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Abstract

The thesis consists of three essays inmacroeconomics. Chapter 1 analyzes the role of higher education

in shaping income inequality and intergenerational mobility. I introduce a model where overlapping

generations of heterogeneous households make college choices subject to a borrowing constraint and

with heterogeneous colleges that maximize quality. First, in response to the observed rise in the returns

to human capital in the U.S. since 1980, the model predicts an increase in income inequality, tuition,

the dispersion of spending per-student across colleges, the exclusion of low-income students from top

colleges, and the intergenerational elasticity of earnings (IGE), all consistent with the data. Second, I use

the model to run counterfactuals. If all students received the same higher education, the income Gini

and the IGE would decrease by up to 9% and 33%, respectively. Current government interventions—

financial aid and transfers to colleges—decrease the Gini coefficient by 3% and the IGE by 12% compared

to the laissez-faire.

Chapter 2 presents series on dispersion of expenditures per student, revenues and faculty per student

across colleges from 1980 to 2016 in theUnited States using IPEDS data. Inequality across students have

been slowly and steadily increasing over the period. The increase is half as large as the increase in annual

household income inequality. The trend is driven by four-year colleges, both within and between non-

profit private and public colleges. The average and the progressivity of government transfers to higher

education institutions have sharply declined since 1980, especially at four-year institutions.

Chapter 3 develops a model where large financial intermediaries subject to systemic runs internalize

the effect of their leverage on aggregate risk, returns and asset prices. Near the steady-state, they restrict

leverage to avoid the risk of a run which gives rise to an accelerator effect. For large adverse shocks, the

system enters a zone with high leverage and possibly runs. The length of time the system remains in this

zone depends on the degree of concentration through a franchise value, price-drop and recapitalization

channels. The speed of entry of new banks after a collapse has a stabilizing effect.
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Chapter 1

The Great Gatsby Goes to College:
Tuition, Inequality and
Intergenerational Mobility in the U.S.

1 Introduction

Towhat extent does the higher education system in the U.S. accentuate or dampen income

inequality and reduce or enhance intergenerational mobility? College has traditionally been viewed as

one of themain pathways to upwardmobility. However, access remains extremely selective and unequal,

especially at top-quality universities. For example, Chetty, Friedman, Saez, Turner, and Yagan (2019)

report that children whose parents are in the top 1% of the income distribution are 77 times more likely

to attend an Ivy League college than those whose parents are in the bottom income quintile. What are

the forces determining the sorting of students and financial resources across colleges of different quality?

To what extent does parental income matter relative to ability? How does this sorting in turn shapes

inequality at the next generation and intergenerational mobility?

These questions regarding the contributions of colleges to income inequality and intergenerational

mobility are all the more important as trends over the past forty years show that (a) the market returns
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the great gatsby goes to college

to education and income inequality have increased (Piketty and Saez, 2003; Autor, Katz, and Kearney,

2008); (b) the dispersion of expenditures per students across colleges has increased (Capelle, 2019); (c)

the share of students from the lowest income quintile in top colleges has stagnated (Bailey andDynarski,

2011; Chetty, Friedman, Saez, Turner, and Yagan, 2019); (d) tuition fees before financial aid have in-

creased by a factor of four in real terms since 1980; and (e) the intergenerational elasticity of income

(hereafter IGE) has slightly increased, corresponding to a decline in intergenerational mobility (Davis

andMazumder, 2017).

In this paper, I provide a framework to understand the interaction between the allocation of stu-

dents and financial resources across heterogeneous colleges, income inequality and intergenerationalmo-

bility. I analyze how the higher education system—the endogenous response of colleges and govern-

ment policies—accentuates or dampens income inequality and reduces or enhances intergenerational

(im)mobility. I then offer a unified explanation for the stylized facts (a) to (e) described in the previous

paragraph: an increase in the returns to human capital. Finally, I use themodel to analyze how the higher

education system propagates the increase in income inequality and run policy counterfactuals.

Thehousehold side of themodel builds on a large theoretical literature that formalizes howhumancap-

ital transmission across generations perpetuates inequality (e.g., Benabou (2002)). A continuum of het-

erogeneous households characterized by their human capital transmit—with some randomness—ability

to their children and make an educational investment choice subject to a borrowing constraint. The

supply side of the market for higher education is a continuum of colleges that differ in quality. House-

holds face an equilibrium tuition schedule that depends on college quality, student ability and parental

income.1 After college, each child becomes an adult, sells their human capital—a combination of their

ability, college quality and some labor market shock—in a competitive labor market and has a child.

A key novelty of my framework is to embed into this overlapping generation general equilibrium

model a distribution of heterogeneous colleges that is determined endogenously. Colleges seek to max-

imize the quality they provide to their students. Their quality depends not only on the amount of ed-

ucational resources spent per student but also on the average ability of the student body, what will be
1In Benabou (2002), households buy an educational ”good” traded at a constant unit price, independent on the house-

holds/students’ characteristics and there is no notion of quality ladder.
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referred to as the “peer-effect.” Colleges have an incentive to attract high-ability students because of the

peer-effect, as well as students from rich families who bring in additional resources to finance educational

spending. Thismicrofoundation of the college sector is borrowed from a literature that estimates equilib-

rium models of higher education (e.g., Rothschild and White (1995); Epple, Romano, and Sieg (2006);

Cai and Heathcote (2018)). As in Cai and Heathcote (2018), colleges are price-takers and the tuition

schedule clears each segment of the higher education market. Finally, I close the model with an educa-

tional sector that produces educational services and a government that implements non-linear merit and

need-based financial aid to students and non-linear transfers to colleges.

The first contribution of the paper is to provide an analytical characterization of the equilibrium allo-

cation and a unified explanation for the stylized facts (a) to (e): under weak conditions, an increase in the

returns to education—a primitive of the model—is shown to lead to an increase in income inequality, an

increase in the inequality of resources across colleges, a decrease in the share of low income students at top

colleges, a decline in intergenerational mobility and an increase in tuition. Intuitively, the rising returns

to education increase the dispersion of labor earnings for a given distribution of human capital, thereby

increasing income inequality. This leads richer households to demand higher quality of education, in-

centivizing top colleges to raise tuition, increasing the dispersion of revenues and educational spending

across colleges. This in turn feeds back into more inequality in human capital at the following genera-

tion. Individuals from low-income background are priced out of top colleges, hence the stagnation of

their shares and the decline in mobility. Higher education thus contributes to the gradual shift of the

U.S. society to the right side of the Great Gatsby curve.2

I then estimate a more general version of the model that I use to run policy counterfactuals as well as

to quantify the above effects. I allow for some degree of intergenerational transfers of financial wealth

and allow individuals to not go to college. Themodel is estimated using several microdata sources: (i) the

National Longitudinal Survey of Youth of 1997, a representative panel of high-schoolers, with detailed

information on parental background, the children’s abilities, their journey through the higher education

system and their income in their early thirties; (ii) the NCES-NPSAS, a detailed student-level dataset
2The Great Gatsby curve is the negative empirical correlation between cross-sectional income inequality and intergenera-

tional mobility. It has been documented in the cross-section of countries and over time in the U.S.
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on net tuition and financial aid; and (iii) the NCES-IPEDS, a panel of the universe of colleges. The

estimation proceeds in two steps: first I estimate the closed-form model which I show is, under some

assumptions, exactly identified. I then use the resulting estimates as initial values in the estimation of the

richer quantitative version. The closed-form expressions for the targeted moments in the first step make

it transparent which moments are important to pin down each parameter. They also make this first step

computationally quick, which allows me to estimate a large set of parameters.

The second contribution is to quantify the extent towhich the higher education system shapes income

inequality and intergenerational (im)mobility. I run six policy counterfactuals. The first one aims at

quantifying the total contributionof higher education to inequality andmobility. It consists in randomly

allocating students to colleges and equalizing spending across institutions. This leads to a decrease in the

income Gini by 9% (4.3 p.p.) and a decrease in the IGE by 24%.3 With the second counterfactual, I am

interested in isolating the contributionof the peer-effect. Todo so, I increase the degree of progressivity of

transfers to colleges to the point where spending is equalized across all colleges. In equilibrium, students

perfectly sort across colleges by ability.4 This policy experiment leads to a decrease in the income Gini by

3% (1.4 p.p.) and in the IGE by 15%.

The third policy counterfactual studies the implications of removing current government interven-

tions in higher education. In a laissez-faire allocation, where all government interventions are removed, I

find that the Gini coefficient would be 3% higher, and the IGE 10% higher. Moreover the most powerful

dimension of current policy is the subsidy to colleges, which contributes to a reduction of the income

Gini by 2%, followed by need-based financial aid, which decreases the income Gini by 1%. Merit-based

financial aid has virtually no effect, because it is very small in the status quo. I document elsewhere that

government transfers to colleges have become significantly less redistributive over the past forty years

(Capelle, 2019), bringing the system closer to a laissez-faire allocation. In the fourth counterfactual, I set

the parameters of the transfers schedule to what they were at the beginning of the 1980s. I find that the
3To give a sense of the magnitudes, the Gini coefficient of household gross income in the last decade has been around .45.

And it has increased by 10 p.p. since 1980. Estimates for the IGE range from .36 to .55. My favorite estimate, which is also
the value targeted in the calibration, is .4.

4A very progressive need-based financial aid schedule would generate the same equalization of resources and assortative
matching by abilities.
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income Gini and the IGE would be 1% and 3.4% lower than in the status quo, respectively.

The last two counterfactuals analyze the implications of a sharp increase in the progressivity of need-

based aid provided by colleges and of a version of “College for All”, two proposals widely discussed in

policy circles. To implement the former, I modify the strength of the social objective of colleges to the

point where the tuition schedule at a given institution and for a given child ability is linear in parental

income. Like in the first two experiments, the effect of parental income on the sorting of students is

neutralized. However college spending remains strongly increasing in college quality because child ability

and parental income are strongly positively correlated. This leads to an increase in the income Gini by

3% and in GDP by 22% because of the increase in the positive assortative matching of students across

colleges. The increase in the Gini occurs despite the decrease in the IGE by 6%. Finally I evaluate the

implications of a version of the “College for All” proposal. I implement the latter by fixing the dispersion

of spending across colleges to its level in the status quo and by sorting students across colleges by ability.

Perfect assortative matching is not an assumption but an equilibrium outcome. Surprisingly, I find that

the income Gini would increase by 2.5% and the IGE would decrease by 7%. GDP would increase by

2.8%, thanks to the improvement in the allocation of students.

The last contribution is to assess the quantitative effects of a rise in the returns to human capital and to

decompose the rise in inequality into a direct effect and the endogenous propagation through the higher

education sector. The increase in the returns to human capital is calibrated to match the increase in the

returns to college. Following this increase, the model generates an increase in the incomeGini coefficient

by 13 p.p., which corresponds to 130%of the empirical change, an increase in the expenditure per student

Gini by 5 p.p. corresponding to 100% of the empirical change and an increase in the IGE by 6%. In

a counterfactual world in which the returns to human capital increase but do not propagate through

the higher education sector, the increase in the Gini coefficient of income would have been 6% lower.

There are two sources of amplification: the allocation of resources and the allocation of student ability

across colleges. More than 100% of the total amplification is coming from the former. The latter actually

dampens the increase in inequality because the positive assortativematching of students along the quality

ladder of colleges worsens as relatively richer and less able children buy their way to top colleges.

5
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1.1 Literature Review

The present paper relates most directly to the literature that models and quantifies the transmission of

human capital, educational choice and inequality in an intergenerational framework (Benabou, 1996;

Fernandez and Rogerson, 1996; Kotera and Seshadri, 2017; Caucutt and Lochner, 2017; Guerrieri and

Fogli, 2017;Durlauf andSeshadri, 2018; Blandin,Herrington, et al., 2018; Lee andSeshadri, 2019; Eckert

and Kleineberg, 2019). A subset of these papers focuses on the role of higher education: Restuccia and

Urrutia (2004) shows that half of the intergenerational correlationof earnings is accounted forbyparental

investment in educationwith a dominant role for early education. In these papers, in contrast withmine,

there is a representative college whose tuition fees is exogenously parametrized and households have to

make a binary decision—enrolling or not into college.

In contrast, another stream of the literature models in detail and in static frameworks the admission

and tuition setting decisions of colleges and the rich heterogeneity in colleges and student types, but fo-

cuses mainly on the impact of financial aid policies (Epple, Romano, and Sieg, 2006; Fillmore, 2016), of

a change in the supply of seats in public colleges (Fu, 2014) and affirmative action policies (Kapor, 2015)

on the sorting by itself, whilemy focus is the study of equilibrium inequality andmobility. More recently

and more closely related, Cai and Heathcote (2018) shows that income inequality can fully account for

the observed rise in average net tuition since 1990 in a static model where households choose a quality

of college and price-taking colleges maximize profit. My model has a flavor of theirs. We differ in that (i)

there is a continuum of student ability instead of two types, which—maybe surprisingly—simplifies the

analysis; (ii) higher education is not purely a consumption good but does matter for the accumulation

of human capital. Incidentally, the equilibrium allocation is fully efficient in their model; and (iii) more

importantly, my paper is dynamic and is, to the best of my knowledge, the first one to embed a sorting

problemof heterogeneous students across heterogeneous clubs into an intergenerational setting, and still

remains tractable and lends itself to the study of the role of higher education in the transmission of eco-

nomic status over generation. One implication of this tractability is the possibility to work in an environ-

ment inwhich existence and uniqueness of the equilibrium—two issues that have plagued the theoretical

and quantitative literature on clubs—can be characterized. Another related stream of the literature stud-

6
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ies themacroeconomic determinants of tuition and the effects of financial aid. Lucca,Nadauld, and Shen

(2015) stresses the role of the expansion of credit supply, Gordon andHedlund (2017) the importance of

financial aid and Jones andYang (2016) the rising cost of universities input and professors—the Baumol’s

disease, a mechanism our model accommodates—implied by the rise in the skill premium, to explain the

rise in tuition. In this paper, I stress the role of the increase in the returns to education to explain the rise

in the average and the dispersion of tuition fees, due to the increase in demand by households for higher

quality of higher education, especially at the top of the distribution. This mechanism is akin to the rev-

enue theory of cost by Bowen (1980), but applied to a framework with a ladder of colleges, whereby

universities raise all the money they can through tuition fees and then spend it on projects that enhance

quality. Martin, Hill, and Waters (2017) have estimated that this mechanism accounts for two third of

the increase in the average real tuition fees. Regarding financial aid policy, Abbott, Gallipoli, Meghir,

and Violante (2013) shows that current financial aid policy improves efficiency and increases GDP. Al-

though we share the same deep source of inefficiency—a borrowing constraint—I focus on the misal-

location of heterogeneous students across heterogeneous colleges rather than on the enrollment rate. A

large reduced-form literature provides evidence on the returns to college quality and/or selectivity. While

most of them find significant returns on the labor and marriage markets as well as for children’ achieve-

ments (Black and Smith, 2006; Long, 2010; Hoekstra, 2009; Zimmerman, 2014; Bleemer, 2019), some

influential papers have cast doubt on these findings and the debate is still on-going (Dale and Krueger,

2011; Hickman and Mountjoy, 2019). My results suggest moderate amplification effects of higher edu-

cation. Another literature has shown that parental backgroundmatters a lot for achievements and access

in top colleges (Bailey andDynarski, 2011; Chetty, Friedman, Saez, Turner, and Yagan, 2019;Hoxby and

Turner, 2019) and that financial aid policy has a significant impact on college decisions (Dynarski, 2003;

Angrist, Autor, Hudson, and Pallais, 2016).

The rest of the paper is organized as follows. Section 2 presents the model and section 3 explains the

closed-form equilibrium expressions. Section 5 derives the key analytical comparative statics: an increase

in the return to human capital generates facts (a) to (e). Section 2 explains the estimation procedure.

Section 7 derives the quantitative results regarding the role of the higher education sector for the ampli-

7
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fication of inequality and the reproduction of economic status over generation. Section 8 concludes.

2 Human Capital Transmission with a Hierarchy of Colleges

The economy is populated by two types of agents: dynastic households and colleges. At each generation,

households imperfectly transmit human capital to their child and decide which college to send them to

after high school. Colleges choose their pool of students as well as educational spending to maximize the

quality they deliver.

2.1 Households

There is an infinity of dynasties, indexed by i ∈ I . Individuals live for two periods: one as a child and

one as an adult. Each adult has one child. A generation t ∈ N household of dynasty i is characterized

by its level of human capital hit and the child’s human capital at the end of high school zit. They choose

consumption cit, labor supply ℓit and college quality qit for their child. When no confusion results, I drop

the generation and dynasty subscripts and denote the state variables of the next generation with a prime.

The current generation value U(h, z) is solution to

U(h, z) = max
c,ℓ,q

{
(1− β) [ln c− ℓη] + βE [U(h′, z′)]

}
(1.1)

where β denotes the intergenerational discount factor. A child’s human capital at the end of high

school is modeled as a log-linear combination of parents’ human capital h and the birth shock ξb, captur-

ing the randomness of the transmission process.

z = (ξbh)
α1 Child’s High School Ability (1.2)

A household’s lifetime earnings denoted y is a function of their level of human capital h, their supply

of raw labor ℓ and the tax schedule. I describe the earning function in section 2.3.

Households are subject to a lifetime budget constraint. Their income y can be spent on consumption

8
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and on tuition fees. The tuition schedule is an equilibrium object which depends on college quality q,

household income y and the child ability z. Normalizing the price of the final good to one, it is given by

y = c+ e(q, y, z) Household Lifetime Budget Constraint. (1.3)

This budget constraint implies that households face an intergenerational borrowing constraint, i.e. the

current adults cannot leave bequest or pass-on debt along to their offspring. This assumption draws on

a large set of evidence that borrowing constraints do matter for college choices. Lochner and Monge-

Naranjo (2012) review the evidence on borrowing constraint in education. Although this specification

rules out net financial transfers across generation, the quantitative version I introduce later partially re-

laxes this assumption.5 The adulthood human capital of the child after college is a log-linear combination

of its pre-college ability, the quality of the college they went to and a labor market shock.6 It is given by

h′ = zqα2ξy Child’s Post-College Human Capital (1.4)

There are two sources of randomness in the accumulation process of human capital. The birth shock ξb

is known before the college quality decision has to be made, while the labor market shock ξy is realized

once the child enters the labormarket. It is assumed that the birth and labormarket shocks are i.i.d across

generations and households and log-normally distributed.7

ln ξb ∼ i.i.d.N
(
μb, σ

2
b
)

Birth Shock (1.5)

ln ξy ∼ i.i.d.N
(
μy, σ

2
y

)
Labor Market Shock (1.6)

5Ruling out net financial transfers across generations doesn’t prevent gross flows to occur within a lifetime. For example,
children are allowed to borrow from their parents early in life and repay later. It doesn’t rule out student loans as long as they
are exactly offset by a parental transfer of the same amount, i.e. student debt is possible as long as it is paid by parents.

6There is empirical evidence that the law of accumulation of human capital is characterized by complementarities between
pre-college ability and college quality. Dillon and Smith (2018) finds evidence of such complementarities for long-term earn-
ings. Lee and Seshadri (2019) estimate that the elasticity of substitution across periods of the human capital accumulation
process is one, which amounts to a Cobb-Douglas functional form.

7This formulation of the household problem draws from and extends Benabou (2002). The latter can be seen as the case
where there is no birth shock, σ2b = 0 and a constant unitary price for education e(q, y, z) = q.

9
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2.2 Colleges

Technology. There is a mass one of ex-ante identical colleges indexed by j ∈ [0, 1]. They are all of a

fixed size, c.8 A college is a technology that delivers to its students a quality that depends on educational

services per student Ij and the average of student ability z̄j, which will be referred to as the “peer effect.”

Furthermore, I assume that quality dependsnegatively on thedegree of dispersionof abilities andparental

income within the college, σ2u, which I define later. The production function of quality is given by

ln qj = ln Iω1j z̄ω2j − σ2u,j

where ω1, ω2 > 0.

Colleges are clubs because who belongs to the college matters for the quality delivered to all members,

through z̄. There is empirical evidence that peers enter the production function of college quality. For

example, Sacerdote (2011), Smith and Stange (2016) andMehta, Stinebrickner, and Stinebrickner (2018)

find evidence of peer-effects, especially from roommates, for achievements while in college. Zimmerman

(2019) finds evidence that the network and social capital built while in college matters for labor market

outcomes. Peer effects are also supported by the fact that colleges compete for the best students and seek

to maximize z̄ (Hoxby, 2009, 2013).

I make two assumptions about the negative impact of student heterogeneity on quality. First I assume

that the peer-effects are a geometric average of student abilities which therefore punishes heterogeneity

relative to an arithmetic average:

ln z̄j = Eφj(.)[ln(z)]

where φj(.) denotes the distribution of student abilities within college j. Secondly, through σu,j, I explic-

itly assume that the more heterogeneous the class in terms of student ability and economic background

the more difficult it is for a college to deliver a given quality to its students. I define σ2u,j as the within-

8As I explained in appendix A.1.7, it is natural to set the size of a college to the cardinality of the continuum c = ℵ1 as the
paper analyzes equilibria in which there is a continuum of heterogeneous students in each college.

10
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college variance of a weighted average of (log) ability and parental background, log z
ω2
ω1 y−

ω3
ω1 :

σ2u,j =
ω1

2
Vφ(.)

(
log z

ω2
ω1 y−

ω3
ω1

)
(1.7)

Defining σ2u,j in this manner ensures tractability by making Ij × e−σ2u,j a geometric average of tuition fees.

The solution to this problem would therefore be the same if colleges maximized a weighted geometric

average of tuition and student ability9

Educational services Ij arefinanced through the collectionof tuition fees fromall students. If pI denotes

the price of educational services, the static budget constraint of a college is

pIIj = Eφj(.)[eu(q, z, y)]

Objective and Problem. Taking the tuition schedule e(q, z, y) and the price of educational services pI

as given, a college chooses the amount of educational services per student Ij and the composition of the

student body φj(z, y)—a density over (z, y), which determines the average student ability z̄j—to maxi-

mize the quality qj they deliver to their students. For simplicity, asymmetries of information are assumed

away and clubs have perfect information about the type of applicants (z, y). Dropping the college sub-

script when no confusion results, the problem of a college is:

max
I,̄z,φ(.)

V = q (1.8)

subject to: ln q = ln Iω1 z̄ω2 − σ2u College Technology (1.9)

pII = Eφ(.)[eu(q, z, y)] Budget Constraint (1.10)

ln z̄ = Eφ(.)[ln(z)] Average Student Ability (1.11)

The formulation of the college problem follows the literature that studies the behavior of universities

(Fu, 2014; Epple, Romano, and Sieg, 2006). I depart from it by assuming that they behave competitively

as in Cai and Heathcote (2018). While the latter paper assume colleges maximize profits, I maintain the
9From this perspective, the college’s problem has a flavor of Fu (2014), where colleges maximize a weighted average of

average student ability and a quadratic function of net tuition.
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assumption that colleges maximize quality. It can be shown that the dual problem of maximizing profit

subject to a constraint on V leads to the same first order conditions. However, when I allow colleges to

have a social objective and implement need-based aid to student, it is not easy to interpret the nature of

such problem.

Entry and Positioning Game. At each generation, before operating, colleges play a positioning game

on the line of qualities.10 Taking the position of all other colleges as given, each college sequentially

chooses which quality to offer, q ∈ R+. The order in which they choose is exogenous. Since colleges are

otherwise identical, the order is arbitrary and inconsequential. The payoff for operating a given quality

is given by (1.8) and is assumed to be V = 0 if the college is not operating. A subgame perfect Nash

equilibrium of this positioning game is a mapping from the set of colleges j ∈ [0, 1] to the set of qualities

R+ such that given the positioning of all other colleges, no college wants to change its position.

This structure for entry ensures that all positive qualities are offered in equilibrium. The assumption

that a non-operating college gets V = 0 sets the lower bound of the support of qualities offered in equi-

librium, q = 0. The assumption that all collegesmust be of size c ensures that colleges donot agglomerate

at the highest quality level with each one of them operating with an infinitely small mass of students.11,12

2.3 Technologies for the Final Good and Educational Services

Apart from the college sector, there are two other sectors in the economy: the consumption good sector

and the educational services sector. The consumption good is produced by householdswho operate their

own production function and who sell their output on a competitive market at a price normalized to 1.
10In appendix A.1.7 I give a game-theoretic formalization of the positioning game.
11Intuitively, if there were no lower bound to their size, all colleges would locate at the highest quality level and operate

with virtually no students. In other words, all colleges would like to be Harvard but there is only one Harvard. To formalize
this notion, I assume that colleges can’t be too small and can’t steal students from colleges that are already located. This forces
colleges lower in the order to locate at qualities for which there are available students. In equilibrium this will imply that
colleges will locate in decreasing order on the line of quality, with the first mover operating at the highest quality. More details
are given A.1.7.

12One can see the positioning game with quality-maximizing colleges as the equivalent of the free-entry/non-profit con-
dition with profit-maximizing colleges, like in Cai and Heathcote (2018). A key difference, however, is that contrary to a
free-entry condition that equalizes payoff for all colleges, in a subgame perfect Nash equilibrium of the positioning game in
my setup, colleges receive heterogeneous payoffs if (and only if) they offer different qualities. Again, all colleges would like to
be Harvard, but there is room for only one Harvard (or maybe Princeton?).

12
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The market earnings function is

ym = Ahλℓμ HouseholdMarket Income (1.12)

whereA is an aggregate constant and λ, μ > 0. The elasticity of income to human capital, λwill be called

the “returns to human capital.” This parameter plays an important role in the rest of the paper. I argue in

section 5 that an increase in λ is able to rationalize the trends observed in higher education and explained

in introduction.

Although simple, this functional form is also the reduced-form expression of a more sophisticated

production function with physical capital and/or the payoff to a household involved in an aggregate pro-

duction process with some degree of complementarity across heterogeneous tasks. Educational services

are produced using the final good as input. Each unit of final good gives AI/A units of educational ser-

vices: yI = AI
A ym. Colleges buy services from the educational sector at relative price pI. In equilibrium,

it will be the case that pI = A/AI. Given that higher education is intensive in its use of high skilled la-

bor, it is of interest to extend the analysis to this case. This would make the price of educational services

endogenous to economy-wide conditions. In particular it would imply a positive relationship between

the returns to human capital, λ, and the price of education services pI, through the increase in the relative

wages of faculty. I provide a tractable generalization along these lines in appendix A.1.3.13

2.4 Equilibrium

An equilibrium path is a sequence of tuition schedules, prices of educational services, household’s policy

functions, colleges’ policy functions, a sorting rule, a distribution of human capital

{et(q, z, y), pI,t, ct(h, ξb), ℓt(h, ξb), φt(q, y, z), It(q), qt(j), qt(h, ξb), ft(h)}
∞
t=0 such that i) given the sequence

of prices, the household’s policy functions ct(h, ξb), ℓt(h, ξb) are solution to (1.1), ii) the college’s policy

functions φt(q, y, z), It(q) are solution to (1.8), and the allocation of colleges along the quality line qt(j)

13In this generalization, the production function of educational services is given by yI = AIhλ̄ℓμ with λ̄ ≥ λ, so that high
human capital individuals have a comparative advantage in the educational sector. None of the key mechanisms emphasized
in this paper depends on this generalization. And all key results are derived with the generalized version of the educational
sector.
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is a subgame perfect Nash equilibrium of the positioning game, iii) the demand for quality q from stu-

dents of type (z, y) is matched by a supply for this type at that quality, iv) the final good market as well

as the educational services market clear, v) the evolution of the distribution of human capital, ft(h), is

consistent with the intergenerational law of motion of human capital and the sorting rule, qt(h, ξb).

3 Properties of the Decentralized Equilibrium

I construct an equilibrium inwhich the distribution of human capital is log-normal. A necessary and suf-

ficient condition for this distribution to remain log-normal over generations is for the tuition schedule

to be a log-linear function of college quality q, student ability z and parental income y. Given the as-

sumptions laid out in the previous section, the unique tuition schedule compatible with the equilibrium

conditions and colleges being in an interior solution is log-linear. These two restrictions—log-normality

of human capital and interior solutions for colleges—ensure the tractability of the equilibrium expres-

sions.14

3.1 Equilibrium Tuition Schedule

Consider a college that decides to supply quality q. It then has to choose the optimal combination of

inputs—educational services Ij and the distribution of students’ quality that are consistent with q. Given

the substitutability between educational resources and student ability, a collegewill trade off lower tuition

for higher student ability. The first-order conditions with respect to the density over student types and

to the level of spending in the college’s problem reflect this trade-off. The following proposition gives

the unique equilibrium tuition schedule that is compatible with all colleges being at an interior solution.

It takes a log-linear form and, incidentally, implies that all colleges are indifferent between all student

types.15

14I cannot however rule out the existence of equilibria outside of this class.
15Although it is natural to focus on interior solutions, I cannot rule out the existence of other equilibria where tuition

fees deviate from this log-linear expression and some colleges are at corner solutions for some student types. The real world
tuition schedule does display kinks and a log-linear tuition schedule should be interpreted as a smooth approximation of
reality. Although looking at a more general class of equilibria is potentially interesting, it is beyond the scope of this analysis
and would defeat a key purpose of this paper, as all tractability would be lost.
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Proposition 3.1. The equilibrium before-financial-aid tuition schedule is given by

eu,t(q, z) = pIq
1
ω1 z−

ω2
ω1 (1.13)

and all colleges are indifferent between all types.

Tuition fees are increasing in quality q and decreasing in student ability zwith respective elasticities of
1
ω1 ,

ω2
ω1 . These elasticities are intuitive. Colleges of higher quality need to finance higher expenses, hence

require higher tuition. If educational services are important for the production of college quality, ω1

is high hence 1
ω1 is low, tuition will not be very elastic to quality, because a small increase in revenues

implies a large increase in quality. The elasticity−ω2
ω1 captures the importance of the peer-effect relative

to educational spending: if peers significantly matter, colleges have strong incentives to subsidize high

ability students to attract them.

3.2 Household Policy Functions

Given the equilibrium tuition schedule (1.26), households choose where to send their offspring. Since

the tuition schedule is monotonic in q, this decision amounts to choosing how much of their income

to spend on higher education. Define the spending rate of a household of type (z, y) going to college of

quality q:

st(q, z, y) =
et(q, z)

y
.

An attractive feature of the class of models with unitary elasticity of intergenerational substitution,

log-normal innovations and log-linear technologies is the possibility to obtain analytic expressions for

the optimal spending rate and labor supply. The following proposition characterizes the solution to the

F.O.Cs associated with the households’ problem.

Proposition 3.2. DefiningU = ∂ lnU
∂ ln h , the elasticity of the value function to human capital, one has that, in

equilibrium, for all households, the households’ spending rate, labor supply and marginal value of human

15
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capital U are given by:

st =
βα2ω1Ut+1

1− β+ βα2ω1Ut+1
(1.14)

ℓt =

[
μ
η

(
1+

β
1− β

α2ω1Ut+1

)] 1
η

(1.15)

with Ut = (1− β)
∞∑
k=0

βkλt+k

k−1∏
m=0

αh,t+m (1.16)

and αh,t = α1 + α2 [ω2α1 + ω1λt]

where αh,t is the Intergenerational Elasticity (IGE) of human capital at generation t. The spending

rate and labor supply are independent of the household type and depends positively on Ut+1 which is

also common to all households. The latter depends positively on all current and future αh’s, which is

the IGE. The higher the future IGEs the more incentive the current generation has to invest in human

capital and work. Importantly Vt—thus st—is also increasing in both the current and future returns to

education—λt. It will play a key role in the dynamics of human capital afterwards.

3.3 Equilibrium Sorting Rule

By combining the equilibrium tuition schedule and the equilibrium positioning of colleges on the qual-

ity line—the “supply side”—with the household spending rule—the “demand side”—one obtains the

equilibrium sorting rule, a mapping from the set of household and student types into the set of qualities

of higher education.

Proposition 3.3. In equilibrium, the sorting rule is given by

qt(y, z) =
(
sty
pI

)ω1
zω2 (1.17)

Equation (1.17) tells us which quality of higher education a student from family background y and

ability z gets. The elasticity of quality to income and ability capture the strength of what I call, respec-

tively, the income-sorting and ability-sorting channel. The income-sorting channel captures the fact that

16
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richer households are able to buy a higher quality of college, not only because they are richer but also

because colleges are ready to trade-off financial resources for ability. The ability-sorting channel captures

the desire of colleges to attract high ability students because of the peer effect.

3.4 Educational Sector and Market Clearing

In the simple case considered here, the price of educational services is pinned down by the relative pro-

ductivity parameter pI = A/AI. Market clearing then simply pins down the share of final good allocated

to consumption and to the production of educational services. The more general and realistic case with

a fully microfounded educational sector is described in detail in A.1.3.

3.5 Law of Motion of Human Capital

Having described the static equilibrium conditions, I now derive the law of motion for the distribution

of human capital. Since the first two moments of this distribution are the only aggregate states, it also

describes the dynamics of the aggregate economy. I start with the law of motion of human capital at the

individual level.

Intergenerational Transmission of Status. Plugging the expression for the equilibrium sorting rule

(1.17) into the law of accumulation of human capital (1.4) and gathering all terms in ln h gives the fol-

lowing intergenerational law ofmotion of human capital: ln ht+1 = αh,t ln ht+ ln ξy+(α1+α2ω2) ln ξb+

ln κ + α2xt with αh,t the intergenerational elasticity of human capital (IGE) and xt = ω1 ln
(

stAtℓμ

pI,t

)
.

The IGE is a linear combination of the before, during and after college transmission of human cap-

ital. This paper focuses on and opens the box of the transmission of economic status through college.

The transmission during college decomposes itself into the two sub-channels introduced in the previous

paragraph: the income-sorting channel that emphasizes the role of parental income and the ability-sorting
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channel that emphasizes the role of ability in the sorting of students across the ladder of college quality.

αh,t = α1︸︷︷︸
Before Coll.︸ ︷︷ ︸

Direct Transmission

+ α2( α1ω2︸︷︷︸
Ability-Sorting Channel

+ ω1λt︸︷︷︸
Income-Sorting Channel

)

︸ ︷︷ ︸
College

Aggregate LawofMotionofHumanCapital. Using the assumptionof log-normality of both shocks,

(1.5) and (1.6), if the economy starts froma log-normal distribution thenhumancapital stays log-normally

distributed along the equilibrium path:

Proposition 3.4. If ln ht ∼ N
(
mh,t,Σ2

h,t
)
then

ln ht+1 ∼ N
(
mh,t+1,Σ2

h,t+1
)

(1.18)

mh,t+1 = ρtmh,t + X1,t Mean of (log) Human Capital (1.19)

Σ2
h,t+1 = α2h,tΣ2

h,t + X2 Variance of (log) Human Capital (1.20)

where ρt = α1 + α1α2ω2 + α2ω1λt

X1,t = −
σ2y
2
+ ln κ − α1 (α2ω2 + 1)

σ2b
2
+ α2ω1 ln

(
Aℓμt

st
pI

)
X2 = σ2y + (α1[1+ α2ω2])

2 σ2b.

