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Abstract

Sarnak’s approach to the Mobius randomness heuristic from the standpoint of dynam-
ical systems is studied in two complementary settings. First, the Mdbius function is
realized in the context of symbolic dynamics, and we prove that its associated square-
free factor has a unique measure of maximal entropy. We then show that the Mobius
function is linearly disjoint from all zero-entropy translations on homogeneous spaces
of connected Lie groups, generalizing work of Vinogradov, Green-Tao, and Bourgain-

Sarnak-Ziegler.
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Introduction

One of the most important objects in analytic number theory is the Mobius function,

defined for positive integers n by

1 ifn=1
pu(n) = 0 if n is not squarefree

(—=1)" if n=p;---p,is a product of r distinct primes.

It is widely believed that the Mobius function behaves as randomly as possible, due to
the chaotic distribution of the prime numbers. The goal of this dissertation, broadly
speaking, is to clarify the meaning of this heuristic by providing novel results toward
a rigorous description of Mobius randomness.

Sarnak has developed an approach to the idea of Mobius randomness based on
the study of certain dynamical systems [S]. Let Q®) = {—1,0,1}" with the product
topology, and let o : Q®) — QO) be the left shift defined by (o), = zn41. (AP, o) is
a topological dynamical system, that is, a pair (X, S) where X is a compact metric
space and S : X — X is continuous and surjective.

The Mobius function defines a point = (u(1), 1(2), 1(3),...) € Q) and we let
M be the closure in Q® of the orbit {o*u : k > 0}. Then the ‘Mobius flow’ M
is a closed, o-invariant subset of Q®) but due to the mysterious behavior of y one
cannot say much else about it. We approach the question of Mobius randomness via

an indirect study of the Mobius flow, based on its relations to simpler systems.



In the first part of this thesis, we study the factor of the Mobius flow obtained
by ignoring the sign changes in p(n), that is, by changing every occurrence of —1
in 1 to a +1. This yields a nicely structured system whose properties are governed
by the distribution of squarefree numbers, and which thereby provides a basic level
of randomness in u. We examine the complexity of this system by proving that it
carries a unique invariant probability measure with maximal possible entropy, and
characterize its structure in terms of Bernoulli and Kronecker systems.

In the second part, we allow ourselves to consider the sign changes of u(n) in
the context of Sarnak’s Mobius disjointness conjecture, proving that it holds for all
zero-entropy translations on homogeneous spaces of real connected Lie groups. This
may be viewed as a reflection of an expected topological disjointness of the Mobius
flow from all sufficiently simple systems, conditioned on the presence of its squarefree
factor. Together with the first part of our work, this gives some insight into the notion
that the Mobius flow is “as random as possible”: it should have the largest possible
relative topological entropy as an extension of the squarefree flow.

We now lay a more detailed groundwork for both parts of this thesis.

The squarefree flow

Let Q2 = {0,1}" and let ¢ : Q® — Q® be the squaring map (x,,) > (22). Observe
that ¢ is continuous, surjective, and intertwines the shift maps on the two spaces
(this is an example of a factor map between topological dynamical systems). Let S
be the closure in Q@) of the orbit of ¢(u) = (4*(n)),s, under o. Since p?(n) is the
indicator function of the set of squarefree numbers, we call (S, o) the squarefree flow.

Naturally, the dynamical structure of § is strongly tied to the statistical properties
of squarefree numbers. In this connection, Sarnak uses the well-known squarefree
sieve (cf. [Tsa]) to produce a certain ergodic measure v of zero entropy on Q22) whose

support is S (for the definitions of terms from ergodic theory see [Wal]). This allows



him in turn to prove the following: define the support of a sequence x = (z,,) € Q2
to be the set supp(z) C N of those n such that x, = 1. We call a subset A C N
admissible if for every prime p the reduction A mod p? is a proper subset of Z/p?Z.
We then call a sequence (z,,) € Q® admissible if its support is an admissible subset
of N. As, for every prime p, the support of (u*(n)),>1 is missing the residue class
0 mod p?, we see that p? is admissible in this sense.

Let A € Q® be the set of all admissible sequences. It’s easy to show that A is
a closed, shift invariant subset of Q). Using the aforementioned measure v (and in
particular the fact that its support is §), Sarnak is able to show that in fact A = S.
Though this may seem surprising at first, it arises quite naturally from the shape of
the measure v, which in turn is constructed from the main term of the squarefree
sieve formula.

The ergodicity of v implies that the subset A; of A consisting of sequences whose
support omits only one residue class mod p? for every p has full v-measure. It’s
then not hard to show that the map which sends such a sequence to the point in
K= Hp 7./p*7 whose p-th coordinate is the residue class omitted by the sequence
modp? intertwines the shift on A with the translation T(~1,-1,-1,..) on K by the ele-
ment (—1,—1,—1,...) (note that this map is Borel measurable but not continuous).
Moreover, the pushforward of v under this map is precisely the mass one Haar mea-
sure m on the compact group K, so we have a factor map of measure-preserving
dynamical systems (A, o0,v) = (K,T(_1,-1,-1,..),m). Subsequently, Cellarosi and
Sinai [CS] used spectral theory techniques to prove that this map is in fact an iso-
morphism of measure-preserving dynamical systems (it is however very far from being
an isomorphism of topological dynamical systems).

While this tells the whole story for the measure v, there are other invariant mea-
sures on A that should be taken into account. Specifically, as stated by Sarnak (and

proven here), the system (A, o) has topological entropy (6/7%)log2 (it’s no coinci-



dence that 6/7% is the density of the squarefree numbers in N!). The variational
principle (e.g. [Wal] 8.2) states that the topological entropy of a topological dynami-
cal system is the supremum of the measure entropies over all its invariant probability
measures, and it is known that any subshift system possesses at least one measure of
mazimal entropy, i.e. an invariant probability measure whose measure entropy equals
the topological entropy of the system. Thus there exists such a measure for A.
While (ergodic) measures of maximal entropy always exist for irreducible subshifts
(this is not the case for all topological dynamical systems), the number of such mea-
sures may be arbitrarily large, even infinite (see [Hay] for examples). In keeping with
the general principle in ergodic theory that a scarcity of measures is more meaningful
than an abundance of them, it is an important problem to determine when there is
only one measure of maximal entropy on a given topological dynamical system.

The aim of the first part of this dissertation is to prove the following.
Theorem. The squarefree flow A possesses a unique measure of maximal entropy.

The essence of our proof is the construction of a Borel measurable map (eq. (1.2.3))

L (H Z/p2Z) x Q% 5 A
P

such that 1 oT" = o o+, where T is a certain skew-product transformation on
<Hp Z/pQZ) x Q2 This map codifies the idea of constructing a sequence with
admissible support by inserting zeros into an arbitrary sequence in Q) along the
residue classes described by an element of [[ Z/p*Z.

Once this factor map has been constructed, the problem effectively reduces to
proving the intrinsic ergodicity of the skew-product transformation 7. Measures of
maximal entropy for precisely such skew-products have been studied in great detail in
[MarNew|. As their results are much more general than the case treated here, we have

opted to give a direct explication of their proof in the case of interest to us, where
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the base of the skew product is uniquely ergodic with entropy zero. The key ideas of
this argument - namely, inducing the skew product to a subset where it decomposes
as a direct product, then using Abramov’s formula to compare entropies - are entirely
borrowed from their work. Our contribution lies in the use of the factor map ¢ above
to compare the complicated system A with a more transparent skew-product system.

This construction yields an explicit formula for the effect of the unique measure
of maximal entropy on the cylinder set corresponding to any word in A, and by using
this formula we are able to show in Section 1.3 that it is not a Gibbs measure, in
contrast to many familiar classes of intrinsically ergodic systems.

We note that this method also applies to the #-free shifts studied in [ELR], which
are defined as follows. Fix an infinite set B = {by,bs,bs,...} C N* satisfying the

following properties:

1. V1 <r <, b, and b, are relatively prime

2. 3 bt < oo

Integers with no factors in A are called #-free. We define the characteristic

function

0 if n is not B-free
v(n) =

1 if nis B-free.

The %-free flow X is then the closure of the point (v(n)),>; € Q@ = {0, 1}V
under the left shift, and can be identified as the set of sequences the reduction of
whose support modulo each b, is a proper subset of Z/b,Z ([ELR] Cor. 4.2). Thus the
squarefree flow is the Z-free flow for Z = {p* : p prime}, and as no special properties
of squares of primes are used in our argument for intrinsic ergodicity aside from
their mutual relative primality, the proof carries over to the general case essentially
verbatim. In contrast, our argument regarding the Gibbs property is quite specific to

squares of primes, and it is unclear whether this may be extended to general sets B.



The preprint [KLW], which was prepared simultaneously and independently from
our work, presents a detailed study of invariant measures for #-free systems, including
a proof of our main theorem for all such systems. Their approach, while substantially
different from ours, is also based on relating an invariant measure on the squarefree
flow to the Haar measure on a compact monothetic group and the (1/2,1/2) Bernoulli

measure.

Mobius randomness and linear disjointness

The overall behavior of the Mobius function is captured quantitatively by the sum-

matory function

n<N
as N — oo. Sign fluctuations in p(n), resulting from randomness in the distribution
of prime numbers, create cancellations in S(N) that reflect specific number-theoretic
phenomena. For instance, the prime number theorem is elementarily equivalent to
the estimate S(N) = o(N), while the Riemann hypothesis is equivalent to the power-
savings S(N) = O.(N/2%¢) for all € > 0.

Sarnak has formulated a less quantitative description of Mobius randomness from
this standpoint that seeks to measure correlations of p(n) with simpler functions,
rather than its intrinsic cancellations [S]. This simultaneously gives a rigorous ground-

ing to the well-known “M&bius randomness heuristic” [IK], which states that the sum

Z p(n)ay

n<N

should be asymptotically small whenever a,, is a “reasonable” sequence of complex

numbers, and generalizes more precise results along these lines. These include Vino-



gradov’s estimate for exponential sums

Z p(n) exp(2mian) < 4 log]XN for all A >0,
n<N
and the generalization thereof to nilmanifolds due to Green-Tao [GT].
Sarnak’s conjecture on the randomness of the Mébius function is set in the context
of deterministic topological dynamical systems. It asserts that if X is a compact
metric space and 7" : X — X a continuous surjection such that h.p,(X,7) = 0, then

for every x € X and every continuous function f € C'(X), we have

2

% un)f(I"x) — 0 as N — oo.

n

Il
=)

Thus, the notion of a reasonable sequence of complex numbers in this setting is that
of an observable sequence from a topological dynamical system of zero entropy.

This statement deliberately avoids demanding a rate of convergence, as these are
currently available only for relatively simple systems. The fundamental nuance in
this formulation is that x may be any point whatsoever in the space X. If we relax
the convergence to merely hold almost everywhere with respect to some 7T-invariant
measure on X, the result follows from the spectral theory of the Koopman operator
for the system and Bourgain’s version of the ergodic theorem [B2].

This conjecture has been verified for certain rank-one transformations [B1, ALR],
skew-products on tori [LS], Kronecker systems and rotations on nilmanifolds [Dav,
GT], and horocycle flows on surfaces of constant negative curvature [BSZ], among
other cases. The latter two examples, although quite different in nature, are concep-
tually of the same ilk. Both are homogeneous dynamical systems of zero entropy,
meaning that there is a Lie group G (a nilpotent group for the nilmanifold case, and
S Ly(R) for horocycle flows) and a lattice I' C G such that the dynamics of the system

are given by a zero-entropy homeomorphism of the homogeneous space I'\G.



The most basic class of such zero-entropy homeomorphisms is obtained by allow-
ing an Ad-unipotent element u € G to act on I'\G by right translation. The profound
results of Ratner on the topological and measure rigidity of such unipotent transla-
tions [R1, R2, R3, R4] render them a fertile testing ground for many phenomena in
dynamics, and indeed her results are essential for proving the disjointness of p(n)
from horocycle flows [BSZ].

Our aim in the second part of this dissertation is to use the full generality of
Ratner’s theorems to prove the disjointness of the Mobius function from all unipotent

translations on homogeneous spaces of connected Lie groups.

Theorem. Let G be a real connected Lie group, I' C G a lattice, and u € G an Ad-
unipotent element. Then for every x € I'\G and every continuous, bounded function

f on T\G, we have

%Zu(n)f(a;u") — 0 as N — oc.

n<N

This does not quite settle Sarnak’s conjecture for all zero-entropy homogeneous
dynamics, as we do not account for the more general class of quasi-unipotent affine
automorphisms. These are maps on ['\G of the form T}, o &, where « is an automor-
phism of G such that a(I") =T, and g € G has the property that all eigenvalues of
Ad go da are of absolute value 1 (T, denotes right translation by g on I'\G). However,
we strongly suspect that the ideas we present in proving the disjointness conjecture
for unipotent translations should generalize in a fairly straightforward way to these
systems.

It should be noted also that while we only prove our result for real connected Lie
groups, the statement and method of proof should be roughly similar for the case
of p-adic Lie groups and their products, as Ratner rigidity continues to hold in this
context [R4].

One may view this result as the statement that the Mobius flow is linearly disjoint



from all deterministic homogeneous dynamical systems of the stated kind, giving a
view of its complexity that fundamentally differs from our study of the squarefree
flow, due to its incorporation of the sign changes of u. Extending this statement
beyond a linear expression in u(n) seems out of reach at present; even to produce

significant cancellations in the second-order correlations sum

S utmu(n+ 1)

n<N
presents an enormous challenge, and may be as difficult as the twin prime conjecture.
The best known bound for this sum is the recent result of Matoméki and Radziwill
[IMR]: there exists some § > 0 such that

D AmAn+1)|<1-0

n<N

1
N

for all sufficiently large N, where \ is the Liouville function A(n) = (—1)%"™ with
(n) the number of prime divisors of n counted with multiplicity. See also [C] for
related results.

