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Abstract

This thesis deals with the analysis of partial differential equations describing nonlinear wave-
like phenomena in three different settings: general relativity, the compressible Navier—Stokes
equations, and magnetohydrodynamics.

Many results on the global dynamics of hyperbolic equations, particularly in the case
of the Einstein equations, rely on the use of the vector field method. This method requires
the initial data to be highly localized around a single point in space. In this first part
of the dissertation, we extend the classical vector field method of Klainerman to deal with
initial data localized around several points whose pairwise distances are assumed to be large.
We are therefore able to prove global stability for solutions to quasilinear wave equations
satisfying the null condition when the initial data are not required to be localized around
a single point. This probes a regime which was not accessible by previous physical-space
methods. This part is based on joint work with John Anderson.

The second chapter of this thesis deals with the global dynamics of the compressible
Navier—Stokes equations in one and two space dimensions. A particular case of these equa-
tions arises in geophysical fluid dynamics as the viscous shallow water equations. Concerning
the one-dimensional model, we introduce a quantity, called the active potential, which allows
us to control the dynamics for a large range of pressure and viscosity laws. As a byproduct,
we are able to prove a conjecture formulated in 1994 by Peter Constantin. This part is based
on joint work with Peter Constantin, Theodore Drivas, and Huy Nguyen.

Finally, the third chapter deals with the equations of magnetohydrodynamics (MHD). We
prove that a suitably regularized Voigt—MHD model admits a global-in-time solution, which
moreover converges, in the infinite time limit, to a solution of the steady three-dimensional
incompressible Euler equations. This can be regarded as a rigorous construction of an MHD
equilibrium by means of a process known in the physics literature as magnetic relazation:
the magnetic field is drawn towards equilibrium by an MHD-type system. This part is based

on joint work with Peter Constantin.
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Introduction

The purpose of this thesis is the rigorous mathematical study of several phenomena which
arise in physics, and which can be modeled through partial differential equations (PDEs).
Some of the questions studied here arise naturally in the context of physical theory, others are
the result of pure mathematical speculation. We will always try to connect the mathematical
questions analyzed here to the corresponding physical motivation.

The main theme that underlies this exploration is the ubiquitous presence in nature of
nonlinear undulatory phenomena. Their mathematical study is of great importance in un-
derstanding very basic mechanisms in physics whose inner workings we still need to explain.
There will be many examples of such basic questions that I will point out in the following.
Some of these fundamental problems include the long time dynamics of localized objects in
general relativity, the dynamical behavior of compressible and viscous fluids, the modeling of
waves in the ocean, the issues of relaxation and reconnection in plasmas, the Parker problem
and the solar corona problem in magnetohydrodynamics. Although these areas can seem
to be very far from each other, the techniques used to study them from the mathematical
viewpoint provide several connections.

In this thesis, we mainly deal with nonlinear waves which draw their motivation from
three distinct areas of physics: general relativity, compressible viscous fluid dynamics, and
magnetohydrodynamics. We now proceed to describe in more detail the results of this thesis.

The manuscript is divided into three chapters, which can be read independently of each other.



0.1 Chapter 1: general relativity and nonlinear wave
equations

In this chapter, we are going to explore some questions connected to FEinstein’s theory of
general relativity and, more generally, to nonlinear wave equations.
Einstein’s remarkable theory describes gravitation, and, in vacuum, it can be very com-

pactly expressed as the vanishing of the Ricci tensor on a 3 + 1 Lorentzian manifold (M, g):
Ric(g), = 0. (0.1.1)

One of the many remarkable properties of is that it is secretly a system of non-
linear hyperbolic equations. Indeed, system ((0.1.1)) can be realized as a system of quasilinear
hyperbolic equations after choosing an appropriate gauge, see e.g. [3§].

In this chapter, we will start from equation as a motivating example, and we will
be lead to consider a class of nonlinear hyperbolic equations, which we will describe later
in more detail. Although our result will be about a specific class of hyperbolic equations,
the reader should keep in mind that we are always starting from the Einstein equations as a
main motivation.

In addition to the motivation arising from general relativity, hyperbolic equations are
of independent interest because of the connections with other branches of physics. Two
examples of nonlinear hyperbolic equations are the irrotational compressible Euler equations,
which describe the dynamics of a compressible gas (see [27]) and the equations governing
the motion of elastic materials (see [82]).

In the following sections of this part of the introduction, we will first introduce the issue
of global stability in general relativity (Section . We will then show its connections
with the fundamental final state conjecture, which we will touch upon in Section [0.1.2] In

Section [0.1.3] we will review existing stability results for hyperbolic equations, showing that



much of the existing analysis is based on having initial data which is highly localized. In
the following section (Section [0.1.4), we will describe the main result of Chapter 1 of this
thesis, obtained in collaboration with John Anderson. We show that, for a specific class of
nonlinear wave equations, the localization requirement can be relaxed, and global stability
can be achieved for initial data which is localized around several distant points. Finally, in
Section [0.1.5] we describe how these techniques can be applied to the case of the Einstein
equations (work in progress with John Anderson), which is the main starting motivation of

our study. This analysis probes a novel regime of the final state conjecture.

0.1.1 The issue of global stability in general relativity

The Einstein field equations (whose form in the absence of matter is given in (0.1.1])) were
formulated by Einstein in 1915. The intrinsic geometric nature of these equations is perhaps
one of the reasons why their study as an evolution problem came much later.

The study of as an initial value problem was indeed initiated in the work of
Choquet-Bruhat in 1952 [38]. In this fundamental work, Choquet-Bruhat proved that the
Einstein equations are locally well posed if the initial data are assumed to be sufficiently
regular. The work is of utmost importance since it initiated the rigorous analysis of the
Einstein equations from a purely PDE perspective, moreover it gave Einstein’s theory solid
mathematical footing, and it laid the foundations for much of the subsequent analysis.

An important take-home message from [38] is that the Einstein equations, which a priori
do not have an “evolution equation” structure, can be recast into an initial value problem
in a way that enables one to show local existence. In this discussion, we restrict to the
special case in which the initial data is posed on R3. Consider a metric § and a symmetric
two-covariant tensor k on R* (the second fundamental form). We call (R®, g, k) an initial
data set for the Einstein equations if g and k satisfy the Einstein constraint equations. We

won’t formulate the constraint equations here in full generality, but let us just remark that,



in the vacuum case and if & = 0, they reduce to imposing that the metric g be scalar-flat:

where Rj is the scalar curvature of the metric g.
In this context, the result [38] asserts that, if g and k are sufficiently smooth, there exists
a spacetime neighborhood N' C R*? N D {0} x R?, and a sufficiently regular metric g
on N which restricts to g on {0} x R?, such that & is the second fundamental form of the
embedding (R3 ) < (R3*™ g), and finally such that the Einstein vacuum equations are
satisfied by g on N:
Ric(g),,, = 0.

Having settled, in a sufficiently regular space, the issue of local well-posedness, the im-
mediate natural question to ask is: what are the global dynamics of the Einstein equations?
This is an incredibly complicated question, because of the nonlinear and geometric nature
of the Einstein equations themselves, as well as the complex and varied range of phenomena
that they display.

A more restricted question that one can ask is: what is the behavior of the Einstein
equations in the neighborhood of known solutions? Perhaps the simplest such solution is
the so-called trivial solution, i.e., the Minkowski spacetime. This is the manifold M =
R'*3 endowed with the flat Lorentzian metric which has the following representation, in
the standard coordinate system: g = diag(—1,1,1,1). Here, “diag” indicates the diagonal
matrix with elements listed in the parenthesis.

The first result which truly explored this scenario was the monumental work of Christo-
doulou and Klainerman [21], which appeared in 1993. In this foundational work, the authors

show the following result:

Theorem 0.1.1 (Christodoulou and Klainerman, 1993). Consider the trivial initial data

set for the Einstein equations: (R® g = 0,k = 0), where b;; is the trivial metric on R3.
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Consider moreover a small (in a suitable Sobolev space) and localized perturbation of g and
k. Then, this perturbation launches a global solution g of (0.1.1) defined on [0,00) x R3,
and moreover the solution asymptotes to the trivial solution with quantitative rates for very

large positive times.

This monumental result was the first of its kind in mathematical general relativity, as it
dealt with the global dynamics of the Einstein equations in the absence of symmetries. This
was a remarkable advance from the point of view of the mathematical theory. Moreover, let
us mention that the result requires the initial data to be small in a high-order Sobolev space,
and it also requires such “perturbed” initial data to be localized around a single point. In
practice, in [21], this requirement is encoded in the fact that the perturbation is required to
be small in a weighted Sobolev space, with radial weights.

After this result, the subject of long time dynamics in general relativity has been widely
studied, and research efforts have been focused on the global dynamics of the Einstein
equations on perturbations of other known special solutions. First, there were results of a
linear nature, which considered the linear wave equation on black hole spacetimes (this is the
easiest model problem for the Einstein equations). On a fixed Schwarzschild background, we
cite the fundamental results of Blue-Sterbenz and Dafermos—Rodnianski (see resp. [9, 30]).
After that, some works established proofs of decay of the linear wave equation on a fixed
Kerr background with parameter |a| < M. We refer to the work of Andersson-Blue,
Dafermos—Rodnianski and Tataru—Tohaneanu (see resp. [4, B1, 86]). Finally, for the full
subextremal range of parameters of the Kerr black hole |a| < M, the problem presents
additional difficulties. A complete proof of decay of solutions to the wave equation in this
case has been given by Dafermos-Rodnianski-Shlapentokh-Rothman in [32].

After analyzing the wave equation on black hole spacetimes, research efforts were devoted
to understanding the full linearized picture of black hole stability. In this context, Dafermos,
Holzegel and Rodnianski [29] proved the linear stability of the Schwarzschild black hole as

a first step in the program to solve the Kerr stability conjecture. More recently, Dafermos—



Holzegel-Rodnianski in [28] proved decay for the spin £2 Teukolsky equations on slowly
rotating Kerr (|a| < M), a crucial step to address the nonlinear stability of Kerr in the
slowly rotating case. Finally, in the context of electrovacuum, the linearized stability of
Reissner-Nordstrom under the Einstein-Maxwell system has been established in the Ph.D.
thesis of Giorgi [41].

Concerning results on the full nonlinear stability of the Einstein equations, a seminal
result in the nonlinear case was obtained by Holzegel in his Ph.D. thesis [48]. More recently,
a solution to a restricted case of the problem of stability of Schwarzschild as a solution
the the Einstein vacuum equations has appeared. In the work [62], Klainerman and Szeftel
established the nonlinear stability of the Schwarzschild black hole under axially symmetric
polarized perturbations. In particular, these perturbations ensure that the resulting evolu-
tion will converge to the Schwarzschild black hole. The full, finite codimension nonlinear

stability of Schwarzschild, without symmetry assumptions, has been announced in [88].

0.1.2 The final state conjecture

All the research efforts outlined above can be connected to different regimes of one crucial
open question in general relativity, the final state conjecture, a preliminary version of which
was formulated by Penrose in the 1970s. In rough terms, the conjecture can be formulated

as follows.

Conjecture 0.1.1. Sufficiently smooth and asymptotically flat initial data for the Einstein
vacuum equations will launch a solution to the Finstein vacuum equations which,
i general, will exhibit gravitational collapse and formation of black holes. Nevertheless,
generically, the solution will be asymptotic to a finite number of Kerr black holes traveling

away from each other plus residual gravitational radiation which exhibits decay.

The results mentioned in Section [0.1.1] all probe different regimes of this conjecture. For

instance, the monumental result on the global nonlinear stability of Minkowski space [21]



shows that the final state conjecture is true in a neighborhood of Minkowski space: there
is no black hole formation and moreover the spacetime just asymptotes to the flat one with
residual gravitational radiation. All the results on black hole stability probe the regime in
which one black hole is already present, and they show that perturbations of such an object,
asymptotically, will also look like a black hole with residual gravitational radiation.

All the above regimes, though, focus on the case in which the perturbation is localized
around a point (or around a black hole). However, there are cases of the final state conjecture
which clearly depart from this picture. For example, think of the scattering problem of two
black holes coming from infinity. One would like to show that, in some regimes, the two
black holes interact without merging and “scatter”. Clearly, in this case, the initial data
cannot be localized and, in fact, it is highly non-localized. Another such example is the
merger of two black holes, which is also a particular case of the final state conjecture, and
draws physical motivation from the gravitational wave observations of LIGO [I].

The merger problem and full scattering of two black holes do not seem to be within
reach of current mathematical techniques. However, in this first chapter, we wish to depart
from the usual “localized” initial data under which the Einstein equations are studied, and
to focus instead on initial data which are localized around several points located at a large
distance away from each other. We wish to probe the final state conjecture in the regime
close to Minkowski space, although allowing our perturbations to be non-localized.

Our study, although it concerns a model problem and not the Einstein equations them-
selves, represents the first attempt at modeling a situation displaying many localized per-
turbations and, as such, the techniques introduced here could be applicable to probe new
regimes of the final state conjecture.

We will now introduce the model problem on which we carry out our study (quasilin-
ear wave equations satisfying the classical null condition), and we will then give a rough

description of our result.



0.1.3 Model problems: nonlinear wave equations and the null con-
dition

The Einstein equations belong to a class of hyperbolic wave equations with a special struc-
ture, which essentially allows for small data global existence. In our work, we will focus on
quasilinear hyperbolic equations satisfying the classical null condition, which is a somewhat
stronger assumption than the one satisfied by the Einstein equations. Nevertheless, advances
in understanding the classical null condition were absolutely fundamental in understanding
the global dynamical properties of the Einstein equations. This is the main motivation why
we consider quasilinear wave equations as a model problem to study the Einstein equations.
In a forthcoming work, we plan to extend our results to the Einstein equations themselves
(see Section [0.1.5).

The story of the classical null condition is rich and interesting. Here, we describe how
this condition was formulated, its central role in the analysis of nonlinear hyperbolic PDEs,
and its deep connections with the story of the global properties of nonlinear hyperbolic
equations. Small data long time existence results for wave equations originate with the
works of John and Klainerman. In [57], Klainerman was able to establish small data global
existence results for nonlinear wave equations with quadratic nonlinearity in sufficiently high
space dimensions (see also [61]).

In [59], Klainerman introduced the vector field method, which is a way to prove decay of
solutions to wave equations by differentiating the equations themselves with vector fields that
commute with the symbol, and then using weighted Sobolev estimates combined with energy
estimates to deduce pointwise decay. This enabled to bypass the use of the fundamental
solution which was widely used in previous work on the subject, and it led to a sharp global
existence result for nonlinear wave equations in dimensions n + 1 for n > 3. Indeed, using
these methods, Klainerman proved that global existence for small data holds for nonlinear
waves with quadratic nonlinearity in R'*" with n > 4, and for cubic nonlinearities in the

physical case R'*3. This result is sharp in the sense that certain nonlinear wave equations



with quadratic nonlinearities do not admit global-in-time solutions in 3 + 1 dimensions for
general arbitrarily small initial data (see the work of John in [52] and [53]).

It is therefore natural to investigate whether there exists a condition which can distinguish
between nonlinearities that lead to small data global existence and nonlinearities that do
not. This led to the discovery of the classical null condition, which was first introduced
by Klainerman in [58]. Essentially, a quadratic nonlinearity satisfies the null condition if a
derivative transversal to the light cone is always multiplied by a derivative tangent to it. See
equation for the exact definition.

Remarkably, the trivial solution to a nonlinear wave equation satisfying the null condition
is globally stable in 3 + 1 dimensions. This was first shown by Klainerman using the
vector field method [60], and Christodolou gave a different proof using conformal compacti-
fication in [20]. Since then, there have been other proofs, as well as many generalizations.

The Einstein vacuum equations do not satisfy the classical null condition when written in
wave coordinates, making this case more subtle. The monumental work of Christodoulou and
Klainerman [21] shows that nevertheless, in this case, one has global stability for initial data
which is small and localized. This follows from a closer analysis of the Einstein equations
themselves and from the identification of a geometric form of the null condition.

In a paper which appeared in 2010, Lindblad and Rodnianski identified a generaliza-
tion of the classical null condition which is referred to as the weak null condition. The
weak null condition is satisfied by the Einstein vacuum equations in wave coordinates, and
this observation allowed Lindblad and Rodnianski to prove the global nonlinear stability of
Minkowski space using wave coordinates in [67]. We will discuss these issues more in detail
in Section [0.1.5, in which we outline the extension of our results to the Einstein case.

Before introducing our main result, let us note that many of the results described in this
section and in Section depend essentially on the use of the vector field method in dif-
ferent forms. This method, in particular, requires the use of vector field commutators which

carry radial weights, as the Sobolev estimates attached to it require weights to deduce point-



wise decay. It therefore does not come as a surprise that the works discussed in the present
section all require the initial data to be localized. Indeed, all work on the stability of quasi-
linear hyperbolic equations requires the initial data to be somehow localized around a point.
Moreover, even in the semilinear case, previous results which allow for non-localized data
often rely on low regularity techniques, which fail to provide a good asymptotic description
of the solution.

In our work, as we have already mentioned, we wish to depart from this regime and
to introduce a robust and geometric method to deal with quasilinear wave equations in
the case in which the initial data are not required to be localized around a point.! This
work therefore constitutes the first example of a global stability result for quasilinear wave

equations in which the initial data is not localized. We describe our result in the next section.

0.1.4 Global existence for nonlinear wave equations with multi-

localized initial data

In this section, we state a rough version of the main theorem of Chapter [1| of this thesis,
restricted to the case in which the initial data are localized around two points. For the
statement in full generality, see Theorem |1.4.1} This part is based on joint work with John
Anderson [3].%*

We first introduce precisely the class of equations we are going to study. These are

systems of quasilinear wave equations satisfying the classical null condition. Precisely, we

IThe issue of global well-posedness for wave equations in translation-invariant spaces has been a very
active area of research, due also to its connections with low-regularity issues. Even though the author is not
aware of examples in the quasilinear case, in the case of semilinear wave equations there are many results
showing global existence using scale-invariant spaces. As we already mentioned, these results often fail to
provide a good quantitative description of the dynamics.

2This work has been presented at the following seminars and conferences: Junior analysis seminar,
Imperial College London, July 2019; EquaDiff conference, Universitat Leiden, July 2019; AMS sectional
meeting, UC Riverside, November 2019; analysis seminar at Princeton University, December 2019.

3We are indebted to Yakov Shlapentokh-Rothman for making us aware of this problem.
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require our equations to be of the following form:

M M
Oéa+ > Foo(dep d’éc) = Y Gpoldep,déc), A=1,... M. (0.1.2)
B,C=1 B,C=1
Here, ¢4 : [0, 7] xR®* — RM is the unknown, and Fj- and G4 are collections of respectively

trilinear and bilinear forms satisfying the null condition:
Fio(N,N,N)=0, Gu,(N,N)=0  forall N€R* such that m(N,N)=0. (0.1.3)

Here, m is the Minkowski metric, and [ denotes the wave operator induced by m on R3*!.
See Section [1.3.3] for additional details.

This class of systems was the one introduced by Klainerman in his classical paper [58],
and can be viewed as a model problem for the vacuum Einstein equations. Under these

conditions, we have the following theorem:

Theorem 0.1.2 (Rough version of Theorem for N = 2). For all sufficiently small data
supported in two Euclidean balls of unit radius, nonlinear wave equations of the form
satisfying the classical null condition admit global-in-time solutions. Moreover, the
smallness of initial data is measured in a norm which does not depend on the distance between
the two balls. For instance, requiring that the H*°(R3®) norm of the data is small enough,

independently of the distance between the two balls, is sufficient to ensure global existence.

A few remarks are in order.

Remark 0.1.3. Note that, since the distance between the two Euclidean balls can be chosen
to be arbitrarily large, this regime is not covered by the classical results described above,
which require the data to be highly localized. Indeed, from the point of view of the classical
theory, this is a large data regime, as the norm which we require to be small (the H?°(R?)

norm, for instance), does not carry radial weights.
Remark 0.1.4. Our theorem also holds for data which are supported in a finite number N > 2
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of balls of radius one, although we require a condition on the ratio of their mutual distances.
See the statement of Theorem for further details. Moreover, our theorem holds in the
case of non-compactly supported data, as long as the data decays at a sufficient fast rate
away from a number of points. In this thesis, we specialize to the case of compact support,
but the paper [3] deals with the more general case of non-compactly supported data. This
is relevant to the extension to the Einstein case, which we are going to discuss briefly in the

next section.

0.1.5 Extension to the Einstein equations

In the previous sections we have discussed how our result deals with global existence for
nonlinear wave equations when the initial data are localized around several points. The
results presented here can be viewed as a model problem to study the more complicated case
of the Einstein equations, and we plan, in joint work with John Anderson, to address the
case of the Einstein equations in a forthcoming paper.

The first issue that needs to be dealt with in the case of the Einstein equations is the
existence of suitable initial data. It is unknown to the author whether initial data localized
to several points in space have been constructed in the literature. Although this is not the
main focus of our analysis, we expect to be able to prove the existence of such initial data
by using a gluing construction a la Corvino—Schoen, essentially by gluing regular vacuum
initial data sets to a Brill-Lindquist type initial data set.

After having dealt with the issue of constraints, a natural model problem to consider is

the classical example of the weak null condition. This is the semilinear coupled system

D¢ = m(dip, dy),
Oy = (0:0)".

(0.1.4)

Here, m again is the Minkowski metric. Note that this system does not satisfy the classical

null condition, since in the nonlinearity in the second equation contains two derivatives
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transversal to the light cone.

Nevertheless, the system satisfies the so-called weak null condition, and it can be
shown that the initial value problem for system (|0.1.4) with small and localized initial data
admits global-in-time solutions. Note that the energy of these solutions will, in general, grow
logarithmically.

In the main part of Chapter [I| we will argue that a key element of our approach is to show
estimates independent of a parameter R > 0, which corresponds to the distance between the
balls where the initial data are supported (in the case N = 2). It is then conceivable that, if
the estimates which we will show are not “borderline” with respect to the parameter R, there
is potentially an avenue to deal with the logarithmic divergences intrinsic to problem ((0.1.4)).
In reality, the strategy has to involve more elements than this naive outline. For a treatment
of the multi-localized case in a slightly different model problem satisfying the weak null
condition, see the senior thesis of Cicortas [22].

Finally, the full Einstein equations present additional difficulties. First, the constraint
equations force the initial data to be of noncompact support. Moreover, the initial data only
satisfy weak decay in terms of the distance from the center of each ball. It is a well known
fact that this will imply that also the u-decay, then, will be weak. One needs a strategy to
deal with this issue. See the work of Keir [55], in which global existence for a general class
of nonlinear wave equations satisfying the weak null condition is obtained when the decay
of initial data is very weak. Moreover, another issue that one encounters when dealing with
the Einstein equations is the presence of modified scattering, which is the absence of linear
scattering. Linear scattering is, roughly speaking, the fact that the “main contribution” to
the solution essentially solves an associated linear asymptotic system, which in the case of
the classical null condition reduces to a system of linear wave equations. Since the Einstein
equations in wave coordinates do not display linear scattering, the resulting solution will not
be approximated well by the linear flow, and it will display logarithmic divergences in the

energies. One needs to take this fact into account when dealing with the global stability
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problem for the Einstein equations in our case.

0.1.6 Outline of the chapter

We will start by motivating the problem in Section[I.1] We will then proceed to a discussion
of the main ingredients of our approach in Section [I.2] In the sections which follow (sec-
tions through [1.10)) we will then introduce the necessary notation, state the precise form

of our main theorem (Theorem [1.4.1)) and finally provide a proof of the main result.

0.2 Chapter 2: compressible and viscous fluids

In this chapter, we are going to deal with equations arising from several physical situations in
fluid dynamics. The main goal of the present chapter is to deal with well-known descriptions
of a fluid which is both compressible and viscous. First and foremost, these models arise in the
description of the motion of a gas. Moreover, they also arise in geophysics and in the theory of
lubrication as approximate descriptions of the motion of the free surface of an incompressible
fluid. To be concrete, in the latter case we think of the fluid as being water. Starting from the
fact that the fluid is governed (in the “bulk”) either by the incompressible Euler equations
or by the incompressible Navier-Stokes equations, under certain assumptions, we will see
that the motion of the free surface of an incompressible fluid can be approximately modeled
by an initial value problem involving a compressible fluid. At a first glance, this can seem
to be quite a bizarre feature of the models considered. We will deal with the issues of global
well-posedness and long-time dynamics of some of these compressible models, which are
questions that arise naturally from the underlying physical theory.

The plan of this part of the introduction is as follows. We now introduce some of the
physical situations which motivate our interest in these issues, mostly arising in geophysical
fluid mechanics and in the theory of lubrication, providing a heuristic explanation why

compressible models can arise, under some assumptions, from incompressible free boundary
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problems (Section , and we comment on some of the issues intrinsic to the compressible
and inviscid description. We then introduce the main models which are going to be our
focus for the rest of the chapter, in one and two space dimensions (Section . We finally
discuss the main results contained in this chapter: some results on global dynamics for
the one-dimensional model, and uniform bounds for certain two-dimensional models under

symmetry assumptions.

0.2.1 Physical motivation

We start our discussion from the well-known incompressible Euler equations on R", with

n=2or 3:

du+u-Vu+Vp=F,
(0.2.1)

divu = 0.

Here, u = wu(t,z) is a time-dependent vector field with values in R" (the velocity of the
fluid), p(t, x) is a time-dependent real valued function (the pressure), div is the divergence
of a vector field, and F' = F(t,z) is a given vector field (the forcing). These equations
were formulated by Euler in 1757, and have played a fundamental role in fluid dynamics
since then, as they can model the flow of water in certain regimes. Global well-posedness
in two space dimensions is known, although the long time behavior is still relatively poorly
understood in that case. In three space dimensions, for reasonable classes of large initial
data, the issue of global well-posedness is still not understood for smooth initial data of
finite energy.

In many physical applications, one wishes to model the motion of a mass of water with
free boundary. See, for example, the motion of the surface of the sea or a lake, the motion of
a drop of liquid, or the flow of a thin thread of liquid. We focus here on one specific example,
the motion of a mass of water in a basin.

Here is a standard mathematical formulation of the problem. We consider a mass of

water in two space dimensions (in the xy plane, y being the “vertical” direction) which is
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modeled by the 2D Euler equations having velocity u = (uj,us) and pressure p. We also
assume that gravity is acting on the fluid. We suppose that the mass is bounded below by
the “bottom topography”, which is represented by the set y = —b(x), where b is a smooth
(and positive) real function. Moreover, we assume that the water is bounded above by the

“free surface” y = n(t, x). The motion of the free surface is governed by the equation:

om(t,x) + uy(t, z,n(t, x))0n(t, x) = us(t, z,n(t, x)).

This equation encodes the fact that the free surface is transported by the fluid. Moreover,
we assume that, on the top surface, the pressure is identically zero. We finally need to
impose boundary conditions at y = —b(x), and we suppose that, there, the fluid velocity is
always tangent to the boundary y = —b(x). All in all, we obtain the following free boundary

problem for the 2D incompressible Euler equations:

B+ u - Vu+ Vp+ géy =0 on Q(t),  (0.2.2)
div u =0 on Q(t), (0.2.3)
p=0 ony=ntz),  (024)
Om(t,z) + us (t, . 1(t, ))Dun(t, ¥) = us(z, n(t, ), (0.2.5)
w-V(y+b(z)) =0 ony=—bz).  (0.2.6)

Here, é5 is the unit vector pointing upwards along the y-axis, g is a constant (the gravi-
tational acceleration), and €(t) is the set of all (x,y) such that —b(z) <y < n(t, z).

We now integrate the mass conservation (equation (0.2.3) in the y-direction to get:

us(t, z,m) — us(t, x, —b) + /Z Op(uq)dy
= om(t,x) + ui(t, z,n(t,x))0xn(t, x) + uy (t, x, —b)b(z) + /_Z 0p(uq)dy

=om(t,z) + Gx(/n uldy) = 0.

—b
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The y-component of the momentum equation ((0.2.2)) gives, neglecting vertical acceleration

(this is the so-called long wave approximation), that the pressure satisfies:

p(t,z,y) = g(n(t, ) —y).

Going back to the z-component of the momentum equation, neglecting again vertical accel-

eration, and substituting, we get

Opuy (t, ) + uy (t, x)Opur (t, ) + g0un(t, x) = 0.

Moreover, neglecting vertical acceleration, we also get

on(t,x) + 0. ((b+n(t,z))ui(t,z)) =0

Letting now h = b+ n, and v(t,z) = u(t, ), we obtain the inviscid shallow water system

o +vo,v + goh = F,
(0.2.7)

for some constant forcing F'.

Remark 0.2.1. Note that we started from an inviscid free boundary problem and we obtained
a closed, compressible system in one space dimension. This heuristic reasoning also holds in
three space dimensions. Moreover, note that, setting h = p, this system is analogous to the
system describing the motion of a polytropic compressible gas in one space dimension with
pressure law p(p) = p?. Hence, in this picture, the density plays the role of the height of the

water.

Having introduced a model for shallow water, we proceed to outline a few questions

arising from physics which are relevant in this context.
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e Storm surge. This physical phenomenon appears in oceanic physics. One would
like to understand the effect of a storm on the water height far away from the “eye” of
the storm itself. This problem is relevant in engineering and physics, as predicting water
height is essential for several applications. The (two-dimensional) shallow water equations
(in particular, their viscous counterpart) are a suitable model to address this situation, as
in this case the long-wave approximation holds, although the basin is not “shallow” per se.

A suitable mathematical formulation of this problem could be as follows.

Consider the shallow water equations (0.2.7)) on the real line, and impose initial data vy = 0,
and hg = 1. Moreover, suppose that the forcing F is either constant or time periodic, and
it is localized around the origin. Does the height h(t,x) satisfy uniform-in-time bounds for

points x far away from the origin?

In reality, although physically motivated, the inviscid shallow water equations are
not a very good model to address this issue from the mathematical viewpoint, as they will
develop shocks in finite time. Moreover, even in one space dimension, a large data theory
for entropy solutions is not available, hence to probe the regime of interest we would have
to address a much more complicated problem. On the other hand, if one considers viscous
models (in the physical situation of height-dependent viscosity), the well-posedness theory is
available, and moreover results in the direction of the storm surge problem can be achieved.
Two of the results presented in what follows have this flavor (although they do not address
the storm surge problem per se), and we are going to discuss about these results in more

detail in sections [0.2.3] and [0.2.4] of this introduction.

e Drop pinch-off and the theory of lubrication. Compressible approximations ap-
pear also in the theory of lubrication. One such example (a viscous and compressible model)
is the so-called slender jet model [35]. We are going to describe this model in more detail

later (in Section [0.2.2)), let us just mention now that it is a one-dimensional compressible
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system which models the dynamics of drop formation close to drop pinch-off. There are

various mathematical questions that can be posed in this direction, such as the following.

Consider the slender jet model (0.2.15)—(0.2.16)), and impose periodic initial conditions, with

the initial density (or height) bounded from below by a positive number. Do solutions to the
corresponding initial value problem break down in finite time? If they do, is it possible to

give an asymptotic description of the dynamics close to drop pinch-off ?

In this chapter, we are going to partially address this issue, giving a continuation criterion
which depends only on the density (or the height) for the slender jet model. This answers a
1994 conjecture of Peter Constantin, recorded in [34]. This result is described in more detail

in Section [0.2.3 of this introduction.

¢ Rogue waves. Finally, let us mention another physical situation from geophysical fluid
dynamics in which viscous and compressible models are relevant. The main issue at hand
concerns modeling the height distribution of waves in the open ocean, i.e., understanding
the likelihood of measuring waves of a certain height. The statistics of waves are fairly well
understood, except for the fact that there are extreme events in the tails of the distribution,
the so-called rogue waves, which have been measured in nature and are difficult to model.

The height distribution of waves is the sea can be described by a simple Gaussian model,
which we briefly outline. First, let us note that n is a plane wave solution to the linearized

water wave equation if it has the form

Acos(k -z — wt), with  w = +/g|k|tanh(|k|H), (0.2.8)

Here, x € R?, —H is the height of the sea bottom, g is the gravitational acceleration (a
constant), k is the wavenumber (a vector in R?), w is the frequency of the wave, and A is the
amplitude of the wave. This approximation is valid in case we have A|k| < 1. One standard

way of representing the sea surface is a random superposition of waves of the form ((0.2.§]).

19



Let w; be a sequence of i.i.d. random variables, with some known distribution, and let a; be
a sequence of i.i.d. random variables, uniformly distributed in [—m, 7].

Then, the Gaussian model is obtained considering the average

N
Za(|kn|)cos(kn cr— Wyt + ay),

n=1

1
n(z,t) = N
where w,, and |k, | are connected by the dispersion relation above. The amplitude a is assumed
to be a known function, and the directions of the k, are chosen uniformly in [—7, 7].

From this model, one can extract predictions on the probability distribution of the height
of the water. For example, at + = 0 and assuming that the frequencies are concentrated
around a reference frequency w,, the probability density for the wave height 7 is, in the limit

N — oo,
2
1) = e (57 )
where og is a parameter. This is the Rayleigh distribution.
Here we have presented a simple model for random waves in the sea. It is seen experi-
mentally that models of this form do not make good predictions in the tails, and as we have
mentioned before, this is due to the appearance of rogue waves, which are thought of being

a chiefly nonlinear phenomenon.

Typically, a rogue wave is measured when

H c
T2 or Z— > 1.25.

Here, H; is the significant wave height (4 times the standard deviation of the sea surface
height), H is the wave height from trough to crest, and 7. is the height of the crest above
the sea level.

There are many interesting questions from the mathematical viewpoint in this area, and

many models for the appearance of rogue waves have emerged. We summarize some here.
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1. Interaction with the bottom topography. It has been suggested that the effect
of the bottom topography in equations of the kind (0.2.7)) could be responsible for the

appearance of rogue waves in the ocean.

2. Spatial focusing. Superposition of waves creates unusually high crests. In compress-
ible models of fluids, which include equations , recently there has been a proof of
the existence of solutions which start from finite energy and whose density diverges in
finite time [74]. This is a proof that spatial focusing can lead to blow up in compressible

and viscous models of fluids.

3. Modulational instability. This line of thought has its roots in the work of Benjamin—
Feir on water waves [7] and of Zakharov on the cubic nonlinear Schrédinger equation
in one dimension [93]. The instability is induced by small sideband perturbations of a
stationary wave, which interact nonlinearly with the stationary wave in a constructive
way, and grow exponentially. Although this is an interesting subject, due to the dif-
ferent nature of the models considered (they are dispersive models) it goes beyond the

scope of this manuscript.

Having outlined some of the physical motivation associated with the models at hand, we
now introduce the equations in a more precise and systematic way. We will then describe

the results achieved in this context.

0.2.2 Models of compressible and viscous fluids

The first model under consideration describes a compressible, one dimensional fluid with
pressure law p(p) = ¢,p", and viscosity law pu(p) = c,.p®, where a,7,c,,c, are constants.
Moreover, we pose the problem with periodic boundary conditions on the one-dimensional

torus, which we denote by T. More precisely, the system is formulated as follows.

Op + 0:(up) =0, (0.2.9)
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0i(pu) + 0x(pu®) = —0up(p) + Ou(p(p)dau) + pf, (0.2.10)

(ps w)]e=0 = (po; uo) (0.2.11)

with constitutive laws given by

p(p) =cpp’,  wlp) =cup® #0, > 0. (0.2.12)

A particular example of this model encodes the one-dimensional barotropic compressible
Navier-Stokes equations (when both ¢, and ¢, are positive). Note that, when o = 0, this
model is simply referred to as compressible Navier—Stokes, and when « > 0 we say that the
viscosity is degenerate.

Moreover, the inviscid shallow water model falls in the category of systems described
above with the choices v =2, ¢, > 0 and ¢, = 0 (compare with equation (0.2.7))).

However, we will be interested in viscous models of shallow water, such as those appearing
in [40] [7T]. In this case, the viscosity is degenerate (we assume o« = 1). The system under

consideration can be formulated as follows:

8ih + 0y (uh) = 0, (0.2.13)

0y(ht) + 9, (hu?) + gazzf = 40,(hd,u) + hf, (0.2.14)

where h is the surface height and u is the fluid velocity, g > 0 is the gravitational acceleration
at sea level, v > 0 is a viscosity coefficient, and f is a forcing term. Choosing p = h and the
appropriate constants we see that these equations reduce to the system —.
The system f is also relevant to the theory of lubrication. In this context,
the above equations can encode the so-called slender jet model. It has been argued that the
slender jet model provides a valid asymptotic description of drop formation in a thin thread
of fluid immediately before the drop pinch-off time. For an introduction to the subject and

a derivation of this model, see the book by Eggers and Fontelos [35]. See also [34].
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We consider a three-dimensional thin thread of fluid axisymmetric about the z-axis, and
we assume in the following that all quantities involved only depend on the coordinate z
and on the time coordinate ¢t. We also postulate that surface tension effects are present
in this fluid. Upon defining h(¢,z) : [0,7] x T — R to be the neck radius of the thread
of fluid (the distance from the surface of the fluid to the = axis at a given point z), and
u(t,z) : [0,T] x T — R to be the Eulerian velocity of all points with a given z-coordinate, we
obtain (close to drop pinch-off, and under heuristic approximations) the following system,

also called the slender jet system:

1

O (h?0,u)

e (0.2.16)

Owu + ud,u + y0, (%) =v

Here, v > 0 is a coefficient which encodes surface tension, and v is a viscosity coefficient.

Upon defining p = h?, equations (0.2.15)—(0.2.16]) become equations (0.2.9)—(0.2.10]) with

the following pressure and viscosity laws:

p(p) = —7v/p and  pu(p) =vp.

Note that here the pressure term is non-positive, in sharp contrast with the compressible
Navier—Stokes system. In fact, the corresponding “inviscid” model (setting ¥ = 0 in the

slender jet system) is badly ill-posed.

Remark 0.2.2. Local well-posedness of ((0.2.9)—(0.2.11)) in an appropriate regularity class is
established in Proposition for arbitrary smooth p(p) and smooth non-negative u(p).

This covers the special case of power law equations of state (0.2.12)) in the entire parameters

range relevant to our results.

Let us now turn to the two dimensional case. Consider now x € R?, let u(t,z) : [0,T] x

R? — R? be a time-dependent vector field, and let p(t,z) : [0,7] x R* — R be a time-
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dependent positive density profile. We are going to be considering 2D compressible and
viscous models of the following form:

O(pu) + div (pu @ u) + Vp(p) = div (u(p)Vu) + pf,
(0.2.17)

Op + div (pu) = 0.

Here, the pressure is p(p) = c¢,p?, the viscosity coeflicient is p(p) = c,p®, with ¢, ¢y, @,y
positive constants, and ® denotes the tensor product.

Models of this form appear in the theory of shallow water, as in the one-dimensional
case. The 2D shallow water system is a quasilinear system of PDEs (Saint—Venant, 1871),
governing the motion of a free surface of water, under the assumption that the aspect ratio of
the basin is small (the aspect ratio is the depth of the basin over its width). For a derivation
of this system, see the book by Pedlosky [81].

We formulate the 2D shallow water in general terms as in [I5]. We consider the two-

dimensional system:

Oi(hu) + div (hu ® u) + ghV (h — b) + c,hu + ¢,V Ah + rou + mulul
= v div (hVu) + hf, (0.2.18)

Oih + div (hu) = 0,

where the unknowns are a time dependent vector field u(t,z) and the water height h(t, z).
Furthermore, b(z) : R? — R is the bottom topography. We assume that b < h. We also
have that g (a constant) is the gravitational acceleration, and ¢, ¢, 19,71, v are also non-
negative constants. The term ¢, hu' corresponds to the Coriolis force (where ut = (—ug, u;)
if u = (uq,uz)), the term ¢;VAh corresponds to surface tension, and the terms —rou — ryu|u|

encode respectively bottom friction in the laminar and in the turbulent regime.

Remark 0.2.3. For the local well-posedness theory of this system in both the inviscid and

viscous case, see Section [2.3]
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Upon setting c¢,, cs, o, 71 and v to be zero we obtain the inviscid 2D shallow water system,
which is analogous to system (0.2.17)) upon setting h = p, p(p) = p?, and ¢, = 0. A key
feature of the inviscid case is the conservation of potential vorticity. Indeed, if the forcing f

is a gradient, we have that the quantity

SRS

satisfies the transport equation

Oyw +u-Vw = 0.

Here, w is the vorticity (a scalar) w = Oyuy — Ojus.
Having introduced the models under consideration, we proceed to a rough description of

our results.

0.2.3 Results in the one-dimensional case: continuation criterion,

global solutions and bounds on time averages

In this section, we collect rough versions of the results in the one-dimensional case. For the
precise statements and the relevant proofs, we refer to Section 2.1 This part is based on
joint work with Constantin, Drivas and Nguyen [23].4

The first result we obtain is a continuation criterion (Theorem [2.1.1)):

Theorem 0.2.4 (Rough version of Theorem [2.1.1)). Consider the one-dimensional com-

pressible model (0.2.9)-(0.2.11)). For a wide range of the constants c,, o and vy which in-

cludes the one-dimensional viscous shallow water model (0.2.13)-(0.2.14) and the slender

jet model (0.2.15)—(0.2.16)), the following holds. If the initial data (ug, po) are sufficiently

4This work was presented at the following seminars and conferences: Current trends in kinetic theory,
University of Maryland, October 2017 (presentation by Theodore Drivas); Nonlinear and Stochastic PDE
and Applications, AMS Sectional Meeting, Boston, April 2018 (presentation by Theodore Drivas).
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reqular and pg is strictly positive (no vacuum initially), as long as there holds

inf inp(t,r) >0
te%(l)%T*) her Pt ) ’

the solution (u, p) can be continued past the time T*.

This theorem shows that solutions to system f can become singular only if
vacuum formation occurs. In a specific regime (corresponding to the slender jet equations)
this settles a conjecture of Peter Constantin formulated in 1994 and recorded in [34].

After having established the continuation criterion, the next two results are focused on

the issues of global existence and persistence of regularity in the case ¢, > 0.

Theorem 0.2.5 (Rough version of Theorem [2.1.2)). Assume

1
cp, >0, 046(5,1], and v > 2a,

that the initial data (ug, po) for system (0.2.9)—(0.2.11)) are sufficiently regular, and that pg

is strictly positive initially. Then, the solution launched by (ug, po) is global.

This result in particular applies to the one-dimensional viscous shallow water equations

(0.2.13)-(0.2.14)), and provides a global existence proof alternative to that in [44]. Moreover,

the result allows for a more degenerate viscosity coefficient than in [73], which considers the
Caseofoz<%and'y>1.
In the case ¢, > 0 and when the viscosity is more degenerate (o > 1) we prove global

existence for a specific class of large initial data.

Theorem 0.2.6 (Rough version of Theorem [2.1.3). Assume that ¢, > 0 and that

a>0, ye€lopa+l], vy>1 (0.2.19)
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Then, for sufficiently reqular initial data (ug, po) satisfying the inequality

C

Dpup(x) < C—ppo(x)%a Vi eT, (0.2.20)

m
the solution with initial data (ug, po) is global.

We note that the condition imposed on initial data is not a smallness condition. Moreover,
such condition arises naturally from the analysis of the so-called active potential, which is a

crucial element of our strategy and which we are going to describe in more detail later (see

equation (0.2.22))).

The last result in this section concerns long-time averages.

Theorem 0.2.7 (Rough version of Theorem [2.1.5). Assume that the forcing in the sys-

tem (0.2.9)-(0.2.11)) is sufficiently smooth and has mean zero. Then, for ¢, > 0 and a for

range of constants a, v which includes the one-dimensional viscous shallow water system, we
have that the following quantity is uniformly bounded in terms of initial data for all times

T>0:
1

T
7 [ ottt < Ca o ) (0.2.21)
0

Here, C(ug, po, f) is a positive constant which depends on initial data and the forcing f.

This theorem in particular applies for the viscous shallow water system (0.2.13])—(0.2.14))

which admits global-in-time solutions. The interpretation of the bound (when p is
interpreted as the surface height) is that long-time average of the maximum surface height
remains bounded, showing that, for very long time, the water height cannot grow indefinitely
in an average sense, and moreover proving that, on average, no extreme events can develop.
The result therefore provides a partial answer to some questions posed in Section [0.2.1] in
the context of the storm surge and rogue wave problems.

To conclude this overview, let us describe two central elements of our method of proof.

The first is the active potential, and the second is the so-called Bresch—Desjardins entropy.
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These are both “good’ quantities which provide precious information about the dynamics of

system ((0.2.9)—(0.2.11)).

The active potential

The active potential arises in the momentum equation ({0.2.10)) and it is the potential corre-

sponding to the force on the right hand side of such equation:
pDyu = O, w. (0.2.22)
Here, D; = 0; + u0, denotes the material derivative. The potential

w = —p(p) + n(p)dsu.

combines the viscous stress with the pressure. As w depends on the unknowns and in turn
determines their evolution, we refer to it as an active potential. Remarkably, w satisfies a
forced quadratic heat equation with linear drift and less degenerate diffusion with the new
dissipation term @Eﬁw. Moreover, w contains one derivative of v and no derivative of p.
On one hand, energy estimates for the coupled system of p and w allow us to control all
the high Sobolev regularity of p and w as long as p is positive, leading to the proof of the
continuation criterion. On the other hand, the heat equation for w satisfies a maximum
principle which enables us to obtain global regular solutions for a class of large data when
the viscosity is strongly degenerate (see Theorem .

The fact that the active potential solves a nondegenerate evolution with a maximum
principle was previously observed in [24] in the context of a 1D Hele-Shaw model, where it
played a similar role. In addition, let us mention that the effective viscous flux used in [47]

and [68] is also an active potential.
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The Bresch—Desjardins entropy

Another important ingredient of our approach is the use of a coercive quantity which is a
priori bounded in the evolution for systems of the type —. This quantity was
introduced in the paper [12] in the two-dimensional case for the shallow water equations.
For simplicity, let us restrict to the case of the viscous shallow water equations (u(p) = p
and p(p) = p?). In this case, it can be verified that the following quantity can be bounded

uniformly in 7" > 0 in terms of initial data:

T
/ <B lu+ 0, (log p)|* + p2> (T, x)dx + 2/ / |0, p|2dadt
T \2 o Jr

It is easy to see that, combined with the standard energy estimate, this entropy gives more
information about spatial derivatives of p. This quantity will play an essential role especially
in the proof of the averaged uniform bounds (Theorem [2.1.5)).

Having described the results and the relevant techniques in the one dimensional case, we

now turn to the analysis of the two-dimensional equations.

0.2.4 Results in two space dimensions: uniform bounds

This part of the manuscript concerns two-dimensional models of the form . After
having reviewed the existing literature on the subject, as well as some elementary facts, we
are going to consider the case of non-degenerate viscosity (o = 0). Restricting our attention
to axially symmetric solutions, we shall show an extension of the Lagrangian approach in [51],
thereby proving uniform bounds for the density when the equations are posed on a circular

annulus with Dirichlet boundary conditions. Here is a rough version of the relevant theorem.

