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Abstract

In Part T of the thesis, we study harmonic analysis on local systems over graphs, and construct
Green’s functions explicitly. In Part II, we apply the results in Part I towards a Gross-Zagier
formula for CM cycles over Shimura curves, which connects the global height pairing of special
cycles in Kuga varieties over Shimura curves with the derivatives of the L-functions associated to
weight-2k modular forms. More precisely, we present a suitable choice of integral model of the CM
cycles, and compute local intersections at primes where the quaternion algebra associated with the

Shimura curve ramifies.
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Chapter 1

Introduction

Our work originates from the work of Gross and Zagier in [13], which connects the global height
pairing of Heegner points on modular curves with the derivatives of the L-functions associated to
weight-2 modular forms. In the same paper, Gross and Zagier have also pointed out two potential
directions of generalization, one is to find a similar formula for weight-2k modular forms when k£ > 1
(which on the geometric side means generalizing Heegner points to special cycles above them), and
the other is to relax the Heegner condition (which on the geometric side means generalizing modular
curves to Shimura curves). The former is addressed in [30] and the latter (keeping k = 1) is covered
in [29], whereas our work makes progress towards the k > 1 case with a relaxed Heegner condition.

As a key step, we develop! a theory of harmonic analysis on local systems on graphs, with explicit
computations of Green’s functions. The theory may be of independent interest, so we first introduce
it in Part I without referring to the Gross-Zagier context. In Part 11, we apply the computations to
give a suitable integral model of the CM cycles in question and compute certain local intersections.
In this Chapter, we introduce the motivating Gross-Zagier formula and give an overview for both

parts as well as their connections.

IWhile we developed the theory of harmonic analysis on local systems over graphs independently, we recently
found that it had been studied in the literature (see [14] for example). The explicit construction of Green’s functions
in Theorem 3.2.1 and the applications in Part II are original



1.1 The Goal: a Gross-Zagier Formula for CM Cycles over

Shimura Curves.

1.1.1 The Analytic Side

Let k, N be positive integers. Let D be an integer coprime to N. Let K be an imaginary quadratic
field with discriminant D. Let N_ denote the product of primes dividing N that are inert in K and

write N = N_N,. We shall assume the relazed Heegner condition on N, which says
N_ is the product of an even number of distinct primes.

Note that the above condition on NV is indeed weaker than the Heegner condition assumed in
both [13] and [30], which says any prime p|N is split in K, or in other words N_ = 1.

Let </ be an element of the class group CLg of K. Let f = > 7, a,e*™"* be a new form of
weight 2k on T'g(N), where I'g(N) denotes the subgroup of SL2(Z) consisting of matrices that are

upper-triangular modulo N. Define the L-series associated to f and < by

La(fis)=| Y emn®™ 72| Y amra(mym™ |, (1.1)
n>1 m>1
(n,DN)=1

where € : (Z/DZ)* — {£1} is the quadratic character associated to the extension K/Q and r (n) is
the number of integral ideals a in the class of &7 of norm n. The series Lo (f, s) extends analytically
to an entire function of s and satisfies a functional equation about s = k. Moreover, when e¢(N) = +1
(which is true when N satisfies our relaxed Heegner condition), Lo (f, s) vanishes at s = k and that

there exists a cusp form

CI{Q{ = Z am’g{62mmz (1.2)
m=1
of weight 2k level N such that
(2k — 2)!\/|D|
(f,®w) = WLQU’ k), (1.3)

for any weight 2k new form f on I'g(V), where (f,g) = fFO(N)\ﬁ f(z)g(z)y%% is the Petersson
inner product on cusp forms of weight 2k for I'o(V). [13, Chapter 4, Theorem (5.8)]

Our goal is to realize the Fourier coefficients a, s as some height pairings when m is coprime



to N.

1.1.2 The Geometric Side

On the geometric side, we study cycles over CM points on the Shimura curve Xy, n_.

We now define X, y_. Let B be the (indefinite) quaternion algebra which ramifies precisely
at the places p|N_. Then there exists an embedding p : K — B. Let Ry, ~_ be the Eichler
order in B which contains p(Ok) and has reduced discriminant N (or in other words is of level
N, in B). Then T' = RK,+7N7/{:&:1} embeds into (B ® R)*/R*, which is isomorphic to PGLy(R).
Identifying I' with its image in PGLy(R) we have I't := I' 1 PGLJ (R) is a Fuchsian group acting
properly discontinuously on §). The quotient I'"\§) is a complete Riemann surface, which we define
as Xn, n_(C). (See [21] for example.)

In [24], it is shown that the curve Xy, n_ has a canonical model over Q; moreover, the curve
X, n_ over a scheme S solves the moduli problem of quadruples (A, A, ¢, k) over S, where A is an
isogeny class of abelian surface with quaternion multiplication (QM) by B, the map A : A — AY
gives a principal polarization, the embedding ¢ : B < End®(A) : End(A) ® Q defines the B-action on
A, and s an equivalence class of left B-module isomorphisms B® A = Hi(AA ), where two such
isomorphisms k1 and ko are considered equivalent if k1 is ko composed with right multiplication by
an element in (Ry, n_ ® Ay)*. An abelian surface A is said to have QM by B if the embedding
t: B < End’(A) exists.

Given an abelian surface A over Q with QM via a given ¢ : B — EndO(A)7 the subgroup
End%(A) of End®(A) consisting of elements commuting with B is isomorphic to either Q or an
imaginary quadratic field L. In the latter case, we say the abelian surface A has QM by B and CM
by L, and the corresponding point in Xy, n_ is said to be a CM point. For the imaginary quadratic
field K we fixed at the beginning, the existence of the embedding p implies that it gives rise to a
CM point z on Xy, n_, which is rational over the Hilbert class field H of K. Therefore the Galois
group Gal(H/K) acts on the collection of points with CM by K, and the cycles we are interested in
will lie above these points.

Over a finite cover X’ of X, n_, there exists a universal abelian surface A, and we study the
Kuga variety Y which is the fiber product of (k — 1) copies of A over X’'. (See [17] for example.)
Above a point z € X', the fiber Y, is given by A =1 where A, is the abelian surface = parametrizes.

When z is a CM point by K, A, is an abelian surface with QM by B and CM by K, and

the algebraic cycle Sk(x) we will study is a (k — 1)-dimensional cycle lying completely inside the



(2k — 2)-dimensional A%~1. Recall that for an abelian surface A with QM by B but without CM,
the Néron-Severi group is 3-dimensional, whereas an abelian surface with both QM and CM has a
4-dimensional Néron-Severi group [19]. Let Zj(x) be a cycle in A, whose image in the Néron-Severi
group of A, is perpendicular to the 3-dimensional non-CM part, then the cycle Si(z) is obtained
from Z;,(z)*~! by averaging under permutations of 2k — 2 letters, and normalizing so that the
algebraic self-intersection of Si(x) within Y, = A¥~1is (=1)¥=1. (c.f. Sections 6.2 and 6.3 for more
precise constructions.) In fact, an abelian surface with both QM by B and CM by K is isogenous
to E x E for some elliptic curve F with CM by K (see [28] for example). So up to isogeny our CM
cycle Si(z) is the same as that in [30].

The Hecke operator T, on the Shimura curve also acts on the CM cycles, via
T Sk(x ka 1Sk(xz if T, Zmz

The algebraic cycle S(z) defines an arithmetic Chow cycle Sy () of codimension & in Y, an
integral model of the Kuga variety Y, where ) is a 2k-dimensional arithmetic scheme. Therefore the
intersection number S (z) - S (y) is well-defined in the sense of Gillet-Soulé [10] for two CM points

x and y. We define
(Sk(@), Sk(y)) := (=1)"Sk(x) - Su(y)-

In order for this to be a well-defined global pairing, there are conditions on the arithmetic cycles
(c.f. Sec 5.4) that the Zariski closure Si(x) of Si(z) in Y does not verify at places dividing N_.
Thus we need to find local adjustments at these places. This motivated Part I of the thesis, which

will be applied to find the appropriate cycle adjustments in Section 6.5.

1.1.3 The Formula
The expected Gross-Zagier formula for CM cycles over Shimura curves is as follows.

Conjecture 1.1.1. For an integer k > 1, if o € Gal(H/K) corresponds to &/ € CLk via class field
theory, we have

(S (), T Sk(27)) = U2 am, oz,
for allm > 1 and (m,N) = 1, where u is the order of the finite group O /{%1}.

Remark 1.1.2. While the k = 1 case is covered in [29], our strategy is expected to lead to a new

proof for this case using explicit computations of local intersection numbers.



Let x be a character of Gal(H/K) (thus also of CLg). Define

L(f, X, 3) Zx )L (f,8) and Sy := >~ x"H(0)Sk(2).
o€Gal(H/K)
When f is a newform (that is a normalized Hecke eigenform) of weight-2k level I'g(N), we can
extend it to an orthogonal basis {f;} of the space of cusp forms, and the cycle S, can be written as
a sum of f;-isotypical components Sy r,, where T,,,.S, f = am(f)Sy,r. And assuming the conjecture,

we have the following corollary as in [13, Chapter I, Theorem (6.3)] and in [30, Corollary 0.3.2].

Corollary 1.1.3. We have

24k: 1 2k(f f)

/ —
L<f7Xak)_ (2k—2 'U,Qh\/m SXf’SXf>

where h denotes the class number of K.

1.2 The Results and the Outline

The thesis consists of two parts.

Part T focuses on harmonic analysis on local systems over graphs, with explicit computations of
Green’s functions over finite quotients of Bruhat-Tits tree.

In Chapter 2, we establish the theory of harmonic analysis on local systems over graphs and define
vector-valued Green’s functions. In Chapter 3, we compute Green’s functions over the Bruhat-
Tits tree and its finite quotients. Our main result in Part I is Theorem 3.2.1, Corollary 3.2.4,
Corollary 3.2.5, Proposition 3.3.1, and Corollary 3.3.3, which will be used in Part II.

Part II consists of expositions to help understand Conjecture 1.1.1, as well as our progress towards
the conjecture using Part 1.

In Chapter 4, we give an exposition of the original Gross-Zagier formula ([13]) and the higher-
weight version by Zhang in [30]. We also introduce the archimedean computations involved in
both results, including the construction of Green’s functions in [12]. These are the main sources of
inspiration for this thesis. In Chapter 5, we give an exposition of the arithmetic intersection theory
introduced by Gillet and Soulé in [10], which helps us understand the height pairing involved in
Conjecture 1.1.1. We also elaborate on the conditions on the arithmetic cycles associated with the
algebraic cycles so that the arithmetic intersection number defines a global height pairing, and as

mentioned in Section 1.1.2, the conditions motivate the connection between Part I and Part II of the



thesis. In Chapter 6, we give a more precise definition of Sg(x), building upon what we described
in Section 1.1.2. We also give an appropriate integral model S;(z) of Si(z), applying Part I results
to finding adjustments to Si(z) in Section 6.5, which is the main contribution to Conjecture 1.1.1
of this thesis.

Finally, in Chapter 7, we give a plan of what remains to be done to prove Conjecture 1.1.1, which

we are currently working on. We also give a short discussion on some further directions of future

work.



Part 1

Harmonic Analysis on Local

Systems on Graphs



Chapter 2
Set-up and Preliminaries

2.1 Local Systems on Graphs

Let FF C C be a field that is closed under complex conjugation. Let G be a connected graph whose
fundamental group is finitely generated, and let £ and V' denote its collection of edges and vertices

respectively. A rank-r local system .Z on G over the field F' contains the following data:
e For any v € V, an r-dimensional hermitian vector space .£(v) over F;
e for any e € E, an r-dimensional hermitian vector space .Z(e) over F'; and

e if v is an end of e, an isometric isomorphism

Pue : ZL(v) = Z(e).

Let . and £’ be two rank-r local systems on G. A morphism O from .Z to £’ is a collection

{0y,0.}vev.cer of linear transformations
0, : L) = & (v),

. : ZL(e) = £ (e)



such that the following diagram commutes for each e and v where v is an end of e:

L) 2 2'(v)

wvel La;c (2~1)

Z(e) —Ls L'(e)

Let LocSys GF. denote the category of rank-r local systems on G over F. Let vy be a vertex of
G and let UniRep G0, Fir denote the category of r-dimensional unitary representations over F' of the
fundamental group 71 (G, vp) of the graph G. Recall that m1(G,vg) is the group of homotopy classes
of loops in G with base vg. In what follows we will not always distinguish a homotopy class with its

(unique) non-backtracking representative, but whenever we define a map on 71 (G, vg), it should be

clear to see the well-definedness on homotopy classes.
Proposition 2.1.1. The category LocSys is equivalent to the category UniRep .
—G,Fr ——G,vo,F\r

Proof. Define the functor

F LocSysg,F)T — UmRepg’UO)RT

by sending .Z to the representation p : 71 (G, v9) — Aut(Z(vy)), defined by sending a loop v to the

composition of ¢,. and ¢;.1’s along the loop. That is, if
el €2 €n €Ent1
Y=vVg — V1 —> " —> Up — Vg,
then

P(Y) = Prgenss © Punents ©° O Pores © Puger (2.2)

Here p is unitary because the ¢,.’s are isometric isomorphisms between hermitian spaces. Given a

morphism of local systems

0:% =<,

we define

]:(@) : g(’l)o) — f/(vo)

F(©)L(vg) = Oy, l(vo).

Let p = F(£) and p' = F(£'), then from Equation (2.2) and the Commutative Diagram 2.1, we



have

Ouo p(7)0(v0) = p'(7)(Bu £(v0)).

Hence the map F(0O) defines a morphism between representations F(.£) and F(.£’).
Define the functor

D UmRepg’UO’F’r — LocSysngﬁr

by sending a unitary representation (W, p : m1(G,v9) — Aut(W)) to the following local system
Z =DW,p):

e Define .Z(v) =W forallv e V.
e Define .Z(e) =W foralle € E.

e Let {y1,...,7,} be a minimal set of generators of 71 (G, vp). Remove an edge e; from each ~;,

so that G\{e1,...,e4} is a tree. Define p,e = Idw if e € E\{e1,...,€e,} and v is an end of e.

e For each i, write e; as vy — v;1, where the direction is inherited from ~;. Define Cuines = P(V3)

and @,,,e, = Idw.

Note that different choices of {e1, ..., ey} will result in isomorphic local systems.
Given a morphism f between (W, p) and (W, p’), that is, a linear transformation f: W — W’
such that f(p(7)w) = p'(3)f(w) for any 5 € m1(G, o), we define © = D(f) : D(W, p) — D(W', o)

as follows.
o define 0,, = f.

e define all the 6.’s and 6,,’s following Diagram 2.1. This is possible because of the connectedness
of G (so that we have a definition of 6, and 6, for each e € E and v € V'), and the construction

of D(W, p) and D(W', p’) (so that 0.’s and 6,’s are well-defined.)

It is now easy to check that the functors F and D give an equivalence of categories.