It is intuitive that the shifter in the law of motion of the mean of the distribution (1.29) is increasing

in the spending rate st, labor supply ℓt, but decreasing in the price of educational services pI. The law

of motion of the variance (1.30) is the mathematical expression of the Great Gatsby curve: the positive

relationship between the level of inequality Σh and the strength of the intergenerational transmission of

status, αh.

The lawofmotion of Σh, given by (1.30), is an auto-regressive process of order 1. The expression (1.29)

is also auto-regressive of order 1 since the paths of s and ℓ are only functions of the parameters and all the

future λ’s. The full system, (1.29) and (1.30), is therefore recursive which allows us to characterize the

existence and uniqueness of the equilibrium path.
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Proposition 3.5 (Existence and Uniqueness of Equilibrium Path). Within the class of equilibria with

an initial log-normal distribution of human capital, there exists a unique globally stable steady-state and

a unique equilibrium path.

3.6 Distribution of Students along the Quality Ladder andWithin-College Dis-

tribution of Students

Recall facts (b) and (c) noted in introduction: the dispersion of expenditures per student across colleges

has increased and the share of low-income students at top colleges has stagnated. One can actually derive

analytical expressions for the distributionof students across college qualities (and the implieddistribution

of expenditures) and for the within-college distributions of parental income and student ability. These

closed-form solutions enable us to shed light on the forces that determine these two objects and will

prove useful for the derivation of comparative statics in the next section. These three distributions are

log-normal and their first and second moments depend on the aggregate states, directly and indirectly

through the income-sorting and ability-sorting elasticities,

εI,t = ω1λt and εA = ω2α1.

As the following proposition establishes, the dispersion of qualities is an increasing function of both

of these variables. But the dispersion of parental income and ability within a college is a function of

their ratio. The former is increasing with the ratio εA/εI while the latter is decreasing: the more students

sort into colleges based on parental income, the less economic diversity there is in a college and the more

students sort into colleges based on abilities, the lower the dispersion of abilities.

Proposition 3.6. 1. The distribution of college quality is given by

ln q ∼ N
(
μ1,t(mh,t,Σh,t), σ21,t(Σh,t, εI,t, εA)

)

and σ1,t is increasing in εA, εI,t and Σh,t.
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2. Within a college of quality q, the distribution of parents’ (log) income is given by:

ln h|q ∼ N
(
μ2,t(mh,t,Σh,t), σ22,t(Σh,t, εI,t, εA)

)

with μ2 increasing in q and σ2,t increasing in εA and Σh,t but decreasing in εI,t.

3. And the distribution of students’ (log) abilities is given by

ln z|q ∼∼ N
(
μ3,t(mh,t,Σh,t), σ23,t(Σh,t, εI,t, εA)

)

with μ3,t increasing in q and σ3,t increasing in εI,t and Σh,t but decreasing in εA.

4 Taxes, Transfers and Financial Aid in Higher Education

In this section, I introduce a government which implements non-linear transfers of income across house-

holds and provides merit and need-based financial aid to students as well as subsidies to colleges. I also

allow colleges to provide need-based aid by assuming they have a social objective. I use log-linear tax and

transfer schedules as introduced by Persson (1983) and Benabou (2002) and estimated more recently by

Heathcote, Storesletten, and Violante (2017). They fit well the empirical schedules and they preserve the

tractability of the framework introduced in the previous section.

4.1 Government

The government implements four kind of taxes: two are specific to higher education (non-linear merit-

based and need-based financial aid to college students and non-linear transfers to colleges) and two that

are more standard (a linear consumption tax and a progressive income tax).

Progressive IncomeTax Schedule The household labor income is subject to a progressive tax schedule

with ay the average tax rate and τy its progressivity. The after-tax and transfers lifetime earnings is given
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by

y = (1− ay)y
1−τy
m Ty Household After-Tax Income (1.21)

where Ty is a normalizing aggregate endogenous factor ensuring that ay parametrizes the average income

tax rate. The non-linear schedules for financial aid and the college subsidy are in the same spirit as this

income tax schedule.

Merit and Need-Based Financial Aid Financial aid is allowed to be progressive with income and re-

gressive with abilities:

e(q, z, y) = Tez−τmyτn
eu(q, z, y)
(1+ ah)

Net Tuition (1.22)

where e(q, z, y) is the after financial net tuition faced by households, as specified in (1.3) and eu(q, z, y)

is the before financial aid price, commonly referred to as the sticker price. τm is the rate of progressivity

(or rather regressivity) of the merit-based subsidy, τn is the rate of progressivity of the need-based subsidy

and Te ensures that ah is the average financial aid to students.

Transfers to Colleges Financial transfers to colleges by states and the federal government are large and

highly progressive, as is documented in a companion paper Capelle (2019). Colleges that spend less per

student receive relatively more subsidies.16 This progressivity is closely related to the location of public

and private colleges in the distribution of quality. Most papers modeling the higher education sector

differentiate between public and private colleges. In contrast, I do not specify any ex ante differences

across colleges.17 In my model, the bottom and middle of the distribution of qualities, i.e. the colleges
16The notion of progressivity used here doesn’t refer to the progressivity with respect to the average students parental

income that populate these colleges. Even if students from richer families are more likely to be in high revenue colleges, it
might be that overall these transfers are regressive sincemany children from low-income background do not enroll in college—
a mechanism I abstract from in this version of the model but allow for in the quantitative version of the model presented in
section 7.

17There is little agreement in the literature about what really differentiates public colleges’ objectives and constraints from
non-profit private ones, apart from the fact that the former receive public subsidies but not the latter. Most papers assume that
tuition fees at public universities are subject to specific constraints. For example, Epple, Romano, and Sieg (2006) andCai and
Heathcote (2018) assume that tuition fees at public colleges are exogenous. This corresponds to the notion that tuition fees
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that receive relatively more transfers from the government, can be interpreted as public colleges. This

way ofmodeling government transfers allowsme to keep themodel tractable while capturingmost of the

heterogeneity in government transfers along the quality distribution. Taking into account these transfers,

the budget constraint of a college is:

pII = Tu(1+ au)
(
Ez,y[eu(q, z, y)]

)1−τu Colleges After-Transfer Revenues (1.23)

where τu is the degree of progressivity of subsidies to universities and Tu ensures that au is the average

amount of transfers per student received by colleges. The budget constraint presented in the college

problem, (1.10), is the special case when τu = 0. I show in Capelle (2019) that the functional form

assumption in (1.23) is a good approximation of the data.

Government Budget Constraints. There are two kinds of constraints. The first one is the aggre-

gate budget constraint that states that revenues (income tax and consumption tax) must equal spending

(transfers to colleges and students) at any period. The other three constraints pin down Tu,Ty,Te such

that ay, ah, au are respectively the average rate of income tax, financial aid and transfers to college. I give

more details in appendix A.1.3.

4.2 College Need-based Aid and Social Objective

I now allow colleges to give need-based aid. There is indeed evidence that colleges do discriminate tuition

fees based on parental income (Epple, Romano, and Sieg, 2006). To do so, I assume that colleges have a

social objective. There is direct evidence for this social objective: the claimed and (growing) public effort

of private and public universities to recruit low-income students. The social objective is modeled by a

are fixed by States’ legislatures. Butmost States have been decentralizing and deregulating tuition policies. Public colleges now
have significant autonomy in their tuition and hiring policies (McGuinness, 2011). (And even in the States where legislatures
still have a lot of power, it is not clear that their objective would be radically different than maximizing the quality delivered.)
For-profit colleges do display different behavior, but they make up a very small part of total enrollment.
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penalty that increases in the (geometric) average of parental incomes, ȳj and parametrized by ω3
18

lnVj = ln qj − ω3 ln ȳj (1.24)

where the ȳj is the geometric average parental income of students:

ln ȳj = Eφj(.)[ln(y)] Average Parental Income (1.25)

A college maximizes (1.24) subject to the technology for quality (1.9), the definition of the peer-effect

(1.11), the after-subsidy budget constraint (1.23) and the definition of average parental income (1.25).

4.3 Properties of the Decentralized Equilibrium

EquilibriumTuition Schedule. In this generalized framework, the log-linear formof the tuition sched-

ule is preserved.

Proposition 4.1. The equilibrium before-financial-aid tuition schedule is given by

eu,t(q, z, y) =

(
pI,t

(1+ au,t)Tu,t
q

1
ε1,t z−

ε2,t
ε1,t

(
y
κ2,t

) ε3,t
ε1,t

) 1
1−τu,t

(1.26)

where εl,t =
ωl

1− νt(Σh,t)ω3
∀ l = 1, 2, 3

with νt(Σt) the elasticity of mean parental income within a college to quality

ȳt(q) = κ2,tqνt(Σh,t)

and all colleges are indifferent between all types.

There are three new elements relative to the previous section. First, tuition are increasing in parental

income because of the social objective. The elasticity ε3
ε1(1−τu) =

ω3
ω1(1−τu) , depends on the strength of the

18Colleges give need-based to students in Epple, Romano, and Sieg (2006) not because of a social objective but because of
parents with higher income are less elastic to prices and therefore higher mark-up. Colleges do not discriminate by parental
income in Cai and Heathcote (2018).
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social objective: the larger ω3, themore progressive tuition fees are.19 Secondly, tuition decreases with the

average subsidies to colleges au, and the elasticity of tuition fees with quality is increasing in the degree of

progressivity of the college subsidy schedule, τu.

Thirdly, the elasticities of tuitionwith respect toquality, student ability andparental income—ε1,t, ε2,t, ε3,t—

are equilibrium objects that depend on current aggregate states, in particular the dispersion of human

capital in the economy Σh, and the policy parameters. Mathematical expressions for νt and κ2,t are given

in appendix A.1.4. κ2,t depends not only on current states but also on all future states through the labor

supply decision ℓt. The notation νt(Σh,t) makes explicit that the elasticity of mean parental income to

quality depends on the dispersion of human capital in the economy. As I show in appendix A.1.9, it is

increasing in the latter. It also depends on the current policy parameters and λ the returns to human cap-

ital. Note that when colleges have no social objective and only maximize quality, ω3 = 0, then εl = ωl

for all l = 1, 2, 3 and the ω’s are independent of the state of the economy.

The term 1
1−νt(Σh,t)ω3

that transforms ω1 into ε1 reflects the cross-subsidization from high-income to

low-income families within a college implied by the social objective. Tuition fees for a family with a given

income y increase with a lower elasticity with respect to quality when colleges have a social objective. This

family becomes poorer and poorer relative to the within-college mean parental income as one climbs the

college quality ladder (since parental income increases in equilibrium with quality). This effect is all the

more pronounced as the social objective parameter ω3 and the equilibrium elasticity of parental income

to college quality ν are large.20

Household Policy Functions and Sorting Rule For conciseness, and because it is very similar to its

expression in the previous section, the equilibrium spending rate of households is given by equation (A.4)

in appendix A.1.1. Combining the household decision with the equilibrium tuition schedule gives the

equilibrium sorting rule.
19The equilibrium tuition function turns out to be similar to the one in Epple, Romano, and Sieg (2006). While the

progressivity of tuition fees with parental income originates from market power in their framework, it comes from the social
objective in this paper.

20If inequality increases for exogenous reasons—as will be the case in our comparative statics with respect to the returns
to education λ—the endogenous increase in ν provides a partial mitigating force by making colleges willing to endogenously
redistribute more across students, provided ω3 > 0.
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Proposition 4.2. In equilibrium, the sorting rule is given by

qt =

(
sty

1−τn,t
t zτm,t

t (1+ ah,t)
Te,t

)ε1,t(1−τu,t)(
(1+ au,t)Tu,t

pI,t

)ε1,t
zε2,tt

(
yt
κ2,t

)−ε3,t
(1.27)

The elasticity of quality to income and ability which capture the strength of the income-sorting and

ability-sorting channel now captures the progressivity of taxes and financial aid:

εI,t
(1− τy)λt

= ε1,t(1− τu)(1− τn)− ε3,t Elasticity to Income

εA,t
α1

= ε2,t + τm(1− τu)ε1,t Elasticity to Ability

Relative to the framework without government intervention and a social objective for college, the

income-sorting channel is tempered by government subsidies to colleges that are progressive with slope

(1−τu), by need-based financial aid that are progressive with slope τn, financial aid by colleges that is pro-

gressive with slope ω3. In theory, this elasticity, εI, could be negative, if the social objective parameter, ω3,

was large enough, such that ε1,t(1− τu)(1− τn) < ε3,t. The elasticity with respect to ability—associated

with the ability-sorting channel—is amplified by the merit-based subsidy of the government, τm.

Intergenerational Transmission of Status. The IGE is now given by

α1︸︷︷︸
Before Coll.

+ α3︸︷︷︸
After Coll.︸ ︷︷ ︸

Direct Transmission

+ α2(α1(ε2,t + ε1,t(1− τu,t)τm,t)︸ ︷︷ ︸
Ability-Sorting Channel

+(ε1,t(1− τu,t)(1− τn,t)− ε3,t)(1− τy,t)λ︸ ︷︷ ︸
Income-Sorting Channel

)

︸ ︷︷ ︸
College

Aggregate Law of Motion of Human Capital. Like in the simpler version of the model, human cap-

ital remains log-normally distributed over the equilibrium path:
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Proposition 4.3. If ln ht ∼ N
(
mh,t,Σ2

h,t
)
then

ln ht+1 ∼ N
(
mh,t+1,Σ2

h,t+1
)

(1.28)

mh,t+1 = ρtmh,t + X1
(
mh,t, {Σh}∞s=t

)
Mean of (log) Human Capital (1.29)

Σ2
h,t+1 = (αh,t(Σh,t))

2 Σ2
h,t + X2,t(Σh,t) Variance of (log) Human Capital (1.30)

where ρt has the same expression as in the previous section. Expressions for X1
(
mh,t, {Σh}∞s=t

)
and X2,t(Σh,t)

can be found in appendix A.1.5.

In general the expression (1.29) is not a linear recursive formulation for the law of motion ofmh be-

cause s and ℓ are forward looking variables that depend on all the future Σh’s via the ε’s. In contrast,

the law of motion of Σh, given by (1.30), is still recursive—although in general not linear since both the

autoregressive coefficient and the shifter depend on Σh. The full system, (1.29) and (1.30), is therefore

block-recursivewhich allows us to characterize the existence anduniqueness of the equilibriumpath after

the exposition of the government budget constraints.

Government Budget, Educational Sector and Market Clearing The aggregate government budget

constraint (A.8) imposes, in all periods, a restriction on the path of the consumption tax rate ac,t given

an exogenous path of income tax ay,t, higher education subsidies ah,t, au,t and endogenous spending rate

st. Analytical expressions for this constraint as well as for equations (A.9),(A.10) and (A.11) defining

respectively Ty,t,Te,t and Tu,t are derived in appendix A.1.3.

Existence and Uniqueness of the Equilibrium Path Existence and uniqueness of the steady-state

and of the macroeconomic equilibrium path are slightly harder to obtain than in the previous section.

Although existence and local stability is obtained under an intuitive sufficient condition, a sufficient con-

dition for global stability is that ω3 be small enough.

Proposition 4.4. Existence and Uniqueness of Equilibrium Path

• If limΣh→∞ αh (Σh) < 1, there exists at least one locally stable steady-state.
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• For ω3 small enough, there exists a unique globally stable steady-state and a unique equilibriumpath.

with limΣ2
h→∞ αh (Σh) = α1 + α1α2(ω2 + τm(1− τu)ω1) + α2[ω1(1− τu)(1− τn)− ω3](1− τy)λ

A high ω3 might lead to multiple equilibria by making inequality Σh potentially grow too fast in some

parts of the state-space, i.e. by making the derivative of the right-hand-side of (1.30) higher than 1, thus

failing to meet the crucial defining feature of a contraction mapping. This stems from the fact that ν is

increasing in Σh, hence that εl for l = 1, 2, 3, αh and X2 are increasing in Σh.

5 Rationalizing Recent Trends in Higher Education

This section derives what I consider to be the most important analytical result of the paper. The increase

in the market returns to education λ is able to generate (a) the increase in income inequality (Piketty

and Saez, 2003; Autor, Katz, and Kearney, 2008); (b) the increase in the dispersion of expenditures per

students across colleges (Capelle, 2019); (c) the stagnationof the share of students from the lowest income

quintile in top colleges despite the increase in financial aid (Bailey andDynarski, 2011;Chetty, Friedman,

Saez, Turner, and Yagan, 2019); (d) the increase in real terms of tuition fees before and after financial aid;

and (e) the slight increase in the intergenerational elasticity of income mobility (Davis and Mazumder,

2017). It is natural to focus on the increase in the returns to education as it is widely recognized to be

one of themain sources of the increase in inequality (Katz andMurphy, 1992; Autor, Katz, andKearney,

2008).21 I also show that a decline in the progressivity of government subsidies to colleges—an observed

feature of the data—is able to rationalize the same facts. However, the quantitative analysis in section 7

suggests that this change would fail tomatch the large increase in income inequality observed in the data.

5.1 An Increase in the Returns to Human Capital

The following proposition formally states the key comparative static result.
21I do not take a stand on the exact source of increase in the returns to human capital. Many factors have contributed to this

rise: a skill-biased technological change, capital-skill complementarity, an improvement in the assortativematching of workers
and firms, an increase in assortative mating and in the number of single households and an increase in the substitutability
across skills due to international trade or due to better communication technology.
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Proposition 5.1. Assume the economy starts from a steady-state at t = 0. Consider a weakly increasing

sequence {λt}+∞
0 . If ω1(1− τn)(1− τu) > ω3, along the equilibrium path,

a) The Gini coefficient of human capital and income increase.

b) The Gini coefficient of colleges’ (log) expenditures per student (and quality) increase.

c) The ratio of variance of (log) income within a college over variance of (log) income in economy decreases.

d) The intergenerational elasticity increases.

e) The average expenditure for college as a share of income increases.

The formal proof of this proposition is contained in appendix A.1.9. Here I present intuition for the

stated effects.

Intuitively, when the returns to human capital, λ, increase, the dispersion of households’ income rises

for a given distribution of human capital [fact (a)]. Given that households all spend the same share of

their income for the higher education of their child, it implies an increase in the dispersion of desires to

pay for college. Following this change on the demand side of the higher educationmarket, colleges react:

top colleges take advantage of the risingwillingness to pay of their pool of students by increasing their fees

and their spending relative to colleges at the bottom. Inequality of revenues and spending across colleges

rise [fact (b)].

Poor but high ability students get priced out of top colleges for two reasons. First tuition fees at top

colleges have increased relative to lower ranked colleges. Second their parents’ income have decreased

relative to the average parental income. More generally this rise in the dispersion of tuition for colleges

implies that parental income matters even more to access a higher quality college than it used to, relative

to ability. It corresponds to an increase in the elasticity of college quality to income, εI, what I described

earlier as a strengthening of the income-sorting channel.

Consequently, top colleges become less diverse in terms of economic background because poor stu-

dents are priced out and students from rich families are able buy their way to the top. More generally,
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colleges become more segregated and homogeneous in terms of parental income [fact (c)]. Another im-

plication is that intergenerational mobility decreases, as parental income becomes increasingly determi-

nant for the opportunities of children [fact (e)]. This is a direct manifestation of the Great Gatsby curve

(Corak, 2013), whereby an increase in income inequality leads to a strengthening of the transmission of

economic status, here through access to better quality higher education, which feeds back into higher

inequality.

Overtime, the initial increase in inequality gets amplified through the higher education system. Stu-

dents from richer backgrounds get relatively higher quality of higher education, which increases the dis-

persion of human capital and therefore of income once their generation become adults. The shock prop-

agates over generations as this increased dispersion of human capital translates into a higher dispersion of

children abilities which gets amplified by the increasingly unequal distribution of college quality. .22

The amplification of the initial increase in the returns to human capital, λ, through colleges happens

through two channels: the reallocation of resources and the reallocation of students. As I have argued

above, financial resources and expenditures become increasingly concentrated at the top of the college

distribution. In contrast, high ability students become slightly less concentrated at the top of the college

ladder, partially mitigating the amplification.

Whydo colleges accommodate the increased dispersion in desires to pay for colleges? They are led to do

so by their desire tomaximize the quality they provide, despite their social objective. Even if an individual

college at the top of the distribution didn’t raise its tuition fees relative to, say, themedian college, another

college would fill up this gap, offering higher quality for higher tuition fees. This mechanism is akin to

the revenue theory of cost by Bowen (1980), but now applied to a hierarchy of colleges.23

Finally, average tuition fees and the share of total income devoted to higher education increase because
22The quantitative section provides a structural decomposition of the increase in the Gini coefficient and in the IGE into

the direct impact and the amplification through the higher education system.
23Bowen summarizes his theory page 19:

1) The dominant goals of institutions are educational excellence, prestige, and influence. 2) In quest of excel-
lence, prestige, and influence, there is virtually no limit to the amount of money an institution could spend
for seemingly fruitful educational ends. 3) Each institution raises all the money it can. 4) Each institution
spends all it raises. 5) The cumulative effect of the preceding four laws is toward ever increasing expenditure.
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higher returns to human capital gives stronger incentives to households to accumulate human capital

which drives their demand for higher education up [fact (d)]. It is therefore the same demand-driven

mechanism that drives both the average increase in tuition and the rise in inequality across colleges.

5.2 A Decrease in Public Transfers Progressivity across Colleges

In a companion paper Capelle (2019), I have documented the large decline in the average rate of govern-

ment subsidy to colleges, au, as well as in its progressivity, τu. In this section, I explain intuitively why a

weakly decreasing sequence {τu,t}∞0 has the same qualitative effects as an increasing sequence {λt}∞0 as

stated in proposition 5.1.24

For a given distribution of tuition fees across colleges, a decrease in the progressivity of public subsidies,

τu, leads to an increase in the dispersion of financial resources and therefore of quality across colleges [fact

(b)]. Mechanically, because of this decline in the progressivity of public subsidies, the college quality

ladder becomes steeper and the sensitivity of the quality of higher education received by a student to the

income of their parents increases. Moreover, the decline in τu implies that, from the point of view of

colleges, the marginal productivity of tuition fees in terms of quality has increased relative to students

ability. This gives incentives to colleges to target students with a higher desire to pay, at the expenses of

high ability students. Overall, this implies a strengthening of the income-sorting channel.25

Like in the case of an increase in λ, top colleges become less diverse in terms of family background

and colleges becomemore segregated by parental income [fact (c)]. Intergenerational mobility decreases,

as parental income become increasingly determinant for the opportunities of children [fact (d)]. The

initial change in the allocation of students across colleges gets amplified over generations: because they

experienced a more unequal distribution of higher education, the next generation of households is more

unequal in termsof human capital and therefore income. This translates intohigher inequality of abilities

of their children, and so on and so forth... The economy gradually shifts rightwards (higher inequality,

lower mobility) along the Great Gatsby curve.
24The formal proposition and proof are given in appendix A.1.9.
25Formally, it is easy to see that it also strengthens the ability-sorting channel—by increasing the impact of merit-based

subsidy.
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Finally, the decrease in τu incentives households to invest more in higher education, since the elasticity

of quality to tuition has risen, which leads to an increase in the average spending rate s and in average

tuition.

6 Taking the Model to the Data

In the previous sections I developed a tractable model of human capital accumulation with a ladder of

colleges which allows for a sharp analytical characterization of the equilibrium sorting of students across

colleges, income inequality, intergenerational mobility and aggregate production. The next two sections

are devoted to the quantitative assessment of the role of higher education in shaping inequality and in-

tergenerational mobility. This section has two goals. First I relax some of the assumptions I adopted for

tractability in the previous sections and extend themodel to a richer quantitative environment. Second I

explain how I estimate this richer model, which I then use in section 7 to assess the quantitative relevance

of the higher education system.

6.1 Quantitative Extension

I extend the model in two dimensions. First the restrictions on intergenerational financial transfers are

partially relaxed: negative transfers up to a limit are allowed (student debt not offset by parental transfers)

as well as positive transfers (bequests):

U(h, z, a) = max
c,ℓ,q,a′

{(1− β) [ln c− ℓη] + βE (U(h′, z′, a′))} (1.31)

y+ erHa = c(1+ ac) + e(q, y, z) + a′ (1.32)

a′ ≥ a (1.33)

where erH, r,H denote respectively the “generational” rate of return, the annual rate of interest and gen-

eration length and a is the exogenous borrowing limit.

Households therefore face a portfolio problem: they have to decide upon the optimal combination
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of bequest and higher education for their offspring. High ability children from a poor background will

take up loans and rich families with low ability children will choose to transmit financial wealth instead

of buying a high quality college for their kid. Overall, allowing for financial transfers should weaken the

link between parental income and the child’s position on the college ladder.

Secondly, there is an outside option delivering q for free:

e(q, y, z) = 0 ∀ (z, y) (1.34)

Some individuals will find it optimal not to go to college and take up the free outside option. This

gives rise to a meaningful enrollment decision that was absent from the previous framework where all

individuals got at least some arbitrarily low quality of higher education. A direct implication of equation

(1.34) is that, if q > 0, in equilibrium no individual ever chooses q < q and there is a Dirac peak at q. It

is natural to define the enrollment rate as the share of individuals with q > q.

The set of technological constraints faced by the household is otherwise similar to the original problem

described in section 2. Formally, the problem of the household consists in maximizing (1.31) subject to

(1.12), (1.21), (1.2)-(1.6) and thenewconstraints (1.32)-(1.34). The rest of themodel remains the same.26

The original problem is the special case when a′ = q = 0.

For future reference, I call M1 the model studied in sections 2 and 3 and M2 the augmented model

described in this section. In the remainder of the paper, and unless otherwise stated, the expression “in-

come Gini coefficient” refers to the “labor earnings Gini coefficient”, the key object of interest of our

analysis.

6.2 Data

The core dataset is the restricted-use version of theNLSY-1997, a representative panel of individuals who

were 12 to 17 years-old in 1997, whom I follow every year up to now. It features data on parental income,

abilities measured by a common comprehensive test-score, the Armed Services Vocational Aptitude Bat-
26I explain how the problem of the colleges is kept tractable in this more complicated framework in appendix A.2.1.

32



the great gatsby goes to college

tery orASVAB, a detailed description of their journey through the higher education system—each college

they attended, the time spent and the degree obtained—and their labor earnings.

To estimate the parameters related to financial aid, I use the restricted-use NCES-NPSAS in 2000,

which is the closest survey to the average year when individuals in theNLSY go to college. It is a represen-

tative survey of students that features detailed information about parental income, out-of-pocket college

costs and financial aid disaggregated by source—federal government, state, private and institutional.

The publicly available NCES-IPEDS annual surveys provide college-level information on expendi-

tures, revenues, enrollment and the distribution of test scores within each college. I use the 2000 to 2004

surveys. Finally I complement these data with statistics on enrollments from the NCES andmeasures of

aggregate spending for higher education from the OECD.

6.3 External Calibration

The full list of the nineteen parameters that need to be calibrated is given in the first column of table

1.1. Seven of them I set without solving the model while the remaining twelve are calibrated solving it. I

provide here a quick overview of the procedure for the former. See appendix A.2.2 providesmore details.

The income tax schedule parameters ay, τy are informed by the average income tax rate and the slope

of the income tax schedule estimated by Heathcote, Storesletten, and Violante (2017). In a companion

paper, I estimate the average per-student state transfers to college, au, and the degree of progressivity of

these transfers τu (Capelle, 2019). I use the average financial aid received by students to calibrate ah.

I use estimates of the Frisch elasticity of labor supply from the literature to calibrate η (Chetty, Guren,

Manoli, andWeber, 2011). The elasticity of substitution in the educational services sector is set to λ̄ = λ

so that the price of educational services is given by pI = 1
AI
. The generation length is set toH = 30 years.

The lower limit, a is set to match the official borrowing limit for student loan.

6.4 Internal Calibration

The algorithm used to estimate the parameters is akin to a Simulated Method of Moments. The results

are reported in the fourth column of table 1.1.
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I now make a heuristic identification argument that justifies the choice of moments used in the esti-

mation. Although no parameter can be identified out of a single moment, I stress in this section which

moment is important for each parameter. Thanks to the closed-form expressions of these moments in

terms of structural parameters in M1, it is possible to formalize this argument, which I do in appendix

A.2.3.27

Assume for a moment that one perfectly observes child ability and college quality {zi, qi}i. I first es-

timate the financial aid schedule (1.22), and use the elasticity of government financial aid to parental

income and to students ability to inform the slopes of the financial aid schedule, which pins down τn and

τm. I estimate the tuition schedule by running a regression of before-government-aid tuition fees on a

college fixed-effect, ability and parental income. I use the elasticity with respect to parental income to in-

form the social objective parameter ω3. I then estimate the sorting rule by running a regression of college

quality on students ability and parental income. The elasticity of college quality to students ability has a

first-order effect on the peer-effect parameter ω2.

I then estimate the human capital accumulation function (1.4), and the market earnings function

(1.12), to recover α1, α2, α3 and the returns to human capital λ. I thus run a regression of (log) child

earning on (log) ability, (log) college quality and (log) parental income. The elasticity of a child’s income

to their ability identifies λ. Conditional on λ, the elasticity of child’s income to college quality (resp.

parental income) identifies α2 (resp. α3). Similarly, the elasticity of child’s income to parental income

identifies α3. Finally, I use the IGE of income to inform α1.

I have assumed so far that child ability and college quality were observable. However, they are not. I

need to construct them by combining observable data and restrictions implied by the model. I first ex-

plain how I construct student ability. All children in theNLSY take the same test in high school. I assume

that the resulting test scores are ranked in the same order as ability, z. Conditional on a (α1, λ) it is possi-

ble to show that the correlation between the rank of the test scores and parental income corr(rank(z), y)

identifies the variance of the birth shock, σ2b . I then generate model-consistent abilities that have the
27Another advantage of the closed-form expressions in M1 is the ability to investigate the invertibility of the model, given

a set of targeted moments. It is possible to show that if abilities are directly observable and that there is no social objective
ω3 = 0, then the parameters are exactly identified. Although child’s ability z are non-observable, it helps build confidence in
the identification of the parameters in my procedure. The proposition and more details are provided in appendix A.2.4.
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following properties (i) they preserve the ranking of test scores, (ii) they are compatible with the distribu-

tional assumption for the birth shock (1.5) where σ2b has just been estimated and (iii) they are compatible

with the functional form for the transmission process (1.2). The construction of college quality is more

direct. I use the information about which college each child has attended, average test scores and educa-

tional spending in each college and the assumed production function for quality (1.9) to construct the

model-consistent variable qi.

The Gini coefficient of income is used to inform the variance of labor market shocks, σ2y .28 The inter-

generational rate of preference, β, is strongly related to the share of private spending inhigher education in

GDP. The outside option to college, q, is directly related to the enrollment rate, the lower q, the stronger

the incentives to go to college. Recall that my model takes r as exogenous. Changing r has an impact

on the incentives to accumulate the financial asset and, in steady-state, on the mass of households close

to the borrowing constraint. r has consequently a first order effect on the elasticity of college quality to

parental income.

28I assume that the economy is at steady-state in the 2000s. More details in appendix .
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Table 1.1: Parameters andMoments

Parameter Description Value Target/Source Moments
M1 M2 Data M1 M2

η (Inv.) elast. labor 2 id. Chetty, Guren, Manoli, andWeber (2011), Own Comput.
τy Income Tax Slope .23 id. Heathcote, Storesletten, and Violante (2017), Own Comput.
λ Return to human capital .67 id. OwnComput.1
au Av. Transfer to College .4 id. Av. Transfer to College .4 .4 id.
ay Av. Income Tax Rate .2 id. Av. Income Tax Rate .2 .2 id.
ah Av. Financial Aid .2 id. Av. Financial Aid .1 .1 id.
τu Elas. Transfers to Coll. .35 id. Elas. Transfers to Coll. (Capelle, 2019) .35 .35 id.
a Borrowing Limit (0) .03 Borrowing Limit .03 (0) .03
ā Bequest Limit (0) +∞ Bequest Limit +∞ (0) +∞
τn Elas. Gov. Fin. Aid to y .195 id. Elas. Gov. Fin. Aid to ym .195 .195 id.
τm Elas. Gov. Financial Aid to z .07 id. Elas. Gov. Financial Aid to z .07 .07 id.
ω3 Social Obj. Param. of Coll. 0 id. Elas. Tuition to y .13 .13 id.
ω2 Elas. q to Average Ability .84 Elas. q to z in sorting rule .94 .94 .96
ω1 Elas. q to I 1 id. Normalization - -
σ2b Var. birth shock 6.6 id. ρ(ym,i, rank(zi)) .43 .43 id.
α1 Elas. h′ to z .21 id. InterGen. Elas. (Mazumder, 2015) .5 .5 id.
α2 Elas. h′ to q .2 id. Elas. y′m to q .13 .13 id.
α3 Elas. h′ to h .2 id. Elas. y′m to ym .2 .2 id.
σ2y Var. Lab. Mkt. shock .74 id. Income Gini Coef. (Kopczuk, Saez, and Song, 2010) .45 .45 id.
β Intergen. Preference .235 .27 % Priv. Spend. High. Ed. in GDP (OECD) 1.3% 1.3% id.
q Outside Option (0) .0278 Enrollment Rate (NCES) 70% (100%) 70%
r Interest Rate - 3.5% Elas. q to y in sorting rule .2 (.4) .21

See appendix A.2 for more details.
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7 The Role of Higher Education: Quantitative Results

In this section I use the calibrated model from the previous section to assess the quantitative relevance

of the higher education system in shaping inequality, intergenerational mobility and the efficiency of

the accumulation of human capital. I first present a set of policy experiments that shed light on different

aspects of the system and/or are of a specific political or historical interest. Second I assess the quantitative

effects of a rise in the return to human capital and decompose the rise in inequality into a direct effect and

the endogenous amplification through the higher education system.

