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Abstract

This thesis concerns the arithmetic of binary forms, with a particular emphasis on studying
2-class groups of the rings and fields defined by such forms, as well as 2-Selmer groups of
hyperelliptic curves and related Diophantine objects. The keystone result of this thesis is
an orbit parametrization of square roots of the ideal class of the inverse different of rings
defined by binary forms (see §lf). This parametrization, which can be construed as a new
integral model of a “higher composition law” discovered by Bhargava and generalized by
Wood, was the missing ingredient needed to solve a range of open problems concerning
distributions of class groups, Selmer groups, and more. For instance, in this thesis, we apply
the parametrization to bound the average size of the 2-class group in families of number
fields defined by binary n-ic forms, where n > 3 is an arbitrary integer, odd or even (see .

2 = f(x,y), where

We also apply it to prove that most “superelliptic equations” of the form z
f is an integral binary form of odd degree, have a Brauer-Manin obstruction to having a
primitive integer solution (see . Moreover, in joint work with Bhargava and Shankar, we
use the parametrization to prove that when locally soluble genus-1 curves over Q are ordered
by height, the average size of the 2-Selmer group is at most 6, and further that when elliptic
curves over Q are ordered by height, the second moment of the size of the 2-Selmer group is
at most 15, confirming well-known conjectures of Poonen and Rains (see §4)). Finally, in joint
work with Shankar, Siad, and Varma, we use the parametrization to determine the average
size of the 2-class group in families of monogenic degree-n orders, enumerated by height;
for this application, we develop a new method for counting integral orbits having bounded

invariants and satisfying local conditions that lie in the cusps of fundamental domains for

coregular representations (see .
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Chapter 1

New parametrization for ideal classes

in rings defined by binary forms

This chapter is largely based on my paper [116], §§1.1-1.3, §2], with some results also drawn

from my joint work [28| §2.5] with Manjul Bhargava and Arul Shankar.

1.1 Introduction

A famous theorem of Hecke [70, Theorem 176] states that the ideal class of the different
of the ring of integers of a number field is a perfect square. Motivated by Hecke’s result,

Ellenberg posed the following question:

Question (Ellenberg, [61]). Could there be a “parametrization” in anything like Bhargava’s

sense for cubic rings together with a square root of [the ideal class of the] inverse different?

The main contribution of this chapter is to give a positive answer to Ellenberg’s question,
not just for cubic rings, but for rings of any degree n > 3 defined by integral binary n-ic forms.
Specifically, let f be a separable primitive integral binary form of degree n > 3 with leading
coefficient f(1,0) = fy # 0, and let Ry denote the ring of global sections of the subscheme

of P}, cut out by f. Letting G,, := SL,, if n is odd and G,, := SLE = {g € GL,, : detg = £1}

12



if n is even, we prove the following roughly stated orbit parametrization result, to be made

precise in §1.4.1}

Theorem 1. Square roots of the class of the inverse different of Ry naturally give rise to

G (Z)-orbits of pairs (A, B) € Z? @z Sym,Z™ of symmetric n X n integer matrices such that

det(zA+yB) = £f5 ' f(z, foy) € Zlz,y),

where g € G,(Z) acts on (A, B) via g - (A, B) = (gAg", gBgT). The locus of pairs (A, B)
that arise in this way is cut out of the hypersurface det A = +1 by congruence conditions

modulo fy~*

This new orbit parametrization has made it possible to pursue a range of statistical
applications concerning class groups of number fields and rational /integral points on vari-

eties/stacks. As examples:

e In §2, we apply Theoremto bound (and precisely determine, conditional on a uniformity
estimate) the average size of the 2-class group in families of number fields defined by
binary n-ic forms, where n > 3 is arbitrary (see Theorems to . Similar bounds
and conditional equalities have previously been proven in many cases, such as when n
is odd (see, e.g., the work of Ho—Shankar—Varma [71]) or when the binary forms under
consideration are monic (see, e.g., the work of Siad [108,109]). The new parametrization
in Theorem (1| allows us to handle all cases simultaneously, including the non-monic even-

degree case, which was not amenable to existing methods.

e In §3| we use Theorem [I] to prove that most integral odd-degree binary forms fail to

primitively represent a square because of a Brauer-Manin obstruction.

e In §4] joint with Bhargava and Shankar, we apply Theorem [I]to bound the second moment

of the size of the 2-Selmer group of elliptic curves.
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1.1.1 Relation to earlier work

Theorem [I| gives a new integral model of a “higher composition law” discovered by Bhargava
and generalized by Wood. In his thesis [6, Theorem 4], Bhargava demonstrated that when
deg f = 3, the elements of Cl(R)[2]—i.e., square roots of the trivial class—are parametrized
by pairs (A, B) € Z? ®z Sym, Z3 such that det(zA + yB) = +f(z,y). More generally, let
1 }“ be the space of global sections of the pullback to Spec Ry of the line bundle of degree
k on P%. In her thesis [126, Theorem 1.3], Wood proved that when deg f = n > 3, square
roots of the class of 1}1’3 are parametrized by pairs (A, B) € Z? ®z Sym, Z" such that
det(zA+yB) = £f(z,y).

These results of Bhargava and Wood precipitated two decades of progress in arithmetic
statistics. Indeed, their parametrizations were used to (1) prove that most hyperelliptic
curves have no rational points [11], (2) bound the average 2-torsion in the class groups of
rings defined by odd-degree binary forms [18,30,71] or by monic binary forms [108,/109],
and (3) determine the density of integer polynomials with squarefree discriminant [29,/99].
Related parametrizations on the space of pairs of symmetric integer matrices were used to
bound the average size of the 2-Selmer groups in families of hyperelliptic curves with marked
points [15426}/106].

Despite their remarkable versatility, the parametrizations of Bhargava and Wood have
what is, in view of certain applications, a fundamental limitation: when n is even and
|fo| > 1, the class of I}“_?’ sometimes fails to have a square root. Furthermore, the forms
f for which this failure occurs are expected to contribute non-negligibly to the average size
of CI(Ry)[2]. This limitation is the reason why the papers [18,30}/71}/108109] on average
2-torsion in class groups considered only those rings defined by odd-degree or monic binary
forms; more broadly, the inability to parametrize 2-torsion in class groups of rings defined
by general even-degree binary forms has been one of many key impediments to formulating
and verifying analogues of the Cohen-Lenstra heuristics for 2-class groups of number fields

of even degree n > 2, for which 2 is a so-called “bad prime” (see §2.1.2).

14



The new parametrization in Theorem [I]overcomes the limitation described above. Indeed,
a result of Simon [124] Theorem 2.4] states that I}"Q represents the class of the inverse
different of Ry, so Theorem |1| gives a parametrization of square roots of the class of 1}1_2,
rather than I;}_g. Such square roots always exist when n is even; moreover, when n is odd,
Hecke’s theorem implies that such square roots exist as long as Ry is the maximal order
in its fraction field. Consequently, as we show in §2] Theorem [I] can be used to study the
distribution of 2-class groups of number fields defined by binary forms of any degree n > 3.

As it happens, the failure of [}1_3 to have a square root plays a crucial role in [17], where
Bhargava, Gross, and Wang used it to prove that a positive proportion of hyperelliptic
curves of any given genus have no odd-degree closed points. Essentially, they show that if
C denotes the curve 22 = f(z,y), locally soluble 2-covers of the variety Pic'(C}) give rise to
square roots of the class of I}L’?’; thus, if no such square root exists, Picl(C’f) has no rational
points. On the other hand, this construction is insufficient to study locally soluble 2-covers
of Pic’(C}), unless C} has an odd-degree closed point, in which case Pic’(C}) ~ Pic'(Cy).
It is for this reason that the papers [15[26106] on average sizes of 2-Selmer groups restricted
their consideration to special families of curves with marked points. In contrast, as we show
in §4 Theorem [I]can be used to study the distribution of the 2-Selmer group for the universal

family of locally soluble hyperelliptic curves of any given genus

1.1.2 Organization

First, in §1.4] we introduce the new parametrization alluded to in Theorem [l| and prove

several useful properties about it.