O

Remark 2.1.2. One can think of an object (W, p) in the category UniRepg oy 05 the vector bundle
———¥,»Vo, 4,

T (g,vo)\§ x W over m(g,uo)\é = G. Here, gN 18 the universal cover of G constructed as follows:

the set of vertices 1% ofg~ consists of non-backtracking paths (vg,v1,...,0n),n € Z>g, starting from

vy of G, and two vertices ofg are linked by an edge if the corresponding paths differ by a one-step

10



extension, i.e. if the two vertices are represented by paths (vg,v1,...,v;) and (vo,v1,...,vix1) for

some i. The group m1(G,vo) acts on G by
¥(vo, v1, ..., vy) = (vertices v passes in order, vy, ..., vy),

where v is a non-backtracking path starting and ending at vg. The action on the set of edges E
of G is induced from the action on wvertices. Finally, the action of w1 (G,vg) on the trivial vector
bundle G x W is given by v(g,w) = (vg, p(y)w), which gives the vector bundle m (G, vo)\QNX W over
7T1(gavo)\g~= G.

2.2 Harmonic Analysis on Local Systems on Directed Graphs

From now on we assume that G is finite and directed, that is, both V' and E are finite sets, and
each edge is assigned a direction. (All the discussions in Section 2.1 still applies by forgetting the
direction.) Let .Z be a local system on G. Let T'(V, %) (resp. T'(E,.%)) denote the space of sections

of £ over the vertices (resp. edges) of G. We have

IV, 2) =P L) and I'(E, £) = P ZLAe).

veV ecE

Both I'(V, ) and I'(E, %) are hermitian spaces over F', equipped with the hermitian inner products

(fi, fa)v =D _(fiv), fa(v)) and  (g1,92)m = D _(g1(e), ga(e))

veV ecE

respectively. Moreover, I'(V, %) and T'(E,.Z) are Hilbert spaces as they are direct sums of (finite-

dimensional thus) complete hermitian spaces.

Define V : T'(V,.Z) = I'(E,.Z) by

Vf(e) = @vge(f<7)2)) - @vm(f(vl))v (23)

if e is the directed edge from vy to vs.

Define V* : T'(E, %) - T'(V, %) by

Vigo) = > ellgle) = > enlgle)). (24)

e has head v e has tail v

11



As the notation suggests, V* is the adjoint operator of V:
Proposition 2.2.1. We have (Vf,g)g = (f,V*9)v for any f e T(V, L) and any g € T(E, ).

Proof. We have

LHS = Y (Vf(e),g(e))

eclE

= Y (el )~ puelF (), g(e)) 25)

e=(v1—v2)EE

= Y {0ue(f(02)),9(e) = (puel(f(v1)), g(e))

e=(v1—v2)EE

and

RHS = Y " (f(v), V*g(v))

veV
DR ) N D ¢10) D SR (1O

veV e has head v e has tail v (26)
=Y @), D wldg@) = (f), Y el (g(e)

veV e has head v e has tail v

= D {fw2),ene(9(e) = (f(v1), pue(g(e))-

e=(v1—v2)EE
We see that LHS = RHS, since ¢, is an isometry for each e € F and v an end of the edge e. O

Definition 2.2.2. Define the Laplace operator A :T'(V,.£) — IT'(V,.Z) by A := V*V.

12



We compute a point-wise formula for A, as follows:

Af)= > @l (V)= D el (Vi)

e has head v e has tail v
= X el (VIO = X el (V)

e=(v'—v) e=(v—v'")
= > (i (e () = pure (F)))

e=(v'—v)

- (@;el (‘Pv”e (f(v//)) — Pve (f(v))))

2y (27)

=S () et (F0)

e=(v'—v)

B Z (‘P;el<pv”e (f(v”)) — f(v))

e=(v—v'")
- Z flv) — Qogel‘Pv/e (f(),

(v',e) where

e connects
’
v and v

Remark 2.2.3. If giving G a direction seems unnatural, one may also start with an undirected graph
G and define V : T(V, ) — T(E, £) @ QY(G) and V* : T(E, %) @ Q1(G) — T(V, %), where Q' (G)
is the free abelian group generated by directed edges of G and —(v1 — ve) := (v2 — v1). The theory
would be the same, but the information of direction of an edge is stored in Q'(G) rather than dictated
at the beginning. While this is conceptually cleaner, many of the above equations will be very clumsy

to write and may be harder to read. So we sticked to discussing directed graphs.

Remark 2.2.4. Note from Fquation (2.7) that the Laplace operator is independent of the directions

assigned to the edges.
Next, we show that the Laplace operator has the properties we expect.

Proposition 2.2.5. The Laplace operator A is self-adjoint; that is, (Af1, fa)v = (f1,Af2)v for

any f1, f2 € T(V,.L). In particular, (Af, f)v is a real number for any f € T(V,ZL).

Proof. We have for any fi, fo € T'(V, %),

(Afr, fo)v = (V'V f1, fa)v = (fo, V*V f1) 1,

=(Vfo,Vi) g =(Vf1,V)e = (fi,Af2)v.

(2.8)

In particular, (Af, f)v = (f,Af)v. On the other hand, (Af, f)v = (f,Af),. Hence (Af, f)v is
real. O
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Proposition 2.2.6. The Laplace operator A is semi-positive definite, that is,

<Af7f>VZO

for any f € IV, %). Equality holds if and only if Vf =0, the zero section in I'(E, Z).

Proof. We have

(AL, Fyv =(V'Vf v =(VEV e =Y (V(e),Vf(e) >0, (2.9)

eckE

since (Vf(e), Vf(e)) > 0 for each e € E. Equality holds if and only if (Vf(e), Vf(e)) = 0 for each
e€ E,ie. Vf(e) =0 for each e € E. O

Proposition 2.2.7. For f € I'(V,.%), the following are equivalent:

1. f is a constant section, i.e. pu,e(f(v2)) = @u,e(f(v1)) whenever e is an edge linking v1 and

Vo,
2. Vf =0, the zero section in T'(E, Z);
3. Af =0, the zero section in T'(V,.Z).
In particular, ker(A) = ker(V), and both spaces are finite-dimensional.

Proof. We see from Equation (2.3) that item (1) and (2) are equivalent. Next, we show (2) is
equivalent to (3).

Assume that Vf = 0, then for any g € T'(V, %), we have (Af, g)v = (V*Vf,9)v =(Vf,Vg)p =
0. Thus Af = 0.

Now assume that Af = 0, then (Af, f) = 0. By Proposition 2.2.6, we have Vf = 0.

The space of constant sections as described in (1) clearly has the same dimension as .Z(v) for a

vertex v € V, and we have assumed .Z(v) to be finite dimensional. O

Proposition 2.2.8. We have the orthogonal decomposition
[(V,.%) = ker(A) ® Im(A).
Proof. Since ker(A) is finite dimensional from Proposition 2.2.7, we have

I(V,.2) = ker(A) @ ker(A)*.

14



It remains to show that

ker(A)t =Im(A).

The inclusion Im(A) C ker(A)L follows from self-adjointness of A in Proposition 2.2.5. Next, we
show ker(A)t C Im(A). Let f € ker(A)+. We want to show that there exists some g € I'(V,.%)
such that f = Ag.

Define a linear functional ¢ on Im(A) by ¢(Ah) = (f,h)y. This is well-defined, because if
Ahy = Ahg, then hy — hy € ker(A) and thus

(fih)v — (fyh)v = (f, h1 — ha)y = 0.

By Hahn-Banach theorem, we can extend £ to a linear functional £ on the whole I'(V, .Z). By Riesz
representation theorem, we have £ is represented by some g € I(V,%). That is, for any u € T'(V, %),
we have £(u) = (g,u)y. Then for any h € ['(V,.Z), we have

(Ag,h)v = (g, Ah)y = ((AR) = ((AR) = (f, h)v.

Hence f = Ag as desired. O

Let I'(V,.2)° denote the orthogonal complement of the space of constant sections i.e. ker(A)+

above. Then clearly we have the following.

Corollary 2.2.9. For g € T'(V,.%), the equation

Af=g

is solvable if and only if g € T(V,£)°. Moreover, the solution is unique if we also require f €
(v, £)°.

Now let (W, p) = F(£L). Let Z denote the trivial bundle G x W over G. Following from the
discussion in Section 2.1, we can view a section f in T'\(V,.%) as a section f in F(1~/, .:ZT) satisfying

F(yo) = p(2) £ (),

for any ¢ € V and any v € m(G,vo). By Proposition 2.1.1 and Proposition 2.2.7, we see that
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f € ker(A) corresponds to f € F(V,Déﬂv) satisfying
p(Nf (@) = f(®)

for any v € V and any v € m(G,vp). That is, ker(A) in T(V,.Z) corresponds to W7 (9:%0)  the

m1(G, vo)-invariants in W. In particular, if p is irreducible and nontrivial, then ker(A) is trivial.

Corollary 2.2.10. Assume that p is irreducible and non-trivial, then for any g e T(V, L), Af =g

has a unique solution f.

2.3 Vector-valued Green’s Functions

We find a formula to the unique solution in Corollary 2.2.9 via Green’s functions, just as how we

normally solve second-order differential equations.

Definition 2.3.1. The (vector-valued) Green’s function G associated with the local system £ on

the graph G = (V, E) is defined to be the unique element G € T(V, . £)° @ T'(V, .£)° such that
A,G(v,w) = 8y (V) (2.10)

as distributions. That is, if we write G = >, a; @ b;, for some a;,b; € T'(V,.£)°, then for any
fer(v,.2),
Fw) =" (), AyG(o,w)) == > (f(v), Apai(v))b;(w). (2.11)

veV veV 1
Therefore, given the Green’s function G = >_, a; ® b;, for any ¢ € T'(V,.#)°, the unique solution
in T(V, £)° to Af = ¢ is given by

Fw) = {o(v),Glo,w)) = D> (o(v), ai(v))bi(w).

veV veV 1

Since I'(V,.%)" is a finite-dimensional hermitian vector space on which A is an invertible (by
Corollary 2.2.9) linear operator, we denote by A~! the inverse operator. Given any orthonormal
basis [p1, ..., om] of [(V, £)°, we have G(v,w) = 31", ¢i(v) @ A= Tp;(w).

Since A is self-adjoint with respect to the hermitian inner product, we may further assume that
[©1, ..., ©m] is an orthonormal eigenbasis of T'(V, .#)° with respect to A, with eigenvalues A1, ..., Ay,
respectively. Since I'(V,.#)? = ker(A)1 and by Proposition 2.2.6, we have each ); is a positive real
number. Since Ag; = \j@;, we have A™lp; = %t Therefore, G(v,w) = S w

i

16



Extend [¢1,...,®m] to an orthonormal eigenbasis [¢1,. .., Ymyt] of T'(V,.Z) with respect to A.

Since I'(V, %) = TI'(V, £)° @ ker(A), we have A\jyp1 = -+ = Ayt = 0. Let s € RT N F, then
ker(A + s) =0, and

m-+t

Z 2iv) © pilw) (2.12)

Ai+s
verifies the following definition:
Definition 2.3.2. Let s € RTNF. The weight-s (vector-valued) Green’s function G associated with

the local system £ on the graph G = (V, E) is defined to be the unique element Gs =, a; ® b; €
NNV, Z)T(V,.Z) such that

(A+s)f=¢ < f(w) = (o), Gs(v,w)) = 3> (p(v),ai(v)bi(w), Yw eV,
veV veV i
for any f,o € D(V,2).
In practice, we often find the formulas for G4(v, w) for arbitrary s first. Then, note from Equa-

tion (2.12) that G5 as a function of s has a simple pole at s = 0, with residue

X = Zwl ) @ i (w) (2.13)
where [t1, ..., %] (= [@m+1,- -5 ©m+t]) is an orthonormal basis of ker(A), the space of constant
sections. Then

. X
G = lim (Gs(v,w) — =). 2.14
(v.0) = Tim (G (o) ) (214)

Remark 2.3.3. Let T be the universal cover of G and let (L,p) = F(ZL) be the corresponding
representation of II := m1(G) following the notation in Proposition 2.1.1. Then up to isomorphism
of local systems, we have £ = I\(T x L), where the Il-action is given by v(v,£) = (yv, p(v)f) and
(e, £) = (ye, p(v)l), for any v € I, £ € L, and for any vertex v and any edge e of T.

Under this identification, an element H € T'(V, Z) @ I'(V, L), which we called a vector-valued
function, can also be regarded as a map from V x V to Hom(L, L). Indeed, given H = . a; ®b; €
NV, Z)T(V,Z) and (v,w) € V xV, H(v,w) defines an element in Hom(L, L), sending a vector
a € L to Y {a,a;(v))b;(w). In this way, (*,G(v,w)) [resp. (x,Gs(v,w))] that appeared earlier in

this section can be rewritten as G(v,w)(x) [resp. Gg(v,w)(*)].
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2.4 Green’s Function on Local System of Spheres

In this section, we consider a spherical local system S on G = (V, E), which consists of the following

data:
e for each v € V| a 2-sphere S, over R;
e for each e € F, a 2-sphere S, over R;

e for each pair (v, e) where v is an end of e, we have an isometry (by which we mean a bijective

isometry) ¥ye : Sy — Se.

An isometry ¥, : S, — S, induces an isometric isomorphism ¢, : L?(S,) — L(S.), f + foyp~1
between R-valued square-integrable functions on the respective spheres. Therefore, S defines a local
system L?(S) on G, where the local vector spaces are given by L?*(S,) for v € V and L?(S.) for
e € F, and the transition maps are given by ¢,. whenever v is an end of e.

Recall that the set Aut(S?) of isometries from the standard 2-sphere S? to itself is given by the
special orthogonal group SO(3). Then from the above we get a SO(3) representation on L2(S?) via
g- fla) = f(g7'a) = f(g'a) for any g € SO(3), and any o € S?. Let H,, denote the space of
homogeneous harmonic polynomials of degree n in R[z,y, 2], where by harmonic we mean vanishing

under the Euclidean Laplacian operator

An element f(z,y,2) € H, can be completely determined by its evaluation on S? and is clearly L2
as a function on S?, therefore H,, can be regarded as a subspace of L?(S?), which is an invariant
subspace under the SO(3) action. In fact, for each n € N, H,, is the unique (up to isomorphism)
irreducible (2n + 1)-dimensional representation of SO(3). (For this and more about the spherical
harmonics and SO(3) representation, see for example [16, Chapter 7].) We let H,(S) denote the
corresponding sub-local system of L?(S). Note that restricting a transition map .. to H,(S,)
defines an isometric isomorphism from H,(S,) to H,(S.), which we still denote by ..

Note however that an arbitrary element f € H,, is not a harmonic function on S?, even though
it is harmonic on R3. Recall that in terms of spherical coordinates (7,6, ¢), the Euclidean Laplacian
A is given by

2 20 1

=—4+-=—-=A
37’2+r8r r2 s
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where

A — _ 8724_ t@g_kiiz
527 7\ 92 T80 T sinZe 992

is the spherical Laplacian, which precisely equal to —A when r is restricted to be constantly equal

to 1. For any homogeneous polynomial f(x,y, z) of degree n, we have

f(z,y,2) =r"Y(0,9)

in terms of the spherical coordinates, for some two variable function Y. Then Af = 0 if and only if

Note that in most literature, one writes A = g—; + %% + T%ASQ with Age = g—; + cot 9% +

ﬁ%. We change the conventions in the above to be more consistent in Part II.

