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Abstract

This collection of essays investigates robust inference and modelling in time series

econometrics. Chapter 1 considers the problem of deriving heteroskedasticity and

autocorrelation robust (HAR) inference about a scalar parameter of interest. The

main finding implies that, for a given sample size, one can only be confident about

the efficiency of a valid HAR test if we are willing to make a priori assumptions about

the persistence properties of the data. This chapter demonstrates that it is advanta-

geous to allow for bias in long-run variance estimation and adjust the critical value to

explicitly account for the maximum bias. Chapter 2, jointly with Ulrich Müller, pro-

poses a flexible asymptotic framework for the modelling of persistent time series, by

generalizing the popular local-to-unity model. We establish the richness of the class of

this generalized local-to-unity model, GLTU(p), in the sense that their limiting pro-

cesses can well approximate a large class of stationary Gaussian processes in the total

variation norm. This chapter also suggests a straightforward approximation to the

limited-information asymptotic likelihood of the GLTU(p) model. Chapter 3 applies

the econometric framework developed in Chapter 2 to examine and document the

persistence properties of 9 macroeconomic time series over 17 advanced economies,

based on the Jordá-Schularick-Taylor Macrohistory Database. It is found that al-

lowing for the generality in modelling long-range dependence can substantially alter

quantitative statements about the persistence of macroeconomic time series. Based

on empirical evidence, this chapter recommends using an appropriately defined mea-

sure of the half-life in the GLTU(p) model to gauge the persistence of macroeconomic

time series.
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Chapter 1

Optimal HAR Inference

1.1 Introduction

This chapter considers the problem of deriving appropriate corrections to stan-

dard errors when conducting inference with autocorrelated data. The resulting het-

eroskedasticity and autocorrelation robust (HAR) inference has applications in OLS

and GMM settings.1 Computing HAR standard errors involves estimating the “long-

run variance ” (LRV) in econometric jargon. Classical references on HAR inference

in econometrics include Newey and West (1987) and Andrews (1991), among many

others. The Newey-West/Andrews approach is to use t- and F -tests based on con-

sistent LRV estimators and to employ the critical values derived from the normal

and chi-squared distributions. The resulting HAR standard errors are asymptotically

justified in a large variety of circumstances.

Small sample simulations,2 however, show that the Newey-West/Andrews ap-

proach can lead to tests that incorrectly reject the null far too often. A large sub-

1For instance, OLS/GMM with HAR inference has been used in many econometric applications,
such as testing long-horizon return predictability in finance (see, e.g., Koijen and Van Nieuwerburgh
(2011) and Rapach and Zhou (2013)) and estimating impulse response functions by local projections
in macroeconomics (see, e.g., Jordà (2005)).

2See, e.g,, den Haan and Levin (1994, 1997) for early Monte Carlo evidence of the large size
distortions of HAR tests computed using the Newey-West/Andrews approach.
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sequent literature (surveyed in Müller (2014)) has proposed many alternative proce-

dures. These procedures employ inconsistent LRV estimators and demonstrate better

performance for controlling the null rejection rate. To implement these procedures

in practice, however, the user must choose a tuning parameter. One example is the

choice of b in the fixed-b scheme,3 in which a fixed-b fraction of the sample size is used

as the bandwidth in kernel LRV estimators. Another example is the choice of q in

orthornormal series HAR tests,4 in which the LRV is estimated by projections onto

q mean-zero low-frequency functions of a set of orthonormal functions. The choice of

the tuning parameter embeds a tradeoff between bias and variability of the LRV esti-

mator. It subsequently leads to a size-power tradeoff in the resulting HAR inference.

Previous studies address this tradeoff by restricting attention to HAR tests that are

based on kernel and orthornormal series LRV estimators. They derive the optimal

tuning parameter based on second-order asymptotics and under criteria that average

the functions of type I and type II errors with different weights.5 It is not clear,

however, whether the resulting HAR tests would remain optimal in finite samples if

those restrictions were not imposed.

The purpose of this chapter is to provide formal results of finite-sample optimal

HAR inference about a scalar parameter of interest, without restricting the class of

tests and with no ad hoc loss functions. In particular, I derive finite-sample optimal

HAR tests in the Gaussian location model, under nonparametric assumptions on the

underlying spectral density. I find that with an appropriate adjustment to the critical

value, it is nearly optimal to use the so-called equal-weighted cosine (EWC) test (cf.

3See pioneering papers by Kiefer, Vogelsang, and Bunzel (2000) and Kiefer and Vogelsang (2002,
2005). Also see Jansson (2004); Müller (2004, 2007); Phillips (2005); Phillips, Sun, and Jin (2006,
2007); Sun, Phillips, and Jin (2008); Atchadé and Cattaneo (2011); Gonçalves and Vogelsang (2011);
Sun and Kaplan (2012); and Sun (2014), among many others.

4See, e.g., Müller (2004, 2007); Phillips (2005); Ibragimov and Müller (2010); and Sun (2013),
among many others.

5See, e.g., Sun, Phillips, and Jin (2008) and Lazarus, Lewis, and Stock (2017).
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Müller (2004, 2007); Lazarus, Lewis, Stock, and Watson (2018)), where the LRV is

estimated by projections onto q type II cosines.

The main assumption in this chapter is that the underlying normalized spectral

density is known to lie in a function class F , which possesses a “uniformly minimal”

function. By normalized spectral density, I mean its value at the origin is normalized

to unity. By “uniformly minimal” function of F , I mean there exists a function

f in F such that f(φ) ≤ f(φ), φ ∈ [−π, π] for all f in F . An explicit stand on

possible shapes of the spectrum is necessary, because otherwise there does not exist a

nontrivial HAR test (cf. Ptscher (2002)). The notion of “uniformly minimal” function

further characterizes the minimal assumption on the spectrum, such that a nontrivial

HAR test exists. I stress that the class F is of a nonparametric nature, as opposed

to possibly strong parametric classes.6 It may contain smoothness restrictions (e.g.,

bounds on derivatives) and/or shape restrictions (e.g., monotonicity).

This chapter makes three main contributions. First, I establish a finite-sample

theory of optimal HAR inference in the Gaussian location model. To do so, I follow

Müller (2014) and recast HAR inference as a problem of inference about the covari-

ance matrix of a Gaussian vector. The spectrum, as an infinite-dimensional nuisance

parameter, complicates solution of the problem. To overcome this obstacle, I use

insights from the so-called least favorable approach and identify the “least favorable

distribution” over the class F . The resulting optimal test trades off bias and variabil-

ity, and requires an adjustment of the critical value to account for the maximum bias

of the implied LRV estimator. Both the optimal tradeoff and the adjusted critical

value are functions of F .

6For examples of parametric classes, Robinson (2005) assumes that the underlying persistence is
of the “fractional” type and derives consistent LRV estimators under that class of DGP’s; Müller
(2014) assumes that the underlying long-run property can be approximated by a stationary Gaussian
AR(1) model, with coefficient arbitrarily close to one and derives uniformly valid inference methods
that maximize weighted average power.

3



Second, I find that nearly optimal HAR inference can be obtained by using the

EWC test, but only after an adjustment to the Student-t critical value. The practical

implications are an explicit link between the choice of q and assumptions on the

underlying spectrum, as well as a corresponding adjustment to the Student-t critical

value. In detail, consider a second-order stationary scalar time series yt. The spectral

density of yt scaled by 2π is given by the function f : [−π, π] 7→ [0,∞). To test

H0 : E[yt] = 0 against H1 : E[yt] 6= 0, the EWC test uses a t-statistic

tqEWC =
Y0√∑q
j=1 Y

2
j /q

, (1.1)

where Y0 is the sample mean of yt and Yj, j = 1, 2, . . . , q are q weighted averages of yt

as Yj = T−1
√

2
∑T

t=1 cos(πj(t− 1/2)/T )yt. These weighted averages can be approxi-

mately thought of as independently distributed, each with variance T−1f(πj/T ). As

mentioned earlier, the choice of q embeds a bias and variance tradeoff of the LRV

estimator
∑q

j=1 Y
2
j /q. The conventional wisdom is to choose q sufficiently small such

that {Yj}qj=1 can be treated as independent normal with equal variance. By doing so,

one avoid possibly large bias in estimating the LRV, and the resulting EWC test has

less size distortions when the Student-t critical value is employed. In contrast, the

new EWC test suggests using a larger q and an appropriately enlarged critical value

for more powerful inference. Both the choice of q and the critical value adjustment

depend on the class F .

Figure 1.1 illustrates this second contribution in the problem of testing E[yt] =

0, f ∈ F against the local alternative E[yt] = δT−1/2 for T = 100, where yt follows

a Gaussian white noise and the “uniformly minimal” function of F is the normalized

spectrum of an AR(1) model with coefficient 0.8. In this context, to avoid size

distortions larger than 0.01, one needs to choose q = 3 when the Student-t critical

value is employed. The new nearly optimal EWC test, however, has q = 6 and inflates

4



Figure 1.1: Power function plot of a weighted average power (WAP) bound induced
test, optimal EWC test and size-adjusted EWC test using q = 3.

|δ|
0 1 2 3 4 5 6 7 8 9 10

R
e

j.
 P

ro
b

.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

WAP bound induced test

Size-adjusted EWC, q = 3

Optimal EWC, q = 6

Notes: Under the alternative, the mean of yt is δT−1/2 and yt follows a Gaussian white noise. Under
the null, the “uniformly minimal” function of the class F corresponds to an AR(1) with coefficient
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the Student-t critical value by a factor of 1.15. This new EWC test nearly achieves

a weighted average power bound for all size-controlling scale invariant tests. It has a

38.1% efficiency gain over the size-adjusted EWC test using q = 3, in order to achieve

the same power of 0.5.7

Third, I propose a simple first-order adjustment to the critical value of the EWC

test. The adjusted critical value is computed easily, by inverting a one-dimensional

numerical integral. For practical convenience, I offer a rule of thumb to adjust the

Student-t critical value of the EWC test in Table 1.2, as follows. Under a series of

classes F in which the “uniformly minimal” function is the normalized spectrum of

an AR(1) with coefficient ρ, Table 1.1 lists the optimal choice of q and the adjustment

factor of the Student-t critical value for each combination of ρ and nominal level α.

7By efficiency gain, I mean the increase of δ2 in percent for the size-adjusted EWC test using
q = 3 in order to achieve the same power of the new EWC test. I note that one cannot directly
appeal to Pitman efficiency measure (the increase of the number of observations required to achieve
the same power) in the context of Figure 1.1, since the sample size T is fixed at 100. A different
calculation, however, shows that for T = 50 the size-adjusted EWC test using q = 6 has power of
0.5, under the same δ such that the EWC test using q = 3 yields power of 0.5 for T = 100.
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Table 1.2 collapses Table 1.1 into (α, q) pairs. As a practical matter, if researchers

pick a value of q by some other means, then I suggest adjusting the corresponding

Student-t critical value according to Table 1.2.

This chapter relates to a large literature. First, unlike the vast majority of the

HAR literature, I consider optimal HAR inferences without restricting the class of

tests. Second, I do not appeal to ad hoc loss functions in addressing the size-power

tradeoff in HAR inference. Rather, I consider that tradeoff in the natural setting

of hypothesis testing, where uniform size control is imposed and the most powerful

inference is desired. Third, the majority of the literature addresses the sampling vari-

ability of LRV estimators via the so-called fixed-b asymptotics, and further accounts

for bias by higher-order adjustment to the fixed-b critical value.8 In contrast, I con-

currently tackle bias and variance in estimating the LRV by a first-order adjustment.

Even so, the resulting adjusted critical value is easily computed without simulations.

The suggestion of using a larger q and enlarged critical values for the EWC test

mirrors recent recommendations for nonparametric inference, such as those of Arm-

strong and Kolesár (2018a,b). In different contexts, Armstrong and Kolesár and I

both stress the advantage of accepting bias in estimating a nonparametric function

and of then using a suitably adjusted critical value to account for the maximum bias.

Our frameworks are, however, different. I consider a Gaussian experiment in which

the heteroskedasticity is governed by an unknown nonparametric function, while the

main focus in Armstrong and Kolesár (2018a) is an unknown regression function in

the mean of a homoskedastic Gaussian experiment.

The remainder of the chapter is organized as follows. Section 1.2 sets up the

model and discusses preliminaries. Section 1.3 derives optimal HAR inference under

an essential simplification. Section 1.4 relaxes the simplification and discusses nearly

8See, e.g., Velasco and Robinson (2001); Sun, Phillips, and Jin (2008); Sun (2011, 2013, 2014);
and Lazarus, Lewis, and Stock (2017).
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optimal HAR inference. Section 1.5 contains simulation results, and Section 1.6

concludes. Proofs and computational details are provided in the appendices.

1.2 Model and Preliminaries

Throughout the chapter, I mainly focus on inference about µ in the location model,

yt = µ+ ut, t = 1, 2, . . . , T, (1.2)

where µ is the population mean of yt and ut is a mean-zero stationary Gaussian

process with absolutely summable autocovariances γ(j) = E[utuy−j]. The spectrum

of yt scaled by 2π is given by the even function f : [−π, π] 7→ [0,∞) defined via

f(λ) =
∑∞

j=−∞ cos(jλ)γ(j). With y = (y1, y2, . . . , yT )′ and e = (1, 1, . . . , 1)′,

y ∼ N (µe,Σ(f)), (1.3)

where Σ(f) has elements Σ(f)j,k = (2π)−1
∫ π
−π f(λ)e−i(j−k)λdλ with i =

√
−1.

The HAR inference problem concerns testing H0 : µ = 0 (otherwise, subtract

the hypothesized mean from yt) against H1 : µ 6= 0 based on the observation y.

The derivation of powerful tests in this problem is complicated by the fact that the

alternative is composite (µ is not specified under H1), and the presence of the inifinite-

dimensional nuisance parameter f . I follow standard approaches to dealing with µ

and mainly focus on tackling the nuisance parameter f in this chapter.

It is useful to take a spectral transformation of the model (1.3). In particular, as

introduced in the introduction, consider the one-to-one transformation from {yt}Tt=1

into the sample mean Y0 = T−1
∑T

t=1 yt and the T − 1 weighted averages:

Yj = T−1
√

2
T∑
t=1

cos(πj(t− 1/2)/T )yt, j = 1, 2, . . . , T − 1. (1.4)
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Define Φ as the T × T matrix with first column equal to T−1e, and (j + 1)th column

with elements T−1
√

2 cos(πj(t− 1/2)/T ), t = 1, . . . , T , and ι1 as the first column of

IT . Then

Y = (Y0, Y1, . . . , YT )′ = Φ′y ∼ N (µι1,Ω0(f)) (1.5)

where Ω0(f) = Φ′Σ(f)Φ. The HAR testing problem now becomes H0 : µ = 0 against

H1 : µ 6= 0 based on the observation Y .

A common device for dealing with the composite alternative in the nature of µ is

to search for tests that maximize weighted average power over µ. For computational

convenience, I follow Müller (2014) to consider a Gaussian weighting function for µ

with mean zero and variance η2. The scalar η2 governs whether closer or distant

alternatives are emphasized by the weighting function. For a given f , the choice

η2 = (κ−1)Ω0(f)1,1 (for analytical simplifications later) effectively changes the testing

problem to H ′0 : Y ∼ N (0,Ω0(f)) against H ′1 : Y ∼ N (0,Ω1(f)), where

Ω1(f) = Ω0(f) + (κ− 1)ι1ι
′
1Ω0(f)1,1. (1.6)

This transforms the problem into one of inference about covariance matrices. The

hyperparameter κ specifies a weighted average power criterion. As argued by King

(1987), it makes sense to choose κ in a way such that good tests have approximately

50% weighted average power. The choice of κ = 11 would induce the resulting best

5% level (infeasible) test (reject if Y 2
0 > 3.84Ω0(f)1,1) to have power of approximately

P (χ2
1 > 3.84/11) ≈ 56%. I thus use κ = 11 throughout the implementations.

In most applications, it is reasonable to impose that if the null hypothesis is

rejected for some observation Y , then it should also be rejected for the observation

aY , for any a > 0. Due to this scale invariance restriction, it is without loss of

generality to normalize all f such that f(0) ≡ 1. Furthermore, by standard testing
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theory (see, e.g., Chapter 6 in Lehmann and Romano (2005)), any test satisfying this

scale invariance property can be written as a function of Y s = Y/
√
Y ′Y . The density

of Y s under H ′i, i = 0, 1 is equal to (see Kariya (1980) and King (1980))

hi,f (y
s) = C|Ωi(f)|−1/2

(
ys′Ωi(f)−1ys

)−T/2
(1.7)

for some constant C.

By restricting to scale invariant tests, the HAR testing problem has been fur-

ther transformed into H ′′0 : “Y s has density h0,f” against H ′′1 : “Y s has density

h1,f .” The problem remains nonstandard due to the presence of nuisance param-

eter f . For simplicity, I direct power at flat spectrum f1 = 1. The alterna-

tive H ′′1 then becomes a single hypothesis H ′′1,f1 : “Y s has density h1,f1 ,” where

Ω1(f1) = κT−1diag (1, κ−1, . . . , κ−1). Moreover, under the null I assume f belongs

to an explicit function class F and seek scale invariant tests that uniformly control

size over F .

The main concern of this chapter is to test the composite null H ′′0 against H ′′1,f1 .

In this context, a well-known general solution to this type of problem proceeds as

follows (cf. Lehmann and Romano (2005)). Suppose Λ is some probability dis-

tribution over F , and the composite null H ′′0 is replaced by the single hypothesis

H ′′0,Λ : “Y s has density
∫
h0,fdΛ(f).” Any ad hoc test ϕah that is known to be of

level α under H ′′0 also controls size under H ′′0,Λ, because
∫
ϕah(ys)

∫
h0,fdΛ(f)dys =∫ ∫

ϕah(ys)h0,fdy
sdΛ(f) ≤ α. As a result, by Neymean-Pearson lemma, the likeli-

hood ratio test of H ′′0,Λ against H ′′1,f1 , denoted by ϕΛ,f1 , yields a bound on the power

of ϕah. Furthermore, if ϕΛ,f1 also controls size under H ′′0 , then it must be the best

test of H ′′0 against H ′′1,f1 and the resulting power bound is the lowest possible power

bound. In the jargon of statistical testing, the distribution that yields the best test
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(should it exist) is called the “least favorable distribution,” and I denote it by Λ∗

throughout the chapter.

Unfortunately, there is no systematic way of deriving the least favorable distri-

bution. To make progress, I proceed in the following two steps. First, I consider

an approximate “diagonal” model, in which for a given f the joint distribution of Y

under the null is

Y ∼ N (0, T−1diag(f(0), f(π/T ), . . . , f(π(T − 1)/T )). (1.8)

In model (1.8), I analytically derive the least favorable distribution of H ′′0 against

H ′′1,f1 , under mild assumptions on the class F . I also find that the “optimal” EWC

test is nearly as powerful as the derived optimal test. By optimal EWC test, I

mean the EWC test under an optimal choice of q and with an optimal adjustment to

the critical value. Second, despite the analytical intractability of the least favorable

distribution without approximation (1.8), it is still feasible to obtain upper bounds

on the power of size-controlling tests of H ′′0 against H ′′1,f1 . In particular, I use insights

on optimal tests in the diagonal model (1.8) to establish tight power bounds for all

valid tests in the exact model (1.5). It turns out that the optimal EWC test comes

close to achieving this power bound. In light of Lemma 1 in Elliott, Müller, and

Watson (2015), this implies that the resulting new EWC test is nearly optimal for

HAR inference, and the proposed power bound is essentially the least upper bound.

I elaborate on the above analyses in Sections 1.3 and 1.4.

Model (1.8) is in general an approximation of the exact model (1.5) by ignoring

off-diagonal elements and simplifying the diagonal elements in Ω0(f). It is motivated

by the fact that (1.8) holds exactly when time series yt follows a Gaussian white

noise or a Gaussian random walk process. For stationary yt with f falling into other

parametric classes, Müller and Watson (2008) find that the covariance matrix of
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(Y0, Y1, . . . , Yq)
′ is nearly diagonal for fixed q and large T . For stationary Gaussian yt

with f being in nonparametric classes, the aforementioned optimality results suggest

that (1.8) is a useful simplification of (1.5) for HAR inference. I will refer to (1.8) as

the diagonal model and (1.5) as the exact model hereafter.

1.3 Optimal Inference in the Diagonal Model

In this section, I derive powerful HAR tests in diagonal model (1.8). As explained

in Section 1.2, I restrict attention to scale invariant tests that maximize weighted

average power over µ and direct power at the flat spectrum f1. Under the weighted

average power criterion, as specified by a given κ, I seek powerful tests as functions

of Y s = Y/
√
Y ′Y in the problem of

Hd
0 : Y ∼ N

(
0, T−1diag(1, f (π/T ) , . . . , f (π(T − 1)/T )

)
, f ∈ F (1.9)

against Hd
1,f1

: Y ∼ N
(
0, κT−1diag(1, κ−1, . . . , κ−1)

)
,

where the superscript d in Hd
0 and Hd

1,f1
denotes the diagonal model.

The following assumptions are imposed on F throughout this section.

Assumption 1.3.1

(a) There exists a f ∈ F such that f(φ) ≤ f(φ), φ ∈ [−π, π] for all f ∈ F .

(b) f(πj/T ) ≥ f(π(j + 1)/T ), j = 0, 1, . . . , T − 2.

(c) The class F contains all kinked functions defined by fa(φ) = max{f(φ), a}, for

a ∈ [0, 1].

Assumption 3.1(a) states the existence of a “uniformly minimal” function in F ,

which I will use f to denote throughout the chapter, while Assumption 3.1(b) requires

f to be non-increasing at λ = πj/T, j = 0, 1, . . . , T − 1. Assumption 3.1(c) is needed
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to ensure the existence of a point mass least favorable distribution. It is worth noting

that only the evaluations of f at frequencies πj/T, j = 0, 1, . . . , T −1 matter in (1.9).

Assumption 3.1(a) is thus sufficient but not necessary.

Assumption 1.3.1 is more general than what is assumed in the majority of HAR

studies. For example, if f is the normalized spectrum of an AR(1) model with coef-

ficient 0.8 and sample size T = 100, one is not committing to any parametric classes

such as the AR(1) model. Rather, various kinds of parametric classes are covered, as

long as the underlying normalized spectrum lies above f . It includes, but is not lim-

ited to, AR(1) models with coefficient less than 0.8 and all MA(1) models and ARMA

models whose spectra may oscillate but are above f . Furthermore, Assumption 1.3.1

is satisfied by most function classes assumed in the nonparametric inference literature.

For example, when F is the class in which the first derivative of the log spectrum is

bounded by a constant C, the corresponding “uniformly minimal” function emerges

as f(φ) = exp(−Cφ).

1.3.1 Optimal test

The optimal HAR test in the diagonal model is stated in the following theorem.

Theorem 1.3.2 Let F be a set of f satisfying Assumption 1.3.1 with the “uniformly

minimal” function f , and for a given κ that specifies a weighted average power crite-

rion,

1. If f(π/T ) ≤ κ−1, then the best weighted average power maximizing scale invariant

test of H0 : µ = 0 against H1 : µ 6= 0 is a randomized test.

2. If f(π/T ) > κ−1, then the best level α weighted average power maximizing scale

invariant test ϕ∗ of H0 : µ = 0 against H1 : µ 6= 0 rejects for large values of

Y 2
0 +

∑q∗

j=1 Y
2
j /f(πj/T )

Y 2
0 + κ

∑q∗

j=1 Y
2
j

(1.10)
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for a unique 1 ≤ q∗ ≤ T − 1, and with the critical value cvq∗ such that the test is

of level α under f = f .

