ii) A ⊆ B ∈ I implies A ∈ I,

(iii) A,B ∈ I and |A| > |B| implies ∃x ∈ A \B such that B ∪ {x} ∈ I.

We see that matroids provide a natural generalization of the concept of linear inde-

pendence in vector spaces. Just as spark is the size of the smallest linearly dependent

set, the girth of a matroid is the size of the smallest subset of E that is not in I. For

different kinds of matroids, there are different ways to identify the independent sets.

For a transversal matroid, the natural way to define I uses a bipartite graph between

two disjoint sets of vertices in which the vertices in one of the disjoint sets are labeled

by elements of E; in this case, I is defined to be all subsets of E whose vertices

form the ends of a matching. Hall’s marriage theorem [Hal35] gives a remarkable

characterization of the independent sets in a transversal matroid: B ∈ I if and only

if every subset A ⊆ B has ≥ |A| neighbors in the bipartite graph. A matroid (E, I) is

representable over a field F if, for some M , there exists a mapping ϕ : E → FM such

that ϕ(A) is linearly independent if and only if A ∈ I; as such, the girth of (E, I) is

the spark of ϕ(E). In our reduction, we make use of the fact that every transversal

matroid is representable over R [PW70].
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The following result comes from McCormick’s thesis [McC83], which credits the

proof to Stockmeyer; since [McC83] is difficult to access and the proof is instructive,

we include it below:

Theorem 4.4.3. Problem 4.4.2 is NP-hard.

Proof. We will reduce from the NP-complete clique decision problem, which asks

“Given a graph, does it contain a clique of K vertices?” [Kar72]. First, we may assume

K ≥ 4 without loss of generality, since any such clique can otherwise be found in cubic

time by an exhaustive search. Take a graph G = (E, V ), and consider the bipartite

graph G′ between disjoint sets E and V t {1, . . . ,
(
K
2

)
−K − 1}, in which e ↔ v for

every e ∈ E and v ∈ e, and e ↔ k for every e ∈ E and k ∈ {1, . . . ,
(
K
2

)
− K − 1}.

We claim that the girth of the transversal matroid of G′ is
(
K
2

)
precisely when there

exists a K-clique in G.

We start by analyzing the girth of a transversal matroid. Consider any dependent

set C ⊆ E with ≤ |C| − 2 neighbors in G′. Then removing any member x of C will

produce a smaller set C \{x} with ≤ |C|−2 = |C \{x}|−1 neighbors in G′, which is

necessarily dependent by the pigeonhole principle. Now consider any dependent set

C ⊆ E with ≥ |C| neighbors in G′. By the Hall’s marriage theorem, there exists a

proper subset C ′ ⊆ C with < |C ′| neighbors in G′, meaning C ′ is a smaller dependent

set. Thus, the girth c is the size of the smallest subset C ⊆ E with |C| − 1 total

neighbors in G′.

Suppose c =
(
K
2

)
. Then since C is adjacent to every vertex in {1, . . . ,

(
K
2

)
−K−1},

C has (c− 1)− (
(
K
2

)
−K − 1) = K neighbors in V . These are precisely the vertices

D in G which are induced by the edges in C, and so C is contained in the set C ′ of

edges induced by D, of which there are ≤
(|D|

2

)
=
(
K
2

)
, with equality only if D induces

a K-clique in G. Since
(
K
2

)
= |C| ≤ |C ′| ≤

(|D|
2

)
=
(
K
2

)
implies equality, there exists

a K-clique in G.

Now suppose there exists a K-clique with edges C. Then C has
(
K
2

)
elements and
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K + (
(
K
2

)
− K − 1) =

(
K
2

)
− 1 neighbors in G′. To prove that c =

(
K
2

)
, it suffices

to show that there is no smaller subset C ′ ⊆ E with |C ′| − 1 total neighbors in G′.

Suppose, to the contrary, that c =
(
K
2

)
− ` for some ` > 0. Then there exists C ′ ⊆ E

with c elements and (c− 1)− (
(
K
2

)
−K − 1) = K − ` neighbors in V . Note that each

e ∈ E contains two vertices in G, and so by the definition of G′, C ′ necessarily has

K − ` ≥ 2 neighbors in V . Also, since the K − ` neighbors of C ′ in V arise from the

subgraph of G induced by C ′, and since those neighbors induce at most
(
K−`

2

)
edges

including C ′, we have
(
K
2

)
− ` = c ≤

(
K−`

2

)
. This inequality simplifies to ` ≥ 2K − 3,

which combines with K − ` ≥ 2 to contradict the fact that ` > 0.

Having established that Problem 4.4.2 is NP-hard, we reduce from it the main

problem of this section. Our proof is specifically geared toward the case where the

matrix in question has integer entries; this is stronger than manipulating real (com-

plex) numbers exactly as well as with truncations and tolerances.

Theorem 4.4.4. Full Spark is hard for NP under randomized polynomial-time

reductions.

Proof. We will give a randomized polynomial-time reduction from Problem 4.4.2 to

Full Spark. As such, suppose we are given a bipartite graph G, in which every

edge is between the disjoint sets A and B. Take M := |B| and N := |A|. Using this

graph, we randomly draw an M ×N matrix F using the following process: for each

i ∈ B and j ∈ A, pick the entry Fij randomly from {1, . . . , N2N+1} if i ↔ j in G;

otherwise set Fij = 0. In Proposition 3.11 of [Mar09], it is shown that the columns

of F form a representation of the transversal matroid of G with probability ≥ 1
2
. For

the moment, we assume that F succeeds in representing the matroid.

Since the girth of the original matroid equals the spark of its representation,

for each K = 1, . . . ,M , we test whether Spark(F ) > K. To do this, take H to

be some M × P full spark frame. We will determine an appropriate value for P
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later, but for simplicity, we can take H to be the Vandermonde matrix formed from

bases {1, . . . , P}; see Lemma 4.2.1. We claim we can randomly select K indices

K ⊆ {1, . . . , P} and test whether H∗KF is full spark to determine whether Spark(F ) >

K. Moreover, after performing this test for each K = 1, . . . ,M , the probability of

incorrectly determining Spark(F ) is ≤ 1
2
, provided P is sufficiently large.

We want to test whether H∗KF is full spark and use the result as a proxy for

whether Spark(F ) > K. For this to work, we need to have Rank(H∗KFK′) = K

precisely when Rank(FK′) = K for every K′ ⊆ {1, . . . , N} of size K. To this end,

it suffices to have the nullspace N (H∗K) of H∗K intersect trivially with the column

space of FK′ for every K′. To be clear, it is always the case that Rank(H∗KFK′) ≤

Rank(FK′), and so Rank(FK′) < K implies Rank(H∗KFK′) < K. If we further assume

that N (H∗K) ∩ Span(FK′) = {0}, then the converse also holds. To see this, suppose

Rank(H∗KFK′) < K. Then by the rank-nullity theorem, there is a nontrivial x ∈

N (H∗KFK′). Since H∗KFK′x = 0, we must have FK′x ∈ N (H∗K), which in turn implies

x ∈ N (FK′) since N (H∗K) ∩ Span(FK′) = {0} by assumption. Thus, Rank(FK′) < K

by the rank-nullity theorem.

Now fix K′ ⊆ {1, . . . , N} of size K such that Rank(FK′) = K. We will show that

the vast majority of choices K ⊆ {1, . . . , P} of size K satisfy N (H∗K) ∩ Span(FK′) =

{0}. To do this, we consider the columns {hk}k∈K of HK one at a time, and we make

use of the fact that N (H∗K) =
⋂
k∈KN (h∗k). In particular, since H is full spark, there

are at most M −K columns of H in the orthogonal complement of Span(FK′), and

so there are at least P − (M −K) choices of hk1 for which N (h∗k1) does not contain

Span(FK′), i.e.,

dim
(
N (h∗k1) ∩ Span(FK′)

)
= K − 1.
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Similarly, after selecting the first J hk’s, we have dim(S) = K − J , where

S :=
J⋂
j=1

N (h∗kj) ∩ Span(FK′).

Again, since H is full spark, there are at most M − (K − J) columns of H in the

orthogonal complement of S, and so the remaining P − (M − (K − J)) columns are

candidates for hkJ+1
that give

dim

( J+1⋂
j=1

N (h∗kj) ∩ Span(FK′)

)
= dim

(
N (h∗kJ+1

) ∩ S
)

= K − (J + 1).

Overall, if we randomly pick K ⊆ {1, . . . , P} of size K, then

Pr
(
N (H∗K) ∩ Span(FK′) = {0}

)
≥ (1− M−K

P
)(1− M−(K−1)

P
) · · · (1− M−1

P
)

≥ (1− M
P

)K

≥ 1− MK
P
,

where the final step is by Bernoulli’s inequality. Taking a union bound over all choices

of K′ ⊆ {1, . . . , N} and all values of K = 1, . . . ,M then gives

Pr

(
fail to determine

Spark(F )

)
≤

M∑
K=1

(
N

K

)
Pr
(
N (H∗K) ∩ Span(FK′) 6= {0}

)

≤
M∑
K=1

(
N

K

)
MK

P

≤ M32N

P
.

Thus, to make the probability of failure ≤ 1
2
, it suffices to have P = M32N+1.

In summary, we succeed in representing the original matroid with probability ≥ 1
2
,

and then we succeed in determining the spark of its representation with probability ≥
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1
2
. The probability of overall success is therefore ≥ 1

4
. Since our success probability is,

at worst, polynomially small, we can apply amplification to achieve an exponentially

small error probability.

Our use of random linear projections in the above reduction to Full Spark

is similar in spirit to Valiant and Vazirani’s use of random hash functions in their

reduction to Unique SAT [VV86]. Since their randomized reduction is the canonical

example thereof, we find our reduction to be particularly natural.
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Chapter 5

Phase retrieval with polarization

5.1 Introduction

Given a collection of vectors Φ := {ϕ`}N`=1 ⊆ CM and a signal x ∈ CM , consider

measurements of the form

z` := |〈x, ϕ`〉|2 + ν`, (5.1.1)

where ν` is noise; we call these noisy intensity measurements. Several areas of imag-

ing science, such as X-ray crystallography [Har93, MISE08, Mil90], diffraction imag-

ing [BDP+07], astronomy [DF87] and optics [Wal63], use measurements of this form

with the intent of reconstructing the original signal; this inverse problem is called

phase retrieval. Note that in the measurement process (5.1.1), we inherently lose

some information about x. Indeed, for every ω ∈ C with |ω| = 1, we see that x and

ωx produce the same intensity measurements. Thus, the best one can hope to do

with the intensity measurements of x ∈ CM is reconstruct the class [x] ∈ CM/∼,

where ∼ is the equivalence relation of being identical up to a global phase factor.

In practice, phase retrieval falls short of determining the original signal up to

global phase. First of all, the intensity measurement process that is used, say A :

CM/∼ → RN
≥0 with A(x) = |Φ∗x|2 (entrywise) and viewing Φ = [ϕ1 · · ·ϕN ], often
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lacks injectivity, making it impossible to reconstruct uniquely. Moreover, the phase

retrieval algorithms that are used in practice take alternating projections onto the

column space of Φ∗ (to bring phase to the measurements) and onto the nonconvex

set of vectors y whose entry magnitudes match the intensity measurements |Φ∗x|2

(to maintain fidelity in the magnitudes) [Fie82, GS72, GJLM84]. The convergence

of these algorithms is particularly sensitive to the choice of initial phases, and so

even if the measurement design were injective, the phase retrieval procedure needs

improvement.

These deficiencies have prompted two important lines of research in phase re-

trieval:

(i) For which measurement designs Φ is [x] 7→ |Φ∗x|2 injective?

(ii) Given injectivity, how can [x] be reconstructed stably and efficiently?

A first step toward solving (i) is determining how large N must be in order for

A to be injective. It remains an open problem to find the smallest such N , but

embedding results in differential geometry give that N ≥ (4 + o(1))M is neces-

sary [AH59, HMW13]. As for sufficiency, Balan, Casazza and Edidin [BCE06] show

that for almost every choice of Φ, A is injective whenever N ≥ 4M − 2. However,

Balan et al. do not suggest a signal reconstruction process in such cases. Even if

a general process existed for the injective case, there is no guarantee it would be

stable. Moreover, some instances of the phase retrieval problem are known to be NP-

complete [SC91], and so any general reconstruction process is necessarily inefficient,

assuming P 6= NP.

This leads one to attempt stable and efficient reconstruction with particular

ensembles Φ. Until recently, this was only known to be possible in cases where

N = Ω(M2) [BBCE09]. By contrast, the state of the art comes from Candès,

Strohmer and Voroninski [CSV11], who use semidefinite programming to stably re-
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construct from N = O(M logM) Gaussian-random measurements. There is other

work along this vein [CESV13, DH12, WdM12] which also uses semidefinite program-

ming and provides related guarantees. In theory, semidefinite programs are solved via

interior point methods, whose iterations are often rather expensive. In practice, one

is inclined to use faster numerical methods, but these lack performance guarantees.

In this paper, we propose an exchange of sorts: If you already have O(M logM)

Gaussian-random measurements, then we offer a faster reconstruction method with

a stable performance guarantee, but at the price of O(M logM) additional (non-

adaptive) measurements. These new measurements are interferometry-inspired com-

binations of the originals, and the speedups gained in reconstruction come from our

use of different spectral methods. To help motivate our measurement design and

phase retrieval procedure, we start in the next section by considering the simpler,

noiseless case. In this case, the success of our method follows from a neat trick in-

volving the polarization identity along with some well-known results in the theory of

expander graphs. In Section 3, we modify the method to obtain provable stability in

the noisy case; here, we exploit some recent developments in spectral graph theory.

We give concluding remarks in Section 4, and provide the more technical proofs in

the appendix.

5.2 The noiseless case

In this section, we provide a new technique for phase retrieval. Here, we specifically

address the noiseless case, in which ν` in (5.1.1) is zero for every ` = 1, . . . , N ; this

case will give some intuition for a more stable version of our techniques, which we

introduce in the next section. In the noiseless case, we will use on the order of the

fewest measurements possible, namely N = O(M), where M is the dimension of the

signal.
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Before stating our measurement design and phase retrieval procedure, we moti-

vate both with some discussion. Take a finite set V , and suppose we take intensity

measurements of x ∈ CM with a spanning set ΦV := {ϕi}i∈V ⊆ CM . Again, we wish

to recover x up to a global phase factor. Having |〈x, ϕi〉| for every i ∈ V , we claim

it suffices to determine the relative phase between 〈x, ϕi〉 and 〈x, ϕj〉 for all pairs

i 6= j. Indeed, if we had this information, we could arbitrarily assign some nonzero

coefficient ci = |〈x, ϕi〉| to have positive phase. If 〈x, ϕj〉 is also nonzero, then it has

well-defined relative phase

ωij :=
( 〈x,ϕi〉
|〈x,ϕi〉|

)−1 〈x,ϕj〉
|〈x,ϕj〉| , (5.2.1)

which determines the coefficient by multiplication: cj = ωij |〈x, ϕj〉|. Otherwise when

〈x, ϕj〉 = 0, we naturally take cj = 0, and for notational convenience, we arbitrarily

take ωij = 1. From here, the original signal’s equivalence class [x] ∈ CM/∼ can be

identified by applying the canonical dual frame {ϕ̃j}j∈V , namely the Moore-Penrose

pseudoinverse, of ΦV :

∑
j∈V

cjϕ̃j =
∑
j∈V

ωij |〈x, ϕj〉| ϕ̃j =
( 〈x,ϕi〉
|〈x,ϕi〉|

)−1
∑
j∈V

〈x, ϕj〉ϕ̃j =
( 〈x,ϕi〉
|〈x,ϕi〉|

)−1
x ∈ [x]. (5.2.2)

Having established the utility of the relative phase between coefficients, we now

seek some method of extracting this information. To this end, we turn to a special

version of the polarization identity:

Lemma 5.2.1 (Mercedes-Benz Polarization Identity). Take ω := e2πi/3. Then for

any a, b ∈ C,

āb =
1

3

2∑
k=0

ωk
∣∣a+ ω−kb

∣∣2 . (5.2.3)
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Proof. We start by expanding the right-hand side of (5.2.3):

RHS :=
1

3

2∑
k=0

ωk
∣∣a+ ω−kb

∣∣2 =
1

3

2∑
k=0

ωk
(
|a|2+2Re(ω−kāb)+|b|2

)
=

2

3

2∑
k=0

ωkRe(ω−kāb).

Multiplying, we find

Re(ω−kāb) = Re(ω−k)Re(āb)− Im(ω−k)Im(āb) = Re(ωk)Re(āb) + Im(ωk)Im(āb).

We substitute this into our expression for RHS:

Re(RHS) =
2

3

[
Re(āb)

2∑
k=0

(
Re(ωk)

)2
+ Im(āb)

2∑
k=0

Re(ωk)Im(ωk)

]
,

Im(RHS) =
2

3

[
Re(āb)

2∑
k=0

Re(ωk)Im(ωk) + Im(āb)
2∑

k=0

(
Im(ωk)

)2
]
.

