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Abstract

This thesis consists of four parts, on four separate topics in the study of the symplectic vortex

equation and their adiabatic limits.

In the first part, we constructed a compactification of the moduli space of twisted holomorphic

maps with Lagrangian boundary condition. It generalizes the compactness theorem of Mundet-Tian

in the case of closed Riemann surfaces to the case of bordered Riemann surfaces, and it is the first

step in developing the open-string analogue of Mundet-Tian’s program.

In the second part, we studied the Morse theory of Lagrange multipliers, which is based on a joint

work with Stephen Schecter. We also considered two adiabatic limits by varying a real parameter

λ in this theory, which result in two different homology group. Via the homotopy provided by the

variation of λ we prove that the two homology groups are isomorphic.

In the third part, we considered a U(1)-gauged linear σ-model and its low-energy adiabatic limits.

Via adiabatic limits, we managed to classify all affine vortices in the target space CN with diagonal

U(1)-action and identify their moduli spaces, which generalizes Taubes’ result for N = 1. This also

gives a precise meaning of the “point-like instantons” described by Witten. We also computed the

associated quantum Kirwan map by compactifying the moduli space.

In the fourth part, we introduce a new type of equations. It is a generalization of Witten’s

equation for a quasi-homogeneous polynomial W , by coupling a gauge field. The purpose of this

generalization is to realize the geometric Landau-Ginzburg/Calabi-Yau correspondence predicted in

string theory. This part is based on a work in progress joint with Gang Tian.
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Chapter 1

Introduction

1.1 Background

The development of theoretical physics in the twentieth century, most notably quantum field theory

and string theory, has dramatically reshaped the study of differential geometry. To understand the

beautiful and fanscinating mathematical predictions physicists made, mathematicians had to develop

new machineary and lauguage to make rigorous statement and argument, instead of using the ill-

defined path integral and many mysterious physics arguments. The most common feature of the

language mathematicians used is the appearance of nonlinear ellitptic partial differential equations

obtained from variational methods, and the moduli spaces of their solutions. The most exciting

results were the construction of certain “invariants”, obtained by doing intersection theory on these

moduli spaces, which provide a lot of sophisticated topological and geometric information.

There are two basic models in quantum field theory, the σ-model and gauge theory. The most

successful mathematical achievements in these two directions include Donaldson theory and Seiberg-

Witten theory (which are for gauge theory in dimension 4), and Gromov-Witten theory (which is

for σ-model in dimension 2, with target space a symplectic manifold).

In Donaldson theory, one considers a SU(2)-principal bundle P over a smooth 4-manifold X, and

consider self-dual or anti-self-dual Yang-Mills connections on P (called instantons). This is a non-

linear elliptic partial differential equation modulo gauge transformation. In Seiberg-Witten theory,

one considers a 4-dimensional Spinc-manifold, and the solutions to the Seiberg-Witten monopole

equation. This is also an elliptic equation modulo gauge transformation. The topology of their

moduli spaces of solutions contains a lot of nontrivial information of the differential topology of
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the original four-manifolds, which are wrapped up to be the celebrated Donaldson invariants and

Seiberg-Witten invariants. It is important to notice that the work of Uhlenbeck set up the analytical

foundation on these striking development.

In Gromov-Witten theory, one consider maps from a Riemann surface into a symplectic manifold.

With a choice of a suitable almost complex structure, the minimizers of the Dirichelet energy of maps

are solutions to the nonlinear Cauchy-Riemann equation, which provides a natural class of minimal

surfaces. On the other hand, string theory can be viewed as a quantum field theory if regarding

the world-sheet as the domain of the σ-model. It was Gromov who first adopted this point-of-view,

and proved many fantastic theorems in symplectic geometry. After that, a lot of far-reaching results

have been proved or conjectured, most notably, the definition of Gromov-Witten invariants and

Floer homology, as well as the various versions of “mirror symmetry”.

There are still many other physics achievements which await mathematicians’ feedback. Here in

this dissertation, we consider a “hybrid” theory of gauge theory and σ-model, in dimension 2. The

coupled theory has its natural connections with the previous two theories: for example, the gauged

σ-model in dimension 2 can be related to gauge theory in dimension 4 via “dimensional reduction”;

the adiabatic limits in gauged σ-model also reduces to an un-gauged σ-model. To go down to the

earth of mathematics, the remaining of this introduction is written as a general preliminary, which

are prerequisite for the four topics in this dissertation.

1.2 Gauged σ-model and symplectic vortex equation

In the situation of σ-model, if we have in addition a compact Lie group G acting on the target

manifold M , which preserves all structures we need, then instead of considering maps from the

space-time (which is always a Riemann surface Σ here), the fields should be “twisted”. This means,

for a principal G-bundle P → Σ, a field consists of two components, a section of the associated

bundle P ×G M and a G-connection on P . In addition, to write down the kinetic energy, the

inclusion of gauge field is necessary.

The benefit of twisting a gauge field is manifest, in the case when M is a vector space: there are

no nonconstant holomorphic curves in Cn, but there are plenty of holomorphic sections of a vector

bundle. For this case of linear actions on complex vector spaces, it has been studied intensively (see

[25], [3], [4], [20], [18], [19]).

The rigorous formulation of this theory for general Hamiltonian actions was first given inde-

pendently by Ignasi Mundet [37] and Cieliebak-Gaio-Salamon [8]. After it was introduced, a lot of
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progress has been made and many important results have been proved. In certain cases, the so-called

Hamiltonian Gromov-Witten invariant has been defined (see [37], [7]); Mundet and Tian are carrying

out a program defining the quantum ring structure on the equivariant cohomology, which will be an

S1-equivariant analog of the quantum cohomology (see [38]); Gaio-Salamon considered certain adia-

batic limit of the twisted holomorphic map which relates the Hamiltonian Gromov-Witten invariants

of the symplectic manifold and the usual Gromov-Witten invariants of a symplectic quotient with

respect to the group action (see [17]); Frauenfelder considered twisted holomorphic maps over the

infinite strip and proved the Arnold-Givental conjecture for certain type of symplectic manifolds and

Lagrangian submanifolds (see [14]); Ziltener and Woodward considered the vortex equation over the

complex plane and define a quantum version of the Kirwan map (see [61], [57]).

It is natural to include a potential term on the target space M but this point-of-view in σ-model

hasn’t been fully adopted by mathematicians. Recently, Fan-Jarvis-Ruan developed a quantum

singularity theory (see [10], [11], [9]) based on Witten’s idea ([54]). It can be viewed as a σ-model with

the target space a complex singularity, which is defined by a potential function W : Cn → C, usually

a quasi-homogeneous polynomial. One of the topic in this dissertation is to set up a mathematical

theory which includes a potential function in the gauged σ-model, over a general target manifold M

(generalizing Cn).

1.3 Preliminaries

Let M be a 2n-dimensional smooth manifold. A symplectic structure is a 2-form ω ∈ Ω2(M)

satisfying

� it is closed, i.e. dω = 0;

� it is nondegenerate, i.e. ωn ∈ Ω2n(M) is a nowhere vanishing 2n-form on M .

A 2n-dimensional manifold M together with a symplectic structure ω is called a symplectic man-

ifold and is usually denoted by (M,ω).

An (embedded) Lagrangian submanifold of (M,ω) is an embedded submanifold L ⊂ M of

dimension n, such that ω|L = 0 ∈ Ω2(L).

An almost complex structure on M is a section J ∈ Γ(EndTM) such that J2 = −IdTM . J

is said to be compatible with a symplectic structure ω (or ω-compatible), if the tensor field defined
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by

ω(·, J ·) ∈ Γ(T ∗M ⊗ T ∗M) (1.1)

is a Riemannian metric on M .

Let Σ be a Riemann surface and let jΣ : TΣ → TΣ be the almost complex structure on Σ. A

smooth map u : Σ→M is said to be (J, jΣ)-holomorphic (or J-holomorphic if jΣ is understood), if

the differential of u is complex linear with resepct to J and jΣ, i.e.,

du ◦ jΣ = J ◦ du. (1.2)

In general, for any smooth map u : Σ→M , we define

∂u :=
1

2
(du+ J ◦ du ◦ jΣ) (1.3)

as the (0, 1)-part of the differential du.

Let G be a compact Lie group of dimension k and let g be its Lie algebra and exp : g→ G be the

exponential map. Suppose G acts smoothly on M . For any vector ξ ∈ g, the infinitesimal action

of ξ is the vector field Xξ ∈ Γ(TM) defined by

(Xξf)(p) :=
d

dt

∣∣∣∣
t=0

f (exp(tξ)p) (1.4)

for any point p ∈M and any smooth function f defined near p. The action is called a Hamiltonian

action, if there exists a smooth map (called a moment map of this action) µ from M to the dual

vector space g∗ of g, such that for any ξ ∈ g,

ιXξω = d (µ · ξ) ∈ Ω1(M). (1.5)

Any two moment maps µ1, µ2 for the same action differ by a central element τ ∈ g∗ on each connected

component of M .

Let P → Σ be a G-principal bundle over Σ. Then the right G-action on P induces a family of

vertical vector fields Xξ on P for ξ ∈ g. A G-connection on P is a section A ∈ Ω1(P, g) satisfying

� ιXξA = ξ;

� (Rg)
∗A = AdgA.

4



The space of smooth connections is denoted by A(P ), which is an affine space.

The space of sections of the associated bundle Y := P ×GM can be identified with the space of

G-equivariant maps

S(Y ) :=
{
s ∈ C∞(P,M) | s(ph) = h−1s(p), ∀h ∈ G, p ∈ P

}
.

The group of (smooth) gauge transformations of P is

G(P ) :=
{
g ∈ C∞(P,G) | g(ph) = h−1g(p)h, ∀h ∈ G, p ∈ P

}
,

which is the group of automorphisms of P (as a G-principal bundle).

G(P ) acts naturally on A(P )× S(Y ) (on the right), by

g∗ (A, s) = (g∗A, s ◦ g) .

1.3.1 J-holomorphic curves and the Gromov-Witten invariants

The Gromov-Witten invariants for a compact symplectic manifold (M,ω) is a family of linear maps,

parametrized by nonnegative integers (g, n), and homology class A ∈ H2(M ;Z),

GWM,A
g,n : (H∗(M ;Q))

⊗n ⊗H∗
(
Mg,n;Q

)
→ Q. (1.6)

The first mathematical definition was given by Ruan ([41]) in genus zero and M semi-positive, and

then was generalized by Ruan-Tian ([42], [43])for arbitrary genus for semi-positive M . For general

compact symplectic manifold, it was defined by Li-Tian ([31]) and Fukaya-Ono ([16]).

We briefly describe the construction of Gromov-Witten invariants. Choose an ω-compatible

almost complex structure J , consider all smooth maps u from a genus g Riemann surfaces Σ with

n marked points to M such that u is holomorphic with respect to J and that the cycle u represent

the homology class A. Consider the moduli space of all such objects,

Mg,n (M,A, J) . (1.7)

Although in some cases, by choosing generic J , we can make this moduli space a smooth manifold,

but it is in general noncompact. The noncompactness comes from two situations: one is the bubbling

off phenomenon, the other is that the domain curve can degenerate to a nodal curve who represents
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a point in the boundary of Mg,n. By adding new objects, called “stable maps” (introduced by

Kontsevich in [29]), and defining suitable topology consistent with the bubbling and degenerating

process, we can compactify the moduli space by

Mg,n (M,A, J) ⊃Mg,n (M,A, J) . (1.8)

The “virtual technique” developed by Li-Tian ([31]), Fukaya-Ono ([16]), Hofer-Wysocki-Zehnder

([23]) allows us to define a virtual fundamental class

[
Mg,n (M,A, J)

]vir ∈ H∗ (Mg,n (M,A, J) ;Q
)
. (1.9)

On the other hand, we have natural maps

Mg,n (M,A, J)
ev−−−−→ Mn

π

y
Mg,n

(1.10)

where ev is the “evaluation map”, which maps any (equivalence class of) stable map to its image

at the n marked points, and π is the “forgetful map”, which maps any stable map to its underlying

stable curve by forgetting the map and stablizing the domain.

Then the Gromov-Witten invariants of (M,ω) can be defined by

GWM,A
g,n (α1, . . . , αn;β) =

〈
ev∗ (α1, . . . , αn) ∪ π∗β,

[
Mg,n (M,A.J)

]vir〉
. (1.11)

In particular, using the genus-zero, three-point invariants, one can define a “quantum deforma-

tion” of the usual cohomology ring of M . For simplicity, we assume that (M,ω) is monotone, i.e.,

there exists a real number c > 0 such that c1(TM) = c[ω]. We also assume that H2 (M ;Z) is

torsion-free and there is an additive basis A1, . . . , Am of H2 (M ;Z) such that the homology class

of any holomorphic sphere in M is of the form d1A1 + · · · + dmAm with di ≥ 0. Then we choose

the Novikov ring Λ to be the polynomial ring R[q1, . . . , qm] with degqi = 2c1(Ai). The quantum

cohomology ring of M is a ring with underlying abelian group

QH∗ (M ; Λ) := H∗ (M ;Q)⊗Q Λ. (1.12)

Choose an additive basis {eν} of H∗ (M ;Q) over Q, the multiplication is defined, for every a, b ∈

6



H∗ (M ;Q),

a ∗q b :=
∑

A=d1A1+···+dmAm

∑
ν1,ν2

GWM,A
0,3 (a, b, eν1)gν1ν2eν2 ⊗ q

d1
1 · · · qdmm (1.13)

and extended in a Λ-linear way to H∗ (M ; Λ). Here (gν1ν2) is the inverse matrix of the intersection

matrix
(
gν1ν2 :=

∫
M
eν1 ∪ eν2

)
. This makes QH∗ (M ; Λ) a graded algebra over Λ, which is called the

(small) quantum cohomology of M .

For example, for the case M = Pn and ω the Fubini-Study form, Λ = R[q] with degq = 2(n+ 1)

and the quantum cohomology ring of Pn is

QH∗ (Pn; Λ) = R[c, q]/〈cn+1 = q〉.

1.3.2 The symplectic vortex equation

Suppose we have a Hamiltonian G-action on the symplectic manifold (M,ω) with a moment map

µ : M → g∗ and suppose J is a G-invariant, ω-compatible almost complex structure on M . Let’s

choose a biinvariant metric on g which induces an isomorphism g ' g∗. Let (Σ, jΣ) be a Riemann

surface and let ΩΣ ∈ Ω2(Σ) be a smooth area form.

Let P be a G-principal bundle over Σ. Let Y := P ×G M and πY : Y → Σ be the natural

projection. Let TV Y ⊂ TY be the subbundle of vertical tangent vectors. If we choose a G-invariant

almost complex structure J , then J induces a complex structure JV on the vector bundle TV Y .

Any G-connection A on P induces a splitting TY = π∗Y TΣ⊕TV Y , which induces (together with

J) an almost complex structure J(A) on Y as the direct sum π∗Y jΣ ⊕ JV .

Let u : Σ→ Y be a section of the bundle Y → Σ, which is equivalent to an anti-equivariant map

Φ : P →M . The covariant derivative dAu of u with respect to A is given by

dAu = πA ◦ du ∈ Ω1
(
Σ, u∗TV Y

)
,

where πA : TY → TV Y is the projection induced by the splitting given by A.

Since TΣ and TV Y are both complex vector bundles, we can define the operator ∂A by taking

the (0, 1)-part of dA. More precisely, define

∂Au =
1

2

(
dAu+ JV ◦ dAu ◦ jΣ

)
∈ Ω0,1

(
Σ, u∗TV Y

)
.
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Definition 1.3.1. A twisted holomorphic map (or a gauged holomorphic map) from Σ to M

is a triple (P,A, u), where P → Σ is a smooth G-principal bundle, A is a smooth G-connection on

P and u is a smooth section of the associated bundle Y := P ×G M → Σ, satisfing the following

symplectic vortex equation:

 ∂Au = 0;

ΛFA + µ(u) = 0.
(1.14)

Here Λ : Ω2(Σ) → Ω0(Σ) is the contraction with respect to the area form ΩΣ; and the second

equation makes sense because µ takes values in g via the identification g ' g∗.

If we have a local trivialization P |U = U ×G and a local holomorphic coordinate z = s + it on

U ⊂ Σ, then u corresponds to a map φ : U →M and A = d+ Φds+ Ψdt, the equation (1.14) reads

 ∂sφ−XΦ(φ) + J(φ) (∂tφ−XΨ(φ)) = 0;

(∂sΨ− ∂tΦ + [Φ,Ψ]) dsdt+ µ(φ)ΩΣ = 0.
(1.15)

Definition 1.3.2. We say that two solutions (P,A, u) and (P ′, A′, u′) are equivalent, if there is a

bundle isomorphism ρ : P ′ → P which lifts the identity map on Σ, such that ρ∗(A, u) = (A′, u′).

Denote the left-hand-side of (1.14) by F(A, u) ∈ Ω0,1(u∗TV Y ) ⊕ Ω0(adP ). It is easy to check

that, for any gauge transformation g ∈ G(P ), F(g∗(A, u)) = g∗(F(A, u)). Therefore we say that the

equation (1.14) is gauge invariant.

The energy of a twisted holomorphic map (P,A, u) is given by the Yang-Mills-Higgs functional

YMH(P,A, u) =
1

2

(
‖FA‖2L2 + ‖µ(u)‖2L2 + ‖dAu‖2L2

)
. (1.16)

Here the L2-norms are defined with respect to the Riemannian metric on M determined by ω and

J , and the Riemannian metric on Σ determined by ΩΣ and j.

If the domain Σ is a closed Riemann surface, then the tuple (P,A, u) defines a fundamental class

[P,A, u] ∈ HG
2 (M ;Z) which is a topological invariant. It is defined as follows. The principal bundle

P → Σ induces a classifying map c : Σ → BG to the classifying space of G. It lifts to a map

c̃ : P → EG of G-bundles, where EG → BG is the universal G-bundle. Hence it induces a map

c̃X : P ×G X → EG ×G X =: XG. The equivariant (co)homology of X is defined to be the usual
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(co)homology of XG. Then the composition c̃X ◦ u : Σ→ XG induces the homology class

[P,A, u] := (c̃X ◦ u)∗ [Σ] ∈ H2 (XG;Z) = HG
2 (X;Z). (1.17)

On the other hand, in the equivariant de Rham theory of X, the equivariant differential form

ω − µ ∈ Ω2
G(X) is equivariantly closed. Hence it defines a cohomology class

[ω − µ] ∈ H2
G(X). (1.18)

We have the following energy identity.

Proposition 1.3.3. (cf. [7, Proposition 2.2]) If Σ is a compact Riemann surface, then for any

triple (P,A, u), we have

YMH(P,A, u) = 〈[ω − µ], [(P,A, u)]〉+
∥∥∂Au∥∥2

L2 +
1

2
‖ΛFA + µ(u)‖2L2 (1.19)

Proof. Recall that we have the equivariant symplectic form ω − µ ∈ Ω2
G(X). And for the fibration

Y → Σ and any G-connection A, we have the minimal coupling form

ωA ∈ Ω2(Y ).

And we have

∫
Σ

u∗ωA = 〈[ω − µ⊗ t], [(P,A, u)]〉. (1.20)

We can write down ωA locally. Take any local trivialization of P → Σ, say φU : P |U → U ×G, it

induces a trivialization Y |U ' U ×X. With respect to this trivialization, we can write A = d+ α,

with α ∈ Ω1(U, g). Let π2 : U × X → X be the projection. Then the form ωA is written in this

chart as π∗2ωX − d (µ · α).

Let w = s + it be a holomorphic coordinate on U and suppose ΩΣ = νds ∧ dt. Write α =
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d+ αsds+ αtdt, we have

ν |dAu|2 =

∣∣∣∣∂u∂s +Xαs(u)

∣∣∣∣2 +

∣∣∣∣∂u∂t +Xαt(u)

∣∣∣∣2
=

∣∣∣∣∂u∂s +Xαs(u) + J

(
∂u

∂t
+Xαt(u)

)∣∣∣∣2 − 2

〈
∂u

∂s
+Xαs(u), J

(
∂u

∂t
+Xαt(u)

)〉
= 2ν

∣∣∂Au∣∣2 + 2ω

(
∂u

∂s
+Xαs(u),

∂u

∂t
+Xαt(u)

)
= 2ν

∣∣∂Au∣∣2 + 2νΛ (u∗ωA + µ · FA) .

Therefore

1

2
|dAu|2 ΩΣ = u∗ωA +

∣∣∂Au∣∣2 ΩΣ + µ(u) · FA. (1.21)

Integrating over Σ and by (1.20)

1

2
‖FA‖L2 +

1

2
‖dAu‖2L2 =

∥∥∂Au∥∥2

L2 +

∫
Σ

u∗ωA +
1

2
‖FA + µ(u)ΩΣ‖2L2 −

1

2
‖µ(u)‖2L2 . (1.22)

This calculation implies that the equation (1.14) is a natural equation on pairs (A, u) whose

solutions minimize (locally) the Yang-Mills-Higgs functional. This is similar to the fact that in

the σ-model in an almost Kähler manifold, solutions to the nonlinear Cauchy-Riemann equation

minimize the Dirichlet energy.

1.3.3 Hamitonian Gromov-Witten invariants

Hamiltonian Gromov-Witten (HGW) invariants are suggested by Mundet-Tian which are supposed

to be an equivariant analogue of the Gromov-Witten invariants and its definition is also the (virtual)

integration over the moduli space of twisted holomorphic maps. The inputs for HGW are equivariant

cohomology classes rather than usual cohomology classes, and the evaluation maps are twisted. This

means, over the moduli spaceMg,k(M) of genus g twisted holomorphic maps with k marked points

into M , to each marked point a G-principal bundle over the moduli space is associated. They are

called the Poincaré bundles

Pi →Mg,k(M).
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There are natural evaluation maps

evi : Pi →M

which are G-equivariant. Hence it defines a pull-back

ev∗i : H∗G(M ;Q)→ H∗(Mg,k(M);Q).

While the forgetful map is still valid

π :Mg,k(M)→Mg,k.

Hence formally we can define the Hamiltonian Gromov-Witten invariants, for any equivariant ho-

mology class A ∈ HG
2 (M ;Z),

HGWM,A
g,k : (H∗G(M ;Q))

⊗k ×H∗
(
Mg,k;Q

)
→ Q

if using the virtual technique properly.

Although the full invariants (which allows complex structure of Σ to vary) are expected to be

defined (for the case G = S1, [38] through the compactness result in [39]), here we fix the domain

curve Σ with fixed marked points, which represent a point in the smooth part ofMg,k. In this case,

it has been defined in various cases, for example, [37], [7]. We denote by [pt] the cohomology class

Poincaré dual to the cycle of a single point in Mg,n.

A beautiful results about the relation between HGW and GW is obtained in [17]. Assume that

M is a noncompact, symplectic aspherical manifold, convex at infinity, and suppose the moment

map is proper, and the symplectic quotient is a smooth monotone symplectic manifold. Then for

Σ = S2, we have

Theorem 1.3.4. [17] For cohomology classes αi ∈ H∗G(M) with degαi < 2N , where N is the

minimal Chern number of the symplectic quotient M ; let A ∈ HG
2 (M) be a homology class which is

the image of A ∈ H2

(
M
)

via the natural map H2

(
M
)
→ HG

2 (M). Then we have

HGWM,A
S2,k (α1, . . . , αk; [pt]) = GWM,A

S2,k (κ(α1), . . . , κ(αk); [pt]) .

Here κ : H∗G(M)→ H∗
(
M
)

is the classical Kirwan map.
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1.3.4 Example: holomorphic N-pairs

In this subsection we give an example of twisted holomorphic maps. In this example, one can see

the relation between symplectic vortex equation and complex algebraic geometry. This example will

also be used in Chapter 4.

Let M = Ck and let G = U(k) which acts on Ck via the standard linear action. For the

symplectic form

ω =

k∑
i=1

dxi ∧ dyi =

√
−1

2

k∑
i=1

dzi ∧ dzi (1.23)

a moment map is

µ(z1, . . . , zk) = −
√
−1

2

(
k∑
i=1

zi ⊗ zTi − τIk

)
∈ u(k) ' u(k)∗. (1.24)

If (P,A, u) is a twisted holomorphic map from Σ to Ck, then the associated bundle E := P ×U(k) Ck

is a complex vector bundle with a Hermitian metric such that P is the unitary frame bundle of E.

The (0, 1)-component of A defines a holomorphic structure on E and A is then the Chern connection

determined by ∂A and the Hermitian metric. The section u : P → Ck corresponds to a holomorphic

section of the bundle
(
E, ∂A

)
.

We can also describe similar objects in homomorphic category. A pair (E , u), where E → Σ is

a holomorphic vector bundle of rank k and u ∈ H0(E) is a holomorphic section, is called a rank-k

holomorphic pair.

More generally, we make take N copies of Ck and U(k) acts on the N copies in a diagonal way,

and the moment map is the sum of the N moment maps. In this case, a twisted holomorphic map

corresponds to a rank k holomorphic vector bundle E with N holomorphic sections, which is called

a rank-k holomorphic N -pair.

These two kinds of objects in the two different categories are closely related. For simplicity

we only consider the abelian case, i.e., k = 1. We can take τ = 1 without loss of generality. A

holomorphic N -pair (L;ϕ1, . . . , ϕN ) is called stable, if at least one of ϕj is nonzero.

Theorem 1.3.5. (cf. [4]) For any compact Riemann surface Σ with any smooth area form ΩΣ with

AreaΩΣ > 4πd, for any stable rank 1 holomorphic N -pair (L;ϕ1, . . . , ϕN ) over Σ with degL = d,

there exists a unique smooth Hermitian metric H which solves the vortex equation, i.e., the following

12



equation is satisfied:

FH −
√
−1

2

 N∑
j=1

|ϕj |2H − 1

ΩΣ = 0. (1.25)

Here FH is the Chern connection of (L, H).

Because the choice of a Hermitian metric is equivalent to fix a unitary gauge orbit inside a complex

gauge orbit in the space of unitary connections, it is easy to see that (1.25) is equivalent to the second

equation of (1.14) specialized to this case. In fact this is a special case of the celebrated Hitchin-

Kobayashi correspondence. In [36], Mundet i Riera considered this problem for arbitrary Kähler

manifold acted by a reductive Lie group and obtained his general Hitchin-Kobayashi correspondence.
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Chapter 2

A compactification of moduli space

of twisted holomorphic maps with

Lagrangian boundary condition

2.1 Introduction to this chapter

This chapter is based on the paper [58]. We specialize to the case that the target manifold (X,ω) a

compact symplectic manifold and G = S1.

We consider the moduli space of solutions to (1.14) modulo gauge tranformation (with energy

bounded above by a finite number). As in Gromov-Witten theory, the moduli space is in general

noncompact. The noncompactness of the moduli space is caused by the bubbling-off phenomenon.

Then, as in [37], we can use “stable” objects to compactify the moduli space.

However, one shall consider the case when the conformal structure of the curve (with marked

points) varies in the Deligne-Mumford space Mg,n. This is necessary, in particular, if we want to

study the fusion rule of the invariants and define quantum cup product on H∗S1(X) (in which we

have to work with M0,4). In this situation, there is a new phenomenon absent in Gromov-Witten

theory. Namely, when a node on the curve is forming, the two sides of the node don’t always connect

in the image of the section, but might be disjoint and connected by a gradient line of the function

h = −iµ, when the connection has a “critical holonomy” around the node. A similar phenomenon

already appears in the work of Chen and Tian on harmonic maps (see [5]). To define the objects in
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the compactification (i.e. stable maps) and to prove the compactness theorem, one needs to study

delicately the behavior of twisted holomorphic maps from conformally long cylinders. The details

were given in [39].

In this chapter we consider twisted holomorphic maps from bordered Riemann surfaces, and

prove the compactness theorem of the corresponding moduli space. One imposes suitable boundary

conditions so that the system (1.14) is elliptic. The boundary condition for u is that it should map

the boundary of the Riemann surface to a compact Lagrangian submanifold L. Since there is an

S1-ambiguity of the value of u, L should be S1-invariant. The boundary condition for the connection

A is essentially a gauge fixing condition (e.g. Coulomb gauge), so doesn’t appear explicitly.

Compared with the case of closed Riemann surfaces, there are two more types of degenerations

we have to consider. Namely, the shrinking of a boundary circle and shrinking of an arc. In the first

case, we have to study behaviors of twisted holomorphic maps on annuli ∆(1, r) = {r ≤ |z| ≤ 1} as

r → 0; this is called a type-2 boundary node in our context, and this is essentially the same as in

the case of closed Riemann surfacc. In the second case, which we call the type-1 boundary nodes,

we have to study behaviors of twisted holomorphic maps on long strips. To treat this case, we used

a local doubling argument in a Weinstein neighborhood of the Lagrangian submanifold, and apply

the results in [39] for cylinders.

This chapter is organized as follows. In Section 2.2, we include some preliminaries for the specific

situations we are dealing with, in contrast to the general case in the introduction. In particular,

we recall several theorems proved in [39] which are important in the proof of their compactness

theorem. In Section 2.3, we consider twisted holomorphic maps from bordered Riemann surfaces

with Lagrangian boundary condition, and prove that the boundary singularities essentially can

be removed. In Section 2.4 and 2.5, we prove several results which treat two types of boundary

degenerations respectively. In Section 2.6, we give the definition of stable twisted holomorphic maps

in the bordered case. In Section 2.7, we show that in our moduli space, there are only finitely many

different topological types of the underlying curve, if the energy is bounded by some constant. In

Section 2.8 we define the notion of convergence in the moduli space and in Section 2.9 we prove the

compactness theorem.
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2.2 Preliminaries for this chapter

2.2.1 Notations and conventions

We identify the group S1 with the set of complex numbers with modulus 1, and sometimes identify

S1 with R/2πZ via the map R/2πZ 3 θ 7→ eiθ ∈ S1.

We identify LieS1 ' iR '
(
LieS1

)∗
. The pairing between iR and LieS1 ' iR is given by the

〈ia, ib〉 = ab(a, b ∈ R).

Throughout this chapter, (X,ω) will be a compact symplectic manifold. We will fix an effective

Hamiltonian S1 action on X with a moment map µ : X → iR. For any λ ∈ iR, we define

Xλ =
{
x ∈ X

∣∣e2πλ · x = x
}
.

We denote by X ∈ Γ(TX) the infinitesimal action of i. Define the real valued function h = −iµ =

〈i, µ〉.

We also fix an S1-invariant almost complex structure I on X, compatible with ω in the sense that

g := ω(·, I·) is a Riemannian metric on X. Unless otherwise mentioned, any statement involving a

metric on X will implicitly refer to the metric g. The gradient of h with respect to g is then equal

to IX .

Let d be the distance function on X defined by the metric g. Define the pseudodistance

distS1 (x, y) := infθ∈S1 d (x, θ · y). If A,B ⊂ X are subsets, define diamS1A := supx,y∈A distS1d(x, y)

and distS1(A,B) := infx∈A,y∈B distS1(x, y). We denote by dHauss the Hausdorff distance between

subsets:

dHauss(A,B) := sup
x∈A

d(x,B) + sup
y∈B

d(y,A).

We assume that L ⊂ X is an embedded compact Lagrangian submanifold, which is invariant

under the S1 action. So X|L ⊂ Γ(TL) and µ|L is locally constant.

A curve will be a 1-dimensional complex manifold, which may have at worst nodal singularities,

not necessarily compact, may or may not have boundary.

There is a positive number εX = εX,I,ω,L such that for any nontrivial I-holomorphic sphere or

nontrivial I-holomorphic disk with boundary in L, its energy is at least εX .

We will use the letter P to denote an S1-principal bundle over some base B. The letter A will

denote a connection, or a connection 1-form on P . A section of the associated bundle P ×S1 X will

be viewed either as a map from B to P ×S1 X, or as an equivariant map from P to X. In the first
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case, we will use the letter ϕ and in the second case we use Φ. The correspondence Φ ↔ ϕ will

be used implicitly. If we trivialize P locally over U ⊂ B, then the covariant derivative of A can be

written as d + α, where α is an iR-valued 1-form on U , and the section can be viewed as a map

φ : U → X. The correspondence A↔ α and ϕ↔ φ will also be used everywhere in this chapter.

Since S1 is abelian, the group of gauge transformations on P , G(P ), is identified with the space

of smooth maps from C to S1. Suppose h : C → S1 is a C1-map. Then its action on the pair (A,ϕ)

is given by

h∗(A,ϕ) =
(
A+ d log h, h−1(ϕ)

)
.

The letter Σ will denote a smooth Riemann surface, with or without boundary. The letter C will

denote a more general curve, possibly with nodal singularities. z (resp. x) will denote an interior

(resp. boundary) marked point set, and its elements will be denoted by z1, . . .(resp. x1, . . .). w

will denote the set of nodal points of C.

2.2.2 Meromorphic connections

Let D∗ be the punctured unit disk and P → D be an S1-principal bundle. Then P is trivial but

the set of homotopy classes of trivializations T (P ) has a natural structure on Z-torsor1. Let A be

a connection on P . We say that A is a meromorphic connection if its curvature FA is bounded

with respect to the standard metric on D. Let ε > 0 and let γε ∈ S1 be the holonomy of A around

the circle of radius ε centered at the origin.

Lemma 2.2.1. [39, Lemma 5.1]

1. The limit Hol(A, 0) := limε→0 γε exists.

2. Any τ ∈ T (P ) has a representative with respect to which the covariant derivative associated to

A can be written in polar coordinates (r, θ) as

dA = d+ α+ λdθ,

where α is a smooth form with values in iR on D∗ which extends continuously to D. λ ∈ iR

satisfies Hol(A, 0) = e2πλ. Moreover, the number λ depends on A and τ but not on the

representative of τ .

1Recall that if Γ is a group, a Γ-torsor is a set T with a free left action of Γ.
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Let (Σ, z) be a marked smooth closed Riemann surface. Let P → Σ\z be an S1-principal bundle

and A is a connection on P . We say that A is a meromorphic connection if its curvature FA is

bounded with respect to any smooth metric on Σ.

2.2.3 Critical residues

Let F ⊂ X be the fixed point set of the S1-action. Each connected component F ′ ⊂ F is an

embedded submanifold of X, and the S1 action on X induces an action on the normal bundle

NF ′ → F ′, which splits in weights as N = ⊕χ∈ZNχ. Define

weight(F ′) := {χ ∈ Z : Nχ 6= 0} , weight(X) :=
⋃
F ′⊂F

weight(F ′) ⊂ Z.

The set of critical residues is equal to

Λcr = {λ ∈ iR | ∃ w ∈ weight(X) s.t. wλ ∈ iZ} .

2.2.4 Twisted holomorphic maps from cylinders

The key point in proving the compactness theorem in [39] is to study the behavior of the twisted

holomorphic maps when a circle in the underlying curves shrink to a node, or equivalently, to

understand the behavior of twisted holomorphic maps from long cylinders. Because the statements

of the theorems in [39] are long and technical, we don’t repeat them but refer the readers to [39,

Section 4] for details. In the remaining sections we will also state analogues of some of these theorems,

whose proofs are either omitted, or can be compared with their counterparts in [39].

2.3 Twisted holomorphic pairs from bordered curves with

Lagrangian boundary condition

Definition 2.3.1. A bordered Riemann surface is a connected compact 2-manifold with nonempty

boundary equipped with a complex structure.

A bordered Riemann surface Σ is canonically oriented by the complex structure. Its boundary

∂Σ is the disjoint union of its (finitely many) connected componets Bi, with induced orientation.

A bordered Riemann surface is topologically a sphere with g ≥ 0 handles and with h > 0 disks

removed. Such a bordered Riemann surface is said to be of type (g, h).
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Definition 2.3.2. Let h be a positive integer, g, n be nonnegative integers, and −→m = (m1, . . . ,mh)

be an h-tuple of nonnegative integers. A marked bordered Riemann surface of type (g, h)

with (n,−→m) marked points is an (h+ 3)-tuple

(
Σ,B; z; x1, . . . ,xh

)
where

� Σ is a bordered Riemann surface with type (g, h);

� B = (B1, . . . , Bh), where the Bi’s are connected components of ∂Σ oriented by the complex

structure;

� z = (z1, . . . , zn) is an n-tuple of distinct points in Σ0, where are called interior marked

points;

� xi = (xi1, . . . , x
i
mi) is an mi-tuple of distinct points on the circle Bi. All the xij ’s are call

boundary marked points.

Remark 2.3.3. The moduli space which we will compactify is the one of isomorphism classes of

twisted holomorphic maps from bordered Riemann surfaces of given type (g, h) with (n,−→m) marked

points. But in proving our compactness theorem, we won’t distinguish boundary marked points

on different boundary components. So we simplify the notations as follows: Σ will be a smooth

Riemann surface with boundary ∂Σ. z = {z1, . . . , zk} ⊂ Σ \ ∂Σ is the set of interior marked points

and x = {x1, . . . , xl} ⊂ ∂Σ is the set of boundary marked points.

Let’s fix a conformal metric on Σ with volume form Ω. Recall that L ⊂ X is an S1-invariant

Lagrangian submanifold.

Definition 2.3.4. Let P → Σ \ x ∪ z be an S1-principal bundle and Y = P ×S1 X. Let ϕ be a

section of Y . We say that ϕ maps the boundary ∂Σ into L if ϕ (∂Σ \ x) ⊂ P ×S1 L. Let A be a

connection on P . We say that the tuple (P,A, ϕ) is holomorphic if ∂Aϕ = 0 wherever A and ϕ is

defined. If both conditions holds, we call such a tuple (P,A, ϕ) a holomorphic tuple with boundary

mapped into L.

We say that two tuples (P,A, ϕ) and (P ′, A′, ϕ′) over (Σ,x ∪ z) are isomorphic, if there is a

bundle isomorphism g : P → P ′ such that g∗A′ = A and g∗ϕ′ = ϕ.
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Example 2.3.5. Let X = CN with the standard Kähler structure. Let S1 act on X by complex

multiplication. Then

µ(z1, . . . , zN ) = − i
2

(
N∑
i=1

|zi|2 − 1

)

is a moment map. The symplectic quotient is isomorphic to the projective space PN−1 with homo-

geneous coordinates [z1, . . . , zN ]. A class of Lagrangian tori are given by

L :=
{

[z1, . . . , zN ] ∈ PN−1 | |z1| : |z2| : · · · : |zN | = c1 : c2 : · · · : cN
}

for ci > 0, c21 + · · ·+ c2N = 1. Then each L lifts to an invariant Lagrangian

L :=
{

(z1, . . . , zN ) ∈ CN | |zi| = ci, i = 1, . . . , N
}
.

Any holomorphic disk u : D→ CN with u(∂D) ⊂ L is given by the Blaschke product (see for example

[6], [56])

u0(z) =

ci µi∏
j=1

z − α(i)
j

1− α(i)
j z


i=1,...,N

for arbitrary µi ∈ Z≥0 and α
(i)
j ∈ IntD.

Consider the standard metric on D. By the main theorem of [50], for any such holomorphic disk,

there exists a unique smooth function

h : D→ R, h|∂D ≡ 0

such that

∆h+
1

2

(
e−2h|u0|2 − 1

)
= 0.

This means the gauge transformed pair

(A, u) :=
(
d−
√
−1 ∗ dh, e−hu0

)
satisfies the vortex equation on D for the standard area form. The boundary condition is still satisfied

by u.

A meromorphic connection A on P is a smooth connection with FA bounded with respect to the

chosen metric. Because of the existence of nontrivial limit holonomy at interior marked points, one
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can’t extend the connection over those points. However, up to gauge transformation, a holomorphic

tuple (P,A, ϕ) can be extended smoothly over boundary marked points, if they satisfy the vortex

equation or flat connection equation. More precisely, we will prove the following theorem in this

section.

Theorem 2.3.6. Let (Σ,x ∪ z) be a marked bordered Riemann surface. Let Ω be a smooth volume

form on Σ and c ∈ iR. Let (P,A, ϕ) be a holomorphic tuple with boundary mapped into L. If in

addition we have either ΛFA + µ(ϕ) = c or FA = 0 on Σ \ x ∪ z, where c ∈ iR, then there exists

a holomorphic tuple (P ′, A′, ϕ′) over Σ \ z with boundary mapped in L and a smooth isomorphism

g : P ′|Σ\x∪z → P such that g∗(A,ϕ) = (A′, ϕ′)|Σ\x∪z. Moreover, any two such extensions (P ′, A′, ϕ′)

and (P ′′, A′′, ϕ′′) are isomorphic over Σ \ z.

The rest of the section is devoted to proving this theorem. In Subsection 2.3.1, we show that we

can extend the bundle and the connection; in Subsection 2.3.2, we apply the removal of singularity

theorem of [24] to extend the section; in Subsection 2.3.3 we prove a regularity theorem to show

that the extension is smooth and in Subsection 2.3.4 the uniqueness of the extension.

After the theorem is proved, we will assume every twisted holomorphic map on a bordered

Riemann surface is defined and smooth over all boundary marked points.

2.3.1 Extension of the bundle and the connection

We first consider the model case. Let D ⊂ C be the closed unit disk and D∗ be the punctured

unit disk. Let D+ = D ∩ H be the closed half disk and D∗+ := D∗ ∩ H be the punctured half disk.

All of these spaces are endowed with the standard conformal structure. Then D∗+ is conformal to

[0,∞)× [0, π].

Let P → D∗+ be the trivial S1-bundle and A be a meromorphic connection on P . Then P extends

uniquely to the trivial bundle over B, which is, in this subsection, denoted by P̃ .

Under the cylindrical coordinate (t, θ) ∈ D∗+, write dA = d + α = d + αtdt + αθdθ. Then there

exists a (smooth) gauge transformation g1 : D∗+ → S1 such that dg∗1A = d + α′tdt. Then define a

continous 1-form α̃ on D∗ ' [0,∞)× S1:

α̃ = α̃t(t, θ)dt =

 α′t(t, θ)dt, if θ ∈ [0, π],

α′t(t, 2π − θ)dt, if θ ∈ [π, 2π].

Then α̃ gives a continuous connection on the trivial bundle P̃ = D∗ × S1. Note that the residue
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of this connection at the origin is zero, hence by the proof of Lemma 2.2.1 there is a continuous

gauge transformation g2 : D∗ → S1, which is homotopically trivial, and whose restriction to each

half disk is smooth, such that α̃ − d log g2 extends to a continuous 1-form on D. Set g = g2 · g1,

then the covariant derivative of g∗A is written as dg∗A = d+α0 with α0 a continuous 1-form on D+

which is smooth on D∗+.

In general, consider P → Σ \ x∪ z with a meromorphic connection A. Then P extends uniquely

to a bundle P̃ → Σ \ z. We can do as above to find gauge transformations near each boundary

marked point and glue them together to get a global gauge transformation g : Σ \ x ∪ z→ S1, then

extend the connection g∗A to a continuous one on P̃ .

2.3.2 Extension of the section

Now let (P,A, ϕ) be a holomorphic tuple with P and A already extended over the boundary marked

points as above, and ϕ maps ∂Σ \ x into L.

Near each boundary marked point x, we can identify (P,A, ϕ) with a twisted holomorphic pair

(α, φ) on a punctured half disk D∗+. So it suffices to prove only for the model case. The 1-form α

induces a continuous almost complex structure Iα on D+ × X. Let φ̃ : D∗+ → D+ × X be given

by φ̃(x) = (x, φ(x)). Then φ̃ is Iα-holomorphic and φ̃(D∗+ ∩ R) ⊂ (D ∩ R) × L. We want to apply

the theorem of Ivashkovich-Shevchishin [24] on the removal of boundary singularity for continuous

almost complex structures with Lagrangian boundary condition.

To apply the theorem, we need the following definition:

Definition 2.3.7. (cf. [24, Definition 2.4]) Let (Y, h, J) be a Riemannian manifold equipped with

a continuous almost complex structure. W ⊂ Y is a totally real submanifold with respect to J .

A ⊂ W is a subset. We say that W is h-uniformly totally real along A with a lower angle

α > 0 if for any w ∈ A and ξ ∈ TwW , ξ 6= 0, the angle between Jξ and TwW is no less than α.

Theorem 2.3.8. Let (Y, h, J) be a Riemannian manifold equipped with a continuous almost complex

structure J . W ⊂ Y is a totally real submanifold with respect to J . A ⊂W is a subset such that W

is h-uniformly totally real along A with a lower angle α > 0. Let u : D∗+ → Y be a J-holomorphic

map with u(D∗+ ∩ R) ⊂ A. Suppose that J is h-uniformly continuous on u(D∗+) and the closure of

u(D∗+) is h-complete; the energy of u is finite. Then u extends to the origin 0 ∈ D+ as a W 1,p map

for some p > 2.

Take a Riemannian metric g on X such that TL⊥I(TL) and let h be the product metric on

Y = D×X. In order to apply the above theorem for Y , W = (D+ ∩R)×L for the almost complex
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structure Iα, we only need to check that W is h-uniformly totally real along φ̃(D∗+ ∩R) with respect

to Iα. Indeed, for (x, y) ∈ (D∗+ ∩ R)× L and (v, Y ) ∈ T(x,y)(D∗+ ×X),

Iα(v, Y ) = (jv, IY + i(α(jv)X − α(v)IX )) .

Suppose |α| < M on D+ since it is continuous. Let (s, t) be the Euclidean coordinate on D with

s the real coordinate. αs = α(∂s), αt = α(∂t). Take two vectors ξi = (ai∂s, Yi), Yi ∈ TwL, i = 1, 2.

If a1 = 0, then Iξ1⊥ξ2. If a1 6= 0, then

|cos∠h(Iαξ1, ξ2)| = |〈Iαξ1, ξ2〉|
‖Iαξ1‖ · ‖ξ2‖

=
|〈(a1∂t, IY1 + ia1(αtX − αsIX )), (a2∂s, Y2)〉|

(‖a1∂t‖2 + ‖IY1 + a1i(αtX − αsIX )‖2)
1/2 · ‖ξ2‖

=
|a1αt| · |〈X , Y2〉|

(|a1|2 + ‖a1αtX‖2 + ‖Y1 − ia1αsX‖2)1/2 · ‖ξ2‖
≤ |a1αt| · ‖X‖ · ‖Y2‖

(|a1|2 + ‖a1αtX‖2)1/2 · ‖ξ2‖

≤ |αt|‖X‖
(1 + |αt|2‖X‖2)1/2

≤
(

M2‖X‖2L∞
1 +M2‖X‖2L∞

)1/2

< 1.

Thus we have proved W is h-uniformly totally real along φ̃(D∗+ ∩R) with a positive lower angle.

Then we can apply Theorem 2.3.8 to this case and φ extends to a map of class W 1,p. Hence the

tuple (P,A,Φ) is extended to a W 1,p section on Σ \ z.

2.3.3 Regularity for twisted holomorphic pairs

Now let Σ be a bordered Riemann surface with a smooth volume form Ω, z ⊂ Σ is a subset of

interior marked points. Let P be an S1-principal bundle over Σ \ z and Y = P ×S1 X.

Theorem 2.3.9. Suppose p > 2 and A is a connection on P of class W 1,p and ϕ ∈ W 1,p is a

A-holomorphic section of Y and ϕ maps ∂Σ into L. If (A,ϕ) satisfies either the vortex equation

ΛFA +µ(ϕ) = c or FA = 0, both in the Lp sense, then there exists a gauge transformation g of class

W 2,p such that g∗(A,ϕ) is smooth.

Proof. This is a simple generalization of [7, Theorem 3.1] to the case of a bordered Riemann sur-

face. The method is essentially the same, i.e. using the local slice theorem (see [52]) and elliptic

bootstrapping.

