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Abstract

It has been known since the work of Smith and Tataru in [15] that quasilinear wave equations
(971 (2)92,® = N(®,09) are locally well-posed in H*™ x H'T¢(R?). The sharpness of this
result was immediately known, given an older result due to Lindblad in [13] which showed that the
equation O,,® = —@(L%Flat)@) is illposed in H? x H(R?). We show that the recent work of Speck,
Holzegel, Luk and Wong in [18] on nearly plane symmetric shock formation is intimately connected
to the low-regularity illposedness of geometric quasilinear wave equations in H? x H'(R?). Indeed,
as with shock formation, this is actually a generic phenomenon: for almost all (g~')*#(®) which
are perturbations of the Minkowski metric we can specify initial data which is arbitrarily small in
H? x H'(R?) but whose H' energy blows up arbitrarily fast in the domain of future dependence
of the data. We demonstrate that illposedness is actually a corollary of the nearly planar shock
formation theorem in 3 + 1 dimensions. The nearly planar shock formation result actually gives us
even more: the stability of the breakdown under asymptotically small perturbations of “Lindblad-
type” initial data. In other words, Lindblad’s result is not simply an artifact of symmetry. We
then show that the proof in [18] extends from 2 4+ 1 to 3 + 1 dimensions. This is largely the same
argument, although elliptic estimates are now necessary to control some of the new top-order error
terms which are nontrivial in the 3+ 1 dimensional setting. In order to control these terms we follow
the structure presented in [16]. Our result demonstrates that the conjectural local well-posedness of
the timelike minimal surface equation in H® x H?(IR?) is an exceptional case: every other equation

in its class of irrotational, compressible relativistic fluid equations is illposed in H? x H?(R3).
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0.1 Introduction

Remark 0.1.0.1. We attempt to closely follow Jared Speck’s typesetting conventions and notation
in [16] and [18]. Not only are these monographs among the most readable in the field (hence our
adherence to the notation), but this work is very much an elaboration of and corollary to the results

in [18].

0.1.1 Well-Posedness for Nonlinear Wave Equations: A Brief Historical

Overview

Ubiquitous in physics are Cauchy problems for general nonlinear wave equations of the form (fol-

lowing the formulation in 1.2.4 of [16]):

(g7 (®,09)005® = N (®,0P) (0.1.1.1)
(®l,—g, O:®|,) = ((i)Oa‘i)l) (0.1.1.2)
where we will assume that, relative to rectangular coordinates (z° = ¢, z!,--- ,2™) on R" ™!, g,5 =

9pa : R x To.1(R"') — R is a continuous function and that

9a5(0,0) = map (0.1.1.3)
ON ON
= 2(0,0) = 2= (0,0) = 1.1.4
where mqp = diag(—1,1,---,1) is the Minkowski metric on R

Hadamard defined the well-posedness of such a Cauchy problem to be the existence of Ba-
nach spaces Xgata and Xevolution Of sufficiently smooth functions such that for every inital data
set (tio, <I>1) € Xgata there exists a unique solution 5(&)0#%1) = & € Xeyolution Satisfying (0.1.1.1),

(0.1.1.2) such that the solution map
& Xdata — Xevolution (0115)

is continuous.

More precisely, we will assume

Xaata = HS(Rn) X HSil(Rn)



and

Xevolution,T = Clooc((_Ta T) cH? (Rn))

If, for every (<i>0, (I>1) € Xgata, there exists an open ball

0 = {(£.9) € Xaasa + 1(/20) ~ (B0, %))l s < (0.1.1.6)

and a T' > 0 such that £ : O — Xyolution,T 1S & continuous map to unique distributional solutions
of (0.1.1.1), (0.1.1.2), then we say that the wave equation (0.1.1.1) is locally well-posed for data in
Xgata- If T can be chosen arbitrarily large, we say that we have global well-posedness.

It seems clear that well-posedness is something of a minimal expectation of equations character-
izing physical systems.

Wave equations (like (0.1.1.1) above) satisfy some sort of “Energy Estimate” for [|0®]12(xy),

typically of the form:

t
100225y S 100l s + | Iz s (0.0.1.7)

Commuting our equation with derivative operators typically allows us to derive higher order

energy estimates of the form:

t
[0 -c5 S 100 + [ 1Nl s (0.1.1.8)

It is thus clear why the natural choices for Xgata and Xeyolution are, respectively, the Sobolev
spaces H*(¥y) and the corresponding time evolution space Cp ([0,T] : H*(Z;)). If we assume
N = N (®)(0P, dP) (i.e. the nonlinearity is a quadratic form in O®), we can then use Gronwall (and
Sobolev imbedding) or various stronger estimates such as Strichartz or bilinear estimates (if possible)
to derive a priori boundedness results on the H*® energy [0® | g7:-1(s:,)- This then allows us to use
a fixed-point argument in the appropriate Xeyolution, 7 Space which gives the desired well-posedness
result.

For wave equations, we can examine the scale invariance properties of the equation, say under the
transformation @, (¢, ) := AP (%, %) (we can think of X\ as giving us the characteristic space-time
scale of the solution). For instance, if O® = m(9®,0®), then the equation is invariant under the
above transformation with o = 0. Now we can consider the homogeneous Sobolev space H**(R™)

which is left invariant under the rescaling i.e. |®a|l s gn) = @[l fsc (gny- This defines the so-called

“critical regularity” of the equation.



In [8], Klainerman introduced the following “General Well Posedness Conjecture,” a guiding

paradigm in the study of nonlinear wave equations:

1. (Subcritical) For all basic field theories the initial value problem is locally, strongly well posed

for any data in H®, s > s..

2. (Critical) The basic field theories are weakly, globally well posed for all initial data with small

H?¢ norm.
3. (Supercritical) There can be no well defined solutions for s < s..

Note that for the subcritical case, s > s. we have [[®illgegn) = A*7°(|®| . (gn) and so for
A > 1 (small length scales), we have that [|®|z.g.) < 1. So, heuristically, controlling the
subcritical (H®, s > s.) norms rules out the concentration of energy, as small length scales have
will correspondingly small subcritical energies. Thus we expect subcritical problems to be well-
behaved. Conversely, supercritical norms grow as we look at smaller length scales. Thus we expect
supercritical problems to be very badly behaved. For critical problems, the invariance of the norm
under rescaling gives us that any fine scale and/or short-time result is automatically a coarse scale,
global-in-time result as well.

It was known already at the time of [8] that the story was more complicated (and the con-
jecture false) for certain non-geometric semilinear and quasilinear wave equations, thanks to the
counterexamples of Lindblad in [12] and [13], which showed that local well-posedness fails to hold

in H2(R?) x H'(R?) in the following cases:

O0n® = (L(Flat)q))2
0,®=0 0,,¥= (L(Flat)q))Q

On® = 7©(L?Flat)q))

Where O,, := m*?9,05 and where we denote our Minkowski-null vectorfields in the (¢, z')-plane

by Lpiary == 0 — Opr and L(piqp) = O + 0,1. Note that these equations all are invariant under the

transformations ®(¢,z) := ® (£, £) with critical exponent s = %

These counterexamples all crucially exhibit a failure of what is called the “null condition.”

The null condition is satisfied for (0.1.1.1) if, when we expand the nonlinearities to second order

relative to some Minkowski null frame (see below), we find that none of these “resonant” terms are



present:

(L(r1aty®)?, (Lipiany®)?, (0.1.1.9)
CD(L(Flat)L(Flat)(I))» ‘I)(L(Flat)L(Flat)(I)), (0.1.1.10)
8(I)(L(Flat)L(Flat)¢))7 8@(L(Flat)L(Flat)‘I’) (0.1.1.11)

The derivative semilinear equations which verify at least parts 1 and 2 of the WP conjecture
(see for instance [19]) all verify the Null Condition, and thus have nonlinearities which exhibit an
absence of the worst-case resonant terms. This seems to be a natural consequence of the fact that
these equations come from Lorentz-invariant Lagrangians.

In the case of quasilinear equations, much less is known in the positive direction. Thanks to
work of Klainerman and Rodnianski (for EVE) [10] and Smith and Tataru (in the general case [15]
- see also a more recent geometric proof by Qian Wang [20]) it is known that quasilinear equations
of the form Oyy)p = N(¢) (¢, 0¢) are well posed in H*T¢(R?). Going any further for quasilinear
wave equations is a tremendously challenging and interesting problem. Thanks to the results of
Lindblad, it is known that more structure on the nonlinearities is clearly required. It is not entirely
clear what this structure should be, although anything “from a geometric lagrangian” seems to be
the first place to look. Indeed, the “Bounded L? Curvature Conjecture” concerning the case of the
Einstein Vacuum Equations was also formulated in [8], and it has since been positively resolved
by Klainerman, Rodnianski and Szeftel in [11] and the sequence of supporting papers by Szeftel
(see references in [11]). It was also conjectured in the same talk that the Timelike Minimal Surface
Equation would be well-posed in H**t1/2 as in the case of EVE. The thesis of Ettinger [4] claims
a proof of this result using the wave packet parametrix methods of Tataru.

However, Lindblad and Ettinger showed that the Bounded L? Conjecture is false in harmonic
gauge! The blow-up is essentially a result of the illposedness of “weak null” semilinear systems which
we will sketch below in the simplest case.

From this result and actually from the work in this paper it is clear that a fundamental issue
with respect to low-regularity LWP is the existence/stability of a good coordinate system.

The quasilinear example of Lindblad’s that we noted above is the origin of the above mentioned
and commonly quoted piece of folklore that “generic” quasilinear wave equations are illposed in H2.
We see from all of his examples (which are all H 3/ 2_critical), that the LWP conjecture clearly requires
more structure. It seems that we need, at the very least, some sort of local Lorentz invariance which

gives us “null structure” in the nonlinearities. Indeed, our result here makes this heuristic more



precise, at least in the negative direction.

For quasilinear equations, the issue is also seemingly tied to the issue of regularity of null hy-
persurfaces. Quasilinear wave equations are interesting precisely because the null/causal structure
(which governs wave propagation) is a function of the solution itself. In principle, it is thus impossi-
ble to generate any a priori control on the solution without also controlling the geometry of solutions
to the Eikonal equation (¢71)*?9,udsu = 0. In the setting of the Einstein Vacuum Equations it
is known that without control on the curvature flux through null hyperplanes (precisely compatible
with H? initial data), it is not possible to control the radius of injectivity and thus regularity of
these surfaces. The low-regularity local well-posedness results rely on multilinear estimates for the
nonlinear terms, which in turn seem to require a Fourier integral representation of the solution, with
phase function u solving the Eikonal equation. Thus, as u is essentially H? critical - not sufficiently
regular with data of any lower regularity - these tools are inapplicable for data in H®, s < 2. The
reader should see the discussions in [9] and in the introduction to [11] for further details.

The behavior of characteristic geometry is a crucial element of [13], where Lindblad writes that
the idea is to propagate asymptotically singular data along characteristic curves. He notes there that,
due to the quasilinear causal structure, the singularity focuses the solution, which thus strengthenes
the singularity enough to generate instantaneous blow-up in H2. Although not explicitly noted
in [13], it turns out that Lindblad’s proof follows from the collapse of characteristics of a plane
symmetric solution: the solution forms a shock instantaneously, which then propagates with enough
severity to make H? norms instantaneously infinite for his given choice of H? regular initial data.

In recent years, our understanding of shock formation in quasilinear wave equations has improved
dramatically, thanks to the work of Christodoulou, Speck and others [1], [3], [16]. They demonstrate
that the null condition is “sharp” with respect to global existence: null condition failure for suffi-
ciently geometric quasilienar wave equations will result in shock formation for an open set of initial
data. Christodoulou, in his monograph [1] on shock formation in relativistic compressible irrota-
tional fluids, was able to provide a precise, geometric description of the solution all the way up to
(and including) the boundary surface where the shock first forms. In so doing, he set the stage for
his recent monograph on the continuation problem [2].

Also of interest is the work by Miao and Yu [14] which demonstrates the formation of shocks in
a large data setting for a quasilinear wave equation which actually satisfies the null condition (and
thus exhibits global existence for sufficiently small data).

Most importantly for the result presented here is the recent work of Speck, Holzegel, Luk and

Wong in [18], which proved the stability of shock formation near planar symmetry and crucially al-



lows for certain components of the initial data to be large (unlike in the nearly spherically symmetric
case).
0.1.2 Characteristic Collapse: Shock Formation and Illposedness

The fundamental mechanism underlying these shock formation results, as well as that of Lindblad’s
quasilinear counterexample, is the degeneration of the null/causal structure relative to the Euclidean
time coordinate.

Based on this analogy, we would like to generalize Lindblad’s result for the equation
0,% = _Q(L%Flat)q))

to irrotational relativistic fluids of the type considered by Christodoulou (in [1])- roughly, equations
of the form

(9~ (OV)d25% =0
- which turns out to be a corollary of the result for covariant quasilinear wave equations of the form

Og@)® = 0.

We ultimately want to find covariant/geometric conditions on ¢g(®) which correspond to admit-
ting a well-posed Cauchy problem in H? x H'(R?®). That is, we would like to better understand
the quasilinear “null condition” with respect to local well-posedness. The conclusion of this work
indicates a possible direction for further research regarding the exceptional case which does not
exhibit shock formation and H? ill-posedness.

It turns out that (see [18]) the geometric quasilinear wave equations of the form
Hg(@)® =0
form planar shocks as long as there is some direction w € S? such that, if
“L(Fiaty = 0 +w - Vg,

and if



then

Gop(® = O)WL?Flat)waFlat) £ 0, (0.1.2.1)

in which case we say that Og(g)® = 0 fails the null condition.

Without loss of generality we may assume for the remainder of the paper that L pjqs) = 0 + 0,1

Remark 0.1.2.1. One can easily check by expanding the metric to first order in the form go5(®) =
Mas + PGap(P) + O(P?) that this condition corresponds to the existence of terms @L?ﬂat)@ and

(L(f14ty®)? in the nonlinearity.

Actually, for these geometric quasilinear wave equations which exhibit shock formation, the
blowup is much stronger than for the quasilinear equation Lindblad considers, indeed is almost
as strong as the semilinear blowup with RHS (L4, ®)*. This is not surprising considering that
noncovariant quasilinear equations of the form g*?(®)9,03® = 0 have global existence of solutions
for sufficiently small data, whereas equations of the type Og)® = 0 can form shocks under fairly
general conditions and thus break down in finite time. The shock formation result crucially depends
on the semilinear terms hidden in the covariant O, operator, which drive the collapse of the optical
coordinates. See [18] and [16] for more details.

Our main result is roughly the following:
Theorem 0.1.1. Shock forming wave equations of the form Oy s)® = 0 are illposed in H?x H'(R?).

We do this by producing a convergent sequence of smooth solutions with arbitrarily small data in
H? x H'(R?) whose H!(3;)-energy (i.e. s, [09*(t, x)dx) blows up arbitrarily fast as we approach
the limit. Thus, in particular, no continuous dependence on data can be established with respect to
the H? x H'(R3) norm.

This result is actually a corollary of the following (known and stated but unproved) fact that:

Theorem 0.1.2. For wave equations in R3T! of the form Og(a)® = 0 which satisfy (0.1.2.1), shock

formation is stable under suitably small perturbations of planar symmetry.

We will sketch a proof of this theorem, relying heavily on the 2 + 1 dimensional planar case [18],
utilizing some of the ideas and notation from the 3 + 1 dimensional dispersive case [16]. Although
the basic structure of the argument is the same as in [18], eikonal quantities such as } are now
nontrivial and cause new top-order error terms to appear in the energy argument. The treatment
of such terms, as in the dispersive setting, is via elliptic estimates on the 2-surfaces >; N C,. We

give the argument necessary to treat these additional error terms and thus show that the presence



of the additional top-order terms in our 3 + 1 dimensional setting does not impact the structure of
the energy estimates in [18]. The rest of the argument is then exactly as in [18].

This theorem actually provides us with a stability result regarding the illposedness result above.
We note here that all of Lindblad’s counterexamples utilized H? regular initial data of essentially
the same form:

L(Flat)il(t =0,z 2%, 2%) = ¢|In(z")|*

which is then localized to the ball of radius 1 centered at (1,0,0) € R3. It turns out that the as long
as our data exhibits asymptotically similar singular behavior at the edge of the ball on the initial

data hypersurface then the instantaneous H? norm blow-up still holds:

Corollary 0.1.2.1. Illposedness holds for all shock forming covariant wave equations away from

plane symmetry as long as data is “Asymptotically Lindblad.”

Remark 0.1.2.2. The result here is local - we only consider data in a ball on the initial hypersurface
and we prove that the breakdown occurs in the domain of future dependence of this ball. Following
[16] we will assume that the data is periodic in the “angular” directions i.e. we work in the space-time

R'*! x T2. This has no effect on our result, thanks to locality.

0.2 Geometric Proof of the Lindblad Counterexamples

Here we will present proofs of the three aforementioned results of Lindblad, all in the planar sym-

metric setting in R3+!, meaning that we only consider solutions which are a function of (¢, z1).

0.2.1 Geometric and Comparison Notation
In the following sections we will utilize the notation
® Liiat) := O + Ouy,

¢ L(flat) = 675 - 82?17

o By:={ZeR3 : |- (1,0,0)[ <1},
o B = {(t,a!, 2%, 2%) e R¥T! : / =1t},

e DT (A) denotes the domain of future dependence of a set A C R3T! relative to the causal

geometry induced by a Lorentzian metric g,



Bt = Et N D+(Bo),
o S i=Bin{u(t,z') =u'}.

e ~, <, 2> mean that the equality (inequality) is valid up to constants which can be chosen

independent of the (sufficiently small) parameters in the problem.

Sometimes we write ~¢, S¢, 2¢ to emphasize that the implicit constants in the inequality

are 1 + O(C).
0.2.2 Semilinear Illposedness

[12] The first equation to consider is the simplest semilinear equation exhibiting failure of the null
condition:

Om® = (L(ant)q’)2~ (0.2.2.1)

If we restrict our attention to planar symmetric solutions we have:
- L(Flat)L(Flat)‘I) = (L(Fmt)q’)2 (0.2.2.2)

which if we use (¢, u) coordinates, where u :=t — x; (corresponding to the level sets of the outgoing

null characteristics), we find that L = and so the equation becomes

e
Ot lu=const
L rrany® = —(Lipian @)

which has the solution given in terms of initial data

L(Flat)q)(oa u)
1+ tL(Flat)(I)(07 U) .

Lpran®(t,u) = (0.2.2.3)

It is easy to see that in (¢,u) coordinates we have X = 3%|t:wnst.

We have that:

Proposition 0.2.2.1. For initial data (9o, ®;) such that

1

&)0(,@1,372,953):/ e [In(2)|" da’,
0



and o € (0,1/2) (so, in particular, L(Flat)iio =—¢ |ln(a:1)}a), we find that
H(éo, <i>1)H < Ce (0.2.2.4)

H2xH(By) —

and, for any t > 0, we have that our solution ® to (0.2.2.1) with this inital data satisfies

1@, D)2 115, > /B 0D (t,)?da > /B L p1any @12 (t,0)da = oo. (0.2.2.5)

i.e. the energy of the solution (and thus the H? norm) in the domain of future dependence of By is

instantaneously infinite.

Proof. We may assume that ¢ > 0 is small and that 0 < 2! < 1. It sufficies to note that:
|St.u| := / de?de® = (2 —t —2') (2! —t) ~ |u (0.2.2.6)
Bin{zl=t—u}

(using the fact that B; = {||# — (1,0,0)|] < 1 —¢}). A change of variables then shows us that:

/ \L(Flat)@|2(t,xl)dx2dx3d:c1 (0.2.2.7)

B,

= / /8 L o @1 (t, u)dz® da’du (0.2.2.8)

IS
e /1 |u|\L(Flat)<I>|2(t,u)du Using (0.2.2.6) and planar symmetry (0.2.2.9)
o [P ullnuf?®

=¢ / Wdu Using (0.2.2.2) with our initial data (0.2.2.10)
o (1—
0 2v |, |2

— 2 ey

- /—oo A= tep2” (0.2.2.11)

which clearly blows up for ¢ > 0 (¢ sufficiently small) due to the singularity formed at
1 1/«
V= () <0,
te

It is simple to check then that 82 &y € L2(By) (and thus that (g, ®;) € H? x H'(By)). Note

and which is clearly finite for ¢ = 0.

first that

Inz!|lnz

1|a—2
I .

9% ¥ = ae (0.2.2.12)

T

We merely need to check for finiteness near the singularity at the origin. A change of variables
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reduces this to checking that in the region 0 <u < § < 1:

g 2(a—1) 3 2(a—1) oo
1 1 1
e2a? %dxzdx:ﬁdu ~ e2a? %du =¢e2a? ——dv < ©
0 JSia u? 0 u | |p[2(=e)

In §|
(0.2.2.13)

< Ce. O

as a € (0,1/2). Tt is also clear from the above that we have H(&)O, @1)‘

H2x H (Bo)
0.2.3 Semilinear “Weak Null” Illposedness

[5] This next equation exhibits better behavior than the previous case, satisfying the so called “weak
null” condition.

We are interested in showing that

On® =0, On¥ = —(Lipan®)? (0.2.3.1)

is illposed for data in H? x H'(R?). In planar symmetry this system takes the form

—L(riaty Lipiay® = 0, Lpia) Lirian ¥ = (Lipian®)?,

which, in (¢,u) coordinates implies that

L piany®(t, 1) = Liprary®(0,u), 023.2)

Lipran Y (t, 1) = t(Lpian ®(0, 1))

Note that in (¢,u) coordinates, L(piar) = 2

7 and Lipqyy = 28% + %. It is then simple to check

that a solution is given by:

O(t,u) = (0, u)
“ (0.2.3.3)
W(t,u) = %/O (00 ®(0, u'))2dud

A similar proposition holds:

11



Proposition 0.2.3.1. For initial data (9o, ®1), (Vo, ¥1) such that

1

bofat a%a®) = [ <linia!)|" o'
0
$ =y =0, (0.2.3.4)

. 1 N
Uy (2!, 2%, 2%) = 5/ &2 In(z))|** da’
0
and o € (1/4,1/2) (so, in particular, Lipi,Po = —¢€ |ln(z1)|a), we find that

H(éo,&’l)H ¥ H(\i/o,\ifl)H < Ce (0.2.3.5)

H2xH(By) H2xHY(By) —

and, for any t > 0, we have that our solution ®, ¥ to (0.2.3.1) with this inital data satisfies
19| g2,y = o0 (0.2.3.6)

i.e. the H? energy of the solution in the domain of future dependence of By is instantaneously

infinite.

Proof. The solution in planar symmetry is given above. We can see easily from the previous section
that, with our choice of data, ||®[|f2(5,) < € and clearly Uy € L>®(By) C L2(By). We also see that
L(Flat)\ill(xl, 2%, 23) = —§| In(z1)|?* € L?(Bp) (as logarithmic singularities are integrable).

Lpray=L(ri i
%W = —0,1 in (¢, z') coor-

Now, to see the breakdown, consider the derivative X :=
dinates which in (¢,u) coordinates is given by 9.
We see from (0.2.3.3) that

020 = t(9,0)(92®) (0.2.3.7)

and thus, again restricting our attention to the region where 0 < u < § < 1 (i.e. near the singularity)

12



we have:

1%z 5,) 2/ | X202 (t, 2" da?daP dat (0.2.3.8)
Bt
2// |02W (¢, u)dx?dx®du (0.2.3.9)
u JStu
0
Z/ lul|02W|? (t, u)dx?dz®du Using (0.2.2.6) and planar symmetry (0.2.3.10)
-5
6 4(a—1
In w|4(e=2)
:t2€4a2/ [ Using (0.2.3.3), (0.2.3.7), and (0.2.2.12) (0.2.3.11)
0

u

1
1_
2

:t254a2/ —dv (0.2.3.12)
o] 4

2
which is clearly infinite for ¢t > 0 and « € (1/4,1/2). O

Remark 0.2.3.1. Note that o has a smaller range for this example. The initial data singularity

needs to be stronger and only causes a blow-up at the level of the H?(B;) norm.

0.2.4 Quasilinear Illposedness

[13] This next example is a nonphysical model for quasilinear breakdown, although the symmetry
assumption makes it quite straightforward to prove. The more general class of (physically relevant
- see below) shock forming (,4)® = 0 covariant equations break down with the same data and for
similar reasons, although the geometry of these equations is richer.

For the toy model we have:

Om® = —®(L{ria1)®). (0.2.4.1)

This equation is illposed for the same choice of data, although the breakdown mechanism is

fundamentally different, as one sees in the proof.

Proposition 0.2.4.1. For initial data (9o, ®;) such that

‘i)o = 07
(0.2.4.2)
Dy (2t 2% 2%) = ¢ lln(z:l)’a ,
and o € (0,1/2) (so, in particular, Lipqa®(0,7) =« lln(xl)’a), we find that
H(io, in)H < Ce (0.2.4.3)

H2x H1(By)
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and, for any t > 0, we have that our solution ® to (0.2.4.1) with this inital data satisfies

O (0.2.4.4)
t

i.e. the H? norm of the solution in the domain of future dependence of By is instantaneously infinite.

