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Abstract

In this thesis, we prove some results in the variational theory of the minimal hypersurfaces, constant
mean curvature (CMC) hypersurfaces and the Allen-Cahn equation. In Chapter 1, we summarize
the main results. In Chapter 2, we show that the number of closed c-CMC hypersurfaces in a
closed Riemannian manifold tends to infinity as ¢ tends to 0. In Chapter 3, we show that the
space of closed singular minimal hypersurfaces (in a closed Riemannian manifold), whose areas are
uniformly bounded from above and the p-th Jacobi eigenvalues are uniformly bounded from below,
is sequentially compact. In Chapter 4, we prove a sub-additive inequality for the volume spectrum
of a closed Riemannian manifold. In Chapter 5, we prove two results related to the question to
what extent the Almgren-Pitts min-max theory and the Allen-Cahn min-max theory agree. In
Chapter 6, we prove the existence of finite energy min-max solutions to the Allen-Cahn equation

on a complete Riemannian manifold of finite volume.
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Chapter 1

Introduction

Minimal submanifolds are defined by the condition that they are the critical points of the area
functional. In [Alm62, Alm65], Almgren studied the topology of the space of cycles and developed a
min-max theory for the area functional. He proved that any closed Riemannian manifold (M"*!, g)
contains a minimal variety of dimension [ for every 1 < | < n. The regularity theory in the co-
dimension 1 case was further developed by Pitts [Pit81] and Schoen-Simon [SS81]. They proved that
in a closed Riemannian manifold (M™*!, g), n+1 > 3, there exists a closed, minimal hypersurface
which is smooth and embedded outside a singular set of Hausdorff dimension <n — 7.

In recent years, there have been a lot of research activities in the Almgren-Pitts min-max
theory. By the works of Marques-Neves [MN17] and Song [Son18], every closed Riemannian manifold
(M"*1 g), 3 < n+1 < 7, contains infinitely many closed, minimal hypersurfaces. This was
conjectured by Yau [Yau82]. In [IMN18], Irie, Marques and Neves proved that for a generic metric g
on M, the union of all closed, minimal hypersurfaces is dense in (M, g). This theorem was later
quantified by Marques, Neves and Song in [MNS19] where they proved that for a generic metric
there exists an equidistributed sequence of closed, minimal hypersurfaces in (M, g). In [SZ21],
Song and Zhou proved the generic scarring phenomena for minimal hypersurfaces, which can be
interpreted as the opposite of the equidistribution phenomena. In higher dimensions, Li [Lil9] has

proved that every closed Riemannian manifold, equipped with a generic metric, contains infinitely



many closed minimal hypersurfaces with optimal regularity.

In [ZZ19], Zhou and Zhu developed a min-max theory (which was further extended by Zhou
in [Zho20]) to prove the existence of a closed hypersurface with constant mean curvature (CMC)
¢ (for any ¢ > 0) in an arbitrary closed Riemannian manifold (M"*1 g) with 3 < n+1 < 7.
In Chapter 2 [Dey19], we show that the min-max theory for CMC hypersurfaces in [ZZ19, Zho20]
can be extended in higher dimensions using the regularity theory of stable CMC hypersurfaces,
developed by Bellettini-Wickramasekera [BW18, BW19] and Bellettini-Chodosh-Wickramasekera
[BCW19]. Furthermore, inspired by the abundant existence of closed minimal hypersurfaces, we
prove that in any closed Riemannian manifold (M"*! g), n + 1 > 3, the number of closed c-CMC
hypersurfaces tends to infinity as ¢ — 0F.

The Morse index of the minimal hypersurfaces produced by the Almgren-Pitts min-max theory
has been obtained by Marques and Neves when the ambient dimension 3 <n+ 1 < 7. In [MN16],
Marques and Neves showed that the index of the min-max minimal hypersurface is bounded from
above by the dimension of the parameter space. Zhou [Zho20] has proved that for a generic (bumpy)
metric, the min-max minimal hypersurfaces have multiplicity one, which was conjectured by Mar-
ques and Neves. Using the Morse index upper bound [MN16] and multiplicity one theorem [Zho20],
Marques and Neves [MN21] have proved the following theorem. For a generic (bumpy) metric there
exists a sequence of closed, embedded, two-sided minimal hypersurfaces {Zp}gil in (M™*!, g) such
that Ind(X,) = p and H"(X,) = wp ~ pn%rl. This theorem has been generalized by Marques,
Montezuma and Neves in [MMN20] where they have proved the strong Morse inequalities for the
area functional. In higher dimensions, Morse index upper bound has been proved by Li [Li20].

In [Shal7], Sharp proved certain compactness properties of the set of smooth, closed, embed-
ded minimal hypersurfaces inside a closed Riemannian manifold (M"*! g), 3 < n+1 < 7, with
uniformly bounded area and index. This theorem was later generalized by Ambrozio, Carlotto and
Sharp in [ACS16], where instead of bounded area and index, an upper bound of the area and a lower
bound of the p-th Jacobi eigenvalue A, (for some p € N) were assumed. (We note that for a smooth,
closed minimal hypersurface 3, Ind(X) < I is equivalent to A;11(X) > 0.) Sharp’s compactness the-

orem plays an important role in many recent developments in the Almgren-Pitts min-max theory,



for instance in [MN17,IMN18 MNS19,Son18, MN16, MN21,Zho020,SZ21]. In Chapter 3 [Dey22], we
show that the compactness theorems of Sharp [Shal7] and Ambrozio-Carlotto-Sharp [ACS16] can
be suitably extended in the higher dimensions.

In Chapter 4 [Dey20b], we prove a sub-additive inequality satisfied by the volume spectrum of
a closed Riemannian manifold. The volume spectrum is a non-linear analogue of the spectrum of
the Laplacian. With respect to this analogy, the min-max minimal hypersurfaces correspond to the
eigenfunctions of the Laplacian. The various properties of the volume spectrum play a major role
in the above mentioned proofs of Yau’s conjecture as well as in the proof of our theorem in Chapter
2.

In addition to the Almgren-Pitts min-max theory, there is an alternative PDE based approach
for the min-max construction of minimal hypersurfaces. This approach was introduced by Guaraco
[Gual8] and further developed by Gaspar and Guaraco [GG18]. It is based on the study of the lim-
iting behaviour of solutions to the Allen-Cahn equation. The Allen-Cahn equation (with parameter

e > 0) is the following semi-linear, elliptic PDE

AC.(u) == —*Au+W'(u) =0 (1.0.1)

where W : R — [0,00) is a symmetric double well potential, e.g. W (t) = 1(1 — ¢2)2. The solutions

of this equation are precisely the critical points of the energy functional

'LL2 u
Es(u)—/M€|V2| +@. (1.0.2)

Informally speaking, as e — 0, the level sets of the solutions to (1.0.1), with uniformly bounded
energy and Morse index, accumulate around a minimal hypersurface (called a limit-interface).
This follows from the combined works of Hutchinson-Tonegawa [HT00], Tonegawa [Ton05], Wick-
ramasekera [Wicl4a], Tonegawa-Wickramasekera [TW12] and Guaraco [Guals].

The overall idea of the Allen-Cahn min-max theory, as developed in [Gual8, GG18], can be

summarized as follows. Let M be a closed Riemannian manifold. By the min-max theory on the



Hilbert spaces, for ¢ sufficiently small, one can first construct solutions to the Allen-Cahn equation
(1.0.1) (on M) with uniformly bounded energy and Morse index. After that, one can pass to the
limit € — 0 and obtain closed minimal hypersurfaces (which are limit-interfaces) in M.

Given that there are two independent approaches for the min-max construction of minimal
hypersurfaces, i.e. the Almgren-Pitts min-max theory and the Allen-Cahn min-max theory, it
is natural to ask to what extent theses two theories agree. By the works of Guaraco [Gual8] and
Gaspar-Guaraco [GG18], the Allen-Cahn min-max widths are greater than or equal to the Almgren-
Pitts min-max widths. In Chapter 5 [Dey20al, we prove that the reverse inequalities also hold, i.e.
the Allen-Cahn widths are less than or equal to the Almgren-Pitts widths. Hence, the Almgren-
Pitts widths and the Allen-Cahn widths coincide. We will also show that all the closed minimal
hypersurfaces, which are obtained from the Allen-Cahn min-max theory, are also produced by the
Almgren-Pitts min-max theory.

In Chapter 6 [Dey21], we prove the existence of finite energy solution to the Allen-Cahn equa-
tion on certain complete, non-compact manifolds. More precisely, let M" ™1 (with n + 1 > 3)
be a complete Riemannian manifold of finite volume. Then there exists ¢g > 0, depending on
the ambient Riemannian metric, such that for all0 < e < &g, there existsu. : M — (—1,1)
satisfying AC.(u.) = 0 with the energy E.(u.) < oo and the Morse index Ind(u.) < 1. More-
over, 0 < liminf. o F.(u.) < limsup,_,o E-(u.) < co. This result is motivated by the theorem of
Chambers-Liokumovich [CL20] and Song [Son19], which says that M contains a complete minimal

hypersurface ¥ with 0 < H"(3) < oo.



Chapter 2

Existence of multiple closed CMC
hypersurfaces with small mean

curvature

2.1 Introduction

Constant mean curvature (CMC) hypersurfaces are the critical points of the area functional with
respect to the variations which preserve the enclosed volume. The hypersurfaces with constant mean
curvature zero are called minimal hypersurfaces; they are the critical points of the area functional.

As discussed in Chapter 1, there is a well-developed existence theory for the closed minimal
hypersurfaces in closed Riemannian manifolds. By the combined works of Almgren [Alm65], Pitts
[Pit81] and Schoen-Simon [SS81], every closed Riemannian manifold (M™*1,g), n+1 > 3, contains
a closed minimal hypersurface, which is smooth and embedded outside a singular set of Hausdorff
dimension < n — 7.

Since the cohomology ring of Z,,(M™*!, Zy) (with coefficients in Zs) is isomorphic to the polyno-

mial ring Zy[¢], from the finite dimensional Morse theory one expects that (M, g) contains infinitely



many closed minimal hypersurfaces. This was conjectured by Yau [Yau82]. Yau’s conjecture has
been completely resolved when the ambient dimension 3 < n + 1 < 7. By the works of Marques-
Neves [MN17] and Song [Son18], in every closed Riemannian manifold (M"*,g), 3 <n+1 <7,
there exist infinitely many closed minimal hypersurfaces. For generic metrics, stronger results have
been obtained in IMN18, MNS19,Lil9,MN21,Zho20,S5Z21] (cf. Chapter 1).

In [ZZ19], Zhou and Zhu developed a min-max theory to construct closed CMC hypersurfaces
in an arbitrary closed Riemannian manifold. More precisely, they proved that if (M"*! g) is a
closed Riemannian manifold, 3 < n + 1 < 7, given any ¢ € R, there exists a closed, almost
embedded hypersurface in (M, g) with constant mean curvature c¢. Here almost embedded means
that all the self-intersections are one sided, tangential intersections. (For a precise definition,
see Definition 2.3.1.) Later they generalized this theorem in [ZZ20] and proved that for a generic
function h € C°°(M), there exists a closed, almost embedded hypersurface in (M, g) with prescribed
mean curvature (PMC) h. The min-max construction of the PMC hypersurfaces was used by Zhou
[Zho20] to prove the multiplicity one conjecture of Marques and Neves [MN16].

Given the previously mentioned results regarding the abundance of closed minimal hypersurfaces
in closed Riemannian manifolds, it is natural to ask, for a given ¢ > 0 and a closed Riemannian
manifold (M, g), whether there exist multiple closed ¢-CMC hypersurfaces in (M, g). We will show
that for any closed Riemannian manifold (M, g), the number of closed ¢-CMC hypersurfaces in
(M, g) tends to infinity as ¢ — 0F. This will be a consequence of the following theorem. (We refer

to Section 2.2 and 2.3 for the relevant notations and definitions.)

Theorem 2.1.1. Let (M"*1 g) be a closed Riemannian manifold, n + 1 > 3. Suppose k € N
such thatwy, < wiy1, ¢ € RY such that cVol(g) < wry1 — wi and n € RY is arbitrary. Then
there exists 8 € C(M) such that O is a closed c-CMC' (with respect to the inward unit normal)

hypersurface with optimal regularity and wi, < A°(Q) < wi, + Wy + 1.
As a corollary of Theorem 2.1.1, we obtain the following theorem.

Theorem 2.1.2. Let (M™*1 g) be a closed Riemannian manifold, n+1 > 3. For all m € N, there

exists a constant c*(m) > 0, which depends on the metric g, such thatif 0 < ¢ < ¢*(m), (M, g)



contains at least m many closed c-CMC hypersurfaces with optimal regularity. More quantitatively,
there exists a constant o, depending on g, such that for all ¢ > 0, there exist at least ’yoc*ﬁ many

closed c-CMC hypersurfaces (with optimal regularity) in (M, g).

At the end of the proof of Theorem 2.1.2, we will obtain an explicit lower bound for ~.

On the other hand, by the work of Pacard and Xu [PX09], if Ay is the Lusternik-Shnirelman
category of M (i.e. the minimum number of critical points of a smooth function f: M — R), for ¢
sufficiently large, there exist at least Aj; many closed, embedded ¢-CMC hypersurfaces in (M, g).

The proof of Theorem 2.1.1 relies on the works by Zhou-Zhu [ZZ19] and Zhou [Zho20]. We will
also use the regularity theory of stable CMC hypersurfaces, developed by Bellettini-Wickramasekera
[BW18,BW19] and Bellettini-Chodosh-Wickramasekera [BCW19], to extend the theorem of Zhou
and Zhu [ZZ19] in higher dimensions. Finally, Theorem 2.1.2 is deduced from Theorem 2.1.1 using
the growth estimate of the volume spectrum, proved by Gromov [Gro03], Guth [Gut09], Marques-
Neves [MN17] and Liokumovich-Marques-Neves [LMN18].

2.2 Notations and Preliminaries

2.2.1 Notations
Here we summarize the notations which will be frequently used later in this chapter.
e C(M): the space of Caccioppoli sets in M.

o Z,(M;F;Zs), Z,(M;F;Zsy): the space of mod 2 flat hypercycles in M, which are boundaries,

equipped with the F norm and the F-metric.
o w, =wy(M,g): the p-width of (M, g).
o Wy =Wy(M,g): the one parameter Almgren-Pitts width of (M, g).
e H?*: the Hausdorff measure of dimension s.

e B(p,r): the open ball of radius r, centered at p.



e A(p,r, R): the open annulus, centered at p, with radii r < R.

e |X|: the n-varifold associated to an n-rectifiable set X.

e ||V]: the Radon measure associated to a varifold V.

e (C'A: the cone over a topological space A.

e SA: the suspension of a topological space A.

o A [vg,...,v;]: the standard k-simplex with vertices vg, ..., vp.

o Ci(A,Zsy), C'(A,Z3): the abelian group of i dimensional singular chains and cochains in A

with Zs coefficient.

o H;(A,Zy), H'(A,Zsy): the i-th singular homology and cohomology group of A with Zy coeffi-

cient.

2.2.2 Caccioppoli sets and the A° functional

In this subsection, we will briefly recall the notion of the Caccioppoli set; further details can be
found in Simon’s book [Sim83]. E C (M, g) is called a Caccioppoli set if E is H"T'-measurable and
Dx g, the distributional derivative of the characteristic function x g, is a Radon measure. This is
equivalent to

sup{/ divw dH" ™ 1w € X1 (M) and ||w]|eo < 1} < 00,
E

where X!(M) is the space of C! vector-fields on M. The space of Caccioppoli sets in M will be
denoted by C(M). If E € C(M), there exists an n-rectifiable set, denoted by 9F, such that the
total variation measure |Dxg| = H"LOE. Further, there exists a |Dxg|-measurable vector-field

vog such that ||vog| =1 |Dxgl|-a.e. and

/ div w dH" =/ g (w,vsE),
E OF



for all w € XY(M). vgg is called the outward unit normal to OE. For ¢ > 0, the A® functional on
C(M) is defined by
AS(Q) = H™(09) — cH™ T (Q).

Let X be a vector-field on M and ¢; be the flow of X. The first variation of A° along X is given

by

d : n n
Sl () = &) (@) = [ divon Xan —c/mg(x, Voor) dH.
t=0

Suppose (2 is an open set such that 92 is a smooth hypersurface with mean curvature vector H.
Then divpaX = —g(X, H). Therefore,  is a critical point of the A¢ functional if and only if
H = —cvyq, i.e. 00 has constant mean curvature ¢ with respect to the inward unit normal —vyq.
In this case, the second variation of A€ along X (which is assumed to be normal along 952) is given
by

d2

A% (X, X) = —

= oa Ale)

t=0

:/ (I74XP ~ Ric(X, X) ~ | Apol* |X[?) dH".
o0

Here Agq stands for the second fundamental form of 9€).

2.2.3 The space of hypercycles and the volume spectrum

Let us introduce the following notation. I;(M"*!;Z,) is the space of I-dimensional mod 2 flat
chains in M; we only need to consider | = n,n + 1. Z,(M;Zs) denotes the space of flat chains
T € 1,(M;Zs) such that T = 90U for some U € 1,,41(M;Zs). For T € 1,,(M;Zs), |T| stands for the
varifold associated to T" and ||T|| is the Radon measure associated to |T'|. F and M denote the flat

norm and the mass norm on I;(M;Zy). When [ = n + 1, these two norms coincide. The F-metric



on the space of currents is defined as follows.

F(Ul,UQ) = ]:(Ul — UQ) +F(|8U1| s |8U2|) if U,Uy € In+1(M;Z2);

F(T,Tz) = F(Th — o) + F(|Ty|, |Tz|) if Ty, Ty € Z,(M;Zs).

Z,(M; F;Zs) and Z,,(M;F; Zs) will stand for the space Z,,(M; Zz) equipped with the F norm and
the F-metric respectively. We will identify C(M) with I,41(M;Zs), i.e. E € C(M) will be identified
with [E], the current associated with E. Similarly, 0F (with E € C(M)) will be identified with
[OE] = O E].

By the constancy theorem, if Q1,Qs € C(M) such that 9Q; = 09, then either Q1 = Qy or
Q; = M — Q. In [MN21], Marques and Neves proved that the space (C(M), F) is contractible and
the boundary map

0:(C(M),F)— Z,(M; F;Zs)

is a 2-sheeted covering map. By the definition of the F-metric on C(M) and Z,,(M; Zs), this implies

0:(C(M),F) — Z,(M;F;Zs)

is also a 2-sheeted covering map. Furthermore, 71 (2, (M; F;Zz)) = Zy and for i > 2, m;(Z,(M; F;Z2)) =
0. It was also proved in [MN21] that Z,,(M;F;Zs) is weakly homotopy equivalent to RP*. Let
A denote the unique nonzero element of H' (Z,,(M; F;Zs),Zs) (= Z3); then the cohomology ring
H* (Z,(M; F; Z3), Ls) = L[N
X is called a cubical complez if X is a subcomplex of [0, 1] for some [ € N. The cells of [0, 1]’
are of the form a3 ® aa ® -+ ® oy, where each «; € {[0],[1],[0,1]}. By [BP02, Chapter 4], every

simplicial complex is homeomorphic to a cubical complex and vice-versa.

Let X be a cubical complex. A continuous map ® : X — Z,,(M; F;Zs) is called a k-sweepout if

(@*N)F #£0 € HYX,Zy).

10



O : X — Z,(M;Zs) is said to have the property no concentration of mass if
lim sup{[|2(2)]| (B(p, ) : x € X,p € M} =0,
r—

A continuous map ¢ : X — Z,(M;F;Zs) has no concentration of mass [MN16, Proof of Theorem
3.8]. The set of all the k-sweepouts with no concentration of mass is denoted by Pj. The k-width
of (M, g) is defined by

wr(M,g) = @iggk sup {M(®(z)) : € dmn(P)},

where dmn(®) is the domain of ®. The volume spectrum {wy}72 ; satisfies the following inequality,
proved by Gromov [Gro03], Guth [Gut09], Marques-Neves [MN17] and Liokumovich-Marques-Neves
[LMN18].

wi > Kok Yk €N, (2.2.1)

where K > 0 is a constant, which depends on the metric g.
Let S be the set of all continuous maps A : [0,1] — (C(M), F) such that A(0) = M, A(1) =0
and 0o A :[0,1] — Z,(M;F;Zs) has no concentration of mass. The one parameter Almgren-Pitts

width of (M, g), denoted by Wy(M, g), is defined by
Wo(M.g) = fufsup {M(2A(1) : 1 € [0,1]}.

2.2.4 Some notions from topology

Given a topological space A, let C' A denote the cone over A, which is defined as follows.

CA:AX[O’H,

~

where the equivalence relation ‘~’ collapses A x {1} to a point. The cone construction is functorial,

ie. if f: A — B is a continuous map between the topological spaces A and B, there exists a
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continuous map C'f : CA — CB defined by Cf (a,t) = (f(a),t). Here, by the abuse of notation, we
are denoting an element of C A by a pair (a,t) with a € A and t € [0, 1]. We note that if py € CA is
the collapsed image of A x {1} and ¢g € CB is the collapsed image of B x {1}, then Cf(po) = qo.

The suspension of A, denoted by SA, is defined as follows.

<

where the equivalence relation ‘~’ collapses A x {1} to a point and A x {—1} to another point.

SA=C;yAUC_A, where

C+A:AX7[O’1], C A=

~ ~

C1 A and C_A are cones over A. Since the cone over a topological space is contractible, using van
Kampen’s Theorem, one can show that if A is path-connected, SA is simply-connected. We note
that the cone over a k-simplex is a (k + 1)-simplex. Therefore, if A is a cubical complex, C'A and

S A are also cubical complexes.

2.3 Regularity of the min-max CMC hypersurfaces in higher
dimensions

In this section, we will modify the argument of Zhou and Zhu [ZZ19, Zho20] to extend their min-
max theory (Theorem 2.3.5) in higher dimensions. We will use the compactness theory of stable
CMC hypersurfaces (Theorem 2.3.3), developed by Bellettini-Wickramasekera [BW18, BW19] and
Bellettini-Chodosh-Wickramasekera [BCW19]. When the ambient dimension 3 < n + 1 < 7, the

compactness theorem for stable CMC hypersurfaces was also proved by Zhou and Zhu [ZZ19].

Definition 2.3.1. ¥ C (U™, g) is called a c-CMC hypersurface with optimal regularity (c > 0) if
¥ is a closed n-rectifiable subset of (U, g) and there exists a closed subset of ¥, denoted by sing(X),

such that the following conditions are satisfied.
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(i) H®(sing(X)) =0for all s >n — 7.

(i) reg(X) = X\ sing(X) is almost embedded, i.e. if p € reg(3) such that ¥ is not embedded near

p, there exists an open set B C U, containing p, such that

e BNY =X, UX,, where ¥; and X5 are smoothly embedded hypersurfaces in B (since ¥ is

not embedded at p, we necessarily have p € ¥; N Xs);

e B\ X, = By UB,, where By and By are connected and ¥ C B; (hence ¥; and ¥ intersect

each other tangentially).

(iii) |X| has bounded first variation and reg(X) has constant mean curvature ¢ with respect to a

globally defined unit normal v. (If ¢ = 0, we do not require that reg(X) is two-sided.)

Given such a X, following [ZZ19], let us define
R(X) = {p € reg(X) : ¥ is embedded near p}; S(X) =reg(X) \ R(T).

If ¥ is a minimal hypersurface (i.e. ¢ = 0) with optimal regularity, then, by the maximum principle,

S(X) = 0. If ¢ > 0, by [ZZ19, Proposition 2.9] and [BW18, Remark 2.6], S(X) is (n — 1)-rectifiable.

Definition 2.3.2. Let ¥ C U be a ¢-CMC hypersurface with optimal regularity (¢ > 0). If ¢ > 0,

reg(X) is a two-sided, immersed hypersurface in U; ¥ is called stable if for all ¢ € C°(reg(X)),

/ (|Vggo|2 — Ric(v, v)p? — |As|? <p2) dH" > 0.
reg(X)

Here v is a globally defined unit normal on reg(X) and Ay is the second fundamental form of 3,
which is defined on reg(X). On the other hand, if ¢ = 0, reg(X) is an embedded hypersurface in U;

Y is called stable if for all compactly supported, normal vector-field 2" on reg(X%),

/ (|vl5af|2 —Ric(2,2) — |As| \m?) dH™ > 0.
reg(S)
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Theorem 2.3.3 ([BW18,BW19, BCW19], [ZZ19] when 3 < n+1 < 7). Suppose Ly C U is a
sequence of stable, cy-CMC hypersurfaces with optimal regularity, sup, H™(Xg) < 00 and ¢ = Coo-
Then, possibly after passing to a subsequence, |Xg| converges to an integral n-varifold W such
that spt ||W|| = Lo is a closed coo-CMC hypersurface with optimal regularity. The convergence is
smooth on compact subsets of reg(Xso). Moreover, if each ¥ = 0y for some Q€ C(U) and
Coo > 0, then oy = 00 for some Qo € C(U) and the density of W is 1 on R(X) and 2 on
S(E).

The following definition is taken from [Zho20]. We remark that in [Zho20, Definition 1.1],
the homotopies are continuous in the flat norm. However, if we examine the proof of Theorem
1.7 in [Zho20], we see that the homotopies can be taken to be continuous in the F-metric. (In
[Zho20, Proposition 1.14 and 1.15] it is proved that the Almgren extensions are homotopic to each
other and to the initial map in the F-metric; see also [MN21, Section 3].)

Definition 2.3.4. Suppose X is a cubical complex, Z C X is a subcomplex, Fy : X — (C(M),F) is
a continuous map. Let IT denote the set of all sequence of continuous maps {F; : X — (C(M),F)};2,

such that for every ¢ € N, there exists homotopy G; : X x [0,1] — (C(M),F) with the properties
Gi(—,0) = Fy, Gi(—,1) = F; and

lim sup sup {F(G;(z, s), Fo(z)) : z € Z,s € [0,1]} = 0.

1—00

IT is called the (X, Z)-homotopy class of Fy. For ¢ > 0, we define

Le(ID) = (Ank lim sup Sup {A“(Fi(2))}

To prove the following theorem, we only need to slightly modify the argument given in the
paper [ZZ19]. We will only mention the necessary modifications; further details can be found in

(2719, Section 5 and 6].

Theorem 2.3.5 ([2Z19,Zho20]). Let (M™1, g) be a closed Riemannian manifold, n+1 >3, and

¢ > 0. Suppose Fy : X — (C(M),F) is a continuous map, Z C X and Il is the (X, Z)-homotopy
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class of Fy such that

Le(I1) > 816112) AC(Fy(x)).

Then there exists Q) € C(M) such that A°(Q) = L(II) and 0 is a closed c-CMC' (with respect
to the inward unit normal) hypersurface with optimal reqularity. As a consequence, for any ¢ > 0,
every closed Riemannian manifold (M™*1 g), n+1 > 3, contains a closed c-CMC' hypersurface

with optimal regularity.

Proof. Throughout the proof, we will use the notation used in [ZZ19]. It suffices to show that if
V € V,(M) has c-bounded first variation in M and is c-almost minimizing in small annuli, then
V = |%|, where ¥ is a ¢-CMC hypersurface with optimal regularity. We will assume that M is
isometrically embedded inside some Euclidean space RY. In the rest of this section, B(p,r) and
A(p,r, R) will respectively denote the ball and the annulus in RY with respect to the Euclidean
metric.

For p € RV and r > 0, 1, , : RE — RY is defined by n,,(x) = L. We start with the following

proposition.

Proposition 2.3.6. Let V be c-almost minimizing in U. Suppose {p;} is a sequence in U converging
top €U and r; > 0 is a sequence converging to 0. If V is the varifold limit of (np, r.)#V, then V
is induced by a minimal hypersurface with optimal regularity (possibly with integer multiplicities).
In particular, if V € V(M) has c-bounded first variation in M and is c-almost minimizing in
small annuli, then V is integer rectifiable and every C € VarTan(V,p) is induced by a minimal

hypersurface with optimal regularity (possibly with integer multiplicities).

The proof of this proposition is same as the proof of Lemma 5.10 and Proposition 5.11 in [ZZ19].
One can show that V satisfies the good replacement property. This implies the proposition by the
results of Schoen-Simon [SS81] and De Lellis-Tasnady [DT13].

Lemma 2.3.7. Let H={x € R""! : 2,1 =0} and S # H be another hyperplane in R" ™1 which
is mot parallel to H. Suppose W is a stationary, integral varifold in R™*! such that spt |W|| is a

minimal hypersurface with optimal regularity and WL {z € R"™! : 2,11 > 0} = m|S|L{x € R**1:
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Tpt1 > 0}, Then W =m|S|.

Proof. The proof is an adaptation of the argument of Hoffman and Meeks [HM90, Proof of Theorem

3] in the singular setting. Let = = spt ||W]|. By our assumption,
H?(sing(E)) =0 forall s >n—T1. (2.3.1)

Therefore, there exist a collection {Z; }}]:0 of disjoint, connected minimal hypersurfaces with opti-

mal regularity and positive integers {m;}7_, such that

J
W = Zm]\Eﬂ
7=0

Since EN {zpy1 > 0} = SN {zn41 > 0}, by (2.3.1), we have S C reg(2) (see [SS81, (7.23)]).
By the theorem of Ilmanen [Ilm96, Theorem A(ii)] and Wickramasekera [Wicl4b], (2.3.1) implies
that the connected components of reg(Z) are precisely {reg(Z;)}/_,. Thus S = reg(;), for some
1 €{0,...,J}. Let us assume that S = reg(Zp); (2.3.1) gives S = £ and hence mg = m. If
W % m|S]|, let us consider Z;. Since WL {z,4+1 > 0} = m|S|L{zn+1 > 0}, E1 C {zp41 < 0}. We
claim that =1 C {241 < 0}. Indeed, by the maximum principle proved by White [Whil0, Theorem
4] and Solomon-White [SW89], if 24 N H # 0, then H C E;, which contradicts the fact that =;
is disjoint from =y = S. As Z; is connected, =; lies in a region # which is the intersection of
the open half-space {z,+1 < 0} and another open half-space defined by S. Using an orthogonal
transformation, we can obtain a new coordinate system {yi,...,yn41} such that Z C {y,+1 > 0},
O is a graph over the hyperplane {y,+; = 0} and the y;-axis is contained in HNS. As Z; is a

closed set and is disjoint from H U S, there exists r > 0 such that
By ={y eR"™: (g =)’ +ys+ - +yny <1’}

is disjoint from Z;. We note that 0B, N 0Z is a graph over the boundary of a convex domain in

{yn+1 = 0}. Therefore, by [GT01, Theorem 16.8], there exists a smooth minimal hypersurface N
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with boundary ON = 9B, N 0%. By the convex hull property, N C B,; hence N NE; = (). For
t € [1,00), let us consider

N, ={tp:pe N}

We claim that for all ¢ € [1,00), Ny N E; = (). Otherwise, there exists a smallest 7 > 1 such
that N N =y # 0. This implies, by [SW89, Step 1, p. 687], N. C Z, which contradicts the fact

that 21 N 0Z = 0. However,

Z 0 {y1 >0} C By U (User,00) Vi) -

Therefore, Z; C ZN{y1 < 0}. An analogous argument gives that forany 7' € R, =1 € ZN{y1 < T},

which forces Z; = (). This finishes the proof of the lemma.

We proceed as in [ZZ19]. Let us fix p € spt ||[V||. We choose 0 < rg < rgm(p) such that

e for all 0 < r < rg, IB(p,r) N M is a smooth hypersurface in M with mean curvature greater

than c;
e z — dpr(p,x) is a smooth function on (B(p,r9) N M)\ {p}.

For r <rg and W € V,,(M), it W # 0 in B(p,r) and has ¢-bounded first variation in B(p,r) N M,

we have
0 # spt ||W| N OB(p,r) = spt W]\ B(p,) NOB(p,7); (2.3.2)
spt [[W| N B(p,r) = |J spt(|WI[ILB(p,s)) NIB(p,s). (2.3.3)
o<s<r

Equation (2.3.3) is a consequence of [Z2Z19, Lemma 6.2] (see [DT13, equation (5.6) and A.3. Proof
of Lemma 5.4]). Let us fix 0 < s <t < rg. V* is a c-replacement of V' in Clos(A(p, s,t)NM). By the
regularity of the minimizers for the A functional [ZZ19, Theorem 2.14], [Mor03] and Theorem 2.3.3,

there exists X1, a ¢-CMC hypersurface in A(p, s,t) N M with optimal regularity, such that ¥; =
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001 N A(p, s, t) N M for some ; € C(M) and
VAL (A(p, 5,6) 0 M) = [S4].

S(X4) is contained in UkEgk), a countable union of (n — 1)-dimensional submanifolds. We choose
so € (s,t) such that OB(p, s2) intersects reg(X;) and all the Egk)’s transversally. For s; € (0, s),
let us consider c-replacement V** of V* in Clos(A(p, s1,82) N M). There exists Yo, a ¢-CMC
hypersurface in A(p, s1,s2) N M with optimal regularity, such that 35 = 9Qs N A(p, s1, $2) N M for
some Qg € C(M) and

VL (A(p, $1,82) N M) = |Xa].

We need to show that Y5 smoothly glues with ¥, across 9(B(p, s2) N M).

Lemma 2.3.8. For all x € reg(¥1) N O(B(p, s2) N M), VarTan(V**, z) = {O"(||V*|,2)|TxX1]},

where T, %1 denotes the tangent space of X1 at x with multiplicity one.

Proof. Let C € VarTan(V**,z). Denoting A = 9(B(p,s2) N M), since V** = V* = |¥4] in
A(p, s2,t) N M, we must have C' = O™ (||V*||,z)|T,X1| in an open half-space of T, M, defined by
T.A. (By the transversality assumption, T,%; # T, A.) Using Proposition 2.3.6 and Lemma 2.3.7,
we obtain C' = @™ (||[V*|, x)|TxX1]-

As argued in [ZZ19, Step 2], using (2.3.2), one can show that
Clos(X2) N O(B(p,s2) N M) C ¥, NA(B(p,s2) N M).

Moreover, smallness of sing(¥;) and Lemma 2.3.8 imply that

21 NA(B(p,s2) N M) = Clos(reg(X1) N d(B(p,s2) N M)) C Clos(X2) N I(B(p,s2) N M).

18



Hence,

Clos(X2) N A(B(p, s2) N M) =31 NI(B(p, s2) N M),

i.e. X1, X glue continuously along B(p, s2). Furthermore, Lemma 2.3.8, [Sim83, Theorem 3.2(2)]
and smallness of sing(31) also give that ||[V**|| (0B(p,s2)) = 0, which implies, by [ZZ19, Claim
1(c) in Section 6],

VL (A(p, s1,t) N M) = |02 | L(A(p, s1,t) N M),

for some Q** € C(M).

Arguing as in [ZZ19, Step 2], we can also show that reg(X;) and reg(X2) glue smoothly across
O(B(p, s2) N M); we need to use Lemma 2.3.7 in place of the half space theorem of [HM90] and
Theorem 2.3.3 in place of [ZZ19, Theorem 2.11]. Let us give some details. Let v, vo denote the

outward unit normal of reg(X;) and reg(Xs) respectively;
I'=reg(X1)NI(B(p,s2) N M), R(I)=R(EZE)NT, ST)=S8E;)NT.

Suppose z € R(I), y; € reg(X2) converges to x. It is possible to choose z; € R(T') such
that r; = |a; — y;| converges to 0 and hence z; — . Using the fact that V**L(A(p, s2,t) N M) =

|21 L (A(p, s2,t) N M), Proposition 2.3.6 and Lemma 2.3.7, one can prove that

im (ng, r, ) V™™ = |T,31| in the sense of varifolds.
—00

K2

This, along with Theorem 2.3.3, implies that 1, ,, (£2NB(y;, r;/2)) smoothly converges to a domain

in T3, which gives

yhg}v va(y) = v1(z) uniformly in 2 on compact subsets of R(T"). (2.3.4)

yeEreg(X2)

Similarly, if x € S(T') and y; € reg(X2) converges to z, it is possible to choose z; € T such

that r; = |x; — y;| converges to 0 and hence z; — . Using the fact that V**L(A(p, s2,t) N M) =

19



|21 L (A(p, s2,t) N M), Proposition 2.3.6 and Lemma 2.3.7, one can show that

|To24] + |7 Te2q|  if liminf dge (z;, S(T)) /1 = oo

i (e, )4V = e

1— 00

21T,3] if liminf dgz (2, S(T))/r; < oo,
71— 00

where T,Y; denotes the tangent space of X1 at x with multiplicity one and 7,, denotes translation
by v € (T,%1)*+ C T,M (v might be oo, in which case 7,7,%; = 0)). As before, this, together with

Theorem 2.3.3, gives that

l}l_rg [Ty32] = [TpX1] uniformly in 2 on compact subsets of S(T'), (2.3.5)
yereg(X2)

where [T},3,] and [T, X;] respectively denote the un-oriented, multiplicity one tangent spaces of ¥y
and X1. (2.3.4), (2.3.5) and elliptic regularity imply that reg(X;) and reg(X2) glue smoothly across
O(B(p,s2) N M). Hence, by unique continuation and by the smallness of sing(31) and sing(X2),
Yo =231 in A(p, s,s2) N M.

Since we will vary s; € (0,s), let us use the notation V;** and X, instead of V** and Xp. As

argued in [ZZ19, Step 3], the above discussion implies that

S={ptu J =,

0<s1<s

is a -CMC hypersurface with optimal regularity in B(p, s2) (if necessary, p can be absorbed inside

sing(¥)). Further, for any s; < s,
VL (A(p, s1,82) N M) = |S|L(A(p, 51, 52) N M). (2.3.6)

Following the argument of Schoen-Simon [SS81] and De Lellis-Tasnady [DT13], we will show

that spt [|V|| N B(p,s) = XN B(p, s). By the definition of ¢-replacement, for all 0 < s} < s1,

VoL (B(ps1) N M) = V*L(B(p,s1) N M) = VL(B(p, s1) N M).
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Hence, using (2.3.3),
spt [V N O(B(p, s1) N M) = spt ||V;*|| N O(B(p, s1) N M). (2.3.7)
Moreover, by (2.3.6) and (2.3.2),

spt || V)"

NI(B(p,s1) N M)=Xn0(B(p,s1) N M). (2.3.8)

Therefore, combining (2.3.7) and (2.3.8),

spt [V N O(B(p, s1) N M) = X0 (B(p, s1) N M),

for all 0 < s1 < s. By varying s; € (0, s), we obtain spt ||V|| N B(p,s) = X N B(p, s). (We assumed
that p € spt||V] and by our definition of ¥, p € 3.)

As p € spt||V|| is arbitrary, we have proved that spt ||V|| is a ¢-CMC hypersurface with optimal
regularity. By a slight abuse of notation, let us denote spt ||V|| by . We will show that if p € R(X2),
there exists r > 0 such that ©"(||V]|,y) =1 for all y € (R(X) N B(p,r)) \ {p}. This will imply that
V=|Zas H"(Z\R(X)) = 0.

The argument is similar to [Z2Z19, Proof of Claim 6]. Since p € R(X), one can choose 0 < r < g
(where ry is as chosen after the proof of Lemma 2.3.7), such that B(p,r) N ¥ C R(X) and for
all 0 < v’ < r, OB(p,r’) intersects ¥ transversally. Let p = |p — y| and we consider the second
replacement V. Since VL (A(p,p,s) N M) = |X|L(A(p,p,s) N M) for some s > p, by the
transversality assumption, Proposition 2.3.6 and Lemma 2.3.7, VarTan(V,*,y) = {|T,X[}. As
VL (B(p,p) N M) =V, *L(B(p,p) N M), one can again use Proposition 2.3.6 and Lemma 2.3.7 to
conclude that VarTan(V,y) = {|T,X|}. Hence ©"(|V||,y) = 1.

