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Abstract

The Faltings height — and the finiteness of semistable principally polarized abelian varieties
of a given genus g over a number field K with bounded Faltings height — is a key ingredient
in Faltings’s proof of the Mordell Conjecture. In the case where ¢ = 1 and K = Q, Hortsch
[22] gave an expression for the number of elliptic curves with Faltings height less than X.

In this thesis, we establish asymptotics for the number of elliptic curves with bounded
Faltings height over any number field. We also prove similar asymptotics for a more general
class of heights. In addition, we compute an exact expression for the leading term in the
asymptotic expression due to Hortsch.

One primary motivation for Hortsch’s result is to allow for the computation of arithmetic
statistics of elliptic curves with respect to the ordering given by the Faltings height. Bhargava
and Shankar [6, 7, 4, 5] computed the average size of the n-Selmer groups of elliptic curves
over Q for n < 5 when ordering by naive height. We show that these averages are the same
not only for the Faltings height but also for a more general class of heights that includes

both the naive height and the Faltings height. These results also hold for any number field.
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Chapter 1

Introduction

1.1 Background

Let K be a number field, i.e., a finite extension of the rational numbers Q. Let £X be the set
of isomorphism classes of elliptic curves over K. The overall problem in arithmetic statistics
of elliptic curves concerns the “average” values of certain invariants of an elliptic curve in
EX . such as its arithmetic or analytic rank or the size of its Selmer groups. One common
approach is to assign to each elliptic curve E € £X a certain non-negative height H(E). For
an invariant f : £& — R, define the average of f with respect to H to be

Y f(E)

Eesf x

lim

X—o00 #gII_[{<X ’

if it exists, where &f_y ={E € ¥ : H(E) < X}.

Common choices for the height function include the naive height (in the case where
K = Q, this is given by H(E4 p) = max(4|A>,27|B|*)), the conductor, and the (norm of)
the minimal discriminant of F.

The primary focus of this thesis is the Faltings height, but many of the results we prove

hold for a more general class of “singular” global height functions.



1.2 Summary of Results

1.2.1 Counting Curves of Bounded Faltings Height over a Number

Field

In order to prove theorems about the average of an invariant for elliptic curves ordered by
a height H, the usual first step is to determine the growth of #&f;_y. For Faltings height,
this was done in the case of K = Q by Hortsch [22]. In this thesis, we generalize her result

to all number fields:

Theorem 1.2.1. Let K be a number field, and let Hr denote the Faltings height. There
exists a constant cx such that the number of elliptic curves over K with Faltings height less

than X s given by
#gJ{I(F<X _ CKXS/G + OKyg(Xs/G_l/Sd—i_E).

We also give an exact expression for cx which depends on (1) standard arithmetic prop-
erties of K, and (2) the volumes og and oc¢ of regions defined by the infinite part of the

Faltings height in R? and C2?, respectively. In particular, we prove that

4209975

where A is the discriminant modular form (with suitable normalization, discussed later).

Note that Hortsch [22] numerically computed cg to be approximately 348716.

1.2.2 Other Arithmetic Properties of Elliptic Curves Ordered by

Faltings Height

We prove the following about the distribution of the sign of the discriminant of E:



Theorem 1.2.2. Let v,,,...,v, be the set of real places of K, and let t € {—1,+1}" be
a tuple of sign signatures. When all elliptic curves E /K are ordered by Faltings height, the

density of elliptic curves with sgn(A(E),,) =t; for j=1,...,r1 is

11 n—(t) 4 n4 ()
15 15 ’

where n_(t) and ny(t) are the number of —1’s and +1’s, respectively, in t.
Corollary 1.2.3. When all elliptic curves E/Q are ordered by Faltings height, the density
of elliptic curves with positive discriminant is %.

Contrast this with é for the naive height and conjecturally 1+1 7 for the discriminant.

Associated with each elliptic curve E/K is an element of the class group of K called
its Weierstrass class. One property of the Weierstrass class is that £ has a global minimal
model if and only if its Weierstrass class is trivial. We prove the following fact about the

equidistribution of the Weierstrass class of elliptic curves (also known as the Steinitz class).

Theorem 1.2.4. When all elliptic curves E/K are ordered by either naive height or Faltings

height, the density of elliptic curves with Weierstrass class equal to a particular ¢ € Cl(K)

=

18

We prove this equidistribution result for a more general class of height functions. This
in contrast to the result of Bekyel [2], who proved that the Weierstrass class is not equidis-
tributed when elliptic curves are ordered by the height resulting from the Weil height on P2,

as follows:

H(Eap) = | [max{|4],,|B],,1}.

(Note: that height is a height on pairs (A, B) € O% with A(A, B) # 0, rather than a height

on EK))



1.2.3 Singular Global Heights

In Chapter 2, we review the notion of a quasi-toric height on weighted projective space due
to Darda [13]. One main property of quasi-toric heights is that they are the product of a
collection of local heights, one for every place of the number field K. In order to deal with
the Faltings height, we allow for the height to be singular. That is, we allow the local heights
at the infinite places to be zero on a subvariety of the weighted projective space, provided
the height does not approach zero too quickly. We call such heights subpolynomially suitable.
While the minimal discriminant is also a singular quasi-toric height, it does not satisfy the
subpolynomial suitability condition that we need in order to determine the correct main
term for the count of points with bounded height.

The main result of Chapter 4 is Theorem 4.1.4 (of which Theorem 1.2.1 is a special case).
It shows that the main term for counting points also holds for these singular heights, an
improvement on [13, Proposition 3.7.2.2]. We also obtain a power-saving error term as long
as certain “tameness” conditions hold. In addition, we prove equidistribution results which
are used to prove Theorem 1.2.2 and Theorem 1.2.4.

The main method of proof is to count points with bounded naive height, weighted by a
mass function that gives a smaller bound on a general singular quasi-toric height H. When
the height is subpolynomially suitable (or e-suitable for sufficiently small ¢), then the naive
height cannot be too much larger than H, so all points with bounded H are indeed counted
in this manner. Even in the case where H is not subpolynomially suitable, this gives a way
to count points that are simultaneously bounded by H and the naive height.

In order to perform this count, we use the technique of Schanuel [26] to reduce the problem
of counting points of bounded height in weighted projective space to the problem of counting
lattice points in a homogeneously expanding compact subregion of a real vector space. In
the case where our height is defined algebraically, this can be done using the classical lemma
of Davenport [14]. However, as the Faltings height is not algebraic, we instead use a result

of Barroero-Widmer [33], which allows us to count points in sets definable in an O-minimal



structure. The O-minimality condition is part of the “tameness” conditions and comes from
a generalization of the notion of a semi-algebraic set.

In Chapter 7, we show that the Faltings Height is a singular quasi-toric height that satis-
fies the aforementioned “tameness” conditions. We also carry out the volume computations
necessary to calculate the exact constant of proportionality, including the aforementioned

values of or and oc.

1.2.4 Average Sizes of Selmer Groups over ) when Ordered by

Faltings height

In [6], Bhargava and Shankar proved that the average size of the 2-Selmer groups of elliptic
curves over Q when ordered by naive height is 3. Subsequently, in [4, 5, 7], they proved that
the average size of the n-Selmer groups of elliptic curves under the same ordering is o(n) for

n = 3,4,5. In Chapter 5, we prove that the analogous result holds for Faltings height.

Theorem 1.2.5. For n = 2,3,4,5, when all elliptic curves E/Q are ordered by Faltings

height, the average size of the n-Selmer group of E is o(n).

We prove that these results also hold when ordering elliptic curves by any sufficiently
“tame” subpolynomially suitable quasi-toric height. This is done again with the method
of counting points with bounded naive height, weighted by a mass function that captures
the condition of also being bounded by the aforementioned subpolynomially suitable height.
As such, the results and methods of [6, 7, 4, 5] are prominently featured in the proof of
Theorem 1.2.5.

One corollary of Theorem 1.2.5 is that we establish for the first time that the average
rank of elliptic curves over Q when ordered by Faltings height is bounded. We immediately

get an upper bound of 1.05, which we improve upon in Chapter 8.



1.2.5 Average Sizes of Selmer Groups over Number Fields when

Ordered by Faltings Height

In Chapter 6, we combine the mass function approaches of Chapter 4 and Chapter 5 and

the work of Bhargava, Shankar and Wang in [8] to prove the following theorem:

Theorem 1.2.6. For n = 2,3,4,5, when all elliptic curves E/K are ordered by Faltings

height, the average size of the n-Selmer group So(FE) is o(n).

As before, the corresponding result also holds for general “tame” singular heights. Again,
this implies an upper bound of 1.05 for elliptic curves when ordered by Faltings height.
We also show that Theorem 1.2.6 holds when restricting to globally minimal elliptic

curves, or more generally to elliptic curves with a fixed Weierstrass class.

1.2.6 Average Ranks and Root Numbers

In Chapter 8, we prove the following bound on the average rank of elliptic curves over Q

when ordered by Faltings height:

Proposition 1.2.7. When all elliptic curves E/Q are ordered by Faltings height,
1. The average rank of E is at most 1.0086.
2. The proportion of curves that have rank 0 is at least 5.179%.
3. The proportion of curves that have rank 0 or 1 is at least 80.31%.

This is done using the method of Bhargava and Shankar in [5], which constructs a positive
proportion of elliptic curves E such that E and its quadratic twist £_; have different root
numbers. The rank bound we prove is weaker than the one proven in [5] due to the fact
that Faltings height is not invariant under twists by —1, but it is still an improvement of the

bound of 1.05 purely coming from the average size of the 5-Selmer group.



Notation

For the rest of this thesis, K is a fixed number field. Let d, 1,79, h, R, w, Dk, (x denote the
degree, number of real places, number of complex places, class number, regulator, number
of roots of unity, discriminant, and Dedekind zeta function of K, respectively. O is the ring
of integers in K and O* is the unit group inside O. My is the set of places of K, Mp® is
the set of infinite places, and MY is the set of finite places. The notation v | co and v { oo

denote that v € M and v € MY, respectively. Let r = 1 +ry. Let K, denote the product

I ES

v|oo

For a finite place v 1 oo,

K, is the completion of K at v.

O, is the ring of integers at v.

p, is the unique maximal ideal of O,.

m, is a uniformizer for p,.

Qv = #(Ov/pv)

|x‘v = qv—v(x)‘

For an infinite place v | oo,
e ¢, = [K,:R].
€y
o |zf, = |x[g.

The norms ||, are normalized the usual way so that the product formula [],c,, |7, =1

holds for all x € K*.



Chapter 2

Weighted Projective Space and
Global Heights

2.1 Introduction

For any field F' with characteristic not equal to 2 or 3, there is a bijection via the short
Weierstrass form between £ and the set of equivalence classes of points (a,b) € F? with
A(a,b) == —16(4a®+ 27b%) # 0. Two points (a1, b;) and (az, by) are equivalent if there exists
a scalar u € F* such that a; = u*a, and by = u®by. The latter set of equivalence classes can
(4,6)

be thought of as points in the weighted projected space P

One simple case is that of K = Q and the naive height
H#*(E,p) = max(c; |A]?, ¢, B?),

where (A, B) is the unique pair of weakly minimal integers (that is, for any prime p, if p* | A
then p® 1 B) such that F4 p can be written as y? = 2* + Az + B. Note that two common
choices for the coefficients (c1,¢z) are (1,1) and (4,27). This definition is not suitable for
general number fields: when the class group of K is non-trivial, a single equivalence class

can have zero weakly minimal points.



A different approach is to express the aforementioned naive height as the product of local

heights, as follows:
P

(Here we use the convention that v,(0) = —o0.) It is clear that this expression agrees with
the previous formula for weakly minimal (A, B), and the product formula for norms of Q
means that this does not depend on the equivalence class of (A, B).

This leads to natural generalization of the naive height to all number fields:

Hi (A, B) = [ [ max(er [A]}, ez |BI3) - | [ max(qy P/, g 0/00)12,
v]oo vfoo
When we omit the subscript, the field of definition is K. Again by the product formula, the
value of Hfé only depends on the equivalence class of (A, B). This is a special case of the Size
function over a general weighted projective space defined by Deng! [15]. One fundamental

result is the following counting result of Schanuel [26]:

Theorem 2.1.1. Let H be the classical Weil height on ]P’?_l. Then
#{z € P(K)  H(z) < T) = exT™ + O(T" )

where
27 (27r)"2 R
k= —=] m—.
\/ D K/Q w
Two other natural heights of (isomorphism classes of) elliptic curves are the minimal
discriminant and Faltings height. The latter was defined by Faltings [18] in his proof of the

Mordell and Shafarevich conjectures.

In this chapter we recap the work of Darda [13]| generalizing the naive height defined

INo relation to the author.



by Deng [15]. Then, we discuss singular heights in more detail, including those that are e-
suitable and those that are subpolynomially suitable. These notions are defined in both the
local and global cases. Finally, we establish that cutting off the cusp is viable for e-suitable

global heights as long as ¢ is sufficiently small.

2.2 Weighted Projective Space

Here we recall the definition of weighted projective space.
Let a = (aq,...,a,) be a tuple of positive integers. There is an action of G,, on A,, given
by

te(xy, ..., x) = (%2, . .., t"x,). (2.1)

Definition 2.2.1. The weighted projective space P* is the quotient of A” \. 0 by the action

of G,,, given by Equation (2.1).

Remark 2.2.2. As mentioned in the introduction of the chapter, for a given field F' with
characteristic not equal to 2 or 3, isomorphism classes of elliptic curves over F' are in one-
to-one correspondence with points in the space P(4,6)(F') where the discriminant function

A 1s nonzero.

We use |a| as shorthand for a; + ... + a,.

2.3 Local Functions — Heights and Masses

Suppose F'is a local field with norm |-|..

Definition 2.3.1. Let m be a positive real number. A function f : F" — R is a-

homogeneous of weighted degree m if for every & € F™ and every t € F'*,

f(t-x) =ty f(x).

10



(The weighted degree is assumed to be 1 unless otherwise stated.)

Definition 2.3.2. An a-height function is an a-homogeneous function f : F” — R such

that f(0) =0, and f(x) > 0 for  # 0.

Given an a-height function f, we let B¢(t) = {x € F" : f(x) <t} denote the closed ball

with respect to f.

Definition 2.3.3. An a-mass function on F™ is a bounded a-homogeneous function f of

weighted degree 0.

2.3.1 The Standard Height

In this section, we recall properties of the standard local height f# defined by Darda [13]:

Definition 2.3.4. The standard local a-height function on F™ is
ff(x) =sup{|t|p:te F* t-x € Op} .

(Here we use OF to denote the closed unit ball even in the case where F' is archimedean.)
Proposition 2.3.5 ([13]). The standard local height f# satisfies the following:
1. f# is an a-height function, i.e., f# is a-homogeneous and positive away from 0.

2. Suppose F' = K,. Then

fi(e) =4 ="

1/[11'

max |z,

v | oo.
1<i<n

3. Let So(F)={x € F": f#(x) =1}. Then
Fr~0= || t-Sa(F).

teF* /O

11



4. For every t € F*, f# is constant on t - Sq and is equal to |t|p.
Proposition 2.3.6. Let f be another a-homogeneous function of weighted degree 1.

1. For every real number r, the indicator function x ¢, for the set

{r € F"\0: f(2)/f*(z) = r}

is an a-mass function.

2. Suppose F' = K, where v { oco. If f is locally constant away from 0, then Xy, is also

locally constant away from 0 and is nonzero for only finitely many r.

Proof. Since f and f# are a-homogeneous functions of weighted degree 1, their quotient is
an a-homogeneous function of weighted degree 0. Thus, the indicator functions for the level
sets of f/f# is also an a-homogeneous function of weighted degree 0.

By Proposition 2.3.5, f# is locally constant away from 0. Thus, if f is locally constant,
then f/f# is locally constant. Since S,(F) is compact, the image of f/f# when restricted
to Sq(F) must be finite. However, by the degree 0 property of f/f#, this is also the image
of f/f# on F™\ 0.