1.2 Rings and ideals associated to binary forms

Let n > 3 and fy # 0 be integers. Let V,, denote the affine scheme over Z whose R-points are

given by Sym,, R? for any Z-algebra R (i.e., binary n-ic forms over R), and Let V,, s, C V,,
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be the subscheme corresponding to forms f € V,,(R) with leading coefficient f(x,1) = f.
Now let R be a principal ideal domain (PID) with field of fractions K[T| Let f, € R~ {0},
and fix a binary n-ic form f = f(x,y) = >, fiz" "y" € V,, 1, (R) that is separable over K.
Consider the étale K-algebra Ky := K[z|/(f(x,1)), and let 6 denote the image of = in K.
For each i € {1,...,n — 1}, let p; be the polynomial defined by p;(t) := Z;;B fit77, and let
G = pi(6). To the binary form f, there is a naturally associated free R-submodule Ry C Ky

having rank n and R-basis given by

Ry = R(1,C1,Car- -5 Gum1)- (1.1)

The module Ry has been studied extensively in the literature. In |32, proof of Lemma 3],
Birch and Merriman proved that the discriminant of f is equal to the discriminant of Ry,
and in [87, Proposition 1.1], Nakagawa proved that Ry is actually a ring with the following
multiplication table: taking 1 < i < 57 < n — 1 and setting (, := 1 and (, := —f, for

convenience, we have

min{i+j,n} i
GG= Y, fuiale— D faialef (1.2)
k=j+1 k=max{i+j—n,1}

Also contained in Ky is a natural family of free R-submodules ]’f of rank n for each

integer k € {0,...,n — 1}, having R-basis given by
If = R(1,0,...,0" Cup1, - - Cu1). (1.3)

For concreteness, we note that I} = Ry is the unit ideal and that I}‘_l = R[0]. By [124]
Proposition A.1], each I ;f is an Ry-module and hence a fractional ideal of Ry; moreover, the

notation [ }’f makes sense, since [ }“ is the k' power of ]}. By [124, Corollary 2.5 and Propo-

'We typically take R to be Z, Q, Z,, Z/pZ, or Q,, where p € Z is a prime.
2Nakagawa’s results are stated for irreducible forms f, but as noted in [124, §2.1], their proofs continue
to hold even otherwise.
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sition A.4], if n > 2, the fractional ideals T ]’ﬁ are invertible precisely when R; is Gorenstein,

which happens precisely when f is primitive (i.e., ged(fo,..., fn) = 1).

Remark 2. The ring Ry and ideals [ J’? admit a simple geometric interpretation: indeed,

by [124, §1], we have
Spec Ry = Proj (Z[z,y]/(f(2,y))) < Proj Z[z,y] = Py, (1.4)

so R; can be thought of as the coordinate ring of the closed subscheme of P} naturally
associated to the binary form f. Letting Og, (k) denote the pullback to Spec R; along the
closed embedding (.4 of the line bundle of degree k on P}, we have that I} ~ H°(Og, (k))

as Ry-modules.

Given a fractional ideal I of Ry with specified basis (i.e., a based fractional ideal), the
norm of I, denoted by N(I), is the determinant of the K-linear transformation taking the
basis of I to the basis of Ry in (LI). It is easy to check that N(I}) = fo* for each k
with respect to the basis in (1.3). The norm of k € K f is the determinant of the K-linear
transformation taking the basis (1,(,...,(,—1) to the basis (k, k(i,...,k(,—1). Note that

we have the multiplicativity relation
N(xl) = N(k) N(I) (1.5)

for any kK € K fX and based fractional ideal I of Ry, where we regard - I as having the basis
given by multiplying each basis element of I by k.

The ideal T ?_2 plays a key role in the parametrization that we introduce in . Indeed,
by [124, Theorem 2.4] (cf. |111, Proposition 14]), [I}I_Q} is the class of the inverse different

of Ry; i.e., we have that

[I77?] = [Homgz(Ry, Z)] € Cl(Ry). (1.6)
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Thus, to parametrize square roots of the ideal class of the inverse different of R, we can work

with the ideal [}“2, which has the virtue of possessing the explicit Z-basis given by ([1.3)).

Remark 3. There is a geometric way to verify . Indeed, the class of the inverse different of
Ry corresponds to the class of the relative dualizing sheaf wg, /7 of Spec Ry over Spec Z. Thus,
it suffices to show that I}‘_Q ~ H° (wa/Z) as Rg-modules. Note that wg,/z is isomorphic to
the dualizing sheaf wr, of Spec Ry as CI(Z) = {1}, so applying the adjunction formula to (1.4)
yields that wr,/z ~ wr, ~ Og,(n — 2). It follows that I7~> ~ H°(Og,(n — 2)) ~ H(wg,z)
as Rs-modules.

We now discuss how K, Ry, and I} transform under the action of 7 € GLy(R) on binary
n-ic forms defined by v - f = f((z,y) - 7). If f/ = ~v- f, then Ky ~ Ky, and the rings
Ry and Ry are identified under this isomorphism (see [87, Proposition 1.2] or [124] §2.3]).
On the other hand, the ideals [ ]’?, and [ ]'f are isomorphic as Ry-modules but need not be
identified under the isomorphism Ky ~ K. Indeed, as explained in [11, (7)], these ideals
are related as follows: if v = [ !] is such that —t0 + s # 0 (equivalently, f’ has nonzero

u v

leading coefficient), then for each k£ € {0,1,...,n — 1}, the composition

<20 Ky K (1.7)

is an injective map of Ry-modules having image equal to jf,, where ¢y, , sends each 0 € ]’f
to (—t0 + s)7%§ € K;. When k = 0, we recover the identification R; = I} with Ry = 1Y,
from (1.7)). Let N C GL; denote the lower-triangular unipotent subgroup. When v € N(R),

we have —t6 + s = 1, so ¢y, is the identity map in this case.

1.3 Representations on pairs of symmetric matrices

Let n > 3 be an integer. In this section, we recall various representations involving the
space of pairs of symmetric n x n matrices. These representations play a key role in stating

our new parametrization and are crucial to the applications considered in §2] We start

18



in by introducing the representation of GG, on the space of pairs of symmetric n x n
matrices. Since our parametrization produces pairs (A, B) lying on the hypersurface where
det A = +£1, it is important to understand how the action of G, restricts to this (non-linear)
hypersurface; in §1.3.2 we explain a “linearization trick” that recasts this restricted action
in terms of a finite union of (linear) representations of orthogonal groups. We finish in
by discussing a related representation that occurs only when n is even, namely the action of

the group (SL,, /u2)(R) on the space of pairs of symmetric n x n matrices over a PID R.

1.3.1 Representation of G,

We first define the representation of GG,, on W,,. Let Mat,, denote the affine scheme over Z
whose R-points are given by the set of n x n matrices with entries in R for any Z-algebra
R. Let V,,1 C Mat,, denote the subscheme over Z whose R-points are given by Sym,R" for
any Z-algebra R (i.e., symmetric n X n matrices with entries in R, or equivalently, classically
integral n-ary quadratic forms over R), and let W,, = U,, x U,, be the space of pairs of n-ary
quadratic forms. Then W, has a natural structure of GG,,-representation given as follows: for

any element g € G,,(R) and any pair (A, B) € W,,(R), let
g+ (A, B) = (9Ag" . gBg") € Wa(R),

where for a matrix M, we write M7 for its transpose. When n is odd, the action of —id €
SLE(R) centralizes elements of W,,(R), which is why we work with G,, = SL,, instead of SL".