Theorem 0.2.8 (Rough version of Theorem [2.4.12)). Consider the two-dimensional com-
pressible model (0.2.17)), where we set ¢, >0, ¢, >0, v =2, a = 0. Let us pose the problem
on an annulus A := {z € R? : R < |z| < Ry}, for Ry < Ry positive constants, and let

us tmpose Dirichlet boundary conditions of the following type: we require u to vanish on
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OA for all non-negative times. Let us pose initial data (ug, po) which are azially symmetric,
sufficiently smooth, and such that py is uniformly bounded away from zero and from above.
Let us moreover suppose that the problem admits a solution up to time T'" > 0. Then, the

solution satisfies the uniform bound:

p(t,x) <C  for tel0,T], xe€A

Here, C 1is a positive constant which can be computed explicitly from initial data and is
moreover independent of T'. In this context, axially symmetric means solutions such that
p is a radial function for all times, and u = Vé(t,|z|) + V(¢ |z|), for functions ¢ and

w : [O,T] X [Rl,RQ] — R.

We can view this result again in the context of the storm surge problem outlined in
Section [0.2.1] although it is not a result for the viscous shallow water model per se, since
here the viscosity is non-degenerate (v = 0). Note moreover that the analogue of this result
is false for the same equation on the whole plane R? without boundary conditions, as shown
in the recent work [74]. In this work, the authors show in particular that there exist smooth
and finite energy solutions to the system for which the density goes to infinity in

finite time at a given point.

0.2.5 Outline of the chapter

For the reader’s convenience, we outline the contents of Chapter 2l First, in Section [2.1,
we are going to give the precise statements and the proofs of the theorems in the one-
dimensional case: rough versions of these results have been stated in Section We will
then proceed review the relevant literature on the shallow water equations in Section [2.2]
and we will describe some classical results in Section 2.3 both in the inviscid and viscous
case. We will finally discuss the issue of uniform bounds in two space dimensions in the case

of non-degenerate viscosity in Section [2.4]
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0.3 Chapter 3: the equations of magnetohydrodyna-
mics

This chapter is concerned with the mathematical description of plasmas. A plasma is an
tonized gas, which roughly means that the gas in a state in which all the atoms that compose
it have some of their electrons “free to move”, and in particular the free electrons are not
tied to a specific nucleus. One can think of it as a number of positively charged particles (the
nuclei) immersed in a negatively charged “bath” (the electrons). Physically, this situation
occurs when a gas is heated to very high temperatures. For instance, this situation occurs in
electrical discharges, as well as in astrophysical situations (in the interior of stars and in their
vicinity). Moreover, from the physical point of view, researchers have long been interested
in the control and stability of plasmas in order to obtain controlled nuclear fusion reactions.

Among the many models of plasmas, two kinds have emerged as the most widely used.
The first class of models is of a kinetic nature. In these models, the gas satisfies a Vlasov (or
Boltzmann) type equation, and different species (the protons and the electrons) interact via
the electromagnetic field. From the mathematical point of view, there is a broad literature
on this kind of models (see, for instance, the work [42]).

The second category of models is hydrodynamical, and it comprises the so-called models
of magnetohydrodynamics: the present chapter will focus on the analysis of these types
of models. These equations, just like the Euler equations, arise imposing the standard
conservation of momentum, energy and mass to the fluid, in addition to the electromagnetic
effects. They were introduced by Alfvén in the 1940s [2]. The most general form of such
equations models the physical situation of a compressible fluid. The field of compressible
magnetohydrodynamics is an extremely rich one, although in this chapter we are going to
focus on the idealized situation in which the fluid is incompressible. We will moreover specify
our discussion to the case in which the magnetic effects are dominant, thereby neglecting the

contribution of the electric field. Finally, we will restrict our discussion to the non-relativistic
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case.
Let us introduce the class of models we will be interested in. We will specify our discussion
to the two and three dimensional cases, in the case of the whole R™ or in the case of periodic
boundary conditions.
Let n € {2,3} and consider 2 € {T™,R"}, and let u(t,z), B(t,z) : [0,T] x Q — R™ be
time-dependent vector fields, respectively the velocity of the plasma and the magnetic field.
We say that u and B satisfy the incompressible, viscous and resistive magnetohydrodynamics

(MHD) system if the following relations hold true:

ou+u-Vu+Vp=B-VB+vAu,
0B+u-VB—B-Vu=uAB,

div u =0, (0.3.1)
div B =0,

(ua B)lt:O = (Uo, Bo)

Here, v > 0 is a coeflicient encoding the viscosity of the fluid, ¢ > 0 encodes the resistivity,
and p = p(t,x) is the so-called hydrodynamical pressure (a scalar function). The first
equation in display is the conservation of momentum, where the B - VB term arises
from the contribution of the Lorentz force exerted by the magnetic field on the moving
fluid (see equation . The second equation in display is the induction equation
on B (arising from the Maxwell equations). If v = p = 0, this system is called ideal
magnetohydrodynamics.

Let us now describe some key features of system ([0.3.1). We are going to first make
a distinction between hydrodynamical pressure and plasma pressure. Let us focus for the

moment on the three-dimensional case. Let us define the current J to be the curl of B:
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J =V x B. Note that we have the following identity:
JXB:(VXB)XB:B-VB—%V|B|2.

Hence, rewriting the first equation of in this case, we have:
8tu+u~Vu+V(p+%|B|2) — Jx B+vhu (0.3.2)

We define the plasma pressure P := —p — %|B|2. We make this definition so that, in the case

in which u = 0 identically, B satisfies the equation
Jx B+ VP =0.

The same definition of plasma pressure holds in two space dimensions. Moreover, note that
the term J x B is precisely the Lorentz force acting on the fluid.

We will now describe how the topology of B behaves under the evolution provided by the
induction equation. Let us examine the induction equation on B in the non-resistive case
(= 0). Let us suppose that we have a sufficiently regular solution to the induction equation
(u, B). Then, let us consider the Lagrangian flow ¥(¢,a) induced by w, where a € R™ is the
Lagrangian label:

0V (t,a) = u(t,V(t,a)), U(0,a) = a.
Under these conditions, consider the push-forward of the vector field By under the flow W:

B :=V,B,.

This object is defined as follows. Define 7(t, z) to be the inverse of ¥ (¢, a): n(t, V(t,a)) = a.
Then,
\P*Bo(t> l‘) = Da@(t n(ta 35))30(77@’ l’))
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It can be easily checked that, if B is a sufficiently regular solution to the induction equation
with initial datum By and vector field u, then B coincides with B.

This fact is what in the physics literature is sometimes referred to as the frozen field line
property: the magnetic field lines (the integral lines of B) are “frozen in the fluid”, which
means that they get advected by the flow of . This can be easily checked to be equivalent
to the fact that B = W, By. In particular, this means that, under the evolution provided by
the induction equation, the magnetic field does not “change topology”.

On the other hand, when p > 0, the topology of the field lines changes under the
evolution, a process known as magnetic reconnection.

An important 3D invariant in the case u = 0 is the so-called magnetic helicity. Restricting
to the case of the torus T3, we consider the magnetic potential A, which is a vector potential
for B:

B =V x A.

Then, the magnetic helicity is defined as
H[B] := / B - Adz.
T3

It is easy to verify that, if B satisfies the induction equation for a sufficiently smooth u with
zero resistivity, then H[B] is conserved along the evolution.

A remarkable property of the magnetic helicity is that it bounds from below the energy,
up to a multiplicative constant. In other words, there exists C' > 0 such that the following
inequality holds:

|H[B]| < 0/3 |B|* d.
T

Indeed, we have, by the Cauchy-Schwarz inequality and the Poincaré inequality, on T3,

2
MBI g/ |B\2dx/ Apar <o [ BPar)
T3 T3 T3
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From the physical point of view, many issues connected to the MHD equations have been
explored. The rigorous treatment of many of such questions from the mathematical point of

view is still lacking and, in what follows, we make an incomplete list of interesting questions.

The existence of MHD equilibria in the 3D case

Seeking steady solutions to the system (0.3.1) with v = 0 in the non-viscous case, we are

lead to the following equations:

B-VB—-Vp=0,
(0.3.3)
div B = 0.

Solutions B to this equation are called ideal MHD equilibria. Moreover, equation can
be immediately seen to be equivalent to the steady Euler system (both in three and two
space dimensions).

The construction of MHD equilibria has attracted strong interest from the early days of
plasma physics, due to its connections to nuclear fusion. Indeed, several of the proposed
models of a fusion reactor aim to confine a plasma in a bounded region of space with high
enough temperature and for a sufficiently long time so that fusion reactions can occur. It
is widely believed that a magnetic field configuration around which this process can occur
needs to be a MHD equilibrium, which is moreover required to satisfy some stability require-
ments. Let us not go into the details here, let us just mention that there are mathematical
results which ensure the existence of such equilibria in specific settings (see the discussion in
Section [0.3.1)), however all the mathematical results so far fail to construct viable equilibria
that satisfy the requirements imposed by the physics. This continues to be an active area of

research.
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Long time dynamics: magnetic relaxation and the Parker problem

A mechanism to construct MHD equilibria involves the analysis of a system of the type
in the infinite time limit. This approach is classical and has been proposed, among others,
by Moffatt [76]. It is sometimes referred to as magnetic relazation.

Let us restrict to the non-resistive and viscous case, in which ¢ = 0 and v > 0. Then,
heuristically, from the momentum equation (since it is a heat-type equation) we expect that
u, Oyu converge to zero in a Sobolev space in the infinite time limit. Plugging this ansatz into
the induction equation, we see that heuristically ;B = 0 in the limit, and the momentum
equation just reduces to the steady 3D Euler equations. The resulting limit B, if it exists,
can be shown to be non-trivial if the initial configuration By had nontrivial helicity (due
to helicity conservation) and moreover, heuristically, it is the push-forward of By under a
diffeomorphism.

The first issue with the heuristic outlined above is that, unfortunately, even in the case
of two space dimensions, for large general initial data, it is not known whether the sys-
tem in the non-resistive and viscous case is globally well-posed. This raises several
issues connected to the approach outlined above.

Moreover, there is some evidence in the physics literature which suggests that, in the
infinite time limit, the magnetic field B will develop infinite gradients. It is moreover con-
jectured that the discontinuities in the infinite time limit are “tangential”, i.e. they are
heuristically located on curves which are streamlines of the limiting B field. The rigorous
treatment of the formation of tangential discontinuities is known as the Parker problem, and
it is widely open from the mathematical viewpoint. See the book by Parker [80] for some

physical motivation and heuristics.

Magnetic reconnection

Related to the issue of discontinuity formation is the issue of magnetic reconnection. This is

an effect which is manifest in the presence of positive resistivity (u > 0). In rough terms, this
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effect predicts that the magnetic field lines change topology (or reconnect) in the presence
of strong gradients of B, and this process releases the energy stored in the magnetic field
B. There are several physical models which address this situation, the most widely know
is the Sweet—Parker model (see [§]), which arises from basic energy balance considerations.
A general PDE description of magnetic reconnection, in both the non-relativistic and the
relativistic case, is still lacking. For a rigorous construction of solutions which display re-
connection in the hydrodynamical case (in a particular scenario), see the paper by Enciso,
Luca, and Peralta-Salas [30].

It is believed, from the physical point of view, that the rate at which magnetic recon-
nection (a resistive effect) occurs is very much tied to the speed at which the non-resistive
MHD system drives the magnetic field towards high-gradient configurations: the faster high
gradients appear in the non-resistive system, the higher the rate of reconnection. It is there-
fore conjectured that fast magnetic reconnection driven by the formation of high gradients
is responsible for high release of energy in astrophysical situations. For instance, it is em-
pirically verified that the plasma surrounding the sun (the so-called solar corona) is much
hotter than the core of the sun itself, a fact referred to as the solar corona problem. A
proposed explanation for this elusive fact is that fast magnetic reconnection happens in the

solar corona which in turn releases high amounts of energy [91].

Having introduced some of the physical motivation connected to the MHD equations,
we will now present some mathematical results pertinent to the questions described above.
We are first going to review some of the existing literature concerning existence of ideal
MHD equilibria, as well as the magnetic relaxation problem. We will then introduce a
result, obtained jointly with P. Constantin, which shows that, for a suitable regularization
of the MHD equations, the infinite time limiting procedure is rigorously justified and yields
the existence of nontrivial MHD equilibria. Finally, we are going to deal with the issue of

discontinuity formation in the infinite time limit, and we are going to provide two examples
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of gradient growth, respectively in two and three space dimensions.

0.3.1 Previous results on the existence of 3D MHD equilibria and

magnetic relaxation

In this section, we shall review (in a non-exhaustive way) some results on existence of three-
dimensional MHD equilibria. We refer to the lecture notes [45], and the review [50] for a
comprehensive introduction to the subject.

A classical paper in the physics literature is the 1958 paper by Kruskal and Kulsrud [65],
in which the authors introduce the problem of magnetostatic equilibria, and moreover argue
that solutions to such problem can be obtained by minimizing a certain functional. The
paper [16] constructs discontinuous axisymmetric equilibria of this kind, and uses a KAM-
type argument to show that there exist non-axisymmetric configurations which are analytic
away from the surfaces of discontinuities and moreover satisfy the static ideal MHD equations
in a weak sense everywhere.

Recently, remarkable solutions to the 3D steady Euler equations have been found by
Gavrilov [39]. These solutions have the surprising property of being smooth and compactly
supported, and moreover they are axisymmetric. This is in striking contrast with the fact
that, in some settings, the 3D steady Euler equations are rigid and satisfy Liouville-type
theorems. See the recent paper by Constantin, La and Vicol [20] in which these compactly
supported solutions are constructed in a more general framework.

In the direction of Liouwville-type theorems, let us cite the work by Chae and Constantin
for Beltrami flows [I7] and the work by Hamel and Nadirashvili [43] in the case of R? under
fairly general conditions.

On the subject of discontinuous weak solutions, a classically known solution to the 3D
steady Euler equations is Hill’s spherical vortex, a solution that can be written explicitly
and which is smooth everywhere except at a given sphere, across which its derivatives are

discontinuous [46]. Moreover, in a recent paper, Kraus and Hudson [64] argue numerically
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that, by a limiting procedure, one can obtain steady MHD equilibria with pressure that is
continuous and has a fractal (Cantor-like) profile.

On the issue of magnetic relaxation there is also extensive work. For an overview, we
refer to the expository article [6]. This circle of ideas was developed by Moffatt in the
foundational papers [70] [77], in which also stability considerations are addressed. For the
issue of discontinuity formation in the relaxation process, see the classical work of Taylor [87].
See also the work of Brenier on an MHD-type system [11] and on connections with optimal
transport [10].

After having given a quick overview of the literature on the subject, we describe the
results obtained in this part of the manuscript. The first result is in the direction of magnetic
relaxation. We will then proceed to provide two examples of gradient growth in the MHD

system.

0.3.2 A result on long time dynamics and magnetic relaxation

As we have pointed out previously, both the 3D and 2D MHD system are not known to
be globally well-posed for sufficiently smooth and large initial data. Therefore, in order
to address the issue of long-time dynamics from the mathematical point of view, we work
using a suitable regularization of the MHD system itself. Here, we are going to focus our
attention on a modified MHD-type system, given by the so-called Voigt reqularization. Voigt
regularized models have been widely studied by Titi and other authors in the context of the
analysis of the Euler equations, see [66].

Let us briefly describe this type of regularization in the context of the Euler equations
in three dimensions (the MHD case is completely analogous). Recall the incompressible 3D

Euler equations:

ou+u-Vu+Vp =0,
(0.3.4)

divu = 0.
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Now, we essentially replace the momentum equation in (0.3.4)) by the following equation:

Ou+ £ Hu- Vu+ Vp) =0,

Here, £7! is a smoothing operator. In our case, we will restrict our attention to operators
of the type £ = I + (—A)?, for some positive number «, where [ is the identity operator.
If « is sufficiently high, then, the corresponding incompressible system can be seen to have
global solutions for large and sufficiently smooth initial data.

The same global well-posedness statement holds for the corresponding regularization of

an MHD-type system. The system we will be focusing on can be formulated as follows:

OLu+u-Vu+Vq=B-VB+ vAu,

LB +u-VB=DB-Vu,
(0.3.5)
div u =0, div B =0,

(u7 B)lt:O = (U(), B[))

Note in particular that the regularization is applied to both the velocity field u and to the
magnetic field B. In particular, this means that the induction equation no longer holds
exactly, and therefore, along the evolution, our magnetic field will “change its topology”.

We obtain the following result (joint work with P. Constantin).

Theorem 0.3.1 (Rough version of Theorem . Consider sufficiently reqular initial data
for the system on the three dimensional torus T3, which moreover satisfy an integral
mean zero condition. Then, the system launches a unique global solution (u, B) which,
on a suitable sequence of times t, — oo as k — oo, satisfies that B(ty) — Bso in H'(T?),
for some reqular vector field Bs,. Moreover, there exists a sufficiently regular function g

such that the steady 3D Fuler equations hold for Bu:

By - VBy + Vgs =0, div B, = 0.
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Finally, system (0.3.5) admits a quantity that can be interpreted as a “modified magnetic

helicity”, which is conserved along the flow and in particular implies that By, is non-trivial.

We note that the limiting object B,, does not necessarily need to be the push-forward
under a diffeomorphism of the initial vector field By. It is an interesting research direction
whether, without imposing any regularization on the induction equation, one can obtain the
same result, or whether there is formation of discontinuities in the limit.

In what follows, we are going to describe two specific scenarios for the ideal MHD equa-
tions in which there is localized formation of infinite gradients, albeit in a periodic domain

or in an infinite energy situation.

0.3.3 Some examples of discontinuity formation and growth in

MHD

In this section, we provide two simple examples of gradient growth (and discontinuity for-
mation) for the MHD system in the infinite time limit.
The first example, in the context of the 3D ideal MHD system, is a classical one, and

perhaps not very well known.® It can be formulated as follows.

Proposition 0.3.1 (Rough version of Proposition [3.2.1). Consider the ideal MHD sys-
tem (0.3.1) on the three-dimensional torus (u=v =0). There exist initial data (ug, By) for

this system which launch a global solution (u, B), such that the following holds:

|VB||peo(rsy = 00 as t— oo. (0.3.6)

More precisely, the growth is exponential: ||V B|| 13y > Ce* for some positive constant C.

A few remarks are in order.

Remark 0.3.2. Note that the initial data in this example can be chosen to be arbitrarily

small in a high-order Sobolev norm.

®We thank Tarek Elgindi for making us aware of this example.
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Remark 0.3.3. Note that the subject of gradient growth is an extensively studied topic in
hydrodynamics, especially in the context of the 2D incompressible Euler equations. Let
us mention that, in the Euler case, the sharp growth rate of gradients is expected to be
double exponential, and there are some results in this direction in the case of domains with

boundary [56].

We now describe a second growth example in the context of the 2D MHD system. This
example is self-similar, and moreover it has the feature that the corresponding initial datum

has infinite energy.

Proposition 0.3.2 (Rough version of Proposition . Let us consider the ideal MHD
system (n = v = 0) on the whole plane R%. There exist initial data (ug, By) with
infinite energy which launch a global solution to the ideal MHD system with the following
property: the L™ norm of B diverges to infinity as time goes to infinity at an exponential

rate on all open subsets of R2.

We see that, in this case, the supremum of B is growing exponentially. An interesting
related question is whether this construction can be localized to obtain growth for finite
energy solutions of 2D MHD on the whole plane. We refer to Section for the precise

construction.

0.3.4 Outline of the chapter

The chapter is structured as follows. First, we are going to introduce the result on magnetic
relaxation in Section |3.1} For completeness, we are going to include a proof of large data
global existence of solution to the Voigt-regularized system (Proposition , and we will
subsequently provide a proof of the magnetic relaxation theorem (Theorem . Then, in

Section [3.2] we will provide two examples of growth in the context of ideal MHD.
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Chapter 1

Nonlinear waves: multi-localized data

In this chapter, we are going to deal with the issue of non-localized initial data for nonlinear
wave equations. Our main goal will be to to prove Theorem m (a rough version of
which was given in the introduction as Theorem [0.1.2). We will therefore first motivate
the problem in Section [I.I| and we will discuss the main ingredients of our approach in
Section [1.2] The following sections of this chapter (sections [L.3| through will deal with
the precise statement and proof of the main theorem (Theorem . The content of this

chapter is based on work in collaboration with John Anderson, and it is taken from the

paper [3].

1.1 Multi-localized data: introduction and motivation

We will now proceed to motivate the problem and our strategy in more detail. We first
provide a precise description of the reason why the classical theory does not apply to our
case (Section . To gain more intuition, we will then prove the main theorem in the
simplified special case of the so-called Nirenberg trick in Section Note that this is a
very specific example of a semilinear equation, which is much easier than the quasilinear
case we deal with in our main result. After that, we will state a second rough version of

our main theorem in the case in which the initial data are localized around N > 2 points
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(Section [1.1.3]). Finally, in Section [1.1.4] we will state a consequence of our main theorem
on global solutions to quasilinear wave equations which applies to a class of initial data with

arbitrarily large energy.

1.1.1 The classical theory and the localization requirement

As we mentioned in the introduction, previous results concerning global existence for non-
linear wave equations require the initial data to be localized around a single point in a
quantitative sense. This essentially arises from the fact that, in order to prove decay for
a linear problem using a physical space approach, we need to use appropriate versions of
weighted Sobolev embedding theorems.

For example, in the foundational paper of Klainerman [60], the requirement for global
existence of solutions to a nonlinear wave equation in R3*! (satisfying the classical null

condition) is that, schematically, the following inequality holds true:

10T “Pol| 2(0) < €. (1.1.1)

Here, o is a multi-index, ['* denotes derivation with respect to a number of Lorentz vector
fields (plus the scaling vector field) indexed by «a, ¥ is the surface whose t coordinate is
equal to 0 (on which we impose the initial condition ¢), and finally 0 denotes the spacetime
gradient.

Let us briefly recall the form of the Lorentz vector fields (i.e., the Killing vector fields rel-
ative to the Minkowski spacetime), plus the scaling vector field, as expressed in the standard

coordinate system:

2;0; — x;0; t0; + x;0, t0, + 10, (1.1.2)

It is clear from the definition that, on the initial surface ¥y, these vector fields will carry
weights which grow linearly away from the origin. It is then clear that the norm in inequality

(1.1.1)) is a weighted Sobolev norm with weights growing away from the origin.

44



Let us now describe a scenario which departs from the classical one, namely a case in
which the data are not localized around the origin, and let us compute the size of the norm
appearing in inequality (L.1.1)). Consider the points (R,0,0) and (—R,0,0) on the z-axis in
R3. We then fix two pairs of real valued functions (¢, ¢ft) and (¢, 7, ¢ ®) which satisfy the

following conditions:

Supp(gbg{), Supp(gbf’) - B((Rv O’ 0)7 1)) Supp(¢5R)a Supp(gbl_R) - B((_R7 07 O)’ 1)'

Here, B(a,r) is the Euclidean (3-dimensional) ball of radius r centered at a. Let us moreover
suppose that all these functions have H*(IR?) norm of size ¢, for some large integer k > 0.

We then study the initial value problem for a nonlinear wave equation with R > 0 as a
parameter and (¢, 9,6)|—0 = (¢o, 1) as initial data, where ¢; = ¢F 4 ¢; % for i = 0,1. To fix
ideas, let us suppose that the nonlinear wave equation satisfies the classical null condition,
as in [60]. For R = 1, we know that, for ¢ sufficiently small, we will reduce to the case
in which inequality holds true, and therefore the resulting initial value problem will
admit a global solution by the classical theory.

In the case in which R is allowed to be large (and e does not depend on R), the norm

which appeared in inequality (1.1.1]) will grow at the following rate:
1076|250y Z eR.

This holds because the Lorentz vector fields grow linearly in size away from the origin
in R3. This hinders in a fundamental way the application of the classical theory. To prove
our result, we will have to circumvent this difficulty. We touch upon this issue again in
Section below. We now proceed to prove our main theorem in the specific case of a

semilinear wave equation introduced by Nirenberg.
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1.1.2 A motivating example: the Nirenberg equation

As a motivating example, we now prove a version of Theorem [0.1.2]for a specific equation, the
Nirenberg example, which is a semilinear wave equation satisfying the classical null condition
which moreover admits an explicit representation formula for solutions, thereby rendering the
proof almost trivial. Nevertheless, studying this particular example serves as a preliminary
check before trying to prove a more general result. The inapplicability of this reasoning to
a general quasilinear wave equation indicates that it is significantly more difficult to prove
our result in the general case.

Let us consider the initial value problem for the Nirenberg example:

O¢ = m(dg, o),
Olizo =05 + 65", (1.1.3)

3tgb|t:0 - O

We recall that m is the Minkowski metric, [J is the standard wave operator induced by m,
and we take ¢{! to be a smooth function supported in the unit ball centered at the point
(z,y,2) = (R,0,0), while taking ¢, ™ to be a smooth function supported in the unit ball
centered at the point (x,y,2) = (—R,0,0). Furthermore, we assume that both ¢ and ¢, *

have small H™ (R?) norm, where Nj is assumed to be a large positive integer.

Remark 1.1.1. This norm does not depend on the distance between the supports of @ff

and ¢, %

It is then straightforward to note that, upon defining

u = exp(—9),
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the initial value problem ((1.1.3)) is equivalent to the following linear problem:

Uu =0,
=g = exp(—¢ — oo ) =: uo, (1.1.4)
atlb|t:0 =0.

The solution ¢ to the original nonlinear wave equation can be recovered by taking ¢ =
logu. It is clear that ug is positive everywhere. Furthermore, it is evident that, as long
as u solving remains positive, the solution ¢ to problem will not develop
singularities.

The function ug, in addition to being positive everywhere, is identically 1 outside of the
union of the supports of ¢ and ¢, R This set is contained, by our choice, in the union of
two unit balls centered resp. at (R,0,0) and (—R,0,0).

Using now the Kirchhoff formula for solutions to the linear wave equation in R3*!, we

obtain that

= (uo(y) + (y — ) - Vuo(y))dS(y) (1.1.5)
72 JoB(a,t) \(/)-/ ~ e z

u(t, x)

Here, OB(x,t) is the sphere of radius ¢ centered at the point x € R?, whereas dS(y) denotes
the induced area form on 0B(z,t).

We then note that, if R is chosen to be large enough, the term corresponding to (a) in
is, upon integration, positive and of size ~ t2, regardless of the choice of x and t. This
is because the initial data for ug is 1 on the whole sphere 0B(z,t), except at most on two
sets of unit measure. On the other hand, the term corresponding to (b) is, upon integration,
at most of size ¢. This is because the expression (y — z) - Vuy(y), restricted to y € 0B(x,t),
vanishes outside of a set of measure comparable to one (the union of supports of ¢{f and
#5 ™). On the same set, on the other hand, the expression (b) is of size at most .

In conclusion, for large enough values of R > 0, u stays positive for all times. Thus the

solution ¢ does not develop a singularity. This reasoning proves Theorem in the very
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specific case of equation ((1.1.3), and it suggests that the result may hold true for a more
general class of nonlinear wave equations satisfying the null condition ((0.1.3)).
We now proceed to state the main theorem in rough form for the general case of N > 2

localized pieces of initial data.

1.1.3 Rough version of the main theorem for N > 2 localized pieces

of data

Before describing the ideas of our proof, we state a more precise version of our global stability
theorem which is applicable to the case of N > 2 localized pieces of initial data.
Let us consider the following system of quasilinear wave equations satisfying the classical

null condition:

M M
Oéa+ > Foo(dop d’éc) = Y Gpoldes,déc), A=1,... M. (1.1.6)
B,C=1 B,C=1
Here, ¢4 : [0, 7] xR® — RM is the unknown, and Fj- and G4 are collections of respectively

trilinear and bilinear forms satisfying the null condition:
FA.(N,N,N)=0, G2.(N,N)=0 forall N€R* such that m(N,N)=0. (1.1.7)

We moreover impose initial data localized around a configuration of N points as follows.
Consider an arbitrary configuration of points {p;}ic1,..n}. We now scale the configuration
by a number R > 1 about the origin, i.e. we consider the set of points {Rp;}icq1,. vy We
then consider the union Uy of all the unit balls centered at the points Rp;, and we consider
initial data supported in Ug. See Figure to visualize the initial data in these conditions.

Then, we have the following rough version of the global stability theorem (Theorem|1.4.1)).

Theorem 1.1.2 (Rough version of Theorem |1.4.1} case N > 2). For all sufficiently small

initial data which are localized in the set Ur defined above, i.e. whose support is localized
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around N points as in Figure the system of nonlinear wave equations (1.1.6) admits
global-in-time solutions. Moreover, the smallness of initial data data is measured in a norm
which does not depend on the scaling parameter R, but it depends only on N and dy, with

drr being the ratio of the largest and the smallest pairwise distances between the N points.

We believe that the dependence of € on the ratio dpy of the largest and smallest pairwise
distances between the points is purely technical. We conjecture that the result is true with
¢ independent of the parameter dyj, but the proof in this thesis cannot directly be used to

establish this result.

Non-rescaled Scaled up by R
Rp,

: .

C‘ N
g P2 !

D4 l D3

Figure 1.1: Initial data configuration and the parameter R.
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1.1.4 A large data global existence result

As a corollary of the main theorem described above, we are able to prove global existence

for a class of initial data whose H! norm is arbitrarily large. We have the following result.

Theorem 1.1.3 (Rough version of Theorem |[1.4.8)). Given any L > 0, there exist initial data
with H' norm of size L supported in N(L) distinct balls of unit radius for which the system

of nonlinear wave equations (1.1.6) admits a global-in-time solution.

In this case, we note that the freedom of choosing the distance between each individual
piece of initial data allows us to have initial data of arbitrarily large energy. The interaction
between two parts of the solution will therefore be small in view of the decay before such
interaction occurs, since the time of first interaction can be made arbitrarily large.

Ours is not the first result on global existence of solutions to nonlinear wave equations
with large initial data. See for instance the works [02] and [75] in which the authors are able
to construct solutions with large initial data by concentrating most of the energy in outgoing
waves. In our case, we require the data to be localized around a number of points, and the
data is still mostly outgoing as the interaction between individual waves is controlled.

We now proceed to describe the main ingredients of the proof.

1.2 Overview of the main ideas and outline of the proof

In this section, we will describe the main ideas of the proof. We start by commenting on
the dependence of the Klainerman—Sobolev inequality on the parameter R in Section [I.2.1]
We then explain the general strategy to improve the L? estimates in terms of the parameter
R in Section [1.2.2] We will subsequently proceed to outline how we can obtain improved
L? estimates in the case of a wave equation with quadratic nonlinearity satisfying the null
condition in Section [I.2.3] Subsequently, in Section [1.2.4] we will describe how some impor-

tant geometric facts will be instrumental in showing the improved energy bounds and the
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associated trilinear estimates. Finally, we will explain the intuition behind our improved

R-weighted Sobolev embeddings in Section [1.2.5]

1.2.1 R-dependence of the Klainerman—Sobolev inequality

It is well known that, in order prove global stability for nonlinear wave equations, the two
main ingredients are energy estimates and pointwise estimates. The pointwise estimates are
usually deduced from energy estimates via appropriate weighted Sobolev embedding inequal-
ities, and they allow to recover the energy estimates themselves in a bootstrap argument.
An example of a weighted Sobolev embedding is the Klainerman—Sobolev inequality
(see [59]), which is one of the main ingredients to prove global stability of the trivial solutions

to certain nonlinear wave equations. The inequality reads:

C
T F || 2.
fI(t,r,w) < R YT |22” fllzzes. (1.2.1)

Here, « is a multi-index with |a| its length, and I'* corresponds to a product of Lorentz
fields along with the scaling vector field. Moreover, f is a smooth function, ¥; is the set of
points whose time coordinate is equal to ¢, and (r,w) are polar coordinates.

To fix ideas, let us restrict our discussion here to the linear wave equation. Choosing
now f = d¢, with ¢ a solution to the linear wave equation, the expression appearing in the
RHS of the above Sobolev inequality is an energy term (recall that the Lorentz vector fields

commute with the wave operator). In this case, we obtain the following decay estimate:

C
0o|(t,r,w) < - 0| r2(sy)-
0| (t,7,w) TR R— a%!l Sl z2(0) (1.2.2)

Here, we have used the energy bound: [[0I'*¢| 2(s,) < [|01'*@||12(s,), which holds for the
linear wave equation.
In the multi-localized case, we note that the initial norm ||0I'“¢||2(x,) will be large as

a function of R. This is because the Lorentz fields carry weights which grow linearly away
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from a fixed point. As a result, the estimate will inherit large R-weights in the RHS:

CR?
(I+t+r)(1+t—7|)2

|a¢|(t7r7 (.U) S Ha¢”H2(Zo)7 (123)

The dependence on R in the above estimate is a serious obstruction to proving global stability
independently of R. In the next sections, we will describe our strategy to close an argument

which is uniform in the parameter R. We start by outlining our general strategy.

1.2.2 Improved estimates in terms of R: general strategy

In order to overcome the obstruction sketched in the previous section, the first observation
is that the solution of the full nonlinear problem will be given by the superposition of the
individual solutions arising from each piece of data considered individually, plus a residual
“interaction term”. It is heuristically intuitive that this interaction term will be small as a
function of the parameter R. More precisely, subtracting off the N solutions arising from
each localized piece of data, we will obtain an inhomogeneous equation for the “remainder”,
and our goal will be to show that solutions to this equation have energy which is small in
terms of the parameter R. The derivation of equations for the remainder is carried out in
Sections and [I.7.3] and the improved energy estimates on the remainder are carried
out in Section m This constitutes an improvement in terms of L? norms.

In addition to this L? improvement, we will also exploit the specific geometric con-
figuration of the initial data in order to show an improvement in the pointwise estimates
(Section . This relies on appropriately modified Klainerman—Sobolev inequalities which
take into account the specific geometry and the dependence on the parameter R (Section .
Finally, the proof of global stability will follow from these considerations (Section .

We now proceed to describe the main ingredients of the approach outlined above: the L?

improvement and the L* improvement.
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1.2.3 Improved L? estimates: trilinear estimates on null forms

As we mentioned in the previous section, an important element of our approach is the
observation that the solution to the full problem can be decomposed as the sum of solutions
arising from each individual piece of initial data plus a small remainder.

More precisely, we will denote by ¢; the solution to the system arising from the

piece of data localized near the point Rp;. We then consider the “remainder”

N
Vi=¢— Z@-
i=1

The equation for 1 is a nonlinear wave equation with vanishing initial data and inhomoge-
neous terms containing ¢;. The inhomogeneity in the equation for ¢ is composed of terms
encoding the interaction between ¢; and ¢;, for ¢ # j, which have the following schematic
form: m(d¢;,d¢;). It is therefore natural to consider the linear inhomogeneous equation
with vanishing initial data:

In order to prove that the energy of v;; satisfies a bound in terms of R, we apply the standard

energy estimate on (|1.2.4]), which leads to estimating the trilinear term

In the course of our argument, we will be able to prove trilinear estimates on the above

expression, which will show an improved control of v;; of the type:

2
£
10l L2(sy) < CE. (1.2.6)

Note the favorable weight of R in the RHS of the previous estimate.

The argument will then be closed in terms of an unknown W which satisfies a nonlinear
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equation. The function ¥ is obtained by going “one step further” in the approximation of ¢

subtracting off the interaction terms, and it is defined as follows:

N
w 1:¢—Z¢i—z¢zj- (1.2.7)
i=1 i#j

The resulting equation for W is a sourced nonlinear equation with vanishing initial data. In
addition, U satisfies better estimates (than ;) in terms of the parameter R. The estimates
on 1;; will allow us to control ¥ in a sufficiently strong way to close a bootstrap argument.

We now turn to describing in more detail the trilinear estimates used in the course of our

argument, as well as the strategy we follow to prove them. The procedure is formalized in

Section [I.7.4]

1.2.4 The trilinear estimates and the geometry of two interacting

waves

In this section, we comment on some elements of the proof of the trilinear estimates which
allow us to show the L? improvement (inequality (1.2.6)).
Our goal will be to show the following inequality (without loss of generality we set i = 1
and j = 2):
‘//m(dgbl,dqbg)@twlzdxdt‘ < C’%. (1.2.8)

One can easily check that the naive pointwise estimates for ¢, and ¢s:
€ €
06| < C;a 06| < Cz,

are not sufficient to prove the above trilinear estimate. Indeed, we need to exploit the
additional null structure in a crucial way.
Note moreover that there is a spacetime region in which interaction occurs between 0, ¢;

and Oy,¢o. Here, 0,, = 0; — 0,,, and r; is the radial coordinate with Rp; as its center (see
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Figure 1.2: Interaction of two nonlinear waves.

Figure . This in particular implies that there will be interaction between the “slowest
decaying” derivatives relative to the left cone, and the “slowest decaying” derivatives relative
to the right cone. In the case of the null condition with localized initial data, this situation
never occurs as derivatives transversal to the light cone are always multiplied by derivatives
tangent to it. Recall that, for a wave equation, derivatives tangent to the light cone decay
faster than derivatives transversal to it.

In the spacetime region where the above interaction occurs (namely, where the light cones
first intersect), we expect the situation to be analogous to the corresponding situation of a
general quadratic nonlinear wave equation, and note that such equations ezhibit blowup for
small initial data (see, for instance, [52]). Therefore, one needs to take additional care in
dealing with this spacetime region.

To show the interaction estimate , we have to take advantage of several geometric

facts which we record here.

e The two solutions ¢, and ¢, will not interact before time proportional to R.
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e The measure of the set of interaction between 0,,¢; and 0,,¢, is small in terms of R.

This is encoded in the change of coordinates introduced in Lemma [1.5.2]

e The “good” derivatives with respect to ¢; and ¢, become asymptotically aligned. This
means that the light cones adapted to ¢; and to ¢ become very similar for very large

times. This fact is formalized in Proposition [I.5.4]

e The vector field 9, can be written in terms of the good derivatives of ¢; and ¢, in the

region in which the interaction between ¢, and ¢, is largest.

The estimates arising from the observations above and the associated trilinear estimates are
established in Section [L7.4
We now turn to describing how one can make use of the geometry to show an improvement

in the pointwise estimates.

1.2.5 Improved L*™ estimates: R-weighted inequalities

In this section, we describe how we can take advantage of the special geometry of the problem
in order to improve the Klainerman—Sobolev estimates in terms of the parameter R.

We first restrict to the case N = 2. The fundamental observation here is that there are
exactly three Lorentz vector fields whose flow fixes two points in spacetime. To make ideas
more concrete, if the two points are located at time ¢ = 0 on the x-axis, the flow generated

by the following three Lorentz vector fields:

20y — y0., toy + Yoy, to, + 20, (1.2.9)

will fix the two points. As a consequence, these three vector fields will not introduce R-
weights on initial data that is localized around two points located on the z-axis.
This in particular implies that each of those vector fields can be used in a weighted

Klainerman—Sobolev inequality without introducing R-weights for a configuration of initial
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data which is localized around two points. This observation will allow us, for instance, to
obtain an estimate of the form
CR> —a

|f(t,r,w)] < ttsn IMZS?)HF e (1.2.10)
Here, T denotes a string of vector fields chosen among the set composed of the vector
fields appearing in display , in addition to every vector field of the form I'/R, where
I' is either a Lorentz vector field or the scaling vector field. Note that none of these vec-
tor fields introduce R-weights on initial data. The precise version of estimate is
proven in Lemma below. Note the improvement in terms of R when compared with
inequality . This is only one example of improvement in the L estimates, and the full
argument will require additional improved Klainerman—Sobolev inequalities. See Section [I.6]

The above inequality is important in the case N = 2, where it can be used crucially to
deduce improved L* estimates on the functions 1);;. In addition, the inequality is useful even
when N > 2, as we always consider pairwise interaction between parts of the solution which
arise from different localized pieces of initial data. This fact allows us to take advantage
of even when the data are localized around more than two different points. This
procedure will be carried out in detail in Section [1.7]

The above L? improvement arising from the trilinear estimates, together with the im-
provement in the pointwise estimates, will enable us to close a bootstrap argument in the
unknown W.

Having provided a rough description of some elements of our proof, we proceed with the

actual setup of the machinery we are going to use.

1.3 Setup

In this section, we introduce some notation and recall several crucial facts about the equations

under consideration.
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1.3.1 Coordinate systems

We consider (R3*! m) parametrized by the usual coordinates (t,z,y,z), where m is the
Minkowski metric. We shall always use >3 to denote the affine hyperplane with ¢-coordinate
equal to s.

Let IT := {p1,...,pn} be a collection of points in R? satisfying the following properties:

min  |p; —pj| > 2.

i#]
i,j€{1,....,N}
We also define
= (o) /()
= max |p; — py| min - |p; — pj| (1.3.1)

i,j€{1,....,N}
Let R > 1 be a parameter. We will consider initial data centered around the points R-p;, on
the initial surface 3. Here, |w| denotes the Euclidean length of w € R? as measured in R3.
We recall that we prove gobal existence for initial data whose size (measured in a suitable
higher-order Sobolev norm) depends only on N and dy, and not on R.
For every ¢ € {0,1,..., N}, we consider polar coordinates adapted to the point Rp;. Let
us furthermore assume that py = 0. The polar coordinates (r;,0;, ¢;) satisfy the following

relations, for all w € R3:

cos 6,
w— Rp; =71 | cosy;sinb; |- (1.3.2)
sin (; sin 6;

We adopt the following convention:

ri=rg, 0:=0), ©:=q. (1.3.3)

In particular, in coordinates (r,0,¢), the set § = 0 corresponds to the x-axis (this is an
abuse of notation as such coordinates break down at 6 = 0).

These polar coordinates induce the usual null coordinates with outgoing and incoming
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hypersurfaces.

Definition 1.3.1. Consider the usual coordinate systems (¢, x, vy, z) and (¢, r;, 6;, ;) on RT3,
where (74, 6;, ;) have been introduced above. Then, the following defines a set of null

coordinates for all 7 € {0,..., N}:

U =1 —ry, v =t+r, 0;, ;- (1.3.4)

In the case ¢ = 0, these reduce to the usual null coordinates centered at the origin. Further-
more, in this case the set corresponding to # = 0 in (r, 6, ¢) coordinates is the positive half

of the z-axis.

For every 7,5 € {0,...,N}, i # j, we know that Rp; # Rp;. Therefore, up to a
translation and a rotation, we can always assume that the point Rp; has (z,y, z)-coordinates
(—R3|pi — pj|,0,0), and that the point Rp; has (x,y, z)-coordinates (R:|p; — p;l,0,0).

We then define cylindrical coordinates on R? (x, p, ¢) adapted to the z-axis, satisfying
the following relations:

x, Y = pCosp, z = psin . (1.3.5)

Remark 1.3.2. Note that the coordinate ¢ introduced here coincides with the ¢ introduced
before in ([1.3.3]).

We now take coordinates on all of R'*3 that are adapted to hypersurfaces which are
hyperboloids in two directions and flat in the third direction. These coordinates will be

denoted by (7, a, z, p), and they satisfy the relations:

t = 7 cosh («), T =uw, y = 7sinh (a) cos (¢), z = 7sinh (a)sin ().  (1.3.6)

Remark 1.3.3. Again, the coordinate ¢ defined here coincides with the ¢ introduced in
(11.3.3)).
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Definition 1.3.4. For some 7 > 0, we let H- be the hypersurface which, in the coordinates

defined by (|1.3.6)), is defined as
H: :={r =7} (1.3.7)

Remark 1.3.5. Geometrically, these surfaces are just the unit hypersurface (i.e., the hyper-
surface defined by 7 = 1) scaled by a factor of 7 with respect to the origin. They can also be
seen to be the hypersurfaces found by intersecting the light cone ¢ = r with the hyperplane

xr = 7 and translating the resulting two dimensional surface in the z-direction.

1.3.2 Vector fields and commutation

We shall now introduce notation for the vector fields we shall use. This includes notation
for the vector fields adapted to each point p;, adapted to pairs of points p; and p;, and the
appropriate rescalings by the parameter R.

Let ¢ # j, 1,5 € {1,...,N}. Let O;; be the unique isometry of R® (composition of a

translation and a rotation in R3) such that the following holds:

0u(~ 52 0.0) =p 0,52 0.0) =,

Using this transformation, we can without loss of generality assume that

(_ |pz _pjl

|pi
5 (

;pﬂ’()’o).

,0,0), and p; = 5

Di =
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We now let TEh) . b € {1, 7} be the following vector fields:

wiw

Fgg)wl) =20y, — w10, ifwy € {y,z},
Fgc)wl) = (z+ R@)&wl — w10, ifwy € {y,z},
Rotation vector fields
ng)wl) = (z— R@)@wl — w10y, ifw; € {y,z},
@ _pG _pO _
| Lo = Ty = Loy 7= 90: = 20,
= 20, + to
(tz) t x>
Tl = (v + RS2, + 10,
Lorentz boosts (1.3.8)
I = (x — RS2, + 10,
\ Loy =iy =T = w10; + 10y, if wy € {y, 2}
(
SO = 29, + YOy, + 20, + 0y,
Scaling vector fields SO = (z+ R@)@x + 40, + 20, + t0,,
\ SU) = (z — R22N G, +yd, + 20. + 10,
We also rename the rotation vector fields as follows:
Qggz))) = FEZZ)? for all a,b € {z,y,2}, he€{0,i,j}. (1.3.9)

We furthermore define the set of all translations and spatial translations as follows:

T :={0:,0,,0.,0},  Ts:={0:,0,,0.}. (1.3.10)
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We also define the set

K:=Tu{sYu (J {0 .} (1.3.11)

wiwsz)
wi,w?2 G{t’%y’z}
w1 Fw2

Note that this is the usual set of all Killing vector fields of Minkowski space along with the
scaling vector field.

Similarly, we have the set of all Killing vector fields based at Rpy, for h € {i, j}:

KW .=Tu{s™u ] {10} (1.3.12)
wi,w2€{z,y,2}
Let us furthermore define the “good” vector fields
— (O 1O 1~
.= {F(yz), Ly F(ty)}. (1.3.13)

This is the set of vector fields which do not introduce weights on initial data which is
localized around the two points Rp; and Rp;. Let us further define the R-weighted Lorentz

fields adapted to either the piece of data localized around Rp; or Rp; as follows:

_ h _ .o
r™.=ruru | ARTTL L PU{RTS®Y, for he{0,i5}.  (1.3.14)

w1, w2 e{tvxzyvz}

Also, we define the good derivatives adapted to the h-th light cone:

1 1 1
(h) . (h) (h) (h) o
G = {&,h, 1 Thl (25)’ T Thl (02 ] rhl (yz)}, for h € {0,4,j}. (1.3.15)

In the above, we used the vector field 0,, induced by null coordinates (up, vn, 05, ¢1) adapted
to Rpy, and defined as in equation (1.3.2). Note that r, = (vs+uy). We also note that the
last three vector fields in ((1.3.15]) are rotations, and their span is two-dimensional everywhere

(they are tangent to the spheres of constant r,-coordinate).
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We then define the sets of R-normalized rotations with respect to the h-th light cone as

follows:
h h h h h Qgh)) Qgh))
QU= {0 o oy ol - {ng;), ), L }, with h € {04, j}.

