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Abstract

In the first part of this thesis, we study the local fundamental group of low-dimensional log canonical
singularities. In dimensions 2 and 3 we establish some constraints on the possible local fundamental
groups, while in dimensions 3 and 4 we construct examples of interesting groups that can appear.

In dimension 2, by classifying all the possible singularities, we can prove that the local fun-
damental groups are virtually solvable. Moreover, we give a bound on the number of generators
and relations of the group, along with identifying the circumstances under which this maximum is
achieved. In dimension 3, we show that free groups with 2 or more generators do not appear as local
fundamental groups of log canonical isolated singularities.

In dimensions 3 and 4, we construct the fundamental groups of 2-dimensional closed manifolds
and some special 3-dimensional manifolds, respectively, as the local fundamental groups of isolated
log canonical singularities. One notable example includes the connected sum of copies of S' x S2,
leading to free groups appearing in dimension 4.

In the second part, we study the orbifold fundamental groups of the smooth locus of Calabi-Yau
type pairs of low coregularity. Here, we establish that the fundamental group of pairs with low
coregularity exhibits similar behavior to log Calabi-Yau pairs of low dimension, specifically being
virtually abelian of bounded rank. Furthermore, we prove in the case of virtually nilpotency, there

are effective bounds on the index and length depending only on the dimension and coregularity.
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Chapter 1

Introduction

Throughout this thesis, we will work over the field of complex numbers C.

The study of singularities is fundamental in algebraic geometry. An approach that dates back
to the early days of algebraic geometry is to analyze the local topological structure of a singularity.
It is known that the topology of a sufficiently small puncture disk stabilizes [26, 10]. Thus, one can
define the Link of a point € X to be the intersection of X and a sphere centered at x with small
enough radius. The fundamental group of the Link of x is what is called the local fundamental
group of x € X, denoted by m°°(X;z), and sometimes by abuse of notation it is also called the
fundamental group of the singularity (X;x).

In dimension one, the link of a point will be a disjoint union of circles. In higher dimensions,
any smooth point will have a (2d — 1)-dimensional sphere as a link, thus a trivial local fundamental
group. The converse holds for normal surfaces [31], so the fundamental group of the singularity
brings a lot of geometric information. In higher dimensions this converse fails [5, 26], for example,
local complete intersection singularities of dimension at least 3 are simply connected [16].

Since one can assign a CW-complex structure to the complement of a singularity, the local
fundamental group of a singularity has to be finitely presented. In [19] it was proved that any
finitely presented group appears as the local fundamental group of an isolated singularity. Thus,
this is the only restriction that one can impose when we consider algebraic singularities as a whole.

There are two other important fundamental groups that one can assign to an isolated singularity.
For them we will need a resolution of the singularity f : ¥ — X, with simple normal crossing
exceptional divisor E. Let the preimage by f of the intersection of a small ball around z with X be

called Yy. Then, the link of x € X is homotopic to Yy \ E. We have the following maps:



71 (Link(z € X)) 2 m (Yo \ E) - m(Yy) = 7 (E) - m (D(E))

The kernel of the map 7 (Yp \ F) — m1(Yp) is generated by loops around each of the irreducible
components of E. The kernel of 71 (E) — m1(D(F)) is generated by loops inside each component of
E;.

Thus in general the study of the local topology of singularities is tantamount to understanding
the interlocking of these different notions, i.e. one needs to study the dual complex of the excep-
tional divisor, the topology of each irreducible component and loops around the components of the
exceptional divisor.

Previously the local fundamental groups of different classes of singularities have been studied in
[19, 22, 23, 3, 4]. Fully classifying the local fundamental groups is a harder task, but there is a wider
plethora of results in fully describing the possible fundamental groups of the dual complex. For
example, in [19] it was proved that the groups that appear as fundamental groups of dual complexes
of rational singularities are exactly the Q-superperfect groups.

In dimension 2, Mumford [31] studied the case where the exceptional divisors are a tree of rational
curves. In this situation the loops around the exceptional divisors give the entire picture. In the
context of this thesis, we will be using his method to study the case of the local fundamental group
of log canonical pairs.

In dimension 3, we will also be decomposing the local fundamental group into these three con-
stituents. Here we will be very far from being able to give a complete list of restrictions, but in each
type of loops we will be able to give restrictions that prohibit the complete group from being a free
group with more than one generator.

In higher dimensions, it is extremely complicated to control effectively the possible loops around
the exceptional divisors. In order to create examples, we will use the methods of [22], that amount
to constructing a singularity given its resolution. Not any (reducible) variety can be the exceptional
divisor of an isolated singularity. Instead of assigning the (reducible) variety as the exceptional
divisor of a resolution, one can take it as the exceptional divisor of a partial resolution. Thus, one
can construct this (reducible) variety as a divisor in a mildly singular variety, and contract it to a
point.

Thus, the ordeal of constructing prescribed groups as the local fundamental groups of isolated
singularities, is reduced to constructing some special (reducible) varieties with the prescribed fun-

damental group.



As any finitely presented group is the fundamental group of a closed manifold (of dimension 4),
we can decompose this process into two steps. First, we will decompose a closed manifold into a
polytopal complex. Secondly, to each of these smooth polytopes we will assign a smooth projective
toric variety and the way that they are glued in the polytopal complex.

For our singularities to be log canonical at the end, we need the (reducible) variety to be simple
normal crossing projective Calabi-Yau. Thus the polyhedral complex needs to be smooth, i.e. each
k-dimensional polytope is contained in exactly d — k + 1 maximal d-dimensional polytopes. This is
a purely combinatorial problem, where we need to adjust some machinery about smooth polytopes.

We are able to extend this polytopal machinery to be able to decompose closed smooth 3-
dimensional manifolds in R*. This allows us to create a vast variety of new examples of fundamental
groups of log canonical singularities. A special case is that of free groups in any (finite) number
of generators, as this is the only family of groups that we can show to require of 4-dimensions to
appear as a local fundamental group of a log canonical singularity.

If we furthermore are able to decompose closed smooth 4-dimensional manifolds in R®, then
this would show that any finitely presented group appears as the local fundamental group of a
possibly non-isolated log canonical singularity. Thus, these methods need to be extended only in
one dimension to reach our goal.

The topology of complex algebraic varieties has been the subject of research since the inception of
algebraic geometry. In the classification of algebraic varieties, the study of the underlying topology as
a complex manifold arises naturally. According to the positivity of their canonical bundles, there are
three most distinguished classes of projective varieties. These are Fano, Calabi-Yau and canonically
polarized varieties.

In the case of smooth curves, there is a correspondence between the fundamental groups and
the classification by the canonical bundle. The only Fano curve is the sphere P!, which has trivial
fundamental group. Calabi-Yau curves are genus 1 closed real surfaces which have fundamental
group Z x Z, and canonically polarized curves are closed real surfaces of genus at least 2. These have
fundamental group given by the presentation (a1, 51,..., a4, By | [caf1] ... [agfy]), which is infinite
and not abelian.

In higher dimensions some similar results still hold. Higher-dimensional smooth Fano varieties
are also simply connected, the fundamental groups of smooth Calabi-Yau varieties are virtually
abelian and the fundamental groups of canonically polarized varieties can be more complicated.

In the context of birational geometry, one needs to branch out of the setting of smooth algebraic

varieties. Two extensions need to be taken, First, we need to include in our study at least some mild



singularities. The two main types of singularities that we will be dealing with are kawamata log
terminal and log canonical singularities, which we will abbreviate by klt and lc, respectively. These
singularities can be thought of as a local analog of Fano and Calabi-Yau varieties.

The second extension is the concept of log pairs. A log pair (X, D) consists of a variety X,
together with D an effective divisor on X. This notion is particularly important for induction
arguments.

Just like the Fundamental groups parametrize covering spaces, the orbifold fundamental group of
a pair (X, D) parametrizes the covering spaces that branch only over D with branch index bounded
by the coefficients of the irreducible components of D.

In Part II we will be studying the orbifold fundamental group of the smooth locus of special kit
pairs.

The possible fundamental groups of klt Fano pairs are controlled. Indeed Braun proved that
they are finite [3]. Furthermore, the structure of these finite groups is better controlled, if we fix the

dimension. In [4], they proved that the Jordan property holds for these groups:

Theorem 1.0.1. There exists a constant ¢(d), depending only on d, such that for any (X, B) kit
fano pair of dimension d, there exists A an abelian group of rank at most n and a group N of order

at most ¢(d), fitting in the following short exact sequence:

1—A—aX,B) - N —1.

In other words 9™ (X, B) is virtually abelian of rank at most n and index at most c(n).

In [6], it is proven that the orbifold fundamental group of the smooth locus of Calabi-Yau pairs
is virtually abelian of rank at most 4. In higher dimensions there is still plenty of work left to be
done.

Our treatment of the orbifold fundamental group will finally reduce the cases that we study to
that of log Calabi-Yau surfaces.

The coregularity of a Calabi-Yau pair is the dimension of a minimal log canonical center among dlt
modifications. This invariant behaves well with some of the most common techniques in birational
geometry. Thus, some statements that traditionally rely on having bounded dimension can be
extended to bounded coregularity [12, 11].

For a Calabi-Yau type pair the absolute coregularity is the minimal coregularity amongst all of
the Calabi-Yau structures on them. It is expected that this governs the geometry of Calabi-Yau

type varieties.



The main result about orbifold fundamental groups in this thesis will be that the study of
fundamental groups of absolute coregularity d pairs can be reduced to those of log Calabi-Yau pairs
of dimension d. Hence we are able to tackle Pairs of arbitrary dimension with absolute coregularity
at most 2, since the 2-dimensional case is the largest one that is fully developed.

Global and local groups relate to each other. The most simple case where this can be appreciated
is in cone singularities, where the link of the singularity will be an S'-bundle. Thus, the local

fundamental group will fit in the following exact sequence.

Z— m(x e X) = m(X) = 1.

Thus, the study of d-dimensional local singularities can rely on the study of global fundamental
groups of dimension d + 1.

As the links of d-dimensional singularities are contained in d-dimensional varieties, we have a
natural morphism from local fundamental groups of singularities to global fundamental groups of
varieties with the prescribed singularities.

These guiding techniques form part of what are called the local-to-global and global-to-local
principles in birational geometry. Control of this allows to perform inductive proofs on the structure
of singularities and varieties.

In our study of global fundamental groups, we will be using part of this principle, as we will
be focusing on klt pairs, and the finite nature of klt local fundamental groups will be key for our

arguments.



Chapter 2

Preliminaries

2.1 Virtual abelianity and solvability of groups

Definition 2.1.1. We say that a group G is virtually abelian of rank n if it has a subgroup of finite

index which is abelian of rank n.

Remark 2.1.2. A group G being virtually abelian of rank n is equivalent to having a normal
subgroup of finite index which is abelian of rank n, since one can take the normal core of the abelian

subgroup from Definition 2.1.1, which is again abelian of the same rank and has finite index in G.

Lemma 2.1.3. Let F,G and H be groups fitting in an exact sequence
jalaYe iy gy}

If H is virtually abelian of rank n and F' is finite, then G is virtually abelian of rank at most n.

Proof. By replacing F with its image ¢(F') we can assume that F is a subgroup of G with f elements.
Since H is virtually abelian, there exists an abelian group A < H of rank n and of finite index in
H. Let A be generated by {a;}1<;<n}. Let g; be elements in G’ mapping to a; via ¢. For any z in
F and g;, we have that gmcg{l gets mapped to the identity e € H via v, hence gmg;l € F. Thus
conjugation by elements y € (g;) gives a group action on F. Since F' is a finite set, there exists
a uniform constant m such that m-iterations of all of these actions are the identity, in particular
ymaxy™™ =x for any x € F and y € (g;).

On the other hand, for any y € (g;), there exists & € F, such that ¢/"yg; ™ = wy, since it maps



to the same element of A as y. Therefore

- -1 —(f-1 -1 —(f-1
ngmg;mgi fm _ gz(f )mxg;mgi (f=Om _ xggf )mg;mgi (f=bm _  — xfg;m = g;m.
We conclude that <gf "™); is an abelian subgroup of rank n of G. This subgroup has finite index in
G, as it surjects onto (alf "),, a finite index subgroup of H, via a homomorphism with finite kernel.
More explicitly, let h; (g;nfﬁ be the left cosets in H and for every j, h; a preimage of h; in G.
Then the left cosets of <g;"f>i in G are of the form zh/ (g;nf>i, where x € F, hence there are only

finitely many cosets.

O

Definition 2.1.4. We say that a group G is virtually solvable of length n and index ¢ if it has a
subgroup of index ¢ that is virtually solvable of length n. When we omit the index 4, the solvable

subgroup only needs to be of finite index.

The following two lemmas are counterparts of Lemma 2.1.3 for virtual solvability, which we need

for effective results in Chapter 9.

Lemma 2.1.5. Let F,G and H be groups fitting in an exact sequence
FLHah o

If H is virtually solvable of length n and index i and F is finite, then G is virtually solvable of length

at most n+ 1 and index at most i(|F| —1)!.

Proof. Let H' be the solvable subgroup of H of length n and index ¢. By letting G’ be the preimage

of H' under 1, we obtain the exact sequence
Fhabm—i,

where [G: G| = [H : H'] =i.

By taking a quotient if needed, we may assume that F is a subgroup of G’. Let Z be the
centralizer of F' in G’. The index of Z in G’ is at most |Aut(F')|, which is at most (|F| — 1)!.

Since F' N Z is abelian and (Z) < H' is solvable of length n, the group Z is solvable of
length at most n + 1. Hence G is virtually solvable of length at most n + 1 and index at most

i|Aut(F)| < i(|F| — 1)L



Lemma 2.1.6. Let F,G and H be groups fitting in an exact sequence
FLGS H1.

If F is virtually solvable of length ni and index r1, and H is virtually solvable of length ny and

index o, then G is virtually solvable of length at most n1 + na + 1 and index ro(r; — 1)!
Proof. Let H' be the solvable group of length ny and index ro of H. By letting G’ be the preimage
of H' under 1, we obtain the exact sequence:

FS o % H 1,

where [G:G'|=[H: H'| =i.

By taking a quotient if needed, we may assume that F is a subgroup of G’. Let F’ be the solvable
normal subgroup of F' of smallest index. F” is a characteristic subgroup of F, otherwise there would
be F”, another normal subgroup of the same index. But then the group F’F” would be a normal
solvable subgroup of smaller index, a contradiction. Therefore F” is a normal subgroup of G’.

By Lemma 2.1.5 applied to the induced exact sequence
FIF &G F %S H -1,

the group G'/F’ is virtually solvable of length ns + 1 and index at most (r; — 1)!. Let the quotient
be 7 : G’ — G'/F’. Thus there exists a subgroup H” < G'/F’ solvable of length ns + 1 and index

at most (r; — 1)!. By taking the preimage G” := 7 ~'(H"), we obtain:
F'—-G" 5 H' > 1.
Therefore G” is solvable of length ny + ny + 1, and its index in G is

[G:G"=[G: GG :G"] <ry(r; —1)!

as stated. O



2.2 Generalized pairs and singularities of the Minimal Model
Program.

In this section we recall the definitions of generalized pairs and the singularities of the Minimal

Model Program. For further properties of b-divisors, we refer the reader to [8, §2.3.2].

Definition 2.2.1. Let X be a normal variety. A b-divisor Ml on X as a function which associates
any birational map X’ --» X with an R-divisor Mx: on X’. The set of divisors {Mx/: X’ --» X'}
satisfies the following compatibility condition: if g: X7 — X5 is a birational morphism over X, then
9:Mx, = Mx,. We say that a b-divisor M on X descends on some birational model X’ of X if
My is R-Cartier and M is equivalent to (X’ — X, Mx). In other words, for any birational map
h:Y — X' over X, we have h*Mx, = My. In the previous case, we say that M is a b-R-Cartier
divisor.

Let X be a projective variety. The b-divisor M is said to be b-Cartier (resp. b-nef) if Mx/ is
Cartier (resp. nef) on some birational model X’ over X where M descends.

The b-Cartier closure of an R-Cartier divisor M is a b-divisor M whose trace on every birational

model f:Y — X is f*M.

Definition 2.2.2. A generalized pair (X, D, M) consists of a normal variety X, together with an

effective Q-divisor D and a nef b-divisor M, such that Kx + D + M is Q-Cartier.

Definition 2.2.3. Let (X, D, M) be a generalized pair and Y a normal variety. Given a projective

birational morphism f : Y — X, we can define Dy, by the formulas:

Ky +Dy + My = f*(KX —|—D+Mx) and f*(Dy) =D.

For a prime divisor E C Y, we define the generalized log discrepancy of (X, D, M) at E as:

ag(X,D,M) =1 — coeffg(Dy).

A generalized pair (X, D, M) is said to be generalized log canonical (respectively generalized
kawamata log terminal), abbreviated glc (respectively gklt) if for every projective birational mor-
phism Y — X and every prime divisor E C Y, the log discrepancy ag(X, D, M) > 0 (respectively
ap(X,D,M) > 0).

Definition 2.2.4. A generalized log canonical place (respectively generalized non-klt place) of

(X,D,M) is a prime divisor E over X such that ag(X, D, M) = 0 (respectively ag(X, D, M) < 0).



A generalized log canonical center (glee for short) of (X, D, M) is the image in X of a generalized
log canonical place.
A generalized pair (X, D, M) is generalized divisorially log terminal (gdlt for short) if there exists

an open subset U C X such that:
1. coeff(D) < 1,
2. U is smooth and D|U is simple normal crossing, and

3. all the generalized non-klt centers of (X, D, M) intersect U and are given by strata of | D].

Definition 2.2.5. Let (X, D,M) be a generalized log canonical pair and f : Y — X a birational
morphism, where Ky + Dy + My = f*(Kx+D+Myx). We say that (Y, Dy, M) is a generalized dlt
modification of (X, D, M) if (Y, Dy, M) is generalized dlt and every f-exceptional divisor appears

in Dy with coefficient 1.

The following lemma is [13, Theorem 2.9].
Lemma 2.2.6. Every generalized log canonical pair admits a Q-factorial generalized dit modification.
Definition 2.2.7. We say that a generalized pair (X, D, M) is generalized log Fano if:

1. =(Kx + D + Mx) is ample, and

2. (X,D,M) is generalized klt.

We say that a generalized pair (X, D, M) is generalized log Calabi-Yau if:

1. Kx + D+ Mx ~q 0, and

2. (X,D,M) is generalized log canonical.

A generalized pair (X, D,M) is of generalized Fano type (respectively generalized Calabi-Yau
type) if for some choice of B > D and some nef b-divisor N, the generalized pair (X, B,M + N) is

generalized log Fano (respectively generalized log Calabi-Yau).

The following is the generalized canonical bundle formula as in [14] and [17, Theorem 1.2]
Proposition 2.2.8. Let f : X — Z be a surjective projective morphism of normal varieties. Let
(X, D,M) be a generalized log canonical pair, such that

Kx +D+Mx ~q, 0.

10



Then there exists a generalized log canonical pair (Z, Dz, N), such that:

Kx +D+Nx ~q f"(Kz +Dz+Ng).

Remark 2.2.9. The pair (Z, Dz, N) obtained in Proposition 2.2.8 will be called the generalized

pair induced by the canonical bundle formula.