We now describe the invariants of the action of G, on W,,. Given a pair (A, B) € W,(R),
we define the resolvent of (A, B) to be the binary n-ic form (—1)l2) det(zA +yB) € V,.(R).
Let ¢: W,, — V,, be the function that takes a pair of symmetric n x n matrices to its resolvent,
and consider the n+1 homogeneous degree-n polynomial functions foou, ..., fpor: W, — AL
where f;: V,, — Al denotes the function that sends a form f = f(z,y) € V,,(R) to its 2" "y'-

coefficient for each i € {0,...,n}. One checks that these functions are G,-invariant; in fact,
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they freely generate the ring of polynomial invariants for the action of G, on W,,.

1.3.2 Action on pairs (A, B) with det A = £+1: a linearization trick

We now describe how the action of GG;, on W, restricts to the hypersurface consisting of pairs
where det A = £1. For this, we use the following linearization trick introduced in [18, §1.3].

Let R be any Z-algebra. The trick relies on the following pair of observations:

e If a pair (A4, B) € W,,(R) is such that det A = +(—1)Lz), then the matrix T = —A"'B ¢
Mat,, (R) is self-adjoint with respect to A (i.e., TTA = AT), and the characteristic poly-
nomial chy of T'is chy(z) = £(c(A, B))(z, 1) (where the £ sign matches the sign of det A,

so that chy is monic).

e If T € Mat,(R) is self-adjoint with respect to a matrix A € U,(R) such that det A =

+(—1)l2), then —AT is symmetric, and chp(z) = +(u(A, —AT))(z, 1).

Now, let Ay € U,(R) with det o7, = +(—1)L2J, and let G4, be the orthogonal group scheme

over Z whose S-points are given by

SO4,(R) = {g € SL,(R) : gT Agg = Ao}, if nis odd,
ng (R) =
O4,(R) = {g € SLE(R) : g"Agg = A},  if n is even.

Let W4, be the affine scheme over Z whose R-points are given by
Wa,(R) :={T € Mat,(R) : TT Ay = A,T}.

Observe that Wy, has a natural structure of G4,-representation, where for any g € Ga,(R)

and T' € Wy, (R), we have g - T = gTg~'. Then the two observations itemized above imply
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that we have the following stabilizer-preserving bijection for any form f € V,,1(R):

(4, B) € Gu(R)\Wn(R) T € Gao(R)\Wy,(R)

o || (1.8)

with ((A, B) = +f Ao | with chp(z) = f(x,1)

where on the right-hand side of (1.8, the union runs over representatives Ay of the set of

G (R)-classes of symmetric matrices Ay € Mat,(R) such that det Ay = £(—1)Lz1.

Remark 4. We sometimes find it more convenient to work not with 7" € Wy4(R) but with
B = — AT, which is an symmetric n X n matrix with entries in R. Thus, in what follows
we sometimes abuse notation by writing B € W,4(R) to mean “the symmetric n X n matrix
arising from the self-adjoint operator T'= —A~'B € W4(R).” In this language, the action
of an element g € Ga(R) on T' € W4(R) is written as B — (¢~!)?Bg~'. We further abuse

notation by writing ¢: W4 — V for the function that sends B — (A, B).

Now, let R be an integral domain with field of fractions K having characteristic not
equal to 2, and let 7, € U, 1(R) be the antidiagonal matrix with all antidiagonal entries
equal to 1. For the applications in §3| and which concern the case where n is odd, we
will only need to consider those pairs (A, B) € W,,(R) such that A is split over K, meaning
that the symmetric bilinear form associated to A has a maximal isotropic space defined over
K. Tt follows from [101, Chapter V, §2.2] that, when n is odd, any such A belongs to the
Gn(R)-orbit of 7,. Thus, in this case, we can just take Ay = 7, in (1.§)), and we obtain the

following stabilizer-preserving bijection for any separable f € V,,1(R):

(A, B) € Go(R)\W,(R) with (A, B) = +f B € G (R\W., (R) o

such that A is split over K with «(B) = +f
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1.3.3 Representation of (SL, /u2)(R) on W, (R) for a PID R

In this section, we take n to be even, and we fix a PID R with field of fractions K. Within
SL,,, we have the subgroup scheme ps, with the inclusion ps <— SL, defined on R-points
by sending r € ps(R) to r x id € SL,(R). We now use the action of SL, on W to obtain
an action of (SL,, /u2)(R) on W,(R) in the case where R is a PID. To do this, we must
first explicitly characterize the elements of (SL, /u2)(R). Upon inspecting the first few
terms of the long exact sequence in flat cohomology arising from the short exact sequence

1 — pg — SL,, — SL,, /s — 1, we obtain the following short exact sequence:
1 —— SL,(R)/us(R) — (SL,, /u2)(R) —— HY(R,us) —— HY(R,SL,). (1.10)

We may identify H'(R, po) with the group R*/R*? via Kummer theory and H'(R, SL,) with
the trivial group via Hilbert’s Theorem 90. Let K, denote the separable closure of K, and
for each r € R*/R*?, let ¢, € SL,(Kp) be the diagonal matrix with diagonal entries given
by % copies of \/r followed by % copies of \/%j We then have the following characterization

of the group (SL,, /u2)(R) in terms of the matrices ¢,

Lemma 5. The group (SL,, /p2)(R) is the subgroup of SL,,(Kep)/{£id} consisting of (classes

of) matrices of the form ge,, where g € SL,(R) and r € R*/R*2.

Proof. When R = K is a field, the exact sequence ([1.10) may be viewed as a sequence
in Galois cohomology, in which case the lemma is proven in |16, §4.4]. For a general PID
R, applying (1.10) to both R and its field of fractions K yields the following commutative

diagram with exact rows, in which all vertical maps are injective:

1 —— SLu(R)/ua(R) — (SL, /u2)(R) —— R*/R*> — 1

j j I (1.11)

1 —— SLu(K)/pa(K) — (SLu /pio)(K) —— K*JK** —— 1.

Because the lemma holds for K, it follows from (1.11)) that (SL, /u2)(R) is contained in
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the subgroup of SL,, (Ksep)/{£1d} consisting of (classes of) matrices of the form ge,, where
g € SL,(K) andr € R*/R*2. Now, choose an element ge, € (SL,, /u2)(R) of this form. Since
SL,(R)/p2(R) is a normal subgroup of (SL, /u2)(R), the element ge, normalizes SL,(R).
But one easily checks that e, normalizes SL,,(R), so g must normalize SL, (R) too. Because

SL,(R) is its own normalizer in SL, (K), we conclude that g € SL,,(R), as desired. O

We are now ready to define the action of (SL,, /u2)(R) on W,(R). Given (the class of)

an element ge, € (SL, /u2)(R), where g € SL,(R) and r € R*/R*?, we let

(957") ) (AvB) = ((QST)A(ger)T7 (ggr)B(ggr)T> € WH(R)

for any pair (A, B) € W, (R). This action is well-defined because the subgroup us(R) C
SL,,(R) acts trivially on W, (R), and it also preserves the resolvent ¢(A, B).