Finally, we apply the following easy-to-verify identities:

2∑
k=0

(
Re(ωk)

)2
=

2∑
k=0

(
Im(ωk)

)2
=

3

2
,

2∑
k=0

Re(ωk)Im(ωk) = 0,

which yield RHS = āb.

The above polarization identity can also be proved by viewing {ωk}2
k=0 as a

Mercedes-Benz frame in R2 and 2
3

∑2
k=0 ω

kRe(ω−ku) as the corresponding reconstruc-

tion formula for u ∈ C = R2. We can now use this polarization identity to determine

relative phase (5.2.1):

〈x, ϕi〉〈x, ϕj〉 =
1

3

2∑
k=0

ωk
∣∣〈x, ϕi〉+ ω−k〈x, ϕj〉

∣∣2 =
1

3

2∑
k=0

ωk
∣∣〈x, ϕi + ωkϕj〉

∣∣2 .
(5.2.4)

Thus, if in addition to ΦV we measure with {ϕi + ωkϕj}2
k=0, we can use (5.2.4) to
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determine 〈x, ϕi〉〈x, ϕj〉 and then normalize to get the relative phase:

ωij :=
( 〈x,ϕi〉
|〈x,ϕi〉|

)−1 〈x,ϕj〉
|〈x,ϕj〉| =

〈x,ϕi〉〈x,ϕj〉
|〈x,ϕi〉〈x,ϕj〉| , (5.2.5)

provided both 〈x, ϕi〉 and 〈x, ϕj〉 are nonzero. This idea of extracting information

from interfering intensity measurements is not new; for example, [RSA+11] uses in-

tensity measurements of multiple unknown signals and their interferences to recover

them individually. To summarize our discussion of reconstructing a single signal, if

we measure with ΦV and {ϕi + ωkϕj}2
k=0 for every pair i, j ∈ V , then we can recover

[x]. However, such a method uses |V |+3
(|V |

2

)
measurements, and since ΦV must span

CM , we necessarily have |V | ≥M and thus a total of Ω(M2) measurements.

In pursuit of O(M) measurements, take some simple graph G = (V,E), arbitrarily

assign a direction to each edge, and only take measurements with ΦV and ΦE :=⋃
(i,j)∈E{ϕi + ωkϕj}2

k=0. To recover [x], we again arbitrarily assign some nonzero

vertex measurement to have positive phase, and then we propagate relative phase

information along the edges by multiplication to determine the phase of the other

vertex measurements relative to the original vertex measurement:

ωik = ωijωjk. (5.2.6)

However, if x is orthogonal to a given vertex vector, then that measurement is zero,

and so relative phase information cannot propagate through the corresponding vertex;

indeed, such orthogonality has the effect of removing the vertex from the graph, and

for some graphs, this will prevent recovery. For example, if G is a star, then x could be

orthogonal to the vector corresponding to the internal vertex, whose removal would

render the remaining graph edgeless. That said, we should select ΦV and G so as to

minimize the impact of orthogonality with vertex vectors.

First, we can take ΦV to be full spark, that is, ΦV has the property that every
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subcollection of M vectors spans. Full spark frames appear in a wide variety of ap-

plications. Explicit deterministic constructions of them are given in [ACM12, PK05].

For example, we can select the first M rows of the |V |×|V | discrete Fourier transform

matrix, and take ΦV to be the columns of the resulting M × |V | matrix; in this case,

the fact that ΦV is full spark follows from the Vandermonde determinant formula.

In our application, ΦV being full spark will be useful for two reasons. First, this

implies that x 6= 0 is orthogonal to at most M − 1 members of ΦV , thereby limiting

the extent of x’s damage to our graph. Additionally, ΦV being full spark frees us

from requiring the graph to be connected after the removal of vertices; indeed, any

remaining component of size M or more will correspond to a subcollection of ΦV that

spans, meaning it has a dual frame to reconstruct with. It remains to find a graph

of O(M) vertices and edges that maintains a size-M component after the removal of

any M − 1 vertices.

To this end, we consider a well-studied family of sparse graphs known as expander

graphs. We choose these graphs for their notably strong connectivity properties.

There is a combinatorial definition of expander graphs, but we will focus on the

spectral definition. Given a d-regular graph G of n vertices, consider its adjacency

matrix A, and define the Laplacian to be L := I − 1
d
A; if G were not regular, we

would consider the diagonal matrix D of vertex degrees and define the Laplacian

to be L := I − D−1/2AD−1/2. This is often called the normalized Laplacian in the

literature, but we make no distinction here. We are particularly interested in the

eigenvalues of the Laplacian: 0 = λ1 ≤ · · · ≤ λn. The second eigenvalue λ2 of the

Laplacian is called the spectral gap of the graph, and as we shall see, this value is

particularly useful in evaluating the graph’s connectivity. We say G has expansion λ if

{λ2, . . . , λn} ⊆ [1−λ, 1+λ]; note that since 1−λ ≤ λ2, small expansion implies large

spectral gap. Furthermore, a family of d-regular graphs {Gi}∞i=1 is a spectral expander

family if there exists c < 1 such that every Gi has expansion λ(Gi) ≤ c. Since d
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is constant over an expander family, expanders with many vertices have particularly

few edges. There are many results which describe the connectivity of expanders, but

the following is particularly relevant to our application:

Lemma 5.2.2 (Spectral gap grants connectivity [HB05]). Consider a d-regular graph

G of n vertices with spectral gap λ2. For all ε ≤ λ2
6

, removing any εdn edges from G

results in a connected component of size ≥ (1− 2ε
λ2

)n.

Note that removing εn vertices from a d-regular graph necessarily removes ≤ εdn

edges, and so this lemma directly applies. For our application, we want to guarantee

that the removal of any M − 1 vertices maintains a size-M component. To do this,

we will ensure both (i) M − 1 ≤ εn and (ii) M − 1 < (1− 2ε
λ2

)n, and then invoke the

above lemma. Note that since n ≥M ≥ 2,

ε ≤ λ2

6
≤ Tr[L]

6(n− 1)
=

n

6(n− 1)
≤ 1

3
<

2

3
≤ 1− 2ε

λ2

,

where the last inequality is a rearrangement of ε ≤ λ2
6

. Thus εn < (1− 2ε
λ2

)n, meaning

(i) implies (ii), and so it suffices to have M ≤ εn + 1. Overall, we use the following

criteria to pick our expander graph: Given the signal dimension M , use a d-regular

graph G = (V,E) of n vertices with spectral gap λ2 such that M ≤ (λ2
6

)n+ 1. Then

by the previous discussion, the total number of measurements is N = |V | + 3 |E| =

(3
2
d+ 1)n.

Recall that we seek N = O(M) measurements. To minimize the redundancy N
M

for a fixed degree d, we would like a maximal spectral gap λ2, and it suffices to seek

minimal spectral expansion λ. Spectral graph families known as Ramanujan graphs

are asymptotically optimal in this sense; taking Gdn to be the set of connected d-regular

graphs with ≥ n vertices, Alon and Boppana (see [Alo86]) showed that for any fixed

d,

lim
n→∞

inf
G∈Gdn

λ(G) ≥ 2
√
d− 1

d
,
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while Ramanujan graphs are defined to have spectral expansion ≤ 2
√
d−1
d

. To date,

Ramanujan graphs have only been constructed for certain values of d. One important

construction was given by Lubotzky, Phillips, and Sarnak [LPS88], which produces a

Ramanujan family whenever d− 1 ≡ 1 mod 4 is prime. Among these graphs, we get

the smallest redundancy N
M

when M = b(1− 2
√
d−1
d

)n
6

+ 1c and d = 6:

N

M
≤

(3
2
d+ 1)n

(1− 2
√
d−1
d

)n
6

= 45
(
3 +
√

5
)
≈ 235.62.

Thus, in such cases, our techniques allow for phase retrieval with onlyN ≤ 236M mea-

surements. However, the number of vertices in each Ramanujan graph from [LPS88]

is of the form q(q2 − 1) or q(q2−1)
2

, where q ≡ 1 mod 4 is prime, and so any bound on

redundancy N
M

using these graphs will only be valid for particular values of M .

In order to get N = O(M) in general, we use the fact that random graphs are

nearly Ramanujan with high probability. In particular, for every ε > 0 and even d,

a random d-regular graph has spectral expansion λ ≤ 2
√
d−1+ε
d

with high probability

as n → ∞ [Fri08]. Thus, picking ε and d to satisfy 2
√
d−1+ε
d

< 1, we may take

M = b(1− 2
√
d−1+ε
d

)n
6

+ 1c to get

N

M
≤

(3
2
d+ 1)n

(1− 2
√
d−1+ε
d

)n
6

,

and this choice will satisfy M ≤ (λ2
6

)n + 1 with high probability. To see how small

this redundancy is, note that taking ε = 0.1 and d = 8 gives N ≤ 240M . While the

desired expansion properties of a random graph are only present with high probability,

estimating the spectral gap is inexpensive, and so it is computationally feasible to

verify whether a randomly drawn graph is good enough. Moreover, n can be any

sufficiently large integer, and so the above bound is valid for all sufficiently large M ,

i.e., our procedure can perform phase retrieval with N = O(M) measurements in

general.
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Combining this with the above discussion, we have the following measurement

design and phase retrieval procedure:

Measurement design (noiseless case)

• Fix d even and ε > 0.

• Given M , pick some d-regular graph G = (V,E) with spectral gap λ2 ≥ λ′ :=

1− 2
√
d−1+ε
d

and |V | = d 6
λ′

(M − 1)e, and arbitrarily direct the edges.

• Design the measurements Φ := ΦV ∪ ΦE by taking ΦV := {ϕi}i∈V ⊆ CM to be

full spark and ΦE :=
⋃

(i,j)∈E{ϕi + ωkϕj}3
k=0.

Phase retrieval procedure (noiseless case)

• Given {|〈x, ϕ〉|2}ϕ∈Φ, delete the vertices i ∈ V with |〈x, ϕi〉|2 = 0.

• In the remaining induced subgraph, find a connected component of≥M vertices

V ′.

• Pick a vertex in V ′ to have positive phase and propagate/multiply relative

phases (5.2.6), which are calculated by normalizing (5.2.4), see (5.2.5).

• Having {〈x, ϕi〉}i∈V ′ up to a global phase factor, find the least-squares estimate

of [x] by applying the Moore-Penrose pseudoinverse of {ϕi}i∈V ′ , see (5.2.2).

Note that this phase retrieval procedure is particularly fast. Indeed, if we use

E ⊆ V 2 to store G, then we can delete vertices i ∈ V with |〈x, ϕi〉|2 = 0 by deleting

the edges for which (5.2.4) is zero, which takes O(|E|) time. Next, if the members

of E are ordered lexicographically, the remaining subgraph can be easily partitioned

into connected components in O(|E|) time by collecting edges with common vertices,

and then propagating relative phase in the largest component is performed in O(|E|)

time using a depth- or breadth-first search. Overall, we only use O(M) time before

the final least-squares step of the phase retrieval procedure, which happens to be the
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bottleneck, depending on the subcollection ΦV ′ . In general, we can find the least-

squares estimate in O(M3) time using Gaussian elimination, but if ΦV ′ has special

structure (e.g., it is a submatrix of the discrete Fourier transform matrix), then one

might exploit that structure to gain speedups (e.g., use the fast Fourier transform in

conjunction with an iterative method). Regardless, our procedure reduces the nonlin-

ear phase retrieval problem to the much simpler problem of solving an overdetermined

linear system.

While this measurement design and phase retrieval procedure is particularly effi-

cient, it certainly lacks stability. Perhaps most notably, we have not imposed anything

on ΦV that guarantees stability with inverting ΦV ′ ; indeed, we have merely enforced

linear independence between vectors, while stability will require well-conditioning.

Another noteworthy source of instability is our method of phase propagation, which

naturally accumulates error; it would be better if the relative phases were combined

using a more democratic process that encourages noise cancellation. In the next

section, we will address these concerns (and others) and modify our procedure ac-

cordingly; the revised procedure will be stable, but at the price of a log factor in

the number of measurements: N = O(M logM). As we mention in the concluding

remarks, we do not think this log factor is necessary, but we leave this pursuit for

future work.

5.3 The noisy case

In this section, we consider a noise-robust version of the measurement design and

phase retrieval procedure of the previous section. In the end, the measurement design

will be nearly identical: vertex measurements will be independent complex Gaussian

vectors (thereby being full spark with probability 1), and the edge measurements

will be the same sort of linear combinations of vertex measurements. Our use of
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randomness in this version will enable the vertex measurements to simultaneously

satisfy two important conditions with high probability: projective uniformity with

noise and numerical erasure robustness. Before defining these conditions, we motivate

them by considering a noisy version of our phase retrieval procedure.

Recall that our noiseless procedure starts by removing the vertices i ∈ V for which

|〈x, ϕi〉|2 = 0. Indeed, since we plan to propagate relative phase information along

edges, these 0-vertices are of no use, as relative phase with these vertices is not well

defined. Since we calculate relative phase by normalizing (5.2.4), we see that relative

phase is sensitive to perturbations when (5.2.4) is small, meaning either 〈x, ϕi〉 or

〈x, ϕj〉 is small. As such, while 0-vertices provide no relative phase information in

the noiseless case, small vertices provide unreliable information in the noisy case, and

so we wish to remove them accordingly. However, we also want to ensure that there

are only a few small vertices. In the noiseless case, we limit the number of 0-vertices

by using a full spark frame; in the noisy case, we make use of a new concept we call

projective uniformity :

Definition 5.3.1. The α-projective uniformity of Φ = {ϕi}ni=1 ⊆ CM is given by

PU(Φ;α) = min
x∈CM
|x|=1

max
I⊆{1,...,n}
|I|≥αn

min
i∈I
|〈x, ϕi〉|2 .

In words, projective uniformity gives the following guarantee: For every unit-norm

signal x, there exists a collection of vertices I ⊆ V of size at least α |V | such that

|〈x, ϕi〉|2 ≥ PU(ΦV ;α) for every i ∈ I. As such, projective uniformity effectively

limits the total number of small vertices possible, at least before the measurements

are corrupted by noise. However, the phase retrieval algorithm will only have access

to noisy versions of the measurements, and so we must account for this subtlety in

our procedure. In an effort to isolate the reliable pieces of relative phase information,

we will remove the vertices corresponding to small noisy edge combinations (5.2.4):
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Algorithm 5.3.2 (Pruning for reliability). Given a graph G = (V,E) and a function

f : E → R such that f(i, j) =
∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣, initialize H ← G. Do the follow-

ing procedure b(1 − α) |V |c times: Find the minimizer (i, j) ∈ E of f , and update

H ← H \ {i, j}. When done, output H.

We now explain why only reliable pieces of relative phase information will remain

after running the above algorithm, provided ΦV has sufficient projective uniformity.

The main idea is captured in the following:

Lemma 5.3.3. Define |θ|T := mink∈Z |θ − 2πk| for all angles θ ∈ R/2πZ. Then for

any z, ε ∈ C,

|arg(z + ε)− arg(z)|T ≤ π
|ε|
|z|
.

Proof. If |ε| ≥ |z|, the result is trivial. Suppose |ε| < |z|, and consider the triangle

whose vertices are 0, z, and z+ε. Denoting the angle at 0 by θ = |arg(z + ε)− arg(z)|T

and the angle at z + ε by α, the law of sines gives

sin θ

|ε|
=

sinα

|z|
≤ 1

|z|
. (5.3.1)

Next, the law of cosines gives

2 |z| |z + ε| cos θ = |z|2 + |z + ε|2 − |ε|2 > |z + ε|2 > 0,

and so cos θ > 0, i.e., θ ∈ [0, π
2
). Finally, by the concavity of sin(·) and then (5.3.1),

we conclude that

2

π
θ ≤ sin θ ≤ |ε|

|z|
,

which implies the result.

By taking z = 〈x, ϕi〉〈x, ϕj〉 + εij and ε = −εij, we can use this lemma to bound

the relative phase error we incur when normalizing z. In fact, consider the minimum
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of f when Algorithm 5.3.2 is complete. Since the algorithm deletes vertices from

G according to the input signal x, this minimum will vary with x; let PUN denote

the smallest possible minimum value. Then the relative phase error incurred with

(i, j) ∈ E is no more than π |εij| /PUN, regardless of the signal measured. Indeed,

our use of projective uniformity with noise (i.e., PUN) is intended to bound the

instability that comes with normalizing small values of (5.2.4). As we will show in the

appendix, PUN can be bounded below by using the projective uniformity of ΦV , and

furthermore, a complex Gaussian ΦV has projective uniformity with overwhelming

probability.

After applying Algorithm 5.3.2, our graph will have slightly fewer vertices, but

the remaining edges will correspond to reliable pieces of relative phase information.

