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Abstract

I develop and characterize valid standard errors and inference for both spatial causal inference problems and
limited-information calibration, as well as define a post-estimation procedure that adjusts Bayesian vector
autoregression (BVAR) forecasts given additional information in a manner consistent with full re-estimation.

Chapter 1 provides and justifies standard errors for causal inference settings with spatial assignment. I
show how knowledge of and weak dependence in the assignment mechanism alone justify particular design-
based standard errors and inference, avoiding restrictive assumptions on outcomes or the distribution of
individual causal effects. I contrast these standard errors with common alternatives from the literature,
demonstrating that these alternatives tend to exhibit overcoverage and power loss when individual treat-
ment effects are positively spatially correlated. Finally, I extend the results to derive valid design-based
standard errors and inference for a local average treatment effect (LATE) estimand under correlated treat-
ment assignment.

Chapter 2, coauthored with Mikkel Plagborg-Mgller, demonstrates how to conduct inference for cal-
ibrated model parameters when the correlation structure of moments used in calibration are unknown.
Existing standard error formulas require a consistent estimate of the correlation structure. However, using
only the variances of empirical moments, we derive conservative standard errors, confidence intervals, and
overidentification tests that are valid even under the worst-case correlation structure. We apply the meth-
ods empirically to a model of menu cost pricing for multi-product firms and to a heterogeneous agent New
Keynesian model.

Chapter 3 defines a procedure for adjusting the forecast distribution of a BVAR by exploiting additional
information ex-post after estimation and states conditions under which the adjustment procedure is mean-
equivalent to re-estimation of an expanded model. I show how one can apply the Frisch-Waugh-Lovell
Theorem in a Bayesian context to extract the marginal information in additional predictors and use it to
drive data-driven adjustments of the forecast distribution, under proper penalization as would occur under
re-estimation. In an out-of-sample forecasting exerise, I compare performance of this simple adjustment
procedure to a popular alternative of constructing and estimating individual, custom nowcast models for
each outcome in the core BVAR. I demonstrate that the recommended procedure performs comparably for

most variables.
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Chapter 1

Standard Errors under Correlated

Assignment in Spatial Settings

1.1 Introduction

Causal inference under treatment effect heterogeneity typically assumes assignment to treatment that exhibits
independence across units or non-overlapping clusters. Yet settings exist in which treatment status for
individual units are correlated but units cannot be ex ante partitioned into non-overlapping clusters for
standard cluster-based inference.

As described in Borusyak and Hull (2023), such “fuzzy clustering” naturally arises in network and spatial
causal inference settings, the latter of which is the focus of this paper. In spatial settings, interventions occur
at specific geographic locations, inducing treatment in surrounding units. As a consequence, the treatment
status of geographically proximate units are typically correlated. Previous work demonstrates the necessity of
adjusting standard errors in causal settings with correlated treatment and that clustering is sufficient when
clusters are collectively jointly assigned (see Abadie, Athey, Imbens and Wooldridge (2017) and Barrios,
Diamond, Imbens and Kolesar (2012)). However, unlike standard settings, in spatial applications, one
typically cannot ex ante partition units into disjoint clusters that are always collectively assigned, which
which rules out standard clustering adjustments for inference. For example, the distribution of treatment
locations may be continuously distributed over the spatial domain as in many urban and dense population

settings (Brown, 2018). Here it is impossible to characterize the units as belonging to disjoint clusters



ex ante, although treatment typically still exhibits correlation or “fuzzy clustering.” Unlike the standard
clustered assignment case, less concrete guidance exists for conducting valid causal inference about average
treatment effects in this fuzzy clustering setting.

Further complicating matters, spatial causal inference settings with fuzzy clustering typically also involve
pronounced nonstationarity in outcomes. For example, Bera and Simlai (2005) and Banerjee, Gelfand,
Knight and Sirmans (2004) have argued for spatial nonstationarity in house prices, reflecting differences
in the variance of house prices and correlation between house prices at a given distance over the spatial
domain of study, even after adjusting for covariates. Such differences in the spatial distribution of potential
outcomes and individual treatment effects could arise prior to treatment from agents’ sorting (Couture,
Gaubert, Handbury and Hurst, 2019) or fixed geographic features of a given spatial domain (Saiz, 2010).

In response, this paper states a set of results for conducting valid causal inference in spatial binary treat-
ment settings while being robust to both fuzzy clustering and spatial nonstationarity in potential outcomes.
I show how knowledge of the assignment mechanism can be exploited to verify spatial weak dependence
of treatment status, which is then used to construct an asymptotically normal estimator of the average
treatment effect (ATE) and conservatively estimate its variance. While a strong assumption, knowledge
of some features of the assignment mechanism is necessary in any causal inference setting to consistently
estimate average treatment effects (ATEs) in the first place. This is especially true in spatial settings where
geographic assignment typically leads to unequal treatment probabilities across units, which must addressed
to avoid bias in estimating the ATE (Borusyak and Hull, 2023). And so by further exploiting the assign-
ment mechanism directly, one can correct for fuzzy clustering with the added benefit of also accommodating
arbitrary heterogeneity in potential outcomes—e.g. from sorting, sharp changes at borders, etc.

In terms of implementation, the asymptotically normal ATE and variance estimators are constructed
from (joint) treatment probabilities deduced from the assignment mechanism; inference is done using the
corresponding t-statistic, where variation in this statistic stems from randomization over assignment. The
construction of the ATE and variance estimators largely follows Aronow, Samii et al. (2017). Yet distinct
from their approach, I establish the asymptotic behavior of the estimators under explicitly spatial limit
theorems from Jenish and Prucha (2009), which exploit more traditional weak dependence assumptions on
the binary treatment indicators rather than somewhat non-spatial independence conditions. This also makes
clear that the assumption of binary treatment is less important for inference than the route from spatial
weak dependence to valid design-based standard errors. Second, using the randomization distribution over

assignment for inference means that inference is fundamentally conditional on potential outcomes, which



permits zero distributional assumptions on causal effects.

After stating the recommended inference approach and standard errors, I also show that these standard
errors are preferable to those of Conley (1999) in terms of coverage and power for design-based inference. In
the spatial econometrics literature, the Conley (1999) variance estimator was originally motivated as a spatial
analog to HAC estimators from the time series literature, providing standard errors for GMM settings with
spatially correlated outcomes. One might reasonably hope that Conley (1999) standard errors also enable
appropriate design-based inference under correlated treatment. However, as I show, Conley (1999) standard
errors typically lead to design-based inference that is excessively conservative under positive correlation in
heterogeneous treatment effects (which is likely the most relevant case in practice), relative to the Aronow
et al. (2017) estimator that fully exploits knowledge of the assignment mechanism. ! This translates into
excessively wide confidence intervals under positive correlation in individual treatment effects and power loss.
Therefore, Conley (1999) standard errors are appropriate only for a superpopulation inference perspective
(rather than design-based) or for guarding against interference, as recently discussed in Leung (2022) and
Wang, Samii, Chang and Aronow (2023).

Following the asymptotic results, I use a simple analytical example and simulation study to compare vari-
ance estimators and how performance varies with correlation in treatment, the distribution of heterogeneous
treatment effects, and sample size. As a first step, I demonstrate that the variance estimator of Aronow et al.
(2017) succeeds in achieving nominal coverage in large samples, across different degrees of positive spatial
correlation in treatment status, which is likely the most relevant case. I also document the large-sample
power loss from using SHAC estimators in a design-based setting in this simple example. Lastly, the simula-
tion studies also suggest that the variance estimator of Aronow et al. (2017) suffers from small-sample bias
that leads to undercoverage. This suggests bias adjustment in variance estimation may also be an important
area of future research in spatial design-based settings with correlated treatment assignment, similar to the
important literature on finite-sample HAC variance estimation (Lazarus, Lewis, Stock and Watson, 2018).2

Finally, in an instrumental variables (IV) setting with known assignment mechanism for the instrument
(that allows correlated treatment across units), I show how the variance estimator construction of Aronow

et al. (2017) can be repurposed to construct a variance estimator for a LATE estimand under general

IThe conclusions of the comparison will hold for other SHAC estimators (which essentially differ only in finite sample
properties) or robust alternatives like Miiller and Watson (2022). The ranking of variances results from the difference in
inference perspectives (design-based vs. superpopulation) and assumptions placed on potential outcomes (none vs. stationary)

2Qian (2020) is a recent example from the survey literature, which discusses finite-sample corrections in cases of sampling
without replacement. Since design-based causal inference is deeply related (since one samples units for population and control
separately without replacement), the results could likely be extended in a straightforward way. In the econometrics literature,
Hong, Leung and Li (2019) have studied the effect of limited overlap on bias, whereas I instead document how the data
generating process for treatment effects seems to play a role, separate from overlap.



treatment effect heterogeneity. Instrumental variables is quite common in spatial and network settings (see
Baum-Snow and Ferreira (2015) and Borusyak and Hull (2023) for examples), as spatial and geographic
settings in economics bring with them substantial endogeneity issues, even setting aside general equilibrium
issues. This result therefore enables IV inference under treatment effect heterogeneity that again properly
accounts for “fuzzy” clustering in treatment assignment. Finally, because the IV variance estimator takes
the form of the Aronow et al. (2017) estimator from the non-IV case, the intuition and results developed in

the non-IV setting carry over directly to the IV setting.

Preceding Literature While the causal econometric literature on spatial assignment is fairly recent,
there has been previous applied work on estimating the effects of spatial treatment. Such place-based treat-
ment may include the location of power plants (Davis, 2011), grocery stores (Freedman and Kuhns, 2018),
foreclosures (Ellen, Lacoe and Sharygin, 2013), low-income housing (Baum-Snow and Marion (2009) and
Diamond and McQuade (2019)), or public health interventions (Miguel and Kremer, 2004). These interven-
tions then jointly affect nearby house prices, crime, public health, etc. in the vicinity of the intervention.
See Baum-Snow and Ferreira (2015), Borusyak and Hull (2023), and Pollmann (2023) for further examples.
The proliferation of spatial data has increased the demand for econometric guidance.

Until recently, Conley (1999) standard errors have been the standard for inference in spatial settings
(when clustering at the level of assignment is not possible), even though this paper shows they are likely
to be too conservative for ATE estimation under heterogeneous treatment effects and correlated treatment.
The Conley (1999) variance estimator is a special case of the broader class of spatial heteroskedasticity and
autocorrelation (SHAC) standard errors, which are a two-dimensional analog to time series HAC estimators
from the time series literature. They were originally motivated under spatial stationarity assumptions
on outcomes, which is ill-suited to causal inference with treatment effect heterogeneity.® Moreover, their
performance and properties in a potential outcomes framework with a known assignment mechanism has
only recently been explored by this paper and contemporaneous papers in the literature.

Instead, this paper will follow the broader causal literature and make assumptions on assignment so as
to avoid sampling or modeling assumptions on outcomes. This direction follows papers like Abadie, Athey,
Imbens and Wooldridge (2020), which studied regression settings with independent assignment. Instead,
I study joint assignment with binary treatment, although results could be extended to the multivalued

treatment case at the cost of additional notational complexity and requirements on treatment probabilities.*

3As in the time series case (Andrews, 1991), stationarity is not strictly needed for SHAC estimation, just weak dependence
on outcomes. However, even weak dependence for outcomes may be undesirable given strong spatial sorting.
4The results of Abadie et al. (2020) in the case of single binary treatment regression are nested by the results in this paper.



This design-based perspective is relevant not only because it will relax assumptions on outcomes, but in
some experimental settings, researchers may even control the spatial assignment mechanism directly.’

Many of the results in Abadie et al. (2020) have their counterpart in this paper with joint assignment;
however, the poor performance of Conley (1999) standard errors stems from correlation in treatment, which
is particular to this paper and other papers that consider joint as opposed to individualistic and independent
assignment; see the next section of the literature review. On the similar side, Abadie et al. (2020) showed that
that Eicker-Huber-White (EHW) standard errors are typically larger than those implied by purely design-
based randomization, although one cannot reduce the bias since it depends upon unobserved (heterogeneous)
treatment effects. This paper similarly finds that Conley (1999) and SHAC standard errors are typically
larger than those implied by purely design-based randomization. However, I domonstrate that one can do
better that SHAC variance estimators by fully exploiting information about joint treatment probabilities
from the known assignment mechanism.

Finally, to formalize a random process for spatial assignment, I draw briefly on the spatial statistics
literature for point processes. Most papers in the spatial literature drastically simplify the assignment
mechanism, e.g. designating a fixed number of “potential sites” and indendently assigning each site to
treatment or not based on a Bernoulli trial (Wang et al., 2023). However, I discuss and show in a simple
example how a spatial point process process—a common construction in spatial statistics (Diggle, 2013)—can

be used as a tool to formalize any spatial random assignment mechanism, more generally.

Recent and Contemporaneous Literature This paper is closely related to recent papers in the causal
econometric literature that all use “design-based” inference to address the shortcomings mentioned above.
This focus on design-based inference naturally follows because the spatial literature is a particular instance
of a “bipartite” causal inference problem (Zigler and Papadogeorgou, 2021), in which the level of assignment
is distinct from the level at which outcomes are measured.® As emphasized in this paper, Borusyak and Hull
(2023), and Pollmann (2023), a design-based (rather than random sampling) perspective is preferable when
assignment and outcomes exist at different levels. Recent papers differ in their assumptions on assignment,
potential outcomes, and (as a consequence) their target estimands, which I now discuss.

The first related paper is Aronow et al. (2017), (1) that I use to construct a variance estimator with better

properties Conley (1999) under spatial correlation in treatment and (2) that I extend to the instrumental

5In Blattman, Green, Ortega and Tobén (2017), the authors could choose where to randomly assign police officers or
neighborhood improvements. In Mobarak and Rosenzweig (2013), researchers randomly located rainfall measurement stations
to measure the effect of distance to measurement stations on insurance takeup when payouts are based on rainfall measured at
that precise station location.

6For example, treatment is assigned to specific locations in space, not paired with individual units.



variables case, which is relevant for applications. While the framework of Aronow et al. (2017) is general
and uses a CLT that relies on limited network dependency for treatment, I adapt their ATE and variance
estimator to the spatial case and instead demonstrate asymptotic normality of the ATE estimator under
spatial weak dependence for treatment.” I then make a natural comparison to the Conley (1999) variance
estimator, which is a new contribution not considered in the setting with correlated treatment.® I also
demonstrate that this variance estimator is preferable to Conley (1999) standard errors which are otherwise
typically too conservative. Finally, I show that extension to LATE estimators is straightforward, and one
can use a modification of their variance estimator to derive standard errors for a LATE estimand. Given the
same spatial weak dependence assumptions on assignment for an instrument, asymptotic normality holds
for LATE-related quantities. This extension was missing from the literature, including the next paper.

Next, within the econometric literature, Borusyak and Hull (2023) have recently emphasized the impor-
tance of adjusting effect estimators for differential treatment probabilities to avoid bias, while my paper
focuses on inference and variance estimation beyond the cases considered by Borusyak and Hull (2023). In
particular, they consider a regression IV setting with continuous regressors and constant marginal effects,
and “debias” estimators of the effects by including an expected instrument within the regression. In this
paper, I focus on a binary treatment setting (for simplicity) with heterogeneous individual treatment effects,
and account for differential treatment probability by inverse-probability weighting.” While they focus on
bias and test only sharp null hypotheses using Fisher randomization inference, I focus on asymptotically
normal inference under treatment effect heterogeneity. I do this not only for the ATE, but also a LATE esti-
mand under treatment effect heterogeneity. And while the authors do show that their estimation approach
recovers a LATE estimand in the case of heterogeneous treatment effects, they do not prove asymptotic
normality or provide a corresponding variance estimator. In this paper, I show how one can translate weak
dependence in spatially correlated treatment into an asymptotically normal estimator of the LATE (in the
binary treatment case), and state a variance estimator. Importantly, to derive this variance estimator, I do
not need to impose more on the problem than Borusyak and Hull (2023). They already assume that one
can simulate from the assignment mechanism, so my results simply use additional moments generated by
the already assumed assignment mechanism to accommodate heterogeneity.

Distinct from Aronow et al. (2017), Borusyak and Hull (2023), and this paper, there is another strand

of the recent literature that studies interference, which I do not consider. Specifically, Pollmann (2023)

7CLTs under spatial weak dependence are already familiar from the SHAC literature, e.g. Jenish and Prucha (2009). The
only difference is that I apply the limited dependence assumption treatment rather than outcomes themselves.

8See subsequent discussion on using Conley (1999) for interference and network dependence, which is a distinct use case.

9Under binary treatment, IPW and the expected instrument approach are exactly equivalent.



and Wang et al. (2023) allow for interference in which an individual/unit’s outcome depends upon the full
realization of spatial assignment, rather than an individualistic treatment status.'® In other words, they
assume that one must always write potential outcomes for any unit i as Y;({s.}<_ ;) where {s.}<_; is the
full list of treatment locations, and that one cannot simplify or reparametrize this mapping to Y;(D;), where
D; is an individualistc “exposure,” “sufficient statistic” for treatment, or instrumental variable associated
with unit 7. I assume the latter, while they do not. Because they allow potential outcomes to depend
upon multiple nearby treatment locations and interact in arbitrarily complex ways, their estimands must
marginalize over the assignment mechanism and, as a consequence, depend upon it.!!

Pollmann (2023), therefore, differs mainly in the target estimand, the assumptions on assignment, and
in his novel extension to settings with unconfoundedness. The estimand of Pollmann (2023) is the average
treatment effect on the treated (ATT), allowing for general interference, while I rule out interference and
focus on the ATE and LATE. To simplify, the author also assumes that treatment is assigned to separate
regions or independently to pre-selected candidate locations. This choice is driven by the desire to handle
interference, while my stronger assumptions on potential outcomes (e.g. spatial treatment manifesting fully
as a binary “exposure” D; for each unit, rather than dependence on the full configuration {s.}< ;) allows
me to adopt weaker assumptions on the spatial assignment mechanism. In general, this tradeoff is common.
General interference often requires simpler designs for more interpretable results. In contrast, my stronger
assumptions on potential outcomes allow weaker assumptions on assignment. Finally, Pollmann (2023) offers
a useful practical approach to matching treatment and control locations under unconfoundedness, which I
do not consider.

Similar to Pollmann (2023), Wang et al. (2023) also study design-based inference for spatial assignment
under interference, with a difference essentially only in the estimand and how it weights individual units.'?
Therefore, all comments for Pollmann (2023) carry over.

Finally, Wang et al. (2023) is also notable, along with Leung (2022) from the network causal inference
literature, because they also evaluate the performance of the Conley (1999) variance estimator. Leung (2022)

uses the Conley (1999) variance estimator to address interference in a network causal inference setting with

10This manner of interference is from (1) spatial assignment spilling outward over space and (2) individuals’ outcomes
dependending upon multiple treatment locations in complex ways. This manner of interference is distinct from units’ outcomes
dependending directly upon outcomes of other nearby units, which is the network setting as in Leung (2022). See Pollmann
(2023) for discussion.

1 That is, unless one is willing to make stronger modeling assumptions or exclusion restrictions on potential outcomes.

I2While Pollmann (2023) conducts inference treating individuals as the unit of observation either assigned to treatment or
not, Wang et al. (2023) redefines the unit of observation to be circle averages around potential treatment sites, which are either
assigned to treatment or not. However, it is also worth noting that Pollmann (2023) also states results for this case as well,
although that is not his leading estimand.



indendent assignment. Here, Conley (1999) standard errors help guard against unmodeled spillovers that
exist even despite correlated assignment. In contrast, my causal inference problem does not have spillovers
between units, but rather in spatial assignment/exposures that induces correlation in treatment. After
accounting correlation in treatment, there is no further justification for Conley (1999) standard errors,
and in fact, they are typically too conservative because (based on the results of Leung (2022)) they are
additionally accounting for spillovers. With known assignment mechanism and no interference—but through
spatial proximity to treatment as in my paper and Borusyak and Hull (2023)—one can do better than Conley
(1999) standard errors by exploiting knowledge of joint treatment probabilities, which is only relevant with
correlated assignment. Finally, Leung (2022) also compares the variance estimator of Aronow et al. (2017) to
the Conley (1999) under “correct specification” of the exposure mapping, which is what I consider. However,
I modify the variance estimator slightly to more directly compare it to the Conley (1999) variance estimator.
This modification is important, because without it, Leung (2022) cannot rank Conley (1999) and a Aronow
et al. (2017)-based estimator, while I can.

Lastly, although Wang et al. (2023) is motivated as a spatial assignment problem, the assumptions placed
on assignment and outcomes mean that it is a network example, and hence a special case of Leung (2022).
As the authors state, the spatial problem they consider is equivalent to a network causal inference problem in
which potential treatment sites are independently treated or not, and there are unmodeled network linkages

between potential sites.

Outline Section 2 sets up the causal and aysmptotic framework for analysis, as well as an analytical
example that will be used to provide intuition and simulation results. Having set up the causal framework,
Section 3 states the effect estimator and proves asymptotic normality under spatial weak dependence. Section
4 contains the main results on variance estimation, including a comparison to Conley (1999) standard errors
and extended discussion on its behavior relative to the preferred variance estimator. Having full described an
approach to inference—from potential outcomes to asymptotic normality and variance estimation—Section
5 applies all results to the simple analytical example and offers a small simulation study. Finally, Section 6

extends the results of the previous sections from the ATE to cover the LATE case.

1.2 Framework and Preliminaries

This section introduces notation and a framework for spatial causal inference problems in order to precisely

state subsequent estimators and asymptotic results for them. Like any causal inference problem, one must



describe the random assignment mechanism, potential outcome functions given realized treatment assign-
ment, and the population estimands of interest. At the end of this section, I also introduce an analytical

example that will be used for illustrating results and the subsequent simulation study.

1.2.1 Spatial Assignment Mechanism

Treatment is characterized by a spatial point process over a two-dimensional spatial domain S C R2. A
realization from this point process implies an (assumed) finite number of treatment centers C, placed at

specific locations

{s.}¢, c S c R

In some cases, e.g. Blattman et al. (2017), the assignment mechanism may be controlled by the researcher.
In other cases, the assignment mechanism might be assumed by the researcher given knowledge of how a
particular policy rule determined treatment center locations.

This characterization of the assignment mechanisms illustrates the bipartite nature of the causal inference
problem (Zigler and Papadogeorgou, 2021). As discussed in Pollmann (2023) and apparent in the above
description, the process governing assignment is wholly separate from individual units. Treatment is not
individualistic or perfectly isolated and paired with particular units, which will drive fuzzy clustering. Rather,

it occurs at the level of the spatial domain.

Remark. (Generality of Spatial Point Processes) Spatial point processes are the most general way of encoding
any spatial assignment mechanism; therefore, they can be used as a general construct for capturing one part of
the bipartite spatial causal inference problem. For example, spatial point processes nest random assignment
of a fixed number of centers to preselected “potential sites”, as in Davis (2011) or Wang et al. (2023).'3
They also include Poisson processes, in which a density or intensity function over the domain S encodes the
probability of treatment in a given subset of S.'* See the analytical example in Section 1.2.5 for a simple

Poisson point process assignment mechanism.

Remark. (Role of Weak Dependence) The literature on spatial point processes is deep and somewhat tech-
nical,!'® but ultimately, what matters is whether there is enough weak dependence in the spatial assignment

mechanism to, in turn, induce enough weak dependence in outcomes, which enables inference. Said another

13See Borusyak and Hull (2023) for further examples.
14See Appendix A.1 for the formal definition.
15See Diggle (2013) for a textbook treatment of spatial point process theory.



way, the asymptotic sequence of point processes should imply that treatment in one region is not exces-
sively correlated with treatment in another region. What exactly is “enough” weak dependence (and how to

measure it) will depend also on the potential outcomes function, where I discuss this concept further.

1.2.2 Individual Units and Potential Outcomes

Population Within the spatial domain S C R? (to which treatment is assigned), there exists a finite

population of N total units residing at locations ¢; on a lattice Z:
N, czcSs

Throughout, I assume throughout that the researcher has access to the full finite population of units, rather
than some sample. This choice is purely for convenience and to more clearly exposit the inferential approach
with less overhead. One could extend the results to allow for sampling on top of randomized assignment.

See Abadie et al. (2020) for an example that includes both forms of randomness.

Potential Outcomes With treatment and outcomes occurring at different levels in the bipartite spatial
setting, potential outcomes for unit ¢ could depend upon the full realization of spatial treatment. Therefore,

to capture the most general case, potential outcomes must be written

Y; ({Sc g:l)-

This generality means that inference must use either (1) nonstandard estimands that require marginalization
to handle arbitrary spillovers and interference or (2) parametric modeling assumptions on the potential
outcome functions. See Pollmann (2023) and Wang et al. (2023) for examples in (1), which is one recent
approach the literature has taken.

Instead, I will make simplifying assumptions so that I can draw a more precise comparison between
variance estimators in the fuzzy clustering case. I assume throughout this paper that treatment for units

can be summarized by an individualistic binary treatment indicator

D; = D;(£;, {sc}y) (1.1)
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so that the general potential outcomes function can be reparameterized simply as

Yi({sc}eoy) = Yi(Dy). (1.2)

This imposes the usual stable unit treatment value assumption (SUTVA), in that outcomes do not depend
upon the outcomes of other units directly but only an individualized treatment indictor (which will still be

correlated accross units).

Remark. (Exposure Mappings) Expression 1.1 is often called an “exposure mapping”.'® It maps unit i’s
location and the underlying random spatial assignment process with realization {s.}¢ ; into exposures for

individual units, according to some rule.

Remark. (Example Exposure Mapping) A simple example for the treatment rule (or exposure mapping)
would be a case where binary treatment is determined by whether or not a treatment center is within some

cutoff distance of the unit.
D; = l{d(&-, {sc}cczl) < 5} (1.3)

where d(¢, {s.}<_,) gives the Euclidean distance between location ¢ and the nearest treatment center in the
set of treatment centers {s.}$ ;, and where § is some fixed known cutoff. In this way, randomly placed

treatment centers treat nearby units, inducing fuzzy clustering.

Treatment Probabilities The simplifying assumptions on potential outcome functions, summarized in

Expressions 1.1 and 1.2, imply that the researcher can compute

In other words, the mapping in Expression 1.1 plus the random assignment mechanism for treatment locations
induces a joint distribution for the treatment indicators {D;}Y ;. Because of “fuzzy” clustering, treatment
indicators are not all independent, and so usually m;; # m;7;.

In this paper, these treatment probilities are all that’s needed from the spatial assignment mechanism to

construct estimators. More generally, for bipartite spatial causal inference problems, treatment probabilities

16See Aronow et al. (2017) in the causal literature, Leung (2022) in the network literature, and Borusyak and Hull (2023)
in the econometric literature.
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are sufficient statisics of the full spatial assignment mechanism when it comes to constructing estimators.'”

And while these probabilities are often not analytically available, they can be approximated to arbitrary
precision by simulating from the known spatial assignment mechanism, applying the treatment rules in

Expression 1.1, and averaging across simulations.

1.2.3 Estimand

Given the assumptions I have placed on potential outcomes, I focus on estimation of the finite sample average

treatment effect (ATE),

1 & 1 &
aarn = 5 Y Yi(1) = 5 D Yi(0).
=1 1=1

Under the binary treatment regime described above, the ATE compares average outcomes under the hypo-
thetical scenarios in which all units are affected by a nearby treatment center versus not. Given a treatment
rule like Equation (1.3), this estimand is appropriate for policy makers deciding whether or not to densely
pack treatment centers within the domain to “cover” all units.

Moreover, even if the ATE is not ultimately the estimand of interest, it represents a useful starting
point for describing the estimation and inference strategy that can be further modified and adapted in
straightforward ways. As a first example, suppose the assignment mechanism is such that certain subregions
of S or types of neighborhoods may never be subjected to treatment. In such cases, the estimand may instead
be a conditional average treatment effect (CATE) that conditions on membership in the relevant subregions
or types of neighborhoods. The researcher need only ensure that the specified assignment mechanism reflects
this and take care to interpret the estimand as a CATE. The estimation and inference steps described below
will otherwise look the same. Second, even if the treatment rule in Expression 1.1 is non-binary, one can

define contrasts of different treatment levels as estimands.

1.2.4 Asymptotic Embedding and Inference Perspective

This section defines the asymptotic embedding that underpins inference. I also stress the usefulness of the
design-based perspective inherent to this embedding, which permits inference under weaker assumptions.
The ingredients to the problem for any finite population are thus the domain S, the lattice of locations

for the N units {¢;}, = Z, the treatment indicators {D;}¥ ,, the assignment mechanism that induces

7That said, more information about the assignment mechanism is necessary to ensure the weak dependence needed for
asymptotic normality of the ATE estimator.
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randomness in treatment (along with the rule), corresponding individual and pairwise treatment probabilities,
{mi}iL, and {m;;}}Y;_;, and finally potential outcomes {Y;(0), ¥;(1)}}¥,.
To establish asymptotic results, all objects in a given finite population are recast as elements in a trian-

gular sequence of growing populations with increasingly many units spread over increasingly large domains,
Su Abwidiy =Tos  ADnadi AmeidiziAmatijon {Yaa(0), Yau(1)),

with the subscript n indexes a particular spatial random experiment within the sequence of experiments.®

This paper’s “design-based” inference perspective means that each experiment in the sequence is random
only due to the assignment mechanism only, rather than random sampling; therefore, I do not appeal to an
artificial superpopulation. Inference, for any n, will be conditional on potential outcomes, the assignment
mechanism, and the spatial distribution of units. Weak dependence of spatial assignment and, as a con-
sequence, treatment indicators will deliver asymptotic normality, rather than weakly dependent outcomes
drawn from a hypothetical superpopulation.

For spatial settings, this design-based perspective is desirable and often necessary, as it allows inference
under weaker assumptions. Heterogeneous units and individuals are rarely scattered randomly across the

19 contiguous regions often exhibit unknown dependence due to sorting, and regions exhibit

spatial domain,
considerable observable and unobservable heterogeneity that could affect outcomes. Therefore, possessing a
truly random, representative sample from the superpopulation is doubtful. This paper and the design-based
spatial literature offer a useful alternative for inference, similar to Fisher randomization inference, which has
already been employed in practice in applications to test sharp null hypotheses. See Blattman et al. (2017),
Borusyak and Hull (2023), Pollmann (2023) for examples.

Also, validity is not lost by adopting this asymptotic and inference perspective. If potential outcomes are,
in fact, drawn from some spatially stationary superpopulation distribution, inference and confidence intervals
valid under the design-perspective conditional on potential outcomes will also be valid wunconditionally.
The estimand o, arp will converge to the superpopulation ATE, and the estimator &, arr concentrated
around o, arg (by design-based consistency) will then also concentrate around the superpopulation ATE.
Second, if a researcher only has access to a sample from the population (rather than the full population as

assumed), a sampling mechanism can be added as an additional ingredient within the triangular sequence of

experiments. A researcher could thus incorporate sampling uncertainty, while maintaining the attractively

181n discussion, I will sometimes drop the subscript n. For regularity assumptions and proofs, I will retain the subscript.
19Gee Pollmann (2023) for a discussion of the problems for inference that arise when the potential outcome distribution
depends upon location, rather than being randomly distributed.
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weak assumptions on the cross-sectional and spatial distribution of individual treatment effects stressed in

this subsection. See Abadie et al. (2020) for the case where treatment is individually assigned.

1.2.5 Analytical Example

In this section, I outline all pieces of an analytically tractable spatial causal inference problem, which will
be useful for demonstrating subsequent results. Conveniently, the degree of fuzzy clustering will be indexed

precisely by the relationship between a few key parameters in this simple problem.
Definition 1. (Domain and Individual Units) The domain S is a circle with circumference |S| = N - A, for
some fixed constant A > 0. On this circle live N evenly spaced units at locations

{3l ={-DAYL, c s,

where location ¢ = 0 is chosen to be the top of the circle. Hence, A is the arc length between adjacent units.

Definition 2. (Spatial Assignment Mechanism) Treatment centers are assigned to locations on S according
to a homogeneous Poisson point process. Therefore, the number of treatment centers C' is a Poisson()|S])
random variable, for some intensity A, and the C treatment centers are independently and uniformly scattered

around the circular domain. See Appendix A.1 for a formal definition.

The above assignment mechanism corresponds to the simplest point process and illustrates how point
process theory from the spatial statistics literature could be used to formalize spatial random assignment.
There also exist straightforward and attractive extensions like inhomogeneous Poisson point processes in
which a nonnegative intensity function A(s) varies over points s € S (perhaps as a parametric function
of region-specific covariates) with higher values of the intensity A(s) at a given point s encoding a higher

probability of assignment within a small neighbrhood of that point.

Definition 3. (Treatment Rule) Treatment follows Expression 1.3, i.e.
D; = 1{d(¢;,{s.}_,) < 6}

Proposition 1. The circular domain, the configuration of units, the assigment mechanism, and the treatment
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rule together together imply treatment probabilities
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where d(€,0') is the arc length between locations £ and ¢’ on the circle.
Proof. See Appendix A.1.2. O

Remark. Notice that all individuals have identical first-order treatment probabilities without any adjustments
needed at some boundary or edge. This motivated the choice of a circular domain with simple homogeneous
Poisson (uniform) assignment.

As can be seen in the probabilities above, the degree of fuzzy clustering is characterized by two key
parameters, which proves useful for building intuition and demonstrating results below. First, increasing A
directly increases the expected number of treatment centers and corresponding first order treatment proba-
bility. Second, parameter ¢ controls not only treatment probability, but also the degree of fuzzy clustering
that is due to the treatment rule and spacing of units, holding fixed the assignment mechanism. Notice
from the expression for 7;; that treatment indicators D; and D; are independent beyond the distance 26—
precisely when units cannot be treated by the same treatment center and therefore never fall into a fuzzy
cluster. Therefore, not only do larger values of ¢ increase the probability a given unit will be treated, but
also correlation in treatment status.

Finally, this simple setup also permits straightforward asymptotics. For asymptotics, I will hold fixed A,
0, and A, and simply increase N, which will scale the size of the circle as well as the number of units, while
holding fixed the proximity of units, intensity of treatment, and degree of fuzzy clustering as a consequence.
Notice also that in this asymptotic framework, there are increasingly many units, but they are not getting
closer together. This is the sense in which the asymptotics are of “expanding domain” type, rather than

“nfill” type.
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1.3 Estimation of the ATE

This section defines the ATE estimator in this spatial setting, proves consistency under weak conditions,
and proves asymptotic normality under an explicitly spatial central limit theorem. With the exception of
assuming bounded potential outcomes, all results stem from regularity conditions (e.g. weak dependence)
placed on the triangular sequence of binary treatment indicators {Dm}f\iﬁ only. No other explicit restrictions
are placed on the spatial domain, units’ locations, assignment, or treatment rules except insofar as they affect
the sequence of joint distributions for the treatment indicators.

The next section, which contains the main results on variance estimation, builds on the ATE estimation
results of this section and will use similar weak dependence conditions to (1) prove consistent estimation of

the ATE estimator variance and (2) compare the proposed variance estimator to spatial HAC.

1.3.1 Effect Estimator

In this section, I define the ATE estimator, which is fixed despite the approach one ultimately chooses for
variance estimation. Despite the complications for variance estimation, estimation of the ATE is straightfor-
ward. The estimator is simply a weighted least squares (WLS) estimator, weighting each observed outcome

by the inverse probability of observed treatment, deduced from the assignment mechanism.

Definition 4. (WLS Estimator) Let En,W Ls denote the estimator that results from weighted least squares

regression of observed Y,, ; on X,,; = (1 — D, ;, Dy, ;) using the following weights

Dn,i 1- Dn,i
Wi =~
Tn,i 1— Tn,i

s

constructed from observed treatment status and individual treatment probabilities. Also let

Op,are = (—11) B\n,WLS“

Remark. (Importance of Weighting) Notice that ordinary least squares regression of observed outcomes Y, ;
on a constant and a treatment indicator X, ; = (1, D, ;) does not consistently estimate the ATE when
treatment probabilities m, ; vary across units. Weighting is necessary. This reinforces the result of Borusyak
and Hull (2023), who show that both instrumental variables regression (including ordinary least squares

regression as a special case) typically fails to recover the causal effect of interest under complicated assignment
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mechanisms in which the distributions of the randomly assigned instrument varies across units. They adjust
by including an “expected instrument” in the regression (averaging the instrument over repeated assignment),
while I adjust by inverse-probability weighting. In the case of a binary instrument, their expected instrument

is the treatment probability and the estimators are identical.

Definition 5. (Horvitz-Thompson Estimators) Define the following Horvitz-Thompson estimators which

weight by the inverse probability of treatment status

Ny, Np,

1 Dy, ; ~ 1 D, ;
~ _ n,i Yn ; = — n,i
Ay (1) = ; o Rui= 5 ; o
N, N,
1 <x1—D,; ~ 1 <*1—Dy,;
m = — 77”)/’”1 o = — n,t
Fny© = 3 ; T, ™ Rno Ny 2 1=,

Lemma 1. Provided neither ﬁn’l nor En,l equal zero, the above-defined WLS estimator G, aTp can also be

written in terms of the Horvitz- Thompson estimators,

~ Hn,Y (1) Hn,Y (0)
Qn ATE = —= - = .
Rn 1 Rn,O

)

Proof. See Appendix A.3.2. O

Remark. (Hajek vs. Horvitz-Thompson) The WLS estimator is equivalent to the Hajek estimator, and if
the ﬁn,l and ﬁn,o were instead replaced by their expectation of 1, the resulting estimator of average causal
effects would be the Horvitz-Thompson estimator. While both are consistent, inverse-probability weighted
estimators, the WLS/Hajek estimator is preferred.

First, using the WLS regression estimator, I exactly what researchers using Conley (1999) standard
errors would do for ATE estimation. Therefore, this fixes the ATE estimator, so that the only difference for
inference comes in variance estimation.

Second, formal results from Hahn (1998) and Hirano, Imbens and Ridder (2003) show that the Hajek
estimator is preferable on efficienty grounds (even though slightly biased) in the case where observations
are a random sample from a superopulation. Though my setting with fuzzy clustering and design-based
inference is different, simulation evidence suggests that a similar pattern holds in practice, with division

by Ry q stabilizing testimations of corresponding i, y(q). In addition, other papers in the literature have

similarly argued in favor of the Hajek estimator, e.g See Aronow et al. (2017) and Leung (2022).
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1.3.2 Consistency

To obtain consistency of the ATE estimator, I restrict potential outcomes to be nonexplosive, ensure all units
can be treated by assignment, and ensure that correlation in assignment is not too severe. The first two
assumptions are carried through to asymptotic normality as they are important conditions for estimation
regardless of the assumptions about dependence or fuzzy clustering. The last condition restricting dependence
is at its weakest here in the case of consistency, and will be implied by more stringent conditions placed later

that ensure asymptotic normality.

Assumption 1. (Bounded Potential Outcomes) There exists some constant M € (0,00), such that the

sequence of potential outcomes {V;, ;(1), Yy,.:(0)} N7, satisfy the following bound:

vn o |[Yaid)| <M de{0,1} ie{l,...,N,}.

This is the only assumption on potential outcomes needed for inference.2’ All other substantive assumptions
that justify inference rely on assumptions on assignment.

This assumption could be weakened, and the proofs of consistency and asymptotic normality will implic-
itly make clear where and how. However, I maintain this assumption throughout because it is standard in
empirical applications and weakening would rely specifying more about how exactly the assignment mecha-
nism and joint distribution of treatment interacts with the set of potential outcomes. I therefore avoid this

unecessary and practically unimportant extension.

Assumption 2. (Nondegenerate Treatment Probabilities) For some constant € > 0 that is independent of n

and unit index 7, the distribution of treatment indicators {Dm}ﬁvz"l satisfy

PD,,;=1=m,; €[e,1—¢] Vn, 1. (1.4)

For any finite sample, this ensures that all units have some nondegenerate probability of being in the
treated or control group over repeated runs of the experiment; therefore, the ATE can be estimated in
any finite sample by averaging over the assignment mechanism. For the asymptotics, because € > 0 does

not depend upon n, Expression 1.4 also ensures that the probability of treatment for any unit does not

20In making this statement, I am excluding the substantive assumptions made on the potential outcome function that reduced
the mapping from general dependence on the full treatment realization {sc}‘g:l to a single sufficient, individualistic exposure
variable D;. However, the broader point is that design-based inference and weak dependence on treatment can be used to
weaken parametric modeling assumptions on outcomes. Even under interference, this is the case (Pollmann (2023)).
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trend towards degenerate as the sample grows. Rather than explicitly, this paper only implicitly restricts
the spatial domain, unit locations {¢;}}¥ ,, spatial assignment mechanism, and treatment rule to ensure
the above condition is satisfied. The researcher need only verify that however these pieces of the problem
interact, all units have nondegenerate treatment probability.

Finally, even if this assumption is violated for the full population, the results and conclusions of this
paper can still hold after restricting the population and reinterpreting the estimand. Specifically, if there are
regions that are never treated, the researcher may restrict the population and focus on those regions in which
Equation (1.4) holds, redefining the estimand accordingly to represent the conditional average treatment
effect (CATE), as discussed in Section 1.2.1. Using only those observations for which Equation (1.4) holds,
consistency for the corresponding CATE would hold provided the other assumptions for consistency also

hold for this restricted population.

Assumption 3. (Limited Dependence for Consistency) The joint distribution of treatment indicators

{Dm}ﬁi"l satisfies

F

N”'L
| Cov(Dy, i, D j)|
1j=1

N,
Z Tnij — TniTnj| = 0(1) (1.5)

§w‘
HMZ

31\3

7

Like Assumption 2, this is also an implicit joint restriction on the ingredients of the spatial causal inference
problem: the sequences of domains, units locations, and spatial assignment mechanisms. For example, under
the treatment rule D; = 1{d(¢;, {s.}S_,) < 6}, this rules out the case where § is so large (relative to the
size of the domain) that it is possible for a single treatment center to treat all units. That would imply
Tn,ij — Tn,iTn,; > 0 for all pairs, implying the above quantity is not o(1).

Intuitively, this assumption holds when the configuration of units within the domain plus the assignment
mechanism together imply fuzzy clustering that is limited in scope. This occurs, roughly, in settings where
the domains are growing asymptotically and contain increasingly many units, treated by increasingly many
treatment centers, with units’ treatment status independent when they are “far enough” apart. As an
example sufficient condition, Equation (1.5) would be satisfied if any given unit’s treatment is correlated
with, at most, a finite number of other units. Then 7, ;; — 7 ;7 ; # 0 for at most finitely many units so

that the double sum in Equation (1.5) is O(N,; 1) = o(1).
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Proposition 2. Given Assumption 1-Assumption 3,

Fn,y (1) = Hn,y (1) 0
An - Mn O
H ,Y(O)A Hn,Y (0) LN
Ry 1
Ruo 1

~ P
As a consequence Oy ATE — On ATE — 0 .

Proof. See Appendix A.3.3. O

1.3.3 Asymptotic Normality

This section proves asymptotic normality for the WLS estimator under the explicitly spatial central limit
theorem of Jenish and Prucha (2009). This result shows explicitly how, within the bipartite spatial causal
setting, the assumption of spatial weak dependence in assignment can be used to generate asympotic nor-
mality that justifies inference. This is therefore an extension of Aronow et al. (2017), better adapted to
spatial settings by making use of a spatial CLT.?! Additional details and comparisons of the conditions and

available limit theorems are available in Appendix A.2.

Assumption 4. (Ezpanding Domain, No Infill Asymptotics) There exists a finite constant d,,;, > 0 such
that the distance between any pair of units d(¢,, ;, ¢ ;) > dmin for all n and for all pairs of units ¢, j within

the nth population.

By assuming a minimum distance we are ruling out infill asymptotics and implicitly restricting attention
to sequences of experiments within large domains 5,, acommodating increasingly many units spread across
the domain. This rules out infinitely many units or observations piling up within any fixed-size neighborhood
within the non-increasing domain. Expanding domain asymptotics are appropriate when studying discrete
economic units. Infill asymptotics are most commonly used in mining and agricultural applications, where
one is interested in learning about some continuous surface of outcomes; see Diggle (2013).

The next definition and assumption strengthen weak dependence Assumption 3 in order deliver asymp-

totic normality.

21 Aronow et al. (2017) use the CLT in Chen and Shao (2004), which is tougher to verify in this spatial context and less simple
than distance-based decay, as in Jenish and Prucha (2009).
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Definition 6. (Spatial Mixing Coefficient) For the the triangular sequence of random treatment indicators

{D,, i} | define the following mixing coefficients,

g p(m) = sup sup sup ‘P[A N B] — P[A]P[BH
n U<k, |[VI<p, d(U,V)>m A€o({Dn,i}e;ev), BEo({Dn,ite;ev)

where d(U, V) = inf{d(¢,¢') | ¢ € U, ¢’ € V} (the smallest distance between two subsets of units) and d(¢, ¢')
is Euclidean distance (see Definition 33 for more on both).

Intuitively, ay, p(m) is a numerical representation of the maximum amount of dependence between sets
of k and p units that are at least distance m apart. Proceeding in pieces, recall that P[AN B] — P[A]P[B] is
a measure of dependence, as usual, equal to zero when events A and B are independent, nonzero otherwise.
Therefore, the innermost expression measures the maximum amount of dependence between the set of random
variables of {D,, ;} at locations U C Z and the random variables of {D,, ;} at locations V' C Z. The middle
supremum ensures that the sets U and V contain no more than k£ and p elements and are at least distance
m away under the metric d(U, V). Finally, the outermost supremum looks at the maximum over all finite

populations, which is necessary in the triangular setting. See Definition 35 in Appendix A.2 for more details.

Remark. While this paper focuses on spatial assignment and Euclidean distance as the metric in which
dependence decays, one could also use other metrics or notions of distance. The exact choice is not important,

but rather that correlation in the binary treatment indicators decays with some metric.

Assumption 5. (Weak Dependence Assumptions on Treatment) Suppose that the triangular array {D,, ;} 3

satisfies the following weak dependence conditions.

(i) For k+¢ <4,

oo
Z ma g o(m) < oo

m=1

where d = 2. In words, the dependence between any two units, any unit and another pair, any pair,

or any unit and three units must decay quickly enough with distance.

(ii) For some € > 0,

01,00(m) = O(m™277)

In words, the dependence between any given unit and any arbitrarily large set of other units must
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decay quickly enough with distance.

(iii) For some 6 > 0 and d = 2,

Z md71a171(m)5/(2+5) < 0

m=1
These conditions also imply % <1 and aq,1(m) — 0.

Because ay p(m) essentially measures dependence among (groups of) units at least distance m away, these
restrictions require that dependence decays fast enough with distance so that all “sufficiently separated”

units are not too correlated.

These conditions are slightly stronger than necessary for applying the CLT of Jenish and Prucha (2009)
but are chosen to more closely match the weak dependence conditions familiar from Conley (1999) and
Bolthausen (1982). The latter papers prove asymptotic normality in a random sampling context, where
outcomes are draws from a stationary random field exhibiting weak dependence. Because I wish to accom-
modate arbitrary heterogeneity in potential outcomes, I use design-based uncertainty within a triangular
asymptotic framework in which only the treatment indicators {D,, ;} " are random and exhibit weak de-
pendence, while the ATE estimator is expressed as an average of rescaled random treatment indicators.
Because of this difference, I need a central limit theorem that accommodates spatial weak dependence, non-
stationarity of the terms in the sum defining the ATE, and triangular aspymtotics. Jenish and Prucha (2009)
offer one such CLT with conditions that are very related to the conditions in Bolthausen (1982), though
applied to treatment as in Abadie et al. (2020).

Finally, weakening these conditions would further come at a small technical cost that is likely impractical
for causal inference applications, unless a specific assignment process does not fit within this framework.

However, see Appendix A.2 for a more detailed discussion of mixing conditions and paths to weakening.
Proposition 3. Conveniently,

(i) Suppose that d(€;, ;) > dmax implies that D, ; L D,, ;. Then Assumption 5 is satisfied.

(ii) Assumption 5 and Assumption J together imply Assumption 3.

Proof. See Appendix A.3.4. O
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Definition 7. (Randomization Variance) For each n, define

[Tn,ij = TniTn,5]

Ve SRS ensll) | o] fensll) , 00

Tn,i 1- Tn,i Tn,j 1- Tn,j
eni(d) =Yni(d) = pny@  d€{0,1}

Notice that the variance depends upon joint treatment probabilities for pairs of units. Because of “fuzzy”

clustering, the variance is inflated with additional terms.

Assumption 6. (Nondegenerate Variance) Assume there exists a fixed constant b > 0 such that, for all n,
V>0

This rules out knife-edge assignment mechanisms and zero treatment effects.

I can now state the asymptotic normality result, which will form the basis of inference and motivate the

upcoming comparison of variance estimators for the variance implied by the following proposition.

Proposition 4. Under Assumptions 1-6,
VNV, (Qn,aTE — QN ATE) 4 N(0,1)

Proof. See Appendix A.3.4. 0

Remark. This result nests a special case of Abadie et al. (2020), who similarly prove asymptotic normality
conditional on potential outcomes, but in the case of individualistic assignment. The result of this section is

suitable for handling the more general case of fuzzy clustering with spatial weak dependence.

1.4 Variance Estimation

This section states the suggested variance estimator and demonstrates that it is preferable to Conley (1999)
standard errors and SHAC estimators more generally. I do this by deriving the limit of the alternative
variance estimators under weak dependence on the treatment indicators, with only design-based uncertainty.
A comparison of the resulting limits demonstrate that Conley (1999) standard errors are likely too large and

lead to overcoverage (under positive correlation in potential outcomes, i.e. homophily) even in large samples.
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In finite samples, Conley (1999) standard errors can also tend to exhibit undercoverage under unfavorable

configurations of potential outcomes.

1.4.1 Estimators

In this section, I define the alternative variance estimators under consideration. The first makes use of Aronow
et al. (2017), which exploits knowledge of individual and joint treatment probabilities. The second estimator
is the SHAC class that includes Conley (1999) and makes use only of individual treatment probabilities along
with a kernel weighting function.

