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Abstract

This dissertation studies Euler Systems and their arithmetic applications. Euler
Systems have proven to be versatile tools for understanding Selmer groups and their
connections to special values of L-functions. However, despite their importance in
foundational conjectures in number theory like the Bloch—-Kato conjecture, only a
handful of provably non-trivial Euler systems have been constructed to date.

A significant obstacle in constructing Euler Systems lies in producing candidate
Galois cohomology classes. This thesis presents a method to overcome this obstacle
without relying on rare motivic classes.

In joint work with C. Skinner, I use KEisenstein classes on Siegel threefolds to
construct a cyclotomic Euler System for the adjoint of an elliptic modular form. I
also construct integral absolute étale classes on modular curves associated to theta
series at inert primes. These theta classes should give new insight into the Iwasawa

main conjecture for modular forms over quadratic imaginary fields at inert primes.
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Part 1

(zeneral Introduction



Chapter 1

1.1 Literature and Philosophy

This dissertation is concerned with the mathematical objects referred to as Euler
Systems and their arithmetic applications. Informally, given a p-adic Galois rep-
resentation p, an Fuler System for p is a collection of Galois cohomology classes
defined over ramified abelian extensions of a fixed number field that verify certain
norm compatibilities relations.

Euler Systems, when they are known to exist, have proved to be a powerful and
flexible tool for establishing bounds on the ranks and orders of Selmer groups and
for relating these to special values of L-functions. Inspired by known formulae for
Tamagawa numbers of algebraic groups, Bloch and Kato |[BK07| conjectured a precise
formula for the leading term of the L-function of p at s = 0. The method of Euler
Systems, through Iwasawa theory and some additional input, is able to establish
such precise formulae, at least in low rank situations. Despite their relevance to
foundational conjectures in Number theory like the Bloch-Kato conjecture, only a

handful of Euler systems have been constructed to date by some counts — and when



they have, often one is unable to characterize their non-triviality. For arithmetic
applications, relating the non-vanishing of the Euler System to the non-vanishing of
the relevant p-adic L-function is crucial.

Crafting visibly non-trivial Euler Systems has historically proven to be an arduous
undertaking. The first and foremost difficulty with which one is confronted amounts
to actually producing candidate Galois cohomology classes for a given p-adic Galois
representation p. The contribution of this thesis is centered around this obstacle: we
develop a method for constructing interesting étale and Galois cohomology classes

that do not involve a priori motivic classes.

1.1.1 The motivic mold

In order to describe the new method that I introduce in this dissertation, let me
first describe what I refer to in the title of the thesis as ’the motivic mold’, so
that the differences and advantages with the new technique will be apparent. The
'motivic mold’ represents an approach for constructing Euler Systems, reminiscent
of Kummer theory. To elucidate this concept further, it is instructive to dissect its
application within known instances of Euler Systems. Given the limited number
of documented cases within the literature, the following enumeration of examples

provides an essentially comprehensive overview of the 'motivic mold’ in practice.

1.1.1.1 Units-based Euler Systems

The cyclotomic units Euler System. Although the term "Euler System’ was

coined later by Kolyvagin in his celebrated article [Kol91|, the ’cyclotomic units



Euler System’ is arguably the first Euler System appearing in the literature with
the work of Francisco Thaine [Tha88|. For any fixed rational prime p, this Euler
System provides precise information about the Selmer group for the p-adic Galois
representation p = Q,(1). The Galois cohomology of p is related to the multiplicative
group over an algebraic closure Q of Q. More precisely, if n > 1 is an integer and

F/Q is an abelian extension of Q, from the long exact sequence of Gp-modules

one obtains an embedding

F* @y, Z/p"Z — HY(F, in),

where f1,» C Q denotes the p™-th roots of unity. The Kummer map is then defined

by passing to the inverse limit

Kum : F* @z 7, — H'(F, Z,(1)).

Let O be the integral closure of Z in F. The subgroup of H'(F,Z,(1)) generated
by the image of O ®z Z, under the Kummer map is the Bloch-Kato Selmer group,
which we denote, as is customary, by Hy(F, Z,(1)) = Kum(Oy ®z Z,).

The existence of the Kummer map implies that constructing Selmer group classes
amounts to constructing units in O (and vice-versa). Explicit units for abelian

extensions of Q can be readily produced, as we shall now illustrate.



Assume that y is a Dirichlet character such that x (seen as a character of the
Galois group of Q by class field theory) cuts out F. Let N be the conductor of x, ¢
be a primitive N-th root of unity, and Z, , be the valuation ring of the extension of

Q, generated by the values of x. Then the element

N-1

Uy = H(l - Ca)xil(a) € Op ® Ly (1.1)

a=1

is a distinguished Z,, ,-linear (for the multiplicative structure) combination of units
in F,. As is explained in [Ber+-14, Section 1], these units, for varying x, fit’ together
to form an Euler System for Z,(1). Crucially, by Leopoldt’s formula, one finds that

the equality

logp(locp<ux)) = L,(1,x) (1.2)

holds, where = denotes equality up to a non-zero ’interpolation factor’ (see Equation
(14) of loc cit. for a precise formula), L,(1, x) denotes the Kubota Leopoldt p-adic
L-function for x, and loc, denotes the localization-at-p map that sends the global
unit to a local p-adic unit. This type of equality relating Fuler System classes to
special values of p-adic L-functions is often referred to as an ’explicit reciprocity law’.

This example of Euler System is the epitome of 'the motivic mold’; characterized

by a systematic two-step process:

1. Examination of motivic classes, exemplified by entities like the cyclotomic units

Uy -

2. Verification that their images under a Kummer map, or one of its more refined



avatars, can be arranged into an Euler System.

The elliptic units Euler System. Similarly to cyclotomic units, elliptic units are
units of abelian extensions of a number field K. However, these units are slightly less
explicit than their cyclotomic counterparts: they are constructed as special values of
certain modular functions defined on the upper half plane. These functions are often
referred to as ’Siegel units.” Since they will play a major role in the next examples of
Euler Systems, we describe them briefly. Let N > 3 be an integer, a € {1,..., N—1}
an integer, and ¢ be a primitive N-th root of unity. Let Y;(/N) be the open modular
curve that parametrizes elliptic curves with a marked point of exact order N. Then

there exists an element g, € (’);1( ) that has Fourier expansion given by the formula:

(@) = ¢/ (1 = ¢ [ = "¢ (1 = g"¢). (1.3)

n>0

If 7 € Y1(N)(C) is a CM-point for the quadratic imaginary field IC, by definition of
the canonical model of Y;(N), 7 is defined over an abelian extension of /IC. Therefore,
9a(7T) is a unit in an abelian extension of K.

One can then take the Kummer images of these units to obtain Galois cohomology
classes for the restriction to G of the p-adic Galois representation Q,(1). Rubin
|[Rub91| showed that these units ’fit’ together to form an Euler System. The analog
of the cyclotomic units explicit reciprocity law (see Equation is the Coates—Wiles
explicit reciprocity law [CWT77].

Again, in this example, the motivic mold’ is apparent. The motivic classes

under consideration are units in abelian extensions of a quadratic imaginary field,



constructed from special values of Siegel units.

Kato’s Euler System. Let f be a holomorphic modular form of weight k£ > 2.
Let V; be the p-adic Galois representation attached to f by Shimura, such that the
L-function of f and the L-function of V; coincide. In [Kat04], Kato constructs an
Euler System for V;(2). Kato’s construction relies on a more sophisticated version
of a Kummer map: the p-adic Abel-Jacobi map. As this map will play a crucial role
in the following example, we give a brief description.

Let X be a smooth variety over a field K. Fix a separable closure K*%? of K, and
denote by X the base change of X to K*?. Let G be the absolute Galois group of

K. There is a Leray spectral sequence:
Ey! = H'(Gx, H(X, Z,y)) = Hi (X, Z,).

Denote by E% the stable page of the spectral sequence and by Fil® the corresponding
filtration on absolute étale cohomology. For any integer r > 0, let H, (X, Z,)o be the
kernel of the natural map

H' (X, Z,) — E%.

Note that E%" C H%(Gy,H%(X),Z,). By definition if ¢ € H(X,Z,)o then ¢ €

Fil'H", (X, Z,) and we can consider the natural map
Fil'H,, (X, Z,) — B — H' (G, H;, Y(X, Z,)),

where, for the last inclusion, we have used the fact that the Leray spectral sequence



is supported on the first quadrant. The p-adic Abel-Jacobi map is precisely this map

obtained in the way just described above:

Aoyt Hy (X, Zp)o — HY (G, Hy {(X, Z,)).

When the variety of interest is X = Gy, the multiplicative group scheme over
Spec(Q), the p-adic Abel-Jacobi map is essentially the Kummer map. Indeed if
r € Gu(F), the cycle class map defines a class ¢, € H%(Gy/F,Z,(1)), which is

automatically null-homologous as Gy, is an affine scheme. We then have the relation

Alei(c,) = Kum(z ® 1) € H(Gr, Z,(1)).

Hence one can view the p-adic Abel-Jacobi map as a more sophisticated version of
the Kummer map.

In |Kat04], Kato considers tensor products of Siegel units (see Equation on
a product of open modular curves. By invoking an explicit description of the Ks-
group of a curve, this product of Siegel units defines absolute étale classes belonging
to H4(Yr, Z,(2)), where F' = Q(uy) is some abelian extension of Q depending on
the product of Siegel units under consideration. As Y is an affine curve, H(Y, Z,)
vanishes. Therefore, one can consider the images of the classes under the p-adic

Abel-Jacobi map:

Ao : HZ (Yr, Z,(2)) — H' (Gr, HY (Y, Z,y(2))).



Since V;(2) appears as a quotient of H (Y, Z,(2)), one obtains the desired Galois
cohomology classes, which Kato arranges into an Euler System.

Again, 'the motivic mold’ is apparent here. Siegel units play the role of elliptic
units and the p-adic Abel-Jacobi map plays the role of the Kummer map. The
explicit reciprocity law however is significantly more challenging to obtain than for
the cyclotomic and elliptic units Euler Systems: it requires deep results from p-adic

Hodge theory.

The Asai—Flach, Rankin—-Selberg and GSp,-Euler Systems. For more than
a decade, the examples above were the only known examples of Euler Systems.
In pioneering work, Lei-Loeffler-Zerbes (JLLZ14|, |LLZ18|) constructed new Euler
Systems. The key insight is that Siegel units define absolute classes in the first étale
cohomology group of the modular curve and that these étale classes could be pushed
forward to a Shimura variety of dimension 2 containing the modular curve. One
obtains the so-called Beilinson—Flach classes in the case of a product of modular
curves, and Asai-Flach classes in the case of a Hilbert modular surface.

In [LLZ14|, this strategy is carried out by considering a modular curve embedded
diagonally into a product of modular curves: an Euler System for the Rankin—Selberg
convolution of two modular forms is thus constructed. In [LLZ18|, a modular curve
is embedded diagonally into a Hilbert modular surface: an Euler System for the Asai
representation of a Hilbert modular form is thus constructed. A similar strategy is
employed in |LSZ21|. This time, a product of two Siegel units is pushed-forward to
a Siegel three-fold: an Euler System for certain Galois representations attached to

genus 2 Siegel modular forms is obtained.

9



"The motivic mold’ is apparent in these constructions as well: Siegel units still
play the crucial role in defining the Galois cohomology classes that are subsequently
arranged into an Euler System. We note that explicit reciprocity laws exist for each
of the above mentioned Euler Systems — in the Rankin—Selberg case they are a con-
sequence of the work of Bertolini-Darmon-Rotger [BDR15|. In the Asai-Flach and
Siegel setting, they are established in the very recent work of Grossi-Loefller—Zerbes
|GLZ23|, and Loefler—Zerbes |[LZ20]. We note that obtaining the explicit reciprocity
laws in these cases is increasingly difficult: both works rely on sophisticated higher

Hida theory.

1.1.1.2 The cycles-based Euler System

We now turn to a seemingly different origin of interesting Galois cohomology classes:

null-homologous cycles on algebraic varieties.

The Heegner point Euler System. Strictly speaking, Kolyvagin’s Euler System
of Heegner points is not an Euler System in the sense of Rubin [Rub00|, as the norm
relations are verified only along the anticyclotomic direction. However, somewhat
ironically, it is the work of Kolyvagin [Kol91| that coined the term "Euler System.’
We give a modern account of the construction of Kolyvagin, which uses the p-adic
Abel-Jacobi map. Let N > 1 and K be a quadratic imaginary field such that N
satisfies the "Heegner hypothesis’ fo K: every prime dividing N splits for . Let
X = Xo(N) be the modular curve of level N. We can consider divisors Z C X
supported on CM points for K, so that Z is defined over a ring class field R of

K. If oo € X(Q) denotes the infinity cusp, then putting Z, = Z — deg(Z)(0),

10



clx(Zy) € H2,(Xg,Z,(1)) is null homologous, where cly denotes the étale cycle class

map. We can therefore consider

AJet(ZO) S Hét (GRv Hit(77 Zp(1>>) - HI(GR7TPE)7

where T,E denotes the Tate module of some elliptic curve which has a modular
parametrization by X = Xy(/V). Kolyvagin then showed that these classes verify
certain norm compatibilities, when Z, and the ring class field R are varying.

The construction of the Euler System of Heegner points also fits 'the motivic
mold.” The motivic classes defined by Siegel units are simply replaced in the con-
struction by the images of certain null-homologous cycles under the étale cycle-class
map. We note that the explicit reciprocity law verified by the Heegner point Euler
System takes a more archimedean flavor: the non-triviality of the cohomology classes

obtained in this way hinges on the celebrated Gross-Zagier formula |GZ80).

Other Euler Systems. The idea of leveraging null-homologous cycles defined by
special subvarieties of Shimura varieties to construct Euler Systems has led to many
developments in the field. As in the Heegner point case, these Euler Systems tend
to be related to sign phenomena and are thus of anticyclotomic nature. We mention
in particular the work of Cornut |Cor| and Graham-Shah [GS21|, that construct
infinite families of Euler Systems. However, there are no explicit reciprocity laws
that are available in these cases. While it should be the case, at the moment these
Euler Systems are not known to be non-trivial.

Let us also mention the work of Alonso—Castella—Rivero (JACR23b| and [ACR23a])
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which is based on the cycle obtained from embedding a modular curve into a triple
product of modular curves. We note that, as in [LLZ15|, the anticyclotomic variation
of the classes comes from varying the underlying Galois representation — it does not
come from the variation of the field of definition of the cycles themselves, as in the

Heegner point Euler System or as in the previous examples of this paragraph.

1.1.1.3 The contribution

The literature review of the previous section leads to the following remark.

No cyclotomic Euler system, independent from modular units, has been constructed

to date.

Even the cyclotomic units Euler System can be reinterpreted from the point of
view of modular units, as is done in [Ber+14, Section 1|: Leopoldt’s formula is a con-
sequence of the relation between Siegel units and Eisenstein series of weight 2. We
mention however the recent work of Urban [Urb20] that reconstructs the cyclotomic
units Euler System by leveraging congruences between Eisenstein series and cusp
forms and the p-adic Langlands correspondence for GLy(Q,). In work in progress,
by generalizing the above mentioned method, Urban and collaborators are also con-
structing new cyclotomic Euler Systems; the construction is however conditional on
some cohomological vanishing conjecture at ’generic’ Eisenstein maximal ideals.

The main contribution of this thesis is precisely the unconditional construction
of a new Euler System that is completely independent from modular units. In part

I of the dissertation [[I} in joint work with C. Skinner, I construct a cyclotomic
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Euler System for the adjoint of a PGLy-modular form and prove the corresponding

Iwasawa main conjecture.

1.1.2 The new method

How does such a construction proceed? We start from cohomology classes that are,
at first, purely analytic in nature. We then show that these classes can be upgraded
to absolute étale cohomology classes: these classes should thus be motivic in origin,
but for the purposes of building an Euler System, we do not actually need to show
that this is the case.

More precisely, the analytic cohomology classes come from Siegel Eisenstein series
of weight 3. These are holomorphic functions on the genus 2 Siegel upper half plane,

that can be defined by (the Hecke summation of the series):
E\(Z) =Y x(det(D))det(CZ + D).
c.D

Here x is an odd Dirichlet character responsible for the cyclotomic variation of the
Euler System, and the sum takes place over 2 x 2 matrices C, D verifying some
conditions modulo the conductor of y. We upgrade the complex de Rham class to
an algebraic class by a careful study of Eisenstein cohomology of the Siegel threefold:
the algebraicity of the class is a consequence of the Manin—Drinfeld principle. We
then analyze the resulting Galois action on the étale class by studying its image in
the boundary of the Baily—Borel compactification of the Siegel threefold.

In the process of writing the construction sketched above, the authors noticed
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that classical Euler Systems could be recast (namely, the cyclotomic and elliptic
units Euler Systems) from this point of view as well. Let me therefore give a more
precise, yet still very impressionistic, outline of the method applied to the case of
the elliptic units Euler System.

Let ¢ be a prime and let Y = Y{(¢) be the (open) modular curve and X = X (¢)
be its compactification for the congruence subgroup I'g(¢), consisting of matrices
whose reduction modulo ¢ are upper triangular. The boundary of X, C', consists
of two points: the two cusps usually denoted by oo and 0, both defined over Q.

Consider now the Eisenstein series E of weight 2 and level I'y(¢) with g-expansion:

E(g) = (1= )¢(=1)/2+) ) dg"

n>1 fdin

Let 7 be the complex variable of Poincaré’s upper half plane. The holomorhic differ-
ential wp ‘= 2imF(7)dT descends to Y, and thus defines a class ¢ € H' (Y, C). The

residue map affords an exact sequence:
H'(X,C) — H'(Y,C) - H(C, C).

The image of cg in H°(C, C), is simply identified with ((1 —¢71)¢(—1)/2,0) — here,
the first coordinate corresponds to the oo cusp, while the second to the 0 cusp. This
shows that the image of cg actually lies in H’(C, Q) and since the Hecke eigenvalues
of cg violate the Deligne bounds, we deduce that cg is rational, i.e., cgx € H(Y, Q).
Then Artin’s isomorphism provides a class ¢ € HL(Y,Q,). By using the étale

analog of the sequence above, one can see that the Galois group of Q acts on ¢§ by
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the inverse of the cyclotomic character. We are now ready to use ¢ to build the
relevant extension.

Let K be an imaginary quadratic field. Let Z C Y be the collection of CM points
attached to IC in bijection with the class group Clg of K. Then Z C Y is defined
over K and each point is defined over H, the Hilbert class field of L. We view Z
as a subvariety of Y. Let v be a character of the class group of K, and assume
for simplicity that ¢ is Q,-valued. Let proj, : H3(Z5, Qp) — Qp(¢)) be the G-
equivariant map given by (z¢)cccic — Y ¥(¢)x.. Then, relative étale cohomology

for the pair (Z, Yx) affords the following diagram:

HY, (Z5,Qp) .
0 ’ imHtSt(g@,ép) . Hét(Y@, Z@v Qp) — Hét(Y@ Qp) — 0

lpro j " ]\
<

0 — Q,(v) > Ep > Qpct ———— 0

The extension class defined by &, is then the base class of an Euler System for
Q,(—1)(x). The other classes are constructed in exactly the same way, replacing

E with the Eisenstein series: E,(q) = ZZX(n/d)dq”, for a varying Dirichlet
n>1 fd|n
character y. When computing the Bloch—Kato logarithm of the above extension

localized at the the prime p, one ends up with Katz’s formula for the p-adic L-
function for v; namely, the Bloch-Kato logarithm is a multiple of a natural basis

element of Deys (Q,(1)(¢)), with that scalar multiple being expressed as

Y W(=)E(=),

z€Z(H)
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where £ is a weight 0, p-ordinary Eisenstein series.

We see that central in this example is the pair of algebraic varieties (Z,Y), the
extensions (or Galois cohomology classes) being carved out of the relative cohomology
of this pair. In the case of a Dirichlet character of Q, this pair is replaced by (C, X),
where C'is a collection of cusps, and in the adjoint case, by (Y x Y, .S), where S is a

Siegel threefold and Y is an open modular curve.

1.1.3 Families of Euler Systems

In Part [Tl we have decided to formulate the construction of our Euler System from the
point of view of orthogonal Shimura varieties; we believe our Euler System naturally
fits into a trilogy, and possibly into a much larger family of Euler Systems. I call
this trilogy of Euler Systems the 'pull-back trilogy.” The overarching principle of this
trifecta of Euler Systems is the following: one considers cohomology classes defined
by a family of Eisenstein series on a big orthogonal group G and pulls them back to

a smaller orthogonal group H — G.

Is there a similar Euler System for SO(2,3) — SO(2,4)? and more generally
SO(2,7) < SO(2,r 4+ 1)? Initially, I thought that this should be the case. How-
ever, when r > 2 one realizes that more sophisticated Eisenstein series than the
ones considered in Part || of this dissertation have to be studied. Namely, in the
case of SO(2,2) — SO(2,3), we consider Eisenstein series induced from a parabolic
subgroup that has Levi quotient G, x SO(2, 1); the relevant representation on the
SO(2, 1)-part being induced is the trivial representation. In higher rank situations

SO(2,r) <= SO(2,r + 1), if one is considering the analogous parabolic subgroup
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Euler System Embedding of Groups Period Integral

Elliptic Units ~ SO(2) — SO(2,1) Damerell/Waldspurger
Kato SO(2,1) = SO(2,2) Rankin—Selberg
Adjoint SO(2,2) — SO(2,3) Murase-Sugano/Doubling

Table 1.1: The Pull-back trilogy
Note. Here SO(2) is the special orthogonal algebraic group defined by the norm

form of a quadratic imaginary field K. The Damerell/Waldspurger period integral

is the formula underlying Katz’s construction of the p-adic L-function for Hecke

characters of CM fields. I have included descriptions of period integrals, as often

both norm relations and explicit reciprocity law rely heavily on the existence of

such integral representation formulae.
of SO(2,r + 1) with Levi quotient G,, x SO(1,r), one has to choose a more so-
phisticated representation of SO(1,7) to be induced up to SO(2,7 + 1). Indeed,
even though by inducing the trivial representation arithmetic Eisenstein classes can
still be constructed, the Murase-Sugano period integral will unfortunately vanish
unless the Eisenstein series is paired with a highly degenerate automorphic form of
SO(2,r), i.e., whose corresponding Galois representations have very small image:
the L-parameters have to factor through a copy of Sp, or SO(2,1).

There is a 'dual’ picture to the pull-back trilogy described in Table This
is the ’push-forward trilogy,” where Eisenstein classes on Shimura varieties for an
orthogonal group H are pushed-forward to cohomology classes on a Shimura variety

for a larger orthogonal group G. The pushforward trilogy should aslo possess a

continuation into an infinite family of Euler Systems.

Although the framework described above looks very promising, it seems very
difficult to extend the above trilogies to higher rank. There are two major sources of

complications: on the one hand, for rank r» > 2, there is no theory of g-expansions for
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Euler System  Embedding of Groups  Period Integral

Heegner point SO(2) — SO(2,1) Waldspurger
Beilinson-Flach  SO(2,1) — SO(2,2)  Rankin-Selberg
LSZ SO(2,2) — SO(2,3) Piatetski-Shapiro

Table 1.2: The Push-forward trilogy

Note. The Euler System of Beilinson-Flach classes is constructed by Lei-LoefHler—
Zerbes in |LLZ14]. The acronym LSZ stands for LoefHer-Skinner—Zerbes, and
refers to the Euler System constructed in [LSZ21].

orthogonal Shimura varieties which leads to severe technical difficulties in showing
the integrality of the Eisenstein classes. On the other hand, the theory of p-adic
modular forms on orthogonal groups is still in its infancy, which makes proving any
explicit reciprocity law an arduous undertaking.

However, it is possible to overcome these difficulties in the case of unitary groups.
In work in progress with C. Skinner [SS|, we build an infinite family of Euler Systems
for certain Galois representations appearing in the middle cohomology of Shimura
varieties attached to unitary groups U(n, 1) over Q with signature at infinity (n, 1),
for any integer n > 0. In this case, we start the construction from a Siegel Eisenstein
series on U(n + 1,n + 1); we use Shimura’s pull-back formula to obtain cohomology
classes attached to Klingen Eisenstein series on U(n + 1,1) and we pull-back these

classes to U(n, 1) — in a completely analogous fashion to the pull-back trilogy.

1.2 The theorems of the thesis

Having reviewed the literature and general philosophy underpinning the new method

that is developed in this dissertation, we shall now state the main theorems.
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1.2.1 The Theorems of Part 1

In this part, joint with C. Skinner, we construct an Euler System for the adjoint of
an elliptic modular form and prove the Iwasawa main conjecture for a large class
of modular forms. The order of the Bloch-Kato Selmer group of the adjoint of a
modular form is intimately related to tangent spaces of universal deformation rings
of the corresponding residual Galois representations. This relationship is at the
heart of Taylor-Wiles’ (|Wil95], [WT95]) proof of their celebrated modularity lifting
theorem, and hence of Fermat’s Last Theorem. Three decades after this seminal
work, the Iwasawa main conjecture for the adjoint of a modular form has remained
open despite several attempts, most notably |[LZ15] and very recently |LZ23].

The main strategy of attack has been to produce a Kolyvagin System out of
classes constructed by pushing-forward modular units to a product of modular curves
([LLZ14], [LZ15]) or to a Hilbert surface (|[LZ23|). Indeed Wiles’ initial attempt at
proving the necessary upper bound on the order of the adjoint Selmer group was
to arrange Flach’s classes |Fla92] into a Kolyvagin System. In this paper, we pro-
pose a completely different approach, where modular units — or motivic cohomology
classes — make no appearance in the construction of the Euler System. The only
place, albeit crucially, where we leverage the existence of Belinson-Flach’s classes,
is the section studying the trivial zero of the p-adic L-function: we need to invoke a
Theorem of Dasgupta |[Das16| that identifies the analytic L-invariant with the alge-
braic L-invariant as defined by Greenberg [Gre94|. Dasgupta’s theorem does leverage

Beilinson—Flach’s classes.
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Namely, we begin by considering de Rham cohomology classes defined by certain
holomorphic Siegel Eisenstein series. These classes appear in the middle degree
cohomology of the Siegel threefold and are very degenerate, in that they inherit all
essential features from their image to the point boundary stratum of the Baily—Borel
compactification. This degeneracy allows us to upgrade these de Rham classes to
geometric étale classes on which the Galois group of QQ acts through its abelianization.
We then produce Galois extension classes by pulling-back this collection of étale
classes to a product of modular curves. We then package these extensions into an
Euler System. The construction of the Euler System concludes the first part of the
paper. In the second part, we compute the big Perrin-Riou logarithm of the base
classes and show that it coincides with Liu’s p-adic L-function |Liu20]. We deduce the
Iwasawa main conjecture by showing that the upper bound that the Euler—System
machinery affords is sharp, provided the L-invariant does not vanish. We then deduce
the main conjecture from congruences between members of a Hida family.

Our method for constructing interesting étale classes in the cohomology of Shimura
varieties is very flexible. Indeed, it can be applied to retrieve many classical Euler
Systems (e.g. the cyclotomic and elliptic unit Euler Systems, Kato’s Euler System...)
— this was the subject of a series of lectures of the authors gave at the MSRI during
the Spring special semester on Euler Systems and special values of L-functions. In
work in progress |SS|, we apply these ideas to construct an Euler System for certain
Galois representations realized in the étale cohomology of some unitary Shimura
varieties with very simple boundary.

The reader will notice that we have written most of the paper in terms of or-
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thogonal groups. As is explained in section [I.1.3] this is because the authors believe
that, once the theory of p-adic modular forms on orthogonal groups is improved, this
approach should generalize to pulling back certain Eisenstein series on SO(n + 1,2)
to SO(n,2). In this paper, we take n = 2 and use the exceptional isomorphism
PGSp, ~ SO(3,2). We note here that Kato’s Euler System is the case of n = 1
and the Euler system of elliptic units is the case n = 0.

We will now introduce relevant notation and state the main Theorems that we
prove in this work. Let x be an odd Dirichlet character; denote by F, , the finite
extension of (Q, obtained by adjoining the values of x. We let O, , the ring of integers
of F\ ,. Define G '=S0(3,2) and H = S0O(2,2); we denote by SHg and SHy the
corresponding Shimura varieties. In the introduction, we omit for simplicity level

subgroups from the notations and all étale cohomology groups are geometric. In

sections [3.1], 3.2 and [3.3] we construct Eisenstein classes
wy € Hy (SHa, Oy,5(3)),

such that if o € Galg, then o(wS') = x'e?(0)ws, where ¢ is the cyclotomic char-
acter and y is seen as a character of Galg by class field theory (geometrically nor-
malized).

In section [3.4] we begin the construction of the Euler System. We discuss briefly
the main ingredients employed in the construction. The closed embedding of Q-

varieties ¢ : SHy < SHq yields a short exact sequence of étale sheaves on SHg:

0 — 710y p — Oy p — 1.0, — 0,
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where j is the inclusion of the complement of SHy. This exact sequence induces a

long exact sequence
g Hgt(SHHv Ox,p) - Hgt(SHGyj!Ox,p) - Hgt(SHGv OX#?) — 0.

In the paper, p denotes an odd prime, fixed once and for all. Let f be a newform
of weight 2 with trivial central character, and 7(f) be the automorphic represen-
tation of PGLy(A) that is generated by f. We assume for simplicity in the intro-
duction that 7(f) is fixed by the usual congruence subgroup I'j(N) C PGLy(Ay)
of matrices that become upper triangular modulo N. Denote by ¢; be the Hecke-
Eigensystem of f. We assume that O, , contains the Hecke eigenvalues for f. Let
Ty be the free O, ,[Galg]-module of rank 2, defined to be the maximal quotient of
H. (SHpgL,, Oy (1)) on which the spherical Hecke algebra acts by ¢;. We let m be
the maximal ideal of the Hecke algebra defined by the reduction of ¢y, g_bf, modulo
a uniformizer of O, ,. Then, m defines a maximal ideal 91 of the spherical Hecke
algebra for H, defined by the algebra homomorphism af X q_bf. We assume for sim-
plicity in the introduction that m is not dihedral and non-Eisenstein. Under this

hypothesis, localizing HZ (SHy, O, ,) at M, we obtain by push-out an extension:
0 — H2 (SHg, O, p)m — Em — H2(SHg, O, ,) — 0.
The classes wit define by pull-back Galois cohomology classes
¢y € H1<Q, HZ (SHg, Ox,p(sgx))gm)
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We now project, after possibly taking a suitable trace, these classes down to Ad° (Ty)(e*x)

and obtain classes

oy (f) € HY(Q, Ad(Ty)(£*X)).

By varying local sections away from p defining the étale classes w;t and by varying the

character y, we obtain the first main theorem of the paper (see Theorem [3.4.11.1)).

Theorem A1l: Let xo be an odd power of the Teichmiiller character. Let S be the

set of primes diwviding the level N of the modular form f. Assume that f is ordinary
at p; that is either p{ Ny and f admits an ordinary stabilization at p, or f is new at
p and ordinary. If p = 3 or b, assume also that the level of f contains enough primes
in the sense of assumption[3.3.5.9 Let P;(X) € O[X] be the Hecke polynomial at ¢
defined for £ ¢ S as

Py(X) = det(1 — XFrob,|Ad*(T}) (e "x5 ")-

There exists a collection of classes (cprpe) indezed by positive integers M and a, with

M coprime to the primes of S, such that

cre € HY Q1) " AC(T7)(E00) ).
Moreover, for any prime € ¢ S

Q a)t _
CoresQEZZi’;))Jr (cnrepn) = Po(Fr;Mepppa.
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For all a > 1, we have also

Qe pppat1)™
CoresQ(ug;)Jr (Carepa) = Chrpa.

Theorem A1 states that we have constructed Euler Systems in the sense of Rubin
[Rub00|. Even better, we can interpolate p-adically the Euler systems constructed
above by varying f in a Hida family thanks to results of Ohta [Oht95]. Let f be a
branch of a Hida family passing through f. Let Q. be the unique Z, extension of
Q and let I' '= Gal(Qu/Q) =~ 1 + pZ, where we see 1+ pZ, as a quotient of Z ~
Gal(Q(ptp)/Q). Let A = O[I'] and let Tt the free rank 2 A-module, as constructed
by Ohta |[Oht99| interpolating the lattices T, for f a classical specialization of f of

weight k& > 2.

ord

Theorem A2: There exists a collection of classes (Cyf(f)) indexed by positive

integers M, coprime to the primes of S, such that
Cii(f) € H' (Quar) ", A (Tr) (1) @ A).
Moreover for any prime £ ¢ S these classes verify:

Cores2(e)” (C5t,(£)) = Py(Fr;M)Cyi(F).

Q)T

Theorem A2 concludes the first part of the paper dealing with the construction of

the Euler System. In Section[d] we start relating the classes of Theorem A2 to a p-adic
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L-function constructed by Liu in [Liu20|- the ordinarity assumption becomes crucial
in this section. The ordinary Galg,-equivariant filtration TfJr C T¢ on Tr induces a
three-step filtration on Ad°(T¢). We let Ad®(T¢)* be the traceless endomorphisms of
Tt that stabilize the line 7;" and denote by Ad’(T¢)~ the one-dimensional quotient
of Ad’(T¢) by Ad°(T¢)*. Then, following |[KLZ17|, there is a morphism of Af®A-
modules that interpolates Perrin-Riou’s big logarithm in the sense of Proposition

E22Tt

2.1 (@p, AT}~ (1) ® A) — Dy (AAY(TE) ") @A

where D,,, sends, after a suitable twist, a p-adically complete Z,[Galg,]-module M to
(M ®Zp2‘;r)Gal@p. Section [4|is then dedicated to computing .Z(C,(f)~), where C,(f)~
denotes the image of Cy*(f) in H*(Q,, Ad®(T;)~(1)®A). We relate £ (C,(f)™) to Liu’s
p-adic L-function [Liu20|, which we denote by L¢. We refer the reader to Theorem

4.7.2.4) for a more precise relationship between .Z(C,(f)) and c¢L¢. Let Cr be Hida’s

congruence ideal for f and let ¢ € A¢ a generator.

Theorem B: There is an equality of ideals in A&\
(X(Cp(f))) == (Cfﬁf).

In Section 5] we give some arithmetic consequences of Theorem A2 and Theorem
B, by invoking Rubin’s Euler System machinery [Rub00|. The major difficulty that
we have to face is the trivial zero of the p-adic L-function L¢ at s = 1. In general, the

presence of this trivial zero is explained by the fact that the crystalline Frobenius of
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the Galois representation under consideration has 1 as an eigenvalue, as is the case
for the adjoint of an elliptic modular form. Greenberg [Gre94| has investigated the
algebraic implications of the presence of such a zero; he studies in particular how the
algebraic L-invariant appears in the control theorem for the A-adic Selmer group. By
a Theorem of Dasgupta [Das16| that relates the algebraic L-invariant to the analytic
L-invariant, we are able to show — in the case where the L-invariant does not vanish
— that the bound on the Selmer group afforded by Theorem B is tight. This uses the

existence of the Galois deformation theoretic surjection

Rm'd s To'rd ,

here T is the localization at a suitable maximal ideal of Hida’s ordinary Hecke
algebra, and R”* is the universal p-ordinary deformation ring attached to p, (here
Pm is the residual representation of T) as defined by Hida [Hid21, Section 6.1.1].
We are then able to reprove a version of the modularity theorem of Taylor—Wiles;
contrary to Taylor-Wiles we only allow ordinary deformations and do not allow flat

deformations, however we allow for arbitrary level away from p. We refer to Theorem
5.3.0.1] for a more general statement.

Theorem C: (Taylor-Wiles) The surjection

Rord s de

s an isomorphism.

We note here that building an Euler System system for the adjoint of a modular
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form of weight 2 was Wiles’ initial strategy to prove his celebrated modularity the-
orem above and thus proving Fermat’s last Theorem. We also note that Theorem
C relies on the necessity of accessing modular forms of higher weight, as the L-
invariant could very well vanish in weight 2. Leveraging congruences between forms
with (possibly) non-vanishing L-invariant with forms with vanishing L-invariant, we
obtain the Iwasawa main conjecture for adjoint Galois representations of a large class
of modular forms. To state the relevant theorem we first introduce some notation.
Let S be a finite set of places containing p and Qg be the maximal unramified

extension of Q unramified outside S and co. Let G g be the Galois group of Qg over

Q.

Sely (M) = ker{Hl(Gs,Mf) — H'(L, M) % ] Hl(Ig,Mf)}.

0€S,t£p

We let X' (My) be the Pontryagin dual of Sely (M;y). We refer the reader to
Theorem [5.4.0.2| for a more general version of the following theorem.

Theorem D: Let f be an even weight k, trivial Nebentypus, specialization of the
Hida family £. Let ¢y be a generator of the congruence ideal for f. The discrete

A-module Xg' (My) is torsion and we have the equality of characteristic ideals:

Char, (X@; (Mf)) = (¢;Ly).
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1.2.2 The Theorem of Part I1

In Part I construct certain families of theta classes in the absolute étale co-
homology of modular curves. This construction is the first step in building a two
variable Euler System for the base change of an elliptic modular form to a quadratic
imaginary field K. We note in the case where p splits in IC, a similar Euler System
can be constructed using Beilinson—Flach classes, as showed in |[LLZ15]. The main
innovation that I propose consists in working at an inert prime p. Of course, a similar
(and easier) version of the construction works as well when p splits in IC. I omit the
construction in this case, as it is more standard: general theorems of Ohta [Oht99|
can be applied.

With respect to [LLZ15|, there is another significant advantage in our point of
view. Not only the 'pull-back’ Euler System built with these theta classes should
pass through the trivial character in the critical range, but it should naturally be
related to Kato’s Euler System. Let me briefly explain why the two are related.

As is explained in section [I.1.1.1] Kato pulls back to a modular curve two absolute
étale classes, defined over abelian extensions of Q. These étale classes come from a
tensor product of weight 2 Eisenstein series. The idea is simply to replace one of the
weight 2 Eisenstein series with a theta series: the resulting absolute étale classes are
defined over abelian extensions of K. By the same methods of Kato, one can show
that the Bloch—Kato logarithm of the resulting Galois cohomology classes is related
to the integral of the cusp form of interest with a product of weight 1 Eisenstein series

and a weight 1 theta series. The relation with Kato’s Euler System is then obtained

28



by the Siegel-Weil formula, after specializing to the cyclotomic variable. Therefore,
this new Euler System should interpolate Kato’s Euler System in two variables —
thus showing that the Iwasawa main conjecture (at least for ordinary forms) over Q
implies the Iwasawa main conjecture over K.

For applications to Iwasawa theory, the main issue in carrying out the strategy
described above at inert primes is the existence of the big Perrin-Riou logarithm
in the context of non-abelian extension of @Q,. Thankfully, this big Perrin-Riou
logarithm has very recently been constructed by Schneider—Venjakob [SV23]|. What
is still missing from the literature is the interpolation formulae at non trivial finite
order characters of this big logarithm; the analogous formulae in the cyclotomic
case are proven in |[LZ14]. As the author hasn’t established these formulae in the
Lubin—Tate setting yet, Theorem E below is subject to being slightly modified in the
future. Namely, the periods Q;ni", which are anticyclotomic analogs of Gauss sums,
are rather ad-hoc: it should be verified that these periods coincide with the periods
appearing in the interpolation formulae of the Schneider—Venjakob big Perrin-Riou
logarithm.

Let me now introduce some notation in order to state the main theorem of Part
Let p be an odd rational prime that is inert in a quadratic imaginary field K
with discriminant Ayx. Let p be a fixed Hecke character of infinity type (1,0) and
conductor p. Fix embeddings ¢, : Q < C, and ts, : Q — C and an isomorphism
C ~ C,, so that ¢, and 1, are compatible. Let F'/Q, be the finite extension of Q,
containing the values of the p-adic Hecke character 11 associated to p and the image

of the Hilbert class field of K. Denote by O be the valuation ring of F'. Let p, ), be
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the p-adic Galois representation associated to i, by the geometric normalization of
the Artin isomorphism

Arte s G2 5 ICV\ARY,

where A’ denotes the finite adéles of L. We view p,, ,, as a rank-one Op-module, such
that the action of an element o € G whose image in K\ A" is a, is multiplication
by a,u(a)~t, where a, is the p-component of a = (a,)y<0o- Let (4,1 mod p) be
the canonical C'M-pair in the sense of section so that Gal(Q/K[p]) acts by
prblicp on HY(A/Q,0p(1)). As explained in section , the Galois action on
HL,(A/Q, Or(1)) can be extended to Gal(Q/K), so that it coincides with p,, .

Let E be the completion of I at p and Ag ~ (Ox/pOx)* C Gg be the tame
part of inertia. Denote by R/  the compositum of all the ring-class fields of K of

conductor co-prime to Ay, squarefree away from p. Put
Reo = (RL)AE.

For a square free integer n and r > 1, let R[np"| C R be the subfield of the ring
class field of conductor np” fixed by Ag.

Consider ¢ a character of the finite Galois group Gal(R[np"]/R). Then the prod-
uct € is a Hecke character of infinity type (1,0) and conductor np”. Let 6, the
new-form defined by theta lifting ué to GLo suitably normalized as in Definition
B.1.2.7 If F¢ is the finite extension of F' generated by the values of £, 6, defines an
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algebraic de Rham class
I € Hyp(Xa(Axn®p™) [ F),

where X (Axn?p®") denotes the compactified modular curve of level T'y (Axn?p?").
Consider the geometric étale cohomology of X (Axn?p®") with coefficients in O,

viewed as a G¢-representation

Hee (i, np") = Hey (X1 (Axn®p™) /Q. OF),, ® He (A/Q, Op(1))

~ H. (Xl(A;CnQpQ’")/@, OF)Z; ® p;;,.

Here the subscript ¢m indicates the CM part of cohomology: that is, the subspace
cut out by the kernel of the usual Hecke operators T, for ¢ inert in K and co-
prime to Axnp; and the superscript ac denotes the fixed points under the action of
Gal(Q®/K). Note that the Gx action on He(u, np") is abelian and factors through
Gal(R»/K).

The combination of Theorem [8:2.3.10] and Proposition [8.2.4.2] yields Theorem E
below. We note that this theorem uses crucially local input from Iwasawa theory at

inert primes as developed by Burungale-Kobayashi-Ota [BKO23|, [BKO]|.
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Theorem E: Fiz v a Hecke character of infinity type (1,0) and conductor p. Let
(A, ) be the canonical C M -pair in the sense of section|8.2.1.1| such that (A, o) ¢ ~
(C/pOx, 1 mod pOx). For all square-free integers n and r > 1, there exists a unique

class

O,(np") € Het(p, np")
such that
1. ©,(np") generates the regular representation of Gal(Rnp"]/K).

2. O©,(np") admits a unique lift

05 (npr) € B2, (X: (Aen®p™) x A/R[np'], Or(1)).
3. For all characters & of Gal(Rnp"]/K), we have

compiy Z E_l(a)a*@ﬂ(npr) = W;ﬁi? ® Q4 ( ‘(fé‘)’_l)_l.
c€eGal(RnpT]/K)

Here the notation is as follows:

e The map compSy is the étale-de Rham p-adic comparison isomorphism

for X = X (Axn?p™):
compgy :  Hig(X/F) ®r Bar — H(X/Qy, Qp) @, Bar.

e The map w; depends only on the conductor of &: if the conductor of & is
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dpt with d|n and t < r, then ¢ is the composition of the n/d-depletion
map and the pull-back under the map given by z — p*" =Yz on the upper

half plane.

The period QE‘;V is an ’anticyclotomic local Gauss sum’ for ué|q, as de-
fined in Section and 2, € Bggr 1s Colmez’s Lubin—Tate period
(see section .
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Chapter 2

Introduction

In this paper we construct an Euler system for the adjoint of an elliptic modular
newform. We also prove the corresponding Iwasawa main conjecture for a large class
of such newforms.

Euler systems, when they are known to exist, have proved to be a powerful and
flexible tool for establishing bounds on the ranks and orders of Selmer groups and
for relating these to special values of L-functions. However, by some counts, only a
handful of Euler systems have been constructed to date. The purpose of this article
is two-fold: (1) to construct an Euler system for the adjoint of a newform, a case
of particular interest because of the connection of the corresponding Selmer groups
with deformations of Galois representations and especially ‘R = T’ theorems, and
(2) provide a proof of concept for a new method of constructing Euler systems, one
that applies to infinite families of Galois representations.

Throughout this paper, p > 2 is a fixed prime.
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2.1 Results about Euler systems

Let f be a weight 2 newform (so a cuspform) of level N. Let Q(f) be the finite
extension generated by the Hecke eigenvalues of f (equivalently, by the coefficients of
the usual g-expansion f = "> | a,q"). We suppose that we have fixed an embedding
Q(f) — F with F a finite extension of Q,. We say that f is p-ordinary to mean that
a, is a p-adic unit with respect to this fixed embedding. Let V; be the usual two-
dimensional F-representation of Galy = Gal(Q/Q) associated with f, characterized
by the trace of an arithmetic frobenius at all primes ¢ f pN being equal to a,. Let
Ty C Vi be a Galg-stable O-lattice, O being the ring of integers of F'. If the residual
representation of T is irreducible, then there is a unique homethety classes of such
lattices. Let Ad’(V;) = Hompg(V}, Vy)? and Ad*(T}) = Home (T}, Tf)°, where the
superscript ‘0’ on the right denotes the submodule of endomorphisms whose trace
is 0. We refer to Ad’(V}) as the adjoint representation of V; (or of f); Ad(Ty) is
a Galg-stable O-lattice in Ad°(V}). Note that Ad(7})° is canonically defined up to
scalar if T is residually irreducible.

Let € : Galp — Z, be the p-adic cyclotomic character. Let w, : Galg — 1,1 C
Z) be the Teichmiiller characgter (so € = w, mod p). Let xo : Galg — Z, be any
odd power of w,. Suppose that f is p-ordinary. In Part I of this paper, comprising

Sections [3.1H3.4.11], we define cohomology classes

en € B (@) AC(TY)(x0) ). M = pfm. (m.N) = 1,
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where N’ is the product of p, N, and a suitable auxiliary prime. If p = 3 or 5, we
must assume that N contains ‘enough’ primes in the sense of Assumption ?7. We

show that the classes c;; satisfy the norm relations required of an Euler system:

Theorem A. Suppose that [ is p-ordinary. Suppose also that if p =3 or 5 then N

satisfies 77. Then the classes cyr form an FEuler system for AdO(Tf). That is, letting
Py(X) = det(1 — XFrob |Ad"(T}) (e 'xp ")) € O[X], (1 Np,

the ¢y satisfy

Py(Fr,Yepam €1 Np
Qbparm)* Gt Joptm
CoresQ(Z:a;)+ (Cpatm) =

Cp“m g =Dp.

We refer the reader to Section of the Introduction, for applications of the

theorem above.
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Chapter 3

The Euler systems

In this part of the paper, we construct the Euler systems. The Galois cohomology
classes comprising the Euler systems are classes naturally associated with explicit
Galois extensions constructed as subquotients of (relative) étale cohomology groups

of Shimura varieties attached to orthogonal groups.

3.1 Orthogonal groups

In this section we introduce basic notation for the orthogonal spaces and groups that

we will be working with as well as for related objects.

3.1.1 Orthogonal and symplectic groups

Let A = Z[1/2].
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3.1.1.1 Orthogonal groups

Let (V,q) be an orthogonal space: V is a free A-module of rank n equipped with a
quadratic form g. Let GO(V, q) be the group scheme over Spec(A) such that for any
A-algebra R

GO(V,q)(R) = {g € Autr(V ®a R) : q(9(v)) = vyq(v), v, € R}

Fixing a basis B of V, Autg(V ®4 R) is identified with GL,(R) and, if S is the
matrix of ¢ in the basis B, GO(V,q) is identified with the group scheme GO(S)
defined by

GO(S)(R) = {9 € GL,(R) : gSg" = v,S,v, € R*}.

Let v : GO(V,q) — Gy, be the character given by v(g) = v,. Let O(V,q) be the
group scheme cut out by the kernel of v and let SO(V,q) = O(V, ¢)NSL(V'). When
the isomorphism class of the quadratic space is clear from the context, we will denote
SO(V,q) by SO(V) or even SO,,.

We will work with a split orthogonal group in five variables. We will sometimes
need to view this group as a symplectic group in four variables — in the following, we

introduce necessary notation for this purpose.
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3.1.1.2 The symplectic group G’

We will denote symplectic objects systematically with a /. Let V' = Aes; @ Aey &

Aes @ Aey be a free A-module of rank 4. Consider the anti-symmetric matrix

—1

Then J defines an alternating pairing (or symplectic form) on V', which we denote
by (-,:). Let G’ = Sp(V”’,J) be the group scheme over A whose R-points, for any
A-algebra R, are

G'(R)={9e€ GL(V'®R) :gJg" = J}.

Let A’ be the diagonal maximal torus of G':

tq

123
A=< d(t,t) = 11, t € Gy

!

ty?

Let o/, ' be the roots of G’ such that o is the differential of the character a’(¢y,t3) —
t; and (' is the differential of the character a’(¢y,t3) + 5. The defining sym-
plectic form defines a G’-equivariant linear functional \" on the 6-dimensional G'-

representation A2V’ namely v; A vy — (v1,v9). The kernel of X is a 5-dimensional
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representation W’ of G’ and we have a decomposition
ANV =W e 1,

where the trivial representation is just the image of the dual of X; it is the line
spanned by the vector e; A €3 + €3 A 4. The representation W' is also the finite-
dimensional irreducible representation of G’ of highest weight o/ 4+ . Furthermore,

the symplectic form on V' defines a symmetric bilinear form on V' ® V' given by
b(v1 @ va, U1 ® ug) = 2(vy, ug)(vVa, us).
Via the inclusion
AV, / ! 1
/\V%V@V, Ul/\U2|—>§<Ul®1)2—’UQ®U1)
b restricts to a symmetric bilinear form on A2V, Explicitly, b is given by the formula:
b(vr A v, ur Aug) = (vr, ur)(va, uz) — (vr, uz) (va, us).

We next study the restriction of b to W',

3.1.1.3 The orthogonal group G

An explicit basis of W’ as a G'-representation is given by B = (e;) fori =1,...,5

where €1 =€&1 /\62, €y = 62/\83, €3 = %(81 /\63—82/\64), €4 = &1 /\64, and es = e3/\€y.
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In this basis the matrix of b is

S5 = 1

In particular the restriction of b to W’ is non-degenerate. Henceforth we write (V) q)

for the orthogonal space (W', bly). We let

G =SO(V,q) = SO(W’, bly).

With respect to the basis B this is just SO(S;) = SOs.

The G’-representation W’ affords an isogeny

m: G = G,

the kernel of which is {£7}. Explicit formulas for 7 are given in [RS07, Appendix

A.7|, although with a slightly different model of Sp(V’). Some useful formulas are
recorded in Appendix (see especially section [(A.1))).
3.1.1.4 The doubling subgroups

Denote by U C V' the plane spanned by ¢; and 3 and the plane spanned by ¢, and

g4 by UL. The restriction of the symplectic form to both U and U+ is non-degenerate
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and identifies the annihilator of U with U+ (hence the notation). The decomposition

V=UaU*

induces an embedding «/ of H = SL, x SLy into G’. Here we have identified
SL(U) with SLy (resp. SL(U+) with SLy) via the basis €; and e3 (resp. &5 and &4).

Explicitly, this embedding is given by

a 0 b 0
a b a v 0 ad 0V
!/ X —
c d d d c 0 d 0
0 ¢ 0 d

As an H’ representation V' decomposes as V' = 1 @& V;, where in the notation of
the preceding paragraph the trivial representation corresponds to the line spanned
by es and Vi C V is the 4-dimensional space spanned by eq, ez, e4, and e5. As a
representation of H' ~ SLy x SLy, Vi ~ Vq B VY,: if vy, vy is the canonical basis
of Viq and vy, vy its dual basis, then this isomorphism identifies v; X vy, vy K vy,
v Moy, vy Koy with ey, e5, —eq, 3, respectively.

The restriction of © to H' defines an isogeny, still denoted by 7« by abuse of

notation

m:H — H,

where H C G is the isotropy subgroup of the anisotropic vector e3. Note that H =

SO(V1, ¢1) ~ SOy, where ¢ is the restriction of ¢ to Vi. The isotropy subgroup in H’
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of the identity id € End(Viq) = Via B VY, is the diagonally embedded SLy — H'.
And thus the restriction of 7w to SLy defines an isogeny, again denoted by 7 by abuse
of notation, 7 : SLy — Gy, where Gog C H is the isometry group of id = wy+w4 € V;.
So G¢ = SO(Vj, qo) for Vj C V; the orthogonal complement of wy + wy and g the

restriction of ¢; (equiv. of ¢) to Vp. In particular, Gy ~ SOs.

3.1.2 Root systems and rational parabolic subgroups

Consider the maximal Q-split torus of G:

hy
ho
A = 1 thi,hy € Gy

hy*

hit

\ Vs

Here the matrices are written in the basis B defined in section B.I1.Tl Let a denote
the Lie algebra of A. The Q-root system ® of G is of type By. Let @ € a¥ be
the root defined by the differential of the character a : A — Gy, given, in the
coordinates above, by A 3 h — h; € Gy,. Similarly let S be the root defined by
the character b : A — G, h — hs. We make the choice of positive roots given
by ®* = {a £ ,«,8}. Then a system of simple roots over Q is A ‘= {a — 3, 8}.
This data determines a set {Pg, P1, Py} of rational parabolic subgroups of G. The
parabolic subgroup P; is maximal and obtained by removing 3; P is also maximal,

obtained by removing o — 3; and Py = P; N P5. Note that Py is the stabilizer of the
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isotropic vector ey, and P is the stabilizer of the totally isotropic plane spanned by
e; and (e + eq)/2.
The Levi subgroup of the parabolic subgroup P; will be denoted by M;. We

introduce the following notations and identifications.

e G, x SO3 ~ My, given by

(t,90) — 9o

t*l
e GL,; ~ M,, given by
a
a+— 1 R
a
where
0 1 01
0= (CLT)_l
10 10

Let U; C P; be the unipotent radical of P;. Note that U; is abelian and U, is a
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Heisenberg group.

e For X = (z1,70,22) € G3, we denote by n;(X) a generic element of U;. We

have
L oz m w2 Q[X]/2
1 0 O *
ni(X) = 1 0 %
1 *
1

Here Q[X] is a quadratic form and the * are linear functions of X. We denote

by ni*?(X) the transpose of n;(X).

3.1.3 Weyl group combinatorics

Here we recall a few facts about the Weyl groups of the orthogonal groups introduced
above and compute certain double coset representatives.

The Weyl group W of G is of order 8 and can be seen as acting by signed
permutations on the simple roots «;, 5. We denote by W, the Weyl group of the Levi
M,;. We denote by W the set of Kostant representatives of P; for i = 0,1,2. These
are the minimal length representatives of the cosets W,\W. Let ®; C ®* be the
roots appearing in Uj, the unipotent radical of P;. Then &5 = &*; &; = {a+ 3, a};
and &, = {a + , a, f}. The Kostant representatives are elements w € W such that

wl®~ N ®T C ®;. In particular, we have:

W ={weW:wB) >0} and W*={weW: w'(a-p5)})
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We can thus give the following explicit description of the sets W!. Let p denote
the half-sum of positive roots: p = 3(3cc 4 3). We denote by w e A = w(A + p) — p

the "dot" action of the Weyl group on roots; in particular, w ¢ 0 = wp — p.

3.1.3.1 Lemma. The set W° is W; the set W' contains the 4 elements w given by:

(o, B) of length 0 and such that w e 0 =0
(—a, B)  of length 3 and such that w ¢ 0 = —3«

(8, ) of length 1 and such that w e 0 = —a + f3

(B8,—a) of length 2 and such that w e 0 = —2a + 3.
\

(a, B) of length 0 and such that w e (0 =0
(o, =) of length 1 and such that w e 0 = —f
(=5, ) of length 2 and such that we (0 = —a — 20

(=B, —a) of length 3 and such that w ¢ 0 = —2a — 2.

We next state a lemma, whose proof is straightforward, that will be used to
compute the constant term of the Eisenstein series which we will later use to construct
an Euler System. Let s : (o, 5) — (8, «) and s_; : (o, B) — (o, —3). Both are simple

reflections in W.

3.1.3.2 Lemma. There are 3 double cosets in Wi\W /W, with coset representatives

{id, s, ss_1s}. There are 2 double cosets in Wi\Wy/Ws, with coset representatives
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{id, ss_1}.

3.1.4 The Shimura varieties

We introduce the Shimura varieties that will feature in subsequent constructions.

3.1.4.1 The Shimura datum

Let S := Resc/rGm be Deligne’s torus. Denote by z,Z : S(C) — C* the algebraic
characters of S(C) such that the restriction to S(R) = C* of z and Z are respectively
the identity and complex conjugation. Denote by X the symmetric space attached
to G. This can be identified with the G(R)-conjugacy class of homomorphisms

h : S — Gg containing the element:

x2—y2 2xy

CL’2 +y2 ZEQ +y2
_2zy o z?—y?
2 +y2 2 +y2

h0x+2y'—> 1

B/

Here the subscript B’ indicates that we are writing matrices in the basis

B = ((61 — 65)/2, (62 — 64)/2, es, (62 + 64)/27 (61 + 65)/2> .

The pair (G, hg) determines a Shimura datum, and we denote by SHg the as-

sociated Shimura variety and by SHg (/) the resulting Shimura variety of level K,
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for K C G(Ay) a compact open subgroup. Note that the weight morphism of the
Shimura variety is trivial and that the reflex field is Q. For a more general discus-
sion on Shimura varieties associated with special orthogonal groups, the reader can
consult for example [Cor, Sections 5.1-5.9].

The stabilizer of by is a maximal compact subgroup of G(R), which we denote by
K. The map G(R) 3 g — ghog~' € X determines a homeomorphism G(R)/K, =~
X. This isomorphism provides a concrete description of the complex points of the

Shimura variety of level K:

SHe(K)(C) = GQ\[X x G(A7)/K] ~ GQ\G(A)/KK.

Similarly, we let SHy be the Shimura variety resulting from the Shimura data

(H, ho ), where hop : S — H is the group homomorphism defined by

x2—y? 2xy
$2 +y2 3?2 +y2

_ 2xy 22 —y>
. . :B2+y2 :B2+y2
hou @ x + 1y — ;

where now the basis is BNV} = ((61 —e5)/2,(e2 —e4)/2, (€2 + €4)/2, (e1 + 65)/2>.
The composition of hy i with the inclusion ¢ : H < G equals by and so ¢ determines

a morphism of Shimura varieties ¢ : SHy — SHg; this morphism is defined over Q.

50



3.1.4.2 Models for the symmetric space X

For explicit calculations it is convenient to have explicit models of the symmetric

space X.

The Projective Model. Consider the complexification Vz ‘= V®4C of V and its
associated projective space PV, Consider also the quadratic hypersurface defined
by

Q ={vePV:qv) =0}

This quadric can be naturally identified with the compact dual of SHg. The associ-

ated cone is

Q= {U €Q: Q(U75) < 0}7

which is a complex manifold of dimension 3 consisting of 2 connected components.
The action of the orthogonal group O(V)(R) on Vg =V ®4 R induces a transitive

action on this cone.

The Tube Domain Model. Write the defining (complex) representation of G as

Ve = (V3)c @ Cey @ Ces.

Here V3 is the orthogonal space spanned by the vectors es, e3, and es. We view V3 as

an orthogonal space endowed with the quadratic form g3 whose matrix in the basis
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(627 €3, 65) iS

Define the tube domain:

H ={Ze (W)c:x(S(Z2)) <0}.

The map H — Q= defined by Z +— (-S3[Z]/2,Z,1)" is a biholomorphism. Fix one

of the two connected components H° of H by setting

H® ={Z e H : qs3(e5,3(Z)) < 0}.

Then H° is the symmetric space associated with G(R).