The proof of part 1 of Theorem 1.3.2 is simple. Notice that for a given κ, if

f(π/T ) ≤ κ−1, then the alternative H ′′1,f1 is included in the null Hd
0 . As a result, any

nontrivial size-controlling test cannot be more powerful than a randomized test.

The idea of the proof for part 2 of Theorem 1.3.2 is to conjecture and verify that

the least favorable distribution Λ∗ puts a point mass on a function in F . The logic is

as follows. Suppose the conjecture is true and Λ∗ concentrates on the function f ∗. By

the Neyman-Pearson lemma, the optimal test of H ′′0,Λ∗ against H ′′1,f1 in the diagonal

model is

ϕΛ∗,f1 = 1

[
Y 2

0 +
∑T−1

j=1 Y
2
j /f

∗(πj/T )

Y 2
0 + κ

∑T−1
j=1 Y

2
j

> cv

]
,

for some cv ≥ 0. On the other hand, as discussed in Section 1.2, for Λ∗ to be the

least favorable distribution, one needs ϕΛ∗,f1 to uniformly control size under H ′′0 .

Intuitively, this requires H ′′0,Λ∗ to be as indistinguishable as possible from H ′′1,f1 . This

somewhat implies that the function f ∗ must mimic the discontinuous function of φ

as f ∗1 (φ) = κ−11[φ 6= 0] + 1[φ = 0]. As illustrated by Figure 1.2, the function f ∗

must then be kink-shaped, given the presence of f . I further show that the optimal

location of the kink in f ∗ in conjunction with the resulting cv is equivalent to ignoring

Yj with index j > q∗. This then gives rise to the optimal test statistic (1.10). The

formal proof of Theorem 1.3.2 is given in Appendix A.1.

Discussion

Comment 1. Part 1 of Theorem 1.3.2 provides a sharper result than Ptscher

(2002). In particular, it characterizes the concrete minimal smoothness assumption on

the spectrum such that a nontrivial valid HAR test exists. This is beyond Pötscher’s
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Figure 1.2: Illustration of the least favorable distribution of Hd
0 against Hd

1,f1
as a

point mass on f ∗.

j
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Notes: The “uniformly minimal” function f is the normalized spectrum of an AR(1) model with
coefficient 0.8. I use κ = 11 for f∗1 . Sample size T is 100.

negative result, which only shows that the HAR testing problem is ill-posed if no

priori assumptions are imposed on the set of data generating processes.

Comment 2. The optimal test (1.10) with the resulting critical value cvq∗ can be

rewritten as ∣∣∣∣∣∣ Y0√∑q∗

j=1 wjY
2
j

∣∣∣∣∣∣ > 1, (1.11)

where the weight wj depends on κ, f(πj/T ) and cvq∗ . As can be seen, the implied

(inconsistent) LRV estimator
∑q∗

j=1wjY
2
j does not necessarily fall into the popular

kernel and orthonormal series families. This is because the optimal test is not con-

structed by exploiting flatness of the spectrum close to the origin. Rather, I take an

explicit stand on possible shapes of the spectrum and endogenously account for the

maximum bias via the weights wj’s.

Comment 3. A possibly small q∗ may emerge in Theorem 1.3.2 for some F . It

is, however, worth noting that such q∗ is an implication, not an assumption. In
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particular, I do not start by restricting attention to the class of tests as functions of(
Y s

1 , . . . , Y
s
q∗

)′
. In contrast, the approach taken by Müller (2014) assumes some fixed

q as the starting point.

Comment 4. With appropriate modifications of Assumption 1.3.1, Theorem 1.3.2

can be adapted to the problem of Hd
0 against Hd

1,f̃1
for other fixed alternative f̃1. In

that case, the resulting q∗ is also f̃1-dependent. Furthermore, Theorem 1.3.2 can be

generalized to a minimax result, in which f belongs to a nonparametric class G ⊂ F

under H1. In that case, a “uniformly maximal” function in F must be properly

defined as f in Assumption 1.3.1.

Computational considerations

The existence and uniqueness result of q∗ in Theorem 1.3.2 naturally brings com-

putational convenience in practice. For example, for a given F satisfying Assumption

1.3.1, one can appeal to the bisection method to locate q∗. In my implementations,

this takes little computing time by using the simple algorithm in Appendix A.2.1.

Moreover, for a given F and the resulting q∗, the critical value cvq∗ can easily be

determined due to the following formula of Bakirov and Szkely (2006):

P

(
Z2

0 ≥
n∑
j=1

ζjZ
2
j

)
=

2

π

∫ 1

0

(1− u2)(n−1)/2du√∏n
j=1(1− u2 + ζj)

, (1.12)

where {Zj}nj=0 are n + 1 i.i.d. standard normal random variables and ζj ≥ 0, j =

1, . . . , n. By the t-statistic expression (1.11), part 2 of Theorem 1.3.2, and (1.12), the

level α constraint for the optimal test becomes

P

(
Z2

0∑q∗

j=1wjf(πj/T )Z2
j

> 1

)
=

2

π

∫ 1

0

(1− u2)(q∗−1)/2du√∏q∗

j=1(1− u2 + wjf(πj/T ))
= α, (1.13)
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where wj =
[
κ cvq∗ −1/f(πj/T )

]
(1 − cvq∗)

−1 is strictly monotone in cvq∗ under As-

sumption 1.3.1. The critical value cvq∗ is then readily determined by solving equation

(1.13). Computational details are provided in Appendix A.2.2.

1.3.2 The optimal EWC test

By using higher-order expansions, Lazarus, Lewis, and Stock (2017) derive a size-

power frontier for kernel and orthornormal series HAR tests under an asymptotic

framework. The EWC test is shown to achieve that frontier in their context. It is,

however, not clear how the EWC test performs in finite-sample contexts and in the

unrestricted class of tests. The optimal HAR test derived in the last section provides

a natural benchmark to gauge the performance of an ad hoc test. In this section I

take up the EWC test as the ad hoc test and discuss its properties.

I have three related goals. The first is to study the (weighted average) power

properties of the EWC test relative to the optimal test in Theorem 1.3.2. As it turns

out, the EWC test is close to optimal, under an appropriate choice of q and with the

adjusted critical value. Given the efficiency property of this new EWC test, the second

goal is to develop simple procedures to implement the test. I discuss the two goals

in reverse order, first elaborating on critical value adjustment and optimal choice of

q for the EWC test, and then studying the power of the resulting test. My last goal

is to compare the practical implications of the new EWC test with the conventional

wisdom, that is, to choose a sufficiently small q and use the Student-t critical value.

The general takeway from the comparison is: One should use the EWC test with a

larger q and appropriately enlarged critical values for more powerful HAR inference.

To clarify ideas and illustrate points in a consistent manner, I use the following

running example throughout this section: Under the null, the “uniformly minimal”

function f of the class F is AR(1) with coefficient 0.8; sample size T is fixed to be 100.

In addition, I will frequently refer to the following two types of classes. For the first
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type, the “uniformly minimal” function of F is the normalized spectrum of an AR(1)

with coefficient ρ. For the second type, all spectra in F satisfy a global smoothness

assumption, that is, the first derivative of the log-spectrum log(f) is bounded by a

constant C.

Critical value adjustment and choice of q

The diagonal model (1.8) makes it easy to adjust the critical value for a given

class F . In particular, for a given f ∈ F , the null rejection probability of the EWC

test (1.1) using the critical value cv is

P

∣∣∣∣∣∣ Y0√∑q
j=1 Y

2
j /q

∣∣∣∣∣∣ ≥ cv

 = P

(
Z2

0

q−1 cv2
∑q

j=1 f(πj/T )Z2
j

≥ 1

)
, (1.14)

where {Zj}qj=0 are q+ 1 i.i.d. standard normal random variables. Under Assumption

1.3.1(a), it is not hard to see that (1.14) as a functional of f is maximized at f ,

regardless of the choice of q and the critical value cv. Two implications are immediate.

First, for the testing problem (1.9) under a given F , it is easy to gauge the size

performance of any ad hoc EWC test. In the context of the running example, Table

1.3 shows the size of the 5% EWC test using the Student-t critical value under selected

choices of q. As can be seen, for size distortions less than 0.01, one needs to use q = 3

in the usual EWC test.

Second, by Bakirov and Szkely’s (2006) formula (1.12), it is easy to adjust the

critical value of the EWC test under any ad hoc q. Specifically, as in solving for the

critical value of the optimal test in Section 1.3.1, the adjusted critical value cvaq of the

level α EWC test under given q is obtained by inverting the following level constraint:

α =P

(
Z2

0

q−1(cvaq)
2
∑q

j=1 f(πj/T )Z2
j

≥ 1

)
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=
2

π

∫ 1

0

(1− u2)(q−1)/2du√∏q
j=1(1− u2 + q−1(cvaq)

2f(πj/T ))
. (1.15)

In the context of the running example, the first row in Table 1.4 summarizes the

adjustment factor of the resulting adjusted critical value relative to the Student-t

critical value under various q. As can be seen, in order to explicitly account for the

resulting downward bias of the LRV estimator
∑q

j=1 Y
2
j /q, one must inflate the usual

Student-t critical value by a factor larger than 1.

Now consider the choice of q in the EWC test. Under given q and using the

adjusted critical value cvaq , the weighted average power of the resulting EWC test is

P

(
Z2

0

q−1κ(cvaq)
2
∑q

j=1 Z
2
j

≥ 1

)
=

2

π

∫ 1

0

(1− u2)(q−1)/2du√∏q
j=1

(
1− u2 + q−1κ(cvaq)

2
) . (1.16)

The weighted average power (1.16) can easily be computed for every q. Under a given

F and nominal level α, the optimal choice of q for the EWC test is then defined as

the one such that the resulting EWC test has the largest weighted average power. I

refer to the EWC test under the optimal choice of q and with the adjusted critical

value as the optimal EWC test. I stress that the notion of “optimality” for this new

EWC test is with respect to the assumptions on the underlying spectrum, that is, the

class F .

Power of the optimal EWC test

Tables 1.5 and 1.6 summarize the weighted average power of the optimal EWC

test and the corresponding optimal test under the aforementioned two types of classes

F , respectively. As can be seen, the optimal EWC test is nearly as powerful as the

optimal test, regardless of the underlying F within the two types of classes. In

unreported numerical results, under various F of other smoothness types, the near

optimality property of the optimal EWC test continues to hold.
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Practical implications

Recall that the conventional wisdom is to use a sufficiently small q and to employ

the Student-t critical value. I find, however, that it is optimal to use a larger q and

to employ an enlarged critical value. Take the running example as an illustration. As

explained earlier, for size distortions less than 0.01, one needs to use q = 3 in the usual

EWC test in which the Student-t critical value is employed. However, as highlighted

in Table 1.4, the optimal EWC test has a larger q = 6, and the corresponding Student-

t critical value must be inflated by a factor of 1.13 for exact size control. To ensure

an apples-to-apples comparison, I compute the size-adjusted weighted average power

of the usual EWC test using q = 3. In contrast to the optimal EWC test, this EWC

test has about 11% weighted average power loss.

The superior power property of the optimal EWC test is further evident when local

alternatives are considered. In particular, in the context of the running example, I

consider µ = δT−1/2(1 − ρ1)−1 under the alternative. Panels (a) and (b) of Figure

1.3 plot the power of the test ϕ∗, the optimal EWC test, and the size-adjusted EWC

test using q = 3 for various δ under ρ1 = 0 and ρ1 = 0.8, respectively. As can be seen

in panel (a), even though the optimal EWC test underrejects under the null, it is

more powerful than the EWC test using q = 3 in detecting local deviations from the

null. Specifically, by using the optimal EWC test, a 32.0% efficiency improvement is

obtained in order to achieve the same power of 0.5. In the case in which ρ1 = 0.8, the

efficiency gain is larger (48.7%), since the optimal EWC test then exactly controls

size by construction. Furthermore, given that the optimal EWC test is numerically

found to be nearly as powerful as the overall optimal test ϕ∗ in terms of weighted

average power under the white noise alternative, it is not surprising to see that the

power functions of these two tests are almost identical.
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Figure 1.3: Power function plot of the test ϕ∗, the optimal EWC test, and the size-
adjusted EWC test using q = 3.
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(a) ρ1 = 0.
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(b) ρ1 = 0.8.

Notes: Under the alternative, the mean of yt is δT−1/2(1− ρ1)−1 and yt follows a Gaussian AR(1)
with coefficient ρ1. Under the null, the f of F corresponds to an AR(1) with coefficient 0.8. Sample
size T is 100.

1.3.3 A Rule of thumb

As a practical matter, one might like to estimate the smoothness class F from

data. Unfortunately, the attempt is not useful. This is because the (nearly) optimal

test depends on F , and a “larger” F leads to a lower power. As a result, one cannot

estimate F and still control size. In implementations of the EWC test, if q is chosen

by some other approach, it still makes sense to adjust the Student-t critical value

given the previous analysis of the optimal EWC test. As a rule of thumb, I suggest

that practitioners implement the EWC test and adjust the Student-t critical value

according to Table 1.2. In detail, the suggested test about the population mean

H0 : µ = µ0 of an observed scalar time series {yt}Tt=1 is computed as follows.

1. Compute the T cosine weighted averages of {yt}Tt=1 : Y0 = T−1
∑T

t=1(yt− µ0) and

Yj = T−1
√

2
∑T

t=1 cos(πj(t− 1/2)/T )yt, j = 1, 2, . . . , T − 1.

2. For the researcher’s choice of q, compute the t-statistic tY,q = Y0/
√
q−1
∑q

j=1 Y
2
j .
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3. Reject the null hypothesis at level α if |tY,q| > Bα,q cvnaq (α), where cvnaq (α) is the

Student-tq critical value and Bα,q is the unparenthesized number in the (α, q)-th

entry of Table 1.2.

As explained in the introduction, the adjustment factors in Table 1.2 are calibrated

based on a series of classes F in which the “uniformly minimal” function is the

normalized spectrum of an AR(1) with coefficient ρ. I make two additional remarks.

First, there may be multiple ρ such that the same optimal q emerges, under the

respective F . Second, the adjustment factor in each (α, q)-th entry does not change

substantially under other types of smoothness classes. Sets of tables similar to Tables

1.1 and 1.2 are provided in Appendix A.3, in which the class F imposes some global

smoothness assumption on the spectrum. For these reasons, one should take Table

1.2 as rule of thumb. The parenthesized ρ values in Table 1.2 only serve as a reference

for the underlying smoothness class.

1.4 Nearly Optimal Inference in the Exact Model

The discussions in Section 1.3 are entirely based on the diagonal model (1.8).

For both theoretical interest and practical relevance, it is natural to ask whether

the insights on optimal HAR inference in the diagonal model continue to hold in the

exact model (1.5). This section is devoted to addressing that problem. In particular, I

continue restricting attention to scale invariant tests of H0 : µ = 0 against H1 : µ 6= 0

that maximize weighted average power over µ and direct power at the flat spectrum

f1. Under the weighted average power criterion, as specified by a given κ, the goal is

to seek powerful tests as functions of Y s = Y/
√
Y ′Y in the problem of

He
0 : Y ∼ N (0,Ω0(f)) , f ∈ F (1.17)

against He
1,f1

: Y ∼ N
(
0, κT−1diag(1, κ−1, . . . , κ−1)

)
,
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where the superscript e denotes the exact model.

First of all, I note that it is in general difficult to derive the optimal test of

(1.17) under Assumption 1.3.1. This is mainly due to the complicated manner by

which f enters Ω0(f). In detail, a direct calculation shows that for a given f and

j, k = 0, 1, . . . , T − 1,

Ω0(f)j,k =

∫ πT

−πT
f

(
λ

T

)
wj,k(λ)dλ with (1.18)

wj,k(λ) =

(
T−1

T∑
s=1

ϕj

(
s− 1/2

T

)
e−

isλ
T

)(
T−1

T∑
t=1

ϕk

(
t− 1/2

T

)
e

itλ
T

)
,

where ϕj(φ) =
(√

2
)1[j 6=0]

cos(πjs), 0 ≤ φ ≤ 1. In this case, even if it is true that

the least favorable distribution of (1.17) puts a point mass on some function f ∗ ∈ F ,

the determination of f ∗ seems very diffcult. Alternatively, one may want to impose

additional assumptions on F such that Ω0(f) = T−1diag (f(0), . . . , f(π(T − 1)/T ))

holds uniformly in f ∈ F . The task is also hard, since one must then solve (T 2 +T )/2

functional constraints, that is, Ω0(f)j,k = 0 for every j > k and Ω0(f)i,i = f(πi/T )

for every i.

Despite the difficulty in analytically deriving the exact optimal test of (1.17), one

still can obtain bounds on the power of any size-controlling test by using the bounding

approach of Elliott, Müller, and Watson (2015). Recall from Section 1.2 that for any

probability distribution Λ over F , the likelihood ratio test of H ′′0,Λ against H ′′1,f1 yields

such a power bound. Suppose there exists an ad hoc test ϕah that is known to control

size. If the power of ϕah is close to the power bound for some Λ, then ϕah is known to

be close to optimal, as no substantially more powerful test exists. It turns out that

the insights from the diagonal model are useful in guessing a good Λ and in justifying

the near optimality of the EWC test in the exact model. In particular, for a given

a in [0, 1], let Λa be a point mass distribution on the kinked function fa(φ), as was

defined in Assumption 1.3.1. It is already known that for every a, the likelihood ratio
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test of H ′′0,Λa against H ′′1,f1 yields a power bound. I then numerically search for a such

that the resulting power bound is minimized. Denote this a by a† and the resulting

Λ by Λ†. The power bound I employ to gauge potential efficiency of the EWC test is

then the power of

ϕΛ†,f1 = 1
[
(Y ′Ω0(fa†)Y )

−1
(Y ′Ω1(f1)Y ) > cv

]
, (1.19)

for some cv such that E[ϕΛ†,f1 ] = α under H ′′0,Λa . In the following subsection, I show

that the EWC test essentially achieves this bound, after optimal choice of q and

critical value adjustment.

To clarify ideas and illustrate points in a consistent manner, I continue using the

running example introduced in Section 1.3.2. I also use the two types of smoothness

classes introduced there, except that for the first type I additionally assume every

f ∈ F to be non-increasing over [0, π].

1.4.1 The optimal EWC test

I discuss the EWC test in the exact model in the following steps. First, given

the aforementioned efficiency property of the EWC test, I elaborate on how to make

the critical value adjustment and choose the q for the EWC test in the exact model.

Second, I use numerical exercises to study the power of the resulting EWC test. Third,

as was done in Section 1.3, I compare practical implications of the new EWC test

with the conventional wisdom. The general takeaway remains: One should use the

EWC test with a larger q and appropriately enlarged critical values for more powerful

HAR inference. Lastly, as a practical matter, I examine the robustness of the rule of

thumb suggested in Section 1.3.3. I find that there is no substantial change in the

adjustment factor of the Student-t critical value, even if the adjustment is made in

the exact model.
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Critical value adjustment and choice of q

I first note that, unlike in the diagonal case, there is no analytical expression to

adjust the critical value for the EWC test in the exact model. To be precise, at given

f ∈ F , the null rejection probability of the EWC test under given q and with the

critical value cv is

P

∣∣∣∣∣∣ Y0√∑q
j=1 Y

2
j /q

∣∣∣∣∣∣ ≥ cv

 = P

(
Z2

0

q−1 cv2
∑q

j=1 λj(f)Z2
j

≥ 1

)
, (1.20)

where {Zj}qj=0 are i.i.d. standard normal. The positive eigenvalues (normalized by

the absolute value of the only negative eigenvalue) of Ω0,q(f)1/2M(cv, q)Ω0,q(f)1/2 are

λj(f), j = 1, . . . , q, where Ω0,q(f) is the upper left (q+1)×(q+1) block matrix of Ω0(f)

and M(cv, q) = diag (−1, cv2 /q2, cv2 /q2, . . . , cv2 /q2). It is known from Section 1.3

that (1.20) as a functional of f is maximized when all λj(f)’s are jointly minimized.

The opaque mapping from λj(f) back to f , however, prevents us from identifying the

null rejection probability maximizer(s) like f in the diagonal model.

A natural reaction to this obstacle is to search for the null rejection proba-

bility maximizer numerically. To render this feasible, I approximate f ∈ F as

a linear combination of basis functions. The original task is then transformed

into a high-dimensional optimization problem. To be more precise, let the n + 1

node points {xi}ni=0 define a partition of the interval I = [0, π] into n subintervals

Ii = [xi−1, xi], i = 1, 2, . . . , n, each of length hi = xi − xi−1, and x0 = 0, xn = π. Let

C0(I) denote the space of continuous functions on I, and P1(Ii) denote the space of

linear functions on Ii. Let {ςi}ni=0 be a set of basis functions for the space Fh of con-

tinuous piecewise linear functions defined by Fh = {f : f ∈ C0(I), f |Ii ∈ P1(Ii)}. The

basis functions {ςi}ni=0 are normalized such that ςj(xi) = 1[i = j], i, j = 0, 1, . . . , n.

By approximating f via f̂ =
∑n

i=0 f(xi)ςi and (1.12), I approximate the rejection
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probability (1.20) by

P

(
Z2

0

q−1 cv2
∑q

j=1 λj(f̂)Z2
j

≥ 1

)
=

2

π

∫ 1

0

(1− u2)(q−1)/2du√∏q
j=1

(
1− u2 + q−1 cv2 λj

(
f̂
)) , (1.21)

which is a function of the n-dimensional vector (f(x1), f(x2), . . . , f(xn))′. (By normal-

ization, f(x0) = 1.) With pre-computed {Ω0(ςi)}ni=0 based on (1.18), the computation

of (1.21) takes very little computing time for each f̂ , and it is feasible to obtain a

global maximizer of (1.21) subject to implied constraints on (f(x1), f(x2), . . . , f(xn))′

from a given F . Denote the λj’s at one of those global maximizers by {λ∗j}
q
j=1. The

adjusted critical value cva,eq is then readily determined by inverting

2

π

∫ 1

0

(1− u2)(q−1)/2du√∏q
j=1

(
1− u2 + q−1(cva,eq )2λ∗j

) = α,

just like solving (1.15) in the diagonal model. I provide more computational details

on numerically locating the null rejection probability maximizer in Appendix A.4.

In the context of the running example, I additionally assume that the underlying

spectrum is non-increasing over [0, π]. Table 1.7 lists the resulting cva,eq and cvaq under

selected q. As can be seen, the difference between these two adjusted critical values

is slight. What’s more, it is observed that neither cva,eq nor cvaq uniformly dominates

each other as a function of q. All of these suggest that even if the exact critical value

adjustment of the EWC test is complex, the simple rule proposed in Section 1.3.2 is

not only practically convenient, but also without loss of generality.

Now consider the choice of q in the EWC test. I note that since the alternative

hypothesis of (1.17) is identical to that of (1.9), one can proceed as in Section 1.3.2

to choose the optimal q such that the resulting EWC test has the largest weighted

average power. The only difference is that one must replace the adjusted critical value
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Table 1.7: Diagonal model based cvaq , exact model based cva,eq , and weighted average
power (WAP) of 5% level EWC test using cva,eq .

q 3 4 5 6 7 8 9 10
cvaq 3.322 2.966 2.817 2.756 2.739 2.747 2.772 2.806

cva,eq 3.392 3.022 2.868 2.800 2.780 2.783 2.804 2.835

WAP 0.382 0.414 0.427 0.431 0.430 0.426 0.420 0.413

Notes: The “uniformly minimal” function of F corresponds to an AR(1) with coefficient 0.8. All f
in F are non-increasing over [0, π]. Sample size T is 100.

cvaq by cva,eq in (1.16). I refer to the EWC test under the optimal choice of q and with

the adjusted critical value cva,eq as the optimal EWC test for the rest of this section.