Remark 0.2.4.1. The rough strategy for proving illposedness for all quasilinear equations in this

paper is as follows

Step 1 Use a “geometric renormalization” to rewrite the wave equation and find the foliation density

p of the characteristic coordinates
Step 2.a Show that the wave equation transports L® along (outgoing) u-characteristics.
Step 2.b Show that the Eikonal equation gives us a transport equation for .
Step 3.a Show that the smallness of ® in L°° propagates.

Step 3.b Show that the characteristc/Lorentzian geometry of DT (By) is thus controlled: i.e. u ~

t—ab and |Sp | 2 |ul.

Step 4 Prove energy blow-up for the given data by changing to geometric coordinates in the ap-

propriate energy integral.

Proof. Step 1 and 2: Geometry of equation, transporting L® and n

We again work in planar symmetry. If the solution only depends on (¢, 1), this equation can be
rewritten as

- LL(Flat)¢ == 0 (0245)

where L := Lipjat) — PL(piqq)-

If we let u be an optical function such that
Lu=0, u(0,2') = -z, (0.2.4.6)
then the above equation (0.2.4.5) merely says that

L(Flat)q’ = L(Flat)q)(u)a

14



as Lpjqa® 1 constant along the integral curves of L. In particular, on the characteristics {u =

constant} we see that (Lpq¢)®) is determined by its value at ¢ = 0:
L(Flat)q)(u<t7 ml)) = L(ant)q’(u(oaxl)) = ¢ ln($1)|a~

For sufficiently small and smooth data, level sets of the optical function foliate a region of spacetime
containing the support of the data. Of interest to our problem is the behavior of this optical u

foliation relative to the background coordinates (¢,z'). We will define
ul = Lippanu (0.2.4.7)

to be the foliation density! with u=1(0,2!) = L piqaryu(0, rl) = L(Flat)(—xl) =1.

It is straightforward to see that

{Lé(mt)} = (L(piaty®) L(Fiat) (0.2.4.8)
and thus that
L(uw™") = LL(piapu From (0.2.4.7) (0.2.4.9)
- [L,L(Fm)} u From (0.2.4.6) (0.2.4.10)
= Lipiay® " Lipranu From (0.2.4.8) (0.2.4.11)
= Lippan® From (0.2.4.7) (0.2.4.12)

In other words, we see that Lu = —p (L( Flat)fb(u)) and thus if we choose a (nonlinearly) rescaled
time-coordinate  such that

Li=1 and #,_,=0 (0.2.4.13)

we find that

= Lipranw) " = e L @), (0.2.4.14)

Note that as our choice of initial data ensures L p;,)® > 0, we have 0 < u < 1. Now commuting

(0.2.4.5) with L(pq) and using our commutation formula (0.2.4.8) we also find that

1i.e. measuring the local change in u relative to variations of the background coordinates in the 9; — 0,1 direction

15



L (L%Flat)q’) = (L(Flat)(b) (L?Flat)q)> (0.2.4.15)

which tells us that

(L%FW)@) (F,u) = el (Lrtan® @) (L?Flat)cb) 0, ). (0.2.4.16)

Step 3.a: Smallness of ®

Now in order to show that ® remains small given our initial conditions (&)0, <i>1>7 we need to consider

the characteristics of Lp,y), which we will define in (¢, u) coordinates by
Lpjau=0, u(t=0,u)=—u, (0.2.4.17)

so that in these (u,u) coordinates we have

Lriany® = (0u®)Lpraryu + (Ou®) L prant = (0u®)Lpiaru- (0.2.4.18)

Integrating 9, ®(u,u) in the region 0 < —u < u < 1, we find:

D(u,u) = P(u,u) — P(—u,u) as ®(—u,u) = ®(t =0,u) = 0 by (0.2.4.17) (0.2.4.19)
= O @ (', w)du' by fundamental theorem of calculus (0.2.4.20)
v
- / Lpian® - nd’ by (0.2.4.18) and (0.2.4.7) (0.2.4.21)
>0 as Lipa® >0 and pu > 0. (0.2.4.22)

Then note that

D(u,u) = / Lipray® - udu’ by (0.2.4.18) and (0.2.4.7) (0.2.4.23)
< / L(piapy it as 0 < p <1 by (0.2.4.14) (0.2.4.24)
1
< E/ [ In(u)|“du from the intital data, as L pjq® is a function of u (0.2.4.25)
0
<e where the implicit constant only depends on « (0.2.4.26)

and thus |®| <, ¢
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Step 3.b: Controlling the characteristic geometry

Note that we have

u—(t—2')=0 at t=0

and that
L(u—(t—a') = =L(t = ') = =(L(p1at) = PL(ppar))(t — z') = 20.

Thus, using that |®| < & and integrating along integral curves of L, we see that in DT (By) we have
un~t—at (0.2.4.27)

It is also important to note that as Lu = L(pias)u — PL (piayu =0 we have
L(ptanytt = PL(pyanu = Pt (0.2.4.28)

Putting this together with the definition L pjqpyu = pu~ ! we have that:

0 _ _
aﬁu:@wmw—mewﬁJQfDulwful (0.2.4.29)
and thus
dat
= e 0.2.4.30
0|~ ( )

Finally, as |®| < €, our quasilinear metric (g_l)a’g (®) (giving (g_l)aﬂ (2)92,® = O ®+OL?® = 0)
is uniformly close to the Minkowski metric and so we note that 98, N {¢ > 0} is uniformly close to
the corresponding light cone in Minkowski space (see [13] for a more detailed proof). This together

with (0.2.2.6), and (0.2.4.27) tells us that for ¢ sufficiently small and 0 < |u| < § < 1 we have

|St,u

~e Jul (0.2.4.31)
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Step 4: Instantaneous H? blow-up

Putting these facts together gives us that:

2

/ ’L%Flat)CID(t, :cl)’ dz (0.2.4.32)
B.n{o<azl<1}

1

0 2 ldx
= / / ‘L%Flat)q)(t7 “)‘
—1J48;.

p dx*dz®du  changing to characteristic coordinates (0.2.4.33)
u

0 2 d 1

:/1 ’L%Flat)q)(t,u)’ |St.ul % du integrating do?dx? (0.2.4.34)
0 5 2| dxt

Z/6|u| ’L(Flat)q)(t, u)‘ il by (0.2.4.31). (0.2.4.35)

Finally, our transport equations for L%Flatfb and p give us that

0 2 dl‘l
Lipian ®(t )| |5
[l Ergeceo]| |5

du (0.2.4.36)
5 ~ 2

N/ we (Lirian @(u)) ’Lﬁmm)@(mm)’ udu  using (0.2.4.16) and (0.2.4.30) (0.2.4.37)
0

5 2
:/ uet(Lrian®(1uD) ‘prlat)cb(o, |u|)‘ du using (0.2.4.14) (0.2.4.38)
0

where 0 < |u] < ¢ < 1 (here again, 0 is merely restricting our attention to the region near the
singularity at u = 0). We then simply need to check that, for our choice of “Lindblad-type” initial

data, we have:

2
/B ’gﬂm@(o,x)’ dz < oo (0.2.4.39)
0
while for ¢t > 0 we have
2
/B ‘L%Flat)®(t,x)‘ dz = oo, (0.2.4.40)

It is clear from the computation in the semilinear counterexample above that our data is in
H?(By). Now we use the fact that as |®| < ¢ we have t ~ ¢ (note that L(t —f) = (1—®) — 1= —&

and t —t = 0 for ¢t = 0, then integrate along the characteristics) and so we merely need to check that
)
/ e Bt ® )| L2 ®(0,u)Pdu = 0o (0.2.4.41)
0

for all ¢ > 0 with this choice of initial data. This follows from (0.2.4.38) by noting that

1 2(a—1)
— o2e? [ Inul

|LEpiany®(0, ) = €7 10,(| lnul*)[* 5

u
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together with the following simple computation:
g 2(a—1) oo
1 (3
/ anEQ%du = a252/ s 2 gy (0.2.4.42)
0 u |

which is clearly infinite for any ¢ > 0. O

0.3 Plane Symmetric Case

This section heavily utilizes the ideas and computations in the introduction to [18] which demon-
strates the formation of shocks in the following example, although we are interested here in an
illposedness result along the line of Lindblad’s examples presented above.

Here we will consider covariant geometric wave equations of the form:
Og)® = N(2)(09,09) (0.3.0.1)

such that
e g is a perturbation of the Minowski metric: ¢(®)ag = mags + gé%ma”)(é), gSmal) (0) = 0,
e g fails the quasilinear null condition (for the precise algebraic condition see (0.7.1.1) below),
e N is null, i.e. N(®)(&,€) = 0 for all covectors ¢ satisfying g~ 1(&,&) = 0,

e the solution is plane symmetric (see (0.3.0.5) and (0.3.0.6)).

Remark 0.3.0.1. Note that these are precisely the shock forming plane symmetric equations dis-

cussed in the introduction to [18].

Theorem 0.3.1. For equations (0.3.0.1) satisfying the above conditions, we can specify Lindblad
type initial data with
0. ®(0,u) = el In(uw)|*, «a€(0,1/2)

such that the initial data is in H* x H*(By) and such that for any t > 0 we have:
/ |0®(t, z)|*dz = oo (0.3.0.2)
By

i.e. the energy blows up instantaneously. Thus, such equations are illposed in H? x H'(R3).
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Remark 0.3.0.2. The fundamental breakdown mechanism here is very much the same as in Lind-
blad’s quasilinear counterexample, although the blowup is much stronger, as it happens at the level
of the H' norm rather than the H? norm. Note that it is not quite as strong as the illposedness

result for 0,,® = (Lpya ®)?, see (0.5.0.1) below.

Proof. Step 1, 2 and 3.a: Geometry of equation, transporting L® and p, smallness of ®

Let u,u be eikonal functions satisfying

0=(97")*(®)daudpu (0.3.0.3)
= (971" (®)Daudsu (0.3.0.4)
such that dyu, dyu > 0 and satisfying initial conditions u|,_, = —z! and ul,_g = xl.

In these coordinates (assuming they are well defined and that du and du are linearly independent).

the metric takes the form
9=—L(du®du+du®du)+g, (de* +E4du) @ (do” + ZPdu), (0.3.0.5)
and we will make the following planar symmetry assumption:
D = D(u,u). (0.3.0.6)

From the fact that O,® = ‘Tltglaa(wﬂdet gl(g71)*P95®), we may derive that in these coor-
dinates (using (0.3.0.5) and our planar symmetry assumption (0.3.0.6)) the equation Oyg)® = 0
takes the form

0,0,® = N (9)0, 29, P. (0.3.0.7)

Thus if the initial data satisfies 9, ® = 0 then by (0.3.0.7) this condition holds in the domain of future
dependence and thus our solution is simply a function of u (i.e. it is constant along the outgoing
charasterics). Applying a cutoff away from the origin, we may assume ®(0,u) = 0 for © < —1, and
it is easy to see from integrating the data with respect du that |®| < e if we choose Lindblad-type
initial data 0, ®(u) = %e|In(Jul)|*. Thus our metric g(®) is simply a function of u, which we may
denote g(u).

Note that by (0.3.0.3), the vectorfield

L(Geo) = _(g—l)aﬁaauaﬂ (0308)
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is a future pointing (L(()GEO) > 0) vector tangent to the curves {u = constant}. Furthermore,

differentiating the equation (g=1)*?(u)9,udgu = 0 with respect to 9, we find that
0= 2(g7 )" (u)Dauds(0,u) + % (g1 (u)) Oaudsud,u (0.3.0.9)

and so rearranging and using (0.3.0.8) gives us that

1/d PN
L(Geo) (D) = 5 <du (g1 (u)) aauaﬁu> dvu. (0.3.0.10)
Thus 01u and dqu satisfy the same ODE along the characteristic curves {u = constant} and so they
must be constant scalar multiples of one another. We may reparameterize the characteristic such

that (0.3.0.10) becomes Leo) (0, u) = 0. Thus the characteristics are clearly straight lines in (¢, z")

coordinates with possibly varying slope, determined by initial data satisfying?:
0= (g7 1) (w)0audsu = (g71) % (dou)? — 2(g~ 1) (Dou) + (¢~ 1), (0.3.0.11)

where the (g71)*? are functions of u and hence of ! on the initial surface.

We define the lapse function (inverse foliation density) u by:
uli= (g7 H)*Po,t05u (0.3.0.12)

and we derive its associated transport equation as follows. Note that if we define the rescaled null
vectorfield

then by the eikonal equation we have that Lu = 0 and so the null vectorfield L is a multiple of d,.
As L is tangent to the characteristics and as Lt = 1 we deduce that we must have L® = L*(u),
where a € {0,1,2,3} denotes that we are considering the rectangular coordinates in R3T1. In (¢, u)

coordinates we have trivially that

0

= =L 3.0.14
5 (0.3.0.14)

u=const

2note that a solution dpu is guaranteed by hyperbolicity, which tells us that ((g=1)°1)2 — ((¢=1)%%) - ((¢~H)) > 0
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and we can define

0
X =u 't = 0.3.0.15
u 87.L tzconst7 ( )
fimpx= 2 (0.3.0.16)
B u B 8” t=const o

In the rectangular coordinates we find (following [18]) that differentiating (0.3.0.12) gives us:

—u ?Lp=Lput (0.3.0.17)

= —(L(g7")*)0utdsu — (g7 )P (LOLt)Ogu — (g7 1) *POut(LIgu). (0.3.0.18)

Now using that Lg = ¢'(u)-Lu = 0 and that L(0,t) = 0 (as 04t is constant) we see that (0.3.0.18)

is equal to:
= (g7 1P, t(Losu) (0.3.0.19)
= n(g H)*Pout(g™ 1) 95ud,dpu from (0.3.0.13) (0.3.0.20)
- —%p(g—l)aﬂaataﬁ((g—l)vé)aguavu differentiating (0.3.0.3) (0.3.0.21)
- %p—l(g—l)oﬁaﬁéau from (0.3.0.13) and (0.7.1.1) (0.3.0.22)
= —%u‘l(be + L®)G L from (0.7.3.4). (0.3.0.23)

Recalling that L® = 0 and using (0.3.0.16) we thus have that:

Lemma 0.3.0.1. For plane symmetric solutions of (0.3.0.1), the inverse foliation density p defined

by (0.3.0.12) satisfies the transport equation:
1 .
Lu= 3G Xe. (0.3.0.24)

Let us summarize what we understand thus far about solutions to the equation:

e The solution is constant along characteristics of constant « (the outgoing null characteristics)

- thus smallness of the initial data <i>0 propagates

e The collapse of the characteristics is entirely a function of initial data, and their density is

given in (t,u) coordinates by p(t,u) = pu(0,u) + %GLL(’LL)X(I)(’LL)
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Step 8.b: Controlling the geometry of DV (By)
Note that as |®| < & we have that the domain of future dependence of By with respect to our g
metric is uniformly close to the domain with respect to the Minkowski metric, so integrating in the

(22, 23) variables gives us that

/ da?dx® ~_ |t — x'|. (0.3.0.25)
BiN{zl=constant}

Now (as @ is small and the rectangular coordinates of L are a function only of u) we clearly have
that

La(u) = L?Flat) + L?Small)(u) (03026)

(where L?Sma”) = 0as Lt = L(pia)t = 1) and so we may integrate the equation L(t — vl —u) =
L(()Sma”)(u) - L%Sma”)(u) = fL(ISma”)(u) along the characteristics, using that ¢t — 2! = u at t = 0
and that [L{g,, .| < €, to get that

t—at ~ou (0.3.0.27)

in the domain of dependence Dt (By). Together, (0.3.0.25) and (0.3.0.27) imply that

Syl = /B { da?da® . ] (0.3.0.28)
+MN{u=constant

Step 4: Instantaneous energy blow-up
Finally, it is not so difficult to derive that

| X®(t,z)|?dx
By

is instantaneously infinite for Lindblad-type data 0,®(t,u) ~ ¢|log(|u])|* (and that this data is
initially in H?(Bp)). Note that X is a vectorfield of g length 1 and that by smallness of ® we have
that X is approximately of Fuclidean length 1 as well - thus the standard energy in rectangular
coordinates th |0®|(t, x)dx is blowing up instantaneously.

We will denote by 2) the coordinate transformation mapping 2)(¢,u) = (¢,2'). Note that the
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Jacobian of Q) is

1 0
|det 09| = (0.3.0.29)

L' X!
= | X (0.3.0.30)
= p| X! by (0.3.0.16) (0.3.0.31)
~e u(t, u) from (0.7.3.4) and (0.3.0.26). (0.3.0.32)

From the above we actually also see that
dr’ =X (t,u) (0.3.0.33)
du |l = e K(T, -0.U.

The punchline is then as in the previous examples: we change variables in the energy integral

and use that
X®(t,u) _ 0u®(u)

KW = "w ~ wlw

(0.3.0.34)

Thus we can see that if u(speck)(t) is the value of u for which a shock forms at time ¢, i.e. such

that W(t, u(shock)(t)) = 0 and if we set () := min {O, U(shock) (t)}7 then we have that:

2

K (1) X® dz?
|X®(t, z)[2dz > / / (1 g2 || g (0.3.0.35)
B, 5 Js.. | m(tu)
"0 | X )|
~e / / w(t, u)dz?da®du by (0.3.0.33) (0.3.0.36)
5 Js,. | m(tu)
"0 X))
> u u(t, u)du by (0.3.0.28 0.3.0.37
[, ue y (03028  (03037)

w0 ]| 04 @ (w)|?
= v du by (0.3.0.34 0.3.0.38
/,5 H(O,U) + %GLLGU‘P(’U,) Y ( ) ( )

which will clearly blow up for any small ¢t > 0 if we have 9, ®(u) = *¢|log(|u])|* (depending on the

sign of G 1), following similiar reasoning as in the previous sections. O
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0.4 “Asymptotically Stable” H? Ill-Posedness for Generic Co-
variant Equations of the Form: oy ® =0

Note that the above proof in planar symmetry is effectively a corollary of the proof of planar shock
formation given in the introduction to [18]. It turns out that an even more general and robust
illposedness statement is possible, which is likewise a corollary of the 3 4+ 1 dimensional analog of

the full result presented in [18].

=10
(z?,z%) e T Trivial Data

L J

el

Figure 1: The spacetime region and dynamic vectorfield frame

The geometric setup and notation here is slightly different, see (0.7.2.2) and Figure 1 for reference
(we note that Figure 1 parallels several of those depicted in [18]). The statement and proof of the

main theorem (0.4.1) rely heavily on the following notation:
Outgoing null characteristic hypersurface C,: We denote the level sets of u(t,z") = v’ by C,.

o

8 - size of “large” C,-transverse derivatives on initial data:

8= ||X‘1’||Loo(23) + ||X2(I)||L°°(Z(1,) + ||X3(I)||L°°(23)'
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o

8, - inverse time to shock formation: 8, = %minzé [GLL)UOI)} .

€ - size of “small” C,-tangential derivatives on initial data: We consider perturbations from
planar symmetry of size
<18;3 <20;3 2
| L3 ), | LE25D  ay) < &,
where LMY means that we take at least one C.-tangential derivative, we take up to M total

derivatives, and where at most N of them are C,-transverse (i.e. X) derivatives. For more

information on the other derivative notation &, &, etc. which we use below, see (0.18.2).

& - size of &g in L>®: We will denote

o= [P poo(zy)

O, and O notation: We will use A = O(B) to mean |A| < C|B| where C can be made independent
of &, € (a bootstrap smallness parameter, see (0.18.5.1)), and € assuming all of these parameters
are sufficiently small relative to 1 and that €, ¢ are sufficiently small relative to 3—1 and §,.
We will use A = O,(B) to mean |A] < C|B| where now C' does not depend on any of the
constants in the problem as long as € and & are sufficiently small relative to 1. Essentially
O means the implicit terms have 5, 5. (potentially large quantity) dependence and O, means

that there is no dependence of the implicit constants on these potentially large quantities.

Uy characteristic width of the domain of wavefront region: We are interested in the region
of spacetime |J Cy, for 0 < Uy < 1. Uy is thus the “characteristic width” of the wavefront

0<u<Uy
subregion under consideration.

i, - minimum of inverse foliation density over torus: p,(f,u) := mingacpe u(t, u, 64).

The statement of the theorem is nearly identical to that in [18], with minor differences in nu-
merology due to the presence of our additional dimension and hence one more derivative required

for Sobolev imbedding (see (0.18.3.1) and also (0.6.0.1)).

Theorem 0.4.1 (Stable Shock Formation in R3*! Near Planar Symmetry, following Theorem 15.1
in [18]). For geometric wave equations of the form Ogq)® = 0 which fail the null condition in the
direction L(piqry = O + Oy (see (0.1.2.1) for the exact condition), assume that the data (fi>0, <I>1)

satisfies the data size and regularity assumptions given above (see also (0.18.3.1) for a more extensive

3We here are following the notation in [17] which corrects a small error in [18] involving the L™ size of the initial
data. The correction is made by using the & and Oy notation which we are introducing here.
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discussion). For Uy € [0,1], let T(1;fespan);u, be the lifespan of the solution in the wavefront region

M pepanyivg Uo (S€€ figure 1) determined by the data in »50 and trivial data in the region S N
o . . o—1 2 o . .

{z1 > 0}. For € sufficiently small relative to & ~ and 8, and & sufficiently small relative to 1, we

have that one of two mutually exclusive alternatives occurs:
o —1 o—1
o Case 1: T(p;fespan)u, > 28, and inf{u*(s,Uo) RS [0,26* }} >0

o —1
o Case 2: T(Lifespan);u, <28, and

o —1
T(Lifespan);Uo = sup {t € [0726* ) : inf{p*(sa UO) RS [O ) t)} > O}

where u,(t,u) is defined in (0.21.0.5) as the minimum of p along X}. For Uy = 1, we have that

Case 2 occurs and T(1;fespan;1) = {1—&—(9(%)—!—(’)*(&)}5:1. In Case 2 we have for (t,u) €
[OvT(Lifespan);Ug) X [07 UO] that:

H"S’ﬂ*SWSmall)HLm(zg) < Cé, (0.4.0.1)

| L5100, gy < Ce. (0.4.0.2)

=)

This is a consequence of the following more explicit result:

What happens in Case I). In case I), all bootstrap assmptions, the pointwise and L esti-

mates of (0.19.6.2) and (0.20.3.1), and the energy estimates of Proposition (0.26.7.2) hold

on clMz-1 ., with the factors of € on the RHS replaced by Cé. Moreoever, for 0 < M <5,

,Uo
the following estimates hold for (t,u) € [0,28;1] x [0, Up]:

1,13 i <12 .
12! ]H||L2(2;")7 125" Ligman L2z, 1£5 Xl L2 (mv) < CE, (0.4.0.3)

i 13+M o — .
|2 M 2 sy, (|2 M L ez s €5 Xllpeemyy < Cepr M4 (8,u), (0.4.0.4)

g 181 . 6.
1L w2y |1 LLY Ligman |20y 1L X2 myy < Cény®(t,w), (0.4.0.5)
[uY P trgx| 2se) < Cepny > (t,w). (0.4.0.6)

What happens in Case II) In case II), all bootstrap assumptions, the pointwise and L esti-

mates of (0.19.6.2) and (0.20.3.1), and the energy estimates of Proposition (0.26.7.2) hold on
/\/lth.,fesp(m);UO,U0 with the factors of € on the RHS replaced by C'€. Moreover, for 0 < M <5,
the estimates (0.4.0.3), (0.4.0.4), (0.4.0.5), (0.4.0.6) hold for (t,u) € [0,T(Lifespan);ty) X
[0,Uo]. In addition, the scalar functions L1010, <42, XXX, £<91Li XXLi, 2<%,
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L=y, and )v()u(u extend to Z%"L_f vy @ functions of the geometric coordinates (t,u, ")
ifespan):Uy

that are uniformly bounded in L>°. Furthermore, the rectangular component functions gag(®)
verify the estimate gog = Mag + Ox(&) + O(€) (where mog = diag(—1,1,1,1) is the standard

Minkowski metric) and have the same extension properties as ® and its derivatives with respect

Uo;(Blowup)

to the vectorfields mentioned above. Moreover, let ZT(L’f o
ifespan)iUs

be the (non-empty) subset of
o defined by

T(vifespan);Ug

Uo;(Blowup)
T(rifespan);Ug

= {(T(wirespany:vys 0 0°) | (T Lifespanyvo> u, 07) = 0} . (0.4.0.7)

c EUO;(Blowup)

: A
Then for each point (T(Liftespan);uys > 07) Tosfespanyitry”

there exists a past neighborhood

containing it such that the following lower bound holds in the neighborhood:

5. 1
| XP(t,u,04)] >

= . (0.4.0.8)
4|GL(Flat)L(Flat,) ((I) = O)| H(t7 u, GA)

In (0.4.0.8)

, S — is a positive data-dependent constant, the Py . -transversal
UGL (pran L(prar) (2=0)] )

vectorfield X is near-Euclidean-unit length: 6,,X*X" = 1+ O, (&) + O(€). In particular, X ®

Uop;(Blowup)
T(Lifespan);Ugy

blows up like 1/ at all points in ¥ . Conversely, at all points in (T(L;fespan);Uy > Us 04) €

Uy \ EUO;(Blowup)

T(Lifespan);Ug T(Lifespan);ug’ we have

|X(I)(T(Lifespan);U07 u, 0A)| < 0

For the following illposedness corollary, note that we are working in a different domain from the
examples above. Here By is the ball of radius 1 centered at the origin in R3.