Finally, xy, restricted to S4(F) is locally constant, so it must also be locally constant

away from 0. O

Lemma 2.3.7. Suppose P € Flzy,...,x,] is an a-homogeneous polynomial of weighted

degree d. Then

1. There exists a constant cp such that |P(x)|, < cp - [#(z)? for all x € F".

2. If F is non-archimedean and P € Op[z1,...,x,], then we can take cp = 1.

Proof. 1t suffices to show that the relevant inequalities hold on S,(F').
For 1., we may take cp to be the sum of the F-norms of all the coefficients of P(z).
For 2., if F' is non-archimedean, we can actually replace sum with maximum as |z + y|, <

max(|z|.,|y|z). Thus, we can take cp = 1 if P has coefficients in Op. O

12



We use B# as shorthand for B#. Note that B#(1) = Ofp.

2.3.2 Singular Heights

We also need to allow for the notion of a singular height, where the height can be equal
to 0 away from 0. We are mostly concerned with singular heights in the case where F
is archimedean (as this is the case of concern for the Faltings height), but the following

definitions also work for the non-archimedean case.

Definition 2.3.8. A singular a-height function on F" is an a-homogeneous function f such

that f(x) > 0 for all x € F", and f(x) = 0 for some x # 0.

Definition 2.3.9. We say that f is finite if Vol Bf(1) is finite (with respect to the Haar

measure from OF if F' is non-archimedean or the Lebesgue measure if F' is archimedean).

Certain singularities are easier to deal with than others. As referenced before, the infinite
part of the Faltings height tends to 0 as the value of the discriminant polynomial A tends
to 0, but does so in a way that is much slower than A itself tends to 0. To be more precise,
the singularity of the Faltings height at A is subpolynomially suitable, which is defined as

follows:

Definition 2.3.10. Let P € F|xy,..., 2, be a non-constant a-homogeneous polynomial of

weighted degree d.

1. A function f is e-suitable at P if there exists a constant C. such that for all x € S, (F),

Cof(x) > |P()|".

2. A function f is subpolynomially suitable at P if it is e-suitable for every € > 0.

We say that f is e-suitable (resp. subpolynomially suitable) if it is e-suitable at P (resp.

subpolynomially suitable at P) for some non-constant P.

13



Remark 2.3.11. By Lemma 2.3.7, if a local singular height is e-suitable, then it is €’-suitable

for every &’ > e.

We defer the proof of the subpolynomial suitability of the Faltings Height to Chapter 7.

Here we prove some bounds in the case where F' is archimedean:

Lemma 2.3.12. Let F be archimedean and suppose P € F[xq, ..., x,] is a fivzed non-constant

polynomial. Suppose f is e-suitable at P, where [F': R]-e < amin/ |a|. Then:

[ (=)
/()

(Here the implied constant is allowed to depend on P but not on f.)

Vol({x € By(1) : >TY) < Tlal—amin/ (e [F:R])

2. Vol(By(1)) is finite.
3. For every positive real number r, Vol(B(r)) = rle Vol(B;(1)).

Proof. Note that

) f#(z) _ . # # ) f#(2)
{x € By(1): @) >T}={xeBsl): ff(x) >T}U{xe B (T): o) > T} (2.2)

If 1. is true, then we have that Vol({z € B;(1) : f#(x) > T}) — 0 as T — oo and thus 2.

follows. 3. follows from the fact that
By(r) = rIFRL By(1),

combined with the fact that the action of ¢ has determinant |75||1§‘| on F™,
Thus, it remains to show that 1. holds. Here, we make use of the multivariate Remez

inequality due to Brudnyi and Ganzburg [10]:
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Theorem 2.3.13. Let V be a convex subset of R* and w is a measurable subset of V. Then

for a real polynomial P on R¥ of degree m,

1 1 — M\
swuwsnnﬁi%}——)wmpm
1% 1—+v1-\ w

where A = 342 and T, (z) = cos(marccos z) is the mth Chebyshev polynomial.

Since T, (x) < max(1,z)™ and 1+ ,FVI < A7t for A < 1, the following asymptotic bound

immediately follows:

Corollary 2.3.14. Suppose V, P,m satisfy the conditions of Theorem 2.53.13. Then

Vol{z € V : |P(a)| <0} _ A
Vol V supy | P| '

Applying this to the convex set B#(t) and the polynomial P (of weighted degree d), we
have that for any o > 0,

5U/[FR]

amm/d
~ tlal . Gmin/[F:R]
+d/[FR] ) - (6/1) :

Vol{z € B#(t) : |P(z)|Y < §} < Vol B#(¢) - (

We first bound

\wae;B#GU:{zg>>7}.

By the e-suitability of f, we have

# (o —1/e
Pl < - (25

Thus,

f* (@)
f(z)

Vol{z € B¥(T) : > T} < Vol{w € BH(T) : |P(x)[}/* < T/} « Tlal=amin/=FR),

15



Now we bound

Vol{z € B(1) : f#(x) > T}.

By the e-suitability of f, we have that
P(@)]" < f(a)" - fH )
Thus, if € < 1, then for any pair of positive real numbers ¢, t5 with t; < t,

Vol{z € B(1) : t; < f#(x) <t} < Vol{w € B¥#(t,) : |P(a)[}/" < ;")

1-1/e >amin/[F:]R]

<t (17

It follows that if [F': R] - &€ < amin/@, then

Vol{z € B(1) : f#(x) > T} = i\/ol{m € By(1): 2T < f#(x) <27 . T}

J=0

< Z(Qj . T)Ia\—amin/(a[F:R})
Jj=0

Tl Gumin/ (= [F:R])

The desired result now follows from Equation (2.2). O

2.4 Heights on Weighted Projective Space

Now we are ready to combine local heights to form a global height. The definitions and

theorems in Section 2.4.1 and Section 2.4.2 once again come from [13].

2.4.1 The Toric Height

Given a number field K, let f# be the standard local height on K™.
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Remark 2.4.1. For a given & € K™ with & # 0, there are only finitely many v such that
fif (=) # 1.
Let H# : K™ — R be given by

1# (@) = T] 1t (@)

v

For any ¢t € K*, we have
HA(t-x) = [ r#-2) = [[ 1], - (=) = [ £ (@)

The last equality follows from the product formula. Thus, the function H# factors through
P%.. This is the same height function as the Size function given by Deng [15] and the toric
height as named by Darda [13]. We adopt the terminology of the latter.

The toric height has a finite part

Hy, =1 1#
vfoo
and an infinite part
HE =1+
v]oo

2.4.2 Quasi-toric Heights

Darda considers variations on H#, as follows:

Definition 2.4.2. A collection of local a-height functions (f, : K — R), is quasi-toric
if f, = f# for all but finitely many places v. In this case, we also call the corresponding

function H : K™ — R given by

H(z) =[] fu(x)
a quasi-toric height.

17



As with the toric height, a quasi-toric height can be decomposed into a finite part and

an infinite part, as follows:

Hﬁn:vaa HOO:HfU

vfoo v|oo

One basic example of a quasi-toric height is just the toric height. Using Fourier analysis of
Height Zeta functions, Darda [13] deduces that for any quasi-toric height H with continuous

local heights, there exists a constant cy such that

{[#] € P& : H([z]) < T} ~ cyT19.

2.4.3 Decomposition

In the case where F' = K,,, we proved that F" \ 0 = UteFX/O; t-Sa(F). A similar decom-
position holds for the global field K, as follows.

By combining these local decompositions, for every & € K™ ~\ 0, there exists a tuple
(to)venmy € HUGM?( K such that for every v 1 oo, t, - @ € S4(K,). By Proposition 2.3.5,
each t, is unique up to a factor of Q). Furthermore, ¢, € O, for all but finitely many v, so

the tuple (t,)uerro i an element of the finite ideles Aj 5 . Thus,

K"\ 0= | | S, (2.3)

HW(OO 05 \A?(,ﬁn

where for a finite idele vy, S, is given by

Sy =K"N0 [ SalKy).

vfoo
Note that each S, is O*-invariant.

Proposition 2.4.3. There exists a finite set I' C Ak, such that for every element x in
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K™\ 0, there exists a unique v € I' such that © is K*-equivalent to an element of S.,. The
set of elements in S, that are K -equivalent to & consists of a single O -orbit.

Furthermore, we can choose I' to be a subset of va O,.

Proof. The main ingredient is that the class group of K, which can also be expressed as

[ToNAK /K™,
vfoo
is finite. Thus, if we let I' be a set consisting of one element from each double coset above,
it is clear from Equation (2.3) that I" satisfies the first and second requirements of Proposi-
tion 2.4.3.
The last requirement follows from the fact that for any finite idele v, there exists an

element ¢t € K* such that tvy is O,-integral for every v t co. O

On each v, - Sq(K,), f# is equal to |7,|,. Thus, for all z € S,

H (x) = (Nv) " (2.4)

2.4.4 Singular Heights

As mentioned before, the Faltings height is a singular height: at the infinite places, there is
a cusp (corresponding to a zero in the local height function) along the divisor determined
by the determinant function.

The norm of the minimal discriminant is also a singular quasi-toric height with a singu-
larity along the same locus. On the other hand, in the case where K = Q, the conductor
N(E) is not even an example of a singular quasi-toric height. Though it can be written as a
product of local a-height functions, none of the local factors are equal to the standard local
height.

In order to count curves of bounded Faltings height, we need a slightly more general type

of height that allows for subpolynomially suitable cusps at the infinite places (corresponding
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to regions where the local height goes to 0). Note that the singularity at the minimal
discriminant height is not subpolynomially suitable, so our techniques do not apply.

Instead of directly trying to count points that have height less than X, we instead count
points that simultaneously have height less than X and naive height less than an auxiliary
parameter 1. We prove that this count of points has the correct main term that depends on
X but an error term that grows with 7.

In order to relax the condition on naive height, we need to pick 7" such that the number
of points with height less than X but naive height greater than 7T is small. There is a
balancing act here between the error term from counting points with large naive height
(which decreases as T increases) and the aforementioned error term that grows with 7". For
the Faltings height H¥', this argument is sufficient: it turns out that for every ¢ > 0 there is
a C. such that HI < C. - (H#)'*=.

However, in the case of the discriminant height function, there is no known polynomial
bound for the height of a point with bounded discriminant. It is conjecturally true that for
any function f such that f(x)/z — oo as x — oo, 100% of elliptic curves with A(F) < X
satisfy H#(E) < f(X). (See the Brumer-McGuinness heuristics [11] and more exposition in
32].)

The main difference highlighted here is that in contrast to the discriminant height, the
Faltings height is subpolynomially suitable. This means that the cusp of the Faltings height
is narrow enough to extend the existing geometry of numbers techniques to show that the
count of points with bounded Faltings height also has the correct main term of ¢y X%l

Darda’s approach used the Fourier analysis of Height Zeta functions rather than the
geometry of numbers techniques of Deng. While Darda was able to prove a corresponding
Northcott property for logarithmically suitable heights (which are automatically subpolyno-

mially suitable), his method is not sufficient to obtain the correct main term.
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2.4.5 Subpolynomially Suitable Heights

Here we define a subpolynomially suitable height. It is partially motivated by Darda’s notion

of a logarithmically suitable height from [13].

Definition 2.4.4. Let P € K[xy,...,z,] be a non-constant a-homogeneous polynomial.

1. Let € > 0 be a positive constant. A collection of (possibly singular) continuous a-
homogeneous functions (f, : KI' — {0} — Rso)yenry is e-suitable at P if f, is non-

singular for v { oo and f, is e-suitable for every v | co.
2. The collection (f,) is subpolynomially suitable if it is e-suitable for every & > 0.

Again, we say that f is e-suitable (resp. subpolynomially suitable) if it is e-suitable at P

(resp. subpolynomially suitable at P) for some non-constant P.

In addition, we establish some properties of subpolynomially suitable heights which are
needed in Chapter 4 to count points with bounded subpolynomially suitable heights. Once
again, we call the corresponding global height function, H = [], f,, e-suitable or subpoly-
nomially suitable if its underlying collection of (possibly singular) local heights is e-suitable

or subpolynomially suitable, respectively.

Remark 2.4.5. Darda [13, Proposition 3.7.2.2] originally provided an upper bound for the
number of points with bounded height H when H is logarithmically suitable. However, this

bound also applies to a general subpolynomially suitable height and the proof is identical.

In order to prove Theorem 1.2.1, we mostly follow the point counting technique of Deng
along with cutting off the cusp as in Hortsch [22]. Just like in [22], cutting off the cusp for
a subpolynomially suitable height (or a e-singular height) is relatively straightforward. We

prove one important result, as follows:

Lemma 2.4.6. Suppose H is e-suitable at P. Then

H(x) >, H#(w)l_E
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for all ¢ € PE with P(x) # 0.

Proof. Let S be the set of places where f, # f#. Then

vES :L‘ vES ’”

where the first inequality follows from the definition of e-suitability and the second inequality
follows from Lemma 2.4.6. The last equality follows from the product formula for norms and

the fact that P(x) € K*. O

Lemma 2.4.7. Let ¢; < ¢y be positive real numbers. Suppose H is e-suitable and |a| —

Amin/2e < 0. Then

ful@)'e

@) = Vo, v’ | oo} < Tlal=tmin/2e

Vol{x € K*: H(x) < 1ANH#(x) > T ANc¢; <

where the implied constant depends on P, ¢q, ¢, K, and a.

This follows from Lemma 2.3.12 and either taking a routine integral or using the same

method of doubling intervals that we used to prove Lemma 2.3.12.

2.5 Global Masses

From a collection of local functions (m, : K" ~ 0 — C) we can associate a local mass,

assuming certain conditions hold.

Definition 2.5.1. We call a collection of a-local masses (m, : KI' ~ 0 — C) global if for all
but finitely many v, m, = 1. We also call the corresponding product m : K"~ 0 — C a

global mass.

The following proposition results directly from the definitions of global masses and quasi-

toric heights:
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Proposition 2.5.2. Quasi-toric heights are in one-to-one correspondence with positive

global masses, i.e., masses that only take positive values, under the correspondence H <

H" -m.
Under this correspondence, possibly singular quasi-toric heights are in one-to-one corre-

spondence with non-negative global masses.

Again, we denote the following two products by mg, and mq.:

mﬁn:Hmva Moo :Hmv'

vfoo v]oo
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Chapter 3

O-minimal Structures and Definable

Heights

3.1 O-minimal Structures

Recall the definition of an O-minimal structure:

Definition 3.1.1. A structure S is a collection of sets S,, of subsets of R™ for each n =

0,1,2,... such that the following conditions hold:

1. Each S, is a boolean algebra of subsets of R": For each n, ) € S,. Additionally, if

A,BeS,, then ANBe€ S, and R"\ A€ S,.
2. f A€ S, and B € S, then A x B (as a subset of R™*") is in S, .
3. If A€ S,,1 and 7 : R™™ — R™ is any coordinate projection, then 7(A) € S,,.

4. The sets {z,y e R? : v <y}, {(z,y,2) eR3 1w +y =2}, {(z,y,2) € R3: 2y = 2} are

in Sy, S3, 53, respectively. In addition, for each t € R, {t} € 5;.

Definition 3.1.2. For a structure S, a set T C R"™ is definable (in S) if T € S,,.
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Definition 3.1.3. Given a set S C R™ and a function f : S — R¥, f is definable if its graph

is definable. (Note that f being definable implies that S is definable.)

Definition 3.1.4. An O-minimal structure is a structure .S that satisfies the following ad-

ditional axiom:
5. For each T' € 51, the boundary of T" consists of a finite number of points.
Condition 5 can be thought of as a “tameness” condition.

Remark 3.1.5. Conditions 1, 2, 4 imply that all real semi-algebraic sets are definable in any
O-minimal structure S. Conversely, the collection of semi-algebraic sets (typically denoted
R##) is an O-minimal structure: condition 5 follows from the Fundamental Theorem of

Algebra and condition 3 is the Tarski-Seidenberg theorem.

3.2 Point Counting

Due to the tameness property of sets definable in O-minimal structures, we can count points
in such sets with good error terms. This is made explicit by the following theorem of

Barroero-Widmer [1]:

Theorem 3.2.1 ([1], Theorem 1.3). Let m and n be positive integers, let Z C R™™ be a
definable family, and suppose the fibers Zr are bounded. Then there exists a constant c; € R,

depending only on the family Z, such that for any rank n lattice A,

Vol(Z,) — Vj(Z)

7 NAY — < A S

ACTUEES ey —CZZjOAl...Aj’

where A1, ..., A\, are the successive minima of A and V;(Z,) is the sum of the j-dimensional

volumes of the orthogonal projections of Z, on every j-dimensional coordinate subspace of

R"™.