Definition 2.2.10. A contraction is a projective morphism of quasi-projective varieties f : X — Z,

such that f,Ox = Oz. A fibration is a contraction f: X — Z such that dim X > dim Z.

Lemma 2.2.11. Let f : X — Z be a projective fibration. Let (X, D, M) be a generalized projective
log canonical pair, and f*(Kz 4+ Dz +Ng) ~qg Kx + D+ Mx. Then the image of a generalized log

canonical center of (X, D, M) contains a generalized log canonical center of (Z, Dz, N).

Proof. Let C be a glec of (X,D,M). Suppose that f(C) contains no glcc of (Z, Dz, N), i.e.
(Z,Dz,N) is gklt at f(C). Thus we can take A, an ample effective divisor in Z containing f(C),
general enough such that (7, Bz + A, N) is generalized log canonical. But (X, B + f*A, M) is not

generalized log canonical at C, which contradicts [14, Theorem 1.6] . O

The following lemma is taken from [28, Lemma 2.36].

Lemma 2.2.12. Let Z — W be a Fano type fibration. Let (Z, B,M) be a generalized log Calabi-
Yau pair and (W, By ,N) be the generalized pair induced by the canonical bundle formula. Let
W' — W be a Q-factorial gdlt modification of (W, By, N). Then there exists a birational contraction
¢ : 7' --» Z, only extracting generalized log canonical places of (Z, B,M), such that there exists a

Fano type fibration Z' — W' making the following diagram commute:

The following lemma is a slight improvement of [27, Lemma 3.7].

Lemma 2.2.13. Let (X, D, M) be a generalized klt projective pair and let A be an effective ample Q-
divisor on X. Assume thatV is a finite set of divisorial valuations for which ag(X, D+A,M) € (0,1)

for all E € V. Then, there exists an effective Q-divisor A on X, such that:
1. A is big,
2. (X,A) is a Kt pair,

11



3. Kx+D+A+Mx NQKx+A,
4. A>D, and
5 ap(X,A) € (0,1) for all E € V.

Proof. Let f : Y — X be a log resolution of (X, D 4+ A, M), such that all the valuations in V are
divisorial in Y. Let the log pullback of (X, D + A, M) be (Y, Dy + Ay,My). As My + Ay is big
and nef, for every m € N we can write My + Ay ~qg A, + % [25, Example 2.2.19], where F' is a
fixed effective Q-divisor and A, is an ample Q-divisor. By choosing k large enough and Aj general
enough, we obtain a sub-klt pair (Y, Dy + Ay + %) This pair will satisfy Ky + Dy + Ay + % ~Q
Ky + Dy + My + Ay. Every component of Dy + Ay + % with negative coefficients is exceptional
over X. By hypothesis, for every E € V, the coefficient coeffg(Dy + Ay) € (0,1). Thus, setting
Ax = f.(Ay) and Fx = f.(%), the pair (X, D + Ax + Fx) is kIt with Ax + Fx ~ M+ A. Hence

A := D + Ax + Fx has the desired properties. O
The following is a version of [2, Corollary 1.4.3] for generalized pairs.

Lemma 2.2.14. Let (X, D,M) be a generalized projective kit pair, (X, B,M) be a generalized lc
pair, and V a finite set of generalized log canonical centers of (X, B,M). Then, there ezists a Q-
factorial variety Y, and a birational morphism f : Y — X, such that the exceptional divisors of f

correspond to the elements of V.

Proof. Let A be an effective ample divisor general enough. As (X, D, M) is generalized klt, for € > 0

and 6 > 0 small enough, we get
ap(X,(1—¢)B+eD+5A,M) € (0,1)

for every E € V. Thus by Lemma 2.2.13, there exists a klt pair (X, A) such that ag(X,A) € (0,1)
for every E € V. We can conclude by [2, Corollary 1.4.3] applied to the klt pair (X, A) and valuations
in V. O

2.3 Coregularity

In this section we recall the definition of coregularity and absolute coregularity for generalized pairs,

and a few lemmas regarding its behavior under the minimal model program.
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Definition 2.3.1. Let (X, B,M) be a generalized log canonical pair. Let g : (Y,By,M) —
(X,B,M) be a Q-factorial gdlt modification, with |By| = E; 4+ ... + E, an snc divisor. We
define D(Y, By, M), the dual complex of (Y, By, M), to be:

1. For each E;, there is a vertex sg, in D(Y, By).

2. For any subset I C {1,...,7}, and any irreducible component Z of N;c;F;, there is a (|I| —1)-

dimensional simplex sz.
3. For any
(a) T C{1,...r},
(b) jel,
(¢) any irreducible component Z of N;crE;, and

(d) W the unique irreducible component of N;cy\ ;1 E; containing Z,

there is a gluing map given by the inclusion of sy, into sz as the unique face that does not

contain the vertex sg; .

We define the dimension of the dual complex to be the smallest dimension of a maximal simplex in
D(Y, By,M) (with respect to inclusion) By [12, Proposition 2.21], the dimension of D(Y, By, M)
does not depend on the gdlt modification. Hence, we can define the regularity and coregularity of a

generalized pair (X, B, M), to be:

reg(X, B,M) := dim D(Y, By, M).

coreg(X, B,M) := dim X — dimD(Y, By, M) — 1.

If Z C X is an irreducible variety with generic point 7z, then we define the regularity and
coregularity of (X, B,M; Z) to be, respectively, the regularity and coregularity of (U, B |y,M |y)

for a sufficiently small neighborhood U of 1.

Definition 2.3.2. For a generalized pair (X, D, M) of log Calabi-Yau type, we define the absolute
coreqularity coteg(X, D, M) to be the smallest value of coreg(X, B, M + N), where (X, B,M + N)

is a generalized Calabi-Yau pair, with B > D and N a nef b-divisor.

The coregularity of a generalized Calabi-Yau pair is preserved after taking a gdlt modification.
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Remark 2.3.3. The absolute coregularity as it is defined here, could be lower than the one in [29],
where the b-divisor does not change for the generalized Calabi-Yau pair defining the coregularity.

We need to use this definition for the induction in the proof of the main theorems.

The following is [12, Lemma 2.31].
Lemma 2.3.4. Let (X, B,M) be a generalized Calabi-Yau pair. Let X --+ X' be a birational
contraction. Denote by B’ the push-forward of B on X'. Then

coreg(X, B, M) = coreg(X’', B',M).

The following lemma is [29, Proposition 3.27]

Lemma 2.3.5. Let f : Y --» X be a birational contraction, (X, D,M) a Calabi- Yau type generalized
pair, with f*(Kx + D + Mx) = Ky + Dy + My. Assume Dy > 0. Then coteg(Y, Dy,M) >
coteg(X, Dx,M).

2.4 Fundamental Groups

2.4.1 Orbifold fundamental groups

We start this subsection by defining the orbifold fundamental group of a pair and prove that they
are virtually abelian in some special cases. Then, we prove some results regarding the behavior of

the fundamental group after performing certain birational modifications.

Definition 2.4.1. A divisor D is said to have standard coefficients, when the coefficients are in the
set {1 — %}{neN} U {1}. For an effective Q-divisor D, the standard approzimation Dy is the largest

effective divisor with standard coefficients, such that Dy < D.

Definition 2.4.2. For a generalized pair (X, D,M), we define the orbifold fundamental group of

the smooth locus ©5™(X, D, M) to be

T (Xreg \ SU-pp<Dst))/N7

where X, is the smooth locus of X and N is the normal subgroup of 1 (Xyeg \supp(Ds;)) generated
by /', given by Dgy = > .(1 — n%)DZ and ~y; being a loop around D;.

The following is a version of [3, Theorem 2] for generalized pairs:
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Theorem 2.4.3. Let (X, D, M) be a projective generalized kit pair, such that —(Kx + D + Mx) is
big and nef. Let T < D be an effective divisor with standard coefficients. Then, the group 7i™(X,T)

is finite.

Proof. As (X, D, M) is generalized klt weakly Fano, there exists B effective, such that (X, D+ B, M)
is generalized klt Calabi-Yau. Thus B is big and nef, hence it can be decomposed as B = A + F,
where A is an ample Q-divisor and F is an effective Q-divisor.

Thus for 0 < & < 1, the divisor —(Kx +D+cA+eFE+Mx) ~ (1—¢)(A+ E) is big and nef. By
Lemma 2.2.13 applied to the generalized pair (X, D + ¢FE, M) with ample divisor €A, there exists
an effective Q-divisor A, such that (X, A) is klt and —(Kx + A) ~g (Kx + D+ cE+Mx +¢cA) is
big and nef and A > D + ¢FE > T'. Therefore by [3, Theorem 2|, w1 (X, T) is finite. O

Proposition 2.4.4. Let (X, D,M) be a projective generalized klt pair of dimension 1 with standard

coefficients, then the following statements hold:
1. If (X, D,M) is of absolute coregularity 0, then m™(X, D, M) is finite.

2. If (X,D,M) is of absolute coregularity 1, then 5™ (X, D, M) is virtually abelian of rank at

most 2.

Proof. Since (X, D) is klt, then |D| = 0. If (X, D) is of absolute coregularity 0 and dimension 1,
this means that (X, D 4+ E) is Calabi-Yau for some effective Q-divisor F, hence X is isomorphic to
P!, Therefore (X, D) is Fano, and hence by [3, Theorem 2] the group 75 (X, D) is finite.

If (X, D) is of absolute coregularity 1 and dimension 1, then (X, Dy) is either of absolute coreg-
ularity 0 or 1, in the first case we can reduce to the previous paragraph.

If (X, Dg;) has absolute coregularity 1, then either X is an elliptic curve with D = 0, or X = P*.
In the first case, we have that m1 (X, Dg) = Z X Z, which satisfies the theorem. If (X, Dy ) is Fano,
then again by [3, Theorem 2|, we are done. Hence we only need to consider (P!, D) klt Calabi-
Yau. Therefore the only possibilities for D are (%Pl + %PQ + %Pg + %P4), (%Pl + %Pg + %Pg),
(3P1 + 3Py + 3P3) and (3P1 + 2P, + 2P;). We can give explicit descriptions of each of the

corresponding fundamental groups:

1. m (P, %Pl + %Pg + %Pg + %P4) ~ (o, 3,7,0 | aBvs,a?, 8,42, 6%), which has a normal abelian

subgroup N = (a3, ay) ~ Z? of index 2.

2. m(PL AP+ 2P + 3Py ~ (o, 3,7 | aBy,a?, 8%,45), which has a normal abelian subgroup
N = (Bv*, B%42) ~ Z? of index 6.
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3. m(PL AP+ 2P+ 3P3) ~ (, 8,7 | aBy,a?, 8%, ), which has a normal abelian subgroup
N = (B3, B3y) ~ Z? of index 4.

4. (P, %Pl + %PQ + %Pg) ~ (o, B,7 | aBy,a3,3%,43), which has a normal abelian subgroup
N = (af?,a?B) ~ Z? of index 3.

The following statement is [6, Theorem 2.2].

Proposition 2.4.5. Let (X, D) be a projective kit Calabi-Yau pair of dimension 2, with standard

coefficients, then w1 (X, D) is virtually abelian of rank at most 4.

Lemma 2.4.6. Let (X, D, M) be a generalized projective klt pair, such that there exists a generalized
Calabi-Yau pair (X, B,M), with D < B. Let ¢ : Y — X be a projective morphism, only extracting
generalized log canonical places of (X, B,M), with ¢*(Kx + B+ Mx) = Ky + By + My and
¢*(Kx + D +Mx) = Ky + Dy + My

Then, for a = %, where m s a natural number, large and divisible enough, there exists an

effective divisor Py onY, such that:
1. Dy S Py S OéDy—F (1 —Oé)By, and

2. there is a surjection of orbifold fundamental groups:

(Y, Py, M) - ni"™(X, D,M).

Proof. We have that By > Dy. By hypothesis By = B’ + E, where B’ is the strict transform of B

and E is a reduced exceptional divisor. Let D’ be the strict transform of D. Thus

(Y, D' + E,M) = 71 (Yyeg\supp (D' U E))/Np»
= (Xreg\supp (D U ¢(E)))/ND

— 1 (Xyeg \D)/Np = 1™ (X, D, M),

where Np» and Np are the normal subgroups generated by elements of the form +;"*, where 7; are
loops around the divisors B; with coefficient 1 — ni in B’ and B, respectively.
Let us denote the surjection f : #5™(Y, D’ + E, M) — 7§™(X, D, M), induced as displayed above

by the surjection f : m (Yeeg\suppD' U E) — 71 (Xyeg \suppD U ¢(E)).
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As (X, D) is a klt pair, for any irreducible component C of ¢(F), we have that the local funda-
mental group 7.°¢(X, D; C) is finite, by [3, Theorem 1]. Thus every loop v around C' in 71°¢(X, D; C),
has finite order. We can choose a constant ¢ not depending on the irreducible component C'; such
that ~7 is trivial for every loop. Therefore 47 is trivial in 7§™(X, D), where ¥ is the class of the loop
v in 7§™(X, D) induced by inclusion.

Therefore the kernel of f : (Yieg\suppD' U E) — m1(Xyeg \suppD U ¢(E)) contains all elements
~v4, where «y is a loop around an irreducible component of E.

Thus f : 7Y, D' + E,M) — #3™(X,D,M) being a surjection, implies that we have the

following surjection:

fimm (Y, D (1 - ;) E,M) = 7" (VD 4 B.M) [Ny 71X, D, M),

O

Lemma 2.4.7. Let (X, D, M) be a projective klt pair, such that there exists a generalized Calabi-
Yau pair (X, B,M), with D < B. Let ¢ : Y --» X be a birational contraction that only contracts
generalized log canonical places from (X, B,M), with $*(Kx + B+ Mx) = Ky + By + My and
¢*(Kx + D+ Mx) =Ky + Dy + My.

Then, for ac = <, where m is a natural number, large and divisible enough, there exists an

m’

effective divisor Py on 'Y, such that:
1. Dy < Py <aDy + (1 — Q)By, and

2. there is a surjection of orbifold fundamental groups:
(Y, Py, M) — 7i™(X, D,M).

Proof. By Lemma 2.2.14 there exists a birational morphism f : Y’ — X contracting the same glc

places as ¢ : Y --+ X. Let Pys be defined by the equation
9" (Ky + Py + My) = Ky+ + Py + My.

The map g : Y’ --» Y is small, hence 75™(Y’, Py:, M) ~ n5™(Y, Py, M). By replacing Y with Y,
we can assume that we have a projective birational morphism f : Y — X only extracting generalized

log canonical places of (X, B,M). Thus, we can conclude by applying Lemma 2.4.6. O
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The following lemma is part of the proof of [4, Theorem 3.3] for generalized pairs.

Lemma 2.4.8. Let (X,D,M) be a gklt pair. Let ¢ : X --+ X' be either a flip or a divisorial

contraction, with D' := ¢,.(D"). Then, there is an induced surjective group homomorphism
™ (X', D',M) - m3™(X, D, M).

Lemma 2.4.9. Let (F, Pr,M) be a generalized projective klt Fano pair and (F, B, M) be a general-
ized Calabi-Yau pair. Let ¢ : Fy — F be a morphism only extracting generalized log canonical places
of (F,Brp,M). Define Rp, = ¢;'(Pr) + E, where E>q is a ¢-exceptional divisor with coefficients
less than 1. Then mi™(Fo, Rp,, M) is finite.

Proof. Let Br, and Pr, be defined by the equalities:
¢"(Kr + Br + Mp) = Kp, + Bp, + Mp, and ¢*(Kp+ Pp+Mp) = Kg, + Pp, + Mp,.
For any 0 < a < 1, the divisor —Kp, — (1 — o) Bp, — aPp, — M, is big and nef. Indeed
—Kp, — (1 — «)Bp, — aPp, — Mp, = —(a(Kp, + Bp, + Mp,) + (1 — «)(KFg, + Pr, + Mpg,)).

The sub-pair (Fy, Pr,, M) is generalized sub-klt. Since ¢ only extracts glc places of (F, Bp, M),
the pair (Fy, Br,, M) is generalized log canonical with B, > Pp,. Hence for « close enough to 0,
the pair (Fp, (1 — «)BF, + aPr,, M) is a gklt weakly Fano pair with (1 — «)Bp, + aPr, > Rp,.
Therefore by Theorem 2.4.3, 5™ (Fy, Rp,, M) is finite.

O

The following lemma allows us to understand the orbifold fundamental groups of log pairs ad-

mitting fibrations. It can be regarded as a version for pairs of [34, Lemma 1.5.C].

Lemma 2.4.10. Let (Z, P) be a kit pair, with : Z — W a Mori fiber space. Let Ps; be the standard
approzimation of P. For any prime divisor E on W, define ng by coeﬁw*(E)(Pst) =1- %, let mpg

be the multiplicity of the fiber at E. Let
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Then we have the following exact sequence:
™" (F, P|,) = m"™(Z, P) = 7™ (W, Pw) — 1,

where F is a general fiber of 1.

Proof. By [34, Lemma 1.5.C], there is a short exact sequence:

WI(F \ Supp(Pst|F)) — T (Zreg \ Supp(Pst)) — 7T1(Wreg \ Supp(PW)) — 1.

This induces a commutative diagram:

P P
T1(F \ Ps|p) — 1 (Zreg \ Pst) —— 71 (Wieg \ supp(Pw)) — 1

o R

™ (F, P|p) ——— n{™(Z, P) ————— n§" (W, Py) ———— 1

The vertical maps are surjective by the definition of the orbifold fundamental groups of pairs.

Let a € 7$™(Z, P) be an element such that ¢o(«) = 1. We take o’ a preimage of o by ¢x. Then
Yo(a’) € N’ ie. o)) =1l gEVSE"Eggl, where v is a loop around FE.

Let 7y-1(g) be aloop around o)~ ! (E), then there exists hY, € m1(Z"°8\ Py), such that wg(h}ngq(};)hgl) =
geYpTgg". Indeed Va(Yp-1(E)) = grp =g " for some g € 1 (Wieg\supp(Pyw)), since loops around
a divisor are well-defined up to conjugation. As 1 is surjective, there exists h’y mapping to gpg~!
in 71 (Wreg \supp(Piw)).

Therefore taking v/ := WEh};’yZ’fl(E)hgl, we have that 12(7') = ¢2(a’). Hence, by exactness
of the top row, there exists 8 € ¥1(F \ Py|r), such that 11 (8") = o’y'~1. By definition, 4/ is in
Ker(¢x), thus we have:

Vx (1(8) = Yx (/v ™) = o

Therefore o = ¢1(¥r(B')), and thus Im(¢1) D Ker(p2).
Assume « € 7™ (Z, P) is of the form a = ¢1(8). Since the vertical morphisms are surjective,

there exists 8’ € w1 (F \ Py)|r such that ¢ (8") = 8. Hence
p2(@) = oha o (f) = 1.

Thus Im(¢;) C Ker(¢ps). Similarly, we get that o is surjective. Hence the desired sequence is

exact. O
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2.4.2 Local Fundamental Groups.

In this subsection, we give the definition of local fundamental group.

Definition 2.4.11. For a normal singularity z € X, we can embed (X;z) in a smooth ambient
space A". The link of x € X is the complement of x in the intersection of a small euclidean ball of x
in A" with X. Tt is denoted by Link(z). The topological type of this object is invariant for € small

enough. The local fundamental group of x € X is defined as:

m°¢(X; x) := 7y (Link(z)).
The previous definition does not depend on the choice of the smooth ambient space. If (X, B;x) is
a singularity of pairs, then we simply set 71°¢(X, B;z) := 7i°¢(X; ).