Thus, let (P,A, ϕ) be a holomorphic tuple over (Σ,x∪ z) which satisfies the boundary condition

and either the vortex equation or FA = 0. A priori A is a continuous connection on P and ϕ is of

class W 1,p. Then the vortex equation or FA = 0 implies that FA is of class W 1,p on Σ \ z. Then by

Poincaré lemma, we can find a W 2,p gauge transformation h such that h∗A is actually of class W 1,p.
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Then we can apply the above theorem to get regularity, i.e. there exists a W 2,p gauge tranformation

such that g∗(A,ϕ) is smooth. But both (A,ϕ) and g∗(A,ϕ) are smooth on Σ \ x ∪ z, which implies

that g is smooth on Σ \x∪ z. Hence, every tuple on Σ \ z∪x is gauge equivalent to a smooth tuple

on Σ \ z by a smooth gauge transformation.

2.3.4 Uniqueness

Suppose we have two tuples (P ′, A′, ϕ′), (P ′′, A′′, ϕ′′) over Σ \ z which are both the extension of the

original (P,A, ϕ). Then there exists a smooth isomorphism g : P ′|Σ\x∪z → P ′′|Σ\x∪z such that on

Σ \ x ∪ z, g∗(A′′, ϕ′′) = (A′, ϕ′). So for each xj ∈ x, take a local trivialization of P ′, P ′′ near xj ,

with respect to which dA′ = d+ α′, dA′′ = d+ α′′, g is an S1-valued function. One has,

α′ − d log g = α′′.

But d(α′ − α′′) = 0, in the weak sense (hence in the usual sense), since FA′ = FA′′ . So there exists

a smooth function h : Σ \ z→ iR such that α′ −α′′ = dh. So log g = h+C and g extends smoothly

over xj , which is still denoted by g. So g∗(P ′, A′) = (P ′′, A′′). And g∗ϕ′ = ϕ′′ by the uniqueness of

the removal of singularity Theorem 2.3.8.

2.4 Twisted holomorphic pairs over semi-infinite cylinders

with small energy density

One type of boundary degenerations of bordered curves is the shrinking of a boundary circle to a

point. Up to conformal transformation, it is equivalent to the process that the lengths of boundary

cylinders tends to infinity. In the case of twisted holomorphic maps with boundary in L, such

degenerations are almost the same as that treated in [39].

For any positive real number N , set C+
N = [0, N + 2) × S1, Z+

N = [0, N ] × S1. Let P be a

principal bundle over C+
N , and let A be a connection on P . We say that a given trivialization puts A

in temporal gauge if with respect to this trivialization, the covariant derivative dA takes the form

d+ adθ, where a : C+
N → iR is a function. We say that the trivialization is in balanced temporal

gauge if the restriction of a to the boundary {0} × S1 is equal to some constant λ ∈ iR.

We give C+
N and Z+

N the standard product metrics and conformal structures. We denote by (t, θ)

the coordinate of points in C+
N . Let Ω = fdt ∧ dθ be a volume form on C+

N , and let η be a positive
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real number. We say that Ω is exponentially η-bounded if |f |+ |∇f | < ηet−N .

We have the following analogue for [39, Theorem 4.1, 4.3, 4.4].

Theorem 2.4.1. For any noncritical λ ∈ iR \ Λcr, there exist positive real numbers K3, σ3, ε3

depending continuously on λ with the following properties. Let N > 0 be any real number and let

(α, φ) : C+
N → X be a twisted holomorphic pair satisfying ‖α− λdθ‖L∞(C+

N ) < ε3, ‖dα‖L∞(C+
N ) < ε3,

‖dαφ‖L∞(CN ) < ε3. Then for any (t, θ) ∈ Z+
N , we have

|dαφ(t, θ)| ≤ K3e
σ3(t−N) ‖dαφ‖L∞(Z+

N ) .

In particular this implies that

diamS1

(
φ(Z+

N )
)
< K3 ‖dαφ‖L∞(Z+

N ) .

Theorem 2.4.2. Fix some number c ∈ iR. There exists positive real numbers ε4, η0, σ4,K4 with the

following property. Let N > 0 be a real number and let (α, φ) : C+
N → X be a twisted holomorphic

pair. Suppose that α is in balanced temporal gauge and that there exists some critical value λ ∈ Λcr

such that

‖α− λdθ‖L∞ < ε4, ‖dαφ‖L∞ < ε4.

Then there exist maps ψ : [0, N ] → Xλ and φ0 : Z+
N → TX satisfying, for any (t, θ) ∈ Z+

N ,

φ0(t, θ) ∈ Te−λθψ(t)X,

φ(t, θ) = e−λθ expψ(t)

(
eλθφ0(t, θ)

)
, and

∫
eλθφ0(t, θ) = 0.

where exp is the exponential map of the metric on X. Furthermore,

1. If Ω is an exponentially η-bounded volume form on C+
N for some η < η0, and the vortex

equation Λdα+ µ(φ) = c is satisfied, then for any (t, θ) ∈ Z+
N

|φ0(t, θ)| < K4e
σ4(t−N).

2. If dα = 0, then for any (t, θ) ∈ Z+
N ,

|φ0(t, θ)| < K4e
σ4(t−N).
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Theorem 2.4.3. The same K4, σ4 satisfy the following property. Let N > 0 be a real number and

let (α, φ) : C+
N → X be a twisted holomorphic pair satisfying the hypothesis of the above theorem for

the ε4. Assume furthermore that α is in balanced temporal gauge, so that α = adθ and a|0×S1 is

equal to some λ0 ∈ iR with |λ0 − λ| < ε4.

1. Suppose Ω is an exponentially η-bounded volume form on C+
N and that the vortex equation

Λdα+ µ(φ) = c is satisfied. Then for any t ∈ [0, N ],

|ψ′(t) + i(λ0 − λ)∇h(ψ(t))| < K4e
σ4(t−N).

2. Suppose that dα = 0. Then for any t ∈ [0, N ],

|ψ′(t) + i(λ0 − λ)∇h(ψ(t))| < K4e
σ4(t−N).

These theorems can be proved the same way as proving [39, Theorem 4.1, Theorem 4.3, Theorem

4.4]. We omit the proof.

2.5 Reflection of twisted pairs from strips with Lagrangian

boundary condition

Another typical degeneration of bordered curves is the shrinking of an arc to a point, which is

conformally equivalent to the forming of long strips. In this section we treat this type of degenerations

in twisted holomorphic maps with boundary in L. We will see that in the limit, the two sides of the

boundary node actually connect.

Indeed, if there is a global anti-holomorphic involution on (X, I) with fixed point set equal to L,

then we can use the reflection principle to reduce the problem to the cylinderical case. Moreover, the

holonomy along the central circle of the cylinder will be always trivial because the two half circles

cancel with each other by the reflection. So by [39, Theorem 4.3, 4.4], the gradient flow lines will be

degenerate and the two limit orbits of the long cylinders will coincide in the limit. In the general

case, even though there is no global involution, the image of the strip lies in a small neighborhood of

the Lagrangian L and there is still a local involution which allows us to apply the reflection principle.
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2.5.1 A tubular neighborhood of the Lagrangian submanifold and local

charts

Let NL be the normal bundle of L, regarded as the subbundle of normal vectors of TX. Let

NL,δ ⊂ NL be the subset consisting of all normal vectors with length less than δ. It has a natural

reflection map σ : NL,δ → NL,δ given by σ(x, v) = (x,−v). By basic differential geometry we

know that for δ small enough, the exponential map exp : NL,δ → X given by (x, v) 7→ expx v is a

diffeomorphism onto a tubular neighborhood of L in X, and distg(expx v, L) = |v|. In this section

we fix a small δ0, and identify NL,δ0 with a tubular neighborhood of L by the exponential map.

Since the S1 action preserves the Riemannian metric, NL → L is an equivariant bundle, and the

infinitesimal action X is invariant under the reflection σ.

The Riemannian metric gives the Levi-Civita connection ∇LC . Together with the orthogonal

projection TX|L → NL, ∇LC induces a connection on the normal bundle π : NL → L. Then this

connection induces the “horizontal-vertical” splitting TNL ' π∗TL ⊕ π∗NL. The almost complex

structure I gives a bundle isomorphism I : TL → NL. By the splitting this isomorphism gives an

almost complex structure on NL,δ0 , which is denoted by Ĩ0. Then Ĩ0 may be different from the

original I. But they coincide on L (or the 0-section). Moreover, there exists a K0 > 0, depending

only on X, I and g, such that for any (x, v) ∈ NL,δ0 ,

∥∥∥I(x, v)− Ĩ0(x, v)
∥∥∥
g
≤ K0|v| = K0distg(expx v, L). (2.1)

For any y ∈ L and a small δ with 0 < δ < δ0, denoted by BL(y, δ) the δ-ball in L centered at y.

Take a normal coordinate on BL(y, δ) to be (x1, . . . , xn) and ∂i be the vector field ∂/∂xi. Define

Cn ' Rn ⊕ iRn 3
(
(x1, . . . , xn), (v1, . . . , vn)

)
7→

(
(x1, . . . , xn),

∑
i

vi(I∂i)

)
∈ NL.

This map is a diffeomorphism on a small neighborhood of the origin. Then for δ small enouth, we

define fy,δ to be the inverse of the above map restricted on π−1(BL(y, δ))∩NL,δ. Let Cn be endowed

with the standard complex structure I0 and the standard metric g0. One has that

f−1
y,δ (Rn) = BL(y, δ),

(
f−1
y,δ

)∗
Ĩ0

∣∣∣
Rn

= I0|Rn , fy,δ ◦ σ = σ0 ◦ fy,δ,

where σ0 is the conjugation of Cn. Since fy,δ is isometric at y, one has that for any ε with 0 < ε < 1/2,
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there exists δ = δ(ε, y) > 0 such that

∥∥∥g0 −
(
f−1
y,δ

)∗
g
∥∥∥
L∞

< ε, and 1/2 ≤ ‖df‖ ≤ 2,

with respect to the metrics g on NL,δ. By taking δ(ε, y) small one can also assume that the image

of f is contained in the unit ball of Cn.

Remark 2.5.1. Since
(
f−1
y,δ

)∗ (
Ĩ0

)∣∣∣
Rn

= I0|Rn , by smoothness, for any y ∈ L and δ < δ0, there exists

Ky,δ > 0 such that on the image of fy,δ

∥∥∥(f−1
y,δ )∗Ĩ0 − I0

∥∥∥ ≤ Ky,δ|v|,
∥∥∥D ((f−1

y,δ )∗g
)∥∥∥ ≤ Ky,δ

with respect to the standard metric g0 on Cn. Here v denotes the vector (v1, . . . , vn).

2.5.2 Reflection

Let S+
N = (−N−2, N+2)×[0, π] and S−N = (−N−2, N+2)×[π, 2π] be the strips. Let CN = S+

N∪S
−
N

be the cylinder glued from the two parts. Denote by τ the natural reflection of CN , given by

τ(t, θ) = (t, 2π − θ). We say that a map f : CN → NL,δ (resp. a differential form α on CN ) is

reflection-symmetric if f ◦ τ = σ ◦ f (resp. τ∗α = α).

In this section, we will do the following operations on each twisted holomorphic pair (α, φ) defined

on S+
N with ‖dαφ‖L∞ small enough. First, take a gauge transformation g1 on S+

N such that g∗1α only

has dt component. Second, “reflect” the pair to get a twisted pair (α̃, φ̃) defined on the cylinder CN .

Third, use another gauge transformation g2 on CN such that g∗2α is in balanced temporal gauge and

such that g∗2φ is reflection-symmetric. The resulting pair will NOT be holomorphic with respect to

the original almost complex structure, but holomorphic with respect to a family of almost complex

structures on NL,δ0 which we will construct.

(1) The first gauge transformation. Let (α, φ) : S+
N → X be a twisted holomorphic pair

with φ(∂S+
N ) ⊂ L and ‖dαφ‖L∞ small enough. Then φ(S+

N ) ⊂ NL,δ0 .

Suppose α = αtdt + αθdθ. Then there exists a gauge transformation g1 : S+
N → S1 such that

g∗1α = adt. Set (α′, φ′) = g∗1(α, φ).

(2) Reflect the pair (α′, φ′). We define a pair (α̃, φ̃) on CN as follows:

α̃ =

 a(t, θ)dt, if θ ∈ [0, π];

a(t, 2π − θ)dt, if θ ∈ [π, 2π],
φ̃(t, θ) =

 φ(t, θ), if θ ∈ [0, π];

σ(φ(t, 2π − θ)), if θ ∈ [π, 2π].
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Write α̃ = α̃tdt, then α̃t is continuous.

(3) Construct a family of almost complex structures on NL,δ0 . Choose δ1 to be smaller

than the injective radius of g. Take a cut-off function ρ : [0,∞) → R such that ρ ≥ 0, ρ(t) = 1 for

t ∈ [0, δ1/2] and ρ(t) = 0 for t ≥ δ1. Now we define a continuous family of almost complex structures

on NL,δ0 , parametrized by points in CN . For each z ∈ S+
N , set y = π(φ′(z)) ∈ L. I(φ′(z)) is an

almost complex structure on the vector space Tφ′(z)NL ' TyL⊕NL,y, where the splitting is given by

the connection on NL. Trivialize TL, NL on BL(y, δ1) by parallel transport along radial directions

with respect to the Levi-Civita connection, then I(φ′(z)) defines a complex structure of the bundle

(TL⊕NL)|BL(y,δ1). By the splitting TNL ' π∗TL⊕π∗NL, this defines an almost complex structure

on NL,δ0 ∩ π−1 (B(y, δ1)), which is denoted by I∗z . Recall that we have the other almost complex

structure Ĩ0 on NL,δ0 . Take ρz : L→ R to be ρz(y
′) = ρ(d(y, y′)). Define

Iz =
(

1− ρzI∗z Ĩ0
)
Ĩ0

(
1− ρzI∗z Ĩ0

)−1

(it easy to check that
(

1− ρzI∗z Ĩ0
)

is invertible). Iz coincides with I∗z in π−1(B(y, δ1/2)) ∩ NL,δ0

and coincides with Ĩ0 on NL,δ0 − π−1(B(y, δ1)) ∩ NL,δ0 . Moreover, if z ∈ ∂S+
N then φ′(z) ∈ L and

it is easy to see that Iz = Ĩ0. Then for z ∈ S−N , set Iz = −dσ ◦ Iτ(z) ◦ dσ. And we see that Iz is a

continuous family of almost complex structures on NL,δ0 .

It is easy to check that the pair
(
α̃, φ̃

)
is Iz-holomorphic, i.e. for any z ∈ CN , we have

∂tφ̃(z)− iα̃t(z)X
(
φ̃(z)

)
= Iz∂θφ̃(z).

Moreover, since all the structures we used here are S1-invariant, we see that if we apply a gauge

tranformation to the pair
(
α̃, φ̃

)
, then Iz is transformed by the same gauge tranformation in a

natural way.

Also, by (2.1), one easily obtain that for any z ∈ CN ,

∥∥∥Iz − Ĩ0∥∥∥
L∞(g)

≤ K0distg

(
φ̃(z), L

)
. (2.2)

(4) Construct the second gauge transformation. Set b(t, θ) =
∫ t

0
α̃t(s, θ)ds, g2(t, θ) =

exp(b(t, θ)). Since α̃ is reflection-symmetric, so is g2, i.e. g2(t, θ) = g2(t, 2π − θ). So

g∗2 α̃ = −
(∫ t

0

∂α̃t
∂θ

dt

)
dθ
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is in balanced temporal gauge, g∗2 α̃|{0}×S1 = 0 and g∗2 φ̃ is reflection-symmetric. Now set Ĩz =

g2(z)∗ ◦ Iz ◦ (g2(z)−1)∗. Then Ĩz and g∗φ̃ satisfy (2.2) and the pair g∗2

(
α̃, φ̃

)
is Ĩz-holomorphic.

With notations revised, we summarize that, from the original I-holomorphic pair (α, φ) : S+
N →

X, we get a pair
(
α̃, φ̃

)
: CN → NL,δ0 and a continuous family of almost complex structures Iz on

NL,δ0 with the following properties:

� α̃ is in balanced temporal gauge, α̃|{0}×S1 = 0;

� φ̃ is reflection-symmetric;

�
(
α̃, φ̃

)
is Iz-holomorphic;

� Iz satisfies (2.2).

We want to point out that the pair
(
α̃, φ̃

)
we constructed is not necessarily smooth, but smooth

on both S+
N and S−N .

Moreover, if the original pair satisfies the vortex equation, then the “upper half” of the new pair(
α̃, φ̃

)
also satisfies the vortex equation since we only did gauge transformations on the upper half.

Define a function µ̃ : CN → iR as follows: µ̃(z) = µ(φ(z)) if z ∈ S+
N and µ̃(z) = 2c − µ(φ(τ(z)))

if z ∈ S−N . We can also construct a continuous volume form Ω̃ on CN by reflection. The new pair

satisfies the equation

Λdα̃+ µ̃ = c.

Similarly, if the original pair is flat on S+
N (i.e. dα = 0), then dα̃ = 0 on CN . In either case, we have

the estimate

‖dα̃‖L∞ ≤ C.

The family Iz depends on the original pair (α, φ). We will prove theorems which state that for

a given family Iz, certain conditions hold for all Iz-holomorphic pairs in balanced temporal gauge,

including in particular, the pair
(
α̃, φ̃

)
.

2.5.3 An analogue of [39, Theorem 4.3]

Let K0 be the one in (2.1).

Theorem 2.5.2. Fix some c ∈ iR. There exist positive real numbers ε, η0, σ, K with the following

property. Let N > 0 be a real number and let Iz be a continuous family of almost complex structures

on NL,δ0 , parametrized by z ∈ CN . Let (α, φ) : CN → NL,δ0 be a pair such that
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� φ is reflection-symmetric;

� α is in balanced temporal gauge and α|{0}×S1 = 0;

� ‖α‖L∞ < ε, ‖dαφ‖L∞ < ε.

Then there exists maps ψ : [−N,N ]→ NL,δ0 and φ0 : ZN → TX satisfying that for any (t, θ) ∈ ZN ,

φ0(t, θ) ∈ Tψ(t)X,

φ(t, θ) = expψ(t) (φ0(t, θ)) ,

∫ 2π

0

φ0(t, θ)dθ = 0.

Moreover, if (α, φ) is Iz-holomorphic and
∥∥∥Iz − Ĩ0∥∥∥ ≤ K0dist(φ(z), L), and that

|dα| ≤ η0e
|t|−N , (2.3)

then for any (t, θ) ∈ ZN ,

|φ0(t, θ)| ≤ Keσ(|t|−N).

Remark 2.5.3. In Theorem 4.3 of [39], they distinguish two cases, dα = 0 or (α, φ) satisfies the

vortex equation. But in order to prove the estimate, we only need (2.3).

Proof. The existence of ψ and φ0 follows by applying the implicit function theorem. In the following

we prove the rest of the theorem.

First we prove a lemma in a local chart. Denote C = (−2, 3) × S1 and Z = [−1, 2] × S1,

ZI = [−1, 0]× S1, ZII = [0, 1]× S1, ZIII = [1, 2]× S1. Let X be a smooth vector field on Cn such

that σ∗X = X, where σ is the conjugation of Cn.

Lemma 2.5.4. For any r > 0 and K > 0 there exists an ε > 0 with the following property. Let Iz

be a continuous family of linear complex structures on Cn parametrized by points on C. Let g be a

Riemannian metric on Cn and X be a smooth vector field on B(0, r), satisfying

� ‖Iz − I0‖L∞ < ε, ‖g0 − g‖L∞ < ε, ‖Dg‖L∞ ≤ K, ‖X‖L∞ ≤ K.

Let (α, φ) : C → Cn be a pair, which satisfies

� α in balanced temporal gauge with α|{0}×S1 = 0;

� ∂tφ(z) = Iz (∂θφ(z)− iαθ(z)X (φ(z)));

� φ is reflection-symmetric, i.e., φ ◦ τ = σ ◦ φ;

� ‖Iz − I0‖L∞ ≤ K |Imφ(z)|;
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� ‖α‖L∞ < ε, ‖dαφ‖L∞ < ε, φ(C) ⊂ B(0, 2r).

Let ψ, φ0 be defined as in Theorem 2.5.2 and suppose that ‖dα‖L2 < ε‖φ0‖L2 . Then in terms of g,

we have

‖φ0‖2L2(ZII) ≤
1

3

(
‖φ0‖2L2(ZI) + ‖φ0‖2L2(ZIII)

)
.

We will use the following two lemmas proved in [39].

Lemma 2.5.5 (Lemma 11.4,[39]). Let φ : C → Cn be a holomorphic map and denote φav(t, θ) :=

φ(t, θ)− 1
2π

∫ 2π

0
φ(t, ν)dν. Then

‖φav‖2L2(ZII) ≤
1

5

(
‖φav‖2L2(ZI) + ‖φav‖2L2(ZIII)

)

where the norms are computed with respect to the standard metric on Cn.

Lemma 2.5.6 (Lemma 11.5, [39]). For any K > 0, there exist constants ε > 0 with the following

property: let g0 be the standard metric on Cn and g be another Riemannian metric on Cn satisfying

K−1g0 ≤ g ≤ Kg0 and ‖Dg‖L∞(Cn,g0) ≤ K. Let x ∈ Cn and let γ0 : S1 → TxCn be a smooth map

satisfying
∫
γ0 = 0 and sup |γ0| < ε. Define γ(θ) = expgx γ0(θ) and

γav(θ) = γ(θ)− 1

2π

∫ 2π

0

γ(ν)dν.

Then 0.9‖γ0‖L2 ≤ ‖γav‖L2 ≤ 1.1‖γ0‖L2 and 0.9 sup |γ0| ≤ sup |γav| ≤ 1.1 sup |γ0|.

Remark 2.5.7. It is easy to see that for any M > 0, there exists KM > 0 such that, if we replace

the condition sup |γ0| < ε by sup |γ0| ≤M , then we have sup |γav| ≤ KM sup |γ0|.

Proof of Lemma 2.5.4. Suppose the lemma is false, then there exists a sequence εu → 0, and a

sequence of Iu,z, gu, αu, φu, Xu which satisfy the following conditions:

� ‖Iu,z − I0‖L∞ < εu, ‖gu − g0‖L∞ < εu, ‖Dgu‖L∞ ≤ K, ‖Xu‖L∞ ≤ K;

� αu is in balanced temporal gauge with αu|{0}×S1 = 0;

� ∂tφu(z) = Iu,z (∂θφu(z)− iαu,θ(z)Xu(φu(z)));

� φu is reflection-symmetric;

� ‖Iu,z − I0‖L∞ ≤ K |Imφu(z)|;

� ‖αu‖L∞ < εu, ‖dαuφu‖L∞ < εu, φu(C) ⊂ B(0, 2r);
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� ‖dαu‖L2 < εu ‖φu,0‖L2 ;

� ‖φu,0‖2L2(ZII) >
1
3

(
‖φu,0‖2L2(ZI) + ‖φu,0‖2L2(ZIII)

)
.

Then ‖dφu‖L∞ ≤ ‖dαuφu‖L∞ + ‖αu‖L∞ ‖Xu‖L∞ → 0. This implies that ‖φu,0‖L∞ → 0. Hence

by Lemma 2.5.6, for big enough u, one has

‖φu,av‖2L2(ZII) >
1

4

(
‖φu,av‖2L2(ZI) + ‖φu,av‖2L2(ZIII)

)
; (2.4)

and

‖dαu‖L2

‖φu,av‖L2

→ 0. (2.5)

Denote xu =
∫
S1 φu(0, θ)dθ. By the assumption that φ is reflection-symmetric, one has that

xu ∈ Rn. Set ξu = φu−xu. Then ‖dξu‖L2 > 0, for otherwise one would get ξu,av = φu,av = 0, which

contradicts with (2.4).

Claim. There exists a constant M > 0 such that for all u, ‖ξu‖L2 ≤ M ‖dξu‖L2 , ‖φu,av‖L2 ≤

M ‖dφu,av‖L2 and ‖αu‖L2 ≤M ‖dαu‖L2 , where the norms are taken with respect to the metric g0.

Proof of the claim. Using the Fourier expansion ξu =
∑
k au,k(t)eikθ. The condition

∫
S1 ξu(0, θ)dθ =

0 implies that au,0(0) = 0. While dξu = dt
∑
k a
′
u,k(t)eikθ + dθ

∑
k au,k(t)ikeikθ. Hence

∫ 3

−2

|au,0(t)|2 dt =

∫ 3

−2

∣∣∣∣∫ t

0

a′u,0(s)ds

∣∣∣∣2 dt ≤ ∫ 3

−2

|t|
(∫ t

0

∣∣a′u,0(s)
∣∣2 ds) dt ≤ 100

∫ 3

−2

∣∣a′u,0(t)
∣∣2 dt.

So

‖ξu‖2L2 =
∑
k 6=0

∫ 3

−2

|au,k(t)|2 dt+

∫ 3

−2

|au,0(t)|2 dt

≤
∑
k 6=0

∫ 3

−2

|au,k(t)ik|2 dt+ 100

∫ 3

−2

∣∣a′u,0(t)
∣∣2 dt ≤ 100 ‖dξu‖2L2

Since
∫
S1 φu,av(0, θ) = 0 and

∫
S1 αu(0, θ) = 0, using the same method, we obtain the other two

estimates.

Claim. We have
∥∥∂I0ξu∥∥L2 / ‖dξu‖L2 → 0 as u goes to infinity.
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Proof of the claim. We have ∂tφu(z) = Iu,z (∂θφu − iαuXu(φu(z))). Hence we have

∂I0ξu = ∂tξu − I0∂θξu = (Iu,z − I0)∂θξu − iαuIu,zXu(φu(z)),

∥∥∂I0ξu∥∥L2 ≤ ‖Iu,z − I0‖L2 ‖∂θξu‖L∞ + ‖iαu‖L2 ‖Iu,zXu‖L∞

≤ K ‖Imφu(z)‖L2 ‖∂θφu‖L∞ + 2KM ‖dαu‖L2 ≤ K ‖Imξu‖L2 ‖dφu‖L∞ + 2KMεu ‖φu,0‖L2

≤ K ‖ξu‖L2 ‖dφu‖L∞ + 3KMεu ‖φu,av‖L2 ≤ KMεu ‖dξu‖L2 + 2KM2ε ‖dφu,av‖L2

≤ εu
(
KM ‖dξu‖L2 + 2KM2 ‖dξu,av‖L2

)
.

It is easy to see that ‖dξu‖L2 can contral ‖dξu,av‖L2 . Hence the claim is proved.

Now define ξ′u = ξu/‖dξu‖L2 . Since
∫
S1 ξ

′
u(0, θ)dθ = 0 and ‖dξ′u‖L2 = 1, the L2-norm of ξ′u

is uniformly bounded. Hence we have a uniform W 1,2-bound of ξ′u. Then since the inclusion

W 1,2 ⊂ L2 is compact, there exists a subsequence, which is still denoted by ξ′u, converging in L2 to

some ξ ∈ L2(C,Cn). By the above claim, ξ is a weak solution of ∂ξ = 0 and hence holomorphic in

the interior of C. By Garding’s inequality ‖ξ′u − ξ‖W 1,2 ≤ const.(‖∂(ξ′u − ξ)‖L2 + ‖ξ′u − ξ‖L2), ξ′u

converges to ξ in W 1,2 and hence ‖dξ‖L2 = 1 and hence not constant.

Since ξ′u → ξ in L2, it follows that ξ′u,av → ξav in L2. Since ξ′u,av is a rescaling of ξu,av,

ξu,av = φu,av and gu → g0, inequality (2.4) implies that

‖ξav‖2L2(ZII) ≥
1

4

(
‖ξav‖2L2(ZI) + ‖ξav‖2L2(ZIII)

)
.

But this will contradicts Lemma 2.5.5 since ξ is non-constant.

Then we have the corollary in NL,δ0 instead of Cn.

Corollary 2.5.8. There exists an ε > 0 with the following property. Let Iz be a continuous family

of almost complex structures on NL,δ0 parametrized by z ∈ C. Let (α, φ) : C → NL,δ0 be an

Iz-holomorphic pair, which satisfies:

� α is in balanced temporal gauge with α|{0}×S1 = 0;

� φ is reflection-symmetric;

�

∥∥∥Iz − Ĩ0∥∥∥
L∞
≤ K0distg(φ(z), L);

� ‖α‖L∞ < ε, ‖dαφ‖L∞ < ε.
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Let ψ, φ0 be defined as in Theorem 2.5.2 and suppose that ‖dα‖L2 < ε‖φ0‖L2 . Then we have

‖φ0‖2L2(ZII) ≤
1

3

(
‖φ0‖2L2(ZI) + ‖φ0‖2L2(ZIII)

)
.

Proof. First, take δ small enough such that for each y ∈ L, the image of fy,δ lies in the unit ball.

Recall the definition of Ky,δ in (2.5.1). Set K ′y = 3(K0 +Ky,δ + ‖X‖L∞) and apply Lemma 2.5.4 for

r = 1 and K = K ′y, one gets an εy,δ. Then for each y ∈ L, take δ(y, ε) < δ such that (2.5.1) holds

for the ε = εy,δ.

Then {BL(y, δ(y))}y∈L gives an open cover of L and it has a finite subcover {BL(yi, δi)}. Now,

there exists ε′ > 0 such that for any pair (α, φ) with ‖α‖L∞ < ε′, ‖dαφ‖L∞ < ε′, the image of φ must

lie in one of the BL(yi, δi)’s. Take ε = min(ε′, εyi,δi). Now we check that this ε satisfies the required

condition. Suppose (α, φ) is a pair and Iz is a family of almost complex structures which satisfy the

hypothesis. Then the image φ is contained in some BL(yi, δi) and hence it descends to a problem

in Cn. But by our definition of K ′yi , ε and δ(y), the pair (α, φ) and Iz satisfies the hypothesis of

Lemma 2.5.4 and hence one has the desired inequality.

Then, using the same method as in [39], we prove Theorem 2.5.2.

2.5.4 An analogue of [39, Theorem 4.4]

Now let’s consider the following case. Let Iz be a continuous family of almost complex structures

on NL,δ0 , parametrized by z ∈ CN , and let (α, φ) : CN → NL,δ0 be an Iz-holomorphic pair. Let ε

be that in the previous theorem and ‖α‖L∞ < ε, ‖dαφ‖L∞ < ε. This implies the existence of ψ and

φ0. Furthermore, by implicit function theorem, for any (t, θ) ∈ CN ,

|φ0(t, θ)| , |∇φ0(t, θ)| ≤ const. sup
ν∈S1

|∇φ(t, ν)| .

Theorem 2.5.9. There exist positive constants K,σ with the following property. Let N > 0 be

a real number and (α, φ) : CN → NL,δ0 be an Iz-holomorphic pair satisfying the hypothesis of the

previous theorem. If we have

|dα| ≤ η0e
|t|−N ,

then for any t ∈ [−N,N ]

|ψ′(t)| ≤ Keσ(|t|−N).

We first prove a lemma.
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Lemma 2.5.10. Let K,M > 0 be real numbers, let Iz be a continuous family of complex structures

on Cn, g be a Riemannian metric on Cn and X be a symmetric vector field on Cn. Let V ⊂ Cn be

a compact subset. Let φ : Z → Cn be a reflection-symmetric map satisfying: φ(Z) ⊂ V ; for each

z ∈ Z, ‖Iz − I0‖ ≤ K|Imφ(z)| and

∂tφ(z) = Iz (∂θφ(z)− iαX (φ(z)))

for some function α : Z → iR. Suppose that ‖∇φ‖L∞ is small enough so that ψ : [−1, 2]→ Cn and

φ0 : Z → Cn can be defined as in Theorem 2.5.2, and that

|φ0| , |∂θφ0| , |∂tφ0| ≤M. (2.6)

Then for any t ∈ (0, 1) one has

|ψ′(t)| ≤ K ′
(

sup
Zt

|φ0|+ sup
Zt

|α|
)

(2.7)

for some constant K ′ independent of φ.

Proof. The proof is almost the same as that of [39, Lemma 12.1]. We have ψ([0, 1]) ⊂ Ṽ =

{expgx v|x ∈ V, |v| ≤M}. Let B ⊂ Cn be the closed ball of radius M , let E × Ṽ → Cn be the

exponential map E(x, v) = expgx v. Let F = DxE and G = DvE. Since the domain is com-

pact, the second derivatives of E are uniformly bounded. Hence there exists K1 such that for any

(x, v) ∈ Ṽ ×B,

|F (x, v)− Id| ≤ K1|v|, |G(x, v)− Id| ≤ K1|v|. (2.8)

Taking partial derivatives with respect to t in the equation expψ φ0 = φ, one obtains

F (ψ, φ0)ψ′ +G(ψ, φ0)∂tφ0 = ∂tφ.

Writing F = Id+F − Id and G = Id+G− Id, and integrating over S1 of the above equation, making

use of the fact that
∫
φ0(t, θ)dθ = 0 and (2.6), (2.8), it yields

∣∣∣∣ψ′(t)− 1

2π

∫
∂tφ(t, θ)dθ

∣∣∣∣ ≤ K2 sup
Zt

|φ0|. (2.9)
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On the other hand,

∂tφ(z) = Iz (∂θφ(z)− iαX (φ(z))) = (Iz − I0) (∂θφ(z)) + I0∂θφ(z)− iαIzX (φ(z)). (2.10)

We also have

∂θφ = G(ψ, φ0)∂θφ0 ⇒ |∂θφ| ≤ K3 sup |∂θφ0| ≤ K3M.

Integrating (2.10) over S1 and using the above estimate, we see that there exist K4 and K5 such

that

∣∣∣∣∫
S1

∂tφ(t, θ)dθ

∣∣∣∣ ≤ K4

(
sup
Zt

|Im(φ)|+ sup
Zt

|α|
)

≤ K4

(
sup
Zt

|φav|+ sup
Zt

|α|
)
≤ K5

(
sup
Zt

|φ0|+ sup
Zt

|α|
)
.

Here |Imφ| ≤ |φav| uses the fact that φ is reflection-symmetric; the last inequality uses the estimate

in the Remark 2.5.7. Hence combining (2.9) and above, one obtains (2.7).

Proof of theorem 2.5.9. It follows word by word from the proof of [39, Theorem 4.4].

Corollary 2.5.11. Let c ∈ iR. Then there exist real numbers ε5, σ5, η0,K5 > 0 such that for any

positive N > 0 and any I-holomorphic pair (α, φ) : C+
N → X, which satisfies

|dα| ≤ η0e
|t|−N , ‖dαφ‖L∞ ≤ ε5,

one has

diamS1φ
(
S+
N/2

)
≤ K5e

−σ5N .

2.6 Definition of (c, L)-stable twisted holomorphic maps

2.6.1 Prestable bordered Riemann surfaces

Definition 2.6.1. [32, Definition 3.4] Let (x, y) be the coordinate on C2, and A(x, y) = (x, y) be

the complex conjugation. A node on a bordered Riemann surface is a singularity isomorphic to one

of the following:

1. (0, 0) ∈ {xy = 0} (interior node);

2. (0, 0) ∈
{
x2 − y2 = 0

}
/A (boundary node of type 1);

37



3. (0, 0) ∈
{
x2 + y2 = 0

}
/A (boundary node of type 2);

(So near a boundary node of type 1 (resp. type 2), the boundary of the bordered Riemann surface

is the fixed point set of A, which is a neighborhood of the origin in R×{0}∪ {0}×R (resp. a single

point).

A nodal bordered Riemann surface is a singular bordered Riemann surface whose singular-

ities are nodes. A prestable bordered Riemann surface is either a smooth bordered Riemann

surface or a nodal bordered Riemann surface.

The complex double of a prestable bordered Riemann surface C is a prestable Riemann surface

without boundary, which is intuitively, gluing C and C (same curve with opposite complex structure)

along the corresponding boundary components. So for a boundary node of C, which is locally

isomorphic to {x2 ± y2 = 0}/A, there is a unique (interior) node of its complex double which is

locally isomorphic to {x2 ± y2 = 0}.

Let g be a nonnegative integer and h a positive integer. A smooth bordered Riemann surface

C is said to be of type (g, h) if C is topologically a sphere attached with g handles and h disks

removed. A nodal bordered Riemann surface is of type (g, h) if it is a degeneration of a smooth

bordered Riemann surface of the same type. The reader may refer to [32] for the precise definition.

Let C be a prestable bordered Riemann surface, let z ⊂ C (resp. x ⊂ ∂C) be a finite subset of

interior (resp. boundary) points which is disjoint from nodes. Then the tuple (C,x ∪ z) is called

a marked nodal bordered Riemann surface. There is a unique curve Ĉ which is the disjoint

union of finitely many components which are either smooth marked bordered Riemann surface or

marked smooth Riemann surface without boundary, together with a holomorphic map π̂ : Ĉ → C.

This map is called the normalization of C. π̂ is 1-1 away from interior nodes and boundary nodes

of type 1; The preimage of every interior node or boundary node of type 1 is two points.

2.6.2 Meromorphic connections on prestable marked bordered Riemann

surfaces

Now let (C,x ∪ z) be a prestable marked bordered Riemann surface. Let π̂ : Ĉ → C be the

normalization map. Denote by w the set of nodes of C, with wint, wb1, wb2 the subsets of different

types of nodes, respectively. Given an S1-principal bundle P over Ĉ \ π̂−1
(
z ∪wint ∪wb2

)
.

Definition 2.6.2. A meromorphic connection on P is a connection A on P such that FA is bounded

with respect to any smooth metric on Ĉ and that for every w ∈ wint with preimages y, y′ ∈ Ĉ, we
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have

Hol(A, y) = Hol(A, y′)−1.

2.6.3 Gluing data at interior nodes and boundary nodes of type 1

Now let (C,x∪ z) be a smooth marked bordered Riemann surface, let P → C \ z be an S1-principal

bundle and let A be a meromorphic connection on P . Let z ∈ z and let Sz be the quotient space of

TzC \ {0} by the action of R+ given by scalar multiplication. Choose a conformal metric on C and

let Sε ⊂ C be the circle of radius ε centered at z, and denote (Pε, Aε) be the restriction of (P,A)

to Sε. Let Pz → Sz be the S1-principal bundle whose fibre over the class of s ∈ TzC − {0} is the

set of A-covariantly constant sections of P defined over the ray {exp ts|t ∈ (0, δ)} for some small δ.

Parallel transport in radial directions gives the canonical isomorphism of bundles ιε : Pz → Pε for

small enough ε and the connections ι∗εAε converges to a connection Az on Pz. The pair (Pz, Az) is

independent of the conformal metric on C. We call (Pz, Az) the limit pair of (P,A) at z.

Now let (C,x ∪ z) be a marked nodal bordered Riemann sufrace and let π̂ : Ĉ → C be the

normalization. If w ∈ wint with preimages y, y′. Then the circles Sy, Sy′ have natural structures

of S1-torsor, which are induced by the complex structure on C. Define Gw(C) to be the set of all

isomorphisms of S1-torsors

gC : Sy → Sy′ ,

where Sy′ is Sy′ with the inverse S1-torsor structure.

Suppose P is an S1-principal bundle over Ĉ \ π̂−1
(
z ∪wint ∪wb2

)
, and A is a meromorphic

connection on P .

Let (Py, Ay) and (Py′ , Ay′) be the limit pairs of (P,A) at y, y′ respectively. Then define the set

of gluing data at w ∈ wint to be the set of pairs (gC , gP ), where gC ∈ Gw(C) and gP : Py → g∗CPy′

is an isomorphism of S1-bundles such that g∗P g
∗
CAy′ = Ay.

Now suppose w′ ∈ wb1 is a boundary node of type 1 with preimages y, y′. Note that P is defined

over y and y′. Then we define the set of gluing data at w′ to be Iso(Py, Py′), the set of isomorphisms

between the two fibres.

2.6.4 Stable marked bordered curves and the moduli space

Let (C,x ∪ z) be a prestable marked bordered Riemann surface. We say that a point in C is

exceptional if it is either a node or a marked point. Let π̂ : Ĉ → C be the normalization. The

exceptional points in Ĉ is by definition the preimages of the exceptional points in C. An irreducible
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component D of C is called unstable, if π−1(D) satisfies one of the following conditions:

� it is a sphere with 2 or less exceptional points;

� it is a torus with no exceptional points;

� it is a disk with 1 interior exceptional point and no exceptional points on the boundary;

� it is a disk with no interior exceptional points and 2 or less exceptional points on the boundary;

� it is a “half-torus” with no exceptional points, i.e. its complex double is a 2-torus without

exceptional points.

If no component of Ĉ is unstable, then we say that C is stable.

We say that (g, h, n,−→m) is in the stable domain, if a smooth bordered Riemann surface of genus g

and h boundary components, with (n,−→m)-marked points is stable. For the moduli spaceM(g,h),(n,−→m)

of smooth bordered Riemann surfaces of genus g and h boundary components, with (n,−→m)-marked

points, and its compactification M(g,h),(n,−→m) of stable curves, the reader may refer to [32]. From

now on we fix a (g, h, n,−→m) in the stable domain.

2.6.5 Collapsing and stablization maps

Let (C,x ∪ z) be a prestable marked bordered Riemann surface. A collapsing map is a quotient

map πco : C → C ′, where (C ′,x′ ∪ z′) is also a prestable marked bordered Riemann surface, and

πco is quotienting some of the unstable components of C. The marked point set x′ ∪ z′ is naturally

induced from x ∪ z, such that πco : x→ x′, πco : z→ z′ are bijections.

Now for a given collapsing map πco : C → C ′. Then each node of C ′ falls in one of the following

cases:

(1) If w is an interior node, one can find sequences of points of Ĉ, (y0, . . . , yd−1) and (y′1, . . . , y
′
d),

which satisfy the following properties:

� the points {y0, . . . , yd−1} and {y′1, . . . , y′d} are all different;

� π̂(y0) and π̂(y′d) belong to components on which πco is a local bijection;

� each pair {π̂(yj), π̂(y′j)} is contained in a sphere bubble Oj ⊂ C for each 1 ≤ j ≤ d− 1;

� for each j we have π̂(yj) = π̂(y′j+1);

� we have πco (π̂(yj)) = πco
(
π̂(y′j)

)
= w for each j.
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We call the sequences (y0, . . . , yd−1), (y′1, . . . , y
′
d) an ordered list of connecting exceptional

points over w.

(2) If w′ is a boundeary node of type 1, one can find sequences of points of ∂Ĉ, (y0, . . . , yd−1)

and (y′1, . . . , y
′
d), which satisfies the following properties:

� the points {y0, . . . , yd−1} and {y′1, . . . , y′d} are all different;

� π̂(y0) and π̂(y′d) belong to components on which πco is a local bijection;

� each pair {π̂(yj), π̂(y′j)} is contained in a disk bubble Dj ⊂ C for each 1 ≤ j ≤ d− 1;

� for each j we have π̂(yj) = π̂(y′j+1);

� we have πco (π̂(yj)) = πco
(
π̂(y′j)

)
= w′ for each j.

We call the sequences (y0, . . . , yd−1), (y′1, . . . , y
′
d) an ordered list of connecting exceptional

points over w′.

(3) If w′′ is a boundary node of type 2, one of the following two cases must hold.

Case 1. One can find a sequence of points of Ĉ, (y0, . . . , yd−1) and (y′1, . . . , y
′
d−1) which satisfy

the following properties:

� the points {y0, . . . , yd−1} and {y′1, . . . , y′d−1} are all different;

� π̂(y0) belong to a component of C on which πco is a local bijection, and π̂(yd−1) is a boundary

node of type 2;

� each pair {π̂(yj), π̂(yj)} is contained in a sphere bubble Bj ⊂ C for each 1 ≤ j ≤ d− 1;

� for each j with 0 ≤ j ≤ j − 2 we have π̂(yj) = π̂(y′j+1);

� we have πco (π̂(yj)) = πco
(
π̂(y′j)

)
= w′′ for each j.

Case 2. One can find a sequence of points of Ĉ, (y0, . . . , yd−1) and (y′1, . . . , y
′
d) which satisfy the

following properties:

� the points {y0, . . . , yd−1} and {y′1, . . . , y′d} are all different;

� π̂(y0) belong to a component of C on which πco is a local bijection;

� each pair
{
π̂(yj), π̂(y′j)

}
is contained in a sphere bubble Oj for 1 ≤ j ≤ d−1 and y′d is contained

in a disk bubble Od;
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� for each j with 0 ≤ j ≤ j − 1 we have π̂ (yj) = π̂
(
y′j+1

)
;

� we have πco (π̂(yj)) = πco
(
π̂(y′j)

)
= w′′ for each j.

In either case, we call the corresponding list of points an ordered list of connecting exceptional

points over w′′. The difference is that in the first case a disk is collapsed and in the second case

there is no disk.

In particular, the collapsing map which collapses all the unstable components of C is called the

stablization map, and denoted by πst : (C,x∪ z)→ (Cst,xst ∪ zst). In this case, the components

of C that are contracted by πst are called bubble components (since there is no unstable torus

component), and others are called principal components. A bubble component is either a sphere

or a disk, which is called respectively a sphere bubble or a disk bubble. The points yj or

y′j appeared above are called connecting exceptional points. The connecting nodes are the

images of the connecting exceptional points under the map π̂. The nodes which are not connecting

are called tree nodes. We call the bubbles Oi or Dj the connecting bubbles over w. We call

tree bubbles those bubbles which are not connecting.

2.6.6 Volume forms

Let g, n be nonnegative integers with 2g + n ≥ 3 and let Mg,n be the moduli space of stable curves

and let f : Mg,n+1 → Mg,n be the forgetful map. Then we can choose a smooth (in the orbifold

sense) Hermitian metric h on the universal curveMg,n+1, which gives a conformal metric h(C,x) on

each stable curve (C,x) with [(C,x)] ∈ Mg,n and the metric is invariant under the automorphism

group of (C,x). We call h(C,x) the canonical metric on (C,x) and its volume form the canonical

volume form on (C,x). From now on we fix such an h for each pair (g, n).

Now let (C,x ∪ z) be a marked stable bordered Riemann surface. Then it has a complex

double, which is a stable curve
(
CC, zC =

{
z±i , xj

})
with an anti-holomorphic involution τ such

that τ(z+
i ) = τ(z−i ) and τ(xj) = xj (if a boundary node of C is modelled on {x2 ± y2 = 0}/A (see

Definition 2.6.1), then the anti-holomorphic involution is modelled on the complex conjugation A

on {x2 ± y2 = 0}). Then the metric 1
2

(
h(CC,zC) + τ∗h(CC,zC)

)
is a metric which descends to a metric

on the original bordered curve C. We denoted it by h(C,x∪z) and call it the canonical metric on

(C,x∪z) and the volume form induced from the canonical metric and the almost complex structure

on C is called the canonical volume form on (C,x ∪ z).

In the following, for any prestable curve C with stablization Cst, we will use metrics on each

irreducible components of C as: if D is a principal component, then use the metric induced from
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the canonical metric hCst ; if D is a bubble component, then use an arbitrary smooth metric.

2.6.7 Definition of (c, L)-STHM’s

Pick an element c ∈ iR, and (g, h, n,−→m) in the stable domain. A (c, L)-stable twisted holomor-

phic map from a bordered curve of genus g, with h boundary components and (n,−→m) marked points

is a tuple

C = ((C,x ∪ z), (P,A, ϕ), G, {Tw})

where

1. (C,x ∪ z) is a marked prestable bordered Riemann surface and the isomorphism class of its

stabilization belongs to M(g,h),(n,−→m).

2. P is an S1-principal bundle over Ĉ \ π̂−1
(
z ∪wint ∪wb2

)
, where π̂ : Ĉ → C is the normaliza-

tion map.