Recall that we plan to use this information on the edges to determine phases for

the vertices, and we want to do this in a stable way. To understand when this is

even possible, we first consider a few simple scenarios. Suppose that after removing

vertices with Algorithm 5.3.2, the graph has a vertex of degree 0. Then we have no

information about the phase of this vertex, and it should be removed accordingly.

For a less extreme scenario, suppose the vertex has degree 1. Then any noise in the

corresponding edge measurement would be passed directly to the vertex, which inher-

ently lacks stability compared to the noise cancellation that would come with more

edges. More generally, if the graph has a cut vertex (e.g., the neighbor of a degree-1

vertex), then we would need to rely on the correctness of this lone vertex to ensure

consistency between the parts of the graph it connects—this scenario is also rather

unstable. After considering these examples, it makes intuitive sense that stability

necessitates a high level of connectivity in the graph, regardless of the algorithm used

to extrapolate the vertex phases.

As such, we seek to remove a small proportion of vertices so that the remaining

graph is very connected, i.e., has large spectral gap. To do this, we will iteratively
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remove sets of vertices that are poorly connected to the rest of the graph. These sets

will be identified using spectral clustering, a process which is strongly motivated by an

inequality in Riemannian geometry by Cheeger [Che70] and which has performance

guarantees originating with Alon [Alo86, AM85]. The main idea of spectral clustering

follows the intuition that a random walk on a graph tends to be trapped in sections of

the graph which have few connections to the rest of the vertices. Moreover, the second

eigenvector of the corresponding stochastic matrix tends to identify these sections.

Algorithm 5.3.4 (Spectral clustering). Given a graph, compute the eigenvector u

corresponding to the second eigenvalue of its Laplacian. Let Si denote the vertices

corresponding to the i smallest entries of D−1/2u. Minimize

h(Si) =
E(Si, S

c
i )

min{vol(Si), vol(Sc
i )}

,

where E(S, T ) denotes the number of edges between S and T and

vol(S) =
∑
v∈S

deg(v).

Output the minimizer Sk or its complement, whichever is smaller in size.

Note that when implementing spectral clustering, the values of E(Si, S
c
i ), vol(Si)

and vol(Sc
i ) can be cheaply updated from their (i − 1)st values since Si differs from

Si−1 in only one vertex. As such, the bottleneck in spectral clustering is computing

an eigenvector. For our application, we will iteratively apply spectral clustering to

identify small collections of vertices which are poorly connected to the rest of the

graph and then remove them to enhance connectivity:

Algorithm 5.3.5 (Pruning for connectivity). Given a graph G and a threshold τ > 0,

initialize H ← G. While the spectral gap of H is smaller than τ , perform spectral

clustering (Algorithm 5.3.4) to identify a small set of vertices S, and update H ←
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H \ S. Once the spectral gap of H is at least τ , output H.

In the appendix, we show that for a particular choice of threshold τ , Algo-

rithm 5.3.5 recovers a level of connectivity that may have been lost when pruning

for reliability in Algorithm 5.3.2, and it does so by removing only a small proportion

of the vertices.

At this point, we have pruned our graph so that the measured relative phases are

reliable and the vertex phases can be stably reconstructed. Now we seek an efficient

method to reconstruct these vertex phases from the measured relative phases. Before

devising such a method, we first organize the information we have into a matrix.

Given the graph output G′ = (V ′, E ′) of Algorithm 5.3.5, we take A1 to be the

|V ′| × |V ′| weighted adjacency matrix with normalized noisy versions of (5.2.4):

A1[i, j] =
〈x, ϕi〉〈x, ϕj〉+ εij∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ (5.3.2)

whenever {i, j} ∈ E ′, and otherwise A1[i, j] = 0. Unlike the noiseless case, here,

we account for both directions (i, j) and (j, i) whenever {i, j} ∈ E ′, with the under-

standing that εji = εij; this will simplify our analysis since this makes A1 self-adjoint.

Considering A1[i, j] is an approximation of the relative phase ω−1
i ωj, it seems rea-

sonable to extrapolate the vertex phases ω := {ωi}i∈V ′ from A1 by minimizing the

following quantity:

∑
{i,j}∈E′

|ωj − A1[i, j]ωi|2 =
∑
{i,j}∈E′

(
|ωj|2−2 Re ωjA1[i, j]ωi+|A1[i, j]ωi|2

)
= ω∗(D−A1)ω,

where D is the diagonal matrix of vertex degrees. Dividing by vol(G′) = ω∗Dω, which

does not vary with ω, this is equivalent to minimizing

ω∗(D − A1)ω

ω∗Dω
=

(D1/2ω)∗(I −D−1/2A1D
−1/2)(D1/2ω)

|D1/2ω|2
≥ λ1(I −D−1/2A1D

−1/2).
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To be clear, the right-hand side above is the first eigenvalue of L1 := I−D−1/2A1D
−1/2,

which we call the connection Laplacian; note that this bears some resemblance to the

Laplacian defined in the previous section. In minimizing the above quantity, it makes

sense to consider the eigenvector u corresponding to the smallest eigenvalue of L1,

but we require each coordinate of D−1/2u to have unit modulus. Provided u has no

entries which are zero, we can normalize the entries to form an estimate of ω, and

as we show in the appendix (using results from [BSS12]), this estimate is stable pro-

vided the spectral gap of G′ is sufficiently large. This spectral method is known in

the literature as angular synchronization [Sin11], and we summarize the procedure

with the following:

Algorithm 5.3.6 (Angular synchronization). Given a graph G′ = (V ′, E ′) and noisy

versions of (5.2.4) for every {i, j} ∈ E ′, construct a weighted adjacency matrix A1

according to (5.3.2) whenever {i, j} ∈ E ′, and otherwise A1[i, j] = 0. Take D to

be the diagonal matrix of vertex degrees and define the connection Laplacian L1 :=

I−D−1/2A1D
−1/2. Compute the eigenvector corresponding to the smallest eigenvalue

of L1, and output normalized versions of its coordinates.

To reiterate, Algorithm 5.3.6 will produce estimates for the phases of the inner

products {〈x, ϕi〉}i∈V ′ . Also, we can take square roots of the vertex measurements

{|〈x, ϕi〉|2 +νi}i∈V ′ to estimate {|〈x, ϕi〉|}i∈V ′ . Then we can combine these to estimate

{〈x, ϕi〉}i∈V ′ . However, note that the largest of theses inner products will be most

susceptible to noise in the corresponding phase estimate. As such, we remove a small

fraction of these largest vertices so that the final collection of vertices V ′′ has size

κ |V |, where V was the original vertex set, and κ is sufficiently close to 1.

Now that we have estimated the phases of {〈x, ϕi〉}i∈V ′′ , we wish to reconstruct

x by applying the Moore-Penrose pseudoinverse of {ϕi}i∈V ′′ . However, since V ′′ is

likely a strict subset of V , it can be difficult in general to predict how stable the pseu-

doinverse will be. Fortunately, a recent theory of numerically erasure-robust frames
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(NERFs) makes this prediction possible: If the members of ΦV are independent

Gaussian vectors, then with high probability, every submatrix of columns ΦV ′′ with

κ = |V ′′| / |V | sufficiently large has a stable pseudoinverse [FM12]. This concludes

the phase retrieval procedure, briefly outlined below together with the measurement

design.

Measurement design (noisy case)

• Fix d even and ε > 0.

• Given M , pick some d-regular graph G = (V,E) with spectral gap λ2 ≥ λ′ :=

1 − 2
√
d−1+ε
d

and |V | = cM logM for c sufficiently large, and arbitrarily direct

the edges.

• Design the measurements Φ := ΦV ∪ ΦE by taking ΦV := {ϕi}i∈V ⊆ CM to

have independent entries with distribution CN (0, 1
M

) and ΦE :=
⋃

(i,j)∈E{ϕi +

ωkϕj}3
k=0.

Phase retrieval procedure (noisy case)

• Given {|〈x, ϕ`〉|2 + ν`}N`=1, prune the graph G, keeping only reliable vertices

(Algorithm 5.3.2).

• Prune the remaining induced subgraph for connectivity, producing the vertex

set V ′ (Algorithm 5.3.5).

• Estimate the phases of the vertex measurements using angular synchronization

(Algorithm 5.3.6).

• Remove the vertices with the largest measurements, keeping only |V ′′| = κ |V |.

• Having estimates for

{〈x, ϕi〉}i∈V ′′
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up to a global phase factor, find the least-squares estimate of [x] by applying

the Moore-Penrose pseudoinverse of {ϕi}i∈V ′′ , see (5.2.2).

Having established our measurement design and phase retrieval procedure for the

noisy case, we now present the following guarantee of stable performance:

Theorem 5.3.7. Pick N ∼ CM logM with C sufficiently large, and take {ϕ`}N`=1 =

ΦV ∪ΦE defined in the measurement design above. Then there exist constants C ′, K >

0 such that the following guarantee holds for all x ∈ CM with overwhelming probability:

Consider measurements of the form

z` := |〈x, ϕ`〉|2 + ν`.

If the noise-to-signal ratio satisfies NSR := |ν|
|x|2 ≤

C′√
M

, then the phase retrieval

procedure above produces an estimate x̃ from {z`}N`=1 with squared relative error

∣∣x̃− eiθx
∣∣2

|x|2
≤ K

√
M

logM
NSR

for some phase θ ∈ [0, 2π).

The interested reader is directed to the appendix for a proof of this guarantee.

Before concluding this section, we briefly evaluate the result. Note that the norms

of the ϕ`’s tend to be O(1), and so the noiseless measurements |〈x, ϕ`〉|2 tend to

be of size O(|x|2 /M). Also, in the worst-case scenario, the noise annihilates our

measurements ν` = − |〈x, ϕ`〉|2, rendering the signal x unrecoverable; in this case,

|ν| = O(|x|2
√

(logM)/M) since N = CM logM . In other words, if we allowed the

noise-to-signal ratio to scale slightly larger than C ′/
√
M (i.e., by a log factor), then

it would be impossible to perform phase retrieval in the worst case. As such, the

above guarantee is optimal in some sense. Furthermore, since
√
M/ logM NSR =
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O(1/
√

logM) by assumption, the result indicates that our phase retrieval process

exhibits more stability as M grows large.

5.4 Concluding remarks

This paper provides a new way to perform phase retrieval, and our main result (The-

orem 5.3.7) shows that our method is stable. In comparison to the state of the art,

namely, the work of Candès, Strohmer and Voroninski [CSV11], our stability results

mainly differ in how we choose to scale the measurement vectors. Indeed, the measure-

ment vectors of the present paper tend to have norm O(1), whereas the measurement

vectors of Candès et al. are all scaled to have norm
√
M ; considering the statement of

Theorem 5.3.7 is riddled with square roots of M , either choice of scaling is arguably

natural.

One might feel that our phase retrieval algorithms are slightly unsatisfying because

we perform hard thresholds to remove vertices according to how small or large the cor-

responding measurements are. Alternatively, there could very well be a way to more

smoothly weight these measurements according to our confidence in them, and such

weightings are already accounted for in the theory of angular synchronization [BSS12].

However, we decided to use hard thresholds because they greatly simplify the analysis

of projective uniformity (though the analysis is still rather technical).

While the worst-case analysis we provide here is useful in many applications (and

enables a comparison with the worst-case stability results of [CSV11]), stochastic

noise is a more appropriate model in other applications. We believe that the phase

retrieval procedure of this paper will perform substantially better in the average case,

but we leave this analysis for future work. Also, a notable distinction between our

measurement designs in the noiseless and noisy cases is the presence of a log factor

in the number of measurements used. However, we believe this factor is an artifact
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of our current analysis, and we intend to remove it in the future.

5.5 Appendix

5.5.1 Graph pruning

This section proves the following guarantee:

Theorem 5.5.1. Take proportions p ≥ q ≥ 2
3
, and consider a regular graph G =

(V,E) with spectral gap λ2 > g(p, q) := 1−2(q(1−q)−(1−p)). After Algorithm 5.3.2

removes at most (1− p) |V | vertices from G, then setting τ = 1
8
(λ2 − g(p, q))2, Algo-

rithm 5.3.5 outputs a subgraph with at least q |V | vertices.

To prove this theorem, we will apply a graph version of the Cheeger inequality,

which provides a guarantee for Algorithm 5.3.4:

Theorem 5.5.2 (Constructive Cheeger inequality [Chu10]). Consider a graph G =

(V,E) with spectral gap λ2. Then Algorithm 5.3.4 outputs a set of vertices S such

that h(S) ≤
√

2λ2.

Proof of Theorem 5.5.1. First, Algorithm 5.3.2 removes a set of vertices, which we

denote by S0. In applying Algorithm 5.3.5, the ith step of the while loop removes

another set of vertices Si. We claim this while loop will end with
∣∣⋃

i≥0 Si
∣∣ < (1 −

q) |V |. Supposing to the contrary, consider the first k for which S :=
⋃k
i=0 Si has at

least (1− q) |V | vertices. Then since each iteration of the while loop removes at most

half of the remaining vertices, we have (1− q) |V | ≤ |S| ≤ (1− q
2
) |V |.

To derive a contradiction, we will find incompatible upper and lower bounds on

E(S, Sc). For the upper bound, we apply the fact that G is d-regular along with the

definition of h(Si) to get

E(S, Sc) = E(S0, S
c)+

k∑
i=1

E(Si, S
c) ≤ vol(S0)+

k∑
i=1

E(Si, S
c
i ) ≤ d |S0|+

k∑
i=1

h(Si) vol(Si).
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Next, Theorem 5.5.2 bounds each h(Si) in terms of the spectral gap the remaining

graph, which is necessarily less than τ by the condition of the while loop. Thus, we

continue:

E(S, Sc) < d |S0|+
k∑
i=1

√
2τd |Si| ≤ d(1−p) |V |+

√
2τd |S| ≤ d |V |

(
(1−p)+

√
2τ(1− q

2
)
)
.

(5.5.1)

For the lower bound, we use the expander mixing lemma, which says

∣∣∣E(S, Sc)− d
|V | |S| |S

c|
∣∣∣ ≤ d(1− λ2)

√
|S| |Sc|.

Since the function x 7→ x(1− x) is concave down, we know the minimum subject to

1 − q ≤ x ≤ 1 − q
2

is achieved at an endpoint of this interval. Thus, evaluating the

function at |S| / |V | gives |S| |Sc| / |V |2 ≥ min{q(1− q), q
2
(1− q

2
)} = q(1− q), where

the last step follows from the fact that q ≥ 2
3
. Applying this and |S| |Sc| ≤ |V |2 /4 to

the expander mixing lemma then gives

E(S, Sc) ≥ d
|V | |S| |S

c|−d(1−λ2)
√
|S| |Sc| ≥ d |V | q(1−q)−d(1−λ2) |V |

2
= d |V |

(
q(1−q)−1−λ2

2

)
.

(5.5.2)

Finally, we combine (5.5.1) and (5.5.2) to get

q(1− q)− 1−λ2
2

< (1− p) +
√

2τ(1− q
2
),

which, as substitution reveals, contradicts our choice for τ .

5.5.2 Angular synchronization

This section proves the following guarantee:

Theorem 5.5.3. Consider a graph G = (V,E) with spectral gap λ2 > 0, and define

|θ|T := mink∈Z |θ − 2πk| for all angles θ ∈ R/2πZ. Given the weighted adjacency
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matrix A1 (5.3.2), then Algorithm 5.3.6 outputs u ∈ C|V | with unit-modulus entries

such that, for some phase θ ∈ R/2πZ,

∑
i∈V

|arg(ui)− arg(〈x, ϕi〉)− θ|2T ≤
C |ε|2

λ2
2P

2
,

where P := min{i,j}∈E

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ and C is a universal constant.

In terms of phases, we are interested in reconstructing ω∗ : V → R/2πZ such

that ω∗i = arg(〈x, ϕi〉) for every i ∈ V . For some graph G = (V,E), we are given a

weighted adjacency matrix A1 (5.3.2), which encodes edge measurements:

ρij := ω∗j − ω∗i + eij

for every (i, j) ∈ E; here, eij ∈ R/2πZ is angular noise, and we note that eji =

−eij. We measure the size of e = {eij}{i,j}∈E in terms of its components: |e|2T :=∑
{i,j}∈E |eij|

2
T.

We will prove Theorem 5.5.3 using a recent Cheeger inequality for the connection

Laplacian [BSS12]. In effect, this result provides a guarantee for Algorithm 5.3.6 in

terms of a certain objective function. To be precise, given ω : V → R/2πZ, we define

η(ω) =
∑
{i,j}∈E

∣∣ei((ωj−ωi)−ρij) − 1
∣∣2 .