Finally, to show the existence of Q € C(M) with the required properties as stated in Theorem
2.3.5, we can use the argument of Zhou and Zhu in [ZZ20, Proof of Proposition 7.3]. To adapt
their argument in our situation, we need to use Theorem 2.3.3 in place of [ZZ20, Theorem 3.19]

and the fact that sing(X) is small. The existence of € C(M) with the required properties also

21



follows from the notion of h-almost minimizing in small annuli with respect to S, used by Zhou in

[Zho20, Section 1.4].

O
2.4 Proof of the main theorems
Proof of Theorem 2.1.1. The theorem will be proved in five parts.
Part 1. We choose ¢ such that
0<d<wkr1 —wip—cVol(g) and 6 <n/2. (2.4.1)

By the definition of wy, there exists a map ® : X — Z,,(M; F;Zz) with no concentration of mass,

such that X is a connected cubical complex, ® is a k-sweepout and

sug M(®(z)) < wi +9/2. (2.4.2)

Following the argument in [Zho20], ® is a k-sweepout implies that

O : HY(Z,(M; F; Zs), o) — H' (X, Zs)

is non-zero; hence,

P, : 7T1(X) — Wl(Zn(M;]:;ZQ))(: ZQ)

is onto. Thus, ker(®,) is an index 2 subgroup of 7 (X). From [Hat02, Proposition 1.36], it follows

that there exists a two sheeted covering 7 : X — X such that X is connected and if

e (X)) = m(X),
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im(7,) = ker(®,). By [Hat02, Proposition 1.33], ® has a lift
®:X — (C(M),F) suchthat do®=don.
Moreover, @ is Zy-equivariant, i.e. if T: X — X is the deck transformation, then for all z € X,
(T (x)) = M — d(x).

Let us recall the notation from Section 2.2.4.

X x [-1,1]

~

SX = suspension of X =

By the abuse of notation, an element of SX will be denoted by a pair (z,t) with = € X, ¢ € [-1,1].

X x[0,1] B X x [~1,0]

SX =C,UC_, where Cy = , O =

~

Since X is connected, SX is simply-connected. There is a free Z, action on SX given by (z,t) —
(T'(z),—t). Let Y denote the quotient of SX with respect to this Zy action and p : SX — Y be
the covering map. X naturally sits inside SX by the map = — (x,0); hence, X also naturally sits
inside Y. We will identify X with its image under X < SX and X with its image under X — Y.

To illustrate the above constructions, let us consider the following example. If X = RP*, then
X =G5k SX = gkt C, and C_ are respectively the upper hemisphere and the lower hemisphere
of SF1 Y = RPFH.

Part 2. We begin with the following proposition from [AFP00]. For the sake of completeness,

we also include its proof (following [AFP00]).

Proposition 2.4.1 ([AFP00, Proposition 3.38]). For an H"!-measurable set E C M and an open
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set U C M, let us use the notation
P(E,U) = sup {/ divw dH™ ™ 1w € XLU) and |w| s < 1} :
ENU
Here XL(U) is the space of compactly supported C* vector-fields on U. Suppose E,F € C(M). Then
P(ENF,U)< P(E,U)+ P(F,U).

Hence, in particular, ENF € C(M).

Proof. By [MPPPO7, Proposition 1.4, there exist sequences {f;}22,{g;}32; C C*°(U) such that 0 <

fi,g9; < 1forall jeN,

fi = xelv and g; = xplv in L'(U);

P(E,U) = lim / |Df;]| dH™ and P(F,U)= lim / | Dg;| dH™ .
J—00 U J—00 U
By the dominated convergence theorem,
fi9; = xexrlv = xgarlu in L'(U).
Therefore,

P(ENF.U) < limint [ [D(fg,)] dH*
J—00 U
ghmmf/ | D f;]] dH”“Himinf/ |Dg;|| dH™
J—0o0 U J—00 U

= P(E,U) + P(F,U).

O

The map @ : X — (C(M), F) (defined in Part 1) can be extended to amap ¥’ : SX — (C(M), F)
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as follows. Let us define

Z ={(z,t) € SX : |t| <1/2} C SX.

Let A :[0,1] — (C(M),F) be such that A(0) = M, A(1) =0, Do A :[0,1] = Z,,(M;F;Zs) has no

concentration of mass and

sup M(OA(t)) < Wo +n/2 — 0. (2.4.3)
teo,1]
We define
d(x) if (x,t) € Z;
V(@ t) = B(z) N ARt - 1) if (z,t) € C1 \ Z; (2.4.4)

M — (®(T(x)) NA(-1—2t)) if (v,t) € C_\ Z.
By Proposition 2.4.1, ¥/(x,t) € C(M) for all (z,t) € SX.
Claim 2.4.2. U/ : SX — C(M) is continuous in the flat topology.

Proof. Tt is enough to prove that (z,t) — ®(z) N A(2t — 1) is continuous in F for (z,t) € C \ Z.

We note that for arbitrary sets Ay, Ao, By, B,
(Al n AQ) A (Bl N Bg) C (A1 A Bl) U (AQ A BQ) s

where A A B = (A\ B) U (B \ A) denotes the symmetric difference of A and B. Hence, if

(¢1,11), (22, 82) € O\ Z,

(@(z1) N A2t — 1))A(R(22) NA(2t2 — 1)) C (D(z1) A D(22)) U (A2t — 1) A A(2t — 1)),
which implies

F((@(x1) N A4 = 1)) = (B(r2) N AL — 1)) )

< F(®(z1) — ®(22)) + F (A(2t1 — 1) — A(2ts — 1)).  (2.4.5)
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Since 2 — ®(x) and ¢ — A(t) are continuous in the flat topology, by (2.4.5), (z,t) — ®(z)NA(2t—1)
is also continuous in the flat topology.

O

As 90U/ (x,t) = O/ (T(x), —t), ¥ descends to a continuous map V' : Y — Z,(M;F;Zy), ie.
U o p= 9o W. Furthermore, ¥'|x = ®.

Claim 2.4.3. V' :Y — Z,(M; F;Zs) has no concentration of mass.

Proof. It E € C(M) and U C M is open, P(E,U) = ||0E||(U). By Proposition 2.4.1, for > 0 and
peM,

sup || 9" (y)[|(B(p, 7)) < sup [@(2)[[(B(p,r)) + sup [OAW)I(B(p,7)).
yey zeX t€[0,1]

This finishes the proof of the claim as the maps ® and d o A have no concentration of mass.

O

By the interpolation theorems of Marques and Neves [MN14, Theorem 13.1, 14.1], [MN17,
Theorem 3.9, 3.10], the above Claim 2.4.3 implies that there exists a continuous map ¥ : Y —

Z,(M;F;Zs) such that ¥ is homotopic to ¥’ in the F-topology and for all y € Y,

M(¥(y)) < M(¥'(y)) + /2. (2.4.6)

Part 3. We will prove that ¥ : Y — Z,(M;F;Z,), constructed above, is a (k + 1)-sweepout.

Let A be the generator of H*(Z,(M;F;Zs),Z2) as in Section 2.2.3 and A = ¥*\. We need to
show that A1 £ 0 € HF*(Y,Z,). Since SX is simply-connected and Y is the quotient of SX
under the Zy action, 1 (Y) = Zo. Hence, Hy(Y,Zy) = HY (Y, Zs) = Zs as well.

Let ¢ : X — Y be the inclusion map. Since ¥'|x = @, ¥ is homotopic to ¥’ in the F-topology
and ® is a k-sweepout, 1*\ = ®*\ # 0 € H'(X,Zsy). Therefore, ) is the unique non-zero element

of H'(Y,Zs). Hence, if v : S* — Y is a non-contractible loop, A.[y] = 1.
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To prove \Ft1 £ 0 € H* (Y, Zy), it is enough to find a € Hyy1(Y, Z2) such that \¥Tl.a = 1.
By [Hat02, Proof of Proposition 2B.6], there exists a map (called the transfer homomorphism) 7 :
Hy(X,Z9) — Hy(X,Zy), which is induced by the chain map 7 : Cy(X,Zy) — Ck(X,Zs), defined
as follows. If u : A — X, u has precisely two lifts @y, 4y : AF — X. We define T(u) = a1 + Go.

As ® is a k-sweepout, (1*A)F = (®*\)* # 0 € H¥(X,Zy). Therefore, there exists o € Hy (X, Zs)
such that (1:*A\)*.0c = 1. Let 0 = [Zle o], where each o; : AF — X is a singular k-chain. Let
7(03) = Gai_1 + Fa;, where Fo;_1,59; : AF — X are lifts of o;. Since 8(21 ai) =0 and 7 is a chain
map, we have

a( > Gt Em) =0 (2.4.7)

as well. CA* can be naturally identified with A**! such that the collapsed image of A% x {1} is
the (k4 1)-st vertex viy1 (see Section 2.2.4 for the notation). Let us also recall from Part 1 that

C. is a cone over X letyg € C. be the collapsed image of X x {1}. For s =1,...,2I, we consider
Co,: CA* (=AM 5 CX (= Cy); Cds(vis1) = vo.

Using equation (2.4.7), one can check that

(2

a( 3 Conir + 0521-) - (Z Foi1 + 521-). (2.4.8)
As 691,09, are lifts of 04, pyu62i—1 = px02; = ;. Hence,

a(z p#Cn 1+ pyConi) = p#(Z&2i_1 +62) = 0 € Cu(X, Z). (2.4.9)
Let us define

o= [Zp#ca'zz;l + p#C(}Ql} S Hk+1(Y, Zg). (2.4.10)

3

We claim that \**1.a = 1. Let A = [{]; (kT € C*TY(Y, Zy), ie. €54 Coyi (Y, Zo) — Zso. By the
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definition of the cup product,

oS (p#052i71 + P#C52i) 24ty
= (F (p#052i—1 |Ak)£(p#052i*1 ’ ['Ukv”k+1])
+ (F (p#05'2i |Ak)€<p#ca-2i’[vlm'uk+l])

- Ek(ai)ﬁ(p#Cffzi_l oo p#camhvk)wl).
In the second equality we have used the fact that
CGoi—1|ar = G2i—1 and Cda;|ar = 2.
We note that
Caaial

vrwesq] 18 @ curve joining da; 1 (vy) and G2;—1(vk41) = Yo,

and

C2il vy vpy1] 18 @ curve joining 7a;(vx) and Go;(vet1) = Yo-

As 69,1, 09; are lifts of o;, T (G2;—1(vk)) = &2;(vk). Hence,

(p#C&Qi_l | [k, vk41] +ppCo | [Ukvvk+1]>

is a non-contractible loop in Y. Therefore,

4 (p#&}gi,l\[vwkm + p#ca'Qi‘[vk,ka]) =1 (2.4.12)

Using (2.4.11) and (2.4.12), we conclude that

)\kJrl.Ol = ZZkJrl (p#C(}Ql‘_l + p#C’&m) = Z@k(gi) = (L*)\)k.d =1.
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Part 4. Since V¥ is a (k + 1)-sweepout, using the argument as in Part 1, ¥ has a lift

U:SX — (C(M),F) suchthat 9oV =Wonp.

U is Zs-equivariant, i.e.

U(T(z),—t) = M — ¥(z,t),

for all (z,t) € SX. Moreover, by the definition of the F-metric on C(M) and Z,,(M; Zs), continuity

of U : Y — Z,(M;F;Zy) implies that ¥ : SX — (C(M),F) is also continuous. Let IT be the

(SX, Z)-homotopy class of . We will show that

Le(IT) > sup A°(T(y)).
yezZ

(2.4.13)

The proof closely follows [Zho20, Proof of Lemma 5.8]. By (2.4.6), (2.4.4) and (2.4.2),

sup A°(¥(y)) < sup M(9¥(y)) < sup M(O¥'(y)) + 5/2
yeZ yeZ yeZ

= sup M(99(x)) + §/2 < wy, + 6.
zeX

Let {U; : SX — (C(M),F)}2, be an arbitrary element in II. There exists H;

(C(M),F) such that H;(—,0) = ¥, H;(—,1) = ¥; and

lim sup sup {F(Hl(y,s),\il(y)) cyeZ,selo, 1]} =0.

17— 00

We define {7 : Cy — (C(M),F)}32, as follows.

\i'(y) ifyef(;
Ui(y) =S Hy(y,2t) ify=(x,t) € ZNCy;

Uy(y)  ifyeCy\Z

29
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(2.4.15)
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ple, : C4 — Y is a quotient map. Since U s Zo-equivariant, \il;‘ descends to a map ¥; : Y —
Z,(M;F;Zs) such that V7 o (p|c,) = 0o ¥*. Moreover, U is homotopic to ¥ (in the F-topology)
and hence, is a (k + 1)-sweepout. ¥; has no concentration of mass as it is continuous in the
F-topology. Therefore,

sup M(8% (y)) = sup M(¥} (1)) > wii1. (2.4.17)
yeCy yey

However, as noted in (2.4.14),

sup M (9P (y)) < wi, + 0 < wiy1 (using (2.4.1));
yez

hence, (2.4.15) and (2.4.16) imply that if ¢ is sufficiently large,

sup  M(0V} (y)) < i (2.4.18)
yeZNCy
as well. Since W} coincides with ¥; on C, \ Z, (2.4.17) and (2.4.18) imply that for i sufficiently

large,

sup M(OW4(y)) > wiyr = sup M(9Wi(y)) > wipa
yeC\Z yeSX

= sup A(U;(y)) > wig1 — ¢ Vol(g). (2.4.19)
yeSX

Since (2.4.19) holds for any {¥;}22, € II, using (2.4.1) and (2.4.14) we conclude that

Le(IT) > w1 — ¢ Vol(g) > wp + 6 > sup AC(T(y)). (2.4.20)
yeZ

Part 5. By Theorem 2.3.5 and (2.4.13), there exists Q2 € C(M) such that 09 is a closed ¢-CMC

(with respect to the inward unit normal) hypersurface with optimal regularity and A¢(Q2) = L¢(II).
(2.4.20) implies that

A(Q) = L) > wyy + 6 > wy. (2.4.21)
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Moreover,

AQ) =LA < sup A (1)
(z,t)eSX

< sp M@¥(x,1)
(z,t)eSX

< sup M9V (z,t)) +6/2 (by (2.4.6))
(z,t)eSX

< sup M(89(z)) + sup M(OA(t)) + /2
zeX te[O,l]

(by (2.4.4) and Proposition 2.4.1)
<wr+6/24+Wo+n/2—-56+8/2 (by (2.4.2) and (2.4.3))

<wk + Wy +n.

This finishes the proof of Theorem 2.1.1.

Proof of Theorem 2.1.2. We start with the following lemma.

Lemma 2.4.4. Let Qy, Qs € C(M) and ¢ > 0 such that for i = 1,2, 0Q; is a closed c-CMC (with
respect to the inward unit normal) hypersurface with optimal regularity and A°(Q) # A°(Q2). Then
00 # 0Qs.

Proof. Suppose 21 = Q9 = X. Since A°(21) # A°(Q2), Q1 # Q2. Hence, by the constancy theorem,
Qo = M \ Qg; this is impossible as by our hypothesis, the mean curvature vector of ¥ points inside
both ©Q; and Q5.

O

Since {(,up}[of:1 is a non-decreasing sequence of positive real numbers converging to 4oo, for every

m € N, there exists a subsequence {wp, }.; such that

Wp;, < Wp;+1 and Wp; + Wy < Wpit1s
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foralli =1,...,m. Let us define

¢*(m)

min {wp, 41 —wp, 1t =1,...,m}. (2.4.22)

- 1
~ Vol(g)

If 0 < ¢ < ¢*(m), applying Theorem 2.1.1 for k = p;, ¢ = 1,...,m, we conclude that there
exists ; € C(M), such that 99; is a closed ¢-CMC (with respect to the inward unit normal)

hypersurface with optimal regularity and
Wp; < AC(Ql) < Wpigy-

Therefore, using Lemma 2.4.4, {0€;}, are distinct e-CMC hypersurfaces.
To prove the more quantitative statement, we will use the growth estimate of the volume spec-

trum (2.2.1). From the proof of Theorem 2.1.1, one can obtain the following inequality.
wi+1 Swp+ Wy VkEeN. (2423)

Let us briefly repeat the argument here. We fix § > 0. There exists a k-sweepout ® : X —
Z,(M; F;Zs) with no concentration of mass such that sup {M(®(x)) : z € X} < wy, + 0. Using the
notation from the Proof of Theorem 2.1.1, Part 1, there exists a double cover 7 : X — X such
that @ has a lift ® : X — (C(M),F). Let A : [0,1] — (C(M), F) be such that A(0) = M, A(1) = 0,
0oA :[0,1] — Z,(M; F;Zs) has no concentration of mass and sup {M(IA(t)) : t € [0,1]} < Wy +6.
We define the map ¥ : SX — (C(M),F) as follows (cf. (2.4.4)).

d(z) NA(t) if (2,t) € Cy;
U(x,t) =

M — (®(T(x)) NA(-t)) if (z,t) € C_.

U descends to a map W : Y — Z,(M; F;Zy). As proved in Part 2 (using Proposition 2.4.1), ¥ has
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no concentration of mass. Moreover, as argued in Part 3, ¥ is a (k + 1)-sweepout; hence,
sup{M(U(y)) 1y € Y} > wiys1. (2.4.24)
Further, as estimated in Part 5 (using Proposition 2.4.1),
sup{M(¥(y)) :y € Y} <wy + Wy + 26. (2.4.25)

Since § > 0 is arbitrary, (2.4.24) and (2.4.25) imply (2.4.23).
As a consequence of (2.4.23), for all N > wy, there exist ¢, € N such that w, € [N, N + W)
and w, € [N + 2Wy, N + 3W,). Using (2.2.1),

J\/+3WO>"+1

Korn%rl < w, < N+ 3W, :>r<<
Ky

Hence, there exists s € N, ¢ < s < r, such that

—(n+1)
- — N + 3W
Ws+1 — Ws > “ ¢ > WO (_'_0> .
Ko

Therefore, by Theorem 2.1.1, if

N + 3W, ) —(n+D)

0 < ¢Vol(g) < W ( x
0

there exists 2 € C(M), such that 9 is a closed ¢-CMC (with respect to the inward unit normal)

hypersurface with optimal regularity and
N <ws < A(Q) < ws + Wy + (N 4+ 3Wy — ws) = N + 4W,,.

We note that Wy > wq. Setting N = (4 — 3)Wy, ¢ = 1,...,m in the above argument, we conclude

that if

4ZWO ) —(n+1)

0 < ¢Vol(g) < W, (
0
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there exists ; € C(M), such that 99; is a closed ¢-CMC (with respect to the inward unit normal)

hypersurface with optimal regularity and

Further, from the one parameter min-max construction of Zhou and Zhu [ZZ19], for any ¢ > 0
there exists Qg € C(M) such that 99 is a closed ¢-CMC (with respect to the inward unit normal)

hypersurface with optimal regularity and A4°(Qy) < Wy. Therefore, if

~(n+1)
4
mW0> : (2.4.26)

0 < c¢Vol(g) < Wy (
0

by Lemma 2.4.4, there exist at least (m + 1) many closed ¢-CMC hypersurfaces in (M, g). This

implies the number of closed ¢-CMC hypersurfaces in (M, g) is at least

Ko Wo T
— 1
\>4W0 (cVol(g)) J +h

where for x € RT, |z] is the largest (non-negative) integer < x and K is the constant appearing

in (2.2.1).

O

Remark 2.4.5. For m € N, the value of ¢*(m), obtained from (2.4.22) for an optimal subsequence

{wp, }7,, will be greater than or equal to the value, obtained from the asymptotic formula (2.4.26).

Example 2.4.6. Let us consider S® equipped with the round metric gg. By the one parameter min-
max construction of Zhou and Zhu [ZZ19], for any ¢ € R* there exists Q € C(S?), such that 99 is a

closed c-CMC (with respect to the inward unit normal) hypersurface and A¢(2) < W (S3, go) = 4.

As proved by Nurser [Nurl6], for the metric gg, w1 = -+ = wg = 47 and w5 = 272, Therefore, by
Theorem 2.1.1, if
Wy — Wy o2 — Arx 2 1
0<ce< = =1--=,
¢ Vol(go) 272 T 3

there exists Q' € C(S?) such that 9 is a closed c-CMC (with respect to the inward unit normal)
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hypersurface and A°(€Y) > w4(S3,go) = 4m. Thus, for the metric go (with the notation as in
Theorem 2.1.2), ¢*(2) can be taken to be 1 —2/m. Moreover, the widths are continuous functions of
the metric [IMN18, MNS19] and Wy coincides with w; when the ambient metric has positive Ricci
curvature [Zhol5,Zhol7]. Therefore, if § is a small perturbation of gg, ¢*(2) for § can be taken to

be close to 1 — 2/m.
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Chapter 3

Compactness of certain class of

singular minimal hypersurfaces

3.1 Introduction

The minimal hypersurfaces, which are constructed by the Almgren-Pitts min-max theory, have
bounded area and index. More precisely, suppose X is a finite simplicial complex, M is a closed
Riemannian manifold and II is a homotopy class of maps X — Z,(M"*!,Z,). Let M denote the

mass norm on Z,(M,Zsy). The min-maz width of II is defined as
L) = <I1)12{_[ sup{M(®(z)) : z € X }. (3.1.1)

Then, by the works of Almgren [Alm65], Pitts [Pit81], Schoen-Simon [SS81] and Marques-Neves
[MN14, MN17], there exists a disjoint collection {3;}'_, of closed minimal hypersurfaces (with

optimal regularity) in M and a collection of positive integers {m;}!_, such that

l
L(I) = Z miH™ (3;). (3.1.2)
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Moreover, by the works of Marques-Neves [MN16] and Li [Li20],
!
D Ind(%;) < dim X. (3.1.3)
i=1

In [Shal7], Sharp proved certain compactness properties of the set of smooth, closed, embed-
ded minimal hypersurfaces inside a closed Riemannian manifold (M"*! g), 3 < n +1 < 7, with
uniformly bounded area and index. This theorem was later generalized by Ambrozio, Carlotto
and Sharp in [ACS16], where instead of bounded area and index, an upper bound of the area and
a lower bound of the p-th Jacobi eigenvalue A, (for some p € N) were assumed. (We note that
for a smooth, closed minimal hypersurface X, Ind(X) < I is equivalent to Ary1(X) > 0.) Sharp’s
compactness theorem plays an important role in many recent developments in the Almgren-Pitts
min-max theory, for instance in [MN17,IMN18, MNS19, Son18, MN16, MN21, Zho20, SZ21].

In this chapter we will suitably generalize the results of [Shal7] and [ACS16] in higher dimen-
sions; for that, we need to consider the minimal hypersurfaces which may have singularities. We
will state the notion of the index and the p-th Jacobi eigenvalue for a stationary n-varifold and

prove the following theorem.

Theorem 3.1.1. Let {My}32, be a sequence of closed, connected, singular, minimal hypersurfaces
in a closed Riemannian manifold (N"*1 g), n+1 > 3. Let Vi = |My|, the varifold associated to

Mj.. Suppose there exist A >0, a >0, p € N such that for all k,
o H"2(sing(My)) = 0;
o H"(My) = [Vel(N) < A;
o N (Vi) > —a.

Then there exists a stationary, integral varifold V' such that, possibly after passing to a subsequence,

Vi = V in the F metric . Moreover, denoting M = spt(V'), we have
o V. =m|M| for some m € N;
o [VI(N) =mH"(M) < A;
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o \,(V) > —a or equivalently A,(|M|) > —a;
o H(sing(M))=0 Vs>n-—T7;

e the convergence is smooth and graphical over the compact subsets of reg(M)\ Y, where Y is

a finite subset of reg(M) with |Y| <p—1.

From the definitions of the index and the Jacobi eigenvalue, it will be clear that Ind(V') < T if
and only if A;41(V) > 0. Therefore, Theorem 3.1.1 has the following theorem as a corollary, which

generalizes Sharp’s compactness theorem [Shal7] in higher dimensions.

Theorem 3.1.2. Let {My}32, be a sequence of closed, connected, singular, minimal hypersurfaces
in a closed Riemannian manifold (N"*1 g), n+1 > 3. Suppose for all k, H"2(sing(My)) = 0,
H™(My) < A and Ind(|My|) < I. Then there is a closed, connected, singular, minimal hypersurface
M in N and m € N such that possibly after passing to a subsequence, |My| — m|M| in the F metric.
Moreover, mH™(M) < A, Ind(|M|) < I, H*(sing(M)) =0 Vs > n—T7 and the convergence is
smooth and graphical over the compact subsets of reg(M)\ Y, where Y is a finite subset of reg(M)
with || < 1.

If we take M}, to be M for all k in Theorem 3.1.1, we get the following regularity result.

Proposition 3.1.3. Let M™ be a singular, minimal hypersurface in (N" 1, g), n+1 > 3. Suppose,
H"2(sing(M)) = 0 and \p(|M|) > —oo for some p. Then H*(sing(M)) =0Vs >n —1.

The proof of Theorem 3.1.1 is similar in spirit to that of [Shal7] and [ACS16]; however there are
some technical difficulties that arise in higher dimensions. For instance the definition of A\,(-) > —a
and the regularity theory of Schoen-Simon [SS81] must be suitably extended before we may apply

it to our setting. These are accomplished in Sections 3.3 and 3.4 respectively.

3.2 Notations and Preliminaries

3.2.1 Notations

Here we summarize the notations which will be frequently used later in this chapter.
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Vo(U)  the set of n-varifolds in U

IV, (U) the set of integral n-varifolds in U

H® the Hausdorff measure of dimension s

V] the Radon measure associated to the varifold V

%] the varifold associated to a singular hypersurface X

v 2nd variation of the stationary varifold V'

Ind(-) index (of a stationary hypersurface or varifold)

Ak(?) k-th Jacobi eigenvalue (of a stationary hypersurface or varifold)

sing(X)  the singular part of ¥
reg(X)  the regular part of ¥

B(p,r)  the open ball of radius r, centered at p

3.2.2 Preliminaries from geometric measure theory

Here we will briefly discuss the notion of varifold and various related concepts; further details can
be found in Simon’s book [Sim83].

Given a Riemannian manifold (U™, g), let G}(U) denote the Grassmannian bundle of k-
dimensional hyperplanes over U. A k-varifold in U is a positive Radon measure on G (U). The
topology on the space of k-varifolds Vi (U) is given by the weak* topology, i.e. anet {V;}ier C Vi (U)
converges to V' iff

/ f(z,w)dVi(z,w) — flz,w)dV (z,w)
G (U) G (U)

for all f € C.(Gr(U)). This topology is metrizable and the metric is denoted by F. If V' € Vi (U)
and 7 : G, (U) — U denotes the canonical projection, then ||V = 7,V is a Radon measure on U;
IVII(A) = V(r—'(4)).

If o : U — U’ is a diffeomorphism and V' € Vi (U), we define ¢,V € Vi (U’) by the following

formula.
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(0V)(g) = /G 9P 0P () Tl )V (2,),

where

Jo(z,w) = (det ((dl<p|w)t o (dww‘w)>)l/2

is the Jacobian factor and g € C.(Gx(U’)). Given a compactly supported, smooth vector-field X

on U let ¢, denote the flow of X; the first variation and second variation of V are given by

d2

W(X)jt\onwa*vnwx V(X X) = 25| 00 VIO,

I
0
We say that V' is stationary if §V(X) =0 for all X and a stationary varifold V' is called stable
if $2V(X,X) > 0 for all X.
Given a k-rectifiable set S C U and a non-negative function 6 € L}, (S, H*), we define the

k-varifold v(S, 8) by
V(S0 = [ @ T.8)0(@)H o)
s
where TS denotes the approximate tangent space of S at x, which exists H*-a.e. V is called an
integral k-varifold if V = v(S,0) for some S and § with # taking non-negative integer values H*-a.e.

In this thesis, we will only deal with n-varifolds and from now on we will simply write ‘varifold’

instead of ‘n-varifold’. Given A C U, we define the regular and singular part of A

reg(A) = {x € A:J open P C U containing z such that

PN A is a smooth, embedded hypersurface}

and

sing(A) = A\ reg(A).

Further, by a singular, minimal hypersurface ¥ in U we will mean that ¥ C U is a closed, n-
rectifiable set with H"~2(sing(X)) = 0 and |X| := v(X, 1x) (where 1y is the constant function 1)

is stationary. By [Ilm96, equation (4)], |X| is stationary in U if and only if reg(X) is a smooth,
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minimal hypersurface and H"(X N B(x,r)) < C(U')r" for all B(z,r) CU' cC U.

3.3 Index and Jacobi eigenvalues of a stationary varifold

We will now state the notion of the index and the Jacobi eigenvalues of a stationary varifold,
following the paper by Marques and Neves [MN16]. Suppose " C (U"*1, g) is a smooth, minimal
hypersurface (not necessarily closed). For Q@ CC X, let A\x(92) denote the k-th Jacobi eigenvalue of
Q (with Dirichlet boundary condition) and Ind(2) = max{k : A\;(©2) < 0}. We define

M) =inf{Ax(Q): QCcc ¥} and Ind(E)=sup{Ind(Q): 2 Ccc X}

Then A;(X) has the following min-max characterization.

Ae(X) = inf sup (

?3(X, X) >
dim(V)=k xecv\{0}

Js | X[2dH"
The infimum is over all the k-dimensional linear subspaces V' C I'.(NX) = compactly supported

smooth sections of the normal bundle NX. Therefore, A\;(X) < —a iff there is a k-dimensional

subspace V C I'.(NX) such that for all X € V'\ {0},
2N(X, X) < —a/ | X|2dH".
b

Given a Riemannian manifold (U1, g) and k € N (0 ¢ N), a k-parameter family of diffeomor-
phisms is a smooth map F : B (0,1)(C R¥) — Diff(U) such that

o Fy(=F(v)) = (F_,)! YveB"0,1) and F, = Id;

e there exists open set U’ CC U such that FU|U\U, =1Id Yv e E’“(o, 1).
If F is a k-parameter family of diffeomorphisms, we define the vector-fields Y;, i =1, ..., k, by

d
Yil, == Fre(0) (3.3.1)

41



Suppose further, we have a stationary varifold V in U. Then we define a smooth function AV and

a quadratic form K" as follows.

AV BY0,1) = [0,00), AV (0) = [(F)£VII(U); (3.3.2)

2

KV :RExRF SR, KY(uu)= H ZUY‘ (3.3.3)

LUV
Remark 3.3.1. If V; — V in the F metric, then A" — AV ([Pit81, Section 2.3]) in the smooth

topology and KV — KV uniformly on compact subsets.

Definition 3.3.2. Given a stationary varifold V in U, k € N and « > 0, we say that A\;(V) < —«

if there exists a k-parameter family of diffeomorphisms F' such that
24V 1%
D*A ‘0 (u,u) < —aK" (u,u)

(where AV and KV are as in (3.3.2) and (3.3.3)) for all u € R* \ {0} or equivalently for all
u € R* with |lu|| = 1. Further, by A\x(V) > —a we will mean that A\x(V) < —a does not hold.
If \p(V) < —a, then restricting F' to Ek_l(O, 1) C Ek(o,l) we get that A\p_1(V) < —« as well.

Therefore, it will be natural to define

0 it {TeN: (V) <0} =0,
Ind(V) =

sup{I € N: A\;(V) <0} otherwise.

Hence, Ind(V') < I is equivalent to Ar41(V) > 0. Further, Ind(V') = 0 iff A1 (V) > 0 iff V' is stable.

Remark 3.3.3. By Remark 3.3.1 and from the above Definition 3.3.2, it follows that whenever

M (V) < —a and F(V, V') is sufficiently small, we have A\ (V') < —a as well.

Remark 3.3.4. Suppose V is a stationary varifold and V’ = 6V for some § € RT. Then, from
Definition 3.3.2 it follows that A\ (V) < —a iff A (V') < —a; hence, Ind(V') = Ind(V").

Proposition 3.3.5. Given A >0, k € N and a > 0, the following sets are compact with respect to
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the F metric topology.

My (A ko) ={V €V, (U) : V is stationary, ||V| < A and \(V) > —a};

M (A k) ={V € IV, (U) : V is stationary, |[V| < A and \p(V) > —a}.

Proof. By the standard compactness theorems, if {V;}5°, is a sequence of stationary varifolds with
[IVill < A then up to a subsequence V; converges to a stationary varifold V in the F metric with
V]l < A. Further, by Allard’s theorem [All72] if V; ’s are integral varifolds, V is also an integral
varifold. Moreover, by Remark 3.3.3, if A (V) < —a, then for i large A\;(V;) < —a as well. Hence,
A(V) > —au O

Theorem 3.3.6. Let ¥ be a singular, minimal hypersurface in U, V = || and H"2(sing(X)) = 0.
Then, \p(V) < —a < 0 <= A (reg(X)) < —a. Hence, Ind(V) = Ind(reg(X)); therefore, V is
stable iff reg(X) is stable.

Proof. If F is a k-parameter family of diffeomorphisms and Y;, AV are as in (3.3.1), (3.3.2), we

note that

2

d? d
DAY (uw) = 55| AV (tu,tu) = =5 | [[(Fu)#VII(U)
0 0

- 52V(Zum,zum). (3.3.4)

Let Ax(reg(¥)) < —a. Then there are k linearly independent, compactly supported normal vector-

fields on reg(X), say X1, Xa, ..., Xk, such that
FV(X, X) < —al| X||Z2(n (3.3.5)

for any non-zero vector-field X in the span of {X;}%¥_;. We extend each X; to a compactly supported,
globally defined vector-field on U and continue to call it by X;: we define F,, = ®2: "X where

®X denotes the time 1 flow of the vector-field X. Let us check that this choice of F' indeed works.
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Clearly, F_, = F,; ! and Fy = Id. By (3.3.4) and (3.3.5),

2
22V — 52 X X _ X
D*A ‘O(U,u) =0 V(Ei:ule,E;ule) < a“zi:ule o)
Hence, A\;(V) < —a.
For the converse, we consider the following.
VLX) = [ (e X0+ 3 [Ta X0 = Y (7,0, X) 13, 9 X0 )K",
2 i=1 i=1

where {7;} ; is an orthonormal basis of T, 3. Since H"?(sing(¥)) = 0, given any § > 0 and
0 < k < 1, we can choose balls {B(z;,r;)}X such that each r; < &, sing(X) C U;B(z;,7;) and
;T2 < 8. Therefore, >, "' < § and >, 7 < & as well. We choose smooth cut-off functions

0 < ¢ <1 on U such that

0 on B(z;, 1)

G =

1 outside B(z;,2r;)

and |V(¢;| < 2/r; (this can be ensured by choosing x sufficiently small). Let (5 = min; ;. From the

second variation formula, we see that !

PV(X, X) — V(GX, cm\ < [ (0= @) +19G]+ VG P) (X, TX)H"

b
2 4

< / (1 +—+ 2) fX, VX)dH", (3.3.6)
5 JENB(xi,2r;) L

where f is an expression involving X and VX. By the monotonicity formula, the R.H.S. of this
equation is bounded by C9¢ for some constant C, depending only on (U, g),n, ||[V||(U) and || X||c:-
We assume that A\;(V) < —a. By Definition 3.3.2 and equation (3.3.4), for all u € R* with

Jull =1,
52V(ZuiYi,ZuiYi) < —aH ZuiYi

IThough (s is only a Lipschitz continuous function, its use in the subsequent calculations can be justified by an
approximation argument.

2
Y; #0 3.3.7
s :»;u # (3.3.7)
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Therefore,

B2V, uYi, Y, wYs
oy V(Y Sy

< -a-—2 3.3.8
=1 22 wiYill e g (3.3.8)

for some ¢ > 0.
For p € reg(X), let Y- (p) denote the normal component (with respect to reg(X)) of Y;(p). We
note that (sY;* is a compactly supported normal vector field on reg(3). For u € R¥ with |jul| = 1,

we have

62V( Z ui YT, Z uiC(SY;l) = 52V( Z u; (5 Y5, Z Uz'CsYi)

<2V (Y Y, wi;) + 6. (3.3.9)

Here C depends only on (U, g),n,||V||(U) and ||Y;||c1 and not on w.

Hence, using (3.3.9), for all ||u]| = 1 and § sufficiently small,

52V(ZU¢C53§L7ZWC§Y#)
< 52V(Zum, ZuY) e}
<(-a- 25)/Z ’ ;ulYZ

2
dH™ +C6

S (704 — 25)/ ’ Zulclﬂfl 2d']—[” —+ (o)
0y
<(—a—¢) / ]Zuigm *daur (3.3.10)
0y
2
<(-a- E)H ;uiCsYﬁ o)’ (3.3.11)
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To justify (3.3.10), we observe:

2
dH"

2
Y| dH = ] Y
/E‘zi:ug; H /Ez;u

> 60— C6 (for some 6§ > 0 by (3.3.7) and C' is independent of w).

2dH”+/E<<§—1>\;um

2
dH" - C Z ri* (using monotonicity formula)
i

Since there is strict “<” in (3.3.10), (3.3.11) implies that {¢;Y;*}¥_, are linearly independent normal

vector fields on reg(X¥) and A\g(reg(X)) < —a —e < —a. O O

In view of the above Theorem 3.3.6, we will use the terms A\, (V) and A;(reg(X)) interchangeably.

3.4 Modifications of the results of Schoen-Simon

Suppose the unit ball B"*1(0,1) C R"! is equipped with a Riemannian metric g; u; is a constant

such that if g = g;;dx’da?,

gi;
axkaxl

8gij

sup Dz

Bn+1(0,1)

< pa, sup
Br+1(0,1)

< . (3.4.1)

Theorem 3.4.1 (Modification of Schoen-Simon [SS81, Theorem 1, page 747]). Suppose ¥ is a
singular, minimal hypersurface in (B"*1(0,1),9) satisfying H"2(sing(X)) = 0, H*(X) < u and
M(|Z]) > —a, for some o > 0. Then there exist g € (0,1), 7o € (0,1/4) and ¢ > 0, depending only
on m, i, pi1, o, such that the following holds. If v = (2',2,11) € XN B"1(0,1/4), p <o, ¥’ is the

connected component of ¥ N C(z,p) (C(x,p) is the cylinder on B™(z, p)) containing x and

sup [Yn+1 — Tns1] < dop, (*)
y=(y' ,ynt1)EX’

then X' N C(z, p/2) consists of disjoint union of graphs of functions u; < us < ... < ug, defined on

B™(z,p/2), satisfying the following estimate.
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sup (|Du;| + p|DDu;|) < cdg
Bn(17%)

fori=1,2,....k. In particular, ¥ is smooth near x and the second fundamental form |As(x)| < ¢/p

(for possibly a different constant c).

Remark 3.4.2. The difference between the above Theorem 3.4.1 and Theorem 1 of Schoen-Simon
[SS81] is that instead of assuming |X| is stable, we have assumed that A;(]X|) > —a. Indeed, under
this weaker assumption, the stability inequality (1.17) of Schoen-Simon [SS81] (page 746) continues
to hold with the constant cs replaced by c5 + #%; therefore all the successive calculations in the

paper [SS81] go through.

Theorem 3.4.3 (Modification of Schoen-Simon [SS81, Theorem 2, page 784]). Let {¥,} be a
sequence of singular, minimal hypersurfaces in (B"*1(0,1),g) such that H"2(sing(X,)) = 0,
M(|Zq]) > —a and |Sy| converges to a varifold W; 0 € spt(W) = X. Then H? (sing(Z) N B"T1(0,3)) =

0 foralls>n—T1.

Proof. As before, The difference between the above Theorem 3.4.3 and Theorem 2 of Schoen-Simon
[SS81] is that instead of assuming |X]| is stable we have assumed that A;(|X]) > —a.
The proof of Theorem 2 of Schoen-Simon [SS81] goes as follows. By the successive blow-up

argument, one arrives at a varifold W;, which is a stationary, integral, codimension 1 cone in

R™~*+1 such that sing(W;) = {0} and

R x Wy = "}gnoo 4 0 Tyt © 2, (3.4.2)

for some sequence of points y,, € R"*! and positive real numbers 7, and some subsequence
{24} € {Z¢}; |Yml, 7m — oo. Here J is some orthogonal transformation of R"*!, 7, denotes the
translation of R™*! which brings y to the origin, y, is the multiplication (scaling) by r. It is shown
that (equation (5.22) of Schoen-Simon) [ > s for every s such that H* (sing(X) N B"*1(0,1)) > 0
(hence, one only needs to show that I <n—7) and I < n—3. Up to this point, the only facts about

Y, which are used : X, satisfies the stability inequality (1.17) and Theorem 1 of Schoen-Simon
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[SS81]. After this, stability of |$,| is used to conclude that R! x W; is stable. Hence, W is a
smooth, stable codimension 1 cone in R? ! with a singularity at origin. Therefore, n —1 > 7 i.e.
1 <n-—T.