3. A is a meromorphic connection on P .

4. ϕ is a smooth section of the bundle P×S1M , such that ϕ(x) ∈ P×S1L for any x in a boundary

circle (but not boundary nodes of type 2) of C.

5. G = {Gw} is a choice of gluing data at each node w ∈ wint ∪wb1.

6. For each interior connecting node z ∈ C with preimage
{
yj , y

′
j

}
in C ′, Tz is a pair of sections

Ty : Sy → Py ×S1 T (X) and Ty′ : Sy′ → Py′ ×S1 T (X) satisfying Ty = Ty′ ◦ gz.

7. For each boundary node w′′ ∈ C of type 2, Tw′′ is a section Tw′′ : Sw′′ → Pw′′ ×S1 T (X).

The tuple C must satisfy the following conditions.

(1) The section is holomorphic. The section ϕ satisfies the equation

∂Aϕ = 0.

(2) Vortex equation. For each principal component D ⊂ C, let νD (resp. AD, φD) be the

restriction of s∗v(Cst,xst∪zst) (resp. A, φ), where s : (C,x ∪ z)→ (Cst,xst ∪ zst) is the stabilization

map; then

ΛFAD + µ(ϕD) = c.

(3) Flatness on bubbles. The restriction of A to each bubble component is flat.
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(4) Critical holonomy at interior marked points. For any interior marked point z ∈ z, the

holonomy Hol(A, z) is critical.

(5) Finite energy. ‖dAϕ‖L2(C) <∞.

Let y ∈ Ĉ be the preimage of an interior node or a boundary node of type 2 of C in the

normalization. We denote by Sε ⊂ Ĉ the circle of radius ε centered at y, and by ιε : Py → P |Sε be

the natural isomorphism given by parallel transport with respect to A. Then the section ϕε = ι∗εϕ

converges in C0-topology, as ε → 0, to a section ϕy of Py ×S1 X satisfying dAyϕy = 0. We call

(Py, Ay, ϕy) the limit triple of (P,A, ϕ) at y.

(6) Stabilizers of monotone chains of gradient segments.

• Take any interior connecting node w ∈ w, let y, y′ be its preimage in the normalization, and

let Ty : Py → T (X), Ty′ : Py′ → T (X) be the equivariant maps with values in the set of chains

of gradient segments. Then Ty and Ty′ are covariantly constant, i.e., take Ty for example, if we

identify Sy with S1 and trivialize Py → Sy such that dAy = d + λdθ, then the corresponding

map Ty : Sy → T (X) satisfies Ty(θ) = eλθTy(0). Here λ is the residue at y with respect to the

trivialization. This implies that the images of Ty and Ty′ are contained in Xλ. Another consequence

is that if λ is not critical, then the maps Ty, Ty′ are degenerate.

• For any boundary node of type 2 w′′ ∈ wb2, the section Tw′′ : Pw′′ → T (X) is covariantly

constant.

(7) Matching condition and monotonicity at interior connecting nodes.

Let w ∈ Cst be an interior node. Pick an ordered list of connecting exceptional points over w,

(y0, . . . , yd−1), (y′1, . . . , y
′
d). For each j, denote by (Pj , Aj , ϕj) and (P ′j , A

′
j , ϕ
′
j) the limit triples of

(P,A, ϕ) at the points yj and y′j respectively. Let Φj : Pj → X and Φ′j : P ′j → X be the equivariant

maps corresponding to ϕj and ϕ′j respectively. Suppose that yj−1 and y′j are the preimages of a

connecting node zj ∈ C. Then each Tzj is a pair of maps Tj−1 : Pj → T (X) and T ′j : Pj → T (X).

Recall that there are maps b, e : T (X) → X given by the beginning and end of gradient segments.

Finally, let gj : Pj → P ′j+1 be the isomorphism given by the gluing data at zj . Then the matching

condition requires that either for all j, Φj−1 = b ◦ T ′j ◦ gj−1 and Φ′j = e ◦ T ′j or the same equations

hold with b and e switched for every j.

(8) Matching condition and monotonicity at boundary connecting nodes of type 2.

Let w′′ ∈ Cst be a boundary node of type 2. There are two possibilities on the connecting

bubbles over w′′ in C. The first is a sequence of bubbles O1, . . . , Od with O1, . . . , Od−1 are sphere

bubbles, and Od is a disk bubble. Then we have an ordered list of connecting exceptional points,

(y0, . . . , yd−1), (y′1, . . . , y
′
d). With the notations used in the above condition, we should also have
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Φj− = b ◦ T ′j ◦ gj−1 and Φ′j = e ◦ T ′j or the same equations with b and e switched. The second

possibility is a sequence of sphere bubbles O1, . . . , Od−1 with Od−1 has a boundary node of type 2.

Then using the above notation, we have either, for 1 ≤ j ≤ d − 1, we have Φj−1 = b ◦ T ′j ◦ gj−1

and Φ′j = e ◦ T ′j , and Φd−1 = b ◦ Td−1, with the boundary condition e ◦ Td−1 ∈ L; or the same

equations with b and e switched (see Figure 2.1).

L

0 1 2 3
y y 1

y‘ y‘ 2
y y

3
y‘

L

0 1 2 3 4
y y 1

y‘ y‘ 2
y y

3
y‘ y ‘

Figure 2.1: Chains of gradient segments and connecting bubbles at a type-2 boundary node in two
cases respectively

(9) Matching conditions at interior tree nodes.

Let w ∈ C be an interior tree node and let y, y′ ∈ Ĉ be its preimages in the normalization.

Let (Py, Ay, φy) and (Py′ , Ay′ , φy′) be the limit triples, and let gw : Py → Py′ be the isomorphism

of bundles given by the gluing data at w. Denote by Φy : Py → X and Φ′y : P ′y → X be the

corresponding equivariant maps respectively, then we have Φy = Φ′y ◦gw. This implies that the limit

orbits of ϕ at y and y′ are the same.

(10) Matching conditions at boundary nodes of type 1

Let w′ ∈ C be a boundary node of type 1 with y, y′ the preimages in the normalization. Let

gw′ : Py → Py′ be isomorphism of fibres given by the gluing data at w′. Let Φy : Py → L and

Φ′y : Py′ → L be the corresponding equivariant maps. Then Φy = Φy′ ◦ gw′ .

(11) Stability condition.

If a bubble component D ⊂ C is unstable, then the restriction of dAϕ to D is not identically

zero.

Remark 2.6.3. The last stability condition in the definition doesn’t automatically guarantee that

the automorphism group of a (c, L)-STHM is finite. We have to put a restriction on the pair (X,L)

and the value c to have that. However, this is not related to the compactness issue.
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2.6.8 Isomorphisms of (c, L)-STHM’s

Take two (c, L)-STHM’s

Ci = ((Ci,xi ∪ zi), (Pi, Ai, ϕi), Gi, {Tw,i}) , i = 1, 2.

We say that they are isomorphic, if there is an isomorphism f : (C1,x1 ∪ z1) → (C2,x2 ∪ z2) of

prestable curves and an isomorphism g : P1 → f∗P2 of S1-principal bundles satisfying the following

conditions:

(1) g∗f∗A2 = A1, g∗f∗ϕ2 = ϕ1 in the usual sense;

(2)item (see the definition of isomorphisms in [38])for each interior node w1 ∈ wint ⊂ C1, denote

w2 = f(w1). Then we can lift f to the normalization

f̂ : Ĉ1 → Ĉ2.

Choose preimages y1, y
′
1 of w1 and y2, y

′
2 of w2 in their normalizations such that f̂(y1) = y2, f̂(y′1) =

y′2. Let (Pyj , Ayj )(resp. (Py′j , Ay′j )) be the limit pairs of (Pj , Aj) at yj(resp. y′j). Let gw : Py1 → Py2

and g′w : Py′1 → Py′2 be the maps induced by g. The gluing data of Cj gives γj : Pyj → Py′j .

• If the limit holonomy of Aj at yj is generic, then we require that the following diagram

commutes
Py1

gw−−−−→ Py2

γ1

y yγ2
Py′1

g′w−−−−→ Py′2 .

• If the holonomy of Aj at yj is critical, then we require that there exists t ∈ R such that the

following diagram commutes

Py1
gw−−−−→ Py2

γ1

y yγ2◦ηy2 (t)

Py′1
g′w−−−−→ Py′2 .

Here Py2 ' Sy2 × S1 and ηy2 : Py2 × R→ Py2 is the flow given by the limit connection on Py2 .

(3) For each boundary node of type 1 w1 ∈ wb1, denote w2 = f(w1). We require that there exists
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γ ∈ S1 in the stablizer of ϕ2(y2) such that

Py1
gw−−−−→ Py2

γ1

y yγ2◦γ
Py′1

g′w−−−−→ Py′2

commutes.

(4) Using the above notations, for each pair of chains of gradient segments Ty1 , Ty2 , we require

that

Ty1 = Ty2 ◦ gw.

Remark 2.6.4. As Ignasi Mundet told the author, this definition seems unnatural in the first glance,

because the relaxation from the natural but more rigid definition allows us to have nice structure of

moduli space.

2.6.9 Yang-Mills-Higgs functionals

We give the definition of the Yang-Mills-Higgs functional for a (c, L)-STHM, which plays same role

as energy in the theory of pseudoholomorphic curves.

Definition 2.6.5. Let C be a (c, L)-STHM. Its Yang-Mills-Higgs functional is defined to be

YMHc(C) :=
∑
D⊂C

‖dAϕ‖2L2(D) +
∑
D⊂Cp

(
‖FA‖2L2(D) + ‖µ(ϕ)− c‖2L2(D)

)
,

where the first summation is taken over all components of C while the second is taken over all

principal components.

2.7 Bounding the number of bubbles

In this subsection, we will prove the following theorem.

Theorem 2.7.1. For a given tuple (g, h, n,−→m) in the stable domain and K > 0, there is a number

f(g, h, n,−→m,K) such that for any c-stable twisted holomorphic maps with boundary C with the un-

derlying curve (Cst,xst ∪ zst) ∈M(g,h),(n,−→m) and YMHc(C) ≤ K, the number of bubbles of C is no

greater than f(g, h, n,−→m,K).

In the case of pseudoholomorphic curves, the bounding of bubbles is relatively easy because the

energy of nontrivial bubbles has a positive lower bound. But in the case of twisted holomorphic
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curves, we can have bubbles of arbitrarily small energy. Then to find a bound, we have to consider

such bubbles of small energy.

2.7.1 Canonical transports

Recall that in [39, Subsection 5.5], the notion of canonical transport is defined as follows. For any

compact smooth genus zero curve B with y = {y1, y2} ⊂ B, we have a choice of maps fyj : B \ y→

Syj , j = 1, 2 (up to reparametrizing by an automorphism of B \ y) and a canonical isomorphism of

S1-torsors fy0,y1 : Sy0 → Sy1 . Then to any S1-principal bundle P → B \ y and any flat connection

A on P , we can associate bundle maps

gyj : P → Pyj (j = 1, 2), gy0,y1 : Py0 → Py1

which cover fyj , j = 1, 2 and fy0,y1 respectively. The maps gyj and gy0,y1 are called the canonical

transport of (P,A).

Now we will extend the notion of canonical transport to disks. Consider the unit disk D and

0 ∈ D the center and 1 ∈ ∂D. Set γ : [0, 1]→ D to be γ(t) = t and γ′(0) = u0. Then for any disk D

with an interior point z0, for any z ∈ D \ {z0}, there is a unique biholomorphism f : D → D such

that f(0) = z0 and z belongs to the image of f ◦ γ. Set gz0 : D \ {z0} → Sz0 by gz0(z) = [df(u0)].

If we have an S1-principal bundle P over D \ {z0} with a flat connection A on P , then the parallel

transport along f ◦ γ gives a morphism

gz0 : P → Pz0 . (2.11)

We call the map gz0 the canonical transport of P . In particular, if with respect to some trivializa-

tion A = d+ λdθ. Then the trivialization gives P ' D∗×S1 ' [0,∞)×S1×S1 and Pz0 ' S1×S1.

Then gz0 is just the projection (t, θ1, θ2) 7→ (θ1, θ2).

2.7.2 Twisted bubbles

Let y ⊂ S2 be a finite subset. We call a twisted sphere bubble over (S2,y) a triple (P,A, ϕ)

consisting an S1-principal bundle P → S2 \ y, a flat meromorphic connection A on P and a section

ϕ : S2 \y→ P ×S1X satisfying ∂Aϕ = 0. Similarly, let y ⊂ D be a finite subset in the interior of the

unit disk. We call a twisted disk bubble over (D,y) a triple (P,A, ϕ) consisting an S1-principal

bundle P → D \ y, a flat meromorphic connection A on P and a section ϕ of P ×S1 X satisfying
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ϕ(∂D) ⊂ P×S1L and ∂Aϕ = 0. A twisted sphere (or disk) bubble (P,A, ϕ) is trivial if the covariant

derivative dAϕ is identically zero.

For any ε > 0 smaller than half the minimal distance δcr between two different elements in Λcr,

define the sets Λε,+cr and Λε,−cr as

Λε,±cr = Λcr ± (0, ε) = {λcr ± δ|λcr ∈ Λcr, iδ ∈ (0, ε)} ,

and denote Λεgen = iR \ (Λε,+cr ∪ Λε,−cr ).

In the usual Gromov-Witten theory we have a nonzero lower bound on the energy of nonconstant

holomorphic spheres so it is easy to bound the number of bubbles once we have total energy bound.

In the case of twisted holomorphic maps we don’t have such lower bound. However, [39, Theorem

6.2] provides a key results in bounding the number of twisted sphere bubbles in the closed case.

We now state and prove an analogue for twisted disk bubbles.

Theorem 2.7.2. Let z0 ∈ D be an interior point. Let ε be smaller than the ε4 given in Theroem

2.4.2 and 1
2δcr. Then there exists δ > 0 with the following property. Suppose that (P,A, ϕ) is

a twisted disk bubble on (D, z0) satisfying ‖dAϕ‖L2 < δ. Take some local trivialization of P on

D \ {z0}. Then ϕ corresponds to some map φ : D \ {z0} → X. Let λ be the corresponding residue

of A at z0.

Case A. If λ ∈ Λcr then (P,A, ϕ) is trivial;

Case B. Otherwise, by Theorem 4.2 in [39], the following exists

φ(z0) = lim
z→z0

φ(z) ∈ Fk.

Then we have

1. if λ ∈ Λε,+cr , then h(Fk) ≤ h(L), with equality only if (P,A, ϕ) is trivial;

2. if λ ∈ Λε,−cr , then h(Fk) ≥ h(L), with equality only if (P,A, ϕ) is trivial;

3. if λ ∈ Λεgen, then (P,A, ϕ) is trivial.

Let (Pz0 , Az0) be the limit pair of (P,A) at z0. When case B holds, there is a covariantly constant

flat map Tz0 : Pz0 → T ∞(X) such that for any p ∈ Pz0 , we have

Tz0(p) = {φ(z0)} ∪ {φ(q)|q ∈ P, gz0(q) = p} ,
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where gz0 : P → Pz0 is the canonical transport (2.11).

Proof. The proof is similar to that of [39, Theorem 6.2]. Indeed, suppose first that λ = ip/q ∈ Λcr

for relatively prime integers p, q. Take a covering π : D → D of degree q totally ramified at z0.

Then π∗A has trivial holonomy around z0. Since π∗A is flat, we can extend π∗P and π∗A to a

bundle P ′ → D with a flat connection A′. We can take a trivialization P ' D × S1 with respect to

which A′ is trivial. Consider the induced trivialization of π∗P , we can view the section π∗φ as an

I-holomorphic map φ : D \ {z0} → X of bounded energy. By the removal of singularity theorem, φ

extends to a holomorphic disk φ̃ : D → X satisfying
∥∥∥dφ̃∥∥∥

L2
= q ‖dAϕ‖L2 . This is a standard result

in Gromov-Witten theory that there is a lower bound of energy of nontrivial holomorphic disks,

which depends only on ω and I. Since the critical residues contains finite many classes modulo

integers, we can take δ small enough so that the lemma holds for all critical λ.

Now consider the case that λ is not critical. Fix a conformal isomorphism between D−{z0} and

the semi-infinite cylinder C+ = [0,+∞) × S1, and take the latter the standard coordinate (t, θ) in

such a way that as t goes to +∞, (t, θ) approaches to the point z0. Then we can identify Sz0 ' S1

in such a way that the map fz0 → Sz0 is the projection (t, θ) 7→ θ.

Fix a triple (P,A, ϕ) and take a trivialization P ×C+ × S1 with respect to which dA = d+ λdθ,

since A is flat.

Suppose λ ∈ Λε,+cr , so there exists λcr ∈ Λcr such that i(λ−λcr) ∈ (0, ε). By a standard argument

in Gromov-Witten theory (see [34, Proposition B.4.9]), there exists δ > 0 such that ‖dαφ‖L2 < δ

implies that ‖dαφ‖L∞ < ε. Then we can apply Theorem 2.4.2 and Theorem 2.4.3 to the pair (α, φ).

Hence there exists ψ : R≥0 → Xλcr and φ0 : R≥0 × S1 → TX such that

φ(t, θ) = e−λcrθ expψ(t)

(
eλcrθφ0(t, θ)

)
.

Take some t ∈ R≥0 and N > t. Apply Theorem 2.4.2, 2.4.3 to [0, N ] × S1 ⊂ C+ together with

dα = 0 implies that

|φ0(t, θ)| ≤ K4e
σ4(t−N), |ψ′(t) + i(λ− λcr)∇h(ψ(t))| ≤ K4e

σ4(t−N).

Making N →∞, we deduce that φ0(t, θ) = 0, and ψ′(t) = −i(λ−λcr)∇h(ψ(t)). Since φ({0}×S1) ⊂

L, we have ψ(0) ∈ L and ψ(t) is a downward gradient flow line of h = −iµ. So we have h(Fk) ≤ h(L)

and equality holds only if φ is trivial. The case when λ ∈ Λε,−cr is treated the same way.

Finally suppose λ ∈ Λεgen. By Theorem 2.4.1, there exists real numbers K ′, σ′, ε′ such that its
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statements hold for any λ ∈ Λεgen (since we have the continuous dependence of the constants on λ).

Then we have the estimate

|dαφ| ≤ K3e
σ3(t−N) ‖dαφ‖L∞ .

Let N go to infinity, we see that the pair (α, φ) is in fact trivial.

The map Tz0 : Pz0 → T ∞(X) is given by the trajectory ψ(t) i.e. Tz0(θ1, θ2) = e−λcrθ2ψ(t). Here

θ1 is the coordinate on the base Sz0 and θ2 is the coordinate on the fibre of Pz0 . It is easy to check

that ψ coincides with the one given in the statement of the theorem. In particular, ψ(0) ∈ L.

2.7.3 Proof of Theorem 2.7.1

Let Γ be the dual graph of C, so the set of vertices of Γ is the set of irreducible components of C, and

for any pair of vertices v′, v′′ corresponding to components C ′, C ′′ (it is possible that v′ = v′′), there

are as many edges connecting v′ and v′′ as there are many nodes in C at which C ′ and C ′′ meet.

All subgraphs Γ′ ⊂ Γ which we shall mention will be saturated, that is, if v′ and v′′ are vertices of

Γ′, then all edges in Γ connecting v′ and v′′ are also contained in Γ′. We call a vertex of Γ a tree

(resp. connecting) vertex if it corresponds to a tree (resp. connecting) bubble.

Denote by Λσcr the set of sums of finitely many elements in Λcr. This is a diskrete subgroup of

R. Then we can take ε small such that Λσcr ⊂ Λcr ∪ Λεgen.

Each sphere (resp. disk) tree vertex of Γ belongs to a maximal connected subgraph T ⊂ Γ

consisting of entirely of sphere (resp. disk) tree vertices, and T is a tree. We denote the collection

of all trees of sphere tree vertices T s1 , . . . , T
s
p and the collection of all trees of disk tree vertices

T d1 , . . . , T
d
q . Each tree has a unique vertex, called the root, which is connected by an edge to the

complement of this tree.

We slightly generalize [39, Lemma 6.3] as follows.

Lemma 2.7.3. Let T be one of the trees T s1 , . . . , T
s
p .

1. For any sphere bubble B ⊂ C corresponding to a vertex in some T si , the residue of A at any

node in B belongs to Λσcr.

2. If moreover, the root of T is is connected by an edge to a connecting vertex or a disk tree vertex,

then the limit holonomy of A at any node in B is trivial.

Proof. The same as the proof of [39, Lemma 6.3]

Proof of Theorem 2.7.1. We first show that, the total number of sphere tree vertices is bounded.

Let {T si }
m
i=1 be the set of trees in Γ consisting of sphere bubbles. We say that a vertex v ∈ T si is
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stable if its degree as a vertex of Γ degΓ(v) ≥ 3. Since T si is a tree, it has |T si | − 1 edges and has a

unique edge connecting to its complement. Hence we have

∑
v∈T si

degΓ(v) = 1 +
∑
v∈T si

degT si (v) = 1 + 2 (|T si | − 1) .

Hence

2|T si | =
∑
v∈T si

degΓ(v) + 1 ≥ 3#{v ∈ T si stable} ⇒ #{v ∈ T si unstable} ≤ 1

3
|T si |.

Summing up for i = 1, . . . ,m, one obtains that

m∑
i=1

#{v ∈ T si unstable} ≤ 1

3

m∑
i=1

|T si |.

Among those unstable vertices, there are at most |x| contains interior marked points, while the other

vertices really correspond to the unstable bubbles in the usual sense. The energy of each of those

“real” unstable vertices is at least δ, due to the lemma. Hence we have

δ

(
1

3

m∑
i=1

|T si | − |x|

)
≤ K.

This gives a upper bounded of the number of sphere tree vertices, which is denoted byN1 temporarily.

The total number of connecting sphere bubbles is also bounded, according to the proof of [39,

Theorem 6.1]. We denote this number by N2. Note that this step uses the monotonicity property

of [39, Theorem 6.2].

Now we bounded the number of disk bubbles. Let T dj ⊂ Γ be a tree of disk tree bubbles. Then

each vertex v ∈ T dj has no interior marked point, or it will be stable. Also, if v has an interior node

w, then v is the root of some T si , so the residue at w belongs to Λσcr. But Λσcr ⊂ Λcr∪Λεgen. Hence by

the above theorem, each vertex of T dj contributes at least δ to the energy. Hence the total number

of disk tree vertices is bounded.

The only remaining bubbles are the disk connecting bubbles, each of which belongs to two cases,

which are diskribed in Section 2.6.5. One is a single connecting bubble with an interior node, but

there is at most one such bubble for each boundary node of type 2 of the stablization; the other kind

is a chain of connecting bubbles, but it is easy to see that, the holonomy at each interior exceptional

point belonging to this chain is trivial, hence each bubble in the sequence contributes at least δ to
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the energy. This gives an upper bounde to the total number of bubbles of this kind.

2.8 Definition of the convergence

2.8.1 Deformation of prestable curves

Let (C,x∪z) be a prestable curve and h be a conformal metric. Let π̂ : Ĉ → C be the normalization

map and denote y = π̂−1(w) = π̂−1(wint) ∪ π̂−1(wb1) ∪ π̂−1(wb2) =: yint ∪ yb1 ∪ yb2. We have an

anti-holomorphic involution τ on the complex double CC, which induces, for each point y ∈ ∂Ĉ, an

anti-holomorphic involution τ : TyĈ → TyĈ. Denote by
(
TyĈ

)R
to be the subspace of all τ -invariant

vectors.

For each y ∈ yint, take a neighborhood of Uy ⊂ Ĉ such that there exists a biholomorphism

ξy : D(ε) → Uy with the disk D(ε) ⊂ TyĈ centered at 0 of radius ε; for each y ∈ yb1, take a

neighborhood Uy small enough such that there exists a biholomorphism ξy : D(ε)/τ → Uy, where

D(ε) ⊂ TyĈ and τ the involution on TyĈ; for each y ∈ y with π̂(y) a boundary node of type 2, take

a neighborhood Uy small enough such that there exists a biholomorphism ξy : D(ε) → Uy where

D(ε) ⊂ TyĈ. For each x ∈ x and z ∈ z, also choose a small neighborhood Bx ⊂ Ĉ of π̂−1(x) and

Bz ⊂ Ĉ of π̂−1(z). Assume that these neighborhoods are pairwise disjoint.

Denote by J the complex structure of Ĉ and J ′ be another complex structure which coincides

with J on each
⋃

(Uy ∪Bx ∪Bz). Such complex structures are called (C,x ∪ z)-admissible. Take,

for each w ∈ wint with preimages y, y′ ∈ Ĉ, an element δw ∈ TyĈ ⊗C Ty′Ĉ with |δz| < ε2; for each

w′ ∈ wb1 of type 1 with preimages y, y′ ∈ Ĉ, an element δw′ ∈ (TyĈ ⊗C Ty′Ĉ)R with |δw′ | < ε2;

for each w′′ ∈ wb2, with preimage y ∈ Ĉ, a real number δw′′ with 0 ≤ δw′′ < ε. The collection of

numbers δ = {δw} is called a set of smoothing parameters of C.

Now from the original curve with an admissible complex structure J ′ and a set of smoothing

parameters δ, we can construct a new curve C(J ′, h, δ) as follows:

1. First replace the complex structure J by J ′ on the normalization Ĉ;

2. For each interior node wint with π̂−1(w) = {y, y′}, remove the two subsets ξy

(
D( |δw|ε )

)
and ξy′

(
D( |δw|ε )

)
from Ĉ, and for each pair of elements u ∈ D(ε) \ D( |δw|ε ) ⊂ TyĈ and

v ∈ D(ε) \D(|δw|/ε) ⊂ Ty′Ĉ with u⊗ v = δw, identify their images ξy(u) and ξy′(v);

3. For each boundary node w′ ∈ wb1 with π̂−1(w′) = {y, y′}, remove the sets ξy

(
D( |δw′ |ε )/τ

)
and

ξy′
(
D( |δw′ |ε )/τ

)
from Ĉ, and for each pair of elements [u] ∈

(
D(ε) \D( |δw′ |ε )

)
/τ ⊂ TyĈ/τ
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and [v] ∈
(
D(ε) \D( |δw′ |ε )

)
/τ ⊂ Ty′Ĉ/τ identify the images ξy([u]) and ξy′([v]) if there are

representatives u ∈ TyĈ and v ∈ Ty′Ĉ such that u⊗ v = δw′ ;

4. For each w′′ ∈ wb2, remove the open disk ξw′′(D(δw′′)).

Then for every node w ∈ w, define the “neck” Nw(δw) ⊂ C(J ′, δ) to be the following subset in

different cases:

1. if w ∈ wint, then Nw(δw) is the image by ξy of the annulus D(ε) \ D
(
|δw|
ε

)
. Nw(δw) is

conformal to the cylinder

Nw(δw) ' [log |δw| − log ε, log ε]× S1.

2. if w′ ∈ wb1, then Nw′(δw′) is the image by ξy of
(
D(ε) \D( |δw′ |ε )

)
/τ . Nw′(δw′) is conformal

to the strip

Nw′(δw′) ' [log |δw′ | − log ε, log ε]× [0, 1].

3. if w′′ ∈ wb2, then Nw′′(δw′′) is the annulus ξw′′(D(ε) \D(δw′′)), which is conformal to

Nw′′(δw′′) ' [log |δw′′ |, log ε]× S1.

A set of smoothing parameters {δw} is small enough if each |δw| is small enough. Given a

compact subset K ⊂ C−w, if the smoothing parameters {δw} is small enough so that ξy(D(|δw|/ε))

and ξy′(D(|δw|/ε)) are disjoint from K, then there is a canonical inclusion ιK : K → C(J ′, δ). In

particular, there is a canonical inclusion of the marked points x ∪ z inside any small deformation

C(J ′, δ).

2.8.2 Definition of the convergence

In this subsection we define the notion of convergence of (c, L)-stable twisted holomorphic maps.

Some part of this long definition is exactly the same as the corresponding part in [39, Subsection

7.4], for which we don’t give full details for simplicity.

Let the following be a sequence of (c, L)-stable twisted holomorphic maps

{Cu = ((Cu,xu ∪ zu), (Pu, Au, φu), Gu, {Tu,w})}u∈N .
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Let C = ((C,x ∪ z), (P,A, φ), G, {Tw}) be a (c, L)-stable twisted holomorphic map. We say that the

isomorphism classes [Cu] converge to [C], if one can write N = U1∪· · ·Un in such a way that for each

j, the sequence {[Cu′ ]}u′∈Uj converges strictly to [C]. While a sequence {[Cu]} converges strictly

to [C] means the following:

• There is a (C,x ∪ z)-admissible complex structure Ju, smoothing parameters δu = {δu,w} and

a continuous map

ξu : Cu → C(Ju, δu) = C(Ju, h, δu)

which can be written as ξu = ξ′u ◦πcou where πcou : Cu → C0
u is a collapsing map which collapses some

of the unstable connecting bubbles and ξ′u : C0
u → C(Ju, δu) is a biholomorphism of nodal curves.

• We assume that for each node w ∈ C, either all δu,w vanish or none of them vanishes (this is

why we call this notion strict convergence). In the first case we say that w is an old node and in

the second case we say that w is a new node.

•We require that each old interior node w of C and old boundary node w′′ of type 2 of C, there

are index sets Bw and Bw′′ indepdent of u, such that there are collections of unstable connecting

bubbles {Ou,b,w}b∈Bw and {Ou,b,w′′}b∈Bw′′ which are those bubbles that πcou collapses. Also, πcou

collapses a disk at w′′ for all u, or doesn’t collapse a disk at w′′ for any u.

• Given the previous data, the pair (Pu, Au) on Cu naturally induces a pair, which we still denote

by (Pu, Au), on the curve C0
u. For any exhaustion K1 ⊂ · · · ⊂ Kl ⊂ · · · of the smooth locus of C \ z

by compact subsets, any choice of conformal metric h on C, the following convergence properties

are satisfied as u → ∞. (For each Kl in this sequence, the set ιu(Kl) ⊂ C0
u are identified for u

sufficiently large.)

(1) Convergence of the marked curves. The admissible complex structure Ju converges to

J in the C∞-topology on each compact subset Kl ⊂ C; for each node w, limu→∞ δu,w = 0; the

sequence of marked point sets xu ∪ zu converges to x ∪ z.

(2) Convergence of the connections and sections away from nodes and interior

marked points. For each Kl and any big enough u (so that the inclusion ιKl : Kl → C(Ju, δu) is

defined) there exists an isomorphism of principal bundles

ρu,l : P |Kl → ι∗KlPu

such that ρ∗u,lι
∗
Kl
Au converges to A and ρ∗u,lι

∗
Kl
φu converges to φ on Kl in C∞. This implies that

the limit holonomy of Au around each interior marked point converges to that of A. We can assume
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that if l < l′, then

ρu,l = ρu,l′ |Kl

and we will write ρu instead of ρu,l in the following. We can also assume that for an old boundary

node w of type 1, with preimages y, y′ in Ĉ, the isomorphisms ρu,l can be extended over y and y′,

for any u.

(3) Convergence near the interior marked points. For each interior marked point zu ∈ zu

with lim zu → z ∈ z, take D(zu, ε)
∗ ⊂ Cu the punctured disk centered at zu of radius ε and D(z, ε)∗,

identify biholomorphically D(zu, ε)
∗ ' R≥0×S1 ' D(z, ε)∗. For each τ > 0 define Nτ

z = [τ,∞)×S1,

then we have

lim
τ→∞

(
lim sup
u→∞

diamS1φu(Nτ
z )

)
= 0.

(4) Convergence near the new interior nodes. Take some new interior node w ∈ wint,

define for each τ > 0 and big enough u the truncation of the neck Nw(δu,w)

Nτ
u (w) = [ln |δu,w| − ln ε+ τ, ln ε− τ ]× S1 ⊂ Nw(δu,w) = [ln |δu,w| − ln ε, ln ε]× S1.

The condition for the behavior of the sequence near the new node w is the same as item (4) in the

definition in [39, Subsection 7.4].

(5) Convergence near the new boundary nodes of type 1. Take such a node w′ ∈ C, and

define for each τ the truncation for big enough u

Nτ
u (w′) =

[
ln

(
|δu,w′ |
ε

)
+ τ, ln ε− τ

]
× [0, π] ⊂ Nw′(δu,w′) =

[
ln

(
|δu,w′ |
ε

)
, ln ε

]
× [0, π].

-Limit behavior of the gluing data. Let y, y′ be the preimages of w′ in the normalization of C and

for any small enough ε, let Cy,ε, Cy′,ε be the semi-circles of radius ε centered at y, y′ respectively.

Let Py,ε (resp. Py′,ε) be the restriction of P to Cy,ε (resp. Cy′,ε) and let ιε : Py × [0, π] → Py,ε

and ι′ε : Py′ × [0, π]→ Py′,ε be the isomorphisms given by radial parallel transport. We can assume

that for big enough u there are τu,ε, τ
′
u,ε ∈ R and identifications Cy,ε ' {τu,ε} × [0, π] ⊂ Nu and

Cy′,ε ' {τ ′u,ε} × [0, π], such that

[0, π]
expy−−−−→ Cy,ε → {τu,ε} × [0, π]

p2−−−−→ [0, π]
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is the identity map and the corresponding map for y′ coincides with r : θ 7→ π − θ. We define

Pu,y,ε as the restriction of Pu to Cy,ε and define similarly Pu,y′,ε. Parallel transport along lines

[τu,ε, τ
′
u,ε] × [0, π] ⊂ Nu using the connection Au gives an isomorphism of bundles gu,w′,ε : Pu,y,ε →

Pu,y′,ε. Hence we have a diagram which may not be commutative:

Py × [0, π]
ιε−−−−→ Py,ε

ρu−−−−→ Pu,y,ε

gw′×r
y ygu,w′,ε

Py′ × [0, π]
ι′ε−−−−→ Py′,ε

ρu−−−−→ Pu,y′,ε,

where gw′ is the gluing data at w given by G. Define γu,w′,ε(θ) : Py → Py′ to be the restriction of

(ι′ε)
−1 ◦ρ−1

u ◦gu,w′,ε ◦ρu ◦ ιε to Py×{θ} and take any distance function d on Iso(Py, Py′), we required

that

lim
ε→0

(
lim sup
u→∞

d(gw′ ◦ γ, γu,w′,ε(θ))
)

= 0

for all θ ∈ [0, π] and some γ in the stablizer of ϕ(w′) ∈ L.

-Limit behavior of the section. We require that

lim
τ→∞

(
lim sup
u→∞

diamS1φu (Nτ
u (w′))

)
= 0. (2.12)

(6) Convergence near the new boundary nodes of type 2. If w′′ is a boundary node of type

2 in C, then Nw′′(δu,w′′) is conformal to the long cylinder Nu = [0, 2 ln ε−ln |δw′′ |]×S1 = [0, ru]×S1.

Then trivialize Pu over Nu with respect to which Au is in balance temporal gauge, and the pair

(Au, ϕu) can be viewed as a pair (αu, φu) with αu a 1-form and φu : Nu → X. The following must

hold:

-Limit behavior of the connection. Choose appropriately the balanced temporal gauge for all u,

the restriction of αu to {0} × S1 ⊂ Nu is equal to (λ + λu)dθ, for λ independent of u and λu → 0.

Also, the limit holonomy of A around w is equal to e±2πλ.

-Limit behavior of the section. The trivialization of Pu on Nu which puts Au in balanced temporal

gauge, induces a trivialization of Pw = S1×S1. Then the section Tw becomes a map T : S1 → T (X).

Denote Nτ
u = Sτu × S1 = [0, ru − τ ]× S1. We require that for any θ ∈ S1,

lim
τ→∞

(
lim sup
u→∞

dHauss (ϕu(Sτu × {θ}), T (θ))

)
= 0,
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and either

lim
τ→∞

(
lim sup
u→∞

d(ϕu(0, θ), b(T (θ))) + d(ϕ(ru − τ, θ), e(T (θ)))

)
= 0

or the same formula holds switching b and e (in one case iλu is positive for large u and in the other

case iλu is negative for large u).

-Limit behavior of the energy density. We have

lim
τ→∞

lim sup
u→∞

‖dAuφu‖L∞(Nτu ) = 0.

(7) Convergence near the old interior nodes. We require for each old interior node w ∈ C

the same condition as in the condition (5) or (6) (depending on whether w is a connecting or tree

node) in the definition of convergence of c-STHM in [39, Section 7.4].

(8) Convergence near the old boundary nodes of type 1. If a boundary node w′ ∈ C is

of type 1, we require the following conditions to hold:

-Limit behavior of the gluing data. Since the isomorphism ρu,l can be extended over y and y′,

which are the preimages of w′ in the normalization Ĉ, the gluing data of Pu over w′ can be viewed

as an element of Iso(Py, Py′). We require that the sequence converges to that of the gluing data of

P at w′ modulo the stablizer of ϕ(y).

-Limit behavior of the connection and the section. Let y and y′ be the preimages of w in the

normalization C ′. Then they can be identified with the the preimages of w in the normalization

of Cu, for every u. Take Uy (resp. Uy′) a small neighborhood of y (resp. y′) in the normalization

C ′. Then it can be identified with a small neighborhood of y (resp. y′) in C ′u. We require that the

connections and the sections converges on Uy and Uy′ both in C∞-topology.

(9) Convergence near the old boundary nodes of type 2. If a boundary node w′′ ∈ C is

of type 2, then it must be a connecting node. Let Bw′′ = {b1, . . . , bd−1} be the index set of vanishing

bubbles over w′′. Denote Oj = Ou,bj and assume that Od−1 contains a boundary component of Cu.

Od−1 might be sphere with a boundary node of type 2, in which case we denote yj , y
′
j to be the

nodes on Oj with yj on the side of boundary; or Od−1 is a disk bubble, in which case we denote

yj , y
′
j to be the node on Oj for j < d − 1. Then we require the following conditions to hold (note

that in this case we don’t have requirement on the gluing data, and the following holds either πcou

collapses a disk at w′′ or not):

-The vanishing bubbles do vanish. For each bj ∈ Bw′′ the energy ‖dAuφu‖L2(Oj)
converges to 0.
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-Limit behavior of the connections. The covariant derivative dAu can be written as d+αu where

αu is in temporal gauge in Ny0 and there is some λu ∈ iR such that limt→∞ αu|Ny0 (t,θ) = λudθ. And

λu → λ as u→∞, where λ is a logarithm of the limit holonomy of A around w. Finally, if Bz 6= ∅,

then λ ∈ Λcr and for large u we have λu /∈ Λcr.

-Limit behavior of the sections. We distinguish two cases.

1. Suppose that λu is generic for big enough u. Then there is a collection of equivariant and

covariantly constant maps (with respect to the limit connection Aw′′ on Pw′′)

Tw′′,0, . . . , Tw′′,d−1 : Py → T (X),

such that Tw′′ = ∪d−1
j=0Tw′′,j and the following holds.

We have trivialization tu,w′′ : Pu,w′′ → S1 × S1 such that the diagram commutes

Pu|Nw′′
τAu−−−−→ Pu,w′′

τP
u,w′′

y ytu,w′′
Nw′′ × S1 −−−−→ S1 × S1

where τu,w′′ is the given trivialization of Pu and the bottom map is the projection: Nw′′×S1 '

R≥0 × S1 × S1 → S1 × S1. Under the trivialization τPu,w′′ , we can view ϕu on Nw′′ as a map

φu,w′′ : Nw′′ → X. Now let

Tu,w′′,ε(θ) = Tw′′,0 ◦ ιε ◦ ρ−1
u ◦ ιu,ε ◦ t−1

u,w′′(θ, 1)

be a map Tu,w′′,ε : S1 → T (X). Here ιu,ε and ιε are bundle maps defined by parallel transports,

and ρu : P → Pu is the isomorphism on smooth locus. We require that for any θ ∈ S1, we

have

lim
ε→0

lim sup
τ→∞

(
lim sup

u
dHauss(φu,w′′(S

τ
u × {θ}), Tu,w′′,ε(θ))

)
= 0.

On the other hand, the energy of vanishing bubbles converges to 0 hence each vanishing

bubble shrink to a map T newj : P ′u,yj → T (X) for j = 1, . . . , d − 1. More precisely, we define

the isomorphism of bundles

γu,j,ε := gu,j ◦ · · · ◦ g′u,1 ◦ gu,1 ◦ ι−1
u,ε ◦ ρu ◦ ιε : Pw′′ → P ′u,j .

Here gu,j : Pu,yj−1
→ Pu,y′j is the gluing data, and g′u,j : Pu,y′j → Pu,yj is the canonical
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transport on the bubble Ou,j we defined in Section 2.7.1. We require that for each j and

p ∈ Pw′′ ,

lim
ε→0

(
lim sup
u→∞

d
(
T newj (γu,j,ε(p)), Tw′′,j(p)

))
= 0.

2. Suppose that λu = λ ∈ Λcr for big enough u. Then there is no vanishing bubble. And we have

equivariant maps Tu,w′′ : Pw′′ → T (X). We require first that

lim
τ→∞

(
lim sup
u→∞

diamS1ϕu(Nτ
w′′)

)
= 0.

Let Tw′′ : Pw′′ → T (X) be the chain of gradient segments of the limit C. We require that for

any p ∈ Pw, we have

lim
ε→0

(
lim sup
u→∞

d
(
Tu,w′′ ◦ ι−1

u,ε ◦ ρu ◦ ι−1
ε (p), Tw′′(p)

))
= 0.

Here ιε is the isomorphism between Pw′′ and Pw′′,ε given by parallel transport with respect

to A and ιu,ε is the isomorphism between Pu,w′′ and Pu,w′′,ε given by parallel transport with

respect to Au. ρu is the isomorphism between Pw′′,ε and Pu,w′′,ε.

(10) Limit behavior of the energy density. We have

lim
τ→∞

lim sup
u→∞

‖dAuφu‖L∞(Nτ
w′′ )

= 0.

2.9 Compactness

We will prove the following theorem in this section.

Theorem 2.9.1. Let g, h, n be nonnegative integers and −→m be a nonnegative vector such that

(g, h, n,−→m) is in the stable domain. Let K > 0 be any positive real number and let c ∈ iR. Let

{Cu} be a sequence of (c, L)-STHM’s, of genus g, with h boundary components and (n,−→m)-marked,

satisfying YMHc(Cu) ≤ K. Then there is a subsequence
{
Cuj
}

such that the sequence of isomor-

phism classes
{[
Cuj
]}

converges to [C] for a c-stable twisted holomorphic maps with boundary.

The remaining of this section is devoted to its proof. The strategy of the proof is very much in

parallel with that of the proof of [39, Theorem 8.1]. In the following, we will take subsequences of

the original sequence of (c, L)-STHM’s many but finite times, and still index the subsequences by

the same symbols. The situations near interior marked points and interior nodes are covered in the
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proof of [39, Theorem 8.1], so we omit many details in the corresponding steps.

2.9.1 Getting the first limit curve

Let (Cu,xu ∪ z) be the prestable curve underlying Cu. By Theorem 2.7.1, the number of bubbles of

each Cu is uniformly bounded so we can assume (by taking a subsequence) that all curves (Cu,xu∪zu)

have the same combinatorial type (including the topological type of Cu and the distribution of

marked points into different components).

We want to add new marked points (as few as possible, in some sense) such that the prestable

curve becomes stable. Let x0
u ⊂ Cu be a list of boundary points such that: 1) x0

u is disjoint from

boundary nodes and xu; 2) every component of (Cu,xu∪x0
u∪zu), which has at least a circle boundary

component, is stable; 3) x0
u has as few elements as possible, for each u. Then let z0

u ⊂ Cu be a list

of interior points such that: 1) z0
u is disjoint from interior nodes and zu; 2) (Cu,xu ∪ x0

u ∪ zu ∪ z0
u)

is stable; 3) z0
u has as few elements as possible, for each u. Denote x′u = xu ∪ x0

u and z′u = zu ∪ z0
u.

The each element in the new sequence (Cu,x
′
u ∪ z′u) has the same combinatorial type.

Then by taking a subsequence, we can assume that the isomorphism class of (Cu,x
′
u ∪ z′u) con-

verges to the isomorphism class of a stable curve (C ′,x′ ∪ z′) in Mg,h,n,−→m and we can assume that

the set x′ (resp. z′) contains the limit x (resp. z) of the sequence xu (resp. zu). We call points in

x (resp. z) original boundary (resp. interior) marked points. In the following, the lists of

marked points x′u and z′u may increase, and the limit curve C ′ may change accordingly.

2.9.2 Adding tree bubbles, the first step

We will proceed as in [39, Section 8.3]. Take an exhaustion K1 ⊂ K2 ⊂ · · · of the smooth locus of

C ′ \ x ∪ z by compact subsets. And for each K = Kl in the sequence, since (Cu,x
′
u ∪ z′u) converges

to (C ′,x′ ∪ z′), we can assume that there is a canonical inclusion

ιK,u : K → Cu

with image Ku. We will do the following operations inductively from l = 1.

• If supKu |dAuϕu| is bounded as u → ∞, then we do nothing. We call this situation that no

tree bubble appears in Kl.

• If supKu |dAuϕu| = su is not bounded, then pick for each u a point z1
u ∈ Ku such that |dAuϕu|

attains its maximum at z1
u. By passing to a subsequence, there are two possibilities, according to

which we will proceed differently.
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Case A. limu→∞ z1
u lies in the interior of C ′. Then pick an z2

u ∈ Cu at distance s−1
u from z1

u.

Set z′′u = z′u ∪ {z1
u, z

2
u} and x′′u = x′u.

Case B. limu→∞ z1
u = x1 ∈ ∂C ′. Then take a holomorphic local coordinate f : Ux1 → D(ε) ⊂ H

such that f(x1) = 0. There are two subcases (the division into the following two cases is independent

of the choice of the local coordinate): a). limu→∞
(
suImz1

u

)
= ∞. Then take z2

u in the interior of

Cu with distance s−1
u from z1

u. Take z′′u = z′u ∪ {z1
u, z

2
u} and x′′u = x′u; b). limu→∞

(
suImz1

u

)
< ∞.

Take x1
u = f−1

(
Ref(z1

u)
)

and x2
u ∈ ∂Cu with distance s−1

u from x1
u. Take x′′u = x′u ∪ {x1

u, x
2
u} and

z′′u = z′u.

In any case, we get a new sequence of stable curves (Cu,x
′′
u ∪ z′′u). By taking a subsequence, we

can assume that the sequence converges to a stable curve (C ′′,x′′ ∪ z′′). In Case A, C ′′ is the union

of C ′ with a sphere bubble B connected at a new interior node z0 = limu→∞ z1
u ∈ K, the two point

set {z1
u, z

2
u} converges to two new marked points on B; in Case B-a), C ′′ is the union of C ′ with a

sphere bubble B and a disk bubble D, where D is connected to C ′ through z0 = limu→∞ z1
u ∈ K and

B is connected to B through some z1, the two point set {z1
u, z

2
u} converges to two new marked points

on B; in Case B-b), C ′′ is the union of C ′ with a disk bubble D, connected at z0 = limu→∞ z1
u ∈ K,

and the two point set {x1
u, x

2
u} converges to two boundary marked points on D.2

In any case, we can prove as in [39] that the triple induced on B (in Case A and Case B-a) or

on D (in Case B-b)) has positive energy and hence at least εX .

We call this situation that a nontrivial tree bubble appears in Kl.

The induction process is, if no tree bubble appears in Kl, then we go to Kl+1; if a nontrivial

tree bubble appears in Kl, then we replace (C ′,x′u ∪ z′u) by (C ′′,x′′u ∪ z′′u), and modify K1,K2, . . .,

as follows, and start the process again from the modified K1.

� Choose a descending sequence εi → 0. For any y ∈ C ′, let B(y, εi) ⊂ C ′ be the open ball

centered at y of radius εi.

