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Abstract

Topology has been at the heart of many breakthroughs in modern physics including the
discovery of topological insulators, the bulk-edge correspondence (BEC), and the spin Hall
effects. It has been recently found that topological effects can emerge not only in lattices,
but also in fluids and plasmas where topologically protected edge-modes have been identified
via the BEC. While this is a major discovery on its own, it also reveals an underlying and
largely unstudied topological vector bundle structure of continuum waves. We show that
topologically nontrivial waves are not rare, emerging even in simple continuous media such
as the vacuum—in the form of photons and gravitons—and cold unmagnetized plasmas. In
this thesis we use this structure to study novel topological applications beyond the BEC.
Examples include constructing nonsingular representations of massless particles, construct-
ing globally smooth bases of polarization vectors for photons and electromagnetic plasma
waves (despite claims that this would violate the hairy ball theorem), and characterizing the
relationship between the geometry and topology of massless particles.

Particularly interesting applications pertain to issues surrounding the spin (SAM) and
orbital angular momentum (OAM) of electromagnetic waves. OAM beams have applications
in a diverse range of fields including wakefield acceleration and laser-induced magnetic field
generation in plasmas. However, there has been a long controversy about whether the an-
gular momentum (AM) of massless particles can be legitimately split into SAM and OAM.
We identify geometric and topological singularities that develop in the massless limit which
obstruct such an SAM-OAM decomposition for photons and gravitons; a similar obstruction
occurs in plasmas. The geometric singularity is related to a nonzero curvature of the polar-
ization space. We also show that the AM eigenstates of massless particles and unmagnetized
plasma waves can be expressed as spin-weighted spherical harmonics—these harmonics con-
cretely illustrate the lack of a genuine SAM-OAM decomposition. However, we demonstrate
that the AM admits a natural decomposition, induced by rotational symmetry, into helicity

quasi-AM and orbital quasi-AM. Although these operators do not generate rotations and are
3



therefore not true AM operators, they are gauge invariant and appear to be experimentally

relevant.
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Chapter 1

Introduction

1.1 Background and motivation

Topology has been at the root of a number of major physical discoveries of the modern era.
These include the Aharonov-Bohm effect [11], the quantum Hall effects [12—15], the intrinsic
anomalous Hall effect [16], the bulk-edge correspondence (BEC) [17-20], and the existence
of topological insulators |21, 22|. A common feature in most of these applications is the
appearance of Chern numbers, topological invariants which are calculated for wave systems
and which are often directly related to physically observable phenomena, such as resistances
in Hall effects or the number of edge modes at a material interface in the BEC. The discovery
of physical phenomena that depends explicitly on topology is rather surprising. In heuristic
terms, topology can be thought of as the study of “pre-geometric” structures which are
invariant under deformations. A famous example is that the surfaces of a coffee cup and
a donut are topologically equivalent in the sense that one can be deformed into the other,
even though they are geometrically quite different. Perturbing the physical parameters of a
system typically causes corresponding changes to the geometry, for example, changing the
Hamiltonian or Riemannian metric, which in turn changes the equations of motion. However,

topological structures are typically invariant under small perturbations and so do not detect

15



these variations. It is very interesting to find that some physical properties depend only
on the topological Chern number. For example, in the presence of a large magnetic field,
materials exhibiting the integer quantum Hall effect have a transverse conductivity given by

[14]

e
=(C—— 1.1
o C27rh (1.1)

where C' is the integer Chern number. Perturbing the applied magnetic field does not result
in any change in the conductivity, at least until the magnetic field is changed by such a large
amount that the topology changes, at which point C' will jump by an integer.

Topological effects such as these are most well-known in condensed matter systems with
periodic lattice structures and corresponding periodicity in reciprocal momentum space.
However, it turns out that these discrete lattices and periodic momentum spaces are not
essential for the appearance of topological phenomena, and topological waves a priori have
the possibility of appearing in almost any physical system supporting waves. In particular,
topological waves in continuous media have been recently identified in neutral fluids |20,
23-28| and plasmas [19, 28-35]. The primary application in continuous media studied thus
far is the BEC in which a difference in the topological Chern number between two media can
be used to predict the number of edge modes at their interface. Since the properties of these
edge modes are determined by topology rather than geometry, they are particularly robust,
and often exhibit an immunity to backscattering even when the interface is not smooth [34].

While the physics of the aforementioned topological phenomena differ, they largely share
the same mathematical structure. A common recipe which has emerged in the physics
literature [13, 14, 16, 18, 22-25, 27, 28, 30-33| can be summarized as follows. One begins
with a linear wave equation in a homogeneous medium, which in Fourier space can be

expressed as an eigenvalue problem

H(K)[n(k)) = wn(k)[n(k)). (1.2)
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Here, H is a Hermitian operator on CP| the eigenmodes |n(k)) € CP are discretely labeled by
n, and the Hamiltonian and eigenmodes depend on the wavevector k. H may also depend
on some external parameters. One defines the Berry connection A, = (n|Vg|n) and the
corresponding Berry curvature B, = Vi x A,, and then calculates the so-called Chern
number C(n) = 3= [(BdS where S is some 2D surface in k-space. C(n) ends up being
a physically meaningful quantity in many cases, for example, it is proportional to the Hall
conductivity in the anomalous Hall effect [36] and the integer quantum Hall effect [Eq. (1.1)]
[14].

While this recipe is mechanically simple and quite powerful, it is also rather opaque both
mathematically and physically. Indeed, it is often not immediately clear in what sense C' is
a topological invariant, or even of what topological object C' is supposed to be an invariant
of. The answer to these questions is that Chern numbers are always associated to vector
bundles.! Vector bundles are parameterized collections of vector spaces which smoothly
fit together. Most often in wave physics these vector spaces are the collections of plane
waves with a given wave vector k. Each value of k defines such a vector space, and when
collected together, these form the vector bundle of wave solutions, which we will sometimes
call the wave bundle or particle bundle, depending on context. We emphasize that the vector
bundle structure naturally arises when solving linear wave equations with standard Fourier
techniques, although this terminology and vector bundle methods are rarely used. The main
difference in perspective that occurs when using the language of vector bundles is that waves
at all k are simultaneously considered, rather than those at a fixed value of k. This allows
for the analysis of global, topological features of these waves.

In most physical applications of topology, the vector bundle structure is largely or en-
tirely ignored, with the focus instead placed solely on the Chern number (although there
are notable exceptions, see [19, 20]). Furthermore, the topological analysis of waves in con-

tinuous media is a new area of research, and so far work has almost exclusively focused on

'More generally, Chern numbers can also be defined for some types of principal G-bundles, but
these are not typically used in wave applications.
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the BEC. The BEC and the existence of topologically protected fluid and plasma waves is
indeed a spectacular result, but one may well suspect that there is other interesting topo-
logical behavior exhibited by these systems. In this thesis we take an alternative approach
to the study of continuum waves in which we make extensive use of the vector bundle struc-
ture. Vector bundles are among the most well-studied topological objects in topology and
differential geometry, so this formalism allows us to apply an arsenal of powerful techniques
and results from these fields to physical systems. Furthermore, it provides a clear framework
which we can use to explore and uncover new topological phenomena in continuous media
beyond the BEC. A key observation is that the vector bundle description of waves is par-
ticularly well-suited for simultaneously studying the topological and geometric properties of
these waves. By geometry, we more specifically mean the symmetry of these waves, such as
the Poincaré symmetry of photons and other massless particles, or the rotational symmetry
of waves in an isotropic plasma. Symmetries are concretely described by unitary represen-
tations of symmetry groups on vector bundles, which generalize representations on vector
spaces commonly used in classical and quantum mechanics. It is easy to see why vector
bundles are a natural setting to discuss symmetries. Vector bundles are particularly helpful
when one needs to describe waves with different k simultaneously, and symmetry actions
typically change the k of a wave.

One of the surprising findings of this work is that it reveals that nontrivial topology can
exist in even the simplest continuous media, including the vacuum. In particular, we will
show that massless particles with nonzero helicity, such as right (R) and left (L) circularly
polarized photons and (linearized) gravitons are topologically nontrivial. Likewise, the R
and L electromagnetic waves in the unmagnetized cold plasma are topologically nontrivial,
and in fact, are topologically equivalent to the vacuum R and L waves. Although photons,
gravitons, and waves in cold unmagnetized plasma are extremely well-studied systems, using

the framework of vector bundle representations we can uncover new results about these
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waves, including some which contradict long-held notions in physics. Before turning to an
outline of this thesis, we mention a few particular applications.

The first is that using topological techniques we can prove the existence of, and in fact
explicitly construct, a global basis of polarization vectors for photons. That is, it is possible
to choose globally smooth polarization vectors €;(k) and €s(k) which are orthonormal and
transversely polarized (€; - k = 0) at each k. It is claimed in some standard quantum field
theory texts ([37], §6.2.1; [38], §46.4) that such a polarization basis cannot be smoothly
defined and must necessarily contain singularities. The justification for this claim is that
since €;(k) - k = 0, a smooth choice of ¢;(k) would amount to a smoothly combing the hairs
on a sphere, violating the hairy ball theorem (|39], Theorem 16.1). We show in Chapter 3
that this argument has a subtle error, namely, the hairy ball theorem does not apply since
we are in Fourier space and the ¢; are complex, rather than real, polarization vectors. The
complex extension of the hairy ball theorem does not hold, and using an adaptation of the
clutching construction from algebraic topology [40, 41|, we explicitly construct such a basis.
The same construction can be applied to give a global basis for gravitons and electromagnetic
plasma waves as well.

A second notable application pertains to the construction of smooth representations of
massless particles. Wigner developed the modern framework used to classify elementary par-
ticles by their symmetry groups [42, 43|. This gives a way to construct and classify possible
particle state spaces as representations of the Poincaré group (the group of spacetime sym-
metries). This technique produces well-behaved massive particle representations. However,
Wigner’s method, which is still used in modern quantum field theory textbooks [43, 44],
produces singular representations of massless particles. In particular, if one begins with a
smooth particle state (a wave function) and effects a change of reference frame by applying
a Lorentz transformation, one typically obtains a discontinuous wave function. We show
that by modifying Wigner’s little group method to apply to vector bundle representations

rather than vector space representations, we can produce massless particle representations
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free of singularities, so that smoothness in one reference frame guarantees smoothness in
all reference frames. This complements the work of Flato et al. [45] and Boya et al. [46]
who also noticed singularities in Wigner’s representations. Others, such as Simms [47] and
Asorey et al. [48], recognized the vector bundle structure of massless particles, but explored
this structure only from a mathematical perspective and did not relate it to the smoothness
issues present in Wigner’s representations. One of the advantages of our method is that it
produces extremely simple and explicit massless representations in terms of tensor products
of the photon representations. Using these, we can show the novel relationship C' = —2h
between the geometric helicity h and topological Chern number C of massless particles.
One of the most surprising applications of the vector bundle framework pertains to the
issue of defining spin (SAM) and orbital angular momentum (OAM) for photons, gravitons,
and plasma waves. OAM beams have found surprisingly diverse scientific and industrial
applications [49] including, but not limited to, the development of new imaging [50, 51]
and optical communication [52] techniques, as well as advances in the manipulation of mi-
crostructures [53]. Given the interest in OAM beams in tandem with the groundbreaking
detection of gravitational waves by LIGO [54, 55|, it is unsurprising that researchers have
also proposed studying the OAM of gravitational waves [56-58|. Simulations have also shown
that OAM beams may be highly useful in applications involving laser-plasma interactions
such as wakefield acceleration of electrons [59, 60] and laser-induced generation of extremely
strong magnetic fields in plasmas [61-64]. Despite these successes, there are deep theoretical
issues surrounding the concepts of “OAM” and “SAM” for electromagnetic waves. Indeed,
there has been an extended debate on this issue [65-81|, which began when van Enk and
Nienhuis pointed out that the most obvious definitions for SAM and OAM operators are
either not gauge-invariant or else do not satisfy angular momentum commutation relations
[67, 68]. The angular momentum commutation relations [J,, Jy] = i€upeJ. are the defining
feature of angular momentum operators [67, 68, 74, 75, 78, 79, 82, 83|, as they reflect that

these operators are generators of rotations. Without them, there is no clear relationship
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with rotational symmetry and most of the standard theoretical tools for angular momentum
operators cannot be used, including the Clebsch—Gordan coefficients, the addition of angular
momentum formula, and the Casimir invariance of the square angular momentum operator.
Since these issues were first pointed out, there have been persistent attempts [69-72, 76, 80,
81] to find SAM and OAM operators for photons and a great deal of argument and confu-
sion surrounding this issue. However, none of these attempts have successfully overcome the
problems found by van Enk and Nienhuis, that is, none of the proposed operators are both
gauge invariant and actually angular momentum operators |67, 78, 80].

There is a good reason for this failure. Using the vector bundle description of massless
particles developed in this thesis, we show that there are obstructions, which can be un-
derstood both topologically and geometrically, that prevent such an SAM-OAM splitting
for massless particles with nonzero helicity [1-6]. From the topological point of view, we
can show that topologically nontrivial particles cannot admit an SAM-OAM decomposition.
While we will explore this in much more rigorous detail, we can give a heuristic picture for
why this is the case. An SAM and OAM decomposition essentially implies that one can
decouple the internal polarization degrees of freedom (DOFs) and the external momentum
DOFs of a system. A well-defined SAM operator generates a 3D rotational symmetry of the
internal DOFs while the OAM operators generate a rotational symmetry of the momentum
k without altering the polarization DOFs. These add together to give the total angular
momentum which generates the simultaneous rotation of the internal and external DOFs.
However, the presence of nontrivial topology indicates that the internal and external DOFs
are globally twisted together and cannot be decoupled. This mixing of the internal and ex-
ternal DOFs obstructs an SAM-OAM decomposition. This applies to photons and gravitons
as well as to plasma waves.

Nevertheless, this leaves open the question as to the theoretical origins of the commonly
used “SAM” and “OAM?” for massless particles. While these are not true angular momentum

operators, and thus do not allow the use of any of the standard tools developed for angular
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momentum operators, it appears that they are still useful experimentally in both optics and
plasma physics [77, 84]. We will call these operators quasi-angular momentum operators, and
show that they arise in a very subtle way as a singular limit of the relativistic massive SAM
and OAM operators related to the Newton-Wigner position operator. This explanation is
intimately related to the vector bundle structure of these particles. We find that the failure
of these quasi-angular momentum operators to satisfy angular momentum commutation
relations is related to a nonvanishing geometric curvature, and arises due to a rather strange

degeneracy of transverse boosts and rotations that occurs in the massless limit.

1.2 Overview of thesis

This thesis is closely based on seven papers [1-7| studying topological and geometrical phe-
nomena pertaining to massless particles, such as photons and gravitons, and cold unmagne-
tized plasma waves. Particular focus is placed on the problem of understanding the angular
momentum of these waves and obstructions to its SAM-OAM decomposition.

In Chapter 2 we provide a brief mathematical introduction to vector bundles and Chern
numbers. This chapter aims to give a sense of how vector bundles naturally arise in the
study of waves, and why Chern numbers are the topological invariants typically discussed
in wave systems. The theory of characteristic classes and numbers, which encompasses the
theory of Chern classes and Chern numbers, is fairly complicated and can be discussed
at varying levels of abstraction. We discuss only one of the simpler incarnations of this
theory in terms of the Chern—Weil homomorphism, which is arguably the most useful for
physical calculations. This chapter is included in the main text as it helps bridge and clarify
the relationship between the modern mathematical formalism of vector bundles and how
topological methods are typically used in wave physics. However, the reader may wish to

skip this chapter and refer back to it only as needed.
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Chapters 3-9 present papers [1-7] and form the core of this thesis. In chapter 3, based
on Ref. [1], we describe the topology and geometry of photons, and develop the formalism
which will be used to describe the topology of waves throughout this thesis. The R and
L circularly polarized photon bundles are particularly important as they will be shown
in Chapter 5 to be the building blocks of other massless waves as well as topologically
equivalent to the electromagnetic waves in cold unmagnetized plasmas. We show that,
contrary to conventional wisdom [37, 38|, it is possible to construct a smooth, globally well-
defined polarization basis for photons, a result which appears to contradict the hairy ball
theorem. We also show how symmetries are naturally defined in this framework by unitary
representations, and in particular we study the Poincaré symmetry of these vector bundles.
We show how bundle representations of the Poincaré group naturally decompose into unitary
irreducible representations (UIRs), i.e., particles, such as the R and L photons. Furthermore,
these representations are smooth and free of singularities, solving the smoothness issue in the
massless Wigner representations [42, 43, 46]. We show that Wigner’s little group method can
be recast and adapted to the vector bundle formalism, and used to classify massless particles.
We will also show how in this framework it becomes clear that there is an obstruction to an
SAM-OAM decomposition for photons.

In Chapter 4, which is based on Ref. 2], we extend these results to (linearized) gravitons,
giving an explicit construction of the graviton bundle and a global polarization basis for it, an
analysis of the global issues with linear polarizations, and the nonexistence of an SAM-OAM
decomposition.

In Chapter 5, based on Ref. [3], we consider the case of massless particles of arbitrary
helicity. In particular, we show that the state space of massless particles of arbitrary helicity
can be constructed by taking repeated tensor products of the R and L photon bundles.
This provides a simpler construction and description of massless vector bundles than that
of Asorey et al. [48], who gave a more implicit construction of such vector bundles. Our

explicit description is particularly useful for calculations in later chapters. In this chapter,
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we also use it to describe a novel relationship between the topology and geometry of massless
bosons. The relationship between the topology and geometry of massive particles is actually
a standard result in physics (although it is not typically thought of as relating topology
and geometry). In particular, for massive particles dimV = 2s 4+ 1 where dim V" is the
dimension of the internal polarization space (a topological quantity) while s is the particle’s
spin, characterizing its Poincaré geometry. This relationship completely breaks down for
massless particles, which always have dimV = 1. We show that instead the relationship
between topology and geometry is described by C' = —2h, where h is the helicity, which
characterizes the massless Poincaré geometry, and C is the Chern number characterizing
these particles’ topology.

In Chapter 6, based on [4], we will take up the issue of SAM-OAM decompositions for
massless particles more directly, proving a series of four no-go theorems preventing such
decompositions. The first two no-go theorems show that the general argument used for
photons and gravitons extends to all massless particles with nonzero helicity, and that the
obstruction to an SAM-OAM decomposition can be understood both geometrically and
topologically. The next two no-go theorems illustrate that this obstruction persists under
certain relaxations of the requirements on SAM and OAM operators.

In Chapter 7, based on Ref. [5], we examine the origin of what we call the quasi-angular
momentum operators, which have commonly been considered as an SAM-OAM-type splitting
of the photon angular momentum [67, 68, 71, 72, 77]. We show how any geometric connection
on a vector bundle induces a splitting of the total angular momentum into two operators
which resemble in some sense SAM and OAM operators. However, these operators are only
true angular momentum operators if the curvature of the connection is zero. This establishes
a deep relationship between the curvature of connections—which play a very important role
in general relativity and in differential geometry—and the angular momentum of particles.
We show that massive particles admit two different connections, corresponding to boosts and

rotations, respectively. A unique combination of these connections yields a flat connection,
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which corresponds to the relativistic massive SAM and OAM operators, as well as to the
underlying Newton-Wigner position operators. However, for massless particles a rather
strange singularity occurs in which transverse boosts and rotations degenerate, leaving only
a single curved connection for massless particles. This nonvanishing curvature implies that
the resultant quasi-angular momentum operators do not constitute genuine SAM and OAM
operators, giving perhaps the clearest explanation of this obstruction.

In Chapter 8, based on Ref. 6], we take up a different but related problem, pertaining to
explicitly finding the definite (total) angular momentum states, or more particularly, finding
the simultaneous eigenstates of energy, helicity, J? and J, for massless particles. This was
done recently by Dragon [85] as well, but due to his different formalism, his solutions are
implicit and not related to known special functions. In contrast, we show, using our vector
bundle framework and a well-chosen coordinate systems, that the eigenstates for a helicity
h particle are given by the spin-weighted spherical harmonics of weight —h. These are
special functions which generalize the ordinary spherical harmonics and have been extensively
used throughout physics [86-98|. We use this description to give a concrete and intuitive
illustration of the nonexistence of SAM-OAM decompositions for massless particles, showing
that the angular momentum multiplet structure is far too sparse to be consistent with an
SAM-OAM decomposition.

In Chapter 9, based on Ref. [7], we will apply the results developed in the previous
chapters to waves in cold unmagnetized plasma. We will show that this system is very similar
to the photon system, the primary difference being the introduction of longitudinal Langmuir
waves. These Langmuir waves are topologically trivial, while the R and L electromagnetic
modes are topologically, and to some extent geometrically, equivalent to the R and L photon
modes. We can thus directly apply many of the results from the previous chapters, showing
that the R and L waves are topologically nontrivial and have an explicit global polarization
basis. We also show that they do not allow a genuine SAM-OAM decomposition, but that a

canonical quasi-angular momentum splitting does exist which agrees with a recently proposed
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splitting [84]. The R and L eigenmodes of definite angular momentum are described by the
SWSHs, while the Langmuir waves are described by ordinary spherical harmonics. Finally,
we discuss how the vector bundle framework we develop may be applied to more complicated
plasma models which are kinetic and/or magnetized.

In Chapter 10 we give some concluding remarks and discuss possible directions for future

research inspired by these results.
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Chapter 2

Vector bundles, Chern classes, and

Chern numbers

This chapter presents some background on one of the primary mathematical tools we will use
throughout this thesis, namely vector bundles. We will introduce characteristic classes and
characteristic numbers, which include the Chern classes and Chern numbers commonly used
in physics. These are the most useful topological invariants used to study the vector bundles
which describe waves, and we seek to give some perspective on why. We hope to convey
that useful topological invariants are difficult to define, even for manifolds. Vector bundles
pose additional challenges due to the fact that they are homotopy equivalent to their base
manifolds, and thus homotopy invariants such as the homotopy groups and (co)homology
groups are not useful, at least directly, for characterizing vector bundles. Characteristic
classes, such as the Chern classes, are specifically well-suited to provide useful topological
information about vector bundles, explaining their prevalence in physics. Furthermore, we
will show that the vector bundles most commonly encountered in continuum wave problems
are completely characterized by their Chern numbers, showing that there is often no need

to search for other topological invariants.
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While we believe this chapter provides useful perspective on how the topology of vector
bundles arises in physical applications, the reader may choose to skip it. Theorems from
this chapter, especially Theorem 2.3, will be referenced throughout this thesis and can be
referred back to as needed. The theory of characteristic classes is very complicated, and
we discuss only the simple version presented in Ref. [99] based on the Chern—Weil theory.
This is arguably the most useful version of the theory for the purposes of physics as it is
most directly related to the way Chern classes and numbers are calculated in practice. More
advanced treatments of characteristic classes can be found in many standard references,

including Refs. [41, 100, 101].

2.1 Vector bundles

Vector bundles are parameterized collections of vector spaces. This structure arises naturally
when describing waves in homogeneous linear media. For example, linearized electromag-
netic waves in a homogeneous linear medium can typically be described in the spectral

representation by a wave equation of the form ([102], §1.2):

Dg(w,k)E =0 (2.1)
Dy =NN" —1N? + €(w, k) (2.2)
ck
N=2=" 2.
- (2:3)

where w is the frequency, k is the wavevector, FE is the electric field, Dg is the dispersion
tensor, N is the refractive-index vector, and € is the dielectric tensor which depends on the
plasma model. Other dynamic variables such as B and the plasma density or distribution
function are determined by E via the equations of motion of the plasma model. Note that

except in Chapter 9, we will set ¢ = 1 and thus refer to k as the momentum. The dispersion
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relation is given by

det Dg(w, k) = 0. (2.4)

Its solutions give the dispersion branches w = w,(k) for a discrete label ¢. For a fixed ¢, the

wave equation

Dg(w,(k),k)E =0 (2.5)

defines the polarizations of the mode. At each fixed k, the solution space V, (k) is a complex
vector space, and in fact, is a linear subspace of C3. As k is varied, this vector space will
vary as well, so we obtain a family of vector spaces parameterized by the momentum space.
Typically Dg(w,(k), k) is a smooth function of k except at a discrete set of points; away
from these points, the vector spaces V,(k) will vary smoothly with k, provided we also
exclude k values at which two or more branches w, cross. Let M C R? denote the space of
nondegenerate k values. As k varies on M, the dimension of the vector spaces V, (k) will
be a constant value r. For each fixed k a polarization E € V (k) describes a plane wave
solution of the wave equation with momentum k and frequency w,(k). Thus, the collection
of all the vector spaces V, (k) describes the collection of all plane wave solutions for the mode

wy(k). The parameterized family of vector spaces
by = H Va(k) (2.6)
k

(where ] denotes the disjoint union) is an example of a mathematical structure called a
vector bundle. In general, a smoothly varying collection of r-dimensional vector spaces
parameterized by some manifold M is called a (smooth) rank r vector bundle. M is called
the base manifold and the vector space V, (k) is called the fiber at k € M. The vector
bundle is called real or complex depending on whether the fibers are real or complex vector
spaces. A rank 1 vector bundle is called a line bundle.

More formally, vector bundles are defined as follows:
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Definition 2.1 (Complex vector bundles (|99], Def. 7.1)). Let M and E be smooth mani-

folds. A smooth surjection w: E — M is a complex vector bundle of rank r if

1. For every k € M, the set E, = E(k) = 7 (k) is a complex vector space of dimension

r>0;

2. every point k € M has an open neighborhood U such that there is a fiber-preserving
diffeomorphism

o7 HU) = UxC" (2.7)
that restricts to a linear isomorphism Ey — {k} x C" on each fiber.

Real vector bundles are defined by replacing complex vector spaces with real vector spaces
in the above definition. Note that this is the definition for a smooth vector bundle; we will
assume throughout this thesis that all vector bundles are smooth. Note also that we do not
allow vector bundles to have rank 0 so as to avoid discussing trivial edge cases. Technically
speaking, F is called the total space and the entire triple 7 : £ — M is called the vector
bundle. However, it is standard to refer to E as the vector bundle as well, especially when
m and M are clear from context or irrelevant. The elements of E are called vectors and we
denote them by either v € Fj or (k,v), where the latter notation indicates explicitly that
the vector lies in the fiber at k.

A section of the vector bundle 7 : £ — M is a choice of vector in each fiber. That
is, a section is a map f : M — E such that f(k) € Ej;. In the example of waves in a
linear medium, a section would be a choice of polarization vector E(k) € V (k) (including
magnitude and phase) for each k, and describes a superposition of waves. In certain contexts
one may call this a (momentum space) wavefunction. The space of all sections of the bundle
E is denoted by T'(E). I'(E) is itself an infinite-dimensional vector space.

Given two vector bundles EF and F' over the same base manifold, we say that F' is a
subbundle of FE if the fibers of I’ are linear subspaces of the fibers of E. F' is called a

proper subbundle if F' # E.
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Definition 2.2 (Bundle map (|99], Definition 7.5)). A bundle map between the vector bundles
g E— M and np : F — N is a pair of maps (¢ : E — F,¢ : M — N) such that ¢
linearly maps the fiber Ey to Fyu for each k € M. It is typical to slightly abuse language

and call ¢ a bundle map.

Definition 2.3 (Vector bundle isomorphism). If 7g : E — M and 7p : F — M are vector
bundles and there exist bundle maps ¢ : E — F and ¢ : F' — E such that Y o ¢ : 1g and
¢po =1g then E and F are isomorphic as vector bundles and ¢ and 1) are vector bundle

1somorphisms.

From the example of plasma waves, we see that vector bundles provide a natural way
of organizing plane wave solutions. Vector bundles have emerged as one of the primary
topological objects of interest in differential geometry [99] and algebraic topology [41]. By
organizing our solutions into vector bundles, we can access an arsenal of powerful tools
and established results to explore the properties of the solution space of a wave equation.
Notice that if one is interested in studying waves with a single fixed k value, then the vector
bundle description does not have any obvious benefits. The power of the vector bundle
formalism lies in the fact that it encodes information about the polarization of waves for
all k simultaneously. It is thus especially useful in situations when multiple k need to be
considered. For example, consider the following straightforward question. Is it possible to
have waves with w = w,(k) traveling in all directions simultaneously? Suppose the waves
are transversely polarized, such as the electromagnetic modes with w = \/m in a
cold unmagnetized plasma (with w, being the plasma frequency). It is not immediately
clear if it is possible to smoothly choose E(k) for all directions k. Indeed, one might guess
that the existence of such a E(k) would violate the hairy ball theorem because the waves
are transverse. In the language of vector bundles, the existence of E(k) is equivalent to
asking if the vector bundle of this mode has any globally nonvanishing sections. The theory
of vector bundles makes answering such questions straightforward, and in later chapters we

will show that it actually is possible to choose such an E(k) (because it is complex), contrary
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to what one expects from naive application of the hairy ball theorem. The vector bundle
structure is also very useful for treating symmetries of waves. Indeed, one of the most useful
ways of thinking about symmetries is via actions of symmetry (Lie) groups. Waves with 3D
rotational symmetries, for example, have an action of the rotation group SO(3) in which a
rotation R € SO(3) maps waves with momentum k to waves with momentum Rk. Thus, in
discussing rotational symmetries, is necessary to relate waves with different k.

Before proceeding, we mention a couple of common types of vector bundles. Given a
manifold M of dimension n, the tangent bundle T'M is the rank n real vector bundle
in which the fiber at k € M is the tangent space of the manifold at k. A vector field
s: M — TM on M is a section of the tangent bundle T'M. The space of all vector fields on
M is denoted by X(M) =T'(T'M).

For each rank r, the simplest vector bundles are the trivial vector bundles M x R" and
M x C". These are the vector bundles formed by attaching the same vector space, R" or
C", to every point of the manifold. A vector bundle is said to be trivial if it is isomorphic to
M xR" or M xC". Vector bundles are topologically interesting because there exist nontrivial
vector bundles, that is, the fibers are attached in such a way that the resulting object is not
globally equivalent to a simple direct product of spaces. For example, T'S?, the tangent
bundle of the 2-sphere S?, is a real rank 2 bundle which is not equivalent to S? x R%. Indeed,
the hairy ball theorem famously says that it is not possible to continuously choose a tangent
vector to the sphere at every point, that is, 7°S? has no nonvanishing sections. Meanwhile
52 x R? always has a nonvanishing section, for example, (k) = (k,vo) is such a section for
any fixed nonzero vy € R%. Thus, 7'S? and S? x R? cannot be equivalent.

Note that given a real vector bundle E, one can always define a corresponding complex
vector bundle E¢ = F®C, called the complexification of E, by defining each fiber of E* to be
the vector space complexification of the corresponding fiber of £ [100]. The complexification

of a tangent bundle TM is denoted T®M. We will find that 7CS?, the bundle obtained by
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complexifying the tangent planes of S?, frequently shows up in the description of transversely
polarized waves.

Given a vector bundle 7 : F — M and a submanifold N C M, one can define the
restriction 7 : E|y — N obtained by simply restricting the base manifold.

While a generic vector bundle £ is a topological object, one can endow vector bundles
with a geometric metric structure. In particular, this can be done by defining a real or

complex (Hermitian) inner product

<', > : Ek X Ek —RorC (28)

on every fiber. A real or complex vector bundle endowed with such an inner product is called
a Riemannian bundle or a Hermitian bundle, respectively. In later chapters we will consider
the unitary action of symmetry groups on vector bundles, which provide further geometric

structure to vector bundles.

2.1.1 (Berry) connections on vector bundles

In this subsection we will discuss connections on vector bundles. Connections, which can
be thought of as generalized covariant derivatives, play a fundamental role in certain areas
of physics, especially in general relativity (the Levi-Civita connection) and in various ap-
plications of topology where the Berry connection is frequently used to calculate the Chern
number. It is often the case in the physics literature that a formula for the Berry connec-
tion is used without reference to the underlying vector bundle or much explanation about
where the formula originates. In addition to introducing connections, one of the purposes of
this subsection is to derive the commonly used formula for the Berry connection and Berry
curvature. The reader may consult Ref. [103|, §17.4b for a related discussion of the Berry

connection for line bundles.
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A section ¥ : M — M x R" of the trivial vector bundle M x R" is simply a vector-valued
function on M. Given a vector field X € X(M) on M, we can naturally define X -V, which
gives the directional derivative of ¢ at each point k£ € M in the direction X (k) € T, M. It is
often convenient to write X -V as Vx. Treating X € X(M) as an argument as well, we can
think of V as an operator which takes both a vector field and a section, and returns another

section:

V: X(M) x T(M x R") — T(M x R") (2.9)

Thus, on the trivial bundle M x R™, there is a natural way to take derivatives of sections.
However, on a general vector bundle 7 : £ — M there is not always an unambiguous way
to define such a differential operator. The essential issue is that the derivative is meant to
characterize how a section (k) changes as k € M is varied. However, 1(k;) € E(k;) and
(ky) € E(k2) live in different vector spaces (different fibers), and thus one cannot subtract
these vectors from each other to measure their difference. This was not a problem for the
trivial bundle M x R™ because the fibers are all identified with the same vector space R™
and can thus be subtracted from each other. As an example, if we consider the section
o(k) = (k,vp) of M x R™ for some fixed vy € R", then V x1)y = 0 and we naturally consider
this a constant section. However, if V were defined for the tangent bundle of the sphere
T'S?, what would it mean for a section to be constant? There is no obvious way to say that
two vectors tangent to different points on the sphere are the same.

The generalization of V for a general vector bundle 7 : E — M is called a connection.

As the previous discussion indicates, there is not typically a unique connection on a vector

bundle.
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Definition 2.4 (Connection on a vector bundle, ([99], Definition 10.1)). Let X(M) denote

the space of vector fields X : M — TM on M. A connection D on 7 : E — M is a map

D : X(M) xT(E) = T'(E)

such that for any smooth function f : M — R or C, Dx1 is f-linear in X and satisfies the

Leibniz rule in ):

Dyx(¢) = [Dxy (2.10)

Dx(f¢) = df(X)¢ + fDx (2.11)

where df : TM — C is the differential of f. We also write Dx as X - D; this should be

thought of as the derivative in the direction X .

Note that a connection D on 7 : F — M can be expressed locally around £ € M in
coordinates as follows. Let U be some open neighborhood of k£ and (ey,...,e,) be a set of
sections which form a basis of Ej for each k£ € U; this is always possible provided U is small
enough. Then we define the connection forms w} : X(U) — C which are 1-forms defined
by (]99], Section 11.1)

Dxe; = wi(X)e; (2.12)

where summation over repeated indices is implied. [w!] is an 7 x7 matrix of 1-forms called the
connection matrix. It gives a local, coordinate-dependent description of the connection D.
One can also use (2.12) and connection forms on an open cover of M to define a connection.
On a bundle with an inner product, we can choose the e; to be orthonormal, allowing us to

write

wi(X) = (e;, Dxe;) (2.13)
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In some cases, one has enough additional structure on a vector bundle to uniquely define a
canonical connection. For example, if M is a Riemannian manifold, then there is a canonical
connection on T'M called the Levi-Civita connection [99]; this connection plays a fundamental
role in general relativity, as its Ricci curvature appears in the Einstein field equations.

For the bundles appearing in wave physics, there is also typically a canonical connection
called the Berry connection. Suppose that 7 : E — M was defined by choosing each fiber
to be a particular r-dimensional subspace of C" for some n > r; this was the case for the
bundles E, in Eq. (2.6) describing electromagnetic wave modes in a linear medium with
n = 3. This makes F into a rank r subbundle of M x C". It also makes E into a Hermitian
vector bundle, inheriting the inner product of C". Furthermore, it allows us to consider a
section ¢ € T'(E) as a section of the trivial bundle M x C". This allows us to take the
directional derivative with the canonical connection V of the trivial bundle M x C" to v, so
that Vx is a section of M x C" (but not necessarily of E) for any vector field X. We can
now define the Berry connection forms. Let U C M be small enough open set such that we
can choose a local orthonormal basis ey, ..., e, of sections of E|y. Then we can define the

Berry connection forms

wh(X) = (ei, Vxej). (2.14)

Note that V is essentially another notation for the exterior derivative d,
Vxth = di(X) (2.15)

so we can also write (2.14) as

wh = (e;, dej). (2.16)

One can show that while the Berry forms w;'- depend on a choice of coordinates e;, they define
a coordinate independent connection via Eq. (2.12). Eq. (2.16) is the form of the Berry
connection most commonly used in physics. It is almost always the case that one can choose

U to be all of M except with a finite set of points excluded, so it is not typically necessary to
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consider multiple neighborhoods. For line bundles » = 1, there is only a single basis vector

e and a single connection 1-form given by

W = (e,de) (for line bundles) (2.17)

2.1.2 The curvature of a connection

The curvature of a connection is an important quantity that arises in both general relativity
and in the calculation of Chern numbers via the Berry curvature. As we previously noted,
if we have not chosen a connection on a vector bundle, then we cannot identify vectors
in different fibers. If a connection D is chosen, one can almost do this. A connection
defines a notion of parallel transport, whereby given a vector (ko,vy) € Fy, and a path
v : [0,1] — M from ky = ~(0) to k; = (1), one can transport (ko,vy) along v and
identify it with some uniquely defined (ki,v1) € Ei, ([99], §29.1). However, (k;,v;) will
typically depend on the path 7. Another way to say this is that if v forms a loop in M
so that k; = ko, then (ko,v9) may return to some different (kg,v;) after circulating around
~v. One can think of the curvature of a connection as measuring this path dependence of
the induced parallel transport. A connection which has vanishing curvature will induce a
path-independent parallel transport. Technically, the curvature of D is defined as the map
[99]

Fp : X(M) x X(M) x T(E) — T(E) (2.18)

Fp(X,Y)) = (DxDy — DyDx — Dix.y))¥ (2.19)

where [X, Y] is the Jacobi-Lie bracket of vector fields. One can think of [Fp(X,Y)y](ko)
as measuring the change in a vector ¥ (ko) after it is transported around an infinitesimal

square loop in M with sides given by tangent vectors X (ko) and Y (ko).
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Just as the connection is described locally as an 7 x r matrix of 1-forms [w}] [Eq. (2.12)],
the curvature can be locally described as an r x 7 matrix [Q2}] of 2-forms called the curvature
forms: ([99], §11.1)

F(X,Y)e; = (X, Y)e;. (2.20)

The curvature forms can be calculated directly in terms of the connection forms using the

second structural equation (|99], Theorem 11.1)
Q) = dw! + wp A W) (2.21)

where A is the wedge product of differential forms and, as always, we sum over repeated
indices. Note that for line bundles (r = 1), which frequently appear in the study of waves as
they describe nondegenerate modes, there is only a single connection 1-form (& = w}) and

curvature 2-form Q = QI related by
Q2 =dw (for line bundles). (2.22)
In such cases the Berry curvature, with e = ey, is given by
Q = d{e,de)y = (de, de). (2.23)

It is common in physics to express 1-forms and 2-forms as vector fields when M is R? (or

an open subset of R?. For each pair of indices 1 < 7,7 < r, one can define the 3D vector
Al = —i(e;,Ve;). (2.24)

This set of vectors is often also called the Berry connection. The factor of —i is a convention
commonly used in the physics literature. This convention offers one minor advantage when

dealing with line bundles (nondegenerate waves). In this case r = 1, so the vector field A]
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will be real. This follows from the fact that since e; is a unit vector,

d<€1, €1> = <€1, Vel> + <v€1, 61) (225)
= (e1,Vey) + (e1, Vey)~ (2.26)
=0 (2.27)

which shows that (e;, Ve;) is purely imaginary. However, the factor of —i has a notable
disadvantage which obscures the sense in which Aé- is a connection. Indeed, if D is a
connection and ¢ # 1 is a complex scalar, then ¢D does not satisfy the Leibniz rule (2.11)
and is thus not a connection. For this reason we will not use this factor of —:¢ after this

section. The Berry curvature corresponding to A; is defined as [104]
Fi=VxA. (2.28)

This is simply the vector field form of —idw?.! One will note by comparing with Eq. (2.21)
that this formula is only equivalent to the actual Berry curvature if the Berry connection
matrix [w;] is idempotent, that is, if w,i/\w;? = 0 for all 7, j. In most physical applications this
condition is satisfied and thus .’F'; is indeed another representation of the Berry curvature

[€2] matrix.

2.2 Characteristic classes and Chern numbers

Topological invariants are quantities (in a general sense) that depend only on the isomor-
phism type of topological object being studied. For example, when dealing with manifolds
a topological quantity is the same for all manifolds which are diffeomorphic to each other.

When dealing with vector bundles, which are the primary topological structures in the study

'More precisely, first map the 2-form —i dw; to the 1-form — dwj» with the Hodge star, and then
use the canonical map from 1-forms to vectors in Euclidean R3.
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of waves, topological quantities are those which depend only on the isomorphism type of the
vector bundle. These quantities are particularly robust because small changes to physical
parameters result in small changes to the vector bundles of wave modes, that is, they may
cause slight changes to the allowed polarizations for each k. Such small changes change the
geometry of the vector bundle, but they cannot typically change the isomorphism type, that
is, the topology is unaffected.

The simplest class of complex vector bundles are the trivial bundles which are isomorphic
to M x C". These vector bundles m : & — M are characterized by the fact that they allow
a global polarization basis, that is, it is possible to define sections 1y, ...,, such that at
each k € M, 11(k),...,¥.(k) are linearly independent and span the fiber Ej. Famously, the
hairy ball theorem says that the tangent bundle of the sphere T'S? is not trivial, meaning
that it is not possible to construct a global basis of tangent vectors to the sphere (in fact, it
is not even possible to choose a single such 1)y).

We will encounter many waves whose vector bundles are not trivial, and we thus wish
to have a method of classifying them. This is the fundamental classification problem: find
labels for the isomorphism classes of rank r real or complex vector bundles E over a given
base manifold M. Such labels are called topological invariants. As will be discussed in §2.2.3,
in condensed matter one is typically interested in the case that M is the 2-torus or 3-torus,
and in the study of continuous media the case of M = S2.

One might notice from examining the literature on topological waves that the (first) Chern
number is the primary topological invariant discussed. It is natural to wonder why this is so
and if there may not be other useful topological invariants used for classifying wave bundles.
In this section, we seek to emphasize two points. First, Chern numbers appear because they
are, in a sense, the only game in town. Topological invariants are extremely difficult to find,
and it is even more difficult to find invariants which are simple enough to calculate. Finding
topological invariants for vector bundles poses a particularly difficult problem due to the

fact that they can be smoothly deformed into their base manifold. Characteristic classes,
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which include Chern classes, are an ingeniously constructed set of topological invariants
which are particularly well-suited for vector bundles. There is no obvious contender for an
additional topological invariant to supplement the Chern numbers. The second point we
wish to emphasize is that the vector bundles which most commonly occur in the study of
continuous media are completely topologically characterized by their first Chern number.
Thus, there is usually no need for other topological invariants—even if they were found,

their information would be contained in the Chern numbers.

2.2.1 The difficulty of finding topological invariants for vector bun-
dles

The most well-known classes of topological invariants of a manifold M are the dimension,
homotopy groups m,(M), homology groups H, (M), and (de Rham) cohomology groups
H™(M) [105]. The dimension offers an obvious extension to a topological invariant for a
vector bundle 7 : £ — M. Indeed, the rank r of F is a topological invariant, as two
vector bundles can only be isomorphic if they have the same rank. Vector bundles are
themselves manifolds, so it is immediate that 7, (F), H"(FE), and H,(F) are all topological
invariants as well. However, they are essentially useless. The reason is that the homotopy and
co(homology) groups are not only diffeomorphism invariants of manifolds, but also homotopy
invariants. This means that if two manifolds M and N can be continuously deformed into
one another, then they have the same homotopy groups and co(homology). Notably the
continuous deformations do not even need to preserve the dimension, for example, R™ and
C™ can be continuously shrunk down to a single point, and have the homotopy groups and
co(homology) groups of a point which are, of course, trivial. This poses a problem for vector
bundles, because the fibers, that is, the vector spaces E, = C" attached at each k € M,
can all be simultaneously shrunk down to their point of attachment, completely erasing the
vector bundle structure. Thus, any vector bundle E is homotopy equivalent to its base

manifold M, so that 7. (F) = n.(M), H.(E) = H,(M), and H*(E) = H*(M). Thus, these
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invariants do not directly encode any information about the vector bundle structure and
cannot help distinguish two vector bundles over the same M. By this argument, we see that

the homotopy invariants of manifolds are not directly useful for labeling vector bundles.

2.2.2 Characteristic classes

Characteristic classes are a cleverly constructed set of topological invariants for vector bun-
dles that avoid the aforementioned issues. They have the critical advantage of being fairly
easy to calculate; this comes at the cost of a high degree of abstraction. Indeed, the con-
struction of characteristic classes is far from obvious. We will give an overview of only the
simpler version of this theory, based on the Chern—Weil homomorphism as discussed in Ref.
[99]. This is the version most closely related to how Chern numbers are typically calculated
in physical applications. We refer the reader to Refs. [41, 101] for other treatments of
characteristic classes.

The essential idea of characteristic classes, from the perspective of Chern—Weil theory,
is to construct topological invariants from the curvature matrix [Q¢]. One would be right
to note that this is an odd approach, as the curvature matrix depends both on the choice
of connection D and on the coordinates used to express it. However, in the end it is found
that the invariants calculated are independent of both these choices.

We begin by supposing we have some rank r vector bundle 7 : £ — M. It is always
possible to choose some connection D and a local neighborhood U so that the curvature is
expressed via the curvature matrix ) = [Qz] with respect to some local basis ey, ..., e, of
U. Recall that the Q; are 2-forms on U C M. If one changes to a new set of coordinates f;

where f; = a”e;, then the curvature matrix [Qf] with respect to the new basis is given by

Q=a"'Qa. (2.29)
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We must now consider the algebra of invariant polynomials on gl(r,C), denoted by
Inv(gl(r,C)). gl(r,C) is the space of r X r complex matrices, so a generic element X € gl(r, C)

is given by

X=|: - (2.30)
Tyl o+ Tpp

A polynomial in gl(r,C) is a polynomial with complex coefficients in the variables z;; con-

sidered as indeterminates. For example, with r = 2,

TI'(X) = 211 + T22 (231)
det(X) = 211292 — T1272 (2.32)
Q(X) = 2211291 + i(712)° (2.33)

are examples of polynomials in gl(2,C). A polynomial P in gl(r, C) is said to be invariant if

for every invertible  x r matrix a € GL(r, C):

P(a™'Xa) = P(X). (2.34)

For example, the trace Tr(X) and determinant det(X) are invariant polynomials but Q(X)
is not. Notice that we can plug ) into an invariant polynomial, forming P(€2) with multi-

plication performed via the wedge product. For example, with r = 2,

Tr(Q) = Q) + Q3. (2.35)

Because the trace is gl(r, C)-invariant and from the transformation rule (2.29), Tr(Q2) gives
a coordinate independent differential form. We will assume that that P is a homogeneous
invariant polynomial of degree k; notice then P(Q2) is a differential 2k-form. We now list

some fundamental results from Chern-Weil theory; proofs can be found in §23 of Ref. [99].
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1. One can cover the base manifold M with open sets {Uz} which have curvature forms
3. By Egs. (2.29) and (2.34), the P(€3) agree whenever the Us overlap. Thus, the
P(Qp) piece together to form a well-defined global 2k-form P(2) on M.

2. P(Q) is a closed form, that is, d(P(€2)) = 0 ([99], §23.2).

3. We now consider the effect of the choice of connection D. It can be shown ([99], §23.5)

that if one chooses a different connection D’ which has the curvature matrix ', then

P(Y) = P(Q) + da (2.36)

for some (2k — 1)-form «. That is, P(2’) and P(£2) differ only by an exact form. Since
P(Q) and P(§) are closed differential forms which differ only by an exact form, they
define the same de Rham cohomology class [P(2)] = [P(Q)] € H**(M) where H"(M)

is the n'" cohomology group.

Together, these results describe the Chern—Weil homomorphism for complex vector bundles.

For any rank r complex bundle E it is the map

CW : Inv(gl(r,C)) — H*(M)

P(X) — [P(Q)]. (2.37)

It is a homomorphism of algebras because P(X)Q(X) — [P(2) A Q(2)]. The CW(P) =
[P(€2)] are called characteristic classes. One can show that if £; and E, are isomorphic
vector bundles over M, then they have the same characteristic classes, and thus the charac-
teristic classes are topological invariants ([99], Eq. 23.7). The analogous construction holds

for real vector bundles as well.
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Chern classes

By choosing a basis of invariant polynomials, one can obtain a basis for the characteris-
tic classes. One such basis corresponds to the Chern classes. This basis is given by the

coefficients of the characteristic polynomial (|99], Appendix B):

det ()J + %X) N A (ON T e (XA + e (X) (2.384)

=) ¢ (X)\I (2.38b)

<
Il
o

where the factor of i/27 is introduced so that the Chern numbers later discussed are nor-
malized to integers. Notice that the coefficients c; are homogeneous polynomials of degree

j. To see that they are gl(r, C)-invariant, note that for an invertible matrix a,

i\ B i
det (M+ 27TX) — det (a (M + 27TX)a) (2.39)
_ g
— det ()\I +5-a Xa) (2.40)
SO
ch(X))\’”’j =Y c¢jla' Xa)\" (2.41)
j=0 =0
and thus
cj(a™*Xa) = ¢;(X). (2.42)

One can show that the ¢;(X) form a basis of the algebra of invariant polynomials Inv(gl(r, C)
([99], Theorem B.17).

Applying the Chern-Weil homomorphism to the ¢;(X), 1 < j < r gives the characteristic
classes ¢;(€2), known as the Chern classes. The Chern classes are used extensively in the
topological analysis of waves. Note that ¢;(2) € H¥(M) and can be represented by a

2j-form modulo an exact form.
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We give a few remarks on the Chern classes. First, all of ¢,..., ¢, are defined for a
rank r vector bundle, however, they may trivially vanish after some cutoff index ky < r for
dimensional reasons. Indeed, if M has dimension n, then it possesses no differential forms of
degree greater than n. Thus, ¢ (2) = 0 for any k£ > n/2. Since usually in waves applications
n < 3, it is typically sufficient to consider only the first Chern class ¢;(£2). Indeed, we will
only need ¢;(£2) in this thesis and often just refer to it as the Chern class. From Eq. (2.38),
it is explicitly given by the trace of the curvature matrix:

6(Q) = %Tr(Q). (2.43)

For line bundles, the matrix [Q;] only has a single element, so
a(Q) = ZLQ (for line bundles) (2.44)
T

Since the ¢, (X) form a basis of the invariant polynomials, any other characteristic class
P(Q) for complex vector bundles is completely determined by the Chern classes and provides
no additional information. Thus, if one seeks additional topological invariants, they would
need to be constructed from a different theory. The complexity of the theory of characteristic
classes should indicate that this is no easy task. Furthermore, in many physical applications,
including all those we will encounter, it is not typically necessary to look for topological
invariants beyond the Chern classes. While it is certainly not true that the Chern classes
fully determine the topology of an arbitrary vector bundle, they sometimes do for simple
enough base manifolds M and small enough rank r. In particular, we will show in Theorem
2.3 that the Chern classes fully classify the topology of the most common wave bundles
arising in continuous media, namely, complex vector bundles over the two-sphere S?. We
will discuss in §3.5.1 how the “spin Chern number” defined in Ref. [104] is not actually a

topological invariant.
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Chern numbers

From the Chern classes, which are cohomology classes, we can often obtain simpler topolog-
ical invariants which take the form of integers. Assume that M is a compact manifold of
dimension n. If we can choose powers a, € Z, such that ¢{* () A--- A ¢ (2) has dimension

n, then we can calculate the integral

/ QN AT (Q). (2.45)

These are called the Chern numbers and they are topologically invariant since the Chern
classes are. Notice that by this definition only bundles over even-dimensional manifolds have
Chern numbers since the integrand must have degree 2(a; +2as+- - -+ra,) = n. Since we will
only deal with low-dimensional cases with n < 3, we will only ever encounter the simplest

Chern number which is defined for bundles over two-dimensional manifolds:

C= / 6= - Tr(Q). (2.46)

2 Jur

This is called the first Chern number, but we will simply refer to this as the Chern
number, which is common terminology used in physics. For line bundles this reduces
simply to

C= % / Q0 (for line bundles). (2.47)

The Chern number C' is not only a topological invariant, but it is also an integer. This
is not at all an obvious fact from the perspective of Chern—Weil theory. A proof that the
Chern number is an integer for line bundles is sketched in [103], §17.4a. The essential idea is
that the Chern number can alternatively be calculated as }_ . deg(f;) where f; : ST — S is
a finite set of functions between circles and deg( f;) is the winding number of the map (which
is an integer). The general result can be obtained by noting that the Chern number of a

complex vector bundle can be equivalently defined as the Euler number of the real vector
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bundle obtained by forgetting the complex structure ([101], §20) and using the fact that the

Euler numbers are integers ([101], Theorem 11.17).

2.2.3  Wave bundles over S?

For wave bundles, the base manifold is typically the momentum space or a subset thereof.
In condensed matter applications, the base manifold M is typically the first Brillouin zone,
which, due to its periodicity, is topologically equivalent to the 2-torus 72 for 2D materials
and T for 3D materials. In that context, one is concerned with the classification of complex
vector bundles over 7% and T%3.

In continuous media, on which we will focus, the momentum space is continuous rather
than periodic. If it consists of all of k € R?, then there can be no interesting topology, as
there are no nontrivial vector bundles over R3, or any R for that matter. Understanding why
this is the case will also help us understand how nontrivial topology does arise in continuous
media. A general feature of topological structures is that they are, in some sense, invariant
under smooth deformations. For vector bundles, this principle is expressed by the fact that
if M and N are manifolds which are homotopy equivalent (meaning they can smoothly be
deformed into each other), then the isomorphism classes of vector bundles over M bijectively
map to the isomorphism classes over N (|41], Corollary 1.8). We will use a special case of
this result. Suppose N C M is a submanifold of M with the inclusion map ¢ : N — M,
t(x) = z. A deformation retraction of M onto N is a family of continuous maps f; : M — M,
t € [0,1] such that fo = 1, is the identity map, fi(M) = N and fi(z) = « for all x € N
and all . This simply describes the space M shrinking down onto /N. The inclusion ¢ and
retraction p = f; are inverses, to p = 1, and po¢: 1y. We have the following theorem,
in which Vect"(M) denotes the isomorphism classes of vector bundles (real or complex) of

rank r over M:

Theorem 2.1. If M retracts onto N, then there is a bijective correspondence between

Vect”" (M) and Vect”(N). In particular, a retraction r : M — N of M onto N C M induces
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a bigection p* : Vect"(N) — Vect" (M) with inverse (*, where p* and * are the pullbacks

induced by p and .

This is a special case of Corollary 1.8 from Ref. [41]. Thus, if M deformation retracts
onto N, then we can uniquely associate vector bundles over M to those over N. This is done
via ¢*, which simply maps a vector bundle 7 : E — M to its restriction (*F = E|y. Through
this bijection, topological invariants of E' and Ey can be associated with each other. There
is a useful corollary that follows immediately from Theorem 2.1. A manifold M is said to be

contractible if it deformation retracts onto a single point.
Corollary 2.2. If M is contractible, then every vector bundle over M s trivial.

Returning to the discussion of the momentum spaces of waves, since R? can be smoothly
shrunk down to a single point, it follows that there can be no nontrivial vector bundles over
R? and thus no nontrivial topology when the momentum space is unrestricted. However, in
some systems there is a distinguished momentum k which must be removed from the base
manifold in order to form a well-defined vector bundle. For example, for massless particles
ko = 0 must be removed since massless particles do not have a rest frame. Similarly, some
systems have Weyl points, that is, points ky at which two modes resonate and it becomes
impossible to distinguish these modes. It is necessary to remove such Weyl points from the
base manifold in order to form well-defined vector bundles. In many applications, including
all of those examined in this thesis, there is a single ky which is removed from the base
manifold. For convenience, we will shift coordinates so that ky; = 0 and the momentum
space is R? \ {0}. Unlike R3, the space R3\ {0} cannot be continuously shrunk down to a
point. However, it can be deformation retracted onto the unit sphere S? with the retraction
p: R3\ {0} = 52, p(k) = k. Thus, the possible vector bundles arising in such problems
are classified by the complex vector bundles over S?. Note that although a vector bundle
7m: F — R*\ {0} does not have a Chern number directly defined by Eq. (2.46) due to the

odd-dimension of the base manifold, we are able to define a topologically invariant Chern
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number by

C(E)=C(E|s). (2.48)
Such vector bundles are completely classified by their Chern numbers:

Theorem 2.3. Suppose E; — M and Ey — M are two vector bundles where M = R3\ {0}
or M = 52. Then E, = E, if and only if they have the same rank and the same first Chern

number.