The &€ — & hierarchy in the above theorem (0.4.1) actually allows us to show that there is an
asymptotic stability to the illposedness result. The following corollary provides a rough quantitative

estimate on the allowable perturbations from “Lindblad-type” data.

Remark 0.4.0.1 (Importance of Uy for the corollary). In the following corollary we will actually
apply the full theorem on for every Uy. We provide data on ¥} with a singularity at u = 1 and such
that the transverse derivatives X[1:3® are strictly increasing in u. Thus for every Uy we will have that
5 ~e 8(Up) and 8, ~¢ 8,(Up) (where 8(Uy), 8,(Up) denote the values in the planar symmetric case
with the initial data region Zg ). Thus, for our “Lindblad-type” data, we can provide a quantitative
statement of “stable illposedness” for which the size of allowable perturbations essentially depends

only on Uj.
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Corollary 0.4.0.1 (Asymptotically Stable Ill-Posedness). Assume that Oggy® = 0 is a shock
forming geometric wave equation in R3TL (the type considered in the (0.4.1) above). We may assume

without loss of generality that the “null condition failure factor” satisfies G'L ;) Lipar) (2 = 0) > 0.

H? Tllposedness For all n > 0,0 > 0 sufficiently small and o € (0,1/2), there exists a function
U(n,o,a) < 1 and a smooth truncation of plane-symmetric “Lindblad-type” data (&)0,&)1)
with

XPo(0,u,0%) |5, = —nlIn(1 = [u])|*

such that
by, d )H <C
H( 01 H2x HY({u<U}NBy) (a)n

and such that the H' energy of the solution blows up before time o.

Asymptotic Stability There exists an N sufficiently large and a function &(a,n,U) such that if

we have a perturbation

To, U H < &(a,n,U
H( 0 1) HN x HN=1({u<U}NBo) ~ (0. U)

then the H* energy of the solution to Oyg)® = 0 with data (i’o + \ilo,&)l + \111) blows up
before time 20. Furthermore, for n sufficiently small and U sufficiently close to 1, we can

derive the following explicit lower bound for &:

—clamk
o ((1 — U)%| ln((lnz U)k(l—a)) < &(a,n, V). (0.4.0.9)

where ¢,k > 0 are absolute constants.

Proof. The the “H? Tllposedness” part of the corollary was proved in the previous section. Indeed,
for € = 0 we are exactly in planar symmetry. We merely need to note that for breakdown to occur

at time o, we need U to be close enough to 1 such that (see (0.3.0.38)):
o
u(0,U) = 5nGrr(U)[In(l — U]

Now, by the shock formation theorem above, we can allow a small perturbation away from
o . o—1 2 o o
planar symmetry of size € (small relative to 8 and 8.). Quantitatively we may have € =

ok ey
min {6*05 , e8. } where ¢, d, k,l > 0 are absolute constants coming from the proof of the shock
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formation theorem and are independent of any of the free parameters in the problem (see below,
(0.18.6.1), also section 7.7 in [18]). It is clear from the fact that S, 8., are functions of U,n,a that €
is also a function of these quantities.

Note that in the data assumptions of the shock formation proof we are allowing for perturbations
which are small and smooth and which only affect the C,-tangent directions (not the C,-transverse/ X
directions). This is different from simply assuming the perturbations are small in some Sobolev space
HYN x HN=1([0,1] x T?) (N large), which would allow for small perturbations in C,-transverse di-
rections. Nonetheless, given our smallness assumptions on € relative to 5_1, g*, allowing sufficiently
smooth size € perturbations in the X direction has a negligible impact on the proof. Thus, for the
ease of exposition, we are content to state our corollary with Sobolev control on the perturbations,
but may pretend here that they only affect the C, tangent directions.

Also note that the proof of stable shock formation effectively addresses steps 1 through 3 in
(0.2.4.1).

By (0.4.0.1) and (0.4.0.2) above, we have that |L®|, |LLZ('Sma”)\ < €. Integrating along charac-

teristics we see that:

O~ By, (0.4.0.10)
L7(;Small) ~e L7(;Small) li—o = O(n). (0.4.0.11)

As in the planar case, we have that
t—al ~ e (0.4.0.12)

This follows from using that at time ¢ = 0 we have
t—x =u

and that

L(u—(t—z')) = L%Small)'

We may then integrate this equation along the characteristics and use the smallness of L(lsmau)
(from (0.4.0.11)) in M, .. ..., to arrive at (0.4.0.12).

Note that by (0.4.0.10) and our initial data assumptions we have that [®| <7 in Mz, .. .. U
This ensures that the domain of future dependence is uniformly close to the Minkowskian one. From
this and (0.4.0.12) we may derive that fSt,u do Z,e (1—u]).

~
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The one fact slightly different from planar symmetry is that here we have the transport equation:
1 5 .
Lu=5GLL(®)X® + Oe).

Noting that ‘L (GLL(Q)X(I))‘ < € (by (0.4.0.1) and (0.4.0.2)) and integrating along character-
istics gives us that

‘GLL(@)X¢ ~Grn(d0)Xdo| < &

Thus we see that we actually have:

Lu— %GLL(iO)Xéo(u, 6) + 0(&) (0.4.0.13)
1 o .
= 3Gyl n(1 — fu)| + O(&), (0.4.0.14)
and thus
. t o .
u(t,u0) = i(u,0) — £ Grr (o)l In(1 — [u)|* + 1O(&). (0.4.0.15)

It is then easy to see from our perturbative assumptions that
. t .
max u(t,u,0) = p(u) — iGLL(U)m In(1 — |u])|* +tO(€), (0.4.0.16)

where [1(u), Grr(u) denote ply, , Grrly, in the plane symmetric case.
We then have the following, just as in planar symmetry (although note that here we need to

consider maxy u(t, u, ) in the denominator):

/ IXO2(t, 2)dz = / IXD2(t, u, 0)udidu (0.4.0.17)
By 9-1(B:)
> /0 U(1 - u)(ﬂigluz;‘i?; du (0.4.0.18)
U _ )2
~ | TS G 04019
which blows up for ¢t > 0, u < U such that
fi(u) = (1 + O(é))%GLL(u)m In(1 — w)|°t. (0.4.0.20)
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It is clear from our smallness assumption on € that if
o 1
wU) = o5 GrrU)nln(1 = U)[*, (0.4.0.21)

then we must have

Q) = (1+ O(é))%GLL(U)m In(1 — )¢ (0.4.0.22)

for some t < 20.
To derive a more explicit/quantitative bound on the allowable perturbations, we know that for

u sufficiently close to 1 we have that

(1 = U)|* = | X®| oo (u<vyns) < 1K@ oo (qu<vynso) (0.4.0.23)
< | X301~ ~ gl 4.0.24
= || ||L {u<U}NBy) (1 — U)2‘ ln(l — U)|1_a (0 0 )
(where the implicit constants in ~ are absolute) and thus
o a’]’]
S~ 0.4.0.25
(1-0U)?|1In(l —U)|t— ( )
(where, again, the implied constant is absolute).
For n sufficiently small and U close to 1 we see that
: 1
S, = §GLL(<I>) -n|In(1 — U)|¢ (0.4.0.26)
and thus
B —c(am)® 0.4.0.27)
€ <minqe ,€ <exp A= 0 (1 — O)[F== ) ° (0.4.0.
Thus we see that for sufficiently small n and U near 1 we have the bound
—c(om)*
<6 U). 0.4.0.28
o (=g o) < StV (0:4:0:2%
O

Remark 0.4.0.2. The proof of shock formation and hence of illposedness does not fundamentally
depend on the smallness of ® itself, but rather on the fact that g,g(®) is Lorentzian and the smallness
of the perturbations from plane symmetry are appropriately small. Note that we needed to use this

fact in the above when we approximate Ly using the initial values of G LL(CODQ)X <i>o rather than by
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GLrran Lipran (P = 0)X®,, which would leave us with a problematic error term O(® - X®). See
Remark 1.9 in [18].

Remark 0.4.0.3. In spite of the fact that this corollary shows that illposedness is not merely an

artifact of symmetry, the very strong asymptotic requirement on the perturbations needs to be noted.

—c(an)*

(=0PF I (1-0) 0=

Indeed, as U 1 we see that we clearly have exp ( ) N\ 0 and so our theorem
does not give us a small neighborhood around 0 of allowable perturbations in HY x HN~1(1)

(where N for us is large).

0.5 Illposedness for Equations of the form
g )P (0W)0?,¥ = 0 and for Relativistic Fluid Equations
af

The above result gives us as a corollary the illposedness in H? x H?(R?) of equations of the form
(g~ )P (0w)d? 5¥ = 0 which fail the null condition in an appropriate sense.
See the appendices to [18] for more details, as this is only a sketch of the relevant ideas.

We are here concerned with the Cauchy problem:

(g7 1) (0)Dads¥ = 0, (0.5.0.1)

(Plg, . 0Pls,) = (‘i’o,‘iﬁ) (0.5.0.2)

where the equation is in rectangular coordinates {z®}a=0,1,2,3 and we assume that g,s(0) = mag
and that (¢=1)% = —1.
In [18] it is shown that the rectangular derivatives ¥, := 0, ¥ satisfy a covariant system of the

form:

oW, = 2(00,00,) (0.5.0.3)

Dy

where it turns out that 2(8%,dV,) is a null form. The appropriate notion of null condition failure

for this system is given by

maAGis (U = 0) L Liran Lirtaty 7 0 (0.5.0.4)
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and shock formation is now driven by the term
GE X Xw, (0.5.0.5)

and thus we choose our initial data to be such that X*XW, ~ —e|In(|u|)|*. Thus, using that the
presence of null forms on the RHS of a covariant equation is acceptable and does not affect any of

our proofs (in or away from planar symmetry), we find that

Corollary 0.5.0.1. The equation (0.5.0.1) is (asymptotically stably) illposed for data (\ilo,\i/l) €

H3 x H%(R?).

Another interesting consequence is for irrotational, compressible relativistic fluid equations de-
rived from Lagrangians of the form

(o) (0.5.0.6)

where

0= —m*P0y®Ip® > 0 (0.5.0.7)

and where . and its derivatives in o satisfy certain technical conditions to ensure the resulting
equation is physically meaningful.

Such lagrangians give us wave equations of the form (g~*(9®))*? 02 5® =0, and it turns out that
the only one of these equations which verifies the null condition (and hence does not form shocks)

is precisely the timelike minimal surface equation, which gives us that

Corollary 0.5.0.2. Allirrotational, compressible relativistic fluid lagrangians of the type considered

in [1], except for possibly the timelike minimal surface equation are illposed in H>(R?)
Remark 0.5.0.1 (Relative Strength of Breakdown). From the above we see that we have:

0,®=0

2
OmV = (L(ant)‘I’)
(05.0.8)

2
0, = (L(Fm)@) > Oy ® = 0> 0,,® = — (ﬁmat@) >

where the ordering is in terms of the strength of the energy blow-up. This is due to the fact that

for Lindblad-type initial data (roughly of the form L p,,)®(0,u) = e[ Inu|*) we have:

2
e Our solution to O0,,® = (L( Flat)(I)> exhibits H'(B;) norm blow-up where the singularity

comes from integrating W
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e Our solution to Oy¢)® = 0 exhibits H*(53;) norm blow-up where the singularity comes from

integrating (I—Tlnu‘a)
e Our solution to O0,,® = —® (L%Flat)q)) exhibits H?(B;) norm blow-up for o € (0,1/2).
On®=0

2
On¥ = (L(Flat)q))

Remark 0.5.0.2. This effectively concludes the central part of the thesis. The rest of the thesis is

e Our solution to exhibits H2(B;) norm blow-up for « € (1/4,1/2).

simply to sketch the additional details needed to extend the result from [18] to 341 dimensions. The
existing literature on stable planar shock formation is set in 2+ 1 dimensions. It was known that this
result is also true in higher dimensions, but the proof requires an additional argument using elliptic
estimates to control top-order terms containing x. This elliptic argument is in the spirit of what
was done in [16], although some of the details are different and the notation is somewhat simplified.
We provide a sketch of the proof of the 3 + 1 result, including a more explicit description of these
additional details, and note where our lemmas, notation, or proofs differ from that in [18]. However,
we refer to [18] wherever possible. The fundamental novelty in this thesis is the connection between

shock formation and illposedness.

0.6 Sketch of stable shock formation result near planar sym-
metry

The stable shock formation result is essentially the proof of steps 1 through 3 in (0.2.4.1). Due to

the quasilinear nature of the equation, we are essentially solving the system
E\g(<b)q> =0, (gil)a'@(@)aauagu =0.

Solving the eikonal equation gives us a natural coordinate system (a foliation of spacetime by null
hyperplanes of constant w) which is geometrically adapted to the wave equation. As in the plane
symmetric example above, we define the inverse foliation density u, which tells us the scale of the
null normal vectorfield — 2w with respect to the rectangular background coordinate system on R3+1.
We can think about p as a measure of how “pinched” the characteristic surfaces appear with respect
to the background coordinates, where g = 0 means that the characteristics have collapsed and hence

we expect a shock has formed.
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We can then use p to define a geometric frame {L, X ,©4}, where L is tangent to the u = constant
null hyperplanes (denoted by C,,), X ~ Oy ~ —ud 1 denotes the “bad” derivative which is transverse
to the null hyperplanes and tangent to the ¢ = constant surfaces 3¢, and © 4 denotes the derivatives
on the 2-torus Py, 1= X: NCy,.

As in the planar symmetric case, we then find that u satisfies an equation of the form
1 .

Unlike [16], which was essentially a small data result, we are here interested in demonstrating
that shocks form for data which is large in the C,-transverse direction, assuming that it is suitably
small in the C,-tangent directions. The authors in [18] denote the size of the transverse derivatives
X P, X 29, etc. by 8 and the size of any terms with tangential derivatives (basically measuring the
perturbations from planar symmetry) by €. We will require 8 > €. The goal will be to prove that
this so-called “é& — & hierarchy” propagates in the wave front region in a precise way, which allows
us to demonstrate that p 0 linearly in time and gives us precise asymptotics for our solution all
the way up to the shock.

In [18] it was shown (similar to [16]) that rescaling the equation with p, we find that we can use

our geometric frame to rewrite pd,® = 0 as
— L(uL® 4 2X®) 4+ uAd = N (0.6.0.2)

where the terms in N depend on < 1 derivative of ® and < 2 derivatives of u. The remarkable
“null sturucture” which allows us to propagate the € — 8 hierarchy is that the size 8 terms in A are
always paired with a term which is size €! This enables us to treat the above equation (0.6.0.2) as
a transport equation for X® which in turn allows us to track the behavior of u using (0.6.0.1).

Now, being away from planar symmetry, in order to prove that ® remains small all the way to
the shock we can no longer use the method of characteristics. This means that we must rely on
energy inequalities in our geometric coordinates. It turns out that we may commute the equation
with the geometric C,-tangent vectorfields {L, Y{1), Y(2)}, 4 while still retaining this remarkable null
structure in the equation. We may then use the Sobolev inequality on the 2-surfaces P; ,, to recover
the smallness.

However several interesting problems arise in the course of the energy argument (all of which

4The Y(1) are Pr,u-tangent vectorfields, chosen for technical reasons to be different from the Lie-propagated coor-
dinate vectorfields {© 4}. See (0.11) for details.
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were essentially dealt with in [1]):

e Derivative loss at top order. A problem arises from the fact that commuting the equation
to top order with our geometric C,, tangent commutators P will give us error terms of the form
P=TOPJ(udu) - 9®. One example is the term YTOPtrgX - X®. In order to control YTOPtrgX

we can integrate a transport equation schematically of the form
L(YTOPtrgx) ~ (trgx) - YTOPtrgX +YTOPRicrp,.

Unfortunately the term YTOPRicy,;, contains 7P *2® terms, while the top-order energy only
controls TOP+1® terms. It turns out, however, that YTOPRic; = L(YTOPH1®) +l.o.t. and
we can move the L(YTOP+1®) terms to the LHS of the transport equation. This allows us to
avoid losing derivatives in the top-order energies.

In n > 3 spatial dimensions, there are other top-order eikonal quantities which appear in the
commutation error terms, roughly of the form y - EIS;,TOPX which we cannot control with a
transport equation. We require elliptic estimates on the P, , surfaces in order to bound them
in L2(3;) by the top-order energies for ®. The need for this additional elliptic argument
is essentially the main difference between the rest of the thesis and [18]. The form of the
argument is not new - we rely heavily on the presentation in [16] - although the details are
somewhat different in a few places. The treatment is thus somewhat fast and proofs given are
fairly minimal. We present the argument only for the sake of completeness. The interested

reader is referred to [16] for a more thorough and involved treatment of the same ideas.

e Degenerate u weights in energies. The energies and fluxes that we use have the form

/'uw¢P+¢X@2+MV®P

t

and

/ Lo + Y 3P,

where there are no u weights associated to the implied volume form on the hypersurface. Thus
our coercive control over angular derivatives degenerates as we approach the shock u = 0. It

turns out that in the bulk error integral

/ uQag(T)WQB
M
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coming from the T" multiplier vectorfield there is a term with a good sign and no problematic

p weights, of the form:

| e,
M
which gives us coercive control over the angular derivatives near p = 0.

¢ Blow-up of energies at top order. It turns out that the only control we can obtain for the

top order energies is of the form

i.e. they are blowing up as we approach the shock. Christodoulou devised a so-called “descent
scheme” which uses our estimates on pu to show that by passing to lower order energies we can

actually gain powers of p i.e. we have estimates of the form:

Erop—k[®] < e

By descending far enough, we actually find that the lower order energies (at a certain level
and below) are actually bounded. This allows us to demonstrate smallness of ® all the way to

the shock, and hence closes the argument. °

Remark 0.6.0.1 (Regularity requirements on the data). The need to keep track of the size of
H)v([l’?’](I)HLoo(Eé) stems from the need to control a dangerous bulk error term which appears in the
multiplier argument. The need for such high regularity of the perturbation terms (i.e. we require
H<@[17N]®||L2(E(l)) < € for a large N) basically stems from the descent scheme and the product terms
appearing in our commutator estimates. In order to eliminate the p, degeneracy at top-order we
need to descend a certain number of derivative levels. This, together with Sobolev embedding, gives

us something like

E/2[2<TOPp] < eu;M (0.6.0.3)

| P<TOP-M=2g|| . < El/2[p<TOP-Mg| < ¢ (0.6.0.4)

Now in order to prove these estimates we need to have assumed that we could bound the lower order

part of product terms appearing in the commutator estimates in L°, i.e. closure requires something

TOP

like || 2S5 H1@| L < || P2STOP=M=2¢|| o which necessitates TOP — M —2 > L9 41 and thus

5We will later discuss the descent scheme in slightly more detail but, as the proof is actually identical to that in
[18], we refer the interested reader to that paper for the precise details.
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TOP > 2(M + 3), where M is a structural constant.

0.7 Geometric Preliminaries

0.7.1 The Equation in Rectangular Coordinates, Null Condition Failure

(Corresponding to Section 2.2 in [18])

We denote the time coordinate by t = 2 € R and (z1,22,23) € R x T? to denote the standard
coordinates on X}. These are the so-called rectangular coordinates on our spacetime, with respect
to which we have m,3 = diag(—1,1,1,1). We assume that in rectangular coordinates our metric is

of the form

small
Gop(®) = magp + g5 (@) (0.7.1.1)
where g((jﬂma”)(q)) is a smooth function of ® satisfying g((f;I a”)(O) = 0. In rectangular coordinates

we find that
Oy ® = (97)*P0a0s® — (97 1)* T 30,® = 0 (0.7.1.2)

where

1
FZB(CI), 09) .= i(gfl)“’”((%g,iﬁ + 089ka — 0xGaB)

| (0.7.1.3)
= 5(971)7N {GKB80® + Ga,ﬁgcb — Gaga,gb}
where we define
d

a = o @ = — o (P .

G = Gop(®) 1= 05 @)
We will also assume that we are in the setting (¢~1)°°(®) = —1. If this condition is not satisfied,
note that we may rescale the metric by a conformal factor Q?(®) to ensure that (¢7)%(®) = —1

and that the resulting rescaled equation has the form
Og(2)® = N (2)g** (2)0: 952,

i.e. the now nontrivial RHS satisfies the strong null condition which does not at all affect the proof
of the shock formation theorem (as “bad” /large size 8 derivatives of ® are always multiplied by

“good” /small € derivatives of ®).

39



Definition 0.7.1.1 (Null Condition Failure). We say that Og)® = 0 fails the null condition if
Gap(® = O)wL?flat)wL?flat) # 0.

0.7.2 Eikonal Functions (Corresponding to Section 2.3 in [18])

Definition 0.7.2.1 (Eikonal Function). The eikonal function u is defined by the solutions of
(g7 (®)9,udpu = 0 (0.7.2.1)

such that 9;u > 0 and “|20 = -1

Definition 0.7.2.2. [Spacetime regions] We define the following subsets of R**1 x T?

Sy o= {(t,z", 2% 2%) [t =t} (0.7.2.2)

?,' = {(t,z", 2%, 2%) [t=t',0>u>u} (0.7.2.3)

C’Zl/ = {(t,xl,x27x3 lu=u/,0<t<t)} (0.7.2.4)
P = CL NTY (0.7.2.5)
My = {(t,z",2%,2%) [0 >u>u,0<t <t} (0.7.2.6)
B =X ND(By) (0.7.2.7)

Where by Dt (A) we mean the domain of future dependence of the set A.

0.7.3 Frame Vectorfields, Projections, Fundamental Forms, Metric and

Determinant Expressions (Corresponding to Sections 2.4-2.7 in [18]

Definition 0.7.3.1 (outgoing null geodesic vectorfield). We set
Ligeoy = —(97")**(®)Dpuds = —Pu (0.7.3.1)

It is a standard fact that L4 is g-null, future-directed, and g-orthogonal to C,, which are thus

null hypersurfaces.

Definition 0.7.3.2 (inverse foliation density). We define the inverse foliation density p by

= Loy = — (971 (®)Daudst (0.7.3.2)

(geo
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Definition 0.7.3.3 (rescaled outgoing null vectorfield). We define the rescaled vectorfield by

L= pLgeo)

We use geometric coordinates given by (¢, u, ', 62) where 9A|20 = z4*! for A = 1,2 and where

we extend #4 by L4 = 0.

Definition 0.7.3.4 (additional vectorfields). We define the spacelike vectorfield X as the unique
Y}-tangent vectorfield which is g-orthogonal to the P; , surfaces and normalized by g(L, X) = —1.

We define the rescaled spacelike vectorfield X by
X = uX

and the timelike unit normal N by
N:=L+X

Lemma 0.7.3.1 (some useful facts about our vectorfields). We easily find that

Lu=20 Lt=1

Xu=1 Xt=0

Nu=1 Nt=1

and that

g(L,L) =
g(X, X) = p?
g(X,X) = (0.7.3.3)
g(L, X) = —u
g(N,N) = -1

we also see that N® = —(g=1)%, that [L, X] € TP, and that in rectangular coordinates we have

Xo=—Lo—0°, X = L% — (g0~ (0.7.3.4)
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Definition 0.7.3.5. Let ©4 := ao% |t)u be the geometric angular vectorfield. We will denote the

rescaled frame by:

{L,X, o, @2}

and the nonrescaled frame by:

{LaX7@1;@2}

It is not difficult to see from the above that in our geometric (/rescaled) frame we have that

L =29, and X = 8, — E where Z € TP, .

Lemma 0.7.3.2 (transport equation for Z). We find that
A A -4
B =[LE" =- {L,X] (0.7.3.5)

Definition 0.7.3.6 (Projection operators). We let I and I denote the projections onto ¥* and

Py u, respectively.

Lemma 0.7.3.3. It is elementary to derive that

1,° =68 - NyN° =68 + 62107 + 60 X7 (0.7.3.6)

M,? =08 + XoLP + Lo(LP + XP) =68 — 6°LP + Lo X7P (0.7.3.7)

Definition 0.7.3.7 (Projected derivative operators). For tensorfields &, vectorfields V', and scalar

functions f, we define the following projected derivative operators:

Ly :=1Ly¢ (0.7.3.8)
Ly€ =Ly (0.7.3.9)
df =Y f=WNIf (0.7.3.10)

Definition 0.7.3.8 (First fundamental form). We denote:

9., = H;‘lﬂjﬁ'gaﬁ

and

a8
gAB = ]ZIAVIBgOtﬁ
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The inverse fundamental forms are defined by raising indices with (¢g~!), as is standard.