� In Case A, replace Ki by (Ki ∪B) \B(z0, εi);

� in Case B-a), replace Ki by (Ki ∪D ∪B) \B(z1, εi);

� in Case B-b), replace Ki by (Ki ∪D) \B(z0, εi).

This induction process must stops at finite times, which means the following. We have added

finitely many marked points on (C ′u,x
′
u∪z′u) in the same pattern for all u, such that the new sequence

2There is a special case, i.e., if z1u coincides with some newly added marked point subsection 2.9.1, or converges to
some new marked points in 2.9.1. But we can choose the new marked points wisely to avoid this happen.
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of stable marked curves has a subsequence (still denoted by the same symbols) converging to some

stable curve (C ′′,x′′ ∪ z′′), such that for any compact subset K of the smooth locus of C ′′ \x′′ ∪ z′′,

which is identified with Ku ⊂ C ′u, we have

lim sup
u→∞

sup
Ku

|dAuϕu| <∞.

Or in other words, no tree bubble appears in Kl for all l.

We replace C ′ by C ′′, x′u by x′′u, z′u by z′′u, x′ by x′′ and z′ by z′′. We can still distinguish original

marked points from the new marked points.

2.9.3 Adding tree bubbles, the second step

Bubbling off at new boundary nodes of type 1

We first consider boundary nodes. If w′ ∈ C ′ is a new boundary node of type 1. Then there is a long

strip Nu,w′ = [ln |δu,w′ | − ln ε, ln ε]× [0, π] =: [pu, qu]× [0, π] which can be identified with a subset of

Cu for each u. Denote Nτ
u := [pu + τ, qu − τ ]× [0, π]. Suppose that

lim sup
τ→∞

(
lim sup
u→∞

‖dAuϕu‖L∞(Nτu )

)
=∞

where we also use the standard cylindrical metric. Then we can pick z1
u ∈ Nu such that

d(z1
u, {pu, qu} × [0, π])→∞, su =

∣∣dAuϕu(z1
u)
∣∣→∞

and su is equal to the supreme of |dAuϕu| over the disk centered at z1
u of radius 1. We distinguish

the following cases (by taking subsequences):

1. limu→∞ sud(z1
u, ∂Nu) = ∞. Then take z2

u lying in the interior of Nu with distance s−1
u to z1

u

and z′′u = z′u ∪ {z1
u, z

2
u} and x′′u = x′u;

2. limu→∞ sud(z1
u, ∂Nu) < ∞. Suppose z1

u = (au, θu). We can assume that θu → 0(θu → π is

similar). Then take x1
u = (au, 0) and x2

u = (au + s−1
u , 0); set x′′u = x′u ∪ {x1

u, x
2
u} and z′′u = z′u.

In any case, a subsequence of the curves Cu with the new set of marked points will converge to

some stable curve C ′′. In the first case, C ′′ containes a sphere tree bubble on which the limit of

{z1
u, z

2
u} are attached.
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In the second case, C ′′ is the union of C ′ with two disk bubbles, one of which is connecting and

one of which is a tree bubble; the tree bubble has two boundary marked points which are limits of

x1
u and x2

u.

Each of the tree bubble in the two cases contributes ≥ εX to the total energy. So if we update

the set of marked points as what we did before and repeat the process, then we must stop at finite

times.

Bubbling off at old boundary nodes of type 1 and original boundary marked points

This case is much similar to the previous one. The only difference is that instead of having a strip

of finite length, we will have a semiinfinite strip [0,∞)× [0, π].

Bubbling off at new boundary nodes of type 2

Now consider new boundary nodes of type 2. Let w′′ ∈ C ′ be such a node. Then the “neck” of w′′ in

Cu is a cylinder conformal to Nu,w′′ = [0, ru]×S1 with ru →∞ and S(u) = {ru}×S1 the boundary

circle that shrink to w′′. For each τ > 0, denote Nτ
u := Nτ

u,w′′ = [τ, ru]× S1. Assume that

lim sup
τ→∞

(
lim sup
u→∞

sup
Nτu

|dAuϕu|

)
=∞.

Then, we can take a sequence of points z1
u = (tu, θu) ∈ Nu, such that tu → ∞ and su =

|dAuϕu(zu)| → ∞ as u→∞. By taking a subsequence, we consider the following two cases:

1. If limu→∞ su(ru−tu) =∞, then take another sequence of points z2
u ∈ Nu such that d(zu, z

2
u) =

s−1
u , set z′′u = z′u ∪ {z1

u, z
2
u} and x′′u = x′u.

2. If limu→∞ su(ru− tu) <∞, then take another sequence of points x1
u = (ru, θu), x2

u = (ru, θu +

s−1
u ) ∈ S(u). Set z′′u = z′u and x′′u = x′u ∪ {x1

u, x
2
u}.

Then the new sequence of curves (Cu,x
′′
u∪z′′u) will subsequentially converge to some stable curve

(C ′,x′′ ∪ z′′): in the first case, C ′ will contain a sphere bubble on which the limits of z1
u and z2

u are

attached (see Figure 2.2); in the second case, C ′ will contain a disk bubble on which the limits of

x1
uand x2

u are attached, and a disk connecting bubble (see Figure 2.3).

Bubbling off at old boundary nodes of type 2

Let w′′ ∈ C ′ be an old boundary node of type 2. Bubbling off at w′′ is the same as the bubbling off

at original interior marked points which was treated in [39, Subsection 8.4].
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Figure 2.2: Limit curves when bubbling-off a sphere at a new type-2 boundary node, three different
cases

x1 2x

Figure 2.3: Limit curve when bubbling-off a disk bubble at a new type-2 boundary node

Tree bubbles, summary

There can still be tree bubbles which arises near old interior nodes, original interior marked points

and new interior nodes. But they can be treated in the same way as in [39, Subsection 8.4] and we

omit this part.

We now summarize what we have done after all the steps in this subsection. We can modify

the exhausting sequence of compact subsets and repeat the process in Section 2.9.2. Then all these

stop after finite times and we have found every possible tree bubble. This means the: by taking a

subsequence and adding new marked points, we get a new sequence of stable curves (Cu,xu ∪ zu),

which converges to (C,x ∪ z). We have

1. For each compact subset K ⊂ C \ x∪ z∪w, which is identified with a compact subset of each

Cu, we have

lim sup
u→∞

‖dAuϕu‖L∞(Ku) <∞.

Here the norm is taken with respect to the conformal metric on K.

2. Let {Kl}l≥1 exhaust C \x∪z∪w. The complement of Kl in Cu is a union of “cylindrical-like”

pieces, which is denoted by Nu,l. Then we have that

lim sup
l→∞

(
lim sup
u→∞

‖dAuϕu‖L∞(Nu,l)

)
<∞.
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Here the norm is taken with respect to the cylindrical metric.

2.9.4 Connecting bubbles appear

The matching conditions at various types of nodes are fulfilled only when the energy densities at the

neck regions are very small. The bubbling-off of tree bubbles cannot guarentee this condition so we

have to find more connecting bubbles.

At interior nodes

For each new interior node w ∈ C ′, we do the same operation as in [39, Subsection 8.5]. Let’s just

briefly explain what happens.

Let Nu be the neck associated to the new node w. Its conformal length goes to infinity as u→∞,

and we use d to denote the distance function for the cylindrical metric on Nu. For ε smaller than the

ε1 in [39, Theorem 4.1] and ε2 in [39, Theorem 4.3], we define an ε-bubbling list to be a sequence

of lists {(zu1 , . . . , zur )}u which satisfies

1. zuj ∈ Nu;

2. for each i 6= j, d(zui , z
u
j )→∞ and d(zui , ∂Nu)→∞ as u→∞;

3. for each j, lim infu→∞
∣∣dAuϕu(zuj )

∣∣ ≥ ε.
Then we can prove the following lemma:

Lemma 2.9.2. [39, Lemma 8.2] There is a constant κb > 0 depending only on X,ω, I, such that if

{(zu1 , . . . , zur )}u is an ε-bubbling list, then r ≤ κb supu YMHc(Cu).

Then for each new interior node w ∈ C ′, we take an ε-bubbling list of maximal length. If the

list is empty, then we do nothing. Otherwise, add to the marked point sets z′u the points zu1 , . . . , z
u
r .

Passing to a subsequence, we may assume that the new sequence of stable curves converges to some

stable curve (C ′′,x′′ ∪ z′′), by which we replace (C ′,x′ ∪ z′).

We do a similar process for each old interior node, each old boundary node of type 2, and each

original interior marked point of C ′.

At type-1 boundary nodes

Now we consider new boundary nodes of type 1. Let w ∈ C ′ be such a node. Nu := [pu, qu]× [0, π]

be the corresponding neck in Cu. We assume that Nu is contained in a principal component of
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(Cu,xu ∪ zu). Let the volume form on Nu be fudt ∧ dθ. Then for any l > 0, there is a constant κl

independent of u such that ∣∣∇lfu(z)
∣∣ ≤ κle−min{t−pu,qu−t}.

Take any trivialization of Pu over Nu, and write dAu = d + αu. Since (αu, φu) satisfies the vortex

equation, we have

dαu = fu(c− µ(φu))dt ∧ dθ.

Let ε > 0 be smaller than the ε5 in Corollary 2.5.11. We define an ε-bubbling list to be a

sequence of lists {(yu1 , . . . , yur )}u satisfying

1. yuj ∈ Nu and min
{
d(yuj , {pu} × [0, π]), d(xuj , {qu} × [0, π])

}
→∞ as u→∞;

2. for each i 6= j, d(yui , y
u
j )→∞ as u→∞;

3. for each j we have lim infu→∞
∣∣dαuφu(yuj )

∣∣ ≥ ε.
Lemma 2.9.3. There is some constant κd > 0 depending only on X, ω and I, such that for any

ε-bubbling list {(yu1 , . . . , yur )}, r ≤ κbYMHc(Cu).

Proof. We can claim that there exists δ > 0 such that if (α, φ) : S → X is a twisted holomorphic

pair from the unit square S to X with , then

‖α‖W 3,p(S) ≤ δ, ‖dαφ‖L2(S) ≤ δ ⇒ ‖dαφ‖L∞(S) < ε.

If the claim is not true, then there exists a sequence of pairs (αj , φj) : S → X such that ‖αj‖W 3,p → 0,∥∥dαjφj∥∥L2 → 0 with
∥∥dαjφj∥∥L∞ ≥ ε. By [39, Lemma 3.4], passing to a subsequence, φj converges to

some φ : S → X in W 2,p-topology. Hence ‖dφ‖L2 = 0, i.e. dφ ≡ 0. But dαjφj → dφ in C0-topology,

this contradicts with
∥∥dαjφj∥∥L∞ ≥ ε.

Now suppose that {(yu1 , . . . , yur )}u is an ε-bubbling list and let Sju ⊂ Nu be a unit square that

contains yuj . It follows from the definition of ε-bubbling lists that for u big enough, Sju are pairwise

disjoint. We then can deduce that ‖αu‖W 3,p(Sju) → 0 for each j. Then by the previous claim, we

must have ‖dαuφu‖L2(Sju) ≥ δ. Hence κd = δ−1 is qualified for this lemma.

Then let {(yu1 , . . . , yur )}u be an ε-bubbling list of maximal length. If the list is empty, then we

do nothing. If not, suppose yuj = (auj , θ
u
j ) and set x′′u = x′u ∪

{
xuj = (auj , 0)|1 ≤ j ≤ r

}
. Passing

to a subsequence, we may assume that the sequence (Cu,x
′′
u ∪ z′u) converges to some stable curve
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(C ′′,x′′ ∪ z′). The curve C ′′ obtained from C ′ by adding a sequence of disk connecting bubbles at

w (see Figure 2.4).

x x x1 x12 x23 x3u u u

Figure 2.4: An ε-bubbling list at a new type-1 boundary node

We repeat this process for each new boundary node of type 1, and do a similar operation to each

old boundary nodeof type 1. Finally, we do a similar operation to each original boundary marked

point.

At type-2 boundary nodes

Let w′′ be a new boundary node of type 2 and Nu = [0, ru] × S1 be the corresponding neck in Cu.

Let (αu, φu) be the corresponding twisted pair of (Au, ϕu) under some local trivialization. We define

an ε-bubbling list to be a sequence of lists {(zu1 , . . . , zus )}u such that

1. zuj = (tuj , θ
u
j ) ∈ Nu, tu1 < tu2 < . . . < tur and limu→∞ tuj =∞;

2. for each i 6= j, tui − tuj →∞;

3. for each j we have lim infu→∞
∣∣dαuφu(zuj )

∣∣ ≥ ε.
In the same way, we have a uniform upper bound of the number r for an ε-bubbling list at any

new boundary node of type 2.

Now let {(zu1 , . . . , zur )}u be an ε-bubbling list of maximal length. If r = 0, then we do nothing.

Otherwise, we distinguish two cases (by taking a subsequence).

• limu→∞ ru − tur = ∞. Then we take two points xur+1, x
u′

r+1 ∈ {ru} × S1 ⊂ Nu such that

d(xur+1, x
u′

r+1) = 1. Then add to the marked point set z′u the points zu1 , . . . , z
u
r and add to x′u the

points xur+1, x
u′

r+1. Then a subsequence of the new sequence of stable curves converges to some stable

curve (C ′′, z′′ ∪ x′′), which looks like Figure 2.5.

• limu→∞ ru− tur <∞. Then take xur = (ru, θ
u
r ) ∈ Nu and xu

′

r = (ru, θ
u
r +1). Add to the marked

point set z′u the points zu1 , . . . , z
u
r−1 and add to x′u the points xur , x

u′

r . Then a subsequence of the

new sequence of stable curves converges to some stable curve (C ′′, z′′ ∪ x′′), which looks like Figure

2.6.
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Figure 2.5: An ε-bubbling list at a new type-2 boundary node with r = 2
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Figure 2.6: An ε-bubbling list at a new boundary node with r = 3

2.9.5 Constructing the limit, first part

After all the above process, we obtain a stable curve (C ′,x′ ∪ z′). We have x ⊂ x′ (resp. z ⊂ z′)

which are the limit xu (resp. zu). We may assume that for any u, there is a (C ′,x ∪ z)-admissible

complex structure Iu and smoothing parameters {δu}, and biholomorphism ξ′u : Cu → C ′(Iu, δu).

Moreover, Iu converges to I on C ′.

Constructing the bundle, the connection and the section

Take a compact set K ⊂ C ′ \ z disjoint from nodes, denote ιK,u : K → C ′(Iu, δu) the canonical

inclusion with image Ku. Since we have applied the previous processes, we can assume that

sup
u

sup
Ku

|FAu | <∞, sup
u

sup
Ku

|dAuϕu| <∞.

Then standard arguments can be applied to deduce that there is an S1-principal bundle P over the

smooth locus of C ′ \ z, a smooth connection A on P , a smooth section of P ×S1 X and bundle

isomorphisms ρK,u : P |K → ι∗K,uPu|Ku , such that ρK,u|K′ = ρK′,u for K ′ ⊂ K and ρ∗K,uι
∗
K,u(Au, ϕu)

converges to (A,ϕ) in C∞(K).

The convergence implies that ∂Aϕ = 0, and that on each principal components of C ′, the pair

(A,ϕ) satisfies the equation

ΛFA + µ(ϕ) = c,
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where Ω is the canonical volume form on (Cst,xst ∪ zst). It follows that the curvature of A is

bounded (since µ is bounded) and hence A is a meromorphic connection. On the other hand, the

restriction of A to each bubble component of C ′ is flat. Moreover, ‖dAϕ‖L2 is finite.

By the removal of boundary singularity (Theorem 2.3.6), we can assume that the triple (P,A, ϕ)

is extended to each pair y and y′, where {y, y′} is the preimage of any boundary node w′ of type 1.

We have to delete the new marked points, which may violate the stability because then there

might be unstable connecting bubbles with zero energy. Let {Ob} be the collection of those bubbles

in C ′ and define C to be the quotient C ′/ ∪ Ob. The marked point set x ∪ z descends to a list of

points in C via the quotient map. Then (C,x ∪ z) is a prestable curve. This will be the support

of our limit. The triple (P,A, ϕ) descends to a triple over (C,x ∪ z), which we denote by the same

symbols.

Constructing the gluing data

The method of constructing gluing data on [39, p. 1165-1166] can be used here to construct gluing

data at new interior nodes and new boundary nodes of type 1. For new interior nodes, it is the same

as in [39]. So we only define the gluing data at new boundary nodes of type 1.

Recall the definition of γu,w,ε(θ) : Py → P ′y, which only requires the convergence of the underlying

curve. Let d be a distance function on Iso(Py, Py′). By the convergence of the connection, we have

that

lim
ε→0

(
sup

0<ε1<ε2<ε
lim sup
u→∞

d(γu,w,ε1(θ), γu,w,ε2(θ))

)
= 0.

By Stokes’ theorem, we also have that for θ1, θ2 ∈ [0, π],

lim
ε→0

(
lim sup
u→∞

d(γu,w,ε(θ1), γu,w,ε(θ2))

)
= 0.

Thus there exists a unique isomorphism gw : Py → Py′ such that

lim
ε→0

(
lim sup
u→∞

d(gw, γu,w,ε(θ))

)
= 0

for all θ ∈ [0, π]. We define the gluing data at the node w to be gw, and the convergence condition

for gluing data at the new node w is automatically satisfied.
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2.9.6 Constructing the limit, second part

We construct chains of gradient segments here. The construction of chains of gradient segments at

interior nodes is given in [39, Section 8.7, 8.8]. Then we only consider the case at type-2 boundary

nodes.

Let w′′ be such a node of C. If w′′ is a new node, and let λ ∈ iR be the residue of A at w′′, with

respect to some trivialization. Then we distinguish two cases:

• λ /∈ Λcr. Then the limit orbit of φ at w′′ is in the fixed point set. Let Nu = [0, ru]× S1 be the

neck which shrink to w′′ and Nτ
u = [τ, ru]× S1. Theorem 2.4.1 implies that

lim
τ→∞

(
lim sup
u→∞

diamS1(ϕu(Nτ
u ))

)
= 0.

Then we can define the chain of gradient segment to be the degenerate one.

• λ ∈ Λcr. In this case the chain of gradient segments is given essentially by Theorem 2.4.2, 2.4.3

and [39, Theorem 4.5], which is the same as the construction in [39, Section 8.7].

If w′′ is an old node, then the construction of the chain of gradient segments at w′′ is just a

tautology of the definition of the convergence of (c, L)-STHM’s near old type-2 boundary nodes.

It is easy to check that one end of the chain of gradient segments lies in L, which satisfies our

boundary condition in this case.

2.9.7 The limit is a (c, L)-STHM

So far we have constructed every ingredient necessary for a (c, L)-STHM. However, the definitions

of (c, L)-STHM’s and their convergence are so long that they deserve careful checking. We check in

this subsection that the object we have constructed is indeed a (c, L)-STHM and the readers can

check themselves that this (c, L)-STHM is indeed the limit of the subsequence we have chosen.

The first 3 conditions of being a (c, L)-STHM are automatically satisfied by the limit C. The finite

energy condition and the stability condition are also established when we construct the underlying

curve of C. The condition the the holonomis at interior marked points being critical is covered in

[39].

Monotonicity of chains of gradient segments

The monotonicity states that, for an interior node or type-2 boundary node w ∈ Cst, the chains of

gradient segments connecting the connecting bubbles should be all downward or all upward. In the
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interiod node case, it has a proof in [39, Section 8.7]; in the case of type-2 boundary node, it follows

from a similar estimate. We omit the details.

Stablizer of chains of gradient segments

This condition is also automatically satisfied when the monotone chains of gradient segments appear.

Matching conditions

Among various matching conditions, the only one which is not quite clear is that at boundary nodes

of type 1.

If w′ ∈ C is an old boundary node of type 1, then the convergence ρ∗K,uι
∗
K,u(Au, φu) to (A, φ)

can be extended over the preimages of w′ in the normalization of C. By passing to a subsequence,

we can also assume that the gluing data at w′ converges. Hence the matching condition at w′ is

preserved in the limit.

Now suppose w′ ∈ C is a new boundary node of type 1. Let y, y′ be its preimages in the

normalization C ′. Recall the setting and the diagram

Py × [0, π]
ιε−−−−→ Py,ε

ρu−−−−→ Pu,y,ε

gw′×r
y ygu,w′,ε

Py′ × [0, π]
ι′ε−−−−→ Py′,ε

ρu−−−−→ Pu,y′,ε.

The gluing data at w′ is defined to be the limit

gw′ := lim
ε→0

(
lim
u→∞

γu,w′,ε(θ)
)
.

Let φy,ε (resp. φy′,ε) to be the restriction of φ to Py,ε (resp. Py′,ε). We have that for any p ∈ Py

and θ ∈ [0, π]

lim
ε→0

d (φy(p), φy,ε ◦ ιε(p, θ)) = 0 (2.13)

and that limu→∞ φu,y,ε ◦ ρu → φy,ε. Moreover,

lim
ε→0

lim sup
u→∞

d (Imφu,y,ε, Imφu,y′,ε) = 0.
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Hence for any p ∈ Py, θ ∈ [0, π],

d (φy(p), φy′(gw(p)))

≤ d (φy(p), φy,ε ◦ ιε(p, θ)) + d (φy,ε ◦ ιε(p, θ), φu,y,ε ◦ ρu ◦ ιε(p, θ))

+ d (φu,y,ε ◦ ρu ◦ ιε(p, θ), φu,y′,ε ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ))

+ d
(
φu,y′,ε ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ), φy′,ε ◦ ρ−1

u ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ)
)

+ d
(
φy′,ε ◦ ρ−1

u ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ), φy′ ◦ γu,w,ε(p, θ)
)

+ d (φy′ ◦ γu,w,ε(p, θ), φy′ ◦ gw(p)) .

Apply lim supu→∞ to the right hand side, one obtains

d (φy(p), φy′(gw(p)))

≤ d (φy(p), φy,ε ◦ ιε(p, θ)) + lim sup
u→∞

d (φy ◦ ιε(p, θ), φu,y′,ε ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ))

+ lim sup
u→∞

d
(
φy′,ε ◦ ρ−1

u ◦ gu,z,ε ◦ ρu ◦ ιε(p, θ), φy′ ◦ γu,w,ε(p, θ)
)

+ lim sup
u→∞

d (φy′ ◦ γu,w,ε(p, θ), φy′ ◦ gw(p))

≤ d (φy(p), φy,ε ◦ ιε(p, θ)) + d (φy ◦ ιε(p, θ), φy′(Py′,ε)) + d (φy′(Py′,ε), φy′(Py′)) .

Then let ε→ 0, we see that φy = φy′ ◦ gw.
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Chapter 3

Morse theory for Lagrange

multipliers and adiabatic limits

3.1 Introduction to this chapter

Hamiltonian Floer homology was invented by Andreas Floer, based on Witten’s viewpoint on Morse

theory [53], to study the fixed points of a Hamiltonian diffeomorphism φ on a symplectic mani-

fold (M,ω). The Floer theory of a generic Hamiltonian diffeomorphism (or Hamiltonian isotorpy,

Hamiltonian path) can also be viewed as a Morse perturbation of the corresponding Morse-Bott

theory: pseudoholomorphic curves. It is then natural to consider gauged σ-model in this setting, by

imposing a generic, G-invariant Hamiltonian perturbation on the symplectic vortex equation. This

was originally proposed in [8].

While it is an ongoing work of the author to develop this theory in full generality, it is interesting

to notice that some special phenomenon of this theory can be viewed in a much simpler model. The

adiabatic limits of the Floer homology group in this theory should coincide with the Floer homology

group of the symplectic quotient at the level µ = 0 with the Hamiltonian descended from upstairs.

This will be an analogue of the result in [17]. On the other hand, one may wonder about the limit

in the opposite direction. For example, in the setting of Hamiltonian Gromov-Witten invariants (or

gauged Gromov-Witten invariants), González-Woodward studied this limit in genus zero case (see

[21]).

However, since it is an infinite-dimensional and equivariant theory, it is too complicated to see

clearly about the limiting behavior of this theory. Instead, we consider a finite dimensional model
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theory, which still contains a real paramter and the variation of the parameter can give two different

limit theory. This is described as follows.

3.1.1 Basic set-up

The Lagrange multiplier function

Let M be a compact manifold. Suppose f and µ are Morse functions on M , and 0 is a regular value

of µ. Then we consider the Lagrange multiplier function

F : M × R → R,

(x, η) 7→ f(x) + ηµ(x).

The critical point set of F is

Crit(F) = {(x, η) | µ(x) = 0, df(x) + ηdµ(x) = 0} ,

and there is a bijection

Crit(F) ' Crit
(
f |µ−1(0)

)
,

(x, η) 7→ x.

We consider the Morse theory of F . Take a Riemannian metric g on M and the standard

Euclidean metric e on R. Denote by g1 the product metric g ⊕ e on M × R. Then the gradient

vector field of F with respect to g1 is

∇F(x, η) = (∇f + η∇µ, µ(x)).

The differential equation for the negative gradient flow of F is

 x′ +∇f(x) + η∇µ(x) = 0;

η′ + µ(x) = 0.
(3.1)

Let p± = (x±, η±) ∈ Crit(F), and letM(p−, p+) be the moduli space of trajectories of the negative

gradient flow that approach p± as t → ±∞ respectively. Then for generic choice of data (f, µ, g),
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this moduli space will be a smooth manifold with dimension

dimM(p−, p+) = index(p−)− index(p+)− 1.

When the dimension is zero, we can count the number of elements of the corresponding moduli space

and use the counting to define the Morse-Smale-Witten complex.

Adiabatic limits

We can show that if we rescale the metric on the R-part, by gλ := g⊕λ−2e, λ ∈ R+ we get the same

homology groups, for generic λ for which the chain complex is defined. The system (3.1) is replaced

by

 x′ + (∇f(x) + η∇µ(x)) = 0;

η′ + λ2µ(x) = 0.
(3.2)

We then consider the limits of the complex for (F , gλ) as λ approaches ∞ and zero. Orbits in the

two limits will be completely different geometric objects, but the counting of them gives the same

homology groups. Indeed, in the limit λ→∞, orbits will converge to those of the negative gradient

flow of the pair (f |µ−1(0), g|µ−1(0)) on the hypersurface µ−1(0) ⊂M . This implies that for generic λ,

the homology of the chain complex for (F , gλ) will be isomorphic to the singular homology of µ−1(0).

Hence if the λ → 0 limit gives a well-defined chain complex, its homology gives a new perspective

to look at the homology of µ−1(0).

Sketch of the proof

Let’s fix two critical points p−, p+ ∈ CritF , and consider λ-trajectories from p− to p+ (which are

solutions to (3.2) which are asymptotic to p± as t → ±∞) for different λ. The energy of such any

such trajectory is F(p−)−F(p+), which is independent of λ.

For large λ, because of the finiteness of energy, one can show that all λ-trajectories from p−

to p+ will be confined a priori in a small neighborhood of µ−1(0) × R. In fact, we show that

these orbits will be close to the orbits of the negative gradient flow of f |µ−1(0). This gives the

correspondence between the Morse-Smale-Witten chain complex for (F , gλ) for large λ, and the

complex for
(
f |µ−1(0), g|µ−1(0)

)
.

On the other hand, when λ → 0, trajectories from p− to p+ will converge to some “singular”

trajectory. This part of the story is a typical example of fast-slow systems studied in geometric
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singular perturbation theory. There is only one slow variable, η. We will show that for index (p−,F)−

index (p+,F) = 1, if λ > 0 is small enough, then near each singular trajectory from p− to p+, there

exists a unique λ-trajectory from p− to p+. This gives a correspondence between the Morse-Smale-

Witten chain complex of (F , gλ) for λ small, and a complex defined by counting those singular

trajectories.

The method we use for the λ→ 0 limit is similar to the one used in [2]. However, in [2], the slow

manifolds are normally hyperbolic, so one can use the classical Exchange Lemma [26]. On the other

hand, one cannot avoid the existence of points on the slow manifold where normal hyperbolicity is

lost. To overcome this difficulty, one needs a more general exchange lemma, which is provided in

[45]. In Appendix A.1 we review facts from geometric singular perturbation theory that are used

here.

3.1.2 Organization of this chapter

In Section 3.2, we review basic facts about the Morse-Smale-Witten complex, and we construct this

complex CMλ for the function F and the metric gλ.

In Section 3.3, we consider the large-scale limit λ → ∞ of our theory. We prove a compactness

theorem which shows that for λ large, all λ-trajectories are close to a negative gradient flow trajectory

of the restriction (f, g) :=
(
f |µ−1(0), g|µ−1(0)

)
, and a “gluing” theorem, which shows that the moduli

space of λ-trajectories is homeomorphic to the moduli space of negative gradient flow trajectories of

the restricted pair (f, g).

In Section 3.4 and Section 3.5, we consider the small-scale limit λ → 0 of our theory. We also

prove a pair of theorems in this case similar to what we have done in Section 3.3. The situation is

much more complicated: the limiting trajectories will be singular, and the method we used to prove

the gluing theorem is by applying Schecter’s General Exchange Lemma.

In Section 3.6, we sketch various wall-crossing phenomena of the complex C0 when adding to µ

a constant c, to recover some elementary facts about Morse theory.

3.1.3 Conventions

We shall always assume that M , f , µ and g are C∞. A property will be called generic if it is true on

a countable intersection of open dense sets in the Fréchet space of C∞ functions. We will claim that

generic data satisfy many nice properties which we will use, but we don’t bother ourself in proving

these statements. In fact, they can be proved for generic Ck-data for some finite integer k.
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All chain complexes will be chain complexes of Z2-modules, hence no orientation issues will be

considered. We shall use the notation R+ = (0,∞), Z+ = {n ∈ Z | n ≥ 0}, and we use index(p, f)

to denote the Morse index for p as a critical point of f . We denote by Crit(f) the critical point set

of any smooth function f .

We use the symbols with a bar, as f , g to denote the restriction of f , g to the hypersurface

µ−1(0).

3.2 Morse homology and Morse-Smale-Witten complex of

(F , gλ)

3.2.1 Morse homology

For the topological aspects of Morse theory, there is the classical book [35]. Here we will adopt the

viewpoint of Witten [53], which is by now standard.

Let M be a smooth manifold without boundary. A smooth function f : M → R is a Morse

function if its differential df is a transverse section of the cotangent bundle T ∗M . This implies that

the critical points of f are discrete, and by the Morse lemma near each p ∈ Crit(f), there exists a

local coordinate chart (x1, . . . , xn) such that

f(x) = f(p)−
kp∑
i=1

x2
i +

n∑
i=kp+1

x2
i .

The integer kp is well-defined and is called the Morse index of the critical point p. We denote this

as

index (p, f) = kp ∈ Z+,

and we denote the set of critical points of f of index k by Critk(f) Now for any complete Riemannian

metric g on M , the gradient vector field ∇f is the dual of the 1-form df . We denote by φt : M →M

the flow of −∇f . For each p ∈ Crit(f), the unstable and stable manifolds are defined by

Wu(p) =

{
x ∈M | lim

t→−∞
φt(x) = p

}
, W s(p) =

{
x ∈M | lim

t→+∞
φt(x) = p

}
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and

dimWu(p) = index (p, f), dimW s(p) = n− index (p, f).

The pair (f, g) is called Morse-Smale if for any two critical points p, q, Wu(p) and W s(q) intersect

transversely in M . This condition condition holds for generic (f, g) (see for example, [47]). For

p 6= q, there is a free R-action on Wu(p) ∩W s(q) by time translation along the flow.

Then we define the Morse-Smale-Witten chain complex of Z2-modules for a Morse-Smale pair

(f, g),

CM(f, g) = (CM∗, ∂) , CMk =
⊕

p∈Critk(f)

Z2〈p〉,

where ∂ : CMk → CMk−1 is given by

∂p =
∑

q∈Critk−1(f)

np,q · q, np,q = # [(Wu(p) ∩W s(q))/R] ∈ Z2. (3.3)

One can show that # [(Wu(p) ∩W s(q))/R] is finite and ∂ ◦∂ = 0 (under the Palais-Smale condition

on f , see [47]), hence CM(f, g) is a chain complex. Its homology group is called the Morse homology

of (f, g) with Z2-coefficients, denoted by HM∗(f, g;Z2). In the case where M is compact, this

homology is independent of the choice of Morse-Smale pair (f, g) and is actually isomorphic to the

singular homology of M .

3.2.2 Morse homology and the analytic setting

The book [47] give a comprehensive treatment of the analytical perspective on finite-dimensional

Morse theory. Here we give a brief review.

Let p and q be two critical points of f , and consider the nonlinear ODE with asymptotic condition

x′ +∇f(x) = 0, lim
t→−∞

x(t) = p, lim
t→+∞

x(t) = q. (3.4)

The space of solutions to this boundary value problem can be identified with Wu(p) ∩W s(q) by

identifying the solution x(t) with the point x(0).

Indeed, the space of solutions to such a boundary value problem can be viewed as a finite-

dimensional submanifold of an infinite-dimensional Banach manifold. We consider the Banach man-
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ifold B of those W 1,2
loc maps x : R → M for which there exists T > 0 such that for t ∈ [T,+∞)

(respectively t ∈ (−∞,−T ]), d(x(t), q) (respectively d(x(t), p)) is less than the injectivity radius of

(M, g) and exp−1
q (x(t)) ∈W 1,2 ([T,+∞), TqM) (respectively exp−1

p (x(t)) ∈W 1,2 ((−∞,−T ], TpM).

There is a Banach space bundle E → B whose fibre over x : R → M is L2 (R, x∗TM). There is a

smooth section

S : B → E

x 7→ x′ +∇f(x)

whose zero locus is exactly the moduli space M̃(p, q) ' Wu(p) ∩W s(q), the space of solutions to

(3.4). This is a Fredholm section, which means that the linearization of S at each x ∈ S−1(0), which

is given by

DSx : TxB → Ex

V 7→ ∇tV +∇V (∇f)

is a Fredholm operator with Fredholm index equal to index (p)− index (q).

In order ensure that M̃(p, q) is a smooth manifold, we need that the linearization of S is surjective

along S−1(0). In this case, we say that M̃(p, q) = S−1(0) is transverse. This condition is equivalent

to transversality of Wu(p) and W s(q).

M̃(p, q) has a free R-action by time translation, so we can defineM(p, q) = M̃(p, q)/R, the space

of orbits from p to q. The compactness ofM(p, q) is an issue, especially when M is noncompact. A

control on the behavior of a solution x : R→M is its energy

E(x) =

∫
R
|∇f(x(t))|2 dt = f(p)− f(q),

which only depends on the values of f at p and q. The energy is essential for many useful es-

timates. An assumption used to yield compactness is the Palais-Smale condition on f (which is

automatic when M is compact): any sequence xi ∈ M for which f(xi) is uniformly bounded and

|∇f(xi)| → 0 has a convergent subsequence. Under the transversality and Palais-Smale assump-

tions, if index(q, f) = index (p, f) − 1, then M(p, q) is finite; if index (q, f) = index (p, f) − 2, then

M(p, q) can be compactified to be a smooth one-dimensional manifold with boundary; the boundary

points correspond to the broken orbits from p to q that pass through another critical point r with

index (r, f) = index (p, f)−1. These two facts imply that the boundary operator (3.3) is well-defined
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and ∂ ◦ ∂ = 0.

3.2.3 The Morse-Smale-Witten complex of (F , gλ)

For the pair (F , gλ) defined in Section 3.1, some modifications to the construction of the Morse-

Smale-Witten complex are required. We shall assume

(A1) M is a compact manifold.

(A2) f and µ are Morse functions on M .

(A3) 0 is a regular value of µ and f |µ−1(0) is Morse.

The metric g on M and the Morse function µ satisfying (A3) are arbitrary and fixed. We shall

make further assumptions, always denoted (Ak), that are true for generic f . Alternatively, we could

fix the Morse functions f ; the assumptions are then true for generic (µ, g).

In each of our results, we shall assume without comment that all assumptions (Ak) made up to

that point hold.

Lemma 3.2.1. Under the assumption (A3), the Lagrange multiplier F is a Morse function on

M × R and for any p = (xp, ηp) ∈ Crit(F), index(p,F) = index(xp, f |µ−1(0)) + 1.

Proof. Let p ∈ Crit(F). Since 0 is a regular value of µ, there exists a local coordinate chart

(x1, . . . , xn) near xp such that µ(x1, . . . , xn) = xn and p has coordinates (0, . . . , 0). Then we see

that the second derivative of F at p with respect to the coordinates (x1, . . . , xn, η) is of the form

D2F(0) =


A b 0

bT c 1

0 1 0

 .

Here A is equal to the second derivative of f at xp with respect to the coordinates (x1, . . . , xn−1)

on µ−1(0). So this implies that D2F is nondegenerate at p, and its determinant is equal to −detA.

Deforming b by tb and let t → 0, it is still the case for any t. Therefore it implies that the matrix

has one more positive and one more negative eigenvalues than A.

Now we consider the unstable and stable manifolds of critical points of F . Since we are dealing

with the family of metrics gλ, we want transversality of unstable and stable manifolds not just for

a single gλ, but also for the family. Let φλt denote the flow of (3.2) for the given value of λ, let
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p−, p+ ∈ Crit(F), and let I be an interval in λ-space. Define the subsets

Wu(p−, λ) =

{
p ∈M × R | lim

t→−∞
φλt (p) = p−

}
,

W s(p+, λ) =

{
p ∈ (M × R | lim

t→+∞
φλt (p) = p+

}
,

Wu(p−, I) = {(p, λ) ∈ (M × R)× I | p ∈Wu(p−, λ)} ,

W s(p+, I) = {(p, λ) ∈ (M × R)× I | p ∈W s(p+, λ)} ;

M̃I(p−, p+) = Wu(p−, I) ∩W s(p+, I), MI(p−, p+) = M̃I(p−, p+)/R.

We assume:

(A4) For all p−, p+ ∈ Crit(F), Wu(p−,R+) and W s(p+,R+) intersect transversely in M × R.

Assumption (A4) implies that for all but discretely many λ ∈ R+, Wu(p−, λ) and W s(p+, λ) are

transverse. We denote by Λreg ⊂ R+ the subset of λ’s for which M̃λ(p−, p+) is transverse for all

p−, p+ ∈ Crit(F).

Since the manifold M × R is noncompact, we also need the following result:

Lemma 3.2.2. For each λ ∈ R+, the function F satisfies the Palais-Smale condition with respect

to the metric gλ, i.e., for any sequence x̃i ∈M ×R such that F(x̃i) is bounded and |∇F(x̃i)|gλ → 0,

there exists a convergent subsequence of x̃i.

Proof. Suppose x̃i = (xi, ηi). Since M is compact, we may assume that ηi → +∞ or −∞. The

condition that F(x̃i) is bounded implies that µ(xi)→ 0; but since 0 is a regular value of µ, ∇F(x̃i) =

∇f(xi) + ηi∇µ(xi) cannot have arbitrary small norm.

Now, for any λ ∈ Λreg, we can define the associated Morse-Smale-Witten complex of (F , gλ),

which is denoted by CMλ = CM (F , gλ). Its homology is denoted by HMλ. All CMλ have the

same generators and gradings, but the boundary operator ∂λ may change when λ crosses one of the

exceptional values in R+ \ Λreg. To show that the homology HMλ is independent of λ, we have

Lemma 3.2.3. For any L > 0, there exists KL > 0 such that for any p± ∈ Crit(F), Wu(p−, (0, L])∩

W s(p+, (0, L]) ⊂M × [−KL,KL].

Proof. Suppose this statement doesn’t hold, then there exists p−, p+ ∈ Crit(F), a sequence λi

converging to λ∞ ∈ [0, L] and (xi, ηi) ∈ Wu(p−, λi) ∩ W s(p+, λi) such that limi→∞ |ηi| = +∞.

Suppose for each i there are solutions x̃i = (xi, ηi) : R → M × R to (3.2) for λ = λi such that
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(xi, ηi) = x̃i(0). Then since λi are uniformly bounded, for any R > 0, we have |ηi| |[−R,R] → ∞

uniformly.

On one hand, we have

F(p−) ≥ F(xi, ηi) = f(xi) + ηiµ(xi) ≥ F(p+)

which implies that µ(xi) → 0 uniformly on [−R,R]. Then, by the definition of the energy of the

solution x̃i, we see

F(p+)−F(p−) ≥
∫ R

−R
‖∇f(xi(t)) + ηi(t)∇µ(xi(t))‖2 dt→∞

which is impossible.

Corollary 3.2.4. For any λ1, λ2 ∈ Λreg, there is a canonical isomorphism Φλ1,λ2 : HMλ1 → HMλ2

such that for λ1, λ2, λ3 ∈ Λreg, Φλ2,λ3
◦ Φλ1,λ2

= Φλ1,λ3
.

Proof. For any λ1, λ2 ∈ Λreg, λ1 < λ2, we can compare the two complexes CMλ1 and CMλ2 as in

the case of compact manifolds, thanks to the compactness provided by the previous lemma. More

precisely, we can either use the continuation principle, or the bifurcation analysis as done in [12] to

show that the two chain complexes have isomorphic homology. Note that as we vary λ from λ1 to

λ2, the critical point set is fixed so there is no “birth-death” of critical points. What may happen

is for some λ ∈ (λ1, λ2), there may exists a trajectory between two different critical points with the

same Morse index.

Remark 3.2.5. In general, the Morse homology will be very sensitive to the Morse-Smale pair if the

underlying manifold is noncompact (see for example [28]).

3.3 Adiabatic limit λ→∞

In this section we study the limiting behavior of λ-trajectories and the chain complex Cλ as we vary

λ such that λ → 0. We expect that the λ-trajectories approach to trajectories of
(
f, g
)

in µ−1(0)

and CMλ is isomorphic to the Morse-Smale-Witten complex CM
(
f, g
)
. So natually we assume

(A5) (f, g) is Morse-Smale.

The main theorem of this section is:
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Theorem 3.3.1. For λ ∈ Λreg sufficiently large, the complex CMλ is isomorphic to the Morse-

Smale-Witten complex CM(f, g) with grading shifted by one.

Corollary 3.3.2. For any λ ∈ Λreg, there is a canonical isomorphism

Φλ,+∞ : HMλ
∗ → H∗−1(µ−1(0);Z2).

Remark 3.3.3. There are other ways to relate the two chain complexes. For example, in the appendix

of [15] Frauenfelder had a different approach by deforming the function f in the normal direction of

µ−1(0).

3.3.1 Proof of Theorem 3.3.1

For any x̃ = (x, η) ∈ M̃λ(p−, p+), we have

E = F(p−)−F(p+) = −
∫ +∞

−∞

〈
∇λF(x̃(t)), x̃′(t)

〉
λ
dt = ‖x′‖2L2 + λ2 ‖µ(x)‖2L2 .

So ‖µ(x)‖2L2 ≤ λ−2E. On the other hand, one has

∥∥∥∥ ddtµ(x(t))

∥∥∥∥
L2

≤ ‖dµ‖L∞ ‖x
′(t)‖L2 .

So by Sobolev embedding W 1,2 → C0, for any ε > 0, there exists Λε > 0 such that for λ > Λε and

x̃ ∈ M̃λ(p−, p+), we have x(t) ∈ Uε = µ−1((−ε, ε)).

Now, consider the Banach manifold B = B1,2 of W 1,2
loc -maps x̃ = (x, η) from R → Uε × R such

that x̃ is asymptotic to
(
p±, ηp±

)
∈ Crit(F) at ±∞ in the following sense: there exists R > 0 and

W̃− ∈ W 1,2((−∞,−R], Tp−M ⊕ R) and W̃+ ∈ W 1,2([R,+∞), Tp+M ⊕ R) such that x̃|(−∞,−R] =

expp− W̃−, x̃|[R,+∞) = expp+ W̃+. Consider E → B the Banach space bundle whose fibre over x̃ is

Ex̃ = L2(x∗TM ⊕ R). For λ > Λε, consider the Fredholm section S̃λ : B → E given by

S̃λ(x, η) =

(
dx

dt
+∇f + η∇µ, dη

dt
+ λ2µ(x)

)
.
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Then M̃λ(p−, p+) =
(
S̃λ
)−1

(0). The linearization of S̃λ at x̃ = (x, η) ∈ B is given by

D̃x̃ : Tx̃B → Ex̃ V

H

 7→

 ∇tV +∇V (∇f + η∇µ) +H∇µ
dH
dt + λ2dµ(V )

 .

On Uε, there is the line bundle L ⊂ TM generated by ∇µ, and denote by L⊥ the orthogonal

complement with respect to the Riemannian metric g. Then, for any x̃, we can decompose the

domain and target space of D̃x̃ as

Tx̃B 'WL(x̃)⊕WT (x̃), WL(x̃) = W 1,2(x∗L⊕ R), WT (x̃) = W 1,2(x∗L⊥); (3.5)

Ex̃ ' EL(x̃)⊕ ET (x̃), EL(x̃) = L2(x∗L⊕ R), ET (x̃) = L2(x∗L⊥). (3.6)

We rescale the norms on WL(x̃) and EL(x̃) as follows. We identify (h1∇µ, h2) ∈ WL(x̃) with

(h1, h2) ∈W 1,2 ⊕W 1,2 and define

‖(h1, h2)‖Wλ
= λ ‖h1‖L2

+ ‖h′1‖L2 + ‖h2‖L2 + λ−1 ‖h′2‖L2 ; (3.7)

and for (h1∇µ, h2) ∈ EL(x̃), identify it with (h1, h2) ∈ L2 ⊕ L2 and define

‖(h1, h2)‖Lλ = ‖h1‖L2 + λ−1 ‖h2‖L2 . (3.8)

We leave the norms on their complements unchanged, and use Wλ and Lλ to denote the norms on

Tx̃B and Ex̃ respectively.

Now we describe the limit objects. There exists a smooth function η̃ : Uε → R defined by the

condition

〈∇µ(x),∇f(x) + η̃(x)∇µ(x)〉 = 0.

Then ∇f + η̃∇µ is a smooth vector field whose restriction to µ−1(0) is the gradient of f = f |µ−1(0)

with respect to the restriction of the Riemannian metric. We denote by Ñ∞(p−, p+) the space of

solutions of the negative gradient flow of f , and by N∞(p−, p+) the quotient space by identifying
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reparametrizations, and by N∞(p−, p+) the compactified moduli space by adding broken orbits.

Proposition 3.3.4. Suppose λν → ∞ and x̃ν = (xν , ξν) ∈ M̃λν (p−, p+). Then there is a sub-

sequence, still indexed by ν, and a broken trajectory Y = ([yi])
n
i=1 ∈ N

∞
(p−, p+) and a constant

c0 > 0 such that

1. ‖(µ(xν), ην − η̃(xν))‖Wλ
≤ c0λ−1

ν ;

2. There exists t1,ν , t2,ν , . . . , tn,ν ∈ R such that xν(ti,ν + ·) converges to yi in C1
loc-topology;

Proof. Apply dµ to the equation x′ν(t) +∇f(xν(t)) + ην(t)∇µ(xν(t)) = 0, we obtain

0 =
d

dt
µ(xν(t)) + 〈∇µ(xν(t)),∇f(xν(t)) + ην(t)∇µ(xν(t))〉

=
d

dt
µ(xν(t)) + λν |∇µ|2

(
1

λν
(ην(t)− η̃(xν(t)))

)
. (3.9)

Also we have

d

dt

(
1

λν
(ην(t)− η̃(xν(t)))

)
+ λµ(xν(t)) = − 1

λν

d

dt
η̃(xν(t)). (3.10)

Consider the linear operator

D : W 1,2(R,R2) → L2(R,R2)

(f1, f2) 7→
(
d
dtf1 + λ |∇µ|2 f2,

d
dtf2 + λf1

) .