While this result is certainly known to topologists, we were unable to find a direct proof
of it in the literature. However, a proof can be pieced together from other known results as
follows. First note that vector bundles can only be isomorphic if they have the same rank,
so we can assume E; and Fs have the same rank r. Let Vectg.(S?) denote the isomorphism
classes of rank r complex vector bundles over S?. Let [S*~! GL(r,C)] denote the set of
homotopy classes of maps from the (k — 1)-sphere S*~! to GL(r,C). Any map f : S* ! —
GL(r,C) can be used to construct a rank r complex vector bundle Ey via the clutching
construction, as detailed in Ref. [41], §1.2. In this context f is called the clutching function,
and the constructed bundle F; depends only on the homotopy type of f. This allows for the

following classification of complex vector bundles over the spheres:

Lemma 2.4 ([41], Proposition 1.11). The map ® : [S*~1, GL(r, C)] — Vectr(S*) sending a

clutching function f to the vector bundle Ey is a bijection.

Proof of Theorem 2.3. By Lemma 2.4, the complex vector bundles over S? are in bijection
with [S?, GL(r, C)]. Notice that for any manifold N, [S*, N] is the space of loops in N, that
is, it is the fundamental group 7(N) of N. It is a standard result that [S!, GL(r,C)] =
7 (GL(r,C)) = Z (106, Conclusion 13.13), showing that complex rank r vector bundles
over S? are labeled by the integers, which in turn are determined by the clutching function.
As one might expect, this integer resulting from the clutching function coincide with the
first Chern number ([107], Proposition 2.8.12). This shows that the isomorphism type of a

complex rank r vector bundle over S? is determined entirely by the first Chern number. The
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bijection between vector bundles over S? with those over R3\ {0} from Theorem 2.1 proves

the same result for complex vector bundles over R? \ {0}. O

2.3 Some advantages of rigorously defining Chern classes
and Chern numbers

We believe there are many advantages to the rigorous approach to Chern classes and Chern
numbers. While this treatment is more involved than that often used in the physics literature,
it also makes it much clearer what is actually going on at a technical level and helps one
avoid subtle issues. For example, it was necessary to use the machinery of vector bundles
to prove rigorous versions of the BEC for waves in continuous media [19, 20]. Many studies
prior to the rigorous statements used equations for the Berry connection, Berry curvature,
and Chern number borrowed from condensed matter applications |26, 28, 31-33]. Without
the context of vector bundles and their topological invariants, it can be very unclear why
these quantities arise. Furthermore, this led to attempts to calculate Chern numbers by
integrating the Berry curvature (Chern class) over a plane P in k-space: [26, 28, 31-33]
i

2 ] ). (2.49)

This formula arises from an analogy with 2D condensed matter applications, where the
integral is correctly taken over the first Brillouin zone (which is topologically a 2D torus and
thus compact) [12, 14, 18, 21, 22|. However, from the rigorous versions of the continuum
BEC [19, 20] it is clear that the integral should be taken over a 2D manifold onto which the
base manifold M retracts, typically a 2-sphere enclosing a Weyl point. Since the manifold
M typically does not retract onto a plane P (if it did, the vector bundle would be trivial
by Theorem 2.1 since the plane is contractible), so it is unclear how one should interpret

the integral over P. Similarly, if a vector bundle 7w : E — M is restricted to a plane P, the
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Chern number of E|p is zero; however, the integral in Eq. (2.49) is typically nonzero, so it is
not calculating the Chern number of E|p. The formal theory makes the issue obvious: the
Chern number is only defined when integrating over a compact surface [Eq. (2.45)]. Since
P is not compact, the integral in Eq. (2.49) is not guaranteed to be a topological invariant
or an integer. Indeed, since the Chern class c; is only defined in terms of the cohomology
class of Tr(2), so if we choose a different connection by Eq. (2.36) we would instead obtain
the integral:

% (TH(Q) + da) (2.50)

for some 1-form «. Since the the plane P is not compact, it is not guaranteed that the
integral of da will vanish by Stokes’ theorem. This shows that this integral may fail to
be topologically invariant. Furthermore, the proof that the Chern numbers are integers no
longer holds. Many researchers encountered the issue of “noninteger Chern numbers” when
using Eq. (2.49) [26, 28, 31-33]. The fact that these quantities are not integers is actually
an indication that they are not a Chern numbers at all. Somewhat ad hoc regularization
techniques have been used to modify the integrand at large |k| so as to obtain an integer |26,
28, 31-33, 108]. It is typically argued that such regularization is okay because the behavior
for large k is unphysical as it corresponds to wavelengths smaller than the model’s validity,
and thus no physical results should change by modifying it. However, there appear to be

issues with this argument. In the case that M = R3\ {0}, the actual Chern number is given

by

i
C(F)= 7 /Sg Tr(Q). (2.51)
where the domain of integration can be any sphere S, of radius p > 0. By taking p — oo,
one sees that the Chern number can be calculated purely from the behavior of E at |k| — occ.
The behavior for large k can certainly change the Chern number. It should be noted that

in rigorous statements of the bulk-edge correspondence [19, 20|, the integral is taken over a

sphere rather than a plane and there is never a need to appeal to regularization techniques.
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Another advantage of the rigorous approach is that it gives a clear description of which
quantities are actually topologically invariant. The fact that the Berry connection is typically
used to calculate the Chern number may lead to the misconception that the Chern number
fundamentally depends on the Berry connection. We emphasize that the Berry connection
and curvature are geometric while the Chern number is topological. Indeed, one could have
chosen any other connection (of which there are always infinitely many) and calculated the
same Chern number. The Berry connection is simply the most convenient connection to
use for this calculation. Furthermore, without the rigorous theory, one may get the false
sense that other topological quantities can be easily defined from the Berry connection and
curvature. That the Chern classes and Chern numbers are topological invariants despite
being calculated via geometric means is a nonobvious result from Chern—Weil theory. As an
example, Bliokh et al. [104] defined an alleged topological invariant called the spin Chern
number. However, we will show in §3.5.1 that this is a geometric quantity and not in fact a
topological invariant.

While the rigorous approach we use can offer improvements in the standard topological
analysis of waves, our main interest in this formalism is that it provides a solid framework to

explore the new physical applications of topology that form the main content of this thesis.
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Chapter 3

Photon topology

This Chapter presents material published in Ref. [1] in Physical Review D. We will examine
the topology and geometry of photons, that is, of the solutions of Maxwell’s equations in
vacuum. In doing so we will develop the topological formalism of the description of massless
particles and other waves, as well as the description of symmetries as actions of Lie groups on
vector bundle. These formalisms will be used throughout the thesis to study various aspects
of other topologically nontrivial waves and their accompanying geometry. Furthermore, the
topology of photons will prove extremely useful for describing the topology of other massless

particles and of transversely polarized plasma waves in, as shown in Chapters 5, 8, and 9.

3.1 Introduction

Following the breakthrough discoveries of the quantum hall effect, the Berry connection, and
the existence of topological insulators in condensed matters with periodic lattice structures,
topology has played an increasingly important role in physics. It is now understood that
there is inherent topology in wave physics, and researchers have studied the topological
properties of waves in various continuous media such as fluids [20, 23-28] and plasmas |19,
28-35, 109]. Here, we examine the topology of a simpler system, that of Maxwell’s equations

in vacuum. That this system can exhibit topologically nontrivial behavior is due to the fact
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that there are no photons with wave vector k = 0, creating a hole in the momentum space
M. We will show that the collection of all wave solutions in Fourier space form a vector
bundle v over M, which we call the photon bundle.

Using this framework, we give an extensive study of the topological properties of photons
by examining the topological properties of 7 and its subbundles. We give two proofs that
the photon bundle v is topologically trivial. The first is an abstract proof using Chern
numbers and a result from low dimensional topology, namely the classification theorem for
vector bundles over the two-sphere S? (Theorem 2.3). The second proof involves an explicit
construction of two linearly-independent, globally defined polarization vector fields via the
clutching construction from algebraic topology [41]. These are complex polarization vectors
perpendicular to the wave vector k, and are mathematically equivalent to sections of the
complexification of T'S?, the tangent bundle of the 2-sphere. It has been claimed in some
quantum field theory textbooks [37, 38| that such global polarization vectors do not exist
as they would violate the hairy ball theorem, which states that the tangent bundle of the
sphere T'S? is nontrivial (|39], Theorem 1). However, as we show, the hairy ball theorem
only applies to 7.2, not its complexification 752, which resolves the apparent paradox.

While the total photon bundle is trivial, we show that the right (R) and left (L) circularly
polarized photons form globally well-defined nontrivial subbundles with Chern numbers 2.
These Chern numbers were also obtained by Bliokh et al. in their study of the quantum
spin Hall effect [104]. They calculated the Chern numbers via the Berry connection, which
is a geometric quantity, but the notions of vector bundles and subbundles were not defined
or discussed. We emphasize that it is crucial to establish the topological structures of vector
bundles before calculating their Chern numbers. Due to the Chern-Weil homomorphism
[Eq. (2.37)], a deep result from differential geometry, the Berry connection can be used to
calculate the topologically invariant Chern numbers via Eq. (2.46) [99]. Generally though,
quantities derived from the Berry connection will depend on the geometry as well as topology

of the underlying vector bundle. Indeed, while Bliokh et al. [104] also define the spin Chern
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number of light, we show that this quantity is not a true topological invariant like the
ordinary Chern numbers.

We further investigate the topology (or lack thereof) of the familiar linearly polarized
photons. As circularly polarized photons have nontrivial topology characterized by nonva-
nishing Chern numbers, one might guess the same is true of linear polarizations. We show
that this question is actually ill-defined as there are no linearly polarized subbundles of ~.
This implies that linear polarization is only a locally defined concept in momentum space,
and it is meaningless to discuss its topology or Chern number.

In addition to these purely topological results, we study the interplay of this topology
with the geometry of light, that is, with Poincaré symmetry. Poincaré symmetry plays
a fundamental role in the theory of photons since elementary particles, both massive and
massless, are typically defined as unitary irreducible representations of the Poincaré group
[42—44]. Conventionally, these are assumed to be vector space (more particularly, Hilbert
space) representations, and are classified via Wigner’s little group method [42, 43]. This
theory works well for massive particles, however, a topological singularity occurs when the
mass is taken to zero. In this limit, the momentum space jumps from being a topologically
trivial mass hyperboloid to the nontrivial light cone. This results in nonsmooth massless
representations generated by the standard little group method; this difficulty has been noted
by others [45, 46, 85]. Here, we present a solution to this problem by considering vector
bundle representations rather than vector space representations. Indeed, we obtain a ver-
sion of the little group method for vector bundle representations that does not encounter
discontinuities. We prove that massless irreducible unitary vector bundle representations of
the Poincaré group induce corresponding unitary irreducible representations on the Hilbert
space of bundle sections, and thus correspond to particles by the conventional definition.
We apply this method in the case of photons to show that R and L polarized photons are
massless unitary irreducible vector bundle representation of the Poincaré group labeled by

helicity, and thus correspond to globally well-defined particles.

56



Lastly, there has been a long debate as to whether photon angular momentum can be
split into spin and orbital parts [65-81]. It is known that the most commonly proposed
“SAM” and “OAM” operators for photons satisfy peculiar commutation relations, different
from the s0(3) commutation relations required of angular momentum operators [67, 71, 77,
78]. Our theoretical study of the massless vector bundle representations illustrate that the
issues that arise in defining such operators are related a singular jump in the little group
that occurs in the massless limit. We also show that a commonly proposed “SAM?” is neither
spin nor angular momentum, but the generator an R? translational symmetry of the photon
bundle characterizing the photons’ internal degree of freedom. The corresponding “OAM”
does not generate any symmetry at all. These issues will be explored more fully in Chapters
6, 7, and 8.

This chapter is organized as follows. In §3.2, we construct the total photon bundle
~ and give two proofs that it is trivial. The second proof is used to explicitly construct
two linearly independent global polarization vector fields. In §3.3, we show that R and L
photons form well-defined subbundles of v that are topologically nontrivial. We also show
that no analogous linearly polarized subbundles exist. In §3.4, we define vector bundle
representations and develop a modified little group construction. These are used to classify
photons as unitary irreducible vector bundle representations of the Poincaré group. We
prove that massless irreducible vector bundle representations of the Poincaré group naturally
induce unitary irreducible Hilbert space representations, and thus correspond to particle via
the conventional definition. In §3.5, we apply our theory to two problems in the theory of
photons: the geometric nature of the spin Chern number and the decomposition of photon

angular momentum into spin and orbital parts.
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3.2 Topology of the photon bundle

Consider photons in the vacuum, defined as the eigenmodes of Maxwell equations,

0E =V xB (3.1)
OB =-VxE (3.2)
V-E=0 (3.3)
V-B=0, (3.4)

where t has been normalized by 1/c and has the unit of length. Via the Fourier transform,

the fields can be expressed as

E(x) = / (%4 et (k) (3.5)

B(z) = /%eik”xué(kz), (3.6)

where we have used the four-vector notation x* = (t,x) and k" = (w, k), along with the flat
spacetime metric 7, = diag(—1,+1,+1,+1). As Maxwell’s equations have a real discrete

spectrum, the momentum space fields can be written as

E(k) =2r Z §(w — w;(k)) E;(k) (3.7)

B(k) = 2r Z §(w — w;(k))B;(k) (3.8)

58



where the w; and E; are solutions of the eigenvalue problem

Ej E;
H = wj (3.9)

B, B,

0 —kx
H = (3.10)
kx 0
subject to the constraints

k-E;=0 (3.11)
k-B;=0. (3.12)

The spectrum of H has 6 eigenmodes (photons) divided into three two-fold degenerate

groups:
1. Two transverse photons with w, = [k| = /K2 + k2 + k2 ;
2. Two transverse anti-photons with w_; = —|k|;

3. Two longitudinal photons with wy = 0.

The longitudinal photons are forbidden by the transversality conditions (3.11) and (3.12),
although they can appear as virtual photons in QED [110]. Furthermore, since the space-
time fields € and B are real, the momentum space fields must satisfy E_;(k) = Ef(—k)
and B_;(k) = Bi(—k), and thus the transverse anti-photons are not independent of the
transverse photons. Therefore, we need only analyze the transverse photons, which will
henceforth be referred to just as photons with E = E; and B = B;. The condition w = |k|
says that photons reside on the forward light cone £, in four-momentum space. Note that
the origin is not contained in £, . Physically, this corresponds to the fact that k* = 0 modes
are stationary and do not propagate at the speed of light, and therefore are not photons.
Mathematically, the origin must be removed in order for the forward light cone to be a reg-
ular submanifold of Minkowski space. £, is a three-dimensional manifold homeomorphic to
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R?*\ {0} with coordinates given by k = {k,, ky, k.} # 0. At each k, the two-fold degenerate
photon eigenvectors form a C? vector space consisting of vectors E satisfying E - k = 0.
Note that B = k x E, so these vector spaces can be described purely in terms of the electric
field. Since H is smooth and the dimension of the eigenspaces are constant, the eigenspaces
for all values of k fit together to form a rank 2 complex vector bundle 7 : v — £, over the
light cone, which we term the photon bundle. Here, 7 is the projection of the bundle v onto
the base manifold and (k) will denote the fiber at k. v is a Hermitian bundle with respect
to the Hermitian product inherited by embedding E in C3. That is, for two vectors vectors
E., E, € v(k),

(E,, Ey) = E; - E,. (3.13)

We are concerned here with the topology of photons, which is equivalent to the topology
of the bundle ~. If the base manifold £, were contractible (meaning it can be continuously
down to a point), then v would necessarily be trivial by Corollary 2.2. Recall that a rank r
vector bundle over M is trivial if it is isomorphic to the trivial bundle M x C", or equivalently,
if there exist r nonvanishing sections of the bundle which are pointwise linearly independent.
For example, for particles with mass m > 0, the momenta k* form a mass hyperboloid
(k°)? — k - k = m? which is homeomorphic to R? and thus contractible. As a result, massive
particles in vacuum do not allow for nontrivial topology. However, for massless photons, the
base manifold £, = R3\ {0} is not topologically trivial in the sense of homotopy, so it is
not obvious if ~ is a trivial bundle. The following theorem is one of the fundamental result

of this chapter:
Theorem 3.1. The photon bundle v — R3\ {0} is trivial.

We will give two proofs of this result in the next two sections. The first is purely abstract
using the machinery of Chern classes and Chern numbers. The second proof utilizes clutching
functions which has the advantage of giving an explicit construction of linearly independent

sections of 7.

60



We give some remarks about Theorem 3.1 before presenting the proofs. It is often more
convenient to work with 7|g2, the bundle obtained by restricting the base manifold of 7 to
the unit sphere S? € R3\ {0}, rather than with ~ itself. Since R*\ {0} deformation retracts
onto S?, the bundles v and v|s2 are essentially topologically equivalent. In particular, the
rank r vector bundles over R*\ {0} and S? are in bijective correspondence by Theorem 2.1,
with bundles over R?\ {0} map to bundles over S? by restricting the base manifold.

There are two main advantages to working with S2, the first being the immediate ob-
servation that since the electric field is transverse to 12:, 7v|g2 is isomorphic to TS?, the
complexification of the tangent bundle T'S? of the sphere. The complexification appears

because E can be complex due to working in Fourier space. Thus,
Lemma 3.2. The photon bundle v is trivial if and only if v|g2 = TCS? is trivial.

This lemma allows the use of specialized techniques that apply to bundles over spheres
such as the clutching construction. Unlike R? \ {0}, S? also has the advantage of being
even-dimensional and thus possessing Chern numbers in addition to Chern classes. This is
useful because Chern numbers are simply integers rather than cohomology classes.

By Lemma 3.2, the question of whether or not 7 is trivial can be rephrased as asking if
it is possible to smoothly choose polarization vectors E for each direction k. It can also be
interpreted as asking is it possible to have photons traveling in all directions simultaneously.
This issue shows up in many treatments of QED when quantizing the electromagnetic field
[37, 38, 111]. Just prior to quantization, the Coulomb gauge vector potential is usually

expressed in the form

— - 1 eikuzf‘e. s e_ikuzue*f a*
Aw) = [ > e k) + T GGG ()

Here, €;(k) are polarization unit vectors which are supposed to satisfy the transversality
condition €;(k) - k = 0 imposed by the Coulomb gauge condition V - A = 0. This gauge

condition imposes the same transversality constraint on the €; that Gauss’s law imposes on
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E, and we see that a;(k)e;(k) and its conjugate can be considered as sections of . Despite
using this expansion, Tong [37] and Woit [38] claim that no continuous functions €;(k)
actually exist. Indeed, this is true if one requires the €; to be real, that is, if one considers
only linear polarizations. In particular, if the €; are real, then they are sections of T'S?
when restricted to S?. By the hairy ball theorem (|39], Theorem 1), there are no continuous
nonvanishing sections of 7'S?. Despite this fact, Staruszkiewicz attempted to construct
real, global polarization vectors [112]. These vector fields are not actually global though as
they are only defined on stereographic coordinates and thus exclude one of the poles of the
momentum sphere. Since we are working in momentum space, it is natural to work with
complex polarization vectors, not just linear polarizations. R and L circular polarizations
play a particularly important role due to their invariance under Lorentz transformations.
The question can then be asked, is it possible to comb complex hairs on a ball flat? By

explicit construction, it is indeed possible.

Theorem 3.3. There exists at least one nonvanishing section of the bundles v and v|g2 =

TCS2.

Proof. Consider the sections of v:

E\ (k) = (0, k., —ky), (3.15)
Es(k) = (—k.,0, k). (3.16)

Then
u=FE +iFE, (3.17)

is a nonvanishing section of ~ since

uf = \/k2 + 2+ 2k2 > 0. (3.18)

By restricting u to S? one obtains a nonvanishing section of v|g> = T*S2, O
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Thus, it is possible to consistently choose at least one of the €;. However, to prove
Theorem 3.1, one would need to construct a second linearly independent polarization, which
is a much harder task. For example, while one might guess that w' = E; — iE5; may be
such a vector field, w and u are linearly dependent at any k where E; or E5 vanishes. We
note that Folland [111] states without proof that two such complex polarizations do exist.
However, to our knowledge, there is neither an explicit construction of such polarizations
nor a proof of their existence in the literature. We fill in these gaps in the remainder of this

section.

3.2.1 Proof of Theorem 3.1 via Chern numbers

The first proof of Theorem 3.1 relies on Chern classes, the characteristic classes of complex
vector bundles. An advantage of this approach is that Chern classes are commonly used
in physical applications of topology, such as in the study of topological insulators and the
topological properties of waves.

By Lemma 3.2, it is sufficient to show 7|g, is trivial. We begin by proving that all of the

Chern classes ¢; of v|g, are 0.

Definition 3.1 (Conjugate vector bundle). Let w: E — M be an n-dimensional complex
vector bundle. On each fiber E,, p € M, define multiplication of a complex number a+1ib € C
with a vector v € L, by

(a +1b)v = av — ibv (3.19)
which forms a new complex vector space Ep. Then
E=|]JE, (3.20)

1s defined to be the conjugate bundle of E.

In general, complex vector bundles are not isomorphic to their conjugates. However,
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Lemma 3.4. The complezification E® = E® @r C of a real vector bundle E® is isomorphic

to its own conjugate bundle EC = ER @ C.

See Ref. [100], Lemma 15.1 for a proof. This helps us calculate Chern classes by the

following lemma.

Lemma 3.5. Let E be a complex vector bundle. The Chern classes c; of E¥ and E are related

by
¢ (E) = (=1)¢;(E). (3.21)

See Ref. [100], Lemma 14.9 for a proof.
Theorem 3.6. The Chern classes and Chern numbers of v|s2 are 0.

Proof. ~|g2 is a vector bundle over the two-dimensional manifold S? and thus possesses no
differential forms of degree greater than 2. Since ¢; is represented by a 2j-form on 52,
¢j(v|s2) =0 for all j > 1. By Lemmas 3.4 and 3.5,

c1(7]s2) = e1(TCS?) = 1 (TCS5?)

(3.22)
= —c1(TS?) = —c1(7]s2),

so ¢1(7]s2) = 0. The Chern numbers are integrals of products of Chern classes [Eq. (2.45)],

so it follows that the Chern numbers are also 0. O

While the Chern classes do not completely classify general complex vector bundles, this
is true for certain low-dimensional and/or low-rank vector bundles. In particular, complex
vector bundles over S? are trivial if and only if their first Chern number vanishes, as was show
shown in Theorem 2.3. Thus, Theorems 2.3 and 3.6 together prove Theorem 3.1, showing

that the photon bundle is trivial.

64



3.2.2 Proof of Theorem 3.1 via the clutching construction

Here we give a second proof that v is trivial via the clutching construction [41]. Again, we
proceed by showing 7CS? is trivial. A major advantage of this method is that it can be
adapted to explicitly furnish two independent vector fields on 7°¢S2.

The clutching construction is a method for determining the isomorphism type of a real
or complex vector bundle over spheres S™ in arbitrary dimensions; here, we only consider
the case of rank 2 complex bundles over S?. Consider a rank 2 complex vector bundle
m: E — S?, and decompose S? into its upper and lower hemispheres, S* = D3 U D?. Since
each hemisphere is contractible (for example, they contract onto the poles), the restricted
bundles F| p2 and E |p2 are trivial. Fix a trivialization for each of these bundles, and
let [vi4, vo1] be an orthonormal frame for D%. These frames will generally not agree on the
equator D3 ND? = S* where the hemispheres overlap, and there is a function f: ST — U(2),
where U(2) is the two-dimensional unitary group, which rotates one frame into the other on
St

V14, v24](¢) = [(D)[v1-, v2-](). (3.23)

f is referred to as a clutching function for F.

Conversely, given an arbitrary function f: S — U(2), one can construct a rank 2 complex
vector bundle E (see Ref. [41], p. 22). For smooth manifolds M and N, let [M, N] denote
the set of homotopy classes of maps from M to N, and let Vect(S?) be the set of isomorphism
classes of rank r complex vector bundles over S2. The following fundamental theorem says

that the homotopy type of a clutching function determines the isomorphism class of a vector

bundle.

Theorem 3.7. The map ® : [S*, U(2)] — VectZ(S?) which sends a clutching function f to

the vector bundle Ey is a bijection.

Proof. This is a special case of proposition 1.11 in [41]. O
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Figure 3.1: Vector fields v14 on D? and v;— on D?. The clutching function relating them
along the equator is a —2¢ rotation.

Note that [S*, U(2)] = 71(U(2)), where 7; denotes the fundamental group (the group of
loops in U(2)), and 7 (U(2)) = Z ([106], Proposition 13.11), so the complex vector bundles
over S? can be labeled by the integers, with the trivial bundle corresponding to 0. It is well
known that the special unitary group SU(2) is simply connected, for example, from the fact
that it is diffeomorphic to S? ([103], §19.1c); see also Ref. [106], Proposition 13.11). Thus,

we have the following corollary.

Corollary 3.8. If a rank 2 vector bundle w: E — S? has a clutching function f which
factors through SU(2), that is, if f: S — SU(2) C U(2), then E is trivial.

Proof. Since SU(2) is simply connected, f is homotopic to the constant map 1 : S' — U(2)
which sends every element of S* to the identity of U(2). 1 is the clutching function for the

trivial bundle, so the corollary follows by Theorem 3.7. n

We now use this corollary to prove TS? is trivial. We construct a clutching function
for T€S? by adapting a construction of a clutching function of the real bundle T'S? given by

Hatcher ([41], p. 22). We start by constructing orthonormal frames for the two hemispheres
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D2 of 5%, Choose a vector field vy, by first picking some real tangent vector at the north
pole and then extending it along each meridian so that it maintains a constant angle with the
meridian (see Figure 3.1). Let v;_ be the vector field on the lower hemisphere D? obtained
by reflecting vy, across the equatorial plane. We can produce a second real vector field
vo+ on each hemisphere by rotating v1+ by 90 degrees counterclockwise when viewed from
the exterior of the sphere. Then [vi;,ve,] and [v1_,vy_| are orthonormal trivializations of
D2 and D?, respectively. Explicitly, let (ky, ky, k) and (k, 0, ¢) be Cartesian and spherical
coordinates related in the standard way, with the corresponding unit vectors (e,, e,, e.) and

(e = k,eq, e,). By choosing vy to be e, at the north pole, we have

U1y = sin(p)eg + cos(¢)ey (3.24)
Vay = — cos(¢)eg + sin(¢) ey (3.25)
vi_ = —sin(g)ey + cos(¢)e, (3.26)
vy = — cos(¢)eg — sin(o)es. (3.27)

On the equator, the two frames are related by rotating the lower frame by —2¢:

cos 2¢ sin 2¢
V14, Va4] = [vi—, va-] = f(@)[v1-, va-]. (3.28)
—sin2¢  cos2¢

where f: S' — SU(2) C U(2) is the clutching function and the matrix of f and the column

vectors are expressed in the (é, gZA)) basis. Since f factors through SU(2), Corollary 3.8 proves
the following.

Theorem 3.9. 752 is trivial.
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3.2.3 Explicit construction of a frame on 7°S? and v

Using methods related to the clutching construction, we can explicitly construct two in-
dependent vector fields on T¢S2, from which one can immediately obtain corresponding
independent vector fields on . We do this in three steps. First, we find an explicit homo-
topy in SU(2) between the clutching function f : S' — SU(2) and the identity 1. Second,
we use this homotopy to extend the domain of f to all of D?. From this we will obtain a
continuous, piecewise smooth frame for 7CS52. The last step is to modify the construction
so that the frame is everywhere smooth.

We note that the clutching construction is normally used abstractly and used to classify
nontrivial vector bundles (which do not possess global bases). Our adaption of the clutching
construction to produce an explicit global basis of a trivial bundle appears to be a novel

application.

Step 1: Homotopy from f to the identity

From the fact that f factors through SU(2), we showed that [f] = 0, meaning that there

exists a homotopy between

(o) = cos 2¢ sin 2¢ ond 1 — 1 0

—sin2¢  cos2¢ 0 1

We construct one such homotopy as follows. SU(2) is homeomorphic to the unit 3-sphere
S3 via
T +iz Y+ wi

(w,z,y,2) € S°— € SU(2). (3.29)
—y +wi T — 12

By setting w = 0, we obtain a map from S? into SU(2):

) T+ Y
(x,y,2) € 5% — € SU(2). (3.30)

—y T — 1z
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Figure 3.2: Tllustration of the homotopy F(t,¢) : [0,1] x S — SU(2) from f(¢) to the
identity 1. The image of F resides on an embeddlng of $? in SU(2). The equator at t = 0
corresponds to f(¢) and shrinks down to the identity (1,0,0) at ¢t = 1.

Under this map, f(¢) corresponds to a loop along the equator in the zy-plane traversed
twice, while 1 corresponds to the fixed point (z,y,z) = (1,0,0). By shrinking the equator
down to (1,0,0) while remaining on S?, we obtain the desired homotopy as illustrated in

Figure 3.2. Explicitly, choose

x(t, ¢) = cos(2¢) cos (%t) + sin? (g) (3.31)
y(t, ¢) = sin(2¢) cos (g) (3.32)
z(t, ¢) = sin*(¢) sin(7t). (3.33)
Note that
o(t, @) +y(t, ¢)* + 2(t, 9)* = 1, (3.34)

so these points reside on S?. Define the homotopy F(t,¢) : [0,1] x ST — SU(2) by

N E GRG0 y(t.0) .

_y(tv ¢) l’(t, ¢) - iz(ta ¢)
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Since F(t, ¢ + 27) = F(t, ¢), F is well-defined as a function on [0,1] x S*.

Step 2: Constructing a piecewise smooth frame for 75>

On each hemisphere we have a frame, namely, [v;y,voy] and [v1_,v9_]. We can transform
[v1—,v9_] along the equator via f so that it agrees with [v14,vey]. If we can extend f to a
function F(, ¢) on all of D? | then F[v,_,v,_] would extend [v1, v54] to a frame on all of S2.
The primary difficulty is ensuring that F' is defined at the coordinate singularity = 7. Note
that even if the matrix representation of F' is independent of ¢ when 6 = 7, it may still be
ill-defined at this point since the matrix representation is written in the (eg, e,) basis and ey
is not defined at the singularity. One way of avoiding this issue is to require that F (m,0) =1
since the matrix representation of the identity is basis independent. Thus, we can interpret
the desired function F(6,¢) as a homotopy between f(¢) and 1 with 6 € [r/2,7] as the
homotopy parameter. By reparameterizing from t € [0,1] to 6 € [7/2, 7] in Eq. (3.35), we

obtain the desired function:

F(6.6) = z(0,¢) +1iz(0,9) y(0, ¢) | (3.36)
—y(6, ) z(0,¢) — iz(0, ¢)

(0, ) = cos(2¢) sin?(#) + cos*(h), (3.37)

y(0, ¢) = sin(2¢) sin(0), (3.38)

2(0, ) = —sin’(¢) sin(26). (3.39)

Thus, the two vector fields [v1, va] given by [vi1,vsy] on D2 and F(6, ¢)[v1_,vo_] on D? are
independent and nonvanishing on all of S?. While [v1, v5] are continuous everywhere, they
are not smooth at = /2, and thus form a continuous, piecewise smooth frame. This is
sufficient to prove that 7CS? is trivial as a topological vector bundle, but not as a smooth

vector bundle.
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Step 3: Smoothing the frame

The last step is to modify the previous construction to form smooth vector fields [0y, 09]. This
is done using a smooth step function as follows. Let ¢ : R — R be any smooth monotonic
function such that g(t < 7/2) = 7/2, g(t > 7) = 7, and g™ (7/2) = g™ (7) = 0 for all

n > 1. For concreteness, we can define

o1/t
h(t) = =0 (3.40)
0 t <0,
and then set
T h(0 —7/2)
o(0) = 5 (1+ 1o —7/2) +h(7r—0)>' (341)

The desired smooth homotopy is obtained by replacing 6 by g(6) in Eq. (3.36):
Fy(0,¢) = (3.42)

Since g is smooth, this replacement preserves smoothness for 6 # m/2. At 6 = 7/2 we must
show that

85“(25 (U1, Va4 |9~>7‘r/2_ = agaéjﬁs [v1-, v ] |9%7r/2+ (3.43)

for all nonnegative integers «, 3. Since ey and e, are smooth at 7/2, it is sufficient to show
Eq. (3.43) holds when v; + and vy 4 are expressed as column vectors in the (eg, e,) basis.
From Egs. (3.24-3.27), all § derivatives of the column vectors vy and veq vanish, so the LHS
vanishes for o > 1. Since also g(®(7/2) = 0 for o > 1, all § derivatives of F(6,¢) vanish as

6 — w/2%, so the RHS is also 0 for @ > 1. In the a = 0 case, all ¢ derivatives agree since

[v14, 02+]0:7T/2,¢ = Fylvi_,vs_] |9=7r/2,¢' (3.44)
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This completes the proof that the two vector fields [01, o] given by [v14,v21] on D? and
F,(0, ¢)[v1—,v5_] form a smooth global frame on 752
We can use v; and 95 to write the trivialization of ~.

v12(k) = 01 (%) (3.45)

are global nonvanishing sections of v, and as such generate trivial line subbundles 7; and 7
of v. By construction

Y=T1 DT (3.46)

3.3 Topology of circularly polarized subbundles and the
nonexistence of linearly polarized subbundles

We have shown that the total photon bundle is trivial, possessing global nonvanishing sec-
tions. This decomposes 7 into two trivial subbundles 7, ». However, because the base man-
ifold £, is not contractible, v can possess topologically nontrivial subbundles. Indeed, we
will show that + also decomposes into R and L circularly polarized subbundles which are
nontrivial. This decomposition is important because, unlike the trivial decomposition, it is
Lorentz invariant, and therefore plays a special role in particle physics.

We discuss three important types of photon polarizations— the trivial polarizations con-
structed in the previous sections which involve elliptical polarization as well as the most
frequently used polarization, namely, the linear and circular polarizations. We will show
that these three types of polarizations are significantly different in terms of their global
properties. The trivial polarizations form subbundles 7, » with global nonvanishing sections.
We will show that the R and L circularly polarized bundles also form well-defined subbundles

of 7, however, they are topologically nontrivial, and therefore do not admit global nonvan-
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ishing sections. Linear polarizations, on the other hand, do not even form vector bundles,

and are thus not globally well-defined.

Definition 3.2 (Circularly polarized subbundles). A wvector v € (k) is defined to be R
circularly polarized if v = a(e;+iey) where a € C and ey, ey are real unit vectors in y(k) such
that (eq, es, k) form a right-handed orthogonal coordinate system. The R circularly polarized
vectors in y(k) form a vector space denoted . (k). Collected together, these vector spaces
form the R circularly polarized vector bundle vy = gy (k). The L circularly polarized
bundle v_ is defined analogously, with (eq, es, k) left-handed. These will be called the R and

L photon bundles.

We show that v, and «_ are in fact well-defined line subbundles of v via the subbundle
criterion ([99], Theorem 20.4):

Lemma 3.10 (Subbundle criterion). Let 7 : E — M be a smooth rank r vector bundle and
F =1,epmF, a subset of E such that for every p € M, the set F, is a n-dimensional vector
subspace of the fiber E,. If for every p € M, there exist a neighborhood U of p and m > n
smooth sections si, ..., sy, of E over U that span F,, at every point ¢ € U, then F is a smooth

subbundle of E.
Theorem 3.11. v, and v_ are complex line subbundles of v such that v = v, & y_.

Proof. We first prove that v, is a subbundle of v using the subbundle criterion with m =
n = 1. For ky € R?\ {0}, let U be small ball centered around k, which does not contain
0. U is contractible, so there exists a smooth right-handed orthonormal frame (f;, fo, lAc)
of y|y. s = f1 + ifs is then a smooth section of | consisting of right-circularly polarized
vectors. To show that s spans 7, (k) for each k € U, let a(e; + iey) € vy(k) with o € C.
Since (ey, e, l;:) and (fy, fo, IAc) are both right-handed, they are related by a rotation by some

angle 6 about k:

cosf@ —sinf
le1, e2] = [f1, f2 (3.47)
sinff  cosf
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Then at k we have

ae s = oze_w(fl +1if2)
= af(cosO fi +sinf fo) +i(—sinb fi + cos6 f5)] (3.48)

= a(e; +iey),

showing that s spans ~, (k). Thus, v, is a rank 1 subbundle of v by the subbundle criterion,
as is v_ by an analogous argument. For fixed k, R and L polarizations form a basis for all

polarization states. Allowing k to vary then shows that v =, ®~_. O

An intuitive way to see that the complex line bundles .4 are nontrivial is to consider the
underlying rank 2 real vector bundles v obtained by forgetting the complex structure on
7+. That is, v¥ consists of the same base space and fibers as 7, but scalar multiplication is

restricted to R.

Theorem 3.12. The real vector bundles V¥|s: and T'S* are isomorphic, which implies that

vy and y_ are nontrivial.

Proof. Let (k,v) € T'S* and let Ry(5) denote a 7/2 rotation about k in the positive sense.

Define the functions h. : T.S? — 4%|g2 by
he(k,v) = (kz v+ iRy <g>v> (3.49)

hy is a clearly a smooth, injective bundle map of real vector bundles over S?. To show
that it is also surjective, and thus an isomorphism, note that by Definition 3.2 any vector

us € v¥|s2(k) can be expressed as

Uy = a(w + iRy, (g)w) (3.50)
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for some w € T'S?*(k) and a = (a + ib) € C. This can be rewritten as

uy = w' £ iRpw = hy(w') (3.51)

W= aw T bRk(g)w e TS (k), (3.52)

showing that h. is surjective, and thus v¥|g2 = T'S?.
If 4 were trivial there would exist a nonvanishing section of s of v.|s2, which can then
be considered as a nonvanishing section of v¥|g2 = T'S? which contradicts the hairy ball

theorem. O

While the previous theorem shows that v, are nontrivial, it remains to classify them as
complex line bundles. As with ~, it is easier to work with the restrictions vi|gsz. v4|s2z and
v—|s2 are quite similar as they are conjugate bundles v, |s2 = 7_|s2. Furthermore, they are
isomorphic when considered as real vector bundles by the previous theorem. However, they
are not actually isomorphic as complex vector bundles, as the complex structure detects
their different orientations. To see this, note that by Lemma 3.5, the first Chern number of

a line bundle and its conjugate differ by a sign:

Ci(v4]s2) = —Ci(7-]s2)- (3.53)

Complex line bundles over S? are completely classified by their first Chern number C; by
Theorem 2.3, so C'(7+|s2) # 0 as these are nontrivial bundles. Eqn. (3.53) then implies these
bundles are not isomorphic. The next result fully classifies 74 |s2. By the correspondence of

bundles over S? and R? \ {0}, this also classifies 4.
Theorem 3.13. C1(7v+]s,) = F2.

Proof. We calculate the Chern numbers using the Berry connection. The Hermitian structure
along with the identification of the electric fields of the fibers with vectors in C? gives a

natural Berry connection. For any local frame ey (k) of v4|s2 in some neighborhood U, the
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Berry connection form is given by Eq. (2.17)
W4 = <€:t> d€i>. (354)

On the neighborhood U consisting of all unit k not on the z-axis, we can choose the frames
for v4|s2 to be
1
er = —(egp tiey). 3.9
+ \/5( 0 T iey) (3.55)
Then,

wi = FicosOdo. (3.56)

and the curvature form is given on U by
Qy =dwy = tisinfdd Ndp = +idA (3.57)

where dA is the Euclidean area form on S?. Unlike the connection forms, the curvature forms
are always globally defined. Since (2. = £idA on a dense neighborhood U, this relation holds
on all of S%. The first Chern number is then given by [99]

1
Cl(’Yi’SQ) = % /5;2 Qi = :[:2 (358)

Since (] is nonzero, v are nontrivial. O

One consequence of the nontriviality of 74 can be found in the momentum space repre-
sentation of the photon wave function |72, 113|. In this representation, the wave function of

a photon is written as a two component wave function, with an R and L part

(K (ke (K
F(k) = f():f()()‘ (3.5

f-(k) f-(k)e_(k)
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where €, (k) is some choice of unit R polarization vector and e_(k) = €’ (k) is a correspond-
ing L polarization. Frequently, the vectors éL are left implicit, and the wave function is

written in terms of the two scalar functions fi as

f= fee) ) (3.60)

f-(k)
However, the €, are sections of the nontrivial bundles v, and thus no continuous choice of
¢+ exists! If S, denotes the sphere of radius ¢ > 0 in momentum space R?\ {0}, then €,
must be discontinuous for at least one point kg(a) on each S,. For f(k) to be continuous at
ko(a), the component functions must satisfy fi(ko(a)) = 0. Thus, the photon wave function
components fi are not free scalar functions. They must obey the topological constraint of
having a zero on every closed surface enclosing k = 0.

Our calculation of C}(v+) is very similar to one done by Bliokh et al. [104], although
they use a different sign convention for the Berry connection and Chern number, resulting in
an overall sign difference. Our approach differs in that it emphasizes the underlying vector
bundle structures, and in particular, shows that v, are in fact well-defined bundles. This is
important, for example, because by analogy one might assume that linearly polarized photons
also possess some topological structure. However, we show that unlike the circularly polarized

subbundles 4 or the trivial subbundles 7y o, there are no linearly polarized subbundles.

Definition 3.3 (Linearly polarized subbundle). A vector v € vy is linearly polarized if it
is a scalar multiple of a real polarization vector, that is, if v = aw for some a € C and

w € TS?. A bundle is linearly polarized if it only contains linearly polarized vectors.
Theorem 3.14. There are no linearly polarized subbundles of ~y.
To prove Theorem 3.14 we use the following known result.

Lemma 3.15. Any real line bundle over a simply connected space is trivial. In particular,

all real line bundles over S? are trivial.
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Proof. A real line bundle is trivial if and only if it is orientable [114]. The result then follows
from the fact that every real line bundle over a simply connected space is orientable ([101],

Proposition 11.5). O
We can now prove Theorem 3.14 via a contradiction:

Proof of Theorem 5.14. Suppose v, is a linearly polarized line subbundle of 7. Then 7;;, =
Yiin|s2 is a subbundle of v|g2 = T€S2. Each fiber %m(’%) contains a 1D real subspace g (k).
The collection of these subspaces yg = H,Acm(lz:) forms a real line bundle over S? which is a
subbundle of 7'S? . By Corollary 3.15, v is trivial and must therefore have a nonvanishing
section s. However, s would also then be a nonvanishing section of T'S?, violating the hairy

ball theorem. N

One can also prove this with an alternative method using the Euler class, as will done
for gravitons in Theorem 4.4.

We have shown that v decomposes into both the trivial bundles 7; 3 and the nontrivial
subbundles .. These are not, however, the only possible decompositions. In fact, v has an
infinite number of topologically inequivalent decompositions by the following observation.
The complex line bundles over R? \ {0} are labeled by their Chern number (Theorem 2.3);

denote the line bundle with Chern number j € Z by ¢;.

Theorem 3.16. v = (; © (_; for every j € Z. In particular, v has a subbundle isomorphic

to L; for every j.
Proof. By the Whitney product formula [99], the first Chern number is additive, meaning
that if 4 and E5 are vector bundles, then

C1(E1 @ Ey) = C1(Ey) + C1(E»). (3.61)

Thus,

Cy(l; ® L) = 0. (3.62)
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Again by Theorem 2.3, complex rank 2 vector bundles over R?\ {0} are also labeled by their

first Chern number. Thus, ¢; @ ¢_; is trivial and therefore isomorphic to . O]

Despite the existence of these other nontrivial subbundles, only the circularly polarized
subbundles v, = (.o are typically used in applications. From a practical standpoint this
is easy to understand, as v+ have simple descriptions, while finding explicit expressions for
subbundles of « isomorphic to ¢; is a nontrivial task. However, from a purely topological
perspective, there is no reason to prefer the circularly polarized subbundles over the other
¢;. We will show in the next section that 74 are special from a geometric perspective when

we consider the role of Poincaré symmetry.

3.4 Classification of photons and other massless parti-

cles by vector bundle representations of the Poincaré

group

In this section we show how Poincaré symmetries of vector bundles can be used to classify
massless particles such as photons. In quantum field theory, particles are unitary irreducible
representations of the Poincaré group on a Hilbert space [43, 44]. We restrict our discus-
sion to non-projective representations since this includes the photon case. The conventional
method for constructing and classifying such representations is via Wigner’s little group
method ([42]; [43], Ch. 2). While this method produces smooth representations of massive
particles, obstructions form in the massless case with the space of single-particle states be-
coming discontinuous [45, 85|, resulting in nonsmooth representations on the Hilbert space
of wave functions. By this we mean Poincaré transformations generally map smooth wave
functions to nonsmooth wave functions. We will see that this issue traces back to a topolog-
ical singularity that occurs in the m — 0 limit as the mass hyperboloid of momentum space

becomes the topologically nontrivial light cone. We will show that by considering vector

79



bundle representations on the single-particle states rather than vector space representations,
one can obtain globally well-defined representations on the single-particle states. We prove
that massless unitary irreducible vector bundle representations of the Poincaré group natu-
rally induce unitary irreducible representations on the Hilbert space of L? bundle sections,
and therefore such bundle representations correspond to particles by the usual definition.
This result appears to be a special case of Mackey’s theorem ([115], Theorem 14.2), but we
give a novel proof of this which relies on much simpler methods than Mackey’s general result.
We show that Wigner’s little group method generalizes to this bundle formalism, and can be
used to decompose bundle representations into irreducible representations and classify these
irreducible representations. In the case of the photon bundle, this induces the decomposition
v = v+ ®v_, showing that R and L photons are globally well-defined particles. This implies
that any global photon wave function can be uniquely decomposed into R and L photon
components, even though there exist no global bases for the R and L photons.

Our results complement the body of work which has further developed Wigner’s original
version of the little group method. Mackey [115-117| developed the mathematician’s version
of this theory which generalized the little group method from the Poincaré group to any
locally compact group. Simms [47] showed that Mackey’s theory had an underlying vec-
tor bundle structure, using what he called G-Hilbert bundles which are very similar to the
vector bundle representations which we use. However, Simms worked with only topological
vector bundles, not smooth vector bundles, and did not relate his work to the smoothness
problem with Wigner’s representations. Indeed, Simms’s bundle formalism did not offer ob-
vious advantages over Mackey’s theory, and Mackey referred to the bundle formulation as
a “digression” [117]. However, we show that our bundle formalism produces smooth repre-
sentations for massless particles. Asorey et al. [48] connected the representations developed
by Mackey and Simms [47, 115-117| to the the covariant representations more commonly
used in physics. Boya et al. appear to be the first to identify that the massless Wigner

representations had singularities, although no fix was proposed. Flato et al. [45] also noted
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singularities in the these massless representations of the Poincaré group. Flato et al. reme-
died this issue by developing a theory of twisted delta (“twelta”) functions, which they use to
represent single-particle states. This produced smooth vector space representations on the
functionals of sections of vector bundles. They primarily use field-theoretic techniques, with
line bundles appearing implicitly via transformation properties of functions. Very recently,
Dragon [85] also approached this problem, producing massless representations on sections
of vector bundles using a similar implicit framework. The formalism we develop is based
on the notion of symmetries on vector bundles and differs from previous methods in that it
considers Poincaré actions directly on smooth vector bundles rather only on their sections.
This results in particularly explicit massless representations for massless particles. We will
show in this chapter and in the the following chapters that this framework is particularly
useful for answer questions related to the angular momentum of massless particles.

This section is organized as follows. In §3.4.1 we define some notation related to rela-
tivistic symmetry groups. In §3.4.2, we discuss vector bundle representations of symmetry
groups. In §3.4.3, we illustrate the issues with the conventional little group method for
constructing irreducible representations for massless particles. In §3.4.4, we show that these
issues can be overcome by developing a modified version of the little group method for bun-
dle representations of massless particles. In particular, we will see that R and L photons
are globally well-defined as irreducible bundle representations of the Poincaré group, and
are thus globally well-defined as particles. In part 3.4.5 we prove that unitary irreducible
massless bundle representations induce unitary irreducible Hilbert space representations, and

thus correspond to particles in the usual sense.
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3.4.1 Geometric notation and conventions

We use the (—,+,+,+) signature for Minkowski space, with the minus sign on the time

component. The spacetime metric is denoted by

-1 0 0 O

o 0 100

7 = = ) (3.63)
0 010
0O 0 0 1

The Poincaré group, consisting of all isometries of Minkowski space, is denoted by 10(3, 1),
where the “I” indicates the inclusion of inhomogeneous transformations. Likewise, the Eu-
clidean group ISO(n) = R™ x SO(n) is the group of all isometries of n-dimensional Euclidean
space and x denotes the semidirect product ([38], §18.1). The improper Lorentz group
O(3,1) is the subset of 10(3,1) consisting of only homogeneous isometries. A generic ele-
ment of I0(3, 1) can be expressed uniquely as T, - A, where T, is a spacetime translation by
a e R A€ 0(3,1), and - denote the group multiplication. In general the group law is
given by ([38], §42.1)

(Tay, - A1) - (Tay - A2) = Ty pay - A1 (3.64)

The orthochronous Poincaré and Lorentz groups, 10" (3,1) and O%(3,1), consist of trans-

formations preserving the orientation of time:

107(3,1) = {T, - A € IO(3,1)|A% > +1} (3.65)

0"(3,1) = {A € O(3,1)|A% > +1}. (3.66)

The proper orthochronous Poincaré and Lorentz groups, ISO*(3,1) and SO*(3,1), are the
further restrictions of 107 (3,1) and O*(3,1) to transformations preserving the orientation

of space, that is, with det A = 1. The parity and time inversion operators are the Lorentz
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transformations defined by their action on the four-vector z = (2%, x) by
P(2%,2%) = (2°, —2") (3.67)
T(2 2") = (=2, 2"). (3.68)

SO™(3,1) is the connected identity component of O(3,1) and contains neither P nor T.
O7(3,1) contains P but not T. As is common in physics, we will often simply refer to

SO*(3,1) and ISO™(3,1) as the Lorentz and Poincaré groups, respectively.

3.4.2 Representations on vector bundles

Representation theory is the method of representing groups by their actions on a linear
space. Typically this linear space is taken to be a vector space. However, vector bundles also
possess a linear structure, albeit one that is more complicated than that of a vector space.

We now define a representation of a Lie group on a vector bundle.

Definition 3.4 (Vector bundle representation). Let G be a Lie group. A wvector bundle
representation of G is a vector bundle m : E — M equipped with a smooth group action
Y : G x E — E such that for each g € G, ¥, = ¥(g,-) : E — E is a vector bundle

isomorphism. In particular, there is a corresponding diffeomorphism o, : M — M such that

E_—2,F
. lw (3.69)
M -2 M

commutes. The action of g on a vector v € E or basepoint m € M is sometimes written
with the shorthand gv = X,v or gm = o,m when there is no chance of ambiguity. We also

frequently use the notation ¥(g) = X,.
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E is said to be a homogeneous bundle representation if the action o on M is transitive.!
If E s a Hermitian bundle, then we say the representation is unitary if the restriction of ¥,
to any fiber is unitary, i.c., if Xg|g, : By — Ey ) s unitary. If F is a subbundle of E with
nonzero rank, then we say (F,Y) is a subrepresentation of (E,%) if ¥ restricts to an action

of G on F. E 1is irreducible if it has no proper subrepresentations.

Definition 3.5 (Isomorphism of vector bundle representations). An isomorphism between
vector bundle representation w : E1 — M and my : Es — M with group actions ¥y and Y

1s a vector bundle isomorphism f : E1 — Ey which preserves base points,

f(Er(m)) = Ex(m) (3.70)

form € M, and which satisfies the equivariance property

f(21(9>71) = Ys(g) fv (3.71)

for any g € G and v € FEy. f is said to be a unitary isomorphism if the actions 31 and
are unitary, and if f is unitary. If such an isomorphism exists, the representations are said

to be equivalent or unitarily equivalent.

These definitions are analogous to those for ordinary representations, with vector spaces
and linear maps replaced by vector bundles and bundle maps. As for ordinary representa-
tions, a representation of a Lie group G on a vector bundle E describes a G-symmetry of
the system represented by E. We show that the photon bundle 7 is a unitary representation
of the orthochronous Poincaré group, 107 (3, 1), describing the Poincaré symmetry of the
Maxwell system. We note that it is possible to construct a bundle representation of the full
Poincaré group 10(3, 1) if one includes the backward light cone in the base manifold of ~.

However, little is gained by doing so and it introduces two complications. First, the full light

'Meaning that for every mi,ms € M there exists a g € G such that ogmy = mo.
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cone is not connected while the forward light £, cone is. Second, the representation would
no longer be unitary since the action of time-inversion is anti-unitary [118].

Let (k, E) € v where k = (|k|, k) is a lightlike four-vector. Both k£ and E have well-
known transformation laws under Lorentz transformations. For A € O(3,1), k transforms
like a four-vector: k — k' = (|K'|, k") = Ak. As L, can be parameterized by k, we sometimes
write k' = Ak for the spatial part of ¥’. When the base manifold a subset of four-momentum
space, we will always assume that the action o on the base manifold is the four-vector action
unless otherwise stated (the only other action considered will be ¢ = 1). Under the subset
of O(3, 1) consisting of rotations in 3-space, E transforms like a 3-vector, since 3D rotations
and the Fourier transform commute. Let A, denote a boost by velocity v. Under this

transformation, the electric field €(x) becomes [119]?

—_— x .
YLor + 1 (372)

Then,

E/<Avk,) — €7i(Avk)Mxtl“£/(.Z’/> d4:L’/

efi(Avk)“(Avff)ug%Avx) det(Ay) d'x
(3.73)

Il
—— —

e H gl (Nyx) da

Lo B(k) — v x (B x B(k))] — #(é(@ o).

I
)

2We will always use active Lorentz transformations. Jackson [119] uses passive transformations
so it is necessary to make the replacement v — —wv.
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Note that for two 4-vectors a* = (a°, a) and b* = (1°, b), both §*(a*—b") = §(a®—b°)53(a—b)

and a°5*(a — b) are Lorentz invariant [43|, and therefore so is (a°)~16(a® — °):

5<(Aa)° - (Ab)O) 5 — 1)
(Aa)? B a®

(3.74)

for any Poincaré transformation A. It then follows from Eqgs. (3.7), (3.73), and (3.74) that

E'(Ak) = 10r[B(R) = v x ( x E(k)) ﬂ(E(k)-v)v], (3.75)

a YLor + 1

and thus the action of A, on (k, E) € ~ is given by

Sh, (k, E) = (Aok, E) (3.76)

W Yoo [E —v x (k x E)] — M(E : v)v]‘ (3.77)

YLor + 1

Similar calculations show that spatial inversion P and spacetime translations by a = (a%; a)

act via

Se(k, E) = (—k, —E), (3.78)

Sr.(k, E) = (k, e Fatlka) ), (3.79)

Any element of 107 (3,1) can be expressed as a combination of boosts, spatial rotations,
spacetime translations, and spatial inversion, so together these relations define an action of
107 (3,1) on 7. An essential property is that k transforms independently of E, and thus the
Poincaré action preserves fibers: X (A)v(k) C v(o(A)k) = v(Ak). This ensures that elements
of I0"(3,1) are represented by bundle maps, and therefore we have a representation on .

We have thus proved most of the following theorem.
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Theorem 3.17. v is a homogeneous vector bundle representation under the usual Poincaré
transformations of the electric field described above. This representation is unitary with

respect to the Hermitian product (3.13).

Proof. The representation is homogeneous since 107 (3, 1) acts transitively on the base man-
ifold £, . It remains to prove unitarity. The Hermitian product induces a norm on each fiber
v(k) given by |E| = vV E* - E. The inner product of two arbitrary vectors can be expressed

purely in terms of the norm via the polarization identity [120]:

(Er, Ey) = =(|E1 + Eo|* — |Ey — Bo|* —i|Ey +iEs|* + i| By — iE,]?) (3.80)

N

It is thus sufficient to check that

(SA\E,SA\E) = (E, E) (3.81)

for all A € 107 (3,1). Furthermore, it is sufficient to check the cases when A is a spatial
rotation, spatial inversion, spacetime translation, or boost. The first three are trivial, and

for the latter one can show directly from Eq. (3.77) that

E*.E =E-E (3.82)

which completes the proof. O]

As in the case of vector space representations, a representation ¥ of a Lie group G on a
vector bundle 7 : E — M induces an action 1 of the Lie algebra Lie(G) on that bundle in
the following sense. For g € Lie(G), the generator 7, associates to each vector (m,v) € E a
tangent vector in T{,, ) E describing the infinitesimal group action. Explicitly,

Zexp(tg) (m, ’U) € T(mﬂ,)E. (383)

ng(m>v) = E =0
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Thus, 1y, € X(E) where X(F) is the set of vector fields on E. The next result says that 7,
respects the vector bundle structure of F in the sense that it is a lift of the corresponding

vector field on the base manifold M induced by X. Define the vector field 77 € X(M) by

_ . d
Mlg(m) = at tZOUeXp(tG)(m> € T M. (3.84)
Proposition 3.18.
Mg O T =T, 0N, (3.85)

where m, is the pushforward of w. That is, the diagram

E-" . TE

Wl _ lw* (3.86)

M~ TM
commautes.