For future reference, we give explicit formulas for the G(R) action on H°. Let

a a' B
A= 1|b M c¢|€GR)
v dT 6

where a, 3,7, 0 are scalars a,b,c,d € R® and M is a 3 x 3 real matrix. The action of

g € G(R) on H° is denoted by Z +— g(Z) We have:

VA€ G(R), A(Z)=(-S5[Z)b+MZ +¢)J(A Z)™
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where

J(A, Z) = —S3|Z) +d" Z + 6.

Identification with X Let X’ be the space of negative definite planes in V. The
points of X’ correspond to certain polarized Hodge structures on V. Fix P € X',
and consider a basis (e, f) of P such that ¢(e) = ¢(f) = —1. Define the following

Hodge structure on V¢:

Cle+if) if (r,s)=(-1,1)
o Pt if (r,s) = (0,0)

Ve D VP’ =
Cle—if) if (r,s)=(1,-1)

0 otherwise.

Then V7* is a Q-Hodge structure on Vg polarized by ¢. In fact, each P € X' gives
rise to a unique homomorphism hp : S — Gg that induces the Hodge structure V3*°
on Vg and whose restriction to (Gy)r C S is is the trivial map. This provides an
identification of X with a connected component of X’. Moreover, the map carrying
P to the line Vﬁ’_l embeds X’ into @ and identifies X’ with Q~. In this way, we
get a biholomorphism between X and H°, and the homomorphism hg defines a base

point Zy € H.
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3.1.5 Level subgroups

Denote by K& (resp. Kf') the maximal compact subgroup G(Z;) (resp. H(Z,)) of
G(Qg) (resp. H(Qy)). We define the following open compact subgroups: Let r > 1

be an integer.
e We let KA(") € G(Z) be the kernel of the reduction modulo £".

o We let KF(¢") C G(Z,) be the subgroup of elements that reduce modulo ¢" to

elements of P(Z/("Z).

o We let KT (¢") C K§ ({7) consist of the elements that reduce modulo ¢" to the
kernel of the projection Py(Z/0"Z) — My(Z/"7) — Go(Z/l"Z), that is, the
elements of K¥ (¢") whose images modulo ¢" are of the form m(1,g)u for some

g€ M, (Z/Z) and some u € U,(Z/U"Z).
o We let

KP@ry = KP(ryn KE ().

e We let K¥'({") C G(Z,) to be the largest open compact subgroup of G(Z,)

fixing the volume section defined in of Appendix [(B)]

e Similarly, we let K5'(¢) be the largest open compact subgroup of G(Z,) fixing
the Steinberg section as defined in Proposition |(B.9.2)| of Appendix

e We define also analogous versions of these subgroups for H:

— We set Ky, (0") = K&(0") N H(Zy).
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— We set Ko(07) = KP(0r) N H(Zy).
— We set Ky(¢") = KP (") "H(Zy).
— We set K (07) = KP(0") N H(Zy).
— We set K(£7) = K¥'(¢") N H(Z).

— We note that the pull-back of K5%(¢) to H(Z,) is Ko(¢).

e We define also the usual open compact subgroups of SLy(Z,): We let I'o(£") be
the subgroup of elements that reduce modulo ¢" to an upper triangular matrix,
['1(¢7) the subgroup generated by —id and elements that reduce modulo ¢ to
unipotent upper triangular matrix and I'(¢") the subgroup of elements that

reduce modulo ¢" to +1.

Pull-backs to G'(Z,) and H'(Z;). We comment on the pull-backs (inverse images

under the isogeny 7) to G'(Z,) and H'(Z,) of the subgroups defined above.

e The pull-back of K (¢") to G'(Zy) is the subgroup consisting of elements that

reduce modulo ¢" to id.

e The pull-back of K¥ (¢") to G/(Z,) is the subgroup consisting of elements that

reduce modulo ¢" to elements of P} (Z/¢"Z), that is to elements of the form

A B
, where A, B are 2 x 2 matrices with coefficients in Z/¢"Z, with

0 (AT ) —1
A invertible.

e The pull-back of K¥ (¢") to G/(Z;) is the subgroup consisting of elements that
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A B
reduce modulo ¢" to elements of the form with det(A) = +1.
0 (AT)—l

e The pull-backs of the level subgroups K"°'(¢") and K5¢(¢) are by definition the

largest subgroups of G’(Z;) fixing the corresponding sections.
e We now identify H'(Z,) with SLy(Z;) x SLo(Z¢). We then have:

— The pull-back to H'(Z,) of K11(¢") is identified with I'(£") x T'(¢").
— The pull-back to H'(Zy) of Ko(¢"), K{(¢"), is identified with I'o(¢€") x T (£").

— The pull-back of K;(¢") is identified with
Fl(gr) X Fo(gr) — F()([r) X Fo(fr) = K{)(ZT)

— The pull-back of K(¢") to H'(Zy) is identified with the image of SLy(Z,) x
I'(¢") < H'(Z,) where the embedding is given, as in Lemma |(B.8.2) by

(9:7) = (7, 1)(g,9").

3.2 The boundary cohomology

In this section we recall some facts about the boundary cohomology of the Shimura

variety SH¢.
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3.2.1 The Shimura data for the boundary stratra

Recall that each Levi subgroup M; can be decomposed into a linear part and a

hermitian part:

M; = M; .M tin,

where M, ;, is the hermitian part of M; and M, j;, the linear part. In terms of our

description of the M; in [3.1.2] we have

Ml,lin = SO(V})), Ml,h =G, and M2,1in = {1}, M2,h = GL,.

For ¢ = 1,2 we describe the homomorphisms h; : S — M, , defining the Shimura
datum of the boundary stratum of the Baily—Borel compactification attached to the

maximal parabolic P;. We denote by w; the weight morphism of the Shimura variety

defined by the pair (M, 5, h;).

Case i = 1. The morphism h; is given, for all z € S(R), by

|Z|2 t2
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Case i =2 The morphism h, is given, for all z = x + iy € S(R), by

ho(z) = and so wy(t) = 1

In both cases the matrices are written with respect to the basis B.

3.2.2 Cohomology of Shimura varieties

In this subsection we recall some facts about singular and analytic de Rham coho-
mology of Shimura varieties. We formulate the results for the Shimura variety SHg,
but analogous results are true for other Shimura varieties whose underlying reductive

groups have QQ-rank 2.

3.2.2.1 Generalities

Recall that for any irreducible finite-dimensional representation p : G(C) — GL(V),
one can define in a natural way a local system V on SHg. If A : AC) - C*isa
dominant weight, then we will write V), for the irreducible representation of highest
weight .

Let SHg be the Borel-Serre compactification of SHg (see, for example, [BS73]).
The natural inclusion SHg < SHg is a homotopy equivalence. Moreover, for all

dominant weights A, the local system /V; extends canonically to SHg. By abuse of
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notation we will also denote by XN/)\ this canonical extension of V).
Let 0SHg ‘= SHg \ SHg be the boundary of the Borel-Serre compactification.

By the results of [BS73] (see also [HMG94]), there is a stratification of the boundary:

OSHg = H dp,
P

where the union ranges over all standard proper Q-parabolic subgroups of G. In our
case, there are three such parabolics: P; for ¢ = 0,1,2. We denote for simplicity
0; ‘= Op,. Note that there are closure relations between the strata: Jy is a closed

stratum and lies both in the closure of 9; and 0. More specifically, the closure of
&-, 1= 172, is 51 = (9Z|_|80

The interior cohomology of SHg is defined as
Hi(SHg, V) "= ker (Hi(SHGij) - Hi(aSHG,”vj)) ,

where the map Hi(SHg, Vi) — Hi(0SHg, V3) is induced by the natural inclusion
OSHg — SHg after identifying Hi(SHG;V;) with Hi(S_HG;V;). In this simple Q-
rank 2 case, the spectral sequence associated to the boundary stratification is just a

long exact sequence:
-+« = HY(OSHg, Vi) — H' (81, V3) @ H(9s, Vi) — H (Do, Vi) = «- - .

For each ¢ = 0,1, 2, there is a decomposition, obtained using Kostant’s theorem
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(see for example [HMG94, Section 11] or [HR19| Section 4|):

H' (0, V3) = €D Tndg (/) ) (Shr,, Woses), (3.1)
weW?

where Sy, denotes the locally symmetric space attached to M, - this is not in general
a Shimura variety but only a real manifold. For G, although the locally symmetric
spaces attached to M; do admit a structure of a Shimura variety, we want to stress

that the above decomposition is purely in terms of the real manifold structure of

Swm, -

In the above decomposition, the condition w € W? ensures that we )\ is dominant
when restricted to M;, and we have denoted by /V[v/w.)\ the associated local system
on Sy,. We have used the letter W (and the notation W) for local systems defined

on Spr, instead of V (and V) so as to avoid confusion with local systems defined on

SHg.

3.2.2.2 The boundary of the Borel-Serre compactification and constant

terms

In this subsection, we describe the restriction maps from SHg to ; in cohomology.
References regarding the well-known results that we will outline here are [Har, Section
8], [Sch83, Section 1.5-1.10].

By the de Rham comparison theorem, the singular cohomology groups appearing
in the previous subsection can be computed by the de Rham complex, which is in

turn computed by (g, K )-cohomology. More precisely: denote by ¢ the Lie algebra
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of K; let g be the complexified Lie algebra of G; and denote by Q°(SHg (K), \N/A)
the de Rham complex computing the cohomology of the local system Vi. There is a

canonical isomorphism of complexes:
Q" (SHa (K), V) ~ Homy., (/\<g/e>, C*((GQ\G(A)/K) & %) .
This identification induces a Hecke-equivariant isomorphism
HP(SHa(K), T3) = Hi, o (C™(G(Q)\G(4)/K) ® 14).

Moreover, by Franke’s theorem [Fra9§|, the space of smooth functions appearing on
the right-hand side can be replaced with the space of automorphic forms on G of
level K.

There are analogous results for each boundary stratum of 0SHg. In particular,
we have a Hecke-equivariant isomorphism (see [HR19, Section 4] or [Sch83, section
1.10])

H (9,(K), T) = HE o (C((Us(A)P{(Q\G(A)/K) @ V)

such that the restriction map r; : H*(SHg(K), Vi) — H*(8;(K), V4) is identified with
the constant term map in Lie algebra (or de Rham) cohomology, i.e. integration

along U;(A). We will use this fact repeatedly in the section [3.3
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3.2.2.3 The restriction to the boundary of p-adic sheaves

In this section, we survey results of Pink [Pin92| on the restriction of p-adic sheaves
to the boundary of the Baily—Borel compactification of a Shimura variety. The reader
can consult [Har93, pp. 50-56] for more details.

Let j denote the inclusion of SHg into its Baily—Borel compactification, which we
denote by SHg,. Let 0* ;= SHg \ SHg be the boundary of SH§;. This is an algebraic
variety defined over Q. It has a stratification indexed by the QQ-rational standard
mazimal parabolic subgroups of G. We denote by 0 the stratum corresponding to
P;, for i = 1,2, and let ¢; be the natural inclusion of 0} into SH§; (see for example
[Har93, Section 2.2.5]). There is a natural map SHg — SHg (of manifolds) that
induces maps 0; — 0.

Let us restrict our attention to the 0-dimensional stratum 0f. In what follows,

fix Ky C G(Ay) a compact-open subgroup. For an element

g5 € P1(Ap\G(Af)/Ky,

we define the compact open subgroup K;(gs) C M;(Af) as the projection of Py (Af)N
ngfgjjl to the Levi quotient My (A}) of Py(Ay). Similarly let KM be the projection
of Koo NP1(R) to My (R). Recall that

M, = Ml,lin X Ml,h;

where M ji, is the linear part of M; and M, j the hermitian part. Recall also that
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M, = G, x SOg, so that M, , is identified with G, and M, j;, with SO3. Define
then K{™(gs) € Myyn(As) and K(gs) C My,(Ay) as the projections of K} (gy)
to My in(Ay) and M, ,(Af) respectively.

For each g; € P1(Af)\G(Ay)/Ky, there are locally closed immersions with dis-
joint image SHy, , (K} (gr)) = 05 (see for example [Mor18, pp7-8]). The 0} stratum
for SHg (Ky) is then the disjoint union of the Shimura varieties SHyy, , (K7} (gy)) for
gy ranging over the representatives of P1(Af)\G(Af)/Ky, where the Shimura data
SHat, ,, is (Myp, ha), with by : S — My ;(R) defined in section

To state the result of Pink [Pin92| that we will use, we need to introduce one final
object. Let uy be the Lie algebra of U;. Then for any highest weight representation
V) of G, we can take the Lie algebra cohomology of V\: H*(uy, V)). This cohomology
carries an action of M;, and a well-known theorem of Kostant asserts that this

M -representation admits a decomposition:

ul; V/\ @ Wwo)\ (32)

wewl

This M;-module is in particular a M; j,-module and we denote by H®(uy, V)) the
local system on the locally symmetric space attached to M jiy.

The cohomology H® (1, V) has also an algebraic action of the multiplicative group
G, given by the composition G,, — Sg Iy M, . Under this action of G,,, we can

decompose H*(uy, V)) in weight spaces:

H(uy, V3) = @D H (w, Vi) [

VEZ
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Here H*(uy, V\)[v] denotes the v-eigenspace of the action of Gy,.
As is explained for example in |[Har93, p. 2.2.10.1], we can state the following

result:

3.2.2.4 Proposition (Pink). The restriction of R*j,(V3) to a stratum SHw, , (K} (g5))

is the p-adic sheaf canonically constructed from the M, j-module

H* <M1,lin(Q)\Ml,lin(A))/Klin(gf), He (uy, VA)> .

Explicitly, we have

R5.(1) = @ H* (M0 (Q)\Muin(8))/ K™ (g7), B (w1, 13) 7)) €0 @, (v).

h
SHMlyh(Kf(gf)) veZ

The cohomology H* (05 (K/), R*j.(V}))isa CX(G(Ayf)//Kf)x Galg module. Once
the limit over all compact-open K is taken, it is identified with the G(A) x Galg
module:

G(Af) rre .. /T
Indpf&j)H (SHwm, ,, B3 (Va) sty )-
Let us record the following lemma, which will be invoked in [3.3.8]

3.2.2.5 Lemma. Let w = ss_1s € W! be the unique Weyl element of length acting

on simple roots as (o, ) — (—a, 8). Then H3(u;,C) = W_3, and

F.(75) = HY (M (Q)\M i (8)) /K™ (97), Wt ) 80 @,(~3).

SHu, ,, (K} (g5)
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3.3 The candidate cohomology classes

In this section we begin the construction of the cohomology classes that we will
arrange into an Euler System. These classes will be constructed from Eisenstein

series on G.

From here on, x denotes an odd Dirichlet character with conductor divisible by p.

Let N, be the conductor of x. The hypothesis that p | N, is imposed to simplify the
cases considered in later arguments and, unlike the oddness of y, is not essential.

We denote by F, (resp. F) ,) the extension of Q (resp. Q,) generated by the values
of x and v/—1. Let O, (resp. O, ,) be the ring of integers of F, (resp. F,,). Let F,
(resp. Fy ,,) be the abelian extension of Q (resp. Q,) cut out by ¥, that is, fixed by the
kernel of y viewed as a character of Galg (resp. Galg,). Let Gal, ‘= Gal(Q/F,) C
Galg.

3.3.1 Hirai’s Eisenstein series

In [Hir98| Hirai defines certain holomorphic Eisenstein series on orthogonal groups.
Let I' ‘= G(Z). Recall the cocycle J(g,Z) defined in [3.1.4.2] where g € G(R) and
Z € H°. Hirai computes the Fourier expansion along the abelian unipotent radical

of P, of the Eisenstein series

(6s—21+3)/4
irai . q(S(Z)) — —3s4+]—
Bz - (152 T 2) (. Z) P,

vEP2 (Q)mF\F

65



which converges absolutely for (s) > 1/2. As a consequence of his computation, he
deduces that Ef'™(Z,1/3 —1/2) is a holomorphic Eisenstein series of weight [, for
[>3.

We now rephrase Hirai’s Eisenstein series from an adelic point of view. Let
Ky = KOOG(Z), a maximal compact subgroup of G(A). By Iwasawa decomposition
we can write g € G(A) as g = p1(9)k(g), where p1(g) € P1(A) and k(g) € Ky. We

can define

filg, s) = la(pi(9))[****2 T (k(9)oos Zo) ™",

where we recall that a is the character of A (which extends to a character of Py)
whose differential is the root o of G. Then the adelic version of Hirai’s Eisenstein

series is

Elg,s) = Y. fi(v9,9).

1EP1(Q\G(Q)
For g € G(R) such that Z = g - Z, we have

Ei(g,s) = E/"™(Z,s)J (g, Zo) ™"

3.3.2 A variation on Hirai’s Eisenstein series

We now introduce a more general version of Hirai’s Eisenstein series by allowing
non-spherical sections at some finite places and incorporating the non-trivial odd
Dirichlet character x.

‘35—}-3/2

Fix [ > 0 an integer. Let ps denote the character | - X, where here y is

seen as an adelic character, which by abuse of notation we still denote y. Note that
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ps(a(s)) = 5ff11/2 - (x o a) for ép, the modulus character of Pj.

3.3.2.1 Some simple sections

We now choose some simple sections of the induced represention
. G(A
I(s,x) = Indpf(;&)(ﬂs °a)
and its local counterparts. For a place v we let

. G(Qu
I(s,x) = IndPl(((@Q,z)(lU“S oa).

Archimedean sections. At infinity, we choose the same section as Hirai. Namely,
we define fX | to be the unique function such that if g = pk, g € G(R), p € P1(R)
and k € K, then

%(9) = (2m0)Hal(p) 2 I (k, Zo) ™.

00,8

Spherical sections. At finite places ¢ where y is unramified we define the nor-

malized spherical sections:

fgfs(gé) = L€(37 X)LZ<47 X2)/~Ls(a(p))a

for g, = pke, p € P1(Qy), and k € G(Zy).
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Basic ramified sections. At places ¢ where y is ramified, we define fgfs to be A,

times the section described in remark (taking p = ¢, there). Here A, is the
constant of item (3) of definition |(B.1.10)|

Basic adelic section. With the above choices of local sections, we let fX € I(s, x)

be the adelic section
1= QR
3.3.2.2 Remark. When [ = 3 and s = 1/2, the pull-back of flx/2 to G'(A) corre-

sponds to the section denoted f7* in|(B.1.10)}

In classical language, the Eisenstein series defined by fX, pulled-back to G’ cor-
responds (up to normalization constants introduced above) to the function on the

genus 2 Siegel half-space H, defined by the series

> X(0)i(v, 2)7j (v, Z)| 73732,
YEPT(@NTo(Ny)\T'o(Nx)
where j(g, Z) is the usual cocycle on G'(R) x Hy. Note that the above series does not
converge absolutely when [ = 3, s = 1/2. However, arguing by Hecke summation,
following for example Faltings in |[Fal05, Section 9], one can show the series still de-
fines a holomorphic function on Hs. Consequently, the Eisenstein series E(—; fX) for
[ = 3 has a continuation to s = 1/2 and defines an automorphic form on G(A) such
that at infinity the resulting automorphic representation is a holomorphic discrete

series of "scalar weight 3".
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3.3.3 The choices of sections

In this section we give the choice of sections at [ = 3, s = 1/2 that we make at each
place to define the Eisenstein series that will result in cohomology classes forming
an FEuler System. The data that goes into making these choices includes not only
the character x but also a newform f of weight 2. Let Ny be the level of f; this
is also the conductor of the irreducible automorphic representation 7(f) of SLy(A)

generated by f.

Without loss of generality, we can and do assume that Ny is minimal among all twists of f.

We may decompose Ny as follows:

Nf = Qst@sc@rpm

where Q4, Qs and Qs are integers only divisible, respectively, by primes ¢ at which
7(f) is a special representation, supercuspidal, or a ramified principal series. The
assumption on Ny ensures, among other things, that if the local constituent at ¢ is
a twist of a special representation, then it is an unramified twist of the Steinberg
representation. In addition to being given f we assume we are also given an auxiliary

prime (g, { pN¢ Ny,

The following is not needed until we claim integrality results! The prime ¢, can

just be subsumed into M in the final construction.
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3.3.3.1 Assumption. If p =3 or p = 5, we assume that

P ‘ T «-v,

LINg
=1 mod Ny

where a3 = 3 and a5 = 1.

3.3.3.2 Remark. Fixing pg, it is always possible to choose f so that the above
assumption is verified by the classical level raising result of Ribet [Rib90] and the

Cebotarev density theorem.

3.3.3.3 Definition (Auxiliary prime). We say that an odd prime ¢ is auziliary for

po when the image of Ly(1,Ad"(p;))~! € O in F, is non-zero.

Auxiliary primes will be used to ensure that there is a closed embedding of the

Shimura varieties associated to H and the Shimura variety associated to G.

3.3.3.4 Lemma. Assume that py is irreducible and the tmage of py contains an

element of order p. Then, there exists auxiliary primes for py.

Proof. The local ¢ factor is a unit if and only if the quantity (¢—1)(Tr(p;(Froby))—(¢+
1)?) is a unit. We will show that we can choose £ = —1 mod p such that Tr(po(Froby))
is non-vanishing. For this we study the number of elements in the image of pg
with vanishing trace. By Dickson’s classification of subgroups of PGLy(F,) (see for
example the proof of Proposition 1.11 of [Wil95]), the image of py in PGLy(F,) is
conjugated to some PGLy(F') or PSLy(F) for a subfield F' of F,. We first assume

that the image of pg is conjugated to PGLy(F). Up to changing the notation for g,

70



we assume that F, = F. The conjugacy classes of PGLy(F,) that have vanishing
-1 0 0 u

trace are the conjugacy classes of and where u is a not a square
0 1 10

in F,. These have centralizers of size respectively (¢ — 1) and (¢ + 1). Let Z be
the kernel of the projection of the image of py to PGLy(F,) — note that necessarily
+id € Z. Then we have, in the split torus, #7/2 conjugacy classes with centralizer
of size (#7) - (¢ — 1) which have vanishing trace and #7/2 conjugacy classes in
the non-split torus with centralizer of size (#7) - (¢ + 1) that also have vanishing
trace. In total, the proportion of elements in the image of py with vanishing trace is
1/2(¢—1)+1/2(q+1). Since primes ¢ = —1 mod p have Dirichlet density 1/(p — 1),
and
1 1 1 1

— — > > 0,
p—1 20-1) 2+1) " p*-1

by the Cebotarev density theorem, there must exist a prime ¢ = —1 mod p such that
po(Frob,) has non-vanishing trace. Then, since p is odd, we deduce that the image
of (¢ —1)(Tr(ps(Froby) — (¢ +1)?) in F, is —2Tr(po(Froby))? # 0.

The casse of the image of py being conjugated to PSLy(F), is treated in a very
similar way and one can see that the the proportion of traceless elements in PSLy(F)
is bounded above by the proportion of traceless elements in PGLy(F); this concludes

the proof. ]

This assumption will be used to prove integrality at small primes of some coho-
mology classes; see Section |3.3.10]
We fix once and for all an auxiliary prime £,,, { Ny. Let M be a positive integer

prime to pN¢lq,,. For a place v we define f;fs; u as follows:
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Archimedean sections. At infinity, fg‘ovs; v = J& s where the right-hand side is

the section defined in B.3.2.11

For primes ¢ | Qu. If {|Qs, we choose f),,; to be the Steinberg section as in

Proposition |(B.9.2)|

For primes ¢ | QscQrps MUlayz 4| QscQyrps MU yz, We choose fl?,(s;M to be the volume

section, as defined in Section |(B.8)!

For all other primes. At all other primes, namely for ¢ { Ny Mloue, [0 = f15
is the spherical section defined in [3.3.2.1]

We then set
;fM = ®f13<,s;M'

We will also need variations of these sections modified only at the prime p.

The depleted section. We denote by fX;/ the section obtained by replacing the
local section at p with the section ) fX., where ¢} is the depletion operator of section

(B.3)l Note that when s = 1/2 this corresponds to the section f,* of Definition

in Appendix [(B)]
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Liu’s section. We denote by fSX]\} the section obtained by replacing the local

section at p with Liu’s section fX;. Here fX/ is defined by its pull-back to G”:

A x(detC)|det(C)|73573/2n,(C71D)  if detC # 0
X, Liu -
p’s

0 otherwise,

where 7, is the Schwartz function on Symz(Qgﬂ) defined by its Fourier transform

) = | |7 7] | = ez, (5112, (52)x(det () (s0)x(50),

So S2

where we view x as a function on @Q, by extending it by 0 away from Z), and v is

the Nebentypus of the SLy(A) modular form f.

X ydep yLiu

The sections fs’fM, o, and fng all give rise to Eisenstein series on G(A),
denoted by E(g; f;fM), etc. The series defining them converges absolutely for real
part of s sufficiently large and have meromorphic continuations in s to all of C. As
explained in , when [ = 3 these series are holomorphic at s = 1/2 and correspond

to holomorphic modular forms on H°.
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3.3.3.5 Level subgroups

Let M be an integer. The section f,, (and so also its associated Eisenstein series)

is fixed under right translation by the open compact subgroup

I &2@)[[&*0 I KR kbt I G@)cGay.

Lr||MQscQrps £ Qst Z)(MNf,f\NX Hlgya MN§ Ny

Similarly, f}3; is fixed by the same product of local groups except with K¥(pr)

replaced by K P(p7). The local groups are as defined in . We call these subgroups

the level groups of the corresponding sections.

3.3.4 The constant terms of the Eisenstein series on G

In this subsection, we compute the constant terms of the Eisenstein series that were
introduced in the previous section. Here, we take [ > 3, and we will be interested in
the Eisenstein series at the point s; = (I — 3/2)/3.

In this section, set

. G(A
Io(s) = Indg'(), (1)

and

. G(A
I(s) ‘=Tndg ) (1),

where pg is the adelic character defined in [3.3.2) For w € W and fs € [y(s) a flat
section, let

M, (s)(fs)(g) = fs(wug)du.

/Uo (A)Nw—1Up(A)w\Up(A)
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This integral converges for the real part of s sufficiently large and has a meromorphic

continuation to all s € C. Moreover, M, (s) defines an intertwining operator:

My(s)(=) : To(ps) = To(w™" - ps).

The computations for the proof of Theorem 2.3 in |[GRS97| (see especially equation

(2.2) of loc cit.) show that for i = 1,2, and g € M;(A), we have:

E c fe)du = E?“,/;Mw : N
/[UZ_(M (ug, s; fs)du > Lo (9, 8's M (s)(f5) )

weEWI\W/W;

where:

o LY =M, N wMjw is either equal to M; or the Borel subgroup B; of M.
Let By be the Borel subgroup of Gy and B the Borel subgroup of GLsy. Then
Bi = GL1 X BO and B2 = B.

o My, (fs)|m, is either a character of M; (if LY = M;) or an element of an induced

representation IndYu (u?) (if LY = B;) with u%|a = 5%/02@0—1 .

o 25 = (7, 0w - ) for i =B, o= a — B.

e [pw is an Eisenstein series on M; for a section of the induced representation

Indpy (2.

Having already given the Weyl group representatives in Lemma |3.1.3.2] we can

apply this general formula to our specific situation.
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3.3.4.1 Proposition. Let s; = (I — 3/2)/3) and fo = [, ® [, with f& €
Indgf?gf))(us) a meromorphic section that is holomorphic at s,. Then

/ E(ug; f,,)du = / E(ugs £,)du = fi,(9).
[Uo(A))]

[U1(A)]

Proof. Note that it suffices to show that the integral along U is equal to f;,(g) as
fs(g) is invariant under U,. The computations in [Hir98, Section 3.3| show that the
three intertwining operators (corresponding to the three elements in W;\W/W;)
at oo do not have a pole at s; for [ > 3. From the general theory of the Langlands
quotient, as our choice of section at infinity is such that f;, is in the subrepresentation
of the induced representation that is a holomorphic discrete series, we deduce that
the intertwining operators at infinity vanish at s;. Furthermore, at finite places,
by an application of the Gindikin—Karpelevich formula or by slightly modifying the
computations of Hirai (see Theorem 2.1, (i) of loc cit.) to account for the presence
of the Dirichlet character x, we see that the product of the intertwining operators
at finite places also do not have a pole at s;. We then conclude the claim in the
proposition from the classical computation of the constant term of [GRS97, Thm 2.3]

recalled above. O

When restricted to My >~ GLs, the section f; is a section of the induced represen-
tation Indg(]j;)(m (|a[**32(x 0a)), where we now view a as the character of the Borel
of upper triangular matrices B C GL, that sends b € B(Ay) to its upper left entry.
For s = s, = (1 = 3/2)/3 we let E¢y, ,(g; fs) = E&y,(9; fs,) be the resulting Eisen-

stein series on GLg. As f, = fX ® [, these correspond to weight [ holomorphic
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Eisenstein series.

3.3.4.2 Proposition. Let f; be as in Proposition|3.3.4.1. For g in the GLy part of
the Levi My,

/ Ei(ug; fo,)du = E&y, (g5 fs)-
[U2(A)]

Proof. By the classical computation of |[GRS97| already cited above and Lemma
, we see that the constant term along Uy is the sum of Egy (g; fs) and the
GL, Eisenstein series for the section M, | fs., restricted to GLy. As f,, belongs at
infinity to the usual holomorphic discrete series of weight [ and M, | restricts to
the usual intertwining operator on GLy, we deduce that the second term vanishes,
which yields the claimed result. (We could have used this to deduce the computation

of the constant term along Uy as well). ]

3.3.4.3 Remark. Proposition shows in particular that the automorphic rep-
resentation generated by E}* has a quotient that is not unitarizable. In particular,
this representation is not unitarizable. For an alternative discussion of the non-
unitarizability of E}* the reader can also consult [Fal05, pp.150-151]. Note also that
if x is not quadratic, then it is obvious that this representation is not unitary as it

is not even hermitian in the sense of |[Renl0, §IV.2.1].

3.3.5 Some rationality and integrality properties

From here on we take [ = 3, and s = 1/2. The character 1/, will be denoted by .
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Other simplifying notation. As we have fixed the value of s, in what follows
we will denote ff;(,1/2;M (resp. ;f’l%;M, ;f’lL/lZ;M) by foxar (vesp. flars fomnr). I
M =1, then we will omit it from our notation. We adopt similar notation for the
corresponding global sections (so fy.a = flx/Q; -

Next we highlight important rationality and integrality properties of the various

choices of sections.

3.3.5.1 Proposition. Let f € {fyur, i e} Then fis Fy-valued on G(Ay).

Proof. This is Lemma |(B.1.12)| of Appendix when f = fy.;. The claim then

follows for f7), as this section is just an O,[G(Q,)] translate of f,.ar. Finally, for
vy the rationality can be deduced in the same way as for f,,)s by noticing that 7,

is F)\-valued. ]

We also record an integrality property of the g-expansions (Fourier expansions)
of the Eisenstein series associated with these sections. In order to deal with the small

primes p = 3 or 5, we make the following assumption:
3.3.5.2 Assumption. If p = 3 or 5, we assume that

p* ‘ II «-v,

LNy
/=1 mod Ny

where a3 = 2 and a5 = 1.

3.3.5.3 Lemma (Faltings’ Lemma). Let K = KT (p")KP? be the level group of

E(g; fy.m) as defined in [3.3.3.5.  The Fourier expansion of E(Z,gr; fy.m) has p-

adically integral coefficients at all cusps of SHg(K)*.
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Here by ‘cusps’ we mean the points of the 0-dimensional strata 0. These are
naturally in bijection with P1(Q)\G(A;)/K. The Fourier coefficients are of the

associated holomorphic modular form of scalar weight 3.

Proof. As the discussion in Appendix makes clear, it suffices to prove the claim
in this lemma for the pullback of the Eisenstein series to G’, where the Eisenstein
series become simple variants of the classical Siegel Eisenstein series of weight 3.

We begin by showing that the coefficients of the g-expansion of E(Z, gs; fy.m)
at the cusp corresponding to the identity are p-adically integral; this is the usual
Fourier expansion. Indeed, by Proposition. this is true for non-degenerate
coefficients. Furthermore, the Fourier coefficients at degenerate T correspond to
the Fourier coefficients of a usual ordinary weight 3 Eisenstein series of GLy mul-
tiplied by L1 (—3,x?) (see |Takl12, Props. 5.1, 5.2]). The Fourier coefficients of
this GLy Eisenstein series are all p-adic integers, except possibly the constant term,
which equals L™V (—2,%)/2. So it suffices to know that both L"r)(—3,%?) and
L) (—2,x)/2 are p-adic integers. This is clearly true unless p = 2, 3, or 5 and
has conductor a power of p. As p is odd it remains to treat the case when p = 3 or
5. The desired integrality is ensured in these cases by Assumption [3.3.5.2]

The irreduciblity of the Igusa tower together with the g-expansion principle for p-
adic modular forms for G’ then implies the same for all cusp represented by elements
in P1(Q,)G(A%). These include all the 'multiplicative cusps.” As E(Z, gy; fm) is
ordinary at p, arguing as at the very end of Section 9 in [Fal05| yields the p-adic

integrality of the g-expansions at all cusps. ]
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3.3.6 Unique cohomological degree

Let IT, be the automorphic representation generated by the Eisenstein series E(—; f),

where f € I(1/2) is such that its archimedean constituent is just fX Then

12
I, ~ Il ® I3 with Il the discrete series of scalar weight 3. Similiarly, let
Eisgy, be the finite part of the automorphic representation of GL; generated by
the Eisenstein series Fgr,(—; f|m,), where f is as above (see the paragraph before
Proposition [3.3.4.2).

Throughout this section, we will work with de Rham and singular cohomology.
We denote H'(SHg, C) and Hiz(SHg/C) the singular and de Rham cohomology
of SHq, respectively. We note that we have taken implicitly direct limits over level
subgroups K C G(Ay) of the cohomology groups of the manifolds SHg (/)(C); these
spaces are admissible G(Ay)-representations. We recall that the usual de Rham
isomorphism identifies these spaces as G(Af)-representations.

We will show that II% only occurs in de Rham cohomology in the middle co-
homological degree (degree 3). We will use this to construct a rational class in the
middle degree of singular cohomology that has a lift to absolute étale cohomology.

We denote by Hiy (SHg/C)[II°] the generalized I15°-isotypical part of the coho-
mology. By this we mean the maximal G(Af)-submodule such that every irreducible
G(Af)-subquotient is isomorphic to the representation II5°. Note that II3° is irre-

ducible by Proposition [3.3.6.2| below. The aim of this section is to prove the following

proposition:

3.3.6.1 Proposition. Let ¢ # 3. Then Hiy (SHg/C)[II] = 0.
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We start with some representation-theoretic preliminaries.
3.3.6.2 Proposition. The G(Ay)-representation 15 is irreducible.

Proof. By remark |(A.4.2)| we can reason with G’ in place of G, and then the result

is a direct consequence of [ST93, Cor. 3.10(ii)|. O
The following will be useful for proving Lemma [3.3.6.5]

3.3.6.3 Lemma. Let J; be the Jacquel module of TI5° along Py. Then Eisgy,, is an

My (Ay)-subquotient of Jy, and j; = x¢|3aly (restricted to My) is an My-subquotient.

Proof. This follows from the constant term computations (cf. Propositions [3.3.4.2
and |3.3.4.1]). ]

To conclude the representation-theoretic preliminaries, we discuss the presence

of IT” in the interior cohomology.

3.3.6.4 Proposition (Manin-Drinfeld principle). The G(Ajy)-representation 1150
does not appear in the interior cohomology in any degree, that is, H{(SHa(C), C)[II°] =
0 for all .

Proof. Note that any G(A f)-subquotient of H{(SHg(C), Vy) is unitarizable. Indeed,
interior cohomology lies inside L?-cohomology, which is endowed with a natural in-
variant hermitian pairing as it is defined in terms of square integrable differentiable
forms for a specific Riemannian metric on SHg(C) (see for example |Zuc89, Sec-
tion 1.3] or the discussion in [Har, pp306-310, Theorem 8.1.1]). Since II° is not

unitarizable as is noted in Remark [3.3.4.3], the claim follows. O
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The next sequence of lemmas and propositions builds to a proof of Proposition

B.3.6.1
3.3.6.5 Lemma. We have Hig (9 /C)[I15°] = 0 if ¢ # 3.

Proof. As was recalled in[3.2.2.1], we have the following description of the cohomology

of the boundary:

Hip (90/C) = €D Indg (Hq ) (SHyy, /(C,I/T/w.o)>.

weW?o

As My is a split torus, SHyg, only has cohomology in degree 0, so we can re-
strict to the Weyl elements of length q. Write w ¢ 0 = aa + b5. From Lemma
and the Geometrical Lemma of Bernstein-Zelevinsky [BZ77| we deduce that
if Hig (0oSHG/C)[II] # 0, then we must have w e 0 = +3a or we0 = £33 (see also
the discussion of |[Har87, Section 2.2.5] for a general description of the cohomology
of tori). The only possibility that occurs for w € W is w @ 0 = —3a, attained by

the Weyl element ss_;s of length 3. This gives the result. ]

3.3.6.6 Lemma. Let w € H3g(SHa/C)[IIY] be such that the image of w in each of

the two boundary components Oy and O, vanishes. Then w = 0.

Proof. As is recalled in subsection [3.2.2.1] we have the following exact sequence
H?(9y,C) —— H3(0SHg,C) —— H3(0,,C) @ H3(d,, C).

Employing the de Rham version of this exact sequence, we conclude from the hy-

potheses of the lemma together with Lemma (3.3.6.5| that the image of w would have
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to vanish in the cohomology of the boundary. We deduce that w lies in the cohomol-
ogy of the interior. If it were non-zero, then II5” would appear in the cohomology of

the interior. However, this is excluded by Proposition [3.3.6.4} ]

3.3.6.7 Lemma. Let q # 4. If the image of w € Higr(SHa/C)[I5?] in Hig(01/C)

vanishes, then w = 0.

Proof. If the image of w vanishes in Hiy (9, /C), then it must also vanish in H?, (9, /C).
Therefore, the image of w in Hi;(02/C) must lie in the interior cohomology (of the
boundary stratum ;). If this image were non-zero, then it would follow that the
Jacquet module Jy >~ Ez’sf’L2 (see Lemma appears in this interior cohomol-
ogy, which is excluded by Eis?r‘2 being non-unitarizable. In particular, the image of
w € Hiz(0SHg/C) must vanish when restricted to both 9; and 0 and hence must
belong to the image of Hi:'(0y/C). As ¢ — 1 # 3, we can invoke Lemma to
conclude that the image of w in H¥y(92/C) must vanish. The lemma then follows

from Proposition |3.3.6.4] ]

We are now ready to prove the following proposition in the direction of Proposi-
tion B.3.6.11

3.3.6.8 Proposition. Let g # 3,4. Then Hiy (SHg/C)[II5?] = 0.

Proof. Let w € Hjz (SHa/C)[IIY°]. We study the image of w in 0;. Let w € W' and
write w ¢ 0 = a,a + b,B. We have following description of the cohomology of the

boundary:

H'(0,C)=Indg)) @ @  H'(SHa,, Wa,a) RH"(SHa,, Wi, ).
wer k+m=qg—{(w)
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By a similar reasoning to that in the proof of Lemma [3.3.6.5, which relied on the
Geometrical Lemma of Bernstein-Zelevinsky, we deduce that if w # 0 then a,, = £3
or b, = £3. By Lemma there is only one possible choice for w, namely
w: (a, B) = (—a, B), which is of length 3. Therefore, if ¢ # 3 then the restriction to

01 of w must vanish. The proposition now follows from Lemma asq#4. O

3.3.6.9 Remark. Proposition [3.3.6.8] is enough for our purposes: it suffices to ex-
clude the occurrence of II7 in degrees smaller than 3 to construct an absolute étale
class. However, it may be of independent interest to show how one can use general

results of Schwermer to also exclude the occurrence of II5° in degree 4.

To complete the proof of Proposition [3.3.6.1 we next state a result of Schwermer
[Sch94] about Eisenstein cohomology, which we will need for the proof of Lemma

3.3.6.11] Note that in our case the dimension of Uy/Uj is 1.

3.3.6.10 Proposition. Let Wy ‘= {id,s_1}, then W = WIW?. Let w be an element
of W and let w be a cohomology class in IndgngR(SHMO,Vw.O) represented by a
cuspidal form p. Assume w = s_jwy. Following the notations of [Sch9j|], let E(p, \)
be the Fisenstein series that is attached to ¢. Denote Ay = —wp]ag3 where agi I8

the Lie algebra of the maximal torus of A such that o(t) = p(t). Assume that

(Mo, a¥) > (p| r,¥). Then:
Po
1. The Fisenstein series E(p, \) is holomorphic at Ag.

2. Moreover, E(p, Ng) represents a closed form [E(p, Ao)] in Hld(g)(aQSHG/C) such

that the restriction of E to the Py stratum is w.
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Proof. This is a consequence of [Sch94, Section 6|, in particular Theorems 6.3, 6.4.
We note that the conclusion of this proposition is true although the weight of the
coefficient is not regular because the hypothesis of the proposition, namely that
Ao— p|a113(2) is in the positive Weyl chamber of the system of simple roots of A(Py, Agi),
already implies that the Eisenstein series is holomorphic at Ay and represents a closed
form. Then we can use reasoning very similar to the proof of Theorem 6.4 of [Sch94]

as here the condition that ¢(s_;) > d/2 = 1/2 is trivially true. O
The next lemma completes the proof of Proposition [3.3.6.1]
3.3.6.11 Lemma. We have Hiy(SHg/C)[II] = 0.

Proof. Letw € Hiz(SHg/C)[IIY°]. We already know that the image of w in Hjg (01/C)
vanishes by the proof of Proposition [3.3.6.8] By the proof of Lemma [3.3.6.7], we also
know that the image of w in Hig(8,/C) vanishes. It follows that the image of w in
Hir(0SHg/C)[II] must belong to the image of Hjg (0o/C)[II°]. However, by the

proof of Lemma (3.3.6.5, II3° can only appear in the factor Indgo(&rf))Ho(SHMo, Vive0)

of the cohomology of Jy, where w is the Weyl element (o, 5) — (—«, 5). Now, this
element w is not in WW? so we have w = s_jwy. The inequality in the assumptions
of Proposition [3.3.6.10| is just 3 > 2 as w e 0 = —3«. Therefore, the hypotheses of
the proposition are satisfied and we can deduce from Proposition [3.3.6.10(b) that re-
striction from the cohomology of 0, to the cohomology of dy in degree 3 is surjective

onto the factor Indgsgj)Ho(SHMo, Viveo). We then conclude that the map

H? (0, C)[I7] — H*(Os1g,, C)
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is the zero map. This implies the lemma. O

3.3.7 The rational cohomology class

Recall the tube domain model H® C (V3)¢ of the symmetric space of G. For Z €
(Vs)c we write Z = [21, 20, z2] T With 21, 2, 29 the usual coordinates. Let dZ = dz; A
dzy A\ dze; then dZ defines a trivialization of the line bundle of top degree differential

forms on the tube domain.

3.3.7.1 Definition of the cohomology classes

The de Rham class Let Z € H° and g, € G(R) such that g, - Zy = Z. For
felly welet f, = fci(o,1/2 ® f. We define

EX(Z,g5: fx) = J(goor Z0)*E(gogy; fr) and wy(f) = EX(Z, gg; [y )dZ.

Then w,(f) descends to a holomorphic differential on SHg(C) and hence defines a

class in H3; (SHg/C) that we continue to denote w, (f). We also set

w(f;pM) = EX(Z, gf;f;ng)dZ and w(f;M) = EX(Z, g5 )L(?M)dz’
adopting the same notation for the corresponding de Rham classes.

The singular class By the de Rham-singular isomorphism, w, (f) defines a class

wi™s(f) € H*(SHg, C).

X
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In particular, the classes w(fy7,) and w(f):,) define classes

w(fdep )Sing,W(fu,“ )sing c H3(SHG7 (C)

X5P X5P

3.3.7.2 Rational structures

Recall that taking the constant term along Py or Py identifies II7° with Indsl(gf)) (1)2)-

In particular the G(Ay)-representation II3° has an obvious F)-structure:

00,0 - G
M2° = {f € Indg. /) (1) : Vg € G(Ay), flg) € Fy }.

G(Ay

To see that this is an F)-structure, we note that a function in Indpl( Af))(ﬂl /12)K

K C G(Ay) any open compact, is uniquely determined by its values on a set of
representatives of Py(Af)\G(Ay)/K, and so 113> clearly has an F)\-basis that is
also a C-basis of II>*. It follows that H*(SHg, C)[IIy°] is stable under the action
of Aut(C/F\) on the coefficients of the cohomology group. Hence, H*(SHg, C)[I157]
has a Fy-structure, which is just H*(SHg, F})[I13>°].

Let r; be the restriction to d; in singular cohomology. Then r; is compatible with

the natural F\-structures on cohomology. In particular, the restriction
ry: HS(SHGa (C)[H;O] — H3<817(C)a

which is injective by Lemma [3.3.6.7] is compatible with the action of Aut(C/F,) on
each side. Hence, to see that w € H*(SHg, C)[I13°] actually belongs to H*(SHg, F)[I15>°],

it suffices to check that 71 (w) belongs to H?(dy, F,). We exploit this observation to
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prove the next proposition.

3.3.7.3 Proposition. For f € II3°°, wi"8(f) € H*(SHg, Fy).

X

Proof. Recall from subsection [3.2.2.2] that the image r (w(f)) € H3(0y, C) is obtained
by taking the constant term along P;. We make this more explicit here.

We use notation from [HMG94) Section 6, 7]. The boundary component 0; of
the Borel-Serre compactification would be denoted by ep, = H/Ap,(R)* in loc cit.,
where Ap, (R)™ is the connected component of the maximal central split R-torus of
P;. In the case at hand, Ap, (R)* = {[t] : ¢ € R.o}, where we have used notation
from Section [3.1.2] Then 9 is the limit points of the orbits of Ap, (R)", seen as
totally geodesic submanifolds of H. As is explained in Section 8 and Section 11 of
loc cit., the decomposition [3.1] comes from the nilmanifold fibration of the Borel-
Serre compactification mapping to the reductive Borel-Serre compactification. The
fibre being I',\U;(R) where I, = I' N Uy(R) and I' € G(R) is the lattice defined
by the compact open K. Therefore the fibre is diffeomorphic to a product of circles,
indexed by the coordinates of the abelian group U;. As is well known, the integral
singular cohomology of a circle has a canonical rational basis that is given by dr,
if r is the coordinate on a circle R/Z, via the de Rham isomorphism. Therefore,
following the notation of loc cit. and putting Np, = I',\U;(R), a rational basis of
the one dimensional vector space H3g (Np,, C) is dX, if the coordinates of U (R) are
21, g, To and dX = dxy N dxg A dxs.

By the decomposition 3.1 and the identification H3g(Np,,C) = H3(wy,C) =
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W_3,, the rational structure on the subspace

G(Af)

Indpl(Af) <HO(SHGm’ W—ga) IX ]]'> g H3(817 C);

is therefore the space of functions on G(Ay)/Go(Af)U;(Af) that are valued in the
rational subspace F) - dX of the G, (A )-representation H’(SHg,,, W_3,) = C - dX.

Consider now the holomorphic differential w,(f) on SHg, corresponding under
the trivialization Q3, ~ OydZ to EX(Z, gy; fy)dZ. The action of Ap, (R)* on w,(f)

is easly described: For all ¢ > 0,
EX([t]Z, g3 [)dZ = EX(1Z, gy; f)dZ,

Hence, as t — oo the differential w, (f) converges to the differential Cg(gs)dX, where

C is the constant term of E. That is, r1(wi"8(f)) = r{*(wy(f)) = Cr(gs)dX. From

the constant term calculation of Proposition [3.3.4.1|it follows that cg(gf) = fy(gf) =
f(gy), and so, by the above discussion, 71 (w38(f)) € H*(d1, Fy). As remarked before,

this then implies that ws"¢(f) € H3(SHg, Fy)[I13ee]. 0

X

As an immediate consequence we also have:

3.3.7.4 Corollary. The classes w(f,! ) and w(f a) also belong to H?*(SHg(C), F)).

»
P
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3.3.8 The étale class and the Galois action

Recall that we have Artin’s isomorphism:

H (SHe /Q, Fy,p) —— H3(SHe(C), Fy) @ F

xXsp*

Let f € TI3°°. Let we(f) be the étale class in H3 (SHg/Q, Fy,) corresponding to
w38 (f) under this isomorphism.

Let F\, be the p-adic constant sheaf attached to Fy, on SHg. Recall that
j : SHg < SHY is the inclusion of the Shimura variety SHg into its Baily—Borel
compactification. We claim that we can view wfct( f) as a section of R3 JuFyp- Let us
now justify this. We can reason topologically (alternatively one can give an argument
using weights and Pink’s theorem . Denote by ¢ : SHg — SHg the natural
inclusion of SHg in its Borel-Serre compactification SHg. We recall that ¢ is a
homotopy equivalence. We let p : SHg — SHg be the natural map - it induces

natural maps p; : 0; = 0f and fits into the commutative diagram:

SH.

since ¢ is a homotopy equivalence we have Rj, = Rp, o i, and therefore Rj,F) , =

Rp.F) ,. It therefore suffices to show that w;ing( f) defines a section of R*p,F, ,. This
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is indeed the case as we have the diagram of Leray spectral sequences:

HZ(SHaa RJP*F ) — HH_j (S_HG7 FX»P)

X,p

lres lres

Hi(af, ij*h) e (alah)-

Upon taking 15 isotypical parts, the restriction H™ (SHg, Fy ) [[I3°] = H™(9;, F ) [113°°]
is injective (see lemma . Moreover, as 9 is 0-dimensional, E% = (0 unless
i = 0. This implies that wi"(f) € E%’, and thus lifts to a global section of R*p. F) ,.
This concludes the proof of the claim.
By restriction, w'(f) then defines a global section of R® JsFyplo;, which by the
above diagram is the global section defined by the restriction of w*™( f) to 9;. Recall

X

that the latter is identified with f\|g,) = f. Viewing
fX|M1,1in € HO(SMl,lin7 W—3Oé> ® vap(_3)7
since SHu, , ~ Gy and Gy, acts by 2 +— 7% on H°(Swm, . W_sa), we see that

fX|M1,h = w;t(‘p)bf e H’ (SHMl,h’ HO(SMl,lin7 W—Sa) ® FX,p(_3)>'

We recall that the Shimura data for SHyy, , is defined by the conjugacy classes

of the homomorphism
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Moreover, as My 5, is a torus, the Galois action on SHyy, , is given by the composition
of hi(e,1) with the Artin map Art of class field theory sending geometric Frobenius
elements to uniformizers. Moreover, by Lemma , the Galois action on SHyy, ,
is twisted by 73 for sections of jo*hbHMl,h'

Let 0 € Gal?’, such that Art(c) = t~!. Let us compute explicitly o (W (©)).
By Lemma , the Galois action on w,(f) can be determined by inspecting
the Galois action on the global section it defines by restriction in R3 JxFyplas. De-
note by t* the pullback by the left multiplication by ¢ map on the cohomology
HO(Sm, s Wesa) © Fx,p(_3)>‘ By the above remarks, we have

o(f)lgr) =e7*(a) - 1" filgy)

= (o)t £ 1 91

=& (o) - x(t) fr(gr)

=ex o) f g,

where we have identified x as a character of Galg under the Artin map. We therefore

obtain the following proposition:

3.3.8.1 Proposition. The absolute Galois group Galg acts on wy (@) by the char-

3 et

. In particular, w§

acter x '~ (¢) defines a cohomology class in H3,(SHg, F, »(3)),

invariant under Gal,,.
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3.3.8.2 The partially compactified class

In this section, we construct an analogous class for a partially compactified Shimura
variety, which will lift classes w§'(f) for some choices of f € II57°. This subsection
can be skipped at a first reading, but is used in the proof of the explicit reciprocity
law.

We briefly introduce notation for toroidal compactifications of SHg. We refer
the reader to [FC90| and |Ash+10] for additional details. Let ¥ be an admissible
rational polyhedral cone decomposition of the convex cone denoted by C' = C(X)
in [FC90, Chapter IV, Section 2|, so that X = Z? and C(X) is the cone of positive
semi-definite quadratic forms on X ® R with rational radicals. Attached to X, there
exists smooth projective varieties SHg (k) and embeddings SHg(K) — SHZ(K),
such that for well-chosen ¥, D* = SHg, \ SHg is a strict normal crossings divisor.
We make such a choice of admissible rational polyhedral cone decomposition and we
denote SHZ (K) by SHS'(K). There is a natural map m, : SHE'(K) — SHg(K)
extending the identity and compatible with the boundaries in the sense of Theorem
2.5 of [FC90, Chapter V].

Recall that we call a cusp ¢ € 07 (K) multiplicative if it is indexed by an element
g € P1(Q,)G(A}). We call a connected component Y C 9;(K) (Y is an open
modular curve) ordinary when the closure of Y in SHg (K') contains a multiplicative
cusp. We now consider D**(K) C OSHE (K) to be the union of the closures of all the
ordinary connected components of the boundary. We let also D'"¢ C Dt "= D*

the pre-image under 7y, of D*”?, we which call the ordinary boundary in D*". We
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let

SHEé—ord : SHG H Dord.

We now consider classes w, (f) coming from the f € TI3>° such that that the Eisen-
stein series EX(Z, g®) gp: fy) has vanishing degenerate Fourier coefficients for all gP) €
G(A®) and all g, € P1(Q,). This implies, by the g-expansion principle for the mod-
ular curves in the boundary, that the Py-constant term of EX(Z, gP)g,; f,) vanishes
when restricted to D7, Therefore, w,(f) lifts to the class in HO(SH&"* Q3(— D))
defined by the holomorphic differential £X(Z, g») 9p; fx)dZ We denote this class also
by wy(f)-

The G(Agcp ))—module generated by the image of w, (f) in H3z(SHE*/C) is not
unitarizable, so that it cannot appear in the interior cohomology of SH%"”. We com-
ment briefly on an often overlooked point. Strictly speaking, Hecke correspondences
do not act on the (de Rham) cohomology of a fixed toroidal compactification (for
a given choice of rational polyhedral cone decomposition ) — however, they act on
the tower of toroidal compactifications (given by all refinements of ). The coher-
ent cohomology of (the canonical extension of) an automorphic vector bundle (e.g.
23(log(D*))) does not depend on the chosen refinement: i.e. the natural proper sur-
jection SHtGror’Z — SHtG?r’E, is an isomorphism in coherent cohomology when 3. refines
Y. Therefore, there is a well-defined admissible G(ASZ’ ))—action on the subspace of
limy, H3, (SHS"*” /C) generated by the image of HO(SHZ"*, Q3(—D*)) and we can
still claim that it cannot appear in the interior cohomology of SH%"’” so that the
restriction to boundary cohomology is injective, as before.

Therefore, also as before, w, (f) defines a rational class of H?*(SH%”* F,) and
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thus an étale class w?(f) € H2,(SHL /Q, F,,,). By pushing forward to the
projective variety SHg, the same arguments from the previous section show that the
absolute Galois group Galg acts on w®%(f) by the character e 3y!.

X

We have thus proved the following Proposition.

3.3.8.3 Proposition. Let f € II° be such that EX(Z, -g® g, f) has vanishing
degenerate Fourier coefficiencts for all gP) € G(AP) and all g, € P1(Q,). Then the

holomorphic differential
EX(Z,g5; f)dZ € H(SHg ™, Q*(=D™))
s rational and defines a class
WOt € HY(SHE™ [Q, Fyp).

such that the absolute Galois group Galg acts on the corresponding étale class wit’a‘””( f)

by the character e 3x~t. By construction, the pull-back of wfct’a*""d(f) to of SHg co-

incides with w3 (f). In particular, fi defines such an étale class.

3.3.9 The absolute étale class

In this section we explain that the class defined in the previous sections can be
lifted to an absolute cohomology class lying in HZ (SHg/F,, F\ ,(3)). We note that
the construction of an Euler System carried out in this paper does not make use of

this absolute cohomology class: the construction is purely in terms of its geometric
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realization. However, we believe to be of independent interest to prove that such a

lift exists, as it suggests that w'(f) has motivic origins.

3.3.9.1 Proposition. Let f € II3°°. There exists a unique class ¢, (f) € H (SHa /Fy, Fy,(3))
that lifts w3 (f).

Proof. Consider the Leray spectral sequence:
By = 1 (Fy, WY (SHa /T, Fry(3))) — ML (SHa /Fy, Frp(3),

The class w$'(f) defines an element of ES®. As I13°° does not appear in HZ (SHg /Q, Fy,),
w){ must lie in the kernel of the differential d5” and so it also defines an element of
Eg’?’. Repeating this process, as IIT7 does not appear in degree < 3, the class w;t(f)
defines an element of E2? = gr®(H2, (SHg/F,, Fy,»(3))). By invoking again the fact
that IIT” does not appear in any ES"I for g < 3, w;t( f) cannot appear in any filtered

piece of F'H} (SHa/Fy, Fy,(3)). Therefore we can uniquely lift w(f) to a class

ey (f) € H3(SHg/Fy, Fy,(3))- O

3.3.10 The integral class

In this subsection, following an argument in Faltings in [Fal05, Section 10|, we use
p-adic Hodge theory to prove that our Eisenstein classes, up to torsion, are integral.
We include a few more more details than in loc cit.

Recall that we have the exceptional isogeny 7 : Sp(4) — G. We can pull-back our
Eisenstein series and their cohomology classes via 7 to Eisenstein series on Sp(4). It

suffices to prove integrality of these pull-backs, as topologically the Shimura varieties
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are isomorphic. In this section only, we denote the Siegel threefold by Sk and the
universal abelian scheme over Sk by A, where the subscript K denotes a (pulled-
back) level structure K. We abuse notation by using by using the same notation for
the pulled-back Eisenstein series and their classes.

The level structure K will be (the pull-back of) the level KT (p*) K” of f,,, where
X, of course, has log-conductor a > 0 at p and M > 1 is an integer. Then the Fourier
expansion of FX(Z, gr; fy.m) is p-adically integral at all cusps by Proposition
To show that w'( fy;ar) is then an integral class we will follow quite closely arguments
in Faltings (|Fal05]).

Let S be the Siegel three-fold of level G(Z,) K. Let w be the determinant of the
Hodge bundle on S, and let . be a smooth integral model of S over Z,. Choose a
smooth toroidal compactification .#*". Note that w extends to .#*°" as a line bundle
of differentials of the corresponding universal semi-abelian scheme G. Let Oc, denote
the integral closure of Z, inside the p-adic completion C, of @p, and let p =(, —1
(any other element of valuation 1/(p— 1) will do as well). Let R be an open affine of
%" and denote by R the integral closure of R in the maximal extension of R[1/p]

unramified over S/Q,. Denote by R the p-adic completion of R.

Algebraic ¢ expansion vs. analytic. First of all, let us recall a few facts about
algebraic g-expansions before proving the next proposition. Let F be the Hodge bun-
dle on Sk. Let F be a weight k holomorphic Siegel modular form: F' € HO(Sg, F&F).
By pulling back F' to Hs, we identify F' with a holomoprhic function on Hs; the co-
ordinate on Hs, being Z. Over the point Z, the universal abelian variety is identified

with C?/Z*@® ZZ?. Then the pull-back of F is canonically isomorphic to Oz, @cA?C?.
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With this identification, let dty, dty be the (fibre) coordinates on C? - the identifica-
tion of I’ with a function on the Siegel space is made by noticing that F is identified
with some F(Z)(dt; A dty)®* for some holomorphic function F(Z) (which is a Siegel
modular form ). Then the algebraic g-expansion of F corresponds to (27i) 2% times
the analytic g-expansion of F', as is remarked by Faltings-Chai [FC90, p. 141]. We

use this in the next proposition.

3.3.10.1 Proposition. Let O, , be the constant sheaf on Sk and let m : Sk —
S be the forgetful map. Then the Eisenstein series (2mi)*EX(Z, gy; fy.m) defines a

compatible system of sections of w3 ® R® Oy p-

Proof. By the g-expansion principle, this is a reformulation of the fact that EX(Z, g; fy.m)

has p-adically integral Fourier coefficients at all the cusps of SHg (K). O]

With this preliminary proposition at hand, we can deduce integrality of the class
w( fy.mr) as follows.