Definition 8. (Modified Aronow and Samii Variance Estimator) Define the following variance estimator,
which follows Aronow et al. (2017):

LAl Mi#s)
Vias=—>.>" - (Yo = fin,y (1)) (Yn,j — Bn,y (1)) Dn,iDnj
n =1 =1 Tn,iTn,j Tn,ij
N, N.
I e 1 1{i # 5} } N N
+ = - Yoi — Yo, — 1= Dp.i)(1 = Dnj
Nn, ;Jz_:l [(1 —Tni)(1 = Tnj) 1= T — T+ Tnij (Yot = Py ©) (g = B,y o)) mi)l i)
N,
f2 3OS T T T () (Y — Finy (0) DL = Day)
No i 20 i1 = T ) (i = T i) ’

While lengthy, the expression is written entirely in terms of observed outcomes, observed treatment indica-
tors, and first- and second-order treatment probabilities.

This estimator is “modified” in the sense that I use Yy, ; — fin,y(a) in place of just Y, ;. This is important
because its what’s needed to mimic V;, in Definition 7. Failing to subtract fi, y () and using the variance
estimator of Expression (11) in Aronow et al. (2017) would lead to a non-straightforward comparison with
Conley (1999), which automatically works with the regression errors (which are demeaned). This is one reason
why Leung (2022) did not find a ranking between Conley (1999) and Aronow et al. (2017) in Appendix B,
while I do.

Next, I consider subclasses of spatial heteroskedasticity and autocorrelation consistent (SHAC) variance
estimators—specifically kernel-based SHAC estimators—versus the estimator of Definition 8. This restriction
to kernel-based SHAC estimators is essentially without loss of generality.?? This restriction also allows me
to illustrate within the simpler kernel setting the problems associated with SHAC variance estimators more

broadly, in comparison to the estimator of Definition 8 that exploits the randomization distribution for

22 As in the time series literature, while there exist alternative SHAC estimators based on the periodogram in the frequency
domain, there is an equivalence between kernel-based estimation and frequency-domain estimation of the variance, up to
approximation error. See Miiller (2014) and Lazarus et al. (2018).
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design-based inference. The focus of this paper is on that difference, rather than in comparing the relative
merits of alternative SHAC estimators within a causal setting.

Therefore, as a first step, I define this broad class of kernel variance estimators. Kernel variance estimators
weight the cross product of WLS regression residuals by some kernel-based weights that are a nonnegative,
weakly-declining function of the distance between units within the pair. Estimators within this class account
for spatial correlation by including within the “meat” of a regression sandwich estimator additional terms
for pairs of units that are spatially proximate (up to some cutoff controlled by a bandwidth choice) and,
hence, likely correlated either due to assumed correlation in outcomes or correlation in treatment due to

spatial assignment.

Definition 9. (Kernel Class of Variance Estimators) Let K (u) denote a function satisfying
e (Nonnegative): K(u) >0
o (Symmetry): K(u) = K(—u)
e K(0)=1and K(u) =0 for |u|] > 1, and bounded above by 1 for all u.

For some nonnegative bandwidth sequence b,,, let
Ky ij = K(d(lni,0n)/bn)

with d(¢, ¢') measuring the Euclidean distance between any two locations £ and ¢'.
Given the regression estimator En,w s described in Definition 4, define the corresponding WLS regression
residuals €, ; = Y, ; — X,’WB\”,WLS. Then with these residuals, the kernel K (u), and bandwidth sequence

b, > 0, define the corresponding kernel-based variance estimator for nth population as

N, N.
~ -1
Vn,K,bn - Nn( -1 ]-)(X;Lwan)_l Z Zwn,iwn,jen,ien,an,iXy/l,jKn,ij (X;Lwan)—l
i=1 j=1 1
where w, = diag(wn,1 - - wp,n,, ) using the weights from Definition 4. Because the estimator depends upon

choice of kernel function K (u) and bandwidth b, this is a class of variance estimators indexed by the kernel

K and b,, sequence.

Within the above class of kernel variance estimators, I consider a few special cases.
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Definition 10. (Uniform Kernel, with Fixed-Bandwidth) This estimator corresponds to a uniform kernel
K(u) = 1{Ju| < 1} with a fixed bandwidth b,, = b.
This variance estimator is most appropriate (although not ideal, as will be shown) for assignment mecha-

nisms such that correlation of treatment indicators is zero beyond some fixed distance b, even asymptotically.

Definition 11. (Any Kernel, with Increasing-Bandwidth) The leading estimator proposed by Conley (1999)
corresponds to a kernel satisfying Definition 9 and bandwidth sequence satisfying b, = O(er/ 6). This

estimator asymptotically puts weight on all residual cross-products.

Remark. (Importance of Weighting) The original Conley estimator did not weight by treatment probabilities
using wy,,. However, I do because, as stressed in Borusyak and Hull (2023), one cannot typically consistently
estimate treatment effects without adjusting for differential treatment probabilities as is common in spatial

settings.

Remark. (Bandwidth Choice) The choice of bandwidth b, = O(er/ %) was selected assuming random sam-
pling of outcomes from a stationary field superpopulation (not a design-based perspective) and to ensure
consistency under the weak dependence assumptions and proof strategies employed by Conley. There is,
in general, no reason that this should be an appropriate way to construct a variance estimator if one is

interested in design-based inference.?

Remark. (Accounting for Correlation in Treatment) While both estimators from Definition 8 and Definition 9
use first order treatment probabilities 7, ; to implement inverse-probability weighting, only the estimator
of Definition 8 makes use of the second order treatment probabilities 7, ;; directly. Instead, the estimator
of Definition 9 uses the kernel as a blunt way of accounting for correlation, which drives its undesirable
coverage properties. Under known assignment mechanism, it leaves on the table information (i.e. the m, ;;

terms) that can sharpen inference.

Both kernel-based variance estimators above used the uniform kernel, and hence are not guaranteed to

be positive in finite samples. The following restricted subclass of kernel estimators corrects that.

Definition 12. (PSD Class of Variance Estimators) In addition to the conditions in Definition 9, assume

231f one does wish to take a random sampling perspective, the Conley (1999)estimator does also seem to be suboptimal for

inference. Specifically, the o(N,ll/ 6) choice of bandwidth stemmed from using the weak dependence assumptions and covariance
inequality from Bolthausen (1982) along with the proof strategy of Quah (1990). Under this combination, the bandwidth
parameter can grow only at o(N,11/6). However, this rate for the two-dimensionsonal setting corresponds to o(N,ll/?’) in the
one-dimensional or time series setting, which is (1) slower than the O(N,IL/S) MSE-optimal rate of Andrews (1991), (2) slower
the most recent guidance that recommends a larger bandwith still in practice (Lazarus et al., 2018), and (3) slower than the
slowest permitted rate o(Np) shown by Andrews (1991) for the time series case.
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e (Continuity): K (u) is continuous over its domain

e (Nonnegative Spectral Generator Window): The inverse Fourier transform of the kernel is everywhere
nonnegative,
1 [~ -
— K(u)e ™ du > 0
27 J_ oo
This definition restricts to (a subclass of) ICy in Andrews (1991). The two-dimensional spatial setting is

analogous to the one-dimensional time series setting.

1.4.2 Comparison of Variance Estimators

This section states the main result, which makes clear that Conley (1999) and SHAC variance estimators
more generally are inferior to the estimator ‘A/n As that fully exploits the assignment mechanism. SHAC
estimators are typically excessively conservative for design-based inference, but the exact degree of bias
depends upon the inherently unobservable spatial correlation of heterogenous treatment effects. There is no
correction for SHAC estimators, except to use an explicitly design-based variance estimator.

Note that this ranking of estimators is a precise characterization under the particular assumptions I
employ in this paper, which include no interference and restrictions on the mapping from spatial assignment
to treatment. However, the insights generated also suggest extensions to the network case with interference,

under correlated assignment, which I comment on further.

Assumption 7. (Strengthening of Weak Dependence Assumption) For some & > 0,
oero0 ()40 — O(m~(1+)

This is a strengthening of Assumption 5(ii).?* It was not necessary for normality, but is needed for consistency

of Definition 8, under my approach. It is not clear that it can be weakened.

Proposition 5. Under Assumptions 1-7,

N
Taas = Va = 3 D (ena1) = eni0))? = 0,(1) (16)
=1

Inestimable Component

241t is also the analog of C2 in Conley (1999).
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where Vi, is the variance from Definition 7.

Proof. See Appendix A.3.5. A similar result exists in Aronow et al. (2017), who proved the result under

alternative assumptions distinct from weak spatial dependence. O

Remark. Notice that \7n As is consistent not for the true variance, but the true variance plus an inherently
inestimable positive quantity equal to the the population variance of individual treatment effects.?® For
a given finite sample, conservative variance estimation is a general feature of causal inference, when using
only randomization of assignment over the full sample rather than random sampling for inference. Even in
the simplest textbook case of randomly assigning a fixed fraction of units to treatment, standard variance
estimators are usually only conservative for the true variance, unless one appeals to random sampling from
a larger superpopulation, which is undesirable in this spatial setting.?S This is a manifestation of the usual
missing data problem of causal inference for a given finite population. We cannot ever observe counterfactuals
for the same unit, and conservativeness follows.

Moreover, this inestimable component will not vanish asymptotically, precisely because I adopt triangular
asymptotics. Rather than sampling more units from a superpopulation, the asymptotics I employ are a
sequence of experiments, each with the full population. Therefore, the inestimable component and inherent
conservativeness of the variance estimator never disappear. See also Aronow et al. (2017) for discussion.

Finally, it is important to note that the conservativeness of f}n As equals the conservativeness in the
independent assignment case. In other words, even with correlated assignment, proper adjustment to the

variance estimator ensures that the degree of conservativeness need not get worse.

~

Proposition 6. (V,, ¢ under Increasing Bandwidth) Suppose Assumptions 1-7 hold, that the kernel satisfies
Definition 9, and that b,, = O(erl/ﬁ). This is the leading variance estimator of Conley (1999), reproduced in

Definition 11. Then

N, N
~ 1 n n
Vo = Vo= 5~ DD leni(l) = eni(0)]fen,i (1) = en i (0)] Kni; = 0,(1)
™ o=1 j=1
Inestimable Component + Additional Terms
Proof. See Appendix A.3.5. O

25More precisely, the variance of the dispersion of individual treatment effects around the overall mean since ey, ; (1) —ep,; (0) =

(Yn,i(1) = Y2,i(0)) — (Bn,y (1) — Hn, v (0))-
26See Tmbens and Rubin (2015) for this simple case. See also Abadie et al. (2020) for the generalization to regression with
individualistic treatment assignment.
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Corollary 1. (V, ¢ under Fixed Bandwidth) Suppose that one adopts a uniform kernel K (u) = 1{|u| < 1}
and fized bandwidth b, = b so that

K, =1{d(¢;, ¢;) < b},

which places positive and uniform weight on any pair of units within distance b of each other. Then provided

d(l;,4;) > b implies D, ; L D, ;, it is the case that

Np,
Voo = Vo= =20 3 [enal) = ens(O)lfens(1) = €ns(0)] = o(1)
i=1j:d(L;,£;)<b
Remark. (Use Case for Hard Truncation) If one knows that treatment is uncorrelated past a certain distance,
then use of the uniform kernel and a fixed bandwidth does ensure, first, that one can conservatively estimate
the true variance and, second, that the unobservable variance plus covariance portion does converge (the
latter following in part from Assumption 4, expanding domain asymptotics).
However, note that if the treatment indicators satisfy the more general weak dependence assumptions

used in Section 1.3.3, hard truncation may be inappropriate and lead to inconsistent estimation.

Remark. (Extra Terms in ‘A/nc) Similar to XA/n’AS, the estimator ‘7”70 is consistent for the truth V,, plus an
inestimable quantity. However, relative to ‘A/n AS, this inestimable quantity includes additional terms, repre-
senting now the spatial correlation in heterogeneous treatment effects—mnot just their variance.?” Therefore,
comparison of the estimators amounts to a comparison of the additional terms.

Conveniently, the extra terms in each estimator do not even depend upon the spatial assignment mecha-
nism, but rather the spatial distribution of individual treatment effects. Notice that the treatment probabil-
ities ; and m;; are absent from the inestimable components. The inestimable terms come instead from the
irresolvable missing data problem of causal inference and how each estimator handles it. As a consequence,
only the spatial distribution of individual treatment effects and choice of kernel matter for the ranking of
estimators.

As I now discuss, the inestimable portion can be positive or negative for ‘A/mc, depending on inherently

unobservable spatial distribution of individual treatment effects.

Remark. (Usually too Conservative) Under positive spatial correlation in treatment effects, the double sum

will be positive. This implies that the variance estimator is too large, confidence intervals are too long, and

2Ten,i(1) — en,i(0) = (Yn,i(1) — Y, ;(0)) — (Kn,y (1) = Hn,y(0)) is the demeaned treatment effect. Given that the kernel
implements high weight on nearby units, this double sum captures spatial corre correlation.
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one has overcoverage relative to ‘7n As- The stronger the spatial correlation in treatment effects, the more

severe this problem becomes. See Section 1.5.

Remark. (Possibly too Liberal) While it is often reasonable in applications to expect positive spatial corre-
lation in treatment effects and thus conservativeness from ‘7”70, it is still true that unobservable individual
treatment effects could be chosen to render ‘A/mc too liberal when using a fixed bandwidth. Said another
way, for any n in the asymptotic sequence, one could find a particular configuration of potential outcomes
and individual treatment effects such that the double sum in Proposition 1 is negative. As a result, ‘A/mc
would typically be smaller than V,,, even across repeated randomization over the assignment mechanism, for
that adversarially chosen set of potential outcomes.

This result will be familiar from the time series literature and the variance estimator Newey and West
(1986). That estimator was introduced to guard against unfavorable realizations from a time series that
would imply a negative long run variance estimator, under the uniform kernel. The estimator ‘A/n,c uses
the uniform kernel, and inference conditions on a realization of potential outcomes that could always be
chosen unfavorably. In fact, in the triangular asymptotic framework (see Section 1.2.4), one could construct
a sequence of unfavorable potential outcome functions for all n in the asymptotic sequence. And so even
asymptotically, the problem does not diminish because one is averaging over randomization and not potential
outcomes, which could be unfavorably chosen.

While this case is extreme and not always relevant in practice, it does highlight that the estimator ?n,c

is not optimized for the inference problem at hand and makes poor use of the assignment mechanism.

Remark. (Inefficient Use of the Assignment Mechanism) The extra terms stem from the “blunt” way in which
Vn,c accounts for correlation in treatment. Rather than exploit full knowledge of the assignment mechanism
and the second order treatment probabilities 7, ;;, the estimator ‘A/mc ignores these quantities and guards
against arbitrary correlation in outcomes unrelated to assignment. While this may be appropriate in settings
with interference, spatial assignment alone is not enough to warrant this choice, especially given the behavior
highlighted in the remarks above.

On the other hand, the estimator ‘771 As does exploit knowledge of second order treatment probabilities,

and accordingly reduces the inestimable portion and conservativeness in the variance to the same magnitude

as the independent assignment case, i.e. to the variance of individual treatment effects.

Remark. (PSD Kernels) One solution to the “too liberal” problem under fixed bandwidth would be to
choose a kernel from Definition 12, rather than the uniform kernel. Then even with a fixed bandwidth,

the inestimable term would be positive. However, while solving the “too liberal” problem, this would still
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typically lead to excessively conservative inference under positive spatial correlation in treatment effects,

which is the most relevant case in practice.

Remark. (Simplifying Expressions for the Double Sum) I did not directly state a limit for the double sum.
This limit depends on the superpopulation data generating process that produced potential outcomes as
well as the spatial configuration of units. However, recall that inference is valid conditional on the data
generating process and configuration of units in space—whatever they may be. Therefore, I do not impose
restrictions on either, in order to derive the most general expression. The remarks above also highlight that
one need not in order to derive useful results. That said, see Section 1.5, where I make additional simplifying

assumption to derive cleaner analytical expression and push the intuition further.

Remark. (Role of Heterogeneity) It is important to qualify that all differences between estimators are pred-
icated upon heterogeneity in individual treatment effects. Under constant treatment effects, all variance
estimators will coincide in large samples, and the variance estimators are not conservative. This again

matches the textbook case of fully random assignment (Imbens and Rubin, 2015).

1.5 Results and Simulations for the Analytical Example

This section uses the analytical example introduced in Section 1.2.5 to illustrate the results of Sections 1.3
and 1.4 and perform a simulation study. This example also provides a clean characterization of a spatial
causal inference problem, since major considerations for inference are characterized by a small number of
parameters.2®

The simulation study first reinforces the conclusion in Section 1.4.2 that Conley and SHAC standard
errors more broadly can be overly conservative in large samples with strong persistence or nonstationarity
in heterogeneous treatment effects. However, I also document non-trivial finite-sample undercoverage using

the variance estimator of Aronow et al. (2017) and Definition 8. I examine the causes, the severity, and

potential avenues for improvement in future research.

1.5.1 Weak Dependence

In the simulation study, I will appeal to the asymptotic results in Sections 1.3 and 1.4 to explain results.

This section verifies that the analytical example defined in Section 1.2.5 satisfies the conditions outlined

28The biggest simplification is in assuming equal spaced units, while typical examples in the spatial literature exhibit unequal
spacing. Spacing of units is an important consideration in non-design-based spatial inference (Miiller and Watson (2022)),
where units’ locations may be randomly sampled and that randomness must be correctly incorporated into inference. However,
the design-based setting instead conditions on units’ locations, with variation only over assignment.
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above for asymptotic normality. It also gives one example of how one could verify sufficient conditions for

normality given a parametric design for assignment.

Proposition 7. The analytical example with treatment probabilities according to Proposition 1 satisfies

Assumption 3.

Proof. From the discussion in Section 1.2.5, m;; — mm; = 0 if d(¢;,¢;) > 20. On the other hand, given the
spacing of units in the analytical example, for a given unit at ¢;, there are |§/A] units on either side of unit

i that are close enough to be correlated.

2

Nn  [6/A]

1 n Nn
‘ﬂ'n,ij — Tn,iTn,j | = 2 E g |7Tn,i,i+m — Tn,iTni+m
i=1 j= No iz 1 m=—[5/A]

—

And by symmetry and the uniform placement of units,

1 N,, N, 1 [6/A]
Nz M55 — TniTn | = E |Tn,0m — Tn,0Tn,m
Ny i=1 j=1 " m=—15/A|

Substituting in the treatment probabilities from Proposition 1,

1 [6/A] 1 [6/A]
F Z |7Tn,0m - 7Tn7077n,m| == F Z ‘1 — 26725}\ + 67)\[26+‘mA” — (1 — 6726}\)2‘
" m=—[5/A] " m=—[6/A]
1 6/A]
_ v (6—2,\5 _ 6—4/\6) 19 Z (e—/\[26+mA] _ 6—4/\5>

The sum on the last line is a sum of a finite number of elements. Therefore, the entire expression is o(1)

given the division through by N,,. O

Proposition 8. The analytical example with the assignment mechanism described in Section 1.2.5 satisfies

Assumption 5.

Proof. Again, from the discussion in Section 1.2.5, m;; — myw; = 0 and D; L D; if d(¢;,£;) > 25. Therefore,
by Proposition 3(i), taking d,q. = 2, Assumption 5 (weak dependence for normality) is satisfied. One can

easily and analogously prove that Assumption 7 is satisfied as well. O
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1.5.2 Comparison of Variance Estimators

The results and conclusions of Section 1.4.2 simplify further under the analytical example of Section 1.2.5, and
the inestimable “bias” in the variance expression can be easily characterized exactly as spatial autocovariances
at particular lags, as I show in this section. I establish and highlight this result because it enables a connection
to the time series HAC literature. This allows one to reason about the performance of SHAC estimators by

appealing to known results on variance estimators from that literature.

Definition 13. (Spatial Autocovariance) For the example of Section 1.2.5, define the spatial autocovariance
at spatial lag k:

1 N’!L

Tn,k ‘= F Z [en,l(l) - en,z(o)] [en,mod(i—i-k,N)(l) — €n,mod(i+k,N) (O)]
=1

Because all units live on a circle, the first and the last units are proximate, hence the mod(i 4+ &, N).

Remark. (Role of the Data Generating Process) The spatial autocovariances 7y, j, are finite-sample autocovari-
ances, well-defined for any data generating process for outcomes and treatment effects. And as emphasized,
all inference and results in this paper are fully conditioned on and valid regardless of the data generating
process.

That said, as n increases, these finite-sample autocovariances will increasingly resemble the population
autocovariances in the superpopulation data generating process (DGP), under regularity conditions. There-
fore, the conservativeness one “expects” from ‘A/n As and ‘7,%0 is ultimately determined by the covariances

in the superpopulation (DGP). I use this reasoning in the remarks following Corollary 2.

The next corollary is a restatement of results that further clarifies the extent to which spatial autocor-
relation in individual treatment effects ultimately determines conservativeness of Conley (1999) and SHAC

estimators.

Corollary 2. (Restatement of Limits for Variance Estimators) The preferred variance estimator satisfies

Vn,as — Vi — Ym0 = op(1)
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The SHAC variance estimator under the uniform kernel with increasing bandwidth satisfies

c(bn)
Vn,C,l - Vn - Z Tn,k = OP(l)
k=—c(bn)

where c(by,) is the number of units on one side of any given unit falling within distance b,,, where distance
is measured by arc length.

The SHAC variance estimator under the uniform kernel with fized bandwidth satisfies

c(b)
Vn,C,Q —Vn— Z Tn,k = OP(l)
k=—c(b)

Proof. By Proposition 8, Assumptions 1-7 are satisfied. Therefore, these results are a consequence of Propo-

sition 5, Proposition 6, and Corollary 1. O

Remark. (Conservativeness of KA/,L,C depends on “Long Run Variance”) Leaning on this analytical example’s

equivalence to the time-series case, the inestimable term of V,, ¢ 1

C(bn)

Z Tn,k

k=—c(bn)

is effectively the long-run variance for individual treatment effects. This implies useful intuition about the
expected performance of the variance estimator of Conley (1999) and SHAC estimators in design-based
settings more broadly.

First, in large samples, we can reason about the conservativeness of Conley (1999) by positing a data
generating process for individual treatment effects and referring to its long run variance. Highly persistent
processes have large long-run variances, i.e. many non-negligible autocovariance terms vy, ; therefore, Conley
(1999) can be quite conservative. Alternatively, a data generating process with negative autocovariances can
have a smaller long-run variance, reducing the (expected, large-sample) gap between V and ‘A/mc,l or ‘7”7072.
Moreover, the large-sample difference between the performance of ‘7” a5 and ‘7“7071 or ‘7717072 is governed by
the difference between the unconditional variance and long run variance of a process.

Second, the above restatement is still a characterization of asymptotic conservativeness, but we can also
use knowledge from the HAC literature to understand performance in finite samples. Specifically, the finite-
sample performance of IA/n,C,g will be governed by the the finite-sample analog ZZ(:b)_c(b) An.k- As noted in

the HAC literature, sample autocovariances might be such that for a process with negative autocovariances,
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Parameter \ Description \ Value

A Spacing of units 1
[Shl Circumference N, - A

5 Influence radius €(1,2,3)
A Assignment intensity | 0.1

Table 1.1: Parameters used for simulations

-~

this sum is negative. Therefore, Conley (1999) with the truncated kernel might satisfy V,, c2 < V,, in a
given finite sample. Stated simply, one may observe finite-sample undercoverage when individual treatment
effects follow a data generating process that would, in the HAC literature, raise the probability of a negative
variance estimator under the truncated kernel. The simulation studies to come do show that such DGPs

may also pose a problem for ‘A/AS. So ‘7”7072 is not unique in this respect, but is still not ideal.

1.5.3 Simulation Study

This section contains the main simulation results on the performance of the variance estimator of Definition 8
versus Conley (1999), the reference estimator from the SHAC literature. Throughout, I assume the setup of

the analytical example in Section 1.2.5.

Assignment and Treatment Probabilities

Following Section 1.2.5, all units are evenly spaced along a circle, with a homogeneous Poisson process
governing the (random, uniform) assignment of treatment centers over the circle.

As a consequence, treatment probabilities follow Proposition 1 and depend upon parameters of the
assignment mechanism, which are listed in Table 1.1. In words, only the circle size |S,| scales with the
number of units, while all other parameters remain fixed as a function of the sample size (but may vary to
study coverage or power). The parameter § controls the number of neighbors a given unit is correlated with,
which (given integer values) is 26 — 1 units on each side. This is the parameter that I vary to determine how
finite-sample performance changes with the degree of correlation in treatment, as this parameter controls
correlation in treatment, given fixed A. Finally, the assignment intensity (and, therefore, first-order treatment
probabilities for each unit) is fixed at A = 0.1. I do not vary this parameter, and it was calibrated—conditional
on the desired range of )—to ensure that we essentially do not observe no-treated or all-treated realizations

in the simulations.
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Data-Generating Processes

Section 1.4.2 emphasized that the asymptotic performance of SHAC estimators depends crucially upon the
spatial correlation in heterogeneous treatment effects, which is a feature of the data generating process
(DGP) for potential outcomes. While typically unknown and application-dependent, I will write down a
simple DGP family that helps illustrate the performance of the alternative variance estimators in small and

large samples.

Definition 14. (Trend-Stationary DGP Family) I first assume that potential outcomes satisfy

Y,.,i(0) ~ N(10,1),

)

Yn,i(l) = an,i + YmZ(O)

I will place alternative assumptions directly on the distribution of o, ; which dictates asymptotic performance
of the variance estimators, according to Section 1.4.2. The distribution of Y;(1) follows as a consequence.
Specifically, I assume that potential outcomes evolve around the circle like a trend-stationary process in

the time-series literature (see, e.g. (Hamilton, 1994)):
Qp i = Tn,i + Un,i
where 7, ; is a deterministic trend, while u, ; is a stationary process for any fixed n. For the trend, I will
consider two cases.
e Constant: 7,; =c¢
e Linear: 7,,; = (¢ — 2) + 4i/N,

The constant ¢ will be set to ¢ = 2 when studying size control of the alternative estimators. For power
calculations, ¢ will vary and therefore parameterize effect size.

For the stationary component u;, I consider three cases:
e Null: u; =0.
e MA(1) with parameters 0, ¢

e AR(1) with parameters p, o
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In the MA and AR designs, I will also consider local-to-unity values for 6 and p, to study performance under
stronger persistence. In the AR(1) case, I consider p =1 as a fully nonstationary specification.

Finally, note that the designs may induce a cutoff effect at the origin of the circle, whereby potential
outcomes are discretely jump, depending upon 7, ; and w, ;. Additional simulations have suggested that

this does not drive the results presented below.

Variance Estimators

Variance in t-statistic [ Definition and description

Feasible

VEHW Eicker-Huber-White estimator.
Entails no adjustment for spatial correlation.

Vas Definition 8, Aronow et al. (2017) estimator

\7(;71, Definition 10, Conley (1999) under uniform kernel with fixed bandwidth b = 2§

Vew, Definition 11, Conley (1999) with b, = N,/ %01

Infeasible

\% Definition 7, True variance of the ATE estimator

‘7,45,6 Follow Definition 8 like ‘A/As, but replace estimated error terms €, ;(d) = Yy ; — ﬁn’y(d)
with infeasible en i(d) = Yn,i — tn v (d)-

Table 1.2: Variances used in computing the ¢-statistic

The simulation study computes coverage and power of a t-statistic-based test, using the ATE estimator
of Section 1.3 in the numerator, and alternative feasible and infeasible denominators for the variance. The
denominator variances and corresponding notation are summarized in Table 1.2.

For the feasible variance estimators, we consider all alternatives studied in Section 1.4. This includes
Conley (1999) under different choices of bandwidth. The first, ‘7071” uses a fixed bandwidth b = 2. In this
analytical example, Proposition 1 implies that treatment is independent when d(¢;, £;) > 26, and this fixed-
bandwidth estimator exploits that. This helps limit the “extra terms” asymptotically, which were established

in Section 1.4.2. Therefore, its performance it will not “add terms” as N,, grows. In contrast, I also use ‘A/c,b

n?

which adopts a valid asymptotically-growing bandwidth b,, = N}/ 6.01

op(Nﬁ/G), satisfying the conditions
of Conley (1999). For the values of § and sample sizes I consider, this rate can imply b, < b in some cases.
The important thing is to note that ‘707bn can become more conservative (under positive spatial correlation

in treatment effects) as it continues to add terms. Finally, I also include use of Eicker-Huber-White standard
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errors as a baseline in which the researcher does not adjust the variance estimator for spatial correlation in
any way, to demonstrate when the spatial nature of the inference problem manifests strongly.

Lastly, to better interpret the results of the simulation study and understand drivers of undercoverage, I
also study size and power under infeasible variances in the denominator of the t-statistic. The first, V, is the
genuine true randomization variance of the ATE estimator, written in Definition 7. The next two infeasible
estimators reside in between infeasible V' and feasible ‘7AS~ Recall that V' and XA/AS differ for three reasons.
First, V' contains an inestimable component related to the cross-product of unobserved potential outcomes
for the same unit. Second, V and ‘/}AS differ because ‘//\'AS must use estimates of the means i, y(q) in the
variance computation, rather than true pi, y(q), this potentially introduces bias. This may be possible to
correct, similar to routine bias-adjust of variance estimators in the independent observation and clustering
settings (see Cameron and Miller (2015) for more on the latter). For this reason, I define VAS@ as an infeasible
estimator between V and ‘A/AS. This infeasible estimator ‘714376 is constructed exactly as in Definition 8, but
replacing estimated error terms €, ;(d) = Y, ; — fin,y(a) With the truth e, ;(d) = Y, i — ttn,y(q). Third and
lastly, \7A5 only uses a portion of the population in estimating the variance and covariance terms since not all
units are observed simultaneously in treated and untreated states. While this is inescapable, I also would like
to gauge the extent to which estimating the correlation specifically (using only a subset of the population)
poses a problem. This correlation term is what makes this design-based setting unique relative to Abadie

et al. (2020). Therefore,

Simulation Results

This section reports coverage and power when using a confidence interval based on inverting a t-statistic
based test, under alternative feasible and infeasible variance estimators. This gives a numerical accounting of
the way in which SHAC estimators are unsuitable in design-based inference. Importantly, I can also explore
small-sample performance, since the results of Section 1.4.2 are asymptotic. And as will be shown and
discussed, finite-sample considerations do play an important role in the performance of variance estimators,

including Vag. These simulation results therefore also inform recommendations for future research

No Heterogeneity Baseline Table 1.3 offers a first, baseline look at the coverage comparisons in this
section. This table shows the coverage of confidence intervals for the finite-sample ATE «,,. I repeatedly
draw potential outcomes and the treatment effect from the DGP of Definition 14, under the assumptions that

Tn,i = ¢ is constant for all units and w,, ; = O for all units. Given a draw of potential outcomes, I randomly
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Tn,; Constant
Upi =0 5=1 §=2 §=3
Var. in t-stat N=250 500 1000 250 500 1000 250 500 1000
Feasible
?EHW 0.940 0.942 0.949 | 0.947 0.946 0.953 | 0.947 0.949 0.952
VAS 0.926 0.936 0.947 | 0.934 0.941 0.950 | 0.932 0.943 0.949
\A/c,b 0.933 0.940 0.947 | 0.931 0.942 0.948 | 0.926 0.941 0.947
\70,1,” 0.928 0.938 0.945 | 0.939 0.942 0.948 | 0.934 0.947 0.948
Infeasible
\% 0.944 0.946 0.950 | 0.944 0.944 0.953 | 0.941 0.948 0.951
\7,45,6 0.937 0.943 0.950 | 0.939 0.944 0.953 | 0.936 0.944 0.949

Table 1.3: Coverage under Constant Treatment Effect Baseline Coverage under DGP in Definition 14,
with 7,; constant, with ¢ = 2, u,; = 0. I vary d, which controls the number of neighbors each unit’s
treatment status is correlated with (on either side) as well as sample size N. Coverage is computed across
5000 simulations.

Tn,i Deterministic
Up,; =0 =1 6=2 6=3
Var. in t-stat N=250 500 1000 250 500 1000 250 500 1000
Feasible
‘A/EHW 0.908 0911 0911 | 0.864 0.860 0.869 | 0.852 0.851 0.858
\7,45 0.930 0.947 0951 | 0.934 0.945 0.957 | 0.939 0.945 0.956
‘7(;,;, 0.956 0.962 0.965 | 0.979 0.981 0.986 | 0.988 0.995 0.993
‘76’,bn 0.963 0973 0980 | 0.971 0971 0.986 | 0.969 0.969 0.985
Infeasible
14 0.948 0.951 0.949 | 0.953 0.945 0.953 | 0.947 0.946 0.952
\7,45’6 0.946 0.955 0954 | 0.948 0.952 0.960 | 0.948 0.950 0.959

Table 1.4: Deterministic Heterogeneous Treatment Effects Coverage under DGP of Definition 14,
with 7, ; Linear, with ¢ = 2, u,, ; = 0. Coverage is computed across 5000 simulations.

assign treatment centers to locations on the circle, which generates realization for treatment status D,, ; of
each unit. From there, I construct the estimator @, and construct confidence intervals for «, using the
estimators (feasible and infeasible) described above by inverting the t¢-statistic based test using the normal
reference distribution, with target nominal coverage of 95%. Table 1.3 reports coverage of these confidence
intervals.

Table 1.3 emphasizes that the spatial problem only requires adjustment insofar as treatment effects
exhibit heterogeneity, a point emphasized earlier in this paper and the literature. Notice that under constant
treatment effects, even Eicker-Huber-White standard errors achieve target coverage, regardless of the degree
of spatial correlation in treatment, which is controlled by §. In contrast, the spatial variance estimators ‘A/AS,
17075,, and ‘A/c,bn display worse coverage in finite samples. This table also previews some undercoverage in
smaller samples when using the feasible spatial estimators ‘7AS, ?C,b, and ‘A/c’bn, which we will see again in
other simulations. In summary, it is precisely the existence of treatment effect heterogeneity that drives the

need for adjustment.
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Figure 1.1: Power curves corresponding to the DGP of Table 1.4and Definition 14, with 7, ; Linear, with
effect size ¢, u,; = 0. The effect size c is varied across values on the z-axis to trace out the rejection
probabilities shown above for both N = 500 (left) and N = 1000.

Deterministic Treatment Effect Heterogeneity in Large and Small Samples Table 1.4 shows how
treatment effect heterogeneity—even the simplest deterministic kind—manifests the results and conclusions
of previous sections. I assume that 7, ; varies linearly, inducing positive correlation in treatment effects.
This likely the most common and expected case; therefore, the results here are indicative of likely most
applications in spatial causal inference.

First, Eicker-Huber-White standard errors deteriorate in coverage with greater correlation in treatment 9,
as expected, which is evident by direct comparison with Table 1.3. Second, standard errors following Conley
(1999), ‘707(, and ?C,bn, start to exhibit conservativeness, as they are too large for design-based inference. To
further emphasize the unsuitability of SHAC estimators for design-based inference, Figure 1.1 depicts power
curves that demonstrate clear loss in power relative to the variance estimator Vs of Aronow et al. (2017)
and Definition 8. In a sample of N = 1000, the power loss of Conley (1999) estimator ‘7bn using a sample-
dependent bandwidth (green) is over 0.15 relative to Vas (blue) in magnitude halfway towards rejection with
probability one. Use of the truncated kernel in ‘71, lies in between. However, both are dominated in large
samples by XA/AS. And the power loss of ‘7,45 relative to true V' (red) is quite minimal.

Lastly, Table 1.4 also suggests that \7,45 controls coverage well despite the overall level of persistence, but
appears to suffer from small-sample bias. Therefore, even though it dominates in larger samples by avoiding
unnecessary conservativeness, this conservativeness may inadvertently help Vc,b and ?C,bn in finite samples.
Moreover, across d, which controls the degree of correlation in treatment, ‘A/AS performs similarly. Only the

sample size appears to be of concern. I use the infeasible estimator ‘7,45,5.
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Stochastic Heterogeneity in Large and Small Samples Next, Tables 1.5 sets the deterministic portion
of the DGP for treatment effects to a constant, 7,,; = ¢, but specifies an AR process for the stochastic
component u, ;. Results for the AR(1) case in Table 1.5 shares many of the same conclusions as for the
deterministic 7, ; case in Table 1.4. First, ‘70,1) and ‘70?1," are conservative. This is especially true for
the most persistent DGPs with p = 1 — 1/N or p = 1. Moreover, as N grows, This is consistent with
the characterization of the conservative portion in Corollary 2, where the spatial autocovariances do not
sharply decay and an increasing bandwidth simply adds unnecessary positive autocovariance terms on top of
unnecessary positive autocovariance terms. This is an important takeaway for practice, as nonstationarity
in treatment effects and potential outcomes is likely quite relevant in spatial settings (see Bera and Simlai
(2005) and Banerjee et al. (2004)). The costs of the additional terms in SHAC estimators (in a design-based
context) can be high in large samples. Moreover, the conservativeness of ?C,bn will only grow with b,, and
N,.

In contrast, the MA(1) example with negative correlation highlights problems with ‘A/AS and difficulties
maintaining nonnegativity. While asymptotically conservative for V, ‘A/AS need not be conservative or non-
negative in finite samples. In the time-series HAC literature, nonnegativity of long run variance estimators
is enforced by restricting the class of kernels (see Definition 12). However, Vs is different as it is ultimately
a Horvitz-Thompson type estimator of the variance. There is no guarantee or adjustments made to enforce
nonnegative of this object. It is only unbiased for V plus another term to ensure asymptotic conservativeness.
In a given sample, it can be negative. This is observed in 0% of simulations for § = —0.5, but approximately
12% for § = —0.9, and 20% for § = —(1 — 1/N). Coverage values in the table for Vg are conditional on

positive values and therefore also minimize the issue.

Tn,; Constant
Un,i ~ AR(1) (p,o) = (0.9,0.5) (p,o) = (0.99,0.5) (p,o) = (1— %,0.5) (p,0) = (1,0.5)
Var. in t-stat | N=250 500 1000 250 500 1000 250 500 1000 250 500 1000
Feasible
Venw 0.901 0.923 0.919 | 0.875 0.886 0.886 | 0.870 0.885 0.890 | 0.866 0.880  0.887
VAS 0.925 0.946 0.952 | 0.920 0.945 0.947 | 0.919 0.950 0.953 0.921 0.944 0.955
\A/c,b 0.949 0.964 0.966 | 0.948 0.969 0.969 | 0.950 0.971 0974 | 0.954 0.971 0.975
\A/C,bn 0.954 0.970 0.981 | 0.958 0.977 0.982 | 0.958 0.978 0.989 | 0.961 0.976 0.990
Infeasible
\% 0.944 0.952 0.950 | 0.937 0.949 0.945 | 0936 0.952 0.948 | 0.939 0.950 0.950
\A/ASYE 0.939 0.954 0.956 | 0.935 0.954 0.951 | 0.935 0.957 0.957 | 0.937 0.951 0.959

Table 1.5: Stochastic Heterogeneous Treatment Effects, AR (1) Coverage under DGP in Definition 14,
with 7,; = ¢ with ¢ = 2, u,; ~ AR(1) under different persistence. Coverage is computed across 5000
simulations with § = 1.
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Tn,i Constant
Up,; ~ MA(1) (6,0) = (—0.5,0.5) (0,0) = (—0.9,0.5) (6,0)=(—(1—-1/N),0.5)
Var. in t-stat N=250 500 1000 250 500 1000 250 500 1000
Feasible
\A/EHW 0.962 0.964 0964 | 0.962 0.965 0.965 | 0.962 0.965 0.965
\7,45 0.932 0.945 0.950 | 0.934 0.946 0.949 | 0.936 0.946 0.950
\70’;) 0.928 0.941 0.945 | 0.928 0.942 0.945 | 0.928 0.943 0.945
VC,bn 0.926 0.941 0.946 | 0.926 0.941 0.945 | 0.926 0.941 0.945
Infeasible
|4 0.943 0.949 0.948 | 0.943 0.948 0.947 | 0.944 0.948 0.947
\7,45’@ 0.944 0.951 0951 | 0.945 0.951 0.952 | 0.946 0.951 0.952

Table 1.6: Stochastic Heterogeneous Treatment Effects, M A (1) Coverage under DGP in Definition 14,
with 7, ;, = ¢ with ¢ = 2, u,,; ~ MA(1) under different MA coefficient. Coverage is computed across 5000
simulations with 6 = 1.

Conclusions and Discussion Broadly, the variance estimator of Aronow et al. (2017) appears to suitably
handle correlation in treatment, but suffers from problems of small-sample bias that might be possible to
remedy. While the estimator of Aronow et al. (2017) leads to approximate (only mildly conservative) nominal
coverage in large samples (seemingly regardless of the degree in treatment correlation §), positive spatial
correlation in heterogeneous treatment effects appears to induce downward bias in estimates of the design-
based variance. Conley (1999) and SHAC standard errors may suffer less in finite samples, but for the
wrong reasons. They do not directly address the source of the undercoverage in design-based settings. They
include extra additional terms, which are unnecessary from the perspective of design-based inference, lead
to certain overcoverage in large samples (under positive correlation in treatment assignment), and possible
undercoverage in finite samples. There is still a gap in the literature that could be filled with a proper
small-sample bias-adjustment for the variance estimator of Aronow et al. (2017).

When there is negative correlation in heterogeneous effects, ‘A/AS performs poorly. While this may not be
the most common case in practice, it still could be remedied by adjustments to ensure ‘7A5 is positive with
probability one, as was done in the HAC literature (e.g. Newey and West (1986) and Andrews (1991)). The
task would be to do so in a way that maintains a design-perspective and does not introduce unnecessary
conservativeness, if possible.

As a way of decomposing and diagnosing the size loss, I included in all tables coverage under ‘7,4575.
I included XA/A&G because, in the independent and identically distributed inference case, estimation of the
variance using the sample mean causes known bias, motivating the common N/(N — 1) correction. While
such a correction is not immediately appropriate here with correlated treatment, YA/AS}e uses the true mean
directly, as a way of shutting down any bias contribution to ‘A/Ag from the use of estimated means i, y (4 as

opposed to true means. For N = 250, we see that this helps somewhat improve upon coverage using 17,45 in
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Table 1.5 (the stochastic AR(1) design), but not as much for deterministic treatment in Table 1.4.
Therefore, this simulation study recommends that variance estimation in design-based settings with

correlated treatment might be a fruitful area of future research. Ideally, one could adjust for the poor finite-

sample performance of explicitly design-based variance estimators like Definition 8, without sacrificing power

in large samples, as SHAC estimators would imply in common settings.

1.6 Instrumental Variables under Joint Assignment with Treat-
ment Effect Heterogeneity

In spatial or bipartite causal inference settings, instrumental variables are often employed to estimate causal
effects, and I extend the results of the previous section to cover this case.?? To my knowledge, this paper
is the first to describe asymptotically normal inference for the local average treatment effect (LATE) under
joint assignment that exhibits fuzzy clustering—i.e. the kind that arises in bipartite causal inference settings
like the spatial case.’’ Recently, Borusyak and Hull (2023) also considered the IV setting and described
inference for constant treatment effects, but they did not cover variance estimation under heterogeneous
individual treatment effects. And while those others covered multivalued treatment, I limit this section to
the binary case, although one could easily extend the results.

As in the ATE case, I will use a spatial CLT to justify inference. However, the same effect and variance
estimators that I present could be used for inference in other fuzzy clustering settings and justified by
alternative CLTs that best fit a given application. The particular LATE estimator and associated variance
estimator are extensions of Aronow et al. (2017). The variance estimator will again exploit knowledge of
the assignment mechanism, and the design-based inference perspective and results on conservativeness will

carry hold in this setting as well.

1.6.1 Framework

This section starts from Section 1.2.1 and adds the additional details needed to cover IV estimation.

Spatial Assignment Mechanism Assume again a point process that describes the random allocation of

treatment centers to points {s.}<_; C S. While this will not directly determine treatment (as in the prevoius

298ee Baum-Snow and Ferreira (2015) and Borusyak and Hull (2023) for examples where IV is employed in spatial settings
and settings with joint assignment to treatment.
30 «Asymptotically normal inference” as opposed to inference based on Fisher randomization and sharp null hypotheses.
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setting), the assignment mechanism will determine the realization of an instrument.

Potential Outcomes and Endogenous Regressor Not only does the IV setting have potential outcome
functions Y;( - ), it also has an endogenous regressor, which I denote by W;(-) and assume to be binary.
Again, with treatment and outcomes occurring at different levels in the bipartite spatial setting, potential

outcomes and endogenous regressors for unit ¢ might depend upon the full realization of spatial treatment.

Yi({sc}eon) Wi({sc}eth)

However, analogous to the ATE setting, I will assume that the influence of the spatial assignment mechanism

for the ith unit can be summarized by an individualistic binary instrument, which I denote

D; = D;(t;, {s.}5.1)

so that the potential outcomes and endogenous regressor can be reparameterized as

Yi({sc}elr) = Yi(Di) Wil{sc}eor) = Wi(Di)

Notice that D; no longer plays the role of actual treatment, but rather an instrument or (in some settings)
assignment to treatment, while W; is the endogenous regressor.

While seemingly restrictive, this setup can accommodate reasonable and relevant experimental designs
for spatial applications. For example, consider a setting where the spatial assignment mechanism locates
resource centers at particular spatial locations {s.}<_ ;. Individuals are able to use the allocated resource
if they are within some distance, which implies a well-defined D; rule for each unit, depending upon their
location and proximity to treatment. But not every unit ultimately takes up use of the resource if proximate
to treatment, and so there is also an endogenous W;(D;) for each unit, which could, for example, represent

the notion of ultimate “take up” of treatment.

Treatment Probabilities As before, the spatial assignment mechanism implies first- and second-order
treatment probabilities for the binary indicator D;, which now represents the instrument as opposed to

treatment:



Unlike standard IV settings, often m;; # m;m; because of joint assignment and the resulting fuzzy clustering.

1.6.2 LATE Estimand

This section will first define the estimand as a finite-sample Wald estimator, but then I state additional
assumptions that give this estimand the interpretation of a finite-sample local average treatment effect
(LATE). The necessary assumptions are the usual assumptions in an IV context—monotonicity, exclusion,
relevance as in Imbens and Angrist (1994)—suitably adapted to this setting.

Importantly, the additional assumptions needed for a LATE interpretation do not restrict the assignment
mechanism in any way or impose strong modeling assumptions on potential outcomes. These are substantive
economic assumptions placed on the problem by the researcher to ensure identification of the estimand with

a meaningful causal effect.

Definition 15. (Wald Ratio) Under the assumptions placed on potential outcomes and the endogenous

regressor, one can define (for any finite sample) the Wald ratio

Initially, this does not have any particular meaning; however, the remainder of this section will place as-

sumptions on Y;(d) and W;(d) that give this quantity meaning as a LATE.

Assumption 8. (Monotonicity) W;(1) > W;(0) (or vice versa) for all units ¢ in any population n in the
sequence of populations. Under this assumption all units in the nth population can be divided into the

following three standard groups:
(i) Never-takers: Syr = {i : W;(1) = W;(0) = 0}
(i) Always-takers: Sap = {i : W;(1) = W;(0) =1}
(iii) Compliers: S¢ = {i : W;(1) > W;(0)}
The monotonicity assumption rules out a potential fourth group of “defiers.”

Assumption 9. (Exclusion) D; affects Y; only through its effect on W;, for any unit ¢ in any population

n in the sequence, i.e.
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This assumption ensures that assignment to treatment or control does not affect other factors than W; that

might impact potential outcomes.
Assumption 10. (Relevance, Existence of Compliers) There exist sufficiently many compliers,
N’Vl

1
oA ;[Wi(l) -Wi(0)] >k ¥n

for some fixed k > 0. This is equivalently a relevance condition for the particular instrument D;, ensuring
that assignment to treatment has the ability to change the behavior of some units and that there is always

a positive fraction of units that are compliers within the population.

Proposition 9. (LATE Estimands) Under Assumptions 8-10, the Wald ratio ayy of Definition 15 equals

the average treatment effect among compliers,

1
AV = ALATE = —+— Z [Yn,z(l) - Ynyl(o)}
ISn’C| i€Sy,C

Proof. See Appendix Appendix A.4 for the proof, which mirrors Imbens and Angrist (1994). [

1.6.3 Asymptotics and Inference for LATE Estimand

This section extends the results on consistency, asymptotic normality, and variance estimation from the ATE
case in Sections 1.3 and 1.4 to the LATE case. Under the same weak dependence assumptions on D;—now
interpreted as an instrument rather than assignment—one can prove a CLT theorem and conservatively
estimate the variance for the Wald estimator of Definition 15, under arbitrarily heterogeneous individual

treatment effects and design-based uncertainty.

Proposition 10. Define the following weights

’ Tn,i 1-— Tn,i

s

constructed from observed treatment status and individual treatment probabilities. Then let En,WL&y and
B\n,WLS,W denote the estimators that result from two separate weighted least squares regressions of observed

Y,:onX,;=(1—D,;,D,;) and W, ; on the same X, ;, both using weights {wm}f&l Also let

On, ATEY ‘= (— 1 1) Bn,WLS,Y O ATE,W = (— 1 1) B\n,WLS,W~
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Then define the following weighted Wald ratio estimator

~ _ Qn ATE)Y
Qp JV = =<
On ATE,W

Given Assumptions 1-3 and Assumptions 8-10,

~ p
Qn,1v — Qn.rATE — 0.

Proof. From Proposition 2, &y arey — Gn arTey = 0p(1). This proposition can also be applied to the
endogenous variables to yield, &n arEw — Qnarew = 0p(1). Together with the continuous mapping

theorem, the desired result follows. O]

Remark. This result relates to a contemporaneous result in the appendix of Borusyak and Hull (2023), who
provide an alternative regression-based estimation approach for causal effects and show that their method,
under treatment effect heterogeneity, also recovers the LATE «,, rarg. In particular, the authors’ approach
uses unweighted two-stage least squares regression of observed outcome Y; on a constant, the regressor W;
instrumented by D;, and an additional regressor equal to the treatment probability m;.3! Regression matrix
algebra shows that the coefficient on D; in their approach is identical to the Wald ratio estimator &, rare
presented above, which uses weighted least squares regression of Y; on a constant and D;, with weights given
by the inverse of m;. Both approaches yield the same estimator, consistently estimate the same quantity,
and appropriately account for non-identical first-order treatment probabilities {m;}X¥ |, which is the main
concern of Borusyak and Hull (2023). However, I will now derive the appropriate asymptotic variance under
treatment effect heterogeneity and provide a variance estimator, a task which Borusyak and Hull (2023) left

open, given that their main concern was regression-based estimation of constant causal effects.