If regarded as an unbounded operator from L2 to L2, then it is bounded from below by cλ for some

constant c. Then (3.9) and (3.10) imply that

‖µ(xν)‖L2 + λ−1
ν ‖ην − η̃(xν)‖L2 ≤

c

λ2
ν

∥∥∥∥ ddt η̃(xν)

∥∥∥∥
L2

≤ cλ−2
ν .

Also, D has a uniformly bounded right inverse, so

‖µ(xν)‖W 1,2 + λ−1
ν ‖ην − η̃(xν)‖W 1,2 ≤ cλ−1

ν .

This implies the first claim of this proposition. Moreover, the Sobolev embedding W 1,2 → C0 implies

in particular that ην is uniformly bounded since η̃(xν) is. It follows that |x′ν | is uniformly bounded.

Now we identify Uε ' µ−1(0)× (−ε, ε) such that the projection to the second component is equal
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to µ. Then we can write

xν(t) = (xν(t), µ(xν(t))) .

Projecting to the first factor and using the fact that |x′ν | is uniformly bounded, we see that there

exists K > 0 independent of ν, such that

∣∣x′ν(t) +∇f ((xν(t)))
∣∣ ≤ K|µ(xν(t))|.

This implies that a subsequence of xν converges to a broken trajectory for the induced function f

in C0
loc-topology. More precisely, there exists t1,ν , . . . , tk,ν ∈ R such that xν(ti,ν + ·) converges to a

trajectory yi in µ−1(0) in C0
loc-topology.

Then, by the Sobolev embedding W 1,2 → C0 and the C0
loc convergence of xν(ti,ν + ·) to yi, we

see that ην(ti,ν + ·) converges to η̃(yi) in C0
loc. This implis that the convergence xν(ti,ν + ·) to yi is

in C1
loc.

Now we want to prove that, any y ∈ Ñ∞(p−, p+) can be approximated by x̃ ∈ M̃λ(p−, p+), so

that in particular, when index(p−,F)− index (p+,F) = 1, there is a canonical one-to-one correspon-

dence between N∞(p−, p+) and Mλ(p−, p+).

Since we have assumed that the restriction of (f, g) to µ−1(0) is Morse-Smale, the trajectory y

is transverse. Namely, the linearized operator

Dy : W 1,2(y∗Tµ−1(0)) → L2(y∗Tµ−1(0))

V 7→ ∇y′V +∇V (∇f + η̃∇µ)

is surjective and has a bounded right inverse Qy. In particular, we can choose Qy such that

ImQy =
{
V ∈W 1,2(y∗Tµ−1(0)) | g(V (0),W (0)) = 0 ∀W ∈ kerDy

}
.

For any large λ, we take our approximate solution just to be

ỹ(t) = (y(t), η̃(y(t))) .

Note that y(t) converges to p± exponentially as t → ±∞, so ỹ ∈ B. Then denote the linearization
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of S̃λ at ỹ by

D̃ỹ : W 1,2(y∗TM ⊕ R) → L2(y∗TM ⊕ R) V

h

 7→

 ∇y′V +∇V (∇f + η̃∇µ) + h∇µ

h′ + λ2dµ(V )

 .

Now we construct a right inverse to D̃ỹ out of Qy. Note that, for any V ∈WT (ỹ)

D̃ỹ(V ) =
(
∇tV +∇V (∇f + η∇µ), λ2dµ(V )

)
=
(
Dy(V ), 0

)
∈ ET (ỹ).

Hence with respect to the decomposition (3.5) and (3.6), the linearized operator can be written as

D̃ỹ =

 Dy Ay

0 D′ỹ

 .

Here Ay is given by

Ay(h1∇µ, h2) = h1W

where W is a smooth tangent vector field on µ−1(0). Hence there exists c1 > 0 such that

‖Ay(h1∇µ, h2)‖Lλ ≤ c1 ‖h1‖L2 ≤ c1λ−1 ‖h1‖Wλ
.

Now we look at the operator D′ỹ. After trivialize the bundle R{∇µ} ⊕R isometrically to R2, we

see the operator D′ỹ is transformed into

D′ỹ =
d

dt
+

 a(t) λb(t)

λb(t) 0

 =:
d

dt
+B(t).

It is easy to see that, for λ large, B(t) has 1 positive eigenvalue and one negative eigenvalue, both

of which are bounded away from zero by cλ, where c is a constant independent of λ. Hence we have

a (unique)bounded right inverse

Q′ỹ : EL(ỹ)→WL(ỹ),
∥∥Q′ỹ∥∥ ≤ c2
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for some c2 > 0. Then define

Qỹ =

 Qy 0

0 Q′ỹ


which serves the approximate right inverse.

Lemma 3.3.5. There exists Λ0 > 0, such that for all λ > Λ0,

∥∥∥Id− D̃ỹQỹ

∥∥∥
Lλ

<
1

2

with respect to the operator norm of the space Lλ.

Proof. Note that Id− D̃ỹQỹ = Ay ◦Q′ỹ and

∥∥AỹQ′ỹ(h1∇µ, h2)
∥∥
Lλ
≤ c1

λ

∥∥Q′ỹ(h1∇µ, h2)
∥∥
Wλ
≤ c1c2

λ
‖(h1∇µ, h2)‖Lλ .

Hence D̃ỹQỹ is invertible and a right inverse can be constructed as

Q̃ỹ = Qỹ

(
D̃ỹQỹ

)−1

: Lλ →Wλ.

And it is uniformly bounded by some constant which is independent of λ.

Now since we want to apply the implicit function theorem (cf. [34, Appendix A]), we need to

trivialize the Banach manifold B and the Banach space bundle E locally near ỹ. We identify a

neighborhood of ỹ in B with a small ball (with respect to the Wλ-norm) centered at the origin of

TỹB as follows: using the identification Uε ' µ−1(0) × (−ε, ε), for any W̃ = (W,a∇µ, h) ∈ TỹB,

we identify it with the map ρ(W̃ ) = (expỹW,a, η̃(ỹ) + h) ∈ µ−1(0) × (−ε, ε) × R where exp is the

exponential map inside µ−1(0). We trivialize E over such a neighborhood around ỹ by parallel

transport along the radial geodesics, which is denoted by Φ
W̃

: E
ρ(W̃ )

→ Eỹ. Then for W̃ ∈ TỹB

with
∥∥∥W̃∥∥∥

Wλ

small, denote by D̃
W̃

: TỹB → Eỹ the linearization of Φ
W̃
◦ S̃λ(ρ(W̃ )) at W̃ . We have

Lemma 3.3.6. There exists ε3, c3 > 0, independent of λ, such that for all W̃ ∈ TỹB with
∥∥∥W̃∥∥∥

Wλ

<

ε3, one has

∥∥∥D̃W̃
− D̃ỹ

∥∥∥ ≤ c3 ∥∥∥W̃∥∥∥
Wλ

. (3.11)
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Proof. First consider the case when the R-component of W̃ is zero. We denote by S̃1 the first

component of S̃λ, which is independent of λ. Then we see

∥∥∥DS̃1(W̃ )−DS̃1(ỹ)
∥∥∥ ≤ c∥∥∥W̃∥∥∥

L∞
(3.12)

which is standard. Now because the R-component of W̃ is zero, we have
∥∥∥W̃∥∥∥

L∞
≤ c

∥∥∥W̃∥∥∥
Wλ

by

our definition of the Wλ-norm (3.7).

The second component of S̃λ is denoted by S̃λ2 . Then we see in this case, for any Ṽ = (V, h) ∈ TỹB

DS̃λ2 (W̃ )(Ṽ ) = λ2h. (3.13)

Hence the variation of the derivative of S̃λ2 is always zero.

Now we consider the case W̃ = (0, h0) with h0 ∈ W 1,2(R). Then for any W̃0 ∈ TỹB small, by

our definition of our norms (3.7) and (3.8),

∥∥∥(D̃
W̃+W̃0

− D̃
W̃0

)(V, h)
∥∥∥
Lλ

= ‖h0∇V∇µ‖Lλ = ‖h0∇V∇µ‖L2

≤ c
∥∥∥W̃∥∥∥

Wλ

‖V ‖L2 ≤ c
∥∥∥W̃∥∥∥

Wλ

‖(V, h)‖Wλ
(3.14)

for some c > 0.

Combining (3.12), (3.13) and (3.14) we obtain (3.11).

On the other hand, we see

∥∥∥S̃λ(ỹ)
∥∥∥
Lλ

= λ−1

∥∥∥∥ ddt η̃(y)

∥∥∥∥
L2

≤ c4λ−1

for some constant c4 > 0. By the implicit function theorem, there exists ε4 > 0 such that for

sufficiently large λ, there exists a unique W̃λ(y) ∈ TỹB satisfying

∥∥∥W̃λ(y)
∥∥∥
Wλ

≤ ε4, W̃λ(y) ∈ ImQỹ, S̃
λ(expỹ W̃λ(y)) = 0.

Moreover, there exists c5 > 0 such that

∥∥∥W̃λ(y)
∥∥∥
Wλ

≤ c5
λ
.
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We hence define the gluing map (for large Λ0) to be

Φ : [Λ0,+∞)× Ñ∞(p−, p+) → ∪λ≥Λ0
M̃λ(p−, p+)

(λ, y) 7→ expỹ W̃λ(y).

Theorem 3.3.7. For each λ ∈ [Λ0,+∞) ∩ Λreg, the restriction of Φ to {λ} × Ñ∞(p−, p+) is a

homeomorphism onto M̃λ(p−, p+).

Proof. To complete the proof of this theorem, it remains to prove the local surjectivity of the gluing

map Φ. For simplicity, we only prove for the case when the Morse indices of p− and p+ differ

by one, which is enough for our purpose. Suppose it is not the case, then there exists a sequence

λi →∞ and x̃i ∈ M̃λi(p−, p+) which converges to some ỹ ∈ Ñ∞(p−, p+) as described by Proposition

3.3.4 (with n = 1 and t1,ν = 0) but don’t lie in the range of Φ. Then, consider the hyperplanes

N(y(s)) = (y′(s))⊥ ⊂ Ty(s)M for s ∈ R. For each i, there exists si ∈ R such that si → 0 and

x̃i(0) ∈
{

(expy(si) V, η) | η ∈ R, V ∈ N(y(si)), ‖V ‖ ≤ ε
}
.

Then if we write x̃i(t) = expỹ(si+t) W̃i(t), then W̃i ∈ ImQỹ(si+·) and
∥∥∥W̃i

∥∥∥
Wλi

≤ c0λ
−1
i by Propo-

sition 3.3.4. By the uniqueness part of the implicit function theorem, this implies that x̃i =

Φ(λi, ỹ(si + ·)), which contradicts with our assumption.

Now Theorem 3.3.1 is an immediate consequence.

Remark 3.3.8. One can also prove this theorem using geometric singular perturbation theory (see

the discussion in the paper [46] following this part, which is provided by Stephen Schecter).

3.4 Fast-slow system associated to the λ→ 0 limit

Now we consider the limit of (3.2) as λ→ 0. In this limit, (3.2) is a “fast-slow system” [26]. There is

one slow variable, η. In this section, we will identify the slow manifold, and study the fast flow and

slow equation, under appropriate generic assumptions. (This terminology is reviewed in Appendix

A.1.) We will also relate various Morse indices.
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3.4.1 The slow manifold

The slow manifold for (3.2) is the set of equilibria for λ = 0:

CF = {(x, η) ∈M × R | ∇f(x) + η∇µ(x) = 0} .

We assume:

(A6) Crit(f) ∩ Crit(µ) is empty.

(A7) ∇f + η∇µ is a transverse section of π∗TM , where π : M × R→M is the projection.

(A7) implies that CF is a 1-dimensional smooth submanifold of M × R. Indeed, it is noncompact

and its end at infinity is asymptotic to (Critµ× [R,+∞)) ∪ (Critµ× (−∞,−R]) for R large. This

can be seen as follows. If there is a sequence (xi, ηi) ∈ CF with limi→∞ |ηi| = ∞, then we see that

∇µ(xi) → 0 and a subsequence of xi converging to some y ∈ Critµ. Conversely, for any y ∈ Critµ,

let Sε(y) ⊂ M denote the sphere of radius ε around y. Since by (A2) y is a nondegenerate critical

point of µ, we see that for small ε > 0, the map

Sε(y)→ S(TyM), x 7→ ∇µ(x)

‖∇µ(x)‖

has degree ±1. On the other hand, by (A6) we can use local coordinates near y in which the vector

field ∇f is constant. Hence there exist a unique pair of points (x±ε , η
±
ε ), with x±ε ∈ Sε(p), such that

(x±ε , η
±
ε ) ∈ CF .

We can order the two points so that limε→0 η
±
ε = ±∞.

For fixed η, denote the function fη = f + ηµ : M → R. Then consider the function

dC : CF → R

p = (x, η) 7→ det Hessfη(x).

We assume

(A8) 0 is a regular value of dC .

(A9) For any p = (x, η) ∈ d−1
C (0), µ(x) 6= 0. Therefore d−1

C (0) ∩ Crit(F) = ∅.

We denote CsingF = d−1
C (0). From (A8), as (x, η) ∈ CF crosses a point in CsingF , one and only one of

the eigenvalues of Hessfη(x) changes its sign.
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By the implicit function theorem, CF can be smoothly parameterized by η near any point of

CF \ CsingF as x = x(η). On the other hand, near CsingF we have the following result.

Proposition 3.4.1. Let p = (xp, ηp) ∈ CsingF . We can choose local coordinates (x1, . . . , xn) on M

such that xp corresponds to (0, . . . , 0), and near p, CF is parameterized by xn. Moreover, for some

c 6= 0,

η = ηp + cx2
n +O(x3

n).

Thus η|CF has a nondegenerate critical point at p.

This is a standard result, but we shall give a proof in Subsection 3.4.3.

3.4.2 The fast flow

The fast flow Φt : M × R → M × R of (3.2) is the flow on M × R determined by (3.2) for λ = 0.

The set of equillibria of the fast flow is just CF , and along the fast flow, η is constant.

If p = (xp, ηp) ∈ CF , then xp is a critical point of the function fηp : M → R. A fast solution

from p− ∈ CF to p+ ∈ CF is a solution x̃(t) of (3.2) for λ = 0 such that limt→±∞ x̃(t) = p±. A fast

orbit from p− to p+ is an equivalence class of fast solutions from p− to p+ modulo time translation.

A fast solution or orbit is trivial if the orbit consists of a single point.

For p = (xp, ηp) ∈ CF , xp is a nondegenerate critical point if and only if p ∈ CF \CsingF . Note that

the Morse index of a nondegenerate critical point x of fη can be defined as the number of negative

eigenvalues of the matrix Hessfη(x). We define the Morse index of a degenerate critical point the

same way. We shall use the already introduced notation index (xp, fηp) to denote the Morse index

in this sense of xp as a critical point of fηp .

Index (xp, fηp) is locally constant on CF \ CsingF . Near p ∈ CsingF , the values of index (xp, fηp) on

the two branches differ by one, and index (xp, fηp) is the lower of these two numbers.

Transversality assumptions

On CF \ CsingF , the fast flow is normally hyperbolic. For any subset β of CF \ CsingF define

Wu(β) =

{
(x, η) ∈M × R | lim

t→−∞
Φt(x, η) ∈ β

}
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and

W s(β) =

{
(x, η) ∈M × R | lim

t→+∞
Φt(x, η) ∈ β

}
.

Note that in this section we always have λ = 0, so we will not use the notation of Subsection 3.2.3

to specify a value of λ. If β is connected, define index (β) to be index (xp, fηp) for any p = (xp, ηp)

in β.

We assume

(A10) Wu
(
CF \ CsingF

)
and W s

(
CF \ CsingF

)
intersect transversally in M × R.

(A11) For each p = (xp, ηp) ∈ Crit(F), the pair (fηp , g) is Morse-Smale on M .

Assumption (A10) can be thought of as a weak version of the Morse-Bott-Smale transversality

condition (see [1]) for a Morse-Bott function and a metric. The relation between the two assumptions

is that (A11) implies that the transversality in (A10) holds near certain points, but (A10) does not

imply (A11).

There are two special types of nontrivial fast orbits that play important roles in our construction.

We introduce them in the remainder of this subsection.

Handle-slides and cusp orbits

By (A10) we see, if β1, β2 ⊂ CF \ CsingF are connected, then

dim (Wu(β1) ∩W s(β2)) = index (β1)− index (β2) + 1.

In particular, when index (β1) = index (β2), the dimension is one, so the intersection consists of

diskrete nontrivial fast orbits. We call such an orbit a handle-slide. If a handle-slide is contained in

M × {η}, we say that a handle-slide happens at η.

We assume:

(A12) The composition π : Crit(F) ∪ CsingF ↪→ M × R → R is injective. Moreover, handle-slides

happen at distinct values of η that are not in the image of π.

Now we look near a point p = (xp, ηp) ∈ CsingF . All the eigenvalues of Hessfηp(xp) have absolute

values great than a constant a > 0, except for the one that changes its sign at p. Then we define

Wu
a (p) to be the space of maps u : (−∞, 0]→M satisfying
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1. (u(t), ηp) = Φt(u(0), ηp) for t ≤ 0;

2. For sufficiently large T , for t ∈ (−∞,−T ],

u(t) = expxp V (t), V ∈W 1,2
a ((−∞,−T ], TxpM).

Here for any open subset Ω ⊂ R, the space W 1,2
a (Ω) is the space of functions f with ea|t|f ∈

W 1,2(Ω).

Similarly we can define W s
a (p). By the map u 7→ u(0), Wu

a (p) and W s
a (p) are naturally identified

with smooth submanifolds of M , which are called the a-exponential unstable and stable manifolds

of p, having dimensions

dimWu
a (p) = index (xp, fηp), dimW s

a (p) = n− index (xp, fηp)− 1.

Let W̊u(p) = Wu(p) \Wu
a (p) and W̊ s(p) = W s(p) \W s

a (p). These manifolds are unions of orbits

that approach p polynomially rather than exponentially. They are submanifolds of M × {ηp} of

dimension dimWu
a (p) + 1 and dimW s

a (p) + 1. We assume

(A13) For each p = (xp, ηp) ∈ CsingF and q = (xq, ηq) ∈ CF with ηp = ηq = η, Wu
a (xp) and W s(xq)

(respectively W s
a (xp) and Wu(xq)) intersect transversely in M × {η}, W̊u(xp) and W s(xq)

(respectively W̊ s(xp) and Wu(xq)) intersect transversely in M × {η}.

The reader may refer to [13] and [12] for this transversality in the case of Lagrangian intersections.

(A13) implies that for p = (xp, ηp) ∈ CsingF and q = (xq, ηq) ∈ CF \ CsingF , Wu
a (p) ∩W s(q) = ∅ if

index (xq, fηq ) ≥ index (xp, fηp)− 1; and Wu(q) ∩W s
a (p) = ∅ if index (xp, fηp) ≥ index (xq, fηq )− 2.

For example, Wu(q) ∩W s
a (p) = ∅ if

0 ≥ dim Wu(q) + dim W s
a (p)− (n+ 1) = index (xq, fηq ) + (n− index (xp, fηp)− 1)− (n+ 1)

= index (xq, fηq )− index (xp, fηp)− 2.

When the inequalities are equalities, Wu(p) ∩W s(q) = W̊u(p) ∩W s(q) and Wu(q) ∩W s(p) =

Wu(q) ∩ W̊ s(p)) consist of isolated orbits corresponding to solutions that approach p like 1
t rather

than exponentially. We call such orbits cusp orbits; parametrized ones are cusp solutions. An

argument similar to one in [12] shows that between p and q there are only finitely many cusp orbits.
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Short fast orbits

By Proposition 3.4.1, near p ∈ CsingF , one can parametrize CF by γp : (−ε, ε)→ CF such that

γp(0) = p, η(t) = ηp ± s2. (3.15)

We choose the orientation of γp such that index (γp((−ε, 0))) = index (γp((0, ε))) + 1. For ε small

enough there exists a unique such parametrization γ and we call γ the canonical parametrization

near p. Then, for ε small enough, there is a unique trajectory of the flow of −∇fη(s) from γ(−s) to

γ(s) and they are all contained in a small neighborhood of xp.

Lemma 3.4.2. There exists ε0 > 0 such that for all p ∈ CsingF and for s ∈ (0, ε0) there exists a

unique trajectory of the fast flow from γp(−s) to γp(s), where γp : (−ε0, ε0) → CF is the canonical

parametrization of CF near p.

If 0 < s ≤ ε < ε0, then we call a fast orbit from γp(−s) to γp(s) an ε-short orbit.

Lemma 3.4.3. For any ε small enough, there exists δ = δ(ε) > 0 such that, for all η ∈ R, any

trajectories of the flow of −∇fη which is not an ε-short trajectory has energy no less than δ.

Proof. Denote Csing,εF = ∪p∈CsingF
γp((−ε, ε)). Because we have assumed that the map CsingF →

M ×R→ R is injective, any fast trajectory both of whose beginning and end lie in Csing,εF much be

an ε-short trajectory. So suppose the lemma doesn’t hold, then there exists ε > 0 and a sequence of

nontrivial fast trajectories (yk, ηk) ⊂M × {ηk} such that

lim
k→∞

fηk(yk(−∞))− fηk(yk(+∞)) = 0 (3.16)

and they are not ε-short ones. Hence without loss of generality, we may assume that for all k,

yk(−∞) /∈ Csing,εF .

1. limk→∞ ηk = ±∞, which implies that yk(±∞) converges to points in Crit(µ). However, if

we rescale the orbit by zk(t) = yk(η−1
k t), then zk converges to a (possibly broken) nontrivial

trajectory of the flow of −∇µ, which contradicts with (3.16).

2. limk→∞ ηk = η∞ ∈ R. Then a subsequence of yk converges to a broken trajectory of fη∞ ,

which must be a constant one. Hence

lim
k→∞

(yk(±∞)) =: y∞ ∈ CF \ Csing,εF .
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So for k large enough, yk(±∞) lie in the same connected component of CF \ C
sing, ε2
F . This is

impossible because on each such component, distinct points have distinct values of η.

3.4.3 The slow equation

On CF \ CsingF , which is parameterized by η, the slow equation is given by restricting the second

equation of (3.2) to CF \ CsingF and dividing by λ2:

η′ = −µ(x(η)). (3.17)

Thus η′ changes sign only when µ = 0. We have

Crit(F) = {(x, η) ∈ CF | µ(x) = 0} .

Thus η′ changes sign only at points of Crit(F). By (A9), η′ does not change sign at points of CsingF .

Proposition 3.4.4. Equilibria of (3.17) are hyperbolic.

Proof. Let p = (xp, ηp) be an equilibrium of (3.17). Then µ(xp) = 0, so by (A3), dµ(xp) 6= 0. Hence

we can choose local coordinates (x1, . . . , xn) near xp such that µ(x1, . . . , xn) = xn. Near p, CF can

be defined without reference to the metric g by the equations

∂f

∂xi
+ ηδnj , j = 1, . . . , n; δij = Kronecker delta. (3.18)

Let en =

(
0 . . . 0 1

)T
, the nth standard unit basis vector in Rn. Then the derivative of the

system (3.18) is the n× (n+ 1) matrix

(
Hessf(x) en

)
=

A b 0

bT c 1

 , (3.19)

where A is an (n− 1)× (n− 1) matrix, and (bT , c) =
(

∂2f
∂x1∂xn

, · · · , ∂2f
∂xn−1∂xn

, ∂
2f
∂x2
n

)
.

Since xp is a critical point of f |µ−1(0), by (A5), A is invertible. The matrix (3.19) has full rank;

a nonzero vector in its kernel is tangent at p to CF . Since p ∈ CF \ CsingF , such a vector has nonzero

η-component, and one can check that it has nonzero xn-component. Therefore near p, when CF is

97



parameterized by η, we have x(η) = (y(η), xn(η)) with

xn(η) = a(η − ηp) +O(η − ηp)2, a 6= 0.

But then (3.17) becomes

η′ = a(η − ηp) +O(η − ηp)2,

which proves the result.

Next we diskuss the slow equation near points of CsingF . Recall that if p0 is an equilibrium of

ṗ = h(p), h is Cs, Dh(p0) has m eigenvalues (counting multiplicity) with real part 0, and E is

the corresponding m-dimensional invariant subspace of v̇ = Dh(p0)v, then there is a Cs invariant

manifold through p0 and tangent there to E, called the center manifold of ṗ = h(p) at p0.

Proposition 3.4.5. Let p = (xp, ηp) ∈ CsingF . We can choose local coordinates (x1, . . . , xn) on M

near xp, with xp corresponding to 0, in which

D∇f(0) =

 A 0

0 0

 , A an invertible symmetric (n− 1)× (n− 1) matrix. (3.20)

The center manifold of (3.2) at p is parameterized by (xn, η). There are numbers c 6= 0 and d 6= 0

such that the system (3.2), restricted to the center manifold, is

x′n = c(η − ηp) + dx2
n + . . . , (3.21)

η′ = −λ2(µ(xp) + . . .), (3.22)

where . . . indicates terms of higher order (and, in (3.21), other second-order terms). Therefore near

p, CF is parameterize by xn, and η|CF has a nondegenerate critical point at p.

Proof. (A7) implies that we can choose local coordinates (x1, . . . , xn) on M near xp, with xp cor-

responding to 0, in which (3.20) holds. In these coordinates, µ = µ(xp) + aTx + . . . with a ∈ Rn.

Write x = (y, xn) with y ∈ Rn−1, and write a = (b, c) with b ∈ Rn−1 and c ∈ R. Near p the system
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(3.2) becomes

y′ = Ay + b(η − ηp) + . . . , (3.23)

x′n = c(η − ηp) + dx2
n + . . . , (3.24)

η′ = −λ2(µ(xp) + . . .), (3.25)

where . . . indicates higher-order terms (and, in (3.24), other second-order terms). (A7) implies that

c 6= 0, and (A8) implies that d 6= 0. The linearization of (3.23)–(3.25) at (y, xn, η) = (0, 0, ηp) is


y′

x′n

η′



A 0 b

0 0 c

0 0 0




y

xn

η − ηp

 .

The matrix has a two-dimensional generalized eigenspace for the eigenvalue 0 that is tangent to the

center manifold of (3.23)–(3.25) at p. The center manifold is parameterized by (xn, η), and to lowest

order it is given by

y = −A−1b(η − ηp)

The restriction of (3.23)–(3.25) to the center manifold is therefore given by (3.21)–(3.22).

Proposition 3.4.1 is of course just a partial restatement of Proposition 3.4.5.

3.4.4 Three indices

In this subsection we describe the relation between three different Morse indices:

1. For any p = (xp, ηp) ∈ CF , we have index(xp, fηp), used in Subsection 3.4.2.

2. For p = (xp, ηp) ∈ Crit(F), we can consider index (p,F).

3. If p = (xp, ηp) ∈ Crit(F), then xp ∈ Crit(f |µ−1(0)), and we can consider index (xp, f |µ−1(0)).

We have already seen in Lemma 3.2.1 that index(p,F) = index(xp, f |µ−1(0)) + 1 for p = (xp, ηp) ∈

Crit(F). The best way to see the relation of the different indices is to look at the corresponding

unstable manifolds.

Proposition 3.4.6. Let p = (xp, ηp) ∈ Crit(F).

1. If p is a repeller of the slow equation, then index (p,F) = index(xp, fηp) + 1.
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2. If p is an attractor of the slow equation, then index (p,F) = index(xp, fηp).

Proof. If p is a repeller of the slow equation, then for small λ > 0, the equilibrium p of (3.2) has

one more positive eigenvalue than the equilibrium xp of fηp . Since the index of a critical point of a

Morse function h is the number of positive eigenvalues of the corresponding equilibrium of ∇h for

any metric, (1) follows. (2) is similar.

3.5 Adiabatic limit λ→ 0

3.5.1 Slow solutions, fast solutions, and fast-slow solutions

Let p−, p+ ∈ CF .

Recall that a nontrivial fast solution from p− to p+ is a nonconstant solution x̃(t), −∞ < t <∞,

of (3.2) for λ = 0, such that limt→±∞ x̃(t) = p±.

Let (x(η), η) parameterize the closure of a component of CF \ CsingF . Let I(α−, α+) ⊂ R be the

closed interval from α− to α+, with α− ≤ α+; we allow α− = −∞, α+ = +∞, and α− = α+ ∈ R.

Let η(t), t in the interior of I(α−, α+), be a solution of η′ = −µ(x(η)). If α− (respectively α+) is

finite, we extend η(t) continuously to α− (respectively α+). Let p(t) = (x(η(t)), η(t)), t ∈ I(α−, α+),

and let p± ∈ CF . Then p(t) is a slow solution from p− to p+ (for short, a slow solution) provided:

1. if α− (respectively α+) is finite, then p(α−) = p− (respectively p(α+) = p+);

2. if α− = −∞ (respectively α+ = +∞), then limt→−∞ p(t) = p− (respectively

limt→+∞ p(t) = p+).

A slow solution or its orbit is trivial if the orbit is a single point in CF .

A fast-slow solution from p− to p+ of (3.2) (for short, a fast-slow solution) is a sequence

X = (p0, σ1, p1, σ2, p2, . . . , pn−1, σn, pn) (3.26)

such that:

1. p0 = p−, pn = p+.

2. Each pi ∈ CF .

3. Each σi is a nontrivial fast solution or a slow solution from pi−1 to pi. Trivial slow solutions

are allowed, but σ1 and σn are not allowed to be trivial slow solutions.
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4. Either (i) σi is slow for i even and fast for i odd, or (ii) σi is slow for i odd and fast for i even.

Trivial slow solutions are allowed to deal with the possibility that a fast solution to p is followed

by a fast solution from p.

An orbit (fast orbit, slow orbit, or fast-slow orbit) is an equivalence class of solutions obtained

by forgetting the parametrization (but remembering the orientation in which F decreases). In

particular, a fast-slow orbit is denoted by [X ] for X as in (3.26).

Remark 3.5.1. A fast-slow orbit defined above is similar to a “flow line with cascades” in Morse-Bott

theory (see [14]), where the fast solutions correspond to “cascades”. The difference is that the slow

manifold CF is not everywhere normally hyperbolic, and we can have pi ∈ CsingF .

In the remainder of this subsection, we will diskuss some properties of fast-slow orbits from

p− ∈ CF to p+ ∈ CF . We are particularly interested in the case p± ∈ Crit (F) and index(p−,F) −

index(p+,F) = 1.

The following proposition is obvious.

Proposition 3.5.2. Consider a nontrivial slow solution p(t), t ∈ I(α−, α+), from p− to p+.

1. If p− ∈ CsingF , then either (i) for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x−, fη−), or (ii)

for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x−, fη−) + 1.

2. If p+ ∈ CsingF , then either (i) for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x+, fη+), or (ii)

for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x+, fη+) + 1.

A slow solution p(t) for t ∈ I(α−, α+) is regular if it is nontrivial and satisfies:

1. If p− ∈ CsingF , then for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x−, fη−) + 1.

2. If p+ ∈ CsingF , then for all t ∈ (α−, α+), index (xp(t), fηp(t)) = index (x+, fη+).

A slow orbit is regular if it is the orbit of a regular slow solution.

See Figure 3.1.

Proposition 3.5.3. Let γ be either a slow or fast solution from p− = (x−, η−) to p+ = (x+, η+).

1. If γ is a regular slow solution, then:

(a) If p− ∈ CsingF , then index (x+, fη+) = index (x−, fη−) + 1.

(b) Otherwise index (x+, fη+) = index (x−, fη−)

2. If γ is a nontrivial fast solution (so η+ = η−), then:
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p+

p

(a) (b)

Figure 3.1: (a) Direction of slow flow is downward. The thick curve is a regular slow orbit that
starts at p−. Points on it have index one greater than p−. (b) Direction of slow flow is downward.
The thick curve is a regular slow orbit that ends at p+. Points on it have the same index as p+.

(a) At most one of p± is in Crit(F) ∪ CsingF .

(b) index (x+, fη+) ≤ index (x−, fη−).

(c) If p+ ∈ Crit(F) ∪ CsingF or p− ∈ Crit(F), then index (x+, fη+) ≤ index (x−, fη−)− 1.

Proof. The result for slow solutions is immediate from their definition.

For fast solutions, (2)(a) follows from assumption (A12)

Let p(t) be a fast solution, let index (x−, fη−) = k, and index (x+, fη+) = l. (Of course η+ = η−.)

If p+ ∈ Crit(F)∪CsingF , then (A11) or (A13) implies that Wu(p−) and W s(p+) intersect transver-

sally within M × {η−}. We have dimWu(p−) = k, and dimW s(p+) = n − l, so the intersection is

nonempty provided k + (n− l) ≥ n+ 1, i.e., l ≤ k − 1.

If p− ∈ Crit(F), the same argument applies. However, if p− ∈ CsingF , then dimWu(p−) = k + 1.

We again have dimW s(p+) = n− l, so the intersection is nonempty provided (k+1)+(n− l) ≥ n+1,

i.e., l ≤ k.

If neither p− nor p+ is in Crit(F)∪CsingF , then we do not know that Wu(p−) and W s(p+) intersect

transversally within M × {η−}. However, by (A10), (k + 1) + (n− l + 1) ≥ n+ 2, so l ≤ k.

Proposition 3.5.4. Consider a fast-slow solution X = (p0, σ1, p1, σ2, p2, . . . , pn−1, σn, pn) from

p− = (x−, η−) to p+ = (x+, η+), with neither in CsingF and index (x+, fη+) ≥ index(x−, fη−) = k.

Then

1. For all i ≥ 1, index (xpi , fpi) = k, except for the case where pi ∈ CsingF and σi is a fast solution,

in which case index (xpi , fpi) = k − 1. In particular, index (x+, fη+) = k.

2. All slow solutions appearing in X are regular. In particular, they are nontrivial.

3. If pi ∈ Crit(F), then i = 0 or i = n. In the first case, p0 = p− ∈ Crit−(F) and σ1 is slow; in

the second case, pn = p+ ∈ Crit+(F) and σn is slow.
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4. The fast solutions are handle-slides or cusp solutions.

Proof. Along a fast-slow solution, index (xpi , fpi) ≤ index (xpi−1
, fpi−1

), except along a regular slow

solution for which pi−1 ∈ CsingF and pi ∈ CF\CsingF ; in this case index (xpi , fpi) = index (xpi−1
, fpi−1

)+

1. However, the index drops along the fast solution from pi−2 to pi−1. Thus (1) holds; also, non-

trivial slow solutions must be regular and (3) must hold, otherwise we would have index (x+, fη+) <

index(x−, fη−). (3) rules out fast solutions that start or end in Crit(F); any remaining fast solutions

are handle-slides or cusp solutions, so (4) holds. Since handle-slides and cusp solutions occur at

different values of η, slow solutions must be nontrivial, which completes the proof of (2).

Now we describe fast-slow solutions between two critical points whose indices differ by 1. Recall

from Subsection 3.2.1 that Critk(F) denotes the set of index k critical points of F . Let Crit+
k (F)

(respectively Crit−k (F)) denote the set of equilibria in Critk(F) that are stable (respectively unstable)

equilibria of the slow equation. Let Crit±(F) = ∪k≥0Crit±k (F).

Proposition 3.5.5. Let p± = (x±, η±) ∈ Crit(F) with p− ∈ Critk(F), p+ ∈ Critk−1(F). A fast-

slow solution X = (p0, σ1, p1, σ2, p2, . . . , pn−1, σn, pn) from p− to p+ has the following properties.

1. If σi is a fast solution from pi−1 = (xpi−1
, ηpi−1

) to pi = (xpi , ηpi) (of course ηpi = ηpi−1
), then

index (xpi , fηpi ) = index (xpi−1
, fηpi−1

), unless:

(a) pi ∈ CsingF , in which case index (xpi , fηpi ) = index (xpi−1
, fηpi−1

)− 1.

(b) i = 1, p0 = p− ∈ Crit+
k (F), in which case σ1 is fast (so ηp1 = ηp) and

index (xp1 , fηp1 ) = index (x−, fη−)− 1.

(c) i = n, pn = p+ ∈ Crit−k−1(F), in which case σn is fast (so ηq = ηpn−1
) and

index (x+, fη+) = index (xpn−1
, fηpn−1

)− 1.

2. All slow solutions appearing in X are regular. In particular, they are nontrivial.

3. For i = 1, . . . , n− 1, pi /∈ Crit(F).

4. The fast solutions in X are handle-slides or cusp solutions, except for σ1 when p− ∈ Crit+
k (F)

and σn when p+ ∈ Crit−k−1(F).

In addition:
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(I) Suppose p− ∈ Crit+
k (F) and p+ ∈ Crit+

k−1(F). Then the odd σi are fast, and n is even.

(II) Suppose p− ∈ Crit+
k (F) and p+ ∈ Crit−k−1(F). Then the odd σi are fast, and n is odd.

(III) Suppose p− ∈ Crit−k (F) and p+ ∈ Crit+
k−1(F). Then the odd σi are slow, and n is odd.

(IV) Suppose p− ∈ Crit−k (F) and p+ ∈ Crit−k−1(F). Then the odd σi are slow, and n is even.

Proof. We prove (1)–(4) separately for the cases (I) and (II). The proofs for cases (III) and (IV) are

similar so we omit them. We remark that in one of the cases, case (III), we can have n = 1, which

means X may contain a single slow solution and no fast solutions.

Proof in case (I). In this case, index (x−, fη−) = k and index (x+, fη+) = k − 1. Since p− is

an attractor for the slow equation, the first solution σ1 must be fast, so the odd σi are fast. By

Proposition 3.5.3 (2), p1 /∈ Crit(F) ∪ CsingF and index (xp1 , fηp1 ) ≤ k − 1. Consider the portion of

the fast-slow solution from p1 to q. Then Proposition 3.5.4 implies that index (xp1 , fηp1 ) = k − 1,

conclusion (2) of Proposition 3.5.5 holds, and pi /∈ Crit±(F) for i = 2, . . . , n − 1 so (3) holds.

Proposition 3.5.4 also implies that all fast solutions except the first are handle-slides or cusp solutions,

so (4) holds.

Since p+ is an attractor for the slow equation, a priori the last solution could be slow or fast.

However, if the last solution were fast, from Proposition 3.5.3 (2) we would have index (x+, fη+) <

index (xpn−1 , fηpn−1
) = k − 1, contradiction. Therefore the last solution is slow, so n is even. Then

(1) and (4) follow from Proposition 3.5.4.

Proof in case (II). As with case (I), index (x−, fη−) = k; σ1 must be fast, so the odd σi are fast;

p1 /∈ Crit(F) ∪ CsingF ; and index (xp1 , fηp1 ) ≤ k − 1. Since p+ is a repeller for the slow equation,

index (x+, fη+) = k − 2, and the last solution must be fast. Then pn−1 /∈ Crit(F) ∪ CsingF , and by

Proposition 3.5.3 (2), index (xpn−1 , fηpn−1
) ≥ k− 1. As in the previous argument, for the portion of

the fast-slow solution from p1 to pn−1, apply Proposition 3.5.4; we obtain (1)–(4). Since the first

and last solutions are fast, n is odd.

3.5.2 The chain complex

Now let p, q ∈ Crit(F). We denote by Ñ 0(p, q) the space of all fast-slow solutions from p to q and

N 0(p, q) the space of all fast-slow orbits from p to q.

Proposition 3.5.6. If p, q ∈ Crit(F) and index (q,F) = index (p,F)− 1, then #N 0(p, q) < +∞.
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Proof. By Proposition 3.5.5, we only need to show that there are finitely many handle-slides or cusp

orbits contained in F−1 ([F(q),F(p)]). But this follows from our description of CF at the beginning

of Section 3.4 and the transversality assumption (A10), (A11), (A13).

Now we define a chain complex (C0, ∂0) of Z2-modules. It has the same generators and gradings

as CMλ. Its boundary operator ∂0 : C0
k → C0

k−1 is defined by

〈∂0p, q〉 = #N 0(p, q) mod 2.

The main theorem of this section and the essentially new thing we constructed here is:

Theorem 3.5.7. (C0, ∂0) is a chain complex, i.e., ∂0 ◦ ∂0 = 0. Moreover, the homology Hk(C0, ∂0)

is canonically isomorphic to Hk−1(µ−1(0),Z2).

The proof of this theorem is carried out in the following way. Let p, q ∈ Crit(F). First we prove

that for small λ > 0, any orbit inMλ(p, q) is close to a fast-slow orbit in N 0(p, q) (the compactness

theorem, Theorem 3.5.9). Then we restrict to the case index(p,F) − index(q,F) = 1 and show

that for each small λ > 0, each orbit in N 0(p, q) is close to exactly one orbit in Mλ(p, q) (the

gluing theorem, Theorem 3.5.14). The resulting one-to-one correspondence implies that (C0, ∂0) is

isomorphic to CMλ for small λ ∈ Λreg. Then by Corollary 3.3.2, we obtain the isomorphism.

3.5.3 The compactness theorem

Definition 3.5.8. Let p, q ∈ Crit(F). Let λν ∈ R+ be a sequence such that limν→∞ λν = 0. We say

that a sequence of (parametrized) trajectory x̃ν ∈ M̃λν (p, q) converges to a parametrized fast-slow

solution X = (p0, σ1, p1, σ2, . . . , pn−1, σn, pn) ∈ Ñ 0(p, q), if the following holds

1. For any fast solution σi contained in X , there exists ti,ν ∈ R such that the sequence of maps

x̃ν(·+ ti,ν) = (xν(·+ ti,ν), ην(·+ ti,ν))

converges to σi in the C∞loc-topology.

2. For any slow solution σj contained in X , there exists a sequence of intervals Ij,ν ⊂ R such

that

lim
ν→∞

d(Ij,ν , ti,ν) =∞
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for any ti,ν satisfying the first condition for any fast solution σi, and such that

lim
ν→∞

x̃ν(Ij,ν) = σj

in Hausdorff topology.

It is easy to see that the limit is unique in N 0(p, q) and it only depends on the sequence of orbits

[x̃ν ] but not the representatives. Moreover, the image of x̃ν will converge to the image of X in

Hausdorff topology.

We would like to prove the following theorem in the remaining of this section.

Theorem 3.5.9. Suppose p, q ∈ Crit(F) and λν → 0+ be a sequence of real numbers. Suppose

x̃ν = (xν , ην) ∈ M̃λν (p, q). Then there exists a subsequence (still indexed by ν), and a fast-slow

solution X = (p0, σ1, p1, σ2, · · · , pn−1, σn, pn) ∈ Ñ 0(p, q), such that (xν , ξν) converges to X in the

sense of Definition 3.5.8.

A key point in proving this theorem is to use the energy control to bound the number of pieces of

fast trajectories appearing in the limit. This is similar to the proof of Gromov compactness theorem

of J-holomorphic curves where there is a lower bound of energy for any nontrivial bubble. After

finding all the fast trajectories in the limit, each adjacent two of them are connected by a slow

trajectory. And before the first fast trajectory and after the last fast trajectory, one may or may

not need to add nontrivial slow ones, depending on the types of p and q (i.e., repeller or attracter

of the slow flow).

From now on the sequence x̃ν is given and we are free to take subsequences as many times as we

want.

The limit set

For any subsequence ν′ of ν and intervals Iν′ ⊂ R, set

L∞(ν′, Iν′) =
⋂
k≥1

∪ν′≥kx̃ν′(Iν′) ⊂M × R.

Lemma 3.5.10. We have

(I) (x, η) ∈ L∞(ν′, Iν′) if and only if there exists a subsequence ν′′ of ν′ and a sequence of numbers

tν′′ ∈ Iν′′ , such that limν′′→∞ x̃ν′′(tν′′) = (x, η).

(II) L∞(ν′, Iν′) is compact.
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(III) If there exist sν′ ∈ Iν′ such that limν′→∞ x̃ν′(sν′) exists, then L∞(ν′, Iν′) is connected.

Proof. The first statement and the closedness is by definition, and compactness follows from Lemma

3.2.3. It remains to show the connectedness. If not, then there are two nonempty closed subset

L1, L2 ⊂ M × iR such that L∞(ν′, Iν′) = L1 ∪ L2, and L1, L2 has a nonzero distance. Suppose

limν′→∞ x̃ν′(sν′) ∈ L1, then there exists a subsequence (still indexed by ν′) and wν′ ∈ Iν′ such that

d(x̃ν′(wν′), L2)→ 0. Then there exists w′ν′ ∈ [sν′ , wν′ ] such that d(x̃ν′(w
′
ν′), L1) = d(x̃ν′(w

′
ν′), L2) >

0 for the same subsequence. Then there is a subsequence of x̃ν′(w
′
ν′) converges to a point “between”

L1 and L2, which contradicts with L∞(ν′, Iν′) = L1 ∪ L2.

The following lemma is obvious.

Lemma 3.5.11. suppose we have two sequence of numbers, sν < tν with limν→∞ x̃ν(sν) = a,

limν→∞ x̃ν(tν) = b. Then F(a) ≥ F(b). And for any z ∈ L∞(ν, [sν , tν ]), F(z) ∈ [F(a),F(b)].

Identify all fast orbits

By the compactness of L∞(ν,R), and the fact that λν → 0, for any sequence tν ∈ R, there exists a

subsequence for which ην(· + tν) converges to a constant function η1, on any finite interval. Then

by usual argument of Morse theory, there is a subsequence of x̃ν(·+ tν) converging to a fast solution

ỹ1 := (y1, η1) : R → M × R with Imỹ1 ⊂ M × {η1}, in C∞loc-topology. So L∞(ν,R) is the union of

fast orbits (which could be constant orbits). We first prove that for a suitable subsequence it only

contains finitely many nonconstant ones.

Proposition 3.5.12. There exists a subsequence (still indexed by ν without loss of generality), and

t1,ν , . . . , tn,ν ∈ R (n could be zero), satisfying

(I) t1,ν < t2,ν < · · · < tn,ν , limν→∞ |ti,ν − tj,ν | =∞ for all i 6= j.

(II) x̃ν(· + ti,ν) converges to a (nonconstant) fast solution σi := (yi, ηi) : R → M × R in the

C∞loc-topology.

(III) For any sequence sν ∈ R such that limν→∞ |sν−ti,ν | =∞ for all i, any convergent subsequence

of x̃ν(sν) has limit in CF .

Proof. If L∞(ν,R) ⊂ CF , then nothing has to be proven. Suppose it is not the case. Then we take

δ, ε > 0 as in Lemma 3.4.3 and small enough, and r > 0 small enough such that

� All ε-short orbits are contained in ∪w∈CsingF
Br(w);
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� All nontrivial fast orbits which are not ε-short has energy no less than δ;

� For each w ∈ CsingF , CF ∩B2r(w) can be parametrized using the canonical parametrization as

in (3.15), so that F restricted to both components of CF ∩B2r(w) \ {w} is monotonic.

Let N = bEδ c, where E = F(p−) − F(p+) is the total energy. Then it is easy to prove by

induction, that there exists k ≤ N (could be zero), a subsequence ν′ of the original sequence, a

sequence of numbers {ti,ν′}i=1,...,k and fast solutions ỹi := (yi, ηi) satisfying

1. limν′→∞ ti+1,ν′ − ti,ν′ = +∞, for i = 1, . . . , k − 1;

2. limν′→∞ x̃ν′(ti,ν′ + ·) = (yi, ηi) in C∞loc-topology;

3. each ỹi has energy ≥ δ.