7.1 Policy Experiments in Higher Education

In table 1.2, I gather the results of the six policy experiments discussed below. I provide the percentage

change from the status quo steady-state to counterfactual steady-state of the Gini coefficient of labor

earnings, expenditures per students, the intergenerational elasticity, GDP and a measure of welfare. The

social welfare function is a generalizedmean of households values with constant elasticity of substitution

across households, σ, in the range [.2, 1].29

How would the equilibrium outcome change if everyone got the exact same higher education? The

first policy experiment consists in randomly allocating students across colleges. This leads to an equaliza-

tion of spending per student and average student ability across all colleges. It is therefore a natural way to

quantify the total effect that higher educationhas on income inequality, intergenerational persistence and

GDP. Formally, I provide everyone with the same college quality, q̄, where the latter is compatible with

the production function of quality (1.9), the average children ability in society and average government

transfers per student.30 Because households optimal spending rate for higher education drops to zero,

all the resources spent in the higher education system have to be financed through taxes and transfers to

colleges. One therefore needs to take a stand on the level of government subsidies. I assume that there are
29Recall that the cases σ → 0, σ = 1 correspond to a Rawlsian and a utilitarian social welfare functions, respectively and

the case σ → +∞ to a social welfare function that is a monotonic transformation of GDP. In the context of my model, with
missing insurancemarkets for birth and labormarket shocks, a concern for equity also captures a concern for insurance against
these shocks.

30The random allocation of students not only equalizes college experiences among college-goers but implies that every-
one goes to college. It thus neutralizes both the extensive (going or not) and the intensive (quality) margin. More details in
appendix A.3.
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such that the share of GDP going to higher education remains the same as in the status quo allocation.31

I find that doing so would reduce the income Gini by 8.5% and the IGE by 24.3% (see line no. 1 in table

1.2). To get a sense of themagnitude, a reduction by 8.5% of the incomeGini corresponds to a reduction

of 4 p.p., which is half of the total increase since 1980. It is therefore a sizable effect. GDP however drops

by 7% because of the increase in the misallocation of students and resources across colleges.

With the second policy experiment I am interested in isolating the contribution of the peer-effect. To

do so, I equalize resources across all colleges. The most direct way to implement such a distribution

of educational services is to redistribute and equalize resources across all colleges (τu = 1). But one

could also obtain the same allocation with a very progressive need-based financial aid schedule (τn =

1). Incidentally such policies neutralize the effect that parental income has on the sorting of students

across colleges conditional on child ability. The distribution of student abilities across colleges changes

in the counterfactual. In particular, colleges become more homogeneous in terms of ability.32 Like in

the previous policy experiment, I assume that government policies exactly offset the decrease in average

private spending, so that the aggregate spending rate in higher education remains constant in the two

steady-states. I find that in the counterfactual allocation, the incomeGini is reduced by 2.5% (or 1.2 p.p.)

and the IGE by 14.7% (line no 2). On the one hand the mismatch of student abilities is reduced with the

elimination of the income-sorting channel, but the equilibrium equalization of spending across colleges

leads to a less efficient accumulation of human capital. Overall, GDP falls by 1.8%.

The third experiment requires colleges to adopt progressive need-based aid. It is an interesting experi-

ment because it is widely discussed in policy circles and, increasingly, colleges advertize their need-based

financial aid program. To implement such progressive institutional aid, I raise the social objective param-
31The choice for the level of subsidies does not influence inequality or mobility, but it does have a first order effect on the

aggregate level of production. This assumption allows to focus on the effect of misallocation on aggregate production. In
practice it means that the level of government subsidies should increase to offset the decline in private spending for higher
education.

32One could therefore argue that this counterfactual isn’t capturing only the effect of equalizing resources across colleges.
For example, Chetty, Friedman, Saez, Turner, and Yagan (2019) do a counterfactual exercise in which they reallocate students
across colleges so that the distribution of abilities remain unchanged but so that conditional on ability, the allocation becomes
independent of parental income. Like in our counterfactual, they neutralize the role of parental income on the allocation of
students across colleges. However such a counterfactual is not compatible with a general equilibrium allocation of students
and resources. Reallocating students entails a reallocation of financial resources, and therefore of value-added. The advan-
tage of the counterfactual I propose is its implementability and compatibility with realistic policy tools and a decentralized
equilibrium.
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eter of colleges, ω3, to the point where ω3 = ω1(1 − τn)(1 − τu) so that all households pay the same

share of their income to get into a given college conditional on ability. Recall that in M1, it perfectly

shuts down the income-sorting channel. But in contrast with the previous policy experiment, it doesn’t

lead to an equalization of resources and spending across colleges. The segregation of colleges by abilities

and the positive correlation between abilities and parental income leads to a positive sorting of resources

across colleges. Colleges with higher ability students have more resources and spend more. This policy

has, maybe surprisingly, a positive effect on income inequality (+3%) because it improves the matching

of students, like the previous policy, but increases (by 13%) rather than reduces the dispersion of expen-

ditures across colleges. For the same reason, the IGE falls by less than in the previous experiment (-6.4%).

The perfect positive assortative matching of students and the positive sorting of resources lead to a large

increase inGDP (+22%). As a result, thewelfare gains of this policy are very large, around 8%, irrespective

of the strength of the concern for equity, σ.

The fourth policy experiment consists in eliminating all current government interventions in higher

education. It is aimed at quantifying the extent to which the current government interventions affect

inequality and mobility. Formally, a laissez-faire equilibrium corresponds to the case τu = τn = τm =

au = ah = 0. I find that doing so leads to an increase in the income Gini by 2%, an increase in the

IGE by 12% and an increase in the Gini coefficient of college expenditures by 70% (line no. 4a). Across

all measures, two-third of these changes are due to the transfers to colleges (line no. 4b) and one-third

to need-based financial aid (line no. 4c). Merit-based aid plays virtually no role (line no. 4d). While

most of the policy debates have been, in recent decades, centered around the issue of federal financial aid

and income tax credit and as transfers to colleges have been significantly cut, these results highlights the

importance, in the current system, of transfers to colleges. The fifth policy experiment evaluates a (con-

servative) version of the recent proposal by democratic candidates to make college free for all. Although

not fully specified as of now, the plan envisions (i) setting tuition to aminimum fee at public institutions

(ii) offsetting the implied revenue losses with federal and state subsidies to colleges.33 The proposal states

that on aggregate the loss of tuitionwill be offset by subsidies to colleges, but it doesn’t specify howmuch
33See here for a detailed version of the Act.
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redistribution of resources across colleges shall occur. The most progressive option, where resources are

fully equalized across colleges, corresponds to the second counterfactual (line no. 2) derived earlier. In

contrast, I present here themost conservative option, where government transfers exactly offset the loss of

tuition revenues at the college level. Formally, I assume (i) τn = 1, (ii) ah and au are such that the share of

GDP going to higher education remains the same as in the benchmark allocation—as in counterfactual 1

and 2—and (iii) τm is such that the Gini of expenditures per students remain constant. The equilibrium

allocation therefore features perfect stratification of colleges by student ability and unchanged sorting of

expenditures per students across colleges. Such a policy would lead to an increase in the income Gini

by 2.4% and an decrease in the IGE by 7.4% (line no. 5). GDP would increase by 2.8% thanks to the

improvement in the matching of students.

The sixth policy experiment sets the level and progressivity of government transfers to colleges to what

they were in 1980. It aims at quantifying the impact on inequality and mobility of the sharp decline

in both the average and progressivity of government transfers to colleges over the past forty years, doc-

umented in Capelle (2019). I have shown in section 5 that qualitatively such policy changes have very

likely contributed to the trends (a)-(e). Quantitatively, I find that setting the parameters of the subsidies

to colleges schedule to what they used to be in 1980 implies a decrease in the income Gini by .6% and a

decrease in the IGE by 3.4% (line no. 5). The decline in public transfers to colleges can quantitatively

account for a very small share (2.7%) of the total increase in the income Gini but a large share of the total

increase in the Gini of expenditures per student (90%). Although qualitatively consistent with fact (a)-

(e), the latter findingmakes the decline in public transfers a less compelling explanation than the increase

in the returns to education, to which I now turn.

7.2 Increase in the Returns to Education and Propagation through Higher Ed-

ucation

I now quantify the extent to which a reasonably parametrized increase in the returns to education, λ,

can explain the stylized facts (a)-(e) presented in the introduction. Let’s denote λ1980 and λ2010 the value

of the returns to education in the original steady-state (1980) and in the final steady-state (2010). The
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Table 1.2: Policy Counterfactuals

%Change from Status quo

Policy
Gini

Earnings
Gini

Exp./Stud.
Intergen.
Elas. GDP

Welfare
σ = [.2, 1]

1 Random Admission -8.5 -100 -24.3 -7.1 [-9.6,-0.8]
2 Equal Resources -2.5 -100 -14.7 -1.8 [4.1,0.5]
3 Progressive Aid by College 3.0 13 -6.4 22.0 [8.3,7.9]
4a Laissez-faire 2.0 70.3 12 2.9 [-6.1,-1.9]
4b No Transfer to College 1.5 48.2 7.9 .6 [-2.5,0.2]
4c NoNeed-based Aid .5 18.2 3.0 2.4 [-2.7,-1.2]
4d NoMerit-based Aid -.02 -3.1 -0.03 .2 [0.0,2.1]
5 College for All (conservative) 2.4 0 -7.4 2.8 [-2.2,0.8]
6 Transfers to College, 1980 -.6 -21.6 -3.4 -3.0 [-1.0,-1.1]

Status quo Levels .45 .22 .4 - -

value in 2010, λ2010, is the one estimated in the previous section. In order to calibrate the value in the old

steady-state, λ1980, I target the change in the college premium across the two periods, keeping all other

parameters constant.34 Comparing the two steady-states corresponding to the two values, λ1980 < λ2010,

I find that the model generates an increase in the income Gini coefficient by 13 p.p., which corresponds

to 130% of the empirical change, an increase in the expenditure per student Gini by 5 p.p. corresponding

to 100% of the empirical change and an increase in the IGE by 6%.

I then isolate the contribution of the higher education system to the increase in income inequality.

I compute the Gini coefficient of a counterfactual distribution of labor incomes where (i) the underly-

ing distribution of human capital is the one in the 1980 steady-state, (ii) the returns to human capital

parameter, λ, is set at its 2010 level, λ2010, and (iii) the labor supply policy function is the one in the 2010-

steady-state. This gives the level of inequality if there were no propagation through higher education.

I provide more details in appendix A.3. I find that the higher education sector accounts for 6% of the

seven percentage points increase generated by the model, which corresponds to a little bit more than half

a percentage point increase in the Gini coefficient of income.35

34As I discuss in the previous section, the model overestimates the level of the college premium because of the fat tail of
income in the data. It is therefore natural to target the relative increase in the college premium rather than its level in 1980.
I use the value provided by Autor, Katz, and Kearney (2008) for the college premium: Δ log(wcollege

wHS
) = .65 − .45 = .2, see

figure 2 in their paper.
35InM1, the version of the model without intergenerational transfers and without outside option to colleges, the endoge-

nous amplification through the higher education is even lower, 3% of the total increase in inequality. The additional amplifica-

41



the great gatsby goes to college

I now decompose the propagation through the higher education system into two channels: the real-

location of resources and the reallocation of students quality across clubs. Formally, I compute a coun-

terfactual steady-state in which (i) the tuition schedule and the expenditures per student by college rank

is fixed at what they were in the initial steady-state, in 1980, (ii) the returns to education parameter λ is

set at its 2010 value. Notice that this counterfactual is not compatible with a decentralized equilibrium,

because colleges are no longer on their F.O.C. and their budget constraint don’t hold, so that some have

deficits and some have surpluses. See appendix A.3 for more details. I find that more than 100% of the

total effect stems from the increased dispersion of financial resources. The reallocation of students across

the quality ladder of colleges dampens very slightly the effect.36

Intuitively, in the counterfactualwhere expenditures have beenfixed, top colleges display surpluses, be-

cause the willingness to pay of their equilibrium pool of students has increased with the rise of inequality

pushing tuition fees up, while bottom colleges have deficits. The dispersion of average student ability

however declines as rich but not so smart children manage to buy their way to top colleges while smart

but poor children are being priced-out. From the counterfactual allocation to the final steady-state in the

year 2010, expenditures per students adjust according to revenues and tuition fees, thus keeping up with

the willingness to spend of their respective pool of families, which increases revenues and thus quality at

the top and decreases it at the bottom. In the counterfactual, the Gini coefficient of income barelymoves

and if anything slightly declines. This allows us to conclude that it is really the increase in the dispersion

of revenues and therefore expenditures per students across colleges that is the root of the increase in the

amplification by colleges. One natural test of this mechanism is to look at the evolution of the dispersion

of tuition fees. Davies andZarifa (2012) indeed find that theGini coefficient for tuition fees has increased

over the period 1971-2006.

tion inM2 comes from the extensive margin: the fact that more students get enrolled into college when the returns to human
capital increases reinforces the feedback mechanism of higher education on inequality. That the extensive margin plays an
amplifying role is not a qualitative feature of the model but depends on the initial enrollment rate.

36This dampening effect is stronger in the short-run. In the long-run, low ability kids from rich family ”catch up.”
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8 Conclusion

This paper studies the extent to which the higher education system shapes economic inequality and in-

tergenerational mobility in the U.S., how it has propagated and amplified macroeconomic shocks such

as an increase in the returns to human capital and how government policies may affect these responses.

An increase in the market returns to human capital increase inequalities directly but also indirectly over

time through a more unequal sorting of resources across colleges and a (more unequal) accumulation of

human capital.

The tractability of the framework goeswith strong and simplifying assumptions. I partially relaxed two

of them in the quantitative section (intergenerational financial transfers, and outside option to college,).

Three assumptions would need further investigations: i) the allocation of students across colleges in the

model works through a system of clearing markets, while the real world displays a mix of price mecha-

nism and quantity restrictions, ii) beyond the accumulation of human capital and labor market returns,

higher education has non-pecuniary returns to education and there is evidence that households get a di-

rect consumption value from going to college. The implications for welfare and policy analysis are likely

to be far-reaching, iii) the paper has focused on the role played by tuition for the shaping of inequality in

higher education. The analysis should be extended to take into account donations and endowments as it

is likely to provide an additional source of inequality.
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Chapter 2

Forty Years of Inequality and State
Subsidies across U.S. Colleges

1 Introduction

Financialresourcesavailable per studentvaryenormouslyacrosscolleges in theU.S.

When this translates into large differences in educational inputs per student such as faculty time and

quality, it has implications for the dispersion of quality across institutions of higher education. In this

short paper, I document some patterns of inequality in expenditures and in faculty per student across

different institutions of higher education, with a particular focus on trends in the past forty years. These

facts motivate the model and the structural analysis presented in the first chapter of this dissertation.

The main results are as follows. First, inequality in resources per student across colleges are substan-

tial and about the same order of magnitude as the dispersion of household annual income after tax and

transfers—with a Gini of about .42 at the end of the sample. Second, inequality across students have

slowly and steadily increased since 1980: the Gini coefficient for spending per student has increased by

5 p.p. which corresponds to half the increase in the Gini coefficient of household annual income over

the same period. Third, the trend is entirely driven by four-year colleges, with an increase in inequality

within both public and non-profit private institutions, and a slight increase in the inequality between the
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two groups.

The series are constructed using the Integrated Postsecondary EducationData System (IPEDS), which

is a set of surveys conducted annually since 1980 by the National Center for Education Statistics. These

surveys gather information from every college about finances, enrollment and other variables related to

the composition of the student body and college administration. Fourmeasures of cross-sectional disper-

sion are considered: theTheilT index, theGini coefficient, and the top 10% and top 5% shares. While the

last three are the most standard measures of inequality in the literature, the first one allows us to decom-

pose inequality across institutions into ”within” and ”between” components. Finally, three measures of

resources per student are considered: expenditures per student, revenues per students and faculty over

student ratio.

The increase in income inequality across households in the U.S. since 1980 and the decrease of state

subsidies to public colleges may be the two main reasons behind these trends in the distribution of re-

sources across colleges. While the former has been well documented (Piketty and Saez, 2003; Heathcote

et al., 2010), this paper’s second contribution is to document the latter. Both the average transfers across

colleges and the progressivity of transfers have declined sharply over the past forty years. In a related

work, I show how an increase in household income inequality—originating in an increase in the labor

market returns to human capital—can lead in general equilibrium to an increase in the dispersion of re-

sources across colleges, through tuition fees and through donations and endowments (Capelle, 2019). In

the same paper, I show that the decline in the progressivity of state subsidies to colleges also leads to an

increase in inequality among colleges.

This rise in inequality of resources per student across colleges has efficiency and equity implications.

Expenditures per student and the faculty-student ratio are important for student achievement and la-

bor market outcome (Jackson et al., 2016; Deming and Walters, 2017; Lafortune et al., 2018; Hickman

andMountjoy, 2019; Biasi, 2019). Unequal resources have implications for the accumulation of human

capital and the dispersion of labor earnings, and also potentially for access to top executive positions and

political power. From an efficiency point of view, the optimal distribution of expenditures across colleges

depends on the distribution of students across colleges and on the complementarities between student
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ability and college spending. A perfectly egalitarian distribution of expenditures is an efficient allocation

of resources only in the absence of complementarities or if students are randomly allocated to colleges. If

strong complementarities exist and students sort according to their abilities, then it is no longer efficient

to maintain an egalitarian distribution of resources.

I have shown in Capelle (2019) that the observed increase in the dispersion of resources across col-

leges may have led to less positive assortative matching of students along the quality ladder of colleges.

Beyond efficiency, onemight also care about inequality in college consumption across individuals, for eq-

uity reasons. Finally, from an intergenerational perspective, because the transmission of human capital

from parents to children is strong and because both ability and parental incomematter for how students

sort across colleges, the unequal distribution of resources across colleges amplifies the intergenerational

transmission of status.

Somepapers havedocumented the largedispersionof resources and expenditures among colleges (Bowen,

1980; Desrochers and Wellman, 2011). There is a disagreement about the evolution in the past four

decades. I argue that part of this disagreement can be attributed to the timewindow aswell as themeasure

of inequality used. Several papers have found that inequality has been stable. Lau and Rosen (2016)—

who focus on expenditures, revenues, and endowments—and Halffman and Leydesdorff (2010)—who

focus on publications—find that measures of inequality have remained flat over the period 2001-2010.

In his book, Clotfelter (2017) document the widening gap in endowment and compensation for pro-

fessors since 1970. Over the same period, Davies and Zarifa (2012) shows that the Gini coefficient of

expenditures and revenue have increased among US colleges and universities1. My results confirm the

findings of the latter. The reason why our conclusion differs from the ones of Lau and Rosen (2016) is

mainly the sample period and the length of the sample: inequality have increased steadily in the eighties

and nineties. Indeed, the increase in inequality in the years 2001-2010 is small compared to the changes

observed in the previous two decades.
1Most papers in this literature use the Gini as a measure of inequality. It is a measure of relative inequality, as opposed to a

measure of absolute inequality, like the variance. If every agent in the economy sees their income grow at the same rate, theGini
coefficient remains constant, even though the variance might increase. Clotfelter (2017) insists for example that inequality in
endowment has grown only in absolute terms, not in relative terms. The exact measures of inequality used should therefore
be kept in mind when comparing conclusions of several papers.
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This paper extends the literature in two directions. First I extend the analysis to the recent period

2006-2016, I show that the findings also hold for other popular measures of inequality, such as the share

of the top 5 and top 10% and I offer decompositions by subsector of higher education (public/non-profit

private/for-profit private; two/four years). Second, I offer an explanation for this evolution drawing from

structural works done in the first chapter of this dissertation: the rise in the inequality of household in-

come on the one hand and the decrease in the overall progressivity of government transfers to institutions

of higher education on the other.

The remainder of this paper is organized as follows. Section 2 describes the data, construction of vari-

ables and methodology. Section 3 presents the main results for the trend in inequality as well as the

decomposition by subgroup of higher education institutions. Section 4 presents trends in governments

subsidies, both in terms of averages and in terms of progressivity. Section 5 concludes.

2 Data and Methodology

2.1 IPEDS Data and the Delta Cost Project Database

The Integrated Postsecondary Education Data System (IPEDS) is a set of surveys conducted annually

by the National Center for Education Statistics gathering information from every college participating

in the student financial aid programs, commonly called Title IV institutions. Almost all institutions

participate so that the coverage of IPEDS can be thought as virtually universal. Institutions report data

on enrollments, finances, faculty and staff among others. There are about 7500 institutions completing

IPEDS surveys each year, including research universities, state colleges and universities, private religious

and liberal arts colleges, for-profit institutions, community and technical colleges and non-degree grant-

ing institutions2. It started collecting data in 1980 after the creation of theU.S.Department of Education

in 1979. The set of variables and institutions covered have expanded over time.

TheDelta Cost Project Database has compiled a large set of variables from the original IPEDS surveys

for a large set of years—1987-2015—in order to construct a readily usable longitudinal dataset. The
2NCES

53

https://nces.ed.gov/ipeds/about-ipeds


forty years of inequality and state subsidies across u.s. colleges

dataset has another appealing feature for researcher: data series have been adjusted to harmonize changes

in financial reporting standards that occurred over time and they have imputed some of themissing data.

The Delta Cost project has two limits: it doesn’t compile data for 1980-1986 and it drops the less than

two-year for-profit institutions from the sample. It is also unclear if they will continue to update the

database in the future.

Most of our results use the Delta Cost Project database. In appendix B.1.4 I investigate whether using

the original IPEDS data gives different results. Using the original data also allows us to go back further

in time—1980 instead of 1986. For this robustness check exercise, I collectedmyself the relevant surveys,

compiled them for a large set of years—the dataset covers half the years between 1980 and 2016—and

constructed the variables to consistent with the ones in the Delta Cost Project.

2.2 Definition of Variables

Themeasure of expenditures used in this paper is constructed as the sumof expenditures for instructions,

research and core activities. This corresponds to the sumof items 1 to 6 in table 2.1, which displays a sim-

plified classification of the expenditures of colleges. It includes instruction, research, academic support,

student service and institutional support. Total expenditures includes core educational spending, oper-

ation maintenance, student aid and others (hospitals, auxiliary services, etc...). Public service includes

expenses for activities established primarily to provide non-instructional services beneficial to individu-

als and groups external to the institution (conference, institute for example). Academic support includes

expenses of activities and services that support the primary missions of instruction, research and public

service (libraries, museums, information technology, for example). Student services include expenses for

admissions, registrar activities and activities whose primary purpose is to contribute to students emo-

tional and physical well-being and to their intellectual, cultural, and social development outside the con-

text of the formal instructional program (student organization, cultural events, supplemental instruc-

tion outside of normal academic program for example). Institutional support includes expenses for the

day-to-day operational support of the institution (general administrative services, central executive-level
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activities, employee personnel and records, for example)3.

Total Expenditure

Total Core Education

1 Instruction
2 Research
3 Public Service
4 Academic Support
5 Student Service
6 Institutional Support

Total Non-Core
7 OperationMaintenance
8 Aid
9 Others

Table 2.1: Classification of Expenditures

In the same way, the measure of revenues used in this paper is a measure of core revenues, constructed

as the sum of items 1 to 7 in table 2.2, which displays a simplified classification of revenues of colleges.

It includes tuition and fees, federal, state and local appropriations, grants and contracts, private gifts and

contracts, earnings fromendowment and investments and revenues from sales and services of educational

activities. All items are quite self-explanatory except the last one which includes the sales of goods or

services that are incidental to the conduct of instruction, research or public service (film rentals, sales

of scientific and literary publications, testing services, university presses, data processing services, etc...).

This measure of revenues excludes hospitals which is for some institutions a non-negligible part of their

budget and auxiliary enterprises (residence halls, food services, student health services, movie theaters

etc..).

I also consider time-adjusted version of these two variables that take into account the length of study

at these institutions. I multiply expenditures per student by four (two and one resp.) at four(two and

one resp.)-year institutions. Not all students starting in a two or four-year institution will finish, but the

availability of the graduation rates variables for a large number of colleges in the dataset is too recent for

a more refined analysis to be possible. I do not report these adjusted measures as they show very similar

patterns to the non-adjusted ones.

Finally, I also consider the faculty over student ratio, a common measure of educational quality and a

muchmorenarrowmeasure than core educational spending. I divide the sumof full time faculty plus half
3Delta Cost Project Database
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Total Revenues

Core Revenues

1 Tuition and fees
2 Federal Appropriations, Grants and Contracts
3 State Appropriations, Grants and Contracts
4 Local Appropriations, Grants and Contracts
5 Private Gifts, Grants and Contracts
6 Investment and Endowment Returns
7 Sales of Educational Activities

Total Non-Core
8 Revenue from Auxiliary Enterprises
9 Revenue fromHospitals
10 Independent Operations and Others

Table 2.2: Classification of Revenues

the sumof part-time faculty by the full-time-equivalent number of students (FTE enrollment thereafter).

The data for this variable has been less systematically reported by institutions in IPEDS, therefore the

quality is not as good as balance-sheet data. This is the reason why I focus primarily on core educational

expenditures.

2.3 Measures of Inequality

I consider four measures of inequality, the Gini coefficient, the Theil T index and the shares of expendi-

tures, revenues and faculty going to the top 10% and the top 5% of students.

Importantly, all measures are FTE-enrollment weighted and are measures of inequality at the student

level and not at the college level. Denote the set of college J , n the vector of FTE-enrollment and I

the vector of spending per FTE-student, where nj and Ij are the entries corresponding to college j. The

measures of inequality are computed by weighting the vector Iwith n, i.e. where entry Ij counts nj times.

TheTheilT index is a special case of the generalized entropy index. Using the samenotations, it writes:

TT =
1
N
∑
j∈J

nj
Ij
μ
ln
(
Ij
μ

)
with μ =

1
N
∑
j∈J

njIj

and N =
∑
j∈J

nj
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For specific distributions, the Gini coefficient and the Theil T index are analytically related. For ex-

ample, if the distribution is log-normal, denoting Δ2 the variance of the associated normal distribution,

the Gini and the Theil T are given by

Gini = 2Φ

(√
Δ2

2

)
− 1

TT =
Δ2

2

where Φ () is the cdf of a standard normal. I use the Theil index because of its decomposability, a

property that theGini coefficient does not offer. For example, let’s divide colleges into subgroups indexed

bym ∈ M. This implies a similar divide across students. Denoting Īm, the (FTE-enrollment-weighted)

mean expenditures in groupm andNm the number of FTE-students in groupm, the Theil T index can

be written:

TT =
∑
m∈M

smTT,m +
∑
m∈M

sm ln
(
Īm
μ

)
with sm =

Nm

N
Īm
μ

where the first term is the within component and the second term is the between group component of

inequality.

2.4 Data Transformation and Quasi-Panel

I apply some transformations to the data for robustness purposes. Zeros are counted as missing. All

observations above the top .5% are censored at the .5% percentile to avoid outliers to drive our results. All

series displayed in this paper have been smoothed.

Despite their small share in total enrollment, onemight be worried that the exclusion of less than two-

year institutions in theDelta Cost Project datasetmight affect our findings. I check the robustness of our

result to this exclusion by constructing the same series from the raw data in appendix B.1.4.
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Even though the Delta Cost Project imputes some of the missing data, their interpolation method is

conservative and one can be worried that institutions non-randommissing values might bias our results.

To address that issue I construct a quasi-panel of colleges by excluding institution for which I do not ob-

serve at least one observations per decade. I compare the results with what one would obtain by working

of the full and unrestricted sample in appendix B.1.5.

2.5 A Snapshot at the U.S. Higher Education System

Overall, inequality are large and especially concentrated at the top. Figure 2.3 reports summary statistics

for the distribution of educational expenditures per FTE-Student in 2015 in hundreds of 2015-dollars.

The first column reports for the entire sample, FTE-enrollment weighted, the second column reports the

same statistics withoutweighting by enrollment—one college counts for one observation—, the next two

columns restrict the sample to public 2-year and 4-year institutions respectively, the next two do the same

for private non-profit and the last two for private for-profit. The first line report the mean, while the

next lines report selected percentiles. The last two lines report the number of institutions and the FTE-

enrollment (in thousands). For space reason, I do not report statistics on less than two years institutions.

In the overall distribution, the 90th student gets 2.6 as much resources as the median. But the 99th stu-

dent gets 3.4 as much as the 90th student. This fat right tail is driven by the private non-profit colleges. In

general inequalities are larger within 4-year than 2-year institutions. In contrast with the public and non-

profit sector where inequality within 4-year on the one hand and between 2-year and 4-year institutions

on the other are large, inequality within the for-profit sector are rather small along both dimensions.

3 Inequality Across U.S. Colleges, 1980-2016

3.1 General Trend

Figure 2.1 shows a clear upward trend in the fourmeasures of inequality over the period 1987-2015. The

Gini coefficient has gone up from .35 to .41, the Theil index from .23 to .31, the top 10% from 29% to

33%, and the top 5% from 19% to 22%. It means that the amount of educational resource students have
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Table 2.3: Summary Statistics on the Distribution of Expenditures per FTE Student, in 2015

Expenditures per FTE Student

All Public
Private

Non-Profit
Private

For-Profit

Stat. Weighted Unweighted 2-yr 4-yr 2-yr 4-yr 2-yr 4-yr

Mean 222 200 103 243 149 337 133 133
50th 155 153 96 184 124 221 135 125
75th 255 223 114 324 164 343 171 174
90th 405 344 139 435 236 729 211 219
95th 585 474 160 554 283 1295 234 267
99th 1374 1201 206 926 449 1728 381 368

No. Colleges 4868 4868 902 591 155 1572 738 618
FTE Students 15457 15457 3565 7036 34 3465 321 989
Weighted Yes No Yes Yes Yes Yes Yes Yes

Legend: Expenditures are in hundreds of 2015-dollars. FTE Students is in thousands. Weights refer to FTE enrollment.

Source: Delta Cost Project.

been exposed to have been increasingly unequal over time. For example, at the end of the period, the

top 10% of students—all measures of inequality are weighted by FTE enrollment—enjoys a third of all

spending in higher education.

For comparison, themarket income and the after tax and transfersGini coefficients in theU.S. reported

in appendix on figure B.3 have increased from .47 to .6 and from .35 to .44 respectively over the period

1979-2015. The top 10% and 5% shares of income have increased from 33% to 47% and from 21% to 33%

respectively over the same period. In levels, inequality among expenditures per student are slightly lower

but comparable to the level of inequality in the after tax and transfers income distribution. Regarding

trends, the increase in inequality among expenditures per student has been about half as large as the the

increase in income inequality.
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Figure 2.1: Inequality in Educational and Research Expenditures
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3.2 Revenue and Faculty per FTE Students

Although more noisy, figure B.1 shows that the increase in inequality in revenues has been similar to the

one documented for educational spending.

Has the increase in inequality in educational expenditures and total revenues per student translated

into inequality in the number of faculty per student? Figure B.2 shows that it indeed has. The 10 percent

students with the highest faculty-student ratio have seen their shares of the total stock of faculty going

from 20% to 23% percent from 1987 to 2015. One should however be careful with those measures given

that the data are of lesser quality than themeasures of expenditures per student—number of faculty were

not as systematically reported by colleges in the early years.

3.3 Decomposing the Trends in Inequality

What part of the higher education system is driving the overall increase in inequality among colleges?

The decomposability of the Theil T index allows us to separate the trend in inequality into a within

and a between group components. I consider two different grouping: 2-year vs 4-year colleges on the one

hand and public, private non-profit and private for-profit on the other hand. The first graph of figure 2.2

reports the Theil Index for the five different subsamples while the second reports the within and between

Theil measures for both decompositions.
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The decomposition in the two/four-year dimension suggests that the increase in inequality is driven

neither by an increase in inequality within 2 year colleges nor by an increase between 2-year and 4-year

colleges, but that it is mainly due to an increase in inequality within 4-year colleges. The decomposition

by type of control shows that the increase in inequality happened within public and within non-profit

private colleges to a similar extent and that the between public-private colleges component of inequality seems

to have also contributed to the general trend. Finally the within for-profit series doesn’t display any clear

trend.

3.4 Total-Enrollment Adjusted Gini

Not every individual of a given cohort goes to college. What are the implications for the measure of

inequality if one takes into account the total enrollment margin into account by assigning a value of 0 to

the share of individuals who do not go to college? I focus on the Gini coefficient because there exists a

simple mapping between the enrollment rate e, the share of people who do go to college, and GiniGoers,

the Gini coefficient of the individuals going to college. The Gini index for the entire population can be

written as:

Gini = e× GiniGoers + (1− e)

The adjusted Gini—reported in figure B.6—declined from the middle of the 1980s to the year 2000

because the enrollment rate was increasing faster than the Gini within the set of goers but has stabilized

since then as the enrollment rate, e, has been growing at a slower rate.

4 TheRise in Income Inequality andDecline inGovernmentTrans-

fers to Colleges

What are the roots of this increase in the dispersion of educational spending across colleges? I present here

twohypotheses: increase in household income inequality and decrease in the progressivity of government
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funding.

Increase in Income Inequality. Income inequality across households have dramatically increased in

the U.S. since 1980 as reported in figure B.3, (Piketty and Saez, 2003). In Capelle (2019), I show that

an increase in the market returns to human capital, a well-documented fact, is very likely to lead to an

increase in a) household income inequalities, b) in college tuition and importantly c) in the dispersion

of resources across colleges. The underlying model features overlapping generations of heterogeneous

households subject to a borrowing constraintwho choosewhich college to send their kids to and inwhich

heterogeneous colleges maximize the quality they deliver. The mechanism at play in the model is akin

to the revenue theory of cost by Bowen (1980), but applied to a framework with a ladder of colleges,

whereby revenue and spending are dictated by how much tuition each college can raise, and ultimately

by the households’ willingness to pay. Bowen summarizes his theory:

...at any given time, the unit cost of education is determined by the amount of revenues

currently available for education relative to enrollment. The statement is more than a tau-

tology, as it expresses the fundamental fact that unit cost [i.e., the cost of education] is de-

termined by hard dollars of revenue and only indirectly and distantly by considerations of

need, technology, efficiency, and market wages and prices. (p. 19)

In the model, the production technology of education quality is constant returns to scale, hence the

equilibrium level of quality in each college is demand-determined. When household income inequal-

ity increases, the amount of resources going to top colleges increases relatively to lower quality colleges

because the former draw—in equilibrium—from a richer pool of students than the latter.

Decline in Government Transfers to Colleges. It is well-known that states’ transfers to public insti-

tutions of higher education have declined, especially at four-year colleges. Figure 2.3a plots the ratio of

the sum of government transfers at all institutions over the sum of total revenue at all institutions:
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au =
∑

j∈J Tj∑
j∈J Rj

where Tj is the sum of items 2,3 and 4 in table 2.2 andRj is defined as in the previous section, as the sum

of items 1 to 74. The downward trend is very striking: while 60% of all revenues in higher education was

government funded in themiddle of the 1980s, it has declined to 38% in 2015. The light dashed line plots

the same series for 4-year colleges only and shows that the overall decline is really led by 4-year colleges.