Definition 16. (Randomization Variance for LATE) For each n, define

1 sl €n, z en j(o) en,j(l) €n,j (0)
TL ’ Nn ZZ |: 7Tn 7 - Trn,i . + 1 . [’n—nﬂ] ’n—n’zﬂ—nhj]

i=1 j=1 Tn,j — Tn,j

Yoi(d) = 1w Wai(d) = [pn,y (d) = Ontv fin,w(a)]
Hn, W (1) — Hn,W(0)

6n7i(d) = de {0, 1}

31In the binary setting, m; = P[D; = 1] = E[D;] equals precisely their “expected instrument,” which Borusyak and Hull
(2023) show is necessary to include as an additional regressor in order to avoid bias whenever first-order treatment probabilities
{TI'Z} L, are heterogeneous and one uses unweighted two-stage least squares to estimate the causal effect. I avoid bias by instead
using inverse probability weighting, which is numerically identical in this binary treatment case.
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This is the analogue of Definition 7 for the LATE case.

Proposition 11. Assume that reqularity and weak dependence Assumptions 1-6 hold.>?> Suppose also that

the substantive LATE Assumptions 8-10 hold. Then
\/ﬁvn_l/2<an7fv - an,LATE) i> N(O, 1)

Proof. The proof is a direct extension of the proof of Proposition 4. O

Remark. Notice that no further assumptions have been placed on the assignment mechanism, only on po-

tential outcomes and the endogenous regressors in the form of Assumption 8—Assumption 10.

The variance has nearly the exact same form as the variance in Proposition 4 in the previous section,
which immediately suggests a variance estimator. Specifically, the variance expression in this IV setting
simply uses a different expression than Definition 7 for e, ;(d). As a result, the same considerations and the
same estimation approach apply. Namely, there will be portions of this variance that are not consistently
estimable, as they involve within-unit products of counterfactual outcomes (which are never observable).
However, because this variance has the same structure as the variance in Proposition 4, I can solve the
variance estimation problem in the same way, using the conservative variance estimator from Aronow et al.
(2017). And because no further assumptions on the assignment mechanism have been made in the IV context,

consistent variance estimation obtains under the same set of assumptions as in Proposition 5.

Definition 17. (IV Variance Estimator) Define the following variance estimator, which follows Aronow

et al. (2017):

N. N .
~ 1 & 1 Hi#j} ]~ ~
Vias = N, 4 Z [m iTn,j o ij ‘| eni(1)en (1) DniDn
i=1 j=1 LT ’
N, N L.
1 Yo N 1 1{i # j} . —~
il — (0 (0)(1—=D,, ;)(1 — D, ;
* Mo iH i3 [(1 —Tni) (L= Tnj) 1= Tpi— Tnj + Tnj (0 O o "
1 & Tn,ij — Tn,iTn,j
+ 9 n,1) n,t’'n,j é\n,i(l)é\n, -(O)Dn,i(l _ Dn7 )
Nn i1 jzz 7rn7i(1 - ﬂ-n,j)(ﬂ-n,i - Trnﬂ'j) ! ’
where

Yosi = Qn v Wasi — [Bin,y (a) = On,av fin,w(a))
o, w (1) = Hin, w7 (0)

€ni(d) =

32 Assumption 6 applies to Definition 16 in this case.
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This is written entirely in terms of observed outcomes Y, ;, observed endogenous regressors W, ;, observed
treatment indicators D,, ;, and first- and second-order treatment probabilities. This estimator is consistent

for a quantity at least as large as the true variance, as the next proposition states.

Proposition 12. Assumption 8—Assumption 10,

Ny,
Tras = Vi = 3= D (enil1) = €ni(0))? = 0,(1) (17)
" i=1

where V., is the variance from Proposition Proposition 11.

Proof. The proof proceeds in exactly the same way as that of Proposition 5. O

1.7 Conclusion

The goal of this paper was to provide an approach for valid inference under spatial assignment mechanisms
that induce correlation treatment. By exploiting knowledge of the assignment mechanism (knowledge that
is necessary for consistent estimation of causal effects), it is possible to conduct valid inference for the ATE
that imposes essentially no assumptions on potential outcomes. I also highlighted that standard use of the
Conley (1999) estimator leads to overcoverage under correlated assignment, as it fails to exploit knowledge
of the assignment mechanism. It underperforms the (modified) variance estimator Aronow et al. (2017) in
the design-based inference setting. The approach to inference also carried over to the instrumental variables
setting, where I derived a conservative variance estimator that can be used to conduct valid inference about

a LATE estimand, which is relevant to the applied spatial econometric literature.
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Chapter 2

Standard Errors for Calibrated

Parameters

2.1 Introduction

Researchers often discipline the parameters of structural economic models by calibrating certain model-
implied moments to the corresponding moments in the data (Kydland and Prescott, 1996; Nakamura and
Steinsson, 2018). In this paper, we follow Hansen and Heckman (1996) and Thomas Sargent (quoted in Evans
and Honkapohja, 2005, p. 568) and take the term “calibration” to be synonymous with moment matching (or
more generally, minimum distance) estimation. Moment matching estimators are popular in diverse fields of
applied structural economics.

Standard moment matching inference requires knowledge of the entire variance-covariance matrix of the
empirical moments, but in practice this matrix is often only partially known. When the empirical moments
are obtained from different data sets, different econometric methods, or different previous papers, it is usually
hard or impossible to estimate the off-diagonal elements of the variance-covariance matrix. Nevertheless,
the diagonal of the matrix—the variances of the individual empirical moments—is typically estimable. In

this paper, we show that the diagonal suffices to obtain practically useful worst-case standard errors for the

This chapter is joint work with Mikkel Plagborg-Mgller. It has been presented previously at the University of Chicago,
New York University, the Federal Reserve Bank of Cleveland, Bocconi University, the North American Summer Meeting of
the Econometric Society, the Society for Economic Dynamics Meeting, the Federal Reserve Bank of Philadelphia, MIT, the
University of Montreal, Penn State University, the SH3 Conference on Econometrics, Cambridge University, Seoul National
University, and the Conference on Computational and Financial Econometrics. This material is also based upon work supported
by the NSF under Grant #1851665. Any opinions, findings, and conclusions or recommendations expressed in this material are
those of the authors and do not necessarily reflect the views of the NSF.

50



moment matching estimator. Moreover, in the over-identified case, we show that the moment weighting that
minimizes the worst-case estimator variance amounts to a moment selection problem with a simple solution.
Hence, our limited-information methods allow researchers to choose their moments and data sources freely
without giving up on doing valid statistical inference.

We show that worst-case standard errors for the structural parameters (or smooth transformations
thereof), using only the empirical moment variances, are easy to compute. They are given by a weighted sum
of the standard errors of individual empirical moments, where the weights depend on the moment weight
matrix and the derivatives of the moments with respect to the structural parameters. The derivatives can be
obtained analytically, by automatic differentiation, or by first differences. Using these worst-case standard
errors, one can construct a confidence interval that is valid even under the worst-case correlation structure.
The confidence interval is generally conservative for specific correlation structures, but its minimax coverage
is exact, i.e., under the worst-case correlation structure, which amounts to perfect positive/negative corre-
lation. The confidence interval is likely to be informative in many empirical applications, as it is at most
/P times wider than it would be if the moments were known to be independent, where p is the number of
moments used for estimation.

Given knowledge of only the individual empirical moment variances, we show that the moment weighting
scheme that minimizes the worst-case estimator variance amounts to a moment selection problem. That is,
the efficient minimum distance weight matrix attaches zero weight to some of the moments. The efficient
selection of moments can be conveniently computed by running a median regression (i.e., Least Absolute
Deviation regression) on a particular artificial data set. Our limited-information efficient estimator given
knowledge of only the moment variances is generally different from the familiar full-information efficient
estimator that requires knowledge of the entire moment correlation structure.

To understand the intuition behind our efficiency result, consider the analogy of portfolio selection in
finance. This analogy is mathematically relevant, as it is well known that any minimum distance estimator
is asymptotically equivalent to a linear combination of the empirical moments—a “portfolio” of moments—
with a linear restriction on the weights to ensure unbiasedness. When constructing a minimum-variance
financial portfolio that achieves a given expected return, it is usually optimal to diversify across all available
assets, except if the assets are perfectly (positively or negatively) correlated. In the latter extreme case, it is
optimal to entirely disregard assets with sufficiently high variance relative to their expected return. But it
is precisely the extreme case of perfect correlation that delivers the worst-case variance of a given portfolio.

Thus, the portfolio with the smallest worst-case variance across correlation structures is a portfolio that
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selects a subset of the available assets.

We propose joint tests of parameter restrictions as well as tests of over-identifying restrictions. A common
form of over-identification test used in the empirical literature is to check whether the estimated structural
parameters yield a good fit of the model to “non-targeted” moments, i.e., moments that were not exploited
for parameter estimation. We show how to implement a formal statistical test based on this idea in our
setup. For joint testing of parameter restrictions, we propose a Wald-type test. The proof of the validity of
this test relies on tail probability bounds for quadratic forms in Gaussian vectors from Székely and Bakirov
(2003), but the test statistic and critical value are simple and easy to compute.

Finally, we extend our limited-information procedures to settings with more detailed knowledge of the
covariance matrix of empirical moments. This includes settings where the entire correlation structure is
known for some subsets of the moments, or where certain moments are known to be independent of each
other.

We illustrate the usefulness of our procedures through two empirical applications. In the first one, we
estimate and test the Alvarez and Lippi (2014) model of menu cost price setting in multi-product firms,
by matching moments of price changes. In the second application, we estimate and test a heterogeneous
agent New Keynesian model developed by McKay, Nakamura and Steinsson (2016) and Auclert, Bardéezy,
Rognlie and Straub (2021), by matching impulse responses for macro time series and cross-sectional micro
moments. Our worst-case standard errors yield informative inference on several parameters of interest in
both applications. A Monte Carlo simulation study calibrated to the first application indicates that our
methods perform well in finite samples.

The approach taken in this paper of equating “calibration” with minimum distance estimation is not un-
controversial. Kydland and Prescott (1996) and DeJong and Dave (2011), among others, view “calibration”
as a non-econometric procedure for gauging how well a structural macro model fits reduced-form empirical
moments. Nevertheless, even in applications where the parameters of the structural model are fixed at values
obtained from previous studies, the methods we propose can still be used to compute standard errors for

counterfactual quantities and perform tests of the model’s ability to fit additional moments.

Literature. Unlike the literature on correlation matrix completion, we solve the explicit problem of finding
the worst-case correlation structure when estimating parameters in a structural model. Existing papers (see
Georgescu, Higham and Peters, 2018, and references therein) instead compute positive definite correlation

matrices that satisfy various reduced-form optimality criteria, such as the maximum entropy principle. Our
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derivations of the worst-case efficient weight matrix and joint testing procedure do not seem to have parallels
in the matrix completion literature.

While we focus on cases where it is difficult to estimate the correlation structure of different moments, in
some applications it may be possible to model and exploit the precise relationship between the moments. The
literature on estimating heterogeneous agent models in macroeconomics has recently developed procedures
for combining macro and micro data, as discussed further in Section 2.5.2. Hahn, Kuersteiner and Mazzocco
(2022a,b) provide advanced tools for doing inference with a mix of cross-sectional and time series data. These
methods, unlike ours, generally require access to the underlying data. Imbens and Lancaster (1994) consider
a microeconometric setting where certain macro moments are known without error, which is a special case
of our framework. Hahn, Kuersteiner and Mazzocco (2020) give examples of structural models where both
time series and cross-sectional data are required for identification of structural parameters. Their insights

may help inform the choice of moments for the methods that we develop below.

Outline. Section 2.2 defines the moment matching setup. Section 2.3 derives the worst-case standard
errors and the efficient moment weighting/selection. Section 2.4 develops tests of parameter restrictions
and of over-identifying restrictions. Section 2.5 contains two empirical illustrations. Section 2.6 concludes.
Appendix B.1 contains proofs and other technical details. Code for implementing our procedures is available

online.!

2.2 Setup

Consider a standard moment matching (minimum distance) estimation framework. Let po € RP be a vector
of reduced-form parameters, which we will refer to as “moments”, though the method applies more generally.
Let 6p € © C R* be a vector of structural model parameters. According to an economic model, the two
parameter vectors are linked by the relationship pg = h(6y), where h: © — RP is a known function implied
by the model. The map h(-) may be computed either analytically or numerically. We have access to an

estimator fi (“empirical moments”) that satisfies

Vi — po) % N(0,V) (2.1)

IMatlab: https://github.com/mikkelpm/stderr_calibration_matlab. Python: https://github.com/mikkelpm/stderr_
calibration_python
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for a p x p symmetric positive semidefinite variance-covariance matrix V.2 Let W be a p X p symmetric
matrix satisfying WA w (we discuss the choice of W in Section 2.3.2). Then a “moment matching” or

“minimum distance” estimator of gy is given by

0 = argming.q (i — h(0))'W (i — h(6)). (2.2)

This estimation strategy is sometimes referred to as “calibration”.?

If we were able to estimate the covariance matrix of the empirical moments fi consistently, it would
be straight-forward to construct standard errors for any smooth function of the estimator 6. Suppose we
are interested in the scalar transformed parameter r(6y), where r: © — R. For example, r(-) may equal a
particular counterfactual quantity in the structural model, or we could simply set r(6) = 6; for some index

i. Under the standard regularity conditions listed below in Assumption 11,

V() —r(6o)) = N(G'WG) " G'W/n(ji — o) + 0p(1) (2.3)

LN (0, N(@EWE) ' @WVWG(GEWE) 1)),

where G = 0h(0y)/00" € RP** and \ = 9r(6y)/00 € RE. See Newey and McFadden (1994) for details. If

the entire asymptotic covariance matrix V of ji were consistently estimable, the above display would allow
computation of standard errors, confidence intervals, and hypothesis tests.

Unfortunately, the full correlation structure of i is difficult or impossible to estimate in certain appli-
cations. This may be the case, for example, when the moments [i are obtained from a variety of different
data sources or econometric methods, or from previous studies for which the underlying data is not readily
available. Moreover, if the moments involve a mix of time series and cross-sectional data sources, it can
be difficult conceptually or practically to estimate correlations across data sources, whether through the
bootstrap or the Generalized Method of Moments (GMM). While the structural model could in some cases

be exploited to estimate the moment covariance matrix, this may require stronger assumptions than what

2Here and below, all limits are taken as the sample size n — co. We implicitly think of the sample sizes for the different
moments as being proportional, with the factors of proportionality reflected in V. If some element fi; converges at a faster
rate than y/n, then V;; = 0. Sample sizes and convergence rates only enter into our practical procedures through their implicit
effect on the calculation of the moment standard errors 6; (discussed below), which is handled automatically by econometric
software.

30ur analysis extends in a straight-forward manner to Generalized Minimum Distance estimation. In that setting 6y and
po are linked through a possibly non-separable equation g(fo, o) = Omx1. The setting in our paper is a special case with
g(0, 1) = h(0) — p, but our calculations carry over with few changes because the asymptotic expansions are essentially the same
(Newey and McFadden, 1994).
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is needed for point estimation of the structural parameters. We discuss these points in more detail at the
end of this subsection and in the empirical applications in Section 2.5.

Yet, it is often the case that the standard errors of each of the components of ji are available. These
marginal standard errors may be directly computable from data, or they may be reported in the various
papers that the individual elements of i are gleaned from. Thus, assume that we have access to standard
errors 61,...,0, > 0 satisfying

Vg, BVE j=1,p. (2.4)

We show in the next section that these marginal standard errors suffice for doing informative inference on
r (90).5

For ease of reference, we summarize our technical assumptions here:
Assumption 11.
i) The empirical moment vector ji is asymptotically normal, as in (2.1).
ii) The standard errors 6, are consistent, as in (2.4).

iii) h(-) and r(-) are both continuously differentiable in a neighborhood of 6y (which lies in the interior of

©), G = 0h(0y)/00" has full column rank, and A = 9r(6y)/90 # Okx1.

iV) é ﬁ) 90.

V) W 5 W for a symmetric positive semidefinite matrix W.
vi) G'WG@ is nonsingular.

Conditions (ii))—(vi)) are standard regularity conditions that are satisfied in smooth, identified models
(Newey and McFadden, 1994). Note that we allow for the possibility that some moments are known with

certainty (Vj; = 0) as in Imbens and Lancaster (1994). We will now discuss the key condition (i)).

Discussion of limited information about the correlation structure and the joint normality
assumption. We now provide several examples of situations where it is difficult or impossible to estimate

the correlation structure of different types of empirical moments. In cases when the elements of the moment

4For example, if we exploit the model’s predictions about second moments for estimation, model-based estimation of V
would require believing the model’s predictions about fourth moments.

50ur set-up covers applications where the parameters 6 are not explicitly estimated but are instead fixed at certain values
i obtained from prior studies. In this case h(§) = 6, and &; is the standard error (which could potentially be 0 for some j) of
the j-th externally-obtained parameter value é]‘ = fi;.
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vector [i are obtained from different data sets, the joint normality assumption (2.1) requires justification.
This ensures not only that a normal distribution is the appropriate reference distribution for obtaining critical
values, but also that the vector fi can reasonably be viewed as arising from some joint, repeatable experiment
for which the given standard errors &; capture all sources of uncertainty. The joint normality assumption is
most easily understood and justified under a model-based (e.g., shock-based) perspective on uncertainty. In
this view, there exists a coherent data generating process with both aggregate and idiosyncratic shocks that
affect all of the observed data. The empirical application of Section 2.5.2 is a prototypical example of this
framework, but such applications are not the only use case.

There are several cases in which the joint normality assumption appears reasonable, but estimation of

the full moment covariance matrix V' could be challenging. For example:

1. The moments are obtained from the same or similar data sets, but the underlying data for some of the
moments 1s not available. For example, some moments may be reported in previous papers that use
proprietary data. In this case, traditional full-information inference procedures are inapplicable because
it is generally impossible to estimate moment cross-correlations without access to the underlying data.
However, as long as we have access to marginal standard errors for each individual moment, our

methods can be applied. See Section 2.5.1 for an empirical example.

2. Some of the moments are computed from aggregate time series and others from panel data spanning
similar time periods. If the clustering procedure of the panel data regressions allows for aggregate
shocks (such as when clustering by time period or when using the standard error formula from Driscoll
and Kraay, 1998), and these aggregate shocks also affect the time series data, then the panel regressions

will have correct standard errors but the coefficients may be correlated with the time series moments.

3. The moments stem from time series data observed at various frequencies, or from regional data with
various levels of geographic aggregation. While careful econometric analysis may allow the estimation of
the full covariance matrix of the moments by appropriately collapsing the sample moment conditions
for the higher-frequency or higher-resolution data, this could be cumbersome in practice. This is
especially true if there is limited overlap in the time spans of the higher-frequency and lower-frequency

data, or in the geographical coverage of the higher-resolution and lower-resolution data.

4. We use a combination of aggregate time series moments and micro moments from surveys, and the
latter measure time-invariant parameters that are not affected by macro shocks in the sample. In

this case, it is often reasonable to assume that the uncertainty in the micro moments (arising purely
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from idiosyncratic noise) is uncorrelated with the uncertainty in the macro moments. Similarly, cross-
sectional moments obtained from different independent random samples are plausibly uncorrelated
with each other. Such extra information about off-diagonal entries of V' can be incorporated in our

procedures, as shown in Section 2.3.3.

. The moments are all computed from the same data set, but using a variety of complicated procedures.
While it may in principle be possible to estimate the correlation structure analytically by stacking the
first-order conditions for the different estimation procedures into a large GMM moment vector, applied
researchers may wish to avoid these complications. The bootstrap offers a simpler approach but is
computationally impractical in some cases. In contrast, our analytical inference procedures below only
require researchers to obtain standard errors for each estimated moment separately, and these are often
outputted automatically by existing software. One may worry about the internal consistency of mixing
moments arising from different estimation procedures, in the sense that the models used to compute
the various moments could be mutually incompatible (or incompatible with the structural model that
the researcher seeks to fit to the moments). This can be tested using the over-identification test that

we propose in Section 2.4.2.

. The moments are all computed from the same data set, but full-information inference procedures per-
form poorly in finite samples. As shown by Altonji and Segal (1996), traditional full-information
efficient minimum distance estimation, which relies on an estimate V of the entire moment variance-
covariance matrix V', can be subject to severe finite-sample biases in many applications, especially when
p is large.® Whereas full-information efficient inference requires the entire matrix V to be accurately
estimated, our limited-information inference procedures below only require accurate estimates of the

diagonal entries.

To be clear, in cases 2-6 above (though not in case 1), full-information inference may be possible in principle,

as we have indicated. However, this could be cumbersome to implement in practice and/or suffer from poor

finite-sample properties. The limited-information procedures we develop offer applied researchers simpler

tools that in many cases provide informative inference about structural parameters. Moreover, the limited-

information results could be used as a first step for exploring whether it is worthwhile to expend the extra

effort required for full-information inference.

6When matching simple moments with access to the underlying i.i.d. data, generalized empirical likelihood estimators are
known to have better finite-sample properties than efficient minimum distance or GMM, though they are often harder to
compute (see Imbens, 2002, for a review).
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It is important to note that the joint normality assumption (2.1) may fail in some cases, rendering our

methods invalid. For example:

1. We use a combination of aggregate time series moments and micro moments from surveys, but the
latter are affected by aggregate macro shocks that shift the whole micro outcome distribution. In this
case, standard cross-sectional moments may not even be consistent for the true underlying population
moments, since the aggregate shocks do not get averaged out (Hahn et al., 2020, Section 3). Moreover,
the usual micro standard errors will not take into account the combined uncertainty in the macro shocks
and idiosyncratic micro noise. However, if the effects of macro shocks on micro moments do average out
and we appropriately account for all types of uncertainty when computing moments and their standard

errors, then our methods below can be applied. We illustrate this empirically in Section 2.5.2.

2. The data used to compute some of the moments is very heavy tailed, or the estimation procedures are
not asymptotically reqular. In this case, even marginal normality of the individual empirical moments
may fail. We leave extensions to non-normal limit distributions as an interesting topic for future

research.

2.3 Standard errors and moment selection

We first derive the worst-case standard errors for a given choice of moment weight matrix. Then we show
that the weighting scheme that minimizes the worst-case standard errors amounts to a moment selection

problem with a simple solution.

2.3.1 Worst-case standard errors and confidence intervals

We first compute the worst-case bound on the standard error of the moment matching estimator, given
knowledge of only the variances of the empirical moments. Although the mathematical argument is straight-
forward, it appears that the literature has not realized the practical utility of this result.

Recall that we seek to do inference on the scalar parameter r(6y). By the standard delta method expansion
(2.3) under Assumption 11, the estimator r(é) is asymptotically equivalent to a certain linear function ' of
the empirical moments, where x = (21,...,2,) = WG(G'WG) A, We thus seek to bound the variance of
an (asymptotically) known linear combination of /i, knowing the variance of each component /i; but not the

correlation structure. This worst-case variance is attained when all components of i are perfectly positively
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or negatively correlated (depending on the signs of the elements of ), yielding the worst-case variance

(Z§:1 |z;| Var(j1;)'/2)?, as is proved in the following elementary lemma.”

Lemma 2. Let x = (x1,...,2,) € RP and o%,... ,012, > 0. Let S(o) denote the set of p X p symmetric

positive semidefinite matrices with diagonal elements o = (03, ..., JZ)’. Then

vVeS(o)

P
max Va'Va = Zaj\xﬂ.
j=1

Proof. The right-hand side is attained by V = ss’, where s = (o1 sign(z1), ..., 0psign(z,))’. Moreover, for
any V € S(o),
2
PP PP P P
WVe =YY wmVie <3N |rgw [Vie < Y0 lwwel ojor = | Y ol
j=1¢=1 j=1¢=1 j=1 =1 j=1

The penultimate inequality uses that |ng\2 < V; Vi for any symmetric positive semidefinite matrix V. [

We can thus construct an estimate of the worst-case standard error of r(6) as
p
se(d) =) 65121, (2.5)

where & = (&1,...,8,) = WG(G’WG)_15\7 G = 8%?), and \ = 82(99)_ In practice, the derivatives may be

computed analytically, by automatic differentiation, or by finite differences. Let ®(-) denote the standard

normal distribution function. Then the confidence interval

—~

CI

() — &1 (1 — a/2)8e(2), r(6) + ©1(1 — a/2)sAe(:%)]

covers 7(fp) with probability at least 1 — « asymptotically, as shown formally in the following proposition.
The asymptotic coverage probability generally exceeds 1—a due to the worst-case perspective, but coverage is
exact in a particular special case when all elements of the empirical moment vector i are perfectly correlated

asymptotically.

Proposition 13. Impose Assumption 11 and max; |z;|V;; > 0. Then lim,,_,., P(r(6y) € Ch >1—a, and

the inequality binds for the rank-1 matriz V' defined in the proof of Lemma 2.

"The basic intuition is that Var(X + Y) = Var(X) 4 Var(Y) + 2[Var(X) Var(Y)]/2 Corr(X,Y) < Var(X) + Var(Y) +
2[Var(X) Var(Y)]1/2 = (Var(X)1/2 4 Var(Y)1/2)2, since Corr(X,Y) < 1.
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Proof. Please see Appendix B.1.1. O

Remarks.

1. The worst-case standard errors are at most |/p times larger than the standard errors that assume all
elements of i to be mutually uncorrelated. This follows from Hoélder’s inequality between ¢; and ¢4

norms, which yields Y-0_, 6;|2;| < p*/2(3_%_, 6723)"/2.

2. Though often informative, limited-information inference can potentially have much lower power than
full-information inference. Specifically, the worst-case standard errors can in some (but not all) models
be arbitrarily larger than the standard errors one would report given full knowledge of V. For example,
consider a “repeated measurements” model with k =1, p = 2, h(d) = (0,6)’, () = 0, and W =1,
yielding the estimator § = (fiy + ji2)/2. The worst-case standard error of 6 equals (61 + 62)/2,
corresponding to the case where 17 and [i5 are perfectly positively correlated. But it is easy to
verify that the best-case standard error equals |61 — 62|/2, corresponding to [i; and fis being perfectly

negatively correlated. If 61 = &4, the ratio of worst-case to best-case standard errors is infinite.

3. In applications where the moment function h(#) cannot be evaluated analytically, the moments can
instead be approximated by simulating from the economic model given parameter vector 6. Proposi-
tion 21 in Appendix B.1.2 shows that the conclusions of Proposition 13 continue to apply in this case,

as long as the number of simulation draws is sufficiently large relative to the empirical sample size n.

2.3.2 Efficient moment selection

We now derive a weight matrix W that minimizes the worst-case variance of the estimator, derived above.
We show that this weight matrix puts weight on at most £ moments, so the procedure amounts to efficient
moment selection. Since the weight matrix W only matters in the over-identified case, we assume p > k in
this section.

We seek a weight matrix W that minimizes the worst-case asymptotic standard deviation of r(é) Let

(W) denote the vector = defined in Section 2.3.1, viewed as a function of W, and let S, denote the set

of p X p symmetric positive semidefinite matrices W such that G'WG is nonsingular. Then we solve the
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problem

min  max_ \/N(GWG)IGWIVWG(GWE)! (2.6)
WeS, Ves(diag(V))

= min max  (x(W)'Va(W))/2
WeS, Ves(diag(V))

p

_ 2

= o _1V |5 (W),
j_

where the last equality uses Lemma 2 in Section 2.3.1. Lemma 11 in Appendix B.1.1 shows that the solution

to the final optimization problem above is given by

P
1/2 o /
Vrl}lelg 41V |z; (W] = g}l@}nnk Z|Y Xz| (2.7)
j_

where we define

Y, =V 2Gu(GG) N eR, X;=-V}/?GL errTF,

Gt is any p x (p — k) matrix with full column rank satisfying G'G+ = Okx (p—k)» and the notation Aje
means the j-th row of matrix A. The intuition for the equality (2.7) is that the set of all minimum distance
estimators for various weight matrices is asymptotically equivalent to the set of all estimators that are linear
combinations of the p moments [, subject to k asymptotic unbiasedness constraints. We can therefore
optimize over a (p — k)-dimensional linear space.

The final optimization problem (2.7) is a median regression (Least Absolute Deviation regression) of
the artificial “regressand” {Y;} on the p — k artificial “regressors” {X;}. This regression can be executed
efficiently using standard quantile regression software.

The solution to the median regression amounts to optimally selecting at most k£ of the p moments for
estimation. Theorem 3.1 of Koenker and Bassett (1978) implies that there exists a solution z* to the median

regression (2.7) such that at least p — k out of the p median regression residuals

equal zero. Hence, an efficient weight matrix W* that achieves the minimum in (2.7) will yield a linear
combination vector z(W*) = (Vl_ll/ze’{, ce Vp;1/2 »)’ that attaches nonzero weight to at most & out of the p

empirical moments fi. In other words, the solution to the efficient moment weighting problem is endogenously

61



achieved by an efficient moment selection. We may pick an arbitrary weight matrix that attaches nonzero
weight to only the efficiently selected moments (the magnitudes of the weights do not matter asymptotically,

as the selected set of moments is just-identified).

Analytical illustration. To illustrate the above results, and to link back to the intuitive discussion of
portfolio selection in Section 2.1, consider a “repeated measurements” model with k = 1, p = 2, h(0) = (6, 6)’,
and () = 0. It is easy to see that any weight matrix 144 yields a minimum distance estimator of the form
0 = 11 + xafio, where x1 + x2 = 1. The constraint that x; and x5 sum to 1 ensures that the estimator
is consistent. The choice of optimal weight matrix corresponds to an optimal choice of x; and zo = 1 — 3.
One might expect the usual diversification motive to cause us to attach nonzero weights to both empirical
moments fi; and jie, so that their estimation errors average out partially. However, for the worst-case
correlation structure for these moments—perfect correlation—their estimation errors amplify each other,
rendering diversification futile. Hence, we minimize the worst-case standard error |x1|67 + |1 — 21|62 by
setting 1 = 1 when &7 < 62 and otherwise x; = 0, yielding the estimator 0 = ﬂargmmj Eo That is, the
efficient estimator simply discards the moment with the largest standard error. In more general models,
moment selection also depends on how informative each moment is about the structural parameters, as

measured by the Jacobian matrix G.

Algorithm. The efficient estimator and standard errors can be computed as follows:

i) Compute an initial \/n-consistent estimator Binit using, say, a diagonal weight matrix with Wj = 6;2.
s : : o A Oh(finie) 3 = Or(fimie) : :
ii) Construct the derivative matrix G = “—5;7*> and vector A = =—g5;*, either analytically or numerically.

iii) Solve the median regression (2.7), substituting G for G, A for A, and ; for VJI/ ? 8 Compute the residuals
€z, j=1,...,p, from this median regression. (In the non-generic case where multiple solutions to the

median regression exist, select one that yields at most k nonzero residuals.)

Sk

iv) Construct the efficient linear combination 2* = (27,...,%,)" of the p moments, given by 7 = &
for j =1,...,p. At least p — k of the elements will be zero, corresponding to those moments that are

discarded by the efficient moment selection procedure.

v) To compute an efficient estimator of r(6y), either:

8Remember to omit an intercept from the regression.
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a) Compute the just-identified efficient minimum distance estimator O of By which uses any weight
matrix that attaches zero weight to those (at least) p — k moments which receive zero weight in

the vector 2*. Then estimate 7(0y) by r(feg). Or:

b) Compute the “one-step” estimator fef.15 = r(éinit) + & (p — h(éinit)) of 7(6p).”

vi) The worst-case standard error of the estimator from step (v)) is given by the value of the median

regression (2.7) (i.e., the minimized objective function).

Options (a) and (b) in step (v)) of the algorithm are asymptotically equivalent. Option (b) is computationally
more convenient as it avoids further numerical optimization, but option (a) ensures that éeff always lies in

the parameter space O.

Remarks.

1. Since all operations involved in computing the efficient linear combination 2* are continuous, £* con-
verges in probability to the population efficient linear combination 2(W*). The only exception may be
where the population median regression (2.7) does not have a unique minimum, which is a non-generic
case. Even in this case, however, the efficient worst-case standard errors will be consistent (when

multiplied by y/n) under Assumption 11(i))—(iv)), by a standard application of the maximum theorem.

2. The full-information (infeasible) efficient weight matrix that exploits knowledge of all of V' is known
to equal W = V!, This weight matrix in general attaches nonzero weight to all moments, un-
like the limited-information efficient solution derived above. The worst-case asymptotic standard de-
viation (2.7) given limited information is of course larger than the asymptotic standard deviation

(N(G'V=1G)*A\)1/2 of the full-information efficient estimator of r(6y).

3. The efficient moment weighting/selection for the limited-information efficient estimators r(feg) and
Teft.1s depends on the function r(+) of interest, unlike in the case of full-information efficient estimation.
In practice, we can just re-run the computations for each function r(-) of interest (e.g., for each

component of ).

4. By restricting W to the set S, of weight matrices for which G'WG is nonsingular, we ensure that the
parameter vector 6y is at least locally identified from the selected moments (Newey and McFadden,

1994, p. 2144). However, the selected moments may fail to ensure global identification of 6y. In models

9See Newey and McFadden (1994, Section 3.4) for a general discussion of one-step estimators.
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for which this is a concern, we recommend using the one-step efficient estimator #4s.15, which inherits

its consistency from the initial estimator éinit that could be computed using all available moments.

5. It is not restrictive to consider moment matching estimators of the form (2.2). Consider instead any
estimator J = f (1) of By, where f: R? — R* is a possibly data-dependent function with enough

regularity to satisfy the asymptotically linear expansion

0 — 0 = H(ft — po) + op(n~"/?),

for some k x p matrix H. If we restrict attention to asymptotically regular estimators of 6y (i.e.,
estimators that remain asymptotically unbiased under locally drifting parameters), we need HG = Ij.
Among all estimators J satisfying these requirements, the smallest possible worst-case asymptotic

standard deviation of r(¢) is achieved by the estimator whose asymptotic linearization matrix H

solves

min max (XH/VHA)lm'
H: HG=I; VeS8(diag(V))

Lemma 11 in Appendix B.1.1 shows that the solution to this problem is precisely the value of the
median regression (2.7). In other words, the minimum distance estimator § with (limited-information)
efficient weight matrix delivers the smallest possible worst-case standard errors in a large class of

estimators.

2.3.3 General knowledge of the covariance matrix

We now extend our results to the general case where any collection of elements of the asymptotic covariance
matrix V of the moments i is known (or consistently estimable), while the remaining elements are unre-
stricted. For example, if a pair of elements of /i are known to be independent, the corresponding off-diagonal
elements of V' must equal zero.

Letting S denote the given constraint set for V', we can compute the worst-case asymptotic standard

[max z'Vz, (2.8)
ves

where 2 was defined in Section 2.3.1.1° In the case of interest to us, S is defined by equality restrictions

deviation of () as

on a subset of the elements of V, in addition to the restriction that V is symmetric positive semidefinite.!!

10Similarly, we could compute the best-case standard deviation by minimizing this objective function.
1n fact, the argument also extends to imposing inequality constraints on elements of V.
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Then the maximization problem (2.8) is a so-called semidefinite programming problem, a special case of
convex programming. In Appendix B.1.3, we show that the efficient weight matrix can likewise be computed
through a pair of nested convex optimizations. We also show that analytical simplifications obtain in the
special case where we know the block diagonal of V; such a structure may occur if consecutive elements of ji
are obtained from the same data set, allowing estimation of covariances among these elements. Our software

automatically implement all these computations (see Footnote 1).

2.4 Testing

In this section we develop a joint test of multiple parameter restrictions as well as a test of over-identifying

restrictions.

2.4.1 Joint testing of parameter restrictions

We propose a test of the joint null hypothesis Hy: r(6p) = 0,,x1 against the two-sided alternative. In this
section, the continuously differentiable function r: © — R™ is allowed to be multi-valued. Tests of a single
parameter restriction (m = 1) can be carried out using the confidence interval described in Section 2.3.1.

For the case m > 1, we propose the following testing procedure. Let « € (0,1) denote the significance level.

i) Compute the Wald-type test statistic
7 = () $r(0),

where S is a user-specified symmetric positive definite m x m matrix, to be discussed below.

ii) Compute the critical value

1 -
Vp= max - trace (VWG(G’WG)_U\SX(G’WG)_1G’W) < (711 -a/2))°.  (29)
VeS(diag(V)) I
In practice, we substitute the estimates Ldiag(V) ~ diag(63,...,62), W~ W, S~ S, G~ G = agéé)7

and A~ \ = %g)’.
iii) Reject Ho: r(6g) = Omx1 if T > cvy,.

The maximization (2.9) is a semidefinite programming problem, which is easy to compute numerically, as
discussed in Section 2.3.3. Appendix B.1.3 extends the procedure to settings where additional knowledge

about V is available other than the diagonal.
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The following proposition shows that, for conventional significance levels «, the asymptotic size of this
test does not exceed «, regardless of the true correlation structure of the moments. This holds for any valid
choice of weight matrix W, including—but not limited to—the limited-information efficient weight matrix

derived in Section 2.3.2.

Proposition 14. Impose Assumption 11, except that we redefine A = Or(6p)' /00 and require this matrix
to have full column rank m. Assume also that S 2 S, S is symmetric positive definite, ncv, > 0, and
a <0.215. Then, if r(0p) = Omx1,

limsup P(7 > cv,,) < a.

n—oo

Proof. Please see Appendix B.1.1. O

Remarks.

1. We do not have formal results on how to choose the weight matrix S in the test statistic. A pragmatic
ad hoc choice is to set S = (N (G'WG) " 'G'WVWG(G'WG)~'A\)~! (with consistent estimates plugged
in), where V is a particular value for the asymptotic variance V' of ji at which we wish to direct power.
Then 7 is the usual full-information Wald statistic given V = V, though the critical value for the test
differs from the conventional one to ensure size control regardless of the actual unknown correlation
structure. For example, if we want to direct power toward the case with independent moments, we can

choose V = diag(né7, ..., no2).

2. The test procedure in Proposition 14 is generally conservative from a minimax perspective, i.e., the
size may be strictly smaller than « for all covariance matrices V' of the moments. The reason is that
the proof of Proposition 14 relies on a tail probability bound for quadratic forms of Gaussian random
vectors (Székely and Bakirov, 2003). This bound is attained when V has rank 1, but the positive
semidefinite maximum (2.9) need not be attained at a rank-1 matrix, to our knowledge. It is an
interesting topic for future research to devise a test that has a formal minimax optimality property

given the limited knowledge of V.

3. The test procedure is consistent against any fixed alternative with r(6y) # 0,,x1 under the conditions of
Proposition 14. This follows from the standard argument that ng diverges to infinity with probability
1 in this case, while cv,, = O(n~') since the largest eigenvalue of any matrix V € S(diag(V)) is

bounded above by »°¥_, Vj;.
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4. An alternative way to test multiple hypotheses (m > 1) is to separately test each null hypothesis
r;j(0p) =0, j =1,...,m, using the univariate confidence interval for r;(6p) in Section 2.3.1, but with a
Bonferroni correction applied to the significance level.'? That is, the test rejects the joint hypothesis
when any of the m level-(1 — a/m) confidence intervals excludes 0. This Bonferroni test neither
dominates, nor is it dominated by, the test in Proposition 14 in terms of local power in general. The
latter test has the advantage that it is finite-sample invariant to nonsingular linear transformations of

the joint null hypothesis (if S is chosen as in the first remark above).

2.4.2 Over-identification testing

The fit of the calibrated model can be evaluated using over-identification tests when we have more moments
p than parameters k. In this subsection we allow for potential model misspecification by dropping the
assumption in Section 2.2 that there exists 6y € R* such that h(6p) = po. Let an arbitrary weight matrix
W 5 W be given, such as the limited-information efficient weight matrix derived in Section 2.3.2. Define
the pseudo-true parameter g = argmingcgs (o — h(8))' W (110 — h(0)), assuming the minimizer is unique. We
continue to impose all the assumptions in Section 2.2, with 6, substituting for .

Suppose we want to know whether the model provides a good fit for a particular moment. Let j* €
{1,...,p} be the index of the moment of interest. We seek a confidence interval for the model misspecification

measure fig j+ —h;- (190)7 i.e., the j*-th element of uofh(éo). It is standard to show that, under Assumption 11,
fi — h(B) = (o — h(Bo)) = (I, — G(G'WG) " G'W) (ju — po) + 0p(n~/?). (2.10)
Let & be the j*-th column of the matrix I, — WG(G'W@G)~'G’. Then
[ﬂj* — hje(0) — @711 — a/2)5e(Z), fije — hj- () + @711 — a/2)sAe(i)}
is a confidence interval for the difference pg j~ — hj*(éo), with worst-case asymptotic coverage probability

1 — a. Note that it can happen that se(z) = 0, in which case it is not possible to test the over-identifying

restriction corresponding to the j*-th moment.!3

12We thank a referee for this suggestion. Yet another approach was suggested to us by Bo Honoré: Reject whenever
infy nr(0) (N (G'WQ)"LG'WVWG(G'WG)~1A)~1r() exceeds the 1 —a quantile of a chi-squared distribution with m degrees
of freedom. That is, we search over V for the smallest conventional Wald test statistic. Unfortunately, this optimization problem
appears to be numerically challenging unless p is small.

13Similarly, following the ideas in Section 2.4.1, a joint test of the over-identifying restrictions can be constructed by computing
the test statistic Jpveria = (& — h(0))'S(fs — h(f)) for some p X p symmetric positive definite matrix S. A natural ad hoc
choice is S = W, in which case the test statistic equals the minimized minimum distance objective function. We reject
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One common use of over-identification testing is to evaluate the estimated model’s fit on “non-targeted
moments”. This corresponds to the special case where the weight matrix W zeroes out the corresponding
rows and columns of the non-targeted moments, so that the point estimate 6 ignores these moments.'* An
application of this idea is to fix the structural parameters 6 to values obtained from previous studies and then
evaluate whether the model’s predictions at these parameters match additional moments (this can be viewed
as a statistical version of the model validation process advocated by Kydland and Prescott, 1996). This is
achieved by choosing a moment function of the form h(f) = (#’, h(#))’, with empirical moments i = (5’, i)
Here 5 are the parameter values obtained from previous studies, while h(f) is the “non-targeted” model

prediction of the empirical moment .

2.5 Empirical applications

We illustrate our methods through two empirical examples. First we fit a model of menu cost price setting
in multi-product firms to scanner data. Then we fit a heterogeneous agent New Keynesian model to impulse

responses that have been estimated from a combination of micro and macro data.

2.5.1 Menu cost price setting in multi-product firms

Our first application estimates the Alvarez and Lippi (2014) model of menu cost price-setting in multiproduct
firms. We fit the model to moments of price changes from supermarket scanner data. This is a small-scale
application with £ = 3 parameters and p = 4 moments.

Though we in fact have access to the underlying data set, we emulate a hypothetical situation where
the model is matched to moments that were reported in another paper. We can therefore compare full-
information inference, which uses the underlying data, with limited-information inference, which uses only the
moments and their marginal standard errors. We find that limited-information inference remains informative
about the structural parameters. Moreover, a simulation study calibrated to this application confirms the

utility of our procedures in finite samples.

correct specification of the model at significance level o < 0.215 if the test statistic exceeds the critical value cvy gveria =
o _ _ _ 2 .
MaXy ¢ 5(diag(V)) %trace (V(Ip - WG(G'WG)~1G)S(I, — G(G'WG) 1G’VV)) x (@71(1 - «a/2))", where we plug in sample
analogues for all the unknown quantities.
14Note that in this case p continues to denote the total number of moments (“targeted” plus “non-targeted”), and in particular
G should contain derivatives of both kinds of moments.
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Model. We give a brief overview of the structural model here and refer the reader to Alvarez and Lippi
(2014) for details. A firm sets prices on N products. The desired log prices for the products evolve in
continuous time as N independent Brownian motions (without drift); however, the actual prices are fixed
until the firm pays a fixed menu cost, at which point it may reset all N prices simultaneously. The firm’s
profit depends negatively on the squared log deviation between the current and desired price, integrated over
time and averaged across the N products. The model has k = 3 parameters: the number N of products, the
volatility of the desired prices, and the scaled menu cost (relative to the curvature of the profit function).'

Alvarez and Lippi (2014) derive closed-form expressions for the frequency of price changes and the moments

of the size of price changes. These are the moments we will match in the data.

Data. We empirically estimate the frequency and moments of price changes in scanner data from the

16 As described in detail in Appendix B.1.4, we clean the data following

supermarket chain Dominick’s.
Alvarez, Le Bihan and Lippi (2016), and in particular we focus on data from a single store. Unlike those
authors, we exclusively use data on beer products, which arguably increases the interpretability of the results
and makes the sample size more relevant for our subsequent simulation study. The final data set contains
weekly prices on 499 beer products (Universal Product Codes, henceforth UPCs), observed for an average
of 76 weeks per UPC. The total sample size is n = 37,916. When computing standard errors, we treat the
price changes as i.i.d. across UPCs and time.

The p = 4 reduced-form moments that we match to the structural model are the average number of price
changes per week as well as the empirical first, second, and fourth moments of the absolute log price changes
(conditional on a nonzero change).!” We estimate the full-information covariance matrix of these moments

using the usual nonparametric estimate (which depends on sample moments of price changes up to order 8).

When applying our limited-information procedures, we use only the diagonal of this covariance matrix.

Results. We consider both just-identified and efficient specifications. We treat the number N of products
as a parameter to be estimated, since there may not be a perfect correspondence between a UPC and the
structural model’s notion of a “product”. The just-identified specification uses a weight matrix that attaches
zero weight to the first moment of absolute price changes (i.e., the average), so that the three parameters

are estimated from three moments (this estimator is available in closed form). We can then check whether

151n the notation of Alvarez and Lippi (2014), these parameters are n, o, and /1 /B, respectively.

16The data is provided by the James M. Kilts Center, University of Chicago Booth School of Business.

17Before computing moments, we subtract off the overall average log price change (conditional on a nonzero change), since
the Alvarez and Lippi (2014) model abstracts from inflation.
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PRICE SETTING APPLICATION: PARAMETER ESTIMATES

Just-identified specification Efficient specification

# prod. Vol. Menu cost ‘ Over-1D | # prod. Vol. Menu cost
Full-info 3.012 0.090 0.291 0.002 3.255 0.089 0.305

(0.046)  (0.001) (0.003) (0.000) | (0.051) (0.001) (0.003)
Independ. 3.012 0.090 0.291 0.002 2.829 0.090 0.280

(0.167)  (0.001) (0.010) (0.001) | (0.091)  (0.000) (0.006)
Worst case 3.012 0.090 0.291 0.002 2.786 0.090 0.278

(0.235)  (0.001) (0.016) (0.002) | (0.148) (0.001) (0.011)

Table 2.1: Estimates for the just-identified specification (uses only three moments for estimation) and the
efficient specification (exploits all four moments for estimation). The rows correspond to full-information
inference (exploits knowledge of V), inference under independence (erroneously assumes that V is diagonal),
and worst-case inference (exploits only diagonal of V without assuming off-diagonal elements are zero).
Parameters: number of products (“# prod.”), volatility of desired log price (“Vol.”), scaled menu cost
(“Menu cost”). Column “Over-ID” displays the error in fitting the non-targeted mean absolute price change
moment, given the just-identified parameter estimates. Standard errors in parentheses.

the model provides a good fit for the “non-targeted” moment by carrying out the over-identification test
proposed in Section 2.4.2. The efficient specification exploits all four empirical moments, using either the con-
ventional full-information one-step estimator or our limited-information one-step estimator in Section 2.3.2.
In addition to the full-information and limited-information procedures, we report results for a procedure
that (erroneously) assumes that the four empirical moments are mutually independent.

Table 2.1 shows that the limited-information standard errors are larger than the full-information ones,
but they remain highly informative about the values of the structural parameters. In the efficient over-
identified specification, the worst-case standard errors are at most 3.7 times larger than the corresponding
full-information values. Importantly, all worst-case standard errors are arguably small relative to the eco-
nomic magnitudes of the parameter estimates. Hence, taking a worst-case perspective still allows for infor-
mative inference. In this particular application, the standard errors that assume independence are mostly
intermediate between the full-information and limited-information values.

Though limited-information inference is informative about the structural parameters themselves, there
is a price to pay for the over-identification test in this application. In particular, Table 2.1 shows that the
limited-information test does not reject the validity of the non-targeted moment restriction, whereas the
full-information test does reject (however, the economic magnitude of the moment violation is small, as

the empirical moment equals 0.145 but the error in fitting the moment is only 0.002).!% This illustrates

18Consistent with the over-identification test, some of the full-information efficient parameter estimates are significantly
different from the corresponding independence-based or limited-information estimates in Table 2.1. If the model were correctly
specified, there should be no statistically significant differences between estimates obtained with different weight matrices.
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the principle that full-information inference is usually preferable if it is practically feasible. Of course, if
we did not have access to the underlying supermarket scanner data, there would be no alternative to the

limited-information analysis.

Simulation study. In Appendix B.1.4 we show that our inference procedures perform well in a simula-
tion study calibrated to the present empirical application. We simulate data from the Alvarez and Lippi
(2014) model conditional on the estimated structural parameters. While our limited-information tests and
confidence intervals have approximately correct size/coverage given the empirical sample size n (as do the
full-information procedures), the procedures that erroneously assume independence between the reduced-

form moments can over-reject/under-cover.

2.5.2 Heterogeneous agent New Keynesian model

Our second application estimates a heterogeneous agent New Keynesian general equilibrium macro model,
following McKay et al. (2016) and Auclert et al. (2021). The matched moments are impulse response
functions of macro time series and cross-sectional micro moments with respect to identified productivity and
monetary policy shocks, as estimated by Chang, Chen and Schorfheide (2023) and Miranda-Agrippino and
Ricco (2021). This is a medium-scale application with k& = 7 parameters and p = 23 moments.