Given p € S, the stabilizer A, of p in Aut(S,) consists of all the rotations fixing p. Then there

exists a unique element s,(,n) € H,(S,) such that

i ¢g- s,(,n) = 51(7”) for any g € Ay;

(n)

» = 1; and that

L2(Sy)

(ii) ’ s

Indeed, recall that an orthonormal basis for H,, is given by
et P (cos 0) cos(mo), cn' Pl (cosf) sin(meg) for m=1,...,n; and ¢, P,(cos8),

where for each m (we suppress this index when m = 0) and n, P (x) is the asscotiated Legendre
Polynomial of degree n order m, and ¢ is a normalizing scalar. Consider the case p = (0,0,1).

Then by (i), sz(;n) is independent of ¢, thus is a scalar multiple of P, (cos#). Then condition (ii) and

(iii) fixes the scalar to be ¥ 24’;+1 (which is simply +¢,, depending on your convention for ¢,). More

generally, for arbitrary p € S,,, we have

V2n+1

1 P,(cosb(p,q)), for any g € Sy,
T

S;gn) (q) =

where 6(p, q) denotes the angle between the two vectors connecting the center of the sphere with p
and ¢ respectively.

For clarity in case of different conventions in literature, recall that the Legendre polynomiral
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P,(t) is given by

P (t)

which satisfies the differential equation
(1 —t3)P/(t) — 2tPL(t) + n(n+ 1)P,(t) = 0

with normalization P, (1) = 1.

Definition 2.4.1. Given a local system S of spheres over the graph G = (V, E). Assume that the
Green’s function G [resp. weight-s Green’s function Gs] associated with the local system H,(S) are
given by G = >, a; ®b; [resp. Gs =3, ¢; @ d;]. Define the scalar-valued Green’s function G
[resp. weight-s scalar-valued Green’s function ng)/ associated with Hy,(S) on [, oy So X [ ev So
by

G (p,q) =Y (ai(v), s5) (bi(w), 54V)

i
and

GO p,0) = 3 les(0), s T ), o)

J

respectively, for any p € S, and q € Sy,.
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Chapter 3

Applications to Quotients of the
Bruhat-Tits Tree

In what follows we apply the theory above to quotients of the Bruhat-Tits Tree. We first recall the

construction of the Bruhat-Tits tree following [6].

3.1 The Bruhat-Tits Tree

Let p be a prime. Consider V = QZZ,, and V* its dual space. A free rank-2 Z, module L in V* is
called a lattice in V*. We say two lattices L; and Ly are equivalent if there is a scalar a € Q,, such
that L1 = als.
The vertices of the Bruhat-Tits tree T are equivalence classes [L] of lattices L C V*. Two vertices
[L1] and [Ls] are joined by an edge if
ply C Lo C Iy (3.1)

for some representatives Ly and Lo. Note that this is symmetric on [L;] and [Ly] as Equation (3.1)
implies

1 1
p (LQ) g L1 g *Lg. (32)
p p

One can also think of Equation (3.1) as the following — there exist eq, e2 € V* such that [L1] can be

represented by (e, e2), the lattice generated by e; and ey, while [Lo] can be represented by (eq, pes).
Proposition 3.1.1. The Bruhat-Tits tree T is a homogeneous tree of degree p + 1.

Proof. First we show the combinatorial object described is indeed a tree. Assume to the contrary
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that there is a cycle, then there is a chain of Z,-modules
P'Lo S Ly C La1 & € L1 € Lo,

where d > 2 and Lo, L1, Lo, ..., Lq are pairwisely non-equivalent and for each 4, [L;] is joined with
[L;y1] by an edge. Note that Lo/L; is cyclic but Lo/p"Lg is not. So there is a smallest ¢ such
that Lo/L; is cyclic but Lo/L;41 is not. So L;—1/L;11 is a non-cyclic, length-2 Z,-module, so
L;yy = pL;_4, a contradiction.

Next, we show that the Bruhat-Tits tree has degree p 4+ 1. This is because
{the edges coming out of [L]} ~ P (L/pL) =% P(F,), (3.3)

which has cardinality p + 1. O

Figure 3.1: Bruhat-Tits tree when p = 2

From the construction, PGL2(Q,) acts transitively on the vertices (resp. edges) of 7. The

stabilizer of a vertex is isomorphic to PGL2(Z,) and the stabilizer of an edge is isomorphic to

a b
Ko(p) = 9€ PGLy(Zy) : g = mod p.
0 d

Thus the set V of vertices of T is in bijection with PGL2(Q))/ PGL2(Z,) and the set £ of edges
of T is in bijection with PGL2(Q,)/Ko(p). Recall that the Hecke operator T}, acts on PGL2(Q,)/
PGL3(Z,) by taking the formal sum of index-p sub-lattices. This translates to the Hecke action on

V as the formal sum over the neighboring p + 1 vertices of a vertex. That is,
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T,(v) = Z v, (3.4)

v is connected to
v’ by an edge

for each v € V. This formal sum means that whenever we have a function f on V,

Tfw)= > f), (3.5)

v is connected to
v' by an edge

for each v € V.
Given a local system on 7 such that all the transition maps ¢,. are constant, then by Equa-

tion (2.7) we see that

Af(v)=(p+1-=Tp)f(v). (3.6)

3.2 Green’s Functions on the Bruhat-Tits Tree

In this section we first construct C-valued weight-s Green’s functions on the Bruhat-Tits tree T =

PGL2(Q,)/ PGL2(Z,). More precisely, we will show the following theorem.

Theorem 3.2.1. Let V be the set of vertices of T. Let s € R. There exists a function gs(v,w) from
V XV to C with the following three properties if and only if s < —(2p +2) or s > 0. When this is
the case, the function gs(v,w) is uniquely determined by the three properties and the range of gs is

in R.

1. 1t is point-pair invariant under the automorphism group PGL2(Qy) of T. That is,
gs(yv,yw) = gs(v,w)  for all v € PGL2(Q)) (3.7)

2. There exists a constant N such that

S [gs(v,w) < N (3.8)

wey

for allv e V.

3. For every bounded function f on V,

(A+s)f=¢ = f(w)= Z d(v)gs(v,w), Yw e V. (3.9)

veEY
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Remark 3.2.2. Since a tree has trivial fundamental group, up to isomorphism of local systems
(c.f. Section 2.1), any local system £ over T can be regarded as a constant local system; that is
L) = Z(e) = L for some fized hermitian vector space L, for any vertex v and any edge e, and

the transition maps are identity maps. Let [(1,...,L.] be an orthonormal basis of L, then

Gvw) = g ww) Y 60T

verifies definition 2.3.2 for bounded f. We need boundedness here and in Theorem 3.2.1 to compen-

sate for the fact that the graph is now infinite.

We will spend the rest of this section proving Theorem 3.2.1.

From Equation (3.7), the function gs(v,w) only depends on the distance d(v,w) of the two
vertices v and w, that is, the number of edges in the unique non-backtracking path connecting v
and w. Indeed, if d(v,w) = d(v',w’) = n, then for some basis ey, ey of the vector space V*, the
vertex v can be represented by the lattice (e1,e2) while w by (e1,p"ez); similarly for some basis
e}, e5 of the vector space V*, the vertex v’ can be represented by the lattice (e}, e5) while w’ by
(e, p"eh). Let v be the change of basis matrix from [eq, e3] to [e],€5], then v/ = yv and v’ = yw

thus g, (v',w') = gs(yv, yw) = gs(v, w).

Corollary 3.2.3. The function gs(v,w) satisfying the properties in Theorem 3.2.1 is symmetric in

the two variables. That 1is,

gs(v,w) = gs(w,v) (3.10)
for any v,w € V.

Fix a vertex vy on the Bruhat-Tits tree, and view it as the center of the tree, then gs(vg,v)
depends only on the distance d(uvg,v), so each “layer” of vertices should give the same function
value. We look for a sequence {ay, }n>1 so that m = a, if v is on the n-th layer outside vy, i.e.
if d(vg,v) = n.

Then Property 2 can be rewritten as

laol + > lan| p" ' (p+1) is finite, (3.11)

n=1

since for each n > 1, there are p"~!(p+ 1) vertices on the n-th layer. We now look at Property 3 in
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Figure 3.2: Bruhat-Tits tree when p = 2, with marked layer-count

Theorem 3.2.1. By definition, (A + s) f = ¢ means for any w € V, we have

$w)=(p+1+s)flw)— > f)=rw) - DY flw) (3.12)

d(w,w’)=1 d(w,w’)=1

if we let

A=s+p+ 1 (3.13)

Since f is bounded, so is ¢. Indeed, if there exists some M > 0 such that |f(v)| < M for each v € V|

then for each w € V,

p(w)| = (Af(w) = > S <AF@)I+ Y [f@) <AM+@+1M,  (3.14)

d(w,w’)=1 d(w,w’)=1

which is finite. We are looking to satisfy

=Y s =3 Y o)

wey n=0d(w,v)=n
-3 Y (M@ - Y ) (3.15)
n=0d(w,v)=n d(w’,w)=1

=(Aag — (p+ Day) f(v) + Z Z —Qp_1 + Ay — pans1) f(w).
n=1d(w,v)=n
We briefly explain the equation above. The series ) .y, qﬁ(w)M is absolutely convergent
since ¢ is bounded and ), ., [gs(v,w)] is finite. Therefore we may rearrange the summands as we
like. The first two lines should be clear and we now explain how to get the last line from the second.
The term f(v) appears in the n = 0 summand in the second line as Af(v)ag, and in the n = 1

summand as —f(v)a; for each of the p + 1 neighbors of v, and in none of the n > 2 summands,
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hence the overall coefficient of f(v) is Aag — (p + 1)ay. If d(w,v) =n > 1, then f(w) only appears
in the n — 1, n, and n + 1 summands of the second line, in the n — 1 summand as — f(w)a,_1, in
the n summand as \f(w)ay,, and in the n + 1 summand as — f(w)a,1 for each of the p neighbors
of w that is on the (n 4 1)-th layer outside v. Therefore when d(w,v) = n > 1, the coefficient for
f(w)is (—ap—1 + Aan — pant1).

Since Equation (3.15) should hold for every bounded f, we must have

Aag — (p+1)a; =1, and

(3.16)
—ap—1+ Ay —pan+1 =0, for each n > 1.
We solve the difference equation in the second line first. We have for all n > 1,
Dlpt1 = Ap — Gp_1
so for any «,
Papy1 — @ty = (A — a)ay, — ap_1.
In particular, when
Aca_ 1 (3.17)
p o« '
i.e.
A+ -4
o= fp (3.18)
we have
1
P <an+1 - Zan> =A\—a) (an 3T aan_l) =A\—a) (an - Zan_1>
o)
A— 1
Gpt1 — gan = @ (an — aan1> = — (an — aan1> . (3.19)
p p p « p

That is, if for n > 1 we let

by, =ap — —Qp_1, (3.20)
p
then
bt = b (3.21)
n+1 — o n .
From Equation (3.21) we get
1
bn = n—1 1 (322)



and hence

Iterating Equation (3.23), we get

« 1 «
(p = —Qp-1+ —— | a1 — —do
p @ p

_afla 1 o 1 o
=7 Ean_Z + e ;CLO + pr i ;ao
« 1

I
/‘\
N—

[ )
)
3
b
_|_
3
I
AR
N
A
|
SHEe
e
o
N———
VRS
—
_|_
<R,
N———

Note that when A2 —4p =0, \ = +2,/p and a = % = +,/p, and we have

1

In = an

(n(aar — ag) + ag)-

When A2 —4p #£0 (<= o? #p < % # 1), we further have

o n
a>” L1 ( a ) 1—(7)
an = | — ap 1 a; — —ag 2
p 4 1—7
a\" pa aag a?\"
-
= — a +7 ]__
p) ’ a"‘l(p—a2)< <p> )
n 2 n
a pa; — aag 1 pajo — aga o
—_ a0_|_ . — J— —_
p) p—a? an! p—a? <p>

Then

27

a\" 1 o a? a2\ 2 a2\t
( > ao+n_1<a1a0> 1++<> ++< > .
p «@ p p p p

(3.23)
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(3.26)
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i : A4/ AZ—4p
From Equation (3.13) and Equation (3.18), when o = ~—5——

a A+ 1 AN -4
- 2 o 2

p

, we have

(3.29)

Q

— /2=
Note that when we take o = #, the values of ¢ and + are simply swapped compared to
P «

those in Equation (3.29). And when % and % are swapped, so are c¢; and cy. Thus the formula for
an is invariant under the interchange of % and é Therefore, without any loss of generality, in the

formula (3.26) we may simply take o to be

2 _
- A+v; 4p (3.30)

and the values of é and % as in Equation (3.29). The formula for a,, is now unique up to the choice
of ag and a;.

We will now work towards Property 2 (or (3.11)). We will discuss the following cases

1. A2 —4p > 0 and A > 0, which includes s > 0 since when s > 0 we must have
A=s+p+1>p+1>0and N2 —4p> (p+1)2 —dp=(p—1)2>0;
2. A% —4p > 0 and X < 0, which includes s < —(2p + 2) since when s < —(2p + 2) we must have
A=s+p+1<—(p+1)<0and N> —4p> (p+1)2 —4dp=(p—1)*> > 0;

3. A2 —4p <.

We first assume A% — 4p > 0. Then both % and é are real numbers. Hence

Z lan|p"™ 1 (p+1)= Z VG p" (p+1)
n=1

£ G EE e o

c C
=(p+1)) \/| L 2"+|2| ( ) +(c1e2 + erea)pn 2.
n=1
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From Equation (3.29), when A > 0 we have

SO

and the series in Equation (3.31) converges only if ¢; = 0, or equivalently

However, ¢; = 0 does not guarantee the convergence: we need to compare

with 1. Note that under the condition A > 0 and A2 — 4p > 0, we have

2p
A+ /A2 —4p

= —s+p—1<0or \? —4p>4p*> + \* — 4p)

<— —s+p—1<0ordp(—1—p+A)>0

< s>p—1lors>0

<~ s> 0.

1
25250 (3.32)
p «
042
— >1and a > /p, (3.33)
p
ao
= —. 3.34
a = — (3.34)
‘ﬂ:£:44@47
al a N4 \/A2—4p
<l <<= VX2 —-4p>2p-A=-s+p-—1
(3.35)

Thus when s < 0, in order for Equation (3.31) to converge, we must have ¢; = ¢co = 0 and cannot

satisfy the first line of Equation (3.16), a contradiction. When s > 0, Equation (3.31) does converge

when ¢;=0 and together with the first line of Equation (3.16) and Equaton (3.27), we get

(07

0= a0 = )

so we have

for all n > 0. This completes Case 1.

! 3 b
= , =L rag— +rag=ag (3.36)
Aa—(p+1) 5—% 5_§
ao 1
= 3.37
am (/\Oé _ (p + 1))05”_1 ) ( )
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Similarly, when A < 0 (still assuming A? — 4p > 0) we have

1
0>S> = (3.38)
P (0%
SO
062 P p2
0<—<1, —>1and — >p. (3.39)
P @ Q

and the series in Equation (3.31) converges only if ¢ = 0, or equivalently

aag
a; = —. 3.40
» (3.40)

This time we need to compare

“A— /N —dp

2

laf = —a =

with 1, and under the condition A < 0 and A\? — 4p > 0 we have
“A— A2 —4
fp<l<:>\/)\2—4p>—)\—2<:>s<—(2p+2) (3.41)

Thus when s > —(2p + 2), in order for Equation (3.31) to converge, we must have ¢; = ¢z = 0 and
cannot satisfy the first line of Equation (3.16), a contradiction. When s < —(2p+2), Equation (3.31)

does converge when co=0 and together with the first line of Equation (3.16) and Equaton (3.27), we

get
1 «
p o o P
N = = — = 3.42
ao Ap—(p—&—l)a’ ai W —(p+ a C1 é_%ao é_%ao ao ( )
so we have
a\" P a\"
an :aO —_ = — 5 3.43
(p) Ap— (p+1Da <p> (3.43)

for all n > 0. This completes Case 2.