25



We bootstrap Theorem 3.2.1 into a more general version where we count points weighted

by a definable function:

Theorem 3.2.2. Let m and n be positive integers, let Z C R™ be a definable set and let
F:Z xR" = R be a definable function such that F, is bounded and has compact support
for all x € Z. Then there exists a constant cp € R, depending only on F' and Z, such that

for any x € F and rank n lattice A,

n—1
1 1
> Fy(v) - /Fx cr ) / sup | Fy(v)] dvy
veh det A R™ =0 )\1' )\] €[] RI UeRj

Here 7y is the coordinate projection from R™ to RT. When I = 0, the corresponding summand

on the right-hand side is understood to be sup,cgn |F(v)].

Proof. We may assume without loss of generality that F' only takes on non-negative val-
ues: given the standard decomposition F' = F* — F~ where F'* = max(F,0) and F'~ =
max (0, —F), we can compute the constant ¢ for each of F'™ and F~ and take cp = cp+ +cp-.

In this case, consider the definable family Z' C R™ x (0,00) x R™ given by
Zyy={v €R": Fy(v) > t}.

Applying Theorem 3.2.1, there exists a constant ¢z such that for any full rank lattice A,

Vol(Z, ;)

#(Z:E,t M A) - det A

n—1
T DL S D RC AL
j=0

Jj=0 IC[1,n]
l=j
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Integrating both sides with respect to t gives

1
Z Felv) = det A

vEA

sup Fy ) 1 )
| = 7' nA)— (2 ,) dt
[ #zann - g vz

sup Fy
< /
t=0

Susz" 1 V(7' )

(7! mA)—Lvol(z') dt

det A

| /\
a

3.3 The O-minimal Structure R, ¢xp

The main O-minimal structure we work with is R,y exp, Which is the smallest structure that
contains the exponential function and the restricted analytic functions: functions f that
are the restriction of an analytic function on an open neighborhood of [—1,1]" to [—1,1]"
(and 0 otherwise). It is a deep result of van den Dries and Miller [31] that R,y exp 1S in fact

O-minimal.

Lemma 3.3.1. Suppose f is a modular form (of level 1) and let T' denote the usual funda-

mental domain for the action of SLa(Z) on the upper half-plane. Then f restricted to T is
definable.

Proof. This follows from [24, Theorem 4.1], but we give a quick alternative proof here. The

map

e:{zEH:—%Sm(z)|<%}—>C
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given by e(z) = exp(2miz) is definable in Ry, ¢xp as both exp : R — R and sin, cos : [7, 7] - R
are definable in Ry exp.
The region e(I") is compact, definable in Ry, exp, and contained in the open unit ball. In

1 is the restriction of a finite

addition, f o e~! is analytic on the unit open disc, so f o e~
gluing of restricted analytic functions restricted to e(I') and thus definable in R,y exp. Thus,

f restricted to the standard fundamental domain is definable in R,y exp- O

Corollary 3.3.2. The function f : C*> — R given by

0 A(A,B)=0
f(A,B) =
A(A,B)
|A(7a,B)|-Tm(74, )0

otherwise

is definable in Rap exp-

3.4 Strongly Definable Heights and Masses

Now we are ready to specify the class of “tame” global heights.

Definition 3.4.1. Suppose H is a (possibly singular) quasi-toric height with local height

functions (f,)venr,. We say that H is strongly definable if the following conditions hold:
1. The function Hy, : K, — R is definable in an O-minimal structure.
2. For each v, f, is finite.
3. For each finite v, f, is locally constant away from O.
It is clear that the collection (f7) satisfies these conditions. In other words,
Proposition 3.4.2. The naive height H” is definable.

We have a similar notion of a strongly definable global mass:
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Definition 3.4.3. Suppose m is a global mass with local mass functions (m,)yenr, . We say

that m is strongly definable if the following conditions hold:
1. There exists an O-minimal structure such that for each v | oo, m, is definable.
2. For each v { 0o, m, is locally constant away from 0.

Remark 3.4.4. Since H# is strongly definable, the correspondence of Proposition 2.5.2

takes strongly definable heights to strongly definable masses and vice versa.

Remark 3.4.5. Condition 2 combined with the original global condition that m, = 1 for all

but finitely many v is equivalent to the statement that the induced function m : H P% — C
vfoo
is locally constant. As such, its image must be a finite set.
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Chapter 4

Counting Points with Bounded

Singular Height

4.1 Introduction

In this section we describe how to count points in weighted projective space having bounded
height for the class of singular height functions introduced at the end of the Chapter 2.

First, we provide some background for the case a = (4,6) corresponding to the moduli
space of elliptic curves. For the case of naive height, it is known that

4
HED, = i) 0)X5/6 L O(XY?).

For the case K = Q there are unproven heuristics for the number of elliptic curves over Q
with bounded discriminant [11] and conductor [32]. In the case of the minimal discriminant,
this heuristic can be extended to all number fields. The problem of proving these heuristics
remains open even in the case where K = Q. This is in part because it is difficult to control
how far lattice points can appear in the “cusps”.

However, the situation is more tractable for the Faltings height, which we prove in Chap-

ter 7 is subpolynomially suitable. Hortsch [22] gave the asymptotic count of the number of
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elliptic curves over Q with Faltings height less than X:

120
¢(10)

HER x = X586 + O(X?(log X)?).

Theorem 1.2.1 is a generalization of this result to all number fields.

For the case of a general number field, there is a one-to-one correspondence between £
and the weighted projective space IP%’G), along with a generalization of the naive height H#
mentioned above. Now we consider the general problem of counting points in the weighted

projective space P%. The main counting result of Deng [15] (which itself is based on the

classical result of Schanuel [26]) is that
#{[z] e P HH([]) < T} = ¢t ,2"mammTlel 4 O(T1al=51),

where

& ged(w, a)Rh |a|™! o2\
Koa w(r(|al) V| Dl

Remark 4.1.1. The discrepancy in the exponent of the main term comes from the fact that

1/12
the naive height for P9 is actually (H i )

The following corollary — a generalization of [13, Proposition 3.7.2.2] — follows by

combining this main counting result with Lemma 2.4.6:

Corollary 4.1.2. Suppose H is e-suitable at P. Then
#{(x] e Pl P(x) £0, H(x)) < T} < X7°%,

In this chapter, we prove the following;:

Theorem 4.1.3. Suppose H is a strongly definable quasi-toric height with possible singular-
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ities at the infinite places. Then

#{[z] € Py : H([z]) < X A H”([2]) < T}

= cf S X 4 O(Tlelmmmin/dy L O(X1 - e (T/X)),
where

Vol({x € K : f,(x) <1}) v]|oo
Of, = )

Q=) g ' vfec

Sa= 1] on.

’UEMK
eo(t) =Vol{x € R: H? (x) >t A Hyo(x) < 1}.

R s a fundamental domain for the action of O™ on K.

Note that by the strongly definable condition (in particular, the finite volume condition),
we must have

lim e, (t) =0,

t—o00

so if T/X — oo as X — 0o, the second error term is o(Xal).

Using Lemma 2.4.6 and Lemma 2.4.7 we can then deduce the following:

Theorem 4.1.4. Suppose H is a (possibly singular) strongly definable quasi-toric height on

P%. There exist constants c,eq > 0 such that if ¢ < ey and H is e-suitable, then
lal—amin/
#{le] € P Pla) #0, Hla)) < X} = o Sy X' 0 (X 7).

We later establish weighted versions of the theorems above.

Remark 4.1.5. Since 0+ = 1 for all v f oo, the product [],c5,, 0y, is well-defined.
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Remark 4.1.6. In the case where f,(K") C |K,|, = {0} U ¢%, we have

(1 - g;laly? /E f79l = Vol({a € K" : f,(x) < 1}).

Thus, it makes sense to think of o, as a “volume” even in the case where v { cc.

Corollary 4.1.7. Suppose ¢ < g and H is an e-suitable quasi-toric height (not necessarily

strongly definable) with continuous local heights. Then
#{[x] € Py : H([x]) < X} ~ cff , Su X,

Remark 4.1.8. As mentioned in the introduction, this result is an improvement on [13,
3.7.2.3], in which this result is proven with the right-hand side replaced with the expression
O.(Tal+=),

Proof of Corollary 4.1.7. We approximate H above and below by strongly definable heights.
When H is non-singular, this approximation is an immediate consequence of the Stone-
Weierstrass theorem.

For v { o0, since S, = {x € K" : f#(x) = 1} is compact, a continuous function can be
approximated arbitrarily closely above and below on S, by locally constant functions that
are uniformly bounded away from 0.

For each infinite place v, S, = {&x € K" : f#(x) = 1} is compact, so for every s > 1

there exists an a-homogeneous polynomial @5 (of some degree mg) such that on E,,

QS(w) —s< max(fu(m),s ’ ff(iﬂ)) < QS(w)

We can extend Q, to an a-homogeneous function on all of K7 — {0} by setting f\*(z) =
Q(x)/ f#(x)me~L. It is clear from the construction of Q, that ££) is definable.

Clearly f, < fés), S0 0, < oy, for all v. Let H®) be the strongly definable height

£
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function associated to the collection (f,és))veMK. Then oy < og, S0

#{lx] € P : P(=) # 0 A H([z]) < X}

25, el
a . (s)
> qim 70T € Pl Pl@) # 00 HP([a]) < X}
X—00 Xlal
= C?&(’GO'H(S).

By Lemma 2.3.12, O 4(s) = Of, 88 S — 0, so
limoye = og.
s—0

Therefore,
i 21 € P s Pla) £ 04 H(la) < X)

X—00 X|a|

> cKaaH

Now we need to show the upper bound. Pick &' to be a rational number between ¢ and &g
(defined in Theorem 4.1.4). For every s > 1 there exists an a-homogeneous polynomial Q)

(of some degree mg) such that on E,,
Qu(e) + 1 > min(fuf) - [P@)],7™ 5 [ @) > Qule)

We can extend @5 to an a-homogeneous function admitting an ¢’-singularity at P on K]'\

o) (o ey (1P wm)’
9" (x) = Qs(x)/ f7 () (fv()

Z(P) by setting

Again it is clear from the construction of Q) that gv is definable. We have gv ) < fo(z), s
0 = 05, In addition, lim, s () = f,(z). Thus, the inequality

i @] € P P@) £ 00 H((a)) < X)

< #
T o300 Xlal S CkaH

follows from the sequence of functions gf,s) as s — oo much like how the > direction followed
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from the f£s)’s as s — 0. O

4.2 Point Counting in Affine Space

For any O*-invariant subset X of K™, let
N(X,T)=#{[x] € X/O* : Hf (x) < T}.
More generally, given an O*-invariant function m : X — C, we define

No(X,T)= > m(w).
[)ex /O
HZ (2)<T

First we consider the simplest case: the mass function is equal to 1 everywhere. We recap
the proof of the main counting result of [15], which itself was based on the classic results of
Schanuel in [26].

Let R be a fundamental domain for the action of O* /ux on K7, and let R(T) = {x €

R : H#(x) < T}. Then

N(X,T) = W (X NR(T)).

This definition for N(X,T) makes sense even when X is not O*-invariant (with the caveat
that this expression will then depend on the choice of R).

Deng’s construction of R is as follows: Consider the function ¢ : K ~ 0 — R"™*"2 given
by

((x) = (log f7(x))u]oc-

Let I' € R™*" be the hyperplane given by » y, = 0, and let 7 be the projection from

R™72 — T given by () = (yo — 5 2, ).
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Let A be the image of O in R™*"? via the map t — (log|t|,)uec. By Dirichlet’s unit
theorem, A is a full rank sub-lattice of I'. Pick a basis B for the lattice A, and let 25 be the
usual fundamental domain for A in I'. Then R = ¢~(m*(Qp)) is a fundamental domain for
the action of O* on K.

From the construction of R it is clear that for each v,v' € M2, (f#)Ve/(fF)/ev) is
bounded above and below by positive real numbers on R. Thus, for each v, f# is bounded on
R(1), so R(1) is bounded. Furthermore, if R(1) is contained in a box with side r centered at
the origin, then R(T) is contained in the box with dimensions (7/1y, TV dory  V/dang)
where each T/ appears d times.

If R(1) is definable, then we can use Theorem 3.2.1 to deduce that

1
#(O"NR(T)) = Pk Tl Vol R(1) + O(Tal=amin/dy,

K

If the exponential function is definable, then R(1) is also definable. This is certainly the
case for the O-minimal structure Ry, exp, Which is the relevant structure for our results on
the Faltings height.

Even when R(1) is not definable, we use the averaging method from [6] in order to apply
Theorem 3.2.1.

Let G = G,,. We can let G be a compact definable subset of G(K ) = Hv|oo(Kv N 0).

Let L be the definable fundamental domain for the action of G(K ) on K given by

L= H{x € K" : H¥(z) = 1, the leftmost nonzero coordinate of x is in Ry},
v|oo
and let Q be a (not necessarily definable) fundamental domain for G(O) = O* in G(K«).
Then #(O"NR(T)) is some constant (depending on Gy) times the average of #(O™ N (hGy -
L)g#.7), where h is averaged over Q2. Now we apply Theorem 3.2.1 and then integrate with

respect to h to prove the desired result.
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4.2.1 Definable Masses at oo

Let M, be a family of definable O*-invariant mass functions on K7 . We now count

Np (O T) = > duol(m)
[x]eO™ /O
HZ (2)<T

in the case where ¢, € M. Using the same logic as the previous section, we have that

Now (07, 1) = EALAL5m )

zER(T)NO™

Instead of Theorem 3.2.1, we can instead use Theorem 3.2.2 to deduce that

1

N, (O™, T) = .
@ ( ) D;L(/g

/ Qbm(CL') dx + O(T|a‘—amin/d)’
R(T)

where the implied constant depends only on the family M. For a strongly definable height
H, we can apply this result to the family M parameterized by positive real numbers, where

M, is the indicator function for H,, < t.

4.2.2 Volume Computations at oo

By [15, Proposition 5.3],
VolR(1) = (2"'7™)"R|a| .

In fact, the same proof shows that

Vol{x € R : Hoo(x) <1} = Rla| ™" - Zu_,
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where Xy =[], 0f- More generally, if m., is a definable K -invariant mass, then

m(x) de = Rlal""" - / M.
/7zHoo<1 1;[ Bv(l)

4.2.3 Integral Mass Functions

v]oo

Now we consider mass functions defined at the finite primes. Let O denote the profinite
completion of O. Given a measurable mass function g/b\ O C, we can define

N

as the (¢ - ¢)-weighted count of O*-orbits of X with H# < T.
In this section, we deduce the correct main term when counting in affine space weighted
by any weakly good mass function. Furthermore, we obtain a power-saving error term when

weighting by a locally constant function.

4.2.4 Locally Constant Masses

Suppose gg O™ — C is locally constant. Then there exist integral ideals I4, ..., I, C O such
that qg is defined modulo A = I; x ... x I,,. Applying Theorem 3.2.2, we obtain a bound for

the ¢oo-weighted number of points in the intersection of R(7") with any translation of A:

1
DY . [0

Ny (w0 + A, T) = ‘ / bocl@) daz + O(T ol -aminld),
oAl IR
where the constant in the error term depends only on M and the successive minima of
L, ..., I,. Taking the sum over all x € O"/A weighted by g/g(x), we have
1

Ny 3O T) = — 5 [ 6 dv - / oo () da + O (Tl —omin/d)
D= Jor R(T)

= Ny, (0", T) R quS dv + O(Tlal—amin/d>’
On
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where dv is the Haar measure on O™. Again, the constant of proportionality in the error
term only depends on M and $
Now we calculate

N¢m-$(VV’T)

for a finite idele v with V,, C O", where

‘A/7 ::H%(’)ZL, V, = VKQXA@.
vfoo

Note that Volpn 177 = (Ny)~lel. In order to apply Theorem 3.2.1 (and Theorem 3.2.2)

uniformly across all v, we need the following lemma about the successive minima of V,:

Lemma 4.2.1. There exist real numbers ¢, and co such that for all finite ideles v with

Ny>1andalll <k <nd,

(V-
(Wi
where ay, ..., al, is the permutation of a such that a) < afy < ...<al.