In this vein, Sarnak has shown that the Mobius disjointness conjecture follows from
the well-known Chowla conjecture [T], which states that if m > 0 and ay,as,. .., an

are nonnegative integers, at least one of which is odd, then

>+ D) (0 +2)% - pln + m)™ = o(N).

n<N

We may interpret the sequence p(n + 1) u(n +2)%2 - - - p(n 4+ m)* as an observable
sequence in the Mobius flow. An enriched version of the disjointness conjecture,
allowing for correlations between such nonlinear expressions in y and corresponding
expressions in a deterministic sequence, is therefore unapproachable until the Chowla

conjecture is known.



It is our hope that our result may apply to the study of solutions of polynomial
equations in prime numbers, as in [GT]. However, such applications would require a
stronger version of our theorem, in which the rate of convergence of the correlated
sum is quantified. As mentioned above, no such rates are known in the general setting

of Ratner’s theorems, though partial results have been obtained in this direction [SU].
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Chapter 1

Uniqueness of the measure of
maximal entropy for the squarefree

How

Maintaining the notation of the introduction, the goal of this chapter is to prove the

following.

Theorem 1.0.1. The squarefree flow A possesses a unique measure of maximal en-

tropy.

1.1 Induced transformations

We first recall some generalities on induced transformations, as they are essential to
our argument. Suppose 7' : X — X is a Borel isomorphism of a compact metric space,
and Y C X is a recurrent Borel subset, meaning ¥ C Up2,T7"Y. Let r : Y = N
be the return-time map, so r(x) = min{n > 1: 7"z € Y}, and define the induced
transformation Ty : Y — Y by Tyz = T"®z. Given a T-invariant Borel probability

measure g on X such that p(Y) > 0, we may define a Ty-invariant measure iy on

11



Y by uy(E) = p(ENY)/u(Y). We then have the following well-known facts (cf.
[Zwei],[Th]).

1. Suppose p is a T-invariant Borel measure on X such that X = U2, T7"Y up
to a set of u-measure zero. Then py is ergodic for Ty if and only if u is ergodic

for T
2. We may calculate the entropy of py as h,, (Ty)u(Y) = h,(T).

3. Let v be a Ty-invariant Borel probability measure on Y. Then there exists
a T-invariant Borel probability measure @ on X, concentrated on U2 /77 "Y,

such that v = py.

Fact (2) is Abramov’s formula [Ab]. Facts (1) and (3) may be easily proven: (1) follows
because for any n > 1, {z € Y :r(z) =n}NT™ENY)={r(x) =n}NT"E, so
that ENY is invariant for 7y whenever E is invariant for 7. For (3), the measure u

can be given explicitly as

wE) =Y v({r(z) >n} NT"E).

n>0

The T-invariance of p follows by writing

wTE) = v({r(z) >n}nT"E)+ Y v({r(x) =n}NT"E)

n>1 n>1

and using the Ty-invariance of v. It follows that the assignment p — py is a bijection

between T-invariant measures on X with x(Y’) > 0 and Ty-invariant measures on Y.

1.2 The Squarefree Flow

We now turn to our situation. We will be dealing with Borel measurable maps that

are not continuous, and so must be somewhat careful in our definitions. Following

12



[MarNew]|, if S is a Borel measurable isomorphism of a compact metric space, we

define the topological entropy
h(S) = sup{h,(S) : p is an S-invariant Borel probability measure}. (1.2.1)

When S is a homeomorphism, this agrees with the usual definition of hi.,(S) by
the variational principle. If the sup is achieved by a unique measure, S is called
intrinsically ergodic.

Define G =[], Z/p*Z, and define the translation function 71 : G — G by Ti(g) =
(r — 1,92 —1,...). Let Gy = {g € G : g, = 1 mod p? for some p}, and define the

transformation 7 : G x Q® — G x Q) by

(Tg,y) ifgeG
T(g,y) =
(Tlga Oy) if l'lOt,

where ¢ is the left shift on Q®. T is a Borel isomorphism of G x Q®), but is not
continuous since G is open and not closed in GG. Observe that we can describe T as
a skew-product transformation: define the Borel measurable function ¥ =1 — xg, :

G — {0, 1}, where x¢, is the indicator function of G;. Then

T(g,y) = (Tvg,0¥Wy). (1.2.2)

Let X be the squarefree flow as defined above. The key to our argument is an
“insertion map” ¢ : G x Q® — X that allows us to realize X in terms of a more
transparent system. Let’s describe the motivation for this construction. A sequence
r € Q@ belongs to X if and only if  omits at least one arithmetic progression
modulo p? for all primes p, i.e. if and only if there exists a € {1,2,...,p?} such

that @442 = 0 for any £ > 0. Outside of these arithmetic progressions, however,

13



the entries of x may be chosen with complete freedom. Thus, suppose we begin with
an element ¢ € G and any sequence =’ € Q®. To define a sequence in X from this
information, we start reading the entries of x’ until we reach a position congruent to
one of the g, mod p?, where we insert a zero. We then continue to read x’ from where
we left off until we reach another position congruent to some (likely to be different)
g, mod ¢*, where we again insert a zero, and so on. For example, let’s carry out this
process with respect to only one prime p = 2. Suppose we are given the residue class
3 (mod p? = 4) and the sequence 2’ € Q) shown below. Then modifying ' as just

described will yield the indicated sequence x:

2’ =01110110101101 - - -

x =0101100110010101010 - - -

where the underlined zeros have been inserted to force z to omit the progression
3 mod 4. To formalize this, observe for instance that the fifth entry of x equals the
fourth entry of 2’ since there is exactly one n <5 with n =3 mod 4, and 5 — 1 = 4.
At the same time, the eigth entry of x equals the sixth entry of z’, since now there
are two n < 8 with n =3 mod 4, and 8 — 2 = 6.

Thus, for each g € G define the function o, : N — N by

ag(m) = {1 <n <m:n=g, mod p’ for some p}|.

Now, for (g,y) € G x Q@ let 1(g,y) € X be the sequence defined by

0 if m = g, mod p? for some p
UG, Y)m = (1.2.3)

Ym—ag(m) if not.

¢ is clearly surjective, but not continuous, since one must read the entire infinite

14



sequence g € GG before deciding whether to insert a zero at a given position m.
Proposition 1.2.1. ¢ is Borel measurable, and we have toT = o o ¢.

We first will prove the equivariance property, then demonstrate the measurability.
To prove the desired relation, we must divide into cases dictated by G;. Thus, suppose

g € Gy, and let y € Q@ . Then we have for any m > 1

0 if m+ 1= g, mod p? for some p
UT(g,9))m = U(T19,y)m =

Ym—ar, 4 (m) if not.

Observe that if Ap with m + 1 = g, mod p?, then since g € Gy, we have

ar(m)=|{1<n<m:n+1= g, modp* for some p}|
=|{1 <n<m:n=g,mod p’ for some p}\{1}|

= ay(m) — 1.

Therefore, for such m we have

Ym—ar, 4(m) = Ym—ay(m)+1-

At the same time,

0 if m+ 1= g, mod p? for some p
O(L(g7y))m = L(gv y)m—i-l =

Y(m41)—ay(m+1) if not.

In the second case above, we clearly have ay(m-+1) = ay(m); therefore y(m1)—a,(m+1) =
Ym—agy(m)+1 = L(T(9,Y))m- In the first case, it’s obvious that «(T(g,y))m = o(¢(9,Y))m =

0; therefore we have equality for all m > 1 and so «(T(g,y)) = o(c(g,y)).

15



Now assume g ¢ GG;. Then

0 if m+ 1= g, mod p? for some p
UT(g,y))m = t(T1g, 0Y)m =

Ym—ar g(m)+1 if not.

If m > 1 and Ap with m + 1 = g, mod p?, we have

arg(m) ={1<n<m:n+1= g, mod p* for some p}|
= {1 <n<m:n=g, mod p® for some p}|

= ay(m).

Thus in this case, Ym—ar, o (m)+1 = Ym—ag(m)+1- On the other hand,

0 if m + 1= g, mod p? for some p
U(L(gay))m = L(g, y>m+1 =
Y(m+1)—ag(m+1)  if not.

In the second case above, we clearly have oy (m+1) = ay(m); therefore y(ni1)—a,(m+1) =
Ym—aym)+1 = U(T(g,y))m- In the first case, it’s obvious that t(T'(g,y))m = 0(¢(g,Y))m =
0; therefore we have equality for all m > 1 and so «(T(g,y)) = o(¢(g,y)). So this
holds both for g € G; and g € G, proving the desired equivariance.

To prove the measurability of ¢, for each r > 1 define

X(r) = {z € Q@ : supp(z) omits at least one residue class mod p? fori=1,--- ,7}.

Note that X(r) D X for all » > 1. For each r > 1, let G, = [[,_, Z/p}Z, and
let m : G x Q® = G, x Q@ be the product of projection G — G, onto the

first r coordinates with the identity on Q®. We define the partial insertion map
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b, : G x Q?) — X (r) as follows. For each g € G, define the function ay : N — N by

ag(m) =[{n <m:n= g, mod p; for some i € {1,...,7r}}|.

Now, for (g,y) € G, x Q@ let ¢.(g,y) € X(r) be the sequence defined by

0 if m = g,, mod p? for some i € {1,...,r}
¢r(9,Y)m = (1.2.4)
Ym—az (m) if not.

¢, is a surjective map from G, x Q® onto X(r). Define ¢, : G x Q®) — X(r) to
be the composition of 7, with the partial insertion map ¢, : G, x Q® — X (r); then

L is surjective as well.

Proposition 1.2.2. (. is continuous for each r > 1, and we have 1, — 1 pointwise

everywhere on G x Q@ . Therefore, ¢ is Borel measurable.

Proof. For a subshift ¥ ¢ Q® and a word w of length ¢ appearing in ¥ (meaning
there exists some z € ¥ such that w = x;---x,), we will denote the cylinder set
corresponding to w by

Co={z Xz x=w}.

Such sets provide a base for the topology on .
To show that ¢, is continuous, let (¢,y) € GxQ® andlet M > 1. Let u = y; - -~y

be the first length M subword of y, and consider the subset

U= ({gl} X {ga} x - x {g,} x HZ/pZZ) x C, C G x Q¥

k>r

U is clearly an open subset of G x Q) and it’s equally clear that the sequences
t:(g,y) and ¢.(h, z) agree to at least M positions for any (h,z) € U. As M was

arbitrary, this proves that ¢, is continuous.
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We now prove the pointwise everywhere convergence ¢, — t. Let (g,y) € G x Q®),
and fix a word w of length ¢ appearing in X. We will show that «(g,y) € C,, if
and only if ¢.(g,y) € C,, for all sufficiently large r (where ‘sufficiently large’ is taken
relative to (g,y) since we only seek pointwise convergence). Observe that there exists

an R > 1 such that
{m < ¢:m = g, mod p? for some r} = {m < ¢ :m = g, mod p? for some r < R}.
Indeed, we have

{r:grEmmodpzforsomemSE}:H{r:grzmmodpf}

m<t

so we may choose an r from each nonempty set on the right and take R to be the

maximum of these. Then for any n < ¢ we have

ag(n) = ay'(n)

= {m <n:m =g, mod p? for some r < R}|.
Thus if S > R we have for any n </

0 if n = g, mod p? for some r
UG, Y)n =
Un—ag(n) if nOt

0 if n = g, mod p? for some r < R

ynfosz (n) if not
\

= LS(g7 y)m

and it follows that ts(g,y) € C, for S > R if and only ¢(g,y) € Cy, proving the
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claim. ]

For any infinite sequence of integers I = (i) € [[{1,...,p* — 1} (so i, is the

number of residue classes omitted mod p?) consider the set
{r € X : supp(x) omits exactly i, residue classes mod p* Vp}.

This set isn’t invariant, since there may exist a sequence x in this set and a residue
class h mod p? for some p such that supp(x)Nh mod p? is finite; then shifting z finitely
many times will cause x to omit an extra residue class mod p?, removing x from this
set. Hence, to get an invariant set, define for each prime p the set of p-persistent

sequences in X
S,={x € X : for all h € Z/p*Z, if supp(x) N h(p*) isn’t empty, then it is infinite}.

Observe that S, is an invariant subset of X. To see that S, is Borel, observe first

that

Sy = ﬂ {x € X : supp(x) N h(p?) is empty}[I{z € X : supp(z) N h(p?) is infinite}.
heZ/p*Z
(1.2.5)

For each h € Z/p*Z, let N, = {x € X : supp(z) N h(p?) # 0}. Then

N=J 1T Cl
/=1 wEW,(X)
supp(w)Nh(p?)#0

where C, is the cylinder set defined by w and W, (X) is the set of all words of length
¢ that appear in the elements of X. Therefore, Nj is a Borel subset of X (in fact
it’s open). Hence, for each h € Z/p*Z, the first set comprising the disjoint union in

the term corresponding to h on the right side of eq. (1.2.5) is Borel, since it’s the
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complement of N,. At the same time, the second set in this disjoint union may be

described as

{x € X : supp(x) N h(p?) is infinite} = ﬂ o N

m=0

This is immediate from the fact that e™’z € N;, whenever h + M p? € supp(z) for
some M > m. This intersection is clearly a Borel set, so S, is Borel as well.

Now set

X; = {z € X : supp(w) omits exactly i, residue classes mod p? for all p

and x € S, for all p}.
Then this is an invariant subset of X. It’s also Borel because

X = ﬂ{x € X : x omits exactly i, residue classes mod p*} N S,,.
p

We showed above that S, is Borel; at the same time we have for any p

{r € X : z omits exactly i, residue classes mod p°} =

UM 11 C-

L>1¢>L ’LUGW@(X)
w omits exactly
ip residue classes mod p?