Now assume A2 —4p < 0. Then % and é are non-real and are complex conjugates of each other.
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Hence

Z|an|pn 1p+1 Z\/ananp (p+1)

VG GG ()

(]

(3.44)
=Y ((al +1eP) Sren () +ae(5) e
=1 p «Q p
(o] on —
— + 1 c1 2 + ey 2 n 2 4+ = 6261 B + %Oﬂn
> (v :
n=1 p « p
converges if and only if
cg=cy=0 <= a, =0 for every n > 0, (3.45)

contradicting the first line of Equation (3.16).

Finally when A2 — 4p = 0, A = £2,/p and a = = +,/p. From Equation (3.25) we have

> anlp" e +1) =Y p 2 M p+1) [n(aar — ag) + ag,

n=1

which converges if and only if ag = aa; — ag = 0, i.e. a9 = a3 = 0, contradicting the first line of
Equation (3.16). This completes Case 3 and we have proved the Theorem.

We summarize the useful formulas from our computation in the following Corollary.

Corollary 3.2.4. Let \=5s5+p+1 and a = AV Ap ‘;2_41;. The (weight-s) Green’s function gs(v, w)

as defined in Theorem 3.2.1 on the Bruhat-Tits tree T for Q, is given by

(v, ) : (3.46)
s\U,w) = 5 .
’ (a—(p+ D)t
when s > 0; by
p a 'U w
gs(v,w) = Sy (p) (3.47)
when s < —(2p + 2); and does not exist when —(2p+2) < s < 0.

We may also explain the necessity of the condition on s from a spectral perspective.

Corollary 3.2.5. When s € [—(2p + 2),0], the operator A + s has a nontrivial kernel on the space
of bounded functions over V of the Bruhat-Tits tree T for Q. That is, any p € [0,2p + 2] is an

eigenvalue of A.

31



Proof. The corollary follows directly from our proof of Theorem 3.2.1, but here we give another
proof by exhibiting some bounded functions in ker(A + s).
Given a vertex vg € V, a subspace of ker(A + s) is the collection of functions of the form

fw) = ay, ,,, where the sequence {a;, }n>0 satisfies (c.f. (3.12))

Aay—(p+1)aj =0, and
(3.48)

—ay,_y+ Xaj, —pa, ., =0, foreachn>1.

Note that this is the same as Equation (3.16) except for the first line, so the computations and
reasoning from Equation (3.17) to Equation (3.30) still applies (replacing a,, by a,, for each n) and
we in addition have a} = 2% Hence if A2 —4p =0, ie. s = —(\/p+1)% € [~(2p +2),0], then

1 1 Aay
= o (nlads —af) +ap) = Z(na-=

— ag) + ag) (3.49)

a’ﬂ

verifies Equation (3.48) and is bounded regardless of the choice of af), giving a one-dimensional
subspace of ker(A + s).
When A2 — 4p # 0,

1 _ X a\” a A 1\"
al, = Sy () + 2P (> , (3.50)
» b a “

verifies Equation (3.48) and it remains to check boundedness. When A\? < 4p (then necessarily

—(2p+2) < s <0), /A2 —4p is purely imaginary, thus we have

QZIZ\/A+ o A Lo (3.51)
P a 2p 2p VP
When A2 > 4p but s € [~(2p + 2),0], we've also seen from the analysis above that % ,|é} <1
Therefore whenever s € [—(2p + 2), 0],
1_ A al® a A 1™ 1_ A a A
lal | < [ ah| =]+ [ B2 ah| =] < [Eah| + [ B2 ap), (3.52)
a T p p » @ @ a T p » @

so al, is bounded, and with the freedome to choose ag, functions of the form f(v) = a'd(v o) provides

a one-dimensional subspace of ker(A + s). O
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3.3 Green’s Functions on Finite Quotients of the Bruhat-Tits

Tree

Let I' be a discrete subgroup of PGL2(Q,) such that G = I'\T is a finite graph. Let £ be a local
system on G, and let (L, p) = F(Z) be the corresponding representation of I" following the notation
in Proposition 2.1.1. Then up to isomorphism of local systems, we have . = T'\(7 x L), where the
T-action is given by (v, £) = (yv, p(7)€) and (e, £) = (ye, p(7)€), for any ¢ € L, and for any vertex

v and any edge e of 7. We shorthand p(v)¢ as v¢. Let [¢1,...,¢,] be an orthonormal basis of L.

Proposition 3.3.1. Let s > 0, and let V' denote the set of vertices of G =T\T. For any v,w €V,

let U,% be any liftings of v,w in the set of vertices V of T. Let

Go(v,w) = g:(v0,0) Y v i @ ;. (3.53)
1

yel’ i=

Then G is absolutely convergent and is the weight-s vector-valued Green’s function associated with

the local system £ on the graph G. (c.f. Definition 2.5.2.)

Proof. First notice that Inequality (3.8) guarantees absolute convergence of (3.53). Moreover, for

any «, 8 € I', we have

Y 9:(a0,B) Y Ay @ b= g.(8  yab,@) Y el
1 1

~yer i= ~er i=
= g.(00,0) Y ad T BT @0 = g.(00,m) Y o (674) @ BL,
éel =1 sel =1

which shows that the right-hand-side of (3.53) is a well-defined element of T'(V, .Z) @ I'(V, .%).
Now let f,¢ € T'(V,.Z) such that (A +s)f = . Then f =>"_, fil; and ¢ = >._, @;; for
some scalar-valued functions fi,..., fr and ¢1,...,¢,, and (A 4 s)f; = ¢; for each i. Let @ (resp.
f) be a lifting of ¢ (resp. f) to V with the constant local system L on T such that @(7) = ¢(v)
(vesp. f(0) = f(v)). Write ¢ = Y7_, @ili and f = 3°7_, fit; for some scalar functions @; and f; on

V. Then for any x € V and v € I', we have

p(yz) = y@(x),  and fye) = f(2),
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or equivalently,
D@l = @ile)vt,  and > filye)li = fi(z)yl:.
i=1

i=1 i=1

Also, (A + s)ﬂ = @; on T, and fi, p; are bounded for each i. Therefore,

S o), Glo,w) = 3 S (@(0), 3 . (v, By )

veV veV i=1 vyel
=330 @), gs(v0, )y )
VeV i=1 j=1 ~eT

=Y N N0 60y, g5 (v8, )y )G

veV yel i=1 j=1

=222 (%‘(W)m) (T

i=1 j=1veV ~el

= XT: >3 ()9 ) 4

i=1 veV vel

= i)t = f(w),
=1

as desired. O

Remark 3.3.2. Following Remark 2.3.3, we can also understand the construction (3.53) in a
coordinate-free way. Indeed, for Hy == > _ v Y; ® {; € T(V,L) x T(V,.Z), 0,9 € V, and

a € L, we have

H,(v,w)(a) = Z<077_1€i>€¢ = Z(va, L) = ~a.

1 1
From the discussion in Section 2.3, we have the vector-valued Green’s function on G with local

system . as follows.

Corollary 3.3.3. Following the notations in the previous proposition, and let 1,...,1; be an
orthonormal basis for ker(A) on £ over G, which is the space of constant sections with values in

the subspace of L invariant under I'-action. Then

G(v,w) = Sl_ig{r (Gs(v,w) - (Z i ®1/)i> 8_1> . (3.54)

is the vector-valued Green’s function on G with respect to the local system L.

Now let S be a local system of spheres over G = I'\7T. Fix a vertex vy € V and fix an isomorphism
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Sy, = 5%, then there exists a representation 7 : I' — SO(3) such that & = T\T x 52, where I' acts
on T x S2 by ~v(v, P) = (yv, m(y)P) and (e, P) = (ve,n(y)P), for any P € S?, any vertex v and
any edge e of 7. Consider the local system . = H,,(S). Then .£ = T'\T x H,, where the I'-action
on T X H, is induced from that on 7 x S%. (c.f. Section 2.4.) Then the weight-s scalar-valued

Green’s function (c.f. Definition 2.4.1) is given by

r

G (p,q) =D ga(v8,0) > (v i, s57) (5, 557)

’)'GF =1
:ng(w,w)z li,vs5)) (G, 57)
yel’ i=1
—ng YO, W) ’yslf),sg)> (3.55)
yel’
—Zg ~U, W) ), s )>
S 'YP7 Q ’
yel
=Y gs(v9,9) P, (0(vP, Q)),
yel

for any p € S,, ¢ € Su, and any lifting P, Q of p, ¢ respectively in S?, where 8(yP, Q) denotes the
angle between the two vectors connecting the origin with vP and @ respectively. The last equality
above comes from the following observation: let @, (P, Q) := <3P , (")> for any P,Q € S2, then ®,,

is characterized by

1. ®,(aP,aQ) = ®,(P,Q) for all « € SO(3) and any P,Q € S?,

2. ®,(P,Q) = ®,(Q, P), for any P,Q € S?,

3. Ag2 p®,(P,Q) = n(n+1)®,(P,Q), for any P,Q € 52,

4. 3,(P,P) =
The first three conditions yields that @, (P, Q) is a constant multiple of sgl)(Q), whereas the condi-
tion in the last normalization determines ®,,(P, Q) = P,,(cos (P, Q)).

Example 3.3.4. Consider a quaternion algebra D over Q that splits at p and is non-split at oo.
Take an order O in D. Then Dy = H = R + Ri + Rj + Rk, the Hamiltonian quaternions. Let
Hy = Ri 4+ Rj 4+ Rk denote the traceless elements. Let ]ng be norm-1 elements in Hy, which has a
conjugation action by H*. That is, Hy = {ai+bj+ck : a® +b>+c* = 1}, which is isomorphic to S*
as a metric space. Then T := O[1/p]* /{£p?} can be embedded as a discrete subgroup in PGLa(Q,)
and also as a subgroup of H* /R*. Then T' acts on both T and H{ . This demonstrates that local

systems of spheres over quotients of Bruhat-Tits tree do occur.
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Let K be an imaginary quadratic field inert at p embedded in D. Then the image A of (K N
O[1/p])* in T is a subgroup of T that has a unique fized verter 0 of T and a unique fixed point
P e Hj. We call the image (v,x) of the pair (0, P) in the local system of spheres S :=T\T x 5% a
CM point of S. And we call the corresponding vector sén) a CM cycle. Given two embeddings of K
into D, we get two CM cycles si”) and 81(,“), and our constructions provide a scalar-valued function

G(s&”), s@(,n)) This is the major original ingredient of Part II.
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Part 11

Towards a Gross-Zagier Formula

on CM-cycles over Shimura Curves
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Chapter 4

Background: A Review of Some

Gross-Zagier Type Results

4.1 Gross-Zagier’s Work

In this section we summarize the work of Gross and Zagier in [13], one of the main inspirations of
this thesis. Following notations from the introduction, the assumption in their work is that k = 1
and N_ = 1.

Consider the modular curve X = X,(IV), which is the completion of the coarse moduli space
of isomorphism classes of pairs (F,C), where E is a generalized elliptic curve and C is a cyclic
subgroup of order N. A generalized elliptic curve is an elliptic curve or a polygon. It is known that
X is a complete, non-singular and geometrically connected curve over Q.

Over a field k of characteristic zero, the above description is the same as saying that X is the

moduli space of isogenies

¢ E—E (4.1)

of generalized elliptic curves over k such that ker(¢) = Z/NZ over the algebraic closure k. When
the isogeny ¢ is between polygons, we further require ker(¢) to meet every irreducible component
of E, and such an isogeny corresponds to a cusp on X. The cusp corresponding to when E is the
1-gon and ker(¢) = py is denoted by 0, while the cusp corresponding to when F is the N-gon and
ker(¢p) = Z/NZ is denoted by co. Over the complex numbers C, X is given by the Riemann surface
To(N)\(H U PLQ)), where § := {r € C : Im(7) > 0} is the upper half plane, and [o(N) is the
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subgroup of PSLy(Z) consisting of matrices that are upper-triangular modulo N.

Let m be a positive integer. The Hecke action T, on X is given by

To(a) = Y (ws), (4.2)

S

where the sum is taken over all subgroups S of index m in E, such that ker(¢,) NS = {O,}, if =
is representing the isogeny ¢, : F, — E. and O, is the identity element of the group E,, and zg

representing the induced isogeny

Dus Em/s - E;/d)T(S)

Let D be an integer coprime to V. Let K be an imaginary quadratic field with discriminant D.
Let Ok be the ring of integers in K, h the class number of K, and u the order of the finite group
Ok /{£1}. A point x = {¢, : E; — E.} on X is called a Heegner point of discriminant D if both
E, and E! has complex multiplication by Ok. Such points exist under the Heegner condition and
are all rational over the Hilbert class field H = K(j(E)) of K.

Let  be a Heegner point of discriminant D, then the class of the divisor
¢ = (z) = (0) (4.3)

is an element of J(H), where J is the Jacobian of X.
Next, we define the global height pairing ( , ): J(H) x J(H) — R.
Recall that for a global field k, at each place v we can define the valuation homomorphism

| [, : kX — RY on the completion k, of k at v by

laf if ky =R,
oy = 3 [ if &y = C, Y
q;val(a) if k, is non-archimedean,

where val(-) is the additive valuation normalized so that val(zw) = 1 for the uniformizer @ of k,,
and ¢, is the number of elements in the residue field of k,. And Néron’s theory gives rise to local

height pairing of relatively prime degree-zero divisors over a local field k.

Proposition 4.1.1. [12, Proposition 2.3] Let X be a complete, non-singular, geometrically irre-
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ducible curve defined over a local field k,. Let Div’(X/k,) denote the group of degree-0 divisors of
X rational over k, and let Z°(X/k,) denote the group of degree-0 elements in the free abelian group
generated by X (k,), which is a subgroup of Div’(X/k,). Assume that the k,-rational points X (k,)
is mon-empty. Then there is a unique function {(a,b), on relatively prime divisors a € Z°(X/k,),

b e Div° (X/k,) with values in R which satisfies the following four properties
1. {a,b)y + {a,c)y, = {a,b+ c)y.
2. {(a,b), = (b,a), if b€ Z°(X/k,).

3. {a,Div(f)), = log|f(a)l,, where f(3_ma(x)) =] f(x)™=. That is,
(a, Div(f))y :Zmzlog|f(ac)|v, ifa:me(m). (4.5)

4. Fiz the divisor b and a point xg € X (k,) — |b|. Then the function X (k,) — |b| = R, defined by

x = {(z) — (x0), b)y is continuous.

Therefore, for any degree-0 relatively prime divisors a,b on X, we can define the global height

pairing over H by

<a7 b> = Z<a7 b>v7 (4.6)

v

where the sum is taken over all places of H. Note that by the product formula, {a,b) only depends
on the images of a,b in J(H). When a,b are not relatively prime, the definition of local heights
would depend on the choice of a tangent vector at each point in the common support, but the sum
over all places does not depend on this choice and the global height pairing is still well defined. Let

o be an element in Gal(H/K). The geometric side of the equation involves the global height pairing
<C) Tmco->a (47)

while the analytic side is covered in the introduction. One of the main theorem of Gross-Zagier’s

work can be written as follows.