(1.3.16)
We define the set of all R-renormalized Minkowski Killing fields (plus scaling) based at

the origin as follows:

Kp=TUu |J (rR'TY

(wrwa

JU{RSO}. (1.3.17)

wi,w2 E{t7x7yvz}

And the similar set for the h-th light cone, with h € {i, j}:

Ky :=Tu |J (BT}, YU{RSM} (1.3.18)

wi1wW
wi,w2E{t,z,y,2}

We now define a shorthand notation for “good” and “bad” derivatives.

Definition 1.3.6. Let ¢ € C*(R?'). We define

¢l =" 1B¢l, oM = > 1GC, (1.3.19)

BeT lelel®)

so that the former notation indicates bad derivatives (all unit derivatives are included in this

formula), and the latter comprises only good derivatives adapted to the h-th light cone.
We now define multi-indices.

Definition 1.3.7 (Multi-index). Let A be a set of vector fields, and m € N, m > 0. We let

I'Y to be the set of ordered lists of m elements of A. We furthermore let

=y
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Definition 1.3.8. Let m € N, m > 0, and let A be a set of vector fields. Let f € C®(R%),

and let I € Iy, such that
I=(W,Va,....Vp), withV; e AVie{l,...,m}.
We then define the derivative of f by the multi-index I as follows:
VIif=ViVy - V. f. (1.3.20)

Definition 1.3.9. Let m;,my € N, and let I € I')*, J € Iy*. We say that K € I}'*™
satisfies

K=1+1J

if K can be decomposed into two disjoint ordered lists K; and K5, such that K = K; UK as
sets (counting multiplicity) and, in addition, I = K3, J = K,, where the last two equations

are understood in the sense of ordered lists, i. e. taking into account multiplicity and ordering.
Remark 1.3.10. Note that, with this definition, the sum of [ and J is not unique.

Definition 1.3.11. We also define inclusion between multi-indices in the following way. We
say that I C Jif I € I'y*, J € I}?, with my,me € N, 0 < my < meg, and if I, as a list, is

obtained from J by removing ms — m; elements of J (and preserving the ordering).

Lemma 1.3.12 (Leibniz rule). Let A be a set of vector fields, and let f, g be smooth

functions, m € N, m > 0. Let K € I'y. We then have

VE(fg)= > VIV, (1.3.21)

I+J=K

where the sum is over all I € I'{*, J € I'y* such that my,ms € N, my,mg > 0, my+my =m,

and furthermore I +J = K in the sense of Definition [1.53.9
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Definition 1.3.13 (Shorthand notation for iterated derivatives). Let n € C>®(R*), and let

m, k be non-negative integers. We then define

0Ffl:=> [VIfl,  where T :={0,,0,,0.,0:}. (1.3.22)
Ielk
Also,
0= f| =) |08 f]. (1.3.23)
k=0

Similarly, for spatial derivatives only, we define:

0% f1 =" |VIfl,  where  T,:=1{0,,0,.0.}. (1.3.24)

Iely,

1.3.3 Classical null forms

Definition 1.3.14. Let k be a positive integer. We say that a k-linear form with constant
coefficients F': TR* x ... x TR* — R is a classical null form if, for every null vector ¢ with

respect to the Minkowski metric, we have that
F(,...,&)=0. (1.3.25)

We recall the following lemma about null forms and commutation.

Lemma 1.3.15 ([49], Lemma 6.6.5). Let
re KUKYuKY.

Let also F be a classical trilinear null form with components Fnpy, and G be a classical

bilinear null form with components G,p, both understood as per Definition|1.5.14] Then, we
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have, for functions n,¢ € C*®(R?),

D(Fopy 00 9°07C) = Fugn0°Tn8P07C + Fop, 00 8°0T¢ + Flg 00 0° 97,

[0}

(1.3.26)
[(gapd*n 0°C) = Gopd® T ¢ + Gopd™n 0°TC + Gl 3070 0°C.

where F',G" are also classical null forms in the sense of Definition |1.5.14)

Remark 1.3.16. In what follows, to simplify notation, we will denote a classical trilinear null

form F' with components F, 3, acting on two functions 7, ¢ by
F(dn,d*¢) := Fop,0°n0°07¢

(d? indicates that the null form is acting on the hessian of ¢). Similarly, we will denote the

action of a bilinear null form G with components G,z on two functions 7, ¢ by

G(dn, dC) = Gapd™nd°C.

[terating Lemma [1.3.15, we can prove the following

Lemma 1.3.17 (Null forms and commutation). Let K € I

KUuK®OyuK©)?’ with m € N, m > 0.

Let also F' be a trilinear null form, and G be a bilinear null form. In these conditions, for

all smooth functions n,( € C*®(R*), we have

VEF(dn,d*¢) = Y Fry(dV'n,d*V’(), (1.3.27)
I+JCK

VEG(dn,d¢) = Y Gry(dV'n,dV7¢). (1.3.28)
I+JCK

Here, every Fry is a trilinear null form as in Definition and every Gy 1s a bilinear

null form as in Definition|1.3.14. The sum is taken over all I, .J such that I € I;rﬁ), J e IIT:E

mi+mo<m,l+JCK.
Proof of Lemmal1.5.17. The proof follows from Lemma [1.3.15 and an induction argument.
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We now recall a lemma on the structure of null forms.

Lemma 1.3.18 (Structure of null forms). Let F,G be resp. a classical trilinear null form
and a classical bilinear null form in the sense of Definition [1.3.1]] Recall the definition of
the good derivatives adapted to the h-th light cone in equation . Then, there exists
a positive constant C > 0 such that the following holds. Let {,n € C®(R*Y). We have the

pointwise inequality

|G (dC, dn)| < C(19™¢|on] + |o¢]|0™nl), (1.3.29)

|[F(dC, d*n)| < C(10™¢||0%n] + [a¢]10" o). (1.3.30)

Recall the expressions |0 (| and |0¢| from Deﬁnition and that h € {i,j}.

Proof. The proof is straightforward writing the expressions for F' and G in the null frame

and making use of condition (1.3.25) with £ =0, . O
Combining Lemma and Lemma [1.3.18, we obtain the following:

Lemma 1.3.19 (Fundamental null form inequality). Let F,G be resp. a classical trilinear
null form and a classical bilinear null form in the sense of Definition|1.5.14. Let also R > 1.
We define the set of vector fields

Z=KUKpu |J MWUK®UKY).
hedi.j}

Let m € N, m > 0. Let furthermore I be a multi-index in I%m. Then, there exists a positive
constant C' > 0 such that the following holds. Let (,n € C®(R*). We have the pointwise

mequalities

VIG(dC, dp)| < C > (109VI¢[[oVEy| + [0V ¢]|0DVn)), (1.3.31)

H+KcCI
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VIF(dG, dn)| < C > (109VHC][0*VEn| + 10V ¢]|00" V<)) (1.3.32)

H+KcCI

Here, we used the expressions |0W¢| and |0¢| from Definition .

Proof of Lemma[I.3.19. The proof for elements of K and K™ is evident. Regarding the
remaining elements in the set Z, we note that the condition R > 1 suffices to bound the
terms F’ and G’ arising from the application of equation ([1.3.26), as these terms will acquire

an R~! factor in the commutation. m

1.4 Precise statement of the main theorems

1.4.1 Main theorem

We proceed to state the main theorem of this chapter.

Theorem 1.4.1 (Nonlinear waves with null condition and multi-localized data). Let M, N,

..........

be resp. a collection of trilinear and bilinear classical null forms, i. e. each of the Fiy and

G4 is as in Definition|1.5.14| and satisfies:
Fio: TR x TR* x TR* — R, Ggo: TR* x TR* — R.

Let furthermore I1 := {py, ..., pn} be a collection of N points in R, with dy the ratio of the
largest and smallest distances between them as defined in display ((1.3.1)).

----------

following holds true for all R > 0 and for all 0 < € < &g.

Consider a collection of functions
((554;)7)1'7 (55417)¢>A€{1 ..... M}ie{l,...,N} (1.4.1)
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which satisfy the support and smalless conditions:

supp(65)) € B(0,1),  supp(6'})) € B(0,1),
(1.4.2)

|38 mas ey + 1654 ooy < e,
forallie{1,...,N}, and A€ {1,...,M}. Here, B(0,1) denotes the Euclidean ball of unit
radius centered at the origin.

Let us then construct initial data as follows. Let w; be the point R - p;. Let us define, for
all Ae{l,..., M},

N
o = o —w), oY =Y ol —wy). (1.4.3)
; =1

Let us consider the initial value problem given by the following system of quasilinear wave

equations with the specified data:

M M
Oda+ Y Fheldgp,ddc) = Y Ghelddp dde), A=1,....M,

B.C=1 B.C=1
144
¢A|t:():¢f¢?)a A:17"'7M7 ( )

8t¢A|t:0: 541), Azl,,M

Then, the initial value problem (1.4.4) admits a global-in-time solution ¢ 4, which furthermore
decays with quantitative rates. Thus, the trivial solution to (1.4.4)) is asymptotically stable

under this class of non-localized perturbations uniformly in the scale R.

Remark 1.4.2. We note that the global solution ¢4 constructed in the previous theorem
moreover satisfies uniform (in R) energy estimates and quantitative decay estimates ob-
tained by combining the inequalities in the statements of Lemma [1.5.1] Theorem and
Theorem [L.4.7]

Remark 1.4.3. We note that we require L? bounds on 19 derivatives of the initial data. The

proof of Theorem [1.4.1| could be optimized in terms of the number of derivatives, but we are

69



not interested in such issues here.

From now on, to simplify notation, we will specialize our discussion to the case in which
we have one single equation, instead of a system of equations, as no conceptual element
is introduced in the proof for systems. We will therefore restrict our attention to a single
equation of the type

O¢ + F(de, d*¢) = G(dg, de), (1.4.5)

where F' is a trilinear null form as in Definition [.3.14] and G is a bilinar null form as in
Definition [1.3.14] In the case of a single equation, G is necessarily a constant multiple of the
Minkowski metric m, although the theorem holds for more general G (arising from systems
of equations).

We now proceed to state the theorems used in the proof of the main Theorem [1.4.1]

1.4.2 Statement of the auxiliary theorems

Theorem 1.4.4 (Interaction of two localized pieces of initial data). There ezists a constant
C > 0 such that the following holds. Let 0 < € < €y, where €y is as in the statement of

Theorem 1.4.1. Let 1;; be a solution to the equation

g + F(dei, d*¢;) = G(dei, d;),
Wijlimo = 0, (1.4.6)

Oyijli=0 = 0.

Here, ¢;, i € {1,...,N}, have been defined in Section and ¢; corresponds to the
solution arising from the i™ piece of initial data.

For simplicity, let us suppose that i = 1, j = 2, the wnitial data for ¢, is centered at
the point wy = (—%\pl — po|R,0,0), and the initial data for ¢y is centered at the point
Wy = (%|p1 — p2|R,0,0) (we are assuming, without loss of generality, that |p; — p;| > 2).

Then, for all Ky € llé(?JJK a multiindex of length at most n — 1 composed of elements
R
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of T" UKpg, h e {1,2}, for all K, € IS0 and for all t > 0, the following estimates

rWuKy’
hold fO?" ’g[)lg N

1OV E 1| 125,y < %52, (1.4.7)

1OV 5 s L2,y < %52, (1.4.8)

(1 + |Uh|)_%_%5(h)VKl¢12||L2(R3+1) < %52, (1.4.9)

[0V 5245 | oo (s2,) < \(;}i;, (1.4.10)
2 P2

[0V 52415 | oo (s2,) < t(iiﬁ (1.4.11)

||5(h)VK2¢12||L°°(2t) < Ong?). (1.4.12)

Here, h € {1,2}. The analogous estimates hold true for 1;;, with straightforward changes

for the vector fields T™.

Remark 1.4.5. We note that the result is more generally true with d(p;, p;) replacing R. We
are using that all of the distances are comparable to R up to a factor of diy which we suppress
because ¢ is allowed to depend on dy. In fact, the factor of dyy in these estimates would go

in the denominator, which would in fact improve the estimates.

Remark 1.4.6. Note that the function ;5 is supported only at times ¢t > %. Indeed, the
equation has vanishing initial data, and we know that the inhomogeneous terms are 0 before
R

t = 5 by comparing the domains of influence of ¢; and ¢;. Furthermore, we have that the

intersection of the supports of ¢; and ¢, is contained in the set

{t > (1 — m—im)rl} N {t > (1 — m)rg}.

Theorem 1.4.7 (Existence of solutions to the nonlinear equation). There exists a constant

C > 0 such that, for every 0 < € < gy, where €y is as in the statement of Theorem|1.4.1}, we
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have the following. We consider the initial value problem

OF + F(dV, d>D)

+ Y (F(diyy, d*0) + PV, &)+ > F(dibg, d*y;)

g7h
N
+ ) (F(dey, V) + F(dV, d*¢))
=1

= Y (Gdey, d¥) + GV, dvy)) + Y Gldibgn, diy)

+) (G(dgi, dT) + G(dV,dg,)) + G(d¥,dD),

=1

\Il|t:0 = 07

8t\If\t:0 - 0

(1.4.13)

(1.4.14)

Here, ¢; are as in the statement of Lemma and ;; 1s as in the statement of Theo-

rem|1.4.4. Under these hypotheses, we have that equation (1.4.13|) admits a global solution

V. Moreover, we have the following quantitative decay estimates, valid for all I € IIS(JZO, with

No>T7,andie{l,...,N}:

1OV 25y < PR for >0,
||(1 + |Uz")_%_gé(i)vl\yHL2([07T]><R3) < 63_5R_%+5 fOT t > O,
OVIU(t,r,0,0) < ¥ (1 +1) "Rz fort >0,

10OVIW(t,r,0,0)| <01 +1)" 2R for t> R,
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OVIU(t, 1,0, 0)| <01 +v;) "1+ Jw|) 2R2T for ¢ > R%.

1.4.3 Proof of the main theorem given the auxiliary theorems

Proof of Theorem [1.4.1] given Theorems|[1.4.4) and[1.4.7. We note that Lemma [L.5.1] gives

the existence of global-in-time solutions ¢; to the initial value problem (1.5.1). Moreover,
we have that each ;; exists globally because it solves a linear wave equation. Then, by

Theorem [1.4.7], we have the global-in-time existence of ¥ satisfying the initial value prob-
lem ([1.4.13). We then let
N
¢1:‘I’+Z¢i+ Z Vij,
i=1

and note that ¢ is a smooth global solution to the initial value problem:

D6 + F(dg, d*¢) = G(d¢, do),
Slio = 6, (1.4.15)

at¢|t=0 = ¢(1)-

The calculations showing this are carried out in more detail in Sections [1.7.2] and [1.7.3]

Furthermore, one can clearly reconstruct the decay estimates for ¢ from the known decay

estimates for W, v;;, ¢;. This concludes the proof of the main theorem (Theorem [1.4.1)). [

1.4.4 A large data global existence result

We are also able to prove a large data global existence result.

Theorem 1.4.8. Let Le R, L > 0, and M € N, M > 0 be given. There exist a real number
g0, an integer N(L) and points w; € R, i € {1,...,N(L)}, such that the following holds.
There exists a collection

~(0) Z(1
(54,17¢54,1)Ae{1 ..... M}, ie{l,.. . N(L)}
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of pairs of smooth vector valued functions on R?® satisfying the following properties:

supp(6ys) € B(0,1),  supp(6}}) C B(0,1), (1.4.16)
2(0) < ne < 1.4.17
||¢A,i||HN1(B(O,1)) = €0, H¢A,i||HN1—1(B(0,1)) = €o, (1.4.17)

foralli e {1,...,N(L)} and all A € {1,..., M}, where Ny > 19 (here, B(0,1) is the ball

of unit radius centered at the origin). Moreover, under these conditions, the trivial solution

to the initial value problem (1.4.4)) is asymptotically stable under perturbations of the form
N(L)

N(L)
0 (0 1 ~(1
o = @ —w), o) = i@ —w).
i=1 i=1

Moreover, we have that

0
16PNy = L 1169 |2y > L,

meaning that the initial data is allowed to have arbitrarily large H* norm.

The configuration of the data is further described in Section Moreover, we shall once
again restrict ourselves to studying single equations of the form ({1.4.5)) to simplify notation,

although the same proof would establish the Theorem for quasilinear systems as in ((1.4.4)).

1.5 Geometry of interacting wave fronts

In this section, we prove three important technical lemmas which we will need in the rest of
the chapter. They are a statement concerning improved u-decay for solution to quasilinear
wave equations satisfying the null condition and with localized initial data (Lemma, an
important change of coordinates (Lemma [1.5.2] which is used to formalize the fact that the
measure of the interaction region of two nonlinear waves originating from sources located far

away from each other is small), and finally a lemma concerning the asymptotic comparison
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of null derivatives with respect to two different light cones (Lemma [1.5.4]).

1.5.1 Decay properties for localized initial data

We require the following technical result about improved decay rates of waves originating

from a localized source.

Lemma 1.5.1 (Improved u-decay for solutions to quasilinear wave equations). Let R > 0,
n € N, n>0. Let also F,G be a trilinear resp. bilinear classical null form as in Defini-
tion |1.53.14 There exist a universal constant C' > 0 and a 0 > 0 such that the following

holds. Let ¢ be a smooth solution to the following initial value problem:

O¢ + F(dg, d°¢) = G(dC, d¢),
Cli=o = ¢, (1.5.1)

9eCli—o = ¢,

We further suppose the following bounds on the initial data (¥ : R?* = R and (V) : R — R:

supp (V) € B(0,1),  supp(¢Y) C B(0,1), 152
ICO N grmtr + I e < e

Here, B(0,1) denotes the unit ball centered at the origin.

In these conditions, for every multi-index I € IIS(", we have the following decay properties:

1
(T4 v)(1 + fu)t+>

100VI¢] < Ce VI < Ce (1.5.3)

1
(1+r2)(1+ ful)?”
Here, we used the definition of good derivatives adapted to the light cone emanating from the
origin in equation ((1.3.15)).

<n+4
Iz, and

Furthermore, we have the following uniform L* estimates, valid for all I €
allt > 0:

10V ¢l 2y < Ce. (1.5.4)
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For the proof of this statement, we refer to the paper [3].

1.5.2 An important change of coordinates

We shall now define a coordinate system which will be useful when computing the interaction
between waves originating from different points in space, and we prove a change of variables
formula for this coordinate system. We suppose without loss of generality here that i = 1,
7 =2, and that

m = (—1,0,0), p2 = (1,0,0),
so that we focus on interaction of waves emanating from resp. the points (—R,0,0) and
(R,0,0). This Lemma is used in proving the improved energy estimates in Section

Lemma 1.5.2. On R*, parametrized by cartesian coordinates (t,z,y,2) we consider the

coordinate system (t,r1,72, ) defined by the following relations:

t=t,
(¢ +R)* +p* =17,
(1.5.5)
(= R)*+p* =13,
¢ = arctan(z/y).
Here, p* := y* + 2%2. We also consider null coordinates defined by:
up =t—rp, v i=t+mr, where h € {1,2}. (1.5.6)

Then, for every smooth and integrable function f : R* — R, the following change of variable

formulas hold:

f(tz,y, 2)dtdedydz = / F(t 1,70, 0) 2 dedry drydp,
R4 RxRx[0,2m) 2R
. (1.5.7)
[tz y, 2)dtdedydz = / f(ur, vy, ug, @)gduldvl dug dep,
R4 Sx[0,27) 4R
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where R s the set of those values of r1 and ro which satisfy:
r1+ 12 > 2R, 71 —ro| < 2R.
Furthermore, S is the set of those values of uy,v1 and ug such that
v — Uy > 2R, lug — uy| < 2R.

Finally, the following formulas for integrals on null cones hold true:

rire
fdS o Z/ f(Ulauz,SO)—dvldUzd%
/c<1> G S, x(0,2m) 4R

rire

(1.5.8)
@ f dSc<2) = /S@X[OV%) f(vg, 1, ) AR dva duy dep.

Here, 01%) is the cone {u; = u, }N{t > 0}, and similarly C’g) is the cone {us = us}N{t > 0}.
Furthermore, dS ), h = 1,2 is the volume form induced on cones of constant uy, coordinate,
Uhp

with h = 1,2. Moreover, Sy, is the set of those values of v, us such that
v —up > 2R, vy > —1y, luy — | < 2R,
and, similarly, Sy, s the set of those values of vy, uy such that
vy —uy > 2R, vy > —1o, |uy — us| < 2R.

Remark 1.5.3. We note that 7, is the Euclidean distance in R? to the point Rp; = (—R,0,0),

and similarly 75 is the Euclidean distance in R? to the point Rp, = (R, 0,0).

Proof of Lemma[1.5.9. Let p* := y®> 4+ 2°. On R3 we consider the following coordinates
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(7’1,7“27%0)3
ri = (z+R)* + o’

= (- RP 4 P (15.9)
¢ = arctan(z/y).

so that the relations hold:

2 2
L — T

4R ) Yy = pCOs, z = pSln @. (1510)

xr =

where p = /2(r? +72) — R?2 — 22. Let us now compute the Jacobian determinant of such
p 2\ "1 2

change of variables. We have

i T2 0
2R 2R
Jy = ‘det<J(r1,r2,<p)(xaya Z))‘ = arlpCOSSO aTQPCOSSO —psingo (1511)

Op psing  Op,psing  pcosp

Expanding with respect to the first row,

™ 2 T 2 rire
= |75 Yr 5 Yr =—|2 = 5p
= g0l + RO | = R[P2| = 3R
since we have
ri(r? — r2 ro(r? — 12
ampzzrl_ 1(41R2 2)7 87‘2102:r2+ 2(iR2 2)

Therefore, we get the following expression for the corresponding volume forms:
T1T2
de ANdy Adz = ﬁdrl Adrg A de. (1.5.12)

Let us now consider the product manifold R x R3, and let the first variable to be time (¢).
Now, we shall find the range of admissible r; and ro. It is clear that 1 > 0 and ro > 0.

Moreover, because the distance between Rp; and Rp, is 2R and r is the distance from Rp;
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while 7 is the distance from Rpy, we have that r; + r9 > 2R from the triangle inequality.
Similarly, it follows that |r; — ro| < 2R from the triangle inequality, as desired (note that
these inequalities alone ensure that both r; and ry are non-negative).

We now define (uy, vy, us, ) as follows:
ulzzt—rl, U1::t+7“1, UQI:t—TQ.

This implies

1 1
t:§(u1+vl), T1:§(U1—U1), 7“2:§(U1—|—U1>—U2.

The Jacobian determinant is now

% % 0 0

5 —3 0 0] 1
Jo = [ det(Jiuy v us ) (71,72, 0))| = =3

10

2 2

0O 0 0 1

All in all, we obtain that the following formulas hold. We then have, if f is a smooth function,

f(ta r,Y, z)dtdmdydz = / f(ta 1,72, @)wdtdrldTngp
R% RxRx[0,2m) 2R

f(tv z,y, 2)dtdajdydz = / f(ub U1, U2, So)wduldvldu2d¢

1
R4 Sx[0,2m) 4R

where R is the subset of the values of r; and ry such that
T + ] 2 2R, ’7"1 — T2| S 2R.

Translating these bounds into (ug, vy, ug, ) coordinates we obtain that the second integral

in the display above is over the set S x [0, 27), where S is the set of those values of uy, vy, uy
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which satisfy:

V1 — U Z QR, |U2 — U1| S 2R.

This concludes the proof of the change of variables in display ((1.5.7)).
The proof of ([1.5.8)) follows in a straightforward way. O

1.5.3 Asymptotic comparison of derivatives intrinsic to two dis-

tinct light cones

Here, we wish to formalize the fact that, as time increases, “good” derivatives for both cones
become aligned on the interaction set, thus giving rise to improved estimates. This Lemma

is used in the proof of the improved energy estimates in Section [1.7.4]

Lemma 1.5.4. Let c € (0,1/10), let n € C*°(R?), and recall the coordinates vy and ry. There

exists a constant C' > 0 such that the following pointwise inequalities hold true:
50 R 52) 52) R 50
07 < C o]+ Clonl, 10| < C-|on] + C1o ). (1.5.13)

Moreover, let the spacetime region Ty be defined as the region where both |u;| < c¢R and
lus| < ¢R. Restricting to the region Ii5, we have the following estimate, valid for every
smooth function n:

[A— —
|&nscﬁu&Wn+w@m) (1.5.14)

Proof of Lemma[1.5.4 Let us focus on proving the first inequality in display (1.5.13)), the

second being analogous. Without loss of generality, let us furthermore assume that r; > cR,
as the claim is clear in case r < cR.
We will derive an expression for good derivatives adapted to one of the cones in terms of

the other. We have the following relation:

2 2
ri —r; =4zR,
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hence, taking the gradient of both sides, we have

T18T1 — 7’28r2 = 2R(91

Here, 0,, is the coordinate vector field induced by (t, 74, 0n, ¢r) (defined in display (1.3.2)),
and h € {1,2}. Recalling that 9,, =0, +0,,, h =1,2:

4z R

1+ 1

rl&)l = 2R8x + 7”287,2 — (7"2 — Tl)at = 2R8x + 7’23,,2 + 8t.

We then have, from the triangle inequality, |r —re| < 2R, which implies 2 <1+ %%, which,

by the fact that we have r; > cR, implies :—f <1+ %, so that

_§C7

(&

for some positive constant C'. Similarly, we have

‘ 4 R

‘<CR,
1+ 7o

due to the fact that 71 + 75 > |z|. All in all, we obtain the following, if n € C>®(R*):
R 52)
[0l S 0] + 107 (1.5.15)
We now turn to the proof for angular derivatives. We have that

1 2
QL) = (z + R)d, — yd, = Q) +2R0,.

(zy)

Hence,

0, — 20, = —Q =19, 1.5.16
Y ) ) (zy) + ) Y ( )

(x + R)

L ooy
r_lQ(zy)_

giving us the desired result for %QE}E)@,) A similar argument gives us the desired result for the
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other rotation vector fields adapted to r;, which completes the proof of the first inequality
in display (|1.5.13]). The proof of the second inequality is identical.
We now turn to the proof of bound (1.5.14)). Let us first restrict to the case t > 2(1 —

¢)"'R. Recall the definition of the region Zy5 := {|u;| < cR} N {|us| < cR}. We note that

1

_ L~ 2)
=5 L) — o).

(1) (2) _

9y wy) ~ Lay):

0.
From these, for any smooth function 7, we obtain, in the region Z;s,
t s 3(2)
10211+ 10ynl < €5 (10" "0l + 10" n]). (1.5.17)

This is because we are assuming R < %(1 — ¢)t, which, together with the fact that ry,ry <

cR + t implies 1,7y < Ct, for some positive constant C'. Now, we also have that

_ (2)
YOz = _Q(wy

J+(x—R)D,, 20, =-Q0 +(z— R)0..
This implies:

(1 + 220, = Q0 +y(e — R)D, — 200 + 2(x — R)0..
We now note that

4zR =r] —r5 < (t+cR)* — (t — cR)* = 4¢tR,

(and similarly for —z) hence we have that |z| < ct. We also have that, as r} + 73 =

202 + 2y? + 222 + 2R?, and ry, 79 >t — CR,

Y +22>(t—cR)*— R? = = (1 — H)t? — 2cRt + (& — 1)R™. (1.5.18)
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Now, one can verify that, for ¢t > 2(1 — ¢)™' R,
%(1 — A —2eRt + (" = 1)R* > 0,
which implies, by (1.5.18), that y* 4 2% > (1 — ¢?)t*. Using this, the fact that
||, lyl, |z], 71,72 <t 4+ cR < Ct
(as t > 2(1 — ¢)'R), and the bounds (I.5.17), we can conclude that
0.l < €5 (8" + 1%

when ¢ > 2(1 —¢)"'R.

Now, we consider the identity, which follows from the definition of r; and ry,
ri+ry =207 +y* 4+ 22 + R?).

Taking the gradient of this expression, and adding (r; + r2)d; on both sides, we obtain

1
O = -y (11D, + 720 = 220, + 0, + 20.)).

We conclude using the previous bounds obtained on 0,, 9, and 9,:
) 5(2)
O] < C5 (1070l +107"nl),

always restricting to the case t > 2(1 — ¢)"'R. This proves claim ((1.5.14]), when restricting
to the case t > 2(1 —¢)™'R
Let us now turn to the case ¢ < 2(1 — ¢)'R. The bounds (1.5.17) for 9, and 9, are still

valid (note that every point in the region 7y satisfies t > ¢ R, for some positive constant ¢’).
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Moreover, we have, as before,

1
O = ry+ 1o (1100 + 7200, — 2(20; + Y9, + 202)),
1
893 = ﬁ(,rlam - TQavz + (TQ — Tl)at).

Substituting, we have

x(ry —11) 1 B o B
(1+m)at = 1+ T (7’181,14‘7”2&,2 2(y8y+zaz)) (Tl —f-?"g)R(Tlavl T2802)‘ (1‘5'19)

We then note that, since r? — r3 = 4z R,

x(ry —11) 4 212
4 ——=1-—2>1—-———.
R(ry +19) (r1+12)? 2?2 + R?
Now, if we can prove that that |z| < %R, 1-— #ﬁm would be bounded below by 1/2, and we

would use equation ([1.5.19)) to conclude. Now, we have

1 B 1
2| = E’T% —ri <ct<2(l—c)'R< §R,

since ¢ < %. Hence equation (1.5.19)) implies:
71 72
0| < C([0" 0| + [0 nl),

which is the claim for the 9, derivative restricted to the region ¢ < 2(1 — ¢)™'R. We finally

use the relation

1
895 = ﬁ(rlﬁvl — 7”287,2 + (7”2 — Tl)ﬁt)

to deduce the claim for the d, derivative. This concludes the proof of the lemma. ]
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1.6 R-weighted Klainerman—Sobolev inequalities

We require two different sets of global Sobolev inequalities depending on whether we are
seeking to obtain estimates on the linear equations for 1);; or the nonlinear equation. In the
estimates for 1;;, because the main interactions come from the two functions ¢; and ¢;, there
is a rotation that does not introduce R weights for 1);;. Indeed, the centers of the supports
of ¢; and ¢; lie on a line, and rotations about this line do not introduce R-weights in the
initial data for ¢; and ¢;. Similarly, the Lorentz boosts tangent to certain two-dimensional
hyperboloids which are translation invariant along this line do not produce R-weights on the
initial data either. On the other hand, in the estimates for the nonlinear problem, all Killing
vector fields introduce R-weights in the initial data. Therefore, we need to use the usual

Killing vector fields divided by the parameter R (see also the discussion in Section |1.2.5)).

1.6.1 Sobolev inequalities for the linear equations

We list here the modified Klainerman—Sobolev inequalities we need to use in this setting.
We begin with the estimates that are used for v;;. Without loss of generality (by changing
coordinates), we can assume that the line connecting the centers of the supports of ¢; and
¢; is just the x axis, as was done in the above, so that the two pieces of initial data are
localized around the point Rp; = (=R, 0,0) and Rps = (R,0,0). These estimates are used
in Section [[.7.5

Lemma 1.6.1. Let f € C*°(R3). Consider polar coordinates (r,0,p) adapted to the x-axis,
so that r >0, 0 € [0,7), ¢ € [0,27), and so that O, = y0, — 20,. There exists a a positive

constant C' such that the following holds. We have that, for 6 € [w/8,7m /8],

R
£ 0.0 <C5 3 IV iz (1.6.1)

<3
IGIF(U)

Here, recall the definition of the vector fields T'? in display (1.3.14).
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This implies that, for h € {0,1,5}, we have that, restricting to the region where p =

VY2422 > gt R
oy 2P <O > IV e, (1.6.2)

I€I<3

Proof of Lemma[1.6.1 Let us consider the sphere S? with coordinates (6, ¢), so that § = 0
corresponds to a point lying on the positive x-axis. Let x(#) be a smooth cutoff function

such that

1 if 0€[r/8,Tr/8],
x(0) =
0 if 6el0,7/16)U (157/16,7].

We shall use a localized Sobolev embedding on the unit sphere. We have that d, = Q(,.) =

y0, — 20,. With 9f' := R™'0y, we now estimate

0
XO) (.0, 0) <2 / [ FOx] I f) + X100 f1[x f1d0

R [ 1
<92 —0,
<2 /ﬁ (’f]% b X

0
< 2? / ((fO5'X)* +2(xf)* + (x05 f)?) rdv.
0

|Xf!> rdd

1
—0,
\XJW'+'yX]% o f

Multiplying and dividing by r and integrating over S! in ¢, we have that

| WOt <o / [ (0000 + 2000+ (0O 1P) a0 (163
Now, taking d,, we have that

/ 19,(x(6) £ (r,6,0)) P = / (0)0,£(r.0, ) g
s (1.6.4)

<o / [ (@us0in? + 200,07 + (350, g o

Now, we recall the Sobolev inequality on S! given by

17y < CUIf 72ty + 106 I72(s1y)-
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Treating x f as a function on S! in ¢ and r, @ fixed along with using both (1.6.3]) and ([1.6.4)

gives us that

R
Ixfllie < Cﬁ (Hf”%?(s,«) + ||a§f”%2(sr) + ”Q@f“fzﬁ(s,) + HaéRasofH%Z(sr)) (1.6.5)

with C' depending on y. We note that we have used the fact that 0 < ¢ < sin () on the

157

5 - Here, S, is the sphere of radius r

support of x, as x(¢) = 0 for § < & and for 6 >
centered at the origin in R3.

We now have that
aé% = a ($a Y, Z)Q(l“y) + (12(1‘, Y, Z)Q(mz) + CL3($, Y, Z)Q(yz)7

with a;, as, and az smooth functions on R? which are all pointwise controlled by %. Thus,

using Holder’s inequality, we have that

||aé?’f||%2(sr) <C (||ng)f||%2(&) + ||Qg;z)f||%2(sn + ||Q@z)f||%2(5'r)> :

for any f € C*>(S,). Here, we denoted Qgcy) = R71Q(,y), and Q@z) := R7'Q(;,). The claim
is then easily obtained by the trace lemma in the r-direction (Lemma [1.10.1]), noting that,

for a smooth function f, we have the pointwise inequality |0, f| < C|Jf]. O]

Now, we must also get estimates using the x translation invariant hyperboloids. Recall
the hyperboloidal coordinates (7, a, x, @) introduced in display . Recall furthermore
that we defined p := \/m Then, we have the following lemma, which is used in
Section [L7.5]

Lemma 1.6.2. There is a positive constant C' such that the following inequality holds, for
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all (t,x,y,2) such thatt > 1 and p = \/y? + 2 < %t:

C
|f(t, 2y, 2)] < n Z ||VIfHL2(HTﬂ{p§%t})' (1.6.6)

<3
IGIr(h)

Here, h € {0,1,7}, and T satisfies T = \/t? — p>.

Proof of Lemma[1.6.3. Consider coordinates (7,7, Z) such that

t=mV1+y+2%  y=71y,  2=TZL

We then note that the coordinate vector fields 0y and 0; are parallel to the Lorentz boosts
F(ty) and P(tz)I
0, = %(y&t +19,), 0. = %(zat +10.). (1.6.7)

We then consider the function

f(gj, z) = f(r/1+ 9>+ 22,7y, 72).

We then use the following version of the Sobolev embedding, valid for all (7, z) in the ball

B, defined as the set where 72 4+ 72 < 1/99:
7.2 < OO+ 10 2+ 10272 ) (163

The claim then follows by changing variables in the integrals appearing in display (1.6.8]),

using the expression (|1.6.7)), and applying the trace lemma in the z-direction (Lemmall.10.2]).
Finally, the restriction y?+2% < 1/99 translates to t* < 100/99 72, which implies p < 1_10t' [
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1.6.2 Sobolev inequalities for the nonlinear equation

Finally, we turn to the L> estimates needed to close the bootstrap argument for the nonlinear
equation in the proof of Theorem In this case, we note that all the Lorentz vector
fields will introduce R-weights on initial data. For this purpose, we are going to be using
the vector fields K g, as defined in display . All of these vector fields have % weights.
However, following the discussion above in Section [1.2.5] it is too wasteful to naively use the
classical Klainerman—Sobolev inequality introducing these weights. Therefore, we shall now
reprove the Klainerman—Sobolev inequality in this modified setting, being careful to keep
track of the R weights. The first result we prove is suitable to gain additional weights in a

region of large r-coordinate. This estimate is used in Section [1.7.5]
Lemma 1.6.3. Let f: R — R be a smooth function. Then, we have the estimate

R2
(L0, 0)] < CaT > IV ey (1.6.9)

Ierg’
Here, we used the definition of the set Kg in display (1.3.17)).

Sketch of proof of Lemma|[1.6.3. We note that this can be proven in exactly the same way
as Lemma above by appropriately replacing every occurrence of 9, with 0,/R (we
note that in this case, we also think of d, as introducing a bad R-weight), upon dividing all
inequalities by a factor of R. When we take the square root, the final inequality we obtain

is thus worse by a factor of R. O

For r very small, we need the following estimate, whose proof follows the proof of the
Klainerman—Sobolev inequality in the analogous region (see Section 9 of [69] and also [83]).

This estimate is used in Section (1.8, when we prove the main theorem.

Lemma 1.6.4. Let f : R'3 — R be a smooth function. We fix a smooth, positive, even

function x : R — R with x = 1 for |z| < % and with x = 0 for |x| > 1%. Then, there exists
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a constant C' > 0 such that the following estimate holds:

3

CR:2
5

’x (g) f(tm@,so)‘ < oIVl (1.6.10)

Ielgs,

Moreover, as a result of this, in the region where t > c¢R where ¢ is some constant, we have

that
‘X(g) f(t,r,@,go)‘ < ? o IV ey (1.6.11)

Ierg’,

Proof. We recall the following Sobolev inequality on R3, for smooth and compactly supported

functions g:

3 1
19l oo (r3) < C||629||}i2(1[g3)||9||22(R3)‘

Now, by Lemma 9.10 in the lecture notes [69], we have that

C

10%g| < T Z Vigl.
Ierg’,

We then combine the previous two displays, choosing ¢g(t,r,0,¢) = X(%)f(t,r,Q,gp). We

then apply the chain rule, and use the fact that in the region considered we have u > ct for

some positive constant ¢. Upon an application of Holder’s inequality, we conclude. O

We finally recall the classical estimate by Klainerman, appropriately modified to be used

with R-weighted vector fields:

Lemma 1.6.5 (Classical Klainerman—Sobolev inequality with R-weights). There exists a
constant C > 0 such that, for all f smooth functions on RT3, parametrized by coordinates

(t,r,0,¢), and for all R > 1, we have the following inequality:

(A7 + D1+ = D3| f(Er,0,0) < CRE D (VI flegs. (1.6.12)

IEKF?

Proof of Lemma|[1.6.5 The result without R-weights is classical, a proof can be found for
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example in [69] and also in [83]:

(L+r+ 0+ [E=r)2f(t,r,0,0) <C > [V s,

JeK=2

Recall now that every element in K can be written as R multiplying an element in Kp.

This concludes the proof, since R > 1. O]

1.7 Main Estimates

1.7.1 Structure of the initial data

In this section, we record a few properties of the initial data of Theorem [1.4.1]
Let us first suppose, without loss of generality, that the configuration of points II intro-

duced in the statement of Theorem [1.4.1]is such that the following condition holds:

We then recall the initial data as defined in the statement of Theorem and we set:

o =00 —w), 6= - w). (172)

Recall that, here, w; = R - p;, that € R3, and that i € {1,..., N}.
Condition ((1.7.1)) now ensures that, for i # j, with 7,5 € {1,..., N}, the support of (;51(-0)

is disjoint from the support of q~5§-0), and similarly the support of gzzgl) is disjoint from that of

5
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1.7.2 Derivation of the equation for the first iterate

In this section, we derive the system satisfied by the difference

N
V=9 ¢ (1.7.3)
=0
where each of the ¢; is the global solution to the following initial value problem:

O, + F(dgy, d*¢;) = G(dgy, dg;),
Gileo = (/51(0)7 (1.7.4)

bili=0 = &Eu

Remark 1.7.1. Note that the initial data for these N + 1 auxiliary problems is ((]350)7@;@(‘1))
and it was defined in Section [[.7.1l It is not to be confused with the data in the statement
of Theorem [[L4.1]

We have the following lemma:

Lemma 1.7.2. Let N be a non-negative integer. Let furthermore ((E(O) &51)) be a collection

7 0

of smooth functions in R3, fori € {1,..., N}, as defined in formula (1.7.2). Recall that, by

construction,
N N
o0 =3 8" W=} aY
1=0 i=0

Suppose that ¢ is the smooth solution to the following initial value problem:

O + F(dg, d*¢) = G(d¢, do),
Slio = 6, (1.7.5)

at¢|t=0 = ¢(1)-

Suppose that ¢;, i € {1,..., N} is the smooth solution to the initial value problem (1.7.4)).
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Then, letting
N
==Y o (1.7.6)
i=1

we have that 1 satisfies the following system:

N

Oy + F(dp, d*)+ > Fdei,d*¢;) + Y _(F(déy, d*) + F(di, d*¢;))

ij=1,.,N i=1

N

=G dv)+ Y Gddi,doy) + ) (Glddr, dv) + G(dy, do)), (1.7.7)

ij=1,.,N i=1
w‘t:O = 07

¢ le=0 = 0.

Proof of Lemma[1.7.9. The proof follows from a straightforward calculation. For simplicity,
let’s assume F' = 0 (the proof in the other case being totally analogous). We start by

calculating:

N N
G(dy,d)) = G(dp = dei,dp— > de;) =
i=1 i=1

N N N
G(do,dp) — Y G(d,dp;) — Y G(dg;, dip) — G(dei, d;) = Y G(ddy, )
i=1 i=1 ”:z;]N i=1
N N N
=0 <¢ -3 @-) =Gy, de) =Y Gldp,dv) — Y Glder,doy).
i=1 i=1 i=1 i,j=1,..,N
i#j

From the fact that v = ¢ — Zf\il ¢; the claim then follows readily. It is also evident that

¥|i=o = 0, and that 9y1)|—o = 0. 0
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1.7.3 Derivation of the equation for the second iterate

In this section, we derive the system satisfied by the difference

N

U=y — Y oy, (1.7.8)
ij=1
i#j

where each of the 1);;’s is the global solution to the following initial value problem:

Oipij + F(dgy, d*6;) + F(dg;, d*¢;) = 2G(dg, dg;),
Yijli=o = 0, (1.7.9)

atwij |t=0 = 07

valid for all 4,5 € {1,..., N}.
Remark 1.7.3. Note that the equation satisfied by 1);; is formed taking equation ((1.7.7)) and
considering only the inhomogeneous contributions from ¢; and ¢,.

We have the following lemma.

Lemma 1.7.4. Let N be a positive integer and let 1, ¢;, i € {1,...,N} be as in the
statement of Lemma . Define furthermore 1;; as in equation (1.7.9), and let ¥ be as in

equation (1.7.8]). Under these conditions, ¥ satisfies the following initial value problem:

OV + F(dV,d*)

+ > (F(dyy, d®0) + F(dW, &)+ Y Fldibgn, d*y)
i,j=1,..,N g,hi,j=1,...,.N
i#j gF#h,i#]

g#h
N
+ 3 (F(dg;, d*T) + F(d¥, d*¢;))
1=1
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= > (G, d¥) + G(dT, diyy)) + Z G (dipgn, diiy)

+ Y (G(dey, dV) + G(dV,do;)) + G(dD, dT),

i=1

qj|t:0 - Oa

8t\I/|t:0 = 0
Proof of Lemmal[1.7.4 We start from equation (1.7.7)):

Chp + F(dy, d*eb) Z F(déy, d*¢;)

+ 3 (F(dgy, d*0) + F(di, d*¢;))

i=1

=G(dp,dp)+ Y G(dey,dgy)

N

+ Y (G(dey, dup) + G(dip, depy)).

=1

This implies:
O(v— Y w) + Flag,d)

= G(dy, dy)
N

+ Z (dey, d) + G(dy, dgyy)).

The conclusion follows readily using equation (|1.7.8]).
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1.7.4 The improved energy estimates and the trilinear estimates

We shall now prove the trilinear estimates described in Section [[.2.3] More precisely, we
shall obtain improved energy estimates on solutions to the first iterates 1;;, which require
us to prove these trilinear estimates. Indeed, we must control a trilinear spacetime integral
in order to control the 0, energy of the functions 1;; in (1.7.9)). These trilinear estimates
will control the bilinear interaction between the solutions ¢; and ¢;. The trilinear estimates
which result are explicitly stated in Proposition [1.7.2

The functions 1;; satisfy linear equations with fixed inhomogeneities, so we already know
that solutions exist globally. The improvements introduced by these estimates will be strong
enough to prove global existence for the nonlinear equation arising from the second iterate.

We have the following lemma:

Proposition 1.7.1. Let 1;; be a solution to the initial value problem . For simplicity,
let us suppose that the initial data for ¢; is centered at the point w; = (—R,0,0), and the
initial data for ¢; is centered at the point w; = (R,0,0) (we are assuming, without loss of
generality, that |p;—p;| = 2). Then, we have that, for all multi-indices I € IE[}L)_I, h € {1,2},

the following inequality holds true:

€2

sup |0V 125, < CE’ (1.7.12)
t>0

where the constant C' can depend on the distance between p; and p;, which we recall are the

points where the initial data for ¢; and ¢;, respectively, are centered when R = 1.

We note that the following trilinear estimates are established as a result of the proof of
Proposition [I.7.1]

Proposition 1.7.2. Let ny,, with h € {1,2}, be solutions to the following initial value prob-

lem:

Dﬁh = 07
(1.7.13)

(nh’t=07 atnh’t=0) = (77}(10)7771(11)>'
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Let us furthermore suppose that the support of the initial data for ny is localized around
the point (—R,0,0) and that the support of initial data for ny is localized around the point
(R,0,0):

supp (77%0)), supp (77%1)) C B(Rps, 1), supp (néo)), supp (nél)) C B(Rpy, 1), (1.7.14)

Here, py = (—1,0,0), po = (1,0,0), and B(x1,a) is the Euclidean three-dimensional ball of
radius a centered at the point x.

Moreover, let F and G be resp. a trilinear null form and a bilinear null form, according
to Definition . For f(t,x) an arbitrary smooth function in spacetime, we have that the

following estimates hold true:

/OOO /2 <|F(d771,d2772)‘ ‘f(s, w)’ + |é(dn1,dn2)| |f(s)x)|)dxds

< ey e i) (e oy s i) (o
< 7 0 1l
Furthermore, the same inequality would hold if one were to replace supy, cg ||f||L2(C£1)) with
aq

SupﬁzeR HfHLQ(C%))
Recall that, here, the notation (Jg,j) for h € {1,2} denotes the outgoing null cone {u, =

up} N A{t > 0}, where the coordinate uy, has been introduced in Definition |1.3.1.