The dark dashed line reports the same series for a restricted sample where we observe every college every

year, in case one would be worried about college entering or exiting the sample.

4Although Pell-Grants are usually channeled from the federal budget to students through colleges and do appear in the
balance-sheet of colleges, I exclude them from the measure of revenues and government transfers since they are ultimately
student financial aid.
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Butwhat reallymatters for the inequality of resources across colleges is theprogressivity of transfers, as I

show in (Capelle, 2019). The decrease in state subsidies to public colleges leads to an increase in inequality

among colleges if it implies a decrease in the progressivity of the government transfers schedule. Figure

2.3b plots a measure of the progressivity of goverment transfers. If we define R̃j the total revenues net of

government transfers at college j

R̃j = Rj − Tj

and nj FTE enrollment at college j, the progressivity is given by the coefficient τu estimated by running

the following regression5

log
(
xjRj

nj

)
= α + (1− τu) log

(
xjR̃j

nj

)

where xj is an adjustment factor equal to 4 (2 and 1 resp.) for four (two and less than two resp.)-year

colleges. This adjustment aims at taking into account the fact that individuals at four-year institutions

are expected to spend twice as much time in the institution than individuals at 2 year colleges, and four

times as much time as those at 1-year colleges. The gray solid line shows the same estimated coefficient

with xj = 1 for all colleges.

Three observations stem from figure 2.3b. First of all, the decline in the progressivity of the transfer

schedule is very large, from .5 in the middle of the 1980s to .35 after 2010. For comparison, the pro-

gressivity of the income tax schedule has been estimated to be around .2 and has remained fairly stable

(Heathcote et al., 2017)6. Secondly, the decline has been particularly dramatic at four-year institutions,

in line with the earlier finding that the increase in inequality across colleges is concentrated in this sector

of the higher education system. Finally, looking at the non-adjusted line reveals that adjusting for the

expected time spent in the institution significantly lower the measured degree of progressivity of govern-
5This functional form is used and explained in Capelle (2019) and is inspired by the progressive income tax schedule

introduced by Benabou (2002). Notice that a progressive transfer schedule requires τu ∈ [0, 1] and τu = 1 means complete
redistribution and full equality of resources.

6Piketty and Saez (2003) show however that the progressivity of the income tax schedule has sharply declined for very top
income.
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ment transfers.

5 Conclusion

The paper presents series on dispersion of expenditures per student, revenues and faculty per student

across colleges from 1980 to 2016 in theUnited States using IPEDS data. Inequality across students have

been slowly and steadily increasing over the period. All measures of inequality suggest that the increase

is half as large as the increase in annual income inequality. The trend are entirely driven by four-year

colleges, with an increase in inequality within-public, within non-profit private institutions and between

non-profit private and public colleges.

The paper also shows that the average and the progressivity of government transfers to higher educa-

tion institutions have sharply declined over the period, especially at four-year institutions. This, together

with the rise of household income inequality, may explain the rising inequality across colleges, as I have

argued in a companion paper Capelle (2019).
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Chapter 3

Competition vs. Stability:
Oligopolistic Banking System with
Run Risk

1 Introduction

Does thedegreeofcompetitionamongfinancial intermediaries increase instability?

Compared to theU.S. banking system, the stability of theCanadian systemwhose three largest banks total

three fourth of total bank asset is often cited as the example that an oligopolistic banking system enhances

financial stability. This paper revisits this question in the context of the shadow banking system.1 As

the Great Recession has shown, it is much more subject to the risk of systemic runs than traditional

banks, for three main reasons: i) shadow banks rely heavily on wholesale short-term funding (Pozsar

et al., 2010), ii) their assets are continuously and freely traded on financial markets which makes shadow

banks’ assets more liquid but also their value more volatile, and iii) they operate in a different regulatory

framework and are not covered by public deposit insurance. How does the level of competition among

unregulated financial intermediaries shape the likelihood of systemic runs and what are the implications
1The unregulated financial intermediaries total more than a third of total intermediation in the US (Board, 2017).

Herfindhal indexes range from .05 to .5 across different segments of financial markets, corresponding to an average of 20
to 2 actors (Cetorelli et al., 2007).
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for macroeconomic stability and welfare?

In this paper, I build a stylized macroeconomic stochastic general equilibriummodel featuring atom-

istic households and a finite number of large leveraged financial intermediaries investing in a freely traded

asset. At any instant, households can decide to withdraw their deposits from banks, whichmakes the sys-

tem subject to run in some part of the state-space. Multiple equilibria exist whenever otherwise solvent

banks are insolvent at the run price, where the run price is a macroeconomic endogenous object. In con-

trast with a framework in which banks are atomistic, when choosing their capital investment, the com-

position of their liability, and their exposure to risk, large banks internalize their impact on the aggregate

likelihood of a run, asset prices and excess returns.

The competition vs. stability debate has a long history, but most works have been done in static and

partial equilibrium framework. This literature is vast and the following review is very selective. Building

on the traditional bank run framework (Diamond andDybvig, 1983;Morris and Shin, 1998), papers have

studied the role of non-competitive profits in either increasing abilities of banks to repay running deposi-

tors ex post (Vives, 2016) - which share some similarities with what I will call the recapitalization channel

- or giving them incentives to lower their risk exposure ex ante (Matutes and Vives, 2000), what is known

in the literature as the charter or franchise value channel. In contrast, recent studies have shown mech-

anisms through which less competition increases risk-taking through the adverse selection of borrowers

implied by higher loan rate (Nicolo and Boyd, 2003; Corbae and D’Erasmo, 2014) or through cheaper

source of funding implied by higher franchise value, two mechanisms from which I abstract. Freixas

andMa (2015) also revisits the concentration-stability in banking. Carletti andHartmann (2003); Vives

(2016) provide an overview of this literature.

I revisit the competition-stability debate in a dynamic and general equilibrium framework by drawing

on the recent development in the macrofinance literature. At the core of these models, there are two

kinds of agents, a continuum of households who consume and invest in financial intermediaries’ (called

banks) short-term debt (called deposits) - as well as in the productive asset (called capital) and atomistic

banks that intermediate that issue deposits to invest in capital. Banks exist because they are experts at

managing capital. Claims on capital are traded and priced on a centralized financial market. I depart

72



competition vs. stability: oligopolistic banking systemwith run risk

from this literature in twoways. First I assume a finite number of large banks that internalize their impact

on aggregate risk, returns and asset prices and therefore that compete à laCournot. Second, apart from

the cost of managing capital on the side of households, there is no other friction. For banks’ net worth

to matter for their lending behavior, Mendoza (2010); Gertler and Kiyotaki (2015) (hereafter GK), and

Gertler et al. (2017) for a more quantitative version, use a collateral constraint originating in a moral

hazard friction; Brunnermeier and Sannikov (2014) (hereafter BS) assumes a fixed amount of equity and

therefore occasionally binding constraint; Adrian and Shin (2014); Coimbra and Rey (2017) use Value-

at-Risk constraints. I do not make any of these assumptions: restrictions to leverage arise endogenously

from the desire of banks to limit their exposure to the risk of run. While the main focus of the last two

strands of the literature has been about how financial risk builds up over time, I rather focus on the time

of crisis itself and the recovery that follows, which is when run happen.

My first contribution is the analytical study of the equilibrium path of my economy. I show that in

the neighborhood of the steady-state, when banks are well-capitalized, they optimally choose to restrict

their level of capital investment to a multiplier of their net worth in order to avoid the risk of run, a part

of the state-space I call the safe zone. In this zone, the system is characterized by a classical relationship

between banks’ net worth, aggregate asset price and capital investment where leverage is a function of the

drop in prices should a run occur. In the aftermath of an adverse aggregate productivity shock, banks

experience a drop in net worth. The economy lands in the run (or risky) zone where banks choose to take

on high leverage, by investing in the interior solution of theCournot game andwhere runsmight happen

with positive probability. After finite time, banks have accumulated enough net worth and the system

enters the safe zone. In this safe zone bank continue to accumulate net worth until they reach the steady-

state where they have enough net worth for the unconstrained investment to be safe. The endogenous

amplification of the initial adverse macroeconomic shock is therefore of a very different nature in the run

and in the safe zone: in the former, it comes from the possibility of a run, while in the latter it comes from

the restriction on intermediation.

My second contribution is to shed light on themechanisms throughwhich concentration aswell as the

speed at which new entrants replace banks that went bankrupt shape stability. Stability depends crucially
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on how much time the system spends in the run zone. It therefore depends on the size of the zone but

also on the speed at which the system travels through it. I show that there are three channels through

which the level of competition shapes stability: firstly the franchise value channel, already present in the

older static and partial equilibrium literature, makes large firms less willing to take on the risk of run

because they havemore to lose from bankruptcy, thereby reducing the size of the run zone. Secondly, the

price-drop channel, probably the most insightful of the three, is the focus of the next paragraph and will

also influence the length of the run zone. Thirdly the recapitalization channelmakes more concentrated

market more stable by increasing the speed at which they can accumulate net worth and escape the run

zone. Finally, the speed of entry influences the stability of the system: the faster the entry of new banks

after a run, the less likely a run happens ex ante, what I label the entry channel. In the limit, where entry

happens infinitely fast, there is no run in equilibrium. This is because the expectation of new entrants

raises the run price to the point that annihilates the possibility of a run.

The price-drop channel—the effect that competition has on stability through the drop in asset prices

conditional on a run occurring—is probably the most insightful and controversial of my findings. The

size of the price drop is a measure of financial market liquidity and when institutions are large, the latter

depends on how many institutions are operating. I find that more concentration leads to smaller price

drops which stems from the fact that asset prices are initially (in “normal times”) depressed because of

the oligopoly distortion. Because the price-drop is smaller, it requires less net worth for a bank to insure

from the risk of a run, giving it incentives to reduce deleverage quickly, which reduces the size of the run

zone. This finding is in sharp contrast with what happens when runs are not systemic. When runs are on

individual banks, the failure of large institutions imply large price-drops which impair the balance-sheet

of surviving banks paving the way for contagion. This Too-Big-To-Fail argument is reversed in the case

of systemic runs.

A paradox of safety emerges in our setting. Internalizing the smaller amount of systemic risk, banks

operating in a concentrated sector end up having lower net worth to asset ratio, which makes the system

vulnerable to large exogenous shocks. Although, a more concentrated sector leaves more quickly the run

zone, for a given initial level of net worth, it generally starts its post-shock transitionwith less net worth as
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its net worth to asset ratio is smaller before the shock.2 This counteracting force mitigates the stabilizing

properties of concentration.3

Finally, I extend the model to a framework where shadow and traditional banks coexist and compete

with each other.4 I use it to study the implications for stability of competition and macroprudential

policies affecting the traditional banking sector. Even if regulated banks are insulated from the risk of

run thanks to deposit insurance schemes and access to the discount window of the lender of last resort,

changes in concentration and in macro-prudential policies affecting them have implications for stability

through the macroeconomic equilibrium. Increasing concentration in the regulated sector has a positive

effect on stability through the franchise value and recapitalization channels but a negative effect through

the price-drop effect, the net effect being ambiguous. Tighter capital requirements on regulated banks

have in general a stabilizing effect because regulated banks are better capitalizedwhich implies that should

the shadow banking sector disappear, their capital investment and therefore asset prices would drop by

less. However, I also find that tightening capital requirements at the same time as an adverse shock hits

might actually increase instability through the price-drop channel because the regulated banking system

will need more time to recapitalize thereby depressing the run asset price.

A complete welfare analysis weighs the potential stabilizing advantages of lower competition with the

output costs introduced by market power: more competition increases output because the system as a

whole intermediates a larger proportion of the capital stock. A social planner should balance a potentially

more efficient in the long-runwith less stability. And this trade-off is all themore acute as entry takes time.

My qualitative findings are consistent with empirical evidence of the dynamics of the financial system

in the aftermath of an adverse shock as well as with the findings of the effect of concentration on sta-

bility. Regarding the former, the equilibrium transition features a period of low franchise value, high

leverage and deleveraging after an adverse macroeconomic shock, during which the risk of run is high.

Regarding the relationship between concentration and stability, I do find an a priori ambiguous rela-
2Because productivity is time-varying, this statement says that the distribution of net worth to asset ratios in less concen-

trated sectors dominates the ones in more concentrated sectors in a first order stochastic dominance sense.
3This paradox of safety echoes the paradox of volatility in Brunnermeier and Sannikov (2014) where low fundamental

volatility may actually lead to high endogenous volatility.
4This analysis can be found in appendix C.1.
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tionship between concentration and risk, although more forces work in the sense of more concentration

implying more stability. Most paper find indeed a negative relationship using many different method-

ologies and measure of risk and concentration (Beck et al., 2003, 2013; Keeley, 1990) and more recently

Degl’Innocenti et al. (2018) for investment banks. Contestability is shown to have a positive effect on

stability Beck et al. (2013) consistent with the entry channel. Table 3 in Freixas and Ma (2015) provides

a summary of the empirical findings and Zigraiova and Havranek (2016) provides a meta-analysis of the

literature.

My analysis gives rise to several new testable predictions and further empirical research needs to be

done. In light of my first contribution, I highlight the limits of empirical analyses that do not take into

account the state-dependency of banks’ behaviors. A key prediction of my analysis is indeed that the

optimal capital investment of banks remains an endogenous multiplier of net worth for small shocks

around the steady-state but does not for large shock. One implication of this behavior is that after a

large shock to net worth, run may occur in the short run and the decline in intermediation happens

with a delay, once the banks have reached the safe zone. In light of my second contribution, I highlight

the importance of two channels that have been overlooked by the current literature: the recapitalization

channel according to which more concentrated markets have the ability to recapitalize more quickly and

escape the run zone and the price-drop channels according to which concentration influences the size of

the drop in asset prices when a run occur.

Plan. In section 2, I present the benchmark model with systemic run. In section 3, I describe the

properties of the equilibrium and solve for the transition path without aggregate productivity shock. I

discuss the different channels through which concentration shape stability as they arise in the analysis.

In section 4, I illustrate the working of the model with numerical examples reintroducing. Section 5

concludes.
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2 Oligopolistic Banks with Systemic Run

2.1 Environment

Time is continuous. There are two stages within an instant. In the first stage, the two types of agents,

bankers and households, make their portfolio and accumulation decisions. In the second stage, a run

game among households takes place.

There is a fixed supply of a real asset called capital, denoted K̄, as in GK, freely tradable at price q on a

centralized market. Each unit of capital provides a flow z of good per unit of time.

There are two sources of uncertainty. Productivity z can take two values, z < z̄. When it is low

(resp. high), it switches to low (resp. high) with arrival rate ζ(̄ζ).5 I define the function ζ as follows

ζ(z) = ζ if z = z and ζ(z) = ζ̄ if z = z̄. The second source of uncertainty is the endogenous risk of a run.

In this section, I restrict attention to systemic run, which is a run on the entire financial system. I posit

that in equilibrium systemic run occurs with arrival rate λ∗, which will be determined endogenously.6

Figure 3.1 summarizes the different actors, their balance-sheet and their financial relationships.

Banks

Capital (qkb)
Net Worth (nb)
Deposits (δ)

Capital

Households

Capital (qkh) Net Worth (nh)
Deposits (δ)

Figure 3.1: Schema of financial system

5Discrete jumps in TFP are needed to trigger discrete jump in asset prices and in banks net worth in order for the economy
to experience runs. If the exogenous process were continuous in time, like most of the macrofinance literature assumes, banks
would continuously adjust their net worth to avoid the crisis zone.

6I need to posit its existence to write down in a simple way the households’ and banks’ value function, and I show that λ
is indeed well-defined under some conditions.
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2.2 Households

There is a mass one of identical households. They are risk-neutral and maximize the discounted flow of

utility from consumption, with instantaneous utility function h(c), with h′(.) > 0, h′′(.) ≤ 0. They

take the price of the asset q as well as its price in case of a run qR as given. In the first stage of any instant,

they can invest their net worth nh in two kinds of assets: the real asset kh and deposits at bank b, δb. I omit

time subscripts when to confusion results.

nh = qkh +
∑
b

δb

Each unit of capital generates a stream of income z and possibly capital gains dq per unit of capital.

Each unit of deposits generates interest income rb. If the bank has to be liquidated because of a run, the

household recovers a proportion ψb of its deposits at bank b, determined endogenously. Households are

subject to a convex cost of managing capital in terms of good as in GK. The convex cost implies that it is

increasingly costly at themargin for households tomanage capital directly. This cost ensures that financial

institutions have a meaningful role in the intermediation of funds without forbidding households from

directly investing in real assets.

f(kh) =
α
2
(kh)2

Law of motion of net worth. When neither productivity nor run shocks occur, the net worth nh of a

household h evolves according to

.nh = (q̇+ z)kh +
∑
b

δbrb − f(kh)− ch

where ch denotes household consumption. In case of a discrete productivity changeΔz, asset prices and

networthdiscontinuously jump. Denotingqz thepost z-shock asset price, Δnh = Δqzkh with Δqz =

qz − q. And the post z-shock net worth is: qzkh +
∑

b δb,h

When a systemic run occurs, households experience a change of net worth stemming from both the
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change in asset prices and the loss on deposits at all banks:

Δnh = ΔqRkh +
∑
b

δb,h(ψb − 1)

where ΔqR = qR − q is the discontinuous drop in asset prices at the time of the run and ψb is the

recovery rate per unit of deposit at bank bwhen a systemic run occurs.

Hamilton-Jacobi-Bellman equation. The aggregate state variables of this economy are the vector of

banks net worth n, the value of productivity z and the number of banks B. Taking the asset price q, the

intensity of run risk λ∗, and the aggregate state variables as given, the following HJB is solution to the

household’s problem

ρH(nh, n, z,B) = max
c,{δ}Bb=1,kh

h(c) +Hn

(
(q̇+ z)kh +

∑
b

δbrb − f(kh)− c

)

+ λ∗ (n, z,B)

[
H

(
nh + ΔqRkh +

∑
b

δb,h(ψb − 1), 0, z, 0

)
−H(nh, n, z,B)

]

+ ζ(z) (H (nh + Δqzkh, n+ Δqzk, z′,B)−H(nh, n, z,B))

+
∑
b

Hnb
.nb

+ η (H(nh, nE, z,B′)−H(nh, 0, z, 0))B=0

with nh = qkh +
∑
b

δb

The first term is the flow utility of consumption. The second term corresponds to the deterministic

drift in net worth. The third corresponds to the run shock where I posit that the arrival rate λ∗ is a func-

tion of the aggregate state variables. In case of a run, all banks fail, hence B = 0. I adopt the convention

that when all banks fail, the vector of banks net worth is replaced by a 0. It is obviously unconsequential.

The fourth term corresponds to the productivity shock. The fifth to the deterministic drift in the vector

of banks net worth. The last term corresponds to the entrance of new banks after a run. I postpone its

explanation to a later section.

RunGame. In the second stage, all household play a run game. Taking the behavior of others as given,
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a household decides whether to withdraw all of their deposits from all banks. Since I focus on symmetric

equilibria where all households take the same action, I describe payoffs only for individual departures

from the (symmetric) equilibrium behavior. Assume first that no one runs. An atomistic individual is

able to withdraw their funds from all banks because the required sale of real assets by banks in order to

honor their creditorwill notmove the asset price at all. Doing so has a cost for the individual: they have to

give up the interest payment on their deposits. Assume now that everyone runs. Banks have to liquidate

sufficient amount of real asset to reimburse their creditors and this moves the asset price. Either they can

honor all of their deposits, despite the decline in the value of their asset caused by the drop in asset prices,

in which case, not running has a benefit for households: it saves them the interest payments delivered at

the next instant. Or banks can’t honor their debt, in which case they are liquidated and I assume that the

liquidation value of the banks is shared only among households who ran. A household who didn’t run

would lose all of their deposits.

2.3 Banks

There is a finite number B of banks indexed by b ∈ {1, ...,B}. They are owned by a banker, who max-

imizes the discounted flow utilities from dividends. Instanteneous utility is denoted ub(.). It is assumed

to be HARAwith parameters γ, θ:7

ub(d) = ξ
(d− γθ)1−γ

1− γ
with d > 0, γ ∈ [0, 1), ξ > 0. θ ≥ 0 (3.1)

The assumption that utility is concave is a modeling device aimed at capturing costly equity issuance.

Concavity in dividends is indeed a necessary condition for net worth to matter, otherwise a bank would

issue equity to jump directly to the steady-state of net worth. The assumption that γ < 1makes sure that

utility and the value function are always positive - which guarantees that the latter be always bounded

from below, a required property I come back to when describing the HJB of a bank.

A bank chooses dividends db and investment in real asset kb, thereby a path of net worth nb and an
7γ → +∞ gives the CARA case, θ = 0 gives the usual CRRA case and θ > 0, θ < +∞ is the decreasing relative risk

aversion case.
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issuance of deposits δb. They behave a la Cournot, i.e. they make their investment in capital and their

accumulation of equity decisions taking others’ capital and accumulation decisions as given but inter-

nalizing their impact on returns to capital, on asset prices and on the probability of a run. Contrary to

households, they are financial experts and do not face capital management costs.

Law ofmotion of banks’ net worth. Real asset holdings, qkb are financed either by deposits, δb, or by net

worth, nb. I omit banks indexes when no confusion results.

n = qk− δ

As for the household, the general law of motion of equity

dn = (dq+ z)k− rδ− d

can be rewritten separately for the case without shock and the cases with shock. If neither run nor pro-

ductivity shocks occurs, the law of motion is deterministic

ṅ = (q̇+ z)k− rδ− d

When there is a run, prices jump discretely and net worth evolves according to

Δn = kΔqR

where ΔqR denotes the discrete jump in asset price when all banks experience a run. After a successful

run - and all runs are successful in equilibrium -, all banks are liquidated. Each banker is forced to exit

and gets vR. I think of vR as the value of becoming an atomistic household, which is essentially vR = 0

from the point of a banker who is a large agent in the economy. In the calibration, I set it to 0.

Hamilton-Jacobi-Bellman equation. The state of the economy is summarized by the vectors of banks’

net worth n, the level of productivity z and the number of banks B. Denote n−b, k−b, ṅ−b the vector
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of net worth, capital investment and change of net worth of all other banks except b. Taking these three

vectors as given, a bank’s b value function solves the following HJB equation

ρv(n, n−b, z,B) = max
d,k

u(d) + vn ((q̇+ z)k− rδ− d) +
∑
j̸=b

vn−j ṅ−j

+ λ(k, k−b, n, n−b, z,B)(vR − v(n, n−b, z,B))

+ ζ(z) [v(n+ Δqzk, n−b + Δqzk−b, z′,B)− v(n, n−b, z,B)]

The first term is the flow utility of dividends. The second term corresponds to the deterministic drift

in net worth. When choosing dividends and capital investment, a bank will internalize the impact of

their action on the returns q̇ and the interest rates paid on deposits r. The third to the deterministic

drift in the vector of other banks’ net worth, which bank b takes as given. The fourth corresponds to the

run shock where λ(k, k−b, n, n−b, z,B) is the arrival rate of a systemic run. It depends on the aggregate

state variables of the economy and on the banks’ capital investments. λ∗(n, n−b, z,B) which I used in

the households problem, is the equilibrium arrival rate, once banks have chosen their optimal capital

investment. In case of a run, a banker gets vR. The assumption that utility is always positive and therefore

that the value is bounded away from 0 is to ensure that vR − v(n, n−b, z,B) < 0 at every point in the

state space. Intuitively it means that a banker would never want to voluntarily leave banking and get the

outside value vR. The fifth term corresponds to the productivity shock.

2.4 General Equilibrium Conditions

Recovery rate. The recovery rate of deposits at bank b is the amount that depositors get back after liqui-

dation of the bank per unit of deposits. It is given by:

ψb = max
(
qRkb
δb

, 1
)

Market clearing. The good, deposits and capital marketsmust clear. ByWalras’ law, it is sufficient that
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the deposits and capital market clear:

∀ b ∈ {1, ...,B}
∫

δb,hdh = δb (3.2)

B∑
b=1

kb +
∫

khdh = K̄ (3.3)

Entry and run price. After a run has occurred,B′ households are simultaneously and randomly drawn

with intensity η per unit of time to become the new bankers. η andB′ are parameters. Entry occurs only

after a run. In normal times, the number of banks remains constant. I further assume that B′ = B, i.e.

the number of new banks randomly created at some point after a run is the same as the number of banks

prevailing before the run.

I microfound neither the timing nor the number of entrants. Dealing with a free-entry condition

turns out to be rather complicated in a dynamic setting with a finite number of banks because it would

break the symmetry among banks on the equilibriumpath that I need for tractability. More explicitly, my

assumption amounts to saying that a) onceB banks are operating, at no point of the state-space would an

additional bank be willing to enter ; b)the cost of entry is such thatB simultaneously entering is optimal

for private agents ; c)opportunity to enter occurs randomly over time.

I call the ”immediate entry”, the case corresponding to η → +∞, in which the new banks enter

immediately after the liquidationof the incumbants, and the ”no entry”, the case corresponding toη = 0,

in which no bank never enters after a run.

I assume that, whenever banks enter, they are exogenously endowed with a level of equity equal to nE,

withE stands for entry. I do notmodel the origin of this endowment and set it to 0 throughout the paper.

Finally, the run price should be consistent with the post-run macroeconomic conditions, which is:

qR(n, z,B) = q(0, z, 0) (3.4)

where I use the convention that banks’ net worth is zero whenever there is no banks currently operat-

ing. In the aftermath of a run, and as long as the random draw of new bankers hasn’t occurred, all the
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capital stock is held by households.

2.5 Equilibrium Definition

Anequilibrium is a collectionof functionsH(nh, n, z,B), {δb,h(nh, n, z,B)}Bb=1, c(nh, n, z,B)kh(nh, n, z,B),

v(n, n−b, z,B), k(nb, n−b, z,B), δ(nb, n−b, z,B), d(nb, n−b, z,B), λ∗(n, z,B), q(n, z,B) such that i) tak-

ingprices as given,H(nh, n, z,B), c(nh, n, z,B), kh(nh, n, z,B), {δb,h(nh, n, z,B)}Bb=1 are solutions to the

households’ problem, ii) takingother bank’s behavior as given, v(n, n−b, z,B), k(nb, n−b, z,B), d(nb, n−b, z,B),

δ(nb, n−b, z,B) are solutions to the bank’s problem, iii) the deposits, asset and goods markets clear, iv)

the run price is given by 3.4 is compatible with the post-run equilibrium conditions and v) λ∗(n, z,B) is

consistent with the equilibrium of the run game.

3 A Symmetric Equilibrium with Systemic Run

In this section, I solve for the equilibrium of the model described in the previous section in the special

case where there is no productivity shock, ζ(z) = 0, and banks have the same amount of net worth at

every point in time. I describe the properties of a transition path with only run risk and come back to the

case with productivity risk in the numerical examples. The restriction to symmetric path of net worth is

essentially for tractability issue. It allows us to derive themain intuitions andmechanisms throughwhich

the degree of concentration influences the likelihood of bank runs. All proofs can be found in appendix.

3.1 Run Game and Arrival Rate of Run

I first solve for the equilibria of the run game happening in the second stage of an instant. The existence

of multiple equilibria is a function of the aggregate level of equity should the entire system be liquidated.

A runmight occur whenever the system is solvent if there is no run and insolvent if there is a run. Denote

Δ the sum of deposits of all banks, qR,NR,KR and q,N,K the price of the asset, the sum of net worth

of all banks, the sum of capital investment of all banks just after and before the systemic run. There are
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multiple equilibria whenever

NR ≡ N+ (qR − q)K < 0

Denoting Ψ the aggregate recovery rate, the second inequality becomes

Ψ =
qRK

qK−N
=

qRK
Δ

< 1

The lower the equity over capital ratio, the more leveraged the system, the more likely the existence of

multiple equilibria. Whenever there aremultiple equilibria, I assume that a sunspot with constant arrival

rate λ̄ coordinates depositors on the run equilibrium.8 The unconditional arrival rate of a run is therefore

given by λ = λ̄Ψ<1.

From the point of view of an individual bank b taking others’ bank net worth and capital as given,

when all other banks are symmetric, this condition is:

λ(k, k−b, n, n−b) = λ̄((B−1)n−b+nb+(qR−q)((B−1)k−b+kb))<0 (3.5)

where I have dropped the dependence of λ(.) on B and z.

3.2 Households Optimal Decisions and Pricing Equations

The dynamics of asset prices and the interest rate on deposits at bank b should be consistent with the

households optimal portfolio and intertemporal allocation.

Pricing equations. Assuming that households are risk neutral and no productivity shock ζ(.) = 0,
8Should λ̄ be related to fundamentals? There isn’t a consensus in the literature regarding the best way to model the like-

lihood of runs arising from coordination failure among depositors. Some papers choose to make the sunspot probability
independent of any endogenous variables, e.g. Gertler et al. (2016, 2017), while others make the probability of a run an in-
creasing function of some measure of risk in an ad-hoc manner, usually leverage (Gertler and Kiyotaki, 2015). The former
is obviously an extreme case of the latter, but it has the advantage of being transparent and simple and to avoid having to
take a stand on the exogenous relationship between the probability of a run and the fundamentals of the system. In one of
the numerical exercise, 4.5, I show that my results are qualitatively similar when the arrival rate is a smooth function of the
fundamentals.
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their F.O.C. write

q̇+ z− f′(kh) = −λΔqR + ρq (3.6)

∀ b ∈ {1, ...,B} rb = λ(1− ψb) + ρ (3.7)

where the first condition is the asset pricing equation and the second is the traditional Euler equation

for deposits adjusted for the probability of a run and the recovery rate. Through these equations, the

bankers will internalize the impact of its choices on prices and returns.

3.3 Bank’s Capital Investment and Deposit Decisions

In this section I solve for the optimal choice of capital investment and deposit of a bank. I fix the vectors

of banks’ net worth, n, and solve for the static problem of a bank taking other banks capital investments

as given.

Law of motion of a bank’s net worth. Using the F.O.C. of the households 3.6 and 3.7, one can rewrite

the law of motion of a bank in case of no run shock as

ṅ = (λ(k, n) + ρ)n+ f′
K̄−

B∑
j=1

kj

 kb − d (3.8)

For brevity, I drop the dependence of all the endogenous variables on B and z when no confusion

results.

This shows how the net excess return on capital depends on the choice of capital by the individual

banker through the aggregate capital investment of banks K =
∑B

j=1 kj. λ also depends on kb, in a dis-

continuous fashion, as shown in 3.5.

Capital investment decision. Ignoring the terms that do not depend on k, the optimal capital invest-
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ment is solution to

max
k

vn

(ρ+ λ(k, k−b, n, n−b))n+ f′
K̄−

B∑
j

kj

 kb − d

+ λ(k, k−b, n, n−b)(vR − v(n, n−b))

(3.9)

Given the non-linearities introduced by λ, the objective function of a bank at a given instant is piece-

wise concave with respect to capital, with a downward step at the point where λ jumps up. There are

therefore two candidates for optimality. Figure 3.2 illustrates the optimal capital investment for two

different levels of n. The optimal investment can be the interior point as in the gray curve or at the corner

as in the black curve.

k

Objective
Function

Figure 3.2: Stylized drawing of the objective function
Legend: The black line corresponds to a high net worth, the gray line to a low net worth

The interior solution, denoted kI for interior, is solution to the following F.O.C.:

f′
K̄−

B∑
j=1

kj

− f′′
K̄−

B∑
j=1

kj

 kb = 0 (3.10)

In a symmetric equilibrium of the Cournot game, and using the assumed functional form for f, 3.10

is

kI =
K̄

B + 1
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Each bank holds a fraction 1
B+1 of the capital stock and the remaining fraction is held by households.

kI is independent of the vector of banks’ net worth. When I extend the model to allow for productivity

shocks, kI will depend on the vector of banks’ net worth. The corner solution, denoted kC, is given by

the highest capital investment such that λ = 0. It is not only a function of one’s net worth but also a

function of the other banks’ net worth and capital investment

kC(n, n−b, k−b) =
1

q− qR

∑
j̸=b

nj + n

−
∑
j̸=b

kj =
N

q− qR
−
∑
j ̸=b

kj

whereN is the sum of banks’ net worth as defined above. I denote this level of capital with superscript

C for corner.

The corner investment is a decreasing functionof the difference between the current price and theprice

in a run. In the limit where the recovery rate is complete ΔqR → 0, capital investment and leverage can

be infinite without the bank taking any run risk. The ratio qR
q therefore measures the degree of illiquidity

of the financial system aggregate balance sheet. The closer it is to 1, the higher the aggregate liquidity of

the financial sector and the less risky high leverage is.

Choosing between the interior and the corner strategy amounts to choosing the one that brings the

highest flow of utility. As I will see in the next subsection, the optimal choice of dividends d depends

only on the marginal value of net worth, which is independent of the investment strategy at the current

instant. Denoting the net return on capital

R (kb, k−b) = f′
K̄−

B∑
j ̸=b

kj − kb

 (3.11)

the global optimum for capital investment is solution to the following comparison

max

[
λ(k, k−b, n, n−b, z,B)

(
n− v(n, n−b)− vR

vn(n, n−b)

)
+ R

(
kI, k−b

)
kI,

R
(
kC(n, n−b, k−b), k−b

)
kC(n, n−b, k−b)

]
(3.12)

88



competition vs. stability: oligopolistic banking systemwith run risk

The decision amounts to a comparison between higher profits and risk-taking. At the interior point,

a bank enjoys - in the relevant part of the state-space - more profit

R
(
kI, k−b

)
kI > R

(
kC(n, n−b, k−b), k−b

)
kC(n, n−b, k−b)

which gives it an incentive to take on more risks. But by doing so, it also runs the risk of losing their

franchise value
v(n, n−b)− vR

vn(n, n−b)
> 0

Franchise value channel and concentration. Banks operating in a more concentrated sector have incen-

tives to take on less risk in order to protect a higher franchise value. However, as I just discussed, the

relationship between risk-taking and the degree of concentration is not as simple as it is usually assumed

and for some parametrization and some part of the state-space more concentration could actually lead to

more risk-taking because large banks make a lot of profit out of investing at the interior point. For my

parametrization, the franchise value channel will always go the ”right” way.

3.4 Symmetric Cournot Equilibria

I focus on symmetric Cournot equilibria, in which either all banks simultaneously play the corner so-

lution or all play the interior solution. I also assume that banks cannot commit to future actions and

therefore restrict attention to static strategies: banks can condition their current action only on current

state variables.