This is clearly a Borel set, and it follows that X is Borel.
We will denote X; = X(11,1,..). Let C; = X;. Then C; is a closed subshift of X.

Also, for any r > 1 and (i1, ...,4,) € [[,;{1,...,p; — 1}, define

Xir,..iny(r) = {z € X(r) : supp(z) omits exactly i), residue classes mod pj for k =1,...

and x € S, for k=1,...,r},
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and let C;,. ;) (1) = X(,..i) (). Note that for an infinite sequence I = (iy,is, ... ),

we have C; = M2,CY,,. 4,)(r). By the Chinese remainder theorem we have the

inequalities

2
2m]_[,c 1( D}, zk) < u L < <bl> (62) . ( r>2m]_[;_1(p%’ik)
p1p2 ‘Pr — 7;1 'L.Q ,L'T )

I

where u mp2pdp? is the number of distinct words of length mp1p2
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elements of X(r). Therefore

hiop(Cr (1)) = log 2 H (1 - —)

and so

haop(Cr) = 1 huag(Coi i (1)

_ o
_Tli}rgologQH (1 p2>

k<r k

zlog2H (1—2—732).
» p

.- p? appearing in

Lemma 1.2.3. Let v be an ergodic measure on X. Then there exists a unique Se-

quence I € [[ {1,...,p*—1} such that v(X;) = 1. In particular, any ergodic measure

of mazimal entropy on X is concentrated on X;.

Proof. Although one might be tempted to reach the desired conclusion immediately

from the fact that X is the disjoint union of the X; over all sequences I, this is invalid

since there are uncountably many such sequences, so we must argue differently. Let

v be an ergodic measure on X, and let Y = supp(v). For each y € Y and each p let

ip(y) = p* — |mp2(supp(y))]. Then i, : Y — N is measurable, and we have for any p

p*-1
Y =[] Yilp)
=1
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where Y;(p) = {y € Y :i,(y) = i}. Since v is ergodic with v(Y') = 1, and the Y;(p)
are invariant and mutually disjoint, there exists a unique i(p) € {1,...,p? — 1} such
that v(Yj)) = 1. As this is true for all p, and since a countable intersection of sets
of full measure also has full measure, we have v(Y N X;) = v (ﬂkY;(p)) = 1 where

I = (i(p)),, which proves the claim. O

Consider the map p : X; — G given by sending a sequence z to the sequence
g: € G, where (g,), is the unique residue class omitted by the support of z mod p*. p
is measurable; indeed, if we fix finitely many primes py, ..., p, and classes g; mod p?

for e =1,...,r, then the inverse image under p of the open set

{o1} x {g} - x{a} x [[ 2/0°Z

pP>pr

is

xin() 1T C

621 IUEW@(X)
supp(w) omits g; mod p?
for i=1,...,r

which is clearly a Borel set.

Let

Y={z€X,:9, €G}=p GY).

Y is Borel (since it’s the inverse image of the closed set G§ under the Borel map p)
and recurrent. Indeed, any sequence in Y must contain infinitely many 1’s by virtue
of belonging to X;. Therefore, if one shifts such a sequence sufficiently many times
so that there is a 1 in its first position, then there can’t be any prime p such that this
shifted sequence omits 1 mod p? from its support.

Let oy : Y — Y be the transformation induced by the shift ¢ on X, as defined in

Section 1.1.
Proposition 1.2.4. h(Y,o0y) = log2, where h(Y,oy) is defined by eq. 1.2.1.
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Proof. Let v be a oy-ergodic Borel probability measure on Y. By fact (3), there exists
a o-ergodic Borel probability measure p on X such that v = py. Since v(Y) = 1,
we have pu(Y) > 0, so by ergodicity, we have u(X;) = 1 since Y C X; and Xj is
shift invariant. Therefore, p,u is a Ti-invariant probability measure on G, so by the
unique ergodicity of 77 it follows that p.u = m, the mass one Haar measure on G.

But we have Y = p~1(G%), so u(Y) = p(p ' (G5)) = m(GS). Observe that
Gi = [@/p o\

and therefore

So we find

p(V)=T] (1 - %) (1.2.6)

for any ergodic measure p on X with p(X;) = 1. Now, by Abramov’s formula (fact

(2) in Section 1.1) we have

b (oY) = (o) < iy () = 02T (1= )

so by (1.2.6), this yields h,,, (0y) <log2. On the other hand, there exists a measure
of maximal entropy for X since it is a subshift system, and this induces a measure of
entropy log 2 for oy by Abramov’s formula once again; therefore h(Y,oy) = log?2 as

claimed. O

Now, consider the product G x Q® as before, with the skew-transformation 7.

23



We would like to induce 7" to the subset G$ x Q)| but this is not strictly in keeping
with our definitions since G{ isn’t a recurrent subset of G. However, observe by
Poincaré recurrence that since the system (G, 71, m) is ergodic and m(G$) > 0, there
is a recurrent subset Ry C G{ with m(R;) = m(GY), so we may unambiguously define
the induced transformation 7 : Ry x Q@ — Ry x Q@ Since (G,T}) is uniquely
ergodic, any T-invariant measure on G x Q® must project to m on the first factor.
Therefore, for any T-invariant measure p on G x Q@ the induced transformation
T:GS x QP — ¢ x QP is well-defined p-almost everyhwere.

Since this introduces yet another system into our argument, we diagram the rela-
tions between the various systems of interest, where the diagram below is commuta-

tive:

oc: X =X

T:Gx0® 5 G x 0 T(g,y) = (T1g,0*“y)

LG x QP 5 X insertion map
oy:Y —Y induced transformation of o to Y C X

T:Gx Q% = G¢ x? induced transformation of 7'

7Gx 0¥ 5 X restriction of ¢ to G§ x Q%)
olw: W =Y, restriction of 7 to W =77}(Y").

YY) =W s Gx 0O L G xq®

Tw, py
oo
» Y

Y ki c s X g s X

Proposition 1.2.5. For any T-invariant measure p on G x Q?, we have T =

T, x 0 p-a.e., where Ty G$ — GY is induced from T.

Proof. Let (g,y) € G$ x Q@) . By definition, we have T(g,y) = 7" (g,1) where

' GS x QP — N is the return-time function. Now, if 7'(g,y) < oo (this is the case
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for p-a.e. (g,y) by the above), we have

r'(g,y) = min{n > 1:T"(g,y) € G x Q?}
=min{n > 1:T7(g) € G}

=11(g)

where r; : G{ — N is the return-time function (which is well-defined for m-a.e.
g € GY). Observe that for g € G§ with 7(g) < oo and 1 <n < r(g), we have T}'g €
G1, and therefore T"(g,y) = (17g,0oy) by (1.2.2). In particular, 77191 (g,y) =

(T7"97 g oy) and T7*9 ™ g € Gy, so we have

T(g,y) = T"9(g,y) = (T}*" Vg, 09) = (T1 x 7)(g,y),

which proves the claim. O
Proposition 1.2.6. h(G§ x Q®) T) = log 2.

Proof. Let v be a T-invariant Borel probability measure on G¢ x Q). By Proposition
1.2.5, we have T = T} x o v-a.e. Hence if we let n = (m2),v, then 7 is a o-invariant
measure on Q®, and by the unique ergodicity of Ty, v projects to 7@ on the first

factor. Therefore, we have the inequality (cf. [Dow] Fact 4.4.3)
ho(T) < hin(Th) + hy(Q®) <log2,

since hi(T1) = 0. At the same time, if we let v = m x W(1/2,1/2), Where w(i/a,1/9) is

the maximum entropy Bernoulli measure on Q®, then

ho(T) = h(T1) + h (Q®) =log2,

w(1/2,1/2)

so the upper bound is achieved, proving the claim.
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]

We may define a map ¢ : Y — G$ x Q@ by x + (g,,7), where g, € G is the
unique sequence of residue classes omitted by the support of z modulo the p? (this
belongs to G$ by definition of Y) and 7 € Q® is obtained by removing from x the

zeros along these residue classes.
Proposition 1.2.7. For any x € Y, we have ri(g,) < oo.

Proof. 1f r1(g,) = oo, then for any n > 1 there exists a prime p such that g,n, =
1 mod p?. Hence, for any n > 2 there exists a p such that g, = n mod p?. But this

clearly implies that = = 00000 - - -, which doesn’t belong Y since Y C Xj;. O]

Therefore, the composite T o ¢ : Y — G$ x Q@) is well-defined everywhere on Y,

since T(g,y) is well-defined whenever r,(g) < oco.

Proposition 1.2.8. ¢po oy =T o ¢ everywhere on Y.

—

Proof. Let x € Y; then ¢(oyx) = ¢(0" @) = (g,rw),, 0" @z). We have g,rw), =

' g = Tz since the map X; — G,z > g, intertwines o with 7j. We claim that

—

o"@z = (), which will prove our claim in view of Proposition 1.2.5.

We may calculate for m > 1

—

(0" @x),, = (UT($)$)€m = Llp+r(z)>
where the sequence /¢, is defined for m > 1 by

¢y =min{¢ >1:(# g, — r(x) mod p* Vp}

b1 = min{l > £, : { # g, — r(z) mod p* Vp}.

At the same time, we have

TIm = Ty
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where ¢{ =1 and ¢, ., = min{¢ > ¢/, : { # g, mod p? Vp}. Observe that by definition
of Y and r and the fact that = € Y, for 1 < n < r(z) there exists a prime p,
such that o™z omits the residue class 1 mod p?. Therefore, z itself omits the classes

n+ 1mod p? for 1 < n < r(x). Thus, if m > 1 then ¢/ > r(x). It follows that

n

b +1(x) = £, ;. Indeed, when m = 1 we have

¢ =min{¢ > 1: ¢ # g, mod p* Vp}
= min{{ > r(z) : £ # g, mod p* Vp}
= r(z) +min{l > 1: ¢ # g, — r(z) mod p* Vp}

=r(x)+ 4

and now for m > 1 it easily results from the inductive definitions of ¢, and ¢,.
Therefore

—

(O'r(w)x>m = Tppptr(z) = xﬁ{m-‘rl - <U(§:\))m

which proves the claim.

]

Let W =77Y(Y). Note that |y : W — Y is bijective since to ¢ = Idy. It follows
that the restriction 7|y : W — Y is a Borel isomorphism. Moreover, if ¢(z) € W

(every element of W may be realized this way for a unique x € Y') then by Proposition

1.2.8

To(x) = ipoyr = oyx = oyid(z),

S0 I|w is a measurable Borel isomorphism between the systems (W, T|y) and (Y, oy):

Z|W . (W,T|W) :> (Yv, Uy).

In particular, h(W, T|w) = h(Y, 0y) = log2 = h(G$ x Q3. T) where the second
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equality is Proposition 1.2.4 and the last equality is Proposition 1.2.6. Since (W, T|w)

is a subsystem of (G$ x Q@ T), it follows that:
If (G$ x Q@) T) is intrinsically ergodic, then (W, T|y) is intrinsically ergodic.

Indeed, if we could find two distinct measures of maximal entropy for T'|y, then these
could be extended to distinct measures of maximal entropy for 7 on G§ x Q). On the
other hand, since (W, Ty ) is Borel isomorphic to (Y, oy ), this implies the intrinsic
ergodicity of the latter system. But (Y,oy) is induced from (X, o). Thus, if v is
a oy-ergodic measure of maximal entropy log2 on Y, then by facts (1) and (3) in
section 1.1 there is a g-ergodic measure p on X with v = puy, and then by Abramov’s

formula we have
1
ha(X) = (Y Yhlory) = (¥ log 2 = log 2] | (1 - p—) — heop(X)
p

where the second to last equality follows from (1.2.6), since the fact that p(Y) > 0
implies p(X;) = 1 since p is ergodic and Y C X;. This shows that the map p+— py
is a bijection between o-ergodic measures of maximal entropy on X (such a measure
satisfies u(Y) = 6/7% > 0 by (1.2.6) and oy-ergodic measures of maximal entropy on
Y, and in particular intrinsic ergodicity for the two systems is equivalent. Combining

this with the above observations, we see that
If (G$ x Q@) T) is intrinsically ergodic, then (X, ) is intrinsically ergodic.
Proposition 1.2.9. (G$ x Q@) T) is intrinsically ergodic.

Proof. By Proposition 1.2.5, T =T} x o up to a set of measure zero for any invariant
measure. Also, by the facts in Section 1.1, T} is uniquely ergodic, with the zero
entropy measure m = mge as its unique invariant measure. Therefore, if p is a T-

ergodic measure of maximal entropy log2 on G$ x Q). then its projection onto G¢
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must be (71),p = M, while it projects to some o-ergodic measure 1 = (), on Q).

As in the proof of Proposition 1.2.6, we have
log 2 = (G5 x Q. T) < hon(GS,T7) + hy (22, 0) = hy (), 0) < log 2,

which shows that hn(Q(z),U) = log2, and therefore n = w(i/21/2), the maximum
entropy Bernoulli measure on Q). But the system (G$, Ty, ™) is ergodic with entropy
zero, and any such system is disjoint from the Bernoulli system (Q® o, W(1/2,1/2)): the
only invariant measure y on the product system (G$ x Q@ T x ¢) with (m).,u =M
and (m2).pt = w(1/2,1/2) is the product measure m x wq/2,1/2) ([Fu] Thm. 1.2). As
was chosen arbitrarily, it follows that this is the only measure of maximal entropy on
(Ge x QO T).

O

It now follows from the facts in Section 1.1 that m X w(i/2,1/2) is the only measure
of maximal entropy on the skew-product (G x Q) T), which finally gives us the

following.
Theorem 1.2.10. ,(m X W(1/271/2)) 15 the only measure of maximal entropy on X.