It is possible to deduce Proposition from the the proof of Proposition [1.7.1], noting
that the null forms F and G correspond to the inhomogeneities in the linear equation for

;;, while the function f(¢,x) corresponds to the multiplier we are using in the proof of

Proposition [I.7.1]
The trilinear estimates ((1.7.15]) are useful because they gain a power of R~!. However,

we note that they are very wasteful in terms of derivatives required on the functions n; and
N2-

Remark 1.7.5. In Proposition , we require control on 8 derivatives of 7750) and néo) as we
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need to estimate 2 derivatives in L> of both n; and 7., and we require the improved decay

of Lemma [L.5.1]

We now turn to the proof of Proposition [1.7.1}]

Proof of Proposition[1.7.1]. Let us first commute equation (1.7.9)) with I € Is(’fb)_l. We obtain:

OV + Y (Fuw(dV, d’V5¢)) + Fur(dV7¢;, V<))
et (1.7.16)
= > Gux(dV¥¢;,dv¥e;)
H+KcCI
Here, every Fyg, Gy is a trilinear (resp. bilinear) null form as in Definition [1.3.14 We now
multiply the evolution equation in (1.7.16) by 9,V '¢;; and integrate by parts in a spacetime

region bounded by two slabs ¥y and ¥; with ¢ > R/10. This gives us that

1 t
3 0V 1452 de = /R / ( > (Fux(@Ve;, d’V5¢)) + Fur(dV¥ ¢;, d*V5¢,)
X 10 Y% H4KCI
- Y Gux(av¥e, dv%j))atvwijdxds —. B,
H+KCI
(1.7.17)
where we have used the fact that, by domain of dependence, any product involving ¢; and

¢; will vanish for ¢t < %. Indeed, along with the fact that 1);; has vanishing initial data, this

implies that fER/m |0V 14,;|°dz = 0. Now, we decompose the spacetime integration region

R
10
R

is where at least one of |u| or |u;| is larger than 5. With Z;; the set of all points where

R

15> and the second piece

into two regions. The first region is where |u;| < & and |u;| <

lu;| < 1—% and |u;| < %, we have that 2B = B, + B,, where

o= / > (Fux(dV¥ ¢, d?V5¢;) + Fa (V! o;, V5 )
{R/10<s<t}NT;,
B (1.7.18)
-y GHK(dVH@-,dVK@))atVIwijdxds,

H+KcCI
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and

B, = / (> (Purlave,,d?V5;) + Fux(dv¥e;, i®v=e))
{R/10<s<t}NIg;

frerct (1.7.19)

= > Gukldv?o, dvE o))V ydeds.

H+KcCI

We can further decompose Z;; (the set of points “far away” from at least one of the light

cones) into the set where |u;| > £ which we shall call £, and the remainder, & = T, \ &;.

We note that we must have that |u;] > £ in &£. Now, for B, we have that

By = / > (Fux(dV¥ e, d’V5e) + Fui(dV?¢;, d*VEe,))
{R/10<s<t}NE}

H+KcCI

= > GuldV e, dv¥e;)) oV vidads
H+KcCI

T / S (FuscldV6, V5 6)) + Furc(dV76;, 82V ,))
{R/10<s<t}NE!

H+KcCI

= D0 GurldVe, dvFe;)) oV videds = By + B
H+KCI
We shall now get estimates for these integrals over £ and &, terms By, and Bay. Thus,
in the following, it suffices to get estimates for the first integral over £ where |u;| > %, as
the estimates for the integral over £ follow in the same way after replacing i with j in the

following argument.

Now, we have that

B < sup [0V Yl raemnen)
R/10<s<t

X /t Z H(FHK(dVHgbZ,dQVK@) +FHK(dVH¢],d2VK¢z)

L2(S,NEr
R/10 N i Ker (ZNEF)

+ Y | Guxtavi,avie)

H+KcCI

> ds.
L2(SNEY)
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We now divide the region &£ in two further subregions:
* 1 % * 1
5 =&, ﬂ{n_lo} E :zSﬁ{nZ—t}

Let us first focus on the region é’z* We have that, in this region, u; > Ct, and hence, using

the decay properties of ¢ which follow from Proposition [1.5.1] we have

G r (V7 bi, dVE D) 250

< CllOVH6il 10VEdilll 2 (s.nee) < ClOVE Gill poo s,y

82

G2to

OVE G|l ogry  (1.7:20)

<C

Furthermore, a similar reasoning holds for the terms in F' so that, overall, we obtain

| Frase(dVH 60, VR 67) | ags ey + | Frc AV 65, A2V 80 s e (1.721)

+ ||GHK<dVH¢Za dVK¢J)||L2 SnEF) < Cs2+§

Let us now focus on the region £F. Using Lemma (1.3.19) on the structure of classical null
forms, combined with the estimates in Propositon [1.5.3] plus the bound ([1.5.13)), along with

the fact that [u;| > £ in & and the fact that r; > Lt in the region &, we have that

|G (AV7 61, dVE D)) | sy
—=(4) ()
< CNO VIS OVE Dl 2 (singry + CNOVT Gl 10 VE Gl rasiner

1 R 7(9)
< O + C|| oV enl |V E o, + Cl1OV I 0ul 07V 5l 0

L2(ZNE})
< et CE OVHEp|OVE . O
S8 e T I @il | DilllL2(ming) + O™ 3
S S i S
R 1 1 1
2 2°"
§OeR§2+C Rl+5+0€—<(]a—

(1.7.22)

Using again Proposition [1.5.1] we can get the same estimates for the two terms involving
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F in the region &. We obtain:

| Frrc(AV 7 gi, dPVES)) | poisimgsy + 1 Fuc (V7 o5, dPVEG) | ppsmey (17.23)
) 7.
15
+ ||GHK(dVH¢¢adVKﬁbj)“L?(zsmg“;) < O?-

The reasoning is totally analogous for the term By, restricting to the region &/. Thus,

altogether, combining estimates (1.7.21) and ([1.7.23]) and the estimates for Bo, we have

that .
1
Bl <C=2 sup |0V il e / Las
R/10 S

R/10<s<t

: (1.7.24)
< Ce® sup ||atvl¢ij||L2(EsmIfj)E-
R/10<s<t
Now, for B, we begin by decomposing with respect to a null frame adapted to ¢;. The
same argument works using a null frame for ¢; instead. Now, using Lemma on the
structure of null forms on Gy and Fyg, we have that

B, < C / 3 (|5(i)vH¢i||82vK¢j| + 10V ;)00 VE b,
{R/10<s<t}NTij 1y pec

—(i — (i 1.7.25

VG2V E 6 + [0V 6,000V R g, (1.7.25)

10V |0V 65| + [0V 6110V 6] ) [0V s dads

For the terms in which 5(1’) falls on ¢; or d¢; (i. e. the first, fourth, and fifth term in the
previous display), we can use the pointwise estimate (1.5.3]) to bound the 7% term in L,

along with the energy estimate in Proposition to bound the term containing 0¢; in
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L*(%). This gives us that

/ > (BvigllorvEs;)
{R/10Ss<t}NTij i et
+ 10V 78,1100V E gy + |5(i)VH¢iH3VK¢j\> |0:V " 4hi;|drds
. (1.7.26)
<0t s AVl [ s

2
R/10<s<t R/10 S
2

o

<C sup ||atwinL2(EsﬂIij)E'
R/10<s<t

To bound the remaining terms in the RHS of (|1.7.25)), we must now get an estimate for the

terms
/ > (lov7eoa"”vie|
{R/10<s<t}NTij ket

+ 130V H |2V E 6| + \av%ué(’)v%ﬂ) 18,V Ty, |dds =: B,
We have that |5(i)f\ < C’(%]af\ + |5(j)f|) in {R/10 <s <t} NZ;, which implies

/< [ > (1v7sdioa?ves,
R

/IOSSSt}ﬂIij H+KcCI

+ 107V 102V 61| + 0V 1] 87V ) 10V s

H 1921/K &
+c/{R > (1v7sdlorv el

/10SS§t}ﬂIij H-‘,—KCI

R
+1OVH 9,102V E | + yav%l-uav%jy) 0V 4py] - drds =: By + Bas.

Now, the term B3; can be controlled exactly in the same way as in estimate (|1.7.26]), as
terms like 5(j)VK ¢; have very strong pointwise decay. Thus, we must only control terms

%32.
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We begin by noting that we can decompose:
OV = %(av]- Vi + Ou, V). (1.7.27)
Moreover, using bound from Lemma , we can write
00,10 < CF (] + 070,
since we are restricting to the region {R/10 < s <t} NZ;;. Thus, we have that

Bal<C [ > (v ali?vEo]
(R

J10<s<t}"Li; oKy (1728)

+|0VT ;1|0°V i) + |aVH¢i||avK¢j|)(|5<i>vf¢ij| + 0DV 4y )dds.

Now, we note that the terms 0 V! 1;; and oWV 1 1;; all appear in the characteristic d; energy
for the wave equation satisfied by 1;; (equation ((1.7.9))). Indeed, the terms with 0% appear
in the characteristic d;-energy through outgoing cones adapted to the i-th piece of initial data
(the cones C’é?, defined by {u; = @;}N{t > 0}, where the coordinate u; has been introduced in
Definition , whereas the terms with OU) appear in the characteristic d,-energy through
outgoing cones C’%) adapted to ¢;. Thus, we write the RHS of inequality as two
separate terms, and we shall consider different foliations of outgoing null cones to control
each of those terms.

We begin with the term involving 5(")‘/1 1;;. We define

w0 | > (1v7sdierv<o

R/10<s<t}0Ti; ' Ker (1.7.29)

1OV G,1102V 5 | 4+ [0V 6|0V 651 |00V s,

Using the Holder inequality in mixed Lebesgue spaces, we now estimate oy ¥;; in L? of

the outgoing cones Cq(f;) and L> in the wu;-direction, while estimating the multiplying factor
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in L? of the outgoing cones C’q(f;) and L' in the u,;-direction. This gives us that

. R/10
()
By< sup |0 VI%’HLz(c(O»tR)/ (H!é?VH@Hasz@\HLz(é“_NvR)
—R/10<u;<R/10 i —R/10 i (1.7.30)

+ “ |8VH¢j||82VK¢1'|||L2(@1§?¢7R) + H |6VH¢i||aVK¢j|Hp(é&?»“%)duiv

where, if u; € R, we are denoting by é’é?’R’t the usual outgoing cone Cé? defined by {u; =
w;} N{t > 0} intersected with the set {R/10 < s <t} NZ;.

We now wish to calculate the innermost integral (the integrals in the L? norms) using
the coordinates (u;, v;, u;, ) described in Lemma , adapted to ¢; and ¢;. We note that,
in the region Z;; N {t > R/10}, r; and r; are comparable, as the triangle inequality implies
ri < r; + 2R, and since r; > cR for some positive constant ¢, we have r; < cr;, for some
positive constant ¢’. This also implies that v; is comparable to v;.

Now, using the pointwise bounds on ¢; and ¢; given in Lemma m (bounds ), we
have that, since we are always differentiating at most n — 1 times, and the estimates

give control over n + 1 derivatives,

B, <C sup ||5(Z)VI¢Z‘J'||L2(é(i),t,R)
—R/10<u;<R/10 i

N|=

8 62/ / / sl du; dv; | du,
wsel-R/10,7/10] \ Juie[R/10,00) Juyer V3 (1 + [ui]) 22003 (1 4 fuy]) 2420 '

S C sup |’5(2)V177Z)ij||L2(Cy(i'),t,R) (1731)
—R/10<u;<R/10 b

1
1 1 ’
2
X € —du,; dv; | duy
/uz'E[—R/lO,R/lO] </me[R/10,oo) /ujeR U?(l + | )220 (1 + |Uj‘)2+2(s R )

1 0
<O swp (3 gen:
R _gji0<ui<r/10 LG )
Remark 1.7.6. This is the most important estimate in this proposition. Here, we used the

crucial fact that we have improved u-decay for ¢; and ¢;. Note in particular that, if the

u;-decay for ¢; were not integrable in u;, we would not be able to close the argument (as the
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integral in ([1.7.31)) would diverge).
Using the same argument for terms involving g(j)wzj in display (1.7.28)), and putting the

resulting estimates together, we finally obtain

1OV 4is 172,

1
gCaQE( sup |0V 4ijll 2z

R/10<s<t
1 7@y 1
+ sup 10V il 1o g ey + sup 10V i\l 5, ARt >
—R/10<u;<R/10 PHAC R to<u; <R/10 TRL(CH)

The inequality in the last display holds for all ¢ > 0. Thus, we can take the supremum in ¢
on both sides. The LHS becomes sup, |0V’ win%Q(Et). Furthermore, we obtain (note that

;; is zero whenever u; < —3R or u; < —3R, by domain of dependence):
I
sup |0V |72,y
>0

1 () ()
2 I I I
<Ceg (Stlzlg 18V isll r2(my + sup 07V i 2oy +sj}1€%||a Vidill e

u; ER

(1.7.32)
We proceed by multiplying again the evolution equation in (1.7.16]) by 9,V/1;; and integrat-
ing by parts in the spacetime region Sy to the future of the hypersurface >y and to the past

of both the hypersurface ¥; and the outgoing cone Cq(fi), for u; > —3R. In other words,

SO :{(E,fl,e,@>0§f§t, f—ﬁgul}

It’s straightforward to see that the error term appearing in the RHS of the resulting estimate
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can be controlled in the same fashion as terms 8, through B4. This gives us that

O,
||a V wlj HL2(C(l)m{0<s<t})
3052}—%( sup |0V 5]l 25y
R/10<s<t
+ sup 0 Vi, (i), Roty T Sup OV ey g1 )
—R/lOSuZ'SR/lO” il my —R/IOSUJ'SR/IOH JHL?(ou@. 9
(1.7.33)

Here, we denoted by C’Q(L?’R’t the usual outgoing cone C’ffi) of constant u; to the future of the

initial hypersurface ¥, intersected with the set {R/10 < s < t}:
CI(Z_)’RJ = {(1?,771‘,8_,@) R/lOSES t, f—ﬁzuz}

The analogous definition holds for Cy; U)BE We can now send ¢ to oo and use the monotone
convergence theorem, giving us that the LHS of display ((1.7.33]) becomes ||8 VI Vij HL2 o)
We bound the RHS by the trivial estimate and we obtain, for all u; € R,

||a VI¢Z]||L2 C( ))

= (@)
§052E<stl>1£)|\8‘/lwinLz(zt)—|— sup |0 VII/}U

HLQ(C( ))

_(j) I .. .
+ ujSZu_[;R ||8 \%4 @ZJU ||L2(Cq(ﬂj))> .

Then, taking the supremum in u; gives us that

SUP ||a VI¢ZJ||L2 )

) 7 AW 1
< €25 (sup [0V sy + 500 15V

=)
+ sup 9" VI%HL%C&:»)'
J

Uj €eR

Similarly, using the same argument with respect to outgoing cones adapted to ¢; gives
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us that

Dy 1 2
SJUE% ||a V 1/}2]”[/2(01%))

1 () 50)
2 I I, . _ Iy, )
< Ce ?z(?};%? 1OV i L2 (s0) + sup 10V 4l 2y sup |0V @ZJUHLg(Cg])))-
Thus, we have that

I, 112 O 1 2 Dy 1 2
Stlzll()j ||av w'LJ”LQ(Et) +3}2]]3§Ha V ¢U||L2(05fi)) +Sjlle%||a V wzJHLQ(Cffj))

1 () =)
2 I I, . . _ Iy, . .
< 02 5 (s 10V ilzzcs + 5p 10V il o +sup 07V Uil oo, )
This implies that

1.7.34)

I, S0 1, , =W, , 21
stlZlgH@V wzg||m<zt>+§iu€%|!5 szj\|L2(05§>)+§j11€%\la Vil ooy S O 50

as desired. O

We also note that we can prove an energy estimate for the d; energy of v;; through the
outgoing cone adapted to any of the ¢;. The argument is the same as in the above, as it
just involves controlling the same spacetime integral. We record the result here, as it will be

important later.

Lemma 1.7.7. Let us assume the hypotheses of Lemma|1.7.1. Then, we have that, for all

multi-indices I € 15(2;1; h € {i,7}, the following inequality holds true:
sup [0WV 9l 2o <t (1.7.35)
up€R INL2(Cuy) = R’

where the constant C' is allowed to depend on the distance between p; and p;, which we recall
are the points where the initial data for ¢; and ¢;, respectively, are centered when R = 1.
Here, the integration is over outgoing cones ng) adapted to any of the ¢i. Recall that, for

uy € R, ng) is defined as the set {uy = ug} N {t > 0}.
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1.7.5 L* estimates on the linear equation

Having proved suitable L? estimates for 1);;, our goal is now to use them to deduce L*
estimates on the solution 1);; to the linear equation . With this in mind, we will employ
the L? estimates just derived in Proposition , together with the R-weighted Klainerman—
Sobolev estimates of Section (we recall that these are modifications of estimates first
showed in [59]). These estimates account for the fact that some of the vector fields carry &

weights. We have the following proposition.

Proposition 1.7.3. Let n > 4, n € N. Let the smooth function 1;; arise as a solution to
the initial value problem (L1.7.9). In particular, 1;; satisfies estimate (1.7.12)) from Propo-
sition |1.7.1. In these conditions, there exists a constant C' > 0 such that 1;; satisfies the

following L™ estimates, for allt > 0, and for all K € 11%1_4-'

Ce?
OVEYiill ey € ————,  fori#jand (i,5) € {1,..., N} x {1,...,N}, (1.7.36
[0V 2 ]| oo s2,) RBaD) fori#j (2,7) € { Fx A bo( )
—( Ce’R?
10 VE sy € ———) fori#j and (i,5) € {1,....N} x {1,...,N}, (L.7.37)
(1+1)2
K Ce’R? o .
oV ¢ij|(t,ui,w)gm, fori#j and (i,7) € {1,...,N} x{1,...,N}. (1.7.38)
=+ |u;l)2

Here, we considered (u;, v;, 0;, ;) coordinates introduced in Deﬁnition (recall that t =
$(ui +v;)).

Proof. Let us first focus on the bound . Let us initially restrict to the region A
for which p = \/gm > 1%' The modified Sobolev inequality of Lemma m (inequal-
ity (1.6.2)) now implies:

R
Ftoy AP <Og D0 IV il

<3
Ielr(h)
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Here, h € {i,j}. We set [ := 9,VEy;, with K € [;’;‘;4, and a € {t,z,y, z}. We then have

R R
oVEUP <O Do D VIV Uyl <C5 3 10VIVEdy s,

ac{t,x,y,z <3 <3
{t,zy }Ielr(h) TEIS0)

The last inequality is obtained by “commuting out” the 0, derivative, keeping in mind
that Lie brackets of elements of T and T'™ are in T. We finally employ the spacelike
estimate to deduce the claim restricted to the region A (recall that, in
particular, we have Kr C I‘(h)).

Let us now focus on the region A°. Recall the hyperboloidal coordinates (7, «,x,p)
defined in display . Furthermore, recall the hyperboloids H- defined by H- := {7 = 7}.
We now commute equation (1.7.9) with V!, where I € [li%_l, with h € {i,j}. We then
multiply the commuted equation by 9,V11;; and integrate in the spacetime region
between >y and H,. The inhomogeneous error terms which arise from this estimate are
treated exactly as in the proof of Proposition We now use Lemma to deduce
that the future boundary term on H, controls all derivatives of V¢ in a non-degenerate
manner (the lemma follows from the fact that every hypersurface H,. N A° is uniformly

spacelike). We thus arrive at the estimate:

2

5
1OV sl 2o, m0) < CE- (1.7.39)

Now, we use the Sobolev embedding on hyperboloids (Lemma [1.6.2) to deduce:

C
Ftey 2l <5 Y IV oo (1.7.40)
<3
IeIF<h)

where t? = y*> + 2% + 72, and (¢, z,vy, 2) belongs to H, N A°. Setting f = 9,V54;;, with
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a€{t,x,y,z} and K € [;’;‘;4, we have

1
\avaiﬂ < C; Z Z ||VlaaVK¢z‘jHL2(HmAc)

ac{t,x,y,z} 1e=3

r(h)
1
S C; Z ||8VJVK1/JZ'j‘|L2(HTmAc).
Jel=?
r(h)

The last inequality again follows from the fact that Lie brackets of elements of ™ and T

are in T'. We now use estimate ([1.7.39) to conclude the proof of claim (|1.7.36)).
Finally, claims (1.7.37) and ((1.7.38)) follow directly from the L? estimate (1.7.12)), com-

bined with the classical Klainerman—Sobolev inequality with R-weights of Lemmam (and

the standard argument involving integration along a line of constant v;-coordinate, cf. Step

3 of the proof of Theorem in Section . O

1.8 Proof of Theorem [1.4.7|

In this section, we will close the argument and use all the results obtained so far to conclude

global existence to the nonlinear equation (|1.1.3]).

Proof of Theorem[1.4.7. We begin by noting that it suffices to prove uniform estimates as-
suming that R > Ry, for some positive number Ry. Indeed, if R < Ry, we can restrict € to
a smaller value, depending on Ry, and use the classical theory to conclude global stability.
Thus, in the following, we shall without loss of generality use the fact that, restricting to the
case R > Ry, we have the inequality log (R) < CR? for some uniform positive constant C.

We start from the equation satisfied by W:

OV + F(dV, d*)

+ Y (Fdgy, &) + F(dV, )+ Y Fldign, &)
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N

+Z N7 (F(der, d*bgn) + Fdign, d*6;))

g#h
N
+ ) (F(dgy, V) + F(d¥,d*;))
=1
= G(dV, dD) (1.8.1)
+ > (G, d0) + GV, dyy) + Y Gldign, diby)
i,j=1,..,N g,hyij=1,...,N
i#] gFh,i#j
N

g#h
N
+ ) (G(dey, dV) + G(dV, dey)),
i=1
\Il|t:0 = Oa
at\lflt:() — 0

We shall use the estimates obtained for ¢; and ;; above to prove estimates and global
existence for U. We will thus have global existence and estimates for the long time behavior

of ¢, as we recall the definition

N

Vi=¢—> ¢i— Y by, (1.8.2)
N}

=1 i,j€{1,...,

and all the ¢;’s and 1;;’s are global.

For ease of notation, let us suppose for the remainder of the proof that GG is identically
0, as estimating the terms in G is exactly analogous to estimating the terms in F', and it
requires fewer derivatives.

In order to solve this equation, we shall now set up a continuity argument in the parameter

T, which we define to be the maximal time for which the initial value problem (1.8.1]) admits
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a solution on the set [0, 7] x R? and satisfies the following bootstrap assumptions! on [0, 77,

for all 7 € I, all J € I and all i € {1,..., N}:

1OVIW| 25,y < €O R™2F for te 0,7, (1.8.3)
(1 + )2 20DV ooy < €2 PRIV for e[0T, (1.8.4)
OVIU(t,r,0,0)] < ¥0(14t) 'R 2 for ¢€[0,7], (1.8.5)
0DVIW(t,r,0, )| < 01 +¢) 2R for ¢e[R™,T], (1.8.6)
OVIU(t,7,0,0)] <01 +v) " (1+ |w|) 2R2Y  for e [R™,T]. (1.8.7)

Here, we adopted the convention that the interval [a,b], with @ > b, is the empty set.
The estimates below will imply that this holds at 7" = 0 with a better power in €. By the
local existence theory for a single quasilinear equation, we know that in fact 7 > 0 (note
that, for this first non-emptiness step, the precise value of T" here is allowed to depend on
R).

We will then proceed to improve these bootstrap estimates. Namely, we will prove,
under the bootstrap assumptions f, the following bounds for all I € IIS(JZO, all

J eI % and alli € {1,...,N}:

1OV L2,y < ¥ % R72H0 for te[0,T], (1.8.8)
(1 + )72 20DV o orpemsy < €5 R72H for  t€[0,T), (1.8.9)
OVIU(t,r,0,0)] <% (1+1) 'R 2+ for te (0,7, (1.8.10)
0DV (t,r,0,0)| < % (14+¢) 2R for te[R®,T], (1.8.11)
OVIU(t,r,0,0)| < ¥ 5 (1+v) "(1+ Jw|)"2R2Y  for ¢ e [R®,T]. (1.8.12)

'Note that, in the course of our argument, we will need to be able to control at most | Ny/2|+2 derivatives
of ¥ in L°°. This suggests that we should require |J| < | Ng/2] 4+ 1 in the bootstrap assumptions.
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This will imply that the initial value problem (1.8.1]) admits a global-in-time solution, upon
choosing Ny > 7 (this choice ensures that Ny — 3 > L%J +1).
Remark 1.8.1. Looking ahead to the proof of the large data theorem (Theorem [1.4.8)), we

note that the estimates we will show are actually better in terms of the parameter R, and

read as follows, for all I € I3)°, all J € Ig°? and all i € {0,...,N}:

1OV 2,y < e3P R™3F30 for tel0,7], (1.8.13)
11 + )2 20DV o orpemsy < €2 PRIV for ¢ €[0,T],, (1.8.14)
OV U (t, 1, 0,0)| < ¥ (1 +¢) 'R 2t80 for t € 0,7, (1.8.15)
10OVIW(t,r,0, )| < 30(1 + ) 2 RETsS for te[R™,T), (1.8.16)
OVIU(t,r,0,0)] < ¥ 0(1+v) (1 + Ju|) 2R2TE0  for ¢ e [R™,T). (1.8.17)

We divide the proof in several Steps. In Step 0, we will introduce some preliminary
calculations. In Step 1, we will prove estimate by a O;-energy estimate, whereas,
in Step 2, we will prove estimates , again by a J;-energy estimate. As we shall see,
the only difference between Step 1 and Step 2 is in how the boundary terms are treated,
as the bulk terms in the respective estimates will be bounded in essentially the same way.
Step 2 will be moreover divided in several parts. We will first estimate the “nonlinear” term

F(d¥,d*¥), we will then proceed to estimate the “mixed” terms

N
D (Fldipyy, d*0) + F(dT, d*¢y) + Y (F(de;, d°¥) + F(dV, d°¢;)).
i,j=1,...,.N i=1

N
YD (F(dgn d*gn) + F(dgn, ddi)) + Y Fldig, d*iy).
i=1 g,h=1,....N g,h,ij=1,..,.N

g#h gFh,iF]
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To conclude the proof, in Step 3 an easy application of the Sobolev lemmas in Section (1.6

will be sufficient to show estimates (|1.8.10)—(1.8.12)) from (1.8.8)) and (|1.8.9)).

Step 0. Let n € N, n > 0. We now define E,[f](X;) for any smooth function f to be

the following energy integral:

EralfIE) = ) 10V flifas,- (1.8.18)

Ierg”

We now consider the family of (truncated) the null cones CA’é?T these are defined as follows,
for u; € R:

CY =cln{o<t <},

where the usual outgoing cone C’é? is defined as {u; = u;} N {t > 0}.

We define E,| f](ég)T) for a smooth function f as follows:

BAC) = [ Q0u,8)r] dvidd: d,
Copr
2 ~(1) 21171 £1( A1) (1.8.19)
EyL[f(Chr) = Y BIVIFICL)).
Iery”,

Here, Q(-,+) is the stress—energy—momentum tensor associated to the linear wave equation
as defined in Section [1.10.3] and 9,, is defined as a coordinate vector field arising from the
coordinates (u;, vy, 0;, @;) defined in Definition It is moreover a properly normalized
Lorentzian normal to the cones CA’g)T

We also recall that the energy integrals in display give control over good deriva-
tives, i.e. there exists a positive constant C' such that the inequality holds true:

B2 [fI(CY ) > C 0DV F|? 12 do; d6; dep;. (1.8.20)

Uj, s
z Iely Cgi)’T
€ Kp
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We now commute equation ((1.8.1]) with V!, where I € [IS{]ZO. We obtain (recall that we

set G = 0 for ease of argument):

ovie+ S (FHK(dVH\I/,dQVK\If)>

H+KCI
+ ) ( Z (Frw (dV T, V) + Fpe (VT PV Ey;))
H+KCI ij=1,.,
1#]
N
+ 3 (Fur(dV? 6, dVED) + i (avie, d2VK¢Z»))) (1.8.21)
=1
N
+ (3 > (Fuldve,, d?V5gn) + Furc @V g, 2V 50)
H+KcCI  i=1 g,h=1,..,N
g#h
+ Y FHK(dVngh,dQVKwij))zo
g,hij=1,..N
g#h,i#j

We can now proceed to Step 1 of the proof.

Step 1. We now wish to perform a 0;-energy estimate on equation (|1.8.21]). To this end,

we note that the following lemma holds true.

Lemma 1.8.2 (Main lemma on spacelike L? estimates). Let F' be a trilinear null form as
in Definition [1.5.14] There exists a positive ey and a positive constant C > 0 such that the
following holds. For any smooth function U satisfying the following initial value problem on
the set [0,T] x R3:

OV + F(dg,d*V) = h,

U)o = 0, (1.8.22)
at\i/|t:0 - 07

with g smooth satisfying the bound |0g;| < €y, and with h smooth, we have that the inequality

115



holds, for all t € [0,T):

t
EBIP|(%,) <C / / (|7 05009 0,0 0,0| + |F*P 9,009 0500, V) drds
0 JR3
¢ (1.8.23)
+C/ / 10,9 |h| dxds 4+ CE?[P](%).
0 JR3

Proof of Lemma[1.8.3. First of all, let us multiply equation (1.8.22) by 9,%. Let us write

the tensor F' in components as F*?7. Recall that, without loss of generality, we can assume

that F' is symmetric in the last two indices: F*?7 = F*Y8_ Then, we have,

OV F% 9,9 00,0
= 03(F*"" 9,9 0,0 0,9) — F** 950,9 0,0 0,F
1 ~ o~ 1 -~
- 50 (Oag F*P7 9500,V) + 501009 FP 9500, 0.
We then let £, > 0, and integrate the resulting equation on the region {0 < ¢ < t;}N{t+r/2 <

A}, for A > 0 large. Note that the boundary of the region {t+7r/2 < A} is strictly spacelike.

This means that, possibly restricting ¢y to be smaller, we have the following inequality:

1 ~ ..
5/ (0T — |F*0, 90580, 5]) d
¥y N{r<2(A—t1)}

2
i S o
< / / (IF 03009 0,9 0,V + §|FC“B’Y 0,009 05V, V|) dudt (1.8.24)
0 R3

t1 B 5
0 R3

Using now the fact that |0g| < €y, we conclude that:

/ 00 |2da (1.8.25)
S, N{r<2(A—t1)}

t1 B _ 1 B B
< C/ / (|F% 95009 O,V 0,0| + 5\1?6”5V 0r0ag 0500, V) dadt (1.8.26)
0 R3

t1 N _
+ C/ / 10,(|A] dzdt + CEL[F)(S0). (1.8.27)
0 R3
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We now conclude by the monotone convergence theorem, upon sending A — o0. O]

Let us now rewrite the commuted equation ([1.8.21]) highlighting the top-order terms:

Oviw + F< Z o+ Y duy + dY, dQVI\IJ>

=1 i,j={1,....,N}
1#]
+ Y Fux(@v",d?viw)
H+KcCI
K#1

+ Z ( Z (Frar AV, PVEW) + Fyp(dVIW, d?VEy;5))

H4+KCI ij=1,..,N

N
+ S (Fux(dV? 6, dVED) + i (avhe, dQVKgb,»))) (1.8.28)

i=1

N
+ Y P, dVIyy) + Y F(dY,dV )
; =1

+ 3 (Z ST (Far(dV o, dVEig) + Fag(dV T g, 2V ;)
H+KcCI  i=1 gh= ;,il..,
g

Y FuldV g, d?VEy)) =0
g7h7izj:1 7777 N
g#h,i#j

We now apply Lemma [1.8.2, with U := V!, and
g —Z@Jr Z 1/%]—"\1/

Note that, by the linear estimates of Proposition and by the bootstrap assumptions,

we can assume that this g is in the conditions of the above lemma, i. e. |0g| < .
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We then have the following estimate:
E{[VIT)(S)

t
<C / / (IF*7 030ag OV 0 VIU| + |[F 0,0,9 05V, V'U|) dzds  (1.8.29)

0o JRr3

t
+C/ / 10,VIW||h| dads + CEZ[VIW](5,).
0o JRr3

Here, h is composed of the terms contained in lines 2 to 7 of display ((1.8.28). Expanding all
the terms in display ([1.8.29)) now gives:

EY[VIW](S:) — CEF V0] (%)

t
<C / / (|F*" 950,V 8,V 0,VIU|+ |F*P 9,0,% 95V W0, V| dads
0 R3 ~ PN ~— P
(a1) (a2)

N t
+CY / / (|7 00a0; OV O, VIW|+ |[F* 8,00¢; 95V 0O, VIW|) dads
i 0 R3 ~~ \ ~~ >
= (a3) (a4)
t
+C Y / / ([F7 930,005 OV 0,V 10|
N} 0 JR3 ~- -

N
i,5€{1,..., o
i£j (as)

+|F7 0,001y 95VIWO, VI ) dads
()
t
+C Y / 0.V Fry e (dVI0, 2VEW)| deds
0

H+KCI R3 ~ J
K#I (a7)
t
+C Z / / ( Z (’FHK(dVHwij’#VK\I/) + FHK(dVH‘IJ,d2VK1pZ-j)) (1.8.30)
H+KCI 0 R3 i,j=1,..., N ~ ~~ / ~ -~ |,
K#I i£j (ag) (a9)

N
+ 3 (Fux(dVH ¢, V)| + | Fug(dVH D, dQVngSZ-)D) 10,V 0 |dzds

=l (@10) (@11)

t
+C > /O RalﬁtVI\IJHF(iI:IJ,dQVIwZ-j)lda:ds
i (a12)

N t
+OZ/O /Rg\]c?tVI\II||F(d\I!,d2VI¢Z-)l dzds
=1

(axs)
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N

e Z /Ot/R3<Z1 h?

(lFHK(dVH@; szK?/Jghﬂ
HAKCI i—1 gh=1,...N ~

g#h (014)

+ |FHK(dVH77Z}gha szKCbi) )

(a15)

/

) 10,V W] dzds.

J/

" g#hit (a16)

We now proceed to estimate the terms in the previous display one by one. Because
inequality controls the square of the energy, we must recover the square of the
bootstrap assumption . We will be wasteful when deriving our estimates in terms of
the parameter R. Indeed, to close the bootstrap argument we must only recover R3+2° (this
is what we need for ), but we shall keep track of which estimates “have room in R”.
We shall do this by bounding these terms by a factor of R3+29 instead of R=3%29. This will
be needed in the proof of Theorem in Section[I.9 See also Remark We shall also
be wasteful in terms of the parameter €. Terms which gain an improvement in powers of ¢

will be bounded by &£°.

e (a1) + (a2). We have the following estimates (as usual, we assume that the interval
la,b], with a > b, is the empty set):
t
/ / (|F% 950,¥ O,V'W 0,VIU| + |[FP7 0,0,¥ 05V 00, V!T|) dads
0 JR3
<C( [ 0Ulmemyds) sup 0V W,
[0,R2] 5€[0,R20]
- O/ 1020 |0OVIw| |oVIW|dzds
[R20,t] R3
w0 [ 090U ds) sup [OVIV s,
[R20¢] s€[R20 ¢]

S 089735R73+25R7%+5 lOg R
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1
+0535RS+5(/ / (1+s)1+5\82\11\2|5(O)VI\P]2dxds>2
(R20 4] JR3

t
+ e PRI / Ri*(1+5)"2ds

R20

< Ce'R3. (1.8.31)

Here, in the first inequality we used the lemma on the structure of null forms (Lemma

1.3.19)), in the second inequality we used the bootstrap assumptions ((1.8.3)—(1.8.7)), plus the

Cauchy—Schwarz inequality on the second term (multiplying and dividing by (1 +s)17+6), and
finally in the last inequality we used estimate ((1.8.54)) from Lemma |1.8.4]

e (as) + (a4). We need to estimate the following expression:
N t
> / / (JFP" 050ag; OV O, VIU| + |FPT 0,0,¢; 05V VO, VU|) duds.
i=1 /0 JR

For alli € {1,..., N}, we have, by Lemma [1.3.19]

t
/ / (|F*P7 05000; O,V O VIU| + |F*P7 0,04¢; 05V 0O, VT|) dads
0 JR3

t
<c [ [ (009 loviu)|ovie|+ 006 1097w |0v"w]) dods
0 JR3

Now, by Proposition [1.5.1, we know that |00 ¢;| < C(N,dp)e(1+1)~2. This, together with
the bootstrap assumption (|1.8.3), implies that

t
/ / 1009 ¢, 10V W] |0V T|dwds
0 R3

t

< C(N,dy)e™ 2 R™3% / ds < C(N,dp)e™* R,

r/10 (1 +8)?

We also explicitly marked the dependence of the constant C' on the quantity dy (which is
defined in equation (1.3.1))), as well as on the number N.
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Now, for the remaining term, we have, applying Holder’s inequality, the bootstrap as-

sumption , and the estimate ([1.8.54)) from Lemma m

R/10

t . t 1 3
// 100¢;| |8(1)V[\IJH@VI\IJ\dxds§C</ T S)Muavfw;@s)ds)

/ / (14 8)'*2|006 20DV w|? dxds) < C(N,dp)e™®R™3%,
R/10 JR3

Adding these terms gives us that
(a3) + (ag) < C(N,dn)e™ PR32 < SRS, (1.8.32)

where we have used the fact that € can depend on N and on dy. This suffices to bound

terms (as) and (aq4).

e (as) 4 (ag). In this case, we have the estimates:

t
/ / (|F*P" 0501pi; OV O VIW| + | FPY 8,001h; 05V W0, V) dzds
0 JR3
R?0 t -
< / / 0%4;|| OV 2 dads + / / 100Dy |0V > dads
/R/ 10%055| |09V |9V 0] dads

1
< C(N,dp)e"R™3 + Ce3~ 5R’5+5 / (1+S)1+5|821/1ij|2lé(i)VI\Idexds)z.
R3

R20

Here, we used the fundamental lemma on null forms (Lemma [1.3.19)), plus the bounds in
Proposition together with the bootstrap assumptions and the Holder inequality in the

last line. We then bound:
t . 1
( / / (14901020, 20OV U Pdads) " < O(N, ) R,
R20 JR3

where again we used the estimates for v;; contained in Proposition [1.7.3] together with
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estimate (1.8.54) from Lemma |1.8.4. Summing gives us
(as) + (ag) < C(N,dn)e"R™ < &R, (1.8.33)

where we have once again used that € can depend on N and dy;.

e (ar). We have to estimate the term

t
> // 8,V IU||Fry i (dVT0, VED) | dads.
0 JR3

H+KCI
K£I

This can be controlled in the same way as (a1) + (a2). We obtain:

(a7) < Ce"R73. (1.8.34)

e (ag) + (ag). We need to bound the terms

t
> /O/R( > (|FHK(dVH¢ij,d2vK\If)y+yFHK(dem,dQV%ij)\))
HI—EI;ZICI z,]:i;,.j..,N

x |0,VIW|dads.

These terms can be dealt with exactly as in the case of terms (a5) + (ag), always estimating
¥;; in L*. We note that we need to bound at most Ny + 1 derivatives of 1;; in L. We
obtain:

(ag) + (ag) < C(N,dy)e"R3. (1.8.35)
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e (a10) + (@11). In this case, we need to bound the terms

t N
> / / (Z |Excpr(dVH gy, PVEQ)| + | Frp(dVHW, dQVK@)\))
Htkcr’/0 JR® 2
K#I

x |0,V W|dzds.

The same reasoning as the one for terms (az) + (a4) will give the required bound. Again,
we need to be careful as we always estimate ¢; in L°°, and in the worst case we need to be

able to estimate Ny + 1 derivatives of ¢;. We obtain:

(alo) + (011) S C(N, dn)&ji%Rig. (1836)

e (a12). This is the term

Z / / 0V IW||F(dW, d?VIy;;)| dads.

-----

This can be dealt with exactly in the same way as (as) 4+ (ag), but note that we need to

estimate Ny + 2 derivatives of 1;; in L>°. We obtain:

(@12) < C(N,dn)e"R™® < R, (1.8.37)

since we are allowed to choose ¢ small in terms of N and dyj.

e (a13). We need to bound the term

N t
> / / 0,V V|| F(dU, >V ¢;)| dads.
i=1 /0 JR?
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This can be dealt with exactly in the same way as (a3) 4+ (a4), but note that we need to

estimate Ny + 2 derivatives of ¢; in L>. We obtain:

(a13) < C(N, dn)67_25R_3. (1.8.38)

e (a14) + (a@15). In this case, we need to estimate the terms:

2 / /.( > > (FuldV 6.V )

H+KCI i=1 g,h=1,...,
g#h

P @V g, VE ) ) |0V 9] dds,

We know that, by an easy domain of dependence argument, 14, is supported in the set

{t > R/10}. Then, we proceed to estimate, using also Lemma ((1.3.19)),

t
// (‘FHK(dVH@,dZVK%hH-F|FHK(dVngh,d2VK¢i)])\(?tVI\If|dq:ds
0 R3
t
_ / / <|FHK(dVH¢i,d2VK@ZJgh)|+|FHK(dVH¢gh,d2VK¢Z-)|>|6tVI\IJ|da:ds
R/10 JRR3

t
<C Z / |5(i)0§1VJ1¢i| |(3§2VJ277/)gh| |5VI\If|d:EdS
N J R/10 JR3

Ji, J2€I<

+C > / 02V 71 ;| |0D OV 24| |0V W | dds
Ny Y/ R/10 JR3

J1, J2€I<

C(N,d) / / £ 1022V 24| [V |dads
) ZNO o Jas =l anl | |

t .
FCWNV.n) YD sup 0V Wy [ [0V 005 P25
> R/10

J1,J2€II§<1;;O

< O(N,dy)e°R™ + C(N, dp)e "R,
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The last inequality follows from Lemma [1.8.4] estimate (1.8.53). We note that this term

also does not have much “room” in the parameters R and e. It does, however, have “room”

of size % in the parameter R. Once again, because ¢ is allowed to depend on N and dy;, we

have that, upon possibly restricting € to a smaller value,
C(N,dp)e* R + C(N, dpy)eb S R340 < 6% =349
This concludes the bounds on (a@14) + (a1s):

(a14) + (a15) < e~ F RT3,

e (a16). We have to estimate the following expression:

Z / / ’FHK(dVH¢ghad2vaz])‘)|8tVI\I/|dJIdS
H+KcCI g, h ) ] 1 .....
g#h, Z#J

Let us break up the integral in two pieces, as usual:

/ / |FHK(dVH1/Jgh, dQVK@D””) |8tV[\I/|dxds
RS 2 g hij= 1 ,,,,,
g7h, Z#J
R20
= / / ( Z | Frrc (dV hgn, d*VE4hij))] > 10,V W|dzds
0 R N el N ~~
gFh,i#] (a)

+ /( > |FHK(de¢gh,d2vK¢ij)|)\atvfmdxds.
[R20t] JR3 ~ ~

" gthiit ®)

(1.8.39)

(1.8.40)

Here, as usual, we adopt the convention that the interval [a, b], with a > b, is the empty set.
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We focus first on term (a). We have, by the linear estimates in Lemma [1.7.3]

2

RZO
(a) < C(N, dn) Z / 0 |V W d
2

<N0

< C(N,dy)e" R R 2log (R)R™ 2% < C(N, dn)e" *R™* log (R).

Using the fact that € can depend on N and dfj, we get that

C(N, dn)€7_6R_3+6 log (R) < SGR_3+25. (1.8.41)
Focusing now on term (b), we have, again using Lemma |1.3.19]

/ | Er i (dVHapgp, 2V E43)] 10,V |dwds
[RZO t] B
< C/ ‘aVngh| ’85(0)‘/1{%]“ \&svl\mdmds
[R20,¢]
+ C/ |5(O)VH¢gh| |32VK¢Z‘]‘| |@tVI\I’|dmds
[R20 4]

< C(N, dy) / & ROVE Yyl |0V s,
[R20,1] S2

+C(N,dn)/ —R3||8VK

[R204] S2

< C(N, dn)eS?iaRig.

Here, we used the classical Klainerman—Sobolev inequality in Lemmam (which is wasteful
in terms of R-weights), the bounds on energies of 14, and 1);; in Proposition|1.7.1], and finally

the bootstrap assumption [1.8.3] Summing gives us that

(a16) < C(N, dn)EL‘SR*S < <€6R*3+257 (1.8.42)

since we can choose € to be small, depending on dy; and N.
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Having completed Step 1 of the proof, we now proceed to Step 2.

Step 2. We now proceed to recover the averaged characteristic energy estimate .
Averaging the outgoing characteristic energy in the u-direction allows us to control nonlinear
interactions in which it is more convenient to estimate “good derivatives” of the solution in
L? of the outgoing null cones (this is the case when, for example, all of the commutation vec-
tor fields are applied to the “good derivative” in the nonlinear error terms). When deriving
estimates for quantities which are differentiated at the top order (in our case, when they are
differentiated Ny times), however, this will cause problems, as the background Minkowski
structure differs from the causal structure induced by the quasilinear wave equation at hand.
Indeed, because the light cones associated to the metric defined by the solution only asymp-
totically become the Minkowskian light cones, we obtain error terms involving the incoming
derivatives on the outgoing cones that we must control in L?. Note that the incoming deriva-
tive is not intrinsic to the outgoing light cone, and as such it cannot be controlled by the
naive energy estimate. However, since we are seeking to prove an averaged estimate, the
error term produced in this way can be controlled in the same way as other errors. Note
that the fact that the “true” causal structure asymptotically approaches the Minkowski
causal structure is encoded in the fact that these error terms will gain “good weights”. In
the following discussion, we will treat the situation for arbitrary solutions to appropriately
perturbed wave equations, and later specify to the equation at hand.

Recall that, for u; € R, and ¢ € {0,..., N}, we defined the cones C’é? ={u; =uN{t >

0}, and the associated “good” derivatives @ in Definition [1.3.6]

Lemma 1.8.3. Let U be a sufficiently smooth solution, which is moreover decaying at infin-
ity, to the equation OU = F*P79,h 0587\1/ + H, where F satisfies the classical null condition,

and h, as well as H, are sufficiently smooth functions. Then, there exists some €y > 0 such
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that, for alli € {1,..., N}, we have the estimates

t t
() 5 12 1 0 =
Ul drds < \\ H||0,W|dxd
/o Es‘a | (14 Juy|)tHo vis < C19 HLQ(EOH_C/O /z| 160 dods

t t | (1.8.43)
+0// @a<1hy|a\if12dxds+c// 0<10n][3”F|0F| dv ds,
0 s 0 s

as long as |0h| < €y, and where C' can only depend on 9.