Theorem 4.1.2. [13, Chapter I, (9.3)] When k =1,
(e, Trnc”) = U am o, (4.8)
for allm>1 and (m,N) = 1.
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4.2 Zhang’s Work

In [30], Zhang generalized Theorem 4.1.2 to higher weight cases while the other assumptions remain.
While the right-hand-side of Equation (4.8) is defined when k > 1 and will be kept, the left-hand-side
of the equation will be replaced by arithmetic intersection (see [10], also introduced in Chapter 5)
of Heegner cycles Si(x) and T, Sk(27) in the Kuga-Sato variety Y over the modular curve X

The Kuga-Sato variety Y is the canonical resolution of the (2k—2)-th fiber product (k > 2) of the
universal elliptic curve £ over a finite cover X’ of X. We denote this covering map by p: X' — X.

For a Heegner point = € X, we shall define

1
Si(x) = S (), 4.9
= T s (49)

where Si(2') will be defined as follows. The cycle Si(z’) lies in the fiber Y, = £2F72. We define

Sp(a') =cx Y (seng) 9(Z(E)"), (4.10)

9€Gak_2
where Z(&,/) is a cycle whose image in NS(€,+ x &€,/) is perpendicular to that of {0} x &,/, E,» x {0},
and the diagonal Ag , xe ,; Gar—2 is the permutation group of 2k —2 letters, which acts on Z(c‘,’;,c/)k_1
by permuting the 2k — 2 copies of &,/; sgng is the sign of the permutation g; and ¢y is a constant
such that the self-intersection! Sy (z') - Sg(2') is precisely (—1)*~1. The Hecke operators T}, act on
Sk(x) by
Tn[Sk(x)] = m* 7 [Sy(x;)] when Ty (z) = . (4.11)

In an integral model ) of the Kuga-Sato variety Y, define the arithmetic Chow cycle Sk(x)
by (Sk(x),gx(z)), where Si(x) is the Zariski closure of Sk(x) in Y and gi(z) is a Green’s current
associated to Sy(z). The cycle S(z) is of codimension k in Y, and the intersection Sy () - Sk(y)

is well-defined in the sense of Gillet-Soulé [10] for two Heegner points = and y. Moreover, Sy (x)

satisfies certain conditions (c.f. Section 5.4) so that the pairing defined by

(Sk(x), Sk(y)) := (=1)"Sk(x) - Sk(y), (4.12)

is well-defined as a global height pairing. We have the following theorem.

Theorem 4.2.1. [30, Theorem 0.2.1] Following notations above, for an integer k > 2, we have for

Las self-intersection of a k — 1 dimensional algebraic variety in the 2k — 2 dimensional variety Y,
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allm>1 and (m,N) =1,

(Sk(x), TnSk(27)) = P, o - (4.13)

4.3 Archimedean Computations

In this section we recall the archimedean computations from [12], [13], and [30], the analogy with

which provided most inspriations for Part I of this thesis.

4.3.1 Green’s Function on the Shimura Curve I'\$
Recall from [12] the following proposition:

Proposition 4.3.1. [12, Proposition 6.1] Let X be a complete, non-singular, geometrically irre-
ducible curve defined over C. Let M = X(C). Let du be a positive real analytic 2-form on M with
Sy dp = 1. For each divisor a on X there is a unique real analytic function G(a,-) : M — |a] — R

such that:

1. G(a, ) — mylog |g0|2 is real analytic near x, where ¢ is any uniformizing parameter at x and

my 1s the multiplicity of x in a,

2. G(a,-) satisfies the differential equation:
990G (a,-) = 2mi(deg(a)du — 6,), (4.14)

where d, is the (1,1)-current which represents the evaluation of (0,0)-forms at a.

3. [, Gla,-)dp=0.

The system of functions {ga}acpiv(x) satisfy the further identities:

4. G(a + b, ) - G(a, ) + G(ba )

5. G(a,b) = G(b,a) whenever a,b are disjoint.

In particular, for z,y € X(C), with z # y, we have G(x,y), which we call the Green’s function
on X (C) with respect to du. So the Green’s function enables us to extend Néron’s pairing (in
Proposition 4.1.1) to points (thus divisors of arbitrary degree by bi-additivity) by (z,y), = G(z,y)
when the local field &k, = C.

Next we recall the construction of Green’s function on curves uniformized by $) as constructed

in [12].
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From now on we assume that X = §/T", where T is a discrete subgroup of SL(2,R), and assume
that X has finite volume (hyperbolic area). Let z,w € $) and let z,y be the corresponding points
in X(C).

We first find the weight k-Green’s function G (x,y), which satisfies a slightly different differential

equation as G(z, y).

Definition 4.3.2. The weight k-Green’s function G (z,y) is the unique function on X x X minus
the diagonal that satisfies the following three properties. In what follows we will often write G (z,y)
as Gi(z,w), a function on $ x $ minus the preimage of the diagonal of X x X, invariant under

I'-action on either variable.

1. A.Gr(z,w) = k(k—1)Gy(z,w), where A, = b? (5% + 88722>7 if we use the coordinate z = a—+ib.

2. Gr(z,w) =log|z —w|* + O(1) as z — 2.

3. In a neighborhood of a cusp v~ 'oo, the function Im(v2)¥~1Gy(z,w) extends to a continuous

function.

Remark 4.3.3. Note that our definition of weight of a Green’s function in Part I is not exactly
analogous to the definition of weight here. The function Gy defined above is more analogous to the

(scalar-valued) G ,—1y in Part I.

Remark 4.3.4. The existence of Gr(x,y) is shown by the construction below from [12], and the

uniqueness is proved in [30, Page 132].

For z £y (i.e. z € Tw), we let

Gr(z,w) =Y gi(z,w), (4.15)

el

where

gi(z,w) = —2Qp_1(coshd(z,w)) = —2Qk_1 ('Z‘w' n 1) . (4.16)

2Im zImw

Here Qp—1(u) = [, (u+ vu® — Lcosht)™"dt for u > 1 is the Legendre function of the second kind

designed to satisfy the Legendre differential equation

d? d
(1fu2)d—u£ 72u£+k(kf 1)f =0. (4.17)
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Thus gi(z,w) on $ x $H minus the diagonal is constructed to satisfy

g (72, yw) = gr(z, w) for all v € PSLy(R),
gr(z,w) ~log|z — w|, as z — w, (4.18)

Azgk(zaw) = k(k - 1>gk(sz)'

Then, Gy (z,w) as defined in Equation (4.15) is invariant under I" action on either variable and verifies
the properties in Definition 4.3.2. Note that in Equation (4.18), the second and third conditions
together are equivalent to (A, — k(k — 1))gr(z,w) = d,, hence the analogy with our definition of
Green’s functions in Part I.

Note also that Gy (z,w), when considered as a function of k, has a pole at k = 1. We will denote
the residue at k = 1 by Resg—1 Gk. Then we can construct the Green’s function G(z,y) by

G(z,y) = G(z,w) = lim {Gk(z,w) -

k—1

Resk:1 Gk }

o1 (4.19)

One can check that this definition of Green’s function, when extended to relatively prime divisors
of arbitrary degree by bi-linearity, indeed verifies the properties in Theorem 4.3.1 if we choose du
to be the normalized hyperbolic area distribution so that [ « dp = 1. Interested readers can consult
[12] for more details.

To allow common support, we may also define

G(z,z) = lim (G(z,y) — log p(y)[*), (4.20)

y—x

where ¢ is a chosen local uniformizing parameter at x.

4.3.2 Weight-k Green’s Function on Modular Curves and the Archimedean

Intersection of Heegner Cycles

While the Green’s function gives the archimedean intersection on the Shimura curve, we are in-
terested in the archimedean intersection of CM cycles in the Kuga variety of relative dimension
2k — 2. In [30], Zhang showed that the intersection of the Heegner cycles in the Kuga-Sato variety
(of relative dimension 2k — 2) over a modular curve is half of Gy (x,y), whose formula is given by
Equation (4.15), and whose defining properties are listed in Definition 4.3.2. Below we explain his

work. That is, consider X = X((N), =,y Heegner points on X, Y the Kuga-Sato variety of relative
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dimension 2k — 2, and Si(z), Sk(y) Heegner cycles in Y as defined in Section 4.2. We'll explain
the relation between the weight-k Green’s function Gg(z,y) and the archimedean intersection of
Heegner cycles Si(x) and Sk (y).

Let gr(z) be the green’s current corresponding to Si(x), that is, a (kK — 1,k — 1)-current such
that

1. %gk(x) = 0, (a), and

2. the integration / gr(z)n = 0 for any %‘?—closed form n on Y(C).
Y (C)

Let 1, be the closed form representing the homology class of Sk(y) in H2*~2(Y,?*~2,C), where Y,
is the elliptic curve corresponding to the CM point y.
We define

Hy(,y) = (~1)* / gk (). (4.21)

Yy

When y is a CM point, we have

J,

Yy

ygr(x) = /S ( )gk(:zr% (4.22)

thus from Chapter 5 we know that Hy(z,y) gives the archimedean intersection of Sk(x) and Sk (y).
Note however that the cycle Sk(y) is defined only when y is a CM point, so if we want to consider
Hy(z,y) as a function of y € X — {z}, we would need a definition of 1, that does not require y being
a CM point. We will accomplish this by showing that 7, can be considered as the restriction of a
form n on Y/(C) to the fiber Y,. We will write out n explicitly in terms of local coordinates. Then,
in order to show the claimed

Hy(z,y) = %Gk(m,y), (4.23)

we only need to show that 2H(x,y) satisfies the properties listed in Definition 4.3.2.

For the ease of exposition, we will focus on the k = 2 case, that is, the Kuga-Sato variety of
relative dimension 2k — 2 = 2. The general relative dimension as dealt with in [30] is similar but
requires a very careful bookkeeping of indices. We will also omit the discussion of Property 3 about
the growth behavior near the cusp as it is less related to this thesis work — in our setting introduced
in Section 1.1.2, the Shimura curve is free of cusps.

Over a neighborhood V of y € X((N), the universal elliptic curve & can be trivialized as C x V/
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72, where Z? acts on C x V by

(myn)-(u,z) = (u+m+nz,z). (4.24)

Indeed, the fiber above z is the elliptic curve C/(1, z). If we write u = s + it and z = a + ib, then
the form du — %dz is invariant under the Z? action described, and thus descends to a form o on &.
Indeed,

t+nb
dlu+m+nz) — tn

dz = du+ ndz — %dz —ndz = du — %dz. (4.25)

Moreover, when restricted to the fiber over y (or similarly to any other fiber for this step), we have

ay:du ODEZ: éay :(C/<17y>7 and

/ du A da = / (ds +idt) A (ds — idt) = / —2ids A dt = —2ib,, (4.26)
E E E

where b, denotes the imaginary part of y and is also the area of the parallelogram spanned by 1 and

Y.
As we are focusing on the case where k = 2, we are looking for a form on & X x,(n) &, which

locally is C x C x V/Z*, where Z* acts by
(m1,n1,ma,ng) - (ur,uz, 2) = (ur +my + n1z,ug +ma + N2z, 2) (4.27)

We write u; = s1 + it1, us = S3 + ite. Then from Equation (4.25) we know that du; — %dz and
dug — %dz are invariant under the Z* action and descends from forms on & x Xo(N) &, which we call
a1 and a9 respectively.
Define
n = —2ivVDey(aray + araz), (4.28)

where cg is as defined in Equation (6.21). Then 7 is a form on the Kuga-Sato variety. Moreover,

when restricted to the fiber over y, we have
Ny = —2i\/562 (duld’ﬁg + dﬂldUQ), (429)

which we claim to represent Sy(y) on E, x E,. From Equation (4.10), it suffices to show that
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—ivD (duidug + duydug) represents Z(E,). Then we have

Co (—i\/ﬁ(duldﬂz + d’aldUQ> — (—Z\/E (dUQdﬂl + dagdu1)>) = —Qi\/BCQ(duldﬂg + dﬂldu2)

represents ¢ (Z(Ey) — 0 Z(Ey)) = S2(y).

Indeed, du; and dug form a basis for (1,0)-forms on E, x E,, so every cohomological class in

HY'(E, x E,) can be represented by a form
f = alduldﬂl + agduldﬂz + agdu2dﬁ1 + a4dUle_L2,

where aq, ..., a4 are constants. We have

/ 5 = alduldﬂl + agduldﬂg + agdu2dﬂl + a4du2dﬂ2
Z(Ey) I'-Ex{0}—-D{0}xE

:/ ajduyduy + / azduydig + / agduaduy + / a4duadiy
r—Ex{0} r T I'-D{0}xE

=0 — v/ =D(~2ib,)az + vV—D(~2ib,)az + 0

=2V Db, (az — as)

and
/ EN (d’u,ld’az + d’aldUQ) = / azdusduyduydis + / asduy dusdty dus
E,xE, Ey,xE, EyxE,
Z/ ((12 - CL3)dU1dﬂ1dU2d’l_L2 = 2iby(a3 — ag).

EyxE,

So
/ ¢=—ivVD €A (duyday + diydus)
Z(E,) E,xE,

as desired.

(4.30)

(4.31)

(4.32)

We now show that Hy(z,y) = Hi(z,w) (recall that z and w are representatives of 2 and y in $

respectively) satisfies the differential equation in Definition 4.3.2. That is, in the example of k = 2

AZH2(va) = 2H2(va)a

i.e.

A [ mme) =2 [ nlo)

Y Y
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where g2(z) = ga2(z) is the (1,1)-Green’s current corresponding to Sz(z). As before, on a neighbor-

hood V of z we can write Yy, as C x C x V/Z*, where Z* acts as in Equation (4.27). There is a

slight abuse of notation here: we used the same notation on a neighborhood of = as that of y. We

will also use the coordinates uy = s1 + it1, us = So + its and z, and the forms aq, as, now all on

the neighborhood of .

Since ay, az and dz form a basis of (1,0)-forms on Yy, we may write

92(2) = Z Jikajay + Z Jokdzayg + Z fioa;dz + foodzdz.

7,k=1,2 k=1,2 j=1,2

By the properties of gi(z), we may assume that

92(2) = f(Z)(OélO_éQ + 0_41012) —|— Z f07kd2@k —|— Z ijoozjdé + f(),odzdz.

k=1,2 j=1,2

(4.35)

(4.36)

Note that only the first term of Equation (4.36) contributes to fYy 1y00g2(2) or to fYy nyg2(z), thus

only the first term of Equation (4.36) matters on either side of Equation (4.34).

Then from the properties of go(x) again, in particular, since 9dgs(x) = 0 in a neighborhood of

y # x, we can deduce by computation that

02 1
2 —
P () = 51 (2),
where z = a + ib. Then
62
_ A}2 _
ALf(2) = 5 f(2) = 2/(2),

and hence Equation (4.34).
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Chapter 5

Arithmetic Intersection Theory

In [10], Gillet and Soulé introduced arithmetic Chow groups for arithmetic varieties over arithmetic
rings and their intersections, which is essential for the geometric side of higher-weight Gross-Zagier

formulas, so we will recall the theory in this chapter.