This lemma actually follows directly from the non-weighted one-dimensional version:

Lemma 4.2.2. For all fractional ideals I C K,
Aa(I) < Mg (O) - A\ (1).

Proof. Pick linearly independent z1, zs, ..., x4 € O such that z; = \;(O).
Suppose w € I such that |w| = A(I). Then wxy,wz,, ..., wry € I are linearly indepen-

dent and |wz;| < |w||z;| < |w|Ag(O). The result follows. O

Note that if 5 is defined modulo I; x --- x I,,, then by the Chinese Remainder theorem,
gg when restricted to V., must be defined modulo v (I3 X --- x I,,), and there are still at most

N(L)-...- N(I,) congruence classes to consider.
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Repeating the same logic as the previous section, we have that as long as Ny < T,

N¢Oo$<v:77T> = N¢OO<OTL’T) i Q/Z;dl/—F O((T/Nry)|a|*amin/d)’

Vy

where the constant of proportionality does not depend on . Now we calculate

N

Moo P

3(55,T)

for a fized finite idele vy using the inclusion-exclusion sieve. We need the following lemma:
Lemma 4.2.3. Suppose x € V,, \ 0. Then H¥(x) > N~.

Proof. Note that x; € v*O. Suppose without loss of generality that x; # 0. Then

Ny < N(z;)Ye —H|x |1/al < HY (x).

v|oo

Let g0 : Agan — {£1} denote the (ideal) Mobius function. By Mdbius inversion,

Sy, T Z (v V’Y’YO? T)

- ¥

N~<T/N~o

N (O™, T) | dv+ O((T/Ny)lel=emin/)

V’Y Y0

= N¢oo (Ony T) /A ;Zg dv + O N(On, T) Z VOI@n ‘7’7’70 + O(T\a|*amin/d)
S

N~>T/N~o

= Ny (O™ T) | ¢ dv+ O(T*=omin/dy, (4.1)

Sy

Remark 4.2.4. Equation (4.1) also holds if ¢ is equal to [I,cs ™Mw, where S is finite and
each m, is K -invariant and locally constant away from 0. We will need this in the reduction

from counting points in P% to counting O*-equivalence classes in O™.
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4.2.5 Some Generalities about Point Counting

We have shown that for every locally constant function $ ; (5?{ — C,

Ny, 30", T) = Ncboo(@",T)/ ¢ dv + O(Tlel=omn/d),

O%

where dv is the Haar measure on (/9\?( For the rest of this subsection, assume that Ny (O",T)
grows faster than 71®/=@min/d Then for every locally constant 5,
N, (0", T) ~
lim —2=f2 " ' C — dv. 4.2
PN 00 T) o, © (42)
Since O is compact, any continuous (/9\?( — C can be approximated uniformly arbitrarily
closely by locally constant function. Thus, Equation (4.2) holds if g/b\ is continuous.
More generally, if (E is continuous on an open set of full measure, then for every ¢ > 0

there exists a locally constant function 5’ and a compact open set U C ¢ such that

1. The measure of U is greater than 1 — e.

-~ ~

2. On U, ¢'—¢‘<e.

3. Away from U, ggz 0.

Thus, Equation (4.2) again holds if ¢ is bounded everywhere and continuous on an open
set of full measure. One example of such a function is the indicator function of a set whose

boundary has measure 0.

Acceptable functions

Suppose we have collection of local functions ¢, : O — C, one for each v | oo, such that

the following conditions hold:

1. For each x € O, quv(ac) converges to ¢(z).

v]oo
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2. For each finite v, ¢, is bounded everywhere and continuous outside a set of measure 0.
3. For all but finitely many v, |¢,| < 1.

4. The limit

NI¢> |(UN MWU?T)
lim limsu ~ it ,
Mo et [Ns (0", T)]

where W, = {x € O" : ¢,(x) # 1}, exists and is equal to 0.
Let ¢y = H ¢,. For each M, ¢,; is bounded and continuous outside a set of measure 0,

Nv<M
so Equation (4.2) holds for ¢,;. In addition, we have

N, 30".T) v o
. i PN 0T Y ) b (G—tan) ’
5 15 Ny, (O™, T) / Ou dv| = lm )| lim Ny (0", T)
< lim lim Ncboo-(gb?quM) (om,T)
T M—o0c0T—00 N%o (On’ T)

Ny, o, (O T)
< lim lim [¢=c (G220

= 0.
T M—oco T—o0 |N¢M(On,T)|

The last equality follows from conditions 2 and 4. Thus, A}im / ¢n dv exists and is equal
—00

to ¢, so ¢ again satisfies Equation (4.2).

Remark 4.2.5. Condition 4 is called a uniformity estimate and is often difficult to verify
directly. One way is to use the geometric sieve in combination with the reduction sieve. This

is described in more detail in [8].

Remark 4.2.6. Without Condition 4, if we assume that ¢, and ¢, are always non-negative,
then
N, (0™1T)

limsup —2= "’ < Adu,
T—>0°p N¢oo(0n7T) N 6”¢

provided the product on the right exists. This follows from the proof of [6, Theorem 2.21].
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4.3 Reduction from Global Masses to Integral Masses

4.3.1 Naive Height, Single Mass

Let m be a strongly definable global mass function.

Recall that for each element  of K™\ 0 we can associate an element v of the finite ideles,
unique up to an element of Hv’(oo Oy). Thus, for an element [x] € P%, there is a canonical
element [v] of the class group of K. This is the generalized Weierstrass class of [x]. Let P7
denote the subset of P% with generalized Weierstrass class equal to 7.

By Proposition 2.4.3, elements of P7 are in one-to-one correspondence with O*-orbits of

elements of S, on which H™ = (N+)~!. Thus,

S m(la]) = NS, T - N9).

[z]ePY, H# ([x])<T

Now, mgy is locally constant away from 0. In particular, mg, is locally constant on S,. Thus,

Nin(Sy, T - NY) = Ny (O™, T - N) | mgn dir 4 O(T1I=min/)

Sy
1
= (T - Ny)lal. / Moo(x) d - /mﬁn dv + O(T!el~amin/d
R o ( )
- 1 Qa|—ami
= Tl ¢k (|a)) 1D"/2 Moo() dx | Mgy dv + O(TI=mn/d),
IR on

The last equality follows from the fact that mg, is O*-invariant.

4.3.2 Singular Quasi-toric Heights, No Mass

First we treat the case where Hg, = Hf.. Let ¢x : K7 — {0,1} be the indicator function

for the set {x € K2 : Ho(x) < X}. Then for any fixed finite idele ,

#{[x] € P", H*([z]) < T, H([z]) < X} = Ny (8, T+ N7).
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Applying Equation (4.1) with gg =1,

1 1
N, S, T-Nvy)=— / NA(T) dzx + O(Tel=min/ ),
2o TN =5 gy 5@ el ap ! )

The integral is equal to

Vol{x € R: H%(x)N~y-T A Hyo(x) < Ny - X}
= (Nvy-X)elVol{e € R: H?(x) < T/X A Hoo(x) < 1}

= (Ny- X)Ral™ (Sh., — ea(T/ X))
Thus,

1
Ni oy (85T - N9) = 3 b o X1 4 O(Tlelemn/d 4 Xle T/ X)),

#{[x] € P7, H*([x]) < T, H([@]) < X} = ¢} yog X + O(TIeI==in/d 1 xlale (T/X)).

The analogous equation for mg,-weighted orbits follows similarly; we obtain that for a locally

constant mass mgy,

> man([@]) = ¢ ooun X1 | mgy dv + O(TI-omin/d 4 Xlele(T/X)).

(’)n
[x]€PS

H#([x])<T,H [x]) <X

Now we consider a general strongly definable quasi-toric height. By Remark 3.4.4 and

Remark 3.4.5, the function Hg,/ H;f; takes on finitely many values Aq,...,\;, and for each

J, the indicator function x,, for Hg, = )\ng#n (in @”) is a strongly definable global mass.
Let

P] = {[x] € P : Hg, = \HL}.
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Then

#{[z] € P}, H*([z]) < T, H([z]) < X}

= N¢>X-N~,/A'XA(S% T-N7)

1 X |a X lal
= Ecﬁjaan (X) /A Xa dv + O(Tlel=amin/d 4 (X) fo(TA/X)).

on

Summing over all possible values of A, we have

#{[z] € P, 0 ([x]) < T, H([=]) < X}

—lal

1 Hg, .

— sk o x| ( #) dy -+ O(Tel=mn/4 4 X1ole (T /X)),
o fin

Summing over the general Weierstrass class v € CI(K) gives Theorem 4.1.3.

Now we add in a strongly definable mass m. Using the same logic,

~lal
m(lxz]) = lc# m lal m % v
Z ([ ]) h K,a H/u(l) v X /(/9\ ( ﬁnH#) d

[z]€PY v|oo fin
H#([x]))<T
H([z])<X

+ O(Tlelmamin/d o xlale (T i /X)).

Remark 4.3.1. None of the main terms in this section depend on ~.

4.4 Equidistribution of (Quasi-)Scaling Ideals

Assume that X grows faster than 7' ~@min/del hut slower than 7. One immediate consequence
of the above proof is that the generalized Weierstrass class 7 is equidistributed.
In fact, we can say something more general. There is an analog of the relationship

between the toric height and quasi-toric heights to scaling ideals and quasi-scaling ideals.

Proposition 4.4.1. Suppose I, : KI' ~\ 0 — K} /O satisfies
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1. For all v{ oo, I, is locally constant, and

foralla e K, x € K] \ 0.
2. For all but finitely many vt oo, I,(x) - x € S,.

One can associate to (Iy)enro. the map I: K" N0 — Ap g /1], O given by

vfoo
I(z) = [ ().
For a class ¢ € CI(K), define
Nile, X, T) = {[x] € P% : I(x) € ¢, H (x) < T, H(x) < X}.
Then
Nz(e, X,T) = %#{[az] € P% : H? ([x]) < T, H([z]) < X}+O(TI =%/t X1ole (T Aipin/ X))
Definition 4.4.2. A function 7 satisfying the conditions of Proposition 4.4.1 is called a

quasi-scaling ideal (for K and a).

Remark 4.4.3. For every [z] € P(a)(K), the class of Z(x) in CI(K) does not depend on
the choice of x € [x]|. This proposition states that the class of Z(x) is equidistributed in the

class group of K.

Proof. Note that for each ¢ € CI(K), the indicator function for y~'Z = ¢ is a locally constant
global mass. Thus, by the previous section, if we restrict to the points where v 17 = ¢,
then v is equidistributed in Cl(K’). Summing over all ¢, we deduce that Z must also be

equidistributed in Z. O
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Chapter 5

Average Sizes of Selmer Groups of
Elliptic Curves over Q) Ordered by a

Singular Height

5.1 Introduction

In this chapter we will prove the following theorem:

Theorem 5.1.1. Let H : P(4,6)(Q) — Z(A) — Ry be any subpolynomially suitable strongly
definable quasi-toric height. For n = 2,3,4,5, when all elliptic curves E/Q are ordered by

H, the average size of the n-Selmer group Sa(E) is o(n).

We prove in Chapter 7 that the Faltings height is a strongly definable quasi-toric height.
Just like in the previous cases ([6, 7, 4, 5]), we prove that the same average holds if we
restrict to a large family defined by congruence conditions.

Note that by Lemma 2.4.6, it suffices to show the following generalization:

Theorem 5.1.2. Let H#(E) = max(|I|*, |J|* /4) denote the naive height. Forn = 2,3,4,5,

there exists an absolute constant 6 > 0 such that the following statement holds:
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Let H : P(4,6) — Ryo be any (possibly singular) strongly definable quasi-toric height.
When all elliptic curves E/Q are ordered by max(H (E), H¥ (E)'*?), the average size of the

n-Selmer group Ss(E) is o(n).

We also prove that the analogous generalization to large subfamilies holds.

5.2 Outline of Proof

Most of the proofs in [6, 7, 4, 5] continue to hold for any height function. We provide a
summary of the methods used there and indicate the sections that depend on the height
function.

We first prove Theorem 5.1.2 in the case where H = H* - Héﬁ

For each n = 2,3,4,5, there exists a representation (G, V') such that n-Selmer elements
of the curve E : y* = ® — Lz — 2 are in bijection with locally soluble Gg-orbits of V.

This is then translated to a problem of counting Gz-orbits of points in V7, weighted by a
Gz-invariant mass function m on V7. Here the mass m is nonzero if and only if its G orbit
is locally soluble.

To do this, we first count all irreducible Gz-orbits of V7 as follows:

We give a fundamental domain R for the action of Gg on Vi, where every pair of invariants
(I,J) is represented a finite number of times in R.

We construct a fundamental domain F for the action of Gz in Gr and divide it into a

main body F™" and a cusp F*P depending only on T such that the following statements
hold:

1. The number of points in F™" . R(X,T) is equal to the volume of the multiset F™man .
R(X,T) plus a small error term. This is accomplished using an averaging argument
over a compact ball inside Gg, and then using the generalized principle of Lipschitz

due to Barroero-Widmer.
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2. The number of irreducible points in F°*P. R(X, T) is small. This follows directly from

the existing bounds from counting Selmer elements with bounded naive height.
3. The volume of the multiset F - R(X,T) is equal to a constant times inv(R(X,T)).

4. The number of reducible points and points with large stabilizer in F™n . R(X,T) is

small.

It then follows that the number of irreducible Gz-orbits of V; with height less than X
and naive height less than 7" has the desired main term, as long as 7' is asymptotically not
too much larger than X.

Now the problem of counting Gyz-orbits in Vz weighted by m is accomplished using a
squarefree sieve. Central to this sieve is a uniformity estimate using the geometric sieve [3].

In order to generalize the count to those of any arbitrary large family, a corresponding
uniformity estimate is needed in the space of elliptic curves.

The subsequent mass calculations then follow exactly as in [6, 7, 4, 5].

Finally, we deduce the general case of a strongly definable height H from the case where

Hg, = Hfﬁ. This follows from the logic used in Section 4.3.

5.3 Parameterization of Selmer Elements

n v a d = dim(V)
2 N(2) PGL, 5
3 A3(3) PGL;3 10
4 | Sym?*(4) ® 2 | {(g1,92) € GLy x GLy : det(g1)?det(go) = 1}/{(X\,A72)} 20
51 A2(5)®5 | {(g1,92) € GLs x GLj5 : det(g;)*det(g2) = 1}/{(A\,A72)} 50

Table 5.1: Representations parameterizing n-Selmer elements

Let G,V be one of the four representations in Table 5.1. The ring of invariants for the

action of G on V is generated freely by two polynomials I and J, where deg(l) = %d and

deg(J) = 2d. For cach of the representations (G, V), there is a choice of I, J such that the

following parameterization of n-Selmer elements holds:
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Theorem 5.3.1. Let £ : y? = 23 — éx — 2—J7 be an elliptic curve over K. Then the elements
in the n-Selmer group of E are in bijective correspondence with Gk -equivalence classes on

the set of locally soluble elements in Vi having invariants equal to I(E) and J(E).

Let V%P be the locus of V where the discriminant is nonzero.

We say that an element of V7 is irreducible if it has nonzero discriminant and the corre-
sponding element of the Selmer group of E has order exactly equal to n. Let V'™ be the set
of irreducible elements in V3P,

The problem of counting (locally sifted) Gg-orbits in Vi can be translated to the problem
of counting weighted Gz-orbits in V7 as follows: There exists a positive integer M such that
for each v € Vg having integer invariants I (v) and J(v), there exists an integral representative

v’ € Vz such that
I(v) = M*I(v) and J(v') = M®J(v).

To count irreducible Selmer elements, it remains to count Gz-orbits of elements in V™ with
bounded invariants I and J, weighting each Gz-orbit by the reciprocal of the number of

Gz-orbits contained in the single Gg orbit.