Proof. We restrict to the case in which d := §©, where ©) was defined in Definition [1.3.6]
We also recall the usual functions ¢, u, v, and r. Furthermore, we denote: C, := o We
shall finally denote by C’g the portion of the cone Cj between ¥y and Xz: C’g =C;nN{0<
t <t}

We shall do an energy estimate using 0; as a multiplier, integrating on the region bounded
between g, C!, and 3;. We shall move the boundary term on the C? cone (arising from
integration of W) on the LHS of the estimate thus obtained and we shall move all the other
terms on the RHS. Just as in Lemma [1.8.2] the boundary flux through %, and the error
integral arising from H can be controlled. More precisely, letting Rz := {u < a} N {0 <

t <t}, we have

100F 2dvdw +/ |0V |2dz < (]’ o, D@dxds’ + C/ 00| 2da
ct, > Rt 3o

tNRut

(1.8.44)

< o]/ F 9 h 050, 0,V dxds +c/ |H||0,¥|dads + CllOT|175 5,
Rt Rt

J/

-~

(a)
We then wish to estimate term (a) in the previous display. To that end, we note the following

identity:

2F 9, h D0, VO, ¥
= FP04(9,h 0,90, %) — F*99,05h 0,90, 0 — 0,(F**10,h 0300, T)

+ FPY(0,0,h 0590, 0) + FOH0,(0yh 0300,0) — FOP(0,0,h 0300, ).
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This implies, using the fundamental lemma on the structure of null forms (Lemma (1.3.19):

t t
(a)sc// |50hy|a\if|2dxds+0// |00R||0W||0F|dzds
0 s 0 Xs

+] / F%05(0h 0,50,0) — 0,710, 0,80,) + F*79,(0,h 9, 00,¥) drds|
Rt N ~~ 4

(b)
(1.8.45)

We now note that the term (b) is in divergence form, and we now wish to integrate it by parts.
For gy sufficiently small, we can once again absorb the error integrals through 3; coming
from term (b) (after integration by parts) in the LHS, just as in Lemma [1.8.2] Moreover,
because the resulting integral over ¥; has a good sign, we will simply drop it.

All that remains is to control the error terms arising from (b) that are fluxes through C%,

(after integration by parts). These are the terms:

/C t (F*PTN5(0ah0p V0, ¥) — NoF*P1(0,hdsV0, W) + F*IN, (0,195 V0, ¥) ) r*dvdw

(. J/
~~

(c)

(1.8.46)
Here, N is defined as follows. Note that the Euclidean unit normal to the outgoing cone
u = const is given by %&L = %(at —0,) = %at — \"’}—%d Np is then defined as the one-form
arising from lowering the index of J%au by means of the Minkowski metric.

We then have that, using the null condition on term (c),

(0) < / (1811092 + 00990 v (1.8.47)
Ct

u

We then combine estimates ((1.8.44)), (|1.8.45)) and (|1.8.47)), multiply by W and integrate

in u for v € R. This yields the claim. O]

We now turn to the main content of Step 2, which is to recover the integrated esti-
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mate (1.8.9). Let i € {1,..., N}, and apply Lemma to equation (|1.8.21]), choosing

N
hi=d ¢+ > v+l Fi=Vw
i=1 ij={1,..N}

(with I € [I%Z °). Furthermore, we apply the lemma to bound the averaged characteristic

energy adapted to the light cone associated with the ¢-th piece of data. We obtain:

(0
B VI\;[/2 :
// | 1|+5d$d8§CHaVI\I’H%%zO)—FC/O/ |H||0,V¥|dzds

(1.8.48)
t
+O// |58<1h||8VI\If|2dzds+C// |0S10R]|0VIW||0VIW|dzds,

0 s 0 s

with the appropriate choice of h and H arising from equation ([1.8.28)). The error terms
corresponding to H and h are identical to the ones we dealt with in Step 1. Hence, these
error integrals can be handled in the same way as in Step 1

We have the following conclusion:
1

(1 + [u]) "2 20DV o ompemsy < €2 PRI for ¢ € (0,7, (1.8.49)

valid for all ¢ € {1,..., N}.
This concludes Step 2 of the proof. We now turn to Step 3, in which we show the L*>

estimates.

Step 3. In this step, we are going to deduce the improved pointwise estimates ([1.8.10))—
<N
(1.8.12). From Step 1 and Step 2, we know that, for all I € I °,

1OVIW|| 25y < €5 R72Y for € [0,T).

Now, using the Sobolev Lemma [1.6.3] and Lemma we obtain immediately, for all
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J e [IS{]Z‘)*S:
OV (t,r,0,0)] < Cldn)e* 5 (1+1)""R2%0  for t € [R,T).

The constant depends only on dy because the rescaled vector fields introduce bad weights
that depend only on dy;. Because ¢ is allowed to depend on dr, we can possibly restrict to

a smaller value of € and obtain

78

OVIU(t,r,0,0)| < ¥ 5 (1+¢) "Rz for t € [R,T).

The same estimate when for ¢ € [0, R] follows from commuting the equation with translation
vector fields,using the usual Sobolev embedding theorem, and noting that ¢ < R in this
region. This proves the improved bound (|1.8.10)).
As for bound (|1.8.12), we use the classical Klainerman—Sobolev estimates and we
. . . . . ETER <No-2
obtain, as an application of inequality ((1.6.12)), for all multi-indices J € IKRqu).

OV U(t,7,0,0)| < C(N,dp)e> 5 (1 +v;) (1 + |w|)"2R2Y  for t€[0,7], (1.8.50)

valid for all i € {1,..., N}.
Upon possibly restricting € to a smaller value, we infer the bound . Moreover,
this implies, in particular, the claim in the region |u;| > ct, for some ¢ € (0,1).
Note now that, if |u;| < ¢t, then also |u;| < cv;. Integrating the above display
on a line of constant v; coordinate in the u; direction to initial data, we then have, for all

.. . < -
multi-indices J € 15N 2@)-
KRUKR

VU (t,r,0,0)| < C(N,dn)e® 5 (1+v) 2R2*  for te0,T), ie{l,...,N}
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Let us now recall the inequality:

09 f <cC

> VI

1+ U; )
Hek

J=No=3.

Using this estimate, we finally have, for all J € I/

0DV (t,r,0,0)] < C(N,dn)e* T (1+t) 2R2Y  for te [RY,T),

valid for all ¢ € {0,..., N}.
Upon possibly restricting to a smaller value of ¢, we deduce bound ([1.8.11)). This con-

cludes the proof of the Theorem. n

We now record the calculations that involve using the averaged characteristic energy

estimates in controlling the terms in the proof of Theorem [1.4.7]

Lemma 1.8.4. Let f h : R3™ — R be smooth functions, and let i € {1,...,N}. Let us
consider the usual coordinates (u;, v, 0;, ;) and (t,7;,0;, ;) (see Definition|1.5.1]). Moreover,
with R > 10 and o, 8,7, i > 0 parameters, let f satisfy the bulk bound

/{m} Y P+ Jwi]) 3 deds < C2R™, (1.8.51)

and let h satisfy the pointwise bound

CyRP

ohl <
O < Ao+ Tl

(1.8.52)

with v > 9. Here, as usual, we used the notation for 5@) (the “good derivatives”) introduced

in Definition [1.5.6,
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Then, the following inequality holds true:

/ 1137 £1 18] || 2 (s, dt < CCyCyREHHH1(5727), (1.8.53)

R~

Here, C is some constant that does not depend on Cy, Cs, R, o, B, v, i, f, or h.

)

5, we have the following inequality:

Moreover, if we also assume that v < % +

( / / (1+t)1+5|5(“f|2yah|2dxdt> < CC CyROHAHHE=), (1.8.54)
R~ it

Here, again, C' is some constant that does not depend on Cy, Cs, R, o, 3, v, i, f, or h.

Proof of Lemma[1.8.]]. Let us restrict to the case in which we consider derivatives adapted to
the origin (without loss of generality), recalling that we adopt the convention |0f] := ]5(0) fl,
and u 1= ug, v := vy, := 1r9. Let us first focus on the proof of estimate (|1.8.53)). We have

the following pointwise bound:

R

2 1+g< 2
R+ ) < G

This implies that

/( |5f|2|8h|2dx)2dt:/< |5f|2(1+|u|)—1—3(1+|u|)1+3|ah|2dx)2dt
Et Et

RH R

o0 8 _ 2
< [T ([ e i) o
re (14t)27771 \Uy,

o0 1 % o0 _ s 2
< CCLR* / —dt (/ IfI2(1 + |u _I_dedt)
: ( T ) e

S 00102Ra+5+u(g—2'y) ’

as desired.

Let us then focus on the proof of bound ([1.8.54]). We have the following pointwise bound,
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under the additional assumption that v < % + g:

R

2 144 146 2
ORI (1 + Jul) (1 +4)7° < A

This implies that

(/oo/ (1+t)1+5|5f|2|ahy2dxdt>2
RH J 3

1

/ DA+ A+ ul) (1 + IUI)H‘SWhIQdIdt)

Rr J 3

CyRP (/OO/ =12 “1-5 )é
< — 0 14+ |u dxdt
s ([ s

< C0,0, RotB+u(E=)

This proves inequality ((1.8.54)) and concludes the proof of the lemma. O]

1.9 Proof of Theorem 1.4.8

Proof of Theorem[1.].8. Let L > 0 be given (this number corresponds to the total energy of
the initial data we are going to focus on). Consider N € N to be determined later, and let

N; € N, Ny > 13 (Vg is the number of derivatives we require on the initial data). Consider

moreover a collection of functions (¢3§°), ¢3§”), i € {1,..., N} which satisfies the following
properties:
supp(6,”) € B(0,1),  supp(¢”) € B(0,1), (1.9.1)
1670w oy S 20 16 oz <o, (192
g1 < ||<13£0)’\H1(B(0,1))7 g1 < ||<731(1)HL2(B(0,1)), forallie{1,...,N}. (1.9.3)

Here, B(0,1) is the three-dimensional Euclidean ball of radius one centered at the origin.

Moreover, €5 > 0 is such that the global stability results of Lemma hold true for
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compactly supported data in the unit ball whose H™ norms are of size at most 2g,, with
N7 > 19 (the number 19 is chosen so that the bootstrap argument for the nonlinear equation
in Section carries over). Such initial data can easily be seen to exist. Importantly, we
note that €, is independent of V.

Let now N = L%J. We then take N points p; on the unit sphere in ¥y which are
roughly equidistributed. We could take, for example, N points equidistributed on the unit
circle {z = 0} N {y* + 2? = 1}. In this case, the largest distance between two such points
is bounded above by 2, and the smallest pairwise distance between any two distinct such
points is bounded below by 2sin(7/N) > £ (if N is sufficiently large). We note that the
ratio between the largest and smallest pairwise distance between the points p;, which we
recall is denoted by dy, is a function of N alone.

Now, we scale up by a factor R > 1 to be chosen momentarily in terms of N and d. We
emphasize that, since NN is a function of L and since dyj is a function of N, the value of R
will only depend on L.

For R sufficiently large, we note that the unit balls around each point w; := Rp; will
)

be pairwise disjoint. We define the collection of translated functions (&5‘”,& for i €

{1,..., N}, as follows:
6 (x) = ¢ (z — wy), oM (x) = ¢V (x —w;), forallie{1,...,N}. (1.9.4)

[ )

This implies that that both &EO) and &gl) are supported in the unit ball centered at wj;, for

all i € {1,..., N}. We also note that, letting
N N
6@ =30, 6= 4,
i=1 i=1

we have trivially, for R sufficiently large, that [|¢9| z1(s,) > L, and that [|¢™V||z2(z) > L.

We then wish to show that, for R sufficiently large, there exists a global-in-time solution
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to the initial value problem:

O¢ + F(dp, d*¢) = G(do, dg),
Blico = 9, (1.9.5)
at¢|t=0 - ¢(1)-

Now, because of how g7 was chosen, we note that the following initial value problem admits

a global-in-time solution ¢;, for all ¢ € {1,..., N}:

Gili=0 = le(-o), (1.9.6)

Orpili=o = 8,
Furthermore, every ¢; falls off according to the decay rates described in Lemma [1.5.1

1
(1 + 'UZ)(l + ‘Ui|>1+5'

1
(T4 r2) (1 + [wi])*

0OV g,| < Cey OV ¢4] < Ceo

Here, J; € I%Zlq,

Thus, with v;; defined as in Section [I.7.3] the trilinear estimates in Section give
us that every function ;; satisfies the estimates ((1.7.12)) with €y in place of €. The energy

estimates satisfied by the functions v;; are

2
e
sup [| OV 24| 2z, < C(N, dH)EO, (1.9.7)
+>0

<N1—8
for all J; € IKR1 .
Meanwhile, the pointwise estimates satisfied by the functions v;; are, for all J3 € ]IS{J;h—ll’

and all (i,7) € {1,...,N} x{1,..., N} such that i # j:

C(N, dn)ff%

R isn) (1.9.8)

10V 53435 oo () <
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C(N, dn)g(Q)Rg

Hg(l)VJ?’@Z)inLOO(Et) < 3 (1.9.9)
(1+1)2
N d 2 P2
OV 745 | (¢, i, ) < M. (1.9.10)
t(1+ |ui)?

We note that, in the above display, neither ¢ nor j can be 0, because the data are
compactly supported in the N balls, meaning that the remainder (what we called ¢) arising
from the parts of initial data which are located far away from all the centers w; is not present.

We now repeat the proof of Theorem [1.4.7, This may not be possible unless of R is
large enough. However, for R large enough, we can use the fact that all the estimates in
Section (in particular, those concerning terms (aq) through (a;¢)) have “room” in the
parameter R.

More precisely, we start from the following bootstrap assumptions, valid for all I € IIS(JZ 0

and all J € IgN* where Ny € N, Ny > 7, and i € {1,...,N}:

1OVIW| 2,y < €8 OR™2%0 for tel0,7), (1.9.11)
11+ )2 20DV 2 oieps) < 5 PR3 for ¢ €[0,T], (1.9.12)
OVIU(t, 7, 0,0)| < e30(1+ ) R+ for tel0,7), (1.9.13)
0DVIU(t,7,0,0)] < 370(1+t) 2R for te[R™,T), (1.9.14)
OVIU(t,r,0,0) < 301+ v,) (1 + Jw|) 2RZT for ¢ € [RP, 7). (1.9.15)

These bootstrap assumptions are the same as those in Section [I.8] the only difference
being the presence of €( in place of . We then seek to improve these bootstrap assumptions,

proving the following, for all I € IIS{]ZO and all J € [I%JZO_3, and all {i €1,... N}

|OVIW| o,y < e3P RT3+ for te (0,7, (1.9.16)
11 + [us]) 220DV 1 orpemsy < €3 PRI for ¢ € (0,7, (1.9.17)
OVIU(t,r,0,0)| < ¥ 0(14¢) 'R 2+s) for ¢ € [0, 7], (1.9.18)
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OOVIU(t,7,0,0)] < 3701+ ) 2RI for te[rR®T],  (19.19)

OV (t,r,0,0)] < e¥°(1+0) (1 + |w]) 2R2*%°  for te [R®,T). (1.9.20)

Looking at how the terms in ((1.8.30]) were controlled, we note that they all have “room”

in the parameter R (by a positive power of R). Indeed, the inequalities in (|1.8.31]), (1.8.32]),

(1.8:33), (1.8.34), (1.8.35), (1.8.36), (1.8.37), (1.8.33), (1.8.39), and (T.8.42) still hold with

go instead of €. In those inequalities, we now use that we can absorb the constant C'(N, d)
by negative powers of R (instead of using positive powers of y). The worst case bound in

such inequalities is therefore replaced by

C(N,dp)es 2R3 log(R) < S R™3+7% (1.9.21)

for R sufficiently large. This recovers the improved bootstrap assumption ((1.9.16) for R

sufficiently large, and concludes the proof of Theorem [1.4.8| m

1.10 Technical lemmas

We record the following technical lemmas that were needed in the course of our argument.

1.10.1 Trace lemma on >

Lemma 1.10.1. There exists a positive constant C' such that the following holds. Let f :
R3 — R be a smooth function that decays sufficiently rapidly at infinity. We take polar

coordinates (r,w) with w € S*. Then, we have that

1 fllz2es) < Cllfll2@s) + ClOf L2 msy, (1.10.1)

where S, is the sphere of radius v, with r > 1.
Proof of Lemma|[1.10.1 We integrate in the r direction using the fundamental theorem of
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calculus. We have that

h*(r,w) = / 2h(s,w)0-h(s,w)ds. (1.10.2)
Integrating the previous display over S? gives us that

[ o= [ 72 [ nswahe s (1.10.3)

Using the Cauchy—Schwarz inequality, we obtain

/SQ h?(r,w)dw < 2 (/Oo /S h?(s, w)dwds)é (/OO /52(3,«h)2(s,w)dwds)% , (1.10.4)

Applying this to the function h(r,w) = rf(r,w) gives us the desired result. O

1.10.2 Trace lemma on H;

Lemma 1.10.2. Recall the coordinates (1, o, z, @) introduced in display (1.3.6). Recall more-
over the definition of the hyperboloids H, (from Definition m) There exists a positive
constant C' such that the following holds. Let x € R. Moreover, let f : H, — R be a smooth,

compactly supported function. Then, we have that

1172t ngemsyy < N2,y + ClOF 220, - (1.10.5)

Here, the L? spaces are defined with respect to the induced volume form on the submanifolds

considered.

Proof of Lemma |1.10.4. We have that
Prasg <2 [ 1ol s (1106)

Integrating along the set H, N{z = z} (i.e., integrating in the o and ¢ variables), and using
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the Cauchy—Schwarz inequality implies that

11222, mgamayy < CN 22y + CllOwf 22,y (1.10.7)

as desired. O

1.10.3 Energy estimates and the hyperboloidal foliation

We recall the stress—energy-momentum tensor associated to the wave equation on Minkowski

space (here, m denotes the Minkowski metric):

Quu[¢] = thb@l,gﬁ - %m“l/ 07(;537¢ (1108)

Let now D C R* be a bounded, open domain with piecewise smooth boundary 9D, such
that every smooth piece of 0D is spacelike. In particular, this implies that the Lorentzian
unit outer normal to 0D, denoted by Nyp, is well defined. Let now X be a smooth vector

field. Using the fact that V,Q" = (0¢)0"¢ and the divergence theorem, we now have
/ (O¢) X pdxdt + / (V,X,)Q"dxdt = Q(X, Nop)da(0D). (1.10.9)
D D

oD

Here, do(0D) is the volume form associated to the induced Riemannian metric on the
bondary 0D. When X is a Killing field, the second term in the previous display vanishes,

and we are left with

/ (O9)Xodadt = [ Q(X, Nop)do(aD). (1.10.10)
D oD

When X =T = 0;, we obtain the usual 0; energy.
We require the following fact on the 0; energy flux through the hyperboloidal foliation
H,.
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Lemma 1.10.3. Recall the coordinates (T, a, x, ) introduced in display (1.3.6)). Recall more-
over the definition of the hyperboloids H, (from Definition m There exists a positive

constant C' such that the following inequality holds true:

/ Q(X, Ni,)do(H:) > Cll06][ 7211, n(p 10 (1.10.11)
H.n{p<t/10}

Here, do(H,) is the volume form associated to the induced Riemannian metric on H., and
the L? norm on the RHS is defined with respect to the induced volume form (pullback of the

ambient volume form) on the hypersurface H.,.

Sketch of proof. The proof follows in a straightforward manner from the fact that the hy-
persurface H, N {p < t/10} is uniformly spacelike, and from expanding the stress—energy—

momentum tensor () in components. ]
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Chapter 2

Compressible and viscous fluids

In this chapter, we are going to direct our attention to compressible and viscous models
arising in fluid mechanics. We will first present several results concerning a one dimensional
compressible and viscous model, obtained in a joint paper with Constantin, Drivas and
Nguyen [23]. This is the content of Section

We will then focus on two-dimensional models, in particular on the shallow water equa-
tions. We will first review some of the literature on the shallow water equations, with an
emphasis on the case of degenerate viscosity coefficient (Section [2.2)). We will then present
(with proofs) a number of classical results on local and global existence in Section , both
in the inviscid and in the viscous case.

Finally, we will direct our attention to the issue of uniform bounds in two space dimensions
for the compressible NS system with non-degenerate viscosity. We will show, in Section [2.4]

a result on uniform bounds for such system in axial symmetry on a two-dimensional annulus.
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2.1 Results on one dimensional compressible and vis-
cous NS

In this section, we are going to focus on one-dimensional models of the form ([0.2.9)—(0.2.11]).
The main theorems are stated in Section 2.1.1] We first prove standard a priori estimates
in Section We will then introduce the “active potential” in Section [2.1.3] and there
we show that it satisfies a heat equation with non-degenerate viscosity. We will then prove
our main theorems in sections[2.1.4 and finally Section deals with the proof of a

local existence statement and the conservation of the Bresch—Desjardins entropy.

2.1.1 Precise statement of the results in the one-dimensional case

Let us recall the precise form of the system under study:

Op + Oy (up) =0, (2.1.1)
0i(pu) + 0x(pu®) = —0:p(p) + Ou(p(p)dau) + pf, (2.1.2)
(P, w)]e=0 = (po, uo).- (2.1.3)

The constitutive laws for pressure and viscosity are given by:

p(p) =cp’s  wlp) =cup”, ¢ #0, ¢ >0 (2.1.4)

We are going to prove four theorems in this part of the thesis. The first result, Theorem

2.1.1} provides a blowup criterion for equations (2.1.1)—(2.1.3) with a wide range of consti-

tutive pressure and viscosity laws (2.1.4)). In what follows, we denote by T the interval (0, 1]

with periodic boundary conditions.
Theorem 2.1.1. Assume any of the following three conditions
(i) cp>0anda>%,77£1, Wza—%,
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(11) cp<0and%<a§%,’y<1,0<7§a,
(i1i) ¢, >0 and v > 1, a > 0.

Let k > 3 and assume further that
f e L*0,T; H(T)) for all T > 0.
If (p,u) is a solution of (2.1.1)-(2.1.3) on [0,T™) such that
p € C(0,T; H¥T)), wu€C(0,T;H*T))NL*0,T; H*(T)), VT € (0,T%)

and

inf mi t) >0
teﬁ:m)%%p(x’ ) >0,

then (p,u) satisfies

sup |||l zoeorimey + sup ullpooorimey + supull gz ey < 00
T€[0,T*) T€[0,T*) T€[0,T*)

and can be continued in the class (2.1.5) past T*.

(2.1.5)

(2.1.6)

Theorem says that the only possible way for a singularity to form starting from

smooth data is if the density becomes zero. This applies in particular to the viscous shallow

water wave equations (0.2.13))-(0.2.14)). In the slender jet equations ((0.2.15)-(0.2.16|) which

model incompressible fluid drop formation, this says that singularities can only form at the

onset of drop break-off. This answers a conjecture of Peter Constantin recorded in [34].

Our next two theorems concern the long-time existence and persistence of regularity.

Theorem establishes global existence for arbitrarily large data, within a range of pres-

sure and viscosity of the form ([2.1.4])).
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Theorem 2.1.2. Assume
1
¢ >0, ac (5,1], and v > 2a.

Let k > 3 be an integer and let py and ug belong to H*(T) such that po(z) > 0 for all z € T.
Assume further that

f e L*0,7; H(T)) for all T > 0.

Then there ezists a unique global solution (p,w) to (2.1.1))-(2.1.3) such that
p €C(0,T; H*(T)), wueC(0,T; H*(T)) N L*(0,T; H**'(T))

for all T > 0, and p(z,t) > 0 for all (z,t) € T x RT.

This result applies to the viscous shallow water equations ((0.2.13)-(0.2.14)), giving an

alternative proof to that of [44]. Let us note that [44] assumes only H! regularity of initial
data.
For more degenerate viscosity p(p) = c,p® with a > 1, we prove global existence for a

class of large initial data.

Theorem 2.1.3. Assume that c, > 0 and either

1
a> o, vE[a,a+1], v#1 or (2.1.7)

a>0, y€a,a+l], y>1 (2.1.8)

Assume further that

f(z,t) = f(t) € L*((0,T)) VT > 0.

Let k > 4 be an integer and let ug and py belong to H*(T) such that po(x) > 0 for all z € T
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and

Opup(x) < z—ppo(x)v_“ Ve eT. (2.1.9)
m

Then there ezists a unique global solution (p,u) to (2.1.1)-(2.1.3) such that
p €C0,T; HXT)), weC(0,T; HY(T)) N L*(0,T; H*(T))

for all T > 0, and p(z,t) > 0 for all (z,t) € T x RT.
Remark 2.1.4. We note that (2.1.9)) does not impose any smallness conditions on the initial

data. The unique global solution in Theorem [2.1.2| satisfies

Oyu(z,t) < C—pp(x, 1)y«
Cp

for all (z,t) € T x R*. Moreover, the proof provides a lower bound for the minimum of

density p, see (2.1.94) and (2.1.97)),

—1

(pm(O)a—v +t2(y — a)) % when y > a,
min p(z,t) > g
re

pm(0) exp <—t2—§) when v = .

Our last theorem establishes a bound on the time-averaged maximum density for a certain

range of parameters assuming mean zero forcing.

Theorem 2.1.5. Assume that (p,u) is a sufficiently smooth solution to the system ([2.1.1)—
(2.1.3) on [0,T*). Assume that

= 0,9 (2.1.10)

for some periodic function g satisfying

g € L>=(0,T*; L>=(T)), and 0.g,0,9 € L*=(0,T*; L>=(T)).
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Let us also assume that
a>1/2, ~y€max{2—a,a},a+1], and c¢,c, > 0.
Then, we have the following bound
I 1
7 | 1ol Ollmenyde < €+ 7o (21.11)

where Cy and Cy are defined in equation (2.1.103). In particular, Cy depends only on c,, cp,
o, 7, |poller, 1029l Lo (0.1:05¢), and ||0rgl| o (0,7:10), whereas Cy depends only on c,, ¢y, 7, a,

lpollze, ||p0_1||Loo, luollz2, [|0wpollr2, and ||g||Loo(0,T;Loo). Consequently, if T* = oo then

. e
lim sup T/ (s )| oo (mydt < Cs (2.1.12)
0

T—o00

where Cy dep@nds 07’Lly On Cy; Cp; &, 7, ||p0||L1; ||8:cg||L°°(0,oo;L°°); and ||atg||L°°(O,oo;L°°)-

Theorem applies for the viscous shallow water wave system (0.2.13)),(0.2.14)) for

which global existence is established by Theorem [2.1.2] The interpretation of the bound
(2.1.12)) with h = p is that long-time average of the maximum surface height remains

bounded, showing that, on average, no extreme events can develop.

2.1.2 A priori estimates: mass, energy and Bresch—Desjardins’s

entropy

Assume that (p,u) is a solution of (2.1.1))-(2.1.3)) on the time interval [0, 7™) such that

p€C0,T; H*), weC(0,T;H*)NL*0,T; H*)

for any T' < T™ and

.= inf mi t) > 0. 2.1.13
P te%fw)g‘é%rlp(x’) ( )
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In what follows we denote by M(:, ---,-) a positive function that is increasing in each
argument.

First, from the continuity equation (2.1.1)), total mass is conserved:

1o, ) llrery = [lpollLr(r)- (2.1.14)

We have the following standard energy balance:

Lemma 2.1.6 (Energy Balance). Let p > 0, and

e:= %p|u|2 + 7 (p), 7(p) = p/ ——=ds. (2.1.15)

Then, the balance

—/Te(:n,t)dx:—/Tu(p)|8xu|2dx+/qrfpud$ (2.1.16)

holds for any t € [0,T%).

Using the equation of state for the density (2.1.4)) and recalling that p > 0 is an arbitrary

constant that we are free to fix, we have an explicit formula for 7(p) from (2.1.15))

2P v>1,p=0 or v€(0,1), p= o0,

o
m(p) = cpp/ §72ds = (2.1.17)
p

oploglp)  y=1,p=1

Note that the function 7 satisfies

w v Pp)
W@%—p-

Lemma 2.1.7. The following two assertions hold true.

148



1. If vy € (1,00) and ¢, > 0, then 7(p) > 0 and

||€HL<>°(0,T;L1) + HN(P)‘aa:PFHLl(O,T;Ll)

(2.1.18)
< (et 0)ller + 1 20.riz I Pollzacry ) exp(2).
2. If y€(0,1) and ¢, # 0, then
/|7r(p)|dx < ‘C—p‘ /(,00 + 1)dx (2.1.19)
T v—1
and there exists a positive constant C' = C (v, a, ¢, ¢,) such that
2|0y + l16(0)|0wp |1 0,7,20)
(2.1.20)
< (Ilotdllzam) + € (1 + 1 1E2020) (1 + Ipollzacm) ) exp(T).
Proof. First, using the mass conservation (2.1.14)) we bound
1 2 Lo,
fouder < = [ ffp+ [ =pu
T 2 Jr T 2
1
<Wlecr [ o+ [ 5008 (2.1.21)
1
< e ol + [ o0

Step 1. If v € (1,00) and ¢, > 0, then we have 7(p) > 0. It then follows from (2.1.21)) that

[ foude < e lnllnn + [ et (21.22)
T T

Ignoring the first term on the right hand side of (2.1.16]), then using (2.1.22)) and Grénwall’s

lemma we obtain

el < (e 0lle + 1B ramloolm ) exp(T).  (21.23)
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Next, we integrate (2.1.16]) in time and use (2.1.22)), (2.1.23) together with the fact that

e(z,t) > 0 to get

14(0)|02p 0,152ty < N, 0) e + HfH%?(O,T;LOO)HPOHLl(T) + T'|[el| <0711
< (IleC- 0) 2 + 1 I2(0iz,zs) Il Pollacry ) (1 4+ T) exp(T)

< (IleC 0) s + 11220z, I Poll3cry ) exp(2D).

Step 2. If v € (0,1) then

Cp

[t <| ] [+ o < |2 fmrnaer 212y

where we used the fact that p” < max{l, p} together with the mass conservation (2.1.1)).

Ignoring the first term on the right hand side of (2.1.16) and using (2.1.24)), (2.1.21)) we find

/T%qu(x,t)dx
< /T %pougdx—l— /T 7 (po(x))dz — /T (o, £))dz + /0 t /T Foule, s)duds

1 tr1
< [ gruide+ Climlom + 1+ 1O Il + [ [ 5o sads
T 0

for some positive constant C' = C(v, a, ¢, ¢,). Gronwall’s lemma then yields

lpu?| oo 0,01y < (Hpou%!lpm + O (L+ [ £l Z2.iz0y) (1 + HPOHLl(T))) exp(T). (2.1.25)

Again, we integrate (2.1.16)) in time and use (2.1.21)), (2.1.25)), (2.1.24) to arrive at

HM(P)’@P’QHD(O,T;U)

< (Ilootdllzamy + € (1 + 120 20) (1+ Ipollzam) ) exp(2T).
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If either v € (1,00) and ¢, > 0 or v € (0,1) and ¢, # 0, it follows from (2.1.17)-(2.1.20))

that
IVoull o2y < M(Eo, || fl 20,750, T), (2.1.26)
Hp%(axUHLQ(o,T;m) < M(an HfHL2(0,T;L°°)a T)? (2-1'27)
HPHLO@(O,T;LMX{M}) < M (Ey, HfHLQ(O,T;LN)’ T) (2.1.28)
where
Eo == |lpoudllrery + I3l + ol iy (2.1.29)

Lemma 2.1.8 (Bresch-Desjardins’s Entropy [12]). Let

2

p Ozp
5= u+ 2 wip)| +m(p). (2.1.30)
Then, the balance
d Pp dup
i [sta == [ 10, 2L e + [ o+ “Lutp) (2.1.31)
dt Jr T p T p

holds for any t € [0,T%).

A proof of Lemma can be found in [12] 14, 15] and is given for completeness in
Section m The first term on the right hand side of (2.1.31)) is negative whenever ¢, > 0

and positive whenever ¢, < 0.

Lemma 2.1.9. Define

a—1L
E1 = EO + ||8x(p0 2)||L2(T)- (2132)

1. If ¢, >0 and v # 1, 7204—%, a>%, then
ol Lo 0,00y < M(EL || fll 20,1000y, T)- (2.1.33)
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2. [fcp<0and0<7§a,7<1,a€(%,%], then

1

ol oe o rszo) < M(EY, || fllz2(0,750), ;T)- (2.1.34)
3. Under the conditions of 1. or 2., we have
1
1020\ oo 0,m522) < M(EX, || £l 220,75050), ;,T). (2.1.35)

4. If ¢, >0, v>1 and a > 0 then (2.1.34) and (2.1.35) hold.

Remark 2.1.10. The bound for ([2.1.33) is independent of p. This fact will be important in

the proof of Theorem [2.1.2

Proof. Step 1. Since ¢, > 0, the first term on the right hand side of (2.1.31)) is negative,

and thus

d Os
E/Ts(x,t)dxg /Tfp(u—i— pfu(p))d:r

1 1 N
< —/fgpdx+/—p(u+ qu(p))de (2.1.36)
2 Jr T 2 p

1 1 axp 2
< 5Hf(t)||%oo(11‘)”po”Ll(1r) +/T§p(u+ p 1(p)) da.

When v > 1 we have w(p) > 0, hence s > 0 and

d 1
5[50 < SOl + [ ste.ds
at Jy 2 .

Gronwall’s lemma then yields

Isllzcoien < (50, ey + 1 220zl l1cay ) exp(T). (2.1.37)
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We combine (2.1.37)) with (2.1.26]) and the fact that

a1l
150, Mzrery < Noowgllcrery + 110200 ) Iz2ry-

(2.1.38)
In view of ([2.1.27)), this implies
102 (0"~ )| 20 1:22¢my) < M (B, || fl|z20.52), T) (2.1.39)
with
a1l
Ey=Eo+ 0a(po *)llr2(m)-
On the other hand, when v € (0, 1) we write
d 1 Orp 2
S d
= sz(qu e w(p)) da
d 1 1 Ozp 2
< 5 [ 7o )+ SISO <l + [ 5o+ 2P u(p)da
t T 2 TQ 1%
where we recall from ([2.1.19)
/|7r(p)|d93 < ‘C—p‘ /(Po + 1)dz. (2.1.40)
T y—1

It follows from Gronwall’s lemma that

1 Ozp 2
sup [ So(ut () (o, 0)ds
tef0,T]) JT p

1 0P
< (/Tip(u—l— 5

2
2L )00+ OO+ i) (1 + nls) ) expl)
S M(Ela ||f||L2(0,T;L°°)7T)-

Combined with (2.1.26)), this implies the bound ([2.1.39) when v € (0, 1).
Next, we recall from (2.1.28) the bound for ||p”| ;1(r). By the assumption that v > o —

1
29
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we obtain

_1
" 2|z 0,2ty < C(L+ |7z 0,msr) Fll ol oo (0,21)) < M(Eo, || fll 220,752, T)-

This combined with (2.1.39) and Nash’s inequality

a_l a—12/3 a—L1yv1/3 a—l
1% 2 [ ourszzy < Clo 21172 0 o 102 (P DIEE 22y + Cllp™ 2 peori)

leads to
_1
0% 2 || oo 0,150y < M(EL | fll 20,1520, T)-

The stated bound (2.1.33)) then follows by Sobolev embedding H' C L.

Step 2. In this case, ¢, < 0 and thus the first term on the right hand side of (2.1.31)) is

positive and is equal to

_fprCM/T |p(7+a—3)/28xp|2dx S _272_P /Tpv—oc—‘rl (|U—|— Cupa—2a$p|2 + |u|2) dr
m

c —a
= =2y [ p7 (s(z,t) — 7w(p) + plul?) dz.
CN T

Note that (2.1.36)) provides the bound

Op
/fp(u+ 2'0
T P

1 1 0
(e)de < SOl + [ Golut ZEn(p)’da.

In addition, since v € (0, 1), part 2 of Lemma provides a bound for 7(p) and pu?.
Moreover, note that when ¢, < 0 and v € (0,1) we have m(p),s > 0. Using these together

with the assumption that v < o we have

d
T /Ts(x, t)dz

c —«
<02 [ 570 (s(a.6) = 7lp) + pluP) do -+ 1O ol + [ st t)da
i
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cp 1o,
<220y [ (s(a) = 7o) + ) do -+ 1O ol + [ sta,t)d
(S
CP 1 - cp 1 —« 2
< (=202 1) [ st tde =292 () [ (=n(p) + plul?) da
Cu P T Cu P T
+ [IF )| Z ooyl p0l L2 ()
c, 1 1
S <—2’y_p(_)7—a—|-1>/S([L’,t)dl’—l—M(Eo, ||f||L2(0,T;L°°)7_7T)
Cu P T P

+ 1F O my ool 22 ()

for t <T. By Gronwall’s lemma and ([2.1.38]), we deduce that

1
18] Lo (0,7:21) < M (Eo + ||s(-, 0) || 1 ¢ry, | f1 220,752 ;,T)

1
< M(Ew || fllz20,m;5), ;,T)-

Combining this with ([2.1.26|) gives

105" Dllim oy < MBI lzzomys 5, T) (21.41)
Since a — % € (0, 1], the mass conservation implies
1672 e orsaty < C(L+ lpollnacey)- (2.1.42)
Combined with , this yields
HPM%HLOO(O,T;Hl) < M (B, || f 220,130, %7 T) (2.1.43)

from which ([2.1.34)) follows.
Step 3. The bound (2.1.35)) follows from (2.1.33) & (2.1.39) and (2.1.34) & (2.1.41)

respectively.

Step 4. In case ¢, > 0, v > 1 and a > 0, the bounds (2.1.34) and (2.1.35)) follow from
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Propositions 4.5 and 4.6 in [73]. O
2.1.3 The active potential
We introduce in this section the active potential w = —p(p) + u(p)d,u. This is a good

unknown upon which much of the analysis is based. We first show that w satisfies a forced

quadratic heat equation with linear drift.

Proposition 2.1.1. Let

Then w satisfies

Oyw = p~ p(p)dzw — (u+ p(p) a;f)@xw - (,0];, ((Z)) . (pu’(z)( ;; 2“(’) ) p(p) | w
_ (o (p) + 1lp)) P'(p)  (pi'(p) + ulp))
Pty (10 DD ) ) i) + (i

Moreover, the following balance holds

O [ Sl e = - / o 1) P — / (u+ “ﬁ%p) wwds
T T

dt Jr
P(p) . (pi(p) + pip)) witde — [ PP+ up)) 5.
+/1r (pu(p) ’ 1(p)? p(p>> ol /T 1(p)? !
+ /Tr (piég)) _ lou <Z)(;;2M(p>>p(p)) p(p)wdz + /T 11(p) 0y fwdz.

Proof. From the definition of w := —p(p) + p(p)d,u given by ([2.1.44)), we compute

Opw = (0,0) (=1 (p) + 11 (p)Bpu) + p(p) D .

Thus, we have

Oyw = (0pp) (=P (p) + 1/ (p)0st) + p1(p)0:0su
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= —0u(up)(=p'(p) + 1'(p)0xu) + 11(p)0s0u

= —pyu(—p'(p) + 1 (p)0sut) — w(Osw — p(p)Fzu) + u(p)d;0su. (2.1.48)
The momentum equation (2.1.2)) gives

O = —udyu + p L Oyw+f,

Oy
00,1 = —Dyudyu — udPu — LD, + p 0w + 0, f.
p
Combining the above results, we find

Orw = —pOyu(—p' (p) + 1 (p)Dat) — udyw + upu(p)Ou

O _
— u(p)(|0xul* + udiu) — u(p)p—f@xw + 0 p(p)Ozw + p(p) 0. f

= p " u(p)Pow + p(0yu)p (p) — (o1’ (p) + 1(p))|0pul?
- (wt ) 0w+ )0, f

o > Pip) _ (er'lp) + o)) .
=p~ u(p)d;w + p(w + p(p)) ) L) (w +p(p))

— (u+ u(p)%)azw + u(p)0s f

2

which, after rearrangement, establishes equation (2.1.45). For the energy, multiplying the
equation (2.1.45]) by w yields

1
o (3r)

=0, (Mw&cw) — @l@zwf — 8x(M)w8xw — (u - Hp) (91,0) wo,w

p p p?
P'(p) (i (p) + p(p)) w2 PEp) + up))
" <pu(p) ? 1(p)? o )) ] 1(p)?
P(p)  (pi(p) + plp)) w w
+ () - DD ) iy + i)
Integrating in space yields the balance. O]
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Let us remark that in the new viscosity coefficient is % which is less degenerate
than the original viscosity j(p) for the momentum equation. In particular, when p(p) = c¢,p”
with a <1, @ is not degenerate when p goes to 0. Energy estimates for the coupled system
of p and w will allow us to control all the high Sobolev regularity of p and w as long as p is
positive. This leads to the proof of our continuation criterion in Theorem [2.1.1;: no singularity
occurs before vacuum formation.

Furthermore, can be regarded as a nonlinear heat equation with variable coeffi-
cients. Note that the zero-order term in has the form A\p*~® where \ depends only
on ¢, and ¢,. It can be readily seen that when the zero-order term and the forcing term in
(2.1.45)) are nonpositive, w remains nonpositive if it is nonpositive initially. This fact will be

exploited as the key ingredient in proving the existence of global solutions in Theorem [2.1.3

when the viscosity is strongly degenerate.

2.1.4 Proof of Theorem [2.1.1]

Throughout this section, we suppose that

0<p<p(z,t) te0,7%), zeT. (2.1.49)

and assume any of the following three conditions
(i) cp>0anda>%,72a—%,77ﬁ1
(i) ¢, <Oand € (3,3, 0<y<a,y<1
(ili) ¢, >0 and o > 0, v > 1.

Under these assumptions, by Lemma [2.1.9, we have

|l o (0,100 (m)) < M (B, || £l 2005200y, = 1), (2.1.50)

I | =
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and

1
102p Loe (0,7;12m)) < M (En, || fllL2(0,152), ;>T)~ (2.1.51)

Lemma 2.1.11.

Jwl| Lo(0,7522) + 10xw0 | 20,7522) + |05t]] oo 0,7;2) + 1070l L2007522)
. (2.1.52)
S M(E2’ ||f||L2(0,T;H1)7 ;7T)7

where Ey = Ey + ||0yuol| 2

Proof. As a consequence of (2.1.49), (2.1.50)), and (2.1.46)), there exist

1
C .= C(El, ||f||L2(O,T;L°°)7 ;,T) > 0,

and C := C(Ey, || fllz2(0,m;1) %,T) > () such that

d [1 1
3 [ glel (@ tde < _—/\8xw|2d$+/(|u|+C’|8xp])]w8xw]da:
T ¢Jr T
+C’(/ |w|2d:1:+/|w|3dx+/|8xf|2dx+1). (2.1.53)
T T T
We bound

/I@xwaIdﬂf < [|Gpw] 2wl 2 [[ull L=
T

1
< Cufldew]|zllwll 2 ull i < llOawlze + Cllwlza]lullf

where (' denotes absolute constants in this proof. Next, applying Gagliardo—Nirenberg’s

inequality and Young’s inequality implies

1 5 1 10
/lelgdx < Jlwllfs < Cr([|0zw] 2wl Ze + wll72) < chlaxw!\%z + Cllwll & + Cllwl|za
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and

/ B,wwdup dx < (0] g2l e | Bapl 2
T

1 1
< Cl|0pw]| 2 (|| 0w ]| f2 ||w]] 72 + [[w]| £2) [| Oz pll 2
3 1
< Chl|0pw]| 72 [|w| 2211 0epll 2 + Ctl|Oxw]| L2 [|w|| 2| e pl| 22

1
< Zloewlze + Clwlzal|0eplize + Cllwlzz]|0epll e

Putting together the above bounds, and interpolating, yields the following inequality

1d

5 0l + 0wl < Clwlallwls + 10l + 1)+ ClOLfIs + €. (2:1.54)

In view of (2.1.51]), we have

T
| 10t 0t < M (E iz 5. )
0

Ibl*—‘

Furthermore, using the definition of w together with bounds (2.1.50) & (2.1.27)), we have

llwll 20,22y < M(Ev, || fll 2200750000, = T)-

I‘QIF—‘

The last two displays, together with Gronwall’s lemma applied to (2.1.54), yields the bound

||w||L°°(0,T;L2(’]1‘)) + ||a:ewHL2(O,T;L2(’]I‘))

1 1
< M(flwollz2, ¢, C, Ex, | f || 10,71, » ) < M(Ey ([l » ,T).
Here, we used the fact that
lwoll2 < 2¢2l1poll 7% + 2651100l 7% | Datto|72-

The above bound can be used to obtain similar estimates for ||0,u|| fr;z2) as well as
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for [|02u||12(0,7;12) directly from the definition of w (2.1.44). O

Lemma 2.1.12.

102l o< (0,1522) + [|0zw]| oo (0.7512) + |03w]| L2 (0,7512)
(2.1.55)

+ [|02ul| oo 0,522y + N05ull 20,1502 < M (Es, || fllovorimys = T)

= I =

where

By = By + |0z pol| 2 + [|07uo]| 2.