Power of the optimal EWC test

Table 1.8 and 1.9 summarize the weighted average power of the optimal EWC

test and the weighted average power bound induced by (1.19), under the two types of

classes described in the beginning of Section 1.4, respectively. As can be seen, for most

F under consideration, the optimal EWC test essentially achieves the corresponding

weighted average power bound. In the spirit of Lemma 1 in Elliott, Müller, and

Watson (2015), the optimal EWC test is then known to be nearly optimal. The

numerical findings also imply that the insights from the diagonal model continue to

be useful in the exact model, even if the analysis of the overall optimal test is hard.

I note that the relatively larger difference between the weighted average power of the

optimal EWC test and the corresponding bound (e.g., under large ρ in Table 1.8 and

under large C in Table 1.9) is not informative about the efficiency of the optimal

EWC test, since it can arise either because the bound is far from the least upper

bound, or because ϕah is inefficient.

More on the practical implications and the rule of thumb

The practical implication on using the EWC test from the diagonal model continue

to hold. In the context of the running example, for size distortions less than 0.01 in
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Figure 1.4: Power function plot of the optimal EWC test, the size-adjusted EWC test
using q = 3, and the weighted average power bound induced test ϕΛ†,f1 .
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(b) ρ1 = 0.8.

Notes: Under the alternative, the mean of yt is δT−1/2(1− ρ1)−1 and yt follows a Gaussian AR(1)
with coefficient ρ1. Under the null, The “uniformly minimal” function of F corresponds to an AR(1)
with coefficient 0.8. Sample size T = 100.

the exact model, one must use q = 3 in the usual EWC test. As highlighted in

Table 1.7, the optimal EWC test has a larger q = 6. Moreover, one must enlarge

the corresponding Student-t critical value by a factor of 1.15 for exact size control.

In terms of weighted average power, there is a 13% gain by using the optimal EWC

test. This efficiency advantage is further evident when the local alternative µ =

δT−1/2(1 − ρ1)−1 is considered. Panels (a) and (b) of Figure 1.4 plot the power of

ϕΛ†,f1 as in (1.19), the optimal EWC test, and the size-adjusted EWC test using q = 3

for various δ under ρ1 = 0 and ρ1 = 0.8, respectively. To achieve the same power of

0.5, there is a 38.1% and 71.1% efficiency gain by using the optimal EWC test under

ρ1 = 0 and ρ1 = 0.8, respectively.

In Table 1.10, I recompute the adjustment factor of the Student-t critical value

for each (α, q) pair, but use the adjusted critical value cva,eq in the exact model. The

calibrations are based on the type of smoothness classes F in which the “uniformly

minimal” function is the normalized spectrum of an AR(1) with coefficient ρ and f ∈
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F is non-increasing over [0, π], and are under sample size T = 100. Not surprisingly,

there is no substantial change in the adjustment factors from Table 1.2 to Table 1.10.

As a rule of thumb, I thus recommend that practitioners practice the EWC test in

HAR inference, by following the three simple steps in Section 1.3.3 and adjusting the

Student-t critical value according to Table 1.2.

1.5 Monte Carlo Simulations

The purpose of this section is twofold. First, I assess size and power performance of

the suggested optimal EWC test relative to other approaches to HAR inference in the

Gaussian location model. Second, I investigate the extent to which the theory derived

in the Gaussian location model generalizes to inference about a scalar parameter of

interest in a regression context.

I compare 18 tests in total. For the EWC test using the Student-t critical value,

I consider q = 4, 8, 12, 24. For the optimal EWC test, labeled OEWC, I consider

q = 3, 6, 8, 10, 20. According to Table 1.2, these q’s are the optimal choices for the

EWC test, under the class F in which the “uniformly minimal” function is the nor-

malized spectrum of an AR(1) with coefficient 0.95, 0.82, 0.70, 0.60, and 0.23, respec-

tively for T = 100. In addition, I consider Müller’s (2014) Sq test with q = 12, 24, 48;

Ibragimov and Müller’s (2010) test with 8 and 16 groups, IM8 and IM16; the classical

approach based on two consistent LRV estimators: Andrews’s (1991) LRV estimator

ω̂2
A91 with a quadratic spectral kernel and bandwidth selection using an AR(1) model,

and Andrews and Monahan’s (1992) LRV estimator ω̂2
AM, in which an AR(1) model

is used in prewhitening; and two HAR tests based on inconsistent LRV estimators:

Kiefer, Vogelsang, and Bunzel’s (2000) Bartlett kernel estimator ω̂2
KVB with band-

width equal to the sample size, and Sun, Phillips, and Jin’s (2008) quadratic spectral

estimator ω̂2
SPJ with a bandwidth that trades off asymptotic type I and type II errors

33



in rejection probabilities, in which the shape of the spectrum is approximated by an

AR(1) model and the weight parameter is chosen to be 30.

In all simulations, the sample size is T = 100. The first set of simulations concerns

inference about the mean of a scalar time series. In the “Gaussian AR(1)” design, the

data are generated from a stationary Gaussian AR(1) model with coefficient ρ and

unit innovation variance. The second set of simulations concerns inference about the

coefficient on a scalar nonconstant regressor. In the “scalar nonconstant regressor”

design, the regressions

Rt = β0 + xtβ1 + ut, E[ut|xt−1, xt−2, . . .] = 0, t = 1, . . . , T

contain a constant β0, and the nonconstant regressor xt and the regression distur-

bances ut are independent zero mean Gaussian AR(1) processes with common coeffi-

cient ρ and unit innovation variance. Under the null, the coefficient β1 is hypothesized

to be zero.

Except for the three Sq tests, I compute the test statistics based on

ŷt = b′Σ̂−1
X Xtût, (1.22)

where Σ̂X = T−1
∑T

t=1XtX
′
t with Xt = (1, xt)

′, b = (0, 1)′, and ût = Rt − β̂0 − xtβ̂1

with (β̂0, β̂1)′ being the ordinary least squares (OLS) estimator for (β0, β1). For the

three Sq tests, I follow Section 5 in Müller (2014) to use

ỹt = b′Σ̂−1
X Xtût +

b′Σ̂−1
X XtX

′
tΣ̂
−1
X b

b′Σ̂−1
X b

β̂1,

where b, Xt, Σ̂X , and β̂1 are the same as in (1.22).

Table 1.11 reports size and size-adjusted power of the 18 tests in the “Gaussian

AR(1)” design. The size adjustment is performed on the ratio of the test statistic
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and the critical value to ensure that data-dependent critical values are appropriately

subsumed in the effective test. Not surprisingly, the optimal EWC test almost exactly

controls size in the data generating process (DGP) that coincides with The “uniformly

minimal” function of the underlying smoothness class. This can be seen in the cases

of OEWC3 under ρ = 0.95 and OEWC8 under ρ = 0.7. Moreover, though the class of

OEWCq tests is known to essentially maximize weighted average power over µ under

white noise, they also have better power performance relative to other tests when

the underlying persistence is not negligible. For example, both the OEWC3 test and

the S24 control size under ρ = 0.95, but the size-adjusted power of OEWC3 is 140%

larger; the OEWC6 test and the KVB test have roughly the same size distortions

under ρ = 0.95, but the size-adjusted power of OEWC6 is 36% larger.

In the “scalar nonconstant regressor” design, let yt = b′Σ−1
X Xtut, where ΣX is the

probability limit of Σ̂X under suitable regularity conditions. The time series yt is not

Gaussian. On the other hand, the optimal EWC tests are based on the observable

series ŷt which, as argued by Müller (2014), behaves like yt − T−1
∑T

s=1 ys asymptot-

ically. Despite the non-Gaussianity of the underlying time series, the optimal EWC

tests, as reported in Table 1.12, continue to control size well and have better power

performance relative to most alternative approaches. I note that the exceptional size

and power performance of the IMq test in Table 1.12 is specific to the design and

explained by Müller.

1.6 Conclusion

This chapter considers optimal HAR inference in finite-sample contexts. The

driving assumption is that the normalized spectrum of the underlying time series

lies in a smoothness class, which possesses a “uniformly minimal” function. Under

this assumption, I establish a finite-sample optimal theory of HAR inference in the
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Gaussian location model. The optimal test trades off bias and variability, and requires

an adjustment of the critical value to account for the maximum bias of the implied

long-run variance estimator. I find that the EWC test is close to optimal, but one

must make an adjustment to the usual Student-t critical value and choose an optimal

q accordingly. Both the critical value adjustment and the choice of q depend on

assumptions on the spectrum. The main implication of my findings is that when the

goal is powerful HAR inference, it is advantageous to allow for bias in LRV estimation

and adjust the critical value to explicitly account for the maximum bias.
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Chapter 2

Generalized Local-to-Unity Models

2.1 Introduction

This chapter proposes a flexible asymptotic framework for the modelling of per-

sistent time series. Our starting point an empirical observation: For many macroe-

conomic time series, such as the unemployment rate, interest rates, labor’s share of

national income, real exchange rates, price earnings ratios, etc., tests for an autore-

gressive unit root are often inconclusive, or rejections are not exceedingly significant.

As such, the unit root model is a natural benchmark for empirically plausible persis-

tence modelling. At the same time, most economic models assume that these time

series are stationary. What is more, econometric techniques based on an assumption

of an exact unit root can yield highly misleading inference under moderate deviations

of the unit root model, as demonstrated by Elliott (1998).

These concerns have generated a large literature on econometric modelling and

inference with the local-to-unity model: See, for instance, Bobkoski (1983), Chan and

Wei (1987), Phillips (1987), Stock (1991), Elliott and Stock (1994), Cavanagh, Elliott,

and Stock (1995), Moon and Phillips (2000), Rossi (2005), Campbell and Yogo (2006),

Jansson and Moreira (2006), Mikusheva (2007, 2012), Müller (2014) and Moon and
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Velasco (2014), among many others. Specifically, a stationary local-to-unity (LTU)

model of the scalar time series xT,t is of the form

(1− ρTL)(xT,t − µ) = ut, t = 1, . . . , T (2.1)

where L is the lag operator, ρT = 1− c/T for some fixed c > 0 and ut is a mean-zero

I(0) disturbance satisfying a functional central limit theorem T−1/2
b·T c∑
t=1

ut ⇒ W (·)

with W a Wiener process with variance equal to the long-run variance of ut. In this

model

T−1/2(xT,b·T c − xT,1)⇒ J1(·)− J1(0) (2.2)

where J1 is a stationary Ornstein-Uhlenbeck process with parameter c, the contin-

uous time analogue of an AR(1) process. The process (2.1) is the local asymptotic

alternative of an autoregressive unit root (cf. Elliott, Rothenberg, and Stock (1996),

Elliott (1999)). As such, it is impossible to perfectly discriminate between a LTU

process and a unit root process, even as T → ∞. Correspondingly, for any finite c,

the measure of J1(·) − J1(0) is mutually absolutely continuous with respect to the

measure of W , the continuous time analogue of a unit root process. LTU model

asymptotics thus properly reflect the empirical ambivalence of unit root tests noted

above.

But the LTU model is clearly not the only persistence model with this feature,

even with attention restricted to stationary models. After all, the properties of the

limiting process J1 are governed by a single parameter c, and the long-range depen-

dence of J1 are those of a continuous time AR(1). It is not clear why this particular

form of long-range dependence should adequately model the persistence properties of

macroeconomic time series.
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This chapter proposes a more flexible asymptotic framework by allowing for p

autoregressive roots and p− 1 moving-average roots local-to-unity for p ≥ 1, so that

(1− ρT,1L)(1− ρT,2L) · · · (1− ρT,pL)(xT,t − µ) = (1− γT,1L) · · · (1− γT,(p−1)L)ut,

where ρT,j = 1− cj/T and γT,j = 1− gj/T for fixed {cj}pj=1 and {gj}p−1
j=1 (with some

conditions on these parameters as specified in Section 2 below). With p = 1, this

“generalized local-to-unity” model GLTU(p) nests the familiar LTU model (2.1). A

first result of this chapter is the convergence of the GLTU(p) model, that is, in analogy

to (2.2),

T−1/2(xT,b·T c − xT,1)⇒ Jp(·)− Jp(0) (2.3)

where Jp is a stationary continuous time Gaussian ARMA(p, p − 1) process with

parameters {cj}pj=1 and {gj}p−1
j=1.

The GLTU(p) model sets the difference between the number of local-to-unity

autoregressive and moving-average parameters to exactly one. This ensures that

the limit process Jp still resembles a Wiener process: For instance, if instead (1 −

ρT,1L)(1 − ρT,2L)(xT,t − µ) = ut, the large sample properties of xT,t would be more

akin to an I(2) process, with the suitably scaled limit of xT,b·T c − xT,1 converging

to a limit process that is absolutely continuous with respect to the measure of an

integrated Wiener process
∫ ·

0
W (r)dr. In contrast, the measure of Jp(·) − Jp(0) is

mutually absolutely continuous with respect to the measure of W , so just as for the

LTU model, the GLTU(p) model cannot be perfectly discriminated from the unit root

model, even asymptotically.

While clearly more general than the standard local-to-unity model (2.1), one might

still worry about the appropriateness of the GLTU(p) model for generic persistence

modelling of macroeconomic time series. Our main theoretical result addresses this

concern by establishing the richness of the GLTU(p) model class. Recall that the
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total variation distance between two probability measures is the difference in the

probability they assign to an event, maximized over all events. We show in Section

3 below that for any given stationary Gaussian limiting process G whose measure

of G(·) − G(0) is mutually absolutely continuous with respect to the measure of W ,

and a mild regularity constraint on the spectral density of G, for any ε > 0 there

exists a finite pε and GLTU(pε) model such that the measure of the induced limiting

process Jpε is within ε of the measure of G in total variation norm. In other words,

for small ε, the stochastic properties of Jpε and G are nearly identical. Thus, positing

a GLTU model is nearly without loss of generality for the large sample modelling of

persistent stationary processes that cannot be distinguished from a unit root process

with certainty even in the limit.

As noted above, since the LTU model cannot be perfectly discriminated from

the unit root model, the parameter c in (2.1) cannot be consistently estimated. By

the same logic, the 2p − 1 parameters {cj}pj=1 and {gj}p−1
j=1 of the GLTU(p) model

also cannot be consistently estimated. This impossibility is simply the flip-side of

the arguably attractive property of GLTU asymptotics to appropriately capture the

empirical ambivalence of unit root tests. It does, however, complicate the derivation

of valid inference, especially for large values of p.

With that in mind, we suggest a limited-information framework for likelihood

based inference with the GLTU(p) model. Note that (2.3) implies, for any fixed

integer N

{T−1/2(xT,bjT/Nc − xT,1)}Nj=1 ⇒ {Jp(j/N)− Jp(0)}Nj=1. (2.4)

Thus, with attention restricted to the N observations on the left-hand side of (2.4),

large-sample inference about the GLTU parameters is equivalent to inference given

N discretely sampled observations from a continuous time Gaussian ARMA(p, p− 1)

process. But this latter problem is well-studied (cf. Phillips (1959), Jones (1981),

Bergstrom (1985), Jones and Ackerson (1990), for example), and we show how to
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obtain a numerically accurate approximation to the likelihood by a straightforward

Kalman filter.

We use this framework for two conceptually distinct empirical exercises. First,

we show that inference methods derived to be valid in the LTU model can be highly

misleading under an empirically plausible GLTU(2) model. In particular, we consider

Campbell and Yogo’s 2006 popular test for stock return predictability. By construc-

tion, this test controls size in the LTU model. But we find that in the GLTU(2) model,

it exhibits severe size distortions, even if the GLTU(2) parameters are restricted to

be within a two log-points neighborhood of the peak of the limited-information like-

lihood for the price-dividends ratio. In other words, unless one has good reasons to

impose that the long-range persistence patterns of potential stock price predictors are

of the AR(1) type, the Campbell and Yogo (2006) Campbell and Yogo (2006) test is

not a reliable test of the absence of predictability.

Second, and more constructively, we conduct limited-information Bayesian in-

ference about the half-life of the US/UK real exchange rate deviations, using the

long-span data from Lothian and Taylor (1996). We find that the GLTU model with

p ≥ 3 has much better fit than those with p = 1 or 2, while at the same time lead-

ing to much larger half-life estimates. This illustrates that allowing the generality

of the GLTU model can substantially alter conclusions about economic quantities of

interest.

This chapter contributes to a large literature on alternative models of persistence,

such as the fractional model (see Robinson (2002) for an overview), or more recently,

the three parameter generalization of Müller and Watson (2016). A relatively close

analogue to the GLTU model is the VAR(1) LTU model considered by Phillips (1988),

Stock and Watson (1996), Stock (1996) or Phillips (1998): The marginal process for

a scalar time series of a VAR(1) LTU model is in the GLTU class, since sums of
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finite order AR processes are finite order ARMA processes with particular coefficient

restrictions.

Our main theoretical result on the approximability of continuous time Gaussian

processes is related in spirit to the approximability of the second order properties of

discrete time stationary processes by the finite order ARMA class—see, for instance,

Theorem 4.4.3 of Brockwell and Davis (1991) for a textbook exposition. The contin-

uous time case is subtly different, though, since spectral densities are then functions

on the entire real line (and not confined to the interval [−π, π]). What is more, we

obtain approximability in total variation distance, and not just for a metric on second

order properties. We are not aware of any closely related results in the literature.

The remainder of the chapter is organized as follows. Section 2.2 introduces the

GLTU(p) model in detail and formally establishes its limiting properties. Section 2.3

studies the richness of the GLTU(p) model class and contains the main theoretical

result. Section 2.4 develops a straightforward Kalman filter to evaluate the limited-

information likelihood. Section 2.5 contains the two empirical illustrations, and is

followed by a concluding Section 2.6. Proofs and computational details are collected

in Appendix B.

2.2 The GLTU(p) Model

2.2.1 Set-up

We make the following assumptions about the building blocks of the GLTU(p)

model

(1−ρT,1L)(1−ρT,2L) · · · (1−ρT,pL)(xT,t−µ) = (1−γT,1L) · · · (1−γT,(p−1)L)ut (2.5)

where ρT,j = 1− cj/T and γT,j = 1− gj/T .
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Condition 2.2.1 (i) The innovations {ut}∞t=−∞ are mean-zero covariance stationary

with absolutely summable autocovariances and satisfy T−1/2
∑b·T c

t=1 ut ⇒ W (·), where

W (·) is a Wiener process of variance ω2.

(ii) The parameters {cj}pj=1 and {gj}p−1
j=1 do not depend on T and have positive

real parts. They can be complex valued, but if they are, then they appear in conjugate

pairs, so that the polynomials a(z) =
∏p

j=1(cj + z) = zp +
∑p

j=1 ajz
p−j and b(z) =∏p−1

j=1(gj + z) = zp−1 +
∑p−2

j=0 bjz
j have real coefficients.

(iii) For all T , the process {xT,t}∞t=−∞ is covariance stationary.

The high-level Condition 2.2.1 (i) allows for flexible weak dependence in the in-

novations ut. Part (ii) ensures that a covariance stationary distribution of xT,t exists,

and that the limiting continuous time Gaussian ARMA process Jp is stationary and

minimum phase. Part (iii) ensures that {xT,t}Tt=1 is covariance stationary, implicitly

restricting the initial condition (xT,0, . . . , xT,−p+1).

As noted in the introduction, the GLTU(p) model obviously nests the familiar

LTU model in (2.1) as a special case with p = 1. Maybe more interestingly, the

sum of two independent LTU processes xAT,t and xBT,t with parameters cA and cB and

long-run variances ω2/2 and ω2/2 is recognized as a GLTU(2) model with parameters

c1 = cA, c2 = cB and g1 = (c2
A + c2

B)/(2(cA + cB)). The GLTU(p) model thus also

encompasses aggregations of p independent LTU models. It is more general than

that, though, since any aggregation of independent LTU models yields a monotone

spectral density function for the limiting process, while the spectral density function

of Jp has no such constraint.

2.2.2 Limit Theory

Following Brockwell (2001), a mean-zero stationary continuous time Gaussian

ARMA(p, p − 1) process Jp with parameters {cj}pj=1, {gj}p−1
j=1 and ω2 of Condition 1

(ii), denoted CARMA(p, p − 1) process in the following, can be written as a scalar
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observation

Jp(s) = b′X(s) (2.6)

of the p× 1 state process X with

X(s) = eAsX(0) +

∫ s

0

eA(s−r)edW (r) (2.7)

where X(0) ∼ N (0,Σ) is independent of the scalar Wiener process W of variance ω2,

A =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1

−ap −ap−1 −ap−2 · · · −a1


, e =



0

0

...

0

1


, b =



b0

b1

...

bp−2

1


and the coefficients aj and bj are defined in Condition 2.2.1 (ii). The covariance

matrix of X(0), and hence X(s), is given by

Σ = E[X(0)X(0)′] = ω2

∫ 0

−∞
e−Aree′e−A

′rdr, (2.8)

the autocovariance function of Jp is γp(r) = E[Jp(s)Jp(s+ r)] = b′eA|r|Σb, and, with

i =
√
−1, the spectral density fp : R 7→ R of Jp satisfies

fJp(λ) =
1

2π

∫ ∞
−∞

e−iλrγp(r)dr =
ω2

2π

|b(iλ)|2

|a(iλ)|2
. (2.9)

It is not hard to see that under Condition 2.2.1, fJp(λ) is a ratio of polynomials in

λ2 with real coefficients of order p and p − 1, respectively. Also, Theorem III.17 of

Ibragimov and Rozanov (1978) implies that the measure of Jp is mutually absolutely

continuous with the measure of J1 for any fixed c = c1 > 0. But the measure of
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J1(·) − J(0) is mutually absolutely continuous with the measure of W , so the same

holds true for Jp(·)− Jp(0).

The state space representation (2.6) and (2.7) is not obviously related to the usual

state space representation of the discrete time ARMA process (2.5). But it turns out

that one can rewrite the latter in the form

xT,t = b′ZT,t + µ (2.10)

ZT,t = (I + A/T )ZT,t−1 + eut (2.11)

where ZT,t ∈ Rp, mimicking (2.6) and (2.7). This is the key step in the proof of

the following theorem, which establishes the large sample relationship between the

GLTU(p) model and the corresponding CARMA(p, p− 1) model Jp.

Theorem 2.2.2 Under Condition 1, the GLTU(p) model satisfies T−1/2(xT,b·T c −

µ)⇒ Jp(·).

2.3 Richness of the GLTU(p) Model Class

In this section we explore the range of large sample persistence patterns that

GLTU(p) models can induce. By Theorem 2.2.2, this amounts to studying the rich-

ness of the CARMA(p, p−1) processes on the unit interval. As discussed in the intro-

duction, we focus on processes that are stationary, and that cannot be distinguished

from a unit root process with certainty, even asymptotically. Thus the question be-

comes: Does there exist a stationary Gaussian process G on the unit interval such

that the measure of G(·)−G(0) is absolutely continuous with respect to the measure

of W , yet G has a substantially different distribution than any CARMA(p, p− 1), for

all finite p?
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The following theorem shows that the answer is no, at least under an additional

technical assumption about the spectral density of G.

Theorem 2.3.1 Let G be a mean-zero continuous time stationary Gaussian process

on the unit interval satisfying

(i) G(·)−G(0) is absolutely continuous with respect to the measure of W , and

(ii) G has a spectral density fG : R → [0,∞) satisfying supλ(1 + λ2)fG(λ) < ∞

and infλ(1 + λ2)fG(λ) > 0.

Then for any ε > 0, there exists a CARMA(pε, pε − 1) process Jpε such that the

total variation distance between the measures of G and Jpε is smaller than ε.