Definition 0.7.3.9 (Second fundamental form). We define the second fundamental form k of 3}
by

1
k= 541@

and the null second fundamental form x of Py, by

1
X = §¢Lg
Lemma 0.7.3.4. Our metric inverse (g~1)*? can be written as:

1 o o
(g—l)aﬂ _ _LaLﬂ - (LOAXB + XaLﬁ> + go‘ﬁ
H (0.7.3.11)
=—L°LP — (L*XP + X*LP) + ¢*°
Lemma 0.7.3.5 (Geometric coordinate decomposition of the metric). We find that in the (t,u, 01, 6?)

coordinates we have:

g = —ndt @ du — pdu ® dt + pdu @ du + ¢ , (A0 + Z4du) @ (d” + Edu) (0.7.3.12)

g=wdu@du+g,, (6" +Edu) @ (d6” + P du) (0.7.3.13)

From this it easily follows that

Corollary 0.7.3.6 (Geometric volume forms).

|det g| = p® det ¢ (0.7.3.14)
det g = p? det ¢ (0.7.3.15)
0.7.4 Change of Variables
Lemma 0.7.4.1.
0(z®) _ —1/2
det Ot w08 u(det g) \/det g (0.7.4.1)
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0.8 Commutation Identities and Deformation Tensors

Definition 0.8.0.1 (Deformation tensor of a vectorfield). For any vectorfield V' we define its defor-

mation tensor V)7 to be the following tensorfield:

(V)Wag = Evgag = @aVB + @BVQ

The following lemmas are straightforward.

Lemma 0.8.0.1. For any P;,-tangent vectorfield V we have [L,V],[X,V] € TP;... We also have

that [L, X is a P .-tangent vectorfield and that:

[L,X] = gt
[L7V] =M j:IL’
% _ (V)i

For Z € & we have
Log=Df, Lyt =—Dpt

Lemma 0.8.0.2. For any type (2) spacetime tensorfield £ and V € £ orV tangent to P: ,, we have
that

Ly&= Ly (1I5) (0.8.0.1)

Lvé =Ly (0.8.0.2)

0
n

Corollary 0.8.0.3. For any type ( ) spacetime tensorfield & and V,W € £ or tangent to Py, we

have that
Ly, Lw] €= Lvw (0.8.0.3)

Lemma 0.8.0.4. For any scalar function f and V € {L,X', YA} we have that

Lvdf=dvy.
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0.9 Transport Equations for Eikonal Quantities (Correspond-

ing to Section 2.11 in [18])

Proofs here are identical to those in [18]. The following lemma gives us the fundamental transport

equation governing the behavior of u:

Lemma 0.9.0.1 (Transport equation for p). We have that the inverse foliation density p satisfies

1 y 1
Lu: iGLLX(D_ §HGLLL(I)_ MGL)(L(I) (0901)

7
(small)

and that the rectangular components L satisfy:

LL{gman) = —%GLL(L‘I’)U—%GLL(L‘I’)(gfl)Oi—GLA(gil)ABdBJJi(L‘P)Jr%GLL(gil)ABdAxi(qu’)

Lemma 0.9.0.2. Fori=1,2,3 we have that

o 1 o 1 1 ;
XLEsmall) = {—QGLLX(I) + iuGLLL(I) +uGrLxL® + QHGXXL(I)} L' (0.9.0.2)
1 ¢ 1 1 —1,0i
+ 7§GLLX(I)+i}lGLLL(P+HGLxL@+§GX)(L® (g ) (0903)
A 1 A i A i
-3¢ X<I>+§MGXX¢Z Db -dax + (47 ) - dya'. (0.9.0.4)
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0.10 Geometry of the Covariant Wave Operator

0.10.1 Ricci Coefficients (Corresponding to 2.12 in [18])

Definition 0.10.1.1 (Ricci Coefficients). For our rescaled geometric frame we define the following

quantities:

xaB = 9(%e,L,0p) (0.10.1.1)
kap = 9(Zo,N,O8) (0.10.1.2)

Ca = 8(%0,L.X) = ~9(Z0, LX) (0.10.1.3)
tryx == g% xan (0.10.1.4)
trgh == g ¥ ap (0.10.1.5)
XAB = XAB — %gABtrgx (0.10.1.6)

Remark 0.10.1.1. One can easily check that these definitions agree with the definitions of x and

k in terms of Lie derivatives in a previous section.

We can express the covariant derivatives of our frame vectorfield in terms of the Ricci coefficients

as follows.

Lemma 0.10.1.1. We use the notation w := Lu

P L=p 'wl (0.10.1.7)
DL = —wL+pu 04 + 4" u04 (0.10.1.8)
DAL = —CaL + xaP0p (0.10.1.9)
P1X = —wL — u¢t0,4 (0.10.1.10)
24X = qu+{u71Xu+w}Xfu¢lAu@A (0.10.1.11)
PaX = pCal + X + 17 (dam) X + 1k, "0 — mxa"05 (0.10.1.12)
D104 = DulL. (0.10.1.13)
D405 =YV 405 + FapLl +n 'xanX (0.10.1.14)
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and we can write

CA _ I—l_l 1(4Transf¢') + C{(qTan7<I>)

_ Trans—® Tan—®
Fap =1 1%543 ' kELXB )

where we define the transverse components by

Trans—® 1 %
¢ = S X e

- 1 o
(4TBMM ®) = 7$4BX(I>
and the tangent components by

an— 1 1 1
(Tan=®) . ~ @y al® — =Grxda® — =Gxxds®

2 2 2
Tan—® 1 1 1 1 1
(AB )= §$ABL¢' - §$LBqu) - §$LA¢ZB(I> - §$XBqu) - §$XAdB¢)

Lemma 0.10.1.2. We have that

dALi _ (g—l)BCXABdoxi + (g_l)BCAZ%ni(dexi + )\ganféXi

) — 7 — Tan—® i Tan—® i
daX'=—(9~ ") xandcx’ + (¢ WECE TP doa’ + 1Y 'x

where we denote

an— 1
ATen=®) — _Grxda® — 3Gxxda®
. 1
ny = *iGXXﬂA‘I)
(Tan—®) 1 1 1
Ay g = —§$ABL(I)+§$LA¢ZB(I)_ §$LBdA(D

an— 1 1 1
B = §$ABL<I) - §$LA¢ZB(I) - §$LBdA¢' — G xpda®
Lemma 0.10.1.3. We have the following identities involving x:

1
XaB = JaphaLismandpr’ + §$ABL(I) +{G, nd®}
a an—®
= gaﬁdAL(small)deb - AS4TB )

_ 1
t’f’gx = gaﬁ(g 1)AB(dAL((Xsmall))deb + §(t7”g$)L@
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(0.10.1.15)

(0.10.1.16)

(0.10.1.17)

(0.10.1.18)

(0.10.1.19)

(0.10.1.20)

(0.10.1.21)

(0.10.1.22)

(0.10.1.23)
(0.10.1.24)
(0.10.1.25)

(0.10.1.26)

(0.10.1.27)

(0.10.1.28)

(0.10.1.29)



Proof. Write Z4L° = 04L° + FiL and use (0.7.1.3), then substitute this into the definition of

XAB- ]

0.10.2 Frame Decomposition of the Wave Operator

Lemma 0.10.2.1. Relative to our frame {L,X, @1,@2} we find that

uOg@)f = —L(RLf +2X f) + u&f — (trgx) X f — w(trgb)Lf —20¢  da f (0.10.2.1)

uOgee)f = —(BL + 2X)(Lf) + i f — (trg )X f — wLf +2u¢ o f +2(d w) - daf.  (0.10.2.2)

0.11 Commutation Vectorfields (Corresponding to Chapter
6 in [16])

Remark 0.11.0.1. These commutators seem unnatural. However, choosing the rotations to be the
solutions to L7 X 4 = 0 creates the problem that L is one degree more regular than the X 4s, which

this construction circumvents. See explanation in section 2.8 of [18].

Definition 0.11.0.1 (Angular Commutators). We will define the angular commutation vectorfields
Yy =My, (0.11.0.1)

Le. we simply project the rectangular vectorfields 03, 65 onto TP; .,

Definition 0.11.0.2. We define the set of commutation vectorfields to be
£ = {Lv)zaml)a}/iQ)}
and the set of C,, tangent commutation vectorvields to be

P ={L, Y1), Yo}
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Definition 0.11.0.3. For ¢ = 1,2,3 we will define:

L = L"— 6}

small)

X(isnLall) =X + 6%

Yv(il),(small) = Yv(ll) - (SliJrl

Definition 0.11.0.4 (X component of flat “angular vectorfield”). We define
pay = 9(d11+1, X).
Lemma 0.11.0.1. Forl=1,2 and i =1,2,3 we have

5li+1 = Y(lz) + P(Z)Xi
Py = gar1p X’ = g(z+1)be’smau) — 9@+1)1
Lemma 0.11.0.2.
Yy = 01 — p X' = 0141 — P X (smann) + P00

Lemma 0.11.0.3.

§(Y0), ©8) = gus1pdpa’

The following lemma appears in [16] (but not in [18] for obvious reasons).

Lemma 0.11.0.4. We have that
Ly, Yo = Y, Yip)] = WP
Where Wt is the vectorfield in TPy ,, which is g—dual to

Wa = p(2)Y(%XAB - p(1)Y(§)XAB

Tan—® Tan—®
+ p(l)Y(g})EgB = p(2)Y(?)E,(43 )

(0.11.0.2)

(0.11.0.3)

(0.11.0.4)

(0.11.0.5)

(0.11.0.6)

(0.11.0.7)

(0.11.0.8)

(0.11.0.9)

0.12 Deformation Tensors of Commutator Vectorfields

The deformation tensors here are at the origin of the most complicated error terms in the proof of

shock formation. They appear whenever we commute an . vectorfield with a &2 vectorfield (see
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(0.8.0.1)) and whenever we commute an .Z vectorfield with O, (see (0.15.0.2) below).

Lemma 0.12.0.1. The covariant derivatives of our projection operator W expressed in our frame

are given by

(7:W) - X = (04 (0.12.0.1)
(ZcW) -©4 = —CaL (0.12.0.2)
(Z5W) - X = d"p-04 (0.12.0.3)
(24M) - ©4 = uCaLl + paX + (dap) X (0.12.0.4)
(ZaM) - X = xa"0p — ¥,"05 (0.12.0.5)
(ZaM) - Op = kapL + xanX. (0.12.0.6)

Lemma 0.12.0.2. The following frame decompositions hold for the deformation tensors of our

commutation vectorfields

Ky, = (0.12.0.7)
O, =2Xp (0.12.0.8)
o= —Xp (0.12.0.9)
Kgrpp = —dyp— 2¢Trans=®) _ gy (Tan=) (0.12.0.10)
e =0 (0.12.0.11)
D rap = —2uyap + 2k(nens=®) 4oy pTon®) (0.12.0.12)
O — (0.12.0.13)
(L)ﬂ-XX =2Lp (0.12.0.14)
W, o= Ly (0.12.0.15)
L, 4 =0 (0.12.0.16)
Dy =dap+ 205 4 guclFon=) (0.12.0.17)
() s = 2xan (0.12.0.18)
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Yolg,, =0 (0.12.0.19)

(Y(I'))W)“(X =2Y 1 (0.12.0.20)
(Y(l))WL)“( =-Yu (0.12.0.21)
Y)g, 4 = *XABY(?; + Error{n,L,Y(;]a (0.12.0.22)
Y07 g 4 = wxaYd) + pydar + Error(r, X, Yyl (0.12.0.23)
Y)gap = 2pqyxaB + Error(r,0,Y )| aB (0.12.0.24)

where

1
Error(m,L,Y)la = §($A Yy ) L® + poyFx AL
1
- §P(1)GXX¢ZA‘I) — p)Grxda® + (Fp, A d@)ABY(g
(Tan—®)

N . 1
Errorm, X,Yla = —whap" Y3 +p0ExaX® - iup(l)GXXdA(I) + (@ x AdP) ABY
E'I“T‘OT’[?T, o, Y(l)]AB = —2p(l) EATch—@) + 2($ : Y(Z) A dq))AB + 2p(l) ($ XA d(D)AB + @ABY(Z)(I)
(0.12.0.25)
and where we have defined the wedge product of £,m cotangent vectors on Py, by (E An)ap =
1(éanp — nap)

Proof. We only prove the last few results for the deformation tensor of Y;) as the others are straight-

forward and do not rely on any special cancellations. We first have that

Ylrpa = g(P1 Y0y, ©4) + 9(PaY ), L)

:g(@LYv(l%@A)*g(@ALva(l)) from g(Lvif(l)) =0
= g((ZuM) - 6111,04) + 9(ZL0141,04) — xaBY using Y(jl) =W;6/,
_ uflp(l)é.‘/(ATrans—@) + p(l)chan—Q)

+TLaBYE + pylrax — xaBY(
—® 1 1 1
= p(z)C,(qTa" )+ §$LAY(I)(I) + §¢¥ABY(?§L¢> - §$LBY(ZB3¢ZA(I)

1 1
+ ip(l)$XALq) - ip(l)GLXdA‘I) — xaBY{
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where in the last line we have used the cancellation of the bad term in p;)['Lax, namely

1 .
Pla Yoy EraX e

with
— rans— 1 — o
u 1p(l)C,(4T ? = 5k Yoy EraX 0.
[
Corollary 0.12.0.3. We have that
YaY3 = pyxa® +TEpYE + py (Ex A d®) , P (0.12.0.26)

Proof. Similar to the proof above, we have:

WAY(’S = (97 1P%4(24Y). OC) (0.12.0.27)
= (977G (24 (Mo111) . O¢) (0.12.0.28)
= (¢7")P{g ((2aN) 6141,00) + ¢ (Z40141,00) } (0.12.0.29)
= (9712 {g ((2aM) Y1), 00) (0.12.0.30)
+ pwyd ((Z2aW) X,0¢) + ¢ (Zad111,0¢) } (0.11.0.3) (0.12.0.31)

= (g—l)BC {P(l)(XAC —Fa0) + FACDY(g + p(l)FACX} using (0.12.0.6), (0.12.0.5), (0.11.0.3)

(0.12.0.32)

Now note that the bad term
_ Trans—® _ 1 S
—payr )= —puym S acX®
from p(;yk and the bad term
1 5
Py 1§$ACX(I)

from paylacx cancel out exactly. O

Remark 0.12.0.1 (Compare Remark 7.6 in [16]). There are several miraculous properties to the
above commutators and their deformation tensors. Note the absence of bad X ® (transverse deriva-
tive) terms, which would carry dangerous p=! weights. We also have that D rpr for Z € £, which

means that the uncontrollable terms u—1(z)ﬂ_LLj(q) and u! {(Z)WLX + Zp} do not appear on the
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RHS after commutation in (0.15.0.2) or in the divergence of the commutation current (0.15.0.4).

0.13 A Brief But Important Interlude On Shorthand Nota-
tion (Corresponds to section 2.16 in [18])

Following Speck et al in [18], we will define the following arrays of fundamental unknowns:

Definition 0.13.0.1.

= ((I), L;’Sma”)) (0.13.0.1)

v i= (@1 = 1, Lisan) (0.13.0.2)

Note that all &-derivatives of v quantities are small but when L hits an v quantity it can be
large (although taking additional &?-derivatives regains the smallness).

The following lemma is a major conceptual simplification in [18] relative to [16]. By clarifying
the dependence of our eikonal and metric quantities on the fundamental unknowns, our bookkeeping

becomes considerably easier.

Lemma 0.13.0.1.

90 (6777 (g7) g, 00 (9717, Gag, Gl Vi, L, XY = f(), (0.13.0.3)
Grr,Grx,Gxx,Gr1,Grx,Gxx = f(7) (0.13.0.4)

95" Y G smays X smany 1) = FOO) (0.13.0.5)

X = f(y) (0.13.0.6)
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/B Era, ExaEap, G/LAa G;(Aa $i43 = f(%dfi) (0.13.0.7)

Yoy = f(v, 47" da?) (0.13.0.8)

YYu) = f(v. ¢ " da*) Py (0.13.0.9)

((Tan=2) pTan=®) \(Ton=®) ;(Tan-0) p(Tan-@) p(Tan=2) _ f(y d2%) PP (0.13.0.10)
((Trans=®) glIrans=®) _ ¢y fu') X (0.13.0.11)

X = f(v,dx') Py (0.13.0.12)

W# = f(y,g~ " da')y- Py (0.13.0.13)

Error[m, Y] = f(’y,gfl,dxi)Pq) (0.13.0.14)

0.14 Energies and Fluxes

In this section we assume we are dealing with solutions to a p-weighted geometric wave equation

ub,¥ =%

Definition 0.14.0.1 (Energy-Momentum Tensor). We define Q.5[¥] by
1
Qag = .@a\II.@B\If — 59a59(9\1}7 .@\I/)

Lemma 0.14.0.1 (Divergence Identity). For solutions to ud,¥ = § and vectorfields X we define
the multiplier current X)PY[WU] := Q% 5[W]X? which satisfies

B Za 0P = FXU 4 L Qs On

Lemma 0.14.0.2 (Null decomposition of Qag). If we let Qap[¥] be the energy-momentum tensor
defined above, then relative to the rescaled null frame {L,)V(,Y(U, Y(Q)} we find that
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Qrr = (LD)?
Qix = ULV + (XU + w(LW) XV — 22| du?
Qux = —%u(L‘P)2 + %uld‘W
(0.14.0.1)
Qs = (LU

@XA = (X‘I’)dA‘I’

@ap = AaV)(dp¥) - %gAB {_(L‘I’)2 —2u 7 (LU)(XT) + |¢Z\I/]2}

Definition 0.14.0.2 (Multiplier Vectorfield). We define the timelike multiplier field by
T:=(1+2u)L +2X

Lemma 0.14.0.3 (Null components of (")7). For T the above defined timelike multiplier we find

that its deformation tensor admits the following decomposition relative to the rescaled null frame

{L,X,Yl,yg}

Dy =0

M7 e =2(1+2u)Lp

D, o= {Lu +duLu+ 25@}

(T)¢LA = —2f 1 — 4pCa (0.14.0.2)

Mt 40 = dan+2(1 +21)ula

(T)%AB =2XaB + 4”%AB

try Dt = 2tryx + dutryk
Remark 0.14.0.1 (nondegenerate volume forms). Note that in this section all of the volume forms
in our integrals are geometric and nondegenerate i.e. they are not written with pu weights. Rather,

as the L®, X ®, and d® terms exhibit different behavior with respect to u we write all integrals such

that the p weights are explicitly paired with the respective derivative terms.
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Definition 0.14.0.3 (Multiplier Current). We will use the following timelike multiplier current:
OPaw] = Qp[W]T”
Definition 0.14.0.4 (Energy and Null Flux). We will define the Energy and Null Flux of ¥ to be

E ] (t,u) := / n Py [W]dvgdu
oY

(0.14.0.3)

FU] (£ u) = /C P [Wdugdt

Remark 0.14.0.2. A simple computation reveals that we have

E[W](t, u) = /

1 9 .
{;‘(1 +2u)(LW)% + 5(1 +2u)p \d\pf +2(XU)? 4+ Zp(L\I')X\II} dvgdu
=y

FW] (¢, u) = /

{(1 S (LU)? 4+ |¢2x1/|2} dvydt
C

t
u

(0.14.0.4)

Lemma 0.14.0.4 (Divergence Theorem on M, ). For any vectorfield P have that

/ uPndvgdu+ PLdvgdt—/ uPndvgdu— Prdvgdt = —/ p@apad%dudt (0.14.0.5)
b

ct sy ct My

From the above we easily derive that

Lemma 0.14.0.5 (Energy-Flux Identity). For solutions to udy¥ = § which vanish along the outer

null hypersurface Cy we have

E[W] (t,u) + F[¥] (¢, u) =E [¥] (0, u)

- /M | {0+ 20 L9 + 2X W} Favgdudt (0.14.0.6)

1

- - / nQas(Y] (T)ﬂaﬁdvgdudt
2 Mt,u

Lemma 0.14.0.6 (Bulk Error Term). We find that the bulk error term in the above energy-flux

identity is given by

1 o 1 (e | ¢
EMW] = — S uQas[ 1) M7 = —pldu ) o+ > el (0.14.0.7)
i=1
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where fy = max{f,0} and f_ := max{—f,0} and

€1 [¥] = (LW)? {—;Lp + Xp— %ptrgx - u2trgk} (0.14.0.8)
€] == —(LW)(X W) {trgx + 2utrg}é} (0.14.0.9)
%T)) (U] := u|dw|? {;[Lﬁ]* + )i” + 2Lu} (0.14.0.10)
) = (LW) (D) {(1 —wd 420 4 2u(2 - u)gA} (0.14.0.11)
D] := —2(XW)d ¥ {dAp n 2p<A} (0.14.0.12)
€5 [0] = —n {X(AV, dW) + 2uf(dv, 49) } (0.14.0.13)

Lemma 0.14.0.7 (Derivatives of Surface Integrals). For scalar functions ¢ we find that

P
ot Jp odvy :/7, {L¢+(”¢X)¢} dvg, (0.14.0.14)
o [ P
du /p Pve = /7> {X¢ " 2(’5@0{)#)@5} dvg, (0.14.0.15)
9
At Js ddugdu = /E {L¢ + (%XW} dvgdu (0.14.0.16)

Lemma 0.14.0.8 (Integration by parts on M,,,). Let ¢ and ¢ be scalar functions on M,,. We
find that

/ ¢(Ly)dvgdudt = — / (Lo)pdvgdudt — / (trgx)pvdvgdudt
Mt u Mt u Mt u
, : : (0.14.0.17)
+ Ppdogdu — / PYpdvgdu.
sy

w
2

Lemma 0.14.0.9 (Integration by parts on Py .,). Let ¢ and ¢ be scalar functions on My, and let
Z € TPy, be a vectorfield.

/Pt,u(Z(Zs)deg = /72 ¢(Z1/))dvg - ;/P (trg(Z)¢> ¢¢dvg, (0-14.0.18)

where %trg(z)ﬁ = divZ.

Lemma 0.14.0.10 (Weighted integration by parts for top-order error terms). For scalar functions
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U we have that

/Mt,u(1+2u)( )(Lga ®) Yy Welvgdudt = /

(1+2w) (X@) (Yo 2V ®) L¥dvydudt
Mt.u

- / (1+20) (X@) (Vi 2" ®) Wdvgdu + / (1+20) (X@) (Vi 2V ®) Wdvgdu
t ¢

+ / Errory )2V ®; Vdvgdudt + / ETTOTQ,(Z)[QNi; Vdvgdu — /
M u P

u
t z:0

Errory (g (2N @ V]dvgdu

(0.14.0.19)

where

Errory )| 2N ®; 0] =

X
(1+2u) (X@) (Y0t 4oV @) 0+ (1 +20) (X@) tryx (V) 2V ®) w
2(Ygu (

) (PNO)LY + (1 +2u) (Y X0)(2V D)LY

+ %(1 +2u)(XQ)tr Y0 #(2NO) LY

+2(LY ) (X @) (2N @)V + 2(Yy ) (LX D) (Y 0) ¥

+2(Yy ) (X 0)trgx (2N @)U + (Lp) (X @) try Y0t (2N &)W

+ (14 20) (LY X @) (2N @)W + (1 + 21)(X @) (Y tryx) (2N @) W

+ (14 20) (Y X O)tryx (2N @) + %(1 +2u) (LX @) tr YOt (2N D)W

+ (14 20) (X @) (di™ ) th ) (PN @)W + %(1 +21) (X @) (tryx) (b1 YO ) (2N @)U

(0.14.0.20)

Errory )| 2N @, 0] := —2(Y ) (X @) (2N @)U — (1 + 2u) (Y X@)(2V @)

) ) . (0.14.0.21)
- 51+ 2u) (X @) tr, O H (PN D)

Proof. The tedious computation is exactly as in [18], with the one difference that Y is now Y{;y. [
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0.15 Analysis of Once Commuted Equation

Lemma 0.15.0.1. If &, ...a, is a (0) spacetime tensorfield, V is a vectorfield with deformation
tensor V)1 then we have that

1 & K K
DLV Earrvar = Ly Dibaran = 5 2 {%AV%B“ + 25V, — 9 <V>7raiﬁ} Eorootes 1 rcrs ey

=1
(0.15.0.1)

Lemma 0.15.0.2. If we assume that D =0 then we have that

1
uOy(2) (Z2®) =ua ((Z)ﬂ(’ﬁ@g@ - 2%“%@%)

. 1
+ Z(1 0y @) — 17 { Dz + Zuf (00,0)®) + 5ty D (D ) D).

(0.15.0.2)
Lemma 0.15.0.3. Let J be a vectorfield with decomposition
J=-TL—-p ' TiL—n '\ X+ 7.
Then we find that J satisfies the following weighted divergence identity
MDaT® == L(uwJL) — L(Jy) = X (J1) + dhiv(nd)
(0.15.0.3)

— wtrghJr — trgxJx

The following proposition is crucial. It differs somewhat from what is found in both [16] and

[18].