Note that one way to reconstruct ω∗ is to minimize this quantity. Indeed, η(ω) is

small when the angular differences ωj − ωi are close to the measured differences ρij,

and in the noiseless case, η(ω) = 0 precisely when ω = ω∗, provided the graph G is

connected. In terms of this objective function, the following guarantee ensures that

the output of Algorithm 5.3.6 is no worse than a constant multiple of optimal:

Theorem 5.5.4 (Cheeger inequality for the connection Laplacian [BSS12]). Consider
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a graph G = (V,E) with spectral gap λ2 > 0. Given the weighted adjacency matrix

A1 (5.3.2), which encodes edge measurements ρ : E → R/2πZ, then Algorithm 5.3.6

outputs u ∈ C|V |, which encodes ω̂ : V → R/2πZ such that

η
(
ω̂
)
≤ C ′

λ2

min
ω:V→T

η(ω), (5.5.3)

where C ′ is a universal constant.

We start with two lemmas:

Lemma 5.5.5. For every a, b ∈ R/2πZ, we have 1
2
|a|2T − |b|

2
T ≤ |a− b|

2
T.

Proof. By abuse of notation, we identify a and b with their coset representatives in

[−π, π). Since

0 ≤ 1
2
(a− 2b)2 = (a− b)2 − (1

2
a2 − b2),

then rearranging gives the following inequality:

1
2
|a|2T − |b|

2
T = 1

2
a2 − b2 ≤ (a− b)2 = |a− b|2T ,

where the last equality requires a− b ∈ [−π, π]. Otherwise, we note that

0 ≤ 1
2
(a− 2b± 2π)2 + 2π(π ± a) = (a− b± 2π)2 − (1

2
a2 − b2),

and so rearranging gives

1
2
|a|2T − |b|

2
T = 1

2
a2 − b2 ≤ (a− b± 2π)2,

one of which equals |a− b|2T depending on whether a− b < −π or a− b > π.

Lemma 5.5.6. For every a, b ∈ C with |a| = 1, we have
∣∣∣a− b

|b|

∣∣∣ ≤ 2 |a− b|.
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Proof. The reverse triangle inequality gives
∣∣∣ b|b| − b∣∣∣ = |1− |b|| = ||a| − |b|| ≤ |a− b|,

and so the triangle inequality gives
∣∣∣a− b

|b|

∣∣∣ ≤ |a− b|+ ∣∣∣b− b
|b|

∣∣∣ ≤ 2 |a− b|.

Proof of Theorem 5.5.3. Identifying θ ∈ R/2πZ with its coset representative in [−π, π),

we have |θ|T = |θ|, and a double-angle formula gives

∣∣eiθ − 1
∣∣ = 2 sin

|θ|
2
.

From these, it follows that

2
π
|θ|T ≤

∣∣eiθ − 1
∣∣ ≤ |θ|T . (5.5.4)

This relationship will allow us to apply Theorem 5.5.4. To this end, for notational

convenience, we define γi := arg(ui) − arg(〈x, ϕi〉) for every i ∈ V . The right-hand

inequality of (5.5.4) and Lemma 5.5.5 together give

1
2

∑
{i,j}∈E

∣∣ei(γj−γi) − 1
∣∣2 − |e|2T ≤ ∑

{i,j}∈E

(
1
2
|γj − γi|2T − |eij|

2
T

)
≤
∑
{i,j}∈E

|γj − γi − eij|2T .

(5.5.5)

Denoting ω̂i := arg(ui) and ω∗i := arg(〈x, ϕi〉), then the definition of η gives

η(ω̂) =
∑
{i,j}∈E

∣∣ei(γj−γi−eij) − 1
∣∣2 .

With this, we continue (5.5.5) by applying the left-hand inequality of (5.5.4):

1
2

∑
{i,j}∈E

∣∣ei(γj−γi) − 1
∣∣2 − |e|2T ≤ π2

4
η(ω̂) ≤ π2

4
C′

λ2
min
ω:V→T

η(ω) ≤ π2

4
C′

λ2
η(ω∗), (5.5.6)

where the second inequality follows from Theorem 5.5.4. Furthermore, the right-hand
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inequality of (5.5.4) gives

η(ω∗) =
∑
{i,j}∈E

∣∣e−ieij − 1
∣∣2 ≤ |e|2T ,

and so combining this with (5.5.6) gives

∑
{i,j}∈E

∣∣ei(γj−γi) − 1
∣∣2 ≤ 2(π

2

4
C′

λ2
+ 1) |e|2T . (5.5.7)

At this point, take α := 1
vol(G)

∑
i∈V deg(i)eiγi , define v entrywise by vi := eiγi , and

set w = v − α1. Then

1∗Dw =
∑
i∈V

deg(i)(eiγi − α) = 0,

i.e., D1/2w is orthogonal to D1/21. Also, since (D − A)1 = 0, we have

L(D1/21) = (I −D−1/2AD−1/2)D1/21 = D−1/2(D − A)D−1/2D1/21 = 0,

and so D1/2w is orthogonal to a first eigenvector of L, considering L is positive

semidefinite. Thus,

(D1/2w)∗L(D1/2w)

w∗Dw
≥ min

y∈C|V |
y⊥D1/21

y∗Ly

y∗y
= λ2.

Rearranging then gives

λ2w
∗Dw ≤ (D1/2w)∗L(D1/2w) = (v − α1)∗(D − A)(v − α1) = v∗(D − A)v.
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Continuing, we apply the definitions of D and A to get

λ2w
∗Dw ≤ 2 |E|−

∑
i∈V

∑
j∈V

e−iγjA[i, j]eiγi =
∑
{i,j}∈E

(
2−ei(γi−γj)−ei(γj−γi)

)
=
∑
{i,j}∈E

∣∣eiγj − eiγi
∣∣2 .

Next, we factor eiγi from the inside of each term and apply (5.5.7) to get

λ2

∑
i∈V

deg(i)
∣∣eiγi − α

∣∣2 = λ2w
∗Dw ≤

∑
{i,j}∈E

∣∣ei(γj−γi) − 1
∣∣2 ≤ 2(π

2

4
C′

λ2
+ 1) |e|2T .

(5.5.8)

From here, we proceed in two cases. First, when α 6= 0, we may take θ := arg(α).

Then the left-hand inequality of (5.5.4) and Lemma 5.5.6 give

∑
i∈V

|γi − θ|2T ≤
π2

4

∑
i∈V

∣∣ei(γi−θ) − 1
∣∣2 = π2

4

∑
i∈V

∣∣eiγi − αα ||
∣∣2 ≤ π2

∑
i∈V

∣∣eiγi − α
∣∣2 ≤ π2

∑
i∈V

deg(i)
∣∣eiγi − α

∣∣2 ,
(5.5.9)

where the last inequality uses the fact that deg(i) ≥ 1 for every i ∈ V , i.e., the graph

G has no isolated vertex since G is connected, which follows from the fact that λ2 > 0.

In the case where α = 0, we may arbitrarily take θ = 0. Then similar analysis yields

∑
i∈V

|γi − θ|2T ≤
π2

4

∑
i∈V

∣∣eiγi − 1
∣∣2 ≤ π2 |V | ≤ π2

∑
i∈V

deg(i) = π2
∑
i∈V

deg(i)
∣∣eiγi − α

∣∣2 ,
where in this case, the second inequality applies the triangle inequality to each

term instead of Lemma 5.5.6. Note that both cases produce the same bound on∑
i∈V |γi − θ|

2
T, which we now conclude by combining (5.5.8) and (5.5.9):

∑
i∈V

|γi − θ|2T ≤
2π2

λ2
(π

2

4
C′

λ2
+ 1) |e|2T ≤

2π2

λ2
(π

2

4
C′

λ2
+ 1) · π

2|ε|2
P 2 .

The last inequality follows from Lemma 5.3.3, taking z = 〈x, ϕi〉〈x, ϕj〉 + εij and

ε = −εij.
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5.5.3 Projective uniformity

This section is motivated by Theorem 5.5.3 of the previous section, which exhibits

significant dependence on the size of P . Here, we show how Algorithm 5.3.2 ensures

that P will not too small, and our guarantee will be in terms of the following noise-

robust version of projective uniformity:

Definition 5.5.7 (Projective uniformity with noise). Consider a graph G = (V,E)

and M × |V | matrix Φ, and for some proportion α ∈ (0, 1), signal x ∈ CM and noise

ε = {εij}{i,j}∈E, let J (α, x, ε) denote the set of vertices that remain after applying

Algorithm 5.3.2. Then the projective uniformity with noise of Φ is

PUN(Φ;α, ε) = min
x∈CM
|x|=1

min
{i,j}∈J (α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ .
Theorem 5.5.8. Consider a graph G = (V,E) with |V | ∼ CM logM for some con-

stant C, and draw the entries of an M ×|V | matrix Φ independently from CN (0, 1
M

).

Then for each proportion α < 1 − 1
2C

, there exists a constant C ′ > 0 such that, with

overwhelming probability,

max
{
|ε|2 ,

√
M PUN(Φ;α, ε)

}
≥ C ′√

M

for every noise vector ε = {εij}{i,j}∈E.

To prove this theorem, we apply the following lemma, which follows from concentration-

of-measure arguments that we provide later:

Lemma 5.5.9. Take n ∼ CM logM for some constant C, and draw the entries of an

M×n matrix Φ independently from CN (0, 1
M

). Then for each proportion α < 1− 1
2C

,

there exists a constant C ′ > 0 such that

PU(Φ;α) ≥ C ′

M
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with overwhelming probability.

Proof of Theorem 5.5.8. Denote n := |V |. Note that if

|ε|2 >
√

1−α
2
n · 1

2
PU(Φ;α + 1+α

2
), (5.5.10)

then by Lemma 5.5.9, we have |ε|2 ≥
C′√
M

with overwhelming probability for some

constant C ′ > 0. It remains to consider the case where (5.5.10) does not hold. To

this end, define

J1(α, x, ε) := argmax
J⊆{1,...,n}
|J |≥αn

min
{i,j}∈J

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ .
Recalling the definition of J (α, x, ε) in Definition 5.5.7, we claim that J (α, x, ε) ⊆

J1(α, x, ε). To see this, label each edge {i, j} ∈ E with
∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣. Then

by definition, V \ J1(α, x, ε) neighbors more of the smallest edges than any other

collection of n−dαne = b(1−α)nc vertices. By comparison, Algorithm 5.3.2 effectively

deletes the smallest edge {i, j} by deleting both of its incident vertices i and j, one of

which must be in J1(α, x, ε). The smallest edge in the remaining graph is guaranteed

to not touch either i or j, but rather some k ∈ J1(α, x, ε), provided J1(α, x, ε) has

not yet been completely removed from the graph. After b(1 − α)nc iterations, then

by the pigeonhole principle, all vertices in V \ J1(α, x, ε) will be removed, meaning

J (α, x, ε) ⊆ J1(α, x, ε), as claimed. This implies that

min
{i,j}∈J (α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ ≥ min
{i,j}∈J1(α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ ,
and so minimizing over all unit vectors x gives

PUN(Φ;α, ε) ≥ min
x∈CM
|x|=1

max
J⊆{1,...,n}
|J |≥αn

min
{i,j}∈J

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ . (5.5.11)
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Next, define

J2(α, x, ε) := argmax
J⊆{1,...,n}
|J |≥(α+ 1−α

2
)n

min
{i,j}∈J

∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣ .
Since in this case (5.5.10) does not hold, there are at most 1−α

2
n edges {i, j} ∈ E

with |εij| ≥ 1
2
PU(Φ;α + 1+α

2
). Some of these edges are induced by J2(α, x, ε); as

such, delete at most 1−α
2
n vertices from J2(α, x, ε) which are incident to all of these

edges, and denote the remaining vertices by J3(α, x, ε). By construction, we have

|J3(α, x, ε)| ≥ αn, and also the edges {i, j} induced by J3(α, x, ε) satisfy |εij| <
1
2
PU(Φ;α + 1+α

2
). These facts combined with the triangle inequality then give

max
J⊆{1,...,n}
|J |≥αn

min
{i,j}∈J

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣ ≥ min
{i,j}∈J3(α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉+ εij

∣∣∣
≥ min
{i,j}∈J3(α,x,ε)

( ∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣− |εij|)
≥ min
{i,j}∈J3(α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣− 1
2
PU(Φ;α + 1+α

2
).

(5.5.12)

Continuing, we use the fact that J3(α, x, ε) ⊆ J2(α, x, ε) to get

min
{i,j}∈J3(α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣ ≥ min
{i,j}∈J2(α,x,ε)

∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣
≥ min

x∈CM
|x|=1

max
J⊆{1,...,n}
|J |≥(α+ 1−α

2
)n

min
{i,j}∈J

∣∣∣〈x, ϕi〉〈x, ϕj〉∣∣∣
≥ PU(Φ;α + 1+α

2
). (5.5.13)

Combining (5.5.11), (5.5.12) and (5.5.13) then gives PUN(Φ;α, ε) ≥ 1
2
PU(Φ;α+ 1+α

2
),

and so the result follows directly from Lemma 5.5.9.

We conclude this section with the rather technical proof of Lemma 5.5.9:

Proof of Lemma 5.5.9. We seek a bound on the probability that PU(Φ;α) < C′

M
. To
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do so, we will cover this event with smaller failure events Ek which correspond to

members of a δ-net. First, define

Gδ(v) := {ϕ ∈ CM : |〈v, ϕ〉| ≥ 3δ and |ϕ| ≤ 2}.

Then for each member v of a given δ-net Nδ of the unit sphere in CM , define the

failure event

Ev :=
{

less than αn columns of Φ lie in Gδ(v)
}
.

We claim that {PU(Φ;α) < δ2} ⊆
⋃
v∈Nδ Ev. To see this, take an outcome ω ∈

(
⋃
v∈Nδ Ev)

c. By the definition of Nδ, we have that for every unit vector x ∈ CM ,

there exists v ∈ Nδ such that |v − x| ≤ δ. This gives a mapping x 7→ vx, and we let

Ix denote the indices of columns of Φ which lie in Gδ(vx). Since ω ∈
⋂
v∈Nδ E

c
v , we

have |Ix| ≥ αn for every x. Moreover, by the triangle inequality, Cauchy-Schwarz

inequality, and the definition of Gδ, every i ∈ Ix satisfies

|〈x, ϕi〉| ≥ |〈vx, ϕi〉| − |〈vx − x, ϕi〉| ≥ |〈vx, ϕi〉| − |vx − x| |ϕi| ≥ 3δ − 2 |vx − x| ≥ δ.

Applying this inequality then gives

PU(Φ;α) = min
x∈CM
|x|=1

max
I⊆{1,...,n}
|I|≥αn

min
i∈I
|〈x, ϕi〉|2 ≥ min

x∈CM
|x|=1

min
i∈Ix
|〈x, ϕi〉|2 ≥ δ2.

Thus ω ∈ {PU(Φ;α) < δ2}c, thereby proving our claim. Continuing, the union bound

gives

Pr
(

PU(Φ;α) < δ2
)
≤
∑
v∈Nδ

Pr(Ev) = |Nδ| · Pr(Ev),

where the equality follows from the fact that the columns of Φ are independent with

rotationally symmetric probability distributions. It therefore suffices to bound both

|Nδ| and Pr(Ev).
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To bound |Nδ|, we follow a standard argument, found in the proof of Lemma 5.2

in [Ver10]. Let Nδ be a maximal δ-packing of points on the unit sphere in CM . Since

the packing is maximal, it follows that Nδ is a δ-net. To count these points, map

them into R2M according to f : v 7→ (Re v, Im v). Consider the open balls of radius

δ
2

centered at each f(v). Note that the (disjoint) union of these balls is contained in

the ball of radius 1 + δ
2

centered at the origin. Thus, a volume comparison gives

|Nδ| · C( δ
2
)2M = Vol

( ⊔
v∈Nδ

B(f(v), δ
2
)

)
≤ Vol

(
B(0, 1 + δ

2
)
)

= C(1 + δ
2
)2M ,

thereby implying |Nδ| ≤ (2
δ

+ 1)2M .

To bound Pr(Ev), note that

Pr(Ev) = Pr

( n∑
i=1

1{ϕi 6∈Gδ(v)} ≥ (1− α)n

)
. (5.5.14)

As such, we first consider the success probability of these Bernoulli random variables:

Pr
(
ϕi 6∈ Gδ(v)

)
≤ Pr

(
|〈v, ϕi〉| < 3δ

)
+ Pr

(
|ϕi| > 2

)
. (5.5.15)

By the rotational symmetry of the distribution of ϕi, we may take v to be the

first identity basis element e1 without changing the probability. Next, since ϕi =∑M
m=1(am + ibm)em with the am’s and bm’s independent with distribution N (0, 1

2M
),

we have

Pr
(
|〈v, ϕi〉| < 3δ

)
= Pr

(√
a2

1 + b2
1 < 3δ

)
≤ Pr

(
min{a2

1, b
2
1} < 9

2
δ2
)
≤ 2Pr

(
a2

1 <
9
2
δ2
)
,

where the last step is by the union bound. Since a1’s density function is ≤
√

M
π

, it

follows that

Pr
(
|〈v, ϕi〉| < 3δ

)
≤ 2Pr

(
|a1| < 3√

2
δ
)
≤ 12δ

√
M
2π
. (5.5.16)
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For the other term in (5.5.15), note that 2M |ϕi|2 is a sum of independent standard

Gaussian random variables. Applying Lemma 1 of [LM00] then gives that for every

t > 0,

Pr
(

2M |ϕi|2 ≥
√

8Mt+ 2t+ 2M
)
≤ e−t.

