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Abstract

This thesis consists of four parts, on four separate topics in the study of the symplectic vortex
equation and their adiabatic limits.

In the first part, we constructed a compactification of the moduli space of twisted holomorphic
maps with Lagrangian boundary condition. It generalizes the compactness theorem of Mundet-Tian
in the case of closed Riemann surfaces to the case of bordered Riemann surfaces, and it is the first
step in developing the open-string analogue of Mundet-Tian’s program.

In the second part, we studied the Morse theory of Lagrange multipliers, which is based on a joint
work with Stephen Schecter. We also considered two adiabatic limits by varying a real parameter
A in this theory, which result in two different homology group. Via the homotopy provided by the
variation of A we prove that the two homology groups are isomorphic.

In the third part, we considered a U (1)-gauged linear o-model and its low-energy adiabatic limits.
Via adiabatic limits, we managed to classify all affine vortices in the target space CV with diagonal
U(1)-action and identify their moduli spaces, which generalizes Taubes’ result for N = 1. This also
gives a precise meaning of the “point-like instantons” described by Witten. We also computed the
associated quantum Kirwan map by compactifying the moduli space.

In the fourth part, we introduce a new type of equations. It is a generalization of Witten’s
equation for a quasi-homogeneous polynomial W, by coupling a gauge field. The purpose of this
generalization is to realize the geometric Landau-Ginzburg/Calabi-Yau correspondence predicted in

string theory. This part is based on a work in progress joint with Gang Tian.
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Chapter 1

Introduction

1.1 Background

The development of theoretical physics in the twentieth century, most notably quantum field theory
and string theory, has dramatically reshaped the study of differential geometry. To understand the
beautiful and fanscinating mathematical predictions physicists made, mathematicians had to develop
new machineary and lauguage to make rigorous statement and argument, instead of using the ill-
defined path integral and many mysterious physics arguments. The most common feature of the
language mathematicians used is the appearance of nonlinear ellitptic partial differential equations
obtained from variational methods, and the moduli spaces of their solutions. The most exciting
results were the construction of certain “invariants”, obtained by doing intersection theory on these
moduli spaces, which provide a lot of sophisticated topological and geometric information.

There are two basic models in quantum field theory, the o-model and gauge theory. The most
successful mathematical achievements in these two directions include Donaldson theory and Seiberg-
Witten theory (which are for gauge theory in dimension 4), and Gromov-Witten theory (which is
for o-model in dimension 2, with target space a symplectic manifold).

In Donaldson theory, one considers a SU (2)-principal bundle P over a smooth 4-manifold X, and
consider self-dual or anti-self-dual Yang-Mills connections on P (called instantons). This is a non-
linear elliptic partial differential equation modulo gauge transformation. In Seiberg-Witten theory,
one considers a 4-dimensional Spin, -manifold, and the solutions to the Seiberg-Witten monopole
equation. This is also an elliptic equation modulo gauge transformation. The topology of their

moduli spaces of solutions contains a lot of nontrivial information of the differential topology of



the original four-manifolds, which are wrapped up to be the celebrated Donaldson invariants and
Seiberg-Witten invariants. It is important to notice that the work of Uhlenbeck set up the analytical
foundation on these striking development.

In Gromov-Witten theory, one consider maps from a Riemann surface into a symplectic manifold.
With a choice of a suitable almost complex structure, the minimizers of the Dirichelet energy of maps
are solutions to the nonlinear Cauchy-Riemann equation, which provides a natural class of minimal
surfaces. On the other hand, string theory can be viewed as a quantum field theory if regarding
the world-sheet as the domain of the o-model. It was Gromov who first adopted this point-of-view,
and proved many fantastic theorems in symplectic geometry. After that, a lot of far-reaching results
have been proved or conjectured, most notably, the definition of Gromov-Witten invariants and
Floer homology, as well as the various versions of “mirror symmetry”.

There are still many other physics achievements which await mathematicians’ feedback. Here in
this dissertation, we consider a “hybrid” theory of gauge theory and o-model, in dimension 2. The
coupled theory has its natural connections with the previous two theories: for example, the gauged
o-model in dimension 2 can be related to gauge theory in dimension 4 via “dimensional reduction”;
the adiabatic limits in gauged o-model also reduces to an un-gauged o-model. To go down to the
earth of mathematics, the remaining of this introduction is written as a general preliminary, which

are prerequisite for the four topics in this dissertation.

1.2 Gauged o-model and symplectic vortex equation

In the situation of o-model, if we have in addition a compact Lie group G acting on the target
manifold M, which preserves all structures we need, then instead of considering maps from the
space-time (which is always a Riemann surface X here), the fields should be “twisted”. This means,
for a principal G-bundle P — X, a field consists of two components, a section of the associated
bundle P xg M and a G-connection on P. In addition, to write down the kinetic energy, the
inclusion of gauge field is necessary.

The benefit of twisting a gauge field is manifest, in the case when M is a vector space: there are
no nonconstant holomorphic curves in C”, but there are plenty of holomorphic sections of a vector
bundle. For this case of linear actions on complex vector spaces, it has been studied intensively (see
[25], (3], [4], [20], [18], [19)).

The rigorous formulation of this theory for general Hamiltonian actions was first given inde-

pendently by Ignasi Mundet [37] and Cieliebak-Gaio-Salamon [8]. After it was introduced, a lot of



progress has been made and many important results have been proved. In certain cases, the so-called
Hamiltonian Gromov-Witten invariant has been defined (see [37], [7]); Mundet and Tian are carrying
out a program defining the quantum ring structure on the equivariant cohomology, which will be an
Sl-equivariant analog of the quantum cohomology (see [38]); Gaio-Salamon considered certain adia-
batic limit of the twisted holomorphic map which relates the Hamiltonian Gromov-Witten invariants
of the symplectic manifold and the usual Gromov-Witten invariants of a symplectic quotient with
respect to the group action (see [17]); Frauenfelder considered twisted holomorphic maps over the
infinite strip and proved the Arnold-Givental conjecture for certain type of symplectic manifolds and
Lagrangian submanifolds (see [14]); Ziltener and Woodward considered the vortex equation over the
complex plane and define a quantum version of the Kirwan map (see [61], [57]).

It is natural to include a potential term on the target space M but this point-of-view in o-model
hasn’t been fully adopted by mathematicians. Recently, Fan-Jarvis-Ruan developed a quantum
singularity theory (see [10], [11], [9]) based on Witten’s idea ([54]). It can be viewed as a o-model with
the target space a complex singularity, which is defined by a potential function W : C™* — C, usually
a quasi-homogeneous polynomial. One of the topic in this dissertation is to set up a mathematical
theory which includes a potential function in the gauged o-model, over a general target manifold M

(generalizing C™).

1.3 Preliminaries

Let M be a 2n-dimensional smooth manifold. A symplectic structure is a 2-form w € Q2?(M)

satisfying
e it is closed, i.e. dw = 0;
e it is nondegenerate, i.e. w™ € Q**(M) is a nowhere vanishing 2n-form on M.

A 2n-dimensional manifold M together with a symplectic structure w is called a symplectic man-
ifold and is usually denoted by (M,w).

An (embedded) Lagrangian submanifold of (M,w) is an embedded submanifold L € M of
dimension n, such that w|y = 0 € Q?(L).

An almost complex structure on M is a section J € I'(EndT'M) such that J? = —Idrp. J

is said to be compatible with a symplectic structure w (or w-compatible), if the tensor field defined



w(-, J-) € D(T*M & T* M) (1.1)

is a Riemannian metric on M.
Let ¥ be a Riemann surface and let jy : TS — T'X be the almost complex structure on 3. A
smooth map u : ¥ — M is said to be (J, jx)-holomorphic (or J-holomorphic if jx is understood), if

the differential of u is complex linear with resepct to J and jy, i.e.,
du o js, = J o du. (1.2)
In general, for any smooth map u : ¥ — M, we define
ou = %(du—l—Joduojg) (1.3)

as the (0, 1)-part of the differential du.
Let G be a compact Lie group of dimension k and let g be its Lie algebra and exp : g — G be the

exponential map. Suppose G acts smoothly on M. For any vector £ € g, the infinitesimal action

of ¢ is the vector field X, € I'(T'M) defined by

(Xef)(p) : [ (exp(t€)p) (1.4)

_4d
I

for any point p € M and any smooth function f defined near p. The action is called a Hamiltonian

action, if there exists a smooth map (called a moment map of this action) u from M to the dual

vector space g* of g, such that for any £ € g,
ix,w=d(u-€) € QN (M). (1.5)

Any two moment maps 1, 2 for the same action differ by a central element 7 € g* on each connected
component of M.
Let P — X be a G-principal bundle over ¥. Then the right G-action on P induces a family of

vertical vector fields X¢ on P for € € g. A G-connection on P is a section A € Q' (P, g) satisfying
o ix A=E

o (Ry)"A = Ad,A.



The space of smooth connections is denoted by A(P), which is an affine space.
The space of sections of the associated bundle Y := P xg M can be identified with the space of

G-equivariant maps
S(Y) = {s € C™(P,M) | s(ph) = h~'s(p), Vh€ G, p € P}.
The group of (smooth) gauge transformations of P is
G(P):={g € C*(P,G) | g(ph) = h~'g(p)h, Vh € G, p € P},

which is the group of automorphisms of P (as a G-principal bundle).
G(P) acts naturally on A(P) x S(Y) (on the right), by

g (A,s) =(g"A,509).

1.3.1 J-holomorphic curves and the Gromov-Witten invariants

The Gromov-Witten invariants for a compact symplectic manifold (M, w) is a family of linear maps,

parametrized by nonnegative integers (g,n), and homology class A € Hy(M;Z),
GWMA (H*(M;Q)*" ® H* (Myn;Q) — Q. (1.6)

The first mathematical definition was given by Ruan ([41]) in genus zero and M semi-positive, and
then was generalized by Ruan-Tian ([42], [43])for arbitrary genus for semi-positive M. For general
compact symplectic manifold, it was defined by Li-Tian ([31]) and Fukaya-Ono ([16]).

We briefly describe the construction of Gromov-Witten invariants. Choose an w-compatible
almost complex structure .J, consider all smooth maps u from a genus g Riemann surfaces ¥ with
n marked points to M such that u is holomorphic with respect to J and that the cycle u represent

the homology class A. Consider the moduli space of all such objects,
Mgn (M, A J). (1.7)

Although in some cases, by choosing generic J, we can make this moduli space a smooth manifold,
but it is in general noncompact. The noncompactness comes from two situations: one is the bubbling

off phenomenon, the other is that the domain curve can degenerate to a nodal curve who represents



a point in the boundary of M, ,. By adding new objects, called “stable maps” (introduced by
Kontsevich in [29]), and defining suitable topology consistent with the bubbling and degenerating

process, we can compactify the moduli space by

Mg (M, A, J) D Mg (M, A, J). (1.8)

The “virtual technique” developed by Li-Tian ([31]), Fukaya-Ono ([16]), Hofer-Wysocki-Zehnder

([23]) allows us to define a virtual fundamental class

vir

Mg (M, A, J)]"" € H, (Mg, (M, A,J);Q). (1.9)

On the other hand, we have natural maps

Myn (M A J) —— M"
ﬂl (1.10)
My.n

where ev is the “evaluation map”, which maps any (equivalence class of) stable map to its image
at the n marked points, and 7 is the “forgetful map”, which maps any stable map to its underlying
stable curve by forgetting the map and stablizing the domain.

Then the Gromov-Witten invariants of (M,w) can be defined by
GWMA v ani B) = (v (e, ) U B, [y (M, A)] ). (L.11)

In particular, using the genus-zero, three-point invariants, one can define a “quantum deforma-
tion” of the usual cohomology ring of M. For simplicity, we assume that (M,w) is monotone, i.e.,
there exists a real number ¢ > 0 such that ¢;(TM) = clw]. We also assume that Hy (M;Z) is
torsion-free and there is an additive basis Aj,..., A,, of Hy (M;Z) such that the homology class
of any holomorphic sphere in M is of the form dy Ay + -+ + d,, A,y with d; > 0. Then we choose
the Novikov ring A to be the polynomial ring Rlgi, ..., ¢mn] with degg; = 2¢1(A;). The quantum

cohomology ring of M is a ring with underlying abelian group
QH* (M;A) := H* (M;Q) ®q A. (1.12)

Choose an additive basis {e,} of H* (M;Q) over Q, the multiplication is defined, for every a,b €



H* (M;Q),

axqb:= Z Z GW(%,’A(a, b,ey, )9  2e,, @ ¢t gdm (1.13)
A=dy Ar -t Am V1,02
and extended in a A-linear way to H* (M;A). Here (¢g**2) is the inverse matrix of the intersection
matrix (gu,u, == [3; €, U €y, ). This makes QH* (M;A) a graded algebra over A, which is called the
(small) quantum cohomology of M.
For example, for the case M = P" and w the Fubini-Study form, A = R[q] with degg = 2(n + 1)

and the quantum cohomology ring of P™ is
QH* (P";A) = R[e,q]/(c" ™! = q).

1.3.2 The symplectic vortex equation

Suppose we have a Hamiltonian G-action on the symplectic manifold (M,w) with a moment map
u: M — g* and suppose J is a G-invariant, w-compatible almost complex structure on M. Let’s
choose a biinvariant metric on g which induces an isomorphism g ~ g*. Let (¥, jx) be a Riemann
surface and let Qx € Q%(X) be a smooth area form.

Let P be a G-principal bundle over . Let Y := P xg M and 7wy : Y — X be the natural
projection. Let TVY C TY be the subbundle of vertical tangent vectors. If we choose a G-invariant
almost complex structure .J, then .J induces a complex structure .JV on the vector bundle TVY.

Any G-connection A on P induces a splitting TY = 73 TX®TVY, which induces (together with
J) an almost complex structure J(A) on Y as the direct sum 73 js ® JV.

Let u : ¥ — Y be a section of the bundle Y — X, which is equivalent to an anti-equivariant map

® : P — M. The covariant derivative dau of u with respect to A is given by
dau=myodu e Q! (Z,U*TVY) ,

where m4 : TY — TVY is the projection induced by the splitting given by A.
Since TY. and TVY are both complex vector bundles, we can define the operator 94 by taking

the (0, 1)-part of d4. More precisely, define

Oau = % (dAu—i— JV OdAquE) e Q! (Z,u*TVY) .



Definition 1.3.1. A twisted holomorphic map (or a gauged holomorphic map) from ¥ to M
is a triple (P, A,u), where P — X is a smooth G-principal bundle, A is a smooth G-connection on
P and u is a smooth section of the associated bundle Y := P x¢ M — 3, satisfing the following
symplectic vortex equation:

dau = 0

(1.14)
AFs 4 p(u) = 0.

Here A : Q?(X) — QY(X) is the contraction with respect to the area form Qy; and the second

equation makes sense because p takes values in g via the identification g ~ g*.

If we have a local trivialization P|y = U x G and a local holomorphic coordinate z = s + it on

U C X, then u corresponds to a map ¢ : U — M and A = d + ®ds + ¥dt, the equation (1.14) reads

05s¢ — Xo(¢) + J(¢) (0t — Xu(9))
(040 — B, + [&, W]) dsdt + u(d)Qs = 0.

0;
(1.15)

Definition 1.3.2. We say that two solutions (P, A,u) and (P’, A’,u') are equivalent, if there is a

bundle isomorphism p : P’ — P which lifts the identity map on X, such that p*(A,u) = (4", u).

Denote the left-hand-side of (1.14) by F(A,u) € Q" (uw*TVY) @ Q°(adP). It is easy to check
that, for any gauge transformation g € G(P), F(g*(A,u)) = g*(F(A,u)). Therefore we say that the
equation (1.14) is gauge invariant.

The energy of a twisted holomorphic map (P, A, u) is given by the Yang-Mills-Higgs functional

YMHUP,Aw) = 5 (IFal}s + )2 + daul}2) (1.16)

N |

Here the L?-norms are defined with respect to the Riemannian metric on M determined by w and
J, and the Riemannian metric on ¥ determined by Qs and j.

If the domain ¥ is a closed Riemann surface, then the tuple (P, A, u) defines a fundamental class
[P, A,u] € HS (M;Z) which is a topological invariant. It is defined as follows. The principal bundle
P — ¥ induces a classifying map ¢ : ¥ — BG to the classifying space of G. It lifts to a map
¢: P — EG of G-bundles, where EG — BG is the universal G-bundle. Hence it induces a map

¢x : Pxg X — EG xg X =: Xg. The equivariant (co)homology of X is defined to be the usual



(co)homology of X¢. Then the composition ¢x ou : 3 — X induces the homology class
[P, A,u] == (¢x ou), [Z] € Hy (Xg;Z) = HS (X;Z). (1.17)

On the other hand, in the equivariant de Rham theory of X, the equivariant differential form

w—p e Q%(X ) is equivariantly closed. Hence it defines a cohomology class
[w— ] € HA(X). (1.18)

We have the following energy identity.

Proposition 1.3.3. (¢f. [7, Proposition 2.2]) If ¥ is a compact Riemann surface, then for any

triple (P, A,u), we have
_ 1
YMH(P A w) = (- . [(P. A )} + [au + & IAES + w2 (1.19)

Proof. Recall that we have the equivariant symplectic form w — pu € Qé(X ). And for the fibration

Y — ¥ and any G-connection A, we have the minimal coupling form
wap € 02 (Y)
And we have

/Eu*wA =(lw—pat,[(P,Au)). (1.20)

We can write down w4 locally. Take any local trivialization of P — X, say ¢y : Ply — U X G, it
induces a trivialization Y|y ~ U x X. With respect to this trivialization, we can write A = d + «,
with o € QY (U,g). Let my : U x X — X be the projection. Then the form wy4 is written in this
chart as miwx — d (- ).

Let w = s + it be a holomorphic coordinate on U and suppose (ly = vds A dt. Write a =



d + agds + azdt, we have

2
|dAu| ‘+X

‘+X

:’?;JFX ()+J<at Xt(u))2—2<gz+Xas(U),J(§Z+Xat(U))>

ou ou
— w9 4ul’ +2°"<as+X (u )’a +Xm(U))

=2v |5Au’2 +20A (U wa + - Fa).
Therefore
%|d,4u|2 Qs = v wy + ‘gAquz—i—,u(u) - Fy. (1.21)
Integrating over ¥ and by (1.20)
3 1Falle+ 5 Waule = [Baulys + [+ 5 IFa+ @l = 5 Il (122

O

This calculation implies that the equation (1.14) is a natural equation on pairs (A, u) whose
solutions minimize (locally) the Yang-Mills-Higgs functional. This is similar to the fact that in
the o-model in an almost K&ahler manifold, solutions to the nonlinear Cauchy-Riemann equation

minimize the Dirichlet energy.

1.3.3 Hamitonian Gromov-Witten invariants

Hamiltonian Gromov-Witten (HGW) invariants are suggested by Mundet-Tian which are supposed
to be an equivariant analogue of the Gromov-Witten invariants and its definition is also the (virtual)
integration over the moduli space of twisted holomorphic maps. The inputs for HGW are equivariant
cohomology classes rather than usual cohomology classes, and the evaluation maps are twisted. This
means, over the moduli space M (M) of genus g twisted holomorphic maps with & marked points
into M, to each marked point a G-principal bundle over the moduli space is associated. They are
called the Poincaré bundles

Pi — Mg’k(M).

10



There are natural evaluation maps

ev; : P, > M

which are G-equivariant. Hence it defines a pull-back
ev; : H5(M;Q) — H* (Mg 1 (M); Q).

While the forgetful map is still valid

VI Mg,k(M> — Mg,k-

Hence formally we can define the Hamiltonian Gromov-Witten invariants, for any equivariant ho-

mology class A € HS (M;7Z),
HGWIA  (HL(M; Q)% x H (My;Q) — Q

if using the virtual technique properly.

Although the full invariants (which allows complex structure of ¥ to vary) are expected to be
defined (for the case G = S*, [38] through the compactness result in [39]), here we fix the domain
curve X with fixed marked points, which represent a point in the smooth part of M, k. In this case,
it has been defined in various cases, for example, [37], [7]. We denote by [pt] the cohomology class
Poincaré dual to the cycle of a single point in M, ,.

A beautiful results about the relation between HGW and GW is obtained in [17]. Assume that
M is a noncompact, symplectic aspherical manifold, convex at infinity, and suppose the moment
map is proper, and the symplectic quotient is a smooth monotone symplectic manifold. Then for

¥ = 52, we have

Theorem 1.3.4. [17] For cohomology classes c; € HE(M) with dega; < 2N, where N is the
minimal Chern number of the symplectic quotient M ; let A € HS (M) be a homology class which is
the image of A € Hy (M) via the natural map Hy (M) — HF(M). Then we have

HGW (an,.. o [pt]) = GWEI (k(aa), .., w(an); [pt]) -

Here k: H5 (M) — H* (M) is the classical Kirwan map.
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1.3.4 Example: holomorphic N-pairs

In this subsection we give an example of twisted holomorphic maps. In this example, one can see
the relation between symplectic vortex equation and complex algebraic geometry. This example will
also be used in Chapter 4.

Let M = CF and let G = U(k) which acts on C* via the standard linear action. For the

symplectic form
k k
=1 -

a moment map is

k

p(z1, .. 2k) = —\/T_T (Z 2 @7 — TIk> e u(k) ~u(k)*. (1.24)
i=1

If (P, A,u) is a twisted holomorphic map from ¥ to C¥, then the associated bundle E := P XU (k) Ck

is a complex vector bundle with a Hermitian metric such that P is the unitary frame bundle of E.

The (0, 1)-component of A defines a holomorphic structure on F and A is then the Chern connection

determined by 04 and the Hermitian metric. The section u : P — C¥ corresponds to a holomorphic

section of the bundle (E,EA).

We can also describe similar objects in homomorphic category. A pair (£,u), where £ — X is
a holomorphic vector bundle of rank k and u € H°(€) is a holomorphic section, is called a rank-k
holomorphic pair.

More generally, we make take N copies of C* and U(k) acts on the N copies in a diagonal way,
and the moment map is the sum of the N moment maps. In this case, a twisted holomorphic map
corresponds to a rank k& holomorphic vector bundle £ with N holomorphic sections, which is called
a rank-k holomorphic N-pair.

These two kinds of objects in the two different categories are closely related. For simplicity
we only consider the abelian case, i.e., k = 1. We can take 7 = 1 without loss of generality. A

holomorphic N-pair (£;¢1,...,¢n) is called stable, if at least one of ¢; is nonzero.

Theorem 1.3.5. (c¢f. [4]) For any compact Riemann surface ¥ with any smooth area form Qs with
AreaQly, > 4nd, for any stable rank 1 holomorphic N-pair (L;p1,...,on) over ¥ with degl = d,

there exists a unique smooth Hermitian metric H which solves the vortex equation, i.e., the following

12



equation is satisfied:

VI (& 2
Fyy — ~—— D el —1] Qs =o0. (1.25)

j=1
Here Fy is the Chern connection of (L, H).

Because the choice of a Hermitian metric is equivalent to fix a unitary gauge orbit inside a complex
gauge orbit in the space of unitary connections, it is easy to see that (1.25) is equivalent to the second
equation of (1.14) specialized to this case. In fact this is a special case of the celebrated Hitchin-
Kobayashi correspondence. In [36], Mundet i Riera considered this problem for arbitrary Ké&hler

manifold acted by a reductive Lie group and obtained his general Hitchin-Kobayashi correspondence.
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Chapter 2

A compactification of moduli space
of twisted holomorphic maps with

Lagrangian boundary condition

2.1 Introduction to this chapter

This chapter is based on the paper [58]. We specialize to the case that the target manifold (X,w) a
compact symplectic manifold and G = S*.

We consider the moduli space of solutions to (1.14) modulo gauge tranformation (with energy
bounded above by a finite number). As in Gromov-Witten theory, the moduli space is in general
noncompact. The noncompactness of the moduli space is caused by the bubbling-off phenomenon.
Then, as in [37], we can use “stable” objects to compactify the moduli space.

However, one shall consider the case when the conformal structure of the curve (with marked
points) varies in the Deligne-Mumford space ﬂg,n. This is necessary, in particular, if we want to
study the fusion rule of the invariants and define quantum cup product on HY,(X) (in which we
have to work with Mo,zx). In this situation, there is a new phenomenon absent in Gromov-Witten
theory. Namely, when a node on the curve is forming, the two sides of the node don’t always connect
in the image of the section, but might be disjoint and connected by a gradient line of the function
h = —iu, when the connection has a “critical holonomy” around the node. A similar phenomenon

already appears in the work of Chen and Tian on harmonic maps (see [5]). To define the objects in
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the compactification (i.e. stable maps) and to prove the compactness theorem, one needs to study
delicately the behavior of twisted holomorphic maps from conformally long cylinders. The details
were given in [39].

In this chapter we consider twisted holomorphic maps from bordered Riemann surfaces, and
prove the compactness theorem of the corresponding moduli space. One imposes suitable boundary
conditions so that the system (1.14) is elliptic. The boundary condition for « is that it should map
the boundary of the Riemann surface to a compact Lagrangian submanifold L. Since there is an
Sl-ambiguity of the value of u, L should be S'-invariant. The boundary condition for the connection
A is essentially a gauge fixing condition (e.g. Coulomb gauge), so doesn’t appear explicitly.

Compared with the case of closed Riemann surfaces, there are two more types of degenerations
we have to consider. Namely, the shrinking of a boundary circle and shrinking of an arc. In the first
case, we have to study behaviors of twisted holomorphic maps on annuli A(1,7) = {r <|z| < 1} as
r — 0; this is called a type-2 boundary node in our context, and this is essentially the same as in
the case of closed Riemann surfacc. In the second case, which we call the type-1 boundary nodes,
we have to study behaviors of twisted holomorphic maps on long strips. To treat this case, we used
a local doubling argument in a Weinstein neighborhood of the Lagrangian submanifold, and apply
the results in [39] for cylinders.

This chapter is organized as follows. In Section 2.2, we include some preliminaries for the specific
situations we are dealing with, in contrast to the general case in the introduction. In particular,
we recall several theorems proved in [39] which are important in the proof of their compactness
theorem. In Section 2.3, we consider twisted holomorphic maps from bordered Riemann surfaces
with Lagrangian boundary condition, and prove that the boundary singularities essentially can
be removed. In Section 2.4 and 2.5, we prove several results which treat two types of boundary
degenerations respectively. In Section 2.6, we give the definition of stable twisted holomorphic maps
in the bordered case. In Section 2.7, we show that in our moduli space, there are only finitely many
different topological types of the underlying curve, if the energy is bounded by some constant. In
Section 2.8 we define the notion of convergence in the moduli space and in Section 2.9 we prove the

compactness theorem.
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2.2 Preliminaries for this chapter

2.2.1 Notations and conventions

We identify the group S' with the set of complex numbers with modulus 1, and sometimes identify
S with R/27Z via the map R/27Z > 0 s €9 € S*.

We identify LieS* ~ iR ~ (LieS')". The pairing between iR and LieS' =~ iR is given by the
(ia,ib) = ab(a,b € R).

Throughout this chapter, (X,w) will be a compact symplectic manifold. We will fix an effective

Hamiltonian S* action on X with a moment map x : X — iR. For any A € iR, we define
XA = {xeX’e%)‘-x:x}.

We denote by & € I'(T'X) the infinitesimal action of 4. Define the real valued function h = —ip =
(1, 1)

We also fix an S'-invariant almost complex structure I on X, compatible with w in the sense that
g := w(+,I-) is a Riemannian metric on X. Unless otherwise mentioned, any statement involving a
metric on X will implicitly refer to the metric g. The gradient of h with respect to g is then equal
to IX.

Let d be the distance function on X defined by the metric g. Define the pseudodistance
dists: (2,y) := infpeg1 d (2,0 - y). If A, B C X are subsets, define diamg: A := sup,, ¢ 4 distgid(x,y)
and distg1 (A4, B) := infyeca yep distsi (z,y). We denote by duauss the Hausdorff distance between
subsets:

dHauss(A, B) := sup d(z, B) + sup d(y, A).
z€A yeEB

We assume that L C X is an embedded compact Lagrangian submanifold, which is invariant
under the S1 action. So X|;, C I'(TL) and p|y, is locally constant.

A curve will be a 1-dimensional complex manifold, which may have at worst nodal singularities,
not necessarily compact, may or may not have boundary.

There is a positive number ex = €ex j . 1 such that for any nontrivial I-holomorphic sphere or
nontrivial I-holomorphic disk with boundary in L, its energy is at least ex.

We will use the letter P to denote an S'-principal bundle over some base B. The letter A will
denote a connection, or a connection 1-form on P. A section of the associated bundle P x g1 X will

be viewed either as a map from B to P xg1 X, or as an equivariant map from P to X. In the first
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case, we will use the letter ¢ and in the second case we use ®. The correspondence ® < ¢ will
be used implicitly. If we trivialize P locally over U C B, then the covariant derivative of A can be
written as d 4+ a, where « is an iR-valued 1-form on U, and the section can be viewed as a map
¢ : U — X. The correspondence A <> « and ¢ <> ¢ will also be used everywhere in this chapter.

Since S! is abelian, the group of gauge transformations on P, G(P), is identified with the space
of smooth maps from C to S*. Suppose h : C — S* is a Cl-map. Then its action on the pair (4, ¢)
is given by

h*(A, @) = (A+dlogh,h"(p)).

The letter X will denote a smooth Riemann surface, with or without boundary. The letter C will
denote a more general curve, possibly with nodal singularities. z (resp. x) will denote an interior
(resp. boundary) marked point set, and its elements will be denoted by z!,...(resp. z!,...). w

will denote the set of nodal points of C.

2.2.2 Meromorphic connections

Let D* be the punctured unit disk and P — D be an S'-principal bundle. Then P is trivial but
the set of homotopy classes of trivializations T'(P) has a natural structure on Z-torsor!. Let A be
a connection on P. We say that A is a meromorphic connection if its curvature F4 is bounded
with respect to the standard metric on D. Let € > 0 and let 7. € S be the holonomy of A around

the circle of radius € centered at the origin.
Lemma 2.2.1. [39, Lemma 5.1]
1. The limit Hol(A,0) := lim._, 7. exists.
2. Any 7 € T(P) has a representative with respect to which the covariant derivative associated to
A can be written in polar coordinates (r,0) as

da=d+ o+ Ao,

where a is a smooth form with values in iR on D* which extends continuously to D. A € iR

satisfies Hol(A,0) = e>™*.  Moreover, the number X\ depends on A and T but not on the

representative of T.

1Recall that if ' is a group, a -torsor is a set T" with a free left action of I'.
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Let (3, z) be a marked smooth closed Riemann surface. Let P — ¥\ z be an S*-principal bundle
and A is a connection on P. We say that A is a meromorphic connection if its curvature Fu is

bounded with respect to any smooth metric on .

2.2.3 Critical residues

Let F C X be the fixed point set of the S'-action. Each connected component F’ C F is an
embedded submanifold of X, and the S! action on X induces an action on the normal bundle

Npgr — F’, which splits in weights as N = @,z N,. Define

weight(F') := {x € Z : N,, # 0} , weight(X) := weight(F') C Z.
ght( X X , weig g
F'CF

The set of critical residues is equal to
Aoy ={X € iR | 3w € weight(X) s.t. wA € iZ}.

2.2.4 Twisted holomorphic maps from cylinders

The key point in proving the compactness theorem in [39] is to study the behavior of the twisted
holomorphic maps when a circle in the underlying curves shrink to a node, or equivalently, to
understand the behavior of twisted holomorphic maps from long cylinders. Because the statements
of the theorems in [39] are long and technical, we don’t repeat them but refer the readers to [39,
Section 4] for details. In the remaining sections we will also state analogues of some of these theorems,

whose proofs are either omitted, or can be compared with their counterparts in [39].

2.3 Twisted holomorphic pairs from bordered curves with
Lagrangian boundary condition

Definition 2.3.1. A bordered Riemann surface is a connected compact 2-manifold with nonempty

boundary equipped with a complex structure.

A bordered Riemann surface ¥ is canonically oriented by the complex structure. Its boundary
0% is the disjoint union of its (finitely many) connected componets B?, with induced orientation.
A bordered Riemann surface is topologically a sphere with ¢ > 0 handles and with A > 0 disks

removed. Such a bordered Riemann surface is said to be of type (g, h).
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Definition 2.3.2. Let h be a positive integer, g, n be nonnegative integers, and m = (m!, ..., m")
be an h-tuple of nonnegative integers. A marked bordered Riemann surface of type (g,h)

with (n,71) marked points is an (h + 3)-tuple
(Z7B;z;x1, e ,xh)

where

Y is a bordered Riemann surface with type (g, h);

B = (B,...,B"), where the B'’s are connected components of 9% oriented by the complex

structure;

¢z = (21,...,2,) is an n-tuple of distinct points in X%, where are called interior marked
points;

o x' = (xf,...,2% ) is an m'-tuple of distinct points on the circle B;. All the z’s are call

boundary marked points.

Remark 2.3.3. The moduli space which we will compactify is the one of isomorphism classes of
twisted holomorphic maps from bordered Riemann surfaces of given type (g, h) with (n, m) marked
points. But in proving our compactness theorem, we won’t distinguish boundary marked points
on different boundary components. So we simplify the notations as follows: ¥ will be a smooth
Riemann surface with boundary 90%. z = {z1,..., 2} C £\ 0% is the set of interior marked points

and x = {z1,...,2;} C 0% is the set of boundary marked points.

Let’s fix a conformal metric on ¥ with volume form . Recall that L C X is an Sl-invariant

Lagrangian submanifold.

Definition 2.3.4. Let P — X\ x Uz be an S'-principal bundle and Y = P xg1 X. Let ¢ be a
section of Y. We say that ¢ maps the boundary 9% into L if ¢ (0¥ \x) C P xg1 L. Let A be a
connection on P. We say that the tuple (P, A, ¢) is holomorphic if D4 = 0 wherever A and ¢ is
defined. If both conditions holds, we call such a tuple (P, A, ¢) a holomorphic tuple with boundary
mapped into L.

We say that two tuples (P, A, p) and (P, A, ¢') over (X,x U z) are isomorphic, if there is a

bundle isomorphism g : P — P’ such that g* A’ = A and g*¢’ = .
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Ezample 2.3.5. Let X = CV with the standard Kihler structure. Let S' act on X by complex

multiplication. Then
. /N
__ ! } : 2
/”'(Z17 .. 'aZN) - _5 (i_l |Z7,‘ - 1)

is a moment map. The symplectic quotient is isomorphic to the projective space PV ~1 with homo-

geneous coordinates [z1,...,2n]. A class of Lagrangian tori are given by

L:= {[zl,...,zN] e pN-1 | |z1] : |z2| i+ i an] =1 iea: ~-~:cN}

for ¢; >0, ¢} + -+ + & = 1. Then each L lifts to an invariant Lagrangian
L:={(z1,...,2n) ECY | |zi| = ¢;, i=1,...,N}.

Any holomorphic disk u : D — CV with u(dD) C L is given by the Blaschke product (see for example

[6], [56])

i N )

D,

U()(Z) = C; i
J i=1,....N

j=11—«

for arbitrary u; € Z>o and agi) € IntD.
Consider the standard metric on . By the main theorem of [50], for any such holomorphic disk,

there exists a unique smooth function
h:D—R, hlop=0

such that

1
Ah+ 3 (e7"uo|* — 1) = 0.

This means the gauge transformed pair
(A,u) := (d — V=1 xdh, eihuo)

satisfies the vortex equation on D for the standard area form. The boundary condition is still satisfied

by wu.

A meromorphic connection A on P is a smooth connection with F4 bounded with respect to the

chosen metric. Because of the existence of nontrivial limit holonomy at interior marked points, one

20



can’t extend the connection over those points. However, up to gauge transformation, a holomorphic
tuple (P, A, ) can be extended smoothly over boundary marked points, if they satisfy the vortex
equation or flat connection equation. More precisely, we will prove the following theorem in this

section.

Theorem 2.3.6. Let (X,xUz) be a marked bordered Riemann surface. Let Q be a smooth volume
form on ¥ and ¢ € iR. Let (P, A, ) be a holomorphic tuple with boundary mapped into L. If in
addition we have either AF4 + p(p) = ¢ or F4 =0 on £\ x Uz, where ¢ € iR, then there exists
a holomorphic tuple (P, A’, ") over ¥\ z with boundary mapped in L and a smooth isomorphism
g : P'ls\xuz = P such that g* (A, p) = (A, ¢')[s\xuz- Moreover, any two such extensions (P', A’, ¢')

and (P, A", ") are isomorphic over ¥\ z.

The rest of the section is devoted to proving this theorem. In Subsection 2.3.1, we show that we
can extend the bundle and the connection; in Subsection 2.3.2, we apply the removal of singularity
theorem of [24] to extend the section; in Subsection 2.3.3 we prove a regularity theorem to show
that the extension is smooth and in Subsection 2.3.4 the uniqueness of the extension.

After the theorem is proved, we will assume every twisted holomorphic map on a bordered

Riemann surface is defined and smooth over all boundary marked points.

2.3.1 Extension of the bundle and the connection

We first consider the model case. Let D C C be the closed unit disk and D* be the punctured
unit disk. Let Dy = D N H be the closed half disk and D* := D* N H be the punctured half disk.
All of these spaces are endowed with the standard conformal structure. Then D7 is conformal to
[0, 00) x [0, 7].

Let P — D7} be the trivial S'-bundle and A be a meromorphic connection on P. Then P extends
uniquely to the trivial bundle over B, which is, in this subsection, denoted by P.

Under the cylindrical coordinate (¢,6) € D%, write dg = d + o = d + oy dt 4 agdf. Then there
exists a (smooth) gauge transformation g; : D% — S' such that dg:a = d + o/dt. Then define a

continous 1-form & on D* ~ [0, 00) x St:

o ol (t,0)dt, if # € [0, 7],
a=ay(t,0)dt =

ay(t,2m — 0)dt, if 0 € [m,27].

Then « gives a continuous connection on the trivial bundle P =D* x S*. Note that the residue
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of this connection at the origin is zero, hence by the proof of Lemma 2.2.1 there is a continuous
gauge transformation g, : D* — S, which is homotopically trivial, and whose restriction to each
half disk is smooth, such that a — dlog g> extends to a continuous 1-form on D. Set g = g2 - g1,
then the covariant derivative of g* A is written as dg« 4 = d + ap with ag a continuous 1-form on D
which is smooth on D%

In general, consider P — ¥\ x Uz with a meromorphic connection A. Then P extends uniquely
to a bundle P — ¥ \ z. We can do as above to find gauge transformations near each boundary
marked point and glue them together to get a global gauge transformation g : ¥\ x Uz — S!, then

extend the connection g*A to a continuous one on P.

2.3.2 Extension of the section

Now let (P, A, ¢) be a holomorphic tuple with P and A already extended over the boundary marked
points as above, and ¢ maps 9% \ x into L.

Near each boundary marked point x, we can identify (P, A, ¢) with a twisted holomorphic pair
(a,¢) on a punctured half disk D% . So it suffices to prove only for the model case. The 1-form «
induces a continuous almost complex structure I, on Dy x X. Let qz : DY — Dy x X be given
by ¢(z) = (z,¢(x)). Then ¢ is I,-holomorphic and g(]Di NR) C (DNR) x L. We want to apply
the theorem of Ivashkovich-Shevchishin [24] on the removal of boundary singularity for continuous
almost complex structures with Lagrangian boundary condition.

To apply the theorem, we need the following definition:

Definition 2.3.7. (cf. [24, Definition 2.4]) Let (Y, h,J) be a Riemannian manifold equipped with
a continuous almost complex structure. W C Y is a totally real submanifold with respect to J.
A C W is a subset. We say that W is h-uniformly totally real along A with a lower angle
a >0 if for any w € A and £ € T, W, £ #£ 0, the angle between J¢ and T,,W is no less than «.

Theorem 2.3.8. Let (Y, h,J) be a Riemannian manifold equipped with a continuous almost complex
structure J. W CY is a totally real submanifold with respect to J. A C W is a subset such that W
is h-uniformly totally real along A with a lower angle o > 0. Let u : D} — 'Y be a J-holomorphic
map with u(D% NR) C A. Suppose that J is h-uniformly continuous on u(D%) and the closure of
u(D%) is h-complete; the energy of u is finite. Then u extends to the origin 0 € Dy as a WP map

for some p > 2.

Take a Riemannian metric g on X such that TLLI(T'L) and let h be the product metric on

Y =D x X. In order to apply the above theorem for Y, W = (D NR) x L for the almost complex
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structure I, we only need to check that W is h-uniformly totally real along 5(1@1 NR) with respect

to I,. Indeed, for (z,y) € (D7 NR) x L and (v,Y) € T(, (D% x X),
I,(v,Y) = (ju, IY + i(a(jv)X — a(v)IX)).

Suppose |a| < M on D since it is continuous. Let (s,t) be the Euclidean coordinate on D with
s the real coordinate. as = a(9s), ar = a(0;). Take two vectors & = (a;0s,Y;), Vi € Ty, L, i = 1,2.

If a; =0, then 1§ 1&. If a; # 0, then

1.6, a10y, IV + a1 (o X — a1 X)), (a20s, Y:

lcos 2 (In1, E2)| = |I< éné2)l I 10, 1%, 1 : )): ( 20, 2))]

[La&all - €20l (Jlarde)|2 + ||1Y: + avi(arX — asIX)|2)Y? - |6
— 104 ] - [{X, V5] _ e XY - 1Ya|

(Jar? + larea X [? + [Y1 — iaras X [2)72 - &l ~ (a1 + a1 X]2)172 - &
1/2
o | ] _ ( M| X ) e
= (@ X2 T+ MPX)E

Thus we have proved W is h-uniformly totally real along ghz;(]D)jr NR) with a positive lower angle.
Then we can apply Theorem 2.3.8 to this case and ¢ extends to a map of class WP, Hence the

tuple (P, A, ®) is extended to a WP section on X\ z.