Proposition 0.15.0.4 (Frame decomposition of divergence term). For Z € £ satisfying (“)mr, =0

and (Z)ﬂ'L)“( = —Zu, we have that

(0 1 (e} A
U, {(Z)ﬂ' ﬁ.@gllf — §trg(z)7r.@ \I'} = ﬁgﬂ)_Dangemus) [¥]
(2) (2)
+ ﬁ(ﬂ'— Cancel—1) [\II] + ‘Q(Tr— Cancel—2) [\IJ]

(0.15.0.4)

Z) (2)
w—Elliptic) [\IJ} + ﬁ(ﬂf Good) [\Ij]

z z
+ ﬁﬁqjg (W] + ﬁEng) (V]

+ﬁE
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where we denote

7) y
ﬁgﬂ' Danger)[qj] = _( /U(Z)%LuL)X\Ia
z 1
ng) Cancel— 1)[ } = {2 trﬁ(Z)?{- o d/iv#ﬁ“( - devﬁi} Ly
Z) §
‘ﬁgﬂ' Cancel—2) [\I]} = { Z:)V((Z)ﬁ.ﬁL +d (Z)ﬁLX'} ’ d\IJ
(%)
ﬁ(Tr Ellzptzc)[ } p(d/iU(Z 7\‘)# : d\I/
Z) 1
KL oo W) 1= G(Lirg DL + (L )LV + (L ) LW
(0.15.0.5)
+§(Ltrg(z HXT - (;zL(Z 7@2) Y h— (/:L@%) - dw
1
K] = {2utrg(z)¢ + Py + (Z)Wf(x} L
+iry A LX WU
—2u A AL — 2" ALY — 2D - AX W
) AT+ uD g Yo
and
1 1
ﬁgfgw)[ ] : {Q(Lu)t’l’g(z)¢ + §Htrg%t’rg(z)7{’ + tTgX(Z)ﬂ'LX + tTgX(Z)ﬂ'XX. — (Z)ﬂdj[, . dp} Ly
1 e
+§trgxtrg( X
+ {—(Lm(z’ﬁ utryk D, — g P+ - a3 (ol u(tw)cﬂ} v
(0.15.0.6)
Proof. Tedious computation using the previous lemma. We set J¢ := ()78 @50 — %trg(z)ﬂgo‘\ll
and compute that
1
Jr = —5 (trgf) LY + Dt . g (0.15.0.7)
1 9
Ty == Dm LU — Do L0+ Dt gw — ftrg(z)ﬁX\Il (0.15.0.8)

ng = —p@g Lw — Ot L~ Ot X 4 D P04y Ot g — - (trg@);f)d“\p

(0.15.0.9)

Now use the divergence formula and make use of the above commutation lemma and the identity

L, X4 = "' p — 2u¢, O
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0.16 Commutation Identities (Corresponding to Section 5 in

[18])

Definition 0.16.0.1. We say that Z(l) =L, Z(g) = }/(1),Z(3) = }/(2)72(4) = X and that I =

(t1,-++ ,tn) is a multiindex of order |f| = N with ¢; € {1,2,3,4}, and we will define
L= 200 Zaw (0.16.0.1)
and
T
Iy SRR (0.16.0.2)

We will denote a permutation and separation of the indices into subcollections by fl 4+t I M= I.

The following lemmas are proved as in [18], with one minor difference: they requre Lemmas 8.9

and 8.11 in [16] to handle commutation with Y and WQ, as Py, is two dimensional in our setting.

Lemma 0.16.0.1. For P, tangent (2) tensorfields & we have that

] i ) ] o
VAL =S T Y K ST L)
M= fl+”'+fM+1:f absent when M=1

|I|>1 for 1<a<M
(0.16.0.3)

and for symmetric P ,, tangent (g) tensorfields & we have

]

wntile= ¥ 3%

intia=1 M=1 [ 4 4Ty =T
|I.|>1 for 1<a<M (0.16.0.4)

Chiv o8P (£ ) (RE ) (P L5 9 (P £2¢)

absent when 11=M=1

For functions f we have

]

[VQ%Z]f: Y Y Chnand Y (R R (VL LT )
M= fl+m+[_‘M+1=f absent when M=1

[Ia]|>1 for 1<a<M

(0.16.0.5)
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\7]

EYAIE 3 S

irtie=1M=1 [ 4. .4y =1
[T, |>1 for 1<a<M (0.16.0.6)

Cro roin @M (L) LR (VLR T LT )

absent when 11=M=1

The following lemma is different from the one in [18] due to the presence of an extra angular

commutation vectorfield, although the proof is nearly identical.

Lemma 0.16.0.2. Let f be a function and let £ be a (m) Pt tangent tensorfield with m +n > 1.

n

Then we have

7 A Iy T
{¢T-2"} 5= > Cr Doy g £ 29 (2001 Z0)) AL S,
LA Tyt +iny =T
Zp {8 X Y0 b2 E{X Y b 20y ) # 2y

(0.16.0.7)
I A ) i,
{Z:g - ¢iﬂ} = Z 011’12’““1’”"2 Z:K‘Izl)ﬁu(z(%l)’z(bkg))z:gg

LA Tyt +iny =T
Za VL LX Y0 120y ) E{ X Y } 20y ) # 2 )

(0.16.0.8)
t — (Zlugy) ; — Wt ;
Where $ (Z(Lkl), Z(L,Q)) = 2 #Z( ) if at least one Z,, ) ¢ {Y(l),Y(g)} and = W¥ otherwise
ey i
The following is lemma 8.8 in [16].
Lemma 0.16.0.3. For Z € L and & be a Py, tangent (g) tensor field,
Cap— 1 L3P L )07

Lzéap — Léap = 3 Tt &cpdp— §(trg£) Tan (0.16.0.9)

0.17 Geometric Lemmas for Top Order Estimates

The following section establishes the geometric machinery which we must use to avoid derivative
loss in our top-order error terms. This section is similar to Section 6 in [18] and Chapter 11 in [16],
but is a bit different from both. Nonetheless the computations are basically the same as those two

works so they are omitted here. We will use the following convention:

Definition 0.17.0.1 (Riemann and Ricci Curvature Tensors). The Riemann curvature of the space-
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time metric g is the spacetime tensorfield defined by
R(U,V,W, Z) = RapsUVPWZ? .= g(ZL ;W — DE W, Z), (0.17.0.1)

for spacetime vectors U, V, W, Z, where 9‘2,UW =VeUrg, 23W is the Hessian of a locally-defined
vectorfield W. Similarly, we define for A, B, C, D tangent vectors to P, the Riemann curvature of

g to be

R(A, B,C, D) = (Y 54C — Ya5C, D). (0.17.0.2)

We will also denote the Ricci curvature of g by the tensorfield
Ricas = (971) " Rayps- (0.17.0.3)
Lemma 0.17.0.1 (Rectangular Coordinate decomposition of R, az)-

1
Riuvap = 3 {Gp.D2,® + GWD};M@ — Gﬁyppr — GCWDgp}

1 s 1 s
+ 7GuaGuslg™) (0:2)(0n®) — 1GnaGralg™) }(0:2)(0x®)

) ) (0.17.0.4)
+ 707" [Crw 00y ®] [Grin 05)®] = 7(971)™ [Gru 0y @] [Grw 05)®]
1
+ 5 {G(0a®)(B8) + Gl (058)(0uD) — Gl (0a2) (D) — Gl (950) (0,8)}
The following idea goes back to Klainerman and Rodnianski (see [7])
Lemma 0.17.0.2 (Regularized expressions for Ricpp). If Ogy@)® = 0 we have that
. 1 1
uRiCLL =L {GLLX(I) — iutT¢$L© — ipGLLLq) + H$ﬁL : dfb} + 2 (01705)
where A has the form
1 2 1 uLe
G - Lo
A=Y (frame)d ¢ | Xo (0.17.0.6)
=0 G/(frame) dq)
ud®
= f(y, g~ " da*, Z®) PO (0.17.0.7)
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Where Z € £ and P € TC,. If Oy)® # 0 we have that
L 1 1 1
Ricry, = ?utrgx +L {—Qtrgaim — 5GLLl®+ ¢ - d@} — 5GLLhe+ D

where we have

- G2 ‘rame g_l L®
B = G(frame)trgXL(I) + Z f ) (gil)l
=0 G/(frame) d(I)

= f(v, g7 " da’) (P®) Py

Definition 0.17.0.2. Set

X = ptrgx + X,

o 1 1
X = G X® — Sptrg LB — SuGrp Lo + ud - g

(0.17.0.8)

(0.17.0.9)

(0.17.0.10)

Lemma 0.17.0.3. If Oyg)¥ = 0 we find that 2~ satisfies the following transport equation

1 .
L2 = 2(Lu)tryx — Sm(tryx)* — wlgl* — 2
Lemma 0.17.0.4. If Oyq)¥ =0 and P € &, we define
(") 2 = uPtryx + PX

then wee have that

1
L) g = —(trgx)(P)% + u[L, Pltrgx + 2(Lp) Ptryx + §trgxP.’£

- PlEP) + 3

where we define

1
Py.= —PA+ 5trgxp(sz + X)

— (Pp) {Ltrgx + ;(trgx)z} +[L, P]X

and note that 2Lp + X contains no GLLX\IJ terms.
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Definition 0.17.0.3. We define higher-order fully modified quantities by
(@) g .= p,@Ntrgx + PNx
And the so-called partially modified quantities:

PN = @Ntrgx +(PNE,

PNy 1 1
(PN = S GLPVO — SGLLLPN O+ ¢ APV,
We will also need the following partially modified quantity:

-1 1
X = —5try(L® — SGril + (- do.

(0.17.0.15)

(0.17.0.16)

(0.17.0.17)

(0.17.0.18)

We find that the following transport equation is satisfied by the higher-order fully modified quantities

Proposition 0.17.0.5.

L 1 L
L(@N)j{ — {2;l — trgx} (BzN)g{ — {QtTgX — QHM} PNx + 1 [L, QN} tryx

—2uy - f;f( + @My
where
PNy = PN 1Py 4 L, 2N Px
1
— [N pirgx| Pirgx — 5[91\771, tryx] PX
+ [N Lu|Ptrgx — [N 7", u]PLtryx
. 4N . .
+ {2ux LpX - WN(u\xlz)}
and for the partially modified quantities we find that

Proposition 0.17.0.6.
L = %GLLA@N—% + (7" g
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where

R B e (R0
1 1
+5 (PN G A + §GLL (2N K] & + [L, 2V tryx (0.17.0.22)

L PN E L (P E - h1R)

0.18 Norms, Bootstrap and Smallness Assumptions (Corre-

sponding to Section 7 in [18])

0.18.1 Norms

Our main quantities of interest are scalar functions and P ,-tangent ternsorfields, to which we

associate the following geometrically natural norms:

Definition 0.18.1.1 (Norms for P; ,-tangent tensorfields). For & is a type (T) P;.o-tangent ten-

sorfield, we define:

(g=hy - (gfl)an,’lf‘”""‘*"fﬁf_"'“;". (0.18.1.1)

|£‘2 ::g Vi Up V;z

By gumu’m

Definition 0.18.1.2 (L? and L*™ norms for Py ,-tangent tensorfields). For £ is a type (m) Prou-

n

tangent tensorfield, we define:

I€lZ2p,...) ¢=/p ]2 dvy, (0.18.1.2)
L (0181.3)
I€leceyy = [ I€Pdogat (0.18.1.4)

€T (p, ..y = esssup [€](t,u, 0), (0.18.1.5)

0eT?

€12 sy = esssup El(t, ), (0.18.1.6)

(u’,0)€[0,u] xT?

€17 ety = esssup [€](t,u,0). (0.18.1.7)
(t',0)€[0,t] xT?

0.18.2 Differentiation Notation

Here our notation follows that in [18].

LNM g a string of N vectorfields from £, . means there is at least one vectorfield from £,
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and M means there are at most M factors of X. These lead to a gain in smallness except for maybe
when they hit p.

2N is a string of N vectorfields from &2, , means there is at least one angular factor Yy or at
least two factors of L. These always lead to a gain in smallness.

| L ENEM £ ig defined to be the sum of [ZN' M f| for K < N’ < N, and |.Z<N:M f| is defined

to be the sum of |.$N/?Mf| for 0 < N’ < N. Other terms are defined analogously.

0.18.3 Assumptions on initial data

In order to demonstrate H?2-illposedness, we need to assume that our initial data is a perturbation
of the Lindblad-type data X®g(u) = —n|log(u)|*, but will not worry about this here.
For the purpose of proving the shock formation result, we will assume that our initial data

satisfies

||j*§18;3q)”L°°(Eé)> ||$*S20;3(I)||L2(Z})) < é, (0.18.3.1)
1@ oo 51y =t & (0.18.3.3)

Remark 0.18.3.1. The number of derivatives above is one more than that planar shock formation
paper [18]. This is due to the fact that P, , is 2-dimensional and so the L? — L° Sobolev imbedding
requires 1 more derivative and so, in order to close our L* bootstrap estimates (see below) we need
control on one more derivative in L2. We must also note that this does not cause an issue when
N

we apply our commutator estimates (see below) where we frequently will want to put, say, {71

derivatives in L™ and N derivatives in L2.

Definition 0.18.3.1 (Quantity Controlling Time of Shock Formation). We define
o 1 >
8, := —sup [GLLX@} (0.18.3.4)
2 5, -

The following three lemmas are exactly as in [18], with the same proofs.

Lemma 0.18.3.1 (Identities for d;u). We have that

(g7 0udpu = ut (0.18.3.5)
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Where g~' is the inverse of the metric g on Y0 We also have that
uoju = X* (0.18.3.6)

Lemma 0.18.3.2 (Identities on Xg). The following identities are true on the initial hypersurface

Z(), fOT‘ 1= 1,2,3.’

1
T (0.18.3.7)
Ve
i ()" i —10i
(Small) = ﬁ - —(g7H)”, (0.18.3.8)
=
N (e
= = Loy 0 (0.18.3.9)

Using the above lemmas, commutator estimates, and Sobolev imbedding (keeping track of € — 8

pairings) allows us to derive that

Lemma 0.18.3.3. Under our initial data assumptions, for € sufficiently small we have the following

estimates along %, where the implicit constant depends on 5.

1-ZZ2 Loy L2 sy S €, (0.18.3.10)

XLyl 2y S 1, (0.18.3.11)

= 1|2y S &, (0.18.3.12)

122 )| o) S €, (0.18.3.13)

||LX[O’2]HHL2(2},)a ||X[0’2]LH||L2(25)a ||XLXH||L2(2(1))7 ||X[O’2]H||L2(2(1)) S (0.18.3.14)
L5 L gmaiy | Lo (2> 1X A L e sy S 1, (0.18.3.15)

=1l (sy) S & (0.18.3.16)

12 | e sy S € (0.18.3.17)

||LX[O’2]H||L°°(2(1,)7 ||X[0’2]LH\|LOC(25), HXLX’J”LOO(E}))v ||X[0’2]H||Loo(2})) SL (0.18.3.18)

0.18.4 T{poor), Positivity of u, Diffeomorphism of Geometric and Rectan-

gular Coordinates in Bootstrap Region

We will fix
0< T(Boot) S 28:1 (01841)
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and we will assume that u >0 on Mg, ., v,-
We will also assume that the map 9 : [0, T(goor) ) X [0, U] x T? — R¥*! is a C! diffeomorphism

onto its image.

0.18.5 L* bootstrap assumptions

Our main bootstrap assumption is that on Mr,,,,, v, we have
(1,11]
||<@ q)HLOC(E;f) <e (0.18.5.1)

0.18.6 Auxiliary L* bootstrap assumptions

We assume that we have the following on our spacetime region Mr, ., U,-

| LER| o gy < €Y7 (0.18.6.1)
HLL@[L% . /2 (0.18.6.2)
H@E’g]p pen S £1/2 (0.18.6.3)

H.,sf Esmat) | ) < 1/ (0.18.6.4)
H£<8 ! pen S 1/ (0.18.6.5)

H)“(cb . HX(I)HLOO(Z“ 4 b/ (0.18.6.6)
||Lu||Loo(Eg) <5 ”GLLX(I’HLw(zu> 4l (0.18.6.7)

Il ey < 142677 |GroXe gy T (0.18.6.8)
XL(Small)HLOC =p) “XLéSm“ll) HLOO(EK) el (0.18.6.9)

Remark 0.18.6.1 (Smallness/Largeness Assumptions, see 7.7 in [18]). We will need to assume
that ¢ is small with respect to 871 and 8*7 that & is small with respect to 1, and that € < ¢ < &.
Following [18], when we say “A is small with respect to B” we mean that B > 0 and that there is
some positive increasing continuous function f such that A < f(B). Smallness of € with respect to
871 will be used to control products of size £ terms with size 8 terms. Smallness of £ with respect to
8* will be used to show that size € terms remain small up to time t < 28:1. As the number of “bad
derivatives” taken is finite we find that before the final Gronwall argument (see Section 14.9 in [18])

ok
we have constants on the order of ¢6 . Due to Gronwall this becomes an exponential, and thus we
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2k
must have ¢ < e~ % to satisfy the first condition. As we only take a finite number of integrals in
e —1
time (and then Gronwall) it turns out that ¢ < e~4®+  will suffice for the second condition, where

¢,d, k,l > 0 are absolute structural constants.

0.19 First Pointwise Estimates (Corresponding to Section 8
in [18])

This section consists of the most immediate estimates which can be derived from our bootstrap
assumptions. Proofs are straightforward but somewhat tedious. The interested reader should refer

to [18] and [16] for details.

0.19.1 Differential Operator Comparison Lemmas

Lemma 0.19.1.1. For any P, tangent tensors we have, under our above bootstrap, smallness, and

initial data assumptions, that

|£‘ - {1 T 0(81/2)} Z ‘gy(A)Y<B)"'Y(Z)| ~ Z |§(R€Ctangular)‘ (01911)
AB,- .,Z
Lemma 0.19.1.2. For any scalar function f on Pi, under our bootstrap/smallness/data assump-

tions satisfies
2

df] < (14 Ce?) > [V f] (0.19.1.2)

i=1

and
2

V2 f| < CeV2Idf| + (1 + CY2) S 1d(Y f)] (0.19.1.3)

i=1
Lemma 0.19.1.3. For { any Py, tangent (2) tensorfield and V a Py ,, tangent vectorfield we have
(again assuming we are in the bootstrap region under our bootstrap, smallness, and initial data

assumptions) that

2 2
£yl SV (Z IﬁymfI) + [¢] <Z|¢Y<UV|> +e2¢| v (0.19.1.4)
i=1 i=1

2
Vel S (Zmyma) +e'/2ig| (0.19.1.5)
=1

Lemma 0.19.1.4. Under our bootstrap/smallness/data assumptions we have for P, ,, tangent ten-
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sorfields that
ILye| S |VE|+ 2] (0.19.1.6)

Proof. Use that

k
KY(l)fAl"'Ak = WY(L)EAI.“AIC + ZfAlBAkWAz}/(g

i=1
together with (0.13.0.9), (0.19.1.1), and our bootstrap assumptions. O

0.19.2 Pointwise Estimates for Rectangular Components

Lemma 0.19.2.1. Let x* = z'(t,u,04) denote the rectangular coordinate function. Given our

bootstrap/smallness/data assumptions we have that for N <19 and V € {L,X, Y(l)}:

Vi <1+ |y, (0.19.2.1)

|2 LNy < | <Ny (0.19.2.2)
‘g*[l,N];qu < | ZsNiy) (0.19.2.3)
‘g[1,N];1Vi| < |g§N;17|’ (0.19.2.4)

X <1+ 1, (0.19.2.5)

|2 LN X < | 2SN, (0.19.2.6)
|V X) < =Ny (0.19.2.7)

| PN X < EZN (0.19.2.8)

o — | < 1, (0.19.2.9)

da?| < 1+ |, (0.19.2.10)

PN i < | 2SN, (0.19.2.11)
NI | < | Z=NAy| 4 | Ny (0.19.2.12)
"@[LN]}/(il),(small)| < | PN, (0.19.2.13)
LMY (eman | S 125N, (0.19.2.14)
|$[1’N];1}/(3),(37na11)| < | g=NiLy). (0.19.2.15)

0.19.3 Pointwise estimates for P,,-tangent tensor fields and their Lie

derivatives

The following lemma is a straightforward corollary of the above lemma (0.19.2.1).
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Lemma 0.19.3.1. Under our bootstrap, smallness, and data assumptions we have for N < 19 that

N+1 N+1 _ N
5 gL LS 5 S | 2N trgx] S |2 <N (0.19.3.1)
N+151 N+1;1 N;l . . s
£ gl 1L LS XL 1LY x| S | LEN Ty | 4 |2l (0.19.3.2)
R TN A e B e B (0.19.3.3)

Lemma 0.19.3.2. As usual, we are working with our bootstrap, smallness, and data assumptions.

Here Y denotes any Y(l) and N <19

Y1 <1+Clyl, (0.19.3.4)
LENY | < 0|92V, 0.19.3.5
P
LMY | < Ol 2=V 4 0| 2N (0.19.3.6)
LN Y| < ol gSNy| 4 C|@£1’N]1|, (0.19.3.7)
N N
L5, |, 1£50F | S 1PNT, (0.19.3.8)
N;1 N;1 . . i
£ OO | |G OfF| S | LENHELy | 4 el/2pSNily| 4 /2 DNy (0.19.3.9)
N N .
5 | LS OHE | S |LENTI0| 4 | 2N+ Ly | 4| 2Ny, (0.19.3.10)
(gt [ OF ] S 12510 + | Papl, (0.19.3.11)
1,N] (% 1,N](x . ,
5T 0%, 1N OFE| S LLENHIB| 4| 2N 4 | 2Ly (0.19.3.12)
N N
L5 PR L5 7] S 125N, (0.19.3.13)
N; N; . . i
£ D] £ O] S [LENHL| 4 /2| 2SNy | 4 12 Ny, (0.19.3.14)
L5 WH#| < | PN+ (0.19.3.15)

0.19.4 Commutator Estimates

The following central estimates are slightly different for us than for [18] (for instance we need

|[W27 ﬁgz]f\ rather than \[VQ, 2N1f]). The proofs, however, are nearly identical. The idea is to use
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the lemmas in (0.16) together with our bootstrap/smallness/data

Lemma 0.19.4.1. For multi-index |I| = N + 1 we have under our bootstrap/smallness/data as-

sumptions that under any permutation I' of I
|21 f— 2T f| < 2| 2N | 4 | 2L N2 f|| gp <N (0.19.4.1)

If1< N <19 and |I| = N + 1 then we have

V2, £51f] S /2| 2N fl 4 | LIV | g <N, (0.19.4.2)
HAa !@N]ﬂ < 51/2|3”£1’N+1]f| + ‘<@[1,[1\//2}]f||32§N+17|7 (0.19.4.3)
506 — £el S 2N el 4 [£ 5N g 2Ny, (0.19.4.4)
V. £50e) < 2SN e 4145 P el <Ny, 0.19.4.5
P P >
—_—
Absent when N=1
N 1,N <|N/2
ldiv, £31€] S €V/21£5 e + 1£5 2 g)| =N+, (0.19.4.6)
we also have
V%, £51F| S |2<IN/2141) N f| 4 | plLIN/21 f)| <N +Ly | (0.19.4.7)

Lemma 0.19.4.2. Here we assume £! contains ezactly one X and assume that |I| = N+1. Under

our bootstrap and smallness assumptions we have that for 1 < N < 19:

, ‘ Ny ‘
|$If—$l f| S |<@£17N]f|—|—61/2‘Y$§N71’1f|—|—|,@£1’I‘N/2J]f| <N‘17 +|Y$SLN/2J*1,1J¢||€@§N7|
Absent if N=1 ) Absent if N<3

(0.19.4.8)
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For 1 < N < 18 we have that:

[1,N+1]
9% 501 S 12N g < g || 77 D 2 E D =g (019.49)
LTy
[1,N+1]
. . * ’V
(&, 2NN < | ZEN | SR |7 S 1 E NP SV (019.4.00)
LTy

Corollary 0.19.4.3. We have under our smallness/bootstrap assumptions that for 1 < N < 19:

|<@N714&(I)| 5 |,@§N+1(I)| + |€@§ny|. (019411)

0.19.5 Commutator Estimates Involving Trace and Trace-Free Parts

This section does not apear in [18] as it is irrelevant in the R**! dimensional case. The proofs are
essentially those in [16] Section 12.25 although here we make use of the notational simplifications

given above.