In our context of Theorem 3.4.3, the above mentioned proof can be modified as follows. As
noted above, stability inequality (1.17) and Theorem 1 of Schoen-Simon [SS81] continue to hold

under the weaker assumption A;(|X4]) > —a. Moreover,

—a

MUZl) 2 ~a =5 X1 (T4 0 Ty 0 il Z, ) 2 2 (343

(3.4.3) can be justified, for example, using Theorem 3.3.6. If A\; (R!x ;) < 0, then A\; (R! xW}) < —¢
for some ¢ > 0. (This can be seen from the proof of Theorem 3.3.6.) Since R! x W is the varifold

limit of Jg o7y, 4 © tir,, 2|2, |, in view of Remark 3.3.3, for all large m,

A1 (g 0 Tyt © ] g, ) < —e

This contradicts (3.4.3) as lim,, ;o 7 = 0o. Hence, A (R! x W) > 0, i.e. R! x W is stable. O

To prove the graphical convergence part of Theorem 3.1.1 we will need the following lemma,

which is a consequence of Theorem 3.4.1.

Lemma 3.4.4. Let (N" ! g) be a closed Riemannian manifold. Let {,} be a sequence of singular,
minimal hypersurfaces in N with H"~2(sing(3,)) = 0 for all q. We also assume that W, = |5,
varifold converges to a stationary, integral varifold W; let ¥ = spt(W). Then, for every xy €
reg(X), there exists R = R(xo) > 0 such thatif r < R and A\ (W,LB" (z,7)) > —a for all q
sufficiently large, then 34 N BN (xg,7/4) is smooth for large q and Y, converges to ¥ smoothly in

the ball BN (xg,7/5).

IIWH(BtN(xo,t))

Proof. Pick zg € reg(2) and let © = lim;_,¢ . (The limit exists since W is stationary.)

Let po be such that
[WI[(BY (x0,1))

T <O+1/2 V< pp. (3.4.4)
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Let &g and rg be the constants which are provided by Theorem 3.4.1, when we set 4 = © 4+ 1 and
p1 = 1. Let so = %2, For 0 < a < 3injy, identifying R"*! with T, N' (and R™ x {0} C R"*! is

identified with 7,,%), we define
®, : B"(0,2) = BN (x0,2a), ®,(v) = exp,, (av), ga = a 2®kg

We can choose R > 0 so that

e R < min {3injy, 2d" (20, sing(X)), 1, po }
and whenever r < R,

e (B"TY(0,1),g,) satisfies (3.4.1) with u; = 1;

e X =0 12N BN(x0,2r)) C B""H0,2) N {x : |zpy1] < S0} 2
We will show that the above choice of R = R(xg) works. Let us fix an r < R. We define
C =B"(0,1) x [-1,1] ¢ B""(0,2), C'=C\{x:|zni1] < s0}-
Then
c'n (i UadB" (0, 2)) =0; d:=dist,, (C’, (i U aB" (0, 2))) .

Since W, varifold converges to W and W,’s are stationary varifolds, ¥, converges to ¥ in the

Hausdorff distance. We choose ¢p (depending on r) so that for all ¢ > qq,
e 0 < HWqH(B;:(iOaT)) < (__)+ 1; 3
o \(W,LBN(zg,7)) > —;

o the Hausdorff distance dy(3,,X) < dr.

2This is possible since 3 is smooth near zg.
3This is possible because of (3.4.4) and the varifold convergence of Wy to W.
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Hence, denoting ¥, = ®- (3, N BN (x¢,2r)), for all ¢ > o, we have

H™ (Eq N BN(JJO,T))

0 <H"(Z,NB"0,1)) = — <O+1,
M2, N B"0,1)]) > —ar > —a
and
Y,NC" =0 ie (X,NC)CON{x:|zo1] <so}™ (3.4.5)

We can now apply Theorem 3.4.1 to the singular, minimal hypersurface
(2,0 B"1(0,1) € (B (0,1), 9,)

for ¢ > go. Since B"1(0,1) C C, equation (3.4.5) implies that for all ¢ > qo, € £, N B"F1(0,1/4)
and for p = r, the oscillation bound (*) of Theorem 3.4.1 is satisfied in the cylinder C(z, o).
Hence, ¥, N B"*1(0,1/4) is smooth with uniform bound on Ag npn+1(0,1/4) and we have already
noted above a uniform upper bound on H"(X, N B"t1(0,1)). The counterpart of the Arzela-
Ascoli theorem for the smooth, minimal hypersurfaces gives that in a smaller ball B"*1(0,1/5), flq
converges to ) smoothly and graphically. (Here we do not have to pass to a further subsequence
since we already know that iq Hausdorff converges to i) When we rescale back to go back to N,

we get that in the ball BY (zg,7/5), ¥, converges to X smoothly and graphically.

3.5 Proof of the main theorem

In this section, we will give a proof of Theorem 3.1.1.
By Allard’s compactness theorem [All72], possibly after passing to a subsequence, Vj, — V
in the F metric with V' is a stationary, integral varifold and ||V]|(V) < A. We also know that

spt(Vi) = My, converges to spt(V) = M in the Hausdorff topology. In Remark 3.6.1, we will show

4This follows from dg (34, %) < dr.
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that V. = m|M|. If A\, (V) < —a, then A\, (V) < —a, for k sufficiently large, by Remark 3.3.3.

Hence A, (V) > —a, which is equivalent to A,(|M|) > —a, by Remark 3.3.4.

Lemma 3.5.1. Let W be a stationary varifold in U™ with \y(W) > —a, a > 0. Let Uy, ..., U,
be mutually disjoint open subsets of U such that |W|(U;) # 0 for each j = 1,...,p. Then there
existsi € {1,...,p} such that \y(WLU;) > —a.

Proof. Let us assume that for all ¢ = 1,...,p, we have \{(WLU;) < —a. Hence, from Definition

3.3.2 and equation (3.3.4), we have the maps
F': B — Diffl(U;)

and the vector-fields Y, compactly supported in U;,

vi| = 2| Fi
|w dt 0 t (.’L’)

such that

FWEYLYY < —allY 220w

We define
F:B" - Diff(U), F, =&Y

where ®X denotes the time 1 flow of the vector field X. For this choice of F', we have

D?*AW |0(u, u) = 52W( Z u Y, Z uZ-Yi)

= Z u?S*W (Y, Y") (since spt(Y")’s are mutually disjoint)

N

—a ) w Y e
1

ill2 . ivs L.
= —a| ZuiY HL?(U,HWH) (since spt(Y™*)’s are mutually disjoint)

= —aK" (u,u).
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This contradicts A\,(W) > —a. O

Returning back to the proof of the main Theorem 3.1.1, let G C M be the set of points x € M
for which there exists r = r(z) > 0 and some subsequence {Vj-} C {Vi} such that for each £/,
M (VLB (z,2r)) > —a. Therefore, using Theorem 3.4.3, H* (sing(M) N BN (z,7(z))) = 0 for

alz e Gand s >n —T7.
Lemma 3.5.2. The set M \ G has at most p — 1 points.

Proof. Suppose there exist p points {z;},_; C M \ G. Let t be small enough so that the normal
geodesic balls {BY (z;,t)},_, are mutually disjoint. By the definition of G, there exists ko such
that for all k > ko, A1 (VxLL BN (2i,t)) < —a for each i. By Lemma 3.5.1, this implies \, (V%) < —«

for all k£ > kg, a contradiction. O

We note that

sing(M) N G = U (sing(d1) 0 BN (z,7(x))) . (3.5.1)
z€sing(M)NG

We can extract a countable subcover of the R.H.S. of (3.5.1) and write®

sing(M)NG = [j (sing(M) N BN (z,7(2:))) (3.5.2)

i=1
where each z; is in sing(M)NG. By the definition of G, for s > n—7, H*(sing(M)NBY (z;,7(z;))) =
0 for each i. Therefore, (3.5.2) and Lemma 3.5.2 imply that H*(sing(M)) = 0. (Here we are
implicitly assuming that n > 7 so that for s > n —7 > 0, H*(M \ G) = 0; when n < 7 further
arguments are required to show that M is smooth at the points of M \ G, as explained in [ACS16].)
We can now complete the proof of the graphical convergence. We will produce a set Y C reg(M)

and a subsequence {Mj.} C {My} such that M, converges smoothly and graphically on compact

5This is possible because N, being a manifold, is second-countable and a subspace of a second-countable space is
second-countable.
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subsets of reg(M) \ V. Let X be a countable, dense subset of reg(M) and
B={BY(z,r):2€ X,r € Q",r < d"(z,sing(M)),r <injy}.

Then B is a countable collection of balls, say B = {B;}?2,. We will mark each B; as good or
bad and to each B; we will assign an infinite index set I; C N as follows. At the first step, we
examine whether there exists an infinite set J C N such that {M;};c; converges to M smoothly
in By. If it exists, we mark B; as good and define I to be that J. Otherwise we mark B; as bad
and define I; to be N. Suppose we have marked B;_; as good or bad and defined I;_;. Then we
examine whether there exists an infinite set J C I;_1 such that {M;},c; converges to M smoothly
in B;. If it exists we mark B; as good and define I; to be that J. Otherwise we mark B; as
bad and define I; to be I;,_;. Let G be the union of the good balls. Denoting Y = reg(M) \ G,
we claim that |Y| < p — 1. Otherwise, there exists p distinct points z1,...,x, in Y. To arrive
at a contradiction, we will apply Lemma 3.4.4 to the sequence of singular, minimal hypersurfaces
{M}}; |My| converges in the varifold sense to V', which is supported on M; Lemma 3.4.4 provides
a function R : reg(M) — RT. Let 7 be a positive number such that 57 < R(z;) for each [ and the
balls { BN (z;,57)}_, are mutually disjoint. There exists B;, € B such that z; € B;, C BN (z;,7).
As z; € Y, B;, is a bad ball. Hence {M,},c 1, does not have a subsequence which smoothly
converges to M in BN (z;,7). Therefore, by Lemma 3.4.4, A\ (V;LBY (2;,57)) < —a for all large
j € I;;. Without loss of generality, we can assume that i; < ... < i, so that I;, D ... D I;,. Hence
M (V;L BN (21,57)) < —a for each [ = 1,..,p and for all large j € I;,. By Lemma 3.5.1, this gives
Ap(Vj) < —a for all large j € I;,, a contradiction. Hence, | V| <p — 1.

By a diagonal argument, we can choose an infinite set I C N such that |I \ ;] is finite for
all i. Then, by the definition of good ball, {M;};cs is a sequence which converges smoothly and

graphically on the compact subsets of reg(M) NG = reg(M) \ Y.
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3.6 Some further remarks

Besides the main compactness theorems of [Shal7] and [ACS16], some additional results proved in
these two papers can be suitably generalized in higher dimensions. In this last section, we will state
them as a sequence of remarks. Below we will assume that Mj’s and M are as in Theorem 3.1.1

(and Theorem 3.1.2).

Remark 3.6.1. We have assumed that each M}, is connected. Since {M}} converges to M in the
Hausdorff topology, this implies that M is connected as well. From [[lm96, Theorem A (ii)] it
follows that reg(M) and hence reg(M) \ Y is also connected. Therefore, the number of sheets in
the graphical convergence is constant over reg(M) \ V. In particular, V = m|M|, where m is the

number of sheets in the graphical convergence.

Remark 3.6.2. If the number of sheets in the graphical convergence is 1, then ) = (). This is Claim

4 in [Shal7] and the proof presented there works in our case as well.

Remark 3.6.3. Suppose reg(M) is two sided. If the number of sheets in the graphical convergence
is at least 2 or if the number of sheets is 1 and M N M = @ for large k, we can construct a positive
Jacobi field on reg(M). In this case, reg(M) and hence M is stable. The proof is same as presented
in [Shal7].

Remark 3.6.4. Continuing with Remark 3.6.3, suppose Ric(N,g) > 0. Then the convergence of
My, to M is always single sheeted. This can be thought of as a higher dimensional analogue of the
theorem of Choi-Schoen [CS85], which says that in a three manifold with positive Ricci curvature,
the space of closed, embedded minimal surfaces with bounded genus is compact in the smooth
topology. Indeed, in our case, if H,(N,Zs) = 0 then reg(M) is two sided; hence, if the number
of sheets is > 2, M is stable by the above Remark 3.6.3. However, as proved in [Zhol7, Lemma
2.8], positive Ricci curvature of (N, g) implies that M can not be stable. The general case can be
obtained by lifting Mj’s and M to the universal cover N of N (by [Fra66] and [Zhol5, Lemma

2.10], the lifts M,,, M are connected).

Remark 3.6.5. Theorems 3.1.1 and 3.1.2 hold in the varying metric set-up. More precisely, instead

of assuming |M}| is stationary with respect to the fixed metric g if we assume that | M| is stationary
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with respect to the metric g, and g; converges to g in C3, Theorems 3.1.1 and 3.1.2 continue to

hold.
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Chapter 4

A sub-additive inequality for the

volume spectrum

4.1 Introduction

For a closed Riemannian manifold (M™*!, g), the spectrum of the Laplacian on M, denoted by
{)\p};‘;l, 0 < A < X2 < ..., has the following min-max characterization. Let H'(M) be the
Sobolev space of real valued functions ¢ € L?(M) such that Ve, the distributional derivative of
¢, is also in L?(M). Suppose V, denotes the set of all p-dimensional vector subspaces of H'(M).
Then

2
Ap= inf sup R(f) where R(f):fM|7vf| (4.1.1)

VeV, revi(o) Ju 1
The Rayleigh quotient R(f) is invariant under the scaling, i.e. for all ¢ € R\ {0}, R(f) = R(cf).
Hence, it descends to a well-defined functional on P(H!(M)), the projective space associated to the
real vector space H'(M).
In [Gro88, Gro03, Gro09], Gromov introduced various non-linear analogues of the spectrum of
the Laplacian. In the context of the area functional and the minimal hypersurfaces, the rele-

vant spectrum is the volume spectrum {wp}lole. wyp is defined by a min-max quantity, similar to
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(4.1.1). One replaces the vector space H'(M) by Z,(M;Zs), the space of mod 2 flat hypercycles
which bound a region in M and the Rayleigh quotient by the area functional (see Section 4.2.2 for
the precise definition). By the works of Almgren [Alm62] and Marques-Neves [MN21], the space
Z,(M;Zs) is weakly homotopy equivalent to RP>°. The cohomology ring H*(Z,,(M;Zs),Zs) is the
polynomial ring Z»[\] where A € H'(Z,(M;Z2),Z>). In the definition of wy, instead of considering
p-dimensional vector subspaces of H'(M), one considers all the S C Z,,(M;Zsz) such that XP‘S #0
in HP(S,Zs).

The connection between the volume spectrum and the minimal hypersurfaces comes from the
Almgren-Pitts min-max theory, developed by Almgren [Alm65], Pitts [Pit81], Schoen-Simon [SS81],
Marques-Neves [MN14, MN17]. If IT is a homotopy class of maps X — Z,,(M;Zs), by the Almgren-
Pitts min-max theory, the width of II is achieved by the area of a closed, minimal hypersurface
(which can have a singular set of Hausdorff dimension < n — 7 if the ambient dimension n+1 > 8),
possibly with multiplicities. The index upper bound of the min-max minimal hypersurfaces was
proved by Marques-Neves [MN16] and Li [Li20]. Sharp [Shal7] proved the compactness of the space
of minimal hypersurfaces with bounded area and index. As a consequence, one can conclude that
[IMN18, Proposition 2.2], [Li20, Theorem 3] for each p € N, w, is achieved by the area of a closed,
minimal hypersurface with optimal regularity (possibly with multiplicities), whose index is bounded
above by p (see also [Lil9, Corollary 3.2]). Moreover, if the ambient dimension 3 < n+1 < 7, by
the works of Marques-Neves [MN21] and Zhou [Zho20], for a generic (bumpy) metric, w, is realized
by the area of a closed, two-sided, minimal hypersurface with multiplicity one, whose index = p.
When the ambient dimension is 3, this was also proved by Chodosh and Mantoulidis [CM20], in
the Allen-Cahn setting.

By the works of Gromov [Gro88,Gro03], Guth [Gut09], Marques and Neves [MN17], there exist

positive constants C; and Cs, depending on the ambient metric g, such that
Cyp™iT < w, < Copmit WpeN. (4.1.2)

In [LMN18], Liokumovich, Marques and Neves proved that {w,}52; satisfies the following Weyl
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law, which was conjectured by Gromov [Gro03].

lim w,(M)p~ 71 = a(n) Vol(M)#, (4.1.3)

p—00

where a(n) > 0 is a constant, which depends only on the ambient dimension.

The above mentioned theorems regarding the asymptotic behaviour of {w,}7%,, play important
roles in the proofs of Yau’s conjecture in [MN17,IMN18,MNS19,Son18,Li19,5S721]. (The arguments
in the papers [Sonl8] and [SZ21] use the Weyl law for the volume spectrum on certain non-compact
manifolds with cylindrical ends, proved by Song [Son18].)

The properties of the volume spectrum are also important in the context of constant mean
curvature (CMC) hypersurfaces. In Chapter 2, we obtained a quantitative estimate for the number
of closed c-CMC hypersurfaces in an arbitrary closed Riemannian manifold. To prove this estimate,

we used the lower bound of wy, stated in (4.1.2) and the following inequality.
wp1 < wp + Wy VpeN, (414)

where Wy is the one parameter Almgren-Pitts width of M.
In this chapter, we will prove a more general sub-additive inequality for the volume spectrum,

as stated below.
Theorem 4.1.1. Let (M, g) be a closed Riemannian manifold. Let {wp}32; be the volume spectrum
and Wy be the one parameter Almgren-Pitts width of M (see Section 4.2.2). Then, for all k,m > 0,

Wrtmt1 < Wk + wm + W, (4.1.5)

where we set wy = 0.

A similar inequality also holds for the phase-transition spectrum (as stated below in Theo-
rem 4.1.2), which is the Allen-Cahn analogue of the volume spectrum. The Allen-Cahn min-max

theory is a PDE based approach to the min-max construction of minimal hypersurfaces, which
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was introduced by Guaraco [Gual8] and further extended by Gaspar and Guaraco [GG18]. The
regularity of the minimal hypersurfaces, obtained from the Allen-Cahn theory, depends on the pre-
vious works by Hutchinson-Tonegawa [HT00], Tonegawa [Ton05], Wickramasekera [Wicl4a] and
Tonegawa-Wickramasekera [TW12]. If the ambient dimension n + 1 = 3, the regularity of the
Allen-Cahn minimal surfaces can also be obtained from the curvature estimates of Chodosh and
Mantoulidis [CM20]. In [GG18|, Gaspar and Guaraco defined the phase-transition spectrum and
proved a sub-linear growth estimate for them (which is similar to (4.1.2)). In [GG19], they proved
a Weyl law for the phase-transition spectrum (which is similar to the Weyl law for the volume

spectrum (4.1.3)).

Theorem 4.1.2. Let (M, g) be a closed Riemannian manifold. For e > 0, let {c-(p)};<; be the
e-phase-transition spectrum and . be the one parameter e-Allen-Cahn width of M (see Section

4.2.3). Then, for all k,m > 0,

ce(k+m+1) <c(k)+ cc(m) + e, (4.1.6)

where c.(0) = 0. Hence, letting € — 0T, we obtain the following inequality for the phase-transition
spectrum {£,}52 ;.

Logmy1 < Llp +Lm + 7,

where £y = 0 and ~y is the one parameter Allen-Cahn width of M.

4.2 Notation and Preliminaries

4.2.1 Caccioppoli sets

In this subsection, we will briefly recall the notion of the Caccioppoli set; further details can be
found in [Sim83] and [AFP00]. An H"*l-measurable set E C M is called a Caccioppoli set if Dx g,

the distributional derivative of the characteristic function xg, is a finite Radon measure on M.
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This is equivalent to
sup{/ divw dH™ ™ 1w € XY M), [|w]loo < 1} < 005
E

where X1 (M) denotes the space of C* vector-fields on M. Let us use the notation C(M) to denote
the space of all Caccioppoli sets in M. If E € C(M), there exists an n-rectifiable set OF such

that the total variation measure |Dyg| = H"LOE. Hence, for all w € X1 (M),

/ divw dH" =/ (w,vg) dH",
E OF

where v is a | Dxg|-measurable vector-field; |vg| = 1 |Dxg|-a.e. The following proposition can be

found in [AFPO00]. For the sake of completeness, we also include its proof (following [AFP00]).

Proposition 4.2.1 ([AFP00, Proposition 3.38]). Let E C M be H"'-measurable and U C M be

an open set. Let
P(E,U) = sup{/Edivw dH™ Mt w e XLU), ||Jw]leo < 1} ;
where XL(U) denotes the space of compactly supported C* vector-fields on U. If E,F € C(M),
P(ENF,U)+P(EUF,U)<P(E,U)+ P(F,U). (4.2.1)

Hence, if E,F € C(M), ENF and EUF also belong to C(M).
Proof. Since E, F € C(M), by [MPPPO07, Proposition 1.4], there exist {f;}52,{g:}52, € C*°(U)

such that 0 < f;,¢; <1 for all 4;

fi— XE’U in L'(U) and pointwise a.e.; P(E,U) = lim [ |Vfi|;
U

71— 00

gi — XF|U in L'(U) and pointwise a.c.; P(F,U) = lim [ |Vg.
1—> 00 U
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By the dominated convergence theorem,
figi = xenr|, in L'(U) and fi + gi — figi = xpur|, in L'(U).
Therefore,

P(ENF,U)+ P(EUF,U)

< liirgioglf/U \V(figi)| + |V fi + Vagi — V(figi)|

11—

< hmgolf/Ugi IVfil + fi Vgl + (1 —g:) [Vfil + (1 = fi) [Vl

— P(E,U) + P(F,U).

4.2.2 The space of hypercycles and the volume spectrum

For I € N, let I;(M™"';Z5) be the space of I-dimensional flat chains in M with coefficients in
Zo. We will only need to consider [ = n,n + 1. Z,(M™"1;Zy) denotes the space of flat chains
T € 1,,(M;Zs) such that T = 09 for some Q € L,,11(M;Zs). If T € 1,(M;Zs), |T| stands for the
varifold associated to T' and ||T|| is the Radon measure associated to |T'|. F and M denote the flat
norm and the mass norm on I;(M;Zsy). When | = n + 1, these two norms coincide. We will always
assume that the spaces I,,+1(M;Zs) and Z,(M;Zs) are equipped with the F norm. We will also
identify C(M) with I,,41(M;Zs), i.e. E € C(M) will be identified with [E], the current associated
with E. Similarly, OF (with E € C(M)) will be identified with [OE] = 9[E].

In [MN21], Marques and Neves proved that the space C(M) is contractible and the boundary map
0:C(M) — Z,(M;Zs) is a double cover. Indeed, by the constancy theorem, for Qq,Qs € C(M),
00y = 094 if and only if either ; = Q5 or O = M — Qq. Thus 71 (Z,(M;Zs3)) = Zo. It was also
proved in [MN21] that Z,(M;Zs) is weakly homotopy equivalent to RP>. The cohomology ring

H*(Z,(M;Zs),Zs) is the polynomial ring Zs[\] where X is the unique non-zero cohomology class
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in HY(2,,(M;Zs),Zs).

X is called a cubical complex if X is a subcomplex of [0, 1]V for some N € N. By [BP02, Chapter
4], every cubical complex is homeomorphic to a finite simplicial complex and vice-versa. In this
chapter, we choose to work with simplicial complexes.

Let X be a finite simplicial complex. Suppose ® : X — Z,,(M;Zs) is a continuous map. P is

called a p-sweepout if ®*(X”) # 0 in HP(X,Zs). ® is said to have no concentration of mass if
Tim sup {[@(@)]| (Bp. ) € X, pe M} =0,

Let P, denote the set of all p-sweepouts with no concentration of mass. The wvolume spectrum
{wp}py is defined by

wp = q)iélé sup {M(®(z)) : = € domain of ®}.

Let us also recall the definition of the one parameter Almgren-Pitts width, denoted by W.
Suppose S is the set of all continuous maps A : [0,1] — C(M) such that A(0) = M, A(1) = 0 and

0o A :[0,1] —» Z,(M;Zs3) has no concentration of mass. We define
Wy = /{rég sup {M(9A(t)) : t € [0,1]}.

4.2.3 The phase-transition spectrum

Here we briefly recall the definition of the phase-transition spectrum, which was originally defined
by Gaspar and Guaraco in [GG18]. Let p : E — B be a universal Zo-principal bundle. Then
B is homotopy equivalent to RP*°; hence H*(B,Zsy) is isomorphic to the polynomial ring Zs[¢],
where ¢ € HY(B,Zy). Suppose X is a finite simplicial complex with a free, simplicial Z, action
(i.e. Zs acts on X by simplicial homeomorphism) and X is the quotient of X by Z,. There exists a
continuous Zs-equivariant map f : X = E, which is unique up to Zs-homotopy (see [Die08, Chapter

14.4]). f descends to a map f : X — B, i.e. if 7 : X — X is the projection map, for =po f. Let
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f*: H*(B,Zy) — H*(X,Zs3) be the map induced by f. One defines
Indz,(X) =sup{p e N: f* (& 1) £0e€ H "1 (X,Z,)} .

C, denotes the set of all finite simplicial complex X, with a free, simplicial Z, action, such

that Indz, (X) > p+ 1.

Let us recall that
H'(M) = {¢ € L*(M) : the distributional derivative Vi € L*(M)}.

H'(M) is an infinite dimensional, separable Hilbert space; hence H'(M)\ {0} is contractible. There
is a free Zy action on H'(M) \ {0} given by u — —u. Thus H'(M) \ {0}, equipped with this Z,
action, is the total space of a universal Zs-principal bundle (see [Die08, 14.4.12]). If X is a finite
simplicial complex with a free, simplicial Zy action, the set of all continuous Zs-equivariant maps
X — HY(M)\ {0} is denoted by T'(X).

For € > 0, the e-Allen-Cahn functional E. : H*(M) — [0,00) is defined by

Ve, W)
Ee(u)—/M€72 +7E ,

where W : R — [0, 00) is a smooth, symmetric double-well potential. More precisely, W is bounded;
W (t) = W(—t) for all t € R; W has precisely three critical points 0, £1; W(£1) = 0 and W"(£1) >
0; 0 is a local maximum of W. We note that E.(u) = E.(—u). The e-phase-transition spectrum

{e(p)}p2 can be defined as follows (see [GG18, Lemma 6.2]).

ce(p) = inf ( inf  sup Eg(f(x))>

XeC, \ feN(X) zex

The phase-transition spectrum {£,}>° is defined by

1 .
‘gp = % Eli%h Cs(p)a
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where o = fil VW (t)/2 dt. By the combined works of Hutchinson-Tonegawa [HT00], Tonegawa
[Ton05], Wickramasekera [Wicl4al], Tonegawa-Wickramasekera [TW12], Guaraco [Gual8], Gaspar-
Guaraco [GG18] and Gaspar [Gasl9], £, is achieved by the area of a closed, minimal hypersurface
with optimal regularity (possibly with multiplicities), whose index is bounded above by p [GG19,
Corollary 2.3]. From the results in [Gual8], [GG18] and Chapter 5, it follows that ¢, = w, for all
p € N. Let us also recall the definition of the one parameter Allen-Cahn width ~, which was defined

by Guaraco [Gual8]. Suppose
S ={f:[0,1] = H'(M) : f is continuous, f(0) =1, f(1) = -1}

Then

1
= 1 f EE t 3 - 1 .
% = juf, sup (f(®); v =5 lim 7

Again, by the results in [Gual8] and Chapter 5, v = W.

4.2.4 The join of two topological spaces

Let A and B be two topological spaces. The join of A and B, denoted by A x B, is defined as
follows.

A x B x[0,1]

)

Ax B =

~

where the equivalence relation ‘~’ is such that
(a7b17O)N(aﬂb230) VbthGB and (alabvl)N(anbal) VCL17Q2€A,

i.e. AxBx{0}is collapsed to A and Ax Bx {1} is collapsed to B. If either A or B is path-connected,
using van Kampen’s Theorem, one can show that A x B is simply connected.
By the abuse of notation, an element of Ax B will be denoted by a triple (a,b,t) witha € A, b €

B, te€[0,1]. If f: A— C and g : B — D are continuous maps, one can define a continuous map
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fxg: Ax B — Cx D as follows.
(fxg)(a,b,t) = (f(a),g(b),t); a€ A be B, te]0,1].
Let us recall that the standard d-simplex A? is defined as follows.
A = {z = (x1,22,...,2441) eRM iz 4 ag 4+ 2gp =1 and x; >0 Vi}.

AP x A% can be canonically identified with the simplex APT9+1 Indeed, F,, : AP x A4 — APHaFl
defined by

Fpo(u,v,t) = (1 — t)u, tv) (€ RPTa+2)

is a homeomorphism. Hence, the join of two simplicial complexes is again a simplicial complex.
If X is a topological space, let Cy(X,Z2) denote the abelian group of singular d-chains in X
with coefficients in Zs. For p,q € Ny, we define a bilinear map %, : C,(A,Z3) x Cy(B,Zs) —

Cptq+1(A* B,Zy) as follows. If 1 : AP — A and @9 : A9 — B are continuous maps,

ypq(@lﬂpz) = (p1*p2)o0 (ij;l) ;

for a general pair (¢1,92) € Cp(A,Z3) x Cy(B,Zs), Fpe(p1,p2) is defined by bilinearity. For
convenience, let us denote Zpq (1, @2) simply by ¢1 * @o. The following identity can be verified by

explicit computation.

A1 * pa) = (Fp1) * 2 + 1 * (D). (4.2.2)

4.3 Proof of Theorem 4.1.1

If Kk =m =0, (4.1.5) reduces to wy < W, which holds by the definitions of w; and W. So let us
assume that & > 1. The proof of Theorem 4.1.1 is divided into four parts.

Part 1. Let us fix § > 0. We choose a k-sweepout ®; : X — Z,,(M;Zs), with no concentration of
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mass, such that X is connected and

sgg{M(@l(m))} < wp + 0. (4.3.1)

Following the argument of Zhou [Zho20], ®; is a k-sweepout implies that
O} - HY(2,(M;Zs), Zs) — H' (X, Zs)

is non-zero. Hence,
(P1)s : M (X) = T (Zn(M;Zs)) (= Zs)

is onto. Thus ker(®;). is an index 2 subgroup of 71 (X). By [Hat02, Proposition 1.36], there exists

a double cover p; : X — X such that X is connected and if

(p1)s 2 (X)) = m(X),

then im(p;). = ker(®),. Using [Hat02, Proposition 1.33], ®; has a lift ®; : X — C(M) such

that 9o ®; = &, o p1- ®, is Zo-equivariant, i.e. if T} : X — X is the deck transformation,

(pl(Tl(I)) =M — (i>1(.’[) Voe X

Similarly, for m > 1, we can choose an m-sweepout @5 : Y — Z,,(M;Zs) with no concentration of

mass such that Y is connected and

sgg{M(q)g(y))} < wp, + 0. (4.3.2)

There exists a double cover ps : Y — Y such that Y is connected and ®, has a lift <i>2 Y = C(M)

such that 8 o &y = &5 0 po. If Ty : Y — Y is the deck transformation, then

Dy (Tu(y)) = M — $a(y) VyeY.
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On the other hand, if m = 0, we simply choose Y to be a singleton set, say Y = {0} and ®5(0)
to be the zero cycle. Moreover, in this case, Y = {—1,1} with ®3(—1) = M and ®;(1) = 0. We
also choose A : [0,1] — C(M) such that A(0) = M, A(1) =0, Do A : [0,1] — Z,(M;Zz) has no
concentration of mass and

t:%pl]{M(aA(t))} < Wy + 0. (4.3.3)

Part 2. Let us consider X Y. As remarked in Section 4.2.4, X %Y is simply-connected. There

exists a free Zy action on X %Y given by
(z,y,t) = (T1(x), Ta(y), 1) (4.3.4)

X and Y can be equipped with simplicial complex structures such that the maps T; : X — X and
T» : Y — Y are simplicial homeomorphisms. Let {Ar;:i=1,...,2I} and {Ay; : j=1,...,2J}
be the set of simplices in X and Y. As discussed in Section 4.2.4, we can put a canonical simplicial
complex structure on X x }7, whose simplices are {A1;, Agj, Ay i*x Doy i =1,...,2I; j =
1,...,2J}, such that the above action of Zy on X %Y ((4.3.4)) is a simplicial action.

One can define a Zy-equivariant map W : X Y — C(M) as follows.

U(z,y,t) = (<i>1(x) n A(t)) U (éQ(y) N (M — A(t))). (4.3.5)

This definition is motivated by the work of Marques and Neves [MN21, Proof of Claim 5.3], where
they proved that C(M) is contractible. By Proposition 4.2.1, R.H.S. of (4.3.5) indeed belongs to
C(M). Moreover, ¥ is well-defined on X Y as A(0) = M and A(1) = 0.

Claim 4.3.1. The map ¥ : X xY — C(M), defined above, is continuous in the flat topology.

Proof. Since &1, &5 and A are continuous in the flat topology, it is enough to prove that the maps

p1, p2 : C(M) x C(M) — C(M) defined by

p(E,F)=FENF and u(E,F)=FEUF
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are continuous. For arbitrary sets A, As, By, Bo,

(A1 N Bl) A (A2 N BQ) - (Al A AQ) U (Bl A BQ),

and

(A1 U Bl) A (A2 U BQ) C (A1 A Ag) U (Bl A BQ)

Here AA B=(A\B)U(B\ A) is the symmetric difference of A and B. Therefore,

‘F(:Ufl(EaF)fﬂl(El’F/)) gf(E*E/)+]:(F7F/)7

Flua(E, F) - ja(E', F')) < F(E - E') + F(F - F'),

which proves the continuity of py and pus. O

Let Z denote the quotient of X % Y under the above mentioned Zy action (4.3.4) (Z is a
simplicial complex as the Z, action on X #Y is simplicial) and p : X xY — Z be the covering map.
Since ¥ : X Y — C(M) is Zy-equivariant, ¥ descends to a continuous map ¥ : Z — Z,(M;Zs),
ie. oW =Vop If EcC(M), P(E,U) = ||0E||(U). Since ®;, ®3, d o A have no concentration
of mass, from Proposition 4.2.1, it follows that ¥ also has no concentration of mass.

Part 3. We will show that ¥ : Z — Z,(M;Zs,) is a (k +m + 1)-sweepout. Since X * Y is simply-
connected and Z is the quotient of XY by Zs, 71(Z) = Zo; hence H'(Z,7Z5) = Zs. Let \ be the

unique non-zero element of H'(Z,Zs) so that

A =1 (4.3.6)

for all non-contractible loop & : S* — Z.
As discussed in Section 4.2.4, X naturally sits inside X %Y, via the map z — (x,7,0) and Y
naturally sits inside X «Y, via the map y — (Z,y,1). Hence, X and Y can be naturally identified

as subspaces of Z; let ¢ : X < Z and 15 : Y < Z be the inclusion maps. By the definition of ¥ in
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(4.3.5),
U, =® and V|, =, (4.3.7)

Thus, recalling the notation from Section 4.2.2 that H*(Z,(M;Z2),Zs) = Za[A],
A, =PiA and  WA|, =D5A (4.3.8)

In particular, this implies ¥*) is non-zero and hence U*X = . Therefore, to prove that ¥ : Z —
Z,(M;Zy) is a (k+m-~+1)-sweepout, it is enough to find ¢ € Hym11(Z, Za) such that \kTm+1c = 1.

Since @, is a k-sweepout, there exists o € Hy (X, Zs) such that
=k
(®N)" .a=1. (4.3.9)

Let a = [Zle al} , where each o; : A¥ — X is a singular k-simplex and

8( 3 ai) —0. (4.3.10)

Similarly, as @4 is an m-sweepout, there exists 8 € H,,(Y,Zsy) such that

~\ ™M

(®51) B=1 (4.3.11)

Let g = [Z;’:l ﬁj} , where each 8; : A™ — Y is a singular m-simplex and

8(2@-) ~0. (4.3.12)

Let 7 : Cp(X,Z3) — Ci(X,Zy) be the transfer homomorphism defined as follows (see the
discussion after the statement of Proposition 2B.6 in [Hat02]). If  : A¥ — X is a continuous map,
n has exactly two lifts 7,72 : A¥ — X. One defines 7(n) = 71 + 7jo. For a general ) € Cr(X, Zs),
7(n) is defined by linearity. Let &; 1, di2 : AF — X be the lifts of a; so that 7(a;) = a1+ 0.
We also choose Bj : A™ Y, which is a lift of Bj.
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Claim 4.3.2.

ap#(ZT(ai) . Bj) =0 in Copm(Z, Lo). (4.3.13)
Proof. By (4.2.2),
G(ZT(ai) * Bj) = Z@T(ai) * B + ZT(ai) * 05, (4.3.14)

Since 7 is a chain map (i.e. 7 commutes with 9), (4.3.10) implies
> or(a;) =0. (4.3.15)

Further, by (4.3.12),

p#(;a@) =0.

Hence, there exist singular (m — 1)-simplices 6,1, 0, : A™7!1 — Y such that (see the short exact

sequence in the discussion after the statement of Proposition 2B.6 in [Hat02] ) 6, 2 = T3 0 6,1 and

R
> 0B = 6r1+ 06,0
7 r=1

Thus
Z T(Ozi) * 86~J = Z di71 * er,l + di)g * 9r71 + di,l * 9r,2 + @i,g * 9r,2~ (4316)
i, ir
However,
p o (di,l * Hr,l) =po (072‘72 * HT,Q) and po (072‘72 * 67“,1) =po (&i,l * 97‘)2). (4317)
Therefore, combining (4.3.14), (4.3.15), (4.3.16) and (4.3.17), we obtain (4.3.13). O

Claim 4.3.2 implies that

c= [p# ( 3 () * Bj)} (4.3.18)

0,J
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is a well-defined homology class in Hym+1(Z, Zs2).

Claim 4.3.3. \F*™+lc =1, where c is as defined in (4.3.18).

Proof. Let us choose h : C1(Z,Zs) — Zsy such that A = [h]. We recall from Section 4.2.4 that

AF+m+1 can be canonically identified with A¥xA™ and there are canonical inclusions A* < AFxA™

and A™ < AF x A™. Suppose {v1, ..., Vkimia} are the vertices of A¥+™+1 g0 that {vy, ..

(resp. {Vk+2,---Vkimas2}) are the vertices of A (resp. A™). We note that

(i * B)) | =t o = py(Qigx 5j)|[,,1 ..... vesa]’

Similarly,

p#(di,l * /Bj)|[1/k+27~..,l/k+7n+2] =1wof;= p#(dl}? * Bj)|[l/k+2:--<7’/k+m+2]'

Moreover,

is a curve joining &; 1(v4x4+1) and Bj(yk+2);

(Gin *Bj)’[
(G2 *Bj)h

Vik+1 1l’k+2]

vesr el is a curve joining &; 2(vg+1) and B (vg42).

Since 6@'72 = T1 o 5[,’71,

P (G % By, |yt (G % B

)‘[Vk+1vl’k+2]

is a non-contractible loop in Z. Hence, using (4.3.19), (4.3.20) and (4.3.6), we obtain

pEmtl (p#(dm % Bj) + py (G * Bj))

=h* (b1 oai)h (p# (G * Bj)’[”k+h”k+2] + (G * Bj)’[”k+lvuk+2]

= h*(11 0 a;)h™ (12 0 Bj)-
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)™ iz0 8y)

-7Vk+1}

(4.3.19)

(4.3.20)

(4.3.21)



.3.8), (4.3.9), (4.3. an 3. um that .c=1.
(4.3.8), (4.3.9), (4.3.11) and (4.3.21) imply th Netmatd 1 O

Part 4. Since ¥ : Z — Z,(M;Zs) is a (k +m + 1)-sweepout with no concentration of mass,

iléIZ){M(\If(z))} > Whtmt1- (4.3.22)

The following proposition essentially follows from the proof of Proposition 4.2.1.