Proof. Yexp(tg)(m,v) is a curve through (m,v) € E with tangent vector ny(m,v) at ¢t = 0.

So

e 0 Ng(m, v) = T 0 Lexp(tg) (M, V)

t=0

dt
d 3.87
= %‘t:()o’exp(tg)ﬂ-(mu U) ( : )

= 1)y o (M, v).

X(F) is a Lie algebra with respect to the Jacobi-Lie bracket

[X,Y]. = —(XY - YX). (3.88)
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The minus sign in this definition is needed for the next result and accounts for the fact that
3} and n act on the left rather than on the right. The following proposition justifies calling

n a Lie algebra bundle representation.
Proposition 3.19. 7 : Lie(G) — X(F) is a Lie algebra homomorphism.
Proof. See Ref. [121], Theorem 20.18 (a). O

Following the notation of Weinberg [43|, §2.4, the infinitesimal Poincaré transformations

with homogeneous and translational parts

AF, = 6", + wh, (3.89)

al' = ¢ (3.90)
define the generators of the Poincaré group J*” and P* by
1
(I +w,e)=1+ §iwonJ”’7 — i€, PP + O(w?, €%, we) (3.91)

where w,,, is anti-symmetric. The generators are independent of w- and e-independent and
go by standard names: the Hamiltonian H = P° generating time translation, momentum
P = {P' P? P3} generating spatial translations, angular momentum J = {J?* J3! J12} =
{J1,J2, Js} generating spatial rotations, and boost K = {J9 J?° 3%} = {K,, K,, K3}
generating the boost transformations. Given v € R3, these also define the generators J, =

v-J and K, = v - K. The generators satisfy the commutation relations

[Jar Jo] = i€ape ey [Jas K] = i€ape KK (3.92)
(Ko, K] = —i€apede, [Jas By] = i€apeLe (3.93)
(Ko, By) = iHowy, [Ko, H] =iP, (3.94)

[Ju, H] = [P, H] = [P, Fy) = [H, H] = 0. (3.95)

89



The generators are related to finite rotations, boosts, and translations via

(R(6)) =e 7 (3.96)
Y(Ae) = K (3.97)
S(T,) = @ H-aP), (3.98)

Here, 6 = 00, R(08) € SO(3) is rotation by € about 0, A¢ is a boost with rapidity ¢ , and
T, is a translation by a = (a° a). These sign conventions are consistent with the textbooks
of Woit [38] and Srednicki [122]. In particular, all transformations are considered from the

active viewpoint. In the standard four-vector representation

0 cosf@ —sinf 0

R(fe3) = |0 sind cosf 0 (3.99)
0 0 0 1
and
cosh( sinh¢ 0 0
sinh{ cosh( 0 0
Age, = (3.100)
0 0 10
0 0 01
It will also sometimes be convenient to express boosts by a velocity ves, 0 < v < 1:
YLor  VLorV 0 0
orV or O O
Npe, = ks " ; (3.101)
0 0 10

0 0 01

we will always be clear if we are applying boosts in terms of velocity or rapidity. They are

related by v = tanh ¢ and v, = cosh (.
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3.4.3 Singularities in massless vector space representations

In this section we illustrate how the conventional form of the little group method [42, 43]
produces vector space representations of the Poincaré group with singularities. We will
discuss this method in its modern form, as presented by Weinberg [43], and in its original
and slightly more rigorous form as developed by Wigner [42]. In the modern formulation,
one constructs unitary representations 3 of the Poincaré group on the space of single-particle

states, that is, on the (generalized) eigenvectors Wy , of the momentum operator:
PR = kMU . (3.102)

Here, a € {1,2,...,n} labels the internal degrees of freedom. It is assumed that a is a
discrete, finite index, reflecting the fact that only particles with a finite number of internal
degrees of freedom have been experimentally observed [43]. The little group method seeks
to construct all possible representations > as follows. One begins by fixing some momentum

k, and considering the little group Hj consisting of the elements in SO*(3,1) stabilizing k:
Hy = {A € SOT(3,1)|A(k) = k}. (3.103)

The little groups for different choices of k are conjugate to each other since if A is any

Poincaré transformation taking ky to ks, then
Hy, = AH, A% (3.104)

Thus, up to isomorphism, Hj is independent of k. The single-particle states at k form a

representation of the little group, since for A € Hj,

S, = 3 Day(A) T, (3.105)
b=1

91



for some scalars D,,(A). It is much easier to classify the little group representations since
the little group is smaller than the Poincaré group. For massive particles, the momentum
space is a mass hyperboloid, and one can choose the reference momentum & = (1,0,0,0)
as that of a particle at rest. The little group is then clearly SO(3). The finite-dimensional
representations of SO(3) are 2s+ 1-dimensional and labeled by the spin s. For non-projective
representations (bosons), s is restricted to nonnegative integer values. The situation is
considerably different for massless particles. In this case the momenta are lightlike and
there is no preferred reference momentum as there is no rest frame. One typically chooses
the reference momentum k = (1,0,0,1). One can show that the little group is ISO(2) =
R? x SO(2), the two-dimensional Euclidean group [38, 43, 44]. In contrast to SO(3), the
finite-dimensional representations of ISO(2) are all one-dimensional. They are labeled not by
spin but by the helicity h which, for non-projective representations, can take on all integer
values. The change in the momentum space at m = 0 accounts for the fact that massless
particles such as photons are characterized by helicity rather than by spin.

To construct representations of SO*(3,1) from representations of the little group, one
must relate the states with momentum & to those with other momenta. The conventional
method [42, 43| for doing so is to assign to each k in the momentum space M a Lorentz
transformation L(k) such that

LK)k = k. (3.106)

Thus, L : M — SO*(3,1). Up to normalization, one then defines the single-particle states

of momentum k in terms of those of the reference momentum & by [43]

U0 = (LK) Vs, (3.107)

Then, the action of an arbitrary A € SO"(3,1) is given by

S(A) W0 = S(L(AR))S [L(AK) " AL(K)] W . (3.108)
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Since L(Ak) 'AL(k) € Hg, the action in Eq. (3.108) is completely determined by Egs. (3.105)
and (3.107):
S(A) Wy = Doy [L(AK)'AL(K)] W aka (3.109)

Eq. (3.108) thus extends each little group action specified by D, to a Poincaré action on
all single-particle states. However, the validity of this procedure relies on being able to
smoothly define L : M — SO(3,1) satisfying Eq. (3.106). If L is not smooth, then the
space of single-particle states constructed in Eq. (3.107) does not have a smooth structure.
It is then not possible to say that the Poincaré group acts smoothly on the single-particle
states, as will be discussed in greater detail.

For massive particles, this is not an issue. For the reference momentum & = (1,0,0,0),
one can smoothly choose L(k) to be the unique boost taking k to k. However, for massless
particles there are no smooth choices of L. This result was proved by Boya et al. [46] using
the principal bundle structure of SL(2,C). We present a short alternative proof based on

the fact that the R and L photon bundles are Poincaré symmetric:

Theorem 3.20. Let k € L. There exists no smooth function L : £, — SOT(3,1) satisfying

Eq. (3.106) for all k.

Proof. Suppose there were such a function L(k). We will prove in Theorem 3.27 that R and
L polarization states are preserved under the action ¥ of SO*(3,1). Additionally, a photon
will appear as a propagating wave in any reference frame, so under a Lorentz transformation
a wave (k,E) € v, with E # 0 will transform into another wave with nonzero electric
field. This also follows trivially from the fact that the Lorentz transformations are vector
space isomorphisms between fibers. If one fixes a choice of (k, E,) € v, (k) with E, # 0
then X L(k)(/%, E.), considered as a function of k, is a continuous nonvanishing section of 7,
contradicting the fact that v, is a nontrivial bundle. Thus, no continuous function L(k)

exists. OJ
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For example, Weinberg chooses the fixed reference momentum &k = (1,0, 0, 1) and chooses
([43], Eq. (2.5.44))
L(k) = R(des) R(0e;)B.([K|) (3.110)

where

k = |k|(1,sin6 cos ¢, sind sin ¢, cos ) (3.111)

and B,(|k|) is a boost in the z direction taking (1,0,0,1) to (|k[,0,0, |k|). However, L(k) is

discontinuous at # = 0 since
EI% R(¢es)R(0ey) = R(pes) (3.112)

depends on the value of ¢; a similar discontinuity occurs at § = w. This illustrates that
the modern formulation of the little group method [43, 44] fails to generate smooth massless
representations.

This issue presents somewhat differently in Wigner’s original and slightly more rigorous
formulation on the little group method [42]. The single-particle states used by Weinberg do
not themselves form a Hilbert space (for example, they are delta-function normalized [43]).
Wigner instead builds representations on the Hilbert space of L? wave functions v (k,a)
where again a is a finite index. Given a unitary n-dimensional matrix representation of the

little group Hj, in which A — D, (A), Wigner defines the Hilbert space representation

S(A)Y](k, a) = ZDab(L(k)*lAL(A*lk))w(Aflk, b). (3.113)

b
In particular, this generates representations on the Hilbert space @@, L*(M,d¢), the n-
component square-integrable complex-valued wave functions on the momentum space M
with respect to the Lorentz-invariant measure d§ = Cf—o’“.

This procedure encounters no difficulties for massive particles, generating spin s represen-

tations on the Hilbert space @,,,; L*(R?,d§). Since L can be smoothly chosen as previously

94



discussed, these spin representations map smooth wave functions to smooth wave functions.
However, in the massless case, L is discontinuous for at least one k’. Thus, if ¢ is smooth,
the transformed wave function 3(A)y seen in another reference frame is discontinuous at
k' and AK', as seen from Eq. (3.113). The trivial exceptions to this are when A is the
identity or when D, is the trivial representation with D,,(A) = 1 for every A. The latter is
interesting because it shows that the massless helicity 0 representation is smooth. However,
all the nonzero helicity representations are not smooth. We do note that such discontinuous
wave functions are still elements of the L? Hilbert space, and Wigner showed that these
representations can be regarded as continuous in the technical sense that if A, — A, then
|Aa| — |[A?| in the L? norm. Nevertheless, such nonsmooth representations are practically
awkward and appear somewhat unnatural as physically one might expect that smoothness
should not be dependent on the reference frame.

We will illustrate these difficulties more explicitly by examining the representations of
massless helicity h particles that result from Eq. (3.113) with L(k) chosen according to
Eq. (3.110). In particular, we will show that the action of a rotation A = R(cpeQ) about
e, results in a complicated transformation which introduces singularities to a smooth wave
function. As shown by Weinberg ([43], Eq. (2.5.27)), an arbitrary element W of the massless

little group of k = (1,0,0, 1) can be expressed as

W(¢ a,8) = S(a, B)R(Ces) (3.114)
146 a B =0

« 1 0 —«
S(a, B) = (3.115)
g 01 =5
) a [ 1-9

for some angle ¢ and real parameters «, 3, = (o + 3?)/2. This gives an isomorphism of the
little group at k with the two-dimensional Euclidean group ISO(2) via (¢, a, 8) — W (¢, a, ),

where (¢, a, ) € ISO(2) denotes a rotation in the plane by (¢ followed by translation by
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Figure 3.3: Plot of arg[¢; (k)] = —(r/2(0, ¢) where ¢y = 41 (|k|) is a real, spherically sym-
metric helicity 1 wave function and ¢ = X'[R(5e,)|Y = e~ %x/29) is the wave function after
the action of a 7/2 rotation about e,. Singularities are visible at § = 0 and (6, ¢) = (0, ),
showing that Wigner’s massless helicity 1 representation ¥* does not preserve smoothness.

(a, B) € R% The finite-dimensional vector space representations of the little group are the

one-dimensional helicity h representations:
DMW (¢, a, B)) = D"(S(a, B)R(ves)) = e (3.116)

these will be discussed in more detail in the next section. Note that since these representa-
tions are all one-dimensional, D" has only the single component D}, = D". Wigner’s method

furnishes representations on the Hilbert space L?(L,,d¢) via Eq. (3.113). In particular, the
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action of R(Lpeg) is given by

[Zh(R(goeg))z/J] (k) = D"(W(Cy, ) 6@))1/1(1%( . goeg)k> (3.117)
_ e—ih(w(’c)w( R(- ¢62)k> (3.118)

where
W (Cp, v, B,) = L(k) ' R( — pes) L(R(per)k). (3.119)

The latter determines the angle (,(k). If we express k in spherical coordinates |k|, 6, ¢, then

direct calculation shows that a, = 8, = 0 and (, = (,(0, ¢) is the angle satisfying:

cos p sin @ — sin ¢ cos 6 cos ¢

cos (, = (3.120a)

u
sin¢, — Snesne (3.120b)

u
u = /1 — (cos p cosf + sin @ sin § cos ¢)2. (3.120¢)

This can also be expressed as
sin ¢ sin ¢

tan ¢, = (3.121)

cos psinf — sinp cosf cos ¢

The latter has two solutions, but the ambiguity is resolved by picking the solution which
agrees with Eq. (3.120). Assuming 0 < ¢ < 7, we find that the function (,(f, ¢) is not

smooth, with singularities arising in two ways. First, at the poles we have

éi_r)rll)tan (,(0,0) = —tan¢ (3.122a)
gim tan (,(6, ¢) = tan ¢. (3.122b)

Thus, ¢, is not smooth at & = 0 or § = 7 since the limits depend on ¢. Second, singularities

can arise when the numerator and denominator in Eq. (3.121) simultaneously go to zero.
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This occurs at (0,¢) = (¢,0) and (0,¢) = (7 — ¢, 7), and it is straightforward to check
that the limits of ¢, indeed do not exist at these points. Thus, if ¢(k) € L*(L,d§) is a
smooth function, then the rotated function X"[R(p)es]t) will have singularities at the poles
and at (0,¢) = (¢,0) and (0,¢) = (7 — ¢, 7). For example, under a ¢ = 7/2 rotation
about ey, a spherically symmetric helicity 1 wave function ¥; = v (|k|) transforms into
the singular, non-spherically symmetric ¢} = e=%~/2(9:%)¢), as depicted in Figure 3.3. Thus,
smooth wave functions are not mapped to smooth wave functions under these conventional
representations, as we anticipated from Eq. (3.113) and Theorem 3.20. Furthermore, we see
that the action rotations is far from intuitive in these representations. It will be shown in
§3.4.5 that by considering representations on different Hilbert spaces, namely on the spaces
of L? sections of vector bundles over £, we can obtain smooth massless helicity h repre-
sentations. Furthermore, the action of rotations and other Lorentz transformations is easier
to understand in these representations. Indeed, in the photon (h = £1) representations, the
transformations are determined by those of the electric field. The higher helicity transfor-
mation laws can be understood as iterated tensor products of the h = +1 transformations,

as will be shown in Chapter 5 [Egs. (5.18) and (5.29)].

3.4.4 The little group method for massless vector bundle represen-

tations

We can resolve global nonsmoothness issues in the massless case by considering vector bun-
dle representations of the Poincaré group over the light cone. We will show that a vector
bundle version of the little group method can be used to canonically decompose any unitary
ISO™(3,1) bundle representation 7 : £ — £ into irreducible bundle representations labeled
by helicity.

We begin by defining bundle representations of the little group.
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Definition 3.6 (Stabilizing vector bundle representation). A wvector bundle representation
m: E — M of G with group action (X, 0) is said to be stabilizing if o, = 1 is the identity
for every g € G, that is, if

Yy(Ex) = By (3.123)

for every k € M.

Definition 3.7 (Little group of a vector bundle representation). Let 7 : E — M be a

homogeneous vector bundle representation of G. The little group at k € M 1is defined by

Hy = {g € Glo,(k) = k}. (3.124)

The little group H of the representation is defined as the isomorphism type of Hy, which is

LY and E is homogeneous.

independent of k because Hy 1 = gHyrg™
In the case that G is the Poincaré group, H and Hy, are restricted to elements of SO (3,1),

that is, they are defined in terms of the corresponding proper orthochronous Lorentz action.

Theorem 3.21 (Little group representation). Let w : E — M be a homogeneous vector
bundle representation of G with action X and little group H. Let Hy denote the little group
at k € M. Suppose f: Hx M — G is a smooth map such that f(h,k) € Hy for all h,k,
and for each fized k, f(h,k) is a group homomorphism from H to G. Such an f induces a

stabilizing bundle representation of H on E with action II given by

Iy (k,v) = Spne(k,v) (3.125)

for (k,v) € E. 11 is unitary if 3 is unitary. A bundle representation of H induced by such

an f is called a little group representation.
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Proof. 11 is smooth because > and f are. It is a vector bundle representation because

Hh1h2(k7 U) = Ef(hlhzyk)(lﬁ U) = Ef(hhk)f(hmk‘)(kv U) (3'126)

= Ef(hl,k)zf(hg,k)(k7v) = Hh1Hh2<k',U). (3127)

It is stabilizing since f(h,k) € Hj. Since II can be written in terms of X, if ¥ is unitary

then so is II. N

By the definition of the little group H, for each k there exists an isomorphism f; : H —

Hy,. Note that f; is not typically unique. For any choice of such f; one could then define an

f
f(h,k) = fi(h). (3.128)

However, this f is not generally smooth since there is no guarantee that the choices of fj
fit together smoothly. Our first goal is construct a canonical smooth f for an arbitrary
ISO*(3,1) vector bundle representation m : £ — £, which will then furnish a canonical
little group representation. Note that any such bundle F is homogeneous since ISO* (3, 1)
acts transitively on L.

For a fixed k € L, any A € Hj, satisfies X(A)Ej, = Ej, so X gives a finite-dimensional
vector space representation of Hj = ISO(2) on the fiber Ej; we will use > to denote this
restriction of ¥ to Fx.

Consider first the special case of k = (1,0,0,1). Weinberg ([43], §2.5) and Woit (|38],
§42.3.5) showed that the little group of this & can be described by a function of three

parameters W¥(0, o, 8) : ISO(2) — ISO™(3,1) and is represented by

S(W*(0, a, B)) = exp|—i(aA +iBB + i0.Js)],
A= Jy+ Ky, (3.129)

B: —J1+K2.

100



Under the isomorphism with ISO(2), J; generates 2D rotations while A and B generate

translations. They satisfy the commutation relations

[Js, A] = +iB, (3.130)
[J5, B] = —iA, (3.131)
[A, B] = 0. (3.132)

It is known that all finite-dimensional irreducible representations of ISO(2) are one-
dimensional. The general case was proved by Schwarz [123]; simpler proofs for unitary
representations of ISO(2) are presented by Weinberg [43] and Maggiore [44]. Therefore,
on each such irreducible representation, J3, A, and B must all be multiplication operators
and thus commute. Egs. (3.130) and (3.131) then imply A = B = 0 on each irreducible

representation, which in turn implies A = B = 0 on all of E;. Thus,

S+ Ky =0 (3.134)

when restricted to ;. We note two subtleties here. First, the relations (3.133) and (3.134)
hold only on the fiber Ej. Second, J, and K; are not independently operators in the little
group representation since neither generate transformations leaving k invariant. However,
since Jo + K7 = 0 in the little group representation, this relation holds also in the bundle
representation when restricted to Ez, and in this sense the perpendicular boosts and angular
momenta are related by J, = —K; and J; = K3 on Ei.

Since A = B = 0, the irreducible representations are completely determined by the action
of the generator Js. In fact, they are just the eigenspaces of J;. Let Wy, be the eigenvectors
with eigenvalues h:

JsUp, = b ,. (3.135)
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h defines the helicity of each irreducible representation of Hj. Since

€i27TJ3\IIE,h = 627”‘]1\1/1}7;1 = \IJE,hy (3.136)

h must be an integer. Note that if one allows projective representations, h may also be a
half-integer [43]. That also that since A = B = 0, the massless little group is essentially
reduced from ISO(2) = R? x SO(2) to SO(2).

These results generalize easily to arbitrary k = (|k|, k) € L, as there is nothing special
about k = (1,0,0,1). Choose any fi, f» € R? such that (fl,fz,ic) form a right-handed
orthonormal coordinate system. Then there is an isomorphism W* : ISO(2) — Hj},, and the

action of the little group Hj is described by

S(WH0, v, B)) = exp [—i(aA* + BB* + 0(k - J))], (3.137)
AP =f - J+fi-K=0, (3.138)
BY=—fi-J+f -K=0. (3.139)

The latter two equations say that the boosts and perpendicular angular momentum are

related on Ej by

J =—kxK =—-kxK (3.140)

where
Jo=J—k(k-J), (3.141)
K =K-—kk- K). (3.142)

The only nontrivial generator of the little group is k-J , and its eigenspaces are again labeled

by integer helicities.
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We would like to show that the fiber-wise little group representations fit together to form
a bundle representation of the little group ISO(2) via Theorem 3.21. However, W*(0, a, 3)
considered as a function from ISO(2) x £, to ISO™(3,1) is not smooth because it is not
possible to smoothly choose (fi(k), fo(k)) by the hairy ball theorem. However, the fiber-
wise little group representations have the important property that the translations A* and

B¥ act trivially. Thus, f:ISO(2) x £, — SO*(3,1) given by
f((0,0,8),k) = W*®,0,0) (3.143)
is smooth and produces precisely the same action as W*(6, «, 3) under :

S(f((0,a,8),k)) = S(W*H0, v, B)). (3.144)

Applying Theorem 3.21 to this f then gives a canonical little group action.

Theorem 3.22. Every ISO*(3,1) representation = : E — L with group action ¥ has an

associated little group representation of ISO(2) with action IT given by
(6, 0, B)(k, ) = (ke 0) = (k, e EDy) (3.145)

where

x=k-J (3.146)

is the helicity operator. If ¥ is unitary, then so is II.

Note that the helicity operator can be written as

P 1
. J=—P-J. (3.147)
|| H

X g IZ: . J g
This operator is smooth on the vector bundle since H = |k| # 0 on the light cone and is thus

invertible. Note that H~' commutes with P and J. Furthermore, for each a € {1,2,3}, P,
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and J, commute, so P -J = J - P. Thus, the terms in Eq. (3.147) can be rearranged, and
there is no ordering ambiguity in the definition of y. The following is an important property

of x.

Theorem 3.23. The massless ISO"(3,1) action ¥ and its associated little group action I1

given by Eq. (3.145) commute.

Proof. Tt is sufficient to show that the generators of these actions commute, that is, we show
that y commutes with all generators of the ISO*(3,1) action. In the following calculations,
we implicitly sum over all repeated indices. That x commutes with the spacetime translation

generators and the Hamiltonian H is trivial. For the generators P, we have

P, P,
[X? Pb] = [ﬁ‘]av Pb] = E[Jav Pb]
(3.148)

= iegp.H 'P,P. = 0.

For Jb,

[x, Jo) = H [Py Ju, Jy)

= H Y (Pu[Ja, Jo) + [Pa, T} Ja)

(3.149)
- Z.H_l(eabcpw]c + 6abc-PcJa)
=0.
To show that xy commutes with boosts, note that
[H' Ky = H 'K, — K,H*
=H 'KyHH ' — H'HK,H ™!
(3.150)

= H 'Ky, HH'=iH 'PH

= iH %P,
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Thus,

X, K] = [H ' Py, K
= H ' Pl Ja, K] + [H ' Pa, K] Ja
— ieqeH 'P, K.+ H '[P, K] J, + [H™, K| PoJ, (3.151)
= —iH Y P xK), — ibyJ, +iH *P,P,J,

=i(=Jy — (k x K), + ky(k - J))

By the relation (3.140) between the boost and rotation generators for massless representa-
tions, these terms cancel giving

[x, K] = 0. (3.152)

[]

We can now show that the massless unitary irreducible bundle representations of

ISO"(3,1) are the constant helicity representations.

Theorem 3.24. Let 7 : E — L, be a unitary ISO*(3,1) vector bundle representation of
ISO™(3,1) of rank r such that a spacetime translation by a € R*™ acts on a vector (k,v) € Ej

by X1, (k,v) = (k,e"™*"3mv). Then E can be decomposed as

E=F&---F, (3.153)

where the E; are line subbundle of E and UIRs of ISO*(3,1). Each E; has definite helicity

hj in the sense that every element of Ej is an eigenvector of x with helicity h;.

Proof. Choose some k € L. Let (vy,...,v,) be a basis of the fiber Ej consisting of eigenvec-
tors of x with helicities (hi, ..., h,). Define the subset E; C E as the orbit of (k,v;) under

the group action and scalar multiplication:

E; = {cX(L)(k,v;)|L € 1SOT(3,1),c € C}. (3.154)
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We will show that each Ej is a rank 1 subbundle of £ by the subbundle criterion. Partition
Ej; as
E; = e, E;(k) (3.155)

where E;(k) is the subset of E; consisting of vectors at k. Each E;(k) is a vector space and it
is nonempty since if L(k) is any Poincaré transformation taking k to k, then X(L(k))(k,v;) €
E;(k). Thus, E;(k) is at least one-dimensional. Suppose (k,w;) and (k, ws) are both in E;(k)

and nonzero. Then

(k,wy) = 1 2(Ly) (K, vj) (3.156)

(k,wy) = co%(Ly) (K, vj) (3.157)

for some nonzero scalars (cy, ;) and Poincaré transformations (L1, Ly). As Ly 'Ly leaves k
invariant, it must be a combination of a spacetime translation by some a and an element of

the little group Hy, so

S(Ly L) (R, v5) = (e 02y, (3.158)

for some 6. Then

(lf, U)l) = Clz(Lg)E(LQ_ILl)(EZ7 Uj)
(3.159)

1 —4 . n
= 165 16 i(Oh;+k a”)<l{?7w2)

so (k,w) and (k, wy) are linearly dependent. This shows that every E;(k) is one-dimensional.

Now, let ky € L, be arbitrary and U be a small ball about ky. Choose the radius of
U to be small enough that it does not enclose the origin. We construct a smooth function
L:U — SO"(3,1) such that L(k)ko = k. Note that we showed in Theorem 3.20 that it is
not possible to construct such a function if the domain is all of £,. However, it is possible

to construct such a function locally. Indeed, we can simply choose L(k) = R(k)B(k) where
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B(k) is the boost parallel to kq taking kg to kO% and R(k) is the unique rotation by angle

0 < 0 < 7 along the great circle connecting kg |k0|| to k. Let (ko,v) be a nonzero vector

kol

in F;(kg). Then X(L(k))(ko,v) is a smooth section of E over U that span E;(k) for each
k € U. Thus, each Ej; is a line subbundle of £ by Lemma 3.10. They are unitary subbundle
representations of ISO™ (3, 1) by their definitions in Eq. (3.154). Every vector (k,w;) € E; is

an eigenvector of x with helicity h; since by Theorem 3.22,

X(k,wi) = xer3(La) (k, v5)
= 1 2(Ly)x(k, v;) (3.160)

= hj(k‘, wl).
O

In this bundle decomposition, it is possible for multiple line bundles F; to have the
same helicity. The next result says that such representations are equivalent, showing that
the irreducible bundle representations of ISO"(3,1) are completely characterized by their

helicity.

Theorem 3.25. Suppose w : By — L, and 75 : Es — L, are unitary line bundle rep-
resentations of ISO+(3, 1) with actions ¥y and Xy and helicities hy and hy, and such that
spacetime translations by a act via multiplication by e~*"2« . They are unitarily equivalent

representations if and only if hy = hs.

Proof. If E; and FE, are equivalent representations, then there exists an isomorphism g :
FE, — FE5 as in Definition 3.5. Let y; and xs2 be the helicity operators induced by »; and

Y. For (k,v) € Ej, linearity gives

g(e (k,v)) = g(e™?(k,v)) = ™bqg(k,v). (3.161)
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By equivariance,

g(et (k,v)) = e g(k, v) = " g(k,v). (3.162)

ThUS, hl = hg.
Conversely, suppose h; = hy. We will construct a unitary isomorphism of representations

g : By — Es. Fix some (ko,vo) € By and (ko, wy) € Ey such that |vg| = |wg| # 0. We define

9(ko, vo) = (ko, wo), (3.163)

and extend this relation by equivariance and linearity. That is, for every L € ISO*(3,1) and

c € C, define

g(31(L)(ko,vo)) = Xo(L)(ko, wo), (3.164)

g(ko, cvo) = c(ko, wp). (3.165)

Any (k,v) € E} can be expressed as

(k?, ’U) = cEl(A) (ko, UQ) (3166)

for some choice of ¢, A. Indeed, if one chooses a Lorentz transformation A such that Aky = k,
then 3(A)(ko,v0) € Fi(k). Since Ej is a line bundle, any other vector in F;(k) can be
obtained by scalar multiplication. We must still show that ¢ is single-valued under this
definition.

Suppose 31 (L1)(ko, vo) = X1(L2)(ko, v9). We need to show

Yo (L) (Ko, wo) = 3a(La)(ko, wo) (3.167)

or equivalently,

(L L) (ko, wo) = (Ko, wo). (3.168)
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Since Ly 'L, leaves kg invariant, it corresponds to T} - (6, o, ) where a is a spacetime trans-

lation and (6, a, B) is an element of H* = ISO(2). It thus acts on the fibers Ej 1, and Fyy,

—i(0h+kfa,

via multiplication by ¢; = e ). By assumption

Y1 (Ly ' Ly) (k, vo) = (K, vo) (3.169)

so ¢; = 1 and Eq. (3.168) holds. Next, suppose

Y1(L)(ko,vo) = (Ko, cvp). (3.170)

We need to show that

Yo (L) (ko, wo) = (ko, cwy). (3.171)

Again, since L leaves ko invariant, it can be expressed as T, - (6, «, ), and it thus acts on
both ) 4, and Fs, via multiplication by e~*"0+k62s)  Thus Eq. (3.170) implies Eq. (3.171),
showing that g is well-defined.

g is a basepoint preserving unitary vector bundle isomorphism by its defining properties.

All that remains to show is that ¢ is equivariant, that is,

91 (L) (k, v)) = Ea(L)g(k, v) (3.172)
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for arbitrary (k,v) € E; and L € ISO"(3,1). Choose some ¢ and A such that Eq. (3.166)
holds. Then, using Eqs. (3.163)-(3.165) we have

9(E1(L)(k,v)) = cg(X:(LA)(ko, v0))
= CEQ(LA)(]{;O, U}o)
= 55 (L)S5(A) (Ko, wo) (3.173)
= 35(L)g(cX1(A) (Ko, vo))

= Ea(L)g((k, v)).

Thus, F, and E5 are equivalent representations. O

We can apply this vector bundle version of the little group method to decompose the
photon bundle 7 into Poincaré invariant line bundles. First note that v+ have definite

helicity.
Proposition 3.26. The R and L bundles v+ have definite helicities £1.

Proof. An arbitrary vector vy € 4 can be written as vy = a(e; +iep) where (ey, e, lAc) is
real, right-handed, and orthonormal. E(R(Gl%)) = ¢~i0(k-J) — =X i5 the action of a rotation

by 6 about k. Using the (e, ;) basis,

. cos —sin6 1 »
R(Ok)vy = =eTuy. (3.174)

sin 8 cos 6 44

Differentiating with respect to 8 gives

yur = (k- J)vy = tog. (3.175)
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It now follows that 4 are irreducible subrepresentations of the representation > on =,
provided we restrict ¥ from 107 (3,1) to ISO*(3,1). This restriction is necessary since the

parity operator P maps vy to 74, and therefore the R and L bundles are not P-symmetric.

Theorem 3.27. v, and - are unitary irreducible vector bundle representations of

ISO*(3,1).

Proof. By Theorem 3.24, v decomposes as

v=E ®E, (3.176)

into two unitary irreducible line bundle representations of ISO™(3,1) with definite helicity.

By proposition 3.26, these line bundles must be ... O

This result shows that R and L photons are globally well-defined. In particular, this
construction avoids the singularities that appear in the conventional little group method for

massless particles.

3.4.5 Vector bundle representations as particles

We have shown that the solutions of Maxwell’s equations fit together into a smooth vector
bundle v. Furthermore, ~ splits into two unitary irreducible bundle representations of the
Poincaré group, v, and y_. It is thus natural to consider these bundle representations
to be particles. However, by the conventional definition, particles are unitary irreducible
Hilbert space representations of the Poincaré group [42, 43]. In this section we bridge
the gap between these two viewpoints, proving that massless unitary irreducible bundle
representations of the Poincaré group generate corresponding unitary irreducible Hilbert
space representations, and can thus be considered particles under the standard definition.
These Hilbert space representations are smooth, avoiding the singularities described in §3.4.3

that occur in Wigner’s little group construction. We note that a similar method of generating
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Hilbert space representations from bundle representations was described by Simms [47]. Our
work differs in that we use smooth bundles rather than topological bundles, which allows us
to resolve the nonsmoothness issues with massless representations; it does not appear Simms
was aware of the smoothness problem.

A representation of G on the vector bundle E naturally induces a vector space represen-
tation of G on the infinite-dimensional vector space I'(E) of smooth sections of E. We refer

to this as the sectional representation.

Proposition 3.28. A vector bundle representation (E,X) of G induces a vector space rep-
resentation of G on I'(E). Given g € G and a section b : M — E, g is represented by ig,
defined by

[Egy](m) =%, [@Z}(Ug*l(m))] (3.177)

Proof. The linearity of the action in I'(E) follows from the fact that ¥, is a bundle map.

That the identity e € G acts trivially on I'(E) follows from ¥, = I. If g1, 92 € G, then

[Z410 81 (M) = Bg,00 [0 g1g2)-111)]
= 34,8, V(0 10,1(m))]
= 20, [(S0,0) (041 (m))]
=[S0, (Bg0) | (m)

(3.178)

showing that ,,,, = %, %,,. Lastly, ¥, is smooth since %, Y41, and ¢ are smooth. [

As an example which will be used in §3.5.2, the ISO(2) little group action on v has a
corresponding sectional representation on I'(y), which can be simply expressed due to the
splitting v = v @ v_. A section E(k) € I'(y) can be uniquely written in terms of sections
E. of vy:

E(k) = E. (k) + E_(k). (3.179)
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That is, there are unique projections Py : I'(y) — I'(7+). The proof of the following is

immediate:

Theorem 3.29. Let E € I'(y). The sectional representation corresponding to the canonical

ISO(2)-little group representation on ~y is given by
(0,0, )E = e XE = ¢ E, 4+ ¢"E._. (3.180)

Since the translations o, act trivially, the little group action can be considered as an

SO(2) = St action :

Ny()E=eYE=e¢"E, +e™E_ (3.181)

Ideally, if ¥ is unitary, then the sectional representation 3 on ['(E) would also be unitary.
However, this would imply that the Hermitian structure on F induces a Hermitian product on
['(E), which is not generally true. Suppose then that one additionally specifies a G-invariant
volume form d¢ on the base manifold M, meaning g*d¢ = d§ where g* is the pullback by the
action on M, and denote by T'(F,d¢) the smooth sections which are L?*-normalizable with

respect to the volume form d¢. Then there is an induced Hermitian structure on I'(E, d§):

(1, 46n) = /M (61 (m), v (m)) de. (3.182)

In the present case, the photon bundle has the light cone as its base manifold which has

. . . 3 . .
a canonical Lorentz invariant volume form d¢ = %. We will assume this volume form

whenever the base manifold of E is L.
Proposition 3.30. Suppose m : E — M 1is a vector bundle representation of G and d§ is

a G-invariant volume form on M. If the bundle representation is unitary on E, then the

sectional representation on I'(E, d§) is unitary with respect to the induced Hermitian product

(3.182).
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Proof. For 11,19 € I'(E) and g € G, we have

(S0, Ey) = / (Sgn) (k). (Syim) ()

M

_ /M (S [1 (g7 R)], Sgltha(g ™ k)])dE
::L[;<¢q<g—1k>,¢a<g—lk>>d£ (3.183)
= [ i (ae)

— (1, )

where ¢g*(d§) = d¢ follows from the G-invariance of d§. ]

['(E, d¢) is not a Hilbert space but rather a pre-Hilbert space since it is not complete. In
particular, a sequence of smooth sections can converge in the norm to a discontinuous section.
This issue is typical fo L? spaces, and to remedy it, one can work with the Hilbert space
completion of T'(E, d¢), denoted by L?*(E, d€), which is the closure of I'( F, d€) in the norm. A
unitary sectional action 3 on I'(E, d€) extends to a Hilbert space action on L2(E, d€) in the
following way. If g € G and ¢ € L*(E,d¢), then there is a Cauchy sequence 1, in I'(E, d¢)
with v; — 1. Since $(g) acts unitarily on I'(E, d€), i(g)@/)] is also Cauchy in I'(E, d¢), and

thus converges in L*(E, d¢). We can then define

S(g)e = lim S(g)e;. (3.184)

J—00

This representation is still smooth in the sense that it preserves the smoothness of sections.

We have thus proved the following:

Theorem 3.31. Everym : E — M unitary vector bundle representation of G equipped with a
G-invariant volume form d¢ on M induces a smooth unitary representation on L*(E, d€). In
particular, the sectional representations of 101 (3,1) on L*(y, d€) and ISO™(3,1) on L? (4, &)

are unitary.
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The massless representations constructed in the standard little group representations are
representations on the space of C-valued L? functions over £, which is equivalent to the
space of sections of the trivial line bundle on £,. This leads to nonsmooth representations
when h # 0. By considering representations on sections of nontrivial bundles, one can obtain
smooth massless representations.

To complete this picture and prove that massless unitary irreducible bundle represen-
tation of ISO™(3,1) are particles, it is necessary to show that the corresponding sectional

representations are also irreducible:

Theorem 3.32. Suppose X is an irreducible unitary bundle representation of 1ISO*(3,1) on
7 : E — L such that a spacetime translation by a € R3™! acts on a vector (k,v) € Ej, by
Sr(k,v) = (k,e ™" v). Then the induced Hilbert space representation ¥ on L*(E,d€) is

irreducible.

This is harder to prove than the previous results in this section since it depends on specific
properties on the Poincaré group. Indeed, it not generally true that unitary irreducible bun-
dle representations of an arbitrary Lie group GG generate irreducible sectional representations.
A counterexample can be found in elementary quantum mechanics. Consider the trivial line
bundle E = 52 x C over 5% with generic element (k,¢) € E and with the irreducible SO(3)

action which acts by rotations on k and trivially on the fiber:

R(k,c) = (Rk,c). (3.185)

The sections I'(E) are just C-valued functions on S? and the sectional representation is

(Rf)(k) = f(R™'E). (3.186)
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This is the standard action of SO(3) on functions on S?, and is reducible using spherical
harmonics:

N(S?xC)=ViaViaVed: - (3.187)

where Vj; is the 25 + 1-dimensional vector space spanned by the spherical harmonics Y},
with |m| < j. For example, the constant functions are a one-dimensional subrepresentation
corresponding to Vy. Thus, we see that I'(E) is not irreducible even if F' is. In fact, the sec-
tional representation will always be reducible when G is compact. This is because L?(E, d§)
is an infinite-dimensional vector space meanwhile any unitary irreducible representation of
a compact group is finite-dimensional ([124], Theorem 3.9). However, this does not apply to
noncompact groups, such as the Poincaré group.

Simms ([47], pp. 50-51) essentially claims that Theorem 3.32 is implied by a theorem of
the mathematician Mackey, namely Theorem 14.2 in Ref. [115]. However, Simms does not
provide any details and this implication is far from obvious as Mackey does not discuss vector
bundles at all in this two part paper [115, 116]. Furthermore, Mackey’s theory is based on
the machinery of projection-valued measures, direct integrals, and systems of imprimitivity
which are vastly more complicated than the formalism we use here. Indeed, Mackey was
interested in extending Wigner’s methods pertaining to the Poincaré group to representations
of arbitrary locally compact groups. This is a substantially harder problem and requires
correspondingly more advanced methods. However, we are interested only in the case of the
Poincaré group, and we will give a novel proof of Theorem 3.32 using simpler methods from
measure theory and Fourier analysis.

We first prove a simplified version of Theorem 3.32 which assumes a smoothness condition.
This allows for a more transparent proof and motivates the measure theoretic techniques we

will use in the general proof. Given a representation of ISO*(3,1) on L%*(E,d§), one can
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decompose it into irreducible Hilbert subrepresentations H,:

2B, d¢) = @H (3.188)

Our goal is to ultimately show that there is only a single H, in this decomposition. It
is not clear a priori that any H, contains a smooth section other than the zero section;
that is, there is the possibility that every nonzero smooth section is a linear combination of
nonsmooth elements from the H,. We call the representation normal if at least one of the

‘H, contains a smooth section which is not identically zero.

Theorem 3.33. Theorem 3.32 holds under the additional hypothesis that the sectional rep-

resentation X 1s normal.

Proof. By assumption, L?(E,d¢) has an irreducible subrepresentation A which contains a
smooth section 1y which is not the zero section. We will prove that L?*(E,d¢) = H. Consider

the vector space V generated by the orbit of ¥y:
V= {ch (k)|e; € C, A; € ISO*(3,1),n € N}. (3.189)

V C H since H is invariant under the ISO™ (3, 1) action. The closure of V in L*(E, ¢), denoted
by V, is a closed subspace of L?(E,¢) and thus a Hilbert space. Furthermore, V C H since
H is complete. V is also a representation of ISOT(3,1) since if 277, ¢ 3 ()10 — o and
L € ISO*(3,1), then 217, ¢;;2(LAy)wo — S(L) because the action ¥ is continuous.

Since H is irreducible by assumption, H = V. Decompose L*(E,d¢) as

LAE,d&) =V (V)" (3.190)
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where (V)1 is the orthogonal compliment of V. The proof is complete if we show that

(V)*+ = {0}. If - (k) € (V)*, then

(¥, S(A)ho) = / vk [‘f,‘ww(k,)dk’ =0 (3.191)

for every A € ISO™(3,1). As (k) is smooth and not the zero section, there is some small
ball U € L, containing a point ky on which 1y is nonvanishing. For each fixed k € L, , choose
a homogeneous Lorentz transformation Ly € SOT(3,1) such that Liky = k. Note that no
continuous choice of Ly exists, but this is irrelevant to the current argument. Consider the
action of T, - L where a denotes an arbitrary translation in only the spatial dimensions

a=(0,a):

(2;)3 <¢L7 i(T'—a : Lk)q/JO)

L[ R B 3 100
<2w>3/ 7 ik (3:192)

fk(a) =

|
e

Fi(a) is the 3D Fourier transform of the function

Fi(K') = wl(k'l)éflﬁ’“(k/». (3.193)
where
i = S(Li)tbo. (3.194)

Since Fx(a) = 0 for all a € R3, and since the Fourier transform is an isomorphism, Fy (k') = 0
almost everywhere. F is irreducible and therefore a rank 1 vector bundle by Theorem 3.24.
Thus, if Fx(k') = 0 for some k', either ¢+ (k') = 0 or (k') = 0. By construction, v (k’)
is nonzero for k' in a neighborhood of k, and so 1 must vanish almost everywhere in

that neighborhood. By varying k, we obtain that 1)+ vanishes almost everywhere, and in
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particular is the zero section of L?(E,d¢) since L? space is defined up to equivalence almost

everywhere. Thus, (V)! = {0} and L?(E,d¢) = V = H is irreducible. O

While the assumption that the sectional representation is normal in Theorem 3.33 appears
reasonable, it is known that mathematical pathologies are common in quantum mechanics
[83, 111]. Indeed, we saw earlier how subtle singularities enter into Wigner’s original massless
representations and produce nonsmooth representations. It is thus important to show that
the theorem holds without assuming smoothness conditions from the outset.

Without assuming the representation is normal, vy cannot necessarily be chosen to be
smooth. However, L? functions are, by definition, measurable [125], and we will use mea-
surability as a substitute for smoothness. We will borrow standard results from measure
theory and the theory of Hilbert spaces; references for these topics are [125-127|. Let £ be
the measure on the light cone £ = R?\ {0} associated to the Lorentz invariant volume form
d¢ = “%'. That is, if A C R3\ {0} is (Lebesgue) measurable, then

)= [ de (3.195)

¢ can be extended to a measure on all of R3 by assigning £({0}) = 0, which is consistent

with Eq. (3.195) since

§({0}) = lim&(B(0)) = lim dk

=0 (3.196)
<=0 JB.(0) K|

where B(k) is a ball of radius € about k. Note that if A denotes the standard Lebesgue
measure on R3, then £(A) = 0 if and only if A(A) = 0, and we can refer unambiguously to

such sets as measure 0.
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We will use a technical result of Buczolich [128], for which we recall a few definitions.

k € R? is a point of Lebesgue density of the measurable set A C R? if
=1 (3.197)

This essentially says that small enough balls around k reside mostly in A. A function
f: A — B between two subsets of R? is bi-Lipschitz if it is invertible and if both f and f~!

are Lipschitz continuous.

Lemma 3.34 (Buczolich, [128], Theorem 1). Suppose that A and B are measurable subsets
of R® and f : A — B is bi-Lipschitz. Then f maps points of Lebesque density of A into

points of Lebesque density of B.

Corollary 3.35. Suppose A is a measurable subset of L, = R®\ {0} and consider A €
ISO*(3,1) as a function on L. Then A maps points of Lebesque density of A to points of
Lebesgue density of A(A).

Proof. By the lemma, it suffices to show that the action of A is bi-Lipschitz. Furthermore,
one can consider only the cases when A is a pure translation, rotation, or boost. The first
two are obviously bi-Lipschitz. For the latter case, without loss of generality, suppose that

A is a boost by velocity vk,. A acts on k = (ky, ky, k.) by
A(k) = (mr(kx +vlkl), Ky, k) (3.198)
so the Jacobian of the transformation is
vk,
IDAIk) = o (14 7 ) < 200r(1 o), (3.199)

Since the differential has a uniform bound for all k, A is Lipschitz. A~! is a boost by —vl%x,
and thus |[D(A™1)| is also bounded above by vr.(1 + |v]), so A~! is Lipschitz. Thus, A is

bi-Lipschitz. O
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With these results in place, we can adapt the proof Theorem 3.33 to prove Theorem 3.32.

Proof of Theorem 3.32. Let H be an irreducible subrepresentation of L?(E, d¢), and fix some
section ¢y € H which is not identically 0, and define V as the vector space generated by
its orbit as in Eq. (3.189). Again let V be the Hilbert space completion of V, (V)* be its
orthogonal complement, and ¢+ € (V)*. V is a subrepresentation of L%(E,¢) contained in
H, so V = H. The strategy is again to show that (V)! contains only the zero section. Fix
some ko € L, which will be specified later. For each k € L, choose a homogeneous Lorentz
transformation Lj such that Liyky = k. By precisely the same argument as in the proof of

Theorem 3.33, for each fixed k, at almost every k' either

Vi(K)=0 or ¢y(k')=0 (3.200)
where
Ui = (L)t (3.201)
Define the subsets
Ry ={k' € Ly, [vo(K")| # 0} (3.202)
Ry ={k' € Ly, [vx(K)| # 0} = Ly Ro (3.203)
Ry ={kK €Ly, [i(K)] # 0}, (3.204)

|00l |¥x] and [, | are L?(d€) functions and thus measurable, so the sets Ry, Ry and R, are

measurable. Eq. (3.200) says that Ry and R, are almost disjoint for every k:

A(RL N Ry) =0. (3.205)

Let Qo, Qk, and ; be the sets of points of Lebesgue density of Ry, Rx, and R,. By the

Lebesgue density theorem (|125], Corollary 1.5), a measurable set and its set of points of
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Lebesgue density differ at most by a set of measure 0, so

A(Ro) = A(Qo) (3.206)
A(Rk) = AMQk) (3.207)
ARL) =M@ (3.208)

By assumption, 1 is not the zero section in L*(E,d§), so Ry has nonzero measure, and
therefore so does ()g. We have not yet specified how ky was chosen; choose kg € Q. Then
k € Qk by Eq. (3.203) and Corollary 3.35.

We next establish that

RQLNQk =9 (3.209)

for every k. Indeed, if k' € Q1 N Qg, by the definition of Lebesgue density in Eq. (3.197),

there would exist a § > 0 such that

SAB(K)) < A(Bs(k) o),
1 (3.210)
SABs(K) < A(Bs(K') N Ry,

By Eq. (3.205), the intersection of Bs(k') N R, and Bs(k’) N Ry has measure 0. One would

then obtain the contradiction

AN(Bs(K')) > )\(Bg(k:’) N (R URk))

A(Bs(k') N Ry) + A(Bs(k') N Ry) (3.211)

> A(Bs(K')),

establishing Eq. (3.209). Thus, k ¢ @, since k € Q. This holds for every k € L., so

Q1 = o, and therefore A(R,) = 0 by Eq. (3.208). Thus, %, is only nonzero on a set of
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measure 0, and is therefore equal to the zero section in L?(E,d€). Then, (V)* = {0}, and
L*(E,d§) =V ="H (3.212)

is irreducible.

3.5 Applications

In this section we discuss further applications of the vector bundle description of photons.
In particular, we examine the spin Chern number of light defined by Bliokh et al. [104] and

obstructions to the spin-orbital decomposition of photon angular momentum.

3.5.1 Geometry of the spin Chern number

Theorem 3.27 shows that the splitting v = 74 @ 77— makes sense geometrically as well as
topologically. Another way to see the geometry inherent in 4 is to note that these bundles
are also induced by the Berry curvature, another geometric structure. In particular, it has
been shown that the R and L polarization states diagonalize the Berry curvature [104].
The geometric nature of vy4 is important for understanding the so-called spin Chern
number of light. The Chern classes ¢; are the characteristic classes of complex vector bundles,
and as such, are topological invariants. Integrals of the Chern classes define the Chern
numbers C; which are also topological invariants and commonly used in physics. Although
the Chern numbers are typically calculated using a connection (often the Berry connection),
which is a geometric quantity, they are true topological invariants and independent of the
choice of connection [99], as discussed in §2.2.2. We have shown that the (first) Chern
numbers for the photon bundles are C'(y) = 0 and C(y+) = F2. In addition to the usual
Chern number, a more mysterious quantity has been defined for light, the so-called spin

Chern number which is physically related to the quantum spin hall effect [104]. Letting
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hy = £1 denote the helicities of 75, Bliokh et al. [104] define the spin Chern number of
light as
Copin = hiCi(74) + h_Ci(y-) = 4. (3.213)

However, this definition clearly depends on decomposition v = v, ¢ v_ of the total photon
bundle. From a topological standpoint, we showed in Theorem 3.16 that there are an infinite
number of possible splittings 7 = ¢; ® ¢_;. The vy decomposition is only preferred when
one considers the geometry of v either via Poincaré symmetry or the Berry connection.
Furthermore, the definition of Cp, explicitly involves helicity, which is a geometric quantity.
Thus, the spin Chern number is not a purely topological quantity, instead reflecting both
topological and geometric properties of the bundle 7. As such, the spin Chern number of
light may not be as robust as the Chern number against perturbations to the underlying
Maxwell system, particularly if those perturbations alter the geometric properties of the

system.

3.5.2 Spin and orbital angular momenta of light

The last application of our vector bundle methods is pertains to an extended debate about

the possibility of splitting photon angular momentum into spin and orbital parts [65-81]:

J=J,+J, (3.214)

We work in the sectional representation of the Poincaré group so that the angular momentum
J is represented as an operator on the vector space I'(y). Despite many attempts, every
proposed splitting of the photon angular momentum has has either failed to be gauge-
invariant or else not satisfied the s0(3) angular momentum commutation relations [67, 78,
80], which is the defining property of angular momentum operators [1, 2, 67, 68, 74, 75,
78, 79, 82, 83]. In this section we will present a novel argument showing that the failure of
the photon angular momentum to decompose into SAM and OAM is a consequence of the
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singular jump of the little group from SO(3) to ISO(2) that occurs when particle mass is
taken to zero. We will also show that a commonly proposed choice |71, 72| of J; and J,
do not satisfy s0(3) commutation relations, and thus cannot properly be considered angular
momentum operators |1, 2, 67, 68, 74, 75, 78, 79, 82, 83|. These nonstandard commutation
relations have been found by others [67, 68, 71, 78], but little attempt has been made to
interpret their meaning apart from the fact that they imply the operators fail to be angular
momentum operators. We will use the vector bundle formalism to help explain the nature
of these peculiar commutation relations.

The most straightforward attempt at an SAM-OAM decomposition would follow from
treating photons like massive spin 1 particles. Consider a section E(k) € I'() of the photon
bundle. Since each fiber v(k) is embedded in C3, we can think of the section as a map from

L, into C3. The action of a rotation R € SO(3) on a section is given
[RE](k) = R|[E(R 'k)]] = (Fro Fr-E)(k) (3.215)
where Fir and Fi are operators on vectors and functions, respectively:

Frv = Rv (3.216)

(Frf)(k) = f(RK). (3.217)

The (total) angular momentum operator J is the generator of rotations. Letting R,(#) be a

rotation by 6 about a-axis, direct calculation shows

EIR) =i [RO)E)R) (3.218)
- i(d%)HFRﬁw))E(k) + i(%‘GOFRﬁl(g))E(k) (3.219)
= S,E(k) + L. E(k). (3.220)
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where

Sa = _iﬁabc (3221)

L= —i(k x ). (3.222)

Here, S = (54, S2, S3) has the form of the spin 1 operator [71], and indeed, S and L resemble
the SAM and OAM operators for a massive spin 1 particle. If S and L were well-defined
operators on the vector space of photon states I'(), then Eq. (3.220) would furnish an

SAM-OAM splitting since they satisfy the angular momentum commutation relations

[Sau Sb] = Z.Gachc (3223)

[La, Lb] = iﬁabch. (3224)

In this way they appear to generate rotations. The fundamental issue is that they are ill-
defined operators for photons as they fail to map photon states to other photon states, i.e.,
they do not map I'(7) into itself. Indeed, L and S generally give E(k) a nonzero component
in the k direction, violating the transversality condition imposed by Gauss’s law, so that
L(E) and S(E) are not sections of 4. This traces back to the fact that while F o Fjz!
preserves transversality, neither Fr nor F}; ! do independently.

The issues with this type of basic splitting has long been known [65], and has led many
physicists to seek other potential decompositions. However, we have already encountered
a hint that there may not be something fundamentally wrong with assuming that we can
find SAM-OAM operators. As we have seen, elementary particles are representations of
ISO*(3,1). This implies the existence of one rotational symmetry which corresponds to
SO(3) C ISO*(3,1) whose generator is J. To say that there is an SAM-OAM splitting
is to assume that we have another independent SO(3) symmetry J,.* This is a strong

statement, and we should examine if there is a theoretical reason to expect that every

3J, = J — J, so it does not describe an independent SO(3) symmetry.
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ISO™(3,1) symmetry should induce an additional SO(3) symmetry. The theory is given
to us by the little group method. We have seen that for massive particles the little group
is H = SO(3) while massless particles have little group ISO(2). We showed in Theorem
3.22 that every massless particle has a canonical internal symmetry of the massless little
group ISO(2). The analogous statement is true for massive particles, namely they all have
a canonical internal SO(3) symmetry corresponding to their little group. This is actually
much easier to show in the massive case. The massive little group at k = 0 is Ho = SO(3) C
ISO*(3,1), the set of rotations of the spatial coordinates. Then if Ay is the unique boost

which takes 0 to k for a mass m particle, then for R € SO(3)

I™(R) = S(ARRA_y) (3.225)

is a stabilizing SO(3) action on the a massive particle bundle = : E,, — M,,. Thus, we
see that a Poincaré representation on a particle bundle induces a representation of the little
group, and furthermore, one which describes an internal symmetry (it does not change k).
For massive particles, we can define this action’s generator to be S, and then L = J — S
gives a well-defined OAM operator. However, a geometric singularity occurs when m = 0
and the little group abruptly jumps from SO(3) to ISO(2), and we obtain instead an ISO(2)
symmetry for massless particles. In fact, we previously saw that this is actually an SO(2)
symmetry as the inhomogeneous elements act trivially. The generator of this symmetry is
the scalar helicity x = k-J operator; as it is not an SO(3) generator it is not an angular
momentum operator (it is not even a vector operator). This provides a compelling reason
to expect that there exists no SAM-OAM splitting for massless particles. Indeed, we will
rigorously prove this in Chapter 6. We note that this appears to be the first work which
relates the jump in the little group at m = 0 to the issues surrounding massless angular

momentum.
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While the helicity itself is not an SAM operator, one might wonder if it is valid to simply

“vectorize” the helicity x into an SAM operator by defining:

J, = Jy = (J - k)k = yk, (3.226a)

J,=J =J—xk=-kxK, (3.226D)
where the last equality comes from Eq. (3.140). From Egs. (3.92)-(3.95) it follows that

[JH,aa Jb] = Z-eachH,c (3227)

[JJ-,CU Jb] = Z.EabCJJ_,ca (3228)

which shows that Jy and J, are well defined as vector operators [83, 106], that is, they
transform as three-component vectors under rotations. This splitting was proposed by sim-
ilarly ad hoc arguments in Refs. [71, 72] and were referred to as “SAM” and “OAM”. The

issue with this splitting is that the Jj and J satisfy the peculiar commutation relations

[ias S} = 0, (3.229)
[Jl,av JH,b} = ieachH,ca (3230)
[J1as J1p] = G€abe(JLe — Jje)- (3.231)

In particular, these are not the so(3) commutation relations, meaning they do not generate
rotations. Thus, J| and J, cannot be considered angular momentum operators. Indeed,
all of the standard results for angular momentum operators such as the addition of angular
momentum formula, the angular momentum multiplet structure, the Clebsch—Gordan coef-
ficients, etc. follow from the s0(3) commutation relations. This conclusion was also reached
by van Enk and Nienhuis [67] who first obtained operators satisfying these these strange
commutation relations. Since Jj and J are not true angular momentum operators, we will

refer to them as the helicity and orbital quasi-angular momentum, respectively. While these
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strange commutation relations have been previously encountered in attempts to split the
angular momentum [67, 68, 71|, little attempt has been made to interpret them. However, it
is natural to ask, if these operators do not generate rotations, what do they generate? One
can explicitly check from the commutation relations that the Jj; and J, ; satisfy the Jacobi
identity, and therefore together form a well-defined Lie algebra g.