Lemma 0.19.5.1. Let £ be a symmetric Py, tangent (g) tensorfield. Under our bootstrap and

smallness assumptions we have that for 0 < N < 19:

N N N/2 _
ENE SIS+ 1Y e oo p, )| 2N 14 (0.19.5.1)

while for 1 < N <19 we have

~ ~N _
L5E— L8 SIS el + 1LY P el e oy | 2V 1, (0.19.5.2)
ltrg 56 — PN irge] S LS+ Y el e )| 2N, (0.19.5.3)
5E— LSO SIS T + 1Y el o oy |2V, (0.19.5.4)
~N ~ 1 _
23— {54 3V img}| < 15 T+ 1 el |2 L (01959)
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and if 0 < N < 18 we have:

~N _
Vebe - {VELE+ (P e} IS+ 1 im0l (01950)
~ ~N _
VLSE - VL HE SIS el + 1LY P el b,
5 dbve — dhol €| S L5 €1+ 1LY P e oo iy )| 2V, (0.19.5.8)

~ ~N _
L5 dhE — diof 5E] S L5 €1+ 1L € e,

PN, (0.19.5.7)

PN, (0.19.5.9)

0.19.6 Transportation Inequalities and Improving Auxiliary Bootstrap

Assumptions

In this section we rely heavily on the null structure of the renormalized equations which always pair

dangerous (9(8) quantities with O(e) quantities. We may then use this structure to show that the

°

smallness (largeness) of € (8) quantities propagates throughout our bootstrap wavefront region. For

instance, using (0.10.2.1) and our equation for Lu, we find that:
LX® = f()AD + f(v,g7 " dz’, PO, X®)P?® + f(7, 47", da*, P®, X D) Py, (0.19.6.1)

which clearly exhibits this pairing. The results in this section are a bit different from [18], as we
have to worry about , x*,x. Nonetheless, the proofs are virtually the same- see Proposition 8.10
in [18] for details.

To handle these new nontrivial terms we may use the following, together with the above com-

mutator estimates:

Lemma 0.19.6.1 (Decomposition of £, ). We have

Lix= (GabdAxadBLl()Small)> Lo+ gabdAL{(lSmall)dBLl()Small) + gapdazdpL (LI()Small)> — L Aap
(0.19.6.2)

Proof. Use (0.10.1.27) together with the Leibniz rule and the fact that
Lidax’ = dala’ = daLis,an,

which follows from (0.8.0.4). O

However, using the schematic relation x = f(v, g_l, dx*) P~y, applying Lie derivatives, the Leibniz
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rule, and our commutator estimates, taking care to note that £, g’l = (g’l)2 X is perhaps an easier

(and equally correct) way to handle these terms.

Proposition 0.19.6.2. For all of the following we are making our usual size and bootstrap assump-
tions.

For nu we have that

Lyl S [£='9| (0.19.6.3)
and for 1 < N <19
LN, | 2N Lu| S | LN D] 4 [ 25N y| 42| 2| (0.19.6.4)
For L(Sma”) and x
L@NLésma”) QNLLfsmall)
L@Nﬁltrgx @N’lLtrgX
2y S N B [P T S Pl (0.19.6.5)
¢L£N_1 # Z:J:;;KLX#
N-lg N 4
KL% £9£LX
LN 1Lzsmall) gN;lLLésmall)
L™ trgx LN Lirgx L]
. Xy Y
N-n1, N 1;1 < | p<N+1;1 ¥
Lihy ; Lix || S P + e || (0.19.6.6)
KLKN L, NllKLX# ¥
fLKN By NUKLX

For at most one transversal derivative of ® we have that

| X oo (spy < HX@”LM(ZS) + Ce (0.19.6.7)

| L5101 oo (npy < Ct. (0.19.6.8)
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For u we have:

L] e () = %”GLL)“(@”LOO(E@ +0,(&) + O(e), (0.19.6.9)
L2 oo gy, |2l oo sy < C, (0.19.6.10)
It — 1 ey < 28, |G X Lo sy + Ce. (0.19.6.11)

For Lésma”) and x we have:
ILP=P Loy =) |25 Ligmany | L= sy < Ce, (0.19.6.12)
ILL =5 L gy | oo (2395 1L Lgpmaany | oo (93) < Ce, (0.19.6.13)
||XLésmall)||Lw(2;‘) < ||XL%small)||L°°(Eﬁ) +Ce, (0.19.6.14)
1£5 X L ey, 1£5xF o (53, |22 trgx | e () < C, (0.19.6.15)
LS Xl o 2y £ X Lo (), L5 trgx | e ) < Ce. (0.19.6.16)

Proof. (Idea) Use our commutator estimates, combined with the fundamental theorem of calculus

and our auxiliary bootstrap assumptions O

Corollary 0.19.6.3. All of the estimates in previous sections which were stated with /2 hold

instead with Ce.

0.20 L™ Estimates With Transversal Derivatives

Remark 0.20.0.1. The following two sections, 19 and 20 are straight from [16]. They apply directly
to our setting without modification (although we note that in our case Y € {Y(y), Y{2)}. We have
simply copied the definitions and results without proof for convenience of the reader. For the proofs,
see [16]. The proofs are in the spirit of the previous sections: the wave equation Ogp)® = 0 (viewed
as a transport equation for X ®) and the associated transport equations for the Eikonal quantities
all exhibit nice null structure pairing 8 quantities with € quantities. In the previous section we saw
that commuting with the “good” C,-tangent derivatives does not disturb this structure and thus we
can propagate smallness at appropriately low order. It turns out that even commuting with a few
X derivatives does not affect this fundamental structure.

The purpose of this section is obtaining the estimate HX'?;LHLOQ(E?,) < 1. This is done by com-

muting the equation Ly = %G L X®+ - with X2 and using the fundamental theorem of calculus.
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Hence our need for control of HX 39| Le(s¥)- We will need to use this estimate on X2 to derive

sharp estimates for u in the next section.

0.20.1 (More) Auxiliary Bootstrap Assumptions

‘|$§4;2¢||L°°(Z?) < el/? (0.20.1.1)

Here Y denotes any Y
”XYFL”LW(E};')v HXLLH”Lw(zw ||XYYH||L°c(zy)a HXLYUHLW(Z;") <2, (0.20.1.2)
||$*S3;2Lésmall)HLm(E?) < 61/2 (02013)
XMl e () < IXM @iy +21%, (2 M <3) (0-20.1.4)

[LXM®| oo (s

IN

1)+ .
- HXM {GLLXQ}H +el2 1< M<2) (0.20.1.5)
2 Lo (5

o ) o—1 ) )
XM b oy < XM bl + 280 | KM {GreXaf | 42 <M <2)

Loo (S

(0.20.1.6)

IXX L gy | oo (z3) < IX X Ligpmany |z =) + /2. (0.20.1.7)

0.20.2 Commutator Estimates with two transversal derivatives
As usual, Y denotes any Y.

Lemma 0.20.2.1. Working under our bootstrap/smallness/data assumptions, we have that £ con-

tains exactly two factors off( and that 3 < |I|:=N+4+1<4

| LT — LT FI S |V LENB | ey N2 (0.20.2.1)
N——————

Absent if N=2

A, XX]f| S Y251 f]. (0.20.2.2)
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0.20.3 Estimates for Higher Order Transversal Derivatives

Proposition 0.20.3.1. Under our bootstrap/smallness/data assumptions we find that for deriva-

tives of ® we have:

|LLE2®| oo (sv) < C,

| LE52®| oo sy < C,
| XX®| oo sy < I XX Lo sy + Ch,

ILX X X®|| oo () < C,

IXXX || oo sy < XX XD o () + Ce
For derivatives of u we have:

o 1. o
[LX | pee(sy) < 5 HX {GLLXCD} + Ce,

[P

v o o —1 v o
oo u < o0 u
Xl e < Xl e + 8. X {GnaXa}] s

ILXY || poe sy, [ LX L oo (s, ILXY Y ]| poe (s30), [ LX LY | oo () < Cee,

HXY’J”L“(E;")a ||XLLHHLOO(2;L)» ”XYY’J'”L‘X’(Z;")a ||XLYHHL00(2;L) < Ck,

HLXXHHLW(W)

IN

1w .
- HXX {GLLX<I>}H +Ce,
2 L= (2%)

VY] VR o—1 [V v
X X ut] oo ) < XX e ) + 8. HXX {GLLXCI)}HLOO(Eu) 4 Ce.
0

For derivatives of Lésmall) we have:

|Z£=%2 L Loz < C,

small) |

X XL iy | L= () < IX XL gy | = () + Ce-
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And the following estimates involving Grr hold for 0 < M <2 and 0 < s <t < T(Boot)*

IXMGrp(t,u,0) — XMGrp(s,u,0)| < Ce(t —s), (0.20.3.14)
\X’M {GLL)E*@} (t,u,0) — XM {GLLX¢} (s, 9)’ < Ce(t — s), (0.20.3.15)
1 .
Li(t,0,0) = SG L g1 Lgrany (2 = 0 X 2(2,0,0) +O(e). (0.20.3.16)

Proof. (Idea) Use the commutator estimates in conjunction with the auxiliary bootstrap assumptions

and the fundamental theorem of calculus. See [18] for details. O

0.21 Sharp Estimates for p

This section is of crucial importance due to proposition (0.21.0.3), which allows one to implement
the “descent scheme” of Christodoulou - deriving nondegenerate lower order energies from higher

order energies which exhibit blow-up near the shock as a function of pu,. Another crucial result in

@H , which in turn makes use of the bound on
Hollze(sy)

H)U(QHHLOO(Z#) of the previous section. We need this bound to control the term (0.14.0.10) which

this section is the bound (0.21.0.19) for

appears in the bulk error from our multiplier field T

Definition 0.21.0.1 (Auxiliary Quantities for Controlling ).

s'=t

M(s,u,0;t) := /’_ {Lu(t,u,0) — Lu(s',u,0)}ds', (0.21.0.1)
n(u, 8) = n(0,u,0), (0.21.0.2)
M(s,u,0;t) = ﬁ(u,é\f(j’]\?(%;,i,ﬁ;t) (0.21.0.3)
M Approz) (5 U, 051) == 1+ ﬁ(u79§5(3\’;(’()9,)u79;t)s + M (s, u,6;1). (0.21.0.4)
Definition 0.21.0.2.
u, (t,u) := min {1’Hzlitun u} (0.21.0.5)

The following lemma is a straightforward corollary of the above definitions.

Lemma 0.21.0.1. Under our bootstrap/smallness/data assumptions we find that:

i(u,0) = 1+ O, (&) + O(e), (0.21.0.6)

f(u,0) =1+ M(0,u,0;t) + O (&) + O(e). (0.21.0.7)
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|Lu(t,u,0) — Lu(s,u,8)] < et —s), (0.21.0.8)
| M (s,u,0;t)], \M(s, u,0;t)| < et — s)? (0.21.0.9)

u(s,u,0) = (14 O(€)) Wapproz) (s, u, 05 t). (0.21.0.10)

Definition 0.21.0.3. We say that

[0,u] x T? = Py y Sy, (0.21.0.11)
N = (+)Eg;t U (—)ETSL;t7 (0.21.0.12)
where we define

Lu(t,u,0)
Opu— ) (0 T2 U >0 0.21.0.13
Vt {(u ’ ) € [O,U] x ﬁ(u/’e) _ M(O,u’,H;t) - ’ ( )

_ Lu(t,«,0)
Oype.— S o T2 U 0 0.21.0.14
v {a e ol x| Do (021.014)
e = {(s,u’,e) e x|, 9) e Pyr } (0.21.0.15)
Oxy, = {(s,u’,a) e v |/, 0) e Dyr } (0.21.0.16)

Proposition 0.21.0.2. Under our smallness/bootstrap/data assumptions we have that:

L
H[”]* <C. (0.21.0.17)
B llze(zy)

1 1.

u(s,u,0) < 1 = Lu(s,u,0) < —15* (0.21.0.18)
Xy ¢

< —. (0.21.0.19)

‘ 153 Loo(5,) vV T(Boot) - S

Define the constant K by
Lu(t,u,0

K= — uit, o, 6) (0.21.0.20)

(ur 0)el0m] <12 (', B) — M (0, ', 058)
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Then we have that:

u,(s,u) ={1+ 0.(x) +O(e)} {1 — ks}, (0.21.0.21)
1+0EY?)) k,  ifk>
[T Nz (s, < { €5 K2 Ve (0.21.0.22)
O(e'/?), if kK < 4/E.
Kk < {1+0()} 8, (0.21.0.23)

and when u = 1 we have

k={1+0()} 8. (0.21.0.24)
We also have that
H(S% ula 0)
sup ———F = <C (0.21.0.25)
(u,8)e(H) Yy u(si,u',0)
and that
inf p>1—Ce (0.21.0.26)
<+)Eg;t
L
H [Ln] < Ce. (0.21.0.27)
Mol (s
For (_)Vt“ nonempty we have
!
0
sup  Me2,6) o (0.21.0.28)
0<sy <so<t M(51,%,0)
(u,0)epr
ILu] Lo (152, < Ce. (0.21.0.29)
{1+0@EY)} K, ifk> e
[TLn]_ L5, < (0.21.0.30)
O(e'?), if k < VE.
uy (s, u) < (14 Ce)ug (s2,u) (0.21.0.31)

The following proposition is fundamental for the Gronwall estimates which are used in the descent
scheme. It allows us to control the integrating factors which we expect from the estimates in (0.26.7).

It is essentially a consequence of (0.21.0.21) and (0.21.0.22):
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Proposition 0.21.0.3. Let B > 1. Then under our smallness and bootstrap assumptions we have

that if By/e <1 there exists a C > 0 such that

L [eS] u 1 C
/ u,IIL (2 NEW < 0 ;_‘fui‘B(tu)

t
1 1+Cye | g
Lyl - xu ds < t
H HHL (¢ )Et;t)/o H*B(57U/) S B_1 M (7“)

If B\/e <1 then
t 1 1
—— ds<Ci2B4 —— Lyul-By
/ouf(s,u)s { TB- 1}”* (t,)

Wd < (1+COVe)Inp(t,u) + Cve

t
1

ds <C{lnu;'(t,u) +1

/ou*(&) { }

t 1
- ds<C
/0 w1 (s, u)

(0.21.0.32)

(0.21.0.33)

(0.21.0.34)

(0.21.0.35)

(0.21.0.36)

(0.21.0.37)

0.22 Top Order Pointwise Commutator Estimates Involving

the Eikonal Function

The goal here is to isolate the worst error terms which arise from commuting the wave equation with

vectorfields from &2. We need to show that WQp and Ap can be controlled in terms of £ X (up to

error terms).

We first need the following, which is derived from (0.17.0.1)

Lemma 0.22.0.1.

1 o o
Ryga = 3 {H$XA¢ZBL‘I> + EpadpX® — FapLXD — UGLXWZB@}
1 _ o 1 _ o
+ ZH "G Al p(X ) — 514 "G ra(dpu) X P

1 o
+3 {GLXXABX<I> + M@LAXBCdC‘I’}

+2A

where A = f(y,¢47 ", da’, Z®)PP.
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from which we can derive:
Lemma 0.22.0.2.

K)V(XAB = W?ABH+f(’Yagiladxz)PX(I)+f(l7giladxz)PP(I)

(0.22.0.2)
+ f(7, X®, Py, da’) - (P, ¥ 2)

The following lemma does not appear in [18]. It is similar to what is used in [16], although we

use the simplified schematic notation from [18].

Lemma 0.22.0.3.

dhvx, 2dbvx = dtrgx + f(v,¢", da’) PP®

| | (0.22.0.3)
+ f(g Y, Py dat) - (P, V)

0.22.1 Commutator Estimates

Definition 0.22.1.1. Under our smallness/bootstrap assumptions and for 1 < N < 19 we denote:
[Harmless=N| < | £V 4 | L5V 4 |22l (0.22.1.1)

The following lemma is obvious:

Lemma 0.22.1.1. Under our bootstrap and smallness assumptions it holds that:
| Harmless=°| < e (0.22.1.2)

Lemma 0.22.1.2. Under our bootstrap and smallness assumptions we have, for 1 < N <19
2 _ N—1
V2N - Ly £ixl,

=2 _ N—1_
Vv 2N Ly X,

RPNt — PN Xty

(0.22.1.3)

APV — PV Xty | S [ LENTID| 4| PN 4| 4 e| 2N

Proof. write

2 ~
Lyxap =YVapt+3Jan (0.22.1.4)
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so we have that

N—

5 v = Vi s ([75 ), 5 0 02219)

A

use commutator estimates along with the fact that |£%Y72;v’| < |PMF1y|. There is one commutator

estimate which we need to check, which is that
L £ x| S 1ZEN10] 4|25V | 4| 22y (0.22.1.6)

The key is to use (0.16.0.2) together with (0.19.1.4) and our above pointwise estimates O

Lemma 0.22.1.3. Under our bootstrap and smallness assumptions and for 1 < N <19, we have:

£ dbox — 4PN Vg,

)

N— 1 _
‘ﬁ@ 161%UX—§¢Z<@N ltTgX

(0.22.1.7)
N-1 _
il 5 x — dPN 1t7”gX|a

~N-1_ 1 _ . _
’d/ﬁvﬁ@ X_id«@]v ltrgX 5|$*SN+171¢|+|'@SN’Y|+€|32E’N 1]1|

Proof. Similar to the proof of the previous lemma, but simpler. We use (0.22.0.3) instead of (0.22.0.2)

together with our previous pointwise estimates O

0.22.2 Worst Case Error Terms

Proposition 0.22.2.1. Under our bootstrap and smallness assumptions we have for 1 < N < 19

that:

uO,(YN1L@) = (4" @) (udaY N~ tryx) + Harmiess=N (0.22.2.1)

nO, (YN 1Y) ®) = (X®)Y Vtrgx + p(l)(dA¢)(pdAYN*1trgX) + Harmless=" (0.22.2.2)
while for all other 2N commutators we have that

ud, (2N ®) = Harmless=Y 0.22.2.3
g
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Lemma 0.22.2.2. For 2N = 22N-17 we have
ud, (2Ve) = (Mg (0.22.2.4)

@5 = 2P 112, D _720)) + PF mikonal-Low) (0.22.2.5)

where for N =1 we have (‘@N)S(Eikonal_Low) = 0 and otherwise

N
|(3Z )S(Eikonal—lzow)| < Z Z (|32N1 trg(Zl)ﬂ + 1) |'@N2(H@a(z2)fa[«@qu)])|
N1EN§V+J¥:J;V§]\£—1 Z1,Z2€P
1,4V2>14v —
(0.22.2.6)

0.22.3 Derivatives of 71 and Yo)x

The following lemmas are different from those in [18], although the proofs are rather straightforward

applications of the machinery developed above.

Lemma 0.22.3.1 (Isolating the top-order terms in !z and Y®)x). Under our smallness and

bootstrap assumptions we have that for Fr:

‘@N71Xtr¢(L)¢ — mgzN*lp‘ S| LENHILP| 4| 5N | 4| 21N, (0.22.3.1)

N— N— ~HH _
"39 WAL o A DFTT — T PN g

,’{@Nfld/zv(L)ﬁjg — ANy

(0.22.3.2)
S | ZEVTIQ| 4| ZEN1| 4 | 2Ny
For Y)r we find that
N-1 2 - —1X )
Vg gE (W # N 1p> .y(l)‘ , ‘,@N 1Xtrg(y<”)7f —pyAPN (0.22.3.3)

S LENTEID| 4+ | LNy | + | 2N
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(PN O 4 Y Pirgx] | 2N a0 (Y 2N g+ o B2,
N-1 2 _
€57 a0, ¢+ (P 2N ) Y

SILEVEG| + [ LN | 4 | 21N

N-1 ~#H# _
L5 A YOFTT —0pyd* N 1%X’

(0.22.3.4)

Lemma 0.22.3.2 (Estimates for the Easy to Bound Derivatives of (¥)7 and 7). Let P € 2.

Under our bootstrap and smallness assumptions we find for the following top-order terms that

_ _ _ <N-1 <N-1
| PN Lt P, | PN L) || PN LD ST DO 1S T L P

SILENR] 4| 2=y + |21y

(0.22.3.5)
while for the below top order terms we have
| PNV, | =N O] | =Ny (D) | =N P o],
_ <N-— <N-—
|PN1P) S 1(P)¢f|, 15 1(P)¢?)%(| (0.22.3.6)

SILEN®| 4|25V + |21y 41

0.22.4 Proof of (0.22.2.1)

Proof. The proof is essentially the same as that in [18], with a few minor modifications accounted
for by using our above lemmas (0.22.3.1) and (0.22.3.2) on pointwise estimates (which account for

the fact that in our case P, is 2—dimensional).

We find that:
(X®) (Y YN ~ttr,x) + HarmlessSY  Z =Y,
yNIRA )= © / v (0.22.4.1)
Harmless=" Z=1L
YVRZ) e [@] = Harmless =" (0.22.4.2)
YNflﬁEf)fcanceFQ) [®] = Harmless=" (0.22.4.3)
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HP(l)(dYN_ltrgX) : d#é + Harmless>" 7 = Yo

14z

v 1ﬁgﬂ1Elliptic) (@] = (0.22.4.4)

w(dY N g x) - 47 ® + Harmless=V Z=1L

142

YN 1.@Eﬂ)_G00d) [®] = Harmless=<" (0.22.4.5)
YNflﬁEg (@] = Harmless=" (0.22.4.6)
YN (@] = Harmless<" (0.22.4.7)
The proof that the other Y commutators are harmless is as in [18]. O

0.22.5 Pointwise Estimates For Error Integrands Arising From (V)r

Remark 0.22.5.1. Note that the following pointwise bound utilizes the estimate (0.21.0.19) to

control the dangerous bulk term

X
o>~ F
11
with
1
AP,
T(Boot) —t

This bound is the only reason we require control on the initial quantity [|X3®|| Loz

Lemma 0.22.5.1. Under our bootstrap and smallness assumptions and with ¢ > 0 we have (where

the implicit constant in < does not depend on <), without taking the absolute value of the LHS, that:

S0 S (4L + (1 + 6 (XD)? + uldd| + 68,4 (0.22.5.1)
i=1
+ ! u| A2 (0.22.5.2)
T(Boot) —1
Proof. Essentially the same as in [18]. O
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0.22.6 Pointwise Estimates Needed To Close Elliptic Estimates

Lemma 0.22.6.1. Under our bootstrap and smallness assumptions we have that for 1 < N < 19:

_ 1 B
‘W;ﬁ X - {YM;V» T+ 5 AP 1trgx)g}‘ <|2N4], (0.22.6.1)
1 AN-1
‘Wﬁ]zvv -V x‘ S el 7=Nq), (0.22.6.2)
Yoy 2V x| S IVLS X + e, (0.22.6.3)
~N-1
Ly X S|125V] (0.22.6.4)

Proof. For the first two estimates, we merely need to check that the top order terms cancel. The

second two estimates are straightforward. O

0.23 Pointwise estimates for Worst Error Integrands

Lemma 0.23.0.1. For N <19 and under our smallness and bootstrap assumptions we find that:

[ P=NE| |2V 4 |25V 4 |2l (0.23.0.1)

| PV2 4 GLi X PVO| S | PB4 [ LEVAD] + [ 25N 4 [ 2N, (0.23.0.2)
’yN—l(P):j <e (|$*§N+1;1(I)’ + | 2N + ‘yE’N]l‘) (0.23.0.3)

’(9”);, <e (|$*SN+1;1¢| + |2V + ‘@E’N]ZD (0.23.0.4)

[PVE| 5 |25V 0|+ |2 (0.23.0.5)

‘P(gszl)% < ‘95N+1¢| Y |@gN¢’ (0.23.0.6)

’(9”*5% Se| PNy (0.23.0.7)

Proof. The only estimates not included in [18] are those for ‘QN_“P)(H and ‘(‘@N)ﬁ‘.

The estimate for ‘@N —1(P)y | is rather straightforward if we write

P)y = —P(f(y,47 " da', XD, PO)PD) + %(trgx)P(QLp + X)
. (0.23.0.8)
— (Pp) {Ltrgx + Q(trgx)z} + [L, P]X,

then make use of the Leibniz rule, the estimate for 2<% and our previous pointwise estimates.

LO}N

)3| is a bit more tedious to check. We have that

The estimate for ‘(
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1. (using our commutator estimates)

L, V1 Px| S e| 2PN U Px| 4 | L LIN-D/20]| <Ny (0.23.0.9)

2.
IQN_l(utrgthrgx) — utrngZNtrgX
. 0.23.0.10
S > | PN ]| PN trg x| | 2N Pirgx| ( )
N1+ Nao+N3<N-—-1
N3<N-—2
3.
)@N_l(trﬂxP%) - trgxﬂN%
< Z |=@Nltrgx||@N2Px‘ (0.23.0.11)
Ni1+N2<N-1
Na<N-2
4.
’z@N*l(LuPtrgx) - Lu@Ntrgx
S Y 2M L PV Py (0.23.0.12)
Ni+N2<N-1
Na<N-—2
5.
‘?}’N_l(pPLtrgx) — ugzNLtrgx
< Z |@N1u||@N2PLtrgx| (0.23.0.13)
Ni+N2<N-1
Ny<N-2
6.
2 > KN’\_ c@N =12
ux - LoX (ufxI%)
Ny _ Ns ,_ Ny~ pN5 ~ 0.23.0.14
< > PVullel g e g e RIS (0230.14
N1+N2+N3+Nys+Ns<N
Ni+N;<N-1
Now apply (0.19.3.1) and (0.23.0.1) and our bootstrap assumptions to conclude. O

Remark 0.23.0.1. The following pointwise estimates for the modified top-order terms have basi-
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cally the same as the proof as in [18], except we now have to worry about the top order eikonal

terms ¥ - ﬁN)?