Proof. To prove this lemma, we obtain energy estimates for the mass equation (2.1.1]) and
the w—equation ([2.1.45)) simultaneously. The proof proceeds in 4 steps.
Step 1. Let m > 2 be an arbitrary integer. Differentiating equation (2.1.1)) m times,

then multiplying the resulting equation by 9)"p and integrating in space we get

1d
§E/|8;”p|2 — _/ay(uamp)a;”p—/ag(pamu)azmp
T T T
- / u0:0;"p0;"p — / ([0, w0, p) O p
T T

- [ (@ doayare - [ portiuar
T T
Using the Kato—Ponce commutator estimate [54] and the inequality
10:gll 25 (xy < CllOgllLeery < CullOfgllizr)  ¥n >3,
we have
110", ul0wpllz2 < Clldaull =07 Oupll L2 + COTullL2l|Opll e < CllOT ul| 22107 pll 2
and

107", plOzull2 < CllOapllroe 107 attll L2 + CNOT pll 2| Oatl| e < ClOT ull 22107 p 22
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In addition,

1

1 m m m
=5 < S10eull =107 P22 < CllOF ull 21107 Pl 72

/ B, o0
T

/ 0l pf?
T

We thus obtain

d m m m 17 m
107 pllze < ClOTull 107 pllz2 + llolloe |05l 21107 o 2. (2.1.56)

Step 2. Recall equation (2.1.45)) with power-law pressure and viscosity

Opw = ¢, p® 102w — (U + cup™ 2 0pp)Opw + z—p (v=2(a+1))p" w
| 2 . (2.1.57)
— —(a+ Dp~w® + L (y = (a+ 1)) p" 7" + cup0, f.
Cu Cu

Differentiating in space, multiplying the resulting equation by 0,w and integrating by parts

in z leads to

1d
5@/ |0,w]? = —cu/p“‘llﬁiwﬁ +/(U+Cupa_2@zp)axwa§w
T T T

Lyt 1)) / Byl
CN T

+ 2= ) (= 2a+1)) [ wr Dt
T

m

2
- C—(a +1) / p~*w|0,w|* + g(oz +1) / w? 0w, pp "
T ¢ T

1 1
2

+ z—p(ny —a)(y—(a+1)) / P2 9,0, p — Cu / P Pw0, f
o T T

7
=: —¢, / P o2w|? + Z H;.
after integrating by parts. By virtue of (2.1.49)) and ([2.1.50)), there exists

,T) >0

™ | =

C = C(Eb ||f||L2(O,T;L°°))

162



such that

1
c /po‘_1|02w|22 —/|82w|2.
1 T w
T ¢Jr

Note that, under our assumptions, p and 1/p are bounded (see (2.1.49)) and ([2.1.50))). There-

fore all coefficients involving L* norms of p to some power can be bounded by some constant

C = M(Ev || flle201:00 é, T,~,a). The constant may change line by line.

e Estimate for H;:

/(u + up®20,p) Opwdiw
T
< [|0;wl 2 l|Opwll e[l 2 + CllOwl| 2| Oz w]| 210wl Lo

1
< Toc0zwllze + Clldswlzallulzn + Clloww]z2|192pllz2-

e Estimate for Hs:

[ 1o
T

e Estimate for Hs:

< o™ Mo llwll o [10zw] 21| Oz pll 2

/ wowdypp? ™t
T

< Cllwlz2ll0swl 2 )|0wpl 22 + CllOswl 7210 2.

e Estimate for Hy:

/pawm:vw’?
T

[wllZee + Cll0pwllz

1 ) 1
< B—anlleH@MILz < v

< Cllwllf + Cllosw] L.
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e Estimate for Hj:

1
p1+a

< Clloswlzz[lw]F 1|0zl 2

< ll0swllze w0z pll 2

/ w20y wdypp "
T

< Clloswlzz[[wlZ:l10:p] 22 + CllOawllz2 ] Oapll 2.

e Estimate for Hg:

< Cl|Osw]| 22 |0zp]] 2-

/ P 0,0, p
T

e Estimate for Hy:

1
< 1—OC||3§UJ||%2 + C|\ 0 f 117

/ p*0?w0, f
T

Putting together the above estimates gives

d 1
— [0z w72 + - [|07w]72
dt 2c (2.1.58)
< C ([0wwlzallullipn + 0:wlZ2ll0Zpl 72 + 0wl 72 + 00|72 |02pll12) + G

with

G = C (Iplle=0awllZz + lwllz2|awllz2 |0 pllz2 + [|0swl 721 Oapll 2

Hlwlz + 10wz [wlZ2 11000l 22 + 10wl 10pllz2 + 102 £11Z2) -

By virtue of the estimates (2.1.50), (2.1.51)) and (2.1.52)) we deduce that

||GHL1((O,T)) S M(E27 ”f||L2(O,T;H1)7 7T)

™|

Step 3. Letting m = 2 in (2.1.56) and using the embedding H'(T) C L>(T) we get

d
Fl122nlze < ClOZull 210201172 + Cllola 102ul 12 1020 2
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Recalling the definition (2.1.44) w = —¢,p” + ¢,p*0,u we have

T R

cup® ¢y

O*w O, w0, wo? w0, p|?

_ — 2 lp_ mpl—FOé(Oé—l-l) | p|2
u pa L pa—i- Cu pa+ Cu pa+
C —o— C —a—

+ Py = a)dipp T+ Py = a)(y — a = 1)[0ap P (2.1.59)

1 1
Consequently

03ull e < C (|03wllzz + [[0aw] L2l|Ospll L + llwll e 0201 2

Hllwll o 1820) 2 102 pl 2o + 1107 Hloo 10Z0]1 22 + 11072 oo 10zl 2 | Orpll 2= ) -
Therefore, we obtain

<ol

< O (102l + s NoRoll 132l + Nl 0wl 2§02l Dupl s
+ ol Dl 102613 + ol ol 02l o2l
il |26l + ol 1921

Ol + O (12l + oW 102013 + ol 0ew 20201
ol ol 19201 + Il ol 9213 + ol 2613 + ol 021

1
< (02wl + Fllo2ll
(2.1.60)

with
F= C([|02ull2 + llpllFn + ol || 8wl 2

Hlwlmllolla + lwllm el + lelm + llolE) -
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Combining the estimates (2.1.50)), (2.1.51)) and (2.1.52)) yields

| —

| F | 10,1y < M(Ea, || fll 220,001 (1)), = T)-

(s

Step 4. Adding (2.1.60) to (2.1.58)) leads to

d 1
U0l + 12ew]l72) + - l|02w]lz:
< | Opw|22 H + |02p)22(F + C||dsw])?:) + G (2.1.61)

< ([|0wl|72 + |02p]|12)(H + F + C||0,w|)72) + G

with

H = C ([ullfr + 10:wl[72 + 10zw] 2 [10zp]l 2)

satisfying, in virtue of (2.1.50)), (2.1.51)) and (2.1.52)),

||H||L1((O,T)) S M(E27 ||f||L2(O,T;H1)7 aT)

™ |~

Finally, we integrate (2.1.61)) in time, then apply Gronwall’s lemma, the estimates for F', G
and H, and the estimate ([2.1.52)) on ||0,w||z2(0,r;r2) to obtain

1
||a§PHL°o(0,T;L2) + ||0xw|| oo (0,7522) + EHaszL?(O,T;L?)

1
< M(E27 Hf||L2(0,T;H1)> ;»Ta Ha:zPOHLQa ”6~Tw0HL2)

1
< M(Es, || fll 20,01, ;>T),

where

E3 = By + ||02pol| 2 + [|02uol| r2-
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It then follows easily that

1
102ull Lo (0m52) + 1020l 20,72 < M (B3, || fll 20,28, > T).
]
Lemma 2.1.13. For any k > 2 there exists My, depending only on k such that
105 pll oo (0.7:2) + 105 wl| oo 0,722y + 195w L2 (0.7:22)
(2.1.62)

| —

+ (|05 ull e 22y + 105 ull 20 122y < M (B, 1f | 201y, =, T)

(s

where

Ej1 = By + 0% pol| 12 + [|0%uol| 2

Proof. The proof proceeds by induction in k. According to Lemma [2.1.12] (2.1.62)) holds for

k = 2. Assuming that (2.1.62)) holds for k — 1 with k& > 3, to obtain it for k& we perform H*

energy estimate for p and H*! energy estimate for w. This follows along the same lines as

that of Lemma [2.1.12] We first apply (2.1.56) with m = k to have

d
Zl22elze < Cllozullz107 o117 + ol 105 ull 2102 ] 2

1
< M (B |-y, T) (105l 2|08l + 106 2105l )

(2.1.63)

By differentiating k£ times the formula

Oy = —wp “ 4 cpp”™
Cu

and using the induction hypothesis together with the fact that £ > 3 we obtain

10z ull 2 < ClI[0F, p~° w2 + Cllp™*Fgwll e + 10507 "| 2

< Cl|0up™ |z N[l x-r + Cllp™ | v [[e0] o
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+ Cllp™ e llozwllzz + 10707 | 2
< Cllp™* 2 llwllzx— + Cllp™ | [l 1+

+Cllp™ N llozwlze + [lp7 | e

| —

< M (B, 1f iz~ T) (105wl + 105l + 1).

(s

It then follows from ([2.1.63) that

d
kol

< M(Ex, | fllz207m-2), = T) [I|8fplliz(||3§UIlL2 +1) + 05wl 22 |19 pll 2 + 1] (2.1.64)

= | =
| =

1
< 0wl + M (Ex, 1 s, - T) [195013: (105ull 2 + 1) + 1]

(s

1 T) > 0 is a positive number such that

where ¢ = c(E1, || f|lr20,7:00) ,

PPt > = V(x,t) € T x [0,T).

Next, we differentiate equation (2.1.57)) £ — 1 times in z, multiply the resulting equation by

Ok~Lw and integrate over T. We estimate successively each resulting term on the right hand

side of ([2.1.57]).

1. The dissipation term:

/0';1(/)&18511))6”;110 = _/352(/)0‘153“’)851”
T T

k—2
=— / POk w]? — / O5w Y Codlp* 0w
T T =1

k—2
1 . .
< ——l0zwlze + Cllozwll > Cellnp M| z= 10y~ wll 2
(=1
1 _
< ——l0zwlize + Cllozwllczlpllas— (105 wllzz + llwllz2)

1 .
—5 105wllzz + Cllpl e (195 wllZz + [lwll72)
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| —

1 J—
< _%HaﬁwHé + M(Ek, HfHLQ(O,T;HkJ), ,T) (Ha:ltc 11”“%2 + 1)'

(hs

2. The drift term. We have

/ 2 (udpw + € p* 2 0ppdyw) 05w
T

a—1
= —/8§_2 (ud,w)Oiw — cu/(?ﬁ_Q (0s P Dpw) Piw
T T a—1

where we adopted the convention ’f%ll = Inp when o = 1. Noting that H*~%(T) is an algebra

for k > 3, we then bound

/ 8;“_1 (u@xw + cupo‘_Zﬁxpﬁxw)af_lw‘
T

pa—l
< Okl el sl s + w2 2 s o e
< L j0kulz + Ol + 1 2 s
~ 20c” " " a—1"1 H

1 1 _
Q_OCHa;:CwH%? + M(Ekv ||f||L2(0,T;H’“*2)’ ;’ T) (||8f le%Q + 1)

IN

3. The nonlinear term:

/85_1(p_0‘w2)8f_1w' = /85_2(p_0‘w2)8fw
T T

< Cllp™ llaze—2 | wl|Zs—2 [ 95wl e

IN

1 —a
S0l + Ol sl

1 1
—[|0* M(E ey, —, T).
200” xuﬂL2+_ ( kﬂHfHL%QTJﬂ %7p7 )

4. The zero-order term:

[ o ek | < a0 o
T

< M (Ex, | fll 2015052y, = T) 105wl .

= I =
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5. The forcing term:

ot (paazf)aflw' =| [ o (p*0.f)Ow
T T

< Cllpo‘\lm—2|!5 Fllge=2l|Ozw]] 2

HakaL2 + M (B, [1fll 2052, = T) 1 f [0

I‘QIP—‘

- 20
Putting the estimates 1. through 5. together, we obtain

0wz < 7)oz wllz

™ | =

2
22 Nkl + M (B |l sz,

+ M (Ep, | fll 20152y, = T) (|| f |71 + 1).

Ibli—

Combining this with (2.1.64) and Gronwall’s lemma leads to

||afp|’%°°(0,T;L2) + H@i“_lwllioommm + ||8§w||%2(O,T;L2)

< M (J105pol3s + 105wl + 1130 pissy + ) exp (M (105ull s o) + 7))

where we denoted

M = M (E, || fll 20702y, = T)

Ibli—‘

and used the fact that the L?(0,T; H*) norm of u is controlled by M.
It follows easily from this that ||0Ful| (0. r,z2) and |85 ul r2(0.7,22) can be controlled by

the same bound. This finishes the proof of (2.1.62]). [

In view of Lemmas [2.1.11], [2.1.12| and [2.1.13| we have proved that

sup |[pl[z (0,1;H*) + SUP ||U||L°o(0THk) + sup ||u||L2(O,T;Hk+1)
T€l0,T%) T€[0,7%) Te[0,T*) (2.1.65)

< My (1100, o) st 11| 20 sapmison

for k > 1. Appealing to local existence, established by Prop. the solution can be
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extended past T™.

2.1.5 Proof of Theorem [2.1.2|

We assume here that ¢, > 0 and that a € (3,1], ¥ > 2a. By Prop. [2.1.2] there exists a

positive time Ty such that problem ([2.1.1))-(2.1.3]) has a unique solution (p, ) on [0, Ty] such
that

p €C(0,Ty; H*), w e C(0,Ty; H*) N L*(0, Ty; H**Y), k>3, (2.1.66)

and p > 0 on [0, Ty]. Let T* be the maximal lifetime of the classical solution (p,u), so that,
by Theorem [2.1.1

inf minp(x,t) = 0. (2.1.67)

te(0,T*) z€T

We claim that 7% = co. We will argue by contradiction. Let us note that the H* regularity,

k > 3, of (p, ) suffices to justify all the calculations below. Recall from the proof of Lemma

in Section [2.1.8] that
X =u+c,p* ?0up, (2.1.68)

defined also in equation (2.1.107)), satisfies

O X +ud, X = —fyc—pp%o‘(X —u)+ f= —'y&pV*aX + ’yc—pp%au + f. (2.1.69)
Cu Cu Cu
By Lemma 1., we have
o0l oizoe (my) < M(EL || fllL20i2), T)- (2.1.70)

Since v > 2a > a + % for a € (%, 1], combining the above estimate with (2.1.26]), we have

107 “ull oo,y < M(EL ([ fll g2, T)- (21.71)
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Note also
-« —-a—1 —20( a—3
0x (P u) = (V/pOpu)p? ™72 + (v — @) p 2 (p* "2 0up) (v/Pu)
Now, estimate ([2.1.39) implies

o3
1(p*20:0) | 20,m:22(1)) < M(EL || fll20.1300), T)-

Putting together this, (2.1.26)), (2.1.27), (2.1.70)), and the assumption that v > 2« we deduce

that

10:(p" ™ W) | L2052 (my) < M(En, ([ fll220,7505), T).

which combined with (2.1.71)) yields
17 “ull 2wy < M(Ew, || fll20.1ize<), T)- (21.72)
Since ([2.1.69) is a transport equation we then have

| X[ oo (0,7;50)

c o C —a
< (HXOHL°° + ’YC—pHPV ul| L1 (0,7;n00) + HfHLl(o,T;Loo)) exp (vc—pllp” HLl(O,T;LOO)) (2.1.73)
" 1

< M(Ey, || Xollzoos 1 f | 220,50, T)-

Recall that X = u + %,u(p) = u + ¢,p*20,p, hence Xp'=* = up?”™* + ¢,p7"20,p. It then
follows from (2.1.70)), (2.1.72)) and (2.1.73) that

107 20upl| 20,200y < M (B, [| Xoll oo, || f || 22075150y T)- (2.1.74)
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Using (2.1.1)) and ( - we obtain

Opu+ (u — M+Pw)axu = @8@ — p(pT)amp + f =cup® 'OPu—cyp"0up+ . (2.1.75)

Using the maximum principle (see the argument leading to (2.1.89) below and a similar

argument for the minimum) and the bound (2.1.74)) gives

lull L o,r5250) < ol + ¥l 20upllLro.7s000) + | fll L2 0,150

< M(Ex, [[(Xo,uo) [z, | fllz20,;0), T)-

From the definition of X and , this yields

1020 | oo o/rizoey < M(EL, [[(Xo,uo)l Lo, || £l 2205250, T)
when o < 1, and

10: I pl| oo 0.7;200) < M(Ey, [[(Xo, wo)||zees || fl 220,700y, T)

when a = 1.

When « < 1, the continuity equation implies

O (p*) = —(a = 1)y (up)p* 2.

Integrating this in space and time and using the definition of X leads to

fore
T

/pa 'do + (a — 1)(a — 2) / / upp®20pp)(, z)dxdz
T

.4\,%\

06 1dav—l— (a0 —2)(a—1) / / uc, p® 20yp)(x, z)dzdz

06 ldx—i-C/ /X2xzdxdz
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valid for 0 < ¢ < T.

Similarly, when o = 1 we have

/lnp(:v,t)dx /lnpodm
T T

Then by virtue of (2.1.73)), (2.1.76]), (2.1.77)), (2.1.80), Poincaré-Wirtinger’s inequality and

t
< +C/ /XQ(:v,z)dasdz, 0<t<T. (2.1.81)
0 T

Sobolev embedding we deduce that

16° M| Loo0,73000) < M (B, (| (Xo, wo) || poe, 106 1 ors 1 205220y, T)

if @ < 1.
On the other hand, if « = 1, (2.1.70) combined with with (2.1.81]), Poincaré-~Wirtinger’s

inequality and Sobolev embedding, yields

| In pl| oo 0,75200) < M(Ex, [|(Xo, wo) || 2o, | I pollze, | £l 220,700y, T)-

Consequently

: a—1
it o) 2 F (M (B, (Ko o)l 105 e + 10 poll | Pl T))

where

za-1 if v < 1,
F(z) = (2.1.82)
—F if a =1.
Therefore,

inf t
(x,t)elﬂrnx [0,7%) plz;t)

> F (M (Eo, ||(Xo, uo) ||z, |05 lees | I poll e, | fllz2o.z500e), T)) > 0

174



which contradicts ([2.1.67)).

2.1.6 Proof of Theorem [2.1.3

Recall the assumptions (2.1.7)) and (2.1.8)) Assume that ¢, > 0 and either

1
a> g, vE[a,a+1], v#1 or (2.1.83)

a>0, y€a,a+l], ~v>1. (2.1.84)

By Prop. [2.1.2] there exists a positive time T such that problem (2.1.1)-(2.1.3)) has a unique
solution (p,u) on [0, Ty] such that

p € C0,Ty; H*), w € C(0,Ty; HY) N L*(0, Ty; H*Y), k> 4, (2.1.85)

and p > 0 on [0, Ty]. Let T be the maximal existence time. We claim that 7% = co. Assume

by contradiction that 7™ is finite. By Theorem [2.1.1] we have

inf min p(x,t) = 0. (2.1.86)

te[0,7*) z€T

From Lemma [2.1.1] the w equation (2.1.45)) is

dw = ¢, p* 102w — (u + ¢, p® 20,p) Oy + z—p (v —2(a+1)) p"w
o
2

1 —a, 2 CP 2v—a
— —(a+Dpw + = (y—(a+1)) p7 (2.1.87)
Cu Cu

Note that the assumption f(z,t) = f(t) was used to have 0, f = 0. It follows from ({2.1.85))

and the equation (2.1.87)) that

w e C(0,T; H*) N L*(0,T; HY), ow € C(0,T; H') c C(T x [0,T))
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Thus, w € CY(T x [0,7]) and thus the function

wy(t) == I;lea%w(ai,t) (2.1.88)

is Lipschitz continuous on [0, T']. According to the Rademacher theorem, w), is differentiable

almost everywhere on [0,7]. There exists for each ¢ € [0,7*) a point z; such that

wp(t) = w(wy, t).

Let t € (0,7) be a point at which w), is differentiable. We have

wh(t) = lim

h—0t h
_ lim W(Tyip,t + h) —w(zy, t)
h—0+ h
> lim wiz,t +h) —w(z, 1) = Qyw(xy, t).
h—0+ h
On the other hand,
. wpg t) — w pr t—nh
R
_ 5 w(zy, t) —w(xy_p, t —h)
N h—0+ h
- w(wy, t) —w(w,t —h)
< hli)l’{)l+ A = a{(ﬂ(l’t, t)

Thus, w),(t) = dww(xy,t) if wyy is differentiable at . We deduce from this and equation

(2.1.87) that for almost every ¢ € (0,7T),

drwy < A(t)wy + B(t)wy, + C(t) (2.1.89)
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with

B(t) =~ (o Dola)
C(t) = — (v — (o + 1)) plae)r

where we used the facts that d%w(z;,t) < 0 and d,w(xs, t) = 0. Note that B(t) < 0. In
addition, the function C' is nonpositive under the conditions (2.1.7). The condition on the

initial data (2.1.9) is equivalent to wy(0) < 0. We deduce that
wt) <0,  Vt<T (2.1.90)

At the point y; where the density attains its minimum value p,, := p(y;, t), pm, satisfies

w C C
Oum = —Oyu(y)pom = — 2 gl _ B preatt 5 & e (2.1.91)
Cu Cp Cu

where we used (2.1.90)). Provided that v # «, this implies the differential inequality

1 c
O(pl) > =2, 2.1.92
((l/ — 7) t( ) Cu ( )
Since a0 < 7, we find
o— CP
o) < 2y~ a) (2.1.93)
o
which implies )
n®) 2 (0P 4120 - ) " < (2.1.94)
m
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Since ¢,/c, > 0, this implies that
1

C a—vy
inf mi t) > p(0)*7 + T2 (y — 2.1.
te%,lw)rfé%‘p@’ ) = <p (0)*™" + o (v a)) >0 (2.1.95)

which contradicts the assumption (2.1.86). We conclude that the solution (p,u) is global in
time.

On the other hand, when o« = v we have

O ln py, > — 2 (2.1.96)
Cu
and thus
Pm(t) > pm(0) exp (—ti—p> >0 (2.1.97)
n

which again leads to a contradiction with (2.1.86)).

Remark 2.1.14. With a more refined maximum principle argument, one can relax the regu-
larity requirement of k£ > 4 which we used to conclude that (2.1.88]) is Lipschitz continuous
on [0, 7.

2.1.7 Proof of Theorem [2.1.5

In this section, we give an upper bound for the long-time average maximum density, assuming
that the forcing has zero mean in space. This follows by an application of the Bresch—

Desjardins’s entropy and the following elementary lemma.

Lemma 2.1.15. Let m > 1. If k™ € WHH(T) then we have
1Pl ooy < 20100 (W™ 175 oy + 4l Al 22 (T)- (2.1.98)

Proof of Lemma[2.1.15 Since h € WH(T) C C%(T), we have h € C°(T). In particular, there
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exists a point o € T such that |h(zo)| < v/2||h||fi(r). For all z € T we have

) - | "0, (™ () dy + h™ (o),

hence

(@)™ < N0h™ |[1amy + [A(o)|™ < 10:(B™ )Ly + V2IRI T -

In view of the elementary inequality
(a—i—b)# < 2aw +2bw, a, b, m>0,

we thus obtain ([2.1.98]).

Proof of Theorem[2.1.5 Recall our assumptions

v € max{2 —a,a},a+1], a>1/2, and c,c, > 0.

Next, by Lemma the entropy

p dup
s=gut FM(P) +7(p).
satisfies
d ! Oy
7 [ sl )de = —/Iaxf)IQu(p)]Lf)d:rﬂL/fp(qu 2 p))da.
T T P T P

Integrating this in time yields

T
/s(x,T)dx—/s(:c,O)d:c—l—cpcufy/ /po‘ﬂ?’]@xpﬁdxdt
T T o Jr

T T
:/ /fpuda:dt—i—cu/ /fpo‘l&rpdxdt.
o Jr 0o JT

179

(2.1.99)

(2.1.100)

(2.1.101)



Using the assumption (2.1.10)) we calculate

T T T
/ / fpudadt = —/ /g@x(pu)dxdt = / /g@tp dadt
o Jr o Jr o Jr

= /T(gp)(x?T) dx—A(gp)(x,O) dx—/OT/Tpatgdxdt-

This implies

T
[ [ 1] < 2alimmim s + logluaras ol
0 T

< 2||gll =iz lpoll + T1|Orgl oeor:252) [l ool

On the other hand, using Cauchy—Schwarz, we have

T
Cu/ /fpo‘_laxpdxdt‘
o Jr

1 T T
—cpc,/y/ /pa+7_3|8xp]2dxdt+0/ /pa_7+1f2da:dt
2 o Jr o Jr

1 T
< 5%%7/ /Tp 20,2 dadt + CT (1 + [ poll 117 0,710
0

IN

Here, C is a constant which depends only on ¢,,c, and . We have used the assumption
that 7 belongs to the range v € [max{2 — «a,a},a + 1] with a > 1/2 to have
0<a—v+1< 1.

Note that the allowed range of v and « requires that v > 3/2 always. Since, in particular

v > 1 we have 7(p) > 0 and s > 0. Thus, putting all together, we obtain the bound

1 T
50170//7/ /Pa+7_3‘8xp|2d$dt
0o JT

< 2[|g|| e o.75zo) | polly + T'[|0rgl| Lo (0,720 || P01

+ CT( + )50 o5y + [ s(,0)d

T
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We thus obtain

1 T
Ecpc,ﬂ/ /po‘+7_3|8xp|2d1‘dt < MT + My,
o Jr

where M is a constant which depends only on c,, ¢, v, a, |lpollze, |90 Iz, [luollze,
18p0ll 2, (19l and My depends only on ¢, cpy 7, lollzt, [Oglloriz), and
1029l Lo 0.2

In particular,
T
/ /@@””“$@&§MJ+M%
o Jr

where Mo = MMi, for : = 0,1. Here, we used the fact that « +v —1 > 0.

2cpepy

By assumption ([2.1.99) we have that o+ > 2max{1,a} > 2 which implies - < 2. We
now apply Lemma [2.1.15| with m := (o +~ — 1). Using the embedding L*(T) € L*(T), we

obtain

T T 1
| ot ollmde <2 [ o)t + 4Tl
0 0

Consequently,

T
Anmwmmw

T
< 2/ (10:(p"™)|72 + 1)dt + 4T || pol| 21 < 2(M3T + My) + 2T + 4T || pol| 11
0

Hence,

e 2
f/ (e )l < (2M; 42 + dllpolla) + 00, (2.1.102)
0

and the claim follows, with the definition

Cl :2M2, 02 = 2M3+2+4||p0||L1 (21103)
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2.1.8 Technical tools: Bresch-Desjardins’s entropy and local well-

posedness
Bresch-Desjardins’s entropy

For the sake of completeness we present the proof of Lemma [2.1.8 which essentially follows

from [12], 14, [15]. From the continuity equation (2.1.1)), any smooth £(p) satisfies

0i&(p) = 9p€'(p) = —0u(up)€'(p) = —udi€(p) — p(Isu)€ (p). (2.1.104)
Using equation ([2.1.104) applied to the function 9,£(p), we find the evolution of pd,£(p)):

O1(p0a€(p)) = —0u(pu)0u€(p) + pO:0:E(p)
= —0:(pu)0:€(p) — POz (udu€(p) + p(0su)€ (p))
= —0,(pu)0:&(p) — pOrude€(p) — pudié(p) — pdu(p(0:uw)€'(p))  (2.1.105)
= —0.(puds&(p)) — pzudu(p) — pdu(p(De)€' (p))

= —0,(puds&(p)) — Ou(p*(D,u)E (p)).

Then, letting X := u + 0,&(p), combining equation (2.1.105)) with the momentum equation
B12) yields

Du(pX) = —0u(puX) — Dup(p) + O (p(p)0st) — Ou(P(Oe)E () + pf.  (2:1.106)

We now choose p?&'(p) = u(p), so that the final two terms in (2.1.106]) cancel. Thus with

this choice,

Ozp
X=u+ 2 w(p) (2.1.107)
and, by (2.1.106)), pX satisfies
K(pX) = =0:(puX) — 9up(p) + pf- (2.1.108)
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Whence, we obtain
O1(pX?) = —0,(puX?) — 2X0,p(p) + 2pf X. (2.1.109)

Integrating in space

1d
2dt

- / P00 [opeutn” Lav+ [ ot Zutphar @110

—/pu axﬂ’(p)dw—/IaxPIQM(p)deJr/fp(U+

= dt dx—/|8x ?u(p d:c—l—/fp u+— (p))da.

The global balance (2.1.31)) for entropy s := %pX2 + 7(p) follows.

(pXQ)(fr t)da

2 1(p)) da

Local well-posedness

Proposition 2.1.2. Assume thatp : R™ — R and p: Rt — R* are C* functions away from
zero. Let py and ug belong to H*(T) for an integer k > 1, such that ry := minger po > 0.
Suppose that for all T > 0

f e L*0,T; H(T)).

Then, there exists a Ty > 0 depending only on ||(po, o) || ms(myxm+(m), To and f, and a unique

strong solution (p,u) to - - on [0, To] with data (pg,uo) such that
p € C(0,To; H*(T)), wu € C(0,Ty; H¥(T)) N L*(0, Tp; H*1(T))

and p(x,t) > 22 for all (z,t) € T x [0, To).

Proof. Step 0. (Iteration Scheme) We are going to set up an iteration argument and prove
that the iterates converge to the desired solution. Let us first suppose that the initial data

Po, Ug are smooth, and let us define ry := minger po.
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Let us initialize our scheme as follows:

(pO(I,t>,u0(ZE,t)) = (po(l’),U()(l’)),
pl(l‘at) = po(l’),

and we define u;(x,t) so that

1(p1)
P1

Oz pt(po)
0

1
Oyuy — O2uy = —ugOyug — p—azp(Po) + Oz + f,
0

(2.1.111)

u1|t:0 = U()(l’, O)

Let now n > 2. Given p,_1,u,_1, we iteratively define p,, first, and subsequently w, as

follows
atpn + Un—lazpn = _pn—lamun—la (2.1.112)
n aﬁﬂ n—
g, — 1o )Giun = —Up_10,Up_1 — Oup(pn_1) + Magcun,l + £, (2.1.113)
n Pn—1 Pn—1
(Pns tn)|t=0 = (po, o). (2.1.114)

Let £ > 1 be an integer. We let, for ease of notation,

A= [lpoll s + lluoll v

We are going to prove, by induction on n, that there exists Ty > 0 such that the following

assertions hold.

Step 1: There exists u; € C>°(T x [0, Tp]) satisfying (2.1.111]) and

o u(py)
a0ty < 24, / / P g1y 2 ddt < 8A. (2.1.115)
0 T P1
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Step 2: For n > 2, there exists p, € C>(T x [0, Tp]) satisfying (2.1.112)), (2.1.114)), and

pn(x,t) > % on T x [0, Tp].

Furthermore,

”anL‘X’(O,TO;H’C) < 2A.

Step 3: There exists u,, € C*(T x [0, Tp]) satisfying (2.1.113)), (2.1.114)), and

[ ulen)
[tnll Loo (0,500 < 24, / / (0, )2dadt < 8A.
0 T Pn
Step 4: The sequence (p,, u,) is Cauchy in the space
L>(0,Ty; L*) x (L>=(0, Tp; L*) N L*(0, To; HY)).

Step 5: There exist
u € C(0,To; H) N L(0, Ty; H*)

and

such that (p,u) is a strong solution to the system ([2.1.1)—(2.1.2) with initial data

(po, up). In particular, if k£ = 3, said solution is a classical solution.

Step 6: The constructed strong solution is unique.

Let us now turn to the details.
Step 1. This is the base case of the induction. The existence of u; in the conditions
follows from the general theory of linear parabolic equations, using the fact that pg is bounded

from below by g, and that all functions involved are smooth. The bound (2.1.115|) is obtained

exactly as in Step 3, and we omit the details here.
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Step 2. Let n > 2. Let us adopt the following nomenclature:

P = Pny M= Puoil, U= Uy, Ui= Uy 1.
We recall the induction hypotheses:

V]| o 0,754y < 24, 17| oo (0,20,18%) < 24,
7 (2.1.116)
/ / (0Fv)2dodt < 8A, inf inf n(z,t) >

> o
t€[0,Tp] z€T 2

Existence up to time T and smoothness for p, follow from the method of characteristics.
In what follows, M(-,...,-) will always denote a positive, continuous function increasing
in all its arguments. We first notice that, due to the mass equation (2.1.112) and the

maximum principle, for all k > 1and 0 < ¢t < Ty,
t
i%fp(-, t) > i%fpo - / (-, 8)0v(+, 8)|| Leds > i%fpo — M(A)WV|020|| 20 p02)  (2.1.117)
0
Hence, restricting T to be small only as a function of A and rq, we have

f inf n>0n
tel[ngo] ;:Iel?r plo.t) 2 2

We have therefore recovered the last induction hypothesis in (2.1.116)).
Let us now differentiate the mass equation (2.1.112)) k-times, multiply it by 9%p and

integrate by parts
—(9t/(8k 2dx+/8kp8k v0,p)d /8kp8k N0Lv). (2.1.118)

If £ =1, we obtain
Saulole < C10%ulzellplie + ol 0.0l (2.1.119)
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1
50192pllzz < CllOOI 210222 + 2010upll 210l 21000 | 2o (2.1.120)

+10zpll 2 [0l L= 970l 2. (2.1.121)

Combining (2.1.119)) and (2.1.121)), integrating and using the induction hypotheses, we ob-

tain, for suitable Ty (depending only on A and r()
Hp|‘L°°(07T0;H1) S 2A. (21122)

If £ > 2, in addition to previous estimate (2.1.119)), we also have, for the terms appearing

in (2.1.118),

1
[ ookt = \5 [outprar+ [ oo ot o
" T T (2.1.123)
< 10,0l + ol 105 0npll e < CllolaslolEye + Clll e
Furthermore,
[ 950050.0)| < o2k ol + e 0% e
: (2.1.124)

Now, due to our assumptions on p and the induction hypothesis, we have

< Clloll (Hﬁ L

+ Il a2 llvl| e + ||v||H2Hn||Hk> :
2

=

< M(A,ry"),

LOO

H u?;)

where M depends on p and is an increasing function of its arguments.

Upon summation of m and m using (2.1.119) and m

1
SOuloll
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We now use the induction hypothesis (2.1.116)) to obtain, for 0 <t < Tj,

(e’

< Cllwllmellollzs + Cllollms Inllze loll e + M A 75 ) 1ol e

L2

O (|||l gx exp (—2C At)) < 4CA% + M(A,ry?)

LQ

Upon integration, we obtain the following inequality:
pll e < exp (2CAt) (HpOHHk + AC A%t + SAVEM (A, rgl)) .

It is now straightforward to choose Ty, depending only on A and rg, such that the induction

hypothesis

21l oo (0,10, 10) < 24

is recovered for p, in case k > 2.
Step 3. We now turn to the estimates on the momentum equation (2.1.113)). Multiplying

such equation by u and integrating by parts yields

1
=0, / u’dx — / Mu@iudx = /u - Gpdz, (2.1.125)
2 Jr T P T

where Gy := —v0,v — %pr(n) + BI“T(")&EU + f. If £ > 1, this implies

1 1(p) _
5Ol + /T 7(3M)2dx < M (A, 75 ) ||l 10zl 2 |ul | L~

+ Cllullpallvllzn + M A 75 ) (Inlla fullzz + ol ol llall g+ 1] z2llull22)-
(2.1.126)

Here, we used integration by parts and the following Lemma

Lemma 2.1.16. Let f be a smooth function away from 0, and k be a positive integer. Let

u € H*(T)NL>®(T), and suppose that there exists ro > 0 such that u > ro on T. Then, there
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exists a positive and continuous function M which depends only on f, k and is increasing in

both its arqguments such that the following inequality holds:
I1f o ullmnery < M([[ullzooimy, o) ull sk ry. (2.1.127)
Proof of Lemma [2.1.16. The proof of the lemma follows from Theorem 2.87 in [5], §2.8.2,

and a straightforward cutoff argument. O]

Remark 2.1.17. In what follows, we will always suppress the dependence of M on k and f,

since they are fixed at the beginning of the argument.
Differentiating k-times (k > 1) equation (2.1.113)), multiplying by 0%u, and integrating

by parts yields

lat/(a’;u)de - /(Oﬁu)aé’f (Maiu) dz = —/(Qﬁ“u) -G dx. (2.1.128)
2 Jr T P T

Here, we defined

D ft(1)
7

G = 0! (—v&,ﬂ) — %@p(n) + 0,v + f) ,  for k>1.

When k = 1, the previous display (2.1.128)) implies, upon integration by parts, an application
of the Cauchy—-Schwarz inequality, the induction hypotheses, Lemma [2.1.16| and the bounds

obtained in Step 2, that

1 1
—8t||8xu||%2+—/M(8§u)2dx§ /LGfdx
2 2 )p p TH(P) (2.1.129)

< M(A,rg (Il + Inllzn + Inllzn 1002|020l 22 + I £IIZ2)-

Integrating (2.1.129) and, subsequently, (2.1.126f), upon restricting 7y to be sufficiently
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small only as a function of A and ry, we have, in case k =1,

To
[w]| oo 0,101y < 24, / @((‘ﬁu)%xdt < 8A.
0

Let’s focus now on the case k > 2. We have
- /(Gﬁu)af (Maiu) dz
T p

_ /T (0Fu)oi+ (@axu) dz + /T ()" (ax (@) axu) do

:/@(8?%)2@6
T
+ / o+ {8§,ﬂ} (Oyu)dz — / (D)o (ax (M) 8xu> da
_Jr p o JT p }
(a) ®)

We estimate the last two terms in the previous display:

@l < 55 [ Mt v o [ L (o 12) <awu>)2dx
< 5 [k orrwrar v | ot 2 @
< f_o/qr@(ayluydx (2.1.130)
wararg) (|02 et + 0wl 22| )

@(Eﬁﬂu)de + M (A, 7"51) Il e|| e -

IA
S
%\

Here, M is a continuous and increasing function of its arguments. We used the bounds

obtained in Step 2, the Kato-Ponce commutator estimate, the fact that £ > 2 and Lemma

2.1.16| quoted below, applied to the function @.

Similarly, the following estimate holds true, for k£ > 2:

1
|(b)] < E/T@(ajf“ufdx + M (A,rg ") ||ul| e (2.1.131)
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Again, M is a positive, continuous and increasing function of its arguments.
We now proceed to estimate the terms contained in the RHS of equation (2.1.128)) (the

terms named “G”), in case k > 2:

/ (OF1u) - Gy dz
T

<L / 1P) (g 2dy 4 5 / PG,
T P T 11(p)

Due to the bounds on p, we have

P~ -1 2
——Grde < M (A, Grll72-
/’[[‘ ( ) k = ( 0 )H kHL

Let us now define two auxiliary functions i (the thermodynamic enthalpy) and ¢ in such

a way that

=
S
Il
E\
S
~
Y
—
=
Il
t\
~

x
, for z > 0.

We now estimate:

102~ (v0z0)[IZ2 < Cllollze vl < CA

Furthermore,

1 Ozp _
ok (#) 12 < IR0 % < M(A, 15",

where we used Lemma [2.1.16, applied to the function h.

Finally, we have, since k > 2,

2

n L2
= 10:C(m 2 |[7x1 < C IS #10w0] oo + 0] 12 102C (1) || o)

< M(A,rgh).

Hence, for the term Gy, we have

/ (0510) - Gy da
T

<5/ @@ﬁ“u)%x FMAG A [l (21132)
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Putting together estimates (2.1.125)), (2.1.128]), (2.1.130), (2.1.131]), (2.1.132)), and ignor-

ing the positive integral term in the LHS, we obtain the inequality
1 _ _
Ol < M (A rg?) Hlullas + M (A rg™) (1 (1 [ge-a)-

Using Gronwall’s inequality, upon restricting Ty to be small depending only on A, ry and f,
we deduce that

||u”L°°(O,T0;Hk) S 2A. (21133)

We now revisit the same estimates without discarding the positive integral term in the LHS.

We obtain, upon restricting 7y to be smaller, depending only on A and rq and f, that
To
/ / (0Fu)?dzdt < 8A. (2.1.134)

We have therefore recovered the induction hypotheses|2.1.116, and in particular the sequence
(pn, Uy, is uniformly bounded in L°°(0, To; H*(T)) x (L>(0, Ty; H*(T)) N L2(0, Ty; H*(T)).

Step 4. We now show that, for some Tj, depending only on A, g, the sequence (p,, u,)
is Cauchy in the space L>(0,Ty; L?) x (L>=(0, Ty; L*) N L*(0, Ty; L?)).

Let’s first consider the equation satisfied by du,, := w11 — wy:

8t(§u ) _ :u(pn-f—l)aQu 41 + /“L(pn)alu
N o " (2.1.135)

= ;(:) (u2 - u ) + (9 ( ( ) h(pn—l)) + aacC(pn) aﬂcun - a:vC(pn—l) aacun—l-

Recall that we defined h and ( so that the following equalities hold true:
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We now multiply equation (2.1.135)) by du,, and integrate by parts. We have:

T Pn

Pn+1
_— / (0 P 52 5 Yo+ / (Wn) - “(”"“)) 02y, (Suy)dz .
T Pn+1 , T Pn Pn+1 .
@

(a)
Note that, due to Step 3, there exists ¢ = ¢(A,rg) such that, up to time Ty, there holds

“;p_") > ¢ for all integers i > 0.
Hence, for the term in (a), upon integration by parts,

Lo plpn
(@) 2 .G = 1022l 10400,
> |0 (Gun) 17 = M (A, 75) (16unl 2 195 (5un) 122 + N6uall 2102 (5un) 2

M(A, 1) [0 Z-

> ||ax(5un)||2L2 -

Here, we used Lemma [2.1.16] the Gagliardo—Nirenberg—Sobolev inequality and the Young

N O

inequality.

We now estimate

(b) > =M (A, 5 )0pnll 2| OFunl [l 6wl 22 1 0unl 7

Let us now turn to the terms appearing in the RHS of (2.1.135]). We define

((5un)ax(h<pn) - h(pnfl))dx

1

/—&Aui - ui_l)(éun)dx+/

T 2 o Jr .
(d)

©

T

©
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Then, for (c), we have, after integration by parts,

1
|<C)| < ]w(A)||8cc(5un)||L2”(Sun—IHL2 < 1_OC||az(5un)“2L2 + M(A)H(Sun—l“%?'

Concerning the term (d), instead,

|(d)] =

1 _
/Tax(&tn) (Aon) = Ppn-1))d| < 75110 (Oun) |22 + M (A, g )10pn-az:

Again, we used the fact that, due to the uniform bounds on p,,, h is Lipschitz of constant
depending only on A and ry.

Finally, concerning (e),

|(e)] <

+

/T (50) 0 () 0u (Bt 1)z

/T (54)0u(C(pn) — C(Par))Psttnrdda

< (10wl Lo 102C (o) | 2|0 (Ot 1) || 22 + ‘/T(C(pn) = C(Pn-1))0u((Sun) Dot -1 )daz

< M(A,ro‘l)<||5un||52||8$(5un)||§2||8z(5un_1)||Lz + ||5x(5un—1)||m||5un||L2>
+ M (A, 75 ) (10pn-1ll 2110 un | 2 [ 05unl 72 + 16pn—1 ]| L2 ll0tn| e [|OFun]| 2)

where dp,_1 := pp — pn_1. Putting together the estimates on the momentum equation, we

have

SO 3+ 15-110u (0w 2
< M(A, 15 (16ualZ2 + 9] + 15p1132)
- M(A 15 V[0 22 1020 | 2 51l 10 (501
+ MA, 75 (0t 22100 (Gt | 102 (Bt 22 + 1100 (Gt 2 G2t z2)

1
+ M (A, g ) (10pnll 2 10a0unl L2102 | 22 + 10 pn 2|02t | o0 07t 2)-

Upon integration between time s = 0 and s = ¢, using Holder’s inequality and the bounds
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obtained in Step 1,

@) ) + 151100 G sz
< M(A,15) (022 0 2y + 11220 z2) + 1900112020
- M (A, g Y 10l w02 1910l o 1) 192 (500 | 11
- M(A, 7 (80 2 0 102 (G2t 25015102 (1) 20,22

— 1
+ M (A, 16" )t2(|0:(0un—1) || 20,622 10t | oo 0,6:22)

(2.1.136)
1y,
+ M(A,rg )t ||6pn—y | 20w (0.4522) |0 (S ) [ L2 (0,152
1y,
+ M(A,rg )t ||6pn—y | 20w (0.4522) |0 0n || 12 (0,4 22)
_ 1 1 1
M (AT 181 e 050 1900 e 119200
1 1y,
< 2_Oc||a:v<5un)Hi2(o,t;L2) + M(A, 7, l)t‘*(HéunH%oo(o,t;H) + Héun%”%w(o,t;w)"‘
16pn-11l700 0.6:22) + 102 (Sun—1)|Z20,1:22))-
Let us now calculate the equation satisfied by differences of p,,:
8t(5pn) = _unaxpn—‘rl + un—laxpn - pnaxun + pn—laxun—l- (21137)

Multiplying equation (2.1.137)) by dp,, we obtain

1
SOulpa 3. =

T

T
- i
N ~~

(a) (0)

Considering (a), we have, integrating by parts, using Gagliardo—Nirenberg—Sobolev and

Holder’s inequality,

_|_

(@)] < / (50) (Sttn1)Ou sl / 0, (69 )(6pu )1z

195



1 1 1
< M(A)(|[0pnll 2 ll0tn—1 | F 10011172 + 10022 1 05tun 7).
On the other hand, (b) yields

|(0)] < +

/1r (50) (3pn—1)Dstindlz

[ 610Gt 1do
T

< M(A)(10pnlZ2 + 10pn-1 221 05unl| 72 + M (A) [0 (Stun—1)l| 2|0 | 2.

Putting together the estimates on the mass equation yields

1
< M(A) (1180l 2190 (Gutn 1) 17601 17 + 1001132 1022172 )
+ M(A)|6pnllz2 00122

+ M(A)([10pnlZ2 + 10pn-1llZ2)107tnl| 72 + M (A)]|0x (9ttn—1) | 2|00 2-

Upon integration, the previous display yields

S18on e, e < MOAYEE 180060 10 Bt 1) 19004l
o+ M(AYH 16013 0.2 + M ANl 0122 + 152011 0.522)
+ M (A (169030 (0,502 + 10Pn-11F e 0.:22)) (2.1.138)
+ M (A)2 05 (Ftn-1) [ 20.02) 9Pl o 012)
< M(A)t% (HCSPnH%oo(o,t;Lz) + ”aﬂv(dun—l)H%?(O,t;L?) + Hfsun—lH%oo(o,t;L?)

+ ||5pn—1||%°°(0,t;L2)>'

Combining now ([2.1.136)) and (2.1.138)), we obtain, for suitably small ¢ depending only
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on A and rg,

1 1 1
Z"éan%w(O,t;LQ) + ZH(SU’TLH%OO(OJ;L?) + Z_OCHam((sun)H%%o,t;B)

_ 1
< M(A, g )3 (102 (Oun—1)l720.0.22) + [10n-1llEo 0.0:22) + 199011 Z0 0 1:22))-

Upon suitable choice of Tp, this implies that the sequence (p,, u,) is Cauchy in the space
L>=(0,Ty; L?) x (L*°(0, Ty; L*) N L2(0, Ty; HY)).

Step 5. Denote
X™ = L>(0,Ty; H™) x (LOO(O,TO; H™) N L*(0, Ty; Hm“))

a Banach space with its canonical norm. We have proved in the previous steps that (p,, uy,)
is bounded in X* and Cauchy in X*~1. The latter implies that (p,,u,) converges to some
(p,u) in X* 1 The former implies that some subsequence (p,,,u,,) converges weak-* to
some (p,,u,) in X*. Since both weak-* convergence in X* and strong convergence in X*~1
imply convergence in the sense of distributions we deduce that (p,u) = (ps,u.) € X*. It
can be easily verified that (p, u) is a strong solution to the system f. Moreover,
since p, — p strongly in L?(0,Ty; L?) and (p,) is bounded in L*°(0,Ty; H') it follows by
interpolation that p, — p strongly in L>(0, Tp; H**), and hence in L>(0, Ty; L>®). This

combined with the fact that p,(z,t) > % for all (z,t) € T x [0, Ty] (see Step 2) yields
plz,t) > % V(z,t) € T x [0, Tp).