By |Fal88, p267| (see also |[Fal88, Theorem 4.3|), we have a canonical extension
of Sym*(w) ®x R by p~'R(1) :

0—p'R(1) = E — Sym?*(w) ®r R — 0.

This induces a three-extension of Q%g Qr R by ,0*3R(3) represented by the exact
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sequence:

=}

NE ——— S BoR

By the proposition above, (2mi)*E(Z; gs; fy.m) defines a compatible system of sec-
tions of

Q%S ®R é ® W*Ova

over Faltings’ site — this site is defined in |[Fal88|, but more generally in Paragraph
1.13 of |AG15|. Varying the open affine R, these three-extensions glue and thus we
obtain a cohomology class in p™*Oc, ® R*7.0, ,(3). By the main theorem of [Fal8g],
this cohomology is almost isomorphic to H2 (S/Q, T Oxp(3)) ® p~3Oc,. Further-
more, by the functoriality of Faltings canonical extension, this construction is Hecke
equivariant and compatible with residues along the point boundary stratum.

We deduce that after inverting p the cohomology class that we obtained via this
construction is the Eisenstein class of the previous sections, since on II7*°-isotypical
components, taking residues at the cusps is injective. Since this construction also
induces the canonical Hodge-Tate decomposition, we can also deduce that the Eisen-
stein class lies in the Gal(Q,/Q,) invariants of H3 (Sk/Q, 0, ,(3)) ®o,, p~*Oc,.
Since for every s > 0 the Gal(Q,/Q,) invariants in p=Oc,/(p*) are the sum of el-

ements in Z,/p°® and elements annihilated by p, we find that our integral class is

uniquely the sum of an étale class with coefficients in O, , and a class annihilated by
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p. Hence, w$'( fy:m belongs to the image of H3,(Sk/Q, O, ,(3)) in H2 (Sk/Q, F, ,(3)).
From this we can deduce integrality of the Eisenstein classes that we will arrange

into an Euler system in the next sections.

3.3.10.2 Proposition. The classes wet(f;;fM) define an integral étale cohomology

class:

wet<f;;;@N) = I:Iegt(SHG/@v Oyp) = im(H (Sha /Q, Oy ,(3)) = He(Sha/Q, Fyyp(3)).

Proof. As explained above, we know that omega;t( fy.m) defines an integral étale

cohomology class. By definition (see Definition |(B.3.1)), f,, is an O,[|G(Q,)]-
x;M X P

translate of f,.,; and therefore also defines an integral cohomology class. ]

3.4 The Euler System

In this section we use the Eisenstein classes w, (f) defined in the preceding section to

construct Galois cohomology classes, which we then arrange into an Euler system.

3.4.1 A dual version of the p-adic Abel-Jacobi map

Let K C G(Ay) be an open compact subgroup and let K’ ‘= K N"H(A). Let SHy
be the Shimura variety attached to the Shimura datum (H, ko i) defined in|3.1.4.1

We start with the following lemma.

3.4.1.1 Lemma. For the morphism of Shimura datum i : (H, hom) — (G, ho) to
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induce a closed embedding

it suffices that K contains K&(() for some prime £ > 2.

Proof. At infinite level (that is, without quotienting on the right by an open-compact
subgroup), the map is an embedding. So, let @1, Q2 € SHy be two points such that
there exists k € K with Q3 = Q1k. To show that SHyi(K’) injects into SHy(K), we

have to show that k& € K’. To this end, consider

—1

zZ =T € A(Af) C G(Af)

Recall here that 7 : G’ — G is the exceptional isogeny. Noting that z is the image
of (—id,id) under the composition of ¢/ : H' ~ SLy x SLy < G’ with 7, we see that
z is central in H. In particular, z fixes pointwise the infinite level Shimura variety.

We then have the equality of points in SHg:

1k = Q2 = Q1kz = Q12kz.

We can therefore deduce that zkz-k~! fixes Q; € SHy. Since z € A(Z), z normalizes

K2(¢) and K2&(¢) is neafl] as ¢ is odd, we deduce that zkzk™' = 1, that is, &

IThis is a consequence of the fact that any root of unity ¢ € Z, that is congruent to 1 modulo
£ > 2 is equal to 1.
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centralizes z. However the centralizer of z is easily seen to be H(Ay). This implies

that k € KA(OH(ZO)NK ¢ K NH(A). O

3.4.1.2 Assumption. In what follows, we will always assume that the level K
contains K () for some £. Indeed, this is satisfied by the inclusion of the auxiliary

prime £, in|3.3.3

Let j be the inclusion of the open complement of SHy(K") in SHg (K). We then

have an exact sequence of p-adic sheaves on SHg(K):
0 > I > Fp > iy p —— 0.

We define relative étale cohomology with coefficients in F) , as the cohomology of

the sheaf j F

\.p» that is

H;t((SHG(K)a SHH(K/))a Fx,p) = H;t(SHG(K)7j!FX7p)'

We refer the reader to Section and the appendix of [EG15| for more details on
relative étale cohomology.
By the short exact sequence of étale sheaves described above, we have a long

exact sequence in cohomology:

H2, (SHu (K) /Q,Fy (3 = =
0 — MEMU0GLGOL 13 (SHo(K), SHi(K")/Q, Fip(3) — HE(SH(K)/Q, Fyy(3) — -+

The variety SHg(K") is an affine surface, and therefore the geometric étale coho-

mology of SHy vanishes in degree > 3. Consequently we obtain an extension:

2 (Q AYe) < - J— J—
0 s SESIUOCIO)L 3 (SHe(K), SHi(K')) Q. Fip(8)) —— HY(SHa (K)/TQ. Fyy(3) — 0.
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If U C K is another compact open subgroup, then, if U =U N H(Ay), we
have a natural map of pairs of varieties (SHg (U ), SHu(U")) — (SHg(K), SHu(K")),
induced by the natural degeneracy maps. Taking direct limits with respect to these

maps, we obtain the following exact sequence:

HZ, (SHi/Q,Fy,p(3 = oy
0 imHg(t(sgé/@FX’i(?)) Hgt((SHGvSHH)/Qanm(S)) E— HZ}(SHG/Q Fxm(?’)) — 0.

Now consider the submodule I1° K x~! := H3 (SHg/Q, Fy,(3))[II°]. By pull-
back we obtain an extension of Hecke-Galois modules &'(I1, f), and for w € TI° X x !

an extension of Galois modules &) (w) — these are defined by the following diagram:

H2 (SHy /Q,Fy »(3 : = : =
0 imﬁzi(sgé?@fx;()g))) Hgt((SHGv SHH)/Qv Fx,p(g)) — Hgt(SHG/Qv Fxm(g)) —0

| ] ]

H2, (SHyr /T.Fy p(3)) _
0 l12, (516 /G, P (3) ¢(Iys) M B ———0

| ] I

H2 (SHu/Q,Fy »(3))
0 imtht(SHG/@};p(B» &w) B ————0.

This applies in particular to the classes w, (f) € TI3° X x~" defined in .

Denote by A\J/et the map

\/e e\ o] Hgt SH 7’FX7P 3
AT HY(SHe/Q By (IIF] 2w — &,(w) € H! (B, gif/E i)

3.4.1.3 Remark. The usual Abel-Jacobi map (see for example [Jan88, Section 3|)

is defined using a different exact sequence of p-adic sheaves where the roles of j and

103



1 are reversed; namely, one would consider the exact sequence
0 > nyp » Fyp > Jxkp » 0.
We view the map defined above as being "dual" to the usual étale Abel-Jacobi map,
hence the notation.
Let us record the following key fact about AJ®'.

3.4.1.4 Proposition. The map AJ® is H(A})-equivariant.

Proof. Recall that for w € II5° X XL, /IJ/"‘t (w) is defined by the extension

0 HZ, (SHz/Q. Py (3)
imHZ (SHg /Q,Fy,p(3))

E(w) — Fypw —— 0

Let @ be a lift of w in &, (w). Then the extension above is represented by the cocycle:

= (r— 7@ —-o)eH <IF HE(SHi/Q. Frp(3)) ) .

- imHZ (SHe /Q, Fyp(3))

Let h € H(Ay). Foralevel K C G(Ay), we denote by [h]x : SHg(K) — SHg(h ' Kh)

the map induced by multiplication on the right by «(h) € G(Af). By abuse of no-

tation we denote also by [ the similarly defined map SHy(K') — SHg(h ' K'h).

Note that [h]x defines a map from the pair (SHg (K), SHu(K")) to the pair (SHg (h™'Kh), SHu(h ™' K'h

By passing to the limit over small enough K (for example containing K{(¢) see

Lemma [3.4.1.1)), there is an action of H(A;) on Hg, ((SHc;, SHy)/Q, FXJJ) such that

104



the natural map

H2, ((SHe, SHi)/Q. Fp ) — H(SHe /T, 1)

is H(Af)-equivariant.
Putting this all together, since h*® lifts h*w we see that AJ®(h*w) is represented
by the cocycle 7 +— h*(7(0) — @). Here we have tacitly used that the Galois action

commutes with the action of H(A). Therefore, we have the relation

—~— —~—

AT (h*w) = h*AJ (W),
as required. [

3.4.2 The Euler map and its properties

We define the Euler map

EU : S (AT") — H! (IF H: (SHu/Q, Fip(3)) )

Y imH2 (SHe/Q, Fy»(3))

by the following composition:
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@—>f§f¢ EX(g; fx)—wx (f)

Ind

F=EX(gfx) oo
S (AF) () 2 1 » By (SHe/F,

NE

Fyp(3))IY]

. H2, (SHe/B.Fy (3))
H (FX’ imlszSHG/@,?ﬁp(a)))

P>EU(p)

Here f)il;w is as in remark |(B.7.1)| and 4 = fi1/2, which depends on x;, is as in
We will also view £U as a map defined on Indgllg&ff))( ), and for f € Indg (ﬁgf () ~
In dP(E( Aj) (1), we will allow ourselves to think of EU as a map whose domain is

IndPl(Af) (1) and write

H2,(SH11/Q, Fyy(3) )

1
Uuf) e (]F imHZ (SHe/Q, Fp(3))

If K C G(Ay), we let U™ be the restriction of EU to Indgl(ﬁ{f))(u)K. The image
of EUX () is represented by an extension defined as above, except that one replaces

SHg with SHg(K) and SHy with SHy (K N H).

3.4.2.1 Remark (Equivariance property of the Euler map). Note that by Proposi-
tion [3.4.1.4] the Euler map U is H(Af)-equivariant. In what follows, we will use
multiplicity one results to compare this map to a period integral that appears in

[MS94].
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Since 117 is Go(Af)-invariant, an immediate consequence of the previous remark

is the following proposition.

3.4.2.2 Proposition. Forall f € Indgl(ﬁ{f))(u), EU(f) € H (FX, 1151?{8(15{}11{@/?@%551??)))

is invariant under the Go(Ay) action.

3.4.3 The Murase-Sugano period integral

We fix from here on Haar measures on G(Qy), H(Q,) and G¢(Qy), normalized so
that the respective maximal compact groups are given volume 1. We also fix a choice
of Haar measure at the archimedean place. Such choices determine a Haar measure
on the adelic points of the group schemes under consideration. All the integrals we
will consider will be understood with respect to these choices of measures.

Let IT be an irreducible automorphic representation of H(A) and let F' € II. Let
S be the set containing all the primes at which F' or y are ramified. Define for
Fo € S )

S(F, f.) = / F(h)E(h: £,)dh.
H(Q)\H(A)

This integral is a special case of the period integral considered in [MS94|; here we
have specialized to the Eisenstein series of interest.
Following the notations of loc cit., we define, for a pair of automorphic forms F

on H(A) and ¢ on Gy(A):

wro(h) = / F(gh)o(g)dg.
Go(Q)\Go(4)

Then wp, is a global Shintani function associated with F' and o, and if ¢ is a prime
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)

[

then we denote by w% the restriction of wg s to H(Qy). The restriction is simply

obtained through the inclusion H(Qy) — H(Ay¢), hy — (1,...,1,hs,1...). In what

follows, we will be interested in the case where o = 1 is constant.

3.4.3.1 Assumption. We assume hereafter that 11 is Gy-distinguished, in the sense
that wp1(1) # 0 for some F' € II.

Because of the local Gan-Gross-Prasad conjectures for special orthogonal groups,
proved by Waldspurger in [Wall2|, we have that for any irreducible admissible rep-

resentation 7, of Go(Qy):
dim¢ Homg,q,) (Il ® 7, C) < 1.

Similarly for any irreducible admissible representation II, of G(Qy) :
dim¢ Hompgg,) (I, @ IT;, C) < 1.

Take now 7 to be the trivial representation. As wg; provides a non-zero element

of the global Hom-space, w%)l is non-zero a fortiori and there exists a constant ¢ such

that the global Shintani function wg; can be written as

YA
wra(h) = cJJwi (hy).
/

The integral 3(F, f5) unfolds (see also [MS92, Proposition 4.1]) to the simple
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expression:

3(F, f) = 3na(F ) / FARYP(h)dh.

Go(Af)\H(Af)

where 3., is an explicit archimedean factor and we have set for simplicity

Pr(h) '=wp1(h) = / F(gh)dg.
Go(Q\Go(Ay)

Let Pl(f) be the restriction of Pr to H(Q,). We also define the local zeta integrals :

50(F fus) = / S (PO (h)dh.
Go(Qe)\H(Qy)

When f, = fX,.., we will denote 3,(F, f,: ) by 3:(F, ¢s).

3.4.3.2 Remark. The local zeta integral 3, is an element of the Hom-space:
Hompg,) (I @ I, €)),

and for ¢ ¢ S, by the basic identity of [MS92|, 3, is non-zero. Therefore by the
multiplicity one theorem already stated, all elements in the local Hom-space away

from S are proportional to 3.

We denote by @9 the spherical Schwartz function such that the local Siegel Gode-
ment fg,(s; —) as defined in Section takes the value 1 at the identity for s = 3/2.

3.4.3.3 Proposition. Let { ¢ S. We have

Lé(X? 2)L€(X7 3)L€<X2a 4) ‘

30(F, faop) = PR(1)
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Proof. When Yy is trivial this is a specific instance of Theorem 1.6 of [MS94]; indeed,

in this case, the formula becomes:

oo Ll(F2) 1
(F0) = Pr V=25 ey

Note the factor (4(2)(,(3) in the denominator comes from the factor denoted by
Li(p,s + 1/2) appearing in the formula of loc cit., as ¢ is a constant in our case.
When y is non-trivial, one can use the explicit formula of Proposition 1.13 of loc
cit., noticing that one has to replace the indeterminate denoted by 7' in loc cit.with
x(0)T. Finally, we just have to adjust the extra factor (y(4). This proposition can
also be proved by pullback to Sp(4), where it is an instance of the doubling zeta

integral (see |[Liu20, Theorem 4.1.2|, for example). O

Recall the definition of ¢} from Section |(B.1.1)]

3.4.3.4 Proposition. At all places {, where F' and x are unramified, we have
3(F.p) =Py (1) - vol(T(£7).

Proof. As F is unramified at ¢, F' is a pure tensor at ¢, and we can thus apply Lemma

and Proposition |(B.8.3)] O
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3.4.4 A piece of the cohomology of the Shimura variety of H

3.4.4.1 Galois representations attached to modular forms

Let f be a holomorphic modular newform on SLy of weight 2. By enlarging F) ,
if necessary, we may assume that the Fourier coefficients of f lie in F, ,. Let py
be the usual p-adic Galois representation associated with f, which appears in the
étale cohomology of the modular curve with F) ,(1)-coefficients. Let V; ‘= ps(—1).
Then the L—functionE] of V; is the just the usual L-series of f (normalized so that the
critical value is at 1). We denote by f the eigenform whose Fourier coefficients are
the complex conjugate of f. The coefficients of f are also valued in F,,. We define

Ad(ps) = End(ps) and note that

Ad(ps)(1) = py @ pj(1) = pr @ pr = Ad°(py) (1) B e.

We set also

Sym?(py) C pr @ py

to be the space of symmetric 2-tensors of ps. When f is an eigenform of of level

I';(Np") with nebentypus 7, we have that

pf:pf@)w;l.

2This is defined using geometric Frobenius elements.
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So that

Sym?*(ps) ~ Ad°(ps) (e ).

Shimizu’s lift. Let 7(f) be the irreducible automorphic representation of SLy(A)
generated by f. Seeing SLs as a symplectic group, let I be the theta lift of 7w(f) to
SO(Wy)(A) ~ (u2\SLo x SLo)(A). It is well known (see for example [Shi72|) that

this lift is the descent to SO(W)}) of the automorphic representation

I =r(f)Rr(f)"
of SLy(A) x SLy(A).

The Galois representation attached to II. Let I[I* X oy be the Hecke-Galois
summand of H2 (SHg/Q,Q,) corresponding to the I1%-isotypical component; here
we are implicitly using that II°° has a F) ,-model. We recall that a model for the
quadratic space attached to H is the vector space of 2 x 2 matrices endowed with
the quadratic form given by the determinant. This interpretation affords an isogeny
GL; x40t GLy — H. Let Y be the Shimura variety associated to GLy X 4ot GLo. The
reflex field of Y is Q. Let K” be the pull-back of K to the subgroup of GLg Xget
GLy(A) where the det-maps are valued in Z>*. There is then a finite Galois cover of
Q-varieties Y (K"”) — SHu(K), and so the étale cohomology of SHg (K) is identified
with the invariants of the cohomology of Y (K”) under some finite quotient of A.
From this we deduce that the only possibilities for oy are tensor products p;y X p,;

where f and g are two eigenforms.
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By the Eichler—Shimura relations for H, this implies that
on=V;®@V;=Ad"(Vy) e = Ad’(pf) B e.

3.4.4.2 The cohomology of SHg in degree two

We now exclude the possibility that the summand Ad’p;(1) appears in the degree 2

cohomology of G. From here on, we make the following assumption.

The representation of p; is irreducible and not dihedral.

This implies of course that f does not have complex multiplication, so that Ad°(7})
is absolutely irreducible. By the explicit description by Taylor of the interior co-
homology in degree 2 for the Siegel threefold |[Tay93, Section 3|, we know that the
only absolutely irreducible Galois representations appearing in degree 2 are one or
two-dimensional. We can then deduce that the only absolutely irreducible Galois rep-
resentations appearing in H (SHg, F) ,(3)) are one or two dimensional; in particular

we have:

0 . . HZ(SHu/Q,F\ (3
1T, 8 Ad™(ps)(2) ’ imffii(sgé/@,?;i(?))’

where the inclusion above is the inclusion of a direct summand.

3.4.5 Projections in cohomology

Let II be as in the previous section. Then II is G-distinguished, so[3.4.3.1]is satisfied
for TI. In fact, recall that IT is the descent of the automorphic representation m(f) X

7(f)Y of H'(A), and IT being Go-distinguished is then just a consequence of the fact
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that the Petersson norm of f does not vanish: indeed, the pull-back of Gg to H’

corresponds to the diagonal copy of SL, inside H' = SLy x SLs.

3.4.5.1 The naive projection

Let us now fix a vector F' € I} of level K C H(Ay). The choice of F' determines an
evaluation map :

evp - IIF M (ou(3)) —— ou(3).

Composing evE with the natural projection map onto the summand I1; X (o1(3)),

we obtain a projection:

prOj? : Hgt(SHH(K)/@a Q,(3)) — on(3)

3.4.5.2 The projection in the inductive limit

Consider now a level K’ such that K’ C K C H(Ay). Denote by
dKJ(/ : SHH(K/) — SHH(K)
the natural degeneracy map. Then dk g+ induces a natural map in cohomology

dic o+ B (SHu(K) /Q, Qp(3)) —— HE (SHu(K')/Q, Qy(3)).
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Since evk (v) = evi'(v) for all v € Iy C Hff/, we deduce that we have a commutative
diagram:

d*

H2, (SHy(K)/Q, Z,( a 2. (SHu(K")/Q, Z,(3))

3.4.5.3 Definition (Naive projection). We let

projy : 12 (SHi /@, Q,(3)) —— ou(3) — Ad(p))(2) @ <.

be the projection defined at each finite level K by projk.

From now on for simplicity all étale cohomology groups will be geometric and we

will omit the ¢/Q’ from the notation.

3.4.5.4 Lattices in cohomology

Recall that we have fixed a choice of a holomorphic weight 2 modular newform f of
level N for SLy(A); the Galois representation that is attached to f is denoted by V;

and we have set py ‘= V;(1). From hereon we assume:

The representation p; is residually irreducible.

The GLy-case Denote by Y; (V) the modular curve of level I'y (N), and let X;(N)

be its usual compactification by adding cusps. Let T;(/N) be the unramified O, ,-
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algebra of Hecke operators acting on H'(Y1(N), O, ,(1)) generated by the usua]E|
Hecke operators Tj for primes ¢ { N. Let J; be the ideal of T;(/N) defined by the
kernel of the homomorphism ¢, : T{(N) — O, , attached to the newform f. The
homomorphism ¢ sends T} to the ¢-th Fourier coefficient of f. We sometimes confuse
¢ with its target: a one-dimensional F) , vector space endowed with a Ty (/V)-module

structure. Let Ty C V; be the Galois module defined by the quotient
Ty = Hét(Yl(N), Oyp(1))/ s - Hét(Yl(N), Oyp(1)).
We let similarly

Tre = He o(Yi(N), Oyp(1))/J5 - Hey o(Yi(N), Oy (1))

et,c et,c

As py is residually irreducible, it follows by newform theory that the modules 7% and
T} . are both lattices in V5.

Let k, denote the residue field of O, ,. To compare the lattices T} and T, we
recall that we have already assumed that the Galois module Ty ®o, , k, is simple.
Since the co-kernel of the natural map H}, (Yi(N), Oy,(1)) = HL(Yi(N), Oy,(1))
is Eisenstein, there is a natural isomorphism 7%, ~ T. In fact, if m is the maximal
ideal of Ty(/NV) corresponding to the extension of scalars along k, of ¢, then the
natural maps:

Hl

et,c

<Y1<N)= Oxﬂp(l»m — Htlet(Xl(N)7 OXJ)(l))m — Helzt(}/i(N>? Ox,p(l))m (3-3)

3There are two choices for the action of the Hecke operators T on cohomology and we make the
choice that agrees with the subsequent discussion.
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are all isomorphisms. Here the subscript m denotes the localization at m of a T;(N)-
module. Indeed, there are always primes ¢ such that Ty — (¢ 4+ 1) annihilates the
cohomology of the boundary. The fact that ps is residually irreducible, guarantees
that we can find a prime ¢ such that 7,— (¢+1) is not in m. Therefore, the localization
at m of the boundary cohomology vanishes and the claim follows.

There are also natural choices of lattices in py as subspaces of étale cohomology.
We let 77 be the maximal subspace of HY (Y1(N), Oy (1)) on which J5 acts by 0.

Then Poincaré duality affords an isomorphism
Homo, , (Tye; Oxp) = Tp(=1),
composing with the natural map 77 — T we obtain an injection
Homo, , (T.c; Oyp) — Ty(—l).
Tensoring with Ty and using that T . ~ T, we obtain a map:
Ad(Ty)(1) = End(Ty)(1) — Ty @ T. (3.4)

As T} is residually irreducible, the image of 77 — TF can be identified with c;T7%,
where ¢y = ¢y is a generator of the congruence ideal for f, and we can identify
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We remark that there is an isomorphism:
T =T "),
where 1y is the Nebentypus of f, so that we have, if we set
Sym®(Ty) C Ty ® Ty,

that

Ad’(Ty)(1) = Sym*(Ty) (7).

The H' case. We now study lattices for the cohomology of SHy (K7 (V)), where
we have abused notation and written K;(N) for the pull-back of K;(N) C H(Ay) to
H'(Ay). Note that SHu/ (K1(N)) = Y1(N) x Y;(N). Since Yi(N) is an affine curve,

from the Kiinneth formula we obtain a canonical isomorphism:
Hzt(SHH’(Kl(N»» Oxm) = Hit(Yl(N)a Ox,p) ® Hét(Yl(N)a Ox,p)-

There is therefore an action of Tq(N) x Ty(N) on HZ (SHu/ (K1(N)), O, ,). Let
£ be the newform whose Hecke eigenvalues are the complex conjugates of the Hecke
eigenvalues of f, and ¢7 : T1(N) — O,, the corresponding Hecke eigensystem.
We denote by m the maximal ideal of T;(N) corresponding to f, and let I’ =
f ® f and Jp be the prime ideal of T;(N)®? corresponding to the eigensystem
¢r = ¢ ® ¢7 and let M be the maximal ideal of T, (N )®2 corresponding to the

reduction of ¢p to k,. We let Tp be the O, , module defined as the quotient of
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HZ (SHu (K1(N)), Oy »(2)) by the image of Jp. By the preceding discussion of the

GL; case, there is a canonical isomorphism:
Tr =Ty @ TF.

The landing lattice We will see that the Euler System classes will take values
in a smaller lattice than Tw. Let T{(N) be the subring generated by the 7, for
¢t N. Denote by T the copy of T;(N) in T;(N)®? that is the image of the map
Ty, — (Ty,T)) where T} is the adjoint of T, (so T, = (¢)*T,). We denote by T the
maximal quotient of [HE (Y;(N), (’)X7l,(1))®2}TA on which Tg? acts by ¢r. Note that

by Poincaré duality, we have

[HE (Vi(V), 04,(1))%2]™ = Homr, vy (Y (Yi(N), Oy ), HY (YIN), Oy (1)),

et,c

and the maximal quotient is identified with
HOHlTl(N)/ (Hét(Yi(N), Ox,p)ma Tf) ~ HOIH(QXJ) (Tf}c<—1), Tf) ~ Ad(Tf)(l)

We therefore have

Tin = Ad(T))(1).

3.4.5.5 An integral projection

In this section we give an integral version of the projection map defined in the

previous section, and we compare the two maps. We keep the notations from the
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last section; we let F' be the descent of F’ to H and denote the level of F' by K.

3.4.5.6 Remark. Let us remark now that if K’ is the level of F’, the isogeny H' — H

induces an isomorphism of complex manifolds

SHr (K')(C) —— SHy(K)(C).

By Artin’s étale-singular comparison theorem we then have the following commuta-

tive diagram:

H2(SHy(K)(C), Z,) » H?(SHu(K)(C), Q)
\HQ(SHH(K’)(C),Zp) l }%SHH%K’)(C%@J
HZ, (SHH(K), Zp) > HZ (SHH(K), Qp)
\Plzt(SHH/(K’), Zp) \>H§t(SHH/(K’), Qp).

Here the vertical arrows are given by the functorial Artin isomorphism. Note that
we do not claim the (induced) isomorphisms on the bottom square are isomorphisms

of Galois modules, but just of Hecke modules.

3.4.5.7 Definition. We let Tr be the lattice corresponding to T by the diagram

of Remark [3.4.5.6] and similarly we let 7 be the lattice corresponding to Tz.
The choice of F fixes a distinguished element in the one-dimensional (since F' is
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new) space of Hecke-Galois equivariant homomorphisms ev® : H2 (SHu (K), F\,(2)) —
¢ X Vpr; here we see here ¢ as the one-dimensional F) ,-space on which the Hecke

algebra acts via the homomorphism ¢z The quotient map

Pr : HA (SHu(K), O, ,(2)) — ¢p X Tr (3.5)

provides another element in the same Hom-space. Therefore, by one-dimensionality,

there exists a universal constant C'r € F, ,, such that

ev? = CFPF

By this equality, on the right hand-side we really mean the extension of scalars of
Pr by Oy p — Fyp.

Let Ky C Ky C H(Ay), such that K is a normal subgroup of K;. We denote by
Trx, /K, the element of Z[H(Ay)] given by >,k /k, k, where the sum ranges over
a set of representatives of the group of cosets K;/K;. Note that Trg, /K, induces a

map

Terey /i, + Ha(SHu(K2) /Q, 0y (3)) — HZ (SHu(K2)/Q, Oxp(3))oyt —— HZ(SHu(K1)/Q, Oy(3)),

which we still denote by Trg, /k, by abuse of notation. The isomorphism

Hzt (SHu(K,)/Q, Oxm@))ﬁl = Hzt (SHu(K1)/Q, Oyp(3))m

comes from the Cartan-Leray spectral sequence and the fact that localizing at 9t kills
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all other cohomology except in degree 2. In the future since the projections will all
factor through localization at 9, we will allow ourselves to identify H% (SHg(K>2)/Q, O, ,(3))%
and HZ (SHu(K1)/Q, O, ,(3)). Under these identifications, Trx, /k, coincides with

the push-forward map:

(di, 2)« + HE(SHE(K)/Q, O, ,(3)) —— HZ(SHu(K1)/Q, Oy ,(3)).

3.4.5.8 Definition (Integral projection). Let Ky C K; C H(Af) be a compact open

subgroup. We define

pr*  HE (SHu(K2)/Q, Oxp(3)) —— T (3)

as the composition of (dk, k,)«, and Pp.

3.4.5.9 Remark. Note that rationally (i.e. after base change to F, ,) ph? coincides

with Crevi o Try, /x,

We now compare p}@ to proj?. We record the comparison in the following

lemma.

3.4.5.10 Lemma. We have rationally (that is, after changing scalars from O, , to

Fyp)
p?ﬁ = CplK; : KQ]projIPSQ.

Proof. The lemma follows from the fact that since F'is of level K, we have evp(k'-v) =

evp(v) for all vectors v € Il and ky € K. O]
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3.4.6 The projected Euler map

Let us first record the following basic lemma which provides a description of the
action of Galg on the classes EU(p) as elements in a Galois cohomology group. As

usual, we write x to be the character of Galg corresponding to x.

3.4.6.1 Lemma. The absolute Galois group Galg acts by the character x™' on

EU(p).

Proof. Recall that EU(¢p) is defined by the extension:

0 HZ, (SHz/Q, Py p(3)
imHZ (SHa /Q,Fyp(3))

(@) — Fypwy(p) —— 0

Denote for simplicity in this proof w ‘= w,(¢) and let @ be a lift of w in &, (¢). Then

the cocycle representing EU(¢) is given by

o= (T 7@)—0).

The action of Galg on this cocycle is simply deduced from the action of Galg on @.
Moreover, by Proposition [3.3.8.1] for any o € Galg, o(@) is a lift of x~!(¢)w. Then
the cocycle o - c,, defines the same cohomology class as the cocycle ¢, -1(4),,. This last

cohomology class is equal to the cohomology class of the cocycle x ™! (o)c,,. ]
We can then prove:

3.4.6.2 Proposition. The image of projp o EU is contained in H'(F,, Sym?p;(1)).

123



Proof. Indeed, assume the summand &2 survives the quotient by H2 (SHg /Q, F ,(3)).

Let us analyze the action of the exterior automorphism of H' corresponding to switch-

0 1
ing the two SLy factors in H'. Set s = ; this exterior automorphism is given

10
by conjugation in G’ by the element

The Eisenstein series is invariant by right multiplication by this element, whereas the

line corresponding to €2 is a —1 eigenspace of this action. This implies the result. [

We denote by Sw the exterior automorphism of H’ that switches the two SLy
factors as described in the proof of the Proposition above. By abuse of notation we

still denote by Sw the corresponding automorphism of H.

3.4.6.3 Definition (Naive projected Euler map). We denote by EUr the composi-
tion

EUp =projpolU : S (Ay) — Hl(vaAdOpf(Q))
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The rule F' — EUE defines an element of the Hom space

HOIIlH(Af)(Hf & H;O, C)

which is the same Hom space where the zeta integral 3 of Murase-Sugano lies. There-
fore by remark [3.4.3.2) EUR(p) is proportional to 3(F, ) (the constant of propor-

tionality being independent of F' and ¢).

3.4.6.4 The Euler System map

We now give the definition of the Euler System map; this map will preserve inte-
grality, contrary to EUp, though the latter is useful in that it is related to zeta
integrals by multiplicity one, as was remarked above. Furthemore, unlike EU g, the
Euler System map may depend on the level subgroups of the Eisenstein series. Let
U C G(Ay) be a level subgroup whose pull-back to H(Af) is K. In order to define

the Euler System map we will need the following lemma.

3.4.6.5 Proposition. The image of

He (SHe(U)/Q, Oyp(2)) — He (SHu(K)/Q, Oy5(2))on

is contained in the —1 eigenspace of Sw; this eigenspace only contains one dimen-

sional Galois representations.

Proof. Indeed, as we have localized at 91, the residual Galois representation splits as

a sum of an irreducible Galois representation of dimension 3 and a one-dimensional
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representation isomorphic to the reduction of the cyclotomic character. Moreover,
the exterior automorphism Sw of H' switching the two SL, factors acts by —1 on
the one-dimensional representation and by +1 on the three-dimensional representa-
tion. As we remarked in the proof of Proposition [3.4.6.2] there are no irreducible

representations of dimension 3 in H2 (SHg/ (U), O, ), and the result follows. O

Note that the action of Sw on HZ (SHu(K), O, ,(2))m descends to an action on
Ty ® T, whose —1 eigenspace is isomorphic to . We denote by TF = (T ® T7)+
the quotient of Tr = Ty ® T% by this eigenspace. We denote by P/} the composition
of the map Pr defined in Equation with the quotient map Tp — T . We then

have the following immediate corollary of Proposition |3.4.6.5

3.4.6.6 Corollary. The map Py : H3(SHu(K), Oy,(2))m — T3 factors through

the quotient
Hgt(SHH(K)aOX,p(Q))im '
imHZ, (SHa (U), Oyp(2))m

Consider now the exact sequence coming from relative cohomology as in Section
and let ¢ be a choice of Schwartz function such that w = w(p) = w(fy,) €
H? (SHg, O, »(3)). Then we have:

Qt S 7OX,p - 5
0 o O H3,((SHa (U), SHu (K), Oy (3)) —— H3,(SHa(U), Oy,(3)) — 0

| . T

00— TH(1) T (w) Opps ———— 0.

Here the map _HZ, (SHu (K),0x 5(3))

mHZ, (SH (U) .0y »(3)) T4 (1) is given by the composition with local-

ization at 9, and then applying Py. The O, ,[Galg | module .7 (w) C & (w) is a
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lattice.

If UNH(Ay) = Ky D K, then we again have a diagram:

2 B
0 — JASIOOWEN. 13 (SHe(U), SHia(K), Op(3)) — HY(SHG(U), Oy y(3) —— 0

lP;O(dKQ,K)* ]

00— TH) TV (w) Oy ———— 0.

3.4.6.7 Definition. [Euler System map| Let U C G(A) be a compact open sub-
group such that U N H(A;) = K, C K, where we recall that the level of F' is
denoted by K. Let ¢ be a choice of Schwartz function such that w = w(fy.,) €
H2.(SHG(U), O, ,(3)). We define

ESry(w) = [Z ()] € H'(Fy, T}),

where the brackets indicate the class of the extension.
As a consequence of Lemma [3.4.5.10, we have the following proposition.

3.4.6.8 Proposition. We have the following relation between ESpy and EUp: if

Ky =UNH(Ay) is contained in K then we have
SSF,U == CF[K : KQ]€Z/{F

Because of Proposition [3.4.6.10, we will denote £ESp also by ESr k,.
We now show that the Euler System map actually lands in a smaller lattice than
Tr, namely Ad°(Ty)(2) where Ad(T}) C Ad(T}) is defined as the kernel of the trace

map.
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3.4.6.9 Proposition. With the notations of[3.4.3: For any Schwartz function o, if
w =w(f,) € H (SHa(U), 0y,(3)),
then
ESru(w) € H'(Fy, Ad*(T7)(2)).

Proof. Note that it suffices to treat the case where U N H(A;) = K is the level
of F. Note also that the action of Sw commutes with the action of Gy (recall the
pull-back of Gy to H' is the diagonal copy of SLs), and therefore Sw leaves stable
Go-invariants. With the notations of , this implies that ESppy(w) lies in the
image by P} of the lattice associated to [HE (Y1 (NV), Ox,p(l))m(l)}w. And we then

conclude by the last paragraph of section [3.4.5.4] O

We now show that the Euler-System map does not depend too much on the level

subgroup U of G(Ay).

3.4.6.10 Proposition. Let U' C U C G(Ay) be two level subgroups such that
UNH(A;) =U'NH(A;) =K' CK.

Let K f be the level of F. Let w € H*(SHg(U), Oy ,(3)) and let ' be the pull-back
of w to H*(SHg(U"), Oy,(3)) under the degeneracy map d' : SHg(U') — SHg(U).

Then we have the equality

5SF7U(W) = gSF,U’ (w').
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Proof. Let &} be the quotient of HY ((SHg(U'), SHu(K)), O, ,(3)) by the image of
the kernel of the localization map HZ (SHu(K"), O, ,(3)) — HZ (SHu(K"), Oy »(3))m.
Similarly let &y be the quotient of H2, ((SHg (U”), SHu(K')), Oy »(3)) by the image of
the kernel of the localization map H% (SHu(K”"), O, ,(3)) — HZ (SHu(K"), Oy »(3))m.
We have the following diagram:

0 ——m > TH(l) ————— Z(U'(w’) — O, W —— 0

A

P+O(dK,Kf)*
0—— Hzt(SHH<K’) Ox,p(B))im géﬁ Hzt(SHG(U/)vox,p@)) —0
= (d/)*T (dl)*
0—— Hgt(SHH(K,)vox,p(?’))ﬁﬂ EUJT Hgt(SHG(U)>Ox,p<3)) — 0
P;O(dK,Kf)*

0 ———mm— TH(l) ——— F(w) —— (’);pw — 0.
Note that the pull-back, which we denote by L, of the line O, ,w C H2 (SHa(U), O, ,(3))
to Em maps under (d')* to the pull-back, L’ of the line O, ,w' C H2 (SHg(U"), O ,(3))
to &y Therefore (d)* : H2,(SHg(U), Oy,(3)) — H3,(SHg(U'), O, ,(3)) induces a
map

Ul
L—- L —» ,7)( (w').

The kernel M’ of L' — Z(U' (w') is by definition the image in &} of the kernel of
P o (dik ;)+- By the left hand-side of the diagram above, this coincides with the
image under (d')* of the image, M, in &)y of the kernel of Pf o (d k,).. Thus we

obtain an injective map

L/M = Z(U(w) — Z(U/(w/).
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Since the middle arrow of the first column of the diagram above is an equality, the
map Z”(w) — Z (') induces the identity on T} (1). To prove that it is an iso-
morphism it then suffices to show that the induced map O, w = Z(w)/TF (1) <
TV (W)/TH (1) = Oy’ is surjective. But this is obvious as (d')*w = w’ by defini-

tion. ]

3.4.7 Equivariance at finite level

In this section, we explain how the H(A)-equivariance of EUp translates into an

equivariance at finite level.

A~

Let h € H(Af) and K C H(Z) an open compact subgroup. Multiplication on

the right by A induces a map

For U C G(Ay) an open compact subgroup, we denote by [h]y : SHg(U) —
SHg(h~'Uh), the similarly defined map. Then, if U is such that U N H(A;) = K,

the maps ([h|y, [h|x) define a map of pairs
(SHg(U),SHu(K)) — (SHa(h™'Uh),SHu(h™'Kh)).
By the proof of Proposition we have

ESppon([Mpw) = (M ESru(w) = [[A]§ (o = &7—®)] € H'(Fy, HZ (SHu(h ' Kh), Oy ,(3))).
(3.6)
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Here w is a lift of w in relative cohomology and the brackets signify the cohomology
class of the cocycle.

Consider now Ky C K; C H(Ay) such that K, is a normal subgroup of K. Let
Uy C G(Ay) such that Uy NH(A;) = Ky. Let X = K;/K, be the quotient group.
For z € X, we have the map defined above [z]f, : SHg(K2) — SHu(K>), and we

have the trace map in cohomology

Tri, /i, - Hi (SHu(K2)/Q, 0y ,(3)) = H*(SHu(K1)/Q, O,,(3)),

defined as in Section by the identification provided by the Cartan-Leray spec-
tral sequence (here again we omit the localization at 91 to avoid cumbersome nota-
tion):

e (SHu(K2) /Q, O(3))" = H (SHi (K1) /Q, Oy,(3)).

Assume that for all z € X we have 27 Usz = U does not depend on z. In that

*

case, Trg, /k, defines an operator ) _[z]y;, still denoted as Trg, /x,:

Trge, /i,  Ho(SHe (U2)/Q, Oy p(3)) — HE (SHe(U)/Q, Oy, (3))-

Then by the same argument as before, we have the relation:

SSF,U(TI'KI/KQCL)> = TI'Kl/K258F’U2 ((A)) € I‘I1 (]FX, Hgt(SHH(Kl), OXJ’(S))) . (37)

3.4.7.1 Remark. The equation above implies that S, cp () 15 up X, (0T uj, X )
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equivariant in the notations of section [3.4.10} a fact that we will use often in that

section.

3.4.8 The zeta norm relation for the Symmetric square

For IT '=n(f) X7 (f)" as in[3.4.4) we will henceforth let

Tn = Ad’(Ty)(1).

Furthermore:

We now choose once and for all a specific new vector F' € Iy = 7(f) K« (f)" such that Pp(1) # 0

Recall that the set S denotes the set of primes at which F or y ramify, and always
contains the prime p. Let us state again Proposition [3.4.3.3|in this specific case. We
use that L(F ® x,2) = Li(Ad°(7(f)) ® x, 2)Le(x,2) for £ & S.

3.4.8.1 Proposition. For all primes { ¢ S we have:
3ol )) = PR () L Ad(n(f)) ® X, 2).

We can then immediately deduce the following - because of the chosen normal-

ization - by applying proposition |3.4.3.4

3.4.8.2 Proposition (Zeta Norm Relation). For all primes ¢ ¢ S, we have:

30(F. ) = Lo(Ad°(m () ® x,2) K}« K(0)]30(F, ).
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By Remark and Lemma [3.4.5.10| we can then deduce:

3.4.8.3 Corollary. Let ¢ ¢ S. Then we have the relation:
ESF,K"OI(E)(‘:DK) = Lz(AdO(W(f)) X X 2)_153F,Kf(900)~

3.4.9 The horizontal Galois Norm Relations

In this section, we begin the construction of the classes that we will arrange into an
Euler System.

Fix a prime ¢ ¢ S and consider ¢) an even Dirichlet characters modulo ¢:
v (ZJZ)* — C~

Then 1y is odd and we can construct the holomorphic differential w, (), just as in

section B.3.7. Define now:

, 2
<=1 > ww(@),
v

where the sum is taken over all even Dirichlet characters mod ¢. Then as in|3.3.7, we
can see by looking at the constant term, as we are summing over all even Dirichlet
character, that this class is defined over F) - it was only a priori defined over Uy F) ;.

Indeed, the rational structure of the representation @ I1,.4 ¢ is determined by the
P
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image to the boundary and the constant term of ¢ is

Z fxw;w‘f
P

which is an F,-valued section. Indeed note that f,,..¢(g) is a universal polynomial
in x (namely a special Dirichlet L-value at a negative integer) times a universal
polynomial in the values of x depending on the entries of g.

Then, denoting level structure away from ¢ by K*, ) defines an étale class
qzrt,x € Hi (SHe (K (0)K"), Fyp(3)).

It remains to justify that this class is integral, i.e. that ¢ € H3,(SHa (K (£)K*), O, ,(3)).
This follows from the ordinary g-expansion principle: namely, as the Fourier coeffi-
cients of E(—; fyy.,¢) are universal polynomials in x¢, we deduce that the Fourier
coefficients of % Zw E(—; fyp:pt) at the multiplicative cusps are p-adically integral.

This implies by ordinarity that the Fourier coefficients at all cusps are integral by

Faltings’ Lemma |3.3.5.3| and therefore one obtains that
" € HY (SHG (K (OK"), Oy(3)).

Note that the class ;"X is not invariant by Gal(F,(u,)*/F,). Indeed o € Galg

acts as :

€ 2 €
() = 71 ZXWU)WXWSDZ)-
()
Here again we view, by abuse of notation, x1) as a character of Galgp by class field
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theory - the Artin isomorphism being normalized by matching geometric Frobenius
elements to uniformizers.

The class ¢, defines an element r} = ESk () (s;"Y) in Galois cohomology:
kg € HU(Fy(pe) ", Tn(1)),

and we let k¥ € H'(F,, Tu(1)) denote the Galois cohomology class corresponding to
wy (¢%).

We can then prove the following lemma.

3.4.9.1 Lemma. We have the relation
Coresgzwﬁ/i;‘ = Li(Ad’7(f) ® x,2) " 'kY.

Proof. Note that

EL 0 if 4 is trivial
> (o) =

o 0 otherwise.

Therefore, we have

(-1
Coresﬁ’;(“‘ﬁﬁ;‘ = TSSF,K(g)(gog)

and we conclude by corollary [3.4.8.3] and the fact that by the inflation-restriction

exact sequence the restriction map

HY(Fy, Tr(1)) — H' (Fy(pe) ", (1))
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is an injection so that it suffices to check equality of two cohomology classes in the

cohomology group on the right hand-side. ]

As Fry, the arithmetic Frobenius, acts by x(¢) on x{ by lemma [3.4.6.1, we can

deduce:

3.4.9.2 Lemma. We have the relation :

Fxlmo)® x _ —1y,.X
Coresg ky = Py(Fr, 7 )kY,

where Py is the Hecke Polynomial of the Galois representation Adopf(—3) @ x L

Note that Ad’(V;) = (Ad’ps(1))¥(1). Moreover, by the inflation-restriction exact

sequence Y, (respectively) x; define classes in

HY(Q,Ad’ps(1) ® x)

and in

HY (Q(py)*, Ad°ps(1) ® x)

respectively. Here we have used that Galg (resp. Galgg(,)+) acts on sy (resp. x})

via x'. Let us denote these classes by Z{ and Z) respectively. The above norm

relation can then be rephrased as:
Coresg(”"ﬁzg‘ = PX(Fr, )2,

where P) is the Hecke polynomial of the Galois representation Ad°V;(—3) ® y.
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Let M be a square-free integer. We now generalize the above arguments replac-
ing the prime ¢ with M, in order to obtain the full horizontal Euler System norm

relations. Let M* ‘= [],,,(¢ —1)/2. Define :

, 1
§]>\</[ = M* waiﬁ(gpM)?
(4

where the sum is taken over all even Dirichlet characters of conductor M. By the
same argument as before, ¢\, defines an integral étale class ¢, which in turn defines

a class

kY = ESrran(SyY) € H (Fy(py)t, Ta(1)).

The following proposition records the full horizontal norm relations. The proof

is very similar to [3.4.9.2]

3.4.9.3 Proposition. Let M be a square-free integer and let £ be a prime that does

not divide M. We have the relation :

Fx(mare)™ x =1y ,.X
Coresy" (0% ki = Po(Fry )k

where Py is the Hecke Polynomial of the Galois representation Ad°V;(—3).

Proof. Just as in the proof of Lemma [3.4.9.1| we can write:
F + 1
COIGSFZEEZﬁL;l ’ﬁﬁu = M Z gSF,K(Mf)(fxw;soM‘*)’
P

where the sum is indexed by all the even characters v of modulus M. Then, by the
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zeta norm relations, we obtain:
F + 1 _
Coresﬁigzj‘;‘;l Ky = w Z Lo(Ad7(f) @ X0, 2) ' ES prc(vey (Frpsom)-
P
As Fry, the arithmetic Frobenius, acts by (x)(€) on ESp ke (fyyp:pn), we deduce:

+ 1 _ _
Coresy (k20 1Y, = 7 2 PUFES kcare) (fruson) = Py ).
P

3.4.10 The vertical norm relations

3.4.10.1 Operators

In this subsection we introduce notation for operators that will be useful for the
following sections. All bracket matrices indicate that we think of elements as elements
of Z,[G(Q,)] acting on smooth functions on G(Q,) fixed on the right by K (p*) for

some integer A.
3.4.10.2 Definition. We define the following operators.

e For a > 1 an integer, we set

0 0 po
tw* =10 I; 0
p* 0 O
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We note that this elements is the image of

0
3 S GLZ(Qp) X det GLZ(@p)

under the exceptional isogeny GLy X4 GLy — H; we view it as an element
of G under the embedding ¢+ : H < G. It is a version of the Atkin-Lehner

involution.

For ¢ a Dirichlet character of conductor » > 1, we consider the operator:

te = Y &@nm(0,—x/p,0);

x mod p”

and for a > r any integer

e = Z &(z)n1(0, —z/p*, 0).

x mod p?

We recall here that ni(xy,zo,x2) denotes a generic element of the unipotent

radical of the parabolic Py (see section . The element ny(x1, o, z2) is the

image under the exceptional isogeny 7’ : G’ — G of the element of the unipo-

tent radical of the Siegel parabolic P} determined by the symmetric matrix
-1 To/2

$0/2 i)
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e For d € Z,, we consider the diamond operator

d 0 0
(d) =10 I; 0
0 0 d!

This is the image of

d 0 1 0
y ESLQXSLQEH/

0 d! 01

under H - H — G.

e We now consider the u, x u, operator defined as

p 0 O

up X up = Y mi(21,0,22) |0 I 0
x1,x2 mod p

0 0 pt

Each element of the sum is the image of

p p T2
) € GL2<Qp) X det GLQ(@p)
0 1 0 1

under GLjy Xg4ep GL2 = H — G; hence the notation of u, x u,. Consider also
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its adjoint

pt 0 0

w, xup = > nfP(,0,22) | 0 I3 0
x1,x2 mod p

0 0 »p

3.4.10.3 Remark. Except for tg and ¢,"", we will allow ourselves to view the op-
erators defined above as acting also on smooth functions on H(Q,). The interaction

of these operators is studied in the appendix, see in particular Section |(B.4.2)|

3.4.10.4 Decomposing the projection at p

In this section we spell out the decomposition of a trace map. This decomposition
will be used in many instances to prove the norm relations at p. We recall the relevant
notation for level subgroups from Section [3.1.5

We consider the Euler System map ESp gvei(ar)xP(pe)- For simplicity, as F is

fixed, we will omit from the notations the level structure away from p, and denote

simply ES kP (ay, or by Proposition [3.4.6.10) £S5k, (). Define
KT (p") = K (0"~ 0 Kg (0°).
Denote by K (p®) its pull-back to H i.e.,

Ki(p") = K7 (p") N H(Z,).
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We now want to decompose in two pieces the trace map Trg, (pe-1)/K, (pe). Let
D, = (1+p°Z,)/(1+ p**Z,) seen as a quotient the group of diamond operators (d)
for d € Z,; as in Definition |3.4.10.2, We define

projfe, = {d).

deD,

Then, projy,;, defines a map:
PIOjNeb Hgt(SHH(Kl (P), Oxp(3))) — Hgt(SHH(Ki (p%), Ox.p(3)))-

In what follows, if a is clear from the context we will denote projy., by projxep-

We then decompose

TrKl(pafl’Kl(pa)) = pI‘OjaNCb @] TrKl(p“*I),Ki(p“) = TrKl(p“*I),Ki(p“) o pI‘OjaNCb.

Explicitly Trg, a1y, K (pe) 18 defined as

Trg, e acioe = D, NP0 e, 0,p° ).

r1,r2 mod p

3.4.10.5 The proof of the vertical norm relations

In this section, we assume that F' is nearly ordinary and fixed by K (p") for » > 0.

Write the level of F' as K = K,KP?, such that K, C K;(p") for a minimal r; and if

F = f® f, we write Yy, for the Nebentypus at p of f. We fix once and for all an
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odd branch character:

X =Xo: (Z/pZ)* — C*.

For example, to fix ideas the reader can assume Yy, is the Teichmiiller character. In
particular IF, = Q(p,,) and F, , = Q,. As we have possibly enlarged F) , to contain
the field of definition of the Fourier coefficients of f, we keep the notations of the
previous sections where y was arbitrary. Also, so that, xy away from p, can be chosen
arbitrarily. We will denote y by xo when we want to stress that we are considering
only the p-part of y.

There are p extensions of xo to a Dirichlet character of (Z/p*Z)*; these are
naturally indexed by characters of Z/pZ. 1If £ is a character of Z/pZ denote by
similarity with the horizontal norm relations ¢ the extension of x to (Z/p*Z)*
indexed by £. Similarly, for a > 0, if £ is a character of Z/p®Z, the extension of x to
(Z/p'T*Z)* that is indexed by £ will be denoted, slightly abusively, by xo&.

We will often refer to lemmas in the appendix, in particular sections and

(B.4)

Since projg, commutes with both tw® (for trivial central character) and u, x u,

, by proposition [(B.5.3)] of the Appendix (see also equation 3.7 and [3.6), we have the

following Lemma.

3.4.10.6 Lemma. We have the following relation

ESF iy (pryicr © tW* = ESp i, (pa-1)xw © tW* T 0 (1, X Up) © Projiep.

We now discuss a projection to nearly ordinary cohomology. Let u;, be the adjoint
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of the usual u,, operator acting on the cohomology of modular curves. By the Kiinneth
decomposition wu;, x u;, acts on the cohomology of SHy/ and thus, if we let e =
limn_,oo(u;)”!, ¢/ x € acts on the cohomology of SHy. We will let

H*

ord

(SHu(K), Oy,(3)) = (¢’ x e)H (SHu(K), Oy 5(3)).

On H*

ord?

), x u, acts invertibly and there is a well defined operator (uj, x u;)~'. This

/ )n!fl

p as €' x €' is an idempotent.

can be defined as lim,, oo (u;, X

We now define the ordinary Euler-System map for level K;(p®)

3.4.10.7 Definition (The ordinary Euler—System map). We set

88??[(?[?1(])‘1) = (u; X U;)_a(el X 6/>88F,Kp[~(1(pa)‘

We will need the following Lemma in what follows: it is a modified version of

Lemma [3.4.10.61

3.4.10.8 Lemma. We have the following relation

ord 2a __ ord 2a—2 a
58F,Kpf<1(pa) otw™ = 5SF7kal(pa_1) o tw**"= o (u, X up) 0 Projy.,.-

Proof. Indeed we have

2a—2

ES poRy o) © bw? = ESpkriy(po-1) © W o (uy X up)* 0 Projiep-

Using the fact that tw?*™2 o (u, x u,) = (u;, X u}) o tw**~? we can conclude. O
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We are now ready to prove the depleted vertical norm relations. Recall the

operator ¢, defined in section [(B.3)l For all b < a and all xo&" of log-conductor

DEP,a .

< a, it induces a map in cohomology still denoted by ¢, /"

(v H:t(SHG(KpKP( ))’Ow(g)) _>H;;(SHG(KPI~(1P (pa)),Ox,p(B)).

XOE’

We now consider the class

S = e 2 Wk Fosuo) € HE (SH (K(MET (1), Frp(3)).
&.e v

Here 9 ranges over even Dirichlet characters of conductor M, £ is such that &

ranges over all extensions of xo modulo p* and similarly &'

By interchanging the order of summation this class is equal to

1
Z T]W Z Xoglé(x)nl('x/pa)*w(fxoflp;cpM)a

x mod p? $,€,8"

with notations as in Section . Note now that the coefficients of the g-expansions
at all cusps of xo&'&(x)n(-z/p*)*w <fXO£¢W,J\/I> are universal polynomials, in £ and &’
(depending on @ only) as this is true for w(f, ¢y.,m) by Faltings” Lemma. We deduce
that the inner sum defines an integral element in cohomology and therefore ¢ ;”1\"4,

by the same reasoning as in the universal and horizontal norm relations, defines an

element

e X g Hgt(SHG(KP( a)Kvol(M)), Oy p(3)).
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We now set

depy X - ard 2a etdp7X
Kpany = EST ( Syt ).

Py (pans)t X sdep . .
We now wish to compute Coresg (”’;M )t (kpans)- We introduce the following
notation to make the computation more legible: we write for a character ¢ < a if the

log-conductor of £ at p is < a. We have:

F (l"‘p )T Jdep \ 2a a, e
COY@S}FX(HM:Z o+ (Fpaar) = ES pan @y e ( 2a—1 [+’ Z Z Zt teere wt(fX0§¢;<PM)>

¢'<aé<a—1 ¥

2a— 2 a, e
:5SF,K(M)1~(1(pa—1)< 2(a— 1)M* Z th (up X “p)ti?é t(fxofWDM))

£&'<a—1 ¥
_ - - 2a—24DEP,a—1 et
—‘%F,K(M)Kl(pa*l)( 2(a— 1)M* Z th N (fxogww))
£&'<a—1 @
X ydep
K/paflM'

Here we have used Lemma [3.4.10.6| and Proposition |(B.6.2)| of the Appendix for the
second equality. The third equality is a consequence of proposition |(B.4.3)| of the

Appendix.

We have therefore shown the following proposition.

3.4.10.9 Proposition (Depleted vertical norm relation). The classes x5y, € H(Fy(tyapr) ™, Tr(1))

defined above verify the relation:

Xsdep

Coresy, Do M P M

Fyo (Bpans)
x0 (Mpapr )( xd;):/{

X0 (HMpa—l

forall a > 1.
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3.4.11 The full Euler System

We now give theorems providing a summary of the constructions of the previous

sections.

3.4.11.1 Theorem. There exists a collection of classes (cﬁ\‘@a) indexed by positive

integers M and a, with M squarefree and coprime to the primes of S, such that

C)]\</Ip’1 S HI(FX<I‘I’paM)+7 7}1(]‘))
Moreover these classes verify: for any prime { ¢ S

Fy(Barepa)™ / x . —1y\ X
CoresIFX(MMpa)+ (Chrepe) = Pe(Fry )iy

and for all a > 0

Fx(ﬂMpa+l)+< X

_ X
COress (1yrma)+ Chrepe) = Chipe-

This collection of classes can be taken to be the universal ones i.e., Cyrpa = Kyppa

constructed in section|3.4.10.5 or the depleted ones, 1i.e. Cﬁpa = K)jo. constructed in

pa

section|3.4.10.5, when Il; is assumed to be Ki(p") fired and ordinary at p.

And as usual by the inflation restriction-inflation exact sequence, we obtain:

3.4.11.2 Corollary. There exists a collection of classes (Zf\}pa) indexed by positive

integers M and a with M squarefree and coprime to the primes of S, such that

ZJ)\C/[pa € Hl(@(l""paM)+7 7}1(1) ® X)
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Moreover these classes verify: for any prime { ¢ S

Qenrepa)™ -
CoresQ(M]Z’;)+ (ZX10p0) = PX(Fr7 ) 2500

and for all a > 0

(Kgpat1)™ (2X

Q _ =X
CoreSQ(uMpa J+ Mpat) = Zippa-

3.4.11.3 Remark. The theorem above implies that we have constructed an Euler
system for the Galois representation V' = Smepf(l) ® x. This is predicted by
the Bloch-Kato conjectures for the following reason. Note that V(1) = Sym*V; ®
X', and the L-function of VY (1) vanishes at order at least one at s = 0. Indeed,
L(VY(1),s) = D(s) = D(s, f,x) in the notations of Shimura (see the introduction
of [Shi75]) ; if N is the level of f, v =0, 1 depending on y and the nebentypus of f,

and if we set
R(s) = N*/*m=%/°I'(s/2)0((s — v)/2)T((s + 1)/2) D(s),

then R(s) verifies the functional equation R(s) = R(3—s). As I has a simple pole at
s = 0, we deduce that the L-function does indeed vanish to order at leat 1 at s = 0.
More precisely, when f is a weight 2 modular form, then the nebentypus of f is even,
and when x is odd, we have v = 1: therefore the order of vanishing is exactly one.
This is precisely the situation where one expects an Euler System to exist - this is

the Euler System that we have constructed in this paper.

Since the classes that we constructed are universal norms at p, by Rubin-Soulé’s
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character twisting theory (see [Rub00, chapter VI|, we can twist our Euler system
by even characters of the Iwasawa algebra. Since x is odd we can twist in particular

by xe~! and we obtain the following theorem.

3.4.11.4 Theorem. There exists a collection of classes (Cprpe) indexed by positive

integers M and a with M squarefree and coprime to the primes of S, such that

Catpe € HY(QUppars) ™, Ad’(T5)(1)).