5.4 Reduction Theory

In order to count Gz-orbits in V7, one constructs a finite cover of a fundamental domain for
the action of Gz in Vg and then counts lattice points in this fundamental domain using an
averaging argument and a principle of Lipschitz.

Let VU, ... V& be the connected components of Vg#P. For each 4, the function A is
either always positive or always negative; let sign(V () denote this sign.

For each of the representations in Table 5.1, a fundamental domain F for the left action

of Gz on G can be given as follows:

F ={nak :n € N'(a),a € Ak € K},
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where K is a maximal compact subgroup of G, A is parameterized by coordinates s, ..., sy,
where all the s; are bounded below by an absolute constant ¢, and N'(a) is a subset of a
fixed compact subset of the unipotent elements of Gg.

For each i, there exists an algebraically defined fundamental region R for the ac-
tion of Gg on V. This fundamental region has the property such that for all I,.J with
sign(A(I, J)) = sign(V®), there exists a unique f € R® such that I(f) = I and J(f) = J.
Stabgy, (f)

Furthermore, for each i, the quantity iSt

aba, (/) is equal to a constant n; for almost all

fevw,

We direct the reader to each of the sources [6, 7, 4, 5] for more details.

5.5 Counting Irreducible Elements with Bounded Height(s)

Let Hy : R? — R. be the infinite component of H. By assumption, H,, is a definable

(4, 6)-homogeneous function on R? and
R(1)={(I,J) eR*: H(I,J) < 1}

is definable and has finite volume. Again, we do not assume for the time being that H., has
a subpolynomial singularity at A.

Precomposing the invariant polynomials 7, J : Vg — R gives a continuous height H., :
Ve — Ryy.

Let H# denote the naive height, that is the one coming from H# : R? — R given by
H#(1,J) = max(|I|”, J?/4). In this section we describe the changes that need to be made

from the case of the naive height to the more general case of a truncated singular height.
Definition 5.5.1. For a Gz invariant set S C V7, let

1. N(S;X) denote the number of Gz-equivalence classes of irreducible elements f € S

satisfying Ho(f) < X,
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2. N*(S; X) denote the number of Gz-equivalence classes of all elements f € S satisfying

Ho(f) < X.

It is not a priori true that N(Vz; X) is finite for all X. However, if we also impose a
constraint on the naive height H#, then the results of [6, 7, 4, 5] guarantee finiteness (among

other things)!
Definition 5.5.2. For a Gz invariant set S C V7, let

1. N(S;X,T) denote the number of Gz-equivalence classes of irreducible elements f € S

satisfying Hy(f) < X and HZ(f) < T,

2. N*(S; X, T) denote the number of Gz-equivalence classes of all elements f € S satis-

fying Hoo(f) < X and HZ(f) < T.

Let Gy be a fixed compact K-invariant subgroup of Gg. Just as in [6], for any Gz-invariant

set S C Vz, we have

[ruer #Lf € naGoR N S™ - Hoo(f) < X, H#(f) < T} dnd*a
n; - CG’O

N(S: X, T) = (5.1)

where Cg, dh. Thus we can extend our definitions of N and N*® to sets that are

- fheGodh

not Gz-invariant. In each of the representations in Table 5.1, there is a minimal coordinate

a; points in Vz with a = 0 are in the cusp; points with a # 0 are in the main body.

Proposition 5.5.3. There exists a real number 6 > 0 such that
N(Vyn{a=0}; X,T) = O(T).

Proposition 5.5.3 is proven in each of the representations in Table 5.1 without the de-

pendence on H or X. (In fact, for the 2-Selmer representation, the left-hand side is zero.)
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Let

B(n,a; X)® = {f € naGoRN VY : Ho(f) < X}, (5.2)
B¥*(n,a; )" = {f € naGoRN V)« H#(f) < T}, (5.3)
B(n,a; X, 7)Y = B(n,a; X) N B#(n,a; 7). (5.4)

Proposition 5.5.4. There exists a 0’ > 0 such that
; 1 - /
N (Vi n{a#0}: X, T) = — Vol(F - RO(X,T)) + O(T%5). (5.5)
1y

By Proposition 5.5.3 and the point counting principle of Barroero-Widmer (Theorem 3.2.1),

we have
#(B(n,a; X,T) N V") dnd*a (5.6)
nacF
N / vwer (B, X, T)NVEY) dnd*a+ O(T%°?) (5.7)
Tl/dw(amin)>>1
- / e VOU(B(n,a; X, T)) + O(T*° "V Jw(awin))] dnd*a+ O(T?°7%)  (5.8)
Tl/dw(amin)>>1
= / Vol(B(n,a; X,T)) + / oy O(T5 Y4 iy (ayin)) dnd*a (5.9)
nacF na

- / na€F VOI(B(”? a; X7 T)) dnd*a + O(T5/6—5>‘

Tl/dw(amin)<<1

Now Vol(B(n,a; X,T)) < Vol(B#(n,a;T)) = O(T%°). In addition, there exist d5,d5 > 0

such that

- O(T5 Y4 (i) dnd*a = O(T/57%2), (5.10)
TV dw(a)>1
/ ey dnd¥a= O(T~%). (5.11)
TV dw(a)<1
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Finally,

/ Vol(B(n,a; X,T)) dnd*a = / Vol(Fh - RO(X,T)) dnd*a, (5.12)
na€F hEG()

and the integrand does not depend on h. Thus, there exists a ¢’ such that
. 1 ‘ .
N (VN {a#0}:X,T) = — Vol(F - RO(X,T)) + O(T°/*7). (5.13)

For the rest of the chapter, we assume that the parameter T is chosen so that 7%/6-% =
o(X%%) and X = o(T). Then Vol R(X,T) = Vol R(X) 4 o(X®/%), and so we have the

following;:

Corollary 5.5.5. There exists o9 > 0 not depending on the height H such that

4 1 4
NV {a # 0}; X, X'H0) = — Vol(F - RO(1)) - X%/ 4 o(X*/9).
L%

5.6 Congruence Conditions and Main Body Errors

Note that if we replace V7 in Proposition 5.5.4 with any Vy-translate of vy + mVz for some

fixed integer m, we get
» 11 j
N (Vi Nog+ mVgn{a# 0} X, T) = —3—Vol(F - RO(X,T)) + o(X*%),  (5.14)

where the constant of proportionality in the error term depends only on m. Thus, we have

the following proposition:

Proposition 5.6.1. Suppose S is a subset of Vy defined by finitely many congruence condi-

tions. Then we have

N (SNVen{a#0}: X, T)=N"(Van{a# 0} X,T) [ 1p(S) + o(X*),

p

o4



where 11,(S) denotes the p-adic density of S in Vy.

In a manner identical to the proofs of [5, Proposition 22, Lemma 30], we have the following

propositions:

Proposition 5.6.2.
N*(VEdn{a#0}; X,T) = o(X%/9).

Proposition 5.6.3.
N(VE N L0 £ 0} X, T) = o(X*/9).

Central to the proofs is the fact that the p-adic density of points that are irreducible
is Q(1/p). Likewise, the p-adic density of points that have nontrivial Gz-stabilizer is also
Q(1/p). Thus, we have

Theorem 5.6.4. There exists 6o > 0 (not depending on the height H) such that if T grows

faster than X but slower than X%, then

N(Vz(i);X, T) = iVol(]—" CRO(1)) - X5/6 4 o(X/6).

n;

Finally, we have the following weighted version of Proposition 5.6.1:

Proposition 5.6.5. Let P be a finite set of primes. For p € P, let ¢, : Vz, — C be a
Gz, -invariant function on Vz, such that ¢,(f) depends only on the congruence class of v
modulo some bounded power of p.

For a Gz-invariant set S, let Ny(S; X, T) denote the number of irreducible Gz-orbits in

S satisfying Hyo(f) < X and H#(f) < T where each orbit Gy - f is counted with weight
¢(f) = Il ep @p(f). Then

N,V X, T) = N X, 1) [ ] /f G dr o)

peP
Here the measure df on Vz, is normalized so that fveVZ df = 1.
P
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As with [6], we need to allow for congruence conditions defined modulo infinitely many

primes, which means that we need a squarefree sieve with a uniformity estimate.

5.7 A Squarefree Sieve

Theorem 5.7.1. For a prime p, let W, denote the set of elements in Vz whose discriminants

are divisible by p?. Let € > 0 be fized. Then we have:
N(Up>MWp;X,X1+5o) — OE(XE’/G/(Mlog M) + X5/6—1/d) n O(st’/ﬁ),

where the implied constant is independent of M and X.

We show a modified version of the Ekedahl sieve (derived in a quantitative form in [3,

Theorem 3.3)):

Theorem 5.7.2. Suppose By, By are definable regions in R™ such that the volume of By s
finite and By is precompact. Let Z be any closed subscheme of A7 of codimension k > 2.

Let r1,r9, M be positive real numbers. Then

#{a € rBiNryByNZ" :a (mod p) € Z(F,) for some prime p > M}

n n—1
=0 (Mk—l log M + M*F—21og M + 73 ) : (5.15)

Proof of 5.7.2. As in the proof of [3, Theorem 3.3], we split the primes p into two cases:

p <1y and p > ry. Note it is shown there that

#{a € 9By NZ" :a (mod p) € Z(F,) for some prime p >y} = O (ry 1) . (5.16)

Now suppose p < ry. We once again use the point counting principle of Barroero-Widmer
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(Theorem 3.2.1). For each v € Z", we have
#(r By NryBaNou+ (pZ)") = ]%Vol('r’lBl NraBs) + Y O((r2/p)¥)
=O(ry/p" +137 /p"7).
Since #Z(F,) = O(p" %), we have
#{a € BiNryBaNZ" :a (mod p) € Z(F,)} = O} /p* + vy~ /p"h).

Summing over p € [M,ry) gives the desired result. O

Theorem 5.7.1 now follows for each of the representations in Table 5.1 in the same way
that [5, Theorem 27| follows from [3, Theorem 3.3]. Note that the proof of the uniformity
estimate is more complicated for the 2-Selmer case, but this proof still holds. We thus obtain

the following:

Theorem 5.7.3. Let ¢ : Vz — [0, 1] be an acceptable function that is defined by congruence

conditions via the local functions ¢, : Vg, — [0,1]. Then with notation as in Proposi-

P

tion 5.6.1, we have:

Ny(V: X, T) = N(V": X, T) H/f § ) df + o(X5/5).
S Zp

Using the same volume calculations, we get Theorem 5.1.2. Like in the naive case,
Theorem 5.1.2 also holds if we restrict to a large subfamily (in the sense of [6, pg. 22]) of
the family of all elliptic curves. We need a slightly stronger version of this generalization for
root number calculations in Chapter 8:

For F a subset of O%, let

.. #{I,JeFr,H(I,J)<T}
MF)'_Ylggo{I,Je(’)f(:H(I,J)<T}’
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assuming the limit exists. Note that if F' is large, then this limit must exist.

Theorem 5.7.4. Suppose F is a large family and {Fs}ses is a countable partition of F
into large families such that p(F) = > o p(Fs). Then for any nonempty T C S, the set
Fr = U,er Iy satisfies p(Fr) = Yo p(Fy) and that the average size of the n-Selmer group

for elements of Fr is o(n).

Proof. Note that for any finite 7o C S, u(Fr,) = D eq, F'(p1e). Thus,

T) > ZM(Ft)-

Combining this with the analogous equation for S\T', we get that equality must hold. The

same argument holds if we replace the function p with the function pge, where

Sel(E
psel(F) == lim 2t serp (<t #5el(EL)
T—00 Z[ JEO2 H(I,J)<T # Sel(ELJ)

Thus, the average size of the Selmer groups of the elliptic curves in Fr is o(n) for any

TCS. 0
Theorem 5.7.4 immediately implies the following:

Theorem 5.7.5. Suppose G is a finite abelian group. Let H = max(H, (H#)'"?%), and

suppose ¢ : £ — G is an acceptable function, that is, ¢, : ZZ — G 15 continuous for all p

and for all but finitely many p, ¢,(f) =1 if p> ¥ A(f), and ¢ = [, ¢p- Suppose F is any
large family, and let Fyy = {E € F : ¢(E) = go}. Then

1. The density of Fy, in I is equal to

ffelnv(F)X(¢(f)) df
F |G| Z X * H ffEInv(F) df .

xXE€G*

2. If u(F,) # 0, then when elliptic curves in Fy, are ordered by H, the average size of

the n-Selmer group is o(n).
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Indeed, this is seen by applying Theorem 5.7.4 with S being the set of finite sets of prime
numbers and for such a set s € S, Fj is the set of (1, J) with ¢,(,J) =1 if and only if p is

not in s.

5.8 Reduction to Quasi-Toric Heights

For a general subpolynomially suitable strongly definable height H, there exist a finite num-
ber of large families Fi,..., Fj and real numbers rq,...,r; such that for each k£ and each
x € Fy, Hgn(x) = 1 - Hfﬁl(:z) Thus, if the average size of the n-Selmer group of elliptic
curves F in each Fj, ordered by H, - Hfﬁ is o(n), then the average size of the n-Selmer group

when ordered by H must also be o(n).

5.9 The Average Rank is Bounded

Note that
#Sel5(E) > #(E/5E) > 5%F) > 201k(E) — 15.

Thus, we have the following corollary:

Corollary 5.9.1. When elliptic curves E/Q are ordered by a subpolynomially suitable strongly

definable height H, the average rank of E is at most 1.05.

We improve this upper bound in Chapter 8.
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Chapter 6

Average Sizes of Selmer Groups of
Elliptic Curves over Number Fields

Ordered by a Singular Height

6.1 Introduction

In this chapter, we show the analog of Theorem 5.1.1 for number fields, much like how [8,

Theorem 4] is a generalization of the results of [6, 7, 4, 5]

Theorem 6.1.1. Let H : P(4,6)(K) \ V(A) — R.g be any strongly definable quasi-toric
height subpolynomially suitable at A. For n = 2,3,4,5, when all elliptic curves E/K are

ordered by H, the average size of the n-Selmer group Ss(FE) is o(n).
Theorem 6.1.1 has a more general form:

Theorem 6.1.2. Let H : P(4,6)(K) — R be a singular strongly definable quasi-toric height.
Formn = 2,3,4,5, there exists a constant 6, x > 0 such that when all elliptic curves E/K are
ordered by max(H, c- (H#)1=%K)  the average size of the n-Selmer group Sy(E) is o(n).

Indeed, Lemma 2.4.6 implies that Theorem 6.1.1 follows from Theorem 6.1.2.
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6.2 Outline of Proof

We mostly follow the arguments of [27] and [8] and highlight with (*) the paragraphs that
contain changes to account for general quasi-toric heights. Note that in Chapter 7 we prove
that the Faltings height is a subpolynomially suitable strongly definable quasi-toric height.

Recall Theorem 5.3.1, which states that for n = 2, 3,4, 5, there exists a representation
(G,V) such that n-Selmer elements of an elliptic curve E; ; defined over K correspond to
locally soluble G i-orbits of Vi with invariants equal to I, .J.

(*) By Chapter 4, there exist families Ay, ..., A; € O% such that

1. For every E € &k, there exists a unique choice of k and (1, J) € Ay, such that E ~ Ej ;.
2. For each A, Hg, and H;f; are constant.

3. A, is defined by congruence conditions.

It suffices to show that for a set A C O% defined by local conditions, when (I,.J) € A are
ordered by H,,, the average number of locally soluble G g-orbits of Vi with invariants equal
to I and J is equal to o(n).

Unlike the case of K = Q, it is not generally true that every G x-orbit of Vi with integral
invariants contains an element of Vj, , but due to the finiteness of the class group of G' over
K, there is a result that is almost as good.

For a fixed 8 € Ga,,, there exists a lattice Vg C Vi commeasurable with Vo, and a
corresponding subgroup Gz C G g commeasurable with G, acting on V. The result is that
there exists a finite set B C Gy, ;. such that every G'k-orbit of Vi with integral invariants
contains an element of Vj for some € B.

Thus, we reduce the problem of counting G k-orbits of Vi with invariants in A to counting
weighted G-orbits of Vz with invariants in A.