We examine first the fact that the J;; commute. There is a notable difference between
the helicity ¥ = J -k and the operator J | = yk. Per Theorem 3.29, the helicity is associated

with the little group action of SO(2) on I'(y):

y(0)E(k) = E(k)=c"E (k) +’E_(k). (3.232)

In contrast, the quasi-helicity angular momentum Jj is associated with an R® action. If

v € R3, then
[Tps (V) E(k) = e Xk B(k) = e " *V B, (k) + ¢/ * E_(k). (3.233)

Thus, the J,,; are associated with a translational symmetry of 7, explaining why they form
a three-dimensional commuting Lie subalgebra of g. On the other hand, the J, do not form
a Lie subalgebra as seen from the —iey.J) . term in Eq. (3.231). Thus, J, is not associated
with any symmetry of the photon bundle. Since neither J, nor J| are related to rotational
symmetries of photons, they do not achieve a spin-orbital decomposition of the angular
momentum. This traces back to the fact that photons are massless, and thus have helicity
rather than spin. Indeed, it can be said that the “spin angular momentum” Jj is neither
spin nor angular momentum. Instead, we have seen that J| is associated with a helicity-
induced translational symmetry of the photon system. We emphasize that even though J|
and J| are not truly angular momenta, the splitting is well-defined and has proved useful
in experimental optics as argued by [77]. Thus, a proper understanding of the operators J
and J | is of both theoretical and experimental important. In Chapter 7 we will show that
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these operators are not actually as ad hoc as the discussion here may suggest, and that they
arise naturally as a singular limit of the well-defined relativistic SAM and OAM operators

for massive particles.

3.6 Conclusion

Despite the simplicity of the Maxwell system, it exhibits surprisingly rich and subtle topo-
logical behavior. While the total photon bundle is trivial, it has important topologically
nontrivial subbundles such as the R and L bundles. This nontrivial topology traces back to
the hole in momentum space at k = 0, accounting for the fact that photons are massless and
have no rest frame. This nontrivial topology can obstruct the smoothness of constructions
that work in topologically trivial cases, such as the construction of a polarization global basis
or the conventional little group construction of Hilbert space representations. We showed
that vector bundle methods can be used to avoid these continuity issues in the latter. In par-
ticular, vector bundles representations have precisely the right structure to simultaneously
study the topology and symmetry of waves, and allows for a modified version of the little
group construction which does not encounter singularities. It also elucidated the symmetry
issues that occur in attempts to separate photon angular momentum into SAM and OAM
and reveals how this issue is related to the jump in the little group from SO(3) to ISO(2)
that occurs in the massless limit. The formalism of vector bundle representations is very
general, and can be applied to any waves with arbitrary symmetry groups. We will use it

throughout the rest of this thesis to study other geometric and topological aspects of waves.
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Chapter 4

Graviton topology

In this chapter we present material from Ref. [2| published in The Journal of High Energy
Physics. We will examine the topology and geometry of linearized gravitons, solutions of the

Einstein field equations linearized around the Minkowski background.

4.1 Introduction

It has been established that topologically nontrivial modes can exist in various media such
as solids [129], fluids |20, 23-28] , and plasmas [19, 28-35]. The study of such modes has
lead to important physical discoveries such as the quantum Hall effects and the bulk-edge
correspondence. In Ch. 3 [1] it was shown that the vacuum also supports topologically
nontrivial modes, in particular, left L and R circularly polarized photons form topologically
nontrivial vector bundles with Chern numbers +2 and —2, respectively. More generally, we
showed that it is possible for elementary massless particles to possess nontrivial topology
due to a hole in their momentum space at £ = 0. Here we present a thorough and rigorous
examination of the topology of another massless particle, the (linearized) graviton. While
gravitational waves, and their quanta, gravitons, were predicted early in the development
of general relativity and quantum field theory, they are of particular interest now due to

two recent experimental breakthroughs. Within the past decade, LIGO has detected grav-
131



itational waves from black hole and neutron star merger events, experimentally confirming
the existence of gravitational waves [54, 55|. Even more recently, graviton-like quasiparti-
cles have been observed in fractional quantum Hall liquids [130]. As topology, particularly
Chern numbers, plays a fundamental role in the quantum Hall effects [12-14, 131, 132], an
understanding of the topology of gravitons is needed.

Working in the transverse-traceless (TT) gauge for weak gravity [133|, we show that the
collection of all gravitons forms a complex rank 2 vector bundle = over the the forward light

cone L, . We prove that the graviton bundle = is topologically trivial, that is,

2D (4.1)
where 71 and 7, are topologically trivial line bundles over £, . As such, the Chern number of
= is zero. This implies that it is possible to write down a smooth global basis for gravitational
waves in momentum space, which we do using the modified clutching construction developed
in §3.2.3 [1, 41]. While such global bases are frequently invoked in the literature [44, 134
136], until now there was no proof of their existence. In fact, the stronger assumption is
typically made that there exists a smooth global basis which is linearly polarized [44, 134—
136]. This stronger assumption is, however, false; we prove that = has no linearly polarized
subbundles, even topologically nontrivial ones. Thus, any global basis necessarily involves
elliptical polarizations.

While the total graviton bundle = is topologically trivial and can be broken down as
in (4.1), its Poincaré symmetry gives a more natural geometric splitting into the R and L
graviton bundles =, and =_. These consist of gravitons with helicities +2 and —2, respec-
tively, describing their behavior under rotations about their momentum axis. 7; and 7» are
topologically trivial while linear polarizations do not even form well-defined vector bundles.
In contrast, =, and =_ are well-defined vector bundles with nontrivial topology completely

characterized by the Chern numbers F4. This topological nontriviality reflects the fact that
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the internal (base manifold) and external (fiber) degrees of freedom (DOFs) are twisted to-
gether. This twisting acts as a topological obstruction to the splitting of graviton angular
momentum into spin angular momentum (SAM) and orbital angular momentum (OAM).
This is important since there have been recent efforts to study the OAM of gravitational
waves [56-58].

This article is organized as follows. In Section 4.2 we show that in the limit of weak
gravity, the collection of all gravitons form a smooth vector bundle = over the forward light
cone. In Section 4.3, we show that the Poincaré symmetry of = naturally decomposes the
bundle into the R and L gravitons =, , which correspond to elementary particles. In Section
4.4, we completely classify these vector bundles via their Chern numbers, showing that =
is trivial while =, are nontrivial. We proceed in Section 4.5 to use the modified clutching
construction described in §3.2.3 to explicitly construct a smooth global basis of =. In Section
4.6, we show that unlike the trivial and circular polarizations, linear polarizations do not
form well-defined vector bundles and thus have no associated topology. In Section 4.7 it is
shown that the topological nontriviality of =, obstructs the splitting of graviton angular

momentum into OAM and SAM.

4.2 The graviton bundle =

We work in the limit of weak gravity, in which the spacetime metric g,, can be expanded

around the flat Minkowski metric 7, with signature (—, +,+,+) as

Guv = N + h;w’ (4.2)

where h,, is symmetric and |h,,| < 1 [133|. h,, is the graviton field [137]. Following Schutz
[133], in vacuum, far from the sources of the field, the Einstein equations in the TT gauge
take the form
h’ ,, =0. (4.3)
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The solutions can be written in Fourier space as

h? = AP exp(iktz,,) (4.4)

where k* = (w, k) is the four-momentum and A%” is a complex symmetric tensor. We refer
to these solutions as gravitons, as they are the modes of the graviton field. £ and A are both

subject to constraints. The Einstein equation requires that

Kk, = 0, (4.5)

so w = k|, i.e., k resides on the light cone. As in the case of photons, it is sufficient to
consider only the w = |k| solutions in which k is restricted to the forward light cone £, as
the w = —|k| solutions are then determined by the condition that h*” is real. Notably, the
forward £, has a hole at the origin k* = 0, as can be seen by a number of arguments. From
a physical perspective, modes with k* = 0 are not propagating and thus do not represent
gravitons. Such modes are not accessible by Lorentz transforming propagating modes since
massless particles have no rest frame. Mathematically, the origin must be removed in order
for £, to be a regular submanifold of Minkowski space. Furthermore, as pointed out by
Staruszkiewicz [138], the forward light cone is only geodesically complete if k = 0 is excluded.
We again parametrize £, by its spatial part k, so £, = R3\ {0}.

Beyond the constraint that A%? is symmetric, it must additionally satisfy the TT gauge

conditions [133]:

Ak =0 (4.6a)
A% =0 (4.6b)
A*U5 =0, (4.6¢)
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where Up is any fixed timelike unit vector. The first two conditions reflect the transverse
and traceless gauge choices, respectively. The third condition fixes a residual temporal gauge
freedom. The canonical choice, which we adopt here, is to take Uz = 52 since this is the

distinguished timelike unit vector. The temporal gauge condition thus imposes that

A% = A% =, (4.7)

allowing us to consider just the tensors A¥, where i,j € {1,2,3} span the spatial DOFs.

The gauge conditions (4.6a) and (4.6b) then reduce to

Ak; =0 (4.8a)

Al =0. (4.8b)

7

Thus, the set of all gravitons is given by

= = {(k, A7)} (4.9)

with k € £, and AY symmetric and subject to the constraints (4.8). Denote by Z(kg) the
fiber at ko consisting of the elements of = with k£ = ky. The transverse gauge condition (4.8a)
imposes three independent linear constraints on the five-dimensional complex vector space Vs
of traceless symmetric rank 2 tensors on C3 and thus each fiber Z(ky) is a two-dimensional
complex vector space. Furthermore, the transverse condition is smooth in k, and thus the
fibers fit together to give = the form of a rank 2 complex vector bundle over £, = R3\ {0};
we call = the graviton bundle. This vector bundle gives a concrete way to study the topology
of gravitons. The essential problem is to determine the topology of = and its subbundles.
The most obvious topological question is the following: is = topologically trivial, that is,

does = possess a global basis? It is always possible to form a local basis. For example, the
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plus-cross tensors

1 0 0
B..=10 -1 0 (4.10a)

0 0 0

e}

10
B..=110 0], (4.10b)

000

are a commonly used basis at kg = e, = (0,0, 1), and it is straightforward to smoothly extend
this locally to a small neighborhood about e, (e.g., by parallel transport via any connection).
However, it is commonly assumed that this can be smoothly extended to a global basis [44,

134-136]. One explicit globalized choice which has appeared in the literature is [44, 134]

By (k) = u(k) ® u(k) — v(k) @ v(k) (4.11a)

By (k) = u(k) @ v(k) + v(k) @ u(k), (4.11Db)

where (u(k), u(k), k) is supposed to be some orthonormal basis of R? at each k. The issue is
that it is not actually possible to smoothly choose such an orthonormal basis, as we have seen
before. Indeed, when restricted to the unit sphere S?, u(k) and v(k) would be continuous
nonvanishing tangent vector fields on S?, violating the hairy ball theorem (|39], Theorem 1).
Thus, any basis (B, (k), B« (k)) of the form (4.11) has singularities.

As in the case of photons, it is not immediately obvious that some smooth global basis
for gravitons exists because these particles are massless and thus have noncontractible light
cone L, as a base manifold. Indeed, as we saw in Ch. 3 (|1]), the R and L circularly
polarized photon bundles v. were topologically nontrivial [1]. Similarly, we will show that
= can be broken into two topologically nontrivial R and L circularly polarized subbundles

=4, although they are topologically distinct from ~.. Despite the nontriviality of =, the
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total graviton bundle = will be trivial like the total photon bundle v, and we will construct a
globally smooth basis for it, although it is more complicated than the singular basis described

by (4.11).

4.3 Decomposition of the graviton bundle into elemen-
tary particles

Although elementary particles are conventionally defined as unitary irreducible representa-
tions (UIRs) of the proper orthochronous Poincaré group ISO* (3, 1) on a Hilbert space [42,
43|, they can be equivalently defined as UIRs of ISO*(3,1) on vector bundles as shown in
§3.4. Representations on vector bundles are the natural generalization of vector space repre-
sentations, and describe symmetries of the underlying system. In particular, if £ is a vector
bundle over the base manifold M, then E is a representation of the ISO" (3, 1) with action ¥
if for each L € ISO™(3,1), (L) is a linear isomorphism between the fibers E(k) and E(Lk).
Furthermore, it is required X respect the group structure, that is, ¥(L;Ls) = 3(L1)3(Lo)
for any Ly, L, € ISO"(3,1). Massless particles correspond to representations on bundles
over the light cone and massive particles to bundles over mass hyperboloids. Unlike mas-
sive particles which can correspond to higher rank (trivial) bundles, massless particles are
always line bundles and can be nontrivial [1]. We will show that = is a unitary vector bundle
representation of ISO*(3,1), and find its decomposition into UIRs, that is, into elementary
particles.

Recall that ISO™(3,1) consists of Lorentz transformations A, spacetime translations 7,

with a* € R3*1 and compositions of the two. We define the action of T, on (k, A**) € = by

S(Ty) (k, A%P) = (K, e~ ""kn A2B), (4.12)
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reflecting the effect of spacetime translations in momentum space. Ideally, for a general

Lorentz transformation A, (k, A*?) would transform covariantly:
(k, A*%) — (K, A*P) = (Ak, A%, AP, AM). (4.13)

(k', A") satisfies the transverse and traceless gauge conditions given by equations (4.6a) and
(4.6b). However, when A & SO(3), A’ generally has nonvanishing temporal components,
violating the temporal gauge condition (4.7) and implying that (k’, A") ¢ Z. It is, however,
always possible to find a gauge transformation which takes A’ to a physically equivalent A”
such that A” satisfies the T'T gauge constraints (4.7) and (4.8) so that (k’, A”) € Z. Indeed,

any C“ satisfying C*k,, = 0 induces the gauge transformation ([133|, Eq. (9.17))
AP = AP GO — kP, (4.14)
Since K"k, = C“k!, = 0, A” is still transverse and traceless:

APy =0 (4.15a)

A" = 0. (4.15b)

Imposing the temporal gauge condition A" = 0 fixes C°:

« i a0 AIOO «
Then (k', A”) € =, so the action of A on = is given by
Y(A)(k, A) — (AR, A"). (4.17)
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We note that the action of a rotation R € SO(3) C ISO*(3,1) on (k, A) € (k) is simply
given by
Y(R)(k, A) = (Rk, RAR™Y), (4.18)

where A and R are both considered as three-by-three matrices.

To show that this action is unitary, we must first define a Hermitian product on =.
Consider the vector space V), consisting of symmetric, traceless rank 2 tensors on C* which
has the indefinite Hilbert-Schmidt product given by

afs af 1 *\af
(A BY) = (A" By, (4.19)
When restricted to Vs, the subspace of V; with A%° = 0, this product is positive-definite

making V3 into a Hilbert space. On Vs, the Hilbert-Schmidt product takes the form
1
(A, B) = iTr(A*B) (4.20)

By equipping every fiber of = with this inner product, Z is made into Hermitian vector
bundle. It is easy to see that the Poincaré action Y is unitary with respect to this product,
that is, for A, B € Z(k):

(3(N)A,X(AN)B) = (A, B). (4.21)

In particular, the inner product of A and B is a Lorentz scalar by (4.19), so it is preserved by
the covariant transformation (4.13). The subsequent gauge transformation (4.14) preserves

the product since k'*k, = C*k, = 0. We have thus proved the following result:

Theorem 4.1. = is a unitary vector bundle representation of 1ISO™(3,1) with action X given

by equations (4.12) and (4.17).

This allows us to to decompose = into UIRs labeled by their helicities using Thm 3.24.
For k € L, denote by Ry (1)) € SO(3) C ISO™(3,1), the rotation by angle ¢ about the k

axis.
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Theorem 4.2 (R and L circularly polarized subbundles). The graviton bundle = decomposes

as

(1]
Il

[1]
[1]

+BE- (4.22)

where =+ are unique UIR line bundle representations of ISO™ (3, 1) with helicities +2. They

are thus elementary particles. Elements of A € Z.(k) have the form

where ¢ € C and By, By € Z(k) are real and orthonormal. We call =4 and =_ the R and L

circularly polarized graviton bundles.

Proof. By Theorems 4.1 and 3.24, = decomposes into irreducible bundle UIRs

E==,0=C (4.24)
with helicities h, and h_, respectively. In particular, this means that
Z(Rk(w»(kavj) - e_ihjw(kavj) (425>

for all (k,v;) € Z;. To show that hy = £2, it suffices to consider any fixed fiber, say =(e,).

The elements

1
A= E(BZ’JF +iB, ) (4.26a)
1 + 0
1
= E +i -1 0 (4.26D)
0 0 0
of the fiber =(e,) satisfy
S(Re, (1) Asr = €TA, L, (4.27)



for any 1, showing that hy = £2.
Now let L be some Lorentz transformation taking e, to k. Since Z. are ISO™(3,1)
symmetric,
1

Y(Li)A,+ = E(Z(Lk)Bz,+ + i%(Ly)B..x) (4.28)

span the fibers Z4 (k). The terms Y(Lg)B,  and X(Lg)B, « are real and orthonormal, so

the elements of =1 have the form (4.23). O

4.4 The topology of the total and circularly polarized
graviton bundles

In this section we characterize the topology of = and =... By Theorem 2.3, these bundles
are completely classified by their Chern numbers which are defined by their Chern numbers

when R3\ {0} = £, is restricted to the unit sphere S? C R3\ {0}:
C(E)=C@H*E) = C(Z|s2). (4.29)

Theorem 4.3 (The topology of gravitons). The total graviton bundle Z is topologically triv-
1al, while the circularly polarized bundles =+ are topologically nontrivial with Chern numbers

F4.

Proof. We will determine C(Z.) via the Berry connection induced by the Hilbert-Schmidt
product. To do so, we need smooth bases of the restricted bundles Z|g2. It is too much to
ask for global bases of Z.|s2 since we will find that these bundles are topologically nontrivial.
However, we can find smooth bases almost everywhere and this is sufficient to calculate the

Chern number. We will obtain such a basis by applying rotations to A, +. In particular,

define
A4:(6,0) = £ (Re.(¢)Re, (0)) A s (4.30)
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for 6 € (0,7) and ¢ € [0,27). Then with

k= (sin @ cos ¢, sin 0 sin ¢, cos ),

we have that

As(0,9) € Ex(k) (4.31)

except at the poles where AL (6, ¢) would become discontinuous. We can thus express the

Berry connections on Z4 |g2 almost everywhere in these coordinates [103]:

Ui(ea ¢> = <A:t(9a qb)? dA:I:(ea ¢)> (432&)

= F2icosfdp (4.32b)

The Berry curvature forms are then

Qi :dO'i—i-O'i/\O'i (433&)
= +2isin 0d A do (4.33b)
= +2idS. (4.33¢)

where dS is the spherical area element of S%. Note that while our calculation excluded the
poles, the Berry curvature form is a smooth globally (unlike the connection form) [99], and

thus (4.33¢) must hold globally. The Chern numbers can then be calculated [99]:

C(Ei) = O(Ei|g2) (434&)
1

= — 4.34b

2 S2 Qi ( s )
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The Chern number is additive, so by (4.22)

CE) = C1(E4) + C1(E_) = 0. (4.35)

Since the trivial rank 2 vector bundle over £, also has vanishing Chern number, = is iso-

morphic to the trivial bundle. m

Thus, the R and L gravitons are topologically nontrivial while the total graviton bundle
is trivial. It is interesting to find that the R and L gravitons have different topology than
the R and L photons, as the former have Chern number F4 while the latter have Chern
numbers F2 [1]. As the Chern number can be interpreted as a measure of how nontrivial or
“twisted” a line bundle is [101], this shows that R and L graviton polarization spaces are more
twisted than those of R and L photons. It is clear that photons and gravitons have different
geometry; this is reflected in their helicities +1 and +2, respectively. However, it is important
to note that a priori topology and geometry are distinct and reflect different mathematical
structures, in this case the vector bundle structures and particular Poincaré symmetries of
those bundles. There are certainly relationships between geometry and topology, but they
take the form of deep results such as the Chern—Weil homomorphism and the Gauss-Bonnet
theorem [99]. We previously proved that vector bundle representations with the same helicity
are topologically equivalent (Theorem 3.25). Although we did not generally establish that
vector bundles with different helicities are topologically distinct, the photon and graviton
cases support this conjecture. Moreover, they suggest the general relationship C; = —2h.
We will prove this relationship between the topology and geometry of massless particles in
Chapter 5.

We also remark that while the Berry connection was used to calculate C, there is no
special relationship between the Berry connection and Chern numbers. Indeed, we could
have used any connections on = and Z. (and there are infinitely many) in this calculation

and obtained the same Chern numbers. The Hilbert-Schmidt product and its induced con-
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nection are geometric, whereas the Chern numbers are purely topological quantities and are
independent of the various geometries one might impose on the vector bundle.

Before proceeding, we note an alternative, faster method of establishing the topological
triviality of =. The key observation is that = is the complexification of a real vector bundle
=R, Indeed, the transverse gauge condition (4.8a) can be applied to the real vector space
W3 of symmetric traceless rank 2 tensors on R3 generating a rank 2 real vector bundle =F.

It is easy to see that = is the complexification of =¥, that is,

(1]
I
(1]

*®C. (4.36)
Lemma 3.5 then implies that the Chern number vanishes:

C(2) =0. (4.37)

4.5 Construction of a global basis for gravitons

Since = is topologically trivial there exists a smooth global basis for gravitons. However,
neither of the proofs given in the previous section suggest a method to construct such a
basis. In this section, we use the the modified clutching construction we developed in §3.2
[1] to form a global basis of photons.

We begin by splitting the two-sphere as S? = Dy U Dy, into the upper and lower closed
hemispheres Dy and Dy. Since Dy and Dy, are contractible, the restricted bundles =|p,,
and Z|p, are topologically trivial and therefore admit global bases. We construct such bases
as follows. For each k = (0, ¢) € Dy, define a rotation Ry € SO(3) which takes e, to k via

Rodrigues’ rotation formula ([139], Eq. 15):

Ry =1+ Ksinf + IC*(1 — cos ) (4.38)
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where
0 0 cos ¢

K= 0 0 sing | - (4.39)
—cos¢p —sing 0

Using Ry, we can transport A,y from e, to all of Dy:

Aua (k) = S(Ry) A+ (4.40a)

Apa(k) = S(Rg)A. . (4.40b)

Since the action X is unitary and the map k — Ry from Dy to SO(3) is smooth,

Fu = (Ava, Avz) (4.41)

forms a smooth orthonormal basis of Z|p,,. The SO(3) action ¥ defined by (4.18) naturally
extends to an O(3) action. If we let P = diag(+1,+1,—1) € O(3) be the reflection across

the xy plane, then

Fr=(Ar1,ALp) (4.42a)
Api1(k) = E(P)[Av2(Pk)] (4.42b)
Apo(k) = X(P)[Av1(Pk)) (4.42¢)

is a smooth orthonormal basis of Z|p, ; the order of the indices has been flipped for conve-
nience. The bases Fy; 1, are smooth on their respective domains Dy 1, but they do not agree
on the equator S* & Dy N Dy, where they overlap. Instead, for each k = (cos(¢), sin(¢),0)

on the equator, there is a unitary transformation 7'(¢) € U(2) relating the two frames:

Fu(o) =T(¢)FL(). (4.43)
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Direct calculation shows that
0
T(p) = € SU(2). (4.44)

T : S' — SU(2) C U(2) defines a loop in U(2). The clutching construction shows that
the homotopy type of this loop fully classifies the vector bundle Z|s2 (and therefore Z).
In particular, this bundle is trivial if and only if T it is contractible to a point i.e. if T
is nullhomotopic [40, 41]. Since T is actually a loop in the simply connected subgroup
SU(2) of U(2), it is necessarily nullhomotopic. We thus obtain a third proof that = is
topologically trivial. The advantage of this approach is that it can be adapted to give an
explicit construction of a global basis for =Z. The strategy is to extend the domain of 7" from

the equator S* to all of D;. We do this in two steps.

4.5.1 Homotopy from T to the identity

Since T is nullhomotopic, there exists a homotopy 7" : [0,1] x S* — SU(2) between

efie 0 1 0
T(¢) = and 1= . (4.45)
0 e 49 0 1
The map
T+ iy z
(z,y,2) € 5% — € SU(2) (4.46)
—z T — 1y

gives an embedding of S? in SU(2). Under this embedding, T'(¢) corresponds to the loop
around the equator traversed clockwise four times, while 1 corresponds to the constant loop

at the point (1,0,0) € S?. A homotopy can be obtained by deforming the equator into
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(1,0,0) as depicted in Fig. 4.1. In particular, we set

x(t, ¢) = cos(4¢) cos® (g) + sin? (%t) (4.47a)

y(t, ¢) = sin(4¢) cos (%t) (4.47b)

z(t, ) = sin(2¢) sin(7t), (4.47¢)
and define the homotopy T : [0,1] x S — SU(2) via

_Z(tv gb) m(ta ¢) - iy(tv ¢)

It will be more convenient to change the homotopy parameter from t € [0,1] to 6 € [5,7]:

SN LUORS U O o)

—5(0,6) z(0, ¢) —i5(0, ¢)

where

z(0, ¢) = cos(4¢) sin?(#) + cos?(6), (4.50a)
y(0, ) = sin(4¢) sin(6), (4.50b)
Z(0, $) = —sin?(2¢) sin(26). (4.50¢)

4.5.2 Construction of a smooth frame of =42

Using the homotopy T, we can patch together F; and F;, into a continuous global basis F

for =:

Fu (0, 0) if0<fh<z
F(0,0) = (4.51)

T(0,9)FL(0,6) ifT<6<m.
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Figure 4.1: Illustration of the homotopy T(t,¢) : [0,1] x S* = SU(2) from T(¢) to the
identity 1. The image of T resides on an embedding of S? in SU(2). The equator at t = 0
corresponds to T'(¢) and shrinks down to the identity (1,0,0) at t = 1.

The condition

T(r/2,¢) =T(¢) (4.52)

ensures that F(6,¢) is continuous along the equator, while T(7,¢) = 1 ensures that no
singularity occurs at the south pole. While F is continuous, it is not smooth since its 6
derivatives jump abruptly at the equator. The last step is to use a smooth step function to
smooth the frame at the equator.

To this end, let g € C*(R) be any smooth monotonic function such that

g0 <7/2)=m/2 (4.53a)
g@>n)=m (4.53b)
9" (r/2) = g™ (x) = 0 (4.53¢)
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for all n > 1. For example, we can define

o1/t
h(t) = =Y (4.54)
0 t <0,
and then set
i h(0 —7/2)
o(0) = 5 (1+ 76 —7/2) +h(7r—0)>' (4:55)

Fu(0,6) if0<f<7Z
Fs(0,0) = (4.56)

T(9(0),¢)F(0,¢) if5<O<m

which we claim is globally smooth. Indeed, it is obvious that F; is smooth for § # 7. Tt
remains to show that

05 05 Ful gz = 0505 Fil gz (4.57)

for all m,n. By (4.52), (4.53¢c), and (4.56), this is equivalent to the claim that

0O o,y = 050 | T(6)F(6,0) (458)

_r4
0=%

We now note that the equations (4.40-4.42) defining Fy; and F;, smoothly extend to 0 < 6 <

7. It follows from direct calculation that

Fu(0,9) = T(6)FL(0,9) (4.59)

whenever both sides are defined, that is, when 6 # 0,7. This implies that (4.58) holds,
proving that F; is smooth.
Although it is frequently assumed that such a global basis for gravitons exists |44, 134—

136], it appears this is the first explicit construction of such a basis. It allows an explicit
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decomposition of =

E:T1@7'2 (460)

where 7y and 7y are the trivial line bundles over £, generated by the basis F;.

We note that while the trivial splitting (4.60) may be useful in practical applications
such as modeling gravitational waves, the subbundles 7; and 7 are not Poincaré symmetric
and thus do not represent elementary particles. In other words, the splittings = = 7 & 7
and = = =, @ =Z_ both make sense topologically, but only the latter respects the Poincaré

geometry of weak gravity.

4.6 The nonexistence of linearly polarized subbundles

Unlike the basis B = (B, Bx) from equation (4.11), the basis F is globally smooth. How-
ever, F; is significantly more complicated than B. Indeed, the simplest types of polarizations
are circular polarizations and linear polarizations. Circularly polarized vectors are those of
the form ¢(A; +iAy) where ¢ € C and A; and Ay are real and orthonormal to each other.
While = uniquely decomposes into the sum of circularly polarized subbundles =., these bun-
dles are nontrivial and thus it is not possible to construct a globally smooth basis of circularly
polarized gravitons. The basis B is an attempt to construct a linearly polarized basis, that
is, a basis of real tensors; however, we showed that B necessarily has singularities and is not
globally smooth. While this basis fails, it is natural to ask if it is possible to construct some
other linearly polarized basis. F; does not satisfy this criteria—while it is linearly polarized
in the upper hemisphere, it is generally elliptically polarized in the southern hemisphere. In
this section, we prove that it is impossible to construct a global linearly polarized basis for
gravitons, but for a reason which is fundamentally different than the obstruction precluding
a circularly polarized basis. While the bundles = are topologically nontrivial, they are still
well-defined topological objects. In contrast, = possesses no linearly polarized subbundles,

even topologically nontrivial ones.
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To prove this, we must first be more precise about the definition of linearly polarized
vectors and subbundles. Indeed, if Ag is real than it is certainly linearly polarized, however,
cAy should also be considered linearly polarized for any ¢ € C since cA differs from Ay only

~

in a phase and scaling. Recall that = = =ZF @ C is the complexification of the underlying
real vector bundle Z¥. Recall also that in a tensor product X ® Y, simple tensors are those
of the form z ® y for x € X and y € Y'; general elements of X ® Y are finite sums of simple

tensors [140].

Definition 4.1 (Linearly polarized vectors). (k, A) € = 2 =% @ C is linearly polarized if A
is a simple tensor, that is, if A = cAy = Ay ® c for some ¢ € C and Ay € ZX. Equivalently,

(k, A) is linearly polarized if the set {Re(cA) : ¢ € C} is a one-dimensional real vector space.

Definition 4.2 (Linearly polarized subbundles). A line bundle ¢ is a linearly polarized
subbundle of = if every element of € is linearly polarized. Equivalently, ¢ is linearly polarized

if it is the complexification of a real line subbundle (% of =K.
The main result pertaining to linear polarizations is the following theorem.

Theorem 4.4. = has no linearly polarized subbundles. As a result, there exists no smooth,

linearly polarized global extension of the basis (B, 4+, B, x) at e..

To prove this, we first establish the following lemma. In it, we use the Euler class e, which
is a characteristic class for real, oriented vector bundles. The Euler class is less commonly

used in physics than the Chern classes; expositions can be found in Refs. [41, 99, 101].
Lemma 4.5. If = has a linearly polarized subbundle then the Euler class of =X vanishes.

Proof of Lemma 4.5. Assume = has a linearly polarized subbundle, and therefore that =X

possesses a real line subbundle. Since S? is simply connected, there exist no nontrivial real

line bundles over S? ([1], Lemma 21). Thus, Z® has a trivial line subbundle and must
—=R

therefore possess a globally nonvanishing section. =" is orientable since every real vector

bundle over S? is orientable ([101], Proposition 11.5). If a real oriented vector bundle has a
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nonvanishing section, then its Euler class is zero ([41], Proposition 3.13(e)). Thus, the Euler

class of =¥ vanishes. ]

Proof of Theorem 4.4. By the lemma it suffices to show that the Euler class of Z® is nonzero.

The tensors B, , and B, form an orthonormal basis of = (e,). Then

B(k) = (B, (k), B.(K)), (4.61a)
B (k) = 2(Re.(9)Re. (0) ) B ;. (4.61)
B..(k) = 2(Re.(0)Re, (9) ) B, (4:61c)

forms a smooth orthonormal basis of Zg(6, ¢) at all k except at the north and south poles,

where

k = |k|(sin 6 cos ¢, sin 6 sin ¢, cos 0).

We can then calculate the corresponding Berry connection matrix with respect to the spher-

ical coordinate system for £ :

wg = (B, dB) (4.62a)
_ 0 —2cos(#)d¢ | (4.62D)
2 cos(0)de 0

The curvature matrix in these coordinates is

QR = dwR + wr N\ WRr (463&)
0 2dS
= . (4.63b)
-2dS 0
The Pfaffian of this matrix is [99]
Pf(Qgr) = 2dS. (4.64)
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The Euler class is the de Rham cohomology class of the Pfaffian [99], so

e(Qr) = 2[dS] (4.65)

where the brackets denote the cohomology class. dS is not exact (since [ g2 dS = 4m # 0),

so e(Qg) is nonvanishing, and therefore = has no linear subbundles. O

4.7 Gravitons do not have SAM or OAM

In analogy with the case of electromagnetic waves, there have been recent proposals that the
angular momentum of gravitational waves can be decomposed into SAM and OAM [56-58.
While there is a long standing controversy around this issue for photons |1, 65-81|, it does
not appear to be known that these issues extend to gravitational waves as well. However,
we will show that the gravitons indeed do not admit a genuine SAM-OAM decomposition.
The (total) angular momentum operator J of gravitons is the generator of the Poincaré
action X|so() restricted to SO(3) C ISO™(3,1). If the angular momentum splits into SAM
and OAM, then
J=L+S8S (4.66)

where L and S satisfy s0(3) commutation relations, and thus generate SO(3) actions ¥ and
Y on =. Furthermore, because spin symmetries are internal symmetries, S must generate
an internal symmetry, that is, the action of 3¢ on (k, A) does not change k. More formally,

we say that Yg is stabilizing.

Theorem 4.6. There exist no nontrivial SAM-OAM splittings of the angular momentum of

gravitons as in equation (4.66).

Proof. Suppose there were such a splitting. Since ¥g is stabilizing, each fiber Z(k) is a
two-dimensional vector space representation of SO(3) with the action ¥Xg. However, the

(nonprojective) irreducible representations of SO(3) are labeled by their integer spin s and
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have dimensions 2s+ 1 [83|. Thus, the representation g on =(k) must be the direct sum of
two spin 0 representations. Since the spin 0 representation is simply the trivial representation
which leaves the vectors unchanged, g must be the identity operator. Thus, S = 0, and
therefore J = L and X|so@3) = Y. Thus, there is no nontrivial way to split gravitational

angular momentum into SAM and OAM parts. O

This shows that if one does indeed split J into operators S and L then they cannot

satisfy the angular momentum commutation relations, that is,

[Sa, Sb] 7é ieab0567 (467>

[La, Lb] 7é iﬁabch. (468)

These commutation relations are the defining feature of angular momentum operators |1,
67, 68, 74, 75, 78, 79, 82, 83] as they ensure that S and L actually generate rotational
symmetries. If these relations are not satisfied then one cannot apply the standard results
for angular momentum operators such as the addition of angular momentum formula, the
Clebsch-Gordan formalism, the ladder operator formalism or even guarantee that S?, L2,
and the components of S and L will have discrete spectra. Nevertheless, it has been argued
that it can still be useful to split the angular momentum of photons into operators which are
not true SAM and OAM operators [77|. The same may prove true for gravitational angular
momentum as is suggested by Refs. [56-58] but the one should bear in mind that S and L
will not have the properties of angular momentum operators.

The argument in Theorem 4.6 against the splitting of gravitational OAM and SAM is
essentially geometric, relying on the rotational symmetry of the gravitons. However, as
in the case of photon angular momentum, this obstruction is also related to a topological
singularity as well. We will only give a summary of this argument as it is essentially the
same as that for the photon case discussed in §3.5.2. Elementary particles can be described

as vector bundle representations of the Poincaré group ISO™(3,1) as discussed in §3.4. The
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little group of particles with four-momentum £k is defined as the subset of the Lorentz group
SO™(3,1) which do not change k. Up to group isomorphism, the little group H is independent
of k. By its definition, H depends only the momentum space M and not on the fibers
(the polarizations). Furthermore, each particle has a canonical little group action which is
stabilizing in the sense that the action does not change the fiber. Thus, the little group
describes an internal symmetry of the particles. For massive particles, the momentum space
is a mass hyperboloid and the little group is SO(3). The canonical little group action of
massive particles thus describes an internal SO(3) symmetry; its generator is the spin angular
momentum. However, a topological singularity occurs as the m — 0 limit is realized. The
momentum space jumps from the topologically trivial mass hyperboloid to the nontrivial
forward light cone. This topological singularity allows the little group to jump as well
from SO(3) to ISO(2), where the latter is the 2D Euclidean group consisting of translations
and rotations of R?2. However, the translations always act trivially, ! so the little group is
effectively just SO(2). The generator of this two-dimensional rotational symmetry is the
helicity operator k - J. Since this is not an SO(3) generator, helicity is not an angular
momentum operator. Indeed, helicity is a scalar operator, and so it is not even a vector
operator. The commonly proposed SAM operator J, = (12: - J )I;: can be seen as an ad
hoc attempt to “vectorize” the helicity operator. However, this attempt fails because the
components of this new operator commute, and thus describe an R?® symmetry rather than
an SO(3) symmetry. We can summarize the situation by saying that massive particles have
spin while massless particles have helicity. Something special happens for massive particles
which does not happen for massless particles, namely, the little group happens to coincide
with SO(3), so spin is actually an angular momentum. The same is not true of helicity.
Heuristically, it is not surprising that the topological nontriviality of R and L photons and

gravitons obstructs splitting the angular momentum into SAM and OAM. An SAM-OAM de-

IThis is violated by the hypothetical and rather exotic continuous spin particles. They have an
infinite number of internal DOFs which is inconsistent with all observed particles. As such, they
are not part of the Standard Model and typically ignored ([43|, pp. 70-72).
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composition relies on nicely splitting the internal (fiber) and external (base manifold) DOFs,
and likewise splitting the rotational symmetry into parts acting internally and externally.
Furthermore, the action ¥ acts independently on =z and =, so the same would be true of
the spin and orbital symmetries g and ;. However, the topological nontriviality of the R
and L gravitons means that their internal and external DOFs are twisted together, and this

precludes splitting the rotational action into internal and external parts.

4.8 Conclusion

This study of linearized gravitons gives a further illustration of the fact that there is a
fundamental connection between massless particles and nontrivial topology. An immediate
implication of the nontriviality of =, and Z_ is that it is not possible to construct global
bases of R and L gravitons. It is also not possible to construct a global basis of linearly
polarized gravitons, but this is due to the more fundamental issue that such polarizations
are not even globally well-defined. In light of these facts, it is rather surprising that the
full set of gravitons = is topologically trivial, allowing the construction of a smooth global
basis. Such global bases have been previously invoked in the literature, although the explicit
expressions given for them were not smooth [44, 134-136].

The Poincaré symmetry of the graviton bundle induces a geometric decomposition of
= into the topologically nontrivial R and L graviton bundles. These nontrivial bundles
have geometry characterized by the helicities +2 and topology characterized by the Chern
numbers F4. It is interesting to note that the —2 factor relating the helicities and Chern
numbers also appears for the R and L photons which have helicities 1 and Chern numbers
F2 as shown in Chapter 3. This naturally leads one to conjecture that the relationship
C = —2h between topology and geometry generally holds for massless particles. We will

prove this is indeed the case in the following chapter.
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An important finding is that the topological nontriviality of =, and =_ obstructs the split-
ting of graviton angular momentum into SAM and OAM. That is, gravitons, like photons,
have well-defined angular momentum but it is not possible to decompose it into generators of
internal and external rotational symmetries, respectively. Indeed, that the R and L gravitons
have nontrivial topology means that they cannot simply be written as £, x C, showing that
the internal and external DOFs do not split nicely. They are rather twisted in a nontrivial

way, ultimately preventing the splitting of angular momentum into SAM and OAM.
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Chapter 5

Helicity is a topological invariant of

massless particles: C' = —2h

This Chapter is closely based on Ref. [3| published in Physical Review Research. Within this
chapter we use the shorthand writing the action of a group element g € G on an element of

a vector bundle (k,v) by g(k,v) rather than as 3(g)(k,v).

5.1 Introduction

The presence of nontrivial topology is a unifying feature that ties together important phe-
nomena in periodic lattice structures such as the spin Hall effects [12-15], the bulk-edge
correspondence [17-20], and the existence of topological insulators |21, 22]. Over the last
decade it has been found that topologically nontrivial waves exist as well in continuous me-
dia such as fluids |20, 23-28], plasmas [19, 28-35|, and, as we have seen in Chapters 3 and
4, even the vacuum [1, 2, 85, 104]. The latter refers to the fact that R and L photons
and gravitons are topologically nontrivial vacuum excitations. In Wigner’s classification [42,
43|, elementary particles are characterized by their geometry rather than their topology, in
particular, they are classified as unitary irreducible representations (UIRs) of the Poincaré

group ISO™(3,1). In this chapter, we derive a novel relationship between the topology and
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geometry of massless particles, showing that the geometric helicity h is related to the topo-
logical Chern number C' via C' = —2h. In doing so, we exhibit an Abelian group structure of
massless particles with respect to the tensor product of line bundles which leads to a novel
method of generating massless particle representations of all helicities from the photon repre-
sentations. These representations are easier to construct and more explicit than those found
by Asorey et al. [48] and Dragon [85]. They also provide a simpler alternative construction
of the R and L graviton bundles than the one used in Chapter 4. These representations will
be essential for the calculation of angular momentum eigenfunctions for massless particles
and plasma waves presented in Chapters 8 and 9. The relationship between the geometry
and topology will be used to prove general nonexistence theorems for massless SAM and

OAM decompositions in Chapter 6.

5.2 The relationship between the geometry and topology
of massless particles

There is an elementary but indispensable relationship between the topology and geometry
of massive particles. Conventionally, particles are represented by UIRs of ISO*(3,1) on the
space of n-component square-integrable wavefunctions over the four-momentum space M,
denoted by L?(M,C") [42, 43]. Note that here we ignore quantum numbers arising from
non-spacetime symmetries, such as color charge. For massive particles with m > 0, M is
a mass hyperboloid. According to Wigner’s little group method, these representations are
classified by the UIRs of the little group SO(3) C ISO*(3,1) on the internal space V = C",
which in turn are labeled by the nonnegative integer or half-integer spins s. The spin is
related to dim V' by

dimV = 2s+ 1. (5.1)
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Spin characterizes the geometry of the representation while the dimension of a vector space is
a topological invariant. Thus, Eq. (5.1) gives the elementary but very important relationship
between the geometry and topology of massive particles.

The situation is very different for massless particles. The spacetime symmetry is again
characterized by a UIR of the little group, but for a massless particle the little group is ISO(2)
rather than SO(3) [1, 42, 43|, and as we saw in §3.21, reduces to SO(2) ([43|, pp. 70-72).
The UIRs of SO(2) are labeled not by their spin, but by their (possibly negative) integer
helicities h (assuming all elementary massless particles are bosons, as in the Standard Model).
Thus, helicity describes the geometry of massless particles. Unlike the spin representations
of SO(3), the UIRs of SO(2) are all one-dimensional, so there is no relationship like Eq. (5.1)
relating the helicity with the dimension of the internal space. For example, although R and
L photons have helicities h = +1 and R and L gravitons have h = +2, each of these four
particles have a single polarization degree of freedom [1, 2]. What then is the relationship
between the geometry and topology of massless particles?

The topology of massless particles is far more subtle than that of massive particles. In
fact, this topology is essentially obscured in Wigner’s conventional representations. The

momentum space of massless particles is the forward light cone

L.={k=(wk):k'k,=0,w>0} (5.2)

=~ R3\ {0}. (5.3)

In Wigner’s representations [42], massless particles are all represented on the same Hilbert
space L?(L,,C) because the internal spaces are all one-dimensional. However, unlike the
massive representations, when h # 0 these representations are not smooth , meaning that
Poincaré transformations typically map a smooth wavefunction to a nonsmooth wavefunction
(cf. §3.4.3; [1, 45, 46]). This problem can be avoided by instead considering massless particles

as UIRs on L?(E), the space of L% integrable sections of a complex Hermitian line bundle
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m:E— Ly [1,2,45] as we did in Chapters 3 and 4. Since £, has a hole at the origin (as
massless particles have no rest frame), it is noncontractible and thus F can be topologically
nontrivial (unlike in the massive case when M is a mass hyperboloid). These lines bundles
are topologically characterized by their Chern number C' (Theorem 2.3); when C' # 0, these
particles are topologically nontrivial. We showed that photons ([1]) and gravitons [2]| are
topologically nontrivial; R and L photons have Chern numbers F2 and helicities +1, while
R and L gravitons have Chern numbers F4 and helicities £2. However, the method we
previously used to construct the graviton bundles becomes increasingly difficult for higher
helicity particles, and does not easily generalize to arbitrary helicity. In this chapter we use
an alternative construction of massless particle bundles to prove that in general C' = —2h,
giving the precise relationship between the topology and geometry of massless particles. This
relationship is the massless analog of Eq. (5.1). That helicity can be viewed as a topological
charge was also recently discovered by Dragon [85], but the explicit relationship C' = —2h
was not given.

Massless particles can be considered as unitary irreducible UIRs of the Poincaré group

ISO™(3,1) on vector bundles over £, in which translations 7, act via

To(k,v) = e 2 (k v). (5.4)

We will call such a representation a massless bundle UIR. Note that in this chapter we will
use the shorthand of writing the action of A € ISO™(3,1) on a vector as A(k,v) rather than
Y(A)(k,v). Condition (5.4) ensures that (k,v) has momentum k. As in the case of Wigner’s
representations [42, 43|, the massless bundle UIRs of ISO™ (3, 1) are classified by their actions
of the little group, which are in turn labeled by the integer helicities h [1]. In particular,
by Theorem 3.24 every such bundle E is a line bundle (r = 1) and every vector in FE is an

eigenvector of the helicity operator k- J with eigenvalue h:

(k- J)v = hv (5.5)
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Here, J is the generator of the SO(3) C ISO*(3,1) action on E, meaning that if R;(0) is a

rotation by # about k then
Ry, (0)(k,v) = e ™7 (k, v) = (k,e™"v). (5.6)

Since E is a bundle representation of ISO*(3,1), it is necessary that a § = 27 rotation
acts trivially, so h must be an integer. Note that if one considers the generalization to
projective bundle representations, then half-integer helicities can also be obtained. Since
we are assuming all massless particles are bosons, we can ignore the projective case. Two
massless bundle UIRs are unitarily equivalent if and only if they have the same helicity
(Theorem 3.25). In this way, h fully characterizes the geometry of the these representations.
However, a priori, it is not obvious that particles with different helicities have different
topologies. We will prove that this is indeed the case.

The R and L photon bundles defined in Ch. 3 are exceptionally important, as we will
show that all other massless particles can be constructed from them. Notationally, it is
helpful in this chapter to denote them as y1; = .. These bundles have helicity h = £1 and

Chern number C' = F2. The former comes from

R (0)(k, Ex) = ¢ &7 (k E.) (5.7)

= (k,e™EL), (5.8)

and the latter was explicitly computed from the Berry connection in Theorem 3.13).

We present a novel construction of massless bundle UIRs of arbitrary helicity which is
motivated by observations about the little group representations. In both Wigner’s formalism
[42, 43| and the vector bundle formalism [1, 2, 47|, irreducible representations of ISO*(3,1)
are related to representations of the little group. The little group H, at a fixed k in the
momentum space M is defined as the subset of SOT(3,1) which leaves k invariant. The

little groups for different k are related by Hxp = AHRA™! for A € SOT(3,1). Since any
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two k in M are related by some Lorentz transformation, the isomorphism type of the group
Hy, is independent of k; the isomorphism type of Hj is called the little group H of the
representation. For massive particles, M is a mass hyperboloid, and H = SO(3). However,
for massless particles with M = £, , H = ISO(2) = R?xS0(2), the group of (inhomogeneous)
isometries of R? [42]. Representations in which the R? translations act nontrivially on F
correspond to particles with a continuum of internal degrees of freedom. As there are no
known particles exhibiting this property, we make the conventional assumption that the R?
translations act by the identity on E [43, 44]. Thus, the little group essentially acts like
SO(2). The finite-dimensional vector space UIRs of SO(3) and SO(2) are the well-known
spin and helicity representations, respectively. The spin representations of SO(3) are labeled
by the nonnegative integers s, and have complex dimension 2s 4 1. In contrast, the helicity
representations are labeled by the complete set of integers h, but always have complex
dimension 1. If R(f) € SO(2) is a rotation by angle 6, then in the helicity h representation
R(0)v = e~y for any vector v. One can ask the following question: given two UIRs, can
one produce another UIR? Suppose U; and Uy are UIRs of a group G on complex vector
spaces Vi = C™ and V5, = C"™. The direct sum U; & Uy and direct product U; ® U, are
well-defined representations of G on V; @ V5 and V; ® V5 with dimensions nq 4+ ny and nino,

respectively [106]. For v; € V;, they are defined by

g(v1 + v2) = gv1 + gua (5.9)

g(v1 @ v2) = gu1 @ gus. (5.10)

These representations are unitary under the Hermitian products

<(U1 + Ug), (w1 -+ UJQ)) = <’U1,1U1> + <U2, ’LU2> (511)

<1)1 X V9, W1 & U)Q) = <U1, UJ1><U2, 'LU2> (512)
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where the Hermitian products on the rhs are those on V; and V,. U; & U, is obviously
reducible. Typically, U; ® U, is also reducible; the problem of decomposing U; ® Us into
UIRs is the Clebsch—-Gordon problem [106]. The most well-known cases are those of SO(3)
and SU(2), which satisfy:

SI®Sm ZE S ®Si—mt1 D - .- D Sim, (5.13)

where S}, is the spin k representation, [ > m, and = denotes isomorphism of representations
[106]. In particular,
SR8 =Sy®S DSy (514)

However, if U; and U, both have dimension 1, then U; ® U, also has dimension 1 and
is therefore irreducible. Thus if W}, is the helicity h representation, then Wj, ® W, is

irreducible. In fact, in this representation we have
R(@) (Ul ® UQ) = 6_i(h1+h2)9(’01 (%9 UQ), (515)
SO

Wiy @ Why, = Wiy th,- (516)

Since Wy @ W_; = Wy, we define (W;)™! = W_; and (W;)? = Wy. Then for h € Z

|
Wi =2 R WiE® = Wi (5.17)
=1

Thus, the helicity representations are not just in bijective correspondence with Z, but they
are actually isomorphic to Z as an Abelian group, with the tensor product as the group
operation. As such, they are all generated by W; (or W_y). This is a distinctly massless

phenomena, as Eq. (5.14) shows that a similar result does not apply to the massive spin
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representations. Indeed, the spin representations are labeled by nonnegative integers, which
do not even form a group.

We now show that we can construct all the bundle UIRs of massless particles in a similar
way, by taking tensor products of y4;. Suppose we have two massless bundle UIRs E; and
FE5 with helicities hy and hs. Let E; ® Es be the tensor product of the bundles, which is a
line bundle over £, in which the fiber at k is the vector space E ; ® Esy [99]. It carries a
Hermitian product given on each fiber by Eq. (5.12). Since every element of ISO" (3, 1) can
be expressed as T, - A where T} is a spacetime translation and A is a Lorentz transformation,

we can define a unitary representation of ISO*(3,1) on E; ® E, as follows:

A(/{;,vl &® ’UQ) = (Ak,AUl X AUQ) (518)
To(k,v1 @ v3) = "2 (kv ® vy) (5.19)
(Ta . A)(]{?, U1 X Ug) = Ta [A(l{?, U1 X Ug)]. (520)

Note that the action of translations involves a factor of e?"@ rather than a factor of e2¥"au

which one might expect from analogy with Egs. (5.10) and (5.18). This reflects the fact that
we wish to construct new single-particle representations, in accord with Eq. (5.4), rather
than two-particle representations with the tensor product. To verify that (5.18)-(5.20) is

actually a representation of ISO™(3, 1), it is necessary to check that

(A-Ta)(k,vl ®’U2) = A[Ta(k,vl ®'U2)]. (521)

By the group law for Poincaré transformations [Eq. (3.64)], A-T, - A~! = T}, and therefore

AT, =Ty, - A. (5.22)
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Thus by Eq. (3.64)

(A-T3)(k,v1 @ ve) = (Tha - A)(k,v1 @ 1) (5.23)
= Thra(Ak, Avy @ Avy) (5.24)
= AR A (AL Avy ® Auy) (5.25)
= e ( Ak, Av; @ Avy) (5.26)
= A[T5(k,v; ® v9)] (5.27)

showing that Eq. (5.21) indeed holds and we have a valid bundle representation.

Since E; ® B, has rank 1, this representation is irreducible. Moreover, by Eq. (5.18)
e FD (| vy @ vy) = M0 (] 1y @ vy), (5.28)

showing that E; ® F, has helicity h; + hy. Define 7,1 = v_; and 7, to be the trivial line

bundle over £, on which T, acts by e and A € SO"(3,1) acts by the identity. Then

h
=t = Q) (5.29)

=1

is a massless bundle UIR with helicity A. In this way we obtain smooth bundle representations
for massless particles with any integer helicity. By Theorem 3.21 [1], every massless particle
is unitarily equivalent to one of these representations.

Due to the tensor product structure, determining the topology of 7, is also a simple
matter. According to Theorem 2.3, the topology of a line bundle over £, is completely
determined by its Chern number C'. The Chern number can be considered as a measure of
how “twisted” or nontrivial a vector bundle is; in particular, C' = 0 corresponds to the trivial
bundle. For line bundles, the Chern number is additive with respect to the tensor product
(Ref. [101], Eq. 20.1):

C(E) ® Ey) = C(Ey) + C(E).
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Note that this is a special property of line bundles which does not generally hold for higher

rank bundles. As the R and L photon bundles have Chern numbers C'(y+1) = F2, we obtain

Clm) = C(1}) = —2h. (5.30)

This equation describes the fundamental relationship between the geometry and topology of
massless particles, giving the massless analog of (5.1). It has not previously been reported.

One consequence of (5.30) is that the helicity can be considered as a topological invariant,
despite being defined purely in terms of Poincaré geometry; this result was also established
by Dragon [85]. Furthermore, massless particles with different helicity are topologically
distinct, with the helicity measuring how globally twisted the particle space is. This is not
readily detectable using the (nonsmooth) Wigner representations of massless particles [42,
43|, in which the space of wavefunctions of all massless particles are represented on the same
Hilbert space L*(L,,C). Note in particular that Eq. (5.30) shows that massless particles
with h # 0 are topologically nontrivial, and it immediately follows that it is not possible
to smoothly choose polarization vectors in all directions k for such particles. Thus, it is
not possible to have massless particles of a fixed nonzero helicity with flux in all directions
simultaneously, generalizing results we previously obtained for photons and gravitons |1, 2|.

Before discussing the implications of this relationship, we remark on the alternative vector
bundle descriptions of massless particles given by Asorey et al. [48] and Dragon [85]. Asorey
et al. give a method to construct massless bundle representations of helicity h in which
the fibers are represented by symmetric traceless tensors of rank |h| subject to a series of
gauge conditions. On the other hand, in Dragon’s formalism, particle states are described
as sections of vector bundles, but the fibers (polarizations) of those vector bundles are never
explicitly defined. Instead, the vector bundle structures are described implicitly through
the transition functions of the sections. As massless particles are fully characterized by

their helicity, the representations ~, and those of Dragon and Asorey et al. are equivalent,
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but differ in their mathematical presentation. We contend that both the construction and
representation of 7, via tensor products are much simpler than in those other methods.
Indeed, Dragon’s construction [85] requires rather messy calculations involving the action of
boosts and rotations on sections and results in representations on sections in stereographic
coordinates which are somewhat hard to interpret. In Asorey et al.’s method [48], the
construction gets increasingly difficult as |h| grows, as one must impose more and more
gauge constraints on symmetric traceless rank |h| tensors. The result is that the fibers are
defined abstractly as quotients of symmetric tensors modded by the gauge constraints, but
explicit representations of these fibers are not derived. In contrast, the ~;, representations
are equally simple to explicitly construct regardless of h.