Though less efficient, impulse response matching estimation is more robust to modeling assumptions than
full-information likelihood estimation.'® This is because—in the first-order approximation we consider—the
impulse responses with respect to a monetary shock, say, do not depend on the exogenous processes for the
other disturbances (e.g., shocks to the household discount rate).?’ Thus, our application only requires us
to specify and estimate the exogenous processes for productivity and monetary disturbances. We remain
agnostic about the number and nature of other shocks that may be driving the economy.

Likewise, our limited-information approach is simpler and less restrictive than other types of procedures
that attempt to exploit more information. The only data inputs into our procedure are the impulse response
point estimates and confidence intervals reported by Chang et al. (2023) and Miranda-Agrippino and Ricco
(2021). We do not need access to the underlying data used in those papers, as would be required if one were

to estimate the joint covariance matrix of all empirical moments via the bootstrap or GMM calculations.

However, the discrepancies between the different estimates are arguably small in economic terms.

91Likelihood procedures for estimation of heterogeneous agent models have been proposed by Mongey and Williams (2017),
Winberry (2018), Auclert et al. (2021), and Liu and Plagborg-Mgller (2023) among others.

20Impulse responses to a monetary shock are computed by holding fixed all other exogenous shocks. As a result, the linearized
impulse responses depend only on parameters of the monetary disturbance process as well as model parameters that govern the
endogenous transmission mechanisms.
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Unlike approaches based on bootstrapping or simulating data, we do not need to repeatedly re-run the
impulse response estimation routines, and we do not need to fully model the relationship between the macro

and micro data used by Chang et al. (2023) (e.g., by specifying all shocks).

Model. We employ the one-asset heterogeneous agent New Keynesian model described in Auclert et al.
(2021, Appendix B.2); we refer to that paper for details, though we have made a couple of minor modifications
to their model, as discussed below. Following McKay et al. (2016), the model features a continuum of
heterogeneous households facing uninsurable idiosyncratic earnings risk. The households choose their work
hours and amount of savings in a nominal Treasury bond. Monopolistically competitive firms set prices
subject to a quadratic adjustment cost, yielding a New Keynesian Phillips curve. Households receive lump
sum distributions of government interest revenue and firm profits. The central bank sets the nominal interest
rate according to a Taylor rule that depends on inflation.?!

The model is solved through a first-order linearization, using the numerical procedures developed by
Auclert et al. (2021). That is, the moment function h(-) is computed numerically, and its derivatives are
approximated via finite differences; no Monte Carlo simulation is involved. We study responses to (i) a
productivity shock to the exogenous AR(2) process for the log growth rate of firms’ total factor productivity
(TFP), and (ii) a monetary shock to an exogenous AR(2) process that enters as an additive disturbance in
the Taylor rule.??

Following Auclert et al. (2021), we limit ourselves to estimating structural parameters that do not affect
the steady state of the model. This allows us to avoid repeatedly recomputing the steady state, though this
would be feasible to do with moderate computational effort. The steady state parameters are fixed at the
values assumed by Auclert et al. (2021, Table B.2). The k = 7 estimated parameters are: the Taylor rule
coefficient on inflation, the slope of the Phillips curve, the three parameters in the AR(2) process for TEP

growth, and the two autoregressive coefficients for the monetary disturbance.?3

Data. The empirical moments are obtained from two sets of Structural Vector Autoregression estimates
of impulse responses to identified shocks.

Impulse responses with respect to TFP shocks are obtained from Chang et al. (2023, Fig. 9 and 11, blue

2L Auclert et al. (2021) allow the Taylor rule to depend also on output. We instead follow the Taylor rule used in those
authors’ excellent GitHub repository: https://github.com/shade-econ/sequence-jacobian.

22We thereby generalize the empirical specification of Auclert et al. (2021), which assumes an AR(1) monetary disturbance
and no aggregate TFP disturbance. Auclert et al. additionally allow for shocks to government spending and markups; our
impulse response matching estimation strategy is robust to the presence of such additional shocks, as noted above.

23We do not need to estimate the standard deviation of the monetary shock, since this parameter does not affect the normalized
impulse responses that we match (see below).
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HETEROGENEOUS AGENT APPLICATION: PARAMETER ESTIMATES

TFP Monetary
Weight matrix TR PC AR1 AR2 Std AR1 AR2
Diagonal 1.060 0.009 0.008  -0.040  0.006 0.702 0.075
(0.100) | (0.008) | (0.146) (0.189) (0.000) | (0.110) (0.163)
Efficient 1.040 0.015 0.007  -0.017  0.006 0.697 0.014
(0.074) | (0.006) | (0.137) (0.152) (0.000) | (0.088) (0.127)

Table 2.2: Structural parameter estimates with diagonal weight matrix (top row) and efficient weighting
(bottom row). Parameters: Taylor rule coefficient on inflation (“TR”); slope of Phillips curve (“PC”); first
and second autoregressive (“AR1” and “AR2”) and standard deviation (“Std”) parameters of TFP and
monetary disturbance processes. Worst-case standard errors in parentheses.

lines). We use the responses of TFP itself and of GDP (output in the model), as well as the response of
a cross-sectional moment estimated using data from the Current Population Survey (CPS): the fraction of
people earning less than 2/3 of per capita GDP.?* The sophisticated estimation method of Chang et al.
(2023) takes into account statistical uncertainty arising from the limited sample sizes in the CPS. By relying
directly on their reported results, our analysis inherits this desirable feature.

Impulse responses with respect to monetary shocks are obtained from Miranda-Agrippino and Ricco
(2021, Fig. 3). We use the responses of industrial production (output in the model), the consumer price
index (price level in the model), and the 1-year Treasury rate (annualized nominal interest rate in the model).
Since our structural model is quarterly but the Miranda-Agrippino and Ricco (2021) data is monthly, we
use the end-of-quarter impulse responses.

We focus on four impulse response horizons: the impact horizon, and the 1-, 2-; and 8-quarter horizons.
When matching the model to the data, we take into account that the Chang et al. (2023) responses are
with respect to a one-standard-deviation shock, while the Miranda-Agrippino and Ricco (2021) responses
are normalized so that the Treasury rate increases by 100 basis points on impact.2® Since both papers report
Bayesian posterior quantiles, we appeal to the Bernstein-von Mises theorem and define the point estimates
to be the reported posterior medians, while the standard errors are those implied by a normal approximation
of the reported credible intervals.2® In total, we have p = 23 empirical moments, as we discard the impact

response of the bond rate, which is normalized to 1.

24The factor 2/3 approximately adjusts for the average labor share, see Chang et al. (2023, Sec. 6.1).
25Chang et al. (2023) actually consider a 3-standard-deviation shock, but we divide by 3.
26Thus, if the length of the 1 — a credible interval for 0; is L;, we set 6; = L; /(2@ 1(1 — /2)).
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HETEROGENEOUS AGENT APPLICATION: IMPULSE RESPONSES
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Figure 2.1: Model-implied impulse responses (thin curves) and corresponding empirical estimates (circles),
with respect to a one-standard-deviation TFP shock (top row) or a monetary policy shock that raises the
bond rate by 1 percentage point on impact (bottom row). Figure titles: response variables (“% Earn | GDP”:
fraction of people earning less than 2/3 of per capita GDP). Vertical axis units: percentage points. Horizontal
axis units: quarters. Vertical error bars: (shifted) 90% confidence intervals for the differences between the
empirical and model-implied moments (not confidence intervals for the empirical moments themselves).

Results. The top row of Table 2.2 shows the parameter estimates obtained by using a diagonal weight
matrix with W; = 1/67." The Taylor rule coefficient on inflation is estimated to slightly exceed 1. The
slope of the Phillips curve is positive but statistically insignificant at conventional significance levels. The
TFP growth process is estimated to be close to white noise (i.e., the level of TFP is close to a random walk,
as commonly assumed in the literature), while the monetary disturbance process has a half-life of about 2
quarters.

Figure 2.1 compares the model-implied and empirical impulse responses, at the parameter estimates
discussed in the previous paragraph. We see that the model-implied impulse responses of output to a
monetary shock are too small in magnitude relative to the data at the 2- and 8-quarter horizons, while the
opposite is true for the responses of the price level with respect a monetary shock. Moreover, the model

fails to generate nontrivial dynamics in the fraction of low-wage earners in response to a TFP shock. To test

2"We run gradient-based numerical optimizations from 100 different starting values and report the overall optimum. One
vector of starting values equals the posterior mode estimates Q?BRS from Auclert et al. (2021, Table F.III), and imposing
a simple random walk for TFP. The 99 other starting values are simulated uniformly at random from intervals of the form
[0,20ABRS] or [—0.99,0.99] in the case of AR1 coefficients.
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whether these disparities are too large to be explained by statistical noise, we conduct the over-identification
test proposed in Section 2.4.2. The vertical error bars in Figure 2.1 show the 90% confidence intervals for
the differences between model-implied and empirical moments, centered at the empirical moments for visual
convenience. Three of the model-implied impulse responses for the fraction of low-wage earners fall outside
their respective intervals, though only marginally so. While this points to misspecification of either the
structural model or the reduced-form VAR models used to generate the empirical impulse responses, we note
that the joint test of the validity of all p = 23 moments does not reject at the 10% level.?

The efficient (one-step) parameter estimates in the bottom row of Table 2.2 demonstrate the benefit of
optimally weighting the moments as described in Section 2.3.2.29 In particular, the t-statistic for the slope
of the New Keynesian Phillips curve increases to 2.32, from 1.10 previously. Thus, our limited-information
approach yields informative inference about a parameter that is often viewed as difficult to pin down in the
data (Mavroeidis, Plagborg-Mgller and Stock, 2014). More generally, the efficient standard errors in the

bottom row of Table 2.2 are 6-26% smaller than the non-efficient ones in the top row.

2.6 Conclusion

We computed simple, sharp, and informative upper bounds on the standard errors of structural parameter
estimates when the correlation structure of the matched empirical moments is not fully known. In addition,
we proposed an efficient moment weighting procedure in the over-identified case, as well as valid tests of
parameter restrictions and over-identifying restrictions. The required inputs are minimal: Other than being
able to evaluate the mapping from structural parameters to model-implied moments (at least numerically),
we just need the empirical moment estimates and their individual standard errors. Our procedures are
computationally tractable even in settings with many moments and/or parameters. A code suite is available
online (see Footnote 1).

We believe our limited-information approach is useful for applied researchers who match their models to
moments obtained from several different data sources, estimation methods, or previous papers. Our methods
obviate the need to estimate the correlation structure across the various moments, which is sometimes difficult
or impossible. Even when the moment correlation structure is in principle estimable, our methods may be
helpful, since marginal standard errors for individual moments are typically much easier to obtain from

standard econometric software than it is to figure out the joint distribution of all moments, as illustrated in

28The test statistic in Footnote 13 equals 24.58 with critical value 56.99.
29Table B.3 in Appendix B.1.5 shows which moments are optimally selected to estimate the various parameters.
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our empirical applications. Moreover, the limited-information procedures can be used to gauge whether it

is worthwhile to expend the additional effort required for full-information analysis.
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Chapter 3

Tilting VAR Forecasts on Marginal

Information

3.1 Introduction

Given a VAR with a small number of aggregates, one might wish to identify accuracy gains from exploiting
external information not in the model and, ultimately, adjust forecasts on the basis of that information
if determined useful. That information could include survey data (Tallman and Zaman, 2020) or leading
indicators for the VAR’s outcomes (Kriiger, Clark and Ravazzolo, 2017). Operationally, one could either
expand and re-estimate the model or—holding fixed the original model-—use entropic tilting as a post-
processing step to recenter the forecast distribution based on the additional information. While clearly
related, the precise relationship is not ex ante obvious, and there are tradeoffs to each approach. On the
one hand, entropic tilting is a computationally cheap post-estimation step, whereas model reformulation and
re-estimation is more analytically and computationally involved. Moreover, the post-estimation nature of
tilting also allows clean separation of the core VAR dynamics—which one typically wishes to carefully model,
estimate using a long sample, and use for dynamic structural analysis—from purely predictive covariates,
which may only be of interest to the extent that they improve accuracy. On the other other hand, tilting
can be entirely ad hoc, while re-estimation (under proper penalization) is the data-driven “ideal” from an
econometric point of view.

To relate both re-estimation and tilting, I outline a particular implementation of entropic tilting for
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VARs that exploits the additional covariates, and then I prove its equivalence to re-estimation with those
covariates. The implication is that tilting need not be completely ad hoc. But rather, one can design tilting
procedures that exactly match or, at minimum, mimic the ideal of re-estimation. Moreover, the procedure
itself consists of a sequence of intuitive steps that extract and highlight the marginal information introduced
by the additional information. Rather than throwing away the forecast distribution of the original core VAR
and replacing with an ad hoc choice, the forecast is refined based on cleanly extracted marginal information.

The procedure itself consists of a sequence of simple intuitive steps, which follow from a Bayesian version
of the Frisch-Waugh-Lovell theorem and omitted variable bias formulas. Specifically, given the additional
predictive regressors, the recommendation of this paper is to (1) project out the regressors already included
in the core BVAR (i.e. residualize the additional covariates) and then (2) regress the core VAR’s forecast
errors on the result of step 1. This pins down how one should adjust the forecast distribution of the core
VAR based on marginal external information. I use that relationship to adjust the forecast distribution of
the core VAR in a final tilting step. Lastly, in the initial two steps, I emphasize how one can and should use
dummy observations, which introduce proper penalization and ultimately ensure that the adjusted forecast
distribution exactly matches (or mimics) that under re-estimation.! As a consequence, this procedure is
data-driven in its adjustment of the forecast distribution, but fully implemented as a post-estimation step
via tilting.

After proving the analytical equivalence results which justify and guide the recommended procedures, I
illustrate the procedure in an out-of-sample forecasting exercise. The exercise borrows from the nowcast-
ing application of Kriiger et al. (2017). I start with a core BVAR for quarterly GDP growth, inflation,
unemployment, and the T-Bill rate. I then use additional higher frequency data as additional regressors
to refine and tilt the forecast of the original core BVAR. Whereas Kriiger et al. (2017) and other authors
develop auxiliary nowcasting models for each outcome in the core BVAR, I use my recommended procedure
in a single step. In all cases, the adjusted forecast distributions from variations of the procedure are more
accurate than the baseline forecast distribution from the core BVAR. Further, for all but the T-Bill (which
is somewhat unique relative to the other variables, as I will discuss), the procedure performs comparably to
the nowcasting approach of Kriiger et al. (2017). This suggests that one need not develop auxiliary nowcast
models outcome-by-outcome, but rather can employ a single postestimation step to refine the forecast dis-
tribution based on the additional data. This also has the advantage of exploiting a wider range of data for

forecast refinement.

1By “re-estimation”, I am implicitly referring to re-estimation of an encompassing model that includes all covariates.
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Literature The tilting literature in macroeconomics began with Robertson, Tallman and Whiteman (2005)
and Cogley, Morozov and Sargent (2005), which introduced the procedure for VAR forecast distributions.
One strand of the literature has used tilting to conduct economically-motivated scenario analyses as in
Crump, Eusepi, Giannone, Qian and Sbordone (2021) and Antolin-Diaz, Petrella and Rubio-Ramirez (2021),
or to impose economic constraints as in Giacomini and Ragusa (2014). The latter paper is notable because,
like this paper, it also establishes an analytical result to justify a specific tilting procedure. However,
the justification of Giacomini and Ragusa (2014) rests on economic theory. They show that if economic
constraints are true in population, imposing them via tilting can be expected to improve accuracy. In
contrast, I justify tilting my tilting procedure on the basis of its relation to re-estimation, rather than
economic theory.

Another strand of the tilting literature (which includes this paper) has explored the forecast accuracy
improvements that come from tilting based on additional information. Different studies have varied the input
data used in tilting: Banbura, Brenna, Paredes and Ravazzolo (2021) consider survey data, Kriiger et al.
(2017) and this paper consider higher frequency macroeconomic data or nowcasts, while Tallman and Zaman
(2020) consider both. Other examples include Doh (2017), Koop, McIntyre and Mitchell (2020), Galvao,
Garratt and Mitchell (2021), and Knotek and Zaman (2019), and the many references in these studies.

My paper differs in that I explicitly link tilting and re-estimation, and in doing so, recommend an al-
ternative tilting implementation. The existing empirical literature treats tilting as ad hoc, separate from
estimation, and fully tilt the forecast distribution of outcomes towards values suggested by auxiliary nowcast
models or surveys. In other words, they amount to a specification change at near-term horizons (in the
case of nowcasting) or replacement of estimation with judgment. In contrast, my recommended procedure is
equivalent or similar to estimation of an expanded model, and explicitly characterizes the marginal informa-
tion in the additional covariates. This has the advantage of making clear the source of forecast adjustment
and improvement.

My main analytical result is most closely related to Osiewalski (2011), which offers a quite complete treat-
ment of the Frisch-Waugh-Lovell Theorem for parameter estimation in a Bayesian context. In this paper, I
instead pay extra attention to the forecast distribution, as my main analytical result establishes equivalence
of the tilted forecast distribution and re-estimation forecast distribution. I also focus on operationalizing the
FWL Theorem for the purpose of forecast adjustment in a macroeconomic time series forecasting context.
This involves the use of dummy observations to encode the priors, which have a long tradition in macroe-

conomic forecasting dating back to Litterman (1980). While these dummy variables equivalently implement
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the same sorts of priors considered in Osiewalski (2011), they allow me to define a forecast adjustment
procedure that can reuse the original estimation of the short regression, without recomputing or resampling
the posterior. Finally, my adjustment procedure also requires stating a Bayesian equivalent of ommitted
variable bias, which follows from the same logic and setup of Osiewalski (2011), and which I make explicit.

Finally, my paper is related to growing literature that uses machine learning to improve forecasts, for
two reasons.

First, arbitrary machine learning models can potentially be used to detect and exploit the predictability
provided by additional regressors. In particular, my procedure adjusts the forecast distribution based on
the estimated relationship between the core VAR’s forecast errors and the marginal information contained
in additional predictors. Intuitively, if the forecast errors can be predicted by the marginal information, one
can exploit that relationship to improve accuracy. And in principle, any predictive model can be used in
this step, including machine learning models. While this typically breaks exact equivalence as I discuss, my
equivalence result still serves as a rough yet practical justification and provides guidance on how to correctly
account for the penalization imposed in the original VAR. See Masini, Medeiros and Mendes (2023) for a
survey of the use of machine learning for macroeconomic forecasting. Specific recent examples also include
Marcelo C. Medeiros and Zilberman (2021), Yoon (2021), and Lindenmeyer and da Silva Torrent (2023).
While these papers dispense with a core BVAR altogether, their insights can help guide how the forecast
can be be adjusted using the residuals in the time series setting.?

Second, the use of forecast errors for model improvements is related to the idea of boosting in machine
learning.® Luo and Spindler (2017) discuss boosting algorithms and asymptotic results in a regression context,
with primary application in the causal inference literature, e.g. Chernozhukov, Chetverikov, Demirer, Duflo,
Hansen, Newey and Robins (2018). As the authors emphasize, boosting uses regression residuals and an
iterative process to select predictors to use in a final (cross-sectional) predictive model, iterated until some
stopping criterion is met. Therefore, these boosting schemes are variable selection schemes that impose
sparsity. In this paper, I focus on the macroeconomic time series setting, and my recommended procedure
instead uses residuals to drive an adjustment under shrinkage, which matches the common Minnesota prior
more commonly used and appropriate in macroeconomic forecasting (Giannone, Lenza and Primiceri, 2021).
My approach also makes explicit and formal connections to finite-sample re-estimation under a Bayesian

prior, whereas boosting tends to rely on ad hoc stopping criteria, justified by asymptotics.

2] retain the BVAR as the fixed, core model because I have in mind applications where researchers might like to use the
BVAR for standard dynamic causal analysis, but seek to refine its forecasts.
31 thank Mikkel Plagborg-Mgller for pointing out this connection.
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3.2 Setup

In this section, I provide the setup necessary to define and prove the main results. Section 3.2.1 defines the
core VARX estimated using only a subset of available information, as well as an implicit extended VARX
that uses additional covariates. Though the latter typically will not be estimated, it is necessary to explicitly
define this full-information VARX so I can define its posterior predictive (forecast) distribution, which my
procedure will match (in mean) in the leading case. Comparing posterior distribution requires taking a stand
on priors. Section 3.2.2 defines the prior families this paper will cover. Section 3.2.3 gives a brief overview
of entropic tilting, which is the method my procedure uses to adjust the forecast distribution of the core

VARX, once the information is properly extracted from additional covariates.

3.2.1 Core and Full-Information VARX Models

This section establishes enough notation to characterize the partial-information core VARX (whose forecast
will be adjusted), the implicit full-information VARX, as well as the posterior and posterior predictive
(forecast) distributions of both. Therefore, this section names all of the main analytical objects of interest
and will allow me to clearly distinguish between the distinct posteriors and forecast distributions of the core

and explicit VARXSs.

Definition 18. (Core/“Short” VARX) A VARX with n; outcomes collected in vector y;, p lags, and m,

additional regressors z;, can be written
=AYyttt Ay +Cxt+w where ¢ |yi—1,- ,Yi—p, 2t ~ N (0, Ba)

This VARX can be stacked into a standard linear model as follows

Al
i Yo Yiep 21 ul
= : +
A/
/ ! / / p /
Yr Yr—1 Yr—p =1 o ur
Y = Xy A +u (3.1)

(Txn1)  (TxK:) (Kixni)

where K7 = n1p + m1, Note that this might simply be a VAR(p) where C consists of only a constant term,
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and no additional regressors. If there are additional regressors in z;, they could be deterministic or exogenous

regressors.

Definition 19. (Prior, Posterior, and Forecast Distribution for “Short” Regression) The model in Defini-
tion 18 is characterized by parameters (A,%4) and has an associated likelihood £4(Y|A,34). See remark
below on the treatment of initial conditions. Estimation of these parameters is commonly done using Bayesian

methods, which entails specifying a prior m4(A, ¥ 4) and deducing the posterior
pA(A, ZA|Y> X EA(Y|A, EA) . WA(A, ZA)

where the “A” subscript is used to distinguish this core VARX posterior from the full-information posterior
I define and consider below. Throughout this paper, I suppress conditioning on covariates in the expression
posterior to save space and avoid confusion.

Given a set of parameters, if the additional regressors in z; are deterministic, one can define the forecast

distribution for h periods ahead

fa(yrsrr+n]A,X4,Y)

as well as the posterior predictive (forecast) distribution

falyrsrrnlY) = /fA(yT+1:T+h|A72AaY) Pa(A, XalY) dAdY 4.

If the VARX includes exogenous regressors so that iterated multi-step ahead forecasts are not available, one
can define the above for h = 1 and resort to direct forecasting for longer horizons (see Section 3.3.3 for

discussion).

Remark. (Initial Conditions) Though I do not distinguish in notation, I condition on initial conditions
(Yo, - --,y1—p) throughout this paper. As a consequence, all posterior inference and posterior predictive
distributions are also conditional on initial conditions. This is typically done when VAR outcomes are
nonstationary, e.g. for the level of GDP, the level of the price index. It is also commonly done in practice,
even when outcomes are stationary. However, in a pure VAR setting, when the variables are known to be
stationary, it is straightforward to derive the unconditional distribution of initial conditions as function of
the parameters and include this piece in the likelihood and posterior. See Chib and Greenberg (1994), who

discuss this for the AR model, which generalizes to VAR models.
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I do not pursue this, first, because estimation of BVARs in levels or with near nonstationary outcomes is
quite common (Giannone, Lenza and Primiceri, 2015). Second, as discussed in Chib and Greenberg (1994),
incorporating initial conditions leads to a nonstandard posterior distribution, and the equivalence results

below rely on analytical characterization of the posterior distribution.

Definition 20. (Full-Information/Extended/“Long” VARX) If another block of regressors are available,

Xy € RTXE2 one could define an extended “full information” VARX

B
Y = (X1 XQ) ! +e Ep ~~ N(O, EB) (32)

These additional regressors are unrestricted and could consist of deterministic regressors, exogenous regres-
sors not included in the original VARX, or multiple lags of other time series that could conceivably have
been modeled within original VARX.

Comparing to Definition 18 and borrowing terminology from results on omitted variable bias, Expres-

sion 3.2 is a “long” regression counterpart to the “short” regression in Expression 3.1.

Remark. Again, this expanded VAR is introduced mainly as a useful artificial construct. I do not expect
the econometrician to estimate this model. Rather, I define it so I can show that the adjusted forecast
of my recommended procedure, which avoids re-estimation, corresponds to the forecast distribution of a
well-defined model.

For that reason, I also ignore complications of different sample sizes between (Y, X;7) and X5. That is an
issue for practical implementation that can be handled by imposing more or less shrinkage on the additional
regressors to account for, respectively, a smaller or larger relative sample size. Moreover, the key ideas are

easiest to communicate ignoring that possibility.

Definition 21. (Prior, Posterior, and Forecast Distribution for “Long” Regression) The model in Defini-
tion 20 is characterized by parameters (B,Xp) and has an associated likelihood ¢5(Y|B,X ), where the
“B” subscript is used as shorthand to signify the “long” regression. As in Definition 19, when estimating
the expanded/long regression using Bayesian methods, one defines a prior 7p(B,Xp) and computes the

posterior pp(B,X5|Y)
pB(B,EB|Y) X KB(Y|B7ZB) . 7TB(B7ZB)
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There is also a corresponding forecast distribution for one period ahead given a set of parameters, fg(yr+1|B,X5,Y),
as well as the forecast distribution that averages over the posterior distribution, fg(yr4+1|Y).

Since X5 will contain exogenous (rather than deterministic) regressors, I only consider the one step ahead
forecast distribution rather than an iterated multi-step, which is not available without another forecast
model for exogenous regressors. In Section 3.3.3, I discuss how adjustment of one step ahead forecasts in
my procedure will nonetheless propagate to longer horizons, as well as suggest further modifications based

on direct forecast that one could do if concerned that the standard propagation is insufficient.

3.2.2 Prior Specifications

While the previous section offered notation for priors and posteriors in general, I use this section to make
explicit the functional form of priors that I will consider in this paper. This is required because the leading
exact equivalence result of this paper holds under one particular (common and standard) prior family, which
I introduce first. I then conclude the section by introducing a (common and standard) generalization of
that prior family. Though an exact equivalence result will not hold for this family, it can still be used while
retaining much of the intuition of exactly equivalent prior family. Therefore, I define it for later analysis and

discussion, along the same lines as the first prior family.

Definition 22. (Normal-IW Kronecker Conjugate Prior for Core VARX) A common prior specification in

the BVAR literature is the conjugate (dependent) Normal-IW prior

FA(A,EA) = FA(Ale)WA(EA)

ma(A|X4) = ma(vec(A)|X4) ~ N(vec(Ap), X4 @ Do 4)

WA(EA) ~ IW(S(], ao)

given econometrician-specified tuning parameters (Ao, ®o, 4, S0, ), where IW (S, a) is an inverse-Wishart
distribution, with functional form defined in Appendix C.2.4.

This specific choice of prior implies an associated posterior distribution pa(A,X4|Y) of the same condi-
tional form. See Proposition 25 in Appendix C.2.2 for the exact functional forms, which are standard results

from the literature (Karlsson, 2013).

Definition 23. (Normal-IW Kronecker Conjugate Prior for Extended VARX) For the extended VARX,
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one can define a corresponding conjugate (dependent) Normal-IW prior

m5(B,Xp) =7p(B|XE) - 7(XB)

By Do.11 Po,12
7TB(B|EB):7TB(veC(B)|ZB)NN(vec X5 ® ’ )
Bo,2 Pp 21 Po22
By L)

FB(EB) ~ IVV(SO7 040)

given econometrician-specified tuning parameters (By, ®o, So, ).

In defining this prior, it is natural to think of this as an extension of the prior in Definition 22, augmented
to handle the additional covariates. In particular, if one takes By 1 = Ap and ®g 11 = Po, 4, as well as identical
(S0, ), the prior for the first block of coefficients is identical. Then By o and ®g 22 characterize the prior
distribution for the added second block of coefficients/covariates, while ®¢2; captures prior correlation
between the coefficients.*

Again, this specific choice of prior implies an associated posterior distribution pg(B,Xg|Y) with the

same conditional form as above.

In the main main equivalence result of Section 3.3.1, I focus on priors with Kronecker structure because
they offer a sharp characterization of equivalence between tilting and re-estimation. And even though
restrictive, they provide strong intuition and a solid foundation, from which one can consider reasonable
departures from exact equivalence.

For one of those departures, I will use a common, alternative prior family from the literature that lacks
the Kronecker form. This family is useful because the Kronecker structure in Definitions 22 does impose a
non-trivial restriction on the core VARX.® Therefore, this alternative prior form can be preferable empirically.
To ultimately test this, I now define the prior, later develop an alternative forecast adjustment procedure

under this prior in Section 3.3.2, and compare its performance in the empirical application of Section 3.4.

Definition 24. (Normal-IW Non-Kronecker Conjugate Priors for Core and Expanded VARX) Suppose that

4<I>0,21 is often taken to be zero in practice, but I allow nonzero for full generality.

5Namely, the prior variance-covariance matrices for coefficients in the different equations for the different outcomes are
proportional, and so one cannot impose, for example, more shrinkage on cross-lags than own-lags for a given equation because
this would violate proportionality across equations. See also Karlsson (2013) for an extensive discussion and reference on more
alternatives to the prior with Kronecker structure.
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the core VARX is estimated with the following prior

TA(A,X4) =7a(A)Ta(X4)

ma(A) = ma(vec(A)) ~ N (vec(Ap),Q0.4)

WA(EA) ~ IW(So, 0&0)

The difference from Definition 22 is that the prior over coefficients A is now independent of ¥ 4. The variance
no longer has Kronecker structure that scales with X 4.

For the implicit full-information VARX that also includes X5, suppose

7TB(B, EB) = WB(B)WB(EB)

B 0 QO
mp(B) = mp(vec(B)) NN(VGC o T )
Bo,2 Q21 o,22
NN
Bo o

WB(ZB) ~ [W(So, Ozo)
This can be viewed as an extension of the prior for the core VARX.

3.2.3 Entropic Tilting

In this section, I define entropic tilting since it is central to the recommended procedure. Given an initial
probability distribution over outcomes, entropic tilting replaces that distribution with a modified distribution
that satisfies a set of econometrician-supplied constraints.

In this paper, the initial distribution is the multi-step ahead posterior predictive (joint forecast) dis-
tribution, fa(yr4+1.7+1|Y) from the core VARX. My recommended procedure will generate constraints for
modifying this distribution based on the information contained in the additional covariates X5 that were not

included in the original core VARX.

Definition 25. (Entropic Tilting) The method of entropic tilting solves for a new distribution f. (yrt+1.7+1)

given an initial distribution f(yrt1.7+n) and a set of constraints E¢_[g(yr4+1.7+1)] = § (which can be a vector
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of constraints) that must be satisfied under the new distribution f,, on average. The econometrician must
fully specify g(-) and g.

Because there are typically many candidate distributions that would satisfy the constraint, a criterion is
needed to select among the corresponding family of compatible distributions. Entropic tilting is the name
given to the procedure that uses the Kullback-Leibler divergence because of the connection between that

divergence metric and relative entropy. More formally,

fe= argminf{KLIC'(f, f) | Ef[g(yT+1:T+h)] =7} (3.3)

where K LI C(f, f) is the Kullback-Leibler divergence metric. The resulting “tilted” distribution f, depends
upon the starting distribution f and the constraint(s), and it represents the closest distribution to the
starting distribution f (in a KL divergence sense) while still satisfying the constraints, provided a solution

exists.f

Remark. (Implementation) There are two ways to implement entropic tilting.

The most common and most relevant for this paper follows Robertson et al. (2005) and reweights draws
from the initial forecast distribution f(yr41.74r) so that, under reweighting, the draws satisfy the constraint.
Formally, suppose one has draws {yéf?_l:T +h}dD:1 from the baseline forecast distribution. Note that each draw
yg,jdj_lzT 4, is an h-period path, and the set of draws implicitly have empirical probability weights pg = 1 /D.

To turn these into draws from f.(yri1.7+5), replace the empirical weights with computed weights p}; € (0, 1)

such that

D

d _
pri g(yé“-a-l:T-i-d) =9
d=1

Robertson et al. (2005) describes how to compute these weights {p}2_, by solving a discrete-distribution
counterpart of Problem 3.3. These weights are used whenever computing moments with the draws {ygiJ)rl:T n nt 5’:1,
which is equivalent to computing moments with genuine draws from f.(yr41.741)-

Alternatively, it is sometimes possible to solve the tilting problem in Expression 3.3 analytically for f,

and, given the analytical characterization, produce new draws from f,(yry1.7+n) directly.” This may be

6See Tallman and West (2022) for a review of tilting and conditions for existence of a solution.

7Antolin-Diaz et al. (2021) is a relevant example from the macroeconometric literature where they show that if the initial
distribution is normal and the constraints are a linear function of y74 1.7+, the resulting tilted distribution is normal. Draws
can be generated from the new distribution via direct sampling or the simulation smoother (see Online Appendix E), which
may be more efficient. Tallman and West (2022) review results for a wider class of starting distributions, namely exponential
family distributions.
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preferable when the constraints in Expression 3.3 are satisfied only in the tails of the initial distribution f,
implying extreme weights {p};} on a small number of draws. In that case, directly drawing from the target
distribution avoids the problem of extreme reweighting of initial draws (even if calling into question the

prudence of these adjustments).

In this paper, I will consider only the first approach for three reasons. First, one important focus is on
reuse of artifacts from initial estimation of the core VARX. The first procedure involves reweighting draws
fayrs1.r+n|Y), which one likely already has from constructing the initial baseline forecast distribution.
Second, the first approach allows the simplest formulation of the procedure. While it is possible to modify
the procedure to fit the second approach, those modifications distract from the main ideas. Finally, if
the uncertainty bands of the original core VARX are well-calibrated in terms of coverage, the additional

covariates are unlikely to lead to extreme weights on a few draws in tails of the distribution.

3.3 Tilting Procedures for Forecast Adjustment

This section recommends procedures for adjusting the forecast distributions of the core VARX, given addi-
tional covariates. As a starting point, Section 3.3.1 defines a baseline procedure and proves an equivalence
result, which serves as a justification for all procedures I recommend. I state precisely the assumptions on
the prior required for this equivalence to hold. From that starting point, I then define two variations on
the procedure in Section 3.3.2. These variations give examples for how one can extend the procedure to
potentially improve forecast accuracy as well as cover cases where the original assumptions on the prior do
not hold exactly. In either case, both build on the intuition and spirit of the baseline case, and I will test
their performance in Section 3.4. Lastly, Section 3.3.3 makes explicit the implications for longer horizon

forecasting of the adjustment procedures.

3.3.1 Tilting and Re-Estimation Equivalence

Throughout this section, I continue with the setup of Section 3.2.1, which defined the core VARX and
the implicit full-information VARX given additional covariates. Because the main equivalence result of
this section depends upon the prior, I first state the required assumptions on the prior for re-estimation

equivalence, recalling the prior definitions of Section 3.2.2.

Assumption 12. (Priors for Core and Expanded VARX) Suppose that one has estimated the core VARX us-

ing the prior of Definition 22, given econometrician-specified values for the tuning parameters (Ao, ®o, 4, So, o).
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Further suppose that one has access to additional covariates X5. These can be used to define an extended
VARX that employs the prior of Definition 23. Assume By; = Ao and ®p 11 = P 4, as well as identical
So and «ag. The values for the remaining tuning parameters (Bo 2, o 22, Po,21) can be chosen freely by the
econometrician, as they would choose them if re-estimating the expanded VARX, subject to ensuring ® is

symmetric positive definite.

Remark. (Justifying the Assumption on Sy and «g) In principle, adding covariate X5 will reduce the fore-
cast error variance, i.e. the difference ¥4 — X is likely a symmetric positive definite matrix. Therefore,
maintaining the same Sy and «y between priors for the core VARX and extended VARX seems inappropriate.

However, I note that Sy and «ag are often chosen in practice without reference to the covariates and
chosen to implement a diffuse prior on the forecast error variance. See Giannone et al. (2015), for example.
Forecasters often have stronger beliefs about the dynamics encoded by A and B, rather than strong prior
beliefs about the forecast error variance. Moreover, unlike the coefficient matrices, ¥ 4 and X g do not scale
in dimension with additional covariates, only with the number of outcomes N. Therefore, there is not a

strict requirement to adjust between the core and full-information VARXs.

Proposition 15. (Posterior and Posterior Predictive Distributions) Under Assumption 12, the means of

the marginal posterior distributions of the coefficients for the core and expanded VARXs satisfy

— _ —1ra._

Ea[AlY] = A= [0} + X1 X1]  [®5 40 + X]Y]

Es[BlY] =B = [&; % + X'X]| ' [05'By + X'Y]

where B4 - |Y] is the expectation taken with respect to the posterior distribution p(A,X4|Y); similar for
Eg[-|Y]. As a consequence, the mean of the posterior predictive distributions for the one-step ahead forecast

distributions are

Ealyrs1[Y] = 214114 (3.4)
Eglyrs1]Y] = 2r11,1B1 + 2741282 (3.5)
Proof. See Proposition 25 in Appendix C.2.2. O

Remark. These marginal posterior means can be computed analytically according to the formulas above
or via OLS with dummy observations, as outlined in Corollary 4 in Appendix C.2.1. They could also

be computed up to Monte Carlo error by averaging across draws from posterior sampling, as outlined in
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Proposition 25 of Appendix C.2.2. For all analytical results of this section, I ignore Monte Carlo error for

simplicity and because it can be made arbitrarily small with enough draws.

Proposition 16. (Relating Forecast Residuals) Let 4 = Y — X1 A denote the vector of in-sample forecast
residuals from the core VARX and € =Y — X1 B, — XoB» denote the forecast residuals from re-estimation

of the implicit expanded VARX. Then

U=+ (X2 — X1P)By — X\R,
—_———
v
where U are projection residuals capturing the marginal information of Xo (extracted with shrinkage adjust-
ment), P is a projection coefficient matriz, and R is an adjustment term for prior correlation in coefficients

across blocks (and which equals zero under prior independence).®
Proof. See Theorem 4 in Appendix C.3.2. O

In Proposition 15, the mean and distributions between models clearly differ, and in Proposition 16, the
short-regression residuals are essentially equal to the long-regression residuals plus additional noise, due to
leaving out marginal information contained in X5, as for OLS. The motivating idea of this section and paper
is that one could use entropic tilting to recenter the posterior predictive distribution to satisfy Expression 3.5,
rather than Expression 3.4. In other words, one could use Expression 3.5 as the constraint and update the
forecast distribution from the core VARX via entropic tilting. By extracting the marginal content of Xs
(projecting out X7), one could drive the forecast errors down to & rather than @ from the core VARX.

To implement this idea, full re-estimation of the expanded VARX seems required in order to compute
B, and B»; however, the upcoming procedure and result will demonstrate that this not the case. The
definition below describes a procedure to instead pin down the difference between Equations 3.4 and 3.5
as a post-estimation step or, equivalently, the excess terms in u beyond &. The steps of the procedure are
driven by familiar results from least squares estimation, even though the model is estimated using Bayesian
methods. This is because of the deep connection between OLS with dummy variables and the posterior
mean in Bayesian estimation—a connection which traces back to Theil (1963) and has been exploited since

the inception of the BVAR literature since Litterman (1980).

Definition 26. (Baseline Adjustment Procedure under Prior with Kronecker Structure) Consider the models

and priors outlined in Assumption 12. Define the following procedure for adjusting the forecast distribution

8Both P and R are defined below in Definition 26,
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of the core VARX based on external information Xs.

1. (Construct Inputs for Adjustment Procedure): Given the prior for the full-information VARX as stated
in Definition 23 and reiterated in Assumption 12, do a Cholesky decomposition of the portion @,

which characterizes the prior variance of the coefficients

o gy [Lno0 ) En 0
0 P— pr—
Loy Las Loy Las

and retain L;ll, Loy, L;;. Then build, in order,

Xg=—Ly Loy Ly}

Yy = X4qBo1 + Ly Bo o

X X
X, = (X*,1 X*,Q) =Lyt 0
Xa L2_21

V= (X{X1+ Ly "Ly )7t = (X1X0 + @ 3y) 7
R=-VX)(Ix, + XaV X))~ [Ya — X4A4]
Y
Y. = L' Boa
XaBo1 + nglB(],z

4. =Y, - X.1.(A—R)

This step effectively creates dummy observations in X, and Y, as well as an augmented sample in X,

and Y, that encode the prior information.

2. (Extract Marginal Variation from Xs): Regress X, 2 on X, 1 to get coefficient matrix P and corre-
sponding residuals, denoted v, (including dummy observations), which capture marginal variation in
X5 not in X7, adjusted for shrinkage on X;’s coefficients plus any prior correlation in coefficients across

blocks.
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3. (Model the Short Regression Errors Given External Info, under Shrinkage): Define

h(v) =vH

where H represents OLS coefficients from regressing u, from Step 1 on v, from Step 2:

H = (0.5,) 04,

4. (Tilt): Adjust draws from the baseline forecast distribution of the core VARX fa(yr+1.7+1]Y") using

entropic tilting under the constraint function and constraint:

9Yr+1:7+0) = Y1 (3.6)

g=ari11(A—R)+ h(CET+1,2 - ICT+1,1P) (3.7)

where (z741,1, 7+1,2) are the first and second block of covariates for the next period, A the posterior

mean, R from Step 1, P from Step 2, and H from Step 3.

Remark. (Leading Case of No Prior Correlation Between Blocks) Minnesota-like priors would typically
assume no prior correlation between coefficients hitting the separate blocks X; and X,.° Therefore, ®q is

block-diagonal

This implies that Loy, X4, and R all equal zero, which simplifies expressions in Step 1. I view this as the

leading case. However, I do not assume this to allow for full generality.

The next result serves as justification for the procedure above. Rather than ad hoc, the adjusted forecast
distribution from the above procedure exactly coincides with the forecast distribution one obtains under

re-estimation, which I view as the full-information ideal.

Proposition 17. (re-estimation and Tilting Equivalence) Suppose one follows the procedure of Definition 26.

9See (Karlsson, 2013) for details.
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The mean of the tilted forecast distribution f.(yr4+1.7+n) in the first period

E.lyr+1]) = 21r41.1(A = R) + (7412 — v7411P)H

equals the mean of the posterior predictive distribution of the full VAR from Proposition 15

Eglyr+1Y] = 141,181 + 1r412B2

Proof. See proof in C.3.3 for details. But to give an overview, the proof and intuition consists of exploiting

four well-known results from estimation of linear models.

1. The forecast distributions of the core and full-information VARXs are built from the Bayesian posterior
mean of the coefficients, but one can exploit the equivalence between Bayesian estimation of linear
models and OLS with dummy variables. These results trace back to Theil (1963) and are well-known
in the VAR literature since Litterman (1980). Then by recasting Bayesian posterior means as OLS
estimators with an augmented sample, one can apply well-known results and formulas from least-

squares estimation to characterize and bridge the gap between coefficients in Expressions 3.4 and 3.5.

2. The baseline forecast from the core VAR is constructed using A, which may already incorporate the
effect of information in X5 that is correlated with X;. In other words, X; may already proxy for X5
in an OVB sense, so that A encodes more than just the effect of X;. Standard OVB expressions, now

with dummy variables, can pin that down.

3. The last point suggests that one must isolate the marginal information in X5, not already proxied for by
X;. This calls for using the Frisch-Waugh-Lovell theorem to isolate the effect of marginal information

on Y or, equivalently, the residuals .

4. Finally, additional regressors require additional coefficients and terms in the prior. Priors for these
additional coefficients can be implemented simply by more dummy observations. The effect of addi-
tional observations on OLS estimates is straightforward to compute. The expressions are similar in
spirit to “leave-out” formulas as one would see in cross-validation, but they are “add-in” rather than

“leave-out.”

By chaining together from these results, one can obtain a clear path working from the posterior mean of the

core VARX to the posterior mean of the full-information VARX. This path for the posterior carries over to

93



the corresponding forecast distribution as well. O

Before concluding this section, I now offer an intuitive description for each step of the procedure. These

comments underpin the recommendation for the variations and extensions of Section 3.3.2 and Section 3.3.3.

1. Step 1 as Sample Augmentation: Step 1 augments the true sample from (Y, X7, Xz) to (Ya, X, 1, X, 2)
with enough dummy observations to fully encode the prior of the implicit extended VARX. The objects

computed in this step are precisely dummy variables needed to implement the prior in Definition 23.

Similarly, Step 1 can also be thought of as augmenting the sample that was used to estimate A with
another block of dummy variables to incorporate the additional coefficients for block X5. In fact, the
posterior mean A in the core VARX under the prior of Definition 22 can be calculated by regressing
Y, on X, 1, but omitting the last block of regressors. Therefore, Step 1 computes additional objects to
handle the expanded VARX and if the core VARX was estimated with dummy observations, one can

simply append on additional observations to the estimation matrices.

2. Step 2 Extracts the Appropriate “Marginal” Variation in X5: Because X7 may already proxy for X5 in
an OVB sense, subsequent adjustment of the forecast distribution should be based only on the marginal
variation in X5. By the logic of the FWL theorem, this is done by residualizing X5 in an appropriate
sense, carried out in Step 2, with two adjustments made to the residualization because the model is

estimated with a prior.

First, Step 2 step differs from residualization of plain OLS (without dummy observations) because
X, was penalized in the core VARX to avoid overfitting, and so penalization should occur in this
residualization step as well. Since the core VARX did not exploit all variation in X;, Step 2 should
leave extra variation in v,. Unpenalized OLS would overfit and strip out too much variation from X,
when producing v,. Practically, this is implemented by including the dummy variables encoding the

prior during residualization. Analytically, in the leading case of ®( being block diagonal, notice
P = (Xi,lX*,l)_lXiJX*B = [X1X: + ¢&11]X1X2

Recognize this as a shrinkage estimator that penalizes coefficients on X7, just as they were penalized

in the core VARX by ®¢ 1;.

Second, an adjustment should be made for any prior correlation in coefficients between blocks, i.e. when

®, is not block diagonal. The first block of coefficients in A have already been estimated; therefore, it
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is necessary to make an adjustment for coeflicients on the second block to account for correlation in

the prior. Again, this ensures that one extracts the correct residual variation.

To see this, suppose X; and X, each consist of a single regressor so that ®( is only two-dimensional.

Because @y is positive definite, one can write

o D10 Ly Lt ¢ 0
Py = ! pores =LL where L = 1 2 !

PP102 ?3 Loy Lo ph2 1 —pPpe

Using the definitions of X, 1, X, 2, and L, write out P in this special case

P = (X;,lX*J)_IXiJX*B
_ _ —1 _
= [X{X1 + LVLy 4+ X[ Xa] T [ XX + X[ L5,

&

1 —1
= |X!X +] {X’X S —
o T RA—2) P

¢3(1 - p?)
Notice that this now shrinks towards —p¢;/¢2. This centering changes the variation that enters into
U, which has an effect on the estimates in Step 3. Namely, if p > 0 or ¢2 is small, this will lead to a
residual U, that has “extra noise” than if p = 0. This extra noise will then attenuate the estimate in

Step 3, and therefore help with properly accounting for the prior correlation between coefficient values.

As a summary of Step 2, the residual variation in v, that is left for use in forecast adjustment depends
upon both (1) how heavily coefficients on X; were penalized in the core VARX and (2) whether the

coefficients of the first block are already accounting for much of the variation common to X; and Xs.
. Step 8 Estimates the Marginal Impact: Having extracted the marginal information, this step estimates
the predictive power that marginal information has for the errors and outcomes of the core BVAR.

Consider the leading case where &y = diag(®o 11, Po22). The coefficients H which translate the

marginal information in 7, into 4, satisfy

0,0, = (X2 — X1 P) (Xo — X1 P) + P'®y 1, P+ ®g 3,
() (i7)

U, = (Xo — X1 P)' (Y — X14) + P'®y 1, (Bo,y — A) + 945, Bo.2
(1) )

95



Notice that (i) represents what you would use without penalization, and these portions therefore
capture how marginal information can be translated into updates for the short regression. Portion (ii)
corresponds to the dummy variables and implements shrinkage. From (ii), notice the coefficients in H

are shrunk towards
P'®;1,(Bo1 — A) + g 3,Bo,2.

Therefore, the coefficients governing tilting are directed towards the prior Bp plus an adjustment

Bo1 — A to remove for any effect already captured by the first block.

4. Step 4 Recenters while Preserving Uncertainty: Lastly, an often desirable feature of tilting is that the
point forecast changes as in conditioning, but the variance for outcomes used in the constraint does
not collapse to zero, as it would for hard conditioning. Under hard conditioning yr41 = g, there would
be no uncertainty for period 7'+ 1 and reduced uncertainty for subsequent periods. This is a general
feature of entropic tilting, extensively discussed in Antolin-Diaz et al. (2021) and exploited in other

papers that utilize tilting for forecast updates like Kriiger et al. (2017).

3.3.2 Variations on the Tilting Procedure

Relative to the re-estimation-equivalent tilting procedure of Section 3.3.1, this section covers alternative
procedures that depart from exact equivalence but may be preferable on the grounds of practicality or
empirical performance.

And despite breaking exact re-estimation equivalence, the procedures of this section all build upon the
main ideas of Section 3.3.1 to define data-driven tilting procedures that exploit additional predictors similar
to the re-estimation-equivalent steps. In particular, they all extract marginal information from additional
covariates and model the core VARX errors to drive an adjustment. The steps remain the same, with only
the details within steps changing.

As a first variation, the following procedure removes any restrictions on the model used to translate the
extracted marginal information in X5 into forecast adjustments. Specifically, Step 3 in Definition 26 used
a linear model, whereas the procedure below allows for any model. This flexibility may prove better at

exploiting the marginal information in v;.