Theorem 2.3.1 asserts that a very large class of stationary Gaussian processes on

the unit interval can be arbitrarily well approximated by a CARMA(p, p−1) process,

at least with sufficiently large p and suitably chosen parameters. In conjunction with

Theorem 2.2.2, this implies that the GLTU(p) class is a nearly unrestricted starting

point for approximating stationary forms of persistence that are not entirely distinct

from the unit root model in large samples. To be precise, suppose the large sample

properties of xT,t are characterized by the convergence ĜT (s) = T−1/2(xT,[sT ] − µ)⇒

G(s). Then there exists a GLTU(pε) model with large sample properties characterized

by Jpε , and for any function ψ(ĜT ) that is sufficiently continuous for the continuous

mapping theorem to hold, the large sample stochastic properties of ψ(ĜT ) are nearly

indistinguishable from those of ψ(Jpε), for all such ψ.

Note that the spectral density of an Ornstein-Uhlenbeck process J1 with mean

reverting parameter c = 1 is given by fJ1(λ) = (2π)−1ω2/(λ2 +1), so that limλ→∞(1+

λ2)fJ1(λ) = ω2/(2π). In fact, it follows from (2.9) that limλ→∞(1 + λ2)fJp(λ) =

ω2/(2π) for any CARMA(p, p− 1) process. Yet the regularity assumption in part (ii)

of Theorem 2 only requires that (1+λ2)fG(λ) is bounded away from zero and infinity

uniformly in λ, but not that it converges as λ → ∞ (so Theorem 2 covers cases

where supλ(1 + λ2)|fG(λ) − fJpε (λ)| is large, even for small ε). It also immediately

48



follows from Theorem III.17 of Ibragimov and Rozanov (1978) that if (1 + λq)fG(λ)

is bounded away from zero and infinity uniformly in λ for some q > 1, then for any

q 6= 2, the measure of G is orthogonal to the measure of J1, and hence the first

assumption in Theorem 2.3.1 is violated. We thus consider assumption (ii) a fairly

mild regularity condition.

The proof of Theorem 2 is involved. We leverage classic results on the mutual

absolute continuity (but not approximability) of Gaussian measures by Ibragimov

and Rozanov (1978) to obtain a bound on the entropy norm between the measures of

a countable set of characterizing random variables {ψj(G)}∞j=1 and those of potential

approximating process in terms of their spectral densities, and then apply a locally

compact version of the Stone-Weierstrass theorem to uniformly approximate fG by

some fJpε . See the appendix for details.

2.4 A Limited-Information Likelihood Framework

In this section we suggest a framework for conducting large sample inference with

the GLTU model. A natural place to start would be the likelihood of Jp. Pham-Dinh

(1977) derives the likelihood but notes that it is “too complicated for practical use”

(page 390). What is more, it wouldn’t be appropriate to treat T−1/2(xT,[·T ] − µ) as a

realization of Jp(·) directly, since Theorem 2.2.2 only establishes weak convergence.

To make further progress, we restrict attention to inference that is a function only of

the N random variables {xT,bjT/Nc}Nj=1, for some given finite integer N .

The following result is immediate from Theorem 2.2.2 and the continuous mapping

theorem.

Corollary 2.4.1 Under Condition 1, for any fixed integer N ≥ 1,

{T−1/2(xT,bjT/Nc − µ)}Nj=1 ⇒ {Jp(j/N)}Nj=1. (2.12)
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An asymptotically justified limited-information likelihood of the GLTU(p) model

is thus given by the likelihood of a discretely sampled CARMA(p, p−1) process. The

number N determines the resolution of the limited-information “lens” through which

we view the original data {xT,t}Tt=1. The convergence in Theorem 2.2.2, and thus in

(2.12), are approximations that show that under a wide range of weak dependence of

ut, Central Limit Theorem type effects yield large sample Gaussianity and a depen-

dence structure that is completely dominated by the long-run dependence properties

of the GLTU(p) model. In finite samples, a large N takes these approximations seri-

ously even on a relatively fine grid, so in general, a large N reduces the robustness of

the resulting inference. At the same time, a small N leads to a fairly uninformative

limited-information likelihood. The choice of N thus amounts to a classic efficiency

vs. robustness trade-off. In our applications, we set N = 50.

As noted in the introduction, there are a number of suggestions in the literature

on how to obtain the likelihood of a discretely sampled CARMA(p, p − 1) process.

One potential difficulty is the computation of covariance matrices involving matrix

exponentials (cf. (2.8)). If the local-to-unity AR roots are distinct, then the com-

panion matrix A is diagonalizable, so one can rotate the system by the matrix of

eigenvectors to avoid this difficulty. But in general, this yield a complex valued sys-

tem, which requires additional care. What is more, one might not want to rule out a

pair of identical local-to-unity AR roots a priori.

We now develop an alternative approach for the computation of the likelihood of

{Jp(j/N)}Nj=1 that avoids these difficulties. To this end, consider the discrete time

Gaussian ARMA(p, p− 1) process

(1− ρT0,1L) · · · (1− ρT0,pL)(x0
T0,t
− µ) = (1− γT0,1L) · · · (1− γT0,(p−1)L)u0

t (2.13)
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for t = 1, . . . , T0, where T0 is large, u0
t ∼ iidN (0, ω2) and ρT0,j, γT0,j are defined below

(2.5). As in (2.10) and (2.11), x0
T0,t

has the state space representation

x0
T0,t

= b′Z0
T0,t

+ µ (2.14)

Z0
T0,t

= ΦT0Z
0
T0,t−1 + eu0

t (2.15)

where ΦT0 = Ip + A/T0 and Ω0
T0

= E[Z0
T0,0

(Z0
T0,0

)′] satisfies vec Ω0
T0

= ω2(Ip2 −ΦT0 ⊗

ΦT0)
−1 vec(ee′).

With T = T0 and ut = u0
t , the model (2.13) clearly satisfies Condition 2.2.1,

so by Corollary 2.4.1, {T−1/2
0 (x0

T0,bjT0/Nc − µ)}Nj=1 ⇒ {Jp(j/N)}Nj=1 as T0 → ∞.

Furthermore, since {x0
T0,t
}T0t=1 is a Gaussian process, this further implies conver-

gence of the corresponding first two moments. Thus, the Gaussian likelihood of

{T−1/2
0 (x0

T0,bjT0/Nc − µ)}Nj=1 approximates the likelihood of {Jp(j/N)}Nj=1 arbitrarily

well as T0 →∞. An accurate approximation to the asymptotically justified limited-

information likelihood for the 2p + 1 parameters µ, ω2, {cj}pj=1 and {gj}p−1
j=1 of the

GLTU(p) model can therefore be obtained from a straightforward application of the

Kalman filter with state (2.15) and observations x0
T0,bjT0/Nc = xT,bjT/Nc, j = 1, . . . , N ,

with all other observations of x0
T0,t

treated as missing. In our applications, we found

that setting T0 = 1000 leads to results that remain numerically stable also for larger

values of T0.

A remaining difficulty is the restriction on the parameters {cj}pj=1 and {gj}p−1
j=1 of

Condition 1 (ii). Here we follow Jones (1981), who noted that under Condition 1 (ii),

one can rewrite a(z) and b(z) as a product of quadratic factors (and a linear factor if

p is odd), where each quadratic factor collapses a potentially conjugate pair of roots

into a quadratic polynomial with positive coefficients. For instance, if c1 = cr1 + ci1i

and c2 = cr1−ci1i with cr1 > 0 and ci1 ∈ R, then (z+c1)(z+c2) = (ci1)2+(cr1)2+2cr1z+z2,

and if c1 and c2 are real and positive, (z + c1)(z + c2) = c1c2 + (c1 + c2)z + z2. Either
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way, the resulting quadratic polynomial is of the form h2
1 + 2h2z+ z2, with h1, h2 > 0,

and in this parameterization c1,2 = h2±
√
h2

2 − h2
1. The same argument applies to the

MA polynomial, so in such a reparameterization, the limited-information likelihood

evaluation as described above involves no complex numbers at all.

2.5 Applications

This section describes two applications of the GLTU(p) model and the limited-

information framework of the last section. The first application considers frequentist

tests of the null hypothesis of no predictability in a regression framework where the

predictor is highly persistent. A large literature has considered this problem in a

framework where the predictor is assumed to follow the LTU model: see, for instance,

Elliott and Stock (1994), Cavanagh, Elliott, and Stock (1995), Campbell and Yogo

(2006), Jansson and Moreira (2006) and Elliott, Müller, and Watson (2015). We

consider the size properties of the popular test by Campbell and Yogo (2006) when

the predictor is in fact generated by the GLTU(2) model. Using the CRSP data set

for the price dividend ratio, we find that empirically plausible values of the GLTU(2)

parameters induce large size distortions.

Our second application concerns the quantification of mean reversion in real ex-

change rates predicted by the theory of purchasing power parity, applied to the long-

span data assembled by Lothian and Taylor (1996).

2.5.1 Predictive Regression with a Persistent Predictor

Let yT,t denote the excess stock return in period t, and let xT,t−1 denote a potential

predictor variable observed at t−1. Campbell and Yogo (2006) consider the regression

yT,t = µy + βxT,t−1 + et, (2.16)
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Figure 2.1: CRSP Price Dividend Ratio and Empirically Plausible Limiting Log-
Spectra

(1− ρTL) (xT,t − µ) = ut (2.17)

where ρT = 1 − c/T for fixed c > 0, and the mean-zero disturbances (et, ut) are

weakly dependent in the sense that T−1/2
b·T c∑
t=1

(et, ut)
′ ⇒ (We,W )′ = W(·)′ with W

a bivariate Wiener process with correlation reu (see Appendix A of Campbell and

Yogo (2006) for a precise statement of the conditions). By construction, Campbell

and Yogo’s (2006) test of the null hypothesis of no predictability H0 : β = 0 against

H1 : β 6= 0 is asymptotically valid under this LTU assumption for the predictor, that

is it rejects a true null hypothesis at most 10% of the times in repeated samples.1

As an empirical illustration, we follow Campbell and Yogo (2006) and consider

the monthly excess return on the NYSE/AMSE value-weighted monthly index for

yT.t and the corresponding price-dividend log-ratio, averaged over the preceding 12

months, for xT.t, constructed from the database of the Center for Research in Security

Prices (CRSP). We update the Campbell and Yogo (2006) data set to 1098 monthly

observations from 1926:1-2018:6. The left panel in Figure 1 plots xT,t.

1Technically, Campbell and Yogo (2006) assume a non-stationary LTU model with zero initial
condition. We find in unreported results that in analogy to the results below, an empirically plausible
GLTU(2) with zero initial condition still induces large size distortions.
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Table 2.1: Four GLTU(2) Parameters and Resulting Null Rejection Probability of
Campbell-Yogo (2006) Test

Example No. 1 2 3 4

Value of c1 70.9 70.0 60.6 29.8

Value of c2 4.4 4.4 11.1 6.0

Value of g1 7.3 11.7 24.3 3.3

Null rejection probability 49.8% 46.6% 41.2% 40.3%

Now suppose that in contrast to Campbell and Yogo’s assumption, xT,t follows a

GLTU(2) model

(1− ρT,1L)(1− ρT,2L)(xT,t − µ) = (1− γT,1L)ut

and Condition 1 holds. To obtain plausible parameters of the GLTU(2) model, we first

maximize the limited-information likelihood as described in Section 2.4 in the p = 1

LTU model, yielding a value of c equal to 24.0. Call values of {c1, c2, g1} “empirically

plausible” for the GLTU(2) model if the profiled value over µ and ω2 of the limited-

information likelihood is within two log-points of the LTU maximum likelihood. For

such values, consider a data generating process with T = 1098, β = 0, (et, ut)
′ i.i.d.

mean-zero normal and correlation equal to reu = −0.951, which is the value of reu

estimated by Campbell and Yogo’s procedure under the LTU model assumption.

Under this GLTU(2) data generating process, we compute the rejection probability

of Campbell and Yogo’s (2006) nominal 10% level two-sided test of no predictability

(the test is invariant to translation shifts and scale transformations of yT,t and xT,t, so

the variances of et and ut, as well as the means µ and µy are immaterial). Since β = 0

in the data generating process, numbers larger than 10% indicate size distortions. In

Table 1, we report the parameter values for four fairly distinct empirically plausible

GLTU(2) parameters that induce severe size distortions. The right panel in Figure

1 plots the corresponding log spectral densities of the limiting CARMA(2,1) model,
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Figure 2.2: Bayesian Limited-Information Analysis of US/UK Real Exchange Rates

along with the limiting Ornstein-Uhlenbeck process with c = 24.0, that is at the

limited-information MLE.

We conclude from this exercise that the LTU model is not well suited for generic

persistence modelling: Empirically plausible deviations from the LTU model grossly

invalidate inference.

2.5.2 Persistence of Deviations from Purchasing Power Par-

ity

Lothian and Taylor (1996) assembled long-term data on the log US/UK real ex-

change rate from 1791 to 1990 and estimated half-life deviations of approximately 6

years based on an AR(1) specification. We consider the same data extended2 through

2016, xT,t, and plotted in the left panel of Figure 2. We are interested in quantify-

ing for how long deviations from purchasing power parity persist assuming that the

exchange rate xT,t follows a GLTU(p) model.

The traditional definition of the half-life is based on the impulse response of the

Wold innovation to xT,t, which in general depends not only on the GLTU(p) param-

2The extension is based on the FRED series DEXUSUK, SWPPPI and WPSFD49207 for recent
values of the exchange rate, and UK and US producer price indeces.
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eters {cj} and {gj}, but also on the short-run dynamics of ut. See, for instance,

Andrews and Chen (1994), Murray and Papell (2002) or Rossi (2005). At the same

time, as discussed in Taylor’s (2003) survey, the literature on real exchange rates em-

phasizes mean reversion in the long run, and often applies corresponding augmented

Dickey-Fuller regressions, which in the context of the LTU model amount to inference

about c (also see Murray and Papell (2005) and Stock (1991)).

Impulse responses are most meaningful in the context of a structural model, where

innovations are given an explicit interpretation. But the structural interpretation of

Wold innovations to the real exchange rates is not obvious. We therefore define the

half-life in terms of the following thought experiment: Given the model parameters,

suppose we learn that the value of the stationary process xT,t at the time t = 0 is

one unconditional standard deviation above its mean, but we don’t observe any other

values of xT,t. What is the smallest horizon τ such that the best linear predictor of

xT,t given xT,0 is within 1/2 unconditional standard deviations of its mean, for all

t ≥ τ?

The best linear predictor of xT,t given xT,0 is proportional to the correlation be-

tween xT,0 and xT,t. Assuming that ut has more than two moments, Theorem 1

implies that

T−1E[xT,0xT,bsT c]→ E[Jp(0)Jp(s)] = b′eA|s|Σb

so that we obtain the large sample approximation

τ ≈ T inf
r
{r :

b′eA|s|Σb

b′Σb
≤ 1/2 for all s ≥ r}. (2.18)

For p = 1, that is in the LTU model, this definition of a half-life is equivalent to the

half-life of the impulse response relative to the “long-run” shock ut, which in large

samples becomes the impulse response function of J1. But for p > 2, this equivalence

breaks down, since the impulse response function of Jp is equal to 1[s ≥ 0]b′eAse (cf.
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(2.6) and (2.7)), while the autocovariance function is b′eA|s|Σb. The definition (2.18)

also differs from measuring the decay of deviations by the the sum of autoregressive

coefficients in the AR(∞) representation, which in a GLTU model equals to 1−dT/T

with dT → d = a(0)/b(0) =
∏p

j=1 cj/
∏p−1

j=1 gj (as implied by (2.9)).

In order to avoid evaluating the matrix exponential in (2.18), note that b′eA|s|Σb

can be arbitrarily well approximated by the autocovariance function of the discrete

stationary state space system (2.14) and (2.15) as T0 →∞, so that

τ ≈ T inf
r
{r :

b′Φ
bsT0c
T0

Ω0
T0

b

b′Ω0
T0

b
≤ 1/2 for all s ≥ r}. (2.19)

We again find that choosing T0 = 1000 generates numerically stable results.

We consider the GLTU model with p = 1, 2, · · · , 5, and conduct inference based

on the limited-information likelihood for N = 50 as introduced in Section 2.4. We

employ the h parameterization of {cj}pj=1 and {gj}p−1
j=1 as discussed there, collected in

the vector h = (hc1, . . . , h
c
p, h

g
1, . . . , h

g
p−1)′ ∈ Rp×Rp−1, where for p odd, cp = 2hcp, and

for p even, gp−1 = 2hgp−1. We restrict each element in h to be in the interval (0, 40],

so that the real components of all cj and gj are smaller than 80 (a root with c = 80

implies very fast mean reversion, with a half-life of (ln 2)T/80 ≈ 1.96 years). We

choose the usual improper uninformative priors for the location and scale parameters

µ and ω2. Let τ(h) be the half-life in (2.18) implied by a given value of h. Then we

let the prior on h be proportional to g(τ(h)), where the function g : R 7→ [0,∞) is

such that the implied prior distribution of τ(h) is uniform on the interval [3, 50]. In

this way, the prior on the object of interest τ(h) is controlled and independent of p.

(In practice, g is computed by generating many draws from a prior with g = g0 for

some initial guess g0, and g is then given by 1[3 ≤ τ(h) ≤ 50]g0(τ(h)) divided by a

kernel estimate of the resulting density of τ(h).)
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Table 2.2: Bayesian Limited-Information Analysis of US/UK Real Exchange Rates

p = 1 2 3 4 5

Maximal log-likelihood 28.4 30.7 33.1 36.2 37.5

Post. median half-life 6.3 23.7 26.4 27.1 26.4

90% posterior interval (3.6; 21.2) (4.1; 47.0) (8.1; 46.3) (5.4; 45.9) (9.5; 45.7)

The posterior is obtained by a standard Gibbs sampler with a random walk

Metropolis-Hastings step for h. With the Kalman filter approximation to the limited-

information likelihood of Section 2.4 and the corresponding half-life approximation

(2.19), evaluation is very fast and it only takes minutes to generate 100,000 draws,

even for p = 5.

The last two rows of Table 2 provide summary statistics for the posterior half-

life for 1 ≤ p ≤ 5, and the right panel of Figure 2 plots the posterior densities.

For p = 1, the posterior for the half-life is unimodal with a mode of around 4.5

years and a median of 6.3, more or less in line with the original results of Lothian

and Taylor (1996). But letting p > 1 leads to posteriors with much more mass at

substantially longer half-lives. This accords qualitatively with Murray and Papell’s

(2005) finding of longer half-life point estimates when allowing for many lags in the

autoregression, although their half-lives are computed from impulse responses or sums

of autoregressive coefficients, and are thus not directly comparable.

Remarkably, the posterior densities in Figure 2 for p = 3, 4, 5 are very similar to

each other. It seems that once the model is flexible enough, the implications settle,

with a posterior mode of the half-life at around 25 years. The maximized values of

the log-likelihood is more than 4.7 log-points larger for p ≥ 3 compared to p = 1,

suggesting that the additional flexibility provided by the GLTU model is preferred

by the data.3 Overall, these results suggest that deviations from purchasing power

3More formally, the low-frequency stationarity test LFST of Müller and Watson (2008) rejects
the null hypothesis of stationarity of the LTU innovations yt− (1− ĉMLE/T )yt−1 at the 5% level for
10 ≤ q ≤ 50 (q = 10 corresponds to testing stationarity for frequencies below 45 year cycles, and
q = 50 corresponds to frequencies below 9 year cycles).
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parity are considerably more persistent than an analysis based on the LTU model

suggests.

2.6 Conclusion

This chapter introduces the GLTU(p) model as a natural generalization of the

popular local-to-unity approach to modelling stationary time series persistence. The

main theoretical result concerns the richness of this model class: The asymptotic

properties of a very large class of persistent processes can be well approximated by

some GLTU(p) model. What is more, we suggest a straightforward approximation to

the limited-information asymptotic likelihood of the GLTU(p) model. The GLTU(p)

model thus seems a convenient starting point for the modelling of persistent time

series in macroeconomics and finance.
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Chapter 3

Measuring Persistence of

Macroeconomic Time Series:

Evidence from the

Jordá-Schularick-Taylor

Macrohistory Database

3.1 Introduction

This chapter empirically investigates a basic and important feature of business

cycle fluctuations: The persistence of macroeconomic time series. By “persistent” I

mean the low-frequency variability is a large, sometimes dominant, source of the over-

all temporal variability in a time series. This low-frequency variability or persistence

has been an important and ongoing empirical issue in macroeconomics. Nelson and

Plosser (1982) sparked the debate in macroeconomics by arguing that stochastic vari-

ations due to persistent real factors were an essential element of any model of macroe-
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conomic fluctuations. The interest in persistence of deviations from Purchasing Power

Parity (PPP) arose naturally since Rogoff (1996). Moreover, some important rela-

tions among macroeconomic variables are expected to hold over long horizons, such

as the so-called balanced growth relations, which refer to consumption-income and

investment-income ratios. A common examination of these relations focuses on the

persistence of their residuals.

Standard measures of persistence include the magnitude of the largest autoregres-

sive roots in the individual series and in the residual from the long-run relation (see,

for instance, Stock and Watson (1999)), and the so-called half-life under various defi-

nitions (see, for instance, Andrews and Chen (1994), Murray and Papell (2002, 2005)

or Rossi (2005)). These two types of persistence measures essentially impose the as-

sumption that the long-range persistence patterns of the underlying time series are of

the AR(1) type. Moreover, methods for estimation of and inference about these per-

sistence measures rely on the so-called local-to-unity (LTU) asymptotic framework (cf.

Bobkoski (1983), Cavanagh (1985), Chan and Wei (1987), Phillips (1987)). Partly,

this is because of the following two observations: First, for many macroeconomic time

series tests for an autoregressive unit root are often inconclusive, or rejections are not

exceedingly significant; Second, it is impossible to perfectly discriminate between a

LTU process and a unit root process, even in large samples.

But it is not clear that the particular AR(1) form of long-range dependence should

adequately model the persistence properties of macroeconomic time series. In fact,

the LTU model is not the only persistence model with the feature as mentioned

above, even with attention restricted to stationary models. On the other hand, Dou

and Müller (2019) recently propose a more flexible asymptotic framework called the

generalized local-to-unity model, GLTU(p), for the modelling of persistent time series.

They show that the GLTU(p) class is a nearly unrestricted starting pointing for

approximating stationary forms of persistence that are not entirely distinct from the
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unit root model in large samples. They also suggest a limited-information framework

for likelihood based inference with the GLTU(p) model.

The purpose of this chapter is to examine and document the persistence of

macroeconomic time series from a compiled long-run cross-country dataset, the Jordá-

Schularick-Taylor Macrohistory Database (cf. Jordà, Schularick, and Taylor (2017)),

in the GLTU(p) model. To that end, I apply Dou and Müller’s limited-information

likelihood framework to conduct Bayesian inference about appropriately defined per-

sistence measures, and compare them with those standard measures as mentioned

above. As a byproduct, this chapter also provides empirical researchers a user’s guide

to the econometric framework of Dou and Müller (2019), and examines the numerical

stability of their framework with real data.

It is found that allowing for the generality in modelling long-range dependence can

substantially alter quantitative statements about the persistence of macroeconomic

time series. As a guide for practitioners, I recommend using a measure of half-life, as

proposed by Dou and Müller (2019), in conjunction with the GLTU(p) model to gauge

the persistence of macroeconomic time series. The suggested procedure is numerically

stable throughout exercises conducted in this chapter.

The remainder of the chapter is organized as follows: Section 3.2 introduces the

data-generating process (DGP) considered and the measures of persistence used. Sec-

tion 3.3 describes the method to construct point estimates and credible intervals for

the persistence measures. Section 3.4 explains the data used and necessary transfor-

mations taken. Section 3.5 discusses the empirical results, and Section 3.6 concludes.