To illustrate some of the practical advantages of this construction, we will use the example
of the R and L graviton bundles studied in the previous chapter. The tensor product
construction immediately gives =1 = vy ® v41. At k = (|k|, k), choose any right-handed
basis (e;, ez, k) of R3. The photon fiber 74 (k) is spanned by vL = e; & ie,, so the graviton

fiber =, (k) is spanned by vy ® vy. By expressing the tensor product as an outer product,
(v ® 1) = vl (5.31)

=4 (k) is embedded in the vector space of three-by-three symmetric tensors. Furthermore,
since (vy @ vs) -k =0 and Y0 viv, = 0, the vectors of Z4 (k) are automatically in the
typical transverse-traceless gauge commonly used to describe gravitons [2, 44, 133] as we
did in the prior chapter. In this construction it was never necessary to manually impose the
transverse-traceless gauge conditions as was done in 4.3 and Refs. |2, 48]—the gauge fixing
one chooses for the photon bundle automatically propagates through to all higher helicity
bundles. Furthermore, the technique we employed in Chapter 4 involved constructing the
total graviton bundle, and then manually identifying Lorentz invariant R and L subbundles.

The difficulty of that procedure increases with |h| as one must embed the particle states in

168



spaces of increasing dimension and identify the Lorentz invariant subbundles. The tensor
product construction of ~; avoids such difficulties.

Another application of the tensor product representations will be explored in Chapters
8, which pertains to the problem of finding simultaneous eigenstates of energy, helicity, J?,
and J, for massless particles. The corresponding massive states (with spin replacing helicity)
are straight-forwardly constructed via Clebsch—Gordan sums of tensor products of spherical
harmonics with definite spin states. This problem is surprisingly tricky for massless particles
due to the coupling of the polarization states and the momentum (cf. [141],§16). Dragon
[85] recently showed a novel method of solving this problem using vector bundle methods.
However, in Dragon’s formalism, the eigenstates are difficult to interpret, given as a set of
two unfamiliar functions with overlapping domains in stereographic coordinates (cf. Eqns.
(81) and (84), [85]). Furthermore, explicit formulas are only given for the states with | =m
where [(I + 1) and m are the eigenstates of J* and J,; the states with m < [ must be
constructed via the lowering operator J_ = J, — 1J,. However, by instead using the tensor
product representations 7, developed here, we will show that the total angular momentum

eigenstates of a massless helicity h particle are simply given by |[6]

—hYlm<97 qb)eh(Q? ¢) (532>

In this equation, # and ¢ are the spherical coordinates in k-space, (eg, e;) are the spherical
unit vectors (which exist everywhere except the poles),

|A]
ep = ®(€9 + sgn(h)iey), (5.33)

=1

and the _,Y},, are the spin-weighted spherical harmonics of weight —A first introduced by
Newman and Penrose for applications in general relativity [86]. While _,Y},,(0,¢) and
en(0, ¢) separately have singularities at the poles, the eigenstates obtained from their product

in Eq. (5.32) are smooth sections of v, for all momenta k. We will show that this also gives
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a description of the angular momentum eigenfunctions for electromagnetic plasma waves in
Chapter 9, and we will also show how these eigenfunctions give a clear illustration of the
lack of an SAM-OAM splitting.

In the following chapter we will turn again to the issue of SAM-OAM decompositions.
We will prove a series of no-go theorems showing that it is not possible to split the angular
momentum operator of A # 0 massless particles into spin SAM and OAM operators. The
relationship C' = —2h reflects the fact that this obstruction can be understood either geo-
metrically or topologically, with C' # 0 and h # 0 obstructing the existence of SAM and

OAM operators, respectively.

5.3 Conclusion

It has long been known that the limit of zero particle mass is singular [42]. This is conven-
tionally viewed as a geometric singularity, as the little group jumps abruptly from SO(3)
for massive particles to SO(2) for massless particles. However, there is an accompanying
topological singularity that occurs too, as the momentum space jumps from a contractible
mass hyperboloid to the noncontractible light cone £,. This allows for massless particles
to have nontrivial topology, as illustrated in the bundle representations. We have shown
that this singular limit involves other nonobvious differences between massive and massless
particles, such as the emergence of a completely different relationship between the topology
and geometry. The degree of topological nontriviality is measured by the Chern number,
encoding how globally twisted twisted the polarization space is. Meanwhile the geometric
helicity is related to the particles Poincaré symmetry, and measures the amount of local
twisting that occurs in a polarization vector while applying rotations about the momentum
axis. The equation C' = —2h encodes the relationship between these local and global twists.
We also see the emergence of an Abelian group structure of massless particles, by which we

can higher helicity particles by simply taking tensor products of R and L photon represen-
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tations. This tensor product representation will prove crucial for calculation in Chapters 8
and 9 in relating the angular momentum eigenstates of massless particles and plasmas with

spin-weighted spherical harmonics.
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Chapter 6

Four no-go theorems on the existence of
spin and orbital angular momentum of

massless bosons

This chapter is adapted from Ref. [4], published in SciPost Physics.

6.1 Introduction

Since it was first introduced, the concept of the orbital angular momentum (OAM) of light
has been a popular area of research [49]. It has found diverse scientific and industrial
applications including, but not limited to, imaging [50, 51], optical communication [52], and
the manipulation of microstructures [53]. Following the detection of gravitational waves
by LIGO [54, 55|, researchers have also been interested in the OAM of gravitational waves
[56-58]. There have also been substantial interest in potential applications of high power
OAM beams in laser-plasma accelerators [59, 60, 142| and the generation of extremely large
magnetic fields in plasmas [62-64]. However, there are fundamental theoretical issues with
splitting the angular momentum of massless bosons, such as photons and gravitons, into

spin angular momentum (SAM) and OAM [1, 2, 67, 68, 75, 78]. In general, an angular
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momentum operator O = (01, Oz, O3), such as a spin, orbital, or total angular momentum
operator, must generate some three-dimensional rotational symmetries of the particle, and

must therefore satisfy s0(3) commutation relations |1, 2, 67, 68, 74, 75, 78, 79, 82, 83]

[Oa, Ob] = iGabCOc; (61)

these are frequently referred to as the angular momentum commutation relations. Further-
more, spin is associated with the internal degrees of freedom (DOFs) [143], so SAM operators
must generate an SO(3) symmetry of the internal space of a particle. For massive particles,
the angular momentum naturally splits into SAM and OAM. In contrast, there is no agreed
upon method to define these operators for massless bosons, leading to many proposed SAM
and OAM operators [65-74, 77, 78, 80]. However, most of these operators have been shown
to either not be well-defined or else not actually satisfy angular momentum commutation
relations, and are therefore not genuine angular momentum operators [67, 68, 75, 78, 80]. We
showed in §3.5.2 that the SAM-OAM splittings for photons described in Refs. [67, 68, 71, 72]
(what we call the quasi-angular momentum splitting), the SAM operators actually generate
an R3 symmetry rather than an SO(3) symmetry, while the OAM operators do not generate
any symmetry at all. In the case of gravitons, we proved the stronger result that there is no
exists no legitimate SAM-OAM splitting (Theorem 4.6). In this chapter, we generalize and
extend these arguments, showing that the same is true for any massless particles and that
straightforward relaxations of the definitions of SAM and OAM operators do not remedy
the problem. We do so by proving four no-go theorems. The first theorem uses geometric
methods to show that the angular momentum operator of massless particles cannot split
into nontrivial SAM and OAM operators. The third and fourth theorems show that various
generalizations of the definition of SAM and OAM operators do not remove the obstruction.
More specifically, the third no-go theorem shows that it is not possible to split the angular

momentum operators of massless particles into generators of non-SO(3) symmetries. Indeed,
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if one of the two operators generates a non-SO(3), the other will not generate any symmetry
at all. The fourth no-go theorem shows the stronger result that it is not possible to split
the angular momentum operator of massless particles into two generators of any nontrivial
energy-preserving symmetries, even if neither of those symmetries are internal.

While the proofs of the first, third, and fourth theorems are essentially geometric, we
show in the second no-go theorem that the obstruction preventing the splitting of angular
momentum can also be viewed as a consequence of the nontrivial topology of massless par-
ticles. This nontrivial topology reflects the intertwining of the internal and external DOFs
which prevents an SAM-OAM decomposition. We also show how gauge redundant descrip-
tions of massless particles can give the false impression that the angular momentum splits
into SAM and OAM parts.

This chapter is organized as follows. In §6.2, we review the vector bundle formalism
for elementary particles. In §6.3, §6.4, §6.5, and §6.6 we prove No-Go Theorems 6.1, 6.2,
6.3, and 6.4, respectively. In §6.7, we show how gauge redundant descriptions can lead to
nonphysical SAM-OAM splittings for massless particles. In §6.8 we discuss the validity of

using single-particle states rather than multiparticle Fock states to prove the no-go theorems.

6.2 Formalism

Conventionally, elementary particles are defined as unitary irreducible representations (UIRs)
of the proper orthochronous Poincaré group ISO*(3,1) on a Hilbert space [42, 43]. Equiva-
lently, they can be considered as UIRs on a Hermitian vector bundle 7 : £ — M where F is
the total space, M is the momentum space of the particle, and 7 is the projection (k,v) — k
as we showed in Chapters 3-5 [1-3, 47]. For convenience we review some of the notation
introduced in previous chapters. As usual, we often refer to the total space E as the vector
bundle the vector (k,v) by just v when the base point k is irrelevant or implied. Let B

denote Minkowski space with signature (—, 4, +,+). For massive particles with m > 0, the
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momentum space M is the (positive) mass hyperboloid

My, = {k" = (w, k) € B: k'K, = —m*} 2 R® (6.2)

and for massless particles M it is the forward light cone

L, ={k"=(wk)€B:kk,=0w>0} (6.3)

=~ R*\ {0}. (6.4)

Note that massless particles have no rest frame and thus w = |k| = 0 is excluded from the
light cone. Parametrizing M,,, and £, by just their spatial parts k gives the diffeomorphisms
with R? and R?\ {0}, respectively. The fiber at k € M is the vector space E(k) = 7~ 1(k).
The momentum space M describes the external DOFs of the particle while the fiber DOFs
describe the internal state (i.e., v € E(k) describes the polarization). The vector bundle
E is Hermitian, meaning that for each k, there is a Hermitian inner product (-,-) on the
fiber F(k). That E is a representation of ISO™ (3, 1) means that there are ISO™ (3, 1)-actions
¥ and o on E and M, respectively, such that for A € ISO*(3,1), ¥, is a vector space
isomorphism of E(k) onto E(opk). Furthermore, ¥ and o respect the group structure of

ISO™(3,1), that is,

YA, = XA, 2A, (6.5)

Sacr = (Sa) 7 (6.6)

and similarly for 0. We will mostly consider bundles for which o is the standard action of
ISO*(3,1) on momentum space, that is, when A € SO*(3,1) is a Lorentz transformation

we simply have opk = Ak, while the inhomogeneous spacetime translations in ISO*(3,1) do
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not effect k. That the action X is unitary means that
<2AU1, 2/\'1]2) = <’U1, 'U2> (67)

for all A € ISO™(3,1) and all vy, vy € E(k). The irreducibility of the action means that there
are no proper subbundles E' of E which are preserved by ¥. These definitions generalize
the notion of vector space representations to vector bundle representations. One can recover
the conventional Hilbert space representations ¥ of the particles by considering the induced
UIR on the Hilbert space L?(E) of square-integrable sections of E [1, 47]. In particular, for

a wavefunction (k) € L*(E), the action is
[Sat] (k) = Zalp(oa-1k)): (6.8)

The inner product of E induces an inner product on L?(E) given by

(61, n) = /M (s (), (k) dE (6.9)

where d¢ is the Lorentz invariant measure on M; if M = L, then d¢ = |k|~*d®*k. Under this
product, ¥ is a UIR of ISOT (3, 1) on the Hilbert space L?(E). The Lie group representations
> and ¥ of ISO"(3,1) induce corresponding Lie algebra representations describing the in-
finitesimal group actions. In particular, the generators of rotations (SO(3) C ISO*(3,1)) for
> and ¥ are the (total) angular momentum operators J = (Jy, Jy, J5) and J = (J1, Ja, J3)

defined by Eq. (3.96), or equivalently,

d
Jo(m,v) = z@ 0:023(1(9)(7”,1)) (6.10)

Jar =i S(R.0) (6.11)
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where R,(0) is a rotation about the a axis by 6. They satisfy the so(3) commutation relations

s o] = i€mmp], (6.12)

[Ty Jn] = 1€mmpJp (6.13)

where the bracket in the first equation is the Jacobi-Lie bracket and that in the second
equation is the usual operator commutator.! As always, we restrict our discussion to non-
projective representations of ISO™ (3, 1), which corresponds to treating only elementary par-
ticles with integer spin or helicity, i.e., bosons. All elementary massless particles in the
Standard Model are bosons, so this assumption has little effect on the generality of our

results. We recall also that a three-component operator V' which satisfies

Vins o] = i€mmpV,y (6.14)

transforms under rotations like a spatial vector, and is thus called a vector operator [83,
106].

The bundle action given by ¥ and J describes the action on single-particle states while
> and J describe the action on wave functions; they contain equivalent information. While
the action on wave functions is more commonly used, we will mostly work with the bundle
action as it leads to simpler proofs of the no-go theorems. The reason is that these proofs
make frequent use of sharp momentum states, that is, states which have a single momentum
p € M. These are simply the vectors in E in the bundle representation, while in the wave
function representation these are d-function-like states. However, Flato et al. [45] showed

that for massless particles these sharp states are not standard delta functions, but rather

Note that we use the physics convention for the Lie algebra, in which so(3) corresponds to
Hermitian transformations. Mathematicians use a different convention in which so0(3) corresponds
to anti-Hermitian transformations; see Section 3.4, Ref. [106] for a short discussion. In the math
convention, the factors of i would not appear in the s0(3) commutation relations. The map between
the these conventions is given by gPhs = jgmath,

177



twisted delta (“twelta”) functions, which require more care to work with. We can avoid these

complications by simply working in the bundle representation.

6.3 Massless particles do not have SAM or OAM: A ge-
ometric proof

The aim of this chapter is to study possible decompositions of the total angular momentum

J into nonzero vector operators S and L:
J=S+L. (6.15)

The defining property of angular momentum operators is that they generate SO(3) symme-
tries |1, 2, 67, 68, 74, 75, 78, 79, 82, 83]. This ensures that standard results about angular
momentum operators hold such as the addition of angular momentum equation, the Clebsch—
Gordan formalism, and the Casimir invariance of the S? and L?. Thus, if § and L are to
be considered angular momentum operators under the standard definition, they must (up to

Lie algebra isomorphism) satisfy the so(3) commutation relations

Sy S] = i€mnpSy (6.16)

(L, L] = i€mmpLy. (6.17)

These generate corresponding bundle actions (X%, 0°) and (3£, 0L) of SO(3) on 7 : E — M.
Since SAM describes an SO(3) symmetry of the internal (fiber) DOFs, X% must not change
the momentum, i.e., o%(k) = k for every R € SO(3). Such actions which do not change the
fiber are called stabilizing. Under such a ¥, each fixed fiber E(k) is a finite-dimensional

vector space representation of SO(3).
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We now illustrate that there is a natural splitting of the form (6.15) for massive particles
following from Wigner’s little group method [42, 43, 82|, but that this construction breaks
down for massless particles. For an action ¥ of ISO"(3,1) on 7 : E — M with oy = A, the
little group at k € M is the subgroup Hj of SO*(3,1) consisting of elements which leave k
invariant [42, 43]:

Hy, = {A € SOT(3,1)|Ak = k}. (6.18)

Up to group isomorphism, Hy is independent of k, so we can just refer to the little group H
[43]. There is a canonically induced unitary action of H on E which is stabilizing [1|. For a
particle m,, : E,, — M,, with mass m > 0, the little group is SO(3). Indeed, at k = 0, we
have that Hy = SO(3) C ISO*(3,1) is the canonical copy of SO(3) in the Poincaré group

consisting of pure spatial rotations. At any other k, let Ag be the unique boost taking (m, 0)

to (v/m?+ |k|?, k). At K, the little group is
Hy = ApHoA 1, = A HoAL' =2 SO(3). (6.19)

The isomorphism with SO(3) follows from the fact that conjugate subgroups are isomorphic,
and we see that each k corresponds to a different copy of SO(3) embedded as a subgroup
of the Poincaré group. Under the action X, every fiber F,, (k) is a vector space UIR of
Hy = SO(3). Vector space UIRs of SO(3) are uniquely determined up to isomorphism by
their dimension 2s 4 1 where s is the nonnegative integer spin, so the rank of r of the vector
bundle E,, determines s via r = 2s+ 1.2 These vector space representations on the fibers fit

together to form a unitary action ¥™ of H = SO(3) on E,, given by

75 (k,v) = S(AeRA_t) (K, v) (6.20)

25 could also be a half-integer if we were considering fermions and projective representations.
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where R € SO(3) and (k,v) € E,,. This action describes boosting into the particle’s rest
frame, applying the rotation R, and then boosting back to the original momentum. The
generator S™ of this action is known in the literature as the Wigner spin operator [82].

From Eq. (6.20), it is given explicitly

S™ = S(A)JTE(A_y) = S(AR)JoS(A_y) (6.21)

where Jy = J|k—o is the restriction of J to E,,(0), the fiber at k = 0. J; is the generator
of the irreducible little group action at k = 0, so F,,(0) is spanned by the eigenvectors
(v_s,...,vs) of Jy3 where the integer subscripts denote the eigenvalues. If we use the eigen-
vectors as a basis for F,,(0), then Jj is given by the spin s matrices S5 on E,,(0). That is,
Jo(0,v) = (0, S;v) where v is expressed in coordinates with respect to the eigenbasis. Thus,

in this coordinate representation

S™ = S(Ay)S,S(Ag). (6.22)

The form of 8™ can be simplified even further by labeling all polarization states by their

rest frame polarizations |42, 43|, that is, we define a basis of E,,(k) at arbitrary k by

(K, v2) = S(A)(0,v,). (6.23)

then it follows from Eq. (6.22) that

S™(k,v) = (k, Ssv). (6.24)

With respect to this basis we can then simply write

S™ =8, (6.25)
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Note in particular that (k,v,) is an eigenvector of S§* with eigenvalue a for any k. We see,
either from Eq. (6.22) or (6.25) or from the fact that S™ generates an SO(3) symmetry,
that S™ satisfies the s0(3) commutation relations in Eq. (6.16). Furthermore, S™ generates
an internal symmetry since ¥ does not change k. It also is a well-defined vector operator,
satisfying Eq. (6.14) ([82], Eq. (12)). Thus, 8™ is a well-defined spin angular momentum

operator. Since J and S™ satisfy s0(3) commutation relations, so does

Lm=J-8m (6.26)

completing the Wigner SAM-OAM decomposition for massive particles. Note that S™ and
L™ also commute with the Hamiltonian [82|, which follows from the fact that S™ and J
(and therefore also L™) generate symmetries which preserve the energy v/m?2 + k2. Thus,
S™ and L™ are conserved in the free theory and, for example, one can use them to label
quantum states. We note that it is sometimes stated in the literature that there are issues
with relativistic spin and orbital angular momentum even for massive particles [141, 144],
namely, that the spin and orbital angular momentum do not commute with the Hamiltonian
and thus do not constitute good quantum numbers. This is true of the Dirac SAM and OAM
operators but not of the Wigner SAM and OAM operators; see Ref. [82] for details of this
distinction. The essential idea is that the Dirac spin operator results from working in the
bispinor representation in which particle (positive energy) and anti-particle (negative energy)
states are treated simultaneously. The total angular momentum operator independently
preserves particle and anti-particle states, but the Dirac spin operator mixes the positive
and negative energy states and thus does not commute with the Hamiltonian. This does not
occur for the Wigner operators §™ and L™ since the bundle F,, contains only particle or
anti-particle states (not both simultaneously).

The above procedure breaks down for bundle representations my : Fy — L, of massless

particles. In this case there is no rest frame with &k = 0, and the little group is now
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ISO(2) = R? x SO(2), the group of inhomogeneous isometries of R? where x denotes the
semidirect product (cf. §3.4, [43]). It is well-known that if any of the inhomogeneous
elements R? C ISO(2) act nontrivially, then one obtains particles with an infinite number of
internal DOFs [42, 43|. There are no known particles with such an internal space and these
solutions are generally believed to be unphysical. We thus make the standard assumption
that the inhomogeneous elements act trivially, effectively reducing the massless little group
from ISO(2) to SO(2). Therefore, for massless particles one obtains a canonical stabilizing
little group representation of SO(2) on Ej (Theorem 3.22). Each fiber is a finite-dimensional
representation of SO(2) and such representations are all one-dimensional and are uniquely
labeled by a (possibly negative) integer helicity h rather than a spin [1, 42, 43]. Since this is
not an SO(3) representation, the generator of this action is not an SAM operator. A clear
illustration of this fact is that SO(2) is a one-dimensional Lie group, so its generator (the
helicity operator) is a scalar operator rather than a vector operator, so it obviously cannot
represent SAM.

Although this argument is suggestive, it does not rule out the possibility that SAM
and OAM operators could be defined by some other procedure. Indeed, the many other
proposed SAM and OAM operators are such attempts [65-70, 72-74, 77, 78, 80|. However,
we prove in the following theorem that in general there is no SAM-OAM decomposition for
massless particles. The argument uses the fundamental difference of the dimensionalities of
the spin and helicity representations. Indeed, the vector space spin representations of SO(3)
have dimension 2s + 1 while all of the helicity representations of SO(2) are one-dimensional.
Thus the fibers of massless particles are all one-dimensional, that is, massless particles are
represented by line bundles (Theorem 3.24) [1, 3|. Indeed, we previously showed that the
right (R) and left (L) circularly polarized photons each form a UIR of ISO"(3,1) on line

bundles [1], and likewise for the R and L gravitons [2].

No-Go Theorem 6.1. Suppose mg : Ey — L is a massless particle, that is, it is a UIR of

ISO™(3,1). It is not possible to split the total angular momentum J into nonzero SAM and
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OAM operators S and L, where S and L generate SO(3) symmetries and S corresponds to

an internal symmetry.

Proof. Suppose such a decomposition exists. S generates an SO(3) action ¥¥ on Ej. Since
this symmetry is internal, ¥¥ does not change the fiber coordinate k € £, and thus X° is a
vector space representation of SO(3) on each fiber Ey(k). By the little group construction,
we saw that since Fj is a UIR of ISO"(3,1) it must be a line bundle, so Ey(k) is a one-
dimensional vector space. The only representation of SO(3) on a one-dimensional vector
space is the spin 0 representation, which is trivial in the sense that SO(3) always acts by
the identity. Thus ¥° = I and § = 0, and therefore J = L. There is thus no nontrivial

SAM-OAM decomposition. O]

Theorem 6.1 explains the issues that plague the various proposed SAM and OAM oper-
ators for photons. Van Enk and Nienhuis [67, 68| first showed that one attempt to define
SAM and OAM for light fail to satisfy so(3) relations and are therefore not actually SAM
and OAM operators; we showed [1] that the same is true of the decompositions proposed
by Bliokh [71] and Bialynicki-Birula and Bialynicka-Birula [72]. Recently, Yang et al. [80]
showed through direct calculation that the SAM-OAM decompositions of Jaffe-Manohar
[66], Chen et al. [69], and Wakamatsu [70] do not satisfy angular momentum commutation
relations, leading again to the conclusion that none of these are legitimate SAM and OAM
operators. Yang et al. propose two new sets of SAM and OAM operators (Sy;, Ly) and
(S5bs, L9); see Table IT in Ref. [80]. However, in accord with No-Go Theorem 6.1, neither
of these sets of operators are actually well-defined SAM and OAM operators for photons by
the standard definition. The first set satisfy s0(3) relations but, as Yang et al. themselves
point out, they are not gauge invariant and are thus not measurable. As such, S;; and
L), are not well-defined vector operators on the space of physical states; this is discussed
in more detail in §6.7. The other set of operators, (S5, L), are gauge invariant, but the
S§75 commute with each other rather than satisfy cyclic so(3) relations (Table IT, Ref. [80]),

and are therefore not angular momentum operators by the standard definition.
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6.4 Nontrivial topology as an obstruction to an SAM-
OAM decomposition

The failure of the angular momentum of massless particles to split into SAM and OAM can
be understood both in terms of the geometry and topology of such particles. The obstruction
originates in the singular limit that occurs as the particle mass is taken to zero. We showed
in the previous section that there is a singularity in the Poincaré geometry that occurs in this
limit as the little group jumps abruptly from SO(3) to ISO(2). This leads to massive particles
possessing spin while massless particles possess helicity, and the latter is not associated with
an angular momentum operator.

However, the m — 0 limit is also accompanied by a topological singularity as the mo-
mentum space M jumps from being a topologically trivial (contractible) mass hyperboloid
M., to the noncontractible light cone £,. Since M,, is contractible to a point, there are
only topologically trivial vector bundles over M,,, (|101], Corollary 6.9), and thus all massive
particles 7, : E,, = M,, are described by trivial bundles. However, £, is not contractible
due to the hole at k = 0, and thus there are topologically nontrivial vector bundles over
L. Indeed, a massless particle with nonzero helicity can be described by the vector bundle
Th Y — L4 whose topology is fully characterized by its (first) Chern number C(~,) = —2h
[Eq. (5.29)]. When h # 0, ~;, is topologically nontrivial. This nontrivial topology indi-
cates that the internal DOFs parametrizing the fibers (polarizations) and the external DOFs
parametrizing £, are nontrivially twisted together [101]. However, SAM and OAM are
related to SO(3) symmetries of the internal and external DOFs of a particle, respectively.
Thus, the nontrivial topology of massless particles with nonzero helicity can be heuristically
understood as obstructing the existence of such a splitting. As for massive particles with
zero spin, the h = 0 case is uninteresting from the perspective of SAM and OAM as the

unique SAM and OAM operators are simply S =0 and L = J.
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We now formalize this heuristic observation. In Theorem 6.1, we illustrated the geometric
obstruction to an SAM-OAM splitting by imposing the condition that the SAM operator
is internal. To illustrate the topological obstruction we will instead assume that the OAM
operator is external, that is, it generates an action only changing the base manifold DOFs.
In precise terms, suppose L7 is the action of some group G on the 7 : £ — M with base
manifold action o”. We say that X" is external if the condition o) k = o[ k for g1, € G
and k € M implies that Zél(k,v) = 252(1{:,"0) for every (k,v) € E(k). This is equivalent to
saying that if o)k = k, then X (k,v) = (k,v), i.e., the little group with respect to ¥* acts
trivially on E. We refer to a Lie algebra representation as external if it generates an external

Lie group representation.

No-Go Theorem 6.2. Suppose m : E — L is a rank r bundle with an external SO(3)
action L. Assume the corresponding action o on L, = R3\ {0} is the standard base
manifold action c% = R for R € SO(3). Then E is a trivial bundle. Consequently, a
massless particle admits an external OAM operator L if and only if the particle has zero

helicity.

Proof. Consider the restriction of F to the unit sphere S* C R*\ {0} = £, denoted by
Els2. L deformation retracts onto S?, so F is trivial if and only if F|g2 is trivial ([41], Cor
1.8). By the assumption that ok = R, XF restricts to an action on E|g2. Fix some ko € S?
and for each k € S?, define

Gy = {R € SO(3)|Rko = k}. (6.27)

Let vy, ..., v, be a basis of E|% at ko, and define sections fi, ..., f, of E|s2 by

fi(k) = 2g, (Ko, v)). (6.28)

The assumption that X7 is external ensures that all elements of G, have the same action on
(ko,v;), so the f; are well-defined. Since $¥ is smooth and G}, varies smoothly with k, the

f; are smooth sections of F|g2. Furthermore, they are linearly independent at each k. To
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see this, choose some g, € G and note that ng is a linear isomorphism between the fibers
at kg and at k. Since E possess r linearly independent sections, it is a trivial vector bundle.
Since a massless particle with nonzero helicity is topologically nontrivial by the relationship
C' = —2h between the Chern number and helicity [3]|, such a particle does not admit an

external OAM operator. O

In practice, it is common to consider helicity h particles not in isolation, but in combi-
nation with the helicity —h particles, that is, one considers the direct sum bundle v, 7 =
Yh @B v_p. For example, R and L photons are respectively described by bundles v; and v_;
[1], but it is necessary to consider the total photon bundle v = v, 7 = 7 @ y_; if one wishes
to describe linear polarizations. Since the first Chern numbers are additive with respect to
the direct sum by the Whitney product formula [99] and since C'(v,) = —2h [3], it follows
that C'(y,r) = 0. This implies that, unlike v, the bundle v, 7 is topologically trivial |1, 3.
No-Go Theorem 6.2 does not then immediately imply that v, does not possess an OAM
operator, although this is indeed the case.

Before proving this, we will give an informal argument showing why one would not expect
an OAM operator to exist for v, p. If we let ¥+ denote the ISO™(3,1) symmetries of iy,
then ¥ = YT @Y™ is an ISO™ (3, 1) symmetry of v, 7 = 7, ®~_1. Suppose there were such an
OAM operator LT which generates an SO(3) symmetry 347 on v, 7. By No-Go Theorem
6.2, X7 is not a symmetry of either v, or v_j, but only of their direct sum. However,
v+n are preserved under the actions %, so LT cannot be written purely in terms of the
generators of X%, that is, in terms of the Hamiltonian, momentum, angular momentum,
and boost operators on v4,. There are no other natural operators available, so this gives a
strong indication that there is no way to construct an OAM operator L. Indeed, 7, and
~v_p are related by a parity symmetry P which is part of the full Poincaré group, but not of
the proper orthochronous Poincaré group ISO*(3,1) [1]. Since LT would have to generate
a symmetry mixing 7, and v_j, this suggests LT would involve the generator of the parity

symmetry P. However, parity is a discrete rather than a continuous symmetry, and thus
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has no infinitesimal generator. This is essentially the reason why elementary particles are
typically defined [43] as UIRs of ISO™(3,1) rather than the full Poincaré group, since the
Lie algebra does not detect discrete parity and time inversion symmetries.

We can give a more rigorous argument showing that no such L7 exists as follows. Note
that while No-Go Theorems 6.1 and 6.2 are proved via different methods, their conclusions
are related. In particular, if the OAM operator L7 is external, then §7 = J? —L” is internal.
We note then that No-Go Theorem 6.1 applies equally well to the bundle v, 7 = v, © -
The only change in the proof of No-Go Theorem 6.1 is that the fibers now have dimension
two rather than one. However, there are no two-dimensional UIRs of SO(3) and thus the
representation generated by an internal S7 is reducible and must break down into two one-
dimensional UIRs of SO(3) 3. But the only such UIR is the trivial representation, so we must
have ST = 0 and LT = J7 = J& 4 JEM | where J&EM are the total angular momentum
operators of vy,. However, J&#" and therefore J”, do not generate external symmetries
when h # 0 since the little group acts nontrivially, and thus, v;, 7 does not admit an external

OAM operator. We have thus proved the following corollary of the previous no-go theorems:

Corollary 6.1. Let v4, be line bundles describing massless particles with nonzero helicities
+h and with total angular momentum operators J=. Consider the total bundle Yr.h = YDV—h

with the induced angular momentum operator J© = JHM 4 J&=h) - [f

J'=L" + 87, (6.29)

where LT and ST generate SO(3) symmetries, then:
1. If 8T is internal, then ST = 0.
2. LT cannot generate an external symmetry.

Therefore, there is no nontrivial SAM-OAM decomposition for the system of particles yr.

3There is a two-dimensional projective UIR corresponding to spin 1/2 fermions, but this is
irrelevant to the case of bosons, whose representations are non-projective.

187



6.5 The angular momentum cannot be split into non-
SO(3) symmetries

No-Go Theorems 6.1 and 6.2 establish the fundamental result that it is not possible to
split the angular momentum of a massless particle into genuine SAM and OAM operators.
This reflects the fact that the internal and external DOFs cannot independently carry any
nontrivial SO(3) symmetries. One might still ask if J can be split into vector operators
describing some non-SO(3) symmetries.

As an illustration of why this is not possible, consider the proposed splitting |71, 72|

J = J|| +JL (6.30)
Jy = (J - k)k = xk (6.31)
J=J - J. (6.32)

x=4dJ- k is the helicity operator generating the internal SO(2)-action which naturally arises
from the little group construction for massless particles [1]. The helicity is a scalar operator
rather than a vector operator, and thus by itself cannot be a SAM operator. Eq. (6.31) can
be viewed as an ad hoc attempt to “vectorize” the helicity operator into an SAM operator.
However, by Theorem 6.1 this J| cannot actually be an angular momentum operator. For
this reason we call J|j and J the helicity and orbital quasi-angular momenta, respectively.
Indeed, while Jj and J, are well-defined vector operators satisfying condition (6.14), they

satisfy the nonstandard commutation relations [1, 67, 68]

[Sms Jjin] = 0, (6.33)
[T Lims Jin] = T€mmp | p; (6.34)
[JJ_’m, JJ_’n] = Z'Gmnp(JJ_’p — J”,p) (635)
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Aside from not generating SO(3) symmetries, we previously noted in §3.5.2 that these suffer
from an additional issue [1]. In particular, while the Jj,, operators commute with each
other and thus generate an R?® symmetry, the Jjp on the rhs of Eq. (6.35) shows that the
components of J; do not combine together to form a Lie subalgebra. Thus, J, does not
generate any symmetry at all. The next theorem shows that this issue is generic—it arises
in any attempt to split J into generators of non-SO(3) symmetries, regardless of whether

they generate internal and/or external symmetries.

No-Go Theorem 6.3. Suppose that

J=L+8S (6.36)

where J is the the total angular momentum operator and L and S are nonzero vector oper-

ators, that is, they satisfy

(L, Jn) = t€mnpLyp (6.37a)

Sons To] = i€mmyS,. 6.37b
p~p

Furthermore, suppose that L and S are generators of symmetry groups G and Gg with

associated Lie algebras g, and gs. Then

g1 = gs = 50(3). (6.38)

In particular, it is not possible for either L or S to generate non-SO(3) symmetries.

189



Proof. L and S satisfy the commutation relations of their associated Lie algebras g; and

gs. Therefore,

(L, L] = iVnunp Ly (6.39)

(S, Sl = iTnpS, (6.40)

where vy, and 7,5, are the structure constants of g and gg. It then follows that

WinnpLyp = [Lim, Ln) (6.41)
= U€mnpLp + U (Tinnp — Emnp)Sp (6.43)

Thus, either 7, = €mnp or else S, is a multiple of L,,. If 7, = €mnp, then also vy = €mnp,
and therefore L and S both satisfy s0(3) commutation relations, proving the claim. Suppose
then that S,, = ¢,,L,, for some constants ¢,,. Note that ¢,, # —1 since J,, # 0. Then

Ly = (14 ¢pn) . From Eq. (6.37), it follows that

1+¢, .
[Lm’ ’]TL] = ﬁZGmanp (644)
= 1€mnpLyp, (6.45)
SO ¢y, = ¢, = ¢ for all m,p. Then
i
[Lm, Ln] = 1——|—c€manp. (646)

By rescaling the basis to L), = (1 + ¢)L,, we obtain

[Lrs L] = i€mnp Ly, (6.47)
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showing that g, = s0(3). An analogous argument shows that gs = so(3). O

No-Go Theorem 6.3 shows that if S or L generates a non-SO(3) symmetry, then the
other operator will not generate any symmetry at all. This result thus shows a fundamental
difficulty with attempts at defining generalized splittings of J such as the splitting into J|
and J, in Eqs. (6.30-6.32)).

Before concluding this section, we give some further remarks about the Jj, J. splitting
and its relationship to the helicity of massless particles. For massive particles, the little
group is SO(3) and the generator of the corresponding internal symmetry is the spin oper-
ator S™. Massless particles instead have the little group SO(2), and the generator of this
symmetry is the helicity operator y = J - k. In this sense, helicity is the massless analog
of spin. By Wigner’s little group method, massive and massless particles are classified by
the representations of the little group, and therefore by their spin and helicity, respectively
[1, 42, 43]. That S™ also induces a splitting of the total angular momentum J is a result
of the fact that the little group of massive particles is SO(3), and thus S™ satisfies angular
momentum commutation relations. In contrast, SO(2) is one-dimensional, so the helicity is
a scalar operator y and satisfies very different commutation relations than the massive spin
operator. In fact, direct calculation (cf. [1], Theorem 33) shows that x commutes with all

the generators of the Poincaré group,?, for example,

[Jasx] =0, (6.48)

X, x] =0. (6.49)

These commutation relations are important for the classification of the massless particle
representations, as they show that the helicity can be used to classify massless particles in

the same way (S™)? classifies massive representations [1]. However, the helicity does not

4\ is a central element (i.e., commutes with all other elements) of the finite helicity massless
representations of the Poincaré algebra. However, x is not central for massive representations or
continuous spin representations, and is therefore not a Casimir invariant of the Poincaré algebra.
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induce an SAM-OAM splitting the way spin does for massive particles. One might attempt
to “vectorize” the scalar helicity operator from x to Xfc as in Eqs. (6.30-6.32)) to obtain
a splitting. On the upside, the vector operators J and J, are gauge-invariant and thus
observable. There are, however, two notable drawbacks to this splitting. The first is that, as
previously discussed, neither J; nor Jj generate SO(3) symmetries, and the vector operator
J | does not generate any symmetry at all. Thus, they are not angular momentum operators
in the typical sense and tools such as the Clebsch-Gordan theory do not apply to J| and
J .. The second drawback is that this splitting appears to be ad hoc, as y is the generator
of the little group representation, not the vectorized operator J; = Xic. This is to say,
there is no known theory which justifies the Jy,J,. In summary, while J| and J, are
measurable, they are not SAM and OAM operators in the standard sense, and their general
theoretical significance is not well-understood. However, the fact that these operators are
expressed entirely in terms of Poincaré generators is an indication that there may be some
natural construction for representations of the Poincaré group which produces this splitting.
Ideally, such a construction would produce the standard SAM-OAM splitting when applied

to massive representations. We will present such a construction in Chapter 7.

6.6 Generalization to non-internal SAM operators

In this section we prove a stronger version of No-Go Theorem 6.1 by relaxing the constraint
that the SAM operator is stabilizing. Assume again that w9 : Ey — £, and X are a

representation of a massless particle, and that
J=L+S (6.50)

where L and S are vector operators generating symmetries. By No-Go Theorem 6.3, these
must generate SO(3) symmetries ©X and X% on E. Let o, o, and ¢ be the actions on

the base manifold £, corresponding to ¥, ¥*, and ¥°. For massless particles, the energy
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is given by w = |k|. If one enforces the constraint that ¥° is internal, then o3 = I and

ok =0op = R for any R € SO(3). In this case,

lork| = opk| = |k, (6.51)

so L and S both generate symmetries which preserve the energy. The first no-go theorem
shows that there are no nontrivial splittings such that S is internal. We now prove this
conclusion is still true if we replace the assumption that S is internal with the weaker
assumption that S and L conserve energy in the sense of (6.51). To this end, we first

establish the following lemmas.

Lemma 6.2. Suppose L and S are vector operators generating symmetries and satisfy equa-

tion (6.50). Then L and S commute, and therefore so do o* and o°.

Proof. From equations (6.50) and (6.17) we have that

(Lns Ju] = i€mmpLy + [Lim, Sl (6.52)
= i€mnpLy- (6.53)

Thus
[Lin, Su] =0, (6.54)

and since the generators commute, so do the generated actions ¥ and ¥°. This in turn

implies that o* and ¢° commute. [

Let Diff (M) be the group of diffeomorphisms on a manifold M. A G-action

¢ : G — Diff(M) (6.55)

g (g (6.56)
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on a manifold M is a continuous group homomorphism from the Lie group G to Diff(M).
¢ is transitive if for any my, mg € M, there is a g € G such that (;m; = mg. The orbit of
x € M is the subset (gz C S%. Under the energy conserving assumption (6.51), o, o, and

o’ are all SO(3)-actions on the unit sphere S? C £,
Lemma 6.3. Suppose that ¢ : SO(3) — Diff (S?) is an SO(3)-action on S%. Then

(i) Either ¢ is the identity operator or else it is transitive.

(ii) For every R € SO(3), Cr has a fized point, that is, there exists an x € S? such that
(rr = .

Proof. (i) [145] For z € S?, let G, be the isotropy group of x with respect to (:

G. = {g € Gl¢(2) = 2}, (6.57)

Note first that G, is a closed subgroup of SO(3). Indeed, if we consider the map ((z) : G —
M, g — (,(x), then G, = (¢(x))~*(x) which is closed since it is the preimage of the closed
set {z}. The only closed subgroups of SO(3) are isomorphic to either a finite group, SO(2),
O(2), or SO(3) [146]. Consider the map F : SO(3)/G, — S? given by F(R) = (gzr. This
gives a homeomorphism of SO(3)/G, with the orbit of x in S? [103]. If G, is a finite group,
then SO(3) /G, would be three-dimensional but homeomorphic to a subset of S?, which is an
obvious contradiction. Similarly, SO(3)/0(2) = RP?, but the latter cannot be embedded in
S? [147], so G, 2 O(2). If G, = SO(2), the orbit of x is homeomorphic to SO(3)/SO(2) = S?
[103]. There are no proper subspaces of S? homeomorphic to S?, thus the orbit of x must
be all of S%. Thus, if G, = SO(2) for some x, then ( is transitive.

Lastly, if G, = SO(3), then (gx = x for all R € SO(3). Furthermore, this implies that
Cry =y for all R € SO(3) and y € S?. For suppose there were a y for which this were not
true. Then G, = SO(2) by the previous argument and the action is transitive and thus x
would be in the orbit of y, which is a contradiction. Thus, if there exists any x for which

G, = SO(3), then ( is just the identity action on S2.
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(ii) Let I be the identity in SO(3), and note that ¢; = 1 is the identity operator on S2.
Since SO(3) is path-connected, (g : S? — S? is homotopic to the identity for any R € SO(3).
The degree of a map f : S* — S? is homotopy invariant [105], so deg(Cr) = deg(1) = 1. If a
map f :S? — S? has no fixed points, then deg(f) = —1 ([105], p. 134). Thus (g must have

a fixed point. O

No-Go Theorem 6.4. Assume that the SO(3) action X of a massless particle splits into
UIRs of SO(3), X and ©°, which are generated by the vector operators L and S as in Eq.
(6.50). Assume further that these actions preserve enerqgy in the sense of Eq. (6.51). Then
either X1 or ©° acts trivially. Thus, either L =0 or 8 = 0, and consequently the splitting

18 trivial.

Proof. If either of XX or ¥ is an internal action then the result follows from No-Go Theorem
6.1, so consider the case when neither % or ¥ are internal. Let Eg2 be the bundle obtained
by restricting the base manifold of Ey to S? where S? C R3\ {0} = £, is the sphere of
radius 7 > 0. By the energy preserving condition, ¥ and ¥ restrict to SO(3)-actions on

Es2. Consider the corresponding actions ol™ and ¢ on the base manifold S? = S?. By

L,r

Lemma 2 (i), for each r, o©" is either transitive or the identity. Since :Z is not internal,

L,ro L

there must be some ry such that o is transitive. Furthermore, because the action o” is

L is also transitive. The

continuous, by varying ry to any other » > 0, we obtain that o
same argument shows that 0" is transitive for every 7.

Fix some r > 0. By Lemma 6.2,
Sr Lr  _Lr Sr
OR OR, = 0R 0F) (6.58)

for every Ry, Ry € SO(3). Consider an arbitrary but fixed R;. By Lemma 6.3 (ii), af;’lr has

some fixed point y € S%. By (6.58),

S,ry Ly L,r
og (ORY) = 0R Y, (6.59)
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showing that aé’;y is a fixed point of afz’lr for every R,. Since ol is transitive, U}Lz’;y spans
all of S? as Ry is varied over SO(3). Therefore, every point is a fixed point of 0}3’:, and thus

af%’f is the identity. Since this argument can be applied to every R, it follows that o7 is

37

the trivial action. However, o”" was nontrivial by assumption, so a contradiction has been

reached, showing that either ©* or ¥° must be trivial. O

6.7 Non-physical SAM operators arising from gauge re-
dundancy

In this section we give an example of how gauge redundancies in the description of massless
particles can lead to the identification of nonphysical SAM operators for massless particles.
For concreteness, we consider the case of photons. It is common to describe photons in
momentum space using the Lorentz gauge vector potential A*(k) = (A°%(k), A(k)), which

satisfies the Lorentz gauge condition
Atk = 0. (6.60)

Note that while the Lorentz gauge has the advantage of being Lorentz covariant, it is not
complete, i.e., there is still residual redundancy in this description [37]. Condition (6.60)
determines A° in terms of k and A, so the potential can be parameterized just by A(k).
One can then form the vector potential description of the photon bundle 7., : v — L as the
collection of all (k, A) where k € £, and A € C3. Notice that this bundle is topologically
trivial v = £, x C? since the fiber does not depend on k. As such, it is similar to a mass
m > 0 particle with spin 1, which is described by the vector bundle M,, x C3. In particular,

one can define an SAM operator S7 for v which acts on the fibers by the spin 1 matrices

(S2), = —i€npq- (6.61)
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By defining LY = J—87, which generates rotations in M,, without affecting C3, it might then
seem that we have obtained an SAM-OAM decomposition of the photon angular momentum.
Indeed, this was one of the early attempts at such a splitting [65, 67, 68]. However, it is
known that this splitting is nonphysical and is only possible due to residual redundancy in
the Lorentz gauge. To see this, let 7% denote the SO(3) symmetry on v generated by S7.
v is a rank-3 bundle, but there are only two photon polarizations. A typical way of removing
the remaining gauge freedom is to impose the Coulomb gauge condition k- A = 0. Applying
this condition in each fiber gives the rank-2 Coulomb gauge photon bundle in which all
vectors represent physically different states [2], it is equivalent to the description of v using
the electric field E. More generally, the remaining gauge freedom can be removed without
choosing a specific gauge via the procedure of Asorey et al. [48]|. At each fixed k € L, A
and A+ ak are physically equivalent in the Lorentz gauge for any o € C, and thus we can use
this to define an equivalence relation ~ on each fiber. We then remove all gauge redundancy
by forming the rank-2 vector bundle 7/ ~ by taking the quotient in each fiber. Regardless
of how the gauge redundancy is removed, one obtains a rank-2 vector bundle 7 of physical
states. If S7 is a true SAM operator, it must descend to an operator on 7, generating an
SO(3) action X7 on 4. This is equivalent to saying that if (k, A) and (k, A’) are physically
equivalent, then ¥%° (k, A) and ¥7;%(k, A’) must be physically equivalent for any R € SO(3).
However, this is not possible for the same dimensional reasons that lead to No-Go Theorem
6.1. In particular, X7 would be an SO(3) representation on the two-dimensional fibers of
7, but the only such representation is the trivial representation. Thus S” would also have to
be trivial, contradicting Eq. (6.61). Therefore S7 cannot descend to a well-defined operator
on the space of physical photon states; it is an artifact of gauge redundancy in the Lorentz
gauge. Similarly, massless particles characterized by helicity +h with A > 0 can together be
described by a spin h representation [48]. However, the spin h representation has dimension
2h + 1, while the the +h massless particles only have two independent internal degrees of

freedom, and thus there is a dimension 2h — 1 gauge redundancy in this description. While
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this gauge redundant description might appear to give rise to an SAM-OAM decomposition,

this decomposition cannot be gauge independent and is thus not physical.

6.8 Single-particle states vs. Fock space

We note that we have obtained the No-Go Theorems by examining the symmetries of the
single-particle states rather than the multiparticle Fock space. Under very mild physical
assumptions, these treatments are equivalent for the SAM-OAM decomposition problem.
Let H = L?(E) be the single-particle Hilbert space. The boson Fock space JF is constructed

from symmetrized sums of copies of H as [111]

F = é Sym"(H). (6.62)

Thus, any symmetry of the single-particle space H induces a corresponding symmetry of
F given by applying the symmetry to each copy of H. A priori, there is the possibility
that there exist SO(3) symmetries of the Fock space that do not arise in this manner, that
is, actions of SO(3) which mix states of different particle number. Our analysis has not
accounted for such symmetries. However, it is reasonable to make the assumption that such
exotic symmetries, if they exist, do not describe SAM or OAM operators. Indeed, the total
angular momentum operator does not mix states of different particle number, nor do any
of the previously proposed SAM or OAM operators for massless particles. For example, see
Yang et al.’s [80] review of the various proposed SAM and OAM operators, and note that
in every term creation and annihilation operators appear in equal numbers so that particle
number is conserved. Indeed, it seems to be implicitly assumed in discussions of the SAM
or OAM of elementary particles that these properties are defined at the single-particle level

and are not emergent multiparticle phenomena. We also make this assumption.
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6.9 Conclusion

The fundamental results of this chapter are No-Go Theorems 6.1 and 6.2, showing that
the total angular momentum operator of massless bosons cannot be split into SAM and
OAM operators. This result may be surprising given that the angular momentum of massive
particles readily decomposes into SAM and OAM. On the other hand, this result could have
been anticipated. Despite the relevance of the SAM and OAM of light to optics and photonics
and despite sustained interest in this problem, there is no agreement in the literature as to
the correct definition of such SAM and OAM operators. This suggests the existence of a
fundamental obstruction to such a splitting, one which we showed traces back to the singular
limit that occurs as the mass of a particle goes to zero. This limit entails a topological
singularity, as the momentum space jumps abruptly from a contractible mass hyperboloid
to the noncontractible light cone and the topologically trivial rank-(2s 4+ 1) massive vector
bundles are replaced by nontrivial massless line bundles. This topological singularity is
accompanied by a geometric singularity as the little group jumps from SO(3) for massive
particles to SO(2) for massless particles. Particles carry a canonical internal little group
symmetry. As SAM is associated with an internal SO(3) symmetry rather than an SO(2)
symmetry, this singularity can be viewed as the essential obstruction to an SAM-OAM
decomposition.

Furthermore, we have shown that this obstruction is not easily circumvented by gener-
alizing the definition of angular momentum operators. Perhaps the simplest generalization
is to allow spin to describe non-internal symmetries, however, No-Go Theorem 6.4 shows
that this does not yield nontrivial operators. Another option is to attempt to define SAM
and OAM operators which generate non-rotational symmetries; while this is less natural, it
has been attempted. Indeed, as Yang et al. [80] showed, most of the proposed SAM and
OAM operators do not actually generate 3D rotations (a conclusion also reached by Leader

and Lorcé after an extensive review [78]). No-Go Theorem 6.3 shows that in these cases it
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is not possible for both the generalized SAM and OAM to generate any symmetries, even
non-SO(3) symmetries.

These no-go theorems raise the following question. Although photon angular momentum
does not split into SAM and OAM, why is it that OAM beams have found such remarkable
success in experimental optics? The answer to this question certainly requires additional
theoretical work and examination of specific experimental results. However, we suspect that
an important point in addressing this question is that while photon angular momentum
cannot be split into SAM and OAM, photons can still carry an arbitrarily large amount
of angular momentum. We thus hypothesize that many of the useful features of so-called
OAM beams result because they carry large amounts of angular momentum, not necessarily
because that angular momentum is orbital.

We also note that as we have considered only non-projective representations, this analysis
does not directly apply to Weyl fermions. Nevertheless, we suspect that the no-go theorems
can be extended to projective representations, and thus to Weyl fermions; future research

will explore the possibility of such extensions.
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Chapter 7

Zero curvature 1s a necessary and
sufficient condition for a spin-orbital

decomposition

This chapter is based on an article [5] published in Physical Review D.

7.1 Introduction

There has been an extended controversy [1, 2, 4, 65-74, 77, 78, 80, 81| surrounding a basic
question: can the angular momentum operator of massless particles, such as photons and
gravitons, be split into well-defined spin and orbital components? This can of course be done
for massive particles, but issues immediately arise in the massless case as we have seen in
Chapters 3-5. For massive particles, the internal (polarization) and external (momentum)
degrees of freedom (DOFs) are independently rotationally symmetric, and the generators of
these SO(3) symmetries are the spin (SAM) and orbital angular momentum (OAM) opera-
tors, respectively [82]. For massless particles, the situation is different, as the internal and
external DOFs are coupled [4]. For example, a photon’s momentum k and polarization E

must satisfy the transversality constraint k- E = 0. k and E can be simultaneously rotated,
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and the generator of this symmetry is the total angular momentum operator J = (Jy, Ja, J3).
However, k and E cannot be independently rotated without violating the transversality con-
straint, that is, without creating unphysical states. This shows that the most straightforward
attempt at an SAM-OAM decomposition fails. It has been suggested that instead the de-

composition for massless particles should be [71, 72]

J=J||+JL (7.1&)

Jy=(J-P)P =P (7.1b)
1

Ji=-7PxK (7.1c)

with Jjj and J; being the SAM and OAM operators, respectively. Here P is the momentum
operator, K is the generator of boosts, H is the Hamiltonian, P = P/|P|,and x = J - P

is the helicity operator. J and J, are well-defined vector operators, that is,

[Jas Jb] = i€aped] (7.2)

[JJ_,a; Jb] = iEachJ_,c- (73)

Furthermore, these operators are defined purely in terms of Poincaré generators, so the ex-
pression is coordinate-independent. However, there is the fundamental issue that J| and J
are not actually angular momentum operators. Indeed, they do not generate rotational SO(3)
symmetries, or equivalently, they do not satisfy the so(3) angular momentum commutation

relations:

[‘]||,a> ‘]”b] =0 7é Z.eachH,c (74)

[JJ_,aa JJ_,b] = ieabc(JJ_,c - J||,c) 7é Z‘eachJ_,c- (75)

This issue was first observed by van Enk and Nienhuis [67]. We call J and J the helicity and

orbital quasi-angular momentum, respectively. We showed in the previous chapter [4] that it
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is in fact impossible to produce a genuine SAM-OAM splitting for massless particles, as the
internal polarization space does not permit any SO(3) symmetry. Any attempted splitting
will result in operators which are either not gauge invariant or else fail to satisfy angular
momentum commutation relations. Leader [77] pointed out that even though Jj and J, do
not satisfy SAM-OAM commutation relations, they appear to be relevant for understanding
laser-probe interactions. Yet given that Jj and J, fail to be angular momentum operators,
this splitting appears ad hoc from a theoretical point of view. We note that the helicity
operator xy = J - P has a clear theoretical significance. Indeed, x is the massless analog of
the massive spin operator S in Wigner’s classification of particles, generating the massless
little group! SO(2) in a similar way that S generates the massive little group SO(3) [1, 4,
42, 43]. However, it is the helicity x, not its “vectorization” Jjj = xp, which shows up in
Wigner’s method. One of the main goals of this chapter is to show that the massless Jj, J
splitting does in fact result from a general geometric construction for particles, albeit one
that is different from Wigner’s little group construction.

To understand this, we recall some of the subtleties of the SAM-OAM splitting for rela-
tivistic massive particles. Wigner showed that massive particles are classified by their spin
s and that their internal polarization space has dimension 2s 4+ 1 (neglecting DOFs describ-
ing nonspacetime symmetries, such as color charge) [42, 43|. It is then possible to choose
coordinates such that [82]

J=-PxQ"" +8. (7.6)

In this coordinate representation, J acts on 2s + 1 component wave functions in k space,
S acts as the (2s + 1) x (2s + 1) spin matrices, and Q" acts as iV, the component-wise
gradient in k space. It is important to note that this simple description of § and QW is

only valid in a very specific set of coordinates [148| and it hides considerable complexity.

!Technically, the massless little group is the two-dimensional Euclidean group 1SO(2). However,
if one considers only particles with a finite number of internal DOFs (which includes all particles in
the Standard Model), then the inhomogeneous elements of ISO(2) act by the identity [43], so that
the effective action is that of SO(2).
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Indeed, the coordinate independent descriptions of § and Q™" are much more complicated

[148]:
1 |
S= LT+ PxK) = oS (P )P (7.7)
QNW:%<K—%>—me(HJ+PxK). (7.8)

Q""" is known as the Newton-Wigner position operator. By choosing an internal basis
of eigenvectors of S3, one obtains the simpler coordinate representation in terms of spin
matrices and gradients [148]. The operator QMY was defined by Newton and Wigner in
their search for a relativistic position operator for massless particles [149] and by Pryce in
his investigations of relativistic commuting coordinates [150] and center of mass coordinates
[151]. The coordinate independent form (7.8) was derived by Jordan [148| using the Pauli-
Lubariski vector; a modern derivation is given in Lorcé [152]. In this article we will present a
novel and physically intuitive construction of QV"W and the relativistic SAM-OAM splitting
(7.6) based on the theory of connections on vector bundles. What is particularly important
about this construction is that it also produces the quasi-angular momentum splitting in Eq.
(7.1) when applied to massless particles. This shows that a single geometric procedure results
in both the known massive and massless splittings, and particularly that the latter is not
ad hoc. Furthermore, we will see the precise singularity that causes the massless operators
to fail to be true angular momentum operators. In contrast, existing derivations of the
Newton—Wigner position operator [148, 151, 152] do not generalize in a straightforward way
to massless particles.