By assumption of a symmetric equilibrium path, all banks have the same level of equity, n. Therefore

n summarizes the state of the economy. I introduce new notations to denote the value function, the

marginal value of net worth, the asset price and corner investment along the symmetric equilibriumpath.
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When for all j ∈ 1, ...B, nj = n, I define

v∗(n) = v(nb, n−b) v∗1 (n) = v1(nb, n−b) F∗(n) =
v∗(n)− vR

v∗1 (n)
− n

q∗(n) = q(nb, n−b) kC∗(n) = kC(nb, n−b, k−b)

Along a symmetric equilibrium path and in a symmetric Cournot equilibrium, the corner capital in-

vestment is:

kC∗(n) =
n

q∗(n)− qR

In the rest of section 3, I restrict attention to equilibrium paths that satisfy the following natural prop-

erties: (Equilibrium Restrictions) I restrict attention to equilibrium paths where the following is true

1. All banks have the same amount of net worth.

2. F∗(n) is differentiable with (F∗)′ > 0.

3. There exists ε > 0 such that kC∗(n) is differentiable with
(
kC∗
)′
> ε.

4. Banks’ capital investment strategies are Markovian, symmetric and stationary.

The following proposition characterizes the sustainable symmetric Cournot equilibria along an equi-

librium path satisfying the set of assumptions 3.4.

Proposition 3.1. Under the set of assumptions 3.4, there exists a unique {nC1 , nI1} and nSS with nC1 ≤ nI1 <

nSS such that

• If 0 ≤ n < nC1 , the only symmetric Cournot equilibrium is one in which all banks play the interior

solution, kI.

• If nC1 ≤ n < nI1, all banks playing the interior investment, kI, or all banks playing the corner solution,

kC∗(n), are two possible symmetric equilibria
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• If nI1 ≤ n ≤ nSS the only symmetric Cournot equilibrium is one in which all banks play the corner

solution, kC∗(n)

This proposition says that as the equity of banks increases, the set of sustainable symmetric equilibria

goes from interior to corner, with some overlap for intermediate level of net worth. For low level of net

worth, banks have a strong incentive to play the risky strategy while for high level of net worth they prefer

to play safe. This stems from the fact that the franchise value is increasing in net worth: the higher its

equity, the stronger the incentives to play safely and avoid the risk of run.

Figure 3.3 illustrates thebest response functions of a bankwhen all other banksplay the corner solution

(black line) or the interior solution (gray line) for all values of net worth.

In between the two thresholds both equilibria are sustainable. If all banks play safe, it is optimal to play

safe and if all banks play interior and risky it is optimal to play interior as well. This is an interesting form

of complementarities among banks. It stems from the fact that the probability of run depends on the

system-wide leverage and not on individual leverage. If all banks have low leverage, an individual bank

can eliminate the risk of run without restricting its investment as much as it would have to should all

other banks have high leverage.

For the sake of simplicity, I pick any n1 ∈ [nC1 , nI1] as the threshold value below which all banks play

interior and above which all banks play the corner solution.

n

Best response
k(n, k−b)

nC1 nI1

nC1
q−qR

BnI1
q−qR − (B − 1) kI

kI

Figure 3.3: Stylized drawing best response functions
Legend: The black line displays the best response of a bank when all other banks play corner.

The gray line displays the best response of a bank when all other banks play interior.

91



competition vs. stability: oligopolistic banking systemwith run risk

Corollary 1. Under assumption 3.4, there exists n1 ∈ [nC1 , nI1]with n1 > 0 such that the capital investment

function k∗(n) given by

k∗(n) =


kI if n < n1

kC∗(n) if n1 ≤ n < nSS

kI if nSS ≤ n

is compatible with an outcome of a Cournot game at every point along the equilibrium path.

Furthermore, in such an equilibrium path, the unconditional arrival rate of systemic runs λ∗(n) is given

by

λ∗(n) =


λ̄ if n < n1

0 if n ≥ n1

In the rest of section 3, I restrict to equilibrium paths where capital investment is of the form given by

corollary 1. I call the part of the state space below n1 the run zone, between n1 and nSS the safe zone, and

above nSS the steady-state zone.

Coordination failure. The existence of multiple equilibria to the Cournot game played by banks for

intermediate level of net worth implies that coordination failure might occur in equilibrium. Consider

the implications for expected output of a small increase in the size of the run zone dn1. I show in sec-

tion 4 that q exactly measures expected output. On the one hand it increases the time spent by the

system in the run zone by dt = dn1
ṅ(n1) . Hence it increases the risk that the system experiences a run

which implies the following expected output cost: λ̄(qR − q∗(n1))dt On the other, spending less time

in the safe zone increases current output by raising the scale of intermediation by the financial system:
α
2

[(
K̄

B+1

)2
−
(
K̄− kC∗(n1)

)2] dt.
It is a priori ambiguous which effect is stronger. Everything else equal, one would want to reduce the

size of the run zone if runs occur with a high probability λ̄, and if a systemic run is very disruptive for
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expected output qR − q∗(n1). Although this coordination failure is a feature of the equilibrium, it is

independent of the level of competition and for that reason I do not discuss it further.

3.5 Steady-State, Dividend and Accumulation Policy

I now turn to the accumulation and dividends policies of banks. I first solve for the steady-state of the

model.

Steady-State. In steady-state, banks invest at the optimal interior and their networth is enough tomake

the optimal interior, kI, safe.

Lemma 1. The interior steady-state with positive net worth is given by

kSS =
K̄

B + 1

qSS =
z− f′

(
K̄− BkSS

)
ρ

nSS = kSS(qSS − qR)

dSS = ρnSS + f′
(
K̄− BkSS

)
kSS

(3.13)

Lemma 1 doesn’t provide steady-state expressions as a function of primitives because qR is an endoge-

nous object, which has not been solved for yet. I specify that this steady-state is the one with positive net

worth because there also exists an (unstable) steady-state with negative net worth.

The steady-state expression for capital investmentmakes clear that concentration has an efficiency cost

due to market power: large firms restrict their capital investment which lowers output. Total output per

unit of time net of management cost is

K̄z− f
(
K̄− BkSS

)
= K̄z− α

2

(
K̄

B + 1

)2

The cost is a decreasing function of the number of banks and an increasing function of α, which gov-

erns the convexity of the households’ cost function. The more banks there are, the more competition

and the less the distortion from market power. The higher α, the more convex it is at the margin for

households to manage capital, the higher the output cost for a given amount of capital holding.

Dividends and saving policy. Denoting k∗1 (n), q∗1 (n) the derivative of kC(nb, n−b), q(nb, n−b) respec-
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tively, with respect to their first component, along the equilibrium path, the following lemma character-

izes the path of dividends and accumulation decisions

Lemma 2. With utility 3.1, along the symmetric equilibriumpath, if the path of capital investment, k∗(n),

is of the form described in corollary 1, dividends are given by

• For all n ∈ [0,max(n−1, 0)], ḋ = 0 and d(n) = (ρ+ λ̄)n+ R(kI)kI

• For all n ∈ (max(n−1, 0), n1), ḋ = 0 and d(n) = d(n1)

• For all n ∈ [n1, nSS), d solves

γ
ḋ

d− γθ
= kC∗1 (n)α

(
K̄− (B + 1)kC∗(n)

)
(3.14)

with kC∗(n) =
n

q(n)− qR
, kC∗1 (n) =

1− kC∗(n)q∗1 (n)
q(n)− qR

• For all n ≥ nSS, d(n) = dSS

• For all n, the path of saving is given by

ṅ = (ρ+ λ∗(n))n+ α (K̄− Bk∗(n)) k∗(n)− d

where n−1 =
d(n1)−R(kI)kI

ρ+λ̄

Lemma 2 says that dividends are constant is the run zone, then increasing is the safe zone until the

steady-state has been reached.

Dividends are increasing in the safe zone -
(
K̄− (B + 1)kC∗(n)

)
> 0 - because the marginal value of

net worth is strictly positive: postponing dividends to future periods and building net worth allows the

banks to increase its investment capacity in the future and eventually reach the level of networth forwhich

it is safe to invest at the interior Cournot capital investment. At this point dividends stop increasing.

The Euler equation for dividends 3.14 in the safe zone also displays the derivative of the corner capital

investment with respect to a bank own net worth, which itself depends negatively on the size of the price
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drop q(n) − qR as well as on the derivative of the asset price with respect to a bank own net worth.

The larger the price drop, the smaller the amount of additional capital a marginal increase in net worth

permits and the slower the increase in dividends over time should be. The presence of the derivative of

asset prices is anothermanifestation, in dynamic, of the non-atomisticity of banks: they take into account

the positive impact the accumulation of their networth has on asset prices in equilibrium, which tempers

the increase in capital investment that an additional unit of net worth can buy. This derivative has to be

consistent with the equilibrium asset price function as I make clear in the section devoted to the analysis

on the equilibrium transition path.

In the run zone, the bankunderstands thatmaintaining lowdividends enables to accumulate networth

andfinally reach the safe zone. But locally they donot have any incentives to tilt the timepathof dividends

either in an increasing or decreasing manner, because their current investment - the interior Cournot -

is disconnected from their current level of net worth. That is why they keep a constant time path of

dividends in the run zone. The level of dividends in this part of the state-space, d(n1) is pin-downed by

the requirement that the path of dividends has to be continuous at n1 by concavity of the utility function.

For low enough networth - belown−1 - the constant level of dividends d(n1) is not sustainablewithout

net worth decreasing, i.e. for n < n−1

d(n1) > (ρ+ λ̄)n+ R(kI)kI

In that part of the state-space - which exists only if n−1 ≥ 0 - banks will also decide to set their dividends

constant, but they are not constrained to set it to d(n1) by the same continuity argument because it will

turn out that in equilibrium, they will never reach n1. In that zone, banks set the level of dividends to

keep net worth constant.

3.6 Transition Path

I analyze the transition path in two steps. I first analyze the dynamics in the safe zone, when n ∈ [n1, nSS],

gives an existence and uniqueness result for the transition path for an approximation around steady-state
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and then characterize the full transition path, including the run zone. For simplicity, I assume that the

arrival rate of new entry after a run goes to zero η → 0. It implies that the run price is given by a combi-

nation of parameters. The intuitions go through in the more general case. I discuss the implications of

η > 0 in the subsection 3.7.

Transition path in the safe zone. In the safe zone, when n ∈ [n1, nSS], capital investment is given by

kC∗(n). The dynamics of the system is characterized by the following system of coupled differential equa-

tions for net worth, dividends and asset prices

ṅ = ρn+ α
(
K̄− BkC∗(n)

)
kC∗(n)− d (3.15)

q̇ = ρq− z+ α
(
K̄− BkC∗(n)

)
γ

ḋ
d− γθ

= kC∗1 (n)α
(
K̄− (B + 1)kC∗(n)

)
with kC∗(n) =

n
q− qR

, kC∗1 (n) =
1− kC∗(n)q∗1 (n)

q− qR
, q∗1 (n) =

q̇
Bṅ

and initial condition n(t0) = n1 and terminal conditions

kSS =
K̄

B + 1
qSS =

z− α
(
K̄− BkSS

)
ρ

dSS = ρnSS + α
(
K̄− BkSS

)
kSS

The following lemma establishes that in the safe zone, dividends, prices, capital and net worth increase

over time. It also establishes existence and uniqueness for the solution to the linearized model around

the steady-state which gives us confidence for the existence and uniqueness of the non-linear solution. I

finally give an expression for the speed of convergence whose dependence on the level of competition is

discussed later.

Lemma 3. 1. Along any transition path solution to the initial-terminal value problem 3.15, all vari-

ables, (d(t), n(t), kC(t), q(t)), are increasing.

2. There exists a unique solution (d(t), n(t), k(t), q(t)) to the linear approximation of the system 3.15

around (dSS, nSS, kSS, qSS) and the (negative of the) rate of convergence of capital to its steady-state is
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given by:

ℓ− =
z− ρqR −

√
(z− ρqR)2 + 4

γ (1− kSSqSS1 ) (dSS − θγ) (B + 1) α

2 (qSS − qR)

Figure 3.4 represents the system 3.15 in the (k, q̃) plane with q̃ = q − qR. In black I draw the line

corresponding to the locus of (k, q̃) compatible with ˙̃q = 0. The dotted black line represents the locus of

(k, q̃) compatible with the initial condition. Capital is always increasing in the safe zone, so all horizontal

arrows point to the right. Asset prices decrease if they start below the black line and increase if they

start above it. The system has to start at some point on the dotted black line. It is immediate from the

phase diagram why capital and asset prices should be increasing along any transition path. The grey line

represents one possible path.

It is not straightforward at all to obtain general conditions over the parameter space such that the

forward-backward system of differential equations 3.15 admits one and only one solution. Lemma 3 es-

tablishes existence anduniqueness only for the linear approximation of the systembut not for the original

non-linear system. I check numerically that for my parametrization, a solution to the non-linear system

exists and is unique. I discuss further this issue in the proof of lemma 3.

k

q̃

˙̃q = 0

q̃ = n1
k

kSS

Figure 3.4: Phase diagram of system in safe zone

Full transition path. I are now ready to characterize the equilibrium path of the system.
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Proposition 3.2. Any transition path starting at n0 ≥ 0 and satisfying assumption 3.4 is characterized

by:

1. (Run zone with certain death). If n0 ∈ [0,max(n−1, 0)], k∗(n) = kI, the system operates in the run

zone, λ∗(n) = λ̄, n is constant over time, the system is in steady-state, banks eventually experience a

run.

2. (Run zone with escape). If n0 ∈ (max(n−1, 0), n1), k∗(n) = kI, the system operates in the run zone,

λ∗(n) = λ̄, n increases and reaches in finite time n1, at which point the system enters the safe zone

3. (Safe zone). If n0 ∈ [n1, nSS), then all variables increase and converge to their steady-state value:

k∗(n) = kC∗(n) → kSS and n → nSS, q → qSS and the system is not subject to run.

4. (Safe Steady-State) If n0 ≥ nSS, then k = kSS and n = n0 forever. It is a steady-state.

Moreover, all assumptions in 3.4 hold.

On the equilibrium path, the capital investment jumps at n1 from kSS to kC∗(n1) < kSS.

Accelerator effect in the safe zone. The accelerator effect describes the amplification coming from the

decrease in lending by banks after a shock that depletes their net worth. There are three main ways the

literature relates banks’ net worth to their lending behavior. Kiyotaki and Moore (1997); Gertler and

Kiyotaki (2015); Mendoza (2010) use a collateral constraint originating in moral hazard, Brunnermeier

and Sannikov (2014); He and Krishnamurthy (2013) assumes a fixed amount of equity and therefore

occasionally binding constraint andAdrian and Shin (2014); Coimbra andRey (2017) use Value-at-Risk

constraints. My model gives rise to a fourth one: the willingness of banks to optimally restrict their

leverage to avoid the risk of a run when they are sufficiently capitalized implies the following rule for

leverage:

kC∗(n) =
n

q− qR
⇐⇒ qkC∗(n)

n
=

1
1− qR

q

While the multiplier of leverage in Gertler and Kiyotaki (2015) is constant over the entire state-space,

mine depends on the endogenous difference between asset prices and run prices.
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Around the steady-state, for small enough shocks to net worth, the economy remains within the safe

zone and features a traditional accelerator effect. But a large adverse shock throws the economy into the

run zone where this relationship between net worth and banks’ investment endogenously breaks down.

The amplificationmechanism in the run zone is not coming for restrictionon capital investment bybanks

but from the possibility that a run further lowers output. The endogenous amplification of the financial

sector therefore takes two different forms over time and the traditional accelerator effect only kicks in

with a delay, once the economy reaches the safe zone. This model provides a testable explanation for the

fact that during the Great Recession, runs happened between 2007 and 2009 and restriction of lending

happened later, in 2009-2010 (Gorton andMetrick, 2009; Kacperczyk and Schnabl, 2009; Covitz et al.,

2013).

Recapitalization channel. Banks operating in more concentrated systems earn higher profits. One

implication is that they can potentially recapitalize more quickly. Whether they will or not depends on

their dividends policy and ultimately on the specification on the utility function.

In order to get a sense of how the strength of the recapitalization channel depends on the parameters

of the bank’s utility function, I look at the speed of convergence around the steady-state. It is therefore

a analysis, not only limited to the safe zone, but also to a neighborhood of the steady-state. The speed

of convergence given in lemma 3 indicates the speed at which capital approaches its steady-state value. It

depends on the number of banks through 3 channels. To get more intuition, I consider the special case

where η = 0 for which I have (quasi) analytical solutions. Denoting z̃ = z− ρqR, the expression for the

speed of convergence is given by:

ℓ =
z̃−

√
z̃2 + 4

γ (1− kSSqSS1 ) (K̄2α − θγ (B + 1)) α

2 αBK̄
ρ(B+1)

Increasing the number of banks increases the denominator which slows down convergence. This is an

implication of the price-drop effect which I discuss in the next section: because the price-drop is larger

in more competitive markets, each additional unit of net worth buys less additional capital in the safe

zone. Increasing B has an ambiguous effect on the numerator. On the one hand, the term kSSqSS1 gives

99



competition vs. stability: oligopolistic banking systemwith run risk

more competitive banks more incentive to accumulate net worth - because they don’t move asset prices

so much - and therefore makes less concentrated market quicker to converge. On the other hand, the

term θγ (B + 1) reflects the fact that more concentrated market makes higher profits and, if they do not

distribute dividends ”too early”, converges more quickly.

The latter mechanism is what I label the recapitalization channel. As Imentioned, it depends crucially

on the parameters of the utility function and governs the speed at which banks distribute dividends. In

the case where banks have linear utility and a non-negativity constraint on dividends, dividends are zero

until the steady-state is reached and the speed of convergence would vary one for one with the level of

profits and therefore one for one with the level of competition. When banks want to smooth dividends,

whether the recapitalization channel is strong, weak or negative, depends on their preferences. When

θ = 0, corresponding to a CRRA utility function, banks distribute dividends in proportion to their

income and the recapitalization channel has no effect on the speed of convergence in the neighborhood

of the steady-state. But in the general case, the higher θ - which governs how quickly the intertemporal

elasticity (relative risk aversion) increases (decreases) with the level of dividends - the stronger the negative

effect increasing the number of banks has on the speed of convergence.

How fast banks distribute dividends as they recapitalize is ultimately an empirical question. And it

is an important question, as the recapitalization channel governs the speed at which the system escapes

the run zone in which banks might experience run and governs the speed at which the system converges

towards the steady-state once in the safe zone, and therefore the output cost along the path through

the safe zone. It is unfortunately a question that hasn’t received much attention in the empirical (and

theoretical) literature.

3.7 Run Price, Entry and Price-Drop Channels

The run price is a key endogenousmacroeconomic object because it governs the aggregate liquidity of the

balance sheet of the banking system as a whole. It has strong implications for the size of the run zone and

for the speed of convergence to the steady-state once in the safe zone. The smaller the difference between

the price before a run and the price after a run - the price drop-, the smaller the run zone and the quicker
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the convergence to the steady-state.

In this section, I start by showing how the speed of entry governed by η determines the size of the price-

drop and thereby influences the stability of the financial system, what I call the entry channel. Rather

paradoxically, increasing the speed of entry of new banks raise the run-price, which stabilizes the system

by shortening the run zone. In the limit of immediate entry, runs never happen in equilibrium.

I also show that the level of competition, B, has sizable implications for the price drop, what I call the

price-drop channel. Because more concentrated markets tend to have relatively depressed asset prices due

to the output cost, they display a smaller drop in asset price upon run, which has a stabilizing effect.

Entry channel. In the extreme case of immediate entry where η → +∞, the equilibrium doesn’t

feature any run zone, and banks always play the interior solution without taking any risk.

Proposition 3.3. If η → +∞, then n1, nSS → 0 and the equilibrium is one in which for all n ∈ [0,+∞)

λ∗(n) = 0 k∗(n) = kSS q∗(n) = qSS d(n) = ρn+ α
(
kI
)2

Expectations of very fast entry after a run raise the run price to the point that it annihilates the pos-

sibility of large price drop and therefore of runs. Banks always invest at the interior kSS and asset prices

remain stable at their steady-state level. This is a version of contestable markets in which the existence of

potential entrants eliminates the inefficiency caused by a small number of actors. In my case potential

entrants do not influence the pricing behavior of these actors but the inefficiency caused by runs on large

institutions. I are not the first one to notice this effect, see for example Gertler and Kiyotaki (2015). This

theoretical result is consistent with the finding of Beck et al. (2003) and Beck et al. (2013) that contesta-

bility increases stability.

The speed of entry, η, could also be reinterpreted in terms of availability of public fund for recapital-

ization of distressed institutions: by standing ready to recapitalize any institution experiencing a run, the

government decreases the likelihood of runs by raising the run price.

I now give a heuristic proof for this result by showing that the size of the run zone has to shrink as

η → +∞, i.e. as entry happens faster. Since after a run B banks enter after a run at some arrival rate η,
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the run price is given by:

qR =
η

ρ+ η
q∗ (0) +

z− αK̄
ρ+ η

The price-drop and a first order approximation of the safe strategy around the point n = 0 is q∗(0)−

qR =
ρ

ρ+ηq
∗(0)− z−αK̄

ρ+η hence n
q∗(n)−qR ≃n=0

n
q∗(0)−qR =

(ρ+η)n
q∗(0)ρ−(z−αK̄) .

9

As η tends towards+∞, the price-drop goes to zero and the interior strategy is below the corner strat-

egy for lower and lower level of net worth.10 Banks can switch all the more quickly to the safe strategy.

In the limit, I find the result that the run zone disappears and the interior strategy is always safe.

Price-drop channel. I now discuss the last mechanism through which the level of banks concentration

influences stability. A more concentrated banking oligopoly implies smaller price drops in case of run

because the level of asset prices in normal times decrease with the number of banks and post-run prices

do not decrease as much. For example, consider the extreme case where the speed of entry goes to zero,

η → 0, in which case qR is a parameter independent of the number of banks

qR =
z− αK̄

ρ

Consider further the case in which n = nSS for which I have an analytic expression for q. The following

expressionmakes clear that more concentrated system are characterized by smaller price drop qSS− qR =

α BK̄
(B+1)ρ . The size of the price-drop has strong implications for stability. In a concentrated system, the

price-drop is small and banks require less networth to reach a given level of capital investment and be safe,

and therefore implies that playing safe will be more appealing to banks in a more concentrated system.

This effect makes more concentrated system more stable by decreasing the size of the run zone. The

price-drop also governs how much capital one additional unit of net worth can buy in the safe zone and

therefore the speed of convergence to the steady-state, as explained in the previous section.
9The derivative of the safe strategy around n = n0 is

∂ n
q(n)−qR

∂n
=

1
q(n0)− qR

(
1− n0qn(n0)

q(n0)− qR

)

10Although q(0) also moves with η, it converges to some finite value z−α K̄
B+1
ρ as η increases.
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This last result is rather paradoxical. One would think that runs in more concentrated systems imply

larger price-drop. But this intuition, based on the idea that large banks move a lot the market when they

fail - which is also the basis for the famous ”too big to fail” -, corresponds to the case of individual bank

runs which I abstract from in this paper, and does not translate to the systemic run case.

3.8 Concentration and Stability: Summary of Channels

I summarize the different channels through which the degree of concentration shapes the trade-off be-

tween efficiency and stability. First note that there are two dimensions of competition: the level of com-

petition as well as the speed of entry of new banks. I start with the second dimension.

Entry channel. I have seen in section 3.7 that the faster the entry of banks after a run - or the more

available public funds for recapitalization of distressed banks - the smaller the price-drop, the smaller the

run zone and themore stable the system. In the extreme case of immediate entry, the run zone disappears,

the system never experiences runs and banks always invest at their interior optimum because potential

entrants make large drop in asset prices impossible.

Franchise value channel. Larger and more profitable banks have a more valuable franchise value and

are therefore willing to take on less risk. They however weigh the loss of a higher franchise value with the

higher profit they could make by taking risk and investing in the interior as discussed in section ??. If the

former effect is stronger than the latter - as will be the case formost parametrization-, this channel implies

a shorter run zone.

Price-drop channel. Higher concentration in the banking sector implies smaller price drops in case of

run because asset prices in normal times are more depressed. Consequently, banks find it more appealing

to play safe because it requires less net worth to reach a given level of capital investment. By decreasing

the size of the run zone, this effect makes more concentrated systems more stable.

Recapitalization channel. A more concentrated system recapitalizes more quickly because it makes

higher profits. It can therefore not only escape the run zonemore quickly making the systemmore stable

but it also converges to the steady-state with interior investment faster which is good from an efficiency

point of view since in the safe zone output is depressed. The strength - and even the sign - of this channel
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is however dependent on the dividends policy of banks and ultimately the parameters characterizing the

banks’ preferences.

Market power channel. A more concentrated system will generate greater output loss because of its

lower level of investment in capital, as discussed in section 3.5. This statement is true in both specifica-

tions of entry. Therefore, with immediate entry, since concentration has no effect on stability, there is

no doubt that the welfare maximizing policy is to make entry easy to increase the number of banks in

the financial system. However as entry happens more and more slowly, one has to weigh this efficiency

argument with the stability implications of high competition.

4 Numerical Examples

In this section I provide some suggestive numerical examples to illustrate the workings of the model.

Given that households have linear utility, a natural measure of welfare that puts zero weight on bankers,

is expected discounted lifetime income. It turns out that the price of the asset is exactly the expected

discounted sum of future flow of output. A direct corollary is that the asset price is a sufficient statistics

for welfare. Regarding my measure of instability, I look at the cumulative probability of a run, which I

define as the probability that a run happens by the end of the transition.

4.1 Parameter Choices

Table 3.1 lists the parameter’s value in the benchmark calibration assigned to ρ, γ, θ, z, λ̄, K̄, α, vR. I set

a period to be a year. I set the discount rate, ρ to 5%, a standard value in the literature and γ the risk-

aversion parameter of bankers to 0 in absence of clear estimates from the literature. I calibrate α tomatch

a 2% interest margin. I set the benchmark number of banks to 5 to match a HHI of 2000: which is on

the higher end of the range of HHI reported by Cetorelli et al. (2007), but consistent with my focus on

concentrated markets. Incidentally 5 is also the number of the largest US investment banks before the

crisis, themain broker-dealers of theUS shadowbanking (Adrian and Shin, 2010). I set vR to 0 to capture

the fact that if a banker is forced to liquidation and becomes an household, their payoffwill be of an order
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of magnitude smaller given that they go from being a large actor to being a minuscule one. I set λ̄ to 3%

to get a cumulative probability of run at the beginning of the transition path of 55% consistent with the

finding of Valencia and Laeven (2008).

Parameters ρ γ θ λ̄ α K̄ B vR
Value .05 .5 0 .03 .02 10 5 0

Table 3.1: Parameters

4.2 Increasing Concentration: B

Policy rules. FigureC.7displays thepolicy rule for individual bank capital investment, the implied total

capital investment of all banks and saving together with the equilibrium asset price and implied leverage

for the set of relevant level of net worth, for three different degrees of concentration, B = 1, 3, 5. My

benchmark is in black, and the lightest gray corresponds to the monopoly case. The three zones of the

state-space are easiest to see on the capital investment figure, (a). For low level of net worth, the optimal

capital investment is interior and high, and the bank is taking on the risk of run. In this zone leverage is

high and decreasing. When n passes the threshold n1, capital investment optimally and discontinuously

drops to a safe level. For high level of net worth, the interior investment becomes safe. The optimal saving

policy is to save all profits until the steady-state has been reached. The discontinuity in the saving policy

at the point n1 corresponds to the drop in profits when the system enters the safe zone.

In this example, the threshold net worth n1 at which the system switches to the safe zone is similar

across different level of concentration. The fact that banks in less concentrated systems, despite having

smaller a balance sheet, switch at the same level of net worth as banks inmore concentrated systems stems

from 1-the price-drop effect that makes it more costly in terms of net worth for a bank to reach the same

level of capital investment 2-the franchise value effect. These two effects are enough to keep the net worth

similar across degrees of concentration. This obviously has far reaching consequences for stability along

the transition path.
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Figure 3.5: Transition path as a function of time for B = 1, 3, 5

Transition path. Figure 3.5 displays the transition path through time of the total amount of capital

intermediated by banks, leverage, saving, asset prices and the cumulative probability of a run, defined as

the probability that a run occurs by the end of time. Given that the threshold n1 is similar across systems,

the length of their respective run zone is comparable, hence the amount of time spent in it depends only

on the speed at which banks travel through it, i.e. on the recapitalization effect. which is determined by

their saving and in turn by their profits. A more concentrated system reaches the safe zone, and then
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its steady-state, much faster than my benchmark specification. In this example, looking at 3.5c and 3.5e,

going fromB = 5 to 1 implies a reductionof the time spent in the crisis by a factor 4 andof the cumulative

probability of a run by a factor 3.

4.3 Increasing the Speed of Entry: η

In order to exemplify the effect of the speed of entry, figure 3.6 displays the transition path for the total

amount of intermediated capital, asset prices and the cumulative probability of a run for three different

values of η. The black line is again my benchmark η = 0, the middle gray is η = .05 while the lighter

gray represents η = .1 which corresponds to an average time before entry of 10 years. To compute the

transition path, I assume that the entry level of net worth is nE = 0.

As the speed of entry η increases, the run price, given by

qR =
η

ρ+ η
q (0) +

z− αK̄
ρ+ η

increases, through a direct effect - the weight on q(0) increases relative to the weight on z−αK̄
ρ+η but also

through an indirect effect coming from a higher q(0), which can be seen on 3.6b. The latter effect stems

from the fact that in general equilibrium the run zone is smaller, and the convergence to the safe zone

and then to the steady-state occurs more quickly, which raises the q(0). The higher run price, qR implies

a smaller price-drop, which makes bank willing to switch more quickly to the safe investment strategy, as

displayed in 3.6a. The run zone becomes smaller as well as the safe zone: the system travels faster to the

steady-state. Consequently, welfare 3.6b, increases with η, and instability 3.6c decreases.

4.4 Dividends Policy and the Recapitalization Channel: γ

In the example shown in 4.2, I had assumed that γ = 0 and d > 0 so that banks didn’t distribute

dividends until the marginal utility had reached ξ. Assuming γ = 0 implies that the recapitalization

channel will be very strong because all profits—which increase with concentration—are being kept for

the accumulation of equity. I show now that allowing for a higher γ doesn’t change qualitatively the
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Figure 3.6: Transition path as a function of time for η = 0, .05, and .1

results but tempers the recapitalization channel. I set γ = .1.

Figure C.8 displays the transition path through time of the total amount of capital intermediated by

banks, leverage, saving, asset prices, dividends and the cumulative probability of a run, defined as the

probability that a run occurs by the end of time for three different degree of competition.

Compared to the transitionpathwhen γ = 0displayed in3.5, it takesmuchmore time for all economies

to escape the run zone, travel through the safe zone and reach their steady-state because banks distribute

dividends along the transitionpath,C.8e, anddonot save all their profits,C.8c. This affects dis-proportionally

systemwith higher level of competition. At time 0, the probability of a run in the systemwith five banks

increases from 50% to 80% while it remains unchanged for the monopoly, C.8f.
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4.5 A Smooth Functional Form for λ

I show in this section howmy results are affected by making λ a smooth function of fundamentals. The

following functional form for the arrival rate proves tractable

λ =
λ̄
2

(
max

(∑
b

kb −
∑

b nb
(q− qR)

, 0

))2

with λ̄ = .002. λ(.) is (weakly) increasing in k and decreasing in n: ∂λ
∂k =

√
2λλ̄ ≥ 0. Figure C.9

reports the transition path for three different values of B = 1, 3, 5. Note that C.9f is not the cumula-

tive probability of a run but the instantaneous probability of a run. It decreases over time, revealing the

returns-safety trade-off that banks make for low level of net-worth. As they accumulate net worth, the

franchise value increases and they play a safe strategy. The patterns for dividends, asset prices, saving and

leverage are very similar to the case 3.2 except for investment for which there is no longer a downward

jump at the entrance of the safe zone.

As can be seen on panel C.9f, a more concentrated systemwill tend to restrict more its investment and

play more safely for low level of net worth and will exit more quickly the zone with high risk of runs. It

is also interesting to see that more competitive sector have trouble bringing the risk of run to zero even

in the long run since the probability of a run remains strictly positive (although decreasing over time).

This reflects a force that I couldn’t see in the case studied previously because I had no intensive margin

to risk-taking: when deciding upon how much net worth to accumulate, a monopoly understands that

the marginal dollar reduce the risk of a run by a greater extent than the marginal dollar accumulated by a

bank in a more competitive sector since the the risk depends on the aggregate amount of net worth. This

free-rider problem becomes more and more acute as the number of banks increases.

4.6 Exogenous Risk: the Paradox of Safety

I now reintroduce exogenous productivity uncertainty and solve the model with two productivity levels.

I calibrate z, z̄, ζ and ζ̄ as follows. I set z̄ = 5 and z = 4.25 for the GDP drop to be of 15% in recession.

I choose the transition rates between productivity states, ζ̄ = .02, ζ = .08 so that the average time spent

109



competition vs. stability: oligopolistic banking systemwith run risk

in the low state is 12 years and in the high state 50 years. This is consistent with the size and frequency of

large and rare macroeconomic recessions.

The analysis of the stationary distributions of systemswith different levels of concentration reveals the

paradox of safety: although starting from the same initial level of net worth, a more concentrated sector

is safer on the transition path, it will in general start the transition path at a lower initial level after a large

shock toGDPhits. This is likely to be the case since banks operating in a concentrated sector have a lower

ratio of net worth over capital, due to the lower price-drop; hence the paradox of safety, in reference to

the paradox of volatility in Brunnermeier and Sannikov (2014) where low fundamental volatility may

actually lead to high endogenous volatility. This counteracting force mitigates the stabilizing properties

of concentration.

Figure 3.7 represents the stationary distribution of this economy where the x-axis represents the sum

of banks’ net worth forB = 1, 3 and 5where I keep the same color convention as before. The solid (resp.

dotted) line represents the distribution in the high (resp. low) state. The plotted densities are conditional

on having effectively banks operating on financial markets; after a run, the system will operate without

banks for a while.
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Figure 3.7: Stationary distributions as a function of net worth for B = 1, 3 and 5
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5 Conclusion

This paper has developed a dynamic general equilibrium model with a finite number of large financial

intermediaries subject to endogenous - systemic and idiosyncratic - run risk and playing à la Cournot,

internalizing the effect of their action on aggregate risk, returns and asset prices. In the neighborhood of

the steady-state, they optimally restrict their investment to be a function of their net worth to avoid the

risk of a runwhich gives rise to an accelerator effect. For a large adverse shock, the financial system enters a

run zone characterized by high leverage, deleveraging over time and risk of run fromwhich it may escape

in finite time. The instability of the system is a function of how long it stays in this zone. This depends on

the level of competition through three channels: the franchise value channel, the price-drop channel and

the recapitalization channel. I also show that contestability - the speed of entry - has significant stabilizing

effect, what I call the entry channel.