We now explain the analogue of the linearization trick described in for the action
of (SL,, /p2)(R) on W, (R). For the application in §4 we will only need to consider those
pairs (A, B) € W, (R) such that A is split over K and such that the symmetric bilinear form
associated to A is even (i.e., zAx" is divisible by 2 for every x € R"). It follows from [101}
Chapter V, §2.2] that any such A belongs to the G,,(R)-orbit of 7,. Thus, in this case, we can
just take Ay = o,. Let PSO,, = SO, /us be the projective orthogonal group associated
to ,. Then the space W, (R) has a natural structure of PSO,, (R)-representation, given
as follows: for any element g € PSO,, (R), regard g as an element of (SL, /u2)(R) via
the inclusion PSO,, (R) < (SL, /u2)(R) induced by the inclusion SO, < SL,, and let
g-B = gBg" € Wy, (R) for any B € W,,(R). By analogy with (1.9), we obtain the

following stabilizer-preserving bijection:

(A, B) € (SLy, /p12)(R)\W,(R) with ¢(A, B) = £ f B € PSO,, (R)\W.,. (R)

such that A is split over K and even over R with «(B) = +f

(1.12)
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1.4 Orbit parametrization

Retain the setting of (i.e., let n, fo, R, and f be as in . Consider the monic form
fo f(z, foy) € Vaua(R); we call this form the monicized form of f and denote it by fme".
The map mon: Vs, — V; that sends a binary n-ic form to its monicization is injective; we
call the left-inverse to this map demonicization at fy, and we denote the demonicization of
a form g at fy by g;jcgm.

Fix a unit 7 € R*. Let I be a based fractional ideal of Ry, and suppose that there exists
a € K§ such that

P calf™ and N(I)* =rN(a) N} (1.13)

In this section, we show that the pair (I, a) naturally gives rise to a G,,(R)-orbit of a pair
(A, B) € W,(R) such that (A, B) = rf™". Moreover, we provide a complete characteriza-
tion of all pairs (A, B) € W, (R) that arise in this manner. These results are summarized in

Theorem [13] (to follow), which gives a precise formulation of Theorem [1]

1.4.1 Construction of an integral orbit

Consider the symmetric bilinear form

(=, =) IxI—Kys (B,7) = (B,7)=a 'By. (1.14)

By assumption, (—, —) has image contained in I}"L’z. Next, let 7,_o, Th_1 € HomR(I;}*Z, R)

be the maps defined on the R-basis ((1.3)) of 1}1_2 by

Tn2(0") =1 =7, 9(u1) = Tr2(0") = 0 for each i € {0,...,n — 3}, and

Tn1(Coo1) +1 =7, 1(6") = 0 for each i € {0,...,n — 2}.

3Note that if I is invertible, then the norm condition in (1.13)) forces I% = aI}“Q.
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Let A and B be the matrices in U, (R) representing the symmetric bilinear forms 7, _j0(—, —)

and m, o0 (—,—): I x I — R, respectively, with respect to the chosen basis of I.
Theorem 6. Given the above setup, we have that (A, B) = rfm".

Proof. Observe that f™"(x,1) is the characteristic polynomial of fof € K;. The idea of
the proof is to show that the characteristic polynomial of the matriz —A~'B is equal to the
characteristic polynomial of the number fyf. We carry this strategy out through a pair of

lemmas as follows.

Lemma 7. We have that det A = (—1)L%J7’, so in particular, A is invertible over R, and the

characteristic polynomial of —A™'B is det(zid — (—A™'B)) = (—=1)l3lr~1 det(zA + B).

Proof of Lemma[7. To begin, notice that det A is equal to the determinant of the bilinear
map ¥: I X (a™'I) — R defined by (8,7) — m,_1(87). Next, consider the bilinear form
¥ [}‘_1 X I}’Z_l — K defined by («, ) — m,—1(af3). We claim that it suffices to show that

det ¥ = (—1)L21 f7. Indeed, note that ¥ is obtained from ¥’ via the following two steps:

e change the K-basis of the left-hand factor from the basis (|1.3]) of I;?’l to that of I; and

e change the K-basis of the right-hand factor from the basis ([1.3)) of I}"l to the basis of

a1 given by scaling each element of the chosen basis of I by a™!.

Using the fact that ¥ and ¥’ are related by the above two changes-of-basis, we deduce that

N(I) N(a)N({I) _ I
N@hN@pn e

detX = det X' -

where the last equality follows from the assumption that N(7)? = r N(«) N(I}L_Q).

That det ¥’ = (—1)L3) f7 is a consequence of the following claim: the matrix representing
Y with respect to the basis of I;}_l given in (1.3)) (namely, I}””‘l = R(1,0,...,0" 1)) is
lower antitriangular, with each antidiagonal entry equal to —f; . But this is easy: for
i,j €{0,...,n—2}, we have ¥/(6%, 0) = 7, _1(0"77), which equals 0 when i +j < n — 2 and

—fot wheni+j=n—1. O
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To show that the characteristic polynomials of fyf and —A~!'B are equal, it suffices to
show that the actions of fyf and —A~'B by left-multiplication on I are equal. It follows
from Lemma [7| that the form m,_; o (—, —) is nondegenerate, in the sense that the map
I — Hompg(I, R) that sends /5 € I to the functional m,_; ({8, —)) is an isomorphism. Thus,

it suffices to prove the following:

Lemma 8. We have that m,_1({8, fof - 7)) = 7n_1((B8, —A7'B - 7)).

Proof of Lemmal[8. Tt suffices to prove m,_1((53, fof - 7)) = —m.—2((8,7)), as

—mn2((,7) =B —B-v=08--AA'B-y =71, 1((8,-A7'B-7)).

To prove this, it suffices to prove the more general statement that if we extend m,_; and

Tp—2 to maps Ky o~ I}L’Q ®@r K — K, then m,_1(pfof) = —m,—2(p) for any p € K. By [126,

Corollary 2.2|, we have m,_1(pfof) = —a, where a is the coefficient of (,_o» when pfy is
expressed in the basis (1,6,...,0" 2 (, o, 1). Then a = fi 7, 2(pfo) = mna(p). O
This concludes the proof of Theorem [6] O

We say that two pairs (I1,aq) and (I3, ag), where Iy, I, are based fractional ideals of
Ry and on, 0 € Kf with I? C ;177 and N(I;)* = rN(a;) N(I77?) for each i € {1,2},
are equivalent if there exists K € K fx such that the based ideals I; and kI, are equal up
to a G, (R)-change-of-basis and such that a; = k?ay. Evidently, if (I, a1) and (I, as) are
equivalent, then they give rise to the same G,,(R)-orbit on W,,(R) via the above construction.
Letting H, denote the set of equivalence classes of pairs (I, «) of the form (1.13)), we have

thus constructed a map of sets
orbs,: Hy, — Gn(R)\{(A, B) e W,(R) : (A, B) = rfm"“}.

Proposition 9. The map orby, is one-to-one.

26



Proof. Let (I, 1), (I3, a0) € Hy, be such that orby,(I1, ;) = orby,(I2, as), and choose a
representative (A, B) € W,(R) of this common orbit. The proof of Theorem [6] implies that
for each i, we can replace the chosen basis of I; with a G,,(R)-translate such that the map of
left-multiplication by fy0 on I; is given by the matrix —A~! B with respect to the translated
basis. Having made these replacements, it follows that I; ~ I, as based Rs-modules and
hence as based fractional ideals of ¢, since multiplication by fyf determines the R-module
structure. Thus, there exists kK € K f such that Iy = kI, and such that the chosen basis of
I; is obtained by scaling each element in the chosen basis of Iy by x. By replacing I, with
kI and oy with k%, we may assume that I; = I, = I. Upon making these replacements,
we obtain two elements (I, 1), (I, a2) € Hy, such that, with respect to some chosen basis
of I, both orby,. (I, 1) and orby,. (I, ay) are represented by the pair (A, B) € W,(R).