2.3.3 Regularity for twisted holomorphic pairs

Now let 3 be a bordered Riemann surface with a smooth volume form 2, z C X is a subset of

interior marked points. Let P be an S!-principal bundle over ¥\ z and Y = P x g1 X.

Theorem 2.3.9. Suppose p > 2 and A is a connection on P of class WP and ¢ € WP is a
A-holomorphic section of Y and ¢ maps 0% into L. If (A, ) satisfies either the vortex equation
AFs+ p(p) = ¢ or Fx =0, both in the LP sense, then there exists a gauge transformation g of class

W2P such that g*(A, @) is smooth.

Proof. This is a simple generalization of [7, Theorem 3.1] to the case of a bordered Riemann sur-
face. The method is essentially the same, i.e. using the local slice theorem (see [52]) and elliptic

bootstrapping. O

Thus, let (P, A, ¢) be a holomorphic tuple over (X, xUz) which satisfies the boundary condition
and either the vortex equation or Fi4 = 0. A priori A is a continuous connection on P and ¢ is of
class WP, Then the vortex equation or F4 = 0 implies that F4 is of class W1 on ¥\ z. Then by

Poincaré lemma, we can find a WP gauge transformation h such that h* A is actually of class WP,
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Then we can apply the above theorem to get regularity, i.e. there exists a WP gauge tranformation
such that ¢g*(A, o) is smooth. But both (A, ) and g*(A, ) are smooth on X\ x Uz, which implies
that ¢ is smooth on ¥\ xUz. Hence, every tuple on ¥\ zUx is gauge equivalent to a smooth tuple

on X\ z by a smooth gauge transformation.

2.3.4 Uniqueness

Suppose we have two tuples (P’, A’, ¢'), (P", A", ") over ¥\ z which are both the extension of the
original (P, A,¢). Then there exists a smooth isomorphism g : P'[s\xuz — P”|s\xuz such that on
Y\xUz g*(4",¢") = (A", ¢'). So for each z; € x, take a local trivialization of P’, P"” near x;,

with respect to which dgys = d + o/, dg» = d+ o, g is an S'-valued function. One has,
o —dlogg=da".

But d(o/ — ") = 0, in the weak sense (hence in the usual sense), since Fiur = Far. So there exists
a smooth function h : ¥\ z — iR such that o/ — a” = dh. So logg = h+ C and g extends smoothly
over z;, which is still denoted by g. So ¢*(P’, A") = (P"”,A”). And g*¢’ = ¢" by the uniqueness of

the removal of singularity Theorem 2.3.8.

2.4 Twisted holomorphic pairs over semi-infinite cylinders
with small energy density

One type of boundary degenerations of bordered curves is the shrinking of a boundary circle to a
point. Up to conformal transformation, it is equivalent to the process that the lengths of boundary
cylinders tends to infinity. In the case of twisted holomorphic maps with boundary in L, such
degenerations are almost the same as that treated in [39].

For any positive real number N, set C% = [0,N +2) x S1, Z = [0,N] x S'. Let P be a
principal bundle over CJJ{,, and let A be a connection on P. We say that a given trivialization puts A
in temporal gauge if with respect to this trivialization, the covariant derivative d 4 takes the form
d + adf, where a : Cj\} — 1R is a function. We say that the trivialization is in balanced temporal
gauge if the restriction of a to the boundary {0} x St is equal to some constant \ € iR.

We give C’R} and ZJJ{, the standard product metrics and conformal structures. We denote by (¢, 6)

the coordinate of points in C}i}. Let Q = fdt A df be a volume form on C’f\',, and let 17 be a positive
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real number. We say that {2 is exponentially n-bounded if |f| + |V f| < ne!=.

We have the following analogue for [39, Theorem 4.1, 4.3, 4.4].

Theorem 2.4.1. For any noncritical A € iR\ A, there exist positive real numbers K3, 03, €3
depending continuously on A with the following properties. Let N > 0 be any real number and let
(o, 8) : Cfy = X be a twisted holomorphic pair satisfying || — /\dQHLw(C;) < €3, HdaHLm(C;) < €3,

da@ll ey < €3- Then for any (t,0) € 7y, we have

|dad(t,0)] < K™ N ldad |l oo 51 -
In particular this implies that

diamg: (¢(Z5)) < K3 ldadll oo (zt) -

Theorem 2.4.2. Fix some number ¢ € iR. There exists positive real numbers €4, ng, 04, K4 with the
following property. Let N > 0 be a real number and let (c, @) : C’X} — X be a twisted holomorphic
pair. Suppose that « is in balanced temporal gauge and that there exists some critical value A € A,
such that

lo = AdO]| oo < €4, [|dadlpo < es.

Then there exist maps ¢ : [0,N] — X* and ¢o : Z; — TX satisfying, for any (t,0) € Zy,

$0(t,0) € Ty royn X,

o(t,0) = e~ eXPy(1) (e)‘eqbo(t, 0)) , and /ew%(t, 6) = 0.

where exp is the exponential map of the metric on X. Furthermore,

1. If Q is an exponentially n-bounded volume form on Cjt for some n < mng, and the vortex

equation Ado + p(@) = c is satisfied, then for any (t,0) € Z%

o (t,0)] < Kyeos =),

2. If da = 0, then for any (t,0) € Z3,

‘(ﬁo(t, 9)| < K4€J4(t_N).
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Theorem 2.4.3. The same Ky, o4 satisfy the following property. Let N > 0 be a real number and
let (o, @) : CXr — X be a twisted holomorphic pair satisfying the hypothesis of the above theorem for
the €. Assume furthermore that o is in balanced temporal gauge, so that « = adf and alpxs: S

equal to some Ao € iR with Ao — A\| < €.

1. Suppose § is an exponentially n-bounded volume form on Cﬁ and that the vortexr equation

Ada + (@) = ¢ is satisfied. Then for any t € [0, N],

0 (£) + (Ao — A Vh(1b(8))] < KaeT2 =N,

2. Suppose that da = 0. Then for any t € [0, N],

[0/ (1) + (Ao — N VA((L))] < Ky,

These theorems can be proved the same way as proving [39, Theorem 4.1, Theorem 4.3, Theorem

4.4]. We omit the proof.

2.5 Reflection of twisted pairs from strips with Lagrangian
boundary condition

Another typical degeneration of bordered curves is the shrinking of an arc to a point, which is
conformally equivalent to the forming of long strips. In this section we treat this type of degenerations
in twisted holomorphic maps with boundary in L. We will see that in the limit, the two sides of the
boundary node actually connect.

Indeed, if there is a global anti-holomorphic involution on (X, I) with fixed point set equal to L,
then we can use the reflection principle to reduce the problem to the cylinderical case. Moreover, the
holonomy along the central circle of the cylinder will be always trivial because the two half circles
cancel with each other by the reflection. So by [39, Theorem 4.3, 4.4], the gradient flow lines will be
degenerate and the two limit orbits of the long cylinders will coincide in the limit. In the general
case, even though there is no global involution, the image of the strip lies in a small neighborhood of

the Lagrangian L and there is still a local involution which allows us to apply the reflection principle.
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2.5.1 A tubular neighborhood of the Lagrangian submanifold and local

charts

Let Ny be the normal bundle of L, regarded as the subbundle of normal vectors of TX. Let
Np.s C N be the subset consisting of all normal vectors with length less than . It has a natural
reflection map o : Nps — Nps given by o(z,v) = (x,—v). By basic differential geometry we
know that for § small enough, the exponential map exp : N s — X given by (z,v) — exp, v is a
diffeomorphism onto a tubular neighborhood of L in X, and disty(exp, v, L) = |v|. In this section
we fix a small dy, and identify Ny s, with a tubular neighborhood of L by the exponential map.
Since the S' action preserves the Riemannian metric, N;, — L is an equivariant bundle, and the
infinitesimal action X is invariant under the reflection o.

The Riemannian metric gives the Levi-Civita connection V. Together with the orthogonal
projection TX |, — Nz, VE¢ induces a connection on the normal bundle 7 : N;, — L. Then this
connection induces the “horizontal-vertical” splitting TNy ~ 7w*TL & 7*Np. The almost complex
structure I gives a bundle isomorphism I : TL — Np. By the splitting this isomorphism gives an
almost complex structure on Np, s5,, which is denoted by I~0. Then I~0 may be different from the
original I. But they coincide on L (or the 0-section). Moreover, there exists a Ky > 0, depending

only on X, I and g, such that for any (z,v) € Ni 5,,
HI(:r,v) - II,(M)H < Kolv| = Kodist,(exp, v, L). (2.1)
g

For any y € L and a small § with 0 < § < ¢, denoted by By, (y, ) the d-ball in L centered at y.

Take a normal coordinate on By (y, ) to be (x!,...,2™) and ; be the vector field §/0z°. Define
C" ~R"@®iR" > ((«',...,2"),(v",...,0")) — ((xl, . ,x”),Zv%I@J) € Nyp.

This map is a diffeomorphism on a small neighborhood of the origin. Then for § small enouth, we
define f, 5 to be the inverse of the above map restricted on 7 Y Br(y,9)) NNps. Let C" be endowed

with the standard complex structure Iy and the standard metric gg. One has that

f;; (Rn) :BL(yv(s)v (f;;) T—O‘Rn :IO‘R”W fy,5oU:JOOfy,51

where oy is the conjugation of C™. Since f, s is isometric at y, one has that for any e with 0 < € < 1/2,

27



there exists 6 = d(e,y) > 0 such that

loo = (#73) 9. <& and1/2< s <2,

with respect to the metrics g on Ny 5. By taking (e, y) small one can also assume that the image

of f is contained in the unit ball of C™.

Remark 2.5.1. Since (f;;) (fo) ‘R = Iy|gn, by smoothness, for any y € L and § < dp, there exists

K, s > 0 such that on the image of f, s

| To = 1| < Koyl

2 (3o < 5o
with respect to the standard metric go on C™. Here v denotes the vector (v!,...,v"™).

2.5.2 Reflection

Let S, = (=N —2,N+2)x[0,7] and Sy = (—N—2, N+2) x [r, 27] be the strips. Let Cy = SUSy
be the cylinder glued from the two parts. Denote by 7 the natural reflection of Cp, given by
T(t,0) = (t,2m — 6). We say that a map f : Cy — Nps (resp. a differential form o on Cy) is
reflection-symmetric if for =00 f (resp. 7% a = «).

In this section, we will do the following operations on each twisted holomorphic pair («, ¢) defined
on S¥ with ||dy¢|| ;- small enough. First, take a gauge transformation g, on S3; such that gia only
has dt component. Second, “reflect” the pair to get a twisted pair (&, q~5) defined on the cylinder Cly.
Third, use another gauge transformation g2 on Cx such that g5« is in balanced temporal gauge and
such that g5¢ is reflection-symmetric. The resulting pair will NOT be holomorphic with respect to
the original almost complex structure, but holomorphic with respect to a family of almost complex
structures on Ny, s, which we will construct.

(1) The first gauge transformation. Let (o, ¢) : S§ — X be a twisted holomorphic pair
with ¢(0S7;) C L and ||da ||~ small enough. Then ¢(S7;) C Nr 5,

Suppose o = azdt + agdf. Then there exists a gauge transformation g : S;{, — S such that
gia = adt. Set (o, ¢") = g7 (a, d).

(2) Reflect the pair (o/,¢’). We define a pair (&, ¢) on Cy as follows:

~ a(t, 0)dt, if 0 € [0, x]; ¢~5(t ) o(t,0), if 6 € [0, 7];
o= 0) =
a(t,2m — 0)dt, if 0 € [, 27, a(o(t,2m —0)), if 6 € [7,27].
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Write & = aydt, then a; is continuous.

(3) Construct a family of almost complex structures on Ny, 5,. Choose ¢; to be smaller
than the injective radius of g. Take a cut-off function p : [0,00) — R such that p > 0, p(¢) =1 for
t €10,01/2] and p(t) = 0 for t > 6;. Now we define a continuous family of almost complex structures
on Ny, 5,, parametrized by points in Cy. For each z € Sf;, set y = 7(¢/(2)) € L. 1(¢'(2)) is an
almost complex structure on the vector space Ty )Ny, ~ T, L ® N, ,, where the splitting is given by
the connection on Ny,. Trivialize TL, Ny, on Bp(y,01) by parallel transport along radial directions
with respect to the Levi-Civita connection, then I(¢'(z)) defines a complex structure of the bundle
(TL®NL)|B, (y,5,)- By the splitting TNy, ~ 7*T L@ 7* Ny, this defines an almost complex structure
on N, s, N7 1 (B(y,d1)), which is denoted by I. Recall that we have the other almost complex

structure Iy on Nps,. Take p, : L — R to be p.(y') = p(d(y,y')). Define
-\ ~ o\ -1
I = (1 _ pZI;IO) I (1 _ pZI:IO)

(it easy to check that (1 — pZI;‘I~O> is invertible). I, coincides with I in m=(B(y,d1/2)) N Np s,
and coincides with Iy on Nrs, — 7 1(B(y,61)) N Ny s,. Moreover, if z € S}, then ¢'(z) € L and
it is easy to see that I, = Iy. Then for z € Sy set I, = —do o I,y odo. And we see that I, is a
continuous family of almost complex structures on N, s,.

It is easy to check that the pair (&, q~5) is I,-holomorphic, i.e. for any z € C, we have
0i6(2) — idy(2)X (a(z)) = L.9yo(2).

Moreover, since all the structures we used here are Sl-invariant, we see that if we apply a gauge
tranformation to the pair (&5» then I, is transformed by the same gauge tranformation in a
natural way.

Also, by (2.1), one easily obtain that for any z € Cy,

I - fOHLw(g) < Kodist, (5(2), L) . (2.2)

(4) Construct the second gauge transformation. Set b(t,0) = fot a(s,0)ds, g2(t,0) =

exp(b(t, 0)). Since & is reflection-symmetric, so is go, i.e. ga2(t,0) = ga2(¢, 27 — 0). So
b ey
gole = — / dt) do
2 ( o 00
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is in balanced temporal gauge, ¢;q/| (oyxsr = 0 and g§gz~5 is reflection-symmetric. Now set I =

92(2)x 0 I, 0 (g2(2)~),. Then I, and g*¢ satisfy (2.2) and the pair 95 (&, %) is I.-holomorphic.
With notations revised, we summarize that, from the original I-holomorphic pair (¢, ¢) : SX‘, —

X, we get a pair (&, 5) :Cny — Np 5, and a continuous family of almost complex structures I, on

Ny s, with the following properties:
e « is in balanced temporal gauge, aloyx 51 = 0;
. q~5 is reflection-symmetric;
° (&,5) is I,-holomorphic;
e [, satisfies (2.2).

We want to point out that the pair (&, 5) we constructed is not necessarily smooth, but smooth
on both Sj; and Sy.

Moreover, if the original pair satisfies the vortex equation, then the “upper half” of the new pair
(&, 5) also satisfies the vortex equation since we only did gauge transformations on the upper half.
Define a function i : Cy — iR as follows: fi(z) = u(¢(2)) if z € SF; and fi(z) = 2¢ — p(o(7(2)))
if z € Sy. We can also construct a continuous volume form Q on Cy by reflection. The new pair
satisfies the equation

Ada+ = c.

Similarly, if the original pair is flat on S (i.e. da = 0), then da = 0 on Cy. In either case, we have
the estimate

[da| e < C.

The family I, depends on the original pair (a, ¢). We will prove theorems which state that for
a given family I, certain conditions hold for all I,-holomorphic pairs in balanced temporal gauge,

including in particular, the pair (d, (5)

2.5.3 An analogue of [39, Theorem 4.3]

Let Ky be the one in (2.1).

Theorem 2.5.2. Fiz some ¢ € iR. There exist positive real numbers €, 1y, o, K with the following
property. Let N > 0 be a real number and let I, be a continuous family of almost complex structures

on Nis,, parametrized by z € Cn. Let (a, ¢) : Cn — Np s, be a pair such that
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e ¢ is reflection-symmetric;
e « is in balanced temporal gauge and oloyxs1 = 0;
e lalle= <€ [dadlr~ <e.

Then there exists maps i : [-N,N| — Np 5, and ¢o : Zy — TX satisfying that for any (t,0) € Zn,

(bo(t, 9) € Tw(t)X;

2m

¢(t7 0) = €XDy(1) ((bO(t’ 9)) ) o ¢0(t7 (9)d9 =0.

Moreover, if (a, ¢) is I,-holomorphic and

I - I}H < Kodist(¢(2), L), and that
|dor| < el =N, (2.3)

then for any (t,0) € Zn,
[o(t,0)] < Keo 1720,

Remark 2.5.3. In Theorem 4.3 of [39], they distinguish two cases, daw = 0 or (o, ¢) satisfies the

vortex equation. But in order to prove the estimate, we only need (2.3).

Proof. The existence of 1 and ¢( follows by applying the implicit function theorem. In the following
we prove the rest of the theorem.

First we prove a lemma in a local chart. Denote C = (—2,3) x S* and Z = [-1,2] x St
Zy=[-1,00 x SY, Z;; =[0,1] x S, Zr1; = [1,2] x S*. Let X be a smooth vector field on C" such

that 0,.X = X, where o is the conjugation of C".

Lemma 2.5.4. For any r > 0 and K > 0 there exists an € > 0 with the following property. Let I,
be a continuous family of linear complex structures on C™ parametrized by points on C. Let g be a

Riemannian metric on C"* and X be a smooth vector field on B(0,r), satisfying
o |I. — Iollz= <€ llgo — glle= <€ [|Dglle~ < K, [|X][~ < K.
Let (a, ¢) : C — C™ be a pair, which satisfies
e o in balanced temporal gauge with algoyxs1 = 0;
e 0:9(2) = I. (O99(z) — iy (2) X (9(2)));
e ¢ is reflection-symmetric, i.e., o T = 0 0 ¢;
o Iz = Dol < K [Img(2)[;
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¢ [lallp~ <€ lldadll e <€ ¢(C) C B(0,2r).

Let 1, ¢ be defined as in Theorem 2.5.2 and suppose that ||da| 2 < €||¢ol|rz. Then in terms of g,

we have

2 1 2 2
190122(2,,) < 5 (190822, + 0122 z,11))
We will use the following two lemmas proved in [39].

Lemma 2.5.5 (Lemma 11.4,[39]). Let ¢ : C — C™ be a holomorphic map and denote ¢qy(t,0) :=

&(t,0) — = [27 ¢(t,v)dv. Then

2 2
(1Baull3s 2 + 190l )

| =

2
H¢)GUHL2(Z1[) S

where the norms are computed with respect to the standard metric on C™.

Lemma 2.5.6 (Lemma 11.5, [39]). For any K > 0, there exist constants ¢ > 0 with the following
property: let gy be the standard metric on C™ and g be another Riemannian metric on C" satisfying
K19y < g < Kgo and | Dg||pe(cn g, < K. Let x € C" and let v : S* — T,C" be a smooth map

satisfying [0 =0 and sup |yo| < €. Define v(0) = exp? vo(0) and

Cor

2m
Yau (0) = ~(0) 1/0 ~y(v)dv.

Then 0.9||vollze < |1Vavllzz < 1.1|vllr2 and 0.9 sup |yo| < sup |[v40| < 1.1sup |70l

Remark 2.5.7. Tt is easy to see that for any M > 0, there exists Kj; > 0 such that, if we replace

the condition sup |yo| < € by sup || < M, then we have sup |yq,| < Kpssup |[yo.

Proof of Lemma 2.5.4. Suppose the lemma is false, then there exists a sequence ¢, — 0, and a

sequence of I, ., gu, Oy, Py, X, Which satisfy the following conditions:

b ||Iu,z - IOHLOO < €u, |lgu — gOHLoo < €y, ||Dgu||L°° <K, HXuHLOO < K;

@, is in balanced temporal gauge with |10y 51 = 0;

8t¢u(z) = Iu,z (8«9¢u(2) - iau,@(z)Xu(¢u(z)))§

@y, is reflection-symmetric;

||Iu,z - IOHLOO <K |Im¢u(z)|§

”O‘u”Loo < €u, ||d04u¢uHLoo < €u, ¢u(c) - B(O,QT);
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° ||dOéu||L2 < €y H¢U7OHL2;

2 2 2
o lbuoliacz > 3 (I6woliagz + I6uolacz,,) )-

Then ||doul ;o < |day Gull oo + |0l oo [|Xull e — 0. This implies that ||¢u,ol/z~ — 0. Hence

by Lemma 2.5.6, for big enough u, one has

2 1 2 2
Iuanliaze > 7 (I6uarlliacz,) + 19ualiaiz ) (2.4)
and
ldev|| 2
— 0. 2.5
[Guanlze 29

Denote z,, = || g1 ¢u(0,0)df. By the assumption that ¢ is reflection-symmetric, one has that
xy € R™. Set &, = ¢y, —xy. Then ||d&,||r2 > 0, for otherwise one would get &, 40 = ¢u,av = 0, which
contradicts with (2.4).

Claim. There exists a constant M > 0 such that for all u, ||&ull;2 < M ||d€ull 2, |Puavll 2 <

M [|d¢u,av| ;> and [|ay|| 2 < M ||dey]| 2, where the norms are taken with respect to the metric go.

Proof of the claim. Using the Fourier expansion &, = Y, au,x(t)e’*?. The condition [g, £,(0,60)d6 =

0 implies that a,,0(0) = 0. While d&, = dt Y, a, ()€™ +dO 3", ay x(t)ike™™®. Hence

3 3 pt 3 t 3
/ |auo(t)]? dt = / / ay o(s)ds| dt < / || (/ |a’u70(s)‘2 ds) dt < 100/ ’a;,o(t)F dt.
—2 -2 1Jo -2 0 —2

2

So

3 3
leulie =3 [ las®P i+ [ janoto)?ae

k207~

3 3

) 2 2

< § /2 law k(t)ik|” dt + 100/2 |al, o(t)|” dt < 100 [|d&.||72
k#£0Y -

Since [¢1 Gu,av(0,0) = 0 and [, @, (0,0) = 0, using the same method, we obtain the other two

estimates. 0

Claim. We have ngoguHLz /Nl déu|l 2 — 0 as u goes to infinity.
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Proof of the claim. We have ;¢ (z) = I, » (Ogpn, — i, Xy (o (2))). Hence we have

5Iofu = atgu - 1080511, = (Iu,z - 10)69611, - Zaulu,qu((bu(Z)),

HgloguHLz < HI%Z - IOHLZ HaﬁquLoe + HiO‘u”L2 HIu,ZXuHLoc
< K |Im¢u(2) | 12 [[06@ull oo + 2KM ||dovy[| 2 < K [[Im&u[ 12 [[dpul| oo + 2K Mey [[Puoll 12
<K ||§uHL2 ||d¢u||L<>o +3KMe, ||¢u,avHL2 < KMe, ||d§uHL2 +2KM3e ||d¢u,avHL2

< e (KM [[d€u ] g2 + 2K M [ duan | 2) -

It is easy to see that ||d&,| ;> can contral ||d&, qv| ;.. Hence the claim is proved. O

Now define &, = &,/||déul|r2. Since [q €,(0,60)d6 = 0 and [|d€,,[|,> = 1, the L*-norm of &,
is uniformly bounded. Hence we have a uniform W'2-bound of £,. Then since the inclusion
W12 C L? is compact, there exists a subsequence, which is still denoted by &/,, converging in L? to
some & € L2(C,C™). By the above claim, ¢ is a weak solution of 9¢ = 0 and hence holomorphic in
the interior of C. By Garding’s inequality [|¢/, — &||w1.2 < const.(|[0(€], — &)|lre + 1€, — &llz2), &,
converges to ¢ in W12 and hence ||d¢|| 2 = 1 and hence not constant.

Since &, — & in L?, it follows that £, ,, — & in L. Since &, ,, is a rescaling of &y av,

&u,av = Pu,av and gy, — go, inequality (2.4) implies that

1
auZ2czeny 2 7 (IarlBazsy + NanllEaz,nn) -

But this will contradicts Lemma 2.5.5 since £ is non-constant. O
Then we have the corollary in NNy, 5, instead of C".

Corollary 2.5.8. There exists an € > 0 with the following property. Let I, be a continuous family
of almost complex structures on Ny, s, parametrized by z € C. Let (a,¢) : C — Nps, be an

I, -holomorphic pair, which satisfies:
e « is in balanced temporal gauge with gy xs1 = 0;
e ¢ is reflection-symmetric;

L~ Do < Kodisty(9(2), D);
o [lallLe <€ [[dagllL= <e.

34



Let v, ¢o be defined as in Theorem 2.5.2 and suppose that ||dal|p2 < €||do||rz- Then we have

1
I60l172(z11) < 5 (I90l220z) + I90lF2cz,11)) -

Proof. First, take ¢ small enough such that for each y € L, the image of f, s lies in the unit ball.
Recall the definition of K, 5 in (2.5.1). Set K, = 3(Ko+ Ky s+[|X|[z>) and apply Lemma 2.5.4 for
r=1and K = K, one gets an ¢, 5. Then for each y € L, take d(y,€) < ¢ such that (2.5.1) holds
for the € = ¢ 5.

Then {Br(y,6(y))},c, gives an open cover of L and it has a finite subcover {Br(y;,d;)}. Now,
there exists € > 0 such that for any pair (a, ¢) with ||a|pe < €, ||dad|/L= < €, the image of ¢ must
lie in one of the By, (y;,d;)’s. Take € = min(¢’, €, 5,). Now we check that this e satisfies the required
condition. Suppose (¢, ¢) is a pair and I, is a family of almost complex structures which satisfy the
hypothesis. Then the image ¢ is contained in some By (y;,d;) and hence it descends to a problem
in C". But by our definition of K, , € and §(y), the pair («,¢) and I, satisfies the hypothesis of

Lemma 2.5.4 and hence one has the desired inequality. O

Then, using the same method as in [39], we prove Theorem 2.5.2. O

2.5.4 An analogue of [39, Theorem 4.4]

Now let’s consider the following case. Let I, be a continuous family of almost complex structures
on Ny, 5,, parametrized by z € Cy, and let (o, ¢) : Cn — Np 5, be an I,-holomorphic pair. Let €
be that in the previous theorem and ||a||p~ < €, ||[da@||L~ < €. This implies the existence of 1 and

¢o. Furthermore, by implicit function theorem, for any (¢,0) € Cy,

|po(t,0)], |Vo(t,0)] < const. sup |Vo(t,v)|.
vesSt

Theorem 2.5.9. There exist positive constants K,o with the following property. Let N > 0 be
a real number and (o, ¢) : Cy — Nr s, be an I,-holomorphic pair satisfying the hypothesis of the
previous theorem. If we have

‘da| < nOerN’

then for any t € [N, N]
9/ (1)] < Keo =1,

We first prove a lemma.
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Lemma 2.5.10. Let K, M > 0 be real numbers, let I, be a continuous family of complex structures
on C", g be a Riemannian metric on C™ and X be a symmetric vector field on C*. Let V. C C" be
a compact subset. Let ¢ : Z — C™ be a reflection-symmetric map satisfying: ¢(Z) C V; for each

€7, |L — Doll < K|imo(2)| and

0r(2) = I (99 9(2) — ik (4(2)))

for some function o : Z — iR. Suppose that |Vo| L is small enough so that ¢ : [-1,2] - C™ and

oo : Z — C™ can be defined as in Theorem 2.5.2, and that
|90l + [0o0 + [Dro| < M. (2.6)
Then for any t € (0,1) one has
(01 < K (supon] + supa 2.)

for some constant K' independent of ¢.

Proof. The proof is almost the same as that of [39, Lemma 12.1]. We have ¢([0,1]) ¢ V =
{expdulz € V,|v]| < M}. Let B C C" be the closed ball of radius M, let E x V — C™ be the
exponential map F(zr,v) = expfv. Let F = D,FE and G = D,FE. Since the domain is com-
pact, the second derivatives of E are uniformly bounded. Hence there exists K; such that for any

(z,v) € V x B,
|F(z,v) —Id| < Ki|v|, |G(z,v) —1d| < Kjlv|. (2.8)
Taking partial derivatives with respect to ¢ in the equation exp,, ¢o = ¢, one obtains

F(,d0)¥" + G(¢, ¢0)0ido = 9.

Writing F' = Id+ F —1Id and G = Id+ G —Id, and integrating over S! of the above equation, making
use of the fact that [ ¢o(¢,60)dd =0 and (2.6), (2.8), it yields

St — % / o, 9)d9’ < Kasup|onl. (2.9)
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On the other hand,

9 d(2) = L. (0gd(2) — iaX (4(2))) = (I. — Lo) (099 (2)) + L00d(2) — il X ((2)). (2.10)

We also have

Ogp = G (1, ¢0)0opo = |0p¢| < Kzsup |Ogeo| < Kz M.

Integrating (2.10) over S! and using the above estimate, we see that there exist K; and K35 such

that

é%¢(u9)d0‘§<k¢ <mu>unm¢ﬂ+supkﬂ>
Zt

S1 Zt

< 5 (sup 0] + suplal ) < K (suploal + suplal ).
Zt Zy Zt Zy

Here |Img| < |dqo| uses the fact that ¢ is reflection-symmetric; the last inequality uses the estimate
in the Remark 2.5.7. Hence combining (2.9) and above, one obtains (2.7). O
Proof of theorem 2.5.9. Tt follows word by word from the proof of [39, Theorem 4.4]. O
Corollary 2.5.11. Let ¢ € iR. Then there exist real numbers €5, 05,10, K5 > 0 such that for any
positive N > 0 and any I-holomorphic pair («, ) : CIT, — X, which satisfies

da| < noel™N, ||dad]| w < €5,

one has

diamg1 ¢ (S?\}/z) < Kge 0N,

2.6 Definition of (¢, L)-stable twisted holomorphic maps

2.6.1 Prestable bordered Riemann surfaces

Definition 2.6.1. [32, Definition 3.4] Let (z,y) be the coordinate on C?, and A(z,y) = (Z,7) be
the complex conjugation. A node on a bordered Riemann surface is a singularity isomorphic to one

of the following:
1. (0,0) € {zy = 0} (interior node);

2. (0,0) € {m2 —y? = 0} /A (boundary node of type 1);
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3. (0,0) € {2 +y* =0} /A (boundary node of type 2);

(So near a boundary node of type 1 (resp. type 2), the boundary of the bordered Riemann surface
is the fixed point set of A, which is a neighborhood of the origin in R x {0} U{0} x R (resp. a single
point).

A nodal bordered Riemann surface is a singular bordered Riemann surface whose singular-
ities are nodes. A prestable bordered Riemann surface is either a smooth bordered Riemann

surface or a nodal bordered Riemann surface.

The complex double of a prestable bordered Riemann surface C' is a prestable Riemann surface
without boundary, which is intuitively, gluing C and C' (same curve with opposite complex structure)
along the corresponding boundary components. So for a boundary node of C, which is locally
isomorphic to {z? + y?> = 0}/A, there is a unique (interior) node of its complex double which is
locally isomorphic to {z% &+ y% = 0}.

Let g be a nonnegative integer and h a positive integer. A smooth bordered Riemann surface
C is said to be of type (g,h) if C is topologically a sphere attached with g handles and h disks
removed. A nodal bordered Riemann surface is of type (g,h) if it is a degeneration of a smooth
bordered Riemann surface of the same type. The reader may refer to [32] for the precise definition.

Let C be a prestable bordered Riemann surface, let z C C' (resp. x C 9C) be a finite subset of
interior (resp. boundary) points which is disjoint from nodes. Then the tuple (C,x U z) is called
a marked nodal bordered Riemann surface. There is a unique curve C' which is the disjoint
union of finitely many components which are either smooth marked bordered Riemann surface or
marked smooth Riemann surface without boundary, together with a holomorphic map 7 : C—C.
This map is called the normalization of C. 7 is 1-1 away from interior nodes and boundary nodes

of type 1; The preimage of every interior node or boundary node of type 1 is two points.

2.6.2 Meromorphic connections on prestable marked bordered Riemann

surfaces

Now let (C,x U z) be a prestable marked bordered Riemann surface. Let # : ¢ — C be the

wnt

normalization map. Denote by w the set of nodes of C, with w'™*, w®!, wb? the subsets of different

types of nodes, respectively. Given an S'-principal bundle P over C'\ #~! (zUw™™ U wb?).

Definition 2.6.2. A meromorphic connection on P is a connection A on P such that F4 is bounded

with respect to any smooth metric on C and that for every w € w'™ with preimages y,y’ € C’, we
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have

Hol(A,y) = Hol(A,y")~*.

2.6.3 Gluing data at interior nodes and boundary nodes of type 1

Now let (C,xUz) be a smooth marked bordered Riemann surface, let P — C'\ z be an S!-principal
bundle and let A be a meromorphic connection on P. Let z € z and let S, be the quotient space of
T.C \ {0} by the action of Ry given by scalar multiplication. Choose a conformal metric on C and
let S, C C be the circle of radius € centered at z, and denote (P., A.) be the restriction of (P, A)
to S.. Let P, — S, be the S!'-principal bundle whose fibre over the class of s € T,C — {0} is the
set of A-covariantly constant sections of P defined over the ray {expts|t € (0,0)} for some small ¢.
Parallel transport in radial directions gives the canonical isomorphism of bundles ¢ : P, — P, for
small enough e and the connections ¢ A, converges to a connection A, on P,. The pair (P,, A,) is
independent of the conformal metric on C. We call (P,, A,) the limit pair of (P, A) at z.

Now let (C,x U z) be a marked nodal bordered Riemann sufrace and let # : C' — C be the

normalization. If w € win?

with preimages y,y’. Then the circles Sy, S, have natural structures
of S-torsor, which are induced by the complex structure on C. Define G,,(C) to be the set of all
isomorphisms of S!-torsors

gC:Sy%Sin

where S, is S, with the inverse S'-torsor structure.

Suppose P is an S'-principal bundle over C'\ 71 (zUw™ Uwb?), and A is a meromorphic
connection on P.

Let (Py, A,) and (P, Ay ) be the limit pairs of (P, A) at y,y’ respectively. Then define the set
of gluing data at w € w™ to be the set of pairs (g9c, gp), where gc € G, (C) and gp : Py — g5 Py
is an isomorphism of S'-bundles such that g5g5 A4, = A,.

Now suppose w’ € wP! is a boundary node of type 1 with preimages y,y’. Note that P is defined
over y and y'. Then we define the set of gluing data at w’ to be Iso(P,, P, ), the set of isomorphisms

between the two fibres.

2.6.4 Stable marked bordered curves and the moduli space

Let (C,x U z) be a prestable marked bordered Riemann surface. We say that a point in C is
exceptional if it is either a node or a marked point. Let 7 : C — C be the normalization. The

exceptional points in C' is by definition the preimages of the exceptional points in C. An irreducible
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component D of C' is called unstable, if 7=1(D) satisfies one of the following conditions:
e it is a sphere with 2 or less exceptional points;
e it is a torus with no exceptional points;
e it is a disk with 1 interior exceptional point and no exceptional points on the boundary;
e it is a disk with no interior exceptional points and 2 or less exceptional points on the boundary;

e it is a “half-torus” with no exceptional points, i.e. its complexr double is a 2-torus without

exceptional points.

If no component of C' is unstable, then we say that C' is stable.

We say that (g, h,n, m) is in the stable domain, if a smooth bordered Riemann surface of genus g
and h boundary components, with (n, m)—marked points is stable. For the moduli space M, ) (n.7)
of smooth bordered Riemann surfaces of genus g and h boundary components, with (n, m)—marked
points, and its compactification ﬂ(%h)’(n’m) of stable curves, the reader may refer to [32]. From

now on we fix a (g, h,n, m) in the stable domain.

2.6.5 Collapsing and stablization maps

Let (C,x U z) be a prestable marked bordered Riemann surface. A collapsing map is a quotient
map 7° : C' — C’, where (C',x’ Uz') is also a prestable marked bordered Riemann surface, and
7 is quotienting some of the unstable components of C. The marked point set x’ Uz’ is naturally
induced from x U z, such that 7° : x — x’, 7°° : z — 2’ are bijections.

Now for a given collapsing map 7% : C' — C’. Then each node of C” falls in one of the following
cases:

(1) If w is an interior node, one can find sequences of points of C, (Yo, -+ ya—1) and (y1,...,y%),

which satisfy the following properties:
e the points {yo,...,y4s—1} and {y1,...,y,} are all different;
e 7(yo) and 7(y};) belong to components on which 7 is a local bijection;
e each pair {7(y;),7(y;)} is contained in a sphere bubble O; C C for each 1 <j <d —1;
o for each j we have 7(y;) = 7(yj41);

e we have 7% (7 (y;)) = 7 (#(y})) = w for each j.
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We call the sequences (yo, - -,Yd-1), (Y1,--.,y}) an ordered list of connecting exceptional
points over w.
(2) If ' is a boundeary node of type 1, one can find sequences of points of dC, (yo, . .., Yd—1)

and (y},...,y}), which satisfies the following properties:

e the points {yo,...,yqs—1} and {y],...,y,} are all different;

e T(yo) and 7(y,) belong to components on which 7 is a local bijection;

e each pair {7 (y;), 7(y;)} is contained in a disk bubble D; C C for each 1 <j <d —1;
o for each j we have 7(y;) = 7(Yj41);

o we have 7% (7t(y;)) = 7 (#(y;)) = w’ for each j.

We call the sequences (¥o,---,Yi-1), (¥i,---,y,) an ordered list of connecting exceptional

points over w’'.

(3) If w” is a boundary node of type 2, one of the following two cases must hold.
Case 1. One can find a sequence of points of C, (Yo, ---,ya—1) and (y1,...,y,_,) which satisfy

the following properties:

e the points {yo,...,yq—1} and {y],...,y,_,} are all different;

e 7(yo) belong to a component of C' on which 7 is a local bijection, and 7 (y4—1) is a boundary

node of type 2;
e each pair {7(y;), 7 (y;)} is contained in a sphere bubble B; C C for each 1 < j < d — I;
e for each j with 0 <j <j —2 we have 7(y;) = 7(yj41);
o we have 7% (7t(y;)) = 7 (#(y})) = w” for each j.

Case 2. One can find a sequence of points of C, (Yo, ---,Ya—1) and (y1,...,y,) which satisfy the

following properties:
e the points {yo,...,ya—1} and {y},...,y}} are all different;
e 7(yo) belong to a component of C' on which 7 is a local bijection;

o each pair {#(y;), ﬁ'(yé)} is contained in a sphere bubble O; for 1 < j < d—1 and y/, is contained
in a disk bubble Og;
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o for each j with 0 < j < j —1 we have 7 (y;) = 7 (¥}11);
o we have 7% (7t (y;)) = 7 (#(y})) = w” for each j.

In either case, we call the corresponding list of points an ordered list of connecting exceptional
points over w’. The difference is that in the first case a disk is collapsed and in the second case
there is no disk.

In particular, the collapsing map which collapses all the unstable components of C' is called the
stablization map, and denoted by 7% : (C,xUz) — (C**, x5t Uz*). In this case, the components

of C that are contracted by ¢

are called bubble components (since there is no unstable torus
component), and others are called principal components. A bubble component is either a sphere
or a disk, which is called respectively a sphere bubble or a disk bubble. The points y; or
y; appeared above are called connecting exceptional points. The connecting nodes are the
images of the connecting exceptional points under the map 7. The nodes which are not connecting

are called tree nodes. We call the bubbles O; or D; the connecting bubbles over w. We call

tree bubbles those bubbles which are not connecting.

2.6.6 Volume forms

Let g,n be nonnegative integers with 2¢g +n > 3 and let ﬂg,n be the moduli space of stable curves
and let f : ﬂg,nH — ﬂg,n be the forgetful map. Then we can choose a smooth (in the orbifold
sense) Hermitian metric h on the universal curve M, 11, which gives a conformal metric h(cx) on
each stable curve (C,x) with [(C,x)] € M, ,, and the metric is invariant under the automorphism
group of (C,x). We call k(¢ ) the canonical metric on (C,x) and its volume form the canonical
volume form on (C,x). From now on we fix such an h for each pair (g,n).

Now let (C,x U z) be a marked stable bordered Riemann surface. Then it has a complex
double, which is a stable curve (C’C,zc = {zzi, a:]}) with an anti-holomorphic involution 7 such
that 7(z;") = 7(2;) and 7(x;) = z; (if a boundary node of C'is modelled on {z? £ y* = 0}/A (see
Definition 2.6.1), then the anti-holomorphic involution is modelled on the complex conjugation A
on {z? £y? = 0}). Then the metric § (h(ce,ze) + T M(Ce,ae)) is @ metric which descends to a metric
on the original bordered curve C'. We denoted it by h(c xuz) and call it the canonical metric on
(C,xUz) and the volume form induced from the canonical metric and the almost complex structure
on C is called the canonical volume form on (C,x U z).

In the following, for any prestable curve C with stablization C**, we will use metrics on each

irreducible components of C' as: if D is a principal component, then use the metric induced from
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the canonical metric hgst; if D is a bubble component, then use an arbitrary smooth metric.