3.2 Models and Measures of Persistence

Let the DGP for the observed time series, yt, be

yt = dt + ut, t = 1, . . . , T (3.1)
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where dt is a deterministic component that can be modelled as a constant dt = µ or

as a constant plus linear trend dt = µ0 + µ1t. This chapter focuses on measuring the

persistence of the stochastic component ut, which is modelled as a triangular array

process in the GLTU(p) class

(1− ρT,1L)(1− ρT,2L) · · · (1− ρT,pL)uT,t = (1− γT,1L) · · · (1− γT,(p−1)L)εt, (3.2)

where ρT,j = 1− cj/T and γT,j = 1− gj/T . I follow Dou and Müller (2019) to make

the following assumptions about the building blocks of uT,t.

Condition 3.2.1 (i) The innovations {εt}∞t=−∞ are mean-zero covariance stationary

with absolutely summable autocovariances and satisfy T−1/2
∑b·T c

t=1 εt ⇒ W (·), where

W (·) is a Wiener process of variance ω2.

(ii) The parameters {cj}pj=1 and {gj}p−1
j=1 do not depend on T and have positive

real parts. They can be complex valued, but if they are, then they appear in conjugate

pairs, so that the polynomials a(z) =
∏p

j=1(cj + z) = zp +
∑p

j=1 ajz
p−j and b(z) =∏p−1

j=1(gj + z) = zp−1 +
∑p−2

j=0 bjz
j have real coefficients.

(iii) For all T , the process {uT,t}∞t=−∞ is covariance stationary.

It is shown by Dou and Müller (2019) that under Condition 3.2.1, the GLTU(p)

model satisfies

T−1/2uT,b·T c ⇒ Jp(·), (3.3)

where Jp is a mean-zero stationary continuous time Gaussian ARMA(p, p − 1) pro-

cess with parameters {cj}pj=1, {gj}p−1
j=1 and ω2 of Condition 3.2.1 (ii) (denoted by

CARMA(p, p− 1) process in the following). Following Brockwell (2001), the process

Jp can be written as a scalar observation

Jp(s) = b′X(s) (3.4)
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of the p× 1 state process X with

X(s) = eAsX(0) +

∫ s

0

eA(s−r)edW (r) (3.5)

where X(0) ∼ N (0,Σ) is independent of the scalar Wiener process W of variance ω2,

A =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1

−ap −ap−1 −ap−2 · · · −a1


, e =



0

0

...

0

1


, b =



b0

b1

...

bp−2

1


and the coefficients aj and bj are defined in Condition 3.2.1 (ii). The covariance

matrix of X(0), and hence X(s), is given by

Σ = E[X(0)X(0)′] = ω2

∫ 0

−∞
e−Aree′e−A

′rdr, (3.6)

the autocovariance function of Jp is γp(r) = E[Jp(s)Jp(s+ r)] = b′eA|r|Σb.

Now I discuss two measures of persistence as proposed by Dou and Müller (2019).

The first measure is the sum of autoregressive coefficients in the AR(∞) representa-

tion, which in the GLTU(p) model (3.2) equals to

αT = 1− dT/T ≈ 1− T−1a(0)/b(0) = 1− T−1

p∏
j=1

cj/

p−1∏
j=1

gj (3.7)

for large T . This can be seen directly from the augmented Dickey-Fuller represen-

tation of (3.2), assuming uncorrelated innovations {εt}∞t=−∞. Note that for p = 1,

this measure reduces to the largest autoregressive root in the LTU model, so it is a

generalization of that standard measure by accounting for more flexible patterns of

low-frequency variability. It is also noted that short-run dynamics are not taken into
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account in this persistence measure (and are whitened asymptotically, as implied by

(3.7)), so αT captures only long-run persistence in large samples.

The second measure used in this chapter is the half-life defined in terms of the

following thought experiment: Given the model parameters, suppose we learn that

the value of the stationary process uT,t at the time t = 0 is one unconditional standard

deviation above its mean, but we don’t observe any other values of uT,t. What is the

smallest horizon τ such that the best linear predictor of uT,t given uT,0 is within 1/2

unconditional standard deviations of its mean, for all t ≥ τ? Specifically, assuming

that εt has more than two moments, (3.3) implies that

T−1E[uT,0uT,bsT c]→ E[Jp(0)Jp(s)] = b′eA|s|Σb.

Because the best linear predictor of uT,t given uT,0 is proportional to the correlation

between uT,t and uT,0, the large sample approximation to τ is

τT ≈ T inf
r
{r :

b′eA|s|Σb

b′Σb
≤ 1/2 for all s ≥ r}. (3.8)

Note that this definition differs from the traditional ones that are based on the

impulse response of the Wold innovation to uT,t. As mentioned by Dou and Müller

(2019), it is often not obvious what the structural interpretation of Wold innovations

to uT,t would be in applications, for example, when yt is the log of real exchange

rate and is modelled as a GLTU(p) process. As a result, impulse responses as well

as their induced measures of the half-life in those contexts are not meaningful. The

definition (3.8) of the half-life, however, does not rely on any structural models. It is

also noted that, for p = 1, the definition (3.8) is equivalent to the (asymptotic) half-

life of the impulse response by ignoring short-run dynamics in εt, (ln 2)T/c1, where

c1 is the LTU parameter. But these two definitions differ for p > 2: The impulse
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response function of Jp is equal to 1[s ≥ 0]b′eAse (cf. (3.4) and (3.5)), while the

autocovariance function is b′eA|s|Σb.

In Section 3.5, I report persistence measures using the above two definitions for

p = 1, 2, 3, 4, 5, which nest the two standard measures defined in the LTU model. I

then compare them and illustrate empirical relevance of the GLTU(p) class beyond

the LTU model.

3.3 Econometric Method

After introducing the model and discussing two measures of persistence, I address

the issue of how to conduct inference. A natural place to start would be the methods

that are known to produce valid confidence intervals for standard measures of persis-

tence in the LTU model. Given that all of the aforementioned standard measures are

monotone functions of the parameter c1 in the LTU model, those methods amount to

constructing valid confidence intervals for c1 which cannot be consistently estimated

(as implied by the fact that the LTU model cannot be perfectly discriminated from

the unit root model).1

The extensions of those methods are, however, not obvious in the GLTU(p) model,

especially for constructing valid confidence intervals about the two persistence mea-

sures introduced in Section 3.2. After all, for p > 1, the parameters {cj}pj=1, {gj}p−1
j=1

are allowed to take complex values as in Condition 3.2.1 (ii), so no natural ordering

exists between two different sets of parameters. Moreover, the two persistence mea-

sures are not necessarily monotone functions of {cj}pj=1, {gj}p−1
j=1 for p > 1. It is thus

not clear what the end points of the confidences sets for {cj}pj=1 and {gj}p−1
j=1, should

they be achievable, imply for confidence intervals of αT and τT .

To make progress, I borrow from Dou and Müller (2019) the limited-information

likelihood framework and conduct Bayesian inference about the two persistence mea-

1See, for instance, Mikusheva (2007) for an overview of uniform inference in the LTU model.
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sures αT and τT . First of all, by the continuous mapping theorem, an immediate

implication of (3.2) and (3.3) is that for any fixed integer N ≥ 1,

{T−1/2(yT,bjT/Nc − dbjT/Nc)}Nj=1 ⇒ {Jp(j/N)}Nj=1. (3.9)

It follows that the likelihood of the discretely sampled CARMA(p, p − 1) process Jp

provides an asymptotically justified limited-information likelihood of the GLTU(p)

model. The choice of N specifies the extent of “limited-information” and reflects

a classic efficiency vs. robustness trade-off: A small N utilizes less observations

but renders more flexibility in modelling weak dependence structure of εT,t, as long as

Condition 3.2.1 holds and asymptotics kick in; A large N takes (3.9) more seriously in

finite samples but reduces the robustness of the resulting inference. For the empirical

examinations in this chapter, I follow Dou and Müller (2019) to set N to 50.

The evaluation of the likelihood of a discretely sampled CARMA(p, p−1) process

is, however, not straightforward. Partly, this is because that for p > 1, the parameters

{cj}pj=1, {gj}p−1
j=1 are allowed to take complex values, so is the companion matrix A,

and more importantly the state process X in (3.5). What is more, the evaluations

of the stationary covariance matrix Σ in (3.6) are not straightforward with matrix

exponentials involved. Even for cases when the parameters {cj}pj=1 are distinct, more

careful treatments need to be taken, needless to mention that there is no good reason

to rule out potentially identical parameters a priori.2

To avoid all these difficulties, Dou and Müller (2019) suggests to leverage on the

limit result (3.9), together with a novel state space representation of the original

2See Jones (1981) for cases where {cj}pj=1 are distinct and a rotation strategy can be taken
to avoid the complication. Also, see Dini and Mandic (2012) for a general discussion of a robust
scheme called widely linear complex Kalman filter for signal extraction in systems with complex
valued states.
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GLTU(p) formulation

yT,t = b′ZT,t + dt (3.10)

ZT,t = (I + A/T )ZT,t−1 + eεt (3.11)

where ZT,t ∈ Rp. In particular, for fixed {cj}pj=1, {gj}p−1
j=1 and thus ρT0,j = 1 −

cj/T0, j = 1, . . . , p and γT0,j = 1− gk/T0, k = 1, . . . , p− 1, consider the discrete time

Gaussian ARMA(p, p− 1) process

(1− ρT0,1L) · · · (1− ρT0,pL)(y0
T0,t
− dt) = (1− γT0,1L) · · · (1− γT0,(p−1)L)ε0t (3.12)

for t = 1, . . . , T0, where T0 is sufficiently large and ε0t ∼ iidN (0, ω2). Two implications

are immediate. First, as Condition 3.2.1 holds for (3.12), similar to (3.9),

{T−1/2
0 (y0

T0,bjT0/Nc − dbjT0/Nc)}
N
j=1 ⇒ {Jp(j/N)}Nj=1. (3.13)

As a result, the likelihood of {T−1/2
0 (y0

T0,bjT0/Nc− dbjT0/Nc)}
N
j=1 approximates the like-

lihood of {Jp(j/N)}Nj=1 arbitrarily well (pointwisely) as T0 → ∞. (This is mainly

due to the joint Gaussianity of {y0
T0,t
}T0t=1, as well as the convergence of the first two

moments implied by (3.13).) Second, by (3.10) and (3.11), y0
T0,t

has the state space

representation

y0
T0,t

= b′Z0
T0,t

+ dt (3.14)

Z0
T0,t

= ΦT0Z
0
T0,t−1 + eε0t (3.15)

where ΦT0 = Ip + A/T0 and Ω0
T0

= E[Z0
T0,0

(Z0
T0,0

)′] satisfies vec Ω0
T0

= ω2(Ip2 −ΦT0 ⊗

ΦT0)
−1 vec(ee′). In contrast to the state space representation (3.4) and (3.5) of Jp,

the state variable Z0
T0,t

is real valued and the computation of the covariance matrix
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Ω0
T0

is straightforward.3 A direct application of the conventional Kalman filter gives

rise to an asymptotically justified approximation to the limited-information likelihood

for the parameters ω2, {cj}pj=1 and {gj}p−1
j=1 of the GLTU(p), and those in dt. I follow

Dou and Müller (2019) to use T0 = 1000 throughout this chapter.

In actual implementations of the above scheme, two extra things are noteworthy.

First, to avoid dealing with parameter spaces of complex numbers, it is helpful to

follow Jones (1981) to reparametrize the parameters {cj}pj=1, {gj}p−1
j=1 of Condition

3.2.1 (ii) such that a(z) and b(z) are products of quadratic factors (and a linear

factor if p is odd), where each quadratic factor collapses a potentially conjugate pair

of roots into a quadratic polynomial with positive coefficients. Specifically, for each

conjugate pair cj and ck (or a selected pair of real parameters without replacement

if no conjugate pairs appear), consider hj and hk such that hj =
√
cjck and hk =

(cj + ck)/2. In this way, (z + cj)(z + ck) = z2 + 2hkz + h2
j , and Condition 3.2.1

(ii) ensures strictly positiveness of the real valued parameters hj and hk without

further constraints. Second, we are applying Kalman filter to a discrete system with

state (3.15) and observations y0
T0,bjT0/Nc = yT,bjT/Nc, j = 1, . . . , N , and with all other

observations of y0
T0,t

treated as missing. This also works even if the original data say

yT,bjT/Nc is unavailable for some j, because the Kalman filter can easily incorporate

missing observations.

Now I begin describing the Bayesian inference procedure for the two persistence

measures αT and τT , based on the above limited-information likelihood framework.

First of all, note that a useful byproduct of the above framework is an asymptotically

3In fact, to obtain more precise computations, consider the eigenvalue decomposition of ΦT0
=

QT0
ΛT0Q−1T0

, then (Ip2 − ΦT0
⊗ ΦT0

)−1 vec(ee′) = (QT0
⊗ QT0

) (Ip ⊗ Ip −ΛT0
⊗ΛT0

)
−1

(Q−1T0
⊗

Q−1T0
) vec(ee′) = (QT0

⊗ QT0
) (Ip ⊗ Ip −ΛT0

⊗ΛT0
)
−1

vec
(
Q−1T0

ee′Q−1T0

)
. I am grateful to Ulrich

Müller for teaching me this trick.
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justified and computationally easy approximation to the persistence measure

τT ≈ T inf
r
{r :

b′Φ
bsT ′0c
T ′0

Ω0
T ′0

b

b′Ω0
T ′0

b
≤ 1/2 for all s ≥ r}, (3.16)

where T ′0 is sufficiently large and can be chosen differently from T0 as in the limited-

information likelihood approximation. Dou and Müller (2019) claims that T ′0 = 1000

generates numerically stable results so I will stick to that in this chapter.

Second, for a formal (limited-information) Bayesian inference, one has to specify

prior distributions for the parameters in dt, ω
2, and the collection of reparametrized

{cj}pj=1 and {gj}p−1
j=1 as the vector h = (hc1, . . . , h

c
p, h

g
1, . . . , h

g
p−1)′ ∈ Rp × Rp−1, where

for p odd, cp = 2hcp, and for p even, gp−1 = 2hgp−1. Standard improper prior is used

for ω2 such that the resulting conditional posterior distribution is inverse-Gamma.

Throughout empirical exercises in this chapter, dt is assumed to be a constant µ

with a standard improper prior imposed such that the resulting conditional posterior

distribution is normal.4 There is nearly no reference for the prior on h in the literature

so I follow Dou and Müller (2019) to impose an implicit prior (independent of p) on

h. Specifically, the prior on h is assumed to be proportional to g(τT (h)), where

the function g : R 7→ [0,∞) is such that the implied prior distribution of τT (h)

is uniform on the interval [3, 50]. (In practice, g is computed by generating many

draws from a prior with g = g0 for some initial guess g0, and g is then given by

1[3 ≤ τT (h) ≤ 50]g0(τT (h)) divided by a kernel estimate of the resulting density of

τT (h).)

Lastly, in actual implementations, each component of h is restricted to be in

the interval (0, 40], where 40 corresponds to a very fast mean reversion in the LTU

model with parameter 80. With the above specified prior distributions, I obtain the

posterior using a Gibbs sampler: The µ and ω2 blocks are sampled with above known

4In the case that dt = µ0 + µ1t, standard improper priors on (µ0, µ1)′ lead to a bivariate normal
conditional posterior distribution. But normality breaks down when dt is nonlinear in parameters.
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distributions, respectively;5 The h block is sampled with a random walk Metropolis-

Hastings algorithm by making use of (independent) mean-zero normal distributions

as jump proposals for each element of h. The jump size is chosen differently for each

empirical examination. (For convergence of the resulting MCMC chain, it requires

trials-and-errors to obtain a suitable jump size. In practice, I run multiple chains

of 8000 draws with different jump sizes, discard their first 4000 as burn-in draws,

and then choose the smallest jump size such that the induced acceptance rate in the

Metropolis-Hastings step is between 0.2 and 0.5. After that, I generate 100000 draws

using the selected jump size and discard the first 50000 draws.)

3.4 Data Description

The data used in this chapter are from the Release 4 of the Jordá-Schularick-Taylor

Macrohistory Database in May 2019. It is a compiled long-run macro-financial dataset

that covers 17 advanced economies since 1870 on an annual basis. In this chapter, I

examined 9 macroeconomic time series for all the 17 economies: Real GDP, aggregate

inflation, spreads between long-term and short-term interest rates, real exchange rate

(local currency/USD), real housing prices, consumption-income ratio, investment-

income ratio, public debt-to-GDP ratio and the total loan-to-GDP ratio (loan to

non-financial private sector). Table 3.1 gives a detailed per variable and per country

overview of the coverage for the 13 original data series as needed in constructing the

above 9 variables.6 Precise descriptions of and sources of each data series per country

appear in the JST Dataset R4 documentation.

5For given ω2 and GLTU parameters, analytic expressions for E
[
µ|ω2,h, {yT,t}Tt=1

]
and

Var
[
µ|ω2,h, {yT,t}Tt=1

]
can be obtained. In the case that dt is a time trend, element by element, one

can numerically identify the mean vector and covariance matrix of (µ0, µ1)′. Details are omitted for
brevity. A even cleaner approach is to augment the state variables in (3.15) by including µ (constant
case) or (µ0, µ1)′ (trend case). The outputs in the last step of that Kalman filter are the objects of
interest. I thank Mikkel Plagborg-Møller for this observation.

6Table 3.1 updates part of Table 1 in Jordà, Schularick, and Taylor (2017) with an extended
sample and with corrections for previous reporting errors.
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The 9 series were subject to a preliminary screen for outliers and then transformed.

Specifically, aggregate inflation rates during the hyperinflation period of 1915 to 1924

were excluded for Germany; aggregate inflation rates during the (post) World War

II period of 1945 to 1948 were excluded for Japan; aggregate inflation rates during

the World War I period of 1917 to 1918 were excluded for Finland. After these, I

follow Section 4 in Müller and Watson (2008) to transform the 9 time series and

focus on measuring the persistence of the remaining stationary component. The

transformations used depends on the series: Linearly detrended logarithms of real

GDP and real housing prices are used,7 while logarithms of the remaining variables

or indicated ratios are used.8 Moreover, since the econometric method elaborated in

Section 3.3 can incorporate missing observations, I do not apply special treatments

to the unavailable data points as summarized in Table 3.1. Also, for asymptotic

arguments outlined in Section 3.3 to be sensible, I use T = 147, the full time span of

the Jordá-Schularick-Taylor Macrohistory dataset, for all series under consideration.

3.5 Empirical Results

Table 3.2 reports the 5th, 50th and 95th percentiles of αT for p = 1, which as

mentioned earlier, corresponds to percentiles of the largest autoregressive roots in the

LTU model. In general, the magnitudes of the reported αT for the U.S. turn out to

be large, even relative to those computed using U.S. quarterly data (cf. Stock and

Watson (1999)). This can be attributed to the fact that a uniform prior distribution

for τT over [3, 50] implicitly induces a lower bound of approximately 0.77 for αT

under T = 147. It would also be interesting to see how the computed αT vary as

7For real DGP and real housing prices, I should have executed the implementations under the
assumption that dt = µ0 + µ1t, and treated both µ0 and µ1 as unknowns. But I was not aware
of footnote 5 and overclaimed the difficulty under dt = µ0 + µ1t in an earlier version. The results
following the suggestions in footnote 5 would be updated in near future.

8The Hodrick-Prescott filter were used to detrend logarithms of all data series in Jordà, Schu-
larick, and Taylor (2017), so their reported persistence (first-order autocorrelation) is not directly
comparable to those in this chapter.
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the resolution of “limited-information” lens (controlled by N) changes. I leave this

investigation and the scrutiny of prior sensitivity for future studies.

In line with the consensus of the literature, aggregate inflation has a very high

degree of persistence for almost all economies under consideration, except for Japan.

However, in contrast to what was documented in earlier literature (see, for instance,

Stock and Watson (1999)), the long-short interest rate spread as well displays high

persistence, especially for France, Finland, Denmark, Belgium and Canada. What’s

more, high persistence remains for putative cointegration error correction terms in-

volving consumption, income, and investment, for almost all economies in the sam-

ple. This does not line up perfectly with the simple balanced growth predictions.

For the U.S., the large increase in the consumption-income ratio over the 1985-2004

period were pointed out as an apparent explanation for the high persistence of the

consumption–income relationship (see, for instance, Section 4.3 in Müller and Watson

(2008)).

Tables 3.3 and 3.6 report the 5th, 50th and 95th percentiles of αT , for p = 2

and 5 respectively. Similar tables of αT for p = 3, 4 are collected in Appendix C.

Comparing these tables with Table 3.2, two things are noteworthy: First, the 90%

posterior intervals for αT get wider in general as more generality of modelling is

allowed for each series (p gets larger). This is not surprising given a fixed sample

size T = 147 and the non-negligible number of missing data points for several series,

as documented in Table 3.1. Second, the 5th percentiles of αT are uninformative

(downcoded by 0) for many series under consideration for p = 5. This reflects a

numerical drawback of using αT as a persistence measure in the GLTU(p) model for

a relatively large p: For a given sample size T , αT as in (3.7) would fall below 0 as

long as the term
∏p−1

j=1 gj is an order of magnitude smaller than
∏p

j=1 cj. But with no

further restrictions on the parameter space, this cannot be avoided numerically.
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Table 3.4 shows the 5th, 50th and 95th percentiles of τT for p = 1, which is

equivalent to standard measures of the half-life in the LTU model without consider-

ing short-run dynamics. The persistence of (log) real exchange rate is of particular

interest given a large literature on examining deviations from PPP. For p = 1, the

reported τT for that variable is more or less in line with the exiting literature (see, for

instance, Rossi (2005)), with few exceptions as Sweden, Japan, Finland and Belgium.

But, as can be seen from Table 3.5, much more mass has been put in posteriors on

longer half-lives for almost all countries in the GLTU(2) model. This accords Dou

and Müller’s (2019) finding, which is based on a longer sample of the US/UK real

exchange rate only.

Surprisingly, as shown in Tables 3.5, C.2, C.4 and 3.7, for most of the macroe-

conomic series under consideration, percentiles of τT remain numerically similar for

p = 2, 3, 4, 5. But they are substantially different from when p = 1. This empir-

ical observation further substantiates the motivation of this chapter and Dou and

Müller (2019): AR(1) form of long-range dependence may not adequately model the

persistence properties of a generic macroeconomic time series. That being said, the

GLTU(p) model with a relatively large p may also lead to numerical instabilities, like

the 5th percentiles of αT for p = 5 as in Table 3.6. But our empirical results suggest

that τT is reasonably stable, even for p = 5.

3.6 Concluding Remarks

This chapter examines the persistence of macroeconomic time series based on

the Jordá-Schularick-Taylor Macrohistory Database. It is found that quantitative

statements about the persistence of macroeconomic time series can be substantially

altered, when more general long-range dependence modelling other than the usual
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AR(1) form is allowed. In practice, I recommend computing the persistence measure

τT as in (3.16) within the econometric framework of Dou and Müller (2019).

There is still much work to do on persistence measuring. First of all, as is well

known, the limiting result (3.3) would continue to hold as long as the time variation

in variances of the driving disturbances {uT,t}∞t=−∞ is a stationary short-memory

process. But this is often not the case for macroeconomic time series, that is, there

seems to be much low-frequency variability in the second moment (cf. Müller and

Watson (2008)). This can be arguably relevant for the empirical exercises conducted

in this chapter, because the Jordá-Schularick-Taylor macrohistory sample spans over

a long enough period on an annual basis. To make progress along this direction,

one can consider a version of the GLTU(p) model with low-frequency heteroskedastic

driving disturbances in their natural moving average representations, as Müller and

Watson (2008) did for many alternative models of low-frequency variability. It seems

that the half-life measure used in this chapter and the limited-information likelihood

framework can as well be adapted to that new model. I leave this for future research.