In fact, it’s easy to see that the restriction of ¢ to the inverse image of X; in
G x Q@) is bijective; since X, has full measure for n = ¢, (m x Wa/2,1/2)), we see that

¢t 1(X1) has full measure for m X w(/2,1/2), and this gives the following.

Theorem 1.2.11. ¢ induces an isomorphism of measure-preserving systems

L (G X Q(Z),T,m X w(1/2’1/2)) % (X, g, 77)
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1.3 Failure of the Gibbs property

An invariant probability measure p supported on a closed subshift X of the full 2-shift
Q® is said to be a Gibbs measure if there exists a constant ¢ > 0 such that for any

n > 1 and any word w of length n appearing in X, we have the inequality
p(Cy) > - e o)

where C,, C X is the cylinder set defined by w. In other words, the quantity
elwlhen(X) (0, is uniformly bounded below as w varies over all words in X. The

importance of this property is the following:

Proposition 1.3.1 ([Wei] Lemma 2). Suppose X is a closed subshift of Q@ and p
is an ergodic Gibbs measure supported on X such that h,(X) = hip(X). Then p is

the only measure of maximal entropy on X.

The unique measures of maximal entropy on subshifts of finite type and sofic
systems are Gibbs measures. Our aim in this section is to show that the unique
measure of maximal entropy on the squarefree flow X does not possess the Gibbs
property, in contrast to many well-known classes of intrinsically ergodic systems.

We have shown that the measure 7 = t.(m X w(1/21/2)) is the only measure of
maximal entropy on the squarefree flow X. This allows us to give an explicit formula
for n(w) := n(Cy) for any word w in X, in the following way. Let G(w) = {g € G :

Vp, g, & supp(w) mod p?}. Observe that if C,, is the cylinder defined by w, then

UHCW) = {(g,y) € G x QP : g € G(w) and Ym—a,(m) = Wn, whenever m < n

and d4(m) = 0}

where d,(m) = 0 if and only if there does not exist any prime p such that m =

gy mod p?. Hence, by Fubini’s theorem and the definition of the Bernoulli measure
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we have

n(w) = L*(m X w(1/271/2))(0w) = /( )2|{mSn 59(m):0}‘dm(g).
G(w

By definiton, we have for ¢ € G(w) that supp(w) C {m < n: §,(m) = 0}. There-
fore, we have 27 1{msn: d(m)=0} < g=lswp(w)l for any g € G(w), so we get n(w) <
275wl (G(w)). For r > 1, define G,.(w) = {g € G, : g; € supp(w) mod p? for i =
1,...,7r}. By expressing the Haar measure on G as the limit of the counting measures
on the G, as r — oo, we find

N lim M

2

n(w) < 9—|supp(w )
r—oo P - - -pg

For any r > 1 we have

Gl _ 17 (1 o)

piopE s P;
where u(w, ) is the number of residue classes modp? defined by supp(w). Observe
that if p? > n then u(w,i) = |supp(w)|. Since every term in the product is less than

1 we get

|C2;T(w)2| < H (1 _ |sup—2(w)|> 7 (1.3.1)

n(w) < 27 1wee)l TT (1 _ [supp(w)] Suplj“’”) . (1.3.2)

For each n > 1, let w™ be the word of length n appearing in X defined by w,(gn) =

p2(k) for 1 < k < n. Clearly, | supp(w™)| = Q(n), the number of squarefree integers
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less than or equal to n. Therefore, the above inequality yields

pw) < 290 T] (1 _ Q@) .

p>\/n p

We proceed to estimate the product; call it P(n). Taking logs and using the Taylor

series for log(1 — ) gives

p2

log P(n) = Z log <1 —

p>y/n

Q(n))

By Riemann-Stieltjes integration and the prime number theorem we therefore get

Q(n)

as n — 00, so we find from the above

n(w(”)) < 2790 exp (_2—\/%2&271)

as n — 0o, with an absolute implied constant.
Now, write Q(n) as

Qn) = S+ R(n).

T2

The error term R(n) satisfies ([P])

R(n) = o (%) (1.3.3)
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for any A > 0. Since hyop(X) = (6/72) log 2 we have

n-hio n . n /w2 n
evh p(X)n(w( )) — 9bn/ ?7(10( ))

6n/m29—Q(n) % . Q(n)
<2 2 exp ( 2—\/5 logn)
Q(n)

< exp <—2

and using the above expression for @(n) and the error estimate (1.3.3) we see

12
e hor (X (1p(M) < exp (— v +0 < Vi >) :

w2 logn logn

Since the exponent tends to —oo as n — 0o, we see that

e hor (X (™M) — 0 as n — oo,
Since the Gibbs property precisely states that the quantity on the left is uniformly
bounded below for all n and w with length n, we have shown the following.

Proposition 1.3.2. 7 is not a Gibbs measure.

In a similar vein, the above arguments show that any %-free shift as mentioned in
the introduction and described in [ELR] carries a unique measure of maximal entropy
(this is also proven in [KLW]), and one can ask whether the Gibbs property holds for
this measure. Given that the argument in this section used specific properties of the

squares of primes, it’s unclear whether or not this should be the case in general.
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Chapter 2

Mobius disjointness for

homogeneous dynamics

This chapter is dedicated to proving the following result.

Theorem 2.0.3. Let G be a real connected Lie group, I' C G a lattice, and u € G
an Ad-unipotent element. Then for every x € T'\G and every continuous, bounded

function f on I'\G, we have

1

N Z pn)f(zu™) — 0 as N — oc.
n<N

2.0.1 Necessary background

We begin by recording several powerful results as the fundamental input for our work.
First, the following criterion allows us to establish Mobius disjointness by studying

correlations of powers of the u-action.

Theorem 2.0.4 (The disjointness criterion, [BSZ] Thm. 2). Let F' : N — C with

|F| <1 and let v be a multiplicative function with |v| < 1. Let 7 > 0 be small and
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1/7

assume that for all primes p,q < e*/7,p # q, we have that for M large enough

> F(pm)F(gm)| < 7M. (2.0.1)
m<M
Then for N large enough,
> w(n)F(n)| < 24/7log(1/7)N. (2.0.2)
n<N

In fact, the conclusion of this statement can be drawn even when the inequality
(2.0.1) is violated on a small set of primes, whose size may increase as 7 — 0. We
will have more to say on this later.

Thus, our aim is to analyze the correlation limits

lim — > flaut) f ) (2.0.3)

N—ooo N

where z € X, f € Cy(X), and A\, u € N. Ratner’s uniform distribution theorem
allows us to describe such limits in terms of ergodic measures arising naturally from
subgroups of G. If x € X, we say that the closure m of the u-orbit of x
is homogeneous if there is a closed subgroup H C G such that u € H,7Hz ' NT is

a lattice in ZHZ 1, where 't = x, and {au* : k € Z} = zH.

Theorem 2.0.5 (Uniform distribution of unipotent trajectories - [R2] Theorem B
and Corollary A (1)). Let G be a connected Lie group, I' C G a lattice, and u €
G a unipotent element. Then every orbit of u acting on I'\G is homogeneous and

uniformly distributed in its closure. More precisely, there is a closed subgroup H C G
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such that {xu® : k € Z} is homogeneous with respect to H as above, and we have

2

.1 n
i 3 o = [ g

for any bounded continuous function f on X, where vy is an H-invariant Borel
probability measure supported on xH.
Moreover, if H is the smallest closed subgroup of G with respect to which the

closure of the u-orbit of x is homogeneous, then the action of u on (xH,vy) is ergodic.

A probability measure of the form appearing in the above theorem is called alge-
braic. Applying this theorem to the action of the unipotent element (u*,u*) in the
group G x G, we have that the limit (2.0.3) exists for any A, x> 0, and is given by

lim —
N—o0

H
-

Fleu™) flau™) = / TN ) (2.0.4)

where v is an algebraic ergodic probability measure on the system (X x X, u* x u#).

Our proof proceeds by considering the various possibilities for the subgroup H
appearing in Theorem 2.0.5, relative to which the w-orbit of the point x is homoge-
neous. In section 2.2, we consider the case in which H is semisimple, where we use
geometric arguments to show that the correlation limit measure appearing in (2.0.4)
must be the trivial joining of the Haar measure of H with itself, for all but finitely
many primes p # ¢. In section 2.3, we consider the case that H is any connected Lie
group satisfying the conditions of Theorem 2.0.5, and use the Levi decomposition to
combine our work in the semisimple case with the known case of Mobius disjointness
for nilmanifolds.

We begin by outlining our method in the case G = SLy(R). While this case

has already been addressed in [BSZ], we provide this concrete example in order to

36



illustrate our general approach in the case of semisimple groups.

2.1 The case G = SLy(R)

Suppose that I' C SLy(R) is an arithmetic lattice, and let 2 € I'\G. By a theorem
of Dani, the closure of the u-orbit of z is one of a finite set, a circle, or all of I'\G.
In the first two cases, the disjointness of j(n) from the w orbit of x is well-known to
be true (by Dirichlet’s theorem on primes in arithmetic progressions in the first case,
and by a theorem of Vinogradov in the second [Dav]).

Thus, we suppose that the u orbit of z is uniformly distributed with respect to

the Haar measure vg. Then we have by Theorem 2.0.5

lim e Z f(zuP™) f (zuar) —/ f® fd,

N=oo N = P\GXT\G

where A is an ergodic joining of (I'\G,u?,vg) with (I'\G,u? vg). We are clearly
finished if A = vg X vg, since by the prime number theorem, the statement of Mobius
disjointness is unaffected if we subtract fF\G fdvg from f.

Thus, suppose that there exists a nontrivial joining of (I'\G, v?, vg) with (I'\G, u?, vg).
By Ratner’s joinings theorem ([R1], or see Theorem 2.3.2 below), there exists some
B € Com(I") such that

Bus™ = ',

and

787! € Com(T),

where I'7 = z. It follows that 732! belongs to PNCom(T"), where P is the parabolic
subgroup Ng(zUz~ ') (U being the one-parameter unipotent subgroup generated by
u). The fact that the u-orbit of z equidistributes with respect to v implies that,

on realizing P as the stabilizer stabg(z) of a point z € P1(R), we have z ¢ P}(Q).
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Hence, we will be finished if we can show the following.

Proposition 2.1.1. Let P C G be a proper parabolic subgroup, so that P = P, is the

stabilizer of some z € PY(R), and suppose that z ¢ P(Q). Let x : PN Com(I') — R%,

be a real character. Then x(P N Com(I")) N Q* = {1}.

Letting x be the real character of Ng(U) defined by

7“7_1 _ uX(V),

which then determines a character of any conjugate of P, it follows that in the setting

above, we must in fact have p = ¢, i.e. there are no nontrivial joinings of (I'\G, v?, vg)

with (I'\G,u9, vg) if p # q. Theorem 2.0.4 then implies Theorem 2.0.3.

We divide into cases according to whether I' is a uniform lattice in G.

2.1.1 T'\G is compact

In this case, I' is commensurable with a unit group in a quaternion division algebra

D defined over a totally real number field K [We].

Consider the 4 x 4 matrix representation

w:D—>M4(R)
1.0 00 0100 0
01 00 a 0 0 O 0
= T + 21 + X2
0010 0 0 01
0 0 01 0 0 a O 0

—b

+LC3

0 0 0
0 0 —a
0 b 0
—ab 0 0

Let D; be the group of unit quaternions; this is identified with an algebraic K-

subgroup of SL,(R) under this representation. We thereby obtain an algebraic Q-

group G := Resg/g(D,); this is now a subgroup of SL,,(R) for some m > 4. T
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is isomorphic over K to a lattice commensurable with Gz, and so we have a K-
isomorphism

Com(I') = Com(Gz).

Up to scalar multiples of the identity, Com(Gz) is simply Gg.

Now, suppose that P is a parabolic subgroup of SLs(R) defined over R, and
identify this with a parabolic subgroup of G (we will still use P to denote this group).
Let H be the Zariski closure of P N Gg inside SL,,(R) (i.e. the smallest zero locus
of a set of polynomials with real coefficients containing P N Gg). Observe that H
is defined over Q, since it consists of rational matrices. Let x : H — RY, be a
character. If P is conjugate to the group of unipotent upper triangular matrices in
SLy(R), then x must be trivial, so we assume instead that P is conjugate to the
group of all upper triangular matrices. Consequently, if ¢ € P is conjugate to an
upper-triangular matrix with diagonal entries A\, u = A7, then x(g) = x(diag(\, p)).

Since H C P, it follows from this that y is determined by its behavior on a
maximal Q-algebraic torus S in H. Since I' is a uniform lattice in SLs(R), so too
is GGz in G, and therefore G is Q-anisotropic by the theorem of Borel and Harish-
Chandra. This implies that G contains no nontrivial Q-split tori, so this is of course
true of H as well.

Therefore, S must be Q-anisotropic, so the restriction x|g is defined over a number
field F with d := [F' : Q] > 1. Since Sgp consists of rational matrices, we have
x(Sg) C F*. Thus, if we let Npjg : F* — Q* be the norm map, the composite
Npjgox : So — QF is well-defined. However, this composite is a Q-character of
S (since it’s fixed by the action x?(g) = o(x(c7(g))) of Gal(F/Q)), and therefore
must be trivial (as otherwise it could be extended to a nontrivial Q-character of the

Q-anisotropic torus S).
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It follows that if x(s) € Q* for some s € Sg, then

Nrja(x(s)) = 1= x(s)*

and since d > 1, this implies x(s) = 1. Therefore, x(Sg) N Q* = {1}, and from the
above it follows that x(P N Gg) NQ* = {1} as well.