2.6.7 Definition of (¢, L)-STHM’s

Pick an element ¢ € iR, and (g, h,n, 1) in the stable domain. A (c, L)-stable twisted holomor-
phic map from a bordered curve of genus g, with A boundary components and (n, m) marked points
is a tuple

C=((C,xUz), (P A ¢),GA{Ty})
where

1. (C,xUz) is a marked prestable bordered Riemann surface and the isomorphism class of its

stabilization belongs to M, 1) (n.7)-

2. P is an S'-principal bundle over C \ A7t (z U wint U wb2), where # : C' — C is the normaliza-

tion map.
3. A is a meromorphic connection on P.

4. p is a smooth section of the bundle P x g1 M, such that ¢(x) € P x g1 L for any = in a boundary

circle (but not boundary nodes of type 2) of C.
5. G = {G,} is a choice of gluing data at each node w € wi™* U w"L.

6. For each interior connecting node z € C with preimage {yj, y;} in C’, T, is a pair of sections

Ty: Sy — Py xg1 T(X) and Ty : Sy — Py xg1 T(X) satistying T, = Ty © g..
7. For each boundary node w” € C of type 2, Ty is a section Ty 1 Sy — Py x g1 T(X).
The tuple C must satisfy the following conditions.
(1) The section is holomorphic. The section ¢ satisfies the equation

dap = 0.

(2) Vortex equation. For each principal component D C C, let vp (resp. Ap, ¢p) be the
restriction of s*v(gst xstugety (resp. A, ¢), where s : (C,xUz) — (C*,x% Uz") is the stabilization
map; then

AFy, + p(pp) = c.
(3) Flatness on bubbles. The restriction of A to each bubble component is flat.
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(4) Critical holonomy at interior marked points. For any interior marked point z € z, the
holonomy Hol(A, z) is critical.

(5) Finite energy. ||da¢| ;) < oo

Let y € C be the preimage of an interior node or a boundary node of type 2 of C in the
normalization. We denote by S, C C the circle of radius € centered at y, and by ¢ : P, — P|g_be
the natural isomorphism given by parallel transport with respect to A. Then the section ¢, = t}¢
converges in C%-topology, as € — 0, to a section ¢, of P, xg1 X satisfying da,py = 0. We call
(Py, Ay, py) the limit triple of (P, A, ¢) at y.

(6) Stabilizers of monotone chains of gradient segments.

e Take any interior connecting node w € w, let y,%3’ be its preimage in the normalization, and
let 7, : Py — T(X), Ty : Py — T(X) be the equivariant maps with values in the set of chains
of gradient segments. Then 7, and 7, are covariantly constant, i.e., take 7, for example, if we
identify S, with S! and trivialize P, — S, such that da, = d+ Adf, then the corresponding
map T, : S, — T(X) satisfies T,(0) = €T, (0). Here X is the residue at y with respect to the
trivialization. This implies that the images of 7, and 7,/ are contained in X A. Another consequence
is that if A is not critical, then the maps 7,, 7,» are degenerate.

e For any boundary node of type 2 w” € w®2, the section T, : Pyr — T(X) is covariantly
constant.

(7) Matching condition and monotonicity at interior connecting nodes.

Let w € C* be an interior node. Pick an ordered list of connecting exceptional points over w,
(Yo,---,Ya-1), (Y1,-.-,yy). For each j, denote by (Pj, A;,p;) and (P}, A}, ¢}) the limit triples of
(P, A, p) at the points y; and y respectively. Let ®; : P; — X and @’ : P/ — X be the equivariant
maps corresponding to ¢; and 30;» respectively. Suppose that y;_; and yg are the preimages of a
connecting node z; € C. Then each T, is a pair of maps T;—1 : P; = 7(X) and T} : P; — T(X).
Recall that there are maps b,e : T(X) — X given by the beginning and end of gradient segments.
Finally, let g; : P; — Pj,; be the isomorphism given by the gluing data at z;. Then the matching
condition requires that either for all j, ®;_; =bo 7;.’ ogj—1 and <I>;- =co ’Tj’ or the same equations
hold with b and e switched for every j.

(8) Matching condition and monotonicity at boundary connecting nodes of type 2.

Let w” € C* be a boundary node of type 2. There are two possibilities on the connecting
bubbles over w” in C. The first is a sequence of bubbles O1,...,04 with O1,...,O4_1 are sphere
bubbles, and Oy is a disk bubble. Then we have an ordered list of connecting exceptional points,

(Yo, -+, Ya—1)s (Wi, ...,y,). With the notations used in the above condition, we should also have
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@ =boT/ogj1 and @, = eo T, or the same equations with b and e switched. The second
possibility is a sequence of sphere bubbles Oq,...,04—1 with O4_1 has a boundary node of type 2.
Then using the above notation, we have either, for 1 < j < d — 1, we have ®;_; =bo 7;-’ ©gj—1

and <I>;- =eo 7;-’, and ®4_1 = bo T;_1, with the boundary condition e o 7;_; € L; or the same

equations with b and e switched (see Figure 2.1).

Figure 2.1: Chains of gradient segments and connecting bubbles at a type-2 boundary node in two
cases respectively

(9) Matching conditions at interior tree nodes.

Let w € C be an interior tree node and let y,y" € C be its preimages in the normalization.
Let (Py, Ay, ¢y) and (Py, Ay, ¢,) be the limit triples, and let g,, : P, — P, be the isomorphism
of bundles given by the gluing data at w. Denote by ®, : P, — X and & : P, — X be the
corresponding equivariant maps respectively, then we have &, = @; 0¢w-. This implies that the limit
orbits of ¢ at y and 3’ are the same.

(10) Matching conditions at boundary nodes of type 1

Let w’' € C be a boundary node of type 1 with y,4’ the preimages in the normalization. Let
Gw : Py, — Py be isomorphism of fibres given by the gluing data at w’. Let ®, : P, — L and
<I>; : Py — L be the corresponding equivariant maps. Then &, = &,/ o g,,.

(11) Stability condition.

If a bubble component D C C is unstable, then the restriction of d4¢ to D is not identically

Zero.

Remark 2.6.3. The last stability condition in the definition doesn’t automatically guarantee that
the automorphism group of a (¢, L)-STHM is finite. We have to put a restriction on the pair (X, L)

and the value ¢ to have that. However, this is not related to the compactness issue.
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2.6.8 Isomorphisms of (¢, L)-STHM’s

Take two (¢, L)-STHM’s
Ci = ((Ciaxi U Zi)7 (PivAi7 @1)7 Gi7 {7:1),1}) 7i = 17 2.

We say that they are isomorphic, if there is an isomorphism f : (C1,x3 Uz;) — (C2,x2 U zs) of
prestable curves and an isomorphism g : P, — f* P, of S'-principal bundles satisfying the following
conditions:

(1) g*f*Ay = Ay, g* f*p2 = @1 in the usual sense;

(2)item (see the definition of isomorphisms in [38])for each interior node w; € w™™ C C}, denote

we = f(w1). Then we can lift f to the normalization
f : él — ég.

Choose preimages y1, y, of wy and ya, yb of wy in their normalizations such that f(y1) = y2, f(¥/}) =

yh. Let (P,

Ay, ) (resp. (Py;,Ay;)) be the limit pairs of (P}, A;) at y;(resp. y}). Let gy, : Py, — P,
and g,, : P,y — P, be the maps induced by g. The gluing data of C; gives v, : P,, — Py;_.
e If the limit holonomy of A; at y; is generic, then we require that the following diagram

commutes
Gw
Pyl Py2

’YIJ, l’yz
Py —% p
Y1 Y5
o If the holonomy of A; at y; is critical, then we require that there exists t € R such that the

following diagram commutes
Jw
Pyl Py2

71l lwonyz(t)

o
P, —— Py.
Here P, ~ S,, x S' and 7, : P,, x R — P,, is the flow given by the limit connection on P,,.

(3) For each boundary node of type 1 w; € w®!, denote wy = f(w;). We require that there exists
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v € St in the stablizer of (2 (y2) such that

commutes.
(4) Using the above notations, for each pair of chains of gradient segments 7, 7T,,, we require
that
Tyr =Ty, © Gu-

Remark 2.6.4. As Ignasi Mundet told the author, this definition seems unnatural in the first glance,
because the relaxation from the natural but more rigid definition allows us to have nice structure of

moduli space.

2.6.9 Yang-Mills-Higgs functionals

We give the definition of the Yang-Mills-Higgs functional for a (¢, L)-STHM, which plays same role

as energy in the theory of pseudoholomorphic curves.
Definition 2.6.5. Let C be a (¢, L)-STHM. Its Yang-Mills-Higgs functional is defined to be

YMHAC) = Y Idaeliay + D (IFallfzo) + o) = clifzn) ) -

DcC DCC,

where the first summation is taken over all components of C' while the second is taken over all

principal components.

2.7 Bounding the number of bubbles

In this subsection, we will prove the following theorem.

Theorem 2.7.1. For a given tuple (g, h,n, m) in the stable domain and K > 0, there is a number
flg, h,n, m, K) such that for any c-stable twisted holomorphic maps with boundary C with the un-
derlying curve (C**,x*" Uz*") € My ) (nmt) and YMH(C) < K, the number of bubbles of C is no

greater than f(g, h,n, m, K).

In the case of pseudoholomorphic curves, the bounding of bubbles is relatively easy because the

energy of nontrivial bubbles has a positive lower bound. But in the case of twisted holomorphic
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curves, we can have bubbles of arbitrarily small energy. Then to find a bound, we have to consider

such bubbles of small energy.

2.7.1 Canonical transports

Recall that in [39, Subsection 5.5], the notion of canonical transport is defined as follows. For any
compact smooth genus zero curve B with y = {y1,y2} C B, we have a choice of maps f,, : B\y —
Sy,» j = 1,2 (up to reparametrizing by an automorphism of B\ y) and a canonical isomorphism of
St-torsors fyo.u: : Syo — Sy,- Then to any St-principal bundle P — B\ y and any flat connection
A on P, we can associate bundle maps

Gy; + P — Py, (1 =1,2); Gyoys : Pyo = Py

which cover f,.,j = 1,2 and fy,,, respectively. The maps g, and g,, ,, are called the canonical
transport of (P, A).

Now we will extend the notion of canonical transport to disks. Consider the unit disk D and
0 € D the center and 1 € 9D. Set v : [0,1] — D to be v(¢t) =t and 7/(0) = ug. Then for any disk D
with an interior point zg, for any z € D \ {2}, there is a unique biholomorphism f : D — D such
that f(0) = zp and z belongs to the image of fo~. Set g, : D\ {20} = Sz by 92, (2) = [df (uo)].
If we have an S'-principal bundle P over D\ {2z} with a flat connection A on P, then the parallel

transport along f o gives a morphism

9z : P — Py. (2.11)

We call the map g,, the canonical transport of P. In particular, if with respect to some trivializa-
tion A = d+ Adf. Then the trivialization gives P ~ D* x S ~ [0,00) x S x St and P,, ~ S! x S.

Then g, is just the projection (t,6;,602) — (01, 02).

2.7.2 Twisted bubbles

Let y C S? be a finite subset. We call a twisted sphere bubble over (S2,y) a triple (P, A, ¢)
consisting an S'-principal bundle P — S?\ y, a flat meromorphic connection A on P and a section
@ :8%\y = Pxg X satisfying 940 = 0. Similarly, let y C D be a finite subset in the interior of the
unit disk. We call a twisted disk bubble over (D,y) a triple (P, A, ) consisting an S!-principal

bundle P — D\ y, a flat meromorphic connection A on P and a section ¢ of P xg1 X satisfying
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©(0D) € Pxg1 L and D¢ = 0. A twisted sphere (or disk) bubble (P, A, ¢) is trivial if the covariant
derivative d 4 is identically zero.
For any € > 0 smaller than half the minimal distance ., between two different elements in A,

define the sets AST and A5 as

ASE = Ay £(0,6) = {Aer £ 6| Aer € Agyr,id € (0,€)},

and denote A§,, = iR\ (A5 UAGT).

In the usual Gromov-Witten theory we have a nonzero lower bound on the energy of nonconstant
holomorphic spheres so it is easy to bound the number of bubbles once we have total energy bound.
In the case of twisted holomorphic maps we don’t have such lower bound. However, [39, Theorem

6.2] provides a key results in bounding the number of twisted sphere bubbles in the closed case.

We now state and prove an analogue for twisted disk bubbles.

Theorem 2.7.2. Let zg € D be an interior point. Let € be smaller than the €4 given in Theroem
2.4.2 and %5”. Then there exists 6 > 0 with the following property. Suppose that (P, A,p) is
a twisted disk bubble on (D, zy) satisfying ||dap||2 < d. Take some local trivialization of P on
D\ {z0}. Then ¢ corresponds to some map ¢ : D\ {z0} — X. Let \ be the corresponding residue
of A at zp.

Case A. If A € A, then (P, A, @) is trivial;

Case B. Otherwise, by Theorem 4.2 in [39], the following exists

¢(20) = lim ¢(z) € Fy.

Z— 20

Then we have
1. if X € AT, then h(Fy) < h(L), with equality only if (P, A, ) is trivial;
2. if A€ A%, then h(Fy) > h(L), with equality only if (P, A, @) is trivial;
3. if A e AS,,,, then (P, A, p) is trivial.

gen’

Let (P,,, A.,) be the limit pair of (P, A) at zo. When case B holds, there is a covariantly constant

flat map T, : P,y — T°°(X) such that for any p € P,,, we have

T (p) = {9(20)} U{9(a)lq € P, g,(q) = p},
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where g, : P — P,, is the canonical transport (2.11).

Proof. The proof is similar to that of [39, Theorem 6.2]. Indeed, suppose first that A = ip/q € A,
for relatively prime integers p,q. Take a covering w : D — D of degree ¢ totally ramified at zg.
Then 7*A has trivial holonomy around zy. Since 7*A is flat, we can extend 7*P and 7*A to a
bundle P’ — D with a flat connection A’. We can take a trivialization P ~ D x S' with respect to
which A’ is trivial. Consider the induced trivialization of 7* P, we can view the section 7*¢ as an
I-holomorphic map ¢ : D\ {20} — X of bounded energy. By the removal of singularity theorem, ¢
extends to a holomorphic disk a: D — X satisfying Hd(EHL2 = q||dap|| 2. This is a standard result
in Gromov-Witten theory that there is a lower bound of energy of nontrivial holomorphic disks,
which depends only on w and I. Since the critical residues contains finite many classes modulo
integers, we can take § small enough so that the lemma holds for all critical .

Now consider the case that A is not critical. Fix a conformal isomorphism between D — {2y} and
the semi-infinite cylinder C* = [0, +00) x S!, and take the latter the standard coordinate (¢,) in
such a way that as t goes to +oo, (t,6) approaches to the point zy. Then we can identify S,, ~ S*
in such a way that the map f,, — S, is the projection (¢,8) — 6.

Fix a triple (P, 4, ) and take a trivialization P x C* x S with respect to which d4 = d + \d#,
since A is flat.

Suppose A € A5, so there exists Ao € Agp such that i(A—\..) € (0,¢€). By a standard argument
in Gromov-Witten theory (see [34, Proposition B.4.9]), there exists § > 0 such that ||da¢| ;. < ¢
implies that ||da@| ;~ < €. Then we can apply Theorem 2.4.2 and Theorem 2.4.3 to the pair (o, ¢).

Hence there exists ¢ : R>g — X*e and ¢ : R>g x S* — T'X such that

o(t,0) = e~ terf eXPy(4) (e)‘”%ﬁo(t, 9)) .

Take some t € R>o and N > t. Apply Theorem 2.4.2, 2.4.3 to [0, N] x ST C C* together with

da. = 0 implies that
|po(t,0)] < K4e* =N )/ (£) 4+ i(A — Aer) VA((1))] < K4e74 =N,

Making N — oo, we deduce that ¢g(t,60) = 0, and ¢’ (t) = —i(A— e ) VA(1(t)). Since ¢({0} x St) C
L, we have 1(0) € L and 9 (t) is a downward gradient flow line of h = —iu. So we have h(Fy) < h(L)

€,—
cr

and equality holds only if ¢ is trivial. The case when A € A% is treated the same way.

Finally suppose A € A¢,,. By Theorem 2.4.1, there exists real numbers K', o', ¢ such that its
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gen

statements hold for any A € A¢_,, (since we have the continuous dependence of the constants on A).

Then we have the estimate

lda¢| < K37 ™) ||dy || oo -

Let N go to infinity, we see that the pair (a, ¢) is in fact trivial.
The map T, : P, — T(X) is given by the trajectory ¥ (t) i.e. T,,(61,02) = e~ er¥24)(t). Here
0; is the coordinate on the base S, and 05 is the coordinate on the fibre of P,,. It is easy to check

that 1 coincides with the one given in the statement of the theorem. In particular, ¥(0) € L. O

2.7.3 Proof of Theorem 2.7.1

Let T" be the dual graph of C, so the set of vertices of I is the set of irreducible components of C', and
for any pair of vertices v’,v” corresponding to components C’, C” (it is possible that v’ = v""), there
are as many edges connecting v’ and v” as there are many nodes in C at which C’ and C” meet.
All subgraphs IV C T' which we shall mention will be saturated, that is, if v’ and v” are vertices of
I, then all edges in T' connecting v and v are also contained in IV. We call a vertex of T a tree
(resp. connecting) vertex if it corresponds to a tree (resp. connecting) bubble.

Denote by AZ, the set of sums of finitely many elements in A... This is a diskrete subgroup of
R. Then we can take e small such that AZ. C A. UAG,,,.

Each sphere (resp. disk) tree vertex of I" belongs to a maximal connected subgraph 7" C T
consisting of entirely of sphere (resp. disk) tree vertices, and T is a tree. We denote the collection
of all trees of sphere tree vertices T7,...,T; and the collection of all trees of disk tree vertices
T{,...,T{. Each tree has a unique vertex, called the root, which is connected by an edge to the
complement of this tree.

We slightly generalize [39, Lemma 6.3] as follows.
Lemma 2.7.3. Let T' be one of the trees T7, ..., T;.

1. For any sphere bubble B C C corresponding to a vertex in some T}, the residue of A at any

node in B belongs to AZ,.

2. If moreover, the root of T? is connected by an edge to a connecting vertex or a disk tree vertex,

then the limit holonomy of A at any node in B is trivial.

Proof. The same as the proof of [39, Lemma 6.3] O

Proof of Theorem 2.7.1. We first show that, the total number of sphere tree vertices is bounded.

Let {Tf};zl be the set of trees in I' consisting of sphere bubbles. We say that a vertex v € T} is
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stable if its degree as a vertex of I degp(v) > 3. Since T7 is a tree, it has |T7| — 1 edges and has a

unique edge connecting to its complement. Hence we have

S degp(v) = 14 3 degr (v) = 1+2 (7] ~ 1.

veT} veTy?
Hence
1
2IT?| = Z degr(v) +1 > 3#{v € T} stable} = #{v € T; unstable} < §|Tf|
veTf
Summing up for ¢ = 1,...,m, one obtains that

m 1 m
v € T unstable} < — T?|.
;#{ ; y<3 ;l 7l

Among those unstable vertices, there are at most |x| contains interior marked points, while the other
vertices really correspond to the unstable bubbles in the usual sense. The energy of each of those

“real” unstable vertices is at least d, due to the lemma. Hence we have

1 m .
) (3;|Ti | — |x> < K.

This gives a upper bounded of the number of sphere tree vertices, which is denoted by N7 temporarily.

The total number of connecting sphere bubbles is also bounded, according to the proof of [39,
Theorem 6.1]. We denote this number by No. Note that this step uses the monotonicity property
of [39, Theorem 6.2].

Now we bounded the number of disk bubbles. Let Tj‘-i C I be a tree of disk tree bubbles. Then
each vertex v € TJd has no interior marked point, or it will be stable. Also, if v has an interior node
w, then v is the root of some T}, so the residue at w belongs to AZ,. But A7, C A UAJ,,,. Hence by
the above theorem, each vertex of T]d contributes at least § to the energy. Hence the total number
of disk tree vertices is bounded.

The only remaining bubbles are the disk connecting bubbles, each of which belongs to two cases,
which are diskribed in Section 2.6.5. One is a single connecting bubble with an interior node, but
there is at most one such bubble for each boundary node of type 2 of the stablization; the other kind
is a chain of connecting bubbles, but it is easy to see that, the holonomy at each interior exceptional

point belonging to this chain is trivial, hence each bubble in the sequence contributes at least ¢ to
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the energy. This gives an upper bounde to the total number of bubbles of this kind. O

2.8 Definition of the convergence

2.8.1 Deformation of prestable curves

Let (C,xUz) be a prestable curve and h be a conformal metric. Let # : C' — C be the normalization
map and denote y = 771 (w) = 771 (w™) Ua~ Y (wb!) U a1 (wh2) = y™ U y*! U y*2. We have an
anti-holomorphic involution 7 on the complex double C¢, which induces, for each point y € aC , an
anti-holomorphic involution 7 : T, yé' — Tyé . Denote by (Tyé'>R to be the subspace of all T-invariant
vectors.

For each y € y™, take a neighborhood of U, C C such that there exists a biholomorphism
& : D(e) — U, with the disk D(e) C Tyé centered at 0 of radius €; for each y € y”!, take a
neighborhood U, small enough such that there exists a biholomorphism &, : D(e)/7 — U,, where
D(e) C Tyé and 7 the involution on Tyé; for each y € y with #(y) a boundary node of type 2, take
a neighborhood U, small enough such that there exists a biholomorphism &, : D(e) — U, where
D(¢) € T,C. For each x € x and z € z, also choose a small neighborhood B, C C' of #~'(z) and
B. c C of 77 1(z). Assume that these neighborhoods are pairwise disjoint.

Denote by J the complex structure of C and J’ be another complex structure which coincides
with J on each J (Uy U B, U B.). Such complex structures are called (C,x U z)-admissible. Take,
for each w € wi™ with preimages y,y’ € C, an element d,, € TyC' Qc Ty/C' with |6,| < €2; for each
w € wbl of type 1 with preimages y,y’ € C, an element 8, € (Tyé ®c Ty/C')R with |6,/] < €%
for each w” € w2, with preimage y € C, a real number 8,» with 0 < §,» < e. The collection of
numbers § = {d,,} is called a set of smoothing parameters of C.

Now from the original curve with an admissible complex structure J’ and a set of smoothing

parameters §, we can construct a new curve C(J', h,d) as follows:
1. First replace the complex structure J by J’ on the normalization C:

2. For each interior node w™ with #=!(w) = {y,vy'}, remove the two subsets &, (D(‘é%l))
and &, <D(@)) from C, and for each pair of elements u € D(e) \ D(‘é—:’l) C Tyé and

v € D(e) \ D(|6,|/€) € T,y C with u ® v = §,, identify their images &,(u) and &, (v);

3. For each boundary node w’ € w* with #=*(w’) = {y,y'}, remove the sets &, (D(LZI‘)/T) and

&y (D(‘é%’l)ﬁ') from C, and for each pair of elements [u] € (D(e)\D(I(S—:/‘)) /T C T,C/t
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and [v] € (D(e) \D(“%“‘)) /7 C T,yC/7 identify the images &,([u]) and &, ([v]) if there are

representatives u € Tyé and v € Ty/é such that u ® v = d,;
4. For each w” € w2, remove the open disk &, (D (0 ))-

Then for every node w € w, define the “neck” N, (d,,) C C(J’,d) to be the following subset in

different cases:

1. if w € w™, then N, (d,) is the image by &, of the annulus D(e) \ D (‘%') Ny () is

conformal to the cylinder

Ny (60) =~ [log |0,] — loge,loge] x S*.

2. if w’ € wbl, then N,/ (d,) is the image by &, of (D(e) \ D( Iét")) /T. Ny (0y) is conformal

to the strip

Ny (6y) = [log |0, | — log e, log €] x [0, 1].
3. if w” € w2, then N, (8,n) is the annulus &, (D(€) \ D(8,)), which is conformal to

Ny (5w”) ~ [log |§w/",10g 6] X Sl.

A set of smoothing parameters {d,,} is small enough if each |d,| is small enough. Given a
compact subset K C C'—w, if the smoothing parameters {d,,} is small enough so that &,(D(|0.|/€))
and &, (D(|6y|/€)) are disjoint from K, then there is a canonical inclusion tx : K — C(J',d). In
particular, there is a canonical inclusion of the marked points x U z inside any small deformation

C(J',9).

2.8.2 Definition of the convergence

In this subsection we define the notion of convergence of (¢, L)-stable twisted holomorphic maps.
Some part of this long definition is exactly the same as the corresponding part in [39, Subsection
7.4], for which we don’t give full details for simplicity.

Let the following be a sequence of (¢, L)-stable twisted holomorphic maps

{Cu = ((Cua Xy U Zu)y (PU7 Ay, ¢u)7 Gu, {7;7“’})}u€N .
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Let C = ((C,xUz),(P,A,¢),G,{Ty}) be a (c, L)-stable twisted holomorphic map. We say that the
isomorphism classes [C,,] converge to [C], if one can write N = U; U- - - U, in such a way that for each
J, the sequence {[Cy/]}weu,; converges strictly to [C]. While a sequence {[C,]} converges strictly
to [C] means the following:

e There is a (C,x U z)-admissible complex structure J,,, smoothing parameters §, = {0, } and

a continuous map

which can be written as &, = £/, o< where 7° : C,, — CU is a collapsing map which collapses some
of the unstable connecting bubbles and &/, : C — C(Jy, d,) is a biholomorphism of nodal curves.

e We assume that for each node w € C, either all §, ,, vanish or none of them vanishes (this is
why we call this notion strict convergence). In the first case we say that w is an old node and in
the second case we say that w is a new node.

e We require that each old interior node w of C' and old boundary node w” of type 2 of C, there
are index sets B,, and B, indepdent of u, such that there are collections of unstable connecting
bubbles {Oy.p,w}veB, and {Oypwtben,, which are those bubbles that m(° collapses. Also, m(°
collapses a disk at w” for all u, or doesn’t collapse a disk at w” for any wu.

e Given the previous data, the pair (P, A,) on C,, naturally induces a pair, which we still denote
by (P., A,), on the curve CY. For any exhaustion K3 C -+ C K; C -+ of the smooth locus of C'\ z
by compact subsets, any choice of conformal metric h on C, the following convergence properties
are satisfied as u — co. (For each K; in this sequence, the set ¢, (K;) C CY are identified for u
sufficiently large.)

(1) Convergence of the marked curves. The admissible complex structure J,, converges to
J in the C*°-topology on each compact subset K; C C; for each node w, lim, oy, = 0; the
sequence of marked point sets x,, U z,, converges to x U z.

(2) Convergence of the connections and sections away from nodes and interior
marked points. For each K; and any big enough u (so that the inclusion tg, : K; — C(Jy, dy) is

defined) there exists an isomorphism of principal bundles

*
put t Pli, = v, Pu

such that pj, ;tj, A, converges to A and pj, 15, v converges to ¢ on K; in C*°. This implies that

the limit holonomy of A, around each interior marked point converges to that of A. We can assume
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that if [ < ', then

Pu,l = Pu,l’|K,

and we will write p,, instead of p,,; in the following. We can also assume that for an old boundary
node w of type 1, with preimages y,%’ in C’, the isomorphisms p,,; can be extended over y and ¥/,
for any wu.

(3) Convergence near the interior marked points. For each interior marked point z,, € z,
with lim z,, — z € 2, take D(z,,¢€)* C C,, the punctured disk centered at z,, of radius € and D(z, €)*,
identify biholomorphically D(z,,€)* ~ Rx>ox S! =~ D(z, €)*. For each 7 > 0 define N7 = [r,00) x S,
then we have

lim (lim sup diamg: ¢, (NZT)) =0.
T—r 00

U—00
int

(4) Convergence near the new interior nodes. Take some new interior node w € w'™,

define for each 7 > 0 and big enough u the truncation of the neck Ny, (dyw)
NT(w) = [In|6y| —Ine+7,Ine — 7] x ST C Ny (u0) = [In |00 — Ine, Ine] x S*.

The condition for the behavior of the sequence near the new node w is the same as item (4) in the
definition in [39, Subsection 7.4].
(5) Convergence near the new boundary nodes of type 1. Take such a node w’ € C, and

define for each 7 the truncation for big enough u

€

NI (w') = [ln <|5uw/|> +7,lne— T:| X [0,7] C Ny (Ouur) = [ln <6u’w/|) ,lne] x [0, 7].
€

-Limit behavior of the gluing data. Let y, 4y’ be the preimages of w’ in the normalization of C' and
for any small enough €, let Cy ,Cy . be the semi-circles of radius e centered at y,y’ respectively.
Let P, (resp. P, ) be the restriction of P to Cy. (resp. Cy ) and let ¢ : P, x [0,7] = P,
and ¢, : Py x [0,7] = P, . be the isomorphisms given by radial parallel transport. We can assume
that for big enough u there are 7, ., 7, . € R and identifications Cy c ~ {7,.} x [0,7] C N, and

Cyre = {7} .} x [0,7], such that

0,7] —2%% Cye = {Tue} x [0,7] —22— [0, 7]
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is the identity map and the corresponding map for 3’ coincides with r : § — 7 — 6. We define
P,y as the restriction of P, to Cy . and define similarly P, , .. Parallel transport along lines
[Tue, T o] % [0,7] C N, using the connection A, gives an isomorphism of bundles gy v e : Puye —

u,€

P, . Hence we have a diagram which may not be commutative:

P,x[0,71] —<— P, —2— P,,.

G’ Xrl lgu,w’,e

’
te Pu
Py x [0,7] > Py e > Puy e,

where g, is the gluing data at w given by G. Define v, v () : Py — P, to be the restriction of
(L) o pyt 0 Guwr . 0 puote to Py x {0} and take any distance function d on Iso(P,, P,/), we required

€

that

lim <lim sup d(gu © 7, vu,wf,e(Q))) =0
e—0 U—00
for all § € [0, 7] and some ~ in the stablizer of p(w’) € L.

-Limit behavior of the section. We require that
lim (lim sup diamg1 ¢, (N;(w’))) =0. (2.12)
T—00 U—00

(6) Convergence near the new boundary nodes of type 2. If w” is a boundary node of type
2in C, then Ny (8y,) is conformal to the long cylinder N, = [0,2Ine—1In [d,,~|] x ST = [0,7,] x S*.
Then trivialize P, over N, with respect to which A, is in balance temporal gauge, and the pair
(Ay, ) can be viewed as a pair (ay, ¢,) with a,, a 1-form and ¢, : N, — X. The following must
hold:

-Limit behavior of the connection. Choose appropriately the balanced temporal gauge for all u,
the restriction of a, to {0} x ST C N, is equal to (A + A, )df, for X\ independent of u and A, — 0.
Also, the limit holonomy of A around w is equal to e*?™*.

- Limit behavior of the section. The trivialization of P, on N,, which puts A, in balanced temporal

gauge, induces a trivialization of P, = S! x S'. Then the section T,, becomes a map T : S* — T (X).

Denote N7 = ST x S1 = 10,7, — 7] x S1. We require that for any 6 € S*,

i, (Hmsup diga (94(ST % (9)).7(6))) =0

T—00 U—00
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and either

lim <lim sup d(,(0,6),b(T(0))) + d(@(r — T, 0), e(T(H)))> =

T—=00 \ u—oo

or the same formula holds switching b and e (in one case i, is positive for large v and in the other
case i)\, is negative for large u).
-Limit behavior of the energy density. We have

Jimtimsup da, ull e vg) =0

(7) Convergence near the old interior nodes. We require for each old interior node w € C
the same condition as in the condition (5) or (6) (depending on whether w is a connecting or tree
node) in the definition of convergence of ¢-STHM in [39, Section 7.4].

(8) Convergence near the old boundary nodes of type 1. If a boundary node w’ € C is
of type 1, we require the following conditions to hold:

-Limit behavior of the gluing data. Since the isomorphism p,; can be extended over y and ¥/,
which are the preimages of w’ in the normalization C , the gluing data of P, over w’ can be viewed
as an element of Iso(Py, P,). We require that the sequence converges to that of the gluing data of
P at w’ modulo the stablizer of ¢(y).

-Limit behavior of the connection and the section. Let y and 3’ be the preimages of w in the
normalization C’. Then they can be identified with the the preimages of w in the normalization
of Cy, for every u. Take U, (resp. Uy ) a small neighborhood of y (resp. y’) in the normalization
C’. Then it can be identified with a small neighborhood of y (resp. y’) in C}. We require that the
connections and the sections converges on Uy and U, both in C*-topology.

(9) Convergence near the old boundary nodes of type 2. If a boundary node w” € C is
of type 2, then it must be a connecting node. Let B,,» = {b1,...,bq—1} be the index set of vanishing
bubbles over w”’. Denote O; = Ou,p, and assume that Og_1 contains a boundary component of C,.
Og4—1 might be sphere with a boundary node of type 2, in which case we denote yj,yg» to be the
nodes on O; with y; on the side of boundary; or Ogq_ is a disk bubble, in which case we denote
Yj y;. to be the node on O; for j < d — 1. Then we require the following conditions to hold (note
that in this case we don’t have requirement on the gluing data, and the following holds either 7¢°
collapses a disk at w” or not):

-The vanishing bubbles do vanish. For each b; € By, the energy ||da, ¢u||L2(O,-) converges to 0.
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-Limit behavior of the connections. The covariant derivative d4, can be written as d + a,, where
oy, is in temporal gauge in N, and there is some A, € iR such that lim;_, 0¢u|Ny0 (t,6) = Audf. And
Ay — A as u — 0o, where \ is a logarithm of the limit holonomy of A around w. Finally, if B, # 0,
then A\ € A" and for large u we have A, ¢ A,

-Limit behavior of the sections. We distinguish two cases.

1. Suppose that A, is generic for big enough u. Then there is a collection of equivariant and

covariantly constant maps (with respect to the limit connection A, on Py )
7;1,//’0, ceey 7;,//7(1,1 : Py — T(X),

such that T, = U?;&ﬂ,ud and the following holds.

We have trivialization ¢, 7 @ Py — S1 x 81 such that the diagram commutes

rhu
Pu N ” Pu,w"

P
Tu,w,,l J/tu,w//

Ny xS —— gl x st

where 7, is the given trivialization of P, and the bottom map is the projection: N, x S ~

R>o x S' x ST — S' x S, Under the trivialization 7.7

"
W'

we can view @, on N~ as a map
¢u,w” : Ny — X. Now let

Tu,w//7€(9) = 7;1}//70 O lLe O p;l 0] Lu,e o t_l (9, 1)

u,w’’

be amap T}, e St — T(X). Here ty,c and ¢, are bundle maps defined by parallel transports,
and p, : P — P, is the isomorphism on smooth locus. We require that for any § € S*, we

have

lim lim sup (lim SUp dH quss (Pu,w (S, X {0})7Tu,w”,e(9))) =0.

=0 700 u

On the other hand, the energy of vanishing bubbles converges to 0 hence each vanishing

bubble shrink to a map 7% : P, , = — T(X) for j = 1,...,d — 1. More precisely, we define

u,Yj

the isomorphism of bundles
— / -1 Ny 2) p’
Yu,je = Gu,j © O gu,l O Gu,1 © [’u,e O Py O le & Lyt — w,j°

Here g,; : P,

oY1 — Py, is the canonical

— Py, is the gluing data, and Guj Py
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transport on the bubble O, ; we defined in Section 2.7.1. We require that for each j and
D € Py,
i (15 0 (77 05 0). T ) ) = 0

e—0 U—00

2. Suppose that A, = X € A, for big enough u. Then there is no vanishing bubble. And we have

equivariant maps Ty, © Py — T(X). We require first that

T—00 U—> 00

lim (Hm sup diamg1 ¢, (NUTJN)> =0.

Let Ty @ Py — T(X) be the chain of gradient segments of the limit C. We require that for
any p € P, we have

At (hm sup d (7;7“1” © L;i O Pu © Lzl(p), T (p))) =0
e—0 )

uU—r 00

Here ¢ is the isomorphism between P, and P, . given by parallel transport with respect
to A and ¢, is the isomorphism between P, ,,» and P, ,~ . given by parallel transport with

respect to A,. p, is the isomorphism between P, . and P, 7 .

(10) Limit behavior of the energy density. We have

dim Timsup f[d, dull Lo 7, = 0

2.9 Compactness

We will prove the following theorem in this section.

Theorem 2.9.1. Let g,h,n be nonnegative integers and m be a nonnegative vector such that
(g,h,n,m) 1s in the stable domain. Let K > 0 be any positive real number and let ¢ € iR. Let
{C.} be a sequence of (¢, L)-STHM’s, of genus g, with h boundary components and (n,m)-marked,
satisfying YMH(C,) < K. Then there is a subsequence {Cuj} such that the sequence of isomor-

phism classes {[Cu]]} converges to [C] for a c-stable twisted holomorphic maps with boundary.

The remaining of this section is devoted to its proof. The strategy of the proof is very much in
parallel with that of the proof of [39, Theorem 8.1]. In the following, we will take subsequences of
the original sequence of (¢, L)-STHM’s many but finite times, and still index the subsequences by

the same symbols. The situations near interior marked points and interior nodes are covered in the
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proof of [39, Theorem 8.1], so we omit many details in the corresponding steps.

2.9.1 Getting the first limit curve

Let (Cy,x, U z) be the prestable curve underlying C,,. By Theorem 2.7.1, the number of bubbles of
each C,, is uniformly bounded so we can assume (by taking a subsequence) that all curves (C,,, x,,Uz,,)
have the same combinatorial type (including the topological type of C, and the distribution of
marked points into different components).

We want to add new marked points (as few as possible, in some sense) such that the prestable
curve becomes stable. Let x) C C, be a list of boundary points such that: 1) x¥ is disjoint from
boundary nodes and x,,; 2) every component of (C,,, x,,Ux% Uz, ), which has at least a circle boundary
component, is stable; 3) x% has as few elements as possible, for each u. Then let z2 C C, be a list
of interior points such that: 1) z is disjoint from interior nodes and z,; 2) (Cy,x, Ux% Uz, Uz))
is stable; 3) 20 has as few elements as possible, for each u. Denote x/, = x,, Ux? and z!, = z, Uz).
The each element in the new sequence (C,,,x), Uz, ) has the same combinatorial type.

Then by taking a subsequence, we can assume that the isomorphism class of (C,,x], U z!,) con-
verges to the isomorphism class of a stable curve (C’,x' Uz') in ﬂgﬁ)mm and we can assume that
the set x’ (resp. z’) contains the limit x (resp. z) of the sequence x,, (resp. z,). We call points in
x (resp. z) original boundary (resp. interior) marked points. In the following, the lists of

marked points x/, and z/, may increase, and the limit curve C' may change accordingly.

2.9.2 Adding tree bubbles, the first step

We will proceed as in [39, Section 8.3]. Take an exhaustion K7 C Ky C -+ of the smooth locus of
C’\ x Uz by compact subsets. And for each K = K in the sequence, since (C\,x}, U z!) converges

to (C',x" Uz"), we can assume that there is a canonical inclusion
LKt K—C,

with image K,. We will do the following operations inductively from [ = 1.

o If supy |da,pu| is bounded as u — oo, then we do nothing. We call this situation that no
tree bubble appears in K;.

o If supy |da, pu| = su is not bounded, then pick for each u a point z; € K, such that |da, ¢u|
attains its maximum at z!. By passing to a subsequence, there are two possibilities, according to

which we will proceed differently.
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1

-

Case A. lim, . 2} lies in the interior of C’. Then pick an 22 € C, at distance s, from z
Set z!! =z, U {zl,22} and x| = x,.

Case B. lim,_,, 2. = 2! € dC’. Then take a holomorphic local coordinate f : U,1 — D(¢) C H
such that f(z') = 0. There are two subcases (the division into the following two cases is independent
of the choice of the local coordinate): a). lim,_o (s“Imzl) = co. Then take zZ in the interior of
C, with distance s;! from z.. Take z/] =z, U{z},22} and x| = x/;; b). lim,_ (s"Imz}) < oc.
Take z1 = f~! (Ref(z})) and z2 € 9C,, with distance s;* from z]. Take x/, = x/, U {z},22} and
z! =zl

In any case, we get a new sequence of stable curves (C, %/l Uz!'). By taking a subsequence, we
can assume that the sequence converges to a stable curve (C”,x” Uz"”). In Case A, C" is the union
of C" with a sphere bubble B connected at a new interior node zg = lim, s zllt € K, the two point

set {zl,22} converges to two new marked points on B; in Case B-a), C” is the union of C’ with a

sphere bubble B and a disk bubble D, where D is connected to C’ through 2y = lim,_,sc z}L € K and

B is connected to B through some z;, the two point set {2, 22} converges to two new marked points

w Zu
on B; in Case B-b), C" is the union of C’ with a disk bubble D, connected at zg = lim, . 2} € K,
and the two point set {zl, 22} converges to two boundary marked points on D.?

In any case, we can prove as in [39] that the triple induced on B (in Case A and Case B-a) or
on D (in Case B-b)) has positive energy and hence at least ex.

We call this situation that a nontrivial tree bubble appears in Kj.

The induction process is, if no tree bubble appears in Kj, then we go to K;;1; if a nontrivial

tree bubble appears in Kj, then we replace (C',x, Uz,) by (C”,x!! Uz!), and modify Ky, K>, ...,

as follows, and start the process again from the modified K;.

e Choose a descending sequence ¢; — 0. For any y € C’, let B(y,¢;) C C’ be the open ball

centered at y of radius ¢;.
e In Case A, replace K; by (K; U B) \ B(zo,¢;);
e in Case B-a), replace K; by (K; UD U B) \ B(z1,¢€);

e in Case B-b), replace K; by (K; U D)\ B(zo,€;).