5.1 Arithmetic Chow Groups

While the set-up is more general in [10], for our considerations, an arithmetic ring is a triple
(OF, %, fo), where Op is the ring of integers of a number field F'; ¥ = Hom(Op,C) is the set
of complex embeddings, and f., : C¥ — C* the conjugate-linear involution of C-algebras such that

the diagram
Op —2— C=

ul |~ (5.1)
Op —2 C”
commutes, where §(a) = (0())sex. Under the identification C* = C ®q F, (ao(B))ses + a ® 3,
foo on C* is induced by a ® 8+ @ ® 8 on C ®q F. For example, when F is imaginary quadratic,
foo : C% — C2 is given by fo(a,b) = (b,a).
An arithmetic variety over (OF, X, foo) is a scheme 7 : X — Spec(Op) that is flat and of finite
type over S = Spec(OFr), where the generic fiber X is smooth. For each s € S, X(s) = 771(s)

denotes the fiber over s; for each o € 3, we define X, := X ®, C. We write

Xz =[] X0 = X ®0, C%, (5.2)
ceY
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and X, = X5(C) the associated (disjoint union of) complex manifold(s), on which f, is a contin-
uous involution.

Let A"(X) denote the space of C*° complex-valued n-forms on X, and A%/ (X) the subspace of
(i, 7)—forms (in terms of local coordinates, these are the forms of the shape Y frydz; Adz; where I
is an i-tuple and J is an j-tuple). Let A”(X) and A%7(X) be the subspace consisting of compactly
supported forms of A"(X) and A% (X) respectively. Let Z,,(X) [resp. % ;(X)] denote the space
of n-currents [resp. (i, j)-currents], which is the dual space of A”(X) [resp. A% (X)]; let 25(X)
[resp. %7 ;(X)] denote the space of compactly supported n-currents [resp. (4,j)-currents|, which is
the dual space of A"(X) [resp. A% (X)]. For our considerations X, will be compact so forms and
currents will be compactly supported.

Suppose X, is of (complex) dimension d, then there is a map
AY(X) = Daia—i(X), awa], (5.3)

where for any compactly-supported (d — i,d — j)-form 3, [«]8 := fX a A (. The space Dg—;.a—;(X)
has a natural topology for which the above map is continuous with dense image, and we can think
of Dyq_;.a—;(X) as the space of (¢, j)-forms with distribution coefficients. ([7], as cited in [10].) This

motivates the notation
P (X) = Di—ia—;(X) and D" := Dog_p. (5.4)

The operators

d
0 AN — AL N frdzg NdEp e Y)Y 01 dzi A dzp Adzy,
1,0 1,J k=

Ofrs
0z,

d
9 : AHI —)Ai’j+1, Zf[]dZ[/\dEJH Z dzp Ndzy NdZzy,
I1,J

and

d: A" 5 A 4=0+d

induce dual operators 9*,9*,d* on 2% and 2". However we do not necessarily have [da] = d*[a].
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Rather, for forms a € A*(X), and 8 € A24-"~1(X),

dol(p) = [ dans= [ dlanp) - [ (-1yands -

:o_/X(_l)"aAdﬂz (=1)"*H(d*[a])B,

where [, d(a A B) = 0 by Stokes Theorem. Therefore, we shall write the operator (—1)"*!d* on
9" (or on 2% where i + j = n) simply as d, and under this notation, d commutes with the map
in Equation (5.3). We shall likewise write 9 = (—1)"*19* : 2% — @i*Li and 9 = (—-1)"10* :

D — @ItV 4§ = n, so that on 2™ or 2™ we still have d = 0 4 0. We write

A(X) =AY (X) /(04 (X) + 0A™ (X)), and

7"(X) = 2%(X) /(02" (X) + 07"} (X)).

Then the map A" (X) — 2(X) induced from ((5.3)) is injective.

Note that f., acts on A% (X) and 2%*(X), and we define A%*(Xg) [resp. 2"!(Xg)] to be the
subspace of A% (X) [resp. 2%*(X)] consisting of real forms [resp. currents| satisfying f* a = (—1)a.
We write A (Xg) [resp. Z%(Xg)] to be the image of A% (Xp) [resp. 2%(Xg)] in A™(X) [resp.
.@”(X)] We also define d° := 7=(0 — 9). Then both d and d° maps real forms [resp. currents] to
real forms [resp. currents] and dd® = —d°d = 3-90.

The group Z*(X) of cycles of codimension i on X is the free abelian group generated by the set

of codimension-i integral subschemes of X. That is,

Z'(X)= P z. (5.6)
reX (1)
where X = {2 € X : Ox, has Krull dimension 7}.

If Y is a codimension-i integral subscheme of X, then Y, is an analytic subspace of X, invariant
under f... Therefore, integration over Y., which we denote by dy, defines a current in 2%*(Xg). A
Green’s current for Yag (or for Y) is an element g € 2"~ 2~1(Xg) such that dd®g+ dy is represented
by a smooth (i,7)-form w(Y, g). It is shown in [10, Section 1.2] that Green’s current exists when X
is compact and Kéhler (which is true when Xg is smooth and projective), and that two Green’s

currents for Y differ by an element of Ai=1i71(X) < @i-Li=1(X),
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We could extend the above definitions to cycles in Z?(X) linearly. We have the map
ZHX) = P"(Xp), Z:= miZi0z:=Y nidz,, (5.7)
and we can associate with Z € Z¢(X) a Green’s current g satisfying
dd°g+ 6z =w(Z,g) (5.8)

for some smooth (i, 7)-form w(Z, g), whose cohomology class is the Poincaré dual of Z.

The group Z'(X) of codimension-i arithmetic cycles on X is the subgroup of Z(X)&Z~1i=1(Xp)
consisting of pairs (Z, g) such that g is a Green’s current for Z.

Let W be an (i — 1)-codimensional reduced irreducible subscheme, with generic point w € X ~1.
Let f be a nonzero element in the function field of w, i.e. f € k(w)*. Then f gives rise to a

codimension-i cycle

Div(f) = Y ordy (£)[V], (59)

where the sum is taken over all integral subschemes V' of W that is of codimension ¢ in X. Let
T 3700 — Y, be a proper resolution of singularities of Y,,. Then f induces a rational function fon
Yso and log | f|? defines a current in 2%9(Y). Let ¢ denote the inclusion Y < X and 7: Yoo — Xoo
the induced map on Ya,. Then 7, (log |ﬂ2) defines an element in 2'~1~1(Xg) and thus a class
in Di~%~1(Xg). Moreover, 7, (log \ﬂz) does not depend on the choice of Y., so we shall write
1« log | f|? instead. By the Poincaré-Lelong Lemma (as seen in [10, Page 127]) dd., log | f|* = dpiv(s),
50 —tx log | f|? is a Green’s current for Div(f).

The chow group of codimension ¢ is defined to be the quotient
CH'(X) := Z'(X)/ Rat'(z), (5.10)

where Rat(z) C Z*(X) is the subgroup generated by rational cycles, i.e. cycles of the form Div(f).

The arithmetic Chow group éﬁl(X ) is defined to be the quotient
CH (X) := Z(X)/R(X), (5.11)
where RY(X) is the subgroup generated by all pairs of the form (Div(f), —i, log|f|?) for some

f € k(W)*. The group @Z(X) is an additive group with addition defined by (Y, gy) + (Z,g9z) =
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Y +Z,gy +9z).

Example 5.1.1. [10, Section 3.4.3] Consider S = Spec(Op) as an arithmetic variety. Then

CH'(S) = CL(OF) = F*\A}/Up, where

!/
A = H (F,0)) ={(ay) € l—IFvX tay € OF for all but finitely many v}
is the idéle group of F, and Up = ], O the mazimal compact subgroup of Ay.. Here, O, is the
valuation subring of F, if v is non-archimedean, and O, = F, if v is archimedean. The map from

F*\AL/Up to CL(Op) is given by mapping the class of (ay) to the class of Z = % wv(ay,)[v]. In

v finite

1
fact, we also have CH (S) = F*\AYX/Ur, where the class of (a,) to the class of (Z,g), Z as above,
and g = g, := —log |av|2 when v is real and g = g, := —2log |av|2 when v is complex.

1
Furthermore, there is a homomorphism from CH (S) to R, called the degree map, given by

deg : éﬁl(S) —R, (Z,9) an log #(Or/pi) + Z Jos (5.12)

062
if Z =5 n;i[p;]. The degree map is an isomorphism when F = Q.

Remark 5.1.2. Note that there is a typo in [10, Section 3.4.3] when defining the degree formula.
They wrote logn;#(OF /) instead of n;log #(Or /i), but that was not compatible with the product

formula.

5.2 Intersection Pairing of Arithmetic Chow Cycles

While [10] studied arithmetic intersection in a more general setting, for our purposes we focus on

the following case.

Theorem 5.2.1. [10, Theorem 4.3.2] Let @ : Y — S be a proper map between equidimensional
nonsingular arithmetic varieties over an arithmetic ring such that the map is smooth on generic

fibers Yp — Sp. If d=dimY —dim S and ¢+ 7 = d + 1, there is a bi-additive pairing
—1 —7 —1
CH (Y) ® CH (Y) — CH (S). (5.13)

When S = Spec Op, we have dim S = 1 so dimY = d+1; composing with the degree map (5.12),

we get a pairing on arithmetic Chow cycles of complimentary co-dimension in the arithmetic vari-
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ety Y:

CH(Y)x CIL(Y) = R, (Z1,70) = 71 25 (5.14)
where i +j =d+1=dimY =dimYr + 1. We call 21 . 22 the arithmetic intersection number of
the Chow cycles Z; = (Z1, gz, ) and 7y = (Z2,92,)-

We recall the construction of the pairings from [10]. Given two Chow cycles (with representatives)
Zy = (Z1,92,) € Gﬁl(Y) and Zy = (Za,gz,) € CH (Y), by Chow’s moving lemma on Y [22, Section
3], there exists a cycle Z) rationally equivalent to Z5 such that Z) and Z; intersect properly (when
i+j = dim Yz +1, intersecting properly means the set theoretic intersection is empty) on the generic
fiber Yz (though not necessarily on the entire arithmetic variety Y). So we may assume Z; and
Z5 intersects properly on the generic fiber to start with. (For details of the well-definedness of the
pairing (5.13), see the proof of [10, Theorem 4.3.2].) By bi-additivity, we may also assume that Z;
and Zs are integral subschemes of Y. Under these assumptions, we have the following decomposition

into local intersections

Zi-Zr=Y (21~22>U-10g#((9p/1})+2(21~22) , (5.15)

N v
v finite v|oco

where if v is a finite place (21 . 22) = (Zy - Z3),, is the intersection multiplicity of Z; and Z; at v,
v

which is zero for all but the finitely many places where Z; N Z3 is supported; and when v|oo

PPN 1
(2::2) =5 [ omeom (5.16)

where Y, = Y ®0,., Cif v is the place corresponding to the embedding o : F' — C. (See [10, Sections
2.2.1 and 4.3.2 - 4.3.8], and [30, Section 1.2].)

5.3 Computation of the Local Intersection Pairing in a Spe-
cial Case

The local intersection numbers at finite places to be computed in this thesis fall into the following
special case. Suppose 7 : Y — S factor through X, where S = Spec Op and X is an arithmetic
variety of relative dimension 1 over S. Let  and y be two divisors of X, and Y,, Y}, the respective
fibers of Y above x,y. Suppose Z; and Z; are (formal linear combinations of) integral subschemes

of Y, and Y, respectively and are of complimentary arithmetic dimensions in Y (in the sense of the
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previous section), and that Z; - Z5 has a flat presentation over x Ny, then
(Z1-Z3), = (x-y), (2} 23), (5.17)

wihere . 1S € geometric 1mmtersection taken witnin x,nH, over e geometric er at v. 5
here 79 - Z9 is the g tric int tion taken within Yyn, the g tric fiber at v. [30

Identity 3.3.1]

5.4 Height Pairing

In this section we recall the height pairing discussed in [30, Section 1.3].
Let Y be an algebraic variety of dimension 2n over a number field F', Z1r and Zspr be algebraic

cycles of co-dimension n in Yr. Let ) be a regular flat projective integral model of Y. Assume that

(a) The cycle Z1r has an integral model Z; in ) such that for any finite place v and any cycle Z

of dimension n supported on the special fiber of J above v, (Z; - Z), = 0; and that

(b) for any infinite place v, the class of Z1,(C) vanishes in H**(Y,(C),C) and thus there is a

green’s current ¢ such that w(Z,¢1) =0, i.e. ddg1 +dz, =0.

Let 21 := (Z1,91) where Z; and g¢; are as chosen above. Let 22 = (29, g2) where Z5 is an
integral model of Zs and gy a green’s current of Z,. By the construction of 21, the intersection
number 21 . 22 does not depend on the choice of Z5 and gs.

We define the global height pairing

~ ~

<ZlF, Z2F> = (—1)"21 . ZQ. (518)

Since 21 . 22 only depends on the class of 21 and 22 in Gﬁ"(y) and because of the assumptions on
the choice of 21, the global height pairing (Z;r, Zop) only depends on the rational equivalence class
of Z1r and Zyp in Yp.

The height pairings we discuss in this thesis will fall into the following special case. The map
Y — F factors through a curve X — F and that there is a divisor D of X such that Z; and Zs
are contained in the divisor Yp. Moreover, we may choose the integral models Y of Y and X of X
such that ) — Spec O factors through X — Spec O and there exists a divisor D of X’ such that
both Z; and Z5 are contained in the fiber Yp. In this case, (Z1p, Zor) only depends on the rational

equivalence classes of Z1r and Zsp in Yp.
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When local intersection numbers are well-defined, we also write
(ZiF, Zap)y = (—1)" (21 : 22) . (5.19)

The height pairing (5.18) above coincides with the Beilinson-Bloch height pairing. ([2], [4], and

[23].) Regarding the positivity of the pairing, we have the following conjecture:

Conjecture 5.4.1. ([2] as cited in [30, Conjecture 1.3.1]) Let £ be an ample line bundle on Yr
and let CH™(Y) be the subgroup of CH"(Y) containing Chow cycles satisfying conditions (a) and
(b), and having 0 intersections with the first Chern class ¢1(.Z). Then the height pairing (5.18) is

positive definite on CH™(Y)%.

The algebraic cycles studied in this thesis is inside CH"(Y)%°. We shall prove that they satisfy
conditions (a) and (b) in Sections 6.4 and 6.5. The zero intersection with ¢;(.£) follows from the

choice of Si(x) described in the next Chapter.
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Chapter 6

Kuga Varieties and CM Cycles

In this Chapter, we go into more details about the geometric side introduced in Section 1.1.2.

6.1 Universal Abelian Surfaces over Shimura Curves

Recall that we let N = N_N, where N_ > 1 is a product of an even number of distinct primes
such that every prime p|N_ is inert in the quadratic imaginary field K while every p| N, is split in
K. We let

¥ ={p: pis a finite prime dividing N_},

a non-empty set with an even number of elements. Let B be a quaternion algebra whose set of
places of ramification is ¥ and fix an embedding p : K — B. The arithmetic of quaternion algebra
used below follows from [25] as cited in [3]. The readers can also consult [1] and [26] for more details
about the claims used.