Lemma 0.23.0.2. For 1 < N < 19 and with 22N = YV, under our smallness and boostrap

assumptions we find that:

02| (tu,0) < €127 (0,0,6)

Ly]_ (s,u,0)

t
+2(1+Cs)/ [ |YN35\ (s,u,0)d
s=0

u(s,u,0)
t
uit,u,0)\° <N
s+ [ (MS,W)) 21 IRESYRI(5, . 0)ds

t
+ c/ {|=x110] 1 |2=Vq| + |21V} (5,0, 0)ds
s=0

(0.23.0.15)

Lemma 0.23.0.3. For 1 < N < 19 and with 2N = YV, under our smallness and boostrap

assumptions we find that:

[Ly]_

(XCI))YNtrgx‘ (t,u,0) < 2 H "

| XYN®|(t,u,0)
L (2
H[LHLHLOO(E;L) /t H[Lp]—HLw(Zg
w(t,u) s=0  M.(s,u)

+7/ )HW£<N %] (5, u, 0)ds

w (t,u)

+4(1+ Ce) )|)u(YN<I’|(s,u,9)ds

+ Error

(0.23.0.16)

where

1
| Error| (t,u,0) < ’

(YN%%”’ 0,u,0) + | LN (t,u, 6
p*(t7u) (77) { * |(a7)

+ LENAD| (t,u,6)

w (t,u) |

i 7=+ 28  } wo)

! t 1 <N+1;1
EW/ 0 (u(su) -2 ®| (8»%9)) +1lS R (s, u, 0)ds

1
+7/ | LENTID| (s, u, 0)ds
m. (t, u)

1 ‘ 1 <N;1 <N [1,N]
MR /s=0 u*(s,U){|$* o+l VH‘% 1‘}(8’%9)6[8

+ )

(0.23.0.17)
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Lemma 0.23.0.4 (Nonsharp Pointwise Estimate for uYNtryx). Under our smallness/bootstrap/data

assumptions we find that:

WY Vergx| S [0 27| (0,0,0) + | 2N (1,0,0)

+

X@%‘ (t,u,0) + | =N (¢, u,0)
+ {W’SW + ‘@E’%‘} (t,u,6)

t 5 0.23.0.18
+/ ! X@N@‘ (s,u,0)ds ( )
s=0 p*(87 U)

t t
+/ | LENHLD] (5, u,0)ds +g/ Il S R (s,u, 0)ds
s=0 s=0

t
b [ {1 a] 4 25 22 0

Lemma 0.23.0.5 (Pointwise estimates for % With our smallness/bootstrap/data assumptions we
have that:
- 1
‘LM 1)5@ < SIGLLl|AY NP+ Ce| <Ny (0.23.0.19)

7 2[5 00+ Yo |

s=

t

|AYN 1D (s, u, 0)ds

’ 0 (0.23.0.20)

+Ca/ {|Z=NT10| + | 2Ny} (s,u,0)ds.
s=0

0.24 Elliptic Estimates and Sobolev Embedding on P, sur-
faces (Corresponding to Section 18 in [16])

In order to bound the top-order derivatives of Yy in our top-order a priori L? estimates, we will
need to use the following elliptic estimates.

The following lemma is standard:

Lemma 0.24.0.1. We have that

Rapep = ﬁ{gACgBD - gADgBC} (0.24.0.1)

where Rapcop s the Riemann curvature ofg on Py, and R is its Gauss curvature

The following is identical to lemma 18.4 in [16]

92



Lemma 0.24.0.2. Let
Rap = (¢ )PRacpp and R:= (9" )*PRap

denote the Ricci curvature and the scalar curvature of ¢. Let (/\)g be a one paramater family of

Riemannian metrics on Py, with (O)g =4d and denote g = % O‘)g. We let MR denote the

|)\=0

scalar curvature of ()‘)g and let R = Then for the first variation of the scalar curvature we

axl
d\ IX=0"

have that:

. . . _ _ 2 .
R=-R7g, . —Atrgg+ (5 )P (g7 )PV acd ), (0.24.0.2)
The following corollary is immediate:

Corollary 0.24.0.3.
X = —RABEg o Rt Ogt 4 17,045 (0.24.0.3)

From this we can derive that

Lemma 0.24.0.4. Under our small data and bootstrap assumptions we find that in the bootstrap

region we have:

18] < e (0.24.0.4)

Proof. Note that as the above inequality is invariant under coordinate changes, we may choose

coordinates on 2?0 such that X = %. Now we may use the fact that Rap = ﬁgAB and that

R = 2R in conjunction with the above lemma and Gronwall to derive that

18] < (/ )WZ(’V%‘ du) eo JItry O gldu < (0.24.0.5)

The proofs of the following elliptic estimates are exactly as in [16]:

Lemma 0.24.0.5 (Elliptic Estimate for Solutions of the Poisson Equation on P; ).

/'Pt,u UQ{;|V2f2+ﬁ|df|2}dvg < 2/{ H2|4&f|2dv¢—|—3/

o Pt

A |df|* dvg (0.24.0.6)
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Lemma 0.24.0.6 (Elliptic Estimate for Symmetric Traceless (0, 2) Tensorfields on Py ).

1

Remark 0.24.0.1. Unlike Speck/Christodoulou in the dispersive regime, we do not have a sign on

| di € dv, + 3 / dullePd,  (024.0.7)

U t,

the curvature &, we only have smallness of 8. This is only enough to give us

11l Vel 2p,0) S Il Elllzep, ) + 1€l 2P0
whereas they have a ||{|[z2(p, ,) term on the RHS. It turns out that this loss of some smallness is
unimportant for our purposes.

As in [18], the following estimate is essentially a consequence of the standard Sobolev embedding
estimate on T? together with the smallness of ®, which gives us that ¢ is approximately flat (with
volume form approximately equal to the flat torus volume form, up to an O(g) correction) and also

that |©<2f| ~. |YS2f| for any scalar function f on Py .

Lemma 0.24.0.7 (Sobolev Embedding on P ).

1F |z Pey < CIY=2fllLap, ) (0.24.0.8)

0.25 Coerciveness and L*-Controlling Quantities (Correspond-

ing to Section 13 in [18])

This section we present the higher order energy-flux quantities which we utilize in the energy argu-
ment. They give us coercive control on certain homogeneous Sobolev norms of the solution which

will ultimately allow us to improve our L bootstrap assumptions via Sobolev imbedding.
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Definition 0.25.0.1.

Qn (t,u) ;= max sup {E[2'®](t',v) + F[2'®]|(t', )} (0.25.0.1)
[T]=N (t',u’)€[0,t] x[0,u]

Qp,n(t,u) := dmax Qar(t,u) (0.25.0.2)

1
K[®](t,u) := §/ [Lu]_|d®|*dw (0.25.0.3)
Mt,u
K (t,u) = max K[21®](t, u) (0.25.0.4)
Ky, n(tu) ==  Joax Kar(t,u) (0.25.0.5)

The following bound is crucial for controlling the energies of angular derivatives in the regions

where p is small.

Lemma 0.25.0.1 (Coercive Spacetime Integral Bound).

S*/ 1{<1yay AP dw (0.25.0.6)
M

yu

1
K[®](t,u) > 3

The following lemma is Lemma 13.2 in [18], with effectively the same proof:

Lemma 0.25.0.2. Let f be a scalar function on Mr .\ v, and let

t
F(t,u,0) = f(t u,0)dt. (0.25.0.7)
/=0

Then under our data/smallness/bootstrap assumptions we have the following estimate for (t,u) €

[0 T(Boot)) X [OaUO}
t

Pl < (0 +C8) [ 1l (0.25.0.5)
t’=0

Lemma 0.25.0.3 (Coercivity of Q1 n7). Under our bootstrap/smaliness assumptions we have for

1 <M <N <19 that on (t,u) € [0,T(Boot) ) X [ 0,Up ) the following coercive bounds hold:

1 Y 1
Qp,(t,u) > max {QII\/EL@WDII%W), | X PM B[22 ), 5| VILP B[ 72y
CHPM®|3 2 0y, [ILPM 0|2 0, IVBAPM @[3 2 0,
C_1|‘L@MCI)H%2(PL“)} (02509)
19| 250y < Cék + CQY* (8, w),

IX®| 2y < 1X D] 25y + C& + CQY* (8, u).
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Lemma 0.25.0.4 (L bounds for ®). Under our smallness and bootstrap assumptions we have that

2B o) S QY 3y () + € (0.25.0.10)

0.26 Energy Estimates

Remark 0.26.0.1. This section is really the crux of the argument. We derive a very complicated
(and coupled) set of energy inequalities (0.26.7) for top-order terms (which do not lose derivatives but
exhibit blowup near the shock u = 0) together with below-top-order estimates which lose derivatives.
The below-top-order estimate is straightforward and follows from applying our L estimates to the
error terms which arise in the bulk integral for the commuted wave equation. The top-order estimate
is rather delicate and requires the use of the modified quantities. The full argument is treated in
detail in [18]. Here we merely present a sketch of the argument which demonstrates how to apply
the elliptic estimates which do not appear in the 2 + 1 dimensional setting but are required in 3 4 1
dimensions due to the nontriviality of y. Basically the modified quanitites allow us to estimate
derivatives PN trgx without losing derivatives in @, but leave us with uncontrolled top-order error
terms K;X The above elliptic estimates on P, ,, allow us to bound those terms again by the estimate
on PN trgx, which, after applying Gronwall to eliminate the RHS Kf;; X terms gives us control on all

of the top-order eikonal quantities in terms of the top-order energies.

0.26.1 Preliminary L?-Estimates for Below Top-Order Quantities

The quantities here are allowed to lose derivatives, and the following estimates are straightforward

applications of our above L> estimates in (0.19.6.2).
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Lemma 0.26.1.1. Under our smallness/bootstrap/data assumptions, for 1 < N < 19 we have that:

N
L2 | 2y
||L‘@§NLi(S7null)HL2(E};) Q1/2 ( )
) [1,N]
ILP<N Y trgx|| L2y 5€+1/27

, (0.26.1.1)
w7t w)

<N-1
1£LL5 XLz
<N—-1_-
£y X2
||L$SN;1L’£(Small)HLZ(Ey)
_ 1/2
ILL=N" g x| 2 (s @[1/1\7]( u)
<N-1;1 ~ 1/2
£ Ly XLz (s w ()

<N—-1;1 «
ML X||L2(zu)

(0.26.1.2)

H«@E’N]Hﬂp(zg)
||=@§NLi(smalz)HL2(E%‘) . @1/2 (s, )
_ [1,N]
1P ey | St [ s (0:26..3

<N-1
||¢ X||L2(E“)

<N-—-1
1£5  Xlle2s)

HXSN;l Li(Small) H L2(Z})

LN x| L2 se th/Q (s,u)
| e 115’ ez §e+/ SN g, (0.26.1.4)
L2 XllL2 () 0

<N-—-1;1 ~
||¢ XHLZ(zu)

Corollary 0.26.1.2. For 1 < N < 19, under our data/smallness/boostrap assumptions, we have

that

1L sy S QY () +e (0.26.1.5)

0.26.2 Easiest Error Integrals

The following are stated and proven exactly as in [18]:

Lemma 0.26.2.1. For 1 < N < 19 we have under our smallness/bootstrap/data assumptions that

Qn(0,u) S €2 (0.26.2.1)
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Lemma 0.26.2.2. For 1 < N < 19 we have under our smallness/bootstrap/data assumptions that

/ ZG(T ,@N@dw</ Q[lN]su)
Miu j—1 \V4 T(Boot
+(1+§_1)/ Qi) (5, u)ds (0.26.2.2)
0

+(1+ §_1)/ Qpu, (s, u)du’ + <Ky n(t, ).
0

Lemma 0.26.2.3. For 1 < N < 19 we have under our smallness/bootstrap/data assumptions that

| Harmless=" | dw

/ 1+ pL2Ne
My

XPNo
: u (0.26.2.3)
S+ [ Quuluds+ 1+ [ @yt u)de
0 0
+ §K[1’N] (t, u) =+ 62
/ AN ®|| Harmless<" |dw
Mo (0.26.2.4)

t u
< / Q[LN] (s,u)ds + / Q[LN] (t,u)du + K[I,N] (t,u) + 2
0 0

0.26.3 Controlling Top-Order Derivatives of y

Remark 0.26.3.1. This section is the main, crucial difference from [18], although the line of the
argument basically follows [16]. See the above comments in (0.26.0.1) regarding the use of elliptic

estimates in our 3 + 1 dimensional setting.

Lemma 0.26.3.1 (Preliminary L? Bounds for Some Top-order Derivatives of x). For 1 < N < 19,

under our smallness/bootstrap/data assumptions, we have that:

2
N-1
) < Yip @ty
S M
AN—lA
+'HW;9 2 (0.26.3.1)
L2y

t
1
0w “(s,u)
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2" i S B o
HUd TgX L2(s) TgX L2(s) ~ vagz X L2(s)
t
1/2 1
+Q[1 N]( )+/0 1/2( )@[1 N](S,U)d5+€
(0.26.3.2)
|uyel % S [uves '
e ez (0.26.3.3)
—|—@1/2 (t, )+/t1 Q1/2 (s,u)ds +¢ o
[1,N] 1/2 [1,N]
0 p (s, u)
~N— 2

I e | TN .

2 u t
pPEn = t (0.26.3.4)

2 1 2
+Q[11<N}(t,u) +/ 1/27@[11/]\,}(3 u)ds + ¢
0 w7 (s u)
~N-1 t
Ly, X gQ[llffv](t,u)+/ 1/2 ——— Q% (s,u)ds + e (0.26.3.5)
L2(sy) 0 (s, u)

Proof. (idea) The proof, much as in Lemma 20.27 in [16], is a straightforward application of (0.22.6)
and (0.22.1.3). O

Lemma 0.26.3.2. [Preliminary Non-Sharp L*-Bounds for u?Ntrng For1 < N <19, under our

smallness and bootstrap assumptions, we have that:

lud PN x| oy S Qff ()

¢ 1/2 s
) i Qe

+e{lnp; (t,u) +1}

<N-—-1
+€/ IuVLS  Xll2cswyds

(0.26.3.6)

Proof. (idea) This follows from taking L?(¥¥) norms of our nonsharp pointwise bound (0.23.0.4). O
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Now note that from applying (0.26.3.1) to the bound (0.26.3.3) we have

<N-—

B A A
Yo, 2N ‘

HHW£<N 1~ ;HH @ fox L2(Zy)

L2(Z})
~N-1 (0.26.3.7)
+HuWi9 X
L2(2Y)

t
+@[11/§V]( )+/0” 7 )@1/2 (s,u)ds +e

and that from our elliptic estimate (0.24.0.7) together with (0.26.3.4) and (0.26.3.5) we have that:

/\N_l/\ . AN_lA L ’\N—l/\
(S I s I T
L2(2) L2(SY) L2(S¥)
2
SHI IO QTN 26.3.
~> ; HH ) IgX L2(53) (0.26.3.8)
1/2 ¢ 1 1/2
+ Qi (t,u) + 1/27@[171\7] (s,u)ds + €.
0 My (S,U)
Now from (0.26.3.2), (0.26.3.7), and (0.26.3.8) we see that
[ud 2N =1r x| L2 (s
<N-1 12
HHW[ ‘ L2(Z%) Q[l N]( )
<N-— 1A
7655
(0.26.3.9)

i 1/2 s
[, Qe

+e{lnp ' (tu)+1}

t
<N-1
+€/ IuVL£Z xll2sw)ds
0

Lemma 0.26.3.3 (Top Order Bounds on Derivatives of x). For 1 < N < 19 we have, under our
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smallness and bootstrap assumptions, that:

Iud 2 =N trgx|| L2 )
H’JW£<N 1 ‘

HUWZ:<N 1.

@[11/3\/]( u)

L2(Z¥)

L2(53) (0.26.3.10)

K 1/2 5
+/o H*(SU)Q w (s u)d

+e{lnp () + 1}

s |uMSN-1trgx|<s,.>
/ ’pV£<N ! ‘ ) | ds < Q3 (tu) +e (0.26.3.11)
0
’HV¢<N 1. ( )

L2(sy)

Proof. Use (0.26.3.9) and Gronwall to derive (0.26.3.10). To derive (0.26.3.11) we use the mono-
tonicity of Q and (0.21.0.36) to bound (0.26.3.10) by < (1+1Inpy )Qu N u)+e {Inpt(t,u)+1}.
Now apply (0.25.0.8) and the bound [Inu;! < B to conclude. O

We are finally able to then prove the following central lemma which bounds the most dangerous

error term without derivative loss:

Lemma 0.26.3.4 (L? bound for the most difficult top order term). Under our smallness and

bootstrap assumptions, for 1 < N <19, that

y [Lu]_ [[Le(ze) ~1/2
||(X(I))YNt7”gX||L2(E;L) < ZW(@[{N] (tau)
| [Lp]_ ”LOO(E“ H [Ly]_ ||L°°(E )Q1/2 (s
H* t ’U, p* S, u [1,N]
1

1/2
e H*(tvu) /0 p*(s,u) Q[l N](S u)ds

1 Lo S 12
+Ou*(t,u)A p*(slju)/o H1/2(5,u)@[1N](S ,u)dsds'

+4.05 ,u)ds

(0.26.3.12)
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Proof. The proof is essentially as in [18] and derives from our sharp pointwise bound (0.23.0.3) on
()v( o) YN tryx. There is, however, one crucial difference in our setting: the nontrivial top-order ﬁN X
terms which appear on the RHS of (0.23.0.3). These can nonetheless be bounded using (0.26.3.11)
from the previous lemma. Thus, due to our use of the above elliptic estimates, our lemma here

differs from that in [18] only by the term Ce ™G u)(@[l1/3V]( u). O

0.26.4 Less Degenerate Top-Order Error Terms

Due to the fact that our estimate for ||pYNtrgx||L2(gg) (after the elliptic estimates, (0.26.3.10)) has

the same bound as that in [18] (see equation (14.15) there), the following estimate is the same

Lemma 0.26.4.1. Under our smallness and bootstrap assumptions, for 1 < N <19, that:

‘/M Py (XY N @) (X0) (A" @) - (Y N~ tryx)dw

t (0.26.4.1)
< / (s (s, )+ 112 Quuy (5, u)du + 22,
0

‘/M (14 2u)p(y (LY V@) (X @) (47 @) - (udy N g x) o

. (0.26.4.2)
< / {ln u:l(&u) + 1}2Q[1,N](Svu)d8+/ Q[l,N](t, u’)du/ 42,
0 0

0.26.5 Error Integrals Requiring Integration By Parts In L

As our pointwise estimates (0.23.0.5) for the modified quantities (Y™ 27 are identical to the cor-
respoinding estimates in 2 4+ 1 dimensions (see Lemma 11.2 in [18]), the ngopfg quantities are not
a problem in these terms. Thus the following estimates (and their proofs) are identical to those in

[18].

Lemma 0.26.5.1. Under our smallness and bootstrap assumptions, for 1 < N <19, that

gl o I e g
H \/ﬁ(Xq))L gﬂ L) v2 w, (4 ) Qpi v (8 )
1 1/2 1 1/2
Tiye S
w/?(t, )
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t
- l)ﬂ <Vl 1 1 12
S u_ ||C°(Ey) Q (s,u)ds
H\F L2(3) Hl/Q(tyu) 0 Hi/z(&u) v
t
w0 [ it
0 m(t ) (0.26.5.2)
+C’€ ! /t L Q3 (s,u)ds
1,N]\5
V() Jo plP(s,u) N
1
MR
- 1
L %ﬂﬂ <~ QY2 (tu)te 0.26.5.3
H — uyz(t,u)@u,m ) (02653)

— 75— Q% (s, u)ds + & (0.26.5.4)

]

Lemma 0.26.5.2. Under our smallness and bootstrap assumptions, for 1 < N <19, that

t
s [ =
L2(Z}) 0w (s,u)

/ ’Errorl’(l) [YN<I>; (YNfl)%%]‘ dw
My

¢ 1 ¢ 1
(1 +§71)/ TQ[I,N](SaU)dS +/ 3/27@[1,N—1](57U)d3 (0.26.5.5)
0w 7(s,u) 0 py (s u)

+ §K[17N] (t, U) + (1 + §71)€2

)

/ Errorl(l)[YNCI); (YNfl)f%;]’ dw < 2 + eQpi,n(t, u) (0.26.5.6)
/ Errors[YN®: ") 97| dw < &2 (0.26.5.7)
3
/ (1+ 2p)(X@)(Y@N@)<YN’1>%‘ dw < €2 (0.26.5.8)
3

Lemma 0.26.5.3. Under our smallness and bootstrap assumptions, for 1 < N <19, that

‘/ (14 2uw)(XO) (YN H1) L) 2 dw
Mt u

L oo U
<9 CILH] pee (s Q1/2( w)ds

H* 5, u) (0.26.5.9)
t
+C€/ Q1/2 S, U derC’/ (@1/2 ds
) () 2w (5w ; Fl1/2( o Qi)

+ &2
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|/ (1+20)(X®) (YN 10)Y" ) 27 dw
M

||Lu||L°°((*)Z“ 1/2 ¢ 1 1/2
<2t NG ) [l (s s

ur/? (s, u) /2 (s, )
+Ce 1/21 QI (t,u) /t 1/21 QL2 (s, u)ds
W' (s,u) 0 w7 (su)

t
1/2 1 1/2
+ CQ[l N]( )/0 p1/2(s u) Q[LN](S;U)dS
* I

1
—-1_2
+ CsQp Ny (t,u) + Cs™ e )

0.26.6 Error Integrals that lose a derivative

This lemma is identical to Lemma 14.13 in [18], with the same proof.

(0.26.5.10)

Lemma 0.26.6.1. Under our smallness and bootstrap assumptions, for 1 < N <19, that

‘/ (X@N_lé)()v(@)YN_ltrgxdw
Mt u

t t
[11/?\{ 1] ){‘/0 1/2( )Q1/2 (s, )ds}dt/ +E/O p*

/@

‘/M (14 20)( L2V 10)(X®)Y N tryxdw

1/2 ){/t/
1,N—1
[ ] 0 H*/(

/@

0.26.7 Final Top-order and Below Top-order Energy Estimates

’

t
1/2 ds b dt’
o Qo } ve [ <p— e

’

(s u)ds

(0.26.6.1)

(s u)ds

(0.26.6.2)

In deriving the top-order energy inequalities for the 2279F commuted wave equation, we find that

the one difference in our 3 4+ 1 dimensional setting with respect to the 2 + 1 dimensional setting of

[18] occurs when we bound the worst top-order product term:

- /M ()U(YTOPQ))()?(I))YTOPtrﬁxdvydudt.
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As in [18] we apply Cauchy-Schwarz and (0.25.0.3) to bound this term by

t
, .
<2 / By Q2o (5:) H(X<I>)YTOPtrQX‘ (0.26.7.2)

L2 (Zy)

and now we apply our estimate (0.26.3.4) for ey The only term in (0.26.3.4)
which is different in our 3 + 1 dimensional setting is Cem(@[ﬂ/’ 2TO Pl (t,u), which generates a RHS

(X@)YTOPtrgx‘

term of the form

t
1
CE/(; mQ[LTOP] (t/,u)dt/. (02673)

This RHS term also appears in the 2 + 1 dimensional case when we bound the error integral
_ /M (1+20) (LY TOP D) (X D)V TOP try xdvgdudt (0.26.7.4)

which reduces to bounding

YTOP—I

— /M (14 2u)(LYTOP®) (X )Y ) 2 dvgdudt (0.26.7.5)

by integrating by parts using (0.14.0.10), using Cauchy-Schwarz and then applying (0.26.5.1) (see
[18] for details). Thus, at the end of the day, our elliptic estimates allow us to control the top-order
Eikonal terms pyx - LS7O9P % by the term Cem(@[ll/éop] (t,u) which appears already in the RHS
of (0.26.5.1). Thus the energy estimates for top-order and below top-order are identical to that in

[18]. We copy them here for convenience of the reader.

Proposition 0.26.7.1. Under our bootstrap and smallness assumptions we find that for1 < N <19
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we have

max {Q[l,N] (t, u)7 K[I,N] (t, u)}
< C(l + §71)é2p:3/2

0

Q[LN] (tl, u)dt’

(', u)
Ll oo sy L] ||
/2 Loo(2%) ~1/2
w81 [ [ Rl s s
+2 1 Q2 (t,w) I[ILy|l Llem(ﬂmw
BEYC YN ) oo ((—)nu ’
w2t O P Y
+&/¢1QW(ﬂW/ﬂl@“@uMm/
0 H*(t',u) [1.N] , 0 p*(svu) (LN

t
1
+ CE/O m@[l’]\]] (t',u)dt/

1 1/2 ¢ 1 1/2
+Ce 1/27@[171\,](16,11)/0 H1/27(@[1,1\/] (', u)dt’

u2 (k) (t'w)
t
1 / !/
JrC’@l/2 (@, )/ WQ?{%(t,u)dt
0 S, u)
t dr’
+C/ \/jm@[l N] ,u)

1
+C(1+¢ 1)/ WQ[l’N](t/,u)dt/
O )

t/
1 1/2
+C/ @W(’)/‘————Q (s, u)dsdt’
W, (', u 0 (s TN

t s
1/2 1 1 1/2
" C/ M (¥ Q w(t )/0 1 (s, u) /o w/2(s', )Q[l,N] (s', u)ds'dsdt!