This induction process must stops at finite times, which means the following. We have added

finitely many marked points on (C!,, x!, Uz! ) in the same pattern for all u, such that the new sequence

2There is a special case, i.e., if 2} coincides with some newly added marked point subsection 2.9.1, or converges to
some new marked points in 2.9.1. But we can choose the new marked points wisely to avoid this happen.
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of stable marked curves has a subsequence (still denoted by the same symbols) converging to some
stable curve (C",x" Uz"), such that for any compact subset K of the smooth locus of C” \ x" Uz",

which is identified with K,, C CJ,, we have

lim supsup |da, u| < o0.
Ky

U—»00

Or in other words, no tree bubble appears in K for all [.
We replace C’ by C”, x!, by x!/, z!, by 7!/, x’ by x"" and z’ by z”. We can still distinguish original

marked points from the new marked points.

2.9.3 Adding tree bubbles, the second step
Bubbling off at new boundary nodes of type 1

We first consider boundary nodes. If w’ € C’ is a new boundary node of type 1. Then there is a long
Strip Ny o = [In |0y w| —Ine Ine] x [0, 7] =: [pu, qu] X [0, 7] which can be identified with a subset of

C, for each u. Denote N := [p, + 7,q, — 7] x [0, 7]. Suppose that

i sup (i sup [, 20l ) ) = o0

T—00 U— 00

where we also use the standard cylindrical metric. Then we can pick z! € N, such that
d(zL {pu, qu} x [0,7]) = o0, 5, = ‘dAugou(z}L)’ — 00

and s,, is equal to the supreme of |da, ¢,| over the disk centered at z! of radius 1. We distinguish

the following cases (by taking subsequences):

1. limy, o0 Sud(2L,ON,) = 0co. Then take z2 lying in the interior of N, with distance s;;* to 2}
and z/, =z, U {z},22} and x| = x/,;
2. limy o0 8u,d(2L,0N,) < co. Suppose z. = (ay,0,). We can assume that 6, — 0(0, — 7 is

similar). Then take x. = (a,,0) and 22 = (a, + s;1,0); set x = x/, U{zl 22} and z!! = Z/,.

In any case, a subsequence of the curves C,, with the new set of marked points will converge to
some stable curve C”. In the first case, C”" containes a sphere tree bubble on which the limit of

{2}, 22} are attached.
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In the second case, C” is the union of C’ with two disk bubbles, one of which is connecting and
one of which is a tree bubble; the tree bubble has two boundary marked points which are limits of
xl and 22.

Each of the tree bubble in the two cases contributes > ex to the total energy. So if we update
the set of marked points as what we did before and repeat the process, then we must stop at finite

times.

Bubbling off at old boundary nodes of type 1 and original boundary marked points

This case is much similar to the previous one. The only difference is that instead of having a strip

of finite length, we will have a semiinfinite strip [0, c0) x [0, 7].

Bubbling off at new boundary nodes of type 2

Now consider new boundary nodes of type 2. Let w” € C’ be such a node. Then the “neck” of w” in
C, is a cylinder conformal to N, ,» = [0,7,] x S* with r, — co and S(u) = {r,} x S* the boundary

circle that shrink to w”. For each 7 > 0, denote N7 := N7

wwn = [T 7] x S'. Assume that

lim sup (hm supsup |da, u |> = 0.

T—00 u—oo N,

Then, we can take a sequence of points z! = (t,,0,) € N,, such that t, — oo and s, =

|da, pu(zy)| = 00 as u — oo. By taking a subsequence, we consider the following two cases:

1. If limy 00 84 (74 —ty) = 00, then take another sequence of points 22 € N, such that d(z,, 22) =

-1 "o 1,2 V/A—
s, b, oset zlh = 2!, U{z,, 2.} and X/ = x,.

2. If limy o0 8y (70 — t) < 00, then take another sequence of points z} = (ry,0,), 22 = (ry, 0, +

syt) € S(u). Set z!! =z!, and x! = x), U {zl, 22}

Then the new sequence of curves (C,,, X/, Uz!") will subsequentially converge to some stable curve
(C",x" Uz"): in the first case, C’ will contain a sphere bubble on which the limits of z} and 22 are
attached (see Figure 2.2); in the second case, C' will contain a disk bubble on which the limits of

ziand z2 are attached, and a disk connecting bubble (see Figure 2.3).

Bubbling off at old boundary nodes of type 2

Let w” € C’ be an old boundary node of type 2. Bubbling off at w” is the same as the bubbling off

at original interior marked points which was treated in [39, Subsection 8.4].
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Figure 2.2: Limit curves when bubbling-off a sphere at a new type-2 boundary node, three different
cases

Figure 2.3: Limit curve when bubbling-off a disk bubble at a new type-2 boundary node

Tree bubbles, summary

There can still be tree bubbles which arises near old interior nodes, original interior marked points
and new interior nodes. But they can be treated in the same way as in [39, Subsection 8.4] and we
omit this part.

We now summarize what we have done after all the steps in this subsection. We can modify
the exhausting sequence of compact subsets and repeat the process in Section 2.9.2. Then all these
stop after finite times and we have found every possible tree bubble. This means the: by taking a
subsequence and adding new marked points, we get a new sequence of stable curves (Cy,x, U2,),

which converges to (C,x U z). We have

1. For each compact subset K C C'\ x Uz Uw, which is identified with a compact subset of each
Cy, we have

limsup [[da, oull oo () < o0
uU—r 00
Here the norm is taken with respect to the conformal metric on K.

2. Let {K;}i>1 exhaust C'\xUzUw. The complement of K; in C), is a union of “cylindrical-like”

pieces, which is denoted by N, ;. Then we have that

lim sup <limsup lda,eull o, l)> < o0.
U—+00 ’

l—o0
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Here the norm is taken with respect to the cylindrical metric.

2.9.4 Connecting bubbles appear

The matching conditions at various types of nodes are fulfilled only when the energy densities at the
neck regions are very small. The bubbling-off of tree bubbles cannot guarentee this condition so we

have to find more connecting bubbles.

At interior nodes

For each new interior node w € C’, we do the same operation as in [39, Subsection 8.5]. Let’s just
briefly explain what happens.

Let N, be the neck associated to the new node w. Its conformal length goes to infinity as u — oo,
and we use d to denote the distance function for the cylindrical metric on N,,. For € smaller than the
€1 in [39, Theorem 4.1] and € in [39, Theorem 4.3], we define an e-bubbling list to be a sequence

of lists {(z{,...,2")}, which satisfies
L.z} € Ny;

2. for each i # j, d(z}, 2}') — oo and d(2}, ON,) — 00 as u — o0;

3. for each j, liminf, |dAugpu(zJ”)} > e
Then we can prove the following lemma:

Lemma 2.9.2. [39, Lemma 8.2] There is a constant k, > 0 depending only on X, w, I, such that if

{(zf,..., 21}, is an e-bubbling list, then r < kpsup, YMH(Cy).

Then for each new interior node w € C’, we take an e-bubbling list of maximal length. If the
list is empty, then we do nothing. Otherwise, add to the marked point sets z!, the points 2%, ..., z%.
Passing to a subsequence, we may assume that the new sequence of stable curves converges to some
stable curve (C”,x” Uz"), by which we replace (C/,x' Uz').

We do a similar process for each old interior node, each old boundary node of type 2, and each

original interior marked point of C’.

At type-1 boundary nodes

Now we consider new boundary nodes of type 1. Let w € C’ be such a node. Ny, := [pu, qu] X [0, 7]

be the corresponding neck in C,. We assume that N, is contained in a principal component of
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(Cy, %y Uzy). Let the volume form on N, be f,dt A df. Then for any | > 0, there is a constant x;
independent of u such that

V! fu(2)| < mie™ min{t—pu,qu—t}

Take any trivialization of P, over N,, and write da, = d + a,,. Since (ay,, ¢,,) satisfies the vortex
equation, we have

dow, = fulc— p(by))dt A db.

Let € > 0 be smaller than the €5 in Corollary 2.5.11. We define an e-bubbling list to be a

sequence of lists {(y},...,y%)}, satisfying
L. y* € N, and min {d(y}, {p.} x [0,7]),d(z¥, {gu} x [0,7])} — o0 as u — oo;
2. for each i # j, d(y;',y}') — 00 as u — oo;
3. for each j we have liminf, ’d%qbu(y;)’ > e

Lemma 2.9.3. There is some constant kq > 0 depending only on X, w and I, such that for any

e-bubbling list {(y¥,...,y")}, r < KpY MH(Cy).

Proof. We can claim that there exists § > 0 such that if (a,¢) : S — X is a twisted holomorphic

pair from the unit square S to X with , then

lallwsacs) <3, lldadllzqs) < 6 = Idadlpms) < e

If the claim is not true, then there exists a sequence of pairs (a;, ¢;) : S — X such that [lo; |5, — 0,

Hday ?; HL2 — 0 with Hdaj ?; > e. By [39, Lemma 3.4], passing to a subsequence, ¢; converges to

I
some ¢ : S — X in W?P-topology. Hence ||d¢||r2 = 0, i.e. d¢ = 0. But dy,¢; — d¢ in C°-topology,
this contradicts with Hd%‘ ¥ HLOO > €.

Now suppose that {(y¥,...,y%)}, is an e-bubbling list and let SJ C N, be a unit square that
contains y;'. It follows from the definition of e-bubbling lists that for u big enough, SJ are pairwise

disjoint. We then can deduce that [lovy|yys, (g5 — O for each j. Then by the previous claim, we

must have ||d,, Pull 257y = 0. Hence kg = 571 is qualified for this lemma. O

Then let {(y{,...,y")}, be an e-bubbling list of maximal length. If the list is empty, then we
do nothing. If not, suppose yi = (af,0}) and set x!=x! U {x? =(a},0)[1 <j < r}. Passing

to a subsequence, we may assume that the sequence (C, %/ Uz, ) converges to some stable curve
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(C",x" UzZ'). The curve C” obtained from C’ by adding a sequence of disk connecting bubbles at

w (see Figure 2.4).

[

N AN

Figure 2.4: An e-bubbling list at a new type-1 boundary node

We repeat this process for each new boundary node of type 1, and do a similar operation to each
old boundary nodeof type 1. Finally, we do a similar operation to each original boundary marked

point.

At type-2 boundary nodes

Let w” be a new boundary node of type 2 and N, = [0,7,] x S be the corresponding neck in C,,.
Let (au, ¢u) be the corresponding twisted pair of (A,, ¢, ) under some local trivialization. We define

an e-bubbling list to be a sequence of lists {(z}, ..., 2z¥)}, such that

L oz} = (t}ﬂ&;‘) € Ny, t} <ty <... <ty and lim, o0t} = 00;

2. for each i # j, t}! —t — o0;
3. for each j we have liminf, o0 |da, ¢u(z})] > €.

In the same way, we have a uniform upper bound of the number r for an e-bubbling list at any
new boundary node of type 2.

Now let {(z},...,2%)}s be an e-bubbling list of maximal length. If » = 0, then we do nothing.
Otherwise, we distinguish two cases (by taking a subsequence).

o lim, ,oo 7y, — t¥ = oo. Then we take two points mfﬂ,xﬁ;l € {r.} x 8! C N, such that
d(xy, 1, x‘,fjrl) = 1. Then add to the marked point set z/, the points z},...,z* and add to x/, the
points x*, ¢, x?/ﬂ Then a subsequence of the new sequence of stable curves converges to some stable
curve (C”,z"” Ux"), which looks like Figure 2.5.

o limy o0 7y — 1% < 00. Then take 2% = (ry,0") € N, and 2 = (r,,,0%+1). Add to the marked
point set z!, the points z¥, ...,z ; and add to x/, the points a?"r‘,x',‘f/. Then a subsequence of the

new sequence of stable curves converges to some stable curve (C”,z” Ux"), which looks like Figure

2.6.
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Figure 2.6: An e-bubbling list at a new boundary node with r = 3

2.9.5 Constructing the limit, first part

After all the above process, we obtain a stable curve (C’;x’ Uz'). We have x C x’ (resp. z C 7)
which are the limit x,, (resp. z,). We may assume that for any u, there is a (C’,x U z)-admissible
complex structure I,, and smoothing parameters {d,}, and biholomorphism &, : C,, — C'(Iy, d,).

Moreover, I, converges to I on C’.

Constructing the bundle, the connection and the section

Take a compact set K C C’\ z disjoint from nodes, denote tx,, : K — C'(I,,d,) the canonical

inclusion with image K. Since we have applied the previous processes, we can assume that

supsup [Fy,,
u Ky

< 00, supsup|da, .| < oo.
u Ky

Then standard arguments can be applied to deduce that there is an S'-principal bundle P over the
smooth locus of C’" \ z, a smooth connection A on P, a smooth section of P xg1 X and bundle
isomorphisms px ., : Plx — tj , Pulk,, such that px |k = pxr . for K' C K and pje 05, (Au, u)
converges to (A4, ) in C*(K).

The convergence implies that 944 = 0, and that on each principal components of C’, the pair
(A, ) satisfies the equation

AFs+ p(p) =c,
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where ) is the canonical volume form on (C®t,x% U zt). It follows that the curvature of A is
bounded (since p is bounded) and hence A is a meromorphic connection. On the other hand, the
restriction of A to each bubble component of C” is flat. Moreover, ||dapl| - is finite.

By the removal of boundary singularity (Theorem 2.3.6), we can assume that the triple (P, A, ¢)
is extended to each pair y and y’, where {y,y’} is the preimage of any boundary node w’ of type 1.

We have to delete the new marked points, which may violate the stability because then there
might be unstable connecting bubbles with zero energy. Let {O} be the collection of those bubbles
in C’ and define C to be the quotient C’/ U Op. The marked point set x U z descends to a list of
points in C via the quotient map. Then (C,x U z) is a prestable curve. This will be the support
of our limit. The triple (P, A, ¢) descends to a triple over (C,x U z), which we denote by the same

symbols.

Constructing the gluing data

The method of constructing gluing data on [39, p. 1165-1166] can be used here to construct gluing
data at new interior nodes and new boundary nodes of type 1. For new interior nodes, it is the same
as in [39]. So we only define the gluing data at new boundary nodes of type 1.

Recall the definition of vy () : P, — Pz;’ which only requires the convergence of the underlying
curve. Let d be a distance function on Iso(P,, P,). By the convergence of the connection, we have

that

lim ( sup  limsup d(Yu,w,e, (9),%1@762(9))) =0.

€20 \0<e;<eg<e u—oco

By Stokes’ theorem, we also have that for 61,02 € [0, 7],

lim (limsup d(Vu,w,e(91),’Yu,w,e(ez))) =0.

e—=0 U—00

Thus there exists a unique isomorphism g,, : P, — P, such that

lim (hm sup d(gw’ '-Yu,w,e(o))) =

e—0 uU—00

for all 6 € [0, 7]. We define the gluing data at the node w to be gy, and the convergence condition

for gluing data at the new node w is automatically satisfied.
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2.9.6 Constructing the limit, second part

We construct chains of gradient segments here. The construction of chains of gradient segments at
interior nodes is given in [39, Section 8.7, 8.8]. Then we only consider the case at type-2 boundary
nodes.

Let w” be such a node of C. If w” is a new node, and let A € iR be the residue of A at w”, with
respect to some trivialization. Then we distinguish two cases:

e A ¢ A... Then the limit orbit of ¢ at w” is in the fixed point set. Let N, = [0,7,] x S* be the

neck which shrink to w” and N7 = [r,7,] x S'. Theorem 2.4.1 implies that

lim (limsupdiamsl(gou(N;))) =0.

T—00 U— 00

Then we can define the chain of gradient segment to be the degenerate one.

e )\ € A.,.. In this case the chain of gradient segments is given essentially by Theorem 2.4.2, 2.4.3
and [39, Theorem 4.5], which is the same as the construction in [39, Section 8.7].

If w” is an old node, then the construction of the chain of gradient segments at w’” is just a
tautology of the definition of the convergence of (¢, L)-STHM’s near old type-2 boundary nodes.

It is easy to check that one end of the chain of gradient segments lies in L, which satisfies our

boundary condition in this case.

2.9.7 The limit is a (¢, L)-STHM

So far we have constructed every ingredient necessary for a (¢, L)-STHM. However, the definitions
of (¢, L)-STHM’s and their convergence are so long that they deserve careful checking. We check in
this subsection that the object we have constructed is indeed a (¢, L)-STHM and the readers can
check themselves that this (¢, L)-STHM is indeed the limit of the subsequence we have chosen.
The first 3 conditions of being a (¢, L)-STHM are automatically satisfied by the limit C. The finite
energy condition and the stability condition are also established when we construct the underlying
curve of C. The condition the the holonomis at interior marked points being critical is covered in

[39).

Monotonicity of chains of gradient segments

The monotonicity states that, for an interior node or type-2 boundary node w € C*?, the chains of

gradient segments connecting the connecting bubbles should be all downward or all upward. In the
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interiod node case, it has a proof in [39, Section 8.7]; in the case of type-2 boundary node, it follows
from a similar estimate. We omit the details.
Stablizer of chains of gradient segments

This condition is also automatically satisfied when the monotone chains of gradient segments appear.

Matching conditions

Among various matching conditions, the only one which is not quite clear is that at boundary nodes
of type 1.

If w" € C is an old boundary node of type 1, then the convergence py 1% . (Au, ¢u) to (A, ¢)
can be extended over the preimages of w’ in the normalization of C. By passing to a subsequence,
we can also assume that the gluing data at w’ converges. Hence the matching condition at w’ is
preserved in the limit.

Now suppose w’ € C' is a new boundary node of type 1. Let y,7’ be its preimages in the

normalization C’. Recall the setting and the diagram

Le P
Py X [0771-} ny- - P“v?/ﬁ

G’ Xrl J{gu,w/,e

L Pu
Py x[0.7] — Py —2s Py

The gluing data at w’ is defined to be the limit

G = lim ( lim 'yu’w/’e(H)) .

e—0 \u—o0

Let ¢y (resp. ¢, ) to be the restriction of ¢ to P, . (resp. P,/ ). We have that for any p € P,

and 6 € [0, 7]
1 d (6, (p). 6y c © 1e(p.6)) = 0 (2.13)
and that limy, o0 @y y.c © pu — Py,.. Moreover,

lim lim sup d (Im¢u,y,e7 Im¢u,y’,6) =0.

=0 y—o0
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Hence for any p € Py, 6 € [0, 7],

d(oy(p), Py (9w (p)))
< d(Py(p); by,e 0 Le(p;0)) + d(dy.e © e(p,0), uy,e © pu © te(p, )
+ d (Puy,e © Pu 0 Le(Ds0); Puy’ e © Gu,ze © Pu © Le(p, )
+ d (uyc © Guze © Pu © te(p, 0), Byrc © Pt © Guze © pu © Le(p, 0))

+d (¢y’,e o qul O Gu,z,e © Pu © le (p, 0)7 ¢y’ © 'Yu,w,e(p7 9)) +d (¢y’ o 'Yu,w,e(pa 9)7 ¢y’ ° Juw (p)> .

Apply limsup,,_,., to the right hand side, one obtains

d(¢y(p), by (9w (p)))

<d (¢y(p)» ¢y,6 o Le(pv 9)) + limsupd (¢y o Le(p, 9)» ¢u,y’,6 O Gu,z,e © Pu © Le(pv ‘9))

U— 00

+limsupd (¢yr e © Py’ © Guoze © Pu © Le(P, 0), By © Vuu,e(p,0))

U—>00

+ limsup d (¢y © Yu,w,e (s 0), ¢y © gu (D))

U—>00

< d(¢y(p)> Gy, © te(p,0)) + d(¢y oic(p,0), Gy (Py',e)) + d(‘by’ (Pyﬂe)’ Oy (Py’)) .

Then let € — 0, we see that ¢, = ¢, 0 g.
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Chapter 3

Morse theory for Lagrange

multipliers and adiabatic limits

3.1 Introduction to this chapter

Hamiltonian Floer homology was invented by Andreas Floer, based on Witten’s viewpoint on Morse
theory [53], to study the fixed points of a Hamiltonian diffeomorphism ¢ on a symplectic mani-
fold (M,w). The Floer theory of a generic Hamiltonian diffeomorphism (or Hamiltonian isotorpy,
Hamiltonian path) can also be viewed as a Morse perturbation of the corresponding Morse-Bott
theory: pseudoholomorphic curves. It is then natural to consider gauged o-model in this setting, by
imposing a generic, G-invariant Hamiltonian perturbation on the symplectic vortex equation. This
was originally proposed in [8].

While it is an ongoing work of the author to develop this theory in full generality, it is interesting
to notice that some special phenomenon of this theory can be viewed in a much simpler model. The
adiabatic limits of the Floer homology group in this theory should coincide with the Floer homology
group of the symplectic quotient at the level ¢ = 0 with the Hamiltonian descended from upstairs.
This will be an analogue of the result in [17]. On the other hand, one may wonder about the limit
in the opposite direction. For example, in the setting of Hamiltonian Gromov-Witten invariants (or
gauged Gromov-Witten invariants), Gonzdlez-Woodward studied this limit in genus zero case (see
21)).

However, since it is an infinite-dimensional and equivariant theory, it is too complicated to see

clearly about the limiting behavior of this theory. Instead, we consider a finite dimensional model
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theory, which still contains a real paramter and the variation of the parameter can give two different

limit theory. This is described as follows.

3.1.1 Basic set-up
The Lagrange multiplier function

Let M be a compact manifold. Suppose f and p are Morse functions on M, and 0 is a regular value

of p. Then we consider the Lagrange multiplier function

F: MxR — R,

(x,m) = flx)+nu(x).

The critical point set of F is

Crit(F) = {(z,n) | p(z) = 0,df (z) + ndp(z) = 0},
and there is a bijection

Crit(F) =~ Crit (flu-1(0))

(z,n) +— T.

We consider the Morse theory of F. Take a Riemannian metric ¢ on M and the standard
Euclidean metric e on R. Denote by g; the product metric g ® e on M x R. Then the gradient

vector field of F with respect to g; is

VF(z,n) = (VI +nViupx).
The differential equation for the negative gradient flow of F is

o'+ Vf(@)+nVu(x) = 0 3.1)

n' + pu(x) = 0.

Let pr = (z4,n+) € Crit(F), and let M(p_,p;) be the moduli space of trajectories of the negative

gradient flow that approach py as t — +oo respectively. Then for generic choice of data (f, i, g),
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this moduli space will be a smooth manifold with dimension

dim M(p_,p;) = index(p_) — index(py) — 1.

When the dimension is zero, we can count the number of elements of the corresponding moduli space

and use the counting to define the Morse-Smale-Witten complex.

Adiabatic limits

We can show that if we rescale the metric on the R-part, by gx := g® A 2e, A € RT we get the same
homology groups, for generic A for which the chain complex is defined. The system (3.1) is replaced

by

o'+ (Vf(@) +nVa(z)) = 0;
'+ () = 0

(3.2)

We then consider the limits of the complex for (F,gx) as A approaches oo and zero. Orbits in the
two limits will be completely different geometric objects, but the counting of them gives the same
homology groups. Indeed, in the limit A — oo, orbits will converge to those of the negative gradient
flow of the pair (f],-1(0),9lu-1(0)) on the hypersurface pu~1(0) C M. This implies that for generic \,
the homology of the chain complex for (F, gy) will be isomorphic to the singular homology of 1 ~*(0).
Hence if the A — 0 limit gives a well-defined chain complex, its homology gives a new perspective

to look at the homology of 1 =1(0).

Sketch of the proof

Let’s fix two critical points p_, ps € CritF, and consider A-trajectories from p_ to po (which are
solutions to (3.2) which are asymptotic to py as t — +o00) for different A. The energy of such any
such trajectory is F(p_) — F(p4+), which is independent of .

For large A, because of the finiteness of energy, one can show that all A-trajectories from p_
to py will be confined a priori in a small neighborhood of ;=1(0) x R. In fact, we show that
these orbits will be close to the orbits of the negative gradient flow of f|,-1(p). This gives the
correspondence between the Morse-Smale-Witten chain complex for (F,gy) for large A, and the
complex for (f|u—1(o),g\u_1(0)).

On the other hand, when A — 0, trajectories from p_ to p4 will converge to some “singular”

trajectory. This part of the story is a typical example of fast-slow systems studied in geometric

76



singular perturbation theory. There is only one slow variable, . We will show that for index (p_, F)—
index (p4, F) = 1, if A > 0 is small enough, then near each singular trajectory from p_ to py, there
exists a unique A-trajectory from p_ to p4. This gives a correspondence between the Morse-Smale-
Witten chain complex of (F,gy) for A small, and a complex defined by counting those singular
trajectories.

The method we use for the A — 0 limit is similar to the one used in [2]. However, in [2], the slow
manifolds are normally hyperbolic, so one can use the classical Exchange Lemma [26]. On the other
hand, one cannot avoid the existence of points on the slow manifold where normal hyperbolicity is
lost. To overcome this difficulty, one needs a more general exchange lemma, which is provided in
[45]. In Appendix A.1 we review facts from geometric singular perturbation theory that are used

here.

3.1.2 Organization of this chapter

In Section 3.2, we review basic facts about the Morse-Smale-Witten complex, and we construct this
complex C'M* for the function F and the metric gy.

In Section 3.3, we consider the large-scale limit A — oo of our theory. We prove a compactness
theorem which shows that for A large, all A-trajectories are close to a negative gradient flow trajectory
of the restriction (f,g) := (f|,,1(0),g|ufl(o)), and a “gluing” theorem, which shows that the moduli
space of A-trajectories is homeomorphic to the moduli space of negative gradient flow trajectories of
the restricted pair (f, 7).

In Section 3.4 and Section 3.5, we consider the small-scale limit A — 0 of our theory. We also
prove a pair of theorems in this case similar to what we have done in Section 3.3. The situation is
much more complicated: the limiting trajectories will be singular, and the method we used to prove
the gluing theorem is by applying Schecter’s General Exchange Lemma.

In Section 3.6, we sketch various wall-crossing phenomena of the complex C° when adding to

a constant ¢, to recover some elementary facts about Morse theory.

3.1.3 Conventions

We shall always assume that M, f, 4 and g are C*°. A property will be called generic if it is true on
a countable intersection of open dense sets in the Fréchet space of C'*° functions. We will claim that
generic data satisfy many nice properties which we will use, but we don’t bother ourself in proving

these statements. In fact, they can be proved for generic C*-data for some finite integer k.
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All chain complexes will be chain complexes of Zs-modules, hence no orientation issues will be
considered. We shall use the notation Ry = (0,00), Z1 = {n € Z | n > 0}, and we use index(p, f)
to denote the Morse index for p as a critical point of f. We denote by Crit(f) the critical point set
of any smooth function f.

We use the symbols with a bar, as f, § to denote the restriction of f, ¢ to the hypersurface

1= 1(0).

3.2 Morse homology and Morse-Smale-Witten complex of
(F,90)

3.2.1 Morse homology

For the topological aspects of Morse theory, there is the classical book [35]. Here we will adopt the
viewpoint of Witten [53], which is by now standard.

Let M be a smooth manifold without boundary. A smooth function f : M — R is a Morse
function if its differential df is a transverse section of the cotangent bundle T M. This implies that
the critical points of f are discrete, and by the Morse lemma near each p € Crit(f), there exists a

local coordinate chart (z1,...,2,) such that

p

fl@)=fp) = a7+ > .

i=1 i=ky+1

The integer k), is well-defined and is called the Morse index of the critical point p. We denote this

as
index (p, f) = k, € Z+.,

and we denote the set of critical points of f of index k by Crity(f) Now for any complete Riemannian
metric g on M, the gradient vector field V f is the dual of the 1-form df. We denote by ¢ : M — M

the flow of =V f. For each p € Crit(f), the unstable and stable manifolds are defined by

W) = {o e Ml tm o) =), W)= oMl o) =]
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and
dim W*(p) = index (p, f), dim W?*(p) = n — index (p, f).

The pair (f,g) is called Morse-Smale if for any two critical points p, g, W*(p) and W*(q) intersect
transversely in M. This condition condition holds for generic (f,g) (see for example, [47]). For
p # g, there is a free R-action on W*(p) N W*#(q) by time translation along the flow.

Then we define the Morse-Smale- Witten chain complex of Zs-modules for a Morse-Smale pair

(f.9)

CM(f,9) = (CM.,d), CM,= P  Zs(p),
p€ECrity (f)

where 0 : CM}, — CMy_4 is given by

Op = Z Npg ¢ Npg =F [(W*(p) NW?3(q))/R] € Zs. (3.3)

q€Crity_1(f)
One can show that # [(W"(p) N W*(q))/R] is finite and 09 = 0 (under the Palais-Smale condition
on f, see [47]), hence CM(f, g) is a chain complex. Its homology group is called the Morse homology
of (f,g) with Zs-coefficients, denoted by HM.(f,g;Z2). In the case where M is compact, this
homology is independent of the choice of Morse-Smale pair (f, g) and is actually isomorphic to the

singular homology of M.

3.2.2 Morse homology and the analytic setting
The book [47] give a comprehensive treatment of the analytical perspective on finite-dimensional
Morse theory. Here we give a brief review.

Let p and g be two critical points of f, and consider the nonlinear ODE with asymptotic condition

2 +Vf(z)=0,  Jim z(t) =p, lim z(t) =q. (3.4)

t—+oo

The space of solutions to this boundary value problem can be identified with W*(p) N W*(q) by
identifying the solution z(t) with the point z(0).
Indeed, the space of solutions to such a boundary value problem can be viewed as a finite-

dimensional submanifold of an infinite-dimensional Banach manifold. We consider the Banach man-
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ifold B of those W,>” maps z : R — M for which there exists T > 0 such that for ¢ € [T, +o0)
(respectively ¢ € (—oo, —TY), d(x(t),q) (respectively d(z(t),p)) is less than the injectivity radius of
(M, g) and exp, ' (x(t)) € W2 ([T, +00), T,M) (respectively exp,*(z(t)) € W2 ((—o0, =T, T, M).
There is a Banach space bundle & — B whose fibre over x : R — M is L? (R,z*TM). There is a

smooth section

S: B — &

z = ' +Vf(z)

whose zero locus is exactly the moduli space Mv(p, q) ~ W% (p) N W*(q), the space of solutions to
(3.4). This is a Fredholm section, which means that the linearization of S at each x € S~1(0), which

is given by

Vo ViV 4 V(YY)

is a Fredholm operator with Fredholm index equal to index (p) — index (q).

In order ensure that M (p, q) is a smooth manifold, we need that the linearization of S is surjective
along S71(0). In this case, we say that //\/lv(p, q) = 871(0) is transverse. This condition is equivalent
to transversality of W*(p) and W*(q).

Mv(p, q) has a free R-action by time translation, so we can define M(p, q) = Mv(p, q)/R, the space
of orbits from p to ¢. The compactness of M(p, q) is an issue, especially when M is noncompact. A

control on the behavior of a solution x : R — M is its energy

E(x) = / IV F () dt = f(p) — f(a),

which only depends on the values of f at p and ¢q. The energy is essential for many useful es-
timates. An assumption used to yield compactness is the Palais-Smale condition on f (which is
automatic when M is compact): any sequence x; € M for which f(z;) is uniformly bounded and
[V f(x;)] — 0 has a convergent subsequence. Under the transversality and Palais-Smale assump-
tions, if index(q, f) = index (p, f) — 1, then M(p, q) is finite; if index (g, f) = index (p, f) — 2, then
M(p, q) can be compactified to be a smooth one-dimensional manifold with boundary; the boundary
points correspond to the broken orbits from p to ¢ that pass through another critical point r with

index (r, f) = index (p, f) — 1. These two facts imply that the boundary operator (3.3) is well-defined
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and 0o 0 = 0.

3.2.3 The Morse-Smale-Witten complex of (F,g,)

For the pair (F,gy) defined in Section 3.1, some modifications to the construction of the Morse-

Smale-Witten complex are required. We shall assume
(A1) M is a compact manifold.

(A2) f and p are Morse functions on M.

(A3) 0 is a regular value of y and f[,-1(y is Morse.

The metric g on M and the Morse function p satisfying (A3) are arbitrary and fixed. We shall
make further assumptions, always denoted (Ak), that are true for generic f. Alternatively, we could
fix the Morse functions f; the assumptions are then true for generic (u, g).

In each of our results, we shall assume without comment that all assumptions (Ak) made up to

that point hold.

Lemma 3.2.1. Under the assumption (A3), the Lagrange multiplier F is a Morse function on

M xR and for any p = (x,,1,) € Crit(F), index(p, F) = index(xy, f|,-1(0)) + 1.

Proof. Let p € Crit(F). Since 0 is a regular value of u, there exists a local coordinate chart

(21,...,2,) near x, such that u(zi,...,2,) = z, and p has coordinates (0,...,0). Then we see
that the second derivative of F at p with respect to the coordinates (x1,...,x,,n) is of the form
A b 0
D*F0)=| T ¢ 1
0 1 0
Here A is equal to the second derivative of f at z, with respect to the coordinates (z1,...,Zn—1)

on = 1(0). So this implies that D2F is nondegenerate at p, and its determinant is equal to — det A.
Deforming b by tb and let t — 0, it is still the case for any ¢. Therefore it implies that the matrix

has one more positive and one more negative eigenvalues than A. O

Now we consider the unstable and stable manifolds of critical points of F. Since we are dealing
with the family of metrics gy, we want transversality of unstable and stable manifolds not just for

a single gy, but also for the family. Let ¢ denote the flow of (3.2) for the given value of A, let
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p—,p+ € Crit(F), and let I be an interval in A-space. Define the subsets

W (p-,A) = {pe M xR |tl>ir_noo¢?(p) ZP}»
s _ ; A —
W?(py,A) = {pe (M xR| lim ¢;(p) —p+}7

We(p—, 1) ={(p,A) € (M xR) x I |pe W*(p_,A)},

Wo(py, I) ={(p,A) € (M xR) x I |pe W*(ps,\)};

Mj(p*anr) = Wu(pfvj) N Ws(meI)a Mj(p*7p+) = MI(p*7p+)/R'
We assume:
(A4) For all p_,py € Crit(F), W¥(p_,R;) and W*(p,,Ry) intersect transversely in M x R.

Assumption (A4) implies that for all but discretely many A € Ry, W¥(p_, \) and W*(p4,A) are
transverse. We denote by A9 C R, the subset of A’s for which M (p—,p4) is transverse for all
p—,p+ € Crit(F).

Since the manifold M x R is noncompact, we also need the following result:

Lemma 3.2.2. For each A € R, the function F satisfies the Palais-Smale condition with respect

to the metric gy, i.e., for any sequence T; € M x R such that F(;) is bounded and |VF(z;)|, — 0,

g

there exists a convergent subsequence of ;.

Proof. Suppose T; = (z;,m;). Since M is compact, we may assume that 7; — +o0o or —oo. The
condition that F(;) is bounded implies that p(x;) — 0; but since 0 is a regular value of u, VF(Z;) =

V f(x;) + 7;Vu(z;) cannot have arbitrary small norm. O

Now, for any A € A", we can define the associated Morse-Smale-Witten complex of (F,gy),
which is denoted by CM* = CM (F,gy). Its homology is denoted by HM?*. All CM?* have the
same generators and gradings, but the boundary operator * may change when \ crosses one of the

exceptional values in R \ A"®9. To show that the homology HM?” is independent of )\, we have

Lemma 3.2.3. For any L > 0, there exists K1, > 0 such that for any p+ € Crit(F), W*(p—, (0, L])N

Ws(p+,(0,L]) CMx [7KL,KL].

Proof. Suppose this statement doesn’t hold, then there exists p_,py € Crit(F), a sequence \;
converging to Ao € [0, L] and (z;,7m;) € W¥(p—, ;) N W3 (py, A;) such that lim;, |7;| = +o0.

Suppose for each i there are solutions Z; = (z;,7;) : R =& M x R to (3.2) for A = \; such that
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(w4,m;) = 2;(0). Then since \; are uniformly bounded, for any R > 0, we have [n;||—r,z] — o0
uniformly.

On one hand, we have

F(p-) > Flxi,m) = flo:) +miplxs) > F(py)

which implies that p(z;) — 0 uniformly on [—R, R]. Then, by the definition of the energy of the

solution x;, we see

R

Fpy) = Flp-) = [R IV £ (24(8)) + 1 (6) Vala (8)) | dt — o0

which is impossible. ]

Corollary 3.2.4. For any A1, A2 € A", there is a canonical isomorphism ®y, », : HMM — HM?:

such that fOT‘ A1, Ao, Az € Areg; ¢A2,>\3 o q>)\1,>\2 = (I))\l,)\B.

Proof. For any A\i, Ao € A79, \; < Az, we can compare the two complexes CM* and CM?*? as in
the case of compact manifolds, thanks to the compactness provided by the previous lemma. More
precisely, we can either use the continuation principle, or the bifurcation analysis as done in [12] to
show that the two chain complexes have isomorphic homology. Note that as we vary A from \; to
A2, the critical point set is fixed so there is no “birth-death” of critical points. What may happen
is for some X € (A1, A2), there may exists a trajectory between two different critical points with the

same Morse index. O

Remark 3.2.5. In general, the Morse homology will be very sensitive to the Morse-Smale pair if the

underlying manifold is noncompact (see for example [28]).

3.3 Adiabatic limit A — oo

In this section we study the limiting behavior of A-trajectories and the chain complex C* as we vary
A such that A — 0. We expect that the A-trajectories approach to trajectories of (?, g) in 1~1(0)

and C'M?* is isomorphic to the Morse-Smale-Witten complex CM (?, ?). So natually we assume
(A5) (f,9) is Morse-Smale.

The main theorem of this section is:
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Theorem 3.3.1. For A\ € A" sufficiently large, the complex CM?> is isomorphic to the Morse-
Smale-Witten complex CM (f,g) with grading shifted by one.

Corollary 3.3.2. For any A € A9, there is a canonical isomorphism
Dy oot HMD — H, (1= 1(0); Zy).

Remark 3.3.3. There are other ways to relate the two chain complexes. For example, in the appendix

of [15] Frauenfelder had a different approach by deforming the function f in the normal direction of

= 1(0).

3.3.1 Proof of Theorem 3.3.1

For any = = (x,1) € M (p_,p,), we have

+oo
E=Fp-)=Fl+) = —/ (VIF@0), 7 (), dt = |’ 72 + A (@) 7z -

— 00

So ||,u(m)||22 < A72E. On the other hand, one has

Hiuw(t» < lldul e 12 (0)]

L2

So by Sobolev embedding W2 — C°, for any € > 0, there exists A, > 0 such that for A > A, and
F € M*p_,py), we have z(t) € U, = p~1((—¢,€)).

Now, consider the Banach manifold B = B"? of Wllo’f—maps Z = (x,n) from R — U, x R such
that x is asymptotic to (Pi,ﬂpi) € Crit(F) at +oo in the following sense: there exists R > 0 and
W_ € Wh2((—o0, —R], T, M ®R) and Wy € W2([R,+00),T;,, M ® R) such that (o g =

exp,, W_, T|[R400) = expy,, W+. Consider & — B the Banach space bundle whose fibre over ¥ is

E = L?*(x*TM @ R). For A > A, consider the Fredholm section SA 1 B — & given by

dx

e = (5

d
+VF 40V, diz + )\Zu(x)) .
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N -1 -
Then M*(p_,py) = (S)‘) (0). The linearization of S* at 7 = (z,n) € B is given by

Ds : TgB — 55
1% VV+Vv(Vf+nVu)+ HVpu
|_>
H 4 N2du(V)

On U,, there is the line bundle L C T'M generated by Vu, and denote by Lt the orthogonal
complement with respect to the Riemannian metric g. Then, for any Z, we can decompose the

domain and target space of D; as

T:B ~Wi(T) ® Wr(Z), Wi(Z) = WH2 (2L @ R), Wr(Z) = Wh2(2*L1); (3.5)

E =~ EL(T) @ Ep(T), E1(T) = L2(2*L ®R), Ep(T) = L*(z*L1Y). (3.6)

We rescale the norms on W (Z) and £1(Z) as follows. We identify (h1Vu, he) € Wi (Z) with
(h1,hy) € WH2 o W2 and define

11, h2)lly, = MIRallz, + R4 e + B2l g2 + A7 [1R5]] (3.7)
and for (h1Vpu, he) € £L(Z), identify it with (hy, h) € L? & L? and define
[(ha, k)|, = 1hallge + A7 (12l e - (3-8)

We leave the norms on their complements unchanged, and use W) and L) to denote the norms on
T3B and & respectively.
Now we describe the limit objects. There exists a smooth function 77 : U, — R defined by the

condition

(Vu(), Vf(z) +n(z)Vu(z)) = 0.

Then V£ + 7V is a smooth vector field whose restriction to ~1(0) is the gradient of f = flu—1(0)
with respect to the restriction of the Riemannian metric. We denote by N (p—,p4+) the space of

solutions of the negative gradient flow of f, and by N*°(p_,py) the quotient space by identifying
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reparametrizations, and by N (p—,p+) the compactified moduli space by adding broken orbits.

Proposition 3.3.4. Suppose A, — o0 and T, = (2,,§,) € M (p—,py+). Then there is a sub-

n

sequence, still indexed by v, and a broken trajectory Y = ([yi])l—, € N~ (p_,py) and a constant

co > 0 such that
Lol (@w)s e = (@), < oAy
2. There exists t1,,t2.,...,tn, € R such that x,(t;, +-) converges to y; in C’lloc—topology;

Proof. Apply du to the equation z/,(¢) + V f(z,(¢)) + 1. () Vu(z,(t)) = 0, we obtain

0= iﬂ(fﬂu(t)) + (Vi (1)), VI (2o (1) + 0. () Vil (t)))

dt
= %u(xy(t)) + A Vil (;V(ny(t) - ﬁ(mu(t)))> . (3.9

Also we have

d (1 ~ 1 d_

& (G000 = W 0)) + Ml (1) = — 5 a0 (3.10)
Consider the linear operator

D: WW(RR?) — L2(R,R?)