We define the local fundamental group of a pair analogously to the definition of orbifold funda-

mental groups:

Definition 2.4.12. Let (X, B) be a log pair and € X be a closed point. For each prime component

B; of B passing through z, we denote by n; the positive integer for which

coeff g, (Bs) =1 — 1

U

We denote by ~; a loop in the normal circle bundle of

B;\ | B; C X \ supp(B,).
j#i

For simplicity, this loop is called a loop around B;. For any open subset U, we define the group

m (U™, Bly) = mi (Y \ supp(Bs))/(¥;" )n-

Here, U™ denotes the smooth locus of U and the subscript n denotes the smallest normal subgroup
generated by such elements. The local fundamental group of (X, B) at z is defined to be the inverse

limit of 71 (U™, Bly), where U runs among all analytic neighborhoods of z in X.

The following theorem gives a characterization of the fundamental groups of klt singularities

(see [28, Theorem 7]).
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Theorem 2.4.13. Let n > 2 and r be two positive integers. There exists a positive integer c(n) only
depending on n satisfying the following. Let (X;x) be an n-dimensional kit singularity of regularity

r. Then, there exists a short exact sequence
1= A—=7mP(X;2) = N — 1,

where A is a finite abelian group of rank at most r+1 and N is a finite group of order at most c(n).

2.5 Polyhedral complexes

In this section, we introduce the concept of smooth polyhedral complexes, blow-ups of polyhedral

complexes, and prove a couple of lemmas.

Notation 2.5.1. Let M be a finitely generated free abelian group. We set N := Hom(M;Z), the
dual space of M. We denote by Mg := M ®z Q and Ng := N ®z Q the associated Q-vector spaces.
We denote by Mg := M ®z R and Ng := N ®z R the associated R-vector spaces.

Definition 2.5.2. A polyhedron in My is the convex hull of finitely many points in Mg C Mg.
Equivalently, it is the closed convex bounded subset of a real vector space Mg that is defined by
finitely many inequalities over the rational numbers.

A lattice polyhedron is a polyhedron with vertices in the lattice M C Mg. Let P be a lattice
polyhedron with a vertex v. For each edge E of P that contains v, let wg be the closest lattice
point to v in E. Then P is said to be smooth at the vertex v, if the vectors wg — v form a basis of
the lattice ZV. A lattice polyhedron P is said to be smooth if it is smooth at every vertex. For a
polyhedron P with vertex v, the cone in P with vertex v is defined as the cone generated by all the

rays starting at v and going through any point in P.

Definition 2.5.3. Let P be a polyhedron in R” and P’ be the embedding of P in R"*! with
coordinates x, . .., T, by taking the first coordinate z( to be zero. Let Hy := {(xo,...,zn) | o = 0}.
A pyramid over P is any polyhedron with the same cell structure as the convex hull of P’ and a
point p not in Hy. A bypyramid over P is any polyhedron with the same cell structure as the convex
hull of P’ and points p, g, such that p and ¢ are on different sides of the hyperplane Hy and have
projections to Hy that lie inside of P’. Therefore, an n-dimensional simplex can be defined to be

the pyramid over an (n — 1)-dimensional simplex.

Definition 2.5.4. Given Mg and M@ two Q-vector spaces with lattices M and M’. We say that
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an affine Q-linear map f: M@ — Mg is a lattice embedding if f induces an isomorphism of lattices

M'" — f(Mgy) N M. A polyhedral compler is a finite category P satisfying the following:
1. The elements are lattice polyhedra.
2. The morphisms are lattice embeddings.

3. The morphisms are inclusions of polyhedra to faces, where we consider the entire polyhedron

to be a face.
4. For every P € P its faces are in P and the inclusion of faces are morphisms in P.
5. For every P;, P, € P, there exists at most one morphism f in P between P; and Ps.

We denote by |P| the amalgamation of the polyhedral complex P. We will sometimes write 71 (P)
to refer to m (|P|).
We say that P is an n-dimensional polyhedral complex if every maximal polyhedron has the same

dimension n. In this case, the number n is called the dimension of P.

We will usually say intersections and inclusions of polyhedra in P to refer to the intersections

and inclusions that happen to the corresponding cells in the amalgamation |P)|.

Definition 2.5.5. Let P be an n-dimensional polyhedral complex. We define the nerve of a cell
P € P to be the dual complex of the maximal polyhedra containing P. In particular, the nerve of P
will have one vertex for each maximal polyhedron in P containing P. A set of vertices in the nerve
of P will be in the same k-dimensional face if the corresponding maximal polyhedra in P contain a
common (n — k)-dimensional face.

We say a k-dimensional polyhedron P is combinatorially smooth in an n-dimensional complex P
if the nerve of P is an (n — k)-dimensional simplex. We say that P is a simple polyhedral complez if
it is n-dimensional and every polyhedron P € P is combinatorially smooth in P. We say that P is
a smooth polyhedral complex if it is simple and its objects are smooth lattice polyhedra. In the case

that the nerve is combinatorially equivalent to a polyhedron ), we may simply say that the nerve

is Q.

Remark 2.5.6. A polyhedral complex can fail to be smooth at 0-dimensional cells by being combi-
natorically non-smooth at the cell or non-smooth at any polyhedral containing it. While for higher
dimensional cells a polyhedral complex can only fail to be smooth by combinatorial non-smoothness

at the cell or non-smoothness at lower dimensional cells.

22



Definition 2.5.7. Let P be a polyhedral complex. We define mP to be the polyhedral complex,
defined by the following:

1. For each @ € P with lattice M. The polyhedron m@), defined by the vertices of @) inside the

lattice %M, is in mP.
2. For each morphism f: @Q — R in P, the morphism f : m@Q — mR is in mP.

Remark 2.5.8. The polyhedral complex mP is smooth exactly when P is smooth. This is because

we are changing the lattice generators from {e;}; to {-Le;};.

Definition 2.5.9. Let P be an n-dimensional polyhedral complex. Let v € P be a vertex in the
complex. For each polyhedra P; € P containing p, we can consider the cone C; spanned by P;
with vertex v. Since the morphisms in P are lattice inclusions, these cones form a complex of cones
C(P,v) that we call the neighborhood of P at v. We say that the neighborhood of a vertex v € P
can be embedded in Q" if for each C; € C(P,v) there exists a linear map C; — Q™ such that the
images of two cones C}, C} in Q" are contained in each other if and only if the corresponding cones

are contained in each other in |P|.
The following definition is motivated by the concept of blow-up in algebraic geometry.

Definition 2.5.10. Let P be a polyhedron inside the n-dimensional polyhedral complex P. We

define a blow-up of P at P to be a polyhedral complex P’ with the following objects:
1. For any polyhedron ) disjoint with P, the polyhedron @ is in P’.

2. For any polyhedron R intersecting P but not contained in P, there exist polyhedra R’ and Rp

in P’, satisfying the following:

(a) Let Hir be a hyperplane Hp separating P N R C R and the vertices of R\P N R. Let
H be the half-space defined by Hg that does not contain P. The polyhedron R’ is the

intersection of R and H.

(b) Rp is the intersection of R and the hyperplane Hp.

3. A polyhedron P’ whose faces are the polyhedron Rp for each polyhedron R intersecting P,

not contained in P.
Moreover, the morphisms are defined by the following rules:

1. For any embedding ¢ : Q7 — @2, where @)1 is disjoint with P, the embedding ¢ is in P’.
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2. For any embedding r : Ry — Ry between polyhedra that intersect P but are not contained in

P, the restrictions of the embedding r : Ry — Rz to Rip — Rap and R} — R} are in P’.
3. For any R intersecting P but not contained in P, we have the morphism i : Rp — P’.
Remark 2.5.11. The maximal polyhedra of a blow-up are hence:
1. The polyhedron @ for any maximal polyhedra () not intersecting P.
2. The polyhedron R’ for any maximal polyhedra R intersecting P.

3. The polyhedron P’, which is combinatorially equivalent to the dual polyhedron of the nerve
of Pin P.

Remark 2.5.12. A priori, it is not clear that a blow-up always exists, as we require the existence

of the rational polyhedron P’.

Definition 2.5.13. A lattice fan in Z" is a strongly polytopal fan if the lattice generators of each

ray are the vertices of a convex polytope.

Lemma 2.5.14. Let P be a 3-dimensional polyhedral complex. Let v € P be a vertex such that all
polyhedra P; containing v are smooth at v. Assume that there is an embedding ¢: C(P,v) — Q3 as

a strongly polytopal fan. Then, there exists a blow-up of 2P at v.

Proof. Let Q := ¢(C(P,v)) be the embedded fan of cones with vertex v in Q®. Without loss of
generality, let us assume that ¢(v) is the origin. This subcomplex gives us a 3-dimensional complete
fan around the origin, generated by rays rq,...,7;, with lattice generators ej,...,e;. Since all
polyhedra are smooth at v, the cones are smooth. Hence, each point in the fan can be uniquely
written as a linear combination of the generators in the cone that contains it. Therefore, taking
fi == (ej,1) € Q* for each generator, defines a piecewise linear map from Q3 to a convex cone o in
Q*. Any polyhedron in P containing p is a subset of one of the cones with vertex v. Hence, they also
are a face of 0. Let H be the hyperplane {2x4 = 1}. This hyperplane separates (0,0, 0,0) with all
the other vertices of polyhedra in Q. We replace the lattice Z* C Q* with (%Z)4 and correspondingly

in all the polyhedra of the complex. We perform the following replacements:
1. We replace any polyhedron containing v in Q with its intersection with H ™.
2. We replace v with the intersection of H and the cone ¢ in Q*.

The polyhedral complex P’ obtained by performing these replacements is a blow-up of 2P at v. [
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Lemma 2.5.15. Let P’ be a blow-up of P at P. Let R € P be a polyhedron intersecting P, but not

contained in P. If the nerve at R € P is Q, then the nerve at Rp € P’ is a pyramid over Q.

Proof. All maximal dimensional polyhedra R; that contain R must also intersect P. Hence, in
P’ the maximal dimensional polyhedra that contain Rp are the polyhedra R and the polyhedron
P’. The polyhedra R; and R’ intersect non-trivially whenever R; and R; do. The polyhedron P’
intersects non-trivially all the polyhedra R; by the definition of blow-up. Hence, the nerve of Rp is

the pyramid over () with vertex corresponding to the polyhedron P’. O]

2.6 Projective toric varieties and lattice isomorphisms

In this section, we prove a result regarding embeddings of projective toric varieties and lattice

embeddings.

Lemma 2.6.1. Let P be a full-dimensional lattice polyhedron in Mg. Let Xp be the associated
projective variety. Let k be a vector in Mg. Let A be the ample line bundle on Xp associated to
P and A’ be the ample line bundle on Xp associated to P + k. Then, we have that A ~g A’.

Furthermore, if k is a lattice vector, then A ~ A’.

Proof. Let t be such that tk € My. The lattice polyhedron P is given by the inequalities:
{m | {m,up) > —ar}.

Here, F' are the facets of P and up € N is the inward pointing normal vector of the face F'. For each
face F of P, we have an associated prime torus invariant divisor Dr on Xp [9, Definition 2.3.14].

By [9, Proposition 4.2.10], we have that

A= ZGFDF,
F

where the sum runs over all the faces F' of P. Observe that

P = {m+k| (mur) > —ag} = {m| (m— k,up) > —ar}

={m | (m,ur) > —ar + (k,up)}.

Hence, P and P’ have the same associated normal fan. In particular, they have the same
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associated projective toric variety Xp. By [9, Proposition 4.2.10], we have that

Al = Z(CLF — <]<J,UF>)DF

We conclude that

1 1.
A-A= Z<k7UF>DF = Z ¥<tk>UF>DF = ;le(Xk)

The last equality follows from [9, Proposition 4.1.2]. We conclude that A ~g A holds. If k is a

lattice vector, then t =1 and A — A’ is principal on Xp. O

Lemma 2.6.2. Let P and P’ be two full-dimensional lattice polyhedra in Mg and M@, respectively.
Let Xp (resp. Xpr) be the associated projective toric variety with ample line bundle Ap (resp. Ap:).
Let H : Mg — Mg, be a linear lattice isomorphism so that H(P) = P'. Then, we have an associated

toric isomorphism ¢ : Xpr — Xp, for which ¢*(Ap) = Ap:.

Proof. The lattice polyhedron P is given by inequalities:
{m | {m,up) > —ar}.
Then, the lattice polyhedron P’ is given by inequalities:
{H(m) | {m,up) = —ap} ={m | (m,H'(up)) = —ar}.

Here, I’ are the facets of P’ and upr = H'(ur) € N’ is the inward pointing normal vector of the

face F’. By [9, Proposition 4.2.10], we have that

Ap = ZGFDF and Ap/ = ZG,FDF/.

The lattice isomorphism H : Mg — Mg induces a lattice isomorphism H' : Ny — Ng on the dual
lattices. By [9, Theorem 3.3.4], we have an associated equivariant isomorphism of projective toric

varieties ¢: Xp — Xp. Using [9, Proposition 6.2.7], we can compare

¢*(Ap) = ¢" (Z GFDF> Zd)Ap/ F))Dp
F

= Z¢Ap, upr)Dpr = ZGF’DF/ Apr.
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Here, ¢p is the support function associated to the Cartier divisor D (see, e.g. [9, Theorem 4.2.12]).

This finishes the proof of the lemma. O

Lemma 2.6.3. Let P be a full-dimensional lattice polyhedron in Mg. Let Xp be the associated
projective toric variety and Ap be the associated ample line bundle. Let F be a facet of P and Dp
be the corresponding prime torus invariant divisor. Let Mpq be the smallest linear subspace of My
that contains F' and set Mp := M N Mpq. Let Ap be the ample line bundle in D associated to the

lattice polytope F in Mpq. Then, we have Ap|p ~ Ap.

Proof. Let Xp be the dual fan of P. For each cone o € ¥p, we have an associated affine toric variety
U, which is an open chart of Xp. Dp is principal on each chart of this cover. Let the local data of
Dp be {(Uy,x ™ )}sexp. By [9, Theorem 4.2.8], we can take m, to be the vertex of the polytope
that corresponds to 0. Then, Ox,. (Dp) is the sheaf of sections of a rank 1 vector bundle Vp — Xp
with transition functions g, = x™ ™.

Let the local data of Dp be {(Uy/, x™™")}orexp, Where each 0’ € ¥ is the projection to Np g
of a o € ¥p that corresponds to a vertex in F. Again, by [9, Theorem 4.2.8], we can take m, to
be the vertex in F that corresponds to ¢’, hence also the vertex in P that corresponds to o. Thus,
Ox,(Dp) is the sheaf of sections of a rank 1 vector bundle Vy — Xp with transition functions

ey —mo

Gorrr = XM , where m,. and m/ correspond to vertices of F.

Therefore, we have that Vg is the restriction of Vp to F, i.e. we have a commutative diagram:

Vi —— Vp

|

XF ‘% Xp.
We conclude that i*Ox,.(Dp) = Ox.(DFp). O

Proposition 2.6.4. Let P be a full-dimensional lattice polyhedron in Mg. Let Xp be the associated
projective toric variety with induced polarization Ap. Let F be a full-dimensional lattice polyhedron
in M@ Let X i be the associated projective toric variety with induced polarization Ap. Let f: M(’@ —
Mgy be a lattice embedding for which f(F) is a face of P. Then, we have an associated toric embedding
¢: Xp — Xp for which ¢*Ap ~ Ap.

Proof. The lattice embedding f can be decomposed as a translation on M}, a linear lattice iso-
morphism, and a sequence of linear lattice embeddings of codimension one. Then, the proposition

follows from Lemma 2.6.1, Lemma 2.6.2, and Lemma 2.6.3. O
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Part 1

Fundamental groups of log

canonical singularities
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Chapter 3

Surface log canonical singularities

In this chapter, we describe the local fundamental group of a log canonical surface pair singularity
(X, B;z).
The first main result of this section is an upper bound for the number of generators and relations

in a presentation of the local fundamental group of a log canonical surface singularity:

Theorem 3.0.1. Let (X, B;x) be a log canonical surface singularity. Then, 7'°¢(X, B;x) admits a
presentation with at most 4 generators and at most 7 relations. Furthermore, if m°¢(X, B;x) admits
a minimal presentation with 4 generators and 7 relations, then X is formally toric at x and B has

4 components with coefficient % through the singularity x € X.

Definition 3.0.2. Let z € X be a closed point in an affine variety. We denote by X, the local
completion of X at . We say that (X, B) is formally toric at z if there exists an affine toric variety

T so that )A(L =~ + and B is identified with a toric boundary via that isomorphism.

Nevertheless, groups with few generators and relations can still be very complicated. The follow-

ing result gives a structural property of the fundamental groups of log canonical surface singularities.

Theorem 3.0.3. Let (X, B;x) be a log canonical surface singularity. Then, we have a short exact

sequence

1= N—7°X,B;z) - G — 1
where N is a solvable group of length at most 2 and G is a finite group of order at most 6.

In order to obtain this results, we will get a complete classification of the possible fundamental

groups of log canonical surface singularities (X, B;z). Our main tools will be the existence of dlt
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modifications (see Lemma 2.2.6) and Mumford’s description of the fundamental group of a normal
surface singularity [31].

The following lemma follows from [31, Claim in Page 10].
Lemma 3.0.4. Let X be a normal surface. Let By, ..., E, be curves on X so that By ~P'. Assume
each E;, with i > 2, intersects Ey at p;, so that (X, E) is log smooth, where E := Ey + -+ + E,.
Define U to be a small analytic neighborhood of E1 in X intersected with the complement of the

support of E. Then, m(U) is generated by a loop a; around each E; with relations

E2
{loaei]}o<i<n  and  aoag...ano;*.

The following lemma gives an enhanced version of the main result of [31] to the case of log pairs.

The idea is to treat the boundary as a codimension one orbifold singularity.

Lemma 3.0.5. Let (X, B;x) be a singularity of a 2-dimensional log pair. Let f: (Y,By) — (X, B)
be a log resolution whose exceptional locus is a tree of rational curves. Then, the local fundamental

group T'°¢(X, B; ) is generated by:
(i) a loop «; around every prime exceptional divisor E; in'Y, and
(ii) a loop ~; around every prime divisor in f(Bs),

with the following relations:

1. Loops around intersecting divisors commute.

2
2. The relation oy . .. Y1 - - .wm/afi , for every divisor E; intersecting E1, ..., E,, and By,..., By

in f1(Bs).
3. The relation v, for every prime divisor B; of f.1(Bs) with coefficient 1 — %

Proof. Note that as the singularity is isolated, the local and local fundamental groups of (X, B, x)
coincide. Observe that a neighborhood of z € X is isomorphic to a neighborhood of the exceptional

locus, and the coefficients in B, are the same as those in f,}(Bs). We obtain that
(X, Byx) = m(U, £ (Bs)ly) = m(U\Bs)/(3]"). (3.1)

Here, U is a small analytic neighborhood of the exceptional locus in Y with the exceptional locus
removed. To compute the rightmost fundamental group in (3.1), we apply the Seifert-Van Kampen

Theorem to an open covering of U’ := U\ Bs.
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For each exceptional divisor E;, we define U; to be U’ intersected with a small analytic neigh-

borhood of F;. Hence, we have that
v =Ju.