It remains to show that a; = ay. Let ¢1,¢2 € Hompg, (I ®g, 1, [}“2) be defined by
¢i: I @p, [ — I;?_2, (B ®7) =a; By for each i€ {1,2}

Then it suffices to show that ¢; = ¢o. By |126] Proposition 2.5], post-composition with m, 4
yields an isomorphism Hompg, (I ®@g, I, I}~?) = Hompg(I ®g, I, R) of Rp-modules, so it suf-
fices to show that the images of ¢; and ¢, under this isomorphism are equal. But these images

are both represented by A with respect to the chosen basis of I, so they must be equal. [J

If fo € R*, then not every pair (A, B) € W, (R) with ¢(A4, B) = r f™" necessarily lies in

orbs,(Hy,). The next theorem characterizes the orbits that lie in the image of orby,:

Theorem 10. Let (A, B) € W, (R) be such that «(A, B) = rf™". Then the G,(R)-orbit of

(A, B) lies in the image of the map orby, if and only if
pi(fy' x —A™'B) € Mat,(R) for each i€ {l,...,n—1}. (1.15)
Proof. Let (A, B) be as in the theorem statement. We first check that (1.15)) is satisfied
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when the G,,(R)-orbit of (A, B) is equal to orby,.(I, ) for some (I, ) € Hy,. In this case, it
follows from the proof of Theorem @ that for each i € {1,...,n—1}, the action of (; € Ry by
left-multiplication on [ is given by p; (% . —A’lB) with respect to some basis of I. Since [ is
an Ry-module, this action is integral, and the matrix pz(f—lo . —A‘lB) must have entries in R.

Now suppose (A, B) satisfies . Let I be a free R-module of rank n, and choose
an R-basis of I. We endow the R-module I with the structure of Rsmen-module by defining
the action of fof on I to be left-multiplication by the matrix —A~'B with respect to the
chosen basis (note that Rsmen is the subring of Ry generated over R by the element fyf). For
each i € {0,...,n — 1}, let ;1 [ — I @R men Ry be the map of Rjme-modules that sends
p+— p® (. The conditions imply that ¢;(I) C I for each ¢, where we regard I as an
R gmen-submodule of T @ R fmon Rp via the map 8 — B®1. Thus, the structure of R ¢men-module
on I extends to a structure of Ry-module, so [ is isomorphic to a fractional ideal of R¢. For
convenience, we rescale [ so that 1 € I.

Having constructed I, we next construct a map ®: I ®p, [ — I]’}_Q of Ry-modules.
Consider the map ¥: [ ®g I — R defined by f®~ +— - A-v, where 8 and = are respectively
viewed as row and column matrices with entries in R with respect to the chosen basis of
I. Then, under the identification Homg(I ®p I, R) ~ Hompg (I, Homg (I, R)), the map ¥
corresponds to a map of R-modules W': I — Hompg(I, R). Observe that Homg(I, R) has a
natural R-module structure, defined by (p-¢)(8) = ¢(pp) for each p € Ry, ¢ € Homp(I, R),
and f € I. We now claim that ¥’ is compatible with the actions of R; on I and on
Hompg(1, R) and thus extends to a map of R;-modules. Take 3, € I; to prove the claim, it

suffices to show that

(W'(fo0B))(7) = (fob - (¥'(8))) (), (1.16)

because the action of fyf determines the Ry-module structures of both M and Hompg(I, R).

By definition, the left-hand side of ((1.16)) evaluates to

(W' (fo0B) () = (fobB) - A-y=(B-(—AT'B)")-A-vy=—B-B -7, (1.17)
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and the right-hand side of (|1.16)) evaluates to

(fof - (P'(8)))() = (T'(B))(foby) = B-A- (~AT'B-y) = =B-B 7. (1.18)

Comparing ((1.17)) and ((1.18)) yields the claim. By [126, Proposition 2.5], post-composition
with 7,_; gives an isomorphism Hompg(I, R) — Homg, (I,1}7?) of Rp-modules. Post-
composing ¥’ with this isomorphism yields a map of R;-modules ¥": I — Hompg, ([, []?_2).

Let ®: [ ®g, [ — I}‘_2 be the image of ¥” under the identification
Homp, (I, Homp, (I,1772)) ~ Homp, (I ®r, 1, 1}72).

By construction, the matrix representing the bilinear map m,_; o ® with respect to the
chosen basis of I is equal to A. As we showed in the proof of Lemma , we have 7,_1(pfof) =

—Tn—2(p) for any p € Ky. Thus, for any 3 ® vy € [ ®g, I, we have that

(Th20@)(BR7) =T 2(P(B®RY)) = —Tn1(P(B ) fol)
= —Tn1(®(B @ (fo07))) = —Tn1(B(B @ (—A7'B-7)))
= —(Th10®)(BR(-AT'B-v))=—F-A-(-~A7'B-7)

so B represents the bilinear map m,_s o ® with respect to the chosen basis of I.

It remains to show that there is o € K fX such that ® coincides with the bilinear form
that sends 8 ® v — a !By (implying, in particular, that I? C a[?_2), and such that
N(I)? = rN(a)N(IJ’}’Z). To do this, fix elements 8,70 € I N K;. For any 3,7 € I, let

B',9" € RyNK{ and B”,7" € Ry be such that 88" = 58" € Ry and 77" = 707" € Ry. Then

o((BA)© () _ B
By By

(6o ® )
Boo

(P ®7) = - ®(Bo ®0) = (B7) - : (1.19)
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Let o = ®(5y ®7)/(Boyo) € Ky. Then by (1.19)), we have that ®(5 ® v) = (8v)d’, so since

A represents the map m,_; o ® with respect to the chosen basis of I, it follows that det A is
equal to the determinant of the bilinear map 3: I x (/1) — R defined by (3,7) +— m,_1(57).
Using the fact that det A = (—1)L2l7 (because inv(A) = rf™°"(1,0) by assumption) together
with the argument in the proof of Lemma [7], we find that

2 N(@)N(1)*

(—D)L3)r = det A = det © = (—1) =
N(I}7%)

(1.20)

It follows from (1.20) that N(1)?N(a/) = rN(I}7?), so since N(I), N(I}~?) € K* (as I has
rank n over 2 and fy # 0), we deduce that o’ € K, and the desired value o € K is simply

given by v = o/ . ]

Theorem (10| shows that the locus of pairs (A, B) € W, (R) that arise via the above
construction from binary forms in V;, ;, (R) is cut out by congruence conditions modulo f5*.
It is a consequence of Theorem (to follow) that these conditions amount to stipulating
that A'B = 0 (mod f;~ ') for each i € {2,...,n} when f is primitive, and that when R; is
the maximal order in K, they amount to stipulating that B (mod fj) is of rank <1 (i.e.,
B is a multiple of the square of a linear form modulo fy). These simpler conditions play
a crucial role in (see, in particular, , where we use them to prove that the pairs
(A, B) arising from forms in V,, s (R) are, to an extent, equidistributed modulo fy. This
equidistribution result allows us to overcome the dependency of the parametrization on fj.

We now determine the stabilizers of orbits arising from the above construction:

Proposition 11. Let (I,a) € Hy,, and let Endg,(I) be the ring of Ry-module endomor-
phisms of I. The stabilizer in G, (R) of any representative of orby, (I, ) is isomorphic to
the finite abelian group Endg,(I)*[2]x=1 := {p € Endg,(I)*[2] : N(p) = 1} if n is odd and
Endpg, (1)*[2] if n is even.