Then for each ¢ € ¥, By := B ® Qy is a division algebra, and thus has a unique maximal
order, which we denote by Ry. For each place ¢ ¢ ¥ of Q, including the place at infinity, we have
By := B® Qy = Msyx2(Qy); for such an ¢ and for any isomorphism ¢y : By — M2(Qy), the order
Ry := ¢, (M2(Zy)) is a maximal order of By. Let Z = 14200 Ze be the profinite completion of Z
and let Q =7®y Q= H;ioo Q¢ be the ring of finite adeles over Q. Let B=B® @ We choose the

¢¢’s so that

Op :=Diag™" [Diag(B)n  [[ R (6.1)
¢ a place of Q

is nonempty and contains p(Ok ), where Diag denotes the diagonal embedding of B in B. Then Op
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is a maximal order of B.
An involution * : B — B is said to be positive if tr(a*«) > 0 for all @ € B\{0}. It is known that

every involution on B is either the canonical involution b+ b = trb — b, or of the form
b yeb = €, £ e BX € =—¢, (6.2)

and that an involution on B is positive if and only if * = ~¢ with €2 < 0 (i.e. nm(§) > 0). [19,
Chapter 1V] Fix such a ¢ and therefore a corresponding positive involution * : B — B.
For any open compact subgroup U of B X, there is a Shimura curve X, which can be canonically

defined over Q as the moduli space of equivalence classes of (A, ¢, P, k), where
e A is an abelian surface over Q,
e .:B—=End(4)®@Q=: EndO(A),

e P a principal polarization of A such that the induced rosati involution restricts to * on B via

the map ¢,
e « an U-class of isomorphisms « : B® Q = Hy(A,Q).

Two tuples (Ay,t1, P1, k1) and (Asg, 1o, P, ko) are equivalent if there exists an isogeny ¢ : A3 — As
that induces identification of ¢y with 15 and P; with P, and such that H(¢) ok, = ko. Given A and
L, the compatible polarization P is uniquely determined and thus can be omitted from the tuple.

The analytic points Xy (C) are given by the double coset space
Xu(C) = BX\(HF x BX)/U, (6.3)

where H* = P! (C) — P(R) = C — R. The group B* acts on $T via the fractional linear transfor-
mation of ¢o(BL) = GLa(R) on $H%, and on B* by left multiplication (after the diagonal map).
The group U acts on H* trivially, and on Bx by right multiplication.

We consider the Shimura curve Xy where U is given by U = R;u ~_» which we denote by

Xn,,n_. Here the Eichler order Ry, n_ is given by

* %
Ry, N =2€0p:¢p(x) = mod £", if r > 1 and ¢"| Ny ;. (6.4)
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In other words,

Ry, n_ =Diag™" [Diag(B)n  [] R, (6.5)
£ a place of Q
, . ) . , = Ly  Zy ) .
where R;, = Ry if £ 1 N4 (including £ = o0), and R), = ¢, N7 2 if ¢|N;. We write
+ &L ¢

Ry, n_ for Ry, v_ ®22 = [[psoe(Rn, N_ ® Zs).
Let M be an integer that is a product of two relatively prime integers no less than 3, coprime to

N_, and such that N |M. Let R}, y be the suborder of R defined by

1 0
'M’N7 =2€0p:¢o(z) ==+ mod ¢", if r > 1 and ¢"|M ;. (6.6)
0 1
Consider Shimura curve X}, 1= Xp/«
T M,N

Proposition 6.1.1. Assuming that M = MMy where My, My € Z>3 and (My,M3) = 1, the
Shimura curve X}y, n_ has a model over Q[Cn] and admits a universal abelian surface (with level-M
structure) mojc,,) + AM) — Xy n_, and mgic,,) can be uniquely extended to a morphism 7zc,,| of

regular, flat, and projective Z[(pr]-schemes.

Proof. We have integral models

A(Mi)z[in,M%i] - (X;\/Ii,N_)Z[(Mi,ﬁi]a (6.7)
for each i =1, 2.
Get integral models
A(M)Z[w,ﬁi] - (XJ/\/I,N,)Z[gM,ﬁi]a (6.8)

for each 1 = 1,2, and glue along

A(M)Z[(jM,ﬁ] - (X§VI,N_ )Z[gM,ﬁ] (6.9)

to get - (c.f. [18, Section 7.2]) O

In what follows, we base change X}, y to H[(y], where H is the Hilbert class field of K, so that
the CM point z is a closed algebraic point, and we denote this curve by Xp¢,,) or simply X. We

consider the fiber product Y™ of (2k — 2) copies of A(M)gc,,] over X. Then there exist regular, flat
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and projective integral models Y of Y and X of X over Og[(a] together with a morphism Y — X.

6.2 CM Cycles in an Abelian Surface with QM and CM

Let A an abelian surface with quaterion multiplication by B, i.e. B — EndO(A). Given the positive
involution % : B — B fixed in the previous section, there is a unique ample divisor D of A such that

vp = * when restricted on the image of B in End"(A), where
vp(a) == A5t oa” o Ap, o € End’(A) (6.10)
is the Rosati involution and
Ap: A — A = Pic’(A), z+— O([D + 2] — D) (6.11)

is the polarization defined by D, where D + x denotes the translation of D by x with the group
operation “+” on A. Note that \Y, = Ap.

The Neron-Severi group NS(A) is the group of divisors of A modulo algebraic equivalence. We
define the subspace NS(A){@Td of NS(A)g to be generated by an ample divisor D described above
under the action by B. Note that the subspace NS(A)(OQTd does not depend on the choice of D and is
three dimensional. If A is non-CM, i.e. End%(A) = Q or equivalently B = End’(A), we then have
that NS(A)g* = NS(A)g.

We can take the example B = Msy2(Q) to illustrate the above. In this case we have A = EXE, on
which B acts by matrix multiplication. The 3-dimensional Q-vector space NS(A)(‘E{d are generated
by E x {0},{0} x E,Ag. This is in fact generated by ample divisor D := E x {0} + {0} x E

corresponding to the positive involution

t —1

a b a b a c 0 1 d —b 0 1
D : — = =
c d c d b d -1 0| |[—¢c a -1 0

To see that vp is indeed given by taking the transpose, we note that for (z,y) € E x E,

Ap(z,y) = O([E x {y}] + [{z} x E] = ([E x {0}] + [{0} x E])) = p1O([z] = [0]) + p>0([y] — [0])

Where p; : E x E — E denotes the projection onto the i-th component. Then for o = [a;;] €
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ng2(Z) we have

a’Ap(z,y) = o (piO([z] = [0]) + p3O([y] - [0))) = (p1 © )" O([z] = [0]) + (p2 © @) O([y] — [0)).

Since Pic’(X x V) = Pic’(X) x Pic’(Y) for any algebraic varieties X and Y, we have

oV Ap(z,y) = piLy + p3La,

for some line bundles £1 and Loon E. Let 11 : E — EXE x> (2,0),and 15 : E — EXFE,x — (0,2),

then
L; =i (@ Ap(a,y)) = ¢f ((p1 o a)*O([z] = [0]) + (p2 0 @)*O([y] — [0]))
=(p1oao;)"O([z] — [0]) + (p2 0 w0 ;)" O([y] — [0])
=a1;0([z] = [0]) + a3,0([y] — [0]) = O([a1iz + azy] — [0]).
Hence

x
o (7, y) = Ap' oa¥ o Ap(z,y) = (4117 + @21y, 12T + azoy) = o

Y

We get the same result for a € May2(Q) after base changing to Q.

We are interested in the cohomology groups H2(A, L) = A2H'(A, L) where L is the coefficient
field of character 0. When we take L = Q, H'(A, L) would mean Betti cohomology, and when we
take L = Q, where ¢ is prime to the characteristic of the field over which A is defined, H*(4, L)

would mean étale cohomology. The polarization Ap induces a homomorphism
H(A L) — H{(AY,L)(1) = Hi(A,L)"(1) (6.12)

and thus a form

Yp : Hi(A, L)@ Hy(A, L) — L(1), (6.13)

where L(1) denotes the Tate twist: when L = Qg, Q¢(1) = (lim ppn ) ®@Qy; when L = Q, Q(1) = 2miQ.
—

The form v p is symplectic following from the self-duality of Ap, and thus defines an element in
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H?(A,L) = N>H'(A, L). The Rosati involution vp can be characterized by
Yp(ox,y) = ¥p(z,ypay),  x,y € Hi(A,L),a € End’(A). (6.14)

Fix an isomorphism H;(A,L) ~ By, := B® L as a left Br-module. We define the subspace

H?(A,L)°"? consisting of elements of the form
wgrd(x’y) = trB/Q(gajg)a E € Bzr:O’xvy € Hl(Aa L) (615)

Had we chosen a different isomorphism H; (A, L) ~ By, by a right multiplication by ¢ € B}, then
¢ would be replaced by nm(t)¢, since trp/q(Extyt) = trp/g(Extty) = trp/o(nm(t)éxy). Thus the
space H%(A, L)°"® does not depend on the choice of the isomorphism.

We have

Y NS(A)Yd = H2(A, L), Dw—yp. (6.16)

Therefore dimp,(H?(A, L)°"?) = dim,(NS(A)9"?) = 3. Since dimp(H'(A, L)) = dimy, By, = 4, we
have H2(A, L) = A2H'(A, L) is six dimensional.
Fix an isomorphism H;(A, L) ~ By, as a left Br-module and define the subspace of CM cycles

H?(A,L)°™ consisting of elements of the form
e (x,y) = trp(nyr),  neBP~% xye Hi(AL). (6.17)

As with H?(A, L)°"?, the space H?(A, L)°™ is independent of the choice of the isomorphism H; (A, L) ~
By, — had we chosen a different isomorphism Hq(A, L) ~ By, by a right multiplication by ¢t € B},
then 7 would be replaced by tnt, since trp g(nytet) = trgg(ntyat) = trgg(tntyz).

We then have a decomposition
H*(A,L) = H*(A,L)°"* @& H?*(A, L)*™, (6.18)
which is in fact an orthogonal decomposition with respect to the symmetric quadratic form:
H?*(A,L)® H*(A,L) — H*(A, L)(2) ~ L(2). (6.19)

Assume that A has CM by K, that is, End}(A4) = K. Then we can embed K into B. Let

i € K* with trace 0. Then we have a CM cycle given by ™. We shall show that this cycle comes
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from NS(A)g.
Note that A has two actions by K, via ¢ : K < End%(A) € End’(A) and p : K < B — End®(A).
Then there exists an isogeny:

®: By x By — A, (6.20)

where E; and Fs are elliptic curves with CM by K, on ®(E;) the two actions of K (via ¢ and p)
agrees and on ®(Fs) the two actions are conjugate to each other.

Since K is an imaginary quadratic field which splits B, we may write as B = K + Kj where
the (traceless) element j € B satisfies ji = —ij. We may identify H;(F;,Q) with K and H; (F3, Q)
with K j. Then the action via ¢ and p are multiplication by K on the left and right respectively. For

any a + bi € Hi(E1,Q) and ¢j + dij € H1(FE>2,Q), we have
V™ (a4 bi,cj + dij) = trpg(i(—cj — dij)(a+ bi)) = trpg((be — ad)i®j + (bdi® — ac)ij) = 0,

therefore

V" = (g, + Ba(E,),

for some constants o and 3, and therefore ™ is represented by Z(A) := a[®(E1)] + B[P (E2)].

Continuing the example A = E x E and now assuming E has CM by K, then End®(A4) = My(K).

0 1
We may choose an embedding p : K < B < My(K) by VD ,and ¢ : K < End%(A) —
D 0

VD

0
My (K) by VD . In this case we have
0 VD

Ey={(z,V/Dz): xze€E},  Ey,={(z,—VDz): zeE},

since
0 1 T \/Ex \/5 0 T
D o| |vDz| |Dz| |0 vB||VDe
and
0 1 T —/Dz vD 0 T
D 0| |-vDx N Dz - 0 D| |-vVDz .
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6.3 CM Cycles in the Kuga Variety

Let A be an abelian surface with QM by B. Let F be a quadratic extension ! of Q that splits
B, in other words, B ® F' = Myys(F). Then Mayo(F) < End(A) ® F and M(g_2)x (2k—2)(F) —
End(A*=1) ® F. The permutation group Sgj,_o naturally embeds into Mar—2)x (26—2)(F') as the
permutation matrices, and therefore has an action on A*~! that is algebraic over F.

When A also has CM by K, we define

Zu(A):= Y seulg)g"(Z(A)F),

9E€Gak_2

and

Sk(A) = Cka(A), (621)

where ¢, is a positive constant such that the self intersection of Si(A) in A%2%~2 is (—1)*~1. Let 2’

be a CM point on the Shimura curve X, with CM by K, we define:
Sk(ac') = Sk(Am/), (622)

which defines an algebraic cycle in the Kuga variety Y.

Let x be a CM point with CM by K on the Shimura curve Xy, n_, we define

Sk(x) :

1
= \/?(P) zi:Sk(xi)a

(6.23)
where P : X}, — Xn, nv_ is the natural projection and P*(x) = >_, ;.

6.3.1 The Local System H?~2(A*-1)

Let ¢ be a prime not dividing M N_, such that F' can be embedded in to Q.
We associate with a Shimura curve Xy the local system V(z) = V(A,) :== H'(As, Q,), dual to
Hy(Az,Qg). Then V is a free By module of rank-1. Let G := Autp, (V) then G = B, = GLy(Qy).
Now for each integer k > 2, consider the local system Wy (x) = Wi(A,) = H**72(Ak—1 Q) =
A2 (AR Q) =2 AZE=2(V(2)F~1). Both V and W are G representations. By normalizing
the G action on W) by nm~*~1 W, is also a G/Z(G) representation. Via the identification

G = B) = GL3(Qq), Wy is also GL2(Qy) and PGL2(Qy) representations, where the PGL2(Qy)

lthe quadratic imaginary extension K that we fixed earlier could work, but it is not the unique choice and may
cause unnecessary confusion, so we use F' here
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action is obtained by the GL3(Qy) action normalized by det™ =1,

Each representation of PGL2(Qy) is semi-simple and each irreducible component of Wy, is isomor-
phic to Sym%@% for some integer ¢, which we call a weight-2i representation of G/Z(G). There is a
unique weight-(2k — 2) component Lj of Wj,. To see this, we take a decomposition (of G modules)

V =W @& W where W = QZ. Then

Wk _ AQk—Q(w2k—2) ~ @ /\iIW R ® /\“W

I=(i1,...,i2k—2)
a partition of 2k—2

Since A'W is 0 for i # 0,1, 2 and is the trivial Q, representation if i = 0,2, we have

2k —2 2k —2—2t
where the multiplicity m; is given by . In particular, my_; = 1. That
2t k—1—1
is, the component W®(+=2) has multiplicity one. Moreover, the subspace Sym2k72W of W®2k=2)
generated by the subset {2066%72 sgn(0)ay(1) ® -+ ® Ag(2k—2) | A1,...,026—2 € W}, is invariant
and irreducible under G/Z(G) action, and the component Lj we mentioned earlier is the unique
subspace identified with Sym%*zW under the above isomorphism, on which the intersection pairing
(induced by Poincare duality) is non-degenerate.

For abelian varieties A with CM by K, the cohomological cycle corresponding to the algebraic

cycle Si(A) defined in the previous section is in Ly (A).