This chapter is organized as follows. In Sec. 7.2 we will review the vector bundle de-
scription of particles. In §7.3 we show how connections on vector bundles induce splittings
of J, but that only flat connections induce SAM-OAM decompositions. In §7.4 we explore
specific examples of such splittings for elementary particles induced by Poincaré symmetry,

showing that massive particles admit a unique SAM-OAM splitting which is obstructed when
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the mass is taken to zero. We discuss the similarities and differences of this approach with

existing methods [151, 152] in §7.4.5.

7.2 The vector bundle description of particles

We will use the vector bundle description of particles developed in previous chapters. The
notation is the same with the following exception. We will denote the generators of the
Poincare action on the space of wave functions L?(E) as (H, P, J, K), dropping the tilde
that was used elsewhere to distinguish these from the action directly on the vector bundle.
This is because we will be have little use for the latter. We provide here a review of the
vector bundle formalism and notation so that this chapter can be read independently of
the rest of the thesis. A basis for the states of an elementary particle are given by the
momentum eigenstates (k,v) where k* = (w, k) is the 4-momentum and v is the internal
polarization vector [43]. w = /m? + [k[2 for a mass m particle, so k* is restricted to the
mass m hyperboloid M,, for massive particles or to the (forward) light cone £ for massless
particles. In either case, the momentum can be labeled just by k, so states can also be
written as (k,v). Note that with this parametrization M,, = R? and £, = R3\ {0};
the origin is removed in the latter case because massless particles have no rest frame. The
collection of all states (kg, v) with fixed momentum k, forms a vector spaces denoted E(ky).
Thus the collection of all states, denoted F, is a family of vector spaces parametrized by
M = M,, or M = L. Such a parametrized collection of vector spaces 7 : E — M is called
a vector bundle with base manifold M. 7 is the canonical projection 7w (k,v) = k and the
rank 7 of the vector bundle is the dimension of the vector spaces E (k). The vector space
E(ko) is called the fiber at ky. A section ¢ : M — FE is a choice of vector in each fiber, i.e.,
(k) € E(k). A section describes a superposition of momentum eigenfunctions and can be
considered as a wave function. The space of wave functions is denoted L?(FE). Each fiber

E(k) is actually an inner product space, that is, ((k,v1), (k,v2)) is well defined. This makes
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F into a Hermitian vector bundle. This induces an inner product on L?(E):

3
) = [ k), va(h) (7.9
where w™'d3k is the Lorentz invariant measure. As suggested by the notation L?(E), we
consider only square-integrable sections with respect to this measure.

Elementary particles correspond to unitary irreducible representations (UIRs) of the
(proper orthochronous) Poincaré group ISO™(3,1), which consists of all combinations of
boosts, rotations, and spacetime translations [42, 43]. Thus, there is a unitary irreducible
action Y on the states in E. For simplicity, we will restrict our discussion to bosons since
our focus is on massless particles and there are no known massless fermions. Thus, we will
not consider projective representations. For any A € ISO*(3,1), ¥, is a vector bundle iso-
morphism on FE, linearly mapping a fiber E(k) to E(Ak), where Ak denotes the standard

Poincaré action on momentum four-vectors. That is,
ZA(k‘, U) = (Ak, ZA’U). (710)

Y} is unitary in that it preserves the Hermitian product between vectors. It is also irreducible,
meaning there are no proper subbundles of £ (with nonzero rank) which are also unitary
representations. This makes F into a vector bundle UIR of ISO*(3,1). The bundle repre-
sentation induces a corresponding vector space UIR S on the space of wave function L*(E),
namely, [1, 47|

(Ext)(k) = Salt(Sy k) (7.11)
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The generators of ¥ are the Hamiltonian H , momentum P = (P, P, P;), angular momen-

tum J, and boost K operators. In particular,

di -
Jp =1— Y 7.12
(0 =l Ra()¥ (7.12)

d -
Ko — —il] 5 7.13
(0 i Aa(®)¥ (7.13)
(7.14)

where R,(t) € SO(3) C SO*(3,1) is a rotation by ¢ about the a axis and A,(t) is a boost
with rapidity te,. Similarly, H and P are the generators of time and space translations,

given by

Pi(k) = kip(k) (7.15)

Hy(k) = /m? + k2 (k). (7.16)

The generators satisfy the Poincaré algebra commutation relations given in Eq. (A.1) in

Appendix A, and in particular, the angular momentum satisfies the so(3) relations

[Jaa Jb] = i€abc<]c' (717)

Using Wigner’s little group method [42, 43|, the elementary particle bundles can be
classified [1, 3]. The massive bundle representation are labeled by their spin s and are
isomorphic to the rank 2s + 1 trivial bundles 7 : M,,, x C**! — M,,,. Massless bosons, on
the other hand, are all line bundles (rank 1 bundles) over the light cone and are distinguished
by a difference in topology. They are labeled by their integer helicity h and are isomorphic
to line bundles 7 : 7, — £, =2 R3\ {0}. Line bundles over £, are completely characterized
by their (first) Chern number C, and the «, can be abstractly described as the line bundles
with C'(y,) = —2h. C can be considered as a measure of how topologically nontrivial or

globally “twisted” the state space is [101].
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7.3 Connection induced angular momentum decomposi-
tions

Our goal is to decompose the angular momentum operator into two vector operators
J=L+S. (7.18)

That L and S are vector operators just means that they rotate as vectors under SO(3) C

ISO™(3,1), or equivalently, that they satisfy [83]

[Lcw Jb] - ieabcLC (719)

[Sa, Jb] = ’iEachC. (720)

Ideally, we would like L and S to be angular momentum operators, that is, to satisfy the

50(3) angular momentum commutation relations

[Laa Lb] = ieabcha (721)

[Sa, Sb] = ieachc. (722)

In nonrelativistic quantum mechanics, the orbital angular momentum operator is given
in the momentum basis by —ik x V where V is the momentum space gradient on scalar
functions. To generalize this to the current setting of vector bundle representations of par-
ticles, we must find a suitable replacement for the operator V. However, V is not uniquely
defined on sections of vector bundles even when the base manifold M is identified with an
open subset of R? as in M,, 2R3 or £, = R3\ {0} [99]. The core issue is that there is not a
unique way to identify the vectors at different base points in M (even if one specifies a path
on M between the points). As such, there is ambiguity in how one measures the change in

a wave function (k) € L?(E) as k is varied. It turns out that there are many inequivalent
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ways to remove this ambiguity, and each describes a connection D on the vector bundle £.
Such connections can be thought of as covariant derivatives, and indeed, they generalize the
affine connections that occur in general relativity; a detailed treatment of connections on
vector bundles can be found in Ref. [99]. The essential program will be to replace V with
connections on vector bundles and study the resultant splittings of the angular momentum.

Technically, a connection is defined as follows:

Definition 7.1 (|99]). Let X(M) denote the space of vector fields X : M — TM on M. A

connection D on 7 : E — M is a map

D X(M) x L2(E) — L*(E)

(X,v¥) = Dxv

such that for any smooth function f : M — C, Dxv is f-linear in X and satisfies the

Leibniz rule in 1):

D;x(v) = fDxy (7.23)

Dx (f¢) = df (X)¢ + fDxy (7.24)

where df : TM — C is the differential of f. We also write Dx as X - D; this can be thought
of as the derivative in direction X.
In the case when M is a an open subset of R® and Y € X(M) is a vector field, we define

the operator

Y x D:X(M) x L*(E) — L*(E) (7.25)

such that for X € X(M),

X (Y xD)p=[(X xY)-DJtp = Dxyy1). (7.26)
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Given a vector field X (k) = v*(k)e, on an open subset of R?, where e, are an orthogonal

basis of R?, we can define the operator on L*(FE)

X K ="K, (7.27)

and similarly for J and P. In this sense, we can think of the generators K, J, and P as

having the same domain and range as a connection:

K : X(M) x L*(E) — L*(E), (7.28)

with the Cartesian components K, corresponding to the constant vector fields e,, K, =
e, - K. Note also that

(P x D)y] = (k x D¢ (7.29)

where the k on the rhs is considered as a vector field.

Ideally, we would like for @ = i D to be resemble a position operator. One of the necessary
requirements for this correspondence is that @ be Hermitian. In particular, we will ensure
that @ is constructed out a Hermitian combination of the Poincaré generators (H, P, K, J)
(which are themselves Hermitian). We will call D an anti-Hermitian connection if this holds.

We will also be interested in the cases when D possesses rotational symmetry:

Definition 7.2. The connection D 1is rotationally symmetric if

Dpx = SrDx S (7.30)

for any R € SO(3), or equivalently ([106], Proposition C.7), if D is a vector operator:

[Dm Jb] = ieabch' (731)
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We will later discuss particular choices of a connection on E. For now, assume we have

chosen a connection D. We then define the splitting of J induced by D:

LP = iPxD=—ikxD (7.32)
SP~g-LP (7.33)
where k is considered as a vector field on M, that is, k = |k|ey where e is the radially

directed unit vector field on M. We will explore the extent to which SP and LP can be
considered SAM and OAM operators. In particular, we will show how the properties of D

determine if they are vector operators and satisfy angular momentum commutation relations.

Theorem 7.1. Suppose D is rotationally symmetric. Then LP and SP are vector operators:

(LD, J) = iemnp L (7.34)

[SE, Jn] = i€mnpSy (7.35)

where the components are defined with respect to some right-handed orthonormal basis of

(€1, es,e3) of R®, that is, LD =e,, - LP and SP =e,, - SP.

Proof. Let v be a constant vector field on M. Then by rotational symmetry
Droxic = SpDyxp-112p-1 = EpDyxr g1 (7.36)

where we have used the fact that the vector field k = |k|ey, is rotationally invariant. Thus

by Eq. (7.26):

Rv-(kx D)=3%pv-(kx D)Xz (7.37)

(Rv) - LP = Sp(v - LP)Sp (7.38)
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Let R,(t) denote the rotation by angle ¢ about e,. Then

d b d| < boe

dt t—O(Rn<t)em> L™= at t:oER”(t)(em L) ER, () (7.39)
d , .

(en X €n) - LP = - tzoefl(en-J)tLgez(en-J)t (7.40)

el = <ilI, LR~ L) o

i€mnpL = (LY, J,] (7.42)

proving that L is a vector operator. Since J and LP are vector operators, SP is also a

vector operator. ]

We note that the rotational invariance of D is a very mild condition and is expected
of any useful connection; it essentially imposes the condition that D be constructed from
vector operators. We now turn to the question of whether S is an internal operator as one
would expect for an SAM operator. An operator S on a vector bundle 7 : E — M is internal
if it preserves fibers, that is, if it only changes the polarization but not the momentum. The
corresponding operator S on L?*(F) is thus internal if for any ¢ and ko, [Sv](ky) depends
only on (ko) and not on ¢ at any other k. This is equivalent to the condition that S is a

point operator on L*(E) [99].
Theorem 7.2. SP is a an internal operator for any connection D.

Proof. By Lemma 7.23 in Ref. [99], to show SP is internal it is sufficient to show that for

any 1 € L*(F) and any smooth function f: M — C,

SP(fe) = FSP(), (7.43)
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and for this it is sufficient to prove each component of S is f-linear. We have

it t:o[iRmu)(fw)](k)
d YR (1) [f(Rm<_t)k)w(Rm<—t)k):|

L (Ra(-t)k)

t=0

= if (k) Er,, ] (k) + it (k) =

= FR)IlR) + (k) | F (K e x Ki 4+ O()

dt
t=0

so that

I (fU) = fIn —i(k)df (€m X k).

By the Leibniz rule for D,

L (fy) = —i(k x D) (f1)
= _iDE'rnXk(f/I?Z})
= fL — idf (e, x k).

Thus,

S () = Ju(f¥) = Lip (f¥)
= f(Jm¥ — Lint))
= fSn ),

proving the result.

(7.44)
(7.45)
(7.46)

(7.47)

(7.48)

(7.49)
(7.50)

(7.51)

(7.52)
(7.53)

(7.54)

]

We now address the fundamental question of whether or not S and LP satisfy so(3)

commutation relations so that they are valid angular momentum operators. In contrast to

the previous two results, this imposes a very stringent condition on D—one which we will

show cannot be satisfied for massless particles. As for the affine connections encountered in
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general relativity, the curvature of a connection D is defined as the map [99]

Fp : X(M) x X(M) x L*(E) — L*(E)

Fp(X,Y)) = (DxDy — DyDx — Dixy))¥ (7.55)

where [X,Y] is the Jacobi-Lie bracket of vector fields. The curvature is most intuitively
understood in terms of holonomy. That is, one can think of Fp(X,Y') as measuring the
change in a vector which is parallel transported via D along an infinitesimal loop in M in the
plane specified by X and Y. We note here the important fact that Fp is defined pointwise
in all three arguments (|99], Sec. 10.3), so Fp(u1,us2)v is well defined for w;, uy € TR M and
v € FE(k). The same is not true of D which is defined pointwise in X(M) but only locally in
L?(E), that is, to define [D,](k), the section ¢ must be specified on a neighborhood of k.
The connection D is called flat if Fip vanishes identically. Let S? C R* denote the sphere
of radius 7 in k space, and let E|g2 be the bundle obtained by restricting the base manifold
of E to S?. Physically, this corresponds to considering monochromatic waves with energy

vm? 4+ r2. We then define a slightly weaker notion of flatness of a connection:

Definition 7.3 (S*-flat connections). A connection D on E is S*-flat if it is flat on E|s2
for every r > 0. Equivalently, D is S*-flat if Fp(X,Y) = 0 for all vector fields transverse
to k:

X(k) k=0 (7.56a)
Y(k) k=0 (7.56h)

Remarkably, the condition that SP and LP satisfy angular momentum relations is equiv-

alent to the condition that the connection D is S?-flat.
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Theorem 7.3. SP and LP satisfy the angular momentum commutation relations

[SaDu SbD] = Z.EachCD (757)
[LaD? LbD] = ieabchD (758)
if and only if the connection D is S?*-flat.

Proof. We first note that since [J,, Jp] = i€ape/e, Eqs. (7.57) and (7.58) are equivalent, so it

suffices to consider only the commutation relations for LP. In general, we have

[LaDa LbD] = _(Dean:Deka: - DekaDeaxk) (759)
= _D[eaxk,ebxk] — FD<ea X k, e, X ki) (760)
By direct computation [e, X k, e, X k] = —€up(€. X k), so
[LaDu LbD] - 6abc-De,;Xk: - FD(ea X k, e, X k) (761)
— ieqwe P — Fp(eq x k, e, x k). (7.62)

We thus see that LP satisfies angular momentum commutation relations if and only if

Fp(e,s X ke, x k) =0 (7.63)

for each a,b. Since Fp is defined pointwise in all arguments, this condition is equivalent to

Fp(X x kY x k) =0 (7.64)

for any vector fields X,Y, and this in turn is equivalent to

Fp(XtYH) =0 (7.65)
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for all vector fields X+ and Y+ satisfying the S%-transversality condition Eq. (7.56). Thus,
the angular momentum commutation relations Eqgs. (7.57) and (7.58) are satisfied if and

only if D is S?-flat. O

7.4 Applications

7.4.1 Massless particles do not admit an SAM-OAM decomposition

By Theorem 7.3 a valid SAM-OAM decomposition of the form (7.32)-(7.33) requires the
existence of an S?-flat connection. No such connection exists for massless particles with

helicity h # 0.

Theorem 7.4 (Massless SAM-OAM no-go theorem). The massless particle bundle 7y, with
h # 0 admits no SAM-OAM decomposition of the form J = LP + 8P where LP = —ik x D

and D is a connection.

Proof. The massless particle bundle of a helicity & particle is isomorphic to 7 : 7, — R3\ {0}
and has (first) Chern number C(v,) = —2h [3]. When calculating the Chern number, we
can restrict the base manifold to the unit sphere S?, that is, C(y,) = C(yn|s2) [Eq. (2.48)].
The Chern number can be calculated in terms of any connection D on 7;, even though the
result is independent of the choice of connection (cf. §2.2.2 or [99]). In particular, smoothly
choose unit vectors eh(fc) € Yp|g2 for ke 52 \ p. We have removed a single point p so that

a smooth choice is possible. Then, we can express the curvature in this basis [Eq. (2.20)]:
Fp(X*t Ye, = QX Yhe, (7.66)

where ( is a differential 2-form on S? \ p, called the curvature form of D with respect to e,

[99]. Then by Eq. (2.47)

Clm) = Clmls2) = / 9= -2h#0 (7.67)
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Since the result is nonzero, 2 must be nonzero for some points on S2. Therefore, there exist
X+ and Y such that Fp(X+, Y1) # 0, and thus D is not S?-flat. By Theorem 7.3, D
does not produce an SAM-OAM decomposition. D is a completely arbitrary connection on

Yh, 0 this proves the theorem. O

This result follows the series of no-go theorems (6.1-6.4) [4] we proved in the previous
chapter pertaining to massless SAM-OAM splittings. Strictly speaking, Theorem 7.3 is a
special case of no-go Theorem 6.1, which showed that no massless SAM-OAM decomposition
is possible, without constraints on the form of SAM and OAM operators. However, the proofs
proceed by very different arguments, with that in Ref. [4] based on the classification of vector
space UIRs of SO(3), whereas here the argument is based on the nonvanishing curvature of
connections. As we will see in the following sections, an advantage of this proof is that it will
result in a very clear geometric description of how this obstruction occurs in the massless

limit.

7.4.2 The boost connection and the Jj, J, splitting

We now show that the quasi-angular momentum splitting [71, 72| discussed in the introduc-

tion

J=J, +J (7.68)

1 1
J, =P % 5 X (7.69)
J=(P -J)P (7.70)

is induced by a connection, but that the connection has nonvanishing curvature, explaining

why J) and J; do not satisfy angular momentum commutation relations.
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Theorem 7.5 (Boost connection). Suppose E is a particle bundle with mass m > 0. Then

DF = —%(%KHLK%) (7.71)
- (k- (7.72)

1s an anti-Hermitian, rotationally symmetric connection on E which we call the boost con-
nection. For massless particles, this connection induces the separation of J into L = J,|

and S¥ = J) (which are vector operators but not angular momentum operators).

Proof. We will first show that

_ i
Df = —_K .
- (7.73)

is a connection. For X € X(M), v € L*(F), and smooth f : M — C, we have

D = —%(X -K)Y (7.74)

so DX is f-linear in X. We now check that the Leibniz rule is satisfied in v. Let A, denote

a boost by rapidity v € R3. Then

(DX (fv))(k) = — 0 (X K)l(f¥)l(k) (7.75)
=52 [P xw () ®) (7.76)
= %% tZOE(A—X(k)t)f(AX(k)tk)w<AX(k)t) (7.77)
= FDKUR) + P Aok, (7.78)
Note that
(Axiiork)™ = (o), 1 = K™+ KOX™ (k)t + O(2) (779
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SO

D (fv) = fDx + v(k)df (X) (7.80)

proving that D¥ satisfies Eq. (7.24) and is thus a connection. Now note that % is a point

operator, i.e., for any functions f, g,

P P
[(fX) : ﬁ} (gv) = fo(X - 25)0. (7.81)
It thus follows that
D¥ - D i~ (7.82)

2
also satisfies f-linearity in X and the Leibniz rule in v, and is thus a connection. Using Eq.

(A.15a), DX can be expressed in the manifestly anti-Hermitian form

K _ _£<i i)
D S\ FE+K) (7.83)

D¥ is rotationally invariant since H 'K and K H~! are vector operators. In the massless
case, this connection induces the splitting of J into L* and S* according to Eqs. (7.32)-
(7.33), where

LY = —iP x DX (7.84)
:—%PXK (7.85)
=J,. (7.86)

This implies too that X = J — LK = J||. By Theorem 7.4, D¥ cannot be S2-flat when
m = 0 and thus L and S¥ are not angular momentum operators. It will be shown in

Theorem 7.6 that this is actually true for all m > 0. O
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Intuitively, D¥ can be understood in terms of the corresponding parallel transport. If
s(t) is a path between kg and ki, D* identifies the vectors in F(ky) with those in E(k;) by
boosting along the path s(¢). This connection is defined for both massive and massless par-
ticles. Regardless of the particle’s mass, this connection is not S?-flat and thus the operators
L% and S¥ induced via Egs. (7.32) and (7.33) are not angular momentum operators. This
is ultimately due to Wigner rotation [42]. Boosts in different directions do not commute
([Ka, Kp] = —i€ape.) so boosting around a loop results in a rotation rather than an identity
transformation, reflecting the nonzero curvature of this connection.

We now show this more rigorously. The calculation of curvatures is rather delicate. We
will calculate the curvature of the boost connection in two ways; the first method is simpler
but does not easily generalize. The second method requires more work but allows for more
complicated calculations which we will need later in this chapter.

Let (ex, eg, e4) be the standard spherical unit vectors

ey, = sin(f) cos(¢)e; + sin(f) sin(p)es + cos(f)es (7.87)
ey = cos(#) cos(p)e; + cos(0) sin(p)es — sin(f)es (7.88)
e, = —sin(¢)e; + cos(p)es. (7.89)

It will be useful to use the radial cylindrical unit vector er and its relation to the spherical
unit vectors:

er = cos(p)e; + sin(¢)e, = sin(0)k + cos()ey. (7.90)

At ko, let (ug, ug, uz = l%o) be an orthonormal basis. We will extend u, as constant vector

fields on all of M, specifically, us(k) # ey for general k # k.

Theorem 7.6. For particles of any mass, the boost connection D is not S*-flat, in partic-

ular, the S?-curvature at kg is given by

FK(ul,ug) = —Jg. (791)



This can also be expressed as

FK(BQ, €¢) = —Jk (792)
Since the connection is not S*-flat, the operators
LY = —iP x D¥ (7.93)
Sk =Jg-LX (7.94)
are not angular momentum operators.

Proof 1. This first proof uses Cartesian components of the generators. We will calculate the
curvature at some arbitrary but fixed ky. We orient our axes so that K, = u, - K and

similarly for other generators. The Cartesian components of D¥ are

1 Lo ) (7.95)

DX = DX = Z<HKa i

Since the u, are constant vector fields, their Jacobi-Lie bracket vanishes: [u,,u;] = 0. Thus

Fy(uy,uy) = [DF, Df] (7.96)
1 1 1 1
= — ﬁKl—Zmpl,ﬁKg—ZmPQ . (797)

We are interested only in calculating this quantity at ky. We note that while Fi(uq,us)
and P, are defined pointwise, this is not true of the operators DX K, and J, which are
locally defined. Thus, even though P, = 0 at kg, [P, J2] = iP3 # 0, illustrating that we

must evaluate the commutators before evaluating pointwise. By Eq. (A.15a),

[H 'Ky, H 'Ky = H K, Ky + H 'K, HYKy, + H'[H™ ', KoK, (7.98)

= —iH 2]+ iH 3(-P K, + PK)). (7.99)
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By Eq. (A.15¢),

[HilKl, H72P2] == —22'H74P1P2 (7100)

[H72P1, HilKQ] - Z'H74P1P2 (7101)

Thus, evaluating Fi (w1, us) at kg where P = P, = 0, we have

F(uy,up) = — [H 'Ky, H Ky (7.102)
+i[H 'Ky, H 2P +i[H Py, H K] (7.103)
=iH %] (7.104)

This result holds for any orthonormal basis with ug = kg, so we can choose u; = eg(ky) and

uy = e,(ko). By varying ko we obtain

FK(€9,€¢> = iH72Jk. (7105)

Proof 2. We can instead directly do the global calculation

Fi(eq, ey) = [Dy,, D] — Df; (7.106)

eg) [es,eq]

This requires more work but there are critical advantages of this method which we will
later exploit. One computation advantage is immediately apparent. If we let Py = ey - P,

P; = e, - P, and similarly for the other generators, then we have

[Poy](k) = (eg - k)v(k) = 0. (7.107)
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So globally Py = 0 and likewise P, = 0. Therefore,

Dfe = —iH 'Ky = —%(cos@cos OK; + cosfsin g Ky —sinf K3) (7.108a)

DY = —iH 'K, = —%(— sin ¢ K, + cos ¢ Ky). (7.108b)

The most important advantage is that while the Cartesian boost generators K, do not

commute with |P| and H, the spherical boosts Ky 4 do. Indeed, using Eq. (A.15b) we have

. H
[Kog: |P|] = € [K,|P|] = ZWPM’ =0 (7.109)
[Ko.4, H] = € - [K, H] = iPpy = 0. (7.110)

The Jacobi-Lie bracket of ey and e, is

leo, e4] = —Cf,:f%. (7.111)

Thus,

_cotd K_zcotQK. (7.112)

DE -7 _ 2y
[eo.€4] k| e Jk[H ?

eg,eq
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We now turn to the remaining term in Eq. (7.106). Using Eqs. (7.108) and the Leibniz rule,

we obtain
Dfo@/} = —%Df(cos@cosﬁ[ﬁzﬂ + cos @ sin ¢ K1) — sin 0 K31)) (7.113)
i K cos 0
= {cochosngDd) (Kv) + Sk 8¢(COS o) (K1v) (7.114)
) K cos 0 3 )

+cosOsin ¢ Dy (Kyy)) + S0 6k] 8¢(Sm o) (Ka)
— sin DX (K3¢)}

= % (cos@cos¢sin¢K12 — cos f cos® ¢ KoK, (7.115)

+ cos fsin® ¢ K1 Ky — cos 6 cos ¢sin ¢ K3

t 0
_ siné’singbKlKg —|— SiIlQCOSQbKQKg)@D —|— C|OT|D§¢¢

By the same method we find

1
Dé(Df = ﬁ<cosecos¢sin¢K12 + cos fsin® p K, K, — sinfsin ¢ K3K,; (7.116)

— cos 0 cos? ¢ K1 Ky — cos f cos ¢sin ¢ K2 + sin 0 cos gngKz).

From Egs. (7.115) and (7.116) we obtain

1
(D), D5 = —( — cosfsin® ¢ [K, Ky] — cosfcos® ¢ [K1, Ko

2
) ) . cotd .
— sin#@sin ¢ [K5, K1] + sin 6 cos c;S[Kg,KQ]) - WDd)
' t 6
— #( cosf Js + sinfsin ¢ J + sinf cos ¢J;) — CFTlDf
) cot 0
=5 =Dy 11
m e e e (7.117)
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Then from Eqgs. (7.106), (7.112),and (7.117) we obtain

—Ji. (7.118)

7.4.3 The rotation connection for elementary particles

We have seen that any elementary particle bundle is endowed with a natural anti-Hermitian
connection D resulting from the Poincaré action, particularly from the boost transforma-
tions. However, there is another such connection induced by the rotations. Indeed, for a
path along a spherical (fixed energy) surface in k space, one can transport vectors along the
path by applying infinitesimal rotations rather than infinitesimal boosts. If the path involves
changes in energy, i.e., radial changes in k-space, these are still accomplished by boosts. This

gives the intuitive description of the following connection.

Theorem 7.7 (Rotation connection). Suppose E is a particle bundle with mass m > 0.
Let E be the restriction of this bundle to the base manifold R\ {0}; note that E = E for

massless particles. Then

PxJ 1. . iP
z< P +H ( ) > (7.119)

PxJ P i1~ - |
- —— |- =P(P-K)+ (K -P)P— 12
Z( P |P|> 2<H ( )+ ( ) H) (7.120)

18 an anti-Hermatian connection on E, which we call the rotation connection.

Proof. We first show that

Df = — (— + %P(ﬁ : K)> (7.121)



is a connection. It is trivial that D¢ = fD%. It remains to check that the Leibniz rule
(7.24) holds . It suffices to check this when X is everywhere orthogonal or parallel to e;. In

the former case, we take X+ to an arbitrary vector field such that X (k) - e, = 0 for all k.

Then

[Xi : [%P(P : K)W] (k) = [H (X" e)(er- K)o =0 (7.122)

(DX (FU)k) = (X~ (ewx ) Ul (k) (7.123)

= — g (X x e ) pl(k) (7.124)

_ %' [ % tzoe—mxwek)dt( f¢)] (k) (7.125)

= i SR O (7.126)

_ %% (Bt (0R) S (R (1) (R, (—1)R) (7127

= f(k)D% ¢ (k) + %% S —tX xe) xkE+0(#))  (7.128)

= f(k)D%. (k) + %% (kR X ) (7.129)

= f(k) D% (k) + ¥ (k)df (X ) (k). (7.130)

This shows that the Leibniz rule holds when X = X*. We now consider the parallel case,
where X = ej. In this case, dotting ej into Eq. (7.121) kills the first term. Then using the

fact that DX defined in Eq. (7.73) is a connection, we have

DI (f0)(k) = —-(ex - K)[f] = DL (f0) (7131)
= FDEG () + v (k)df(er) (7132)
= FDL (k) + k) (o), (7133)
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showing that D' is a connection. Since

1P 1P

—m(flﬂ) = —fﬁ(iﬁ)
it follows that
K _ pik _ P
D™ = 2H?

(7.134)

(7.135)

also satisfies the Leibniz rule and is thus a connection. By application of the Poincaré

commutation relations, we have

1 ~ - 1 P

H H H?

from which the equivalence of Eqs. (7.119) and (7.120) follows.

D" is an anti-Hermitian connection if

1 -
2

QRiz'DR—L(PxJ—@P) +1(EP(13-K)+(K-P)15

| PP

is Hermitian. The second term in parenthesis is clearly Hermitian. We have that

(P X J)Z - E(Jbbc(-Pch)Jr = 6achcf)b

- Eabc(Pch - [Pb7 Jc])

= €ape( Py — i€peaFu)

= €apePady — 211,

SO

(PxJ) =(PxJ)—2iP

so the first term in Eq. (7.137) is also Hermitian. Therefore Q* is Hermitian.
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(7.136)

(7.137)

(7.138)
(7.139)
(7.140)

(7.141)

(7.142)



The rotation connection induces another splitting of the angular momentum via Eqgs.

(7.32) and (7.33) with
L% = —iP x (P x J). (7.143)

Note that while D has a |P|~! singularity at the origin (for massive particles), L¥ does not
suffer from a diverging singularity. However, P is still discontinuous at k = 0, so even if Y is
smooth, L% will typically be discontinuous at the origin. This does not cause fundamental
mathematical difficulties since 1) is only defined almost-everywhere in the L? theory, but it
is still unusual from a physical perspective and one does not expect such singularities in
physically meaningful operators. It is thus unsurprising that we will find D is also not

S2-flat and thus L® and S are not angular momentum operators.

Theorem 7.8. The rotation connection is not S*-flat, in particular,

i,
FR(eg, e4) = ﬁ. (7.144)

Thus, this connection does not induce an SAM-OAM splitting of the total angular momentum

by Theorem 7.3.

Proof. Using the second proof technique used for Theorem 7.6, we find

(D}, DY = #(Jk +cot 8 Jp). (7.145)
Also,
0 cot
(DE, o 9) (k) = — [C’(}i’ DI (k) = [%% (ex x T)0| (k) (7.146)
_ [_Z'th’f(]m] (k) (7.147)
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S0
DR icot

leg,eq] — ’I)—|2J9 (7148)

We thus obtain the nonzero S2-curvature

i,
Ff(eq,e4) = [DF, DY) — D K

[8978(1)} — W (7149)

7.4.4 The spin-orbital decomposition for massive particles and its

singularity in the massless limit

We have seen that boosts and rotations each induce connections on particle bundles of
arbitrary mass. However, neither of these connections are S2-flat and thus neither gives
an SAM-OAM decomposition or a path independent way to identify the internal states at
different momenta. We observe though that the S%-curvatures of these two connections,
given in Eqs. (7.92) and (7.144), are very similar, being proportional to .J; and differing only

by a factor of
PP _ kP
H2 k|2 +m?2’

(7.150)

It is thus natural to ask if these connections can be combined in such a way that the cur-
vatures cancel, producing an S?-flat connection. We will see that, for massive particles, the
answer is yes. A general result from the theory of connections indicates how to proceed.

While the sum of two connections is never a connection, any affine sum of connections is.
That is,
D’ = fD¥ + (1 - f)D" (7.151)

is a connection for any smooth f € C*°(M) (|99], Proposition 10.5). As we wish to construct

a rotationally symmetric connection, we will assume that f = f(|k|) depends only on |k|.
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The S2-curvature of D/ is given by

Fl(eq,e9) = [fDg" + (1~ )Dg, fD + (1 - f)Dg]
— D¢y e, — (1= [)D{E, .1 (7.152)
= f’[Dg", Dg] + (1 - f)’[Dg, D]
+ /(- n)(IDF, D + D, DY)

— fDE (1— f)DE (7.153)

[6976¢] o [69’6(75].

We note that we have made use of the fact that the connection terms Dé,( (;SR commute with
|k| and thus with f. This is only true because we are working with the spherical components
of the connection; had we worked with Cartesian components this would not be the case and
this calculation would be substantially more difficult, if not intractable. The commutators
(D, D} and [Djf, DF] were calculated in Eqs. (7.117) and (7.145) and the Jacobi-Lie
and DX

K
terms D eoses]

[697‘3(25]

in Egs. (7.112) and (7.148). We can calculate the remaining

commutators using the same method:

1Ji 1cotd

[Dy, D] = T+ ETP e (7.154)
1Ji icot
Plugging all of these expressions into Eq. (7.153) gives
2 1— 2
Fileg, e4) = (% + ‘PQJ; )Jk. (7.156)

Thus, if we require Df to be S%-flat so as to produce an SAM-OAM decomposition of J,

then we find two solutions

f(k[) = i% o VIKE v m? (7.157)

m
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and we denote the corresponding connections by D*. Only f, produces a nonsingular
connection at the origin. Indeed, a priori D’ is only a legitimate connection if we remove

the origin k = 0 due to the |k|™! singularity in D”. However, for |k| < 1

|k[*

A=f)~ =55 (7.158)
so that for small |k|
DR~ Lpp.r) PP )
(1-f)D — (P xJ+—P(P-K)~ P (7.159)
which is nonsingular at k = 0. On the other hand
lim (1 — f_) =2, (7.160)

|k|—0

showing that D~ is singular at the origin. Thus, only D% gives a globally well-defined flat
connection for massive particle bundles.

Plugging in f, we find that

pr—Tpr (1 - E)DR (7.161)
m m
7 1
- (K —iP2H)+ ——— Px(HJ+P 162
H( iP/ )+Hm(H+m) X (HJ+ P x J) (7.162)

In this latter form, we find that Q" = iD™ is precisely the Newton—-Wigner position oper-
ator in Eq. (7.8). We see that we can recover this operator via a novel method by studying
connections on massive particle bundles which produce well-defined SAM-OAM splittings.
Our method helps explain the rather complicated expression for QVW: it corresponds to
an affine sum of the two natural connections induced by Poincaré symmetry, namely the

rotation and boost connections. The affine parameter H/m is the unique choice which pro-

231



duces a flat connection and, in turn, SAM and OAM operators which satisfy the angular
momentum commutation relations.

Importantly, this derivation of the massive SAM-OAM operators gives a very clear pic-
ture of the singularity that occurs in the massless limit that prevents such an SAM-OAM
decomposition for massless particles. We found that the boost and rotation connections D*
and D' are anti-Hermitian connections which are naturally defined on particle bundles of
any mass. Our method of deriving the flat connection for massive particles relied on the
fact that these are two different connections with different curvatures, and thus by taking
affine sums we could produce a family of connections with different curvatures. Among this
family was a unique globally well-defined flat connection. However, it is a strange fact of
relativity that rotations and boosts orthogonal to the momentum degenerate when m = 0.

In particular, we have (Eq. (3.140); [43], Eq. (2.5.38))

J =-PxK (7.163)
K =PxJ (7.164)
where
J =J—-PP-J) (7.165)
K, = K- P(P K). (7.166)

This is a nonobvious relationship which originates from imposing the condition that massless
particles have a finite number of internal degrees of freedom. It would not hold for massless
particles with continuous spin, but such particles have never been observed and are not part
of the Standard Model ([43], pp. 70-72). This condition says that, infinitesimally, boosting
in some direction ¥ perpendicular to k is equivalent to rotating in the plane containing v

and k. Thus, parallel transporting a vector via boosts or rotations will give the same result.
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Indeed, for massless particles we have H = |P| and

K=PP K)+PxJ (7.167)

as shown in Eq. (A.12). Plugging these into Eq. (7.72) and comparing with Eq. (7.119)

shows that the boost and rotation connections degenerate for massless particles:

D¥ = D", (7.168)

There is now a single non-flat connection induced by Poincaré symmetry and one cannot
produce a non-flat connection via an affine combination of D¥ and Df. Thus, the lack of
an SAM-OAM decomposition for massless particles can be traced back to the degeneracy of
transverse boosts and rotations.

However, this also shows that there is a theoretical origin of the massless splitting in Eq.
(7.1). The most naive splitting of the massless angular momentum leads to operators which
are not well-defined as they violate the transversality of EM waves [65]. The Jj, J split
was an ad hoc fix, solving the transversality issue, but leading to operators which are not
legitimate SAM-OAM operators. However, here we show see that these operators naturally
arise as the unique splitting induced by Poincaré symmetry, and belongs to the same class

of splittings as the well-defined SAM-OAM splitting for massive particles.

7.4.5 Comparison with center of energy and center of mass position

operators

Our approach of taking a weighted average of the connections D¥ and D¥ to obtain a
massive SAM-OAM decomposition, and which also produced the Newton—Wigner position
operator, is similar in spirit to the approach used by Pryce [151] and Lorcé [152] of averaging

different types of generalized position operators (whose components do not commute) to
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obtain the Newton-Wigner operator (whose components do commute). Indeed, for mass
m > 0 particles there is some resemblance in form between iD¥ [Eq. (7.72)] and iD%
[Eq. (7.120)] and the centers of energy QF ([152], Eq. (8)) and mass Q™([152], Eq. (17)),

respectively:

Q" = sym [tg — %] (7.169)
Qmazsym[(t+P'2K>%— P*%W] (7.170)

See also Ref. [153] for additional information on the relativistic center of mass and its
relationship to massive spin operators. Here, t is a time coordinate, M*" is the Lorentz tensor
with J¢ = %eabchc and K¢ = M% for a € {1,2,3}, and sym denotes the symmetrization of
products, e.g.,

1
sym(KH™') = J(KH' + H'K),

The Newton—Wigner position operator can be obtained by an appropriate average of these

operators ([152], Eq. (22))
(7.171)

While this approach is similar to ours, the centers of energy and mass are not equivalent to
iD® and iDf. A simple way to confirm this is to note that the affine coefficients of Q¥ and
Q" used to form the Newton-Wigner position operators in Eq. (7.171) differ from those
of DX and D in Eq. (7.161). Another important difference to note is that DX and DF
are well-defined, and in fact degenerate, for massless particles with m = 0. The center of
mass, however, is ill defined when m = 0 (as one would expect). This difficulty was noted by
Pryce [151], who had to adopt an alternative approach to treat massless particles. A critical
advantage of the geometric connection-based formalism presented in this chapter is that the

same formalism applies to both massive and massless particles, showing how the massive spin
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operator and the massless J|| operator can be derived from the same theory. In furthermore
allows us to carefully trace the singularity that develops in the massless limit, showing that
the degeneration of transverse rotations and boosts degenerate causes an obstruction to a

massless SAM-OAM decomposition.

7.5 Conclusion

We have shown that any rotationally symmetric connection D on a particle bundle induces
a splitting of the angular momentum operator into two parts S and LP. SP is always
internal and LP has the form —ik x D, and in this sense they resemble spin and orbital
angular momentum operators. However, the defining feature of angular momentum oper-
ators is that they satisfy angular momentum commutation relations, and we find that SP
and LP do so if and only if the S?-curvature of D vanishes. Poincaré symmetry induces two
connection, corresponding to parallel transport via boosts or rotations. For massive particles
these are different connections and there is a unique affine combination of them which pro-
duces a well-defined SAM-OAM splitting. The result agrees with the SAM-OAM operators
for relativistic massive particles resulting from the Newton-Wigner position operator. The
method presented gives a geometric derivation of these rather complicated operators. For
massless particles, however, we find that the connections D and D¥ degenerate, and it is
not possible to combine them to produce a flat connection. This gives a geometric picture
of why the massless limit obstructs an SAM-OAM splitting for massless particles such as
photons and gravitons. Nevertheless, the degeneracy of D and D* means that for massless
particles there is a unique splitting of J induced by Poincaré symmetry, namely the J), J
quasi-angular momentum splitting. This splitting has been previously suggested as an ad hoc
fix for the SAM-OAM decomposition problem for photons, but it was difficult to interpret
or justify since neither J) nor J, are actually angular momentum operators. Here we show

the theoretical origins of these operators.
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The methods in this chapter can be extended to the analysis of electromagnetic waves
in cold unmagnetized plasma as we will heuristically describe. Introducing a homogeneous
isotropic medium introduces a preferred frame, namely the rest frame of the medium. One
can always solve for the wave solutions in this rest frame, and doing so removes the boost
symmetry of the solution space. The solutions will then only have a rotational SO(3) and
translational R3*! spacetime symmetry, regardless of whether one chooses to work relativis-
tically or nonrelativistically. Thus, the only symmetry-induced connection is the rotation
connection which, for transverse waves, is curved. As such, the rotation connection will
induce a splitting of the total angular momentum into operators which are not true angu-
lar momentum operators. By this reasoning, one can conjecture that most homogeneous
isotropic media will not allow an SAM-OAM decomposition for EM waves. We will show

this in the case of cold unmagnetized plasma in Chapter 9.
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Chapter 8

Spin-weighted spherical harmonics as
total angular momentum eigenstates of

massless particles

This chapter presents material from Ref. [6] in which we illustrate the relationship between
the spin-weighted spherical harmonics and the eigenstates of the (total) angular momentum

of massless particles.

8.1 Introduction

We have shown in previous chapters that the state space of an elementary massless particle
with helicity h can be described by L?*(7;), the space of sections (wave functions) over the
topologically nontrivial particle bundle 7 : v, — L£,. Furthermore, as an elementary par-
ticle, it carries a unitary irreducible representation (UIR) of the Poincaré group 1ISO*(3,1)
of spacetime symmetries, and in particular, it also a representation of the rotation group
SO(3) C 1SO™(3,1) whose generators are the angular momentum operators J. One can
ask the basic and natural question: what are the angular momentum eigenstates, or more

specifically, what are the eigenstates of J2 and J,? One can phrase this question slightly
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differently. One might immediately note that L?(v;,) is an infinite-dimensional vector space.
However, there are no irreducible infinite-dimensional representations of the rotation group
SO(3) since it is compact ([124], Theorem 3.9). Thus, L?(v;) is not an irreducible repre-
sentation of SO(3) and must decompose into an infinite number of rotationally invariant
subspaces. The problem of finding these rotationally invariant subspaces is equivalent to
the problem of finding eigenstates of J? and J,. Note that the analogous states for massive
particles, with helicity replaced by spin, are simply given as Clebsch—Gordan sums of tensor
products of the spherical harmonics with definite spin states. The problem is much more
difficult for massless particles where the internal (polarization) and external (momentum)
DOFs are coupled.

This problem was recently approached by Dragon [85], who used vector bundle techniques

2 and J, for massless

to construct simultaneous eigenstates of energy (H), helicity (x), J
particles. This gives a decomposition of the state space into finite-dimensional rotationally
invariant subspaces and gives a countable orthonormal basis for monochromatic waves (as
opposed to the uncountable basis of momentum eigenstates). However, the form of these
solutions have certain undesirable properties. One can describe vector bundles with a number
of different formalisms. In that used by Dragon, the fibers are never explicitly defined; instead
the vector bundle structure is probed solely through transition functions on overlapping
domains of the north and south stereographic wavefunctions over momentum space. While
this is valid mathematically, it leads to eigenstates which are represented as pairs of functions
in stereographic coordinates which are not easily interpreted. Furthermore, Dragon only
gives the explicit formula for a single eigenstate within each angular momentum multiplet
(cf. [85], Egs. (81) and (84)); to obtain the others one would need to repeatedly apply the
angular momentum lowering operator, which itself has a somewhat complicated form (cf.
[85], Eq. (69)).

In contrast to Dragon’s implicit framework, we showed in Eq. (5.29) [3] that massless

particles of arbitrary helicity can be explicitly represented as iterated tensor products of the
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R and left L photon bundles v, with these photon bundles taking the form of line subbundles
of the complexified tangent bundle of the sphere (when restricted to S?). In this chapter, we
use this alternative framework to derive more explicit forms of the simultaneous eigenstates
of H, x, J?, and J, for massless particles. We show that in appropriate coordinates, these
eigenstates actually take the form spin-weighted spherical harmonics (SWSHs), generalizing
the ordinary spherical harmonics that appear in the study of massive particles. SWSHs
have shown up in many physical applications, including the study of asymptotically flat
spacetimes [86], the dynamics of charged particles in the presence of a magnetic monopole
[87-90], the study of complex spacetimes and twistor theory [91], in geophysical [92] and
computer graphics applications [154], and in studies of the cosmic microwave background
(CMB) [93-95]. They have been used in treatments of electromagnetic and gravitational
waves in position space where the theory is more complicated and the topological nature
of the SWSHs is not as apparent [96-98|. Here, we show that when working in momentum
space, the SWSHs give a simple description of the angular momentum eigenfunctions for
massless particles of arbitrary helicity. In Chapter 9 we will show how this description
applies to plasma waves as well.

We showed in Chapter 6 that there are topological and geometric obstructions which
prevent the angular momentum J of massless particles from splitting into SAM and OAM
[1-3, 6]. The second goal of this chapter is to show that the description of the rotationally
invariant subspaces of massless particles in terms of SWSHs gives a concrete illustration of
this no-go result. In particular, we show that the angular momentum multiplet structure of
the SWSHs is too sparse to be consistent with any reasonable spin-orbital decomposition.
Furthermore, we also find that the helicity acts as lower bound on the total angular mo-
mentum of a massless particles. In contrast, massive particles possess states of total angular
momentum 0, regardless of the spin, and such states are unavoidable if the the total OAM

[ can assume all nonnegative integer values.
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We will restrict our attention to massless bosons since this leads to simplifications and
there are no known elementary massless fermions. We also note that an alternative form
of the simultaneous eigenfunctions of energy, helicity, and angular momentum in terms of
Wigner D-functions and 3j symbols can be found in Ref. [141|. However, the derivation is
more complicated and the topological nature of these eigenstates is not clear in this form
of the solution. Furthermore, the relationship between these eigenstates and the problem of
SAM-OAM decomposition has not been previously considered.

This chapter is organized as follows. In §8.2 we will discuss the description of massless
particles in terms of tensor products of the R and L photon bundles. We then show how
massless particles states can be described by spin-weighted functions in Sec. 8.3. In Sec. 8.4
we construct the total angular momentum operators for massless particles and show that
they decompose the state space into angular momentum multiplets corresponding to the
SWSHs. In Sec. 8.5 we show this decomposition illustrates the topological obstruction to a

spin-orbital splitting of the massless angular momentum operator.

8.2 Normal form of massless particle bundles

Recall from Chapter 3 that the photon bundle : 7 : v — L, consists of all plane wave
solutions of Maxwell’s equations in vacuum, labeled by (k, E') where the Fourier transformed
electric field satisfies F -k = 0. The photon bundle is a representation of the Poincaré group

ISO*(3,1): for a Lorentz transformation A € SO*(3,1) we have
A", E) = (AK", E) (8.1)

where k# transforms like a four-vector and E’ transforms under rotations like a three-vector

and under boosts according to Eq. (3.77). Under a spacetime translation T}, by a# € R,

T,k E) = e ™k E). (8.2)
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Note that in this chapter we write the actions of A and T, multiplicatively rather than
writing X(A) and X(73). Elementary particles correspond to UIRs of the Poincaré group;
v decomposes into the R and L photon bundle UIRs v = v, & v where v (k) consists of
vectors of the form

o(Ey + i) (8.3)

where ¢ € C and (Ey, Es, I;:) forms a right-handed orthonormal basis of R®. In Chapter 5

we showed that a massless particle bundle of helicity h can be put into the normal form

Th=7+® - @7+ (8.4)
—_——
|h| times
where the + corresponds to the sign of h; note that this is a distinctly massless result that
relies on the fact that massless particles have a single internal DOF. We can write a vector

in vy, asv=v; ®--- v, with v, € 71, and the Poincaré action on -y, is given by

Ak,v @ - ®@v,) = (Ak,Av; ® - -+ @ Avy,), (8.5)

T.(k,v1 @ ®@uvy) = e *u (kv @ ® vy). (8.6)

Egs. (8.1) and (8.5) describe the Lorentz transformation on single-particle states with definite
momentum k. The Hilbert space of particle states is given by L?(7;,), the collection of square-
integrable sections of 7, with respect to the Lorentz invariant measure d*k/|k|. An element

a € L?(vy,) can be considered as a wave function, where (k) € v, (k). The inner product

is given by
(o, B) = / %a*(kz)ﬂ(k} 8.7)
|| 3
11 /ﬁ %"ai(k)-ﬁn(k). (5.8)

241



The Poincaré action on «, induces a representation of the Poincaré group on L?(7;) given
by
(Aa)(K) = A(a(A—1k>) (8.9)

for A € ISO*(3,1). We are particularly concerned with the subgroup SO(3) C ISO*(3,1)
corresponding to rotations of the spacelike coordinates. The infinitesimal generators of this
SO(3) action are the angular momentum operators J. That is, for some direction v € R?,

the scalar operator v - J is defined by

(0 - J)a](k) = i%‘¢oRfa(ngk) (8.10)

where Rﬁ is a rotation by ¢ about . Similarly, the momentum operator P and Hamiltonian

H are the generators of spacetime translations and act simply by

Pa(k) = ka(k), (8.11)

Ha(k) = |kla(k). (8.12)

8.3 Massless particle states as spin-weighted functions

In this section we will review the formalism of spin-weighted functions and show that massless
particle states of helicity A can be described using these functions if appropriate coordinates
are chosen. One of the standard definitions of spin-weighted functions is as follows [89, 155,
156]. Denote the points on the 2-sphere S? by the normal unit vector k. Suppose that
(a,b, IA<:) is a right-handed orthonormal basis at each k. Note that by the hairy ball theorem
a and b will have singularities at at least one I%; we will consider a,b such that they vary

smoothly with k except at a finite number of points. We can encode the choice of a and b
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in the complex vector

(8.13)

A different choice of orthonormal frame (a’, b, 12:) corresponds to a multiplication of m:

m/, =e*®m, (8.14)
a' = cos(§)a — sin(€)b (8.15)
b’ = sin(€)a + cos(§)b (8.16)

for some ¢ : S — R. We consider C-valued functions f(m, IE:) on the sphere that depend
not only on k € 52, but on the choice of right-handed orthonormal basis defined by m, .

Such a function is said to have spin-weight s and is written as ¢ f if

~

sf(eiém-‘rv I%) = eisgsf(m-&-a k) (817)

for any &. We note that it is straightforward to see that spin-weighted functions can equiv-

alently be defined in terms of
a—1ib

V2

The transformation my; — e“m, = m/ corresponds to m_ — e “m_ = m/’, that is,

m_ =

(8.18)

these both describe (a,b,k) — (a’,b',k) . Then a function ,f which depends on k and a

choice of orthonormal basis has spin-weight s if

~

JSem_ k) =, f(m_ k). (8.19)

We will now show how the state space L?(vy,) of a massless helicity h particles corresponds
to the space of spin-weight —h functions. m. (k) € v, (k) by (8.3) and (8.13), and since

~

is a line bundle, m, forms a basis of the fiber v, (k). Therefore, we can express any section
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a € L?(v4) by

a(k) = a(k)ym, (k) = (e “a(k)) (e*m (k)) (8.20)

= (e %a(k))m, (k) (8.21)
We can thus define a basis dependent function _ja(m., k) such that
a(k) = _1a(my, k)m, (8.22)

for any choice of m_. We can express k = |k|lk = wk, and write _ja as _ja(m, k,w).
Then for any fixed wy, _ja(my, I%,wo) is a function of spin-weight —1. Therefore, we see
that R photon states L?(vy,) are described by spin-weight —1 functions. The spin-weighting
encodes the local basis dependence of any description of ct. By an analogous argument with
m, replaced by m_, we find that the L-photon states, L*(y_), are described by spin-weight
1 functions. We can extend these results to bundles of higher helicity using Eq. (8.4). A

section B € L?(;,) can be written as

|h|
Bk) = bk) Q) ma (8.23)
|R|
= iy (k) ® e m (8.24)
"
= e "b(k) Q) m (8.25)

where the 4 sign is corresponds to the sign of h. Thus, massless particle states of helicity
h are described by function of spin-weight —h, and we see that this is essentially a different
(and arguably bulkier) way to describe the fact that 3 is a section of the vector bundle -,.

The relationship between massless particle states and spin-weighted functions helps explain
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why SWSHs appear in the study of the angular momentum eigenstates which we examine

in the next section.

8.4 Expressing angular momentum eigenstates as spin-
weighted spherical harmonics

In this section we will show that the angular momentum eigenstates of massless particles are
described by the SWSHs, provided we choose our coordinates appropriately. We can peel off
the radial behavior in k space since it is unaffected by the angular momentum J. Denote
by 75,52 the bundle v, with base manifold restricted to the unit sphere S? in k space. Then
([157], p. 160)

L*(yn) = L*(R™) ® L*(yn,s2) (8.26)

where RT denotes the positive real numbers, L*(R") denotes the space of functions of the
radial variable f : R* — C which are L? with respect to the measure |k|* d|k|, and L?(7, s2)
represents the space of monochromatic waves (by which we mean waves with fixed |k|).
Note that this decomposition can be considered as induced by the operators H and J;
H acts trivially on L*(vy, s2) while J acts trivially on L*(R™). Our goal then is to find
the simultaneous eigenstates of J? and J, in L?*(7, g2), which is equivalent to decomposing

L*(p52) into UIRs of SO(3).

8.4.1 Decomposing the angular momentum

It will be useful to decompose J as

J=J+JL (8.27a)
Jy=(P-J)P (8.27h)
J =J—(P-J)P. (8.27¢)
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into the helicity and orbital quasi-angular momentum operators Jj and J, discussed in
§3.5.2, §6.5, and Chapter 7. Recall that these do not satisfy the angular momentum com-

mutation relations,

[Siar 0] 7 €ave])c (8.28a)

[JL,av JL,b] 7é Z.EachL,m (828b)

and are thus not true angular momentum operators. Nevertheless, as we showed in Ch. 7,
they arise as the unique massless splitting induced by Poincaré symmetry and give essentially
the closest approach to an SAM-OAM decomposition. It is noteworthy that Jj is a point
operator (Theorem 7.2) [5, 99|, meaning that (Jjor)(ko) depends only on a(kg) and not
on the value of a at any other k. In physical terms, this means that Jj only generates
transformations of the internal polarization DOFs. In contrast, J, is a local differential
operator, with (J, a)(ko) depending on the value of a(k) in a neighborhood of k.

It is of both theoretical and practical interest to relate Jj and J; to the more familiar
SAM and OAM S and L of massive particles. The fibers of v, (k) are embedded in the
Hermitian vector space C? via Eq. (8.3); let P : L, x C*> — ~. be the projection onto the

photon states. Then for a section a € L2(7i),

(6 J)a](k) = i%‘w_oRga(ngk) (8.29)
- iP%’wZORga(ngk) (8.30)
= iP{%‘wZORga(k) - % wZOa(Rﬁwk)} (8.31)
— % (PoS)a(k)+ - (PoL)ak). (8.32)
Here,
(Sa)bc = —l€ahe (833)
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and in spherical coordinates [158]

1
sin

L = —ie¢8g — €y 8¢. (834)

These extend to operators on the tensor product bundles v, via the product rule, that is,

|h|
(PoS)(o1 ® - ® ayp) = Za1®-~-®(POS)am®-~-®a|h| (8.35)
m=1

and similarly for P o L. The following lemma states that the projected operators P o S and

P o L are in fact the same as Jj and J, .

Lemma 8.1. Jy =Po S and J. =P o L. In particular,

J

(P-J)P+PolL (8.36)

Proof. P o S restricts to an operator on each fiber of v,. Suppose first that h = +1 so that
a(k) is embedded in C3. Let © € R® be a unit vector and consider the fiber at k, with
k-t = cos(f). Decompose v = COS(@)’% + v, into parallel and perpendicular components

with respect to k. Then
[6-(PoS)ak) = <cos(e)12: (PoS)+d,-(Po S))a(k). (8.37)

Using the identity

d N
@ wZOszé}l’UQ = V1 X V2 (838)
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we find that

[0, - (PoS)|ak) = 2'79% wZOR}ﬁ’La(k) (8.39)
=iP(v, X a) (8.40)
= 0. (8.41)

The last equality follows since v, X a(k) is proportional to k and is thus annihilated by P.