Step 6. We now establish uniqueness of strong solutions. Consider solutions (pq,u;)

and (2, us), such that

pi € C(0,Ty; H¥(T)), w; € C(0,Ty; H*(T)) N L*(0, To; H*(T)), for i = 1,2.
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and let (dp, du) = (p1 — pa, u; — uz). We have

0s0u + dudyur + usdpdu = =0y ((p1) — (p2)) + 1 0x(p(p1)Bptr) — 3 0 (1(p2)Dia),

(2.1.139)
00p + O (u10p + p2ou) =0, (2.1.140)
(0p, 0u)|i=o = (0,0) (2.1.141)

We now notice that equation (2.1.139)) is the same as equation (2.1.135)), upon formally
substituting n = 1 in the LHS, and n = 2 in the RHS. Similarly, recalling (2.1.137]), we have

at(épn) = —Up axpn+1 + Un—1 8:cpn _pnaxun + pn—laxun—l .
N——" S - N = —
(a) ® (2 ®) (@) (6)

Formally substituting n = 1 in terms (a), and n = 2 in terms (b), we obtain (2.1.140). It is
then straightforward to see that the same estimates as in Step 4 yield uniqueness of strong

solutions. n

2.2 The two-dimensional shallow water system: a re-
view of existing literature

In this section and in the following, we are mainly going to be concerned with systems of

the type (0.2.18)) in two space dimensions. For completeness, let us recall the form of the

system:

Oy (hu) + div (hu ® u) + ghV(h — b) + c,hu* + ¢,V AR + rou + riu|ul
= v div (hVu) + fh, (2.2.1)

Oth 4 div (hu) = 0,
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Here, the unknowns are a time dependent vector field u(¢,z) and the water height h(t,x).
Furthermore, b(z) : R? — R is the bottom topography. We assume that b < h. We also
have that g is the gravitational acceleration constant, and c,, cs, 79,71,V are non-negative
constants. Moreover, ut = (—us, uy).

We will now review the existing literature on the shallow water system.

The inviscid case

This is the case in which we set ¢, = ¢ = rg = r1 = v = 0 in system . Local existence
can be established by standard techniques if the initial data lies in a sufficiently high—order
Sobolev space (H? is enough), and the height A is uniformly bounded away from 0 initially.
In this case, it is possible to proceed by symmetrization and standard results on symmetric
hyperbolic systems (see Section 2 of [19], and for instance the book by Majda [70]). For

completeness, we review the proof in Section [2.3.1}

Local existence and global stability of classical solutions in the viscous case

The local existence for the viscous and compressible NS systems with non-degenerate viscosity
was first established by Matsumura and Nishida in the context of the Euler equations of gas
dynamics in [72]. Sundbye and Kloeden subsequently adapted the method to show local
existence in the case of degenerate viscosity of the kind present in system .

In addition, Kloeden [63] considered the SW system on the two-dimensional torus (thus,
system (2.2.1) with ¢, = ¢5 = 19 = r; = 0, and v > 0) and showed the existence of
global-in-time solutions when the initial data is close to a constant state (u = 0 and h =
constant initially) and the constant forcing f is conservative and small. Later, there were
several generalizations by Sundbye [84] [85] for the same system, in which moreover inverse

polynomial decay rates are obtained by means of time-weighted energy estimates:
1(Vet, VR) ()| gy < CLA D (V2O o) < CL A1)
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Remark 2.2.1 (Initial data containing vacuum). A different issue is when the initial data
contains “vacuum”, i.e. h is allowed to be 0 somewhere initially. We mention the paper
[33], in which the authors consider a 2D NS system with Coriolis force and non-degenerate

viscosity of the following form:

O (hu) + div (hu ® u) + ghVh + f(hu)™ = pAu + (u + \)V(div ),

Oh + div (hu) = 0.

Here, 4 > 0, and p+ A > 0. They are able to prove, under mild assumptions on the initial
data, that a local classical solution exists even in the case in which h vanishes initially. In

particular, the vacuum set can have arbitrarily large measure.

Remark 2.2.2 (Lagrangian approach). Let us also note that there is a number of works
which prove local existence of solutions to the 2D compressible and viscous NS equations
using a Lagrangian approach. The origin of the approach dates back to Nash in his 1962
paper [78]. Moreover, An Ton adopted a Lagrangian approach to show local existence in

Hoélder spaces [89].

Remark 2.2.3 (Global existence for small data: minimal regularity). In the paper by Wang
and Xu [90], Littlewood—Paley techniques are used to construct local (global for small data)

solutions with H**? initial data, with s > 0, in the viscous case.

Weak solutions for degenerate viscosity

Few results are known away from small data, due to the very degenerate nature of the
equations when h — 0. By a result of Bresch and Desjardins [12], we have global existence
of weak solutions. Other papers by the same group on related topics are [13] and [14]. See

also the paper by Orenga [79].

Theorem 2.2.4 (Existence of weak solutions [12]). Consider the following SW system on

200



the two-dimensional torus T?:

O¢(hu) + div (hu ® u) + rhlujlu — khVAh + hVh — vdiv (hVu) = 0,
Oth + div (hu) = 0.

h(0,x) = hy, (hu)(0,z) = my.
If the initial data satisfy:
ho € LA(Q),  [mof*/ho € LX(Q), V(v/ho) € (L*(D)*, 5V (ho) € (L*())*,
and if v > 0, and either k > 0 or ry > 0 then there is a global weak solution to the above
system.

The definition of weak solution in this case is as follows.

Definition 2.2.5. (u, h) is a weak solution on (0,7") of the system (2.2.4)) if the following

holds true:

e The initial conditions are satisfied in D'(2), and the system is satisfied in (D'((0,7) x

0))3.
e The energy inequality ([2.2.2)) is satisfied a. e. on [0, T7.

e The following technical conditions hold true:

VVh € L=(0,T; (LA(Q)?), Vhu € L0, T; (L*(Q))?),
VhVu € L2(0,T; (L2(Q)Y),  Vhe L*0,T;(L*(Q))?),

rihiu € L3N0, T; (L3(Q)?), kV2h € L2(0,T; (L*(Q))%).
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The classical energy inequality for the system above is the following:

2 2 t t
/(h2+h%+/€@) —|—/ /l/h|Vu]2—|—/ /rlh\u|3
Q 0 Jo 0 Jo

2 2
S/ (h3+ho|u°’ +/~e|w°’)
o 2 2

The main point is that the energy inequality (2.2.2)) does not guarantee compactness in a

(2.2.2)

space that would allow to pass to the limit in the equations. The main insight here is an
additional estimate which ensures compactness in the space defined above, and which allows
sufficient information to pass to the limit.

The coercive quantity found by the authors is called the Bresch—Desjardins entropy, and

gives in particular the following a priori control:

4
dt /.,

1 2 b2 IVAP 2 12 3
§h|u+l/V log h|* + 5t +vk | VR +vry | hul <C. (2.2.3)
Q v

The smoothing effect of rotation in the inviscid case

In the regime where the Coriolis force is strong, it has been observed that the time of
existence provided by the classical local existence theorems can be significantly extended.
We are going to cite two results here, the first one is valid in a small data regime (and uses

dispersive techniques), whereas the second is valid in a large data regime.

Theorem 2.2.6 (Cheng — Xie, 2009 [19]). Consider the initial value problem for the inviscid,

rotating SW system on R?, about the constant state 1 (here, p="h —1):

du+u-Vu+Vp+ut =0,
Op + div (pu) + div u = 0. (2.2.4)

h(0, ) = ho, u(0, ) = up.

Suppose that both p and ug are smooth and compactly supported, and suppose that the “relative
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vorticity” is zero:

Po = a1(U0)2 - 82(“0)1-

Then, if a higher-order Sobolev morm of the initial data is sufficiently small, the system

(2.2.4) admits a global-in-time solution.

The previous result assumed smallness of data. Away from small data, Cheng and Tadmor

proved existence for long time when the effect of rotation dominates.
Theorem 2.2.7 (Cheng—Tadmor, 2007 [I8]). Consider the initial value problem for the

following inviscid, rotating SW system on R?:

1 1
ou+u-Vu+ —Vh+ —ut =0,
g T

1

Oih + div (hu) + —div uw = 0. (2.2.5)
o

h(0> I) = h07 u(O,a:) = Up.

Suppose that hg,ug € H™(R?), m > 5, and 7 > 0 is chosen so that the following subcritical

condition s satisfied pointwise:
Two + THnol? < 1,V 2 € R?,  wy = douy — Oyus.

Here, ng is the spectral gap of the matriz Vug. Assume o < 1, and that ap := infg2(14+0hg) >
0 (initial height away from 0). Then, there is a constant C' independent of o and T such that

the local-in-time solution to (2.2.5)) exists at least until time

2
T = Clog (U—)
T

The subcritical condition serves the purpose to build periodic solutions to the pressureless
system:

1
o+ u-Vu+ —ut =0. (2.2.6)
T
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The proof then proceeds by a perturbation argument around such solution. The authors
claim that this result is consistent with observed so-called near-inertial oscillations. These
are phenomena in the oceans exhibiting almost periodic dynamics up to twenty days after a

storm.

2.3 Some basic facts about the shallow water equa-
tions: well-posedness and global stability

In this section, we are going to review a few fundamental results concerning compressible
inviscid and compressible viscous fluids (with degenerate viscosity coefficient). First, in
Section [2.3.1] we are going to describe the classical proof of local existence to the inviscid
system. Then, in Section [2.3.2] we will deal with the issue of local existence in the viscous
case with degenerate viscosity. Finally, in Section we will prove global stability for

small initial data for the shallow water system.

2.3.1 Local existence in the inviscid case

This proof is classical and it is based on reformulating the system in symmetric hyperbolic
form. Recall that the inviscid shallow water equations are equivalent to the barotropic

compressible Euler equations with exponent v = 2. Here is a precise statement of the result.

Theorem 2.3.1. Consider the inviscid shallow water system (barotropic compressible Euler

with v = 2) with constant bottom topography:

Oth + div (uh) =0,
O+ u - Vu+ gVh +ut =0, (2.3.1)

(u, h)|t=0 = (uo, ho).
Suppose that there exists h > 0 such that the following conditions hold true. Let uy €
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on R?, and

NS

(H3(R%))2, ho € H*(R?), and suppose that there exists h > 0 such that hy >

furthermore

[vFo— V|

< o0. (2.3.2)
H3(R?)

Then, there exists a time T > 0, T(||uol| s gz H\/h — \/Z‘

 h,g) such that a solution
H3(R2)

to the system (2.3.1) ewists on [0,T) x R% and furthermore it is such that u,v/h — Vh €
o0, T; H¥) N CY(0, T; H?).

Proof. By rescaling, we can suppose h = 1. Indeed, making the following transformations:

wi= (gh) Fu(t, (gh)2w), == (A)"'A(t, (gh)%a), (2.3.3)
we obtain the system
Oz +div (wz) =0,
ow~+w-Vw+Vz+wt =0, (2.3.4)

(w, 2)|t=0 = (wo, 20)-
We will be performing estimates in terms of p := z — 1. With respect to p, Equations ({2.3.4])

can be written as follows:
Op + div w + div (wp) = 0,

ow+w-Vw+ Vp+wt =0.

We now define m by the following Equation:

m
1+ 5 =V1+p (2.3.5)
The condition (2.3.2)) enforces that

[[mol| s < 0.

Aslong as p > —1, and if (w, h) is continuously differentiable, the system ([2.3.1]) is equivalent
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to the following system:

om + (14 F)divw +w - Vm = 0,
dw +w-Vw+ (14 tm)Vm +wt =0, (2.3.6)

(w,m)|i=0 = (wo, My).

Here, my is defined as in equation (2.3.5). This system (2.3.6) can now be written in
symmetric hyperbolic form. We define W to be the array W := (w!, w? m), we obtain the

following system:

2
W +> " AdW + BW =0, (2.3.7)

=1

where the matrices A;, B are as follows:

wtoo0 14+ W w20 0
A= 0o W' 0 A= 0 w2 1+ 2]
1+ 0w 0 1+ w2
0 -1 0
B=11 0 0
0 0 0
The local existence and regularity for such a system now follows by Lemma [2.3.1] O]

Remark 2.3.2. Note that the matrices A; and Ay are not simultaneously diagonalizable.

We sketch the proof of the classical local existence statement (see [70]).

Proposition 2.3.1. Consider the initial value problem:

OW + 32 A (W)W + B(W) =0,

(2.3.8)
W(O, LL’) = W().

We consider W as an unknown vector in R¥. We let A;(W) be k x k matrices, linear as

206



functions of W, and B(W) a linear function (vector in R*) of W, vanishing at W = 0.
If Wo € H*(R?), there exists T > 0, depending on [|Wol|ys(gey, B, and A such that the
system (12.3.8) has a unique solution W. Furthermore,

W e L>(0,T; H*(R?)), W, € L>=(0,T; H*(R?)) (2.3.9)

Proof of Lemma [2.5.1. The proof will be divided in three Steps. In Step 1, we mollify
and linearize the system , in order to solve it by the linear theory. In Step 2, we
use the linearized system in an iteration process, obtaining uniform estimates (here the fact
that the A;’s are symmetric is crucial). Finally, in Step 3, we pass to the limit using the

Gagliardo—Nirenberg—Sobolev inequality.

e Step 1. We let ¢ be a smooth function in R?, nonnegative, supported in the unit
ball and such that it integrates to 1 (the Friedrichs mollifier). Given ¢ > 0, we define
@@ () == e %p(e ' x). Given a Lj _ function (or vector) U, we finally define

loc

UE = Pe) * U, (2‘3.10)

the mollified version of U.
We now set up the linearized and smoothed problem. We construct a sequence W;, j € N,
as follows. Let g > 0 be a small number. We let Wt be the constant-in-time smooth

function Wigare (2, 1) := Wy * ©(e0)- We initialize by solving the linear problem:

8tW1 + Z?:l Ai<Wstart)a@'W1 + B(tv xZ, WStaI“t) = 07 (2311)

Wl (O, ZL‘) = Wo * QO(EO).
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For j > 1, given W}, we obtain Wj,, as the solution of the following linear problem:

Wy + >0y A(W))o:W, i + B(t,z, Wy) = 0, (2.3.12)
Wj+1 (0, .T) = WO * 80(60277.)'

By the linear theory (see Evans [37] or Lemma [2.3.4)), given W}, a smooth solution W, to
the problem ([2.3.12]) exists for all time.

e Step 2. By performing energy estimates, we show the following statement about
system (2.3.12)).
Claim. There is a constant £ > 0 and a number 7% > 0 such that, if W; € C*°([0, T%] x

R?), with

IWoll s ey < E, sup Wil s o) < 2E, sup (|0 Wil ooy < 2E,  (2.3.13)
te[0,7*) te[0,7*)

and W;,, is obtained from W; via the system ([2.3.12)), then we have

sup HWJ'HHHB(R?) < 2E, sup Hath+1HH2(R2) <2E. (2.3.14)
te[0,T*) te[0,T*)

Proof of Claim. We let Y := W;, Z := W,;,. Let a be a multi-index in the spatial
variables. We differentiate system (2.3.12)) to get:

8(0°2)

2 _f, 2.3.15
or’ ( )

2
00°Z+ ) A(Y)
=1

where Fo— B0+ Zi: (Ai(y)a(g;z ) o (Ai(Y)gi))

Multiplying by 0*Z and integrating by parts leads to inequality ([2.3.22]), which in this case
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is rephrased as

/|8aZ|2(t,:c)dx—/ 07 Z]2(s, 2)dx

<[ L]z

The previous inequality, upon summation over o and combined with the estimate on the

(2.3.16)
(Y)|-

0%Z|(T, x)dxdT—i—// |Fo(T,2)| - |0%Z|(T, x)dxdT.

nonlinear terms in Lemma [2.3.5] gives:

1Z |1z gey (8) = 1211 yaze) (5)

t (2.3.17)
2
SC/ (12113 g2y (7) + 11211 s g2y (T) 1Y [ s 2y (7)

We conclude by an application of the Gronwall inequality in 7.

e Step 3. By considering the equation satisfied by the difference W, — W, and the
energy inequality, plus the bounds derived in the Claim, it is easy to deduce that, along the

sequence WW;, we have the Cauchy property, possibly by shrinking 7™:

> sup Wit = Wyl paggey < 0. (2.3.18)

jEN te[0,T%]

By completeness, there exists W € C(0, T*; L*(R?)) such that

lim sup [|[W; = W|| sy = 0.

J=0 ¢e(0,T]

We now use the following Sobolev interpolation inequality (valid for 0 < s' <'s):

1.f1

1-s'/s
ey < CIF ey I F e, - (2.3.19)
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We obtain:

lim sup [[W; = W||ei ey = 0.

IR0 1el0,T%]

By equation ([2.3.12)), passing to the limit, we obtain that

ow; _, ow
or ot

in C(0,T*;C(R?)). (2.3.20)

This in particular implies that W € C!([0, T*] x R?), and that hence W is a classical solution

to @39,

By Banach—Alaoglu, we can obtain weak convergence up to a subsequence so that
W; = W in L*®(0,T*; H*(R?)), OW; — O;W in L*®(0,T*; H*(R?)).

By uniqueness of the limit, this implies the regularity in the statement. O]

Remark 2.3.3. The regularity in this theorem can be improved to
W e C(0, T H*(R?),  o,W; € C(0,T*; H*(R?)).

We recall here the fundamental Lemma establishing existence and regularity to a linear

hyperbolic system.

Lemma 2.3.4. Consider a positive number T > 0, and the following linear symmetric

hyperbolic system.:

2
Z

0z + ZAi(t,m)% = F(t,z) on [0,T) x R?,

i=1 (2.3.21)

Z’t:O - ZO.

Here, the unknown Z is a vector in R?, the A;(t,x) are 2x 2 matrices with smooth coefficients

in t,x, such that A;(t,x) is symmetric for all (t,z) € [0,T] X R?, and F(t,z) is a smooth
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vector, such that they satisfy the following conditions:
o Zy € (H*(R?))* N (C*(R?))?,
o A; € (L°°(0,T; H*(R?)))?*2 fori=1,2,
o F e (L>®0,T; H*(R?)))%.

Then, there exists Z € (C*°([0,T) x R?))2N (L>=(0,T; H3(R?)))? solving the system (2.3.21)).

Furthermore, for any multi-index o, the following holds true for all T >t > s > 0:

yaazy2(t,x)dx—/ 07 Z|2(s, ) da
R2 R2

<[,

Here, we have the following definition for F,:

t (2.3.22)
|0 Z|(T, x)dxdr +/ |Fo(T,2)| - |0%Z|(T, x) dzdr.
s JR2

2
> 0, Ai(r,x)
i=1

Fo(r,z) = 0°F(r, 2) + i (Ai<Y)8(§;Z ) g0 (AZ-(Y)%» (7, )

Proof (sketch). The constructive element in this proof is the Cauchy-Kowalevskaya Theo-
rem, combined with an approximation argument (Stone—Weierstrass). We let m > 3, and
we approximate the initial data Zj, the matrices A; and the forcing F' uniformly in C™ by
analytic functions on a 3d cone with large enough aperture (to ensure that the boundary
terms in the energy estimates will be positive). By the linearity of the equations, the solution
provided by the Cauchy—Kowalevskaya theorem exists on the whole cone. We then employ
energy estimates on the cone to obtain uniform bounds in H™ norm along this sequence, and
prove that a subsequence is Cauchy in L? uniformly in time. We conclude by interpolation

and passing to the limit in the equations. O
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Lemma 2.3.5 (Estimates on the nonlinear terms). Consider the matrices

Wt 1+ w20 0
A(W) = 0o W' 0 AW = o w2 14+2 |,
1+% 0w 0 1+% w2
0 —1 0
B=|1 0 0
0 0 0

Here, W € (C*(R?))3. We define the nonlinear term as follows. Given a multi-index o of

order at most 3, we set

2

Ny = 0%(BY)+ ) (Ai(y)a(g;z ) _ e (Ai(y)gi» .

=1

Here, Y and Z are both in (C*°(R?))3. In these conditions, we have the following bound:

INall 22y < C 21 s ey 1Y s ey - (2.3.23)

Proof. This proof is straightforward using the chain rule, the form of A; and the Sobolev
embedding H?(R?) — L>(R?). O

Notice also that the above proof of the local existence statement provides us immediately

with a continuation criterion.

Proposition 2.3.2 (Continuation criterion). Let h > 0, and let
(o, ho — h) € (H*(R?))* x H*(R?)

be initial data for the inviscid shallow water system (2.3.1)), such that ho > h > 0. Then,

there exists a maximal time T > 0 such that the shallow water system (2.3.1) admits a
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solution on [0,T) x R? in the conditions of Theorem|2.3.1. Suppose furthermore that there
exists a large number k > 0, such that, on [0,T) x R?, we have the lower bound on the height:

h > h/k. Then, at T it is necessary that the H> norm of the solution blows up:

(Ol ey + WA sy — o as t = T (2:3.24)

2.3.2 Local existence in the viscous case

In this section, we focus on proving a local existence statement for the SW system in the
degenerate viscosity case. The degenerate viscosity coefficient gives error terms of high order
which need to be dealt with in a careful way. In the case at hand, the iteration scheme needs
to be modified, and that was first done by Matsumura and Nishida in [72]. We wish to prove

the following Theorem.

Theorem 2.3.6 (Local existence to the viscous equations). Consider the viscous shallow

water system
Oth + div (uh) =0,
O+ u - Vu+ gVh +ut — vh=tdiv (hVu) = 0, (2.3.25)
(u, h)|t=0 = (uo, ho).
Here, v > 0 is the viscosity coefficient. Suppose that there exists h > 0 such that hg > %
on R2, and furthermore ug € H*(R?), hg — h € HYR?). Then, there exists a time T > 0,
T(luoll gragrey > 1holl gagey » h,g,v) such that a classical solution to the system (2.3.25)) exists

on [0,T) x R? and furthermore it is such that
h—h e L®(0,T; HY(R?)) N L>(0, T; H*(R?)),

and
u € (L*(0, T3 HY(R?)))* N (L%(0, T5 H*(R?)))*.
Remark 2.3.7. The requirement u, h —h € H*(R?) can be relaxed to u, h —h € H*(R?). The
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regularity of the solution can be improved to h — h € C°(0, T; H*(R?)) N CY(0, T; H3(R?)),

and u € (C°(0, T; H*(R?)))> N (C'(0, T; H*(R?)))?

Proof. We divide the proof in four Steps. In the first step, we will set up a linearized version
of the equations in . Then, in the second step, we will solve such linear equations
uniformly in time and prove a priori estimates for the solution. In the third step we will
bound the right hand side of the linearized equations. Finally, we will close the argument

by setting up the iteration and proving convergence for small time of the iterates.

e Step 1. For simplicity, we let h = 1, and we consider the perturbed linear equations
when 7 > 0 and v are given, with n € C>*°(R?), and v € (C*(R?))?, and we solve for p, u.

Here is the linearized version:

Ou+v-Vu+gVn+vt —vAu—v(l+n)"1Vn - Vo =0,
Oop+ (1 +ndivo+ov-Vp=0, (2.3.26)

(u> p)|t:0 = (UO, po)

We now let Li(u) := d,u’ — vAu', L%(p) = ip+ v - Vp, and rewrite the linearized system in

the following fashion, with the appropriate definitions of F' and G:

L(p) = F(x,t,v,7m),

Li(u) = Gix,t,v,n), i=1,2 (2.3.27)

(u, p)|i=0 = (uo, po)-

This is the linearized system we will be working with.

e Step 2. We prove here a priori estimates for the linearized system. These estimates are

useful both to prove existence of solutions to the linearized equations themselves (see [37],
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Chapter 7), and later to prove existence to the nonlinear problem. We have the following

Lemma.

Lemma 2.3.8 (A priori estimates for L°). Let T > 0. There exists a constant C > 0
such that the following holds. Suppose that n € C*®([0,T] x R?), and furthermore that
v € (C([0,T] x R?))?, and that F is a smooth function of its arqguments. Then there exists

a solution p € C*([0,T) x R?) to the transport equation

L%(p) = F(z,t,0,m),  p(0) = po, (2.3.28)

with smooth initial data py. Furthermore, p satisfies the following inequality:

T
sup o0y < p(CET) (Il + [ exp(-CED) [Pl () ) . 2320

t€[0,T]
where E := supejo 7 HU||H4(R2)'

Proof of Lemma[2.3.8 We solve equation ([2.3.28)) until time 7" by the method of characteris-
tics, as the field v is supposed to be smooth (global Cauchy-Lipschitz applies). Furthermore,
by the linearity and hyperbolic character of the equation, we can reduce to the case when
both uy and F' have compact support (by a partition of unity).

By virtue of these reductions, the solution is now smooth and compactly supported, so we
can just multiply and integrate in the classical way. Integration by parts and the Gronwall

inequality yield the result. O

The following Lemma establishes a priori inequalities for the momentum equation. It

relies on its parabolic character.

Lemma 2.3.9 (A priori estimates for L?). Let T,v > 0. There exists a constant C' > 0
such that the following holds. Suppose that n € C*®([0,T] x R?), and furthermore that

v € (C>([0,T] x R?))?, and that n > 17 > —1, and that G* is a Schwartz function of its
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arguments, for i = 1,2. Suppose the initial data ug are smooth and compactly supported.
Suppose furthermore that

sup ||Gi(x,t,v,77 < 00.

Sup, Mo e

Then, there exists a classical solution u € C*((0,T) xR?) of the inhomogeneous heat equation

L'(u) = G'(x,t,v,n), fori=1,2, u(0) = o, (2.3.30)

with initial data ug. Also, the following a priori inequality holds true:

T
2 2
sup [0(0) e (1) 4 [ [Vl d
te(0,7) 0

o (2.3.31)
< ¢ HUOH§14(R2) + C/O' Z HGi<x7T7U777)Hi[3(R2) dr.
i=1

Proof of Lemma[2.3.9. Let v = 1 for simplicity. We define the solution by the representation

formula:

(€. 1) = exp(—|¢[20) (ao@) - exp<7|f|2>éi<5,t>df) . (2.3.32)

In these conditions, it is easy to show that wu is well defined, and it satisfies u € C*((0,7T) x
R?). Furthermore, u € H*(R?) for all ¢ € [0,T]. Let us consider ¢ > 0. We are in the
conditions to take the 0% derivative of equation , multiply it by 0%u, and integrate
over [t1,t] x R2. The construction of u then gives us enough regularity to cancel the boundary
terms arising in the integration. We use integration by parts on the term in G; on the right
hand side, use the Young inequality with small parameter, and finally hide the term in 0%u

inside the following term in the left hand side:

t
o 2
JRLCR
t1

We then take the limit ¢; — 0, by continuity in H* of the solution given by formula (2.3.32)),

we conclude. n
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e Step 3. In this step, we establish important inequalities for the nonlinear terms

appearing on the right hand side.

Lemma 2.3.10 (Inequalities for the nonlinear right hand side). There erxists a constant
C > 0 and a real polynomial p(x) with positive coefficients such that the following holds true.
Let n € C*(R?), and v € (C*(R?))?> N HY(R?), such that furthermore n > 7 > —1. We

consider the following terms:
F:=—(1+4n)dwwv, G:=—v -Vv—v-—gVn+v(l+n)~'Vy- Vo
Then, we have the following inequalities:

2 2 2 2 2
HFHH‘l(R?) <Cl1+ 77||L00(R2) ||VU||H4(R2) +C ||VT7||H3(R2) HUHH4(R2) J
G| < C 0|2 1-m)™H( . 2nll3 .
1G 32y < Cllvllgaggey + (1 =0)7) A+ [0lla@2)” 101wy 1015 g2

2
+ C Il ey -

Proof. The proof of these inequalities is straightforward using the product rule and the

Sobolev embedding H?(R?) < L*°(R?). O
Similarly, we can establish inequalities when differences are involved:

Lemma 2.3.11 (Inequalities for the right hand side). There ezists a constant C' > 0 and a
real polynomial of three variables with positive coefficients p(xy, xa, x3) such that the following
holds true. Let n,m € C*(R?*) N HY(R?), and u,us,v,v; € (C*(R?))2 N HYR?), such that

furthermore n,n; > n > —1. We consider the following terms:

F:=—(1+mn)divv+ (14 n)div vy,
G:=—v-Vo—uvt—gVn+v(l+n)"Vnp- Vo

+ vy - Vo + (v1) " + gV —v(1+m) 'V - V.
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Then, we have the following inequalities:

2

|7

2 9 ) )
L2(R?) < 2(1 + HUIHHS(Rz)) HV(Ul — U)||L2(Rz) +C HUHHs(Rz) H’f] — 771||L2(R2) ,

-

L1(R?)
2
<Clv- Ul”]ﬁ(R?) (Jlu = U1||L2(R2) + v — U1||L2(R2)) +n— 771||L2(R2)

2
+ Q(||U||H4(R2) (=), ||77||H4(R2))<||U - UIHL?(R?) v — U1HL2(R2) + v = UIHL?(R?))

Proof. Once again, the proof of these inequalities is straightforward using the product rule,
integration by parts and the Sobolev embedding H?(R?) < L*°(R?). Particular care must

be taken to deal with the term
v(1+n0)"'Vn - Vo —v(l+mn)""'Vn - V.

This is why four derivatives are needed in the estimate for G. O

e Step 4. We follow the same procedure as in Step 4 of the proof of Proposition [2.3.1]

The previous steps and the Sobolev interpolation inequality in the following form:

1f1

1-s'/s s'/s
H¥ (R2) <C HfHL?(R/?) | f] Hé(Rz) (2.3.33)

let us conclude the existence of a solution (u, p) such that u,p € L>(0,T; H*(R?)), 0;p €
L>(0,T; H3(R?)) and dyu € L*(0,T; H*(R?)). This solution is in particular a classical

solution. u

Remark 2.3.12. The regularity of the solution can be improved to

u,p € C(0,T; H*(R?)),d,p € C(0,T; H*(R?)), and dyu € C(0,T; H*(R?))
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Remark 2.3.13. The fact that we have a local existence result in H* follows from the form of
the nonlinear right hand side (the estimates in Lemma [2.3.11] require uniform boundedness
for u and n in H*(R?)).

2.3.3 Global stability for small initial data for the SW system with

degenerate viscosity

In this section, we sketch the proof of a global stability theorem for small initial data in
the context of the SW equations. The treatment is after the works of Kloeden [63] and

Sundbye [85].

Theorem 2.3.14 (Global existence for small data for the viscous, unforced shallow water
equations). Let h > 0, and let f € R. There exists a small number ¢ > 0 such that the
following holds true. Consider initial data for the shallow water system uy € (H*(R?))?, ho

such that hg — h € H*(R?), and furthermore suppose the smallness condition
||u0||H4(R2) ) ||h0 - ]TLHHB(RQ) <e. (2334)

Then, ug and hy give rise to a global-in-time solution (u, h) to the 2d viscous shallow water

system:
Oh + div (uh) =0,

O +u-Vu+ gVh +ut — vh=div (hVu) = 0, (2.3.35)
(u, h)|i=0 = (uo, ho).

with the following regularity properties:

w € L(0, 00; HY(R2)) N L(0, o0; H*(R?)),

h —h € L™(0,00; H*(R?)) N L*°(0, oo; H?(R?)).

Furthermore, the solution obtained is classical for t > 0.
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Remark 2.3.15. The requirement of boundedness in H*(IR?) is only technical to be able to
use the version of the local existence theorem proved in this chapter. Furthermore, the stated

regularity can be improved to

u € C(0,00; H*(R?)) N C*0, 00; H*(R?)), h—h € C(0,00; H*(R?)) N C*(0, 00; H*(R?)).
(2.3.36)

To prove this theorem, we separate the linear part of the shallow water system from the

nonlinear part. We define

L%u,h) :== Oh + hdivu,  LY(u,h) = Ou—vAu+ Vh+ fu', fori=1,2. (2.3.37)

Then, the system (2.3.35]), upon renaming h, is equivalent to the initial value problem:

L'(u,h) =G", fori=0,1,2,

) (2.3.38)
U’t:o = Up, h’t:o =ho—h
Where we defined the nonlinear parts:
G! _
G? = —div (hu), = —u-Vu+v(h+h)'Vh-Vu. (2.3.39)
G2

The proof relies on weighted energy estimates with weights in time. Let us define the

following weighted in time energy. Let t; > t; > O:

[2)
Ne(ta, ) = sup ([ Olegen) + [ (IR e + V) e ) ds (2340

t1 <t<ts t1

The goal is to bootstrap this energy: assuming that on [0,7] we have N?(0,T) < &, we

1

deduce, upon choosing & small enough, that N?(0,7) < &* < 3

e. By the local existence
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result, this proves global existence in the space

u € L(0,00; HY(R?)) N L*(0, 00; H*(R?)),

h —h € L™®(0,00; H*(R?)) N L>°(0, 00; H?(R?)).
We furthermore define the following error terms, for k = 0,1, 2, 3, 4:

2
A = /RQ(VICGO = VFEh + BZ(VkGi = Vi) da,

=1

2 7 2
B*(t) := / (Z(v’fazic:o : VF0,,h) +ﬁ2(v’fei = V’“@Iih)> dz, (2.3.41)
R2 1%

i=1 i=1
l_l 2
Ok (t :—/ - (VF0,,G :: VFu')da.
3= [ 27406 s Vhuye
Here, “::” denotes contraction.

Lemma 2.3.16 (Energy estimates). There exists a constant C' > 0 such that, if (u, h) satisfy
the Shallow Water system (2.3.35)) on [0,T] x R?, then we have the following inequality, for

0<m<4: t
7" 1, 90O+ [ 77 uls)|* s
- (2.3.42)
< ¢ {”vmh07 VmUOHi?(RQ) + /0 |Am(S)|dS} .
Furthermore, for 1 < m < 4, we have the second inequality:
m71 |12 B ! m 2
V"Rl + = | IIV™R(s)]™ ds
0
m m— 2 m— 2
< LIV holZaquy + 19 0]y + 19702 (2.3.43)

velf 97 u(5) ey + 1B )] + e e)is)

Proof. The regularity in the local existence theorem allows us to integrate by parts. For the
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first equation (2.3.42)), we have the following:

/O t ( /R (VL0 ) sV hi(vmci(u, h) Vmui))dgj) ds — /0 t A (s)ds

Upon integration by parts, the left hand side is equal to

(V™R (8) 32y + BNV () [ 2 g2y ) +hV/ 197 ][ 2 ey ds

This proves the first inequality (2.3.42]). For the second inequality (2.3.43)), we consider the

following expression

2

[

(V™ 10, L0(u, h) :: V™10, h)
i=1

2

AR

+ 2SN (VIL (u, h) Vm_lﬁxih))dxds
1

i=

= /Ot B™1(s)ds

This lets us deduce that

{%vah( sy + / va Lug(s) = V™10, h(s)de }

/ IVl e

t
S/o _vauHm(R? dS"’/O (|B™(s)| + [C™(s)]) ds

It is now easy to infer inequality ([2.3.43]). O]

Let n > 0 be a small positive real number, and let us consider the following expression:

E3T) + @),

By possibly restricting the value of 7, we obtain the following lemma:
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Lemma 2.3.17 (Main bootstrap inequality). There exists a positive constant C' such that
the following holds true. If (u,h) solves the shallow water system on [0,T] x R* with initial
data (ug, hg) we have the following inequality:

T B T
sp 1), 1) e [ 90y s [ TGS e

s€[0,7]

B , (2.3.44)
< C'[|(uo, 7o) 372 z2) +C/O (Z [A™(s)] + > (IB™(s)] + \C’"(S)D) ds.

m=0
We can conclude the argument upon proving the following lemma:
Lemma 2.3.18 (Estimates on the nonlinear terms). There ezists a positive constant C' and

a small number ¢ > 0 such that the following holds true. Suppose that (u,h) solves the

shallow water system on [0, T] x R? satisfying the smallness condition
N(0,T) <e.

Under these conditions, we have the following inequality:

4 3

/0 (Z\Am<s>\+Z<|Bm<s>|+\cm<s>\>) ds < CN*0.T) Y NI(O.T). (23.45)

Proof. The proof of this lemma is carried out by direct inspection of the nonlinear terms,

the fact that H*(R?) is an algebra for s > 1, and the Sobolev embedding. Recall:

G! _
G? = —div (hu), = —u-Vu+v(h+h)"'Vh:Vu. (2.3.46)
G* (@) o
2
At(t) = / (V4GY V4h+BZ(V4Gi = Vi) da. (2.3.47)
7 S —

(@) N

J/

-~

(i7)
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We have:

/OT/RQ(Z‘)d:Udt‘ = /OT/ S 3T div (97ud’h)d" hdads

* =t atp=y

< /0 /R2 Z div (("u)h) - " hdxdt| + /0 /Rz 72224 div (u(0R)) - O hdadt|  (2.3.48)

|v|=4

T
+ / / > > div (0°u0’h)0"hdds
0 R2

[y|=4 o+f=y
|af,[8]>0

The third term has at most two derivatives on one of the terms in the divergence, hence

can be dealt with the Sobolev embedding H?(R?) < L>(R?). Concerning the other terms

in (2.3.48)), for the first we have

/0 /]R? |7|2=4 div ((9"u)h) - 9" hdxdt

< CN3*0,T) + /T/ Z((mvu)h)-mhdxdt (2.3.49)

[v|=4

and we can use the Cauchy—Schwarz inequality on the last term (we can allow up to 5
derivatives on u by the definition of N(0,7")). The second term in the RHS of ([2.3.48]) can

be treated in the following way:

T T
/ / S div (u(@7h)) - 0" hdadt| < CN3(0,T) + / / S Ly o vapdedt
o Jr2 ST o Jr2 2

[v|=4

(2.3.50)

and we can integrate by parts.

The term in (ii).(a) can be dealt with in a similar manner as in estimate (2.3.49)), and

224



finally we have for the terms in (i7).(b), integrating by parts:

T
/ / Z O"((h+h)"'Vh: Vu) : udsdx
0 IR =

< [|X o+ hvnsva)| 6 [Ful e ()

0 —
=3 L2(E2)

and we conclude by the Sobolev embedding.

The terms in B, C' can be dealt with in a similar way. O

This concludes our treatment of classical properties of the 2D compressible NS system
with degenerate viscosity. We now turn to the issue of global bounds in axisymmetry in the

case of non-degenerate viscosity.

2.4 Conditional global existence and uniform bounds
for the compressible NS system in 2D under sym-
metry assumptions

In this section, we are going to deal with the 2D compressible Navier—Stokes system with
v = 2 and non-degenerate viscosity (a = 0). Hence, we are going to be focusing on the

following system:

Ou+u-Vu+Vp—ptAu=0,
Op + div (up) = 0.

First, in Section we are going to revisit the proof in [51], in which the author proves
that, in radial symmetry (with no swirl) on a bounded annular domain, the 2D NS system
with non-degenerate viscosity admits global solutions, when Dirichlet boundary conditions
are imposed at the boundary. As a byproduct of the proof, we will show that the density p

admits bounds from above and from below which degenerate exponentially in time as time
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goes to infinity. In the following section (Section we are going to extend the proof
of uniform bounds to the case of axial symmetry, that is to say, to the case in which the
solution is still invariant under rotation, but has nonzero swirl.

Let us start by recalling the local existence result relevant to the case at hand, with the

assoclated continuation criterion.

Theorem 2.4.1 (Local existence to the viscous equations). Consider the compressible and

viscous NS system with non-degenerate viscosity

Ou+u-Vu+Vp—p tAu=0,
Owp + div (up) =0, (2.4.1)

(u> p)|t:0 = (UO, po)

Suppose that there exists a number p > 0 such that py > g on R%, and furthermore
ug € (HY(R?))?, po — p € HYR?). Then, there exists a time T > 0, which depends on
ol gragey + 1o = Pll gagpey and p, such that a classical solution to the system (2.4.1) exists

on [0,T) x R2. Furthermore, this solution is such that
(p = p,0up) € (L=(0,T; H'(R?)), L*(0, T; HY(R?))),

and (u, du) € ((L=(0,T; HA(R?)))2, (L=(0, T; H2(R?)))?).

Finally, if T* is the maximal time of existence, we must have

T*
/0 IVt ) o) e = 0.

Remark 2.4.2. Note that the same local existence statement holds if the initial value problem
is posed on an annulus A in R? with boundary conditions: u(¢,z) = 0 for all ¢ > 0 and all

r € 0A.

Remark 2.4.3. The regularity can be reduced to H?*, with J > 0.
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2.4.1 Conditional global existence for radially symmetric solutions

on R2

In this section we are going to review a result contained in [51], and we are going to prove
that, in the case of 2D compressible NS with non-degenerate viscosity in radial symmetry on
the whole plane R2, the behavior of the solution is controlled a priori by certain quantities
in a neighborhood of the origin. In particular, it follows from the proof that, if we pose the
same problem on a circular annulus centered at the origin, and we impose Dirichlet boundary
conditions of the type u(t,x) = 0 for all £ > 0 and all = € J.A, the problem admits a global
solution (see Remark . Moreover, it follows as a byproduct of the proof (in the case of

t

the annulus) that the density p will be bounded from below by a multiple of e~*, and above

by a multiple of e!. We employ the strategy contained in [51], and the continuation criterion
above (Proposition [2.3.2]).

First of all, let us introduce some notation.

Definition 2.4.4. Consider a pair of functions (u(¢,x), p(t,x)) such that u(t,z) : [0,7] x
R? — R? and p(t,z) : [0,T] x R* = R. Letting R € SO(2), a rotation in the plane which

fixes the origin, we define the push-forward of (u(t,z), p(t,z)) via R by
@ = Ru(t, R 'x), pi=p(t, R 'z). (2.4.2)

We say that the pair (u(t, z), p(t, x)) is azisymmetric if, for all R € SO(2), we have

We say that the pair (u(t, z), p(t, z)) is radially symmetric if there exist functions v(¢,r) and
¢(t,r) such that v(t,r) : [0, 7] x [0,00) = R, {(t,7r) : [0,7] x [0,00) — R and the following
holds:

(1p) = ((Fete Lol cte o).
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The definitions are analogous when applied to initial data.

Definition 2.4.5. We define
HE (Rso, 1) (2.4.3)

to be the weighted Sobolev space H* on the nonnegative real numbers R, endowed with

the measure fi.
We are now ready to state the main proposition of this section.

Proposition 2.4.1. Consider the viscous and compressible NS system

O+ u-Vu+ Vp—ptAu=0,
Op + div (up) =0, (2.4.4)

(ua p)’t:o = (Uo, po).

Suppose that there exists p > 0 such that py > £ on R?, and furthermore uo € (H*(R?))?,
po—p € HYR?). Suppose also the initial data (ug, po) to be radially symmetric. Then, there
exists a local radially symmetric classical solution (u,p) to the system (2.4.4) up to time

T > 0, satisfying the reqularity properties
(p = p,0ip) € (L=(0,T; H'(R?)), L®(0, T; H*(R?))),

and (u, du) € (L(0,T; HA(R?)))2, (L=(0, T; H2(R?))))?.

In addition, if there exist a number Ry > 0 and a positive constant C, such that we have

sup sup max{p,p '} <C,
t€[0,T) |z|<R1

t
sup / 1’ d —I—/ / 2 d dt < C,
t1€[0,T) J|z|<Ry || |z|<R1 |a7|

the aforementioned radially symmetric classical solution to the system (2.4.4]) can be extended

(2.4.5)

beyond time T
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Remark 2.4.6. Note that the proof described can be specialized to the case of an annulus A
with Dirichlet boundary conditions to provide a global existence statement. More precisely,
the following statement holds. Consider two numbers R; and Ry such that 0 < Ry < R,
and consider the annulus A := {z € R?* : R; < |z| < Ry}. Then, let us pose the Cauchy
problem (2.4.4) on the annulus .4 complemented with the Dirichlet boundary conditions
u(t,z) = 0 for all £ > 0 and z € JA. Then, if we assume that there exists p > 0 such

that po > £ on A, and furthermore uy € (H*(A))?, po — p € H*(A), and that (uo, po) is
radially symmetric, then (ug, po) launches a global classical solution to the Cauchy—Dirichlet
problem. Moreover, there are positive constants C'; and Cs such that the following bounds

hold true for all £ > 0 and all x € A:

Cre " < p(t,z) < Cye'.

We are now going to prove Proposition [2.4.1. We will first state and prove a lemma on
some elementary properties of radially symmetric local solutions of the system [2.4.7 We
will then reformulate the problem in Lagrangian framework. After that, in Lemma [2.4.9|
we will show the classical a priori bounds (energy bounds) for solutions to the system
in radial symmetry. After having shown another technical Lemma on integrals of the

inverse density, we will conclude the proof of proposition [2.4.1]

Lemma 2.4.7. Assume the conditions of above Proposition |2.4.1, and without loss of gen-
erality assume p = 1. Then, the local solution provided by Theorem [2.4.1] is itself radially

symmetric. More precisely, there exist functions (v, () such that, setting r := |x|, we have

plt,x) = C(tr),  wi(t,z) = %v(t,r), i=1,2, (2.4.6)
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for all (t,x) € [0,T) x R?. Furthermore, ( and v satisfy the following properties:

(C - 57 atC) € (LOO(Oa T; H$<R207 TdT))a LOO(Oa T; Hg)(RZOa ?"d?“))),

(u, Opu) € (L(0, T3 Hy, (Rxo, 7dr)))*, (L0, T3 Hyy (Rxo, 7dr)))?),

(2.4.7)
C,’U < C([O,T) X Rzo),
C(t,+),v(t,-) € C*(Rsg) for allt €10,T).
Finally, these functions satisfy the boundary conditions
0,¢(t,0) =0, v(t,0), 0v(t,0) = 0. (2.4.8)

Proof. First, we can prove that our local solution is axially symmetric. In fact, the solution
considered is classical. Furthermore, system is invariant under the push-forward oper-
ation ([2.4.2), and finally classical solutions to (2.4.4)) are unique. This proves that the local
solution is axially symmetric. To prove that the considered solution is moreover radially
symmetric, consider the equation for curlu. We multiply such Equation by curlu and inte-
grate by parts. We use spherical symmetry to cancel terms on the RHS, and finally conclude
by Gronwall’s inequality. Having curl uw = 0 identically now implies radial symmetry.

The rest of the Lemma follows from the regularity properties of u and p given by The-
orem Note in particular that, due to the Sobolev embedding, at a fixed time ¢,
p € C3(R?),u € (C*(R?))2. O

It then follows from a straightforward calculation that ({,v) satisfy the following Equa-

tions, written in (¢, r)-coordinates:

O+ 0,(Cv) +r v =0,

(O +vd) = (v + 1710w —rPv) — %&(CQ), (2.4.9)

(¢;v)]i=0 = (Co, v0)-
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It is now convenient to pass to Lagrangian coordinates. If (¢,¢) are Lagrangian coordinates,

we have the following expression for the Eulerian coordinate r as a function of &:

or(t,&) = v(t,r(t,£)). (2.4.10)

Furthermore, we set the initial condition for r(t, &) to be

H0.6) =€), n(r) = / s ols)ds. (2.4.11)

Using mass conservation and the fact that v vanishes at the origin, we obtain

/ 2 ((t,z)dz = &. (2.4.12)
0

Hence,

or(t,§) 1
9 ) (2:4.13)

Remark 2.4.8. One needs to be careful that, as & — 0, also » — 0 uniformly on compact

subsets of [0,7). Nevertheless, r is not a C! function of £, as the previous display shows

(given that ( is a continuous function on compact subsets of [0, 7), due to the local existence

theorem).
All in all, Equations (2.4.9)) become, setting w := %,
0w = 0¢(rv),
2.4.14)
1 (
O = 1ok (_85(7”21) — —w_2>
w 2

We now prove the standard conservation law in Lagrangian coordinates.