We first count unweighted Gg-orbits of Vj with invariants in A.. It suffices to con-

struct a fundamental domain for the action of Gg on Vx_ and count the number of points
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of V3 in this fundamental domain with invariants in A.. In general, the Principle of Lip-
schitz states that the number of points of a lattice A inside a region R should be close to
Vol(R)/det A. When R is a precompact semi-algebraic region, this is made precise using
Davenport’s lemma. However, this Principle is not true in the case of the groups parameter-
izing Selmer elements. It is only true after filtering to orbits corresponding to the irreducible
elements of the corresponding Selmer groups, as shown in [8] when A, is the entire funda-
mental region for K2 /O*.

(*) In this chapter, we demonstrate that this principle also holds when A, is a sufficiently
“full” subregion of K2 /O*. In order to accomplish this, we need to keep better track of the
error terms from the difference between the lattice point count and the region volume. Since
the subregions are no longer guaranteed to be semi-algebraic, we instead use Theorem 3.2.2
to count points in regions parameterized by definable families.

The task of counting weighted orbits with invariants in A is accomplished with a square-
free sieve.

(*) This requires more general versions of the uniformity estimates used in [8] to accom-

modate more general A.,, which we deduce by bootstrapping the uniformity estimates in

8].

6.3 Minimization

As in the previous chapter, we reduce the weighted counts of G g-orbits of Vi into m/-
weighted counts of G’-orbits of V', where G’ C Gg__ is commeasurable with G, (that is,
both groups are finite index in the same group) and V' C Vi is a G'-invariant lattice

commeasurable with Vi_ .
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For 8 € Gy, let

Vs =V N[ 8, Vo,

vfoo

Gy =Gr N[5, Go,Bu-

vfoo

Since B, € G, for all but finitely many v t co, Vs is a lattice in Vi, commeasurable with
Vo, and Gpg is a subgroup of Gk, commeasurable with Go, .

The main result of this section is as follows:

Proposition 6.3.1. There exists a finite set B C Gy, .. such that for any w € Vi with

inv(w) € k- 0%, Grw NV is nonempty for some B € B.

The crucial ingredient is the minimization result of Cremona, Fisher, Stoll [12, Theorem

3.4] (for the cases where n = 2,3,4) and Fisher [19, Theorem 2.1] (when n = 5):

Theorem 6.3.2. Let v { 0o be a finite place. Suppose w € Vi, , wo, € Vo, are K,-soluble

and inv(w) € k- O%. Then there exists g € Gk, such that g-w = we, .

It is a result of Borel [9] that

CUG, K) = (][ Go.)\Gay/Cx

vfoo

is finite. Pick B to be any set of representatives in Gy, . for CI(G, K).
If w € Vi is locally soluble and inv(w) € inv(Vp,), then there exists a f € B and a
7v(w) € G such that

Bjw - y(w) - w € Vo,

for all v { co. Equivalently, w is Gx-equivalent to an element of Vj for some /5 € B.
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6.4 Stabilizer Mass Functions

Let m be a Gg-invariant mass function on Vi defined by congruence conditions. Our goal

1s to count
m(w)
Nm(VK,GK,T) = E -
GK'wEVK/GK # StabGK <w)
H(w)<T

Remark 6.4.1. Note that Stabg, (w) is equal to the K-rational n-torsion of the elliptic curve
with invariants I(w), J(w), so the denominator of the summand is an absolutely bounded
positive integer.

Define the mass function mg on Vj by

m(w)

B # Stabg, (w)
Z Z # Stabgl3 (wg)

BeB ’w[;EGK’UﬂV[;/Gﬁ

mg(w)

Then

Non(Vie, G, T) = > Niwy (Vs G, T).
BeB

For v 1 0o, let m, : Vi, — R be defined as follows:

-1

Stab
Z SabG—KU<w) if w is K,-soluble and G, w N Vo, # 0,
mv(w) = wy €G i, wNVo, @ co. (w)

0 otherwise.
Following Shankar [27, §4], if w is locally soluble, then

# Stabg, (w) .
> 2 # Stabg, (wg) gmv(w) '

BeEB ’LUBEGKUﬂVﬁ/GB

In addition, it is proven in [27, §4] that if v(A(w)) < 2, then w is K,-soluble and the local

mass is equal to 1.
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6.5 Point Counting in Affine Space

Let ¢ be a Gg-invariant function on V. The goal of this section is to evaluate

No(Vs,Gs, T) = > He)

tab '
G/g-we‘/};rr/G/@ #S a GB (w)

HZ (x)<T

Let R denote a fundamental domain for the action of Gk, on Vi_, and let R(T) = {w €
R: H#*(w) < T}.

Let F denote a fundamental domain for the action of Gz on G_ . The precise construc-
tions of R and F can be found in [8]. One important property of F is as follows:

There exists a basis of Vi and a diagonal matrix coefficient a of Gi_, such that if h € F
and Z is a fixed compact subset of Vik_, then there exists a real number ¢ such that h - Z
is contained in a coordinate-aligned box with bounded volume such that every dimension of
the box is > a(h). Further, the volume (under the Haar measure of Gk_ ) of F is finite, and
the portion of F where a(h) < € has volume at most €.

Let Gy be a definable pre-compact subset of Gi_ of finite nonzero measure invariant
under the action of a maximal compact subgroup of Gk _ . As before, we have the following

chain of equalities:

¢(x)
Ny(Vs,Gp, T) = Z T T
) # Stabg, (x)
HZ (2)<T

_ ¢(x)
B Z # Stabg,_(x)

mE]—'-R(T)ﬂVi”

_ ¢(x)
B Too /Go Z #StabGK ( ) dg

weFg-R(T)NV™

o(x)
# Stabg,._ () dh.

xehGo-R(T)NVi™

First we assume that ¢ is the restriction of a bounded definable function ¢ : Vx_ — R.

oo
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We now use the generalized Principle of Lipschitz from Theorem 3.2.2. Before we can do

that, we first partition F into JFi, Fa, F3 in a way that only depends on T'. Fix g > 0. Let

.7-"3:{h€.7-":a(h)-< sup |x]>§1},
)

z€Go-R(T

.7:2={h€.7::a(h)-< sup |x’> < X%}\ F,
)

2€Go-R(T

Fi=F\ (F2UF3).

Here F; is the main body, F, is the medium cusp, and F3 is the thin cusp. Let V™™ and
Vred be the subsets of V corresponding to irreducible and reducible points in Selmer groups,

respectively. We first prove that there exist positive constants d;, do, 03 such that

1 Poo() 1 boo () 5 /661
Too(G) /fl me«;oz # Stabg, (@) ) = e Vs /}‘-R(T) # Stabg, (z) de + OT5),

R(T)m/ﬁirr
(6.1)
; #{hGo - R(T) NV} dro(h) = O(T5%), (6.2)
lf #{hGy - R(T) N V3} drso(h) = O(T>5%), (6.3)
; ;é{hGo - R(T) NV} drog(h) = O(TY/5%), (6.4)

Equation (6.1) and Equation (6.3) follow from Theorem 3.2.2. Equation (6.2) follows from
the Selberg Sieve and [23, Proposition 1.14]. Equation (6.4) is proven in [6, 7, 4, 5] in the
case where K = Q and more generally in [8] using combinatorial arguments about the roots

of G. Thus we deduce the following main result:

Theorem 6.5.1. Suppose ¢ : V.. — C is bounded and definable. Then

1 Mg 00 () 5/6—
N, T) = ’ d T%/679),
60 (Vs G, T) etV /FR(T) ZStabe, () x + O( )
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6.6 Congruence Conditions

Note that the above theorem holds if we replace V3 with any translation of a fixed sublattice
x+ V.

Now we incorporate the mass function at the finite places. Let XA/B = Vi ®og Ok and
suppose $ : 175 — C is locally constant. Then there exists a sublattice A of V3 such that
gg restricted to Vj is defined modulo V'. Now suppose mg, is any function on V3 defined
modulo a finite sublattice A. Then by summing over the various translations of A, we deduce

that for any locally constant QZ,

1 ~ (]500(33) -
N, (G V. T) — / dz/-/ da + O5(T°/570
585G,V T) det V3 %qﬁ ’ F.r(r) # Stabg, () 2 )

= Ng.. (Gﬁ, Vs, ) -~ $ dvg + Oa(T5/6_6)
Vs
where dvg is chosen so that Vﬁ(f/g) = 1. Using the same logic as in Section 4.2.5, if
Ny (G, V3, T) grows faster than T°/6~% and ¢ is continuous outside a set of measure 0,

then

N, ~(Gpg, Vs, T ~
lim ¢°°¢< AR ):/ ¢ dug.
700 Ny (Gg, Vg, T) Vs

Again following the logic of Section 4.2.5, suppose 5 is given as a product of local functions
¢y Vg, — C. Suppose each ¢, is bounded everywhere and continuous outside a set of

measure (. Suppose we also have the following uniformity estimate:

W, Gg, T
lim lim sup Niowl Unvooar ’ ): ,
M—00 Tyne |Nooo (Vs, G, T)

where W, = {x € V3 : ¢,(x) # 1}. Then

N Vg,Gﬁ,

lim —2f b dvy. 6.5
T—oo Ny, (Vg, G, T) H Vi (6:5)

Here we prove the following two uniformity estimates, one for the space of elliptic curves over
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K and one for the space of Selmer elements over K. We first prove the following uniformity

estimate for the space of Selmer elements over K:

Theorem 6.6.1. There exists d > 0 such that the following statement holds: Let W5, denote

the set of elements w of Vi such that v(A(w)) > 2. Then for any positive real number M,

_ 1
Now( \J WonGp, T) =0 <T5/6 "+ WN%O(GB,VB,T)) . (6.6)

Nv>M

Proof. Note that the condition v(A(w)) > 2 can be checked modulo 72 and has density

(2

O(Nv™1). Thus, there exists some d; such that
Noo(Wao, G, T) = O((Nv) ™ Ny (G, V3, T) + T2070),

The unweighted version of Equation (6.6) is proven in [§]:

Proposition 6.6.2. There exists some 69 > 0 such that

T5/6
N ; TY=0(T"%4+ — ). .
(NgMWﬁ, .Gy, T) o( T M iog 3 (6.7)

Take § = min(d; /2, d2). If M > T°/2 then we are done. Otherwise,

N WsGsT) < D [O((N0) ' Noo (G, Vg, T) + 170700

Nv>M M<Nv<T?%1/2

+N( | W GsT)
|v|>T%1/2
1

-0 T5/6—51/2
( + M log M

Ny (G, V3, T)).

]

Aslong as Ny_ (V3, G, T) grows faster than T°/%7%  then any mass function g/g satisfying

¢u(x) =1 when v(A(z)) < 2 is acceptable, and thus Equation (6.5) holds.

68



The proof of the uniformity estimate for elliptic curves follows similarly. Suppose @ :

K2 — C is definable.

Theorem 6.6.3. There exists 0 > 0 such that the following statement holds: Let W, denote

the set of elements f of O% such that v(A(f)) > 2. Then for any positive real number M,

1
W,,T) = Oy —— N, (0%, T) ).
Noo( | W0, 7) O(T T 3iog a1 Ve~ (O ))

Nv>M

Proof. Theorem 6.6.3 follows from the following result of [8] in the same way that Theo-
rem 6.6.1 follows from Proposition 6.6.2:

There exists some dg such that

T5/6
N 0 T) = O(T?% y — ).
(NvLJMW’ ) =0( +M10gM)
Indeed, this is proven in [8, §3-§4]. O

6.7 Mass Formulas

This section is identical to the corresponding section in [8]. These results do not depend on

the mass functions, but we include them for reference.

Proposition 6.7.1. There exists a nonzero constant J € K* such that for any place v, any
open subset R of K2, any continuous function s : R — Vi, such that invos = idg, and any

measurable function ¢ on Vi, ,

[ @ @ =191 [ [ olg-s(h) dnio) i),
Gk, s(R) R JGg,

Now, a global section s : A — V over Z[1/d,] for some positive integer d,, is constructed
for each of the cases where n = 2,3,4,51in [6, 7, 4, 5]. We apply this theorem to the region
R(T') from Chapter 4.
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Suppose we have a function ¢ = . - @, where ¢ : K2 — C and ¢ : (7)\%, — C are masses.
Pulling back by inv, we get corresponding masses on Vi, and Vi . Suppose ¢ = mg-(poinv).

Then

mol@onlin@) onld)
Lo =Tl [ Y o)

# Stabg,_ () o #Stabe, (@)
_ ~ H#E(Ko)/nEr(Kx)
=Tl ) [ ) P )
1
=Tl o) [ o) dic()
- @oim) dvy =7Go ) [[171, [ 2O [T S | 48D
7, Ox : " Joe. # Stabg,, ()

v .Z‘EGKU \V;J

=7(Ge ) [[171, /@ 2O 11 #ENE) By () 4y

#E[n] (Ky)

~#(Go ) [T171n" | i

(2 K

6.8 Average Sizes of Selmer Groups

Let 6 be small enough so that the uniformity estimates hold. Suppose ¢, p satisfy the

following conditions:

1. puoo : K2 — C is definable.

T5/675

NSOOO (O%(’ T)
N@oo (0%7 T)

N"POO‘ (0%7 T)

lim inf
T—o0

‘ > 0, lim sup ’ = 0.

T—o00

3. @ is acceptable (in the sense of Section 4.2.5).

4. The restriction of @ to O% is supported on the set x - O%.
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Then we have

> el f)#Sely (Ey)
i T€0k/9k ~ lim No(Vi, Gk, T)

T—o0 Z o(f) C T N,(O%,T)

fe02, /OF

Z Nmﬁ-(cpoinv) (‘/67 G67 T)

. B
=]
o N(OF.T)
?(G@K)Zfoo(fﬁ)/ Poo duw[ @ dji
. 8 R(T) 0%
-
/ Poo dfloo [ @ du
R(T) o2

= The Tamagawa number of G/K = n.

If we specialize to the case where ¢, is the indicator for H,, < X, then as long as we pick
T < X' we get the following result: When elliptic curves are ordered by max(H, (H#)*?)
and weighted by ¢, the average number of irreducible n-Selmer elements is n.

Using the same reduction from global masses to integral masses as Section 4.3, we get
that there are finitely many subfamilies of O% such that each isomorphism class of elliptic
curves over K is represented in exactly one such subfamily. In addition, within a subfamily,
the ordering of elliptic curves by height is the same under both H,, and H. Since the average

size of the n-Selmer group in each family is o(n), we now deduce Theorem 6.1.2.

Remark 6.8.1. With Remark 4.3.1 and Proposition 4.4.1 in mind, the same logic as above
shows that if we restrict to elliptic curves with quasi-scaling ideal Z in a fixed class of the

class group of K, the average size of the n-Selmer group is still o(n).

6.9 The Average Rank is Bounded

Much like the proof at the end of Chapter 5, we get the following corollary of Theorem 6.1.1:
Corollary 6.9.1. Suppose elliptic curves E/K are ordered by a subpolynomially suitable
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strongly definable height H. Then the average rank of E is at most 1.05.

This result again applies for any large subfamily of £¥.
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Chapter 7

Faltings Height

7.1 Introduction

In his proof of the Mordell and Shafarevich Conjectures, Faltings introduced a height on
abelian varieties, now known as the Faltings Height. It is defined as follows:

Given an abelian variety A of dimension g over K, let A be the Néron minimal model
of A over Spec Ok. Let €24,/ be the sheaf of relative differentials of \A. Then the pullback
of €2 4/r with respect to the zero section Spec R — A gives rise to a metrized line bundle on

Spec R, where the norm at an infinite place v is given by

ol,= [ _lanal.
A(Ky)

The Faltings height Hp(A) is the height of this metrized line bundle.

For a given positive integer g and positive real number X, Faltings showed that there are
finitely many principally polarized abelian varieties with dimension ¢ and Faltings Height
less than X.

In the case of elliptic curves, Silverman computes a simple formula for the Faltings height

in 28, p. 254]:
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Theorem 7.1.1. The Faltings height of an elliptic curve E/K is given by

__ NamE)
H ’A(Tv) Im(Tv)6|U

v]oo

Hp(E)

Here 1, is chosen in the upper half-plane such that E(K,) ~ C/(Z + Zr,), and

A(r) = (2m)2q [ J(1 - ¢")*

1s the modular discriminant function.