4. Any other nonconstant fast orbit contained in L∞(ν′,R) is an ε-short orbit.

We replace ν′ by ν for simplicity. Let N ′ = #CsingF . Then we can continue the induction to

find all ε-short orbits, and we claim that the induction stops at finite time and we can find at most

N ′(N + 1) ε-short trajectories. Suppose not, then there exists a w ∈ CsingF and a subsequence, still

indexed by ν, and sequence of numbers

s1,ν < s2,ν < · · · < sN+2,ν

such that for each j, x̃ν(sj,ν + ·) converges in C∞loc to an ε-short solution z̃j := (zj , ξj) whose orbit is

contained in Br(w). And there exists j ∈ {1, . . . , N + 1} such that L∞(ν, [sj,ν , sj+1,ν ]) contains no

orbits which are not ε-short. Then we take [tj,ν , tj+1,ν ] ⊂ [sj,ν , sj+1,ν ] such that

lim
ν→∞

x̃ν(tj,ν) = lim
t→+∞

z̃j(t) =: a+ ∈ CF , lim
ν→∞

x̃ν(tj+1,ν) = lim
t→−∞

z̃j+1(t) =: b− ∈ CF

and denote limt→−∞ z̃j(t) = a−, limt→+∞ z̃j+1(t) = b+. Suppose L∞(ν, [tj,ν , tj+1,ν ]) contains some

other ε-short orbit contained in Br(w), then it can contain only finitely many, because those orbits

must start from the arc between a− and b− and ends at the arc between a+ and b+, whose energy has

a nonzero lower bound. Therefore, by taking a subsequence if necessary, and chooing subintervals

of [tj,ν , tj+1,ν ], we may assume that T = L∞(ν, [tj,ν , tj+1,ν ]) contains no other ε-short orbit which is

also contained in Br(w). This implies that

T ⊂ CF ∪
⋃

v∈CsingF , v 6=w

Br(v).
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Indeed, T is contained in a connected component of the latter set, which is homotopy equivalent to

a circle or R.

Now by the fact that w is a nondegenerate critical point of F|CF , we see that w /∈ T , because

otherwise by Lemma 3.5.11, F(w) ∈ [F(a+),F(b−)]. But there are other points contained in CF ∩

(B2r(w) \ Br(w)) which is not in T , by the monotonicity requirement in Lemma 3.5.11. Then this

contradicts with the connectedness of T .

Identify all slow orbits

One can not go from p to q only through fast orbits because ηp 6= ηq according to our assumption

(A12). Hence in the limit slow orbits appear. The identification of them is easy intuitively, because

CF is 1-dimensional and our limit object should be connected.

Proposition 3.5.13. Assume the sequence x̃ν and {ti,ν}i=1,...,n satisfy the condition of the last

proposition. Let t0,ν = −∞ and tn+1,ν = +∞. Then there exists a subsequence (still indexed by ν),

and slow orbits γi ⊂ CF , i = 0, . . . , n satisfying the following:

(I) For each i = 1, . . . , n, γi is from ỹi(+∞) to ỹi+1(−∞).

(II) If p ∈ Crit+(F), then γ0 is the single point p; if q ∈ Crit−(F), then γn is the single point q.

(III) For each i = 1, . . . , n− 1, there exists intervals (ai,ν , bi,ν) ⊂ (ti−1,ν , ti,ν) such that

lim
ν→∞

|ai,ν − ti−1,ν | = lim
ν→∞

|bi,ν − ai,ν | = lim
ν→∞

|ti,ν − bi,ν | =∞

and x̃ν([ai,ν , bi,,ν ]) converges to γi in Hausdorff topology.

Proof. By the previous proposition, we may find sequences of intervals Ii,ν = [ai,ν , bi,ν ] ⊂ R, i =

1, . . . , n− 1 such that for each ν, Ii,ν ∩ Ij,ν = ∅, for i 6= j, bi,ν − ai,ν →∞, and

lim
ν→∞

x̃ν(ai,ν) = ỹi(+∞), lim
ν→∞

x̃ν(bi,ν) = ỹi+1(−∞).

And take I0,ν = (−∞, a0,ν ], In,ν = [bn,ν ,+∞) such that

lim
ν→∞

x̃ν(a0,ν) = ỹ1(−∞), lim
ν→∞

x̃ν(bn,ν) = ỹn(+∞).
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1. For each i ∈ {1, . . . , n}, set yi,± = ỹi(±∞). And set y0,+ = p, yn+1,− = q. For i = 0, . . . , n,

let Γi ⊂ CF be the union of all slow orbits from yi,+ to yi+1,−. Since CF is a 1-dimensional

manifold, Γi is either a single point, or is one nontrivial slow orbit, or is the union of two

nontrivial slow orbits. We would like to prove that L∞(ν, Ii,ν) ⊂ Γi.

If Γi is the union of two slow orbits, then Γi the whole connected component of it in CF . By

the connectedness of L∞(ν, Ii,ν) the claim is true.

Suppose Γi is simply-connected and L∞(ν, Ii,ν) is also simply-connected. Suppose in this case

the claim is not true, then there exists a subsequence (still indexed by ν) and tν ∈ Ii,ν such

that limν→∞ x̃ν(tν) = z ∈ L∞(ν, Ii,ν) \ Γi and

F(yi,+) > F(z) > F(yi+1,−).

But since L∞(ν, [tν , bi,ν ]) and L∞(ν, [ai,ν , tν ]) are connected, either the former contains yi,+

or the latter contains yi+1,−, either of which contradicts Lemma 3.5.11.

We claim that it is impossible that Γi is homeomorphic to a closed interval and L∞(ν, Ii,ν)

is homeomorphic to a circle C ⊂ CF . Suppose not, then Lemma 3.5.11 implies that yi,+

and yi+1,− must be the absolute maximum and minimum of the function F restricted to this

component C. The critical points of F|C can be put in a cyclic order and adjacent to yi,+, the

two local minimum are yi+1,− and some z ∈ C \ Γi. Taking a subsequence and find tν ∈ Ii,ν

such that limν→∞ x̃ν(tν) = z. And consider the interval Ji,ν = [tν , bi,ν ]. Then L∞(ν, Ji,ν) is

homeomorphic to a closed interval and doesn’t contain yi,+. But this is impossible because

then it must contain another local maximum z′ between z and yi+1,− to keep the connectedness

of L∞(ν, Ji,ν), while F(z′) /∈ [F(z),F(yi+1,0)], which contradicts with Lemma 3.5.11.

2. We can identify one slow orbit contained in Γi. More precisely, we would like to show that, there

exists γi ⊂ Γi a slow orbit from yi,+ to yi+1,− and a subsequence ν′ such that L∞(ν′, Ii,ν′) = γi.

Assume it is impossible, then Γi = γ1
i ∪γ2

i the union of two different (nonconstant) slow orbits,

and we can assume that there exists a subsequence ν′ such that for any further subsequence

{ν′′} ⊂ {ν′}, γ1
i ⊂ L∞(ν′′, Ii,ν′′).

Now suppose there exists z̃ ∈ L∞(ν′, Ii,ν′) ∩
(
Γi \ γ1

i

)
. Then there exists a subsequence ν′′,

and t−ν′′ , tν′′ , t
+
ν′′ ∈ Ii,ν′′ , t

−
ν′′ < tν′′ < t+ν′′ , such that

lim
ν′′→∞

x̃ν′′(tν′′) = z̃, lim
ν′′→∞

x̃ν′′(t
±
ν′′) = z̃± ∈ Int(γ1

i )
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and F(yi,+) > F(z̃−) > F(z̃) > F(z̃+) > F(yi+1,−).

Since (
Γi \ γ1

i

)
∩ F−1

([
F(z̃−),F(z̃+)

])
has a nonzero distance from γ1, it means

L∞(ν′′, [t−ν′′ , t
+
ν′′ ])

is diskonnected, which contradicts with Lemma 3.5.10. Hence we have L∞(ν′, Ii,ν′) = γ1
i .

3. So in summary, there exists a slow orbit γi from yi,+ to yi+1,−, and a subsequence (still

indexed by ν), such that L∞(ν, Ii,ν) = γi. By the connectedness of L∞(ν, Ii,ν), this implies

that x̃ν(Ii,ν) converges to γi in Hausdorff topology. (II) of this proposition simply follows from

the requirement that F is decreasing along γ0 and γn, and p is attracting and q is repelling in

this case.

So we complete the proof of the compactness theorem.

3.5.4 Gluing

In this subsection we prove the following theorem.

Theorem 3.5.14. Suppose p ∈ Critk(F), q ∈ Critk−1(F). Then, there exists ε0 > 0, such that for

all λ ∈ (0, ε0], there exists a bijection

Φλ : N 0(p, q)→Mλ(p, q)

such that for any X ∈ Ñ 0(p, q), there exist representatives x̃λ ∈ M̃λ(p, q) of Φλ([X ]) such that

{x̃λ} converges to X in the sense of Definition 3.5.8.

Proof. Let p ∈ Critk(F), q ∈ Critk−1(F). Theorem 3.5.9 implies that for λ > 0 small, any orbit in

Mλ(p, q) is close to a fast-slow orbit in N 0(p, q). We must show that for any fast-slow orbit from p

to q, if λ > 0 is small, then there exists a unique orbit from p to q that lies near the given fast-slow

orbit.
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The proof consists of two parts. In the first part, we construct the gluing map Φλ, by using

the Exchange Lemma (Lemma A.1.1) and General Exchange Lemma (Lemma A.1.2). In the second

part, we show that Φλ is a bijection.

We remark that the Exchange Lemma and General Exchange Lemma (cf. Section A.1) are for Cr

differential equations, and some regularity is lost in the derivative of the constructed solution with

respect to ε. In our situation the differential equations are of class C∞, so of course each solution is

of class C∞.

Now we start to construct the gluing map. We will frequently use Proposition 3.5.5 without

citing it, and we will use the notation Wu(p, λ), etc., from Subsection 3.2.3.

Let X = (p0, σ1, p1, . . . , pn−1, σn, pn) be a fast-slow solution from p to q. For small λ > 0, we

will follow Wu(p, λ) around the fast-slow solution until it meets W s(q, λ) transversally. Any orbit in

Mλ(p, q) that is near the given fast-slow solution must be in the portion of Wu(p, λ) that we follow;

uniqueness is a consequence of the transversality at the end of the proof (Step 8).

We have p ∈ Crit+
k (F) ∪ Crit−k (F) and q ∈ Crit+

k−1(F) ∪ Crit−k−1(F).

Step 1. Suppose p = (xp, ηp) ∈ Crit+
k (F). Then index (xp, fηp) = k, and σ1 is a fast solution from

p to p1 = (xp1 , ηp1) ∈ CF \CsingF , with index (xp1 , fηp1 ) = k−1. By (A13), Wu(p, 0) meets W s(p1, 0)

transversally within M×{ηp} along σ1. Then Wu(p, 0) meets W s(σ2, 0) transversally in M×R along

σ1. (More precisely, σ2 should be replaced by a compact portion of the complete orbit corresponding

to σ2; we shall use this sort of abuse of notation throughout this section.) The dimension of the

intersection is dim Wu(p, 0) + dim W s(σ2, 0)− (n+ 1) = k + (n− (k − 1) + 1)− (n+ 1) = 1.

Thus σ1 is isolated in the intersection. The next orbit σ2 is slow, and we have (i) p2 ∈ CF \CsingF ,

or (ii) p2 ∈ CsingF . In both cases, index (xp2 , fηp2 ) = k − 1.

Step 2. After Step 1, in case (i), the Exchange Lemma [26] implies that for λ > 0 small, Wu(p, λ),

followed along the flow, becomes close to Wu(σ2, 0) near p2. By close we mean close in the Cs-

topology for some large s, which decreases in the course of the proof; see Appendix A.1. Notice that

the dimension of Wu(σ2, 0) is (k − 1) + 1 = k as it should be.

The next orbit σ3 is fast, and we have (i) p3 ∈ CF \ CsingF , or (ii) p3 ∈ CsingF . In case (i),

index (xp3 , fηp3 ) = k − 1; in case (ii), index (xp3 , fηp3 ) = k − 2.

Step 3. After Step 1, in case (ii), let N0 denote the center manifold of (3.2) for λ = 0 at p2,

which has dimension 2. The choice of center manifold is not unique; we may choose it to include

the start of σ3 (see Appendix A.2). By the Exchange Lemma, for λ > 0 small, Wu(p, λ), followed

along the flow, becomes close to Wu(σ2, 0) where σ2 enters N0. Of course Wu(σ2, 0) (dimension k)

is transverse to W s(N0, 0) (dimension (n− (k−1)−1)+2 = n−k+2); n− (k−1)−1 is the number
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of negative eigenvalues at p2. The dimension of the intersection is 1. For small λ > 0, N0 perturbs

to a normally hyperbolic invariant manifold Nλ, and Wu(p, λ) is transverse to W s(Nλ, λ).

The solution in Wu(p, λ) ∩W s(Nλ, λ) approaches a solution pλ2 (t) in Nλ that is initially near

σ2 ∩ N0. The system restricted to Nλ, λ ≥ 0, has been analyzed in [30]; see Appendix A.1. The

result is that pλ2 (t) leaves Nλ close to σ3 ∩ N0. Then the General Exchange Lemma implies that

Wu(p, λ) becomes close to the restriction of Wu(N0, 0) to σ3 ∩N0, i.e., Wu(p2, 0), as Wu(p, λ) exits

a neighborhood of Nλ. Wu(p2, 0) has dimension (k − 1) + 1 = k as it should. The orbit σ3 is fast,

p3 ∈ CF \ CsingF , and index (xp3 , fηp3 ) = k − 1.

Step 4. After Step 2, in case (i), Wu(p, λ) is close to Wu(σ2, 0) near p2, and by (A10), Wu(σ2, 0) is

transverse to W s(σ4, 0) along σ3. Continuation from here is like continuation after Step 1, described

in Steps 2–3.

Step 5. After Step 2, in case (ii), we note that by (A13), Wu(p2, 0) (dimension k−1) is transverse

to W s(p3, 0) (dimension n−(k−2)) within M×{ηp3} along σ3. Let N0 denote the center manifold of

(3.2) for λ = 0 at p3, which has dimension 2; we choose it to include the end of σ3 (see Appendix A.2).

Then Wu(σ2, 0) (dimension k) is transverse to W s(N0, 0) (dimension (n−(k−2)−1)+2 = n−k+3)

along σ3. The intersection is 2-dimensional and consists of solutions that track an open set of

solutions in N0 around σ3.

Step 6. After Step 3, we note that by (A13), Wu(p2, 0) (dimension k) meets W s(p3, 0) (dimension

n − (k − 1)) transversally within M × {ηp3} along σ3. As in Step 1, Wu(p2, 0) meets W s(σ4, 0)

transversally in M ×R along σ3, and Wu(p, λ) is close to Wu(p2, 0) near σ3. The next orbit σ4 is a

slow solution from p3 to (i) p4 ∈ CF \CsingF , or (ii) p4 ∈ CsingF . In both cases, index (xp4 , fηp4 ) = k−1.

Continuation from here is like continuation after Step 1, described in Steps 2–3.

Step 7. After Step 5, for small λ > 0, the tracked orbits include an open set Uλ in Nλ, the

perturbation of N0, that lies above an open set U0 in N0 that contains σ4 ∩N0 in its interior. The

General Exchange Lemma implies that Wu(p, λ) is close to the restriction of Wu(N0, 0) to U0, i.e.,

to Wu(σ4 ∩N0), as it exits a neighborhood of Nλ. Continuation from here is like continuation after

Step 2, described in Steps 4–5.

Step 8. Continuation proceeds using analogs of the steps previously described until Wu(p) arrives

near pn−1.

If q ∈ Crit+
k (F), then σn is slow, and index (xpn−1

, fηpn−1
) = index (xq, fηq ) = k − 1. Wu(p, λ)

arrives near pn along the slow orbit σn, close to Wu(σn, 0), which has dimension k. Wu(σn, 0) is

transverse to W s(σn, 0), with dimension n−(k−1)+1 = n−k+2. Therefore Wu(p, λ) is transverse

to W s(q, λ), which is close to W s(σn, 0). The intersection has dimension 1 and gives the solution
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from p to q.

If q ∈ Crit−k (F), then σn is a fast orbit from pn−1 ∈ CF \ CsingF to q ∈ CF \ CsingF ; we have

index (xpn−1
, fηpn−1

) = k − 1 and index (xq, fηq ) = k − 2. By (A11), Wu(pn−1, 0) meets W s(q, 0)

transversally in M × {ηq} along σn. Therefore Wu(σn, 0) meets W s(q, 0) transversally in M × R

along σn. Since Wu(p, λ) is close to Wu(σn, 0), Wu(p, λ) meets W s(q, λ) transversally in M × R

near σn. The intersection has dimension one and gives the solution from p to q.

Step 9. Suppose p = (xp, ηp) ∈ Crit−k (F). Then index (xp, fηp) = k − 1, and σ1 is a slow

solution from p to p1 = (xp1 , ηp1). Either (i) p1 ∈ CF \ CsingF , or (ii) p1 ∈ CsingF . In either case,

index (xp1 , fηp1 ) = k − 1.

In case (i), Wu(p, λ) is close to Wu(σ1, 0). Step 3 above describes how to continue from p1. Case

(ii) is left to the reader.

Now we show that the gluing map just constructed is a bijection. We first note that there exist

small δ > 0 and λ0 > 0 such that for all λ ∈ (0, λ0), the orbit we constructed is the unique one

in Mλ(p, q) such that its Hausdorff distance from the fast-slow orbit [X ] is less than δ. This is a

general fact about exchange lemma constructions; see for example [27], p. 1021.

Thus the gluing map is a bijection provided it is surjective. We claim that there exists λ0 > 0

such that the gluing map is surjective for all λ ∈ (0, λ0). If not, then there exist a sequence λi → 0

and a sequence of orbits [x̃i] ∈Mλi(p, q) such that for each i, [x̃i] is not in the image of Φλi . Then,

by the compactness theorem (Theorem 3.5.9), without loss of generality, [x̃i] converges to a fast-slow

orbit [Y ] in the sense of Definition 3.5.8. In particular, this sequence converges in the Hausdorff

topology. Then for large i, Φλi([Y ]), which is the unique orbit in Mλi(p, q) in a small Hausdorff

neighborhood of [Y ], must be [x̃i]. This contradiction proves the claim.

3.6 Basic Morse theory and the chain complex C0

Let us recall the following basic properties of any Morse function µ : M → R, where M is a compact

manifold.

1. If [c1, c2] contains no critical value of µ, then µ−1((−∞, c1]) is diffeomorphic to µ−1((−∞, c2]);

2. If (i) c ∈ (c1, c2) is the only critical value of µ contained in [c1, c2], (ii) there is a unique

critical point x of µ such that µ(x) = c, and (iii) x has Morse index k, then the sublevel set

µ−1((−∞, c2]) is obtained from the sublevel set µ−1((−∞, c1]) by attaching a k-handle.
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Thus a change in the level set of µ corresponds to a change in the sublevel set of µ. The chain

complex C0 defined by counting fast-slow orbits gives an indirect way to obtain, at the homology

level, this change of topology. In this section we will give a brief indication of how this works.

We replace µ by µc = µ− c for any regular value c of µ, and denote the corresponding Lagrange

multiplier by Fc : M × R → R. Then Crit(Fc) is just the critical point set of the restriction of

f to the hypersurface µ−1(c). On the other hand, the slow manifold CFc = CF is unchanged, and

Crit(Fc) = CFc ∩ (µ−1(c) × R). The fast flow is unchanged when we vary c, and the changes in

generators and the slow flow can be seen transparently from the intersection of CF and µ−1(c)×R.

We have to consider various “wall-crossing” phenomena of the chain complex C0(f, µ− c) when

we vary c, not only at the critical values of µ, but also at each c where an assumption we made to

define the chain complex fails. We assume that for each c ∈ R, if c is a critical value of µ, then

µ−1(c) contains only one critical point; if c is a regular value, then at most one of our assumptions is

violated; and the violations happen at diskrete values of c. This assumption is satisfied for generic

(f, µ, g).

3.6.1 When c does not cross a critical value

When [c1, c2] contains no critical value of µ, µ−1(c1) and µ−1(c2) are diffeomorphic. We look at the

chain complexes C0(f, µ− c1) and C0(f, µ− c2) in several cases.

1. Suppose that as c moves from c1 to c2, a degenerate critical point of µ|CF appears (in

violation of Proposition 3.4.4) and then splits into nondegenerate critical points. Generically two

nondegenerate critical points are produced as shown in Figure 3.2. Thus two new generators of

C0(f, µ− c2) are produced. We denote them by p ∈ Crit+
k and q ∈ Crit−k+1. Between them there is

a slow trajectory γ.

p q
μ=c

μ=c

1

2

Figure 3.2: The dashed lines represent the hypersurfaces µ = c1 and µ = c2, one of which has two
more intersection points with CF than the other.

We now prove that the two chain complexes are quasi-isomorphic. We denote the chain complex

associated to the left picture by ({Di}i≥0, ∂D) and the chain complex associated to the right picture
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by ({Ci}i≥0, ∂C). Then there is a canonical inclusion

ι : Di → Ci

and projection

π : Ci → Di

by forgetting p ∈ Ck and q ∈ Ck+1. It is easy to see that ∂C(q)− p ∈ Imι. However, these two maps

are not chain maps. The natural chain maps should be corrections of ι and π, where the correction

terms appear because some fast-slow trajectory in the left picture gets blocked by the creation of p

and q.

We define the corrected chain maps on generators of the chain complexes and extend it linearly

over Z2, by

π̃ : Ci → Di

x 7→


π(x), x 6= p, q;

0, x = q;

π (∂C(q)− p) , x = p.

and

ι̃ : Di → Ci

x 7→

 ι(x), x /∈ Dk+1;

ι(x)− 〈∂D(x), p〉q, x ∈ Dk+1.

Now we check that both π̃ and ι̃ are chain maps and they are homotopy inverses to each other.

Indeed, this is exactly the same as the bifurcation analysis done in [12, Section 3] based on a gluing

phenomenon. Here we have exactly the same gluing phenomenon so the chain maps have the same

form.

2. Suppose that as c moves from c1 to c2, a critical point of Fc passes through the start or

end of a handle-slide (in violation of (A5)). See Figure 3.3. It is easy to see that C0(f, µ− c1) and

C0(f, µ− c2) are actually isomorphic.

3. Suppose that as c moves from c1 to c2, a critical point p ∈ Crit−k passes through a point

w ∈ CsingF (in violation of (A5)) and then becomes a critical point q ∈ Crit+
k ; see Figure 3.4. If
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p

 q

σ
σ

μ=c1

μ=c2

Figure 3.3: The dashed lines represent the hypersurfaces µ = c1 and µ = c2. σ is a handle-slide.
This change replace a generator p ∈ Crit−k by another q ∈ Crit−k and actually gives isomorphic chain
complexes.

there is a cusp trajectory σ1 starting at w, it will contribute to the definition of ∂0(p) in the chain

complex C0(f, µ − c1). In C0(f, µ − c2), the corresponding contribution to ∂0(q) is given by a fast

trajectory σ2 starting from q.

p

qw
w

σσ

μ=c1

μ=c2

1
2

Figure 3.4: The dashed lines sides represent the hypersurfaces µ = c1 and µ = c2 respectively. σ1 is
a cusp trajectory starting from w ∈ CsingF , and σ2 is a regular fast trajectory starting from q. The
generator p ∈ Crit−k is replaced by q ∈ Crit+

k ; the chain complexes are isomorphic.

3.6.2 When c crosses a critical value

Suppose that one point c ∈ (c1, c2) is a critical value µ, with a single critical point x of index k

of µ. Then topologically, µ−1(c1) and µ−1(c2) differ by attaching a k-handle, and the homology

changes accordingly. We can recover this fact by comparing the chain complexes C0(f, µ − c1) and

C0(f, µ− c2). In the generic case, one complex has two more generators, one of index k+ 1 and one
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of index n− k. Figure 3.5 illustrates one case of this changing.

p q μ=c2

μ=c
1

Figure 3.5: On the left: the left branch of CF has index n − k (of the fast flow) and η << 0, and
the right branch of CF has index k and η >> 0. It has two more generators p and q with degrees
n− k and k + 1 respectively than the right picture.
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Chapter 4

Affine vortices in the adiabatic

limits of gauged linear σ-model

4.1 Introduction to this chapter

This chapter is on the geometry of the symplectic vortex equation over the complex plane and

their moduli spaces. The vortex equation over C and the moduli spaces of solutions are the central

objects in the project of Ziltener (cf. [61]) to define a quantum version of the Kirwan map for

symplectic manifold X with Hamiltonian action by a compact Lie group G. Here we work with a

concrete example, where, the target manifold is the vector space CN acted by U(1) via complex

multiplication and the symplectic quotient of this action is the projective space PN−1.

Many years ago, in [48], Taubes gave the classification of finite energy vortices in the case where

the target X = C with U(1)-action. The moduli space for each “vortex number” d > 0 is SymdC, the

d-fold symmetric product of the complex plane. For target CN with N ≥ 2 and the diagonal U(1)-

action there was no result of either construction of nontrivial solutions or classification, until very

recently Venugopalan-Woodward ([51]) claim that, for target manifold a projective variety acted by

a reductive Lie group (including our case) using heat flow method one can identify the solutions to

the vortex equation and algebraic maps from C to the “quotient stack” X/G with certain condition

on the asymptotic behavior at infinity.

For the special example considered in this note, we take a different approach which can be

certainly extended to more general situations. This approach contains three basic ingredients. The

first one is the adiabatic limit analysis for vortex equation over a compact Riemann surface Σ
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with growing area form, most of which is provided by [17]. In particular, it implies that (in the

symplectic aspherical case) as we grow the area form on Σ, the energy density of solutions blows

up at most in the same rate as we enlarging the surface. The second ingredient is the Hitchin-

Kobayashi correspondence for stable N -pairs over the compact Σ provided by Bradlow’s theorem

[4] (see Theorem 1.3.5). This correspondence works for any large area form on the domain curve,

hence we can identify moduli spaces of solutions for different area forms with the same algebraic

moduli space. The third ingredient is the observation that the energy concentration of a sequence

of solutions has an algebraic description (in our example this means a sequence of holomorphic N -

pairs develops a base point). With the understanding of these ingredients, we can manipulate the

bubbling in the algebraic moduli space and construct all possible solutions.

This bubbling phenomenon may not be novel to physicists. For example in [55], Witten argued

heuristically about the formation of such “point-like instantons”. Here we reformulate it more

precisely and give a more comprehensive treatment in the special case of PN−1-model.

It is worth pointing out that our approach is very elementary, and by looking at concrete exam-

ples, it helps understand the behavior of the vortices (for example, why they merge to the moment

level surface and converge to holomorphic spheres in the symplectic quotient). One can also gener-

alize this method to other cases, for example, toric manifolds and flag manifolds, both as symplectic

quotients of Euclidean spaces.

A purpose of classifying affine vortices and identifying their moduli spaces is to compute the

quantum version of the Kirwan map, which was proposed by D. Salamon and a rigorous defini-

tion relies on an ongoing project of Ziltener. The quantization of the Kirwan map is supposed to

intertwine the Hamiltonian Gromov-Witten invariants of a Hamiltonian G-manifold and the usual

Gromov-Witten invariants of its symplectic quotient (which extends Theorem to the case that αi

can have arbitrary degree) and defines a morphism of “cohomological field theory algebras” (see

[40]). In the case we considered in this chapter, we can identify the moduli space and a natural com-

pactification (we call it the Uhlenbeck compactification), which we can use to compute the quantum

Kirwan map κQ : H∗U(1)

(
CN
)
→ QH∗

(
PN−1

)
. We also identified the stable map compactification

of the moduli space of nontrivial affine vortices of the lowest degree.

4.1.1 Organization of this chapter

The first half of this chapter is about general theory: Section 4.2 is a review of previous work of

Ziltener on affine vortices and its relation with vortex equation over a compact Riemann surface via
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the adiabatic limit. In Section 4.3 we consider the compactification of the moduli space of affine

vortices, where we give some refinement of definitions of Ziltener. In Section 4.4 we review the

(formal) definition of the quantum Kirwan map.

In the second half we restrict to the special case for U(1)-action on CN . In Section 4.5 we give

a detailed description of the vortex bubbling phenomenon in the adiabatic limit. In Section 4.6 we

use the adiabatic limit trick to give a classification of finite energy affine vortices which generalizes

Taubes’ classification for N = 1; we also identify its moduli space and compute the associated

quantum Kirwan map.

4.2 Affine vortices

We survey some basic facts about vortex equation over C with area form ΩC = ds ∧ dt. We call a

solution to the vortex equation (1.14) in this case an affine vortex. All G-bundles over C are trivial

and isomorphisms between them are all isotopic, so we will work solely with “the” trivial bundle

P = C×G. So a connection A will be written canonically as d+α with α ∈ Ω1(C, g) and the section

u corresponds canonically to a map u : C→M . A gauge transformation is then a map g : C→ G.

The general theory for vortices over C initiated from the paper of Gaio-Salamon [17] and a lot of

analytic framework has been settled down by Fabian Ziltener in [61]. The algebraic theory of these

objects are also studied in [57].

First of all, we make several assumptions on the manifold (M,ω) and the action. They are

satisfied, for example, in the case of Subsection 1.3.4.

We assume

1. (M,ω) is aspherical, i.e., for any embedded sphere S2 ⊂M ,

∫
S2

ω = 0.

2. The moment map µ is proper, and 0 is a regular value, such that the restriction of the G-action

on µ−1(0) is free.

3. There exists a G-invariant, ω-compatible almost complex structure J such that the tuple

(M,ω, J, µ) is convex at infinity. This means there exists a proper G-invariant function f :
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M → [0,∞) and a constant C > 0 such that for any (x, v) ∈ TM with f(x) ≥ C,

ω(∇v∇f(x), J(x)v)− ω(∇Jv∇f(x), v) ≥ 0, ω(Xµ(x),∇f) ≥ 0.

We give two examples of affine vortices.

Example 4.2.1. An affine vortex is called trivial if it is equivalent to (A, u) where A = d is the

trivial connection on the trivial bundle, and u : C→M is a constant map with value in µ−1(0). In

particular, an affine vortex is trivial if and only if it has zero energy.

Example 4.2.2. In the case M = C, U(1) acts on C by complex multiplication with moment map

µ(z) = −
√
−1
2 (|z|2 − 1), Taubes (see [48], [25]) classified all planar vortices with finite energy. More

precisely, for any “vortex number” d > 0 and for any d-tuple of unordered points z1, . . . , zd ∈ C,

there is a unique solution (up to gauge) which is of the form

(A, u) =
(
d− ∂h+ ∂h, e−h(z − z1) · · · (z − zd)

)
.

Here h is the unique solution to the Kazdan-Warner equation over C:

∆h+
1

2

e−2h
d∏
j=1

|z − zj |2 − 1

 = 0.

There are two natural classes of symmetry of C, the translations and rotations, with respect to

which the equation is invariant. But there exsits solutions which have infinitely many rotational

symmetry, which will result in non-smooth moduli space. Hence we won’t identify two solutions if

they differ by a rotation.

Definition 4.2.3. An isomorphism from (A1, u1) to (A2, u2) is a pair (t, g), where t : C → C is a

translation, which lifts naturally to a bundle map between the trivial G-bundles, and g is a gauge

transformation g : C→ G, such that g∗t∗ (A1, u1) = (A2, u2).

We have the regularity modulo gauge tranformation.

Proposition 4.2.4. [59, Proposition D.2] For any solution (A, u) of class W 1,p
loc , there exists a gauge

tranformation g of class W 2,p
loc such that g∗(A, u) is smooth.

From now on any solution will be assumed to be smooth unless otherwise mentioned.

The next important property for affine vortices is its behavior near infinity. First we look at the

decay of energy density.
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Proposition 4.2.5. [60, Corollary 4] Suppose (A, u) is an affine vortex with finite energy. Then

for any ε > 0 there exists Cε > 0 such that

eA,u(z) ≤ Cε|z|−4+ε, ∀|z| ≥ 1.

Then we have the asymptotic behavior of vortices in suitable gauge. A solution (A, u) is in

radial gauge if for |z| large, A = d+ η(z)dθ.

Proposition 4.2.6. [17, Proposition 11.1] If (A, u) is an affine vortex with finite energy in radial

gauge with A = d + ξ(z)dθ for |z| large. Then there exists a W 1,2-map x : S1 → µ−1(0) and an

L2-map η : S1 → g such that x′(θ) + Xη(θ)(x(θ)) = 0 and

lim
r→∞

sup
θ
d
(
u(reiθ), x(θ)

)
= 0, lim

r→∞

∫ 2π

0

∣∣ξ(reiθ)− η(θ)
∣∣2 dθ = 0.

To state the next proposition we introduce some notations. Consider the standard embedding

C → S2. An extension of (A, u) is a triple (P̃ , ι, ũ), where P̃ → S2 is a topological G-bundle,

ι : C × G → P̃ is a bundle map which descends to the inclusion C → S2, and ũ : P̃ → M is an

equivariant continuous map such that ũ ◦ ι = u.

Proposition 4.2.7. [17][61] If YMH(A, u) < ∞, then there exists a unique extension (P̃ , ι, ũ) of

(A, u) onto the sphere, such that ũ(P̃∞) ⊂ µ−1(0), where P̃∞ is the fibre of P̃ at ∞ ∈ S2.

The extension (P̃ , ι, ũ) defines an equivariant homology class ũ∗[S
2] ∈ HG

2 (M ;Z). Indeed, the

Yang-Mills-Higgs functional of (A, u) is equal to the paring 〈[ω − µ], ũ∗[S
2]〉, where [ω − µ] is the

equivariant cohomology class defined by the equivariantly closed two form ω − µ.

Identify u topologically with v : D→M which extends continuously to the boundary. Then the

extension of (A, u) to S2 is given by g∞ : S1 → G and x∞ ∈ µ−1(0) such that v|∂D(eiθ) = g∞(eiθ)x∞.

Trivialize v∗TM on D, then the loop g∞ is identifed with a loop of invertible matrices. The degree

of det g∞ is defined to be the Maslov index of the solution (A, u), denoted by indµ(A, u) (see [61,

Definition 2.6] for details).

123



4.2.1 Fredholm theory of affine vortices

Let z be the standard coordinate on C. Let ρ(z) = (1 + |z|2)
1
2 for z ∈ C. For δ ∈ R, p > 1, consider

the Banach spaces (over complex numbers)

W k,p
δ,euc :=

{
u ∈W k,p

loc (C) | ρδu ∈W k,p(C)
}
.

And we denote Lpδ = W 0,p
δ,euc.

For a smooth solution (A, u), the space of infinitesimal deformations is described as follows.

Regard u as a smooth map from C to M . The connection A induces a connection on the bundle

u∗TM and the bundle T ∗C ⊗ g, both denoted by ∇A. For (V, α) ∈ W 1,p
loc (C, u∗TM ⊕ T ∗C⊗ g),

define

|(V, α)|Wp,δ
:= |V |L∞ +

∣∣∇AV ∣∣
Lpδ

+
∣∣∇Aα∣∣

Lpδ
+ |dµ(V )|Lpδ + |dµ(JV )|Lpδ + |α|Lpδ .

And define Wp,δ ⊂ W 1,p
loc be the subspace of vectors with finite Wp,δ-norm. If A = d+ α0, then the

linearization of the gauge tranformation is h 7→ (−dh+ [α0, h],−Xh), whose adjoint is the map

Wp,δ → Lpδ (C, g)

(V, α) 7→ −d∗α− Λ[∗α0, α]− dµ(JV )

Then it is easy to see, the linearization at such (A, u) is a bounded linear operator

DA,u : Wp,δ → Lpδ

(V, α) 7→


(
∇AV

)0,1
+ 1

2 (∇V J) ◦ dAu ◦ j + X 0,1
α

dα+ [α0, α] + dµ(V ) · dsdt

−d∗α− Λ[∗α0, α]− dµ(JV )


(4.1)

Proposition 4.2.8. [61] There exists p0 > 2 such that for all p ∈ (2, p0) and δ ∈
(

1− 2
p , 2−

2
p

)
,

DA,u is Fredholm and indexDA,u = 2indµ(A, u) + dimM − 2dimG.

4.2.2 The adiabatic limit

For a compact Riemann surface Σ, fix a smooth area form ΩΣ ∈ Ω2(Σ). Let λ > 0 be a real number.

A λ-twisted holomorphic map from Σ to M (or a λ-vortex) is a solution to the vortex equation
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(1.14) with the area form ΩΣ replaced by λ2ΩΣ, i.e.,

 ∂Au = 0;

FA + λ2µ(u)ΩΣ = 0.
(4.2)

Its energy is defined in the same way using the area form λ2ΩΣ. If we agree that all Sobolev norms

appearing in the following are taken with respect to the fixed area form ΩΣ, then the energy of a

λ-twisted holomorphic map is given by

YMHλ(P,A, u) =
1

2

(
‖dAu‖2L2 + λ−2 ‖FA‖2L2 + λ2 ‖µ(u)‖2L2

)
.

What is of interest is the limit process λ→∞, which is called the adiabatic limit process. If

we fix the topological type of the vortex (which implies the uniform bound on the energy), then we

see that ‖µ(u)‖L2 → 0 as λ→∞. Indeed, µ(u) will converge to zero except for finitely many points

in Σ, and those points are where nontrivial affine vortices bubble off.

More precisely, suppose λk is a sequence of real numbers diverging to infinity, and (Ak, uk) is a

sequence λk-vortices (i.e., solutions to (4.2)). The energy density function for (Ak, uk) will be

ek(z) =
1

2

(
|dAkuk(z)|2 + λ2

k |µ(uk(z))|2
)
.

If the sequence of functions ek is not uniformly bounded, and suppose there exists a sequence of

point pk ∈ Σ such that

lim sup
k→∞

ck := lim sup
k→∞

ek(pk) = lim sup
k→∞

sup
Σ
ek = +∞.

Then in [17] it was shown that in the following three possibilities (for suitable subsequences) corre-

sponding bubbles will appear:

1. limk→∞ λ−2
k ck = +∞. In this case, a nontrivial holomorphic sphere in M will bubble off.

2. 0 < limk→∞ λ−2
k ck < +∞. In this case, a nontrivial planar vortex will bubble off.

3. limk→∞ λ−2
k ck = 0. In this case, a nontrivial holomorphic sphere in the symplectic quotient

will bubble off.

This is called the bubbling zoology of the adiabatic limit. Since we have assumed that (M,ω) is
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aspherical, the first bubble type won’t appear. In particular we have

lim sup
k→∞

λ−2
k ‖ek‖L∞ <∞. (4.3)

Remark 4.2.9. In the general situation, given an arbitrary sequence (Ai, ui), we don’t know a priori

where the energy density will blow up and what type of bubbles may appear. But in the case

of Kähler targets, using the algebraic description of vortices (e.g., stable N -pairs) provided by

the Hitchin-Kobayashi correspondence, we observe that the cause of the energy concentration is

governed in the algebraic side. Using this property we can manipulate the energy concentration for

the adiabatic limit process and construct affine vortex bubbles. This is what we do in the last two

sections of this chapter for the case X = CN .

4.3 Degenerations of affine vortices

In the case studied by Taubes, we have already seen one type of degeneration of affine vortices.

Namely, vortices may “split”: the relative distance between points in −→z ∈ SymdC may diverge to

infinity, which means a sequence of vortices with vortex number d can split into up to d nontrivial

vortices. There are two other types of degenerations. If the symplectic quotient M allows nontrivial

holomorphic spheres, then the energy of a sequence of affine vortices can concentrate at infinity and

a holomorphic sphere in M can bubble off. Another possibility is sphere bubbles in the interior.

But since we have assumed that M is aspherical, this type of bubbles can only appear when marked

points coming together, i.e., ghost bubbles.

The bubbling phenomenon has been studied in [61]. And more generally, if we allow arbitrarily

many marked points, the we can use the language of complexified multiplihedron to describe the

moduli of stable vortices and its topology, as done in [57]. Here we only consider the case of at most

one interior marked point, hence no need to introduce the formal language.

4.3.1 Stable maps modelled on a rooted tree

A rooted tree T = (V,E,R) is a tree T = (V,E) with a distinguished vertex R ∈ V (the root).

For a rooted tree T the edges are automatically oriented towards the root. We define the depth

dT : V → Z≥0 ∪ {∞} such that

1. dT (R) =∞;
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2. v1Ev2 ∈ E =⇒ dT (v1) + 1 = dT (v2) or v2 = R;

3. If there is no v1 such that v1Ev2 ∈ E, then dT (v2) = 0.

An n-labelling of a rooted tree T is a map ρ : {α1, . . . , αn} → V .

Definition 4.3.1. An (n, 1)-marked genus zero stable map to M modelled on an n-labelled rooted

tree (T, ρ) = (V,E,R; ρ) is a tuple

(u,w) :=
(
{uvi}vi∈V , {wi1i2}vi1Evi2∈E , {wαj}j=1,...,n

)
where

1. uvi : C→M is a holomorphic map with finite energy (hence extends to a holomorphic sphere);

2. wi1i2 ∈ C and wαj ∈ C.

They are subject to the following conditions:

1. For each vi1Evi2 ∈ E, uvi1 (∞) = uvi2 (wi1i2) ∈M ;

2. For each vi2 ∈ V , the points wi1i2 for all vi1Evi2 ∈ E and zαj for all ρ(αj) = vi2 are all distinct;

3. If uvi2 is a constant map, then #{vi1 ∈ V | vi1Evi2 ∈ E}+ #{αj | ρ(αj) = vi2} ≥ 2.

For each vi ∈ V , we define Zvi :=
{
wv′ivi ∈ C | v′iEvi ∈ E

}
∪
{
wαj | ρ(αj) = vi

}
.

This refined notion of stable maps is used because the domain of an affine vortex has a canonical

marked point ∞. Then each stable map (u,w) defined as above, there is a dinstinguished marked

point ∞ on the component corresponding to R. For each edge v1Ev2, the coordinate of the node

on the component corresponding to v1 is automatically ∞. We can define various notions (such as

isomorphisms and convergence) of stable maps as done in [34, Chapter 5], with the restriction that all

tree maps should be maps between rooted trees, and we should only use affine linear transformations

instead of arbitrary Möbius transformations.

4.3.2 (0, 1)-marked and (1, 1)-marked stable affine vortices

We now describe the objects we will use to compactify the moduli space of affine vortices diskussed

in Section 4.2.

Definition 4.3.2. An admissible pair of rooted trees is a pair
(
T̃ , T

)
where T̃ =

(
Ṽ , Ẽ, R

)
is

a rooted tree, T ⊂ T̃ is a rooted subtree and we allow T = ∅ such that the following conditions hold
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1. If T = ∅, then T̃ has a single vertex R;

2. If T = (V,E,R) 6= ∅, then Ṽ \ V consists of vertices of depth zero;

A labelled admissible pair of rooted trees is an admissible pair of rooted trees
(
T̃ , T

)
together

with a vertex V0 ∈ Ṽ \ V , denoted by
(
T̃ , T ;V0

)
.

If T 6= ∅, then the set of edges βkEvi ∈ Ẽ for βk ∈ Ṽ \ V and vi ∈ V induces a labelling

ρT̃ ,T : Ṽ \ V → V , making
(
T, ρT̃ ,T

)
a rooted tree with a #(Ṽ \ V )-labelling.

More generally, if T 6= ∅, and T ′ ⊂ T is a rooted subtree (which is allowed to be empty), then

denote by BT̃ ,T ′ := {B1, . . . , Bt} the set of connected components of T̃ \T ′. Each element Bl ∈ BT̃ ,T ′

represent a rooted tree T̃Bl so that (Bl, Bl ∩ T ) is an admissible pair of rooted trees. If V0 ∈ Bl,

then (Bl, Bl ∩ T ;V0) is a labelled admissible pair of rooted trees.

Definition 4.3.3. A (0, 1)-marked stable affine vortex modelled on an admissible pair of rooted

trees
(
T̃ , T

)
is a tuple

W̃ :=
(

(u,w) ; {Wβk}βk∈Ṽ \V
)

where

1. If T 6= ∅, then (u,w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled

rooted tree
(
T, ρT̃ ,T

)
; if T = ∅ then (u,w) is empty.

2. Stability. For each βk ∈ {β1, . . . , βs} = Ṽ \ V , Wβk is a nontrivial affine vortex.

They are subject to the following constrains:

� If T 6= ∅, then for each βk ∈ Ṽ \ V , ev∞ (Wβk) = evk(u) ∈M .

Definition 4.3.4. A (1, 1)-marked stable affine vortex modelled on a labelled admissible pair of

rooted trees
(
T̃ , T ;V0

)
is a tuple

W̃ :=
(

(u,w) ; {Wβk}βk∈Ṽ \V ; {z0}
)

where

1. If T 6= ∅, then (u,w) is an (s, 1)-marked genus zero stable map to M modelled on the labelled

tree
(
T, ρT̃ ,T

)
; if T = ∅ then (u,w) is empty.
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2. For each βk ∈ {β1, . . . , βs} = Ṽ \ V , Wβk is an affine vortex;

3. z0 ∈ C.

They are subject to the following constrains:

1. Stability. If Wβk is trivial then V0 = βk.

2. If T 6= ∅, then for each βk ∈ Ṽ \ V , ev∞ (Wβk) = evk(u) ∈M .

We will call the marked point z0 an interior marked point of W̃.

The following picture illustrates a typical marked stable affine vortex. Here the “tear drops”

represent the vortices Wk and the spheres represent the components mapped into µ−1(0). A dotted

component indicates that it has zero energy.

Figure 4.1: A typical marked stable affine vortex.

Definition 4.3.5. An isomorphism between two (1, 1)-marked planar stable vortices

W̃ :=
(

(u,w) ; {Wβk}βk∈Ṽ \V ; {z0}
)

and

W̃′ :=
(

(u′,w′) ;
{
W ′βk

}
βk∈Ṽ \V

; {z′0}
)

modelled on the same labelled admissible pair of rooted trees
(
T̃ , T ;V0

)
is a tuple

(
f, {tβk , gβk}βk∈Ṽ \V , {φvi}vi∈V

)

where
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1. f : (T̃ , T ;V0)→
(
T̃ , T ;V0

)
is an automorphism;

2. For each βk ∈ Ṽ \ V , tβk is a translation on C and gβk : C→ G is a gauge transformation;

3. For each vi ∈ V , φvi is an affine linear transformation and if T 6= ∅, then (f |T , {φvi}vi∈V ) is

an isomorphism between (u,w) and (u′,w′) as (s, 1)-marked genus zero stable maps modelled

on the #
(
Ṽ \ V

)
-labelled rooted tree

(
T, ρT̃ ,T

)
.

They must satisfy the following conditions:

1. For each βk ∈ Ṽ \ V , (tβk , gβk) is an isomorphism from Wβk to W ′f(βk) (see Definition 4.2.3);

2. tV0(z′0) = z0.

For k = 0, 1, we define the homology class of a (k, 1)-marked stable affine vortex W̃ to be the

sum of the homology classes of each of its components, which is an element in HG
2 (M ;Z). This only

depends on its isomorphism class. For A ∈ HG
2 (M ;Z) we denote by M̃

A
1,1(M,A) be the category

of all (1, 1)-marked stable affine vortices of homology class A and the morphisms are isomorphisms

between the objects. Denote byMA
1,1(M,A) the space of isomorphism classes of (1, 1)-marked stable

affine vortices of homology class A. There is a well-defined evaluation map

ev∞ :MA
1,1(M,A)→M.

4.3.3 Degeneration of affine vortices

Now we describe the topology on the moduli space of stable affine vortices. We first give the definition

the convergence of a sequence of affine vortices to a stable affine vortex, which essentially coincide

with the definition in [61].