(f1, f2) = (%fl +)\|Vﬂ|2f2,%f2+)\f1> .

If regarded as an unbounded operator from L? to L2, then it is bounded from below by cA for some

constant ¢. Then (3.9) and (3.10) imply that

%ﬁ(xu) <e)2

v
L2

_ ~ c
(@)l + 20" I = 7i(@) | 2 < 2

Also, D has a uniformly bounded right inverse, so
||U($V)HW1~2 + )‘;1 7 — 7~7(xl/)||wl«2 < C)‘;l'

This implies the first claim of this proposition. Moreover, the Sobolev embedding W2 — C? implies
in particular that 7, is uniformly bounded since 7j(x,) is. It follows that |2/,| is uniformly bounded.

Now we identify U, ~ p~1(0) x (—¢, €) such that the projection to the second component is equal
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to pu. Then we can write

mu(t) = (fu(ﬂvﬂ(xu(t))) :

Projecting to the first factor and using the fact that |2/,| is uniformly bounded, we see that there

exists K > 0 independent of v, such that

7, (1) + VI (@ (1))] < Klp(a (t))]-

This implies that a subsequence of T, converges to a broken trajectory for the induced function f

in C -topology. More precisely, there exists ¢ ., ..., ¢, € R such that T, (t;, + -) converges to a

trajectory y; in u=1(0) in C? -topology.

loc

Then, by the Sobolev embedding W12 — C° and the C?

. convergence of x,(t;, + ) to y;, we

see that 1, (t;,, + -) converges to 7(y;) in C}

loc*

This implis that the convergence x,(t;, + -) to y; is
in C}

loc*

O

Now we want to prove that, any y € Nee (p—,p+) can be approximated by Z € M (p—,p+), so
that in particular, when index(p_, F) —index (p4, F) = 1, there is a canonical one-to-one correspon-
dence between N> (p_,p;) and M*(p_, py).

Since we have assumed that the restriction of (f,g) to u~1(0) is Morse-Smale, the trajectory y

is transverse. Namely, the linearized operator

D,: WYy Tp='(0)) — L2 (y*Tp='(0))

1% — Vg V+Vy(Vf+0Vu)

is surjective and has a bounded right inverse @y In particular, we can choose @y such that
Im@Q, = {V € W(y*Tp="(0)) | g(V(0), W(0)) =0 YW € kerD,} .

For any large A\, we take our approximate solution just to be

Note that y(t) converges to p+ exponentially as t — +00, so ¥ € B. Then denote the linearization
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of S* at § by

Dy : WYA(y*TM &@R) — L2(y*TM & R)
14 VyV+Vy(Vf+1nVu) +hVp
—>
h B+ X2du(V)

Now we construct a right inverse to 5§ out of @y Note that, for any V € Wr(3)

D

7(V) = (ViV + ViV f +nVp), Ndu(V)) = (Dy(V),0) € Er(7).

Hence with respect to the decomposition (3.5) and (3.6), the linearized operator can be written as

- D, A
D; = Yy Yy
0 D%

Here A, is given by
Ay (Vi he) = W
where W is a smooth tangent vector field on p~1(0). Hence there exists ¢; > 0 such that
1Ay (M Vi, ho)llp, < erl[ballgz < ed™ by, -

Now we look at the operator D?’j. After trivialize the bundle R{Vu} @ R isometrically to R?, we

see the operator D?’7 is transformed into

f_d, a(t) Ab(t) | 4
v dt () 0 dt

It is easy to see that, for A large, B(t) has 1 positive eigenvalue and one negative eigenvalue, both
of which are bounded away from zero by c\, where c is a constant independent of A. Hence we have

a (unique)bounded right inverse

Qs ELH) = W@, || Q5 < 2
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for some ¢y > 0. Then define

Q, 0
Qg = Y /
0 @5

which serves the approximate right inverse.

Lemma 3.3.5. There exists Ag > 0, such that for all X > Ay,

<

~ 1
- i), <

with respect to the operator norm of the space L.

Proof. Note that Id — ﬁgQg = Ay o Qj and

| 45@5(n T o), < Q50 Tkl < 552 (Vs ),

Hence ﬁgQg is invertible and a right inverse can be constructed as

07 = Q; (EgQg)_l L Ly — W.
And it is uniformly bounded by some constant which is independent of A.

Now since we want to apply the implicit function theorem (cf. [34, Appendix A]), we need to
trivialize the Banach manifold B and the Banach space bundle £ locally near . We identify a
neighborhood of 4 in B with a small ball (with respect to the Wy-norm) centered at the origin of
TyB as follows: using the identification U, ~ p=(0) x (—¢,€), for any W = (W,aVu, h) € TyB,
we identify it with the map p(W) = (&pzW,a,n(y) + h) € = 1(0) x (—€,€) x R where exp is the
exponential map inside p~1(0). We trivialize £ over such a neighborhood around 3 by parallel

transport along the radial geodesics, which is denoted by @3 : € — &. Then for W e 158

p(W)
with HWH small, denote by 5W : TyB — & the linearization of @3 o SA (p(W)) at . We have
Wi

Lemma 3.3.6. There exists €3,c3 > 0, independent of \, such that for all We 158 with HWH <
( W

€3, one has
HDW - DyH < e HWHWA . (3.11)
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Proof. First consider the case when the R-component of W is zero. We denote by S the first

component of 5’\, which is independent of A\. Then we see
HD§1(W)—D§1(@H chWHL (3.12)

which is standard. Now because the R-component of W is zero, we have HWHL <c HWHW by
> A
our definition of the Wy-norm (3.7).

The second component of S is denoted by §§‘ Then we see in this case, for any V= (V,h) e T3B
DSY(W)(V) = A2h. (3.13)

Hence the variation of the derivative of S} is always zero.
Now we consider the case W = (0, hg) with hy € W 2(R). Then for any Wy € TyB small, by

our definition of our norms (3.7) and (3.8),

|(Dse5v, = D) (V.m)| | = Vv Vil = [hoVy Vil

< WH Vil < HWH V.h 3.14
<e|[ W), Vil <e[W] L 10viml,  (314)

for some ¢ > 0.

Combining (3.12), (3.13) and (3.14) we obtain (3.11). O

On the other hand, we see

d .

—1(y)

< —1
dt S 64)\

5@

=)\
L

L2
for some constant ¢4 > 0. By the implicit function theorem, there exists €4 > 0 such that for

sufficiently large \, there exists a unique W) (y) € TyB satisfying

HW/\(Q)H < e, Way) € ImQy, S (expy; Wa(y)) =0.

Wi

Moreover, there exists ¢5 > 0 such that

N cs
< —.
HW,\(y)HWA A
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We hence define the gluing map (for large Ag) to be

B [Ag,+00) x N®(p_,py) — U,\onMvA(pﬂPJr)
(A ) > expy W (y).

Theorem 3.3.7. For each A € [Ag,+00) N A™9, the restriction of ® to {\} x N(p_,p.) is a

homeomorphism onto M (p—,p+)-

Proof. To complete the proof of this theorem, it remains to prove the local surjectivity of the gluing
map ®. For simplicity, we only prove for the case when the Morse indices of p_ and p; differ
by one, which is enough for our purpose. Suppose it is not the case, then there exists a sequence
A — oocand T; € M (p—, p+) which converges to some y € N (p—,p+) as described by Proposition
3.34 (with n = 1 and ¢;, = 0) but don’t lie in the range of ®. Then, consider the hyperplanes
N(y(s)) = (y/(s))*= C Tys)M for s € R. For each i, there exists s; € R such that s; — 0 and

7(0) € {(expy) Vi) [ m € R, V € N(y(s), [V < e}

< co)\;l by Propo-
W)‘i

sition 3.3.4. By the uniqueness part of the implicit function theorem, this implies that z; =

Then if we write Z;(t) = expy(s, 1) Wi(tL then W; € ImQg(s,+.) and HWZ

®(A;,y(si + -)), which contradicts with our assumption. O

Now Theorem 3.3.1 is an immediate consequence.

Remark 3.3.8. One can also prove this theorem using geometric singular perturbation theory (see

the discussion in the paper [46] following this part, which is provided by Stephen Schecter).

3.4 Fast-slow system associated to the A — 0 limit

Now we consider the limit of (3.2) as A — 0. In this limit, (3.2) is a “fast-slow system” [26]. There is
one slow variable, n. In this section, we will identify the slow manifold, and study the fast flow and
slow equation, under appropriate generic assumptions. (This terminology is reviewed in Appendix

A.1.) We will also relate various Morse indices.
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3.4.1 The slow manifold

The slow manifold for (3.2) is the set of equilibria for A = 0:
Cr={(z,n) € M xR|Vf(z) +nVpu(z)=0}.

We assume:
(A6) Crit(f) N Crit(u) is empty.
(A7) Vf+nVyu is a transverse section of 7*T M, where 7 : M X R — M is the projection.

(AT) implies that Cx is a 1-dimensional smooth submanifold of M x R. Indeed, it is noncompact
and its end at infinity is asymptotic to (Critp X [R,+00)) U (Crity x (—oo, —R]) for R large. This
can be seen as follows. If there is a sequence (x;,7;) € Cx with lim;_, |1;| = oo, then we see that
Vu(z;) — 0 and a subsequence of z; converging to some y € Critu. Conversely, for any y € Critp,
let Sc(y) C M denote the sphere of radius € around y. Since by (A2) y is a nondegenerate critical

point of u, we see that for small € > 0, the map

S.y) — S(T,M), @ s T

V()]

has degree £1. On the other hand, by (A6) we can use local coordinates near y in which the vector

field Vf is constant. Hence there exist a unique pair of points (zF,nF), with 2* € S.(p), such that
(l‘g:, nét) € C]:-

We can order the two points so that lim._,q 77} = +o00.

For fixed 7, denote the function f, = f +nu : M — R. Then consider the function

dc: C]: — R

p=(z,n) ~— detHessf,(z).
We assume
(A8) 0 is a regular value of de.
(A9) For any p = (z,7) € dz'(0), p(x) # 0. Therefore d;*(0) N Crit(F) = 0.

We denote C32™ = d;*(0). From (A8), as (x,7) € Cx crosses a point in C3"Y, one and only one of

the eigenvalues of Hessf, () changes its sign.
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By the implicit function theorem, Cx can be smoothly parameterized by 7 near any point of

Cr\ C3™ as x = x(n). On the other hand, near C3™ we have the following result.

Proposition 3.4.1. Let p = (zp,7,) € ij"g. We can choose local coordinates (x1,...,2,) on M
such that x, corresponds to (0,...,0), and near p, Cr is parameterized by x,,. Moreover, for some
c#0,

n=n,+ cmi + O(mi)

Thus n|c, has a nondegenerate critical point at p.

This is a standard result, but we shall give a proof in Subsection 3.4.3.

3.4.2 The fast flow

The fast flow ®; : M x R — M x R of (3.2) is the flow on M x R determined by (3.2) for A = 0.
The set of equillibria of the fast flow is just Cx, and along the fast flow, 1 is constant.

If p = (p,mp) € Cr, then x,, is a critical point of the function f, : M — R. A fast solution
from p_ € Cx to py € Cr is a solution Z(t) of (3.2) for A = 0 such that lim;_, 4 Z(t) = p+. A fast
orbit from p_ to p4 is an equivalence class of fast solutions from p_ to p4 modulo time translation.
A fast solution or orbit is ¢rivial if the orbit consists of a single point.

For p = (xp,n,) € Cr, T, is a nondegenerate critical point if and only if p € C;\C;_-mg. Note that
the Morse index of a nondegenerate critical point x of f, can be defined as the number of negative
eigenvalues of the matrix Hessf,(x). We define the Morse index of a degenerate critical point the
same way. We shall use the already introduced notation index (z,, fy,) to denote the Morse index
in this sense of z;, as a critical point of f;, .

Index (xp, fy,) is locally constant on Cx \ C5™. Near p € C32™, the values of index (z,, fn,) on

the two branches differ by one, and index (z,, f,,,) is the lower of these two numbers.

Transversality assumptions

On Cr\ Csfi"g , the fast flow is normally hyperbolic. For any subset 8 of Cx \ C;_-mg define

We(s) = { (o) € MxR | lim_ (o) € 5}
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and

We(B) = {(l‘,n) €M xR | tl}g}o@t(wm) € ﬁ}~

Note that in this section we always have A = 0, so we will not use the notation of Subsection 3.2.3

to specify a value of A. If 3 is connected, define index () to be index (zy, f,,) for any p = (xp, ;)
in S.

We assume
(A10) W (C}- \ C;_-mg) and W* (C}- \ C;_-mg> intersect transversally in M x R.
(A11) For each p = (xp,7,) € Crit(F), the pair (f,,,g) is Morse-Smale on M.

Assumption (A10) can be thought of as a weak version of the Morse-Bott-Smale transversality
condition (see [1]) for a Morse-Bott function and a metric. The relation between the two assumptions
is that (A11) implies that the transversality in (A10) holds near certain points, but (A10) does not
imply (A11).

There are two special types of nontrivial fast orbits that play important roles in our construction.

We introduce them in the remainder of this subsection.

Handle-slides and cusp orbits

By (A10) we see, if 81,082 C Cxr \ C;-mg are connected, then
dim (W"(51) NW?*(53)) = index (f1) — index (82) + 1.

In particular, when index (8;) = index(82), the dimension is one, so the intersection consists of
diskrete nontrivial fast orbits. We call such an orbit a handle-slide. If a handle-slide is contained in
M x {n}, we say that a handle-slide happens at 7.

We assume:

(A12) The composition 7 : Crit(F) UCE™ < M x R — R is injective. Moreover, handle-slides

happen at distinct values of 1 that are not in the image of .

Now we look near a point p = (zp,n,) € Csfmg . All the eigenvalues of Hessf, (x,) have absolute
values great than a constant a > 0, except for the one that changes its sign at p. Then we define

Wk(p) to be the space of maps u : (—oo,0] — M satisfying
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L (u(t),mp) = ¢(u(0),n,) for t < 0;

2. For sufficiently large T, for ¢ € (—oo, —T],
u(t) = exp,, V(t), V €Wy ?((—o0, =T, Ty, M).

Here for any open subset Q C R, the space W}12(Q) is the space of functions f with el f €
Wh2(Q).

Similarly we can define W2 (p). By the map u — u(0), W¥(p) and W (p) are naturally identified
with smooth submanifolds of M, which are called the a-exponential unstable and stable manifolds

of p, having dimensions
dim W' (p) = index (z, fy,), dim W (p) =n — index (z,, fy,) — 1.

Let W¥(p) = W¥(p) \ W2(p) and W*(p) = W*(p) \ Wz (p). These manifolds are unions of orbits
that approach p polynomially rather than exponentially. They are submanifolds of M x {n,} of

dimension dim W (p) + 1 and dim W2 (p) + 1. We assume

(A13) For each p = (z,1p) € C;-mg and ¢ = (z4,74) € Cr with n, = ny = n, W2 (z,) and W¥(z,)
(respectively W2 (x,) and W"(z,)) intersect transversely in M x {n}, W“(zp) and W*(z,)

(respectively W* (xp) and W*(z,)) intersect transversely in M x {n}.

The reader may refer to [13] and [12] for this transversality in the case of Lagrangian intersections.
(A13) implies that for p = (2,,7m,) € C2™ and g = (z4,7,) € Cx \ C2™, W2(p) N W*(q) = 0 if
index (24, fy,) > index (z,, f,,) — 1; and W*(q) "W (p) = 0 if index (z,, f,,) > index (zq, fp,) — 2.

For example, W¥(q) N W2(p) = 0 if

0 > dim W*(q) + dim W;(p) — (n + 1) = index (24, f5,) + (n — index (z, f,,) — 1) — (n +1)

= index (74, fy,) — index (7, fy,) — 2.

When the inequalities are equalities, W*(p) N W (q) = W*(p) N W*(q) and W*(q) N W*(p) =
W (q) N we (p)) consist of isolated orbits corresponding to solutions that approach p like % rather
than exponentially. We call such orbits cusp orbits; parametrized ones are cusp solutions. An

argument similar to one in [12] shows that between p and ¢ there are only finitely many cusp orbits.
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Short fast orbits

By Proposition 3.4.1, near p € C_‘;-mg, one can parametrize Cx by 7, : (—¢,€) — Cx such that

(0) = p, n(t) = n, £ s> (3.15)

We choose the orientation of v, such that index (v,((—¢,0))) = index (v,((0,¢))) + 1. For € small
enough there exists a unique such parametrization v and we call v the canonical parametrization
near p. Then, for € small enough, there is a unique trajectory of the flow of —V f, ) from v(—s) to

7(s) and they are all contained in a small neighborhood of z,,.

Lemma 3.4.2. There exists g > 0 such that for all p € C;-mg and for s € (0,¢q) there exists a
unique trajectory of the fast flow from v,(—s) to v,(s), where v, : (—€q, €0) — Cr is the canonical

parametrization of Cx near p.
If 0 < s <€ < ¢, then we call a fast orbit from 7,(—s) to v,(s) an e-short orbit.

Lemma 3.4.3. For any € small enough, there exists § = §(¢) > 0 such that, for all n € R, any

trajectories of the flow of —V f,, which is not an e-short trajectory has energy no less than 4.

Proof. Denote C3"¢ = Upec;mgvp((—e, €)). Because we have assumed that the map C3"Y —
M x R — R is injective, any fast trajectory both of whose beginning and end lie in C;f"g " much be
an e-short trajectory. So suppose the lemma doesn’t hold, then there exists € > 0 and a sequence of

nontrivial fast trajectories (yx,nr) C M x {nx} such that

T £y, (g1(=00)) = fi ((+00)) = 0 (3.16)
and they are not e-short ones. Hence without loss of generality, we may assume that for all k,
y(—00) & CE .

1. limg_y00 M = o0, which implies that yx(£oo) converges to points in Crit(u). However, if
we rescale the orbit by zj,(t) = yx(n; 't), then zj, converges to a (possibly broken) nontrivial

trajectory of the flow of —Vu, which contradicts with (3.16).

2. limg00 Mk = Moo € R. Then a subsequence of y; converges to a broken trajectory of f,_,

which must be a constant one. Hence

lim (y(£00)) = Yoo € Cr \ CE™°.
k—o0
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So for k large enough, y(£o00) lie in the same connected component of Cx \ C;-mg’%. This is

impossible because on each such component, distinct points have distinct values of 7.

3.4.3 The slow equation

On Cr \ Csfi"g , which is parameterized by 7, the slow equation is given by restricting the second

equation of (3.2) to Cx \ C3™ and dividing by \%:

/

= —p(x(n))- (3.17)

Thus 7’ changes sign only when g = 0. We have

Crit(F) = {(a,m) € Cr | p(x) = 0}

Thus 7’ changes sign only at points of Crit(F). By (A9), ' does not change sign at points of C;mg .
Proposition 3.4.4. FEquilibria of (3.17) are hyperbolic.

Proof. Let p = (xp,7np) be an equilibrium of (3.17). Then p(z,) = 0, so by (A3), du(z,) # 0. Hence
we can choose local coordinates (z1,...,2,) near z, such that p(z1,...,z,) = z,. Near p, Cr can
be defined without reference to the metric g by the equations

of
8(Ei

+n0n;, j=1,...,n; &;; = Kronecker delta. (3.18)

T
Let e,, = (0 ... 0 1) , the nth standard unit basis vector in R™. Then the derivative of the

system (3.18) is the n x (n + 1) matrix

A b O
(Hessf(x) en> = ; (3.19)
I 1
where A is an (n — 1) x (n — 1) matrix, and (b7, c) = (awafafmn 7 aa::ifawn, gig)

Since x,, is a critical point of f|,-1(0), by (A5), A is invertible. The matrix (3.19) has full rank;
a nonzero vector in its kernel is tangent at p to Cx. Since p € Cr \ C}mg , such a vector has nonzero

n-component, and one can check that it has nonzero x,-component. Therefore near p, when Cr is
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parameterized by 7, we have z(n) = (y(n), z,(n)) with

2 (n) = a(n —np) + O(n —np)%,  a#0.
But then (3.17) becomes
' = a(n —ny) + O —m,)*,
which proves the result. O

Next we diskuss the slow equation near points of Csfi"g . Recall that if py is an equilibrium of
p = h(p), h is C°, Dh(py) has m eigenvalues (counting multiplicity) with real part 0, and F is
the corresponding m-dimensional invariant subspace of © = Dh(pg)v, then there is a C* invariant

manifold through py and tangent there to E, called the center manifold of p = h(p) at py.

Proposition 3.4.5. Let p = (z,17p) € C;:ing' We can choose local coordinates (x1,...,2,) on M

near T, with x, corresponding to 0, in which
A 0
DV f(0) = , A an invertible symmetric (n — 1) X (n — 1) matriz. (3.20)
0

The center manifold of (3.2) at p is parameterized by (x,,n). There are numbers ¢ # 0 and d # 0

such that the system (8.2), restricted to the center manifold, is

xl =c(n—mn,) +dr: +..., (3.21)

o = =N (ulay) + ., (3.22)
where . . . indicates terms of higher order (and, in (3.21), other second-order terms). Therefore near
p, Cx is parameterize by x,, and n|Cx has a nondegenerate critical point at p.

Proof. (A7) implies that we can choose local coordinates (z1,...,z,) on M near x,, with x, cor-
responding to 0, in which (3.20) holds. In these coordinates, u = p(z,) + a’'z + ... with a € R™.

Write x = (y,x,) with y € R"~1 and write a = (b,¢) with b € R*~! and ¢ € R. Near p the system
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(3.2) becomes

Y =Ay+bn—mp)+..., (3.23)
al = c(n—mnp) +daZ + ..., (3.24)
n = -\ (u(zy) +...), (3.25)

where . ..indicates higher-order terms (and, in (3.24), other second-order terms). (A7) implies that

¢ # 0, and (A8) implies that d # 0. The linearization of (3.23)—(3.25) at (y,zn,n) = (0,0,n,) is

Y A 0 b y

T, 0 0 ¢ Ty

n' 0 0 0/ \n—mnp

The matrix has a two-dimensional generalized eigenspace for the eigenvalue 0 that is tangent to the
center manifold of (3.23)—(3.25) at p. The center manifold is parameterized by (z,,7), and to lowest
order it is given by

y=—A""b(n = np)
The restriction of (3.23)—(3.25) to the center manifold is therefore given by (3.21)—(3.22). O

Proposition 3.4.1 is of course just a partial restatement of Proposition 3.4.5.

3.4.4 Three indices

In this subsection we describe the relation between three different Morse indices:
1. For any p = (;,7,) € Cr, we have index(x,, fy, ), used in Subsection 3.4.2.
2. For p = (zp,mp) € Crit(F), we can consider index (p, F).
3. If p = (zp,mp) € Crit(F), then x, € Crit(f],-1(0)), and we can consider index (z,, f|,-1(0))-

We have already seen in Lemma 3.2.1 that index(p, F) = index(xy, f|,-1(0)) + 1 for p = (z,,1m,) €
Crit(F). The best way to see the relation of the different indices is to look at the corresponding

unstable manifolds.
Proposition 3.4.6. Let p = (zp,1,) € Crit(F).

1. If p is a repeller of the slow equation, then index (p, F) = index(zy, fy,) + 1.
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2. If p is an attractor of the slow equation, then index (p, F) = index(zy, fy,)-

Proof. If p is a repeller of the slow equation, then for small A > 0, the equilibrium p of (3.2) has
one more positive eigenvalue than the equilibrium z, of f, . Since the index of a critical point of a
Morse function h is the number of positive eigenvalues of the corresponding equilibrium of Vh for

any metric, (1) follows. (2) is similar. O

3.5 Adiabatic limit A — 0

3.5.1 Slow solutions, fast solutions, and fast-slow solutions

Let p_,py € Cr.

Recall that a nontrivial fast solution from p_ to p, is a nonconstant solution Z(t), —oco < t < oo,
of (3.2) for A = 0, such that lim;_, 4 Z(t) = p4.

Let (z(n),n) parameterize the closure of a component of Cx \ C;f"g. Let I(o—,a4) C R be the
closed interval from a_ to a4, with a_ < ay; we allow o = —o00, ap = 400, and a_ = ay € R.
Let n(t), t in the interior of I(a_, ), be a solution of ' = —pu(x(n)). If a_ (respectively o) is
finite, we extend 7(¢) continuously to a_ (respectively ay). Let p(t) = (z(n(t)),n(t)), t € I(a_, ai),

and let px € Cx. Then p(t) is a slow solution from p_ to py (for short, a slow solution) provided:
1. if a_ (respectively ay) is finite, then p(a_) = p_ (respectively p(as) = py);

2. if o = —o0o (respectively ay = +00), then lim;_,_, p(t) = p_ (respectively

limy 400 p(t) = p+).

A slow solution or its orbit is trivial if the orbit is a single point in Cr.

A fast-slow solution from p_ to p4 of (3.2) (for short, a fast-slow solution) is a sequence

X = (p0,01;p1;0—23p27~'~7pn71;0—napn) (326)

such that:

1. po =p—, Pn = p+.
2. Each p; € Cr.
3. Each o; is a nontrivial fast solution or a slow solution from p; 1 to p;. Trivial slow solutions

are allowed, but o1 and o, are not allowed to be trivial slow solutions.
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4. Either (i) o; is slow for ¢ even and fast for ¢ odd, or (ii) o; is slow for ¢ odd and fast for ¢ even.

Trivial slow solutions are allowed to deal with the possibility that a fast solution to p is followed
by a fast solution from p.

An orbit (fast orbit, slow orbit, or fast-slow orbit) is an equivalence class of solutions obtained
by forgetting the parametrization (but remembering the orientation in which F decreases). In

particular, a fast-slow orbit is denoted by [Z7] for £ as in (3.26).

Remark 3.5.1. A fast-slow orbit defined above is similar to a “flow line with cascades” in Morse-Bott

theory (see [14]), where the fast solutions correspond to “cascades”. The difference is that the slow

manifold Cr is not everywhere normally hyperbolic, and we can have p; € C;mg )

In the remainder of this subsection, we will diskuss some properties of fast-slow orbits from
p— € Cr to py € Cr. We are particularly interested in the case p1 € Crit (F) and index(p_, F) —
index(py, F) = 1.

The following proposition is obvious.
Proposition 3.5.2. Consider a nontrivial slow solution p(t), t € I(a—,a4), from p_ to py.

1. Ifp_ € ermg, then either (i) for allt € (a_,ay), index (xy), fn,,,) = index (z_, f,_), or (i)

forallt € (a—,ay), index (zp), fn,,,) = index (z_, f,_) + 1.

2. If py € C3™, then either (i) for allt € (a_,ay), index (Tp(t), frpey) = index (24, fr, ), or (ii)

forallt € (a_,ay), index (T, fn,,,) = index (x4, fy, ) + 1.
A slow solution p(t) for t € I(a—, a4 ) is regular if it is nontrivial and satisfies:
1. If p_ € C}mg, then for all t € (a—, ay), index (2, fr,,,) = index (z_, f_) + 1.
2. If py € C2™, then for all t € (a_, oy ), index (p(e)s Fopeey) = index (x4, fi, ).

A slow orbit is regular if it is the orbit of a regular slow solution.

See Figure 3.1.
Proposition 3.5.3. Let v be either a slow or fast solution from p_ = (x_,n-) to py = (x4, n1).
1. If v is a regular slow solution, then:

(a) If p_ € C3"™, then index (x4, f,,) = index (z_, f, ) + 1.

(b) Otherwise index (x4, f,, ) = index (z_, f,,_)
2. If v is a nontrivial fast solution (so ny =n—_), then:
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(a) (b)

Figure 3.1: (a) Direction of slow flow is downward. The thick curve is a regular slow orbit that
starts at p_. Points on it have index one greater than p_. (b) Direction of slow flow is downward.
The thick curve is a regular slow orbit that ends at p;. Points on it have the same index as p,.

(a) At most one of px is in Crit(F) UCyE™.
(b) index (x4, fp,) < index (z_, f,_).

(c) If py € Crit(F)UCE™ or p_ € Crit(F), then index (24, f,,) < index (z_, f, ) — 1.

Proof. The result for slow solutions is immediate from their definition.

For fast solutions, (2)(a) follows from assumption (A12)

Let p(t) be a fast solution, let index (z_, f,,_) = k, and index (z, f,,, ) = I. (Of course ;. =1n_.)

Ifpy € Crit(]—')UC;_-mg, then (A11) or (A13) implies that W*(p_) and W?*(p) intersect transver-
sally within M x {n_}. We have dim W*(p_) = k, and dim W*(p4) = n — [, so the intersection is
nonempty provided k+ (n —1) >n+1,1e.,l <k—1.

If p_ € Crit(F), the same argument applies. However, if p_ € C;_-mg, then dim W*(p_) =k + 1.
We again have dim W#(p;) = n—I, so the intersection is nonempty provided (k+1)+(n—1) > n+1,
ie, l <k.

If neither p_ nor p; is in Crit(F) UC;fng , then we do not know that W*(p_) and W?*(p. ) intersect

transversally within M x {n_}. However, by (A10), (k+1)+(n—1+1)>n+2,s0l <k. O

Proposition 3.5.4. Consider a fast-slow solution & = (po,01,P1,02,P2, -« Pn—1,0n,Pn) from
p- = (x_,n-) to py = (x4,n4), with neither in C3" and index (x4, f,,) > index(z_, f, ) = k.

Then

1. For alli > 1, index (zp,, fp,) = k, except for the case where p; € C;_-mg and o; s a fast solution,

in which case index (z,, fp,) = k — 1. In particular, index (x4, f,, ) = k.
2. All slow solutions appearing in Z are reqular. In particular, they are nontrivial.

3. If p; € Crit(F), theni =0 ori=n. In the first case, po = p— € Crit™ (F) and o1 is slow; in

the second case, p, = py € Crit*(F) and o, is slow.
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4. The fast solutions are handle-slides or cusp solutions.

Proof. Along a fast-slow solution, index (x,,, fp,) < index (xp, ,, fp, ), except along a regular slow
solution for which p;_;1 € C;_-mg and p; € C].-\C;_-mg; in this case index (xy,, fp,) = index (zp, |, fp, )+
1. However, the index drops along the fast solution from p;_o to p;—1. Thus (1) holds; also, non-
trivial slow solutions must be regular and (3) must hold, otherwise we would have index (x4, f,,,) <
index(z_, f,, ). (3) rules out fast solutions that start or end in Crit(F); any remaining fast solutions
are handle-slides or cusp solutions, so (4) holds. Since handle-slides and cusp solutions occur at

different values of 7, slow solutions must be nontrivial, which completes the proof of (2). O

Now we describe fast-slow solutions between two critical points whose indices differ by 1. Recall
from Subsection 3.2.1 that Crit)(F) denotes the set of index k critical points of F. Let Crit; (F)
(respectively Crit, (F)) denote the set of equilibria in Crity (F) that are stable (respectively unstable)

equilibria of the slow equation. Let Crit®(F) = UpsoCriti (F).

Proposition 3.5.5. Let pi = (x4,ny) € Crit(F) with p_ € Critg(F), p4+ € Critg_1(F). A fast-

slow solution 2" = (po,01,D1,02, P2, -+, Pn—1,0n,Pn) from p_ to py has the following properties.

1. If 0; is a fast solution from pi—1 = (Xp, |, Mp, 1) t0 Pi = (Tp,,Mp;) (of course ny, = np,_, ), then

index (zp,, fp,,) = index (zp, ., fy, ), unless:
(a) p; € CE™, in which case index (Tp,s f,,) = index (zp,_, fn, ) —1.
(b) i =1, po = p— € Crit} (F), in which case a1 is fast (so n,, =n,) and
index (zp,, fy, ) =index (z_, f;, ) — 1.
(¢) i =n, pn = py € Crit,_,(F), in which case oy, is fast (so ng =np,_,) and

index (LEJF, fn+) = index (‘/L‘Pn—n fnpn,l ) - L

2. All slow solutions appearing in Z  are reqular. In particular, they are nontrivial.
3. Fori=1,...,n—1, p; ¢ Crit(F).

4. The fast solutions in Z  are handle-slides or cusp solutions, except for o1 when p_ € CritZ(]—‘)

and o, when p; € Crit,_,(F).

In addition:
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(1) Suppose p_ € Crit}} (F) and py € Crit{_,(F). Then the odd o; are fast, and n is even.
(I1) Suppose p_ € Crit] (F) and p4 € Crit,_,(F). Then the odd o; are fast, and n is odd.
(I1I) Suppose p_ € Crity (F) and py. € Crit,_,(F). Then the odd o; are slow, and n is odd.
(IV) Suppose p_ € Crit, (F) and py € Crit,_,(F). Then the odd o; are slow, and n is even.

Proof. We prove (1)—(4) separately for the cases (I) and (IT). The proofs for cases (IIT) and (IV) are
similar so we omit them. We remark that in one of the cases, case (IIT), we can have n = 1, which
means £ may contain a single slow solution and no fast solutions.

Proof in case (I). In this case, index (z_, f;,_) = k and index (x4, f,,) = k — 1. Since p_ is
an attractor for the slow equation, the first solution o; must be fast, so the odd o; are fast. By
Proposition 3.5.3 (2), p1 ¢ Crit(F) UCE™ and index (Zpy» fn,,) < k — 1. Consider the portion of
the fast-slow solution from p; to g. Then Proposition 3.5.4 implies that index (z,, f,, ) = k — 1,
conclusion (2) of Proposition 3.5.5 holds, and p; ¢ Crit™(F) for i = 2,...,n — 1 so (3) holds.
Proposition 3.5.4 also implies that all fast solutions except the first are handle-slides or cusp solutions,
so (4) holds.

Since py is an attractor for the slow equation, a priori the last solution could be slow or fast.
However, if the last solution were fast, from Proposition 3.5.3 (2) we would have index (x4, fy, ) <
index (zp, ., fn, )=k —1, contradiction. Therefore the last solution is slow, so n is even. Then
(1) and (4) follow from Proposition 3.5.4.

Proof in case (II). As with case (I), index (z_, f;,_) = k; o1 must be fast, so the odd o; are fast;
p1 ¢ Crit(F) U C}mg; and index (2, , fy, ) < k — 1. Since py is a repeller for the slow equation,
index (x4, f,,) = k — 2, and the last solution must be fast. Then p,_; ¢ Crit(F) UC%", and by
Proposition 3.5.3 (2), index (xp, ,, fy, ) >k —1. Asin the previous argument, for the portion of
the fast-slow solution from p; to p,—1, apply Proposition 3.5.4; we obtain (1)—(4). Since the first

and last solutions are fast, n is odd. O

3.5.2 The chain complex

Now let p,q € Crit(F). We denote by NO (p, q) the space of all fast-slow solutions from p to ¢ and

N?(p, q) the space of all fast-slow orbits from p to q.

Proposition 3.5.6. If p,q € Crit(F) and index (q, F) = index (p, F) — 1, then #N°(p,q) < +o0.
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Proof. By Proposition 3.5.5, we only need to show that there are finitely many handle-slides or cusp
orbits contained in F~! ([F(q), F(p)]). But this follows from our description of C at the beginning

of Section 3.4 and the transversality assumption (A10), (A11), (A13). O

Now we define a chain complex (CY, 9°) of Zo-modules. It has the same generators and gradings

as CM*. Tts boundary operator 9° : C) — Cp)_, is defined by

(3°p, q) = #N°(p, g) mod 2.

The main theorem of this section and the essentially new thing we constructed here is:

Theorem 3.5.7. (C°,0°) is a chain complex, i.e., 3° 0 d° = 0. Moreover, the homology H}(C°,d°)

is canonically isomorphic to Hy,_1(u=1(0),Zs).

The proof of this theorem is carried out in the following way. Let p, g € Crit(F). First we prove
that for small A > 0, any orbit in M*(p, q) is close to a fast-slow orbit in N°(p, q) (the compactness
theorem, Theorem 3.5.9). Then we restrict to the case index(p, F) — index(q,F) = 1 and show
that for each small A > 0, each orbit in N9(p,q) is close to exactly one orbit in M?*(p,q) (the
gluing theorem, Theorem 3.5.14). The resulting one-to-one correspondence implies that (C°,9°) is

isomorphic to CM* for small A € A™9. Then by Corollary 3.3.2, we obtain the isomorphism.

3.5.3 The compactness theorem

Definition 3.5.8. Let p,q € Crit(F). Let A\, € R* be a sequence such that lim, ., A\, = 0. We say
that a sequence of (parametrized) trajectory z, € M> (p,q) converges to a parametrized fast-slow

solution 2" = (po,01,P1,02, -+ sDn—1,0n,Pn) € /\N/O(p, q), if the following holds

1. For any fast solution o; contained in %", there exists ¢; , € R such that the sequence of maps

7, (- + ti,l/) = (o, (- + ti,V)a N (- + ti,u))

converges to o; in the C} -topology.

2. For any slow solution o; contained in %, there exists a sequence of intervals I;, C R such
that

lim d(Ij7V7ti’V) =0

v—00
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for any t;, satisfying the first condition for any fast solution o;, and such that

Jim 7, (I;,) = o,

in Hausdorff topology.

It is easy to see that the limit is unique in N9(p, ¢) and it only depends on the sequence of orbits
[Z,] but not the representatives. Moreover, the image of 7, will converge to the image of 2" in
Hausdorff topology.

We would like to prove the following theorem in the remaining of this section.

Theorem 3.5.9. Suppose p,q € Crit(F) and A\, — 07 be a sequence of real numbers. Suppose
Z, = (xy,m) € M (p,q). Then there exists a subsequence (still indexed by v), and a fast-slow
solution Z = (po,01,D1,02,** yDn—-1,0n,Pn) € J\~/O(p, q), such that (x,,&,) converges to X in the
sense of Definition 3.5.8.

A key point in proving this theorem is to use the energy control to bound the number of pieces of
fast trajectories appearing in the limit. This is similar to the proof of Gromov compactness theorem
of J-holomorphic curves where there is a lower bound of energy for any nontrivial bubble. After
finding all the fast trajectories in the limit, each adjacent two of them are connected by a slow
trajectory. And before the first fast trajectory and after the last fast trajectory, one may or may
not need to add nontrivial slow ones, depending on the types of p and ¢ (i.e., repeller or attracter
of the slow flow).

From now on the sequence z, is given and we are free to take subsequences as many times as we

want.

The limit set

For any subsequence v/ of v and intervals I, C R, set

Loo(V/, 1) = () Uy (I/) € M x R.
k>1

Lemma 3.5.10. We have

(1) (x,m) € Loo(V',1,4) if and only if there exists a subsequence V" of V' and a sequence of numbers

ty// e IV//7 such that limy//_ﬂx; ffy”(ty”) = (.’,E,’I])
(IT) Loo(V',1,/) is compact.
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(II1) If there exist s, € I, such that lim,/ o, T,/ (s,/) exists, then Loo(V', I,/) is connected.

Proof. The first statement and the closedness is by definition, and compactness follows from Lemma
3.2.3. It remains to show the connectedness. If not, then there are two nonempty closed subset
Ly, Ly C M X iR such that Lo (v',I,/) = L1 U Ly, and Ly, Ly has a nonzero distance. Suppose
lim,/ 00 T,/ (8,7) € L1, then there exists a subsequence (still indexed by ') and w, € I,/ such that
d(Z,(wy), La) — 0. Then there exists w!, € [s,r, w,/] such that d(Z,/(w),),L1) = d(Z, (wl,), L) >
0 for the same subsequence. Then there is a subsequence of Z,-(w!,) converges to a point “between”

Ly and Lo, which contradicts with Lo (v, I,/) = L1 U L. O
The following lemma is obvious.

Lemma 3.5.11. suppose we have two sequence of numbers, s, < t, with lim, o Z,(s,) = a,

limy, 00 T, (t,) = b. Then F(a) > F(b). And for any z € Lo (v, [51,t.]), F(z) € [F(a), F(b)].

Identify all fast orbits

By the compactness of Lo (v,R), and the fact that A, — 0, for any sequence ¢, € R, there exists a
subsequence for which 7, (- 4+ t,) converges to a constant function 7, on any finite interval. Then
by usual argument of Morse theory, there is a subsequence of Z,, (- 4+ t,) converging to a fast solution
U1 = (y1,m) : R = M x R with Imy; C M x {n}, in C}2-topology. So Lo (v, R) is the union of
fast orbits (which could be constant orbits). We first prove that for a suitable subsequence it only

contains finitely many nonconstant ones.

Proposition 3.5.12. There exists a subsequence (still indexed by v without loss of generality), and

tiu,. - tny € R (n could be zero), satisfying
(1) t1, <to, < <ty im, ooty — ] =00 for all i # j.

(II) Z,(- + ti,) converges to a (nonconstant) fast solution o; = (y;,m:;) : R = M x R in the
Crx.-topology.
(III) For any sequence s, € R such that lim,_,« |s, —t; | = 00 for all i, any convergent subsequence

of T, (sy) has limit in Cr.

Proof. If Loo(v,R) C Cx, then nothing has to be proven. Suppose it is not the case. Then we take

d,€ > 0 as in Lemma 3.4.3 and small enough, and r > 0 small enough such that

e All e-short orbits are contained in Uyecsing B, (w);
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e All nontrivial fast orbits which are not e-short has energy no less than ¢;

e For each w € C}mg , Cx N Ba,(w) can be parametrized using the canonical parametrization as

in (3.15), so that F restricted to both components of Cx N By, (w) \ {w} is monotonic.