Remark 7.1.2. Different sources use different normalizations of A (and as a result, different
normalizations of the Faltings height). Silverman uses the normalization factor W We
instead use the normalization where the leading coefficient in the g-expansion of A is (27)!2,
which matches [22, 18]. As a result, Theorem 1.2.1 agrees with [22, Theorem 2.1] in the case

where K = Q.

Remark 7.1.3. Since A(7) is a modular form of weight 12, the value of the expression

|A(T,) Im(7,)%| (and thus Hr(E)) does not depend on the choices of 7,.

The main goal of this chapter is to show that the Faltings height satisfies the conditions
of Theorem 4.1.4. Theorem 1.2.1 then follows after an explicit computation of the volume

factors.

7.2 The Faltings Height is Quasi-toric

Let Hr denote the Faltings Height. The goal of this section is to prove the following theorem:

Theorem 7.2.1. H}/u 15 a singular quasi-toric height that is subpolynomially suitable at

A.

We first consider the local heights at finite places. Let f,(A, B) be the extent to which the

model Fq p: y*> = 2° + Az + B is non-minimal at v. More precisely, we have the following:
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Proposition 7.2.2. For v { oo, define f, : K2\ Z(A) — Ry as follows:
1 )
/\U<A, B) = E [U(A(A’ B)) _ U<Amm(EA,B))} : fy<A, B) — q;’\“(A’B).

Then
1. f, is a locally constant (4,6)-homogeneous function.
2. f, 1s bounded below away from 0.
3. f, can be extended to a locally constant function on E, = {x € K2\ 0: f#(x) = 1}.
4. If v16, then f, = fF.
Proof.

1. Homogeneity follows from the fact that E4 p is isomorphic to Era4 sp. The fact that

f» is locally constant follows from Tate’s algorithm.

2. Suppose A\ (A, B) = k. Then there exist u,r,s,t € O, with v(u) = k such that the
change of variables

r =ux +r, y =y + sux’ +t,

leads to a minimal equation (y')? + a12'y’ + azy’ = (2')® + a2(2')? + as2’ + ag. Then

using the well-known invariants ¢4 and cg, we have
u'cy = cy = —484, u®cly = cg = —864B.

Thus, we have

1 > max (U(A) v(B)) - max (U(u4) —4@(48))’ v(u®) —6v(864)>

=k — min(v(48) /4, v(864) /6). (7.1)
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So k is bounded above.

. Now we show that for each k, A(A, B) > k is a condition that can be checked for
(A, B) mod 7*. In fact, A\(A, B) > k is equivalent to the statement that there exist

r,s,t € O, such that after the change of coordinates

x=a +r, y=1v + sz’ +1,

the resulting equation

(V)2 + a2’y +asy = () + ax(2')* + au’ + ag

satisfies 7% | a; for i = 1,2,3,4,6. It is now clear that the existence of such r, s, ¢ only

depends on the class of A, B mod 7%,

Thus, if we let N = supy gep, Av(A, B), then ), is determined by the class of (A, B)

mod 75V, which means that A\, (and thus f,) is locally constant on E,,.

. This follows from standard facts about the reduction of elliptic curves over local fields,

but can also be read off of (7.1).

Now we consider the infinite places:

Proposition 7.2.3. For v | co and for A,B € K? — Z(A), define

A(A, B) 1/12

fu(A, B) = A(7a,5) Im(74,5)%],

1. f, is a (4,6)-homogeneous function.

2. f, is e-suitable at A for every € > 0.
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3. fu is definable in the O-minimal structure Rap exp-
Proof.

1. This is clear from the definition of f,, as 745 = Ty1a6p for any nonzero complex

number \.

2. Following [28, p. 257], we have that for any A, B € C with A(A, B) # 0,
A(r) = max(|5(7)[, 1)~
Im(7) < max(log [j(7)],log |j(T) — 1728]).

3

However, j(7) = j(A, B) = 1728&(613%)’ SO

A(r) = max(|A]", [ B[),

Lo max [A°, |B[*
"8\ TTA(A, B)

Im(7) < max

Thus,

a8 _ (maxal BB T (max Al IBE
fu(A,B) ~ A(4.5) max 508 A(A, B)

A(7)Im(7)8
fF(A B)
< 1/12 :
|A(A, B)|,

3. This follows directly from Lemma 3.3.1.

It is clear that the product formula

=114

holds. Thus, we have proven Theorem 7.2.1.
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7.3 Equidistribution of Weierstrass Class

Recall the definition of the Weierstrass class of an elliptic curve E4 p/K from [29, p. 243-
244]. By construction, there exists a fractional ideal & = (A, B) such that A™(E, ) =
(A(A, B))a'?, and two different as are related by an element of K*. Thus, a defines a
unique element in the class group of K; this element ag is called the Weierstrass class of

E. In fact, we have

o(4,B) = [T pr2,

and by the proof of Proposition 7.2.2, a is a quasi-scaling ideal. Thus, the following is a

direct consequence of Proposition 4.4.1:

Proposition 7.3.1. Let H be any subpolynomially suitable strongly definable quasi-toric
height on Ex — P(4,6)(K). Then for any ¢ € CI(K), the density of elliptic curves (when

ordered by H ) that have Weierstrass class equal to ¢ is %

Since both the Faltings height and the naive height are quasi-toric heights, this proves
Theorem 1.2.4. It is well-known [29, p. 244] that an elliptic curve E/K has a global minimal
Weierstrass equation if and only if its Weierstrass class is trivial. Thus, if we order by either
the naive height or by Faltings height, the density of elliptic curves having a global minimal

1

Weierstrass equation is ;. This is in contrast to the results of Bekyel [2], which uses a

different ordering on elliptic curves.

7.4 Volume Computations at Finite Places

Proposition 7.4.1. Suppose v{oo. Then

-g [ - 'i (7.2

12

v

Remark 7.4.2. We already know that both sides of Equation (7.2) are equal to 1 when
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U+67 as fv:fv#

Proof. By Proposition 2.3.5, A, is bounded above by a constant Ny. Thus,

—-10 __ 10k
fa E myq,
Ey

where my, is the density of (A, B) € O, x O, such that A\, = k and either v(4) < 4 or
v(B) < 6.
We have that

1. The condition )\, > k can be checked modulo 7% . This follows from Tate’s algorithm

and was already shown in the proof of Proposition 7.2.2.
2. A\(m2A, 75B) = \,(A, B) + 1. This is clear from the definition of \,.

Let sg,t; be the density of (A, B) such that A\,(A, B) = k and \,(A, B) > k, respectively.
Then

mo = So, my = S — q;wsk_l for kK > 1.

Since my, = 0 for k > Ny, s = q, ¥sp_1 for k > Ny,

tk—zsk 1_%10

for k > Ny. Thus, for any N > Ny,
kaqu = sng® = (1 — 710y qloV.

Let W, be the space of integral Weierstrass equations modulo 7"
W, = {(y* + a2y + asy = 2° + aox + ay2® + ag) : ay, as, az, ayg, ag € O, /TO"}.

Let W4 be the subset of W,, where v(a;) > ni for i € {1,2,3,4,6}, and let W? be the
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subset of W,, where a; = a, = a3 =0 mod 75"

The group of unipotent upper triangular matrices

U, =

o O =
O = ®»

t
r|:rste OU/WS"
1

acts on W, by coordinate transformation. Let U be the subgroup of U where v(r) >

2n,v(s) > n,v(t) > 3n.
Lemma 7.4.3. For any w € W4 Urd is the set of elements u € U, that uw € Wred,

Proof. Identical to the proof of [29, VIL.1.3(b)]. O

Lemma 7.4.4. If n > 2v(2) + v(3), then for any w € Wi, there are ¢**P+'3) clements

u € U, such that uw € WP.

Proof. Given a Weierstrass equation w : y? + a1zy + asy = 2% + asx® + a4z + ag such that
v(a;) > ni for i = 1,2,3,4,6, an element u = u(r, s, t) satisfies uw € W if and only if each

of the elements of the set
{a; + 25,ay — sa; + 3r — 5% as + ra; + 2t}

are divisible by 7%, There are ¢"® choices for s, ¢"® choices for r given s, and ¢ choices

of t given r, for a total of ¢>*®+v®) choices of u. O

Now, ty = 12 ~#(UNWEIN W), but by the previous two lemmas:

o #{u € Uy : uw € Wy v o(2) 4o
HUNSWRT W) = Z #{{u € U;V: uw € W}?d}} - Z GOV -12N _ (20(2)+u(3)+2N

wewred ewred

Thus,

/ 50 _ (1 q )t qloN (1 o qv—10>q12)v(2)+v(3)’
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which completes the proof. O]

7.5 Volume Computations at Infinite Places

Finally, we compute the volumes at the infinite places in terms of special values of the

L-functions of certain modular forms:

Proposition 7.5.1. Let Rg and Rc denote the regions
{(A,B) e R*: H¥(A,B) < 1}

and

{(A,B) € C*: H¥(A,B) < 1},

respectively. Then

15
1 = ——L(A,6) = 2 62176724 . ..
Vol(Rg) = == L(A,6) ~ 20088.621767
1 r(12) ,
VOI(R(C) = <A, A)Petersson = mL(Sym A, 12) ~ 410021598.13169. ..

115207
Proof. Consider the transformation ¢ : (A, B) — (D, T) given by

g3 220D gy AG(r) — 1728)D
17282 7 17282

The magnitude of the determinant of the Jacobian of ¢ is

1/6 1 1/6

~ 9887

)

A(T
D

" 144 | DjA(j — 1728)3

(A, B)
17283 A28

d(D, )

_’ 18D - j'

1 ‘ (4)°

Real (R) case: The map ¢ is (generically) 2-to-1 onto the region

{(D,7) € (—00,0] x v~ U[0,00) x v : |D| < |A(T) Im(7’)6|},
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where v, 4" are paths in the upper half plane that map diffeomorphically via j to (—oo, 1728]

and [1728, 00), respectively. Thus,
OR = 0 + 0,

where

ING IR

1 0
ey
2887 Jy- Jjam) e

Likewise,

dD |dr| = To0m / |A(T) [ Tm(7)° |dT]| .

7 = 5z | 160 ()i

We can select the following paths:

1 1 1 . 1
3 + z[é,oo) or 5 + (0, 5],

7T =1i(1,00) or (0, 1).

’)/7:

From the formula A(7) = (2m)?¢ ], (1 — ¢*)?*, it is clear that A(7) is a positive real

number whenever (7) € Z and a negative real number when (1) € 1(2Z +1). Thus,
~ 1 /> /1 gdt 1 T(6) 2—(1— &+ &) 11
———— [ A t : : 2% L(A6) = ——L(A
& T T 940n <2 H) T 240n 2n)F (1 1@ 2o (8,6) = 557 LA, 6
and
1 [  od 1 T(6)
P —— | A — = —. - L(A,6) = ——L(A, 6).
= 5a07 f, A0 2107 @ny HA 0 = g L(A6)

Complex (C) case: The map ¢ is (generically) 6-to-1 on the region

{(A,7)eCxbh:|D| < |A(T) Im(T)G}},
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where b is the usual fundamental domain for the action of I' = SL(2,Z) on the upper

half-plane H. Thus,

1 2
=[] (3557
b J JIDI<|A(r) tm(rye] \ 2887

- 1151207T / /h [A(T)]? Im(r) °d A,
! { I'(12)

> Petersson

= A,4 = — o L(Sym’ A, 12).
115207 g5l Sym’ 4,12)

1/3

dApdA;

A(r)
D

]

+
Theorem 1.2.2 now follows from the fact that %‘; = %, combined with the equidistribution

discussed in Chapter 3.

7.6 Final Computations

By Theorem 4.1.4 and Theorem 7.2.1,

#{F € Ex - Hp(€) < X} = #{[x] € P(4,6)(K) — Z(A) : HY () < X'/'?}
2hR

1Or1+r271X5/6+O€ X5/671/3d+5 )
D] G (10) | )

By Proposition 7.5.1 and Proposition 7.4.1,

CHp :H‘l_12

vfoo

— 194,71 572
HO’KU—12 ORO¢ -

Y v]oo

Thus, Theorem 1.2.1 is proven.
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Chapter 8

Root Numbers and Average Rank

8.1 Introduction

It is shown in [5] that the average rank of elliptic curves when ordered by naive height is
less than 0.885. Key to this result is the following result about the equidistribution of root
numbers. Bhargava and Shankar showed that there exists a family F' of elliptic curves,
having density greater than 55.01% when ordered by naive height and defined by congruence
conditions, such that the root number of elliptic curves in F' is equidistributed. Using this
equidistribution result, they also show that at least 20.62% of curves have rank 0 and at
least 83.75% have rank 0 or 1.

We do not obtain as strong a set of results, but we do obtain the bounds of Proposi-
tion 1.2.7, which is an improvement of the bound of 1.05 purely from considering the average
size of the 5-Selmer group.

Central to the construction of Bhargava and Shankar is the fact that the naive height is
invariant under twisting by —1.

However, this true less than 25% of the time for Faltings height (and conjecturally for the
discriminant). This is the main reason Proposition 1.2.7 is weaker than the aforementioned

density results of [5].
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For elliptic curves E/Q, the root number W (FE) is the sign of the functional equation
for the L function associated to F, and is conjectured to equal the parity of the algebraic
rank of F (the “parity conjecture”). For more exposition on this topic, see [16]. However,

we make use of the following unconditional result of Dokchitser-Dokchitser:

Theorem 8.1.1 (Dokchitser—Dokchitser [17]). Let E be an elliptic curve over Q and let p be
any prime. Let s,(E) and t,(E) denote the rank of the p-Selmer group of E and the rank of

E(Q)[p|, respectively. Then the quantity s,(E) —t,(E) is even if and only if the root number
of E is +1.

Since E(Q)[5] is trivial for 100% of curves in E, we have that the parity of the 5-Selmer
rank of £ equals W,(E) for 100% of elliptic curves E.
Recall that the root number W (E) of an elliptic curve E/Q can be written as a product

of local root numbers, — [, W,,(E). One might hope that a local-to-global principle holds:

Conjecture 8.1.2.

avgpee(W(E)) = — | [ avgpee (Wo(E)).

p

One can show that 1 — avgpW,(E) > O(1/p). Thus, this conjecture would imply the
equidistribution of root numbers. (For the treatment of this problem in certain families of
elliptic curves; see [21].)

We follow the approach taken in [5] to get a nonzero amount of equidistribution for

(global) root numbers, namely to show that the product

is equal to —1 for a positive proportion of elliptic curves. Surprisingly, this proportion is not
50%! In addition, we provide marginal improvements for equidistribution by also including

twists by 2 and —2.
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8.2 Relation Between Equidistribution and Rank

Using the Theorem 8.1.1 and basic convexity arguments, the following corollary is established

in [5]:

Corollary 8.2.1. Let F be any set of elliptic curves such that the average size of the 5-Selmer

group s 6 and the density of curves with nontrivial 5-torsion is 0. Then:
1. The average 5-Selmer rank of elliptic curves in F is bounded above by 1.05.
2. The set of elliptic curves in F with 5-Selmer rank < 1 has density at least %.
Suppose further that the average root number of the curves in F' is 0. Then
1. The average 5-Selmer rank of elliptic curves in F is bounded above by %.
2. The set of elliptic curves in F with 5-Selmer rank < 1 has density at least %.
3. The set of elliptic curves in F with 5-Selmer rank 0 has density at least %.

Note that the algebraic rank of F does not exceed the 5-Selmer rank of F, so the results
in the previous proposition also hold if we replace the 5-Selmer rank of F with the algebraic
rank of F.

It is in fact conjectured that when the set of all elliptic curves is ordered by a “reasonable”

height, then the average root number is 0.