These arguments immediately extend from PNGg to PNCom(I'): if B € Com(T"),
then B™ belongs to Dg for some n > 1. Therefore, we get x(B"™) = 1 if B” belongs
to a subgroup of H on which yx is trivial, and it follows in this case that x(B) = 1

since x is a character.

2.1.2 T'\G is noncompact

In this case, I' is commensurable with SLy(Z), and thus its commensurator is

Com(T") = {WA Ae GLQ(Q)} |

Suppose P C G is a parabolic subgroup stabilizing a point z in P'(R)\P*(Q). Let
X : PNCom(I") — R* be areal character. We first restrict our attention to PNSLy(Q).
This consists of those rational matrices that stabilize z; in particular, this group is
trivial if z is not quadratic, so we assume there exist a, b, ¢ € Z such that az?+bz+c =

0, with (a,b,c¢) = 1 and d = b* — 4ac > 0. Then we have

bu
_ = aw 1 o +
PN Com(T) = tt—du e QT tbue@Q

t—bu
cu 2

The Zariski closure of P N SLy(Q) is defined over Q. Thus, an argument similar to
that in the cocompact case implies that it suffices to show that P does not contain a

Q-split torus. Suppose to the contrary that it does contain a Q-split torus S. This
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torus is conjugate via an element of GLo(Q) to the diagonal subgroup of SLs(R), so

S stabilizes a point in P*(Q). The unipotent radical U of P contracts S, i.e. we have
a'ua" — e ast — oo for all w € U, {a'} C S.

Thus if {a'} C S is a one-parameter subgroup such that the geodesic ray {a'y}:2,

converges to z for some y € H, then we have for any v € U
lim dy(ua'y, a'y) = lim d(a " "ua'y,y) < oo
t—o0 t—o0

since the set {a"*ua’ : t > 0} is bounded. It follows that U and therefore all of P fixes
the same boundary point as S. But this contradicts the hypothesis that P stabilizes
: € PAR)\PL(Q).

2.2 The general semisimple case

Let G be the real locus of a connected, semisimple algebraic group of noncompact
type with finite center defined over Q with G C SL,(R) for some n, I' an irreducible
lattice in G, and u an Ad-unipotent element of GG, acting by right translation on the

homogeneous space X = I'\G. We aim to prove the following.

Theorem 2.2.1. For any point x € X whose u-orbit is equidistributed relative to the
G-invariant Borel probability measure vg on X and any continuous, bounded function

f on X, we have

=z

lim

N_m% w(n) f(zu™) = 0. (2.2.1)

i{ng

Let u = expv where v € g is nilpotent, and define the one-parameter unipotent
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subgroup
U = {exp(tv) : t e R} = {u'}.

Applying Ratner’s uniform distribution theorem (Theorem 2.0.5) to the action of

(uP,u?) on I'\G x I'\G, where p # ¢ are primes, we have
1 - _
lim — Z [ (zuP™) f(zuar) = / f® fd,
N\GxI'\G

where v is an ergodic algebraic joining of (I'\G, u?, vg) with (I'\G, u?, vg).
Let P = Ng(U) and P = ¢P¢™'. By Ratner’s joinings theorem [R1], if v #

Vg X Vg, then there exists § € G with
6u5_1 ——

(so 5 € P) such that
§:=¢BE € Com(D) N P

The definition of P implies that there is a character x : P — RY; determined by
aua~t = uXY for o € P = Ng(U).

This character is then also well-defined on any conjugate of P, and we see from the

above that

x(6) = p/q.

In order to apply Theorem 2.0.4, we will show that the existence of such a § forces
the pair (p, ¢) to belong to a finite set determined by x. Since we saw above that any

nontrivial joining of u? with u? gives us such a ¢, this implies the following.
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Theorem 2.2.2. For the character x described above, the intersection

X(Com(I') N Pe) N {g 1 p,q are prime}

is finite. Therefore, if v € I'\G is u-generic for the Haar measure vg, then there
are at most finitely many pairs of primes p # q such that there is a nontrivial

joining of (I\G,uP,vg) with (I'\G,ud,vg) which is supported on the closed orbit

{(zurr, zuam)}, .

The proof of this is divided according to the nature of the lattice I'. Recall that

a lattice I' is called arithmetic if there exist

1. A closed, connected, semisimple subgroup G’ of some SL,,(R) such that G’ is
defined over Q,

2. Compact, normal subgroups K and K’ of G and G’, respectively, and

3. an isomorphism ¢ : G/K — G'/K’,

such that ¢(T') is commensurable to G, where T' and G7, are the images of I and G,
in G/K and G'/K’, respectively ([WM2] Def. 5.18).
For nonuniform lattices in the kinds of groups on which we’ll focus, there is no

need for the compact subgroups arising in this definition:

Proposition 2.2.3 ([WM2] Cor. 5.27). Assume I' is an irreducible, arithmetic,
nonuniform lattice in the semisimple group G, which is connected and has no compact
factors. Then, possibly after replacing G by an isogenous group, there is an embedding

of G in some SL,,(R) such that G is defined over Q and I' is commensurable to Gy.

First, we may easily prove Theorem 2.2.2 in the case that ' is a non arithmetic

lattice.
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Proof of Thm 2.2.2 when T" is not an arithmetic lattice in G. We have the following

theorem of Margulis:

Theorem 2.2.4 ([Mar]). Suppose I' is an irreducible lattice in the semisimple Lie
group G. Then T is arithmetic if and only if Com(T") is dense in G. Moreover, if I’

is nonarithmetic, then Com(T") is a lattice in G as well.

Hence, we have in this case that Com(I") is a lattice in G. In particular, Com(I") N
P is finitely generated as an abstract group, and therefore so too is x(Com(I') N ).

It follows that the set {p/q € x(Com(I') N F) : p, q are prime} is finite. O

We now turn to proving Thm. 2.2.2 when I' is arithmetic. We first reduce this
to a statement about Q-split tori inside Com(I') N P:. Recall that P = Ng(U).
This is a parabolic subgroup of G since it contains the normalizer of a maximal
unipotent subgroup of G containing U, which is a Borel subgroup of G (cf. [Rag]
12.8). We therefore have the real Langlands decomposition ([W] pg. 81): we may
write P = M AN where M is reductive, A is an R-split torus, and N is the unipotent
radical of P. Moreover, if we let L = M A and X (L) the group of continuous real

characters of L, then

M = ﬂ ker(y?).

X€X(L)
Thus, the restriction of our character x to M is necessarily trivial, and the same is
true of the restriction of x to NN since this group is unipotent. Let H = Gg N P =
MgAgNg. Since x| is trivial by the above remarks, it follows that x(H) = x(Ag),

and therefore

X(Gg N F) C x(Aqg).

Let T' C P be a maximal Q-torus such that Ag C T'. There exist Q-tori S, E C T,
respectively Q-split and Q-anisotropic, such that T'= SE and the intersection S N E

is finite ([PR] pg. 53). We now make the following key assumption:
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Suppose that for the character x discussed above, we have x(S) = 1.

This is the fundamental point that will occupy our discussion below. We have by the
above x(Gg N Pe) C x(Ag) C x(Tg) = x(Sg)x(Eg) = x(Eq), using the assumption
that x(S) = {1}. Let K/Q be the smallest number field over which E splits and
let d = [K : Q]; observe that d > 1 since F is Q-anisotropic. Let Egp = E N Gy.
X is defined over K (as is any character of E), and we have y(FEg) C K* since Eg
consists of matrices with rational entries. Therefore, letting N /g be the norm map,
the composite ¢ = Ng /g o x : Eg — Q" is well-defined.

Observe that Eg has no nontrivial Q-characters; indeed, it is Zariski dense in E,
so such a character could be extended to a Q-character on all of E, contradicting its
Q-anisotropy. But ¢ is a Q-character of Eg (indeed, the Q-characters are precisely

those characters invariant under the action

V7 (g) = o(¥(c'g))

of Gal(K/Q)), and therefore must be trivial.
Suppose that x(h) € Q for some h € Eg. Then Ngg(x(h)) = x(h)?. But
Nk o(x(h)) = ¢(h) = 1 by the above, so x(h)? = 1. Since d > 1 and y only takes

positive real values, it follows that x(h) = 1. This shows

X(EQ) N Q" = {1}.
Since x(Gg N P¢) C x(Eq), this yields Thm. 2.2.2, so long as our main assumption

above is true. Hence, the proof of Theorem 2.2.2 reduces to the following.

Theorem 2.2.5. Suppose S C P is a Q-split torus, where the U-orbit of x = I'S is

generic with respect to the Haar measure vg on X. Then x(5) = {1}.

The proof of this may be divided into two cases.
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[' is an arithmetic lattice in G and I'\G is compact

After replacing GG by the group G’ arising in the definition of arithmetic lattices, we
may assume that ' is commensurable with Gz and the quotient Gz\Gg is compact.
Hence, the theorem of Borel and Harish-Chandra ([BHC] Thm. 11.6) shows that G is
a Q-anisotropic group, meaning it contains no nontrivial Q-split torus. The same is
therefore of course also true of Com(I'), which simply equals Gg up to scalar multiples
of the identity. Hence, the intersection Gig N P contains no nontrivial Q-split torus,

and Theorem 2.2.5 follows immediately in this case.

[' is an arithmetic lattice in G and I'\G is not compact

In this case, we may assume by Proposition (2.2.3) that I' is commensurable with G.

This allows us to restrict our attention to rational matrices by the following.

Proposition 2.2.6. Let S be a subgroup of Com(I') and x : S — R%, a character.

If x s trivial on S N Gg, then x is trivial on S.

Proof. Since T' is commensurable with Gz, Prop. 4.6 on pg. 206 of [PR] yields
Com(T) = 7 !((G/N)g), where N is the largest invariant Q-subgroup of compact
type. Since G is assumed to have noncompact type, IV is the finite subgroup generated
by the centers of the Q-simple factors of GG. Since N is finite, we see that if g € S C
Com(T), then g¢ € Gg for some d € N5y But then x(¢g?) = x(g)? = 1 since  is

assumed to be trivial on S N Gg; as x only takes positive real values, it follows that

x(g) = 1. 0

In order to prove Thm. 2.2.5 in this case (when I'\G is non-compact), we will use
the fundamental relation between parabolic subgroups of G and the boundary of the

symmetric space Y = G/K, described by the following.

Proposition 2.2.7 ([GJT] Prop. 3.8). A closed subgroup P C G is parabolic if and

only if there ezists a point z € Y (00) such that P = stabg(z).
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We now introduce several notions from [AM] in order to relate behavior at the

boundary of Y to @Q-split tori in G. Let yy € Y be any point.

Definition 2.2.8. We call n € Y (o0) a horospherical limit point for I if every open

horoball based at n intersects the orbit ' - yq.

This definition is independent of the choice of yy. Let’s illustrate this notion for
the case G = SLy(R) and I' C G being any nonuniform arithmetic lattice. We claim
that the horospherical limit points for I' acting on G/K = H are precisely the points
P}(R\Q). Indeed, suppose that n € P!(R) is not a horospherical limit point for T
We may identify n with the point at infinity by some element of G, under which the
horoballs based at 1 become simply the vertical regions {z = z +iy € H: y > t}
for t € Ryg. Thus, the assumption that n is not a horospherical limit point for I"
implies that for any basepoint yo € H, there is some T' € R such that the orbit I'yg
is contained in the region {x + iy : 0 <y < T}.

Observe that n belongs to P1(Q) if and only if its stabilizer P = stabg(n) C G
contains a Q-split Q-torus. Suppose to the contrary that P contains a Q-anisotropic
Q-torus A. Then n is on the boundary of Ay, for some yo € H. By the above, the
orbit (AN T)yg is bounded below a fixed vertical height in H. However, since A is
Q-anisotropic, its group of Z-points Az = AN SLy(Z) is a cocompact lattice in A,
and therefore so too is ANT since I' is commensurable with SLy(Z). It follows that
the orbit Ayq is also vertically bounded in H; but this contradicts the hypothesis that
n lies on the boundary of Ayy. Therefore, P contains a Q-split torus, so n € P}(Q).

For the converse, suppose n € P1(Q). Then its stabilizer P contains a Q-split
torus S, and we have the Iwasawa decomposition G = NSK where N is the unipotent
radical of P. If n is a horospherical limit point for T', then it also is one for SLs(Z),
so we may find a sequence of elements v; € SLy(7Z) such that, writing v; = n;s;k;

under the Iwasawa decomposition, we have «(s;) — oo, where « is the root of S in
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G obtained from the root of the usual Q-split torus defined by

t 0
o = 2.
0 t!
Since the stabilizer P of 7 is defined over Q, the Z points Nz of its unipotent radical
N form a cocompact subgroup of N, so there is a compact subset C' C N such that

we may write any element of N as n = n’c where n’ € Nz and ¢ € C. Therefore, for

the sequence ~; above we can write

/
Vi = n;Cisik,

and since n; € Nz C SLs(Z), we may simply relabel as needed to see that there is a
sequence 7; € SLy(Z) such that v; = ¢;8;k;, where a(s;) — oo and ¢; belongs to the
fixed compact set C C N. Now, since a(s;) — 0o, we have s} 'ns; — e as i — oo for
any n € N, where e is the identity in G. Hence, since C' C N is compact, a diagonal
argument applied to the sequence s; L¢;s; shows that, by passing to a subsequence if

1

necessary, we have s; ¢;s; — e as ¢+ — 0o. Therefore, if 7 is sufficiently large,

-1 -1 ~
S, Vi = S cisiki ~ kl

Since k; € K and K is compact, we may therefore assume by passing to another
subsequence that the sequence s;'v; converges to some g € G. Since S is Q-split,

there is some h € GL2(Q) such that we may write
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where t; — 00 as 1 — 0o. Write

Then, since s; 'v; converges to g, we have for all sufficiently large i

b sig = b t; O a b o tia  t;b
0 t;'] \c d tle t7td

It follows that for all sufficiently large 7, every entry of the rightmost matrix must
be close to the corresponding entry of h~'v;. Since h™! € GLo(Q), there is an
integer M such that Mh™! € GLy(Z); then the bottom row of Mh~'~; is close to
(Mti_lc7 Mtl-_ld) for all large 7. But ¢, d and M are fixed, whereas t; — oo; this implies
that the bottom row of the integer matrix Mh~!v; consists only of zeros when ¢ is
large enough, a contradiction.