Definition 27. (General Procedure) Again consider the priors in Assumption 12 for the estimated core

VARX and implicit expanded BVARX. Further assume that ®p2; = 0, i.e. independence across blocks,
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which implies R = 0. Repeat the steps of Definition 26, but with the following modification:

3. (Model the Short Regression Errors Given External Info): Given the residuals U, and %, including

dummy variables, train a predictive model

s = h(By)

Unlike the previous procedure, this need not be linear regression and can be any predictive model.

Remark. (Use of Dummy Variables) Though the goal is no longer exact re-estimation equivalence with the
implicit extended VARX, it is still useful to append dummy variables to the sample and use them in this
modified procedure.

In Step 2, use of dummy variables was critical to extracting the correct marginal variation in v, under
appropriate penalization of X7, as discussed in the comments following Definition 26. That requirement does
not change, even when changing the model translating this marginal information into forecast adjustments.

In Step 3, the use of dummy variables also separately helped push the model towards the prior beliefs
of the extended VARX, which remains useful even if one is not interested in exact equivalence. This helps
with the two important tasks of (1) imposing shrinkage on parameters for the additional covariates and (2)
centering on reasonable dynamics—both of which are useful regardless of the predictive model h( - ). Further,
the BVAR literature commonly adopts Minnesota or Minnesota-like priors; therefore, there is a reasonable
consensus and strong intuition around this common, intuitive, well-understood prior. The inclusion of dummy
variables effectively imports this to the generalized setting, which simplifies the task of prior specification for
the otherwise unrestricted model of Step 3. In this way, the dummy variables serve as pseudo-observations in
the sense of Del Negro and Schorfheide (2004), adding observations generated by dynamics “representative”
of prior beliefs.'?

Lastly, in crafting the dummy variables for this procedure, I assumed that ®y 21 = 0, while Definition 26
allowed nonzero for full generality. This zero restriction generates dummy variables that encode independence
across blocks in the implicit extended VARX. This is appropriate because the dummy variables are included
to impose shrinkage and centering on reasonable dynamics, rather than enforce beliefs about a relationship
between model parameters. Indeed, the alteration for Step 3 breaks formal equivalence to re-estimation of
an expanded model, so that the coefficient for blocks X; and X, effectively forecast outcomes using two

separate models. It is difficult to imagine a setting where the econometrician has well-informed beliefs about

10That said, if the econometrician is able to formulate and impose a reasonable prior in this modeling step that implements
shrinkage towards reasonable dynamics, they could of course discard the dummy observations.
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the relationship between parameters in the distinct models, and that the dummy variables would encode
that correctly. In fact, even in traditional settings where one estimates a standard VARX, independence in

the coefficients across regressors is a commonly made assumption. Assuming ®¢2; = 0 seems appropriate.

As an alternative relaxation of Definition 26, I next define a procedure that dispenses with the assumption
of Kronecker structure in the prior variance for the core VARX. This is useful for the reasons discussed

preceding Definition 24.

Assumption 13. (Non-Kronecker Priors for Core and Expanded VARX) Suppose that one has estimated the
core VARX using the prior of Definition 24, given econometrician-specified values for the tuning parameters
(Ao, QO,A, So, Oéo)~

Further suppose that one has access to additional covariates X5. These can be used to define an extended
VARX that employs the prior of Definition 24. Assume By = Ao, Q0,11 = 0,4, as well as identical Sy
and ag. The values for the remaining tuning parameters (By z2,{022,€221) can be chosen freely by the
econometrician, as they would choose them if re-estimating the expanded VARX, subject to ensuring g is
symmetric positive definite.

The remark following Assumption 12 on identical Sy, g between priors also applies here. The assumption

of 297 = 0 is also done for simplicity, and this is common in practice.

Proposition 18. (Corresponding Posterior and Posterior Predictive Distribution) Given the prior of As-
sumption 13, the posterior distribution pa(A,X4alY) is nonstandard; however, draws from the posterior,
{A(d), E(f)}dD:l, can be generated by a straightforward Gibbs sampling scheme. Because the posterior of the
implicit extended VARX has the same structure, an identical statement applies to pp(B,Xp|Y).

The posterior predictive (forecast) distribution of the core VARX

Falyran]V) = / FAYrs1| A, S0, Y) pa(A, SalY) dA dSa

can be approximated using the posterior draws.
Proof. For the Gibbs sampling algorithm, see Karlsson (2013), Algorithm 2 (page 811). O

Because there are not closed form expressions for the posterior distributions pa (A4, X 4|Y) and pp(B, Xg|Y),
I cannot compare the posterior and posterior predictive (forecast) distributions analytically under this prior
structure. However, one can define an adjustment procedure similar to Definition 26 which has a clear,

intuitive interpretation in terms of the non-analytical posteriors.
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In the adjustment procedure below, I assume that one has available draws {a(d), Eff)}dD:l, of the coeffi-
cients (a, ¥ 4) from the posterior of the core VARX, as well as the conditional posterior mean of coefficients
{E(d) |fo)}£):1, corresponding to each X(9) draw, which is necessary to compute when sampling the posterior

and cheap to store. Recall that a = vec(A).

Definition 28. Take as given the models and priors outlined in Assumption 13. As a pre-processing step,

do a Cholesky decomposition of the assumed block-diagonal prior variance of the extended VARX

/

I A A N 2t
0 — = )
Loy Lo Ly Lo

retain L7}', Loy, Ly, and construct

Xg= Loy Loy L7}

Ya = XaBo.1 + Ly Bo2-

Next, suppose that one has draws of the error variance {Ef:l)}gzl from the posterior of the core VARX, as
well as the associated conditional posterior Z(d)\z 4 = 2@ used to generate the draw of A@ given X(4),

(d) Z(d)

Then for each pair ¥, , we essentially repeat the steps of Definition 26, but modified to allow for the

less restrictive prior.

1. (Construct Inputs for Adjustment Procedure): Build,

(Egi))—l/Q ® X, (Z%))—l/Q ® Xo
X, = (X*,l X*g) = L 0
Xy Ly
V= (33" @ X{X1) + L L) T = (B3 @ XX +954)
R=-VXi(Ix, + XaV X)) [ya — Xqa'?]
vec (Y(ij)’)_l/Q)
L' Boa

-1
L22 160,2

Ys

a* = Yx — X*,l(a(d) - R)
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2. (Extract Marginal Variation from X5): Identical instructions as Definition 26.

3. (Model the Short Regression Errors Given External Info, under Shrinkage): Identical instructions as

Definition 26.

4. (Compute for Tilting): Compute
gD =(Iy® $T+1,1)(5(d) —R)+h((In @ zr41,2) — (IN @ 27411)P)

where (27411, %7+1,2) are the first and second block of covariates for the next period, @@ the (condi-
tional) posterior mean of coefficients used in generating a(?), R is from Step 1, P from Step 2, and H

from Step 3.

After repeating the above procedure looping over all draws, use entropic tilting under the following constraint

function and constraint:

9YT+1:7+0) = Y741 (3.8)
1 D

g=7=>_ 99 3.9

=D (3.9)

Take the resulting tilted forecast distribution as the adjusted forecast distribution.

Ignoring the loop over ¥ 4 draws, the procedure of Definition 28 looks much like that of Definition 26,
which is no coincidence. Conditional on ¥ 4, the prior on coefficients is still conjugate, even though the
variance no longer has Kronecker form, and can be implemented with dummy variables. This dummy
variable implementation underpinned the procedure of Definition 26, and underpins this procedure as well.
The only difference is that one must stack and transform the observations slightly differently, now that we
have dispensed with the convenient Kronecker assumption the prior variance of coefficients.'* And although
this similar structure does not carry over to exact re-estimation equivalence, it does imply an intuitive result

summarized in the following proposition.

Proposition 19. Ignoring Monte Carlo approrimation error, the procedure of Definition 28 generates a

forecast distribution f.(yr+1.7+n) satisfying

B.lyraa] = [ 0(2): EalyrlSs = £.Y] - pa(S|Y) S

11See Appendix C.2.1 for precise results and further discussion.
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where

Eolyri[Sa = 5,Y] = [ yrar falyralB.EY) pa(BIS,Y) dyr

() PACIY)

B(X[Y)
Remark. (Interpretation) If w(X) = 1, the forecast distribution would be the same as that of the implicit
extended VARX, marginalizing over posterior parameter uncertainty, just like Proposition 17. However,
because the adjustment procedure reuses the draws X 4, it is effectively drawing from the the wrong distribu-
tion for the error variance. This induces a weighting function w(X) that overweights coefficients consistent
with the portion of the joint parameter space corresponding to larger values of X, versus the true marginal

posterior pg(3|Y, X1, X»), and underweights smaller.'?

Remark. (Use of @ versus a(d)) In Definition 28, T use @¥ when doing the forecast adjustment procedure,

which is the posterior mean of the coefficients under ¥ 4, rather than the draw (9, which satisfies
a(d) :E(d) + (ﬁff))_lmw w NN(O,INKI)

for some independent random normal variable w. If we applied the procedure with a(¥, we would introduce
a source of noise into the adjustment procedure, which would not average out to zero and would not offer

the relatively clean and intuitive result given above.

Proof. Proposition 17 first established a path between posterior means
A=TFE4[A]Y] — B =Eg[B|Y]

via the procedure of Definition 26. I then mapped this into implications for the forecast distributions. Note
that because of the convenient Kronecker structure in both the prior and posterior, there is a direct path
between marginal posterior means, after marginalizing out uncertainty about X 4, Y5 from each posterior
distribution. See Corollary 5 in Appendix C.2.2 for more.

In contrast, after dispensing with the Kronecker structure, the steps of the new procedure establishes a

12This assumes that the additional covariates do, in fact, reduce the error variance.
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map between conditional posterior means
Exla|Xa =2, Y] =Ea[vec(A)|Z24 =%Y] — EphlXp=%Y]=Eglvec(B)|Xp =3%,Y]

and the corresponding posterior predictive (forecast) distribution. More precisely gD in Step 4 of the

procedure in Definition 28 satisfies
9" = 271 Epb|Sp = 2,Y] = Eplyrs1|Ss = 2, Y]

Then, since this procedure uses the draws of Eff), note
1 2
g= D ;g(d) ~ /EB[Z/T+1|EB =3, Y]|pa(X[Y) dX

One can rewrite to introduce w(X) in the integrand, and this will equal the form stated in the proposition.

Therefore, the procedure recenters the forecast distribution to match this g. O

3.3.3 Longer Horizon Forecasts

While T have focused on the adjustment to one-step-ahead forecasts, any of the procedures will (1) indirectly
influence longer-horizon forecasts and (2) can be modified if one prefers for more direct modification of
longer-horizon forecasts.

Starting with the second point, the procedure can be immediately applied to direct forecasts of longer
horizons. In direct forecasting, the econometrician is interested in forecasting h-periods ahead and regresses
Ys41 directly on the information available at time ¢.'3 In this context, rather than the model of Definition 18,

one would directly estimate the h-step forecasting model
Yerh = A1ye + -+ Apyr—pt1 + C 2 + 1wy
This also stacks into the same form
Y =X A+u

but with Y now containing h period ahead observations given the covariates and lags in X;. All results and

13See Marcellino, Stock and Watson (2006) for a comparison of direct versus iterated forecasts.
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conclusions are then identical. If the econometrician is interested in direct forecasts of multiple periods, the
procedure could be applied for each direct forecast.

Often however, forecasters instead use iterated forecast distributions from a single estimated VAR. I
briefly state how this paper covers that setting.

First, tilting to hit a constraint one period ahead will indirectly adjust longer horizon forecasts as well.
As described in the implementation remark following Definition 25, tilting reweights draws of forecast paths
{y(TdJ)rl:T +h}g:1 to satisfy the given constraint. Though the constraint is only imposed on the initial period,
the reweighting applies to the full path. As a result, tilting mimics conditional forecasting, which is further
detailed in Antolin-Diaz et al. (2021), and the effect of the adjustment will propagate forward.*

Second, if one is concerned that this is still insufficient, one can add additional constraints for the tilting
problem. Following the logic of direct forecasting and this paper, one can compute multi-step ahead residuals
Upps|t = Yt+s — Yess|t Where Uy g is the iterated forecast of y;q s from the core VAR constructed at time ¢,
for some horizon s. Repeat the procedure of Definition 26 or some variant to determine the adjustment that
should be made to multi-step ahead forecast errors based on the residual information in X5. Given this, one

can then construct and append an additional constraint for s periods ahead to the tilting problem.

3.4 Empirical Application

This section illustrates and evaluates the procedures of Section 3.3 via a nowcasting application, borrowed
from Kriiger et al. (2017). In this section, the core model is a quarterly BVAR consisting of a small number
of macroeconomic aggregates commonly used for structural or policy analysis. Higher frequency monthly
signals constitute the additional regressors driving forecast adjustment. Given these, Kriiger et al. (2017)
use the higher frequency data to estimate four auxiliary models and fully tilt the forecast distribution of
the quarterly BVAR towards their one-step-ahead forecasts. In contrast, I will use the same data to extract
the marginal information from the additional data and follow the procedures in Section 3.3 to update the
forecast distribution. I show that my recommended procedures perform comparably to fully tilting towards

nowcasts as in Kriiger et al. (2017).

4 More precisely, if the starting distribution is normal and the tilting constraint a linear function of yri1.74p (covering
forecasts from VARs conditional on parameters), the mean of the tilted distributions equals the mean of the conditional
forecast distribution. When accounting for parameter uncertainty, this precise result breaks but the broad similarity between
tilting and conditional forecasting remains.
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Figure 3.1:  Time series used in the core BVAR

3.4.1 Data

This section describes the four core macroeconomic time series of interest that enter into the core quarterly
BVAR, as well as the auxiliary data available used for forecast adjustment. Because this is a nowcasting
application involving mixed frequencies and time series subject to revisions, I also describe the timing
assumptions and use of real-time data for the exercise. I collect and prepare the series essentially as in
Kriiger et al. (2017) with one exception.'® Beyond that, I employ slightly different sample periods and
modeling assumptions than Kriiger et al. (2017); however, this section is self-contained and provides a full

description of the sample and modeling assumptions I employ.

15 Additional details on the data are given in Appendix C.5.1.
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Core Time Series The core time series of interest consist of quarterly observations for four outcomes:
annualized quarterly GDP growth, annualized quarterly inflation as measured by the GDP Deflator, the
unemployment rate, and the annualized interest rate on the three-month T-Bill. Figure 3.1 plots the series.
See Appendix C.5 for more details on the exact construction of these four time series, which match the
outcomes studied in Kriiger et al. (2017).

These outcomes are representative of the set of time series often included in core macroeconomic forecast
models, and well-suited to the setting of this paper. For example, a small-scale VAR with these outcomes
can be used for dynamic structural analysis, as has been done since Sims (1980). At the same time, these
outcomes are important ingredients and metrics for policymaking. That is because these core outcomes span
different sectors or “blocks” of the economy. Therefore, having a stable model for the joint dynamics of these
core time series will likely always be of interest for analysis. At the same time, the procedures of Kriiger
et al. (2017) and this paper can be layered on top to improve forecast accuracy using arbitrary predictive
signals, without cluttering the simple core model with further series that provide purely predictive insight

rather than economic insight.

Auxiliary Data and Timing Assumptions The out-of-sample exercise follows Kriiger et al. (2017)
and imagines nowcasting outcomes for quarter ¢ in the core model, using additional monthly information
through the first month of quarter ¢t. Rather than construct a forecast using only data up to quarter ¢ — 1,
the econometrician can update the forecast based on additional higher frequency information.

Therefore, for each outcome in the core model, Kriiger et al. (2017) identifies potentially informative
time series for each outcome of interest in the core model, and I will also use these to test my procedure.
By design of the out-of-sample exercise, these additional series are collected through the first month of
quarter ¢ and could be used in real time for forecast improvement.'® Table 3.1 lists the additional monthly
predictors, while Appendix C.5.1 gives further details on their definition and construction. The table groups
together the monthly predictors by the core outcome they are meant to help forecast. Kriiger et al. (2017)
use the grouped data to construct and estimate four separate nowcast models, using only the monthly data
series “matched” with the corresponding outcome. In contrast, my procedure will extract and exploit the
marginal information in all additional predictors in one step to update the forecasts of the four outcomes

simultaneously.

16To be precise, as stated, the latest observation used is for the first month in quarter t. This is typically released in the
second month of quarter ¢, which is the time of forecast update in this exercise.
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Outcomes

Additional Predictors [ Available Sample

GDP Growth (1947-06, 2023-06)
Employment Growth (1947-02, 2023-07)
ISM Production Index, Manufacturing (1948-01, 2022-03)

GDP Inflation (1947-06, 2023-06)
CPI ex-Food and Energy, (1957-02, 2023-07)
CPI for Food (1947-02, 2023-07)
CPI for Energy (1957-02, 2023-07)
PPI: Private Capital Equipment (1947-05, 2023-07)
Deflator, New Single-Family Houses (1964-02, 2023-07)

Unemployment Rate (1948-03, 2023-06)
Employment Growth (1947-02, 2023-07)
New claims for unemployment insurance | (1967-02, 2023-07)

3-Month T-Bill Rate (1934-03, 2023-06)
3-Month T-Bill Rate at Mid-Month (1954-02, 2023-07)
6-Month T-Bill Rate at Mid-Month (1959-01, 2023-07)

Table 3.1: Additional predictors and associated outcomes they are intended to help predict. All outcomes
are quarterly frequency, and the predictors are all monthly frequency. The available sample is partially
dependent upon the data sample and extraction data; see Appendix C.5.1.

Sample and Evaluation Period Owing to the data availability stated in Table 3.1, I use data back
1970:Q1 for estimating the models, and I start evaluating forecast accuracy in 1992:Q1 until 2019:Q4 (in-
clusive) to abstract from the sharp outliers due to COVID. As I work my way through the sample period,
I also estimate the model following an expanding-window convention common to macroeconomic modeling,
rather than estimate on a fixed window. In Appendix C.5.3, I also examine accuracy using a shorter sample
and over subsamples. The results and conclusions do not qualitatively change over subsamples or later time
periods.

Even though the time series in the core BVAR are available in prior quarters prior to 1970:Q1, I limit to
the shorter sample for two reasons. First, this avoids the issue of differing sample sizes between core model
and the two post-estimation adjustment methods that exploit auxiliary information. Therefore, the only
difference between forecasts from the BVAR, my procedure, and nowcasting are the number of series used
and the modeling approach, not sample. Moreover, under this restriction, my procedure will also exactly
coincide with (or mimic, depending on the prior) estimation of a VARX that could feasibly be estimated on
this restricted sample period. Second, since Primiceri (2005), time-varying models have been increasingly
employed to accommodate the apparent change in dynamics during the postwar period for the United States
macroeconomy. However, I wish to use a fixed coefficient model for simplicity, connection to the analytical

results, and clarity of exposition. This recommends using a shorter sample over which dynamics have been
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more stable.

These are choices of convenience and should not be interpreted as restrictions on the adjustment method
of this paper. I aim only to give a sharp comparison during a relatively homogeneous sample. In practice,
given a longer sample and outliers due to COVID or other extreme events, one could, for example, estimate a
time-varying model as in Carriero, Clark, Marcellino and Mertens (2022) and follow the general adjustment
procedure of Definition 27. The intuition of regressing errors on the marginal information, under penalization,
still stands and provides useful guidance about how to tilt the forecast distribution in a data- and re-

estimation-driven manner.

Real-Time Data Data revisions are an important feature of many macroeconomic time series; therefore,
I use real time data where available, as in Kriiger et al. (2017). This includes using real-time data for all the
core time series of interest,'” as well as real-time data for the monthly unemployment rate and employment
series. For other auxiliary time-series where real-time data are not available, I uses the time series history

available as of December 2023.

3.4.2 Modeling Specifications

In this section, I outline the forecasting models and corresponding prior assumptions. All the models are
linear models for time series data, estimated using Bayesian methods. Therefore, I rely heavily on priors
following the Minnesota prior of Litterman (1980), but also allowing for estimation of the forecast error
variance. It is common in the literature and can also be used to define priors exactly matching the forms of
Definition 22 and Definition 24, under which I proved the analytical results of Section 3.3.

To first state these prior assumptions in general, I use the notation (B, ) to denote the generic coefficient
matrix and forecast error variance, while 8 = vec(B). Also, I also use ®; to denote the ¢th lag matrix in the
VAR portion of the model. Refer to Definition 18 or Definition 20 for the exact stacking I employ. Again,

(B, X)) are generic in this section and could refer to either A or B in Section 3.2.

Assumption 14. (Minnesota Assumptions for Prior Mean of Coefficients) In setting the prior mean of
the coefficients in B (or, equivalently, 8 = vec(B)), assume that for any regressor k € {1,...,K} and
ie{l,...,N}

E[Bki| = E[Bo,k-(i—1)+x] = H{k =1} - Wy £ 1(0)}.

17Note that the T-Bill rate is not revised and does not require real-time data.
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Bo is mostly a vector of zeros except (potentially) for entries that correspond to an outcome’s first own lag,

in which case the entry equals 1 if the series is not well-modeled by an I(0).

Assumption 15. (Minnesota Assumptions for Prior Variance of Coefficients) Suppose that the full prior
for model parameters requires specifying p(8) ~ N'(Bo, Q0), as in Definition 24. Let o2 denote the variance
of residuals from a univariate AR(p) model estimated on the ith variable in the VAR, using the full sample,
where p matches the VAR order of the VAR. Then specify ¢ as a diagonal matrix, with the components of

the diagonal set as follows, using the o7 as well as econometrician-specified tuning parameters (A1, A2, Az, Ay):
1. (Own Lags): The prior variance of coefficients corresponding to own lags for endogenous variables
satisfy—for any equation ¢ =1,..., N and lag £ =1, ..., p— the following:

A 2
Var(Bk.(i—1)+N-(t—1)+i) = Var(By.(o—1)44,:) = Var(®g ;) = (E;‘%)

2. (Cross-Lags/Regressors): The prior variance for a coefficient in the ith equation hitting another out-

come j # i at lag £ are as follows:

2 2
o A1
Var (B (i-1)+N-(1)+5) = Var(By.(e-1)45, 1) = Var(®e5) = A3 (0,) <€A3>
J

Mechanically, this allows for different shrinkage across equations.
3. (Deterministic Regressors): The prior variance for a coefficient in the ith equation hitting the mth
deterministic regressor (e.g. a constant, a trend, seasonality dummies, etc.) for any m € {1,..., M} is

Var(Bk.(i—1)+Np+m) = Var(Bnpym, i) = Var(Cip) = o2(M )2 m=1...,.M

The tuning parameter A, is typically taken as large to express a diffuse prior.

Reasonable tuning parameter values from the literature are (A1, A2, Az, Ay) = (0.2,0.2,1,1000). Notice A\;
controls overall shrinkage, Ao controls cross-variable shrinkage, A3 controls decay in the prior variance with

increasing lag, and A4 controls shrinkage on deterministic regressors.

Assumption 16. (“Minnesota-Like” Assumptions for Prior Variance of Coefficients) Suppose that the full
prior for model parameters requires specifying p(3]3) ~ N (8o, X ® ®), as in Definition 22, where @ is a

K x K matrix in which the kth diagonal entry specifies/controls a common variance component applied to
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the kth regressor in each equation. Again, let o2 denote the variance of residuals from a univariate AR(p)
model estimated on the ith variable in the VAR, using the full sample, where p matches the VAR order.
To implement a “Minnesota-like” prior, specify ®; as a diagonal matrix with the components of the

diagonal set as follows, using the o2 as well as econometrician-specified tuning parameters (A1, Az, As).

1. (Own-Lags and Cross-Lags/Regressors): For any endogenous outcome/regressor j € {1,..., N} and

) ()

lag ¢ € {1,...,p}, let

\9[\3‘ =

diag(®o) N.(1—1)+5 = (
2. (Deterministic Regressors): For any m =1,..., M, let
diag(®o) Np+m = (M A1)”

This is similar to Assumption 15, except that this prior does not shrink coefficients on cross-lags more.

Mechanically, there is no longer Ay < 1 to implement stronger shrinkage for cross-lags.

Assumption 17. (Diffuse Prior Assumptions for ) Suppose that the full prior for model parameters

requires specifying p(X) ~ IW(Sp, ap). The prior can be set in a diffuse manner by taking
agp=N +2 So = (ag = N — 1)diag(o7, ..., 0%)

In effect, this choice takes ag to be the smallest possible value such that the prior mean Sy/(ag — N —1) for
¥ still exists, and then sets Sy so that the prior mean of ¥ is centered on diag(o?, ..., 0% ), which is a hard

assumption in the original Minnesota prior of Litterman (1980), but only a centering in this case.

Core BVAR Using the N = 4 core time series described in Section 3.4.1, I estimate a quarterly fixed-
coefficient core BVAR with p = 3 lags and a constant, which is nested by the VARX of Definition 18. For
the prior, I consider two prior specifications.

The first prior specification exactly matches the form p(A|X4)p(X4) in Definition 22; therefore, it is
conjugate with Kronecker structure in the (prior and posterior) variance of coefficients, which permits re-

estimation equivalence. To fully specify p(A|X4)p(Xa) ~ N (Ao, X4 @ Pg a)IW (So, ), I set
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Figure 3.2: Example forecasts from the Core BVAR, under the second (non-Kronecker) prior specification.
The blue line represents the median forecast, while the grain line represent the 10th and 90th quantiles of

the forecast distribution.
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e Ay as in Assumption 14, with the first own lag for GDP Growth and inflation centered on zero, and

the first own lag for unemployment and the T-Bill rate centered on one.
e &y 4 as in Assumption 16.
e (Sp, ) as in Assumption 17.

The second prior specification instead matches the form of p(A)p(X 4) in Definition 24; therefore, it is
conjugate, but lacks the Kronecker structure in the variance of coefficients. To fully specify p(A)p(X4) ~

N(AQ,QQA)IW(S(), Ot()), I set

e Aj as in Assumption 14, with the first own lag for GDP Growth and inflation centered on zero, and

the first own lag for unemployment and the T-Bill rate centered on one.
e {2 4 as in Assumption 15.
e (Sp, ) as in Assumption 17.

As discussed in Section 3.3.2, this second specification will break exact re-estimation equivalence of my
procedure, but it allows me to test the improvement one might obtain by departing from exact equivalence

while still maintaining the main spirit of the adjustment procedure.

Remark. (Specification of Core Model and its Prior) Rather than craft the best possible quarterly forecasting
model, my goal in this section is only to establish a reasonable baseline model, so that I can then compare
alternative post-estimation adjustment procedures. The same statement applies to prior specification. In my
comparison, the core model is held fixed, regardless of the post-estimation procedure. Therefore, I chose a
model and prior specifications matching Definition 22 and Definition 24 to tie back directly to the analytical
results of the previous section.

T highlight this because the preceding literature in Kriiger et al. (2017) and Tallman and Zaman (2020)
adopted richer time-varying specifications (e.g. Primiceri (2005)) as the core model; however, their compar-
ison of interest was between baseline forecasts from the core model and adjusted forecasts. Their work and
the broader nowcasting literature have already convincingly argued that incorporating additional higher-
frequency information improves forecast accuracy relative to baseline forecasts from a lower frequency VAR
(Banbura, Giannone, Modugno and Reichlin, 2013). My interest in this paper and the empirical exercise
is instead the manner of incorporation and identifying whether my proposed tilting procedure is deficient

relative to full nowcasting as in Kriiger et al. (2017).
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A similar statement applies to choice of prior, where I again adopt a simple prior specification. The
literature has developed popular additions to and extensions of the Minnesota prior, e.g. the “sum of
coefficients” extension of Doan, Litterman and Sims (1984). The literature has also developed alternative
methods for setting the tuning parameters of a given prior based on marginal likelihood maximization (as
in Del Negro and Schorfheide (2004) and Carriero, Clark and Marcellino (2015a)) or hierarchical Bayesian
approaches (Giannone et al., 2015). These are all worth using in the BVAR, but I omit them from analysis
for the same reasons.

That said, a simple extension that still fits the form Definition 24 would be to exploit the grouping
implicit in Table 3.1. Namely, adopt the second prior specification above, but for the GDP equation, apply
further shrinkage to coefficients hitting predictors not selected to help forecast GDP. A similar statement

would apply to further outcomes.

Nowecasts Kriiger et al. (2017) use the additional data to define and estimate four auxiliary models—one
for each outcome in the core BVAR—which I now describe. These are full-fledged models that require
their own set of modeling and prior assumptions used to predict a given quarterly observation, which I will
describe. See also Appendix C.5.2 for figures that depict parts of the nowcasts’ construction.

To predict one-step-ahead GDP growth, Kriiger et al. (2017) follow Carriero, Clark and Marcellino
(2015b) and regress quarterly GDP growth for quarter ¢, denoted y;, on a set of regressors X; available for

predicting GDP growth. This can be written as the linear model

yr = Xiy+ v ve ~ N(0,0%). (3.10)

The set of predictors collected in X; are the lag of quarterly GDP growth (i.e. from quarter ¢ — 1), the two
additional monthly predictors for GDP growth (observed in the first month of quarter ¢) listed in Table 3.1,
plus a constant.'® Notice that this model is exactly a VARX for GDP growth with one lag, two additional
nondeterministic regressors, and a constant. As a result, Kriiger et al. (2017) implement a Minnesota-
type prior on the coefficients in 7. Specifically, they employ a non-Kronecker prior like Definition 24,
p(V)p(6?) = N(70,0,4)IW (Sp, ap). They set o following Assumption 14, Qg ., following Assumption 15,
and Sy and ag as in Assumption 17.

Note that Carriero et al. (2015b) also explores specifications where the model in Expression 3.10 has

18Because GDP is subject to (sometimes substantial) revisions, I also use real-time data in the estimation of and forecasting
steps for GDP growth, since they are readily available.
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Figure 3.3: Example of nowcast construction. In the lefthand column, the black line represents the realized
time series. The red line represents the fitted values from the regression used to generate the respective
nowcast. The righthand column shows the history and forecast for the monthly unemployment rate and
TBill. The final observation and first two forecasts are averaged to product the nowcast.
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stochastic volatility, which is especially helpful for long macro samples. For simplicity, I omit this from
testing, but note that the general procedure I outline in Definition 27 permits time-varying specifications for
h( ).

To predict one-step-ahead GDP inflation, Kriiger et al. (2017) again adopt Model 3.10. Concretely, y;
now denotes GDP inflation for quarter ¢, X; consists of the additional additional monthly predictors for GDP
inflation (observed in the first month of quarter ¢) listed in Table 3.1 plus a constant. While Kriiger et al.
(2017)’s description seems to omit the lag of GDP inflation in that variable’s nowcasting model, I also include
it to have symmetry to the GDP growth case and because it does make a difference; see Appendix C.5.3. As
a result, the prior can also be set exactly as described for GDP growth.

Next, the nowcasts for the unemployment rate and the T-Bill are constructed from monthly BVARs.
To predict the unemployment rate in quarter ¢, a monthly VAR(3) is estimated consisting of the monthly
unemployment rate plus the additional monthly series listed in Table 3.1, using observations through the
first month of quarter ¢. This auxiliary model is used to generate the remaining two months of quarter ¢,
and the quarterly forecast is formed as the average of the single month of data and the forecasts for the two
additional months in the quarter. In the original paper of Kriiger et al. (2017), the authors estimate BVARs
with stochastic volatility; however, I will estimate a BVAR, with fixed coefficients and fixed error variance for
simplicity. The particular specification I adopt is a BVAR with a non-Kronecker prior as in Definition 24 (to
allow cross-variable shrinkage). To complete the prior specification, I assume the prior satisfies Assumptions

14, 15, and 17. The nowcast for the T-Bill rate is constructed analogously.

Section 3.3 Procedures Given the core BVAR and the additional predictors listed in Table 3.1, one can
define an implicit extended VARX with additional regressors, and thus approach the problem of forecast
updating using the procedures outlined in Section 3.3.

When the core BVAR uses the first prior (with Kronecker structure), construct the prior for the extended
VARX p(B, X ) as in Definition 23, reusing Assumptions 14, 16, and 17 to set the values. With this extended
prior p(B, ¥p), one can infer By 1, By 2, ®o, g, which are sufficient ingredients to adjust the forecasts according
to the procedure of Definition 26.

When the core BVAR uses the second prior (without Kronecker structure), construct the prior for the
extended VARX p(B,Xp) as in Definition 24, but now under Assumptions 14, 15, and 17. This gives

sufficient ingredients to adjust according to Definition 28.

Remark. (Sparsity in Nowcasting versus my Procedure) My procedure adjusts the forecast of every outcome
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using all available information listed in Table 3.1. In contrast, the four nowcasts are constructed from four
separate auxiliary models that exploit a subset of available information. This effectively imposes sparsity
in predicting the outcomes, which may not be appropriate for macroeconomic forecasting (Giannone et al.,
2021). It is well known that many economic time series exhibit strong comovement (Stock and Watson,
2002). My recommended procedure instead jointly extracts the marginal information and signal from the
full dataset. And by following the recommended procedure, shrinkage is implicitly imposed to penalize

overfitting.

3.4.3 Accuracy Comparison

In this section, I compare accuracy of the forecast distributions from (i) the core BVAR (no conditioning or
tilting), (ii) fully tilting towards nowcasts, and (iii) tilting as recommended by this paper. I evaluate on the
sample period defined in Section 3.4.1, while Appendix C.5.3 contains results for different sample starting
periods and subsamples—mnone of which differ qualitatively from the results of this section or suggest that one
method uniformly dominates. As the main evaluation metrics, I consider root mean squared error (RMSE)
as well as empirical coverage probabilities for the forecast distributions, the latter of which is one advantage

of tilting as opposed to conditioning (which collapse the distribution).

Exercise Description Figure 3.4 gives a visual description of the exercise. The black line represents the
real-time history of the outcome, i.e. the data as it would have existed at the time and used in estimation.
Green shading represents the multi-step joint forecast distribution of (1), constructed from draws taken after
initial estimation of the model. Blue and red represent the tilted forecast distributions for (2) and (3), whose
entire forecast distribution was adjusted based on the external information and updated forecast for the first
period. The gray line represents the realized values. For GDP growth and inflation, which are subject to
revision, the realized values are the second release, following Romer and Romer (2000) and Kriiger et al.
(2017).

Before stating results, I state explicitly the tilting constraints imposed to adjust the forecast distribution
from (1) to (2) and (3), using the notation of Section 3.2.3. The unconditional core BVAR (1) provides
draws {ygfi}rl:T L4}t from the posterior predictive (joint forecast) distribution, fa(yr41.7+4]Y). Given the

four nowcasts for the elements of yr41, all stacked into gp,,,, I formulate a constraint
INow = 9(YT+1:740) = YT41- (3.11)
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Figure 3.4: Comparison of forecast distributions. Black is the historical series in real-time, as it would have
existed when standing in the first forecast period. Green is the forecast distribution from the core BVAR.
Blue represents the distribution tilted based on nowcasts, while red represents the distribution tilted based
on my recommended procedure. Finally, the gray line is the realized data. Following Romer and Romer
(2000), I depict the second release for each forecast period (so that the gray line is an amalgam of vintages).
Subtracting any given median forecast line from the gray line gives the errors used to compute the RMSEs.
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Using this constraint and the draws {yg,fl_?_l:T 442y from (1), I'solve the discrete version of the tilting problem
in Definition 25 and find updated probabilities/weights p}; such that the constraint holds. In Figure 3.4, the
blue median line and quantiles are computed using these weights and the original draws. In this way, the
adjustment in the first period also propagates and adjusts the full path. To get the adjusted distribution of
my procedure (3, in red), I apply the same approach, but using g agj 0 the constraint, which instead contains

the adjusted one-step-ahead forecasts that follow from my procedure.

Baseline Evaluation under Prior 1 Table 3.2 states the RMSE for the competing forecasts, over the
full sample. For the BVAR and baseline forecasts, I consider the first specification described in Section 3.4.2,
which is the prior with Kronecker structure in the prior variance for coefficients.

Lastly, note that there are two periods where the tilting procedure cannot be implemented because the
constraint for the first period forecast lies in the tails of the joint forecast distribution. In other words,
the finite number of draws from the core BVAR cannot be reweighted to satisfy the constraint. This is
most common when the there is a pronounced economic shock. In these cases, it still possible to implement
entropic tilting by appealing to the analytical tilting problem (rather than discrete problem and reweighting),
mentioned in Section 3.2.3 and outlined in the appendix of Antolin-Diaz et al. (2021). However, such large
forecast revisions that move into the tail of the joint forecast distribution often signify that tilting may not
be appropriate. For that reason, and for simplicity, I drop those dates when computing the RMSE in the
sample.!?

The main takeaway from Table 3.2 is that the recommended procedure compares favorably and essentially
performs as well as tilting towards nowcasts. The improvements from additional information (nowcast or my
procedure) are overall quite modest, but the recommended procedure does appear to exploit the information
as efficiently as the nowcasting approach in Kriiger et al. (2017). The largest exception is the T-Bill. This is
perhaps not surprising because the T-Bill is a highly persistent series that is genuinely observed daily with
perfect precision. In contrast, GDP growth is not perfectly observed daily, is only available at quarterly
frequency, and is quite noisy. Therefore, the nowcasting problem for GDP is similar to a signal extraction
problem where one must extract information from related but distinct noisy data series. Note also that the
improvement for the T-Bill nearly dissipates beyond the first quarter. Lastly, failing to include the dummies
in the regression procedure does slightly reduce accuracy. This suggests that implicit penalization imposed

by including dummies may help accuracy somewhat, although the effect is quite modest for this particular

9For Table 3.2, the dropped dates are Those dates are 2008:Q4 and 2009:Q3. Unsurprisingly, these are dates correspond to
time periods where there are recessions or sharp changes in series.
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Horizon \ Model \ GDP Growth Inflation Unemployment T-Bill

h=1
(1) BVAR 2.4 1.00 0.24 0.36
(2) Nowcasts 1.8 1.00 0.13 0.06
(3) Procedure 1.7 0.82 0.12 0.11
(4) No Dummies 1.8 0.92 0.14 0.22
h=2
(1) BVAR 2.7 1.10 0.42 0.66
(2) Nowcasts 2.6 1.10 0.33 0.40
(3) Procedure 2.6 1.00 0.31 0.43
(4) No Dummies 2.6 1.10 0.32 0.50
h=3
(1) BVAR 2.8 1.20 0.67 0.93
(2) Nowcasts 2.7 1.20 0.54 0.70
(3) Procedure 2.8 1.10 0.53 0.71
(4) No Dummies 2.8 1.20 0.55 0.76
h=4
(1) BVAR 2.8 1.40 0.89 1.20
(2) Nowcasts 2.8 1.30 0.77 0.97
(3) Procedure 2.8 1.30 0.77 0.98
(4) No Dummies 2.8 1.30 0.79 1.00

Table 3.2:  Comparison of RMSE for the different outcomes, where the Core BVAR is estimated under Prior
1. The BVAR (1) represents the unconditional forecasts under the first prior, as described in Section 3.4.2.
The accuracy for (2) and (3) represents the accuracy of the tilted forecast distributions. The accuracy of
(4) is from the procedure, dropping dummies and hence penalization. The evaluation period runs from
1992:QQ1-2019:Q4, dropping the dates 2008:Q4 & 2009:Q3 where tilting cannot be implemented.

prior and application.

As another evaluation metric, Table 3.3 reports coverage statistics for the forecast distribution. I consider
coverage of the 25th-75th percentile interval as well as the 5th-95th percentile interval. The baseline BVAR
already exhibits overcoverage, likely because the estimation period includes data from before the Great

Moderation i.e. (1970-1984). Consistent with the RMSE results, coverage increases.

Remark. (Interpretation of Nowcast and versus My Procedure) It is worth noting that any forecast im-
provement in the nowcast approach stems from both additional information and specification changes. By
fully tilting towards the one-step-ahead nowcast (as in Kriiger et al. (2017)), the approach discards the
one-step-ahead forecasts from the core BVAR and, via tilting, simply replaces these one-step-ahead forecast
with forecasts from these alternative models. As a result, the core BVAR serves only to extrapolate the
one-step-ahead nowcast to longer horizons. Instead, my procedure has the interpretation of expanding and
mimicking estimation of a nesting extended model.

To more fully explain the distinction, consider the nowcast of GDP growth. The nowcast regresses

quarterly GDP growth on a single lag of quarterly GDP growth and two additional monthly time series. In the
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Horizon | Model GDP Growth Inflation Unemployment T-Bill
25-75  5-95 | 25-75  5-95 | 25-75 5-95 25-75  5-95
h=1
(1) BVAR 0.64 097 | 056 0.95 | 0.62 0.93 0.89  1.00
(2) Nowcasts 0.82 097 | 057 095 | 0.81 0.99 1.00 1.00
(3) Procedure 083 1.00 | 0.64 096 | 0.84 0.99 1.00 1.00
(4) No Dummies | 0.76  0.98 | 0.67 0.95 | 0.79 1.00 0.98 1.00
h=2
(1) BVAR 0.66 096 | 0.58 0.98 | 0.64 0.92 0.84 0.98
(2) Nowcasts 0.68 097 | 0.58 098 | 0.72 0.96 0.93 1.00
(3) Procedure 0.69 097 | 0.64 098 | 0.76 0.96 0.93 1.00
(4) No Dummies | 0.66  0.96 0.59 097 | 0.69 0.96 0.91 1.00
h=3
(1) BVAR 0.65  0.93 0.62 0.98 | 0.63 0.90 0.79  0.96
(2) Nowcasts 0.67 094 | 0.65 0.98 | 0.74 0.95 0.89  1.00
(3) Procedure 0.64 094 | 0.63 099 | 0.76 0.95 0.88  0.99
(4) No Dummies | 0.68 094 | 0.64 0.99 | 0.70 0.95 0.85 0.99
h=4
(1) BVAR 0.64  0.96 0.58 0.99 | 0.58 0.90 0.79  0.95
(2) Nowcasts 0.64 095 0.60 0.99 | 0.68 0.93 0.88 0.98
(3) Procedure 0.65  0.95 0.63 1.00 | 0.71 0.93 0.87 097
(4) No Dummies | 0.65  0.95 0.63 1.00 | 0.63 0.92 0.83 097

Table 3.3:  Comparison of coverage for the different outcomes, where the Core BVAR is estimated under
Prior 1. The BVAR (1) represents the unconditional forecasts under the first prior, as described in Sec-
tion 3.4.2. The accuracy for (2) and (3) represents the accuracy of the tilted forecast distributions. The
accuracy of (4) is from the procedure, dropping dummies and hence penalization. The evaluation period
runs from 1992:Q1-2019:Q4, dropping the dates 2008:Q4 & 2009:Q3 where tilting cannot be implemented.
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Horizon \ Model \ GDP Growth Inflation Unemployment T-Bill

h=1
(1) BVAR 2.2 1.00 0.24 0.39
(2) Nowcasts 1.8 1.00 0.13 0.06
(3) Procedure 1.9 0.93 0.13 0.15
(4) No Dummies 1.7 0.91 0.13 0.16
h=2
(1) BVAR 2.4 1.10 0.41 0.72
(2) Nowcasts 24 1.10 0.33 0.41
(3) Procedure 2.5 1.10 0.34 0.52
(4) No Dummies 1.4 1.00 0.31 0.50
h=3
(1) BVAR 2.5 1.20 0.63 1.00
(2) Nowcasts 2.5 1.20 0.53 0.75
(3) Procedure 2.5 1.20 0.54 0.84
(4) No Dummies 2.5 1.20 0.51 0.81
h=4
(1) BVAR 24 1.30 0.83 1.30
(2) Nowcasts 2.5 1.30 0.74 1.00
(3) Procedure 2.5 1.30 0.75 1.10
(4) No Dummies 2.5 1.30 0.72 1.10

Table 3.4: Comparison of RMSE for the different outcomes, where the Core BVAR is estimated under Prior
2. The BVAR (1) represents the unconditional forecasts under the first prior, as described in Section 3.4.2.
The accuracy for (2) and (3) represents the accuracy of the tilted forecast distributions. The accuracy of
(4) is from the procedure, dropping dummies and hence penalization. The evaluation period runs from
1992:Q1-2019:Q4. I drop 2008:Q4, where tilting cannot be implemented.

original core BVAR, GDP growth is already regressed on p lags of GDP growth, as well as additional quarterly
time series. Therefore, it is not clear whether the improvement in performance comes from the marginal
information in the additional regressors or the change to a simpler single lag model that also excludes non-
GDP-related macro signals like quarterly inflation, unemployment, and interest rates. Therefore, even if one
ultimately is interested in fully tilting towards a nowcast, my procedure can serve as a useful supplementary
decomposition to more cleanly characterize the source of improvements: marginal information versus change

in model specification.

Evaluation under Prior 2 Next, Table 3.4 states the RMSE for the competing forecasts when the
core BVAR is estimated under the second specification described in Section 3.4.2, while Table 3.5 reports
coverage.?’ Recall that this is the prior without Kronecker structure in the prior variance for coefficients.
This alternative comparison is useful both intrinsically (to relax restrict Kronecker structure?!) and as a

guide for applying the procedure when exact equivalence does not hold.

20The only time period where reweighting is not possible is 2008:Q4.
21Gee discussion in Section 3.2.2.
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Horizon | Model GDP Growth Inflation Unemployment T-Bill
25-75  5-95 | 25-75  5-95 | 25-7H 5-95 25-75  5-95
h=1
(1) BVAR 0.72 0.98 0.56 0.93 | 0.68 0.93 0.91 0.99
(2) Nowcasts 0.83  0.98 0.53 0.93 | 0.83 1.00 1.00 1.00
(3) Procedure 0.80 098 | 060 095 | 0.84 1.00 0.99 1.00
(3) No Dummies | 0.86  0.99 0.65 0.95 | 0.83 0.99 1.00  1.00
h=2
(1) BVAR 0.71 0.97 | 0.51 0.98 | 0.70 0.93 0.82 0.96
(2) Nowcasts 0.74 097 | 0.56 098 | 0.72 0.96 0.94 1.00
(3) Procedure 0.69  0.98 0.55 0.98 | 0.68 0.96 091 1.00
(3) No Dummies | 0.72 0.98 0.58 097 | 0.74 0.96 0.92 1.00
h=3
(1) BVAR 0.73 097 0.61 0.98 | 0.71 0.91 0.78  0.95
(2) Nowcasts 0.73  0.96 0.62 0.98 | 0.68 0.95 0.88 0.97
(3) Procedure 0.70  0.96 0.62 097 | 0.72 0.93 0.87 0.96
(3) No Dummies | 0.72 0.96 0.61 098 | 0.73 0.96 0.85 0.98
h=4
(1) BVAR 0.73 097 0.57 0.97 | 0.60 0.92 0.76  0.93
(2) Nowcasts 0.69 097 | 0.56 097 | 0.67 0.93 0.81 0.96
(3) Procedure 0.67 097 | 0.57 098 | 0.68 0.93 0.80 0.94
(3) No Dummies | 0.71 097 | 0.59 0.98 | 0.67 0.93 0.80  0.96

Table 3.5:  Comparison of coverage for the different outcomes, where the Core BVAR is estimated under
Prior 2. The BVAR (1) represents the unconditional forecasts under the second prior, as described in
Section 3.4.2. The coverage for (2) and (3) represents the coverage of the tilted forecast distributions.
The evaluation period runs from 1992:Q1-2019:Q4, dropping the date 2008:Q4 where tilting cannot be
implemented.

As the table shows, even though exact re-estimation equivalence does not hold, my recommended proce-
dure improves upon forecast accuracy relative to the core BVAR and again compares favorably to tilting on
nowcasts. As can be seen from the table, for one-step-ahead forecasts, nowcast accuracy remains the same,
since I fully tilt towards the nowcasts, which implies the core BVAR specification is irrelevant. Performance
is somewhat worse for GDP, no more than 10 basis points. The procedure mostly improves upon forecasts
of the core BVAR wherever nowcast does. The only case where there is a notable difference is, again, for
the T-Bill. Relative to the Kronecker case, the exclusion of dummies does improve performance somewhat

for GDP, although the differences are modest.

Baseline Evaluation under Random Forest Adjustment Finally, I do a brief comparison between
nowcasting, my procedure, and adjustment using a more flexible machine learning model for the errors,
following Definition 27. For the core BVAR, I adopt Prior 1, and so the relevant comparison table is
Table 3.2; the accuracy for the BVAR, nowcasts, and regression-based adjustments match by construction.

For the model for A( - ), I use the randomForest package in R (Liaw and Wiener, 2002) to estimate
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Horizon [ Model [ GDP Growth Inflation  Unemployment T-Bill

h=1
(1) BVAR 2.4 1.00 0.24 0.360
(2) Nowcasts 1.8 1.00 0.13 0.061
(3) Procedures
(a) Regression 1.7 0.82 0.12 0.110
(b) Random Forest 2.0 0.91 0.21 0.280
h=2
(1) BVAR 2.7 1.10 0.42 0.660
(2) Nowcasts 2.5 1.10 0.33 0.390
(3) Procedures
(a) Regression 2.5 1.00 0.31 0.430
(b) Random Forest 2.6 1.00 0.38 0.570
h=3
(1) BVAR 2.8 1.20 0.67 0.930
(2) Nowcasts 2.7 1.20 0.53 0.700
(3) Procedures
(a) Regression 2.7 1.20 0.52 0.710
(b) Random Forest 2.8 1.20 0.61 0.820
h=4
(1) BVAR 2.8 1.40 0.89 1.200
(2) Nowcasts 2.8 1.40 0.76 0.990
(3) Procedures
(a) Regression 2.8 1.30 0.76 0.980
(b) Random Forest 2.8 1.30 0.84 1.100

Table 3.6:  Comparison of RMSE for the different outcomes, where the Core BVAR is estimated under Prior
1. The BVAR (1) represents the unconditional forecasts under the first prior, as described in Section 3.4.2.
The accuracy for (2) and (3) is the accuracy of the adjustment procedures. The evaluation period runs from
1993:Q1-2019:Q4. I drop the same periods as for Table 3.2 to maintain comparability.

a function h( - ) under default options for the package—rather than regression—and I follow exactly the
procedure of Definition 27 to adjust to the forecast distribution. This mimics using an off-the-shelf machine
learning approach to try to improve upon forecast errors, similar to the logic of boosting, which is familiar
from the machine learning literature.