My qualitative findings are consistent with empirical evidence of the dynamics of the financial system

in the aftermath of a adverse shock as well as with the findings of the effect of concentration on stabil-

ity. My analysis gives rise to several new testable predictions and areas for further empirical research. I

highlight the limits of empirical analyses that do not take into account the state-dependency of banks’ be-

haviors. For small shocks, banks behavior is characterized by the a safe strategy while after a large shock,

run may occur in the short run and the decline in intermediation happens with a delay, once the banks

have reached the safe zone. I also highlight the importance of two channels that have been overlooked by

the current literature: the recapitalization channel according to which more concentrated markets have

the ability to recapitalize more quickly and escape the run zone and the price-drop channels according to

which concentration influences the size of the drop in asset prices when a run occur.
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Appendix A

The Great Gatsby Goes to College:
Tuition, Inequality and
Intergenerational Mobility in the U.S.

A.1 Analytical Model - Details

I solve the model using a guess and verify. I guess that the tuition function before government financial

aid are given respectively by:

eu(q, z, y) =

(
pI

(1+ au)Tu
q

1
ε1 z−

ε2
ε1

(
y
κ2

) ε3
ε1

) 1
1−τu

(A.1)
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the great gatsby goes to college

A.1.1 Solution to the Household Problem

Using the guess (A.1) and the expression for financial aid (1.22), the problem of the Households is

U = max
s,ℓ

(1− β)
[
ln

(1− s)(1− ay)Ty

1+ ac
+ ln

(
Ahλℓμ

)1−τy − ℓη
]
+ βEU ′ (A.2)

ln h′ = ln ξy + ln κ + α1(1+ α2(ε2 + τm(1− τu)ε1)) ln ξb + αh ln h

+ α2ε1
(
ln (s(1+ ah)/Te)

1−τu (1+ au)Tu/pI
)
+ α2(ε1(1− τu)(1− τn,t)− ε3) ln ℓ(1−τy)μ

+ α2
(
ε1(1− τu)(1− τn)− ε3)

(
(1− τy,t) lnA(1− ay)Ty

))
+ α2ε3 ln κ2 (A.3)

with αh = α1+α3+α1α2(ε2+ τm(1− τu)ε1)+α2(ε1(1− τu)(1− τn)− ε3)(1− τy)λ and s the spending

rate, i.e. the amount of spending for college over income. I then guess thatUt = Ut ln ht+Zt ln ξb,t+Bt.

Replacing this guess into (A.2), then using (A.3) to substitute for ln ht+1 and using (1.5) and (1.6)

Ut ln ht + Zt ln ξb,t + Bt = max
s,ℓ

(1− β)
[
ln

(1− s)(1− ay)Ty

1+ ac
+ (1− τy) ln hλℓμA− ℓη

]
+ β

[
Ut+1

(
μy + ln κ + α1(1+ α2(ε2 + τm,t(1− τu)ε1)) ln ξb,t + αh,t ln ht

+ α2ε1
(
ln (s(1+ ah)/Te)

1−τu (1+ au)Tu/pI
)
+ α2(ε1(1− τu)(1− τn,t)− ε3) ln ℓ(1−τy)μ

+ α2(ε1(1− τu)(1− τn,t)− ε3)
(
(1− τy,t) lnA(1− ay,t)Ty,t

)
+ α2ε3 ln κ2,t

)
+ Zt+1μb + Bt+1

]

Gathering all the terms in ln ht one gets thatUt has to verify

Ut = (1− β)
∑∞

k=0 β
k(1− τyt+k)λt+k

∏k−1
m=0 αht+m

Gathering all the terms in ln ξb,t, one gets Zt =
(
Ut − (1− β)(1− τy,t)λ

) α1(1+α2(ε2+ε1(1−τu)τm,t))

αht
.

Finally gathering the independent terms, the F.O.C for s and ℓ give

st =
βα2ε1(1− τu)Ut+1

1− β+ βα2ε1(1− τu)Ut+1
(A.4)

ℓ =

[
(1− τy,t)

μ
η

(
1+

β
1− β

α2 (ε1(1− τu)(1− τn,t)− ε3)Ut+1

)] 1
η

(A.5)
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A.1.2 University problem

I first provide a generalized definition of σu that takes into account government policies

σ2u =
ω1(1− τu)

2
E
((

ln
(
z̄

ω2
ω1(1−τu) ȳ−

ω3
ω1(1−τu)

)
− ln z

ω2
ω1(1−τu) y−

ω3
ω1(1−τu)

)2)
(A.6)

Using this definition and our guess for tuitions (A.1), one gets the following

σ2u =
ω1(1− τu)

2
E

(ln eu(z, y)− ln
(

pIĨ
(1+ au)Tu

) 1
1−τu
)2 =

ω1(1− τu)
2

σ̃2u

where I define ln Ĩ = ln I − σ̃2u
2 . I now show that σ̃2u is the within-university variance of log tuition. I

guess that tuition fees are log-normally distributed within the university. Denoting μe,q, σe,q the mean

and standard deviation of log tuition within the university of quality q, the budget constraint of the

university -given by (1.23)-becomes

pII = Tu(1+ au)
(
Ez,y[eu(q, z, y)]

)1−τu
= Tu(1+ au)e(1−τu)μeq+(1−τu)

σ2eq
2

⇐⇒ 1
(1− τu)

ln
pI

(1+ au)Tu
Ĩ+

σ̃2u
2
−

σ2eq
2

= μe,q = E ln eu(z, y)

Substituting this last line into the expression of σ2u above gives

σ̃2u =
∫

φ(z, y)

(
ln eu(z, y)− E ln eu(z, y) +

σ2eq − σ2u
2

)2

dzdy

⇐⇒ σ̃2u = σ2e,q +

(
σ2eq − σ2u

2

)2

+ 0 ⇒ σ̃2u = σ2e,q or σ̃2u = σ2e,q + 4

σ̃u = σe,q is a solution to the quadratic equation. This verifies our guess. μe,q = E ln eu(z, y) =

ln
(

pI Ĩ
(1+au)Tu

) 1
1−τu and σ2u = σ2eq are respectively themean and standard deviation ofwithin-university
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log tuitions. Therefore I can now rewrite the problem of the university replacing Iwith Ĩ

max
Ĩ,̄z,̄y,r(.)

Ĩω1 z̄ω2 ȳ−ω3 (A.7)

ln Ĩ
∫ 1

0
rz,ydz dy =

∫
rz,y
(
(1− τu) ln(eu)i + ln(1+ au)Tu/pI

)
dz dy

ln z̄
∫ 1

0
rz,ydz dy =

∫ 1

0
rz,y ln z dz dy and ln ȳ

∫ 1

0
rz,y dz dy =

∫ 1

0
rz,y ln y dz dy

where rz,y denotes the mass of individuals of type (z, y).

The F.O.Cs are ω1
Ĩ + λ1

Ĩ = 0, ω2
z̄ + λ2

z̄ = 0 and − ω3
ȳ + λ3

ȳ = 0

rz,y =


0 if

(
pI

(1+au)Tu
q

1
ω1 z−

ω2
ω1 (y/ȳ)

ω3
ω1

) 1
1−τu

< eu(q, z, y)

c ∈ R if equality

+∞ if strictly larger

where I have solved for the Lagrange multipliers. I guess that in equilibrium, ȳ = κ2qν. Therefore

whenever a college admits a certain student type, the tuition formula is:

eu(q, z, y) =
(

pI
(1+ au)Tu

q
1−νε̃3
ω1 z−

ω2
ω1 y

ω3
ω1 κ

− ω3
ω1

2

) 1
1−τu

=

(
pI

(1+ au)Tu
q

1
ε1 z−

ε2
ε1 y

ε3
ε1 κ

− ε3
ε1

2

) 1
1−τu

with ε1 =
ω1

1− νε̃3
ε2 =

ε̃2
1− νε̃3

ε3 =
ε̃3

1− νε̃3

I can solve for ν and κ2 using the equilibriumoutcome given by themean income in propositionA.1.4.

I do this later in appendix A.1.4. This confirms the guess for tuition fees (A.1). Given this guess for

tuition, a university is always at the interior solution, therefore always indifferent between all types.

A.1.3 Other Equilibrium Conditions

Government Budget Constraints

There are two kinds of constraints. The first one is the aggregate budget constraint that states that rev-

enues (income tax and consumption tax) must equal spending (transfers to colleges and students) at any
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period.

∫ 1

0
ayy(i) + acc(i) + e(i)di =

∫ 1

0
e(i)(1+ au)(1+ ah)di (A.8)

Theother three constraints, (A.10), (A.9) and (A.11)pindownTu,Ty,Te such thatay, ah, au parametrize

respectively the average rate of income tax, financial aid and transfers to college. Denoting fq the mass of

students in colleges of quality q

∫ 1

0
y(i)1−τyTydi =

∫ 1

0
y(i)di (A.9)

(1+ ah)
∫ 1

0
e(i)di =

∫ 1

0
eu(i)di (A.10)∫

Ez,y[eu(q, z, y)]fqdq =

∫
Tu
(
Ez,y[eu(q, z, y)]

)1−τu fqdq (A.11)

Lemma 4. Along the equilibrium path, the government budget constraints (A.8),(A.9),(A.10) and (A.11)

are given by

ac,t(1− st)
(1+ ac,t)

= st(1+ au,t)(1+ ah,t)−
ay,t

1− ay,t
− st (A.12)

lnTy = τy lnA+ τyμ ln ℓ+ τyλmh +
λ2

2
(2− τy)τyΣ2

h,t (A.13)

lnTe = (−τnλ + α1τm)mh +
α1τm
2

(α1τm − 1)σ2b − τn(lnAℓμ(1− ay)) (A.14)

+
[
λ2(1− τy)2(τn − 2)τn + 2λ(1− τn)(1− τy)τmα1 + (α1τm)2 − τnλ2(2− τy)τy

] Σ2
h

2
(A.15)

lnTu = τu
(
lnAℓμs(1+ ah)(1− ay) + λmh + λ2

Σ2
h

2

)
+

τu
1− τu

σ2I
2

(A.16)

1. Solving for the aggregate state budget constraint is immediate

2. Solving for Ty. Using (A.9), and the expression for market income ym, (1.21), and using the guess

that ln h is normally distributed one gets:

∫ 1

0
(Aℓμhλ)1−τy,tTydi =

∫ 1

0
Aℓμhλdi ⇐⇒ Tyeλ(1−τy)mh+

(λ(1−τy))2

2 Σ2
h = Aτyℓτyeλmh+

λ2
2 Σ2

h
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3. Solving for Te. Using (A.10), one gets:

(1+ ah)
∫ 1

0
eidi =

∫ 1

0
(eu)idi ⇐⇒ (1+ ah)

∫ 1

0
syIdi =

∫ 1

0

sy(1+ ah)
Tez−τmyτn

di

Te(1− ay)τn(Aℓ)τn(1−τy)(Ty)
τneλ(1−τy)mh+(λ(1−τy))2

Σ2h
2

= e(λ(1−τy)(1−τn)+τmα1)mh−α1τm
σ2b
2 +(λ(1−τy)(1−τn)+τmα1)2

Σ2h
2 +

(α1τm)2

2 σ2b

4. Solving for Tu. Substituting (1.23) into (A.11), one gets

∫
Ez,y[eu(q, z, y)]fqdq =

∫
Tu
(
Ez,y[eu(q, z, y)]

)1−τu fqdq ⇐⇒
∫ ( pIIq

(1+ au)Tu

) 1
1−τu

fqdq =

∫ pIIq
(1+ au)

fqdq(
pI

(1+ au)Tu

) 1
1−τu
∫

I
1

1−τu
i di =

pI
(1+ au)

∫
Iidi ⇐⇒

(
pI

1+ au

) τu
1−τu
∫

I
1

1−τu
i di = (Tu)

1
1−τu

∫
Iidi

where i indexes households. I then guess that Ii is log-normally distributed with mean μI and variance σ
2
I

- I give expression for these variables in appendix A.1.6):

(
pI

1+ au

) τu
1−τu

e
μI

1−τu
+

σ2I
2(1−τu)2 = (Tu)

1
1−τu eμI+

σ2I
2 ⇒ lnTu = τu ln

(
pI

1+ au

)
+ μIτu +

σ2I
2
τu(2− τu)
(1− τu)

Using the guess and from appendix A.1.3, one gets

lnE(I) = μI +
σ2I
2

= ln
Aℓμs(1+ ah)(1+ au)(1− ay)

pI
+ λmh + λ2

Σ2
h

2

Hence μI = ln
Aℓμs(1+ ah)(1+ au)(1− ay)

pI
+ λmh + λ2

Σ2
h

2
− σ2I

2

Substituting back into the expression for Tu gives

lnTu = τu
(
lnAℓμs(1+ ah)(1− ay) + λmh + λ2

Σ2
h

2

)
+

τu
1− τu

σ2I
2

I derive the expression for σ2I in appendix A.1.6
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Educational Sector: Generalization

In this section I present an extension of the very simple educational sector presented in the main text. I

start by assuming that the production function for educational services is given by yI = AIhλ̄ℓμ with λ̄ ≥

λ. The latter assumption says that households with higher human capital have a comparative advantage

in working in the educational services sector.

Colleges buy services at price pI from the educational sector. The latter has two peculiarities. First of

all it is made of one non-profit agency that aggregates heterogeneous inputs to produce an homogeneous

educational service and whose objective is to minimize costs subject to a non-negative profit condition.

Secondly it has full power in the setting of wages. I discuss these two assumptions below. The problem

of the educational service agency willing to produce Ī is:

min
dh

pI s.t.
∫

AIhλ̄ℓμdhdh ≥ Ī and pI
∫

AIhλ̄ℓμdhdh ≥
∫

hλℓμdhdh (A.17)

where the right hand side of the last line embeds the assumption of bilateral bargaining with full power

to the agency and dh is the indicator function equal to 1 if a household with human capital h is employed

in the sector.1

Educational Sector: Hiring Rule

From the assumption that λ̄t > λt (individuals with high human capital have a comparative advantage

working for the agency), the hiring rule takes the form of threshold rule where the most educated indi-

viduals work in the educational sector.

Proposition A.1.1. Provided au,t, ah,t, β are not too high, there exists a unique ht ∈ R such that

dt(h) = 1 ⇐⇒ h ≥ ht (A.18)
1The assumption that wages are set through a bilateral negotiation where the agency has full bargaining power implies

that wages are determined by themarginal product in the final good sector. These assumptions are not particularly unrealistic
and buy us some tractability. The assumption of minimizing the price of educational services will imply that the price of
educational services will not reflect the marginal cost of producing these services but rather their average cost. The joint
assumption of price-minimizing monopoly allows us to get rid of profit in this sector, that would otherwise need to be given
back to either the household sector or the government.
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The difference between the product and cost of hiring human capital h.

pIAIhλ̄ − Ahλ (A.19)

Lemma 5. Equation (A.19) is increasing in h if

E (hλ̄|hλ̄ ≥ 1)
E (hhλ |hλ ≥ 1)

=
m
(

mh−log(h)
Σh

− λ̄Σh

)
m
(

mh−log(h)
Σh

− λΣh

) ≤ λ̄
λ

where hλ̄ =
(
h
h

)λ̄

and hλ =
(
h
h

)λ

and m(.) denotes theMills ratio.

Proof. We want to show that this is increasing in h so that the agency—willing to minimize the average

cost—wants to hire first the individuals with highest human capital. The condition is: pIAIλ̄hλ̄−1 >

Aλhλ−1 ⇐⇒ λ̄
λh

λ̄−λ > A
AIpI

. It is sufficient to show that this is true for h = h since λ̄ > λ, i.e.

λ̄
λ
hλ̄−λ >

A
AIpI

⇐⇒ λ̄
λ
>

∫
h

(
h
h

)λ̄
dh∫

h

(
h
h

)λ
dh

=
E (hλ̄|hλ̄ ≥ 1)
E (hhλ |hλ ≥ 1)

where the last line uses the expression for the price pI given by (A.21). Let’s now show that the RHS of

the last line is equal to the ratio of the Mills ratio. Taking the conditional expectation

E (hλ̄|hλ̄ ≥ 1) =
eλ̄(mh−log h)+ λ̄2

2 Σ2
hΦ
(

λ̄(mh−log h)+λ̄2Σ2
h−0

λ̄Σh

)
1− Φ

(
0−λ̄(mh−log h)

λ̄Σh

)
⇒ E (hλ̄|hλ̄ ≥ 1)

E (hλ̄|hλ ≥ 1)
= e(λ̄−λ)(mh−log h)+ λ̄2−λ2

2 Σ2
h

Φ
(

mh−log h
Σh

+ λ̄Σh

)
Φ
(

mh−log h
Σh

+ λΣh

) =
m
(

log h−mh
Σh

− λ̄Σh

)
m
(

log h−mh
Σh

− λΣh

)

Lemma 6. For h high enough,
m
(

log h−mh
Σh

−λ̄Σh

)
m
(

log h−mh
Σh

−λΣh

) ≤ λ̄
λ

Proof. First denote m
(

log h−mh
Σh

− λ̄Σh

)
= mλ̄ and m

(
log h−mh

Σh
− λΣh

)
= mλ. The Mills ratio
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associated with a standard normal is decreasing and convex, which implies

mλ̄

mλ
> 1 ⇐⇒ λ̄ > λ and

∂
mλ̄
mλ

∂ log h
=

mλ

(
m′

λ̄ −
mλ̄
mλ
m′

λ

)
m2

λ
< 0

sincem′
λ̄ < m′

λ and −m′
λ < −m′

λ
mλ̄
mλ

⇒ m′
λ̄ −

mλ̄
mλ
m′

λ < 0. I now show that the limit of the ratio of

Mills ratio tends to+∞ when h tends to 0. Denoting Xλ(h) = log h−mh
Σh

− λΣh and similarly for λ̄, one

has

lim
log h→−∞

m(Xλ̄(h))
m(Xλ(h))

= lim
log h→+∞

mλ̄(−Xλ̄(h))
m(−Xλ(h))

= lim
log h→+∞

1−Φ(Xλ̄(h))
Φ(Xλ̄(h))

1−Φ(Xλ(h))
Φ(Xλ(h))

m(Xλ̄(h))
m(Xλ(h))

× 1

= lim
log h→+∞

−φ(Xλ̄(h))
−φ(Xλ(h))

= lim
log h→+∞

eΣh(λ̄−λ)
(

log h−mh
Σh

−(λ+λ̄) Σh2
)
= +∞

where the second line uses the symmetry of the standard normal cdf and pdf, the third uses l’Hôpital’s

rule and the fourth that λ̄ > λ.

Hence the ratio of Mills ratios is decreasing, continuous, goes to +∞ when h approaches 0 and to 1

when it goes to+∞. Therefore there exists a unique threshold at which it crosses λ̄
λ and is below it for h

higher. This finishes the proof.

Given the market clearing condition (A.20) pinning down log h, it is clear that au, ah, s (and hence β)

low enough ensures that log hwill be high enough in equilibrium. I have checked that in our calibration

this property holds.

Market Clearing

It remains to be checked that the final good and the educational services market clear. By Walras’ law, if

the latter clears, since college admission markets already clear, the final good market should clear. The

market clearing condition in the educational sector requires that the demand for educational services

coming from colleges—the left-hand-side of equation (A.20)—be equal to the supply of human capital

supplied by the agency. It implicitly pins down the threshold ht. The price of educational services is then

given by the no-profit condition in (A.17) of the agency. The following proposition summarizes these
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results.

Lemma 7. 1. The threshold to work in the education sector h is implicitly given by

(1+ au,t)(1+ ah,t)steλtmh,t+
λ2t
2 Σ2

h,t(1− ay,t) = Ht = eλtmh,t+λ2t
Σ2h,t
2

Φ
[
mh,t−log ht

Σh,t
+ λtΣh,t

]
1− Φ

[
log ht−mh,t

Σh,t

] (A.20)

whereΦ(.) denotes the c.d.f. of a standard normal.

2. Defining HI
t =

∫ +∞
ht

hλ̄dh, the equilibrium price of education services is

pI,t =
A
∫ 1
ht
hλtdh

AI
∫ 1
ht
hλ̄dh

=
A
AI

e(λt−λ̄)mh,t+(λ2t −λ̄2)
Σ2h,t
2

Φ
[
mh,t−log ht

Σh,t
+ λtΣh,t

]
Φ
[
mh,t−log ht

Σh,t
+ λ̄Σh,t

] (A.21)

Proof. Demand for educational services is givenby (1+au)(1+ah)
pI

s
∫ 1
0 yIdi and supply is givenbyAIℓ

∫ 1
h (h

i)λ̄dh

hence market clearing is:

(1+ au)(1+ ah)
pI

s
∫ 1

0
yI,tdi = AIℓ

μ
∫ 1

h
(hi)λ̄dh ⇐⇒ (1+ au)(1+ ah)sAℓμeλmh+

λ2
2 Σ2

h(1− ay) = pIAIℓ
μHI

(1+ au)(1+ ah)sAℓμeλmh+
λ2
2 Σ2

h(1− ay) = AℓμH ⇐⇒ (1+ au)(1+ ah)seλmh+
λ2
2 Σ2

h(1− ay) = H

To derive the expression for the equilibrium price (A.21), I combine the no-profit condition in (A.17)

with the threshold condition (A.18) and use the expression for conditional expectation of a log-normal

distribution.

A.1.4 Quality distribution and within-college distributions

Parent’s education and income. Taking the logarithm of (1.17): ln q = (εI + εA) ln h + εA ln ξb + x

with

x = ε1
(
ln
(
s (1+ah)

Te

)1−τu ( (1+au)Tu
pI

))
+(ε1(1−τu)(1−τn)− ε3) ln(Aℓμ)1−τyTy(1−ay)+ ε3 ln κ2, where

εI = (ε1(1 − τu)(1 − τn,t) − ε3)(1 − τy)λ and εA = α1(ε2 + τm(1 − τu)ε1). All pairs (h, ξy) that verify

this condition will go to a university with quality q. The distribution of parents human capital within a
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given university of quality q can therefore be computed explicitly. The mass of individuals with ln h and

going to ln q is given by:

f
(

1
εA

(ln q− x− (εI + εA) ln h) ∩ ln h
)

= fξb

(
1
εA

(ln q− x− (εI + εA) ln h)
)
fh (ln h)

= φ
(
ln q− x− (εI + εA) ln h

εA
, μb, σ

2
b

)
φ
(
ln h,mh,Σ2

h
)

= φ

ln h,
ln q− x− εAμb

εI + εA︸ ︷︷ ︸
μq1

,

(
εAσb

εA + εI

)2

︸ ︷︷ ︸
σ21

 φ
(
ln h,mh,Σ2

h
)

= φ
(
ln h, μq1 , σ

2
1
)
φ
(
ln h,mh,Σ2

h
)
= φ

(
μq1 ,mh, σ21 + Σ2

h
)
φ
(
ln h, μq2, σ

2
2
)

where the RHS is the mass of individuals going to quality q and the LHS is the density of people whose

parents have human capital h conditional on college q.

f(ln h|q) ∼ N

Σ−2
h mh +

(
εA

εI+εA

)−2
σ−2
b

(ln q−x−εAμb)
εI+εA

Σ−2
h +

(
εA

εI+εA

)−2
σ−2
b

,
Σ2
h

(
εA

εI+εA

)2
σ2b

Σ2
h +

(
εA

εI+εA

)2
σ2b

 ∼ N
(
μq2, σ22

)

For future reference I introduce μq2 = μ2,1mh + μ2,2(ln q− x− εAμb)

with μ2,1 =
Σ−2
h

Σ−2
h +

(
εA

εI+εA

)−2
σ−2
b

and μ2,2 =

(
εA

εI+εA

)−2
σ−2
b[

Σ−2
h +

(
εA

εI+εA

)−2
σ−2
b

]
(εI + εA)

where the second line stems from independence of h and ξb. The mass of individuals studying in col-

lege of quality q is φ
(
μq1 ,mh, σ21 + Σ2

h
)
and the density of ln h conditional on being in this college is

φ
(
ln h, μq2, σ22

)
. From the distribution of parents’ human capital within a college, the distribution of

parents’ income is ln y ∼ N
(
ln(1− ay) + (1− τy)

[
lnA+ λμq2 + μ ln ℓ

]
+ lnTy, (1− τy)2λ2σ22

)
.

Distribution of college quality Since φ
(
μq1 ,mh, σ21 + Σ2

h
)
—with μ1 = 1

εI+εA

(
ln q− x− εAμb

)
and

σ21 =
(

εA
εA+εI

)2
σ2b—is the mass of students in college of quality q, the distribution of quality is given by :

ln q ∼ N
(
(εI + εA)mh + x+ εAμb, ε

2
Aσ2b + (εI + εA)2Σ2

h
)
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Students’ abilities From the definition of abilities ln z = α1 ln h + α1 ln ξb and the sorting rule used

above ln q = (εI + εA) ln h+ εA ln ξb + x, one gets

ln z =
α1
εA

(ln q− εI ln h− x) ⇒ ln z|q ∼ N

(
α1
εA
(
ln q− εIμ

q
2 − x

)
,

(
α1εI
εA

)2

σ22

)

Solving for κ2 and ν

The initial guess was that ȳ = κ2qν. Recall that ln ȳ is the mean log (after tax) income within a college

ln ȳ = ln(1− ay) (Aℓμ)1−τy Ty + (1− τy)λ
(
μ2,1mh + μ2,2(ln q− x− εAμb)

)
Identifying coefficients with the guess ln ȳ = ln κ2 + ν ln q, one gets:

ν = (1− τy)λμ2,2 = (1− τy)λ

(
εA

εI+εA

)−2
σ−2
b[

Σ−2
h +

(
εA

εI+εA

)−2
σ−2
b

]
(εI + εA)

⇐⇒ ν =
1[

Σ−2
h

(
ωA

ωI+ωA

)2
σ2b + 1

] [
(ω1(1− τu)(1− τn)− ω3) +

ωA
(1−τy)λ

]
+ ω3

ν is therefore only a function of Σ2
h. Identifying the coefficient independent of ln q, and recalling that

xt is a linear function of ln κ2, and defining x̃ = x− ε3 ln κ2, one gets:

κ2 = (1− ay) (Aℓμ)1−τy Tye(1−τy)λ(μ2,1mh−μ2,2(x+εAμy)

=
(
(1− ay) (Aℓμ)1−τy Tye(1−τy)λ(μ2,1mh−μ2,2(x̃+εAμb)

)1−νω3
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A.1.5 Law of motion

Replacing κ2, Ty, Te and Tu obtained above in the law of motion for human capital

ln h′ = ln ξy + ln κ + α1(1+ α2(ε2 + τm(1− τu)ε1)) ln ξb + αh ln h

+ α2ω1

(
ln s+ ln(1+ ah) + ln

(1+ au)
pI

+ τu
(
lnAℓμ(1− ay) + λmh + λ2

Σ2
h

2

)
+

τu
1− τu

σ2I
2

)
+ α2ω1(1− τu)(1− τn)

(
lnAℓμ + ln(1− ay) + τyλmh +

λ2

2
(2− τy)τyΣ2

h

)
+ α2ω3νεA

σ2b
2
+ α2ω3(1− τy)λμ2,1mh

+ α2ω1(1− τu)
[
(τnλ − α1τm)mh +

α1τm
2

(1− α1τm)σ2b + τn(lnAℓμ(1− ay))

−
[
λ2(1− τy)2(τn − 2)τn + 2λ(1− τn)(1− τy)τmα1 + (α1τm)2 − τnλ2(2− τy)τy

] Σ2
h

2

]

I now take the expectation, I factorize out all the terms inmh as well as all the terms in σ2b . The next

steps consist in simplifying the coefficient in front of σ2b , of factorizing out all the terms in Σ2
h and in using

the expression in (A.1.6) for σ2I . I also use the fact that μ2,1 = 1− μ2,2(εI + εA). One obtains

m′
h = ρmh −

σ2y
2
+ ln κ

+

[
τu

1− τu

(
α1(1− τu)
(1− νω3)

(τm + ω2(1− τn)ν)
)2

− α1
(
α2
(
ω2 + ω1(1− τu)(τm)2α1

)
+ 1
) ]σ2b

2

+ α2ω1
(
lnAℓμ(1− ay)s(1+ au)(1+ ah)− ln pI

)
+ α2ω1

[
λ2 +

τu
1− τu

(
α1(1− τu)
(1− νω3)

(τm + ω2(1− τn)ν)
)2( ωI

ωA
+ 1
)2

− (1− τu)
[
λ(1− τy)(1− τn) + (α1τm)

]2 ]Σ2
h

2

with ρ = α1+α3+α1α2ω2+α2ω1λ. Finally taking the variance gives the expression for the law ofmotion

of Σ2
h: Σ

2′
h = σ2y + (α1(1+ α2(ε2 + τm(1− τu)ε1)))2 σ2b + (αh)2Σ2

h Gathering all our results, the law of
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motion of human capital is given by

ln ht+1 ∼ N
(
mh,t+1,Σ2

h,t+1
)

mh,t+1 = ρtmh,t + X1
(
mh,t, {Σh}∞s=t

)
Mean of (log) Human Capital

Σ2
h,t+1 = (αh,t(Σh,t))

2 Σ2
h,t + X2,t(Σh,t) Variance of (log) Human Capital

ρt = α1 + α3 + α1α2ω2 + α2ω1λt

X1,t
(
mh,t, {Σh}∞s=t

)
= −

σ2y
2
+ ln κ

+

[
τu,t

1− τu,t

(
α1(1− τu,t)

(1− νt(Σh,t)ω3)
(τm,t + ω2(1− τn,t)νt(Σh,t))

)2

− α1
(
α2
(
ω2 + ω1(1− τu,t)(τm,t)

2α1
)
+ 1
) ]σ2b

2

+ α2ω1
(
lnAℓμt ({Σh,t}∞s=t)(1− ay,t)st({Σh}∞s=t)(1+ au,t)(1+ ah,t)− ln pI,t(mh,t,Σh,t)

)
+ α2ω1

[
λ2t +

τu,t
1− τu,t

(
α1(1− τu,t)

(1− νt(Σh,t)ω3)
(τm,t + ω2(1− τn,t)νt(Σh,t))

)2( ωI,t

ωA,t
+ 1
)2

− (1− τu,t)
[
λ(1− τy,t)(1− τn,t) + (α1τm,t)

]2 ]Σ2
h,t

2

X2,t(Σh,t) = σ2y + (α1(1+ α2(ε2 + τm(1− τu)ε1)))2 σ2b

A.1.6 From the distribution of ln q to the distribution of ln I.

Using thedefinitionofq and the expression for z̄obtained earlier, ln q = ln Ĩω1 z̄ω2 = ω1 ln Ĩ+ω2

(
α1
εA
(ln q− εIμ

q
2 − x)

)
which implies ln Ĩ = 1

ω1

(
ln q
(
1− α1 ω2εA

)
+ α1 ω2εA (εIμ2 + x)

)
.

Given the expression for μq2 μ
q
2 = μ2,1mh + μ2,2(ln q− x− εAμb), one gets

ln Ĩ =
1
ω1

(
ln q
(
1− α1

ω2

εA
+ α1

ω2

εA
εIμ2,2

)
+ α1

ω2

εA

(
εIμ2,1mh + (1− εIμ2,2)x− εIμ2,2εAμb

))

Hence from the distribution ln q I can recover the distribution of ln Ĩ ∼ N
(
μĨ, σ

2
Ĩ

)
with

μĨ =
1
ω1

(
μq

(
1− α1

ω2

εA
+ α1

ω2

εA
εIμ2,2

)
+ α1

ω2

εA

(
εIμ2,1mh + (1− εIμ2,2)x− εIμ2,2εAμb

))

and σ2Ĩ =
(

α1(1−τu)
(1−νω3) (τm + ω2(1− τn)ν)

)2(
σ2b +

(
ωI
ωA

+ 1
)2

Σ2
h

)
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The last line stems from

1
ω1

(
1− α1

ω2

εA
+ α1

ω2

εA
εIμ2,2

)
=

1
ω1

(
1− α1

ω2

εA
+ α1

ω2

εA
εIμ2,2

)
=

α1(1− τu)
εA(1− νω3)

(τm + ω2(1− τn)ν)

where I used ν = (1− τy)λμ2,2 and εl =
ωl

1−νω3 . Finally

σ2Ĩ =
(

α1(1− τu)
εA(1− νω3)

(τm + ω2(1− τn)ν)
)2

σ2q =
(
α1(1− τu)
(1− νω3)

(τm + ω2(1− τn)ν)
)2
(
σ2b +

(
ωI

ωA
+ 1
)2

Σ2
h

)

Since ln Ĩ = ln I − (1 − τu) σ
2
u
2 and σ2u is common across all colleges, I have ln I ∼ N

(
μI, σ

2
I
)
with

μI = μĨ + (1− τu) σ
2
u
2 and σ2I = σ2Ĩ

Expression for σ2u Given that all households save a fraction s of their disposable income and the selec-

tion equation into college, one gets

ln eu = ln
(1+ ah)s

Te
+ τm

α1
εA

(ln q− x) + ln h(1−τn)(1−τy)λ−τm
α1
εA
εI) + (1− τn) lnTy(1− ay)A1−τyℓ(1−τy)μ

Hence the within-university variance of tuitions is given by:

σ2u =
(
(1− τn)(1− τy)λ − τm

α1
εA
εI
)2

σ22 =
(
(1− τy)λ

(1− τn)ω2 + τmω3

ω2 + ω1(1− τu)τm

)2

σ22

which is indeed constant across universities wince σ22 is an aggregate constant.

A.1.7 Details on the Positioning Game

In this appendix I give a formal explanation of the positioning game as well as a characterization of the

equilibrium. Recall the general environment. There is a continuumof colleges j ∈ [0, 1]. At each genera-

tion t ∈ N, they play a positioning game. The games played at any two generations t > t′ are independent

of each other.

At a given generation t ∈ N, and before playing the positioning game, each college is given a real
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number o ∈ [0, 1]. The positioning game is sequential and o is the order in which colleges play. Without

loss of generality, since all colleges are identical, one can relabel colleges j = o so that their label is also

their order.2 Colleges play sequentially in descending order: j plays before j′ if and only if j > j′. Each

college plays once.

All colleges have the same set of actions: the line of qualities q ∈ R+. The history of the sequential

game up to college j’s turn is a (injective) functionH+
j : (j, 1] → R+ that describes the colleges’ actions

up to j’s turn. A strategy for college j is a choice of quality q ∈ R+whenever it is its turn; abusing notation

I denote it qj(H+
j ). DenotingHj : [j, 1] → R+ the history including college j’s action, one has, for all

k > j,Hj(k) = H+
j (k) andHj(j) = qj(H+

j ). H0 denotes a terminal history.