Second, it is natural to ask how to choose p for a given series in the GLTU(p)

class. In a Bayesian framework, this sort of model comparison can be investigated by

using Bayes factors. But the computations are not straightforward given the implicit

prior I used for h. Alternatively, a formal statistical test needs to be developed in

order to discriminate between different GLTU(p) models, which is nontrivial due to

presence of (at least one) nuisance parameters that cannot be consistently estimated.
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Appendix A

Appendices for Chapter 1

A.1 Proofs in Section 1.3

Before proving Theorem 1.3.2, I make some additional notations. Let {Zj}nj=0 be

n+1 i.i.d. standard normal random variables throughout this section. For ζ ∈ Rn
+ and

n ≥ 1, let Jn(ζ) = P
(
Z2

0 ≥
∑n

j=1 Z
2
j ζi

)
and define Kn(ζ) = P

(
Z2

0 ≤
∑n

j=1 Z
2
j ζi

)
.

For a given 1 ≤ q̃ ≤ T − 1, a given f that only satisfies Assumption 1.3.1(a), a given

f ∗1 (specifically referred to as κ−11[φ 6= 0] + 1[φ = 0] in Section 1.3), and 0 < α < 1,

define cvq̃ such that

P

(
(1− cvq̃)Z

2
0 >

q̃∑
j=1

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)
= α, (A.1)

and a condition condq̃

max
j=1,2,...,q̃

{
cvq̃ κf(πj/T )− 1

}
< 0 or min

j=1,2,...,q̃

{
cvq̃ κf(πj/T )− 1

}
> 0. (A.2)

Further, for ζ, ξ ∈ Rn
+, we call ξ majorizes ζ (ξ � ζ) if

∑n
j=1 ξj =

∑n
j=1 ζj and∑k

j=1 ξj ≥
∑k

j=1 ζj for 1 ≤ k < n.
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The following lemmas establish some useful properties of Jn(·), Kn(·), cvq̃, and

condq̃. It is worth noting that if power is directed at a general function f̃1 under

the alternative, modified versions of the following auxiliary lemmas hold for f ∗1 (φ) =

κ−1f̃1(φ)1[φ 6= 0] + 1[φ = 0]. In that case, Assumption 1.3.1 must be amended

accordingly: (b) must be changed to f(πj/T )/f̃1(πj/T ) ≥ f(π(j + 1)/T )/f̃1(π(j +

1)/T ), j = 0, 1, . . . , T − 2, and for the existence of nontrivial tests we need f(π/T ) >

κ−1f̃1(π). I omit details for brevity and state the lemmas and the proof of Theorem

1.3.2 with f ∗1 defined as in the main text.

A.1.1 Auxiliary lemmas

Lemma A.1.1 For any ζ∗ ∈ Rn
+, define M+(ζ∗) ≡ {ζ ∈ Rn

+|ζj ≥ ζ∗j ∀ 1 ≤ j ≤ n}

and M−(ζ∗) ≡ {ζ ∈ Rn
+|ζj ≤ ζ∗j ∀ 1 ≤ j ≤ n}. Then Jn(ζ∗) ≥ Jn(ζ) for any

ζ ∈ M+(ζ∗) and Jn(ζ∗) ≤ Jn(ζ) for any ζ ∈ M−(ζ∗). Both equalities hold only if

ζ = ζ∗.

Proof. For any ζ ∈ M+(ζ∗), the event {Z2
0 ≥

∑n
j=1 Z

2
j ζj} ⊂ {Z2

0 ≥
∑n

j=1 Z
2
j ζ
∗
j }.

Thus Jn(ζ∗) ≥ Jn(ζ). In the case ζj > ζ∗j for some 1 ≤ j ≤ n, {Z2
0 ≥

∑n
j=1 Z

2
j ζj} (

{Z2
0 ≥

∑n
j=1 Z

2
j ζ
∗
j } and Jn(ζ∗) > Jn(ζ). For any ζ ∈ M−(ζ∗), the event {Z2

0 ≥∑n
j=1 Z

2
j ζj} ⊃ {Z2

0 ≥
∑n

j=1 Z
2
j ζ
∗
j }. Thus Jn(ζ∗) ≤ Jn(ζ). In the case ζj < ζ∗j for some

1 ≤ j ≤ n, {Z2
0 ≥

∑n
j=1 Z

2
i ζi} ) {Z2

0 ≥
∑n

j=1 Z
2
i ζ
∗
i } and Jn(ζ∗) < Jn(ζ).

Corollary A.1.2 For any ζ∗ ∈ Rn
+, M+(ζ∗) and M−(ζ∗) are as defined in Lemma

A.1.1. Then Kn(ζ∗) ≤ Kn(ζ) for any ζ ∈ M+(ζ∗) and Kn(ζ∗) ≥ Kn(ζ) for any

ζ ∈M−(ζ∗). Both equalities hold only if ζ = ζ∗.

Proof. Simply note that Kn(ζ) = 1 − Jn(ζ). The conclusions then follow from

Lemma A.1.1.

Remark A.1.3
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i) A corrected version of Remark 4 in Bakirov (1996) can lead to the same set

of conclusions of Lemma A.1.1 with a different relationship (ξ � ζ or ζ � ξ).

The exact statement in that article is not quite right; i.e., the stated relationship

Jn(ξ) ≥ Jn(ζ) is not necessarily true under weak majorizations. A trivial coun-

terexample is that ξ = (2, 0, 0, . . . , 0) �w ζ = (0, 0, 0, . . . , 0) but J(λ) < J(µ) = 1.

The corrected statement is Jn(ξ) ≥ Jn(ζ) if ξ � ζ and ξj > 0, ζj > 0 for all

j. This is proved by making use of the (Schur) convexity of Jn(·) and invoking

Caramata inequality.

ii) The discussion in (i) and Lemma A.1.1 provide somewhat complementary suffi-

cient conditions to explore the possible monotone properties of Jn(·) over Rn
+. Un-

fortunately, they have not fully characterized the necessary conditions of Jn(ξ) ≥

Jn(ζ). Under the conditions (ξ̄ − ζ̄)(1, 1, . . . , 1) + ζ � ξ and
∑n

j=1 ξi ≥
∑n

j=1 ζi

where ξ̄ =
∑n

j=1 ξj/n and ζ̄ =
∑n

j=1 ζj/n, it is less obvious to compare J(ξ) and

J(ζ) unless ζ lies at the boundary.

Lemma A.1.4 For ζ ∈ Rn
+ and n ≥ 1, Jn(ζ) = 2

π

∫ 1

0
(1−u2)(n−1)/2du√∏n

j=1(1−u2+ζj)
and J1(ζ1) =

2
π

arcsin 1√
1+ζ1

.

Proof.

Jn(ζ) =
1

π

∫ ∞
0

dt
√
t(1 + t)

√∏n
j=1(1 + (1 + t)ζj)

=
1

π

∫ 1

0

s(n−1)/2ds√
(1− s)

∏n
j=1(s+ ζj)

=
2

π

∫ 1

0

(1− u2)(n−1)/2du√∏n
j=1(1− u2 + ζj)

, (A.3)

where the first equality follows from Lemma 2 of Bakirov and Szkely (2006), the

second equality follows by a change of variable s = −1/(1 + t), and (A.3) follows by
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another change of variable u =
√

1− s.

J1(ζ1) =
2

π

∫ 1

0

du√
(1− u2 + ζ1)

=
2

π
arcsin

1√
1 + ζ1

,

which follows from a change of variable v = u/
√

1 + ζ1 and the fact that the an-

tiderivative of (1− v2)−1/2 is arcsin v.

Lemma A.1.5 For 0 < α < 1,

(a) cv1 exists if and only if f(π/T ) 6= κ−1. f(π/T ) ≶ κ−1 if and only if 1 ≶ cv1.

(b) cond1 holds if f(π/T ) 6= κ−1.

Proof.

(a) In (A.1) at q̃ = 1, if f(π/T ) = κ−1, there does not exist a cv1 and α such that

(A.1) holds. On the other hand, a rearrangement of the event in (A.1) at q̃ = 1

gives

P
(
Z2

0 + Z2
1 >

(
Z2

0 + κf(π/T )Z2
1

)
cv1

)
= α.

It follows that f(π/T ) ≶ κ−1 if and only if 1 ≶ cv1. Moreover, if f(π/T ) > κ−1,

the second part of Lemma A.1.4 in conjunction with (A.1) at q̃ = 1 gives

cv1 =
1

κf(π/T ) sin2 (απ/2) + cos2 (απ/2)
,

which always exists for every 0 < α < 1. In a similar vein, if f(π/T ) < κ−1, we

have

cv1 =
1

κf(π/T ) cos2 (απ/2) + sin2 (απ/2)
,

which always exists. Thus, cv1 exists if and only if f(π/T ) 6= κ−1.
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(b) It follows from the above that cond1 holds if f(π/T ) 6= κ−1.

Lemma A.1.6 For f(π/T ) 6= κ−1 and 0 < α < 1, if condq̃ is violated for some

1 < q̃ ≤ T − 2, then condq is also violated for any q̃ + 1 ≤ q ≤ T − 1.

Proof. Suppose condq̃ is violated while condq̃+1 holds. We have

max
j=1,2,...,q̃

{
cvq̃ κf(πj/T )− 1

}
≥ 0 and min

j=1,2,...,q̃

{
cvq̃ κf(πj/T )− 1

}
≤ 0. (A.4)

Case 1. Consider maxj=1,2,...,q̃+1

{
cvq̃+1 κf(πj/T )− 1

}
< 0. We must have

cvq̃+1 > 1; otherwise, (A.1) does not hold at q̃ + 1. On the other hand, 0 >

maxj=1,2,...,q̃+1

{
cvq̃+1 κf(πj/T )− 1

}
≥ maxj=1,2,...,q̃

{
cvq̃+1 κf(πj/T )− 1

}
. This, in

conjunction with the first part of (A.4), implies that cvq̃ > cvq̃+1 > 1, which we now

show is impossible. Suppose cvq̃ > cvq̃+1 > 1 is true. Denote A−q̃ = {j|1 ≤ j ≤

q̃, cvq̃ κf(πj/T )− 1 < 0} (A−q̃ 6= ∅; otherwise, (A.1) does not hold for q̃). Now (A.1)

at q̃ gives

α = P

(
(1− cvq̃)Z

2
0 >

q̃∑
j=1

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

= P

(
Z2

0 <
1

1− cvq̃

q̃∑
j=1

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

= P

(
Z2

0 <
1

1− cvq̃

∑
j∈A−q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j

+
1

1− cvq̃

∑
j /∈A−q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

≤ P

Z2
0 <

1

1− cvq̃

∑
j∈A−q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j

 (A.5)
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< P

Z2
0 <

1

1− cvq̃+1

∑
j∈A−q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

 (A.6)

≤ P

(
Z2

0 <
1

1− cvq̃+1

∑
j∈A−q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

+
1

1− cvq̃+1

∑
j /∈A−q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

)
(A.7)

≤ P

(
Z2

0 <
1

1− cvq̃+1

q̃+1∑
j=1

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

)
= α,

where (A.5) is due to the fact that P (A < C − B) ≤ P (A < C) when A,B,C are

independent random variables and B ≥ 0 almost surely. The inequality (A.6) is due

to Corollary A.1.2 and the fact that for any j ∈ A−q̃ , 1
1−cvq̃

[
cvq̃ κf(πj/T )− 1

]
<

1
1−cvq̃+1

[
cvq̃+1 κf(πj/T )− 1

]
under cvq̃ > cvq̃+1 > 1. The inequality (A.7) is due to

Corollary A.1.2.

Case 2. Consider minj=1,2,...,q̃+1

{
cvq̃+1 κf(πj/T )− 1

}
> 0. We must have

cvq̃+1 < 1; otherwise, (A.1) does not hold at q̃ + 1. On the other hand, 0 <

minj=1,2,...,q̃+1

{
cvq̃+1 κf(πj/T )− 1

}
≤ minj=1,2,...,q̃

{
cvq̃+1 κf(πj/T )− 1

}
. This, in

conjunction with the second part of (A.4), implies that cvq̃ < cvq̃+1 < 1, which we

next show is impossible. Suppose cvq̃ < cvq̃+1 < 1 is true. Denote A+
q̃ = {j|1 ≤ j ≤

q̃, cvq̃ κf(πj/T )− 1 > 0} (A+
q̃ 6= ∅; otherwise, (A.1) is violated for q̃). Now (A.1) at

q̃ gives

α = P

(
(1− cvq̃)Z

2
0 >

q̃∑
j=1

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

= P

(
Z2

0 >
1

1− cvq̃

q̃∑
j=1

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

= P

(
Z2

0 >
1

1− cvq̃

∑
j∈A+

q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j
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+
1

1− cvq̃

∑
j /∈A+

q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j

)

≥ P

Z2
0 >

1

1− cvq̃

∑
j∈A+

q̃

[
cvq̃ κf(πj/T )− 1

]
Z2
j

 (A.8)

> P

Z2
0 >

1

1− cvq̃+1

∑
j∈A+

q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

 (A.9)

≥ P

(
Z2

0 >
1

1− cvq̃+1

∑
j∈A+

q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

+
1

1− cvq̃+1

∑
j /∈A+

q̃

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

)
(A.10)

≥ P

(
Z2

0 <
1

1− cvq̃+1

q̃+1∑
j=1

[
cvq̃+1 κf(πj/T )− 1

]
Z2
j

)
= α,

where (A.8) is due to the fact that P (A ≥ C + B) ≥ P (A ≥ C) when A,B,C are

independent random variables and B ≤ 0 almost surely. The inequality (A.9) is

due to Lemma A.1.1 and the fact that for any j ∈ A+
q̃ , 1

1−cvq̃

[
cvq̃ κf(πj/T )− 1

]
<

1
1−cvq̃+1

[
cvq̃+1 κf(πj/T )− 1

]
under cvq̃ < cvq̃+1 < 1. The inequality (A.10) is due to

Lemma A.1.1.

Collecting the results from Case 1 and Case 2, we know that it is impossible to

have condq̃+1 hold, given that condq̃ does not. By induction, we have for f(π/T ) 6= κ

and 0 < α < 1, if condq̃ is violated for some 1 < q̃ ≤ T −2, then condq is also violated

for any q̃ + 1 ≤ q ≤ T − 1.

Corollary A.1.7 For f(π/T ) 6= κ−1 and 0 < α < 1, if condq̃ holds for some 3 ≤

q̃ ≤ T − 1, then condq also holds for any 2 ≤ q ≤ q̃ − 1.

Proof. This is the contrapositive statement of Lemma A.1.6.

Corollary A.1.8 For f(π/T ) 6= κ−1 and 0 < α < 1, either one of the following will

hold:
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(a) there exists a unique 1 ≤ q∗ ≤ T − 2 such that condq is satisfied for all 1 ≤ q ≤ q∗

and violated for all q∗ + 1 ≤ q ≤ T − 1;

(b) condq is satisfied for all 1 ≤ q ≤ T − 1. In this case, define q∗ = T − 1.

Proof. If condT−1 holds, by Corollary A.1.7 (b) is true. Otherwise if condT−2 holds,

then (a) is true with q∗ = T −2. Otherwise, given that cond1 always holds by Lemma

A.1.5, backward inductions lead (a) to be true for a unique 1 ≤ q∗ ≤ T − 3.

Corollary A.1.9 If f in Assumption 1.3.1(a) equals 1 and 0 < α < 1, then condq

holds for all 1 ≤ q ≤ T − 1.

Proof. f(πj/T ) = 1, j = 1, 2, . . . , T − 1 reduces condT−1 to κ cvT−1−1 <

0 or κ cvT−1−1 > 0, which must be true for (A.1) to hold at q̃ = T − 1. It fol-

lows that condq holds for all 1 ≤ q ≤ T − 1 by Corollary A.1.7.

Lemma A.1.10 For f(π/T ) 6= κ−1, 0 < α < 1, and q∗ as defined in Corollary

A.1.8, either one of the following will hold:

(a) cvq > 1 for all 1 ≤ q ≤ q∗, and if q∗ ≥ 2, cvq+1 > cvq, q = 1, 2, . . . , q∗ − 1;

(b) cvq < 1 for all 1 ≤ q ≤ q∗, and if q∗ ≥ 2, cvq+1 < cvq, q = 1, 2, . . . , q∗ − 1.

Proof. Lemma A.1.5 leads to the conclusions for q∗ = 1. We now focus on q∗ ≥ 2.

Case 1. Suppose κf(π/T ) < 1, then Lemma A.1.5 implies that cv1 > 1. Suppose

there exists a q̃ = min{q|2 ≤ q ≤ q∗, cvq < 1}. (We note cvq cannot be 1 for any

q ≤ q∗; otherwise, (A.1) cannot hold at the corresponding q.) Then we must have

min
j=1,2,...,q̃−1

{cvq̃−1 κf(πj/T )− 1} > min
j=1,2,...,q̃−1

{cvq̃ κf(πj/T )− 1}

≥ min
j=1,2,...,q̃

{cvq̃ κf(πj/T )− 1} > 0.

There is a contradiction, because maxj=1,2,...,q̃−1{cvq̃−1 κf(πj/T ) − 1} < 0. This

subsequently implies that cvq > 1 for all 1 ≤ q ≤ q∗. Moreover, for each j = 1, . . . , q∗,
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Rj(x) =
[
κf(πj/T )x− 1

]
/(1−x) is monotonically decreasing in (1,∞). For (A.1) to

hold sequentially, we necessarily need cvq+1 > cvq, q = 1, 2, . . . , q∗ − 1. (Otherwise,

the LHS of (A.1) would always exceed α by Lemma A.1.2.)

Case 2. Suppose κf(π/T ) > 1, then Lemma A.1.5 implies that cv1 < 1. Suppose

there exists a q̃ = min{q|2 ≤ q ≤ q∗, cvq > 1}. (We note cvq cannot be 1 for any

q ≤ q∗; otherwise, (A.1) cannot hold at the corresponding q.) Then we must have

max
j=1,2,...,q̃−1

{cvq̃−1 κf(πj/T )− 1} < max
j=1,2,...,q̃−1

{cvq̃ κf(πj/T )− 1}

≤ max
j=1,2,...,q̃

{cvq̃ κf(πj/T )− 1} < 0.

There is a contradiction, because minj=1,2,...,q̃−1{cvq̃−1 κf(πj/T )− 1} > 0. This sub-

sequently implies that cvq < 1 for all 1 ≤ q ≤ q∗. Moreover, for each j = 1, . . . , q∗,

Rj(x) =
[
κf(πj/T )x− 1

]
/(1− x) is monotonically increasing in (0, 1). (To see this,

note that κf(πj/T )− 1 > κf(πj/T ) cvq∗ −1 > 0 for every 1 ≤ j ≤ q∗.) For (A.1) to

hold sequentially, we necessarily need cvq+1 < cvq, q = 1, 2, . . . , q∗ − 1. (Otherwise,

the LHS of (A.1) would always be below α by Lemma A.1.1.)

Lemma A.1.11 For f(π/T ) 6= κ−1, 0 < α < 1, and q∗ as defined in Corollary

A.1.8, if additionally f(πj/T ) ≥ f(π(j + 1)/T ), j = 0, 1, . . . , T − 2 and q∗ < T − 1,

then κ−1
(
f(πj/T )

)−1 ≥ cvq∗.

Proof. By Assumption 1.3.1(b), it suffices to show κ−1
(
f(π(q∗ + 1)/T )

)−1 ≥

cvq∗ . Suppose not; then κ−1
(
f(π(q∗ + 1)/T )

)−1
< cvq∗ . Define Q(x, q) =

P
(

(1− x)Z2
0 >

∑q
j=1

[
xκf(πj/T )− 1

]
Z2
j

)
.

Case 1. Suppose κf(π/T ) < 1, then cvq∗ > 1 by Lemma A.1.10. Moreover, by

Assumption 1.3.1(b) we must have κ−1
(
f(π(q∗ + 1)/T )

)−1
> 1.

Q(κ−1
(
f(π(q∗ + 1)/T )

)−1
, q∗ + 1)
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=P

([
1− κ−1

(
f(π(q∗ + 1)/T )

)−1
]
Z2

0 >

q∗+1∑
j=1

[(
f(π(q∗ + 1)/T )

)−1
f(πj/T )− 1

]
Z2
j

)

=P

([
1− κ−1

(
f(π(q∗ + 1)/T )

)−1
]
Z2

0 >

q∗∑
j=1

[(
f(π(q∗ + 1)/T )

)−1
f(πj/T )− 1

]
Z2
j

)

=0 < α.

Pick ε such that 1 < cvq∗ −ε < κ−1
(
f(π(q∗ + 1)/T )

)−1
< cvq∗ . Then

Q(cvq∗ −ε, q∗ + 1)

=P

(
[1− (cvq∗ −ε)]Z2

0 >

q∗+1∑
j=1

[
(cvq∗ −ε)κf(πj/T )− 1

]
Z2
j

)

>P

(
[1− (cvq∗ −ε)]Z2

0 >

q∗∑
j=1

[
(cvq∗ −ε)κf(πj/T )− 1

]
Z2
j

)

=Q(cvq∗ −ε, q∗) > Q(cvq∗ , q
∗) = α,

where the last but one inequality follows from the fact that Q(·, q∗) is monotonically

decreasing in (1, cvq∗) under κf(π/T ) < 1.

By the continuity of Q(·, q∗ + 1) in (cvq∗ −ε, κ−1
(
f(π(q∗ + 1)/T )

)−1
) and the

intermediate value theorem, there must exist a number, denoted by cvq∗+1, such that

Q(cvq∗+1, q
∗+1) = α. There is a contradiction, because condq∗+1 now holds, violating

Corollary A.1.8.

Case 2. Suppose κf(π/T ) > 1, then cvq∗ < 1 by Lemma A.1.10.

Q(cvq∗ , q
∗ + 1) = P

(
[1− cvq∗ ]Z

2
0 >

q∗+1∑
j=1

[
cvq∗κf(πj/T )− 1

]
Z2
j

)
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< P

(
[1− cvq∗ ]Z

2
0 >

q∗∑
j=1

[
cvq∗κf(πj/T )− 1

]
Z2
j

)

= Q(cvq∗ , q
∗) = α.

On the other hand, 0 < κ−1
(
f(π(q∗ + 1)/T )

)−1
< cvq∗ < 1. Then

Q(κ−1
(
f(π(q∗ + 1)/T )

)−1
, q∗ + 1)

=P

([
1− κ−1

(
f(π(q∗ + 1)/T )

)−1
]
Z2

0 >

q∗+1∑
j=1

[(
f(π(q∗ + 1)/T )

)−1
f(πj/T )− 1

]
Z2
j

)

=P

([
1− κ−1

(
f(π(q∗ + 1)/T )

)−1
]
Z2

0 >

q∗∑
j=1

[(
f(π(q∗ + 1)/T )

)−1
f(πj/T )− 1

]
Z2
j

)

=Q(κ−1
(
f(π(q∗ + 1)/T )

)−1
, q∗) > Q(cvq∗ , q

∗) = α,

where the last but one inequality follows from the fact that Q(·, q∗) is monotonically

decreasing in (0, cvq∗) under κf(π/T ) > 1.

By the continuity of Q(κ−1
(
f(π(q∗ + 1)/T )

)−1
, cvq∗) and the intermediate value

theorem , there must exist a number, denoted by cvq∗+1, such that Q(cvq∗+1, q
∗+1) =

α. There is a contradiction, because condq∗+1 now holds, violating Corollary A.1.8.

Both Case 1 and Case 2 imply that we must have κ−1
(
f(π(q∗ + 1)/T )

)−1 ≥ cvq∗ ,

and thus minq∗+1≤j≤T−1 κ
−1
(
f(πj/T )

)−1 ≥ cvq∗ if q∗ < T − 1.