Here the lattice Ad°(T}) is the trace 0 subspace of Ad(T}) as defined in Section

494}

Moreover these classes verify: for any prime { ¢ S

Q a)t -
Coresg, "), (Casepe) = Pe(Fr;")Caspe

and for all a > 0

Q(“Mpa+l )+

Cores@(uwa)+ (Corpas1) = Chspo.

3.5 FEuler System for Hida families

In this section we upgrade the construction of the previous section to Hida families.

3.5.1 Hida families: background

For a Hida family f, we denote by A¢ the localization at the prime ideal corresponding

to f of Hida’s ordinary Hecke algebra (denoted in |[KLZ17| by Tppe). This is a
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module over the Iwasawa algebra denoted by Ap ‘= Z,[Z] in loc cit.(D for diamond
operators). We say that the Hida family f is non-Eisenstein when the residual Galois
representation attached to f valued in GLy(A¢/mg) (here mg is the maximal ideal of
Ag) is irreducible.

The algebra Ag has finitely many minimal primes and we call these the branches
of the Hida family f. These minimal primes biject with the simple direct summands
of the ring Af ®,, Frac(Ap). If a is a branch of the Hida family f, then the quotient
Ag/a is an integral domain as a is a prime ideal and its field of fractions is a finite
extensions of Z,[1 + pZ,]. We denote by A, be the normalization of A¢/a in its
filed of fractions — this is a normal integral domain that is finite and projective as
a module over the Iwasawa algebra Ap. We denote by A the quotient of A, by
+1. We say that the branch a is cuspidal if for every arithmetic prime of A¢ above
a corresponds to a cuspidal modular form and it is new if furthermore (one or all)
the cuspidal specializations are new. If the Hida family f is non-Eisenstein then all

branches are automatically cuspidal. We denote by

\IfD : Gal(@p — Z; — AB

be the universal character; this is the character denoted by k in [KLZ17].
Recall that we have denoted by Tt the lattice in pg that is denoted by M (f)* in

loc cit. There is a two-step filtration on T§:
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If f is non-Eisenstein and if furthermore p-distinguished then A is a Gorenstein ring
and the Galois modules T¢, Ty and T, are all free over A¢. The action of Galg,
on the quotient Ty = T;/T; is by the unramified character & given associated to
the unit root ar i.e., if U,f = a¢f then d¢(Frob,) = ar. On T} it is given by the
character Z¢ = eV pos 1w§p ), where 1&? ) denotes the unramified character of Galg,
giving the eigenvalue of the tame diamond operators (d) on f. For simplicity we will
assume that ¢£p ) =1 - that is, we assume that the tame level is To(N).

The two-step filtration on T¢ induces a three-step filtration on Ad° (T¢) = Endy, (T¢, Tt):
Fil' Ad%(Ty) C Fil’Ad%(Ty) € Ad"(Ty).

Seeing elements of Ad’(T¢) as endomorphisms ¢ : Ty — T¢, the elements of Fil' Ad®(T%)
correspond to endomorphisms whose kernel contains 77 and elements of Fil’T} cor-

respond to endomorphisms that stabilize the line T;". We put
AdY(Ty)™ = Fil'Ad%(T;) and Ad°(T¢)~ = Ad°(Ty)/Fil’Ad°(Ty).

Note that Ad(T¢)" is a one dimensional subspace on which Galg, acts by the char-
acter Z¢d; ' Ad°(T¢)™ is a one-dimensional quotient of Ad®(7¢) on which Galg, acts

by =¢ '6¢. We consider similarly:
Sym?(Ty) ‘= Ad°(T}) (e W pub?).

By the first paragraph of section 3.4.5.4] the specialization of Sym?*(7¢) at a weight 2
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point corresponding to a weight 2 eigenform g is Symz(Tg) =T,®7,. The filtration

Fil* on Ad°(T¢) induces a filtration on Sym?(7}) such that the quotient

~_ Sym*(Ty)
Sym?*(Ty)~ =
ym(Ti) Fil’Sym?(T)
is unramified acted on by the character 67.

For a specialization f of weight k of f, we set

ar =08;(p), and By =p o WP (p).

Recall that w](cp ) is the prime-to-p part of the Nebentypus of f; we denote the p-part

of the Nebentypus of f by ¥ ,.

3.5.2 Lattices in Hida families

Let R C @p be a finite extension of Z,, (for example, take R = O, ;). Let k > 2 be an
integer and T3, (¢ R) be the Hecke R-subalgebra generated by the usual operators
T, for ¢ a prime coprime to Np and the diamonds operators acting on the space
of nearly ordinary modular forms of weight k£, tame level N, and Neben-character
1 with coefficients in R. Suppose f is a p stabilized eigenform corresponding to a
algebra homomorphism ¢ : T3 (¢; R) — R; either f is new or r = 1 and f is old
at p but new at N. Let L be the field of fractions of R. Then the homomorphism
¢y affords a splitting:
Ty, (¢; R) ~ T x L.
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We let 1; € T}, (¢; R) ®r L be the idempotent of the Hecke-algebra that projects
Tj{,‘fnr(w; R) onto the second factor in the above splitting. Recall that we denote by
e Hida’s ordinary projector associated to the w, operator. If g is any other modular
form of weight k, level Np' for some ¢t > r anc character 1 with coefficients in L,

then

lieg =cf

for some c € L.

Let my be the maximal ideal of T, (¢; R) associated with f. If R is inte-
grally closed in L or T}, (¢; R)m, is a Gorenstein R-alegebra, then the intersection
T3, (s R) N (0 x L) inside T4, (¢; R) ®g L is a free R-module of rank one. In
this case, we let {; be an R-generator — this is well defined up to a unit of R.
Then ¢y = cy1y for some c¢; € R. If the residual Galois representation valued in
GLy(R/my) is irreducible then ¢y is just a generator of the congruence ideal C'(f) of
f.

We now set up the notations in Hida families. Let I be a domain that is a finite
integral extension of Z,[W] ® Z,[¢], where v is a Dirichlet character modulo Np
and Z,[¢)] denotes the integral closure of Z, in the finite extension of Q, obtained
by adjoining the values of ¢. We define M(N,;1) and M**(N,v;1) to be the I-
modules of I-adic modular forms and its ordinary quotient. We let T4, (N, ;1) be
the I-subalgebra of I-linear endomorphisms of M*(N, ;1) genereted by the usual
Hecke operators T for primes ¢ away from Np.

Let f € M‘(N,1;I) be an ordinary cuspidal newform and denote by L; the
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fraction field of I. Then we have a splitting
T (03 1) ® Ly =~ T x Ly,

where, as before, the projection onto the second factor is the projection of a Hecke
operator to its f-eigenvalue. We let 1¢ be the idempotent corresponding to the second

factors. Then, as before, for some ¢ € Ly, and for any g € M (N, ;1) we have
Treg = cf.

Let ms be the maximal ideal of T3/ (1; I) associated with f. If all specializations
of the Hida family f is p-distinguished and residually irreducible, then T4/ (v; R)m,

is a Gorenstein I-algebra. And then, as before, T}/, (¥; R) N (L) is a rank one

[-module — and we let /¢ be a generator so that
by = cely,

for some ¢¢ € I. Moreover for any specialization f of f, ¢¢ specializes to a generator
of the congruence ideal of f.

For an integer N coprime to p, we introduce the notation:

H2,(Np™) = (¢ xe') lim B, (SHir (K3 (VD). Oy(2) = ¢/ lim HY (Y3 (Np), O, (1)) lim HY (V3 (V"

r>1 r>1 r>1

here the inverse limit is taken with respect to trace maps.
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The T%j,~-module H} (Np>) = ¢ hm HL (Yi(Np"), O, (1)) has been studied
extensively by Ohta [Oht95]. If m is a residually irreducible maximal ideal T and

m its dual, by Theorem 4.2.5 and Corollary 4.2.8 of loc cit., there is a perfect Ap-

1

linear pairing on H! (Np™)z, which interpolates the Poincaré pairing on X;(Np").
Let 9 = m @ m be the maximal ideal of T3« X (T}%~)* corresponding to f as
defined in Paragraph ?? (the superscript * indicates duals). By the existence of
Ohta’s perfect pairing, we have a canonical isomoporhism:

H2

ord

(Np™)op =~ Endy- (H}Td(Npoo)ﬁ).
We consider the submodule:
Ado (Hird<Np )ﬁ) = End('ﬂ“]’\}'goo)* (H}M(Np )ﬁ) C Hi«d(Np )‘m(_l)'

The above analysis leads to the following proposition.

3.5.2.1 Proposition. The element (; € (T}/,~)" induces a Galois-equivariant inte-
gral projection

pre : Ad(H.

ord

(Np™)m) - Ad°(T}),

here AdO(Tf) denoes the Ag-linear traceless endomorphism of Tt.

3.5.3 The construction

In this section we upgrade the preceding construction to Hida families.
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Recall that we have fixed an odd branch character:

X = Xo : (Z/pZ)* — C*.

Let f be a Hida family passing through f of tame level N. Again, to fix ideas and
for applications x( will be taken to be the inverse of the Teichmiiller character.

For ¢ and 1 as in the previous section consider for b > a the class:

1 ~
depsb - DEP,b
M = DN wtw ) fepon) € Hiy (SHG (KT (p") KM(M)), ox,p(g))

£<a £'<b

Then, this class defines an extension:

i = €8T o (itn) € B (B () 2 (SHu (K (V) (), Oy (3) ).
For b < a, define

rpins = (dic o) o)) <oy € H2(SHE(K (N) K1 (p%)), Ox,p(i%)))-

Then an identical computation to the vertical norm relation of Section|3.4.10.5| we
obtain that the classes n;;;ﬂ are compatible under pushforward along (d, (,b-1) k, (b)) +-

In particular they define a class :
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bty € B (B (1) i B2, (SHE(K (N) KL (1), Oy (3)) ).
b

Here the inverse limit is taken with respect to the pushforward maps (dg, (,p-1) i, () )+-
Now, by the same argument as in the finite level case, r7d), after localization
at 91, belongs to the sub-lattice Ad°(H! (Np™)x), we can then use the projection

afforded by Proposition [3.5.2.1 and set

£y (£) = preloconsy), € HY (Fxo(“’p“M)+’ Ado(Tf)(2))’

where locgy denotes localization at the maximal ideal 9)1.

These classes verify by the exact same reasoning as the previous sections the hor-
izontal and vertical norm relations — by construction, they do at each specialization
of f to a form of level I'; (p") and nebentypus 1 as the class ), (f) specializes to the
class of Section [3.4.11] as is shown in the first part of the proof of Theorem [4.2.2.8

Let A = O,,[1 + pZ,]. The classes ryiy,(f) can be interpreted by Shapiro’s

Lemma and the inflation-restriction sequence as classes

Z5(6) € B (QUua) " Ad(TH(2) © Axo))-

Here the Galois group acts on A by ¥ : Galpg — A, the abelian character of Galg

given by the unique Z, quotient of Galab.

3.5.3.1 Theorem (Euler System in Hida Family). Let f be a Hida family passing
through f and Ty, A = Oy ,[1+ pZ,] be as above. Let xq : (Z/pZ)* — C* be an odd
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Dirichlet character. There exists a collection of classes (Z%/(f)) indexed by positive

squarefree integers M, coprime to the primes of S, such that
Z51(F) € H'(Qpa) ", A(TH)(2) @ Axo)).
Moreover these classes verify: for any prime € ¢ S

+
Coresg sl (Z57,(F)) = Pu(Fry ") Z51(8).

The next part of the paper will be concerned in characterizing the non-triviality
of these classes. Namely, we will compute explicitly the dual Bloch-Kato exponential
of the localization at p at weight two points of this family, by using Perrin-Riou’s big

Logarithm machinery.

158



Chapter 4

The Explicit Reciprocity Laws

4.1 Relative Cohomologies and comparison theorems

In this section we review basic notation and introduce relative cohomology theories.

4.1.1 Relative étale cohomology

Let X be variety over a field K (i.e. a reduced, separated, and finite type scheme
over K). Let Z be a closed subscheme, and write j : U < X for the open immersion
of the complement U = X \ Z into X. Let F' be an algebraic extension of Q,. We
define the étale cohomology of the pair (X, Z) with coefficients in W to be the étale

cohomology of the sheaf 5" on X. We write

H (X, Z, F) = Hy (X, jiF).
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Let 7 : Z — X be the closed immersion of Z into X; then we have a long exact

cohomology sequence of the pair (X, Z)

. —— H(Z,F) —— H"YX,Z,F) — HI'Y X, F) —— HI'YYZ,F) —— ---

In what follows we will particularly be interested in the case of a pair (X\Y, Z\Y),
where X is a smooth proper variety over a separably closed field and Y and Z are
smooth closed subschemes on X which meet transversally. In this case we have a

commutative diagram where arrows are open immersions:

X\(Yuz) — x\Y

b

X\z —~ X

The cohomology of the pair (X \ Y, Z \Y) is by definition computed as the co-
homology of the sheaf 5iF on X \ Y. This cohomology is canonically isomorphic
to the cohomology of the complex Ri,(jiF) on X. Moreover, there is a canonical
isomorphism:

J(RUE) =~ R (jiF).

For more details the reader can consult [EG15, Appendix A] or [Fal89, Section III].

4.1.2 Filtered Frobenius modules

In this subsection, we introduce basic objects of p-adic Hodge theory that we will

need to state appropriate comparison theorems. Let K/Q, be a finite extension. We
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denote by K| the maximal unramified subfield of K and K" the maximal unramified

extension of K. Let ¢ the cardinality of the residue field.

4.1.2.1 Definition. A filtered (¢, N, Gk)-module over K. Is a finite dimensional
Q}"-vector space D endowed with a Q,"-semilinear bijective Frobenius endomorphism
¢, and a Q)'-linear monodromy operator N satisfying N = ppN. The Galois
group G acts Q) -semilinearly on D and there is a decreasing, separated, exhaustive

filtration of the K-vector space :
Dx = (D ®qy Q,)°"

by K-vector spaces Fil'Dy.

We will write Dy for the K, vector space D% of Galois invariant vectors. A
filtered (o, N, Gk)-module D such that the G action is unramified and N = 0 is

said to be crystalline. In this case we have
D = Dy ®k, Q) and Dg = Dy ®p, K

Recall also that by results of Colmez-Fontaine, there is an equivalence of cat-
egories between potentially semi-stable p-adic Galois representations of Gy and
weakly admissible filtered (o, N, G )-module over K, induced by the functor V
D,«(V). We denote by D — V(D) the inverse functor. On the level of objects, it is
described by :

V(D) = Fil’(Dx ® Bqgr) N (D @ By )N =01
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4.1.3 Relative Hyodo-Kato cohomology

In this subsection we take K/Q, be an algebraic extension and denote by K, the
maximal unramified subfield of K and by ¢ the cardinality of the residue field &.

Recall that the h-topology on ¥ arg is the coarsest topology finer than the Zariski
and proper topologies. It is generated by the pretopology whose coverings are finite
families of maps {U; — X} such that [[U; — X is a universal topological epi-
morphism (i.e., a subset of X is Zariski open if and only if its preimage in [[U; is
open). We denote by X}, the corresponding h-site. Beilinson |Beill| shows that the
h-topology on a variety over K has a basis consisting semistable models over finite
extensions of O

We refer to [NW16] (see also |[Beil3|) for the version of Hyodo-Kato cohomology
that we will use. We denote the (arithmetic) Hyodo-Kato cohomology by RI'yxk (X},).
This is the cohomology of the h-sheafification of the preasheaf Y — RI'gx(Yy) Here
Y} is the special fiver of Y a semistable scheme.

If (X, Z) is a pair as in the previous subsection, we denote by RI'yk (X4, Z,) the
relative Hyodo-Kato cohomology: it is the homotopy fiber defined by the following

distinguished triangle:
+1
RFHK(Xh,Zh) E— RFHK<Xh) E— RFHK<Zh) E—

We denote by Hji (X) the cohomology in degree m of the complex RI'yk (X)), and
similarly Hjx (X, Z) for the cohomology in degree m of the complex RI'yx (X}, Z5).

The Hyodo-Kato cohomology Hpyy is a finite-dimensional K, vector space. Moreover,
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it carries a Frobenius operator ¢ and a monodromy operator N such that Ny = ppN.
There is also a geometric version of Hyodo-Kato cohomology, by simply base
changing the varieties to K. As is recalled in the introduction of [NW16|, we have a

natural isomorphism:

RFHK (Xf,h)GK — RFHK (Xh)

4.1.4 Relative de Rham cohomology

Let RI'4qr(X) be the extension of de Rham cohomology defined by Beilinson |Beil3].
Denote by H§z(X) the cohomology of RI'qr(X). As before, following Deligne, if
(X, Z) is a pair as in subsection we define relative de Rham cohomology as the

homotopy fiber giving the following distinguished triangle:

RIlgr(X, Z) — RI4r(X) —— RI4r(Z) —

4.1.5 Comparison theorems

In this subsection we recall comparison theorems between the different cohomology
theories that were reviewed in the previous subsections. The results can be found in
paragraph 1.4 and section 4 of [NW16]|; the reader can also consult |[BLZ16, Section
2| where some of the results are recalled.

We start by recalling the existence of period maps.
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4.1.5.1 Proposition (Beilinson). There exist canonical period maps

puk : RTuk (X% ;) @ker By —— RI(X7 o, Q) ® By

par : RT'ar(Xk) ®x Bap —— RF(XKew Qp) ® Bar

ldR - RFHK(Xh) ®K0 K —— RFdR<X)
The following theorem is due to Beilinson and Nekovar-Niziol ([NW16|, [Beil3)|).

4.1.5.2 Theorem. The period maps above induces canonical identification of (o, N, G ):

QpK HEK(Xf,h) — Dpst(HZtl(Xfa Qp>>7

QHK - HﬁnK<Xh) — Dst(HZZ(Xfa Qp))

When X has a semi-stable model over O we have:

Finally, we have the de Rham comparison theorem:

agr : Hijp (X) —— Dar(HZ (X%, Qp)).

We now state the relative version of the above theorem.
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4.1.5.3 Corollary. The period maps above induces canonical identification of (o, N', Gk ):

Hitk (X7 Zz0) — Dpst(Hit (X7, Z7, Qy)),

HﬁlK(Xha Zh) — Dst(Hgg(XFa ZF? Qp))

When X and Z have semi-stable models over O, we have:

HﬁlK<Xh,Zh) ®K0 K — HgLR(X, Z)

Finally, we have the de Rham comparison theorem:

Hik (X, Z) —— Dar(H3 (X%, 2%, Qp))-

Proof. The long exact sequence of relative étale cohomology corresponds to the dis-

tinguished triangle

Rjij' y id y Riyi* — s

Therefore, Rjij' receives a map from the (shifted) mapping cone of id — Ri,i*; for
constant coefficients, this is just the pullback map RIe(X%, Q,) — RIet (X%, t.Q,).
Therefore, puk induces a map from RI'yk (X, Zn) @ Byt — Rle( X%, 2%, 1Qp) ®
B, and thus, a natural map Hf{ (X, Z,) — Dg(HE (X%, Z%,Q,)). We can thus
conclude by the five Lemma that this map is an isomorphism. The proof of the other

relative comparison isomorphisms is similar. O]
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4.2 The varieties of interest

We finally fix a level structure on SHg and SHy: we take Kg C G(Af) compact
open corresponding to the level of the Eisenstein series EX(g; f;ase). Denote by Ky
be the pull-back of K¢ to H(Af). Note that Ky C K;(N) for some N large enough
so that Ky (and Kg) is neat.

By |Lan22, Theorem 2.2|, choose compatible collections of cone decompositions
for SHg and SHy which induce closed embeddings of toroidal compactifications
Shimura varieties:

SHE'(Kq) — SH'(Kn)

For simplicity we set Yg ‘= SHg(Kg) and Yy = SHi(Kg); denote also SHS (Kg)
by Y& and SHYy (Kg) by Y. Let Dg, respectively Dy, be the normal crossing
divisor representing the boundary of Y&, respectively Y{f*. By Theorem 2.2 of
loc cit., we can assume that the pullback of Dg is Dyg. Denote by Y& the minimal
compactification of SHg (Kg) and DY its boundary. There is a canonical map Y&" —
Y&. With obvious notations, we also introduce Yy and Dy. Note that contrary to
Y&, Y& is not smooth.

We are now in the setting of subsection ; namely with X = Y&" Y = Dg
and Z = Yq.
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4.2.1 p-adic Hodge theory of modular forms

Recall that we have fixed an ordinary newform f of level I'i(/N) and associated
differential

Wi = (2im) f(T)dT € H(Y1(N), QY

Denote by v be the Nebentypus of f. Let t(¢s) be the Gauss-sum of ¢);. Then the
differential wy ‘= T(wfl)w} is a basis of Fil'Hlg (Y1 (N)/K)[f].
The Faltings-Tsuji de Rham comparison theorem and semistable comparison the-

orem give identifications
Dyt (Het (Y1 (V) /K, K)) 2 Hye (Vi(N)/K)

and

Dyr (HL (Y1 (N)/E. K)) = i (Vi(N)/K)

and thus identify D, (ps) with Hig (Y1 (N)/K)[f] and Dar(p;) with Hig (Y1 (N)/K).
Because Fil' Hiy (Y1(N)/K) is one-dimensional over K**, there exists a vector wi* €

Fil'(Hy (Y1(N)/K)) =~ Fil'Dg(p;) and a scalar A\ € K such that
&HK(W}{K X )\) = Wy.

We view wy (resp. wy™) as elements both of Dar(py) ( resp. Dg(wi™)) and
Fil'Hi (Y1(N)) (resp. Fil'Hi(Yi(N))). The semi-stable Frobenius (over K) act-

ing on Dy (pys) has distinct eigenvalues. We define similarly a vector n?K such that
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apk (N ® ATh = n¢, such that the semistable Frobenius ¢uk acts by the unit root

ay on 7y and (wy, 7y)ar = 1

4.2.2 p-adic Hodge theory in Hida families

In this section we extend the vectors 77y and wy in Hida families defined in the previous
section. We follow closely |[KLZ17| and the terminology in loc cit.and we keep the
notation of Section B.5.1]

Following |[KLZ17, Section 8.2] we define the functor Dy, as follows. If M is an

unramified, p-adically complete Z,[Galg,|-module, we let

GalQp

Do (M) ‘= (M@Zpigr)

We let ¢ denote the Frobenius acting on Dy, (M) coming from the unramified Galois
action on Z};r (the valuation ring of the p-adic completion of the maximal unramified
extension of Q,). As is remarked in loc cit. if M is free of finite rank over Z, then
Dy (M) is a lattice in Deis(M ®z, Q).

Following |KLZ17, Definition 8.2.7|, we write D.(Ad’(T;)”) for the module
D..(Ad°(T;)~(e71W)) equipped with the non-trivial action of ' the Galois group
of the unique Z,-extension of Q, given by the character e¥ 1.

The following proposition is an immediate adaptation of [KLZ17, Theorem 8.2.8|
using Theorem 4.15 and Appendix B of |LZ14] (note that our conventions for Gauss
sums are different from loc cit.) and that the lowest Hodge Tate weight of Ad°(T})

is —k if f is of weight k 4 2.
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4.2.2.1 Proposition. There is a morphism of A¢@A-modules:
Z 1 (Qp,AdO(Tf)_(l) ® A) — Dy (Ad°(Tp) ) @A

such that, for all specialisations of £ to a classical eigenform f of weight 2 + k > 2
with Nebentypus v, of log-conductor r, and all characters of T of the form &7x
with x of finite order and j € 7Z with x of log-conductor n, there is a commutative

diagram:

H! (@p,AdO(Tf)—u) ®A) —Z D, (A(Ty) ") BA

!

H' (@, Ad(Ty) " (' 9x 1)) —— Dan(Ad(T)~(1)).

Here, if x is unramified, the bottom horizontal arrow is given by

j -\ ! log if —j—k>0
I (1—0705{) -k "
apog Pt . L
expgxg i —j—k<0.

If x is ramified of conductor n > 0, then the bottom horizontal is given by

pit! o . . logpxk if —j—k>0
(a R R
777 expgx i —j5 —k <0.

Here we have denoted by logpk and exphy the Bloch-Kato logarithm and the Bloch-
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Kato exponential respectively and put

_1\l+1 i
il <o,

*(141) =
Il if1>0.

4.2.2.2 Definition. With the notation of Theorem 3.5.3.1 we let C,(f) € H'(Q, Ad°(T¢)(1)®

A) be the image of
loc, Z7"(f) € H'(Q,, Ad°(T¢)(2) ® A(x0))
under the isomorphism
HY(Q,, Ad*(Tp)(1) @ A) = HY(Q,, Ad°(T5)(2) @ Alxo)).

We recall here that yq is taken to be the inverse of the Teichmiiller character. For

simplicity, write Q,,,, for the field fixed by 1+ p"Z, C 1+ pZ, in Q(j,). Denote by

Qp,n(f) € H' (Qp,nv Ado (Tf) (1)>

the image of C,,(f) in H(Q,,,, Ad’(T¢)(1)) by the identification

lim H'(Qyn, M) = HY(Q,, M ® A),

the inverse limit being taken with respect to corestriction maps. Similarly, we let

Z,.(f) be the image of loc,Z7"(f) in H'(Q,,, Ad*(T¢)(%x0)). We let C,(f)~ be

p’n
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the image of C (f) € HY(Q, Ad%(T¢)(1) ® A) in HY(Q,, Ad°(T;)~(1) ® A) and we
define similarly, C, . (f)~, Z,(f)7, and Z,,,(f)”. Finally, for f a specialization of
f7 we let Cp(f)? Cp(f)ia Cpm,(f)a Cp,n(f)iv Zp(f)7 Zp(f)iv Zp,n(f)vzp,n(f)i be the

corresponding specializations of the classes defined above.

By construction .Z is related to the Perrin-Riou big-logarithm. Let us introduce
the general notation. If V' is a crystalline Gg, representation, we denote by £ the

Perrin-Riou big-logarithm
L7%H (Qp, V@A) — Deyis(V) ® Ho, (7).
If a twist of V(o) is crystalline for some character o of Gg,, we define
LO7HY(Qp, V @A) — Deis(V(0)) ®@ He, (1)

by composing it with the isomorphism of A-modules H'(Q,,V®A) ~ HY(Q,, V(o) ®
A) afforded by Shapiro’s lemma.

Following the conventions of [LZ14, Appendix BJ, for x a finite order character
of Gg, of log conductor n, we view LI (ix) as being valued in (Deys(V(e7) ®

Qpn)' ¥ = Dar(V(ex ™).

4.2.2.3 Lemma. Let M be a free Ap >~ A-module of rank 1 endowed with a continu-
ous action of Gg,, such that a twist of M is unramified. Denote by M = M®n, . O,
where k : Ap — O is an arithmetic point. Let Z € HY(Q,,M ® A) and Z be the

image of Z in H'(Q,, M ® A) by extending scalars along k.
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For all finite order characters x of conductor n such that the conductor n > r,

we have the relation

LEZ) 00 = x(k(2(2))).

We will need the following proposition extracted from |KLZ17, Proposition 10.1.1|

with very slightly different notations.

4.2.2.4 Proposition. Let a be a new cuspidal branch of a Hida family £ of tame
level N. Let C(a) be the associated congruence ideal. Then there is an injective

morphism of Ay-modules
Na - Dur(Tfi) ®Af Aa — C(a)

such that, for every arithmetic prime py of A¢ above a corresponding to an eigenform

f of level Np™ for some r > 1, there is a commutative diagram

D (T;) ®a, Aa —2— C(a)

| J

Dar(pf) ——— Frac(A¢/py)

where the horizontal arrows are given as in [KLZ17, Proposition 10.1.1, (2)] by
pairing with a multiple of ny (or its p-stabilization if f is old). More precisely, if f
1s new of level Np", the bottom horizontal arrow is given by pairing with

ay
)\NpT (f) G
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where Anyr(f) is the Atkin-Lehner pseudo-eigenvalue.

4.2.2.5 Remark. The Atkin-Lehner pseudo-eigenvalue Ay, (f) interpolates in the
cuspidal branch a by the remark following Proposition 10.1.2 of loc cit. We denote

the Ay-adic eigenvalue by Ay(a) following loc cit., Then Ay (a) verifies

and is in particular a p-adic unit at all specializations.

4.2.2.6 Proposition. Let the setup be as in Proposition [f.2.2.4 There exists an

injective morphism of Ay-modules

1, Du(Ad’(T) ") @5 Aa — Cf(a)

such that, for every arithmetic prime p; of A¢ above a corresponding to an eigenform

f of level Np™ for some r > 1, there is a commutative diagram

Do (Ad(T7)") @4, Aa ——=— An

! |

FilODdR(Vf) ——— Frac(A¢/py)

where the vertical arrows is given by pairing with (Oé?o&%/)\Npr(f))\Npr(f))'Cf'(”f@”f)
when f is new of level Np". Here we recall that c; is a generator of the congruence

wdeal of f.
Proof. Consider 7, and its analogue for f, ng that is afforded by Proposition |4.2.2.4
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Notice that all specializations at f of Ad”(T¢)(1) are isomorphic to the lattice 7 -

Ty @TF C Ad°(ps)(1). In particular we can set

N = ca(Na®na),

—a

where ¢, is the element of A, image of ¢ € Ag, in the notations of Section [3.5.2]
The result follows as c,C(a) = A, and as 1, ® 7, factors through Dy, (Ad(7%)(1)) —
D, (Ad%(T¢)(1)). O

4.2.2.7 Definition. Consider
Z . H (Qp,Ado(Tf)_(l) ® A) — Dy (AY(T3) ") A

the morphism of A¢f®@A-modules defined by Proposition 4.2.2.1, We define

For a class C € H! (Qp, ATy~ (1) ® A), and a specialization f of f, and all char-
acters of the form &7y, where y is finite order, we denote by Z(C)(f,&’x) the spe-

cialization of Z(C) € A,®A at f and €7y, so that
Z(O)(f,x) € H'(Qy Ad(T)) (')

Looking ahead, the aim of the next sections will be to compute the image under

Z (Qp(f)_> — we will see that it will coincide with Liu’s p-adic L-function |Liu20].
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The first step in this computation is computing explicitly the image of C,(f)~ with

respect to C,(f). The following proposition completes this first step.

4.2.2.8 Theorem. Let & be an even Dirichlet character trivial on (Z/pZ)* and let

X = Xof in the notation of Section such that x is of log-conductor n > 1.

Let f be a weight 2 newform of level Np" with non-trivial nebentypus at p, denoted
by V¢ ,, of log-conductor r < n.

We have the equality:

2(C,(07)(£.57X7) = ¢ (ayap) ™ (logg, , (7)1 @ g)ar.

Here 1, € HY(Q,, Ad(T})(e2x™")) is the localization at p of the class
€ —1\—1 T gdep ord
(e x e)c‘,’Sf@?’K(N)Kl(pr) (u) t( —T(x¥5,) (up X up) tw;;fx )>

in the notations of Section |3.4.10.5; and long’n(FoX)* is the image of Kk, under the
Bloch-Kato logarithm over Q,,, composed with the natural map Dar(Ad"(T})(e2x7})) —

Dgr(Ad"(Ty)~ (2 )

Proof. We use freely notation from section [3.5.3] By definition of Z,(f) (see defini-
tion 4.2.2.2)), we need to compute the projection of

dep,T"

Rpe = (dKl(pr)vKl(pn))*gs?é?7K(N)I?1(pn) (ng’?n)

on f ® f — this is done by applying D de(2/prT)* <d>*w;;(d), which commutes with

the adjoint ordinary projection ¢ x ¢’. Noting that (d)* = (d~') and setting

175



Frn(f) = Dacjprny (d)*@bﬁé(d)/{dﬁp’r we therefore obtain by Proposition |(B.6.2);

p*

Krn() = (o) 160 ES a7 i Z Dot (ewneder fre)

— —1 &<n

Here the sum over &’ is taken over all extensions of w;’; modulo p".

By Lemma B.4 of |[LZ14], and Proposition 4.2.2.6 we see that we have

2,0 ) (1) = e LD T ) <Zx 1og@,,nmm<f>>“,nf®n;>

)\NpT(f))\Np dR

We now use the fact that o acts by €'y (0) on w* (tWQ"tgﬂp J_l foie) and there-

fore obtain, by Lemma [3.4.10.8}

(ajaz)™™
Ay (F) Anpr (f

Z(Q?(f)_) (f, 5_1X_1) = —cCy ) <10ng’n(lix(f)), Ny & 77?>dR ,

where we have set

"{X(f) &S‘f(;f K(N)K (pr )<tw27"(up X up)n_rf;;p> .

Here we have put fi* = T(wap)t” 1fmd

By using now the relation,

2n n n
ESper i) © W = ES rar (i o) © T 0 (Up X )",
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we obtain:

Ky (f) = (u, x ) 7" (€ % 6,)58f®?,K(N)f(1(pr) (twr(up X up)nf;;p>

Using the fact that u, x u, acts by ayaz on ny @ ny, we have that logg  (ry(f))

has the same pairing with 7y ® 7y as

dep

(ozfoz?)_r logg,, [(e' x €)ES k() () (EW (1 X up)nfx )] :

Now by invoking the fact that at level K;(p"), (¢/ x €/)tw" = tw"(e X €), and the
fact that tw™"(n; @ 17) = Anpr (f)Anpr (finy ® n7 and rearranging the factors, we
obtain that

2(C(5)7) (F.57x ) = —es (logg, (W my @ 7).

where

dep

Ky = (e X e)(O‘faf)_ngSK(N)Kl(p")((up X up)”fx )
O

4.2.2.9 Definition. Consistently with the notations of the appendix (see section

[B2), we set

t - t — 1\ pdep
(.U; . w® (_T(wa,p>txw;;

(FX)-
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4.2.2.10 Remark. Note that we have
(e x e)wfﬂH = (e x e)wet(f;“‘ﬂH.

More precisely by Proposition |(B.4.2)| of the appendix

(up X up)nwit = (up X up)nwet(f;u)-

We denote the Eisenstein series defined by T(X@b;;) fo*) simply by E, and the

tdﬁ’p _
xwfj,( X

Eisenstein series defined by f7* by EV, the corresponding étale class will be denoted

et,ord

by w§

We have the following corollary to Theorem 6.6 using the above remarks:

4.2.2.11 Corollary. Let the notations be as in Theorem [4.2.2.8. We have

L(C,(0)7 ) (f.x ) = e - 08, (ES km aom (W (127) 515 @ 1)

= ¢y - {logg, , (ES e it oy (Wy ) 7117 @ 777)ar.

From now on we consider f a weight 2 arithmetic specialization of a cuspidal new

branch of f. We recall that we denote the Nebentypus of f by 9.

4.2.3 The Eisenstein class in p-adic cohomology.

For simplicity, in this section we first argue under the following assumption.

We assume temporarily that x is Q,-valued; that is F , = Q,.
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In this section we describe the image of the étale Eisenstein class in Hyodo-Kato
cohomology.
Fixt € Bj a uniformizer of BJ; on which Galg, acts by the cyclotomic character.

Recall that ¢ is unique up to a unit in Z;. Consider the element
wy @ t* € H2 (Ye/Q,,Q,) ® By

Note that Galg, acts on w;t ® t* by the character x, !, since by proposition [3.3.8.1

p

Galg acts on w® by e *x~'. Therefore, we have
W;t ®t e Dst(Hgt(YG/@w Q)

where Fontaine’s functor Dy is taken with respect to K =T, ,,. By Theorem[d.1.5.2

there exists a class w\'* € Hyx (Ygn/Fy,p) such that

apk (W) = W @ ¢°.

4.3 The first Explicit Reciprocity Law

In this subsection, we give a first version of Explicit Reciprocity law: we will charac-
terize the non-triviality of the extension represented by the Euler system base class

Set
W= Ad(py)(-1)
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By construction, the extension class c;t is defined by the following diagram:

HZ (SHu/Q,,Qp) — _
0 imHgt(SII{{G/@p,Qp) Hgt((SHG’ SHH)/QP’ QP) — Hgt(SHG/va Qp) — 0

H ]

H2,(SHu /T,,Q)) o
0 imH2, (SHg /Q,,0p) Qpy 0

Qs ——— 0.

D —— H«

0 w

From here on we denote by W, the one dimensional Galois representation spanned

by wi, ie. Wy = Fy,wy. Let WY be the dual of W,. Tensoring the bottom row

with the line spanned by WXV , we obtain the extension:

0 —— W W/ > & > Wy @ W) —— 0,

where &), is the extension of Gal(@p /Qy.n) represented by ¢ prior to identifying W
(resp. W,) with F, ,(*x) (resp. F),(¢2x™")). Not that by the dimension compu-
tations of [BKO7], we have H}(Q,, W @ W) = HY(Q,, W ® W)/), so in particular &,
is semi-stable.

For simplicity we set henceforth

K = Qp,n'

Now apply Fontaine’s Dy functor (over K) to the extension above. We obtain an

extension of filtered (¢, N, G )-modules:

0 —— Dy(WeW)) — & —— Dy(W, @ W) —— 0,
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where we have set &' = Dg(&,). We are interested in the non-triviality of this
extension and in particular in computing its Bloch-Kato logarithm. In the following
subsections, we will use notions from p-adic Hodge theory to compute it. More
precisely, we will consider the following extension deduced from &*'. Projecting W
onto its one dimensional quotient W~ ‘= Ad°(p;)~(—1) we obtain by push-out of

the extension above an extension (&%)~ given by

0 —— Dy(W-a@W)) — (6)” —— Du(W, @ W) —— 0.

4.3.1 The semistable complex

In this subsection, we follow mostly [Nek93, Section 1] and [NW16, Section 2.4].
Let D be an object in the category of weakly admissible filtered Frobenius G k-

modules. Denote by C%(D) the following complex
C(D): Dy —™ Dy ® Dy ® Dic/Fil'Dye —2 Dy,

where dj is the map

do: ur— ((1—¢@)u, Nu,—u)

and d; is the map

di: (w,z,y) = Nw — (1 — pp)z.

We write H (D) for the cohomology of C (D).
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Then as is recalled in [NW16|, the equivalence D — V(D) induces functorial
maps H: (D) — H(K,V(D)). When i = 0, the map is an isomorphism and when
i = 1, it is an injection whose image is the semistable cohomology of V (D), which we
will denote by H. (K, V(D)). This abelian group parametrizes Yoneda extensions of
K by V in the category of semistable representations.

More precisely, following [Nek93, Section 1.20], let V' be a semistable G module

and suppose we are given an extension in the category of filtered (¢, N')-modules

0 — Dg(V) — D — Ky — 0.

Here we recall that Ky = D (K) stands for the maximal unramified subfield of K.

Writing Dk for D ®k, K we have a commutative diagram with exact rows:

0 ——  Dgr(V) > Di > K > 0
| ]
0 —— Dgr(V)/Fil’Dgr (V) —— Dy /Fil’Dg > 0 » 0

Fix a choice of a Ky-linear section s : Ky — D. Define a triple (a, b, ¢) by

(a,b,¢) = ((1—¢)s(1),N'5(1), —mg 0 can(s(1))) € Dt (V) & Dy (V) @ Dar (V) /Fil°,

where can denotes the canonical map D — Dpg. This triple is a 1-cocycle in the
complex C% (V). Moreover, it is readily checked that its class in H'(C®%(V')) does not

depend on the choice of s. We recall also that by Section 1.19 and Proposition 1.24
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of [Nek93|, there are isomorphisms
Hl(Cs.t(V)) = H;t(K7 V)~ H;(Qpa V).

Let E be the semistable G g-representation such that Dg(E) = D which exists by
Corollary 1.22 of |[Nek93].

4.3.1.1 Lemma. Assume now that the semistable Frobenius @ does not have eigen-

value 1 on Dg (V). Then there is a well defined map
HL (K, V) = Dgr(V)/Fil’Dgr(V)
induced by the map CL (V) — Dgr(V)/Fil’Dgr(V)
(a,b,¢) = ¢ — can((1 — ¢)"'a) mod Fil’Dyr (V).

It is the Bloch—Kato logarithm of the extension.
We can sum this analysis in the following proposition

4.3.1.2 Proposition. Let
0 —V —F—K—70

be an extension of semi-stable Gy representations. Let [E] € HL (K, V') be the coho-
mology class of this extension. Let D ‘= Dg(E) and D '=Dgr(V) ~ D ®k, K.

Consider s : Ky — E be a Ky-linear section which induces a sections still denoted
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by ss: Ky — D and s : K — Dg. Let mg : Dg — DK/FilODK be the natural
projection and the map V — E induces an identification § : Dgr (V) /Fil’Dgg(V) ~

Dy /Fil’Dy. With this identification, we have
[E] = [(1 - ¢)s(1),N's(1), =mo(s(1))],

and

log ([E]) = —mo(s(1)) — (1 — ) 161 ((1 — p)s(1))

4.3.1.3 Remark. For our particular extension, the map ¢ of the above propostion
will come from the connecting homomorphism coming from a long exact cohomology
sequence. To compute explicitly the identification of (1 — ¢)s(1) we will see that we
will have to take a p-adic "primitive" of the differential associated to the Eisenstein

series.

In the case of interest to us, we recall that we have V. =W @ W/, D ‘= Dy(V).
By the dimension formulae of [BK07], we have H} (K, V') = H' (K, V) so that H} (K, V) =
H'(K,V) and &, is semistable. Moreover Fil’'Dgg (V) = 0. M

To apply Proposition [£.3.1.2] we have to make some identifications. First of all,
we have to identify W, ® W with the trivial representation of G'x. For this we

fix the basis w$' of W, and its dual basis w$"". The elements w?K =uwd® t3 and

HK,V -

Wy

WSV @173, provide a canonical basis of

Dy (W @ W) € Du(Hg(Ye/K, Fy,)) ~ Hik(Yen/K).
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We denote by the same symbols the corresponding elements as cohomology classes
in Hyjk (Yan/K). We let respectively wi® and w{™" be the images under the map
induced in cohomology by tqr of Proposition of W™ ® 1 and W™V ® 1.

We now ought to define a specific lift of w{™ in relative Hyodo-Kato cohomol-
ogy i.e., we need to specify a section s in the notations of Proposition
We do this as follows. Choose an affine covering U = U;U; of Yg. And consider
Tot*® (Cv"(U,Q;/G)) the total complex of the Cech complex of €}, relative to the

covering . Consider the canonical map
Tot* (C*(U, ) — RI(Ya, O%,),

which is a quasi-isomorphism as the covering U is affine. Recall that w;t is associated
to an algebraic differential w, defined by a holomorphic Eisenstein series. As K D
F\ p, the differential w, defines an algebraic differential over K. The restrictions to

the opens forming covering define a natural map
HO(X, 0P X) € Z(Tot?’(é'(u, Q;G))>
where Z(-) indicates cocycles. Moreover, there is a natural map
Tot* (C*(U, ,,)) — Tot* (C* (U, Os,)) (4.1)

where Uy is the pullback to Yg of the covering & which is still affine as Yg — Yg

is a closed subscheme. We can compute relative de Rham cohomology by form-
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ing the mapping fibre of the map of complexes Note that the image of w, in
Tot? (Cv“ (U, ) has an obvious lift in the mapping fibre given by (wy,0). We de-

note the resulting cohomology class in relative de Rham cohomology by w§<61. By

construction, w® defines an clement in Fil’Dyg (H3 (Ya, Ya)) and thus w!® @ wdfY
defines an element of Fil’Dgr(&,).

Since &, is semistable, there is a filtered isomorphism & @k, K = Dg(&,) ®k,
K ~ Dgr(&,). Since the Fil” of the respective sides is one dimensional this implies

that there is a unique element wSK’rel such that
HK rel HK, 10
wy T @ w Y e Fil’ (&)

maps to wi™ @ wil™Y € Dy (W, ® WY). This lift w}™**! defines the required section

s to compute the Bloch-Kato exponential.
4.3.1.4 Definition. Define the polynomial P(T) = (1 — p=3T).

The following Lemma follows immediately from the definition of wSK =wy ® 3

as p(t) = pt.

4.3.1.5 Lemma. We have P(p)wi™ = 0 (as cohomology classes) where ¢ is the

Frobenius of Beilinson’s Hyodo-Kato cohomology.

The polynomial P will appear as we have

(1= A 1) = Pl Wl —0
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4.3.1.6 The classes for the ordinary Eisenstein series

dR

Note that the classes wl™, wi®,

etc... have completely analogous classes by using,
instead of wS', the étale class w", as defined in Definition 4.2.2.9, We will add a
superscript .. to denote them. For example, w®* @ t* € Dy (H3 (Yo /K, Fyp)) will

HK,or
be denoted by w, ™.

4.3.1.7 Removing the simplyfying condition that x is Q,-valued.

We now remove the simplifying assumption that x is Q,-valued; that is we no longer

assume that F, , = Q,. Note that we have, as F, , C K
Dy (H (X/K, Fy,p)) = Do (HE(X/K. Q) @ FY,.

here the supscript 0 indicates the maximal unramified sub-extension of F ,. There-

fore, the comparison isomorphism between étale and Hyodo-Kato given by theorem

@ can be reformulated for F, , coefficients as:
ank : Hifx (Xn)r,, —— Da(Hi (X7, Fyp)),

where

HSK(Xh)Fx,p = HQK(Xh) QKo F)?,p'

K as the element corresponding to

When x is not Q, valued we can still define w;{
Wy ® 3 under the above comparison theorem. The above discussion then generalizes

to the case where y is not Q,-valued simply by noticing that Dy (K) = K.
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For F = f®f, let proj be the natural projector H (SHu/Q,) — H2 (SHu/Q, ) [F];
here HZ (SHy/Q,)(3)[F] is the maximal quotient of HZ (SHy/Q,)(3) on which the
Hecke algebra acts by ¢; @ ¢7, with notations as in Section . It induces a map

still denoted by projz:
projs : Dy (2 (SHr/Q,)(3)) —— Da(W)

We can now apply Proposition to obtain the following Proposition, notic-

ing that W™ @ WMV Jies in Fil’&™.

4.3.1.8 Proposition. We have the equality
1o ([6)) = dattan (P(#)"projzP(p)utl=) @ it
where dgqr is the connecting homomorphism for the long exact sequence
- = Hyg(Ya, Ya) — Hig(Ya) = Hig(Ya) — -

and projr denotes the projection to & in relative Hyodo-Kato cohomology induced

by projz.

As a corollary of the above Proposition, by extending the action of the semistable
Frobenius on K-linearly on Dgr(U) ~ Dg(U) ®g, K for U a semistable Gg-

representation, we obtain the following Theorem.
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4.3.1.9 Theorem (First Explicit Reciprocity Law). Let n{* € H3g (Ya) be such that

6dR77§R — P((p)w;d(R,rel‘

Then, we have

logye (16]) = (P()"projzne™) @ wit,
Here logy is the Bloch-Kato logarithm over K.

We now deduce from the above Theorem the computation of the Bloch-Kato
logarithm of the extension & .
Note that the paring (e, 7y ® n;}dR is induced by the pairing of Galois represen-

tations induced by Poincaré duality:
WxW(2) — K

The Frobenius on Dy (W) is ¢ and the Frobenius on W (2) is p~2p. Therefore, we

have the relation, for all 7 € Dg (W),
(en,p™2enr @ np)se = (0,15 @ Nt
From this we deduce that

(en,mr @ np)st = Prapag(n, ng @ ny)st,

SO
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(A =p°0) 'nmr @ nphs = (1= ptapag) ™ (0,15 @ np)st-
We then obtain the following Corollary.

4.3.1.10 Corollary. With notations as in Theorem[{.3.1.9, we have the equality:

Z(Qp(f)‘) (fie'x™) = —azamp )" cr - (015 @ 5)ar.

This does not depend on the chosen niR such that 5dR17§R = P(gp)wiR’rel as (e, 7)f®777>

factors through proj r.

4.3.1.11 Remark. Looking ahead, we will have to compute in terms of p-adic mod-
ular forms the de Rham pairing appearing in the formula of Corollary 4.3.1.10. A
basis of Dgr (W) seen as a subspace of Dar(py ® p7) is given explicitly by (w; ®
Wy, Wy @ 17 + Ny @ Wy, Ny @ 777>7 in the notations of section |4.2.1 In particular if the

coordinate of 7{" along wy ® wy is Ly we have that

(" 0y @ n7)ar = Ly

Therefore it suffices to compute the coordinate of 9% along the basis element w FOwWy
of DdR(W)
4.3.1.12 Pull-back to Sp,

As the theory of p-adic modular forms on orthogonal groups is still in its infancy, we

pull-back all the cohomology classes defined in the previous sections to the Shimura
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variety attached to Sp(4). Therefore, from here on we will work on G’ rather than on
G. As pulling back and then pushing forward is either the identity or multiplication
by 2 depending on the level, this is innocuous. For notational simplicity, we will
drop the supscript ’ from the relevant data attached to G’. This shouldn’t cause any

confusion as nothing the group SO; will not appear anymore.

4.4 The second Explicit Reciprocity Law

We saw that in order to compute the Bloch-Kato logarithm of the relevant extension,
we have to compute a primitive of wEK. The aim of this subsection is to relate the

computation to a p-adic, rigid analytic of the Eisenstein series.

4.4.1 The Colmez-Niziol map

Let K/Q, be a finite extension and let Ok be its ring of integers. Let K™ the
maximal unramified extension of K. We will eventually take K = Q,,.

Let X be a smooth dagger variety over K. Recall that a dagger variety is a rigid
analytic variety equipped with an overconvergent structure sheaf. We refer to |Gro00,
Section 2| for the basic definitions and properties. Note that a dagger affinoid has
de Rham cohomology that is a finite rank vector spacce with its natural Hausdorff
topology, while de Rham cohomology of rigid analytic affinoids is, in general, infinite
dimensional and not Hasdorff. For such X, Colmez-Niziol [CN19|] constructed both
Hyodo-Kato and rigid cohomology RI'GR(X) which generalize the construction of

Beilinson of Hyodo-Kato cohomology for algebraic varieties.
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Let us give a very brief description of the construction. First, Colmez-Niziol
show that the étale topology of X has a base consisting of semistable weak formal
schemes over finite extension of Ok (see section 2.3 of |[CN19]). The existence of
such a base implies that to define étale sheaves on X it suffices to specify them
on such integral models and then sheafifying for the étale topology induced from
the étale topology of the generic fiber, thus mimicking the strategy of Beilinson
[Beil3]. Let O denote the scheme associated to Ok with the canonical log-structure
(attached to the closed point of Ok) and let O% denote the scheme associated to
Ok with the log-structure induced from the map of monoids N — Ok, 1 — 0.
Colmez-Niziol define an étale sheaf ofjx induced from a presheaf assigning to a
semistable weak formal model % (i.e. an object of the category denoted by .# ;S’T in
|CN19]), the complex RI'SK (%) where RI'GK (%) ia as in section 5.2 of loc cit.. Here
%, denotes the special fiber of %, RI'GK is Grosse-Klénne’s overconvergent Hyodo-
Kato cohomology. Let us note here that the Hyodo-Kato isomorphism of Colmez-
Niziol (Theorem 1.1 of loc cit.) rigid cohomology is induced from Grosse-Klonne’s
strict quasi-isomorphism (§K : RTGR (%) = RDyig(%/0%) ~ Rlyie(%/O5) (see for
example [CDN20|, Section 3.1.3]). Here this isomorphism is functorial as defined by
Ertl-Yamada [EY22, Proposition 2.5].

We will now freely use notations introduced at the end of section [£.2] As in
[Har-+16, Section 6.3] and |Gro00, Section 3.3], one can naturally attach to Yg, Y&
and Y, dagger spaces YCT;, Yéor’T and Yé’T, with Y(T;, Yéor’T smooth dagger spaces, i.e.
objects of the category denoted by Smk in [CN19]. Let Yg*!, Y& and Yg**T be

the ordinary loci of Y(T;, Yéor’T and Yé’T: these spaces are admissible open sub-dagger
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spaces of respectively YCJ_E', Yéor’T and Yé’T as is explained in [Har+16, p.3]. We note
here that by |[Lanl3| these open sub-dagger spaces have models over Z, that are
smooth.

Take now X € {Yg,Y&"}. Let us remark that there exists a natural map
Rluk (Xp,) — RIGR(XT). Indeed, Beilinson |Beill| shows that the h-topology on
a variety over K has a basis consisting semistable models over finite extensions of
Ok, therefore one has a natural map of sites from the h-site of X to the étale site of
XT. Moreover, for semistable Y there is a natural map Rgk (V) — RTSE(Y) (see

for example |[EY22|). Hence we deduce the existence of a natural map
RDyxc (X)) —— ROSN(XH).

Note that this map is compatible with the natural Frobenius structure of both sides
We are now ready to introduce a restriction map that will allow us to compute

the primitive of the Eisenstein series. We let as above X € {Yg, Y&}
4.4.1.1 Definition (The Colmez-Niziol ordinary locus restriction). Let Resgy be

the Frobenius-compatible map defined by the following diagram:

RFHK (Xh> E— RF%E (XT) RN RFgE(XT’”M) Rl“rig (X(':l",ord)

\/

ord
Resgy

Here the middle map is simply the restriction to a sub-dagger variety; RFrig(Xg’"d)

denotes Berthellot’s rigid cohomology for smooth rigid analytic varieties, and the
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last map is a strict quasi-isomorphism by proposition 4.11 of |[CN19].

We let RISY(XT) be the de Rham cohomology theory constructed by Colmez-
Niziol in |[CN19], by a totally analogous procedure to RTSN (XT). Let R4 g (XT) = RI(XT, QL)
be the rigid analytic de Rham cohomology; the cohomology of RFdR,rig(XT) is
the hypercohomology of the overconvergent de Rham complex QE’;. We denote
it by Hig_,,(XT). By Lemma 6.8 of [Har+{16], there is a functorial isomorphism

Hi

1dg(Xg’Drd) Rk, K — Hig (X frd) induced by a natural map Ry (X)) @,

K — RI4r_ig(X"?). The natural Hyodo-Kato comparison maps RT'GK(Yy) —

RI'4r_sig(Y") induce a commutative diagram:

l !

RT4r(X) —— RISY(XT)

And we still denote by Resgia the map
Resgy : RLar(X) = REgrrig(X )

- it is compatible with the Colmez-Niziol restriction for Hyodo-Kato cohomology
under the canonical maps RI'gk (X)) ®x, K — RL4r(X) and Ry (X1 @, K —
RT R sig (X ).
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4.4.2 The computation over the ordinary locus

By the Kiinneth formula and the fact that the ordinary locus of modular curves is
affinoid, we can deduce that Resgy : Hig(Ya/K) — H3, 4 (Yg") sends to zero the

elements wy @ 1y + 7y @ wy and 7y @ ny. Moreover it sends wy ® wy to the rigid

de Rham cohomology class represented by the rigid analytic differential w}ig ® w?g

defined by the p-adic modular forms f and f, which are overconvergent differential

as f and f are nearly ordinary. Therefore we have the following proposition.

4.4.2.1 Proposition. We have the following equality:
(1 W Ip)Resg (1) = (1" 0y @ Trpdan - [w)® ® wF].

The previous proposition shows that we can compute the Bloch-Kato logarithm

ord

of (&%)~ by restricting to the ordinary locus thanks to Resgy.

We now ought to express Resy (niR) in terms of p-adic modular forms depending

only on the p-adic modular form defined by the Eisenstein series £, . By Proposition
3.3.8.3|and Theorem |LLZ23| Theorem 3.3.10] — and the fact that the Colmez-Niziol

map and the comparison Theorem of Lan et al. is compatible with Faltings’ étale—

dR
X

ord

de-Rham comparison, we know that Resgy(wS'™) is represented by the rigid analytic
differential attached to the p-adic modular form E,, which we denote by w;g €
HE _m(YE"™, DE™""). By the same argument as in |[TX16, Section 3.4] by using

Theorem 8.2.1.3 of [Lan13], we know that the cohomology Hp,, _p (Y&, D*") is

195



computed by the complex
<[HO (Y ord, %, T Qyord . ’r( DtOI‘mrd))]’ d>

where d is the differential induced by the universal derivation of the de Rham com-
plex.
Moreover by Proposition |3.3.8.3] we have a diagram (where we omit the O, ,(3)

coefficients):

Hzt(YH [HD) — HZ’t(Yg_“"d, Yal[ D) — Hg’t(Yg_drd) — 0

| | |

H:(Ve) ———— Hi(Ye, Yu) ———— Hi(Ya) —— 0

here the vertical maps are the natural pull-backs. After pulling-back by the inclu-
sion of W' € HE (Yg) and w? " € H} (YZ™") and pushing out to the quotient
H2,(Ya [ D7) — H2,(Ya) — Ad°(ps)(2), we obtain isomorphic extensions.
Therefore, to compute proj f(niR), one can use the version of the extension with
support condition along the ordinary boundary D“¢. Note that by construction the
differential underlying w{™ defines actually an element of H (Y3 Y [ D).
Thus, viewing wd®™! as an element of H3g (Y™, Vi [T D™), Resgi (P(@)wiFre) is
identified with the cohomology class of the element (P(¢)w!®,0) € MF?, where MF®

denotes the mapping fibre in degree 3 of the map of complexes:

(100" Qo (<D )] d) = (B, Q). ).
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Since Yy’ is affinoid, by the same argument as for G, there exists an overconvergent
p-adic modular form g € HO(Yg"', Qf/orw) such that Resgy (n{") = [w}] where the
H
bracket indicate the cohomology class of the rigid analytic differential.
ord

Then by definition of 7", functoriality, and Frobenius compatibility of Resgy,

we have

[0, 5] = dar-rig([wy]) = [((1 = V)wi%, 0)].

Here V is the usual operator acting on g-expansions as V (3, arq’) = Y, arg””
and d4r—rig is just the connecting homomorphism in the long exact sequence for the

mapping fibre MF above. Therefore, by definition, there exists
ord,*, tor,or
hy € HO(Y! T7Q§/gdv*’f(_DG )

and

a, € HO(vg T, Qorat)

such that

dhy, = (1— V)w;g and hX|Y15’{d —day, = _w;ig.

We therefore have the following Proposition:

4.4.2.2 Proposition. With the notations of the previous paragraph, we have the
equality

(1; R 15)(Resgy () = (1 B[ = hylygra]
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where h, € HO(Yg"*T, Qf/o,.d,*yf(—Dgr’”"")) is a specific element such that
G

dhy, = (1 — V)w'e,

X

We now ought to characterize to what extent the quantity (1, X 1) [y |y ]

depends on the primitive A, of (1 —V)w/e.

4.4.2.3 Proposition. Assume that

(™, @ np)ar # 0,

that is assume that & is not split. If b € HO(Yg, Q2

ord
YG

) is such that dh =
(1 = V)wie, then

(1 B 15) [hy

vga] = (1; R 15) [k

Yﬁrd] .

Proof. Since hy — R, defines a cohomology class in HZ, 4r(Yg"), we deduce that
hylygra and B |yea get mapped to [((1 — V)wy®,0)]. Moreover, 1; X 1 maps
HO (Y, Q%/I?{d) to the line spanned by w}® X w;g, we therefore deduce that since
the extension is not split, the image of [((1 — V)w}®,0)] is not zero, and therefore

1;X15) [hx|yﬁm] = (1;X15) [h;hfﬁrd} (a linear map whose source is a one dimensional

vector space is either 0 or injective). [
We give the summary of what we have proved in the following theorem.

4.4.2.4 Theorem (Second Explicit Reciprocity Law). Let n, € H°(Yg", Q2,..) be

ord
YG

any element such that dn, = (1 — V)w;ig. If the extension &, is non-split, we have
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the equality:

Z(C6))(fre X = =(1—agamp ) g - (1 R A,

ord .
YH

In the following subsection we will ensure that for many members of the Hida
family f, the extension &~ must be non-split. In order to show this, we ought to

consider a slightly modified extension.