Thus, taking t = M
2

gives

Pr
(
|ϕi| > 2

)
= Pr

(
2M |ϕi|2 > 8M

)
≤ Pr

(
2M |ϕi|2 ≥ 5M

)
≤ e−M/2. (5.5.17)

Substituting (5.5.16) and (5.5.16) into (5.5.15) then gives

Pr
(
ϕi 6∈ Gδ(v)

)
≤ 12δ

√
M
2π

+ e−M/2. (5.5.18)

Now, to bound (5.5.14), we will apply Hoeffding’s inequality [Hoe63], which says that

the tail probability of a sum of independent Bernoulli random variables Xi, each with

success probability p, has the following bound:

Pr

( n∑
i=1

Xi ≥ n(p+ t)

)
≤ e−2nt.

Also, note that replacing p in the left-hand side above with some p′ ≥ p will not

increase the probability. As such, taking p′ to be the right-hand side of (5.5.18) and

t = 1− α− p′, we have

Pr(Ev) = Pr

( n∑
i=1

1{ϕi 6∈Gδ(v)} ≥ (1−α)n

)
≤ exp

(
−2n

(
(1−α)−

(
12δ
√

M
2π

+e−M/2
)))

.

Now that we have bounds on both |Nδ| and Pr(Ev), we note that we specifically

wish to show that

Pr
(

PU(Φ;α) < C′

M

)
< c0e−c1M

for some constants c0, c1 > 0. Considering the above analysis and taking logarithms,
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it suffices to have

log |Nδ|+log Pr(Ev) ≤ 2M log(2
δ
+1)−2n(1−α)+2n

(
12δ
√

M
2π

+e−M/2
)
< log c0−c1M

with δ2 = C′

M
. Since α < 1− 1

2C
by assumption, picking C ′ < π

72
(1− 1

2C
−α)2 will make

2n(1−α) the dominant term in the above inequality, thereby proving the result.

5.5.4 Removing large vertices

In this section, we prove how well we can remove the vertices with the largest noisy

intensity measurements. We start with a lemma:

Lemma 5.5.10. Pick C > 0 and n ≥ eC/8M logM . Draw the entries of an M × n

matrix Φ = {ϕi}ni=1 independently from CN (0, 1
M

). Taking β := 3e−C/8, then with

overwhelming probability,

#

{
i : |〈x, ϕi〉|2 >

C

M

}
< βn (5.5.19)

for every unit norm x ∈ CM .

Proof. Take a δ-net Nδ of the unit sphere in CM . Then for every unit vector x, there

is a vx ∈ Nδ such that

|〈x, ϕi〉| ≤ |〈vx, ϕi〉|+ |〈x− vx, ϕi〉| ≤ |〈vx, ϕi〉|+ |x− vx| ≤ |〈vx, ϕi〉|+ δ.

Taking δ = 1
2

√
C
M

, we then have that |〈x, ϕi〉|2 > C
M

implies |〈vx, ϕi〉|2 > C
4M

. Recall

that we wish to bound the probability of the event E that (5.5.19) is violated for some

unit vector x. To this end, the above implication allows us to focus on a finite set of

points:

Pr(E) ≤ Pr

(
∃v ∈ Nδ s.t.

n∑
i=1

1{|〈v,ϕi〉|2> C
4M
} ≥ βn

)
.
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As discussed in the proof of Lemma 5.5.9, we may take |Nδ| ≤ (2
δ

+ 1)2M , and so the

union bound and the symmetric distribution of Φ both give

Pr(E) ≤
(

4
√

M
C

+ 1
)2M

Pr

( n∑
i=1

1{|〈v,ϕi〉|2> C
4M
} ≥ βn

)
. (5.5.20)

Similar to the proof of Lemma 5.5.9, we will bound the probability on the right-hand

side using Hoeffding’s inequality. First, we note that the symmetric distribution of

ϕi =
∑M

m=1(am + ibm)em gives that

Pr
(
|〈v, ϕi〉|2 > C

4M

)
= Pr

(
|〈e1, ϕi〉|2 > C

4M

)
= Pr

(
a2

1+b2
1 >

C
4M

)
≤ Pr

(
a2

1 >
C

8M

)
+Pr

(
b2

1 >
C

8M

)
,

where the last step is by the union bound. We continue, using the fact that a1 and

b1 are both distributed as N (0, 1
2M

):

Pr
(
|〈v, ϕi〉|2 > C

4M

)
≤ 2Pr

(
a2

1 >
C

8M

)
= 2Pr

(
z2 > C

4

)
≤ 2e−C/8,

where z is a standard Gaussian random variable. With this, we now apply Hoeffding’s

inequality to (5.5.20):

Pr(E) ≤
(

4
√

M
C

+1
)2M

exp
(
−2n(β−2e−C/8)

)
= exp

(
2M log

(
4
√

M
C

+1
)
−2ne−C/8

)
.

Since n ≥ eC/8M logM , then 2ne−C/8 is the dominant term above, thereby proving

the result.

Theorem 5.5.11. Pick C > 0 and n ≥ eC/8M logM . Draw the entries of an M × n

matrix Φ = {ϕi}ni=1 independently from CN (0, 1
M

). Given a vector x ∈ CM , consider

zi := |〈x, ϕi〉|2 + νi,
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where ν = {νi}ni=1 satisfies |ν|
|x|2 ≤

C′√
M

. Taking β := 3e−C/8, we have

#

{
i : zi >

2C

M
|x|2

}
< 2βn (5.5.21)

with overwhelming probability.

Proof. In counting large zi’s, we identify which come from large or small inner prod-

ucts |〈x, ϕi〉|2. First,

{
i : zi >

2C
M
|x|2

}
∩
{
i : |〈x, ϕi〉|2 > C

M
|x|2

}

is of size < βn with overwhelming probability by Lemma 5.5.10. The rest of the large

zi’s have indices in

K :=
{
i : zi >

2C
M
|x|2

}
∩
{
i : |〈x, ϕi〉|2 ≤ C

M
|x|2

}
.

To count these, note that νi = zi − |〈x, ϕi〉|2 ≥ C
M
|x|2, and so

|K| C2

M2 |x|4 ≤
∑
i∈K

|νi|2 ≤ |ν|2 ≤ (C′)2

M
|x|4 .

Rearranging then reveals that |K| = O(M), meaningK has fewer than βn ≥ 3M logM

members when M is sufficiently large.

5.5.5 Main result

This section proves the main result of the paper, which we restate here:

Theorem 5.5.12. Pick N ∼ CM logM with C sufficiently large, and take {ϕ`}N`=1 =

ΦV ∪ΦE defined in the measurement design of Section 5.3. Then there exist constants

C ′, K > 0 such that the following guarantee holds for all x ∈ CM with overwhelming
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probability: Consider measurements of the form

z` := |〈x, ϕ`〉|2 + ν`.

If the noise-to-signal ratio satisfies NSR := |ν|
|x|2 ≤

C′√
M

, then the phase retrieval

procedure of Section 5.3 produces an estimate x̃ from {z`}N`=1 with squared relative

error ∣∣x̃− eiθx
∣∣2

|x|2
≤ K

√
M

logM
NSR

for some phase θ ∈ [0, 2π).

Proof. We will prove the result by considering the steps of our phase retrieval process

in reverse order. In the last step, we have the following estimates of 〈x, ϕi〉 for every

vertex i ∈ V ′′ ⊆ V which survives our graph-pruning and large-vertex-removing

processes:

yi := eiθ〈x, ϕi〉+ δi = (eiθΦ∗V ′′x+ δ)i.

Here, θ is a global phase which is calculated in the proof of Theorem 5.5.3. From

these estimates, we reconstruct by finding the least-squares estimate of x:

x̃ := (ΦV ′′Φ
∗
V ′′)
−1ΦV ′′y = eiθx+ (ΦV ′′Φ

∗
V ′′)
−1ΦV ′′δ.

As such, we have the following bound on the reconstruction error:

∣∣x̃− eiθx
∣∣ =

∣∣(ΦV ′′Φ
∗
V ′′)
−1ΦV ′′δ

∣∣ ≤ ∣∣(ΦV ′′Φ
∗
V ′′)
−1ΦV ′′

∣∣
2
|δ| = |δ|

σmin(Φ∗V ′′)
, (5.5.22)

where the last equality holds with probability 1, specifically, in the event that σmin(Φ∗V ′′) >

0.

To continue this bound, recall that the large-vertex-removing process ensured

|V ′′| = κn. We claim there exists a constant c0 > 0 such that with overwhelming
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probability, σmin(Φ∗V ′′) ≥ c0

√
logM for every V ′′ ⊆ V with |V ′′| = κn. To prove this,

we leverage the complex version of Corollary 5.35 in [Ver10], which gives that for a

fixed V ′′ ⊆ V , there exist c, c′ > 0 such that

Pr
(
σmin(Φ∗V ′′) <

1√
M

(√
κn−

√
M −

√
tn
))
≤ ce−c

′tn.

Performing a union bound over the
(
n
κn

)
=
(

n
(1−κ)n

)
≤ ( e

1−κ)(1−κ)n choices for V ′′ then

gives

Pr
(
∃V ′′ ⊆ V, |V ′′| = κn s.t. σmin(Φ∗V ′′) <

1√
M

(√
κn−
√
M−
√
tn
))
≤ cexp

(
c′n
(
− t

2
+(1−κ) log( e

1−κ)
))
.

Provided κ
2
> (1 − κ) log( e

1−κ), which occurs whenever κ ≥ 0.86, then taking t :=

κ
2

+ (1− κ) log( e
1−κ) will ensure both t < κ and t

2
> (1− κ) log( e

1−κ). Therefore, this

choice for t coupled with the fact that n = CM logM proves the claim. Continuing

(5.5.22) then gives ∣∣x̃− eiθx
∣∣ ≤ |δ|

c0

√
logM

. (5.5.23)

Next, we wish to bound |δ|. By definition, we have

δi = yi − eiθ〈x, ϕi〉 =
√
zie

i arg(ui) − eiθ〈x, ϕi〉.

Note that the above square root operates under the assumption that zi ≥ 0 for each

i ∈ V ′′, which is ensured when we prune for reliability. Denote ξi :=
√
zi − |〈x, ϕi〉|.

Then by the triangle inequality, we have

|δi| =
∣∣√ziei arg(ui) −

√
zie

i(θ+arg(〈x,ϕi〉)) + ξie
i(θ+arg(〈x,ϕi〉))

∣∣ ≤ √zi ∣∣ei arg(ui) − ei(θ+arg(〈x,ϕi〉))
∣∣+|ξi| .
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Next, factoring ei(θ+arg(〈x,ϕi〉)) and applying (5.5.4) yields

|δi| ≤
√
zi |arg(ui)− arg(〈x, ϕi〉)− θ|T + |ξi| .

For any a, b ≥ 0, then since 0 ≤ (a − b)2 = a2 − 2ab + b2, we have (a + b)2 =

a2 + 2ab+ b2 ≤ 2(a2 + b2). Applying this inequality to the right-hand side above then

gives

|δi|2 ≤ 2zi |arg(ui)− arg(〈x, ϕi〉)− θ|2T + 2ξ2
i .

Similarly, for any a, b ≥ 0, then since ab ≥ min{a2, b2}, we have (a− b)2 = a2− 2ab+

b2 ≤ |a2 − b2|. Applying this to ξ2
i = (

√
zi − |〈x, ϕi〉|)2 then gives ξ2

i ≤ |νi|. Also by

Theorem 5.5.11, our large-vertex-removing process ensures that zi ≤ 2c1
M
|x|2 for every

i ∈ V ′′. Combined, these facts imply

|δ|2 ≤ 4c1

M
|x|2

∑
i∈V ′′
|arg(ui)− arg(〈x, ϕi〉)− θ|2T + 2 |νV |1 . (5.5.24)

Applying Theorem 5.5.3, Definition 5.5.7 and Theorem 5.5.8 further gives

∑
i∈V ′′
|arg(ui)− arg(〈x, ϕi〉)− θ|2T ≤

c2 |ε|2

λ2
2P

2
≤ c2 |ε|2

λ2
2 |x|

4 PUN(ΦV ;α, ε
|x|2 )2

≤ c2M
2 |ε|2

c2
3λ

2
2 |x|

4 .

(5.5.25)

Recalling the definition of ε, we have

εij =

(
1

3

2∑
k=0

ωk
( ∣∣〈x, ϕi + ωkϕj〉

∣∣2 + νijk

))
− 〈x, ϕi〉〈x, ϕj〉 =

1

3

3∑
k=0

ωkνijk,

and so, letting E ′ denote the edges which remained after pruning for connectivity,

the Cauchy-Schwarz inequality gives

|ε|2 =
∑
{i,j}∈E′

|εij|2 =
∑
{i,j}∈E′

∣∣∣∣∣13
3∑

k=0

ωkνijk

∣∣∣∣∣
2

≤ 1

9

∑
{i,j}∈E′

( 3∑
k=0

∣∣ω−k∣∣2)( 3∑
k=0

|νijk|2
)
≤ 1

3
|ν|2 .

(5.5.26)
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Finally, we combine (5.5.23), (5.5.24), (5.5.25) and (5.5.26), along with |νV |1 ≤
√
n |νV | ≤

√
2CM logM |ν|:

∣∣x̃− eiθx
∣∣2

|x|2
≤ 4c1c2

3c2
0c

2
3λ

2
2

M

logM

|ν|2

|x|4
+

2
√

2C

c2
0

√
M

logM

|ν|
|x|2
≤ K

√
M

logM

|ν|
|x|2

,

for some constant K.
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Chapter 6

Forbidden induced subgraphs of

double-split graphs

6.1 Introduction

A key ingredient in the proof of the strong perfect graph theorem by Chudnovsky,

Robertson, Seymour, and Thomas [CRST06] is a decomposition theorem for all per-

fect graphs. This decomposition theorem states that all perfect graphs either belong

to one of five basic classes or admit one of several decompositions. The five basic

classes are bipartite graphs, complements of bipartite graphs, line graphs of bipartite

graphs, complements of line graphs of bipartite graphs, and double-split graphs. The

first four classes are closed under taking induced subgraphs and have known char-

acterizations in terms of minimal forbidden induced subgraphs. Indeed, a forbidden

induced subgraph characterization is known for the union of these four classes [ZZ05].

However, double-split graphs are not closed under taking induced subgraphs, and

hence do not have such a characterization.

In this paper, we consider the downward closure of double-split graphs under

induced subgraphs (that is, double-split graphs and all of their induced subgraphs)
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and we characterize this class in terms of minimal forbidden induced subgraphs.

Unlike the lists for the other four basic classes, the one for this class of graphs is

finite.

All graphs considered in this paper are finite and have no loops or multiple edges.

For a graph G we denote its vertex set by V (G) and its edge set by E(G). The

complement of G is denoted by G. A clique in a graph G is a set of vertices all

pairwise adjacent and a stable set is a clique in G. For A ⊆ V (G), we denote the

subgraph of G induced on A by G|A, sometimes further abbreviating G|{u, v, w} by

G|uvw. The notation G ∼= H means G is isomorphic to H. For v ∈ V (G), we denote

the set of neighbors of v in G by NG(v) and for X ⊆ V (G), we denote by NX(v) the

set of neighbors of v in G|X.

Let X, Y ⊆ V (G) with X ∩ Y = ∅. We say that X and Y are complete to each

other if every vertex of X is adjacent to every vertex of Y , and we say that they are

anticomplete if no vertex of X is adjacent to a member of Y . For an integer i ≥ 0,

let Pi, Ci denote the path and cycle with i edges, respectively.

For integers a, b ≥ 0, let Ma,b be the graph on 2a + b vertices consisting of the

disjoint union of a edges and b isolated vertices. We say that a graph G is semi-

matched if it is isomorphic to Ma,b for some a, b ≥ 0 and we say that it is matched if

in addition b = 0. Similarly, we say that G is semi-antimatched if it is isomorphic to

some Ma,b and antimatched if in addition b = 0.

Let A,B ⊆ V (G) such that A ∩ B = ∅, A is semi-matched, and B is semi-

antimatched. We say that A and B are aligned if the following holds:

• for all adjacent u, v ∈ A and all w ∈ B, w is adjacent to exactly one of u and v

• for all u ∈ A and non-adjacent x, y ∈ B, u is adjacent to exactly one of x and

y.