Proposition 4.3.4. For all (z,y,t) € X x Y,

M(9W(z,y,t)) < M(®1(x)) + M(P2(y)) + M(OA(?)).

Proof. By [MPPPO07, Proposition 1.4], there exist {u;}32,, {v:}32y, {w;}2; € C°°(M) such

that 0 < u;, v;, w; <1 for all 7;

Ui = X, (z) I L*(M) and pointwise a.e.; M(®;(x)) = Zlingo y [Vul;

Vi = Xg,(y) D L*(M) and pointwise a.e.; M(®Py(y)) = lim y [Vul;

w; = xa@ in L'(M) and pointwise a.e.; M(OA(t)) = lim [Vw;|.
By the dominated convergence theorem,
wiwi +vi(1 — wi) = Xy, 0 LY (M).
Therefore,

M(8F(z,y,t)) < liminf /M |V (wiw;) + V(vi (1 — wy))|

1—> 00

i—00

< 1iminf/ V| + Vo] + [V
M

= M(®(x)) + M(®P2(y)) + M(IA(2)).
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Combining Proposition 4.3.4, (4.3.1), (4.3.2), (4.3.3) and (4.3.22), we obtain
Wh4m-+1 S Wk + Wy + W() + 30.

Since 0 > 0 is arbitrary, this finishes the proof of Theorem 4.1.1.

4.4 Proof of Theorem 4.1.2

If kK =m =0, (4.1.6) reduces to c.(1) < 4., which holds by the definitions of ¢.(1) and . (see
[GG18, Remark 3.6]). So let us assume that & > 1. We fix § > 0. There exists a connected simplicial

complex X € C;, and h; € I'(X) such that

sup E. (ﬁl(x)) < ce(k)+ 0. (4.4.1)

165(

Similarly, for m > 1, there exists a connected simplicial complex Y € C,, and hy € I‘(Y) such that

sup E. (ha(y)) < co(m) + 6. (4.4.2)
yey

If m = 0, we choose Y = {—1,1} and hy(£1) = 1. Let w: [0,1] — H' (M) be such that w(0) = 1,
w(l) = —1 and

sup E.(w(t)) < e + 0. (4.4.3)
t€(0,1]

Suppose T : HY(M) — H'(M) is the following truncation map (see [Gual8, Section 4]).
T (u) = min{max{u, —1},1}.

Then 7 is continuous, —1 < T (u) < 1, T(—u) = =T (u) and E. (T (u)) < E.(u). Therefore, without

loss of generality, we can assume that
—1 < hy(z), ha(y), w(t) <1 (4.4.4)
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forallz € X,y €Y and t € [0,1].
For a € R, let a* = max{a,0}; a~ = min{a,0}. The following maps ¢, 1,6 : H*(M) x H' (M) x
HY(M) — H'(M) are defined in Chapter 5.

o(u1,uz,v) = min{max{u, —v}, max{us,v}};
¥ (u1, uz,v) = max{min{uy, v}, min{us, —v}};
O(u1, us,v) = d(ug, ug, v)" + P(uy, ug,v) .
Proposition 4.4.1 (Proposition 5.3.10). The map 0, defined above, has the following properties.
(i) 0 is continuous.
(it) 0(—uq, —uz,v) = —0(uy, ug,v).
(iii) If =1 < wug,ue <1, 0(u1,us, 1) =u; and 6(uy,uz, —1) = us.
(iv) E-(0(u1,u2,v)) < E.(u1) + Ec(u2) + Ec(v).

We define §: X Y — H*(M) as follows.

(z,y.t) = (ﬁl(x), ha(y), w(t)) . (4.4.5)

‘ﬂX = hi; q~|)7:}~12- (4.4.6)

(We recall from Part 3 of the proof of Theorem 4.1.1 that X and Y can be naturally identified as

subspaces of X *Y.)

Claim 4.4.2. Z=X=xY € Cktm+1 and there exists he ]."(Z) such that

E.(h(2)) < E.(§(2)) +6 Vze Z. (4.4.7)

74



Proof. Let T : X — X be such that the Zo action on X is given by z — Ti(z) and T5 : Y Y
be such that the Zs action on Y is given by y ~ Ta(y). Let {A1; i = 1,...,2I} and {Ay :
j=1,...,2J} be the set of simplices in X and Y. As discussed in Section 4.2.4, one can put a
canonical simplicial complex structure on 7 =X 37, whose simplices are {Aq 4, Ao j, AqixAgj:

i=1,...,2I; j=1,...,2J}. There is a free, simplicial Z, action on Z given by

z = (:Cay7t) — T(Z) = (Tl(x);T2(y)7t)'

By Proposition 4.4.1(ii), §(T(z)) = —G(z) for all z € Z. There might exist z € Z such that §(z) =
0 € H*(M). However, as we discuss below, one can perturb ¢ and obtain a new map h:Z —

HY(M)\ {0}, which is Zs-equivariant and satisfies

E.(h(2)) < E.(§(2))+ 3 Vze Z; (4.4.8)

= hy. (4.4.9)

For R > 0, let
Br={uc H*(M): lull g1 ary < R}

Bg \ {0}, being homeomorphic to H(M) \ {0}, is contractible. Let r > 0 be such that

|E.(u) — E-(0)] <6/2 YucB,. (4.4.10)

Let {es, fs : s =1,..., S} be the set of all simplices in Z, indexed in such a way that T'(e,) = fs

and s < s implies dim(es, ) < dim(es, ). Suppose

Zo=1{2€Z:4(z) =0¢c HY(M)}.

Using barycentric subdivision, without loss of generality one can assume that

if o is a simplex in Z and aN Zy # 0, then §(a) C B,. (4.4.11)
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We will define & inductively on the simplices of Z so that
(i) h:Z — H' (M) \ {0} is Zy-equivariant;

(i) if a is a simplex in Z with N Zy = § then

hl, =dl,; (4.4.12)
(iii) if o is a simplex in Z with o N Zo # 0 then
h(a) C B, \ {0}. (4.4.13)

By abuse of notation, let us identify a simplex of Z with its support. If s is such that dim(es) = 0,

we set

B(es) _ qles) if G(es) #0 (4-4.14)

an arbitrary point in B, \ {0} if §(e5) =0
and h(f,) = —h(es). Let us assume that we have defined

h: U (es U fo) = H (M) \ {0}

s<l—1

in such a way that

(i) h(T(2)) = —h(z) for all z € Us<ia(es U fo)s

(ii) A if s <l—1ande,N Zy=0 (which is equivalent to fs N Zy = 0);

euf. = de,uy,

(i) (h(es) Uh(fs)) C B, \ {0} if s <1 —1and e, N Zy # 0 (which is equivalent to f, N Zy # 0).

We define h : (e; U f;) — H' (M) \ {0} as follows. By the induction hypothesis, & has already been

defined on (9e; UAf;). If e, N Zo=0= fiN Zy, we set

h|61UfL =q elJfi’
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Otherwise e; N Zy, fi N Zo # 0, which, together with (4.4.11) and the induction hypothesis, implies
that h(de; U df;) € B, \ {0}. h is defined on e; in such a way that the definition of h on de;
matches with its previous definition and h(e;) C B, \ {0}. Such an extension is possible as B, \ {0}
is contractible. For z € f;, h(z) is defined to be equal to —h(T(2)).

Thus we have defined h: Z — H'(M)\ {0}, which is Zy-equivariant. (4.4.8) and (4.4.9) can be
proved using (4.4.10) — (4.4.13)

Suppose Z and (M) denote the quotients of Z and H'(M) \ {0}, respectively, by Z,. Then
h descends to a map h : Z — #(M). As discussed in Section 4.2.3, H*((M),Zs) = Zyl€].

Furthermore, 7€ Ck+m+1 if and only if
R*(EFTmHL) £ 0 € HE™TY(Z, 7). (4.4.15)

However, since X € Cy, if X denotes the quotient of X by Zs, hy descends to amap hy : X — (M)
such that

hi(€%) #£0 € HY(X,Zy). (4.4.16)

Similarly, as Y € C,,, if Y denotes the quotient of Y by Zs, ho descends to a map hy : Y — (M)
such that

R5(E™) # 0 € H™(Y, Zs). (4.4.17)

One can prove (4.4.15) by using (4.4.16), (4.4.17), (4.4.9) and an argument similar to Part 3 of the
proof of Theorem 4.1.1. O

By the above Claim 4.4.2,
sup E.(h(2)) > co(k+m+1). (4.4.18)
z€)~(*)~/

On the other hand, by (4.4.7) and Proposition 4.4.1(iv), for all (z,y,t) € X Y,

E.(h(z,y,1)) < E-(4(z,y,t)) + 6 < E-(h1(2)) + E-(ha(y)) + E-(w(t)) + 6. (4.4.19)
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Combining (4.4.18), (4.4.19), (4.4.1), (4.4.2) and (4.4.3), we obtain

ce(k+m+1) <co(k)+ ce(m) + - + 44.

Since 0 > 0 is arbitrary, this finishes the proof of Theorem 4.1.2.

78



Chapter 5

A comparison of the
Almgren-Pitts and the Allen-Cahn

min-max theory

5.1 Introduction

In [Gual8], Guaraco introduced a new approach for the min-max construction of minimal hyper-
surfaces which was further developed by Gaspar and Guaraco in [GG18]. This approach is based
on the study of the limiting behaviour of solutions to the Allen-Cahn equation. The Allen-Cahn

equation (with parameter € > 0) is the following semi-linear, elliptic PDE

AC.(u) == eAu— e "W/ (u) =0 (5.1.1)
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where W : R — [0,00) is a double well potential, e.g. W(t) = (1 — t?)?. The solutions of this
equation are precisely the critical points of the energy functional

'LL2 u
o= [ T,

Informally speaking, as e — 0, the level sets of the solutions to (5.1.1) (with uniformly bounded
energy) accumulate around a generalized minimal hypersurface (called a limit-interface). In par-
ticular, Modica [Mod87] and Sternberg [Ste88] proved that as ¢ — 0, the energy minimizing so-
lutions to (5.1.1) converge to a area minimizing hypersurface. For general solutions to (5.1.1),
Hutchinson and Tonegawa [HT00] proved that the limit-interface is a stationary, integral varifold.
Moreover, if the solutions are stable, by the works of Tonegawa [Ton05], Wickramasekera [Wicl4al]
and Tonegawa-Wickramasekera [TW12], the limit-interface is a stable minimal hypersurface with
optimal regularity. In [Gual8], Guaraco proved that the limit-interface has optimal regularity if
the solutions have uniformly bounded Morse index. Furthermore, by a mountain-pass argument he
proved the existence of critical points of E. with uniformly bounded energy and Morse index. In
this way he obtained a new proof of the previously mentioned theorem of Almgren-Pitts-Schoen-
Simon. The index of the limit-interface is bounded by the index of the solutions. This was proved
by Hiesmayr [Hiel8] assuming the limit-interface is two-sided and by Gaspar [Gas19] in the general
case.

In [GG18,GG19], Gaspar and Guaraco studied the phase transition spectrum which is the Allen-
Cahn analogue of the volume spectrum. They proved that the phase transition spectrum satisfies a
Weyl law similar to the volume spectrum and gave alternative proofs of the density [IMN18] and the
equidistribution [MNS19] theorems. In [CM20], Chodosh and Mantoulidis proved the multiplicity
one conjecture in the Allen-Cahn setting in dimension 3 and the upper semi-continuity of the
Morse index when the limit-interface has multiplicity one. As a consequence, they proved that for
a generic (bumpy) metric g on a closed manifold M?, there exists a sequence of closed, embedded,
two-sided minimal surfaces {¥,}°2, in (M?,g) such that Ind(X,) = p and area(,) ~ pt/3. In

higher dimensions, the multiplicity one conjecture for the one parameter Allen-Cahn min-max has
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been proved by Bellettini [Bel20a, Bel20b]. In [GMN19], Guaraco, Marques and Neves proved that
a strictly stable limit-interface must have multiplicity one.

The Allen-Cahn equation on the surfaces has been studied by Mantoulidis [Man21] and Chodosh-
Mantoulidis [CM21]. In particular, they have proved that the geodesic limit-interface, obtained
from the Allen-Cahn min-max theory, consists of immersed, closed geodesics. On the other hand,
the Almgren-Pitts min-max theory on the surfaces produce geodesic networks, which may not be
smooth [MN16, Remark 1.1].

In [BW20], Bellettini and Wickramasekera proved the existence of closed prescribed mean cur-
vature (PMC) hypersurfaces in arbitrary closed Riemannian manifolds using the min-max solutions
of the inhomogeneous Allen-Cahn equations. To prove the regularity of the Allen-Cahn PMC hy-
persurfaces, they used their earlier works [BW18, BW19] on the regularity and compactness theory
of stable PMC hypersurfaces. Previously, Zhou and Zhu [ZZ19,7Z720] developed a min-max theory
for the construction of closed PMC hypersurfaces which is parallel to the Almgren-Pitts min-max
theory. The estimates for the index and nullity of the Allen-Cahn PMC hypersurfaces have been
proved by Mantoulidis [Man20].

The asymptotic behaviour of the critical points of the Ginzburg-Landau functional (which ap-
proximates the codimension-2 area functional) has been studied by Stern [Ste21], Cheng [Chel7],
Pigati-Stern [PS21] and Parise-Pigati-Stern [PPS21]. In particular, in [PS21], Pigati and Stern
proved the existence of a codimension-2 stationary, integral varifold in an arbitrary closed Rieman-
nian manifold. This theorem was previously proved by Almgren [Alm65] using more complicated
geometric measure theory approach. The T'-convergence of the U(1)-Yang-Mills-Higgs functional
to the codimension-2 area functional has been proved by Parise, Pigati and Stern [PPS21].

If ¥ is a non-degenerate, separating, closed, embedded minimal hypersurface in a closed Rie-
mannian manifold, Pacard and Ritoré [PR03] constructed solutions of the Allen-Cahn equation
AC.(u) = 0 for sufficiently small & > 0, whose level sets converge to ¥. The uniqueness of these
solutions has been proved by Guaraco, Marques and Neves [GMN19]. The construction of Pacard
and Ritoré has been extended by Caju and Gaspar [CG19] in the case when all the Jacobi fields of

3} are induced by the ambient isometries. Assuming a positivity condition on the Ricci curvature
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of the ambient manifold, del Pino-Kowalczyk-Wei-Yang [dKWY10] constructed solutions of the
Allen-Cahn equation whose energies concentrate on a non-degenerate, closed minimal hypersurface
with multiplicity > 1.

In this chapter we will be interested in the question to what extent the Almgren-Pitts min-max
theory and the Allen-Cahn min-max theory agree. Part of this question has been answered by
Guaraco [Gual8] and Gaspar-Guaraco [GG18]; they proved that the Almgren-Pitts widths are less
than or equal to the Allen-Cahn widths. (The analogous inequality in the codimension-2 case has
been proved by Parise-Pigati-Stern [PPS21].) In this chapter, we will prove the reverse inequality,
i.e the Allen-Cahn widths are less than or equal to the Almgren-Pitts widths.

To precisely state our main result, we need some facts about the universal G-principal bundle.
We will follow the book by Dieck [Die08, Chapter 14.4] and the paper by Gaspar and Guaraco
[GG18, Appendix B], where further details can be found. Let G be a topological group and p¢ :
EG — BG be a universal G-principal bundle (which is unique up to isomorphism). Given a
topological space B, there exists a one-to-one correspondence between the set of homotopy classes
of maps B — BG and the set of isomorphism classes of numerable principal G-bundles over B. If
fi, fe : B — BG are homotopic, f{ EG and f5EG are isomorphic numerable principal G-bundles
over B. Conversely, if F is a numerable free G-space, there exists a G-map from F to EG which
is unique up to G-homotopy. Denoting B = E/G, if F1,Fy : E — EG are G-maps, they descend
to homotopic maps f1, fo : B — BG. We also note the following facts: a numerable G-principal
bundle p : £ — B is universal if £ is a contractible topological space [Die08, 14.4.12]; each open
covering of a paracompact space is numerable [Die08, 13.1.3].

We refer to Section 5.2 for the definitions and notations used in the rest of this section. Let
M7™*1! be a closed Riemannian manifold. Suppose X is a cubical complex which has a non-trivial
double cover 7 : X — X. Since the space I,+1(M;F;Zs) is contractible [MN21] and every metric
space is paracompact, 0 : I, 11(M;F;Zs) — Z,(M;F;Zs) is a universal Zs-principal bundle. As
a consequence, there exists a homotopy class II' of maps X — Z,,(M; F;Zs) corresponding to the

double cover 7 : X — X. More concretely, by [Hat02, Propositions 1.33, 1.36], II' is the set of all
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maps @ : X — Z,,(M; F;Zs) such that ker(®,) = im(w,), where

O, :m(X) = m (Z2,(M; F;Z2)) (= Zz) and m, : m(X) — m(X)

are the maps induced by ® and w. However, in the Almgren-Pitts min-max theory, one needs to
work with the F metric instead of the flat topology. The space I,,+1(M;F;Zs) is simply-connected
and 0 : L,,11(M;F;Zs) — Z,(M;F;Zs) is a double cover. Let IT denote the set of all maps & : X —
Z,(M;F;Zs) such that ker(®,) = im(m,) (where @, : m1(X) = 71 (Z,(M;F;Zs)) (= Z2)). By the
above discussion, any two maps @1, ®s € II are homotopic in the flat topology. To show that II is
a well-defined homotopy class with respect to the F metric, we consider b X = L1 (M;F;Zs)
(i = 1,2), which is a lift of ®;, i.e. o ®; = ®; ow. One can explicitly define a Zs-homotopy
H: [0,1] x X — 1,41 (M; F; Zs) between ®; and D, by

H(t,z) = &y (x){f >t} + Do(z)L{f < t},

where f : M — [0,1] is a Morse function. Then H descends to a homotopy H : [0,1] x X —
Z,.(M; F;Zs) between ®; and P9, which has no concentration of mass. Therefore, by the inter-
polation theorems of Marques and Neves [MN21, Section 3|, ®; and ®5 are homotopic in the F
metric.

On the other hand, H!(M) \ {0} is also contractible and there is a free Zy action on this space
given by u — —u. Therefore, H'(M) \ {0} (equipped with the Zy action) is the total space of a
universal Zy-principal bundle. Let IT denote the set of all Zy-equivariant maps h : X — H*(M)\{0},
i.e. if T: X — X is the deck transformation, h(T(z)) = —h(z) for all z € X.

The following theorem follows from the works of Guaraco [Gual8] and Gaspar-Guaraco [GG18].

We refer to Chapter 4 for the definitions of the volume spectrum {w;,}7°; and the e-phase-transition

spectrum {c.(p)}5;-

Theorem 5.1.1 ([Gual8 GG18]). Let Lap(II) be the Almgren-Pitts width of I ((5.2.1)) and L.(II)
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be the e-Allen-Cahn width of I1 ((5.2.2)). Then there holds

Lap(Il) < 2i lim inf L, (IT). (5.1.2)

O e—0t

As a consequence, the following inequality holds between the volume spectrum and the phase tran-
sition spectrum.

1
wp < % liminfe.(p) VpeN. (5.1.3)

0 -0t

In this chapter we will show that the reverse inequality also holds. More precisely, we will prove

the following theorem.

Theorem 5.1.2. The following inequality holds between the Almgren-Pitts width and the Allen-

Cahn width.
1 -
— limsup L. (II) < L 4p(11). (5.1.4)
0 e—0t
As a consequence,
1
— limsupc.(p) <w, VpeN. (5.1.5)
0 0+

Hence, combining (5.1.2) and (5.1.4), we conclude that 5= lim,_,+ Le (IT) exists and is equal to
Lap(IT). Similarly, (5.1.3) and (5.1.5) together imply that 5= lim._,q+ c<(p) exists and is equal to
wp, for all p € N. When the ambient dimension 3 < n+1 < 7, it was proved by Gaspar and Guaraco
[GG19] that lim,_,g+ c.(p) exists.

The next theorem essentially follows from the works of Hutchinson-Tonegawa [HT00], Guaraco
[Gual8] and Gaspar-Guaraco [GG18]. Informally speaking, it says that all the minimal hyper-
surfaces, obtained from the Allen-Cahn min-max theory, are also produced by the Almgren-Pitts
min-max theory. This can be interpreted as the min-max analogue of the above mentioned theorem
of Modica [Mod87] and Sternberg [Ste88], which says that as ¢ — 0, the minimizers of E. converge

to a minimizer of the area functional.

Theorem 5.1.3. Let Cyc(I1) be as defined at the end of Section 5.2.5 and Cap (1) be as defined

at the end of Section 5.2.3. If V.€ Cac(Il), then V € Cap(Il) as well.
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Combining the index estimate of Gaspar [Gas19] (Theorem 5.2.2) and the above Theorem 5.1.3,
one can obtain an alternative proof of the following Morse index upper bound in the Almgren-Pitts
min-max theory, proved by Marques-Neves [MN16] and Li [Li20].

Theorem 5.1.4 ([MN16,Li20]). Let dim(X) = dim(X) = k. There exists V. € Cyp(Il) such
that Ind(spt(V)) < k.

Indeed, by the min-max theory for the Allen-Cahn functional (see Section 5.2.4), for all suffi-
ciently small € > 0 there exists a min-max critical point u. of E. (corresponding to the homotopy

class II) such that Ind(uc) < k. Hence, by Theorem 6.2.1, 5.2.2 and 5.1.3, there exists

Ve CAc(ﬁ) - CAP(H)

such that Ind(spt(V)) < k.

5.2 Notations and Preliminaries

5.2.1 Notations

Here we summarize the notations which will be frequently used later in this chapter.

[m)] the set {1,2,...,m}

H?® the Hausdorff measure of dimension s

AUB the disjoint union of A and B

int(A), A the interior of A, the closure of A (in a topological space)

0A the topological boundary of A = A\ int(A); d will also denote the

boundary of a current or the boundary of a cell in a cell-complex.

C(M) the space of Caccioppoli sets in M
O*FE the reduced boundary of a Caccioppoli set E
ST the current associated to the rectifiable set S
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|2 the varifold associated to the rectifiable set ¥

V] the Radon measure associated to the varifold V

B¢ the complement of B in M, i.e. M\ B

B(p,R) the geodesic ball centered at p with radius R

A(p,r,R) the annulus centered at p with radii r < R

d(—,S) distance from a set S C (M, g)

N,(S) the set of points y € M such that d(y,S) < p

T,(S) the set of points y € M such that d(y, S) = p

HY(M) the Sobolev space {f € L?(M) : the distributional derivative Vf € L?(M)}

5.2.2 Varifolds

Here we will briefly discuss the notion of the varifold; further details can be found in Simon’s
book [Sim83]. Given a Riemannian manifold M" 1 let G, M denote the Grassmanian bundle of
unoriented n-dimensional hyperplanes over M. An n-varifold in M is a positive Radon measure on
G,M. If V is an n-varifold and p : G,,M — M is the canonical projection map, then |V| := p.V
is a Radon measure on M; ||[V||(A) = V(p~1(A)). The topology on the space of n-varifolds is given

by the weak™ topology, i.e. a net {V;},cz converges to V' if and only if

/‘fmewwm% h(y,w) AV (y,w)
G, M G, M

for all h € C.(G,,M). If ¥ C M is n-rectifiable and 6 : ¥ — [0,00) is in L]

loc

(X, H™), the n-varifold
v(X,0) is defined by
V(200 = [ hoT,2)000) dH" )

for all h € Co(G,M). Here T,,X is the approximate tangent space of ¥ at y which exists for H"-a.e.
y € 3. Such a varifold is called a rectifiable n-varifold. When 6 is the constant function 1, v(X, 0)
is denoted by |X|; it is called the varifold associated to X.

If o: M — M is a C' map and V is an n-varifold in M, the push-forward varifold ¢V is
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defined as follows.
(V)0 = [ Blol). Dioly (@) Jiolw.) dV (5,),

Gt M

where
1/2

Toy.w) = (det (Dew)],)" o (Dew)],)))

is the Jacobian factor and
GIM = {(y,w) € G, M : Jo(y,w) # 0}.

If V = v(2,0) is a rectifiable n-varifold and ¢ : M — M is a C' map, then o4V = v(o(X), ),
where 0 : () — [0, 00) is defined by

0z)= > 0.
yEp~1(z)NT
We denote by V,,(M) the closure of the space of rectifiable n-varifolds in M with respect to the
above mentioned varifold weak topology. The F metric on V,, (M) is defined as follows [Pit81, page
66).
F(V,W) = sup{V (h) = W(h) : h € C>* (G, M), |h| <1, Lip(h) < 1}.

For every a > 0, the F-metric topology and the varifold weak topology coincide on the set {V €
Vn(M) : V][ (M) < a}.
5.2.3 Almgren-Pitts min-max theory

In this subsection, we will recall some of the definitions in the Almgren-Pitts min-max theory; we
refer to the papers by Marques-Neves [MN14, MN17, MN16, MN21], Schoen-Simon [SS81] and the
book by Pitts [Pit81] for more details. To discuss the Almgren-Pitts min-max theory, we need

to introduce the following spaces of currents. Let (M"+! g) be a closed Riemannian manifold.

87



I;(M"*+1:Zy) is the space of I-dimensional mod 2 flat chains in M; we only need to consider | =
n,n + 1. The space I,,41(M;Zs3) can be canonically identified with C(M), the space of Caccioppoli
sets in M. Z,(M;Zs) denotes the space of flat chains T' € L,,(M;Zs) such that T = OU for some
Ue€l,1(M;Zsy). For T € Z,(M;Zs,), |T| stands for the varifold associated to T' and ||T'|| stands
for the Radon measure associated to |T'|. F and M denote the flat and mass norm on I;(M; Zs).
When [ = n + 1, these two norms coincide. The F metric on the space of currents is defined as

follows.

F(Ul,UQ) = .F(Ul,UQ) +F(|8U1| 5 |8U2D lf Ul,UQ S In+1(M;Z2);

F(Tl,TQ) = .7:(T17T2) +F(‘T1| s |T2|) if T1,T2 c In(M,ZQ)

It was proved in [MN21] that the space I,,+1(M;F;Z2) is contractible and the boundary map
0: 1 41(M; F;Zs) — Z,(M; F;Zs) is a two sheeted covering map. Moreover, from the interpola-
tion theorems of Marques and Neves [MN21, Section 3], it follows that I,,+1(M;F;Zs) is simply-
connected (see [MMN20, Proposition 5.3]) and 0 : L,11(M;F;Z2) — Z,(M;F;Zy) is a double
cover. By the constancy theorem, if Uy, Uy € 1,,11(M;Z2) such that OU; = 9Us, either Uy = Uy or
Uy + Uy = [M].

Let X and II be as in Section 5.1. The Almgren-Pitts width of the homotopy class II is defined
by

Lap(Il) = rlirelflll zsgg {M(®(z))}. (5.2.1)

A sequence of maps ®; : X — Z,,(M;F;Zs) in Il is called a minimizing sequence if

lim sup {M(®;())} = Lap(I0).

1— 00 zeX

The critical set of a minimizing sequence {®;}, denoted by C ({®;}), is the set of all varifolds
V €V, (M) such that ||V| (M) = Lap(II) and there exist sequences {i,;} C {i} and {z,;} C X such
that

lim F (V,|®;, (z;)]) =0.

j—o0
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We define C4p(II) to be the set of all varifolds V' € V,(M) such that V. € C({®;}) for some
minimizing sequence {®;} C II, V is a stationary, integral varifold and spt(V) is a closed, minimal
hypersurface with optimal regularity (i.e. smooth and embedded outside a singular set of Hausdorff
dimension < n — 7). By the works of Almgren [Alm62], Pitts [Pit81], Schoen-Simon [SS81] and
Marques-Neves [MN14, MN17], C4p(II) is non-empty.

5.2.4 Allen-Cahn min-max theory

In this subsection, we briefly discuss the min-max theory for the Allen-Cahn functional following
the papers by Guaraco [Gual8] and Gaspar-Guaraco [GG18], where further details can be found.
Let W : R — [0,00) be a smooth, symmetric, double well potential. More precisely, W has the
following properties. W is bounded; W(—t) = W (¢) for all t € R; W has exactly three critical points
0,£1; W(£1l) = 0 and W”(£1) > 0, i.e. £1 are non-degenerate minima; 0 is a local maximum.
The Allen-Cahn energy (with parameter ¢ > 0) is given by

U2 u
= [ LT, 0

As mentioned earlier,

AC.(u) == —*Au+W'(u) =0

if and only if u is a critical point of E..
Let X and II be as in Section 5.1. The e-Allen-Cahn width of the homotopy class II is defined
by

Lo(T) = inf sup E.(h(z)). (5.2.2)

A sequence of maps h; : X — H*(M)\ {0} in II is called a minimizing sequence for E. if

lim sup Ee(hi(z)) = Le(ID).

Z_>OOI€X

u is called a min-maz critical point of E. (corresponding to the homotopy class II) if w is a critical
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point of E. with E.(u) = L. (IT) and there exists a minimizing sequence {h;} for E. in II so that

_Lr&dHl(N[) (u, hl(X')) =0.

K2

As W is an even function, E. is invariant under the Zy action on H'(M) given by u — —u, i.e.
E.(u) = E.(—u). Moreover, as proved in [Gual8, Proposition 4.4], E. satisfies the Palais-Smale

condition for bounded sequences. Hence, as explained in [GG18, Section 3.3], if € > 0 satisfies

~ w0
L.(IT) < E.(0) = # Vol(M) (5.2.3)
(which holds if € is sufficiently small by (5.1.4)), one can apply Corollary 10.5 of [Gho93] to the Zo-
homotopic family II to conclude that there exists a min-max critical point u. of E. (corresponding
to the homotopy class IT) such that Ind(u.) < k. (Here k is the dimension of the parameter space
X.) The restriction on € given by (5.2.3) is due to the fact that the space H'(M) \ {0} is not

complete; (5.2.3) ensures that a minimizing sequence for E. is bounded away from 0.

5.2.5 Convergence of the phase interfaces

Let F: R — R and the energy constant o be defined as follows.

t 1
F(t):/o VW (5)/2 ds; Uz[lx/W(s)/Q ds so that F(il):j:%. (5.2.4)

For u € C*(M), let @ = F o u. The n-varifold V[u] associated to u is defined by

Vi) = 2 [ i =) (4) ds

g

for every Borel set A C G, M. On a closed manifold, if AC.(u) = 0 and u is not identically equal
to £1, |u| < 1 [GG18, Lemma 2.2]. Hence, in that case, in the definition of Vu], the integral can
be taken over the interval (—o/2,0/2).

Building on the works of Hutchinson-Tonegawa [HT00], Tonegawa [Ton05] and Tonegawa-
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Wickramasekera [TW12], Guaraco [Gual8] has proved the following theorem.

Theorem 5.2.1 ([HT00, Ton05, TW12, Gual8]). Let {u; : M — (—1,1)}$2, be a sequence such

that
(i) AC;,(u;) =0 withe; — 0 as i — oo;
(ii) there exist Ey > 0 and Iy € Ny such that E.,(u;) < Ey and Ind(u;) < Iy for all i € N.

Then there exists a stationary, integral varifold V' such that possibly after passing to a subsequence,

V{u;] = V in the sense of varifolds. Moreover,
VI(M) = = tim B, (u
VI (M) = o lim B, ()

and spt(V) is a closed, minimal hypersurface with optimal regularity.

The proof of the regularity of the limit-interface depends on the regularity theory of stable
minimal hypersurfaces, developed by Wickramasekera [Wicl4a]. In the ambient dimension n+1 = 3,
the regularity of the limit-interface can also be obtained from the curvature estimates of Chodosh
and Mantoulidis [CM20].

The upper bound for the Morse index of the limit-interface in the above theorem was proved by

Gaspar [Gas19] and Hiesmayr [Hiel8] (when the limit-interface is two sided).

Theorem 5.2.2 ([Gas19,Hiel8]). The Morse index of the limit-interface spt(V') in the above The-

orem 6.2.1 is less than or equal to I.

Lastly, let us introduce the following definition. C4¢(II) is the set of all stationary, integral
n-varifolds V' such that spt(V) is a closed, minimal hypersurface with optimal regularity and V'
is the varifold limit of V{u;] for some sequence {u;}$2; such that u; is a min-max critical point of
E., (with g; — 0) corresponding to the homotopy class II. By the discussion of Section 5.2.4 and

Theorem 6.2.1, C ¢ (II) is non-empty.
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5.2.6 Approximation of a Caccioppoli set by open sets with smooth

boundary

In this subsection, following the book by Giusti [Giu84] and the paper by Miranda-Pallara-Paronetto-
Preunkert [MPPPO7], we briefly discuss the fact that a Caccioppoli set can be approximated by

open sets with smooth boundary. Let us begin with the following theorem.

Theorem 5.2.3 ([Giu84, Theorem 1.17], [MPPPO7, Proposition 1.4]). Suppose E € C(M). Then

there exists a sequence of smooth functions {u; : M — [0,1]}52, such that

lim/ luj — xg| dH" ™ =0 and / |Dxg| = _lim/ | Dujl. (5.2.5)
M M I M

j—o0

Following [Giu84, Proof of Theorem 1.24], for ¢t € (0,1), let us define E; ; = {u; > t} (where u;

is as in the above Theorem 5.2.3). Then
luj —xg| >ton E;; \E and |uj—xg|>1—ton E\ Ej4, (5.2.6)

which imply

/ luj — xg| dH™' > min{t,1 - t}/ IXE,, — xE| dH" . (5.2.7)
M M

Hence, by (5.2.5), for all ¢t € (0,1),

lm [ |xg,, —xg|dH"T' =0 (5.2.8)

Jj—=oo Jpmr ’

:>/ |Dx £l Sliminf/ |Dxg;.,|- (5.2.9)
M I Jm '

Therefore, using (5.2.5), the co-area formula for the BV functions and (5.2.9), we obtain the fol-

lowing inequalities.

1
/ |DxE| = lim/ |Duj|2/ <liminf/ |DXEj,t|> dtZ/ |Dxg|.
M J=o0 J M 0 I JM M
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This implies

liminf [ |Dxg,,| :/ |Dxg|, fora.e. te (0,1).
M ’ M

J—00

(5.2.10)

Let us choose ¢y € (0,1) such that g is a regular value of u; for all j and (5.2.10) holds for t = t.

Further, possibly after passing to a subsequence, one can assume that

lim [ |Dxgs,. | = / D).
M M

j—o0

Let us define E; = Ej Since

yto-
Eji, CEjiy C By U{uj =to},
we have H" ! (Ej 4, \ Ej,) = 0. From (5.2.8) and (5.2.11) one obtains
XE; = XE in Ll(M) and lim |DXEj| :/ |Dx gl
J=o0 M M

By [Pit81, 2.1(18)(f), page-63], (5.2.12) implies that [0*E;] converges to [0*E] in F.
Let us fix y € M and R > 0. Using (5.2.12),

Hence, there exists a subsequence {xg, } C {Xg,} such that

lim IxE;, — XE|dH" =0, fora.e. tc(0,R).
§—00 8B(y,t)

Next, let us define F; = {u; < to} and F = M \ E. Then

E;NF; C{u;j =to} and E;UF; =M (as {u; = to} is a smooth hypersurface).
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lim </ IXE; — XEI d7—[”>dt = lim IXE, — xE| dH"T' = 0.
0 dB(y,t) '
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Therefore,

[E;]+[F;] = [M], O"E;=0"F; and xp, — xr in L'(M). (5.2.13)

We note that 0E;, 0F; C {u; = to}. As the reduced boundary is a subset of the topological
boundary, we also have 0*E; = 0*F; C {u; = to}. Since {u; = to} is a smooth hypersurface in
M, for each a € {u; = to} there exist p > 0 and co-ordinates {z1,2,...,Zp4+1} on B(a,p) such

that z;(a) = 0 for all ¢ and

(B(a, p) N {u; = to}) = {z € Bla, p) : #ny1 = 0}.
Let Gy = {z € B(a,p) : xn+1 <0} and Gy = {z € B(a, p) : Tn+1 > 0} so that
(B(a,p) \ {uj =t0}) = G1 U Ga.

G1 and Gs are connected open sets. We have the following three mutually exclusive cases.
(1) u; > to on both G1 and Gy; this implies a € int(E;) \ Fj;
(2) uj <t on both G; and Go; this implies a € int(F;) \ Ej;
(3) uj >t on one of G; and G2, and u; < to on the other; this implies a € E; N Fj;.

From the above three cases, one can conclude that 0*E; = 0*F; = E; N F; = OE; = 0F;, which is
a smooth, closed, embedded hypersurface in M. Indeed, the set of points a € {u; = to} for which
the above item (3) holds is both open and closed in {u; = to}; hence it is the union of certain
connected components of {u; = t}.

From the above discussion, we arrive at the following proposition.

Proposition 5.2.4. Let E € C(M) and F = M \ E. Then there exist two sequences {E;}32, and

{Fj};?’;l of closed subsets of M with the following properties.
(i) E;, F; € C(M), [E;] + [F;] =[M] and M = E; U F; (for every j € N).
(ii) Xp, = xp and xr, — xr in L'(M).

94



(itt) O*E; = 0*F; = E; N F; = OE; = OFj is a smooth, closed, embedded hypersurface in M (for
every j € N). Moreover, for all p € E; N F}, there exists a normal geodesic ball U, centered

at p, such that
U\(Eijj) =Gy UGQ,

where G, G2 are connected open sets, G1 C E; and Gy C Fj.
(w) [0*E;] = [0*F;] converges to [0*E] = [0*F] in F.

(v) For everyy € M and R > 0, there exists a subsequence {js} C {j} such that

lim IxE;, — xE| dH" = lim IXF;, — xFr| dH" =0,
s JaB(y,t) $77° JaB(y,t)

for a.e. t € (0, R).

5.3 Proof of the width inequality

In this section we will prove our main Theorem 5.1.2. Let us fix n > 0. Let L = Lp(II).
By the interpolation theorems of Pitts and Marques-Neves [MN17, MN21], there exists ® : X —

Zn, (M1 M; Zs) with @ € 11 such that
sup{M(®(z))} < L+n. (5.3.1)
zeX

Let us choose ® : X — C(M) which is a lift of ®, i.e. for all z € X,

[0*®(2)] = 9] ()] = ®(r(x)).

d is Zy-equivariant, i.e. if T: X — X is the deck transformation, then [®(z)] + [®(T(x))] = [M]

for all 2 € X. The proof of Theorem 5.1.2 is divided into five subsections.
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5.3.1 Preliminary constructions

Let D be a countable, dense subset of M and inj(M) be the injectivity radius of M. We consider
% ={B(pt):pe D, t €(0,inj(M)) N Q},

which is also a countable set. Let us assume that M is isometrically embedded in some Euclidean

space R™. The following theorem is a consequence of Sard’s theorem.

Theorem 5.3.1. ([Nicll, Corollary 1.25]) Let ¥ be a closed submanifold of R™. For v € R™,
fo : R™ = R is defined by f,(x) = (x,v). Then, for almost every v € R™, f,|s is a Morse function

on 2.

By the above theorem, there exists w € R™ such that f, |y and f,|sp are Morse functions for
all B € #. By composing scaling and translation with f,,, one can assume that f,,(M) = [1/3,2/3].
From now on, whenever we will consider f,, it will be assumed that f, : M — [1/3,2/3]. Let us

choose 79 € (0,inj(M)) such that
o W™ (f5Ht)NB(p,10)) <n/2forall t € [1/3,2/3], p € M;
o |®(2)| (B(p,ro)) <nmforallz e X, pe M.