4.4.3 The modified extension

Consider the elements

I xzs/p
ty = /
0 I
01 01
where s = € G(Qp) forz=0,1,...,p—1land s = . These elements
1 0 10

normalize the level group K& (p") and thus act by translation on Yg(C) and on the
cohomology of Yg. We let

be the translated Shimura varieties for H. Note that the varieties Yu(x) are disjoint
since, as in Lemma [3.4.1.1] one can check that for all v € G(Q) Nt K (p"), we have
Y(H xH)N(H x H) = (). Here H denotes the Poincaré upper half-plane and H x H

is the symmetric space for H.
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Now define
Y = [ Yu().

x mod p

We then have the extension

H2(Y, F v
a xp) — HZ}(Y@ Y, Fyp) = HZt(YGw Fyep) =0

* 00— —/——— 5
( ) Hgt(YGv Fx,p)

which pulls back by the inclusion Fy yw$* — HZ (Ya, Fyp) to

Hgt<}77 FX,P)

* 0 — 1o XP
( X) HZ(YG7FX7P)

o dep
= & = Fypwy — 0.

Note that H2 (Y, F,,) = @, H% (Yu(z), F\,). Pushing-out the extension (x)
under H%,(Y, F,,) — H2 (Ya(z), Fy,) we get the extension

Hgt (Yu(), Fxm)
H2, (Yg, F.

o)

— H2 (Ya, Ya(z); Fyp) = HZ (Ya, Fyp) =0

and pulling-back again by the inclusion of the line spanned by wy’, we have the

extension

chet(YH(x)7 Fxﬁp)
Hgt(YG7 Fx,p>

(*xz) 0— — & (x) = Fypwy — 0.

Applying to the extension (%, ,) the automorphism of Yg t_,, we obtain that
this extension is isomorphic to the extension constructed as (x,) with w$' replaced
by t;ws'. Recall that wy' = td;/),lw;d, where 1, is the Nebentypus of f at p. So

fip

twy = t‘;:b_lw;'d for some Dirichlet character v, such that P = w?p. We denote
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dep O,rd et . . . . .
b Wy by wi(r). The extension (x,.) is isomorphic to the extension

Hgt (YHa Fx,p)

S E S F W — 0.
H2(Yg, Fy ) X x,p%x (z)

(*yz) 0—

We now henceforth identify H}, (Yu(x), Fy,) >~ H (Yu, Fy,) by translation under

t.. We consider U = @_ U, a Galois module quotient of @ H2,(Y, F, ,,)/H*(Ya, Fyp);
where U, C H2 (Yu(z), F,) is a Galois module quotient. Pushing out the extension

T XoP

(%y) under the projection onto U, we get the extension

) 0=U—=EYV = Fwi —0.

Note that t, acts on U by permuting the (U,) as : U, — U,4,. We now take
all the U, = W = @, W, to be the same Galois module. Here W, denotes the

Galois module of the element f, of the Hida family f with Nebentypus 1,. Then

U

U) is non-trivial if and only if the push-out of (x{) under

the enlarged extension (*
U — U, is non trivial for some x. In turn the push-out to U, is isomorphic to the
extension

V) 0= W, — ég — By wi(z) = 0,

which is the extension class of Z,(f,) where f, is as before the weight 2 member of
the Hida family f with Nebentypus .

To detect the non-triviality of the enlarged extension (*g ), we push out to a
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section of the diagonal embedding W2 < U this is given by the projector

w1 e
e =~ > (Id-t).

z mod p

We denote the resulting extension by (*;5)’ noting that w;t is fixed by e as the
Ty To

Fourier coefficients of E, are supported on symmetric 2 X 2 matrices T' =
T, 1o

such that Tj is a p-adic unit, the extension (x}’) is given by

dep A dep et
(%) 0—= W= =& — F wy —0

where £ = e“"”éf(] . Whose extension class is isomorphic, by considering the action
of the diamond operators to the extension still denoted by (xy’) given by push-out
along W2 — WE.

We let U~ = @, W, and denote the push-out to U~ of (x{) by (x{ ). The

pushout of this extenion under e will be denoted by ().

We then have the following immediate Lemma.

4.4.3.1 Lemma. If (x ") is non-trivial, then the enlarged extension (x{~) is non-

trivial. In particular, at least one of the extension classes Z,(f,)~ is non-trivial.

To characterize whether or not (x ") is trivial we compute the Bloch-Kato log-

arithm of the push-out along W2 — W& ~ W, where W2 ~ W, is the projection

— ydep

.0 ) . By the exact same reasoning

to the first factor, we denote this push-out by (x
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of the previous section there exists an element
7 0 oray,x, 2 t 0T
hX €cH (YGd*Twagdy*,T(_chr d))

such that

dhy = (1 — V)l

X

and a suitable projection of [h|¢] is the Bloch-Kato logarithm of (x7"). Then the

Bloch-Kato logarithm of (x, ") is non-zero if and only if

]lf X ]17[(6@]3)()

Yﬁrd] # 0

Note now that d(e“h,) = wi® since (1 — V)E, = E,. Moreover by definition

of e the Fourier coefficients of ef"””ﬁx are supported on symmetric 2 X 2 matrices
Ty Tp . . :

T= such that T} is a p-adic unit.
To T

As a consequence of Proposition 4.6.6.3 and by the same reasoning as in Propoo-

sition [£.4.2.3] we obtain the following result.

4.4.3.2 Proposition. The extension (*;0”) defined above is non-split if and only if

for any (all) n, € HO(Yg", QQYéM) such that
dn, = w;g
we have
]].f IE ]l?[nx YI?ITd] % 0

203



In what follows, we will compute explicitly an element 7, such that dn, = w;ig .

4.5 The moduli space and the Igusa tower

In this subsection, we introduce basic notation for the Siegel moduli scheme and the
Igusa tower. We will need the notations to define p-adic versions of the relevant
differential operators.

Let Mg(N) be the Siegel moduli scheme defined over Z,, parametrixing prin-
cipally polarized abelian surfaces (A, A) with a principal level N structure ¢y over
Spec(Z,). Let ME(N) be a smooth toroidal compactification of Mg(N), with
boundary B, over which there is the semi-abelian scheme G — ME'(N), extend-
ing the universal abelian scheme A — Mg(N). Let w be the Hodge bundle on
ME(N), L its determinant and let H be the Hasse invariant, which is a global sec-
tion of LEP~1 over the special fibre. A sufficiently large power of the Hasse invariant
is liftable to ME'(N), as the pushforward of £ to the minimal compactification of
ME(N) is ample.

Let F' be a finite extension of Q, containing all N-th roots of unity. A connected
component of (the base change to Op) ME(N) can be identified with a toroidal
compactification of the Shimura variety attached to G. Fix such a connected com-
ponent and denote it by S =Yg n. And let S ‘= Y&’y be the non-vanishing locus
of (a lift of) the Hasse invariant. Let S; be the base change of S to Spec(Z/p'Z).
As usual define T;,, as sheaf over S of trivializations of the étale part of the Cartier

dual of the p™-torsion of G; namely, we set:
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Ti 1= Lsomg, (G([p"))"*, (Z/p"2)°)

The scheme T;,, is étale over S; with Galois group GLy(Z/p™Z).

We call the Igusa tower the diagram

> Tim > Tim—1 oo » T —— S

We define the formal scheme Tt ,,, by 1o = lim; 7;,,, and we define the infinite

Igusa tower as

Since T, is a system of formal schemes, with affine transition maps, then Ig exists
as a formal scheme by Proposition D.4.1 of |Far| and is a pro-étale cover of Ty,

which can be identified with the formal completion along the special fibre of S.

4.6 Differential Operators

4.6.1 Archimedean differential operators

In this section, we survey standard material on differential operators on the Siegel
threefold. For more details, we invite the reader to consult [Liu20, Sections 2.1, 2.2].
Let V be a (G, P;)-module, then we can attach to V' the automorphic vector bundle
E(V) endowed with a Gauss-Manin connection, obtained by the C'* splitting of the

Hodge-filtration on the relative de-Rham cohomology of the universal semi-abelian
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scheme above Y :

Vv :E(V)=E(V)® lee(logC);

this induces a Hecke-equivariant map on global sections.

Let (o, W,) be any finite dimension algebraic representation of GL,. We view
W, as a representation of Py by identifying M; with GLs. Let Y = (Y};)1, <2 be
a symmetric matrix whose coefficients we view as indeterminates. Attached to W,
there is a (Lie(G),P1)-module V,. As a Q-vector space, V, is W, [Y]; namely, the

space of polynomials in the indeterminates Y;; with coefficients in W,. The action

a b
of € Py on any P(Y) € V, is defined to be:

0 d

P(Y)=aP(a 'b+a'Yd).
0 d

We refer the reader to |Liu20, p. 9| for the Lie(G)-module structure.

As a Q-representation, V,, admits an increasing filtration defined as :
Fil'V, = W,[Y]<,,

where the subscript < r indicates we are only taking polynomials in Y;; of degree less

than r. Then the Gauss-Manin connection V, ‘= Vy, restricts to define an operator

Vo : EFV,) = EFITTV,) ® Qp_(log C).
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Following Liu, denote by V! the automorphic vector bundle £(Fil"V,) and let T2 the

symmetric square of the standard representation of GLy. Recall that the Kodaira-

Spencer isomrophism identifies Q;,fc(log C) with V,. Composing the connection

above with the Kodaira-Spencer isomorphism we obtain a differential operator D,:
v

r o r S i
Dy : Vy —= Vit @ Qp_(log C) —— Vyis,.

g

We denote the iterated differential operator as DY, :

e . T r+e
DSV, =V %,

oRTy

4.6.2 The g-expansion map

In this section, we survey standard material for the ¢g-expansion of a nearly holomor-
phic modular form and its corresponding p-adic modular form. For details, we again
refer the reader to Liu’s paper |Liu20, Section 2.6|. Following the notations of loc
cit., we denote by ¢4, ... the g-expansion of a nearly holomorphic modular form f,
whose polynomial ¢ expansion is denoted by f(q,Y).

We now take slightly different notations form Liu. We denote an element indexing
the g-expansion by T" = (T;;)1<i <2, as is more usual, instead of 8 = (5;;)1<i j<n-
Since here n = 2, we set for simplicity Ty = 112 = 151, 171 = 111 and Ty = Ty
and with our conventions Ty = 2512. Let D; for ¢ = 0, 1,2 the order one differential

operator on g-expansion defined by



Fix now a basis X = (X;)1<i<3 a basis of the GLy representation Ty, which we
recall is defined as the symmetric square of the standard representation of GLs. Let
f € H(Yq, V%) be a nearly holomorphic form with polynomial g-expansion f(g,Y).

Then, by proposition 2.6.1 of loc cit. the polynomial g-expansion of D, f is given by

(Def)(q.Y) =Y (Dif(q.Y) + 1 f(q,Y)) ® X, (4.2)

1<i<3
where j1;; = pi;; are elements of Lie(G), whose action is defined on p.9 of loc cit. The
g-expansion map is then obtained by setting Y = 0 and taking the projection for
each irreducible factor of 0 ® T denoted by e.., in loc cit. — this is the projection
onto the highest weight vector. The p-adic g-expansion map is denoted by ¢,, .. in
loc cit., and the inclusion of nearly holomorphic forms into p-adic modular forms
by ¢, ... (this inclusion is defined in more detail in the next section). Let f have
polynomial g-expansion f(g,y) = h(q) + Yg(¢q,Y). Where h(q) = >, arq’. Then

we have

gq,pﬂm (Lp—adu‘<D0'f)) = Z Z ecan(aT ® XZ)DquT (43)

T 1<i<3

4.6.3 p-adic differential operators

We now define p-adic versions of the differential operators D, defined in the previous
subsection.
Let T, be the formal scheme defined as ligll Tim over Op. When m = 0 the

formal scheme T, o is the completion of S along its special fibre. Over T, o, we
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have Dwork’s unit root splitting:
Har(A/Too0)" = w(G/Too0) ©U,

where the superscript can indicates the canonical extension of the automorphic vector
bundle to the toroidal compactification. The Gauss-Manin connection induces a
connection Y — U ® QlToo,o' If o is an irreducible representation of GL3, we denote
by Vs, the pull-back of the algebraic vector bundle V, to T . Recall that the

Kodaira-Spencer isomorphism provides an identification
KS: Q) —— Sym’w,

where w is the Hodge bundle on Yg and Q%,G is the sheaf of 1-differentials on Yg.

This induces isomorphisms, still denoted KS by abuse of notation
KS: 0 —— Sym’w®det(w) and KS: Qf —— det(w)?.

By the same procedure as in the archimedean case, using the unit root splitting
instead of the C'*°-splitting of the relative de Rham cohomology of A, we can define

over the Igusa tower, differential operators induced by the Gauss-Manin connection
Dop : Vop = Vop @ Vayp.

Let A be a dominant weight for GL, and ¢ the associated algebraic irreducible

representation of GLy. By pulling back the unit root splitting to 7% ,,, one can
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define (see section 6.2.1 of |Liu20|) the Hecke-equivariant map

byt HY(Yanpm, V) e HY(Toom, Vi) VEP D1 /p] —— VN|[1/p],

p—a

where V[)\] denotes the A isotypical component for the action of the diagonal maximal
torus on the space of p-adic modular forms for G. We will see ¢, ,,. sometimes as
valued in H*(T\y. ,, V) and sometimes in V' — we will make sure to indicate it to the
reader. The injectivity of ¢, . follows from the fact that the unit root splitting agrees
with the C*° splitting of the Hodge-Filtration of the relative de Rham cohomology
of the universal abelian scheme at ordinary CM points — these points are analytically
dense. As a consequence of this fact, it is classical that for any nearly holomorphic
section h € H*(Yg npm, V1), we have that ¢, ,.(D,h) € H (T i, Vs p®@Vs, ) coincides

with the image of ¢, ,,.(h) € H* (T m, V,,) under D, , — that is

Lpfadw<Dah) = Da,p<bmm(h)) € H0<Too7m> Vo,p ® VTz,p)'

Consistently with |[Liu20| (see the discussion in section 2.6 and 6.2.1), if f is a

nearly holomorphic modular form, then the g-expansion of the p-adic modular form

by (f)y €q0une (4, (f)) Will be simply denoted by ¢, ..(f)-
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4.6.4 The differential operators of interest

In this subsection we analyze the differential operators appearing in the de Rham

complex. Notice that we have the following decomposition

Sym’w ® Sym*w = Sym*w @ Sym*w @ det(w) @ det(w)?.

We denote by p, the projection of Sym*w ® Sym?w onto to the summand det(w)?.
This is explicitly given as follows: for s; ® sy € Syme ® Syme, pa(s1, 82) is the
bilinear symmetric pairing of s; with s coming from the quadratic form given by the
determinant— that is p, is bilinear symmetric and py(s,s) = det(s) for s € Sym*w.

Fix o be an algebraic representation of GL5. Then p,; induces a projection map

o H(Ya, Vi o) = H(Ya, V5 (2)).

o@ty?

Here we have put V(i) ‘= =V sdet(w)i-

We now let

T, :H(Yg, V!

oRT2

) = H'(Ye, V;7(2))

be the operator

Ta = P2, © Da®7’2'

We define
0, : H'(Yg, Vi) — H(Yg, VIT2(2))
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be defined by
©O,=1T,0D,.

We denote the corresponding p-adic differential operators by ©,, and 7.
We record in the following lemmas some useful facts about these differential

operators.

4.6.4.1 Lemma. Let o be an algebraic irreducible representation of GLgy of highest

weight X\ and let 2 = (2,2) There is a commutative diagram

HO (Y npm, Vi) —2s HO(Ya npm, VIT2(2))

\[Lp—adic \[Lp—udu_

VA O y VA +2)

where O, is the map given on p-adic q-expansions by multiplication by det(T') — that
18
O, Z arq’ = Z det(T)arq".
T T

Proof. Let h € H°(Yg, V") have polynomial g-expansion denoted by h(q,Y). By
Equation 4.2 we have

(Dogr, Doh)(q,0) = Z ar @ (T ® T)qT

and therefore, by the explicit description of p, given at the beginnig of this section

we have

(©,1)(¢,0) = 3" det(T)arg".
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which implies the result after taking e.q,(det(T)ar) = det(T")ecan(ar). O

By density of classical modular forms, the above lemma implies that ©,, extends
to an operator

0,: V=V

on the space of p-adic modular forms. If A € V is a p-adic modular form for G,
then by the above lemma there is an obvious congruence @’;h = @éh mod p™ if

k = ¢ mod p™(p —1). We can therefore give the following definition.

4.6.4.2 Definition. Let x € Z,, such that k = lim,,_, k, where k, > 0 are integers

and Kk = k,, = ko mod (p — 1). We set

O5f = lim O f.

n—0o0

This limit does not depend on the choice of sequence k,,, since for any sequence k,
and any T € Sym*(Z®?) the sequence det(T)*" converges to det(T)* if det(T") € Z)

or 0 otherwise.
The following Lemma is proved in the exact same manner as Lemma [4.6.4.1}]

4.6.4.3 Lemma. Let o be an algebraic irreducible representation of GLy of highest

weight X and let 2 = (2,2) There is a commutative diagram

HO(Ya npms Vige,) —2 HO(Ya npm, VIT(2))

\[Lpfadw \[Lp—udlc

HO(Too,ma VU@Tz,p) L HO(TOO,W”H V(T,p(z))
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such that for any h € H°(Yg npym, VL

oQT2

) with polynomial q-expansion h(q,Y) =

T ‘ z1(T) 2o(T)
Yorarqg +Yg(q,Y) where ap = by @ Xp with Xp =
zo(T) o(T)

Tl + Z'Q(T)TQ + —2$0(T)T0 T
Zecan bT q .

€ ¢ ,p-adic <T0h> Z ecan bT p2 XT7 9

4.6.5 Local Form of differential operators

In what follows we will mostly be interested in ¢ = det is the determinant character

of GLj so that V, = det(w). We let
7;3 = 7:16(3((4))7])'

We now relate 7, to a local universal derivation. For this we will refer mostly to
|[Eis+18] and [Kat81].

Recall that by the Kodaira spencer isomorphism, we have

0}, ~ Sym*(w) ® det(w) = Vg, (1)

and

QF, ~ det(w)® = Vyua.

For any zy € S7(Ok,) we write 75 € S7(F,) for its reduction modulo p. Denote
by Q the formal completion of S x E at 7o. Let R,, be the complete ring over
Ok, with residue field F, such that 5;% = Spf(R.,). Let Ay denote the polarized
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abelian variety over F, attached to T, and write Ay for the dual abelian varieties.
We let T,(Ap) denote the physical Tate module of Ay. By Serre-Tate theory there

exists a canonical isomorphism of formal schemes

—

Sz = Homz, (Sym? (T, (Ao)), Gun).

Zo

which identifies R,, with the ring Sym*(7,(4¢)) ® Ok, [t]. Upon choosing a basis
of Sym?*(T,,(Ay)) formal power series in three variables. By [Kat81, Corollary 4.2.2],

there is a canonical Frobenius equivariant isomorphism
. Vv
a:T,(A)) ® Ryy — Ways

where w,, is the pull-back of the Hodge bundle w to R,,. Combining this with the
Kodaira-Spencer isomorphism, we have an identification, still denoted by « by abuse

of notation

a : Sym*(T,(4g)) ® Ruy — O "

The pull-back of V,, to R,, will be denoted by V,,. As is remarked at p472 of
|[Eis+18], the operator D, , induces an operator D, ,, on V, ..

Invoking the same reasoning of [Eis+ 18| Proposition 4.3.1] based on |[Kat81], The-
orem 4.3.1| we obtain the following Lemma. The precise form of the last claim of

the following Lemma is a consequence of Lemma [4.6.4.3} it can also be obtained as

in |[Eis+18, Proposition 4.3.2, Theorem 5.1.3|.
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4.6.5.1 Lemma. Let d : Q% — Q% ® QL  be the universal derivation. Let
ILO 10 ILO
o = Sym® @ det be the irreducible representation of GLy of highest weight (3,1).

There is a commutative diagram:

2 d . 02 1
0%, »y O, @ Q%

! I

Sym? (T, (AY))(1) @ Ray —— det(T,(AY))* ® Ok,

I [

Do,a
Sym?(wy,) ® det(wy,) ——— Sym?(w,,)®? @ det(w,,)
We then obtain, after taking universal projections Q%m ®OL o Qg’% and Sym? (w,, ) —

det(wy,)?, a commutative diagram

2 d . 03
Rag 7 Q’Rzo

I I

Sym2(wxo) ® det(wy,) A det(wx0)3

where T, is induced by T,.

4.6.6 The end of the computation

We are now ready to finish the computation of the explicit reciprocity law.

4.6.6.1 Definition. Let E;’g‘ =, ...[7, be the p-adic modular form determined
by the Eisenstein series E). And we let E}* the p-adic modular form determined

by the choice of section fi™. Invoking Definition 4.6.4.2| we can form, ©, 1E)LC"“ €
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HO(Ig, Vdet(w),p)- Define
= Ddet(w)vpgzle;m € H(Ig, Voo (1).)-

Recall the notation Ig = 1&17” To,m- We can then prove the following proposition.
4.6.6.2 Proposition. The p-adic modular form n, verifies Tyn, = E".

Proof. Indeed, it suffices to show that lim,,_,o, O7" (pfl)E;’(’ . By looking at g-expansions,
this limit is the "det"-p-depletion of E;**, i.e. it has the g-expansion of E}** with
the Fourier coefficients indexed by singular matrices modulo p removed. But by our

choice of section at p, E“ is already det-p-depleted. The result follows. ]

We now give the following proposition which will show that the Bloch-Kato log-
arithm can be computed in terms of 7.
4.6.6.3 Proposition. Let n € H(Ig, Ve,1),). Assume that the T-th coefficient of
the q-expansion for n vanishes if p" divides every entry of T for sufficiently large
n. Assume also that T,n = 0. Let Igy be the Igusa tower for H and let nlg €

HO(Ig51, Vaeizmaer2,p) be the pullback of n to Igy. Then we have

(exe)(n)|a =0

. 1(T) xo(T) |
Proof. By Lemma |4.6.5.1, we see that if X (7' = is the T-th coeffi-

zo(T) x2(T)

cient of the g-expansion of n then

T (T)Tl + [L’Q(T)Tg — 21‘0(T)T0 =0.
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Since Vietwdetp C Vr, |1 s the line spanned by the vector of weight (1, 1), that is the
0 1

vector € 19. Therefore the restriction 7|y has g-expansion
10

Z Z ILm Zo q g2

1
T To Ty p™Ty

On the other hand from the relation x1(T)T} + x2(T) Ty — 22¢(T)To = 0, we deduce

T T _
that for n large enough and Ty # 0, we have x = 0. And if

Ty  p"Ty

T, = 0, for n large enough this conclusion is still valid, by hypothesis, as p™ divides

every entry. The result follows. ]
We then have the following Proposition as a consequence of Proposition 4.4.3.2]

4.6.6.4 Proposition. Let
77x = DP@;IE;HW € V[(37 1)]7

with Ty, = By . Then the extension (% ) of Section s non-split if and only
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1;X ]17<77x) # 0.

In Section we will show that 1; X 1#(n,) is up to a p-adic unit the value of
Liu’s two variable p-adic L-function. Therefore there exists an infinite number of
members f of the Hida-family of f such that 1, X ]l?(nx) # 0. Therefore by Lemma
there exists an infinite number of members f of the Hida family f such that
Z,(f)” is non trivial.

Then by Proposition , and noticing that d(1 —p~*V)n, = (1 — V)dn, =

(1 —V)E,, we obtain the following Theorem.

4.6.6.5 Theorem. Let
e =D,0, B € V[(3,1)],
with Tyny, = Ey. We have

ZLECENfe ) (fef)=—1-plajap) e (1, RIP(1—p ' V),

= —cp - (1 B gy

Note that the second equality in the Theorem above comes from the fact that V'

restricts to v x v on H and that p~2(v x v) is the Frobenius on Y.
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4.7 Relation to a p-adic L-function

In this subsection, we interpret the criterion of corollary [4.6.6.5| as the non-vanishing
of the symmetric square p-adic L-function outside its range of interpolation of clas-

sical L-values.

4.7.1 Liu’s p-adic Eisenstein measure

In this subsection, we review Liu’s construction of the p-adic Eisenstein measure,
which is used in [Liu20| to construct the p-adic L-function interpolating values of the
standard L-function of cuspidal automorphic representations of Sp(2n)(A) (where n
is an integer as in loc cit.). In our case, we take n = 1.

For what follows, we refer to section 5.2 of loc cit. We review briefly the main
results and specify the notations that we will use. Liu constructs a measure fig 4—exp

valued in formal ¢ expansions such that

/ (/{7 t)dﬂ'&q—exp
Zy XLy

provides the g-expansion of the (restricted) Eisenstein denoted in loc cit. by EZ o
Where a4 J1| determines the choice of Siegel section at p defining the Eisenstein
series.

For example, if K = ¥ and k& > 2 is a positive integer, and t > €', [ > k is also

"'We have denoted by t the element denoted by T in loc cit., as n = 1 this is simply an element
of Z.x.
P
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an integer, the Eisenstein series
. ©%tp
gfi,t T gﬁ,t

is determined by the following choice of sections:

e At infinity the choice of section is

1 I—k
f&t,oo : (_ﬂ3_> fo?

um
where jif is a differential operator defined in section 2.4 of loc cit.[]

e Let us denote by A, the p-adic analogue of ﬁ iy, as in Sectionm Then, for
a p-adic modular form g € H°(Ig, Vyur ), we consider the restriction (A,g)|u

of (Apg) to an element of HO(Iggy, Vyeh+1gqeri+1 ). We have the equality

Eq e (Bp9) 1) = 2020, .0 (9)) 1 (4.4)

Here 6, is the operator acting formally on g-expansions on G by multiplication

by To.

e At ramified places, Liu chooses "volume sections"; see section 4.2 of loc cit..

We make such choices or the choices outilined in Section of the Appendix.

e At p, the choice is determined by «, ¢, — the local section is supported on the

big cell.

2Note that in our case, there is no determinant to be taken as [ = 1 in equation 4.3.1 of loc cit.
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4.7.1.1 Remark. In the notations introduced above, we have the equality:

ELzu

x T OxePabppet

The following proposition is an immediate consequence of Equation

4.7.1.2 Proposition. There is an equality of Z, X Z; ~measures:
HE g—exp = )\2 * /lg,q—ea:p;
where fig g—exp 15 defined by

/ (K'a t)d/]é',qfexp = (5;758(1,;)—@@ (8}?‘7’;?)> ‘Ha
Zy XLy

and Mo by
/ (k,t)dNy = (2)F7".
Ly XLy

4.7.1.3 Lemma. Let g € H(Ig, Vdetlcm) be a p-adic modular form of scalar weight.

We have the equality of q-expansions:

gq,p,m((e x €)(0,9) |H) = 6%, ..((e x €)glu).

Proof. Note that we have

1o ((639) 1) = (OBO)z,, . (glar) = (5724, . (9)) I
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where 6 is the usual Serre-Katz differential operator of SLy acting by gd/dg on g-

expansions. Applying e X e to the above equality proves the claim of the Lemma. [
The following Lemma is clear from the description of D, from Section

4.7.1.4 Lemma. Let g € H(Ig, Vyyr,) be a p-adic modular form of scalar weight.
Consider Dy ,9 € H(Ig, Vay(1) p) and denote by -|u the restriction H(Ig, Ve, p) —

HO(Igg, Viegh+1maeth+1 ) We have the equality of q-expansions:

SN (2 1 I A ) 8

4.7.2 The p-adic L-function

In this section we refer the reader to section 6.2.2 of [Liu20]. We consider the measure
denoted in loc cit. by pg,.. (we take ¢ to be the trivial character and omit it from
the notation see p 47 of loc cit.). Following the notations of loc cit. let V' be the
space of p-adic forms for SLy = Sp, and V2 the subspace of V ® V annihilated by
7®1—1® 7 for all v in the Z,-points of the maximal torus of SLy,. The measure
[e o0 15 Valued in VA and interpolates the ordinary projection of the g-expansion of

gn,t’H-

4.7.2.1 Proposition. Letn, be as in Theoreml|4.6.6.5, so that n,|u € H(Igy, Viezgae2,p)

We have the equality

X(2)¢7,(2)
(e X e)aqw,udw(nx‘ﬂ) = —+/ (ngawf,pgz)dlﬁ&md
Ly xZy
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Proof. Indeed we have

(e X €)eq, w(ny|u) = 5q,p—adic(pp@;15><63,xs3|H)
= (e xe) <6PEQ7P*‘”"(@;18X537wﬁp€3>> |m
= (e x 6)( - 5p_lgq,r—adm (gx?,w,pﬁ?’)) |
= (e x e)( — 6;2w'f”’_xag€q,p,m (5X53,X53)) |u
——(ex0) [ (s
X XL

X(2)¢7,(2)

=B e [ s
VAY/

X(2)¢7,(2)
Zy XLy

In the above equalities we have used, in order, Lemma [1.7.1.4] Lemma and
Proposition O

We now refer the reader to section 7 of loc cit. for the general construction of
the p-adic L-function for F varying in a Hida family. We specialize to the case where
F = fo&f € V2, where f corresponds to a weight 2 ordinary Hecke Eigenform. Recall
the notation 1; for the idempotent of the ordinary Hecke algebra corresponding to
projection onto the Hecke-eigenspace generated by f (see p48 of loc cit. for a version
of 1 in a Hida family.).

If f is a Hida family passing through f, we set

L(f k) = ]lfe/ (K, 1)dfig pra-

X
Zp X1
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And if f is a specializatioon of f with character t, we set

L(f k) = /

We can then reformulate corollary by the following theorem:

tdL(f, k) = ]lfe/ (K, t)dpg ora-

X X X
D Ly XLy

4.7.2.2 Lemma. For infinitely many weight 2 specializations f of the family £ with
Nebentypus ¢, with log-conductor §, and for all finite order characters x of log-
conductor f,, > fy, we have the equality:

LC0)) (e X =2 e L(f, xEY).

=p

For f a weight k specialization of f, let £; € A be the power series such that for
all characters k, we have L;(k) = L(f,e"k). Similarly denote by Lf € Af ® A the
element such that for a specialization (k, t) with t = ¥4, we have L¢(k,t) = L(sFk),
where f is the weight t specialization of f.

By the p-adic density of the points of the preceding Lemma, we have the following

Proposition:

4.7.2.3 Proposition. For all weight 2 specializations f with Nebentypus 1y, with
log-conductor r and for all finite order characters x of log-conductor n > r, we have
the equality:

L(C,0) ) (Fx ) =27 g L4(x).

We can then deduce the following theorem.
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4.7.2.4 Theorem. There is an equality of ideals in Ag @ A:
(Zic,(£))) = Ls- .

Here if a € Af @ A, (a) denotes the principal ideal generated by a and Cy is the

congruence ideal for f.

4.7.3 The interpolation formulae

In this section we formulate precisely the interpolation properties verified by Ls.
Since at bad places we choose slightly different test vectors, we need to slightly
modify the formulas in [Liu20].

We recall that in the notations of loc cit., (f, f) is defined as

(f.f)= f(9)f(g)dg.

/SLQ(Q)\SL2(A)

If f is fixed by some compact open K C SLy(Af), then we have

(f5 [y = vol(K){f, [

where (-, -) ¢ denotes the Petersson inner product at level K (given by integration on
the hyperbolic Riemann surface Yx(C)).

We recall the following:

The tame level of the Hida family f is K where by I'1(N) C K C I'y(N).

Write K = KV H12| ~ K. Let us introduce some notation first:
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o We let ¥ be the set of primes ¢|N for which 7(f), is of the ramification type
of Section , that is the Steinberg representation. We let K = Héezst K.
We notice here that if ¢ € Xy, Ky = Iw, = Tg(£). We set Qg = []jex, (-

We recall that at places X we choose the local section defining the Eisenstein

series as given by Proposition |(B.9.2)|

e We let ¥, be the set of primes ¢|N for which 7(f), ~ 7(A\,A71) is a ram-
ified principal series (here X is a ramified character of Q); we put K,,, =
Heezrps Ky,. We put Q,ps = Héezrps ¢v((N) - We recall that at places in Xy

we choose the local section defining the Eisenstein series as the trace to level

[y (¢7) of the volume sections of Lemma |(B.8.1)|

e We also consider ¥, the places ¢|N at which 7(f), is supercuspidal and ¥, C
Y¢e to be the set of primes ¢|N for which 7(f), is supercuspidal and 7(f), ~
7(f)e ® dqg,,, where dg,, is the unique unramified quadratic character of Q.

For ¢ € ¥, these primes we have Ly(s, Ad°(f)) = (14 ¢~*)~" and we set

Af) = 1T LA~ = [T+ 07

leXe leXe

We let Ko = [jes, Ko, Qe = Tlies., ) and Q. = [Tres, ¢ N) - For
{ € X, note that K, = KO(KW(N)). We recall that at places in X,. we choose
the local section defining the Eisenstein series as the trace to level I'o(¢") of the

volume sections of Lemma |(B.8.1)|

In the following formulas, we will ignore the issue of the auxiliary prime from

assumption [3.4.1.2] (recall the definition of an auxiliary prime [3.3.3.3]). This will
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needlessly make the formulas look more complicated: one has to always remove

the L-factor at f,,., which is a p-adic unit. If the reader wishes, they can insert

Ly(1,Ad°(f))~" in the unit U; of Proposition [4.7.3.4]

4.7.3.1 Proposition (Interpolation property). For all even weight k > 2 special-
wzations fof £ with trivial Nebentypus for all finite order even characters x of log-
conductor n > 1. Let E,(s,Ad°(f) @ x™1) be as in equation (1.0.1) of [Liu20], so

that in this case

Ey(s, Ad°(f) @ x71) = (t00p"* )2 - (0 ta )",

We have

_ L(k)  E,(1,Ad(f) @ x HL(1, A (f) @ x ")
Ls(x) = By - h—192k+1 LT, f>F1(Np) :

Here we have set

_ MDA f)e(Np)
' QT’pS

Proof. The result follows from Liu’s interpolation formula [Liu20, Theorem 7.0.2], by

By

taking into account our slightly different choice of local sections at ramified places
outlined in the Appendix . We treat each term in the interpolation formula

separately. Recall that in the notations of loc cit., we have n = 1.

e The factor denoted by Zkf,ff;(’;)rf;:k(fi,n in loc cit. becomes

I'y(2)
23475
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e As is noticed in |Liu20| at the bottom of page 23, in this case the archimedean
Zeta integral is computed by Shimura [Shi95| Section 6]. Since our normaliza-
tion of the Eisenstein series are different and coincides with Liu’s, we rather
use the formula of [Liu22, Theorem 0.0.1]. Recalling that in our notation
t; = t1 = k and the variable denoted by % in loc cit. is equal to 2, the contri-

bution is exactly:
;—k+29—2k+2

g T

e The contribution of the above two bullet points is then

(k)
gk—192k+1k+1

e By section ??, the contribution of the Fourier coefficients of W(f) and f, is

>\Np (T)afpila

where Ay, (f) is the Atkin-Lehner pseudo-eigenvalue of f.

~

1

e The volume term vol(I'(N ))% in loc cit., becomes, with the choices of Stein-

berg sections and the traces of the volume sections down to level K, with the
contribution of the above bullet point, vol(I'o(Np/Q:ps))vol(I'1(Qrps)). We

then rewrite

VOl(Lo(Np/Qurps))vOl(T'1(@rps)) = P(Np/Qrps)vOl(T'1 (Np))-
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e The contribution of E,(1,Ad’f ® x~1)LP)(1,Ad°(f) ® x~!) by taking into

account the choice of Steinberg sections at places in X, becomes
Ey(1,Ad°f @ x~H LM (1, AdY(f) @ x 7).
We rewrite

LY@ AL (flox ") = A(f) [T =LA AC(H)@x ™) = @(Qups) Qr L(1, Ad° ()~

fézrps
e The total contribution of the previous two bullet points is then:

Ac(f)e(Np)

0 vol(T'y(Np)) - Bp(1, Ad"f @ x 1) L(1, Ad°(f) @ x ™)

Combining these bullet points, we obtain the result. O

Recall that we denoted C,(f) € H'(Q, Ad’(T})(1) ® A) the image of C,(f). The
following proposition is an immediate consequence of Proposition 4.7.3.1] just above

and Lemma 1.2.2.3]

4.7.3.2 Corollary. Let f and x be as in Proposition |}.7.5.1. Then we have

x(2)B;  T(k) Ep(l,AdO(f)®X*1)L(1,Ad0(f)®x’1).

'CPR(Cp(f)_)(X) = 4 ik —192k+1 hFL(f, f>K1(Np)

We now want to compare Liu’s p-adic L-function £; with a Symmetric square
p-adic L-function appearing in the work of Schmidt and Hida, described in Theorem

3.4 of |Das16|. We will need the following well-known Lemma.
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4.7.3.3 Lemma. Let f be as in Proposition and let f° the associated new-
form, so that f is an ordinary p-stabilization of f°. Assume that f° # f. Then we
have:

— —1?%(1= & -1 o ro
(fs Firvvp = (@ ) p (o £y

af
Proof. This follows from Hida’s formula [Hid81, Section 5|: there exists a constant

C such that, in the notation of loc cit.,

<f7 f) - O(p2 - ]')Ress:kD<f7 f7 S)?
and
<f07 fo> = OReSs:kD<fo> foa S)'
We can obtain the formula of the lemma by the relation:

(1—p"'p=*)*(1 = B5p~%)

D(fas fass) = (1 — p2k—1)p=2s)

D(f. f,s).

We therefore obtain the following Proposition:

4.7.3.4 Proposition. Let f and x be as in Proposition and let f° the asso-

ciated newform, so that f is an ordinary p-stabilization of f°.

L(k)  E,(1,Ad(f) @ x )L(LA(f) ® x !
Ef(X)ZMf-ik_l(z ) B (7r)k+1z<f°,)f°(>Kl(N)( J@x),
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where we have put

My = - )7 ANz (1- 2

ay

4.7.3.5 Proposition. Let f be as in the previous proposition and let Lp(Sym2f, s)
be the p-adic L-function described in Theorem 3.4 of [Das16]. There exists a constant

Ur € ZTDX depending only on f such that, in the notations of loc cit., we have

Lp(Sym2f7 Vk,x) = Uf : Mf : X2<Qrps)£f(X)'

Proof. This follows from comparing the interpolation properties described in Propo-
sitionand Theorem 3.4, Equation (32) of [Das16| applied at s = k and § = .
The constant Uy is

Up =i "1Q, s

Assume henceforth that f is not multiplicative that is f© # f.

Note that then E,(s, Ad°(f)) has a zero at s = 1. We deduce that if f is a weight
k specialization of f, we have c¢;L; € O[I'], where we recall that I' = 1 + pZ,. If v
is a topological generator of I, we have L; = (v — 1)L for some L € (c;) " O[TT.
Similarly we have

‘Cf:(fy_l) ;'a

for some L} € (cf) "t AL[I']. We want to study the interpolation properties of Lf, in

particular at the trivial character.
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Note that when the Nebentypus of f is trivial at p, by Equation (1.0.1) of [Liu20],

we have

(L—p (L —p* ey

Ep(S,Ad0<f)) = (1 _p_s)<1 . p_(k_l)ozfcp_s)

— &,(s,Ad°(f)) - L(s, Ad°(f));

here we have set

(s, Ad’(f) = (1-p) (1 - ﬁps—l) (1 . ﬁp—s)

af

We set henceforth

E,(s,Ad(f)) = (1 - &ps—l) (1 - ﬁp“*).

af ay
By proposition [£.7.3.5] we obtain the following proposition.

4.7.3.6 Proposition. Let t : Ay — O be a point corresponding to a classical weight
k specialization of the Hida family £, with trivial Nebentypus, so that t(Ly) = Ly e
(cp)rO[T]. We have

ﬁlf(l) = Ing(u)_lgan<Ad0(f)) ’ Lalg(L Ado(f))§

Here we have put u = 1+ p and L, (1,Ad°(f)) is the L-invariant as defined by
Dasgupta [Das16, Equation (11)] and

T'(k)L(1,Ad°(f))
TR e, fo vy

LU(1, A (f)) = Uy - My€y (1, Ad(f) -
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The following Lemma is an immediate consequence of [Hid81, Theorem 5.1].

4.7.3.7 Lemma. Let [ be a twist-minimal, weight k newform fized by K1(N). Then

L(k)L(1, Ad(f))
71-kJr122k<f7 f>F1(N)

A(fp(N)] =1

p
Proof. This follows at once from the following formula, that follows from |Hid81,

Theorem 5.1

(. Prn = B (o ad (),

when f is fixed by 'y (V). O

Noticing that
My&, (1, A (f)) = (unit) - o(N)Ae(f),

we have

L5, Ad ()], = 1

Therefore we obtain the following result.

4.7.3.8 Theorem. Let f be as in Proposition ].7.53.1. Assume that f # f°, where

f° is the newform that is associated to f. We then have

1£5(1)], = [log, () Zun(A(1))], = | log, ()" Zes(AL())]..

Here L55(Ad°(f)) is the Greenberg-Stevens L-invariant as defined by Dasgupta

(Das16, p. 7.
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Chapter 5

Arithmetic applications

5.1 Adjoint Selmer groups

5.1.1 Definitions

In this section we give basic definitions for studying Selmer groups of adjoint motives.
Set for simplicity K = F), and O = O, and let @ be a uniformizer for O. We

recall that f here is a weight £ > 2, trivial Nebentypus, specialization of the Hida

family f, as in Proposition [4.7.3.1]
We recall that there is a filtration on 7%,

T;r - Tf,

such that T; = T;/T; is unramified and T} |;, ~ O(1). For simplicity, in this
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section only, let

T = Ad°(Ty) C Endo(Ty).

The filtration T;r C T induces a three step filtration on 7™
Fil'T ¢ Fi’T ¢ T,

where Fil'T is the set of elements ¢ € T such that ¢(T;) = 0 and Fil’T is the
set of element ¢ € T such that (b(Tf+ ) C ij . Stated otherwise, if one represents
the elements of Ad°(T) as matrices in a basis whose first vector spans Tf , then the
elements of Fil’T are the upper triangular matrices and Fil'T are the elements of
Fil°T that are nilpotent. Note that Galg, acts trivially on FilOT/ Fil'T, and inertia

at p acts by the cyclotomic character on Fil'T. We let
T~ =T/Fil'T.

Setting V = Ad%(p;) = T ®z, Q, and W = V/T, we have a completely analogous
three-step filtration Fil*V on V and on W.

Recall that we have set I' = 1 4 pZ, and A = O[I']. We fix v a topological
generator of I Let Qo C Q(p,) be the unique Z,-extension of Q, and identify
Gal(Q(pp=)/Q) — Gal(Qu/Q), with the projection ZY — 1+ pZ, = I'. Define
U:Gg — I C (A)* be the natural projection given by the inclusion of 1 + pZ, into
O[I']. This is a continuous A-valued character that is unramified away from p and

totally ramified at p. Let A* be the Pontryagin dual of A; it is a discrete A-module.
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Put now

M =TeA

with diagonal action of Gg: on A*, the action is by the character W~!. Denote by
M+ =Fil'T @ A*, and M; = M/M™. Similarly as before we have a three step
filtration

Fil'l M = MT ¢ Fil’M ¢ M.

We put M~ ‘= M/M™*; we also set M~~ ‘= Fil’ M/Fil' M C M~. We remark
that Galg, acts on M* by ¥ 1a 2@~ by ¥~ on M, and by e~ Haf¥!
on M/Fil°’ M. Here we have abused notations and denoted by a; the unramified
character of Galg, sending the Frobenius element to ay € O.

Let Qg be the maximal unramified extension of QQ unramified outside S and oo.
Define Gg ‘= Gal(Qg/Q). Let X be any finite set of primes contained in S. We

define a Selmer group Sel (./\/l ) by

H'(Q,, M
3,1 - 1 yox 1
Selg (M) = ker { H (Gg, M) — Q) ./\/l+ eels\le (e, M

We let
FI (M) =imH(Q,, MT) Cc H'(Q,, M).

p

We define also

Seléﬁ(/\/l) = ker { H'(Gg, M) — (Q%’—’ H HY (I, M) b, (5.1)

teS\y
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and

Y,ur . Q ,
Selg™ (M) = ker { H'(Gs, M) —> J_Euré’ < [ B'teM) . (5.2)
es\x
where
. H'(Q,, Fil° M) -
.FO — D Hl
yM) lm{imHl(Qp,FillM) = H(Q, M )}’

and

F (M) = ker {H'(Qp, M) — H'(I,, M7)}.

We let X(Soi (M), X(SOS(M) and X(S;‘r be the Pontryagin duals, which are fi-
nite A-modules. We let Ch*"*(M), Ch®*(M) and Ch"*(M) their respective A-
characteristic ideal. In general, this does not depend on the choice of lattice T"C V'
if T is residually irreducible.

We denote similarly Sel™! (M), X>(M), Sel™*(M), X>O(M), Sel®™ (M), X>" (M)
for M = T,V,W, the Selmer groups defined by replacing M above by M. If ¥ is

empty, we simply omit it from the notation. Notice that we have the inclusions:

Sel™ (M) C Sel™™ (M) and Sel®! (M) C Sel*°(M).

Moreover, for 3; C ¥ and e € {0,1,ur}, we note that we have the relation

Sel*™ (M) = ker ¢ Sel**(M) — [ H'(Z, M)%e

EEEQ\Zl

Each cohomology group H'(1;, M)%*2 is a cotorsion A-module; the characteristic
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ideal of its Pontryagin dual is generated by P, ‘= P,(¥~'e~1(Frob,)) € O[I'], where
Py(X) = det(1 — XFroby|V;,), with V;, being the space of I,-coinvariants of V. If S
is a finite set of places, we let Py = [],.q F. From this simple remark, we obtain

the following Lemma.

5.1.1.1 Lemma. For all collections X1 C Yo of finite places, the discrete A-module
Xéil(./\/l) is torsion if and only if Xéil(/\/l) is torsion. And we have the inclusion
of characteristic ideals:

Ch"™>(M) 2 Ch"™ Py,

5.1.2 No-nonzero pseudo-null submodule

In this subsection we show that Xgoi (M)—if it is a torsion A-module- then it has no
non-zero finite order submodules. We follow quite closely the arguments of [SU14].

We make the following running assumption:

The Galois representation T is residually absolutely irreducible. ‘

This implies that the definition of the previous sections do not depend on the
choice of lattice T C V. Let us introduce the following notations. For z € A and

o = (), £, we set

V?® = Homp(K, M*[z]) Ts = Home(K/O, M*[z]).

Then we have isomorphisms of Galois modules W2 = V,* /T2 ~ M*[z] for all x € A.
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We also denote by ¥, the character

Galg, — A* — (A/zA)* ~ O*.

We remark that for z = v — (1 + p)™, for m an integer, ¥, = e"w ™

, ", where w, is

the Teichmiiller character. If a is a generator of (Z/pZ)*, denote by (,—1 = wy(a).
5.1.2.1 Lemma. Let x = v — (1 +p)™ € A with m # 0,1,k — 1,k is an integer.
Assume that k £ 0 mod p — 1. Then

HY(Qp, M [2]) = H' (£, M7) e [a] = H (I, M [a]) % =~ (K/O)*.

Proof. After I, semi-simplification, M~ is isomorphic to A*(¥~1) @ A*(e=*=D).

By definition of ¥, we have
HO(L), M) C N[y =@ N[y - ¢ (1 +p)" 1] = (K/0)%.

Therefore, since m # 0, k—1, and K/Q is divisible, multiplication by x on H’(1,, M)
is surjective, that is HY(I,, M~)/zH%(I,, M~) = 0. Therefore by the long exact
sequence in cohomology associated to the short exact sequence M[z] — M — M

we have:

HY (1, M [2]) = H'(L,, M7)[a].

By the local Euler characteristic formula we have

dimg HY(Q,, V) = 2+ dimy H(Qp, V;7) + dimg HY(Q,, (V;7)"(1)) = 2
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ask # 0,1, k—1, k. If w is a uniformizer for O, let m = (7v—1, @) be the maximal ideal
of A. By local duality, H*(Q,, M~ [m]) vanishes, as M~ [m]*(1)*|;, ~ A/m(w,) &
A/m(wh) is totally ramified as k # 0 mod p — 1. It follows that multiplication by
w is surjective on H'(Q,, M~ [z]), since m = (y — 1,w) = (z,w), i.e. this last local
cohomology group is divisible. By the dimension counting above, we deduce that

HY(Q,, M~ [z]) ~ (K/O)? and then the result, as M~[z]'» is finite. O

5.1.2.2 Lemma. Suppose ¥ contains the primes dividing Np and that Xé; (M) is

a torsion A module. Then for all but finitely many x =y — (1 4 p)™
1. the restriction map H'(Gx, M[z]) — HY(Q,, M~ [z]) is surjective;
2. the restriction map H'(Gx, T} (1)) = [Les, HY(Qe, T}/ (1)) is injective;
3. the global cohomology group H*(Gs,, M|[z|) vanishes;

4. we have

HY(Gs, M)/zH (Gs, M) =0

In the proof of the Lemma above we will need the following notation. Let

III°(3, —) be the kernel of the natural restriction map H'(Gyx, —) — [[,es H(Qe, —)

Proof. By Poitou-Tate duality, noticing that H°(Q,,V,’(1)) = 0 for v € X, we have

for all but finitelly many z:

dimg HY(Gyx, V,) = dimg T2, V.Y (1)) — dimg HY(R, V) + 3.
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Since complex conjugation has only one eigenvalue equal to 1 on V, we have dimy HO(R, V) =

1, and we obtain for all but finitelly many x the dimension equality:
dimg HY(Gy, V,) = dimg (X, V.Y (1)) + 2.

Since Xgoi(./\/l) is a torsion A module, Seléi (M)[z] = ker{H'(Gx, M[x]) —
H'(Q,, M™)[z]} is finite for all but finitely many z. In particular, we have an
injection

Hl (GE7 ‘/.'E) — Hl(@p; ‘/;xi)

and thus the dimension of H!(Gy, V) is the dimension of its image in H*(1,, V)%

for almost all x, which is a space that is at most 2-dimensional for almost all x, by
Lemma (5.1.2.71
Combining this with the dimension computation above, we see that for all but

finitely many x, we have the dimension equalities
dimg H'(Gyx, V,) =2, TI'(Z, V(1)) =0.

Part 1 of the Lemma then follows from Lemma [5.1.2.1} and the first equality just
above, when k Z 0 mod p— 1. Part 2 of the Lemma follows form the second equality
just above and the fact that III'(X, 7Y(1)) is torsion-free (as we assumed 7' to be
residually irreducible) of rank equal to dimg IIT*(%, 7,/(1)). Part 3 follows from the
fact that III%(32, M[z]) is dual to IIT' (X, 7Y(1)) = 0 and, for almost all z, the fact
that H?(Gyx, M(x]) = II*(3, M[x]), since H*(Qp, M|z]) = 0. Part 4 follows from
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Part 3 and the long exact cohomology sequence for multiplication by x on M.

We now prove part 1 even in the case where £ = 0 mod p — 1. We give a general
argument using our Kuler System that works in general. By Proposition [5.1.2.5
(independent from part 1 of this Lemma), and by global duality there is an exact

sequence
0 — Sel"*(M[z]) — H*(Gx, M[z]) — HY(Q,, M [z]) — Sel”*(N,) — 0.

Exactness on the right is a consequence of the fact that II1?(X, M[z]) = 0, as is
proven above by dimension counting. Here N' = Ad°(T})(1) @ A(V), N, = N /aN,
and Sel”*(N,,) denotes global classes of H' (G, N;) whose localization in H'(Q,, NV,)

belong to the subspace H'(Q,, Fil’,). Therefore one obtains an injection

H'(Gp Ao |, H(Qp D)

~ H! 410
SePT,)  im(Qy, FilAG) (G NaFIEAR),

where the last isomorphism holds for almost all . By the local Euler characteristic
formula (or by duality using the analysis above), we have that dimx H' (G, V(1)) =
1, as V(1) = N.[1/p]. Therefore the O-rank of H'(Gx, N,) is at most 1. It follows
that either the quotient H*(Gy, Ny )/Sel®>(N,) is finite or Sel>*(N,) is finite. No-
tice that H'(Gyx, N,) is torsion-free as T is assumed to be residually irrdeducible.
Therefore, in order to prove that Sel®>(N;) = 0, it suffices to show that the quotient
H' (G, N;)/Sel>*(N,) is not finite, which will settle the claim of point 1. Spe-

cializing the Hida variable to f, our Euler System construction produces a class
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C € H(Gx, N') whose image by
H! (G, N) — H(Q,, N) — H'(Q,, N'/Fil°A") £5 A

coincides up to a non-zero scalar with Liu’s p-adic L-function. Therefore specializing
at generic x (for which Liu’s p-adic L-function does not vanish), there is a class
C. € HY(Gx, N,) whose image in H'(Q,, N, /Fil°’,) generates a free rank-1 O-
module. We deduce that, for such z, the quotient H'(Gyx, N,)/Sel”*(N,,) cannot be

finite and thus Sel’*(N) = 0. O
5.1.2.3 Proposition (No non-zero pseudonull submodule). Assume ¥ contains all
primes dividing N. If X(Soi (M) is a torsion A-module then X(Soi (M) contains no
non-zero pseudo-null submodule.

Proof. It is equivalent to show that Selgi (M) has no non-zero finite A-quotient. Let
I+ ¢ HY(Q,, M™) be the image of H(Gx, M) — H'(Q,, M~). The kernel of this
map is simply Selé’;> (M) since X contains the primes dividing Np by the second part
of proposition [5.1.2.4, We thus have an exact sequence

0— Seléi(/\/t) — HY(Gg, M) — Iy, — 0.

Let x+ = v— (1 4+ p)™ € A as in Lemma such that the conclusions of
Lemma5.1.2.2] are valid. We claim that the image of H(Gx,, M([z]) = HY(Gx,, M)[x]
in H'(Q,, M™)[z] coincides with Is[z]. The fact that it is contained is immediate,
and equality follows form Part (i) of Lemma [5.1.2.2] By the snake Lemma ap-

plied to the above exact sequence we have an injection Seléi (M)/ xSeléi (M) —
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H'(Gx, M)/zH'(Gx, M) and this quotient is 0 by the choice of z and part 4 of
Lemma [5.1.2.2} so Sel(éi (M) is a-divisble. In particular, if N is a finite quotient of
Selé’;(/\/l), then N/xzN is a quotient of Selé’;> (M)/xSelgi (M) =0,s0 N/zN =0,

and therefore, by invoking Nakayama’s lemma, N = 0. [

For ¥ any finite set of primes containing the divisors of Np, consider the restric-

tion:

Res™ : H'(Gy, M) — Qp’ H H (1, M)%?er,

CeS bp
The kernel of Res” is independent on ¥ and is of course Selg, _(M).

We introduce some auxiliary Selmer groups
N = AdY(T)Y(1) ® A = Home(Ad°(T}), O(1)) @ A.

The Galg action is given by Ad°(p;)(1) ® W. Let N'* be the Galg, stable subspace
of N defined by

N = Homp(Ad°(Ty) /Fil°(T}), O(1)) @ A.

We let N= =N/NT. For an element © € m, we define the free O-modules

=N/azN, Nf =N*t/zN*, and N = N,/N;. We also define

Sel®(N) = ker {H!(Gs,N) — HY(Q,, N)/Fr(N)};
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here FJ(N) denotes the image of H'(Q,, N'*) in H'(Q,, V). We define similarly
Sel*(N,) by replacing N with N, in the above definitions.

We will need the following Lemma.

5.1.2.4 Lemma. Suppose ¥ contains all primes dividing Np, and Xéi(/\/l) 1S a

torsion A-module. For almost all x =~ — (1 + p)™, m € Z, the natural map
Sel*(N) /zSel*(N) — HY(Gx, N,)

factors through Sel*(N,) and is an injection.

Proof. Let ¢ € Sel*(N) be such that its image in H'(Gy;, N, ) is trivial. Then, ¢ = xd
for some d € H'(Gy, ), this is because H*(Gy, N)[z] = 0. Since ¢ € Sel*(N),
d is such that the image of zd in H'(Q,, N ) vanishes. We want to show that
d € Sel*(N).

The kernel of multiplication by = on H'(Q,, N7) is the image of H°(Q,, N, ), but
the I, semisimplification of N is isomorphic to O(e*1W¥,) & O(¥, ), where we have
denoted by W, the reduction of ¥ modulo x. For almost all x, this module has no
Galg, -invariants. Then multiplication by x is injective in H'(Q,, N'7), therefore the
image of d in H'(Q,, N'™) vanishes and thus d € Sel*(N\). O

For the following proposition, we follow [Skil6, Proposition 2.3.2].

5.1.2.5 Proposition. Suppose ¥ contains all primes dividing Np, and Xéi (M) is
a torsion A-module (equivalently: X§ (M) is torsion by Lemma|5.1.1.1)). Then, the
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restriction map Res™ is surjective. In particular the restriction map

Sel'* (M) — [ H'(Zp, M)

ex 0#p

18 surjective.

Proof. We prove first the surjectivity of Res™. Since the restriction maps H'(Q,, M) —

HY(I,, M)%¥es are surjective for a finite place v, it suffices to prove that :

H'(Qp, M)
imH!(Q,, Fil’ M)

Res : H'(Gy, M) —» <[] H'(Qn,M),

e 0£p

is surjective. Denote by § its kernel.

Consider the natural pairing
() M N = Q2
such that on pure tensors t ® \* € M and ¢ ® A € N/, we have
(@A, 0@ N) = A (P(t)N).

This pairing is Galg,-equivariant and perfect. Under this pairing, F il M and Nt are
mutual annihilators. We denote by F(N) the image of H'(Q,, N*) — H'(Q,, ).
Then F)(M) and F)(N) are mutual annihilators under local Tate duality. Let
III' (S, ') be the set of classes of Sel”(N) that are locally trivial at all places of S.

Then global Tate duality identifies the dual of the cokernel of Res with Sel™(N)/II' (%, V).
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Therefore to prove the desired surjectivity, it suffices to prove that Sel” (N) is triv-
ial. Since T is residually irreducible, H'(Gx, ') is A-torsion free (and hence so are
Sel*(N) and IIT' (2, NV)); therefore it suffices to prove that Sel®(A\/) is torsion.

For this, we exhibit elements = v — (1 +p)™ € m such that Sel®(N)/xSel® (N)
has finite order. By Lemma [5.1.2.4] it suffices to prove that for all but finitely many
z, Sel*(N,) has finite order (and since T is absolutely irreducible, it would follow
that it is trivial). For this we show that Sel”(N,) ®z, Q,/Z, is trivial for all but
finitely many x — or equivalently, as this module is divisible, that it has finite order.

We put M, = N,®Q,/Z, and M, = N, ®Q,/Z,. Since the maps H'(Gx, N,)®
Q,/Z, — H'(Gx, M,) and H'(Q,, N; ) ® Q,/Z, — H'(Q,, M) are injections we
deduce that Sel”(N,) ® Q,/Z, injects into Sel”(M,), and it therefore suffices to find
an z such that Sel”(M,) has finite order.

The collection of (M,) for varying x = v — (1 + p)™ is the same as the collection
of (M[z]) since N ® Q,/Z, ~ M(1). Since

Sel*(M[z]) — Selai (M)[z].

Since X1* (M) is assumed to be torsion, for all but finitely many z, X *(M)/z X *(M)
has finite order. The quotient X*(M)/zX"*(M) being dual to Sel(gi(./\/l)[x], we
deduce that for all but finitely many z, Sel”(M(x]) is finite, and therefore for all
but finitely many z, SelE(Mm) is finite; which suffices to prove the claim of the

Proposition. O]

With Proposition [5.1.2.5)at hand, we can upgrade Lemmal[5.1.1.1] to the following
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result, by the same argument as in Lemma 2.3.4 of [Skil6].

5.1.2.6 Corollary. For all collections 31 C X9 of finite places, the discrete A-module
Xéil(./\/l) is torsion if and only if Xé’? (M) is torsion. And we have the equality of
characteristic ideals:

Chl722 (M) = Chl’zl PEQ\Zl'

Moreover if Fitt"® denotes the Fitting ideal of X(S;(M), we have the equality
Fitt"* = Ch'*>.