I now introduce the notion of the set of available students at quality q at historyHj. Denote S(q) ⊂ I

the subset of students who demand quality q and card(S(q)) its cardinal, similarly denote S(q,Hj) the

subset of students demanding quality q who are not in a college yet after historyHj (we call it the set of

available students).

The cardinality of the set of available students at each quality to colleges that play later j′ ≤ j is a

function of the positions of colleges that have already played, j′ > j, because when college j chooses

quality q it takes a subset of these students, S(q,Hj) ⊂ S(q,H+
j ). More specifically, I assume that col-

lege j picks a subset of students of cardinality ℵ1 (its assumed size). I further assume that at any his-

toryH+
j , if card(S(q),H+

j ) ≤ ℵ1 and j chooses q, then college j takes all the students at quality q and

card(S(q,Hj′)) = 0 for all j′ ≤ j.3 If card(S(q,H+
j )) > ℵ1, I assume that college j picks a subset of

students of cardinality ℵ1 which implies card(S(q),Hj) > ℵ1.4

Recall that the objective of the college is to deliver the highest quality possible. If they faced no con-
2This assumption of an order across colleges captures in a very direct way the notion that colleges do not start on an

equal foot in the competition for prestige. In the real world, there are slow-moving state variables that gives an advantage to
some colleges in this race, such as their reputation, their faculty member, their stock of publications, their endowment. Our
assumption should be seen as a reduced-form expression of this ex ante hierarchy of advantages created by these state variables
that this paper abstracts from.

3This is indeed a restriction, and not a tautology. It would be possible for a countable number of colleges to offer the
same quality q and still respect the size constraint since a countable set of set of cardinal ℵ1 is still of cardinal ℵ1. It is how-
ever an inconsequential restriction which allows to associate one college with one quality since in equilibrium it is true that
card(S(q)) = ℵ1.

4Although this case might arise in some other version of the model, it doesn’t happen in any equilibria analyzed in this
paper.
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straint, they would all choose to deliver the highest quality. All colleges would like to be Harvard (or

Princeton), but there is room for only one. This notion is captured by the size constraint: colleges can’t

be too small. Specifically, if at historyH+
j the set of available students at q is lower than the cardinality

of the continuum, card(S(q,H+
j )) < ℵ1, the payoff of college j if it chooses q is 0, and I say that college

j is not operating.5 If card(S(q,H+
j )) ≥ ℵ1, and college j chooses q, then its payoff is simply q and we say

that it is operating.

This induces a preference relationship over the set of possible terminal histories. Consider any two

terminal historiesH0,H′
0 in which college j is operating. College j prefersH0 toH′

0,H0 ≿ H′
0 if and

only if H0(j) = qj ≥ q′j = H′
0(j) with strict preference for strictly higher quality. A college always

prefers a terminal history in which it is operating over one in which it is not.

Denoteq∗<j = {q∗k(H+
k )}k∈[0,j) the strategyprofile of colleges playing (strictly) after j andH0

(
H+

j , qj(H+
j ), q<j

)
the terminal history that follows historyH+

j and induced by the strategies of college j, qj(H+
j ) and of the

colleges playing afterwards q<j. A subgame perfect Nash equilibrium of this game is a strategy profile

{q∗j (H+
j )}j∈[0,1] such that for all j, given the strategies of the colleges playing next q∗<j

H0

(
H+

j , q∗j (H+
j ), q∗<j

)
≿ H0

(
H+

j , q, q∗<j

)

for all q ∈ R+.

Detail on the index set of households, I . To be consistent with the notion that there is a continuum

of colleges and a continuumof students within each college, it has to be the case that the cardinality of the

set of students be strictly higher than the cardinality of the set of colleges, i.e. card(I) > card([0, 1]) =

ℵ1. It seems natural to consider the smallest such cardinal. Using the axiom of choice, such a cardinal is

ℵ2. To fix ideas, this corresponds for example to the index set I = [0, 1][0,1].
5The size constraint is what makes the game strategic: the positioning decisions of higher-ranked colleges influence the

payoffs of lower-ranked colleges.
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Assumption 1. The cardinal of the set of households is the same as the continuum of continua

card(I) = ℵ2

Equilibrium Characterization. The following lemma says that the quality delivered by each college

follows the same order as the order in which colleges play the game.

Lemma 8. Assume the distribution of students over quality is continuous overR+. Then in equilibrium,

qj > qj′ ⇐⇒ j > j′.

Proof. Since the distribution is continuous over R+ and there are a cardinal ℵ2 of students, there must

be a cardinal ℵ1 of students demanding a given quality q, i.e. card(S(q)) = ℵ1 for all q ∈ R+. (Oth-

erwise there would be a mass point at some q, contradicting the assumption of a continuous distribu-

tion). Hence, by the assumption made earlier, whenever college j chooses a location q that is unoccu-

pied card(S(q,H+
j )) = ℵ1 , it takes all of its students and no students is left for a college playing later,

card(S(q,Hj′)) = 0 for all j′ ≤ j . This implies that if there exists q such that the history up to j is

bounded on the left by q: H+
j ((j, 1]) = (q,+∞), then a college j’s optimal location is q: choosing

strictly above qwould mean not operating by the previous argument, and choosing exactly q rather than

a strictly lower quality is strictly preferred. This shows that in any equilibrium in which the distribution

for quality demanded is continuous overR+, for any j > j′, one has qj′ < qj.

A.1.8 Existence and Uniqueness of Equilibrium Path

The set of equations defining an equilibriumpath in proposition 4.3 is block-recursive. In particular, the

law of motion of Σh, is independent and the path of all other variables are pinned-down by the path of

Σh. It is therefore necessary and sufficient to focus on the existence and uniqueness of the path of Σh. I
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first define new notations:

Σ′2
h = f(Σ2

h) =

[
α21 +

(
A

1− νω3

)2

+
2α1A

1− νω3

]
Σ2
h + σ2y +

[
α21 +

B2

(1− νω3)2
+

2Bα1
1− νω3

]
σ2b

with A = α1α2(ω2 + τm(1− τu)ω1) + α2 (ω1(1− τu)(1− τn)− ω3) (1− τy)λ

B = α1α2 (ω2 + τm(1− τm)ω1) ν =
C

EΣ−2
h + (E+ ω3)C

C =

(
ωA

ωI + ωA

)−2

σ−2
b E = (ω1(1− τu)(1− τn)− ω3) +

ωA

(1− τy)λ

f(.) is differentiable for Σ2
h ∈ (0,∞) and limΣ2

h→0 f(Σ2
h) = σ2y +[α21 + B2 + 2Bα1] σ2b > 0. The derivative

f′(.) is:

[
α21 +

(
A

1− νω3

)2

+
2α1A

1− νω3

]
+

[[(
A

1− νω3

)2

+
α1A

1− νω3

]
Σ2
h +

[
B2

(1− νω3)2
+

Bα1
1− νω3

]
σ2b

]
2ω3

1− νω3

∂ν
∂Σ2

h

with
∂ν
∂Σ2

h
=

CE(
E+ Σ2

h(E+ ω3)C
)2

Hence lim
Σ2
h→∞

∂f
∂Σ2

h
=

[
α21 +

(
A

1− ω3
E+ω3

)2

+
2α1A

1− ω3
E+ω3

]

=
[
α1 + α1α2(ω2 + τm(1− τm)ω1) + α2[ω1(1− τu)(1− τn)− ω3](1− τy)λ

]2
Therefore if

[
α1 + α1α2(ω2 + τm(1− τm)ω1) + α2[ω1(1− τu)(1− τn)− ω3](1− τy)λ

]2
< 1, the equa-

tion Σ2
h = f(Σ2

h) has at least one solution since f is continuous and lim f(0) > 0. Moreover, it has to be

that an odd number of these solutions are characterized by f′(Σh) < 1, which guarantees local stability

of the equilibrium path around these solutions.

Let’s now show that the equilibrium path is unique for ω3 small enough. A first order approximation

of f in the neighborhood of ω3 = 0 is

f(Σ2
h) ≃

[
α21 + A2 + 2α1A

]
Σ2
h + σ2y +

[
α21 + B2 + 2Bα1

]
σ2b +

[[
A2 + α1A

]
Σ2
h +

[
B2 + α1B

]
σ2b
]
2νω3

≃
[
α21 + A2 + 2α1A

]
+

([[
A2 + α1A

]
Σ2
h +

[
B2 + α1B

]
σ2b
] E
E+ ECΣ2

h
+
[
A2 + α1A

]
Σ2
h

)
C

E+ ECΣ2
h
2︸ ︷︷ ︸

F(Σ2
h)

ω3
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withν = C
EΣ−2

h +EC . Since I have assumed that [α21 + A2 + 2α1A] < 1, and F(Σ2
h) is bounded for Σ

2
h ∈

(0,∞), there exists an ω3 small enough such that for all Σ2
h,

∂f(Σ2
h)

∂Σ2
h

< 1. This is sufficient for the existence

and uniqueness of a globally stable steady-state.

A.1.9 Rise in returns to human capital

The total derivative of the IGE with respect to λ is given by

[
∂ν
∂λ

+
∂ν
∂Σ2

h

∂Σ2
h

∂λ

] [
α1α2

(
∂ε2
∂ν

+ τm
∂ε1
∂ν

)
+ α2

(
∂ε1
∂ν

(1− τn)−
∂ε3
∂ν

)
(1− τy)λ

]
+ α2(ε1(1− τn)− ε3)(1− τy)

I then compute the derivatives:

∂εl
∂ν

= εlε3 > 0
∂ν
∂Σ2

h
=

CE(
E+ (E+ ω3)CΣ2

h
)2 > 0

with C and E have been defined in the proof of existence and uniqueness.

∂ν
∂λ

=
2C
(

ωA
ωA+ωI

)
1
ωI

[
EΣ−2

h + ω3C
]
+ C ωA

(1−τy)λ2(
EΣ−2

h + (E+ ω3)C
)2 > 0

∂X2

∂λ
= σ2bα1 (1+ α2(ε2 + τmε1)) α1α2ε3(ε2 + τmε1)ε1

∂ν
∂λ

> 0

∂Σ2
h

∂λ
=

∂X2
∂λ + Σ2

h2
∂αh
∂λ αh

1− (αh)2 − Σ2
h2

∂αh
∂Σ2

h
αh − ∂X2

∂Σ2
h

> 0

where ∂αh
∂λ has to be understood as the partial derivative of αh w.r.t. λ keeping Σ2

h constant. The last line

stems from the fact that the steady-state is locally stable -which requires that 1−(αh)2−Σ2
h2

∂αh
∂Σ2

h
αh− ∂X2

∂Σ2
h
=

∂(Σ′
h)

2

∂(Σh)2
> 0. Hence, putting everything together yields

∂αh
∂λ

=

∂ν∂λ +
∂ν
∂Σ2

h

∂Σ2
h

∂λ︸ ︷︷ ︸
>0

 ε3
[
α1α2 (ε2 + τmε1) + α2 (ε1(1− τn)− ε3) (1− τy)λ

]
+α2(ε1(1−τn)−ε3)(1−τy) > 0.

This proves not only that the steady-state IGE is increasing in λ but that the variance of human capital

in the economy is as well. Given that the variance of market income is given by λ2Σ2
h it is immediate that
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it increases too. Turning to the private spending on higher education, given by s, it is immediate to see

from the expressions (1.14) and (1.16) that it is increasing in the future path of λ. Let’s now turn to the

ratio of within college variance of (log) parental income over economy-wide variance of (log) income:

V(ln y|q)
V(ln y)

=
1

λ2Σ2
h
λ2

Σ2
h

(
εA

εI+εA

)2
σ2b

Σ2
h +

(
εA

εI+εA

)2
σ2b

=

(
εA

εI+εA

)2
σ2b

Σ2
h +

(
εA

εI+εA

)2
σ2b

⇒
∂

V(ln y|q)
V(ln y)

∂λ
=

σ2b
∂B
∂λ

[
Σ2
h +

(
εA

εI+εA

)2
σ2b

]
− Bσ2b

[
∂Σ2

h
∂λ + σ2b

∂B
∂λ

]
[
Σ2
h +

(
εA

εI+εA

)2
σ2b

]2 =
σ2b

∂B
∂λΣ

2
h − Bσ2b

∂Σ2
h

∂λ[
Σ2
h +

(
εA

εI+εA

)2
σ2b

]2 < 0

with B =
(

εA
εI+εA

)2
and since ∂Σ2

h
∂λ > 0 and ∂B

∂λ < 0.

Finally the variance of (log) college quality is given by ε2Aσ2b + (εI + εA)2Σ2
h. It is immediate that it

increases with λ since εI, εA,Σ2
h increase with λ.

Monotonic transition path. From the law of motion of Σ2
h, in the first period the initial increase in λ

raises αh and triggers the initial increase in the dispersion of human capital. Since X2(Σh) and αh(Σh) are

both increasing in Σh it further increases Σ2
h at the following period and so on... This establishes that Σ

2
h is

strictly increasing over the transition path. This also establishes the monotonic increase in αh and all ω’s.

Turning to the private spending on higher education, given by s, it is easy to see that it is increasing in

the future path of λ, αh and ε1. Since these three variables are increasing over the transition path, s also

increases. The variance of log college quality is also increasing because εI, εA,Σ2
h are increasing over the

transition path. The ratio ofwithin college variance of (log) parental income over economy-wide variance

of (log) income will decrease monotonically over the transition path because of the initial increase in λ,

this is the first term in the derivative σ2b
∂B
∂λΣ

2
h, and then decreases further as Σh increases, this is the second

term Bσ2b
∂Σ2

h
∂λ .
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A.2 Estimation - Details

A.2.1 The College Problem in the Quantitative Version

For future reference, I call M1 the benchmarkmodel explored in section 2 and 3 andM2 the model with

intergenerational financial transfers and enrollment decision.

In order to keep the college problem tractable despite the loss of closed-form expressions for the distri-

bution of students within the college and equilibrium tuition, I assume that the problem of the college is

still given by (A.7). While it is not possible to derive (A.7) from the primitive problem (1.8), the follow-

ing re-interpretation gives support to the reduced-form formulation: there is a loss in the efficiency with

which resources are used when the inequality of tuition fees among students rises. One can interpret it as

a rise in human resources and administrative costs or as an increase in the sentiment of unfairness among

students. The first order conditions for this problem are the same as inM1, see appendix A.1.2 for more

details.

A.2.2 External Calibration

Income Tax Schedule ay, τy. In order to calibrate τy, I take an average between the value estimated by

Heathcote, Storesletten, andViolante (2017) and the ones needed tomatch the ratio between themarket

income and after tax and transfers Gini in the U.S in 2000, τy = .23. The latter estimate τy directly using

two different datasets over the period 2000-2005: using the data provided by the CBO—itself based on

the SOI and the CPS— they obtain τy = .2 and using the PSID, they find τy = .18. The value needed to

rationalize the .12 difference in the Gini coefficient of households market income (.56) and after tax and

transfers income (.44) in 2000-2005, within the log-normal framework of M1 is .26.6 The discrepancy

is due on the one hand to the log-normal assumption and on the other to the slightly different different

measure of income used—for example, Heathcote, Storesletten, and Violante (2017) exclude Medicare

benefits from their measure of transfers. I calibrate ay using average income tax rate provided by CBO:

ay = .2.

6CBO (The Distribution of Household Income and Federal Taxes, 2013, CBO and own calculations
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College Subsidies, ah, au, τu. From the IPEDS, I compute au by dividing the total amount of public

subsidies by the total revenues before public aid. From the NPSAS I obtain ah by dividing the total

amount of public financial aid by the sum of out of pocket payments. According to the specification for

subsidies to university, τu can be estimated in a weighted least-square regression of (log) total revenues

per student on (log) revenues before public transfers in the cross-section of colleges, where the weights

are given by students enrollment. I run this regression in a companion paper Capelle (2019) and find

τu = .35 at the beginning of the 2000s.

Frish Elasticity, η. η is set tomatch the Frisch elasticity of labor supply, εℓ,w = 1
η
μ−1 . Empirical estimates

of εℓ,w range from .2 to .7 (Chetty, Guren,Manoli, andWeber, 2011). I explain in the next paragraphwhy

my preferred estimate in the conservative value εℓ,w = .2. This implies η = μ
(
1+ 1

.2

)
= 2. Ideally we

would have elasticities of lifetime household income to wages in order to be consistent with the model.

Estimates however are at the individual and yearly level. I argue that they are likely upper bounds for two

reasons. First they do not capture intra-household substitution. Second they do take into account the

intertemporal substitution stemming from temporary fluctuations in wages.

Calibrating λ̄, and μ. The returns to human capital in the educational services sector is set to λ̄ = λ

so that the price of educational services is given by pI = AI
A . I calibrate μ = 1.

A.2.3 Internal Calibration

General Strategy. The algorithm used to estimate the parameters is akin to a Simulated Method of Mo-

ments. If z̄ denotes the vector of the twelve parameters to be estimated, M(z̄) the vector of model-

generated moments, M̂(z̄) one such realization and m̂ the vector of empirical moments, one seeks to

find ˆ̄z such that ˆ̄z = argminz̄
[
m̂− M̂(z̄)

]′
W
[
m̂− M̂(z̄)

]
with E

[
M̂(z̄)

]
= M(z̄) and W a

weighting matrix. I depart from this standard expression in two ways. First the empirical moments

themselves m̂ are function of a subset of parameters, z̄1 = {α1, ω2}. Many of the targeted moments

are coefficients in a regression involving one of two variables that need to be constructed using z̄1: stu-

dents ability z and college quality q. Secondly, as I have explained earlier, the procedure to generate the

student ability variable, based on test scores, isn’t a deterministic function of the observables and the pa-
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rameters but involves some randomness. Our estimation procedure actually takes the following form:

ˆ̄z = argminz̄
[
m̂(z̄1, ε)− M̂(z̄)

]′
W
[
m̂(z̄1, ε)− M̂(z̄)

]
where ε denotes the noise introduced in the

process of constructing the student ability variable.

Despite the large dimension of the parameter space, the algorithm is quick and the globalminimum to

the loss function can be easily and with certainty found. I proceed in two steps. First I estimate M1, the

version of the model without outside option and financial asset. The closed-form solutions to the model

enables me to compute the exact value for themoments—M̂(z̄) = M(z̄)—and to run the estimation on

a fine and large grid. This in turn allows me to check numerically that the parameters are well identified,

in the sense that the loss function is steep at the global minimum, which I do in A.2.4. The estimates

are reported in the third column of table 1.1. I then estimate the augmented version M2, the version of

the model with an outside option and a financial asset. When estimating the richer quantitative version,

I use the estimates from the first step as initial values. The key assumption here is that the parameters

estimated withM1 are not too far from the true parameters in M2. It turns out that almost all estimates

but one, ω2, are identical to their counterpart in M1.

Assumption of Steady-State. I assume that the economy is at steady-state at the beginning of the 2000s.

The assumption of steady-state really matters only for the identification of σ2y . Moreover, the endoge-

nous convergence speed is quite fast—the half life of the AR(1) for the variance of income is given by

− ln(2)/ ln(α2h) ≃= .5, which corresponds to half a generation. But one could still be concerned that

the movement of exogenous variables—especially persistent increase in λ—have not reached a steady-

state. However, the future increase in λ feedbacks into the current allocation only through the aggre-

gate investment rate into higher education—at least in the version of the model for which I have closed-

forms—and through labor supply, so would not change the cross-sectional and inequality implications,

on which most of the identification is based.

Identification of σ2b and Construction of Model-Consistent Abilities. At this point of the procedure,

I construct a grid on α1. Assume the relationship between children’ high school abilities and parental

human capital given by equation (A.22) is true. InNLSY97, I observe gross parental income ym,i and the

ranking in test scores rank(zi). For a given (α1, λ), there exists a unique σ2b that matches the correlation
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between parental income and the rank of the child at the test, ρ(ym,i, rank(zi)). This identifies σ2b(α1).

I can then construct amodel-consistentmeasure of abilities{ln zi}(α1, ε) that is consistentwith (α1, λ, σ2b(α1))

and rank(zi) to use in subsequent steps. This step implies a random draw that introduces some noise in

the measure of ability, i.e. {ln zi} are not deterministic function of α1, λ, σ2b(α1) and rank(zi).

The Progressivity of Financial Aid, τn, τm and ω3. In M1, the government financial aid and the equi-

librium tuition schedule are given by (A.23) and (A.24). In the NCES-NPSAS dataset, one observes

parental income ym,i, test score, institutional aid, government aid as well as out of pocket payment. Re-

gressing the (log) ratio of after-government aid payment onbefore-government aid payment over parental

income and student ability gives τn and τm.

The second equation relates between before-government aid payment and college fixed effect, parental

income and student ability. It tells us that the elasticity of before-government aid tuition to parental in-

come εe,ym(α1) identifies the progressivity of institutional financial aidω3, what I called the social objective

parameter. In the data I find that the fit of the second equation to the data is very high, R2 = 80%. In

the model M2, I run the second regression on a simulated population.

Constructing aMeasure of Quality, qi. At this point of the procedure, I need to define a grid on ω2
ω1 . At

each point of the grid (α1, ω2
ω1 ), I construct a measure of annual quality delivered by all colleges, indexed

by j. I collect average real spending per student by college using IPEDS and median test score within a

college. The median test score is defined as the mean between the bottom and top quartile—the only

available data in the IPEDS—which is exactly the median if the distribution is symmetric. When test

scores data are not available for 2000, I either use years up to 2004, or impute them based on a regression

of test scores on spending per student and other characteristics. This measure based on ACT or SAT is

converted into a model-consistent measure of abilities using a scale based on publicly available quantiles

of the distribution of these scores and using the guess on ω2
ω1 . I construct the annual quality delivered by

a college consistent with the functional form for the production function given by 1.9 and the guess for
ω2
ω1 .

7

I then construct ameasure of quality received by an individual i. qi is a weighted average of the qjwhere
7I do not need to take into account the within college heterogeneity, corresponding to σ2u because, at least in the model, it

is common to all colleges and will therefore factor out and leave our regression coefficients unchanged.
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theweights depend on the time spent in each college andwhether they have graduated at any point. I have

checked the robustness of the results to alternative ways of aggregating annual college qualities.

Estimating the Elasticity of Quality to Ability, εq,z
(
α1, ω2

ω1

)
and Identifying ω2

ω1 .

According to the equilibrium sorting rule in M1, the elasticity of quality to ability identifies ω2
ω1 as can

be seen from (A.25). Since the measure of quality is based on a guess on ω2
ω1 , finding

ω2
ω1 is a fixed point

problem. Empirically, the elasticity of quality to ability doesn’t change a lot with the guess on ω2
ω1 , the

latter is therefore tightly identified. Although this relationship should hold perfectly in the model, the

R2 in the data associated with this regression is 23%. Finally notice that even in M1, it is not possible to

recover ω2
ω1 directly from the elasticity of quality to abilities without numerically solving the model, since

it depends on the endogenous variable, h(Σh).

The Human Capital Accumulation Function α2, α3, λ. According to the law of motion for human

capital ln y′m,i = cy+λ ln zi+α2ω1λ ln qi+α3 ln ym,i+ ln ξy,i running a regression of children’ income on

parental income, abilities and quality identifies α2 and α3 and λ. I run the regression using the NLSY97,

where I observe parental income, children ability, children college quality and children earnings. At this

point, I gather all the moments that depend on
(
α1, ω2

ω1

)
,
(
σ2b τn τm εe,ym εq,z α2 α3 λ

)
The remaining targeted moments are independent of

(
α1, ω2

ω1

)
.

Using the Gini Coefficient for Income to Identify σ2y . I target the Gini coefficient for income. InM1, the

Gini is given by equation (A.28) and (A.29). The best estimate for the Gini coefficient of lifetime labor

earnings is fromKopczuk, Saez, and Song (2010)who have access to administrative data. Therewould be

two issues with the NLSY97: first children labor earnings are observed only up to 2015, i.e. in their first

years of labor market experience and a lot of them are not in a households yet. Secondly, top income are

censored. Kopczuk, Saez, and Song (2010) finds that the eleven-year Gini coefficient is between .45 and

.50. This is slightly lower than the annual Gini coefficient, which is between .49 and .57—depending on

the exact measure of gross income used—in 2000 according to the CBO, probably because of transitory

income shock. I keep a Gini of lifetime labor earnings of .45 as a target.

The Intergenerational Elasticity identifies α1. From the steady-state equilibrium law of motion of hu-

man capital in M1, the children income elasticity to their parents income is the IGE: ln y′m,i = c +
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αh ln ym,i + εi The IGE directly informs α1. There is disagreement in the literature regarding the magni-

tude of the IGE, with estimates ranging from .3 to .6. Even the recent literature that uses administrative

data is not immune to the short-panel and lifecycle biases.8 I take the intergenerational elasticity from

Mazumder (2015) who provides the most robust estimates, αh = .5.

β and the Share of Private Spending for Higher Education in GDP. I calibrate the intergenerational

discount factor, β, to match the average private spending on higher education in GDP. In M1, the latter

is given by equation (A.30). The OECD reports that share of private spending for higher education in

GDP in the U.S. over the period 2000-2004 is 1.3%.9

Calibrating q and the enrollment rate. To calibrate q—the outside option to college—it is natural

to target the enrollment rate: the lower q, the stronger the incentives to go to college. The immediate

enrollment rate, provided by the NCES, in the U.S. in the 2000s is about 70%.

Calibrating limits to intergenerational financial transfers, a, ā. There is no limit to howmuch individ-

uals can bequeath, ā = +∞. For a, I target the official limit on student loans, as a percentage of lifetime

GDP per capita, which amounts to 3%.

r and the income-sorting channel. First I consider a small open economy, and do not try to find the

interest rate that ensures market clearing of the financial asset market. Instead, I target the elasticity of

quality to parental income. It turns out that in M1, the elasticity resulting from the estimation is too

high compared to what is in the data—.4 instead of .2. By increasing r, one gives incentives to individuals

to avoid debt, which relaxes the borrowing constraint and decreases the dependence of college quality to

parental income. I find a generational net interest rate of 180% which corresponds to an annual interest

rate of 3.5% for a generation lengthH = 30 years.

A.2.4 Analytical Evidence of Identification in M1

Lemma 9. In M1, given our set of targets (detailed in column 4 of table (1.1)), if ω3 = 0 and {zi} are

observables, there exists a unique set of parameters z̄1 consistent with the model-implied restrictions.
8Given that only the first years of the children earnings are observed while the parents are observed when they are already

older, the estimate of the intergenerational elasticity from the NLSY97 is biased downward—I indeed find α̂h = .3.
9For reference, they also report that the share of public spending is 1%,making spending in higher education 2.3% ofGDP.
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From equations (A.23) and (A.24) one gets τn, τm, ω3/ω1. From the coefficient in front of z in (A.25),

one identifies ω3/ω1. From (A.26), one identifies α2ω1, and α3. The IGE is obtained with (A.27) (al-

though I use another, more reliable source, as explained in the main text), which together with the previ-

ously obtained α2ω1, α3, ω2/ω1, ω3/ω1, τu, τn taum, τy, λ gives α1. From equation (A.22) one gets σ2b . The

computation of the steady-state Gini identifies σ2y (equation (A.28) and (A.29)). Finally, targeting the

LHS of (A.30) and computing the steady-state value ofV gives us β.

The assumption ω3 = 0 implies h(Σh) = h in equation (A.25). When ω3, the set of restrictions for

the estimation is given by

ln zi = ln(ξb,ihi)
α1 =

α1
λ
ln ym,i + α1 ln ξb,i with V(ln ξb,i) = σ2b (A.22)

ln
ehi
eui

= τn(1− τy) ln ym,i − τm ln zi + c0 (A.23)

ln ehi,j = γj +
(
ω3

ω1
(1− τu) + τn

)
(1− τy) ln ym,i −

(
ω2

ω1(1− τu)
+ τm

)
ln zi + c1 (A.24)

ln qi = c+ h
[(

(1− τu)(1− τn)−
ω3

ω1

)
(1− τy) ln ym,i +

(
ω2

ω1
+ τm(1− τu)

)
ln zi
]

(A.25)

ln y′m,i = cy + λ ln zi + α2ω1λ ln qi + α3 ln ym,i + ln ξy,i (A.26)

ln y′m,i = c+ αh ln ym,i + εi (A.27)

Gini(ym) = 2Φ

λ

√(
Σ2
h
)SS
2

− 1 (A.28)

(
Σ2
h
)SS

=
σ2y +

(
α1[1+ α2(ε2(ΣSS

h ) + τm(1− τu)ε1(ΣSS
h ))]

)2 σ2b
1− (αh)2

(A.29)

s(1− ay) =
βα2ω1(1− τu)V(1− ay)
1− β+ βα2ω1(1− τu)V

(A.30)

A.3 Counterfactuals: Details

Policy Counterfactual: Random Allocation In this appendix, I provide details regarding the com-

putation of the counterfactual with random allocation of students. All individuals receive the same

amount of college quality q̄, so that the law of accumulation of human capital is: h′ = zq̄α2hα3 where
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q̄ is consistent with the average child ability in the economy and the level of spending per student: q̄ =

(̄s×Disp Income)ω1 z̄ω2with ln z̄ = E [ln z]where s̄ denotes the aggregate spending rate for higher ed-

ucation and ”Disp Income” is the average disposable income in the economy. Given that private agents

stop spending on higher education in this counterfactual, all resources have to be financed through taxes

and transfers to colleges. I set the proportion of disposable income going to higher education, s̄, equal

to what it was in the status quo equilibrium, i.e. s̄ = s(1 + au)(1 + ah). Although inconsequential for

mobility and inequality, the choice of s̄ has a first order effect on the steady-state level of GDP. One can

easily show the laws of motion for the mean and the variance are given by m′ = ρm + ln κ − σ2y
2 −

α1 (1+ α2ω2)
σ2b
2 + α2ω1

[
ln(̄sA(1− ay)ℓμ + λ2

2 Σ
2
h

]
and Σ2′

h = (α1 + α3)2Σ2
h + σ2y + α21 σ2b . These two

moments are sufficient to compute the income Gini and GDP.

Counterfactuals with respect to the returns to education Changing λ in the first counterfactual

changes not only the returns to education but also the level of output for a given distribution of human

capital. Although it has no impact on inequality and mobility—our two measures of interest—in M1,

this change in the level of GDPmatters inM2 through the enrollment choice. A lower λ decreases GDP

which results in a decrease in the enrollment rate for a given q. To address this issue, I consider three

possible assumptions: i) Keep q unchanged, ii) Adjusting q to target an enrollment rate of 50% which

corresponds to its level in 1980, iii) Adjusting q to target an enrollment rate of 70% which corresponds

to its level in the original calibration. The results for the main variables of interest are reported in table

(A.1):

Table A.1: Change in s, Gini coefficient and IGE in counterfactuals

Assumption Enrollment s Gini ym IGE Endog. Amplif. of Gini ym
λ = .67 70% 1.3% .45 .5 -

λ = .55
1 5% -92% -23% -14% + 35%
2 50% -36% -17% -2.8% + 6.3%
3 70% -18% -16% -.6% + 2.4%

Legend: The three assumptions are as follows: 1- Keep q unchanged. 2- Adjusting q to target an enrollment rate of 50%
which corresponds to its level in 1980. 3- Adjusting q to target an enrollment rate of 70% which corresponds to its level in

the original calibration.

Fixing Tuition and Spending within Counterfactual 1. Start from the price schedule in equilibrium
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faced by HH in 1980: e(q, z, y) = z−τmyτn Te
(1+ah)

(
pI

(1+au)Tu
q

1
ε1 z−

ε2
ε1

(
y
κ2

) ε3
ε1

) 1
1−τu

. Consider the marginal

distributions of high school ability and income, denoted Fz,1980(z),Fy,1980(y). As well as the distribution

of colleges qualityFq,1980(q). DenoteF−1
hss,1980(.), F

−1
y,1980(.), F−1

q,1980(.) the respective quantile function. The

object I fix is the following function

e(rkq, rkz, rky) = C
(
F−1
q,1980(rkq)

) 1
ε1(1−τu) (F−1

z,1980(rkz)
)− ε2

ε1(1−τu)
−τm
(
F−1
y,1980(rky)

) ε3
ε1(1−τu)

+τn

where rk (rank)denotes thequantile in their respectivedistribution andC = Te
(1+ah)

(
pI

(1+au)Tu

(
1
κ2

) ε3
ε1

) 1
1−τu

as well as ε1, ε2, ε3, τu are fixed at their 1980 value. In other words, I fix the rank of a college a household

gets into.

From the constant spending rate across all households at a given time t, I get the following relationship:

sy = C
(
F−1
q,1980(rkq)

) 1
ε1(1−τu)

(
F−1
z,1980(rkz)

)− ε2
ε1(1−τu)

−τm (
F−1
y,1980(rky)

) ε3
ε1(1−τu)

+τn

rkq = Fq,1980
[( sy

C

)ε1(1−τu) (
F−1
z,1980(rk(z))

)ε2+τmε1(1−τu) (
F−1
y,1980(rk(y))

)−ε3−(1−τu)ε1τn
]

In the counter-factual I fix the spending rate to the one in the final steady-state of the benchmark

economy. This identifies the partial effect of colleges’ reactions to market forces keeping the policy rules

of families constant. The next step consists in mapping rkq to an actual quality. Here I do two exper-

iments. In the first, the level of quality remains constant at what it was in 1980, and in the second I

allow for change in peer effects but not in spending. For this, I create a grid on rkq = [0, 1], put peo-

ple in bins according to their choice of rank, and take the geometric average. This gives us a mapping

ˆ̄z(rkq) : [0, 1] → R+. I then combine it with our fixed mapping of investment per student to get quality

q.
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Appendix B

Forty Years of Inequality and State
Subsidies across U.S.
Colleges—Appendix

B.1 Additional Figures

B.1.1 Revenue per Student
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Figure B.1: Inequality in Total Revenues
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B.1.2 Faculty per Student
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Figure B.2: Inequality in Faculty per FTE Students

B.1.3 Income Inequality

The data for the Gini coefficient are from the The Distribution of Household Income, 2015 released by

the CBO and available here. The CBO reports four different measures of Gini, from the one based on

pure market-income to the one based on after tax and transfers income. I do not report the two interme-

diarymeasures. The data for the top income shares are from the updated excel file available here originally

published in Piketty and Saez (2003). All series have been smoothed.