Such a choice of rq is possible because of the ‘no concentration of mass property’ [MN17, Lemma

5.2, Lemma 3.5]. Let us choose {p;}/_, C D so that
I
M =JB(piro/4);  BY:=B(pi,r). (5.3.2)

i=1

Hence, in particular,

H" (f;l(t)mBT)) <n/2 Vite[1/3,2/3), i€ [I];

ch(x)H (E?) <npVzeX, icll] (5.3.3)
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Lemma 5.3.2. There exists 1 € (ro/2,3r0/4) N Q, 6 € (0,79/8) such that

()] (Alpi 7~ 26,7 +9)) <

forallz € X and i € [I].

Proof. By the compactness of X, there exist {z; }3']:1 C X such that

Vo € X, 3j € [J] such that M (®(z) — &(z;)) < % (5.3.4)
For i € [I],j € [J] let us define
_ . n
Riy = {r € (ro/2.3r0/4) [ (a,)]| OBer) < 2L}
We note that (r9/2,3r9/4) \ R;; is finite for all 4, j. Hence, one can choose
ry e ( m R”) N (T0/2, 37‘0/4) N Q. (535)
i€[l], je[J]
Therefore,
n L
||(D(£CJ)H(8B(]?“T1)) < ﬁ VZ,].
Hence, there exists 6 € (0,70/8) such that
@ (2;)|| (A(pi,r1 — 26,71 +8)) < % Vi, j.
Thus, by (5.3.4),
le@) (A(pirs —26,m1+6) < T VaeX, iell]
O

97



Lemma 5.3.3. Let ry be as in Lemma 5.5.2. There exists § € (0,79/8) such that
H™ (f5 () N Alpi, 1 — 26,71 +6)) < %

forallt € [1/3,2/3], i € [I].

Proof. Let us assume by contradiction that for some i € [I], there exist {t;}72, C [1/3,2/3] and

{d;}52, € (0,70/8) such that d; — 0 and

A

VjeN.
o7 /€

H (f51 () NA(ps,r1 — 2dj,m1 + dj)) >
Without loss of generality one can assume that ¢; — ¢t. Denoting
= H "L L () and p=H"LfH(),

we have that p; weakly converges to p (in the sense of Radon measures). Let us fix [ € N. There

exists jo € N such that d; <17! for all j > jo. Hence,

A

i (A(piyrr — 20 +171) > 57

for all j > jg. Therefore,
w(A(ps,ry — 27 + lil)) > limsupuj(Z(pi,rl 27+ lil)) > l.
j—oo 21
This holds for all [ € N. Denoting A; = A(p;,m1 — 217,71 +171) we have

Ay CA and ﬂ Ay = 9B(pi; ).
=1

This implies

H" (£ () N0B(pi, 1)) = p(@B(pir1)) = lim p(4) > L.
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However, this is not possible. Indeed, r; € Q (Lemma 5.3.2) and by the choice of w, fu|sB(p;,r) I8

a Morse function on 0B(p;,r1); hence H" (f;1(t) N dB(p;, 1)) must be 0. O

w

One can assume that the two §’s appearing in Lemma 5.3.2 and Lemma 5.3.3 are the same.
Next, we modify f,, near the points where it achieves local maxima or minima (which are not global
maxima or minima) to get another Morse function f : M — [1/3,2/3] such that f has no non-global

local maxima or minima and

HT (f_l(t) ﬂgg) <n and  H"(fT'(t)NA(pi,r — 26,71 +6)) < (5.3.6)

~I3

for all t € [1/3,2/3], i € [I]. Let us introduce the following notation which will be used later.

I
B} = B(pi,m1); Ao = UA(pz',ﬁ — 26,71+ 6);

i=1

I
Av=JA@pi,r —35/2,m+6/2); A= |JAlpir—dm). (5.3.7)

i=1 i=1
5.3.2 Cell complex structure on the parameter space

For I € N, #[l] is the cell complex on .# = [0, 1] whose 0-cells are

[0}7 [lil]’ ey [1 - lil]a [1]

and 1-cells are

0,071, =2, =1

#™l] denotes the cell complex on £ = [0, 1] whose cells are of the form oy @2 ®- - - @y, where
each oj € J[l]. We note that #™[1] is the standard cell complex on .#™. By abuse of notation, a
cell a; ® as ® - -+ ® ayy, will be identified with its support ag X ag X -+ X @, C F™. Similarly, if
Y is a subcomplex of #™[1], Y[I] is the union of all the cells in .#™[[] whose support is contained
in some cell of Y. If J is a cell complex, Y, will denote the set of all p-cells in V; if a, 5 € Y

such that § is a face of a (in the definition of the face, we do not insist that dim(8) < dim(«) or
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dim(f) = dim(a)) — 1), we use the notation § < a.

If \=[il71, (i + 1)I7'] € #]l]1, there exists a canonical map

Ay: I — I, A)\(t) (Z + t)l71 (538)

such that Ay : .# — X is a homeomorphism. Similarly, f a = ® a2 ® - ® ayy, € I™[1]p, there

exists a canonical map A, : FP — ™ defined as follows. There exist precisely p indices
Jj1 < j2 <---<jp suchthat dim(a;,) =1Vs=1,2,...,p.
We define

Ay (ts) if j=7s,
(Aa(tlatQa"'atp))j = (539)

Qa 1fj¢{j1,.72,,jp}ﬁdlm(aj)zo

A, 0 AP — « is a homeomorphism. Let D, : a — #P be the inverse of A,.
If « € 1], (for some m,l,p € N), f < a and D,(f) = o, then the following compatibility
relation holds. (If dim(8) = ¢, we think of g as a g-cell of #P[1] and A, : F1 — FP.)

AnoA,=Ag (5.3.10)

Let us recall from Section 5.1 that X is a cubical complex (i.e. X is a subcomplex of .#%[1], for
some K € N) and 7 : X — X is a double cover. For [ € N, X[I] is the cell complex on X as defined
above. X[I] denotes the cell complex on X whose cells are the pre-images of the cells of X[I] via

the map m. More precisely, if ¢ is a cell of X[I], then
7 (e) = & U éy;

since c is contractible, 7|z : ¢1 — ¢ and 7z, : é&2 — ¢ are homeomorphisms. The cells of X|[I] are
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precisely

{¢1,¢5 : cis a cell of X[I]}.

We choose N € N such that the following two conditions are satisfied. (Here ®, ®, n, 6, I are

as defined previously in this section.)

o If x,2’ € X[N]o belong to a common cell in X[N], then

M (®(z) — (")) < n. (5.3.11)

e If 21,25 € X[N]p belong to a common cell in X[N], then
~ ~ 0
Tian (@(ml) A @(xz)) < ”7 (5.3.12)

Let {c; : ¢ € [Q]} be all the cells of X[N], indexed in such a way that dim(c,,) < dim(eg,) if

q1 < qo. Let {eg, f, - ¢ € [Q]} be the cells of X[N] so that
T cq) = eq U [y

As mentioned above, 7|c, : eq = ¢4 and 7|y, : f; — ¢4 are homeomorphisms. We introduce the
following notations (m = dim(c,)).

o A, I™ = ¢qis denoted by Ay; D, i cg — S is denoted by D,.

o (7r|eq)71 0 Ay : I™ = g is denoted by AL; Dy o (7e,) : eg — ™ is denoted by D).

. (7T|fq)_1 0oAg: I™ = fyis denoted by A2; Dy o (7|y,) : fg = #™ is denoted by D2.

5.3.3 Construction of an almost smooth sweepout

The next proposition follows from Proposition 5.2.4.

Proposition 5.3.4. There exists a sequence {®; : X[N]y — C(M)}32, such that the following

conditions are satisfied for allz € X[No.
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(i) For all j € N, ®;(x) is a closed subset of M.
(i) For all j €N, [®;(z)] + [®;(T(z))] = [M] and M = &;(z) U &;(T(x)).
(iii) As j — 00, X3, (z) = Xa(z) 1 L' (M).
(iv) Forallj € N, 8®;(z) = 09;(T(x)) = ®;(x)N®;(T(x)) = 9*®;(2) = &*®;(T(x)) is a smooth,

closed, embedded hypersurface in M, which we denote by ®;(x) (= ®;(T(x))). Moreover, for

every p € ®;(x), there exists a normal geodesic ball U, centered at p, such that
U\(I)J(l’) = G1 U GQ,

where Gy, Gy are connected open sets, Gy C ®;(x) and Gy C ®;(T(z)).
(v) As j — o0, [®;(x)] = ®(m(x)) in F.

(vi) For alli € [I],

lim IX&. (2) — Xy dH" =0
B IO R

for a.e. t € (0,r7).

We will approximate ® by a discrete and ‘almost smooth’ sweepout W : X[NI]y — C(M), which
will be constructed using the map <i>.y (for some sufficiently large v € N) and certain collections
of balls. The construction is motivated by the interpolation theorems of Almgren [Alm62], Pitts
[Pit81, Theorem 4.5], Marques-Neves [MN14, Theorem 14.1] and Chambers-Liokumovich [CL20,
Lemma 6.2]. The construction is divided into three parts.

Part 1. Let us recall that {e,, f, : ¢ € [Q]} are the cells of X[N]. For every ¢ € [Q] we define the

following collection of balls ({p;}!_,, r1, 6 are as in Subsection 5.3.1)
#(q) ={B(pi,ri(q)) i € [I]}; (5.3.13)

ri(q) € (r1 — d,r1) is chosen inductively so that the following conditions are satisfied.
(i) [@(x(2)[l (OB(pi; ri(g))) = 0 for all z € (eq)o-
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(ii) 0B(ps,ri(q)) is transverse to ®;(x) for all z € (eq)o and j € N.
(iil) OB(p;,ri(q)) is transverse to OB (ps, rs(q)) for all s < .
(iv) 0B(p;,mi(q)) is transverse to dB(p;,r;(¢')) for all ¢ < g and j € [I].

(v) For all z € (eq)o U (fq)o,

3720 JoB(pi,ri(q)) 32) )

(For this item one needs to use Proposition 5.3.4 (vi).)
(vi) If m = dim(e,) = dim(f,),

2m

Ui

n 2
/ X (2) — Xa@n| dH" <
9B(pi,ri(q))

for all z,2" € (eq)o and for all z,2’ € (f;)o. (For this item one needs to use (5.3.12).)

Next let us choose

r1 > 7r* > max{r;(q) : i € [I],q € [Q]} (5.3.14)

so that the followings hold.
|®(7(z))|| (DB(pi,r*)) =0 ¥z € X[Nlo, i € [I]; (5.3.15)
|®;(x)|| (0B(ps,r*)) =0 VjeN, ze X[N)o, i € [I]. (5.3.16)

We introduce the notation
Bi(q) = B(pi,ri(q)); Bi= B(pi,r"). (5.3.17)

(5.3.2), the definition of r1 (in Lemma 5.3.2) and (5.3.14) imply that for all ¢ € [Q],

U Bl =M = | B.. (5.3.18)

i€[1] i€[1]
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Part 2. Let us introduce the following definitions.
%1:{Bi:i€ [I]}U{M\Elle [I}}, %2:{U10U20-~0U3:sENandeaCh Uj 6%1},

H={ViUVaU---UV;:teNandeach V; € Z}

K1, %> and Z are finite sets. In a topological space, for any two sets A and B,
(AN B), 90(AUB) C AU IB. (5.3.19)
Hence, for any R € Z,

OR C | J oB; which implies [[®(n(x))|| (OR) =0 Yz € X[N]o (by (5.3.15)).
€[]

Therefore, by Proposition 5.3.4 (v), as j — oo,
1@ (@) (R) = [[®(x(2))[| (R) ¥z € X[N]o, R Z. (5.3.20)

We also note that by (5.3.18), M = U;e1B: € Z.

Proposition 5.3.5. There exists v € N such that the following conditions are satisfied. (BY, Ay

are as in Subsection 5.3.1.)
(i) |12 ()] (R) = |@(n(x))|| (R)| < n for all x € X[N]o and R € %.
(ii) H™(®,(x)) < L+ 2 for all x € X[N]p.
(iii) H™(®(z) NBY) <7 for allz € X[N]o and i € [I].
(iv) H™ (D, (x) N Ag) <1 for all z € X[N]p.
(v) For q € [Q] and i € [I],

2m

/83 . Xé, @) ~ Xiy(z/)| dH" < (where m = dim(e,) = dim(f,)), (5.3.21)
ilq
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if x,x’ € (eq)o orif x,2' € (fy)o-

Proof. (i) follows from (5.3.20). Since, M € %, (ii) follows from (i) and (5.3.1). To obtain (iii), we

note that Proposition 5.3.4 (v) and (5.3.3) imply for each z € X[N]o and i € [I],

limsup [|®;(x)|| (BY) < [|®(w(x))|| (BY) < n.
j—o0
Similarly, (iv) follows from Proposition 5.3.4 (v) and Lemma 5.3.2. Finally, item (v) of the propo-

sition follows from items (v) and (vi) of the definition of r;(g). O

Next we define
7 ={@,(2)N0Bi(a) 1w € XINJo,i € [1],a € [QI} | {0Bila) N 9B, (a") 11,5 € 0.4 € [Q1},

where « is as in Proposition 5.3.5. Let S be the closed subset of M which is the union of all the
elements of .. By the transversality assumptions in the definition of r;(q), each non-empty element
of . is a smooth, closed, embedded co-dimension 2 submanifold of M. Hence, by the results of
[HK78, Section 3], for all ¥ € .7,

H*(T,(X)) = O(p),

where the constants in O(p) depend only on the second fundamental tensor of ¥ and the ambient
Riemannian metric on M. Therefore, there exist constants C' and pg, depending on the submani-

folds contained in the set ., such that
H™(T,(S)) <Cp VY p<po. (5.3.22)

Part 3. Let
K(M)={SeC(M):S is closed subsets of M}.

We are now going to prove that there exists a discrete, ‘almost smooth’ sweepout U X [NI]p —

IC(M) which ‘approximates’ ® : X — C(M).
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Let K, K’ € K(M), B be a normal geodesic ball and A = M \ B. We define

Q(K,K';B)=(KnA)U(K'NnB),

(5.3.23)

which is also an element of K(M). This definition is motivated by the construction of “nested

sweepouts” by Chambers and Liokumovich [CL20, Section 6]. In the following proposition and in

its proof, we will use various notations which were introduced previously.

Proposition 5.3.6. There exists a map V : X[N1]o — K(M) such that U has the property

(P)o ¥(x) = @, (x) for all x € X[N]p.

Moreover, using the notation

\i/oAézﬁl Vo A2 =22

—q q = —q

(5.3.24)

for q € [Q], \il|eq[1]0 and \~I/|fq[1]0 have the following properties. (Here m = dim(ey) = dim(f;).)

(P0)y,q For &€ F™, let us write € = (£/,&,,) where & € ™1, Then, for s=1,2,
Z3(¢ i) = 0 (ég(g’, (i — 1)), S3(¢,1); Bi(q))

forall & € 9™ Io\ (8.5™71) [I]o and i € [I].

(P1)m,q ForallveegIlo, M

I
sy
=
C
ey
=
S

(P2)m,q For allv € e4[I]o,

Similarly, for all v’ € f4Io,

z'€fq[1]o
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(P3)m,q Let

Fyo={s€[Q]:es <eq or fs <eq}.

Then, for all v € e4[I]o,

w@)U( U ome).

JEI], s€Fq

(P4),q For allv € e4[I]o,
V()\S=S1US U ... US; (for somel € N),
where each S; is an open subset of a hypersurface belonging the set
{@W(I) tx € eq[l]o} U {8Bj(s) :jelll], se ﬁq}.

Here Z, is as in (P3)y, 4. Moreover, for every p € ¥(v)\'S, there exists a normal geodesic

ball U, centered at p, such that U N ¥ (v) is a smooth hypersurface and
U\ ¥(v) =G UGs,

where Gy, Go are connected open sets, G1 C W(v) and Gy C U(T(v)).

(P5)m,q Supposev,v’ € eq[I]oU fylI]o, € € eq[I]1U fy[I]1 such thatv,v" < e. Then there exists B = By,

for some £ = {(e) € [I], such that

U(v) N (M\ (AUB)) = ()N (M\ (AUB));
U(T(v)) N (M (AUB)) = ¥(T()) N (M\ (AUB));

V()N (M\ (AUB))=¥(')N(M\ (AUB)).
Moreover, B can be characterized as follows. Without loss of generality, let v,v' € e4[Io. If
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,€1.), there exists a unique index p € [m)]

Dg(v) = (€1,€2,---,&m) and Dg(v') = (&1, &,
such that &, # &,. Let £ € [I] be such that {&,, &)} = {({ —1)I~ ', 4I"'}. Then B =B,

(P6)m,q For alll e [I] and v € e4[I]o,
H" (\Il(v) N BT)) < gtm+2y

(PT)m,q For allv € e4[I]o,
H™ (T(v) N Ay) < 24m+2y,

(P8)im,q For allv € ey[I]o, x € e4l]p and R € X,
H™ (U(v) N R) —H" (@, (z) NR) | < 242y,

(5.3.25)

Hence, in particular,
H™ (U (v)) < L+ (242 + 2)n.

Proof. We will inductively construct W : e,[I]o U f,[I]o — K(M). If dim(e,) = dim(f,) = 0, then

eqll] = eq and fy[I] = f;. In that case we define
and \iJ(fq) = (i)’y(fq)a

U(eq) = 0y (eq)

which is precisely the property (P)g. Moreover, for this definition of ¥ on the O-cells eq and f,

properties (P0)g,q, — (P8)o,q are also satisfied. (One needs to use Propositions 5.3.4 and 5.3.5.)

Let us assume that for some d > 1, U has been defined on

U

dim(eq)<d—1

eqlllo U fyl1lo)

and if dim(e,) = dim(f,) = (d—1), ¥|._ (7, and ¥|;, (1}, have the properties (P0)(4—1),s — (P8)(d4—1),s-
=2 on #UI]p and ¥ on

Let v € [Q] be such that dim(e,) = dim(f,) = d. Let us define =1,
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eu[Io, fu[I]o as follows. By our assumption, ¥ is already defined on (8e,)[I]o and (0f,)[I]o. If
z € (07 [I)o, then AL(2) € (9e,)[I]o and AZ(2) € (9f,)[I]o; for s = 1,2, we define

[1]:

5(2) = (xp o A;) (2). (5.3.26)

If z € U)o\ (0.57) [I]o, we write z = (2/,i] ') with 2’ € F4  I]pand 1 <i < I—1;fors=1,2,
we define

v

Z5 (2 i) = Q (E(z (i — 1)I7Y), E5(2,1); Bi(z/)> . (5.3.27)

For v € e,[I]o U f,[I]o, we define

~ =ZloDL) (v) ifv e e,[Io;
B(v) = ( ) ’ (5.3.28)
(22002) () ifve Ll
By (5.3.26), ¥ is well-defined on (de,)[I]o U (8f,)[I]o. Let us also set
Z,(2) = EX(2) NE2(2), 2z € £, (5.3.29)

so that

ZE,0D) (v) ifv€e,]o;
U(v) = ( b )( ) € ell] (5.3.30)
(E,, ) Df) (v) ifwve fulllo.

We need to show that W, defined in this way on e,[I]o and f,[I]o, have the properties (P0)g, —
(PS)d,l/'

Before we start, for convenience let us introduce the following notation.

Bi :Bi(V)7 Ai :M\El, Si :aBZ :aAl:ZzQPZ
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We fix 2/ € 97Ty \ (0.7971) [I]y and define (for i =0,1,...,1)
K; =227, Li=22(2,il7Y), %, =Z2,(¢,i")=K;NL.
From (5.3.27), for i = 1,2,...,(I — 1), we obtain

Ki = (Ki—l ﬁzz) U (K[ ﬁ?z),
Li = (Li—1 N A;) U (Lr N By); (5.3.31)

Y= (Zi—l ﬂZl) U (E] ﬁ?i) U (Ki—l NLi;N Sz) ] (K] NLi_1N Sz)
Using induction one can prove the following. For i = 1,2,...,(I — 1),

K; = {Ko N (Ué':lBj)c} U [KI N (Ué‘zlﬁj)};

Li = [Lon (UisBy) | U [Le 0 (Ui B)) | (5.3.32)

¥ = [Zo N (Uj»:lBj)C} U [21 N (U;-:lEj)} UA“ where A; C O St;

t=1
setting Ay = 0,

A = (Ai,1 ﬂZz) U(K;_1NLiN Sl) @] (K[ NL;,_1N Sz) (5333)

From the equations in (5.3.32) (and using (5.3.18)), we conclude that the equations in (5.3.31) (and
hence (5.3.27) also) hold for ¢ = I as well. Let us denote the top and bottom faces of e, and f, by

the indices 7 and S, i.e.

(AL 1), A X 1)) = fer £

AL (o)), A2 x {0} = {ep, fo).

We note that the top face of e, could be either e, (in that case the top face of f, is f;) or f, (in

that case the top face of f, is e,); similar remark applies for the bottom face. For the ease of the
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presentation, we will assume that e, is the top face of e, and eg is the bottom face of e,,. The other
cases will be entirely analogous.

We now proceed in steps to check that \il|eu[l]0 and \i/|fy (1], have the properties (P0)q,, — (P8)a,,-
Step 0. (P0)4,, is satisfied because of our definition of Z! and Z2, i.e. equation (5.3.27). As noted
above, (5.3.27) holds for ¢ = I as well.

Step 1. By the induction hypothesis, ¥ restricted to es[I]o, fs[I]o (and e,[I]o, f-[I]o) satisfy
(P1)(4-1), (and (P1)(4_1),-). Hence

KoULy=M=K;ULy,
which together with (5.3.32) imply
M=K,UL; ViE[I—l].

Step 2. By our assumption, WU restricted to eg[I]o, fs[I]o (and e,[I]o, f-[I]o) satisfy (P2)(a-1),8
(and (P2)(g-1),r). Hence,

Therefore, using (5.3.32),

Similarly, we can show that

Lic |J @@ Viell-1]
z€fu (1o
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Step 3. By the induction hypothesis ((P3)(4—1),3 and (P3)g—1),-),

aK0c< U <I>.Y(x)>U< U aBj(s)>; (5.3.34)

z€ep[l]o JEI, s€Fps
0K C < U <I>7(:v)> U( U aBj(s)>. (5.3.35)
z€e,[1]o JEI], seZ,
Moreover, by (5.3.19) and (5.3.32),
OK; COKyUOK U (Ui_,S,) Viel[l-1] (5.3.36)

Combining (5.3.34), (5.3.35) and (5.3.36), we obtain

8KZ-C< U <I>A,(x)>U<'[ U 8Bj(s)>U<g3Bt) Vie[[-1.  (5.3.37)

z€e,[1]o 1], se Z3UZ,

One can arrive at a similar conclusion for L; as well.
Step 4. For j = 0,1,...,1I, let ij := ¥; \' S. By the induction hypothesis ((P4)—1),s and

(P4)a-1),r)
$o=S0USyU ... US)

l()’

where each Sg is an open subset of a hypersurface belonging to the set

{0y@):weesllo J{0Bi() e 1], s € Za s

and

Sr=S{USiU...Us],

where each S§ is an open subset of a hypersurface belonging to the set

{<I>.y(x) Lz € 67[1]0} U {aBj(s) jell] se f/;}. (5.3.38)
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Let us assume that

i1 =8Usit UL usT,
where each S;‘l is an open subset of a hypersurface belonging to the set
{@7@ﬂ:x€eyﬂb}LJ{6Bﬂ$:je[ﬂ,seggguﬁﬂ}LJ{aBtﬁezﬁ—lﬂ. (5.3.39)

Then
(Zic i NAND\S = (L1 NAHN\S =21 N4, (5.3.40)

as (5.3.39) implies 3;_, N dB; C S. Similarly, using (5.3.38),
(£;NB)\S=%;NB,. (5.3.41)

Furthermore,

(Kifl ﬂL]mSi) \S:i’ﬂt(Ki,1 ﬁL[) n.s; NSe. (5342)

Indeed, by (5.3.19), (K;—1 N Ly) C 0K;_1 UJLy; hence (5.3.37) and (P3)(4—1),, imply
(6Ki,1 @] 6L1) ns; cS.

Similarly,

(K] NL;_1N Sl) \S = int(K] n Lifl) nsS; NSe. (5343)

Moreover,

M=A,UB;US,.

Therefore, using (5.3.31) and equations (5.3.38) — (5.3.43), we obtain

ii = (21'_1 N Al) U (i[ n Bz) ] (int(Ki_l N L[) n S,‘ N SC) U (int(K] N Li_1) n Sz N Sc) (5344)

— S USLU ... USE,
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where each S;'» is an open subset of a hypersurface belonging to the set

{@v(x) Lz e ey[l]o} U {aBj(s) jell, se FsU 9;} U {aBt te [i]}. (5.3.45)

(5.3.31) and (5.3.44) also imply the existence of the geodesic ball U around p € 3;, as stated in
(P4). Indeed, for p € $,_1NA; or p € ;N B;, one can argue by induction. If p € mnt(K;—1NLr)N
S; NS¢, it is possible to choose a ball U around p so that U C int(K;_;NL;)NSe, UNY; =UNS;

and U\ S; = G U Ga, where G; = UN A; and G2 = U N B;. Therefore, using (5.3.31),

G C Znt(Kl,1 n L[) NA; Nnsec K,_1nA =K;nNn Al,

Gy C Z"Ilt(Ki_l N L[) NB;,NS“CLiNB;=L;NB,.

The argument for the case when p € int(K; N L;—1)N.S; NS¢ is similar.

Step 5. Suppose v,v" € (0e,)[I]o. Let p € [Q] such that A\, < e, (A, is either e, or f,) with
dim(X,) = d — 1 and v,v" € \,[I]o. Then, by the induction hypothesis (P5)—1),, and by the
compatibility relation (5.3.10), we get (P5)q4,, for this case.

Now, let us assume that v ¢ (e, )[I]o. Suppose

D;(U) = (217223 . '7Zd) = (2/7211)7 D;(U/) = (317527' e 75d) = (3Ia3d)~

If 24 # 34, using (5.3.31) we get (P5)q,,,. Otherwise, zq = 34 and there are two possibilities: either
v' ¢ (Dey)[I]o or v' € (Dey)[I]o. Let us assume the second possibility (the other case is similar), i.e.
there exists p € [@] such that A\, < e, (A, = e, or f,) with dim(\,) =d —1 and v" € X\,[I]y. Let
us define,

B =Bi(p), Aj=M\B], Sj=0B=0Aj;
Kl =2,( 7Y, Li=20G,i7"), Si=E ") =KL

(2

Using (P0)4—1),, and the compatibility relation (5.3.10), one can deduce the following relations,
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similar to those in (5.3.32).
K. = [Kon (UinB) | U [K1 0 (UimB;) |
L= |ron (UmB) [ U B0 (UimB) | (5.3.46)

= |20 (U B) | U [Zr0 (UnBg) [UAL where A;cOs;.

t=1

(P5)(4-1),3 and (P5)(4—1),, imply, for s € {0, 1},

K,N(M\(AUB))=K,n(M\ (AUB));
LN (M\(AUB)=L.Nn(M\ (AUB)); (5.3.47)

T N(M\ (AUB)) =X,N(M\ (AUB)),

where B = B, and ¢ is such that if p € [d] is the unique index for which z, # 3,, then {zp,3,} =

{(¢ —1)I71,4I71}. We note that for all j € [I],
B; A B}, 9B;, 0B, C A.
Hence,

(Ui_yB;) A (Ui_yB}) € A, which implies (U._,B;)" N (AUB)® = (U'_; B}) N (AUB);
(Uil Bj) A (uézlﬁg) C A, which implies (U’_,;B;) N (AUB)® = (uézlﬁ) N (AU B)S;

AN(AUB)=0=A,N(AUB)". (5.3.48)
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Using the equations in (5.3.32), (5.3.46), (5.3.47) and (5.3.48), we obtain, for all i € [I],

K (M\ (AUB)) = K/ 1 (M\ (AUB));
Lin(M\ (AUB)) = L0 (M\ (AUB));

SiN(M\(AUB))=XNn(M\ (AUB)).

Step 6. Using (5.3.33), for ¢ € [I — 1],

,Hn(Al) < an(Al_l) + Hn(Ki_l NL;N Sz) + Hn(K[ NLi_1N Sl) (5349)
By (P2)d,z/;
K, 1 C U (i)w(l‘), L C U &)7(1‘)
z€e,[1]o z€ fu[1]o
Hence,
H'(SiNKiinL)< > H° (si N ®.(z1) N év(xz)) . (5.3.50)
z1€e,[1]o,
z2€ fu (1o

For z1 € e,[1]o, 22 € fu[1]o,

(5.3.51)

In the second equality, we have used the fact that S; is transverse to @, (x2) = @ (z2) N @, (T(22))
(which was assumed in the definition of r;(¢)) and (P1)g,. In the last inequality, we have used

Proposition 5.3.5 (v). Therefore, combining (5.3.49) — (5.3.51), we obtain

24d+1

Ui
T

H™(Ai) <H"(Aio1) +

116



Since Ag =0, for all ¢ € [T — 1],

24d+1 :
HM(A) < T < gtdty,

7 (5.3.52)

Using this inequality along with (5.3.32) and (P6)4-1),3, (P6)(—1),r, one can conclude that for
all [ € [I],

H" (2,» n E?) < H" (20 N BTJ) LU (EI N BTJ) FHM(A)
< (24d72 + 24d72 4 24d+1),r]

< 2%d+2y (5.3.53)

Step 7. Using (5.3.52), (5.3.32) and (P7)(4-1),3, (P7)(4-1),r, We obtain as in Step 6,

H™ (Zi ﬁjo) < H" (20 ﬁjlo) + H"” (E[ QZO) + /Hn(Az)
< (24d—2 + 24d—2 + 24d+1)n

< 24dt2y (5.3.54)

Step 8. We note that for all j € [I],

B, CcBfCcB;UA;  B;CB;CB;UA

Therefore, for all i € [I],
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Hence, using (5.3.32), one can deduce the following inequalities. For R € Z,

H(Zi 0 R) < M (S0 (Ui By) N R) + 1" (S0 N A) +H™ (S1 0 (Ui By) N R) + H" (Ay);
(5.3.55)
H (0 R) = 1 (S0 (UZyBy) N R) U (S0 (UL, By) N R) )
> ((Zon (Ui B) N R) U (S0 RN (U2 B;) UA) ) ) =" (S0 RN A)

> " (S0 (U,B)) N R) +H" (50 (Uis,B;) N R) — " (50 A). (5.3.56)

Denoting

Ry = (UiL,B;)°NR,  Ry=(U_Bj)NR, (5.3.57)

using (5.3.55), (5.3.56), (P7)(a_1).8, (P7)(a_1.» and (5.3.52), we obtain

H" (2N R) — H"(So N Ry) — H™(S; N Ry)|
<H" (S0 NA) +H" (SN A) +H(A)

< (221472 4 24dHL),, (5.3.58)

Let € e,[1]o; without loss of generality we can assume that = € eg[l]o, i.e. DL(z) = (£,0) for
some & € #9471 Let 2’ € e,[1]p such that 2’ = AL(¢,1). We note that R € % implies Ry, Ry € #

as well. Further, by the definition of B; ((5.3.16)), [|®.(x)|| (0B;) = 0; hence
H" (P(x) NR) =H" (Py(x) N Ry) +H" (P4 (z) N Ry).

Therefore, using (5.3.58), (P8)4—1),3, (P8)(4—1),r» Proposition 5.3.5 (i) and (5.3.11) we get the
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following estimate.

[H" (5 N R) = H" (B4 () N R

< H™(S; N R) — H" (S0 N Ry) — H' (1 0 Re)| + [H™ (S0 N Ry) — H (@, (2) N Ry)|
+ M (SN Re) = H" (24(2") N Ro)| + [H" (B4 (2') N R2) — H" (B4 () N Ra)|

< (24d—1 + 24d+1 + 24d—2 + 24d—2 + 3),'7

< dd+2y, (5.3.59)

Since M € %, (5.3.59) and Proposition 5.3.5 (ii) imply

H™ () < L+ (21942 £ 2)y.

5.3.4 An approximate solution of the Allen-Cahn equation

Here we will briefly discuss an approximate solution of the Allen-Cahn equation whose energy is con-
centrated in a tubular neighbourhood of a closed, two-sided hypersurface (with mild singularities).
We will follow the paper by Guaraco [Gual8]; further details can be found there.

Let g : R — R be the unique solution to the following ODE.

(1) = VIWRD); ¢(0) = 0. (5.3.60)
Forall t € R, —1 < g(t) < 1 and
as t — £00, (g(t) F 1) converges to 0 exponentially fast. (5.3.61)

g-(t) = g(t/e) is a solution to the one dimensional Allen-Cahn equation



with finite total energy:

[ (5 @ + 2w ) o =2 (5.3.62)

— 00

For € > 0, we define the Lipschitz continuous function

9:(1) if [t] < Ve
0:(Va + (= -1) (1-8.(v2) i VE<t<2VE
9:(t) = { 1 if t > 2,/z;

8:(—vE) + (= +1) (L4 8.(~vE)) if —2VE <1< —5

-1 ift < -2z

Suppose d : M — R is a Lipschitz continuous function such that |Vd| = 1, " l-a.e. Let u. = g-od

and U C M be H""'-measurable. Using the notation

2
Bo(u,U) = / Vel W)
v 2 5

we compute

B(ue0) = |

E , ? 1 n+1
Un{ldl <2y [Q(Qg(d(y))) +6W(g€(d(y)))} dH" (y)

€y 2 1 . -
B /lTISwE [2 (9e ()" + €W(g€(7))} W (UN{d=r})dr

< / [; (g.(1))° + 1W(gs(r))] H(UN{d=r7})dr (5.3.63)
IrI< Ve €
+ (;(1 —9:(Ve))? + iW(gAﬁ))) Vol(M). (5.3.64)

Let

Ac= sup H"(Un{d=r}).
IrI<ve

Then, by (5.3.62), the integral in (5.3.63) is bounded by 20A.. Further, (6.4.2) implies that there

exists g9 = eo(W, Vol(M), n) such that for all 0 < & < &g, the expression in (5.3.64) is bounded by
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20m. Hence,
E.(u.,U) <20(Ac+n) V0<e<e. (5.3.65)

For v € X[NT]y, we define d, : M — R as follows.

— v if U (v);
dy(y) = Ao ) Aty v (5.3.66)

d(y, (v)) ifye \il(T(v))

By the definition of ¥(v) (in (5.3.24)) and (P1) of Proposition 5.3.6, d, is a well-defined continuous
function on M. Moreover, by [Gual8, Proposition 9.1], d,, is Lipschitz continuous and |Vd,| = 1,
H ae.

Let y € Un{d, = 7}. Then either d(y,S) = |7| or there exists z € ¥(v)\S with d(y, z) = |7| such
that y = exp, (tn(z)), where n(z) is the unit normal to ¥(v)\S at z, pointing towards int(¥(T'(v))).
(By Proposition 5.3.6 (P4), 2z’ — n(z’) is a well-defined normal vector-field on ¥(v)\ S.) We must

have
z €N U)N(T(w)\S).
Hence
H" (UNn{d, =7}) <H"(T+(S)) +/ |Jexp,(tn(z))| dH™(2), (5.3.67)
N (U)N(T(v)\S)

where Jexp,(mn(z)) is the Jacobian factor of the map z — exp,(7n(z)), which can be estimated
as follows.

Let
S ={®,(z) : w € X[N]o} | J{0Bi(a) :i € [1],q € [Q]}.

Using (P4) of Proposition 5.3.6 and [War66, Corollary 4.2, Theorem 4.3], [Gual8, Proposition 9.4],

one can deduce the following estimate. There exist 7y and C7, depending only on the hypersurfaces
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contained in ./ and the ambient Riemannian metric on M, such that
|Jexp.(Tn(z))| < A+ Cil7]) Vze¥(w)\S, |7| <.
Hence, using (5.3.22) and (5.3.67), there exists 7 = 71 (-7, ., M) such that for all |7| < 7y,
H (Un{d, =7}) < C|7| + (1 + Ci|7)H" (N} (U) N ¥(v)) .

This estimate along with (P6) and (P7) of Proposition 5.3.6, (5.3.25) and (5.3.65) gives the following

proposition. We recall that k is the dimension of the parameter spaces X and X.

Proposition 5.3.7. There exists 1 = 1(C, Cy,1,7T1,€0,0,70 — 1) such that for all v € X[NT]o,

0<e<e; andi € [I], denoting VY = g. o d,, we have
E. (92,B;) <20(2"*2 4+ 2)n; E. (92, A1) <2022 4 2); E. (92, M) < 20(L + (22 + 4)n).

Let us recall from Section 5.3.1 that f : M — [1/3,2/3] is a Morse function with no non-
global local maxima or minima; hence the map ¢ — f~1(¢) is continuous in the Hausdorff topology.

Following [Gual8, Section 7], let us define the following functions. For t € [1/3,2/3],

—d(y, f7H(t) if fly) <t
d(y, ') if fly) >t.

We define w. : [0,1] — H'(M) as follows.

geod' if 1 <t<Z;
we(t) = 91— 3t(1 — w.(1/3)) if0<t<i; (5.3.68)

—1+3(1-t)(1+we(2/3)) if2<t<1.
Since f~1(t) varies continuously in the Hausdorff topology, w. : [0,1] — H(M) is continuous
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[Gual8, Proposition 9.2]. The following proposition follows from [Gual8, Section 9.6] and the
estimates (5.3.6), (5.3.65).

Proposition 5.3.8. There exists e = e2(n, f,€0,0,70 — r1) such that for all t € [0,1], 0 < & < &9
and i € [I], we have

E. (ws(t), le) < 60n; E.(we(t), A1) < 6om.

5.3.5 Construction of sweepout in H'(M)\{0} and proof of Theorem 5.1.2

The next proposition essentially follows from the argument in [GT01, Proof of Lemma 7.5].
Proposition 5.3.9. u — |u| is a continuous map from H*(M) to itself.

Proof. Let k : R — R be defined as follows

1 ift >0,
K(t)=190 ift=0;

-1 ift<O.

By [GTO01, Lemma 7.6] v € H'(M) implies |v| € H'(M) with D|v| = x(v)Dw.

We need to show that if u; — w in H*(M), then |u;| — |u| in H1(M). We will use the following
fact. Let {z;} be a sequence in a topological space X and x € X such that every subsequence
{xi;} of {x;} has a further subsequence {z;, } which converges to x. Then {z;} converges to .
Therefore, without loss of generality one can assume that u; converges to u pointwise a.e.

Since ||u;| — |u|| < Ju; — ul, |u;| = |u| in L2(M). Using the fact that Du = 0 a.e. on {u = 0},

we compute

/ 115 Dus — (w) Duf? < / 20s(us) 2| Dus — Duf? + 2(us) — r(w)[2|Duf?
M M

<2 [ |Du; — Dul® + 2/ |k (ui) — k(u)?| Dul?.
M {u#0}

The first integral converges to 0. If u(y) # 0 and u;(y) converges to u(y), then x(u;(y)) converges to
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k(u(y)) as well. Hence, by the dominated convergence theorem, the second integral also converges

to 0. O
For t € R, let t© = max{t,0}; t~ = min{t,0}. We define the maps ¢,,0 : H' (M) x H'(M) x

HY(M) — HY(M) as follows.

¢ (ug, u1, w) = min{max{ug, —w}, max{ui, w}};
¥(ug, u1,w) = max{min{ug, w}, min{us, —w}}; (5.3.69)

0(uo, ur, w) = ¢(uo, ur, w)™ + h(ug, ur, w)~.
Proposition 5.3.10. The map 0, defined above, has the following properties.
(i) 0 is a continuous map.
(i) 0(—uo, —u1,w) = —0(ug, us, w).

(i53) If |ugl,|u1| < 1, then O(ug,u1,1) = wug, O(ug,ur,—1) = uy, where 1 denotes the constant

function 1.