The following lemma shows that if 3 is large enough then Selé’;> (M)[p™] and
X(S’ (M)/me(Soi (M) depend only on the pair of O /p™O|Galg]-modules (T} /p" Ty, T} /T] [p™T5).

1
This Lemma will be used to deduce the Iwasawa main conjecture along the entire
Hida family regardless of the vanishing of the £(V')-invariant.

5.1.2.7 Lemma. Suppose X contains the primes dividing N. The inclusion M[p™] C
M induces an identification:

Selg ™ (M) [p™] = ker {H' (G, M[p™]) — H(I,, M~ [p™]).}

So, Selgf(/\/l)[pm] depends only on the pair of O /p™O|Galg]-modules (Ty /p™ Ty, T} / T} [p™T}).

Proof. Note first that (M ™) is p-divisible — this is because M~ has a two step fil-
tration with a subspace acted on by U~! and a quotient acted on by e~ *=DW¥~1 ; and

thus (M™)% is a direct sum of K/O. Then, since H}(Gx, M[p™]) = HY(Gx, M)[p™],
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we obtain the result since the kernel of the natural H'(I,, M~ [p™]) — H'(1,, M)
is the image of (M™)"» /p™(M™)!» = 0 under the boundary map.

Notice that by definition T depends only on TJEL C T%. The claim of indepen-
dence now follows, as M[p™] ~ T /p™T @ A*[p™] and M~ = M[p™]/ M [p™] where
MFp™] =T /p" T+ @ A*[p™]. O

5.1.3 Greenberg L-invariants

In this section we define Greenberg’s L-invariant for adjoint Selmer and we study a
few of its properties. Let Sel®™*(V) be the Bloch-Kato Selmer group with relaxed
conditions at X, a finite collection of finite places. Following Hida |[Hid04], denote
by U,(V) the Selmer structure at p for Sel®*(V/); this coincides with Fo(V)if fis
of multiplicative type and F*(V') otherwise.

Consider the defining exact sequence of H}(Q, V), where we recall that V' =
Ad"(py):

1
0 —— Sel®™ (V) —— HY(Gs, V) , 2 (g%,/)v )

< ] H'Z, V)% —— Sel®(V(1))
LeS\{p}

By Flach’s theorem Sel® (V) = Sel®®(V (1)) = 0. We thus obtain an isomor-

phism:

-, H(@V)

TG == m)

< ] B, V).
(e5\{p}
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Consider the restriction map

- HY(Q,, Fil’V) )

Sel’(V) —— HY(Q,, Fil’V) =i » HY(Q,, K). (5.3)

The local cohomology group H*(Q,, K') is naturally identified with continuous abelian
group homomorphisms

Galé};’p — K,

where Galal;’p denotes the maximal abelian pro-p quotient of the absolute Galois
group of Q,. Local class field theory identifies Galg;’p with the p-adic completion of
,; that is @n Q) /(Q) )?". From the decomposition Q) = p? x Z) we obtain a

basis {Aur, Acye } of H(Q,, K') characterized by the properties that

Mur(p) = Acye(t) (log, (u)) ™ =1, and  Aur(u) = Aeye(p) =0,

where v denotes a topological generator of 1 + pZ,. For example, we can take
u=1+4+p.

The image of the map defined by the diagram is a one-dimensional subspace
of H'(Q,, K) and moreover it is not contained in the line spanned by A, as other-
wise it would give rise to a non-trivial element of H}(Q, V). The image of Sel’(V)
(equivalently Sel”*) in H'(Q,, Fil’V) is therefore spanned by an element of the form

TAwr + YAeye, With y # 0.
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5.1.3.1 Definition. We set

V) = —ylze K.

This definition is clearly independent on the choice of vector spanning the image of

Sel®> (V).

We now move to an analysis of the L-invariant form an integral point of view;
namely studying how the L-invariant manifests itself when considering Galois coho-

mology of W and T' (with notations as in the first paragraph of Section [5.1.1]).

5.1.3.2 Lemma. If f is not of multiplicative type, the image of HY(Q,, Fil'W) in
HY(Q,, W) vanishes.

Proof. Consider the exact sequence

0 — Fil'W — W — W~ — 0.

Notice first that we have (W~)%er ~ (W~")%le ~ K/O. Therefore by the exact

sequence above, we obtain the following long exact sequence

0 — (W% ~ K/O — HYQ,, Fil'W) — HY(Q,, W) — H(Q,, W)

By the local Euler characteristic formula, we have dim g H'(Q,, Fil'V') = 1. Moreover
H2(Q,, Fil'W[w]) = 0 since f is not of multiplicative type. Therefore H'(Q,, Fil'W)
is divisible and therefore isomorphic to K /. The (injective) boundary map (W ~)%%e —

HY(Q,, Fil'W) must consequently be an isomorphism. This finishes the proof. O
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Define now Sel®™ (1) as the image of H}(Q, V) in H'(Q, W). This coincides with

the Selmer group with Selmer structure U,(WW)* where the superscript < indicates

the maximal divisible subgroup of U,(W).

5.1.3.3 Lemma. If f is not of multiplicative type, then
U,(W) = U,(W)* = im{H!(F,, W) = H'(Q,. W)} ~ K/0.
If f is multiplicative, then
U,(W) = U,(W)" ~imH"(Q,, Fil'W) ~ K/O.

In particular we always have U,(W)™ = Uy(W) ~ K/O. Therefore, when f is not

multiplicative, Sel®™ (W) coincides with Sel™ (W).

Proof. Indeed, by Lemmal5.1.3.2) U,(W) coincides with the kernel of HY(Q,, W™) —
H'(1,, W) which is the image under inflation of H!(F,, (W ~)’), which is identified
with HY(F,, W) ~ K/O. O

Fix a basis of H'(Q,, W~ ") ~ HY(Q,, K/O) by taking the image of Ay, and Aeyc

under the natural map H'(Q,, K) — H'(Q,, K/O). This fixes a decomposition
H'(Q,,W ")~ K/O x K/O.

The first coordinate corresponding to A, and the second to Acyc. We will denote the

line spanned by Ay, in H'(Q,, W~") by H..(Q,, W~") and the line spanned by Acy.
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by Hiy(Qp, W) so that there is a natural decomposition:

HI(QZN W__) =H; (Qpa W__) X Hllur(@pa W__)~

cyc

We denote by meye (resp. my) the natural projection onto the first (resp. second)
factor of the above decomposition.

By the same reasoning, there is a decomposition:

H' (Qp7 Tii) = H(lryc(Qpﬂ Tﬁi) X Hlllr((@}” Tﬁi):

such that the choice of the basis (Aeye, Aur) of HY(Q,, V™) determines Z,-module
isomorphisms:

HL(Qy 7 ) =~ O and HL(Q, T7) = (1/ log,(u))0

cyc

The following proposition is essentially exctracted from |Gre94, Proposition 4]

applied in our particular context with slightly more general hypotheses.

5.1.3.4 Proposition. Let SO be the image of Sel’ (W) in H{(Q,, W~7). Assume
that £(V') # 0 We then have the equality
[Sp N Heye (@, W)

Sye P — Nog () &(V)]...
S AL @, W), ) £V

Proof. Denote by DY C S the image of Sel’(V) in H'(Q,,, W~~) — this is the maximal
divisible subgroup of S). Denote by d the index of DY) in §). Since £(V) # 0, the
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maps Ty, (and mey.) map Dg surjectively onto K/O. Therefore we find that
M (@, W) N S| = dIH, (Qy, W) Ny

and similarly for the intersection with Hey (Q,, W7™7). It thus suffices to prove the

result for SI? replaced by Df. In the basis spanned by (the image of) A, and Ay,
D) is the K/O line spanned by (£(V)~",log,(u)"). We have then that

DY A HL(Q,, W) = £(1)10/0

and

DY NHL,(Q,, W) ~log,(u)'O/O.

cyc

The result follows. O]

We assume hencforth that £(V) # 0

5.1.3.5 Remark. With notations as in the proof of Proposition [5.1.3.4] we actu-
ally have D) = S} i.e., d = 1. Indeed, by global duality the image of Sel’(W) in
H'(Q,, Fil’W) is the annihilator of the image of H!(Gs, T(1)) — H'(Q,, T(1))/H'(Q,, Fil'T(1)).
By global duality the map H'(Gg, T(1)) — H'(Ggs, T(1))/H*(Q,, Fil’T(1)) is the an-
nihilator of the image of H'(Q,, Fil'WW) which is 0 if f is not multiplicative and
divisible otherwise. Therefore, to show that the image of Sel’(W) in H'(Q,, Fil°W)
is divisible it suffices to prove that the image of Sel’(T(1)) — HY(Q,,T~(1)) is
saturated. Indeed the elementary computation of [Har09, Chapter II| produces a Z,-

line with coordinates (£(V'),log,(u)) in the basis determined by {Acyc, Auwr }- Since we

255



know that the image of Sel’(V (1)) is spanned by this vector by definition of the £-
invariant, we deduce that the image of H'(Gg, T(1)) in HY(Q,, T~ (1)) is saturated.

And hence the result.

Let us record in a Lemma a fact that was used in the proof of Proposition [5.1.3.4

and the remark above and that we will use later also.
5.1.3.6 Lemma. The image of H(Gg, W) in H (Q,, W™) contains H} (Q,, W~ 7).

We now study relationships between the Selmer groups for M and the Selmer

groups for W.

5.1.3.7 Lemma. There is an exact sequence:
0 —— (M”)Gah@p ~ K/O —— HYQ,,W~) —— HY(Q,, M~ )[y =1 —— 0.

Moreover, the image of (M™7)%% in HY(Q,, W ™) is identified with the line HL (@, W) C
HY(Q,, W) c H{(Q,,W™).

Proof. This follows from the exact sequence

and the fact that (M ™) /(4 —1)(M™)%2% ~ A*[y—1]. The second claim follows
easily from the fact that the image of (M™)%"% is contained in H'(Q,, W~") and
the fact that restriction to inertia is an isomorphism (M~7)%% ~ (M~7)r ~

Ay —1]. O
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5.1.3.8 Lemma. There is an exact sequence
0 — Selg” (M) —— Sely (M) —— HL(Q,, W) ~ K/O — 0.
In particular we have the characteristic ideal equality:
CRMZ(M) = CH™S (M) /(5 — 1).

Proof. This follows from Lemma [5.1.3.6, and the fact that Sel™(M) C Sel’(M) is
cut out by the kernel of H'(Q,, Fil’M) — H'(1,, M~7). O

5.1.3.9 Lemma. With the notations of Proposition we have the equalities:

[Selg (M)[y — 1] = [Sel"*(W)| - |8, N Hepo (Qp W)

cyc

and

[Sel*(W)| = [Sel"*(W)| - |S; N H},.(Qp, W)

Proof. The second equality is immediate. The first one follows from the fact that
Selgi(/\/l)h —1] is the kernel of the restriction map H'(Gg, W) — H'(Q,, M)[y—1]
(intersected with unramified classes away from p U 3.) We then obtain

Selai (M)[y —1]
Selg™ (W)

~ ker{H'(Q,, W™) — H/(Q,, M)[y — 1]} NimH' (Gs, W).

We then conclude by Lemma [5.1.3.7] ]

We are now ready to give the following theorem, which is an immediate appli-
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cation of Lemma [5.1.3.9] Proposition 5.1.3.4] and Lemma [5.1.3.8] and Proposition
h.12.3

5.1.3.10 Theorem. Assume that £(V) # 0 and that X(S;(M) is a torsion A
module. Let hy, be a generator of Ch*™*(M) so that Ch*(M) is generated by
hs = hs/(y—1). Identify hy and h%, with power series in the variable T ‘=~ — 1.

Then, if f is not of multiplicative type, we have

[Sel™ (W), = | log, (u) £(V) " A5 (0)-

5.2 A precise bound on adjoint Selmer groups

In this section we use Rubin’s Euler System machinery to deduce Iwasawa theoretic
consequences for adjoint Selmer groups. We first verify Rubin’s techinical assump-
tion Hyp(K«,T). We keep the hypothesis of the previous section on the elliptic
modular form f of weight 2 and further assume that f is normalized and has trivial
Nebentypus; we denote by I'o(N) the level of f. For simplicity assume also that the
Fourier coefficients of f are rational. Let k = Z/pZ and k an algebraic closure of k.
Denote by

Pyt Galg — T} Xz, k

be the residual representation and let X the set primes at which p; is ramified. If £ is

a prime, we fix I, C Galg an inertia subgroup at ¢. We further assume the following
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condition

There exists a prime £ # p an element of order p in the image of p,|y,. (5.4)

5.2.0.1 Remark. Note that this condition is verified if p, is semistable but ramified
at some prime ¢. In particular, by the Remark following Lemma 1.10 in [Wil95|, the

projective image of Py is not dihedral.
5.2.0.2 Lemma. There exists an element o € Galg such that

1. o acts trivially on pe.

2. the Z,-module Ad°(Ty) /(o — 1)Ad°(T})(1) is free of rank 1.

Proof. If p > 3 one can invoke simply [Rub00, p. 54|. So it suffices to consider the
case of p = 3. We proceed similarly as in [Wil95]. We know that the projective
image of p is not dihedral by Remark

Since p = 3, as in [Wil95, Lemma 1.10| by Dickson’s classification, we can pro-
duce an element in the derived subgroup of imp that is of order 4— it has minimal
polynomial X? + 1. Consider now an element o € Gal('@ mapping to this element
modulo p. Let o act on Ty ® Z,2; here Z,2 is the valuation ring of the unique unrami-
fied quadratic extension of Z, obtained by adjoining a root of —1, say w. By Hensel’s

1

lemma, o has two distinct eigenvalues o, a~" congruent to +w modulo p. Now o

fixes the p-th roots of unity as it is lies in the derived subgroup of Galg. Moreover,

2

the eigenvalues of o acting on Ad"(7})(1) are a®, a2 and 1. Since a?

2 are not

) ai
congruent to 1 modulo (they are congruent to —1 and p is odd), by faithfully flat

descent, this element satisfies the required conditions.
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]

5.2.0.3 Lemma. The representation Ad°(T;)(1) ® k is an irreducible E[Gal@(”pm)]_

module.

Proof. Let G’ be the derived image of p;. Then it suffices to prove that the action
by conjugation of G’ on traceless 2 x 2 matrices is irreducible. If p > 3, by the proof
of Lemma 1.10 (i) of [Wil95|, G’ surjects onto PSLy(k). And the result follows.
When p = 3, Wiles in loc cit. shows that G’ C SLy(k) contains an element of order
4 (fact that we already used in the proof of Lemma . Call now 7 the element
afforded by assumption [5.4] then  obviously fixes the p-th roots of unity. The
subgroup generated by G’ and (the image of) v has order divisible by both 4 and 3

— it must therefore contain SLs(k) and we can conclude. O

To obtain the correct divisibility from the Euler System machinery, we need also

the following Lemma. Recall the notation introduced before Proposition [5.1.2.5

where we have set N "= Ad%(T})V(1) ® A.
5.2.0.4 Lemma. We have an isomorphism H'(Q,, N~) ~ A, that is H'(Q,, N'7) is
a A module of rank 1. Under this identification, the image of

HY(Qp, V) = HY(Qp N7)

is (y — 1)A.

Proof. Since N~ is a cyclotomic twist of an unramified character, the Iwasawa co-

homology of N~ is a A-module of rank 1. To prove the second claim we consider the
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exact sequence:
H'(Q,,N) — H'(Q,,N7) — H*(Q,,N*) — 0

By local duality H*(Q,, N'") is dual to H*(Q,, (N T)V(1)) ~ A*[y — 1] =~ (A/(y —

1)A)Y, which proves the desired result. O

Lemma [5.2.0.2) and Lemma [5.2.0.3] show that under assumption [5.4, Rubin’s hy-
pothesis Hyp(K,, T) for T = Ad°(T})(1) in [Rub00, p. 27] is verified. Using the nota-
tion of Definition , we have the Euler system classes Cys(f) for Ad°(T)(1); the
localization at p of the base class C1(f) is denoted by C,(f). Denote by Hj,(Q,, N)
the singular quotient of H'(Q,, N). This quotient coincides with the quotient by the
kernel of H'(Q,,N') — H'(I,, N7) if f is of multiplicative type and otherwise it is
identified with H'(Q,, N7).

Notice now that we have the following divisibility:

char (H (@, N)/AC,(1)) | (7 = 1) - char (7 = (@, A7) /im(Co () )

where im denote the image of C,(f) in HY(Q,, N7).
By Theorem[4.7.2.4] we have computed the big Perrin-Riou logarithm of im(C,(f)),
which is equal to ¢; Ly # 0. Combining Theorem 3.8 of [Rub00|, with these remarks

we obtain the following Theorem.

5.2.0.5 Theorem. The characteristic ideal of Xg (M) divides ciL; € A. Here
Ly denotes Liu’s p-adic L-function as in Theorem |4.7.2.4 In particular, Xéi s a
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torsion A-module and its characteristic ideal divides ¢y Ly, where ¢f = Ps(0)cy.

We now combine the Theorem above with the results of Section [5.1.3] to obtain

a precise on the Bloch-Kato Selmer group for W.

5.2.0.6 Corollary. Assume that f is not multiplicative and that £(V') # 0. Let 2

be a finite collection of places containing N. Then we have the inequality:
vp(Sel” (W) < Up(c?)a

where ¢ = Pg(0)cy.

Proof. 1f £(V') # 0, and f is not multiplicative, then by results of Dasgupta |Das16,
Theorem 3 and Theorem 4], the analytic L-invariant .%,,,(Ad’(f)) appearing in The-
orem (4.7.3.8 coincides with £(V') so that

Zun(Ad°(f)) = £(V) #0.

We can then combine as before Theorem [5.1.3.10, Theorem [5.2.0.5, and Theorem

4.7.3.8 to obtain the result. ]

5.3 The modularity theorem

In this section we retrieve a form of Taylor-Wiles” R = T' theorem [Wil95|, following

the original strategy of Wiles.
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We now introduce relevant notations. Let us now fix once and for all a represen-
tation

po : Galg — GLy(k),

such that pg is modular, ordinary at p, and verifies assumption (which is satisfied
if py is everywhere semi-stable). Let 3 be the set of primes containing all primes
¢ # p such that pg is unramified at ¢ and containing p only when p0|GalQp is good and
ordinary in the sense of [DDT94].

Let Ny, = p° N(po) where N(p) is the conductor of py, X are the primes dividing
N(po), and 6 = 1 if pg is good and p ¢ ¥y and § = 0 otherwise. Let Ny be the prime
to p part of Ny,. Denote by Tg the Hecke algebra defined after Lemma 3.26 in loc
cit. Let g be the eigenform of level I'y(Ny,) determined by Lemma 4.6 of loc cit.
and let m, be the corresponding maximal ideal of the Hecke algebra Ty = T((Ny,)
acting on modular forms of level I'o(NVy,). If ¥y does not contain enough primes
¢ =1 mod p in the sense of assumption |3.3.5.2] add to ¥y enough such primes to
form a set of primes ¥ containing p and enough primes ¢ = 1 mod p. So consider f
the level raised form, ordinarily stabilized at p for this choice of ¥ O ¥y; denote by
N the analogous quantity to Ny,. Let my C To(pN) be the corresponding maximal

ideal of f. Then there is an isomorphism
TQ (pN)mf ~ TE

by Lemma 3.26 of loc cit. Let ¢ : Ty, — O the Hecke eigensystem corresponding to
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f, and denote by ps the corresponding prime ideal. We set

cs = Annyg(py)

and define analogously

¢g = Annr, (p,);

we refer to them as the congruence ideals. For any admissible set of places S O 3,
we can define analogous congruence ideals cg. By the analysis in section 4.4 of loc
cit., they verify cg = Ts(¢"')cy; Here Ts € Tg[X] is the Hecke polynomial, defined
so that the pull-back of Ts along any Hecke eigensystem ¢ coincides with P,(¢~%)
for{ #pandforl=p, Ts=1— sz. Finally, for San admissible finite set of places
containing we let Rg be the universal deformation rings of pg classifying lifts of py
of type S respectively in the sense of [DDT94, p. 76]. By the existence of a Galois
representation that is Ty, ~valued deforming py (as in Lemma 3.277 of loc cit.), we

deduce the existence of a surjective homomorphism

RS E— TS,

for any S.

We are now ready to reprove the following theorem of Taylor-Wiles.

5.3.0.1 Theorem (Taylor-Wiles). The maps

RS —_—> TS,
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are 1somorphisms.

The proof of this Theorem will occupy the rest of this section.

Consider now g the kernel of the homomorphism Ry — O obtained by com-
posing the surjection above with ¢;. We let c? be the image of ¢y, in O. By a very
general theorem (see Theorem 3.40 of loc cit.), asking for the morphisms above to
be isomorphisms is equivalent to asking that the order of py/ pfc is bounded below
by the order of Sel®™*(1W), where W = V/T as in Section We will prove this
bound using our Euler system, in particular Corollary [5.2.0.6]

By Corollary [5.2.0.6| the map
RE E— TE.

is an isomorphism if £(V') # 0. Then by Corollary 3.37 of [DDT94], one deduces that
also the maps Rg — Tg are isomorphisms. So Theorem follows if £(V') # 0.

We now deduce the general case. Hida |Hid04] has shown that the L-invariant
can only vanish at finitely many points along a Hida family. In particular there exists
a weight & > 2 and a weight k ordinary eigenform h, such that £k = 2 mod (p — 1)
and £(V') # 0, where V' is now the adjoint of p,. The exact same reasoning as before
then implies that the specialization of the ring denoted by Ry* in [Hid21| Section 6.1]
is equal to the ring denoted by Ty in loc cit.. By Theorem 6.2.17 of loc cit. we can
deduce that R = T and by exact control for the ordinary Hecke-algebra and R

(see Corollary 6.1.10 of loc cit.) we have that Ry, ~ Tyx. This concludes the proof.
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5.4 The Iwasawa main conjecture

In this section we prove the Iwasawa main conjecture for adjoint Selmer groups;
namely, we upgrade the divisibility of Proposition into an equality. This is
actually an immediate consequence of this Proposition and the modularity theorem.
Indeed at the trivial character, by Corollary and the modularity theorem, the
bound and the size of the Selmer group coincide. The equality is then a consequence
of the simple fact that two Iwasawa functions, one dividing the other, that coincide
at a point differ by a unit.

We recall notations to state the next proposition, f is a weight k specialization

of the Hida family f as in Proposition [4.7.3.1]

5.4.0.1 Proposition. Assume that £(V') # 0 and that f is not multiplicative. We

have, for any finite collection of finite places 3, the equality of characteristic ideals:
Chara (ng (M) = (PscsL)).

Equivalently
Char, (Xéff(M)) = (PsciLy).

We now wish to remove the hypothesis of the non-vanishing of £(1'). We do this

by using congruences, as is done in |Skil6]. We recall that P is defined at the end
of Section [5.1.1]

5.4.0.2 Theorem. Let f be a weight k, trivial Nebentypus, specialization of the Hida

famaly £. We have the equality of characteristic ideals for any finite set of finite places
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Chara (Xé’i(M)) — (PucsL)).

Equivalently
Chary (X&f(M)) = (PgcsLy).

Proof. Let f be as in the theorem. If £(V) # 0 and f is not multiplicative, we can
apply Proposition We deduce the Theorem from this case as follows.

By Hida theory there exists newforms f,, m > 0 of weight k,, congruent to k
modulo p™(p — 1), such that the field generated by the Hecke eigensystem of f,, is
contained in K. We denote by f,, the ordinary p-stabilization of f; it verifies the
congruence f,, = f mod p™(p — 1), in the sense that their Hecke eigensystems are
congruent modulo p™(p — 1) in O.

It suffices to prove the theorem for a given finite collection ¥ of finite places. Let
Y be such a collection that contains the primes dividing the tame level N of f. The

congruence f,, = f mod p™(p — 1) implies the isomorphism
Sell (M,)[p™] = Sell® (Mg, )"
by Lemma [5.1.2.7. So comparing Fitting ideals gives
Fitt(Xg~ (My,,)) = Fitt(Xg~ (M) mod p™A.

Since Xéi (My,,) is torsion, by Corollary [5.1.2.6 the Fitting ideal of Xéi (My,.)

is equal to its characteristic ideal. The existence of the two variable p-adic L-function
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L¢ of Liu, implies that there is a congruence
Pgﬁlfm = Pgﬁlf mod p™A.
We therefore deduce that
Fitt(Xé’i (My)) = Pscp Ly mod p™A.

Since this last equality is valid for all m, Xéi (M) is torsion as its fitting ideal is not
zero. We deduce by the usual argument of ITwasawa theory, that since Xéi (Mg)p™]
has no non-zero pseudo-null submodule, its Fitting ideal is its characteristic ideal,

and therefore we have
CharA(Xé’i: (My)) = PrcpLy mod p™A,

for all m. Since the characteristic ideal is always principal, it follows that equality

holds. The proof of the Theorem is now complete. O
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Part 111

Theta Classes on Modular Curves at

Inert Primes
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Chapter 6

Foreword

We refer the reader to Section of the General Introduction, for the statement
of the main theorem of this part of the dissertation. We comment briefly on the
organization of the paper. In Chapter[7], we fix general notations for modular curves.
In Chapter [§] we begin the construction of the relevant Theta classes. The construc-
tion is organized in three main steps. In section 8.1 we study from the automorphic
point of view theta series for GLs, which allows us to compute the g-expansion at all
cusps of these theta series. Then, we introduce Lubin—Tate formal groups and the
relevant local periods. We finish the construction by combining the preceding two
steps: the computation of the g-expansion at all cusps controls the integrality prop-
erties of the theta classes by a p-adic Hodge theoretic argument and the construction
of the Lubin-Tate periods allows for a correct normalization of the geometric étale

classes.
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6.1 Basic Notation.

Let Q denote an algebraic closure of Q and fix an embedding Q@ < C. Let V = Q®Q
be a two dimensional Q-vector space; we endow V' with the canonical basis. Let
G = GLyg. Let B C G be the Borel subgroup of G consisting of the upper

triangular matrices (in the canonical basis of V') and let

ty O
T = t= 1t1,t0 € Gm@

0 t

be the diagonal. For ¢ = 1,2, we denote by e; the root corresponding to the character

be the unipotent radical of B so that B =T x U. Let Zg C T be the center of G.

Let S := Resc/rGm be Deligne’s torus. Let £/Q be a number field and let E2b
denote its maximal abelian extension inside Q. Denote by A the ring of adéles of E
and by A} the ring of finite adéeles of E. If S is a finite set of places of E/, we denote
by A®) the adéles away from S and Eg ‘= [I,cs Ev. The absolute Galois group of
E will be denoted by Gg. Global class field theory provides a canonical surjective

map, called the reciprocity map,

recy : BX\AY — Gal(E™/E).
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We normalize the reciprocity map by matching uniformizers to geometric Frobenius

elements. The map recg induces a commutative diagram:

EX\A% er > Gal(E*/E)

| J

EX\AX/Ny gAY ——~— Gal(L/E),

recr /g

for every finite abelian Galois extension L/E.
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Chapter 7

Modular curves

7.1 The Shimura datum

In this section we review basic facts about modular curves from the point of view of

Shimura varieties. Let X be the G(R) class of the homomorphism

r oy
h:S—=Gg, z=z+iy— : (7.1)

One can identify X with H* = C\ R, by sending h to i € C\ R. The G(R)
action on X is then identified with the usual G(R) action on H* by fractional linear
transformations. The datum (G, h) is a Shimura datum and thus determines a system

of algebraic varieties SHg (K') indexed by compact open subgroup K C G(Ay), such
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that complex analytically we have

SHg(K)(C) = GQ\(X x G(Ay)/Ky).

Note that the one dimensional complex manifold of the right hand-side is a disjoint
union of usual modular curves I'\H, where I' C SLy(Z) is an arithmetic subgroup.
The image of (z,9) € H* x G(A;) in SHg(K)(C), will be denoted by [z, g]x, or if 2
corresponds to an element h € X, we denote it by [k, g]k.

The reflex field of SHg is Q. Indeed, the reflex field of a Shimura datum is the

field of definition of the G(C) conjugacy class of the cocharacter

Wy - Gm7(c — S@ ~ Gm,(c X Gm,(c — G(c.

Here the decomposition S¢ ~ Gy, c X Gy, ¢ is determined by requiring that the
inclusion C* < S(R) — S(C) ~ C* x C* is the map z — (z,%), where Z is the
complex conjugate of z. Note that h(z) is the matrix of multiplication by z on
C ~ R2. Therefore, base changing to C, using the identification C @ C ~ C?2,

2@ A= (z\,Z)), we see that hc is Ge conjugated to

z 0
(2,Z) —
0 z
1 1
Explicitly conjugates h¢ to the homomorphism S¢ — G described by the
11
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above equation. Thus u;, is G¢ conjugated to the cocharacter

Z = ,

which is itself defined over Q, and therefore so is the G(C) conjugacy class of py,.

Then SHg(K) has a canonical model (in the sense of Deligne |[Del79]) over the
reflex field Q, which we denote by Y (K). This model is characterized by the action
of the Galois group on special points. Here "special points" correspond to homo-
morphisms h : S — Gg that factor through a maximal torus 7//Q. For the Shimura
datum at hand, every such homomorphism corresponds to a quadratic imaginary
field E/Q such that T'= Ty = Resg/gG,,g. Choosing a Q-basis of F, provides an
embedding tg : Tp — G, whose G(Q)-conjugacy class is independent of the choice
of basis. The field of definition of a special point of the form hg : S ~ (Tg)r — Gg is
E. In this case, the Deligne’s reciprocity morphism is the identity. Then the special
point [hg, gk € Y(K)(C) is defined over a finite abelian extension of E, such that
if t € AY, and 0 = recg(t) € Gal(E*/E), then o - [hg, 9|k = |[hg,t6(t;)g]. Here
ty € AL is the finite part of ¢.

When K is small enough, the affine curve Y (K') admits an integral model over
Spec(Z), smooth over Spec(Zg), where S is the set of primes for which K N G(Q,)
is not hyperspecial, and Zg denotes the localization of Z at S. We denote by % (K)
the integral model that is constructed in [KM85|. We will mainly use the moduli
scheme #%,(N), #1(N) andd % (N) defined respectively for the levels Ko(N), K1(N)

A

and K(N). Here, if redy : G(Z) — G(Z/NZ) denotes the reduction mod N map,
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we have set:

K(N) = ker(redy), Ki(N) =redy' (U(Z/NZ)), and K¢(N) =redy' (B(Z/NZ)).

We will sometimes abuse notation and view these groups as subgroups of GL2(Qg)

where S is the set of primes dividing N.

7.1.1 Connected components

The curve Y (K) is not geometrically connected in general. The geometrically con-
nected components are described as follows. Consider the determinant map det :
GL; — Gy, and the map X — {+} given by sending h — sgn(det(h(i))). Then,

the induced map
Y(K)(C) ~ GLy(Q)\X x GL(A®)/K — Q*\{£} x A /det(K)

is a bijection from the geometrically connected components of Y (K)(C) to the set
on the right. Therefore, the geometric curve Y (K)g decomposes as a disjoint union
Y (K), indexed by elements o of Q*\{#} x A /det(K). Unlike Y (K), the curves
Y (K), are not defined over Q but over abelian extensions of Q. These extensions
are determined by the Galois action on the components components of Y (K') which
we now describe. Let (aoo, af) € {£} x A®* be a representative of an element « of
Q\{£} x A= /det(K). Let 0 € G = Gal(Q*/Q) and let a = (aoo, ay) € A* be
such that recg(a) = 0. Then 0 - Y (K)y = Y (K)a-

One can obtain classical modular curves as follows: given (a0, af) € Q*\{£} X
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A>> /det(K), let gf € GLy(A™) be an element such that det(gs) = ay. Then the
map

HT =Y (K)(C), 7 |awT, gk

induces a holomorphic covering of Y (K),(C) and an isomorphism I'\'H™ ~ Y (K),(C),
where T is the lattice of SLy(Z) defined by

I = SLy(Q) N gsKg7".

7.1.2 Compactifications of modular curves

In this section, we review basic facts about compactifications of modular curves.

7.1.2.1 The Borel-Serre compactification

We first introduce the Borel-Serre compactification of Y (K), which we denote by
XBS(K) (|BS73|). This is a real manifold such that the natural inclusion Y (K) <
XB5(K) is a homotopy equivalence. We now describe classical results in the setting
of GLy; there are generalization that are true for all locally symmetric spaces.

As there is only one G(Q)-conjugacy class of parabolic subgroups of G, the
boundary 9%5(K) ‘= XB5(K) — Y(K) of the Borel Serre compactification contains
a unique stratum corresponding to the Borel subgroup B. Topologically 9%5(K)
retracts onto

B(Q)\G(A)/KL K.

Here we have set K2 '=R.,SO(2,R) C G(R). Let gy,...,g, be a complete set of
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representatives of B(A®)\G(A*)/K. Then we have a decomposition:

B(Q\G(A)/KSK = [[ B(Q\B(A)/Za(R)KB(g:).

1<i<r

Here K'(g;) € B(A™) denotes the subgroup B(A™) N ¢;Kg; *.
Denote by m : B — T the canonical projection onto the Levi quotient. Denote

by K™(g;) the image under 7 of KB(g;). Let
St(K"(9:) = T(Q\T(A)/Zc(R)K ™ (g;).
Let KY(g;) ‘= U(A™) N g;Kg;". We then have the fibration:
U(Q\U(A)/E"(g:) = B(Q\B(A)/Zc(R)K®(g:) — Sr(K ™ (g:)).

The corresponding Leray-Serre spectral sequence in cohomology degenerates at Fo-
level (see for example [HMG94]). The cohomology of the total space is given in terms
of the cohomology of the base with coefficients in the cohomology of the fiber. To
compute the cohomology of the fiber, one can invoke a classical theorem of van Est
as is explained in [HMG94, (11))]. We then obtain by passing to the limit over all

K C G(A®) the following description of the cohomology of the boundary:
° G (A . °
HE(9%,V3) = Indg 4.0 (H° (S7, Ho(u,3) ).

Here u denote the Lie algebra of U and Vj is the local system on XS attached to
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the irreducible representation of G(C) of highest weight A\. A classical theorem of

Kostant describes H*(u, C) as a representation of T.

7.1.2.2 Remark. The natural restriction map

H.(Y, V)\) ~ H.(XBS, V)\) N H'(@BS, V)\)

is induced by integration along [U(A)] as is explained in [HR19} Section 4.1.2|, after

identifying singular cohomology with (g, K')-cohomology.

7.1.2.3 The Baily-Borel compactification

We now introduce the minimal or Baily-Borel compactification of Y (K) from the
point of view of Pink’s formalism. This a specialization in the GLs-case of very
general results. The reader can consult for example [Har93, pp50-56| for an concise
exposition of the general theory.

We denote by X (K') the minimal compactification of Y (K). This is an algebraic
variety defined over Q. In the specific case of GLs, it is also smooth. Denote by
C(K) = X(K) \ Y(K) the boundary and j : Y(K) < X(K) the natural inclusion.
Then C(K) is a collection of points, usually referred to as "the cusps". Note that
the integral model #(K) of Y (K) extends to an integral model 2 (K) of X(K), as
constructed by Deligne-Rapoport [DR73|.

We now recall how C'(K) can be identified with a (union of) toric Shimura variety
from the point of view of Pink’s formalism. The unique admissible Cayley homo-

morphism wr : Gy, — T of the Levi T C B (in the sense of [Har86, Theorem 5.1.3|)
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18

Therefore by the properties listed in 5.1.9, we let At : S — Tg be the homomorphism

z? 4+ y?
given by z = z + iy — . We let Ty C T denote the subtorus of T of
0 1

diagonal matrices with 1 on the bottom right coefficient. Similarly we let B; C B the
subgroup defined by the inverse image of T under the canonical projection B — T.
Denote by SHt the O-dimensional Shimura variety attached to the Shimura datum
(T4, hr). We then have an identification of C'(K) and a disjoint union of Shimura
varieties SHr (K™ (g;)) where KT'(g;) is a level group depending on an element
g; € G(A™), ranging over B(Q)B;(A~)\G(A™)/K (see for example the discussion
in [Mor18, pp.8-9|). By Deligne’s reciprocity law on tori, the Galois action on C'(K)
is described as follows. If o = recg(t), then the action of o on C(K) coincides with

left translation by

t 0
e T(A™).
0 1

We refer the reader to [Har93, Section 2.2.7| for more details or |[Pin89, Example

4.25)
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Chapter 8

Theta Classes

8.1 Theta Lifting from quadratic imaginary fields

8.1.1 Local theta lifts

Let K be a quadratic imaginary field endowed with its norm Ng,p. We will view
KC as being equipped with a privileged complex embedding K <— C. We denote by
7 € Gal(K/Q) the unique non-trivial element. Let Ax be the discriminant of K. We
assume that the fixed odd prime p is inert in K (in particular p t Ag). We denote
by E the completion of I at the prime p: this is the unique unramified quadratic
extension of Q,, we denote by - the unique non-trivial Q,-automorphism of £ and
we denote by Ng/qg, the norm of E. We let xg be the quadratic character of Q
associated to E by class field theory, so that xg is trivial on the image of Ng/q,.
Denote by | - |, the usual p-adic absolute value of @Q,. We let ¢ be an additive

unramified character of Q, (for example take ¢ = 1), a in the previous section) and
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denote by ¢¥p (=1 o Trg/q, — this is an additive unramified character of E.

We recall the definition of the dihedral representations associated to the extension
E/Q,. We follow |[JL70, Section 1] Let wg be the Weil representation of SLy(Q,) as-
sociated to £/Q, The space of the representation wg is .’( E')— the space of Schwartz

functions on E. This representation is characterized by the following formulas.

veeQ el wel| | @) = e@New) i) (8.1)
0 1
a 0
VaeQy,YweE, wp 1 f(v) = lalpxe(a)f(av) (8.2)
0 a
0 1
VoeE, we f0) =+ [ fGnln)d (8.3)
~1 0 E

The element v is a fourth root of unity that verifies the property v? = xg(—1)
and the Haar measure dz on FE is normalized so that the valuation ring of F, O,
has volume equal to 1.

For a character £ : E* — C* we let Us C .(E) be the space of functions f that
satisfy:

flyv) = &(y)f(v),

for all v € £ and y € ker(Ng/q,). Then the Weil representation induces a represen-
tation we on Ue. It is well-known that the isomorphism class of wy is independent of

the choice of 1.
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Let GL2(Q,)" be the index 2 subgroup of GL3(Q,) consisting of elements that
have determinant in the image of the norm map Ng/qg,. Then the representation w

can be extended to GL2(Q,)" by requiring that

N b
Vo,b € E, we E/fjp” ? F(0) = INejg, DI ) f (o). (84)

We note here that the extension we of the Weil representation does depend on ¢
more than the the space Ue. For example § and |- | define the same space U, but the
extension of we to GLy(Q,)* is clearly different. We will nevertheless allow ourselves
to denote by the same symbol we the extension of we to GLy(Q,)*. Let V¢ be the
induction of we to GL3(Q,) from GL2(Q,)". We record the following well-known

facts in the following Lemma.
8.1.1.1 Lemma. The following statments about Ve hold:
o The central character of V¢ as a representation of GL2(Q,) is xp - 5_1|Q5.

e For any character p of Q), we denote by up = po Ng/q,. We have
Veus = 1 ® Ve.

If V is an infinite-dimensional admissible representation of GL2(Q,), we denote

by VE1(?™) the space of K, (p™) fixed vectors in V. Here K (p™) is the open compact
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subgroup of GL4(Z,) defined by

Ki(p™) = € GLy(Z,) : c€p™Z,, dE1+p"Z,

K'(p™) = € GLy(Z,) : c€p™Z,, a €1+ p"Z,
c d
and
. a b
Ko(p™) = € GLy(Z,) : cep"Z,
c d

We call the conductor of V the smallest integer n such that VE1®") =£ 0 (equiva-

lently VE'®") £ (). We denote this integer by fy .

8.1.1.2 The Whittaker model

Having fixed the local additive character ¢ : Q, — C*, we consider the space
W of locally constant, complex-valued, functions W on GLy(Q,) that verify the

transformation law

Vg € GLy(Q,), Yz € Q,, W gl =v(@)W(g).
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This is a representation of GL3(Q,) by right multiplication on the argument of an
element W € W. If V is an irreducible infinite dimensional admissible representation
of GLy(Q,), we denote by Wy the unique subspace of W, that is isomorphic to V.
We call Wy, the Whittaker model of V. If n is the conductor of V| the normalized
Whittaker newform of V' is the unique K;(p")-fixed vector Wy, € Wy, such that
Wy (1) = 1. The conjugate vector Wi is the unique K*'(p™)-fixed vector Wi € Wy,

such that W (1) = 1.

a 0
Let us now fix an element o ‘= € GL2(Q,) such that yg(a) = —1; that

01

is @ is not in the image of the norm map Ng/q,; for example a = p. Then any element
f € Ve is clearly determined by f(1) and f(«). Conversely, given arbitrary vectors
¢+, ¢— € Ug, there exists a unique f € Vg such that f(1) = ¢4 and f(a) = ¢_.

Explicitly this vector is given by

we(9) 9+ if g € GL2(Q,)"

flg) = .
we(ga ™ Hg-  if g ¢ GLy(Q,)".

We will denote by f¢ the vector of V; that is determined by

6:(0) =€) Lo (v); o =0,

Then by Theorem 2.3.5 of [Sch02], or Theorem 4.2 of |[JL70|, when £ does not
factor through the norm map, this vector f € V. generates, under the action of

we, an irreducible representation m¢ of GL3(Q,) whose newvector is fg; so that the
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conductor fr, of ¢ is related to the conductor fg¢ of £ by the formula

fﬂg = 2f€-

We let We be the normalized Whittaker newvector of m¢. When £ is unramified, the
spherical vector is obtained by choosing ¢, = 1, and ¢_ = 0.

If £ is unramified, we denote by f¢ the "p-stabilized" vector defined by

-1
. - p 0
felg) = welg)lo, +p 'we | g Loy = we(9)Lox-
0 p
This is a vector that is Ky(p?)-fixed. For £ unramified, we introduce the convention

that W, does not denote the Whittaker newvector but rather the old vector We(e) +

—1
P 0

pWe | o
0 »p

8.1.1.3 Lemma. The normalized Whittaker vector We of m¢ is given by

we(9)p+(1) if g € GLy(Q,)"

0 otherwise.

Here we are viewing we(g)¢+ as a function of Ue, so that we can evaluate it at1 € E.

Proof. Define We(g) by the formula of the Lemma. We just have to show that
We(1) = 1, and that We is K;(p¥¢) fixed. The fact that We(1) = 1, follows from
¢ (1) = 1. The fact that it is K (p*¢)-fixed follows from the fact that the newvector
fe is Ky (p¥e)-fixed. O
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We give a second Lemma relating W, and W

8.1.1.4 Proposition. Assume the conductor of & is n > 1. We have the relation

(=D)"te(Q)We(g) = We | g

Here tg(€) is the Gauss sum defined as

@)= Y &@)e(z/p").

m€0§/1+p"0E

Proof. Recall that W; has conductor 2n. The right hand-side of the formula is clearly

K'(p*)-invariant and verifies the transformation law of the Whittaker model. Tt

0 p™

suffices therefore to compare values at the identity. We compute wy o+(1)
pt 0

where ¢, = f]log. We now write ¢, as follows

by = Z §(2) Lot pnop-
QTEOE/I-F]J"OE
We have
0 p™ p~™ 0
WE ]lm—l—p”OE = WEg wE(w)ﬂﬁpn@E,

and for all z € £

wE(w)ﬂ$+p"0E (Z) =7 wE(xz)p_n]lZf”OE(z)'
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Combining the preceding equalities, we obtain

We or() = Y xel@"We(p ")) = (1) "ts(8).

p" 0 2€0% /14+pnOp
]

8.1.1.5 Definition. Let &), be the character group of Oy, /14 p"Opf — the characters
of E* of conductor n. Decompose O = Ag x Ug, where Ag is a prime-to-p finite
group and Ug is a p-adically complete p-group. We will call a character A € X such
that )\|Og is trivial on Ug a branch character. For a branch character A\, we denote
by X,(A) the characters { € X, such that A™'¢(p) = 1 and A™¢|px is trivial on Ap.
More generally, if U C Ug be a subgroup containing 1+ p™¥ O for some large integer
N, we let Xy(A) € Xn(N) the subset of characters £ € Xn(\) such that )‘_1§|O§
factors through Oy /U, so that Xj1pno,(A) = XL(A)

We have the following corollary to Proposition [8.1.1.4]

8.1.1.6 Corollary. We have the equality, for all g € SLy(Q,),

0 p™™
Welg = (=1)"t(§)We(g)-
p" 0

Proof. Recall that we is actually the extension of the Weil representation wg as
given by Equation — and that this representation of SLy(Q,) does not depend on

the character £&. We can define a slightly different extension of wg that we denote
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suggestively by wg, determined by imposing

1 0
VfeS(E), Vo,beE, we f(v) = |Npsq, (01261 (0) f(bv);

p
0 Ngg,(b)

and in the same way we induce this representation we from GL2(Q,)" to GL2(Q,).

Let as usual ¢, = f]log. We then see that

we(9)o+ if g € GLo(Qy)*

0 otherwise

. /025 s . . K1(p”¢)
is K'(p”¢)-invariant and is therefore the newvector for 7, . Completely analo-

gously for We, we then see that W (g) = f#(g)(1). But then this expression agrees
with We(g) for g of determinant one, since w¢(g9)¢+ = wr(g)P4 = we(g)d as we and

wi both extend wg from SLy(Q,). The result follows. O

We now want to compute the values of W, at several points explicitly and control

denominators.

8.1.1.7 Computations at representatives of p-cusps.

We now introduce the following notations to denote certain distinguished elements

of GL2(Q,):

Vo € Qp, n(z) = , VteQ, dt) =
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and also

0 1
VteQ, 2(t) =t-id, w =
-1 0

We also define for integers m,l and v € Z; the elements

Ymtw = dP™)wn(vp™) € GLa(Q,)*.

We then have, by section 3.3 of [CNS23|, the decomposition for all integers n > 1,

GLy(Q,)" = H H H Zc(Qp)U(Qp)vmin K (p"). (8.5)

0<I<n mé€Z U€Z§/1+pmin(l,nfl)zp

We note here that our choice of representatives is slightly different from loc cit.,

namely we have, in the notations of loc cit.,

9om el = Z(pm)f)/m,f,'u-
Since We vanishes outside GL2(Q,)™", it suffices to study the values of W, on
Ym,lv-

8.1.1.8 Lemma. For all integers m,{ and v € Z,;, we have

We(Ymew) =7 - (=1)"p™™ (2)¢ (vp~'Ngjg,(2)) e (™ 2)dz.

0%

Proof. Recall that the function ¢, € U defined by ¢ (z) = £(z)1px () for 2 € E.
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Note first that

we(n(vp™))4 (2) = ¥ (vp™' Nijq, (2)) o+ (2)

by Equation Therefore

W&(w”(UP_E))GﬁJr () =7- [E¢+(Z)¢(UP_ZNE/QP(Z))l/}E(Zf)dZ

by Equation [8.3, We then obtain, by Equation 8.2, and the simple relation vy, ¢, =

d(p™) - wn(vp™),

W (Y 1) 04 (1) = 10, ()"0 | 600 (00 Ny, (2) (0™ 2)dz.

We can then conclude by invoking Lemma [8.1.1.3] O

8.1.1.9 Definition. Let A € &). Recall the notation X, (\) from definition [8.1.1.5

Let n > 1 be an integer and define

T(A) = @ Ve.
)

EEXn (A

Then 7,()) is an admissible representation of GL2(Q,). We let also

Wir = @ We :m,(A) — Indg%&?”)(w).
£EXn(N)

8.1.1.10 Definition. Let U C Ug be a subgroup such that 1 + p"Ogr C U and let
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A be a branch character. We define the vector Oy, € m,()) as

1

Vg € GL3(Q,), Oua(g) = #X—U()\)

> (=Dt fe (g0 d(p~T19)).

£€XY(N)
Note that Oy, is a sum of K;(p*")-fixed vectors of m¢ for € ranging over Xy (\).

8.1.1.11 Remark. We note that contrary to what the notation suggests, Oy de-
pends not only on U but also on a choice of an integer n such that 1+ p"Opg. This

choice shall always be made very explicit in what follows.

The following Lemma recording elementary matrix identities will be useful for

the calculation of Proposition [8.1.1.14}

8.1.1.12 Lemma. Let r,n,m,l be integers and v € Z;. We have the matriz identi-

ties:
1.

0 p™ v 0

Tm,lw = n( - p2m+lv_1>7mf( —1),2n—1,—v )
"0 0 v!
- 0 P n 0 pf(nfr)
d(p™") =
" 0 P 0

Proof. The second relation is obvious and the first one can be deduced from the
equation in the proof of Lemma 2.18 of [Sah16| with the relation gam 0 = 2(2™)Vm.i0s

or by a simple computation. O
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8.1.1.13 Lemma. For any branch character \, for any x = 6 xu € Ap x Ug ~ OF,

we have the relation

'—; T) = U
bole) = oy &;Umg( ) = MOy (w).

Proof. Note first that (dxu) = A(9)&(u) for some character & of Ui /U, by definition
of Xy (N\). When & ranges over Xy (), £ ranges over the character group of the abelian

group Ug/U and so the result follows by character theory. ]

We are now ready to prove the following.
8.1.1.14 Proposition. For any unit group U with 1+ p"Og C U C Ug, and branch

character A\, we have

Wor () (Ymiw) = y(= 1) Dep(—p?mFy =ty p=m =D (m) 1L w),

where Iy (m, 1, v) is a p-adic integral defined as

Iy(m,l,v) = . ou(2)e(—vp' " Ni g, () wp(p™ " V2)dz.

Proof. By definition of Oy and W,, y we have

B 1
210N

WH,A(GU,A>(7m,l,v) Z (_1)f§TE(£)WE (Vm,l,vd(p_(n_fg))) . (86}

Eexy (M)
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Then, by Corollary [8.1.1.6, we have for all £ € Ay(A):

0 p™
(=115 (E)We (Ymawd (0" 7)) = yWe | Yt
p" 0
By (1) of Lemma [8.1.1.12, we have
0 p™
Wf TYm,lv = w(_me—Hv_l)Wf (f)/mf(nfl),anl,fv)-
p" 0
Combining these equalities we obtain:
Wn,)\<@n,)\)(ﬁ)/m,l,v) wa( 2m+l 7m (n—1),2n—1, v)

Xy

By invoking Lemma[8.1.1.8 and Lemma|8.1.1.13], we obtain the formula of the propo-

sition. ]

8.1.1.15 Lemma. If 1+ p"Og C U, we have

Iy(m,l,v) €p™™-Z,

Proof. Notice that for any u € Of, and € Op,

N(u(l+ p"x)) = N(u)(1 +p"Trpq, () + p™"N(z)).

Therefore, since | > 0, we have ) (—vp' 2" N (u(1+xp"))) = ¥ (—vp' =2 N (u))p(—vp! "N (u)z).

294



We can therefore rewrite the integral Iy (m, [, v) as

Iy(m,Lv) =p™ Y A0) D d(=op > N (ud))e(p " ud)

d€EAE ueU/1+p"OF

. /O (P ud — vp " N (u6))z)dz

—p A0 S (o N () s(p™ " Dus)

d€EAE ueU/1+p"OF

Loy (" ud — vp' "N (ud))

This last expression is clearly in p—an. O]

By Combining the Lemma just above and Proposition [8.1.1.14] we obtain the

following proposition.

8.1.1.16 Proposition. Let U C Ug be a subgroup such that 1 + p"Og C U. We

X

> and all branch characters A:

have for all integers m, and integer [ > 0, v € Z

Wor(Ovn) (Ymin) Ep™ -7,

8.1.1.17 Definition (Universal Polynomial). We call a function P : &, — C a
universal polynomial of index n in & if there exists coefficients (o, (x)) indexed by

x € O /14 p"Opg such that

PE)= Y, o))

z€0}/14p"OF
We say P is an integral universal polynomial when the coefficients o, () are algebraic
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and belong to Z(p).

8.1.1.18 Proposition. For integers m, | > 0 and x € Z,;, the function
Pt Xa(X) — C, € p™ (1)) We (Ympnd (p~™ 1)) .

s an integral universal polynomial

Proof. We have

(_1)f§TE(£)W§ (f}/m,l,vd(pi(nifén) = /VWE Ym,lv

Therefore, by Lemma [8.1.1.8, and the same computation of 8.1.1.15 we have

(—D*tp(©We (Ymand(p~"79)) =p™" Y apae(2)é(2);

:DEOE/I-FP"OE

where

U 1.0(x) = 3(=1)" " Dp(=p* o™ (—op' N (2))(p™ V) Lo, (P e —up! TN (2)).
This implies the result. O

8.1.1.19 Classical g-expansion and global Whittaker model

In this subsection we explain the relationship between classical Fourier expansions

at cusps of modular forms and the local Whittaker models of the kind that were
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studied in the previous sections.
Let 7 = ®m, be an irreducible automorphic representation of GLy(A). Let

Y = ®,1, be the additive character of A defined by specifying its local components
Voo (Too) = 2™ ahy(xy) = e 2™ for all x = (x,) € A.

Having fixed v, and viewing it as a character of U(A) as well, a global Whittaker

GLy(A)

function is an intertwining operator W : 7= — IndU( A) (). We denote the image

of an element ® € 7w under W by Ws; then by definition Wg is a function Wy :
GL5(A) — C, that verifies the transformation law We(n(z)g) = ¥ (2)We(g). For
GL,, such a model always exists and is unique (up to a scalar, of course). Given

® € 7, we can choose the model

Walg) = /Q\A‘I’m(x)g)w(—x)dx.

Here dx = H; dx, is the Haar measure on A normalized so that dz, gives Z, volume

1. One can retrieve ® from the knowledge of Wg by the formula

O(g) = ) Walalt)g);

teQx

here a(t) denotes the diagonal 2 x 2 matrix given by
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Let H ‘= C—R be the hermitian symmetric domain for GLy(R). For z = z+iy €

y x
H, we define g, = so that g, -1 = 2.

0 1

Assume now 7, is a holomorphic discrete series of lowest type k > 2. For ® € 7

in the lowest k-type of 7, we can define
V€M, ha(z) = jg: 1) (g.).

Then h is a holomorphic function on ‘H. By admissibility of the finite part 7, of 7,
there exists a smallest integer 0 > 0 such that ® is right invariant under n(dx) for

all z € Z. Then h has Fourier expansion given by

Wz) = an(v)e(vz/o);
v>0
here e(—) denotes the function z — €. Additionally, for all ¢ € Q* we have the

relation

K2a, (W) e(vz/8) ift e (1/8)Zso
T S

0 otherwise.

Assume now that ¢ is new in 7 and that 7 is fixed by K;(Np") for some integers
N,r, with N co-prime to p. Let he be constructed as above. Then hg has Fourier

expansion at infinity of the form

he(z) = Z ap(v)e(vz).

v>0
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We then normalize the newform hg so that a,(1) = 1.

We now want to consider the Fourier expansion of hg at other cusps. Denote by ¢
the diagonal inclusion GLy(Q) — GLy(A™). Let T'1(Np") ‘= K1(Np")GLy(R) "
GL»(Q). A cusp ¢ is an element ¢ € I';(N)\P!(Q). The width §(¢) > 1 of the cusp

a b
¢, is an integer such that, if v = € SLy(Z), is such that v(¢) = oo, then

L d

d(c) is defined as d(¢) = (see for example [CNS23, Section 4.1]). Then the

_ Npm
ged(Np,L?)
width of the cusp does not depend on the chosen v € SLy(Z) mapping ¢ to infinity.
However, the notion of the g-expansion at the cusp ¢ does depend on the choice of
v, but only up to a root of unity, as we shall explain.

We consider the holomorphic function (he|ry™1)(2). Then he|py™' is the holo-
morphic function associated to the vector ®(e - ¢s(7y)) € . The width of the cusp ¢
is then the minimal integer §(c) such that ®(e-¢s(7)) is invariant under n(d(c)z) for
all z € Z. We deduce by the above discussion that hg|,y~! has Fourier expansion

given by

(halkr™)(2) = Y an(vi7)e(vz/5(c)).

v>0
If we change the element v such that y(c) = oo, in 4/ then a,(v; ') = e(v//(¢))an(v; )
for some integers v/; in particular the p-adic valuations of the coefficients ay(v;~y) do
not depend on the chosen representative ~.

We record the following Lemma combining the paragraphs above.

8.1.1.20 Lemma. Let 1 = ®m, be an irreducible automorphic representation of
GL5(A) such that mo, is in the holomorphic discrete series of weight k. Let ® be the

K1 (Np")-fized newvector of m normalized so that the holomorphic function he on H
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associated to ® has q-expansion at infinity »_, o an(v)e(vz) with ap(1) = 1. Let ¢ be
a b

a Ki(Np")-cusp with width 6(c). Let v = be such that vy(c) = co. Denote
L d

by ay(v;~y) the Fourier coefficients of he at the cusp ¢ for this choice of 7. Let W
be the global Whittaker model of ®. We then have the following:

1. The width of the cusp ¢ is given by

Np”

o) = dvy, I7)

2. Forallt € QF, and z = x + iy € H we have
Wo (a(v/6(¢))g=t(7)) = y*an(v;7)e(vz/6(c)).

We now relate the values of Ws to local Whittaker models. Let W, be the local
Whittaker model of 7, for a place v of Q. Since Wg is a global newvector, it is a

pure tensor and by uniqueness of Whittaker models we must have

Wa(9) = Wee(goo) H We(ge)-

l<o0

The local Whittaker models W, with ¢ < oo are normalized so that W;(1) = 1 and
W4 is normalized so that the equation above holds. By Lemma [8.1.1.20] we see that

we must have

We(a(y)) = Wa(a(y)) = y*e(iy).
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Combining Lemma [8.1.1.20] with these remarks we obtain the following Lemma.

8.1.1.21 Lemma. Let notations be as in Lemmal8.1.1.20, For a prime £, let W, be
the normalized local Whittaker model of my. There exists a normalization of the local

Whittaker model at infinity W, of ma such that for ally € R*, W (a(y)) = y*/%e(iy)

and
L\ F2
ap(v;y) = <5—> H Wg(a(y/5(c))7).
(C) <00
a b
8.1.1.22 Remark. Note that v = has Bruhat decomposition v = n(a/L) -
L d

d(1/L) - wn(d/L). We will use this decomposition in the following section.

8.1.1.23 Definition. We say that a K;(Np")-cusp ¢ is a p-cusp when there is v =

a b
€ SLy(Z) such that v(¢) = oo and N|L.

L d

Denote by w,(ll) the Neben-character of he away from p so that

ofe |V V]2 P (d)D(e);
=X ,
0 d
10
here is seen as an element of GLQ(AS? )).
0 d

The following Lemma follows from the above definition and Lemma [8.1.1.21]

8.1.1.24 Lemma. Let notations be as in Lemma|8.1.1.201 For a prime {, let W, be

b
the normalized local Whittaker model of my. Let v = € SLy(Z) correspond
L d
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to a p-cusp ¢. Let | '=w,(L), so that §(c) = pr—minm2D) = pmax(0r=20  Write qlso

v = p'v' where V' is prime to p. we have:

an(vi ) = p(k/Z)(tfmaX(O,erI))Wp (a(ptfmax(o,rfﬂ)),y) ) w}gp)(d)(yl)k/z H W, ((I(V/))_
L+#p,00

8.1.2 Global Theta lifts of Hecke characters of quadratic imag-

inary fields

8.1.2.1 Hecke characters of quadratic imaginary fields

We first review some basic facts about Hecke characters of . We denote by @K the

(00), X

profinite completion of Ok so that A" = (@;C ® Q). For a pair of integers (j1, j2)

a Hecke character y of IC of infinity type (ji,j2) is a continuous homomorphism
X AF — C~
satisfying, for all @ € KX, z € Ag, 2, € (K ®g R)* =~ C*, the equation
X 2) = X(@)2 7

For each prime q of K, let x, : £ — C* denote the local component of x. We
denote by f, the conductor of x. That is the restriction x of x to A" has open
kernel and f,, € Ok is the largest ideal such that x> factors through (O,g / fx) *. We

will denote by the same symbol x the character on Ok ideals prime to f, that x
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defines. If a is an Ok-ideal prime to f,, we have

x(a) = H Xq (wq)vq(a)-

qla

Here w, is any uniformizer at q; the above equation does not depend on the choice
of uniformizer. Otherwise stated, if we decompose Ax = C* x AZ"*, x(a) is defined
as X(1,a) where 1 is the unit element of C* and a is an element of AZ"™ N Oy such
that @Ka = @K -a and such that the image if a under @c — 6/c/fx is 1.