~ ~ ~

P(k-S)=k- S since (Rza(k)) -k =0, so

[6- (P oS)|a(k) = cos(d)P(k- S)a(k) (8.42)
= (0-k)(k-S)a(k) (8.43)
— (o E)%’wZOR}:a(k) (8.44)
— i - )%’wofzga(}z;%) (8.45)
= (0-k)(k-J)a(k) (8.46)
= (v- J))alk), (8.47)

proving that J = (P o §). It then follows from Eqgs. (8.27) and (8.32) that J, = (P o L),

proving the lemma for h = £1. The extension to arbitrary h follows from Eq. (8.35). O

Jy=PoS and J, =P o L are well-defined operators on the Hilbert space of sections
L?(v1,), however, the same is not true of S and L. Indeed, (Sa)(k) and (La)(k) are not
generally orthogonal to k and thus are not sections of v,. While S and L do each satisty

50(3) commutation relations,

[Sa, Sb] = ieabcsm (848>

[La; Lb] = ?:E(IbCLbJ (849>
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composition with the projection operator destroys this rotational symmetry. The projected

operators instead satisfy nonstandard commutation relations

[Sias ] = 0, (8.50)
[ as 6] = i€abed)| e (8.51)
[0y JLp] = t€abe(TLe — J)e), (8.52)

with J| generating a 3D translational symmetry while the vector operator J, is not the

generator of any symmetry group at all (since it is not closed under commutations).

8.4.2 Solving for angular momentum eigenstates

We now decompose the angular Hilbert space L?(7;, ¢2) into UIRs of SO(3), which is, by
the standard ladder operator formalism, equivalent to solving for the angular momentum

multiplets of sections (,oj,) with —j < m < j which satisfy

Jo hOm = M p O, (8.53a)
T n@m = [(G Fm)(J +1E£m)]"? htjmer, (8.53b)
T2 w0t = j(j + 1) ntjm, (8.53¢)

where J. = J, £ iJ,. To proceed, we will express the J operators in a particular choice
of basis for v, g2 which will elucidate the relationship between the total angular momentum
states and the spin-weighted spherical harmonics. If we choose the standard spherical unit

vectors

ey = cos(0) cos(¢)e, + cos(f) sin(p)e, — sin(f)e, (8.54a)

e, = —sin(¢)e, + cos(¢)e,. (8.54b)

249



then ey = \%(eg +ie,) forms a smooth basis of v, at all k € 52 except the poles; similarly,
en =elll = 92='5 (eg tiey) ® - ® (eg Liey) (8.55)
|h| ;i,mes

forms such a basis of 7,, where the + signs correspond to the sign of A. A globally smooth

section a of 7, s2 is expressed as

a and ey, are smooth for 6 # 0,7, so the same is true of f(6,¢). Since a is also smooth at

the poles, the limits

lim £(0, ¢)en(0, ¢) = lim (0, 9)e™"*(e, £ ie,)" (8.57a)
lim f(0, ¢)en (0, ¢) = lim f(0, ¢)e™* (e, + ie,)" (8.57b)

must exist and agree for all ¢. This implies that asymptotically

f0,0) ~cne™, (60— 07) (8.584)

f(0,0) ~cge™™ (0 —77) (8.58Db)

for constants cy and cg. If ¢y or cg are nonzero, then f(6, ¢) is not smooth at # = 0 or 6 = 7,
respectively. However, we see that such cases correspond only to coordinate singularities,

and not actual singularities as the state « is still globally smooth.
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To solve for the angular momentum multiplets, we express .J,, J+, and J? in the e, frame

so that

J.(fen) = JAf)en, (8.59a)
Jr(fen) = Ji(f)en, (8.59b)
J*(fen) = J*(f)en, (8.59¢)

for operators J!, J., J* which will be determined. By the definition of J [Eq. (8.10)],
J(fen) = L(f)en+ fJ(en). (8.60)
Since ey, is rotationally invariant about the z-axis, it follows from Eq. (8.10) that
J. = —id,. (8.61)
To find J. and J” we will use the decomposition in Eq. (8.36). We have
Ji=—i(egPody— —=Pod,) (8.62)
sin ¢

where P annihilates any k components produced by the angular derivatives. Direct calcula-

tion gives

20
Ji zepn = hC(?S cos ¢ ey, (8.63)
sin 6
20
Jiyen = hC(?S sin ¢ ey, (8.64)
Ji e, =—hcosbep (8.65)
(v-Jyep = (v- k)hey,. (8.66)
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Defining J, 4+ = J1 , +1J1 , and similarly for J) + and L4, we have

Ji(fen) = (La(f)+ fJjx+ fJis)en
:eii¢[<i¢ag+z‘c9sea¢+ h )f]ei,

sin @ sin 0

so that

| 0 h
o= (£ O+ iy + =),

sin 6 sin 0

To calculate J* we note that by Eq. (8.62), J, -Jy=J-J. =0so
J? = (JH + JJ_>2 = JH2 + JJ2_
and thus

J*(fen) = h*fe, + J: (fen).

Application of the product rule gives

J*(fen) =h2fen + (L*f)en + |blf(Jres) @ el

3
+ 3 2AR(Lpf)(JLper) @ el + (h2 = W) f(JLper ® Jopes @ el)

p=1

where

eglq)iei(g...@ei_
—_——

|h|—g times
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(8.68)

(8.69)

(8.70)

(8.71)

(8.72)

(8.73)

(8.74)



From Egs. (8.63)-(8.65),

Jies = cot® fe (8.75)
3
Z(JL,pei ® Jipesr ® ef)) = cot? fey, (8.76)
p=1
> cos
> Hl(Luf)(ipes) ® €f) = —h (L flen. (8.77)

p=1
Substituting these into Eq. (8.72) gives

2 cos 6

sin? 6

T(fep) = [v2 jt F—onE2 1 fle,. (8.78)

sin’ @

Thus we find that the helicity h angular momentum operators in the e, basis are given by

T = —id,, (8.79)
J, :eﬂ¢>(ia PRLLLY +L> (8.80)
= 7 sing ? " sing/’ '
2h cos 0 h?
2= _v?— L, 8.81
/ v sn20 7T smZe’ (8.81)
so that Eq. (8.53) reduces to solving
I nfim =M nfim, (8.82a)
T nfim =G Fm) G+ LEm) 5 fimar, (8.82b)
J/2 hfjm = ](] + 1) hflm- (882C)
These equations are solved by the SWSHs of spin-weight —h [89]
hfjm(07 ¢) = —thm<07 ¢)7 (883)
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so that the simultaneous eigenstates of helicity, J2, .J,, and energy are given by
1 ko = —hYjm (0, 9)O (K[ — [Ko|) Ep. (8.84)

The SWSHs are given explicitly by [155]
, _ (G Hm)G —m)!(2) +1)
wYjm (0, 9) = [ A (5 + h)!(j — h)!
<3 (7 - h) ( Jth )(—1)J'—q—h—meim¢(cot 6/2)2h—m (8.86)
p q

q+h—m

]%(sm 0/2)% (8.85)

where j > |h|, —j < m < j and the sum ranges from ¢ = max(0,m—h) to ¢ = min(j—h, j+
m). Interestingly, Dray [89] discovered this in the inverse context, reverse engineering angular
momentum operators J., J)., J' for the SWSHs. Here, we instead naturally encounter these
angular momentum operators in the study of massless particles, demonstrating one of their

physical origins. An arbitrary section a(k) of 7, can be expressed by
o0 J
ak) =Y > an(k) Ym0, 0). (8.87)
sl m==j

Technically, this follows from the equivalence of sections of 7, with spin-weight —h functions
established in Sec. 8.3 and the completeness of the SWSHs with respect to the spin-weighted
functions which was established by Newman and Penrose [86]. The coefficients a;,, can be

calculated from the orthogonality of the SWSHs [155]:

2T 1
/ dé / 4(05(0)) Y s (0, 0) Yyt = 836 (8.88)
0 -1

We also see how the SWSHs _,Y},, are better understood as sections of the bundle ~;

rather than as scalar functions. For example, the _,Y},,(6,¢) have seemingly anomalous
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singularities at _, Y, (0, ¢) and _,Y; (7, ¢). However, a closer examination shows that

[\

J+1

WYn(6,0) ~ (~1)" ¢ (0 07) (8.89)

Yn(60,6) ~ (1) L e gy ) (8.90)

W
?‘5’*

so that by Eq. (8.58), the sections _,Y},, E), are indeed smooth at the poles; the apparent
singularities of the SWSHs vanish when they are considered as sections rather than functions.
We note that the relationship between SWSHs and sections of vector bundles was rigorously
studied in the mathematics literature by Eastwood and Tod [159]|, who showed that the
SWSHs can be considered as sections of line bundles over the complex projective line P1(C).
This is essentially the same structure we encounter since P!(C) is homeomorphic to the
Riemann sphere S?, and thus the line bundles over P!(C) are in bijective correspondence
with the 7,. Our findings show a physical interpretation of the sectional nature of the
SWSHs, showing that they are angular momentum eigenstates of massless particle bundles.

Eq. (8.87) shows that the SWSHs give a countable basis for monochromatic massless
waves. The vector bundle description also furnishes a basis in terms of the momentum
cigenstates, (k, e,(k)), however, this basis has certain disadvantages. First, the basis vectors
are labeled by k € S2 and thus uncountable in number, making this a much larger basis
than that given by the SWSHs. This corresponds to the spectrum of k being continuous
whereas that of J? and J, is discrete. Second, the momentum basis has discontinuities at
the poles due to the singularities in ey; such singularities cannot be avoided by replacing
e, with some other choice of unit vectors due to the topological nontriviality of v, (except
when A # 0). In contrast, the basis given by _,Yj,e;, is countable and composed of globally
smooth states. We see that the SWSH furnish a spectral decomposition of monochromatic
waves in which a state is simply described by a countable set of of numbers a;,, which label

the components with total angular momentum /j(j + 1) and z angular momentum m.
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In the case of photons, this results in an expansion of polarization states in terms of
the angular momentum ecigenstates ;1Y;,e4;. It is notable that this expansion is quite
different form that used in Refs. [93-95] for analyzing the CMB in terms of SWSHs. Indeed,
these studies, as well as a related application in computer graphics [154], actually use the
spin-weight +2 harmonics 19Yj,,. This is due to the fact that they are analyzing Stokes
vectors, which encode time averaged polarization intensities, and thus do not have any
phase information. Furthermore, they are only analyzing linear polarizations since the CMB
does not contain circularly polarized light.! It turns out that linear polarizations without
phase information can essentially be described by helicity 4+2 representations and can thus
be expressed in terms of the spin-weight +2 spherical harmonics [93]. In contrast, we are
analyzing the eigenstates of the full polarization space, allowing for circular polarizations
and retaining phase information. In this context, photons are described by the spin-weight

41 harmonics.

8.5 The nonexistence of spin and orbital angular momen-
tum operators of massless particles

As discussed in Chapters 3-7, there has been a long controversy |1, 2, 4, 65-74, 77, 78,
80, 81| surrounding the question of whether or not massless particles admit an SAM-OAM
decomposition. We showed in Chapter 6 that it is impossible to decompose the total angular
momentum operator of massless particles into SAM and OAM operators, generalizing the
findings of van Enk and Nienhuis who first found that a particular attempted SAM-OAM
decomposition did not result in legitimate angular momentum operators [67, 68]. This
result holds even if one significantly relaxes axiomatic constraints on the SAM and OAM

operators, as shown in the no-go Theorems 6.3 and 6.4. However, the proofs of these theorems

1Unpolarized light cannot become circularly polarized via Thomson scattering and is thus absent
from the CMB [93].
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are somewhat abstract. Here, we can use the properties of the total angular momentum
eigenstates to give a concrete illustration of the no-go results, showing that the structure
of the total angular momentum multiplets given by the SWSHs rules out any reasonable
spin-orbital decomposition of J.

The (nonprojective) irreducible representations of SO(3) are the complex vector spaces
V,, of dimension 2a + 1 where a is a nonnegative integer. The tensor product of two such

representations with a > b is given by the addition of angular momentum formula:
Va®@Ve ZVap ®Vopi1 @ -+ ® Vi (8.91)
From Eq. (8.26), we have

L(y) = L*(RY) & (Vin) @ Vi1 ® Vipga ® -+ (8.92)

= (V) & (é Visn) (8.93)

where the copy of Vjpj4n is spanned by _,Y|p4nmen for —(Jh| +n) < m < |h| +n and
L?*(RT) describes the radial dependence, i.e., the energy of the states (which is unimportant
for the analysis of angular momentum). There is precisely one total angular momentum j
multiplet if ;7 > |h| and zero multiplets for j < |h|. This multiplet structure is distinctly
different from what one typical obtains for a particle whose total angular momentum splits
into well-defined spin and orbital parts as J = L+ S. Consider, for example, a massive spin

s particle. In nonrelativistic quantum mechanics, the Hilbert space is given by

H = LQ(R3) ® C%*+! = LQ(RJr) ® LZ(SQ) ® C%+L (8.94)
H, Ho Hs

H, L*(S?) and C?**! are each representations SO(3) whose generators are the total (J),

orbital (L), and spin (S) angular momentum operators and are related by J = L + S. H,
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is a trivial representation of SO(3) and has generator 0. We write

Hy=H,®H, (8.95)

for the part of the Hilbert space containing nontrivial rotational symmetry. H, = C?*! is
the irreducible representation Vi while L?(5?), the space of square-integrable functions on
the sphere, decomposes as

HSH =V, oVioVem--- (8.96)

where V; corresponds to the subspace spanned by the ordinary spherical harmonics Y}, with
|m| < I. By the addition of angular momentum, for massive particles with integer spin we

have

H, 2V, @ (ViooVioled--) (8.97)
s—1 00
~ (@(zm + 1)Vm> ® (@(23 n 1)Vn>. (8.98)
m=0 n=s
aV, =V, ®- - oV, (8.99)
~—_——
a times

Eq. (8.98) follows since for 0 < m < s, one copy of V,, will result from V; ® V;, precisely
when —m < g < m, and thus there are 2m + 1 copies of V,,, in H. Meanwhile, for n > s,
one copy of V,, results from V; ® V,,1, precisely when —s < ¢ < s, giving 2s + 1 copies of V,,
in H.

Comparing Eqs. (8.92) and (8.98), we see that massive particles (which possess spin) and
massless particles (which possess helicity) have very different angular momentum structures.

For example, a massive spin 1 particle has the multiplet structure

HT' 2V, 03V 03V, 03V ... (8.100)

258



while a massless helicity 1 particle has

HE'2vievheVse---. (8.101)

Notably, the helicity of a massless particle enforces a lower bound on the total angular
momentum which does not exist for massive particles. This is reflected in the properties of
the SWSHs _Y},,,, which only exist if j > |h|. Massless particles also only have at most
a single angular momentum multiplet of each total angular momentum j, while massive
particles have up to 2s + 1 degenerate multiplets for each j. This is related to the fact that
for massive particles, the spherical harmonics describe the orbital angular momentum which
are then tensor multiplied by the internal spin space C2**!, producing additional copies of
the multiplets. In contrast, the SWSHs _,Y},, describe the total angular momentum states
for massless particles.

From examining the addition of angular momentum formula in Eq. (8.91), it becomes
apparent that the multiplet structure of massless particles [Eq. (8.92)] would not result from
any reasonable spin-orbital splitting of the angular momentum. In particular, it is difficult
to avoid generating repeated multiplets and or low angular momentum multiplets. Thus,
from examining the difference between massive and massless angular momentum states, and
the differences between ordinary and spin-weighted spherical harmonics, we come to the
conclusion that massless particles should not admit an SAM-OAM decomposition.

We note that it is technically possible to contrive spin and orbital multiplet structures
which would tensor product to give Eq. (8.91), but they are highly unnatural. For example,

the simplest such splitting for a helicity 1 massless particle is

VieWeV:eVed- - )=VieV,eVie.-- (8.102)

in which the candidate orbital angular momentum [ could only take on integer multiples of
3, a strange hypothetical which has never been suggested. One can rigorously prove that
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the rotationally symmetry of the massless Hilbert spaces L?(, s2) cannot be described by
a tensor product of two nontrivial SO(3) representations (no-go Theorem 6.1; [4]), so these
exotic splittings are not realized in massless particles.

We note that the massless SAM-OAM obstruction can also be understood by examining
the complete set of commuting observables (CSCO). As we saw in the previous section,
(H,x,J?%, J,) form a CSCO for massless particles, that is, a basis of states can be labeled by
\kol, h, 7, j.. Compare this with massive particles, for which we know the angular momentum

splits into well-defined SAM and OAM parts:

J=S+L (8.103)

Since S and L are SO(3) generators, it follows from the representation theory of SO(3)
that S? and L? commute with each other and with J2, and J,. It is also true that S and
L commute with H, and therefore so do S? and L? [82]. Indeed, a CSCO for massive
particles with spin, assuming no additional internal structure (e.g., no color charge), is given
by (H,J?% J.,S% L?), and a basis is labeled by (|ko|, 7, j.,s,1) [160]. s is determined by
the identity of the particles, as is A in the massless case. We see though a discrepancy
between massive and massless particles: one must specify both the orbital and total angular
momentum eigenvalues [ and j in the massive case, whereas in the massless case only j is
needed.

Suppose for a massless particle we assume that Eq. (8.103) is true for some angular
momentum operators S and L which commute with H. It then it follows that L? commutes
with (H, x, J?, J.). However, the latter is already a complete set of observables, so it must be
that L? gives redundant information such that the value of [ can be inferred from |ko|, i, 7, .-
This corresponds precisely to the unnatural splittings of the form Eq. (8.102), since each

V; on the rhs (labeled by j) is produced by a single tensor product V; ® V; on the lhs. As

260



previously mentioned, these unnatural splittings can be rigorously ruled out by the no-go

theorems of Chapter 6 [4].

8.6 Conclusion

Massive and massless particles have very different Hilbert spaces. Massive particles are
topologically trivial, allowing the internal and external DOFs to be separated. The exter-
nal Hilbert space decomposes into rotationally invariant subspaces spanned by the ordinary
spherical harmonics. Massless particles, on the other hand, are topologically nontrivial (for
h # 0). Even though they only have a single internal DOF, this DOF is twisted together
with the external momentum DOFs. The result is that states are described not by ordi-
nary functions, but by sections of topologically nontrivial line bundles (or equivalently by
spin-weighted functions). The rotationally invariant subspaces are spanned by the total an-
gular momentum multiplets, which in this case are SWSHs (_,Y},,,) rather than ordinary
spherical harmonics (Yj,,). This harmonic decomposition gives a smooth countable basis for
monochromatic massless waves, something which is not provided by the momentum eigen-
states. The angular momentum multiplet structure of the SWSHs is also quite different than
that which occurs for massive particles. Indeed, in the massless case we obtain a very sparse
multiplet structure, with a single multiplet for each j > |h| and no multiplet if j < |h|.
In contrast, there is no lower bound on the angular momentum of massive particles with
integer spin and typical multiplets are degenerate (except in the case of spin 0 particles).
From taking into account the way angular momenta add, one sees that the massless multi-
plet structure cannot result from any reasonable SAM-OAM decomposition of the angular
momentum J. Indeed, in Chapters 6 and 7 we showed via more abstract geometric and
topological arguments that such a massless SAM-OAM decomposition is impossible [6], [5];

here we see that this conclusion is concretely illustrated by carrying out the explicit angular
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momentum decomposition of massless particles. We will see in the following chapter that

this analysis can be applied to plasma waves as well.
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Chapter 9

The topology, geometry, and angular
momentum of waves in cold

unmagnetized plasma

This chapter is based on Ref. |7]. In this chapter we will use cgs units rather than natural
units, in particular, we will not set ¢ = 1. We will also denote the angular momentum
operator on sections of vector bundles by J rather than J, and similarly for the other
generators. This is because we will not need to distinguish between generators on sections

and those directly on the vector bundle, as we will only use the former.

9.1 Introduction

Topological methods have helped uncover and describe novel phenomena in wave systems,
first in topological insulators with periodic lattices [21, 22|, and later in continuous media
such as fluids |20, 23-27| and plasmas [19, 29-31, 33-35, 161]. In continuous media, the
primary topological application studied thus far is use of the bulk-edge correspondence (BEC)
to predict the existence of topologically protected edge modes. In this method, one typically

follows a prescription of calculating the Berry connection and Berry curvature, and the
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latter is then integrated over some 2D surface in k space to obtain a topological Chern
number. The difference in Chern numbers across a boundary then determines the number
of edge modes. As we discussed in Chapter 2, Chern numbers are associated with vector
bundles. The success of the BEC in plasma physics indicates that plasma waves have such a
topological structure, in particular, the collection of all plane wave solutions forms a vector
bundle parameterized by the momentum space. In previous chapters we have shown in
the case of massless particle waves, such as photons and gravitons, that the vector bundle
structure provides a flexible framework to explore topological properties of waves beyond the
BEC. In this chapter, we show that most of the methods and results from previous chapters
[1-6] can be applied to the study of waves in a cold isotropic unmagnetized plasma, and in
fact, electromagnetic (EM) plasma waves have essentially the same topological structure of
photons. We will show that there exists a global polarization basis for EM plasma waves,
which is surprising as one might guess that this would violate the hairy ball theorem. We
further show that any such basis must involve elliptical polarizations as it is not possible to
form a global basis using only circularly or linearly polarized waves.

Our main use of the vector bundle structure pertains to the angular momentum of plasma
waves and the question of whether or not it permits a spin-orbital decomposition. In laser-
plasma accelerators, the angular momentum of the electron beam is one of the two key
parameters (along with the emittance) for characterizing the beam profile [162, 163]. Recent
simulations have suggested that the use of so-called orbital angular momentum (OAM) beams
in such accelerators may lead to enhanced tuning of the electron beam and the resultant X-
ray production [59, 60]. It has also been suggested that OAM beams may be used in the
production of extremely large magnetic fields in plasmas, with simulations suggesting that
fields in the kilo-Tesla range may be accessible for short pulses [62, 63] and ~ 40 T in the
steady state [64]. Despite the great success of so-called OAM beams in applications [49],
it has long been noted that there are deep theoretical issues with the concept of splitting

the angular momentum of light waves into spin angular momentum (SAM) and OAM. The
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fundamental issue, as we have seen in Chapters 6, 7, and 8.4 is that the alleged SAM and
OAM operators for light do not satisfy angular momentum commutation relations and are
thus not true angular momentum operators |1, 4, 67, 68, 78]. One might at first guess
that this issue does not apply to waves propagating in plasmas. Indeed, we have shown the
obstruction to an SAM-OAM splitting for photons and gravitons is closely related to the fact
that these waves are massless. However, in EM plasma waves, the plasma frequency w, shows
up as a mass-like term in the dispersion relation, so one may wonder if this restores the SAM-
OAM decomposition. We will show that this is not the case and that the obstructions to an
SAM-OAM survive the introduction of a background plasma. Nevertheless, we show that the
rotational symmetry of plasma waves induces a unique splitting of the angular momentum
operator J = J + J into the well-defined helicity and orbital quasi-angular momentum.
They are not true angular momentum operators since they do not satisfy angular momentum
commutation relations and are thus not generators of 3D rotations. We show, for example,
that the components of J; and J, have continuous spectra, something which is impossible
for legitimate angular momentum operators. Despite this deficiency, these operators appear
to be of both theoretical and experimental interest.

We also use the angular momentum operator J, which is the generator of the SO(3) sym-
metry of the plasma waves, to give a novel harmonic decomposition of these waves, mirroring
that found in Ch. 8. Indeed, plasma waves can be decomposed into rotationally invariant
finite-dimensional multiplets of wave solutions. More particularly, these are simultaneous
eigenstates of energy, helicity, J?, and J,. This gives a basis for plasma waves in terms of
spin-weighted spherical harmonics (SWSHs), which are generalizations of the more common
ordinary spherical harmonics. The resultant angular momentum multiplet structure gives a
concrete illustration of the issues that arise when attempting a spin-orbital decomposition
for plasma waves as well as a discrete basis which can be used to express monochromatic

waves.
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We also remark on our use of the cold fluid model to study the topology of electromagnetic
(EM) and electrostatic (ES) waves. This simple plasma model allows us to clearly illustrate
the topology in these waves and has the particular advantage of making it easier to relate
the expectation values of the Hamiltonian, momentum, and angular momentum operators
with the conserved fluid quantities. However, we point out that these methods appear to
apply to kinetic descriptions of plasmas as well.

This chapter is organized as follows. In §9.2, we show how sets of plane waves in plasmas
are described by vector bundles. In §9.3, we characterize the topology of the EM and
electrostatic (ES) Langmuir waves, showing that Langmuir waves are topologically trivial,
as is the collection of all EM plasma waves. This allows for an explicit construction of
global polarization bases for EM and ES waves which vary smoothly with k. However, if
we decompose the EM waves into rotationally invariant parts, namely R and L waves, then
we find that these subspaces are topologically nontrivial. Although the plasma introduces
an effective mass, which typically indicates topological triviality, we show that topologically
nontrivial waves are able to exist due to the resonance of EM and ES waves at the plasma
frequency. In §9.4, we show that we can define a global basis for R, L, and Langmuir waves
in terms of SWSHs, and how this harmonic decomposition illustrates the obstruction to an
SAM-OAM splitting. In §9.5, we show that there is a symmetry-induced decomposition of
the plasma angular momentum, but that it is not a legitimate SAM-OAM splitting. In §9.6,

we will discuss how our results generalize to kinetic plasmas.

9.2 Vector bundle structure of cold plasma waves

We will consider linear waves in a cold homogeneous unmagnetized plasma. Assume that
electrons have density n = ng + ny; where nq is constant and n; < ng. We will work in the

background plasma’s rest frame, and let v be the perturbed electron velocity. With ions
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treated as a neutralizing background, the linearized fluid equations are

ov
— = — 1
M e€ (9.1)

on

8_151 = —nyV - v (9.2)
%—f = cV x B+ 4mwenyv (9.3)
% =—-cVxE& (9.4)
V.- &= —4men, (9.5)
V-B=0 (9.6)

where e > 0 and m is the electron mass. We consider plane wave solutions with (¢, x)

i(k-z—wt)

dependence of the form e’ . The system simplifies to an eigenvalue problem

Dy(w. k) - E(k) =0 (9.7a)

1
DEﬂb(w, k) = E [kakb + (5ab(w2 — wﬁ — kQ)} (97b)

where Dy, is the dispersion tensor and w, = (4mnge?/m)'/? is the background plasma

frequency. &€(x,t) and E(k) are related by

1 i(k-x—w
8(m,t) = W/dgk E(k)€z(k (k)?) + c.c.. (98)

The other dynamical variables are determined by E(k):

ni (k) = —4%614:  E(k) (9.9)
w(k) = —%E(kz) (9.10)
B(k) = fk x E(k). (9.11)
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Note that we use the same symbols n; and v for the position space variables and their Fourier
transform; it will always be clear from context which is being used. The branches of the so-
lution are determined by the dispersion relation det D = 0. The positive frequency solutions
correspond to the nondegenerate Langmuir mode with w = w, and the two degenerate EM
modes with w =, /w2 + |k[2c2." The ES modes can be labeled by (F, Ek) where E € C and
k* = (w,/c, k) is the wave four-vector; note that we will also refer to this as the momentum
four-vector. We denote the collection of all such modes by (y. For each fixed four-vector ky,
the subset (y(ko) of all modes with kg comprise a one-dimensional vector space. Similarly,
the EM modes can be labeled by (k, E) for k = (y/w?/c? + |k|?, k) and any E € C® satisfy-
ing the transversality condition E - k = 0. Denote the collection of all such modes by (g,
and those with momentum kg by Cgar(ko). Each (gar(ko) is a two-dimensional vector space.
Thus, (y and (g form collections of vector spaces smoothly parameterized by subsets of the
four-momentum space; that is, (; and (g are vector bundles. The parameterizing space is
known as the base manifold. Note that at (w/c, k) = (w,/c,0), all modes degenerate and it
is not possible to identify subspaces corresponding to ES and EM modes. In other words,
the limits limg_,o (o(k) and limg_,o Cgar(k) do not exist as vector spaces. It is thus necessary
to remove the degeneracy point (w/c, k) = (wp/c, 0) from the base manifold. For EM modes,

the base manifold is the punctured mass hyperboloid

M, = {(w/c, k) € R\ {(wp/c, 0)}w = {fu? + |k|2c2}. (9.12)

For ES modes, the base manifold is the plane w = w, with the point (w,/c,0) removed;
we denote this plane by P,,. This is depicted in Fig. 9.1. Both M, and P, can be
parameterized by just the three vector k, and so the base manifolds for ES and EM waves
are homeomorphic to the punctured space R* \ {0}. We write the vector bundles as 7gy; :

Cenm — R3\ {0} and g : (o — R*\ {0}. Here mgy, is the projection onto the base manifold

'Modes can be unambiguously labeled as ES or EM when working in the background plasma rest
frame. We note, however, that this distinction is not valid in reference frames where the background
plasma is flowing [161].
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Figure 9.1: Electrostatic (orange) and electromagnetic (blue) dispersion relations for fixed
k. = 0. The ES waves reside on the plane P,, in four-momentum space, while EM waves
reside on a mass hyperboloid M,,,. The waves degenerate at the Weyl point k = 0, w = w,.

(k, E) — k, and similarly for my. The vector spaces (gy (k) and (y(k) are called the fibers
at k. Vector bundles are inherently topological objects, and this description allows a direct
study of the topology of plasma waves.

As in the case of the photon and graviton bundles, the vector bundle structure of plasma
waves also allows for precise treatment of their geometry, in particular, their metric and
symmetry properties. We will do so by using the formalism of vector bundle representations
of symmetry groups developed in Ch. 3. Each fiber is a Hermitian vector space with inner
product defined by

(k,E),(k,E"))pw = E*- E (9.13)

making (gys and (o into Hermitian vector bundles; the subscript emphasizes that this is a
pointwise inner product at fixed k.

We now consider the spacetime symmetry of these waves. In studying the geometry of
EM vacuum waves, the fully relativistic spacetime symmetry group is relevant, namely the
(proper orthochronous) Poincaré group ISO™(3,1). This group consists of all combinations
of spatial rotations, relativistic boosts, and spacetime translations. There are two primary
differences in treating plasma waves. The most important is that the rest frame of the
background plasma introduces a preferred reference frame. We have written the cold fluid
equations assuming the background plasma is stationary, thus the solution space is not
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symmetric under boosts.? The second difference is that we will work nonrelativistically,
which is not possible in the case of photons. However, this does not introduce substantial
modifications since this primarily affects boost transformations, which the solution space not
possess anyway. Thus, the symmetry group of interest is G = R3™! x SO(3), where R3**!
corresponds to spacetime translations and SO(3) to rotations. The semidirect product x
reflects the fact that spatial rotations and translations do not commute, and in particular
that, generically, T,RT,-1 ¢ SO(3) where R € SO(3) is a rotation and 7} is a translation
by a € R**!. G is the subgroup of the Galilean group not containing boosts; SO(3) is the
homogeneous part of G. The actions of a € R*™ and R € SO(3) on a mode (k, E) are

described by

Y1, (k, E) = e (k, E) (9.14a)

Sr(k, E) = (Rk, RE) (9.14b)

where we use summation notation with the (— 4 ++) signature and Rk and RE denote the

standard action of SO(3) on 3-vectors. For any g1, g, € G,

E9192 (ka E) - E91292 (k7 E) (9'15)

so we have a vector bundle representation of G. The representation is unitary with respect

to the Hermitian product (9.13):

(Sg(k, E), g (K, E))pw = (K, E), (K, E'))py (9.16)

for any g.

20f course, we could produce a solution space that is boost symmetric by allowing the background
flow velocity to be arbitrary, but this would lead to many solutions which are physically equivalent
and complicate our analysis.
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The representation Y on the vector bundles also induces a representation on the Hilbert
spaces of (square-integrable) sections of (o and (gys, denoted by L?((y) and L*(Cgar). A
section, written as E(k) or |E(k)), is a choice of vector in each fiber and describes a super-

position of plane waves. The inner product of sections is given by

d*K
w(k')

(B, Balk) = [ S B B (0.7

The action of g € G on a section E(k) induced by (9.14) is given by

(3,E) (k) = SyE(S,-1k), (9.18)
that is, the external degree of freedom (DOF) k and the internal DOF (the polarization)
are simultaneously transformed. The generators of the SO(3) symmetries are the angular

momentum operators J = (Ji, Jo, J3), the generators of the R*™ translational symmetry

are the momentum operators P = (P;, P, P3) and the Hamiltonian H. Explicitly,

J.E = i% ¢:Oi(Rn(<p))E, (9.19)
[PoE](k) = ko E(K), (9.20)
[HE](k) = w(k)E(k), (9.21)

where R,(p) is a rotation by angle ¢ about the n axis. The expectation values of these
operators coincide with the total fluid energy, momentum, and angular momentum, as shown

in §9.5, Egs. (9.68)-(9.70) and Appendix B.
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9.3 Topology of plasma waves

By Theorem 2.3, we can classify the topology of EM and ES waves by their Chern numbers,
which can be thought of as a measure of how globally nontrivial or “twisted” the vector

bundle is [101].

9.3.1 Topology of electrostatic waves

It is straightforward to see that ES waves are topologically trivial and thus have Chern
number 0. A vector bundle is topologically trivial if and only if it has a smoothly varying
basis over the whole bundle. That is to say, a rank r vector bundle is trivial if it has r
nowhere-vanishing sections (¢1, ... ,) such that (¢ (k),...,1,(k)) are linearly independent
every k. Since (g is a line bundle (r = 1), it is trivial because E(k) = Eok is such a smooth

basis for any nonzero Ey € C. Thus, (p is isomorphic to the bundle R*\ {0} x C.

9.3.2 Topology of (g

It is much less obvious that (gys is topologically nontrivial. Because any (k, E) € (pu
satisfies the transversality condition k - E = 0, a nonvanishing section E(k) would imply a
choice of transverse vector at every point on the unit k sphere. Naively, this would appear to
violate the hairy ball theorem ([|39], Theorem 1). However, as Theorem 3.3 shows, the hairy
ball theorem only applies to real vector fields [1]; it does not apply in the present setting as
E(k) is generally complex.

In fact, we can show that (g is topologically equivalent (vector bundle isomorphic) to
the photon bundle v constructed in Chapter 3 [1], and therefore, (g is trivial by the same
arguments applied to v. Recall that the photon bundle consists of all of the vacuum solutions
of Maxwell’s equations in k space. It is constructed in exactly the same way as (gps except
with w, = 0. For all values of w,, the EM modes are described by (k, E) with E transverse

to k, thus, the bundles (gys and « are isomorphic for all values of wy,, including for w, = 0.
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Thus, we can apply all of the results from Ch. 3 on the topology of the photon bundle to
the EM plasma bundle (gy;. In particular, one can show that the Chern number of (g is 0
by observing that (zy; is the complexification of a real vector bundle and that such bundles
always have vanishing first Chern number (§3.2.1). This is sufficient to prove that (g is
topologically trivial, and thus there exists a globally smooth orthonormal basis for these EM
waves. It takes substantially more work to explicitly find such a basis, but as we saw it can
be accomplished with the use of the modified clutching construction developed in §3.2.3 |1,
41]. The explicit basis found for the photon bundle in §3.2.3 also gives a basis for (gy. In

particular, define

er (k) = sin(d)ey + cos(o)ey (9.22a)
€ (k) = — cos(¢)eg + sin(¢) e (9.22h)
e1_ (k) = —sin()ey + cos(¢)eg (9.22¢)
es_ (k) = — cos(¢)ey — sin(d)ey. (9.22d)

where (0, ¢) are spherical coordinates in k space and (12:, ey, e,) are the standard spherical

unit vectors and k # 0. The orthonormal basis for (gys is given by [€1(k), €2(k)] where

€14, €] for 0 <0< 3
[e1(k), €2(k)] = (9.23)

[F(0,0)e1_, F(0,0)es ] for T <<
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and F (6, ¢) is a 2D linear transformation which in the (eg, e;) basis is given by

F(6.6) = 2(9(0), ¢) +1i2(g(0), ) y(9(0), ) (9.248)
~y(9(9), ¢) 2(g(0), ) —1iz(9(0), 0)

2(0, ¢) = cos(2¢) sin®(6) + cos*(8), (9.24b)
y(6, ) = sin(2¢) sin(6), (9.24¢)
2(0, ¢) = —sin’(¢) sin(26) (9.24d)

eVt t>0
h(t) = (9.24e)

0 <0,

. h(0 —7/2)

9(0) = 5 (1+ 76 —7/2) + him 9))' (9.24f)

It is carefully constructed to be smooth at the poles and along the equator. This basis is
fairly complicated, but it demonstrates that it is possible to construct an orthonormal basis
for EM waves. Thus in theory it may be possible to find a simpler global bases via other
methods. This may be useful, for example, in computational plasma physics by providing a
smoothly varying spectral basis for the fields without restricting the domain of k.

Since gy = 7, the other topological results obtained for v in Ch. 3 apply directly to
Ceam as well. In particular, it is not possible to construct a global basis consisting of only
linear polarizations.Intuitively, this is because linear polarizations are scalar multiples of real
polarization vectors, and thus, in this case, the hairy ball theorem does apply to preclude
any globally nonvanishing linearly polarized vector fields. A global linear polarization basis
would imply that (gpy = v = ¢ @ 5 where ¢; and /¢y are trivial linearly polarized line
bundles. However, there do not exist any linearly polarized subbundles of (gy = 7, let

alone topologically trivial ones (Theorem 3.14).
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9.3.3 R and L waves are topologically nontrivial

While the complete set of EM waves is topologically trivial, it is not possible to trivialize
it using only linear polarizations as we just argued. One may ask an alternative question:
is it possible to write a global basis with one basis vector R circularly polarized and the
other L circularly polarized? The answer is no, but the obstruction is quite different from
that which prevents a linear basis. To begin with, the circularly polarized waves become
relevant once one considers the geometry of the EM waves, that is, once we consider the
action of the spacetime symmetry group G. While (g, is a unitary representation of G, it
is not an irreducible representation, meaning that there are rotationally and translationally
symmetric subbundles of (gy;. These subbundles are the R and L subbundles (, and (. (4
consists of all (k, E) € (g such that E = c(ej +-iey) for some ¢ € C and some right-handed

~

orthonormal coordinate system (e, e, k). (g is the direct sum of these bundles

Cem =G+ B (. (9.25)

That (4 are irreducible representations of G means that an R or L polarized wave will always
remain R or L polarized after rotation or translation. It is important to note that the R and
L waves behave differently from the spin up and spin down states of an electron or a massive
spin 1 particle. The spin up and spin down states can be transformed into each other via a
change in reference frame, while no change of reference frame (no element of G) can transform
an R wave into an L wave. We note that decomposing a representation into its irreducible
subrepresentations is a central problem in representation theory and particle physics. This is
true in the latter because particles are typically defined as irreducible representations of the
Poincaré group [43, 44]; in the present case we are essentially identifying the quasiparticles
of our plasma system. The Langmuir waves are also quasiparticles in this sense, as (y has
rank 1 and is thus irreducible. Unlike the total EM bundle (g, the circularly polarized

bundles (4 are not topologically trivial. This is most easily seen by calculating the Chern
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numbers via the Berry connection; the calculation is the same as that for vacuum photons
given in Theorem (3.13) which shows that the Chern numbers are C'((s+) = F2. The nonzero
Chern numbers indicate that the bundles (. are nontrivial. It is therefore not possible to
form a global nonvanishing basis of either (, or (_; put differently, if Er(k) denotes a
superposition of R polarized modes which varies continuously with k, then there must be at
least one kg such that Eg(ko) = 0, and similarly for L polarized waves. This means that it
is not possible to have monochromatic R (or L) polarized waves traveling in all directions
simultaneously; there must be at least one dark spot. Notice that this obstruction to a global
circularly polarized basis is a result of the topological nontriviality of the well-defined vector
bundles (4. In contrast, the obstruction to a global linearly polarized basis was due to the
nonexistence of linearly polarized subbundles.

The geometric separation into R and L waves can be carried out more systematically by
using Wigner’s little group method [42, 43|, and this shows how these waves are characterized
by their helicity. This method was originally used to characterize the UIRs of the Poincaré
group, resulting in Wigner’s classification of particles. We can apply the same idea here to
classify the quasiparticles in the cold plasma equations. The vector bundle version of the
little group method was developed in detail in §3.4 [1, 47]. Here we will use a simplified
version of this technique which suffices because the symmetry group G = R3™! x SO(3) does
not contain boosts. Heuristically, the idea of the little group method is to find an action of
a group H which is smaller than G, but which still contains enough information to classify
the action of G.

Consider 7 : ¢ — R3\ {0} where ¢ = {y or (gys. The little group at k is defined as the

subgroup of Hy of homogeneous transformations which leave k invariant, that is,

Hy, = {R € SO(3)| Rk = k}. (9.26)
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It is easy to see that Hj consists of all rotations Ry () about k for ¢ € [0,27), and thus
Hy, is isomorphic to SO(2) via Rg(¢) +— ¢. Since Hj does not change k, the fiber ((k)
is a unitary representation of SO(2). The generator of this action is the helicity operator
X = P.J=k-J. The representations of SO(2) are particularly simple; they are all 1D and
are spanned by the eigenvectors of the generator k - J. Denote the eigenvectors by (k, E,,)

and eigenvalues as h,, so that

~

(k- J)(k,E,) = hy(k, E,). (9.27)

Exponentiating gives

Y(Re(p)) (k, E) = e "¢ (k, E). (9.28)

The condition that ¥(Ry(27)) = 1 implies that h, must be an integer. Since the integers
are discrete, they cannot vary with k. Thus, the vector space spanned by (k, E,,) smoothly
varies with k and these vector spaces fit together to form a line bundle (},, (assuming no two

h, are degenerate). Thus, we can decompose ( as

C=Cn @ D, (9.29)

Furthermore, it is straightforward to check explicitly that the helicity operator k-J commutes
with all the generators of GG, and thus the (,, are irreducible bundle representations of G.
Applying this to the case of Czy, we note that if (e, ez, k) is a right-handed orthonormal
basis of R3, then

S(Ri(p)) (k. e1 ies) = e (k, e, Lies), (9.30)

so the helicities are £1. This shows that the R and L bundles, (., defined earlier result from
the little group method as the helicity +1 bundles. As the notation (, for the ES bundle

suggests, it is the helicity zero bundle since the modes (k, El%) are invariant under the action
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of Ri(¢). The upshot is that the little group method furnishes the helicity operator J - k

which lifts the internal two-fold degeneracy of the EM waves.

9.3.4 The electromagnetic-electrostatic resonance as a precondition

for topological nontriviality

The EM dispersion relation wy = \/W is the same as that of a relativistic particle
with mass mg = hw,/c®. This can be understood as the inertia of the plasma giving the
EM waves an effective mass. Massive particles are typically associated with trivial topology,
and for this reason it is surprising that we find (. are topologically nontrivial. Indeed, for

elementary massive particles the momentum space is the non-punctured mass hyperboloid

[

Mg = {(w/c, k) € R3+1)w — 1/ |k|2e +

m2ct }

- (9.31)

This is a contractible manifold, meaning that it can be smoothly deformed onto a single point.
As every vector bundle over a contractible base manifold is topologically trivial (Corollary
2.2), the vector bundles describing the states of elementary massive particles are trivial.
Massless particles, such as vacuum photons, are not subject to this constraint since their

momentum space is given by the forward light cone

L, = {(w/c, k) € R\ {(0,0)}w = |k|c} (9.32)

with the vertex at w = 0, k = 0 removed since massless particles have no rest frame. Note
that £, = R3\ {0}, since it can be parameterized by just k. £, is not contractible due to
this hole at the origin, and as such this momentum space can support topologically nontrivial
particle bundles such as the R and L photon bundles ~..

The reason the EM plasma bundles (. can be topologically nontrivial is due to the
resonance with the ES bundle (; at (w/c, k) = (w,/c,0). The ES modes can be thought

of as longitudinal photons in plasma [161]. In the vacuum, such longitudinal modes are
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nonphysical as they violate Gauss’s law, but these modes reappear once an effective mass
is introduced. As discussed in §9.2, the point of resonance must be removed from the base
manifolds of (4 and (y to form well-defined vector bundles. This creates a hole in momentum

space which allows for the possibility of topologically nontrivial behavior of the plasma waves.

9.4 Angular momentum eigenmodes, spin-weighted
spherical harmonics, and the nonexistence of SAM

and OAM operators

We now consider the following question: what are the eigenmodes of the angular momentum
operator for plasma waves? The angular momentum operator J is the generator of the
rotational symmetry, so we will restrict our focus to the symmetry group SO(3). It is helpful
to first separate the radial and angular variations in momentum space since only the latter

is important for studying the angular momentum: ([157], p. 160)
L*(¢n) = LA(RY) @ L*(Culs2)- (9.33)

Here, L?(R™) is the space of square-integrable functions of the radial coordinate |k| with
respect to the measure |k|?d|k| and ;| s is the bundle of monochromatic waves obtained from
¢ by restricting the base manifold R? \ {0} to the unit sphere S? in momentum space. This
expresses the fact that any field configuration Ej,(k) € ¢, can be written as a convergent sum
of terms of the form E(|k|)ay,(k) where o, € L*(Cp|s2). The angular momentum operator
J only acts nontrivially on L?*((|g2) since |k| is invariant under rotations.

The Hilbert space I'((|s2) is an infinite-dimensional unitary representation of SO(3) for
h = 0,£1. Since the UIRs of SO(3) are all finite-dimensional, as is true of any compact
group (cf. [124], Theorem 3.9), I'((x|s2) must decompose into an infinite number of UIRs.

The (non-projective) vector space UIRs of SO(3) are classified by the nonnegative integers
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n and have dimension 2n + 1; this follows from the usual ladder operator argument [83].
This means that there must exist multiplets of monochromatic field configurations Ehjm(fc)
which are closed under rotations, where h and j label a multiplet and m spans all integers
between —j and j. That is, if R is a rotation, then X rEr;m is a linear combination of the
E};ny for |m/| < j. Indeed, by the representation theory of SO(3), these multiplets solve the

equations

JgEhjm = TTLEhjm, (934&)
J+Epjm = [ 7 m)(j +1£m)]" Epjm, (9.34b)
J?Epjm = §(J + 1) Enjm (9.34c)

where J. = J; +iJy and J? = J7 + J3 + J3. Note that if Ej;,, were a scalar function rather
than a section of a vector bundle, then these equations would be equivalent to the angular
part of the time-independent Schrédinger equation in a spherically symmetric potential,
which is solved by the ordinary spherical harmonics. In fact, this is precisely the solution
for Langmuir waves since such waves are effectively scalar. Indeed, if we fix h = 0, then we
can write onm(fe) = onm(l%)l%. Since the vector field k is invariant under all rotations, it

follows that J,k = 0 for any a. Thus,

~ d ~
(JaEij><k> d_ Ra((p)Eij(Ra(_go)k) (935&)
P lp=0

- d .
= k% @zOEij(Ra(—gp)k) (9.35b)
= (LoEojm)k (9.35¢)

where
. 1

L = —Z(Gd)a@ - 69@&;5) (936)
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is the angular momentum operator on functions ([158], Eq. B.24) and L, = e, - L. For

h =0, Eq. (9.34) then reduces to

L3 Egjm = mEqgjn, (9.37a)
LiEgjm = [(j Fm)(j + 1£m)]"? Egjum, (9.37b)
L? EBojm = j(j + 1) Eojm- (9.37¢)

These are solved by the ordinary spherical harmonics
Eojm(k) = Ym(0, 9). (9.38)

Langmuir waves can thus be expanded in terms of the spherical harmonics, and the labels j
and m describe the total and z angular momentum, respectively.
The situation is more interesting for EM waves with A = +1 due to the nontrivial vector

polarizations. We will work in a particular basis for R and L waves, namely,

e, = i(eg +isgn(h)ey). (9.39)

V2

This basis will allow us to express the angular momentum basis in terms of a familiar set of

special functions. Note that this basis has discontinuities at the poles, thus, if we write
Ejm(k) = Epjm(K)en (9.40)

where Ej;p, (k) is everywhere smooth, then Ej,;p, (k) will be discontinuous at the poles (unless
E};,,, vanishes at the poles); importantly, these are coordinate singularities in the represen-

tation, not true singularities of Ej;,,. We also define

eo =k (9.41)



so that the following analysis also applies to the h = 0 case. In this basis, we can write

JgEhjm = (J,’L3Ehjm)eh (942&)
JiEhjm = (J}/LiEhjm)eh (942b)
J*Epjm = (J72Epjm)en (9.42c)

for some operators Jj on scalar functions. The same set of equations (for arbitrary integer
h) appeared in our analysis of the angular momentum eigenstates of massless particles §8.4

[6], where it was shown that

I, = —i,, (9.43a)
7, :eiw(ia PP ) (9.43b)
ha T sing " " sing )’ '
2h cos 6 h?

J? = -V?— L, . 9.43

sin? @ + sin’ @ ( )
The Ejj,, thus solve

JnzEnjm = mEhjm, (9.44a)
T Bngm = [(G Fm) (G + 1 £ m)]Y2Epjm, (9.44b)
S Epjm = 35 + 1) Epjm. (9.44c)

Dray [89] showed that these equations are solved by the SWSHs _Y},, rather than the
ordinary spherical harmonics. The SWSHs are given explicitly by [155]
(G +m)(j —m)(2j +1)
A (5 4+ h)(j — h)!
i — h i+ h . )
> <] ) ( i+ >(—1)3qhmelm¢(cot §/2)%+h=m (9.45)
q

q q+h—m

Yin(0,9) = | | (sing/2)
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where j > |h|, —j < m < j and the sum ranges from ¢ = max(0,m — h) to ¢ = min(j —
h,j + m). These are special functions which were first defined by Newman and Penrose
in their study of asymptotically flat spacetimes [86], but have since found applications in
many other areas including the interaction of charged particles with magnetic monopoles
[87-90], the study of complex spacetimes [91], analysis of the cosmic microwave background
radiation [93-95], in geophysical [92] and computer graphics applications [154], and in the
analysis of the angular momentum of massless particles [6]. This appears to be the first time
the SWSHs have shown up in the context of plasma physics.

The simultaneous eigenstates of J? and J, in L?((;|s2) are thus given by

~

Eijun(k) = 1Y (6, d)en (9.46)

Note that when h = 0, the SWSHs reduce to the ordinary spherical harmonics, (Y}, = Yjm,
so we recover the ES result in Eq. (9.38). For fixed h, the SWSHs are orthogonal [89],

m

/S2 hY}* hY;"m’ sin 6 df d¢ = 6jj’5mm’; (947)

so that any E(k) € L*((y) ® L*((y) ® L*((_) is easily expanded in terms of SWSHs:

Ek) => 3> anmllkl)-nYm(®. d)en, (9.48a)

h=—1j=|h| |m|<;

angm(|k[) = / Y (0,9)e; - E(k)sin 0 df dg. (9.48D)

Note that this gives a countable basis for monochromatic waves, as an arbitrary monochro-

A~

matic wave E(k) is specified by a countable set of complex numbers apj,. Compare this,
for example, to the expansion E(k) = Yo Ey(k)ey, in terms of the momentum eigenstates
ep—in this case the state is specified by an uncountable set of numbers Eh(lAc) as k spans

over the unit sphere. We have essentially followed the technique frequently employed in
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quantum mechanics of lifting degeneracies using commuting operators. In this case, the
_nYjmend(|k| — |ko|) are simultaneous eigenvectors of the energy H, helicity x, J?, and J;.
Indeed, since we can describe any wave using these eigenstates, these four operators give
a complete set of commuting operators (CSCO) for plasma waves, that is, a basis for the
states is determined by the eigenvalues (wy(|k|), h, j, m). Compare this to a massive particle
with spin and orbital DOFs, for which a CSCO is given by the five operators H, J?, Js, S?, L?
[160]. S? and h are determined by the identity of the particle (i.e., by the UIR of the sym-
metry group), but in the massive case it is necessary to specify both J? and L? (assuming
nonzero spin), while in the massless case J? suffices. This observation suggests that there
may be issues with defining SAM and OAM operators for EM plasma waves, a topic that
we will examine in greater detail.

The form of the SWSHs reveals some interesting features of the rotational symmetry and
angular momentum of plasma waves. We note first that there are no SWSHs with j < |h|,

showing that |h| is a lower bound on the total angular momentum, in particular,

(Epn|J?| Ey)

2 MO+ D). (9.49)

Thus, R and L waves have no j = 0 state, reflecting the fact that there is no wave E. (k)
that is rotationally invariant. This agrees with our topological analysis of R and L waves,
for such a rotationally invariant Ei(l%) would have to be nonvanishing for all k, which is
prohibited by the topological nontriviality of (.. Notice that this lack of j = 0 states is
not consistent with the existence of a standard SAM-OAM decomposition of the angular
momentum, as we argued in §8.5. For example, consider a massive spin 1 particle, with the

SO(3) symmetry of its spin space described by the representation V; and its orbital space by

Hy=Vo@Vi®Va® - . (9.50)
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Here, V; denotes the canonical SO(3) representations with dimension 2(+1, and in Eq. (9.50)
they are spanned by the ordinary spherical harmonic multiplets Y}, with |m| <. The total
angular momentum multiplet structure is determined by the addition of angular momentum

formula, where for a > b,

Va@ Ve =V @ Vopp1 @+ @ Voo (9.51)

The complete angular Hilbert space for a spin 1 particle is then

Vieg(o@Vid ) =Vae3Vie3lad---. (9.52)

In particular, the copy of V, shows that there is a total angular momentum 0 state. In
general, if the total orbital angular momentum can assume the same value s as the total spin
angular momentum, as is true for all massive particles particles, then there must exist a total
angular momentum 0 multiplet resulting from V; ® V. R and L plasma waves possess no
such multiplet, further suggesting that plasma waves do not admit an SAM-OAM splitting.
Additional support for this conclusion comes from analyzing the full multiplet structure of

R and L plasma waves. Indeed, we see that for h = +1,

D(ils2)=VidVod Vs --- (9.53)

where each V; corresponds to the multiplet +1Y},,e.. There is only one multiplet for each
j > 1. This is inconsistent with the typical multiplet structure of particles with an SAM-
OAM decomposition, which typically produce higher multiplicities as in Eq. (9.52). This
argument is highly suggestive, but not fully rigorous since it is possible to contrive exotic
OAM multiplet structures with missing OAM states which are consistent with Eq. (9.53)
[6], for example,

Vie(heheVi®- ) =ViohoVd---. (9.54)
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However, as discussed in §8.5, such an OAM multiplet structure is very unnatural, with the
OAM label [ restricted to integer multiples of 3, a situation that does not show up in any
standard physics applications.

We can rigorously show that no SAM-OAM decomposition is possible, ruling out such
exotic OAM structures, by essentially repeating an argument that applies to massless par-
ticles (cf. no-go Theorem 6.1; [4]). Assume J = S + L where S and L commute with the
Hamiltonian and generate SO(3) symmetries. Assume further that S generates an internal
symmetry, meaning that it does not alter k. Since they commute with the Hamiltonian, S
and L do not mix L*((gyr) and L?((y), and thus can be considered to act on EM and Lang-
muir waves separately. Since S is internal, it is an operator on each fiber (y(k) and (gps(k).
Since S generates an SO(3) symmetry, the fibers (o(k) and (g (k) are vector space repre-
sentations of SO(3) of dimension 1 and 2, respectively. We can decompose these into UIRs
of SO(3), which are isomorphic to the complex vector spaces V,, with dimension 2n+ 1. ( is
one-dimensional, so it must be equivalent to the trivial representation 1 whose generator is
0. Similarly, there are no non-projective representations of dimension 2, so (gas(k) = Vo @ Vo
and therefore also corresponds to a trivial representation with generator 0. Thus, we find

that S = 0 and therefore there is no nontrivial SAM-OAM decomposition.