As the exceptional divisors form a tree, we can apply Seifert-Van Kampen Theorem for pairs to
obtain the free product of all the m(U;) modulo the amalgamation of the subgroups 1 (U; N Uj;).

By Lemma 3.0.4 the group 71 (U;) is generated by:
1. a loop around F;, and
2. loops around each prime divisor (exceptional or in f; ! B) intersecting F;,

with relations

2

{laieyl};, Alaavsl};,  and  oq.oammy. . ymra; '
If E; and Fj intersect, then U; N U; is homotopic to (D*)2. So, it has fundamental group generated
by loops around F; and E; that commute. Therefore, the amalgamation does not introduce any
further relations between the loops around the divisors. Hence, 1 (U’) is generated by loops around

the divisors with the relations

E2
[aiaj]i’j, [Ozfyj]i,j, and  a1...QmY1 - Ymr Qg

Finally, we get the third relation ~;"* by taking the quotient in the definition of the local fundamental
group of a pair. O

Corollary 3.0.6. Let (X, B;x) be a singularity of a 2-dimensional log pair, with Bs = 0. Let

f:(Y,By) — (X, B) be a log resolution whose exceptional locus is a chain of m > 2 rational curves.

loc

Then, the local fundamental group m°¢(X, B;x) is a finite cyclic group.

Proof. Call the exceptional divisors F1, ..., E,. By Lemma 3.0.5, we have that
X, Byx) ~ (21, ..., 2 | Tox] L XITITS Dy ey 1 X ™),

where z; is the loop around F; and —r; = EE We can write

b;
bi—1

= [Ti—l,ri—%n-,?”ﬂ

for the Hirzebruch-Jung continued fractions, we obtain x; = xll’i inductively. Therefore, the following
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sequence of isomorphisms holds:
loc co) ~ bm—1 (. bm\—Tm\ ~ Pimbm—bm—1\
T (X, Byr) = (g | 0 (@) ) = (ay | ) = Z/ (b — bin—1)Z

This implies that the local fundamental group is a finite cyclic group. O

Lemma 3.0.7. Consider the group
G=(01,...,00,T1,...,Tm | axox] " {zic1Tit12; " H<icm, J),
where J is a set of relations and a is some element generated by the «;’s. Then
G~ {ay,...,ap, 71 | J),

where J' are the relations in J with x; replaced by oﬂix?f‘ for1 <i<m.

Proof. We can write

bit1
= = [my, mi_1,...,mq)], and
b;
i1
- [miamiflv oo amQ]a
Q;

for the Hirzebruch-Jung continued fraction. Inductively, we can obtain x; = oz‘“:z:l{'i. Therefore, we

obtain the required presentation of the group. O

In the following lemma, we will classify the possible exceptional divisors of dlt modifications of
log canonical surfaces singularities. We also prove a statement about the singular locus of the dlt

modification.

Lemma 3.0.8. Let (X, B;x) be a log canonical surface singularity. Let ¢ : (Z,Bz) — (X, B) be a
dlt modification. Let Eq,...,E,, be the exceptional prime divisors. Define E to be E1 + --- + E,,,
A; to be the different for the adjunction of Kz + By to E;, and B to be the strict transform of B.

Then, E is one of the following:
(i) a chain of rational curves,
(i1) a cycle of rational curves, or

(iii) an elliptic curve.
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Furthermore, the following statements hold:

1. If E is a chain of rational curves, then (Z, Bz) is log smooth in a neighborhood of Eq + -- - +

Epy.

2. If E is an elliptic curve or a cycle of rational curves, then By = E and (Z, Byz) is log smooth

in a neighborhood of E.
3. If m =1 and E is a rational curve, then E; B+ deg A = 2.

4. If m > 2 and E is a chain of rational curves, then

El-B—l—degAl:Em-B—i—degAm:l.

Proof. By the definition of ¢, we have that Kz + Bz = ¢*(Kx + B) and (Z, Bz) is a dlt pair. Hence,
Kz + Bz ~q,x 0.

By adjunction, we get that

0~q (Kz+ Bz)|p, = Kg, + Ai + (Bz — Ei)|g,-

Therefore, deg Kg, < 0, so all exceptional divisors are rational curves or elliptic curves.

If deg K, = 0, then deg (Bz — E;)

g; = 0, so the vertex corresponding to E; in the dual graph
of E has no edges. Since E is the fiber of ¢ over x, E is connected. So, its dual graph is connected
as well. Hence, I = F; is the only exceptional divisor. In this case, we have that By = E; + B.

Thus, by adjunction, we have that
0 =deg(Kz + Bz)|p, =degA; +deg (Bz — E1)|E, -

Therefore, E; - B +deg A; = 0. Consequently, in a neighborhood of E the pair (Z, Bz) is log smooth
and By = F.

We are only left with the case in which deg Kg, = —2 for each E;. In this case, we get that
deg(Bz — E;)|g, < 2, hence any F; intersects at most two other divisors in E. As F is connected,
it has to be a chain or a cycle of rational curves.

If F is a cycle of rational curves, then by adjunction to Ej, we have that
0=degKz + Bz|g, = -2+ deg Ay + 2+ deg (Bz — Ex — Ex—1 — Ex41)|g, > 0.
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So, there are no singularities along Ej. Furthermore, Ej only intersects Bz at E;_; and E;;1, and
this intersection is transversal.

If we have a chain of rational curves, then for any Ej with k ¢ {1, m}, we have

O:deng+Bz|Ek = —2+degAg —|—2+deg(BZ — By — Ex 1 _Ek+1)‘Ek > 0.

So, there are no singularities along Ej. Furthermore, Ej only intersects Bz at F;_; and E;;1, and
this intersection is transversal.

If m =1, then By = E; + B. By adjunction to F;, we get that

0=deg(Kz + Bz)|g, = —2+deg Ay +deg (Bz — E1)|g,-

Hence, F1 - B+ deg Ay = 2.

If m > 2, then we have the following sequence of equalities:

0 :deg(KZ +BZ)|E1 = —2—|—degA1 +deg(BZ —E1>‘E1 = —1+degA1+deg(BZ —F; —E2)|E1.

We deduce that F;-B+deg Ay = 1. We can proceed analogously for E,,,. This finishes the proof. [

Proposition 3.0.9. Let (X, B;x) be a log canonical surface singularity. Let ¢ : (Z,Bz) — (X, B) be
a dlt modification whose exceptional locus E is an elliptic curve. Then, the following isomorphisms
hold

%X, B;z) ~ ml°(X, By x) ~ 7'°°(Z, By).

Furthermore, 7i°°(X, B; x) is of the form 7 x 7.2

Proof. By Lemma 3.0.8, we know that E is a smooth elliptic curve and Bz contains no other curve.

loc

Therefore, 71°¢(Z, Bz) is the fundamental group of an S'-bundle over the elliptic curve. So, it fits

in the exact sequence

1— 7T1(Sl) ~7 — Trlloc(Z,Bz) — 7T1(T2) ~ Z2 — 1.

Hence, it has a presentation with 3 generators. O

Proposition 3.0.10. Let (X, B;x) be a log canonical surface singularity. Let ¢ : (Z,Bz) — (X, B)
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be a dlt modification whose exceptional locus E is a cycle of rational curves. Then, we have that
%X, B;z) ~ ni°°(X, By x) ~ m\°°(Z, Bz).

Furthermore, 7\°°(X, B; x) is of the form Z? x Z.

Proof. By Lemma 3.0.8, we know that F is a chain of smooth rational curves and Bz contains no
other curve. Hence, by [32, Lemma 2.3], 71°¢(X, B;z) is of the form Z2 x Z. In particular, it fits in
the short exact sequence

1= 7% = m°(X,B;z) = Z — 1
O

Notation 3.0.11. The coefficients of the different in Lemma 3.0.8 have the form 1 — % This
follows from the adjunction formula [24, 36]. We will write ((n1,na2,...,ny)) for the un-ordered set

of fractions of the form 1 — %, allowing repetitions. For a different A, we will write

for the corresponding set of non-trivial coefficients. We call b(A) the basket of singularities of
the different as it represents codimension two singularities of the ambient space. In the case that
the different is trivial, we write b(A) = ((#)). More generally, for any divisor D with standard
coefficients, we will write:

b(D) = ((ny,...,nk)),

for the corresponding set of non-trivial coefficients. In this case, we will write n; = oo if the coefficient
is 1.

Proposition 3.0.12. Let (X, B;x) be a log canonical surface singularity. Let ¢ : (Z,Bz) — (X, B)
be a dlt modification whose exceptional locus E is a chain of rational curves and Bs; = 0. Then, we

have that
(X, Bia) = (X, B x),

has a presentation with at most 3 generators and at most 3 relations.

Proof. Let E = FEy + - -+ E,;, be the chain of rational curves. By Lemma 3.0.8 (3), we may assume
that
Ei-B+degA; =2. (3.2)
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Here, A; is the different for the adjunction to the exceptional divisor E;. We take a log resolution
f:Y = Z of (Z, Bz), where each singular point in F with degA; =1 — % has preimage a chain of
rational curves with self-intersections —myq, ..., —my, and % = [mq,...,my]. We will split the proof

in two steps depending on the number of rational curves in the dlt modification.
Step 1: We prove the statement in the case that E = FE; is a single rational curve.

As E; - B > 0, we have that deg A7 < 2. Recall that the coefficients of the different are of the

form 1 — % for some positive integer n. Hence, the condition deg A; < 2 implies that

((2,2,2,2)),((2,3,6)), ((2,4,4)),((3,3,3)),((2,3,5))
b(A) € (3.3)
((27 3, 4))7 ((2’ 3, 3))7 ((2’ 2, ’I’L)), ((nla ’I’Lg)), ((nQ))’ ((Q))

In each of these cases, we apply Lemma 3.0.5 to ¢o f: Z7 — X:

Case 1.1: We have b(A1) = ((2,2,2,2)).

Then, the following isomorphisms hold:

%X, B;z) ~ (a,b,¢,d, x| a2, b2, xc™ 2 xd 2, abedz™™)
~ {a,b,c,d | a®b™2 a*c™%,a*d"?, a*"*"bed)

~ (a,b,c| a2, a?c 2, a?(a® b e 1) 2.

3

Then, in this case, we have at most 3 generators and 3 relations.

Case 1.2: We have b(A1) = ((n,n/,n")).

Then, the following isomorphisms hold:

’ "
waj_ya; ", xby_1by " wep e abyepaT™
loc alﬂ"'7alvb17"'vbl’ q d —d,
: ~ - —qi-1 - -1
m (X, By w) ~ asay M, apa—ga; T baby L bbby,

Cly..., C, T " 7
—qy —qyr_q
CQCl gy Cl//Cl”_ZCl//_l

-n —n’ 'ttt —m
~ (ay,by, e,z | way ™, xb] " yxe] ™ aibic; xT™)

’ 1" ! 1"
np—mn n_—n t—mnpt t
~ (a1,by,c1 | afby " ;ater™ L ay bici ).
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Here, the second isomorphism is a consequence of iterated applications of Lemma 3.0.7. Then, in

this case, we have 3 generators and 3 relations.

Case 1.3: We have b(A1) = ((n,n')), b(A1) = ((n)) or b(A1) = ((0)).
Then, the exceptional divisor of ¢ o f : Z — X is a chain of rational curves. Therefore, by

Corollary 3.0.6, we have an isomorphism:

%X, B;z) ~ Z/nZ.

This finishes the proof in the case that there is a unique exceptional rational curve.

Step 2: In this step, we prove the statement of the proposition when there are at least 2 rational

curves in the exceptional divisor of the dlt modification.

In this case, the only singularities or intersections with non-exceptional divisors in By happen

at the two end curves. As for each of these curves, we have that deg A; = 1, they have either
1. no singularities along the curve,
2. one orbifold singularity of index n along the curve, or
3. two orbifold singularities of index 2 along the curve.
If the exceptional divisor of ¢ o f is a chain of rational curves, by Corollary 3.0.6, we have the
following isomorphism:
Wlloc(X,B;x) ~ 7 /nZ.

Depending on the singularities of By, we have two remaining cases.

Case 2.1: Exactly one curve has two orbifold singularities of order 2. In this case, the exceptional
divisor of ¢ o f : Y — X is the union of a chain of rational curves and two additional rational
curves with self-intersection —2 intersecting one end curve. By Lemma 3.0.5, we have the following

isomorphism:
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—2 —m —my;
o zra” %, abroxy ™ {zic 1] " Hcicn
17X, B;x) ~ ( a,b,x1,..., T,

216, w12, {26 T | Ha<icn—1)

By Lemma 3.0.7 the group is isomorphic to:

WIIOC(X,B;.T) ~ (a,b, 1 | zia” 2, 21072, (ab)a”xl{"((ab)“"“xi"“)_m>

~ <a7 b | a2672, (ab)anfman+1a2bn72mbn+1>'

Case 2.2: Both end curves have two orbifold singularities of order 2.
In this case, the exceptional divisor of ¢ o f : Y — X is the union of a chain of rational curves
and two additional rational curves with self-interserction —2 intersecting each one a different end

curve. By Lemma 3.0.5, we have the following isomorphism:

-2 -2 —-m —m;
z1a” 7, 210”7 abrox] ™ {11 " cicn >

loc . ~
Ty (X,Bvl“)—<a,b,x1,...7xn,c,d , ,
-m _ _
xn—lcdmn ", TpC 7xnd 7{[-ria-ri+1]}{1§i§n71}-

By Lemma 3.0.7 the group is isomorphic to:

7r11°C(X7 B;z) ~ {a,b,z1,c,d | x1a” 2, 21b72, (ab)a"*lm?"’l((ab)“"w?")_m“cd, (ab)“”xﬁ’"c”, (ab)“”xl{”d_2>

~ (a,b,c| a’*b™2, (ab)“"aQb"c”,02((ab)a"‘la%"‘lcfzm"H)*Z).

In each of the previous cases, we have a presentation with at most 4 generators and at most 7

relations This finishes the proof of the proposition. O

Proposition 3.0.13. Let (X, B;x) be a log canonical surface singularity. Let ¢ : (Z,Bz) — (X, B)
be a dit modification, whose exceptional locus E is a chain of rational curves, then ©\°°(Z, By) ~

(X, By x) ~ 7l°°(X, B;x) has a presentation with at most 4 generators and 7 relations.

Proof. We take a log resolution f : Y — Z, where each singular point in F with degA =1 — %
has preimage a chain rational curves with self-intersections —my, ..., —my, and % = [m1,...,my].
We only have to deal with the case in which By # 0. Otherwise, we are in the context of Proposi-
tion 3.0.12.

Here B;/,S and E will denote the strict transforms of By, and E in Z. BS will denote the strict

transform of By in Y. For z,y € m°°(X, B;x) we will define:
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{zy~*} if y corresponds to a loop around an exceptional divisor of f

{y!,[x,y]}  if y corresponds to a loop around a curve in B;/VS\EA'
Bealy) = o (3.4)
{[z,y]} if y corresponds to a loop around a curve in By (\E and ¢t = oo

0 if y corresponds to a trivial loop

Case 1: We prove the statement in the case that F = F; is a single rational curve.

By Lemma 3.0.8, we have an upper bound for the degree

deg(Ay + By|g,) < 2.

We will prove this step in three cases depending on b(A; + Bs|g,). The case b(A; + By|g,) =
((2,2,2,2)), gives rise to two different cases, depending on how many non-exceptional curves we

have in By .

Case 1.1: We assume that b(A; + Bs|p,) = ((2,2,2,2)) and we have one, two, or three curves
in Bs.

By Lemma 3.0.5, we have the following isomorphisms:

7T11°C(X,B; x) ~ {a,b,c,d, x| za”2, 92,2(D), 62 4(c), d?, [x,d], abedz™™,)
~ (a,b,c,d | 53.42(b), 02.42(c), d?, [a*, d],a* "> bcd)

~ (a,b,c | 62,42(b), 02 ,42(c), (a'=2mbe)?).

Each 0, ,(y) is at most two relations, so we have a presentation with 3 generators and at most 5

relations.

Case 1.2: We assume that b(A; + By|g,) = ((2,2,2,2)) and we have 4 curves in Bi.

By Lemma 3.0.5, we have the following isomorphisms:

wlloc(X,B;x) ~ (a,b,c,d, x| a?,b?, %, d?, abedx ™™, [x,a], [z, ][z, d][z,d])

~ (a,b,c,x | a®,b%,c2, (abex™)?, [a, z], [b, x], [c, z]).
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This gives a presentation with 4 generators and 7 relations.

Case 1.3: We assume that b(A; + B|p, ) is not equal to ((2,2,2,2)).
In these cases, b(A;+B,|E}) is of one of the following forms: ((n1,n2,7n3)), ((n1,12)), ((n)), (0)).
Here, n; can be oo only if it is a coefficient in B. By applying Lemma 3.0.5, we get the following

presentation:

allbl2clsxim7 6751,!12 (al)’5t2752 (bl)7 5253702 (Cl)
(X, B x) =~ <A,B,C733 {ai—1aivia; " Ye<i<nys {[ai a1} n<i<iny {bi—lbi+1bimQ’i}{2<i<zQ}> :
{[bi, bisa]} 1<iziny, {Cim1civic; ™ Y pa<i<igys {lci civalYu<i<iay
Where A, B,C is {a1,...,a;, },{b1,..., b, },{c1,...,c5}, and aj, 411 = b,41 = Ciz41 =  in

the previous presentation. Here, each I; is 0 if n; is not present in b(A; + BS|E1). By applying

Lemma 3.0.7 to each chain A, B, C, there exists a presentation of the local fundamental group:

7r11°C(X7B;x) ~ (a1,by,c1,x | (5n1:m(a1),5n2’x(b1),5n3’m(cl),aﬁlbﬁ"’c?x_m)

As each 0, (y) contains at most two relations, we have at most 4 generators and 7 relations. The
only possible way for this to have exactly 4 generators and 7 relations is for all d; ,(y) here to be 2
elements. Hence, a1,b1,c; have to be loops around a curve in B;/,S\EA'. Therefore, by Lemma 3.0.5

we actually have the isomorphism:
%X, B;z) ~ (a,b,c,x | a™, 0", " abex™™, [a, ], [b, x], [c, z])
=~ <a7 b’x ‘ an17bn27(b_1a_lxm)n37[a7 x]’ [b7 x}>'

Therefore, in Case 1.3., there are no minimal presentations with 4 generators and 7 relations. This

finishes the proof in the case that there is a unique exceptional rational curve in the dlt modification.

Case 2: In this case, we prove the statement of the proposition when there are at least 2 rational

curves in the exceptional divisor of the dlt modification.
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By Lemma 3.0.8, the only singularities in the strict transform of E happen at the end curves of
the chain. Also, Lemma 3.0.8 implies that the only intersections of E with B;fys\E happen at the

end curves of the chain.

Case 2.1: We assume that b(A,, + By|g, ) = ((2,2)) and b(A1 + By|g,) € {((n1)), (0))}.