6.4 The Archimedean Picture

In this section we show that the cycle Si(z)(C) is homologically trivial in the complex manifold
Y (C), thus Sk(z)(C) satisfies condition (b) in Section 5.4. It suffices to show that for a CM point

' € X, Wi (A, )(C) is homologically trivial, or in other words,

/ a=0, (6.24)
Wik(A,1)(C)

for any closed (k — 1,k — 1)-form a.
In [17], Kuga studied Kuga varieties over Shimura curves whose fibers are powers of abelian

surfaces with QM, following which we give an archimedean description of the varieties in question
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and then prove identity (6.24).

Fix an isomorphism ¢ : B ® R — My (R) such that I'* := ¢, (R n_) is contained in GLy(R).
Then I'* is a discrete subgroup of GLy(R) containing elements with determinant +1, and let I" be
the subgroup of I'* with determinant 1.

Let G = SL(2,R), K = SO(2,R), then G/K = § := {z +iy: z,y € R,y > 0}, where the
isomorphism is given by

a b ai+b
¢ d ci+d

We have X (C) = X}, y_(C) = I'\H), which is a compact Riemann surface. The universal cover of
the universal abelian surface A(C), considered as a real manifold, is the Cartesian product £ x R*.

Consider the vector bundle V = X = I'\$) = I'\G/K where the fiber above 2 € X is given by
Hi(A.,R). Note that Hi(A,,R) = Myy»(R) and under this isomorphism H;(A,,Z)*~! is mapped
to a maximal order A in Msyo(R). Up to isomorphism of vector bundles, V' is determined by the
trivial bundle My 2(R) on G together with the left regular representation p of G on May2(R), which
has the integrality property p(y)A = A for any v € T'. Let F denote this representation space, that
is, F' = Myy2(R) together with the G-action via p.

Then as real manifolds, Y (C) 2 T' x A¥=1\§ x F¥~1 where the T’ x A*~1 action on $ x F*~1 is
given by (7,01, ..., 8k_1) (v w1 ..., wg_1) = (yz, p(y)w1 + 1, ..., p(7)wg_1+€r_1), and each fiber
of Y(C) over X(C) is isomorphic to the torus (A\F)*~! in the real-analytic sense.

It is also shown in [17, Section IV.1] that one can choose

(i) a simplectic form 8 on Msyo(R) that is integral on A and such that S(p(g)u, p(g)v) = B(u,v)

for each g € G; and

(ii) a complex structure J on £ x F*~1

such that each fiber F, of § x F*~1 above § together with the complex structure J(z) induced by
J and the Riemann form —f(u, J(x)v) +i8(u, v) is a polarized abelian variety that is the (k — 1)-th

power of an abelian surface, and is invariant under I' actions, that is,

(Fr; J(‘T)v *B(ua J({E)’U) + Zﬂ(uv ’U)) = (F'y(x)v J(V(I))a 75(“7 J(I)v) + Zﬁ(ua U))

The complex structure J on § x F*~1) can be described as follows: it agrees with the complex
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structure on $ x C25~2 under the bijection § x F+:~1) — § x C2k—2,

&1 & Sok—3 &ok—2

T, yere ’_>(T7Z1a"'722k—2)a
m 2 M2k—3  7M2k—2

where z; = 7n; — &;. The inverse map of this map is given by

&1 & Sok—3 &ok—2
(1,215, 206—2) — | T, e ,
m 2 Mk—-3 7M2k—2
where
2 — Z, Tz — TZ;
N = ) ,7/7 andfi:zi,z~
T—T T—T

The action of T' x A¥~! then translates to

a b 51 S2 S2k—3  Ssk—2
; S (7,215 228—2)
c d 1t lok—3 tok—2
ar +b ad—be (CLT+b)t ad — be (aT—i—b)t
= s V4 — 81, s 2ok —_— —9 — 89k
cr+d er+d er+d ! ! er+d P cr+d TP TR
We shall use the coordinate system (7, 21, ..., zop—2) and denote zy := 7 for notational simplicity.

Then a (k — 1,k — 1) form a on Y (C) descends from a I' x A*~l-invariant form on § x C2+~2:

Z arydzr NdzZy,

1,J
where I = {i1,...,ik-1},J = {Jj1,.-.,Jk—1} run through length-(k — 1) subsets of {0,1,...,2k — 2};
assuming 4 < 4g < -+ < i1 and j; < jo < -+ < jg—1, we denote dzy := dz;;, A+ ANdz;,,_, and
dzy :=dz;, N---NdZz;,_,, and ay; is a function of 7 = 2p, 21, ..., 22r—2. We will not spell out the
I' x A¥=linvariance condition explicitly, but keep in mind that the form descends to a form on a
compact manifold.

Assume « is closed, and we would like to show Equality (6.24). By complex hodge theory [11,
Chapter 0, Section 6-7], a closed form on a complex torus is equal to the sum of a harmonic form with
an exact form. Therefore, by Stoke’s theorem, we may assume without lose of generality that «(7)
is harmonic (thus constant by compactness) for each fixed 7 € . That is, each ay; is a function of
7 only. Moreover, if 0 € I or 0 € J, since the cycle Wy (A, ) concentrates in a fiber above a fixed

zo = T, the integration fWk(A,,/)((C) arydzr N dZzy is clearly zero.
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It now suffice to show

/ aIJ(T)dZ[/\dZJ:07
1,0C{1,....2k—2} 7 Wi (A2)(©)

for each fixed 7, which follows from the construction of Wi, (A,).

6.5 The Arithmetic Cycle

In this section we find a suitable integral model for Si(x) satisfying condition (a) in Section 5.4. Let
Sk(z) denote the Zariski closure of Si(z) in V.

What we have proven in the previous section shows that Si(z) is a homologically trivial algebraic
cycle in the Kuga variety Y, so it satisfies condition (a) at most places. More precisely, for any place
v{ MN_, X has good reduction over v, and thus for any cycle Z of dimension k supported on the

special fiber of ) above v, we have (Sk(ac) . Z) = 0. If v|M, then the special fiber of ) above v
v

/

is copies of X
P %,N,,v

meeting transversally and  does not support on the intersection points of the
copies. ([15] as cited in [21, Section 4.3].) So for such places, we have (m Z)U = 0 for any cycle
Z of dimension k supported on the special fiber of ), as well.

However, at places v above a prime p|N_, m may not satisfy condition (a) in Section 5.4. For
such a place v, the curve X, is a Mumford curve; that is, the special fiber mod v is a finite union
of copies of P! meeting transversally. We label them by P}, PL ... PL respectively. Let G be the
dual graph of X,,, that is, P},...,PL correspond to the vertices v1, ..., v, of G, and each intersection
point a € P} N ]P’]l corresponds to an edge e connecting v; and v;. Denote the set of edges of G by
{e1,.- . em}.

By Mumford’s theory [20] the curve X, has a p-adic uniformization, which is made explicit by
Cerednik-Drinfeld (see [8], [5], and [21, Section 4.4]). In particular, the dual graph G is a quotient of
the Bruhat-Tits tree of degree p + 1 (see Section 3.1). Since vector bundles above P! are all trivial,
Y, is quasi-isogeneous to P} x Alffl, ..., PL x AF=1 intersecting transversally, where each A; is a
supersingular abelian surface over k,, which implies that each element of H?(A;,Qy) is algebraic.

Assume that e is an edge connecting v; and v; in G, which corresponds to an intersection point

a of P} and P}. Let A, denote the intersection of P! x A; and P} x Aj above the point a, and let

k—1 k—1
Yoe t A7 — Ag
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denote the transition quasi-isogeny and )., its inverse. The cycle Sk(x) NY, is within one piece
P! x Af_l for some i, and we assume without loss of generality that i = 1. Moreover, Si(z) N, is
of the form {z} x S, where z € P{ and x ¢ P} for j # 1 (i.e. « is not at an intersection) and S is a
(k — 1)-dimensional cycle in A’f_l. Now let Z be a k-dimensional cycle supported on ), then Z is

a linear combination of cycles of the following types:

1. Cycles of the form {y} x T for some y € ]P’Jl- and T a k-dimensional cycle in A?‘l, for some j;

and

2. Cycles of the form ]P’Jl- x R for some (k — 1)-dimensional cycle R in A;?_l, for some j.

For Type 1 cycles, if j # 1, then clearly (m ({y} x T))v = 0; if j = 1, via linear equivalence,
we may assume without loss of generality that y # z, thus (m ({y} x T))v = 0 as well. For
Type 2 cycles, if j # 1, then (m (P} x R))v = 0; if j = 1 however, (m (P} x R))v =
{z} x (S - R), where (S - R) denotes the intersection of S and R within the (2k — 2)-dimensional
A’f_l, i.e., within the fiber of ), above x € X,. This is in general nonzero. For example, when
R = S, the intersection multiplicity of (S -S) is (=1)¥=! (c.f. Section 6.3).

Assume that S, (z) is a k-dimensional cycle supported on the special fiber Y, such that (m - Z > L=

(Su(x) - Z),, for any k-dimensional cycle Z supported on ), then the cycle

Si(@) = Si(z) = Y Su(x) (6.25)

v|N_

would satisfy condition (a) in Section 5.4. That is, (§k (x) - Z) = 0 for any finite place v and any

k-dimensional cycle Z supported on Y.

We construct S, (z) as follows. Consider
Sy(x) =Y P x 8, (6.26)
i=1

where each S; is a (k — 1)-cycle in Af_l to be solved below. Since Type 1 cycles can be moved

to a different component via algebraic equivalence, their intersections with each P} x S; are always

0, regardless of the choice of S;. It remains to guarantee that (Sk (x) - Z) = (Sy(x) - 2),, for any
v

Type 2 cycle Z. That is,
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(Sy(z) - (P x R))U = {x} x (S R) for any (k — 1) — cycle R in A¥~!; and
(6.27)
(Sy(z) - (]P’J1 X R))U =0 for any (k — 1) — cycle R in Az?_l and any j # 1,

where the equality is in the sense of numerical equivalence. To solve for each S; from (6.27), we first

note that
0, if P} and P} do not intersect;
((IP’1 x S;) - (P} x R)) - Y. {a}x ( o (i) Wk (R)) , if i # j and P} intersects IP’};
! ! J v aeIP’}ﬂ]P’jl. 7
— > 2 {al x (¥5,,,(S) ¥, (R),  ifi=],
{#i a€Pl NP}

where e, denotes the edge in GG corresponding to the intersection point a. Then the system of

equations (6.27) is equivalent to

ST {ad x (W70, (Si) = 50, (S1) <05, (R) = {z} x (S R), (6.28)

i#1 aePl NP}

for any (k — 1)-cycle R in A¥~'; and

S fad x (000,080 = 02,0, (89) w2, (R)) =0 (6.29)

i#j a€P!NP}

for any (k — 1)-cycle R in A?_l, for any j # 1.
Let C denote the cohomology class of S in H**~2(A%~! @Q,), which lies in the subspace Ly(4;)
(c.f. Subsection 6.3.1). Since we only need to find S; up to numerical equivalence, it suffices to find

a cohomology class C; in L (A;) for each i such that

Y PuetueCi) =Cr1=C (6.30)
(vi,e) where

e connects
v, and v;

and that
Z (P;jle@vie(ci) — Cj =0 (631)

(vi,e) where
e connects
v; and v;

for each j # 1, where @, is the isomorphism of vector spaces H2k—2(Ai-‘371, Q) — H?*=2(AF1 Q)
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induced by 9y,e.

Fix an embedding Q; — C, the above problem translates to solving
—Af=0C6,, (6.32)

on the local system L; over a finite quotient of the Bruhat-Tits tree, which we solved in Part I.
Then let S; be an algebraic cycle in Affl whose cohomological class is C;, which is always possible
since A; is supersingular. Then (6.26) defines the appropriate adjustments so that §k(m) defined in
(6.25) is an integral model of Si(x) making the global height pairing well-defined.

Then at a place v|N_, we have

= (Se@)-Siw) = (Su@)-Si) ~ (S.(e) - 5w)). (6.33)

since (§k(ac) ~Sv(y))v = (Sv(x) . §k(y)) =0.

v

Let Z,y denote the Zariski closure of x,y in X'. Then the first term (Sk(x) . Sk(y)) is nonzero

if and only if Z and 7 intersect at a point z in the special fiber &}, in which case

(5@ -5cw)) = @0, ((Se@nd:) - (Ss@nws))

v,z

where the second multiplicand is a algebraic intersection number taken within the (2k—2)-dimensional

fiber Y, » (cf. (5.17)).
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Chapter 7

Future Work

7.1 To Get the Gross-Zagier Formula

In order to prove Conjecture 1.1.1, we will need to match the analytic formula for a,, » in [13,
Chapter IV Theorem 5.8] with the height pairing computations.

We expect the local height pairings to match the analytic formula in a way similar to Proposi-
tion 4.2.2 and 4.2.3 in [30]. We expect the computations at archimedean places and finite places not
dividing N_ to be similar to [30]. In this thesis we constructed the arithmetic cycles involved and
made progress towards the local height pairings at places dividing N_, though further computation
is needed to precisely match the analytic formula. We hope to complete the proof Conjecture 1.1.1

in an upcoming work.

7.2 Higher Dimensional Generalizations

We are interested in generalizing the theory of local systems over trees and graphs and the analysis
on them in Part I to complexes and buildings. This will be useful in the study of Shimura varieties
of unitary type that assumes a p-adic uniformization by the Drinfeld upper half space. In particular,
it could be a step towards certain cases of the arithmetic Gan-Gross-Prasad conjecture ([9]), which

is a higher-dimensional generalization of the Gross-Zagier formula.
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7.3 Potential Applications

The original Gross-Zagier formula was a step towards the BSD conjecture, which says that the order
of vanishing ord,—; L(E, s) (smallest non-negative integer r so that L") (E,1) # 0) at the center
s = 1 of the L-function associated with an elliptic curve E is equal to the rank of the Mordell-
Weil group E(Q), and predicts a formula for L") (E, 1). Via the correspondence between weight-2
modular forms and elliptic curves (which was an assumption at the time of [13] but no longer so
because of the modularity theorem [27]), the Gross-Zagier formula contributed to the r = 1 case of
the BSD conjecture. For a weight-2k (k > 1) modular form f, the corresponding geometric object
is the f-isotypical component of the Chow group of ), whose rank is predicted to be equal to the
order of vanishing of L(f,1,s) (where 1 denotes the trivial character) at s = k by the Beilinson-
Bloch conjecture. There were applications to the Beilinson-Bloch conjecture in [30], and if we get a
Gross-Zagier formula for CM cycles over Shimura curves, it could contribute to the Beilinson-Bloch
conjecture under the relaxed Heegner condition.

Gross and Zagier also provided an example where the L-function is of order 3 [13, Chapter I
Proposition 7.4]. It is also compelling to ask if we can find a higher weight modular form whose L-
function is of order 3 (or even larger). Since under our relaxed Heegner condition L(f, x, s) still has
an odd order as in the original Gross-Zagier case, it suffices to find an example where L'(f, x, s) = 0.
Because of Corollary 1.1.3 this boils down to find Chow cycles of height 0, and it would be nice to
either have a theoretical proof of certain height pairing being zero, or a gap principal on the height

pairing so that we can search for examples computationally.
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