Let N = L%J, where E = F(p_) — F(p4) is the total energy. Then it is easy to prove by
induction, that there exists k < N (could be zero), a subsequence v/ of the original sequence, a

sequence of numbers {t;,.},_; , and fast solutions y; := (y;,7;) satisfying

1=
1. limyr oo tig1,r — tir = 400, fori=1,...,k—1;
2. limy/ o0 Ty (ti,r + +) = (y3,m:) in CRX.-topology;
3. each y; has energy > 4.
4. Any other nonconstant fast orbit contained in Lo, (', R) is an e-short orbit.

We replace v/ by v for simplicity. Let N/ = #C;f”g . Then we can continue the induction to
find all e-short orbits, and we claim that the induction stops at finite time and we can find at most
sing

N'(N + 1) e-short trajectories. Suppose not, then there exists a w € C¥"Y and a subsequence, still

indexed by v, and sequence of numbers

S1,0 <82, < - < SNy2.v

oo

such that for each j, =, (s;,, +-) converges in Cy2,

to an e-short solution Z; := (z;,&;) whose orbit is
contained in B, (w). And there exists j € {1,..., N + 1} such that Lo (v, [s;,,sj+1,/]) contains no
orbits which are not e-short. Then we take [t;,,t;41,,] C [Sj0,Sj+1,0] such that
VILII;O Eu(tj7y) = tlggloo gj (t) = a4 S C}‘, VIL)II;O :’i:y(tj_i_l,y) = ti}l}loo Ej_;,_l(t) =:b_ € C]-‘

and denote limy_,_ o Z;(t) = a—, limy_, 4 o Zj11(t) = by. Suppose Lo (v, [t),tj+1,0]) contains some
other e-short orbit contained in B,.(w), then it can contain only finitely many, because those orbits
must start from the arc between a_ and b_ and ends at the arc between a4 and b;., whose energy has
a nonzero lower bound. Therefore, by taking a subsequence if necessary, and chooing subintervals
of [tj.,tj+1,0], we may assume that 7' = Lo (v, [t;, tj+1,,]) contains no other e-short orbit which is

also contained in B, (w). This implies that

Tceru  |J  B().

sing
veCE"?, v#w
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Indeed, T is contained in a connected component of the latter set, which is homotopy equivalent to
a circle or R.

Now by the fact that w is a nondegenerate critical point of F|c,, we see that w ¢ T, because
otherwise by Lemma 3.5.11, F(w) € [F(ay), F(b—)]. But there are other points contained in Cx N
(Bar(w) \ B, (w)) which is not in 7', by the monotonicity requirement in Lemma 3.5.11. Then this

contradicts with the connectedness of T.

Identify all slow orbits

One can not go from p to ¢ only through fast orbits because 1, # 7, according to our assumption
(A12). Hence in the limit slow orbits appear. The identification of them is easy intuitively, because

Cr is 1-dimensional and our limit object should be connected.

Proposition 3.5.13. Assume the sequence T, and {t;,}i=1, . n satisfy the condition of the last

.....

proposition. Let tg,, = —o0 and tp41,, = +00. Then there ezists a subsequence (still indexed by v),

and slow orbits v; C Cx, 1 =0,...,n satisfying the following:
(I) For eachi=1,...,n, v is from g;(+00) to gi+1(—00).
(IT) If p € Crit™ (F), then o is the single point p; if g € Crit™ (F), then v, is the single point q.

(III) For eachi=1,...,n— 1, there exists intervals (a; ,b; ) C (ti—1,0,ti) such that

lim ‘ai,u — ti,11,,| = lim |bi7,/ — ai,,,| = lim ‘ti,u — biy,/| = 0
v—00 V—00 V—00

and T, ([ai v, b;,,]) converges to v; in Hausdorff topology.
Proof. By the previous proposition, we may find sequences of intervals I; , = [a; ., b;,] C R, i =

1,...,n— 1 such that for each v, I, , N I;, =0, for i # j, b, — a;, — 00, and

Ulggo xu(aiw) = yi(+00), Vlglgo xu(bi,u) = Yit1(—00).

And take Iy, = (—00,a0.,], In.y = [bn,, +00) such that

lim iV(CLOW) = gl(foox lim 5u(bn,u) = gn(+oo)

vV— 00 vV— 00
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1. For each ¢ € {1,...,n}, set y; + = y;i(+o0). And set yo+ =P, Yn41,— =¢. For i =0,...,n,
let I'; C Cr be the union of all slow orbits from ¥; ; to y;11,—. Since Cr is a 1-dimensional
manifold, T'; is either a single point, or is one nontrivial slow orbit, or is the union of two

nontrivial slow orbits. We would like to prove that Lo (v, I;,) C T;.

If T'; is the union of two slow orbits, then I'; the whole connected component of it in Cx. By

the connectedness of L (v, 1;,) the claim is true.

Suppose I'; is simply-connected and Lo (v, I;,) is also simply-connected. Suppose in this case
the claim is not true, then there exists a subsequence (still indexed by v) and ¢, € I;, such

that lim, 0o T, (t,) = 2 € Loo(v, ;) \ T'; and

f(yi7+) > f(Z) > ]-'(yi+17_).

But since Loo(v, [y, b;,,]) and Lo (v, [as,0,t,]) are connected, either the former contains y; +

or the latter contains y;1,—, either of which contradicts Lemma 3.5.11.

We claim that it is impossible that I'; is homeomorphic to a closed interval and Lo (v, I; )
is homeomorphic to a circle C' C Cr. Suppose not, then Lemma 3.5.11 implies that y; 4
and y;4+1,— must be the absolute maximum and minimum of the function F restricted to this
component C. The critical points of F|c can be put in a cyclic order and adjacent to y; 1, the
two local minimum are y;11 — and some z € C'\ I';. Taking a subsequence and find ¢, € I, ,
such that lim,_, Z,(¢,) = z. And consider the interval J; , = [t,,b;,]. Then L (v, J;,) is
homeomorphic to a closed interval and doesn’t contain y; . But this is impossible because
then it must contain another local maximum 2’ between z and y;41,— to keep the connectedness

of Loo(v, Ji ), while F(2') ¢ [F(2), F(yi+1,0)], which contradicts with Lemma 3.5.11.

2. We can identify one slow orbit contained in I';. More precisely, we would like to show that, there
exists y; C I'; a slow orbit from y; + to y;4+1,— and a subsequence v’ such that Lo (v, I; /) = ;.
Assume it is impossible, then I'; = v} U~? the union of two different (nonconstant) slow orbits,
and we can assume that there exists a subsequence v/ such that for any further subsequence
{v"} c{v'} 7 € Lo (V" Lir).

Now suppose there exists 2 € Lo (v, ;) N (Fi \ %1) Then there exists a subsequence v”,
and t,,, t,n,th, € I yu, t ,, <t, <th,, such that

lim T, (t,n) =72, lim Z,(t5) =2F € Int(v})
v’ — 00 v’ — o0
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and F(yi, 1) > F(z7) > F(2) > F(Z) > F(yit1,-)-
Since

L\ NFH([FED), FED))

has a nonzero distance from -, it means

LOO(V//v [t;”v tj”])

is diskonnected, which contradicts with Lemma 3.5.10. Hence we have Lo (v, I; /) = 71

3. So in summary, there exists a slow orbit v; from y; + to y;11,—, and a subsequence (still
indexed by v), such that Lo (v,I;,) = ;. By the connectedness of L (v,I;,), this implies
that 7, (I; ,) converges to -y; in Hausdorff topology. (II) of this proposition simply follows from
the requirement that F is decreasing along 7y and -, and p is attracting and ¢ is repelling in

this case.

So we complete the proof of the compactness theorem.

3.5.4 Gluing

In this subsection we prove the following theorem.

Theorem 3.5.14. Suppose p € Critg(F), g € Critg_1(F). Then, there exists ey > 0, such that for

all X € (0, €], there exists a bijection
®*: NO(p,q) = MM (p,q)
such that for any 2 € J\N/O(p7 q), there exist representatives T* € Mv)‘(p, q) of @N[Z]) such that

{@*} converges to 2 in the sense of Definition 3.5.8.

Proof. Let p € Critg(F), ¢ € Critg_1(F). Theorem 3.5.9 implies that for A > 0 small, any orbit in
MA(p, q) is close to a fast-slow orbit in A°(p, ¢). We must show that for any fast-slow orbit from p
to g, if A > 0 is small, then there exists a unique orbit from p to ¢ that lies near the given fast-slow

orbit.
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The proof consists of two parts. In the first part, we construct the gluing map ®*, by using
the Exchange Lemma (Lemma A.1.1) and General Exchange Lemma (Lemma A.1.2). In the second
part, we show that ®* is a bijection.

We remark that the Exchange Lemma and General Exchange Lemma (cf. Section A.1) are for C”
differential equations, and some regularity is lost in the derivative of the constructed solution with
respect to €. In our situation the differential equations are of class C'°°, so of course each solution is
of class C*°.

Now we start to construct the gluing map. We will frequently use Proposition 3.5.5 without
citing it, and we will use the notation W*(p, A), etc., from Subsection 3.2.3.

Let 2" = (po,01,P15---,Pn—1,0n,Pn) be a fast-slow solution from p to g. For small A\ > 0, we
will follow W*(p, A) around the fast-slow solution until it meets W#(g, A) transversally. Any orbit in
M?*(p, q) that is near the given fast-slow solution must be in the portion of W*(p, \) that we follow;
uniqueness is a consequence of the transversality at the end of the proof (Step 8).

We have p € Crit} (F) U Crit;, (F) and g € Crit} | (F) U Crit,_, (F).

Step 1. Suppose p = (z,,n,) € Crit; (F). Then index (z,, fn,) =k, and o1 is a fast solution from
ptopr = (Tp,,7p,) € Cr\CE™, with index (Tpys fn,,) = k—1. By (A13), W"(p,0) meets W*(py,0)
transversally within M x {n,} along o1. Then W*"(p, 0) meets W?* (o9, 0) transversally in M xR along
o1. (More precisely, oo should be replaced by a compact portion of the complete orbit corresponding
to o2; we shall use this sort of abuse of notation throughout this section.) The dimension of the
intersection is dim W*(p,0) + dim W#(02,0) —(n+1)=k+(n—(k—1)+1)—(n+1)=1.

Thus o7 is isolated in the intersection. The next orbit o9 is slow, and we have (i) ps € Cx \C;-mg )
or (i) p2 € C£™. In both cases, index (z,,, Fopy) =k —1.

Step 2. After Step 1, in case (i), the Exchange Lemma [26] implies that for A > 0 small, W*(p, ),
followed along the flow, becomes close to W*(o9,0) near ps. By close we mean close in the C*-
topology for some large s, which decreases in the course of the proof; see Appendix A.1. Notice that
the dimension of W*(09,0) is (k — 1) + 1 = k as it should be.

The next orbit o3 is fast, and we have (i) ps € Cr \ C3", or (i) p3 € C2™. In case (i),
index (zpy, fy,,) =k — 1; in case (i), index (zp,, fp,,) = k — 2.

Step 3. After Step 1, in case (ii), let Ny denote the center manifold of (3.2) for A = 0 at pa,
which has dimension 2. The choice of center manifold is not unique; we may choose it to include
the start of o3 (see Appendix A.2). By the Exchange Lemma, for A > 0 small, W*(p, \), followed
along the flow, becomes close to W*"(o3,0) where o2 enters Ny. Of course W*(o3,0) (dimension k)

is transverse to W*(Np,0) (dimension (n—(k—1)—1)+2=n—k+2); n—(k—1)—1 is the number
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of negative eigenvalues at ps. The dimension of the intersection is 1. For small A > 0, Ny perturbs
to a normally hyperbolic invariant manifold Ny, and W*(p, A) is transverse to W*(Ny, ).

The solution in W*(p, A\) N W*(Ny, \) approaches a solution py(t) in Ny that is initially near
02 N Ny. The system restricted to Ny, A > 0, has been analyzed in [30]; see Appendix A.1. The
result is that p%‘(t) leaves N close to 03 N Ny. Then the General Exchange Lemma implies that
W*(p, \) becomes close to the restriction of W*(Ny, 0) to o3 N Ny, i.e., W¥(p3,0), as W"(p, A) exits
a neighborhood of Ny. W"(ps,0) has dimension (k — 1) + 1 = k as it should. The orbit o3 is fast,
ps € Cr \ C;jng, and index (w4, fy,.) =k — 1.

Step 4. After Step 2, in case (i), W (p, A) is close to W¥(o2, 0) near ps, and by (A10), W*(02,0) is
transverse to W#(oy4,0) along o3. Continuation from here is like continuation after Step 1, described
in Steps 2-3.

Step 5. After Step 2, in case (ii), we note that by (A13), W¥(ps,0) (dimension k—1) is transverse
to W*(ps,0) (dimension n— (k—2)) within M x {n,, } along o3. Let Ny denote the center manifold of
(3.2) for A = 0 at p3, which has dimension 2; we choose it to include the end of o3 (see Appendix A.2).
Then W*(o2,0) (dimension k) is transverse to W#(Ny,0) (dimension (n—(k—2)—1)4+2 =n—£k+3)
along o3. The intersection is 2-dimensional and consists of solutions that track an open set of
solutions in Ny around o3.

Step 6. After Step 3, we note that by (A13), W"(pz,0) (dimension k) meets W*(p3,0) (dimension
n — (k — 1)) transversally within M X {n,,} along os. As in Step 1, W¥(p2,0) meets W*(oy4,0)
transversally in M x R along o3, and W%(p, ) is close to W*(p2,0) near o3. The next orbit o4 is a
slow solution from p3 to (i) ps € Cx\C2™, or (ii) ps € C2™. In both cases, index (z,, fopy) = k—1.
Continuation from here is like continuation after Step 1, described in Steps 2-3.

Step 7. After Step 5, for small A > 0, the tracked orbits include an open set Uy in N, the
perturbation of Ny, that lies above an open set Uy in Ny that contains o4 N Ny in its interior. The
General Exchange Lemma implies that W*(p, \) is close to the restriction of W*(Ny, 0) to Uy, i.e.,
to W* (o4 N Np), as it exits a neighborhood of N. Continuation from here is like continuation after
Step 2, described in Steps 4-5.

Step 8. Continuation proceeds using analogs of the steps previously described until W*(p) arrives
near p,_1.

If ¢ € Crit}} (F), then o, is slow, and index (Tp,_1s [, ) = index(xq, fp,) =k — 1. W¥(p,A)
arrives near p, along the slow orbit o, close to W*(o,,0), which has dimension k. W*(o,,0) is
transverse to W#(o,,0), with dimension n— (k—1)+1 = n—k+2. Therefore W*(p, A) is transverse

to W#(q, A), which is close to W#(o,,,0). The intersection has dimension 1 and gives the solution
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from p to q.

If ¢ € Crit, (F), then o, is a fast orbit from p,—1 € Cr \ C;-i"g to g € Cr \ C;_-mg; we have
index (zp, ,, fy, ) =k —1 and index (zg, f,) = k — 2. By (All), W*(p,_1,0) meets W?*(q,0)
transversally in M x {n,} along o,. Therefore W*(o,,0) meets W*(g,0) transversally in M x R
along o,,. Since W*(p,\) is close to W*(o,,,0), W¥(p,\) meets W*(g, A) transversally in M x R
near o,. The intersection has dimension one and gives the solution from p to gq.

Step 9. Suppose p = (xp,7,) € Crit, (F). Then index(zp, f;,) = k — 1, and o0, is a slow
solution from p to p1 = (p,,mp,). Either (i) p1 € Cx\ C2™, or (i) p1 € CE™. In either case,
index (zp,, fy, ) =k —1.

In case (i), W*(p, \) is close to W"(o1,0). Step 3 above describes how to continue from p;. Case
(ii) is left to the reader.

Now we show that the gluing map just constructed is a bijection. We first note that there exist
small § > 0 and A > 0 such that for all A € (0, \g), the orbit we constructed is the unique one
in M*(p, q) such that its Hausdorff distance from the fast-slow orbit [2] is less than §. This is a
general fact about exchange lemma constructions; see for example [27], p. 1021.

Thus the gluing map is a bijection provided it is surjective. We claim that there exists A\g > 0
such that the gluing map is surjective for all A € (0, Ag). If not, then there exist a sequence A\; — 0
and a sequence of orbits [7;] € M>i(p, q) such that for each i, [#;] is not in the image of ®*i. Then,
by the compactness theorem (Theorem 3.5.9), without loss of generality, [Z;] converges to a fast-slow
orbit [#] in the sense of Definition 3.5.8. In particular, this sequence converges in the Hausdorff
topology. Then for large i, ®*i([#]), which is the unique orbit in M?i(p,q) in a small Hausdorff

neighborhood of [#], must be [z;]. This contradiction proves the claim. O

3.6 Basic Morse theory and the chain complex C°

Let us recall the following basic properties of any Morse function p : M — R, where M is a compact

manifold.
1. If [e1, co] contains no critical value of p, then p=1((—o0, ¢1]) is diffeomorphic to =1 ((—o0, ca));

2. If (i) ¢ € (c1,c2) is the only critical value of p contained in [e1,¢p], (ii) there is a unique
critical point  of p such that p(z) = ¢, and (iii) « has Morse index k, then the sublevel set

pu (=00, c2]) is obtained from the sublevel set u~1((—o00,¢1]) by attaching a k-handle.
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Thus a change in the level set of u corresponds to a change in the sublevel set of p. The chain
complex C° defined by counting fast-slow orbits gives an indirect way to obtain, at the homology
level, this change of topology. In this section we will give a brief indication of how this works.

We replace p by p. = pu — ¢ for any regular value ¢ of u, and denote the corresponding Lagrange
multiplier by F. : M x R — R. Then Crit(F,) is just the critical point set of the restriction of
f to the hypersurface p~1(c). On the other hand, the slow manifold Cx, = Cz is unchanged, and
Crit(F.) = Cx. N (u~t(c) x R). The fast flow is unchanged when we vary ¢, and the changes in
generators and the slow flow can be seen transparently from the intersection of Cx and pu~!(c) x R.

We have to consider various “wall-crossing” phenomena of the chain complex C°(f, u — ¢) when
we vary ¢, not only at the critical values of u, but also at each ¢ where an assumption we made to
define the chain complex fails. We assume that for each ¢ € R, if ¢ is a critical value of u, then
u~t(c) contains only one critical point; if ¢ is a regular value, then at most one of our assumptions is

violated; and the violations happen at diskrete values of ¢. This assumption is satisfied for generic

(fi1t,9)

3.6.1 When ¢ does not cross a critical value

When [c1, ¢o] contains no critical value of u, p=1(c1) and u=!(cq) are diffeomorphic. We look at the
chain complexes CO(f, u — ¢1) and CO(f, u — co) in several cases.

1. Suppose that as ¢ moves from ¢; to cg, a degenerate critical point of ulc, appears (in
violation of Proposition 3.4.4) and then splits into nondegenerate critical points. Generically two
nondegenerate critical points are produced as shown in Figure 3.2. Thus two new generators of
CO(f,pn — c2) are produced. We denote them by p € Critﬁ and ¢ € Crit;_ ;. Between them there is

a slow trajectory ~.

s u=c,

Figure 3.2: The dashed lines represent the hypersurfaces u = ¢; and g = co, one of which has two
more intersection points with Cx than the other.

We now prove that the two chain complexes are quasi-isomorphic. We denote the chain complex

associated to the left picture by ({D;}i>0,9p) and the chain complex associated to the right picture
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by ({Ci}i>0,0¢). Then there is a canonical inclusion

t:D; — C;

and projection

ﬂlci%Di

by forgetting p € Cy and g € Ci11. It is easy to see that dc(q) — p € Ime. However, these two maps
are not chain maps. The natural chain maps should be corrections of + and 7, where the correction
terms appear because some fast-slow trajectory in the left picture gets blocked by the creation of p
and q.

We define the corrected chain maps on generators of the chain complexes and extend it linearly

over Zs, by
T 01 — D;
m(x), T £ DG
o 0, T =q;
m(dc(q) —p), x=p
and

T D, — Cl‘
(), x ¢ Diy1;

v(x) — (Op(z),p)q, € Dry1.

Now we check that both 7™ and 7 are chain maps and they are homotopy inverses to each other.
Indeed, this is exactly the same as the bifurcation analysis done in [12, Section 3] based on a gluing
phenomenon. Here we have exactly the same gluing phenomenon so the chain maps have the same
form.

2. Suppose that as ¢ moves from c¢; to co, a critical point of F. passes through the start or
end of a handle-slide (in violation of (A5)). See Figure 3.3. It is easy to see that CO(f,u — ¢1) and
CO(f,p — c2) are actually isomorphic.

3. Suppose that as ¢ moves from c; to cg, a critical point p € Crit, passes through a point

w € C;_-mg (in violation of (A5)) and then becomes a critical point ¢ € Crit}; see Figure 3.4. If
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Figure 3.3: The dashed lines represent the hypersurfaces y = ¢; and u = ¢3. ¢ is a handle-slide.
This change replace a generator p € Crit; by another ¢ € Crit; and actually gives isomorphic chain
complexes.

there is a cusp trajectory o; starting at w, it will contribute to the definition of 9°(p) in the chain
complex CO(f,pu — c1). In CO(f, u — cz2), the corresponding contribution to 9°(g) is given by a fast

trajectory oy starting from gq.

Figure 3.4: The dashed lines sides represent the hypersurfaces = ¢; and j = c; respectively. o is
a cusp trajectory starting from w € C3"?, and o is a regular fast trajectory starting from g. The
generator p € Crit, is replaced by ¢ € Critz; the chain complexes are isomorphic.

3.6.2 When c crosses a critical value

Suppose that one point ¢ € (¢1,c¢2) is a critical value p, with a single critical point z of index k
of . Then topologically, u=t(c;) and p~1(cz) differ by attaching a k-handle, and the homology
changes accordingly. We can recover this fact by comparing the chain complexes C°(f, n — ¢;) and

CO(f,p— c2). In the generic case, one complex has two more generators, one of index k + 1 and one
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of index n — k. Figure 3.5 illustrates one case of this changing.

Figure 3.5: On the left: the left branch of Cx has index n — k (of the fast flow) and n << 0, and
the right branch of Cx has index k and n >> 0. It has two more generators p and ¢ with degrees
n — k and k + 1 respectively than the right picture.
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Chapter 4

Affine vortices in the adiabatic

limits of gauged linear o-model

4.1 Introduction to this chapter

This chapter is on the geometry of the symplectic vortex equation over the complex plane and
their moduli spaces. The vortex equation over C and the moduli spaces of solutions are the central
objects in the project of Ziltener (cf. [61]) to define a quantum version of the Kirwan map for
symplectic manifold X with Hamiltonian action by a compact Lie group G. Here we work with a
concrete example, where, the target manifold is the vector space CV acted by U(1) via complex
multiplication and the symplectic quotient of this action is the projective space PN !,

Many years ago, in [48], Taubes gave the classification of finite energy vortices in the case where
the target X = C with U(1)-action. The moduli space for each “vortex number” d > 0 is Sym?C, the
d-fold symmetric product of the complex plane. For target C with N > 2 and the diagonal U(1)-
action there was no result of either construction of nontrivial solutions or classification, until very
recently Venugopalan-Woodward ([51]) claim that, for target manifold a projective variety acted by
a reductive Lie group (including our case) using heat flow method one can identify the solutions to
the vortex equation and algebraic maps from C to the “quotient stack” X/G with certain condition
on the asymptotic behavior at infinity.

For the special example considered in this note, we take a different approach which can be
certainly extended to more general situations. This approach contains three basic ingredients. The

first one is the adiabatic limit analysis for vortex equation over a compact Riemann surface X
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with growing area form, most of which is provided by [17]. In particular, it implies that (in the
symplectic aspherical case) as we grow the area form on X, the energy density of solutions blows
up at most in the same rate as we enlarging the surface. The second ingredient is the Hitchin-
Kobayashi correspondence for stable N-pairs over the compact ¥ provided by Bradlow’s theorem
[4] (see Theorem 1.3.5). This correspondence works for any large area form on the domain curve,
hence we can identify moduli spaces of solutions for different area forms with the same algebraic
moduli space. The third ingredient is the observation that the energy concentration of a sequence
of solutions has an algebraic description (in our example this means a sequence of holomorphic N-
pairs develops a base point). With the understanding of these ingredients, we can manipulate the
bubbling in the algebraic moduli space and construct all possible solutions.

This bubbling phenomenon may not be novel to physicists. For example in [55], Witten argued
heuristically about the formation of such “point-like instantons”. Here we reformulate it more

PV —1_model.

precisely and give a more comprehensive treatment in the special case of

It is worth pointing out that our approach is very elementary, and by looking at concrete exam-
ples, it helps understand the behavior of the vortices (for example, why they merge to the moment
level surface and converge to holomorphic spheres in the symplectic quotient). One can also gener-
alize this method to other cases, for example, toric manifolds and flag manifolds, both as symplectic
quotients of Euclidean spaces.

A purpose of classifying affine vortices and identifying their moduli spaces is to compute the
quantum version of the Kirwan map, which was proposed by D. Salamon and a rigorous defini-
tion relies on an ongoing project of Ziltener. The quantization of the Kirwan map is supposed to
intertwine the Hamiltonian Gromov-Witten invariants of a Hamiltonian G-manifold and the usual
Gromov-Witten invariants of its symplectic quotient (which extends Theorem to the case that «;
can have arbitrary degree) and defines a morphism of “cohomological field theory algebras” (see
[40]). In the case we considered in this chapter, we can identify the moduli space and a natural com-
pactification (we call it the Uhlenbeck compactification), which we can use to compute the quantum
Kirwan map &g : Hy) (CN) — QH* (PN~1). We also identified the stable map compactification

of the moduli space of nontrivial affine vortices of the lowest degree.

4.1.1 Organization of this chapter

The first half of this chapter is about general theory: Section 4.2 is a review of previous work of

Ziltener on affine vortices and its relation with vortex equation over a compact Riemann surface via
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the adiabatic limit. In Section 4.3 we consider the compactification of the moduli space of affine
vortices, where we give some refinement of definitions of Ziltener. In Section 4.4 we review the
(formal) definition of the quantum Kirwan map.

In the second half we restrict to the special case for U(1)-action on CV. In Section 4.5 we give
a detailed description of the vortex bubbling phenomenon in the adiabatic limit. In Section 4.6 we
use the adiabatic limit trick to give a classification of finite energy affine vortices which generalizes
Taubes’ classification for N = 1; we also identify its moduli space and compute the associated

quantum Kirwan map.

4.2 Affine vortices

We survey some basic facts about vortex equation over C with area form ¢ = ds A dt. We call a
solution to the vortex equation (1.14) in this case an affine vortex. All G-bundles over C are trivial
and isomorphisms between them are all isotopic, so we will work solely with “the” trivial bundle
P = C xG. So a connection A will be written canonically as d+« with o € Q!(C, g) and the section
u corresponds canonically to a map u : C — M. A gauge transformation is then a map g : C — G.

The general theory for vortices over C initiated from the paper of Gaio-Salamon [17] and a lot of
analytic framework has been settled down by Fabian Ziltener in [61]. The algebraic theory of these
objects are also studied in [57].

First of all, we make several assumptions on the manifold (M,w) and the action. They are
satisfied, for example, in the case of Subsection 1.3.4.

We assume

1. (M,w) is aspherical, i.e., for any embedded sphere S? C M,

/ w=0.
5'2

2. The moment map p is proper, and 0 is a regular value, such that the restriction of the G-action

on p~1(0) is free.

3. There exists a G-invariant, w-compatible almost complex structure J such that the tuple

(M,w, J, 1) is convex at infinity. This means there exists a proper G-invariant function f :
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M — [0,00) and a constant C' > 0 such that for any (z,v) € TM with f(z) > C,

w(VoVf(z), J(2)v) —w(ViuVf(z),v) >0, w(X,g),Vf)>0.

We give two examples of affine vortices.

Ezample 4.2.1. An affine vortex is called trivial if it is equivalent to (A,u) where A = d is the
trivial connection on the trivial bundle, and u : C — M is a constant map with value in £ =1(0). In

particular, an affine vortex is trivial if and only if it has zero energy.

Ezample 4.2.2. In the case M = C, U(1) acts on C by complex multiplication with moment map

u(z) = —§(|z|2 — 1), Taubes (see [48], [25]) classified all planar vortices with finite energy. More
precisely, for any “vortex number” d > 0 and for any d-tuple of unordered points z1,...,2q4 € C,

there is a unique solution (up to gauge) which is of the form
(Aju) = (d—0h+0h,e "(z—21) -+ (2 — 24)) .

Here h is the unique solution to the Kazdan- Warner equation over C:
1 d
—2h 2 _
Ah—|—§ e j|7|1|z—zj| —1]=0.

There are two natural classes of symmetry of C, the translations and rotations, with respect to
which the equation is invariant. But there exsits solutions which have infinitely many rotational
symmetry, which will result in non-smooth moduli space. Hence we won’t identify two solutions if

they differ by a rotation.

Definition 4.2.3. An isomorphism from (A4, u1) to (Ag,us) is a pair (¢,g), where t : C — Cis a
translation, which lifts naturally to a bundle map between the trivial G-bundles, and g is a gauge

transformation g : C — G, such that ¢*t* (A1, u1) = (Az, ua).
We have the regularity modulo gauge tranformation.

Proposition 4.2.4. [59, Proposition D.2] For any solution (A,u) of class Wll’p there exists a gauge

oc’

tranformation g of class Wli’f such that g*(A,u) is smooth.

From now on any solution will be assumed to be smooth unless otherwise mentioned.
The next important property for affine vortices is its behavior near infinity. First we look at the

decay of energy density.
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Proposition 4.2.5. [60, Corollary 4] Suppose (A,u) is an affine vortex with finite energy. Then

for any € > 0 there exists Cc > 0 such that
ean(z) < Celz| 74, V|z| > 1.

Then we have the asymptotic behavior of vortices in suitable gauge. A solution (A,u) is in

radial gauge if for |z| large, A = d + n(z)d0.

Proposition 4.2.6. [17, Proposition 11.1] If (A, u) is an affine vortex with finite energy in radial
gauge with A = d + £(2)d0 for |z| large. Then there exists a Wt2-map x : S — p=1(0) and an

L?-map n : S' — g such that 2’ (0) + X, 9)(2(0)) = 0 and

2m

lim supd (u(rew)7 z(f)) =0, lim ’f(rem) - 77(9)‘2 dd = 0.

r—>00 0 T—00 0

To state the next proposition we introduce some notations. Consider the standard embedding
C — S%. An extension of (A, u) is a triple (ﬁ,l,,ﬂ), where P — S2 is a topological G-bundle,
L:CxG — Pis a bundle map which descends to the inclusion C — 52, and @ : P — M is an

equivariant continuous map such that wo .t = u.

Proposition 4.2.7. [17][61] If VMH(A,u) < oo, then there exists a unique extension (P,1,7) of

(A, u) onto the sphere, such that W(Ps) C p~(0), where Ps, is the fibre of P at oo € S2.

The extension (P, , %) defines an equivariant homology class 1, [S?] € HY(M;Z). Indeed, the
Yang-Mills-Higgs functional of (A4,u) is equal to the paring ([w — u], u.[S?]), where [w — p] is the
equivariant cohomology class defined by the equivariantly closed two form w — pu.

Identify u topologically with v : D — M which extends continuously to the boundary. Then the
extension of (A, u) to S? is given by go : ST — G and 2, € = 1(0) such that v|sp(e?) = goo (€)7o
Trivialize v*TM on D, then the loop g is identifed with a loop of invertible matrices. The degree
of det g is defined to be the Maslov index of the solution (A, w), denoted by ind,, (A4, u) (see [61,

Definition 2.6] for details).
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4.2.1 Fredholm theory of affine vortices

Let z be the standard coordinate on C. Let p(z) = (14 |z|2)2 for z € C. For § € R, p > 1, consider
the Banach spaces (over complex numbers)

Wyte = {ue Wi ©) | pue whr(e)}.

euc loc

And we denote LY = Wz?,,e}; .-

For a smooth solution (A,w), the space of infinitesimal deformations is described as follows.
Regard u as a smooth map from C to M. The connection A induces a connection on the bundle
w*TM and the bundle T*C ® g, both denoted by V4. For (V,a) € WL? (C,u*TM & T*C ® g),

loc

define
(Vialw, , = VI + |94V y + V40| 4 1dis(V)] g + 1TV + o

And define W), 5 C Wi)’f be the subspace of vectors with finite W, s-norm. If A = d + «yp, then the

linearization of the gauge tranformation is h +— (—dh + [ag, h], —X}), whose adjoint is the map

Wp,é - Lg ((C, g)
(V,a) — —d*a— Alxag,a] —du(JV)

Then it is easy to see, the linearization at such (A4, u) is a bounded linear operator

Dypy: Wys — L;
(VA + 1(VyJ) odauoj + X0
Vo) = da + [ag, o] + du(V) - dsdt
—d*a — AJ*xag, ] — du(JV)

Proposition 4.2.8. [61] There exists py > 2 such that for all p € (2,p9) and 6 € (1 — %,2 — %),

D 4,y is Fredholm and indexD 4 ,, = 2ind, (A4, u) + dimM — 2dimG.

4.2.2 The adiabatic limit

For a compact Riemann surface X, fix a smooth area form Qx, € Q?(X). Let A > 0 be a real number.

A M-twisted holomorphic map from ¥ to M (or a A-vortex) is a solution to the vortex equation
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(1.14) with the area form €y replaced by \?Qy, i.e.,

0 = 0
At (4.2)

Fa+Xuu)Qs = 0.

Its energy is defined in the same way using the area form A?Qy. If we agree that all Sobolev norms
appearing in the following are taken with respect to the fixed area form (s, then the energy of a

A-twisted holomorphic map is given by

YMIMP, Au) = 3 (Ildaullfe + A2 Falf + 22 )3 )

DO =

What is of interest is the limit process A — oo, which is called the adiabatic limit process. If
we fix the topological type of the vortex (which implies the uniform bound on the energy), then we
see that ||p(u)] ;2 — 0 as A = oco. Indeed, p(u) will converge to zero except for finitely many points
in ¥, and those points are where nontrivial affine vortices bubble off.

More precisely, suppose \j is a sequence of real numbers diverging to infinity, and (Ag,uy) is a

sequence \g-vortices (i.e., solutions to (4.2)). The energy density function for (Ayg,ug) will be

ex(2) = 5 (Ida,ue(2)* + X lu(un(2)[) -

| =

If the sequence of functions e is not uniformly bounded, and suppose there exists a sequence of

point px € ¥ such that

lim sup ¢, := lim sup ex(px) = limsup sup e, = +o0.
k—o00 k—o0 k—oo X

Then in [17] it was shown that in the following three possibilities (for suitable subsequences) corre-

sponding bubbles will appear:
1. limg o0 )\Izzck = +o00. In this case, a nontrivial holomorphic sphere in M will bubble off.
2. 0 < limg_s00 )\Izzck < 4o00. In this case, a nontrivial planar vortex will bubble off.

3. limg 00 )\;2% = 0. In this case, a nontrivial holomorphic sphere in the symplectic quotient

will bubble off.

This is called the bubbling zoology of the adiabatic limit. Since we have assumed that (M,w) is
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aspherical, the first bubble type won’t appear. In particular we have

limsup A 2 [lex| o < 00. (4.3)
k=00
Remark 4.2.9. In the general situation, given an arbitrary sequence (A;, u;), we don’t know a priori
where the energy density will blow up and what type of bubbles may appear. But in the case
of Kéhler targets, using the algebraic description of vortices (e.g., stable N-pairs) provided by
the Hitchin-Kobayashi correspondence, we observe that the cause of the energy concentration is
governed in the algebraic side. Using this property we can manipulate the energy concentration for

the adiabatic limit process and construct affine vortex bubbles. This is what we do in the last two

sections of this chapter for the case X = CV.

4.3 Degenerations of affine vortices

In the case studied by Taubes, we have already seen one type of degeneration of affine vortices.
Namely, vortices may “split”: the relative distance between points in 7€ Sym?C may diverge to
infinity, which means a sequence of vortices with vortex number d can split into up to d nontrivial
vortices. There are two other types of degenerations. If the symplectic quotient M allows nontrivial
holomorphic spheres, then the energy of a sequence of affine vortices can concentrate at infinity and
a holomorphic sphere in M can bubble off. Another possibility is sphere bubbles in the interior.
But since we have assumed that M is aspherical, this type of bubbles can only appear when marked
points coming together, i.e., ghost bubbles.

The bubbling phenomenon has been studied in [61]. And more generally, if we allow arbitrarily
many marked points, the we can use the language of complezified multiplihedron to describe the
moduli of stable vortices and its topology, as done in [57]. Here we only consider the case of at most

one interior marked point, hence no need to introduce the formal language.

4.3.1 Stable maps modelled on a rooted tree

A rooted tree T = (V,E,R) is a tree T = (V, E) with a distinguished vertex R € V(the root).
For a rooted tree T the edges are automatically oriented towards the root. We define the depth

dr 1V — Z>o U {oo} such that

1. dT(R) = OQ;
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2. viFEv, € K —= dT(’Ul) +1= dT(UQ) or vy = R;
3. If there is no v such that v1 Evy € E, then dr(vy) = 0.
An n-labelling of a rooted tree T is a map p: {a1,...,an} = V.

Definition 4.3.1. An (n,1)-marked genus zero stable map to M modelled on an n-labelled rooted

tree (T, p) = (V, E, R; p) is a tuple

(11, W) = ({u'ui}viEVa {wilig}’uilEvizEEv {waj }j:1,...,n)

where
1. u,, : C — M is a holomorphic map with finite energy (hence extends to a holomorphic sphere);
2. wiyi, € Cand wy, € C.

They are subject to the following conditions:
1. For each vj, Bvy, € E, uy,, (00) = y,, (wi,i,) € M;
2. For each vy, € V, the points w;, 4, for all v;, Evy, € E and z,; for all p(a;) = v, are all distinct;
3. If uy,, is a constant map, then #{v;, € V [ v;, Ev;, € E} + #{a; | p(ay) = vi, } > 2.

For each v; € V, we define Z,, := {w,r,, € C | vjEv; € E} U {wa, | p(aj) = v}

This refined notion of stable maps is used because the domain of an affine vortex has a canonical
marked point co. Then each stable map (u, w) defined as above, there is a dinstinguished marked
point oo on the component corresponding to R. For each edge v; Fvg, the coordinate of the node
on the component corresponding to vy is automatically co. We can define various notions (such as
isomorphisms and convergence) of stable maps as done in [34, Chapter 5], with the restriction that all
tree maps should be maps between rooted trees, and we should only use affine linear transformations

instead of arbitrary Mobius transformations.

4.3.2 (0,1)-marked and (1,1)-marked stable affine vortices

We now describe the objects we will use to compactify the moduli space of affine vortices diskussed

in Section 4.2.

Definition 4.3.2. An admissible pair of rooted trees is a pair (T, T) where T = (177 E, R) is

a rooted tree, T' C T is a rooted subtree and we allow T’ = () such that the following conditions hold
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1. If T = (), then T has a single vertex R;
2. If T = (V,E,R) # 0, then V \ V consists of vertices of depth zero;

A labelled admissible pair of rooted trees is an admissible pair of rooted trees (f, T) together
with a vertex Vp € V \ V, denoted by (T, T; Vo).

If T # 0, then the set of edges BiEv; € E for B € 1% \ V and v; € V induces a labelling

PF V\V — V, making (T, p7 T) a rooted tree with a #(V \ V)-labelling.

More generally, if T # (), and 7" C T is a rooted subtree (which is allowed to be empty), then
denote by Bg ,, := {Bi, ..., B} the set of connected components of T\T'. Each element B; Bz 7
represent a rooted tree TB, so that (B, ByNT) is an admissible pair of rooted trees. If Vy € By,

then (B, BiNT; V) is a labelled admissible pair of rooted trees.

Definition 4.3.3. A (0, 1)-marked stable affine vortex modelled on an admissible pair of rooted

trees (T, T) is a tuple

W = ((u7W) ; {Wﬁk}gkev\v)

where

1. If T # (), then (u, w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled

rooted tree (T, piT); if T'= () then (u,w) is empty.
2. Stability. For each f; € {$1,...,8s} = 1% \V, Wg, is a nontrivial affine vortex.
They are subject to the following constrains:
o If T # (), then for each B, € V\ 'V, evao (Wp,) = evg(u) € M.

Definition 4.3.4. A (1,1)-marked stable affine vortex modelled on a labelled admissible pair of

rooted trees (T, T; VO) is a tuple

Wi (0 w): W), e o)

where

1. If T # (), then (u, w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled

tree (T7 P7 T); if T =0 then (u,w) is empty.
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2. For each B € {f1,...,0s} = V\V, Wp, is an affine vortex;
3. zg € C.
They are subject to the following constrains:

1. Stability. If Wpg, is trivial then Vj = 3.

2. If T # (), then for each 8, € V\ V, evso (Ws,) = evg(u) € M.

We will call the marked point zy an interior marked point of W.

The following picture illustrates a typical marked stable affine vortex. Here the “tear drops”
represent the vortices W, and the spheres represent the components mapped into p~1(0). A dotted

component indicates that it has zero energy.

Figure 4.1: A typical marked stable affine vortex.