A graph G is split if its vertex set V (G) can be partitioned into a clique and a
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stable set. A graph G is double-split if its vertex set V (G) can be partitioned into

two sets, A and B, such that the following holds:

• G|A is matched,

• G|B is antimatched, and

• A and B are aligned.

It is easy to see that every split graph is an induced subgraph of many double-split

graphs. Also, every induced subgraph of a split graph is also split. Split graphs have

a well-known forbidden induced subgraphs characterization:

Theorem 6.1.1. [Foldes and Hammer [FH77]] A graph is split if and only if it does

not contain C4, C4, or C5 as an induced subgraph.

In this paper we consider a class of graphs that includes both split and double-

split graphs. We say a graph G is doubled if there exists a double-split graph H that

contains G as an induced subgraph. Notice that a graph G is double-split if and only

if G is double-split, and hence a graph G is doubled if and only if G is doubled. The

main result of this paper is the following:

Theorem 6.1.2. A graph is doubled if and only if it does not contain any graphs in

F , the family of graphs illustrated in Figure 6.1.

It follows that F is the list of minimal forbidden induced subgraphs for double-

split graphs. The idea for our proof of 6.1.2 is as follows. To prove the ”if” part of

6.1.2, we assume that G is not split, hence contains one of C4, C4, and C5. Since

C5 is in F and the class of doubled graphs is self complementary, we may assume

that G has C4 as an induced subgraph. However, since C4 is a doubled graph in two

different ways (all four vertices can appear on the anti-matched side or 2 vertices can

appear on the matched side and the other 2 vertices on the semi-antimatched side),
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there is no easy procedure to partition the remaining vertices of the graph. To avoid

this obstacle, we introduce another class of graphs that lies in between the class of

split graphs and the class of doubled graphs. In section 2, we find the forbidden

induced subgraph characterization for this class and we use this characterization to

prove 6.1.2 in section 3.

6.2 Almost-split graphs

We say a graph G is almost-split if G is doubled and there exists v ∈ V (G) such

that G|(V (G) \ {v}) is split. In other words, G is almost-split if there is at most one

pair matched or antimatched. Note that every split graph is almost-split and every

almost-split graph is doubled. In this section we present the list of forbidden induced

subgraphs for the class of almost-split graphs.

Theorem 6.2.1. A graph is almost-split if and only if it does not contain any graphs

in the circus, the list of graphs illustrated in Figure 6.2 along with their complements.

Proof. The “only if” part is clear, as it is easy to check that none of the graphs in

the circus are almost-split. For the “if” part, suppose that G does not contain any

graphs in the circus. By 6.1.1, we may assume that G contains C4 or C4 since split

graphs are almost-split. Furthermore, since the statement is self-complementary, we

may assume that G contains C4. Let a, b, c, d ∈ V (G) be such that G|abcd ∼= C4 and

a is adjacent to b and d. Let S = {a, b, c, d}.

Since W4
∼= M2,1 is in the circus, it follows that for all v ∈ V (G), v is not complete

to S. For 0 ≤ i ≤ 3, let Ai ⊆ V (G)\S denote the set of vertices that have i neighbors

in S. Our goal is to show that there exist adjacent x, y ∈ S such that:

• A0 ∪ A1 ∪ A2 ∪ {x, y} contains only one edge (namely xy), and

• A3 ∪ (S \ {x, y}) is a clique, and
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• every vertex of A3 ∪ (S \ {x, y}) is adjacent to exactly one of x and y.

(1) If A2 6= ∅, then there exist x, y ∈ S such that A2 is complete to {x, y}.

Moreover, A2 is a stable set.

Let Aab ⊆ A2 be those vertices that are adjacent to a and b, and define Aac, Aad,

Abc, Abd, Acd similarly. First suppose that u ∈ Aac ∪ Abd; then G|abcdu ∼= K2,3.

Hence, both Aac and Abd are empty. Next suppose there exists u ∈ Aab and v ∈ Abc.

Then either G|abcduv ∼= tent2 or G|acduv ∼= C5, depending on the adjacency between

u and v. Therefore, at least one of Aab and Abc is empty, and from symmetry the

same is true for the pairs {Abc, Acd}, {Acd, Aad}, and {Aab, Aad}. We claim that

at least one of Aab and Acd is empty. For suppose u ∈ Aab and v ∈ Acd. Then

G|abcduv ∼= C6 or G|abcduv ∼= domino, depending on the adjacency between u and

v. Similarly, at least one of Abc and Aad is empty. We conclude that at most one

of Aab, Aac, Aad, Abc, Abd, and Acd is non-empty. Finally suppose that u, v ∈ A2 are

adjacent. Then G|abcduv ∼= watch. Hence, A2 is a stable set. This proves (1).

(2) There exist adjacent x, y ∈ S such that NS(A1) ⊆ {x, y}. Moreover, if A2 6= ∅,

then NS(A1) ⊆ NS(A2).

Let Aa ⊆ A1 be those vertices that are adjacent to a, and define Ab, Ac and Ad

similarly. We show that at least one of Aa and Ac is empty. For suppose that u ∈ Aa

and v ∈ Ac. Then either G|abcduv ∼= watch or G|abcuv ∼= C5, depending on the

adjacency between u and v. Similarly, at least one of Ab and Ad is empty. This

proves the first part of (2).

Next, let u ∈ A1 and v ∈ A2. Suppose that NS(A1) 6⊆ NS(A2). From symmetry,

we may assume that u ∈ Aa and v ∈ Abc. But then either G|abcduv ∼= tent1 or

G|acduv ∼= C5, depending on the adjacency between u and v. This proves (2).

(3) A0 ∪ A1 ∪ A2 is a stable set.

First, let u, v ∈ A0 and suppose that they are adjacent. Then G|abcduv ∼= TV.

Hence, A0 is a stable set. Next, suppose u, v ∈ A1 and suppose that they are adjacent.
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If u, v have a common neighbor in S then G|abcduv ∼= fish. If u, v have different

neighbors in S, then by (2) their neighbors are adjacent and so G|abcduv ∼= domino.

This proves that A1 is a stable set. Recall that A2 is a stable set by (1).

Now we show that A0, A1, and A2 are pairwise anticomplete to each other. Let

u ∈ A0, v ∈ A1 and suppose that u and v are adjacent. Then G|abcduv ∼= flag.

Next, let u ∈ A0 and v ∈ A2 and again suppose that u and v are adjacent. Then

G|abcduv ∼= tent2. Finally, let u ∈ A1 and v ∈ A2 and suppose that they are adjacent.

Then G|abcduv ∼= tent1. Therefore, we have shown that A0 ∪A1 ∪A2 is stable. This

proves (3).

(4) There exist adjacent x, y ∈ S such that A3 is complete to x, y. Moreover, for

all u ∈ A1 ∪ A2 and v ∈ A3, NS(u) ⊆ NS(v).

Let Aabc ⊆ A3 be the set of vertices that are adjacent to a, b and c, and define

Aabd, Aacd and Abcd similarly. We claim that at least one of Aabc and Aacd is empty.

For suppose that u ∈ Aabc and v ∈ Aacd. Then either G|(S ∪ {u, v}) ∼= TV or

G|acduv ∼= W4, depending on the adjacency between u and v. This proves the claim.

By a similar argument, at least one of Aabd and Abcd is empty. Therefore, there exist

(at least) 2 adjacent vertices of S that are complete to A3.

Next, let u ∈ A1 ∪ A2 and v ∈ A3 and suppose that NS(u) 6⊆ NS(v). From

symmetry, we may assume that v ∈ Aabc. If u ∈ A1, then u ∈ Ad and so either

G|abcduv ∼= fish or G|acduv ∼= K2,3. So we may assume that u ∈ A2. Again from

symmetry, we may assume that u ∈ Acd. But then either G|abcduv ∼= flag or P5,

depending on the adjacency between u and v. This proves (4).

(5) A3 is a clique.

Let u, v ∈ A3 and suppose that they are not adjacent. By (4), there exist adjacent

x, y ∈ S such that A3 is complete to {x, y}, and from symmetry we may assume

{x, y} = {a, b}. First suppose that u, v ∈ Aabc. Then G|acduv ∼= K2,3. Therefore,

Aabc is a clique, and similarly so is Aabd. Next suppose that u ∈ Aabc and v ∈ Aabd.
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Then G|abcduv ∼= P5. Hence, A3 is a clique, and this proves (5).

From (1), (2), and (4), it follows that there exist adjacent x, y ∈ S such that

A3 ∪A2 is complete to {x, y} and NS(A1) ⊆ {x, y}. From symmetry, we may assume

that {x, y} = {a, b}. Hence, A0∪A1∪A2 is anticomplete to {c, d}. Therefore, by (3),

A0∪A1∪A2∪{c, d} contains exactly one edge (namely cd). By (4) and (5), A3∪{a, b}

is a clique. Also, since every member of A3 is adjacent to exactly 3 members of S,

it follows that for all u ∈ A3 ∪ {a, b}, u is adjacent to exactly one of c, d. Hence, we

have shown that G is almost-split and this proves 6.2.1.

6.3 Excluding 6 graphs

In the previous section, we have seen the 12 minimal forbidden induced subgraphs

(up to taking complements) for almost-split graphs. Six of them are doubled and the

other six are not. In this section, we prove that if a graph contains one of these six

doubled graphs but no graphs in F , then it is doubled.

Theorem 6.3.1. A graph containing M2,1 but no graphs in F is doubled.

Proof. Let G be a graph containing M2,1 but no graphs in F . Let G|abcde ∼= M2,1,

where bc and de are the two edges; let S = {a, b, c, d, e}. For 0 ≤ i ≤ 4, let Ai ⊆

V (G) \S denote the set of vertices that have i neighbors in {b, c, d, e}. Our goal is to

show the following:

• A1 = A3 = A4 = ∅, and

• G|(A0 ∪ S) is semi-matched, and

• G|A2 is semi-antimatched, and

• A0 ∪ S and A2 are aligned.

Together, these statements imply that G is doubled.
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(1) A1 = A3 = A4 = ∅. Also, if v ∈ A2, then v is adjacent to exactly one of b

and c, and to exactly one of d and e.

If v ∈ A1, then G|abcdev ∼= F7 or F8, depending on the adjacency between v

and a. Therefore A1 is empty. If v ∈ A3, then G|abcdev ∼= F9 or F10, depending

on the adjacency between v and a. Therefore A3 is empty. And if v ∈ A4, then

G|abcdev ∼= F11 or G|abcdev ∼= F12, depending on the adjacency between v and a.

Therefore A4 is empty.

Next, let v ∈ A2. If v is adjacent to b and c, then G|bcdev ∼= K2,3. By symmetry,

v is not adjacent to both of d and e. Hence, v is adjacent to exactly one of b and c

and to exactly one of d and e. This proves (1).

(2) G|(A0 ∪ S) is semi-matched.

First, we claim that at most one vertex x ∈ A0 is adjacent to a, and if such

a vertex x exists, then x is not adjacent to any other vertices in A0. For suppose

there are two vertices x, y ∈ A0, both adjacent to a. If x and y are adjacent, then

G|abcxy ∼= K2,3, and if they are not adjacent, G|abcdxy ∼= F7. So there is at most

one vertex in A0 adjacent to a. Moreover if there is a vertex x ∈ A0 adjacent to a,

x is not adjacent to any other vertex y ∈ A0 since otherwise G|abcdxy ∼= F7. This

proves the claim.

To prove (2), it is enough to show that there do not exist vertices u, v, w ∈

A0 ∪ {a, b, c, d, e} such that G|uvw ∼= C3 or G|uvw ∼= P2. If at least one of u, v, w

is a member of S, then G|uvw cannot be isomorphic to C3 nor P2 by the claim. So

we may assume u, v, w ∈ A0. But now if G|uvw ∼= C3, then G|bcuvw ∼= K2,3 and if

G|uvw ∼= P2, then G|bcduvw ∼= F7. This proves (2).

(3) Let u, v ∈ A2 be non-adjacent. Then N{b,c,d,e}(u) is disjoint from N{b,c,d,e}(v).

Moreover, exactly one of u and v is adjacent to a.

From (1) and by symmetry, we may assume that u is adjacent to b and d. Suppose

that v is also adjacent to b and d. Then G|bcdeuv ∼= watch. Next, suppose that v
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is adjacent to b and e (or c and d). Then G|bdeuv (or G|bcduv) is isomorphic to C5.

Consequently, v is adjacent to c and e.

Moreover, if u and v are both adjacent to a, then G|abcuv ∼= C5 and if u and v

are both non-adjacent to a, then G|abcdeuv ∼= F17. Hence, exactly one of u and v is

adjacent to a. This proves (3).

(4) G|A2 is semi-antimatched.

It follows easily from (3) that there is no stable set of size 3 in A2. Therefore, it is

enough to show that there do not exist vertices u, v, w ∈ A2 such that G|uvw contains

exactly one edge (say uv). For contradiction, suppose that such u, v, w exist. From

(3) and by symmetry, we may assume that {u, v} is complete to {b, d}, w is complete

to {c, e}, and N{u,v,w}(a) is either {u, v} or {w}. In the first case, G|acuvw ∼= K2,3

and in the second case, G|abuvw ∼= K2,3. Therefore, there do not exist u, v, w ∈ A2

such that G|uvw contains exactly one edge, and this proves (4).

It remains to show that G|(A0 ∪ S) and G|A2 are aligned. In (3), we have shown

that for all non-adjacent u, v ∈ A2 and all w ∈ A0∪S, w is adjacent to exactly one of

u and v. Hence, it suffices to show that for all u ∈ A2 and all adjacent v, w ∈ A0 ∪S,

u is adjacent to exactly one of v, w. So suppose that for some u, v, w as above, u is

adjacent to both of v, w. Let x, y ∈ A0∪S be adjacent such that {x, y} is disjoint from

{v, w} (such x, y exist since A0∪S contain at least two edges). Then G|uvwxy ∼= K2,3.

Next, suppose that for some u, v, w as above, u is non-adjacent to both of v, w. Note

that by (1), {v, w} is disjoint from {b, c, d, e}. By (1) and without loss of generality,

we may assume that u is adjacent to b and d. But then G|bceuvw ∼= F7. Therefore G

is doubled and this proves 6.3.1.

Theorem 6.3.2. A graph containing P5 but no graphs in F is doubled.

Proof. Let G be a graph containing P5 but no graphs in F . Let G|abcdef ∼= P5

where ab, bc, cd, de, and ef are the five edges. By 6.3.1, we may assume that G or

G does not contain M2,1. Let S = {a, b, c, d, e, f}. For 0 ≤ i ≤ 4, let Ai ⊆ V (G) \ S
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denote the set of vertices that have i neighbors in {b, c, d, e}. Our goal is to show the

following:

• A0 = A2 = A4 = ∅, and

• G|(A1 ∪ {a, c, d, f}) is semi-matched, and

• G|(A3 ∪ {b, e}) is semi-antimatched, and

• G|(A1 ∪ {a, c, d, f}) and G|(A3 ∪ {b, e}) are aligned.

Together, these statements imply that G is doubled.

(1) A0 = A2 = A4 = ∅.

First suppose v ∈ A0. If v is non-adjacent to a, then G|abdev ∼= M2,1. So

we may assume that v is adjacent to a and similarly v is adjacent to f ; but then

G|abcdefv ∼= F13. Therefore A0 is empty.

Next, suppoose v ∈ A4. If v is not adjacent to both of a and f , then G|abcdefv ∼=

F14. If v is adjacent to exactly one of a and f , then G|abcdefv ∼= F15. So we may

assume that v is adjacent to both a and f ; but then G|abcdefv ∼= F16. Therefore A4

is empty.

Finally suppose v ∈ A2. Let Abc ⊆ A2 be those vertices that are adjacent to b

and c, and define Abd, Abe, Acd, Ace, Ade similarly. Suppose v ∈ Abc. If v is adjacent

to f , then G|cdefv ∼= C5; otherwise, G|bcefv ∼= K2,3. Therefore Abc is empty and

by symmetry, Ade is empty. Next, suppose v ∈ Abd. If v is not adjacent to a, then

G|abcdev ∼= watch and if v is not adjacent to f , then G|bcdefv ∼= flag. So we may

assume that v is adjacent to both of a and f ; but then G|abdefv ∼= fish. Therefore Abd

is empty and by symmetry, Ace is empty. Next, suppose v ∈ Abe. Then G|bcdev ∼= C5.

Therefore Abe is empty. So we may assume that v ∈ Acd. If v is adjacent to both of a

and f , then G|abcefv ∼= flag. If v is adjacent to a and not to f , then G|abcefv ∼= TV,

and if v is adjacent to f and not to a, then G|abdefv ∼= TV. So we may assume that
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v is not adjacent to either a or f ; but then G|abefv ∼= M2,1. Therefore A2 = ∅ and

this proves (1).

(2) If v ∈ A1, then v is adjacent to either b or e and is not adjacent to both a and

f . Moreover, A1 is a stable set.