Table 3.6 shows that use of a more general model in this case does lead to an improvement over baseline
BVAR forecasts; however, the gains are not as good as the regression-based adjustment. Overall, the results
do not suggest large gains in the current context, but I view this as an area of future research. Even though
I used a more flexible model for A( - ) in Definition 27, I still did not expand the set of predictors. These
results suggest that real gains would likely need to come from the use of more data. Moreover, tuning and
exploration of alternative machine learning algorithms in the adjustment step might yield improvements

beyond what I was able to realize.

3.5 Conclusion

Above I have shown how one can define a tilting procedure for BVAR forecast distributions that is exactly

equivalent (in mean) or closely related to re-estimation of an expanded model. In a representative example
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from the literature, I showed that this procedure compares favorably to other tilting procedures that define
and estimate separate auxiliary models outcome-by-outcome, based on accuracy. Instead, it is possible to
improve the forecast distribution by exploiting a cross-section of additional predictor variables in a single
post-estimation step—avoiding overfitting and reusing output from originally estimating a baseline core
BVAR(X)—by appealing to an implicit expanded model. In this way, entropic tilting can be motivated not
as an ad hoc adjustment, but as a procedure closely related to the ideal of re-estimation. Future work could

build upon these results to exploit even larger cross-sections of the data.
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Appendix A

Appendix for Chapter 1

A.1 Spatial Point Processes and Analytical Example

A.1.1 Poisson Processes

Definition 29. (Poisson Point Process) Suppose there exists an intensity function A : R? — [0, 0c0) where

1. For any bounded B C R,
/ Az) dx < 0o
B

2. For every collection of disjoint sets By, ..., By C R%, letting N(B;) denote the number of elements in

region B;, N(B;) L N(B;) and
PIN(B;) =n;] ~ Poisson(A(B;))
where

A(B;) = /B. Az) dzx

Then this defines a Poisson point process over the spatial domain R?. See Diggle (2013) for a textbook

reference.
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A.1.2 Proofs for Section 1.2.5

This section derives the treatment probabilities for the simple example stated in Proposition 1. The proof
is done in two pieces: first deriving treatment probabilities when the assignment mechanism is a binomial

point process. It is then straightforward to derive treatment probabilities for the Poisson case.

Definition 30. (Binomial Assignment Mechanism) The binomial point process on circular domain S fizes

the number of treatment centers C' and scatters them independently and uniformly over the domain S.
The difference from the Poisson assignment in Section 1.2.5 is that the Poisson process draws the number

of treatment centers C'. A well-known result from the spatial statistics literature is that a Poisson process

conditioned on the number of treatment centers C' is a binomial process (Diggle, 2013).

Throughout, let let Bs(¢) denote a ball of size § about some location £ € S, while |A| denotes the size
of some closed connected subset of S. For S representing a circle of circumference |S|, |A| denotes the arc

length of the connected subset A C S.
Lemma 3. Assuming the same setup as in Section 1.2.5 but using a binomial point process instead for the
assignment mechanism, treatment probabilities are
m = P[D; =1|C] = 1— (1 —25/|S])¢
25\ 16 \¢
1—2(1_W) +(1—@) Bs(4;) N Bs(¢;) =0

mij = P[D; =1,D; = 1|C] = 1-2(1- 2% ¢ 1 — 204IBs(¢)\Bs (L)) ‘ Bs(£;) N Bs (£ 0
_ (*m) +( *#) () N Bslly) #

Proof. Under a fixed number C' of treatment centers that are independently and uniformly scattered over

the circle and treatment rule given by Expression Equation (1.3),

P[D; = 1|C] = P[At least one treatment center in Bs(¢;)]

1 — P[No treatment centers in Bj(¢;)]

1 — (1 — P[Any one treatment center in Bg(&)})c

1 (1—[Bs(6:)]/18)°

1—(1-25/|5))
There are two possibilities for second order probabilities for distinct units ¢ and j:
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e B;(¢;) N Bs(¢;) = 0, no overlap: Then, using conditioning and the assumptions of the binomial assign-

ment mechanism,

P[D; =1,D; =1|C]

= P[D; =1|D; = 1,C] - P[D; = 1|C]

NN\ C ‘ c NN

- (-8 |- (- (- ) )(1—'Bfé‘[”')
_ AN _ c
:1_<SI ||§3|5(fj)> (ISI ||Ba ) (ISI | Bs (¢ |S | Bs (¢ )I)

R (N

e Bs(l;) N Bs(¢;) # 0, overlap: Using conditioning and the assumptions of the binomial assignment

mechanism,

P[D; =1,D; =1|C]

= P[D;j =1] — (1— (1 — P[Any one in Bs(¢;)|None in B@(Zi)])c) - P[D; = 0]

(BSOS (  IBs)\Bs()\ N [, 1Bs)\©
=1 (1) (1(1 ﬂﬂ&mﬂ))@ )

(IS Bs(E)IN (18I = IBs @I\ | (18] = [Bs(:)| = |Bs(¢;) \ Bs(€)]\©
1( 9] ) ( 5] )*( 5] )

1- (1— |255|)C— <1— |256>C+ (1— 25+|Bé(@\36(&)|)c

O

Having computed treatment probabilities under a binomial point process assignment mechanism that
fixes the number of treatment centers C, I can now derive treatment probabilities under a Poisson point

process. The difference is that now C' ~ Poisson(A|S]).

Proof. (Proposition 1) Conditional on C, the treatment probabilities are those of the binomial point process
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assignment mechanism. Therefore,

Poi=1 =3 1= (1- 2] QB gy

P =11 =3 B sy - 3 (1- ) - B exptonisiy
' c=0 ’

Notice that the first sum is a sum over P[X = | where X ~ Poisson(\|S]), hence

c=

Rewriting again,

c=0

But notice that the sum is a sum over P[X = ¢] where X ~ Poisson(\|S|(1 —2§/|S])), hence they must all

sum to unity, leaving
PD;=1]=1—e MBI 1 =1 22

For the second order inclusion probabilities, the two cases are as follows:

e B;(¢;) N Bs(¢;) =0, no overlap: Then

Y PD;=1,D; =1|C=d-P[C =
c=0

R e

139

P[D; =



Breaking up and simplifying,

P[D; =1,D; = 1]
A|S|)ceIs! >0 (AIS](1=26/]8))) e M &N (AS|(1 — 46/1S])) e S
_ 3 IS S )

c! c!
c c=0 c=0

Qlspee s 9e—MSI(1- 26/\S|)Z (A[S](1 —26/]5])) e 5120715
c! c!

Il
=]

Il
=]

c

4 e~ AIS1/IS| Z

c=0

I . (1- 6725,\)2 = 2

(ISI(L - 15/ls)e- 10415
c!

which used that the sums were sums of P[X = ¢] for Poisson random variables. For these i and j pairs,

note that

—45X
1—7Ti—7rj+71'ij:€

e B;(¢;) N Bs(¢;) # 0, overlap: Through similar arguments, can show that
P[D7 — 17D] — 1] — 1 _ 26725)\ + 6725)\7)\‘35(51')\35(&)‘

For these ¢ and j pairs

l—m— 7+ mj = e~ 20A=AB5 (€;)\Bs (L)

Substituting in the arc length for for |Bs(¢;) \ Bs(¢;)| gives the expressions of Section 1.2.5. O

A.2 Background for Asymptotic Results

A.2.1 Setup and Metrics

I first set up notation and restate concepts in the notation. This restatement reconciles the different defini-
tions, notation, and assumptions of Bolthausen (1982) and Jenish and Prucha (2009) (the underlying CLTSs),
as well as Conley (1999) and this paper (which use these CLTs). This setup explicitly allows for triangular

arrays as in Jenish and Prucha (2009), which generalizes Bolthausen (1982) and Conley (1999).

140



Definition 31. (Domain, Units, and Sequence of Populations) {Z, } is a sequence of finite lattices collecting
the locations of units within the sequence of spatial domains {S,}, i.e. Z, C S, and S, C R? for all n.
Lattices in the sequence {Z,} are subsets of some countable superdomain lattice Z C R? with the number
of elements N,, := |Z,,| = oo as n — oo. All domains may be irregular and all lattices may exhibit uneven

spacing. Throughout, let |U| denote the cardinality of a finite subset U C 7.

Definition 32. (Coordinate-wise Distance Metrics) Define the following metric for the distance between

any two locations ¢, ¢ € R2:

A o
p(&f)—kg?;}wk |

)

where ¢, denotes the kth coordinate of location ¢ € R%. From a given location ¢, the set of units that are
distance ¢ away are a box of side length 2c¢ centered at that location.

And between any two subsets U, V' C 7 consisting of sets of unit locations, define
p(U, V) =inf{p(t,0")| L €U, {' €V}

This is the smallest distance (coordinate-wise) between any pair of units from the sets.
Note these reflect notation and the distance metric used by Jenish and Prucha (2009). These also reflect

the distance metric (but not notation) of Bolthausen (1982), which underlied the proof of Conley (1999).

Definition 33. (Euclidean Distance Metrics): Euclidean distance is used in this paper, for the distance

between any two locations £, ¢/ € R?:

) 1/2
e, ) = [Z@k - %)Q]

k=1

As usual, from a given location ¢, the set of units that are distance ¢ away are a sphere of radius c.

Between any two subsets U, V' C 7 consisting of sets of unit locations, define
d(U, V) =inf{d(¢,¢') |t €U, {' €V}

This is the smallest (Euclidean) distance between any pair of units from the sets.

The next set of results are important for allowing translation between metrics. This is necessary be-

cause the the central limit theorems of Bolthausen (1982) and Jenish and Prucha (2009) use the minimum
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coordinate-wise distance metrics (denoted p), which is more common in the theoretical literature. On the

other hand, the assumptions in Conley (1999) and this paper use Euclidean metrics (denoted d).
Lemma 4. By definition of the metrics
(i) d(¢,¢") = c implies that p(£, ") € [c/V/?2, c]
(ii) p(£, ") = c implies that d(£, ') € [c, V/2c]
(i) p(U,V) = c implies that d(U, V) > c.
Proof. (i) and (ii) are straightforward and can be shown geometrically. This leaves

(i) Writing out,

p(UV)=c = p(l,0)>c NVLeU VeV
— Q) zc VEEU, P eV

= d(U,V)>c

where the second line followed from (ii) and the final line from the definition of d(U, V') as the infimum.

O

A.2.2 Mixing Definitions and Relationships

I first state the mixing coefficient definition of Jenish and Prucha (2009). It uses the p metric and is identical
to Bolthausen (1982), except that it accommodates triangular arrays via an outer supremum over n, which
indexes the sequence of populations. I then follow with another alternative mixing coefficient definition that

uses Euclidean distance instead.

Definition 34. (Mixing Coefficients @y ¢(m)) As in Jenish and Prucha (2009) define

Q,¢(m) = sup sup sup |P[AN B] - P[A]P[B]|
n WISk VIS pUV)Zm [ A€o({Zni}e;ev)s BEo({Zn,i}eien)

where o(A) is the o-algebra generated by A and U,V C Z. This generalizes the time series setting; see Jenish
and Prucha (2009) for references. This definition was used in Bolthausen (1982) and Conley (1999) without
the outer supremum over n (since those papers did not allow triangular arrays), but is labeled ay, ¢(m) and

ag.¢(m) respectively, in those papers.
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Definition 35. (Mixing Coefficients ay ¢(m)) To use Euclidean distance instead, define

ag,¢(m) = sup sup sup |P[AN B] — PIA]P[B]|
n U<k, [VI<L, dUV)>m | A€o({Zn,i}e;ev), BEC({Zn,i}e,ev)

Notice that in the second supremum, the p(U,V) was simply replaced with d(U, V). This definition is

analogous to ay ¢(n) in Conley (1999) but adding sup,, to allow triangular arrays.

Lemma 5. The mizing coefficients satisfy

g e(m) < age(m)

Proof. From Lemma 4, p(U, V) > m implies that d(U, V') > m, implying the set inclusion

{UV U<k V< 6pU V) >m} C{UV [ |U] <k, V| < L4,dU, V) > m}.

Therefore, for any given n,

sup sup |P[AN B] — P[A]P[B]|
U<k, [V|LL, p(UV)>m Aco({Zn,i}e;ev), BEo({Zn,i}e,ev)
< sup sup |P[AN B] — PIA]P[B]|
U<k, |V|<E, d(U,V)>m A€o ({Zn,i}e,ev), BEo({Zn,i}e,ev)

Taking supremum over n on the righthand then lefthand side, and then identifying the resulting expressions

with the definitions of @y ¢(m) and ay ¢(m), the result follows. O

A.2.3 Mixing Assumptions for Normality

In order to obtain a CLT and consistent variance estimator, there are several different assumptions that must
be made for the mixing coefficients. I state them individually, then state several “bundled” assumptions that
correspond to the sets of assumptions used in Bolthausen (1982), Conley (1999), Jenish and Prucha (2009),
and this paper. I focus on those assumptions for asymptotic normality only, as the assumptions necessary
for consistent variance estimation are the same, plus a strengthening of one assumption, which I stated in
the body of the paper.

All assumptions will be stated for triangular arrays as in Jenish and Prucha (2009). For ease of reference, I

also state the associated labels for each assumption within Jenish and Prucha (2009) as well as Conley (1999),
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with the caveat that Conley did not consider triangular arrays and so there is an implicit generalization rather

than perfect match.

Assumption 18. (3(b) in Jenish and Prucha (2009); B1’ in Conley (1999)) For k + ¢ < 4,

o0
Zm “@g(m) < oo

m=1

where d = 2. In words, the dependence between any two units, any unit and pair, any two pairs, or any unit

and three units must decay quickly enough with distance.

Assumption 19. (3(c) in Jenish and Prucha (2009); B2’ in Conley (1999)) For some ¢ > 0,
@1,00(m) = O(m™77%)
In words, the dependence between any given unit and any arbitrarily large set of other units must decay

quickly enough with distance.

Assumption 20. (B3’ in Conley (1999)) For some § > 0 and d = 2,

Z m? a1 1( )5/(2+5) < 00

m=1
Because %5 < 1 and @;,1(m) — 0, this is more stringent than Assumption 18 when k = ¢ = 1.

Assumption 21. For some ¢ > 0, and d = 2,
o0 oo
Za mld(2+6)/8]— Z md—1+24/55, 1(m) < 0
m=1

In words, the dependence between any pair of units must decay quickly enough as a function of distance.
The second sum expression is provided for easy comparison with Assumption 18. With the extra 2d/d, this
condition is indeed more stringent than Assumption 18 when k = ¢ = 1.

As noted by Jenish and Prucha (2009) (see discussion after Corollary 1), this is a weaker assumption

than Assumption 20 used by Bolthausen (1982), Conley (1999), and this paper.
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Assumption 22. (Collected Mixing Assumptions for Cor. 1 of Jenish and Prucha (2009))
(a) Assumption 18
(b) Assumption 19
(¢) Assumption 21
Assumption 23. (Mixing Assumptions of Bolthausen (1982))
(a) Assumption 18
(b) Assumption 19
(¢) Assumption 20

As discussed in Jenish and Prucha (2009), these assumptions are more stringent than those collected in

Assumption 22.
Proposition 20. Assumption 5 implies Assumption 28 implies Assumption 22

Proof. The proof that Assumption 5 implies Assumption 23 follows immediately from Lemma 5, which gives
that @ge(m) < age(m). In other words, it translates the assumptions on a(-) into assumptions on @(-)
used by Jenish and Prucha (2009).

Next, the argument that Assumption 23 implies Assumption 22 is given in Jenish and Prucha (2009). O

A.2.4 Spatial Central Limit Theorem under Weak Dependence

Theorem 1. (Corollary 1 of Jenish and Prucha (2009)) Given a triangular sequence of random fields

{Zni}eiez,, suppose
(i) The domain and units satisfy the setup in Definition 31 with E[Z, ;] =0 for all n,i

(ii) Any pair of elements with locations ¢, ¢’ € T are located at distances of at least pg > 0 from each other

under the metric p(¢,0') defined in Definition 32.
(ili) The weak dependence assumptions in Assumption 22 hold.

(iv) There exists an array of positive real constants {c,;} such that, for some 6 > 0,

lim sup  sup E[|Zm/cm|2+51{\Zn7¢/cn7¢\ >k} =0
k=00 n je{1,..,N.}
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(v) Defining M, := maX;c(1,... N,} Cn,i and

suppose that

liminf N, ' M, 202 >0

n—oo

Then it is the case that
N,
o' Zui 5 N(0,1)
i=1

Proof. The conditions and result are an exact reproduction of Jenish and Prucha (2009). O

Remark. For this paper, I focus on Corollary 1 of Jenish and Prucha (2009) rather than their more gen-
eral Theorem 1. While both need an assumption controlling extreme values of the random variables Z, ;,
Corollary 1 employs uniform Loy integrability in (iv), whereas their Theorem 1 instead works with the
upper-tail quantile function. In the context of causal inference, bounded potential outcomes is a reasonable
assumption many are willing to make (and which is maintained in this paper), which is more obviously and

directly related to Lo, s integrability.

A.2.5 Useful Covariance Inequalities using Mixing Coefficients

To show consistency of the variance estimator, I make use of covariance inequalities that bound the covariance
by moments and the mixing coefficients. This was used in Conley (1999). I will also use this approach, but

must generalize to allow for triangular sequences.

Lemma 6. (Corollary A.2 in Hall, Heyde, Birnbaum and Lukacs (2014)) For any random variables X and
Y that are G- and H-measurable such that E|X|P < oo and E|Y'|? where p,q >1 and 1/p+1/q < 1,

| Cov(X,Y)| < 8|1 X[lp - [Ylq - a(G, H)' 777

where a(G,H) = . Zulg) N |PIG N H] - P|G|P[H]|
€g,He
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where I use a to avoid confusion with o and related mizing coefficients defined previously.
Lemma 7. For any random field {Z, ¢, }o,e1, in the triangular sequence of random fields (i.e. for any fized

n), if 2+ & moments exist, then

_8
| COV(vagi, Zn,éj)} <8- Q1,1,n (d(eugj)) e es}c_lg ||Zn,€,; H§+5

where

Qkpn(m) = sup sup ’P[A N B] — P[A]P[BH
|U|Lk, |V|<p, d(U,V)>m A€o({Zn,i}e,ev)s BEo({Zn,i}e;ev)

Note that o en(m) is just axe(m) from Definition 34, but without the leading sup,,.

Remark. This is essentially Lemma 1 of Bolthausen (1982), but because that paper assumed stationarity
and non-triangular structure, I will go back to Lemma 6 in order to justify this lemma on grounds closer to

first principles.

Proof. Let m > 0 and n be given and fixed. Let Z, ,, and Z, ¢, be any two elements of the random field

{Zpn4,}e,ez,- Apply Lemma 6 to these two random variables, taking p = ¢ =2 + §:

)

| Cov(Zn,tis Zn,e)| < 81 Zn i ll2ts - 12t 246 - al0(Zn,e:) 0(Zn,e,)) 70 (A1)

where  a(0(Zn,),0(Zne;)) = sup |P[AN B] — P[A]P[B]|
AEO’(Z,I,[L),BGO'(Z”IJ.)

From here, note that

a(o-(ani% O-<Zn,fj))

_ sup |P[AN B] - PIA|P[B]|
A€0(Zn,i;),BET(Zn i)

< sup sup |P[AN B] — P[A]P[B]|
IU‘SL |V‘S17 d(va)Zd(e'H‘e]) AGU({Zn,i}éiEU)vBGU({Zn,i}ZiEV)

al,l‘n(d(zivgj))

Using this inequality and definition in Expression A.1, the Lemma follows. O
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Lemma 8. (Generalization of Inequality A in Conley (1999)) Suppose that for any fixzed n and any £ € T,

2+ 6 moment exist, i.e.

1 Zn,e

la+s < 00 vl e 1,

Then for any pair of random variables Zy, ¢, and Z, ¢, in the triangular sequence,

5
| CoV(Znpys Zng))| < 8- ana(d(ls,05)) 7 esupIIZn,eIISJrg
EZTL
_o
S 8'Oéoo,oo(d(éivzj))2+(S Sup”Zn,ZH%Jré

LET,

Proof. Because 2 + § moments exists, the assumptions of Lemma 7 are satisfied for any fixed n. Hence, for

a given n,

_5
| COV(ng“Zn,gj” <8- O‘l,l,n(d(&a e])) 249 Zsqu ||Zn,€||§+§
€Ly

N
+|>
o

< 8- |sup al,l,n(d(eivgj)) Zsqu HZTM”%ﬂS

n

Then, by Definition 34 for app,(m) and the definition of agppn(m) in Lemma 7, note that aq1(m) =

sup,, @1,1,,(m), implying

_5
| COV(ngi,Zn,[j” S 8- 1.1 (d(&,f])) 2+¢ gsuzp ‘|Zn7g||§+5 (A2)

n

From here, what’s left is to note that oy 1(m) < qeo,00(m). To prove, note for any fixed n,

sup sup |P[AN B] — PIA]P[B]|
[UISL [VISL, d(UV)2m | A€o({Zn,e;}eev), BEo({Znt; }ejev)

< sup sup |P[AN B] — P[A]P[B]|
|U|<o0, |V[<Loo, d(U,V)2>m A€o({Zn,e;}e,ev), BEo({Zn,e; }e,ev)

because the latter is a larger space to search over. Taking supremum over n on the righthand side, then over
the left, and identifying the resulting expressions as oy 1(m) and aso 00 (m), the inequality holds, which can

be used in Expression A.2 to derive the final result. O
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A.3 Proofs for Section 1.3

A.3.1 Useful Lemmas for Normality and Variance Consistency Proofs

Lemma 9. (Crude Bound on Units in a Ball under Expanding Domain Asymptotics) Let B(¢,§) denote
a ball centered at ¢ € R? with some finite Euclidean distance/radius 8. Let {{;};cz C denote an arbitrary
countable set of locations such that d(¢;,£y) > do for any pair {; # £y in I, which is the basic assumption

for expanding domain asymptotics. Then
|{t:; |t € B(£,6)} < [26/do]* < 8(6/do)> VLER? §>0

Proof. A square of side length 2§ centered at ¢ will cover B(¢,§). The largest number of units that can fit
in the square corresponds to gridded spacing, and so [2§/dg] units in a given direction of the grid. This
implies [2§/dp]? units in the square containing B(¢,§), which exceeds the amount of units that fit into the
“covered” circle.

The final inequality follows by simply doubling the ceiling-based count. This is a very crude inequality,
but it is obviously satisfied, dispenses with the ceiling operator, and—most importantly—leaves the ratio
2§/dy in place, which will mean certain rates are not affected in the convergence proofs since we are just

rescaling by a fixed constant. O

Lemma 10. (Bound on Double Sum of Covariances) Assumption 5 plus Assumption 4 imply

N,
Z Cov(Dy.i, Dy j)| = O(1)

i MZ

Proof. By Part (iii) of Assumption 5, it must be the case that a; 1 (m)%/ (29 = O(m~=27¢) for some constant

¢ > 0, since that ensures

i m'O(m=27°) i O(1/m') < oo
m=1 m=1

Therefore, together with Lemma 8 and the fact that D, ; <1,

1 N, N, N, N, 1 N, N,
ZZmov Dm,Dnj)|<—ZZSQ11 d(t;, £;))% 39 < ZZSkW
n =1 j=1 n i=1 j=1 n i=1 j=1
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To show this last expression is O(1), I argue that one of the sums converges, hence the double sum will be
of the form N,, - X where X is a constant, which divided by N,, yields O(1).

To argue this, note that under the constraint that all units must be separated by distance d,,;,, because
of the convexity of 1/2%%¢ the largest possible value for the double sum comes under the densest packing
of units. It is has been shown that the densest packing is a hexagonal arrangement. Under this hexagonal
arrangement, given a generic unit 4, all other units fall in concentric circles around the unit. At most, there
are 6 units in the first circle, 12 in the second, and 67 in the rth concentric ring. Moreover, the distance

from unit ¢ to units in the rth ring is rd,,s». Therefore I can rewrite for any generic unit i,

ZSk i é " <28k b gy ZSk e )1+c =X < o0

A.3.2 Proofs for Section 1.3.1

Proof of Lemma 1: WLS Equivalent to HT Given

L= Dy Dy 1—D,;
Xni = o W = —= + ——

D, Tn,i 1- Tn,i

the weighted least squares estimator is

Bn,WLS = (X! wn X)) ' X wn Y,

1
= (X;wan/Nn)_l 7X7lzwnYn

Ny,
_ -1
N,
1 Zn 1- Dn,i 0 1 = (1 - Dn,i)Yn,i
= Wn,i § Wn,i
N, ’ N, ’
=1 0 D, " oi=1 Dy, Yo
-1
1 =N, 1=Dn, 1 ~Nn 1=Dnivy,
| N Zi:l 1—Tn,; 0 N, Zi:l 1—7p; Ynﬂ
1 Nyp Dy i 1 Dy i )
0 N, Zi:l i N, Zi:l Tn,i Yn,z
-1
R,o O Hn,Y (0)
0  Rnp i,y (1)

150



If FA{ml # 0 and FA{ml 2% 0, then Bn,WLS is well-defined and premultiplying by the vector <_1 1) gives

precisely &, aTE-

A.3.3 Proofs for Section 1.3.2

Proof of Proposition 2: Consistency of Horvitz-Thompson Building Blocks

The proof strategy

will be to show that the Horvitz Thompson building blocks of @, arg converge in mean square—hence in

probability, as well—to some target.

Before starting, given that Y, ; =Y, ;(1)D,,; + Y5,,(0)(1 — D,,;), define

I will show that

N 1
Hn,Y (d) = E, [/u'n,Y(d)} = Ni Z Yn,z(d)

Hin,y (1) = Hn,Y (1)
ﬁn,y(o) — Hn,Y (0)

Rn,l

=)

n,0

First, by definition of the estimators, identity Y, ; =

expectation operator

ﬁn,Y(l) — Mn,Y (1)

ﬁn,y(o) — Hn,Y (0)

=)

1
=N

Dn,'i Y L
n,t

T,

Nn 1_Dn,i Yn i

Z 177Tn,i 7. -
Dy i
=1 T
1—Dp i
1771',1,,;

Nn
=1
0
m.s. O
=y
1
1

Y,.i(1)

Yn,z(o) 1 N
- ;

This last form allow easy computation of the first moment, for any n:

Hin,y (1) = Hn,Y (1) 0

E, ﬂny(o)/\— Fny (0) | _ 0
R,q 1

R0 1
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n,s

= Yi(0)
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Convergence in mean square holds if the variance goes to zero,

I
Vary, ( <.an,Y(1) — My 1) Hny(0) = Hn,Y(0) En,l fin,O) >

Yo,i(1) Yn (1) Yn,i(1) Y (0)  Ya. (1) 1 _Ynu(l) 1
Tn,i Tn,j Tn,i 1 7Tn N Tn,i Tn,j Tn,i 1_7771,,1'
1 o N _Yni(0) Ve i (1) Yai(0) Yn (00 Ya.(0) 1 Yni(0) 1
_ 1= Tn,j 1=7p, s 1=7n 1=7n i T, 5 1—7p i 1=7n COV(D D )
= — E E n,ty =mn,g /e
N2 £~ £ 1 Ya,(D) 1 Yu,(0) 11 11
i=1j=1 ; . T m 5 ; : T :
Tn,i Tn,j Tn,i 1_7771,] Tn,i Tn,j Tn,i 1_7771,,]
1 Y. 5() 1 Y. ;00 1 1 1 1
1= Tn,j 1—7p s 1=7n 1=7p i T 5 1—7p i 1=7p

The k¢ element of the above variance-covariance matrix can be written generically as follows

2

n NVL
an,ij ke Covy (Dnis Dn,j) <
1j=1

E
2

n

[Varn]u =

|an,ij,k£| : |7Tn,ij — Tn,iTn,j
j=1

-

<.
[
Sw‘

«
I
-

<
Il

where a,, i; 1¢ denotes the kf entry of the matrix in the ijth term of the double sum.

Given Assumptions 1 and 2, can bound the coefficients for all n and 4, j, k, ¢£:

| ijke| < max{M, /e, M,/(1—¢)}* = K?

where M, = max{M, 1}. Therefore, for any element [Var, ],

2

Nin

|Tn,ij = ToniTn,j| = o(1)
=1

[Varn]ke <K :

31\3‘
IX

[

i=1

with this asymptotic behavior following from Assumption 3.

The above results together imply joint convergence in probability (via mean square):

Hn,y (1) = Hn,Y (1) 0
o E, ﬁn,Y((])A_ Y (0) | _ 0 ] ]
Ry ! Fin,y (1) = Hn,Y (1) 0
L R0 A 1] Fin,y (0) — Hn,Y (0) m.s. 0 »
. i = - RLELN = 5
ﬁmy(l) — HnY (1) Rna 1
An — Hn ﬁ"*o 1
lin s Ve, | Y@ T HYO | I |
Rn,l
j%n,O
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Proof of Proposition 2: Consistency of WLS/HT ATE Estimator To make use of convergence in

the Horvitz-Thompson building blocks from (ii), rewrite

On ATE — On ATE

_Bay@)  FBny()

- [Mn,yu) - Mn,Y(O)}

En,l En,O
ﬁn,yu) T Hay(@) | Hay@) fin Y(O) Hn,y (0)  Hn,Y(0)
= — + —= =~ - n — Mn
Rn,l Rn,l Rn,O Rn,O [M R : VY(O)]
—L(ﬁ — )_L(ﬁ — )+M L—l — L—l
Rn,l n,Y (1) n,Y (1) En’o n,Y (0) n,Y (0) n,Y (1) ﬁn’l n,Y (0) Enyo .

By Assumption 1, pi,, y(qy = O(M). Next, by the continuous mapping theorem and convergence in probability

of the Horvitz-Thompson building blocks, conclude that
~ P
On ATE — QnATE — 0.

A.3.4 Proofs for Section 1.3.3

Proof of Proposition 3(i) The independence assumption of this proposition and the definition of a, ¢(m)

implies that for any k, ¢ € {1,2,3} and m > m., ay ¢(m) = 0.

(a) To prove Assumption 20 but with ay ¢ in place of @y ¢, note

M

i mi=Lay 1 (m)d/(2+9) Z mi=lay 1 (m)d/ @+ < Z md

m=1
which also used that the mixing coefficients are all bounded by 1.

(b) To prove Assumption 18 but with cy ¢ in place of @ ¢, note

Zm Ozkg Zm akg Zm<oo

again using the fact that mixing coefficients are all bounded by 1.

(¢) If m > m., then a; o = 0. Therefore, for any finite € > 0, ay 0 = O(m=27°).

Proof of Proposition 3(ii) This follows from Lemma 10 and dividing through by N,.
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Proof of Proposition 4 Asymptotic normality of &, arg will follow from applying the CLT of Jenish
and Prucha (2009)—their Corollary 1 restated in Theorem 1. To do so, I first set up the convergent sum of
random variables. I then verify sufficient conditions for asymptotic normality, before finally connecting this

convergent sum to rescaled &y, ATE — O ATE-

(Write Sum for Applying Jenish and Prucha (2009)) Start by defining

N, N,
n n i 0 i 1
7. = en,i(0) 6,()][Dm _
' ; 1 Tn,i Tn,i ’ ’
=1 i=1 ) 3
Ny, N,
2 €n 2(0) en,i(l)
on ar <; , ) ar (i_l L e + — [Dn,i — mn,i]
n n €ni 0 en,i 1 €n.i 0 en,' 1
=35 [l s [ o) e i
: - 1 =T Tn,,i 1—71'”]‘ Tn,j
=1 j=1 ’ ’ B s
N,V

where V,, is defined in Definition 7. Because this is a sum of correlated random treatment indicators, standard
CLTs for sums of independent random variables do not apply. Instead, I appeal to the CLT of Jenish and
Prucha (2009) for spatially correlated scalar random variables under weak depedence. Therefore, the task
lies in verifying that the conditions of Jenish and Prucha (2009) (restated in Theorem 1) hold under the
assumptions employed in this paper.

(Verifying Conditions of Jenish and Prucha (2009))

(i) The triangular setup matches. Notice also the Z,, ; are all mean zero (as required) because the e,, ;(d)

and treatment probabilities m,, ; are non-stochastic while E[D,, ;] = 7, ;.
(ii) By Assumption 4, there is a fixed constant d,,;, independent of n such that d(, ;, %y, ;) > dmin for all
n and pairs ¢, j, where d( -, -) gives distance under the Euclidean metric. Then, by Lemma 4,

p(én,iaén,j) > dmzn/\/5 =: po, V’I'L,Z'M]' (A3)

Hence the condition is satisfied for this value of pqg.

(iii) The weak dependence conditions in Assumption 5 placed on treatment D,, ; pass to the Z, ; defined
above, since Z,; is a simple rescaling and recentering of D, ; by non-stochastic terms. We then

recongize that the conditions in Assumption 5 are identical to Assumption 5. From there, apply
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Proposition 20 to conclude that the required weak dependence conditions hold.

(iv) By bounded potential outcomes from Assumption 1, nondegenerate treatment probabilities from As-

sumption 2, and D,, ; € {0,1},

eni(0) | eni(1) len,i(0)] +leni(D)] _ 2M

= |Zni| < 1<
1 Znil = 1=y, Tni ~ min{e,1—¢e} T min{e,1—¢}
—_————
=K

where M is from Assumption 1 and € is from Assumption 2. Hence, |Z, ;| is bounded.

Therefore, to verify (iv) of Theorem 1, take ¢, ; = 1 and note for any k
E[|Zn|*1{| Zy | > kY] <E[K?Y°1{|Z,| > k}] = K*Y°P[|Z,4| > k]

By the bound from above, P[|Z,, ;| > k] = 0 for any k > K. Taking some finite K* > K,

Jim sup sup E[|Z,;|*°1{|Z,.i| > k}] < supsup |K|**° - P[|Z,;| > K*] =0
—0 n % n i

(v) The Z,; were defined above, and inspecting its definition together with Definition 7, it’s clear that

ol = Var(Zf\i"l Zy;) = N, V,. From there, because ¢, ; = 1 from (iv), it is the case that M, =1 and
N to2=V,>0

where the last inequality followed from Assumption 6.

Having verified all conditions in Theorem 1, invoke the result to conclude

Jn 1 [ eni(0)  eni(l)
0771 Z Zn,i i> N(O’ 1) g Vn—1/2 \/Ni Z |:1 Tlﬂ- . + 7;: i [D"J - T‘—nii] i> N(Ov 1)
i—1 ni_q n,i n,i

(Relating to & arg) Having established asymptotic normality for the above quantity, I now connect this to
the rescaled and recentered effect estimator. To start, I first make use of the equivalence established in

Proposition 1 of &y, areg = (—1, 1)[/3\”7;;[/ rs. This equivalence implies that I can write the recentered effect
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estimator (in the nth population) as follows

! -

N -1 ~ Hon,y (0)
Qn ATE — On ATE = ﬂn,ATE -
1 Hon,y (1)
;
-1 .1, Hn,Y (0)
= (X} wnXn/Np) ' —Xw,Y,, —
1 N Pon,y
n,Y (1)
L
-1 1 n
_ (Xpn X /N) ™ | 5 Xnwa Yo = (Xpwn X /No) Hny (o)
1 n Hon,y (1)
/ 1 _
_ o Xl |V = X, Hn Y (©
1 0 Rn,l *H Hn Y (1)

(0) z
(@) (e)

Note that (a) can be written out of the expression. By the convergence in probability established in Propo-

sition 2(ii) and the continuous mapping theorem,

-1 —1
ﬁ 0 0 ﬁ ,0 0
mo =+ | — I = I(1+0y(1))
0 le 0 Rn,l
Therefore,
/
R -1 1 Hn,y (0)
On,ATE — Qn, ATE = FXyllwn Y, - X, (1+0,(1))
1 i Hn,Y (1)

(©)
Now, I develop (b) times (c¢) into a sum that can be related to the sum that I have already shown to be
asymptotically normal. To start, write the ith element of vector (c):

Hn,Y (0)

Yoi— X, =Y0n,i(1) Dy + Y i(0)(1 = Dpi) — [(1 = Dy i) pin,y (0) + Db,y (1))

Hn,Y (1)

= Dy i[Yn,i(1) = tn,y )] + (1 = Dpi) [Yn,i(0) = tin,y (0)]
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Use the above to rewrite the quantity (b) times (c) as follows,

]_ :U/n,
w, nen Yo = X o
Hn,Y (1)
N,
1 G l_Dn,i D, ; 1—-D,,;
L L D, Yo (1) = g 1= D) [Yni(0) = s
M=\ Do Lm * 1—7Tn,i:| [Dn iV (1) = i,y )] + ( D)¥ai(0) = iy )]
_Dn i
o N, 1177%; [Y20,:(0) = fin,y (0]
™ oi=1 Trn,y-; [Yn,l(l) - M"»Y(l)]
Dy )—(1— n —Tn,i
1 [P Y 0(0) - v o) L [ 00) = v o)
- Dormes TN
mimt T )~ ey ] mE ) =y o)l
1 Mo [ eni®)
1—mn i
_ n,i Dni—ﬂ'ni"‘o
N, im1 en,i(1) [ ’ ’ ]

Then use this to rewrite the full recentered effect estimator as follows:

/

R -1 1 Yo [ —nal®
VNV @ = anare) = VNGV N | it | 1w = | (1 0p(1)
1 R

Nn . e .
:Vn1/2{\/jvz{le7jz7(r2)i+ »;,;(il)}[Dm_w]}(1+op(1))

Notice that this is the quantity already shown to be asymptotically normal, multiplied by (14 0,(1)). Hence,

\/Evnil/z(an,ATE*an,ATE) 4 N(0,1)
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A.3.5 Variance Estimation

Proof. (Proposition 5, Limit of ‘A/n,As) Recall from Definition 8 that the estimator of Aronow et al. (2017)

equals
N, N,
N 1 Jn Nn 1 1{i # ~ ~
Vias =—~—> > { _ iz (Yn,i = B,y (1) (Y5 = B, y(1)) Pn,iDn,j
Nn i=1j=1 Tn,iTn,j Tn,ij
Ny, N, S
I oy 1 1{i # j} ~ _
— - Yot — Yo i — 1 Dp.i)(1 - Dn
+ Nn ;; [(1 — i) (1= mny) 1= Tni—Tnj + Tnj (¥t = iy @) (g = Finy @) i)l mi)
N’VL
+ QL Z Z Tn,ij — Tn,iTn,j (Yni — Fin Y(l))(Yn,j —fin Y(O))Dn,i(l — Dn.j)
Np, iyt Tn,i(1 — ) (Tn,s — Tnsij) ’ ’

Nn Np .,
=35 | - 2 e, 00,0,

i=1 j=1 ﬂ-naiﬂ-nvj F"»ij
N,, N,
i 1 i # j}
B = - 1.i(0)en i (0)(1 = Dyi)(1 — Dy,
! Z:Zu; hlﬂm)(l”n,j) R —————— #(0)eng (O ) 9
No

C(I =2 Z Z T Tty — TniiTng enﬂ'(l)en,j (0) (Dn,i - Dn,iij)

(1= 705) (Tni — i)
From here, the proof strategy will be broken up into steps as follows:
(a) Derive expressions for ‘7,1,,45,1, ]E[‘A/n,AS,I], and the difference 17,%,45,1 - IE[\A/MASJ]

(b) Rewrite Vn’AS’I - E[‘A/H,As,[] (a double sum) as ﬁ Zfil Wi + R, where each W, ; is a sum involving
a limited number of units centered around location 7 and cross terms between ¢ and all remaining units

are directed into R, for all i.

(¢) Break up Var(Zf\L"l Whi) = vaz”l Zjvzl Cov(W,,;, W, ;) into two pieces: a double sum where ¢ and j

3

are “near” and another double sum where they are “far”. Derive a bound on the “near” observations

using Cauchy-Schwarz (which assumes perfect correlation but does not matter since the number of near
observations will be limited) and a bound on the “far” observations using the covariance inequality of

Lemma 8 (which will make use of the mixing assumption and decay in dependence).
(d) Bound moments of W, ;.

(e) Put together the results of Step (c) and (d).
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(f) Bound the remainder term R in Step (b).

(g) Show convergence of infeasible estimator, ‘A/n AS,T — E[Vn 45,1 20 using Chebyshev’s inequality and

the results from Steps (e) and (f).

(h) Relating the mean of the estimator to true variance plus “conservativeness”, i.e. E[‘A/,L as1] = Vo +

= T (eni(1) — €n,i(0))2

(i) Feasible and Infeasible equivalent: Show that ‘7'” As,;—which used the unknown e, ;(d) = Y,,:(d) —

Hn,y (4)—is asymptotically equivalent to using the feasible alternative V;, as—which used Y;, ; —fin v (),

ie. Vooas —E[V, as.1] 2 0:

(Step(a)) It is convenient to rewrite A; and By, removing 1{i # j} terms. First, rewrite A

Nn Nn r N, N.
Al 1 a1 Hi#j)
Ar= ——— = —— | eni(1)en,;(1)DniDny +

=1 j=1 L7n,iTn,j Tn,ij i=1j=1 Tn,ij Tn,ij

No Noor g 1 N. N, 1_1{2#3}
- T ] ni(L)en; (1) Dy s + [ !

i=1 j=1 LT tT] n,1j == n,ij

N, N, r N,

Tnyij = TnyiTn,j | €n,i(1) €n,;(1) en,i(

= . - Dn zD n,j + E ) Dn,i

i=1j=1"% ,/Tn,zj 7Tn,2 ’/TnJ =1 Th.i

Similarly, By can be rewritten

2
2

n

B =

1= Dpi—Dpnj+ DyiDnj +Z

=1

= { Tnyij — Tn,iTn,j ] en,i(0) ey ;(0)
1

— T = T+ Tnij | 1 =T 1 — 1y

Il
—

K2

1j

Putting everything together, these expressions imply that

N, N,
N’n : (?n,AS,I - E[‘/}n,AS,I]) = ZZXnM
i=1j=1
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where, after some manipulation,

o [T = i en,i(1) en (1) + Tnij = Tn,iTn,j en,i(0)  en;(0)
" L= i = Mg+ g | (L= 7n) (1= 7 5)

_'/Tni'*ﬂ—ni'ﬂ_n' . . eni]- en'O
-2 H} 1{i # j} i1) 4 ))}'[Dn,iDn,jﬂn,ij]

T = Tn,ij Tni (1 —mn;

Tn,ij Tng Mg

+ { {1_%(1)2 - 1_%(0)2} 1{i=j} + [27"’” —~ W"’ﬂ"’j] enill)_eng© ;4 5

Tni 1— (Tni = Tnig) | T (1= mn)

Ly [ Mg — T } : en,i(0)  en;(0) )} . [Dm — 7Tn,i]

L1 =T = Tni + Tnij | (1= 7n5) (1 — T

o~ o~

(Step (b)) The double sum expression above for Ny, - (Vi as.1 — E[V,, a5,1]) walks over all pairs ¢ and j, but
it is useful to recognize that far apart ¢ and j will imply small X,, ;;. This is because far apart units will be
nearly independent and so Cov(D,, ;, Dn,j) = Tn,ij — Tn,iTn,; ~ 0, which implies a small X, ;;. In light of

this fact, break up the full expression as follows, for some sequence of cutoffs b, (that we will select later):

Ny, N,
N, - (‘//\Yn,AS,I — E[‘/}n,AS,I]) = Z ( Z Xn,ij> + Z Z Xn,ij (A.4)
g d( )<bn

i=1 0l =1 \j:d(¥4;,l;)>by

Wi Ny, -R(by)

Notice that the first double sum is like a kernel variance estimator with truncation up to distance b,,. There-
fore, proving that this is convergent will follow the same approach as for a kernel estimator. The second
portion is a “remainder” term that we already argued will be small, and which I will show formally. Together,

convergence in probability will follow.

(Step (c)) This step in which I characterize Var(Zfi"l Wh,.i) largely follows Conley (1999) and other proofs

of kernel estimator consistency. To give an overview, note that I can write

Nn
Var <Z Wnﬂ> =

i=1

Nn Np
Z ZE[Wn,ng,k]
i=1 j=1

Nn Nnp
< Z Z |E[Wn,iWn,kH
i=1j=1

The latter expression is a double sum of cross terms, where each W, ; is a “ball” of units centered around
corresponding ¢;. Because of weak dependence, far apart W, ; will be near independent, and if the rate of
growth of the W, ; is controlled as well, the entire variance expression can be controlled and Chebyshev’s

inequality can be used to establish convergence.
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Therefore, to start, separate the double sum into “near” and “far” observations:

Var (im)sz > \E[Wn,z-Wn,k]Hi > [EWniWak]] (A.5)

i=1 d(£; £y) <4b,, i=1 d(£;,0)>4b,

The cutoff 4b,, is chosen to ensure we can easily bound the second double sum. To see why, recall that each
Wi is a sum over D,, ,, within distance b,, of ¢;. Separation by 4b,, will ensure that the collections of units
around ¢; and ¢, are “sufficiently separated” so that the second double sum can be controlled by the weak
dependence assumptions on the D, ;.

For the first double sum in Expression A.5, I will use Cauchy-Schwarz. Although this is the worst possible
(i.e. perfect correlation) bound, it is for only a subset of terms in the variance expression. Therefore, I start
with

EWniWaill < IWailla - [Wagllz < sup [Wall3

€Ly

Using this, the first double sum in Expression A.5 satisfies the bound

N, N, 2

SOy Ewwad <Y Y s W= XS w2

i=1 d(;,6,)<4bn i1 d(£;,00)<dby, (€T min  £€Tn
where the counts of observations followed from Assumption 4 and Lemma 9. This handles the “near”
observations. (An expression for sup,||[W, ;|3 is derived in Step (d) below.)

The next task is bounding the “far” observations, as contained in the second double sum in Expres-
sion A.5. For that, I will use the covariance inequality of Lemma 8 that follows from the assumed mixing
conditions. That is justified for two reasons. First, W,, ; and W,, ;, in the second sum are separated by more
than distance 4b,,, and so no D,, , in the sum of units comprising W, ; are within 2b,, of a D,,; in W, ;.!

Second, as we’ll see in Step (d), for any fixed n and finite 6 > 0, |W,, ;||2+s is finite. So invoke Lemma 8 to

write

5 5
|E[Wnli Wnlj” < 8- aoo,OO(2bn) 2o ZSUP ”Wn’ngJr& < 8 Qoo00(bn) 78 KSUP ||Wn,k||§+6
K€Ly K€Ly

1This is how I go from working with Wh,i to an inequality based on mixing coefficients of the D, ;
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The second sum in Expression A.5 is then bounded as follows:

N, N,

5
Z Z ‘E[Wn,ng,kH Z 8- Ofoo,oo(bn)2+‘S sup HWn,ngJré
i=1 d(£;,L5)>4by, =1 d(£; ) >4b,, b€

IN

i

N;-8- Qoo,00(bn) 75 sup HWn,jH§+6
éj €L,

The final inequality followed because the double sum has at most N2 units.

Putting together both pieces, Expression A.5 becomes

)
<Z W, ) 5 Vb, sup [ W53 + 8Nt 0 (b) 757 sup [[Win 5345
min ZJE n Zje n
(Step (d)) To further characterize the bounds in the previous step, I now bound moments of W, ;. Specifically,

Minkowski’s inequality for any ¢ > 2 implies

[Waillg <
J:d(lsl;)<bn
Tnij — TniTng | 10, oy Eni(l)  €n,5(0)
2 [ ] Hi#a Moy (1 —mp5) . HDmDn’j _71-"7””!1

) { {1%(1)2 - 1men,i(o)2} 1{i=j}+ [277"’2’1‘ _”n,i”n,j} eni(1) en,g( ) 1044y

Thi 1—m (i — Tnij) Tni (1 =Ty )

_72 { Tnij — TnjTni ] ( en,i(0) en,j(o).)> }’ D = 7,

1= nj = Mpi+ Mg ] (1= ;) (1—mny

{ |:7Tn,ij - 7Tn,i77n,j:| en,i(l) en,j(l) + |: Tn,ij — Tn,iTn,j :| en,i(o) en,j(o)
1 (

Tn,ij Tni  Tn,j — i — T+ g | (1= ) (1 — 0 )

Tn,i — Tn,ij

By bounded potential outcomes from Assumption 1 (translating into bounded e,, ;(d)), nondegenerate treat-
ment probabilities from Assumption 2, and D, ; € {0,1}, it is possible to find bounds for terms in the
expression above that do not depend upon n (see normality proof for an example of how these assumptions

were used to establish such a bound), which leads to

[Wh,illg < Z 1,q/|1Dn,iDn,j — Tnjllq + Z 2,ql[Dni = Tn,illq
Jrd(£,l;)<by Jrd(£il;)<by

Z (c1,q +c2,4)

j : d(zi,f]‘)gbn

IN

IN

(c1,g +C2,4) - S(bn/dmin)2 = C3,qbi
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where the bound and count on the number of units in the ball followed from Assumption 4 and Lemma 9,

and where the ¢; 4, ¢ 4, c3,4 are constants that do not depend upon n.

(Step (e)) Plug the bounds from Step (d) into the final inequality in Step (c) to write

N,
n 2
Var (Z Wn> < %Nnbg (e3.26%)2 + 8N2 - tio o0 (b)) 750 (c3.245b2)?

min

= 4N + 50000 00 (b)) 75 N2BE

where ¢, and c5 are again constants that do not depend upon n.

(Step (f)) Consider ¢ and j such that d(¢;,¢;) > by, as in the definition of the remainder from Step (b). Be-
cause of bounded potential outcomes from Assumption 1 (translating into bounded e,, ;(d)), nondegenerate
treatment probabilities from Assumption 2, and D,,; € {0,1}, it is possible to find a constant C' that does
not depend upon n (see normality proof for an example of how these assumptions were used to establish

such a bound) such that
[ Xnij| < Clmn,ij — Tn it
Next, by Lemma 8 and the fact that a1 1(m) < qeo,00(m),
[ Xnij| < 8C- O‘lvl(d(gi’gj))ﬁ <8C - ay,1(bn) T < 8C - Qoo,00 (b)) T2

This implies for the remainder term that
1 o 1

=15 d (L) >b,

where the inequality followed from the bound derived on | X, ;;| and the fact that the double sum has at
most N2 units. Below, I'll show that choice of bandwidth and the mixing assumptions will imply that this

is o(1).