For a principal ideal a = (o) C Ok with a = 1 mod f,, we have
x(a) = o'’
The L-function of x is then expressed as

L(x,s) = > x(a)Niq(a)™ (8.7)

aCOx

It is known that if y is a Hecke character of infinity type (ji,j2) for some integers
m,n then the subfield of C generated by 1(Ag"™) is a finite extension of Q (see for

example [Kat04, p. 255]).

8.1.2.2 The global Weil representation

Let (V,q) be an even dimensional orthogonal space over Q. We denote the bilin-
ear symmetric pairing attached to the quadratic form ¢ by (-,-). Denote by O(V)

the orthogonal group of V', by GO(V) the group of orthogonal similitudes, and by
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GSO(V) the connected component of the identity of GO(V). We denote by v the
similitude character of GO(V').
Let ry = ®,1y, be the Weil representation of SLy(A) x O(V)(A) on the space

of Schwartz functions S(V(A)). Then r, can be characterised as follows. For all
g€ 0(V)(Q,), z € S(Qy), and p € S(V(Q,)) we have

ryn(9)e(r) = (g™ ).

On SL, the action is specified by describing the image of the generators of SLy(Q,)

1 a a 0 1
Ula) = , D(a) = , and W =
01 0 a! -1 0
by the equations:
roo(U(a))e(z) =ty (5(az,2)) p(2)

—~ —~
Q
~—

@
dimV,
p(r) = xvola)|als™ " Pp(az)

roo(W)p(z) = Wop(2).

?"wﬂ, (D

Here xy, is a quadratic character and 7y, is an eighth root of unity, which are
specified in the table in |[Pra06, Section 3.4|. The Fourier transform ¢ is normalized

as follows

¢ = /V(Qv)so(y)wv(@,:@)dy,

where the measure dy on V(Q,) is chosen such that ¢ = o(—x).

This is the global analog of the local Weil representation considered in section
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8.1.1] for V ~ IC, seen as a two dimensional Q-space with non-degenerate quadratic
form Ny /g, so that GO(V) ~ Gy, «.

8.1.2.3 A Global theta lift

Fix now a character ¢} : A — C* as in [Cha20, Definition 5.4] restricting to ex q.
Following Section 8 of loc cit., let ¢ be a Schwartz function on Ax. Let x : Ag — C*
be a Hecke character of infinity type (k,0) (so j = 0 in the notations of loc cit.),
where k£ > 0 is an integer. We now recall the definition of the Theta lift 6,(x), as
an automorphic form on GLy(A). Recall the notation GLy(A)" for the subgroup
of GLy(A) defined as the elements with determinant in the image of the norm map
Nikjg : Ag — A*. Then for any h € Ag such that det(g) = Ni/g(det(g)), one

defines:

0500 = [ Orullh1,9)9)  (xefo ().
KI\AL
Here the notations are as follows:

e The group A denotes the kernel of N g and K' denotes the intersection of
Ak with K£*.

e The symbol © denotes the §-distribution:

0:.7(A) > C, o) ().

zell

We now extend 64(x) to the index 2-subgroup GLy(Q)GL2(A)* of GL3(A) by
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setting

0s(x)(79) = 0s(x)(g), for v € GLy(Q),g € GL2(A).

We then extend by 0, 64(x) on GLy(A).

We now choose specific Schwartz functions. We let ¢I* = ®'¢; to be the
vector defined (for I = 0) in Section 7 of [Cha20|, or at the beginning of Section 8 of
loc cit.. Then if x does not factor through the norm map Ag — A*, Oynew (x) is the
new-vector in the automorphic induction representation ,. At finite places v of Q,

i Ky =K ®q Qu, ¢y is given by

Lo, if x, is unramified,
new -

X?U
Xo Lpx if X, is ramified.
Ko

We then choose ¢%¢, so that the g-expansion at infinity of Oypew is given by

X,007

Osger(2) = ) x(@)g™re®. (8.8)

aCOx

Let now xp;: be the unique Dirichlet character such that for all integers n, X( (n)) =
n*xpir(n) (recall that x has infinity type (1,0)). Note that we always have yp;(—1) =
(—1)*. By |[Miy89, Theorem 4.8.2], Ognew is a new holomorphic cuspform of weight &+
1, level I'y (Niq(fy)Ax) and Nebencharacter ex/qxpir- Notice that ex/gxpir(—1) =
(1)1,

In the next section, we modify slightly the choice of Schwartz function ¢
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Normalization when p is inert in K. Assume that p is inert in K. Let £ =K,
the unique quadratic unramified extension of Q,. Let x, be the local component at

p of x. We then define, at all places v # p of Q
¢x,v = QS;ewa

and at p:

Oxp = (_1)prTE(X;1)X;1]lO§’

with notations as in section [8.1.1.2L We also define for any integer n > 0,

¢§<",)9 =Wyt (d(P™))Px.p:

so that 6, w = t,(d(p™)) - 05, ,; here ¢, : GLy(Q,) — GLa(Ay) is the natural

)

inclusion and - is the right translation action of GL2(A[) on automorphic forms for

GL,(A).

8.1.2.4 The g-expansion at all cusps of certain theta series

In this section, we assume that p is inert in K.

We analyze the g-expansion of 64 at all p-cusps (see Deﬁnition. We also
give an analogous definition for global Hecke characters of definition B.1.1.17 We
denote by @K the profinite completion of Ok and view @,é as a topological subgroup
of Ag. Let a C Ok be an ideal; we denote by U, C @,é the subgroups of units (u,),

such that u, € 1+ pz(a)(’),cv; here p, is the prime ideal corresponding to the place
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v of K, and a has prime decomposition a = [], pz(a). Let X, be the set of Hecke
characters x such that x is of conductor dividing a; i.e the characters of I\ Ag that
factor through K*\AZ/U,. We let X* be the subset of Hecke characters that have

infinity type (k,0).

8.1.2.5 Definition. A function
P:XF—cC

is a universal polynomial when there exists coefficients oy x(z) € C, for z € ( A,é /U,

such that

Pix)= > aar(z)x(@).

xG@é/Ua
Moreover we say that P is a universal p-integral polynomial when the aqx(x) are

algebraic and in Z(p).

We have the following proposition.

a b
8.1.2.6 Proposition. Let v = be such that ¢ =~"'(c0) is a p-cusp.

L d
Denote by (ay(v;v)) the coefficients of the q-expansion of 04 at the cusp ¢. Let

a C Ok be a prime to p ideal. Then for any integers v and n,
X € Xpra(A) = a@(ﬂ*fx)(V; ),

15 a p-integral universal polynomial in the sense of definition|8.1.2.5
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Proof. We apply Lemma [8.1.1.24] for h = 9¢(7L—fxp). Then h is of level I'; (Np") where

r =2n and N = Ng /@(fgf ))A;C; here f, denotes the conductor of x away from p.
Writing as in Lemma [8.1.1.24} | = v,(L), v = p'v/, with v/ prime to p, we have

((k+1)/2)(t—2 max(O,n—l))Wp ((Z (pt—2 max(Om—l)),Y) '(EIC/QX](JP?r) (d)(yl)k/Q H W, (a(u’)) .

l#p,00

CLh(”%’Y) =D

By Equationor the general formulas for the Kirillov new-vector, the term (/)%/2 ], Lpoo We <a(l/’ )) ,

is a universal p-integral polynomial in x. By definition of yp; the same is true for

the term 5,</@(d)xg’i)r(d). Remains to treat the term

P%Z,(X) = p((k+1)/2)(t*2maX(O,nfl))Wp (a(ptf2max(0,n7l))fy) .

Since p is not in the image of the norm, we must have ¢ = 2x is an even integer.

Therefore, since by Lemma 8.1.1.1 the central character of 7, = Vx;l is E;C/@XP|Q;,

we have

Wp (a (pt—2 maX(O,n—l)) /7) = £x/0 (pm—max(o,n—l) )Xp <pz—max(0,n—l))Wp (d (pz—max(o,n—l) ) 7) ‘

Now notice that Xp|@px = |- |7%¢ where € is a finite order character of E* as x is of

infinity type (k,0), and so it suffices to prove that
pz—max(O,n—l) Wp (d(pz—max(o,n—l)),y)

is an integral universal polynomial in &.
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We have

d<pac—max(0,n—l)),y — n(ap2(z—max(0,n—l))/L) . d(pa:—max(o,n—l)—l)wn(dp—l)

= n(ap2(x—max(0,n—l))/L) Ya—l—max(0,n—1),l,d-

Now by Proposition |8.1.1.18, we know that p*~™ax(0:n=1) . W (Va—i-max(0,n—1)1,d) 18
an integral universal polynomial in ¢!, and thus in . This remark concludes the

proof. ]

We now give the global formula for the g-expansion at a specific cusp. Given

the computation of Proposition [8.1.2.8| it is convenient to renormalize the section

¢§<n_fx”). We give the renormalization in the following definition.

8.1.2.7 Definition. We define
bun = Gu (V0.
Here ¢, is 2n-th root of unity, specified by
Gt = (=1 "p(p7),

and (-} denotes the local diamond operator away from p.

The following proposition shows that with the normalization above, the g-expansion

at infinity of fgnew is the g-expansion of GQBX _ at the 0 cusp.
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10
8.1.2.8 Proposition. Lety, = € SLy(Z) where M is an integer divisible
M 1

by N such that M = 1 mod p". Then the q-expansion of 0¢(n—fxp) at the T'1(Np*")-

cusp labelled by ~yy is given by

05 (@)= > xl(a)g"ee®.

aCnpOk

Here the sum is taken with respect to all ideals a C O coprime to pN, and we recall

that (k,0) is the infinity type of x.

Proof. Let ¢ be the cusp labelled by o, that is ¢ = y7!(c0). Then by (1) of Lemma

8.1.1.20, we have §(c) = p” = p*". With the notations of Proposition [8.1.2.6] we

have [ = 0. Writing again v = p?*1/, and specialising the computation of Proposition

8.1.2.6, we have

@m0 (% 70) = (=1t (B (0 W) TT Wa(a(v))
l=#p,00

Invoking the formulas in the proof of Proposition [8.1.1.18] we have, recalling that

E = K,, and writing X;1|@; = |- [Fup

a0 (70 = 1D | Y A |00 TT We(al)),

2€0% /14pn O 4#p,00
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where for all z € OF

Bo(z) = ¥(=p~"Np/q,()We(p™"2) Lo, (1”2 — Np/q,(2))-

Now note that if p*z — Ng/q,(2) € p"Op then necessarily as z € Oy, we must have
x = 0, and then z(1 — z) € p"Opg, which implies that z € 1 + p"Og. Therefore
Bo(z) = 0 unless z = 1, and in this case By(1) = 1 (p~2"). Taking into consideration

the renormalization of Definition [8.1.2.7, and Equation 8.8 we obtain the result. [J

8.1.2.9 The almost maximal abelian extension of KC

Denote by Q%¥¢ = Q%, where Q is the maximal abelian extension of Q. Let K% be
the compositum of all the ring class fields of I and let K, = Q¥ — then K%
is generated by the j invariants of Elliptic curves with complex multiplication by an

order of Ox. We record in the following Lemma the basic properties of ..
8.1.2.10 Lemma. The extension K. /K verifies the following properties.
1. The Galois group Gal(K®/K) is an Fy-vector space.

2. Let q be a prime of K lying above an odd prime of Q and denote by K(q)
the mazximal p-extension inside the ray class field of K modulo q. Then K
contains K(q). In particular,for any odd prime q, Ko contains the unique

maximal abelian Zg extension of IC.

3. No finite prime of IC splits completely in K.
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4. The conjugation action of Gal(K/Q) on Gal(Ky/K) induces on Gal(K*/K)

the action given by g — g~ and induces the trivial action on Gal(Q%¢/K).

5. If G is a topological group we denote by X (G) the set of complex-valued con-

tinuous characters of G. The natural map:
X(Gal(lC“C/IC)) x X (Gal(Q*/K)) — X(Gal(ICOO/lC))

is surjective and the kernel is identified with the mazximal Fo-vector space con-

tained in Gal(Ko/Q).

Proof. The first fact is the Theorem in Section 3 of [Ser67|. The second fact follows
immediately from the first and the third from the second. The second to last fact
comes from Section 2 of [Ser67|. For the last fact: the surjectivity of the map is by
definition of I, and the second claim comes from the fact that if x is in the image
of X (Gal(K/K)) then 7 acts on x as x(707) = x (), and 7 acts trivially on the

image of X (Gal(Q%*/K). O

8.1.2.11 Remark. For a character y € X(Gal(K/K)), writing x = XcyeXac Where
Xeye 18 the restriction of to Gal(Q%¢/K) of an element in X (Gal(Q%¢/Q)), we note

that ngc is defined without ambiguity because of point 5 of Lemma [8.1.2.10]

8.2 Theta Classes in étale cohomology

In this section, we construct certain étale cohomology classes on the modular curve

associated to the Theta series whose Fourier expansion was analyzed in the previous
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section.

8.2.1 CM theory

8.2.1.1 p-adic Hecke characters

We first review basic facts about the p-adic Hecke character attached to a Hecke
character y : K*\Ag — C* and its associated Galois representation. In order to do
so, one has to make a choice of embedding ¢, : Q — C, and ¢, : Q — C and an

isomorphism C ~ C, of fields such that the diagram

We also assume that the embedding K < C induced by ¢4 coincides with our fixed
embedding as before.

Let now x : K*\Ag — C* be a Hecke character of infinity type (k,0) as in section
B.1.2.4l We recall that p is assumed to be inert in K. If z € Ax we denote by z, the
local component of x if v is a place of I and x* for the finite component of x. The

p-adic Hecke character X attached to x is defined as

Vo € Ag, X(x) = x_kLp(X(x(”’)). (8.9)
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Note that as defined Y is invariant under translation by global elements of K*.

Indeed, if t € *, we have

X(tw) = 4t ) (x (t)X(2) = X (@),

where the last equality is a consequence of the commutativity of the diagram above
relating ¢, to 1o under the chosen isomorphism C ~ C,. We still denote by X :
K*\Ag — C) the corresponding descended character. Note that since the values of
x on A" generate a finite extension of Q, we can view X, as being valued in a finite
extension of Q,. We denote by K, , the minimal such extension so that X defines a
character K*\Ag — K .

Let C° be the connected component of the identity of the idéle class group <\ A.
Then since K is complex imaginary, C? is the image of (K ® R)*. By Equation
above, Y is clearly invariant under C° and therefore defines a character still denoted
by X : K*C\AZ — K, ,. The class field theory reciprocity map recg : K*\Ag —
G is surjective and the kernel is identified with C°. We denote by Artx the inverse
of recy:

Arte: GP —=— KXCO\AL

To X, there is therefore a p-adic one-dimensional Galois representation attached to

x defined as, defined as

Py GE — Ky, py =X 'oArtg.
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For the description of the CM part of cohomology of modular curves it will be
actually convenient to think of (p-adic) Hecke characters as characters on fractional
ideals of K. We now introduce the relevant notation. Let I be the group of fractional
ideals of K. Let P C I be the subgroup of principal ideals. We denote by Cl '=I/P
the class group of K. For a modulus m = Hp pe . we let I, the subgroup of fractional
ideals that coprime to m. Recall the notation U, for the subgroup of @,é for the
elements locally in 1 + p® at all primes for which the integer e, is strictly positive.
Let P, C I, be the subgroup of principal ideals generated by elements of whose
image in @,é ® Q lies in Uy N O, at all places p for which e, > 0. The ray class
group Cly, is then defined as Cl, ‘= I,/ Pn. We denote its cardinality by hy,. Let
AR C A" be the subgroup consisting of the finite ideles (z,) with z, € 1+ p® for
every p with e, > 0. Let KT' ‘= AR N> and K™ be the elements a of £* such that

(c) is coprime to m. There is a surjective map
AR — I,

that discards the m-components of its input and matches local uniformizers and
prime ideals. The kernel of this map is Us.

As in the discussion of Paragraph [8.1.2.1] a Hecke character x of conductor f,,
defines a character

X I, — Ky,

by viewing the values of x* as being elements of K,. The character on ideals above

uniquely determines y andd x. This is because the character on fractional ideals is
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simply the restriction x| which descends to a character UfX\A% ~ [; and since

Ao
Af = ARK™, the claim is clear. Conversely, if one is given a character x : Ij = K, ,,
such that x((a)) = a '@ 7 for all & € K, one views it as a character of A®, and
then defines it in the unique manner on the infinity component of A¢ so that the
resulting character be invariant under *. We allow ourselves to still write p, for
the p-adic Galois representation attached to the Hecke character underlying the ideal
character x : I;, — K.

For a modulus m, denote by K[m] C K% the ray class field of K of modulus m.
For a field K'/K CM-pair (A, «) with modulus m over K’ is a pair of an elliptic

curve A ks defined over K’ endowed with an isomorphism Ok ~ End(A) such that

the composite map
Ox — End(A) — Endg (Lie(A)) = K’

coincides with the inclusion of K into K'; a € E(K') is a torsion point such that the
annihilator of o in Ok is the ideal m. A morphism of CM-pairs (A, a) — (B, 3) is
simply a map of group schemes A — B such that f(a) = . If one assumes that
O — (Ok/m)* is assumed to be injective (automatic if O = £1), and two CM
pairs (A, «) and (B, ) are isomorphic, the isomorphism (A, o) — (B, ) is unique.

By the theory of complex multiplication, for any modulus m there exists a CM
pair of modulus m over K[m] which is isomorphic to the CM pair (C/m,1 mod m)
over C. This CM pair of modulus m over [m] is unique up to unique isomorphism
by the remark above if OF — (Ox/m)*, which we always assume to be the case.

We call this CM pair the canonical CM pair of modulus m.
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Moreover, if K’/K is an extension of K and (A, «) is a CM-pair of modulus m
defined over K, then there exists a unique embedding K[m] < K’ such that (A, «)
is the base change of the canonical CM pair over K[m| to K.

Let K’ C K be a finite abelian extension of K. Let a be a non-zero ideal of O,
that is divisible only by primes of IC that are unramified in K’. Let 0 = (a, K'/K) €
Gal(K'/K) be the Artin symbol. Let (A, «) be the canonical C'M-pair of modulus
m over K'; and let (A%, a”) be the base change of (A4, «) along o : K/ — K’. Then

there is a unique isomorphism of CM pairs
®,: (A/Aa], @ mod Ala]) —— (A7,a7%);

Here Ala] is the a-torsion part of A.

Let x be a Hecke character of infinity type (1,0). We review here the motive
that is attached to xy. We assume that the conductor § of x is small enough so
that OF — (Ox/f)* is injective. We recall that we denote by K, the subfield of C
generated by the values of y. Let (A4, «) be the canonical CM-pair over K[f] defined

in the previous paragraph. We define

pX = H;ing<A(C)7 Q) ®’C KX’

here the the singular cohomology H!(A(C), Q) is viewed as a module over End(A) ~
K. Denote by K, , the completion of K, at the place above p determined by ¢,. Let

O, be the valuation ring of K, ,. By Artin’s étale-singular comparison isomorphism,
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we have a canonical identification

P Qx, ’Cx,p = Hét(A Qxcff) @7 Qp) RKkeQ, ’Cx,p'

This identification endows p, ® K, , with a K, ,-linear action of Gal(Q/K[f]). We
will denote for simplicity p,, = py @k, K, We extend this action to an action of

G as follows. Let o € Gal(Q/K), we then define the action of o as the composite:

P

R X
Px.p — Hét(A” ) Q, Qyp) XKeQ, Kyxp —— Pxp

The isomorphism @, is defined as follows. For an ideal a of Ok coprime to f
such that the Artin-symbol (a, K[f]/K) is the image of o in Gal(K[f]/K). We define
D, = x(a)"'P;

», where ®, is the CM pair isomorphism of the previous paragraph.

This definition of ®, does not depend on the choice of ideal a by uniqueness of ®,.
The action of G on p, , is abelian. Since (X ® R)* is the connected component

of the identity of Ag, we recall the Artin isomorphism
Artie 1 G ~ VAR

Then an element o € G¢ whose image in K*\Ag"™ is a acts on p, , as multiplication

by a,x(a)™t.

For a Hecke character of inifinity type (1,0) and conductor Mp” coprime to Ay
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with 91 C Ok an ideal with Ni/o(91) = N, we let

9, =0,

xX,n

be the weight 2 newform defined by the theta series of Paragraph 8.1.2.3 Let
T(x) = H' (X1 (AxcNp™), Oy p) [0y ] € Hy (X1 (AxNp™), Oy ) (8.10)

be the subspace of the étale cohomology of the modular curve cut our by the Hecke
eigenvalues of ¥,. By newform theory, this is a free rank 2 O, ,-module with a contin-
uous action of Gg. We define V(x) = T(x) ®o, , ®Ky . Then, having geometrically

normalized Artx, we have

G
V(x) ~ IndG% (Pxp)-

Induction from a principal ideal character We now construct certain Hecke
character of C of infinity type (1,0); so k = 1 in all of what will follow.

Let 91 C Ok be an integral ideal and > 1 be an integer. We denote by F(91p")
be the representation of (Ox/9p")* defined by the set of K-valued functions on
(O /Mp")*, ie. the regular representation of (Ox/9p")*. We view also F(Np")
as a K™ representation by inflation ™" — (Ox/Mp")*. Consider also  the
tautological representation of K™ acting by translation on K. Denote by F(9tp")~
the subrepresentation of F(9p") consisting of odd functions — if Og # {£1} we are
calling here a K-valued function f odd if for all u € OF, f(ug) = u='f(g). Then

F(Mp")~ @k k descends to a representation of the group Py, of principal ideals
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prime to p”. We now define
N Iypr .
I(O) = Indp”, (f(mp ) ® li). (8.11)

Then Z(Mp") @k F decomposes, for a suffieciently large abelian extension F of I, as

the sum of all Hecke characters of infinity type (1,0) and conductor dividing 9tp".
We also define some subrepresentations of f(‘ﬁp"). Let n|?Mp” and let p™ :

((9;¢/n)X — Q" denote an odd character, i.e. u € FOp')~ @ Q. Let K, be

the field generated by K and the values of ™. Then ™ defines a character
pePo—= K, (@) = ap™ (o)

of the principal ideals of Ox coprime to n. We consider the representation I(u) of I,

defined by

I(p) ‘= Indg, (p);

as a model for the induced representation we view I(u) as the set of functions I, — K,
that transform under translation by P, by p. Then I(u) is a K, vector space of
dimension hx = #Clk. If F/K, is an extension containing enough roots of unity,
then I(u) ®k, F' splits as the sum of one-dimensional representations defined by
characters A : I, — F'*. Having fixed Ay one such character, all the other characters
are given by \g-& where £ is a character of the ideal class group Clg = I1/P; ~ I,/ P,.
If x is a Hecke character of infinity type (1,0) we write y < Z(9Mp") if y appears in

Z(Mp"), that is if the conductor of x divides 9p". Let K, be the field of values
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of the p-adic character Y that is attached to y as in section [8.2.1.1 We recall the
notation of p, : G¥ — K, , of the p-adic Galois representation attached to ¥y, i.e.
Px = X © Arty.

Let Sy, be the set of primes dividing 9p” and let K[Sy,r] be the maximal
extension of K unramified away from Sy,r. Then by the classical global Artin ho-

momorphism

Iy — Gal(K[Soyr] /)

matching prime ideals to geometric Frobenius elements, we can view through ¢,
the Iy,-representation Z(9p") as a continous Gal(K[Sm,]/K)?% representation with

coefficients in £ = K, which we denote by 7 (9p"). Concretely,
Z(MY") = Indfg’::’;1 (}"(‘ﬁp’”)_ ® Ly 0 KJ) Rk, Fy

where here k, is the character of G¢ defined by class field theory that sends a finite
idele (a,) to its p-th component a, € K,. We note that after extending scalar to an
extension F,/IC, 7 (Mp") splits as the direct sum of one dimensional representations
py Where p, = Y o Artx is as in section and y < Z(Mp") is as above a Hecke

character of infinity type (1,0)

The induction in the cohomology of modular curves In this paragraph we
study a certain part of the cohomology of the modular curves in terms of the rep-
resentation f(‘)’tpr) defined in the previous paragraph. Recall that £/ = K, denotes

the completion of K at the inert prime p— so that £/Q, is the unique quadratic
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unramified extension of Q,.
Fix an ideal 91 C Ok coprime to p and define N = N o(N).
We now consider the étale cohomology groups HY, (X, (Np*)/Q,Z,) of the mod-

ular curves X (Np*'). We denote by 7, the degeneracy map
T X (NPT Y)) — X, (Np™)

induced by z + p?z on the upper half-plane. We denote by 7* the induced pull-back

map in cohomology:
m L (X0 (V) /Q,Z, ) — HY (X (N204)/Q,2,).

Note that there are two other degeneracy maps m,¢ and m,; given respectively by
z — z and z — pz on the upper half plane. For a locally constant étale sheaf
A. We define H <X1(Np2(r+1))/@, A) " to be the subspace spanned by the im-
age of the degeneracy maps 7o, 7.1 and m,, that is the subspace spanned by
o JHY (Xl(Np%) /0, A) for o € {0,1,2}. We define HY, <X1 (Np20+0) /@, A) o

be the subspace of H., <X1 (Np*r ) /Q, A) that is the annihilator under Poincaré
_ old
duality of H, (X1 (Npr+D) /Q, A) .

8.2.1.2 Definition. We define

L (X (Np) /@A) L (X (V) /@A)
to be the subspace of Hg, <X1 (Np™) /Q, A) " cut out by the kernel of the usual
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Hecke operators T of the spherical Hecke algebra, for ¢ a rational prime inert in /C.

8.2.1.3 Definition. We define the p-admissible new CM space
Hoen(N,7) € HY (X0 (ACND?) [, 2,(1))

inductively to be the subspace generated by 7;_; oy Hpen (N;7 — 1) (if 7 > 1) and by

HL (X (AcNp™) Q.2 )

new

cM

8.2.1.4 Definition. We define the total p-admissible CM space

Hien(N,7) € HY (X1 (AcND?) [, Z,(1))

defined as the space spanned by the image of H,,.,(N/d,r), for d|N under all degen-

eracy maps z — d'z on the upper half plane for d'|d.

We let J;(Np?") = Picgﬁ( Np2r)y/g denote the Jacobian of X;(Np*"). The choice of
the (in our model) rational cusp co embeds X;(Np*') < J;(Np*') a point P being
sent to the line bundle defined by the divisor (P) — (c0). This embedding defines

isomorphisms:

i (1 (V) /Q Q1)) = HE (X0 (V) /Q, (1))

and on cotangent spaces

H’ (Jl (NPQT)a Q}h(N]ﬂ’“)/Q) ~ H° (Xl (NpQT) ) Qﬁ(l(l\/p%)/@> :
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We define also Jyem (N, 7) and Jien (N, 7) the sub-abelian varieties of J; (AxNp?")

cut out by as before by the kernel of the Hecke operators T, for ¢ inert in K and

the images of degeneracy maps as in Definition [8.2.1.3| and [8.2.1.4] so that we have

isomorphism

H:)t(‘]ncm(N? 7“)/@, Qp) = anm(N7 7“) ® Qp

and

Hét(‘]tcm<N; T)/@a Qp) = Htcm(N; T) & Qp

8.2.1.5 Lemma. There is a Gx—equivariant decomposition:
1 (X1 (Ap™)/Q B) 2 Hien(1;7) @ B = 1(7) @ Z(')"

We recall that Z(p") = Indfé;i, (F(p")~ ® k) is viewed as a Galois representation as
explained in section|8.2.1.1 and f(p’“)T is the twist off(p") by the outer automorphism

of Gx defined by the unique non trivial element T € Gal(K/Q).

Proof. First remark that if F' is an extension of £ = K, containing enough roots of
unity, H (Xl(A;CpQ’")/@, E)
cM

Indgg(p)\) where A is a Hecke character of conductor p” — this is the p-adic Galois

w
®g F is spanned exactly the Galois representations

representation attached by Shimura to the theta series coming from A, whose ¢-
expansion at the identity is Y, A(a)g"*/2(?. Note that Indgg (02) e = Pr @ P}
by Mackey theory. Then since degeneracy maps are injective and Galois equivariant,
we obtain the claimed decomposition after tensoring with F' as 7 (p") decomposes

in the same manner (we are using tacitly multiplicity one for GLjy). Therefore by
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faithfully flat descent the same is true over F. ]

We now want to decompose rationally the CM part of cohomology with non-trivial

tame part. In order to do so we need to cut down the space Hyep, (V7).

8.2.1.6 Definition (Admissible tame level). We say the tame level N of Hyep, (N;7)
is admissible when: the integer N is prime to Ax and divisible at most by the square

of a prime and additionally we require that if /| N and £ is inert in K then ¢?|N.

8.2.1.7 Definition (/-depletion). For any integer N, We denote by ¢ ~— ¢l let ¢ be

a prime not dividing N. The map
He(X1(N)/Q, Z,) — He(X1(NE)/Q, Zy)
induced by the /-depletion map

1 1
7'(';270 - ZWZEJ e} Tg + ZTFZQ’Q @) <€>

Here the notation is as follows:

e The pullback maps
T+ Ho(X1(N), Zy) = Hey(X1(N?), Z,)

are induced by z + ¢’z on the upper half plane.

e The operators Ty and (¢) are respectively the usual Hecke operator of the spher-

ical Hecke algebra acting on H, (X;(N),Z,) and the usual diamond operators
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indexed by elements d € (Z/NZ)*.
Take F' a large enough extension of E so that one has the decomposition

1L (X (AcNp)/T K, ) O P D P mon (812
Nicjo(M=N A jx=p"

Here the representation p) are viewed as one dimensional over F'. For simplicity we

let

V)\ = Pr D p;>
for A a Hecke character appearing in the decomposition above.

8.2.1.8 Definition (I-stabilization). Let ¢ be a prime that splits in K. And choose a
prime [ of Ok above . Let F be a field such that the decomposition of Equation (8.12
holds and let O be its valuation ring. We define the subspace Hyep, (N¢; r)[®zp Or C
Hiem (NC; 1) @z, OF (the notation is justified by Lemma as the image under

the composition
Hyor(N;7) @ F @& Hygn(N;7) @ F —— Hyon(N67) @ F,

Here S is the operator defined as follows. On V), where A ranges over all Hecke
characters of infinity type (1,0) appearing in the decomposition of Equation m

we have

1 -
S = @ S, SV = Hiem (N 1) @ Op, v — ZA([)W;JU.
A
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8.2.1.9 Remark. With notation just as in the definition above, note that S{\S{‘v =
SASpv = vll. So S can be viewed as a partial version of ¢-depletion. This remark

motivates the following definition.

8.2.1.10 Definition. Let 9 be an ideal prime to p such that N = Ni (M) is an

admissible tame level. Let M > 1 be an integer. We define
Sov: Hyem (M, 1) — Hyero (N M ;1)

as the composition Sy = qu Sy, where, by convention, if g lies above an inert

rational prime ¢, S; denotes the g-depletion map (see Definition [8.2.1.7)).

8.2.1.11 Lemma. There exists a sub-Z,-module Hyep,(N1;7)" C Hyp (N1 1), of rank
dimg, (Hpem (V3 7) ® Qp), such that image of Si in Hyen(NI;7) ® F appearing in
Definition i8 Hiem (N1;7)' @ F.

Proof. We can assume that F' is Galois over QQ,, up to enlarging F'. We let the
Galois group of F act on the coefficients of HL (X1(N)/Q, F), and H, (X1 (N¢)/Q, F).
Denote for simplicity H = Hy.,,,(N¢;7) ® Q, and the image of S; in H ® F by Wpg.
Note first that o(S}) = 57, where A7 is the Galois character of G given by the

composition

A\ G Ay X2 X

Noting that A7 also appears in the decomposition of Equation[8.12} and that o(V)) =
Vo, we see that o preserves the space Wr. By Galois descent, there exists a vector
space W over Q, such that W ®q, F' = Wp. We then define Hy,,, (N4;7)" to be the

intersection of W with the image of H,,e,, (INV;7)%? ® Op under S;. O
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Let N be an integer and £ be a prime that splits completely in K : (¢) = [[. Then
the new p-admissible subspace H,en,(IN/, 1) decomposes Gc-equivariantly as a direct

sum

Hpem(NC, 1) = Hyyorn (N, 7)[1] @ Hyper (N2, 1) [1].

Here H,; (N2, 7)[I] denotes the space where the action of inertia at [ acts trivially.
Indeed, any character appearing in H., (X1 (NY),Z,(1))2% @ F is of conductor § such
that Ng,o(f) = N, and so it is ramified either at [ or at .

We are now ready to define the space where the theta classes that we will arrange

in an Euler System live.

8.2.1.12 Definition (Admissible CM space). Let N be an admissible tame level
(see Definition [8.2.1.6). Let Sy, = {l C O} be a choice of a prime above a split

rational prime ¢. Denote by 91 the unique ideal of O divisible only by primes in
Sept such that Ni/g(M) = N. We define a subspace Hoen (N;7)

anm<N7 7”) g Hacm<N; T’) g Htcm(Nu T)

as follows.
o If N =1, Hyern(1;7) = Hpopn (15 7).

e For each admissible divisor d|N (that is, d is an admissible tame level), Hyep, (V1)
contains exactly one copy of H,,., (N/d; 1), as the image of the map Sp, where ©

is the unique Ok-ideal divisible only by primes in Sy, such that N (D) = d.
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That is we have
Hacm(Na 7”) = @ SQanm(N/da T) g Htcm(N7 T)7
N
where the direct sum ranges only over admissible divisors of N.
8.2.1.13 Remark. Stated imprecisely, Hyen (IV; ) is the smallest space containing
the p-admissible new-forms H,,,,(N;r), the depletions and fixed ¢-stabilizations of

old forms. Note that the space Hye (N, 7) depends on the choice of Sy, but we omit

this choice for convenience.

We now want to give a similar decomposition of Hge,(N,7) to the one that
appears in Lemma [8.2.1.5] Note that the choice of S, determines uniquely an
ideal 7 such that Ny (M) = N for each admissible tame level N as S, defines a
bijection between the primes of Q and the primes of K. By construction and by the

same reasoning as Proposition [8.2.1.5] we obtain the following proposition.

8.2.1.14 Proposition. There is a Gx—equivariant decomposition
Hoem (N;7) = Z(MP") & Z(Np")7,

where N C Ok s the unique ideal divisible only by primes in Sy, such that N g M) =
N.
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8.2.1.15 A rational basis of the CM part of cohomology

In this section, we fix a natural basis of the representation Z(91p") and its p-adic
analog 7 (Mp") and corresponding étale classes in Hyepn (N, 7). We assume that r > 1
and that 9p" is large enough so that OF injects into (Ox/Mp”)*. For a € (O /Np")*

denote by f, € F(Dp")~ the function f, : (Ox/Mp")* — K defined as

v if ¥ = ua for u € OF
fo(z) =

0 otherwise.

When Of = {£1}, we remark that f, = 0, — 0_,, where d, denotes the indicator
function of {e}. Note that if & and o’ are in the same Og-orbit then f, and f, are
proportional by a unit. More precisely we have f,, = v~! f,. Choose once and for all
a set of representatives {c;} such that (Ox/Mp")* =[[, Ogcy, where i = 1,..., M
where M is the order of the quotient.

Recall that there is an exact sequence:
1 = (Ox/MNp")* /O — Clygyr — Clg — 1

If a is an ideal coprime to Mp", i.e. an element of Iy,-, we denote by [a] its image in
Clk and [a]y,r its image in Cly,:.

Choose representatives a; € Iy, of the Class group of K, i = 1,..., hx: these can
be seen as coset representatives of Py, C Iyn,r. We always take a; = Ok. Having

made such choices, given a class ¢ € Cly,r, we write w, € Z(Mp") for the element
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a;(a; ® fo,). Here the notation is as follows:

1. The ideal a; is the fixed representative such that [a;]; = [c]1;

2. The element a; € K is such that a; 'a = («) and aOF = ;OF in (O /Np")*,

where a is any lift of ¢ to Iy,

3. The tensor product a; ® f,, is of course taken with respect to the Py, module

structure.
By definition of induction we have the following Lemma.

8.2.1.16 Lemma. Given the choices of representatives (a;) of (Ox/Mp")* /O and
(a;) of Clk, the elements {w. : ¢ € Cly,r} is a basis of Z(Mp").

8.2.1.17 Definition. We define w¢" and @' to be the corresponding basis of Hyep (IV, )
under the decomposition of Proposition|8.2.1.14] where @¢" is the image of w* by the

unique non-trivial automorphism of /.

We now define, in terms of the w,, the classes in Z(Mp") that are acted on by Hecke
characters of infinity type (1,0) after a suitably large extension of scalars. Given an
ideal a € Iy,r, we define w, € Z(Mp") to be the element a(a; ® f,), where a is such
that a;'a = (). Note that w, is well defined because of the relation f,, = u='f,
for all units u € OF. Now let x be a Hecke character appearing in Z(Mp"). The
element x(a)'w, € Z(9p") depends only on the class [a]yn,. Indeed,let a = b(S)

where § =1 mod p™1. and consider a; such that [a;]; = [b]; = [a];. then

We = a(a; ® fo) = B wp.
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On the other hand

as 0 = 1 mod Dp” and y is of conductor dividing Dp”. This finishes proving the

claim. Moreover, by construction we have for any ideals a,b € Io,r,
bWy = Wap-
Therefore, the element

we = Y X0 we e (M),

cGClmPr

where the sum runs over any set of representatives in Iy, of Cly, (for example
a;(cj) to have compatible notations) is acted on by Iy, by the character x. As
before we denote by w§' € Hyenm (N, 7) the corresponding class and by @' the image
of w;t under 7 € Gal(K/Q). By class field theory, this class is acted on by G by the

character Y o Artx. We summarize the discussion above in the following Lemma.

8.2.1.18 Lemma. Let F/E be an extension that contains all the values of the p-adic

Hecke characters X of conductor dividing Np". Then we have the decomposition

Hacm<N7r) ®EF: @ Fw;t@Fw_;t,
x<Z(Mp")

where



The Galois group of IC acts on w;t by p, = X o Artg.

We now also want to retrieve w¢* given the w;t. Fix a Hecke character A\ appearing
in Z(Mp"). Then A\gx ! is a finite order Hecke character of conductor dividing Dp”
for all x < Z(Mp"). Therefore all Hecke character appearing in Z(Np") are of the
form A\o& where £ is a finite order character of Cly,. By counting, all such finite
order characters appear exactly once. Therefore, having fixed \g, there is a bijection
§ — A& between finite order Hecke characters { of Cly,r and Hecke characters

appearing in Z(91p"). Invoking the Fourier inversion relation:

Zf w)\(){ (c)_le

hmp

one obtains

x(e)ws = wet. (8.13)
T <z()

Let us now study study the action of the decomposition group at p, Gg C Gk

determined by the embedding ¢,, on the class wit.

We know that Gy acts on Y
by py = X o Artx. Let 0 € Gg corresponding undert Artg to the idéle with a =
(1,...,1,a,,1,...), where a, = p"“u,, where n(c) is an integer and u, € O} is a
local unit. Let x;7 be the Lubin—Tate character as defined in section [8.2.2] This is
the Op-valued character of G'g that cuts out the maximal abelian totally ramified
extension of 2 whose sign is fixed by the requirement that xkprRrr = €cye, so that,

under class field theory, xkrr(a,) = u,. Writing x, for the local component at p of

the Hecke character x, and x, = | - | 7' Xfn, for some finite order character Xgy, of
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E>, one finds that

o w;t = “Z%(U>Xﬁn,p<0)w;t-

It will be convenient for us to reindex the definition of w¢* on the Galois group of the

ring class field K[9p"] and to twist by kpr.

8.2.1.19 Definition. Let ¥ < f(‘ﬁpT) be a p-adic Hecke character of conductor

dividing 9p". For all o € Gal(K[Sy,|/K)*" define

X<Z(NpT)

Fixing a set of representatives {o;} in Gal(K[Sy,|/K)*" of Gal(K[9p"]/K), so that
o; corresponds to the representatives ¢; € Iy, chosen above for Cly,-. We have the

relation

In the following proposition, we reformulate the discussion in terms of the quan-

tities defined above.

8.2.1.20 Proposition. Let F//E be an extension that contains all the values of the
p-adic Hecke characters X of conductor dividing Np". Let {o;} be representatives
in Gal(K[Sywpr]/K)*™ of Gal(K[Mp']/K). Then the elements we and @ defined in
Definition[8.2.1.19 form a basis of Hye (N, 1) ® E. Moreover if F/E is a sufficiently

large extension of E containing the values of all the p-adic Hecke characters appearing
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in f(’ﬁpT), we have the decomposition

Hoem(N, 1)@ F @ Ful @ Fo,

X<Z(MNp")
where
h
/\ —1 et
E X Uz

does not depend on the chosen set of representatives o;. If o € G2 put

DIH

X<Z(MNpm)

Then, for all 0,0’ € Gx, we have

/ et _ et
g '(.UU —wo.lo..

8.2.2 Lubin—Tate formal groups, and periods

As in section [8.1.1] we denote by E the unique unramified quadratic extension of Q,
with valuation ring Og. We first review some facts about Fontaine’s period rings and
general material relating to formal groups over local valuation rings. We specialize

the discussion to Galois extensions of K/Q,.

8.2.2.1 Period rings

Let W, be the Weil group of Q, that is the subgroup of elements g € Gg, act-

ing on the residue field of Z, by an integer power of the Frobenius endomorphism
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¢©p. Let Wi be the quotient of W, by the inertia subgroup of K . We now review
some material found in the first two sections of [OK94]. Let BI; be the universal
pro-infinitesimal thickening (JOK94, Section 1.1]) of C,* and 6 : B}z — C, be the
canonical homomorphism afforded by the universal property of B;. Then BJ; is a
discrete valuation ring whose residue field is C, and maximal ideal is ker(#). We let
Bur = Frac(Bjy) be the field of fractions of B};. One can define a decreasing filtra-
tion of B, by setting Fi'Bl; ‘= ker(f)’. We can define iqr(v) = i if z € Fil'Bjy
but x ¢ Fil”lBa’R. We denote by Byr the graded ring with respect to this filtration.
We let Ay C B;{R be the universal infinitesimal thickening of the completion of ZTD,
that we denote by Oc,. Then Ay, contains the ring of Witt vectors of Oc,/pOc,,
which can be identified with the completion of the ring of integers of the maximal
unramified extension of QQ,. Equivalently, is we let ch, = @xb—)xp Oc,/pOc, then
(9@;) is a ring of characteristic p, with a discrete valuation v for which it is complete.
Then Aj;,; is defined as the ring of Witt vectors of (’)@;. Then Ajs N ker(f) is a
principal ideal of A, and we fix a generator ﬁ'_-] of this ideal. We let A be the
completion, inside B, of the sub-Aj,-algebra of B, that is generated by p"/n!
for n > 1. If L/Q, is a finite Galois extension of Q, and Ly C L be the maximal

unramified subextension of L/Q,. We let B

cris,L

‘=L ®o,, Acis be the sub-algebra
of B}y generated by L and A..s. We still denote by ¢, the absolute Frobenius act-
iﬂg on Ainf7 Acrisa B+

oris,r.- Lhen the absolute Galois group of Q, acts continuously on

Bi;, C,, and BY,

cris,L

(endowed with the topology induced by the A5 which is finer

than that induced from BJ};) for any L. This action commutes with 6.

!Sometimes this generator is denoted by &, but & for us will be a letter reserved to characters.
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Having already fixed embeddings of Q into @p tp, and fixing a choice (¢,) of
compatible primitive p"-th roots of unity, we denote by ¢, = 1,(¢n) € Oc¢,. Then

the image of the system (e,) in O, /pOc, is an element of [¢] € Og;. We then put

. (1—[D*
t =1lo =— —_
= log(leh) = -3
k>1
then ¢t € A is a uniformizer of Bl; and G, acts on t by the cyclotomic character
Ecye- Then t is a uniformizer for Bz and Bqg = BjR[1/¢]. We let Bys be the
graded ring associated to the obvious filtration on Bgr induced by ¢, so that as a

Go,-module By ~ @,., C,(3).

8.2.2.2 Commutative formal groups

We now review some facts about formal commutative groups. We follow closely the
exposition of [Col93|. Let K be a finite Galois extension of Q, and Ky be its maximal
unramified sub-extension. A triple (V, ¢, Fil) is a Dieudonné module when V is a
finite dimensional Ky-vector space of dimension h, ¢ is an endomorphism of V' that
is pp-semilinear, injective, and topologically nilpotent of V', which moreover satisfies
the condition that if 7" C V' is a lattive in V stable by ¢, then pT" C ¢T. Finally,
Fil is a decreasing filtration on Vi =V ®g, K, such that Fil’Vx = Vi, Fil*(V)
and dim Fil'Vx = dimT/¢T where k here is the residue field of K. Let & be a
commutative formal group defined over Ok, of dimension d and height h. To such
a formal group one can associate a Dieudonné module in the previous sense in the

following way. Let Ag = Ok[X] = Ok[X1,..., X4] be the affine algebra of &. We
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let K(®) = K[X] the field of fraction of Ag. Denote by @ the formal law of &. If
w =Y, a;dX; where a; € K(®) is a closed differential form, following [Col93, Section
1], we denote by F,, € Frac(Ag) such that dF,, = w, and F,(0) = 0. We let F? denote
the formal power series in 2d variables defined by F? ‘= F(X®Y)—F (X)—F,(Y);
here X = (X1,...,Xy) and Y = (V3,...,Yy). A closed differential form w will be
called exact if F, has bounded coefficients, of the second kind is F? has also bounded
coefficients, and invariant if F2. Denote by g the K-vector space of invariant
differential forms. The dimension of Qg is d. If F' € K(®) is an element such that
F(0) = 0 and dF € Qg, we call F a logarithm of &} We let Hi(®) be the quotient
of the K-vector space of differential forms of the second kind by the K-space of
exact forms. Then H}z(®) is a K-vector space of dimension h, it is endowed with
the filtration Fil’Hix (&) = Hiz(®) =, Fil'HR (&) = Qg, Fil*Hi(®) = 0. Let Vg
be the sub-Kj-vector-space of Hig (&) generated by the image differential forms w
of the second kind with coefficients in Ky. We endow Vg with the endomorphism
¢ obtained by applying ¢, to the coefficients of w and by raising the variable X;
to the p-th power. The triple D(®) = (Vs, ¢, Fil) is a Dieudonné module in the
sense above; we will call it the Dieudonné module of &. Let us note that Hig (&) is
endowed with an action of Wy, given by g(z ® w) = g(z) ® ¢"9(w), where n(g) is
determined by the condition that g act by @Z(g) on the residue field of K. Here we
recall that Wi is defined at the beginning of the previous paragraph. Two formal

groups are isogenous if and only if their Dieudonné modules are isomorphic.

2Because for the formal multiplicative group dlog = dt/t
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8.2.2.3 Periods of Lubin—Tate groups

We define
17,6 = l'&n@[p”],

where &[p™] is the subgroup of p™-torsion points of Qﬁ(m@p)f here mg is the maximal
ideal of the valuation ring of @p. This Z,-module is of rank h and endowed with
an obvious continuous action of Gx. We let V,6 = T,6[1/p|. It is well-known (for
example see Proposition 1.1.3 of loc cit.) that two formal groups are isomorphic over
Ok if and only if the associated Tate modules are isomorphic as Z,[Gk|-modules.

The following proposition, extracted from [Col93, p. 1.1.4] will be very useful for us.

8.2.2.4 Proposition. Let w be a differential of the second kind on & and let u =
hmu, € T,6. Let i, € Ad; i be such that 0(ty,) = u,. Let F, be as above the

unique element such that F,(0) = 0 and dF,, = w. Then the sequence —p™F,(ty,)

+

cris,

converges in Bl - to a limit denoted by fuw that only depends on u and the image

of w in Hix(®). The pairing

cris, K

Hiz(8) x T,6 — B/, (w,u) — /w
is bilinear, respects filtration and commutes with the action of Gg. (The action of
G on Hig(®) factoring though Wi ).

We now specialize construct certain periods for Lubin-Tate formal groups over
Op; here E = K, is the unique unramified quadratic extension of (Q,,. So in the set-up

of Section 2 of [Col93|, £ = K C @p is a finite Galois extension of Q,. Let xpr be the
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universal character of the inertia subgroup of G, Iy, afforded by class field theory
and let K be the composition of Ky with the unique non-trivial automorphism
€ Gal(E/Q,). Then kprRrr = €cye Where eqyc is the (restriction to Gg of the)
cyclotomic character. We fix the uniformizer p of E. In the notations of loc cit., for

o =1id, and 7 € {id,~}, we define

+oo Xp2n

2

&=
lT<X) — +og Xp2n+1

Z Pl ifr ==

n=0

if m=1id

Then I71(1,(X) + [.(Y)) is a formal group law of a formal group &, defined over
Opg. The formal group obtained in this way is isomorphic over O to the Lubin—
Tate formal group for the uniformizer 7(p) = p (see p. 642 of loc cit.), we denote it
by & ~ &,.. In particular, it is of height h and Endp,(®,) ~ O — we denote by
x +— |a]z the endomorphism of &, associated to an o € Og. By construction one
has that Qg = Fw, where w, = dl, and [ w, = T(a)w, for all @« € Op. Then we
have the decomposition

Hiz(8) = Ew, ® Fw_,

where we have denoted for simplicity w_ = w- and wy = wjq. Moreover the lines Ew,

and Fw_ are eigenspaces for the action of Endp, (®) ~ Op: we have

[a]'wy = aw, [a|w_ =aw_.
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Fixing a generator u of 7,&, we define

QO_(u) = / w_ € BE (8.14)

Then Q_(u) differs form Q_(u’ ) by a unit of Og, if «’ is a different choice of basis
of the Tate-module of &. We allow ourselves to write Q_ when the choice of u is

implicit. If g € I is an inertial element we have, by Theoréme 1.2.1 of loc cit.

-~

9(Q) = Frr(9)Q- ;

and moreover v,(2_) = P

p°—1"

By (iii) of the theorem cited above, £ does not

belong to ker(6) (contrary to (), who does belong to ker(#)). We then define
Q. =6(Q_) eC,

Then by Galois equivariance of 6, we know that G acts by the character %7 on
Q_. The reader can consult [Fou09] For the same construction of €_ (denoted by
€, for p =~ in loc cit.), but in a more elementary fashion. Recalling the element

t € A.js defined at the end of Paragraph [8.2.2.1) we now define

Since KrrRLT = Ecyela, and G, acts on t by €.y, we deduce that G acts by kpr
on Q+.

We sum-up the properties of {2 and €2, in the following Lemma.
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8.2.2.5 Lemma. There exists elements Q0 € Oc, and ), = tQ~' € Fil'Bly

uniquely determined up to an element of Of such that
o We have v,(Q_) = =

e Forall g € Gg,
9(Q-) = Frr(9)Q-,

e Forall g € G,

9(Q24) = rrr(g)S2s-

8.2.2.6 The cyclotomic and anticyclotomic towers

We fix as in paragraph |8.2.2.3| Lubin—Tate formal group & over O with uniformizing
parameter @ = —p. For n > 0, write E,, = E((’ﬁ[w”“]), the extension of F in C,
generated by the w”*! torsion points of & and put E,, = |J,, E,. The Galois action

on the w-adic Tate module T,,® defines a natural isomorphism
krr o Gal(Ex/E) —— Aut(T,0) ~ Of.

We put Ap = Gal(Ey/E) ~ (O /wOg)* and note Gal(E/E) ~ ApxGal(Ew/Ey)

canonically. The action of Gal(£/Q,), decomposes G, ‘= Gal(E,/Ep) as follows:
Goo =2 GL G,

where, as a topological group, we have GL ~ Z, and G, (resp. G) is the maximal

subgroup of G, on which Gal(E/Q,) acts via the trivial (resp. non-trivial) character.
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The group G1 is naturally isomorphic to the Galois group of the cyclotomic Z,
extension of F, E¥¢, and G is the Galois group of the anticyclotomic Z,-extension
E%. Let Ug =1+ pOpg. Then, under local class field theory, G, ~ Ug, and the

decomposition G, = GL @ G, induces a decomposition

UEQUEXUE_,

where U} is naturally identified with Z, ~ 1 + pZ, < 1+ pOg = Ug. We denote
by 74+ (resp. v—) the basis of G (as a free Z,-modules of rank 2) corresponding to
the decomposition Go, = GL & G,. We view 74 also as elements of Ug (and thus
of OF).

We call a finite order character of Gal(F/FE) that factors through G__ (resp.
GL) an anticyclotomic (resp. cyclotomic) character. If a finite order character £ of
Gal(E/FE) factors through Gal(E, /FE) but not through Gal(E,_;/E), then £ has
log-conductor n.

We define the full Iwasawa algebra

Ap = 0p[Gs] (8.15)

and their partial versions

A = OE[[G;;]], Ay = Op[GL]- (8.16)

If one puts Ty =+ — 1, then we can identify AY® ~ Z,[T] as a topological
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Z,-algebra and similarly A ~ Z,[T_].

8.2.2.7 Finite order periods

We end this section by giving analogues of the period €2, and €)_ for finite order
characters of inertia Ir ~ O. We keep the notation & for the Lubin-Tate formal
group with parameter @ = —p, of the previous paragraph. Let A : & — G, be the
formal group logarithm. If one endows E[X] with the product topology, we have
A(X) = limy, oo ZIX) - Following the notations of [BKO23, Section 2|, we let = be

the set of finite characters of G . Let

[1]

*={x €=": the conductor of x is an even power of p},

and

=~ ={x € E : the conductor of x is an odd power of p}.

Let E¥¢ (resp. ES°) be the n-th anticyclotomic (resp. cyclotomic layer); that is
Eve = (E9Ye)P"Zr and E% = (E%)P"%Z. For n > 0, we let ZF denote the set of
X € Z* factoring through Gal(E%/E). For x € Z%, we define for any point x of

n

®(mn)7
Ma)=— > X)) (8.17)

o€Gal(Eac/E)

Let m,, be the maximal ideal of the valuation ring of E.°. Define

B(m,)* ={z€B(m,): Vx €= A\ (r) =0}
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Note that as is remarked in [BKO, Proposition 4.3], if ¢ = (—1)", &(m,) ¢ C
®(mn,1).
The following proposition is extracted from Theorem 2.7 and Lemma 2.6 of

[BKO23].

8.2.2.8 Proposition. Let A% = Og[Gal(E%/E)]. The A%-module &(m,,) decom-
poses as

G(m,) = &(m,)" & G(m,)".

Moreover, there exists a system of points ¢ € &(m,,) that are generators of &(m,)*

as a A%-module such that if (—1)"* ‘= £, i, is a uniformizer and

Z U(C1j1[+1> =Gt

o€Gal(E2S , /E)

8.2.2.9 Lemma. Let ¢ € &(m,) be the elements defined in Proposition [8.2.2.8
Let e = (=1)" Define

tn = p IR 40 ).

Then, for allm > 3

ocGal(Eac/E ,)

Proof. Indeed since ¢, ¢, € &(m,,_;) and E°/E% | is a degree p extension, we have

Z o(tn) = p~ "R (cl_y + pey ).
o€Gal(Egc/E )
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Therefore, applying the same reasoning again,
ST o) = p O+ ) =t
o€Gal(Egc/E%° ,)

[

8.2.2.10 Definition. Let y be any finite order character and n be an integer such

that x factors through Gal(E$S,,/E). Define

Q;niv = Z X(0)t5,41-

o€Gal(Eg; ,/E)
Note that because of Lemma [8.2.2.9| Q;ni" does not depend on the chosen integer n.

8.2.2.11 Remark. Note that if y factors also through E$S then we have

Q= Y X(0)p M (G + )7
oeGal(ESC /E)

Putting #, = p~"/(c5, + ¢,%;), we could have defined Q" for even conductors as

well and the definitions coincide.

8.2.2.12 Definition. If x is a character factoring through Gal(E°/FE), we also

define the period

Den = Y x0)(e +65),

o€Gal(Eac/E)

for e = (—1)™.
8.2.2.13 Remark. Unlike Q;niv, as the subscript n indicates, (2, ,, depends on the
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chosen integer n such that x factors through Gal(E2¢/FE). In [BKO|, this Gauss-
sum-like period is called a "local-resolvent". Note also that if r is the log-conductor

of x, then we have

p

p~(n+D) Z x(0)canyq i 7 is odd,

oeGal(EsS, 1)

p" E x(o)es, if r is even.
ocGal(ES°)

univ __
QX =

\
By the main p-adic valuation calculation of [BKO|, Q4™ has p-adic valuation 1/2 if

x has odd conductor, otherwise it is a p-adic unit.

We are now ready to give the salient properties of the periods for finite order
anticyclotomic characters defined above. Point number 2 is a consequence of Section

2 of [BKO].

8.2.2.14 Proposition. Let x be any character of Gal(Ew/E) factoring through
Gal(E%/E). following hold.

1. For all o0 € G,
™) = () (o) - 2

and similarly

7(Qn) = (X7)7H(0) - Dy

2. The period Q;niv is mon-zero — it is either p-adic unit or it has valuation 1/2

according to whether the conductor of x s odd or even.
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We finish this section by constructing periods for tame characters y : Gal(Ey/E) —
@; . Fix @y be a non-trivial solution to the equation [—p|(X) = 0, then wy is uni-
formizer of the valuation ring of Fy— we recall that Ej is obtained by adjoining the
[—p] torsion points of &; if & is the standard Lubin—Tate formal group with Frobe-
nius power series —pX + XPQ, we are simply considering solutions of the equation

Xp-1 = p. Let Teichg be the Teichmiiller character of Gg defined as

Then by definition we have o(wg) = Teichg(o)wy, for all 0 € Gg. Since (Og/pOg)* ~
[F,2 is cyclic, all characters of G factoring through Gal(Ey/E) are a power of Teichg

— if p is such a character we denote by t(u) € {0,1,...,p* — 2} this integer.

8.2.2.15 Definition. This definition extends Definition |8.2.2.10l Let x : Ggp — @:

be a finite order character. Assume that y(Frob,) = 1 and that x|;, factors through
Gal(E®/E). Let t(x) be the integer such that x|ga(s,/m) = (Teichp)'™. We define

Q;niv = WS(X)Q;HN.
Then for all 0 € G, we have

P () = (x7) (o) - .
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8.2.2.16 p-adic Hodge Theory a la Faltings

In this section we review a construction due to Faltings |Fal87|, and [Fal88]. Let
N > 1 be a fixed integer prime to p and let X, = X;(Np") for r > 0 the Baily-
Borel compactification of the modular curve Y, =Y (K;(Np")). We assume N large
enough so that X; has genus > 2. The universal elliptic curve &€ — Y, extends

to a semi-abelian variety over X, still denoted by £ by abuse of notation. Let w

denote the Hodge bundle over X, so that w? ~ Q% (log(C)); here QX (log(C))
denotes the sheaf of 1-forms on X, with log poles at the cusps C. Let 2y and %
the smooth models over any spectrum of a ring where NN is invertible. Let V' be the
p-adic completion of the ring of integers of a number field (containing the N-th roots
of unity) for a prime p dividing p. As in [Fal87, Section 4|, we assume that V' is big
enough so that X, has a (unique) semi-stable model 2, over V. Let m, : 2, — 2,

be the projection map. As remarked in p145 of loc cit., the Kodaira-Spencer class of

&, induces an isomorphism
()" QY (log(C)) = () w® = Q. (log(C;)).