Proof. Let (A, B) € W,(R) be a representative of orby (1, «), and let Stabg, (r)(A, B) denote
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the stabilizer of (A, B) in G,,(R). Then observe that
Stabg,(ry(A,B) C Z :={g9 € GL,(K):g-—A"'B-g~' = —A"'B}.

But as we computed in the proof of Theorem |§|, —A~!B has separable characteristic poly-
nomial fM°"(x,1), so upon examining the rational canonical form of —A~'B, we find that
Z = K[-A"'B] ~ K|[fy0] = K. Thus, if g = Stabg, (g)(A, B), then g is the matrix g = m,
of multiplication by p for some p € K fX Since g defines an invertible map of R¢-modules
g: I — I, we have m, € Endg,(I)*. Moreover, the bilinear maps I x I — K defined by
sending (3,7) to a8y and a~(pB)(py) must coincide, implying that p* = 1, and hence
that m, € Endg, (I)*[2].

Conversely, by imitating the argument in , we see that every Ry-module endo-
morphism of I is given by multiplication by an element of K. In particular, we have
Endg,(1)*[2] C K[ [2], and it is clear that the action of K[ [2] stabilizes (A, B). Finally,
the stabilizer of (A4, B) in SL,(R) is the determinant-1 subgroup of Endg, (1)*[2], which is

simply Endg, (I)*[2]x=1- O

Remark 12. Note that Endg,(I) D Ry and that this containment is an equality when the

fractional ideal I is invertible.

Combining the results obtained in this section thus far (namely, Theorem @, Proposition @,

Theorem , and Proposition , we obtain the following precise formulation of Theorem :

Theorem 13. The map orbs, defines a bijection from Hy to the set of all G, (R)-orbits of
pairs (A, B) € W,(R) such that:

(a) (A, B) =rfm™": and
(b) pi(fy! x —A™'B) € Mat,(R) for eachi € {1,...,n—1}.

Moreover, the above construction defines a natural bijection between G, (R)-orbits on W, (R)

satisfying the conditions (a) and (b) with equivalence classes of pairs (I,«) € Hy,. The

31



stabilizer in G,(R) of the orbit corresponding to (I,c) is isomorphic to Endg, (1)*[2]n=1 if

n is odd and Endg, (I)*[2] if n is even.

We often find it convenient to replace the binary n-ic form f with an SLy(R)-translate
thereof. We must therefore understand how the parametrization interacts with the action
of SLy on V,,. The following lemma establishes that the parametrization is covariant with

respect to this action:

Lemma 14. Let v = [$!] € SLo(R) be such that —t0 + s # 0, and let f' =~ - f. Then

induces a bijection between Hy, and Hy .

Proof. Let (A, B) € W,,(R) with t(A, B) = f™", and suppose that (A, B) arises from a pair
(I,a) € Hy,. Then it follows from (1.7) that the pair (gb%ﬁ([),qﬁgﬁ(a)) belongs to Hyr .
The desired bijection is given by (I, a) — (¢z (1), ¢2,()). O

Example 15. When v € N(R) C SLy(R), the bijection in lemma [14]is given explicitly by

(A, B) — (A, foy21A + B), where 79, denotes the row-2, column-1 entry of .

We finish this section by taking n to be even and translating Theorem [6] into statements
about (SL,, /p2)(R)-orbits on W, (R); for the application in §4] we only need to do this in
the case where r = 1. Let H 7 denote the set of equivalence classes of pairs (I, ) of the
form with » = 1, with respect to the following modified equivalence relation: two pairs
(f1, 1) and (I2,a9) are identified if there exists x € K and € € R* such that the based
fractional ideals I, and x1; are equal up to a GL, (R)-change-of-basis, N(I5) = N(x)ez N(I),
and ay = r2eay. Evidently, if (I}, ) and (15, ap) are equivalent under this modified relation,
then the pairs in W, (R) that arise from (I, a;) and (Is, ap) via the above construction belong

to the same (SL,, /u9)(R)-orbit on W, (R). Thus, we have constructed a map of sets
by Hyy — (SLu /) (R\{(A. B) € Wa(R) : (4. B) = /™"

In fact, by imitating the argument used to deduce [17, Theorem 17| from [17, Theorem 16],

we obtain the following parametrization of (SL,, /u2)(R)-orbits on W,,(R) from Theorem [6}

32



Theorem 16. The map &Bﬁ defines a bijection from flf,l to the set of all (SL,, /pa)(R)-
orbits on Wy, (R) such that conditions (a) and (b) in Theorem |15 are satisfied with r = 1.
The stabilizer in (SL,, /u2)(R) of the orbit corresponding to the pair (I,a) € ]:lﬁl is an

elementary abelian 2-group that contains the group (Endg,(I)*[2])n=1/R*[2].

Remark 17. The parametrization developed in this section is inspired by [126], where Wood
proves similar theorems in which the multiplication table of an ideal of Ry gives rise to a

pair (A, B) € W, (R) with «(A, B) = f, rather than f™m".

1.4.2 Ranks of orbits arising from the parametrization

Now let R = Z, for a prime p. In this section, we work with the action of the group G,, and
with the map orby,, although everything works just as well with G,, replaced by SL,, /s
and orby; replaced by orb £1 when n is even.

A pair (A, B) € W, (Z,) with ¢(A, B) = r f™" lies in the image of orby, if certain congru-
ence conditions modulo ™!, given by condition (b) in the statement of Theorem @, are satis-
fied. Each of these conditions is of the following shape: for some ¢ € {1,...,n}, a certain lin-
ear combination of the i x i minors of —A~!B must be divisible by f;~'. For these conditions
to hold, it is sufficient that B be of rank < 1 modulo f,, meaning that the n-ary quadratic
form associated to B is a multiple of the square of a linear form modulo fy. More generally,
it suffices for B to be special at fy, by which we mean that A‘B = 0 (mod fi') for each

i€{2,...,n}. Note that if B € U,(Z,) is special at fj, then the following properties hold:

e gB'g" is also special at fy for any g € G,(Z,) and B' € U,(Z,) such that B’ = B
(mod fy); and
e The pair (A, B) lies in the image of orb, 4 Bytem for any A € U,,(Z,) with inv A = r.
k) 0 I’

In this section, we prove the following result, which states that the pairs (A, B) € W, (Z,)
with «(A, B) = rf™" that lie in the image of orbs, are often such that B is of rank < 1

modulo fy, and are very often such that B is special at f;.
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Theorem 18. Suppose p | fo, and let (A, B) € W,,(Z,,) be a pair lying in the image of orby,,..

If pt f1, then B is of rank <1 modulo fy. If f is primitive, then B is special at fj.

Proof. We split into two cases, according as p{ f; or f is primitive:

Case 1: We first show that B is of rank 1 modulo p. Since inv A = r € Z, it suffices to
prove that —A~!B is of rank 1 modulo p. First, observe that the characteristic polynomial
of —A™'B over F, is equal to f™"(x,1) = 2™ + fiz"! (mod p). Next, taking i = 2 in
condition (b) in Theorem [f] yields that

pa( x —ATIB) = £-((=A7'B)* + fi(=A"'B))) € Mat,(Z,), (1.21)

and so the minimal polynomial of —A™'B over F, is equal to 2? + fiz. Comparing the
characteristic and minimal polynomials of —A~'B, we deduce that the rational canonical
form of —A~!B over F, must be diagonal with the first n — 1 diagonal entries equal to 0 and
last diagonal entry nonzero, as desired.