Let Ab ⊆ A1 be those vertices that are adjacent to b, and define Ac, Ad, Ae

similarly. Suppose v ∈ Ac. If v is adjacent to a, then G|abcdev ∼= flag; otherwise,

G|abdev ∼= M2,1. Therefore Ac is empty, and by symmetry, Ad is empty. Suppose

v ∈ Ab. If v is adjacent to a, then G|abdev ∼= K2,3 and if v is adjacent to f , then

G|acdfv ∼= M2,1. Therefore v is anticomplete to {a, f}, and similarly, every vertex in

Ae is anticomplete to {a, f}.

Next, suppose that u, v ∈ Ab are adjacent. Then G|bdeuv ∼= K2,3. Therefore Ab

is a stable set and similarly, so is Ae. Finally, suppose that u ∈ Ab and v ∈ Ae are

adjacent. Then G|acduv ∼= M2,1. Therefore Ab ∪ Ae = A1 is a stable set, and this

proves (2).

(3) If v ∈ A3, then N{b,c,d,e}(v) is either {b, c, e} or {b, d, e}. Moreover, if u, v ∈ A3

are not adjacent, then N{u,v}(c) 6= N{u,v}(d) and |N{u,v}(a)| = |N{u,v}(f)| = 1.

Let Abcd ⊆ A3 be those vertices that are adjacent to b, c, and d, and define Abce,

Abde, Acde similarly. Suppose v ∈ Acde. If v is not adjacent to a, then G|abdev ∼= K2,3,

and if v is adjacent to a and f , then G|abcefv ∼= fish. So we may assume that v is

adjacent to a but not to f ; but then G|abcefv ∼= flag. Therefore Acde is empty and

similarly, so is Abcd.

Now suppose u, v ∈ Abce are not adjacent; then G|cdeuv ∼= K2,3. Therefore Abce is

a clique and similarly, so is Abde. Suppose u ∈ Abce and v ∈ Abde are not adjacent. If

u, v are both adjacent to a, then G|abdeuv ∼= flag, and if u, v are both non-adjacent

to a, then G|abcdeuv ∼= F18. Therefore exactly one of u and v is adjacent to a and

similarly, exactly one of u and v is adjacent to f . This proves (3).

(4) G|(A3 ∪ {b, e}) is semi-antimatched.
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It is enough to show that no set of three vertices {u, v, w} ⊆ A3 ∪ {b, e} contains

fewer than two edges. By (3), it is obvious that there are no stable sets of size 3

in G|(A3 ∪ {b, e}). Suppose {u, v, w} contains exactly one edge uv. From (3) and

symmetry, we may assume u, v ∈ Abce and w ∈ Abde. But then G|cdeuvw ∼= flag.

This proves (4).

From (2) and (4), we have a candidate of a partition for G to be doubled. The

subgraph G|(A1∪{a, c, d, f}) contains only one edge (namely cd) and G|(A3∪{b, e})

is semi-antimatched. Every v ∈ A3 ∪ {b, e} has exactly one neighbor in {c, d} and

from (3), for every non adjacent pair u, v ∈ A3∪{b, e}, N{u,v}(c) 6= N{u,v}(d). Also by

(3), if u, v ∈ A3 ∪ {b, e} are nonadjacent, |N{u,v}(a)| = |N{u,v}(f)| = 1. Moreover, for

w ∈ A1, either G|abcdew ∼= P5 or G|bcdefw ∼= P5, and so |N{u,v}(w)| = 1 for every

w ∈ A1, by an analogous argument to the one above. Therefore, G|(A3 ∪ {b, e}) and

G|(A1 ∪ {a, c, d, f}) are aligned and so G is doubled; this proves 6.3.2.

Theorem 6.3.3. A graph containing C6 but no graphs in F is doubled.

Proof. Let G be a graph containing C6 but no graphs in F . Let G|abcdef ∼= C6 where

{a, c, e} and {b, d, f} are the two triangles and the remaining edges are ad, be, and

cf . Let S = {a, b, c, d, e, f}. By 6.3.1, we may assume G or G does not contain M2,1.

For 0 ≤ i ≤ 6, let Ai ⊆ V (G)\S denote the set of vertices that have i neighbors in S.

Our goal is to show that Ai = ∅ unless i = 2 and 4 vertices of S induce antimatching

side and the rest of vertices (two in S together with vertices in A2) induce matching

side so that G is doubled.

(1) Ai = ∅ for i = 0, 1, 3, 4, 5, 6.

If v ∈ A0, then G|(S ∪ {v}) ∼= F19, so A0 is empty. Also, if v ∈ A6, then

G|(S ∪ {v}) ∼= F17, and so A6 is empty.

Next, suppose v ∈ A1. From symmetry, we may assume NS(v) = {a}. Then

G|(S ∪ {v}) ∼= F18 and therefore A1 is empty.

Next, suppose v ∈ A3. From symmetry, we may assumeNS(v) is one of {a, b, c}, {a, b, d}, {a, c, e}.
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If NS(v) = {a, b, c}, then G|abdev ∼= K2,3 and if NS(v) = {a, b, d}, then G|abcfv ∼= C5.

So we may assume that NS(v) = {a, c, e}; but then G|abcdev ∼= watch and so A3 is

empty.

Next, suppose v ∈ A4. From symmetry, we may assumeNS(v) is one of {a, b, c, d}, {a, b, c, e},

and {a, b, d, e}. If NS(v) = {a, b, c, d}, then G|bcefv ∼= K2,3 and if NS(v) = {a, b, c, e},

then G|acdefv ∼= watch. So we may assume that NS(v) = {a, b, d, e}; but then

G|abcfv ∼= C5, and so A4 is empty.

Finally, suppose v ∈ A5. From symmetry, we may assume NS(v) = {b, c, d, e, f}.

Then G|bcefv ∼= M2,1. Therefore A5 is empty and this proves (1).

For u, v ∈ S, let Auv ⊆ A2 be those vertices that are adjacent to u and v.

(2) Aab = Abc = Acd = Ade = Aef = Afa = ∅.

Suppose v ∈ Aab. Then G|abcfv ∼= C5. Therefore Aab is empty and similarly, so

are Abc, Acd, Ade, Aef ,and Afa.

(3) For every x, y ∈ S, Axy is a stable set.

Suppose u, v ∈ Aac are adjacent. Then G|acdfuv ∼= watch. Therefore Aac is a

stable set and similarly so are Aae, Ace, Abd, Abf , and Adf . Suppose u, v ∈ Aad are

adjacent. Then G|acdfuv ∼= watch. Therefore Aad is a stable set and similarly so are

Abe and Acf . This proves (3).

(4) If Aac 6= ∅, then Aae = Ace = Abd = Abf = ∅.

Suppose u ∈ Aac, and v ∈ Aae. If u and v are adjacent, then G|aceuv ∼= M2,1, and

otherwise G|bcduv ∼= M2,1. Therefore if Aac is not empty, then Aae = ∅ and similarly,

Ace = ∅.

Now suppose v ∈ Abd. If u and v are adjacent, then G|cdfuv ∼= C5, and otherwise

G|bcefuv ∼= watch. Therefore if Aac is not empty, then Abd = ∅ and similarly,

Abf = ∅. This proves (4).

(5) If Aad 6= ∅, then Ace = Abf = ∅.

Suppose u ∈ Aad and v ∈ Ace. If u and v are adjacent, then G|cdfuv ∼= C5, and
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otherwise G|cdeuv ∼= K2,3. Therefore if Aad is not empty, then Ace is empty and

similarly, Abf is empty as well. This proves (5).

(6) If u ∈ Aad, then NG(u) \ S ⊆ Abe ∪ Acf .

Suppose u ∈ Aad. Then from (5), Ace = Abf = ∅, and from (3), u has no neighbors

in Aad. Now suppose v ∈ Aac is adjacent to u. Then G|cdfuv ∼= C5. Therefore u

is anticomplete to Aac, and similarly, u is anticomplete to Aae, Abd, and Adf as well.

Therefore NG(u) \ S ⊆ Abe ∪ Acf , and this proves (6).

(7) If there are adjacent vertices u ∈ Aad and v ∈ Abe∪Acf , then V (G) = S∪{u, v}

and G is doubled.

From symmetry, we may assume v ∈ Acf is adjacent to u ∈ Aad. We know that

Aae ∪ Ace ∪ Abd ∪ Abf = ∅ by (5). Suppose w ∈ Aac ∪ Adf . Then from (6), {u, v} is

anticomplete to w and so G|beuvw ∼= M2,1. Therefore Aac∪Aae∪Ace∪Abd∪Abf∪Adf =

∅.

Next, suppose w(6= v) ∈ Acf . From (3), w is not adjacent to v. If w is adjacent

to u, then G|abfuvw ∼= watch, and otherwise G|beuvw ∼= M2,1. Therefore Acf = {v}

and similarly, Aad = {u}.

Now suppose w ∈ Abe. If w is anticomplete to {u, v}, then G|beuvw ∼= K2,3.

Therefore w is adjacent to at least one of {u, v} and by the same logic as above,

Abe = {w}. If w is adjacent to exactly one of u and v (say u), then G|abcuvw ∼= flag.

So we may assume that w is adjacent to both u and v; but thenG|(S∪{u, v, w}) ∼= F23.

Therefore Abe = ∅. But then V (G) = S ∪{u, v}. Since G|uvbe is matched, G|abcf is

antimatched, and the two subgraphs are aligned, it follows that G is doubled. This

proves (7).

(8) If v ∈ Aac, then NG(v) \ S ⊆ Adf .

Suppose v ∈ Aac. From (3), v has no neighbors in Aac. From (4), Aae = Ace =

Abd = Abf = ∅ and from (5), Abe = ∅. Finally, from (6), v is anticomplete to

Aad ∪ Acf . Therefore NG(v) \ S ⊆ Adf , and this proves (8).
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(9) If there are adjacent vertices u ∈ Aac and v ∈ Adf , then V (G) = S ∪ {u, v}

and G is doubled.

From (4) and (5), Aae = Ace = Abd = Abf = Abe = ∅. If w ∈ Aad ∪ Acf , then

from (8), w is anticomplete to {u, v} and so G|beuvw ∼= M2,1. Therefore Aad ∪Acf is

empty and V (G) \ S = Aac ∪ Adf .

Now suppose w(6= v) ∈ Adf . From (3), w is not adjacent to v. If w is adjacent to

u, then G|cdeuvw ∼= flag, and otherwise G|beuvw ∼= M2,1. Therefore Adf = {v} and

similarly, Aac = {u}. Hence, V (G) = S ∪ {u, v}. Since G|uvbe is matched, G|abcf is

antimatched, and the two subgraphs are aligned, it follows that G is doubled. This

proves (9).

(10) If G|(V (G) \ S) is a stable set, then G is doubled.

SupposeG|(V (G)\S) is a stable set. First, supposeAac∪Ace∪Aae∪Abd∪Abf∪Adf 6=

∅. From symmetry, we may assume Aac 6= ∅. Then from (4), Aae = Ace = Abd =

Abf = ∅ and from (5), Abe = ∅. Therefore every vertex in V (G) \ S has exactly one

neighbor in {a, f} and exactly one neighbor in {c, d}. Now it is easy to see that G is

doubled with G|acdf as the antimatched part.

Therefore we may assume Aac ∪ Ace ∪ Aae ∪ Abd ∪ Abf ∪ Adf = ∅. Suppose all

three of the sets Aad, Abe, and Acf are not empty. Then for u ∈ Aad, v ∈ Abe, and

w ∈ Acf , G|afuvw ∼= M2,1. Therefore from symmetry, we may assume Abe is empty.

Now again, every vertex in V (G) \ S has exactly one neighbor in {a, f} and exactly

one neighbor in {c, d}, so G is doubled with G|acdf as the antimatched part. This

proves (10).

By (10), we may assume that G|V (G) \ S contains an edge uv. From symmetry,

we may assume u ∈ Aad or u ∈ Aac. If u ∈ Aad, then by (6) and (7), v ∈ Abe ∪ Acf

and G is doubled. So we may assume that u ∈ Aac; but then by (8) and (9), v ∈ Adf

and G is doubled. This proves 6.3.3.

Theorem 6.3.4. A graph containing domino but no graphs in F is doubled.
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Proof. Let G be a graph containing domino but no graphs in F . By 6.3.1, 6.3.2, and

6.3.3, we may assume that G does not contain M2,1, P5, C6, or their complements as

induced subgraphs. Let G|abcdef ∼= domino, where ab, bc, ca, bd, ce, de, df , and ef

are the edges; let S = {a, b, c, d, e, f}. For 0 ≤ i ≤ 4, let Ai ⊆ V (G) \ S denote the

set of vertices that have i neighbors in {b, c, d, e}. Our goal is to show the following:

• A0 = A1 = A3 = A4 = ∅, and

• G|(A2 ∪ {a, f}) is a stable set, and

• G|bcde is antimatched, and

• A2 ∪ {a, f} and {b, c, d, e} are aligned.

Together, these statements imply that G is doubled.

(1) A0 = A1 = A3 = A4 = ∅.

Suppose v ∈ A0. If v is complete to {a, f}, then G|abdfv ∼= C5, and if v is

anticomplete to {a, f}, then G|acdfv ∼= M2,1. So we may assume that v is adjacent

to exactly one of a and f , say a; but then G|adefv ∼= K2,3. Therefore A0 = ∅.

Next, suppose v ∈ A1. From symmetry, we may assume N{b,c,d,e}(v) = {b}. If v

is complete to {a, f}, then G|acefv ∼= C5, and if v is anticomplete to {a, f}, then

G|acdfv ∼= M2,1. Furthermore, if v is adjacent to a but not to f , then G|abefv ∼= K2,3.

So we may assume that v is adjacent to f but not to a; but then G|bcefv ∼= C5.

Therefore A1 = ∅.

Next, suppose v ∈ A3. From symmetry, we may assume N{b,c,d,e}(v) = {b, c, e}.

If v is not adjacent to f , then G|bcdefv ∼= flag, and if v is complete to {a, f}, then

G|abcdfv ∼= watch. So we may assume that v is adjacent to f but not to a; but then

G|abdefv ∼= fish. Therefore A3 = ∅.

Finally, suppose v ∈ A4. Then G|bcdev ∼= M2,1. Therefore A4 = ∅. This proves

(1).
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For u, v ∈ {b, c, d, e}, let Auv ⊆ A2 be those vertices that are adjacent to u and v.

(2) Abe = Acd = ∅. Moreover, A2 ∪ {a, f} is a stable set.

Suppose v ∈ Abe ∪ Acd; then G|bcdev ∼= K2,3. Therefore Abe = Acd = ∅. Next,

suppose v ∈ Abc. If v is adjacent to a, then G|abcdev ∼= watch and if v is adjacent to

f , then G|bcdefv ∼= C6. Therefore Abc is anticomplete to {a, f}, and from symmetry,

so is Ade.

Now suppose v ∈ Abd. If v is adjacent to a, then G|acdev ∼= C5 and if v is

adjacent to f , then G|cdefv ∼= C5. Therefore Abd is anticomplete to {a, f}, and

from symmetry, so is Ace. It follows that A2 is anticomplete to {a, f}. Note that

for v ∈ Abc ∪ Ade, either G|abcdev ∼= domino or G|bcdefv ∼= domino, and so by an

argument analogous to the one above, we conclude that Abc ∪Ade is anticomplete to

Abd ∪ Ace and that Abc ∪ Ade is a stable set; hence Abc ∪ Ade ∪ {a, f} is a stable set.

It remains to show that Abd ∪ Ace is a stable set. For suppose u, v ∈ Abd are

adjacent; then G|bcdeuv ∼= watch. Therefore Abd is a stable set and from symmetry,

so is Ace. Next, suppose u ∈ Abd and v ∈ Ace are adjacent; then G|bcdeuv ∼= C6.

Therefore A2 ∪ {a, f} is a stable set and this proves (2).

Now {b, c, d, e} is anti-matched by definition and A2∪{a, f} is a stable set by (2).

It remains to show that A2 ∪ {a, f} and {b, c, d, e} are aligned. Since A2 ∪ {a, f} is a

stable set, it suffices to show that for all v ∈ A2 ∪ {a, f}, v is adjacent to exactly one

of b, e and exactly one of c, d. For v ∈ {a, f} this is true by definition, and for v ∈ A2

this follows from (2). Therefore G is doubled and this proves 6.3.4.

Theorem 6.3.5. A graph containing tent1 but no graphs in F is doubled.