(i) If uo(y) = u1(y), then 0(uo,ur, w)(y) = uo(y) = u1(y)-

(v) For every H" ! -measurable set U C M,

EE(Q(UQ,Ul,’UJ),U) < Es(u()a U) + Es(ula U) + EE(U), U)

(vi) O(ug,ur, w)(y) =0 implies y € {ug =0} U{u; =0} U {w = 0}.
Proof. We have the following identities.

a+b+la—b|
2

+b—|a—0

max{a,b} = ; min{a,b} = a 5

Hence, the continuity of ¢, 1 and @ follows from Proposition 5.3.9. We note that ¢(—ug, —ui, w) =

—(ug, u1,w), which implies (ii). (iil) also follows from direct computation. Indeed, if |ug|, |ui| < 1,
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then ¢(ug,u1,1) = ug = Y (ug,u1,1) and ¢(ug, uy, —1) = v = P(ug, u1, —1).

To prove (iv), we need the following identity. If a > 0,

min{max{a, —b}, max{a,b}} = a. (5.3.70)

Indeed, the identity holds if max{a, —b} = a = max{a,b}. It also holds if max{a, —b} = a and
max{a,b} = b > a. It is not possible for both max{a, —b} and max{a,b} to be different from a as
this will imply —b > a, b > a = 0 > a. Moreover, if a > 0, either min{a,b} > 0 (if b > 0) or

min{a,—b} > 0 (if b < 0); hence

max{min{a, b}, min{a, —b}} > 0. (5.3.71)

In the case when ug(y) = u1(y) > 0, (5.3.70) and (5.3.71) give (iv). The other case ug(y) = u1(y) <
0 is similar.
For i = 0,1, let U; = {u; < 0} and V; = {u; > 0}. We also set G = {w < 0}, H = {w > 0},

Z = {w = 0}. Then we have (suppressing the dependence of ¢, ¥, 6 on ug, u1, w)

oy) <0 ye UonNH)U (U NG);
P(y) >0 ye(VonH)U (VNG U (VonVinZ);
’l/)(y) <0&vye (UoﬂH) U (UlﬂG) U (UoﬁUlmZ); (5372)

Y(y) >0 ye (VonH)U(ViNG).

Further,

o(y) ifye{o>0}n{y >0}
0(y) = (5.3.73)

dly) ifye{p<0}n{y <o}
It follows from the equations in (5.3.72) that

M=({s=01n{y>0})U({ep<0}n{y<0}).
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Hence, using the definition of ¢ and v, (5.3.73) implies

0(y) € {uo(y), wa(y), w(y), —wly)};  VO(y) € {Vuo(y), Vur(y), Vw(y), -Vw(y)}.  (5.3.74)
Therefore, the following point-wise estimates hold.
IVO(y)|* < [Vuo(y)[* + [Vui(y)* + [Vw(y)*; W(O(y)) < W(uo(y)) + W(ui(y)) + W(w(y)),

which give item (v) of the proposition. (5.3.74) also implies item (vi). O

Let o € X[NT]; so that w(a) = u € X[NI];. We introduce the following notation.
(o)t o A, : 97 — a is denoted by A%; D, o (7|s): @ — #7 is denoted by D2.

Proposition 5.3.11. Let ¢* = min{ey,e2,(6/4)%, 47 (r1 — r*)?}. For 0 < e < &* there exists a
continuous, Zo-equivariant map C- : X — HY(M)\ {0} with the property

(P)o C(v) =0 for allv € X[NT]o,

where ¥ is as in Proposition 5.3.7. Moreover, if a € X'[NI]J-, Cela has the following properties.

(P0)j.o Let (& = (.0 AL Then, for all z = (2, 2;) € I (with 2/ € FI71),
(o, 25) = 0 (Co(2,0),0(2, 1), wi(29)

where w, is as defined in (5.3.68).

(P1)j,a We define I, = {{(e) : e < «, dim(e) = 1}, where {(e) is as in Proposition 5.3.6 (P5). For

all0<e<e*, te€aandv < a withdim(v) =0,

ve (U B = <O =)o)

1€
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(P2)ja Forall0<e<e*, ie€[l] andt € a,

S B (G0, BY) S ¥ L9 B (G0, A) < ¥ RN 42,

As a consequence, for all0 < e <e&* andt € a,

%EE (C(t), M) < L+ (22 4 4)n + (j 4+ 1)37 (22 - 2). (5.3.75)

Proof. The map (. will be defined inductively on the cells of X[NI]. The equivariance of ¢, and
the fact that (.(z) is not identically 0 for all z € X will be proved at the end (after proving the
other properties of ¢.). If v € X[NT]o, we define ¢.(v) = ¥?, which is precisely the property (P)o.
The properties (P0)g,, and (P1)g, are vacuous; (P2), is satisfied because of Proposition 5.3.7.

Let us assume that for some p > 1, (. has been defined on

U XIni.

s<p—1

and if o € X[NI],_1, (|, has the properties (P0),—1,, — (P2)(p-1),0-

Let X € X[Nl}p. By our assumption, (. is already defined on OA. For z € 0.#P, we define
(2) = (G0 A3) (2).
For arbitrary z = (2/,2,) € 4P with 2/ € #7711, we define
O z) =0 Q0,2 (1) ua(z)) (5.3.76)

where w. is as defined in (5.3.68). By Proposition 5.3.10 (iii), this equation indeed holds for
zp = 0,1. Further, (5.3.76) is also valid if z € 9.4 because of our induction hypothesis that
(e restricted O satisfies (P0) and the compatibility relation (5.3.10). For t € A, (.(¢) is defined

by (.(t) = (CA;\ o D;\) (t). ¢ is continuous on A as (.|sx is continuous and the maps 0, w. are
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continuous.
It remains to verify that (.|, satisfies the properties (P0), x — (P2)p.x. (P0)p . holds by the
definition (5.3.76).

To prove (P1), 5, we first show that if v,v’ € X[NI]o and e € X[NT]; such that v,v’ < e, then

y & A UBY,, = C(0)(y) =) ). (5.3.77)

We set B' = By, and B = By). Eithery € W(v) or y € W(T(v)). Let us assume that y € (T(v))

(the other case is analogous); hence (using Proposition 5.3.6 (P5))
y € U(T(v))N (A UBY = F(T(W))N (A4 UBY)".

So dy(y) = d(y, ¥(v)) and dy (y) = d(y, ¥(v')). If both d,(y) and d, (y) are > 24/, then (. (v)(y) =
1= (. (v')(y). Otherwise, let us say d,(y) = d(y, ¥(v)) < 2y/e. We will show that d,(y) = dy (y).
Let ' € ¥(v) such that d(y,y") = d(y, ¥(v)). Therefore,

d(y,y') = d(y, ¥ (v)) < 2/ <min{6/2,r; —r*}. (5.3.78)
Hence, y ¢ A; U B! implies 4’ ¢ AU B. Thus, (again using Proposition 5.3.6 (P5))
Yy eU)N(AUB) =¥(")N(AUB)°.

This gives
d(y, ¥ (v)) =d(y,¥(v) N (AUB)) (5.3.79)

and d(y, ¥(v")) < d(y,y’) < 2+/¢, which also implies (by the above reasoning)
d(y, ¥(v")) =d(y, ¥(v') N (AU B)). (5.3.80)
Since ¥(v) N (AUB)® = ¥(v') N (AUB)°, from (6.1.1) and (6.5.103), we get d,(y) = du(y).
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Thus we have proved (5.3.77), which, together with (5.3.76), induction hypothesis (P1),_1) s and
Proposition 5.3.10 (iv), gives (P1)p,x.

Finally we prove (P2), . Using (5.3.76) together with Proposition 5.3.10 (v), the induction
hypothesis (P2),—1),9» and Proposition 5.3.8, one obtains the following estimate (I stands for B!

for some i € [I] or A;.)

) (fg(z',zp),u) < %E (@(z',O),u) n %E (ég(z', 1),u) +

. oo B (2, U)

20
< 2.3P71(2%+2 L 9y + 3

< 3P(2% 2 4 2.

This estimate along with (P1), x, (P)o and Proposition 5.3.7 gives for all 0 < ¢ < &*, ¢t € o and

v < a with dim(v) = 0,

5o B (G0, M) € 5B (Go(0), M) + 3 5B (Go(8),BY) + 5 (G (6), A)

1E€TN

1
20
< L+ (2%F2 L 4y 4 (p+ 1)3P(24%F2 4 2)n.

In the last line one needs to use the fact that |Z)| < p, which follows from the characterization of
{(e) in Proposition 5.3.6 (P5).

Let us show that the map (., constructed above, is Zs-equivariant. From the definition of d,
((5.3.66)), it follows that dp(,) = —d, for all v € X[NI]o. Hence, by (P)o, ((T(v)) = —C.(v) for
all v € X[N1]o. Now we can use induction along with (P0) and Proposition 5.3.10 (ii) to conclude
that ¢.(T(z)) = —Co(z) for all z € X.

Lastly, we prove that for all 2 € X, H"t'({¢.(z) = 0}) = 0. This will in particular imply
that for all € X, ¢.(z) is not identically equal to 0. If v € X[NI]o, by (5.3.66) and (P)o,
{¢.(v) = 0} = ¥(v) and H" 1 (¥(v)) = 0 by Proposition 5.3.6 (P4). Hence, H" " ({¢.(v) =0}) =0
for all v € X[NI]O. Now, as before we can use induction along with (7?0) and Proposition 5.3.10

(vi) to conclude that H"+({¢.(x) = 0}) =0 for all z € X. O
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Proof of Theorem 5.1.2. By Proposition 5.3.11, for every i > 0 there exists €* > 0 such that for all

0 < e < €* there exists (. € II such that

oo S B (G(2) < L+ a(k)y (by (5:3.75)).
zeX

where a(k) is a constant which depends only on k = dim(X). Hence,

1 - 1 -
—L.(I) <L+alk)np VO<e<e" = —limsupL.(II) < L+ a(k)n.
20 0 e—0t

Since 1 > 0 is arbitrary, this implies (5.1.4).

The following facts follow from [GG18, Section 6]. Indz,(X) > p + 1 if and only if each map
® € Il is a p-sweepout. Moreover,

ce(p) = inf L¢ (ﬁ)a
v
where the infimum is taken over all IT such that Indz, (X) > p + 1. Similarly,
Wp = iIl_llfLAp(H),

where the infimum is taken over all II such that each map in the homotopy class II is a p-sweepout.
We fix p € N. For every j € N, there exists double cover Xj — X, and the corresponding

homotopy classes I1,, lzlj (as discussed in Section 1) such that Indy, ()~( j) > p+1and
1
LAP(Hj) <wp+ ;

Therefore, using (5.1.4),

1 1 1
— limsupe.(p) < — limsup L. (II;) < Lap(Il;) < wp, + .
0 e—0+ 20 e—0t J

Since this holds for all j € N, we obtain (5.1.5). O
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5.4 Proof of Theorem 5.1.3

In this section, we will discuss how Theorem 5.1.3 can be proved using the results contained in the

papers [HT00, Gual8, GG18]. Let us recall the function F', defined in (5.2.4). For 8 € (0,1), we set

F(1-8)=0s/2.

Proposition 5.4.1. Let {u; : M — (=1,1)}2, be a sequence such that the following conditions

are satisfied.
(i) ACq,(u;) =0 with e; — 0 as i — oo.
(ii) There exists Ey such that E¢,(u;) < Ey for all i € N.

(i1i) V is a stationary, integral varifold such that V; = Vu;] = V and spt(V') has optimal regular-

1ty.

Then for all s > 0 there exists by € (0,1/2] such that the following holds. Denoting w; = F o u;,
for all b € (0,by] there exists ig € N, depending on s and b, such that for all i > iy there exists

t; € [—ob/2,0p/2] for which
[ {wz > ti}, {wl < ti} S C(M) and [[{wl > tl}]] + [[{wl < tl}]] = [[Mﬂ,
o {w; =t;} is a smooth hypersurface, O[{w; > t;}] = [{w; = t;}] and F(V, [{w; = t;}]) < s.

Proof. The proof is divided into three parts.
Part 1. For simplicity, let us assume that V = N|X|, where N € N and ¥ is a closed, connected
minimal hypersurface with optimal regularity. The general case (i.e. when spt(V') is not connected)

will be similar. Let
20

= 5.4.1
N+3+w(n) ' +20N’ ( )

S0

where w(n) is the n-volume of the n-dimensional unit Euclidean ball in R™ and we fix 0 < s < sq.
(The assumption s < so will be useful later.) By [HT00, Proposition 5.1] there exists by € (0,1/2]

such that
W (u;
limsup/ (ui) < s.
i=oo J{jui|>1-bo} i
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Let us fix b € (0,bp]. Using the above equation and [HT00, Proposition 4.3],

limsup/ [Vw;| < s. (5.4.2)
{luil>1-b}

i—00
We choose Uy CC Uy CC Us CC reg(X) such that
NH"(Z\Uy) < s. (5.4.3)
For U cC reg(X), let
NMU={veT,M:pcl, ve T;‘E with |v| < r}.
There exists p > 0 such that exp : M3 Uz — M is a diffeomorphism onto its image. Let
Us = exp(M3,lhs), Uz =exp(Maplhz), U = exp(MN,U1).

One can assume that (choosing a smaller p if necessary) ds, = d(—,%) is smooth on Uz \ &
with ds(exp,(v)) = |v|, the nearest point projection map P : Uz — Uz, P(exp,(v)) = p, is smooth
and the Jacobian factor

JP(y,S) <2 ¥ (y,9) € Gl (5.4.4)

We note that

PU;)=U; =XNU; (j=1,2,3) and U; CC Uy CC Us.

Part 2. We are now going to discuss some results from [HT00]. We note that in [HTO00], the
ambient dimension is assumed to be n. Let g denote the the ambient Riemannian metric on M"™*1.

For p € M, we define

fpﬂ“ : TpM — M by fP,T‘('U) = Gpr(T‘U) and 9p,r = r72f;7rg,
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As explained in [Gual8, Section 10], all the results of [HT00] continue to hold on a closed Rie-
mannian manifold. In particular, if p € M and r > 0 is sufficiently small, all the estimates of
[HT00], which are proved under the hypothesis that AC.(u®) = 0 with respect to the Euclidean
metric, continue to hold if one instead assumes that AC.(u®) = 0 with respect to g, ,. For the
sake of completeness, we restate below Propositions 5.5 and 5.6 of [HT00], adapted to the Rieman-

nian manifold setup. Let us introduce the following notations.
e For p e M, B,(0,r) ={v e T,M : g(v,v) < r?}.

e Given a hyperplane I' C T, M, which contains 0, Pr : T,M — I' is the orthogonal projection

onto I' with respect to gy.

wl? ]2
o e.(u) = 5% + @7 Ee(u) = 5% - @, where |-| is with respect to the Rieman-

nian metric as specified in the following propositions.

Proposition 5.4.2 ([HT00, Propositions 5.5]). There ezists 0 < ro < inj(M) such that the follow-
ing holds. Given E >0, § € (0,1) and Ny € N, there existsn > 0 satisfying the following property.
Let By(0,2) be equipped with the Riemannian metric g, 7 for some p € M and 7 € (0,7¢]. (Subse-
quently, all the metric dependent objects e.g. V, AC., the distance function, the geodesic balls etc.

are assumed to be with respect to g, 7.) Suppose

(i) T C T,M is a hyperplane containing 0, Y C B,(0,1) with the cardinality |Y| < Ny + 1,

Pr(x)=0 forallx €Y, a>0, dx,z') > 3a for allx,2’ €Y and diameter Y <.

(ii) € >0 and u : B,(0,2) — (—1,1) satisfies AC.(u) = 0 with stlp ){}(u) <n.
Bp(0,2

(iii)
ro(u) = ¢ (|vu|2 - <w7w>2) :

where d : Bp(0,2) — R denotes the signed distance from I' N By(0,2). For all x € Y and

a<r<l,

[ le@irnt s, [ cval < Ee
B(w,r) B(x,r)
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Then
Za_"/ e (u) §§+(1—|—§)/ e (u).
{z’:d(z’,Y)<1}

z€Y B(z,a)

The next Proposition 5.4.3 follows from the proof of Propositions 5.6 in [HT00]. Before we state
it, we need to introduce some notation. Let us recall that g is the canonical 1-D solution to the
Allen-Cahn equation (see (5.3.60)). For 3, b € (0,1), L = L(3,b) € (1,00) is defined as follows.
Whenever t € R satisfies [g(t)| < 1 — b, there holds (see [HT00, Equation (5.4)])

(5.4.5)

NNV

<

w(n)L"

where £t denotes the Lebesgue measure on R" ™! and w(n) is the n-volume of the n-dimensional

1 1
[ |3+ 02 4 Wlateaa + )] 4 (o) ~ 20
BP(07L)

unit Euclidean ball in R™.
Proposition 5.4.3 ([HT00, Proposition 5.6]). Given 3, b € (0,1), there exist vy € (0,inj(M))
and n € (0,1) satisfying the following property. Let L = L(§,l3), By(0,4L) be equipped with the

Riemannian metric g, 7 for some p € M and 7 € (0,79]. (Subsequently, all the metric dependent

objects are assumed to be with respect to g, 7.) Suppose

—Au+W'(u) = 0 with & (u)

= L |Vul*~W(u) <7

(i) w: By(0,4L) — (—1,1) satisfies AC1(u)

on B,(0,4L), [u(0)] <1 —b.
(i) T' C T, M is a hyperplane containing 0; 0 < i) < n;

() = |Vul® = (Vu, Vd)?,

where d : B,(0,4L) — R denotes the signed distance from I' N Bp(0,4L);

/‘ €2 (w)] + 71 (w) < A(AL)".
Bp(0,4L)
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Then, there holds (with either + or —)
_ _ Ay al
@) + 87 (u(0) & 87 (@) | e 5, 0181y < €l5: D)7,

where (8, IAJ) > 0 s a constant depending on §, b.

Proposition 5.4.4 ([HT00, Proposition 5.6]). Given 3, b € (0,1), there exist ro € (0,inj(M))
and n € (0,1) satisfying the following property. Let L = L(é,B), B,(0,4L) be equipped with the
Riemannian metric g, 7 for some p € M and 7 € (0,79]. (Subsequently, all the metric dependent

objects are assumed to be with respect to g, 7.) Suppose
(i) u: By(0,4L) — (—1,1) satisfies ACy(u) = 0 with & (u) < n on B,(0,4L), |u(0)] <1 —b.

(i) T C T, M is a hyperplane containing 0;
2 2
71(u) = |Vu|® = (Vu, Vd)*,
where d : B,(0,4L) — R denotes the signed distance from I' N By(0,4L);

/ €4 (w)| + 71 (w) < m(4L)".
Bp(0,4L)

Then, there holds
{z € B,(0,3L) : Pr(z) =0, u(z) =u(0)} = {0}

and
1

_ e1(u) — 20
w(n)L" /BP(O7L) 1)

Part 3. Coming back to the proof of Proposition 5.4.1, on Us, following [HT00, Section 5], we

<.

define

Kl on {|Vu,] # 0},
v =

0 on {|Vu;| = 0},
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where n(y) is a unit normal at y to the hypersurface {ds = dx(y)}. Let

T; — (1 — 1}12)51|VU2|2

We choose a cut-off function 0 < x; < 1 such that spt(x1) C Uz and x; = 1 on Us. Since, V; — V

is the varifold sense, using [HT00, Proposition 4.3] we obtain ([HT00, (5.7)])

lim X17; = lim / x1(1 = v?)|Vw;| =0 = lim 7; = 0. (5.4.6)
71— 00 U3 1—00 []3 11— 00 UQ
Let us use the notation
ai\Vui|2 W(UZ)
§i=—5 :
€i
By [HTO00, Proposition 4.3] and (5.4.6),
lim €| + 7 = 0.
71— 00 U2
Let us choose a sequence 7; — 0 such that
lim m‘l/ |&| + 7 =0. (5.4.7)
71— 00 62

For our fixed choice of s and b, we choose L = L(s,b) via (6.5.86). Let
G; = yEUlz/ |§i+Ti§nir"if45iL§r§ﬁ},
B(y,r)

where p < d(Uy,dUs) is such that the monotonicity formula for the scaled energy holds on balls
(in M) with radii < p (see [Gual8, Section 10.2]). For our later purpose, we choose a compact set

H,; C G, as follows. By the Besicovitch covering theorem, there exist {%; }3]:1 such that each %;
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is a collection of at-most countably many mutually disjoint open balls and
- J
U, \GZ - U U B.
j=1BEB;

Then

c

J
H; = U UB NU;.

j=1 Be B,
Using the monotonicity formula for the scaled energy, proved in [HT00, Proposition 3.4] and [Gual8,
Section 10.2], one can show the following ([HTO00, (5.9)]).

WVill (T2 \ Hy) + " (P(T \ H)) < (s, Bo, g /ﬁ &l (5.48)

which converges to 0 as i — 0o by our choice of the sequence {n;}.
Let us define

For t € [—0p/2,04/2] and p € CY1(G, M" 1) with |¢| < 1 and Lip(¢) < 1, we obtain the following

estimates.

15160) = NSl ()] < |I8{NTh| () — N [T ()] + [ISE] (@F) + NS ). (5.4.9)

|[SEn T (9) = N[ENTh| (0)] < | [SE 0 Hi| () = NIP(H)| (9)

+[[SH| (UL \ Hy) + NH*(P(U1\ H;)).  (5.4.10)

|81 0 Hi| () = N IP(H:)| (9)] < |80 Hil () = Py 8¢ 0 Hi| (0)]

+ || SEN Hi| () = NIP(H)| (9)]. (5.411)
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810 (9) = Py [SE0 Hi| (9)

< [ |e T8 — o (Pw). DPIT,S0) TP T, S| M), (5412
Hak:
Claim 5.4.5. As i — oo,
de, M ((y,TySf) , (P(y),DP|y(TySf))) —0 and JP (y,TySf) — 1,

uniformly for t € [—oy/2,04/2) and y € St N H;. (Here dg, v denotes the distance in Gp,M.)

Proof. To prove this claim, we use some arguments from [HT00, Proof of Theorem 1]. For a fixed

t € [—ob/2,0p/2]) and y € S! N H;, |ui(y)] <1—band

/ |&il + 7 < mi(de;L)".
B(y,4€iL)

Using the notations from Part 2, let u; = u; o f o,. Then u; : (B,(0,4L), gy,) — (—1,1) satisfies
AC1 (uz) = 0,

sup & (u;) < O(eg;) (by [HT00, Proposition 3.3])
By(0,4L)

and |u;(0)] <1 —0b. Thus, if 7 is sufficiently large, the hypothesis (i) of Proposition 5.4.3 is satisfied

forézs,l;:b,p:y, and u = u;. Let
Ly ={ds =ds(y)}.

Since f, }(I'y) smoothly converges to T,y as e — 0, for sufficiently large i, the hypothesis (i) of
Proposition 5.4.3 is also satisfied for I' = T,I',, v = u; and # = #; for some sequence {7;} — 0.
Therefore, Proposition 5.4.3 implies that inside the ball B(y,3Le;), St = {u; = u;(y)} is a normal

graph of a function h; on B(y,3Le;) N T, such that

_1
[Vhi| < c(s, b))
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This, along with the fact that {|u;] < 1 — b} converges to ¥ in the Hausdorff sense, implies our

claim. O

Hence (5.4.12) and Claim 5.4.5 imply that there exists a sequence of positive real numbers

{0;}$2, (which does not depend on t) such that

lim #; =0 and sup‘ |5t N Hi| () — Py | St N H (@)‘ < 0,;H™(S}) (5.4.13)
@

1—00

for all t € [—04/2,04/2].
For y € P(H;), let
mi(y) = the cardinality of P~'(y) N S! N H;.
The proof of the following claim is essentially contained in [HT00, Proof of Theorem 1].
Claim 5.4.6. There exists iy € N such that for all i > i1, y € P(H;) and |t| < 03/2, mi(y) < N.

Proof. Let y € P(H;), z € P~ (y)NSINH;, ui =u;0 for,. Then u; : (B,(0,4L),g..,) — (—1,1)
satisfies AC(u;) =0,

sup &1(u;) < O(g;) (by [HT00, Proposition 3.3])
B.(0,4L)

and |u;(0)| < 1 —b. Therefore, if ¢ is sufficiently large, one can set § = s, b= b, p=2z2, u=u; and
I' =T.T', in Proposition 5.4.4 and conclude the followings.
{z' € B(z,3Le;) : P(2') = P(2), wi(?') = ui(2)} = {z}; (5.4.14)
: / (u) = 20| < (5.4.15)
—_ e, (u) — 20| < s. 4.
w(n)(Led)" Jpere)

Since {|u;| <1 — b} converges to ¥ in the Hausdorff sense, it is possible choose a sequence {r;}
such that

ri = 0 {lui| <1-0} CN2(E); & =¢/ri 0.
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Then, for y € P(H;) and [t| < 03/2,
Y = f 0 (P~ (y) N S{NH;) C By(0,ry).
Moreover, if 4; = u; o fyr,, then @; : (By(0,2),gyr,) — (—1,1) satisfies ACs, (t;) = 0 with

sup &, (u;) < O(r;) (by [HT00, Proposition 3.3]).
B’.‘/(072)

(5.4.14) implies that d(z,2’) > 3Lé; for all z,2’ € Y.
If there exists Y/ C Y with the cardinality |Y'| = N + 1, then, for sufficiently large 7, one can
set §=s,p=y, f=r,I' =T,5 Y =Y’ a=Lé and ¢ = & in Proposition 5.4.2 and conclude

that

2 (le)n/B( L,)eéi(ﬂz‘) < S+(1+S)/ ez, (). (5.4.16)

ey’ B(0,1+7;)
Since V{u;] = N|X|, V[&;] = N |T,X N B,(0,2)|. Hence, if ¢ is sufficiently large, (6.3.2) and (6.3.3)
imply

(N +1)(20 — 5) <w(n) s+ (14 5)(20N + s),
which contradicts the assumption that s < so ((5.4.1)). O
We choose a cut-off function 0 < yo < 1 with spt(x2) CUs and xo = 1on U;. If p: G, M — M

is the canonical projection map, let Y2 = x2 o p. Since Py [SF N H;| = v(P(H;), mt), for all i > 4,

[Py |52 3] () = N 1P(H) ()|

= N |P(H;)| (X2) — Py |S{ 0 Hi (X2)

< N[S] (%e) — Py |St] (%) +2||SH| (T \ Hy) + 2|51 (UF) (by (5.4.4)). (5.4.17)

In (5.4.17), Py |S| (X2) is well-defined as spt(x2) C Us.
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We will now integrate the various error terms, obtained above, with respect to ¢ in the interval

[—0b/2,0p/2] and let i — oo.

0'1,/2
limsup/ |5t (UF) dt < limsupo ||V;]| (Uf) < os (by (5.4.3)); (5.4.18)
1—00 *Ub/2 1—00
Ub/2
/ NS (US) dt < o5 (by (5.4.3)); (5.4.19)
—op/2
O‘b/2 o o
lim S| UL\ Hy) + NH™(P(U1 \ H)) dt =0 (by (5.4.8)); (5.4.20)
3 oo _Ub/2
0‘},/2
limsup/ H™(S!) dt <limsupo ||[Vi]| (M) = cNH"(X). (5.4.21)
1— 00 —op/2 1—00

We note that V; — N|X| in the varifold sense implies PgV;(x2) — N|X|(X2). (PgVi(x2) is well-

defined as spt(x2) C Us.) Hence, using (5.4.4) and (5.4.2),

ou/2
limsup/ (N |X] (X2) — Py ’Sﬂ ()22)) dt

i—00 —oy/2

1—00

< lim o (N[5 () ~ PpVi(Rz)) + 2limsup | V|
troo {lui|>1-b}

< 2s. (5.4.22)

Therefore, using the equations (5.4.9) — (5.4.13) and (5.4.17) — (5.4.22), we conclude that for all

i > 41 there exists a measurable function ©; : [—0}/2,03/2] — R such that

op/2
Si) <©4(t) Vi€ [—0b/2,05/2] and limsup/ O;(t) dt < (2+40)s.

71— 00 —o'b/2

F(N[3,

Hence, there exists i3 € N such that for all i > 5,

0’(,/2
/ O;(t) dt < (3 +40)s.

—op/2

Let J; C [—0b/2,04/2] be the set of all ¢t € [—0,/2, 05/2] such that ¢ is a regular value of w;,
{wi >t} {w; <t} e C(M),  [{wi >8]+ [{wi <t}] = [M],  O{w; > t}] = [{wi = t}].
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Then [—03,/2,05/2] \ Z; has Lebesgue measure 0. Therefore, for i > 45, there exists ¢; € J; such
that

F (N[5, |S!

) < O;(t;) < (3+40)0; 's.
Since s € (0, s9) is arbitrary and b < by < 1/2, this finishes the proof of the proposition. O

Proposition 5.4.7. Let {u; : M — (=1,1)}32, be a sequence such that items (i) — (iii) of Propo-
sition 5.4.1 are satisfied. Additionally, we assume that w; is a min-max critical point of E., corre-
sponding to the homotopy class I1. Let us set L., =L, (1:1) so that

1

L=Lap(D) = o

lim L, = [V (M).
1—> 00

Then, (using the notation from Proposition 5.4.1) for every s > 0 and b € (0,by(s)], there exists
i§ > io(s,b) such that the following holds. For all i > if, there exists ®; : X — Z,(M;M,;Zs),

xzf € X and §; > 0 such that &, €11, 6; — 0,

1
sup M (®;(z)) < max {Q(Lai +¢e), L+ 5} +d; and F(V,|®;(z])]) <s. (5.4.23)
z€X

)

Proof. Since u; is a min-max critical point of E., corresponding to the homotopy class I, for each
i, there exists a sequence of continuous, Zy-equivariant maps {hj : X — HY(M)\ {0}}52, such
that

sup FE., (h;(x)) < L. +e and lim dgiap (ui, h;(X)) =0. (5.4.24)

zeX, jEN J—roo

The next lemma is a restatement of Lemmas 8.10 and 8.11 of [Gualg].

Lemma 5.4.8 ([Gual8, Lemmas 8.10, 8.11]). Let hy,hy € HY(M). For § € (0,1), we set Cs =
W(1 —6) > 0. Then, for all e > 0,

H™ T ({|hy] €1 —6}) < eC5 E(hy).
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Let og € (=14 0,1 — ) be such that for j = 1,2, Q; = {h; > apg} € C(M). Then, for alle >0,
HH (0 \ Q) < C5  Ex(h) + (a0 + 1= 8) 72 [|ha — hallf ) -

As a consequence, for j =1,2, if \j € (=1 46,1 — ) such that T; = O[{h; > \;}] € Z,(M;Zy),

then
F(T1,Ty) < 26C5 (Ee(hy) + Ee(ho)) + 2(ap + 1 —8) 72 || hy — h2||§,1(M) Ve>0.

Let us recall that X is a subcomplex of #%[1]. There exists a € (=1 +b,1 — b) such that for
all i,j € Nand z € n=1 (X NQF), {hi(z) > a} € C(M). Let us fix i > iq (io = io(s,b) is as in

Proposition 5.4.1); let jo € N such that
dm(ar) (Ui,héo (X)) <e&/2.

For simplicity, let us denote the map h;o by h. We choose I; € N such that if z,z" belong to a

common cell in X[37%], then ||h(z) — W@ ) g (ary < €04 Let z; € X[37%]o such that
dHl(M) (us, h(x;)) = dHl(M) (ui, h (X[?)_l’]o)) ,

which is bounded by 3¢;/4 by our choices of jy and I;. It follows from the arguments in [Gual§]
and [GG18, Section 6.7] that there exists a function A : X — (=14 b,1—b) such that for all z € X

the following conditions are satisfied.

o {h(z) > M)}, {h(z) < A(z)} € C(M) with [{h(z) > Ax)}] + [{h(x) < A2)}] = [M];
e Denoting h = Fohand A= Fo )\, QUbM(a[[{fl(x) > S\(x)}]]) < E.,(h(x)).

— i

One can define a discrete, Zs-equivariant map @; : X[B*li]o — 1,41 (M;Zs) as follows (w;, t; are
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as in Proposition 5.4.1).

[{h(x) > M)} if @ ¢ {@:, T(xi)};
@i(®) = [{w; > t:}] if 2 = a;;

[[{’U)Z < tl}]] if x = T(.Z‘z)

@; descends to a map ¢; : X[37]g — Z,(M,Zs) such that ¢; o™ = d o $;. By Lemma 5.4.8 and

(5.4.24), the fineness of ¢; with respect to the flat norm
£7 (i) < 4eiCy  (Le, + i) +2(1 — b+ @) 27,

Thus we have a sequence of maps {p; : X[37l]g — Z,(M,Zs)}i>i, such that £7(¢;) — 0.

Moreover, F(V, [{w; = t;}|) < s implies that M ([{w; = ¢;}]) < L + s. Hence,

1
sup  M(y;(x)) < max{(LEi +Ei),L+S} .
z€X[3 ] 20

As argued in [Gual8] and [GG18, Sections 6.8, 6.9], one can apply the interpolation theorem of
Zhou [Zhol7, Proposition 5.8] to produce a sequence of discrete maps whose fineness with respect
to the mass norm converges to 0 and then, using the interpolation theorem of Marques and Neves
[MN14, Theorem 14.1], one can find a sequence of maps in II, which are continuous in the mass
norm. More precisely, there exists if > i such that for all i > 4 there exist ®; : X — Z,,(M; M; Zs)

and ¢; > 0 such that ®; € I1, §; — 0 and
1
sup M (®;(z)) < max {(Lgi +ei), L+ s} + ;.
reX 20

* *

Moreover, ®;(z) = p;(z) for all z € X[37%]o. In particular, denoting z} = 7(x;), ®;(z}) = pi(z}) =
[{w; = t;}]; hence,
F(V,|®i(7)]) < s.
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O

Proof of Theorem 5.1.3. By letting s — 0, b — 0 and ¢ — oo in the above Proposition 5.4.7,
we obtain Theorem 5.1.3. More precisely, let {s,,}5°_; be a sequence such that s,, — 0. We
choose b, € (0,bp(s:,)] such that b,, — 0. By Proposition 5.4.7, for every m € N, there exist
U, X = Z,(M;M;Zs), i(m) € N and z, € X such that ¥,,, € II, i(m) > i(m — 1),

1
sup M (¥, (x)) < max{%(LEi(m) +€itmy), L+ Sm} + s and F (V) |¥,,(z},)]) < Sm.

bm

zeX

This implies {¥,, }>°_; is a minimizing sequence in IT and V € C ({¥,,}). O
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Chapter 6

The Allen-Cahn equation on the
complete Riemannian manifolds of

finite volume

6.1 Introduction

In all the theorems, mentioned in the previous chapters, the ambient manifolds are assumed to
be closed. If M is a complete non-compact manifold, Gromov [Grol4] proved that either M con-
tains a complete minimal hypersurface with finite area or every compact domain of M admits a
(possibly singular) strictly mean convex foliation. In [Mon16], Montezuma proved that a complete
Riemannian manifold with a bounded, strictly mean concave domain contains a complete minimal
hypersurface with finite area. The existence of minimal surfaces in hyperbolic 3-manifolds has been
proved by Collin-Hauswirth-Mazet-Rosenberg [CHMR17], Huang-Wang [HW17] and Coskunuzer
[Cos21]. In [CK18], Chodosh and Ketover proved the existence of minimal planes in asymptotically
flat 3-manifolds. In [CL20], Chambers and Liokumovich proved that every complete Rieman-

nian manifold with finite volume contains a complete minimal hypersurface with finite area. In
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[Son19], Song proved Yau’s conjecture on certain complete non-compact manifolds. Moreover, he
also proved the local version of the above mentioned theorem of Gromov [Grol4], using which he
gave alternative proofs of the above mentioned theorems of Montezuma [Monl6] and Chambers-
Liokumovich [CL20).

In this chapter we will show the existence of finite energy min-max solution to the Allen-
Cahn equation (for e sufficiently small) on complete Riemannian manifolds of finite volume. More
precisely, we will prove the following theorem, which is motivated by the previously mentioned

theorem of Chambers-Liokumovich [CL20] and Song [Son19].

Theorem 6.1.1. Let M™™ be a complete, Riemannian manifold, n + 1 > 3, such that Vol(M) is
finite. Then there exists eg > 0, depending on the ambient Riemannian metric, such that for all
0 < e < gg, there existsu, : M — (—1,1) satisfying AC:(u:) = 0, Ind(ue) < 1 and E.(u.) < oo.

Moreover, there exists a good set U C M (see Section 6.2.4) such that

0 < liminf E, (u;,U) < limsup E.(u.) < oo. (6.1.1)
e—0t

e—0+

We will prove Theorem 6.1.1 by adapting the argument of Chambers-Liokumovich [CL20] in
the Allen-Cahn setting. From Theorem 6.1.1, one can recover the above mentioned theorem of

Chambers-Liokumovich [CL20] and Song [Son19].

Theorem 6.1.2. [CL20,Son19] Let M™*! be a complete, Riemannian manifold, n +1 > 3, such
that Vol(M) is finite. Then there exists a complete minimal hypersurface X C M such that 0 <
H™(X) < 0o and ¥ has optimal reqularity, i.e. ¥ is smooth and embedded outside a singular set of

Hausdorff dimension < n — 7.

As in [CL20] and [Son19], Theorem 6.1.1 and Theorem 6.1.2 continue to hold if the assumption
Vol(M) < oo is replaced by the weaker assumption that there exists a sequence {U;}5°,, where
each U; C M is a bounded open set with smooth boundary, such that U; C U;41 for all i € N and

lim H"(0U;) = 0.

i—00
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6.2 Notations and Preliminaries

6.2.1 Notations

Here we summarize the notations which will be frequently used later in this chapter.

e #H* : the Hausdorff measure of dimension k.
e B(p,r) : the geodesic ball centered at p with radius r.
e d(—,S) : distance from a set S.

e H'(N) : the Sobolev space {u € L?(N) : the distributional derivative Vu € L*(N,TN)}.

o E.(u) = [y ec(u), where N is the ambient manifold.

o E.(u,S) = [5ec(u), where S is a measurable set.

o AC.(u) = —2Au+ W' (u).

e 20 = the energy of the 1-D solution to the Allen-Cahn equation (see (6.2.1), (6.4.3)).

e For two measurable functions u and v, we say that u < v (resp. u > v) if u(z) < v(z) (resp.

u(z) > v(x)) for a.e. x.

6.2.2 The Allen-Cahn equation and convergence of the phase interfaces

In this subsection we will briefly discuss about the Allen-Cahn equation and its connection with
the minimal hypersurfaces. Suppose Q"1 is the interior of a compact Riemannian manifold. Let
W :R — [0, 00) be a smooth, symmetric, double well potential. More precisely, W has the following
properties. W is bounded; W (—t) = W (¢) for all ¢t € R; W has exactly three critical points 0, £1;
W(£1l) = 0 and W”(£1) > 0 i.e. £1 are non-degenerate minima; 0 is a local maximum. For
u € HY(Q), the e-Allen-Cahn energy of u is given by

’LL2 u
B = [ AT W)
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As mentioned earlier,

AC (u) := —2Au+W'(u) =

if and only if u is a critical point of E..

Let F : R — R and the energy constant o be defined as follows.

F(t) :/Ot\/WdS; 0:/_11\/W)/2ds so that F(£1) :ig. (6.2.1)

For an n-rectifiable set S C (2, let |S| denote the n-varifold defined by S. Given u € C1(f2), we set

% = F o u. The n-varifold associated to w is defined by

Viul(4) = 1/00 (= s} (A) ds,

g

for every Borel set A C G,Q (where G, denotes the Grassmannian bundle of unoriented n-
dimensional hyperplanes on ).
Building on the works of Hutchinson-Tonegawa [HTO00], Tonegawa [Ton05] and Tonegawa-

Wickramasekera [TW12], Guaraco [Gual8] has proved the following theorem.

Theorem 6.2.1 ([HT00, Ton05, TW12, Gual8]). Suppose Q"' n + 1 > 3, is the interior of a
compact Riemannian manifold. Let {u; : @ — (=1,1)}2, be a sequence of smooth functions such

that
(i) AC,(u;) =0 with ¢, — 0 as i — oo;

(ii)
sup E, (u;) <oo and sup Ind(u;) < oo.
ieN ieN

Then there exists a stationary, integral varifold V in Q0 such that possibly after passing to a sub-

sequence, V{u;] — V in the sense of varifolds. Moreover, spt(V) is a minimal hypersurface with
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optimal regularity in Q. Furthermore, if ||V|| denotes the Radon measure associated to V, then

1 | i
- <q Vai” | W )> dVolg — ||V, (6.2.2)

20 2 €;

in the sense of Radon measures.