In this case, by Lemma 3.0.5, we have a presentation:

a, ba L1y Tn 52,z1 (a)a 52,z1 (b)v abexl_ml ) {xi—1$i+1xi_"“ }1<i<”’ {[x“ xi+1]}{1§i§"}>

(X, B x) ~ <
— —Mm1
Cly-- s C len—wnm”ﬁml,l,cz(ﬁ), {eiciciyre; }{Zgigl}a{[Ciaci+1]}{1§i§l}

Where, ¢;4+1 = x, in the previous presentation. Applying Lemma 3.0.7 to the chains x4, ..., z, and

c1,...,C, we get an isomorphism:
7T11OC (Xv B; :C) = <(L, b,x1,¢1 | 52,11 (a)7 52,961 (b)7 Cﬁ (ab)tl (E?, 57-,(ab)t3$’i4 (Cl)>'

As each §; ,(y) contains at most two relations, we have at most 4 generators and 7 relations.
The only possible way for this group to have exactly 4 generators and 7 relations is for all d; ,(y) in
the right-hand side to contain 2 elements. Hence, in this case, a, b, c; = ¢; are loops around a curve

in B;S\EA’ Therefore, by Lemma 3.0.5, we have the isomorphism:

7r11°C(X, B;z) ~ (a,b,x1,c | a?, [a, z1], b2, [b, 1], c™, [c, (abt3)x§4], cl(ab)tlxtf)

=~ (a,b,21 | a® [a, 21,0, [b, 21], ((ab)" 27*)™).

Thus, under the assumptions of Case 2.1, there are no minimal presentations with exactly 4 gener-

ators and 7 relations.

Case 2.2: We assume that b(A,, + B|p, ) = b(A1 + Bs|g,) = ((2,2)).

Here, we can apply Lemma 3.0.5 to get a presentation:

o 02,2, (@), 02,0, (b), abxox] ™  {zi1xip12, ™ F1cicn
(X, B;x) ~ ( a,b,x1,..., 25, cd

{[zs, i)} ri<icnys cdrn 12, 62 2, (€), 02,2, (d)

41



By Lemma 3.0.7 applied to the chain x; ...x,, we get an isomorphism:

(ab)=ray = (b))~ ed, 5z,m<")>

7T110C(X;B;33) =~ <a,b7x1,c,d
5213”1 (b)’ 52,((117)‘1” x};" (6)52,(111))“71;8;)” (d)

This case turns into two different cases.

Case 2.2.1: We have one, two, or three non-exceptional curves in B;gs. Then, we have the

following isomorphisms due to Lemma 3.0.5:

1 (ab)a"*lxl{"‘l((ab)“"xli“)*m"cd,x1a72
(X, Byz) ~ a,b,c,d, xq

82,0, (b), 6 (c),d?, [(ab)* af" . d]

2,(ab)*n "

=~ (a,b,c,d | (ab)**a®=*((ab)*" a®**) """ cd, 2,42 (b), 0 (ap)an a2vn (¢), d°, [(ab) *a®*", d]),

~ (a,b, ¢, | 65.42(D), 09 (apyan azen (€), ((ab)®=1a2bn=1((ab)? a?Pn)~™n¢)2).
; ,(ab)

As each d0; . (y) contains at most two relations, we have a presentation with 3 generators and at most

5 relations.

Case 2.2.2: We have four non-exceptional curves in the strict transform B;/ys. Then, the following

isomorphisms hold due to Lemma 3.0.5.

. (ab)n—1 xl{”’l ((ab)a”xll’")_m" ed, a?, b2, %, d?
(X, Bjz) ~ ( a,b,¢,d, x;
[aa ‘Tl}? [bv :171]7 [C7 (a’b)an‘r?n]v [d7 (ab)anxlin]

~ (a,b,c,z | a?, v?, [a, z1], [b, 21], e, ((ab)m"a”_“”*1xgn"b”fb"’lcf7 e, (ab)“"xi’”])

Thus, we get a minimal presentation with 4 generators and 7 relations.

Case 2.3: We assume that each b(A; 4 By|g,) and b(A,, 4+ B,|g,,) are of the form ((n;)) or ((0)).

By Lemma 3.0.5, we get a presentation:
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aq...0Q1, 5m1,1,a2(a1)7 {aif1az'+1ai—ml’l}{29511}, {[amaiﬂ]}{lgigzl}

1 . ~ - —m; —Mn
Wloc(Xanl') — <$1, sy Ty |Gl T2 m17{$z’—1$i+1$i " }1<i<na {[$i7$i+1]}{1gign}7Clzﬂfn—ll‘nm > :
Cly- -5 Cly 5mz,1,c2 (c1), {Ci716¢+10i—m2’i}{2§i§12}7 {[Cz‘, Ci+1]}{1§i§l2}
By applying Lemma 3.0.7 to the chains (a; ...ay), (21,...,2,), and (c1,...,¢,), we obtain an
isomorphism:

ﬂ_ioC(X’B;x) ~ (a1, 1,01 | 6n1)11(a1)7c§/ (a1>t1xt127(5n21a§3:r§4 (c1)).

As each &, ,(y) is at most two relations, we have at most 3 generators and 5 relations.
In each of the previous cases, we have a presentation with at most 4 generators and at most 7

relations. This finishes the proof of the proposition. O

Proof of Theorem 3.0.1. First, we prove the statement about the upper bound on the number of
generators and relations. We take a dlt modification ¢ : (Z, Bz) — (X, B). By Lemma 3.0.8, the

exceptional divisor of ¢ is one of the following:

(i) a chain of rational curves,
(ii) a cycle of rational curves, or
(iii) an elliptic curve.

In the first case, by Proposition 3.0.12 and Proposition 3.0.13 71°°(X, B;x) has a presentation
with at most 4 generators and at most 7 relations. In the second case, the statement follows by
Proposition 3.0.10. Finally, in the third case, the statement follows by Proposition 3.0.9.

Now, we turn to prove the second statement of the theorem. Assume that 7°¢(X, B;z) admits
a minimal presentation with 4 generators and 7 relations. By Proposition 3.0.9, Proposition 3.0.10,
and Proposition 3.0.12, Proposition 3.0.13 we conclude that this can only happen in the two following

cases:

1. The dlt modification (Y, By ) of (X, B) extracts a unique rational curve and B has 4 components

with coefficient 1.
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2. The dlt modification (Y, By) of (X, B) extracts a chain of rational curve, B has 4 components
with coefficients %, and their strict transforms only intersect the first and last curve of the

chain.

We denote by ¢: Y — X the dIt modification. Let E be the reduced exceptional divisor of the dlt

modification. Then, we have that
¢*(Kx +B) = Ky + E + B,

where B is the strict transform of B on Y. By construction, the variety Y is Q-factorial. We run a
(Ky + E)-MMP over the base. Observe that in any of these two cases, the endpoints of the chain
are (Ky + E)-negative curves, as they intersect B positively. Hence, this MMP will inductively
contract the endpoints of the chain of curves. Thus, this minimal model program terminates on X.
We conclude that X is Q-factorial at . Therefore, the local class group Cl(X,) is torsion. Note that
the sum of the coeflicients of the components of B through z, denoted by |B| equals 2. Altogether,
we conclude that

dim X + rankg C1(X,) — |B| = 0.
By [27, Theorem 2|, we conclude that X must be formally toric around the point x. O

Now, we turn to prove a lemma that will be used in the proof of Theorem 3.0.3.

Lemma 3.0.14. Let (X, B;x) be a log canonical surface singularity of coregularity zero. Let ¢ :
(Z,Bz) — (X, B) a dit modification. There exists a subgroup H < m\°°(Z, Bz) that is an abelian

normal subgroup of ©°°(X, B; x).

Proof. By Lemma 3.0.8, the exceptional divisor is either a cycle or a chain of rational curves:

If it is a cycle of rational curves, then H = Z?2 is a normal subgroup of 71°¢(Z, Bz), by Proposi-
tion 3.0.10. Hence, the Lemma holds.

If it is a chain of rational curves, let H < 7i°°(Z, Bz) be the subgroup generated by the loops
around the exceptional divisor of ¢. Then we call x1, ... x,, the loops around the divisors Ej. ..., FE,.
By Lemma 3.0.7 and Lemma 3.0.5, H = (x1,%2) = (Tm-1,Zm). H is abelian, since adjacent x}s
commute. Now, we turn to prove that H is a normal subgroup of 71°¢(X, B;x). By the proof of

Proposition 3.0.12 and Proposition 3.0.13, the remaining generators + of 71°¢(X, B; z) satisfy one of

the following:

1. They commute with z;, and yzoy ' = 22251, whenever b(A; 4 B|g,) = ((2,2)) holds.
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2. They commute with z,,, and vz, 17" = 22,21 |, whenever b(A,, 4+ Bs|p,, ) = ((2,2)) holds.
3. They are generated by x1, x2, whenever b(A; + B|g,) = ((n)) holds.
4. They are generated by @, _1, Zm, whenever b(A,, + B, ) = ((n)) holds.

We conclude that H is normal. O

Proof of Theorem 3.0.3. We start with the case where (X, B,x) is a log canonical singularity of
coregularity one. We take a dlt modification ¢ : (Z, Bz) — (X, B). As we are in the coregularity

one case, by Lemma 3.0.8 the exceptional divisor of ¢ is a unique rational curve or an elliptic curve.

If the exceptional is an elliptic curve, then as in the proof of Proposition 3.0.9, we have:
1= m(SY) ~Z — 7l°(Z,Bz) — m (T?) ~ 72 — 1.

Therefore, m°°(Z, Bz) is solvable of length 2.
Now, we assume that the exceptional of the dlt modification is a rational curve. First, assume

that Bs; = 0. By the proof of Proposition 3.0.12, we have one of the following isomorphisms:

1. (X, Byz) ~ (a,b,c,d,x | za=2,2b7 2, 2c™2, xd 2, abedz™™).

In this case, we can define N = (ab, bc, x). Then, we have that
1= N —71°%X,B;z) = Z/27 — 1,

and N is nilpotent of length 2 as N/(z) ~ Z>.

2. (X, B;x) ~ (a1,by,c1, 2 | o:al_”,xbl_"l,:vcl_"”,aﬁbﬁlc’iuxfm), where b(A) = ((n,n/,n")) is
as in equation 3.3. We have that x is in the center of 7}°¢(X, B;z) and we can define
G = ml°%(X, B;x)/(z) ~ (a1, by, c1 | a™, b7, ", abe).

’ " .
Where a = at,b=b% ¢ =t . Now, we have to check four different cases.

(a) If b(A) = ((3,3,3)), then G’ has an abelian normal subgroup N’ = (ab~!, a~1b) such that

the following exact sequence holds

1= N — (X, B;2)/(zx) — Z/37 — 1.
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— ! p— ’
Therefore, we can define N = (z,atb;", a7 'b}’) and we have

1 = N = 7°(X,B;x) — Z/3Z — 1.

As N/(x) ~ 72, the group N is nilpotent of length 2.

(b) If b(A) = ((2,4,4)), then G’ has an abelian normal subgroup N’ = (bc™*,b~1¢) such that
the following exact sequence holds
1 — N — 7l°(X,B;z)/(z) = ZJAZ — 1.

Y AV
Therefore, we can define N = (z,b{ ¢;* ,b7" ¢} ) and we have

1= N - nl°(X,B;x) = Z/AZ — 1.

As N/{x) ~ Z?, the group N is nilpotent of length 2.

(c) If b(A) = ((2,3,6)), then G’ has an abelian normal subgroup N’ = (bc?, ¢*b) such that
the following exact sequence holds
1= N — 7°(X,B;z)/(x) = Z/6Z — 1.

’ 1 1 ’
Therefore, we can define N = (x, b} c¢it", cit b!) and we have

1= N — n°(X,B;z) = Z/6Z — 1.

As N/(x) ~ Z?2, the group N is nilpotent of length 2.

(d) If b(A) = ((n,n")),((n)), or ((#)), then we have that G’ ~ (a,b | a™,b" ,ab) ~ Z/mZ.

Therefore, 71°¢(X, B; z) is nilpotent of length 2.

3. ml°¢(X, B;x) ~ Z/nZ. This is already an abelian group, hence the proposition is trivial in this

case.

Now assume Bg # 0. By the proof of Proposition 3.0.13, we have one of the following isomor-

phisms

1. 7le¢(X, B;z) ~ (a,b,c,d, v | 02,5(a), 62 5(b), 02 5 (c), 02,2 (d), abedx ™).
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Here we can define N = (ab, be, z) and we have

1= N —7°X,B;z) = Z/2Z — 1.

The group N is nilpotent of length 2, as N/(x) ~ Z2.

2. Trlloc(X7B;x) = <a1,b17617ﬂj | 6”17$(a1)55”2,$(b1)75“3,$(Cl)7at11bt12033x7m>'

We have that x is in the center of 7i°¢(X, B;z) and we can define

G = 71%X, B;x)/(x) ~ (a,b,c| a”,b" , ", abc).

Where a = at,b= bl , ¢ =c¢!". Hence, the subgroup N can be obtained as when B, = 0.

Now, we prove the case where (X, B, x) is a log canonical singularity of coregularity zero. We take
a dlt modification ¢ : (Z, Bz) — (X, B). As we are in the coregularity zero case, by Lemma 3.0.8
the exceptional divisor is a chain of rational curves or a cycle of rational curves.

We use the notation of Lemma 3.0.14 for the normal subgroup H. If it is a cycle of rational curves,
then by Proposition 3.0.10, we have the exact sequence 1 — H = 72 — 7l°°(X,B;z) — 7Z — 1,
hence 71°¢(X, B; ) is solvable of length 2.

If it is a chain of rational curves. First, assume Bs; = 0. By the proof Proposition 3.0.12, we

have one of the following isomorphisms:
1. (X, B;z) ~ (a,b | a®b™2, (ab)®n~mn+1g2bn=2mbni1)

Here we can define N = (ab,a?) = H, and we get:

1= N — 7°(X,B;x) — Z/2Z — 1.

The group N is abelian.
2. (X, B;x) ~ {(a,b,c | a®b~2, (ab)?a?*mc2, c2((ab)*—1a%*n—1 ((ab)?m a?bn)~™mnc)~2).

Here, we can define N = (ac,ab,a?) = (ac, H) and we get:

1= N —7m°%X,B;z) = Z/2Z — 1.

The group N is solvable of length 2 as N/H ~ Z
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Now assume that Bg # 0. By the proof of Proposition 3.0.13, we have one of the following

isomorphisms:

L. 7T11OC (X» B; {E) = <a’ b,x1,¢1 | 52-,:61 (a)v 52,961 (b)’ Cﬁl (ab)tl (E?, 57',(ab)t3w11'4 (Cl)>'

We can define N = {(ab, ac, z1) = {ac, H) and we get:
1= N — 71X, B;z) = Z/2Z — 1.

The group N is solvable of length 2, as N/H ~ Z

2. m°°(X, B;x) = (a,b, ¢, | 2,42 (), 02 (apyan a20n (€), ((ab)*» 1 a1 ((ab) " a®*n) =" c)?).

We can define N = (ab, ac, a®) = (ac, H) and we get:
1= N = 7m°X,B;x) = Z/27 — 1.

The group N is solvable of length 2, as N/H ~ Z

3. T°°(X, B;x) ~ {(a,b,c,x1 | a®, b2, [a, 1], [b, 21], ¢, ((ab)m"“”_“’"ﬁl:1017”‘17"_17"’10)27 e, (ab)“”xl{"]>.

We can define N = (ab, ac,z1) = (ac, H) and we get:
1= N — 7°(X, B;x) — Z/27Z — 1.

N is solvable of length 2, as N/H ~ 7

4. 7R, By @) = {an, @1, 01 | Oy (02), ¢ (@) 0122,0, s i (1)

Here H = 71°°(X, B;x), hence the group is abelian.
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Chapter 4

Smooth polyhedral complexes

In this chapter we will describe a process for constructing log canonical singularities with prescribed
local fundamental groups. We will begin this process with smooth polyhedral complexes having the
desired fundamental group for our singularities.

The main result of this chapter is the following theorem:

Theorem 4.0.1. For any P, a smooth polyhedral complex of dimension n, there exists an (n+ 1)-
dimensional log canonical singularity (X;z) for which 7'°¢(X; x) =~ 71 (|P|). Furthermore, forn < 4,

the singularity (X;x) is isolated.

4.1 From polyhedral complexes to simple normal crossing
toric varieties

In this section, we construct projective snc toric Calabi-Yau varieties from smooth polyhedral com-

plexes.

Proposition 4.1.1. Let P be a smooth polyhedral complex of dimension n. Then, there exists an

n-dimensional simple normal crossing projective toric Calabi-Yau variety T, with m,(T) = w1 (|P])

Proof. Each polyhedra F in P is contained in an affine space Mr g ~ Q™F so that the vertices of F
are contained in ZV¥. By replacing F with its affine span, we may assume Ny = dim F, i.e., F' is a
full-dimensional polyhedron in Mrq. Hence, for each polyhedron P € P, we have an associated toric
projective variety Tp and an ample Cartier divisor Ap. Assume that F' is a face of P, then we have

an induced lattice embedding i p: Mrqg — Mpg. By Proposition 2.6.4, this lattice embedding
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induces a toric embedding ir p: Tr — Tp for which

i pAp ~ Ap. (4.1)

Furthermore, if G is a face of F' and F' is a face of P, then we have the following equality:

Z‘pr O iG,F = Z‘G7p. (42)

Let Pi,..., Py be the n-dimensional faces of P. We denote by T1,..., T} the associated projective
n-dimensional toric varieties. Note that all the polyhedra P; are smooth, so each T; is a smooth
projective toric variety. Then, we can glue the varieties T; whenever the polyhedra P; have a common
facet. To obtain a normal crossing scheme, we define the gluing by taking affine covers and glue
affine locally by taking the fiber product of rings. This gluing is well-defined due to the compatibility
condition (4.2). We obtain a scheme T. Since P is a smooth polyhedral complex and the gluing
of irreducible components is normal crossing, the scheme T has snc singularities. Note that each
irreducible component T; comes with a line bundle L; — T;. Let T;; := T; NT; and L; ; — 15 ;
be the induced line bundle. Due to (4.1), we have closed embeddings L; ; < L; and L; j — L; for
each i and j. The push-out of closed embeddings exists in the category of schemes [35, Corollary
3.9]. Hence, we obtain a scheme Lg by gluing the L;’s. By the universal property of push-outs, Ly
admits a morphism L — T that restricts to L; — T; on each component T;. In particular, Ly is
a line bundle over the snc variety T'. By the Nakai-Mosheizon criterion, this line bundle is ample.
Hence, T is a projective snc variety.

We claim that T is a Calabi-Yau variety, i.e., for each component T; of T', we have that Kp|r, ~ 0.
Indeed, since P is simple, every face of dimension n — 1 in P is contained in exactly two maximal

polyhedra. Hence, by adjunction formula, for each T;, we have that

KT|Ti ~ Kr, + Br, ~ 0.

Here, By, is the reduced toric boundary of 7;. This proves that 7" is a Calabi-Yau variety.
The moment maps ¢p: Tp — P glue together to a map ¢r: T — |P|. We claim that ¢ induces

an isomorphism

¢T*: 7T1(T) —>7T1(|P|) (43)
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Indeed, the restriction of ¢ to

U TF — ‘,P|1

dim F=1
induces an isomorphism between fundamental groups. Here, |P|; is the 1-skeleton of |P|. Indeed,
both spaces have the same graph structure, when considering each P* in Jy;,, p—; T as a topological

S2. Moreover, we have a commutative diagram

¢,
71 (Udim p=1 Tr) —— m1(|Ph)

l |

[
71 (Ui 2 T ) — mi((Pla).