B.1.4 IPEDS vs Delta Cost Project

In this appendix are displayed theGini andTheil Indexes as well as the top 10 and top 5% share computed

in the original IPEDS dataset instead of the Delta Cost Project dataset. The data extended before 1987

confirms the results found with the Delta Cost Project Data.
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Figure B.3: Income Inequality
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Figure B.4: Inequality in Educational and Research Expenditures in Original IPEDS
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B.1.5 Quasi-Panel vs Full Sample

In this appendix are displayed theGini andTheil Indexes as well as the top 10 and top 5% share computed

over the full sample instead of the restricted quasi-panel. Our previous results remain almost unaffected

when considered the unrestricted sample. The only noticeable difference is the sharper increase in all

measure of inequality.
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Figure B.5: Inequality in Educational and Research Expenditures, Full Sample

B.1.6 Total-Enrollment-Adjusted Gini

Figure B.6: Enrollment-Adjusted Gini

5
5

6
0

6
5

7
0

E
n
ro

llm
e
n
t 
R

a
te

.5
9

.6
.6

1
.6

2
.6

3
G

in
i

1980 1990 2000 2010 2020
Year

Enrollment−adj. Gini

Enrollment Rate

Note: The enrollment rate is the immediate enrollment rate, provided by the NCES
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Appendix C

Competition vs. Stability:
Oligopolistic Banking System with
Run Risk—Appendix

C.1 A Dual System of Regulated and Shadow Banks

In modern financial systems, most intermediaries benefit from public deposit insurance schemes and

access to the Central Bank discount window, which—if not totally at least to a large extent—protect

them from the risk of a run. In exchange from this public insurance, they have to abide by capital and

liquidity requirements that impose constraints on the composition of their balance-sheets.

In the past three decades, the landscape of the shadow and traditional banking sector has experienced

significant changes in terms of concentration and regulation. Firstly since the Great Recession, three of

the big five investment banks have disappeared: two large investment banks have been absorbed by former

competitors—Bear Stern by JP Morgan Chase and Merril Lynch by Bank of America—and Lehman

Brothers has been liquidated. Secondly,many of the remaining investment banks converted to traditional

bankholding companies in order to benefit fromTARPand are now therefore subject to stricter rules and

supervision. Furthermore, the last three decades have seen a significantmovement of concentration in the

traditional banking industry as well as a toughening of capital requirements since the Great Recession.
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In this section, I ask three questions. In a world in which only the shadow banking sector is subject

to systemic run, how does the interactions with the traditional banking sector modify the previously

established results? What are the implications of stronger regulations and higher level of concentration

in the traditional banking sector for the overall stability of the financial system?

C.1.1 A Model with Regulated and Unregulated Banks

I set up a generalized version of themodel in section 2 that includes both an unregulated shadowbanking

system subject to systemic run and a regulated traditional banking system that is subject to a leverage ratio

rule and benefits from the public deposit insurance scheme or access to the discount window of a lender

of last resort. Figure C.1 summarizes the different actors and financial relationships across parts of the

financial system with shadow and regulated banks.

There is a finite number R (resp. S) of regulated (resp. unregulated) banks. The total number of

institutions is S +R = B. Both types of banks invest in the same asset.

Shadow
Banks

qks
ns
δs

Regulated
Banks

qkr
nr
δr

Capital

Households
qkh nh
δr
δs

Figure C.1: Schema of Financial System
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Regulated Banks. Regulated banks choose their capital investment, their stream of dividends and net

worth a) subject to a capital requirement constraint C.1 and b) benefiting from deposit insurance either

in the form of a federal deposit insurance scheme or because the depository institution has access to the

discount window of the Lender of Last Resort.

kr = κnr (C.1)

λr = 1 (C.2)

for all r = 1...R. I do not specify the capital requirement rule C.1 in terms of market value of asset,

but instead adopt a specification more consistent with the Bales III rules in terms of the book value of

the banks’ asset.1 Throughout this paper I will assume that κ < 1
−ΔqR so that if a run occurs, the net

worth of regulated banks always remains positive. The relevant aggregate state variables of the economy

are the vectors of net worth of regulated and unregulated banks, productivity and the number of each

type of financial intermediaries. Because in equilibrium,Rwill remain fixed over time, I omit it when no

confusion results. The problem of a regulated bank is:

Taking k−r, ks, ṅ−r, ṅs as given, a regulated bank rHJB equation is:

ρv(n, n−r, ns,S) = max
d,k

u(d) + vn ((q̇+ z)k− rδ− d) +
R∑
j̸=r

vnj ṅj +
S∑
s

vns ṅs

+ λ(v(n+ ΔqRk, n−r + ΔqRk−r, 0, 0))− v(n, n−r, ns,S))

s.t. kr = κnr
1Basel Committee on Banking Supervision, ”Basel III leverage ratio framework and disclosure requirements”
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Shadow banks. Shadow banks solve the same problem as before but now taking also the investment of

regulated banks as given. Taking k−s, kr, ṅ−s, ṅr as given, a shadow bank sHJB equation is:

ρv(n, n−s, nr,S) = max
d,k

u(d) + vn ((q̇+ z)k− rδ− d)

+
S∑
j ̸=s

vnj ṅj +
R∑
r

vnr ṅr + λ(vR − v(n, n−b, nr,S))

Market clearing. The good, deposits and capital markets must clear. ByWalras law, it is sufficient that

the deposit and capitalmarkets clear. Themarket clearing condition for deposits is the same as previously.

The market clearing for capital is:

S∑
s=1

ks +
R∑
r=1

kr +
∫

khdh = K̄ (C.3)

Entry and run price. Given the results I have established earlier, I will focus here on the case with

no entry—corresponding to η = 0—where after a run on the shadow banking system, the system stays

forever after only populated by regulated banks.

S ′ = 0 (C.4)

R′ = R (C.5)

Finally, the run price should be consistent with the post-run macroeconomic condition:

qR(ns, nr,S) = q(0, nr + ΔqRk(nr), 0)

where q(0, nr+ΔqRk(nr), 0) denotes the price of the asset when no shadowbanks is operating, all the

capital stock is heldby regulatedbanks andhouseholds andwhenno shadowbanksmay enter consistently

with C.4.
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C.1.2 Symmetric Equilibrium and Transition Dynamics

I assume symmetry among regulated banks on the one hand and among shadow banks on the other, but

allow for asymmetry between the two groups.

Run game. During the second stage of an instant, depositors might run. The condition for a run on

the shadow banking sector is

NS + ΔqRKS < 0 (C.6)

whereNS = Sns andKS = Sks. The condition is independent of the regulated banks’ net worth and

capital investment because regulated banks’ deposits are insured and they cannot transfer liquidity to the

shadow banking system in times of run because their leverage constraint is already binding. No pooling

of liquidity is possible between the two parts of the financial system.2

Behavior of regulated and shadow banks. Investment by regulated banks is strictly tied to their net

worth given by C.1, so that aggregate investment by regulated banks write

KR = κNR = κRnR

They accumulate net worth until they reach the optimal Cournot interior:

kSS =
K̄

S +R+ 1

The behavior of shadow banks is the same as the one described in the equilibrium without regulated
2The following condition

NS +NR + ΔqR (KS + KR) < 0

would entail more than mere pooling of liquidity, and would require pooling of equity and would mean that when a run
hits, the entire shadow banking system is acquired by the regulated sector. Although I focus on the case described in C.6,
the failure of Lehman Brothers and the acquisition of Bear Sterns and Merrill Lynch by JP Morgan and Bank of America
respectively suggests that there was partial pooling of equity during the Great Recession and that I are looking at an extreme
case.
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banks where K̄ should be replaced by

K̃(nR) = K̄−Rmin
(
κnR, kSS

)

C.1.3 Competition Policies in the Regulated Sector

To illustrate the impact of increasing the degree of competition in the shadow and in the regulated bank-

ing sector, I do two counterfactuals. In the first one, I decrease the number of regulated banks from 3

to 2, keeping the number of shadow banks to 2. In the second, I keep the former at 3 but decrease the

number of shadow banks to 1. Figure C.2 plots the transition path of an economy unexpectedly hit by

a shock that brings the net worth of shadow banks to 0. The transition path in the original economy is

depicted in black, the first counterfactual in dark gray and the second in light gray. On (a) and (b), the

solid line (dashed line) represents shadow banks (regulated banks). On (c), the solid line (dashed line)

represents the asset price (run price).

The decrease in competition in the regulated sector has a slight stabilizing effect in my example by

increasing profits of shadow banks. The franchise value channel and the recapitalization channels indeed

favor less risk-taking and a faster travel speed through the crisis zone thanks to higher profits as may be

seen on (b). But the price-drop effect severely dampens their impact: less regulated banks implied that

the drop in prices is more severe after a run on the entire shadow banking system as may be seen on (c).

This contributes tomaking the crisis zone larger. This larger drop is not only caused by themarket power

channel according to which less banks implies lower output and lower asset prices but also caused by the

large drop in regulated banks’ net worth caused by their relatively larger exposure.

Decreasing thenumberof shadowbanks andkeeping thenumberof regulatedbanks constant—(R,S) =

(3, 1)—has the already-described stabilizing effect through the franchise value channel, the recapitaliza-

tion channel and the price-drop channel.
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Figure C.2: Transition path as a function ot time for (R,B) = (3, 2), (2, 2), (3, 1)

C.1.4 Macroprudential Policies in the Regulated Sector

To illustrate the impact of making regulation tighter for regulated banks, I simulate the transition path

of two economies, κ = 1 and κ = .25, unexpectedly hit by a shock that brings the net worth of shadow

banks to 0. Because regulated banks are better capitalized, their starting level of net worth on the transi-

tion path is strictly positive. The black lines represent the benchmark case κ = 1.

In my example, a more tightly regulated banking sector implies a more stable overall financial system.

Themain reason is that regulated banks are better capitalized. Should a run occur and the shadow banks

disappear, capital investment by financial intermediaries would drop by less. This maintains a higher

run-price when κ = .25 as may be seen on (c).

I now do the same experiment but assuming that before the unexpected shock hit both economywere

at the steady-state where the regulated sector was subject to the same capital requirement, κ = .25.

After the shock hits, one economy experiences a tightening of its capital requirement to κ = 1. This

counterfactual is closer to what happened in the aftermath of the Great Recession.
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Figure C.3: Transition path as a function ot time for κ = 1 and .25

Interestingly, the more tightly regulated system is characterized by a higher probability of a run. The

effect described previously doesn’t apply anymore because both economies start from the same point in

the state-space after the productivity shock hits. There are two key mechanisms. The larger price-drop

in themore tightly regulated system stems from the fact that it takes much longer for the regulated bank-

ing system to recapitalize which depresses asset price should they be the only ones left to intermediate

funds. This makes the run zone with themore tightly regulated system larger. The recapitalization chan-

nel dampens this first effects: from the point of view of shadow banks, stricter capital requirements for

regulated banks means less competition and therefore higher profits, higher savings and quicker recovery

along the transition path. In this example, the first effect dominates.
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Figure C.4: Transition path as a function ot time for κ = 1, .25 and common starting net worth

C.2 Proofs

C.2.1 F.O.C HH and pricing equations

It is immediate that the first order conditions when the households are risk-neutral gives the following

no-arbitrage conditions q̇+ z− f′(kh) = −λΔqR − ζ(z)Δqz + ρq and ∀b rb = −λ(ψb − 1) + ρ.

C.2.2 Derivation of the law of motion for a bank’s net worth

After substituting out for deposits using the definition of net worth, one gets:

ṅb = rnb + (q̇+ z− rbq)kb − db

where it appears clearly that the net excess return to an investment of one unit of capital if no run

occurs is q̇ + z − rbq. By the Household F.O.C together with the market clearing condition for the

capital market, and denotingK =
∑B

j kj the aggregate capital investment of banks, the net excess return
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is equal to:

R(K) = R

 B∑
j

kj

 = q̇+ z− rbq = f′
β−

B∑
j

kbj

− λbΔqRb + λbq(ψb − 1)− ζ(z)Δqz

which shows how the net return on capital depends on the choice of capital by the individual banker

through the aggregateK. Replacing into the law of motion for net worth one gets

ṅ = rn+ (q̇+ z− rq) k− d

= (λb + ρ− λbψb)n+

f′
β−

B∑
j

kbj

− λbΔqRb + λbq(ψb − 1)− ζ(z)Δqz
 k− d

Finally, I use the definition of ψb =
qRb kb
δb

=
qRb kb

qkb−nb
:

ṅ = (λb + ρ− λbψb)n+

f′
β−

B∑
j

kbj

− λbΔqRb + λbq(ψb − 1)− ζ(z)Δqz
 k− d

= (λb + ρ)n+

f′
K̄−

B∑
j

kj

− ζ(z)Δqz
 k− d

In the particular case without productivity shock, the law of motion becomes:

ṅ = (λb + ρ)n+

f′
K̄−

B∑
j

kj

 k− d
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C.2.3 Proof of proposition 3.1

The rule for choosing between the interior vs the corner solution is:

max

[
λ(k, n)

(
n− v(n, n−b)− vR

vn(n, n−b)

)
+R

(
kI, k−b

)
kI,R

(
kC(n, k−b, n−b), k−b

)
kC(n, k−b, n−b)

]
(C.7)

Definitions of payoffs in equilibrium and deviations I are now ready to check for deviations. Define

Pj
i(kC) is the profit of playing j (Interior or Corner) if the banks are supposed to play i and the corner

solution is kC.

kI =
K̄

B + 1
kC∗ =

n
−ΔqR

kC =
Bn

−ΔqR
−
∑
j̸=b

kj = BkC∗ −
∑
j ̸=b

kj

PC
C(kC∗) = α

(
K̄− BkC∗

)
kC∗ PI

C(kC∗) = α
(
K̄− (B − 1) kC∗

2

)2

PI
I(kC∗) = α

(
K̄− (B − 1) kI

2

)2

PC
I (kC∗) = α

(
K̄− BkC∗

) (
BkC∗ − (B − 1) kI

)
FI(kC∗) = PI

I(kC∗)− PC
I (kC∗) FC(kC∗) = PI

C(kC∗)− PC
C(kC∗)

where the last two lines define the net payoff from deviating from the interior equilibrium and playing

the safe one FI, and the net payoff from the deviating from the safe equilibrium and playing the risky one

FC.

Existence of n1

Lemma 10. 1. The four functions PI
I,PI

C,PC
I ,PC

C of kC are parabolas

2. For all kC\{ K̄
B+1}, P

C
C(kC) < PI

C(kC) and PC
I (kC) < PI

I(kC)

3. The functions FI, FC are strictly decreasing for kC∗ ∈ [0, kI] and strictly increasing for kC∗ > kI.

They are equal to 0 at kC∗ = kI

4. And at kC = K̄
B+1 , P

C
C

(
K̄

B+1

)
= PI

C

(
K̄

B+1

)
and PC

I

(
K̄

B+1

)
= PI

I

(
K̄

B+1

)
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5. ∀ kC∗ ∈ [0, kI] FI(kC∗) > FC(kC∗) with equality for kC∗ = kI.

Proof. All proofs are immediate except the last one.

FC(x)− FI(x) = α
(
K̄− BkC∗

) (
BkC∗ − (B − 1) kI

)
− α

(
K̄− (B − 1) kI

2

)2

− α
(
K̄− BkC∗

)
kC∗ + α

(
K̄− (B − 1) kC∗

2

)2

= α
(
K̄− BkC∗

)
(B − 1)(kC∗ − kI) +

α
2
(B − 1)(kI − kC∗)

(
K̄− (B − 1)

kI + kC∗

2

)
=

α
2
(B − 1)(kC∗ − kI)

(
2(B + 1)kI − 2BkC∗ − K̄+ (B − 1)

kI + kC∗

2

)
= −α

2
(B − 1)(kC∗ − kI)2

(
B + 1+

B − 1
2

)
< 0

I now redefine all functions in terms of net worth. Since I have assumed that kC(n)was a bijection and

increasing in n with first derivatives bounded away from 0, there exists nI such that kC is increasing over

[0, nI] with kC(0) = 0, kC(nI) = kI. I can also redefine the function FI(.), FC(.) as functions of n over

the interval [0, nI].

I now prove the existence and uniqueness of the two cutoff points. Define for k = I,C, P̃C
k (n) =

PC
k (n) + F∗(n). The following is true:

Lemma 11. If vR = 0 and F∗ is differentiable with (F∗)′ > 0, there exists a unique {nI1, nC1 } ∈ [0, nI]

such that

P̃C
C
(
nC1
)
= PI

C
(
nC1
)

and P̃C
I
(
nI1
)
= PI

I
(
nI1
)

Proof. Furthermore, I also have that v∗(0) ≥ 0 for n ≥ 0, hence F∗(0) ≥ 0, which combined with

(F∗)′ > 0 gives F∗(n) > 0 for n > 0.

Define nowHI(n) = FI(n)− F∗(n) HC(n) = FC(n)− F∗(n)
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Case 1: HI(0) > HC(0) > 0 Gathering all the properties I have established and the one I just assumed,

I have that

1. HI(0) > HC(0) > 0

2. HI(nI) = HC(nI) < 0

3. HI,HC are continuous and strictly decreasing for n ∈ [0, nI]

4. HI(n) > HC(n) for n ∈ [0, nI)

From the first three properties, there exists a unique pair {nI1, nC1 } ∈ [0, nI] such that HI(nI1) = 0 =

HC(nC1 )with nC1 < nI1 where the latter comes from the third property.

Case 2: HI(0) > 0 > HC(0) In this case I conventionally set nC1 = 0.

Case 3: 0 > HI(0) > HC(0) In this case I conventionally set nC1 = nI1 = 0.

Proof of the Corollary I only need to establish that n1 > 0. I show that in the equilibrium I are

constructing, if n1 = 0 then v∗(0) = 0 and that this is is a contradiction.

For a contradiction assume n1 = 0. Then all banks play safe for n ≥ 0. For n = 0, the banks cannot

invest at all if it plays the safe strategy and its profit will be zero, forever. Therefore v∗(0) = 0. But v∗(0)

implies thatHC(0) > 0, and hence that it optimal to deviate from the safe strategy for 0 net worth. This

is a contradiction with the assumed Cournot equilibrium at n = 0. Hence n1 > 0.

C.2.4 Dividend policy and steady-state: lemma 1 and 2

When there is no aggregate shock, ζ(z) = 0, assuming the solution for dividends is interior - and it will

be under the CRRA assumption for the instantenous utility - the F.O.C and envelop theorem in the safe
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zone is

ud(d) = vn(n, n−b) ⇒ −γ
ḋ
d
=

vnn(n, n−b)ṅ+
∑

j̸=b vnnj(n, n−b)ṅj
vn(n, n−b)

ρvn(n, n−b) = vnn(n, n−b)ṅ+
∑
j̸=b

vnnj(n, n−b)ṅj

+ vn(n, n−b)
(
ρ+ kCn(n, n−b)α

(
K̄− (B + 1)kC((n, n−b))

))
⇒ 0 =

vnn(n, n−b)ṅ+
∑

j ̸=b vnnj(n, n−b)ṅj
vn(n, n−b)

+ kCn(n, n−b)α
(
K̄− (B + 1)kC(n, n−b)

)
where the second line uses the CRRA assumption for utility and the third line uses the Cournot as-

sumption that a banker takes ṅ−b as given. Combining both gives

γ
ḋ
d
= kCn(n, n−b)α

(
K̄− (B + 1)kC(n, n−b)

)
(C.8)

When the capital investment is interior, the solution is different because the marginal effect of net

worth on capital is null:

γ
ḋ
d
= kCn(n, n−b)α (K̄− (B + 1)k) = 0

Moreover by continuity of the dividend policy rule, it has to be that d(n) = d(n1) for n−1 < n < n1

where n−1 =
d(n1)−R(kI)kI

ρ+λ̄

is the level of net worth below which distributing the level of dividends d(n1) is no longer sustainable

withoutmaking networth decrease over time. Consequently, belown−1 - and this applies only ifn−1 > 0

-, the only way to keep dividends constant is to set it such that net worth is constant over time: d(n) =

(ρ+ λ̄)n+ RIkI

If dividends are set higher, then net worth will decrease and reach 0 in finite time. If dividends are

set lower, net worth will increase and reach n−1 in finite time at which point dividends would have to

discontinuously jump to d(n1)which contradicts the continuity of the dividends path and the concavity

of the utility function.
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Steady-state. Setting equation C.8 to 0, ḋ = 0 give the steady-state level of capital: kSS = K̄
B+1 . Using

the asset price equation 3.6 with q̇ = 0 solves for the steady-state asset price as a function of kSS. Since

the steady-state capital investment is also safe, it has to be that nSS = (qSS − qR)kSS and finally one finds

dSS by equating ṅ = 0.

C.2.5 Proof of proposition 3.3

Suppose for a contradiction that with immediate entry, an equilibrium of the type described in proposi-

tion 3.2 with 0 ≤ n1 < +∞ exists. Then ∀ n ∈ [0, n1), λ(n) = λ̄ and k∗(n) = kI

By the assumption that η → +∞, I have that the run price is the price when the system is at 0 net

worth and B banks are operating, i.e. qR = q(0).

For n = 0, I have q(n) = q(0), hence q(n) = qR and n
q(n)−qR is infinitely large and therefore larger

than kI, limn→0+
n

q(n)−qR = +∞ therefore greater than kI

Hence the corner investment n
q(n)−qR is larger than the interior solution k

I at 0. And by continuity it is

larger in a neighborhood of zero. Hence the interior investment doesn’t imply a risk of run and λ(n) = 0

for n in a neighborhood of 0. This contradicts the properties of the assumed equilibrium.

Let’s now check that when η → +∞, ∀ n ≥ 0

λ(n) = 0 k∗(n) = kI d(n) = ρn+ α
(
kI
)2 q(n) =

z− αkI

ρ

is an equilibrium.

First, I have that q(n) − qR = q(n) − q(0) = 0 hence that n
q(n)−qR is infinitely large and therefore

that kI is always safe. Hence, the optimal capital investment of banks is always kI. This implies λ(n) = 0.

From the optimal conditions for dividends, I have that ḋ = 0, i.e. that d(n) = ρn+α (kI)2. Finally, given

the optimal investment of banks k∗(n) = kI and λ(n) = 0, the P.D.E. for asset prices is q̇ = αkI− z+ ρq

with final condition q(n) = qSS. This has only one stable solution, which is q(n) = z−αkI
ρ = qSS for all

n ≥ 0. The proof for the individual bank run case is exactly the same.
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C.2.6 Proof of lemma 3

Global analysis For the first part of lemma 3, I provide a graphical proof. First I derive a simplified

version of the system of differential equations 3.15 in terms of (d, k, q̃) where q̃ = q − qR. From k =

n
q−qR = n

q̃ , one gets

k̇ =
1
q̃
(
ṅ− k ˙̃q

)
=

1
q̃
(
ρn+ α (K̄− Bk) k− d− k

[
ρq̃+ ρqR − z+ α(K̄− Bk)

])
=

1
q̃
(
k(z− ρqR)− d

)
=

1
q̃
(kαK̄− d) if η = 0

Then I use the following system

k̇ =
1
q̃
(
k(z− ρqR)− d

)
q̇ = ρq̃+ ρqR − z+ α (K̄− Bk) γ

ḋ
d
= k1α (K̄− (B + 1)k)

to draw the associated phase diagram C.6 in the (d, k, q̃) plane. The k̇ = 0 locus is strictly increasing

because q̃R < z
ρ . To gain intuition I first focus on the representation in the (d, k)-plane in figure C.5,

fixing q̃ for the time being.

Figure C.5: Phase diagram in the (k, d) dimension

The steady-state, the k̇ = ḋ = 0 loci and, importantly, the direction of the arrows are independent

of q̃. The steady-state is the point at which the two lines cross. Under the assumption that k1 > 0, the
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saddle path - if it exists - has to feature d and kmoving in the same direction - either both increasing or

both decreasing, depending on where the system starts. Since I will consider cases in which net worth

starts below its steady-state value, k is necessarily lower than its steady-state value, it has to be that both

are increasing over time. Since k is increasing over time until kSS, profits are increasing over this range of k

and d is increasing over time, ṅ has to be increasing too. This confirms that in equilibrium k1 > 0. Also

note that if k1 < 0 then all arrows in the d-dimension are reversed and no saddle path could exist.

I now draw the full phase diagram in three dimensions in figure C.6. The x-axis corresponds to capital

while the y-axis corresponds to dividends. The third dimension, the z-axis is for q̃. The q̇ = 0 locus is

a fully vertical plane - i.e. orthogonal to the d-dimension -, from the back-left of the cube to the front

right. The ḋ = 0 plane is coming from the vertical line in the back plane towards us, orthogonal to both

the q and the d-dimension. Finally the k̇ = 0 plane is the ramp starting on the q-axis and increasing from

the bottom left to the top right. Their intersection - the red point - is the steady-state of the system. I

have drawn the same arrows as in the previous graph and added arrows in the (q, k)-plane to indicate the

direction for q.

From the first part of the proof, if a saddle-path exists, it must be to the left of the ḋ = 0 plane and

below the k̇ = 0 plane. Furthermore, the saddle-path must lie in the zone where all arrows, including

those in the q̃dimension, point towards the steady-state. I have delimited and colored this zone: the figure

with the hatched triangular basis, the blue triangular faces, the purple triangular back and the transparent

roof has to contain the saddle-path.

Finally the green line lying in the (k, q̃) plane, is the line on which the system should start, as com-

manded by the initial condition, k(t0)q̃(t0) = n1. This shows that q̃ has to be increasing over time along

the equilibrium path.

Local determinacy I now prove that the linear approximation of the system 3.15 around the point

(dSS, nSS, qSS) admits one and only one solution satisfying the initial and terminal conditions. I linearize

the following system
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Figure C.6: Phase Diagram

ṅ = ρn+ α (K̄− Bk) k− d q̇ = ρq̃+ ρqR − z+ α (K̄− Bk) γ
ḋ
d
= k1α (K̄− (B + 1)k)

around the steady-state. In matrix form, the system is


ṅ

˙̃q

ḋ

 =


ρ+ α

q̃SS

(
K̄− 2B nSS

q̃SS

)
− α

q̃SS
nSS
q̃SS

(
K̄− 2B nSS

q̃SS

)
−1

−α B
q̃SS ρ+ α B

q̃SS
nSS
q̃SS 0

−(dSS−θγ)k∗1 (nSS)α(B+1)
γq̃SS

(dSS−θγ)k∗1 (nSS)α(B+1)kSS

γq̃SS 0


︸ ︷︷ ︸

A


n̂

ˆ̃q

d̂



where ”̂.” stands for deviation from their steady-state values (dSS, nSS, qSS). Notice that in steady-state

q∗1 (nSS) > 0 as I have proved ealier. Although not needed for the proof, I provide an explicit expression
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for it below. Denote the three eigenvalues of A, l1, l2, l3. From the properties of eigenvalues,

A = 2ρ+
α
q̃SS
(
K̄− BkSS

)
= l1 + l2 + l3

detA = −ρ
(
dSS − θγ

)
k∗1 (nSS)(B + 1)α
γq̃SS

= l1 × l2 × l3

Hence one gets the following restrictions on the signs of eigenvalues: l1+ l2+ l3 > 0 and l1× l2× l3 < 0.

The last inequality implies that either 1 or 3 eigenvalues are negative. The first inequality implies that at

least one eigenvalue is strictly positive. This establishes that 1 eigenvalue is negative and 2 are positive.

Since my system has two jump variables with a terminal condition and one initial condition for n, this

implies that the system admits one and only one saddle path solution.

Speed of convergence To compute the speed of convergence of capital around the steady-state, I use

the same linearized model but in the (k, d) space.

k̇ =
1
q̃SS
(
k̂(z− ρqR)− d̂

)
ḋ =

kSS1 dSSα
γ

(
K̄− (B + 1)k̂

)

In matrix form it is k̇

ḋ

 =

 z−ρqR
q̃SS − 1

q̃SS

−(dSS−θγ)kSS1 α
γ (B + 1) 0


︸ ︷︷ ︸

A

k̂

d̂



It is easy to check that the system admits one negative and one positive eigenvalue:

A =
z− ρqR

q̃SS
= ℓ1 + ℓ2 > 0 detA =

−
(
dSS − θγ

)
kSS1 α

γq̃SS
(B + 1) = ℓ1ℓ2 < 0

Denoting ℓ− the negative root - the only that matters for the convergence rate - one has:

ℓ− =
z− ρqR −

√
(z− ρqR)2 + 4

γ (1− kSSqSS1 ) (dSS − θγ) (B + 1) α

2 (qSS − qR)
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Expression for k∗1 (nSS) In this paragraph, I show how to find the solution for k∗1 (nSS). It is not directly

needed to establish the previous results, but it shows how one should use the equilibrium conditions to

derive the derivatives of asset prices with respect to a bank’s own net worth.

From the expression k∗1 (n) =
1−kC∗(n)q∗1 (n)

q(n)−qR I see that the challenge is indeed to compute q∗1 (nSS). I start

by using the equilibrium condition for the dynamics of asset prices

q̇(n) = ρq(n)− z+ α
(
K̄− BkC(n)

)
⇒ Bq1(n)ṅ = ρq(n)− z+ α

(
K̄− BkC(n)

)
⇒ q1(n) =

q̇(n)
Bṅ(n)

where the second line takes the total derivative of q̇with respect to the net worth of every bank and then

uses the property of symmetry along the equilibrium path. The next step consists in using L’Hospital

rule to find an expression for this ratio who takes an indeterminate form in the limit where n → nSS:

lim
n→nSS

q1(n) = lim
n→nSS

q̇(n)
Bṅ(n)

= lim
n→nSS

ρBq1(n)− αB 1−kC∗(n)Bq∗1 (n)
q(n)−qR

B
(
ρ+ 1−kC∗(n)Bq∗1 (n)

q(n)−qR α (K̄− 2BkC∗(n))− dn(n)
)

The expression for the limit will depend on dn(nSS) the derivative of dividends with respect to net

worth in equilibrium. In a similar fashion, one can use:

lim
n→nSS

dn(n) = lim
n→nSS

ḋ(n)
ṅ(n)

=
dSS 1−kC∗(n)q1(n)

q(n)−qR

(
− (B + 1) 1−kC∗(n)q1(n)

q(n)−qR

)
ρ+ 1−kC∗(n)Bq∗1 (n)

q(n)−qR α (K̄− 2BkC∗(n))− dn(n)

These two equations have two unknowns dn(nSS), q1(nss) that can be solved for numerically. In general,

there is no closed-form solution. In themonopoly caseB = 1, one can simplify a little bit the expression.

From the first and second equation, one gets:

q1(nSS) =
1
kI

ρ
ρ+ dn

dn(nSS)(ρ− dn(nSS) = −2dSS
(
1− kIq1(nSS)
q(nSS)− qR

)2
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Using the first one to substitute for kIq1 in the second, gives

dn(ρ− dn) = −2dSS
(

dn
(q(nSS)− qR)(ρ+ dn)

)2

(ρ− dn)(ρ+ dn)2

dn
= −2dSS

(
1

q(nSS)− qR

)2

This polynomial of degree 3 in dn has exactly one solution with dn > ρ

Existence and uniqueness of solution to non-linear system It turns out to be rather difficult to prove

existence and even more difficult to show uniqueness of a solution to the non linear system 3.15. Using

the Cauchy-Peano theorem for existence and Picard-Lindelöf for uniqueness could give us restrictions

such that a local solution around the steady-state exists and is unique. However, my problem is slightly

different because I have both an initial condition for n and a terminal conditions for the other variables.

C.2.7 Proof of proposition 3.2

I start the proof with the middle zone n−1 < n0 < n1.

1. At n−1 < n0 < n1, I know it is optimal to invest at the optimal interior k = kI from corollary 1. I

need to establish that the bank has strictly positive saving in the run zone.

I have established in lemma 3 that capital, prices, net worth and dividends were growing in the safe

zone. So thismeans that the limit of dividends from the right ofn1 is low enough so that the bank is

saving. Moreover at n1, it has to be the case that the limit of profits from the right is stricter smaller

that the limit of profits from the left (there is a discontinuity). Since dividends are continuous at

n1, it has to be that the bank that net worth is accumulating on the left limit of n1. This establishes

only that the property holds locally. It might still be that n−1 is strictly positive, i.e. n−1 ∈ (0, n1)

where I have defined n−1 such that ρn−1 + RIkI = d(n1). I treat this case in the following bullet

point.

2. If n−1 ∈ (0, n1), and n ∈ [0, n−1) then by lemma 2, I know that dividends should be constant

and set such that net worth is constant. Hence, the system is in steady-state and banks wait for a
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certain death. Given that saving are strictly positive and not going to zero as the bank approaches

n1, the bank reaches n1 in finite time.

3. This is an implication of lemma 3.

4. Immediate

I now need to check that the assumptions in 3.4 hold in the equilibrium I have characterized. The func-

tion kC(n) is positive, continuous, strictly increasing as shown in lemma 3 with a derivative with respect

to n bounded away from 0. I need to check that q − qR is always well-defined for n > 0, and strictly

positive. qR is given by qR = η
ρ+ηq (0) +

z−αK̄
ρ+η . I know that in the safe zone, q − qR > 0. I need to

establish the same property in the run zone. Either q is increasing or decreasing in the run zone. If it is

increasing, since

q(n)− qR ≥ q(0)− qR =
ρ

ρ+ η
q (0)− z− αK̄

ρ+ η
= ρ

q(0)− (z−αK̄)
ρ

ρ+ η
> 0

where the second line comes from the definition of q(0) and the last line comes from the fact that (z−αK̄)
ρ

is the smallest price possible, when no banks never operate. If prices are decreasing in the run zone, then

for n ∈ [0, n1], q(n)− qR ≥ q(n1)− qR > 0, where the second line stems from the property established

in lemma 3 as well as the continuity of prices at n1. Hence−ΔqR is well defined and strictly positive.

I finally establish that the assumptions regarding F∗ and the value function in lemma 3.4 hold. I admit

that the value is twice differentiable.

(F∗)′ =
v∗1 (n)

∑
b v∗nb(n)− (v∗(n)− vR)

∑
b v∗1,nb(n)

(v∗1 (n))2
− 1

(F∗)′ =
v∗1 (n)

∑
j̸=b v∗nb(n)− (v∗(n)− vR)

∑
b v∗1,nb(n)

(v∗1 (n))2

From the point of view of a bank, the net worth of another bank increases the value because it allows

to increase the pool of equity the system can rely on. And the returns of this equity are diminishing at

the margin. Hence v∗nb(n) > 0 and v∗1,nb(n) < 0 for all b. This proves that (F∗)′ > 0.

172



competition vs. stability: oligopolistic banking systemwith run risk—appendix

C.3 Additional Figures
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Figure C.7: Policy rules and asset price as a function of net worth in benchmark model for B = 1, 3, 5
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Figure C.8: Transition path as a function of time for B = 1, 3, 5
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Figure C.9: Transition path as a function of time for B = 1, 3, 5
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