By the previous paragraph along with the p-adic Jordan decomposition, we may assume
that B is diagonal with the first n — 1 diagonal entries divisible by p and last diagonal entry
a p-adic unit. Multiplying through by A, we find that

BA™'B— fiB=0 (mod f). (1.22)

Since v,(f1) = 0 and since p divides each of the first n — 1 diagonal entries of B, the p-adic
valuation of each of the first n — 1 diagonal entries of BA™'B is strictly larger than that
of the corresponding diagonal entry of —f; B. Thus, in order for to be satisfied, the
p-adic valuation of each of the first n — 1 diagonal entries of B must be at least as big as

vp(fo), as necessary.

Case 2: Since f is primitive, it factorizes over Z, as f = Fy x (f/F1), where F} is a unit

multiple of y* mod p for some e; € {1,...,n} and f/F; is a monic binary form (cf. §2.3.1]
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to follow). Then we have the product decomposition Ry ~ Rp, x R¢/p,. Thus, any fractional
ideal I of Ry may be expressed as a product Jg, x Jy/p,, where Jp, and J¢/p, are fractional
ideals of Rp, and Ry p,, respectively.

Let (I,a) € Hy,. Then expressing I as a product Jp, x Jy/p, we see that orby, (I, a)
must contain an element (A, B) € W,,(Z,) such that both A and B are block-diagonal with
one e; X e; block followed by one (n — e;) X (n — e;) block. Let Ag,, Br, denote the e; X e;
blocks of A, B, and let Ag/p,, Bf/p, denote their (n —e;) x (n —e;) blocks.

The proof of Theorem @ shows that —A™' B is the matrix of multiplication by fof € Ry
on the basis of I obtained by concatenating bases of I; and I,. It follows that —Al;llBF1
(resp., —A;/lFl By/r,) is the matrix of multiplication by fofl € Rp, (resp., fof € Ry ) on the
basis of Jp, (resp., Js/p ). We immediately see that By/p, =0 (mod fy), since f/F has unit
leading coefficient, which implies that 6 € Ry, and hence that f; "By /F, has integral entries.
As for Bp,, we have that det(xAp, + yBp,) is a unit multiple of F"°"(z,y), since F[™"(z, 1)
is the characteristic polynomial of multiplication by fof on K. The y“'-coeflicient of F} is
a unit, so it follows that v,(det Br,) = v,(fo)(n — 1), and taking ¢ = n — 1 in condition (b)
of Theorem @ yields that A" 'By, = 0 (mod fJ2) (cf. proof of Theorem , to follow).
Consequently, in the p-adic Jordan decomposition (see |48, p. 104-107]) of Bp,, the p-adic
valuation of each diagonal entry is at most v,(fy). Thus, if Br, is not special at fp, then

vp(det Br,) < v,(fo)(n — 1), which is a contradiction. O

1.4.3 Orbits over fields

When R = K is a field, the parametrization developed in simplifies considerably. Let
f € Vo s (K) be separable, let € K, and let (I,a) € Hy,. Over K, the data of a based
fractional ideal of Ry = K is encoded in its basis, so the condition that I? C 04[3}’2 holds
trivially in this setting. Since the parametrization is only concerned with based fractional
ideals up to multiplication by elements of K and change-of-basis by an element of G,,(K),

we may replace every instance of the based fractional ideal I with | N(/)|. But the value
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of a € K determines | N(I)| via the condition that N(I)* = rN(a)N(I}‘_2), SO we may
unambiguously express the pair (I,a) as (K, «). Moreover, the conditions (1.15) hold

trivially because fy is a unit in K. We thus obtain the following result:

Proposition 19. The assignment (K¢, ) — fia defines a bijection between the elements of
the set Hy, (which parametrizes G, (K )-orbits of pairs (A, B) € W, (K) such that (A, B) =
rfm") and those of the set (K;/K}(Q)NET. The stabilizer in G,(K) of such an orbit is

isomorphic to K [2]n=1 if n is odd and K[ [2] if n is even.

We say that the G, (K)-orbit of a pair (A, B) € W, (K) satisfying ¢(A, B) = rf™" is
distinguished if it corresponds under the bijection given by Proposition [19/to 1 € K[ /K fXQ
when nisodd and to 1 € K /fosz when n is even. One verifies as in |15, §4.1] (resp., [105]
§2.2]) that when n is odd (resp., even), a pair (A, B) € W, (K) belongs to the distinguished
G, (K)-orbit if and only if (the symmetric bilinear forms associated to) A and B share a
maximal isotropic subspace defined over K (resp., B has an isotropic subspace of dimension
”T_Q defined over K contained within a maximal isotropic subspace for A defined over K).

We also consider a notion closely related to distinguishedness called reducibility: the
G, (K)-orbit of a pair (A, B) € W,(K) satisfying ¢(A, B) = rf™" is reducible if it corre-
sponds under the bijection given by Proposition [19/to 1 € K[ /K fo' Note that reducible
orbits are distinguished and that the converse holds when n is odd (but not when n is even).

We say that the G, (K)-orbit of B € W, (K) is distinguished/reducible if the corre-
sponding G, (K )-orbit of («,, B) € W, (K) is distinguished /reducible. We will have occasion

to use the following explicit characterization of reducible G, (K')-orbits on W, (K):

Proposition 20 (|15, Proposition 4.4] and [105, Proposition 7]). An element B € W, (R)
is reducible if and only if for some G, (K )-translate B' = [b};] € W, (K) of B we have that

bi; = 0 for all pairs (i, j) such thati+j <n —1.

Next, by imitating the argument used to deduce |17, Corollary 20] from (the proof of) |17,

Theorem 17], we obtain the following corollary of (the proof of) Theorem |16 parametrizing
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the orbits of (SL,, /u2)(K) on W,,(K) when n is even and r = 1:

Proposition 21. The elements of the set ﬁﬁl (which parametrizes (SL,, /us2)(K)-orbits
of pairs (A, B) € W(K) such that (A, B) = f™") are in natural bijection with equiva-
lence classes of pairs (g,a) consisting of numbers e € K* and o € K; such that €2 =
N(a)f&™, where we declare two such pairs (¢,a) and (¢',a') equivalent if there exist num-
bers k € K and r € K* such that &' = N(k)rze and o/ = k*ra. The stabilizer subscheme
in SL,, /po, viewed as a K-scheme, of the orbit corresponding to (¢,a) is isomorphic to
(R‘eSKf/K f2)N=1/ -

Moreover, the map from f[ﬁl to (Kf/KfzKX)Nzl defined by sending (e,a) — « is an

at most two-to-one surjection.

We say that an (SL,, /us)(K)-orbit on W, (K) is distinguished if it corresponds via Propo-
sition 21{to 1 € K} /K]f2KX. Similarly, we say that the PSO, (K)-orbit of B € W, (K) is
distinguished if the corresponding (SL,, /u2)(K)-orbit of (<, B) € W,(K) is distinguished.

Now let R be a PID. As an application of the parametrization of rational orbits, we finish
by describing how a G, (R)-orbit on W,,(R) lying in the image of orby, transforms when f

is replaced with a scalar multiple of itself by an element of R~ {0} (not necessarily a unit):

Lemma 22. Suppose that the G, (R)-orbit of (A, B) € W,,(R) lies in orbs,.(Hy,), and let
A € R~ {0}. Then the Go(R)-orbit of (A,AB) € W, (R) lies in orbz (H7,), where f=Af .
Moreover, the G,(K)-orbit of (A, AB) corresponds via the bijection in Proposition[19 to the
class of X' € (K} /K [*)n=1.