Let % be the completion of the integral closure of V' in an algebraic closure
of Frac(V). We choose as in loc cit., an affine coverint 2, = (J;Uj, such that
U; = Spec(R;) with R; a ring of the type considered in Section 2b) of loc cit.. We
denote by ?Zj the base change of R; to %, and define ﬁj = Spec(ﬁj).

With this setup, using the Kodaira-Spencer class coming from £ in the case of a

modular curve, and for any variety with good reduction in [Fal8§|, Faltings constructs
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a functorial complex
0= Ri(1) = E— Qp  ®r R; — 0.

We note here that we have twisted the extension appearing on pl145 by the Hodge
bundle; Moreover, by Theorem 4 and 3e) of loc cit., the cohomology of this complex
is killed by p— here p € V is an element of valuation 1/(p — 1).

Therefore this extension induces a canonical map
HO(25, (7)) @ pV = By (X, Z,(1) @ 7'V
We denote by Falt the resulting map
Falt:  H(2, (m)'w®) @ p*V — HY(X,,Z,(1)) V. (8.18)

We will also denote by Falt the map obtained after tensoring Falt with C, (that is,

after inverting p.)

8.2.2.17 Remark. If one uses the formalism of prismatic cohomology as in [SS23|

one can improve the p? in the above map to p.
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8.2.3 The geometric étale classes

8.2.3.1 The de Rham comparison theorem

Let K/Q, be a finite extension of Q, and let X,x be a smooth algebraic variety over
K. We let

comp§y 1 Hir(X/K) @k Bar — H(X/K,Q,) ®g, Bar

be the Faltings comparison theorem. We omit X and the cohomological degree
from the notation as it will be clear from the context which algebraic variety and
cohomological degree one is considering. We recall that compS, is Gx = Gal(K /K)-
equivariant, where Gi acts on the de Rham side only on the period ring Bgr and acts
diagonally on the étale side. Moreover, comp§y is functorial in X and compatible
with the natural filtrations on both sides: the natural filtration on Bgg on the étale
side and the convolution of the Hodge filtration and the natural Bgg filtration on the
de Rham side. In particular, comp§y is compatible with the Hodge-Tate comparison

map Falt of the previous section when X is a modular curve.

8.2.3.2 The construction of the first layer

Let x be a Hecke character of conductor 9p" and infinity type (1,0). We denote by
N = Nio(N).

We fix once and for all a Hecke character p of infinity type (1,0) and conductor p.
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Given p, all the other Hecke characters of conductor p and infinity type p are
of the form p& where ¢ is a finite order character of Cl, ~ Gal(K[p]/K). It will
be convenient for us to assume that the local component of p at p verifies p, =
Teichy' - |- |,

Let F' be an extension of Q containing the values of all the characters y as
above. With notation as at the end of section , we view v, as an element
of HO(X(Axp?),Q') ® F (it lies in this space by the g-expansion principle and
Proposition [8.1.2.8)), where Q' ~ w®? denotes the sheaf of 1-forms on the modular

curve X;(Axp?). By Proposition ¥, lies in the lattice
HO(%, (ﬂl)*w®2) ® Oc, C H° (Xl(A;CpQ), Ql) ® C,.
Therefore, in the notations of Section [8.2.2.16| we can consider
Falt(9, ® p) € HL (X1 (Axp?),Zy(1)) ® Oc, .

Recall the notation V(x) and T'(x) at the end of section [8.2.1.1f Since Falt is

Hecke equivariant we know that

new =

Falt(9, ®p) € T(x)(1)®0Oc, C Hy (X1(Axp?), Zy(1)) &y, ©Oc, =~ Z(p)(V)aZ(p) (1).

Better yet, since the Hodge-filtration on the CM part of cohomology splits rationally

(by the action of the extra endomorphisms of J,.,; for notation, see section [8.2.1.1)),
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we have that

Falt(d, ® p) € Z(p)(1),

so that after fixing a basis of Z(p)(1) as in section[8.2.1.15] we know that there exists

a scalar A, € C, such that
Falt(d, ® 1) = w§' ® A,.

We stress that for now wy' (and thus \,) depends on the choice of the basis. Our
aim will be to find a convenient choice of basis and pinn down the scalar A\, for this
choice.

To this end, we invoke the de Rham—étale comparison theorem. Let z be the vari-
able on the symmetric space H* for GL,. We consider the holomorphic differential
on H* defined by ¥,(z)dz, then this holomorphic differential descends to Xi(Axp?)
and defines a de Rham cohomology class

9" € Hig (X1(Axp?)/C) 5y

Again, interpreting this de Rham cohomology as the de Rham cohomology of an

abelian variety with CM, the Hodge filtration splits rationally and therefore we have
O € Hig (X1(Axp®)/F).

By the compatibility of the Hodge-Tate comparison theorem with the de Rham
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comparison theorem we have
CompgtR(ﬁiR ®t') =Falt(d, @ 1) = w @ Ay

By the Galois equivariance of compg; the relation above allows one to study how
the Galois group of F' acts on A,. However, we would like to have information on
the full action of the Galois group of E. We argue as follows.

Let h = h, = #Cl,,. Consider

1
Uy = 7 Zﬁuﬁ e H(X1(Axp?), Q) @ E,

where the sum ranges over all characters £ of Gal(K[p|/K). We note here that the
Fourier coefficients of ¥/; at the 0-cusp indeed lie in F.

As before v defines a de Rham class
IR = Zﬁd € Hip (X1 (Axp?)/E),

and we have

compir (VR @ 1) Z Whe © g,

for some scalars \,c € Bggr.
Since the left hand-side of the above equation is fixed by G g, the right hand-side

is also fixed by G'g. Recall the notation €2, for the Lubin-Tate period, as defined in
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section R.2.2.3] Consider now
et 1 2 -1 G
compy (V1 ® Q) € (Het(Xl(A/Cp ), E)(kpr) @ BdR) :

(This amounts to dividing all the A,’s by €2, but by abuse of notation, we continue
denoting them by \,.) Notice that on HL (X;(Axp?), E)(k;;) the Gg action factors

through a finite extension L/FE. So that by the basic properties of Bgr, we can view
compgp (h ® Q) € Hey (X1(Axp?), L) (k77) %,

where G g acts diagonally. If ¢ is an étale class, for 0 € G, we denote by o - ¢ the
diagonal action, by ¢” the action on the coefficients and o*c the usual Galois action
coming from the action on the base change of the modular curve to Q.

We now make a few remarks, we state them in the form of a Lemma.

8.2.3.3 Lemma. 1. By the analysis of section|8.2.1.15, we know that

(W) = W

2. Choose representatives o; of Gal(K[p]/K) in Gal(K[{p}]/K)* such that
Art(03) = 2(03) ‘= aa - Yy,

where the collection {a} are ideals generating Cli coprime to p and a, are the

corresponding product of local uniformizers, and y, € O}, are representatives
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of (Og/pOg)*. We remark that the elements
Z oiwne € Z(p) (k) C Heo(Xa(Axp?), E)(k7)
depend only on the class of y, modulo p such that Arti(o;) = aq - y,. It is then

easily checked that the action of Gg permutes this E-basis Off(p)(lﬁi%).

3. We have the relation
h
wiie = D HE(o)S]
i=1
since ojwee = p€(aqy,) ' wie, if Arti(o:) = agyp.

4. If the F-basis consisting of the classes w;t 1s replaced by the F'-basis txw;t for

some ty € F* such that t7 = tyo, then
1 _
w, = » Zt (Wi € HY (X, (Axp?), E)(k17),

is an E-basis ofI( )(/iLT)

By invoking point number Z‘ﬂ of the Lemma just above, we have:

h

compg (0 ® Q) = Z <% Zﬂf(ai)/\us) Wy, € <H;t(X1(AICp2)a L)(“Z%’)>GE
3

i=1

Therefore, since the basis wg' is permuted by G by point 2 of Lemma [8.2.3.3

3We note the difference between ué(o;) and /]Z(ai) the two differ only at p by the Lubin-Tate
character.
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we obtain the relation:

. 1 1 o — ag
Vi = 17 SRR h7 Vo € GE7 E E lug(o_l))\ﬂf = E § :(uf) (0 10—i)>\ﬂf
§

Therefore, by Fourier inversion on Gal(K[p|/K), we obtain
Vo € Gg, A = X7(0) Ao

This is exactly the type of relation verified by the universal period Q;’iilv . This
suggests setting:

by .= )‘x( ;Iiilv)_1§

here by abuse of notation we denote Q;niv =0 . Then ¢, verifies the relation

Xlag
o _
5 =ty

By point number 4 of Lemma 8.2.3.3, we can re-normalize the basis w;t (and thus
wg'), so that t, = 1. Therefore under this renormalization, we obtain:

h

1 .
compp (Vh @ Q) = E (ﬁ E #5(01')9?351> W, (8.19)
=1 13

Note that when £ ranges over characters of Cl, ~ Gal(K[p]/K), the local compo-

nent at p of u& ranges over all odd characters of (Ox/pOx)™ in the sense of Section

B2TT

We assume for simplicity hereafter that Og = {£1}
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The hypothesis above implies that "odd" characters y of (Ox/pOx)* has the usual
meaning, i.e. y(—1) = —1.

We now need to understand the averaged universal periods that appear in the
above formula. Recall the notation w, for the uniformizer of E,, where Ej is the
maximal totally ramified extension of E of prime to p degree. The following Lemma is
an immediate consequence of the definition and the summation formula for geometric

series.

8.2.3.4 Lemma. Let x : Gg — @: be a finite order character. Assume that
X(Frob,) = 1 and that x|1, factors through Gal(E%°/E), n > 0. We say that x
is odd when t(x) (in the notations of Definition[8.2.2.15)) is odd. Let r be such that
such that n = 2r+1 if n is odd or n = 2r if n is even, and r = 0 if x factors through
Gal(Ey/E). Let h = #Cl,». We have

cs, ke . .
ng—l _1 - (2**1;+2”) if n is odd
(p* = 1) (o — 1)

1 .
Vo € Gg, 7 Z X(o)QFE = <2TeichE(J)w0

X odd (e, +e3,1)"

- if n is even,

where the sum over x ranges over all characters x factoring through Gal(E*/E). In

particular if n > 1, we have :

where €, € Q verifies €, < 1)2(’“‘+@2—1)' And if n = 0, the average has p-adic

valuation ——.
pe—1
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Combining this Lemma with Equation |8.19] we have the following proposition.

8.2.3.5 Proposition. Having fized the basis {w,,}, there exists a finite extension

L/Q, and elements a(o;) € L such that

h
compSs (¥ ® 1) = Za oi)we @t
i=1

Moreover the a(o;) have p-adic valuation ﬁ.

Since the w,, are all Galois images of one another, there exists a minimal integer

ng such that, for alle=1,..., h,
Pwe, € Hey (X1(Axp?), Op(krr));

that is, such that the p™w,. is a basis of Z(p)(k74) @ (Op/pOg). But since the image
of pFalt(, ® p) is 0 modulo p, and since 2_«(o;) has p-adic valuation zﬁ’ it follows
that nop = 0 and that the w,, are integral (p > 3).

We have therefore proven the following proposition.

8.2.3.6 Proposition. Let h = #Cl,. There exists a basis {wS' }1<i<n,
Wit € Z(p) € HY(Xu(Axp), Op),
such that, setting

h
b= pr,p<0i)_1wcer§ € Hét(Xl(AICPQ)aOF%
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we have

compgi (V" ® 1) = wi' @ t1Q_QUY.

8.2.3.7 The construction of the anticyclotomic tower

We now generalize the construction of the previous section to allow for arbitrary
level in the anticyclotomic tower. Let pu be a Hecke character of infinity type (1,0)
and level p. Let n be a squarefree integer coprime to p and let N = n?. Let R[np']

be the ring class field of I of conductor np”. We now consider characters
¢ : Gal(K[np"]/K) — C*,

such that there exists a character u of Gal(K[p]/K) such that £(u/) ™! factors through
Gal(R[np"]/K). If € is of this form, we say that £ is almost anticyclotomic. Stated
differently, these are all the characters of Gal(R[np"|K[p]/K). If x is a Hecke char-
acter of infinity type (1,0) and conductor np” such that xy = p& with £ almost
anticyclotomic, we say that x is almost anticyclotomic.

For simplicity, we set
h = h(np") = #Gal(R[np"|K[p|/K).

We note that when n = 1 and r = 1, h = #Cl,, so notation is compatible with the
previous section. We let X**“(np”) be the set of almost anticyclotomic characters of
conductor np”. Let f“ac(np’") cZ (np") be the subrepresentation of I, defined by

the kernel of the operators (a) — « - id, for o € K ranging over elements that reduce
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modulo n to a (rational) integer and modulo p” to an integer times an element of

prime-to-p order. Denote for simplicity
R = Rnp"|K[p].
We now consider

Ur =7 Y my € H(X;(AcNp™), Q') ® E.
XEX ¢ (np")

Here 7, is defined as follows. If the conductor of y is dp’ for some d|n and ¢ < r, then
Ty = Sn/aTr—t, Wwhere S, /4 is the depletion operator as defined in Section and
7, is the pull-back under z — p*®™~%z. The modular form U, 1s the analogue of
the average of theta series 1J; defined in the previous section: more precisely, we have
V11 =v;. Let 19,‘1‘7% be the de Rham class defined by 9, ,,.

Consider lifts o; € Gal(K[{np"}]/K)® of Gal(R/K), such that Artx(o;) = ag-yn -
Yp, where aq is exactly as in Lemma [8.2.3.3] y, € Op ranges over representatives of
(Og/p"Or)* /(1 + pZ,) and y,, € (/Q\K,n over representatives of (Ox/nOx)/(Z/nZ)*.

Then setting

1
et -_ * ket
(JJO.Z_ = h E aiﬂxwx

XEX*4<(np")

defines a rational basis of Z%(np") C HL (X1(AxNp®), E). As before, we can
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renormalize the vectors w;t for characters y of conductor exactly np” such that

h
compif(©0) =3 (5 3wl | wg
i=1 XEX e (np™)

When ¢ ranges over characters of Gal(R/K), the local component at p of pé
ranges over characters totally ramified characters of G that factor through Ag x
Gal(E%¢/E) and that are odd on Ag (in the same sense as in the previous paragraph).
By Lemma [8.2.3.4] and exactly the same reasoning of the previous paragraph, we
obtain that w,,/p? is integral, where a = [n/2] and a fortiori w,,[]

We therefore obtain the following Proposition, generalizing proposition [8.2.3.6]

8.2.3.8 Proposition. Let R ‘= Rinp"|K[p], where R[np"] is the ring class field of
K of conductor np". Put h ‘= #Gal(R/K) and N = n?. There exists lifts {o; €
GP}i<icn of Gal(R/K) and a basis {w,, }1<i<n of I%(np") C HL (X1 (AxNp*), E),

such that, for any almost anticyclotomic character x of conductor exactly np”, setting

h
et __ —1, et
Wy = pr,p(ai) We, s
=1

we have
CompgtR(ﬁiR) = w;t ® t_IQ_Q;IliI’.

Moreover, w,, € HL (X1 (AxNp*), OF) and if x is of conductor f = dp' dividing np",

4The author does not know why integrality improves as one climbs the anticyclotomic tower.
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we have
h
> palon) s = miw
i=1
where Ty = SngeTn—y and Syyq2 is the depletion operator defined in Section
while m,_, is the map defined by z € H* — p*"Yz € HE.

We now combine the above proposition for varying level n and r into the following

theorem.

8.2.3.9 The construction for varying levels

Let p be a fixed Hecke character of infinity type (1,0) and conductor p. Let F'/Q, be
the field of values of the p-adic Hecke character i and denote by O be the valuation
ring of F'. We define

Het : hg H;t (XI(AICTLQPQ(T+1))aOF)

n,r

cm’

where:

e the subscript cm indicates the kernel of the spherical Hecke operators Ty for ¢

inert in KC,

e the direct limit is taken with respect to integers » > 0 and squarefree n with
n coprime to p over the depletion maps Sy : HY (X1 (Agn?p? D), OF) —

H., (Xl(A;Cn2d2p2(”1)), (’)F) away from p and z — p?z at p.

Similarly, let

Har = liy Hig (X2 (Acn?p )/ F)p
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Define also Hei (1) C Heg to be the sub-representation defined by
: — a ab
Heo(pt) = (Hey ® p, b)2ECGIQ7/K),

Here recall that Ap ~ Gal(Ey/E) — G%, with notations as in subsection [8.2.2.6
Denote by R/ the compositum of all the ring-class fields of K of conductor co-

prime to Ax and squarefree away from p. Put
R = (R;o)AE

The G action on He () factors through Gal(R./K). Let C.(Gal(R/K), OF) be
the space of Op-valued locally constant function defined on Gal(R,/K). We endow
this space with a Gal(R/K)-action: o - ¢ = ¢(c7 ") for ¢ € C.(Gal(Ro/K), OF)
and o € Gal(R/K)

Proposition [8.2.3.8| can be reformulated as follows.

8.2.3.10 Theorem. Let notations be as above. There exists a unique Galois equiv-
artant embedding:

0, : Co(Gal(Roe/K), O) < He(11)

such that if § € Co(Gal(R/K), Op)®K,, is a finite order character of Gal(R/K),

then

compfy (0,,(6)) = im(V),¢") ® Ly (s 1)

Here im(ﬁi?) denotes the image in Hyr of the de Rham class 192? as defined in section

8237
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8.2.4 The absolute étale classes

We now comment on liftings of the classes ©,(¢) for ¢ € C.(Gal(Rs/K), OF) to

absolute étale cohomology classes.

8.2.4.1 Lemma. There exists infinitely many rational primes £ such that ¢ is inert

in KK and £ # —1 mod p.

Proof. Indeed, if p > 3, one can reason with Dirichlet densities. If p = 3, the claim
of the Lemma is a consequence of quadratic reciprocity and the fact that we assumed

Consider now ¢ € Ci.(Gal(Ro/K), OF). Let ¢ be a prime satisfying the conditions
of the previous Lemma and at which ¢ is unramified (¢ is invariant under the action
of inertia at £.)

Let N,r be integers such that if we set X ‘= X;(AxNp?"), we have

0u(¢) € Hey(X/Q, Op) ® He (A/Q, Op(1)) = H (X x A/Q, Op(1)).

Here (A, 1) is the canonical CM-pair of modulus p, and we have extended the action
of Gal(Q/K[p]) on H}(A/Q, Or(1)) so that it is given by p, ! in a similar fashion as
in section R.2.11

Then, for the rational primes ¢ considered above, we have

1:9,(¢) = 0.
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Let be R(¢) the finite extension of I, such that the translation action of Gal(R/K)

factors through Gal(R,/K). There is a Leray Serre spectral sequence
EY =B (R(6), Wi (X x A/Q, 0r(1)) ) = Hit? (X x A/R(©), 0p(1),

We denote by E%J the limit of the spectral sequence.

By Galois-equivariance of ©,,, we notice that
0,(¢) € H'(R(¢), H (X x A/Q,0r(1))).

Moreover, ©,(¢) € E%! because Ty acts by multiplication by ¢ + 1 on HY (X/Q).
Therefore, since £ + 1 # 0 mod p by our choice of ¢, and by considering the action
of the extra endomorphisms of A, ©,(¢) € H2 (X x A/R(¢),Op(1))/Fil'HZ (X x
A/R(¢),Or(1)). But again T} acts by multiplication by ¢+ 1 or the extra endomor-
phisms of A act trivially on Fil'H (X x A/R(¢), Or(1)) for i > 1, so that ©,(¢)
must lift uniquely to an absolute étale class in H2 (X x A/R(¢), Op(1)).

We sum up this discussion in the following proposition.

8.2.4.2 Proposition. Let notations be as in Proposition|8.2.3.8. Then the class

wr € HY (X1 (AcNp™)/Q, OF) ® p,,, C HZ (X1 (AcNp™) x A/Q,Op(1))

P

has a unique lift in absolute étale cohomology
wi® € HZ (X1 (AcNp™) x A/R[np"], Op(1)).
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Chapter 9

Appendix to "An Euler System for

the Adjoint of a Modular Form"

(A) Eisenstein series on SO(3,2) vs. Sp(4)

In this section we elaborate on the relationship between the Eisenstein series on the
orthogonal group G = SO(W’, q) ~ SO(3,2) under consideration in this paper and
the analogous Eisenstein series on G’ = Sp(V’,J) ~ Sp(4). Here G and G’ are as
in Section [3.1.11

As Hirai remarks, just after Theorem 7.4 in [Hir98|, the orthogonal Eisenstein
series lifts to an Eisenstein series on Sp(4): Hirai remarks that the computation
he just carried out in loc cit. retrieves the formula he finds in [Hir99|, taking the
quaternion algebra in the latter article to be everywhere split. We instead elaborate

on the relationship between Hirai’s Eisenstein series and the Siegel Eisenstein series
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appearing in |Liu20].
As in [3.1.1.2] we will systematically decorate with a ’ all data pertaining to the

symplectic group, so as to avoid any confusion in the notations.

(A.1) The Siegel parabolic

We give explicit formulas for the 2-to-1 isogeny 7 : G’ — G on the Siegel parabolic.
Let P/ be the subgroup of G’ defined as the stabilizer of the totally isotropic plane
spanned by ¢; and 2. Let U} be its unipotent radical, and let M) be its usual Levi
subgroup. All elements of P/ leave invariant the line spanned by e; = &1 Aey € W/,
so P’ is mapped to P; under 7. Here P; is the parabolic subgroup of G stabilizing
the isotropic line spanned by e; (see .
Let Ad : SLy — SO(Vj3) be the adjoint representation of SLy. We can write

elements u € U|(R) and m € M/(R) as

u = ul(T) = and m = m/(A) = )
0 I (AT)il

where T € Sym?(R?) and A € GLy(R). Then 7 restricted to the Siegel parabolic P

is described by the formulas (here matrices are written in the basis B):

det(A)
m(m'(A)) = m(det(A), Ad(4)) = Ad(A)

det(A)™!
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and

1 XT —53[XT]/2

P =m(Xn) = |1 s
1
_ t1 to ) .. .
where if T = then X7 = [—ty, 2to, t2]. In particular, as 2 is invertible in R,
ty 1o

7 defines an isomorphism U/ (R) ~ U, (R).

(A.2) Similitude groups

Here we briefly explain how the isogeny 7 extends to similitude groups.

We define GG’ to be the algebraic group whose R-points for any A-algebra R are
given by GG'(R) = GSp(V’, J)(R). We denote by ' : GG’ — G, the similitude
factor. Then g € GG’ leaves invariant b up to a factor of v(g)?. Thus, 7 extends to an
isogeny 7 : GG’ — GSO(W’, q) € GO(W', q), such that on R-points the image of
GG/'(R) in GSO(W', ¢)(R) is exactly the image of the natural map R* x SO(Wg) —
GSO(W’ q)(R). We denote the algebraic group whose R-points are given by this
image by GG.

(A.3) Symmetric spaces

Let Hs be the space of complex 2 x 2 symmetric matrices with positive definite
imaginary part. Then Hs can be identified with the symmetric space associated

to G’. Recall from section that the symmetric space attached to G is H°.
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Consider the map

ﬁ:%2—>?’[o

Z — Xy

2
where if Z = b , Xz = [—21,220, 22). Note that Xz € H° as ¢3(3(Xz)) =

20 <2
—4det(3(Z)) < 0 and gs(es, I(Xz)) = —25(21) which is negative by Sylvester’s

criterion.

We refer to the main body of the text (see Section for explicit formulas
for the G(R) action on H°. One can then see explicitly that £ intertwines the group
action of G(R) with the action of G'(R) on H,, so thatf defines a biholomorphism
between Hy and H° that intertwines the respective actions of G'(R) and G(R); that
is, for all ¢’ € G'(R), (¢’ - Z) = n(g) - B(Z). This can be checked, by the Iwasawa

decomposition, only using the formulas for Py, which is easy to verify.

Comparison of ¢g-expansions. Let f be a holomorphic automorphic form on H°;
let T' the periodic lattice of f. Then g*f is a holomorphic automorphic form on
H, with periodic lattice 7= 1(T"). As 7 identifies U;(R) and U}(R), the pull-back
identifies the Fourier expansions of f and of 5*f. From the Adelic perspective, for

any additive character ¢ : U(A) — C we have the equality, for all ¢’ € G(A) :

[ = [ gl
U1 (@\U1(4)

UL (@Q\U1(4)

372



Here ¢ denotes the character that ¢ defines on U (A) under the isomorphism in-
duced by 7 on unipotent radicals.

Let e, = ®e, be the usual additive character of A, where e, is defined by

e~ 2zl if p £ o0
ey =

g2riz if v = 00.

(A.4) The pullback Eisenstein series

In this subsection, we give some consequences of the previous discussion on the
Eisenstein series we study in this paper. In particular, we write down the g expansions
of the pull-backs of Hirai’s Eisenstein series to G’. We assume that the character x
is only ramified at p, for simplicity.

Let dp, be the modulus character of Py and 5p/1 be the modulus character for the
Siegel parabolic P/. Recall that, ép, = |a®| and 5p/ = det?.

For a prime ¢, denote by I,(s,x) = Ind (us) and I;(s,x) = Indg,ggZ (),

5S+1/2( 654—1/2(

where p, = xoa) and ., = X © det) are as in section [3.3.2]

(A.4.1) Lemma. The pullback by 7, where 7 is the morphism defined in section

[5.1.1], defines an embedding

7T* . Ig(S, X) — Ié(S, X)

that sends the spherical section of Iy(s, x) to the spherical section of I)(s, x) if x is un-

ramified at . Moreover, when { = oo, the section fuo(s) = J (e, Yy)7#|J (e, Zy)|F—3573/2
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maps to the section f'_(s) = j(e,i)7%|j(e,q)F~3573/2,

Proof. This is immediate, as pullback by 7 preserves the value at the identity.  [J

(A.4.2) Remark. Actually, 7 induces an isomorphism of the induced representa-
tions. The inverse of the pull-back by 7 is f' — f(g) = f'(w(¢')) for any lift ¢’ of g,

this is well defined as the determinant of —id is 1 on a 4 dimensional space.

(A.4.3) Remark. Denote by GP the Siegel parabolic subgroup of GG’. Note that

there exists a G’-equivariant inclusion:

G/(A) GG/(A})
IndP,l(AJ;)(,us) = IndGP,l(A;)(sz),

defined by f — f, where for all g € GG/,

- I
flg) =f g
V(g) ',

Note that this is well defined since f is left invariant under the unipotent radical of

P’. Moreover the restriction of functions in Indgs,l Ei; )) (us) provides a G’-equivariant

inverse to this map. Therefore by transport of structure IndS l((i’; % (115) acquires a right

/
1

action of GG/(Ay). We will use this fact in section [(B.4)]

374



(B) On g-expansions of Eisenstein series

If S € Sym?(Q%?) is a symmetric matrix and F' is a modular form on G/, we denote
by F7. the T-th Fourier coefficient of F:

Frlg) = F (W' (9)g) ¢ (=Tr(T'5))dS

/5me (Q®2)\Sym?(A®2)

Similarly, if X € (V5)q, we denote by Fx the X-th Fourier coefficient of an auto-
morphic form F on G.

Let E(g,s; f) be the Eisenstein series on G(A) resulting from the choice of a
section [ = ®,f, of Indgl(ﬁi) (us). And let f" = 7*f be the section defined by the
previous Lemma. Then by the previous section, if T' +» X7 and ¢’ € G'(A), we have
an equality:

Exr (W(g,)> 53 f) = Eéﬂ(gc S5 f/)

Moreover if f = ®f, and f, = 7*f,, and det(T) <> S3[T] # 0, then we have the

factorizations:

Ex,(w(g).5: ) = [[Waraln(g).s:£) and By (g5 ) = [[ Whald'ssi )
where for T non-degenerate we have:

fo(s)(wu'(S)g")e, (~Tx(T'S))dsS.

(%

Wil ) = [

Sym2 (Qv)
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We have equality of local Fourier coefficients:
Wiro(m(g), 51 f) = Wr, (g, 51 f).

(B.1) The ordinary Eisenstein series

By the discussion above, it suffices to compute the Fourier expansion of the Eisenstein
series on G’ = Sp,. In this section, we define the ordinary Eisenstein series that will
be used to prove integralityy of the cohomology classes that form the Euler system
we construct in this paper.

If x is ramified at p we denote the log-conductor of x at o by f,, so that for
example if yx is only ramified at p, we have N, ‘= p’x. We denote by x, the local

component of x at v. Recall that we denote by T(x) the Gauss sum:

) = >, x(@elx/ph).

x mod Z/pX 7,

Let a : Q*\A* — C* be the adelic character attached to x. The local component

of a at a place v of QQ is described by the following;:
o If v =00, a,(x) = sgn(z).

o If v = ¢ is finite and does not divide N,, a,(¢) = X(¢) and a,(u) = 1 for

X
uGZq.

o If v =pdivides Ny, a,(p) = I n, /pix Xq(p) and a,(u) = x(u) for u € Zj.
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(B.1.1) Choices of sections

In this section we follow the notations of |[Tak12, p. 2.2] and denote by Cy(¢") C
G'(Zy) the subgroup of elements that reduce to elements of P} (Z/¢"Z). This is the
pull-back of K¥(¢") to G/(Z;) (see section ?? for notations.). We will view « as also
a character of Cy(V,) by composing o with the determinant of the 2 x 2 lower right
block of a matrix in Cy(IVy).

We now define the sections that we will use to define ordinary Eisenstein series.
We rescale the s variable slightly from section [3.3.2] so as to be closer to the notations
of [Tak12]. We caution the reader that the character ¢ of loc cit. in our notations
is X.

(B.1.2) Definition. For v a place of Q define the function fX, € I (s, x) of G'(Q,)

as:

1. If v = o0,

X (9s0) = T(gsor Zo) | (900, Zo)| 72

2. If v is finite, and x unramified at v, then for g, = u¢ where u € P (Q,),
¢ € G'(Z,), with
a, by

0 d,

we set:
Xo(gp) = |det(ay) 5> a,(det(dy)).

p

That is fX, is the spherical vector of I (s, x) with value 1 at the identity.
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3. Forv = p, and x is ramified at p, f, s is supported on the small cell P;(Q,)Co(p'x),

and for g, = u&, u € P{(Q,), £ € Co(p'x), we set
xs(9p) = |det(an) ;712 a, (det(dy ) )y (€)-

For g € G(A), g = (gu)o, we set

fX(g) = va,S(gv)

(B.1.3) Remark. For the sake of clarity, we discuss here the sections of I,(s, x),
whose pull-back to G'(Q,) by 7 are the section fX,. At infinity and at places v # p it
is given by Lemma|(A.4.1) At a place p where x is ramified, we define fX, € I,(s, x)

by
R I i g, ¢ P1(Qy)Kolp})
p,s(gp) =
[t Py (t)a, M (€) if g, =k,
where
tu % *
u={0 A, = |€PiQ) and&e Ko@)
0 0 !

and we view «, as a character of Ky(p'x) by composing with the matrix coefficient

of the bottom right entry of an element & of Ky(px).

378



(B.1.4) Remark. Note that for all g € G'(A) and v € Cp(N,)
fX(g7) H ap(p) | f3(9)-
p| Ny
In particular fX is of level KT (N,) and Nebentypus x.

From fX defined above, we can define the Eisenstein series:

E(g; /)= Y. X9

7EP(Q\G'(Q)

The right hand-side is absolutely convergent when R(s) > 1/2.

Classically, choosing Zy = il € Hy. Then a point Z € Hy can be written as

Y2 gy=1/2
Z = X+iY, with Im(Y) > 0. We notice that go./ = Z where g, =
0 y—1/2
We can then write:
E\(9o0; )T (o0, Zo)® = |det(y)[172 > XN (. 2) 2 (v, 2)| 52

v€P1(Q)NTo(Nx)\To(Ny)

Here I'g(NV,) denotes the subgroup of G’(Z) such that the lower left 2 x 2 block is
divisible by N modulo N, and we regard x as a character of I'o(/V) by composing

with the determinant of the lower right 2 x 2 block.
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(B.1.5) The Fourier expansion of the ordinary Eisenstein series

In this subsection, we give the Fourier expansion of the Eisenstein series defined by

the choice of local sections of Definition (B.1.2)l The letter w will always denote the

0 —I
element w = ’ eG. LetT e SymZ(Z;‘?Z) be non-degenerate half-integral

I, 0
and 1) be a Dirichlet character modulo p™. Following [Tak12|, we set

Sy(T, 1, s) ‘= > v(X) e, (=Tr(TX)) if ¢ is trivial.

XeSym?(Qy?)/Sym?(2;?)
Sy (T, ¢, s) ‘= > Y(r(X)det (X)) w(X)Pe,(—=Tr(TX)) ifn>1
XeSym?(Q)?)/Sym*(Z§?)
where v is the function on Sym2(@§92) defined in loc cit.right below equation (2.26).

We also set

AP<T7 vais) : SP(T7 7% 5)7

this is a formal power series in p~®. When ) is trivial we omit ¢/ from the notation:
we denote A,(T,¢;p~*) by A,(T,p~°).

We have the relation:

/ fgs(wu(X))ep(_Tr(TX)) = AP(T7Y;p—k‘—S+1/2)
Symz((@gﬁ)

We denote by F,(T'; p~*) the polynomial in p~* defined in loc c¢it.in equation (2.32)
(see also [Tak12, Proposition 2.6]). This is a polynomial with integer coefficients and

constant term 1. Let ¢ the function denoted by &(y, h; a, B) in theorem 2.1 of loc
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cit.. Finally let Ay be the quadratic character attached to the abelian extension
Q(y/—det(2T")) of Q. We then have introduced all the relevant information to state

the following result, which is a reformulation theorem 2.2 of loc cit..

(B.1.6) Proposition. Suppose R(s) > 0. For T € Sym*(Q%?) we denote by
ar(y, s, x) be the T-th Fourier coefficient at infinity of E(— + iy; fX). We have

the formula:

L(NX) (27 ATX)
(3, X)Lt (4, x2)

< [T BT x(@)a™) - T] Ap(T 3075+

qfNy p|Ny

ar(y, s, x) = det(y)”>/*(y. T;3 + 5/2 — 1/4,5/2 — 1/4)7

We have shown in section that the Eisenstein E(—; fX) can be analytically
continued at s = 1/2 (the point s = 0 for Takemori |Tak12]). Therefore the Fourier
coefficient also can be analytically continued. In particular the result stated in loc
cit.for k > 3 are also valid at £ = 3 when y is odd. We now state the final result on
the Fourier expansion of the ordinary Eisenstein series: this is theorem 4.1 of loc cit..
We only state the result when Y, is not quadratic for any p|N,. When ¥, is quadratic
one has to take a slight modification of the section at p (which is explained in loc
cit.) and the Fourier expansion looks slightly different. Thus, when y, is quadratic
for some p, one should take the Eisenstein series defined in proposition 5.1 of loc cit.,
whose Fourier expansion is of the same form of the non-quadratic case. As we will
be only interested in the final form of the Fourier expansion, the final results are still
true when x, is quadratic for some p|N,,.

We record the following proposition which is a direct consequence of theorem 4.1
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of loc cit., combined with the initial remark of the above paragraph.

(B.1.7) Proposition. At the point s = 1/2, k =3 We denote ar(y, s, x) by ar(x).

Write det(T) = drg3, where dr is square free, and set 3, = v,(gr). We have

L(NX ]_ )\TX
ar(x) =2 H Fo(T
L(-2
(=2, %)L ) v
Using the functional equation of F,, (see proposition 2.6 of loc cit.), one obtains
the following corollary (this can also be obtained directly from the expression in the

middle of p1256 of loc cit.).

(B.1.8) Corollary. With the notations of the above proposition, we have for T

positive definite :

. - _ _ _ LM (=1, Apy
ar(x) = —2idet(27)*2p =% [ T @, (det(2T))a, (Nay) | Ny, TX = H F, (T, x(p

L(=2 L(Nx
ey (— X)

(B.1.9) Normalization of sections

In order to get rational and integral cohomology classes, we ought to normalize the
sections above so as to have both integral ¢g-expansions (up to a power of (277)) and

rational valued sections.
(B.1.10) Definition. Let Iy = @y [y be the section defined by:

1. For v = 00, we set

i (gee) = 2mi) L o
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2. For v { N, finite, we set
fgric = L,(3, X)Lv(47X2)f1§1/2(gv>»

where fj‘lﬂ(gv) is the section of item 2 in definition |(B.1.2)|

3. For v|N,, we set

f;:d (9p) = Ay ;1/2(91))7

where [ /2(9p) is the section of item 3 in definition|(B.1.2)land A, is a constant
given by:
A =23 N\Net(0)T(X°)

Denote by a7(x) the T-th Fourier coefficient of E(—; f7*). By Corollary
and the functional equation of Dirichlet L-functions, we obtain the following propo-

sition.

(B.1.11) Proposition. We have for T' positive definite:

ag'(x) = —2idet(27)**p~*rdet(21)* T | a,(det(27))a, (Nag )Ny 2L (=1, Ary) [ 7T x(9)q?

p|Nx atNx

Equivalently,

ag'(x) = =20L™ (=1, A0 [ Fo(T, X(a))-

atNx
In particular, the Fourier coefficients (at infinity) a3'(x) are universal integral poly-

nomaials in x.
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To prove rationality of the cohomology classes defined by the ordinary Eisenstein

series, we need the following result.

(B.1.12) Lemma. The section f; is Fy-valued on G'(Ay).

Proof. As the local sections of definition are clearly F)-valued on G/(Ay), it
suffices to prove that

(2mi) T AL(3,X)L(4, X%

belongs to F). This is the case by the functional equation of Dirichlet L-functions
and well-known special value formulas in terms of generalized Bernoulli numbers:

the above constant is L(—2,%)L(—3,%?). H
We now explain why we refer to this choice of section as "ordinary"

(B.1.13) Remark. Takemori in [Tak12| shows that f;* yields an ordinary Eisenstein
series (ordinary for the operator denoted by U(p) in loc cit., or U, in |[Liu20, Section

2.5]).

(B.2) Comparison with Liu’s section

In this section we compare the ordinary Eisenstein series resulting from f7* and Liu’s

Eisenstein series resulting from a different choice of section at p.

(B.2.1) The g-expansion of Liu’s Eisenstein series

Let f;* be the section at p that Liu defines in [Liu20, Section 5.1]. In the notations

of loc cit., this corresponds to f, ,, where x = 3. Explicitly, f;" is a big cell section

defined by:
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Sy

X(detC)|det(C)|3n,(C~1D)  if detC # 0
0 otherwise,

where 7, is a Schwartz function on Sym?(Q%?) (denoted by a., in loc cit.) defined

by its Fourier transform

. R S1  So -
Mp(S) = 1 = 1,27, (s1)1z,(s2)x(det(25))X(s0),
So  S2
where we view x as a function on @, by extending it by 0 away from Z;'.
Denote by f** the section defined by the same local sections at v # p as in

Definition |(B.1.10), and at p we choose respectively f;*. We now record the Fourier

expansion of f".

(B.2.2) Proposition. The Fourier expansion of E(—; f") (resp E(—; f"*)) is sup-
ported on the integral positive definite T. Denote by a%*(x) (resp. a4 (x)) the T-th

Fourier coefficient. We have:
aff'(x) = idet(2T)** Ny XNy ) L (=1, 50, (1) [ [ FolTs x(@)a ™).

Proof. This is |[Liu20, Proposition 3.5.1], rephrased in our specific setting. Note that

we have used the relation T(Ay) = —iN;éQ. O
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(B.3) Depleting the ordinary Eisenstein series.

In this section we move from the ordinary Eisenstein series to an Eisenstein series
defined by a section that is more similar to Liu’s choice ([Liu20]) of sections supported
on the big cell. We write with bracket matrices elements of G'(Q,) seen as acting
on spaces of functions on G’(Ay) spherical away from p or of level Kg) ll(N ).

Define first the operator ¢y € O,[G'(Q,)] defined by the formula:

tr= > x(@)U(-ws/2ph),

z mod pfx

where we recall that s denotes the 2 x 2 matrix

by

The corresponding element of Z|G(Q,)] still denoted by t is given by

tyo= Y @m0, —/p,0),

x mod pfx

where n;(X) is the unipotent element defined in Section |(A.1)]

We now define the "depleted" section.
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(B.3.1) Definition. Fix a Dirichlet character ¢ : (Z/p"Z)* — C (in the body of the
paper ¢ is the Nebentypus of the modular form f under consideration). We denote

by f, the section defined by

fdcp e tdep ord
DX - xY~1Ip,x

And denote f;” the resulting global section such that at a place v # p, f," coincides

with the ordinary choice from definition |(B.1.10)|

We now relate the Fourier coefficients of E(—; f;*) to the Fourier coefficients of

E(—; fo*). Denote the T-th Fourier coefficient of the former Eisenstein series by

X
az(x)-
Ty Tp
(B.3.2) Proposition. If T = We have:
Ty 1o

ai(x) = t(x¢ ™) x(To)ag! (x).

In particular a7t (x) = 0 if Ty is not a p-adic unit.

To prove integrality of the Euler system classes, we will need a "universal" version

of the above depletion. For a > f,, we denote by ¢ the following operator:

e = N X (@)U (-ws/2p")

x mod p?
We then define
fDEP,a g tDEP,a ord
254 : xy~tJIp
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DEP,a

vy €oln-

and denote " the resulting global section such that at a place v # p,
cides with the ordinary choice from definition |(B.1.10)l We then have the following

proposition, that is proven by a very similar computation to proposition |(B.3.2)|

T T
(B.3.3) Proposition. If T = be , denote by a7"""(x) the T-th Fourier

Ty Ts
coefficient of E(—, f**). We then have:

a7 () = (L (T )R (T /o) ().

(B.4) U, operators

We now study the effect of the ordinary projector of H' on the sections defined in
the previous subsection. This operator is denote by e x e in [Liu20|; it is defined
with respect to the operator denoted by U, x U, in loc cit.. To distinguish the U,
operator on SLy from the U, operator of Sp,, we will denote by w;, the U, operator
of SLy, and by U}, the U, operator of G' = Sp,; U, is the operator denoted by U, »

in [Liu20, Section 2.5]. As an element of Z[G'(Q,)] it is defined by:

= Z L S| |pl2 O _ ply p'S
-1 1
S mod p? 0 I 0 p I S mod p2 0 p I
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! x ul as an element of Z[G'(Q,)] through the usual embedding

We can view u, a

H' — G’. Explicitly, we have:

T1
I ply 0

/ o 2:
upXUp— To

x1,22 mod p? 0 pillg
0 I,

(B.4.1) Remark. Note that the U] operator defined above, up to multiplication by

p~! is the square of the usual U, operator of GSp,; the latter is defined by:

Up _ IQ S p[g 0
S mod p 0 [2 0 I2

o , ;-
Similarly u;, X u, is the square of the operator

I, ply O

Up X Up = E T9

1,22 mod p 0 IQ
0 I

On g-expansions at infinity, U, acts by U, > arq’ =Y, ayrq’. Similarly, u, x u,

acts on g-expansions by

1
(up X uyp) ZaTqT = 1_72 1(p|Ty, Ty)arq™”.
T T

In what follows we will view the operators U, and w, x u, acting on sections of

Indg{(,u) by remark |(A.4.3)|
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We now compare the ordinary projection for H’' of the Eisenstein series defined

by f;g" and f>’<"

(B.4.2) Proposition. For a > f,, we have

(up X up) (=5 f) i = () x )" B(=; 20 (™) £1) |

If the p-adic valuation of Ty and Ty is large enough E(—; fy*) and E(—;-2t(x)f")

have the same T-th Fourier coefficent.

Proof. The operator u, X u, acts on a form with g-expansion at infinity >, arq” by

%ZT aT]lp‘Tl,TQqT/ P as we mentioned above. Then the result follows by combining

proposition |(B.1.11)] |(B.2.2){ and |(B.3.2)| O

We record here another proposition that compares the action of ¢7°"¢ and t}’,

using the u, x u, operator.

(B.4.3) Proposition. Let a > f, + 1. We have

(up X up By E (= fy7) = 3 E (= )

Proof. Using proposition |(B.3.3)| and the description of the action of w, x wu, on
g-expansion already given in the proof of the previous proposition, we have that the

g-expansion of (u, X wu, )t E(—; f7) is:

> (L (pIT, 7)1 (0T ) U (To/p ) a ().
T
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Now using the fact that a;7(x) = a7'(x), we obtain the result. O
We thus obtain the following immediate corollary.

(B.4.4) Corollary. We have (upxup)(“*fx)tiEP’“E(—; 3 =teB(— 7)) = E(= fy)

X X X

(B.5) Twisting the ordinary and depleted sections

Here we describe a modification of f;} that we use to prove the "universal" vertical
norm relations.

Let a > 0 be an integer and consider the operator Tw* € Z|G'(Q,)] defined by

a

z/p

where the sum is taken with respect to representatives x of Z/p*Z.
Let us record first the following lemma whose proof is an elementary computation.

Let K{(p®) = Ki(p*") N Ko(p*)

(B.5.1) Lemma. For all X = o the following relation holds.
To T2
I 0 To/p
0 _[2 [2 0 _[2 _[2 X pIQ
pa_ll‘1 iUo/p =
L |p*, 0 p* 1, 0 0 I 0 I
2 0 I
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We now use notations from 7?7, and consider the operator:

I 0

Tr i pey/ ke (po—1) = Z p* oy 5

x1,x2 mod p 12

where the sum is taken over representatives xy,zo of Z/pZ. From Lemma |(B.5.1)|

one deduces immediately the following relationship between Tw* and U,,.

(B.5.2) Proposition. We have the relation:
TrK{(pa)/Kl(p“—l)TWa = TWa_lUp

Similarly let

0 I
tw? = € ZIGG'(Q,)].

By a completely analogous computation we have the following proposition

(B.5.3) Proposition. We have the relation:

a—l(

Tl“Ki(pa)/Kl(pa—l)tWa = tw Up X up)
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(B.6) Nebentypus questions

Here we study the relationship of the operators tw* and ¢7*"* with "diamond" op-

erators. Fix a > 1 an integer and d € (Z/p*Z)*.

We let (d) € Z[G(Q,)] be the operator defined by (d) ‘= I . We have
d—l

the following immediate lemma:

(B.6.1) Lemma. There are the following relations:

(d)tw® = tw*(d"1).
<d>t§EP,a — X(d71>t§EP,a <d>

Note that (d) acts by multiplication by x~"(d) on f;. As a consequence of the

previous lemma and this remark, we have the following proposition:

(B.6.2) Proposition. We have the relation, for all characters & of log-conductor at

p verifying : fe < f, < a:

() (bw 22" frt) = E(d) (bw 22" firt).
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(B.7) The Doubling zeta integral

Here we introduce the doubling Zeta integral on G’. We refer the reader to section 4
of |[Liu20] for more details. Recall that the embedding ¢/ : H < G’ of section |3.1.1.4

is defined in the basis (£;);=1._4 by

a 0 b 0
a b a v 0 a 0V
!/ X —
c d d d c 0 d 0
0 ¢ 0 d

01
Recall the notation the element denoted by ¥ = in |[Liu20] . Define now P’
10

as the maximal isotropic subspace of V' spanned by £; and &5 - this corresponds to
the isotropic line spanned by €1 A ey in W. We can write abstractly V' ~ P’ @& P’ by
identifying 3 (resp. £4) and €; (resp. €3). We denote by P¢ "= {(v,9(v)) : v € P} C
V’: P? is a maximal isotropic subspace of V’. The doubling Siegel parabolic Pff/ is

defined as the stabilizer of P¢. It is conjugated to the standard Siegel parabolic P:

/ _
P{ =Py !,
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where

1 0 00
o 1 00
v =
0 -1 10
-1 0 01

If f is a section of an induced representation from P/ (A) we set f¢ = f(y~1-).

Then f? is a section of an induced representation from P‘f/. When f € Indg,i ((2))(#3),

we have E(—; f) = E(—; f9).

(B.7.1) Remark. The element v correspond to the element n{*"([0,2,0]) € G(Q)
under 7. By abuse of notation, we denote n**([0,2,0]) by ~; it will be clear from

the context whether I' € G/(Q) or v € G(Q). We also set by P4 '=~P1y~! C G.

We denote by g — ¢” = 9g0 the MVW involution of an irreducible representation
of SL2(Q,). Given an irreducible cuspidal automorphic representation m of SLo(A)
and its complex conjugate 7, we fix isomorphis 7 ~ ®; Ty, T ®; T, such that for

factorizable p; = @ 1, € @, 7, and s = Q) Pa., We have

<901 ) ¢2>Pet = H<S01,fu7 @2,1))11'

(2

Here the pairing on the left hand-side is the Petersson inner product and on the
right hand-side the pairing is the duality pairing between 7 and its contragredient

naturally isomorphic to 7. If ¢ € 7, we denote by ¢” the function of 7 defined by

0’ (9) = ©"(g) = @(IgV).
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For a local section fX, € I} (s, x), we follow Liu and define the operator T'(fX,) : 7 —

7 by the formula:

(e = [ (e )elonin.  (BT1)

We refer to [Liu20, p.21] regarding the well-definedness of T'(fX,).
Again following the conventions of Liu, the local doubling zeta integral is defined
as a bilinear pairing between I(s,x) and # M7 — C. For fX € I/(s,x) and

v1 ® Uy € TXRT, we set:

Zo([Xsr01,02) = /

SL2 (Qv)

f ( (gvv )) (o (g0)v1,D2)0dgy-
Then Z, defines an element of the Hom space:
Homy(g,)(1,(s, x) ® (7 ¥ 7),C).

We now compare the doubling Zeta integral to the Zeta integral of Murase and
Sugano defined in section [3.4.2 We freely use notations of that section. Let ¢ be a
finite place. We further assume that the vector that F' defines in II, = 7, X 7, is a

pure tensor, i.e. Fy = v ® .

(B.7.2) Lemma. For a finite place ¢, verifying the hypothesis above, we have

5€(F7 f;fs) = Zf(f;fsavﬂﬁ>
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Proof. Indeed, the integral Z, descends an integral on SLy/ps. Then the matrix
coefficient appearing in Z, is exactly the period integral Pr(h,), as Gq corresponds

to the diagonal copy of SLy in H’. We thus obtain the result. ]

(B.8) The volume sections and their zeta integral

Here we define local sections analogous to the ones that Liu introduces in [Liu20,
Section 4.2]. We start by introducing the relevant Siegel-Godement sections.

Let ¢ be a place at which x is unramified. Consider the space M, ‘= M (2,4, Q)
of 2 x 4 matrices with coefficients in Q,. We denote by M, (A) the space of n x n
matrices with coefficients in the ring A. We decompose M, as a direct sum in two
ways

My = M (Qq) & My (Qp) = My(Qp) © My(Qp).

In the first decomposition, the first factor My(Qy) corresponds to the first two
columns of the element M € M, and the second factor corresponds to the last
two. In the second decomposition, the first factor M;(Qy) corresponds to the first
and third columns, while the second to the second and fourth columns of an element
M e M,.

Let ® € .(M;) be a Schwartz-Bruhat function on M,. We will always choose ®

of the form

Q=01 ® PR P3 X Py

where ¢; € .#(Q?) is a Schwartz-Bruhat function defined on the i-th column of an
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element M € M,. We will also write
D =P ® Dy =P @ P,

where ®; and @ are Schwartz Bruhat functions on Ms(Qy) and Mj(Qy) respectively,
defined as &1 = @1 @ ¢a, P2 = 3 ® ¢4 and @) = 1 ® @3, P}, = P2 ® P4.

Endow M, with the right action of G’ by right multiplication. Consider now for

g€ G'(Qy):

fulsia) = [ o, 2.2t (2) 2,

Here d* 7 is the Haar measure of GL5(Q,) normalized so that GLy(Z,) has volume

equal to 1 and (0,7) € M>(Qy) & M2(Qy), so that

folsig) = [ 9(ZOY0(ZD)det(2)" a2
GL2(Qy)

A B
for 9= S G/(QZ)’ A7B7 C7D € MQ(@Z)
C D
Then fg(s; —) defines a section of I,(s) ‘= nIndS{E%‘g(\det]S). Recall the notation
01
of Liu v = € My(Z). We now take ® of the form: for all M = (Z;,7,) €
10

MQ(QZ) S MQ(@Z)a
@(Zl, Z2) = (I)l(Zl) ) @2(22),

for some @1, Py € S (M(Qy)). There is an action of GLy(Qy) on .7(Ma(Qy)); if
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h € GLy(Qy) we set (h-P®)(M) = ®(Mg). We define the subgroup I'(¢") C GL2(Zy)

as the elements that reduce modulo ¢" to the identity. Let ¢" be the indicator function

of I'(¢"). We then take ®; = - ¢" and ®5 = ¢". Notice that &} = &; and P, = P,.
a b

For ® = vol(I'(¢")) 1@, ®@®,, we want to compute fi(s, ' (g,1)) for g = €
c d

SL2(Qy). Note first that

o
—
(@]
o o O

We then have, for Z € GLy(Qy),
©((0,2)y7"(g,1)) = ) (Z2999)Py(2).
Since if Z € T'(¢"), ®\(ZM) = &) (M) for all M € M(Qy), we then obtain

fa(s;/(g.1)) = V01(F(€’"))_1/ |det(2)[*"72¢"(2)¢" (9) = ¢ (9)-

GL2(Qy)

Therefore we obtain the following Lemma.

(B.8.1) Lemma. Let I'(¢") C GL3(Zy) be the elements that reduce modulo (" to

diagonal matrices. Let ¢" be the indicator function of T'((") in My(Zy). We set

@ = vol(D(£") - (9 ¢") @ ¢" € .7 (M(2,4,Qp)).
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Then if v € my is I'({7)-fized we have

Zi(fa(s; =), 0,0) = vol(L(£7)) (v, )¢

We now study the level of the restriction of fd(s;—) to H' for ® as in the Lemma
just above. Recall the formula f2(s;¢'(g,1)) = ¢"(g). Following the notations of Liu,

denote by ¢g” = ¥g¥ for g € SLy(Qy). We first compute

a 0 b 0
0 d 0 ¢
v (g.9") =71 (g,9") =

c d d c
a b b a

d c c d

Since ¢V = = Y, we see that by changing variable Z’ = Z¢”, we
b a a b

have for all h € G'(Qy)

fa(siulg, g")h) = fa(s; h).

From this we deduce that if h = ¢/(hy, he) € G'(Qy), we have actually

falsih) = fa(s:((h3)7"ha, 1)) = 6" ((hy) ™' ha).

Since ['(¢") is a normal subgroup of SLs(Z,), we deduce that f& is right-invariant
under SLy(Z;) < SLa(Z)?, where the embedding is given by g — (g,¢”). We

deduce the following Lemma.
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(B.8.2) Lemma. The section f& as defined in Lemma s tnvariant under

the the image of
SLy(Zg) x T'(¢") < H'(Zy) = SLy(Zy) x SLy(Z¢), (g,h) — (h,1)(g,¢").

We now recall a few facts about the "volume" sections that Liu introduces in

[Liu20, Section 4.2]. We define fyr(s;—) € I/(s, x) as

s A B\ 115 (det(C)) "1 (C-1DY)  if det(C) #£ 0
n c ol

0 otherwise.

This section coincides with the section fg(s; —) defined in just above for ®; = ¢ - ¢"
and $y = ¢@".
We record now the local Fourier coeflicient attached to fu-(s; —). We have, as is

mentioned at the bottom of p. 22 in loc cit.,
Wro(1, for(s;=)) = €% e, (2Ty) (T € 7"Sym*(Z3)).

We then have the following proposition, which is an immediate consequence of propo-

sition 4.2.1 of loc cit.

(B.8.3) Proposition. Let v € my be invariant under I'(¢"). Then

T(for (s =) = =vol(I(£")) .
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Therefore:

Zi(for (83 =),,) = vol(L'(£7)) (e, By)e-

(B.9) Sections at bad places

(B.9.1) Special representations

In this section we choose Siegel-Godement sections fs,, at places where 7, is the

Steinberg representation St, C nIndSLé((?Z)(ég %), mp = Sty. Let To(¢) be the subgroup

of elements of SLy(Z,) that reduce to upper triangular elements modulo ¢. Then St,
has unique Iy (¢)-fixed vector ¢ determined by the condition that ¢ lie in the kernel of
0 —1

the intertwining operator, that is ¢(1)4£p(w) = 0; where w = . Consider
1 0

the dual induced representation nIndSL2 ?’“’) (5];1/ 2). Then St, appears as the quotient

of nIndSI(‘2 @4)(5];1/ ?) by the trivial representation 1 < nIndSI(“2 ?4)(5];1/ ?). The vector

space nIndSL2 ?‘)((531/ )Po(® i 2-dimensional - and we choose a basis given by (1,7),

where 1 here denotes the constant function and 7 is a small cell section, i.e. the
unique function on SLy(Qy) suppoted on B(Qy)I'¢(¢), such that (1) = 1. We will
define a Schwartz-function ® and we will compute ', (,;,—yv, as defined in Equation

B..1Lal
Define ®; = 1y /vol(I'g(€)) and take

®, = the indicator function of My(Z,)
and ® = (I)l &® (I)Q.
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Since @y is left I'g(¢)-invariant we have by a change of variables:

; A B |det(C)| 573205 (C~1D)  if det(C) # 0,
o | S5 =
C D

0 otherwise.

Note also that we have

ZX Ty
®} = the indicator function of
Ly Zy
and
Ly e
@), = the indicator function of
ZX 7

We then have

flstla ) = [ 82090 (2)det(2) 0.
GL2(Qy)

From this expression it is clear that fg(s;¢(—;—)) is right To(¢) x T'y(¢) invariant.

We now compute the integral

Tto(s0(1) = / fi(siu(g, 1))o(g)dg = Ly + 1.
SL2(Q)

Here I, is the integral over the small cell and [, over the big cell. Note first that

I, = 0, since by definition T(g) = 0 for ¢ in the big cell. We now compute I,,. Since

fd(s;1(g,1)) is T(£) invariant it suffices to compute this function on elements g of
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a 0 1 =«

the form g = , v €QpaeQ).
0 ot 0 1
We find that
. * ok
v (g, 1) =

C D

0 1 a l 1 —za —1
where C' = and D = so that we have C~ 1D = —q !

a 0 zao 0 1 0

a 0 1 =z
Therefore, for g =

Y

0 ot 0 1
falsig) = ol %1z, (2) 1z, ().

We thus find

Tty(s5-y0(1) = vol(To(€))¢e(s + 3/2)u(1).

We now compute 7', (s,—yU(w). We decompose again this quantity as T, ,—y(w) =

I} + I!,.. Note here that I/, = 0 since for all z € Z, and o € Q; we have

; and since fg(s;—) is supported on such elements on the small cell as was seen

before. We now compute the integral on the big cell — we show that it vanishes.
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r  —«
We write g = ( . With notations as before, we have

0 o a0
C'D ( . Thus if fJ(s;g) # 0 we must have 27! € Z,. But
then
a  ax 1 0
vl w w| =7 =0
0 a ! —z 1

by the decomposition

Since

©(C7'D) = 1z,(z7 )z, (a)lgx (a 27",

we must have [; = 0. Therefore, we obtain

Tf@(s;_)ﬁ = VOl(FO (5) )5.

SL2(Qy) (5—1/2

Passing to the quotient by the trivial representation in nlndg B B ) the operator

Tf@(s;—)

Ty, siey - St — sty

<I>

is multiplication by the quantity vol(T'o(¢))Cs(s + 3/2). Noticing that (,(s + 3/2) =

L(s +1/2,Ad°(St,)) We can therefore deduce the following proposition.
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(B.9.2) Proposition. Let & = & ® $y, where 1 = Lpyp/vol(I'g(¢)) and ®y =
Las,z,)- Consider the corresponding Siegel-Godement section fo(s;—). Then the

following statements hold.
o The section fo(s;—) is To(€) x To(¢) invariant.

e We have, for all T € Sym?*(Q?),

Wre(fa(s; =), 1) = 5(T) € Z.

o Forall p € St?“), we have the local Zéta integral

Z(fa(s;=),9,%) = vol(To(£)) L(s + 1/2, Ad*(St,) ), B).
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