The kernel of the right vertical map is the smallest normal subgroup of 71 (|P|;) containing all the
loops around 2-skeleta. On the other hand, the kernel of the left vertical arrow is the smallest normal
subgroup generated by the torus invariant boundary of the toric surfaces Tr with dim F' = 2. Indeed,
the fundamental group of a projective toric surface is trivial [9, Theorem 10.4.3]. We conclude that

the restriction of ¢ to

U Tr — |P|2

dim F<2
induces an isomorphism between fundamental groups. Observe that gluing cells of dimension at least
3 does not change the fundamental group of a CW-complex. Analogously, gluing a toric manifold
of dimension at least 3 along the torus invariant boundary does not change the fundamental group
of an snc variety. Hence, the isomorphism 4.3 holds. We deduce that T is an snc CY variety with

fundamental group w1 (|P]). O

4.2 From simple normal crossing toric varieties to lc singu-
larities

In this section, we construct log canonical singularities of dimension n + 1 from reducible simple
normal crossing toric varieties of dimension n. Putting together this construction with the one in
the previous section, we will give a proof for Theorem 4.0.1

In order to construct log canonical singularities, we will use a result due to Kollar [22], (see
also [19, Theorem 35]). This proposition allows us to construct singularities admitting a prescribed

partial resolution. The following theorem is proved in [22, Theorem 8, Propositions 9 and 10].
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Proposition 4.2.1. Let T be an n-dimensional projective variety with simple normal crossing sin-
gularities and n > 2. Let L be an ample line bundle on T'. Then, for m > 1 there is a germ of a

normal singularity (X; ) with a partial resolution:

T ——Y
| b
. —— (X;2)

satisfying the following conditions:
1. T is a Cartier divisor on Y.
2. The normal bundle of T inY is Ky ® L™™.
3. We have an isomorphism m1(Y) ~ w1 (T).

4. The kernel of 7'°¢(X;z) — m(Y) is cyclic, central, and generated by any loop around an

irreducible component of T .
5. If dimT < 4, then (x € X) is an isolated singular point.
6. If Kr ~ 0, then Kx is Cartier and (x € X) is lc.

Remark 4.2.2. In Proposition 4.2.1 we only need L™ to be very ample. In our application of
this proposition, we will have two ample line bundles L; and L,. By [18, Chapter II. Exercise
7.5], for k > 1, we have that L; ® L% is very ample. Thus, in the previous proposition, we may
replace L™ with L; ® L% and yield the same conclusion, up to replacing L~™ with L; ® L% in

Proposition 4.2.1.(2).

Definition 4.2.3. Let 7" be an n-dimensional simple normal crossing variety. Let F' be an (n — 1)-
dimensional stratum. Let Z be a divisor in F' that intersects transversally all the strata of T. We
will describe blow-ups in each irreducible component of T" and then glue them together. In this
definition, when we say the blow-up of a subvariety V' C W, we mean the blow-up defined by
the reduced scheme V in W. Let E be an irreducible component, we will say Fg and Zg for the
intersections of F' and Z with F, respectively.

We first perform the blow-up of Zg in E, call it p: B/ — E. As Zg in Fg has codimension at
most 1, we can identify Fg with its strict transform in E’. Let Dg be the exceptional divisor of
p: E' — E. Then, we perform the blow-up of Dg N Fg in E’ and call it p’ : E” — E’. Similarly,

the locus of the blow-up has codimension at most 1 in F'. Thus, we can identify again Fg with its
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strict transform in E”. Therefore, we still have the datum for gluing the blow-ups of the irreducible
components in T'. So, we can glue the irreducible components E”, to obtain a simple normal crossing
variety T". This will be called the iterated blow-up of Z in T. Here we can also identify Zp in T”
as the intersection of the exceptional divisor with Fz in E”. We call D the union of all the strict
transforms of Dg for every irreducible component E”, and we call D5 the union of the exceptional
divisors of p’ : E” — E’ for every irreducible component E”. Then, D; and Dy are Cartier Divisors

on T".

Remark 4.2.4. Let T be an n-dimensional simple normal crossing Calabi-Yau variety, such that
all the codimension c strata are contained in exactly ¢ + 1 irreducible components. Then, T the
iterated blow-up defined in Definition 4.2.3 is also Calabi-Yau. Indeed, we only need to check the
statement after the first blow-up, our snc variety 7" is also Calabi-Yau. This can be checked at each
irreducible component E;. Let us call Z; := ZNE; and F;, := FNE;. Let p: El — E; be the
blow-up of Z; on E;. Let D be the exceptional divisor of p : B’ — E.

Let ¢ be the codimension of Z; in E;. Then, p*(Kg,) = Kg, — (¢ — 1)D. And for any other

component E; that contains Z;, we have that p*(Ej)

g, = Ejlg, + D. By our hypothesis, F] is
contained in ¢ irreducible components of 7”. Thus, Z! is contained in ¢ — 1 irreducible components
of T”, other than E;. Hence, adding our equalities for every irreducible component containing Z;,

we obtain that K-

g, is trivial for each E;.

Lemma 4.2.5. Let T be an snc variety with an irreducible component E. Let F' be a codimension
one stratum contained in E. Moreover, let Z be a smooth divisor in F' that intersects transversally
all the strata of T. Let T" — T be the iterated blow-up of Z in T, as in Definition 4.2.3. Let D
and Dy be the exceptional divisors over T, as in Definition 4.2.3. Then, the divisors —3Dy — 2D,

and —4Ds — 3Dy are relatively ample over T.

Proof. Tt suffices to check that the restrictions of these divisors to every irreducible component are
ample over T. Let E; be an irreducible component of T. Let us call Z; := ZNE; and F; := FNE;.
We will call F!” the strict transform of F; in E!. So, we have the blow-ups ps : E! — E! and
p1: E] — E;. By abuse of notation, the intersections of Dy and Dy with E!’ are also called D; and
Dy. We will define Z!’ to be the intersection of the exceptional divisor with F}’.

As Z; in E; has codimension ¢ > 2. The fiber of the exceptional divisor of p; : E] — E; over Z!
are P°~1. When we perform the second blow-up ps : E — E!, in the fibers of D; over Z! we are
performing the blow-up at one smooth point. Hence, the fibers of D; over Z!’ are the blow-ups of

P<~! at one point, and the fibers of Dy over Z!' are P~ 1.
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Let C be a curve in D; that intersects Dy transversally in one point and C5 a curve in Dy that
intersects D, transversally in one point.

We first prove that C; and Cy generate the relative cone of curves of E” — E. Indeed, let N be
a relatively nef divisor that is positive on both curves. There must be a curve C4 ~ Cs, such that
C} lies in Dy N Dy and is contracted on E. We have that C; and C% generate the relative cone of
curves of E’. Hence, N is relatively ample on D;. Furthermore, N is relatively ample on D», since
it intersects a curve positively and D has relative Picard rank 1. Therefore, N intersects positively
any exceptional curve, hence it is relatively ample. Thus, there cannot be any other generator of
the relative cone of curves.

As C; and C5 generate the relative cone of curves, we only need to compute the intersection
products with these curves. We have that pj(Kg') = Kg» — (¢ —1)Dy. Hence, Kg» ~p (c—1)Ds.
By adjunction, we obtain the value of ¢Ds - Co = (Kg» + Ds) - Co = Kp, - Cy = —c. Therefore,
Dy -Cy = —1. Similarly, we have that (paop1)*(Kg) = Kgv—(c—1)D1 —(2¢—2) D2, hence Kg» ~g
(¢c—1)D1+ (2¢—2)D,. By adjunction, (¢cD1+(2¢—2)D3)-Dy = (Kg»+D;)-Cy = Kp, -C1 = -2,
we conclude that Dq-Cy = —2. This implies that —3Dy —2D; and —4D5 — 3D, are relatively ample

over 7. O

Proof of Theorem 4.0.1. By Proposition 4.1.1, we have a toric Calabi-Yau snc variety T, with an
ample line bundle H. We will perform iterated blow-ups with loci contained in disjoint irreducible
components. Let E be an irreducible component of T. Pick F' a codimension 1 stratum of T
contained in E. Let Z be a smooth divisor of F' that intersects transversally all the strata.

We perform the iterated blow-up of Z in T, as in Definition 4.2.3. Let us call these maps
p1:T" — T and py : T — T. Let D; be the exceptional divisor of the first blow-up and D> be the
exceptional divisor of the second blow-up in E’. By Lemma 4.2.5, the divisors p*(mH) — 3Dy — 2D;
and p*(mH) — 4Dy — 3D; are ample. We can perform this same procedure for G an irreducible
component disjoint from F, with exceptional divisors G; and Gs. Thus, p*(mH) — 3Gs — 2G1 and
p*(mH) — 4G5 — 3Gy are ample.

Now, consider the following line bundles Ly := p*(mH) — 3Dy — 2Dy — 4G5 — 3G and Lo :=
p*(mH) — 3Dy —2D; —3G5 — 2G1. By our construction, we have smooth rational curves P, and P,
that do not intersect any irreducible component other than F and G, respectively. By Remark 4.2.4,
we have that 7" is a simple normal crossing Calabi-Yau variety. For k > 1, the line bundle L; ® L}

is very ample. Hence, as mentioned in Remark 4.2.2, we can use Proposition 4.2.1. Then, there
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exists an (n + 1)-dimensional singularity (X;z) and a partial resolution:

B—HN
NT’<

J

satisfying the following statements:
1. T is a Cartier divisor on Y.
2. The normal bundle of T in Y is L7 ® Ly~ *.
3. We have an isomorphism 71 (Y) ~ 71 (|P]).

4. The kernel of m°¢(X;z) — m(Y) is cyclic, central, and generated by any loop around an

irreducible component of T'.
5. The singularity (X;z) is log canonical.

Since T and Y are smooth along P;, the restriction of the normal bundle to P; are lens spaces
Si, with |71(S;)| = ¢1(N) N P;. The order of any loop around T divides |71 (S;)].

The restriction of Ly to Py is O(2) and its restriction to Py is O(1). Furthermore, the restriction
of Ly to Py is O(1) and its restriction to Py is O(1). Hence, the restrictions of the normal bundle
L1 ® L% to these curves are O(k) and O(k+1). Thus, the Lens spaces S; and Sy have coprime orders,
therefore all the loops around T are trivial in the local fundamental group of (X;x). Therefore, the

kernel of 71°¢(X;2) — 7 (Y) is trivial, so we have the following isomorphisms:

(X z) = m (YY) = m(|P])
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Chapter 5

Threefold log canonical

singularities

In this chapter we will study the local fundamental groups of isolated threefold log canonical
singularities. The objective will be twofold, for the fundamental groups of threefold isolated log
canonical singularities we will show a family of groups that can be obtained and a family that

cannot occur.

5.1 Surface groups in 3-dimensional singularities

In this section we will be using the main result of Chapter 4 to construct isolated threefold log

canonical singularities with surface fundamental groups:

Theorem 5.1.1. Let S be a compact 2-dimensional manifold without boundary. Then, there exists

an isolated 3-fold log canonical singularity (X;x) for which m°¢(X;x) ~ m1(S).

Proof of Theorem 5.1.1. Let S be a 2-dimensional manifold and Gg be its fundamental group. Let
T be a triangulation of S. We can consider T as a polyhedral complex where each triangle is given
by

T = conv{(0,0), (0,3),(3,0)} C Q.

We may assume that each vertex of T is contained in at most 7 triangles. Let v be a vertex of degree
d at least 4. Let P; be a smooth lattice polygon with no lattice points in the relative interior of its

edges. Let eq,...,eq be its edges. Let T1,...,T, be the triangles containing v.
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We replace T; with T, where:

1. If v = (0,0) € T}, then we replace T; with T, N H;", where H, = {(z,y) | # +y > 1}. By doing

so, we delete the vertex (0,0) and add the vertices (1,0) and (0, 1).

2. If v =(0,3) € T;, then we replace T; with T; N H; , where Hy = {(x,y) | y = 2}. By doing so,

we delete the vertex (0, 3) and add the vertices (1,2) and (0, 2).

3. If v = (3,0) € T;, then we replace T; with T; N Hy , where H3 = {(z,y) | * = 2}. By doing so,
we delete the vertex (3,0) and add the vertices (2,0) and (2,1).

Let us call f; the edge of T} joining the two new vertices. For each i € {1,...,d} we can consider
a lattice isomorphism that glues e; with f;. By doing so, we obtained a 2-dimensional polyhedral
complex 7’ homotopic to T, that does not contain the singular point v of 7 and has no other singular
point introduced. Since our construction works for any singular point of T, even after doing it for
any other vertex. Performing this construction for all the singular vertices, yields a 2-dimensional
smooth polyhedral complex Pg that is homotopic to S. Then, by Theorem 4.0.1, we obtain an

isolated 3-dimensional lc singularity (Xg;z) for which the isomorphism 71°¢(X,; x) ~ Gg holds. [

5.2 Free groups in 3-dimensional singularities

In this section we prove that no free group with 2 or more generators appears as the local fundamental

group of an isolated log canonical 3-fold singularity.

Theorem 5.2.1. No isolated 3-fold log canonical singularity (X;z) satisfy that 7'°¢(X; ) ~ F, with

r> 2.
In order to prove this theorem, we will need the following lemmas:

Lemma 5.2.2. Let (X;x) be an isolated lc 3-fold singularity. There exists a Q-factorial dit modifi-
cation ¢:Y — X and a divisor Ey fully supported on Ex(¢) that is effective and satisfy: for every

movable curve C; on an irreducible component E; of E, we have that —Ey - C; > 0.

Proof. Let ¢: X’ — X be a log resolution obtained by blowing-up centers of codimension at least 2.
Then, there exists an effective divisor Fx/ supported on Ej := Ex(¢) such that —Ex- is ample over
the base. We run a (Kx+ + Ey)-MMP over X that terminates with a dlt modification (Y, E). Let
X" — X’ be a resolution for which there exists a morphism p: X" — Y. Therefore, there exists an

effective divisor Ex supported on Ex(X"” — X) for which —FEx~ is ample over X. We set Ey to
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be the push-forward of Ex~ to Y. Then, the statement follows from the negativity lemma. Indeed,
we can write

p*(—Ey)=—Ex» + F,

where I is an effective divisor exceptional over Y. Let C; be a movable curve on E;. Then, C; is
not contained in p(F') as p(F) has codimension at least two in Y. Let C/ be the strict transform
of C; on X”. The following equalities hold by the projection formula and the fact that C is not

contained in the support of F'
—Ey - C; :p*(—Ey) -C; = (—EXN +F) -Cy > —Exn-C; > 0.

This finishes the proof of the lemma. O

Proof of Theorem 5.2.1. Note that any F,. has Fy(._1)4; as a normal subgroup of index 2. Thus,
we may assume that r is an odd number greater than 3.

Let (X;) be a 3-dimensional isolated lc singularity. We assume that 7i°¢(X;x) ~ F, for some
odd number r > 3. Let (X’;2') — (X; ) be the index one cover of Kx. Then (X’;2') is again an

isolated log canonical singularity with K% Cartier. Note that we have an exact sequence
1 — mloS(X';2') = 7l°°(Xs2) = Z/kZ — 1,

so the local fundamental group of (X’;z’) is free with at least 3 generators. We may replace (X;x)
with (X’;2’) so we can assume that Kx is Cartier.

If (X;z) is klt, then its fundamental group is finite due to Theorem 2.4.13. Hence, we may
assume that (X;z) is log canonical, Kx is Cartier, and {z} is a log canonical center. In this case,
the dual complex D(X;z) is a manifold of dimension at most 2.

Let (Y, E) be a Q-factorial dlt modification of (X;z). We let F1, ..., E, be the irreducible compo-
nents of E and ~y; be a loop around the divisor E;. We have a sequence of surjective homomorphisms

and isomorphisms:

moc(X:a) = (Y \ E) 2 m (Y \ Yo8) — 2 1 (V) ~ 11 (B) —2 mi(D(E)) = m1(D(X; ).

The kernel of v; is the smallest normal group containing v; for ¢ € {1,...,r}. The kernel of -
is generated by torsion elements as Y has isolated klt singularities and klt singularities have finite

local fundamental groups [3, Theorem 1]. The kernel of 13 is the smallest normal group containing
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the image of 7 (E;) — w1 (E) for each irreducible component E;. We will proceed in three different

cases depending on the coregularity of (X;z).

Case 1: In this case, we assume that coreg(X;x) = 2.

In this case, E only has one component. Thus, the kernel of 1, is normally generated by a
single loop 1. We conclude that the group 1 (Y \ Y*"8) is a one-relator group. So, there is an
isomorphism

7 (Y \Y58) ~ (21, ... 2, | s).

By the Magnus-Karras-Solitar theorem [20, Theorem 1], every torsion element of 7 (Y \ Y*88) has
the form nrn~! where n € 71 (Y \ Y*"8) and r* = s for some integer k. Since the kernel of 1,
is torsion, we conclude that 7 (E) is a one-relator group as well. Observe that in this case, E is
a Calabi-Yau surface with canonical singularities. Hence, its fundamental group is isomorphic to
the fundamental group of a smooth Calabi-Yau surface. We use the classification of such surfaces,
to show that their fundamental groups cannot be a one-relator group with at least 3 generators.

Indeed, the fundamental group of a smooth Calabi—Yau surface is either:
1. trivial,
2. a finite cyclic group,
3. the free abelian group Z*, or
4. an extension of Z* by a finite cyclic or a finite bi-cyclic group.

The first two cases have rank at most 2 and are not free, so they are not one-relators with at least
3 generators. By [33], we know that an abelian finitely generated subgroup of a one-relator group
has rank at most 2. We conclude that the third and fourth cases cannot be one-relator groups. This

leads to a contradiction.

Case 2: In this case, we assume that coreg(X;z) = 1.

We show that the loops 7; and 7; commute. We run a (Ky +E — E;)-MMP over X. This minimal
model program terminates with a good minimal model ¢’: Y’ — X. Let E; be the strict transform

of E; on Y’. In the minimal model Y’ the divisor —E} is nef over X. We claim that ¢/~ (z) = E
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holds set-theoretically. Indeed, if there is another divisor E; in this fiber, then by connectedness
we may assume Ej N Ej # (. Thus, a general ample curve ' in E} will intersect E; positively and
hence will intersect —E| negatively. We conclude that, at some step of this minimal model program,
we lead to a model Y on which the strict transform of E; and E; intersect along a codimension 2
subvariety. We write ¢”': Y — X for the associated projective morphism. We let E}" and E7 the
strict transform of E; and E; on Y, respectively. We let ;" and 77 be the loops around E}’ and
EY. Note that at the generic point of Z, the variety Y has a toric surface singularity. In particular,
the local fundamental group 71°¢(Y";7) is abelian. We can move homotopically the loops 7/ and

7; so that the corresponding circles around £}’ and E;" are in a small neighborhood of Z. Hence,

the loops 7} and 7 commute as loops in m (Y \ ¢" _1(95)). There is a natural isomorphism
-1
m(Y\E) = m(Y'\ ¢" (2)),

that sends ; (resp. ;) to ;" (resp. 7}). We conclude that v; and ; commute.