The ideas we've illustrated in the case of SLy(Z) C SLy(R) may be generalized to
yield the following theorem. For any R-split torus S C G, there exists a point y € Y
such that Sy is a flat in Y (i.e. a complete, totally geodesic flat submanifold). We

say that this flat is Q-split if S is defined over Q and Q-split.

Theorem 2.2.9 ([AM] Thm. 1.3). A point n € Y (o0) is a horospherical limit point

for T if and only if n does not lie on the boundary of any Q-split flat.

Recall that P = Ng(U). Therefore, P is a parabolic subgbroup of G (cf. [Rag]
12.8), and so there exists z € Y(co) such that P = stabg(z). We then have Py =

EPE! = stabg(£(2)), and we make the following claim.

Proposition 2.2.10. Suppose & € G has the property that the U—orbit of the point

I'¢ € X =T\G is generic with respect to the Haar measure on G. Let
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P be the parabolic subgroup of G defined above,

A C P; be a maximal R-split torus,

y €Y be a point such that Ay is a flat in'Y,

{a'} be a nontrivial one-parameter subgroup of A such that {a'} ¢ Cq(U),

n € Y(o0) be the endpoint of the geodesic ray {a'y}2,, and

e 1/ € Y(00) be the endpoint of the geodesic ray {a ty}52,.
Then at least one of n or n' is a horospherical limit point for T

Proof. We must show that either any open horoball in Y based at 7 intersects the
orbit T'y, or that this holds for any open horoball based at 7n’. The open horoballs
based at 7 may be parametrized by R.q as follows: let AT denote the Weyl chamber

of A containing the ray {a'}2,, and let

N ={u€G:cfuc™ — eask— oo for all cin the interior of AT}.

N is a maximal unipotent subgroup of G, and we claim that EU£™! € N (under a
certain assumption on {a'} to be discussed momentarily). By definition, we have
P = Ng(U), and therefore Ps = Ng(EUE™'). Hence, for our character y discussed

above, we have for ue € EU¢™! and ¢ in the interior of AT

k
Ckuécfk _ ugc(C) .
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Observe that since {a'} ¢ Cg(U), we have either y(c¢) < 1 or x(c¢) > 1 for all ¢
in the interior of AT. Thus, the above equation shows that cfusc™ — e assuming
x(c) < 1. If this is not the case, then we may replace {a'} by {a~*} to send the Weyl
chamber A" to its opposite, and thereby will obtain the desired conclusion for 7 in
place of 1. Observe that y yields a root of the Lie algebra of A; since x(c) < 1 is
implied by the condition that this root be positive on the Weyl chamber containing
¢, we see that either EUE™! C N, or that this holds when we replace {a'} by {a~'}
(and change N accordingly). As the desired conclusion is symmetric with respect to
this replacement, we may assume without loss of generality that we’re in the former
situation.

Now, let A; denote the complement in A of {a'} with respect to the Killing form.

Then for any s € R, the set

Os:UNAlatyCY

t>s

is an open horoball based at 7, and any such horoball may be written in this form
([AM] Lemma 2.5).

For any s € R, the set Vy = Ui sNeA a'gK C G is open in G, where g € G is
chosen so that its coset in G/K equals y. Now, since the U orbit of I'¢ is dense in
I'\G, the set T'¢U is dense in G. Therefore, the set U(!T is also dense in G, and so
too is EUE Ty, Hence, the latter set must intersect the open set V;, so there exists

some t > s such that

NA a'§K NEUETy # 0.

But by the preceding discussion, we have U1 C N; thus the above implies

NALatg]KﬂFﬂ %@
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and since t > s, this is equivalent to O, N Ty # (), proving the claim.

We are now in a position to prove Thm 2.2.5.

Proof of Thm 2.2.5. Suppose S C P is a nontrivial Q-split torus, but that x(S) #
{1}. Choose y € Y such that Sy is a flat in Y. Since x(5) # {1}, the definition of
x implies there is a one-parameter subgroup {a'} C S such that {a'} ¢ Cg(U). Let
n € Y (00) be the endpoint of the geodesic ray {a'y}°,. Then by Prop. 2.2.10, either
n or i’ (which is also on the boundary of Sy) is a horospherical limit point for I" (note
that S is contained in a maximal R-split torus in P, which is also a maximal R-split

torus in G since P% is parabolic). But this contradicts Thm. 2.2.9. [

2.3 The general case

We now consider all possibilities for the group H appearing in Theorem 2.0.5, rather
than only semisimple ones. Indeed, this theorem yields a closed subgroup C C G x G
such that {(u?!,u?)}ep € C, T%, := &I x [)ENC is a lattice in €' (where £ =

(£,€) € G x G), and

1 N—-1
lim — pn mny = d 2.3.
m e 3 fla) i) /X Fefdue (23.1)

Nooco N

for any bounded continuous function f on X, where v¢ is a C-invariant probability
measure supported on (x,z)C. At the same time, there exists a closed subgroup

H C G such that {u'},cr C H, F% = ¢7ITEN H is a lattice in H and
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for any bounded continuous function f on X, where vy is an H-invariant prob-
ability measure supported on xH. It follows that v is a joining of the systems
(X,u,vy) and (X, uP/9, vy). Observe that each of these systems is conjugate (in the
measure-theoretic sense) to the corresponding system on the smaller homogeneous

space F%\H ; this is provided by the map

I\G — T5\H

Téh v TS,h,

which is well-defined and defined vg-almost everywhere, since this measure is sup-
ported on xH. The image of the measure v, which lives on the product X x X, under
the product of this conjugacy with itself, is then a joining of the systems (F%\H LUy Vp)
and (T, \H, u”/%, v5). We will refer to this joining as A, and denote X% = T'$,\H.
Observe that the systems (Xg, u, vy ), (Xff7 uP/9, vyr), and (Xg X Xf{, u X uP/9, \) are
all ergodic.

Now, since the identity component H° has finite index in H, it does no harm to
assume that H is connected. Furthermore, on passing to the universal cover, we may
assume that H is simply connected as well. This is justified by the obvious fact that
the statement of Theorem 2.0.3 holds for I'\ H as soon as it holds for any topological
cover thereof.

We now consider the real Levi decomposition of the connected, simply connected
real Lie group H [PR]|: we may write H as a semi-direct product H = L X R,
where L is a maximal semisimple subgroup of H, and R is its solvable radical (the
maximal connected normal solvable subgroup of H). R is the kernel of the projection
p: H — L, and both L and R are connected and simply connected. In order to
relate the unipotent flow on I'\H to one on a homogeneous space of L, we require

the following fact.
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Proposition 2.3.1 ([Sta2],[Wi]). Suppose that H is a connected Lie group with Levi
decomposition H = L x R, and I' C H s a lattice such that T\H supports an
ergodic unipotent translation. Then L is totally non-compact (i.e. it has no nontrivial

compact factors).

It follows from this and Wang’s theorem ([Sta] Theorem E.11) that the projection
I';, of the lattice F% N H into L is a lattice FgL in L, and RN Fﬁf is a cocompact lattice
in R. Let v be the image of A under the product projection X% x X% — T$\LxT$\ L.

v is an ergodic joining of the systems (FSL\L,uL, vr) and (FfL\L,uzL'/q, vr), where
ur, = p(u) € L and vy, is the L-invariant Borel probability measure on FgL\L. More-
over, v is supported on the closure of the (uy, ui/ #)-orbit of a point (zr,xr), where
the wuy, orbit of xy, in Fi\L is uniformly distributed with respect to v, (indeed, the
topological density of the u-orbit of £ in I'\ H implies the same of its image under the
continuous surjection I\H — TS\ L).

It now follows from our analysis in the previous section (specifically, Theorem
2.2.2) that either v = vy, X vy, or the pair (p,q) belongs to a finite set determined

by the point z. The latter case has no effect on the disjointness criterion (Theorem

2.0.4), so we may assume in what follows that
v=vp X VL. (2.3.2)

Thus, we have an ergodic joining A of (IS,\ H, u, vg) and (I$,\ H, u?/%, v5) whose
projection to T$\L x T$\L is the product measure vy x vy. In order to lift this
information to the level of the group H, where the Levi decomposition H = L x R
may be directly used, we need the full generality of Ratner’s joinings theorem.

To state this, we require some terminology. Suppose that H a connected Lie
group, I' a lattice in H, uy,us € H unipotent elements, and v the H-invariant Borel

probability measure on X = I'\H. Let A be an ergodic algebraic joining of (X, uy, v)
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with (X, ug,v) and A = stabyyg(XA), so that there exists some x(A) € X x X such
that A(z(A)A) = 1 (by Ratner’s measure classification theorem - [R1] Theorem 1).

Then the subgroups Ay, Ay C H defined by

Ay ={h € H: (he) €A}, Ay ={h € H: (e h)e A} (2.3.3)

are closed normal subgroups of H. For z € X let

E(z) ={y € X : (z,y) € (M)A}

This is called the z-fiber of .

Theorem 2.3.2 ([R1] Theorem 2). Let all notation and assumptions be as in the
above paragraph. Then there is a ¢ € H and a continuous, surjective homomorphism

a: H — H/Ay with kernel Ay and a(uy) = ugAs, such that

Ex(Th) ={TcBia(h) :i=1,...,n}

for all h € H, where the intersection Ty = a(T') N clc Ay is of finite index in a(T)

and clc™ Ay, n = |To\a(T)|, and o(T) = {ToB; : i =1,...,n}.

Recall that, in our setting, A is an ergodic joining of (X, u?, vy ), with (Xg, ud, vy),
and its pushforward to X x X under the map induced by the projection p x p :
H x H — L x L is the product measure vy X v;,. We now process Ratner’s description

of joinings in the following way.

Proposition 2.3.3. Let Ay, Ay C H be the normal subgroups defined in eq. (2.5.3).
Then we have p(A1) = p(Ay) = L.

Proof. By Ratner’s measure classification theorem, we have A(xoA) = 1 for some

xo € Xy x Xy, and it follows that (7 x7) A((7x7)(xeA)) = 1. Clearly, (7 xm)(xoA) =
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((m x m)xg)(p x p)A. Since (m X w) A = vy X vg, it follows that we must have
((m x m)zo)(p X p)A = X x X, which yields (p x p)A = L x L.

Given h € H, we write a(h) = hA,, where a : H — H/A, is the surjective
homomorphism of Ratner’s joinings theorem above. Since As is a closed, normal
subgroup of H, H/Ay := H, is a connected Lie group in its own right, and we let
pe : Hy — L/p(A3) be the projection induced by p : H — L. Observe that we may
identify L/p(Ay) := Lo as a Levi subgroup of Hs.

Now, let h € H, and let x € &,(I'h) be a point in the ['A-fiber of \. Then
by Ratner’s joinings theorem, there exists an index i € {1,...,n} such that = €

TcBio(h) = TeBihAs. Tt follows that
TL(Ex(Ch)) = {mp(TeBihAs) ti=1,...,n} = {Trcpdipa(hhs) 1i=1,...,n}.

where ¢, = m(c) and §; = p(B;). Now, observe that «(R) is a connected, normal,
solvable subgroup of Hj, and therefore that p, is trivial on a(R) since L is semisimple,
being a quotient of the semisimple group L. It follows that if we let h = ¢r with ¢ € L

and r € R, then

p2(a(h)) = pa(a(lr))

= pa((0))

= p(O)p(As).

Therefore,

7L(Ex(Th)) = {Trcrdip(O)p(As) i =1,...,n}.

On the other hand, we have from above that (p x p)(A) = L x L, from which it follows

that 7. (§x(T'h)) = X, for any h € H. Indeed, if we let w € X, then there is some
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z € Xy such that (7 x 7)(T'h, 2) = (y,w) and (T'h,z) € supp(A) = xoA. It’s then

clear that 7(z) = w and z € £,(I'h). We have shown that

{FLCL@p(K)p(Ag) i1 = 1, N ,n} = XL,

and since p(Ag) is a closed subgroup of L while p(¢) € L and n € N are fixed, it
follows that p(Ay) = L, as desired (otherwise, we would have written X as a finite
union of lower-dimensional submanifolds). We immediately get the same conclusion
for Ay, since by Ratner’s joinings theorem, the groups H/A; and H/A, are isomorphic
(under «v). Hence, the triviality of the Levi factor L/p(As) of Hy implies that L/p(A;)
must be trivial as well.

]

The following easy lemma will allow us to use this proposition to relate the action
of (uP,u?) to the action of (u},u?), where u;, = p(u) € L, and to that of (uf, u%),

where ur € R is the unique element such that u = upug.

Lemma 2.3.4. Let H be a connected Lie group with Levi decomposition H = L X R.

If N C H is a closed, connected, normal subgroup such that p(N) = L, then L C N.

Proof. Since N is closed in H, it is a connected Lie group in its own right, and thus
admits a Levi decomposition N = S x (), where () is the solvable radical of N.
Observe that R N N is a connected, normal, solvable subgroup of N, and therefore
RNN C @ since @ is the largest such subgroup. At the same time, since p|y : N — L
is surjective, the image p(Q) C L is a normal, connected, solvable subgroup of L, and
therefore must be trivial since L is semisimple. It follows that @@ C R = ker(p), and
therefore Q € RN N. Since we already had the reverse containment, this shows that
Q=RNN.