By a theorem of Guillemin and Sternberg, there is a neighborhoof Uε of µ−1(0) ⊂ M , which is

(canonically) symplectomorphic to µ−1(0) × g∗ε , where g∗ε is an ε-ball of g∗ centered at the origin

with respect to some biinvariant inner product, such that the moment map µ restricted to Uε is

equal to the projection onto g∗ε . Hence there is a well-defined map

πµ : Uε →M.

Definition 4.3.6. Let W ν = (Aν , uν) be a sequence of affine vortices and let

W̃ =
(

(u,w); {Wβk}βk∈Ṽ \V
)
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be a (0, 1)-marked stable affine vortex modelled on an admissible pair of rooted trees
(
T̃ , T

)
. We

say that the sequence {W ν} converges to W̃, if E := limν→∞E(W ν) <∞ exists, and

E = E(W̃)

and for each vi ∈ V and βk ∈ Ṽ \V , there exists affine linear transformations φνvi , φ
ν
βk

such that the

following conditions are satisfied:

1. For each βk ∈ Ṽ \V , φνβk is a translation, and there exists a sequence of gauge transformations

gνβk : C → G such that
(
gνβk

)∗ (
φνβk

)∗
(Aν , uν) converges to Wβk uniformly in any compact

subset of C;

2. For each vi ∈ V , the sequence affine linear transformation φνvi(y) = aνviy+bνvi with aνvi converges

to infinity;

3. For each vi ∈ V ,
(
φνvi
)∗

(µ ◦ uν) converges to zero uniformly on any compact subset of C \Zvi ,

and the map
(
φνvi
)∗

(πµ ◦ uν) converges to uvi uniformly on any compact subset of C \ Zvi .

4. If T 6= ∅, then for any βk ∈ Ṽ \V , the sequence of affine linear transformations
(
φνρT̃ ,T (βk)

)−1

◦

φνβk converges to the constant map wβk uniformly on any compact subset of C;

5. For any viEvj ∈ E, the sequence of affine linear tranformations
(
φνvj

)−1

◦ φνvi converges

uniformly on any compact subset of C to the constant map wvivj .

Definition 4.3.7. Let W ν = (Aν , uν ; zν0 ) be a sequence of (1, 1)-marked affine vortices and let

W̃ =
(

(u,w); {Wβk}βk∈Ṽ \V ; {z0}
)

be a (1, 1)-marked stable affine vortex modelled on the labelled admissible pair of rooted trees

(T̃ , T ;V0). We say that the sequence W ν converges to W̃, if E := limν→∞E(W ν) <∞ exists, and

E = E(W̃)

and for each vi ∈ V and βk ∈ Ṽ \V , there exists affine linear transformations φνvi , φ
ν
βk

such that the

following conditions are satisfied:

1. For each βk ∈ Ṽ \V , φνβk is a translation, and there exists a sequence of gauge transformations

gνβk : C → G such that
(
gνβk

)∗ (
φνβk

)∗
(Aν , uν) converges to Wβk uniformly in any compact

subset of C;
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2. limν→∞
(
φνV0

)−1
(zν0 ) = z0;

3. For each vi ∈ V , the sequence affine linear transformation φνvi(y) = aνviy+bνvi with aνvi converges

to infinity;

4. For each vi ∈ V ,
(
φνvi
)∗

(µ ◦ uν) converges to zero uniformly on any compact subset of C \Zvi ,

and the map
(
φνvi
)∗

(πµ ◦ uν) converges to uvi uniformly on any compact subset of C \ Zvi .

5. If T 6= ∅, then for any βk ∈ Ṽ \V , the sequence of affine linear transformations
(
φνρT̃ ,T (βk)

)−1

◦

φνβk converges to the constant map wβk uniformly on any compact subset of C;

6. For any viEvj ∈ E, the sequence of affine linear tranformations
(
φνvj

)−1

◦ φνvi converges

uniformly on any compact subset of C to the constant map wvivj .

Now the notion of convergence in the space of planar stable vortices can be easily defined:

Definition 4.3.8. Let W̃ν =

(
(uν ,wν) ;

{
W ν
βk

}
βk∈Ṽ ν\V ν

; {zν0}
)

be a sequence of (1, 1)-marked

stable affine vortices modelled on a sequence of labelled admissible pair of rooted trees
(
T̃ ν , T ν ;V ν0

)
,

and

W̃∞ =
(

(u∞,w∞) ; {W∞βk }βk∈Ṽ∞\V∞ ; {z∞0 }
)

be a (1, 1)-marked stable affine vortex modelled on the labelled admissible pair of rooted trees(
T̃∞, T∞;V∞0

)
. We say that the sequence

{
W̃ν

}
converges to W̃∞ if the following condition

holds:

1. If T∞ = ∅, then for large ν, T ν = ∅ and W̃ν converges to W̃∞ in the sense of Definition 4.3.7;

2. If T∞ 6= ∅, then there exists a rooted subtree T ′ ⊂ T∞ such that

(a) If T ′ = ∅ then for large ν, T ν = ∅;

(b) If T ′ 6= ∅, then for large ν, T ν 6= ∅, #
(
Ṽ ν \ V ν

)
= #BT̃∞,T ′ , and the sequence of genus

zero stable maps (uν ,wν) converges to the stable map W̃∞
∣∣∣
T ′

which is modelled on the

rooted tree T ′ with labelling ρT̃∞,T ′ ;

(c) For large ν, there is a bijection s : BT̃∞,T ′ → Ṽ ν \ V ν and a unique B0 such that

V ν0 = s(B0); and such that for each Bl ∈ BT̃∞,T ′ , if Bl = B0, then
(
W ν
V0
, zν0
)

converges

to W̃∞
∣∣∣
B0

in the sense of Definition 4.3.7; if Bl 6= B0, then W ν
s(Bl)

converges to W̃∞
∣∣∣
Bl

in the sense of Definition 4.3.6.

Now we can state the compactness theorem of Ziltener. We specialize to the case where we have

at most one interior marked points.
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Theorem 4.3.9. [61, Theorem 3] If W̃ν is a sequence of (k, 1)-marked stable affine vortices with

k = 0 or 1, and lim supν→∞E
(
W̃ν

)
< ∞, then there is a subsequence and a (k, 1)-marked stable

affine vortex W̃∞ such that the subsequence converges to W̃∞ in the sense of Definition 4.3.8.

Example 4.3.10. Suppose we are in the case of Example 4.2.2. A sequence of vortices is prescribed by

a sequence of points −→z ν ∈ SymdC. Modulo translation, the bubbling is caused by the phenomenon

that at least two points in −→z ν are separated infinitely far away. Then in the limit, −→z ν are divided

into groups, points in the same group will stay within finite distance and points belonging to different

groups will be infinitely far away. Hence the limit depends on a partition d = d1 + . . .+ dr, a curve

C ∈ M0,r+1, and for each i ∈ {1, . . . , r}, an element −→z i ∈ SymdiC up to translation. We have the

similar description if we add a marked point.

4.4 Quantum Kirwan map

4.4.1 The Poincaré bundle and the evaluation maps

Let’s consider the moduli space of (1, 1)-marked stable affine vortices. We call the component which

contains the interior marked point the primary component.

Fix a homology class A ∈ HG
2 (M). Consider the category of (1, 1)-marked stable affine vortices,

M̃
A
1,1(M,A) with homology class equal to A. The morphism set between two objects is the set of

isomorphisms (f, {tβk , gβk}) defined in Definition 4.3.5. Also consider the category of objects
(
W̃, p

)
where W̃ is an object of M̃

A
1,1(M,A) and p ∈ S1 ⊂ C which is regarded as a point in the fibre at

the marked point z0 of the trivial principal bundle of the primary component. A morphism between(
W̃, p

)
and

(
W̃′, p′

)
is an isomorphism (f, {tβk , gβk}) between W̃ and W̃′ such that p = p′gV0

(z0).

Taking quotient modulo isomorphisms, we get a principal G-bundle over MA
1,1(M,A), denoted by

P0 →M
A
1,1(M,A).

The right G-action is induced from
(
W̃, p

)
· g =

(
W̃, pg

)
. There is a well-defined equivariant

evaluation induced from
(
W̃ , p

)
7→ uV0

(p) ∈M , denoted by

ev0 : P0 →M.

This induces a map, with an abuse of notation, ev0 :MA
1,1(M,A)→MG := EG×GM , to the Borel

construction MG of M , whose cohomology is the equivariant cohomology of M . Also, we have the
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evaluation map ev∞ :MA
1,1(M,A)→M by evaluating the root component at infinity.

4.4.2 The quantum Kirwan map

We use the notations in Subsection 1.3.1 and assuming that (M,ω) is monotone. Suppose we

have a natural orientation of the deformation complex of the equation (1.14) (over C) with gauge

tranformations, and there is a well-defined virtual fundamental class
[
MA

1,1(M,A)
]vir

, then the

quantum Kirwan map κQ : H∗G (M ;R)→ QH∗
(
M ; Λ

)
is defined by

κQ(α) =
∑

A=d1A1+···+dmAm

∑
ν1,ν2

〈
(ev0)∗α ∪ (ev∞)∗eν1 ,

[
MA

1,1(M,A)
]vir〉

· gν1ν2eν2 ⊗ q
d1
1 · · · qdmm .

(4.4)

Note that if we specialize κQ(α) at q1 = · · · = qm = 0, then the only contribution is given by

MA
1,1(M, 0), which is homeomorphic to M ; the Poincaré bundle over this moduli is isomorphic to

the G-bundle µ−1(0)→M . So the result will be the classical Kirwan map κ(α).

4.5 The adiabatic limit of U(1)-vortices

4.5.1 Holomorphic N-pairs and Hitchin-Kobayashi correspondence for

rescaled area form

From now on, we consider concrete examples. More precisely, we work with M = CN with the

diagonal S1-action, whose moment map is

µ(z1, . . . , zN ) = −
√
−1

2

 N∑
j=1

|zj |2 − 1

 .

Here we identify LieS1 ' iR '
(
LieS1

)∗
. The symplectic quotient is the projective space PN−1. We

assume N ≥ 2.

Recall in Subsection 1.3.4, a degree d, rank 1, stable holomorphicN -pair over the Riemann surface

Σ is a tuple (L;ϕ1, . . . , ϕN ) where L → Σ is a degree d holomorphic line bundle and ϕj ∈ H0(L)

such that at least one of them is nonzero. On the other hand, let L→ Σ be a fixed smooth Hermitian

line bundle of degree d; let ΩΣ be a smooth area form on Σ. Let M̃λ
Σ

(
CN , L

)
be the space of all
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solutions (A;φ1, . . . , φN ) to the following equation:


∂Aφj = 0;

FA = λ2√−1
2

(∑N
j=1 |φj |

2 − 1
)

ΩΣ.

(4.5)

Here A is a unitary connection on L and φi are smooth sections of L. And let Mλ
Σ

(
CN , L

)
be the

space of gauge equivalence classes of such solutions.

By the Hitchin-Kobayashi correspondence (Theorem 1.3.5), the moduli space of (isomorphism

classes of) degree d rank 1 stable holomorphic N -pairs is homeomorphic toMλ
Σ(CN , L) for any λ. In

particular, we always regard a holomorphic line bundle L having the underlying smooth line bundle

L with a holomorphic structure given by ∂A, the (0, 1)-part of the connection A. Take λ = 1 and

we represent a holomorphic N -pair to an element in M̃1
Σ(CN , L). Then for each (B;ϕ1, . . . , ϕN ) ∈

M̃1
Σ(CN , L) and for each λ > 0, there exists a unique hλ such that

ΛFB −
√
−1∆hλ −

λ2
√
−1

2

e−2hλ

N∑
j=1

|ϕj |2 − 1

 = 0. (4.6)

The corresponding solution to (4.5) is given by

A = B +
√
−1dchλ = B − ∂hλ + ∂hλ, φj = e−hλϕj

which is the result by applying the “purely imaginary gauge tranformation” ehλ to the tuple

(B;ϕ1, . . . , ϕN ).

For any λ-vortex (A;φ1, . . . , φN ) ∈ M̃λ
Σ(CN , L), the λ-energy density and λ-energy are given by

eλ(z) :=

N∑
j=1

|dAφj(z)|2 +
λ2

2

∣∣∣∣∣∣
N∑
j=1

|φj(z)|2 − 1

∣∣∣∣∣∣
2

Eλ(A;φ1, . . . , φN ) :=

∫
Σ

eλ(z)ΩΣ = 2πdegL. (4.7)

Let (L,−→ϕ ) = (L;ϕ1, . . . , ϕN ) be a stable holomorphic N -pair. The base locus of −→ϕ is the

intersection of the zeroes of ϕj , denoted by Z ⊂ Σ. The multiplicity mp of p ∈ Z is the minimum of
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the multiplicities of p as a zero of ϕj . Then −→ϕ defines a holomorphic map

[−→ϕ ] : Σ \ Z → PN−1

z 7→ [ϕ1(z), . . . , ϕN (z)]

which extends uniquely to a holomorhic map from Σ to PN−1 by removal of singularity, which is

still denoted by [−→ϕ ]. It is easy to see that

deg [−→ϕ ] = degL−
∑
p∈Z

mp.

4.5.2 The adiabatic limit

We will study the behavior of a sequence of objects (Aλ, uλ) ∈ M̃λ
Σ(CN , L) as λ → ∞ and give a

refined version of the bubbling zoology of the adiabatic limit. In particular, we will give an algebraic

condition on the bubbling of nontrivial affine vortices.

From now on until the end of this section, we fix a sequence of stable holomorphic N -pairs,

which, by the Hitchin-Kobayashi correspondence, can be identified with a sequence (Bk;−→ϕ k) =

(Bk;ϕ1,k, . . . , ϕN,k) ∈ M̃1
Σ

(
CN , L

)
. We assume that this sequence converges to (B;ϕ1, . . . , ϕN ) ∈

M̃1
Σ

(
CN , L

)
, whose base locus is denoted by Z ⊂ Σ. We also fix a sequence λk → ∞, hence for

each k let hk : Σ→ R denote the unique solution to the equation (4.6) for the vortex (Bk;−→ϕ k) and

λ = λk. We denote Ak := Bk − ∂hk + ∂hk and φj,k := e−hkϕj,k.

For each p ∈ Σ, we choose a local holomorphic coordiante ξp : Brp → Up, where rp > 0

and Brp ⊂ C is the radius rp disk centered at 0 ∈ C, Up is a neighborhood of p ∈ Σ. Up to

rescaling, we can assume that ξ∗pΩΣ = σpdsdt, where (s, t) is the standard coordinates on C and

σp : Brp → R+ is a smooth function, such that σp(0) = 1. We also trivialize ξ∗pL smoothly over

Brp by ζp : Brp × C → ξ∗pL. We call such a triple
(
Up, Brp , ξp, ζp

)
an admissible chart near p.

Then any triple (L,A, u) over Σ can be pulled back by an admissible chart to Brp , to a triple(
Brp × C, d+ α;φ

)
over Brp .

Then for any q ∈ ξp

(
B rp

2

)
⊂ Up and for r ∈

(
0,

rp
2

)
, the inclusion Br ' Bξ−1

p (q)(r) ⊂ Brp

induces a chart near q, from the admissible chart (Up, Brp , ξp, ζp). Then for any large number λ, we

zoom in by Bλr ' Br. With the admissible chart near p understood, we abbreviate by

s∗q,λ (A, u)
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to be the pull-back object on the trivial bundle over Bλr.

Lemma 4.5.1. Suppose pk ∈ Σ is a sequence of points such that limk→∞ pk = p and rk > 0 is a

sequence of real numbers such that

lim
k→∞

rk = 0, lim
k→∞

Rk := lim
k→∞

λkrk = +∞. (4.8)

Choosing an admissible chart centered at p. Then we obtain a sequence of pull-back pairs

(d+ αk;φk) := s∗pk,λk (Ak, uk)

on BRk . Then, there exists a subsequence (still indexed by k), such that (d+ αk, φk) converges in

C∞loc on C to an affine vortex with finite energy. Note that the limit can be trivial, and we don’t need

to take gauge transformations.

Proof. Let’s first see why we don’t need to take gauge transformations. Indeed, with respect to the

admissible chart write

Bk = d+ βk = d+ Φkdx+ Ψkdy.

Abbreviate s∗k = s∗pk,λk , we have

s∗kβk = λ−1
k (s∗kΦkds+ s∗kΨkdt)

converges to zero in any compact subset K ⊂ C, because the sequence of connections Bk converges

on Σ. Now we see that

s∗kAk = d+ s∗kβk −
√
−1s∗kd

chk

with d(s∗kβk −
√
−1s∗kd

chk) uniformly bounded, d∗(s∗kβk −
√
−1s∗kd

chk) → 0. Hence there exists a

subsequence of s∗kAk (still indexed by k) converging in C0
loc.

Then, on the product BRk × CN , the connection s∗kAk and the almost complex structures on

CN and BRk induces a sequence of almost complex structures Jk with respect to which
−→
φ k is

holomorphic. Jk converges (in C0) because s∗kAk converges weakly in W 1,p(K). The energy density

of
−→
φ k is also uniformly bounded by (4.3) and (4.7). By the standard method, a subsequence of

−→
φ k converges to a section

−→
φ∞ which is holomorphic with respect to the connection d + α∞ on C.
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And it is easy to check that the limit pair
(
d+ α∞,

−→
φ∞

)
satisfies the vortex equation on C with

respect to the area form dsdt. Finally it is standard to show that the limit is actually smooth and

the convergence is in C∞loc.

The above lemma is somehow a fact a priori, which will be used for many times to guarantee

the existence of converging subsequence.

4.5.3 Convergence away from base locus

Proposition 4.5.2. If the limit of the sequence of points pk in Lemma 4.5.1 lies in Σ \ Z, then

for any sequence rk > 0 satisfying (4.8), the limit affine vortex of any convergent subsequence we

obtained in Lemma 4.5.1 is trivial. In particular, the function µk =
∑N
j=1 |φj,k|

2 − 1 converges to

zero in C0
loc (Σ \ Z).

Proof. In Lemma 4.5.1, denote by h′k = s∗khk, then (4.6) implies

∆h′k +
1

2

e−2h′k

N∑
j=1

|s∗kψj,k|
2 − 1

+

√
−1

λ2
k

s∗k (ΛFBk) = 0.

Because p is not in the base locus, the sequence of functions
∑N
j=1 |s∗kψj,k|

2
converges to a nonzero

constant b uniformly on any compact subset of C. Then the sequence h′k converges to a solution to

the following Kazdan-Warner equation on C

∆h+
1

2

(
be−2h − 1

)
= 0.

But there is only one solution h which has asymptotic value 1
2 log b, which is the constant. This

implies that the vortex is trivial.

Then if there exists pk ∈ K such that limk→∞ pk = p ∈ K and limk→∞ |µk(pk)| > 0, this means

the energy density blows up like λ−2
i near p. Then as in [17], the process in Lemma 4.5.1 will produce

a nontrivial affine vortex, which contradicts with the above.

Then away from the base locus, the sequence of sections
−→
φ k will sink into the level set µ−1(0).

Then we expect that, by projecting to the quotient µ−1(0)/S1, it will converges to a holomorphic

map in PN−1. The precise meaning is described as follows.
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For −→z ∈ CN with |µ(−→z )| < 1
2 , we have the map

µ−1
(√
−1(− 1

2 ,
1
2 )
)
→ µ−1(0)×

√
−1(− 1

2 ,
1
2 )

−→z 7→
((∑N

j=1 |zj |2
)− 1

2 −→z , µ(−→z )

)
.

This induces the map π : µ−1
(√
−1(− 1

2 ,
1
2 )
)
→ PN−1 by projecting.

Proposition 4.5.3. For any compact subset K ⊂ Σ \Z, the sequence of maps π ◦
−→
φ k : K → PN−1

converges to the holomorphic map
[−→
ψ
]
|K : K → PN−1.

Proof. Indeed, observe that
(
π ◦
−→
φ k

)
|K =

[−→
ψ k

]
|K . And since

−→
ψ k converges to an N -pair which

is base point free over K, the convergence is obvious.

4.5.4 Bubbling at base points

Now for each p ∈ Z, take an admissible chart (Up, Br, ξp, ζp) near p. Also for each k, take a local

holomorphic section ek such that ek(0) = ζp(0)(1) ∈ Lp and assume that limk→∞ ek converges to a

smooth section of L over Up.

With respect to the admissible chart,

Bk = d+ βk, βk ∈ Ω1 (U, iR) , B = d+ β

and βk → β, ψj,k → ψj in C∞-topology.

For each k, and j = 1, . . . , N , denote by Zj,k = (φj,k)
−1

(0)∩U . Each element zj,k ∈ Zj,k has an

associated multiplicity m(zj,k) ∈ Z+. By taking a subsequence if necessary, we assume that there

are finite sets Zj and bijections

ρk : Zj → Zj,k

and maps m : Zj → Z>0 such that m (ρk(zj)) = m(zj). (Note that Zj,k could be empty. This happens

only if the section φj,k converges to zero on Σ.)

We then consider all sequences {pk} ⊂ U that converges to p, which are identified with a sequence

of complex numbers {zk} converging to the origin. By taking a further subsequence if necessary, we

assume that for each j, there is a subset Wj ⊂ Zj (associated to the sequence {zk}) such that

lim sup
k→∞

λk |zk − ρk(wj)| < +∞,∀wj ∈Wj ;
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lim inf
k→∞

λk |zk − ρk(zj)| = +∞,∀zj ∈ Zj \Wj .

We can write that for z ∈ U ,

φj,k(z) = ek(z)
∏

zj∈Zj

(z − ρk(zj))
m(zj) fj,k(z)

where fj,k is a nonvanishing holomorphic function. Then the assumption that ψj,k converges to ψj

implies that

fj := lim
ν→∞

fj,k

exists.

For each j, denote

dj :=
∑

wj∈Wj

m(wj) ≥ 0.

Define

tk := max

λ−djk |fj,k (zk)|
∏

zj∈Zj\Wj

|zk − ρk(zj)|m(zj) : Wj 6= ∅



Tk := max

|fj,k (zk)|
∏

zj∈Zj

|zk − ρk(zj)|m(zj) : Wj = ∅


with the convention that max ∅ = 0.

Lemma 4.5.4. If lim infk→∞
Tk
tk
< +∞, then a subsequence of the sequence s∗k

(
Ak;
−→
φ k

)
converges

to a nontrivial affine vortex; if lim infk→∞
Tk
tk

= +∞, then there is a subsequence s∗k

(
Ak;
−→
φ k

)
converges to a trivial affine vortex.

Proof. In the first case, we assume by taking a subsequence that there exists j0 such that for all k,

tk = λ
−dj0
k |fj0,k (zk)|

∏
zj0∈Zj0\Wj0

|zk − ρk(zj0)|m(zj0 )
.
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And, if limk→∞ ψj0,k = 0, we may assume by taking a subsequence that

lim
k→∞

fj0,k
|fj0,k(zk)|

converges to a nonvanishing holomorphic function on U .

Then we have

s∗kφj0,k(w) = eν(z)e−hk(zk+λ−1
k w)

∏
zj0∈Zj0

(
w

λk
+ (zk − ρk(zj0))

)m(zj0 )

fj0,k(zk + λ−1
k w)

= ek(z)e−hk(zk+λ−1
k w)

∏
wj0∈Wj0

(
w

λk
+ (zk − ρk(wj0))

)m(wj0 ) ∏
zj0∈Zj0\Wj0

(
w

λk
+ (zk − ρk(zj0))

)m(zj0 )

fj0,k

= ek(z)e−hk(zk+λ−1
k w)tk

∏
wj0∈Wj0

(w + λk (zk − ρk(wj0)))
m(wj0 )

∏
zj0∈Zj0\Wj0

(
w

λk(zk − ρν(zj0))
+ 1

)m(zj0 )

·
fj0,k(zk + λ−1

k w)

|fj0,k(zk)|
∏

zj0∈Zj0\Wj0

(
zk − ρk(zj0)

|zk − ρk(zj0)|

)m(zj0 )

.

Then by taking a subsequence, the product of the last four factors converges to a nonzero polynomial,

uniformly on any compact subset of C, which has zeroes at limν→∞ λν (zν − ρν(wj0)) for each

wj0 ∈ Wj0 . Then by the a priori convergence of s∗kφj0,k (Lemma 4.5.1), this implies that the

function

e−Hk(w) := e−hk(zk+λ−1
k w)+log tk

converges to a smooth function, denoted by H0. Then, for all j 6= j0,

s∗kφj,k(w) = ek(z)e−hk(zk+λ−1
k w)

∏
zj∈Zj

(
w

λk
+ (zk − ρk(zj))

)m(zj)

fj,k

= ek(z)fj,ke
−Hk(w)t−1

k

∏
wj∈Wj

(
w

λk
+ (zk − ρk(wj))

)m(wj) ∏
zj∈Zj\Wj

(
w

λk
+ (zk − ρk(zj))

)m(zj)

= ek(z)e−Hk(w)
∏

wj∈Wj

(w+λk(zk−ρk(wj)))
m(wj)

∏
zj∈Zj\Wj

(
w

λk(zk − ρk(zj))
+ 1

)m(zj) fj,k(zk + λ−1
k w)

|fj,k(zk)|

·
∏

zj∈Zj\Wj

(zk − ρk(zj))
m(zj) |fj,k(zk)|

λ
dj
k tk

.
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Then taking a subsequence, we can assume that

aj := lim
k→∞

∏
zj∈Zj\Wj

(zk − ρk(zj))
m(zj) |fj,k(zk)|

λ
dj
k tk

∈ C

exists. Then taking a further subsequence, we have

lim
k→∞

s∗kφj,k(w) = e∞(0)H0(w)aj
∏

wj∈Wj

(
w + lim

k→∞
λk(zk − ρk(wj))

)m(wj)

.

Since we know that the limit section limk→∞ s∗k (φ1,k, . . . , φN,k) doesn’t vanish identically, H0 6= 0

and hence the sequence of functions h̃k := s∗khk− log tk converges to a smooth function h̃ on C. And

the limit vortex is nontrivial because at least for j = j0, it is of the form

aj0e
−h̃(w)

dj0∏
s=1

(w + ξs)

Now we look at the second case: lim infk→∞
Tk
tk

= +∞. Then we may assume that there exists

a subsequence and j0 such that

1. For each j, limk→∞ ψj,k = 0 =⇒ fj,k
|fj,k(zk)| converges to a nonvanishing holomorphic function

on U ;

2. Wj0 = ∅ and

Tk = |fj0,k(zk)|
∏

zj0∈Zj0

|zk − ρk(zj0)|m(zj0 )
.

Then

s∗kφj0,k(w) = ek(z)e−hk(z)fj0,k
∏

zj0∈Zj0

(
w

λk
+ (zk − ρ(zj0))

)m(zj0 )

= ek(z)e−hk(z)Tk
∏

zj0∈Zj0

(
w

λk(zk − ρk(zj0))
+ 1

)m(zj0 )
fj0,k

|fj0,k(zk)|
∏

zj0∈Zj0

(
zk − ρk(zj0)

|zk − ρk(zj0)|

)m(zj0 )

.

(By taking a subsequence) the product of the last three factors converges to a nonzero constant,

which implies that e−hk(zk+λ−1
k w)Tk converges to a smooth function H0 : C→ R.

Then by our assumption limk→∞
Tk
tk

=∞, we can easily see that s∗kφj0,k dominates other s∗kφj,k.

In particular, if Wj 6= ∅, then

lim
k→∞

s∗kφj,k = 0;
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if Wj = ∅, then

lim
k→∞

s∗kφj,k = ajH0

for some constant aj . Since the limit of s∗k (φ1,k, . . . , φN,k) doesn’t vanish identically, we see that the

sequence of functions hk(zk + λ−1
k w) − log Tk converges to a smooth function h̃ on C, which must

be (by Lemma 4.5.1) the solution to the Kazdan-Warner equation

∆h̃+
1

2

e−2h̃
∑

Wj=∅

|aj |2 − 1

 = 0.

This implies that the limit vortex is trivial.

From the proof we also see, if we replace zk be z′k with lim supk→∞ λ−1
k |zk − z′k| <∞, then the

nontrivial affine vortex we get from the first case will differ by a translation.

Remark 4.5.5. If we assume that ϕj = limk→∞ ϕj,k is nonzero for each j, then from the proof of the

above lemma, we see that a nontrivial affine vortex bubbles off if each φj,k contributes at least one

zero so that they concentrate in a rate no slower than λk →∞ (the case where some ϕj = 0 is more

subtle). Due to the energy quantization (i.e., the energy of nontrivial affine vortices is bounded from

below), we can find all possible nontrivial affine vortex bubbles at the base point p. There might

be some missing degrees, caused by the zeroes of φj,k which concentrate in a slower rate than λ−1
k .

This slower concentration means holomorphic spheres in PN−1 bubble off, and the bubbling happens

at the “neck region” between different affine vortices and between affine vortices and the original

domain Σ.

4.6 Classification of U(1)-vortices and its moduli spaces

We consider an arbitray affine vortex
(
A,
−→
φ
)

with target CN with finite energy.

Lemma 4.6.1. There exists a complex gauge transformation g = eh1+ih2 such that g∗A is the

trivial connection. If g′ is another complex gauge tranformation which also transform A to the

trivial connection, then g′ = gef where f is an entire function.

Proof. Suppose A = d+ Φds+ Ψdt. We first show that there exists a unitary gauge transformation
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g1 = eif such that

d∗ (g∗1A− d) = 0, (4.9)

i.e., the Coulomb gauge condition. Indeed,

d∗ (g∗1A− d) = d∗
((

Φ− i∂f
∂x

)
dx+

(
Ψ− i∂f

∂y

)
dy

)
= i∆f − ∂Φ

∂x
− ∂Ψ

∂y
.

Hence there exists f such that (4.9) holds. Then for g2 = eh with h a real valued function,

g∗2g
∗
1A− d = −i

(
∂h

∂x
dy − ∂h

∂y
dx

)
+ (g∗1A− d) = −i ∗ dh+ (g∗1A− d) = −i ∗ (dh− i ∗ (g∗1A− d)) .

The existence of h such that g∗2g
∗
1A = d follows from Poincaré lemma.

Then, up to a unitary gauge transformation, we can assume that
(
A,
−→
φ
)

is in Coulomb gauge,

and A = d − ∂h + ∂h for some real valued function h and ∂A = ∂ + ∂h = e−h∂eh. So ∂Aφj =

0 ⇔ ∂(ehφj) = 0. The vortex equation is equivalent the following equation on real valued function

h : C→ R

∆h+
1

2

e−2h
N∑
j=1

|ψj(z)|2 − 1

 = 0 (4.10)

where ψj are entire functions.

Lemma 4.6.2. If E
(
A,
−→
φ
)
<∞, then ψj = ehφj are polynomials and the Maslov index of

(
A,
−→
φ
)

is equal to the maximum of the degrees of ψj.

Proof. By Proposition 4.2.7 there exists g : S1 → U(1) such that for each j and all θ ∈ S1,

lim
r→+∞

g(e−iθ)e−h(reiθ)ψj(re
iθ)→ aj (4.11)

and
∑N
j=1 |aj |2 = 1. The Maslov index of the vortex is by definition the degree of g.

Then for each j with aj 6= 0, (4.11) implies that ∞ is not an essential singularity of ψj . Hence

ψj is a polynomial. Then it is easy to see that aj 6= 0 =⇒ degψj = d. Moreover, if al = 0 and

aj 6= 0, then

lim
r→∞

ψl(re
iθ)

ψj(reiθ)
=
al
aj

= 0
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which implies that ψl is a polynomial with degree strictly less than d.

Before we proceed, we consider the uniqueness of the solutions to the Kazdan-Warner equation

(4.10). For given N polynomials {ψj}1≤j≤N , suppose
∑N
j=1 |ψj(z)|

2
are asymptotic to c2|z|2d as

|z| → ∞ for some c > 0.

Lemma 4.6.3. If h1, h2 : C→ R are both smooth and solve equation (4.10) on C such that

lim
|z|→∞

e−2hi(z)
N∑
j=1

|ψj(z)|2 − 1

 |z|4−ε = 0, i = 1, 2,

then h1 = h2.

Proof. We have

∆(h1 − h2) +
(
e−2h1 − e−2h2

) N∑
j=1

|ψj |2 = 0.

Then the L2-pairing with h1 − h2 gives

0 = |d(h1 − h2)|2L2 +

∫
C

(h1 − h2)
(
e−2h2 − e−2h1

) N∑
j=1

|ψj |2 ≥ 0.

So this is true only if ψj ≡ 0 or h1 = h2.

4.6.1 Construction of arbitrary vortices

We have seen that all finite energy affine vortices are obtained from the solution to (4.10) for ψj

polynomials, and the solution, if exists, is unique. Now with our understanding of the adiabatic

limit of equation (1.14) and the bubbling off phenomenon at the base locus (in the proof of Lemma

4.5.4), it is rather easy to construct solutions to (4.10) with any given set of polynomials.

Indeed, suppose we are given N polynomials ψ1, . . . , ψN , with ψi = ai(z − z1
i ) · · · (z − zdii ). It is

trivial to add zero polynomials hence we assume that ai 6= 0. Let d := max1≤i≤N di.

Now, consider the degree d line bundle O(d) → P1. Take the sequence λk = k. Consider the

sequence of sections of O(d), where are sequences of degree d polynomials

ϕ
(k)
i (z) = kdi−dai(1− z)d−di

di∏
j=1

(
z − zji

k

)
.
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Then for each k,
(
O(d);ϕ

(k)
1 , . . . , ϕ

(k)
N

)
is a rank 1 stable holomorphic N -pair over P1. By the

Hitchin-Kobayashi correspondence, there exists a metric H(k) on O(d) which solves the vortex

equation. Now the origin is a base point of the limit N -pairs (O(d);φ1, . . . , φN ) with φi(z) = aiz
d

for di = d and φi(z) = 0 for di < d. As in the proof of Lemma 4.5.4, we take p = pk = 0 and

rk := λ
− 1

2

k = k−
1
2 . It is easy to see that the sequence satisfies the criterion limk→∞

Tk
tk

< ∞ of

Lemma 4.5.4. Hence by zooming in with a factor λk = k, we see a nontrivial affine vortex of

Maslov index d bubbles off. Equivalently, we constructed the unique solution to the Kazdan-Warner

equation (4.10) with the given polynomials ψj on C.

4.6.2 Identify the moduli space

Denote

Ñd :=
{

(ajl)1≤j≤N, 0≤l≤d ∈ C(d+1)N | (a1d, . . . , aNd) 6= (0, . . . , 0)
}
.

This corresponds to the space of N polynomials as the input of (4.10). C∗ acts on Ñd freely and

denote Nd := Ñd/C∗. We will use x to denote a general point in Nd.

Corollary 4.6.4. There is an orientation preserving homeomorphism

ΦdHK : Nd →MA
1,1

(
CN , d

)
.

And for each (A, u) ∈ M̃A
1,1

(
CN , d

)
, the linearization DA,u defined in (4.1) is surjective.

Proof. We define Φ̃dHK : Nd → M̃A
0,1

(
CN , d

)
to be the map which assigns to x = [ajl]1≤j≤N,0≤l≤d

the affine vortex (
A = d− ∂h+ ∂h, u = e−h (ψ1, . . . , ψN )

)
where ψj(z) =

∑d
l=0 ajlz

l and h is the solution to (4.10) with the input ψ1, . . . , ψN . Then define

ΦdHK(x) to be the equivalence class of (1, 1)-marked affine vortex
(

Φ̃dHK(x), 0
)

, where 0 ∈ C is the

interior marked point.

To show show that map is continuous, we need to show that the solution to the Kazdan-Warner

equation depends continuously on the polynomials ψ1, . . . , ψN , which can be proved in a standard

way. The orientation-preserving property then follows from a C1-dependence on ψ1, . . . , ψN .

Now we show the surjectivity of the linearization map. First notice that the linearization of

gauge tranformation is injective, because the image of u is not in the fixed point set of the S1-action
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on CN . Hence it suffices to prove that the map

DA,u (V, α) =

 ∂AV + X 0,1
α (u)

dα+ dµ(V )dsdt


is surjective, where (V, α) ∈ Wp,δ which is defined in Subsection 4.2.1. Note that the space

W 1,p
δ

(
CN
)

:=
{
V ∈W 1,p

loc

(
CN
)
| |V |Lpδ +

∣∣∇AV ∣∣
Lpδ
<∞

}
and W 1,p

δ

(
Λ1,0C

)
are contained in Wp,δ

by obvious inclusions. Hence it suffices to show that the two maps

∂A : W 1,p
δ

(
CN
)
→ Lδp

(
Λ0,1C⊗ CN

)
V 7→ ∂AV

(4.12)

∂ : W 1,p
δ

(
Λ1,0C

)
→ Lpδ

(
Λ2C

)
α1,0 7→ ∂α1,0

(4.13)

both have dense range (they are not Fredholm).

To prove that (4.12) has dense range, it suffices to prove for N = 1. Then the operator is

∂Af =
(
e−h∂(ehf)

)
.

If its range is not dense, then there exists g ∈ (Lpδ)
∗

= Lq−δ such that

∫
C
gdz ∧ ∂Af = 0, ∀f ∈ C∞c .

This implies that e−hg is an entire function. But eh grows like |z|d for d ≥ 0. Hence g = 0 or g

grows at least like |z|d. For such a g in the latter case to lie in Lq−δ, we should have

−2 > q(d− δ) =⇒ δ > d+ 2− 2

p
≥ 2− 2

p

which contradicts with our choice of p and δ. The operator (4.13) is equivalent to the map f 7→ ∂f
∂z

so it is essentially the same as the case of (4.12) to deduce that it has dense range.

Remark 4.6.5. In particular, the transversality of the linearization DA,u implies that the moduli

space Nd is a correct one to define the quantum Kirwan map. The remaining is to show that the

evaluation maps indeed give a pseudo-cycle. This can be seen by giving suitable compactifications
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of the moduli space on which the evaluation maps extend continuously. In the last two sections, we

will first give the stable map compactification of the lowest nontrivial moduli, and then construct a

compactification (which we call Uhlenbeck compactification) for arbitrary degrees which allows us

to extend the evaluation maps.

4.6.3 Stable map compactification of MA
1,1

(
CN , 1

)
In this subsection we identify the compactification MA

1,1

(
CN , 1

)
defined in Subsection 4.3.2, which

is the smallest nontrivial case. Depending on the type of degeneration, MA
1,1

(
CN , 1

)
is stratified as

described in Figure 4.2: the open stratum is MA
1,1

(
CN , 1

)
; two lower strata of depth 1 are: 1) the

stratum T1 corresponding to the moduli of degree 1 holomorphic spheres in PN−1 with one marked

point and a ghost vortex attached to the sphere, which is the same as M2

(
PN−1, 1

)
and 2) the

stratum T2 corresponding to the moduli of (0, 1)-marked degree 1 affine vortices with two ghost

components attached at ∞; the lowest stratum S is the moduli of holomorphic spheres with two

ghost components attached at∞. Note that, points in each stratum only depend on the isomorphism

class of their nontrivial components and the other ghost components are attached to the nontrivial

components in a unique way.

We need to find the correct compactification of N1. Note that N1 = O(1)⊕N where O(1)→ PN−1

is the degree 1 line bundle. For a := (a1, . . . , aN ) 6= 0, we use the homogeneous coordinates

[a1, . . . , aN ] to denote a point in the base PN−1, a to denote a basis vector of the fibre of O(−1) over

the point [a1, . . . , aN ], and a∗ the dual basis of the fibre of O(1) over [a1, . . . , aN ]. Then a point in

N1 will be denoted by (b1, . . . , bN )a∗.

There is a natural compactification of O(1)⊕N by the projective bundle

P(E) := P
(
O(1)⊕N ⊕ C

)
where O(1)⊕N embeds into P(E) as

(b1a
∗, . . . , bNa∗) 7→ [b1a

∗, . . . , bNa∗, 1] .

We see that P(E)\N1 = PN−1×PN−1. Remember that, the moduli space of genus zero, degree 1,

2-marked stable map to PN−1 is isomorphic to the blow up Bl∆
(
PN−1 × PN−1

)
along the diagonal
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Figure 4.2: The stratification of MA
1,1

(
CN , 1

)
.
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∆ ⊂ PN−1 × PN−1. Regard ∆ ⊂ P(E) as a codimension N subvariety. We denote by

N1 := Bl∆P(E)

the blown-up. Denote the exceptional divisor by E ' P (N∆ ⊕ C), where N∆ is the normal bundle

of ∆ in PN−1×PN−1. Now the space N1 can be stratified: the top stratum is just N1; there are two

strata of depth one, which are T1 := PN−1×PN−1 \∆ and T2 := E \P(N∆); there is a single lowest

stratum of depth two, which is S := P (N∆). For each point x = ([a1, . . . , aN ], [a1, . . . , aN ]) ∈

∆, the fibre of T2 over x has the coordinates [(v1a
∗, . . . , vNa∗) , (−v1a

∗, . . . ,−vNa∗) , 1], where

(v1, . . . , vN )⊥(a1, . . . , aN ) in CN and hence

(v1a
∗, . . . , vNa∗) ∈ Hom

(
O(1)|[a],a

⊥) = T[a]PN−1.

Now we prove that the map Φ1
HK defined in Corollary 4.6.4 extends to

Φ
1

HK : N1 →M
A
1,1

(
CN , 1

)
which is a homeomorphism with respect to the Gromov convergence defined in Subsection 4.3.3 and

respects the stratifications of the domain and the target.

We first define the extension as follows.

1. Φ
1

HK : T1 → T1 assigns to [a1, . . . , aN , b1, . . . , bN ] the (1, 1)-marked stable affine vortex in

T1 whose nontrivial component is the equivalent to the holomorphic sphere z 7→ [a1z +

b1, . . . , aNz + bN ].

2. Φ
1

HK restricted to T2 = E \ P(N∆) assigns each [(v1, . . . , vN )a∗,−(v1, . . . , vN )a∗, 1] to the

equivalence class of (1, 1)-marked stable affine vortices in T2 whose nontrivial component is

equivalent to the vortex Φ̃1
HK ([a1, . . . , aN ,−v1, . . . ,−vN ]).

Now we have to prove

Lemma 4.6.6. Φ
1

HK is continuous.

Proof. It is continuous on each stratum. Hence we take a sequence xi ∈ N1 which converges to a

point x∞ ∈ N1 \N1. We may write xi = [(b1,i, . . . , bN,i) a∗i , wi] ∈ P
(
O(1)⊕N ⊕ C

)
with ai, bi unit

vectors, wi ∈ C∗, and limi→∞ ai = a, limi→∞ bi = b, limi→∞ wi = 0. Let di := dPN−1([ai], [bi]).

We first observe that
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1. x∞ ∈ T1 =⇒ [a] 6= [b] in PN−1;

2. x∞ ∈ T2 =⇒ [a] = [b] and limi→∞ |wi|−1di <∞;

3. x∞ ∈ S =⇒ [a] = [b] and limi→∞ |wi|−1di =∞.

1. In the first and the third case, we have

lim
i→∞

inf
z∈C

∣∣aiz + w−1
i bi

∣∣2 ≥ lim
i→∞

|wi|−2d2
i = +∞.

Then look at the Kazdan-Warner equation

∆0hi +
1

2

e−2hi

N∑
j=1

∣∣aj,iz + ε−1
i bj,i

∣∣2 − 1

 = 0.

We denote

h′i(z) := hi(z)−
1

2
log

(∣∣∣−→a iz + ε−1
i

−→
b i

∣∣∣2) .
Then

∆0h
′
i +

1

2
(e−2h′i − 1) = −1

2
∆0 log

(∣∣∣−→a iz + ε−1
i

−→
b i

∣∣∣2) .
Note that the right hand side converges to zero uniformly over C, which implies that h′i

converges to zero.

2. In the first case, take the Möbius transformation

gi : S2 → S2

w 7→ z = w−1
i w.

We see the sequence of maps

πν
(
g∗i (e−hiφj,i)

)
(w) = e−hi(ε

−1
i w)w−1

i (aj,iw + bj,i).

converges on C ⊂ S2 to

w 7→ [a1w + b1, . . . , aNw + bN ] ∈ PN−1
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which extends to a nontrivial holomorphic map from P1 to PN−1 of degree 1. By Definition

4.3.8, this means that in the first case, the sequence Φ1
HK(xi) ∈ MA

1,1

(
CN , 1

)
converges to

Φ
1

HK(x∞).

3. In the third case, for large i we write bi = ciai + yi with ci ∈ C and yi⊥ai. Then by the

condition x∞ ∈ S, we have limi→∞ dPN−1([ai], [bi])
−1yi exists. Then take the sequence of

Möbius transformations

z = gi(w) =
di
wi
w − ciw−1

i .

We see

lim
i→∞

[g∗i φ1,i, . . . , g
∗
i φN,i] = lim

i→∞
[a1,idiw + y1,i, . . . , aN,idiw + yN,i] = [a1w + y1, . . . , aNw + yN ]

which is a degree one holomorphic sphere in PN−1. Adding proper ghost components, we see

that this means the sequence Φ1
HK(xi) converges to Φ

1

HK(x∞).

4. In the second case, write bi = ciai+yi with ci ∈ C, yi⊥ai. Since xi = [(b1,i, . . . , bN,i)a
∗
i , wi] ∈

P
(
O(1)⊕N ⊕ C

)
converge to x∞ ∈ P (N∆ ⊕ C) \ P (N∆), the limit

v := lim
i→∞

w−1
i yi ∈ a⊥ ⊂ CN

exists. Then consider the sequence of translations

z = ti(w) = w − ciw−1
i .

Then we see the sequence of polynomials

t∗iφj,i = aj,i(w − ciw−1
i ) + w−1

i bj,i = aj,iw − w−1
i yj,i

converge to ajw − vj . By the continuous dependence of the solution to the Kazdan-Warner

equation on the given N polynomials, we see that t∗i Φ̃
1
HK(xi) converge uniformly on any

compact subset to the affine vortex Φ̃1
HK([a1, . . . , aN , v1, . . . , vN ]). Hence Φ1

HK(xi) converge

to Φ
1

HK(x∞).
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4.6.4 The Uhlenbeck compactification of MA
1,1

(
CN , d

)
and the quantum

Kirwan map

We define the Uhlenbeck compactification to be a quotient space of the stable map compactification,

by only remembering the sum of the degrees of the components of the stable map which doesn’t

contain the marked point 0.

Proposition 4.6.7. The Uhlenbeck compactification MA,U
1,1

(
CN , d

)
is homeomorphic to PN(d+1)−1.

Proof. We see that we have a filtration PN(d+1)−1 ⊃ PNd−1 ⊃ · · · ⊃ PN−1 where the inclusion

PNk−1 → PN(k+1)−1 is given by

[aNk, aNk−1, . . . , a1] 7→ [0, . . . , 0, aNk, aNk−1, . . . , a1].

So Nd = PN(d+1)−1 \ PNd−1 and PN(d+1)−1 = ∪0≤k≤dNk. We define the extension of ΦdHK

Φ
d,U

HK : PN(d+1)−1 →MA,U
1,1

(
CN , d

)
to be the map such that for x ∈ Nk ⊂ PNd−1, Φ

d,U

HK(x) is the equivalence class of stable affine

vortices whose primary component is equivalent to Φ̃kHK(x). It remains to show that this map is

continuous with respect to the degeneration of affine vortices.