Proof. Let G be a graph containing tent1 but no graphs in F . By 6.3.1, 6.3.2, 6.3.3,

and 6.3.4, we may assume that G does not contain M2,1, P5, C6, domino or their

complements as induced subgraphs. Let G|abcdef ∼= tent1, where ab, bc, cd, de, fa,

fb, fc, and fe are the edges; let S = {a, b, c, d, e, f}. For 0 ≤ i ≤ 4, let Ai ⊆ V (G)\S

denote the set of vertices that have i neighbors in {b, c, d, e}. Our goal is to show the
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following:

• A0 = A2 = A4 = ∅, and

• G|(A1 ∪ {a, c, d}) is semi-matched, and

• G|(A3 ∪ {b, e, f}) is semi-antimatched, and

• A1 ∪ {a, c, d} and A3 ∪ {b, e, f} are aligned.

Together, these statements imply that G is doubled.

(1) A0 = A2 = A4 = ∅.

Suppose v ∈ A0. If v is adjacent to a, then G|abcdev ∼= P5, and if v is not adjacent

to a, then G|abdev ∼= M2,1. Therefore A0 = ∅.

Next, suppose v ∈ A4. If v is adjacent to f , then G|cdefv ∼= M2,1, and if v is not

adjacent to f , then G|bcdefv ∼= P5. Therefore A4 = ∅.

Next, we show that A2 = ∅. For u, v ∈ {b, c, d, e}, let Auv ⊆ A2 be those vertices

that are adjacent to u and v. If v ∈ Abe, then G|bcdev ∼= C5, and so Abe = ∅. Now

suppose v ∈ Abc. If v is adjacent to a, then G|abdev ∼= K2,3 and if v is adjacent to f ,

then G|bcdefv ∼= watch. So we may assume that v is not adjacent to either a or f ;

but then G|S ∪ {v} ∼= F20. Therefore Abc = ∅.

Next, suppose v ∈ Abd. If v is not adjacent to f , then G|bdefv ∼= C5, and if v is

not adjacent to a, then G|abcdev ∼= watch. Hence, we may assume that v is adjacent

to both a and f ; but then G|abdefv ∼= watch. Therefore Abd = ∅.

Next, suppose v ∈ Acd. If v is adjacent to both a and f , then G|abcfv ∼= M2,1.

Next, if v is adjacent to a but not to f , then G|abcdfv ∼= flag, and if v is adjacent to

f but not to a, then G|abdefv ∼= fish. So we may assume that v is not adjacent to a

or f ; but then G|abdfv ∼= K2,3. Therefore Acd = ∅.

Next, suppose v ∈ Ace. Then G|abcdev ∼= domino or flag depending on the

adjacency between v and a. Therefore Ace = ∅.
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So we may assume that v ∈ Ade. If v is adjacent to a, then G|abcdv ∼= C5, and if

v is not adjacent to a, then G|abdev ∼= K2,3. Therefore A2 = ∅ and this proves (1).

(2) A1 is complete to b.

For u ∈ {b, c, d, e}, let Au ⊆ A1 be those vertices that are adjacent to u. We will

show that Ac = Ad = Ae = ∅.

Suppose v ∈ Ac. If v is adjacent to a, then G|abcdev ∼= flag, and if v is not

adjacent to a, then G|abdev ∼= M2,1. Therefore Ac = ∅.

Next, suppose v ∈ Ae. Then G|abcdev ∼= P5 or C6 depending on the adjacency

between v and a. Therefore Ae = ∅.

Next, suppose v ∈ Ad. If v is adjacent to a, then G|abcdv ∼= C5, and if v is

adjacent to f but not to a, then G|abdefv ∼= fish. So we may assume that v is not

adjacent to either a or f ; but then G|acdefv ∼= watch. Therefore Ad = ∅. This

completes that proof of (2).

(3) A1 ∪ {a} is a stable set.

Suppose v ∈ A1 and a are adjacent; then G|abdev ∼= K2,3. Therefore A1 is

anticomplete to a. Next, suppose u, v ∈ A1 are adjacent. Then G|bdeuv ∼= K2,3.

Therefore A1 ∪ {a} is a stable set and this proves (3).

(4) If v ∈ A3, then v ∈ Abce ∪ Abde.

For u, v, w ∈ {b, c, d, e}, let Auvw ⊆ A3 be those vertices that are adjacent to u, v

and w.

Suppose v ∈ Abcd. If v is not adjacent to f , then G|bdefv ∼= C5, and if v is

adjacent to f but not to a, then G|S ∪ {v} ∼= F21. So we may assume that v is

adjacent to both a and f ; but then G|abdefv ∼= watch. Therefore Abcd = ∅.

Next, suppose v ∈ Acde. If v is adjacent to f , then G|cdefv ∼= M2,1, and if v is

not adjacent to f , then G|bcdefv ∼= flag. Therefore Acde = ∅. This proves (4).

(5) A3 ∪ {f} is a clique.

Suppose v ∈ Abde and v is not adjacent to f . Then G|bcdefv ∼= C6. Next, suppose
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v ∈ Abce not adjacent to f . Then G|cdefv ∼= K2,3. Therefore A3 is complete to f .

Next, suppose u, v ∈ Abde ∪ Abce are not adjacent. If u, v ∈ Abde, then G|bcduv ∼=

K2,3 and if u, v ∈ Abce then G|cdeuv ∼= K2,3. So we may assume that u ∈ Abde and

v ∈ Abce; but then G|bcdeuv ∼= C6. Therefore A3∪{f} is a clique and this proves (5).

From (2) and (3), it follows that A1 ∪ {a, c, d} is semi-matched with one edge

(namely, cd). From (4) and (5), A3 ∪ {b, e, f} is semi-antimatched with one nonedge

(namely, be). Furthermore, it follows by definition and from (2) that for all u ∈

A1 ∪ {a, c, d}, u is adjacent to exactly one of b and e. It also follows by definition

and from (4) that for all v ∈ A3 ∪ {b, e, f}, v is adjacent to exactly one of c and d.

Therefore A1 ∪ {a, c, d} and A3 ∪ {b, e, f} are aligned and this proves 6.3.5.

Theorem 6.3.6. A graph containing tent2 but no graphs in F is doubled.

Proof. Let G be a graph containing tent2 but no graphs in F . By 6.3.1, 6.3.2, 6.3.3,

6.3.4, and 6.3.5, we may assume that G does not contain M2,1, P5, C6, domino, tent1

or their complements as induced subgraphs. Let G|abcdef ∼= tent2, where ab, bc, cd,

de, fa, fb, fd, and fe are the edges; let S = {a, b, c, d, e, f}. First, we show that if

v ∈ V (G) \ S, then NS(v) is equal to {b, f}, {d, f}, or {a, b, d, e, f}.

Let Abf be those vertices whose neighbor set in S is {b, f} and define Adf and

Aabdef similarly. We also prove that at least one of Abf , Adf and Aabdef is empty.

Then our goal is to show the following:

If Aabdef = ∅, then

• G|(A2 ∪ {a, e}) is semi-matched, and

• G|{b, c, d, f} is antimatched, and

• A2 ∪ {a, e} and {b, c, d, f} are aligned.

If Adf = ∅, then

• G|(A2 ∪ {a, c, d}) is semi-matched, and
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• G|(A5 ∪ {b, e, f}) is semi-antimatched, and

• A2 ∪ {a, c, d} and A5 ∪ {b, e, f} are aligned.

If Abf = ∅, then

• G|(A2 ∪ {b, c, e}) is semi-matched, and

• G|(A5 ∪ {a, d, f}) is semi-antimatched, and

• A2 ∪ {b, c, e} and A5 ∪ {a, d, f} are aligned.

Together, these statements imply that G is doubled.

(1) For v ∈ V (G) \ S, NS(v) is equal to {b, f}, {d, f}, or {a, b, d, e, f}.

We show that N{b,c,d}(v) is equal to {b}, {d}, or {b, d} and for each case, NS(v) is

equal to {b, f}, {d, f}, or {a, b, d, e, f}, respectively.

First, suppose N{b,c,d}(v) = ∅. If v is complete to {a, e}, then G|abcdev ∼= C6, and

if v is adjacent to exactly one of a and e, then G|abcdev ∼= P5. So we may assume that

v is anticomplete to {a, e}; but then G|abdev ∼= M2,1. Therefore N{b,c,d}(v) cannot be

empty.

Next, suppose N{b,c,d}(v) = {b}. If v is adjacent to e, then G|bcdev ∼= C5, and if v is

adjacent to a, then G|abdev ∼= K2,3. If v is not adjacent to f , then G|bcdefv ∼= tent1.

Therefore NS(v) = {b, f}. Similarly if N{b,c,d}(v) = {d}, then NS(v) = {d, f}.

Next, suppose N{b,c,d}(v) = {c}. If v is complete to {a, e}, then G|abcdev ∼=

domino, and if v is adjacent to exactly one of a and e, then G|abcdev ∼= flag. So we

may assume that v is anticomplete to {a, e}; but then G|abdev ∼= M2,1. Therefore

N{b,c,d}(v) cannot be equal to {c}.

Next, suppose N{b,c,d}(v) = {b, c}. If v is complete to {e, f}, then G|bcdefv ∼= P5.

If v is adjacent to e but not to f , then G|bcdefv ∼= C6, and if v is adjacent to f

but not to e, then G|bcdefv ∼= flag. So we may assume that v is anticomplete to
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{e, f}; but then G|bcdefv ∼= domino. Therefore N{b,c,d}(v) cannot be {b, c} and from

symmetry, N{b,c,d}(v) cannot be {c, d}.

Next, suppose N{b,c,d}(v) = {b, d}. If v is not adjacent to f , then G|bcdfv ∼= K2,3.

If v is anticomplete to {a, e}, then G|abcdev ∼= watch. If v is adjacent to one of a and

e, then G|abcdev ∼= tent1. Therefore NS(v) = {a, b, d, e, f}.

Finally, suppose N{b,c,d}(v) = {b, c, d}. If v is adjacent to f , then G|bcdfv ∼= M2,1.

If v is not adjacent to a, then G|abcdfv ∼= flag, while if v is adjacent to a, then

G|abcdfv ∼= P5. Therefore v cannot be complete to {b, c, d}.

Together, these statements prove (1).

(2) Abf ∪ Adf is a stable set, and Aabdef is a clique complete to Abf ∪ Adf .

Suppose u, v ∈ Abf are adjacent; then G|bcdfuv ∼= watch. Therefore Abf is a

stable set and similarly, so is Adf . Now suppose u ∈ Abf and v ∈ Adf are adjacent.

Then G|bcduv ∼= C5. Therefore Abf ∪ Adf is a stable set.

Next, suppose u, v ∈ Aabdef are not adjacent; then G|bcduv ∼= K2,3. Therefore

Aabdef is a clique.

Finally, suppose u ∈ Abf and v ∈ Aabdef are not adjacent. Then G|abcdev ∼= tent2

and u has only one neighbor in {a, b, c, d, e, v}, which is impossible by (1). Therefore

Aabdef is complete to Abf and similarly to Adf , and this proves (2).

(3) At least one of Abf , Adf , and Aabdef is empty.

Suppose u ∈ Abf , v ∈ Adf , and w ∈ Aabdef . From (2), w is complete to {u, v} and

u is not adjacent to v. It follows that G|abcdefuvw ∼= F22. Therefore at least one of

Abf , Adf , and Aabdef is empty and this proves (3).

If Aabdef = ∅, then it follows from (2) that G|(Abf ∪ Adf ∪ {a, e}) is a stable set.

Also, G|bcdf is antimatched by assumption and Abf ∪Adf ∪ {a, e} and {b, c, d, f} are

aligned by assumption and definition. Hence, G is doubled.

So we may assume that Aabdef 6= ∅. Then by (3), one of Abf and Adf is empty and

from symmetry, we may assume Adf is empty. Then G|(Abf∪{a, c, d}) is semi-matched
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with an edge cd, and G|(Aabdef ∪ {b, e, f}) is semi-antimatched with a non-edge be.

It also follows from assumption and definition that for all u ∈ Abf ∪ {a, c, d}, u is

adjacent to exactly one of b and e and for all v ∈ Aabdef ∪ {b, e, f}, v is adjacent to

exactly one of c and d. Hence, G is doubled. This proves 6.3.6.

We are now ready to prove the main result.

Proof of 6.1.2. The “only if” part is obvious since none of the graphs in F are dou-

bled. For the “if” part, we may assume G is not almost-split and hence G or G

contains one of M2,1, P5, C6, domino, tent1, and tent2 as an induced subgraph. But

then we are done by 6.3.1, 6.3.2, 6.3.3, 6.3.4, 6.3.5, or 6.3.6 applied to G or G, keeping

in mind that the complement of a doubled graph is doubled.
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F1 = C5 F2 = K2,3 F3 = watch F4 = TV

F5 = flag F6 = fish F7 = P0 ∪ P1 ∪ P2 F8 = P1 ∪ P3

F9 F10 F11 F12

F13 = C7 F14 F15 F16

F17 = C6 ∪ P0 F18 F19 = W6 F20

F21 F22 F23 = L(K3,3)

Figure 6.1: The family F : these 23 graphs, and their complements, are the minimal
forbidden induced subgraphs for double-split graphs. Only F1 = C5 and F23 = L(K3,3)
are self-complementary.
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F1 = C5 F2 = K2,3 F3 = watch F4 = TV

F5 = flag F6 = fish M2,1 P5

C6 domino tent1 tent2

Figure 6.2: The “circus”: these 12 graphs, and their complements, are the minimal
forbidden induced subgraphs for almost-split graphs.
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Chapter 7

Equations resolving a conjecture of

Rado on partition regularity

In 1916, Schur [Sch16] proved that in any coloring of the positive integers with finitely

many colors, there is a monochromatic solution to x + y = z. In 1927, van der

Waerden [vdW27] proved his celebrated theorem that every finite coloring of the

positive integers contains arbitrarily long monochromatic arithmetic progressions. In

his famous 1933 thesis, Richard Rado [Rad33] generalized these results by classifying

the systems of linear equations with monochromatic solutions in every finite coloring.

His thesis also contained conjectures regarding equations that do have a finite coloring

with no monochromatic solutions.

Definition. A linear equation L is k-regular if every k-coloring of the positive integers

contains a monochromatic solution to L.

Remark. Some authors require that the values of the variables be distinct in solutions

to L. We follow Rado and Guy in not including this extra condition.

Conjecture (Rado, [Rad33] via [Guy04]1). For every positive integer k, there exists

a linear equation that is (k − 1)-regular but not k-regular. In other words, k is the

1These authors could not verify whether the conjecture is present in Rado’s thesis.
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least number of colors in a coloring of the positive integers with no monochromatic

solution to L.

Fox and Radoičić [FR05] conjectured that the family of equations Mk given by∑k−2
i=0 2ixi = 2k−1xk−1 has this property. We prove Rado’s conjecture by using the

related family of equations,

k−1∑
i=1

2i

2i − 1
xi =

(
−1 +

k−1∑
i=1

2i

2i − 1

)
x0,

which we denote by Lk.

Theorem 7.0.7. The equation Lk is (k − 1)-regular but not k-regular.

Remark. This result and its proof carry over to colorings of the nonzero rationals.

Proof. We first use the power of 2-adic valuations to prove that there exists a k-

coloring with no monochromatic solutions to Lk. The idea of using valuations was

proposed by Fox and Radoičić for the equation Mk; later, Alexeev, Fox, and Gra-

ham [AFG07a, AFG07b] proved that these colorings were actually minimal if k ≤ 7,

but only conjectured the result in general.

If r is a nonzero rational number, let ord2(r) denote the 2-adic valuation of r,

that is, the unique integer m such that r = 2ma
b

for odd integers a and b; also, let

ord2(0) =∞. Recall that ord2 satisfies the following two properties:

1. ord2(xy) = ord2(x) + ord2(y),

2. ord2(x + y) ≥ min(ord2(x), ord2(y)), with equality if ord2(x) does not equal

ord2(y).

The latter is the (non-Archimedean) 2-adic triangle inequality.

Note that the 2-adic valuation of the coefficient of xi in Lk is i. This is immediate

if i > 0 while in the case of i = 0, this follows from the 2-adic triangle inequality
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because −1 has valuation 0 while the rest of the terms in the summation have positive

valuation. We claim this implies that the k-coloring Ck(r) = ord2(r) mod k has no

monochromatic solutions to Lk.

Assume to the contrary that Ck admits a monochromatic solution to Lk. Then

the terms of Lk would be a collection of numbers with distinct 2-adic valuations that

sum to zero, which is impossible by the 2-adic triangle inequality.

We now show there is no coloring to Lk with fewer than k colors. Indeed, in

any coloring with no monochromatic solutions to Lk, the color of x and 2jx must be

different if 0 < j < k. (In the referenced literature, the number 2j is thus said to be

a forbidden ratio.) If there were an x so that x and 2jx were the same color, then

xi =


x if i = j,

2jx if i 6= j,

would be a monochromatic solution to Lk; all but the jth terms cancel, leaving 2j

2j−1
x =(

−1 + 2j

2j−1

)
2jx. This implies that the k numbers 1, 2, 4, . . . , 2k−1 are colored with

distinct colors.
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Chapter 8

Notes
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