It follows that N = S x (RN N), with S a Levi subgroup of N. Therefore, we have

p(N) = p(S), and since p(N) = L by hypothesis, we see that dim S > dim L. Since
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L is a maximal semisimple subgroup of H, and since any two such subgroups are
conjugate in H, it follows that S too is a Levi subgroup of H. Since N is normal in

H, it follows that N contains all Levi subgroups of H, and in particular L C N. [

Combining this lemma with the proposition before it, we find that L C A; for
= 1,2. In particular, we have v} € Ay, and u} € Ay. Let ug) = u;"uP and

ug) = u;"u?. Then ug), ugg) € R, and both are unipotent elements. We find

(ul ul), (u%),uR ) € A =stabg.pA. (2.3.4)

The presence of (u R ugg)) rather than a pair of genuine powers of ug, is unappealing,

and can be easily rectified. Indeed, it is easy to see that

p—1
_ P -1, —k k
k=0
Since A; is normal in H and L C A;, we have v*¥ € A; and u:'u % ug € A; for all
) L R %L YR

k€ Z,i = 1,2. Therefore

p—1 q-1

—1, ~k,, .k ~1, ~k, .k
| | up uy upur € Ay and | | Up Uy uruy € N,
k=0 k=0

and so we find

p—1 q—1
-1 — -1 —
HuR uLkuRu’Z,HuR uFugul | € A

k=0 k=0
But, on combining this with the above expression for ug) and (2.3.4), we see that we

also have

p—1 q—1 -1
p 4 () , (2 -1, —k k -1, —k k
(uly, ub) = (upy ,upy’) - HuR uy uRuL,HuR Uy uRUy, €A
k=0 k=0
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We pause to formally record these points.

Proposition 2.3.5. Let all notation be as above for the connected, simply connected
Lie group H. Then the following holds for all but finitely many pairs of primes
p # q: if X is an ergodic joining of the systems (Xg,uP,vy) and (Xg,u?, vy) which

is supported on the closure of the (uP,u?) orbit of (I'e,Te), then we have both
(uf,ul) € stabpxpA

and

(uly, u%) € stabpy .

The short exact sequence
l1-R—-HLL-1

gives rise to a fibration

1—>XR—>XH1>XL—)1,

hence also a fibration
1%XRXXR%XHXXHMXLXXL%1.

For every y € X, we may identify the fiber F, := 77! ({y}) with Xp = I';,\R: fix
once and for all a Borel measurable section o : Xy — L of the projection L — X,
the existence of which is guaranteed by the results of [Mac]. This section need not
be differentiable or even continuous, and the reader may rightly worry that this
will cause problems in our analysis, since Ratner’s theorems only apply as stated to

continuous functions, and moreover we will be using aspects of harmonic analysis on
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the nilmanifold Xz that only apply to continuous functions. However, the reason
we are safe to work with a section that is only measurable is that we have, at this
point, already employed the continuity of f and the genericity of the point x for vy
to obtain the joining A. All of our work will now proceed relative to A and the various
Haar measures involved, at which level the distinction between continuity and mere
measurability is not harmful.

That said, the continuity of f (and in fact its differentiablility, which we will as-
sume shortly), will be essential to our arguments involving harmonic analysis, since
we will be examining the fine properties of f in the Xg fibers mentioned above. The
point is that it is only the properties of f in v -almost all of these fibers that are rele-
vant, once we take averages against the various pertinent measures. We will be clear
in what follows at which points we are exploiting the continuity or differentiability
of f, versus the ability to restrict our attention to properties that only hold almost
everywhere with respect to some invariant measure of interest.

We will write o(y) =y € L from here on. Then the map

QOyZXR—>Fy

[grr— Iry

is clearly well-defined and is a homeomorphism, which explicitly identifies the fibers
of m; with Xp.
The following useful fact, due to Witte Morris, will allow us to apply an inductive

argument to prove Mébius disjointness, along the lines of [GT| and [Z].

Proposition 2.3.6 ([Wi] Proposition 2.6). Suppose that H is a connected Lie group
and I' C H is a lattice, such that T\H supports an ergodic unipotent translation.
Then radH is nilpotent.

Since we are beginning with the assumption that I'\ H supports an ergodic unipo-
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tent translation, we see that R is nilpotent. Our argument will proceed by induction
on the step d of R; thus the base case d = 1 is that in which R is abelian.
The following version of the Mautner phenomenon, due to Ratner, allows us to

reduce to the case in which the action of ug on Xg is ergodic.

Proposition 2.3.7 ([R2] Proposition 1.5). Let H be a connected, simply connected
Lie group whose radical is nilpotent and which has no compact semisimple factors,
and let I' be a lattice in H. Let U be a connected unipotent subgroup of H and N
the smallest closed connected normal subgroup of H such that U C N and N NT is a
lattice in N .Then vg-almost every ergodic component of the action of U on (I'\H, vg)

1s an N-orbit.

Taking U = {exp(tvg) : t € R}, where vg = logug, the ergodic components of
the action of U on (Xpg,vy) agree with those of the action of ug. Since ugp € R, R
is a closed, connected, normal subgroup of H by construction, and I' N R is a lattice
in R by the above remarks, we see that N C R, where N is the subgroup of the
proposition. Replacing H with the smaller group L x N, we may assume that vy-a.e.
ergodic component of the action of ug on (Xg,vy) is an R-orbit. In particular, we
may assume that the action of ugr on Xp is ergodic (for the Haar measure vg), and
that the ergodic decomposition of vy for the ug action agrees with the disintegration

of vy over m: Xy — X

v = / vy dvi(y),
XL

where v, is supported on F, and satisfies (gp;l)*yy = Vg, for vp-a.e. y € X7.

This ergodicity now implies the following.

Proposition 2.3.8. For vi-a.e. y € X, the action of Jury ' on Xg is ergodic

relative to vg, and therefore uniquely and totally ergodic.

Proof. By Proposition 2.3.6, R is nilpotent. Thus we may apply a theorem of Leon

Green ([AGH]), which asserts that a rotation on a nilmanifold is ergodic if and only if
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its projection to the associated horizontal torus is ergodic. Thus, it suffices to assume

that Xp is a torus. Let
E = {ﬁ € L : the action of furl™" on (Xg,vg) is not ergodic} )

By the ergodicity criterion for a rotation on a torus, we have

E=|J B,

XG)A(R
XF#X0

where

E.={leL:x(lupl™") =1}

and o is the trivial character. Observe that E, is an analytic subvariety of L. More-
over, no F, contains the identity element of L, since ug acts ergodically. Therefore,
each F, is a proper analytic subvariety of L, and thus has Haar measure 0 in L. Since
)/(; is countable, it follows that the Haar measure of F is 0 as well. But it’s then

immediate that
vy, ({y € X[, : the action of Jugy~" on (Xg,vg) is not ergodic}) =0,

as desired.
Finally, the statements of unique and total ergodicity are true in general for ergodic

nilrotations (cf. [Fra] page 10). O

Notice that for any r,7" € R we have
o, (Crrr’) = Trr'y = Try(y—''y) = ¢, (Crr)y 1y, (2.3.5)
and y'ry € R since R is normal in H.
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Now observe that for any point y € X, and any » € R, we have I'ryu? =
Cr(yuPu, Py Yyul, and yuPu,’y~' € R because p(u) = uy, = p(ur) and R = kerp.

Since this point clearly belongs to the fiber of m over I'yyu’; , we see that
30;1 (Cryuly) = 30;1 (Tr (yuly ") 9) =Trr (guly ") . (2.3.6)

Let

A= / Ay,2) d(vr x vp)(y, 2) (2.3.7)
XLXXL

be the disintegration of A with respect to @ x 7 : Xy x Xz — X x X, where
we've used the assumption that (7 X 7),A = v X vp. For v X vp-almost every pair
(y,2) € X1 x X1, A\y,») is a Borel probability measure on Xy x Xy supported on the
fiber F,.) = (7 x m)"H(y,2)} = F, x F..

Observe that (u”,u?) maps F,.) to Flyu? zuty- Since A is (uP, u9)-invariant, we

have for any (y,z) € X x X

(Up7 Uq>*)\(y,2) = )‘(yui,zqu)' (238)

We showed above (Proposition 2.3.5) that the Levi components (u?,u?) and
(uly, u%) also belong to A, the stabilizer of A\. Since R acts trivially on X, we

therefore have

for (v x vy )-a.e. (y, 2), so almost every A, .) is invariant under the action of (u}, uf,)
on F,.). It follows from (2.3.6) that the image measure p(,.y = (90(;2))*)\@@) on
Xg x Xg is invariant for the action of (guby, zukz™1).

We now show that we may assume without loss of generality that almost every

Py,z) is ergodic for this action. Naturally, we would like to demonstrate this by means

of the ergodic decomposition of each of the (u}, u};)-invariant measures A, .). The
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problem with this idea is that the measurable partition of Xy x Xy to which this
decomposition gives rise a priori depends on (y, z), creating complications in the
order of logic should we attempt to average with respect to A. However, this (y, z)
dependence may be removed in the following way.

Since A is ergodic with respect to the action of (u?, u?), it is algebraic by Ratner’s
measure classification theorem, and thus the probability space (Xgy x Xy, \) may
be identified with the homogeneous space (Xx,vy), where A = stabg, g as above,
Xa = (ANT xT)\A, and v, is a A-invariant Borel probability measure on X,. Since
(uhy, u%) € A by Proposition 2.3.5, we have by Proposition 2.3.7 that A-a.e. ergodic
component of the action of (v, u%) on (Xg x Xpg, A) is an N-orbit, where N is the
smallest closed connected normal subgroup of A such that (u%, u%) € N and NNI'x I’
is a lattice in N.

We clearly have N C AN R x R; thus, if (1, 22) € Xy x Xg, then the N-orbit
(x1,22)N is contained in the fiber F,, ,,) where y; = m(z;). It follows that the
measurable partition determined by the ergodic decomposition of each A, ) is given
by the partition of Xy x Xy into N-orbits, which does not depend on (y, z) (note,
however, that the relevant ergodic measures on the atoms of this partition do vary
with Ay..))-

To summarize, there is a measurable partition ¢ = {C(z,2') : (z,2) € Xy X Xy}
of Xy x Xy into (ul, uh)-invariant subsets C(z,2’) C Xy x X, (z,2') € C(z,2'), a
probability measure P on X gy x Xy /€, and ergodic (ul, uf)-invariant Borel probability

measures {)‘((f':hz) :C e, (y,2) € X, x X} such that

NoalB) = [ G, (EC)AP(C)
XH XXH/f

for every measurable subset £ C Xy x Xg. It follows that
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/ Jofdh = / @ F Ny d(vz % v2)(y, 2)
XaxXg XpxXp J XgxXg

_ / / / f® FAXG, . dP(C) d(vy X 1) (5, 2)
XLXXL XHXXH/g XHXXH

= / / / f @ fAX,. d(vn x v)(y, z) dAP(C).
XHXXH/£ XLXXL XHXXH

(2.3.9)

This freedom to change the order of integration is contingent on the independence of
the partition £ from (y, z), which is the reason for our arguments above.

Our proof of Mobius disjointness in the case that R is abelain will make the crucial
assumption that f is in C1(Xp). This causes no loss of generality at the level of our
proof of Theorem 2.0.3, since it should be clear (and we will show) that we can prove
this theorem for arbitrary continuous functions once we have it for differentiable
functions, by uniformly approximating the former class. This differentiability will
enter our analysis by allowing us to control the decay of Fourier coefficients when we
use harmonic analysis in the fibers of 7y x 7y (which, we recall from above, have been
explicitly identified with X x Xg).

Observe that since the fiber measure )\(C;VZ) is ergodic for (ul,uh) for vy x vp-
a.e. (y,z) € Xp x Xp and P-ae. C € Xy x Xg/€, (2.3.6) implies that pg,z) =

!  is ergodic for (yuly~',Zugkz™") (with the same caveats on (y, z)

c
(y,2

(05" X @2 1)
and C).
Given a continuous, bounded function f € Cy(Xp) and y € X, we may define a

continuous, bounded function f, on Xp by setting f,(Igrr) = f(¢,(Trr)) = f(I'ry).

We may now summarize the above discussion with the following.

Proposition 2.3.9. Let H be a connected, simply connected real Lie group, I' C H
a lattice, and w € H an Ad-unipotent element, such that the u-orbit of the identity

coset x = I'e € Xy is uniformly distributed with respect to vy. Let H = L x R be
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the real Levi decomposition of H. Then the following holds for all but finitely many

pairs of primes p # q: for any ergodic joining \ of the systems (Xg,uP,vy) and

(Xy,ul,vy) which is supported on the orbit closure {(x, z)(uP™, ui")},en, there exist
a probability space (Z,P) and a family {p@}z) c(y,2) € Xp x Xy, C € Z} of Borel
probability measures on Xgr X Xg such that for any continuous, bounded function f

on I'\H, we have

[ gera= [ [ pendf. de <) dPe),
XHXXH ZXLXXL XRXXR

Moreover, for (v X vp)-a.e. (y,z) € X; x Xp and P-a.e. C € Z, p(c;/ .) s ergodic for

the action of (yuly ', Zubz™') on Xp x Xg.

Our interest in this theorem arises from (2.3.1), which tells us that the left side
of the equation in the theorem governs the behavior of correlations of u” and u?, and
thereby is connected to Mobius disjointness by Theorem 2.0.4. We now show how

this works in practice, beginning with the case that R is abelian.