(Step (g)) In this step, I show that the variance goes to zero, implying convergence in probability. To
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do so, first note that Expression A.4 implies

N

N N 1 O

|Vi,as,1 — E[Vy,as.1]] < N E Whi| + [ R(bn)]
" i=1

This implies that

P [’ﬁn,C,I _E[‘//\va,IH Z V:| S P

n .

R
F len,i
i

+ [R(0n)| = v}

Rearrange and apply Chebyshev’s inequality for any fixed v and n:
Ny,

1
N7n Z Wmi

i=1
N,
1 1
< Va5 W,
= [RG)? (an )

Use the bound on the variance from Step (e), which implies

P||Vaca —ElVacil| 2v| <P > v — |R(by)|

~ ~ 1 1 )
P I:’Vn,C,I —E[VmCJH > V} < mﬁ[&;Nnbi -i-CSOéoo,oo(bn)ﬁ Nsbi]

n

The above bound applies for any choice of b,, and so it is a family of bounds. To derive a “tight enough”
bound, I choose a particular sequence under which the righthand side expression tends toward zero.

First, note that by Assumption 7, for some ¢,k > 0, Ozoo,oo(m)’é‘%fS < km~(“+e) Therefore,

1 1
(0 = TR(by))? N2 (oMot sl NG

< ;[
(v —[R(bn))?

P [I‘Afn,c,f —E[Vyc.r)| > y} <

AN 108 + eskby ]
as well as
|R(b,)| = N, 1Cby, (449
1-n
Now choose b, = N, % for some n € (0,1). Plugging in

1 1—n

P ["7”’07[ _]E[‘?n’C,IH Z V:| S W[CLLNW_” +CS7{E2NTL_E 6 ]
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as well as

~ (1—n)(4+e)
_"ff_l

|R(bn)| =CN, =o0(1)
Because N, is increasing, by the expressions above, for any fixed v,

V v 1 ~ _eglom
P [\Vn,c,f ~EVycil| 2 v} < N7+ eskaNa = 0] = 0

~(v- \R(bn)\)Q[

Because v was arbitrary, this implies ‘A/mc’l — E[\//\'n,q[] 2.

(Steph (h)) Given the expressions derived above, the expectation of the infeasible estimator is

N,, - ]E[‘//\vnvAsJ} = E[A]] + E[B]] + E[C[]

N, N, N,
e enill) eng(l) |
=3 [nis — T ] WJ +) eni(1)?
i=1 j=1 n,i n,j P
N, N, N,
N en,i(0) €n,;(0) - 2
+ : . [7Tn,ij - 7Tn,i77n,j] 1_ T s 1 7]7_[_” ; + Z enﬂl(o)
=1 5=1 i=1

\]

- €n i 1 € O
+ Z [ﬂ-’rl,ij - ﬂ-n,iﬂ-nﬂ‘] :L:( ) L()
=1 j#i

<

Simplify this expression to

5 1 MN”CMG>%%Am>(%An+eWm>

[ VASJ} n - Tn,i 1_7Tni Tn,j 1_7rnj>[ﬂ—7] ﬂ—’ﬂ-’ﬂ
=1 j=1 ’ ’ 5 s
1 N",
+ [en,i(1) — €ni(0)]
" oi=1
1
=Vi+ — [eni(1) — en,i(o)]z
Nn i=1

This and the result from Step (g) together imply

2

~ 1 =
VmASJ —Vin - Ni [en,i(l) - en,i(o)]Q ﬁ> 0

s
Il
—

(Step (i)) Finally, to show that the infeasible and feasible estimators have equivalent probability limits, I
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consider one piece of the variance estimator, A; and A. Comparing the infeasible and feasible:

N,, N,
A 1 CHi#y
Ay = { _ { }} (Vo (1) = (1)) Vg (1) = iy (1)) Dai Do
. Tn,iTn,j Tn,ij
=1 j=1
N,, N,
n n 1 1 i #] R
A= { ] { }} ( n, z(l) Fin, Y(l))( n,J(l) - HmY(l))Dn,iDn,j
i—1 j—1 Tn,iTn,j Tn,ij

Take difference and simplify to

N, N,
1 {i#j} - ~
Ar— Z Z Ln [2Y0,i (1) (Bn,v (1) = By (1) + Hiy (1) — iy (1)) Dni Do

iTn,j Tn,ij

This can be rewritten as

2

n R R Do
Ar-A= [2Yn z(l)(#n,y(l) - Mn,Y(1)) + ﬂi,yu) - Hi,yu)] P
1=1 n,t
N, N, 1
+ [Tnij = Tn,iTn,) T i TEr T [QYn,i(l)(ﬁn,Y(l) — Mny (1)) + Hi,y(n - ﬁi,Y(l)}Dn,iDn,j
i=1 j=1 n,1yftn,elin,g

Using the triangle inequality, pulling out terms, and dividing by N,, gives

1 N 1 &
N7|AI — Al < |y ) = tny ] - N Z |2Y,,4(1)] -

=1

A~ 1 all Dn,i
+ |#i,y(1) - #i,y<1)| ‘N, Z

: Tn,i
=1
Nn Nn
- 2[Yn,i(1)|Dp.i D5
+ |/Ln,Y(1) Hn,y (1 Z Z |7Tn ij — Tn 17T7l,j|
i=1 j=1 |7Tn,ij77n,i7rn,j
N, N,
2 2 ~ Dn an J
+ oy /~Ln,Y<1>| Z D Tnis = it |m

nzl]l

n,ij Tn, z7rn73|

Because of bounded potential outcomes from Assumption 1, nondegenerate treatment probabilities from

Assumption 2, and D,, ; € {0,1}, it is possible to find bounds Ky, Ks, K3, K4 on the terms within the sums
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and rewrite

1 N -
N7|AI — Al < |finy () = iy - K1+ |M$L,Y(1) - Mi,y(1)| - Ko
;| N Na
Fllny ) =yl 5 S s — it

i=1 j=1
1 N, N,
ek yay — oy - N S Imnis = nimn 5| Ka

noi=1j=1

K3

Next, by Lemma 10, the double sum is O(1), hence

1
Nn

[Ar = Al < |fin,y ) = oy | - (Ko +O(1) - K3) + |up vy — By 1| - (B2 + O(1) - Ky)

By consistency from Proposition 2, the terms converge to zero as n — co. Exactly the same follows for Bj

and C7. O

Proof. (Proposition 6, Limit of ‘A/nc) Recall X,,; = (1 — Dy, Dy;) and

)

Wni = Dni + 1 _Dmi

Tn,i 1- Tn,i

The Conley variance estimator for a given kernel equals

Np Np 1
Vs / -1 =~ = / / -1
Voo = Na (=1 1) (XhwnXa) ™ | 30D wniton,i@n,i@ng Xni X Konsis | (Xhwon Xon)
i=1j=1 1
1 N, N, 1-Dy,i I_Dn,j 1-Dy,; Dn,j 1
—1 ~ o~ 1—7p i 1—my 5 1—7p i Th 4 —1 -
= (*1 1) (Xnwn Xn /Np) " 1= 0 Bnilny |t 2T T T K | (Xnwn Xn/Nn)
Np, — n,i 1=Pnj n,i Pn,j 1
== Tp,i 1=Tn j Tn,i Tn,j

Using the same approach that was used to prove Proposition 2, can show that the “bread” (X,wnX,/N,) ™!

in the sandwich estimator converges in probability to I,,. Therefore, write

1 1 N N 1=Dn,i 1=Dnj 1=Dn,i Dn,j 1
> - ~ o~ 1—7y i 1—mp 4 1—7pn. i T -
Voo = DD Enin T "o | Knig +op(1)
1 Nn 1 i—1 Dn,i 1_Dn,j Dn,i Dn,j 1
== Tn,i 1—=Tp j Tn,i Tn,j

The central task therefore lies in proving convergence of the “meat.” This task will be broken up into

subtasks that make use also of the “infeasible” Conley estimator that replaces

/e\n,i = Yn,i - ﬁn,an,i - ﬁn,O(l - Dn,i)
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with e, ;. This infeasible estimator is defined

’

Np N 1-Dyp,i 1=Dpn,j  1-Dpn,i Dpj
o -1 1 ¢ 1 1 1 -1
Vn o= en i€n. i —Tn,i —Tn,j “Tn,i Tn,j K, s
,C, E E J ) ’ ) ; n,ij
1 No ™™ | Do 12Dy Dn,i Dnj ’ 1

Tn,i 1=7n,j Tn,i Tn,j

From here, the proof strategy will be as follows (and similar to the proof of Proposition 5):

(a)
(b)

(h)

Derive expressions for ‘777,,6',[7 E[VTL’C}]], and the difference ‘A/nyc’l — E[f}n,cﬁj]

Rewrite ‘7”70,1 — IE[‘A/,%C’[] (a double sum) as Ni Zfi"l Wi, where each W,, ; a sum of units centered

around location 3.

Break up Var(zfi"'l Whi) = Zf\/:"l Zjvz”l Cov(W,, s, W, ;) into two pieces: a double sum where ¢ and j
are “near” and another where they are “far”. Derive a bound on the “near” observations using Cauchy-
Schwarz (which assumes perfect correlation but does not matter since the number of near observations
will be limited) and a bound on the “far” observations using the covariance inequality of Lemma 8

(which will make use of the mixing assumption and decay in dependence).
Bound moments of W, ;.
Put together the results of Step (c) and (d).

Show convergence of infeasible estimator, ‘A/n,q I— E[‘Afn,q 1] L) using Chebyshev’s inequality and the

result from Steps (e).

Feasible and Infeasible equivalent: Show that replacing e,, ;(d) with €, ;(d) makes no difference asymp-
totically and so \A/n’c — E[I/}n)(;’[] 20:

~

Relating E[V,, ¢, 1] to the true variance V,.

(Step (a)) As a first step for the infeasible estimator, note that

ni = Yn,i = tn,y (1) Dni = fin, v (0) (1 = Dn.i)
= [Yoi(1) = ttn,y ()] Dn.i + [Yn,i(0) = pin,y )] (1 — Dn.i)

= en,i(l)Dn,i + en,i(o)(l - Dn,i)
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Substitute in this expression for e, ; and simplify to

N, Np Ny Nnp
en,i enj(l) 1 en,i(0) en,;(0)
Dy iDy Ky iy + — ——t 2 (1 —Dypi)(1 =Dy i VK i
-y, 2 e, o,k Nn;ﬂgll,mlwf 2= DK
N, N N, N,
A= € en.i(1 2= €ni(1) en (0
_ ZZ n.i( n.j( )(17D,”)Dn] Knij — ZZ n,z() n’]()Dn,i(lfDn,j)Kn,ij
n o= Tn,g Tn,j Nni 1=1 Tn,i 1_71'n,j

Note that the expectation of this equals

E[Vn.c.1]
N, N,
1 A= eni(1) en (1) 1 I en,i(0) en,;(0)
= J 77 1— L . K
Ny, & z_: Tni  Tn,j i s + N, Z Z 1—mp; 1l =7 L= T = Ty o il oy
=1 j=1 i=1 j=1
N, N, N, N,
S eni0) eny@Me g L eni(l) eng©) 0 p
- [7'['”7_7 - 77”71.7][(7%1] - [7T7L,Z - 7T’n,zj][(n,z_]
Nn i=1 =1 1-— 7Tn,i 7Tn,j Nn Pt 7Tn,i 1-— 7Tn,j

Given these expressions, the difference can be computed and simplified to

N,
1 = - eni(l) enz(o) enj(l) enj(o) €n]‘(0)
—_— : : ’ * DniDn'_ n,ij 2 ; ni_Dni Kni'
N, Z Z ( T + 1— T + 1— 1, [DiDn,j = nijl + e (7, i) Jij

where W), ; is a mean-zero random variable.

(Step (b)) It is possible to rewrite

where

Wiz Y <6m(1) 4 i) ) [(en,j(l) n 16n,j(0) ) [Doi Do s — i)

Tn,i 1—m,,; Tn,j — Tp,j
J:d(£i,85)<by e "t " "

2 e”v](0>
1-— 7Tn,j

+ (7Tn,i - Dn,z):| Kn,ij

Notice that W, ; only ranges over j such that d(¢;,¢;) < b,. This followed because, by construction (see
Definition 9), the kernel implies distance-based truncation where K, ;; = 0 if d(¢;,¢;) > b, where b, is a

Euclidean radius/distance/bandwidth that grows with n.
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(Step (c)) Follow Step (c) of the proof of Proposition 5 exactly, but implicitly with the alternative

definition of W, ; from Step (b) in this proof. This gives

N,
n 32 s
Var § Wi STQ Npb2 - sup [|[Wy 513 + 8N2ttes 00 (b)) 755 sup [|[Wy 154
i=1 min L;€L, L;€Ly,

(Step (d)) To complete the bound, bound the moments of W, ;. Specifically, Minkowski’s inequality for any

g > 2 and the W, ; as defined in Step (b),

Waillg <

>

J:d(li ;) <bn

‘Kn,ij (en,i(l) L eni(0) ) Ken,j(l) L eni(0) > (Do Doy — iy

Tn,i 1_7Tni Tn,j 1—7Tn,j

)

+ QL‘(O)@TM _ Dm)}

1-— 7Tn,j

q

Pulling out constants and breaking up

en,i(1 en,i(0 en,;(1 en,i (0
”Wn,i”q < Z |Kn,ij‘. ;. () 4 1_7(1- ) . ﬂ-J(‘) + 1_175- ) . ||Dn,iDn,j*7rn7ij||q
G:d(£;,05)<by ne L2 n,j n,j
e en,i(1) en,i(0) en,;(0) ) o ]
+2 Z |Kn,’bj‘ T + 1— 1— 1, H7Tn,z Dn,qu

3 d(£s,85)<bn

By bounded potential outcomes from Assumption 1, nondegenerate treatment probabilities from Assump-
tion 2, D, ; € {0,1}, and uniformly bounded K, ;; from Definition 9, one can find constants ¢; 4 and cz 4
that do not depend upon n (but do depend upon ¢) and bound the elements of the sums (see normality

proof for an example of how these assumptions were used to establish such a bound). Hence

[Wiillg < D g+ 204 < (c1g+2024)  8(bn/dmin)® = c3,4b3
Jd(li,;)<by

where the bound and count on the number of units in the ball followed from Assumption 4 and Lemma 9,

and where c3 4 is yet another constant that does not depend upon n.
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(Step (e)) Substitute the bound from Step (d) into the result from Step (c)

N,

J 32

Var (Z Wn> < dz—Nnbi(C3,gbi)2 4 8N20og.00 (bn) 755 (C3.045b2)2
=1

min

= caNWbS + C50ro0 00 (bn) 755 N2bE

n

where ¢4 and c5 are again constants that do not depend upon n.

(Step (f)) Chebyshev’s inequality implies

IN

N N 1 N N
P |:|Vn,C’,I —EVac1l| = V} 2 Var (Vy.c.r — E[Vi,c.1])

N
- 1 1
By definition of W,,; = b Var <Nn »2_1 W7”>

1

By bound established from Step (e) SN2

IN

{C4Nnb2 + C5000,00 (b)) TF5 N? bfl]

1
5 [eala 0 4 st o ()7 B
174

Now use the rate assumptions. By Assumption 7, for some & > 0, aoo,oo(m)ﬁ < kom~(4+€) | Therefore,

P ["7”707[ — ]E[‘?mC’]H Z Z/} S |:C4Nn_lb?1 + C5k2(2bn)_(4+€) b;ll:|

1
2
1
2

IN

|:C4Nn_1bg + C5E2bgs}
1—n
By b, = o(Nn_l/G), can write b, = k1N, ® for some 7 € (0,1) and k1 > 0. Substituting in
. . 1 . 1ng o~ 1on .
P |Vacr = ElVncall 2 v] < 25 [eaV (ki Na ™ )® 4 s (ki Na® ) ™|

12
1 ~ ~ _glom
- {C4]€1N;n + c5koNyp ~ ]
14

IN

Given that N, is increasing, the final expression is o(1). This ensures that for any v,
P [{Vn,c,l —E[Vacl] > 1/} -0

which is another way of saying that ‘7%07[ - E[f}n,c,]] 0.

(Step (g)) Now I show that the infeasible and feasible estimators converge to the same probability limit, i.e.
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Voc —E[V,cs] 0. Recall

Np Ny Ny Nn
eni(1) eni(1) 1 eni(0) eny(0)
DpiDn jKp.ij + i I (1= Dy i) (1 = D ) K i
n;]zl T Tnj n,in,j A n,ij Nn;jgll_ﬂ—n,il_ﬂ-n,j n,t n,J n,1J
Ny N, Ny, N.
1 TR~ en,i(0) en,;(1) 1 TR en,i(l) en ;(0)
- — : ’7(1—D7-)D’-K,--—— : : D’-(I—Dy-)K’--
N, = L= Tni mng n,i)Pn,j A nij Nn;; Mg 1= n,i n,j) B n,ij

Ny N,
B ele Dn,i (1= Dn,i) Dn,j (1 —Dnj)
= Ni Z Z (envi(l) - e"vi(o) ) ) (enyj(l) p 2 — €n,j (0) / Kn,ij

Tn,i 1- Tn,i n,j 1- Tn,j

Subtract the feasible from the infeasible, using that

n,i(1)Dni = [Yn,i(1) = pn,y )] D

En,l(l)Dn,z = [Yn,i - ﬁn,Y(l)]Dn,i = [Ynz(l) - ﬁn,Y(l)]Dn,z

which implies the following simplified difference

‘7n,C,I - ‘771,0
N.
1 5 i (1—=Dypy) D, ; (1—-D,,)
= nyi(1 ’ n,i 0 : n 1 n 0 -
20 | (o022 - @02 ) ()25 - e 0 =22
=1 j=1 ’ >
~ Dnz ~ (1_Dn7,) ~ n ~ (l_Dn )
- n,t 1 = — n,t n 1 2 n B Kn 7,
(6 @ i © L= ) (6 ) Tn,j /(0 L=, !
N, N,
- N n,i 1 = — n,t - K an
= [Bn,y(1) = Bn Y(l)]Nn 2 ; <€ Ji )WW en,i(0) 1— s ) <7Tn,j ) i
N, N,
~ 2 - = Dnz (1_Dnz) (1 Dn )
_ _ il il —eni(0 ’ L) Ko
[Mn,Y(O) :u’n,Y(O)]Nn ‘ : (e , ( ) T s ( ) 1— T > ( 1 Tn,j J
i=1 j=1 ’ ?
Therefore, I can bound
_ 2 n
V.ot = Vool < |finyay = tin Y(1)| Z > — |Hn,y(0) = tn y(0)|fN
=17 :d(¢; ¢ )<bn i=17:d(l;,£;)<b,
=N 8(4b,, ) =N 2 8(4bn)2
S [y ) = tny 0l J-Nn =gz =1 = lfin,y © = ny0)| 5 Nn =02

To get the first line, I first used distance-based truncation by the kernel to rewrite the second sum. Then I used

bounded potential outcomes from Assumption 1, nondegenerate treatment probabilities from Assumption 2,
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D, ; € {0,1}, and uniformly bounded K, ;; from Definition 9 to establish a bound on the elements of the
sum (see normality proof for an example of how these assumptions were used to establish such a bound). To
get the second line, I used rough counts on observations, which followed from Assumption 4 and Lemma 9.

Further simplifying,
Vet = Vol < finy 1) = iy )l - €1 b2 = [fn,y0) — Hny(0)] - C2 - b2

To get convergence, resize by the usual convergence rate N /2 and assumed rate b, = klN for some

n € (0,1) and simplify:

71 2n

—~ —~ —1—27n
Vot = Vel < NY3 i ya) = ttny @yl - Gk - Na © = NY2|fi v 0) = b,y o) - G2k1 -

Note that N1/2|ﬁn7y(d) - ,un,Y(d)| = Op(1). While I have not proved this directly, it can be proved in exactly
1—-2

the same was as asymptotic normality of @, arg. Given that this is O,(1) Ny RN 0, convergence follows.

(Step (h)) Now that I have shown ‘7”7071 . E[Vn,aﬂ 2, 0, T must relate the estimator to the true

randomization variance V,,, as stated in Definition 7.

First, rewrite E[Vnycyﬂ (stated in Step (a)) as follows

E[‘Afn,c 1]
N7L N‘YL ’VL ’VL
en.i(1) en )[ en.i(0) €n;(0)
ZZ ﬂ'nzj nlj+ ZZ 7‘[177(-”71'7ﬂ-n,j+ﬂ-n,’ij]Kn,ij
N =1 =1 ﬂ-nz ] N Zl]ll_ﬂ-nl 7T7l,j
1o en,i(0) en;(1) Nn N eni(1) €n(0)
— 2D T e o — i K — ZZ [Tn,i = T, Kn,ij
Nni:ljzll—m,z’ Tn,j =i Tng 1—Tp
N, N,
1 n Nn (1 1
- Z enﬂ( ) Bn,J( )[TI'n,z‘j — Mp,iTn,j + ﬂ'n,iﬂ'n,j]Kn.ij
Nn i=1 j=1 Tni Tn,j /
N, N,
1 n n 6 0 e . 0
+— n z( ) n,]( ) []_ — Tni — Mg + Tnij — TniTn,j + Wn,iﬂn,j]Kn,ij
™i=1j=1 1 =il =,
N, N,
1 3T e4(0) enyll
_ Me’l’h]( )[7-[-”’] — 7T’I’L,ij — 7Tn’i7rn,j + ﬂ—’n,iﬂ-n,j}Kn,ij
n =1 j=1 1- Tng Tnj
N, N,
1 n Nn (1 (0
o €n,l( ) L()[ﬂ'n,i — Tn,ij — Tn,iTn,j + Trn,iﬂ-n,j]Kn,ij
n i1 i=1 7Tn,i 1 _7Tn,j
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Simplify

N, N,
& I e [eni(1) | eni(0) ] [eng() | €ni(0)
EVn = — ’ ’ ’ ’ n,ij — nannl
[Va,c.1] . Z{an +1—7Tni T +1—7Tnj [Tn,ij — T, Kn i
=1 j=1 ’ ) ’ )
1 N»n Nn
N [en.i(1) = €n,i(0)][en,; (1) — €n;(0)] Kn i
=1 j=1

Then subtract V,, from this to get

N, N,
o 1 oo i) | eni(0) ] [eng () | €ni(0)
En — Vn = ’ - ’ ’ n,ij — nannz_]-
Tncal =V, N_Z[F o | B ] [V N COES
| Mo N
N [en.i(1) = €n,i(0)][en.; (1) — €n ; (0)] K ij
n

N
Il
i
<.
Il
-

The first double sum approaches zero, leaving

N, N,
R 1 Mo Na
ElVacl = Va Z Z en,i(1) = en,i(0)][en,;(1) — en,;(0)] Kn,ij = o(1)
Nn i=1j=1

A.4 1V Setting

Proposition 9 Under Assumption 8, can rewrite ay using the three defined groups to break up the sums:

N Diesyr Yi(1) = Yi(0)] + N“ Diesar [Yi(1) = Yi(0)] + 5= 3 ic s, [Yi(1) — Yi(0)]
NL” ZieSNT[ %( ) Wz(o)] Z'LGSAT [W%(l) - W%(())] + ]\}n Z'LGSC [Wl(l) - WZ(O)]

aw =

By definition of the groups, this reduces to

¥y Liesne VilD) = YO + w2 Yies,, V1) = Vi) + w7 Pieso [Vi(1) — Yi(0)]
0+ 0+ 5 Xiese Wil1) — Wi(0)]

QOLATE =

Under Assumption 10, the numerator simplifies

a - 040+ 5 Yies [Yi(1) — Yi(0)]
o o LieseWil1) = Wi(0)]
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Finally, note that W;(1)—W;(0) = 1 for all ¢ in the complier group. Therefore, the denominator simply counts
the number of compliers and therefore equals |S¢|. Cancelling 1/N,, in the numerator and denominator, the

result follows.

Proof of Proposition 11 A Taylor expansion of the Wald ratio about the true Wald ratio implies

Qn ATE)Y _ On ATE)Y 1 .
= = + (Oén,ATE,Y - Oén,ATE,Y)
Qn ATE,W  OQn ATEW  On ATEW

2

On ATE)Y [~ Qn ATE)Y — Qn ATE)Y
— 2= (A arE,W — anaTEw) + Op

2
(0% o~
n,ATE,W Qn ATE,W — Qin ATE,W

This can be rewritten as

Qn IV — Qn JV

_ QnATEY  QnATEY

Qn ATE,W On ATE,W

2

_ (Otn,ATE,Y - Oén,ATE,Y) — Qpn IV (Oén,ATE,W - Oén,ATE,W) ) Qn,ATE)Y — On ATE)Y
- p
Qn ATE,W

Qn ATE,W — On ATE,W

Next note that for either X € {Y, W}, from the proof of Proposition 4

Ny
5 W _) 1 3 Xni(0) = pin,x (0) N Xni(1) = . x (1)
n,ATE,X nATEX =4 37 [ _—

n .
=1 s

] Do wn,i]} (1 + 0p(1)

Substituting this into the above expression and rearranging,

Qp IV — Qn IV
2

N, ~

1 <X |enqi(1 en.i(0 Qn ATE)Y — Qn ATE,Y
—{Z[ ) ,(q[pmwn,i]}(1+op(1))+op R

On, ATE,W — Qn ATE,W

where

Yo i(d) — an v Wa i(d) = [ty (@) = On 1V fin,w ()]
Hn, W (1) — Hn,W(0)

€n,i (d) =
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As in the proof of Proposition 4, this is a sum of binary D,, ; indicators (rescaled by potential outcomes and
treatment probabilities), plus an extra term from the Taylor expansion. The rescaling of the D,, ; indicators
has changed, but the rescaling is still finite, and the substantive assumptions on the D, ; are identical.
Therefore, asymptotic normality for the first portion follows analogously under the same weak dependence

assumptions on treatment.

For the Taylor expansion remainder term, note that

QnATE X — O arEx = Op(1/7/Ny)

for X € {Y, W}, which is sufficient to gaurantee

2

6zn R _an
VN, V2.0, AR AT = 0,(1/v/Ny) = 0p(1)

Qn ATE\W — Qn ATE,W
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Appendix B

Appendix for Chapter 2

B.1 Appendix

B.1.1 Technical lemmas and proofs

Here we state and prove a technical lemma referred to in Section 2.3.2, and we provide the proofs of

Propositions 13 and 14.

Lemma 11. Assume p,k € N and p > k. Let A € R¥, and let G € RP** have full column rank. Let G+
denote any p x (p — k) matriz with full column rank such that G'G+ = Orx (p—k)- Let Sy denote the set of

p X p symmetric positive semidefinite matrices W such that G'WG is nonsingular. Then
(WGGWG) "N WeS,} ={z:2 R, Gz =2} ={G(G'G) '\+Gz: ze RFTF}.
Proof. We first show that
{GIG'G) "N+ Grz: z e RFF} C {WG(G'WG) N W €S, ). (B.1)
Pick any z € RP~% and define

W *GGJ- I ;\Z/ G’ 1
FECEN S e | AT @t

>
I1l
>
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where § > 0 is arbitrary but chosen large enough so that W (z) is positive semidefinite. Then

N elel L
WG =(@G.ehH | = (G +GLN)GG.
2N 5Ip,k O(p—k)xk
Hence,
G'W(2)G = (G'G)?,
implying

W(2)G(G'W(2)G) A= (G+GL2N)(G'G) A =G(G'G) A+ Gz,

and thus the statement (B.1) holds.

Now pick any W € S,. Then z = WG(G'WG) ™!\ satisfies G’z = A. This shows that
{(WGGEWG) "N\ W eS,} C{z:zeRF, G'z=A}. (B.2)

Finally, choose any z € RP satisfying G’z = A. Since the columns of G and G* are (jointly) linearly
independent, there exist y € R¥ and z € RP~* such that 2 = Gy + Gtz. Note that A = G’z = G'Gy, so

necessarily y = (G’G)~*X. We have thus shown that
{z:2eRP, Gz =)} C{G(G'G) "N+ G z: 2 e RPF}. (B.3)
The set inclusions (B.1)—(B.3) together imply the statement of the lemma. O

Proof of Proposition 13. It is standard to show that (2.3) holds under Assumption 11 (Newey and
McFadden, 1994). Moreover,

P
o\ P 1/2 =
Vnse(z) = g v |z;| = max 'V,

=1 VeS(diag(V))

where the equality uses Lemma 2 in Section 2.3.1, diag(V') is the vector of diagonal elements of V', and we

recall the notation z = WG(G'WG)~!\. Hence, letting Z denote a standard normal random variable, we
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have

lim P(r(6) € CT) = lim P (mr(é) — 1 (B)| <71 — a/2) x ﬁs?e(fc))

n— oo

=P (\/x’Va: x|Z|<® 1 -a/2) x  max z’Vx)

VeS(diag(V))
>P(|z1<®7'(1-a/2)

=1-a. [
Proof of Proposition 14. Under the null hypothesis,
Vr(f) S N(GWE) '@ w2z,

where VY/2VV? =V and Z = (Z,..., Zp)' ~ N(0px1,I,). The asymptotic null distribution of the test

statistic .7 is therefore a Gaussian quadratic form:
ng % 72Qz, Q=VY*WGGWG) ]ASN(G'WG)GWV/2.
Székely and Bakirov (2003) prove that
P(Z'QZ < trace(Q) x 7) > P(Z% < 1) (B.4)

for any p x p symmetric positive semidefinite (non-null) matrix @ and any 7 > 1.5365. Since (®~(1 —

a/2))? > 1.5365 for a < 0.215, it follows that, under the null,

P(T < evy) 2 P (nT < trace(Q) x (@71 (1 - a/2))?)
— P (Z2'QZ < trace(Q) x (27(1 — a/2))?)
> P (27 < (71— a/2))%)

=1-q. O

B.1.2 Simulated moments

We here argue that Proposition 13 can be extended to a setting where the model-implied moment function

h(-) is not available analytically and we therefore resort to stochastic simulation to approximate it. The
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main requirement is that the number of simulation draws M is sufficiently large relative to the empirical
sample size n.

Let h M (+) denote the approximation of h(-) computed from M simulation draws. For example, if we are
matching simple moments of the form h(0) = E[h(6,¢)], where h(-,-) is a deterministic function and ¢ is a
random vector (e.g., the shocks in the structural model), then we can set hy(0) = = Zi\il h(0,¢s), where
(1,...,Cy are draws from the distribution of (. The minimum distance estimator 0 is defined as in (2.2),
but with Ay (-) in place of h(-). The worst-case standard errors are computed as in (2.5), except that we

leave the estimator G = Gy of G = 8%(99,0) unspecified for now (we return to this choice below).

Proposition 21. Impose Assumption 11 and max; |z;|Vj; > 0. Assume further that as n — oo, we have
M — 00, n/M — 0, Gy 2 G, and supy, 110—00[| <6 s VM| hat (8) — h(0)]| = 0, (1) for any sequence satisfying

oy — 0. Then the conclusions of Proposition 13 apply.

Proof. Upon inspection of the proof of Proposition 13, it suffices to show that (2.3) holds. We appeal to
Theorem 7.2 in Newey and McFadden (1994), where, in their notation, §,(0) = ha(6) — i and go(0) =
h(0) — h(y). The first three conditions of this theorem hold by Assumption 11(iii))—(vi)). The fourth
condition holds by Assumption 11(i)) and /n[has (60)—h(60)] = +/n/M xv/M[har(60)—h(60)] = (1) x O, (1).

Finally, the fifth condition follows from

sup  Vnl|ga(8) = ga(60) — 90O = sup  V/nllhar(8) = har(6) — [h(8) — h(6o)]]
0: |60—00||<Sn 0: ||0—0o||<m

<o/n/Mx s VMllha(6) = h(6)]
0: |0—00||<ém

= o(1) x 0,(1). O

Remarks.

1. The key assumption is that the number of simulation draws M is large relative to the empirical sample
size n, in the sense n/M — 0, so that the simulation noise in hy;(-) is asymptotically negligible relative
to the statistical noise in . In practice, we recommend that researchers choose M sufficiently large
so that the simulation noise in the moment estimates fp; (é) is orders of magnitude smaller than the

empirical moment standard errors 4;.

2. The uniform tightness assumption supy., g_g,|<s,, VM||hpr(6) — h(8)| = O,(1) strengthens pointwise

v/ M-consistency of hy(f) (which usually follows straight-forwardly from a central limit theorem) to
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uniform v/ M-consistency for all 8 in a neighborhood of 6.

3. Under alternative asymptotics where M is proportional to n, the worst-case standard error formula
(2.5) would need to take into account the simulation noise, and the uniform tightness assumption would

need to be strengthened to stochastic equicontinuity as in Newey and McFadden (1994, Theorem 7.2).

4. Consider again the special case with h(0) = E[h(6,¢)] and hy(6) = i Zi\il h(6,¢,), where we now
assume that the draws {(,}?L, are strictly stationary across s. Then uniform tightness is implied
by ool Cov(h(8,¢s), (B, Cs—r))|| being uniformly bounded for all 6 in a neighborhood of 6 (this
follows from Chebyshev’s inequality). Notice that these conditions allow the simulated moments hat (0)
to be computed either by averaging across time (in a single simulated economy) or across independent

simulated economies.

5. The only assumption required of the estimated Jacobian matrix G is consistency. Newey and Mc-
Fadden (1994, Section 7.3) and Hong, Mahajan and Nekipelov (2015) discuss generic finite-difference

derivative estimators based on simulation draws, and they provide assumptions ensuring consistency.

B.1.3 Details of extensions

Here we provide further details on the cases discussed in Section 2.3.3 where additional knowledge about the

moment covariance matrix is available.

General constraint set. Consider a general constraint set S defined by linear equality or inequality
restrictions, as well as the positive semidefiniteness constraint. In the over-identified case p > k, the worst-

case efficient weight matrix W can be computed through two nested convex/concave optimization problems:

min max z(W)'Vz(W) = min max {G(G'G) N\ + G2V V{G(G'G)~ '\ + G*2}, (B.5)
WeS, ves zERP~F V&

where S,, (W), and G+ were defined in Section 2.3.2, and the equality follows from Lemma 11 in Ap-
pendix B.1.1. The inner maximization in (B.5) is a concave semidefinite program, as discussed in Sec-
tion 2.3.3. The outer minimization is an unconstrained convex program since the objective function is a
pointwise maximum of convex functions in z. The nested optimizations in (B.5) may be neither strictly
convex nor differentiable, but for our purposes it suffices to use convex optimization algorithms that return

any arbitrary local minimum z* (which is necessarily also a global minimum). Once an optimal z* has been
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computed, a corresponding optimal weight matrix is given by the matrix W (z*) defined in the proof of
Lemma 11 in Appendix B.1.1.
To conduct joint hypothesis tests as in Section 2.4, we can simply replace the constraint set in the critical

value computation (2.9) with S.

Special case: Knowledge of the block diagonal. Suppose we know the block diagonal of V', while all
other elements are unrestricted. That is, suppose the constraint set S is given by all symmetric positive

semidefinite matrices of the form

Vg 7 7 ?
7 Vg ? ?
V= , (B.6)
? ? 7 Vi

where V/(;) are known (or consistently estimable) square symmetric matrices (possibly of different dimensions)
for j =1,...,J. Partition the vectors = and fi conformably as z = (), ..., ()" and o = (fify), .-, i 7))

The worst-case asymptotic standard deviation (2.8), for fixed W, is then given by

J
max 'V = X V x B.7
max ; Vo) (B.7)

This follows from the same logic as in Lemma 2 in Section 2.3.1 once we recognize that the known block
diagonal of V implies that the marginal variance of x( ) fi(j) is known for each j = 1,..., J, but the correlations
among these J variables remain unrestricted. Specifically, the maximum (B.7) is achieved by V = Var(fi),
where the random vector i = (/1'(1), .. ,/l’u))' has the following representation. Let n = (7721)7 . ,nEJ))’ have
the covariance matrix (B.6), but with zeros instead of question marks. Let 7] be a scalar random variable with
variance 1 that is uncorrelated with 5. Then set fi(;) = ij)x(j)ﬁ+(1_ m‘f(j)x(j)x’(j))n(j),
j=1,...,J.

In the over-identified case, the worst-case efficient weight matrix can be computed by substituting the

formula (B.7) into the nested optimization (B.5) (with z = G(G'G) "'\ + G12).
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PRICE SETTING APPLICATION: REDUCED-FORM MOMENT ESTIMATES

Moment Estimate | Std. error Pairwise correlation

x1000 | E[(Ap)®] E[(Ap)*] E[Ap]]
Frequency 0.293 2.338 0.000 0.000 0.000
E[(Ap)Y] 0.027 0.233 0.939 0.966
E[(Ap)Y] 0.001 0.019 0.831
E[|Ap|] 0.145 0.754

Table B.1: Reduced-form moment estimates and their standard errors: average weekly rate of nonzero price
changes (Frequency), and moments E[|Ap|?], j = 1,2, 4 of absolute log price changes conditional on a nonzero
change. “Pairwise correlation” columns: estimated pairwise correlations across the sample moments.

B.1.4 Details of the price setting application and simulation study

Here we provide details of the data used for the empirical application in Section 2.5.1, and we conduct a

simulation study calibrated to this application.

Data. We use the “movement” data set for beer products (file name wber.csv) on the Chicago Booth
website.! We follow Alvarez et al. (2016) when cleaning the data. First, we keep only data for store #122.
Second, we drop any observations with prices below 20 cents or above 25 dollars (the data was collected
between the years 1989 and 1994). Third, we set any absolute price changes below one cent equal to zero.
Fourth, we drop the largest 1% of absolute log price changes.

Table B.1 shows the p = 4 estimated reduced-form moments, their standard errors, and their estimated
correlation matrix. The sample kurtosis (fourth moment divided by squared second moment) of log price
changes equals 1.80. The zero correlation between the sample frequency of nonzero price changes (a binary
outcome) and the sample moments of the price change magnitudes is mechanical. Our limited-information
analysis here does not exploit this fact because we want to emulate what an applied researcher might do
without thinking hard about the problem. However, the independence could be taken into account using the

extensions described in Section 2.3.3.

Simulation study. We apply the inference methods to data simulated from the Alvarez and Lippi (2014)
model. The simulations treat the just-identified empirical parameter estimates (columns 1-3 in Table 2.1) as
the truth, and we use a sample size of n = 37,916 as in the real data. The binary price change indicators are
drawn i.i.d. from a binomial distribution with the model-implied success probability (Alvarez and Lippi, 2014,

Proposition 4). The magnitudes of the price changes are drawn from the model-implied density function

Thttps://www.chicagobooth.edu/research/kilts/datasets/dominicks
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(Alvarez and Lippi, 2014, Proposition 6).> We use 10,000 Monte Carlo repetitions. The estimation and
inference procedures are the same as the ones applied to the actual data (in particular, efficient estimates
are computed using the one-step approach).

Table B.2 shows that the just-identified and efficient limited-information confidence intervals have cover-
age probabilities very nearly equal to or exceeding the nominal level of 95% for all three parameters. Though
coverage is conservative, the table shows that the average length of the confidence intervals is not more than
six times that of the corresponding full-information confidence intervals. This is consistent with the empirical
standard errors reported in Section 2.5.1.

Table B.2 also illustrates that the worst-case perspective is key to avoiding over-rejection in the face
of limited information: Both the “efficient” t-test for the price volatility parameter and the joint Wald
test of the true parameter values over-reject if we erroneously assume that all the empirical moments are
independent of each other.? In contrast, the limited-information and full-information t-tests and joint tests
are correctly sized.* The limited-information tests are conservative (as predicted by theory), though the
joint test of parameter restrictions is only mildly conservative in this particular model.

Finally, Table B.2 shows that the limited-information efficient point estimates have slightly higher root
mean squared error (RMSE) than the efficient full-information estimates. It may seem surprising at first
blush that the limited-information efficient estimates can have (marginally) higher RMSE than the just-
identified estimates. This is because the limited-information efficient estimates are designed to have low
variance under the worst-case correlation structure (i.e., perfect correlation of the moments), not under the

true correlation structure that is unknown to the econometrician.

B.1.5 Details of the heterogeneous agent application

We here provide further details on the application in Section 2.5.2. Table B.3 shows which impulse response
moments are used to efficiently estimate the seven structural parameters, according to the moment selection
procedure described in Section 2.3.2. The p = 23 moments are shown along the rows, while the £ = 7

parameters are shown along the columns. A cell with an “x” indicates a non-zero efficient loading (Z in the

2We simulate from this density by numerically computing the associated quantile function on a fine grid, and then passing
random uniform draws through a cubic interpolation of this function.

31n the case of the volatility parameter, the independence-based efficient estimator loads positively on all four moments (i-e.,
Z; > 0 for all j). Because three of these moments are in fact highly positively correlated with each other (see Table B.1),
ignoring covariances leads to an underestimate of the standard error.

4We only report the joint test for the just-identified specification. This is because the joint test proposed in Section 2.4.2
requires a single choice of weight matrix, whereas the worst-case efficient point estimates of the three parameters correspond
to three different choices of moments (selected as in Section 2.3.2).
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MONTE CARLO SIMULATION STUDY

Just-identified specification Efficient specification
# prod.  Vol. Menu cost | # prod.  Vol. Menu cost
Confidence interval coverage rate
Full-info 94.5%  95.0% 94.7% 95.0%  95.2% 95.3%
Independence | 100.0%  95.0% 100.0% 100.0%  89.1% 100.0%
Worst case 100.0%  99.4% 100.0% 100.0%  99.4% 100.0%
Confidence interval average length
Full-info 0.179 0.002 0.010 0.162 0.002 0.009
Independence 0.627 0.002 0.039 0.390 0.002 0.025
Worst case 0.878 0.003 0.059 0.571 0.003 0.041
RMSE relative to true parameter values
Full-info 1.53%  0.59% 0.86% 1.37%  0.58% 0.76%
Independence | 1.53%  0.59% 0.86% 1.72%  0.59% 0.99%
Worst case 1.53%  0.59% 0.86% 1.79%  0.59% 1.03%
Rejection rate of over-identification test

Full-info 5.01%

Independence 0.00%

Worst case 0.00%

Rejection rate of joint test of true parameter values

Full-info 4.79%

Independence 7.54%

Worst case 2.47%

Table B.2: Simulation results based on the empirically calibrated Alvarez and Lippi (2014) model. The just-
identified specification uses only three moments for estimation, while the efficient specification exploits all
four moments. The rows correspond to full-information inference (exploits knowledge of V), inference under
independence (erroneously assumes that V is diagonal), and worst-case inference (exploits only diagonal of
V without assuming off-diagonal elements are zero). Estimated parameters: number of products (# prod.),
volatility of desired log price (Vol.), scaled menu cost (Menu cost). The over-identification test tests the
validity of the fourth non-targeted moment. The joint test of the true parameters is a Wald test (Full-info
or Independence) or the test proposed in Section 2.4.1 (Worst case). The nominal significance level is 5%.
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notation of Section 2.3.2), while empty cells indicate zero loadings.®

HETEROGENEOUS AGENT APPLICATION: EFFICIENT MOMENT SELECTION

Impulse response TFP Monetary
Var. Shock Horiz. || TR | PC | AR1 AR2 Std | AR1 AR2
TFP TFP 0 X
1
2 X
8

Output TFP 0 X X X
1
2
8

Frac TFP 0
1
2
8

Output  MP 0 X X X X
1
2
8

Price MP 0 X X
1
2 X
8

Bond MP 1 b X b X
2
8 X X

Table B.3: Cells with an “x” indicate that the efficient estimate of the given parameter (along columns)
attaches a non-zero weight to the given empirical moment (along rows). First three columns show the
impulse response variable (“Var.”), shock, and quarterly horizon (“Horiz.”). Variable “Frac”: fraction of
people earning less than 2/3 of GDP. Shock “MP”: monetary shock. See parameter abbreviations in Table 2.2.

5We define a loading to be zero if [27] < 104,
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Appendix C
Appendix for Chapter 3

C.1 Notation and Least Squares for the Standard Linear Model

This section defines the standard multivariate linear model, as well as results for its least squares estimation.
This section serves as a building block for subsequent results involving Bayesian estimation because one can

compute posterior distributions by least squares estimation (OLS or GLS) with dummy observations.
Definition 36. (Standard Normal Linear Model) Write a generic multivariate regression as
Y = X B + ¢ where &, ~ N (0,X)
(T'XN) (TxK)(KxN) (TxN)
One can also apply the vec operator to derive another useful stacking/characterization:

y=vec(Y) = (Iny ® X)B + vec(e) vec(e) ~ N(0, 2 ® Ir)

where 8 = vec(B). y and f stack outcome and coefficients equation-by-equation.

The likelihood of this model is
1
L(B,%) < |2]7T/% exp {—2 trace (Y — XB)'S~1(Y — XB))}

Provided (X’ X)~! exists so that the OLS estimator can be computed, one can also introduce B / B , complete
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the square, and rewrite the above as

L(B, ) o [5-N70 2 exp {5 - B) (£ 0 X'X) (5~ B)}
X |B|~T=NP=M)/2 oy, {; trace (X~1(Y — XB)'(Y — XB))}
x N(8; B, @ (X' X)) x IW(S; (Y — XB) (Y = XB), T — (Np+ M) — N — 1)

Definition 37. (Generic VARX Model) A VARX model with p lags and M additional regressors (typically

including a constant) can be written

yr =P+ + Py + O oz ey ge ~ N(0,%)
Nx1 NxM pMx1

This can be stacked and written as in Definition 36 by taking

, , Yt—1
Y1 Ty .
V=1|: X=: = B —<<I>1 D, 0>
, , Yt—p NxK
Yr Sy
2t

For prior setting, it is useful to note that the following correspondence between parameters of the VARX

and parameters of the standard linear model:

Bri = Br.(i—1)+k Prij = BN.(¢—1)+j, i = BK-(i—1)+N-(t—1)+j

Proposition 22. For the standard linear model of Definition 36 that assumes (conditional) homoskedasticity,

OLS and GLS coincide, and their usual mean and variance formulas satisfy
Bovs = Bavs = vee (X'X)'X'Y)  Vors =Vars =2 @ (X'X)™!

provided (X' X)™1 exists.
Proof. 1 derive expressions for GLS, and then show they coincide with OLS. First define

y = vec(Y) X=Iy®X Q=®Ir

188



The GLS variance and estimator formulas satisfy

Vars = (Xlﬁilx)il

Bars = (X'Q1X)IX'Q Yy = Vars X'Q7 Yy

Substitute in the definitions of y, X, € and simplify using Kronecker identities (A B)™l = (A"'®@ B™1)
(provided A, B invertible), (A ® B)(C ® D) = (AC ® BD), (A® B)vec(V) = vec(BV A’) to get

Vars =S @ (X' X) ™ Bars = vee (X'X)71X'Y).

Notice that B\G Ls is precisely BO Ls- To verify the variance equivalence, write out the OLS variance formula

and simplify using the same Kronecker identities:
Vors = (X'X)7'X'QX(X'X) ' =2 @ (X'X)"1.

O
Definition 38. (Short and Long Regressions) Given outcomes Y and covariate blocks X; and X, consider

1. (Long Regression): This regression exploits both covariate blocks and can be written

By
Y=X1B1+ X9By+¢= (Xl X2> +e
By

2. (Short Regression): This regression exploits only the first block and can be written

Theorem 2. (Frisch-Waugh-Lovell Theorem) OLS coefficients in the long regression of Definition 38 satisfy

B = (X!M_;X;) ' X!M_;Y

where M; =1 — X;(X/X;) ' X!
If i =1, then M_; denotes Ms and vice versa.
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Proof. This is a standard result that can be derived from the block matrix inversion formula. O
Lemma 12. (In-Sample OVB Expressions for OLS) The OLS coefficients between the short and long
regressions of Definition 38 are related via

A=B,+PB, where P=(X|X;)"'X|X,

As a consequence, if € and U are the in-sample OLS residuals from the long and short regression, then

A~ A~

U=¢2+4 (X2 — X1P)B; (C.1)
In words, the short regression residual equals the long regression residual plus an adjustment based on the
residual information in Xo not correlated with or captured by X;.
Proof. One can derive an in-sample OVB expression for the short regression coefficients via substitution
using the identity Y = X 1§1 + Xgég + € where Ez are the OLS coefficients and € is the OLS residual:

A= (X{X)7IX]Y = (X{X1) " X[ (X1 By + XoBy + &) = B + PBy 40 (C.2)

with the final expression using orthogonality of the OLS residuals X1 = 0.

Then relate the short and long regression OLS residuals by substitutions and algebra:

=Y - X1A=X,B, + XoBy +£— X, A
=§+X1(§1—1®+X2§2

A~ A~

Using C.2 =&+ X;(— PB2) + XoBy =2+ (Xo — X1P)Bo

O

Proposition 23. (Add-In Formula for OLS) Consider a partitioned “full” sample split into two blocks of

observations as follows:
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Define the following estimators that use either the full sample or partial sample, respectively,
By = (X} X;) ' X}Y; B, = (X'X)"'X'Y
The estimators are related according to
By =By + (X'X) XL + Xa(X'X)1X)) 7 Yy — XaB,]

where m denotes the number of rows/observations in Yy and Xg4.

Remark. This result can be viewed as an “add-in” updating result, which is the counterpart of “leave-out”
formulas familiar from cross-validation. §p is the initial estimate based on partial information. This is
updated based on how much of a “surprise” /error there is Yy — Xdép for the supplemental observations

when predicting Yy using Xy and the partial sample estimator Ep.