The proof of the regularity of the limit-interface depends on the regularity theory of stable,
minimal hypersurfaces, developed by Wickramasekera [Wicl4a]. In the ambient dimension n+1 = 3,
the regularity of the limit-interface can also be obtained from the curvature estimates of Chodosh
and Mantoulidis [CM20].

We also state here the theorem proved by Smith [Smil6] about the generic finiteness of the
number of solutions to the Allen-Cahn equation on a closed manifold. This theorem will be used
to prove the Morse index upper bound in Theorem 6.1.1.

Let Nt n+1 > 3, be a closed manifold and M be the space of all smooth Riemannian metrics

on N, endowed with the C* topology. For € > 0 and v € M, we define
Z.,={u€C®(N): —*Au+ W (u) =0}. (6.2.3)

Theorem 6.2.2. [Smil6, Theorem 1.1 (2)] There exists a generic set M C M such that if y € M
and ! ¢ Spec(—A,) (here we are using the convention that Spec(—A,) C [0,00)), then Z. ., is

finite.

6.2.3 Min-max theorem on the Hilbert space

Let 47 be a separable Hilbert space and € : # — R be a C? functional. Suppose By, B; are closed
subsets of 7. We define

F ={(:[0,1] = 5 : { is continuous, ¢(0) € By, ¢(1) € By} (6.2.4)
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and

c= inf sup E({(t)). 6.2.5
it sup £(C(0) (6:2:5)

A sequence {(;}2, C . is called a minimizing sequence if

lim sup £(¢;(t)) =c.

100 4¢[0,1]

For a minimizing sequence {(;} C %, let K ({¢;}) denote the set of all v € . for which there

exist sequences {i;} C {i} and {¢;} C [0, 1] such that

v = hHl C’Lj (t])
j—oo -

Definition 6.2.3. Given a minimizing sequence {(;} in .%, we say that & satisfies the Palais-Smale

condition along {¢;} if every sequence {v;}, satisfying the conditions

lim &'(v;) =0 and  lim d(v;,¢([0,1])) =0,

71— 00 1— 00

has a convergent subsequence.

Definition 6.2.4. [Gho91, Section 3, page 53] Let
K.={ve:&Ww) =0, Ev)=c}.

A compact subset ¥ of K. is called an isolated critical set for £ in K. if there exists an open set
% C A such that € C Z and
K.Nw=¢%.

The following min-max theorem, which was proved by Ghoussoub [Gho91] in a much more
general setting (see [Gho91, Theorem (1.bis) in page 30 and Theorem (4) in page 53]), will be used

to prove Theorem 6.1.1.

Theorem 6.2.5. [Gho91] (a) Let L C 5 be a closed set such that the following conditions are
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satisfied:

(a1) LN (ByUBy) =0;

(a2) for all ¢ € %, LNC(]0,1]) # 0;
(a3) 52%5(0) > c.

Suppose & satisfies the Palais-Smale condition along a minimizing sequence {(;}5°,. Then
K.NnLNK{¢G}H #0. (6.2.6)

(b) In addition to the assumptions stated in part (a), let us also assume that:

(b1) K.N L is an isolated critical set for £ in K.;

(b2) E" is Fredholm on K..

Then there exists

ve K.NLNK{G}) such that m(v) < 1, (6.2.7)

where m(v) is the Morse index of the critical point v, i.e. m(v) is equal to the index of the bilinear

form &" |U.
Remark 6.2.6. In the definition of .% in (6.2.4) and in Theorem 6.2.5, we have assumed that By and
B are closed subsets of .. This is slightly different from the hypothesis made in [Gho91, Theorem
(1.bis) in page 30 and Theorem (4) in page 53], where By and B; are assumed to be singleton sets.
However this does not affect the proof of the above Theorem 6.2.5 in [Gho91] for the following
reason (see [Gho91, Remark (3) in page 32 and Remark (11) in page 60]). If ( € .# (as defined in
(6.2.4)) and ¢’ : [0,1] — 7 is another map satisfying ¢’(0) = ¢(0) and ¢’(1) = {(1), then (' € F

as well.

6.2.4 The notion of the good set

In this subsection we will recall the definition of the good set from [CL20, Section 2.2]. Let N be

a complete Riemannian manifold and € C N be a bounded open set with smooth boundary 0.
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I,,+1(€%; Z3) denotes the space of (n+1)-dimensional mod 2 flat chains in ; Z,, 1e1(£2, 0; Z2) denotes
the space of n-dimensional mod 2 relative flat cycles in Q and 0 : L,11(€; Z2) — Z,, v (€2, 08; Zs) is
the boundary map. Both the spaces I,,+1(£2; Z2) and Z, ye1(€2, 092; Z3) are assumed to be equipped
with the flat topology. (We refer to [LMN18, Section 2] and [LZ21, Section 3] for more details about
these spaces.) Let . be the set of all continuous maps I' : [0, 1] — I,,41(€; Z2) such that I'(0) = 0
and I'(1) = Q. The (relative) width of Q, denoted by W(Q), is defined as follows [Gro03, Gut09,
LMN18, CL20, LZ21].

W(Q) = inf sup M(0T'(t)). 6.2.8
() 2oL, sup (0'(t)) (6.2.8)

Q) is called a good set if
W(Q) > 4H™(09). (6.2.9)

6.3 Nested families in the Sobolev space H!(N)

The notion of the nested family of open sets played an important role in the proof of the main
theorem of Chambers-Liokumovich in [CL20]. In this section, we will deal with the notion of the
nested family in the function space H'(N). Throughout this section, N will be assumed to be a

closed Riemannian manifold (of dimension n + 1) and € > 0. We begin with the following lemma.

Lemma 6.3.1. Let u,v € HY(N) such thatv > u and |ul, |v| < 1. Suppose
S={wecH'(N):v>w>u}.

Then there exists w* € S such that
E.(w*) =inf{E.(w) : w € S}.

Proof. Let

a=inf{F.(w):w e S}
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and {w;}5°, C S be such that

2
i i 1
/ JVuil” | W) L (6.3.1)
N 2 € (]
Since |ul, Jv] <1,
lwi| <1 VieN. (6.3.2)

(6.3.1) and (6.3.2) imply that {w;}2; is a bounded sequence in H'(N). Therefore, by Rellich’s

compactness theorem, there exist w* € H'(N) and a subsequence {w;, }3° , such that

w;,, — w* strongly in L?(N) and pointwise a.e. (6.3.3)

and

Vw;, — Vw* weakly in L*(N). (6.3.4)

(6.3.3) implies that w* € S. (6.3.3), (6.3.4) and (6.3.1) together imply that E.(w*) < « and hence
E.(w*) = a. O

Definition 6.3.2. A continuous map u : [a,b] — H'(N) is called nested if u(t) > u(s) whenever

t <s.

6.3.1 Truncation and concatenation of the nested maps

The following Lemmas 6.3.3 and 6.3.4 are the Allen-Cahn counterparts of [CL20, Lemma 5.1] and

[CL20, Proposition 6.3], respectively.

Lemma 6.3.3. (a) Let u : [0,1] — HY(N) be nested. Supposev € H(N) has the following
properties:
e v >u(l);

o for any v’ € HY(N) with v > v' > u(1), we have E.(v) < E.(v").

Then there exists i : [0,1] — H*(N) such that
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(i) @ is nested;
(i) w(0) > u(0) and u(1) = v; moreover if u(0) > v, one can choose @(0) = u(0);
(iii) E-(u(t)) < E:(u(t)) for allt € [0,1];

() if |v]l ooy £ 1 and sup [Ju(@)|lpeeny <1, then sup [[@(t)]| ooy < 1 as well.
te[0,1] t€[0,1]

(b) Let u:[0,1] — HY(N) be nested. Supposev € H(N) has the following properties:
e u(0) >wv;
e for any v’ € HY(N) with u(0) > v > v, we have E.(v) < E.(v).
Then there exists i : [0,1] — H*(N) such that
(i) @ is nested;
(i) w(0) =v and 4(1) < u(l); moreover if u(l) < w, one can choose u(1) = u(1);
(1) E-(t(t)) < E-(u(t)) for allt € [0,1];
() if |v]l ooy < 1 and sup] [u(@)[| e 3y < 1, then sup} 2@ ooy < 1 as well.

tel0,1 tel0,1

Proof. To prove part (a), we define
(t) = max{u(t),v}.

Items (i) and (ii) follow from the assumptions that u is nested and v > u(1), respectively. Item (iv)

follows from the definition of @. To prove (iii), we consider
u'(t) = min{u(t),v}.
Then v > u/(t) > u(1) for all t € [0,1]. By our hypothesis,

E.(v) < E-(u/(t)) = Bx(u(t), {u(t) < v}) + E-(v, {u(t) > v}).
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Hence

E. (v, {u(t) < v}) < Ec(u(t), {u(t) <v}). (6.3.5)

Therefore, using (6.3.5),
Ee(u(t)) = Ee(u(t), {u(t) = v}) + Ec(v, {u(t) <v}) < Ec(u(?)).
Part (b) can also be proved in a similar way by defining

4(t) = minf{u(t), v}

and using the fact that

Lemma 6.3.4. Let uy, us : [0,1] — HY(N) be such that
e Uy, uy are nested;
o sup fui(t)llpoey <1 fori=1,2;
te[0,1]
o uz(0) > uy(1);
e sup E.(u(t)) <A fori=1,2.
t€[0,1]
Then there exists i : [0,1] — H*(N) such that
(i) @ is nested;
(ii) sup (0] e ) < 15
t€[0,1]

(iii) @(0) > u1(0) and a(l) < uz(1l);

(iv) sup E.(u(t)) < A.
te0,1]
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Proof. Let
S={ve H"(N):ug(0)>v>u (1)}

By Lemma 6.3.1, there exists v* € S such that
E.(v*) =inf{E.(v) : v € S}.

We note that v* > v' > uq(1) implies that v' € S and hence E.(v*) < E.(v'). Therefore, by Lemma

6.3.3, part (a), there exists a nested map 1 : [0,1] — H'(N) such that

41(0) = u1(0), 1 (1) =v*, sup [[t1(t)|peny <1 and  sup E.(@1(t)) < A
te[0,1] te[0,1]

Similarly, us(0) > v" > v* implies that v' € S and hence E.(v*) < E.(v"). Therefore, by Lemma

6.3.3, part (b), there exists a nested map 1y : [0,1] — H'(N) such that

Uz(0) = 0", (1) S ua(l), sup [[G2(t)||peny <1 and sup E.(2(t)) < A
te[0,1] te[0,1]

Finally, we define @ : [0,1] — H'(N) by

" @iy (2t) if t € [0,1/2);
at) =
Gp(2t —1) ifte[1/2,1].

6.3.2 Approximation by nested maps

In [CL20, Proposition 6.1}, Chambers and Liokumovich proved that if {2 };¢[o,1) is a family of open
sets and k > 0, there exists a nested family of open sets {Qt}te[o,l] such that Qy € Q, & D U
and

sup H"(0) < sup H™(O) + k.
te[0,1] te[0,1]
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The following Proposition 6.3.5 is the Allen-Cahn analogue of this theorem.

Proposition 6.3.5. Let ¢ : [0,1] — HY(N) be a continuous map such that |¢(t)| < 1 for all
t € [0,1] and k > 0. Then there exists a nested map v : [0,1] — H*(N) such that (0) > $(0),
$(1) < B(1), [9(t)] <1 for allt € [0,1] and

sup E:(¥(t)) < sup E-(4(t)) + k.
t€[0,1] te[0,1]

Before we prove Proposition 6.3.5, we need to prove few lemmas.

Lemma 6.3.6. Let ¢ >0 and w : [0,1] — HY(N) be a continuous map. Then, for all§ > 0, there
exists r > 0 such that

E.(w(t), B(p,r)) <4,

for allt € 0,1] and p € N.

Proof. We assume by contradiction that there exist § > 0 and sequences {¢;}52, C [0,1] and
{pi}$2,; C N such that

E.(w(t;),B (pi,i~')) > 6. (6.3.6)
Without loss of generality, we can assume that ¢; — tg and p; — pg. Then, for all m € N, if i is

sufficiently large, B(p;,i~1) C B(po,m~'). Therefore, by (6.3.6), for all m € N,

Ec(w(to), B(po,m™")) = lim E.(w(t:), B(po,m™")) > 4.

1—> 00

This contradicts the fact that

lim E.(w(ty), B(po,m™")) = 0.

m—o0

O

Lemma 6.3.7. Let ug,u; € L>®(N) withug > w1 and |ugl, |ui| < 1. Supposeh : R — [—1,1] is

a piecewise C1 function so that ' € L>(R) and e.(h) is compactly supported inside the compact

158



interval [—a,a]. Forp € N andr > 0, let b" : N — R be defined by b"(x) = h(d,(x) — 1), where
dy(z) = d(z,p). Then, for all0 < s1 < s3 and ¢ > 0,

/ E. (0", {ug >b" >wu}) dr < /

/ eo(h)(t) dt dH™ (2).
$1 B(p,sa2+a) J{uo(x)>h>ui(x)}

Proof. d,: N — R is a Lipschitz continuous function with |Vd,| = 1, H"*'-a.e. As a consequence,
H" T ({d, =5}) =0 Vs>0, (6.3.7)

since otherwise Vd, = 0 on a set of positive H"*!-measure. For all 7 > 0, b" is Lipschitz continuous;

by [GTO01, Theorem 7.8] and (6.3.7),
Vb (x) = B (dy(x) — r)Vdy(z) for H" -ae. z € N. (6.3.8)

Therefore,

/ B (0 {uo > b > u}) d
/ / [ W (dy(z) — r)2+1W(h(dp(x)_r)) dH™ () dr
s1 {uo>b">u1} €

/52 /a[ 2+ W( ())] H™ ({dp —r =t} N {ug > b" > wy}) dt dr. (6.3.9)

In the last step we have used the co-area formula. It follows from the definition of 6" that for fixed

r and t,

{dp—r=t}N{ug>b" >u} ={d, =r+t}N{ug > h(t) > us }.
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Hence, by Fubini’s theorem and the co-area formula, (6.3.9) implies that

/ E. (0", {ug > b" >wuy}) dr

:/ /_a[ 2y W(())]H"({d =r+t}N{ug > h(t) >ur}) dtdr

IN

/ e(h)(t) H" ™1 (B(p, 52 +a) N {ug > h(t) > u}) dt

65 / X{u0>h(t)>u1}($) dH?H_l(x) dt
B(p,s2+a)

- / / ec(h)(¢) dt dH™ (x).
B(p,sa+a) J{uo(x)>h>u1(z)}

For p > 0, let h* : R — [—1, 1] be defined by

if [t] < p;

ASEE

ho(t) =41 if t > p;

-1 ift<—p.

Setting h = h” in Lemma 6.3.7 and using the notation b*"(z) = h*(d,(x)

/ E. (57, {uo > 7 > w}) dr < Ole,p) |luo — ua v

where ug, u; are as in Lemma 6.3.7 and

5 1
C(e,p) = 27 o IWll e - -

O
(6.3.10)

— ), one obtains
. (6.3.11)
(6.3.12)

Lemma 6.3.8. Let €,§ > 0. Suppose ug,u; € HY(N) N L>®(N) such that ug > ui; |ugl,ui| <1

and

[ lestuo) —etw)l < 8
N
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We fir a nested map w : [0,1] — H*(N) such thatw(0) = 1, w(l) = —1 and |w(t)| < 1 for
allt € [0,1]. Let R > 0 be such that for allp € N,

E.(uo,B(p,4R)) <0, FE-(u1,B(p,4R)) <4 and sup E.(w(t), B(p,4R)) <. (6.3.14)
t€(0,1]

Suppose N can be covered by I balls of radius R. Then, using the notation of (6.3.12),

0R
lluo — ul”Ll(N) < W (6.3.15)

implies that there exists a nested map u : [0,1] — H*(N) such that u(0) = ug, u(1) = uy, |u(t)] <1
for allt €10,1] and

sup Ee(u(t)) < min{E;(uo), Fe(u1)} + 9.
t€[0,1]

Proof. Let
I

N = B, R). (6.3.16)

=1

Forr>0andi=1,2,...,I, let b} : N — [—1,1] be defined by (using the notation as in (6.3.10))
bi (x) = h'(dp, (x) = 7).
We inductively define a sequence {v;}._, with

Vg 2 V1 2 2 Ug
as follows. Set vg = ug. Let us assume that v; has been defined for 1 < k <i—1 and

Uy = Vg = V1 =+ > Vi1 = U,

which implies that

l[vie1 — ul”Ll(N) < luo — U1||L1(N) : (6.3.17)

161



Therefore, using (6.3.11), (6.3.17) and (6.3.15),

3R
1)
/ E. (b:7 {01;1 > b; > ul}) dr < —R
2R I

So there exists r; € (2R, 3R) such that

. . 1)
Eg(b?, {Ui_1 > b:l > ul}) < T (6318)
We define
vi—1  on {b;* > vi_1};
v; = min{v;_1, max{uq, b;* }} = by on {vi—1 >b" > wu}; (6.3.19)

Uy on {u; >b"}.

Then Vi—1 Z V; Z uy.
Using the definition of v; in (6.3.19), one can prove by induction that for each 1 <4 < I, there

exist pairwise disjoint, H""!-measurable sets G?, G}, {Gj;}i_, with

N=G'UGIU (U G,w-) (6.3.20)
k=1

such that the following conditions are satisfied.
(i)
up  on GY;
vi=4qu; on Gl (6.3.21)
b onGp,, 1 <k<i

(ii)
Gii={vi-1 > b >u1}. (6.3.22)
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(iii) For 1 <i<Tand 1 <k <i-—1,

G} DG G, CGl Gri—1 D G- (6.3.23)
(iv)
U B, R) € G} (6.3.24)
k=1

(For this item one needs to use the fact that b," = —1 on B(py, R).)

(6.3.24) implies that (by (6.3.16)) v; = u;. Moreover,
E.(vi) = Bc(uo, GY) + Ec(u1,G}) + Y Ec(b}*, Gr.) (by (6.3.20), (6.3.21))

k=1
< min{FE.(ug, N), Ec(u1,N)} + /N lec(ug) — ec(u1)| + ZEE(bZ",Gk.,k) (by (6.3.23))
k=1

< min{E. (uo), E=(u1)} + 25 (by (6.3.13), (6.3.22), (6.3.18)). (6.3.25)
Similarly, using (6.3.20) and (6.3.21), for any p € N,

EE(UiaB(pa 4R>)
= E-(uo, G} N B(p,4R)) + E-(u1,G} N B(p,4R)) + Y _ E.(b}*, Gyi N B(p,4R))
k=1

< 38 (by (6.3.14), (6.3.23), (6.3.22), (6.3.18)). (6.3.26)
For each 1 < i < I, we define 3; : [0,1] — H*(N) by

vi—1 on {w(t) > vi_1};
Bi(t) = min{v;—1, max{vi, w(t)}} = S w(t)  on {viy > w(t) > v;};
v; on {v; > w(t)}.
Here w : [0,1] — HY(N) is as stated in the Lemma 6.3.8. Since w is nested, 3; is also nested. It
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follows from (6.3.19) that |vg| < 1 for all 0 < k < I. Hence |5;(¢)] <1 for all ¢ € [0,1]. Moreover,
w(0) = 1 (resp. w(l) = —1) implies that 5;(0) = v;—1 (resp. Fi(1) = v;). Using the fact that
b =1 on N\ B(p;,4R), it also follows from (6.3.19) that v;_1 = v; on N \ B(p;,4R); hence for
all t € [0, 1],

Bi(t) =vi—1 =v; on N \ B(p;,4R).

Therefore, for all ¢t € [0, 1],

Ec(Bi(t)) < Ee(vi, N) + Ez(vie1, B(pi, 4R)) + Ec(vi, B(pi, 4R)) + Ec(w(t), B(pi, 4R))

< min{E.(ug), E(u1)} + 95 (by (6.3.25), (6.3.26), (6.3.14)).

Finally we obtain the required map u : [0,1] — H(N) by concatenating all the maps 3;, i =
1,2

g Ly ey

1.

O

Proof of Proposition 6.3.5. We fix a nested map wy : [0, 1] — H(N) such that wy(0) = 1, wy(1) =
—1 and |wo(t)] <1 for all ¢ € [0,1]. (For instance, one can define wy(t) to be equal to the constant

function 1 — 2¢.) Let §p = /9 and

Ag = sup E(4(1)).
t€(0,1]

By Lemma 6.3.6, there exists Ry > 0 such that for allp € N and ¢ € [0, 1],

do

E.(¢(t), B(p,4Ry)) < 5 and  E.(wo(t), B(p,4Rp)) < do. (6.3.27)

Suppose N can be covered by I balls of radius Ry. One can choose m € N such that |t —t2] < 1/m
implies

/N e=(6(t) — ex(6(t2))] < 2 (6.3.28)

and
50 Ry

lo(t) = élta)ln v < G RE

(6.3.29)
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We define the sequence {éi}f;"o by setting dor, = ¢(k/m) and

¢32k on {é% < é2k+2}§

€2’2k+1 = min{é%,ézmz} =

Ptz on {doy > optal

Hence, (6.3.28) implies that for 0 < k <m —1,

/N |66($2k) - 66(9{52k+1)| = / |€5(¢§2k) - €s(<132k+2)| < %0- (6.3.30)

{ngk>¢;2k+2}

Similarly, (6.3.29) implies that for 0 <k <m — 1,

- do Ro
_ 1 S AT
|62k = bansillir ) < G2 R T

By (6.3.27) and (6.3.30), for all0 < i < 2m and p € N,

E.(¢i, B(p,4Ry)) < do.

By Lemma 6.3.8, for 0 < ¢ < m — 1, there exists a nested map ~; :

that ")/1(0) = (,Zggi, "}/1(1) = (522'4_1, |’yl(t)| S 1 for all ¢ S [0, 1] and

sup E.(7i(t)) < Ex(d2) + K < Ao + k.
telo,1]

Therefore,

Yi(1) = paiv1 < 2iva = i41(0).

[0,1] — HY(N) such

One obtains the map % in Proposition 6.3.5 from the maps {’yi}gi_ol by repeatedly applying Lemma

6.3.4. More precisely, setting u; = v and us = v in Lemma 6.3.4, we get a nested map 7 :

[0,1] — H(N) such that

7(0) > do, 71(1) < ds, sup [|F1(t)ll ey <1 and  sup E-(F1(t)) < Ao + .

te[0,1] t€[0,1]
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Let us assume that there exists a nested map 4; : [0,1] — H'(N), 1 <i < m — 1, such that

7:(0) > %o, (1) < boit1 < Poive = vi+1(0), (6.3.31)
sup 1% (t)l| e (ny £ 1 and  sup E.(%i(t)) < Ao + k. (6.3.32)
te[0,1] t€[0,1]

Then choosing u; = 7; and us = ;41 in Lemma 6.3.4, one gets a nested map ;11 : [0,1] — H(N)

such that

Fi+1(0) = o, Fi41(1) < d2iva, sup Vg1 (D)l pe(ny < 1 and  sup Eo(Fia (1)) < Ao + k.
te[0,1] te[0,1]

The map ¢ in Proposition 6.3.5 is obtained by setting 1 = 7,,,_1. O

6.4 A deformation lemma

The following Lemma 6.4.1 is motivated by [CL20, Lemma 7.1 (3)]. To prove this lemma, we adapt

the argument of Chambers and Liokumovich [CL20, Proof of Lemma 7.1] in the Allen-Cahn setting.

Lemma 6.4.1. Let N be a closed Riemannian manifold and @ C N be an open set with smooth
boundary 0. Suppose f : N — [1/3,00) is a Morse function so that in the interval [1/3,2/3], f

has no critical value which is a non-global local maxima or minima;
m]\i]nf =1/3; m]\z}xf >1; Qcc f71([1/3,2/3)).

We set
Q=71 ([1/3,1)).

Then, for all n > 0, there exist ey, 71 > 0, depending on n, €, Q, f|§z’ such that the following two

conditions are satisfied.

(i) If 0 < e < e1 and ug € H'(N) satisfies |ug| < 1, |1 — uollL1(q) < 7, then there exists u :
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[0,1] — HY(N) such that u(0) = uo, u(l)}Q =1 and

sup FE.(u(t)) < E-(ug) + 20H™(0Q) + 1.
t€[0,1]

(i) If 0 < e < ey and ug € H'(N) satisfies |ug| < 1, ||1 + uol|rr (o) < 7, then there exists u :

[0,1] = HY(N) such that u(0) = uo, u(l)}Q =-1 and

sup FE.(u(t)) < E-(ug) + 20H™(0Q) + 7.
t€[0,1]

Proof. Let ¢ : R — R be the unique solution of the following ODE.

©'(t) = V2W(p(t));  ¢(0) =0.

For allt e R, —1 < ¢q(t) <1 and

as t — +00, (¢(t) F1) converges to zero exponentially fast.

qe(t) = q(t/e) is a solution of the one dimensional Allen-Cahn equation

with finite total energy:
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For € > 0, we define Lipschitz continuous function

ge(t) if 1] < VE;
(Vi) + (H-1)(-a(Ve)  ifvE<t<2yE
() =141 if t >2,/z;
(VA + (Y2 +1) 1 a(—VE) if —2VE<t< V&
-1 if t < —24/c.

Fort € R and z € N, we set

—d(z,0Q) ifx e
di(z) = dpa(x) —t, where dpq(x)=

d(z,00) if z ¢ Q.

For t € [1/3,1] and = € N, we set

—d(z, f7H(t)) i f(z) <t
dz, f7H(t) if f(z) > t.

(6.4.4)

(6.4.5)

(6.4.6)

Following [Gual8, Section 7 and Section 9], we define the continuous maps w; . : R — H(N) and

wa 1 [0,1] = HY(N) by
wl,s(t) =g.o0 dﬁ»
Qe od% if
Wa,e(t) = 41— 3t(1 — wy.(1/3)) ifo<t<i;

—14+3(1 - ) (1+w2e(2/3)) if3<t<1

(6.4.7)

(6.4.8)

Since in the interval [1/3,2/3], f has no critical value which is a non-global local maxima or

minima, ¢ — f~!(¢) is continuous on [1/3,2/3] in the Hausdorff topology. This implies that ws . is

continuous (see [Gual8, Proposition 9.2]).
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Let us fix n > 0. From the argument in [Gual8, Section 9], it follows that there exist &', to > 0,

depending on 71, 9Q and Q, such that if 0 < £ < ¢’ and [t| < 2t then
E.(w1..(t)) < 20H™(99) + g (6.4.9)

By the “no concentration of mass” property ([MN17, Lemma 5.2]), there exists 0 < R < to/5,

depending on 7, (, Q and f|Q, such that

' (F710) 0 Bp,5R)) < o

w3

, (6.4.10)

for all t € [1/3,2/3] and B(p,5R) C Q. Moreover, w2 (1/3) > 0 on N and wa(2/3) <0 on 2. As
a consequence, by the results in [Gual8, Section 9], there exists 0 < ¢’ < R?/4, depending on (2, Q

and f|§z such that

Ex(wz (1), B(p.AR)) < 7. (6.4.11)
for allt € [0,1] and B(p,5R) C Q. We define e; = min{e’,e”}. By our definitions of R and &”,

to

2y/e1 <R< 7 (6.4.12)
Let us fix € € (0,¢1]. Using the notation of (6.4.5), let
O, ={z € N :dgg(x) <r}. (6.4.13)

For r > 0 and for a fixed p € Q_,, we define w. : N — R by

w () = ge (r = dp(2)) ,

where dp(z) = d(z,p).
By (6.4.12), B (p, 3R + 2,/21) C €. Therefore, it follows from Lemma 6.3.7 that for u € L>(N)
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with |u| <1,

3R
/ E (wl,{1>w. >u})dr (6.4.14)
2R

< / / e<(go)(t) dt dH™ ™ (x) (since §. is an odd function) (6.4.15)

2 J{1>G->u(z)}
1
€ (a1 1 W(S) n+1
= -G (G- (s) + ——F——| dsdH"" (x). (6.4.16)
/Q/u(z) lz ( ) €. (4="(s))

In (6.4.16), §. is thought of as a bijective map from [—24/¢,2+/¢] to [—1,1]. We claim that there
exists Cp = Cy(W,e1) > 0 such that the L>°([—1,1]) norm of the integrand in (6.4.16) is bounded
by Cp. (In particular, Cy does not depend on £.) Indeed, the integrand is a non-negative, even

function. If 0 < ¢t < /2, then

€, 1 WE i (1))

§q€(t)—|— 0 (6.4.17)
— %q/ (t/e) + Wq(féji i)) (6.4.18)
=+/2W (q(t/€)) (by (6.4.1)) (6.4.19)
< V2| Wllzoe-1,)- (6.4.20)
If \/e <t < 24/e, using the fact that
su ® _ 00
te[—Il),l] (1—1)? <o
we obtain
SdL) + iwg,‘j@(;)) (6.4.21)
Ve —1/2 1 W(g(e'?))
§7(1—q<€ / ))—l—%m (6422)

(L) (1-a (). (6..23)
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By (6.4.2), the expression in (6.4.23) is bounded by some constant Cy = C3(e1,Cy). Thus our claim

follows from (6.4.20) and (6.4.23). (6.4.16), together with the claim, implies that

3R
/ E.(wl, {1 >w. >u})dr <G|l —ullp(q)- (6.4.24)
2R

We choose a covering
I

4, = | B(pi, R); (6.4.25)

i=1

each p; € Q_y, so that (by (6.4.12)) B(p;,5R) C . To prove part (i) of Lemma 6.4.1, we set

(6.4.26)

where Cj is as in the above claim. Let uy be as in the statement of Lemma 6.4.1, part (i). We

inductively define a sequence {v;}/_,

as follows. Set vg = ug. Suppose v has been defined for 0 < k <7 — 1 so that

up=vg <wvy <+ <1 <1

hence

||]. — Ui71||L1(Q) < H]. - UOHLl(Q) < ﬁ (6427)

Let wi (z) = G (r —dp,(v)). By (6.4.24), (6.4.27) and (6.4.26), there exists r; € (2R,3R) such

that
Ui

B (W]t {vio1 <wjL <1}) < 3 (6.4.28)
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We define
Vi1 on{vi_1 >w i}
v; = max{v;_1,w;L} = ’ (6.4.29)

Ti

wit  on{vi—1 <wii}.

It follows from (6.4.29) that v;—; <wv; < 1. Moreover, since w:; =—1on N\ B(p;,4R),
V; = Vj—1 On N \ B(pz, 4R> (6430)

Thus we have obtained the sequence {vi}fzo with v9g = up and we set v; = u. As wfe =1on

B(p;, R), using (6.4.29) and (6.4.25), one can prove by induction that

ulg, =1 (6.4.31)
—to
By (6.4.29) and (6.4.28),
E. (vi,{vi #vio1}) = Ec (wj%, {vicn <wjL <1}) < % (6.4.32)
Thus
EE(’UZ‘) = Ee(vifl) + EE(’UZ‘, {'Ui 7é 122;1}) < EE(Uifl) + % (6433)
— E.(v:) < Eo(uo) + % VO<i<I. (6.4.34)
For 1 <i <1, let 8;:[0,1] = H'(N) be defined by
Vi—1 on {—wa(t) <wvi—1};
Bi(t) = max{v;—1, min{v;, w2 (1)} } = —wa(t) on {vi—1 < —wa(t) < v;}; (6.4.35)
v; on {v; < —wsq(t)}.
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Since wa(0) =1 and wa (1) = —1, 5;(0) = v;—1 and B;(1) = v;. Moreover, by (6.4.30),

51(?5) = Vj—1 = U; On N \ B(pl, 4R) (6436)

Therefore, using (6.4.35), (6.4.34), (6.4.32) and (6.4.11), one obtains

Ea(ﬁi(t)) S Es(vi—l) + Eg(’Ui, {Ui 7é Ui_1}) + EE(—UJQ,E(LL), B(pi, 4R)) (6437)
< Befug)+ WD T (6.4.38)
< E-(up) + 7. (6.4.39)

Concatenating all the §;’s we get a map 8 : [0,1] — H*(N) such that 8(0) = ug, 8'(1) = 4 = vr
and

sup E.(8'(t)) < E-(ug) + 7. (6.4.40)
t€[0,1]

Let 8" : [=2tg,to] — H*(N) be defined by
B (t) = max{u, —wy (t)}. (6.4.41)

Then S"(—2ty) = w as & = 1 on Q_y, ((6.4.31)) and w1 (—2tp) = 1 on N \ Q_4, (by (6.4.12)).
Moreover, 8”(tg)|, = 1 as by (6.4.12), wl,a(to)’Q = —1. Using (6.4.9) and (6.4.34), we conclude

that for all t € [—2tg, to],
E.(8"(t)) < E-(2) + E-(—w1.:(t)) < E<(ug) + 20H™(0Q) + 7.

Finally, the map v in Lemma 6.4.1 part (i) is obtained by concatenating 8" and 8”. This finishes the
proof of part (i) of Lemma 6.4.1; part (ii) of the lemma can be deduced from part (i) by replacing

ug by —ug. O

The next lemma is motivated by the properties of the isoperimetric profile of a compact Rie-

mannian manifold (see [CL20, Lemma 7.1 (2)]).
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Lemma 6.4.2. Let Q be a compact Riemannian manifold (not necessarily closed). For all m1 > 0,
there exist eo, M2 > 0, depending on Q and 11, such that the following holds. If 0 < ¢ < €9 and

u e H'(Q) satisfies ||Jul| o) <1 and min{||1 — ul[ 1), |1+ ullLr (@)} > m, then Ec(u,Q) > .

Proof. We assume by contradiction that there exist sequences {u;}3°, C H'(Q) with |u;| < 1 for

all ¢ and {a;}52; C (0,00) with o; — 0 such that
mln{”l - ui||L1(Q), Hl + uiHL1(Q)} > VieN, (6442)

and

Eu, (u;,Q) — 0. (6.4.43)

Let F : [-1,1] = [-0/2,0/2] be as defined in (6.2.1) and v; = F o u;. As argued in [HT00, Section
2.1], for all 4, |v;| < 0/2 and
1
/ Vol < 3 B (00,2, (6.4.44)
Q

Therefore, there exists a subsequence {v;, } C {v;} and voo € BV() such that
Vi, = Voo in L' (Q) and pointwise a.e. (6.4.45)
and (using (6.4.43) and (6.4.44))
/Q\Dvoo| < hkrggolf/ﬂ |V, | = 0. (6.4.46)
Thus v is a constant function. Denoting us, = F~!(vs), by the dominated convergence theorem,
Ui, — Us pointwise a.e. and in L'(9). (6.4.47)

Moreover, by (6.4.43),

/W(uoo): fim [ W(us,) = 0.
Q
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Since uy, is a constant function, either us,, = 1 or u,, = —1. However, this contradicts the

assumption (6.4.42). O

6.5 Proof of Theorem 6.1.1

Let N be a closed Riemannian manifold and 2 C N be an open set with smooth boundary 9€). For
e > 0, the e-Allen-Cahn width of Q, which we denote by A.(£2), is defined as follows [Gual8]. Let
4/ be the set of all continuous maps ¢ : [0,1] — H*(2) such that ¢(0) =1 and ¢(1) = —1. Then

Ae(Q) = inf sup E-(((¢),9Q). (6.5.1)
e ¢el0,1]

It follows from [Gual8, Section 8] that

W(Q) < 2i lim inf A (€2), (6.5.2)

o -0t

where W(Q) is as defined in (6.2.8). Motivated by [CL20, Section 2.2], we also make the following

definition.

Definition 6.5.1. Let % be the set of all continuous maps ¢ : [0,1] — H*(N) such that ((O)]Q =1

and C(l)‘Q = —1. For € > 0, we define

A (Q) = inf E.(C(t),N). 6.5.3
() ol sup (), N) (6.5.3)

Given ¢ € % one can define ¢ € &7 by ¢(t) = C~(t)|Q; hence, for all € > 0,
A (Q) < A(Q). (6.5.4)

The following Proposition 6.5.2 is the Allen-Cahn analogue of [CL20, Proposition 2.1].

Proposition 6.5.2. Let N be a closed Riemannian manifold and @ C N be a good set (as defined

in Section 6.2.4). Suppose f : N — [1/3,00) is a Morse function so that in the interval [1/3,2/3],
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f has no critical value which is a non-global local maxima or minima;
m]\i[nf =1/3; mj\z}xf >1; Qcc f1(1/3,2/3)); 1 isa regular value of f.

We set
Q= f71([1/3,1)).

Then there exist €*,n* > 0, depending on €, Q and f|s, such that for all0 < e < &* the following

O’

condition is satisfied. For every ¢ € A, there exists t® € [0,1] such that

E(¢(t°) = Ae(Q)  and  E-(¢(t°),Q) = 0", (6.5.5)

Remark 6.5.3. The constants €* and n* in the above Proposition 6.5.2 depend on the ambient
Riemannian metric restricted to Q. (By our hypothesis, 99 is smooth.) Let us fix a Rieman-
nian metric go on Q. 1If ¢’ is an arbitrary Riemannian metric on N, from the proofs of Proposition

such

6.5.2, Lemmas 6.4.1 and 6.4.2, it follows that there exists o > 0, depending on gg and ¢’ I’

that the following holds. One can choose €* and n* in Proposition 6.5.2 in such a way that the

proposition holds for all Riemannian metrics ¢” on N satisfying

19'le = 9" |6l o2 gy < @ (6.5.6)

Proof of Proposition 6.5.2. The proof will be presented in four parts.
Part 1. Let
= %H"(@Q). (6.5.7)

We set n = 7 in Lemma 6.4.1 and choose €] > 0 and
0<m <H"H(Q) (6.5.8)

so that Lemma 6.4.1 holds for n = 7, €1 = €] and 1 = 37;. Next, we set 71 = 71 in Lemma 6.4.2
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and choose €5 > 0 and

0<m< %H"(@Q) (6.5.9)

so that Lemma 6.4.2 holds for n; = 71, €9 = €5 and 12 = 7. Let us define n* = 7. We also define

€* to be a positive real number so that the following conditions are satisfied.
e &* < min{e},e5}.

o Let

we = wi (—2+/), (6.5.10)

where w1 ¢ is as defined in (6.4.7). Then, for all 0 < e < &*,
E.(we) < 20H™(0) + 2. (6.5.11)

(For this item one needs to use (6.4.9).)

e For all 0 < ¢ < ¢*, using the notation of (6.4.13),

1

n+l(Q\ Q < 5.12
HH (@ Q) < (6512)
e For all 0 < e <¢e*,
1
1@ s Dunon). (6.5.13)
20 2

(For this item one needs (6.5.2) and the hypothesis (6.2.9) that € is a good set.)

We will show that Proposition 6.5.2 holds for the above choices of ¢* and n*. Let us assume by

contradiction that there exist a € (0,e*] and h € £ such that

for t € [0,1], if Eq(h(t)) > Aa(Q) then E(h(t),Q) <n* = . (6.5.14)
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Without loss of generality, we can assume that
|h(t)| <1 Vtelo,1]. (6.5.15)
Indeed, if
h(t) = min {1, max{—1, (t)}},

then for all t € [0,1], |A(t)] <1 and e.(h(t)) < e.(h(t)). Therefore,
Eo(h(t)) 2 Aa(Q) = Ea(hlt) = Xa(®) = 1" > Ea(h(1),) = Ea(h(t),9).

To prove Proposition 6.5.2, we will show that the existence of such h € # and a € (0,e*] imply

there exists y € 2 satisfying sup E,(7(t)) < Aa ().
te[0,1]

Part 2. Let h and « be as defined above in (6.5.14) and (6.5.15).

Lemma 6.5.4. There exist 0 < a < b <1 such that the following conditions are satisfied.
e F,(h(a),R) =12 = E,(h(b),Q).
e |1- h(a)HLl(Q) <7 and |1+ h<b)||L1(Q) <71

o Fu(h(t),Q) > 7o for allt € [a,b].