+C(1+ c*l)/ Qpu,n(t, u)du’
0

+ CeQp N (t,u) + CsQp Ny (t, u) + CsKpy np(t, u)
¢
1

0w (,u)

=+ C Q[I,Nfl] (t’,u)dt’
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and for 2 < N <19 we have:

max { Q1 ny—1)(t,u), Ky vo1)(t,v) }

< Ce?

t t’
1 1/2 1 1/2 /
+C / — QY% () / QY2 (s, u)dsdt
0 ui/2(t,,u) [LN 1] 0 ui/Q(S,u) [17N]

t
1
C | —— (' w)dt
+ \/O \/WQ[LN 1]( U)
t

(0.26.7.7)

_ 1
+C(1+§ 1)/ TQ[lnyl](t/,u)dt/
o (¢, u)
t 1
+cz:/ L Quny#udr
o w2t ) .

+C(1 +§71)/ Q[LN_H(t,u/)du/
0

+ OsKpy, n—1)(t, u)

Remark 0.26.7.1. Thus we have demonstrated that the 3 + 1 dimensional case actually gives us
the same energy inequality as in the 2 + 1 dimensional case. The subsequent Gronwall argument
(the aforementioned “descent scheme”) used to derive the final a priori energy estimates and the
proof of stable shock formation are then almost exactly as in [18], with very minor modifications
needed in our case. Nonetheless we will sketch the rest of the proof of the stable shock formation

theorem.

Proposition 0.26.7.2 (The Final A Priori Energy Estimates). Under our data size and bootstrap

assumptions we have that there exists a C > 0 such that in Mr ., v, we have

Q[11/,21+M] (t,u) + K[11/,21+M] (t,u) < CE, (0< M <12). (0.26.7.9)

Remark 0.26.7.2. Note that the only difference from Proposition 14.1 in [18] is that we need to
go up one order higher, due to using the Sobolev embedding on our 2 dimensional rather than 1

dimensional surfaces P; .

Proof. (Rough idea of proof) The top-order and below-top-order estimates (0.26.7) are actually
highly coupled and the Gronwall argument giving (0.26.7.2) is rather delicate, the interested reader

should consult [18] for details. Nonetheless the basic idea is fairly easy to see.
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Assume that we have the p-degenerate top-order bound
EY2YTOPD|(t,u) < eus M (t, u). (0.26.7.10)
Note that our commuted (partially modified) equation for Y0P _1trgx is of the form
LYTOP gy = %GLLAYTOP*@ + ... (0.26.7.11)

Taking L?(X¥) norms of both sides and using our coercive bound (0.25.0.3) gives us that

LY TP gy poay S Y24 u)EY2 [y TOP ) (1, u) (0.26.7.12)
< eu M3 (¢t ). (0.26.7.13)

We may integrate LY TOP~1tr y along the characteristics and apply (0.25.0.8) together with (0.21.0.34
[
to get

< eu, M2 (¢ ). (0.26.7.14)

yTOP-1; ’
H fgx r2(zy) ~

Now we consider only the error term (X@)(YTOP—ltrgx) (XYTOP=13) in the energy estimate

for one level below top-order:

E[YTOP=19](t,u) + F[YTOP1®|(t, u) (0.26.7.15)

<&y /M (X®)(YTOP Ly ) (XY TOP-1g) (0.26.7.16)

< 2 4+ /Ot ‘YTOP*ltrgx’ o ]El/z[YTopflfI)](s,u)ds using \X<I>| < 1, Cauchy-Schwarz, and (0.25.0.3)
(0.26.7.17)

<etteé (Ozugt]Elﬂ[YTop‘l@](sﬁu)) /Ot w2 (5 u)ds by (0.26.7.14) (0.26.7.18)

<&iie (Oiugt]];lﬂ[yTOP1<I>](s’,u)> u M2 ) by (0.21.0.34). (0.26.7.19)

Thus, for € sufficiently small we easily see that
E[YTOP=19]|(t, u) + FYTOP~1®|(t, u) < épy M /2 (¢, u). (0.26.7.20)

Thus our below-top-order estimate gains back powers of p, and hence by descending far enough
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we may eliminate the pu, degeneracy.® We thus show that the lower order energies are actually

bounded. O

0.27 Stable Shock Formation

Now with (0.26.7) we are effectively done. Using (0.25.0.4) together with the nondegenerate lower-
order energy bound, we are able to improve our bootstrap assumptions if € is sufficiently small. We
then see that all of the above proven estimates hold with ¢ replaced by C€.

See the theorem (0.4.1) in (0.4) for a complete statement of the stable shock formation theorem

in our 3 + 1 dimensional setting. See [18] for the proof.

0.28 Conclusion

We have here demonstrated that H? illposedness is to be expected of a generic covariant quasilinear
wave equation of the form g g)® = 0 in R3*+1. The condition for illposedness (i.e. the planar shock
formation condition) that

Gaﬁ(q’ = O)wL?Flat)wL?Flat) 7é 0

for some w € S? is fairly robust. Indeed, if
Gaﬁ(q) = O)W ?Flat)wL(BFlat) =0

for all w € S? ,then g(®) is necessarily conformally Minkowski up to quadratic order terms i.e.
9(P)ap = (14 f(P))mas + O(P?). We also showed that the instantaneous energy blow-up observed
for “Lindblad-type” initial data L® |,_, = n|In(z')|* is actually stable under perturbations, albeit
under a fairly strong asymptotic condition which ensures that the singularity of the data is essentially
the same as the singularity at 0 of n|In(z!)|%. Thus the breakdown behavior is not merely a
manifestation of exceptional symmetry.

The exceptional geometric character of the equations for which we cannot demonstrate illposed-
ness (or planar shock formation) highlights the following open questions regarding the positive

question of when H? wellposedness (or better) is possible for quasilinear wave equations.

6In actuality there are worse behaved error terms and we are only able to gain 1 power of u, per derivative level.
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0.28.1 Quasilinear Low-Regularity Local Well-Posedness in Spherical Sym-

metry

In [6], it was proved that quasilinear wave equations of the form

D2D — AD + h(®)AD = F (0D, 0)

are well-posed for spherically symmetric initial data in H? x H'(R?). The proof is fairly robust,
essentially relying on a Morawetz-type space-time estimate and the Sobolev inequality on spheres.
It is of immediate interest to reproduce the proof in our more geometric setting and to see if we can
make improvements in the case of quasilinear null structure. The hope would be to show H3/2 local

(and thus global) well-posedness if the equation is not shock forming,.

0.28.2 Timelike Minimal Surface Equation

The most interesting (and challenging) problem related to this paper is the question of H? local well
posedness in the case where the null condition is satisfied. One wonders whether it is possible to
give a much simplified geometric proof of “Bounded L?” for the timelike minimal surface equation,
which, as we noted above, is the only relativistic lagarangian fluid equation satisfying the null
condition (i.e. the only one which does not form shocks or exhibit H? illposedness). Note that this
is an equation of the form 9,((g~1)*?(0¥)95¥) = 0, although this is essentially the equation in
“wave gauge” or harmonic coordinates. Thus, perhaps similar to the Einstein vacuum equations
in harmonic coordinates, it is possible that there is a more subtle counterexample to H?> local well
posedness (although the null structure is seemingly much stronger for the timelike minimal surface).
Nonetheless, the equation also admits a more geometric formulation in the form of the Gauss-Codazzi

equations together with constraints on initial data (see the recent paper by Willie Wong: [21]):

Definition 0.28.2.1 (Timelike Minimal Surface). Assume b is a symmetric 2-tensor on the Lorentzian
spacetime manifold (M3*1 g). We say that b is the second fundamental form of a timelike minimal

surface if

trgh =0 (0.28.2.1)
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and if the following Gauss-Codazzi equations are satisfied:

Ra,@’yé = ba’yh55 - hatsbﬁ'y (02822)

@ahﬁ'y = @,Bhoz'y (02823)

It is well-known that:

Theorem 0.28.1 (Fundamental Theorem of (Lorentzian) Submanifolds). For (M3*1 g b) satis-
fying (0.28.2.1),(0.28.2.2), and (0.28.2.3), there exists an isometric immersion v : (M3t g h) —

(R m) such that b is the second fundamental form of the immersion

From (0.28.2.1) and (0.28.2.3) it is easy to see that for such h we have:
(div ) = Z°hpa =0 (0.28.2.4)
From the above it follows that h satisfies the tensorial wave equation:
(Ogb)as = 97° Py Dshap = —haslbl; (0.28.2.5)

where [p|2 := g*? g7l o bas = hash®® = Sbrrbrr + 2(boe)? —20(47 47 + |45 Also note that
brr = trgf for the timelike minimal surface. It is easy to see that if trghly, =0, ditrghly, = 0 for
an initial hypersurface X then this condition propagates to the domain of future dependence of ¥.

This equation should be well-posed for initial data in: H(gij, ki)l m2 s i (s0) + Dol m1(20)-

0.29 Appendix: Notation and Geometry

This section largely parallels Appendix C in [18], although we reproduce it here for the convenience

of the reader. Also there are some places where our notation follows that in [16].

0.29.1 Coordinates

o (2% 2%, 22, 23) are the rectangular spacetime coordinates on R*! x T2, relative to which the

Minkowski metric has the form mqg = diag(—1,1,1,1).
e t = 2% and we use these interchangeably.

e 1 denotes the eikonal function
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o (t,u,0,6?) denote the geometric coordinates on R**1 x T2

0.29.2 Indices

e Lowercase Greek indices u,v, etc. will be used to denote rectangular spacetime coordinate

indices.

e Lowercase Latin indices a, b, ..., 1, j, k, etc. will be used to denote rectangular spatial coordinate

indices.

1

e All lowercase greek indices are raised and lowered with ¢g~* and g, respectively.

e Capital Latin indices A, B, etc. denote the components relative to the geometric coordinate

) )
frame {@1 = 51,02 = W}'

e We use Einstein summation convention: repeated indices are summed over their ranges.

0.29.3 Constants and Data Size Parameters

e & is the parameter corresponding to the initial size of the C, - transversal derivatives of the

solution.

e ¢ is a relatively small parameter corresponding to the initial size of ® and its derivatives
involving at least one C,- tangential differentiation. We explain the kind of smallness that we
impose on € in (0.18.6.1).

. 6* = %sup% [GLL)UOI)} is the key quantity that controls the blowup time.

e & denotes the size of ® in L™ on the initial hypersurface %j.

e C,C, denote uniform constants that are free to vary from line to line.

o o —1

e The constants C are allowed to depend on the data-size parameters & and §, .

° o—1
e The constants C, are independent of he data-size parameters & and &, .

e If we want to emphasize that the constant C' depends on a quantity Q, then we use notation

such as "Cq”.

e We use the notation
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To indicate that there exists a uniform constant C' > 0 such that f; < C'f;. We sometimes

use the alternate notation O(fz2) to denote a quantity fi that verifies |fi| < |f2l.

e If we want to emphasize that the implicit constant C' depends on a quantity Q, then we use

the alternate notation:

f15e f2
0.29.4 Spacetime Subsets
o By:={xeR¥:|x—(1,0,0) <e}
o By :=DT(By) NL¥
o C:={(t,z) e R3 :u(t,z) = u}
L] St,u = Cu N Bt
0.29.5 Metrics
e g = g(®P) denotes the spacetime metric.
e Relative to rectangular coordinates, g, (®) = m,, + g5 (@), where m,,,, =diag(—1,1,1).

Relative to rectangular coordinates, G, (®) = -&g,,(®) and G, (@) = LG (D).

g denotes the first fundamental form of 3, that is 9,; = 9ij-

e g~ ! denotes the inverse first fundamental form of 3.

¢ denotes the first fundamental form of Py ,,.

0.29.6 Musical Notation, Contractions, and Inner Products.

e We denote the ] dual of a Py ,-tangent one-form & by &#. Similarly, if Y is an Py,u-tangent
vector, then Y, denotes the g-dual of Y, which is an P; ,-tangent covector. Similarly, if & is a
symmetric type (g) Py w-tangent tensor, then £# denotes the type (i) tensor that is g-dual to
¢, and £## denotes the type (7) tensor that is g-dual to & We use similar notation to denote

the g-duals of general type (7)) and type (%) Py,.-tangent tensors.

e g(X,Y) = gopX“Y"? denotes the inner product of the vector X and Y with respect to the

metric g. Similarly, if X and Y are Py ,-tangent, then ¢(X,Y) = gabX“Yb.
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e - denotes the natural contraction between two tensors. For example, if £ is a spacetime one-form
and V is a spacetime vectorfield, then £-V := £,V . As a second example, if T" is a symmetric

type (3) Py u-tangent tensorfield and € is a Py ,~tangent one-form, then (dix T)-& = (V,T%)&.

e If £ is a one-form and V is a vectorfield, then &, := £,V“. Similarly, if W is a vectorfield, then
Wy == W,V = g(W,V). We use similar notation when contracting higher-order tensorfields
against vectorfields. Similarly, if I'. s are the rectangular Christoffel symbols, then I'yyw =

USVEWAT g 5.

e If £ is a symmetric type (g) spacetime tensor and V is a vector, then &y is the one-form with

rectangular components (§v), = £a V.

0.29.7 Tensor Products and the Trace of Tensors

o trym = (g’l)"‘ﬁﬂag denotes the g-trace of the type (g) spacetime tensor m,, .

tryé = (g‘l)“ﬁfag denotes the g-trace of the type (g) Py u-tangent tensor &.

éAB =&ap — %gABtrgg denotes the trace-free part of the type (g) Pyu-tangent tensor £4p.

(§ ®w)ap = Eawp denotes the tensor product of the Py ,-tangent one-forms £4 and wa4.

(ENw)ap = %(éAwB —¢pwy) denotes the wedge product of the Py ,,-tangent one-forms &4 and

waA.

0.29.8 Eikonal Function and Related Quantities

e The eikonal function u verifies the eikonal equation (¢7!)*#9,udsu = 0 and has the initial

condition ul;—g = 1 — z!.

o u=— {(gfl)aﬁaauagt}fl denotes the inverse foliation density.

LiGeo) = —(g7H¥*d4u denotes the C,-tangent outgoing null geodesic vectorfield.

LY = uL(VGeo) denotes a rescaled outgoing null vectorfield.

L%Sma”) = L' — 6 is the perturbed part of L.

XZSmall) = X'+ 8 is the perturbed part of X?.

X = %ﬁ ¢ is the null second fundamental form of C, relative to g.
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0.29.9 Additional P,, Tensorfields related to the Frame Connection Co-

efficients.
e w=1Lp
o k= %L ~g is the second fundamental form of ¥; relative to g.

o (4= %XA = Q(QALaX)

o (4= p*lgf’“‘"s‘q’) + gf“"‘@) is a splitting of (4.

o i = p*lkﬁfg‘ms““ + ;T,;L”‘W) is a splitting of ¥ 4.

0.29.10 Vectorfields
e L is Cy-tangent, outward pointing, and verifies g(L, L) = 0 and Lt = 1.
o L= % relative to the geometric coordinates.
o X is Y;-tangent, Py ,-orthogonal, and verifies g(X,X) =p2 Xu=1.
o X = a% — E relative to the geometric coordinates, where Z is P; ,,-tangent.

e X =p1X.

e Oy = 80%, A =1,2 is the geometric torus coordinate partial derivative vectorfield.

N = L + X is the future-directed unit normal to ;.

{L,X,01,0,} = {L,X,0,4} denotes the rescaled frame.

{L,X,01,05} = {L, X,04} denotes the non-rescaled frame.

0.29.11 Projection Operators and Frame Components

e IT denotes the type (}) tensorfield that projects onto ;.

I denotes the type G) tensorfield that projects onto Py ..

If € is a spacetime tensor, then ¢ = VI is the projection of £ onto Py .

If £ is a type (g) spacetime tensor, then ¢, = Ji(¢y).

® G(prame) = (Grr,Grx,Gxx,# L, Ex, &) is the array of components of G, relative to the

non-rescaled frame {L, X,04}.
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* Glprame) = (G Grx: Gxx ¢, ¢, @) is the array of components of G, relative to the

174

non-rescaled frame {L, X,04}.

0.29.12 Arrays of Solution Variables and Schematic Functional Depen-

dence

L

2
(Small)>

* 7= (®7L%Smazz)7L

tsman)
(Small)
* = ((I)’ B =1 Ligmany Lismany: L?Small))

o f(§1),62), - -&mm)) schematically denotes an expression depending smoothly on the P -

tangent tensorfields &1y, &(2), "+ §(m)-

0.29.13 Rescaled Frame Components of a Vector
o If 7 is a spacetime vector, then u ¢ = —u #1 L — FoL — fo( +p_f denotes its decom-
position relative to the rescaled frame {L,X, ©a}, where ¢ = F%L,, 7% = j“)u(a, and
S =0y
0.29.14 Energy-Momentum Tensorfield and Multiplier Vectorfields

¢ Q[0 =2,22,% — 19, (971)*? 2,223® denotes the energy-momentum tensorfield associ-

ated to ®.

o T'= (14 2u)L 4 2X denotes the timelike multiplier vectorfield.

0.29.15 Commutation Vectorfields
In this section we have [ € {1,2}.
® Y, (Fiar) denotes the ¥i-tangent vectorfield with rectangular spatial components Y&)?(Flat) =

i
O y1-

Yo = ]7[Y(l)7( Flat) denotes the Py ,-tangent commutation vectorfields.

Y(il) =064+ Y&),(Sma”) is a splitting of Y(;) into ¥y, (piee) and a perturbation.

o ¥ ={L, X, Yy, Yoy} = {L, X, Y(;)} denotes the full set of commutation vectorfields.

P ={L,Y(1),Y(2)} are the C,-tangent commutation vectorfields.
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0.29.16 Differential Operators and Commutator Notation

0,, denotes the rectangular coordinate partial derivative vectorfield %.

o 0

510 50004 = ao% denote the geometric coordinate partial derivative vectorfields.

Vf=V2,f denote sthe V-directional derivative of a function f.
df denotes the standard differential of a function f on a spacetime.

df = Jdf, where f is a function of spacetime and JI denotes projection onto P - Alternatively,

df can be viewed as the inherent differential of a function f defined on Ptou-
2 = Levi-Civita connection of g.

Y = Levi-Civita connection of g

V = Levi-Civita connection of the Minkowski metric m.

9% v = X*YP 9,95 and similarly for the other connections (contractions against X and Y

are taken after the two covariant differentiations).

V2 denotes the second P, covariant derivative corresponding to ¢.

A =tr W2 denotes the covariant Laplacian on P, , corresponding to ¢.
[ ,

If € is a Py ,-tangent one-form, then dif ¢ is the scalar-valued function dif ¢ := g_l - YE.
Similarly, if V is a P, ,-tangent vectorfield, then dit V := g_l - YV, where Vj is the one-form
g-dual to V. If £ is a symmetric type (g) P, .-tangent tensorfield, then dis £ is the Pt u-tangent
one-form dif £ := g‘l -V ¢, where the two contraction indices is Y€ correspond to the operator

Y and the first index of €.
Ly & denotes the Lie derivative fo & with respect to V.
[V,W] =Ly W when V and W are vectorfields.

More generally, if P and @ are two operators, then [P, Q] = PQ — QP denotes their commu-

tator.
L€ =1I1LyE is the ¥;-projected Lie derivative of & with respect to V.

L& =TLyE is the Py -projected Lie derivative of £ with respect to V.
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0.29.17 Floor and Ceiling Functions and Repeated Differentiation

e If M is a non-negative integer, then |M/2] = M/2 for M even and |[M/2| = (M —1)/2 for
M odd, while [M/2] = M/2 for M even and [M/2] = (M + 1)/2 for M odd.

V]

e We label the four vectorfields in £ as follows: Z(1) = L, Z2) = Y1), Z(3) = Y(2), Z(a) = X.
Note that & = {Z(1)7 Z(g), Z(g)}.

o If I = (11,2, -~ uy) is a multi-index of order |I] := N with I = (1,2, --tn) € {1,2,3,4},
then #1 .= Z(11)Z(15) "+ Z(1y) denotes the corresponding Nt* order differential operator. We

write 2N rather than .27 when we are not concerned with the structure of I.

e Similarly, ¢I = ﬁZ(Ll)»KZ(Q) ...¢Z<LN) denotes an N** order P; - projected Lie derivative

. 4N ) ~
operator, and we write £ ¢, when we are not concerned with the structure of I.

o If[ = (t1,t2, " LN), then I +1I» = I means that I; = (bhys gy " Lk, ) and I = (kg1 > Uhmgas " by )

where 1 < m < N and ky, ks, -+, ky is a permutation of 1,2,--- , N.
e Sums such as fl + I_; +o 4 I M= I have an analogous meaning.

e C,-tangent operators such as 21 are defined analogously, except in this case we clearly have

L1,l2, LN € {1,2,3}.

o ZNiMf denotes an arbitrary string of N commutation vectorfields in .Z applied to f, where

the string contains at most M factors of the C,-transversal vectorfield X.
o 2N f denotes an arbitrary string of N commutation vectorfields in &2 applied to f.

e For N > 1, LM f denotes an arbitrary string of N commutation vectorfields in £ applied
to f, where the string contains at least one C,-tangent factor and at most M factors of X. We

also set 2 f .= f.

e For N > 1, 2N f denotes an arbitrary string of N commutation vectorfields in & applied to

f, where the string contains at least one factor of Y or at least two factors of L.

e For P, ,-tangent tensorfields &, we similarly define strings of P ,,-projected Lie derivatives such

N;M
as Lo €.

o | ZSNM | is the sum over all terms of the form [N M f| with N’ < N and ZNMf as
defined above. When N = M = 1, we sometimes write |Z<!f| with 1 < N’ < N and

.,?N/5Mf as defined above.
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e Sums such as L@E’N] fl, \K;N;Mf [, etc. are defined analogously. We write | &, f| instead of
N copies

——
\3”9’”f|. We also use the notation | XN f| = [ X f| + [ XX f|+---+|XX--- X[

0.29.18 Norms

D1+ Un

o €7 = s Dt gy (g el eE ™ denotes the square of the norm of

the type (") - Py, tensor &.

n

€]l o= (Py,.) = ess suPgacr2 [€](t u, 04).

||§||L<x>(zg) = €88 SUP(y/,04)€[0,u] x T2 [3[¢s U/’QA)-

€]l Lo (ct) = €8s sup(yr gayefo.xre €I, u, 04).

||f||%{g(20) =2 <N on (07f)?d*z, where 07 is a multi-indexed diferential operator represent-
ing repeated differentiation with respect to the spatial coordinate partial derivatives and d>z

is the area form corresponding to the standard Euclidean metric e on .

||€||%2(Pt,u) = ngeTz |€|2<t7U;9A)d’Ug = f,’)t’“’ |§|2d’l)g

€02y = 25— Spacpe (€128 0, 0% duydu

16122 e = Sio Joacne [€17(F,u, 04)dvgdt'.
e We use similar notation for the norms | - || z2(q) and || - || L (q) of functions defined on subsets
Q of Py, XY, or CL.
0.29.19 L*-controlling quantities.
e E[®](t,u) denotes the energy of ® along ¥ corresponding to the multiplier 7.
e F[®](¢,u) denotes the null flux of ® along C!, corresponding to the multiplier 7.
o Qu(t 1) = max;f_y S0P uryefo o { ELPTOI(E, ') + F[2T0)(¢, ) }.
o Qu n(tu) =maxi<p<n Qu(t, u).

o K[®](t,u) =3 [ My [Lp] - |d®|*dvgdudt denotes the coercive spacetime integral associated to
.

o Ky (t,u) = max ;_y K[2TO](t,u).
o Kpi nj(t,u) = maxi<apr<n Kar(t, u).
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0.29.20 Modified Quantities
o PN = /L@Ntrgx + 2N % is the fully modified version of @Ntrgx.

o« PN = ,@Ntrgx +(2™) X is the partially modified version of ,@Ntrgx.

0.29.21 Curvature Tensors
® R,.p is the Riemann curvature tensor of g.

o RW,X,Y,Z) = g(P%Y — Z7,xY, Z) indicates our curvature sign convention. The same

sign convention is used for Rapcp

Ricep = (g_l)"‘)‘%%m is the Ricci curvature tensor of g.

e R pcp is the Riemann curvature tensor of g

R ap is the Ricci curvature tensor of g

SR is the scalar curvature of g

R is the Gaussian curvature of g
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