8.3 Equidistribution Construction

For D a fundamental discriminant, let E” denote the quadratic twist of E by D, and let

o PN (E) = W(E)W(EP). (8.1)
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Let xp : (Z/|D|Z)* — {£1} be the quadratic character with conductor D induced by the

Jacobi symbol. Note for any nonzero integer n and any positive integer M, we have
n
———— =sign(n vp (1
ged(n, M) & Hp
For D | M, define

a(D)(E) = WP(E>WP(ED)XD(AP(E))’

p

o D(E) = xp(sign(A(E))),

D(E) = xp(Ay-1(E)) - [[ Wi EYW,(EP).
p|M
Then
oP(E) = aD/(B) 8 (B) TP (B). (8.2)

By [25] and [20], W,(E) is determined by congruence conditions at p, so for p t M, a(D)(E)
is also determined by congruence conditions at p. In addition, for p{ D, a(D)(E ) =1 as long
as F is semistable at p, which means o, (F) = 1 whenever p* { A(F).

In addition, for each d with ged(d, D) =1, the set {E € F : Ap-1(E) =d mod D} is a

finite union of large subfamilies of F'. Thus, Theorem 5.7.5 implies the following:

Theorem 8.3.1. Let F' be a large family, let D = (D, ..., Dy) be a sequence of fundamental

discriminants, and let M = ged(Dy, ..., Dy). Fizt = (ty,...,t;) € {£1}*. Consider
Fpy={E c F:aP)(E)=1t}.

Then
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1. The density of Fpy in F' is

M/(jg}o :zik > <Ht> (] J(P)). (8.3)

€1,eny ekE{O,l}k =1 =1

Here v(f) = €a(f) - ool f) - Tlyyas vp(f). where

Eu(f) = anEe]—'(H fp)s

p|M
VOO(f) = anEE]—'(foo)>

vp(f) = avgper(fp)-

2. If Fpy is nonempty, the average size of the 5-Selmer group of elliptic curves in Fp

when ordered by H 1is 6.

For ease, we define

) = anEeF(a(D)<E))7
P = avg e p(olP(E)).

(Note that the values v and 15"’ depend on the height H and the family F.) Then (8.2)

becomes

D) = H D), (8.4)

8.4 Symmetric Heights

In the case where H is symmetric on the large family F, that is, H(F) = H(E_;) for all

E € F, we can now apply Theorem 8.3.1 and Corollary 8.2.1:

Proposition 8.4.1. Suppose H(E) = H(E_,) for all E € F, and let p = p(Fi_a),(-1))-
Then when & is ordered by H,
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1. Their average rank is at most 1.05 — 0.3 - .
2. The density of curves with rank at most 1 is at least % + % - [

3. The density of curves with rank equal to 0 is at least %,u.

8.5 Density Computations

For the rest of this chapter, we consider only the twists by —4, 8, and —8. In these cases,

BP) is defined by congruence conditions at only the prime p = 2.

8.5.1 Naive Height

Suppose we have the naive height HY(F, p) = max(4|A|>,27|BJ?) for all A, B such that

p* | A implies p° f B. Then for all p, H, (the local factor of H at p) is equal to H}?.

Proposition 8.5.1. Supposep >3, pt D, and H, = Hf. If xp(p) =1, then angeg(ozz(gD)(E)) =

1. Otherwise,
P =, =1-20—p ) A —p ) [p 2 +p+ 2 +p (1 +p )],

Proof. By [25], W,(E)W,(Ep) =1 if either £ has good or additive reduction at p or D is a
quadratic residue modulo p (equivalently, xp(p) = 1). Thus, if xp(p) = 1, then oz},D)(E) =1.
Now suppose xp(p) # 1. Then al(,D)(E) = —1 if and only if one of the following two

conditions holds:

1. E has multiplicative reduction at p and v,(A(E)) is even.

2. E has additive reduction at p and v,(A(E)) is odd.

The former case occurs when the Kodaira symbol of E at p is Iy, for a positive integer k;

the latter occurs when the Kodaira symbol of E at p is one of III, III*, or I5, ; for a positive

integer k. The density of such curves now follows from Table 8.3. O
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For p < 3, the situation is more complicated. At the end of this chapter are Table 8.1
and Table 8.2, which are completed versions of the partial tables computed in [5] using the

results of [25] and [20]. We compute the following:

gy 23 () 6821
= — 2 = Yy = —
2 93’ 3 ® 7 8052

Finally, it is a straightforward calculation that oY

is equal to —2. (Note that this constant
depends on the exact choice of coefficients for |A|* and B? in the naive height.) Plugging
this and the values from Table 8.5 into Equation (8.3), we get

1 23 3
— 1 e —— . ~ U. P
W= 5 + 03 5 | | Vs 0.5587030988

p=3 (mod 4)

Thus, by Corollary 8.2.1, the average rank of elliptic curves when ordered by naive height is
at most 0.8824.
Compare this to the upper bound of 0.8826 from [5] — the method is essentially the

same, but we are a bit more precise in the calculation of p.

8.5.2 Symmetric Faltings Height

Let H¥™ be the symmetric Faltings height, that is,
1™ (B) = max(H(E), H(E_1))

This is again a quasi-toric height, where only the factor at 2 is different from the (non-
symmetric) Faltings Height. In this case, we have H, = Hf for p # 3, and for p = 3, we can
use Table 8.2 to get V§_4) = 2249 " Finally, by Theorem 1.2.2, Y = —%. Plugging these

2684 "

values in to Equation (8.3), we get

fisym = 0.5451626 . .. (8.5)
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This corresponds to an upper bound of 0.8865 for the average rank when elliptic curves are

ordered by symmetric Faltings height.

8.5.3 A Further Improvement for f2#

Suppose further that the local height at p = 2 is equal to f2# . This is clearly the case for the
naive height, and one can show that this is also the case for the symmetric Faltings height.
We can improve the average rank bound by additionally considering the twists Fy and E_,.
Note that for every F,

H(E,)

HE) c {270, 20},

If we let H'(E) = max(H(FE), H(E,)), then the density of curves with H" < X in the set of

curves with H < X is % The height H' now has the property that
H'(E)=H'(E_,) = H(Fy) = H(E_)
for all elliptic curves E. Consider the family of elliptic curves E where
W(E)=W(E_1) = —-W(Ey) = —W(E_s). (8.6)

This family is disjoint from F{_4) (—1). The average root number in this family (when ordered
by H’) is 0 and the average size of the 5-Selmer group is 6. With the local height f5(A, B) =
max(f} (A, B), fIf (4A,8B)), the density of the possible values of (304, 5®) 3(-8)) is com-
puted in Table 8.6 from Table 8.1. Table 8.7 then shows the averages of various products of

Bs. The density of such curves is

no= N(g(—4,8,—8),(1,—1,—1))
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Taking into account the fact that % of curves that satisfy H < T satisfy H' < T, we have

> 1k(E)

, 2
lim Eeg’“z— < 10503~ (u+ o).
—00 1
Eefuycr

In the case of naive height, we have

p' = 0.127212829. ..

The corresponding rank upper bound is 0.8801.

In the case of symmetric Faltings height, we have

Hym = 0.120808165 ...

The corresponding rank upper bound is 0.8843.

It is worth noting that the latter two results of Proposition 8.4.1 hold with p replaced
by p + % i for essentially the same reason as the above.

It is worth noting that we could further improve these bounds by incorporating twists
by 3,—3,5,—5, and so on. However, the marginal gains in the quantity u are quickly
diminishing: the improvement by incorporating a twist by N is bounded above by N—5+to(1)
and involves more ad hoc local root number calculations. We have included this section to
both demonstrate that an improvement is possible by considering more twists but also to

show that the potential gains are small and bounded.
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8.5.4 Faltings Height

As alluded to before, the Faltings height Hp is not symmetric. Indeed, if (A, B) is in one of

the following 12 congruence classes modulo 2°, then Hp(E4 ) = 2 2 Hp(E4 ).

(5,22) (13,14) (21,38) (29, 30)
(37,54) (45, 46) (53,6) (61,12)
(0,16) (16, 16) (32,16) (48, 16)

Let 2 be the union of these 12 congruence classes. Note that

gHF<X - gHIS?ym<X U QHFE[2*12X,X)-

In the set Eyox, £y has density 1/4. By the previous section, the average rank of

Symox
curves in & nSymox 18 at most 1.05—-0.3 (Hsym + 25/46ym ), and the proportion of curves that
have rank < 1 and rank 0 are at least 37 + 75 - (Lsym + 25/6ym) and 2 - (Hsym + 55/46ym ),
respectively.

On the other hand, 2 is a large family, so by Corollary 8.2.1, its average rank when

19

ordered by Faltings height is at most 1.05 and at least 5; of curves in @ have rank 0 or

1. This is still true in the limit for the subset where Hp € [2712X, X). Thus, we get the

following propositions:

Proposition 8.5.2. When elliptic curves over Q are ordered by Faltings height,
1. Their average rank is at most 1.05 — (0.075 - figym + 5oy )-
2. The density of curves with rank at most 1 is at least 33 + 5 - (fisym + 25 Hym)-
3. The density of curves with rank 0 is at least 2 - (fisym + 25 Hoym)-

Proposition 1.2.7 follows.
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8.5.5 Tables

Included in this section are several tables containing calculations made in this chapter. We
used Sage [30] to calculate the local root numbers at 2 and 3.

In Table 8.1, each row corresponds to a tuple va(A), va(B), v2(A 4 5). Note that if 3v(A) #
20(B) — 2, v9(A 4, ) depends only on v(A) and v(B).

For example, consider the family of elliptic curves where vy(A) = vo(B) = 2. This family
has density 275¢5(10) in the set of all elliptic curves when ordering by naive height. Within
this family, the tuple (374, 3®), 3(=8)) is equal to (—1,1, —1) 50% of the time and equal to
each of the tuples (1,1,—1) and (1,—1,1) 25% of the time.

The row labelled “< 2 or < 3” gives the distribution of the possible values of (374, 5®), (%)

within the family of elliptic curves where v9(A) < 2 or vo(B) < 3. This family has density

32

53 in the set of all elliptic curves when ordering by naive height.

For space reasons we have only included rows corresponding to (A, B) where either 4 { A
or 81 B. The cases where 4 | A and 8 | B can be deduced from the existing rows using the

following formulas:

BENE) = B0 () 8 (By),
BUNE) = B (E2) 8 (By),

BE(E) = BT (Ey) B9 (Ey).

For example, within the family vy(A) = 4 and v,(B) = 5, the tuple (874, 3®), (=¥) is equal
to (—1,1,—1) 50% of the time and equal to each of the tuples (—1,—1,1) and (—1,1,—1)
25% of the time.

The values in Table 8.6 are the unweighted averages of the two rows labeled “< 2 or < 3”
and “> 2 and > 3”. The reason for taking the unweighted average is that these two families

have density 50% in the set of all elliptic curves when the local height at 2 is equal to f3.
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Relative Density of (ﬁ(*“), B® 3-8

)
A

A A AT

(Naive) K K / / * % / /

va(A) wa(B) wa(Aap) Density L L & X L L LY
0 0 4 272. (,(10) - 3 3 - - - 1 _
0 2 6 274. (,(10) - - - - 1 - - 1
0 >3 6 271 ((10) & - - 1 - 1 1 _
1 0 4 273 ((10) - . : - § ! - _
1 1 6 2740 0 1 1 i - - _ -
1 2 8 275 (,(10) - L ! - l - - 1
1 3 9 276.((10) % - - ! - : ! -
1 >4 9 270.((10)  ; - - : - o1 ;
> 2 0 4 273 ((10) - . . - - - - _
>2 1 6 274.6(10) - - - - - -1 -
2 2 8 276.(,(10) - : : - § ! - _
>3 2 10 276.((10) - l . - § i - _
7 274.¢(100 - L Lo o

AR CCONEEIE S N S S N

9 2°6.¢G(10) L L 1oL

01 0 276010 5§ 5 5 5 5§ 5 3
AR S r< ()N SN SR S S SRR SR S

12 279.((10) % - - 1 - : : -
AL ST S SN U S N A

Density of ,85_4) 38 5

Table 8.1: Density of elliptic curves having prescribed values of (6(*4), B®) B(*B)), ordered
by naive height.
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Density Relative density of (x4(As3), a§74))

v3(A)  wv3(B) Naive Faltings  (+1,+1) (+1,-1) (=1,41) (-1,-1)
0 >0 2.¢3(10) & - ¢s(10) 1 - - -
1 1 37 G(10) 55 - G3(10) - - - 1
1 >2  2.G(10) 2 (10) ; - 1 -
>2 0 F-G0)  Felo) - - 3
>2 1 3 G(10) & - G3(10) - - - 1
2 2 - G(10) 57 - G3(10) 1 - - -
2 >3 = - (3(10) - ¢3(10) 1 - - -
>3 2 5 G(10) 5 G3(10) - - - 1
3 4 3w G(10) 50 - G3(10) - - - 1
3 >5 - G(10) 5% - G3(10) - - 1 -
>4 3 3 G(10) 55 - (3(10) - - 3 3
>4 4 360 G600 - : - 1
4 5 gir - 3(10) 51 - G3(10) 1 - - -
>9 i) g G(10) 55 - G3(10) - - - 1

1 0
u(Bap) =3 F-GO)  F-GE) - - 5 5
4 3 G(10) 5 - ¢3(10) 1 - - -
i) 3 G(10) 55 - G3(10) - - - 1
2-Z>3 551 - C3(10) 535 - G3(10) 1 - - -
2-Z>3+1 555 - 3(10) 535 - G3(10) - - 1 -
3 3

vaBap) =9 GO0 GO - - 5
10 3w G(10) 51 - G3(10) 1 - - -
11 310 - G3(10) 517 - G3(10) - - - 1
12 g - G3(10) 55 - ¢3(10) 1 - - -
2-Zs6+1 530 - G3(10) 53 - ¢3(10) - - - 1
2Ly a7 - (3(10) 55z - G3(10) - 1 - -

Total (Naive) 1 - 6,2(3515?8_31) 6,(3110_1) 2.(2(1)331) 6.?;3)2_31)

Total (Faltings) - 1 18??311206_71) 2,(?3(%1) 2.(?;;(1)89_1) 18??351%6_71)

Table 8.2: Densities of elliptic curves having prescribed values of y4(A3) and a§_4).
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Kodaira Reduction vp(A) Density v, weight
Symbol Type
Iy Good 0 2L - p(10) +1
I, (n>1) Multiplicative n Lo ,(10) (—1)n+1
1T Additive 2 L ¢,(10) +1
111 Additive 3 L= ¢,(10) ~1
vV Additive 4 LD ,(10) +1
I Additive 6 ) +1
' (n>1) Additive n+6 =17 . ¢ (10) (=1
II* Additive 10 LD ¢, (10) +1
I Additive 9 ®=1° . ¢ (10) ~1
v Additive L= ¢,(10) +1

Table 8.3: Density of curves by Kodaira symbol at p for p > 3 (ordered by Naive height).

Z

P Naive Faltings
6821 2249
8052 2684

p>3

o0

1-2G(10)1—p H (2 +pt+ @ 2+p A +pH™)

ot

15

Table 8.4: Values of v, = avg W, for p € Mg for both Naive and Faltings height.

p (mod 8)

Product 1 5 7 00
a},%) 1 1 Vp Voo
ay 1 v, 1 1
041(0_8) 1 Vp Vp Voo

Ozz(,_4)041(,8) 1 Vp Vp Voo

azg_4)a1(3_8) 1 Vp 1 1

04,(,8) Ozl(fg) 1 1 Vp Voo

ay Yaal™® 1 1 1 1
Table 8.5: Averages of combinations of products of oz](g_zl), ap ,al(,_S).
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ﬁ(_4) 5(8) ﬁ(_B) Density

185
1 1 3968

. 639
1 1 3968

639
1 1 3968
185
1 1 3968

639
-1 1 1 3568

409
-1 1 -1 3968

633
-1 -1 1 3568

639
-1 -1 -1 3568

Table 8.6: Density of elliptic curves having prescribed values of (8%, 3®), 3(=8)) " where
the local height at 2 is f5.

Product Average
—4 21
5( ) -2
5(8) _374
5(—8) &
5(—4) ﬁ(8) é
5(74) 5(78) _374
- 21
5(8) 5( 8) —2L
—4) (8 -8 143
5( ) 5( ) g( ) — 13

Table 8.7: Averages of products of s where the local height at 2 is f5.
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