Proof. Let
S, = {t € [0,1]: Bo(h(t),2) < 3 and |1 — h(t)]| 1 gy < Tl}; (6.5.16)
Sy = {t € 10,1]: Ba(h(t),Q) < 72 and |1+ h(t)]| 10 < ﬁ} . (6.5.17)

By (6.5.8),
#¢ € [0,1] such that max{||1 — h(®)l| ey - 1L+ h(t)HLl(Q)} <. (6.5.18)
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(6.5.18), together with the choices of 71, 75 and Lemma 6.4.2, implies that
S1NSy=0; S1USy={te[0,1]: Eq(h(t),) < m}. (6.5.19)

Sy and Sy are closed subsets of [0,1]. Since h € £, 0 € Sy and 1 € S5. Let
a=maxS;, b=min(S2NJa,1]). (6.5.20)

(6.5.19) implies that [|1 4 h(a)|[;1q) > 1. Suppose Eq(h(a),2) < 72. By continuity, there ex-

ists @’ > a such that
Eo(h(a),Q) <72 and |1+ h(@)|L1 o) > 7,

which implies (by (6.5.19)) o’ € S;. This contradicts the definition of a; hence E,(h(a),)) = 7.
A similar argument shows that F,(h(b),Q) = 72 as well. Suppose there exists ¢’ € (a,b) such
that E,(h(t'),Q) < 1. Then by (6.5.19), t’ € S; U Sy, which contradicts the definitions of a and b.

This finishes the proof of the lemma. O

Part 3. By (6.5.14) and Lemma 6.5.4, there exists 6 > 0 such that

sup Eo(h(t)) < Ao () — 4. (6.5.21)
t€la,b]

By Proposition 6.3.5, there exists a nested map 5 : [0,1] — H'(N) such that 2(0) > h(a), (1) <
h(b),

E(t)’ <1forallt e [0,1] and

sup Eq(h(t)) < Xa(Q) — =. (6.5.22)
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We recall from (6.5.10) that w. = wi (—24/¢); hence using the notation of (6.4.13),

-1 onQ_y,
we = Ve (6.5.23)
1 on (N\ Q).
Lemma 6.5.5. Let T : HY(N) — H*(N) be defined by
T(u) = min{—wg, max{wy, u}}. (6.5.24)
If lu| < 1, then denoting G = T'(u), we have |a] < 1;
Ey(0) < Eo(wo) + Eo(u, {—wa > u > wa}) < Eq(wy) + Eq(u, Q); (6.5.25)
11 = dill gy < 11— ullpi gy + 2H" (Q\Qyya) ; (6.5.26)
11+ all o) < 11+ ullprq) + 2H" T (Q\ Qyya) - (6.5.27)
Proof.
U on {_wa >u > wa};
= (6.5.28)
+w, otherwise.
Therefore, 4| < 1. Moreover,
{—ws > u>ws} C{w, <0} CQ (by (6.5.23)). (6.5.29)

Combining (6.5.28) and (6.5.29), one gets (6.5.25). It follows from (6.5.23) and (6.5.28) that

U=uonQ_y /5 (6.5.30)

Moreover,

0<1+w, <2 (6.5.31)
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Equations (6.5.26) and (6.5.27) both follow from (6.5.28), (6.5.30) and (6.5.31).

Let us define

¢ =min{h(a), —h(b)};

SO

—{¢ = max{—h(a),h(b)}.

Moreover,

0<1—¢<(1-h(a)+ (1+h()).

Lemma 6.5.6. Let h be as in (6.5.22). There exists t* € [0,1] such that

E. (h(t*), {wa < B(t*) < —wa}U{—L < h(t") < z}C) < Bo(wa) + 27

Here, for S C N, S¢=(N\S).

Proof. Let h' :[0,1] — H*(N) be defined by

) h(t) on {€> h(t) > —1};
B (t) = min{¢, max{—¢, h(t)}} =

+¢  otherwise.

Since

¢ < h(a) < h(0) < max{—¢,h(0)} and —¢> h(b) > h(1),

we have

h'(0)=+¢ and A'(1) = min{f, —(}.

(6.5.32)

(6.5.33)

(6.5.34)

(6.5.35)

(6.5.36)

(6.5.37)

Let A" : [0,1] — H'(N) be defined by h’(t) = T(h'(t)), where T is as in Lemma 6.5.5. By
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Lemma 6.5.5, (6.5.37), (6.5.11) and Lemma 6.5.4,

Eo(h"(0)) < Eo(wa) + Ea(l,9Q) < 20H™(09) + 372; (6.5.38)

Eo(h'(1)) € Eg(wa) + Eo(£,2) < 20H™(09) + 372. (6.5.39)
Moreover, by Lemma 6.5.5, (6.5.34), Lemma 6.5.4 and (6.5.12),

11 =R ()l 11y < =Ll iy + 2H" T (Q\ Q_yya) < 3m; (6.5.40)

11+ A" (D)l 11y S ML=l i) +2H" (Q\Q_y5) <371 (6.5.41)
(@) @)

Therefore, by our choices of 71, 72, 7 and Lemma 6.4.1, there exists a continuous map fy : [0,1] —

H(N) such that 3,(0) = n"(0), 60(1)‘Q =1 and

sup Eo(Bo(t)) < 40H™(0Q) + 372 + 7 < 5oH™(0Q) (by (6.5.7) and (6.5.9)). (6.5.42)
t€(0,1]

Similarly, there exists a continuous map 3; : [0,1] — H*(IN) such that 8;(0) = A"’ (1), 61(1)‘Q =-1
and

sup Eqo(51(t)) < 40H™(09) 4+ 312 + 7 < 5aH™(0N2). (6.5.43)
t€[0,1]

Let us define 8 : [0,1] — HY(N) by

Bo(1—3t) if0<t<1/3;
Blt)=qn'Bt—1) if1/3<t<2/3; (6.5.44)

Bi(3t—2) if2/3<t<1.

Since § € A, there exists t* € [0, 1] such that

Ea(BE*)) = Aa() > Aa(Q) > ToH"(9Q) (using (6.5.3), (6.5.4) and (6.5.13)).
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Therefore, by (6.5.42) and (6.5.43), there exists t* € [0, 1] such that
EL(h"(t*) > Aa(Q). (6.5.45)
However, by Lemma 6.5.5, (6.5.36) and Lemma 6.5.4, for all ¢ € [0, 1],

Eo(h"(t)) < Eq(wa) + Eo (' (t), {wa <1 (t) < —wa}) (6.5.46)
< Eo(wa) + Eq (ﬁ(t)7 {we < h(t) < —wa} N{—€ < h(t) < z}) + Eo(£,Q)  (6.5.47)
< Eo(wa) + Eq (ﬁ@), {wa < R(t) < —wa} N{—L < h(t) < z}) + 27 (6.5.48)

Further, by (6.5.22),
Eo(h(t*)) < Aa(Q). (6.5.49)
Combining (6.5.45), (6.5.48) and (6.5.49), one obtains (6.5.35). O
Part 4. For r € R, let r* = max{r,0}; 7~ = min{r,0}. The maps ®,¥,0 : H'(N) x H'(N) x

H'(N) — H'(N) are defined as follows (Chapter 5, Equation (5.3.69)).

D (ug, ur, w) = min{max{ug, —w}, max{us, w}};
U (ug, w1, w) = max{min{ug, w}, min{u;, —w}}; (6.5.50)

O (ug, ur, w) = ®(ug, ur, w) " + ¥ (ug, ur, w)”.
Lemma 6.5.7. Let ug,uy,w € HY(N) such that |ugl, |ui|, |w| < 1; ¢ = ®(ug, ur,w), 1 = ¥(ug, ur,w),
0 = O(ug, u1, w).
(i) If w(z) =1, then 0(x) = uo(x); if w(x) = —1, then 6(x) = ui(x).
(i1) If up(z) = uy(z), then O(x) = up(z) = uy(z).

(111) For all x € N, either 6(x) = ¢(z) or 0(x) = ¥(x); hence 6(z) € {ug(x),ui(x), w(z), —w(z)}.
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(iv) Fore >0 and S C N,

E.(0,5) < Ec(w,S) + Ex (ug, SN ({uo > —w} U {ug < w})) (6.5.51)

+ Bz (u1, SN ({ur > w}u{u < —w})). (6.5.52)

(v) If vo,v1 € HY(N) such that vy > ug,uy > vi, then vg > 0 > vy.

Proof. For the proofs of items (i) — (iii), we refer to the proof of Proposition 5.3.10 in Chapter 5.
(iv) follows from (iii) and the definitions of ® and ¥. To prove item (v), we note the following. If
r1,7, 72,75 € R such that 1 > ro and ] > 7}, then max{ry,r{} > max{rs, 75} and min{r;,r } >
min{ry,r5}. In particular, if we set | = r} = s, then max{ry, s} > max{rq, s} and min{ry, s} >

min{ry, s}. Hence vy > ug,u; > v implies

D (vg, v, w) > P(ug, w1, w) > (vi,v1,w), (6.5.53)

U (vg, vo, w) > U(ug, ur,w) > (v, vy, w). (6.5.54)
Therefore, using item (ii), we obtain

vo > O(ug, ur, w) > v1. (6.5.55)

Let t* be as in Lemma 6.5.6 and £ be as defined in (6.5.32). We define

lo = max{h(t*),£}; ¢, =min{h(t*),—L}; (6.5.56)

by = O(h(t*), Lo, wa); Wi = O(R(t*), 1, wa). (6.5.57)

Using the fact that

/ on {h(t*) < ¢}
by = (6.5.58)

h(t*) on {h(t*) > ¢},
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and Lemma 6.5.7 (ii), (iv), we obtain

Ea(hy) = Ea (O(h(t"), £.wa), {h(t") < €}) + Eo (A(t"), {h(t") > £})

< Eo(wa) + Eo ({0 > wa} U{l < —wq})

+E, (ﬁ(t*), (R(t") > 0 U {A(t*) > —wa} U {A(t*) < wa}>

S 2Ea(wa) + 47’2.

In the last step we have used Lemma 6.5.4, Lemma 6.5.6 and the fact that

{€>wa} U{l < —wo} C{wy <1} C Q (by (6.5.23)).

By a similar argument,

E,(h}) < 2E4(wy) + 47s.

(6.5.59)
(6.5.60)
(6.5.61)

(6.5.62)

(6.5.63)

By Lemma 6.5.7 (i) and (6.5.23), h§ = £o on Q_, /5. Further, 1 > o > ¢ and by Lemma 6.5.7 (v),

|hg] < 1. Hence,

11 = Rgll i) < 11— Loll pr(q_

4

<1 =Lllpr ) + 71 (by (6:5.12))

< 37 (by Lemma 6.5.4).

Similarly, one can show that

114 Rl q) < 371

Using Lemma 6.5.7 (v) and the definitions of & and ¢, we obtain
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(6.5.65)

(6.5.66)

(6.5.67)

(6.5.68)



By Lemma 6.3.1, there exists fL(O) > h§ > h{ such that

Eqo(hg) = inf{Eq(u) : h(0) > u > h}
< Eq(hg)

< 2E4(wy) + 472 (by (6.5.62))

< 4oH™(0R) + 672 (by (6.5.11)).

Moreover, (6.5.66) and 1 > h$ > h{ imply that

1 =hgllLiy < 1T ="RollLiq) < 371

Similarly, by Lemma 6.3.1, there exists h% > h$ > h(1) such that

E,(h3) = inf{E,(u) : b} > u > h(1)}
< Eq(h})

< 2FE,(wq) + 47 (by (6.5.63))

< 4oH™(0R) + 672 (by (6.5.11)).

Moreover, (6.5.67) and h} > h$ > —1 imply that

11+ 13l ) < 11+ A1l q) < 371

(6.5.69)
(6.5.70)
(6.5.71)

(6.5.72)

(6.5.73)

(6.5.74)
(6.5.75)
(6.5.76)

(6.5.77)

(6.5.78)

Setting u = h and v = hy in Lemma 6.3.3 (a), we conclude that there exists a nested map

71 :[0,1] = HY(N) such that ~1(0) = 2(0), y1(1) = kY ((6.5.68) implies that 2(0) > h?) and

sup Ba(n(t)) < sup Ba(h(1) < ha(6) ~ 3 (by (65.22

t€0,1] te[0,1]

(6.5.79)

Next, setting u = v; and v = h§ in Lemma 6.3.3 (b), we obtain another nested map ~, : [0,1] —
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H'(N) such that 72(0) = hf, 72(1) = h$ ((6.5.68) implies that 8§ > h$) and

~ 1)
sup Eo(72(t)) < sup Eu(m(t)) < Aa(Q2) — 7 (6.5.80)
te[0,1] te[0,1]

By the definitions of 71, 7 and Lemma 6.4.1, (6.5.72) and (6.5.73) imply that there exists 7o :
[0,1] = H'(N) such that 50(0) = A8, J0(1)|, = 1 and

sup Eo(F0(t)) < 60H™(0Q) + 672 + 7 < ToH™(0Q) (by (6.5.7) and (6.5.9)). (6.5.81)
te[0,1]

Similarly (6.5.77) and (6.5.78) imply that there exists 4; : [0,1] — H'(N) such that 4;(0) = A,
771(1)’9 = —1 and

sup Eo(31(t)) < 60H™(00Q) + 610 + 7 < ToH™(0) (by (6.5.7) and (6.5.9)). (6.5.82)
t€(0,1]

Let v : [0,1] — H'(N) be defined by

Fo(1—=3t) if0<t<1/3;
V() =S (8t —1) if1/3<t<2/3; (6.5.83)

(3t —2) if2/3<t<1.

Then v € %; (6.5.80), (6.5.81), (6.5.82), (6.5.13) and (6.5.4) imply that

t:l[épl] E,(v(t) < Aa(), (6.5.84)

which contradicts the definition of A, (€2) ((6.5.3)). This finishes the proof of Proposition 6.5.2. [J

Theorem 6.5.8. Let (N" "1 g), n+1 > 3, be a closed Riemannian manifold and @ C N be a
good set. Suppose e* and n* are as in Proposition 6.5.2 and Remark 6.5.3 (where we set ¢ = g
in Remark 6.5.3). Then for all 0 < e < &*, there exists V. : N — (—1,1) satisfying AC:(9.) = 0,
Ind(d,) < 1, B.(02) = A (Q) and Eo(0.,92) > 1.
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Proof. To prove this theorem, we apply Theorem 6.2.5 to the functional E. : HY(N) - R, 0 < ¢ <

e*. In Theorem 6.2.5, we set

By={ue H'(N):u|,=1}; Bi={ueH'(N):u|,=-1}; (6.5.85)

F = % so that ¢ = A\.(2) and
L={ue H'(N): E-(u) > A\(Q)}n{ue H(N): E-(u,Q) >n"}. (6.5.86)

Since u|Q =lor u|Q = —1 imply that E.(u,2) = 0, the condition (al) of Theorem 6.2.5 is satisfied.
By Proposition 6.5.2, the condition (a2) is also satisfied. It follows from (6.5.86) that (a3) is satisfied
as well. Following [Gual8, Section 4], if {h;}32, is an arbitrary minimizing sequence for E. in 2,
we define {h;}$2, C B by

hi(t) = min{1, max{—1, h;(t)}}.

Then
—1<hi(t) <1 VieN, te]|0,1] (6.5.87)

and E.(h;) < E.(h;). Hence {h;} is again a minimizing sequence. By [Gual8, Proposition 4.4],
E. satisfies the Palais-Smale condition along {h;}. Therefore, by Theorem 6.2.5, part (a), there
exists ¥, € K ({h;}) such that

AC.(V.) =0, E.(9.)= S\E(Q), E.(9:,9Q) > n".

Moreover, by (6.5.87), |¥.] < 1; hence by the strong maximum principle |[J.| < 1. In addition, if
the ambient metric g € M (where M is as defined in Theorem 6.2.2) and e~ ¢ Spec(—A,), then
Z. 4 is finite. In that case, the condition (bl) of Theorem 6.2.5, part (b) is satisfied and one can
ensure that ¢, satisfies Ind(d.) < 1.

To get the Morse index upper bound for arbitrary metric g and € € (0,&*], we use an approx-

imation argument. Since, by Theorem 6.2.2, M is a generic subset of M, it is possible to choose
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{9:}32, C M such that g; converges to g smoothly. Let {€:}2, be a sequence in (0,e*] such
that e; ' ¢ Spec(—A,,) and ¢; — £. Since the width W(Q) depends continuously on the ambient
metric [[IMN18, Lemma 2.1}, 2 is a good set with respect to g; if 7 is sufficiently large. Therefore, by
the above discussion, Theorem 6.2.2, Theorem 6.2.5, Proposition 6.5.2 and Remark 6.5.3 imply that

for all i sufficiently large, there exists ¥ : N — (—1,1) such that
Ac’ﬁi,gi (7‘91) = O; Indgi (?91) S 1; E€i,gi (192) = ;\Ei,gi (Q>a Eeivgi (19179) Z 77*' (6588)

In this equation, the subscript g; indicates that these quantities are computed with respect to the
metric g;. Since ‘19Z| < 1, by the elliptic regularity and the Arzela-Ascoli theorem, there exists ¥°° :
N — [-1,1] such that up to a subsequence 9% converges to ¥ in C?(N). Using (6.5.88) and the
fact that the min-max quantity 5\5(9) depends continuously on the ambient metric [GG18, Lemma

5.4], we obtain
AC. ,(0°°) = 0; Indy(9°) <1; By (0%°) =\ y(Q);  E., (9°,9) >n" (6.5.89)

Furthermore, by the strong maximum principle, [¢9*°| < 1. This finishes the proof of Theorem

6.5.8. O

Proof of Theorem 6.1.1. As proved in [CL20, Section 8.1], Vol(M) < oo implies that there exists a
sequence {U; }$2,, where each U; C M is a bounded open set with smooth boundary, such that U; C
U;+1 for all i« € N and zliglo H™(OU;) = 0. As a consequence, there exists ig € N such that U;, is a
good set. For simplicity, let us denote U;, by U.

The following proposition was proved in [Monl16, Section 12.2].

Proposition 6.5.9. [Monl6, Section 12.2] Let M’ be a complete Riemannian manifold and f :

M’ — [ag,00) be a proper Morse function. Suppose ay is a regular value of f' and define

R={zeM: f(z) <a}.
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Then there exists a closed Riemannian manifold N' and a Morse function f” : N' — [ag,00) such

that N’ contains an isometric copy of R, f" coincides with f' on R and f" > a1 on N'\ R.

Coming back to the proof of Theorem 6.1.1, we choose a proper Morse function f; : M — [0, c0)
with rr11\i4n fi = 0. Let t; be a regular value of f; so that U cC f;'([0,t1/2)). Furthermore, by
suitably modifying f1, we can assume that in the interval [0,¢1/2], f1 has no critical value which is

a non-global local maxima or minima. Let

1 2f
3+3t1'

fo=
Then fo : M — [1/3,00), U cC f; ' ([1/3,2/3)) and we set U = f; '([1/3,1]).

We choose an increasing sequence {s;}2; such that s; > 1, each s; is a regular value of f and

s; — 00 as 1 — 00. Let
Qi={xeM: fo(z)<s;}, Qi={xecM: fo(r)<s;}.

By Proposition 6.5.9, there exists a sequence {N;}3°, of closed Riemannian manifolds such that N;
contains an isometric copy of Q;. Moreover, for every 4, there exists a Morse function ﬁ :N; —
[1/3,00) such that fl coincides with f» on Q; and fl > s; on N; \ Q;. In particular, N; contains
isometric copies of U and U; suppose U; denotes the isometric copy of U in N;. Setting N = N; and
f= ﬁ in Proposition 6.5.2 and Remark 6.5.3 and using Theorem 6.5.8, we obtain €y, ng > 0, which

depend only on U, U, the ambient metric on M restricted to U and f,|~ such that the following

o

holds.? For all 0 < € < &g, there exists 9. ; : N; — (—1, 1) satisfying
AC.(9:) =0; Tnd(¥.;) <1; E.(0.;) =  Us); E-(0-45,U) > no. (6.5.90)

Let b € [1/3,00) such that

{x e M:d(x,U) <2c} C fy'([1/3,0]). (6.5.91)

Hn particular, 9 and ng do not depend on 1.
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One can modify f on f5 ' ([1/3,b]) and define another proper Morse function f3 : M — [1/3,0)
so that

{x € M :d(x,U) <2z} C f3'([1/3,0]) (6.5.92)

and in the interval [1/3,b], f3 has no critical value which is a non-global local maxima or minima.

For 1/3 <t <b, let d' : M — R be defined by

—d(x, f5* if f3(z) <t;
pewy | IO i fa) < 650

d(x, f3(t) if fa(x) >t

(6.5.92) and the fact that b is not a local maximum value of f3 imply

Uc{d<-25}. (6.5.94)
We choose i1 € N so that
{d* <2\/e0} C Q. (6.5.95)

For 0 < ¢ < g, let ¢, : [0,b] — H'(Q;,) be defined by

Goodt ifi<t<op
C(t) = (6.5.96)

1-3t(1 - ¢(1/3)) if0<t<i,

where §. is as defined in (6.4.4). (. is continuous (see the discussion after equation (6.4.8)), ¢-(0) =1

and (6.5.94) implies that Ca(b)‘U = —1. Further, by [Gual8, Section 9],

A == sup E.(¢(t)) (6.5.97)
0<t<b
satisfies
limsupA. <20 sup H" (f5'(1)). (6.5.98)
e—0t 1/3<t<b

For each ¢ > iy, N; contains an isometric copy of Q;,. Hence (6.5.95) implies that (. canonically
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defines a continuous map (.; : [0,0] — H'(N;) (¢.i(t) = 1 on N; \ Q;, for allt € [0,b]) so that
¢-(0) =1 and Cg(b)|uv = —1. Thus

A (U) <A Vi (6.5.99)

Restricting 9. ; to the isometric copy of @; contained in Nj;, one gets u.; : Q; — (—1,1) such

that
ACE(uE7i) = 0; Ind(ue,i) <1 EE(u€7i7 Qz) < 5\5 (uz) 5 EE(uE,i7 U) > No. (65100)

For each fixed j € N, by the elliptic estimates, ||u€’i||c2=a(Qj) is uniformly bounded for all ¢ > j
(since |ue ;| < 1 for all 4+ € N). Using a diagonal argument and the Arzela-Ascoli theorem, we
conclude that there existsu. : M — [—1,1] such that a subsequence {u.;, } converges to u. in

CZ .(M). Hence, using (6.5.100) and (6.5.99),
AC:(uz) =0; Ind(u.) <1; E.(u) <A E(u,U)>np. (6.5.101)

By the strong maximum principle, |u.| < 1. Further, as mentioned in (6.5.98), limsup,_,o+ As < 0.

This completes the proof of Theorem 6.1.1. U

Proof of Theorem 6.1.2 using Theorem 6.1.1. Let
QC---Cy CQiJrl C ...

be an exhaustion of M by bounded open subsets with smooth boundaries and U CC €. Using
Theorem 6.2.1 and a diagonal argument, there exist a sequence {¢;}32, converging to 0 and a

stationary, integral varifold Vi in Qy, (for each k € N) such that the following conditions are satisfied.

Vualg, ]~ W (6.5.102)

192



in the sense of varifolds.

e spt(Vy) is a minimal hypersurface with optimal regularity in .

[ )
1
IVl (Clos(U)) > — liminf E,, (u,,U). (6.5.103)
20 i—oo
[ )
1 . 1 .
Vel (%) < — limsup E, (u.,, %) < — limsup F, (u,). (6.5.104)
20 s e 20 oo S

By (6.5.102), V;LLQ; = V; if i > j. Therefore, there exists a stationary, integral varifold V' in
M such that VILQ; = V; and spt(V) is a minimal hypersurface with optimal regularity. Further,
(6.1.1), (6.5.103) and (6.5.104) imply

0 <[V (Clos(U)) < V][ (M) < oo.

193



Bibliography

[ACS16]

[AFPOO]

[All72]
[Alm62]
[Alm65]

[BCW19]

[Bel20a]

[Bel20b)]

[BP02]

[BW18]

[BW19]

[BW20]

[CG19]

L. Ambrozio, A. Carlotto, and B. Sharp, Compactness of the space of minimal hypersurfaces with bounded
volume and p-th Jacobi eigenvalue, J. Geom. Anal. 26 (2016), no. 4, 2591-2601.

L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity problems,

Oxford Mathematical Monographs, Oxford University Press, New York, 2000.

W. K. Allard, On the first variation of a varifold, Ann. of Math. 95 (1972), 417-491.

F. Almgren, The homotopy groups of the integral cycle groups, Topology (1962), 257-299.
F. J. Almgren Jr., The theory of varifolds, Mimeographed notes, Princeton, 1965.

C. Bellettini, O. Chodosh, and N. Wickramasekera, Curvature estimates and sheeting theorems for weakly

stable CMC hypersurfaces, Adv. Math. 352 (2019), 133 —157.

C. Bellettini, Generic ezistence of multiplicity-1 minmazxz minimal hypersurfaces via Allen—Cahn,

arXiv:2010.15788 [math.DG] (2020).

, Multiplicity-1 minmaz minimal hypersurfaces in manifolds with positive Ricci curvature,

arXiv:2004.10112 [math.AP] (2020).

V. M. Buchstaber and T. E. Panov, Torus actions and their applications in topology and combinatorics,

University Lecture Series, 24, American Mathematical Society, Providence, RI, 2002.

C. Bellettini and N. Wickramasekera, Stable CMC' integral varifolds of codimension 1: regularity and

compactness, arXiv:1802.00377 [math.DG] (2018).

, Stable prescribed-mean-curvature integral varifolds of codimension 1: regularity and compact-

ness, arXiv:1902.09669 [math.DG] (2019).

, The inhomogeneous Allen—Cahn equation and the existence of prescribed-mean-curvature hy-

persurfaces, arXiv:2010.05847 [math.DG] (2020).

R. Caju and P. Gaspar, Solutions of the Allen-Cahn equation on closed manifolds in the presence of

symmetry, arXiv:1906.05938 [math.DG]| (2019).

194



[Chel7]

[CHMR17]

[CK18]

[CL20]

[CM20]

[CM21]

[Cos21]

[CS85]

[Dey19]

[Dey20a]

[Dey20b]

[Dey21]

[Dey22]

[Die08]

[AKWY10]

[DT13]

[Fra66]

D. R. Cheng, Geometric variational problems: Regular and singular behavior, PhD Thesis, Stanford

University (2017).

P. Collin, L. Hauswirth, L. Mazet, and H. Rosenberg, Minimal surfaces in finite volume mnon-compact

hyperbolic 3-manifolds, Trans. Amer. Math. 369 (2017), no. 6, 4293-4309.

O. Chodosh and D. Ketover, Asymptotically flat three-manifolds contain minimal planes, Adv. Math.
337 (2018), 171-192.

G. R. Chambers and Y. Liokumovich, Ezistence of minimal hypersurfaces in complete manifolds of finite

volume, Invent. Math. 219 (2020), 179-217.

O. Chodosh and C. Mantoulidis, Minimal surfaces and the Allen-Cahn equation on 3-manifolds: indez,

multiplicity, and curvature estimates, Ann. of Math. 191 (2020), no. 1, 213-328.

, The p-widths of a surface, arXiv:2107.11684 [math.DG] (2021).

B. Coskunuzer, Minimal surfaces in hyperbolic 8-manifolds, Comm. Pure Appl. Math. 74 (2021), no. 1,
114-139.

H. I. Choi and R. Schoen, The space of minimal embeddings of a surface into a three dimensional

manifold of positive Ricci curvature, Invent. Math. 81 (1985), no. 3, 387-394.

A. Dey, Existence of multiple closed CMC hypersurfaces with small mean curvature, arXiv:1910.00989

[math.DG] (2019), to appear in J. Differential Geom.

, A comparison of the Almgren-Pitts and the Allen-Cahn min-maz theory, arXiv:2004.05120

[math.DG] (2020), presented at AMS Fall Eastern Virtual Sectional Meeting (Oct 2020), Special Session

on Variational Aspects of Geometric Analysis.

, A sub-additive inequality for the volume spectrum, arXiv:2006.12468 [math.DG] (2020).

, The Allen-Cahn equation on the complete Riemannian manifolds of finite volume,

arXiv:2101.07475 [math.DG] (2021).

, Compactness of certain class of singular minimal hypersurfaces, Calc. Var. 61 (2022), Article

No. 24.
T. tom Dieck, Algebraic Topology, European Mathematical Society, Paris, 2008.

M. del Pino, M. Kowalczyk, J. Wei, and J. Yang, Interface foliation of a minimal hypersurface in higher
dimensional Riemannian manifolds, Geom. Funct. Anal. 20 (2010), no. 4, 918-957.

C. De Lellis and D. Tasnady, The existence of embedded minimal hypersurfaces, J. Differential Geom.
95 (2013), no. 3, 355-388.

T. Frankel, On the fundamental group of a compact minimal submanifold, Ann. of Math. 83 (1966),
68-73.

195



[Gas19]

[GG18]

[GG19]

[Gho91]

[Gho93]

[Giug4]

[GMN19]

[Gro03]

[Gro09]

[Gro14]

[Gro88]

[GTO1]

[Gualg]

[Gut09]

[Hat02]

[Hielg]

[HK78]

Pedro Gaspar, The second inner variation of energy and the Morse index of limit interfaces, J. Geom.

Anal. 30 (2019), no. 1, 69-85.

P. Gaspar and M. A. M. Guaraco, The Allen-Cahn equation on closed manifolds, Calc. Var. Partial
Differ. Equ. 57 (2018), 101.

, The Weyl law for the phase transition spectrum and density of limit interfaces, Geom. Funct.

Anal. 29 (2019), no. 2, 382-410.

N. Ghoussoub, Location, multiplicity and Morse indices of min-max critical points, J. Reine Angew.

Math. 417 (1991), 27-76.

, Duality and perturbation methods in critical point theory, Cambridge Tracts in Mathematics,

vol. 107, Cambridge University Press, Cambridge, 1993. With appendices by David Robinson.

E. Giusti, Minimal surfaces and functions of bounded variation, Monographs in Mathematics, Birkh&user

Verlag, Basel, 1984.

M. A. M. Guaraco, F. C. Marques, and A. Neves, Multiplicity one and strictly stable Allen-Cahn minimal
hypersurfaces, arXiv:1912.08997 [math.DG] (2019).

M. Gromov, Isoperimetry of waists and concentration of maps, Geom. Funct. Anal. 13 (2003), no. 1,

178-215.

_, Singularities, expanders and topology of maps. I. Homology versus volume in the spaces of

cycles, Geom. Funct. Anal. 19 (2009), 743-841.
, Plateau-Stein manifolds, Cent. Eur. J. Math. 12 (2014), no. 7, 923-951.

__, Dimension, nonlinear spectra and width, Geometric aspects of functional analysis, (1986/87),

1988, pp. 132-184. Lecture Notes in Math., Springer, Berlin.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Classics in Math-

ematics, Springer-Verlag, Berlin, 2001.

M. A. M. Guaraco, Min—max for phase transitions and the existence of embedded minimal hypersurfaces,

J. Differential Geom. 108 (2018), 91-133.

L. Guth, Minimaz problems related to cup powers and Steenrod squares, Geom. Funct. Anal. 18 (2009),
no. 6, 1917-1987.

A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

F. Hiesmayr, Spectrum and index of two-sided Allen-Cahn minimal hypersurfaces, Comm. Partial Dif-

ferential Equations 43 (2018), no. 11, 1541-1565.

E. Heintze and H. Karcher, A general comparison theorem with applications to volume estimates for

submanifolds, Ann. Sci. Ecole Norm. Sup. 11 (1978), no. 4, 451-470.

196



[HM90]

[HT00]

[HW17]

[Ilm96]

[IMN18]

[Li19]

[Li20]

[LMN18]

[LZ21]

[Man20]

[Man21]

[MMN20]

[MN14]

[MN16]

[MN17]

[MN21]

D. Hoffman and W. H. Meeks 111, The strong halfspace theorem for minimal surfaces, Invent. Math. 101
(1990), no. 2, 373-377.

J. E. Hutchinson and Y. Tonegawa, Convergence of phase interfaces in the van der Waals-Cahn- Hilliard

theory, Calc. Var. Partial Differ. Equ. 10 (2000), no. 1, 49-84.

Z. Huang and B. Wang, Closed minimal surfaces in cusped hyperbolic 8-manifolds, Geom. Dedicata 189
(2017), 17-37.

T. Ilmanen, A strong maximum principle for singular minimal hypersurfaces, Calc. Var. Partial Differ-

ential Equations 4 (1996), no. 5, 443—-467.

K. Irie, F. C. Marques, and A. Neves, Density of minimal hypersurfaces for generic metrics, Ann. of

Math. 187 (2018), no. 3, 963-972.

Y. Li, Existence of infinitely many minimal hypersurfaces in higher-dimensional closed manifolds with

generic metrics, arXiv:1901.08440 [math.DG] (2019).

, An improved Morse index bound of min-mar minimal hypersurfaces, arXiv:2007.14506

[math.DG] (2020).

Y. Liokumovich, F. C. Marques, and A. Neves, Weyl law for the volume spectrum, Ann. of Math. 187
(2018), no. 3, 933-961.

M. Li and X. Zhou, Min-max theory for free boundary minimal hypersurfaces I - reqularity theory, J.

Differential Geom. 118 (2021), no. 3, 487 —553.

C. Mantoulidis, Variational aspects of phase transitions with prescribed mean curvature,

arXiv:2011.00358 [math.DG] (2020).
_, Allen-Cahn min-maz on surfaces, J. Differential Geom. 117 (2021), no. 1, 93-135.

F. C. Marques, R. Montezuma, and A. Neves, Morse inequalities for the area functional, arXiv:2003.01301
[math.DG] (2020).

F. C. Marques and A. Neves, Min-max theory and the Willmore conjecture, Ann. of Math. 179 (2014),

no. 2, 683-782.

, Morse index and multiplicity of min-max minimal hypersurfaces, Camb. J. Math. 4 (2016),

no. 4, 463-511.

, Existence of infinitely many minimal hypersurfaces in positive Ricci curvature, Invent. Math.

209 (2017), no. 2, 577-616.

, Morse index of multiplicity one min-maz minimal hypersurfaces, Adv. Math. 378 (2021), 107527,

58.

197



[MNS19]

[Mod87]

[Mon16]

[Mor03]

[MPPP07]

[Nic11]

[Nurl6]

[Pit81]

[PPS21]

[PRO3]

[PS21]

[PX09)]

[Shal7]

[Sim83]

[Smil6]

[Son18]

[Son19]

F. C. Marques, A. Neves, and A. Song, Equidistribution of minimal hypersurfaces for generic metrics,

Invent. Math. 216 (2019), no. 2, 421-443.

L. Modica, The gradient theory of phase transitions and the minimal interface criterion, Arch. Rational

Mech. Anal. 98 (1987), no. 2, 123-142.

R. Montezuma., Min-maz minimal hypersurfaces in non-compact manifolds, J. Differ. Geom. 103 (2016),

no. 3, 475-519.

F. Morgan, Regularity of isoperimetric hypersurfaces in Riemannian manifolds, Trans. Amer. Math. Soc.

355 (2003), no. 12, 5041-5052.

M. Miranda, Jr, D. Pallara, F. Paronetto, and M. Preunkert, Heat semigroup and functions of bounded

variation on Riemannian manifolds, J. Reine Angew. Math. 613 (2007), 99-119.
L. Nicolaescu, An invitation to Morse theory, Universitext, Springer, 2011.

C. A. G. Nurser, Low min-max widths of the round three-sphere, PhD Thesis, Imperial College London
(2016).

J. T. Pitts, Existence and regularity of minimal surfaces on Riemannian manifolds, Mathematical Notes,
27, Princeton University Press, Princeton, N.J., 1981.

D. Parise, A. Pigati, and D. Stern, Convergence of the self-dual U(1)-Yang-Mills-Higgs energies to the
(n — 2)-area functional, arXiv:2103.14615 [math.DG] (2021).

F. Pacard and M. Ritoré, From constant mean curvature hypersurfaces to the gradient theory of phase
transitions, J. Differential Geom. 64 (2003), 359-423.

A. Pigati and D. Stern, Minimal submanifolds from the abelian Higgs model, Invent. Math. 223 (2021),
no. 3, 1027-1095.

F. Pacard and X. Xu, Constant mean curvature spheres in Riemannian manifolds, Manuscripta Math.
128 (2009), no. 3, 275-295.

B. Sharp, Compactness of minimal hypersurfaces with bounded indez, J. Differential Geom. 106 (2017),

no. 2, 317-339.

L. Simon, Lectures on geometric measure theory, Proceedings of the Centre for Mathematical Analysis,

Australian National University, Canberra, 1983.

G. Smith, Bifurcation of solutions to the Allen—Cahn equation, J. Lond. Math. Soc. 94 (2016), no. 3,
667—-687.

A. Song, Ezistence of infinitely many minimal hypersurfaces in closed manifolds, arXiv:1806.08816

[math.DG] (2018).

, A dichotomy for minimal hypersurfaces in manifolds thick at infinity, arXiv: 1902.06767 (2019).

198



[SS81]

[Ste21]

[Ste88]

[SW89)]

[5Z21]

[Ton05]

[TW12]

[War66]

[Whil0]

[Wicl4a)

[Wic14b]

[Yau82]

[Zho15]

[Zho17]

[Zho20]

[2219)]

[2220]

R. Schoen and L. Simon, Regularity of stable minimal hypersurfaces, Comm. Pure Appl. Math. 34 (1981),
no. 6, 741-797.

D. Stern, Existence and limiting behavior of min-maz solutions of the Ginzburg-Landau equations on

compact manifolds, J. Differential Geom. 118 (2021), no. 2, 335-371.

P. Sternberg, The effect of a singular perturbation on nonconvexr variational problems, Arch. Rational

Mech. Anal. 101 (1988), no. 3, 209-260.

B. Solomon and B. White, A strong mazimum principle for varifolds that are stationary with respect to

even parametric elliptic functionals, Indiana Univ. Math. J. 38 (1989), no. 3, 683-691.

A. Song and X. Zhou, Generic scarring for minimal hypersurfaces along stable hypersurfaces, Geom.

Funct. Anal. 31 (2021), no. 4, 948-980.

Y. Tonegawa, On stable critical points for a singular perturbation problem, Comm. Anal. Geom. 13

(2005), no. 2, 439-459.

Y. Tonegawa and N. Wickramasekera, Stable phase interfaces in the van der Waals—Cahn—Hilliard theory,
J. Reine Angew. Math. 668 (2012), 191-210.

F. W. Warner, Extension of the Rauch comparison theorem to submanifolds, Trans. Amer. Math. Soc.

122 (1966), 341-356.

B. White, The mazimum principle for minimal varieties of arbitrary codimension, Comm. Anal. Geom.

18 (2010), no. 3, 421-432.

N. Wickramasekera, A general regularity theory for stable codimension 1 integral varifolds, Ann. of Math.

179 (2014), no. 3, 843-1007.

, A sharp strong mazimum principle and a sharp unique continuation theorem for singular min-

tmal hypersurfaces, Calc. Var. Partial Differential Equations 51 (2014), no. 3-4, 799-812.

S.-T. Yau, Seminar on Differential Geometry, Problem section, Ann. of Math. Stud., 102, Princeton

University Press, Princeton, N.J., 1982.

X. Zhou, Min-mazxz minimal hypersurface in (M"*l,g) with Ric > 0 and 2 < n < 6, J. Differential

Geom. 100 (2015), no. 1, 129-160.

, Min-maz hypersurface in manifold of positive Ricci curvature, J. Differential Geom. 105 (2017),

no. 2, 291-343.

, On the multiplicity one conjecture in min-max theory, Ann. of Math. 192 (2020), no. 3, 767-820.

X. Zhou and J. Zhu, Min-max theory for constant mean curvature hypersurfaces, Invent. Math. 218

(2019), no. 2, 441-490.

, Existence of hypersurfaces with prescribed mean curvature I — generic min-maz, Camb. J. Math.

8 (2020), no. 2, 311-362.

199