Proof. Apply the Woodbury matrix inversion formula to the following

(X))~ = (XX + XXa) ™

= (X'X)7' = (X' X)X (L + Xg(X' X)X I X (X' X))
Use that to rewrite the expression for OLS estimator B &

By = (X} X;) 7' X}Y;

= [(X'X)™ = (X'X) ' X)L + Xa(X'X) U X)) T X0(X'X) T [XTY + XY

[(X'X)™ = (X' X)X (I + Xa(X'X) T X)) ' Xa(X'X) ] [XY]

+ [(X'X) ™ = (X' X) T X (L + Xa(X'X) TN X]) T Xa(X'X) 7 [ XY
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Recognize ﬁp and simplify further

B = By — (X' X) ' X}(In + X4(X'X) "' X)) "' X4B,

+ [(X'X) XYy — (X' X)X (L + Xa(X'X) T X)) T Xa(X'X) T XYy

=B, — (X' X) "' X}(In + Xa(X'X) "' X)) "' X4B,
+ (X' X)X (L 4+ Xg(X'X) X)) (1, + Xa(X'X) XY

— (X' X)X (I + Xa(X'X) I X)X (X' X)) XY,

By + (X' X) 71X} (L + Xa(X'X) LX)~ [—Xdép Y Xg(X' X)X, — Xd(X’X)—lngd}

By + (X'X) " X, (L + Xa(X'X) 71X/ [Yd - Xdép}

C.2 Bayesian Estimation of the Linear Model

Formulas and results of this section are standard in the literature and adapted from Kadiyala and Karlsson
(1997) and Karlsson (2013). Although those papers handled VARs specifically, results are stated here in
general for Bayesian multivariate regression, which nests VARXs.

In this section, I characterize posteriors under increasingly relaxed priors, as well as how to compute them.
In Appendix C.2.1, T assume that ¥ is known and derive the posteriors for coefficients. Appendix C.2.2 does
the same when (1) ¥ is unknown but (2) the prior variance over coefficients has Kronecker structure, which
is relevant for the leading equivalence result of Section 3.3.1. Lastly, Appendix C.2.3 dispenses with the
assumption of Kronecker structure.

In each section, I describe prior implementation and estimation via OLS or GLS with dummy variables,

since estimation with dummies is central to deriving the main results of this paper.
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C.2.1 Coefficient Estimation in Known- or Conditional-On-X>. Case

In this section, I characterize the posterior of coeflicients conditional on X. Although this assumption does
correspond to early work on BVARs as in Litterman (1980), I do not intend to maintain this assumption.
Rather, this case is most useful as a simpler setting in which to study the posteriors on coefficients and
main ideas around dummy variable implementation of priors, ignoring uncertainty about . The results
in this section will also be repurposed and applied conditional on ¥ in the posterior sampling schemes of

Appendix C.2.2 and Appendix C.2.3.

Lemma 13. (Posterior under Generic Normal Prior, Known-X) Suppose the prior p(3) ~ N(ﬁo, QO). Then

the posterior is

Bly ~ N(B,9Q)

5+ (= e x'X)]

Q
B=0[07"60+ (=@ X) vee(Y)] = Q05160 + (271 @ X'X) vec(B)]
Remark. The second expression for B that exploits B is only operable if one can compute B. This is not

always possible if, for example, there are more regressors than observations so that X’X is not invertible.

However, in those cases, 3 still exists using the first expression.

Lemma 14. (Posterior under Kronecker Normal Prior, Known-X.) Suppose the prior is p(3) ~ N (8o, 2®Py).

Then the posterior is

Bly ~ N(B,9) Q=S X'X+o;")"

unvee(B) = B = (X'X + &) [X'Y + ;' By

where By = unvec(fp).

Remark. The difference from Lemma 13 is the Kronecker structure in the prior variance. The likelihood
naturally has Kronecker structure, and forcing the prior to have the same induces a stronger degree of
conjugacy. In particular, the posterior variance for the coefficients will also have a special Kronecker structure
that is easier to compute than the posterior in Lemma 13.

Notice also that the posterior mean is precisely the ridge regression estimator, but penalizing deviations

from @, ! By rather than simply zero.
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The next set of results have origins back to Theil (1963) and Litterman (1980).

Proposition 24. (Implementation of Lemma 13 with Dummy Variables and GLS) Suppose that one wishes

to implement the prior of Lemma 13. Consider the stacked, vectorized system

vec(Y) In®X YX@Ir 0
= B+ w w ~ <0, >
01728, 012 0 Ink
v X Q

which uses the decomposition Qo = 93/2(9(1)/2)’. The GLS estimator BGLS and GLS variance Vgrs for this

system satisfy

Bors = (X'Q'X)IXQG=F  Vaws= (X0 'X) 1 =0

where (B,%) are the mean and variance in Lemma 13.

Remark. Because this proposition works with the more general prior of Lemma 13 rather than that of
Lemma 14 (which has a restrictive Kronecker structure), one must vectorize this system to estimate it via
dummy variables. Said another way, the variance for the dummy observations under Lemma 13 do not share
the same (homeskedastic) structure as the variance of the 7' genuine observations. Vectorization is necessary
to appropriately estimate using dummy variables. Notice also that we must estimate via GLS (as proved

below) or via OLS after transforming the sytem (see Corollary 3).

Proof. Start by writing out the GLS variance formula, making use of Kronecker identities:

X0l = <(IN 2 X) (2@ Ir)"! 951/2)
<(IN ® XN (=" ® Ir) le/z)
= <(1Nz—1 ® X'Ir) 901/2)
((2—1 ® X') 901/2)

Qors = (X' X) ' = [E 0 X)) (Iy @ X) + 03]

[
— [(E ' v X'X)+ ;]
[

=[x X)+0;Y =0
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Next, write the estimator itself

3 Fo-1%\—1 %3 = vec(Y
fors = (X'QTIX) X'y = Q <<21®X'> %/ 2) .
Qfl/2ﬂ
0 0

=Q[(= @ X' vee(Y) + Q58] =B

O

Corollary 3. (Implementation of Lemma 13 with Dummy Variables and OLS) Again suppose that one

wishes to implement the prior of Lemma 13. Consider the transformed, stacked, vectorized system

B+ w

vec(Y (B-1/2)) (2712 @ X) (0 It 0 )
= w ~ s
Qal/2ﬁo 961/2 0 Ing

which uses the decompositions Qg = 95/2(93/2)’ and ¥ = $Y/2(212)' . The OLS estimator Bors and OLS

variance Vors for this system satisfy
Bors = (X'X)"'X'j =5 Vers = (X'X)"1 =0

where (B3,9) are the mean and variance in Lemma 13.

Proof. Simply write out

271/2 ®X 271/2 ®X
( ) ( ) _ (2_1/2 ®X)/(Z—1/2 ®X) + (981/2)1981/2
Q—I/Q Q—l/Q

0

=C'eX'X)+0,'=0Q
212gX vec(Y (2~1/2)")
( s ) ( (1/2 ) — (2*1/2 ® X)/ Vec(y(zfl/2)/) + (90—1/2)/90_1/260
£ Qo "o
= ((2—1/2)/ ® X/) VeC(Y(Z_l/Z)/) 4 (981/2)1981/260
= vec(X'Y (872 S712) + (91 ) 05 7B

= ® X ) vee(Y) +Qy ' By = ﬁilﬁ
~1/2.

I obtained these expressions starting from the system in Proposition 24, and premultiplying %, X by O
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Corollary 4. (Implementation of Lemma 14 with Dummy Variables and OLS) Consider the prior in
Lemma 13 for general variance-covariance matriz o. If using the untransformed observations (Y, X) (in
contrast to Corollary 3), the prior can be implemented via dummy variables and OLS if and only if Qy can

be written

Q=YX (D'D)" (C.3)

for some K x K matriz D. Then one can define dummy variables as follows

Y. = D By Xqg =D
~— ~ ~—~
KXxXN KxK KxXN KxK

and estimate the stacked, augmented system

Y
B+ (C.4)

€d

{
e
{

™

via OLS. The resulting OLS estimator and variance expressions satisfy

Vors =X ® (X'X + D'D)™!

vec ! (Bors) = (X'X + D'D) " (X'Y + D'DBy)
As a corollary, to implement the prior of Lemma 14, one can set D based on the decomposition ®o = (D'D)~1
and compute the posterior mean and variance via the OLS formulas.

Proof. Apply OLS to the augmented system in C.4. By Proposition 22, for any (Yy, X4) such that X'X

invertible,

Vors =2 ® (X'X)' =% ® (X'X + X)X,) !

The above is what one gets from estimating System C.4 via OLS for some X, choice, regardless of whether

OLS can, in fact, match the target posterior variance. From Lemma 13, the correct target posterior variance
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for generic Qg is

Q=[ + (T e x'X)]

To match this posterior, equate the two expressions and isolate ¢ (using Kronecker identities):

(o XX+ XX = [ + (57 e X' X))

Q=T ® (X, Xg) ™"

Therefore, 2y must satisfy Expression C.3. This takes care of the “only if.”
For the “if” part, use the stated dummy observations and verify. Again, appeal to the expressions from

Proposition 22 for the OLS estimator to derive

Vors =2 ® (X'X + X, X4) ™"
=Y®(X'X+D'D)!
vec ! (Bors) = (X'X) "' X'y

= (X'X +D'D) ' (X'Y + D'DBy)

C.2.2 Estimation under Dependent Normal-IW Prior

The section covers the leading prior, which is used in Section 3.3.1. Unlike the previous subsection of this

appendix, it allows for uncertainty about X.

Definition 39. (Conjugate Dependent Normal-IW Prior) This is the most tractable and widely used con-

jugate prior which takes form

p(BI%) ~ N (Bo, £ @ @)

1
() ~ IW(So, ) ox B~ (@0FN+D/2 expy {—2 trace(ElSo)}

Definition 40. (Fully Diffuse Prior) One can obtain a fully-diffuse prior specification by taking the depen-

dent Normal-IW prior, but with &5 — oo, Sy =0, ag = 0.
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Proposition 25. (Posterior under Conjugate Dependent Normal-IW Prior) Under the above prior, the

posterior distribution is
P(BIZ,y) =N (B,2® @)
_ _ 1 _
p(Zly) ~ IW (S, @) o [S|~@FNHD/2 exp {—2 trace(E_IS)}

By = vec™ ' (Bo)

= [0, +x'x]
B=2[®;'By + X'Y]
B = vec(B)

~

S =S8+ (Y —XB)(Y — XB) + (By — B)'(® + (X'X)"")""(B, — B)
= B'X'XB+ By®;'By+ So+ (Y — XB)(Y — XB)-B% 'B
= B\ By + So+Y'Y ~B% B

a=T+ g

Sampling can be done by first sampling Xy, then B|X,y.

Remark. Alternative expressions are given which do/do not make use of B. This is important because

(X’ X)~! may not exist, e.g. when there are more regressors than observations.

Corollary 5. The marginal posterior p(Bly) has matrizvariate t distribution

BNMtKN(B,(I) ,S,a) -
Var(vec(B)) = =—%—=5®®
As a consequence, given any fixed K -dimensional vector x,
1 E[z'B| =2'B

'B~ Mtgn(x'B,[2'® 2]7!, S, a+1) =
1

Var(¢/B) = wlag_N‘TS

Proof. In this proof, I make use of the definitions of distributions and a result in Appendix C.2.4.

198



First, from Proposition Proposition 27, if

Y~ IWy(Q,v)

X|E ~ MN,y(M, %, P)

then

X ~ Mty (M, P~*,Q,v)

From Proposition 25, simplify identify terms:

Q=S wv=a vec(M) = f8 =3 P=23

Next, apply Proposition 28. O

Remark. (On the Kronecker Form) This prior is popular because the variance in posterior p(5|¥,y) has a
Kronecker structure, which is a direct consequence of assuming this particular prior p(5|X), which also has
Kronecker form in the variance. As a result, computing the posterior variance of 5|X, y is relatively efficient.
This is in contrast to the independent normal-IW prior which is otherwise similar, except for the fact that it
is not as restrictive in its assumptions on the prior variance, and the posterior variance is tougher to compute
as a consequence.

The Kronecker structure is not without cost as it does restrict the prior distribution somewhat.! Namely,
the prior variance-covariance matrices for coefficients in the different equations are proportional, and so one
cannot impose, for example, more shrinkage on cross-lags than own-lags for a given equation because this
would violate proportionality across equations. To see this, note that ¥ ® ®( has blocks on the diagonal of
311Dy, ..., 2NN Py, i.e. proportionality. This was a key feature of the Minnesota prior.

However, there is a Minnesota-like prior that maintains much of the spirit of the Minnesota prior, imposing

more shrinkage on larger lags and more variable predictors. See Assumption 16.

1The independent normal-IW prior below relaxes this, at the expense of computational complexity.
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C.2.3 Estimation under Independent Normal-IW

The dependent Normal-IW prior is convenient, but implies a particular form of dependence in the joint prior
distribution of 8 and ¥.2 This next prior recovers that flexibility by instead imposing prior independence

between 8 and ¥ (at the expense of computational complexity both in posterior sampling and posterior

computations from larger matrix inversions).?

Definition 41. (Conjugate Independent Normal-IW Prior) Suppose p(8,%) = p(8)p(X) with

p(B) ~ N(Bo, Q)

1
;xZ)meqsmo@)u|z<%+N+Uﬂexp{2tuwaz%&o}

Definition 42. (Normal Diffuse Prior) This prior is the same as independent Normal-IW prior, but takes

So = 0 and o = 0. This prior is diffuse only with respect to the variance X, not the coefficients B.*

Proposition 26. (Posterior under Conjugate Independent Normal-IW Prior) Under the above prior, one

has the following conditional posterior distributions:

p(BI%,y) < N (B, Q)

Q= +2 e Xx'Xx)!
B=0[07"60 + (271 @ X') vee(Y)]
=02 6+ (Z @ X' X)B)
p(Z18,y) o< IW (So + (Y — XB)' (Y — XB), T + )

o IW(So+ (Y = XB)(Y — XB) + (B — B)X'X(B — B), T + )

The full posterior p(8,X|y) is not analytical, but permits a Gibbs sampling scheme.
Note that we can also write IW(\I/_l, d) ~ W(\Il, d). This is useful because one can sample ' directly,

rather than drawing ¥ and doing a matriz inversion to draw (3.

20ne consequence: the prior variance for 8 cannot mimic the known-Y Minnesota prior.

3There is still typically dependence in the posterior based on the data. Here, we are just referring to the prior, where
independence may be justified and is commonly assumed.

40ne could also obtain a fully diffuse prior by further taking Q9 — oo, which would match the fully-diffuse prior stated
above, but that started from the independent normal-IW. They both give the same limit.
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C.2.4 Distributions

Definition 43. (Wishart Distribution) The g x ¢ matrix X has Wishart distribution X ~ W,(V,v) if and

only if it has density satisfying
(v—q—1)/2 1 1
p(X) x | X] exp | —5 trace(V " X)

Definition 44. (Inverse-Wishart Distribution) The N x N matrix ¥ has an Inverse-Wishart distribution

IW (S, «) if and only if it has density satisfying
1
p(2) o [B|TOFNFD/2 exp {—2 trace(Z_ls)}

Note that if X ~ W,(V,v), then X! has IW,(V~!,v) distribution. Similarly, if ¥ ~ IW(¥,v), then
Y=L~ W(1 ).

Definition 45. (Matrixvariate Normal) B € RP*? has a matrixvariate normal distribution
B~ MN,y,(M,Q,P)
if and only if
vec(B) ~ N (vec(M),Q ® P)
Definition 46. (Matrixvariate ¢ Distribution) B € RP*? has a matrixvariate ¢ distribution
B ~ Mty (M, P,Q,v)
if and only if

E[B] =M
p(B) x k7HQ + (B~ M) P(B - M)|~0t/?  —

Var(vec(B)) = (11_1 QP!

v—
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The random variable can also be defined (Dickey, 1967) as that arising from the following construction:

VYAV =V~ Q)
B=M+Z({VY%H! where

Ze; " N(0,P71)

Stated explicitly, Z has iid column vectors with common A/(0, P~!) distribution, and V' is a Wishart random

variable, which is decomposed via a Cholesky decomposition into V1/ 2(Vl/ 2y,

Proposition 27. (Normal-IW Result) Suppose

I~ IW,(Q,v)

B|YX ~ MN,q(M,3, P)
Then

E[B] =M
B ~ Mty (M,P™,Q,v) =

Var(vec(B)) = -—1-Q®P

v—g—1
Proof. See final Appendix of Karlsson (2013). O

Proposition 28. Suppose that
B~ Mtye(M,P,Q,v)

Then for any fixed p x 1 vector x,

&' B ~ Mtpy(z' M, [xlpx]_lv Qv+l =
Var(vec(B)) = %Q

Proof. By Definition 46, B can be synthesized

o1 VIRV =V ~W(@Q 1, v)
B=M+Z (VY% where

Ze; " N(0,P7Y)
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Therefore,
¢'B=a'M+2'Z (V%!
Note that 2’7 is a row vector with iid N(0, 2’ P~!z) random variables. Therefore, one could redefine

~ Vl/Q(vl/Q)/ :VNW(Q_I,V)
t'B=a'M+Z(VY?)™1  where

Zaj Y N(0,2' P ta)

Simply recognize this as the distribution stated in the proposition. O

C.3 Bayesian OVB Results

All adjustment procedures in this paper are motivated by Bayesian OV B results, characterized in this section.
These results are most easily proved under known X. I discuss departures from this assumption after this
initial exposition.

Given X, I establish OVB results depending upon whether one wishes to use a prior as in Lemma 13 or

14. These are handled in Appendix C.3.1 and Appendix C.3.2, respectively.

C.3.1 OVB Results under Prior of Lemma 13

This section develops OVB results when one wishes to implement the more general non-Kronecker conjugate
prior under known ¥, stated in Lemma 13. To start, I define a reordering of covariates and coefficients
in the long regression, which is convenient for analytical results by separating the two blocks of covariates
distinguishing the short and long (partial and full) regressions. I maintain this reordering throughout this

subsection.

Definition 47. (Reordering of Long Regression) The long regression of Definition 38 is

Y:<X1 XQ)B‘FE B = =
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This is traditionally stacked/vectorized as in Definition 36, which is

vec(Y) = {IN ® <X1 Xgﬂ B + vec(e) vec(e) ~ N(0,2 @ Ir)

Bia
B
By
where b = vec =
By
Bin
By v

Notice that 3 stacks equation-by-equation (outcome-by-outcome), and so coefficients on the second block of
regressors are mixed throughout the vector 8 rather than ordered at the end.

Without loss of generality, it helps this section to reorder elements in the regressor matrix and coefficient
matrix. Specifically, one can define an orthogonal permutation matrix @ that reorders coefficients in 5 =

vec(B) so they are separated into two blocks, i.e. @ is such that

vee(Y) = KIN X1 In® )Qﬂ B + vec(e)

(IN RX; IN® X2> = {IN ® (X1 Xg)] Q'

B

~ VeC(Bl) 51 Bl,N
vec(Bs) B2 By

By n

Finally, if one has a prior over coefficients under the usual stacking p(fo, o), there is a corresonding prior

over the reordered coefficient vector

8 =QB ~N(QBo, QQ")

Therefore, one can immediately translate the prior despite reordering.

Remark. In the above, I used B to denote the reordered coefficient vector. In results to come, I assume
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coefficients have been reordered, but omit the additional notation to avoid clutter.

Definition 48. (Priors for Short and Long Regressions) Consider the reordered long regression of Defini-
tion 47 and assume one wishes to implement a prior for § in this regression according to Lemma 13 for some

choice of prior mean and variance (3, €2p). Partition

Qo011 Qoo Bo1
Bo =
Qo21 Qo22 Bo,2
Notice that this separates the prior into blocks: one for each set of coefficients. For the short regression, one
uses only 90711 and ﬁ0,1~
Finally, because )y is symmetric positive semidefinite, it admits a Cholesky decomposition
Ly 0 L 0
Qo =LL where L = — [ 1= 1
Loy Ly —Lyy L1 Ly Loy
where the expression for L~! followed from the block matrix inversion formula.

Given L, one also has the following relationship between the blocks of q:

Q Qo1 Qo1 I Ly 0 Ly Ly LiiLyy Ly Ly,
0 pu— P = p—
Qo1 o2 Loy Lo 0 L Loy Ly, Lo1Ly; + Log L,
Note also that
Q_l — LL/ —1 — L/ —1L—1 — L—l /L—l _— 9*1/2 — L—l
0 0

Proposition 29. (Bayesian Estimation of Long Regression) Suppose that one wishes to estimate the long
regression using the prior of Lemma 13 for some Qo and By, ordered and partitioned as in Definition /8.
First, one can derive the posterior for [ by OLS using the original sample augmented with dummy

observations as follows:

vec(Y (S71/2)) (220 X;) (272® X))
Ys = Ll_llﬁo,l X* = (X*,l X*,2) = L1_11 0
—L3y L1 L7 Boa + Loy Bo2 —Lyy Loy Ly Ly
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Second, the ability to estimate the posterior using OLS (with dummy variables) implies that the posterior

mean satisfies

=
=

X! Mo X)X, M, 2y
= ey, = | thata ) Bl ©
2 (XL,QM*,IX*Q)_ X;,2M*,1y*

I
I

where
Moi=1—- X, (XL, X)) X0,

Proof. One can implement the prior of Lemma 13 via dummy variables, transformed observations, and OLS

as in Corollary 3. To get there, start by defining dummy variables
ya = 05", Xg=05"%

But notice that, by the Cholesky decomposition for g in Definition 48, 951/2 = L', hence

Lt 0 Lt 0
981/2 - 1 N 1 1 = Xa= 1 y 1 1]’
_L2_2 L21L1_1 L2_2 _Lz_z L21L1_1 L2_2
L} Bon
Yd =

—Lyy Lon L7 Bo + Loy Bo2

Therefore, the vectorized long regression with dummy variables can be written

vee(Y) (In®X1) (In®X2) ) [ 1 (
= +w w~ (0,

YR Ip 0 )
Yd Xa B2

0 In.x

Qs

This needs to be estimated by GLS to derive the posterior mean. But following the same logic as Corollary 3,
one can standardize all observations (both true and dummy observations) to get a homeskedastic system by

transforming the system. We cannot immediately apply Corollary 3 because of the reordering of covariates,
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but we can follow the same proof steps, premultiplying the system by

0172 S 12@Ir 0

*

0 Inx

which made use of decomposing ¥ (for example via Cholesky) as ¥ = X1/2($1/2)'. After premultiplying,

that gives y, and X, as stated in the proposition. O

Proposition 30. (Bayesian Estimation of Short Regression) One can derive the posterior mean under the
prior of Lemma 13 with Qo = Qo 11 and By = Po,1 defined in Definition 48 by using OLS on the original

sample augmented with dummy observations as follows:

vec(Y (B1/2)) (2712 ® X;)
Yx = X* -

—1 -1
Lll ﬁOJ Lll

Proof. From Proposition 3, one can implement the prior of Lemma 13 via dummy variables and OLS. To do

so in this case, one must append the dummy variables
-1/2 —-1/2
Ya = QO,l{ o Xq = Q0,1{

To show that L' can serve as Q, }{2, recall the original Cholesky decomposition of €}y in Definition 48,

which implies
Qo =Ll = Q=01 LE = Qo_,# =L

Substituting into the expressions for y; and X4, the definitions of y, and X, follow. Then invoke Corollary 3.

O

Theorem 3. (In-Sample Bayesian OVB) The posterior mean of the short regression implied by Proposi-

tion 30 1s

_ _ _ 1, _
a= (QO&I +(EZ'® X{X1)) (90,1150,1 + (=@ X)) vec(Y))
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The posterior mean of the long regression implied by Proposition 29 is

B= fl — (O (e XX)) T B + (57 @ X vee(Y)).
By

The posterior means are related by the following Bayesian OVB formula:

a= B, + P By + R
~— ~— ~— ~—
Coefficients on X3 Projection Coefficient Coefficients on X2 Cross-Coefficient Correlation
where
’
L11 0 L11 0
Qp =
L21 L22 L21 L22
Xa = _L;21L21Lf11
Ya = XaBo,1 + Lo Bo2
(2@ X)) (27120 X,)
X, = <X*,1 X*72> = L 0

X, Ly
V= (EteXiX)+ LV L) T = (T e XX + Qpty) T
R=-VX)(Ix, + XaVX})" " [ya — Xa 1

In addition,

Y — X*,l(a - R) = Yx — X*,lB] - X*,QBQ +<X*,2 - X*,lp)ﬁ2

U Ex

where

vec(Y (£71/2)")
Ys = Lfllﬁ071
XaBo + Ly Boz

P = (X;,1X*,1)_1Xi,1X*,2
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Remark. Notice that if Loy = 0, which corresponds to the case where ) is block-diagonal, then R = 0.

Further simplifications also obtain if Qg has Kronecker structure as in Lemma 14. See Theorem 4.

Proof. By Proposition 29 and the definitions, OLS regression of y, on (X, 1, X« 2) as defined in this theorem
equals the posterior mean B/ = (B;,B;)’ .
Next, define @, as the OLS coefficients obtained from regressing y, on X, ; (omitting X, 2). Because

this is just OLS, one can invoke the OVB formula of Lemma 12 to derive
ap=pB,+PBy, where P=(X,,X,1)"' X X, (C.8)

Next, comparing this last regression of y, on X, 1 (delivering ar,) against the regression with dummy variables
in the short regression of Proposition 30 (delivering @), notice that the only difference is the addition of extra
dummy variables to handle any cross-coefficient correlation in the prior. As a result, a; equals @ plus an
adjustment to account for leaving out the extra variables. The adjustment follows by applying Proposition 23,

delivering
ap, =a+ VXj(Ik, + XaVX)) " [ya — X4a] (C.9)
where y4 and X are the extra (dummy) observations. Explicitly,
Xg= Ly Loy Ly} Ya = XaBo1 + Ly Bo2
Rearrange and define

a=ar+ (- VX)(Ix, + XaVX}) ' [ya — Xqa]) (C.10)

R

Into this last expression, replace @y, with Equation (C.8) to get Equation (C.6).

Finally, to relate residuals between models, again apply Lemma 12,

Yo = Xon@r = Yo — X1 By — X203 +(Xi2 — X1 P)fs (C.11)

U % Ex

This is essentially Equation (C.7), with a minor rewrite to replace ay with @ — R, according to Equa-

tion (C.10). O
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C.3.2 OVB Results under Prior of Lemma 14

This section develops OVB results under the conjugate Kronecker prior with known X, stated in Lemma 14.
The results and structure of this section mirror Appendix C.3.1. But because this is used for the main

equivalence result of Section 3.3.1, I still state results explicitly.

Definition 49. (Priors for Short and Long Regressions) Consider the long regression of Definition 38 and
assume that one wishes to implement a prior for this regression according to Lemma 14 for some choice of

(invertible) ®y and By. Partition this prior as

) P! B
(I)o _ 0,11 0,21 BQ _ 0,1
D01 Do Bo,2

Because @ is symmetric positive semidefinite, it admits a lower Cholesky decomposition

L 0
&y =LL where L = H

Ly Lo

Note that all the relations in Definition 48 hold, but with ®( replacing €.

Proposition 31. (Bayesian Estimation of Long Regression) Suppose one wishes to estimate the long re-
gression using the prior of Lemma 1 for some ®¢, By, partitioned as in Definition 49.
First, one can derive the posterior mean for B by OLS using the original sample augmented with dummy

observations as follows:

Y X5 Xo
-1 -1 -1 -1 -1 -1
_L22 L12L11 BO,l + L22 BO,2 _L22 L12L11 L22

Second, estimating the posterior using OLS (with dummy variables) implies posterior mean

n —1
EZ Bl _ (XLX*)ilXLY* _ (XLJM*QX*J) Xi,lM*,ZY*
BQ (XL,QM*,lX*Q)71Xi,2M*,1Y*

(C.12)
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where
Mo =1—- X, (XL, X.:)"' X0,

Proof. From Corollary 4, one can implement the prior using dummy observations built from D satisfying

00 ' = D'D. To find a suitable D, use the Cholesky decomposition of ® in Definition 49 and the fact that
¢0—1 — (LL/)—l — (L/)—lL—l — (L_l)/L_l.
Therefore, take D = L~'. Then simply use the block matrix inversion formula on L:

L 0

D=L"= H
_L2_21L12L1_11 L2_21

Use this D to define dummy observations as stated in Corollary 4. By that corollary and Theorem 2,

Expression C.12 follows as an expression for the posterior mean. O

Proposition 32. (Bayesian Estimation of Short Regression) Suppose one wishes to estimate the short
regression defined in Definition 38 under the prior of Lemma 14 with @9 = ®¢ 11 and By = Bg1. One can

derive the posterior mean by OLS using the original sample augmented with dummy observations as follows

Y X4
Ly} Boa Ly

Proof. From Corollary 4, one can implement the prior using dummy observations built from D satisfying
Dy, h = D’'D. To find a suitable D, use the Cholesky decomposition of ®q in Definition 49 and the relationship

implied between the blocks of &y and the blocks of L:

/ / /
Do Py L1y Ly, L1 Ly,

Dpo1 Do LioL}y LiaLig+ LosLao

Notice that ®¢ 11 = L11L};. Therefore, CIDOj%l = (L1")'Ly!. Therefore, one can take D = L;}" and construct

dummy observations according to Corollary 4. O

Theorem 4. (In-Sample OVB Expressions for Bayesian/Ridge Regression) The posterior mean estimate
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implied by Proposition 32 is
— 141 _
A= (X{X1+®51,) (X1Y + 51, Bo1)

The posterior mean estimate implied by Proposition 31 is

— By
B =

= (X'X + 05 H) (XY + 05 By).
2

The coefficients are related by the following Bayesian OVB formula:

A= B, + P B, + R
—

~~ ~~ ~~
Coefficients on X1 Projection Coefficient Coefficients on Xo Cross-Coefficient Correlation

where

!

Lqq 0 Lqq 0
Lis Lo Ly Lo

Xy =Ly LisLy!

Ya = XaBo1 + L3y Bo»

X1 X,
X, = (X*,l X*,2> L 0
Xq Ly

V= (X{X + L) T = (XX o ty) T

R=-VX,(Ix, + XaVX}) ' [Ya — X4A]

In addition,

Y, - Xu1(A—R) =Y. — X.1B1 — Xu2B2+(Xs2 — X, 1P)Bs

U Ex
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where

Y
Y* - L1_11B0,1
X4Bo1 + Lys Boa

P = (Xi,lX*,1)71X1,1X*,2

Remark. Notice R = 0 if Lo = 0, which corresponds to the case where ®( is block-diagonal.

Proof. By Proposition 31 and the definitions, OLS regression of Y, on (X, 1, X« 2) delivers B. This is true
regardless of whether B was, in fact, computed with dummy observations or analytically. The equivalence
still holds.

Next, define Ay, as the OLS coefficients obtained from regressing Y, on X, 1 (omitting X, ). One can

then invoke the OVB formula of Lemma 12
Ap=B1+PB, where P= (X ;X,1)"'X, X.> (C.15)

Next, comparing the regression of Y, on X, ; (delivering A;) against the regression with dummy variables
in Proposition 32 (delivering A), notice that the only difference is the addition of extra dummy variables to
handle any cross-coefficient correlation in the prior. As a result, A equals A plus an adjusted to account

for leaving out the extra variables. Specifically, applying Proposition 23,

A=A+ VX (I, prms + XaV X)) [Ya — XA (C.16)
where Y, and X, are the extra (dummy) observations. Explicitly,

X4 =Ly Lol Yy = XaBo1 + L3y Bo»
Rearrange and define

A=AL-VX)(Ig, + XaV X)) [Ya — X4A]

R

Into this last expression, replace A, with Equation (C.15) to get Equation (C.13).
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Finally, again applying Lemma 12,

Y, — Xu1AL =Y. — Xu1B1 — X. 2B +(Xs2 — X1 P)Bs (C.17)

U x Ex

This is essentially Equation (C.14), with a minor rewrite to replace Ay with A — R, according to Equa-

tion (C.16). O

C.3.3 Results for Adjustment Procedures

This section contains further details on proofs for the adjustment procedures of Section 3.3.

Proof. (Proposition 17) This proof about the result of Definition 26 ultimately relies on Theorem 4. This
theorem applies in the setting of Proposition 17 with ¥ uncertainty, even though I proved Theorem 4 for the
posterior mean of coefficients under the prior of Lemma 14 that ignored 3 uncertainty. This is because the
conditional-on-Y posterior mean of coefficients is independent of 3 and coincides with that under Lemma 14;
therefore, the marginals coincide as well. See Corollary 5 for further reference.

I now proceed through each step of Definition 26 to then show that the tilting done in Step 4 recenters
the posterior predictive (forecast) distribution from the core VARX to instead match the full-information

VARX.

1. Nothing to prove, but note that all constructions in this step of Definition 26 are motivated by Theo-

rem 4.

2. The regression in this step simply computes P in Theorem 4. Therefore, given the definition of 7, in

Step 3,

i}\* = X*,Q - X*,lp = X*,2 - X*,l(XiJX*,l)_lX;’lX*Q

= = X1 (X1 Xo1) ' XL ) Xup = M1 X, o

where the last line defines the annihilator matrix with respect to X ;.
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3. (Key Step): For the OLS regression of @, on v, = M, 1X, 2, first simply write out

N~ =1~ ~

H = (U,0,) "0, ux
= (XL oM. M1 X\ 0) ' XL, M. |1
= s, 24V 1 AV 1A 2 #,2 0V 1 Uk

/ -1y VAP
= (XL oM, 1 X, 0) ' XL, M. i,

where the last line followed because M, i is idempotent. Next, use the definition of w, built in Step 1

of Definition 26:

H = (X, ;M1 X.5) ' X, oM, (Vs — X, 1(A—R))

= (Xi,2M*,1X*,2)71Xi,2M:<,1Y* -0

which followed since M, 1 X, 1 = 0. Notice that this is just B> by Proposition 31.

4. (Adjust the Forecast): Step 2 pinned down P, and Step 3 showed that H = B,. Therefore, the

constraint g in Step 4 can be written

d=zr111(A— R) + (tr412 — 21411 P)B>

Use the OVB expression for A from Theorem 4:

g=xr411(B1+PBa+ R—R)+ [x7412 — 27411 P| B2

= =TT+1,1§1 + 33T+1,2§2
Notice that this is identical to marginal posterior predictive (forecast) distribution for y; that one
obtains from the full-information VARX, from Proposition 15.

By construction, the mean E,[yr1] of the tilted distribution will equal g, the mean of the forecast distribution
for the full-information VARX. Therefore, the forecast that emerges from the procedure of Definition 26 is

mean-equivalent to re-estimation of the full model. O

Proof. (Further Details for Proposition 19) I claimed in the body that, for a given draw of Eff), the procedure
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of Definition 28 establishes a map between.
Exla|Xa =2, Y] =Ea[vec(A)|Z24 =%Y] — EphlXp=%Y]=Eglvec(B)|Xp =3%,Y]

I now justify that claim.
In the above proof of Proposition 17, I showed that Theorem 4 justifies the four steps of Definition 26.
Similarly, conditional on a value of ¥, Theorem 3 justifies the four steps of Definition 28. The proof is done

exactly the same way, walking through each step. Focusing on Step 4 in particular, note that

99D = (In @ 2p111)@? - R) + h((Iy ® 2r412) — (IN @ 2741,1)P)
= ’JIT_‘_Ll(A(d) — VeCil(R)) + ((IN X CET+172) — (IN & $T+1’1)P)H

= xT+171A(d) — xTJrl)l(vec_l(R) — Vec_l(PH)) + zp410H

Conditional on a value of X, the four steps in Definition 28. One can repeat them with minor adjustments

and draw the analogous conclusions, conditional on a Eff) draw. In the body, I discussed the implications

when marginalizing over ¥ 4 draws. O

C.4 Additional Prior Setting Info for BVARs

Assumption 24. (Original Minnesota Prior) The original Minnesota prior of Litterman (1980) makes three

key assumptions:

1. Known/fixed ¥ = diag(o?,...,0% ) with diagonal form where the elements of o7 are given. In practice,
these are not known but are set to the residual variance from separate univariate AR models estimated

on each variable, with the same order p as the VAR.

This puts inference in the setting of Lemma 13, where the econometrician specifies p(8) ~ N (Bg, Qo)-
2. fo = E[f] set as in Assumption 14.

3. Qo = Var(B) set as in Assumption 15.

Remark. (Inspecting the Minnesota-Like Prior) Assumption 16 maintains much of the spirit of the Min-
nesota prior of Litterman (1980) in that it does impose more shrinkage on larger lags and more variable
predictors. However, because of its use Kronecker structure in the variance of coefficients, one cannot main-

tain all features of the priors in Assumption 24 or Assumption 15. I now explore the prior in a bit more
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detail. Throughout, recall that S represents a stacking of—in order—all coefficients for equation/endogenous

variable 1, then all coefficients for equation/endogenous variable 2, etc.

Given a value for 3, write out the conditional prior variance of f:

Var(f]%) = X @ @

¥11%o X1, P
Xn1Po - XnnDo
211Po,11 0 e Yin®or - 0
0 Y11 Pork 0 Y1n®PorK
Yn1Po,11 0 - Xnn®o11 0
0 En1PorK 0 YNnPo kK
Next, note that the marginal prior distribution for 8 will have variance-covariance matrix of (a9 — N —
1)71(Sp ® ®¢).5 Therefore, under Assumption 16’s choice of, ®¢, Sy, ao,
2
(%) ) 0
a2 2
0 a (A%) 0 0
1
S, b = . : :
o N_1"° @ Po ; ; :
0'2 A 2
0 . 0 e 7{; (Tlg) 0
0 0 0 (25)°

This last display mimics Qg of Assumption 15, except for the fact that it does not include cross-variable

shrinkage as a direct result of the Kronecker structure.

5See Karlsson (2013).
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C.5 Empirical Application

C.5.1 Data
Sources
[1] Real-time data from Philadelphia Fed website.

[2] The FRED website maintained by the Federal Reserve Bank of St. Louis, for many of the non-realitime

series.

[3] The census website for supplemental housing price deflator data

Core Time Series The core time series are

e Growth of real GDP, computed as 400 times the log difference of real GDP to get annualized percentage

point change. This series is built from data in the file routputMvQd.x1sx, downloaded from [1].

e Inflation in GDP deflator, computed as 400 times the log difference of the GDP price index. This series

is built from data in the file pMvQd.x1sx, downloaded from [1].

e Unemployment rate in units of percentage points, with the quarterly variable formed as within-quarter
averages of the constituent monthly unemployment rates. This series is built from monthly data in the

file unempl .x1sx, downloaded from [1].

e Three-month T-Bill rate in percentage points, annualized term. The quarterly rates are computed as
within-quarter averages of the constituent monthly average rate, which is the TB3MS series downloaded
from [2].
Auxiliary Data for GDP Growth

e Prior quarter growth of real GDP, which is simply the lag of the same series used in the core model.

e Monthy employment growth, computed as 1200 times the log difference of employment growth. This

series is built from the data in the file emp.x1sx, downloaded from [1]

e The level of the ISM production index for manufacturing for the first month of the current quarter.
This data source is not publicly avaiable but can be downloaded from subscription services providing

access to economic data series.
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Auxiliary Data for GDP Inflation

e Monthly inflation in the CPI ex food and energy, computed as 1200 times the log difference of the
index. This index is the series CPILFESL from [2].

e Monthly inflation in the CPI for food, computed as 1200 times the log difference of the index. This
index is the series CPIUFDSL from [2].

e Monthly inflation in the CPI for energy, computed as 1200 times the log difference of the index. This
index is the series CPIENGSL from [2].

e Kriiger et al. (2017) call for inflation in the “PPI for capital goods.” For this, I use monthly inflation
the series WPSFD41312 from [2], labeled as the “Producer Price Index by Commodity: Final Demand:

Private Capital Equipment.”

e Monthly inflation in the price deflator index for new single-family houses under construction. This index
is labeled “Monthly - Single-Family Houses Under Construction,” contained in the file price_uc_cust.x1s,

downloaded from [3].

Auxiliary Data for Unemployment

e Monthly unemployment rate, in units of percentage points. This is the same series used in the core

model, but not averaged to produce a quarterly series.

e Monthy employment growth, computed as 1200 times the log difference of employment growth. This
series is built from the data in the file emp.x1sx, downloaded from [1], and is the same as that used

for output.
e Monthly growth in new claims for unemployment insurance, computed as 1200 times the log difference

of the series ICSA from [2].

Auxiliary Data for T-Bill rate

e Monthly average of the 3-month T-Bill rate in percentage points, for an annualized term, which is

available directly as the TB3MS series downloaded from [2].

e The mid-month 3-month T-Bill rate in percentage points, for an annualized term. The daily 3-month
T-Bill rate is available as DTB3 from [2]. From the daily data, the mid-month value can be extracted.

I choose either the 15th or, if that is not a business day, the first available next business day.
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e The mid-month 6-month T-Bill rate in percentage points, for an annualized term. The daily 6-month

T-Bill rate is available as DTB6 from [2]. This series uses same convention to extract as the mid-month

3-month T-Bill rate.

C.5.2 Additional Figures for Nowcasts

Nowcast of GDP Growth For predicting GDP growth according to Model 3.10, the scatterplots below
plot GDP growth against the different predictors used in the nowcast regression. The red dot indicates the

final observation 2019Q1 (actual for the predictor, and predicted for GDP growht), while the black dots are
data prior to that point.
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Figure C.1: Scatterplots showing GDP growth (y-axis) plotted against regressors used in constructing the
nowcast of GDP growth (x-axis).
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Nowcast of GDP Inflation For predicting GDP growth according to Model 3.10, the scatterplots below

plot GDP growth against the different predictors used in the nowcast regression. The red dot indicates the

final observation 2019Q1 (actual for the predictor, and predicted for GDP inflation), while the black dots

are data prior to that point.
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Figure C.2: Scatterplots showing GDP growth (y-axis)

nowcast of GDP growth (x-axis).

221

v,‘-
s S e,

CERN

o

NewHomes

plotted against regressors used in constructing the



Nowcast of Unemployment The figures below show the monthly series and example monthly forecasts

used to construct the nowcast of quarterly unemployment.

Monthly Unemployment Monthly Employment Growth Growth in Claims

M/ MMW\M a —

Figure C.3: Example forecasts from the monthly model used to form the nowcast of quarterly unemployment.

Nowcast of TBill The figures below show the monthly series and example monthly forecasts used to

construct the nowcast of the average TBill over the quarter.

Monthly Average 3-Month Thill Mid-Month 3-Month Thill Mid-Month 6-Month

= o e

Figure C.4: Example forecasts from the monthly model used to form the nowcast of quarterly unemployment.

C.5.3 Additional Empirical Results

Effect of Sample

Out of concern for time-variation in the dynamics of macro aggregates over the sample, Kriiger et al. (2017)
and Carriero et al. (2015b) consider nowcasting under stochastic volatility. Therefore, as a robustness check,
I consider the effect of changing the sample starting period for estimation of the nowcast models. Rather
than start in 1970:Q1 (default), I begin the sample in 1985:Q1, which means discarding data before the start

of the Great Moderation.
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The table below shows performance when tilting based on nowcasts (only) constructed with the two
alternative samples. The choice of a shorter sample does not lead to uniformly greater forecast. Performance
is mixed and any improvements are below 15 basis points.

Sample [ GDP Growth Inflation Unemployment T-Bill

h=1 Default 1.8 1.02 0.13 0.060
Short 1.9 0.92 0.13 0.088
h =2  Default 2.4 1.10 0.33 0.41
Short 2.4 1.03 0.33 0.46
h =3  Default 2.5 1.21 0.53 0.75
Short 2.5 1.15 0.53 0.78
h =4  Default 2.5 1.33 0.74 1.05
Short 2.5 1.29 0.75 1.08

Effect of Lag

As mentioned in the body in Section 3.4.2, Kriiger et al. (2017)’s description seems to omit the lag of GDP
inflation in that variable’s nowcasting model. However, I include it to have symmetry with the GDP growth
case and because it does make a difference empirically, as the table below shows. The evaluation period
reported below runs from 2010:Q1-2018:Q4. Notice also that even though the inclusion of the lag only
directly affects forecasts in the first period, the improved accuracy also has large implications for accuracy
of the T-Bill rate multiple periods ahead. This indicates that the core BVAR does capture an important
dynamic relationship between inflation and the interest rate, and accurate forecast and tilting in the first
period translates into better performance even in outer horizons.

Lag [ GDP Growth Inflation Unemployment T-Bill

h=1 No 1.5 1.9 0.13 0.02
Yes 1.4 0.9 0.13 0.02
h=2 No 1.6 1.5 0.27 0.17
Yes 1.7 0.9 0.25 0.09
h=3 No 1.7 1.4 0.37 0.35
Yes 1.7 0.9 0.34 0.21
h=4 No 1.8 1.5 0.47 0.51
Yes 1.7 0.8 0.42 0.35
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Comparison of Subsamples

This is similar to Table 3.2 in all aspects, except it breaks up the sample period into subsamples.

[ Model [ GDP Growth Inflation Unemployment Thill
1993:Q1-2000:Q4
h=1
(1) BVAR 2.2 0.87 0.17 0.33
(2) Nowcasts 1.6 0.87 0.13 0.08
(3) Procedure 1.8 0.70 0.10 0.15
h=2
(1) BVAR 2.3 1.20 0.25 0.63
(2) Nowcasts 2.2 1.20 0.23 0.45
(3) Procedure 2.2 1.10 0.21 0.48
h=3
(1) BVAR 2.3 1.40 0.33 0.87
(2) Nowcasts 2.3 1.40 0.28 0.75
(3) Procedure 2.4 1.30 0.27 0.76
h=14
(1) BVAR 2.2 1.80 0.44 1.20
(2) Nowcasts 2.3 1.70 0.37 1.10
(3) Procedure 2.3 1.70 0.38 1.10
2001:Q1-2008:Q4
h=1
(1) BVAR 2.7 1.20 0.29 0.49
(2) Nowcasts 2.2 1.20 0.13 0.08
(3) Procedure 1.9 0.94 0.14 0.13
h=2
(1) BVAR 3.4 1.20 0.60 0.91
(2) Nowcasts 3.3 1.20 0.43 0.51
(3) Procedure 3.3 1.10 0.44 0.56
h=3
(1) BVAR 3.4 1.30 1.00 1.30
(2) Nowcasts 3.4 1.20 0.81 0.94
(3) Procedure 3.4 1.30 0.81 0.97
h=4
(1) BVAR 3.3 1.40 1.40 1.600
(2) Nowcasts 3.5 1.30 1.20 1.300
(3) Procedure 3.4 1.30 1.20 1.300
2009:Q1-2018:Q4
h=1
(1) BVAR 2.3 0.98 0.24 0.24
(2) Nowcasts 1.4 0.99 0.13 0.03
(3) Procedure 1.5 0.87 0.12 0.06
h=2
(1) BVAR 2.4 0.96 0.36 0.40
(2) Nowcasts 2.1 0.94 0.29 0.18
(3) Procedure 2.2 0.92 0.27 0.22
h=3
(1) BVAR 2.6 0.99 0.53 0.56
(2) Nowcasts 2.4 0.93 0.40 0.36
(3) Procedure 2.4 0.93 0.39 0.39
h=4
(1) BVAR 2.8 0.89 0.66 0.75
(2) Nowcasts 2.6 0.87 0.52 0.55
(3) Procedure 2.6 0.95 0.52 0.59

Table C.1:  Comparison of RMSE. The BVAR (1) represents unconditional forecasts under the first prior,
as described in Section 3.4.2. The accuracy for (2) and (3) is the accuracy of the adjustment procedures.

This is similar to Table 3.4 in all aspects, except it breaks up the sample period into subsamples.
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‘ Model ‘ GDP Growth  Inflation  Unemployment  Tbill

1993:Q1-2000:Q4
h=1
(1) BVAR 1.9 0.82 0.17 0.37
(2) Nowecasts 1.6 0.89 0.14 0.07
(3) Procedure 1.7 0.82 0.11 0.21
h=2
(1) BVAR 2.0 1.1 0.22 0.73
(2) Nowecasts 1.9 1.2 0.25 0.44
(3) Procedure 2.0 1.1 0.21 0.55
h=3
(1) BVAR 2.1 1.3 0.28 1.00
(2) Nowcasts 2.1 1.3 0.32 0.82
(3) Procedure 2.1 1.3 0.27 0.93
h=4
(1) BVAR 2.0 1.6 0.38 1.4
(2) Nowecasts 2.1 1.6 0.42 1.2
(3) Procedure 2.1 1.7 0.38 1.3
2001:Q1-2008:Q4
h=1
(1) BVAR 2.7 1.2 0.32 0.44
(2) Nowcasts 2.1 1.2 0.13 0.07
(3) Procedure 2.3 1.1 0.14 0.10
h=2
(1) BVAR 3.3 1.1 0.58 0.82
(2) Nowecasts 3.2 1.1 0.43 0.47
(3) Procedure 3.3 1.2 0.45 0.48
h=3
(1) BVAR 3.3 1.2 0.97 1.20
(2) Nowecasts 3.5 1.2 0.79 0.88
(3) Procedure 3.4 1.3 0.81 0.89
h=4
(1) BVAR 3.2 1.4 1.3 1.5
(2) Nowecasts 3.5 1.3 1.1 1.2
(3) Procedure 3.3 1.4 1.2 1.2
2009:Q1-2018:Q4
h=1
(1) BVAR 2.0 0.92 0.21 0.10
(2) Nowecasts 1.5 0.93 0.13 0.03
(3) Procedure 1.8 0.90 0.12 0.03
h=2
(1) BVAR 2.0 0.92 0.30 0.20
(2) Nowcasts 1.9 0.94 0.27 0.13
(3) Procedure 2.0 0.92 0.27 0.15
h=3
(1) BVAR 2.0 0.90 0.40 0.31
(2) Nowecasts 2.0 0.95 0.37 0.28
(3) Procedure 2.0 0.91 0.36 0.30
h=4
(1) BVAR 2.0 0.84 0.47 0.43
(2) Nowecasts 2.1 0.85 0.45 0.41
(3) Procedure 2.1 0.88 0.44 0.41

Table C.2:  Comparison of RMSE. The BVAR (1) represents unconditional forecasts under the second prior,
as described in Section 3.4.2. The accuracy for (2) and (3) is the accuracy of the adjustment procedures.
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