A.1.2 Proof of Theorem 1.3.2

Part 1 of Theorem 1.3.2 is already proved in the main text. I now focus on proving

part 2 of Theorem 1.3.2, in which f(π/T ) > κ−1. Under Assumption 1.3.1(a) and
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for 0 < α < 1, Corollary A.1.8 shows that there exists a unique q∗ such that either

(i) condq holds for 1 ≤ q ≤ q∗ and is violated for q∗ + 1 ≤ q ≤ T − 1, or (ii) condq

holds for all 1 ≤ q ≤ T − 1, where we define q∗ = T − 1. We conjecture that the

least favorable distribution Λ∗ of (1.9) puts a point mass on f ∗(φ) = f(φ)1[0 ≤ φ ≤

πq∗/T ] + (κ cvq∗)
−11[φ > πq∗/T ]. By Lemma A.1.11 and Assumption 1.3.1(c), the

kinked function f ∗ is known to be in F .

Using the same notation as in the main text, the best level α test of Hd
0,Λ∗ against

Hd
1,f1

is

ϕΛ∗,f1 = 1

[
Y 2

0 +
∑T−1

j=1 Y
2
j /f

∗(πj/T )

Y 2
0 + κ

∑T−1
j=1 Y

2
j

> cv

]
,

for some cv ≥ 0 such that EPY,f∗ [ϕΛ∗,f1(Y
s)] = α, where PY,f̃ denotes the joint

distribution of Y at f = f̃ under Hd
0 . It follows that

α = PY,f∗

(
Y 2

0 +
∑T−1

j=1 Y
2
j /f

∗(πj/T )

Y 2
0 + κ

∑T−1
j=1 Y

2
j

> cv

)

= PY,f∗

(
Y 2

0 +
T−1∑
j=1

Y 2
j /f

∗(πj/T ) > cv

(
Y 2

0 + κ
T−1∑
j=1

Y 2
j

))

= P

(
(1− cv)Z2

0 >
T−1∑
j=1

[cv κf ∗(πj/T )− 1]Z2
j

)

= P

(
(1− cv)Z2

0 >

q∗∑
j=1

[
cv κf(πj/T )− 1

]
Z2
j +

T−1∑
j=q∗+1

[cv / cvq∗ −1]Z2
j

)
, (A.11)

where the last equality follows from the definition of f ∗. Because Y is a continuous

random vector, the critical value cv is unique. By matching (A.11) with (A.1) at

q̃ = q∗, we have cv = cvq∗ . Moreover, the events

{
Y 2
0 +

∑T−1
j=1 Y

2
j /f

∗(πj/T )

Y 2
0 +κ

∑T−1
j=1 Y

2
j

> cvq∗

}
and{

Y 2
0 +

∑q∗
j=1 Y

2
j /f(πj/T )

Y 2
0 +κ

∑q∗
j=1 Y

2
j

> cvq∗

}
are equivalent PY,f̃ -almost surely, and uniformly in f̃ ∈

F ∪ {f ∗1}. This then leads to the optimal test statistic in (1.10).
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Now we check that ϕΛ∗,f1 controls size under Hd
0 . For a given f̃ ∈ F ,

EPY,f̃ [ϕΛ∗,f1(Y )]

=PY,f̃

(
Y 2

0 +
∑q∗

j=1 Y
2
j /f(πj/T )

Y 2
0 + κ

∑q∗

j=1 Y
2
j

> cvq∗

)

=P

(
[1− cvq∗ ]Z

2
0 >

q∗∑
j=1

[
cvq∗ κf(πj/T )− 1

] f̃(πj/T )

f(πj/T )
Z2
j

)

=P

(
Z2

0 >
1

1− cvq∗

q∗∑
j=1

[
cvq∗ κf(πj/T )− 1

] f̃(πj/T )

f(πj/T )
Z2
j

)
(A.12)

≤P

(
Z2

0 >
1

1− cvq∗

q∗∑
j=1

[
cvq∗ κf(πj/T )− 1

]
Z2
j

)
= α,

where (A.12) follows from (b) in Lemma A.1.10 under the condition f(π/T ) > κ−1,

and the inequality follows from the definition of q∗ and Lemma A.1.1 under Assump-

tion 1.3.1(a).

In sum, we have shown that Λ∗ is indeed the least favorable distribution in testing

Hd
0 against Hd

1,f1
, under Assumption 1.3.1 and f(π/T ) > κ−1. Further, the statis-

tic (1.10) is the best test statistic, and the null rejection probability of this test is

maximized at f = f .

A.2 Computational Details in Section 1.3

A.2.1 An algorithm to compute q∗ in Theorem 1.3.2

In Algorithm 1 on the following page, I first use the bisection method three times to

zoom into a small set of consecutive integers and then locate q∗ by a one-dimensional

greedy search. One might be concerned about the sensitivity of the numerically

determined q∗ to the precision of empirically estimated critical values for different q.
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As will be explained in the next subsection, this is not an issue in implementations

with B = 50, 000.

Algorithm 1: Bisection method to produce q∗ in Theorem 1.3.2
Input: F with a well-defined f , T , α = 0.05 by default, κ = 11 by default,{

{zbj}
T−1
j=0

}B
b=1
← B realizations of i.i.d. standard normals for a sufficiently

large B.
Output: q∗

Initialization: q̃ ← T − 1,

ĉvq̃ ← inf{r ∈ R+| 1B
∑B

b=1 1

[ ∑q̃
j=0(zbj )

2

(zb0)2+κ
∑q̃
j=1(zbj )

2f(πj/T )
> r

]
≥ α};

if condq̃ is true with cvq̃ replaced by ĉvq then
q∗ ← q̃;

else
while condq̃ is false with cvq̃ replaced by ĉvq̃ do

q̃ ←
⌊

1+q̃
2

⌋
;

end˜̃q ← ⌊
3q̃−1

2

⌋
;

while cond˜̃q is false with cv˜̃q replaced by ĉv˜̃q do˜̃q ← ⌊ ˜̃q+q̃
2

⌋
;

end

for q ← ˜̃q to 2˜̃q − q̃ + 1 by 1 do
if condq+1 is false with cvq+1 replaced by ĉvq+1 then

q∗ ← q;
break ;

end

end

end

A.2.2 Computational details for cvq∗ in Theorem 1.3.2

Given the q∗ delivered via Algorithm 1, I numerically invert (1.13) by the standard

bisection method. Since the integrand in the last integral in (1.13) is smooth for

typical values of cvq∗ , I use a 50-point Gaussian quadrature to compute the numerical

integration. It suffices for my purpose with numerical errors of the order 1e − 6.

Moreover, to check whether the determination of q∗ in Algorithm 1 is sensitive to

simulation errors in estimating cvq̃, I append a sanity check to Algorithm 1. In
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particular, I substitute the more precisely determined cvq∗ , cvq∗−1, cvq∗−2 back into

condq∗ , condq∗−1, condq∗−2 and check whether any of them are inconsistent with the

definition of q∗. It appears that having 50, 000 realizations of {Zj}T−1
j=0 suffices for our

purpose.

A.3 More Tables in the Diagonal Model

I follow the procedure of producing Tables 1.1 and 1.2 to provide more rule of

thumb tables for other types of smoothness classes. See Tables A.1 and A.2 for the

rule of thumb under the type of F , in which the first derivative of log(f) is bounded

by the constant C. See Tables A.3 and A.4 for the rule of thumb under the type of

F , in which the second derivative of log(f) is bounded by the constant C.

A.4 Computational details in Section 1.4

In this section, I explain in detail how to numerically identify the null rejection

probability maximizer of the EWC test in testing (1.17), as introduced in Subsection

1.4.1.

To make things clearer, we repeat some notations from the main text. Let the

n+1 node points {xi}ni=0 define a partition of the interval I = [0, π] into n subintervals

Ii = [xi−1, xi], i = 1, 2, . . . , n of length hi = xi−xi−1 with x0 = 0, xn = π. Let {ςi}ni=0

be a set of basis functions for the space Fh of continuous piecewise linear functions,

which is defined in the main text.

98



T
ab

le
A

.1
:

O
p
ti

m
al
q

an
d

ad
ju

st
m

en
t

fa
ct

or
of

th
e

S
tu

d
en

t-
t

cr
it

ic
al

va
lu

e
of

le
ve

l
α

E
W

C
te

st
.

C
10
.0

5.
6

3.
2

1.
8

1.
0

0.
6

0.
3

0.
2

0.
1

α
=

0.
01

(5
,1
.5

9)
(6
,1
.3

5)
(9
,1
.2

7)
(1

1,
1.

18
)

(1
5,

1.
13

)
(2

0,
1.

10
)

(2
6,

1.
07

)
(3

4,
1.

05
)

(4
5,

1.
04

)
α

=
0.

05
(4
,1
.4

7)
(5
,1
.3

0)
(7
,1
.2

1)
(9
,1
.1

5)
(1

1,
1.

10
)

(1
5,

1.
07

)
(2

0,
1.

05
)

(2
6,

1.
04

)
(3

4,
1.

03
)

α
=

0.
10

(3
,1
.3

6)
(4
,1
.2

4)
(6
,1
.1

9)
(7
,1
.1

2)
(1

0,
1.

09
)

(1
2,

1.
06

)
(1

6,
1.

04
)

(2
2,

1.
03

)
(2

9,
1.

02
)

N
ot

es
:

B
as

ed
on

a
se

ri
es

of
sm

o
ot

h
n

es
s

cl
a
ss

es
F

,
in

w
h

ic
h

th
e

“
u

n
if

o
rm

ly
m

in
im

a
l”

fu
n

ct
io

n
is
f

(φ
)

=
ex

p
(−
C
φ

).
S

a
m

p
le

si
ze
T

=
1
0
0
.

C
is

lo
g-

sp
ac

ed
b

et
w

ee
n

10
an

d
0.

1.

T
ab

le
A

.2
:

R
u
le

of
th

u
m

b
fo

r
ad

ju
st

m
en

t
fa

ct
or

of
th

e
S
tu

d
en

t-
t

cr
it

ic
al

va
lu

e
of

le
ve

l
α

E
W

C
te

st
.

q
4

6
8

9
10

11
12

13
14

15
16

17
18

19
20

α
=

0.
01

1.
53

1.
35

1.
26

1.
27

1.
19

1.
18

1.
16

1.
15

1.
14

1.
13

1.
12

1.
12

1.
11

1.
10

1.
10

(1
1.

0)
(5
.6

)
(3
.3

)
(3
.2

)
(2
.1

)
(1
.8

)
(1
.5

)
(1
.3

)
(1
.1

)
(1
.0

)
(0
.9

)
(0
.8

)
(0
.7

)
(0
.6

2)
(0
.6

)
α

=
0.

05
1.

47
1.

30
1.

19
1.

21
1.

11
1.

10
1.

09
1.

09
1.

08
1.

07
1.

07
1.

06
1.

06
1.

05
1.

05
(1

0.
0)

(5
.6

)
(3
.3

)
(3
.2

)
(1
.2

)
(1
.0

)
(0
.9

)
(0
.8

)
(0
.7

)
(0
.6

)
(0
.5

)
(0
.4

)
(0
.3

8)
(0
.3

5)
(0
.3

)
α

=
0.

10
1.

24
1.

19
1.

11
1.

10
1.

09
1.

07
1.

06
1.

06
1.

05
1.

05
1.

04
1.

04
1.

04
1.

04
1.

03
(5
.6

)
(3
.2

)
(1
.5

)
(1
.2

)
(1
.0

)
(0
.7

)
(0
.6

)
(0
.5

)
(0
.4

5)
(0
.4

)
(0
.3

)
(0
.2

8)
(0
.2

5)
(0
.2

3)
(0
.2

1)

N
ot

es
:

N
u

m
b

er
in

p
ar

en
th

es
es

is
th

e
C

in
f

(φ
)

=
ex

p
(−
C
φ

)
th

a
t

ra
ti

o
n

a
li

ze
s

th
e

co
rr

es
p

o
n

d
in

g
q

a
s

th
e

o
p

ti
m

a
l

ch
o
ic

e
fo

r
th

e
E

W
C

te
st

u
n

d
er

T
=

10
0.

99



T
ab

le
A

.3
:

O
p
ti

m
al
q

an
d

ad
ju

st
m

en
t

fa
ct

or
of

th
e

S
tu

d
en

t-
t

cr
it

ic
al

va
lu

es
of

le
ve

l
α

E
W

C
te

st
.

C
10

0.
0

56
.2

31
.6

17
.8

10
.0

5.
6

3.
2

1.
8

1.
0

α
=

0.
01

(4
,1
.4

3)
(5
,1
.3

4)
(6
,1
.2

5)
(7
,1
.1

8)
(8
,1
.1

3)
(1

0,
1.

11
)

(1
2,

1.
09

)
(1

4,
1.

06
)

(1
7,

1.
05

)
α

=
0.

05
(3
,1
.2

5)
(4
,1
.2

2)
(5
,1
.1

8)
(6
,1
.1

4)
(7
,1
.1

0)
(8
,1
.0

7)
(1

0,
1.

06
)

(1
2,

1.
05

)
(1

4,
1.

04
)

α
=

0.
10

(3
,1
.2

5)
(3
,1
.1

4)
(4
,1
.1

2)
(5
,1
.1

0)
(6
,1
.0

8)
(7
,1
.0

6)
(9
,1
.0

5)
(1

0,
1.

03
)

(1
3,

1.
03

)

N
ot

es
:

B
as

ed
on

a
se

ri
es

of
sm

o
ot

h
n

es
s

cl
a
ss

es
F

,
in

w
h

ic
h

th
e

“
u

n
if

o
rm

ly
m

in
im

a
l”

fu
n

ct
io

n
is
f

(φ
)

=
ex

p
( −C

φ
2
) .

S
a
m

p
le

si
ze

T
=

10
0.
C

is
lo

g-
sp

ac
ed

b
et

w
ee

n
10

0
an

d
1
.

T
ab

le
A

.4
:

R
u
le

of
th

u
m

b
fo

r
ad

ju
st

m
en

t
fa

ct
or

of
th

e
S
tu

d
en

t-
t

cr
it

ic
al

va
lu

e
of

le
ve

l
α

E
W

C
te

st
.

q
4

6
8

9
10

11
12

13
14

15
16

17
18

19
20

α
=

0.
01

1.
43

1.
24

1.
13

1.
13

1.
11

1.
09

1.
09

1.
07

1.
06

1.
06

1.
06

1.
05

1.
05

1.
04

1.
04

(1
00
.0

)
(3

1.
6)

(1
0.

0)
(8
.0

)
(5
.6

)
(4
.0

)
(3
.2

)
(2
.2

)
(1
.8

)
(1
.5

)
(1
.2

)
(1
.0

)
(0
.9

)
(0
.7

)
(0
.6

)
α

=
0.

05
1.

22
1.

14
1.

07
1.

06
1.

06
1.

05
1.

05
1.

04
1.

04
1.

04
1.

03
1.

03
1.

03
1.

03
1.

02
(5

6.
2)

(1
7.

8)
(5
.6

)
(4
.0

)
(3
.2

)
(2
.0

)
(1
.8

)
(1
.2

)
(1
.0

)
(0
.9

)
(0
.7

)
(0
.6

)
(0
.5

)
(0
.4

)
(0
.3

5)
α

=
0.

10
1.

12
1.

08
1.

05
1.

05
1.

03
1.

03
1.

03
1.

03
1.

03
1.

02
1.

02
1.

02
1.

02
1.

02
1.

02
(3

1.
6)

(1
0.

0)
(4
.0

)
(3
.2

)
(1
.8

)
(1
.5

)
(1
.2

)
(1
.0

)
(0
.8

)
(0
.6

)
(0
.5

)
(0
.4

)
(0
.3

5)
(0
.3

)
(0
.2

5)

N
ot

es
:

N
u

m
b

er
in

p
ar

en
th

es
es

is
th

e
C

in
f

(φ
)

=
ex

p
( −C

φ
2
) th

a
t

ra
ti

o
n

a
li

ze
s

th
e

co
rr

es
p

o
n

d
in

g
q

a
s

th
e

o
p

ti
m

a
l

ch
o
ic

e
fo

r
th

e
E

W
C

te
st

u
n

d
er

T
=

10
0.

100



In actual implementations, I choose n = 50, and {xi}50
i=0 are log-spaced nodes in

[0, π]. The basis functions {ςi}ni=0 are chosen to be the hat functions

ςi(x) =


(x− xi−1)/hi , if x ∈ Ii,

(xi+1 − x)/hi+1 , if x ∈ Ii+1,

0 , otherwise.

(A.13)

I pre-compute {Ω0(ςi)}ni=0 with a 5, 000-point Gaussian quadrature for each non-zero

element. Since each ςi is compactly supported, these numerical integrations are nearly

precise. For every (f(x1), f(x2), . . . , f(xn))′, Ω0(f̂) is simply a linear combination of

these pre-computed covariance matrices.

Note, however, that the ultimate objective function I will optimize is (1.21), which

involves Ω0(f) implicitly through λj(f̂). In a separate exercise in which, for a given

EWC test and a parametric AR(1) class F with coefficient varying over a fine grid,

I compare the rejection probabilities following the described approximate procedure

and an “exact” procedure in which each entry of Ω0(f) is evaluated by numerical

integrations via Mathematica. The difference in the rejection probabilities are at most

of the order 0.0001. I thus hold on to the above choice of n and {xi}50
i=0 throughout

Section 1.4.

I proceed in three steps to identify the null rejection probability maximizer for a

fixed EWC test of (1.17), in terms of (f(x1), f(x2), . . . , f(xn))′.

1. Program up the null rejection probability at a given (f(x1), f(x2), . . . , f(xn))′ ∈

Rn
+ from (1.21), where Ω0(f̂) =

∑n
i=0 f(xi)Ω0(ςi) with pre-computed {Ω0(ςi)}ni=0.

2. Randomly draw 1, 000 n-dimensional vectors such that each vector equals

(f(x1), f(x2), . . . , f(xn))′ for some f ∈ F . This is in general a challenging task,

since the number of numerical constraints to be checked increases exponentially

with n for higher order smoothness constraints. For feasibility, I focus on two
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types of smoothness classes: the class F in which f corresponds is AR(1) with

coefficient ρ and f ∈ F is non-increasing over [0, π]; and the class F in which

f ∈ F is Lipschitz continuous in logs with Lipschitz constant C. It is not hard to

see that for the first type, it suffices to check the monotonicity constraint consec-

utively and the lower boundedness condition. For the second type, by the result

of Beliakov (2006), the complexity of checking the global Lipschitz condition is

reduced to consecutive checking of local Lipschitz conditions.

3. Use every n-dimensional vector drawn in Step 2 as the initial condition to optimize

the null rejection probability function programmed in Step 1, subject to linear

constraints induced by smoothness class F (as described in Step 2).

Under the above specifications, it takes 5 to 10 minutes to complete the optimization

using fmincon in MATLAB via parallel computing in 12 cores.
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Appendix B

Appendices for Chapter 2

B.1 Proof of Theorem 1

We first show that xT,t has representation (B.1) and (B.2). Set
∏p

j=1(z − ρT,j) =

zp +
∑p

j=1 φT,jz
p−j and

∏p−1
j=1(z − γT,j) = zp−1 +

∑p−2
j=0 θT,jz

j. The usual state-space

representation of the ARMA(p, p− 1) process xT,t with innovations ut is

xT,t = θ′TVt + µ (B.1)

VT,t = ΦTVT,t−1 + eut (B.2)

where

ΦT =



0 1 0 · · · 0

0 0 1 · · · 0

...
...

...
. . .

...

0 0 0 · · · 1

−φT,p −φT,p−1 −φT,p−2 · · · −φT,1


,

103



and

VT,t =



vT,t−p+1

vT,t−p+2

...

vT,t−1

vT,t


, θT =



θT,0

θT,1
...

θT,p−2

1


.

Let c = (c1, . . . , cp)
′ and g = (g1, . . . , gp−1)′ with elements ordered ascendingly

by the real parts, and define the corresponding vectors ρT = (ρT,1, . . . , ρT,p)
′ and

γT = (γT,1, . . . , γT,p−1)′.

Since ΦT and A are companion matrices, and the roots of zp +
∑p

j=1 φT,jz
p−j and

a(z) are ρT and −c, respectively, they allow the Jordan decomposition (cf. Brand

(1964))

ΦT = Q(ρT )J(ρT )Q(ρT )−1 (B.3)

A = Q(−c)J(−c)Q(−c)−1 (B.4)

where for any a = (a1, . . . , ak)
′ ∈ Ck, k ∈ {p− 1, p} with Re(aj) ≤ Re(aj+1), J(a) is

a Jordan matrix with Jordan blocks corresponding to common values of ai, and Q(a)

are the corresponding (generalized) eigenvectors. More specifically, the m columns of

Q(a) corresponding to the value a of multiplicity m contain the values dl

dzl
zj−1|z=a/l!,

j = 1, . . . , k, l = 0, . . . ,m− 1.

From (B.4), we also have

I + A/T = Q(−c)(I + J(−c)/T )Q(−c)−1. (B.5)

Let F be the p × p lower triangular Pascal matrix, that is, the first j entries in row

j of F contain the jth binomial coefficients, and let DT = diag(1, T−1, . . . , T 1−p).

Further, let Dc
T be a diagonal matrix where the diagonal elements corresponding to

104



a Jordan block of A of size m are equal to 1, T, . . . , Tm−1. Then, with PT = FDT we

have from a straightforward calculation

Q(ρT ) = PTQ(−c)Dc
T (B.6)

Dc
TJ(ρT )(Dc

T )−1 = I + J(−c)/T

so that from (B.3) and (B.5)

ΦT = PT (I + A/T )P−1
T . (B.7)

Furthermore, since zp−1+
∑p−2

j=0 θT,jz
j =

∏p−1
j=1(z−γT,j), we have θ′TQ(γT ) = 0, and

similarly, b′Q(−g) = 0. Now as in (B.6), Q(γT ) = PTQ(−g)Dg
T for some diagonal

matrix Dg
T with nonzero diagonal elements, so that also θ′TPTQ(−g) = 0. Since

Q(−g) is of full column rank (cf. Theorem 2 of Brand (1964)), we conclude that

θ′TPT is a scalar multiple of b′. The last element of b′ is equal to one, and the last

element of θ′TPT is equal to T 1−p, so that

θ′TPT = T 1−pb′. (B.8)

Finally, from PTe = T 1−pe,

P−1
T e = T p−1e. (B.9)

From (B.7), (B.8) and (B.9) it follows that the system (B.1) and (B.2) can equivalently

be written as (2.10) and (2.11).

For an arbitrary matrix B, let ||B|| its Frobenius norm. Since the Frobenius norm

is submultiplicative, ||I+A/T || ≤ ||Q(−c)|| · ||Q(−c)−1|| · ||I+J(−c)/T ||. By a direct

calculation, ||I+J(−c)/T ||2 ≤ (p−1)T−2 +
∑p

j=1 |ρT,j|2 and |ρT,j|2 = 1−2 Re(cj)/T+

|cj|2/T 2. Thus, for all large enough T , |ρT,j|2 + 1/T 2 ≤ (1 − 1
2

Re(c1)/T )2 for all j,
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and we conclude that for some finite constant CA

||I + A/T || ≤ CA(1− 1
2

Re(c1)/T ). (B.10)

Now from (2.10) and (2.11), for any fixed integer K > 0,

T−1/2(xT,bsT c − µ) = RT (s) + T−1/2b′
bsT c∑

t=−KT+1

(I + A/T )bsT c−teut

where RT (s) = T−1/2b′(I+A/T )bsT c+KTZ−KT and Z−KT =
∑∞

t=0(I+A/T )teu−KT−t,

and we write Zt for ZT,t to ease notation. Since the autocovariances of ut are ab-

solutely summable, the spectral density of ut exists and is bounded on [−π, π]. Let

a bound be σ̃2
u/(2π). For any given T and w ∈ Rp, the variance of the time invari-

ant linear filter w′Z−KT is thus weakly smaller than the variance of w′Z̃−KT , where

Z̃−KT =
∑∞

t=0(I + A/T )teũ−KT−t with ũt ∼ iid(0, σ̃2
u). Furthermore

Var[T−1/2Z̃−KT ] = σ̃2
uT
−1

∞∑
t=0

(I + A/T )tee′(I + A′/T )t

so that from (B.10)

||Var[T−1/2Z̃−KT ]|| ≤ σ̃2
u||ee′||C2

AT
−1

∞∑
t=0

(1− 1
2

Re(c1)/T )2t = O(1).