Definition 4.3.5. An isomorphism between two (1, 1)-marked planar stable vortices

W = ((u, w); {Wpg, }5ke\7\V ; {ZO}>

and

W' = ((u'7 w'); {Wg, },BkeV'\V ; {Z6}>

modelled on the same labelled admissible pair of rooted trees (T , 1 VO> is a tuple

(f7 {ts, 98} gpciny {%}uiev)

where
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1. f: (T, T:Vo) — (f,T; Vo) is an automorphism;
2. For each B, € V \V, tg, is a translation on C and gg, : C — G is a gauge transformation;

3. For each v; € V, ¢,, is an affine linear transformation and if 7' # (), then (f|7, {¢y, }v,ev) is
an isomorphism between (u, w) and (u’, w’) as (s, 1)-marked genus zero stable maps modelled
on the # (17 \ V)-labelled rooted tree (T, pPF T).

They must satisfy the following conditions:

1. For each B € V\ 'V, (t5,,9s,) is an isomorphism from W, to W 5, (see Definition 4.2.3);

2. ty, (20) = 2o.

For k = 0,1, we define the homology class of a (k,1)-marked stable affine vortex W to be the
sum of the homology classes of each of its components, which is an element in HS (M;Z). This only
depends on its isomorphism class. For A € HS (M;Z) we denote by ﬁil(]\/l, A) be the category
of all (1, 1)-marked stable affine vortices of homology class A and the morphisms are isomorphisms
between the objects. Denote by ﬂfl (M, A) the space of isomorphism classes of (1, 1)-marked stable

affine vortices of homology class A. There is a well-defined evaluation map
— A —
Voo My 1 (M, A) — M.

4.3.3 Degeneration of affine vortices

Now we describe the topology on the moduli space of stable affine vortices. We first give the definition
the convergence of a sequence of affine vortices to a stable affine vortex, which essentially coincide
with the definition in [61].

By a theorem of Guillemin and Sternberg, there is a neighborhoof U, of ;~(0) C M, which is
(canonically) symplectomorphic to p=1(0) x g, where g is an e-ball of g* centered at the origin
with respect to some biinvariant inner product, such that the moment map u restricted to U, is

equal to the projection onto g. Hence there is a well-defined map
my s Ue — M.

Definition 4.3.6. Let WY = (A", u”) be a sequence of affine vortices and let

W = ((u,W); {Wﬁk}akeV\V>
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be a (0,1)-marked stable affine vortex modelled on an admissible pair of rooted trees (i T ) We

say that the sequence {W"} converges to W, if E := lim,_,o, E(W") < oo exists, and
E = E(W)

and for each v; € V and S € 1% \ V, there exists affine linear transformations ¢} , ¢, such that the

following conditions are satisfied:

1. For each B € 1% \V, ¢, is a translation, and there exists a sequence of gauge transformations
g5, + € = G such that (ggk) <q§gk) (A”,u") converges to Wp, uniformly in any compact

subset of C;

2. For each v; € V, the sequence affine linear transformation ¢y (y) = aj, y+0by, with aj, converges

to infinity;

3. For each v; € V| (‘%b)* (1 o u”) converges to zero uniformly on any compact subset of C\ Z,,,

and the map (¢Z)* (7, o u”) converges to u,, uniformly on any compact subset of C\ Z,,.

- —1
4. If T # 0, then for any By € V'\ 'V, the sequence of affine linear transformations (¢Z~ ( Bk)) o
T, T

¢, converges to the constant map wpg, uniformly on any compact subset of C;

-1
5. For any v;FEv; € E, the sequence of affine linear tranformations (Q%) o ¢y, converges

uniformly on any compact subset of C to the constant map ws, ;-

Definition 4.3.7. Let W¥ = (A", u”; 2}) be a sequence of (1,1)-marked affine vortices and let

W = ((u, W) {Ws, } g, e\ v 3 {ZO})

be a (1,1)-marked stable affine vortex modelled on the labelled admissible pair of rooted trees

(T, T;Vy). We say that the sequence W converges to W, if E = lim, 0 E(W") < oo exists, and
E =E(W)

and for each v; € V and By € 1% \ V, there exists affine linear transformations ¢} , ¢}, such that the

following conditions are satisfied:

1. For each S € 1% \V, ¢, is a translation, and there exists a sequence of gauge transformations
g5, + € = G such that (ggk) ((b,’ék) (A”,u”) converges to Wpg, uniformly in any compact

subset of C;
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2. lim, oo ((b’{,o)_l (28) = zo;

3. For each v; € V, the sequence affine linear transformation ¢}, (y) = al, y+b;, with a}/ converges

to infinity;

4. For each v; € V, ((;SZ)* (1 o u”) converges to zero uniformly on any compact subset of C\ Z,,,

and the map (¢g)* (m, ou”) converges to u,, uniformly on any compact subset of C\ Z,,.

- -1
5. If T # @, then for any 8 € V'\ V, the sequence of affine linear transformations (¢Z~ ( Bk)) o
T, T

¢, converges to the constant map wpg, uniformly on any compact subset of C;

-1
6. For any v;Ev; € E, the sequence of affine linear tranformations (¢Zj) o ¢y, converges

uniformly on any compact subset of C to the constant map wy,q; -
Now the notion of convergence in the space of planar stable vortices can be easily defined:

Definition 4.3.8. Let W¥ = ((u",w”) ; {ng} ,{zé’}) be a sequence of (1,1)-marked

BreEVV\VY

stable affine vortices modelled on a sequence of labelled admissible pair of rooted trees (T”, T, Vo”),

and

W™ = ((uoo’woo) ; {Wgz}ﬂke";m\vw; {Z?})

be a (1,1)-marked stable affine vortex modelled on the labelled admissible pair of rooted trees
(TOO,TDO;VODQ) We say that the sequence {W”} converges to W™ if the following condition

holds:

1. If T°° = (), then for large v, T” = () and W¥ converges to W in the sense of Definition 4.3.7;
2. If T # (), then there exists a rooted subtree T” C T such that

(a) If 7" = 0 then for large v, T" = 0;

(b) If T # 0, then for large v, T" # (), # (‘N/” \ V”) = #Bz- 7., and the sequence of genus

zero stable maps (u”, w”) converges to the stable map W| which is modelled on the
T/

rooted tree T” with labelling pz.. 73

(c) For large v, there is a bijection s : Bgo 5, — V¥ \ V¥ and a unique By such that
Ve = s(Bo); and such that for each B; € Bf.. 4, if B; = By, then (W{}O, zé’) converges
to W in the sense of Definition 4.3.7; if B; # By, then Wﬁ”(Bl) converges to W

By

in the sense of Definition 4.3.6.

B,

Now we can state the compactness theorem of Ziltener. We specialize to the case where we have

at most one interior marked points.
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Theorem 4.3.9. [61, Theorem 3] If WY is a sequence of (k,1)-marked stable affine vortices with
k=0 orl, and limsup,_, . E (W”) < 00, then there is a subsequence and a (k,1)-marked stable

affine vortex W™ such that the subsequence converges to W™ jn the sense of Definition 4.3.8.

Example 4.3.10. Suppose we are in the case of Example 4.2.2. A sequence of vortices is prescribed by
a sequence of points Zv e Syde. Modulo translation, the bubbling is caused by the phenomenon
that at least two points in Z¥ are separated infinitely far away. Then in the limit, 7 are divided
into groups, points in the same group will stay within finite distance and points belonging to different
groups will be infinitely far away. Hence the limit depends on a partition d = dy + ...+ d,, a curve
C e MOJ-H, and for each i € {1,...,7}, an element 7€ SymdiC up to translation. We have the

similar description if we add a marked point.

4.4 Quantum Kirwan map

4.4.1 The Poincaré bundle and the evaluation maps

Let’s consider the moduli space of (1,1)-marked stable affine vortices. We call the component which
contains the interior marked point the primary component.

Fix a homology class A € HS (M). Consider the category of (1,1)-marked stable affine vortices,
ﬁil(M , A) with homology class equal to A. The morphism set between two objects is the set of
isomorphisms (f, {¢s,, 9s, }) defined in Definition 4.3.5. Also consider the category of objects (VV, p)
where W is an object of ﬁi1(M7 A) and p € S C C which is regarded as a point in the fibre at
the marked point z of the trivial principal bundle of the primary component. A morphism between

(W,p) and (W',p’) is an isomorphism (f, {tg,,gs, }) between W and W' such that p = p/gy, (20)-

Taking quotient modulo isomorphisms, we get a principal G-bundle over ﬂfl(M ,A), denoted by
— —A
Po — My (M, A).

The right G-action is induced from (W,p) cg = (W,pg). There is a well-defined equivariant

evaluation induced from (W, p) — uy, (p) € M, denoted by
evg : Pg — M.

This induces a map, with an abuse of notation, evy : ﬂil(M7 A) = Mq = EG x¢ M, to the Borel

construction Mg of M, whose cohomology is the equivariant cohomology of M. Also, we have the
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. A = . . .
evaluation map eve, : My ;(M, A) — M by evaluating the root component at infinity.

4.4.2 The quantum Kirwan map

We use the notations in Subsection 1.3.1 and assuming that (M,©) is monotone. Suppose we

have a natural orientation of the deformation complex of the equation (1.14) (over C) with gauge

tranformations, and there is a well-defined virtual fundamental class {Mﬁl(M , A)} U”, then the

quantum Kirwan map xq : Hf (M;R) - QH* (M; A) is defined by

" « — A vir
ko(a) = Z Z <(evo) aU (eve) ey, [MM(M, A)} > g 2e,, @ - qdm,
A=di1 A1+ +dm Am V1,02

(4.4)

Note that if we specialize kg(a) at g1 = -+ = ¢ = 0, then the only contribution is given by
——A . . . =7 . . . ce . .
M; 1(M,0), which is homeomorphic to M; the Poincaré bundle over this moduli is isomorphic to

the G-bundle ~1(0) — M. So the result will be the classical Kirwan map ().

4.5 The adiabatic limit of U(1)-vortices

4.5.1 Holomorphic N-pairs and Hitchin-Kobayashi correspondence for

rescaled area form

From now on, we consider concrete examples. More precisely, we work with M = CV with the

diagonal S*-action, whose moment map is
v (X
w(zi, ... 2n) = 5 Z'ZJ‘Q -1
j=1

Here we identify LieS! ~ iR ~ (LieSl)*. The symplectic quotient is the projective space PV ~1. We
assume N > 2.

Recall in Subsection 1.3.4, a degree d, rank 1, stable holomorphic N-pair over the Riemann surface
¥ is a tuple (£;¢1,...,¢pn) where £ — ¥ is a degree d holomorphic line bundle and ¢; € HY(L)
such that at least one of them is nonzero. On the other hand, let L — X be a fixed smooth Hermitian

line bundle of degree d; let {2y be a smooth area form on . Let ./\A/l/g ((CN,L) be the space of all
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solutions (A;¢1,...,0nN) to the following equation:

Oag; = 0

(45)
Fa = X421 (Z;V:l |6;1° — 1) Os.

Here A is a unitary connection on L and ¢; are smooth sections of L. And let Mg, (C, L) be the
space of gauge equivalence classes of such solutions.

By the Hitchin-Kobayashi correspondence (Theorem 1.3.5), the moduli space of (isomorphism
classes of ) degree d rank 1 stable holomorphic N-pairs is homeomorphic to M3 (C¥, L) for any A. In
particular, we always regard a holomorphic line bundle £ having the underlying smooth line bundle
L with a holomorphic structure given by 94, the (0, 1)-part of the connection A. Take A = 1 and
we represent a holomorphic N-pair to an element in Mlz (CN,L). Then for each (B;p1,...,0N) €

MVIE(CN, L) and for each A\ > 0, there exists a unique hy such that

AFp —V/—=1Ahy — % W e~ 2ha Z| il —1| =o0. (4.6)
The corresponding solution to (4.5) is given by
A= DB +V~1d°hy = B — 0hy + 0hy, ¢; = "y,
which is the result by applying the “purely imaginary gauge tranformation” e to the tuple

(B7<)0133<)0N)
For any A-vortex (A;¢1,...,0n) € M%(CN, L), the A-energy density and A-energy are given by

Z|dA¢J ‘ "’7 Z|¢J

E\(A;01,...,0n) = / ex(2)Qs = 2rdegL. (4.7)
b

Let (L, ?) = (L£;¢1,...,n) be a stable holomorphic N-pair. The base locus of 2 is the

intersection of the zeroes of ¢;, denoted by Z C 3. The multiplicity m,, of p € Z is the minimum of
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the multiplicities of p as a zero of ¢;. Then Z defines a holomorphic map

[@]: S\Z — pN-1

z = [%’1(2)7-~~7<PN(Z)]

which extends uniquely to a holomorhic map from ¥ to PV~! by removal of singularity, which is

still denoted by [@]. It is easy to see that

deg [#] = degL — Z M.

peEZ
4.5.2 The adiabatic limit

We will study the behavior of a sequence of objects (Ay,uy) € M%(CN,L) as A\ — oo and give a
refined version of the bubbling zoology of the adiabatic limit. In particular, we will give an algebraic
condition on the bubbling of nontrivial affine vortices.

From now on until the end of this section, we fix a sequence of stable holomorphic N-pairs,
which, by the Hitchin-Kobayashi correspondence, can be identified with a sequence (By; 7k) =
(Br; ©1.ky- - PNE) € ./T/ljE (CN,L). We assume that this sequence converges to (B;¢1,...,¢N) €
MY (CN, L), whose base locus is denoted by Z C X. We also fix a sequence A\, — 0o, hence for
each k let hy : ¥ — R denote the unique solution to the equation (4.6) for the vortex (By; ?k) and
X = \;p. We denote Ay, := By, — Ohy, + Ohy, and Djk = e~ hk ©jk;-

For each p € X, we choose a local holomorphic coordiante &, : B, — U,, where r, > 0
and B,, C C is the radius 7, disk centered at 0 € C, U, is a neighborhood of p € ¥. Up to
rescaling, we can assume that Qs = o,dsdt, where (s,t) is the standard coordinates on C and
op : Br, = Ry is a smooth function, such that ¢,(0) = 1. We also trivialize £} L smoothly over
By, by ¢y : By, x C — £ L. We call such a triple (Up,Brwfp,Cp) an admissible chart near p.
Then any triple (L, A,u) over ¥ can be pulled back by an admissible chart to B, , to a triple
(Brp xC,d+ a; (b) over B, .

Then for any ¢ € &, (B%p) C U, and for r € (07%”), the inclusion B, =~ ng (r) C By,

Y(@)
induces a chart near ¢, from the admissible chart (U, B;,,&p,(p). Then for any large number A, we

zoom in by B), ~ B,. With the admissible chart near p understood, we abbreviate by

sy (A1)
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to be the pull-back object on the trivial bundle over Bj..

Lemma 4.5.1. Suppose pr, € ¥ is a sequence of points such that limyg_,oopr = p and ri, > 0 is a
sequence of real numbers such that

lim rp, =0, lim Ry := lim Agrp = +o0. (4.8)
k—o00 k—o00 k—o00

Choosing an admissible chart centered at p. Then we obtain a sequence of pull-back pairs
(d+ ag; dr) == Sp Ak (A, ug)

on Bg,. Then, there exists a subsequence (still indexed by k), such that (d+ oy, i) converges in
Cr2 on C to an affine vortex with finite energy. Note that the limit can be trivial, and we don’t need

loc

to take gauge transformations.

Proof. Let’s first see why we don’t need to take gauge transformations. Indeed, with respect to the

admissible chart write

By =d+ By =d+ Ppdr + Vi dy.

*

oA, We have
T

Abbreviate s} = s
s6Be = A" (55 @pds + 53 Wrdt)

converges to zero in any compact subset K C C, because the sequence of connections By, converges

on Y. Now we see that
SZAk =d+ SZﬁk — —1Schhk

with d(s}Bx — v/—1s;dh) uniformly bounded, d*(s; 8k — v/—1s5d°hi) — 0. Hence there exists a
subsequence of s} Ay, (still indexed by k) converging in C? ..

Then, on the product Br, x CV, the connection s; Ay and the almost complex structures on
CY and Bg, induces a sequence of almost complex structures .J, with respect to which ?k is
holomorphic. Jj converges (in CY) because s Ay, converges weakly in WP(K). The energy density

_>
of ¢ is also uniformly bounded by (4.3) and (4.7). By the standard method, a subsequence of

— —
¢, converges to a section ¢ o, which is holomorphic with respect to the connection d + as, on C.

137



%
And it is easy to check that the limit pair (d + oo, qboo) satisfies the vortex equation on C with
respect to the area form dsdt. Finally it is standard to show that the limit is actually smooth and

the convergence is in CpX.. O

The above lemma is somehow a fact a priori, which will be used for many times to guarantee

the existence of converging subsequence.

4.5.3 Convergence away from base locus

Proposition 4.5.2. If the limit of the sequence of points py in Lemma 4.5.1 lies in ¥\ Z, then
for any sequence ry, > 0 satisfying (4.8), the limit affine vortex of any convergent subsequence we
obtained in Lemma 4.5.1 is trivial. In particular, the function p, = Z;vzl |¢>j,k|2 — 1 converges to

zero in Cp) (X\ Z).

Proof. In Lemma 4.5.1, denote by hj, = s} hy, then (4.6) implies

v—1
1)+ 7k (AFB,) =0.
k

N
1 o i}
Ah§€+§ e ey " sy
j=1

Because p is not in the base locus, the sequence of functions Z;\Ll \szwj’ﬂz converges to a nonzero
constant b uniformly on any compact subset of C. Then the sequence hj, converges to a solution to

the following Kazdan-Warner equation on C
Aht L (be?"—1) =0
5 .

But there is only one solution h which has asymptotic value %log b, which is the constant. This
implies that the vortex is trivial.

Then if there exists px, € K such that limg_oo pr = p € K and limg_ o |k (pr)| > 0, this means
the energy density blows up like A, % near p. Then as in [17], the process in Lemma 4.5.1 will produce

a nontrivial affine vortex, which contradicts with the above. O

%
Then away from the base locus, the sequence of sections ¢ will sink into the level set ©=1(0).
Then we expect that, by projecting to the quotient p=1(0)/S*, it will converges to a holomorphic

map in PV, The precise meaning is described as follows.
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For 7 € CN with |u(7)| < 3, we have the map

/1471 (\/jl(féa %)) - /1’71(0) X \/jl(*%a %)
? > ((Elsr)”

=
)
=
o
N———

This induces the map 7 : ! (\/—1(—%, %)) — PN=1 by projecting.

_)
Proposition 4.5.3. For any compact subset K C X\ Z, the sequence of maps o ¢ : K — PN~1

%
converges to the holomorphic map [w] | K — PN~L

— — —
Proof. Indeed, observe that (77 o ¢ k) |k = [1/) k} |k. And since ¢ converges to an N-pair which

is base point free over K, the convergence is obvious. O

4.5.4 Bubbling at base points

Now for each p € Z, take an admissible chart (U,, By,&p,(p) near p. Also for each k, take a local
holomorphic section ey such that ex(0) = (,(0)(1) € L, and assume that limy_, ey converges to a
smooth section of L over U,.

With respect to the admissible chart,
By =d+ By, BreQ (UR), B=d+p3

and B, — B, ¥ r — ¥; in C°°-topology.

For each k, and j = 1,..., N, denote by Z; = (¢;)" ' (0)NU. Each element z;; € Z; 4 has an
associated multiplicity m(z; ) € Z". By taking a subsequence if necessary, we assume that there
are finite sets Sj and bijections

P35 = Zjk

and maps m : 3; — Zx such that m (px(3,)) = m(3;). (Note that Z;  could be empty. This happens
only if the section ¢;; converges to zero on X.)

We then consider all sequences {py} C U that converges to p, which are identified with a sequence
of complex numbers {z;} converging to the origin. By taking a further subsequence if necessary, we

assume that for each j, there is a subset 20; C 3; (associated to the sequence {z;}) such that

lim sup Ag |2 — pr(10;)] < 400, Viv; € 25;;

k—o0
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liminf Ay |21 — pr(35)| = +00, Y5, € 3; \ W;.

We can write that for z € U,
6ik(2) = ex(z) T (2= or(a)™ fin(2)
3;€3;5

where f; 1 is a nonvanishing holomorphic function. Then the assumption that v; converges to 1;

implies that

fj = hm fj,k

V—00

exists.

For each j, denote

Define

—d; )
te=max { NV [ fie ()l [ lee — pe()| ™97 - 20, # 0
3;€3;\;

Ty, = max < [ fix (21)] H |2k — Pk(?)j)|m(3j) LW, =0
3j€3;

with the convention that max® = 0.

%
Lemma 4.5.4. If liminfy_,. %’j < 400, then a subsequence of the sequence s, (Ak; 10) k) converges

to a nontrivial affine vortex; if liminfg_, .o %’j = +o00, then there is a subsequence s (A;.c; ¢k)

converges to a trivial affine vortex.

Proof. In the first case, we assume by taking a subsequence that there exists jy such that for all k,

—d.; .
te = A ° |fjo,k (zx)] H |25 — pk(3j0)|m(5-70) )
z’J'l)E3J'0\QUj0
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And, if limy o0 9,k = 0, we may assume by taking a subsequence that

lim 7fj0’k
ko0 | fjo.k(21)]

converges to a nonvanishing holomorphic function on U.

Then we have

h )\*1, w m(ﬁjo)
ﬁ@mwo=w@w-WHkW>II(44%—%wm) Fiosk (21 + Ay ')

A
350 €340 F
(A M w (o) w m(3s0)
= ep(z)e P (A w) I1 </\ + (2 — pk(mj(,))> 11 ()\ + (2 — pk(zjo))) Fiok
105, €W, F 350 €350 \ Wi ¥
e, b — ) e\
=ex(2)e k H (w~+ X (2 — pr(105,))) H e (2 — 07 (350)) +
w;, €W, 3_7’063j0\wj0 Rk 70

. fjo,k(zk +)\];11,U) H (Zk_pk(zjo)>m(5j0)

fion(am)l 5 Ran,, \2r PR30

Then by taking a subsequence, the product of the last four factors converges to a nonzero polynomial,
uniformly on any compact subset of C, which has zeroes at lim,_, A, (27 — p”(w},)) for each
w;, € W;,. Then by the a priori convergence of sj¢,, r (Lemma 4.5.1), this implies that the

function

e~ Hi(w) . o —hi(zetX;  w)+log tr

converges to a smooth function, denoted by Hy. Then, for all j # jo,

, 1 w m(3;)
spoje(w) = ep(z)e” k(ztAg o) H ()\k + (21 — PH?’J’))) ik

5]'637'

w m(3;)
</\k + (2 — Pk(ﬁj)))
m(3;) ¢ 2 ~1,
= er(z)e 0 IT (wtdnCe—pil))™ ] (A,c(w +1> e

o, 3o, \A(zE = oe(a) | fi. (1)

T Ge—putayymeer oslell

dj
3;€3;\2; Atk

m(t;)
= en(2) fjne” T =t (o - pr(10;))
Ak

3;€3;\20;
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Then taking a subsequence, we can assume that

RSN T | QRO LIRE (TCO
k—o0 . ‘ A A _7tk
3;€3;\20; k

exists. Then taking a further subsequence, we have

m(t;)
Jin 505 () = ex@a(wla; [T (w0 fim Ml - mlw))
1o, €,
Since we know that the limit section limy_,o0 S5 (@1.k,--.,Pn k) doesn’t vanish identically, Hy # 0
and hence the sequence of functions 7Lk := sjhy —logt), converges to a smooth function hon C. And

the limit vortex is nontrivial because at least for j = jg, it is of the form

da‘o

ajoe*m“’) H(w + &)

s=1

Now we look at the second case: liminf;_, . f—: = 400. Then we may assume that there exists

a subsequence and jg such that

1. For each j, limp_00 5 = 0 = ‘fjszi(zk)‘ converges to a nonvanishing holomorphic function
on U,
2. W, = 0 and
Tr = | fjo.k(21)] H |2 — pk(ﬁjo)‘m(ajo) .
510€3j0
Then

m(ﬁjo)
si6ia) =@ s T[ (2 + = plan)) )

340 €340

m(35,) m(350)
= e —hg(2) w ° Siok ( Zk — Pk(ﬁjo) > "
er@e T ] (Am o)) 1) e W \=neo)

340 €3io 340 €dio

(By taking a subsequence) the product of the last three factors converges to a nonzero constant,
which implies that e*hk(zkH‘;lw)Tk converges to a smooth function Hy : C — R.
Then by our assumption limy_; o %’: = 00, we can easily see that s;¢;, » dominates other s} ¢; .

In particular, if 20, # 0, then
lim s};% = 0;
Jim, 55 =0
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if an = @, then
leII;O S;;éj’k = ajHo

for some constant a;. Since the limit of s} (41, ..., ¢~ k) doesn’t vanish identically, we see that the
sequence of functions hy(zr + )\,le) — log T}, converges to a smooth function h on C, which must

be (by Lemma 4.5.1) the solution to the Kazdan-Warner equation
AL L o 2 _
h+§ e Z|aj|—1 =0.
W ;=0

This implies that the limit vortex is trivial. O

From the proof we also see, if we replace zj be zj, with limsup,_, . )\,;1 |z — 2| < o0, then the

nontrivial affine vortex we get from the first case will differ by a translation.

Remark 4.5.5. If we assume that ¢; = limy_, ;1 is nonzero for each j, then from the proof of the
above lemma, we see that a nontrivial affine vortex bubbles off if each ¢; ; contributes at least one
zero so that they concentrate in a rate no slower than A\, — oo (the case where some ¢; = 0 is more
subtle). Due to the energy quantization (i.e., the energy of nontrivial affine vortices is bounded from
below), we can find all possible nontrivial affine vortex bubbles at the base point p. There might
be some missing degrees, caused by the zeroes of ¢;; which concentrate in a slower rate than /\,:1.
This slower concentration means holomorphic spheres in PV =1 bubble off, and the bubbling happens
at the “neck region” between different affine vortices and between affine vortices and the original

domain X.

4.6 Classification of U(1)-vortices and its moduli spaces

%
We consider an arbitray affine vortex (A, (;5) with target CV with finite energy.

Lemma 4.6.1. There exists a complex gauge transformation g = e 12 such that g*A is the
trivial connection. If ¢’ is another complex gauge tranformation which also transform A to the

trivial connection, then ¢’ = gel where f is an entire function.

Proof. Suppose A = d + ®ds + Wdt. We first show that there exists a unitary gauge transformation
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g1 = e/ such that
&* (g4~ d) =0, (19)

i.e., the Coulomb gauge condition. Indeed,

A -—d=a((o_i% o _inp_ 02 0¥
d*(gfA—d)=d <(<I> zax>dx+<\ll zay>dy>zAf or g

Hence there exists f such that (4.9) holds. Then for go = e with h a real valued function,

oh

gé‘g{A—d:—i(axdy—ahdx)+(g1‘A—d):—i*dh—I—(ng—d):—i*(dh—i*(g’fA—d)).

dy

The existence of h such that g; g7 A = d follows from Poincaré lemma. O

_>
Then, up to a unitary gauge transformation, we can assume that (A, <;S) is in Coulomb gauge,

and A = d — Oh + Oh for some real valued function h and 94 = 0 + Oh = e "de". So Da¢; =
0 < d(eh¢p;) = 0. The vortex equation is equivalent the following equation on real valued function

h:C—R
1 —2hN 2
A+ |e > ()P -1] =0 (4.10)
j=1

where v; are entire functions.

Lemma 4.6.2. If E (A, 3) < 00, then p; = e¢; are polynomials and the Maslov index of (A, E))

is equal to the mazimum of the degrees of ;.

Proof. By Proposition 4.2.7 there exists g : S* — U(1) such that for each j and all § € S*,

Jim g(e™)e ™Dy (re) = a (4.11)
and Zjvzl laj|*> = 1. The Maslov index of the vortex is by definition the degree of g.
Then for each j with a; # 0, (4.11) implies that oo is not an essential singularity of ;. Hence
; is a polynomial. Then it is easy to see that a; # 0 = degy; = d. Moreover, if a; = 0 and
a; # 0, then

160
i Q) _a
roo 1 (rei?) g
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which implies that ¢, is a polynomial with degree strictly less than d. O

Before we proceed, we consider the uniqueness of the solutions to the Kazdan-Warner equation

(4.10). For given N polynomials {¢;}, ;. suppose Zjvzl |1pj(z)|2 are asymptotic to c?|z|?? as

|z| = oo for some ¢ > 0.

Lemma 4.6.3. If h1,hy : C — R are both smooth and solve equation (4.10) on C such that

|z|—00

N
lim | e ()P =1 [2]* =0, i=1,2,
j=1

then h1 = hg.

Proof. We have
N
A(hy —hy) + (e72 —e7212) > "y = 0.
j=1

Then the L2-pairing with h; — hy gives

N

0=|d(hy — ha)|3s + /(h1 — h) (€722 — ™M) N "y P > 0.
C

Jj=1

So this is true only if 1; = 0 or hy = ho. O

4.6.1 Construction of arbitrary vortices

We have seen that all finite energy affine vortices are obtained from the solution to (4.10) for 1;
polynomials, and the solution, if exists, is unique. Now with our understanding of the adiabatic
limit of equation (1.14) and the bubbling off phenomenon at the base locus (in the proof of Lemma
4.5.4), it is rather easy to construct solutions to (4.10) with any given set of polynomials.

Indeed, suppose we are given N polynomials 1, ... 9y, with 1; = a;(z — 2}) -+ (2 — zfl) It is
trivial to add zero polynomials hence we assume that a; # 0. Let d := max;<;<n d;.

Now, consider the degree d line bundle O(d) — P!. Take the sequence A, = k. Consider the

sequence of sections of O(d), where are sequences of degree d polynomials

(k) & Zj

k d;—d d—d; )

y —_— * 7 1 v .
©; (Z) k al( — Z) jl I1 (Z L >
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Then for each k, (O(d);go(lk), .. .,Lpg\]f)) is a rank 1 stable holomorphic N-pair over P'. By the
Hitchin-Kobayashi correspondence, there exists a metric H*) on O(d) which solves the vortex
equation. Now the origin is a base point of the limit N-pairs (O(d); ¢1, ..., ¢n) with ¢;(2) = a;2?
for d; = d and ¢;(z) = 0 for d; < d. As in the proof of Lemma 4.5.4, we take p = pr, = 0 and
TR = )\IZ% = k=3, It is easy to see that the sequence satisfies the criterion limy_, tT—: < oo of
Lemma 4.5.4. Hence by zooming in with a factor Ay = k, we see a nontrivial affine vortex of
Maslov index d bubbles off. Equivalently, we constructed the unique solution to the Kazdan-Warner

equation (4.10) with the given polynomials +; on C.

4.6.2 Identify the moduli space

Denote

Nai={(@)1<jen, ocica € CHON | (@10, ana) # (0., 0)}

This corresponds to the space of N polynomials as the input of (4.10). C* acts on Nd freely and

denote Ny := J\Nfd/C*. We will use x to denote a general point in Ny.

Corollary 4.6.4. There is an orientation preserving homeomorphism
%4 Ng — Mt (CV,d).

And for each (A,u) € /K/lvfl (CN,d), the linearization D4, defined in (4.1) is surjective.

Proof. We define ®% : Ny — .//\/lv‘&1 (CN,d) to be the map which assigns to x = [aji]) < j< N o<i<d
the affine vortex

(A=d—8h+0hu=e"(W1,...,9n))

where ©;(z) = Z?:o ajiz' and h is the solution to (4.10) with the input t1,...,%y. Then define
@4, -(x) to be the equivalence class of (1,1)-marked affine vortex (5§U< (x), 0), where 0 € C is the
interior marked point.

To show show that map is continuous, we need to show that the solution to the Kazdan-Warner
equation depends continuously on the polynomials 1, ...,%y, which can be proved in a standard
way. The orientation-preserving property then follows from a C'-dependence on 91, ..., 9¥y.

Now we show the surjectivity of the linearization map. First notice that the linearization of

gauge tranformation is injective, because the image of u is not in the fixed point set of the S'-action
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on CV. Hence it suffices to prove that the map

AV + Xao’l(u)
do + dp(V)dsdt

DA,u (V7 O‘) =

is surjective, where (V,a) € W, s which is defined in Subsection 4.2.1. Note that the space

WP (CV) = {V e WL (cN) | Ve + ‘VAV‘L,; < oo} and W, P (AM0C) are contained in W, 5
by obvious inclusions. Hence it suffices to show that the two maps

Ba: WIP(CN) o LS (A%'CeCY) o)
|4 — EAV

J: WP (ALOC LP (A2C
37 (AOC) 1 (A) )
ot — dat0

both have dense range (they are not Fredholm).

To prove that (4.12) has dense range, it suffices to prove for N = 1. Then the operator is
oaf = (e_hg(ehf)) .
If its range is not dense, then there exists g € (L¥)" = L? 5 such that

/gdz/\gAf:(), VfeCr.
C

This implies that e "g is an entire function. But e grows like |z|? for d > 0. Hence g = 0 or g

grows at least like |z|?. For such a g in the latter case to lie in LY 5, we should have

2 2

. . . . . . of
which contradicts with our choice of p and J. The operator (4.13) is equivalent to the map f +— 52

so it is essentially the same as the case of (4.12) to deduce that it has dense range. O

Remark 4.6.5. In particular, the transversality of the linearization D4, implies that the moduli
space Ny is a correct one to define the quantum Kirwan map. The remaining is to show that the

evaluation maps indeed give a pseudo-cycle. This can be seen by giving suitable compactifications
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of the moduli space on which the evaluation maps extend continuously. In the last two sections, we
will first give the stable map compactification of the lowest nontrivial moduli, and then construct a
compactification (which we call Uhlenbeck compactification) for arbitrary degrees which allows us

to extend the evaluation maps.

4.6.3 Stable map compactification of /\/lfl (CN, 1)

In this subsection we identify the compactification M} ; (CN,1) defined in Subsection 4.3.2, which
is the smallest nontrivial case. Depending on the type of degeneration, M, , ((CN , 1) is stratified as
described in Figure 4.2: the open stratum is M%; (CV,1); two lower strata of depth 1 are: 1) the

PN-1 with one marked

stratum 77 corresponding to the moduli of degree 1 holomorphic spheres in
point and a ghost vortex attached to the sphere, which is the same as M, (]P’N -1 1) and 2) the
stratum 73 corresponding to the moduli of (0,1)-marked degree 1 affine vortices with two ghost
components attached at oo; the lowest stratum S is the moduli of holomorphic spheres with two
ghost components attached at co. Note that, points in each stratum only depend on the isomorphism
class of their nontrivial components and the other ghost components are attached to the nontrivial
components in a unique way.

We need to find the correct compactification of Ny. Note that N1 = O(1)®Y where O(1) — PN 1
is the degree 1 line bundle. For a := (aj,...,an) # 0, we use the homogeneous coordinates
[a1,...,an] to denote a point in the base PNV ~! a to denote a basis vector of the fibre of O(—1) over
the point [ay,...,ay], and a* the dual basis of the fibre of O(1) over [ay,...,ay]. Then a point in

N; will be denoted by (b1, ...,by)a*.

There is a natural compactification of O(1)®¥ by the projective bundle
PE) =P (0(1)*N @ C)
where O(1)®Y embeds into P(€) as
(h1a*,...,bya*) — [b1a*,...,bya", 1].

We see that P(£)\ N; = PV ~1 x PN~1. Remember that, the moduli space of genus zero, degree 1,

2-marked stable map to P! is isomorphic to the blow up Bla (]P’N “Lx PN _1) along the diagonal
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Figure 4.2: The stratification of ﬂﬁl (CV,1).
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A C PN~ x PN=1 Regard A C P(£) as a codimension N subvariety. We denote by

Nl = BZAIP(((:)

the blown-up. Denote the exceptional divisor by E ~ P (Na @ C), where Na is the normal bundle
of Ain PN~1 x PV—1. Now the space N; can be stratified: the top stratum is just Ni; there are two

strata of depth one, which are T} := PV~=1 x PN=1\ A and T, := E\ P(Na); there is a single lowest

stratum of depth two, which is S := P(Na). For each point x = ([a1,...,an],[a1,...,aN]) €
A, the fibre of T» over x has the coordinates [(via*,...,vya*),(—via*, ..., —vya*),1], where
(v1,...,on)L(ag,...,an) in C¥ and hence

(na*,...,vya") € Hom ((’)(1)|[a},al) = T[a]PNil.
Now we prove that the map ®},,- defined in Corollary 4.6.4 extends to
—1 -— —A N
Dy N1 — My, (CV)1)

which is a homeomorphism with respect to the Gromov convergence defined in Subsection 4.3.3 and
respects the stratifications of the domain and the target.

We first define the extension as follows.

—1 . .
1. @y : Ty — Ty assigns to [a1,...,an,b1,...,by] the (1,1)-marked stable affine vortex in
71 whose nontrivial component is the equivalent to the holomorphic sphere z +— [a1z +

bl,...,aNZ—i-bN].

2. 62”{ restricted to To = E \ P(Na) assigns each [(v1,...,vn)a*, —(v1,...,ux)a*, 1] to the
equivalence class of (1,1)-marked stable affine vortices in 72 whose nontrivial component is

equivalent to the vortex ff}ﬂ{ (a1, ... an,—v1,...,—vN]).
Now we have to prove
=1 .
Lemma 4.6.6. ® - is continuous.

Proof. 1t is continuous on each stratum. Hence we take a sequence x; € Ny which converges to a
point X € N1\ Ni. We may write x; = [(b14,...,bn)a,w;] € P (O(l)@N &) (C) with a;, b; unit
vectors, w; € C*, and lim; o a; = a,lim; oo b; = b, lim; oo w; = 0. Let d; := dpn-1([as], [bi]).

We first observe that
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. Xoo € Ty = [a] # [b] in PV~ 1;
. Xoo € Ty = [a] = [b] and lim; o |w;|~1d; < o0;
. Xoo € S = [a] = [b] and lim; o |w;|~d; = o0.

. In the first and the third case, we have

. . _ 2 . _
lim inf ‘aiz—i—wi bi|” > lim |w;|72d? = 4.
i—o0 z€C 71— 00

Then look at the Kazdan-Warner equation

(Y . _
AOhi+§ € thz|aj,iz—|—6i lbjﬂ“?—l = 0.

J=1

We denote

hi(2) == hi(z) — %log (’712 + 6;171,

)

Then

1 / 1
Aohi+ 5 (e —1) = —7 Aglog (\72 +e b

%2)_

Note that the right hand side converges to zero uniformly over C, which implies that A

converges to zero.

. In the first case, take the M&bius transformation

gi . SQ — 52

w = zZ= w;lw.
We see the sequence of maps
o (97 (e7"50)) (w) = e M (a0 + bj0).

converges on C C S? to

w— [aqw + by, ...,ayw + by] e pN-1
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which extends to a nontrivial holomorphic map from P! to PY—1 of degree 1. By Definition

4.3.8, this means that in the first case, the sequence @}, (x;) € ./\/lfl ((CN, 1) converges to

—1
Dy (X )-

. In the third case, for large ¢ we write b; = ¢;a; + y; with ¢; € C and y; la;. Then by the
condition x., € S, we have lim; o, dp~v—1([a;], [b;])~1y; exists. Then take the sequence of

Mobius transformations

d; 1
z=gi(w) = jzw — cw;
We see
] im [g;'k(él,zﬁ e 7g;¢N,i] = hm [audiw + Y1,i5- - - ,aN7idiw + yN,i] = [alw +Y1,...,ANW + yN]
71— 00 11— 00

which is a degree one holomorphic sphere in PN =1, Adding proper ghost components, we see

. =1
that this means the sequence ®L - (x;) converges to @y x (Xo0)-

. In the second case, write b; = ¢;a; +y; with ¢; € C, y; La;. Since x; = [(b14,...,bnq)al, w;] €

P (O(1)*N @ C) converge to xo € P(Na ® C) \ P(Na), the limit

v:= lim w;'y; cat cCV
1— 00

exists. Then consider the sequence of translations

z = ti(w) = w — c;w; .
Then we see the sequence of polynomials

ti ¢j7i - a]ﬂ(w G w; ) + w; bJKL = 4w Wi Yji

converge to ajw — vj. By the continuous dependence of the solution to the Kazdan-Warner
equation on the given N polynomials, we see that tf%}i x(x;) converge uniformly on any
compact subset to the affine vortex EI;}{K([al, ey AN, V1, ..., UN]). Hence @1 (x;) converge

to Bpy g (Xoo).
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4.6.4 The Uhlenbeck compactification of M‘ﬁl ((CN ,d) and the quantum

Kirwan map

We define the Uhlenbeck compactification to be a quotient space of the stable map compactification,
by only remembering the sum of the degrees of the components of the stable map which doesn’t

contain the marked point 0.
Proposition 4.6.7. The Uhlenbeck compactification ﬂf’lU (CN, d) is homeomorphic to PN(@+1)—1

Proof. We see that we have a filtration PN(@+1)-1 5 pNd=1 5 ... 5 PN=1 where the inclusion

PNk=1 _ pN(+1)—1 5 given by
[ank, aNk—1,---,a1] — [0,...,0,ank, ANk—1,-- -, 01].
So Ng = PN(@+D=1\ pNd=1 apd PN+ = Uy g Ni. We define the extension of &%,
[y LG Ry vl (A

to be the map such that for x € N, c PNd-1 Ei}g{(x) is the equivalence class of stable affine
vortices whose primary component is equivalent to EI;’;I x(x). It remains to show that this map is
continuous with respect to the degeneration of affine vortices.