Lemma 2.4.9. Assume the hypotheses of Proposition[2.4.1], and without loss of generality

231



let p = 1. If we have the the L'-bound:

/ lpo — 1]|dz < C, (2.4.15)
R2

then we have the following inequality:

/OO% (U2 + w —|—w_1 — T 5 dg —|—/ / (95 TU dtdé <C. (2416)
0

Proof. We have:

v w o wt o - De(rv) 1 1

Indeed,

v w wT! Oe(rv) 1 _, 1 (w?—1
8t<3+5—|—7—1)—m(9§( w —5 )4—5( w2 >8tw

_ o, (rv (M _ %wQ)) T @)+ guk(re) + (E> Dy

w

— w (Be(r0))? + O (m (M - %w) 4 %rv) |

w

Integration on [0, 7] x [0, 00) reveals:

/%(v2+w+w—1— ng5+// L(0e(rv))2dtde
0

- (2.4.17)
L -1
= 5(1} +w+w " —2)(0,§)d¢ < C.
0

This is the claim. O]

Lemma 2.4.10. There exists a > 0 such that, for allt > 0 and i € N>(, we have

i+1 i+1

at < / w(t, ) dE, / w(t, &) dE < a (2.4.18)
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Also, there exists an upper-semicontinuous (in time) and integrable function l;(t) : [0, 00) —
[i,7 4+ 1] such that
a b <wt (1) < a. (2.4.19)

Proof. By the previous lemma, we have a uniform bound on the integral fooo wH(w — 1)3d¢,
which, by the Cauchy—Schwarz inequality, implies that there exists a > 0, independent of 4,

such that the following inequalities hold true:

it+1 i+1
/ wdé < a, / w_1d§ < a.

Furthermore, Jensen’s inequality and the convexity of the function x — % yield:
-1

(o) s () o

The final part of the claim follows by setting

-1

;(t) = [Zszrli](w(’t)l({w(t)})), (2.4.20)

where we defined w)(§) := w(t, &), and w(t) := f:ﬂ wd¢, and w(_t)l is the inverse of w).
By uniform continuity of w(t, ) on compacts sets, it is easy to see that [;(t) is well defined

and upper semicontinuous as a function of t. ]

Proof of Proposition|2.4.1. First, we notice that

¢ (rv)

rilaty + %85(11)2) = 85 ( ) = 8t8£(log w)

Integrate the previous identity over [0,t] x [[;(t),£] to obtain

1

Z /Ot w2(s,&)ds — logw(t, &) = log (ﬂ

wo(l

5 woZﬁ) > — log w(t, ;(t))
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1 t 13 t
+—/ w2(s,li(t))ds—/ /rlasv(s,y)dyds.
2 0 1;(t) JO

Exponentiating the previous relation yields:

Here, we have

vy =e {3 [ st 21

Bi(t,§) = wq(,)u(glzg)) exp {— /l;) /Ot r1o(s, y)dyds} :

We now multiply equation (2.4.21)) by %w‘l(t, €), and obtain

I L B 1
(9texp{§/0 w (s,g)ds} - s Ee T B

Hence,

exp {% /Ot w_Q(s,f)ds} 14 % /Ot e g)wl(& VB s

We then have, from (2.4.21]) and (2.4.24))

w(t,§)Y;(t)Bi(t, &) = w(t, li(t)) (1 + 1/0 w}S/Z(S)BE(S’lf)))dS)

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

We now proceed to estimate the integral in B;(t, ). For fixed ¢, let {(-) := £(¢,-). Let =

be the set = := 5(;)1([0, Ry)).

¢ ¢
/ / r_lasv(s, y)dyds
1t Jo
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r2v*(s, y)dyds

/87" v(s,y))dyds| +

li(t)

/ To UO( )dy‘
li(t) li(t)
<[ wllulwar [ %wmw+/ /r 2(5, y)dyds
[iyi+1] [iyi+1] [ii+1] J0O
<[ el >dy-+h/' ot )y
[£,+1]N=Zo [2,i+1]N=s

/ /[ (s,y)dyds
7 H—l ﬁ_s

3

< v(t,y)dy| + v?(s, y)dyds

t
ve(f |%F@My+/‘ oPtodns [ [ )
[i,i+1]\Zo [i,i-+1)\Z¢ 0 JJii+1)\Es

<C.

Here, we used the bounds in plus the fact that our assumptions imply
/ lvo|(r)dr + [ |vl(t,r dr+/ / (s,7)drds < C.
o =
From (2.4.26) it is now easy to deduce that, for some C' > 0,
CH < Bi(t,§) <O, fort €10,T), &£ € Rxyp.

We now see that, upon integration on [i,7 + 1], for some C; > 0,

cm@s[mwmmwww@%sc[HQ+AZLL§§ ‘) as

w(s, §)
<C (1 + /OtYi(s)ds) .

We now use Gronwall’s inequality to deduce that
Yi(t) < C.

Remark 2.4.11. Note that the constant C here grows exponentially in time.
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(2.4.27)

(2.4.28)
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Here, we used the integral form of Gronwall’s inequality, for which Y; needs only to be
a bounded and measurable function. Y;(¢) is bounded on every closed time-subinterval of
[0,T) because of the regularity given by the local existence theorem. Clearly now we have

1, w(t,l;(t))

v

C.

On the other hand, from equation (2.4.25)), we obtain

w(t,f)SC(lJr/Oths) <1+ " max )

U)(S,f) 0 {6[2',1'—1—1] UJ(S, 5)
t
<C (1 —|—/ - 1 ds) < C.
o MMgeg[s,i41) w(s, 5)

With these bounds on w (which are however dependent on ¢), we can then conclude that the

(2.4.30)

Lagrangian map is well defined and moreover that we can continue the solution past time

T. This concludes the proof of Proposition [2.4.1] O]

2.4.2 Uniform bounds for the density of the 2D compressible NS

in axisymmetry on a bounded annular domain

Proposition [2.4.1] which we proved in the previous section, provides exponential in time
bounds for the density when restricted to the case of an annular domain with Dirichlet
boundary conditions in the radial case (see Remark . In this section, we wish to
extend the result in order to show uniform bounds for the density on an annular domain,
in the case in which the solution is assumed to be azisymmetric, and it is thus allowed to
have non-zero swirl. Fundamental to our approach is the Lagrangian representation formula
in [51].

In what follows, we shall first derive the equations in the axisymmetric setting (equa-
tion (2.4.33), and then we shall rephrase them in the Lagrangian framework (equation

(2.4.34)). We shall then state the main theorem of this Section [2.4.12] and we will then
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focus on proving a crucial representation formula in Lemma [2.4.13, We will then derive the

classical energy estimates in the Lagrangian framework (Lemma [2.4.14)), and we will finally
prove theorem [2.4.12]

Derivation of the equations
We start by imposing the ansatz for the velocity field w:

€

X x
_U(ta |ZE|) +
|| |z|

Vi (=T ) el + () e
N (E _ %) o(|2]) + (@) )

|z

u(t, |z|) = w(t,|x]). (2.4.31)

We note that

(2.4.32)

Here,

and o+ = Rx. Also, note that R commutes with the Laplacian.
Under these assumptions, we can derive the equations in axisymmetry, on a bounded
annular domain. Here, r € [Ry, Ry], ¢, w and v are all functions on [0, 7] X [Ry, Rs], for some

T > 0. ¢ is the density, @ and v are the components of the velocity as in equation ([2.4.31]).

D¢ + 0,(Cv) + 7 ¢v =0,
2

(O + v,v) — CWT = (v +r' o —r"%) - %&((2),
(O + v0,@) + CUTW = (@ +r 0w — 1 2w), (2.4.33)
U<t7 Rl) = U(tv R2) = W(t, Rl) = ’W(t, R2) = OJ

(C? v, w) |t=0 = (507 @07 ﬁo)
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We let
Ry
a:= / 2 (o(z)dz.

Ry
We then pass to Lagrangian coordinates (¢, &), which are defined by the following relation,

in which £ ranges from 0 to a:

Opr(t, ) = o(t,r(t,€)),  7(0,€) =r0(§),

and here r¢(¢) is defined implicitly by the equation

ro(§)
JARETEIE

Ry

We now formulate the system in Lagrangian variables. In what follows, we denote the
Lagrangian quantities with the same names as their Eulerian counterparts.
The functions 7,v,w,( are now defined on [0, 7] x [0,a], and we obtain the following

system of PDEs, letting w := m (the inverse density in Lagrangian coordinates):

Oyw = O(rv),

o —rlw? = 70¢ <35(7"v) — 1102) ,

w

>
) ’ (2.4.34)

O + 1 vw = rog

¢ (rw)

0
v(t,0) =v(t,a) = w(t,0) = w(t,a) =0,

(Ta Ca v, w)|t=0 = (T07 C07 Vo, wO)-

We now state the main theorem of this section, which provides a priori uniform bounds
for the density in this setting. Let us note that the bounds provided are uniform in time,

unlike those appearing in the proof of proposition [2.4.1}

Theorem 2.4.12. Let us suppose that (v, w, () : [0, 00) X[Ry, Ra] is a global classical solution
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to the following system of PDFEs:

¢ + 0.(Cv) +r7¢v =0,

2
C(O + vov) — CWT = (Zv+r'ow —r%) — %&((2),
(0w + v0,w) + Cg = (o +r 0w —rw), (2.4.35)

’U(t, Rl) = ’U(t, RQ) = w(t, Rl) = w(t, RQ) = O,

(C? v, w)'t:o = (507 {]07 @O)
Let us furthemore define:

Ry Ry
a:= Co(r)rdr,  Ef:= / (63 + @0 + (Go — 1)2) rdr. (2.4.36)

Ry

Then, there exist constants ci,co > 0 such that ¢ satisfies the following bound:
cp < ((t,r) < e, (2.4.37)

for all (t,r) € [0,00) x [Ry, Rs]. Furthermore, the constants ¢, and co depend only on the

following quantities:

~ - R 5
Ci =G <E07 a, HCOHL ) HCO_lHL ) Rl7 R2a / ‘{}O‘Codr) ) fOT’i = 172 (2438)

A representation formula

Let us now derive a representation formula for solutions to the system (|2.4.34)):

Lemma 2.4.13. Suppose that system (2.4.34) admits a classical solution. Then, the follow-

ing representation formula holds true:

w(ta f) = IB)<t7 5)

(1 + % /Ot %ds) . (2.4.39)
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Here, the terms are defined as:

B(t,§) :==exp (2 ~ Ry // (v? — @?) (s, y)dyds (2.4.40)

(v + @ +w™) sydyds—i—// (v* — @? sy)dyds)

2w

D(t,€) = wp(€) exp (J*/O (woeo) (y) dy — /0(7"0 o) (Y )dy+/l(

3

rto(t, y)dy) , (2.4.41)
t)

3
€)= [ i un(w)dy (2.4.42)
0
Here, we defined w* := foa wo(€)dE.
Proof. Define o and ¢ to be

o(t,€) = (TZ;)& - %w%

o(t, ) = /t (Saﬁ)dSJr/g(To vo)(y dy+// r20%) (s, y)dyds (2.4.43)

// r—2w?)(s, y)dyds

Then, ¢ obeys the following relation

1)2+w2

O(wep) — Oe(rve) = (rv)e — 1w_1 + ! (7"2 /: 2 (v — wz)(t,y)dy) — . (2.4.44)

2 2 ¢

Integration of the previous display on the set [0,t] x [0, a] yields (¢p is ¢ calculated at time
0)

| ot - / " (wodo) )y

1 t a
- —R1 / / —2( (s,y)dyds — 5/ / (v? + @ +w ) (s, y)dyds
0 Jo

(2.4.45)
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We now let w* be the L' norm of w:

wim [ = [ .o

Due to continuity of ¢, we can find an upper-semicontinuous function [(¢) such that the

following holds, for all positive s:

= % /Oa o(s, y)w(s,y)dy. (2.4.46)

Now, from ([2.4.43) and (|2.4.45)) we obtain:

K@um ww»/”%wdy/ﬁ (07 — @?)(5,y)dlyds

= L [ wortpan- / st [ [ - s s

=L [ — g [ [0 - s (2.4.47)
2w*// 0+ 2+ wh)(s, y)dyds

1(t)
—/ (g o) (y)dy — // (v? — @?) (s, y)dyds.
0

We now recall the equation:

w? 1
r1ow — == O¢o = O (@ logw — éw_2) ) (2.4.48)

Integrating the previous display on [I(¢), ] x [0,t] yields

l%mm>bmm©—3/w<w>

:/ (s, 0(t ds+/ / “19u(s, y)dyds
—/ /r‘2w2(s,y)dyds
1ty Jo
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_ L /a(wo%)(y) / | = =) s

(v* + @ +w (s, y)dyds

2w

—/0 (rg Mvo) (y)dy — // (v* — @?)(s, y)dyds
+/§ ro(t,y)dy — / (o "v0) (y)dy
// sydyds—/(t/rwsydyds
= 2 [ — g [ [0 - s v

2w*// v? 4+ @ +w (s, y)dyds

13
—/ (ro vo)(y)dy — // v — w2 )(s, y)dyds+/ T_lv(t,y)dy.
I(t)

We now exponentiate the previous display to obtain (we include all the double integrals in

the term B and all the single integrals in the term D):

g (3 *000) = 5

B(t f)—exp(zw // (4 — ©)(5,y)dyds

(2.4.49)
2w (v + @ +wh)( sydyds+// (v? — @? (sy)dyds>
1 £
it = i) oo (1 [ Gy~ [z + [ totan).
We now integrate the previous display to obtain
L, B 1 (" B(s¢)
exp (5/0 w™ (s, §)ds> =1+ 5/0 mds. (2.4.50)
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Substituting again, we finally obtain:

w9 =5 (143 ], smamsa®) 2450
This proves the representation formula. O

The standard conservation law

We now turn to the proof of the standard conservation law.

Lemma 2.4.14. If v,w,w satisfy system (2.4.34)), then we have the following relations:

%at (V+@+w ! +w—2)+ % ((0e(rv))* + (0c(rw))?)

ur wr rvw’Q rv
= 85 (E8g(w) -+ ?85(737“) — 5 + 7) y

/Oa (V4@ +w ! +w—2) (ty)dy + /0 /Oaé ((0c(rv))® + (0c(rw))?) (s, y) dsdy

< / (V4@ +w ! +w—2)(0,y)dy =: E.
0
(2.4.52)

Proof of Lemma |2.4.14 Direct computation. m

Proof of the uniform bounds

We shall now use the representation formula we just obtained in order to prove Theo-

rem [2.4.12|

Proof of Theorem[2.4.13. We consider the Lagrangian formulation (2.4.34]), being careful
that the initial data without tildes are the data in the Lagrangian setting, whereas the data
with tildes are the data in the FEulerian setting.

First, we notice that due to the conservation law and Jensen’s inequality, we can deduce
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that there exists a constant a > 0 such that the following holds for all i € Ns¢, i < |a| — 1:

i+1 it+1
at < / w(t,y)dy < «, at < / w(t,y)dy < a. (2.4.53)

This implies the following bound from below for r, if £ > 1:

¢
r3(t,€) > Ry + 2/ w(t,y)dy > B2+ 2071 €] > B2+ a7 '€ (2.4.54)
0

Hence, we obtain the bound for D(t,¢):

D(t,§) <

))% (o (t. e+ leol )

1 aa" T\ 2
< lwoll e exp <uwoum+az (1og (1+ i )) <Hv<t,->\|L2+Hvo|1L2>> ey

l|#oll oo eXp / |wodo|(y)dy + oz <log <

(2.4.55)
Similarly,
D(t,¢)
. 1 Oéil % 2.4.
> (0t w0(9) 0 (—H%HW— (1og (1427 )) <||v<t,~>||L2+|rvo||L2>>. (2450
=:C>
In view of these inequalities, we have
Cy B(s,§) 1
t ds. 2.4.57
w0925 | G oeguns (2450

Let now

E? = / (V4@ +w ' +w—2)(0,y)dy.
0
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Now, if t > s, we have the bound

28 sl (552 B)eco) e

Therefore we get:

w(t, &) > 1 [T Cyexp (—Cs(t — 5))

ds. 2.4.59
2Jo G w(s,§) ( )
We proceed to integrate the previous inequality:
Cy Cy L Cyexp (—Cs(t — 5)) 1 L Cyexp (—Cs(t—s)) -\~
— 2 _— — ds = —075 - ds
Cl w(t7 5)01 0 Cl w(s7 5) 2 0 Cl w(‘sﬂ 5) (2 4 60)
LG ( ' Gy exp (=Cy(t =) ds>2
2 o C1 w(s,§) .
The quantity
L ( [' Cyexp (—Cs(t —5)) )
Alt) = = — ds
( ) 2 < 0 Cl U}(S,g)
then satisfies the inequality, letting Co/Cy =: Cy:
O A(t) + C3A(t) < 20C4.
Hence,
Oi(A(t) exp(Cst)) < 2C exp(Cst) = A(t)e®! — A(0) < 2%(ec3t —1).
3
This yields: A(t) < Zg—g =: Cs.
In turn, this implies, for all ¢ > 1,
t ¢ _ _ t _ _
exp(—Cg)/ 1 ds < / exp (—Cs(t S))ds < / exp (—Cs(t s))ds
t—1 lU(S,S) t—1 UJ(S,S) 0 'ZU(S,S)
o (2.4.61)
< ZL\/2
<G Cs

By the mean value theorem, there is a point t;¢ € [i — 1,4], for all ¢ € N>y such that the
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following holds:

Cy
w(tie, &) > exp (—C3) =: Cg. (2.4.62)
(tig, &) = Cvac (—C5)
Let us now consider { as fixed and let us denote, for simplicity, t; := t;¢. From equa-

tion (2.4.51)), we obtain, if ¢ € [t;, t;11],

Now,

B(t,§) = exp (2 - // (v — @®)(s, y)dyds

2 (v + @ +w” sydyds—l—// (v* — @) (s, y)dyds)
w*

—exp(2 : // (0% — ?)(s, ) dyds

2 (v + @ +w™ sydyds+/ / (v* — @?)(s, y)dyds) B(t;,€)
w*
(2.4.64)
Here, C'; can be chosen as
2F2 +2a 2FE?
Cri= g.
7 w* + R12
From the conservation law, we obtain the following inequality:
/ / Y(0:(rw))?(s, y)dyds < C. (2.4.65)

Expanding the square and taking into account that @w = 0 on the boundary, plus the fact

that we always have Ry < r < Ry, we obtain

| [+ @ anas < c. (2.4.66)
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Hence,

t a
/ / w?(s,y)dyds < C. (2.4.67)
o Jo

We finally have, due to (2.4.67) and (2.4.53)),

B(t,£) > exp (2w / / (s,y dyds) > exp (ﬁ lala™! — C) = Cyexp(Cst),

(2.4.68)
where Cg 1= %1. Hence we obtain:
CiCr C1Cy /t B(S7 £)
B(t,€) < C+B(t;,€) < ds. 2.4.69
( 7€> >~ VT ( é) 06 + 20206 ’(U(S,f) S ( )
Therefore,
CiCx C.Cr /t B(s,§)
1< + ds 2.4.70
N B(ta 5)06 20206 B<t7 £)ZU(S, 6) ( )
There exists now 7 > 0 (independent of &) such that, for ¢t > 7,
0107
t > 2
B(t.¢) > 277
Hence, for t > 7,
Cy /t B(s,§) C5Cs
t ds > . 2.4.71
w8250 )y i oBho S 207 247

For t < 7, it follows straightforwardly from the representation formula that there exists Cyq
such that w(t,&) > Cyp. It is then immediate, again via the representation formula, to prove

the bound from above for w. O

!This estimate could also be achieved by requiring that (2w*)~! > Ry 2 which translates into Ry <

V2R;.
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Chapter 3

The equations of

magnetohydrodynamics

In this final chapter, we are going to consider a class of models arising in plasma physics. We
are going to consider the theory of magnetohydrodynamics (MHD), both in the ideal case
and with viscous and resistive effects.

Here is the structure of this chapter. In Section [3.1] we will present a result on the
construction of 3D ideal MHD equilibria via infinite time limits of a suitably regularized
MHD model. Then in Section [3.2) we will provide two examples of situations (in 3D and in

2D) in which the ideal MHD system exhibits growth of gradients.

3.1 Magnetic relaxation in a Voigt—MHD model

In this section, we are going to formulate and prove a result about convergence to stationary
solutions of the 3D Euler equations using the Voigt—-MHD system, which is a regularized
version of the MHD system (we consider the case in which the resistivity is zero and there
is positive viscosity).

The plan of this section is as follows. First, in Section [3.1.1] we are going to introduce

some notation and some basic facts about the functional framework we will be using. We
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will then introduce the system and the notion of solution in Section After that, we
will proceed to show that the system under consideration has global solutions for sufficiently
smooth and large initial data (Section . Finally, in Section , we will state the main
Theorem of this section (Theorem , and we will provide a proof of it.

3.1.1 Notation and preliminaries
Norms and spaces

Let T3 be the three-dimensional torus. We will be working with the spaces H®(T?) and

H§(T?), which we define as follows.

Definition 3.1.1. Let f € &', where &’ is the space of periodic distributions on the 3-
dimensional torus T?. Then, consider the Fourier coefficients f(k), where k € Z3. We say

that f € H®(T?) if the Fourier coefficients of f satisfy:

] Fk)]? < oo (3.1.1)

H(T3) 1= Z(l + |k[?)2

kez3

We also say that f € Hj, if the Fourier coefficients of f satisfy:

£0,0,00=0, | fllagmsy == Y L+ KEFR)P < oo, (3.1.2)
kez3
k£(0,0,0)
Remark 3.1.2. For conciseness, we will denote ||f[|s := | f||ms, the homogeneous Sobolev

norm.

Remark 3.1.3. We have that &' = Uger H¥(T?), and that the Fourier coefficients of f € 92/

determine f uniquely.

We then recall some classical notation (see [25]):

H:=H), V:=H. (3.1.3)
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Then, the dual of V, which we call V', is naturally identified with Hy'. If f,g € H (resp. V),

we let

(F)e= [ fade. ()= [ V7Yoo (3.1.4)

the usual L? (resp. Hy) inner product. If f € V' and g € V, we let (f, g) be the dual pairing
between f and g. Note that, if both f and g are in H, then (f,g) = (f,g). We let

LAF = ALf b = AL e (3.1.5)

We finally let, for f € V', || fllv: := || f] ;1 These scalar spaces extend in a straightforward
manner to their vectorial counterparts.
Leray projection, the fractional Laplacian, and classical estimates

Let P: H — H be the Leray projector. On the Fourier side, it can be expressed as

kE®k

(@nzo@—ﬂﬁyﬁkmm#a (Bf)o == 0.

Note that it extends naturally as an operator on &'
If v,w € V, we define

B(v,w) :=P(v- Vw). (3.1.6)

Let us also recall the following inequality, proved in [25], which follows from Sobolev embed-

ding. There exists a constant C' > 0 such that, if u,v,w € V,
1 ol
(B(u,v),w) < Clul|[ul[2[Jv]|lw]]. (3.1.7)

We also recall that elements u of V' enjoy the following Poincaré inequality, due to the fact
that they are mean zero on T?:

ul < Aljull, (3.1.8)
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where A is the Poincaré constant.
We now define the fractional Laplacian as the operator (—A)® : H§ — HS>* whose

action on the Fourier coefficients is as follows:
(CA)f) = kP fy, for k#0,  fo=0. (3.1.9)
We then let a parameter a > 0, and define
£:=1d + a*(—A)* (3.1.10)

We have the following lemma:

Lemma 3.1.4. Let £ := Id + a*(—A)%, and assume that o > 1. Then, £ maps H onto
H{™2%, is injective and has a well defined inverse £ : Hi > — HS. Furthermore, the
composition operators AL~ = £7YA are well defined, and are both bounded operators from

HS to H>*72t5, I particular, there exists a constant C' > 0 such that, for all v € H§,
0 0 0
127 A0 215 = [AL 020215 < Co]]s (3.1.11)

Proof of lemma|3.1.4. The proof is evident from the Fourier characterization of the operator

(—A)e. O

Remark 3.1.5. By the Fourier characterization of (—A)* and of P, it is evident that both

these operators commute with partial derivatives. Furthermore, we have that
[P, £] =0, [P, (—A)Y] = 0.

We also recall the definition of time-dependent spaces. Let (X, ||-|/x) be a Banach space,

and let "> 0. We say that a function f : [0,7] — X is such that f € L>(0,7; X) if the
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following holds:

sup || f(t)]x < oo.
te[0,7)

Let f : [0,7] — X be Bochner integrable, and define f’ as usual as the (time) weak derivative
of f. We then say that f € C'(0,T; X) if there holds

sup ([[f@)]x + [f'®)]lx) < oc.
tel0,7

3.1.2 The viscous Voigt—MHD system and notion of solutions

In what follows, we are going to focus our attention on the following system:

O+ a®0y(=A)*u+u-Vu+ Vqg= B VB +vAu,
OB+ a*0,(—A)*B+u-VB = B - Vu,

(3.1.12)
V-u=0, V-B=0,

(u, B)|i=0 = (uo, Bo).
Here, u(t,z) and B(t,z) are three-dimensional vector fields depending on position z € T?

(the three-dimensional flat torus) and time ¢. Furthermore a,v > 0 are fixed parameters,

and q(t, x) is the pressure term. We further assume that uy and By have mean zero:

/ Bodx =0, / updz = 0.
T3 T3

These conditions are propagated by the system ([3.1.13]), under sufficient regularity assump-
tions.
In this note, we will use the following reformulation of system (3.1.12)) (recall that £ =
Id + a?(—A)?):
ou= L '"P(—u-Vu+ B-VB) +vL& 'Au,

(3.1.13)
OB =L "P(—u-VB+ B-Vu).
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We set up initial data uo and By such that ug, By € H§, and furthermore wg, By satisfy:
div Uy = O, div BQ =0. (3114)

We now define a notion of solution to system (3.1.13]):

Definition 3.1.6. Let « > 1, T' > 0, and let u, B both in the space C' (0, T; H'), such that
u(t = 0) = ug, and B(t = 0) = By satisfy the divergence-free conditions (3.1.14). Then, we
say that (u, B) is a solution to system (3.1.13)) if (u, B) solves equations (3.1.13]) in the sense

of distributions.

Remark 3.1.7. Note that, in particular, if o > %, the equalities in system (|3.1.13]) are in the

sense of H{ functions.

3.1.3 Global existence and regularity

We are first going to prove a local existence statement.

Proposition 3.1.1 (Local existence of solutions to (3.1.13)). Let (uq, Bo) in H§(T?), and
let us suppose that o > 1, and that uy and By satisfy the divergence-free condition .
Then, there exists a time T > 0 and u, B € C*(0,T; Hy') which solve in the sense of
distributions, and such that

(ua B)|t:0 = (U(), BO).

Furthermore, if T, is the mazximal time of existence, we necessarily have either

limsup ||u(t, )||o — o0, or limsup || B(t, -)||la — 00. (3.1.15)
t—Tx

t—Tyx

Proof of Proposition|3.1.1. The proof follows by Picard iteration in the following space:
C'(0,T; Hy*). We follow closely the approach in [66] (Theorem 6.1), the only difference

being the a-Laplacian instead of the Laplacian and the presence of the dissipation term
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in the momentum equation in display (3.1.13)). First of all, we will consider the following

evolution equations, which are equivalent to system (3.1.13)):

0Lu =P(B-VB —u-Vu) + vAu,

(3.1.16)
LB =P(—u-VB+ B-Vu).
We then let v = Lu, Z = £B, and rewrite the system as follows:
Ow=P(L'Z .- V& 1'Z - £ - V& )+ vAL v = Ny(v, 2),
(3.1.17)

0Z =P(—(£)-V(&'2)+(£7'2) - V(£ ) =: Ny(v, Z).

The task is now to show that N; and N, are Lipschitz mappings from H;“ to itself, and then
the Picard—Lindelof theorem will apply. We start from Np, using the conventions v; = Lu;,

HNl(Uth) - N1(712,Z2)H7a
< |1B(ug — ug, uz) + B(uy, u; — ug)||—a + [|B(B1 — Bz, B2) + B(By, B1 — Ba)||-a
+ v[[A(ur — u)||-a
< Clur = uallur = walll[uall + Clua[us[[[[ur — ua]]
+ C|B1 = Bsl|| By = Ba||[| Bel| + C| B[ Ba[| | Br = Bal| + v[[A(ur — u2)|-a
< CA(Jlvafli—2a + llv2lli—20) [[v1 = vall1—20 + CA([[ Z1l1-24 + | Z2]1-20)[| Z1 — Z2]|1-24
+ Cvllvr — w2 -a
< CXMJJua]l—a + [[v2ll—a)l[vr = v2ll-a + CA([| Z1[|-a + [| Z2]|-a) |1 21 — Z2]|-a

+ OV”’Ul — ’U2||_a.

Here, we used inequality (3.1.7) to go from the second to the third line, the Poincaré
inequality (3.1.8)), the fact that, for o > 3, we have ||f|lo > |/f|s, and the fact (proved in
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Lemma [3.1.4) that, for z € H, %,
AL 2] = €7 AZ]a < Cl2]-a,

since 1 — 2a < —a if @ > 1. Similarly, we have, for the terms in Ns,

||N2(U1, Zl) - Nz(Uz, Z2)||—a
< ||B(By — Ba,u1) + B(Ba,ug — ug)||—a + [|B(ug — u, B2) + B(uq, Bs — By)|| -«
< C|B1 = B[ B1 = Boll[|lwi]| + C|Bsl|| Bz [|ur — wal[+

+ Clur — usl[|ur — wa ||| B2l + Clua[||wa[[[[ Br — Bl

< OM|lvr o + lJv2]l—a) [[vr = v2l|—a + CA(|| 21| —a + || Z2]|—a)l| 21 — Z2]|-a-

We conclude that the mapping (Ny, N2) is locally Lipschitz in Hy“, which concludes the
existence proof by an application of the Picard—Lindel6f theorem. Finally, the continuation

criterion is evident from the fact that
€7 |~ > Cllulla-

This concludes the proof. O

Having settled the issue of local existence, we will now prove global existence of solutions

to the system (3.1.13)).

Theorem 3.1.8 (Global existence of solutions to (3.1.13))). Let (ug, By) in HY, with o > 1.
Then, there exists u, B € C'(0,00; HS) which solve (3.1.13) in the sense of distributions, and

such that

(ua B)|t:0 = (Uo, BO).

Proof of Theorem[3.1.8 Due to the continuation criterion of Proposition [3.1.1], we only need

to show that ||ul[ge + || B||ze is bounded a-priori in terms of initial data. We have the
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estimate, taking the L? inner product of the momentum equation with wu:

1d 2 2 2\ _ _ 2
sqlul” +allullc) = (u,8:Lu) = —v|u]” + (B(B, B), u) - (B(u, u), u)

= —vlul® - (B(B,u), B).

On the other hand, we have, taking the L? inner product of the equation for 9,B with B,

§%(|B|2 +a*|B|2) = (B, 9,£B) = —(B(u, B), B) + (B(B,u), B).

Recalling that (B(u, B), B) = 0, and summing the two previous displays, we finally get, for

all times t9 > t; > 0,

to
u(ta)]? + | B(ta2)]* + a®|lu(ta) 12 + a®|| B(ta) % + V/ [Vu(s)|[*ds
f (3.1.18)

< lu(t)* + [B(t)* + a®[lu(t) 15 + a*[ B(ty)l2,
which provides the required a-priori control. O

We now show preservation of high regularity for solutions to the system (3.1.13)).

Proposition 3.1.2 (Higher regularity of solutions to (3.1.13)). Let (uo, Boy) in HY™, with
keN k>0, and a € R, « > 1. Then, the solution u, B € C'(0,00; HY) to the sys-

tem (3.1.13)) actually satisfies the stronger bounds:
1, B) |y ozt ey < Clluollsens | Bollras . (3.1.19)

Proof of Proposition[3.1.9. The proof that follows is formal, as the regularity needed to
perform such estimates is not assumed. Nevertheless, these estimates can be made rigorous,

for instance, truncating to a finite amount of Fourier modes and then taking a limit. We
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first commute the equations by 0;, and obtain

@@u + a2(9t(—A)a8iu — A(@u) = P(—@Zu -Vu—u- V@Zu + @B -VB+ B - V@lB),

0:0;B + a*0y(—A)*0;B = P(=0u - VB —u - VOB + ;B - Vu+ B - Vou).

Multiplying the first equation by d;u and the second equation by 0; B, summing over 4,

we get, using the fact that (B(a,b),c) = —(B(a,c),b),

Or(Jul® + a®|Jullyy + B + a®|| Bl5s) + vlull3

— (B(0yu, B),0;B) + (B(9;B,u), 0;B).

Now, by Sobolev embedding, it is clear that
(B0, w),00)] < Cllullillulli,  |(B@:B, B),0w)] < Cllulli i | Bllal| Bl
Using the a-priori energy estimate ((3.1.18)), combined with Gronwall’s inequality, we obtain
(u, B) € L>=(0,T; Hy™®), (3.1.20)

with the required bound.

The proof for larger k is similar, and we omit it here. ]

3.1.4 Convergence towards a solution to stationary Euler

In this section, we are going to state and prove the main theorem about convergence in the

infinite time limit.

Theorem 3.1.9 (Magnetic relaxation for Voigt-MHD). Let ug, By € H§(T?) two divergence-

free wector fields, with o > % Let (u, B) the global solution to the initial value prob-
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lem (3.1.13) given by Theorem . Then, there is a sequence {t, }nen, tn — 00 asn — oo,
and By, € H§, such that B(t,, x) tends weakly in H§ to Boo (), and By solves the stationary

Euler system:
P(Bs - VBy) =0,

(3.1.21)
V- By =0.
Furthermore, we have that the following “modified magnetic helicity”:
HBI(t) = / B £Uds (3.1.22)
T3

15 conserved as a function of time. Here, U is a magnetic potential as defined in Lemma
i. e. a vector field in ¥ € C1(0, 00; HY) satisfying div ¥ =0, V x ¥ = B. Therefore,

if the initial data is such that H[B](0) # 0, the resulting B, will be nontrivial.

Remark 3.1.10. As one can see in the statement of the theorem, we are able to prove con-
vergence of B to B, along a sequence t,, — oco. It is possible to remove that restriction (so
that the limit is no longer on a sequence) by integrating in time the evolution equation for

B. Nevertheless, this requires more regularity (a higher value of «).

Proof of Theorem[3.1.9. Step 1. We will start by assuming that there exist constants ¢y,
¢y and c3 depending on the H§ norm of initial data, and the parameters a and a, such the

following inequality holds true, for any ¢ > 0:
t t
|0ult, )||2 + cl/ 10,Vu(s,-)[*ds < 02/ |Vu(s, )|*ds + cs. (3.1.23)
0 0

We will prove inequality (3.1.23]) in Step 2. We now consider two Claims.

Claim 1: Inequality (3.1.23)) implies that ||Oyu(t,, )H% — 0 asn — oo, for all § < a,

for a sequence {t, },en, tn — 00.
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Proof of Claim 1: We can see this easily as (3.1.18]) implies
/ Vu(s,-)|*ds < C,
0

and therefore, using ([3.1.23)), along a dyadic sequence t,, we obtain |0;Vu(t,,-)* < 1/2™.

Since ||Qyu(t, -)||2 < C, we then have by standard arguments that
1Bu(tn, -)[[5 — 0

as n — oo, for all § < a.

Claim 2: We have |Ju(t,-)||g — 0 as t — oo, for all § < a.

Proof of Claim 2: Consider the two facts:

/ |Vu(s,-)[?ds < C, / 10, Vu(s, -)|*ds < C.

0 0

From the first inequality we deduce that, along a dyadic sequence t,, |Vu(t,, )| — 0. Fur-

thermore, for all ¢t <t,,
IVu(t, ) * < Vull L2t 105V 2y + [Vu(tn, ),

and the claim follows taking first n — oo and then t — oo.

Now, we wish to take the limit of the momentum equation along the sequence ¢, — oc.
We first note that, since we have the uniform bound || B(t,, -)|l« < C, there will be B, € H§
such that B, := B(t,,) converges weakly in H} to B,. We then see that, along such
sequence, due to the bounds proved in Claim 1 and Claim 2, we have that 0,u is converging
strongly to 0 in HY, and (—A)*d,u is converging strongly to 0 in H >*,

Furthermore, since a > 2, P(u, - Vu,) is converging strongly in (say) H to 0, where

Up, = u(ty,-). This allows us to conclude that P(B, - VB,) is converging strongly to 0 in
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HP ™. But since B, is also converging strongly in H_ for 8 < a, with a > 3 P(B,-VB,)
is actually converging strongly to 0 in H. This in particular implies that the equality
P(By - VBs) = 0 is valid almost everywhere. Furthermore, for o > g, we obtain a classical

solution.

Step 2. We now turn to the proof of inequality (3.1.23)). Let us commute 0; once through

the momentum equation. We let, as usual, £ := Id + a?(—A)“:
00 + P(Oyu - Vu + u - Vo) = P(9y(B - VB)) + vAdu. (3.1.24)

Now, the second Equation in display (3.1.13)) gives us that (see Remark [3.1.11)):
OB = £V x (ux B)).
Hence, upon multiplication of equation (3.1.24)) by d;u and integration on T? x [0, t], we have

2 t
%H@tu(t,-)HHa—i— / / (O P(Dyu;05u;)) (s, ) dds
0 T3

t t
+ V/ |3tVu\2dxds - / 8tu,8tP(8j(Bsz))dxds S C.
0 JT3 0 JT3

Now, we have, integrating 0; by parts once in space, using the divergence-free condition of

u, plus the Cauchy—Schwarz inequality and the Poincaré inequality (3.1.8)),

t t
‘/ / (8tuiP(8tuj8jui))(s,x)dxds‘ g/ |0:Vul |P(udpu)|dzds
o Jrs 0

14
< 1510 Vullzzsm + Cllol 2oz VUl Z2sm):

Let us now estimate ||Qyul| o (ps): since a > 3,

0ullz < CllOulla < ClILTP(u- VU)o + CEP(B - VB)|lo + CI1£7 Aullq
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< Cllu-Vulluy +C|[B-VB|u + Cllul-at2

< Cllull + ClIBG + Cllulla,

where we used the Sobolev embedding H* — L*°, plus the fact that —a + 2 < o for a > 1.

Hence, by the conservation law (3.1.18)),

t
v
‘/0 Ag<atuip(atUjajUi))(S,I)dl’dS’ < E“atqu%Q(O’t;H) + C||Vu||%2(07t;H),
Now, integrating by parts in space,

t t
] / 8tu,;(9t]P’((9j(BiBj))da:ds‘ <C / 10,Vu| |B(B8,B)|ds
0 T3 0

t t
< C’/ |0, Vu| |BOB|ds < C/ |0, Vul || B| <|0; B|ds.
0 0

Hence:
! v 2 1 2
/0 0 Vul || B|| [0, Bds < 1_O||8tvu||L2(0,t,H) + O£V x (u x B)||L2(0,t,H)'

Now, by the elliptic estimates for £, Sobolev embedding, and the Poincaré inequality, we

have
1€  (ux B)[Raousy < Cll X Blsousey < CIBImo o) IV a0y
Hence we obtain
! v 2 2
‘/0 . Oyu;0P(0;(B; B;))dxds| < EHatVUHLQ(O,t;LQ) + CIIVullZ2 0 4my-

Combining all these estimates together and using the energy conservation statement (|3.1.18)
we have the claim (3.1.23])).
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Step 3. Let us compute the time derivative of the modified magnetic helicity:

%H[B] (1) = (OB, £0) + (B, 5,£0) — (0,88, 7) + (B, 0,£0).

Now, by Lemma [3.1.12] we have that W satisfies the equations 0,£¥V =u x B, V x ¥ = B,

and since £ is self-adjoint with respect to the inner product in H, we have

Y = [ aeB. vde+ / B - 9,£¥dx
dt T3 T3

:/Tg(Vx(uxB))wI’der/ B (ux B)de

T3

:—/(uxB)-(VX\I/)dx:O.

This concludes the proof of the theorem. O

Remark 3.1.11. Technically, the proof relies on the following identities:
LB =P(—u-VB+ B-Vu), and LB =V X (ux B).

Ifa> % we can apply a version of the Leibniz rule to obtain V x (ux B) = P(V x (ux B)) =

P(—u- VB + B - Vu) almost everywhere.

Finally, we state and prove a lemma on the existence of the magnetic potential.

Lemma 3.1.12 (Existence of the magnetic potential). Let (u, B) such that
u, B € C'(0, 00; Hy),

fora > % solving the system (13.1.13), according to Theorem with divergence-free initial

data (ug, By) € HS. Let us consider the following initial value problem, for an unknown

vector field W:

(9t2\11 =u X B,
(3.1.25)

\D‘t:o = \Ijo.
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Here, Wy is the unique HJT(T®) vector field satisfying the following two properties:
V X \I’(] = B(), div ‘If(] =0. (3126)

Under these conditions, if a > %, we have that the system (3.1.25) has a global solution
U € CY0,00; H*) which satisfies both (3.1.25) and (3.1.26). Furthermore, the following

equality holds true for all times t > 0:
V x V¥ =B8B. (3.1.27)

Proof of Lemma|53.1.14. The existence and regularity part is standard. To prove relation

(3.1.27)), we take the curl of the evolution equation in display (3.1.25]), in order to obtain
Integrating in time and using the initial conditions, this gives £(V x W) = £B at all times

t > 0. We conclude by the fact that the kernel of £ in H§ is trivial. O

This concludes our treatment of the issue of magnetic relaxation.

3.2 Examples of gradient growth in ideal MHD

In this section, we discuss two examples of gradient growth respectively for 3D MHD and for
2D MHD. Note that the example in 3D (described in Proposition is on the torus T? and
is essentially obtained by decoupling the momentum and the induction equation, imposing
that the B field is always vertical. The 2D example, on the other hand, is described in
Proposition [3.2.2] and concerns a situation in which the energy of the solution necessarily

needs to be infinite.

263



3.2.1 Gradient growth for B in three dimensions

We wish to provide a particular solution to the 3D MHD equation which, in the infinite time

limit, creates discontinuities of B.

Proposition 3.2.1. Consider the 3D ideal MHD system (= v = 0) on the torus T3. There
exist smooth initial data (ug, By) of arbitrarily small size such that the solution launched by

(uo, Bo) is global and moreover the following inequality holds:

VB (rs) > Ce,

for some positive constant C' which depends on initial data.

Proof of Proposition [3.2.1. Let us consider the three dimensional torus obtained from the
box [—1,1] x [—1,1] x [—1, 1] with opposite sides identified.

Suppose that u has the following form: v = (ui(x,y), us(z,y),0), and that B has the
following form: B = (0,0, Bs(t, x,y)).

Let us consider the following stream function for u:

U := sin(27x) sin(27y),

and we let vy := 0,¥, uy = —0,¥. Under these conditions, u satisfies the steady Euler
equations:

u-Vu+ Vp =0, div u = 0.

Let us moreover evolve Bs according to the following transport equation:

8tB3(t, Z, y) +u- VBg(t, Z, y) =0. (321)
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With these choices, we have that the pair (u, B) satisfies the ideal 3D MHD equations:

ou+u-Vu+Vp=DB-VB,
OB+u-VB—B -Vu=0, (3.2.2)

divu =0, div B = 0.

Now, since u is constant in time, we only need to specify initial data for B. We are going to

make the following choice:

By(z,y) = x(v),

where x is a smooth and periodic function, x : [—1,1] — R, with the property that x(y) =y
for |y| < 1/2. We are going to show that, locally around the origin, the gradient of B3 grows
exponentially in time.

Restricting equation (3.2.1]) to the y-axis, we have

0yBs — sin(y)0,Bs = 0. (3.2.3)

Let us now define a function y(¢,a) by the ODE (a is the Lagrangian label):

y'(t,a) = —sin(y(t, a)), y(0) = a.

Then, it can be easily checked that, for all positive ¢ and for all a such that |a| < 1/2

Bs(t,0,y(t,a),z) = By(0,a, z). (3.2.4)

Now note that have the following relation satisfied by y(t, a):
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Differentiating relation (3.2.4)) and calculating the result at a = 0, we have that

10,B5(t,0,0,2)| = C'¢",

for a positive constant C’, thereby proving the claim. n

Remark 3.2.1. Note that the reasoning above does not change if we multiply the initial data
(ug, By) by a small constant e > 0. This in particular implies that we can consider initial

data of arbitrarily small size.

3.2.2 A growing self-similar solution in two dimensions

Here, we describe the two-dimensional example. First, let us note that in the case of ideal

MHD, the induction equation can be rewritten as follows:

3,53 + [u, B] = 0,

where [u, B] is the Lie bracket between u and B. To obtain exponential growth, we are led

to considering the “eigenvalue problem”

[u, B] = AB.

If there is a scenario in which w is a steady solution to 2D incompressible Euler, and moreover
A is negative, we can hope to prove exponential growth. This is going to be the strategy

behind our example. We now turn to describing the example in detail.

Proposition 3.2.2. Consider the 2D ideal MHD system (i = v = 0) on the whole plane
R2. There exist smooth initial data (ug, By) which launch a global solution (u, B) with the

ollowing property: for any open set O C R2, we have that
f g property y op )

|B||=(0) > C€', (3.2.5)
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where the constant C' > 0 depends on O.

Proof of Proposition|[3.2.3 Let us start from the ideal 2D MHD system:

ou+u-Vu+Vp=DB-VB,
B+u-VB—B-Vu=0, (3.2.6)

div u =0, div B = 0.

We can reformulate this system by using a stream function (¢, x) for B. Indeed, it can be

easily checked that, if (u, ) satisfy the following system:

Ou+u-Vu+Vp= (V) - V(VY),
Op +u- Vo =0, (3.2.7)

div u =0,

the pair (u, V1) satisfies the ideal MHD system (3.2.6). Here, as usual, we have defined
VvVt =(9,,—0,).

We now let v = (z — y)? and n = y? — %, and moreover we define

u=V1n and B = V.

It can be easily checked that both u and B are solution to the steady incompressible 2D
Euler equations. Indeed,

An =0, A =1=F(y),

where F' is the constant function 1.

Moreover,
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It is then easy to check that the vector fields

u, B :=exp(4t)B

solve the ideal MHD system ([3.2.7) with initial data uy = V+7n, By = V.
In particular, we easily check that (ug, By) have infinite energy and moreover that the

growth property (3.2.5) is satisfied. This concludes the proof of the proposition. H
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