Now, we turn to prove that every +; is a torsion element of 71 (Y \ E). Observe that each surface
E; admits a morphism F; — C to an elliptic curve C' with general fiber a rational curve. Let C; be a
general fiber of E;, — C. Let —m; := C;- E;. Then, we have a relation of the form 7" = ~;_17y;41 in
the fundamental group 71 (Y \ F). Indeed, this relation holds in the restriction of the normal bundle
to C;. The r x r matrix M with entries M; ; := E;-C} is invertible. This fact and the commutativity
of the loops 7; implies that there exists k > 0 such that 4% = 1 for each i € {1,...,r}. We are
assuming that 71 (Y \ E) is free. Hence, it has no non-trivial torsion elements. Since the kernel of
is normally generated by torsion elements, we conclude that 11 is an isomorphism. Since the kernel
of 15 is torsion, again we conclude that 15 is an isomorphism. Hence, we get that 7, (F) ~ F,. for
some r > 3.

Finally, we turn to analyze the kernel of 3 in this case. Note that m(D(E)) ~ Z. By
Lemma 2.4.10, we conclude that 1 (E;) ~ m;(C) ~ Z? for each i. Since C has a lifting to E; via the
isomorphism C' — E; N E;_1, we conclude that the image of every homomorphism 1 (E;) — m1(E)
consists of the same two commuting loops in 7 (F). By the previous paragraph, we have that
71(E) ~ F, so these two commuting elements have the form ¢g* and g* for some g € F,.. In particu-
lar, we obtain a presentation Z ~ (x1,xs,...,2, | s) with a single relation s and r > 3. This leads

to a contradiction.

IWe say that C is a general ample curve in an n-dimensional variety if it is the intersection of (n — 1) general
effective ample divisors.
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Case 8: In this case, we assume that coreg(X;x) = 0. In particular, D(X;x) is a closed 2-

manifold.

As in the previous case, the loops 7y; around the components F; commute. Hence the subgroup
generated by this loops has to be trivial or Z. Therefore the kernel of v); is normally generated by a
single element. We conclude that the group 71(Y \ Y*"8) is a one-relator group with r generators.
As in the first case, by the Magnus-Karras-Solitar Theorem, the group 71 (F) must also be a one
relator group with rank r or a free group of rank r — 1.

Each component E; of F is simply connected. Indeed the minimal resolution of F; is a smooth
rationally connected projective surface. This implies that 3 is an isomorphism. Hence 71 (D(FE))
is a free group or a one relator group with odd rank. Either case is impossible for the fundamental

groups of closed 2-manifolds, hence we have a contradiction. O
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Chapter 6

Fourfold log canonical singularities

In this chapter we will construct isolated fourfold log canonical singularities with a wide variety of
local fundamental groups

The main result of this chapter will be the following:

Theorem 6.0.1. Let M be a connected 3-dimensional manifold without boundary, smoothly embed-
ded in R*. There exists a 4-dimensional isolated lc singularity (X;x) for which 7'°¢(X;z) ~ 7y (M).
In particular, every free group appears as the fundamental group of an isolated 4-dimensional lc

singularity.

In order to prove this we will be use the main result of Chapter 4 to reduce this to the construction

of a special smooth polyhedral complex:

Theorem 6.0.2. Let M be a connected 3-dimensional manifold without boundary, smoothly embed-

ded in R*. There exists a smooth 3-dimensional polyhedral complex P, for which w1 (|P|,) = m1(M).

6.1 The Freudenthal decomposition

In this section, we introduce the Freudenthal decomposition of R* and prove a property of its dual.
This decomposition will be our starting point to go from 3-dimensional real manifolds to smooth

3-dimensional polyhedral complexes.

Definition 6.1.1. For a cube C with coordinates z; € [i;,1;+1] for j € {1,2,3,4}, the Freudenthal

decomposition of C' is defined in the following way. For each path P in the edges of C that:

1. starts in (i1, 42,1%3,1%4),
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2. ends in (i1 + 1,42+ 1,45 + 1,44 + 1), and
3. is non-decreasing in each coordinate

we take the simplex with the vertices that are in the path P and the cube C. The decomposition
of R* obtained by taking the Freudenthal decomposition of each unit cube is called the Freudenthal

decomposition of R* or the F-decomposition of R

Definition 6.1.2. For each 4-dimensional simplex A in the F-decomposition of R* define Ba to be
its barycenter. For each simplex A in the F-decomposition, we define its dual polyhedron AV to be

the convex hull of the vertices Ba,, for each A C A;.

Lemma 6.1.3. Let A be a k-dimensional simplex of the F-decomposition of R*. The dual AV is a
(4 — k)-dimensional polyhedron whose vertices are exactly the Ba, for each A C A;. Moreover, the

dual polyhedra tile R%.

Proof. The dual of the F-decomposition of R? is the projection of the Voronoi diagram of the Ay
lattice in R®, obtained by deleting the last coordinate. See [7, Chapter 21, Theorem 7] for more
details.

O

Definition 6.1.4. Let F be the F-decomposition of R*. By Lemma 6.1.3, the set {AY | A € F}
gives a convex polyhedral decomposition of R*. This decomposition will be called the Freudenthal
dual decomposition of R* or simply the F-dual decomposition. Note that both the F-decomposition
and the F-dual decomposition can be regarded as complexes. For the F-decomposition, we can use

the lattice Z*, while for the F—dual decomposition, we can use the lattice ($Z)%.

Definition 6.1.5. Let M be a subcomplex of the Freudenthal decomposition in R*. We define the
dual MY of M in the following way: For each vertex v € M the dual polyhedron vV is in M. We

write MY for the boundary of the dual.

6.2 Subcomplexes of the Freudenthal decomposition

In this section, we prove the following proposition regarding subcomplexes of the F-decomposition.

Proposition 6.2.1. Let M be a subcomplex of the Freudenthal decomposition in R*. Let My be the
boundary of the dual of M. Then, there exists a 3-dimensional smooth polyhedral complex M' that

is homotopy equivalent to M.
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Proof. We will prove the statement in several steps. First, we will study the polyhedral decompo-
sition of My. Then, we will proceed by performing blow-ups on My in order to obtain a smooth
polyhedral complex. Recall from Remark 2.5.11 that blow-ups may not exist in the general setting.
Hence, we will need to carefully analyze the nerves at each simplex to argue that the blow-up does

exist in this setting.

Step 1: In this step, we study the polyhedra in M, and its nerves. We show the following

statements:
(i) The maximal polyhedra of M are truncated octahedrons and hexagonal prisms.
(ii) The nerves of the vertices of My are 3-dimensional simplices or triangular prisms.

(iii) The nerves of the edges of My are triangles or quadrilaterals.

The maximal polyhedra in M, are 3-dimensional faces of the dual Freudenthal decomposition
of R%. Thus, they are three-dimensional faces of the 4-dimensional permutahedron, i.e. truncated

octahedra or hexagonal prisms. This shows (i).

A 3-dimensional polyhedron of the dual Freudenthal decomposition is in My if and only if it
is a face of a 4-dimensional polyhedron not in MY and a face of a 4-dimensional polyhedron in
M. Therefore, a 3-dimensional polyhedron is in Mj if its dual edge has one vertex in M and one
vertex not in M. For a vertex v in My, its dual in the Freudenthal decomposition is a 4-dimensional
simplex A. The maximal polyhedra of M, containing v correspond to the edges of A that have one
vertex in M and the other vertex not in M. Two of these maximal polyhedra intersect in a 1 or
2-dimensional cell if the corresponding edges share a 3 or 2-dimensional cell in A, respectively. The
vertices in the nerve of v are connected by an edge if the corresponding maximal polyhedra of M
share a 2-dimensional cell. This is the same as asking for the corresponding edges in the Freudenthal
decomposition to be in the same 2-dimensional cell. Since A has 5 vertices there are combinatorially

3 possibilities:

1. The simplex A contains 0 or 5 vertices of M. Then no maximal polyhedron of M, contains p.

So, the point v is not in M.

2. The simplex A contains 1 or 4 vertices of M. Then exactly 4 edges of A have one vertex in

M and one vertex outside of M. Since all these edges in A share a common vertex, each pair
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is contained in a common triangle. Therefore, in the nerve of v in My all the points are joined

by an edge, hence it is a 3-dimensional simplex.

3. The simplex A contains 2 or 3 points of M. Then exactly 6 edges of A have one vertex in
M and one vertex outside of M. Call A, B, 1,2,3 the points of A. Where A and B are both
inside or outside of M and the same holds for 1,2, and 3. The edge formed by points {1, A}
shares a triangle only with {1, B}, {2, A} and {3, A}. We can proceed similarly for each other

of the 6 edges. Hence, the nerve of v in My is a triangular prism.

This finishes the proof of (ii).

For an edge E in Mj its dual in the Freudenthal decomposition is a 3-dimensional simplex A.
The maximal polyhedra of M, containing E correspond to the edges of A that have one vertex in
M and the other vertex not in M. Two of these maximal polyhedra intersect in a 2-dimensional cell
if the corresponding edges share a 2-dimensional cell in A. Hence, the vertices in the nerve of E are
connected by an edge if the corresponding edges in the Freudenthal decomposition are in the same
2-dimensional cell.

Since A has 4 vertices there are combinatorially 3 possibilities:

1. The simplex A contains 0 or 4 vertices of M. Then, no maximal polyhedron of My contains

v. So, the vertex v is not in M.

2. The simplex A contains 1 or 3 vertices of M. Hence, exactly 3 edges of A have one vertex in

M and one vertex outside of M. Therefore, the nerve of F in Mj is a 2-dimensional simplex.

3. The simplex A contains 2 vertices of M. Hence, exactly 4 edges of A have one vertex in M

and one vertex outside of M. Therefore, the nerve of E' in My is a quadrilateral.

This finishes the proof of (iii).

Step 2: In this step, we show that the neighborhood of any non-smooth vertices of My admits

an embedding in Q3 as a strongly polytopal fan.

A vertex v in M corresponds to a simplex A in the Freudenthal decomposition that has 1,2,3
or 4 vertices in M. If it corresponds to a non-smooth vertex, then it must have 2 or 3 vertices in

M, without loss of generality, we will assume that two vertices are in M. Up to a permutation of
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coordinates, we can assume that the simplex has vertices (0,0, 0,0), (1,0,0,0), (1,1,0,0), (1,1,1,0),
and (1,1,1,1).

The vertex v in My, then has coordinates %(4,3,2,1). The vertices of My that have edges
connecting to v will correspond to the barycenters of 4-dimensional simplices sharing a 3-dimensional
simplex with A. Hence, they will be one of the following:

1(321 1)1(4312)1(4231)1(3421) d1(6432)
5 ) b ) b 5 b ) ) ) 5 ) b ) ) 5 ) ) b ) an 5 b ) ) M
Therefore, after translating to the origin the lattice generators of the edges in My with vertex v will

be:

1 1 1
A= g(_la _17 _1a _2)7B = 5(0707 _17 1)50 = 5(07 _15 170)7

1 1
D = 5(_1,17()’0)) and E = 5(27 1a 17 1)

As all the cones are smooth, defining linear maps for each of the cones to a common Z* is the
same as defining an element in Q3 for each lattice ray generator in Z*. The edges of A that have
one vertex in M and one vertex not in M correspond to the 3-dimensional polytopes in My. Up to

symmetry with respect to the origin, there are 6 possibilities for the 2 vertices in M.

1. The vertices are (0,0,0,0) and (1,0,0,0). Hence, the cones in My, will have generators: BDE,
BCE, BCD, ADE, ACE, and ACD. In this case, we define the map as mapping the vertices
A, B, C, D, and F to (0,0,1), (0,0,—1), (1,0,0), (0,1,0), and (—1,—1,0), respectively.

2. The vertices are (0,0,0,0) and (1,1,0,0). So, the cones in My have generators: CDE, BCE,
BCD, ADE, ABE. and ABD. We can define the map as sending the vertices A, B, C, D,

and F to (0,0,1), (1,0,0), (0,0,—-1), (0,1,0), and (—1,—1,0), respectively.

3. The vertices are (0,0,0,0) and (1,1,1,0). The cones in My have generators: CDE, BDE,
BCD, ACE, ABE and ABC. We consider the map sending the vertices A, B, C, D, and E
to (0,0,1), (1,0,0), (0,1,0), (0,0,—1), and (—1,—1,0), respectively.

4. The vertices are (0,0,0,0) and (1,1,1,1). Hence, the cones in My, will have generators: CDE,
BDE, BCE, ACD, ABD, and ABC. We define the map as sending the vertices A, B, C, D
and F to (0,0,1), (1,0,0), (0,1,0), (—1,—1,0), and (0,0, —1), respectively.

5. The vertices are (1,0,0,0) and (1,1,0,0). The cones in My have generators: CDE, ACE,
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ACD, BDE, ABE, and ABD. We consider the morphism that maps the vertices A, B, C,
D, and E to (1,0,0), (0,0,1), (0,0,—1), (0,1,0), and (—1,—1,0), respectively.

6. The vertices are (1,0,0,0) and (1,1,1,0). Hence, the cones in My will have generators: DCE,
ADE, ACD, BCE, ABE and ABC. We define the map as sending the vertices A, B, C, D,

and F to (1,0,0), (0,0,1), (0,1,0), (0,0,—1), and (—1,—1,0), respectively.

In any case, we have lattice maps that send each of the cones in P with vertex v to a common fan in
Z3. As the vertices (0,0,1), (0,0,—1), (1,0,0), (0,1,0), and (—1,—1,0) form a convex bipyramid,

the fan in Z3 is strongly polytopal.

Step 3: In this step, we produce a polyhedral complex M; obtained from My by a sequence of

blow-ups at points.

By Lemma 2.5.14 and Step 2, we can perform blow-ups at each non-smooth point of 2M. The
construction of the blow-up in the proof of Lemma 2.5.14 depends on the choice of: an embedding
into Q3, a piecewise linear function Q3 — Q%, and a hyperplane H in Q*. By the second step, we
can choose the same embedding, piecewise linear function, and hyperplane for every two vertices in
My with isomorphic neighborhoods. By doing so, we produce a polyhedral complex M; where all

the non-smooth edges are disjoint.

Step 4: In this step, we blow-up at the edges of M7 to obtain a smooth complex.

To do so, we show that the blow-up of M; at any edge with nerve a quadrilateral exists.

In My the only nerves of edges that are not 2-dimensional simplices are quadrilaterals. The
complex Mj is obtained by performing blow-ups at vertices of My and all the nerves at 2-dimensional
cells are simplices. Therefore, by Lemma 2.5.15, all the new edges in M; have simplices as nerves.
Hence, by Step 1, the only edges in M;, without simplices as nerves were edges in My without
simplices as nerves. Such edge had non-simplicial nerves in both vertices, hence there were blow-ups
performed in Mj at both of these vertices.

Let L be one such edge, with vertices A and B. In M; this edge is contained in four 3-dimensional
simplices. The points A and B are contained in these four 3-dimensional simplices and also in
polyhedrons P4 and Pg, respectively. The polyhedrons P4 and Ppg are the result of the blow-ups

at points A’ and B’ in M.
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The cone at P4 with vertex A and the cone at Pg with vertex B are isomorphic by the choice
of blow-ups in Step 2. We take a hyperplane H,4 in P4 separating A and the other vertices in Pga.
We define a hyperplane Hp in Pp by the same equations that define H,4 in P4. The intersection
points of Ha N P4 and Hp N Pg define four points in each of the four 3-dimensional polyhedra that
contain L. In each of these 3-dimensional polyhedra, the 2 points coming from R4 are joined to the 2
points coming from Rp with lines parallel to L. Therefore, these four points define a parallelogram.
Therefore, we define the blow-up at L by cutting with the hyperplanes defined by the parallelograms.
The edge L is replaced with the quadrilateral prism with faces given by the parallelograms in the
3-dimensional polyhedra containing L and the quadrilaterals in H4 and Hp. This is the prism over
the quadrilateral H4 N P4 = Hp N Pg.

In M; the only strata with non-simplicial nerves are disjoint edges and the points in these edges.
Hence, after blowing-up these edges, by Lemma 2.5.15, all the nerves are simplicial. Therefore, after
performing the aforementioned blow-up at each non-smooth edge, we end up with Ms a smooth

polyhedral complex.

Step 5: In this step, we define M’ := My and finish the proof.

Observe that M’ is a smooth polyhedral complex of dimension 3 by construction. Furthermore,
since blow-ups are simply homotopy equivalences, we conclude that M’ is homotopic to My. This

finishes the proof. O

6.3 Free fundamental groups of 4-dimensional singularities

In this section, we show that every free group appears as the fundamental group of a log canonical

4-dimensional singularity.

Proof of Theorem 6.0.2. As M is compact and smooth in R*, there exists large enough N, such that
the union of the lattice cubes of size % that intersect M gives a set homotopic to a tubular neigh-
borhood of M. Equivalently dilating M by a factor of N and taking all the unit cubes intersecting
My gives us a subcomplex of the F-decomposition of R* homotopic to a tubular neighborhood of
M. Call M’ this subcomplex of the F-decomposition. The boundary of the dual complex of M’ in
the F-dual decomposition of R* is two disjoint complexes, homotopic to M. Let M, be one of these

subcomplexes.
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By Proposition 6.2.1 there exists a smooth 3-dimensional polyhedral complex P, for which

m1(|P|,.) = m1(M). This finishes the proof. O

Proof of Theorem 6.0.1. This follows from Theorem 6.0.2 and Theorem 4.0.1. O
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Part 11

Fundamental Groups of low

coregularity Calabi-Yau type pairs.
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Chapter 7

Fundamental Groups and

coregularity

The main result of this chapter is the following Theorem:

Theorem 7.0.1. Let (X, D) be a projective kit pair with absolute coregularity ¢ < 2. Then n5™(X, D)

is virtually abelian of rank at most 2c.
An important particular case of this theorem is the following:

Corollary 7.0.2. Let (X, D) be a projective kit pair of absolute coregularity 0. Then w5™(X, D) is

finite.

The proof of the main theorem will rely on the following reduction from pairs of coregularity c

to pairs of dimension c.

Theorem 7.0.3. Assume that the orbifold fundamental group of the smooth locus of any kit Calabi-
Yau pair with standard coefficients of dimension at most c is virtually abelian of rank at most 2c.
Then for any (X, D) projective kit pair with absolute coregularity at most c, the fundamental group

7™ (X, D) is virtually abelian of rank at most 2c.

Proof. We proceed by induction on the dimension, assume that (X, D) is a projective klt pair of
absolute coregularity ¢, with dim X = d, and that the statement of the theorem holds for pairs with
dim X < d and coregularity at most c.

As 7m§™(X, D) = m™(X, Dg) and cofeg(X, Dy ) < coteg(X, D) it is enough to prove the state-

ment for pairs with standard coefficients. Thus, we may assume that D = D
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Case 1: In this case, we prove the statement when (X, D) is a Calabi-Yau pair.

If (X, D) is a Calabi-Yau pair, then the dimension of X is ¢ as (X, D) is a klt pair. Since D has

standard coefficients, the group n§™ (X, D) is virtually abelian by the statement of the theorem.

Case 2: In this case, we prove the statement when (X, D) is not Calabi-Yau.