Indeed, suppose xi ∈ Nd and limi→∞ xi = x∞ ∈ Nk for k < d. Represent x∞ by N polynomials

{ψj,∞}1≤j≤N with maximal degree k. Without loss of generality, we can assume that xi can be

represented by N polynomials
{
ψ̃j,i

}
1≤j≤N

such that degψ̃j,i is independent of i and dj := degψ̃j,i ≥

degψj,∞ =: dj,∞. Then dj > dj,∞ implies that dj − dj,∞ zeroes of ψ̃j,i diverge to infinity. Hence we

can write

ψ̃j,i(z) = ψj,i(z)

dj−dj,∞∏
s=1

(
1− z

wj,i,s

)

with limi→∞ ψj,i = ψj,∞, limi→∞ |wj,i,s| =∞. Then for each i there exists functions hi solving the

Kazdan-Warner equation

∆hi +
1

2

e−2hi

N∑
j=1

∣∣∣ψ̃j,i∣∣∣2 − 1

 = 0.
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By the compactness theorem of Ziltener (Theorem 4.3.9), a subsequence of

(
d− ∂hi + ∂hi, e

−hi
(
ψ̃1,i, . . . , ψ̃N,i

))

converges to a (1, 1)-marked stable affine vortex W̃∞; in particular, a subsequence converges uni-

formly on any compact subset of C to the primary component of W̃∞. This implies that for each j,{
e−hi ψ̃j,i

}
i

has a convergent subsequence. Since limi→∞ ψ̃j,i = ψj,∞, this implies that hi converges

on C to a smooth function h∞, which solves the equation

∆h∞ +
1

2

e−2h∞

N∑
j=1

|ψj,∞|2 − 1

 = 0.

This implies that the primary component of W̃∞ is equivalent to
(

Φ̃kHK(x∞), 0
)

. Hence we have

proved that any subsequence of ΦdHK(xi) has a subsequence converging to Φ
d,U

HK(x∞). This implies

the continuity of Φ
d,U

HK .

Proposition 4.6.8. The line bundle associated to the Poincaré bundle PU0 → MU

1,1

(
CN , d

)
is

isomorphic to O(1)→ PNd−1.

Proof. It suffices to check on each Nk.

Now the evaluation ev∞ doesn’t extends to MU

1,1

(
CN , d

)
, but it doesn’t affect our computation

of the Kirwan map. Indeed we can blow up PN(d+1)−1 along PNd−1 = ∪0≤k≤dNk on which ev∞

extends continuously. The blown-up is denoted by N
∗
d.

Now we compute the quantum Kirwan map, the result of which is of no surprise. H∗U(1)

(
CN
)

is

generated by the universal first Chern class u of degree 2. For any m ≥ 0, write m = dmN + r with

0 ≤ r ≤ N − 1. Denote by c ∈ H2
(
PN−1

)
the generator. Then by the definition (4.4)

κQ(um) =
∑
d≥0

∑
0≤i≤N−1

〈
(ev0)∗(um) ∪ (ev∞)∗(ci),

[
N
∗
d

]〉
· cN−1−i ⊗ qd

=
〈

(ev0)∗(um) ∪ (ev∞)∗(cN−1−r),
[
N
∗
dm

]〉
· cr⊗ qdm = cr⊗ qdm = κQ(u) ∗q κQ(u) ∗q · · · ∗q κQ(u).

Hence κQ : H∗U(1)(C
N )→ QH∗(PN−1,Λ) is a ring homomorphism. It extends to a homomorphism

κΛ
Q : H∗U(1)(C

N ,Λ)→ QH∗(PN−1,Λ)

linearly over Λ, with kernel generated by q − uN .
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Chapter 5

Vortex eqution and

Landau-Ginzburg/Calabi-Yau

correspondence

5.1 Introduction to this chapter

The Landau-Ginzburg/Calabi-Yau correspondence in string theory ([22], [33], [49]) relates the non-

linear σ-model of Calabi-Yau hypersurfaces in quasi-projective spaces and the Landau-Ginzburg

model whose superpotential is the defining polynomial for the hypersurface. Based on Witten’s

observation ([55]) the two theories should be different “phases” of the same theory.

For simplicity of this introduction, assume that W is a quintic homogeneous polynomials in

five variables x1, . . . , x5. Assuming W is nondegenerate, which means dW (x) = 0 =⇒ x = 0, it

defines a Calabi-Yau hypersurface ZW in P4. The 2-dimensional nonlinear σ-model of ZW has its

correlation functions coincide with the counting of holomorphic curves inside ZW . On the other

hand, Fan-Jarvis-Ruan ([10], [11], [9]) recently defines a cohomological field theory for such W ,

based on constructing the moduli space of solutions to Witten’s equation (see [54])

∂ui +
∂W

∂ui
= 0, i = 1, . . . , 5 (5.1)

which describes certain quantum singularity theory associated to W (called the FJRW-theory). It

has been long conjectured that there should be some “correspondence” between these two theory
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and one should be able to state it and prove it in mathematics.

Witten’s idea to relate these two theories is to consider a U(1)-gauged version of the equation

(5.1) for the superpotential pW which has one additional complex variable p. Then the so-called

Fayet-Iliopoulos D-term, which is a real number r, parametrizes a homotopy which connects the

two theories as limits r → +∞ and r → −∞ respectively. Mathematically, it contains a birational

transformation between two different symplectic quotients of a Hamiltonian U(1)-action, which are

C5/Z5 and O(−5)→ P4 respectively.

Though straightforward to follow Witten’s idea, it is very complicated to formulate this approach

mathematically. For example, to state (5.1) rigorously on a Riemann surface, Fan-Jarvis-Ruan

introduces the notion of W -structures and W -curves, whose moduli space is a branched cover over

the Deligne-Mumford space. And for the LG/CY correspondence, gauge theory comes into play

and one needs to written down carefully how these complicated structures can be unified. Such a

framework is one main concern of here.

Moreover, using this framework we hope that one can prove the LG/CY correspondence for

hypersurfaces in the way proposed by Witten. The use of the vortex equation and its adiabatic

limits should be the main idea of carrying out Witten’s heuristic argument.

In this chapter, we first introduce a framework of studying a gauged σ-model with a superpoten-

tial W , which combines a gauged version of (5.1) and the symplectic vortex equation, for possibly

nonabelian gauge group. Then we specialize to the case of gauged linear σ-model and LG/CY cor-

respondence, where the gauge group becomes abelian. As the first technical results, we also prove

an interior compactness of the moduli space of solutions to a perturbed equation for the linear case.

Remark 5.1.1. This chapter is based on a work in progress joint with Gang Tian, which we started

in August 2012. We are aware that other people are also interested in this problem and working

on it. In particular, we started to know that Fan-Jarvis-Ruan is working on the geometric LG/CY

correspondence when the author of this thesis attended Jarvis’ talk at a conference at University of

Michigan in March 2013.

5.2 The Witten equation and the vortex equation

We start with very general setup. Let Σ be a smooth Riemann surface and GC be a reductive Lie

group whose maximal compact subgroup is G. Choosing a smooth area form ΩΣ on Σ, and an

Ad-invariant metric on the Lie algebra g of G. Let KΣ be the canonical bundle of Σ.

Let W : X → C be a holomorphic function. W is called quasi-homogeneous, if there exists a
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unique character ρ : GC → C∗ such that

W (gx) = ρ(g)W (x). (5.2)

5.2.1 W -structures

Definition 5.2.1. A W -structure on a Riemann surface Σ is a holomorphic GC-bundle P → Σ and

an isomorphism of holomorphic line bundles

ϕ : P ×ρ C→ KΣ.

Two W -structures (Pi, ϕi), i = 1, 2 are isomorphic, if there exists an isomorphism f : P1 → P2 such

that ϕ2 ◦ f = ϕ1.

Now suppose we are given aW -structure (P,ϕ), we can lift the superpotentialW to the associated

bundle Y := P ×GC X as follows. ϕ is equivalent to an invariant map

ϕ̃ : P × C→ KΣ

which is linear in the C-direction and which covers the identity map of Σ. We define a map

W̃ : P ×X → KΣ

(p, x) 7→ W (x)ϕ̃(p, 1).
(5.3)

It is invariant because for any g ∈ GC,

W̃(pg, g−1x) = W (g−1x)ϕ̃(pg, 1) = ρ(g)−1W (x)ρ(g)ϕ̃(p, 1) = W̃(p, x).

Hence it induces a section

W ∈ Γ (Y, π∗KΣ) .

5.2.2 Gauge theory formulation

Let’s consider a G-principal bundle Q0 such that there exists a smooth isomorphism Q0×ρC ' KΣ.

Let P0 := Q0 ×G GC. Let A(Q0) be the space of G-connections on Q0. Then for any A ∈ A(Q0),

the (0, 1)-part of A induces a holomorphic structure on P0.
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Consider

NW := {A ∈ A(Q0) | ∃ holomorphic ϕ : P0 ×ρ C ' KΣ}

and

EW := {(A,ϕ) | A ∈ NW , ϕ : P0 ×ρ C→ KΣ} .

Then EW → NW is a C∗-bundle, which is trivializable.

The group of complex gauge transformations acts on EW by

g∗ (A,ϕ) = (g∗A, ρ(g)ϕ) .

Then by (5.3), we obtained a family of superpotentials

W ∈ Γ (EW × Y, π∗KΣ) .

We denote Wϕ
A the restriction of W to {(A,ϕ)} × Y . In particular by (5.3) we see

W g∗ϕ
g∗A = ρ(g)Wϕ

A .

5.2.3 The equations

The Kähler metric on X induces a Hermitian metric on the vertical tangent bundle TV Y → Y . For

any (A,ϕ) ∈ EW , we can take the vertical differential (without referring to any connection)

dVWϕ
A ∈ Γ

(
Y, π∗KΣ ⊗

(
TV Y

)∗)
.

The complex structure on Σ induces a C-anti-linear isomorphism KΣ ' Ω0,1
Σ , which is locally dz 7→

dz. The vertical Hermitian metric on TV Y induces a C-anti-linear isomorphism
(
TV Y

)∗ ' TV Y .

These two isomorphisms induces the vertical gradient of Wϕ
A , which is

∇Wϕ
A ∈ Γ

(
Y, π∗Ω0,1

Σ ⊗ TV Y
)
.
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Then the equation is on pairs (A,ϕ, u) ∈ E × Γ(Y )

 ∂Au+∇Wϕ
A(u) = 0;

ΛFA + µ(u) = 0.
(5.4)

We explain each term in this equation. ∂Au ∈ Ω0,1
(
Σ, u∗TV Y

)
is the (0, 1)-part of the differential

of u with respect to the connection A; ∇Wϕ
A(u) := u∗∇Wϕ

A ∈ Ω0,1
(
Σ, u∗TV Y

)
, which only depends

on the 0-jet of u; Λ : Ω2(Σ) → Ω0(Σ) is the contraction with respect to a smooth area form ΩΣ on

Σ; for the second equation to make sense, we need to specify a biinvariant metric on g to identify g

with g∗.

Remark 5.2.2. If W ≡ 0, we take can E = N = A. The equation thus only depends on (A, u). In

this case our equation is the same as the equation for twisted holomorphic maps in [8] and [37],

where we don’t have constrain on the holomorphic structure defined by A.

Remark 5.2.3. It is easy to see that the equation is invariant under unitary gauge transformations.

However, since we use gradient to define the equation, and the Hermitian metric is not invariant

under GC-action, the first equation of (3.9) is not invariant under complex gauge transformation.

This is different from the case of Hamiltonian Gromov-Witten theory.

5.3 Energy identity

5.3.1 The Lagrangian

For any configuration (A,ϕ, u), we define its kinetic energy to be

Ekin(A,ϕ, u) :=
1

2
‖dAu‖2L2(Σ) +

1

2
‖FA‖2L2(Σ) .

The potential energy of (A,ϕ, u) is defined to be

Epot(A,ϕ, u) := ‖∇Wϕ
A(u)‖2L2(Σ) +

1

2
‖µ(u)‖2L2(Σ) .

The total energy for (A,ϕ, u) is the sum of kinetic and potential energy, i.e.,

E(A,ϕ, u) = Ekin(A,ϕ, u) + Epot(A,ϕ, u).
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5.3.2 The energy identity

Now we compute the energy for any (A,ϕ, u). We temporarily write for short Wϕ
A = W .

Theorem 5.3.1. For any (A,ϕ, u) ∈ EW × S(Y ),

E(A,ϕ, u) =

∫
Σ

u∗ωA + 2Im

∫
Σ

∂ (W ◦ u) +
∥∥∂Au+∇W (u)

∥∥2

L2 +
1

2
‖FA + µ(u)ΩΣ‖2L2 . (5.5)

Proof. This formula follows from (1.22) and the following

∣∣∂Au∣∣2 + |∇W (u)|2 =
∣∣∂Au+∇W (u)

∣∣2 − 2Re
〈
∂Au,∇W (u)

〉
=
∣∣∂Au+∇W (u)

∣∣2 + 2ImΛ
(
dVW (u) · (∂Au)

)
=
∣∣∂Au+∇W (u)

∣∣2 + 2ImΛ
(
∂ (W ◦ u)

)
.

The last equality follows from the fact that W is holomorphic with respect to ∂A and takes value in

KΣ.

Remark 5.3.2. In the following applications, we consider the equation (5.4) over a punctured Rie-

mann surface. Then we expect (prove) that the behavior of the section u near the punctures is

nice, so the first two terms of the left-hand-side of (5.5) are equal to topological terms, which are a

cohomological pairing and a “residue” respectively.

5.4 Application in gauged linear σ-model

5.4.1 Quasi-homogeneous polynomials and symmetries

Let W0 : Cn → C be a nondegenerate quasi-homogeneous polynomial, written as

W0 =

s∑
j=1

ajx
bj1
1 · · ·xbjnn

as the sum of monomials. By quasi-homogeneous, we mean that there exists a set of coprime natural

numbers d1, . . . , dn, D such that for all λ ∈ C,

W0

(
λd1x1, . . . , λ

dnxn
)

= λDW0 (x1, . . . , xn) . (5.6)

The rational numbers qi := di
D are called the weights of the polynomial W0.

By nondegenerate, we mean the following
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1. W0 contains no monomial of the form xixj for i 6= j;

2. The hypersurface defined by W0 = 0 in weighted projective space is non-singular.

Let GW0 ⊂ U(1)n be the group of elements g ∈ U(1)n such that W0 ◦g = W0. By nondegeneracy,

GW0
is a finite group and it always contains the cyclic group generated by

J :=
(
e2πq1

√
−1, . . . , e2πqn

√
−1
)
.

Let K ⊂ U(1)n be the compact subgroup

K :=
{

exp
(
2π
√
−1t(d1, . . . , dn)

)
| t ∈ R

}
.

Then K ∩ GW0 = 〈J〉 ' ZD. Let GR ⊂ U(1)n be the subgroup generated by K and GW0 . Then

topologically it is a finite cover of K ' U(1).

Lemma 5.4.1. The exponents of W0 define s characters
−→
b j := (bj1, . . . , bjn), j = 1, . . . , s of U(1)n

and GR ⊂ U(1)n is the subgroup where all
−→
b j restrict to the same representation.

Proof. On the Lie algebra level, since W0 is nondegenerate, the subspace of the Lie algebra of U(1)n

where the characters act in the same way is 1-dimensional, which is the Lie algebra of K. Hence the

only remaining group elements are those g ∈ U(1)n on which
−→
b j acts trivially. They are exactly

the subgroup GW0
.

Let ρR : GR → U(1) be this representation. Let GC
R be the complexification of GR and by abuse

of notation use ρR : GC
R → C∗ to denote the complexified representation. Then it is easy to see that

for g ∈ GC
R, x ∈ Cn,

W0(gx) = ρR(g)W0(x),

which is a special case of (5.2).

5.4.2 W0-structures

Original definition of Fan-Jarvis-Ruan

We recall the notion of W0-structures and W0-curves in [11]. For general W0 the definition is very

sophisticated. Here we only include the most intuitive part of the definition.
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Let Σ be a smooth compact Riemann surface and let {p1, . . . , pk} be a subset of markings. Denote

Σ∗ := Σ \ {p1, . . . , pk}. We glue orbifold charts to Σ∗ to obtain an orbifold Riemann surface, which

is still denoted by Σ.

Definition 5.4.2. A W0-structure on Σ is a collection

γ := (L1, . . . ,Ln;φ1, . . . , φs)

where Li → Σ are holomorphic orbi-line bundles, and

φj : Wj (L1, . . . ,Ln)→ Klog (5.7)

are isomorphisms of line bundles. {φ1, . . . , φs} are subject to a constrain, i.e., for any x ∈ Σ∗, there

exists a local coordinate z and trivializations of Li such that

φj

(
e
⊗bj1
1 ⊗ · · · ⊗ ebjnn

)
= dz;

and near each puncture pk, there exist a complex coordinate w centered at pk and local holomorphic

frame e1, . . . , en such that

φj

(
e
⊗bj1
1 ⊗ · · · ⊗ ebjnn

)
=
dw

w
. (5.8)

For the polynomial xr, an xr-structure is called an r-spin structure, which is essentially an r-th root

of the log-canonical bundle.

An equivalent definition

Now we give an equivalent definition of W0-structures, which fits in the general framework introduced

in Subsection 5.2.1. This is partly inspired by the lecture of Tyler Jarvis in a conference at University

of Michigan in March 2013, and this definition is probably already known to people.

Definition 5.4.3. A W0-structure over Σ is a pair σ̃ := (Pσ̃, ϕσ̃), where Pσ̃ → Σ is a holomorphic

GC
R-bundle, and

ϕσ̃ : Lσ̃ := Pσ̃ ×ρR C→ Klog

is a holomorphic isomorphism.

Now we show that this definition is equivalent to the definition of Fan-Jarvis-Ruan.
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Indeed, if we have a pair (Pσ̃, ϕσ̃), then via the inclusion ιR : GC
R ↪→ (C∗)n, we obtain the

associated holomorphic line bundles L1, . . . ,Ln. While we have
−→
b j ◦ ιR = ρR, which implies that

the isomorphism ϕσ̃ actually coincides with the isomorphisms in (5.7) up to a C∗-factor.

Conversely, if we are given a W0-structure (L1, . . . ,Ln;φ1, . . . , φs), then the existence of the

isomorphisms in (5.7) and Lemma 5.4.1 imply that the structure group of L1 ⊕ · · · ⊕ Ln reduces

from (C∗)n to GC
R.

5.4.3 The gauged linear σ-model equations

In this subsection we apply the abstract construction to the case which is related to Witten’s

argument about Landau-Ginzburg/Calabi-Yau correspondence in [55].

For general W0 we will have a gauge theory with gauge group G = U(1)×GR. The Lie algebra

of G is isomorphic to that of U(1)2, which is
(√
−1R

)2
. We denote by e0 =

√
−1 (1, 0) and e1 =

√
−1 (0, 1) the standard basis. We choose the metric so that e0, e1 form an orthonormal basis.

Let X = Cn+1 be the target space. The GC-action on X is given as follows. The inclusion

ιR : GR ↪→ U(1)n induces an action of the factor GR on the last n coordinates of X. And we define

(g0, g1) · (x0, . . . , xn) =
(
g−D0 x0, ιR(g1)

(
gd10 x1, . . . , g

dn
0 xn

))
. (5.9)

With respect to the standard Kähler form

ωX :=

√
−1

2

n∑
i=0

dxi ∧ dxi

a moment map is (after identifying the Lie algebra with its dual)

µ(x0, x1, . . . , xn) = −
√
−1

2

(
−D|x0|2 +

n∑
i=1

di |xi|2 ,
n∑
i=1

di |xi|2
)

(5.10)

which is a proper function.

We consider the character ρ of G, which is trivial on the U(1)-factor and is equal to ρR on the

GR-factor.

Let W0 : Cn → C be the quasi-homogeneous polynomial. Define

W : X → C

(x0, x1, . . . , xn) 7→ x0W0(x1, . . . , xn).
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Then W is quasi-homogeneous in the sense of (5.2) for the action (5.9) and for the character ρ :

G→ U(1).

We fix a W0-structure σ̃ = (Pσ̃, ϕσ̃). By choosing a Hermitian metric on the line bundles, we

fix a reduction of Pσ̃ to a GR-bundle, denoted by QR and a GR-connection Aσ̃. Now, let’s consider

a G-principal bundles Q0 over Σ∗. It is equivalent to a Hermitian line bundle L0 and a principal

GR-bundle, which we require to be (isomorphic to) QR. Let PR := QR×GR GC
R be the complexified,

smooth GC
R-bundle, which is canonically, smoothly isomorphic to Pσ̃. L0 is allowed to have orbifold

structure over {p1, . . . , pk}. Via the representation (5.9), the associated bundle to Q0 is a vector

bundle

V := V0 ⊕ V1 ⊕ · · ·Vn

where V0 = L−D0 .

Now we can use the gauge theory formulation as in Subsection 5.2.2. Any unitary connection on

Q0 gives the line bundles holomorphic structures. We denote

Ñσ̃ :=
{
A = (A0, A1) ∈ A(Q0) |

(
PR, ∂A1

)
' Pσ̃

}
.

So for all (A0, A1) ∈ Ñσ̃, the A1’s belong to the same complex gauge orbit of Aσ̃. More restric-

tively, we consider Nσ̃ consisting of pairs (A0, A1) with A1 = g∗Aσ̃ and g is any complex gauge

transformation of PR such that g(pk) = 1, k = 1, . . . , t.

On the other hand, if the W0-structure σ̃ gives n holomorphic line bundles L1, . . . ,Ln and the

pair (L0, ∂0) defines a holomorphic line bundle L0. Then V becomes a holomorphic vector bundle

with

V0 ' L−D0 , Vi ' Li ⊗ Ldi0 .

Now we have a family of isomorphisms ϕA1
: PR ×ρR C → Klog for A1 = g∗Aσ̃ and hence a

family of holomorphic isomorphisms

ϕA : P0 ×ρ C→ Klog, A ∈ Nσ̃.

Now we can write down the equation (5.4) in this special case. We consider pairs (A, u) ∈

Nσ̃×Γ(V ). We use the moment map µ+
√
−1
2 (r,R), where µ is the function in (5.10), and a smooth

area form Ω on the closed Riemann surface Σ.
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In particular, we may formally write the first equation of (5.4) as


∂u0 +W0(u1, . . . , un) = 0;

∂ui + u0
∂W0

∂xi
(u1, . . . , un) = 0.

(5.11)

But keep in mind that the W0 above depends on gauge.

We may write the second equation of (5.4) as


ΛF0 −

√
−1
2

(
−D|x0|2 +

∑n
i=1 di|xi|2 − r

)
= 0;

ΛF1 −
√
−1
2

(∑n
i=1 di|xi|2 −R

)
= 0.

(5.12)

Here F0 is the curvature of L0 and F1 is the curvature on QR.

5.4.4 Low energy behavior

Note that in the linear case, the equivariant 2-form ωX − µ is exact. Hence the only topological

term in the energy identity is

1

4π
(rdegL0 +RdegL). (5.13)

Now we are going to vary some parameters in the theory. Recall that the original metric on g is

(e0)2 + (e1)2 ∈ Sym2g∗.

Now for λ > 0, we take a different metric

λ−2(e0)2 + (e1)2

which rescales the e0 direction.

On the other hand, we rescale the symplectic form from ω to εω. Then, the quadratic part of

the moment map is rescaled by ε also. Now the energy is changed to be

Ekin =
ε

2
‖dAu‖2L2 + ‖F+‖2L2 + λ−2 ‖F0‖2L2

165



and

Epot = 2ε−1
∥∥dVWA(u)

∥∥2

L2 +
λ2

8

∥∥∥∥∥ε
(
−D|u0|2 +

n∑
i=1

di|ui|2
)
− r

∥∥∥∥∥
2

L2

+
1

8

∥∥∥∥∥ε
n∑
i=1

di|ui|2 −R

∥∥∥∥∥
2

L2

.

Here the norms are computed using the fixed data (the original metrics before varying them). While

the sum is still equal to (5.13) plus a residue term, which could be uniformly bounded.

The adiabatic limit we are going to run is λ → ∞, ε → 0. Because of ε → 0, we see that

dVWA(u) → 0 in the L2-sense. For the case r > 0, we see that this corresponds to the Calabi-Yau

phase; for the case r < 0, this corresponds to the Landau-Ginzburg phase.

Remark 5.4.4. This outline is due to Witten ([55]), and I learned about it from the videod lecture

by David Morrison in 2012 at Simons Center of Stony Brook University. To actually realize the

above idea, a lot more has to be done.

5.5 Interior compactness

In this section we consider the compactness of the moduli space of solutions to the equation (5.11)

and (5.12) defined in the last section. We assume that the energy of solutions has a uniform bound.

This is not true a priori, but after suitably perturbing the equation near the orbifold points, one

should be able to prove such a bound.

Theorem 5.5.1. For any sequence (Ai, ui) of solutions to the equation (5.11) and (5.12), with

lim sup
i→∞

E(Ai, ui) <∞,

there exists a subsequence of (Ai, ui) (still indexed by i for simplicity), a sequence of gauge trans-

formations gi : Σ∗ → G and a solution (A, u) to (5.11) and (5.12) such that for any compact subset

K ⊂ Σ∗, we have g∗i (Ai, ui)|K converges to (A, u)|K in C∞-topology.

5.5.1 The mean value inequality

The quasi-homogeneity of W0 implies that

W0 =

n∑
i=1

qixi · ∂iW0,

(
qi :=

di
D

)
.
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Then for the polynomial W = x0W0, which is still quasi-homogeneous but not nondegenerate, for

any λ ∈ (0, 1), we have

x0W0 = λx0W0 + (1− λ)x0

n∑
i=1

qixi · ∂iW0.

Denote qλ0 = λ, qλi = (1− λ)qi for i = 1, . . . , n.

Proposition 5.5.2. Let ∆ be the Laplacian on Σ∗ associated to the smooth metric on Σ. Then

there exist constants B0, B1 > 0 such that for any solution (A, u) to the equations (5.11) and (5.12),

we have

∆

(
n∑
i=0

qλi |ui|2
)
≥ −B0 −B1

(
n∑
i=0

qλi |ui|2
)2

. (5.14)

Proof. We simplify our notations and write the perturbed Witten equation as

∂u+∇W (u) = 0.

Then we have

n∑
i=0

qλi
〈
∂ui, ui

〉
= −

n∑
i=0

qλi 〈∇iW (u), ui〉 = −W (u) ∈ Ω0,1.

Take ∂ on both sides, we obtain

n∑
i=0

qλi
(
〈∂∂ui, ui〉 − 〈∂ui, ∂ui〉

)
= −∂W (u) = −dVW · ∂u = dVW · ∇W (u).
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Then we compute

∆

(
n∑
i=0

qλi |ui|2
)

= 2
√
−1Λ∂∂

(
n∑
i=0

qλi |ui|2
)

= 2
√
−1Λ

n∑
i=0

qλi ∂
(
〈∂ui, ui〉+ 〈ui, ∂ui〉

)
= 2
√
−1Λ

n∑
i=0

qλi
(
〈∂∂ui, ui〉+ 〈∂ui, ∂ui〉 − 〈∂ui, ∂ui〉+ 〈ui, ∂∂ui〉

)
= 2

n∑
i=0

qλi

(∣∣∂ui∣∣2 + |∂ui|2
)

+ 2
√
−1Λ

n∑
i=0

qλi
(
〈∂∂ui, ui〉+ 〈ui, FAui〉 − 〈ui, ∂∂ui〉

)
= 2

n∑
i=0

qλi

(∣∣∂ui∣∣2 + |∂ui|2
)

+ 4Re
√
−1Λ

n∑
i=0

qλi 〈∂∂ui, ui〉+ 2
√
−1Λ

n∑
i=0

qλi 〈ui, FAui〉

= 2

n∑
i=0

[
qλi |∂ui|

2
+ (2− qλi )

∣∣∂ui∣∣2]+ 2
√
−1Λc

n∑
i=0

qλi 〈ui, FAui〉 ≥ 2
√
−1Λc

n∑
i=0

qλi 〈ui, FAui〉.

(5.15)

Let F0, F1 be the two components of FA. By the representation (5.9), the vortex equation and

the form of the moment map, the last term in the above can be estimated as follows.

2
√
−1Λ

n∑
i=0

qλi 〈ui, FAui〉 = 2
√
−1Λ

qλ0 〈u0,−DF0u0〉+
∑
i≥1

qλi 〈ui, di(F1 + F0)ui〉


= 2
√
−1Λ

∑
i≥1

diq
λ
i |ui|2F1 +

−qλ0D|u0|2 +
∑
i≥1

qλi di|ui|2
F0


=

∑
i≥1

(1− λ)diqi|ui|2
∑

i≥1

di|ui|2 −R


+

−λD|u0|2 +
∑
i≥1

(1− λ)qidi|ui|2
−D|u0|2 +

∑
i≥1

di|ui|2 − r


≥ −B0 −B1

∑
i≥0

qλi |ui|2
2

. (5.16)

Here B0 and B1 are constants depending only on λ, the weights qi and r,R.

Remark 5.5.3. In the case that W0 is homogeneous, we could choose λ suitably so that on the

unperturbed region, the function
∑n
i=0 q

λ
i |ui|2 is subharmonic.

Lemma 5.5.4. [44, Page 21] Let Ω ⊂ R2 be an open subset, e : Ω → R≥0 is a smooth function.

Suppose

∆e ≥ −B0 −B1e
2.
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Then for any closed disk Br ⊂ Ω with center z0,

∫
Br

e(z)|dz|2 ≤ π

16B1
=⇒ e(z0) ≤ 8

πr2

∫
Br

e(z)|dz|2 +
B0r

2

2
.

5.5.2 Interior compactness

Now denote

Q(u) =

n∑
i=0

qλi |ui|2.

Proposition 5.5.5. For any compact subset K ⊂ Σ∗, there exists a constant cK > 0 such that for

any solution (A, u) to the equations (5.11) and (5.12), we have

sup
K
Q(u) ≤ cK .

Proof. We can take compact subset K ′ ⊂ Σ∗ containing K properly, such that there exists r0 > 0

such that for any z ∈ K, Br0(z) ⊂ K ′. Then for any z ∈ K, r < r0, by Cauchy-Schwarz, for some

c1 > 0

∫
Br(z)

Q(u)Ω ≤ c1r

(∫
Br(z)

Q(u)2Ω

) 1
2

≤ c1rcK′ .

Here the last inequality follows from the fact that |µ(u)|L2 is uniformly bounded with respect to the

smooth metric and Q(u) is a linear combination of the quadratic terms of µ.

Take r1 = min
{
r0,

π
16B1c1cK′

}
, where B1 is the one in (5.14). Then by the mean value inequality,

we have for z ∈ K,

Q(u(z)) ≤ 8

πr2
1

c1r1cK′ +B0r
2
1 =: CK .

Proof of interior compactness. The most crucial step has been established, i.e., Proposition 5.5.5,

and the remaining argument is routine.

First, note that we have a compact slice S ⊂ Nσ̃ of the complex gauge action, which is essentially

the Jacobian of Σ. Hence for each i there exists a complex gauge transformation gi = exp(hi+
√
−1h′i)

and si ∈ S such that Ai = g∗i si. Then

FAi = Fsi +
√
−1∆hi.
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Then the uniform bound on the L2-norm of the curvature implies that

‖∆hi‖L2 ≤ C

where ∆ is the Laplacian on the closed surface. It follows that up to unitary gauge transformation,

a subsequence of connections converges in Lp(K) for any p > 1. We write hi = (h0
i , h

1
i ), where h0

i is

the U(1)-component and h1
i is the GR-component. Remember that we assumed that h1

i (pk) = 0 for

orbifold points pk. Then the elliptic estimate and Sobolev embedding imply that a subsequence of

h1
i converges in C0(K).

Now, only h1
i is responsible for the change of the potential W , and hence the inhomogeneous

term ∇W . The uniform bounds on Q(u) and h1
i implies that the inhomogeneous term ∇W stays

bounded over K. Therefore we have

lim sup
i→∞

‖dAui‖L∞(K) <∞.

Otherwise, sphere bubbling will happen; but it is impossible because the target space is Cn+1.

Thus, we see that we have a subsequence (still indexed by i) such that ui converges in W 1,p(K)

to a limit section u∞ over K. Moreover, by the usual argument we can prove convergence in higher

derivatives. The limit is constructed by taking an exhausting sequence of K, and by the diagonal

construction.
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Appendix A

This appendix is copied from the paper [46], which is written by Stephen Schecter.

A.1 Geometric singular perturbation theory

Readers familiar with geometric singular perturbation theory may wish to skip most of this appendix;

however, the paragraph before Theorem A.1.2 and that theorem may be unfamiliar, and the extension

of that theorem described toward the end of this section, while just an observation, is new and

essential to Chapter 3.

Let Z be a manifold, let ṗ = f(p, ε) = fε(p) be a differential equation on Z with parameter ε

(i.e., each fε is a section of TZ), let φεt be the flow, and let N0 be a compact submanifold of Z that

is invariant under the the flow of ṗ = f0(p). N0 is called normally hyperbolic if there is a splitting of

TZ|N0, TZ|N0 = S⊕U ⊕TN0, such that under Dφ0
t , all vectors in S shrink at a faster exponential

rate than any vector in TN0, and under Dφ−t, all vectors in U shrink at a faster exponential rate

than any vector in TN0. (There are less restrictive definitions, but this one suffices for our purposes.)

Normally hyperbolic invariant manifolds have stable and unstable manifolds with flow-preserved

fibrations, and the whole structure persists under perturbation. This structure is most easily de-

scribed in local coordinates.

Let us assume that dimN0 = m, dimZ = n+m, and fibers of S (respectively U) have dimension

k (respectively l), with k + l = n. Near a point of N0 one can choose coordinates p = Φ(x, y, z, ε),

(x, y, z, ε) ∈ Ω1 × Ω2 × (−ε0, ε0), Ω1 open subset of Rk × Rl, Ω2 an open subset of Rm, such that,
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for small ε, ṗ = f(p, ε) becomes

ẋ = A(x, y, z, ε)x, (A.1)

ẏ = B(x, y, z, ε)y, (A.2)

ż = h(z, ε) + xTC(x, y, z, ε)y; (A.3)

the matrices A, B, and C are k×k, l× l, and k× l respectively. One cannot assume that A(0, 0, z, 0)

has eigenvalues with negative real part or that B(0, 0, z, 0) has eigenvalues with positive real part,

since the exponential convergence of vectors under the linearized flow need only occur as t→ ±∞.

Nevertheless, this is true in the examples below.

We list some facts and terminology.

1. If ṗ = f(p, ε) is Cr+3, the coordinate change can be chosen so that the new system is Cr+1.

2. For each ε, the subspaces y = 0, x = 0, and their intersection are invariant. For fixed ε, the

set {(x, y, z) | x = 0 and y = 0} (dimension m) corresponds to part of a normally hyperbolic

invariant manifold Nε; the set y = 0 (dimension m + k) corresponds to part of the stable

manifold of Nε, W
s(Nε); and the set x = 0 (dimension m + l) corresponds to part of the

unstable manifold of Nε, W
u(Nε).

3. If (x(t), 0, z(t)) is a solution in W s(Nε), then (0, 0, z(t)) is a solution in Nε; and if (0, y(t), z(t))

is a solution in Wu(Nε), then (0, 0, z(t)) is again a solution in Nε. Each solution in W s(Nε)

(respectively Wu(Nε)) approaches exponentially a solution in Nε as time increases (respectively

decreases).

4. Given a point p = (0, 0, z0) in Nε, the stable (respectively unstable) fiber of p is the set of all

points (x, 0, z0) (dimension k) (respectively (0, y, z0) (dimension l)). For each t, the time-t

map of the flow takes fibers to fibers; in this sense the fibration is flow-invariant. Solutions

that start in the stable (respectively) unstable fiber of p approach the solution that starts at

p exponentially at t increases (respectively decreases).

5. Given an Pε ⊂ Nε, we shall refer to the union of the stable (respectively unstable) fibers of

points in Pε as W s(Nε) (respectively Wu(Nε)) restricted to Pε. If Pε is invariant, W s(Nε)

restricted to Pε, for example, may be smaller than W s(Pε), since the latter may include

solutions in Nε that approach Pε at a slower exponential rate, together with points in their

stable fibers.
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Examples:

1. Suppose N0 is a compact manifold of equilibria of dimension m, and each equilibrium in N0

has k eigenvalues with negative real part and l eigenvalues with positive real part. Then N0

is a compact normally hyperbolic invariant manifold. The stable (respectively unstable) fiber

of a point p in N0 is just its stable (respectively unstable) manifold. In (A.3), h(z, 0) ≡ 0.

2. Suppose N0 is a compact manifold with boundary of equilibria of dimension m, and each

equilibrium in N0 has k eigenvalues with negative real part and l eigenvalues with positive real

part. N0 does not fit the definition of a normally hyperbolic invariant manifold that we have

given, but a coordinate system as above still exists, except that Ω2 may have boundary and

Nε may be only locally invariant (i.e., solutions may leave through the boundary).

3. Suppose p0 is a critical point of ṗ = f0(p) at which the linearization has k eigenvalues with

negative real part, l eigenvalues with positive real part, and m eigenvalues with 0 real part.

On a neighborhood of p0, one can choose coordinates as above such that the system takes the

form (A.1)–(A.3); this is the Center Manifold Theorem. Here the Nε are locally invariant open

manifolds.

4. Fast-slow systems. Consider the system

ẇ = f(w, z, ε), (A.4)

ż = εg(w, z, ε), (A.5)

with w ∈ Rn, z ∈ Rm, and 0 ≤ ε < ε0. System (A.4)–(A.5) is a fast-slow system; w is the

fast variable and z is the slow variable. The fast limit is (A.4)–(A.5) with ε = 0. If 0 is a

regular value of f , then {(w, z) : f(w, z, 0) = 0} is a manifold of dimension m called the slow

manifold. The slow manifold is the set of equilibria of the fast system. Let N0 be a compact

subset of the slow manifold that is a manifold with boundary of dimension m. N0 is normally

hyperbolic (in the sense of Example 2) if there are numbers k and l with k + l = n such

that at each point (w, z, 0) of N0, Dzf(w, z, 0) has k eigenvalues with negative real part and

l eigenvalues with positive real part. By the Implicit Function Theorem, N0 can be described

as w = χ(z, 0). Then for ε > 0 small there is a normally hyperbolic locally invariant manifold

Nε (as in Example 2) near N0, given by w = χ(z, ε).

The name “geometric singular perturbation theory” comes from the fact that after a rescaling
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of time, (A.4)–(A.5) can be rewritten as

εẇ = f(w, z, ε), (A.6)

ż = g(w, z, ε), (A.7)

which is a singularly perturbed system.

In Example 4, Nε is given by an expansion w = χ0(z) + εχ1(z) + . . ., and the system restricted

to Nε, with coordinate z, is given by

ż = εg(χ0(z) + εχ1(z) + . . . , z, ε) = εg(χ0(z), z, 0) +O(ε2). (A.8)

Thus, after division by ε, system (A.4)–(A.5) restricted to Nε is given by ż = g(χ0(z), z, 0) +O(ε).

The differential equation ż = g(χ0(z), z, 0) is called the slow equation. The expansion of Nε, and

hence of (A.4)–(A.5) restricted to Nε, can be computed to any order using the invariance of Nε.

Similar calculations can be done in Examples 2 and 3. In the latter case, typically the center manifold

at p0 for ε = 0 is not known explicitly, so it too must be computed as an expansion in a coordinate

system near p0.

We shall abuse terminology and refer to the Nε as normally hyperbolic invariant manifolds in all

the above situations.

Suppose we wish to follow an (l + 1)-dimensional manifold of solutions Mε as it passes near

a normally hyperbolic invariant manifold Nε in a manifold Z, where N0 is a normally hyperbolic

invariant manifold of equilibria. We choose coordinates so that the system is (A.1)–(A.3), with

h(z, ε) = εh̃(z, ε). We assume that near the point (x∗, 0, z∗), the Mε, ε ≥ 0, fit together to form

a Cr+1 manifold with boundary in Z × R; and we assume that M0 meets W s(N0) transversally in

the solution through (x∗, 0, z∗), which approaches the equilibrium (0, 0, z∗) as t → ∞. The system

restricted to Nε has the form ż = εh̃(z, ε); we assume h̃(z∗, 0) 6= 0. Let ψt denote the flow of

ż = h̃(z, 0), and let z† = ψT (z∗) for some T > 0. Let I = {(ψt(z∗) : T − δ < t < T + δ}, a small

interval around z† in the orbit of z∗ for ż = h̃(z, 0). Let J = {0} × {0} × I. Let V be a small open

set around (0, 0, z†) in Wu(N0) restricted to J , which has dimension l + 1. Then we have:

Theorem A.1.1 (Exchange Lemma). For small ε > 0, parts of Mε fit together with V to form a

Cr manifold in Z × R.

See Figure A.1. Notice that for small ε > 0, Mε meets W s(Nε) transversally in a solution that

tracks a solution in Nε that starts at a point (0, 0, z(ε)), with z(ε) near z∗. For ε > 0, the orbit of
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MM0
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J

Figure A.1: The Exchange Lemma with k = l = m = 1: (a) ε = 0, (b) ε > 0.

ż = εh̃(zε) through zε equals the orbit of ż = h̃(z, ε) through z(ε). This orbit is close to the orbit

of ż = h̃(z, 0) through z∗. Thus we find that portions of the orbits tracked in Nε for ε > 0 limit on

a curve J in N0 that is not an orbit of the system (A.1)–(A.3) on N0 (these orbits are just points).

Nevertheless the Mε for ε > 0 become close to Wu(N0) restricted to J .

Now suppose we wish to track an (l+ s+ 1)-dimensional manifold of solutions Mε, with 0 ≤ s ≤

m− 1, as it passes near a normally hyperbolic invariant manifold Nε in a manifold Z, where N0 is a

normally hyperbolic invariant manifold but does not consist of equilibria. (This occurs, for example,

Step 3 of the proof of Theorem 3.5.14.) We again choose coordinates so that the system is (A.1)–

(A.3). We choose a cross-section M̃ε to the flow within Mε, of dimension l + s (so that Mε is the

union of orbits that start in M̃ε), and we assume that M̃0 meets W s(N0) transversally at (x∗, 0, z∗).

For small ε ≥ 0, M̃ε meets W s(Nε) in a manifold Qε of dimension s; we assume that Qε projects

regularly along the stable fibration to a submanifold Pε of Nε of dimension s. We also assume that

for small ε ≥ 0, the vector field (0, 0, h(x, ε)) is not tangent to Pε. (Of course these assumptions

follow from the corresponding ones at ε = 0.) Finally, we assume that for ε > 0, following Pε along

the flow for time O( 1
ε ) produces a submanifold P ∗ε of dimension s+ 1 of Nε, and the manifolds P ∗ε

fit together with a submanifold P ∗0 of N0, of dimension s + 1, to form a Cr+1 manifold in Z × R.

This assumption typically requires that some solution of the system restricted to N0 that starts in

P0 approaches an equilibrium. We emphasize that, analogous to the usual Exchange Lemma, P ∗0 is

not the result of following P0 along the flow for ε = 0. Let V be a small open neighborhood of P ∗0

in Wu(N0) restricted to P ∗0 , which has dimension l + s+ 1.

Theorem A.1.2 (General Exchange Lemma). For small ε > 0, parts of Mε fit together with V to
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form a Cr manifold in Z × R.

Some technical hypotheses that are not relevant to this thesis have been omitted. We actually

need a small generalization of Theorems A.1.1 and A.1.2, whose proofs are essentially the same.

We will use Cr-topology to measure submanifolds. If S ⊂ X is a smooth submanifold, we say

another Cr-submanifold S′(of the same dimension) is Cr-close to S, if with some smooth identi-

fication of the normal bundle of S with a tubular neighborhood of S, S′ can be identified with a

Cr-small section of the normal bundle.

In Theorem A.1.1, replace the assumption that near the point (x∗, 0, z∗), the Mε, ε ≥ 0, fit

together to form a Cr+1 manifold with boundary, with the assumption that Mε → M0 in the

Cr+1-topology. The conclusion becomes that parts of Mε converge to V in the Cr-topology.

In Theorem A.1.2, make the replacement in the assumptions just mentioned, and replace the

assumption that the P ∗ε , ε ≥ 0, fit together to form a Cr+1 manifold with the assumption that

P ∗ε → P ∗0 in the Cr+1-topology. The conclusion again becomes that parts of Mε converge to V in

the Cr-topology.

These generalizations are required for the following reason. Consider the fast-slow system

ż1 = −z2 + z2
1 , (A.9)

ż2 = −ε, (A.10)

which is related to (3.21)–(3.22). See Figure A.2. For ε = 0, any compact portion N0 of the curve

of equilibria z1 = −z
1
2
2 is normally hyperbolic (in fact attracting). It perturbs to the normally

hyperbolic manifold Nε, on which system reduces to ẏ = −ε. For small ε > 0, a solution in or close

to Nε arrives in the region δ < z1 < 2δ (δ > 0) along a curve given by z2 = ρ(z1, ε), δ < z1 < 2δ;

ρ = O(ε
2
3 ). As ε→ 0, this curve, which in examples with greater dimension may be P ∗ε , approaches

z2 = 0, which in examples may be P ∗0 , in the Cs-topology for any s, but does not fit together with

z2 = 0 to form a manifold with a high degree of differentiability in z1z2ε-space.
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A.2 Choosing the center manifold

Let us consider for concreteness a system in the form (A.1)–(A.3), with N0 two-dimensional, and

the equation on Nε given by (A.9)–(A.10):

ẋ = A(x, y, z1, z2, ε)x, (A.11)

ẏ = B(x, y, z1, z2, ε)y, (A.12)

ż1 = −z2 + z2
1 + xT c1(x, y, z1, z2, ε)y, (A.13)

ż2 = −ε+ xT c2(x, y, z1, z2, ε)y, (A.14)

(x, y) ∈ Rk×Rl. The system arises by center manifold reduction at the origin, so A(0, 0, z1, z2, 0) has

eigenvalues with negative real part ,and B(0, 0, z1, z2, 0) has eigenvalues with positive real part. We

wish to follow a manifold Mε of dimension l+ 1 as it passes Nε (i.e., z1z2-space). M0 meets W s(N0)

transversally at a point (x∗, 0.z∗1 , 0) with z∗1 < 0; hence the intersection includes the semiorbit γ

that starts at (x∗, 0, z∗1 , 0), which approaches the origin as t → ∞. We wish to replace the center

manifold N0 for ε = 0 by one that contains γ. To do this, replace all semiorbits in Figure A.2

that start at points (0, 0, z∗1 , z2), |z2| < (z∗1)2, with the semiorbits that start at (x∗, 0, z∗1 , z2). (The

semiorbits that start at (0, 0, z∗1 , z2) and at (x∗, 0, z∗1 , z2) both approach (0, 0,−z
1
2
2 , z2) as t → ∞,

and the second arrives tangent to z1z2-space.) The result will be a new center manifold, in a smaller

neighborhood of the origin, that contains γ. The differentiability class of this manifold will decrease

as we move away from the origin. Now N0 perturbs to new center manifold Nε for ε > 0.

(a) (b)

z1

N0 N

2/3

z2

Figure A.2: Flow of (A.9)–(A.10): (a) ε = 0, (b) ε > 0.
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Birkhäuser, 1980.

[26] Christopher Jones. Geometric singular perturbation theory. In R. Johnson, editor, Dynamical

systems, volume 1609 of Lecture Notes in Mathematics. Springer, 1995.

[27] Christopher Jones and Siu-Kei Tin. Generalized exchange lemmas and orbits heteroclinic to

invariant manifolds. Discrete Contin. Dyn. Syst. Ser. S, 2(4):967–1023, 2009.

[28] Jungsoo Kang. Invariance property of Morse homology on noncompact manifolds.

arXiv:1012.5571.

[29] Maxim Kontsevich. Enumeration of rational curves via torus actions. In R. Dijfgraaf, C. Faber,

and G. van der Geer, editors, The moduli space of curves, volume 129 of Progress in mathematics.
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