Thus, ||T−1/2Z−KT || = Op(1). Using again (B.10) and the fact that the Frobenius

norm is submultiplicative, we obtain

sup
0≤s≤1

|RT (s)| ≤ CA||b||·||T−1/2Z−KT || · sup
s

(1− 1
2

Re(c1)/T )bsT c+KT (B.11)

≤ CA|b||·||T−1/2Z−KT || · exp
(
−1

2
K Re c1

)
so that RT (·) converges in probability to zero as K →∞.
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Furthermore, under Condition 2.2.1,

WT (·) = T−1/2

b·T c∑
t=−bKT c

ut ⇒ W (·)−W (−K)

where W is a Wiener process on the interval [−K, 1] of variance ω2 normalized to

W (0) = 0. By summation by parts,

T−1/2b′
bsT c∑

t=−bKT c+1

(I + A/T )bsT c−teut

= b′eWT (s) + b′AT−1

bsT c∑
t=−bKT c+1

(I + A/T )bsT c−teWT (
t− 1

T
)

⇒ b′e(W (s)−W (−K)) + b′A

∫ s

−K
eA(s−r)e(W (r)−W (−K))dr

= b′
∫ s

−K
eA(s−r)edW (r)

= R0(s) + Jp(s)

where R0(s) = −b′eA(s+K)X(−K) with X(−K) ∼ N (0,Σ) independent of W as in

(2.7), the convergence relies on the well-known identity esA = limT→∞(I+A/T )bsT c for

all s, and the second equality follows from the stochastic calculus version of integration

by parts. Since sup0≤s≤1 ||eA(s+K)|| → 0 as K → ∞, sup0≤s≤1 |R0(s)| converges in

probability to zero as K →∞. As noted below (B.11), the same holds for RT (·). But

convergence in probability implies convergence in distribution, and K was arbitrary,

so the result follows.

B.2 Proof of Theorem 2

Overview

The proof of Theorem 2 relies heavily on the framework developed by Ibragimov and

Rozanov (1978), denoted IR78 in the following. As discussed there, a continuous
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time Gaussian process on the unit interval can be described in terms of a countably

infinite sequence of random variables (cf. (B.20) and the discussion in the proof of

Lemma B.2.4 below), whose distribution can be expressed in terms of the spectral

density of the underlying process (cf. (B.19) and the discussion below (B.20)). The

challenge in the proof of Theorem 2 is to establish that the “infinite tail” of this

sequence contributes negligibly to the total variation distance. Intuitively, this must

hold for some appropriate definition of tail if the two measures are equivalent, and

appropriate equivalence results are obtained by IR78. But the construction of this tail

must be such that its contribution is negligible uniformly over a sufficiently rich class

of potential approximating processes. To this end, the sequence of random variables

(and hence its tail) is constructed as a function of the properties of two Gaussian

processes whose spectral densities form an upper and lower bound on the class of

potential approximating spectral density functions (cf. (B.15), (B.16) and (B.17)),

which turns out to be suitable to obtain such a uniform bound (cf. (B.22), (B.23)

and (B.26)). With the contribution from the tail controlled, the approximability of

the distribution of the finite dimensional non-tail part of the sequence of random

variables follows with some additional work from Lemmas 1 and 2 below.

We first state Lemmas 1 and 2. We write z∗ for the conjugate of the complex

number z, and v∗ for the conjugate transpose of a complex vector v.

Lemma B.2.1 Let C0 be the space of continuous real valued functions on [0,∞) which

vanish at infinity. For any ϑ0 ∈ C0 and ε > 0, there exists an integer q ≥ 1 such that

supλ≥0 |ϑ0(λ)− ϑ(λ)| < ε, where ϑ is a rational function of the form

ϑ(λ) =

∑q−1
j=0 e

n
j λ

2j∏q
j=1(λ2 + edj )

(B.12)

with edj > 0 and enj ∈ R, j = 0, . . . , q.
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Proof. Note that functions of the form ϑ form a vector subspace of C0 which is closed

under multiplication of functions, that is, they form a sub-algebra on C0. It is easily

seen that this sub-algebra separate points and vanishes nowhere. The locally compact

version of the Stone-Weierstrass Theorem thus implies the result.

Lemma B.2.2 Let ξp(λ
2) be a polynomial with real coefficients of order p− 1 in λ2

such that ξp(λ
2) > 0 for all λ ∈ R, and with unit coefficient on (λ2)p−1. Then there

exists polynomial b of order p−1 of the form b(z) =
∏p−1

i=1 (z+gj) with gj as described

in Condition 1 (ii) such that ξp(λ
2) = |b(iλ)|2 for all λ ∈ R.

Proof. By the fundamental theorem of algebra, and since ξp(λ
2) > 0 for all λ ∈ R,

ξp(λ
2) =

∏p−1
j=1(λ2 +ηj), where the ηj’s are of two types: real and positive, or complex

with positive real part, and in conjugate pairs. Now for 0 < ηj ∈ R, λ2+ηj = |iλ+gj|2

with gj =
√
ηj. For ηj = η∗j′ ∈ C for j 6= j′,

(λ2 + ηj)(λ
2 + ηj′) = λ4 + 2 Re(ηj)λ

2 + |ηj|2 = |iλ+ gj|2|iλ+ g∗j |2

where gj = (
√
|ηj|+ Re(ηj) +

√
|ηj| − Re(ηj)i)/

√
2.

Without loss of generality, assume ω2 = 2π. In the following, we write G1 for G,

and f1 for its spectral density. Let f0(λ) = (1 + λ2)−1 be the spectral density of the

Ornstein-Uhlenbeck process with mean reversion parameter equal to unity, denoted

G0, and let

δ0 = min(1
2

inf
λ

(1 + λ2)f1(λ), 1). (B.13)

Let P0 and P1 be the measures of G1 and G0, respectively. By Theorem III.17 of

IR78, equivalence of P0 and P1 implies

∫
(
f1(λ)

f0(λ)
− 1)2dλ <∞ (B.14)

and here and below, integrals are over the entire real line unless indicated otherwise.
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Define

f(λ) = max(f1(λ), f0(λ)) +
δ0

(1 + λ2)2
(B.15)

f(λ) = min(f1(λ), f0(λ))− δ0

(1 + λ2)2
(B.16)

and let f2 be some function satisfying

f(λ) ≤ f2(λ) ≤ f(λ) for all λ. (B.17)

From (B.14), ∫
(
f(λ)

f0(λ)
− 1)2dλ <∞,

∫
(
f(λ)

f0(λ)
− 1)2dλ <∞ (B.18)

so that also for all f2 satisfying (B.17),
∫

(f2(λ)/f0(λ) − 1)2dλ < ∞. Since f , f and

f2 are nonnegative integrable real functions, there exist corresponding correlation

functions that are positive definite. By the development in Section I.2 of IR78, there

hence exist corresponding stationary Gaussian processes G, G and G2 with spectral

densities f , f and f2 and measures P , P and P2, respectively. Theorem III.17 of

IR78 and (B.18) implies that P , P and P2 are equivalent to P0, and hence also to P1.

For ψ, ϕ : R 7→ C functions of the type ψ(λ) =
∑n

k=1 cke
iλtk for tk ∈ [0, 1] and

ck ∈ R, define the inner product

〈ψ, ϕ〉F1 =

∫
ψ(λ)ϕ(λ)∗f1(λ)dλ. (B.19)

Let L(F1) be the corresponding Hilbert space. Analogously, define the inner products

〈ψ, ϕ〉F2 , 〈ψ, ϕ〉F and 〈ψ, ϕ〉F , and corresponding Hilbert spaces L(F2), L(F ) and

L(F ). Since the measures P1, P2, P and P are equivalent, so are the Hilbert spaces,

as noted on page 71 of IR78. Define the linear operator A : L(F1) 7→ L(F2) via

Aψ = ψ, let A∗ be its adjoint, and define the self-adjoint operator ∆ : L(F1) 7→ L(F1)
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via ∆ψ = ψ − A∗Aψ, so that

〈∆ψ, ϕ〉F1 = 〈ψ, ϕ〉F1 − 〈ψ, ϕ〉F2

and analogously for ∆ and ∆ (that is, 〈∆ψ, ϕ〉F1 = 〈ψ, ϕ〉F1−〈ψ, ϕ〉F and 〈∆ψ, ϕ〉F1 =

〈ψ, ϕ〉F1 − 〈ψ, ϕ〉F ). By Theorem III.4 of IR78, equivalence of the measures P1, P2,

P and P implies that the operators ∆, ∆ and ∆ are Hilbert-Schmidt.

Let ψk be an arbitrary orthonormal sequence in L(F1), and define the n×1 vector

ηn of Gaussian complex valued random variables

η(ψk) =

∫
ψk(λ)dΦi(λ) for k = 1, . . . n (B.20)

where Φi is the stochastic spectral measure such that Gi(s) =
∫
eiλsdΦi(λ), i = 1, 2

(cf. chapter I.6 of IR78). Then E[η(ψk)] = 0 under both P1 and P2, E[η(ψj)η(ψk)] =

〈ψj, ψk〉F1 = 1[i = k] under P1, and E[η(ψj)η(ψk)] = 〈ψj, ψk〉F2 under P2. Thus,

under P1, ηn ∼ N (0, In), and under P2, ηn ∼ N (0,Σn), where Σn has elements

〈ψj, ψk〉F2 . Since P1 and P2 are equivalent, Σn is positive definite for any n (cf. page

76 of IR78). Let vkn ∈ Cn, k = 1, . . . , n be a set of eigenvectors of Σn with associated

eigenvalues σ2
kn ≤ σ2

k−1,n for all k = 2, . . . , n, so that v∗knηn ∼ iidN (0, 1) under P1, and

v∗knηn are independent N (0, σ2
kn) under P2. Let dn be the entropy distance between

the distribution of ηn under P1 and P2, that is the sum of the two corresponding

Kullback-Leibler divergences. By a straightforward calculation (cf. equation (III.2.4)

of IR78),

dn = 1
2

n∑
k=1

[(
1

σ2
kn

− 1) + (σ2
kn − 1)].

Define

Dn =
n∑
k=1

(1− σ2
kn)2
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and with λk(B) denoting the kth largest eigenvalue of the Hermitian matrix B, we

have

Dn =
n∑
k=1

(1− λk(Σn))2

=
n∑
k=1

λk((In −Σn)2)

= Tr
(
(In −Σn)2

)
so that

Dn =
n∑

j,k=1

|〈ψj, ψk〉F1 − 〈ψj, ψk〉F2|2 =
n∑

j,k=1

|〈∆ψj, ψk〉F1|2. (B.21)

The following straightforward Lemma establishes a useful relationship between dn

and Dn.

Lemma B.2.3 For any 0 < δ < 1/4, Dn < δ implies dn < δ.

Proof. Note that
∑n

k=1(σ2
k − 1)2 < 1/4 implies 1/2 < σ2

k < 3/2 for all k = 1, . . . , n,

but for such σ2
k,

1
2
[( 1
σ2
k
− 1) + (σ2

k − 1)] ≤ (σ2
k − 1)2, which implies the result.

Let Σn be the n × n Hermitian matrix with elements 〈ψj, ψk〉F . Then for

any v = (v1, . . . , vn)′ ∈ Cn, v∗(Σn − Σn)v =
∑n

j,k=1 v
∗
kvj〈ϕjn, ϕkn〉(F−F2) =

〈
∑n

j=1 vjϕjn,
∑n

k=1 vkϕkn〉(F−F2) ≥ 0 from (B.17). Therefore, by Weyl’s inequality,

σ2
kn = λk(Σn) ≥ λk(Σn) + λn(Σn −Σn) ≥ λk(Σn) = σ2

kn for all k, so that

Dn =
n∑

j,k=1

|〈∆ψj, ψk〉F1|2 =
n∑
k=1

(1− σ2
kn)2 ≥

n∑
k=1

1[σ2
kn > 1](1− σ2

kn)2.

By an analogous argument, also

Dn =
n∑

j,k=1

|〈∆ψj, ψk〉F1|2 ≥
n∑
k=1

1[σ2
kn < 1](1− σ2

kn)2
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so that

Dn ≤ Dn +Dn. (B.22)

Now let ϕk be a complete set of eigenvectors of the operator ∆, with associated

eigenvalues 1 − σ2
k, that is ∆ϕk = (1 − σ2

k)ϕk, and ϕk form an orthonormal basis

in L(F ). Define ϕ
k

and σ2
k analogously relative to the operator ∆. Since ∆ and ∆

are Hilbert-Schmidt,
∑∞

k=1(1 − σ2
k)

2 < ∞ and
∑∞

k=1(1 − σ2
k)

2 < ∞, so that for any

ε > 0, there exists nε such that
∑∞

k=nε
(1−σ2

k)
2 < ε/2 and

∑∞
k=nε

(1−σ2
k)

2 < ε/2. Let

L
0

ε ⊂ L(F1) and L0
ε ⊂ L(F1) be the finite spaces spanned by ϕk and ϕ

k
, k = 1, . . . , nε,

respectively, and let L1
ε be the orthogonal complement of L0

ε = L
0

ε ∪ L0
ε relative to

〈·, ·〉F1 , so that L(F1) = L0
ε ∪ L1

ε . Note that L0
ε and L1

ε do not depend on f2. Let L
1

ε

be the space spanned by ϕk, k = nε + 1, nε + 2, . . . For any orthonormal sequence ψk

in L1
ε , since L1

ε ⊂ L
1

ε

Dn =
n∑

j,k=1

|〈∆ψj, ψk〉F1|2

≤
n∑
j=1

||∆ψj||2L1
ε

=
n∑
j=1

∞∑
k=nε+1

|〈∆ψj, ϕk〉F1|2

=
∞∑

k=nε+1

n∑
j=1

|〈∆ϕk, ψj〉F1|2

≤
∞∑

k=nε+1

||∆ϕk||2L1
ε

=
∞∑

j,k=nε+1

|〈∆ϕj, ϕk〉F1|2

=
∞∑

j,k=nε+1

(1− σ2
k)

2|〈ϕj, ϕk〉F1|2

=
∞∑

k=nε+1

(1− σ2
k)

2 < ε/2
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where the inequalities follow from Bessel’s inequality. By the analogous argument,

also Dn ≤ ε/2. Thus, from (B.22), for any orthonormal sequence ψk in L1
ε ,

Dn ≤ ε. (B.23)

Now let ψεk, k = 1, . . . ,mε ≤ 2nε be an orthonormal basis of L0
ε , and let ψεk,

k = mε + 1,mε + 2, . . . be an orthonormal basis of L1
ε , so that ψεk, k = 1, 2, . . . is

an orthonormal basis of L(F1). Note that the sequence ψεk does not depend on f2.

Let Uεm be the σ-field generated by the Gaussian random variables η(ψεk) as defined

in (B.20) for k = 1, . . . ,m, i = 1, 2, and let Uε be the σ-field generated by η(ψεk),

k = 1, 2, . . .. Define

Dε
m =

m∑
j,k=1

|〈∆ψεj, ψεk〉F1|2.

We have the following Lemma.

Lemma B.2.4 For all 0 < ε0 < 1/2, supmD
ε
m < ε20 implies that the total variation

distance between P1 and P2 is smaller than ε0.

Proof. As discussed on page 65 of IR78, the distribution on the σ-field Uε equivalently

characterizes the distribution of Gi relative to the σ-fields generated by the cylindric

sets of the paths Gi(·) under Pi, i = 1, 2, so it suffices to show that

sup
A∈Uε
|P2(A)− P1(A)| ≤ ε0. (B.24)

Let dεm be the entropy distance between the distribution of η(ψεk), k = 1, . . . ,m under

P1 and P2. By Lemma B.2.3, dεm ≤ ε20. Thus, by Pinsker’s inequality

sup
Am∈Uεm

|P2(Am)− P1(Am)| ≤ ε0 for all m. (B.25)
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Now suppose (B.24) does not hold. Then there exists A ∈ Uε such that P2(A)−

P1(A) > ε0. Construct a sequence of events Am ∈ Uεm such that Pi(Am 	A)→ 0 for

i = 1, 2 as on page 77 of IR78, where Am 	A is the symmetric difference Am 	A =

(Am∪A)\(Am∩A). Then from A ⊆ Am∪(Am	A) and Am ⊆ A∪(Am	A), we have

|Pi(A) − Pi(Am)| ≤ Pi(Am 	 A) for i = 1, 2. We thus obtain P2(Am) − P1(Am) →

P2(A)− P1(A) > ε0, contradicting (B.25), and the lemma is proved.

Given that the choice of 0 < ε was arbitrary, in light of Lemma B.2.4 it suffices to

show that for some CARMA implied f2 satisfying (B.17), supmD
ε
m < 2ε, say. Now

for all m > mε, from (B.21)

Dε
m ≤

m∑
j,k=mε+1

|〈∆ψεj, ψεk〉F1 |2 + 2
mε∑
j=1

m∑
k=1

|〈∆ψεj, ψεk〉F1|2 (B.26)

≤ ε+ 2
mε∑
j=1

m∑
k=1

|〈∆ψεj, ψεk〉F1|2

where the second inequality follows from (B.23). Further

m∑
k=1

|〈∆ψεj, ψεk〉F1|2 =
m∑
k=1

|〈(f2

f1

− 1)ψεj, ψ
ε
k〉F1|2

≤ 〈(f2

f1

− 1)ψεj, (
f2

f1

− 1)ψεj〉2F1

=

∫
(
f2(λ)

f1(λ)
− 1)2|ψεj(λ)|2f1(λ)dλ

where the inequality follows from Bessel’s inequality by viewing L(F1) as a subspace

of the Hilbert space of measurable square integrable functions with inner-product

〈·, ·〉F1 . Thus

sup
m
Dε
m ≤ ε+ 2

mε∑
j=1

∫
(
f2(λ)

f1(λ)
− 1)2|ψεj(λ)|2f1(λ)dλ. (B.27)
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From equation (II.1.3) of IR78, every ψ ∈ L(F1) can be represented in the form

ψ(λ) = c0 + (1 + iλ)

∫ 1

0

eiλtc(t)dt

for some real c0 and some square integrable function c : [0, 1] 7→ R. Thus

|ψ(λ)| ≤ c0 +
√

1 + λ2

∫ 1

0

c(t)dt

≤ c0 +
√

1 + λ2

√∫ 1

0

c2(t)dt

where the second inequality follows from Jensen’s inequality, so that

sup
λ
|ψ(λ)|2f1(λ) <∞.

Thus, (B.27) implies that for some Mε < ∞ that does not depend on f2, for all f2

satisfying (B.17),

sup
m
Dε
m ≤ ε+Mε

∫
(
f2(λ)

f1(λ)
− 1)2dλ. (B.28)

It thus suffices to show that there exists a CARMA implied f2 satisfying (B.17) that

makes
∫∞

0
(f2(λ)/f1(λ)− 1)2dλ arbitrarily small.

Let h1(λ) = f1(λ)/f0(λ)− 1 and h2(λ) = f2(λ)/f0(λ)− 1. Recalling the definition

of δ0 in (B.13), we have

∫ ∞
0

(
f2(λ)

f1(λ)
− 1)2dλ ≤ 1

4
δ−2

0

∫ ∞
0

(h1(λ)− h2(λ))2 dλ

and it suffices to show that for any ε1 > 0, there exists a CARMA implied h2 such

that
∫∞

0
(h1(λ)− h2(λ))2 dλ < 2ε1.
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For any h̃1(λ), from (a− b)2 ≤ 2(a2 + b2),

∫ ∞
0

(h1(λ)− h2(λ))2 dλ =

∫ ∞
0

(
h1(λ)− h̃1(λ)− h2(λ) + h̃1(λ)

)2

dλ

≤ 2

∫ ∞
0

(h1(λ)− h̃1(λ))2dλ+ 2

∫ ∞
0

(h2(λ)− h̃1(λ))2dλ.

By (B.14),
∫∞

0
h1(λ)2dλ < ∞. Thus, there exists K < ∞ such that

∫∞
K
h1(λ)2dλ <

ε1/2. Let χK(λ) = 1 for λ ≤ K, χK(λ) = 0 for λ ≥ K + 1 and χK(λ) = K + 1 − λ

otherwise, and define h̃1(λ) = χK(λ)h1(λ). Then
∫∞

0
(h1(λ)− h̃1(λ))2dλ ≤ ε1/2, and

since f1 is continuous by standard Fourier arguments (see, for instance, Proposition

4.1 in Stein and Shakarchi (2005)), so is h̃1. It thus suffices to show that there exists

a CARMA implied h2 that makes
∫∞

0
(h2(λ)− h̃1(λ))2dλ smaller than ε1/2.

Now ∫ ∞
0

(h2(λ)− h̃1(λ))2dλ =

∫ ∞
0

(1 + λ2)−2(ϑ2(λ)− ϑ̃1(λ))2dλ

with ϑ2(λ) = (1 + λ2)h2(λ) and ϑ̃1(λ) = (1 + λ2)h̃1(λ). Note that ϑ̃1 is continuous,

and limλ→∞ ϑ̃1(λ) = 0. Thus, by Lemma B.2.1, for any δ > 0, there exists an integer

q and a rational function ϑ2 of the form (B.12) such that

sup
λ
|ϑ2(λ)− ϑ̃1(λ)| < δ. (B.29)

We have
∫∞

0
(1 + λ2)−2(ϑ2(λ) − ϑ̃1(λ))2dλ ≤ δ2

∫∞
0

(1 + λ2)−2dλ, which can be made

arbitrarily small by choosing δ small. From the definitions of ϑ2 and h2, we have

f2(λ) =
1

1 + λ2
+

ϑ2(λ)

(1 + λ2)2

so the implied f2(λ) is a rational function in λ2 of degree p = q+2 in the denominator

p− 1 in the numerator.
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Furthermore, for all δ < δ0, we have uniformly in λ,

f2(λ) ≤ 1

1 + λ2
+
ϑ̃1(λ) + δ0

(1 + λ2)2

=
1

1 + λ2
+
χK(λ)((1 + λ2)2f1(λ)− (1 + λ2)) + δ0

(1 + λ2)2

= χK(λ)f1(λ) + (1− χK(λ))f0(λ) +
δ0

(1 + λ2)2
≤ f(λ)

and similarly,

f2(λ) ≥ 1

1 + λ2
+
ϑ̃1(λ)− δ0

(1 + λ2)2

= χK(λ)f1(λ) + (1− χK(λ))f0(λ)− δ0

(1 + λ2)2
≥ f(λ)

so that f2 satisfies (B.17). In particular, since f(λ) > 0 for all λ, the numerator

of f2(λ) is a positive rational function, so by Lemma B.2.2, f2 has the form of the

spectral density of a CARMA(p, p− 1) process.
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Appendix C

Appendix for Chapter 3

C.1 More Tables of αT and τT under GLTU(p)

In this section, I list the tables for the 5th, 50th and 95th percentiles of αT and τT ,

for p = 3, 4, respectively. A few findings stand out from these tables to supplement

those stated in Section 3.5. First, regardless of the choice of country and how the

persistence properties are modelled, aggregate inflations always display high degree of

persistence. Second, as p gets larger, the persistence measure αT becomes numerically

unstable, which creates a seemingly heavy tail in the posterior distribution of αT for

some variables after downcoding. But this is not the case for τT , at least for the

five p’s I considered. Of course, many further analysis can be done to provide more

economic insights out of these tables. But I do not pursue that in this chapter.
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