If (X, D) is not Calabi-Yau, then there exists a generalized Calabi-Yau pair (X, B, M) of coreg-
ularity ¢ with B> D and B— D + My # 0.

Let ¢ : (Y, By,M) — (X, B,M) be a Q-factorial gdlt modification. Let ¢*(Kx + D + Mx) =
Ky+Dy+My. Then by Lemma 2.4.6, we can choose Py, such that 7§™(Y, Py, M) — 7i™(X, D, M).

We have that (Y, By, M) is generalized Calabi-Yau of coregularity ¢ and that (Y, Dy, M) is
generalized sub-klt. As by Lemma 2.4.6, Dy < Py < aDy + (1 — a)(By) for appropriate a. For «
small enough, (Y, Py, M) is generalized klt of Calabi-Yau type with absolute coregularity at most

c. In fact it has absolute coregularity exactly ¢, as Py > Dy and Lemma 2.3.5 imply that

coreg(Y, Py, M) > coteg(Y, Dy, M) > coteg(X, D,M) = c.

Since Ky + Py ~ —aBy + aDy — My is not pseudo-effective, we can run a (Ky + Py )-MMP
with scaling of an ample divisor that ends on a Mori fiber space f: Z — W.

By monotonicity of log discrepancies and Lemma 2.3.4, the generalized pair (Z, Pz, M) is again
gklt of absolute coregularity at most c.

By Lemma 2.4.8, we have 73™(Z, Pz, M) — 73™(Y, Py, M), where ¢ : Y --» Z induces p.(Py) =
Py and ¢.(By) = Bz.

Let (W, By, N) be the generalized pair induced by the canonical bundle formula (Lemma 2.2.8),
i.e.

" (Kw 4+ Bw + Nw) ~g Kz + Bz + My.

Let (W', By, N) be a Q-factorial gdlt modification of (W, By, N). By Lemma 2.2.12, we have

the following commutative diagram:
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where g is a birational contraction only extracting generalized log canonical places and f’ is of Fano

type.

By construction, (Z’, Bz, M) has a generalized log canonical center of dimension at most ¢. By
Lemma 2.2.11, its image contains a glcc of (W', By, N) of dimension at most ¢. Since (W', By, N)
is gdlt, we have ¢ > cofeg(W’, By, N) > coteg(W’, By/).

By Lemma 2.4.7, there exists an effective divisor Rz, satisfying that Py < Rz < By/, where

KZ’ + PZI —|—MZI = g*(KZ + PZ + MZ)7 SUCh that:

™™ (Z', Rz, M) — mi"™(Z, Pz, M).

Let Ry be as in Lemma 2.4.10, applied to (Z', Rz/,M), and F’ (F, respectively) the general

fiber of f” (of f, respectively). Consequently, we obtain the exact sequence

™ (F', Rg,S) = my™(Z', Rz, M) — ni™ (W', Ry, N) — 1,

and S =M

where we define Rp/ := Ry - Similarly we define Bp := BZ|F .

o
The divisor Ry satisfies Ry < By and coeff(Ry/) < 1. Since (W', By, N) is gdlt of
coregularity at most ¢, the pair (W', Ry, N) is gklt of absolute coregularity at most c¢. By the
induction hypothesis, 75™ (W', Ry, N) = 75™ (W', Ry ) is virtually abelian of rank at most 2c.
By Lemma 2.2.14 applied to the generalized pair (F, Bp,S) and the generalized log canonical

: I’ --» F, there exists a birational morphism p : Iy — F extracting the

places extracted by g| .,

same generalized lc places. Therefore the induced birational map ¢ : Fy --+ F' is small. Hence
7™ (F',Rp,S) ~ wim(Fo,RFO,M|FO),

where Rp, = ¢, ' (Rr) = p; H(RF) = p; }(Pr)+E satisfies the hypotheses of Lemma 2.4.9. Therefore
7™ (F', Rps, S) is finite.
Hence, by Lemma 2.1.3, the group n5™(Z’, Rz, M) is also virtually abelian of rank at most 2c.

By the surjections
™2 Rz, M) — 7™ (Z, Pz, M) — 7i™(Y, Py, M) — m™(X, D,M) ~ ni™(X, D),

a virtually abelian group of rank at most 2c¢ surjects onto 75™ (X, D). Therefore 75™ (X, D) is also

virtually abelian of rank at most 2c.
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O

Proof of Theorem 7.0.1. Due to Proposition 2.4.4 and Proposition 2.4.5, the hypothesis of Theo-
rem 7.0.3 holds for dimension at most 2, hence the statement holds for pairs of absolute coregularity

at most 2. O
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Chapter 8

log Calabi-Yau surfaces

The main result of this chapter is the following constraint on the fundamental groups of log Calabi-

Yau pairs:

Theorem 8.0.1. Let (X, B) be a projective log Calabi- Yau pair of dimension 2. Then, we have that
rank(ﬂim(X,B)&b) <A4.

The following lemma allows us to understand the fundamental group under contractions of curves.
Lemma 8.0.2. Let (X, B) be a 2-dimensional log Calabi-Yau pair. Let X — Y be a divisorial
contraction. Let By be the push-forward of B to Y. Then, there is a surjective homomorphism

(Y, By ) —» "™ (X, B).

Proof. Let C' C X be the exceptional curve. If the image of C' on Y is a smooth point y, then we

have

(Y, By) ~ m" (Y \ {y}, By) =~ 7" (X \ C, B|x\¢) = m1"(X, B),

where the last homomorphism is surjective. On the other hand, if y lies in the smooth locus, then

we have that

" (Y, By) ~ 7" (X \ C, B|x\¢) = m"(X, B),
where the last homomorphism is surjective. This finishes the proof. O

Proof. First, note that if (C, B¢) is of log Calabi—Yau type, then rank(75™(C, BC)&b) < 2.
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Let (X, B) be a log Calabi—Yau surface. We run a Kx-MMP that we denote by X — X’. Let
B’ be the push-forward of B to X’'. By Lemma 8.0.2, we may replace (X, B) with (X', B’) in order

to prove the statement. Hence, we may assume that one of the following statements holds:
(i) the variety X is Calabi-Yau and B = 0,
(ii) the variety X admits a Mori fiber space to a curve X — C, or
(iii) the variety X is Fano of Picard rank one.

Assume that X is Calabi—Yau. Let Y — X be the index one cover of Kx, so Y is Calabi-Yau
with canonical singularities and Ky ~ 0. It suffices to prove the statement for Y. The minimal
resolution of Y is either an abelian surface or a K3 surface. If the minimal resolution of Y is an
abelian surface, then Y is itself an abelian surface and the statement follows. We may replace X

with Y and assume that its minimal resolution is a K3 surface. Assume that
(X)) — W?m(X)ab ~7Z A,

where A is a finitely generated abelian group. We let Ny, := kZ & A < 7§™(X) a normal subgroup

of index k. Then, we have a short exact sequence
1— N, —m™(X) = Z/kZ — 1.

We denote G, := Z/kZ. Let Z;, — X be the branched cover associated to Nj,. Then, Z; admits the
action of Gy. Let Z; be the Gj-equivariant minimal resolution of Zj. Let X}, be the quotient of Z;,

by Gj. We have a commutative diagram

Z;, — X'

| ]

Z — X.

We may assume that Z; is a smooth K3 surface. Otherwise, Z is an abelian surface and the
statement follows. Note that X’ — X only extracts divisors with log discrepancy at most 1. Hence,
the projective birational morphism X’ — X is crepant. This implies that X’ carries a nowhere
vanishing 2-form. Hence, the automorphism group G must act symplectically on the smooth K3
surface Z;. This leads to a contradiction, as a finite group acting symplectically on a smooth K3

surface has order bounded above [30].
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Tt suffices to prove the statement for 71(Z). Let Z’' — Z be a minimal resolution. Then Z’ is a
smooth Calabi—Yau variety and 71 (Z’) ~ m1(Z). Thus, the statement follows from the classification
of smooth Calabi-Yau surfaces.

Assume that X admits a Mori fiber space X — C' to a curve. Then, the statement follows from
Lemma 2.4.10.

Assume that X is a Fano variety of Picard rank one. By means of contradiction, assume that
p: WX, B) = (X, B)*» ~Z™ @ F,

where F is a finite group and m > 5. Let Nj, = (kZ)™ @ F < 5™ (X, B) a normal subgroup of index

k™. Let Nj := v~ 1(Ng). Then, we have a short exact sequence
1 — N, = m™(X,B) = (Z/kZ)™ — 1.

We denote Gy, := (Z/kZ)™. Let Y — X be the branched cover associated to N}.. Then Y admits the
action of Gy, and the log pull-back of (X, B) to Y is a Gi-equivariant log Calabi-Yau pair (Y, By).
By assumption, we have that

rank (73" (Y, By)(ab) >m > 5.

Then, by Lemma 8.0.2, case (i), and case (ii) above, we conclude that the Gy-equivariant MMP
Y — Y’ for Ky must terminate in a Fano surface of Picard rank one. We obtain a Fano type surface
Y’ that admits the action of (Z/kZ)™ for k arbitrarily large and m > 5. By [28, Lemma 2.24] there
exists a Gp-equivariant boundary By~ for which (Y’, By) is log Calabi-Yau and N (Ky+ + By+) ~ 0,
where N is independent of k. This contradicts [28, Theorem 6]. We conclude that m < 2 in case

(iii). This finishes the proof. O
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Chapter 9

Effective Bounds

The main result of this chapter is that we can obtain effective bounds on the index and length of

normal solvable subgroups of the orbifold fundamental groups of pairs of small coregularity:

Theorem 9.0.1. There exists a constant i(d, c) depending only on d and c, such that any kit Calabi-
Yau type pair (X, D) of dimension d and absolute coregularity ¢ has fundamental group n5™(X, D)

with a normal solvable subgroup of length at most 2d — 1 and index at most i(d,c).

Similarly to the proof of these fundamental groups being virtually solvable, we will rely on the

reduction of the statement to pairs of low dimensions:

Theorem 9.0.2. Assume that there exists a constant j(c), such that the orbifold fundamental group
of the smooth locus of any kit Calabi- Yau pair with standard coefficients of dimension at most ¢ has
a solvable subgroup of index at most j(c) and length at most 2c — 1. Then, there exists constants
i(d, ¢) depending only on d and c, sucht that any kit Calabi-yau type pair (X, D) of dimension d and
absolute coreqularity ¢ has 75™(X, D) containing a normal solvable subgroup of length at most 2d — 1

and index at most i(d, c).

Proof. We proceed by induction on the dimension, assume that (X, D) is a projective klt pair of
absolute coregularity ¢, with dim X = d, and that the statement of the theorem holds for pairs with
dim X < d and coregularity at most c.

As m§™(X, D) = m5™(X, Dg) and cofeg(X, Dy ) < coteg(X, D) it is enough to prove the state-

ment for pairs with standard coefficients. Thus, we may assume that D = Dy

Case 1: In this case, we prove the statement when (X, D) is a Calabi-Yau pair.
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If (X, D) is a Calabi-Yau pair, then the dimension of X is ¢ as (X, D) is a klt pair. Then the

statement holds by the hypothesis of the theorem

Case 2: In this case, we prove the statement when (X, D) is not Calabi-Yau.

By the proof of Theorem 7.0.3, we have a surjection

m™(Z', Rz, M) — ni™(X, D),

and an exact sequence

W?m(F/,RF/, S) — Wim(Z/,RZ/,M) — Tr?m(W/,RW/,N) — 1,

where (F’, Rp/,S) is Fano of dimension at most d. Hence by [4, Theorem 3] there exists a con-
stant ¢(d) depending only on d, such that 7§™(F’, Rp/,S) has an abelian subgroup of index c(d).
(W', Rw,N) is klt of Calabi-Yau type of coregularity at most ¢ and dimension less than d, therefore
by induction 75™ (W', Ry, N) has a solvable subgroup of length 2d — 3 and index i(d — 1, ¢).

Therefore by Lemma 2.1.6, the group n§™(Z’, Rz/,M) is solvable of length at most 2d — 3 + 2
and index at most c(d)!i(d — 1, ¢).

As ™(Z', Rz, M) surjects onto 75™ (X, D), the desired bounds hold.

O

Proof of Theorem 9.0.1. By [15, Theorem 3] there is an effective bound on the index of an abelian
subgroup of 7™ (X, D) of klt Calabi-Yau surfaces. Therefore, the result follows in coregularity 2 by
Proposition 9.0.2. O

79



Bibliography

[1]

Alexeev, V. Two two-dimensional terminations. Duke Math. J. 69, 527-545 (1993),

https://doi.org/10.1215/S0012-7094-93-06922-0

Birkar, C., Cascini, P., Hacon, C. & McKernan, J. Existence of minimal models for varieties of
log general type. J. Amer. Math. Soc. 23, 405-468 (2010), https://doi.org/10.1090/S0894-0347-

09-00649-3

Braun, L. The local fundamental group of a Kawamata log terminal singularity is finite. Invent.

Math. (2021)

Braun, L., Filipazzi, S., Moraga, J. & Svaldi, R. The Jordan property for local fundamental
groups. Geom. Topol. 26, 283-319 (2022), https://doi.org/10.2140/gt.2022.26.283

Brieskorn, E. Beispiele zur Differentialtopologie von Singularitéiten, Invent. Math. 2, 1-14 (1966)

Campana, F. & Claudon, B. Abelianity conjecture for special compact Kéhler 3-folds. Proc.
Edinb. Math. Soc. (2). 57, 55-78 (2014), https://doi.org/10.1017/S0013091513000849

Conway, J. & Sloane, N. Sphere packings, lattices and groups. (Springer-Verlag, New York,
1999), https://doi.org/10.1007/978-1-4757-6568-7, With additional contributions by E. Bannai,
R. E. Borcherds, J. Leech, S. P. Norton, A. M. Odlyzko, R. A. Parker, L. Queen and B. B.
Venkov

Corti, A. Flips for 3-folds and 4-folds. (Oxford University Press, Oxford, 2007),
https://doi.org/10.1093 /acprof:os0/9780198570615.001.0001

Cox, D., Little, J. & Schenck, H. Toric varieties. (American Mathematical Society, Providence,

RI, 2011), https://doi.org/10.1090/gsm/124

Durfee, A. Neighborhoods of algebraic sets. Trans. Amer. Math. Soc. 276, 517-530 (1983),
https://doi.org/10.2307/1999065

80



[11]

[17]

[18]

[19]

[22]

[23]

Figueroa, F., Filipazzi, S., Moraga, J. & Peng, J. Complements and coregularity of Fano vari-

eties. (2022,11,16), https://arxiv.org/abs/2211.09187v1

Figueroa, F., Moraga, J. & Peng, J. Log canonical thresholds and coregularity. (2022,4,11),
http://arxiv.org/abs/2204.05408v2

Filipazzi, S. & Svaldi, R. On the connectedness principle and dual complexes
for generalized pairs. Forum Math. Sigma. 11 pp. Paper No. €33, 39 (2023),
https://doi.org/10.1017/fms.2023.25

Filipazzi, S. On a generalized canonical bundle formula and generalized adjunction. Ann. Sec.

Norm. Super. Pisa Cl. Sci. (5). 21 pp. 1187-1221 (2020)

Gachet, C., Liu, Z. & Moraga, J. Fundamental groups of log Calabi-Yau surfaces. (2023,12,7),
http://arxiv.org/abs/2312.03981v1

Grothendieck, A. Cohomologie locale des faisceaux cohérents et théoréemes de Lefschetz locaux
et globaux (SGA 2). (North-Holland Publishing Co., Amsterdam; Masson & Cie, Editeur,
Paris,1968), Augmenté d’un exposé par Michele Raynaud, Séminaire de Géométrie Algébrique

du Bois-Marie, 1962, Advanced Studies in Pure Mathematics, Vol. 2

Han, J. & Liu, W. On a generalized canonical bundle formula for generically finite morphisms.

Ann. Inst. Fourier (Grenoble). 71, 2047-2077 (2021), https://doi.org/10.5802/aif.3437
Hartshorne, R. Algebraic geometry. (Springer-Verlag, New York-Heidelberg,1977)

Kapovich, M. & Kollar, J. Fundamental groups of links of isolated singularities. J. Amer. Math.
Soc. 27, 929-952 (2014), https://doi.org/10.1090/S0894-0347-2014-00807-9

Karrass, A., Magnus, W. & Solitar, D. Elements of finite order in groups
with a single defining relation. Comm. Pure Appl. Math. 13 pp. 57-66 (1960),
https://doi.org/10.1002/cpa.3160130107

Kollar, J. & Kovécs, S. Log canonical singularities are Du Bois. J. Amer. Math. Soc. 23, 791-813
(2010), https://doi.org/10.1090/50894-0347-10-00663-6

Kollar, J. New examples of terminal and log canonical singularities. (2011,7,14),

http://arxiv.org/abs/1107.2864v1

Kollar, J. Links of complex analytic singularities. (2013,3,21), http://arxiv.org/abs/1209.1754v3

81



[24]

[25]

[26]

[27]

[31]

[32]

Kollar, J. Singularities of the minimal model program. (Cambridge University Press, Cam-
bridge,2013), https://doi.org/10.1017/CB09781139547895, With a collaboration of Sandor

Kovacs

Lazarsfeld, R. Positivity in algebraic geometry. 1. (Springer-Verlag, Berlin,2004),

https://doi.org/10.1007/978-3-642-18808-4, Classical setting: line bundles and linear series

Milnor, J. Singular points of complex hypersurfaces. (Princeton University Press, Princeton,

N.J.; University of Tokyo Press, Tokyo,1968)

Moraga, J. & Svaldi, R. A geometric characterization of toric singularities. (2021,8,3),

http://arxiv.org/abs/2108.01717v1

Moraga, J. On a toroidalization for klt singularities. (2021,6,29),

http://arxiv.org/abs/2106.15019v3

Moraga, J. Coregularity of Fano varieties. Geometriae Dedicata. 218 (2024,2),
http://dx.doi.org/10.1007/s10711-023-00882-z

Mukai, S. Finite groups of automorphisms of K3 surfaces and the Mathieu group. Invent. Math.
94, 183-221 (1988), https://doi.org/10.1007/BF01394352

Mumford, D. The topology of normal singularities of an algebraic surface and a criterion for

simplicity. Inst. Hautes Etudes Sci. Publ. Math. 9, 5-22 (1961)

Neumann, W. & Wahl, J. Universal abelian covers of quotient-cusps. Math. Ann. 326, 75-93
(2003), https://doi.org,/10.1007/s00208-002-0405-6

Newman, B. Some results on one-relator groups. Bull. Amer. Math. Soc. 74 pp. 568-571 (1968),
https://doi.org/10.1090/50002-9904-1968-12012-9

Nori, M. Zariski’s conjecture and related problems. Ann. Sci. Ecole Norm. Sup. (4). 16, 305-344

(1983),

Schwede, K. Gluing schemes and a scheme without closed points. Recent Progress In Arithmetic

And Algebraic Geometry. 386 pp. 157-172 (2005), https://doi.org/10.1090/conm/386/07222

Shokurov, V. Semi-stable 3-fold flips. Izv. Ross. Akad. Nauk Ser. Mat. 57, 165-222 (1993),
https://doi.org/10.1070/IM1994v042n02A BEH001541

82