2.3.1 The case of abelian R

We apply the formula of Proposition 2.3.9:

= c
/XHXXHf@)fd)\—/Z/XLXXL /XRXXR fy@f.dpg, .y d(ve xve)(y, 2) dP(C). (2.3.10)

For each y € X, f, is a continuous function on the compact abelian group Xz, and

therefore admits a Fourier expansion
fyw) =D F,00x(w).
X€Xr
We assume furthermore that f € C'(Xp), so that f, € C'(Xg) and this series con-
verges pointwise. This causes no loss of generality for our proof of Mobius disjointness,
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as we will show below.
Since p(c?; . isa probability measure, the bounded convergence theorem now allows
us to exchange the order of sums and integrals for the expression inside the integral

over Z:

/ / fy @ f2dpf, .y d(vr x vi)(y, )
X xXp JXpxXpr

:/XLXXL/XRXXR Z fl/ fz w)X@)deyz (VLXVL)(y’ )

XVEXR
=Y | RWEW [ xeedfdenxm)ee). (2310
ey XexXe XpxXg
By Theorem 2.3.9, ,0(61;%) is ergodic for a unipotent translation on Xz x Xpg, and
therefore is algebraic by Ratner’s measure classification theorem, meaning it is sup-
ported on an orbit of stab gy g) p = SC . Moreover, the point (r¢, s¢) on whose

s¢

%) orbit the measure p(w) is supported does not depend on (y, z). This is because,
following our discussion above, the ergodic decomposition of almost every A, .y for
the action of (uh,u%) on Xy x Xy equals the partition into N-orbits, where N is
determined solely by A. Thus, the points (r¢, s¢) parametrize these N-orbits in the
fibers of 7y, x 7, which we have identified with Xz x Xg. As we have N C R X R, the
points (r¢, sc) € Xr X Xg are determined by the partition of Xz x Xg into N-orbits

(each C is an N-orbit, and we have (r¢, s¢) € C'), with no dependence on (y, z).

Consequently, we have

X(re)d(se)  if (x @ ¥)lse s trivial

/ X(r)(s) Ao, =
XpXXp

0 else.

Since S(Cy ») contains (yulyyt, Zu%z™t), and since p(cy 2 18 ergodic for the action
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thereof, we see that

V(re)b(se) i Ui Gl = 1

| xovdd, -
XX Xn 0 if not.

Therefore, (2.3.10) and (2.3.11) together yield the following formula:

[ gera= 3 [xeouee [ B00F)am <)) 4P)

X’wGXR
(2.3.12)

where

XP'060) = {(y,2) € Xp x Xp o x(gupy e (Fugz™) =1}

Now, introduce the set

Lp’q(i/},)o = {(61,62) cLxL: X(&uﬁﬁfl)w(ﬁgu%@l) = 1} .

Observe that LP?(1, y) is an analytic subvariety of L x L, since the group operations
in H and the characters v, y on R are analytic. However, any analytic subvariety of
L x L which is not equal to L x L has Haar measure 0 (it is well-known that in any
system of local coordinates the Haar measure is absolutely continuous with respect
to the Lebesgue measure). Since X7?(v, x) C (7w x m)(LP4(¢, x)), where 7w : L — X,

is the projection, we see that we have the following dichotomy: either

o [P(),x) =L x L,so XD, x) =Xy x Xp and (v X vp)(XP% (¢, x)) =1, or

o LP9(1),x) # L x L, and then (v x v)(X7 (¢, x)) = 0.
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Consequently, (2.3.12) becomes

/X _Jera= 3 f00fw) / X(re)b(se) dP(C)  (2.3.13)

X
LPa(y)=LxL

where

foo=1 fx)dy.

XL
Observe, however, that if L??(¢, x) = Lx L then we have in particular x (u})y(uf) =
1, which implies by the ergodicity of ug acting on Xz that x? = ¢, As this will

turn out to be the central point of our argument below, we write (2.3.13) as

!~ o~
| reran= Y Fefw) [ drepse ape), (2.3.14)
XHXXH Xﬂﬁ Z
XP:»[/)_Q
where the primed summation is restricted to those pairs of characters such that
LPa(sp,x) = L x L.

We are now in a position to prove Mobius disjointness in the abelian case, yielding

the base of induction on the step of the nilradical of H.

Proof of Theorem 2.0.3 for the case of abelian R. First, we may suppose without loss

of generality that [ Xn fdvyg = 0. Indeed, for any constant ¢ we have

Y um)fleut) =Y pn)(feu) =)+ ey p(n) =Y pn)(f(zu") =) +o(N)

n<N n<N n<N n<N

by the prime number theorem. Since z — f(x) — ¢ remains a continuous, bounded
function on Xy, all of our work above applies to this function in place of f, with
c=Jy, fdva.

Furthermore, we may assume that f belongs to C'(Xp). Indeed, if f is an ar-

bitrary continuous function, and f; a sequence of C! functions which converge to f
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uniformly, then for any € > 0 we have for N > 1 and all sufficiently large k

5 S0 pm) fla) = < 3 ) felau) +O(e)

n<N n<N

If Mobius disjointness is known for C! functions, we may choose k so large that the

first term above is smaller than e as well, making it clear that limit of the expression

on the left as N — oo must be zero.

Now, notice that

Foxo) = [ Fylxo)dy

XL

—/ f(Try) drdy
X, JXg

/XHdeH

=0.

Therefore, the expression on the right side of (2.3.14) becomes

> Fofw) [ et apc) = X F

, 1# x
XP:qp*q : —

/Z V(re)(se) dP(C).

Since R is simply connected and abelian, it is isomorphic to R¥, where k¥ = dim R

Therefore X is isomorphic to the torus T*, and )/(; may be identified with Z*, from

which it is easily seen that

> Fofw) [ xrepse)ap(©) = X T

X7X0
xP=¢p—1

/Z Y U(re)x?(se) AP(C).

By using the bounded convergence theorem to move the sum past the integral over
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Z and the integral over X in the definition of f(x) , we find in all

/X Jefan= Y i) / Y U(re)x?(s0) dP(C)

XFX0 z

:/Z/X X > X)X (se) Fy () F(xP) dy dz dP(C).

X7X0
(2.3.15)

For each y € X, the functions x — fy(x_q) and x — fy(xp) belong to (2(Xp)
by Plancherel’s theorem. The same is then true of the functions y — ]/”\y(x_q) X Ure)
and x — fy(xp)xp(sc) since |x| = 1. Thus, for each y,z € X and C € Z, we have

by the Cauchy-Schwartz inequality

2

<SR

XFX0 XFX0

2

S e (se) D F ()

X7X0

and the sums on the right side both converge. Note that this estimate does not depend
on C. Hence, on combining this with (2.3.15) and using the triangle inequality to

eliminate the integral over Z, we get the estimate

/XHXfoeafdA‘ < /XX (Z Lol 3

X7X0 X7X0

£-(¢)

N
) dydz, (2.3.16)

where the positivity allows us to remove the prime on the summation.
We now use the standard decay of Fourier coefficients for C* functions. According
to this, since each f, is differentiable on Xp, we have for each m = (my, ..., my) € Z*

(now identifying Xpr with Z*, so that ]/”;,(m) makes sense)

|f,(m)] <

Y

1+ |m|

where ¢, > 0 depends only on k, and (z1,...,x;) are the coordinates on T*. Let
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.....

1
(1+ lgm|)?

S| ftam)| < dm)? Y

m#0 m7#0
G M(f,)? 1
— Z (

¢ g '+ |m|)?

m7#0
S Ck:M(fy)zq_Qa

where C}, is ¢ multiplied by the value of the convergent sum " L0ezF lm| 2.

Plugging this inequality into (2.3.16), we find

2

Gk
/XHXXH e fd)\‘ = pq /XLXXL M(fy)M(fz) dydz. (2'3'17)

Our only remaining obstacle is to show that the integral on the right side of this

expression converges. Observe that

n@m_34|ﬂwmm@sumw

.....

X1, is a surjective submersion, we may introduce local coordinates on Xy around =z
in such a way that the coordinates of x are (z1,..., 2, 41,...,Vs), where (z1,...,xx)
are coordinates on T* and (y;, .. .,ys) are the coordinates of y = m(z) € Xr. In this

system of local coordinates, we have

0 0
a—%fy(FRT) =

(),

where z = I'ry. Since f is assumed to be differentiable, we have (0/0x;)f € L'(Xg);
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thus, we find

0 / / 0
—_— dy = —f, ('pr)| dvpd
/XL &Uz‘fy LY(XR) Y Xr JXgr a%’fy( R) R Y
0
= z)| dx
/XH 1 (a)
0
2
Z; LI(XH)

Consequently, we have

0

8ZEZ' Y

XL o XL

M(f,) dy < max (HfHoo,ig%an /

dy
LY(XR)

= max | || f]loo, max 0 f < 00.
Lok || O LY(Xn)
Thus, (2.3.17) finally yields
1
/ f® fd)\‘ < —Cy, (2.3.18)
XaxXn pq

where C'y > 0 only depends on f, not on p or ¢g. Putting things together, we see that

if 7> 0 and p,q > (7Cf)~Y/2 then

/ f®fd)\‘ < T
XHXXH

Since (7Cf)~%/? is vanishingly small compared to e*/7, Theorem 2.0.4 therefore implies

that

Y uln)fzu") = o(N),

n<N

as desired.
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2.3.2 The case of general R

We now prove Theorem 2.0.3 when R, the radical of H, is not necessarily abelian
(recall that R is nilpotent by Proposition 2.3.6). Our argument proceeds by induction
on d, the step of the nilpotent group R, with the base case d = 1 carried out above.
In order to mimic the proof in the abelian case, we will use harmonic analysis on
the nilpotent group R, and specifically the notions of “vertical Fourier analysis”
([GT],[Zo]). Let R be a nilpotent group of nilpotency class d (i.e. its descending
central series has length d + 1), and I' C R a lattice. A continuous function g on
the nilmanifold I"\ R is called a vertical character if there exists a character x of the

compact abelian group I' N Ry\ Ry = '\ Ry such that

g(vrq) = g(v)x(Tyrg) for all v € T\R, 14 € Ry.

o —

Given any continuous function g on I'\ R and character x € I'y\ R4, we define

X (v) == / L olrN G

Then gX is a vertical character of I'\ R, with x the associated character of I';\ R4, and

we have the vertical Fourier series

g= Y, ¢‘in[*(T\R),

X€EL4\Rq

with pointwise convergence if e.g. ¢ is differentiable.
We now apply this expansion in the setting of Theorem 2.0.4, assuming f €

C'(Xy). By (2.3.1), we have for any p # ¢

lim %Z f(xuP™) f(zum) = /XHXXH f& fdx (2.3.19)
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for an appropriate joining \. We prove by induction on d that there is a constant

Ct > 0 depending only on f such that

By Proposition 2.3.9, we have for all but finitely many p # ¢ that (using the notation

therein)

/X ) f@fdA://X ) /X 1@ L0 A X 1)) AP(O)
- Z //XLXXL /XRXXR fx ®fz dp(yz (VL X VL)<y’ )dP(C)

XWGFd\Rd

(2.3.20)

where the exchange of sums and integrals is justified by the pointwise convergence
of the vertical Fourier series and the bounded convergence theorem, since each f, is
differentiable on Xp.

Now, the triviality of xo means that for each y € X, the vertical character fX°
on Xp is Rg-invariant; thus it passes to a continuous function on the nilmanifold
['\R/Rg4. The nilpotent group R/Ry4 has strictly lower step than R, and thus we may

apply the inductive hypothesis to assert that

20 @ T S, d(vy, % v)(y, 2) dP(C) gplqcf, (2.3.21)

X xXp JXrxXpr

where C; depends only on f.

It remains to deal with

Z / /XLXxL /XRxXR 1y ®71zpd,0(y,z) d(vr x vp)(y,2)dP(C),

X9

where the primed summation runs over pairs of characters x, ¢, at least one of which

5



is nontrivial.

Following [Z], we now need the following fundamental point.

Lemma 2.3.10. Let Ry be the last term in the lower central series for the nilpotent
group R, and let the measures p(, .y on Xr X Xg be as in Proposition 2.3.9. For
v X vp-a.e. (y,z) € Xy x Xy and P-a.e. C € Z, the support of P(C;,,z) is invariant

under the action of Rg X Ry.

Proof. By Proposition 2.3.8, the action of yury~' on (Xg,vg) is ergodic for vp-
a.e. y € Xy, and also uniquely and totally ergodic. Therefore, the action of
guly! is ergodic, as is that of Zu%z™! for vi-ae. z € X;. It follows from [Z2]
that the orbit {(Tryuly'y ', T'rZufz™') : n € Z} is equidistributed in Y, ., =
{Tryrty ' Trr'zriz=! : r € R,r’ € [R, R]} for v X vi-a.e. (y,z). Therefore, the
support of p(cw) equals (r¢, s¢)Y(y,.) for vy x vi-ae. (y,z) € X x Xp and P-a.e.
C € Z. However, R, is connected and therefore, being abelian, is divisible. Moreover,
as a term in the lower central series for R, it is invariant under every automorphism
of R, and in particular invariant under conjugation by 7 and z, from which the claim

now follows. O

Hence, for any 14,84 € Rq X Ry and any x, ¢ € T';\Ry, at least one of which is

nontrivial, we have

— —
| e, = [ e s o9
XRXXR XRXXR

= X(Tara)y(Tasa) / fy® Tj} dﬂ(cy,z),

XRXXR

and it follows that

-
/ fi @ o dpg,.) =0,
XRXXR
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Combining this with (2.3.20), we see that

/ foFdr= / / / 20 @ T e, d(vn x 1) (3, 2) AP(C),
XHXXH ZXLXXL XRXXR

and thus, by (2.3.21),

- 1
/ f®fd)\‘ < —Cf.
XHXXH pq

Theorem 2.0.4 now yields

> u(n)fzu") = o(N),

proving Theorem 2.0.3.
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