9.5 Helicity and orbital quasi-angular momenta

We showed in the previous section that there is no true SAM-OAM decomposition for cold
plasma waves. By this we mean that if one splits J into two operators S and L, then these
operators do not generate 3D rotations, or equivalently, they will not satisfy the angular
momentum commutation relations. This has significant implications, because the majority
of the theoretical tools pertaining to SAM and OAM rely on their SO(3) structure. For
example, the addition of angular momentum formula, the Clebsch—Gordan basis, and the

Casimir invariance of S? and L? do not generally hold in the absence of SO(3) symmetry.
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Furthermore, we are accustomed to S,, S?, L., and L? having discrete spectra; this too may
fail if we consider S and L which do not generate rotational symmetries.
However, we now show that, as in the case of photons |1, 5, 71], it is possible to decompose

J into two well-defined vector operators defined purely in terms of symmetry generators:

J=J+J. (9.55a)
Jy=(J-P)P=xP (9.55b)
J, =—Px(PxJ) (9.55¢)

where P = P/|P|. That they are vector operators means that they satisfy [83]

[JH,aa Jb] - iEachH,c (956)

[JL,a; Jb] - ieabcji,c' (957)

J and J, are the helicity quasi-angular momentum and orbital quasi-angular momentum
encountered in §3.5.2 and Chapter 7. The term quasi-angular momentum reflects the fact
that these operators cannot be generators of rotation. While the analogous splitting has been
previously applied to photons in vacuum [1, 5, 67, 71|, this is the first time this operator
splitting has been given for EM waves in plasmas, although we will later discuss its similarity
with a recently proposed splitting in Ref. [84]. The validity of this decomposition can be
established as follows. If A, B, C are vector operators such that A and B commute, then

by Proposition A.1
Ax(BxC)=B(A-C)-(A-B)C. (9.58)

Setting A = B = P and C = J and using the fact that (J- 13) commutes with P gives Eq.
(9.55).
While it is not difficult to check that this splitting is technically valid, it can in fact

be derived from a more fundamental theoretical consideration—rotational symmetry. We
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showed in Chapter 7, in the context of elementary particles, that this splitting arises from
considering connections on vector bundles [5, 99], the same type of mathematical objects
which are ubiquitous in general relativity. We showed that every connection D (which can
be thought of as a covariant derivative) on a vector bundle over momentum space induces a

splitting of the angular momentum of the form

J=L"P +8P (9.59a)
LP = iPxD (9.59b)
SP=Jg-LP. (9.59¢)

Notice that this is what one would expect from the semiclassical heuristic of taking L = £ x P
and making the replacement  — iD. However, LP and SP satisfy SO(3) commutation
relations if and only if D has vanishing S*-curvature (Theorem 7.3; [5], Theorem 3), which
is not possible for the EM bundles (1 since they are topologically nontrivial. Nevertheless,

there is a unique connection D on (4|g2 induced by their rotational symmetry, namely,

PxJ
D=— , (9.60)
| P|
and this induces the splitting into the orbital and helicity quasi-angular momenta:
LP=—Px(PxJ)=J, (9.61)
SP=Jg-LP =4 (9.62)

Note that the Langmuir bundle is topologically trivial and D is flat on this bundle. However,
the induced splitting is trivial in this case since it has helicity xy = 0 and thus J; = 0 and
J, = J. We have thus shown that the quasi-angular momentum decomposition arises
from the same general theory which describes the corresponding decomposition for massless
elementary particles as well as the standard SAM-OAM splitting for massive particles [5].
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The quasi-angular momentum operators have a number of features which distinguish
them from true angular momentum operators. Most importantly, they do not satisfy angular

momentum commutation relations, but rather the peculiar relations

[0 J)5] = 0 # i€ape)| c (9.63a)

[JL,ay JL,b] - i€abc(<]l,c - J||,c) 7é ieachL,c‘ (963b)

The commutation relations for the components of .Jj show that they actually generate a 3D
translational R® symmetry rather than a 3D rotation symmetry. That the J, components
are not closed under the commutator (due to the Jj . term) shows that the vector operator
J | does not generate any symmetry at all.

Spectral analysis reveals another strange feature of these operators. In terms of spherical

coordinates (|k|, 0, ¢) for momentum space,

i PZ im
J),216(6 — o)™ Per] = WX[(S(@ — bp)e" €] (9.64a)
= i%d(& —0p)e™ e, (9.64b)
= +cos(0p)5(0 — Bp)e™ey (9.64c)

for any integer m, showing that
ag (k) =0(0 — 6p)e e (9.65)

is a (generalized [83]) eigenvector of Jj . with eigenvalue =+ cos(6p) on L?(¢s). From the
fact that y and P are both bounded operators with norms ||y|| = ||P|| = 1, we see that
J|| does not have any eigenvalues of magnitude greater than 1. J . thus has a continuous
spectrum given by the interval [—1, 1]. This is in stark contrast to the components of a true

angular momentum operator, which always have discrete integer or half-integer eigenvalues.
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Furthermore, J,6(0 — 6y)e+ = 0 since 6(6 — 0y)e is invariant about the k, axis, so it follows

that

Jzagto =0(0 — Op)exJ.e™ (9.66)

= may,, (9.67)

showing that a;'z is also an eigenvector of J, with eigenvalue m. Thus, the spectrum of
J1,. = J.—Jj. contains the interval [m — 1,m + 1] for each m. Since m can be any integer,
the spectrum of J, , is all of R. This again contrasts with the discrete spectral behavior
that occurs for true OAM operators.

Nevertheless, operators satisfying the non-SO(3) commutation relations in Eq. (9.63)
have long been used in the optics literature and are often called SAM and OAM operators
[67, 71, 74, 77, 78|. They are gauge-invariant vector operators and appear to be important
in experimental optics, despite not being true SAM and OAM operators [77]. We show in
Appendix B that the expectation values of J and J , as well as those of H, P, and J, can

be calculated by integrals over position or momentum space:

o BlE) = S [ E ) E e

n
— zh: %/d% |Ey(k)|?
_ / &z [%(52@3) + B () + %mnow(m)] (9.68)
G BIPE) =3 [ wr
_ / P {ﬁg@) x B(w) + mn(@)o()] (9.69)
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8i7T<E|J|E> _ —izh: %/%(;E}m (ks X Vi) Eny + Ej x By
- /d% [%m x (E(x) x B(x)) + mn(z)x X v} (9.70)

e

1 d3k
o BB =3 [ e

1
1 1 A3k
—(BElJB) ==Y — [ ZF; E
87r< |JL|E) 4 — St o h,n(k X Vi) Enn

1
I 1 1
_/d x[47rc gn E(x x V)A, + mniz x v

~ e x .AL} (9.72)

C

where wy = wy, we = (/w2 + |k|?, and E), = €], - E. A" is the transverse vector potential
in position space, the divergence-free part of the Helmholtz decomposition of the vector po-
tential. It is the component of the vector potential generating the EM waves E., but not
the Langmuir waves E,. The transverse electric field is given by £+ = ¢'9,,4%. Unlike
the full vector potential, A" is gauge-invariant, so the expectation values of J and J, are
also gauge-invariant and thus physically measurable [67]. These expectation values of J
and J, agree with expressions given recently by Bliokh and Bliokh ([84], cf. Table 1). We
note that Ref. [84] referred to these as the spin and orbital components of the canonical
angular momentum, but as we have shown, these do not correspond to generators of rota-
tional symmetries, and are thus not true angular momenta. We also note that, unlike the
expressions in Ref. [84], Egs. (9.68)-(9.72) do not assume that the waves are monochro-
matic or time-averaged. Bliokh and Bliokh show that J| is related to the induced plasma
magnetization in the inverse Faraday effect, which illustrates that the quasi-angular momen-
tum decomposition is experimentally relevant in plasma physics, despite it not being a true
SAM-OAM splitting. The Jy, J, decomposition is also useful for theoretical calculations, as

we illustrated in §8.4.2 when we used these operators to calculate the expressions for J/, J,
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and J, in Eq. (9.43). In summary, the quasi-angular momentum operators are naturally
induced by the rotational connection of cold plasma waves, and can be relevant in both ex-
perimental and theoretical contexts. It is important, however, to bear in mind that these are
not true SAM and OAM operators, and thus most of the theoretical tools used for angular

momentum operators do not apply to them.

9.6 Extension to kinetic plasma models

We indicate in this section how one might generalize our methods to the treatment of kinetic
plasmas. The true (generalized) eigenmodes of a kinetic plasma are the Case-van Kampen
modes which have a continuous spectrum [102, 164]. The continuous spectrum makes these
modes difficult to treat using the vector bundle formalism since it would produce infinite-
dimensional fibers. Since vector bundles are typically defined to have finite-dimensional
fibers, and since many vector bundle methods require this constraint, treating the Case—van
Kampen modes would require a modified formalism. While this may be possible, it is not
clear that it would be particularly helpful. Case—van Kampen modes are non-normalizable
and correspond to nonphysical initial conditions (|164], §8-10; [102], §9.1), and thus are not
particularly convenient for treating many physical problems. The standard and often more
useful formalism is the Landau initial value approach [102, 164, 165|, which allows one to
focus on plasma configurations corresponding to smooth initial conditions. Following the
treatment in Ref. [102], by linearizing around a spatially homogeneous distribution function

fo(v), one can express the wave equation in terms of the plasma dispersion tensor

Dg(w,k) = NNT —1N? + €(w, k) (9.73)
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where € is the dielectric tensor of the plasma model and N = ck/w is the index of refraction

tensor. The dispersion relation is given by
det Dg(w, k) = 0. (9.74)
Denoting the solution branches by w,(k), the quasimodes E,, (k) are determined by
det Dg(w,(k), k)E,(k) = 0. (9.75)

The term quasimode is used to distinguish these from the Case-van Kampen modes. The
problem thus takes the same form as Eq. (9.7) and we see that the quasimodes will globalize
to form vector bundles as k is varied. Thus we can study the topology of the quasimodes by
the same formalism as we have applied to the cold fluid model. One minor difference is that
the w, can generally be complex, reflecting the fact that quasimodes can be damped. This
does not cause obvious issues since the base manifold can always be parameterized by k.
Consider the example of an unmagnetized isotropic plasma, so that fo(v) = fo(v) where
v = |v|. As in the case of our treatment of the cold fluid plasma, we will ignore the ion
contribution to the dispersion tensor. If we pick an orthonormal basis (e, e,, 12:) at a fixed

k, then ([102], Eq. (10.14))

Dg = 0 e —N? 0 (9.76)
0 0 €l
where N = ck/w and

e (w k:)zl—w—g de (9.77)

IR k2 ), v—w/k '

w? kv? dfo

k) =1-""(1+ [ do—"v_2Joy, .

(k) w? ( * /L h kv, 8%) (9.78)
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The integral is taken over the the Landau contour L, which bends under the pole. Thus,
there is still a clear distinction between the ES modes €(w, k) = 0, which are longitudinally
polarized with E x k = 0, and EM modes €, — N? = 0, which are transversely polarized
with E - k = 0. We also need to consider the set of Weyl points where ES and EM modes
degenerate. For concreteness, let us take the background to be Maxwellian with electron

thermal velocity vp:
1 -2
e 7. 9.79
\V2mur ( )

Then, if we neglect relativistic corrections (vr < ¢), the EM dispersion relation is still given

fo(v) =

by ([102], Eq. (10.20))

why ~ Wi + k2 (9.80)
For small k (k < w/vr) the real part of the ES frequency is given by ([102], Eq. (11.35))

W, A we + 3k*07. (9.81)
Thus, the modes will still only degenerate at k = 0. Thus, we see that in these limits, (5 and
(K, are vector bundles over the momentum space R?\ {0} which are topologically equivalent
to the cold plasma bundles (gg and (X,,. This suggest that moving to a kinetic model does
not necessarily modify the topology. Furthermore, these waves will still be rotationally
symmetric. Thus, it appears that the description of the angular momentum eigenmodes in
terms of SWSHs, the nonexistence of an SAM-OAM decomposition, and the quasi-angular
momentum splitting should still apply in a kinetic unmagnetized plasma. However, we have
made a number of assumptions, such as neglecting the effect of ions and assuming only a
Maxwellian background. We emphasize that our treatment has been somewhat informal, and
is meant to indicate a potential route for future research on the topology and geometry of
kinetic plasma waves. The formalism described should also allow for the topological analysis

of magnetized kinetic plasmas by appropriately modifying Dpg.
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9.7 Conclusion

We have shown that the rotational symmetry of waves in a cold isotropic plasma induces
a natural decomposition into R, L, and Langmuir waves. The state space for each type of
wave globally forms a topological object known as a vector bundle. Langmuir waves have
Chern number C({y) = 0 and are topologically trivial, while R and L waves are topologically
nontrivial with C'((x) = F2. This topological nontriviality has surprising implications, par-
ticularly pertaining to the angular momentum. Instead of the ordinary spherical harmonics
which describe the orbital angular momentum eigenstates of massive particles, we find that
the total angular momentum eigenstates of R and L waves are described by SWSHs. This
gives a harmonic decomposition of plasma waves, and in particular, it gives a countable basis
for monochromatic waves. SWSHs have been utilized in many branches of physics, but this
appears to be their first application in plasma physics. The resulting angular momentum
multiplets have a very different structure than that which results for massive particles. In
particular, the multiplet structure for R and L waves is far sparser than that of massive
particles with spin and also has a lower bound of j = 1. This angular momentum multiplet
structure reflects the fact that plasma waves do not admit an SAM-OAM decomposition, a
somewhat surprising result in light of recent work which has implied such a decomposition
exists [84]. We show that the total angular momentum can be decomposed into the helicity
and orbital quasi-angular momenta, J and J,, and that this splitting is induced by the
rotational symmetry of R and L waves. It has previously been found that Jj is related to
the inverse Faraday effect in plasmas [84]. While this splitting is naturally induced by the
symmetry of the waves, J| and J; do not themselves generate rotational symmetries and
are thus not legitimate angular momentum operators. Indeed, these operators do not sat-
isfy angular momentum commutation relations and the components have continuous spectra
(in contrast to the discrete spectrum of the components of true angular momentum opera-
tors). As a result, we find that most of the theoretical tools pertaining to SAM and OAM

operators, such as the Clebsch-Gordan formalism, do not apply to J| and J, or to any
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other attempted splitting of J. These are important limitations to account for as further
applications of this splitting are explored.

This chapter demonstrates how the formalism of vector bundles, and representations
of symmetry groups on these bundles, can be used to rigorously study the topology and
geometry of plasma waves. We have only applied these methods to a very simple plasma
model, but this formalism is very flexible and can be applied to more complicated and
accurate plasma descriptions such as MHD and kinetic models. Future research will explore

such applications.
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Chapter 10

Conclusion

We review the main results of this thesis and discuss some potential directions for future

research.

10.1 Thesis summary and highlights

Throughout this thesis we have developed a flexible and rigorous framework to study the
topology and geometry of waves, and applied it to simple plasma waves as well as to vacuum
EM waves (photons), linearized gravitons, and more generally to massless helicity h particles.
We showed that even the simplest continuous media such as the vacuum or a cold unmagne-
tized plasma support topologically nontrivial waves. Using this framework, we were able to
explore a variety of physical manifestations of the topology and geometry of these systems.
Many applications pertain to a surprising connection we discovered between the topology
and angular momentum of waves, particularly the emergence of topological obstructions to
SAM-OAM decompositions. Below we highlight the major contributions of this thesis.

In Chapters 3 and 4 we showed that photons and linearized gravitons have a similar
structure. The solutions of the vacuum Maxwell equations fit together to form a vector
bundle v over the momentum space which takes the form of the light cone £ ; the solutions

of the linearized Einstein field equations similarly fit together to form the graviton bundle
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=. Somewhat surprisingly we show that v and = are topologically trivial, and this allows
us to construct the first globally smooth bases of photon and graviton polarizations. This
finding contradicts claims in some standard QFT references, such as Tong [37] and Woit
[38]. Indeed, in the second quantization of the EM field in the Coulomb gauge, the EM
field is typically expanded in a transversely polarized basis, but standard texts mention that
this is technically impossible due to the hairy ball theorem. It is claimed that this does not
ultimately result in issues because the resultant QED scattering amplitudes are not singular
([37], p- 129), but it is still theoretically disquieting. Our findings show, however, that it
actually is possible to choose these polarization vectors as the polarizations are complex and
the hairy ball theorem does not apply. Essentially we show that it actually is possible to
comb the hairs on a sphere flat, provided the hairs are complex.

By considering Poincaré symmetry, we find that the photon and graviton bundles natu-
rally decompose into R and L polarized bundles v+ and =1 which form unitary irreducible
representations (UIRs) of ISO™(3,1). Unlike v and Z, these bundles are topologically non-
trivial with C'(v+) = F2 and C(Z4) = F4. The Chern numbers for gravitons have not been
previously reported. The Chern numbers for photons were also obtained by Bliokh et al.
[104], albeit through less rigorous means without discussing vector bundles. This less rigorous
approach led them to attempt to define a new topological quantity, the so-called spin-Chern
number; we show that this quantity is inherently geometric rather than topological. The
finding that photons and gravitons are topologically nontrivial shows that even the simplest
continuous medium, namely the vacuum, can support topologically nontrivial waves. One
immediate consequence of this nontriviality is that there exist no globally smooth bases for R
and L gravitons. We show that the same is true of linear polarization but for a very different
reason—there exist no vector bundles consisting exclusively of linearly polarized waves.

An important observation is that the circularly polarized photon and graviton bundles 7.
and =4 are smooth UIRs of the Poincaré group, meaning that the polarizations globally fit

together and that they vary smoothly under Poincaré transformations (changes of reference
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frame). In contrast, the conventional Wigner representations for photons and other massless
particles with h # 0 are singular. We prove in Theorem 3.32 that vector bundle UIRs
of massless particles induce corresponding smooth UIRs on the Hilbert space of sections of
particles, showing that one recovers elementary particles according to the standard definition,
and moreover, one obtains smooth representations of these particles. It has been suggested
[47, 48] that this result can be derived from a theorem of Mackey’s ([115], Theorem 14.2),
however, Mackey’s theorem is not phrased in the language of vector bundles and the details
of this correspondence are not provided. Instead of appealing to this theorem, we offer a
novel proof which uses far simpler methods than Mackey’s theorem; this is possible because
our result only applies to representations of the Poincaré group while Mackey treated the
far broader class of locally compact symmetry groups.

In Chapter 5, we obtained the novel result that massless particle bundles of arbitrary

helicity can be constructed from iterated tensor products of the photon bundles 7.,

Th=7+& " Q7+ . (10.1)
|h| times

This is a distinctly massless phenomenon and results in an exceptionally simple description
of massless particle bundles which is useful for explicit calculations, such as those in Chapter
8 and Chapter 9 pertaining to the spin-weighted spherical harmonics (SWSHs). We see that
the photon bundles v4 form the core building blocks of topologically nontrivial waves over
the sphere, and indeed, we show in Chapter 9 that these describe R and L plasma waves as
well and that Langmuir waves can be identified with .

We used this tensor product description of 45 in Chapter 5 to uncover a previously unre-
ported relationship between the topology and geometry of massless particles. According to
Wigner’s classification, which we show in Chapter 3 applies to vector bundle representations,
the Poincaré geometry of elementary particles is characterized by the representation of the

little group H on the internal polarization space. For massive particles, H = SO(3) and
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the geometry is characterized by the nonnegative spin s which is famously related to the
topological dimension of the internal vector space V by dim V' = 2s+1. A singularity occurs
when m = 0 and the little group jumps to H = SO(2).! This results in all massless particles
being characterized by an integer helicity h, but they all have a single internal DOF; it is
clear then that the dimension of the internal space does not encode the topology. Instead, we
have shown that massless particles form line bundles which are topologically characterized
by their Chern number C'. We show that this is related to the geometry of massless particles
via C' = —2h, giving the nontrivial massless analogy of dim V' = 2s 4+ 1. Heuristically, this
relationship shows that the local behavior of polarizations under rotations is directly related
to the degree to which the polarization states are globally twisted together.

Much of this thesis focused on showing connections between the issues surrounding SAM-
OAM decompositions of massless particles and plasma waves and the topological nontriviality
of these waves. In the formal framework we have employed, it becomes immediately apparent
that one will encounter issues when attempting to decompose the angular momentum into
SAM and OAM. The (total) angular momentum J is the generator of the global SO(3)
rotational symmetry of these systems. The existence of an SAM S implies that there exists
an internal SO(3) symmetry of the polarization spaces. Particles have a canonical internal
symmetry of the little group H; for massive particles H = SO(3) and the generator of this
symmetry furnishes just such an SAM. However, H = SO(2) for massless particles, producing
a scalar helicity operator, but not an SAM operator. This relationship between the jump
in the little group from SO(3) to SO(2) and the issues encountered with defining massless
SAM and OAM does not appear to have been previously reported.

We extensively studied this question of the existence of an SAM-OAM decomposition
for massless particles in Chapter 6. We proved a series of four no-go theorems, the first
two showing that a genuine SAM-OAM decomposition for massless particles is impossible.

They provide two different perspectives on the obstruction, no-go Theorem 6.1 showing that

ITechnically the little group is ISO(2) but the inhomogeneous elements act trivially for Standard
Model particles, so the little group effectively acts like SO(2).
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it is related to the geometric singularity of the little group jump just described, and no-
go Theorem 6.2 showing that it can be related to the topologically singular jump of the
momentum space from the contractible mass hyperboloid to the noncontractible light cone.
No-go theorem 6.3 illustrates that one cannot split J into S + L where both S and L
generate non-SO(3) symmetries. No-go theorem 6.4 shows that relaxing the constraint that
the SAM is internal does not remove the obstruction. Thus, our results show why a genuine
SAM-OAM splitting for massless particles have not been found, and puts constraints on
what one can hope to obtain by generalizing the definitions of SAM and OAM.
Nevertheless, a commonly proposed splitting J = J| + J| has appeared repeatedly in
the literature [68, 71, 72, 77, 84]. These are not genuine angular momentum operators, and
in line with no-go Theorem 6.3, J, is not the generator of a symmetry. Nevertheless, this
splitting is well-defined and expressed entirely in terms of natural operators, and furthermore,
it has been argued that it is physically relevant for both photons and plasma waves |77, 84].
Thus in Chapter 7 we examined the question of whether there is a compelling theoretical
origin of this splitting. We showed that every geometric connection D on a vector bundle
naturally induces a splitting of J but that this splitting is only an SAM-OAM decomposition
if the connection is (S?)-flat. Both rotational symmetry and boost symmetry define curved
connections, D® and D*, and thus induce non-SAM-OAM splittings of J. However, for
massive particles one can form a uniquely combine D and D to form a flat connection,
and this recovers the Newton-Wigner position operator and the corresponding SAM-OAM
decomposition for massive particles. However, a strange singularity occurs when m = 0, in
which transverse boosts and rotations degenerate, causing D = D®. There is only a single
connection in this case, and it produces the Jy,J, splitting. This connection is, however,
curved, explaining why these fail to be SAM and OAM. In the case of plasma waves, the
background plasma breaks boost symmetry, leaving only the curved connection D® which

again induces the J), J splitting.
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An interesting question arises when one considers the analog of the spherical harmonics
for plasma waves or massless particles, which we explored in Chapters 8 and 9. Ordinary
spherical harmonics decompose the orbital Hilbert space for massive particles. However,
the Hilbert spaces of plasma waves and massless particle waves do not decompose into spin
and orbital parts. Using the tensor product representation in Eq. (10.1) we show that
the monochromatic Hilbert space decomposes into the spin-weighted spherical harmonics
_thmeLEh' of weight —h. This breaks the Hilbert space into rotationally invariant subspaces
spanned by simultaneous eigenstates of helicity, energy, J?, and J,, giving a rather elegant
decomposition of the fields. They give a much simpler and more explicit description of
these eigenstates than that recently obtained by Dragon [85]. We used the properties of the
SWSHs to give a concrete illustration that there is no SAM-OAM decomposition for massless
particles or plasma waves. Indeed, the angular momentum multiplet structure of the SWSHs
is extremely sparse, consisting of at most a single multiplet for each j. Furthermore, there
are no multiplets with j < |h|. Neither of these properties are consistent with any reasonable
SAM-OAM decomposition, as the addition of angular momentum formula typically creates

degenerate multiplets and multiplets with j extending all the way down to 57 = 0.

10.2 Suggested future research

10.2.1 Extension to kinetic and dissipative fluid models

The topological analysis of plasma waves is a fairly new area of research, and so far only mod-
els without dissipation have been analyzed such as cold fluids [19, 28-31, 33, 34|, ideal MHD
[32], and Hall MHD [35, 109]. A natural direction for future research is to apply our methods
to the analysis of waves in a kinetic or dissipative fluid plasma model. The vector bundle
methods developed are well-suited to apply in such theories, provided in the kinetic case
one treats quasimodes rather than Case-van Kampen modes as discussed in §9.6. Changing
the plasma model will change the dispersion tensor, and then one can follow the procedure
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(a) (b) I (©)

(d)

Figure 10.1: Tllustration of the homotopy equivalence of R\ S* with the horn torus and the
wedge sum of a 2-sphere and circle, S? vV S*. (a) R?\ S!, with the excluded circle shown
in dashed black, deformation retracts onto the horn torus (the torus with equal major and
minor radii). (b) The cusp at the center of (a) can be stretched into a line, so that the horn
torus is deformed into a 2-sphere along with a diameter (blue) connecting the poles. (c) The
space is deformed into S? v S! by moving the poles in (b) along S? until they meet. (d)
Same as (c) with the copy of S* depicted outside the sphere for clarity.

of identifying the different modes w, (k) from det Dy = 0 and forming vector bundles by
varying k, excluding the points at which modes degenerate (Weyl points). One difference is
that for dissipative waves the w,, will be complex, but this should not cause any difficulties
for topological analysis. It will still be the case that the set of points M,, = {(w,(k), k) } will
form a manifold which can be parameterized by k. The more interesting question is what
the set of excluded Weyl points looks like. Introducing dissipation corresponds to adding a
non-Hermitian term to the Hamiltonian. In condensed matter applications this has led to
the phenomenon of an isolated Weyl point splitting into a ring of Weyl points [166, 167],

and it has been argued that this is actually a common effect of non-Hermitian perturbations

[167, 168]. This does not occur in the case of a nonrelativistic unmagnetized kinetic plasma
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discussed in §9.6; indeed, this phenomenon cannot occur in a spherically symmetric system
because a ring of Weyl points would break that symmetry. It is possible, however, that such
rings may occur in systems with a preferred direction, such as magnetized plasmas. If such
a ring of singularities occurs for waves in a plasma, the base manifold would correspond to
momentum space with that ring removed, that is, M = R?\ S'. Unlike R\ {0}, M does
not deformation retract onto a sphere S%. As depicted in Fig. 10.1(a), M instead retracts
onto the horn torus, that is, the torus with major and minor radii equal. Note that due
to the singular point at the center, the horn torus is not actually a manifold, but rather a
cell complex (a space formed by gluing together spheres of various dimensions) [105]. As
depicted in Fig. 10.1, this space can be deformed into a 2-sphere tangent to a circle, that
is, it is homotopy equivalent to the wedge sum S? v S'. This description helps illustrate a
rather peculiar feature of the momentum space R? \ S!, namely, that it does not deforma-
tion retract onto any closed 2D surface. Indeed, it is straightforward to calculate the first

homology group from the cell complex structure (cf. §2.2 [105])

H(R*\ S~ H(S?v S =7 (10.2)

which reflects the single one-dimensional hole corresponding to S'. However, an orientable
genus g surface M, has Hy(M,) = Z?9 while a nonorientable genus g surface N, has Hy(N,) =
72971 & Zy where Z, is the group with two elements (cf. [105], Examples 2.36 and 2.37). Since
no closed 2D surface has first homology Z, R3 \ S! cannot retract onto any such surface.
Recall that we used the fact that R\ {0} deformation retracted onto the 2D surface S? to
define the Chern numbers of vector bundles over R3\ {0} in §2.2.3. It is thus unclear if one
can define a meaningful analogy of the Chern number for vector bundles that arise when
M = R3\ S'. We note that the Chern class is still a well-defined topological invariant for

these bundles, so it may be the case that one must work instead with this object rather than

a Chern number. This discussion suggests that damped waves in magnetized plasmas may
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have a very different topological characterization compared to their non-damped Hermitian
counterparts due to the presence of ring degeneracies. Thus, it may be the case that these
waves exhibit novel topological properties; additional research is needed to examine this
possibility.

It particular, it may be interesting to study the degree to which the bulk-edge corre-
spondence (BEC) is valid for kinetic plasmas, for example, to study the kinetic analog of
the topological Langmuir-cyclotron wave |19, 33] and determine if it exhibits topologically
protected behavior. Known rigorous statements of the BEC for continuum waves [19, 20|
assume Hermitian bulk Hamiltonians. It was recently shown by Fu and Qin [35] that the
non-Hermiticity in the transition region between Hermitian bulk media does not modify the
BEC. However, it has been found that the BEC is sometimes violated in lattice systems if
the bulk Hamiltonians themselves are non-Hermitian [169, 170|. It may be that a shift in the
momentum spaces from R? \ {0} to R?\ S! could cause similar issues for the plasma BEC.
More work is needed to understand the nature of the BEC for dissipative plasma waves.

It is also interesting to note that the quasi-angular momentum decomposition J = Jj+J
in Eq. (9.55) can be applied to unmagnetized kinetic plasma waves, and one could obtain
the kinetic forms of Eqgs. (9.71) and (9.72) for their expectation values. Indeed, this splitting
is naturally induced for any wave system that is invariant under 3D rotations. As it has
been argued that the fluid version of this splitting is useful, for example, in describing wave-
induced magnetization [84], it may be the case that this provides a useful splitting of the

kinetic plasma angular momentum as well.

10.2.2 Magnetized plasmas and odd Chern numbers

One might notice that all of the Chern numbers encountered in this thesis are even: C' = 0 for
trivial bundles, C' = F2 for R and L photons and EM plasma waves, C' = F4 for gravitons,
and more generally, C' = —2h for massless bosons with helicity h. It is thus interesting to

note that bundles with Chern number C' = £1 are encountered in the study of Hall MHD
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waves [35, 109]. Similarly, some magnetized fluid waves have odd Chern numbers [33]. One
can ask if there is a meaningful reason why odd Chern numbers show up in these contexts. It
may be that this is related to the fact that in both magnetized fluid plasmas and Hall MHD,
the background magnetic field breaks the spherical symmetry of the system. That is, the
wave bundles will not be SO(3) symmetric and thus do not possess a helicity so the equation
C = —2h is not applicable, allowing for odd Chern numbers. This raises a number follow-
up questions. Are waves with odd Chern number common in non-spherically symmetric
configurations? In magnetized plasmas, the waves will still possess SO(2) symmetry about
the background magnetic field; is there any interesting relationship between the topology
and geometry (symmetry) of such waves? If the conjecture is true that breaking spherical
symmetry often leads to waves with odd Chern number, this would imply via the BEC
that one may typically expect the appearance of edge modes at the boundary of spherically
symmetric (which have even C') and non-spherically symmetric bulk media. This gives one
reason why it is interesting to explore potential relationships between the parity of Chern

numbers and symmetries of wave equations.

10.2.3 Continuous spin particles

Throughout this thesis we have excluded what are known as the continuous spin particles.
These are the massless representations where the full massless little group ISO(2) = R? x
SO(2) acts nontrivially, and does not reduce to to an SO(2) symmetry [42, 43|. In particular,
if e1, e, e3 = k is an orthonormal coordinate system, then the generators of the little group

Hy, action at k are «, 3, and J3 where

o = J2+K1 (103)

B=—J+ K, (10.4)
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and J and K are the angular momentum and boost operators. J3 generates SO(2) part of
the Hj, action while o and 3 generate the translational R? part. Continuous spin represen-
tations are those in which a and g are not zero. Wigner showed that such particles have
an infinite number of internal degrees ([42]; [43], pp. 70-72). As this finding is inconsistent
with all experimentally observed particles, they are not part of the Standard Model [43].
Nevertheless, there has been renewed interest in these hypothetical particles since 2015 after
action principals for them were discovered [171]. Recent work suggests that these particles
can consistently interact with matter, even in flat spacetime [172-178|. There are an infinite
number of continuous spin particles and all can be obtained from mass m, spin s particle
representations in the limit m — 0 and s — 00, so in a sense they correspond to “infinite
spin” [175]. It is interesting to consider the question of whether or not such particles admit
an SAM-OAM decomposition. One will immediately notice that most of our results do not
apply to continuous spin particles. For example, no-go Theorem 6.1, which proved that
massless particles do not have an SAM-OAM decomposition, relies on the fact that massless
UIRs have only one internal DOF. This is true for massless particles in the Standard Model
which have o = = 0 but not for the infinite-dimensional continuous spin particles. It is
more interesting to consider how the argument in §7.4.4 fails. We saw that for typical mass-
less particles, as m — 0, the actions of transverse boosts and transverse rotations degenerate
[Eq. (7.163)], corresponding to o — 0 and 8 — 0. This caused the degeneracy of the boost
and rotation connections D¥ = D so there was no way to affinely combine D¥ and D¥ to
produce an S2-flat connection, and thus no corresponding SAM-OAM decomposition. How-
ever, continuous spin particles are precisely those for which o # 0 and 8 # 0, so DX # D%
and this argument fails. Thus it may be possible to construct an SAM-OAM splitting for
continuous spin particles by balancing D¥ and D?® as in the case of massive particles. More
careful analysis is needed to explore this possibility, as D% # D alone does not guarantee

that such a balancing is possible.
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There is also the issue of actually defining DX and D® when there are infinitely many
DOFs; after all, the typical definition of vector bundles requires that the fibers are finite-
dimensional vector spaces. We believe this difficulty can be overcome by using the more
generalized notion of Hilbert bundles which allow fibers to be infinite-dimensional Hilbert
spaces [179]. In fact, if it is indeed the case that continuous spin particles form Hilbert
bundles one obtains an immediate and rather surprising result: continuous spin particles
are topologically trivial. This is because all Hilbert bundles with infinite-dimensional fibers
are actually topologically trivial ([180], p. 67). Thus the topological obstruction to an
SAM-OAM operator discussed in no-go Theorem 6.2 does not appear to apply to continuous
spin particles, leading further credence to the notion that an SAM-OAM decomposition may
exist. On the other hand, the little group is still ISO(2) rather than SO(3) so heuristically
it seems that there should not be an internal SO(3) representation for these particles. In
summary, there are qualitative arguments that both support and oppose the contention that
continuous spin particles admit an SAM-OAM decomposition. Given the recent interest in
these particles by the high energy physics community, it may be worthwhile to examine this

issue more closely.
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Appendix A

Noncommutativity of the Poincaré

generators

The Poincaré generators satisfy

[T, Jp] = i€ape e, [Ja, Kp| = i€ape K¢ (A.1a)
(Ko, Kb) = —i€apete, [Jar Po] = i€anePe (A.1b)
(Ko, Py) = iH0w, [Ko,H]=iP, (A.lc)

[Ju, H] = [Pa, H] = [P,, Py = [H, H] = 0. (A1d)

In this appendix we give some useful results pertaining to the noncommutativity of the

generators.

A.1 Noncommutative BAC-ABC rule

Ordinary 3D vectors a, b, ¢ satisfy the well-known BAC-CAB rule

ax(bxec)=bla-c)—c(a-b). (A.2)
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However, this relationship does not hold for general vector operators A, B, C which fail to

commute. If A and B commute, then we have the following useful relationship

Proposition A.1 (Noncommutative BAC-ABC relation). Let A, B, C be vector operators

such that A and B commute: [A,, Bn] = 0. Then

Ax(BxC)=B(A-C)—-(A-B)C (A.3)
Proof. From the relation
€ijk€mnk — 6zm6]n - 6zn5]m (A4>
we obtain
[A x (B x C)i = €jrAj€kmnBnCh (A.5)
=B(A-C)-(A-B)C (A.8)
O]

This is useful for decomposing a vector operator, such as J, into parallel and perpendic-
ular parts with respect to another such as P. In particular, since P.P= 1, applying the

above result with A = B =P and C = J gives

J=PP J)—Px(PxJ) (A.9)

=J+JL (A.10)
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where

Jy=P(P-J) (A.11a)
J = —-Px(PxJ). (A.11Db)
Similarly,
K:KH-FKL (A.12a)
K = P(P K) (A.12b)
K =-Px(PxK). (A.12¢)

A.2 Useful commutation relations

The boost generators K satisfy more complicated commutation relations than the other
Poincaré generators. Indeed, unlike the momentum operators, the boosts do not commute
with H, nor do different components of the boost commute with each other. This gives rise to
interesting physics, such as the Wigner rotation, but it also greatly complicates calculations.
In this section we collect a number of useful commutation relations involving the Poincaré
generators, mostly involving K.

If the operator B! is defined, then

A, B =AB'-B'A
= B 'BAB™'— B 'ABB™!

=-B7'[A, BB (A.13)
If [[A, B], B] =0, then for nonnegative n: ([158], Eq. (2.90))

(A, B"] = n[A, B|B". (A.14)
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If B~! exists, then Eq. (A.14) holds for all integers n by Eq. (A.13). Using the Poincaré

commutation relations and Eq. (A.14) we obtain the following:

[K,, H"| = inP,H" "
[K,, |P|"] = inHP,|P|"?

[(PK)>Pa] =iHP,
_Z'(SabH tHP, P,
| P| |P?

[H"K,, H"P)] = iH™ """ 16, + inP, P,H™ !

[paa Kb] -

P K-K P=-""
| P|

P-K—-K: -P=-3iH.

312

(A.15a)
(A.15b)
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(A.15d)

(A.15e)

(A.15f)
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Appendix B

Expectation values of plasma operators

In this appendix we derive Egs. (9.68)-(9.72), showing that the expectation values of the cold
plasma operators H, P, J, J|, and J can be calculated in terms of integrals over momentum
space or position space. Because each of these operators commutes with the Hamiltonian, the
expectation values are all conserved quantities. We use the notation E = E(k), E' = E(k'),

E = E(—k), and similarly for other variables. We also write w- (k) = w, (k) = w_(k).

Proposition B.1 (Expectation value of H).

E\H\E ZSW/—Eh [HE,](k) (B.1a)
= Z < /d3l<: | E|? (B.1b)
= Z/d?’ — (& +B;) + ;mnovh] (B.1c)

= /d% [87(82 + B%) + %mnoﬁ)} (B.1d)

Proof. We can decompose any state into eigenvectors of the helicity x:

> E, (B.2)

h=0,%1
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Since y commutes with H and since states with different helicity are orthogonal, it follows

that

(ELHIE) = S (BB = [ miw - e, (B.3)

establishing Eq. (B.1la), and [HE|(k) = w,E(k) gives Eq. (B.1b). Analogous statements
for the operators J, P, J; and J, also hold because these commute with x. We establish
the equivalence of (B.1b) and (B.1c) by showing that the summands are equal for each h.

We have that

1 3 i(k-x—wt
£:(@) = 55 / Pk (B (k) 4 e (B.4a)
c A3k .
_ - i(k-x—wt)
Bule) = 55 | o, <k % By (k)e —|—c.c.> (B.4b)
SO
/d3{L' |£h|2 _ 1 /dgl‘ dgk’ dSk/ (Ehei(km—wt) + E*e—i(k-m—wt)>
4(2m)3 h
) (E;Lei(k’m—w’t) n E]/l*e—i(k’-:c—w’t)) (B.5)
Using
/ Bz e® — (27)5(k) (B.6)
we obtain
1 d3l'|g |2 1 3]€<2|E |2+E ‘Ee—%wt
8 32m " e
+Eh E* 21wt> (B?)
Using
e
k)= —i E,(k B.8
0u(k) = ~i—— By (k) (B3)
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we similarly find

mno mno 9
—/dga:v,f = /d3 (2]'vh|2—|—'vh-vhe 2wt

2 8
tol @;em) (B.9)
1 _ ,
dgk p <2|Eh’2 Eh . Eheimwt
T 32r w2

_E - Ee 2““) (B.10)

(h =0 case): In the h = 0 case, wy = w, and B = 0, so from Egs. (B.7) and (B.10) we

have
/d% [ (& B) + gmnge?] = i/d% By 2 (B.11)
D M 8 ’ '
giving the desired result.

(h = %1 case): In the EM case, wi = w? + |k[*c® and k - Ex = 0. By replacing € with

B in Eq. (B.7), and using the relationship

k
B, - 4 B, (B.12)
Wy
we obtain
1 1 2|k|? )
Pz By = P (2BLf? — Ba Bue™®!
8 + 327r/ w7 Be]” = €

L EL E;e%wt> (B.13)
This equation combines with Egs. (B.7) and (B.10) to give
/d% [i(si +B2) + 1mn0v1] — i/d% |E.|? (B.14)
8T 2 8m ’

completing the EM case and establishing the equivalence of (B.1b) and (B.1c). Lastly, we
note that equation (B.1d) is established if we show that the cross terms in the inner products
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vanish, namely, if
/d3x [8% (Sh &+ By, - Bh/) + %mnofuh . 'vhr] =0 (B.15)
for h # h'. In general,
/ Pr&,-Ey = i / &Pk [Ey - Ejye ' “vmn) + B, - Epe@nten) 4 cel. (B.16)

The first term vanishes since e, - e;, = 0 for h # h’. If exactly one of h or A’ is 0, then
the second dot product clearly vanishes. If h = £1 and &' = F1, then since EL(—k) is

proportional to EL(k),
E (k) -E-(—k)=cE.(k) - E.(k)=0. (B.17)

Thus
/d%; En-Ew=0. (B.18)

Similar calculations show that the other two terms on the lhs of (B.15) vanish, establishing

(B.1d). m

Proposition B.2 (Expectation value of P).

E|P|E ZSW/dz—kEh - [PE,](k) (B.19a)
— zh: 8—7T/d3kzw—h|Eh|2 (B.19b)
— zh:/d% [4%@8’1 x By, + mnmvh] (B.19¢)
- /d3 [%mg x B+ mn, hv} (B.19d)
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Proof. From PE(k) = kE(k) we obtain
kr,
E|P|E) = d*k —|Ey)?. B.2
EpiE) =3 [ k) (B:20

We now show that the summands in Egs. (B.19b) and (B.19¢) are equal for each h.
(h = +£1 case): If h = 1, then ny; = 0, so the only nonvanishing term on the rhs of Eq.
(B.19¢) is the EM term. We have

/d3x8h % Bh _ 1 /d3 dgkd?’/{;' C|k |( Eje i(k-x—wpt) —|—E* —i(k-x— wht))
4(2m)3 w,
X (l%’ x B/ ®=wht) 4 k! E;Z*e‘i(k"w_%t)> (B.21)
Note that
1 ! ~ : ’ : ’
I= / Po kO ‘Eh x (K x Ej)e®ktk)mitlote)
(2m)? wh,
k .
— _/d3 d |E x (k x Ej)e”2ent (B.22)
wh,
By substituting kK — —k and noting that
E.(—k) x (k x Es(k)) = E+(k) x (k x E+(—k)), (B.23)
we see that I = —1 so that
I=0. (B.24)

Similarly, the cross term in Eq. (B.21) involving E*(k) and E*(k’) also vanishes. The

remaining two terms give

1 k
d3x gh X Bh = 87 /dgkw—h|Eh|2 (B25)

drc

for h = £1.
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(h = 0 case): For Langmuir waves we have By = 0 and in Fourier space

?
Nio = —Rk . E() (BQG&)
Uy = — L Eh (B26b)
mwp
(Ey - k)E; = k|Ey|*. (B.26¢)

The only nonvanishing term on the rhs of Eq. (B.19¢) is

1 1 i(k-x—w x —i(k-z—w
/ d*zmng gvy = “Ton @) / I d*k K — [k - (Boe'* @) — Ee/ket)]

Wp
> (Eéei(k’-mprt) . E(/)*efi(k’-mprt)) (B27a)

1 [k Bk )
_ /ddk—yEon v (6—2W/—(k . Ey)E, +c.c.>. (B.27h)
8 W

Wp

The last vanishes is zero because by writing Eo(k) = a(k)k and taking k — —k:

/d3k(k-Eo)E0 - /d%a(k)a(—k)k

= —/d%a(—k)a(k)i%. (B.28a)
Therefore
3 1 5, K 2
d rmni oo = 5 d’k —’E()’ y (B29)
8m Wy

establishing the equality of Egs. (B.19b) and (B.19c¢).
To show the equivalence of Eqs. (B.19¢) and (B.19d) it is sufficient to show that the

helicity cross terms in (B.19d) vanish, namely that,

™

1
/d3l‘ [4—8h X Bh’ + mnlyhvh/] =0 (B30)
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for h # h'. For h = £1 and b/ = F1:

1 % ‘ .
/ A€ x By = 5 @y / Brd’kd°K —CL, | <Eiez<’“'w*“vt> + Ej[e*“’“%w))
Y
x (R x BLeemtt) o jf x Bire =0 (B.31)
Then
1 s 3y 3, ClE| 71 1\ iz (k+k' ) —it(wy+w!)
)’ e P’k &’k —E. x (k' x E})e 7Ty (B.32a)
™ W
’
— [ Mg, (k x Ey)e 2t (B.32b)
— o B N .
k _ ,
= Fi / &k LB (k) - E)e et (B.32c¢)
Wy
=0. (B.32d)

The last line follows because E(—k) = C(k)EL(k) for some scalar function C' and Ey (k) -
E.(k) = 0. The term involving EY and EZ in Eq. (B.31) similarly vanishes. The term

involving E. and EZ (and the term involving their conjugates) also vanishes:

C|k/| 7 x\ ix- /) —it (wyFw!
P / Qo d’kd’l ——= B x (K x EZ)e (ork’) it Fes) (B.33a)
_ Pk C’k’ E 123 E*) e 2iwqt B.33b
- o B x (kx E%)e (B.33Db)
Ck * —2iw.
_ —/d?’kw—v(EfE;)e 2i (B.33¢)
= 0. (B.33d)
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Thus Eq. (B.30) holds for h = £1 and ' = F1. The h = £1, b’ = 0 case is trivial since

ni+ = 0 and By = 0. The final case, h = 0 and A’ = £1, follows because

1 3k
/dg.il?ang’Ui =—— [ —

k- F E —it(wyFwp)
167 Wy [( o) Exe

— (k- Eo)ELe ™) 4 ¢

1
= —/d3$4—m£0 X Bi'

Proposition B.3 (Expectation value of J).

e =Y o [ E Bk
& N - 8 wp P .
— 1 [ &k ) .
1
= ;/d% [Ra: x (En X By) 4+ mnypx ¥ vh}

:/d?’g: [%wx (5><B)—|—mn1:1:><v]

e

Proof. It was shown in Ref. [5], Lemma 1 that J) and J, can be expressed as

Jy=ProS

J 1 = ,Ph oL
where S and L are the usual spin and orbital angular momentum operators
(Sa)bc = _ieabc

L:—ikka
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(B.34a)

(B.34b)

(B.3ba)

(B.35b)

(B.35¢)

(B.35d)

(B.36a)

(B.36b)

(B.37a)

(B.37D)



and P : R\ {0} x C3 — ~, is the projection onto the helicity h states. For a component J,

of the angular momentum, we generally have

3
(E|J,|E) = Z/MEh [T Ey (k) (B.38a)
d3k:
= / “(Bi- (Puo LBy + B (P o S.)Ey) (B.38b)
h
k(. .
— ;/7<Eh-LaEh+Eh-SaEh> (B.38¢)
&k
= / (E (k X Vi)aEy + B} yeancEn, ) (B.38)
&k
- —z/ (ZE (k % Vi)oEpn + (B % Eh)a>, (B.38e)

establishing Eqs. (B.35a) and (B.35b). We show that the equivalence of (B.35b) and (B.35¢)
by showing the integrands are equal for each h.

(h = £1 case): In the EM case, ny + = 0, so the claim is that

| &k
— [ drax (£ xB) = @/ (ZEM kka)Ein—FEiin) (B.39)

One can prove this by similar techniques used for Propositions B.1 and B.2. However, we
omit the proof since a detailed derivation of this result is given by Li in the Appendix of
Ref. [181]. While Li was concerned with the case of EM waves in the vacuum, the derivation

only uses the relationship

1 dgk i(k-x—w

and is equally valid in the vacuum (w = |k|) and plasma (w = /w2 + ¢2|k|?) cases.
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(h=0 case): For Langmuir waves, E} x Eq = 0, By = 0, and we can write E(k)

We thus wish to show that

/d TMeN 0T X

Starting with the lhs, we have

3
/d TMeN1 T X Vo =

Me
4(2m)3

dk
vy = ——/—E* (k x Vi) Eq
; 3
= —i ﬁa (k: X Vk)
8T ) wp

/ Px Pk d*k xx [(n1o(k)e'® =) 4 c.c.)

- (vo(k)e'k®ert) )]

Using Egs. (B.26a) and (B.26b) we get

Using

we have

1
/d%menl,ow X vy = 8—(Re(11) + Re(IQ))

1 . ,
I, = dx Pk Pk —= &k k' - ENE: x xe®(k—K)
(2 )3 0 0
s wp
(21)3 / Prdkak L TR (. B)e 2 By x et ®H).
T wp

/de xe™

3
]1:_/dk‘
Wp

d*k

k=) — _(27)%iV o (k — k)

&k (k' - E)) Vi x (Ejo(k —K'))

_ /—Vk(k: E,) x E;

Wp
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= a(k)k.

(B.41a)

(B.41b)

(B.42a)

(B.42b)

(B.43a)
(B.43b)

(B.43c)

(B.44)

(B.4ba)
(B.45Db)
(B.45¢)

(B.45d)



Similar algebra shows that

I = —ie%ient / %“a(k)k X (Va) (—k) (B.46a)
— et / Ci—fa(—k)k X (Vi) (k) (B.46D)
- ze*%w( / ﬂf@(k)k % (Vi) (—k) (B.46¢)
- / B Vi, x [MD (B.46d)
S p (B.46e)
o that
L=0. (B.47)

Combining Eqgs. (B.43a), (B.45¢), and (B.47) shows that

: 3
! MOz*(kz x Vi)a, (B.48)

8 Wy

3 _
/d TMeNY T X Vo = —

establishing the equivalence of (B.35b) and (B.35¢).
We verify that (B.35¢) and (B.35d) are equivalent by checking that the helicity cross
terms (h # h') vanish:

4re

/d?)x [Lw X (Eh X Bh’) + mny & X ’Uh/] = 0. (B49)
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This is trivial for A = £1 and A’ = 0 since By = 0 and ny + = 0. For the h =0 and 1’ = +£1,

it is straight-forward to show that

/d% mny o X U+ (B.502)
i it(wt —w *
N /dg](”'zhrw7 [_ M)V k- Bo] x Bl
+ e @y (k. Byl x By | + c.c. (B.50Db)
1
= —— d3§C.’E X (80 X B:I:) (B5OC)

4re

so that Eq. (B.49) holds. For h = 1 and h = F1 the second term in Eq. (B.49) clearly

vanishes. The remaining EM term can be split into two parts:

/d?’l’ﬂ} X (gi X B:F) = 13 + [4 (B51a)
Iy = / FPr Pk d’ K @ x (Epet™ ) x Blre Ko=)y 4 cc, (B.51b)
Iy = / FPr Pk d’ K @ x (Ere't*!) x Bl K==l cc., (B.51c)

Standard manipulations, along with the fact that EZ x E. = 0, give

k
Iy = i/d%ﬂv x (BX x Ey) =0. (B.52)
Wy
Similarly, since EJF x E4 =0, we have
3, clk| .
Ii==% | @’k —V x (Ex X Ey)+c.c. =0. (B.53)
2w,
Thus
/d3m X (Exx B.) =0, (B.54)
completing the verification. O]
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Proposition B.4 (Expectation value of J).

B3k
—(B|Jj|B) = Ej% [ B B (B.559)
Bk
= — —"E; B.55b
ZZSW [ i (B.53b)
_ 3 1 1

= Eh 4_71'C/d [E(‘:h XAh (B55C)

1
= P&t x At (B.55d)

47rc

Proof. Egs. (B.55a) and (B.55b) follow from considering only the J; = P, o S term in
Proposition B.3. Since E = E, + E* and since E'OL x Ey = Ej x Ey = 0, the sum
can be taken only over h = £1, or equivalently, E can be replaced by E+. Eq. (B.55c)
follow from A+ = ¢ '9,E*. Lastly, we prove the equivalence of (B.55¢) and (B.55d). Since

Ey = Ay =0, it is sufficient to show that

/ dPr€1 x Af = 0. (B.56)

This follows because

1 .
Pr &y L:/d%_ Ey x Ex(—k)e *"+®)
/ rEy x Az W'y[ + x Ex(—k)e

+ E.(k) x EX(k) + c.c]. (B.57)

The first term on the rhs vanishes since E+(—k) = C)(k)EL(k) and the second vanishes

since B} (k) = Cy(k)EL(k) for some scalar functions C; and Cs. O
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Proposition B.5 (Expectation value of J ).

&k
E\JL|E Z 87T/ [T LE) (k) (B.53a)
——zz—/d3—kE* (kx Vi)E (B.58b)
N 8 Wh, hin k) Zhn ’
—Z/d?’ 47T025hnwaAhn+mn1hwxvh (B.58c)

Y L 1
_/d [4#025 (x x V)A, + mniz x v

- (B5%)

Proof. Ref. [182] (pp. 45-47) gives the decomposition

1
Are

dPrxx (ExB)= /d3:c{ ZE#(II} x V)A: + EF x AL
—emz X AL}. (B.59)
The equivalence of (B.58a), (B.58b), and (B.58d) then follow directly the corresponding

equations for J (Proposition B.3) and J (Proposition B.4) by using J, = J — J|;. Those

Propositions also directly imply that

1
S—W(E\JL\E Z/d?’ 4WczghnwaAhn+mn1hwxvh
—eny e x AL (B.60)
Eq. (B.58c) then follows because n; ;45 = 0 for all h. O
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Appendix C

List of symbols

Below is a list of symbols used frequently throughout this thesis and their primary usage.

Some symbols are occasional used for other purposes.

Symbol Primary usage

O(n) n-dimensional orthogonal group

SO(n) n-dimensional rotation group (special orthogonal group)
so(n) Lie algebra of SO(n) and O(n)

U(n) n-dimensional unitary group

SU(n) n-dimensional special unitary group

su(n) Lie algebra of SU(n) and U(n)

10(3,1) improper Poincaré group, including parity and time inversion
10%(3,1) orthochronous Poincaré group, includes parity inversion

ISO*(3,1)  (proper orthochronous) Poincaré group

i50(3,1) Lie algebra of ISO™(3,1), I0(3,1), and 10" (3, 1)

0(3,1) improper Lorentz group, includes parity and time inversion
0% (3,1) orthochronous Lorentz group, includes parity inversion

SO*(3,1)  (proper orthochronous) Lorentz group

(list of symbols)
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50(3,1)
I'(E)

T+
Th
YLor

Cem

C+

Lie algebra of SO*(3,1), O(3,1), and O7(3,1)

space of smooth sections of vector bundle E

total photon bundle

right (+) and left (-) circularly polarized photon bundles
helicity h bundle

relativistic Lorentz factor

electromagnetic plasma wave bundle

right (+) and left (-) circularly polarized electromagnetic plasma wave
bundles

electrostatic plasma wave bundle

Minkowski metric in the mostly plus (— + ++) signature
Lorentz transformation

total graviton bundle

right (+) and left (-) circularly polarized graviton bundles

vector bundle with total space E, base manifold M, and projection 7. It
is standard shorthand to refer to the vector bundle as E.

fundamental group (first homotopy group) of a manifold M

action of symmetry (Lie) group on vector bundle

linear action of a symmetry transformation g € G on a vector bundle
induced Lie group action on vector bundle of sections

helicity operator

(basis-dependent) connection 1-forms for some connection D
(basis-dependent) curvature 2-forms for some connection D
Hermitian conjugate of an operator A

position-space magnetic field

momentum-space (Fourier-transformed) magnetic field

(list of symbols)
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CTL

standard n-dimensional complex vector space
connection on a vector bundle

boost connection

rotation connection

vector bundle obtained by restricting base manifold to N
position-space electric field

momentum-space (Fourier-transformed) electric field
curvature of the connection D

complex conjugate of a constant or function f
Hamiltonian

(singular) homology complex of a manifold M

de Rham cohomology complex of a manifold M

n'® de Rham cohomology group of a manifold M

Lie algebra of the Lie group GG

forward light cone

space of square integrable sections of vector bundle E
space of square integrable sections with respect to measure du
mass m hyperboloid

angular-momentum operator

boost operator

parity operator

momentum operator

n-dimensional Euclidean space

the set of positive real numbers

n-dimensional sphere

(list of symbols)
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sgn

sym

sign function on real numbers

symmetrized product of operators or Hilbert spaces
n-dimensional torus

tangent bundle of manifold M

tangent space at p to M

complexified tangent bundle of M

complexified tangent space at p

translation by a* € R3*+!

space of vector fields on manifold M

time-inversion operator

(ordinary) spherical harmonics

spin-weighted spherical harmonics of weight s

disjoint union over the index set [

semidirect product of groups, with GG; as a normal subgroup
tensor product of vector spaces, vector bundles, or representations
the empty set

wedge product of differential forms

wedge sum of topological spaces
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Appendix D

List of abbreviations

BEC  bulk-edge correspondence

c.c. complex conjugate

CMB  cosmic microwave background
CSCO complete set of commuting observables/operators
DOF  degree of freedom

DOFs degrees of freedom

EM electromagnetic

Eq. Equation

ES electrostatic

lhs left-hand side

L left

OAM  orbital angular momentum

R right

Ref. Reference

rhs right-hand side

SAM  spin angular momentum

TT transverse-traceless
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