Indeed, suppose x; € Ny and lim;_, o, X; = Xoo € Ny, for k < d. Represent x,, by N polynomials
{¥j,00 1y <j<N with maximal degree k. Without loss of generality, we can assume that x; can be
represented by N polynomials {Jj’i}lgjgN such that degizj,i is independent of 7 and d; := degzzj,i >
deg)j 0o =: djoo. Then d; > dj o implies that d; — d;  zeroes of v;; diverge to infinity. Hence we

can write

Wj,i,s

$ji(2) = ¥j(2) dtljzm <1 __F >

with im; o0 ¥,; = ¥ 00, My s00 |w;j; s| = 00. Then for each ¢ there exists functions h; solving the

Kazdan-Warner equation

2

1 N
—2h; o
Am+§ e ;J%ﬂ
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By the compactness theorem of Ziltener (Theorem 4.3.9), a subsequence of
(d — Ohi + Ohy, e (12171‘, e 7"ZN,1‘))

converges to a (1, 1)-marked stable affine vortex W”; in particular, a subsequence converges uni-

formly on any compact subset of C to the primary component of W. This implies that for each j,

{e*’” zzjl} has a convergent subsequence. Since lim;_, {/;“ = ;. «, this implies that h; converges
K3

on C to a smooth function h.,, which solves the equation
1 N
—2heo E 2 _
Ahgo + 5 € pt |wj,00‘ —-1]=0.

This implies that the primary component of W= is equivalent to (&)’fq K(xoo),O). Hence we have
. —d,U C
proved that any subsequence of <I>%I x (xi) has a subsequence converging to ® (X ). This implies
. —d,U
the continuity of ® . O
Proposition 4.6.8. The line bundle associated to the Poincaré bundle féj — ﬂﬁl (CN.d) is
isomorphic to O(1) — PNd=1,
Proof. Tt suffices to check on each Ny. O
. —U . .
Now the evaluation ev., doesn’t extends to M ; ((CN , d), but it doesn’t affect our computation
of the Kirwan map. Indeed we can blow up PN(d+1)—1 along pNd-1 — Uo<k<d{Vi on which eve
extends continuously. The blown-up is denoted by N;.
Now we compute the quantum Kirwan map, the result of which is of no surprise. H [*](1) ((CN ) is

generated by the universal first Chern class u of degree 2. For any m > 0, write m = d,, N + r with

0 <7 <N —1. Denote by ¢ € H? (PN~!) the generator. Then by the definition (4.4)

ro@™) => > ((ew) (") U(evee) (), [Na] ) - ¥ g

d>00<i<N—1
= ((evo)* (™) U (evae) (N 7177), [N, | ) - @™ = € @™ = () #q ki) 24 -+ i(u).
Hence kg : H;}(l)((CN) — QH*(PN~1, A) is a ring homomorphism. It extends to a homomorphism
kg + Hy oy (CV, A) = QH(PV™1,A)

linearly over A, with kernel generated by ¢ — u'.
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Chapter 5

Vortex eqution and
Landau-Ginzburg/Calabi-Yau

correspondence

5.1 Introduction to this chapter

The Landau-Ginzburg/Calabi-Yau correspondence in string theory ([22], [33], [49]) relates the non-
linear o-model of Calabi-Yau hypersurfaces in quasi-projective spaces and the Landau-Ginzburg
model whose superpotential is the defining polynomial for the hypersurface. Based on Witten’s
observation ([55]) the two theories should be different “phases” of the same theory.

For simplicity of this introduction, assume that W is a quintic homogeneous polynomials in
five variables z1,...,z5. Assuming W is nondegenerate, which means dW(x) = 0 = x = 0, it
defines a Calabi-Yau hypersurface Zy, in P4. The 2-dimensional nonlinear o-model of Zy has its
correlation functions coincide with the counting of holomorphic curves inside Zy,. On the other
hand, Fan-Jarvis-Ruan ([10], [11], [9]) recently defines a cohomological field theory for such W,
based on constructing the moduli space of solutions to Witten’s equation (see [54])

aw
8’&1' o

du; + 0,i=1,...,5 (5.1)

which describes certain quantum singularity theory associated to W (called the FJRW-theory). It

has been long conjectured that there should be some “correspondence” between these two theory
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and one should be able to state it and prove it in mathematics.

Witten’s idea to relate these two theories is to consider a U(1)-gauged version of the equation
(5.1) for the superpotential pW which has one additional complex variable p. Then the so-called
Fayet-Tliopoulos D-term, which is a real number r, parametrizes a homotopy which connects the
two theories as limits r — 400 and r — —oo respectively. Mathematically, it contains a birational
transformation between two different symplectic quotients of a Hamiltonian U(1)-action, which are
C®/Zs and O(—5) — P* respectively.

Though straightforward to follow Witten’s idea, it is very complicated to formulate this approach
mathematically. For example, to state (5.1) rigorously on a Riemann surface, Fan-Jarvis-Ruan
introduces the notion of W-structures and W-curves, whose moduli space is a branched cover over
the Deligne-Mumford space. And for the LG/CY correspondence, gauge theory comes into play
and one needs to written down carefully how these complicated structures can be unified. Such a
framework is one main concern of here.

Moreover, using this framework we hope that one can prove the LG/CY correspondence for
hypersurfaces in the way proposed by Witten. The use of the vortex equation and its adiabatic
limits should be the main idea of carrying out Witten’s heuristic argument.

In this chapter, we first introduce a framework of studying a gauged o-model with a superpoten-
tial W, which combines a gauged version of (5.1) and the symplectic vortex equation, for possibly
nonabelian gauge group. Then we specialize to the case of gauged linear o-model and LG/CY cor-
respondence, where the gauge group becomes abelian. As the first technical results, we also prove

an interior compactness of the moduli space of solutions to a perturbed equation for the linear case.

Remark 5.1.1. This chapter is based on a work in progress joint with Gang Tian, which we started
in August 2012. We are aware that other people are also interested in this problem and working
on it. In particular, we started to know that Fan-Jarvis-Ruan is working on the geometric LG/CY
correspondence when the author of this thesis attended Jarvis’ talk at a conference at University of

Michigan in March 2013.

5.2 The Witten equation and the vortex equation

We start with very general setup. Let ¥ be a smooth Riemann surface and G€ be a reductive Lie
group whose maximal compact subgroup is G. Choosing a smooth area form {2y on ¥, and an
Ad-invariant metric on the Lie algebra g of G. Let Ky be the canonical bundle of X.

Let W : X — C be a holomorphic function. W is called quasi-homogeneous, if there exists a
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unique character p : G® — C* such that

W(gx) = p(g)W (z). (5.2)

5.2.1 W-structures

Definition 5.2.1. A W-structure on a Riemann surface ¥ is a holomorphic G®-bundle P — ¥ and

an isomorphism of holomorphic line bundles

(,DZPXP(C—>K2.

Two W-structures (P, p;), ¢ = 1,2 are isomorphic, if there exists an isomorphism f : P; — P, such

that pg 0 f = 1.

Now suppose we are given a W-structure (P, ¢), we can lift the superpotential W to the associated

bundle Y := P xgc X as follows. ¢ is equivalent to an invariant map

LZ:PXC%KZ

which is linear in the C-direction and which covers the identity map of ¥. We define a map

W: PxX — K

(p,x) = W(x)p(p,1).

(5.3)

It is invariant because for any g € G©,

Wipg, g~ tx) = W(g~ 2)@(pg, 1) = plg) "W (2)p(9)@(p, 1) = W(p, x).
Hence it induces a section

WwWerl (Y, W*KE) .

5.2.2 Gauge theory formulation

Let’s consider a G-principal bundle (g such that there exists a smooth isomorphism ¢ %, C ~ K.
Let Py := Qo x¢ G®. Let A(Qo) be the space of G-connections on Qg. Then for any A € A(Qo),

the (0, 1)-part of A induces a holomorphic structure on Py.
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Consider
Nw :={A € A(Qo) | 3 holomorphic ¢ : Py x, C ~ Ky}
and
Ew={(A4,¢) | Ac Nw, p: Py x,C— Kx}.

Then &y — Ny is a C*-bundle, which is trivializable.

The group of complex gauge transformations acts on &y by
9" (A,0) = (9" A, p(9)¢) -
Then by (5.3), we obtained a family of superpotentials
WeTl (Ew xY,7m"Ky).
We denote W the restriction of W to {(A, )} x Y. In particular by (5.3) we see
Wi. 3 = p(g)W5.

5.2.3 The equations

The Kéhler metric on X induces a Hermitian metric on the vertical tangent bundle TVY — Y. For

any (4, ) € Ew, we can take the vertical differential (without referring to any connection)
Wi er (Ve Ks e (1VY)").

The complex structure on ¥ induces a C-anti-linear isomorphism Ky, ~ Q%l, which is locally dz —
dz. The vertical Hermitian metric on 7YY induces a C-anti-linear isomorphism (TVY)* ~T"Y.

These two isomorphisms induces the vertical gradient of WY, which is

VW el (Y, 0% @ TVY> .
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Then the equation is on pairs (A, p,u) € € x T'(Y)

I
2

dau+ VWY (u) 5.
AFs+p(uw) = 0.

We explain each term in this equation. du € Q%! (Z, u*TVY) is the (0, 1)-part of the differential
of u with respect to the connection 4; VW (u) :== u*VW € Q0! (E, u*TVY), which only depends
on the 0-jet of u; A : Q2(X) — Q°(X) is the contraction with respect to a smooth area form Qx on
¥; for the second equation to make sense, we need to specify a biinvariant metric on g to identify g
with g*.

Remark 5.2.2. If W = 0, we take can £ = N' = A. The equation thus only depends on (A,u). In
this case our equation is the same as the equation for twisted holomorphic maps in [8] and [37],

where we don’t have constrain on the holomorphic structure defined by A.

Remark 5.2.3. It is easy to see that the equation is invariant under unitary gauge transformations.
However, since we use gradient to define the equation, and the Hermitian metric is not invariant
under G®-action, the first equation of (3.9) is not invariant under complex gauge transformation.

This is different from the case of Hamiltonian Gromov-Witten theory.

5.3 Energy identity

5.3.1 The Lagrangian

For any configuration (A, ¢, u), we define its kinetic energy to be
1 2 1 2
Epin(4, ¢, u) := 5 daullpz(s) + 5 1Falzaes) -
The potential energy of (A, ¢, u) is defined to be
— ® 2 1 2
Bpor( A, 0, = [VWE )22+ 3 1)
The total energy for (A, ¢, u) is the sum of kinetic and potential energy, i.e.,

E(A, 2 u) = Ekin (Aa @, U) + Epot (A7 ®, ’LL)

159



5.3.2 The energy identity

Now we compute the energy for any (A, ¢, u). We temporarily write for short W§ = W.

Theorem 5.3.1. For any (A, ¢,u) € Ew x S(Y),
_ — 1
E(A, p,u) = / urwa + QIm/ d(Wou)+ ||0au+ VW(u)H; +3 [Fa+ pw)Qs|s..  (5.5)
b b

Proof. This formula follows from (1.22) and the following

‘5,41;‘2 + VW (u)|® = |0au+ VW(u)|2 — 2Re (Dau, VW (u))

= [0au+ VVV(u)|2 + 2ImA (VW (u) - (9aw)) = [0au + VW(u)|2 + 2ImA (0 (W ouw)).
The last equality follows from the fact that T is holomorphic with respect to 94 and takes value in
K. O

Remark 5.3.2. In the following applications, we consider the equation (5.4) over a punctured Rie-
mann surface. Then we expect (prove) that the behavior of the section u near the punctures is
nice, so the first two terms of the left-hand-side of (5.5) are equal to topological terms, which are a

cohomological pairing and a “residue” respectively.

5.4 Application in gauged linear oc-model

5.4.1 Quasi-homogeneous polynomials and symmetries

Let Wy : C* — C be a nondegenerate quasi-homogeneous polynomial, written as

as the sum of monomials. By quasi-homogeneous, we mean that there exists a set of coprime natural

numbers dy, . ..,d,, D such that for all A € C,
Wo ()\dll’l,...,Ad"In) :)\DWO (Il,...7l’n). (56)

The rational numbers ¢; := % are called the weights of the polynomial Wj,.

By nondegenerate, we mean the following
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1. Wy contains no monomial of the form z;z; for i # j;
2. The hypersurface defined by Wy = 0 in weighted projective space is non-singular.
Let Gw, C U(1)™ be the group of elements g € U(1)™ such that Wyog = Wy. By nondegeneracy,

Gw, is a finite group and it always contains the cyclic group generated by

J = (ezmhﬁ, ceey e%q"‘/jl) .

Let K C U(1)™ be the compact subgroup
K = {exp (2nV—1t(dy,...,d,)) | t € R}.

Then K N Gw, = (J) ~ Zp. Let Gr C U(1)"™ be the subgroup generated by K and Gw,. Then

topologically it is a finite cover of K ~ U(1).

%
Lemma 5.4.1. The exponents of Wy define s characters b ; := (bj1,...,bjn), 7=1,...,s of U(1)"

%
and Gr C U(1)" is the subgroup where all b ; restrict to the same representation.

Proof. On the Lie algebra level, since Wy is nondegenerate, the subspace of the Lie algebra of U(1)"

where the characters act in the same way is 1-dimensional, which is the Lie algebra of K. Hence the
_>

only remaining group elements are those g € U(1)” on which b ; acts trivially. They are exactly

the subgroup G, . O

Let pr : Gg — U(1) be this representation. Let G% be the complexification of G and by abuse
of notation use pg : G% — C* to denote the complexified representation. Then it is easy to see that
for g € G, x € C™,

Wo(g9z) = pr(9)Wo(z),

which is a special case of (5.2).

5.4.2 Wj-structures
Original definition of Fan-Jarvis-Ruan

We recall the notion of Wy-structures and Wy-curves in [11]. For general Wy the definition is very

sophisticated. Here we only include the most intuitive part of the definition.
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Let ¥ be a smooth compact Riemann surface and let {p, ..., px} be a subset of markings. Denote
Y=Y\ {p1,...,pr}- We glue orbifold charts to ¥* to obtain an orbifold Riemann surface, which
is still denoted by X.

Definition 5.4.2. A Wjy-structure on X is a collection

Y= (Lla"'a‘C?L;¢17"'7¢s)

where £; — ¥ are holomorphic orbi-line bundles, and
(bj : Wj (,Cl,...,ﬁn) — Klog (57)

are isomorphisms of line bundles. {¢1,...,¢s} are subject to a constrain, i.e., for any x € ¥*, there

exists a local coordinate z and trivializations of £; such that
o (6(1817” @ el;j") =dz;

and near each puncture py, there exist a complex coordinate w centered at p; and local holomorphic

frame ey, ..., e, such that
. d
¢ (F @ @eln) == (5.8)

For the polynomial ", an x"-structure is called an r-spin structure, which is essentially an r-th root

of the log-canonical bundle.

An equivalent definition

Now we give an equivalent definition of Wy-structures, which fits in the general framework introduced
in Subsection 5.2.1. This is partly inspired by the lecture of Tyler Jarvis in a conference at University

of Michigan in March 2013, and this definition is probably already known to people.

Definition 5.4.3. A Wy-structure over ¥ is a pair o := (Pj, ¢5), where P; — ¥ is a holomorphic
G%-bundle, and

Y5 : £g = P5 Xpr C— K]Og
is a holomorphic isomorphism.

Now we show that this definition is equivalent to the definition of Fan-Jarvis-Ruan.

162



Indeed, if we have a pair (Ps,pz), then via the inclusion (g : G% < (C*)", we obtain the
associated holomorphic line bundles Lq,...,£,. While we have ?j oiLr = pr, which implies that
the isomorphism ¢z actually coincides with the isomorphisms in (5.7) up to a C*-factor.

Conversely, if we are given a Wy-structure (Lq,...,Ln;¢1,-..,Ps), then the existence of the
isomorphisms in (5.7) and Lemma 5.4.1 imply that the structure group of £1 & --- @ L,, reduces

from (C*)" to G%.

5.4.3 The gauged linear o-model equations

In this subsection we apply the abstract construction to the case which is related to Witten’s
argument about Landau-Ginzburg/Calabi-Yau correspondence in [55].

For general Wy we will have a gauge theory with gauge group G = U(1) x Gr. The Lie algebra
of G is isomorphic to that of U(1)?, which is (\/TIR)Q. We denote by eg = v/—1(1,0) and e; =
v/—1(0,1) the standard basis. We choose the metric so that e, e; form an orthonormal basis.

Let X = C"*! be the target space. The GC-action on X is given as follows. The inclusion

tr : Gr <= U(1)"™ induces an action of the factor G on the last n coordinates of X. And we define

(90791) N (IEO, e ,.’L'n) = (gan07 LR(gl) (g(()ilxla cee 7gl01nxn)> . (59)
With respect to the standard Kahler form

VI,
wx = T;dﬂ:i A dT;

a moment map is (after identifying the Lie algebra with its dual)

=5

/71 n n
(T, T1s -, Tn) <D|ZE0|2 + Zdi i) 7Zdi $z|2> (5.10)
i=1 i=1

which is a proper function.
We consider the character p of G, which is trivial on the U(1)-factor and is equal to pr on the
G g-factor.

Let Wy : C* — C be the quasi-homogeneous polynomial. Define

W . X — C

(0,21, ,Tpn) +— xoWol(z1,...,2Zn).
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Then W is quasi-homogeneous in the sense of (5.2) for the action (5.9) and for the character p :
G —U(1).

We fix a Wy-structure ¢ = (Ps, ¢5). By choosing a Hermitian metric on the line bundles, we
fix a reduction of P5 to a Gg-bundle, denoted by Qg and a G g-connection Az. Now, let’s consider
a G-principal bundles Qg over ¥*. It is equivalent to a Hermitian line bundle Ly and a principal
G g-bundle, which we require to be (isomorphic to) Qr. Let Pr := Qr X¢p G% be the complexified,
smooth G%—bundle, which is canonically, smoothly isomorphic to Ps. L is allowed to have orbifold
structure over {p1,...,pr}. Via the representation (5.9), the associated bundle to Qg is a vector
bundle

V=VWweWVe- -V,

where Vo = L b
Now we can use the gauge theory formulation as in Subsection 5.2.2. Any unitary connection on

Qo gives the line bundles holomorphic structures. We denote
f\?g = {A = (Ao,Al) S A(Qo) | (PR,EAI) ~ Pg} .

So for all (Ag, A1) € /\737 the Ap’s belong to the same complex gauge orbit of Az. More restric-
tively, we consider Az consisting of pairs (Ao, A1) with A; = g*Az and g is any complex gauge
transformation of Pg such that g(px) =1, k=1,...,t.

On the other hand, if the Wy-structure o gives n holomorphic line bundles Ly, ..., L, and the
pair (Lo, dp) defines a holomorphic line bundle L£y. Then V becomes a holomorphic vector bundle
with

Vo~ LoD, Vi £y 0 L8

Now we have a family of isomorphisms ¢4, : Pr X,, C = Kjoq for A1 = g*Az and hence a

family of holomorphic isomorphisms
PA Py XP(C — K10g7 A 6./\/5.

Now we can write down the equation (5.4) in this special case. We consider pairs (A,u) €
Nz x (V). We use the moment map p+ @(r, R), where p is the function in (5.10), and a smooth

area form €2 on the closed Riemann surface X.
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In particular, we may formally write the first equation of (5.4) as

Ouo + Wo(u,...,upn) = 0;
(5.11)
guz"—uoaa‘;vlo (ulv"'uun) = 0.
But keep in mind that the Wy above depends on gauge.
We may write the second equation of (5.4) as
ARy — Y2 (=Dlwol* + Ty dilwi2 = 1) = 0;
(5.12)

|
e

AF;, — Y51 (30 dilwif® — R)

Here Fy is the curvature of Ly and Fj is the curvature on Qg.

5.4.4 Low energy behavior

Note that in the linear case, the equivariant 2-form wx — p is exact. Hence the only topological

term in the energy identity is

1
E(rdegLo + RdegL). (5.13)

Now we are going to vary some parameters in the theory. Recall that the original metric on g is
(€9)2 + (eh)? € Sym?g*.
Now for A > 0, we take a different metric
A2(e0)2 + (e!)?

which rescales the eg direction.
On the other hand, we rescale the symplectic form from w to ew. Then, the quadratic part of

the moment map is rescaled by € also. Now the energy is changed to be

Epin = = |daulliz + | Fy |32 + A2 Fol 32

<
2
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and

2 2

)\2

Bpor = 26 [0 Wau) [+ 5

€ <—D|uo|2 + Zdiui2> —r

i=1

L1
8
2

EZdi|Ui|2 —R
=1

L L2

Here the norms are computed using the fixed data (the original metrics before varying them). While
the sum is still equal to (5.13) plus a residue term, which could be uniformly bounded.

The adiabatic limit we are going to run is A — oo, € — 0. Because of ¢ — 0, we see that
dVW4(u) — 0 in the L?-sense. For the case r > 0, we see that this corresponds to the Calabi-Yau

phase; for the case r < 0, this corresponds to the Landau-Ginzburg phase.

Remark 5.4.4. This outline is due to Witten ([55]), and I learned about it from the videod lecture
by David Morrison in 2012 at Simons Center of Stony Brook University. To actually realize the

above idea, a lot more has to be done.

5.5 Interior compactness

In this section we consider the compactness of the moduli space of solutions to the equation (5.11)
and (5.12) defined in the last section. We assume that the energy of solutions has a uniform bound.
This is not true a priori, but after suitably perturbing the equation near the orbifold points, one

should be able to prove such a bound.

Theorem 5.5.1. For any sequence (A;,u;) of solutions to the equation (5.11) and (5.12), with

limsup E(A;, u;) < 0o,

1—00

there exists a subsequence of (A;,u;) (still indexed by i for simplicity), a sequence of gauge trans-
formations g; : ¥* — G and a solution (A,u) to (5.11) and (5.12) such that for any compact subset

K C X*, we have gf(Ai,u;)|x converges to (A,u)|x in C*-topology.

5.5.1 The mean value inequality

The quasi-homogeneity of Wy implies that

n
d:
Wo = Zqz‘l‘i - 0;Wo, (qi = Dz> .

i=1
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Then for the polynomial W = xoW(, which is still quasi-homogeneous but not nondegenerate, for

any A € (0,1), we have

.T()WQ = )\.’EQW() + (1 — )\).’170 Zqixi 81W0
i=1
Denote ¢} =\, ¢} = (1 — N)g; fori=1,...,n.
Proposition 5.5.2. Let A be the Laplacian on ¥* associated to the smooth metric on . Then

there exist constants By, By > 0 such that for any solution (A, u) to the equations (5.11) and (5.12),
we have
2

(5.14)

3 (Soathr) = -0 (St
i=0 =0
Proof. We simplify our notations and write the perturbed Witten equation as
Ou+ VW (u) = 0.

Then we have

3@ (uiw) = = @ (VW (w),ui) = —W(u) € QO
=0 ;

Take O on both sides, we obtain

Xn:Q{\ ((00u;, u;) — (Oui, Ou;)) = —OW (u) = —dVW - Ju = AVW - VW (u).

=0
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Then we compute

A (Z q;\|ui2> = 2v/~1A00 <Z q;\|ui|2> = 2\/—1A2q;\8 ((Oui, ug) + (ui, Ouy))
i—0 i=0 i=0

= 2\/—1A2q,f‘ ((00u;, w;) + (Ou;, dug) — (Ouy, Oug) + (u;, 00u;))

i=0

=2) ¢ (@uif n |8ui|2) + 2\/—71A2qi>‘ ((00u;, u;) + (ui, Faui) — (u;, 00u;))
-0 i=0

3 o~

=2) ¢ (|5ui{2 + \8ui|2) + 4Re¢j1AZ M 00w, u;) + 2\/—71AZ @M, Faug)
i=0 i=0

0

%

=9 Z [qf‘ |3ui|2 +(2-¢) |5u,|2} + 2/ —1A, Zqi‘(ui,FAuﬁ > 2v/—1A, Zqﬁ(ui,FAuQ.
i=0 i=0

=0
(5.15)

Let Fy, Fy be the two components of F4. By the representation (5.9), the vortex equation and

the form of the moment map, the last term in the above can be estimated as follows.

2\/ —1AZ(]3‘<'LLZ’,FA’LLZ'> = 2\/ —1A q[/)\<U0, —DFOU0> + Zq?(uz,dl(Fl + Fo)u1>
=0

i>1

= 2\/ —1A Zdlq;\|ul|2F1 + —(](/)\D|’u,0|2 + Zq{\dl|ul|2 FO

i>1 i>1

= Z(l — N digi|ui|? Zdi|ui|2 - R

i>1 i>1
+ | =ADluol* + Z(l — Ngidilui* | | =Dluo|? + Zdﬂui\z -r
i>1 i>1
2
>—By—Bi [ > qlwl*| . (5.16)
i>0

Here By and B; are constants depending only on A, the weights ¢; and r, R. O

Remark 5.5.3. In the case that Wy is homogeneous, we could choose A suitably so that on the

unperturbed region, the function Y"1, ¢'|u;|? is subharmonic.

Lemma 5.5.4. [/4, Page 21] Let Q C R? be an open subset, e : @ — R>q is a smooth function.

Suppose
Ae > —By — Bye?.
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Then for any closed disk B, C ) with center zy,

Bo’l“2

s 8
/ (N d:I? < 1 = elan) < W/B e(2)]d=] +

r

5.5.2 Interior compactness

Now denote

Qu) = g}Muil*.
=0

Proposition 5.5.5. For any compact subset K C X%, there exists a constant cx > 0 such that for

any solution (A, u) to the equations (5.11) and (5.12), we have

sup Q(u) < ck.
K

Proof. We can take compact subset K’ C ¥* containing K properly, such that there exists rq > 0
such that for any z € K, B, (z) C K'. Then for any z € K, r < rg, by Cauchy-Schwarz, for some

c1 >0

/ Q) < ¢r </ Q(U)QQ> < ciregr.
BT(Z) BT(Z)

Here the last inequality follows from the fact that |u(u)|, . is uniformly bounded with respect to the
smooth metric and Q(u) is a linear combination of the quadratic terms of p.
Take ry = min {ro, m }, where Bj is the one in (5.14). Then by the mean value inequality,

we have for z € K,

8
Qu(?)) < 21K + Bor? =: Ck.
1

O

Proof of interior compactness. The most crucial step has been established, i.e., Proposition 5.5.5,
and the remaining argument is routine.

First, note that we have a compact slice S C N5 of the complex gauge action, which is essentially
the Jacobian of 3. Hence for each i there exists a complex gauge transformation g; = exp(h;++/—1h!%)

and s; € § such that A; = g’s;. Then

Fa, = F, +V—=1Ah;.
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Then the uniform bound on the L?-norm of the curvature implies that
[Ahi|[. <C

where A is the Laplacian on the closed surface. It follows that up to unitary gauge transformation,
a subsequence of connections converges in LP(K) for any p > 1. We write h; = (h{, hl), where h? is
the U(1)-component and h} is the Gr-component. Remember that we assumed that h}(pg) = 0 for
orbifold points pr. Then the elliptic estimate and Sobolev embedding imply that a subsequence of
h} converges in CO(K).

Now, only h} is responsible for the change of the potential W, and hence the inhomogeneous
term VW. The uniform bounds on Q(u) and h} implies that the inhomogeneous term VW stays

bounded over K. Therefore we have

lim sup ([dau| oo (5 < 00
11— 00

Otherwise, sphere bubbling will happen; but it is impossible because the target space is C**1.
Thus, we see that we have a subsequence (still indexed by i) such that u; converges in W1?(K)

to a limit section uy, over K. Moreover, by the usual argument we can prove convergence in higher

derivatives. The limit is constructed by taking an exhausting sequence of K, and by the diagonal

construction. O
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Appendix A

This appendix is copied from the paper [46], which is written by Stephen Schecter.

A.1 Geometric singular perturbation theory

Readers familiar with geometric singular perturbation theory may wish to skip most of this appendix;
however, the paragraph before Theorem A.1.2 and that theorem may be unfamiliar, and the extension
of that theorem described toward the end of this section, while just an observation, is new and
essential to Chapter 3.

Let Z be a manifold, let p = f(p,e) = fe(p) be a differential equation on Z with parameter ¢
(i.e., each f. is a section of TZ), let ¢§ be the flow, and let Ny be a compact submanifold of Z that
is invariant under the the flow of p = fo(p). Ny is called normally hyperbolic if there is a splitting of
TZ|No, TZ|Ng = S®U & T Ny, such that under Dg¢?, all vectors in S shrink at a faster exponential
rate than any vector in TNy, and under D¢_, all vectors in U shrink at a faster exponential rate
than any vector in T'Ny. (There are less restrictive definitions, but this one suffices for our purposes.)

Normally hyperbolic invariant manifolds have stable and unstable manifolds with flow-preserved
fibrations, and the whole structure persists under perturbation. This structure is most easily de-
scribed in local coordinates.

Let us assume that dim Ny = m, dim Z = n+m, and fibers of S (respectively U) have dimension
k (respectively [), with k£ 4+ = n. Near a point of Ny one can choose coordinates p = ®(x,y, z, €),

(z,y,2,€) € Q x Qy X (—€g,€0), 1 open subset of R¥ x R!, 2, an open subset of R™, such that,
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for small €, p = f(p, €) becomes

&= Az, y, 2, €)z, (A1)
y=B(z,y,z,€)y, (A2)
s =h(z,€) + 2T C(x,y,2 €)y; (A.3)

the matrices A, B, and C are k x k, [ x [, and k x [ respectively. One cannot assume that A(0,0, z,0)
has eigenvalues with negative real part or that B(0,0, z,0) has eigenvalues with positive real part,
since the exponential convergence of vectors under the linearized flow need only occur as t — +oo.
Nevertheless, this is true in the examples below.

We list some facts and terminology.
1. If p = f(p,€) is C™3, the coordinate change can be chosen so that the new system is C™*1.

2. For each ¢, the subspaces y = 0, x = 0, and their intersection are invariant. For fixed e, the
set {(z,y,2) | x =0 and y = 0} (dimension m) corresponds to part of a normally hyperbolic
invariant manifold N; the set y = 0 (dimension m + k) corresponds to part of the stable
manifold of N, W#(N,); and the set 2 = 0 (dimension m + [) corresponds to part of the
unstable manifold of N, W*(N,).

3. If (x(¢),0, 2(t)) is a solution in W*(N,), then (0,0, z(t)) is a solution in N,; and if (0, y(¢), z(t))
is a solution in W*(N,), then (0,0, z(t)) is again a solution in N.. Each solution in W?*(N)
(respectively W*(N,)) approaches exponentially a solution in N, as time increases (respectively

decreases).

4. Given a point p = (0,0, zg) in N, the stable (respectively unstable) fiber of p is the set of all
points (z,0, zp) (dimension k) (respectively (0,y,20) (dimension [)). For each ¢, the time-¢
map of the flow takes fibers to fibers; in this sense the fibration is flow-invariant. Solutions
that start in the stable (respectively) unstable fiber of p approach the solution that starts at

p exponentially at ¢ increases (respectively decreases).

5. Given an P. C N., we shall refer to the union of the stable (respectively unstable) fibers of
points in P. as W*(N,) (respectively W*(N,)) restricted to P.. If P, is invariant, W*(N,)
restricted to P., for example, may be smaller than W*(P,), since the latter may include
solutions in N, that approach P. at a slower exponential rate, together with points in their

stable fibers.
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Examples:

1. Suppose Ny is a compact manifold of equilibria of dimension m, and each equilibrium in Ny
has k eigenvalues with negative real part and [ eigenvalues with positive real part. Then Ny
is a compact normally hyperbolic invariant manifold. The stable (respectively unstable) fiber

of a point p in Ny is just its stable (respectively unstable) manifold. In (A.3), h(z,0) = 0.

2. Suppose Ny is a compact manifold with boundary of equilibria of dimension m, and each
equilibrium in Ny has k eigenvalues with negative real part and [ eigenvalues with positive real
part. No does not fit the definition of a normally hyperbolic invariant manifold that we have
given, but a coordinate system as above still exists, except that {2 may have boundary and

N, may be only locally invariant (i.e., solutions may leave through the boundary).

3. Suppose pp is a critical point of p = fo(p) at which the linearization has k eigenvalues with
negative real part, | eigenvalues with positive real part, and m eigenvalues with O real part.
On a neighborhood of py, one can choose coordinates as above such that the system takes the
form (A.1)—(A.3); this is the Center Manifold Theorem. Here the N are locally invariant open

manifolds.

4. Fast-slow systems. Consider the system

i = flw, 2, e), (A4)

z=eg(w,z,¢€), (A.5)

with w € R", z € R™, and 0 < € < €. System (A.4)—(A.5) is a fast-slow system; w is the
fast variable and z is the slow variable. The fast limit is (A.4)—(A.5) with e = 0. If 0 is a
regular value of f, then {(w,z) : f(w, 2z,0) = 0} is a manifold of dimension m called the slow
manifold. The slow manifold is the set of equilibria of the fast system. Let Ny be a compact
subset of the slow manifold that is a manifold with boundary of dimension m. Ng is normally
hyperbolic (in the sense of Example 2) if there are numbers k and [ with k + 1 = n such
that at each point (w,z,0) of Ny, D, f(w,z,0) has k eigenvalues with negative real part and
[ eigenvalues with positive real part. By the Implicit Function Theorem, Ny can be described
as w = x(z,0). Then for e > 0 small there is a normally hyperbolic locally invariant manifold

N, (as in Example 2) near Ny, given by w = x(z,€).

The name “geometric singular perturbation theory” comes from the fact that after a rescaling
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of time, (A.4)—(A.5) can be rewritten as

ew = f(w, z,€), (A.6)

zZ= g(wazve)a (A7)

which is a singularly perturbed system.
In Example 4, N, is given by an expansion w = xo(z) + e€x1(z) + ..., and the system restricted

to N, with coordinate z, is given by

2 =eg(xo(2) + ex1(2) +...,2,€) = eg(x0(2), 2,0) + O(e?). (A.8)

Thus, after division by €, system (A.4)—(A.5) restricted to N¢ is given by 2 = g(x0(2), 2,0) + O(e).
The differential equation 2 = g(xo(2), z,0) is called the slow equation. The expansion of N, and
hence of (A.4)-(A.5) restricted to N, can be computed to any order using the invariance of V..
Similar calculations can be done in Examples 2 and 3. In the latter case, typically the center manifold
at pg for € = 0 is not known explicitly, so it too must be computed as an expansion in a coordinate
system near pg.

We shall abuse terminology and refer to the N, as normally hyperbolic invariant manifolds in all
the above situations.

Suppose we wish to follow an (I + 1)-dimensional manifold of solutions M, as it passes near
a normally hyperbolic invariant manifold N, in a manifold Z, where Ny is a normally hyperbolic
invariant manifold of equilibria. We choose coordinates so that the system is (A.1)—(A.3), with
h(z,€) = eh(z,€). We assume that near the point (z*,0,2*), the M., ¢ > 0, fit together to form
a O™ manifold with boundary in Z x R; and we assume that M meets W*(Ny) transversally in
the solution through (z*,0, 2*), which approaches the equilibrium (0,0, 2*) as t — co. The system
restricted to N, has the form 7 = ¢h(z,¢); we assume h(z*,0) # 0. Let 1; denote the flow of
% = h(z,0), and let 2t = ¢p(2*) for some T > 0. Let I = {(¢y(z*) : T — 3 <t < T + &}, a small
interval around 2z in the orbit of z* for = h(z,0). Let J = {0} x {0} x I. Let V be a small open

set around (0,0, z7) in W*(Np) restricted to J, which has dimension [ + 1. Then we have:

Theorem A.1.1 (Exchange Lemma). For small € > 0, parts of M. fit together with V to form a
C" manifold in Z x R.

See Figure A.1. Notice that for small € > 0, M, meets W*(N,) transversally in a solution that

tracks a solution in N, that starts at a point (0,0, z(¢)), with z(e) near z*. For € > 0, the orbit of
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(a) (b)

Figure A.1: The Exchange Lemma with k =l=m =1: (a) e =0, (b) e > 0.

% = eh(z) through z, equals the orbit of z = h(z,€) through z(e). This orbit is close to the orbit
of 2 = h(z,0) through z*. Thus we find that portions of the orbits tracked in N, for e > 0 limit on
a curve J in Ny that is not an orbit of the system (A.1)—(A.3) on Ny (these orbits are just points).
Nevertheless the M, for € > 0 become close to W*(Ny) restricted to J.

Now suppose we wish to track an (I 4+ s+ 1)-dimensional manifold of solutions M., with 0 < s <
m — 1, as it passes near a normally hyperbolic invariant manifold N, in a manifold Z, where N is a
normally hyperbolic invariant manifold but does not consist of equilibria. (This occurs, for example,
Step 3 of the proof of Theorem 3.5.14.) We again choose coordinates so that the system is (A.1)-
(A.3). We choose a cross-section M, to the flow within M,, of dimension I 4 s (so that M, is the
union of orbits that start in M,), and we assume that My meets W*(Np) transversally at (z*,0, z*).
For small € > 0, M, meets W* (N,) in a manifold @, of dimension s; we assume that Q. projects
regularly along the stable fibration to a submanifold P, of N, of dimension s. We also assume that
for small € > 0, the vector field (0,0, h(z,€)) is not tangent to P.. (Of course these assumptions
follow from the corresponding ones at ¢ = 0.) Finally, we assume that for € > 0, following P. along
the flow for time O(1) produces a submanifold P* of dimension s+ 1 of N, and the manifolds P
fit together with a submanifold P} of Ny, of dimension s + 1, to form a C"™! manifold in Z x R.
This assumption typically requires that some solution of the system restricted to Ny that starts in
Py, approaches an equilibrium. We emphasize that, analogous to the usual Exchange Lemma, Py is
not the result of following Py along the flow for ¢ = 0. Let V' be a small open neighborhood of Fy

in W*(Np) restricted to P, which has dimension [ + s + 1.

Theorem A.1.2 (General Exchange Lemma). For small € > 0, parts of M, fit together with V' to
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form a C" manifold in Z x R.

Some technical hypotheses that are not relevant to this thesis have been omitted. We actually
need a small generalization of Theorems A.1.1 and A.1.2, whose proofs are essentially the same.

We will use C"-topology to measure submanifolds. If S C X is a smooth submanifold, we say
another C"-submanifold S’(of the same dimension) is C"-close to S, if with some smooth identi-
fication of the normal bundle of S with a tubular neighborhood of S, S’ can be identified with a
C"-small section of the normal bundle.

In Theorem A.1.1, replace the assumption that near the point (z*,0,2*), the M., ¢ > 0, fit
together to form a C™! manifold with boundary, with the assumption that M. — M, in the
CT*1-topology. The conclusion becomes that parts of M, converge to V in the C"-topology.

In Theorem A.1.2, make the replacement in the assumptions just mentioned, and replace the
assumption that the P*, ¢ > 0, fit together to form a C"*! manifold with the assumption that
P — P§ in the C"*1-topology. The conclusion again becomes that parts of M, converge to V in
the C"-topology.

These generalizations are required for the following reason. Consider the fast-slow system

Z1 = —29+ Zf, (Ag)

iy = —¢, (A.10)

which is related to (3.21)—(3.22). See Figure A.2. For ¢ = 0, any compact portion Ny of the curve
of equilibria z; = 722% is normally hyperbolic (in fact attracting). It perturbs to the normally
hyperbolic manifold N,, on which system reduces to y = —e. For small € > 0, a solution in or close
to N, arrives in the region § < z; < 2§ (§ > 0) along a curve given by zo = p(z1,€), § < 21 < 26;
p= O(eg). As € — 0, this curve, which in examples with greater dimension may be P, approaches
29 = 0, which in examples may be Fj, in the C*-topology for any s, but does not fit together with

z9 = 0 to form a manifold with a high degree of differentiability in z; zo€-space.
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A.2 Choosing the center manifold

Let us consider for concreteness a system in the form (A.1)-(A.3), with Ny two-dimensional, and

the equation on N, given by (A.9)—(A.10):

&= A(z,y, 21,22, €)x, (A.11)
Y= B(z,y,21,22,€)y, (A.12)
h=—m+2t+alalry 2oy, (A.13)
by = —e+alcy(z,y, 21, 22, €)Y, (A.14)

(7,y) € R¥ xR!. The system arises by center manifold reduction at the origin, so A(0, 0, z1, 22, 0) has
eigenvalues with negative real part ,and B(0,0, 21, 22, 0) has eigenvalues with positive real part. We
wish to follow a manifold M. of dimension [+ 1 as it passes N, (i.e., z1z2-space). M meets W*(Np)
transversally at a point (z*,0.2],0) with 27 < 0; hence the intersection includes the semiorbit -y
that starts at («*,0, z7,0), which approaches the origin as ¢ — co. We wish to replace the center
manifold Ny for € = 0 by one that contains 7. To do this, replace all semiorbits in Figure A.2
that start at points (0,0, 27, 22), |22] < (27)?, with the semiorbits that start at (z*,0, 27, 22). (The
semiorbits that start at (0,0, 2], 22) and at (z*,0, 2], 22) both approach (0,0, —22%,22) as t — oo,
and the second arrives tangent to zqze-space.) The result will be a new center manifold, in a smaller
neighborhood of the origin, that contains . The differentiability class of this manifold will decrease

as we move away from the origin. Now Ny perturbs to new center manifold N, for € > 0.

2
: v
> 21 \C\\> ‘ 82/3
(a) (b)

Figure A.2: Flow of (A.9)-(A.10): (a) e =0, (b) € > 0.
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