Proof. One verifies by inspection that the pair (A,AB) € W, (R) satisfies the conditions
(a) and (b) in Theorem , with f replaced by f := Af. To compute the G, (K )-orbit of
(A, AB), we work over K, where based fractional ideals are just bases. The operation of

replacing the pair (A, B) with (A, AB) transforms the resolvent (A, B) = f™" into the new
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form (A, AB) = fm"”. For each of I}‘_Q and _7}3_2, the basis ([1.3)) is given by
I;Z_Q = K(1,0,0% ...,0" 2 (,—,) and ]?_2 = K{1,0,0% ...,0" 2 A1) (1.23)

Suppose (A, B) corresponds to a pair (I, o) via Theorem[6] We claim that the pair (I, A\"'a) €

H-~

7, and that it corresponds to (A, A\B) via Theorem @ Upon comparing the bases in (|1.23),

it is evident that the bilinear forms 7,1 o (—, —) and 7, o o (—, —) arising from the pair
(I, \"'a) are represented by the matrices A and AB with respect to the chosen basis of I.
It thus remains to verify that the pair (I, \"'a) € H 7.~ Let N denote the based fractional
ideal norm with respect to the basis of Ry, and let N denote this norm with respect to
the basis of R7. Then a calculation reveals that N(I) = A" N(I) for any basis I. Note
that this does not extend to norms of numbers: it follows from the definition of the norm of a
number in that N(a) = N(a). It now suffices to show that N(I)2 = rN (A ta) (A fo)2 ™,
which is equivalent to showing that ()\1_"N(I))2 = (A" N(@))(Afo)*™", but this holds
since N(I)? =7 N(a)fz ™" O
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Chapter 2

Average 2-torsion in class groups of

number fields defined by binary forms

This chapter is largely based on my paper [116], with some results also drawn from my joint

work [14] with Manjul Bhargava, Jan-Hendrik Evertse, Kalman Gy6ry, and Laszl6 Remete.

2.1 Introduction

An order O in a number field K of degree n is said to be monogenic if it is singly generated
as an algebra over Z. More generally, for an integer fy # 0, we say that the order O is
fo-monogenic if there exists a binary form f € V,, y,(Z) such that O ~ R;. Note that when
| fol = 1, the notions of fy-monogenicity and monogenicity coincide.

In recent work [18], Bhargava, Hanke, and Shankar made a surprising discovery: imposing
the condition of fy-monogenicity has the effect of increasing the average size of the 2-torsion
in the class groups of cubic number fields (i.e., the case n = 3). In [108,109], Siad showed
that an analogous increase occurs for monogenic number fields of any given degree n > 3
(i.e., the case | fy| = 1). The purpose of this chapter is to use the parametrization developed
in §1|to study the effect of fy-monogenicity on the average 2-torsion in class groups of degree-

n number fields for any fo # 0 and n > 3. Specifically, we determine upper bounds on the
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average size of the 2-torsion in the class groups of fy-monogenic number fields of given degree
n > 3, and conditional on a uniformity estimate, we show that these bounds are optimal.

For this application, our parametrization has two key advantages. Firstly, it allows us to
obtain the 2-class group average for every choice of the pair (fy,n) simultaneously, including
the case where |fo| > 1 and n is even, which was not previously tractable. Secondly, as the
parametrization is leading-coefficient-dependent, it is conducive to applications concerning
binary forms with fixed leading coefficient. Thus, although the case where |fy| > 1 and
n is odd can be handled using the parametrizations of Bhargava and Wood mentioned in
g1.1.1], our new parametrization leads to a simpler proof. By generalizing an equidistribution
argument that we develop in §4] one can average the main results of this chapter over all
leading coefficients and thus deduce analogues for the full family of integral binary forms of
given degree; we plan to carry this out in future work.

While fp-monogenicity may seem at first glance to be an unnatural condition, the bounds
we obtain (which are conditionally the exact values) depend in a surprisingly beautiful way
on fy. As explained in (to follow), our results suggest that imposing the condition of
fo-monogenicity causes the average 2-torsion in the class group to increase, relative to the
value predicted by the heuristics of Cohen—Lenstra [46], Cohen—Martinet [47], Malle [83],
and Breen [36]. When n is odd, the size of this increase decays rapidly to zero as the number
of odd-multiplicity prime factors of fy grows, whereas when n is even, the size of this increase
is bounded away from zero, independent of f;. The manner in which the averages depend
on fo demonstrates that fo-monogenicity is a natural and interesting condition to study in

the context of class group distributions for number fields.

2.1.1 Main results on class group distributions

In this section, we state our results concerning the effect of fy-monogenicity on the average

size of the 2-torsion in class groups of number fields.
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2.1.1.1 Notation

We begin by introducing the necessary notation. If R = Z or Z, for a prime p, we adorn
Va(R) or Vi, ¢, (R) with a subscript max to indicate the subset of forms f such that: (a) Ry
is the maximal order in K, and (b) 2 does not ramify in R;. If R = Z or R, we use a
superscript "2 to indicate the subset of forms f such that K has real signature (rq,72)
(i.e., r real roots and 7o pairs of complex conjugate roots).

Observe that the group N(Z) acts on V,, 5, (Z), and recall from that N(Z)-equivalent
forms define isomorphic rings. Thus, to minimize redundancies in the families of number
fields under consideration, we count binary forms in V,, 5 (Z) up to the action of N(Z). For

f € Vi (R), we define its height H(f) as follows: letting

fla,y)=a" 4+ fi" 'y € Vaa(R) (2.1)
i=2

denote the unique N (R)-translate of f™" with 2" !y-coefficient 0, then we put

H(f) := max{|f)|"/": 2 <i <n}. (2.2)

Note that H descends to a well-defined height function on N(Z)\V,, s, (R). Given an N(Z)-
invariant subset F C V,, 1,(Z) and an N(Z)-invariant map ¢: F — Zso, the average value

of ¢ on F is given by

Avg ¢(f) := lim (ZfeN(Z)\J-‘ cb(f))/(ZfeN(Z)\f 1) (2.3)
fer - H(f)<X H(f)<X

We write Avg ez ¢(F) < x if the limsup as X — oo of the fraction in (2.3)) is at most *.

2.1.1.2 Statements of results, part (i): odd degree

Factor fy as fo = m?k, where k is squarefree. Our first main result bounds (and conditionally

determines) the average 2-torsion in the class groups of the (fy-monogenic) number fields

41



cut out by binary forms in V;, 5, (Z)7%"2, generalizing [18, Theorem 5] and [108, Theorem 6]:

max ’

Theorem 23. Let n > 3 be odd. Then we have

1
Ave IR <142 (1) (2.4
F€ Vi 1o (Z)ikix? k= o(k)

where o(k) := Zl§d|k d. If the estimate (2.45)) holds, then we have equality in ([2.4)).

In fact, our methods allow us to prove a generalization of Theorem [23|to families of fields
in V, 5, (Z)rr2 satisfying certain “acceptable” infinite sets of local conditions (see for
the precise definition). To state this generalization, we make the following definition: for
a prime p | k, we say that a primitive form f € V,, ¢ (Z,) is squareful if f/y is a unit
multiple of a perfect square modulo p. Note that, by [88, Proposition 8.3|, squarefulness

amounts to a condition on the splitting type of p in R;. Then we have the following result,

generalizing |18, Theorem 7]:

Theorem 24. Let n > 3 be odd, and let ¥ be a family of local specifications defining an
“acceptable” subfamily V,, 5, (X) C V,, 1 (Z)7k72. For each prime p, let r,(X) denote the p-adic

max

density of forms f € V,, 1, (X) that are squareful at p. Then we have

Avg  #CUR)[2 <1+ 21" (1 + Hrp(z)) (2.5)

fGmeO (%) plk

If the estimate (2.45)) holds, then we have equality in (2.5)).

The squareful densities r,(X) can be calculated in various cases of interest. For example,
the p-adic density of squareful forms among forms defining maximal orders is given by
Theorem 49| to be p 2" (1 + p~!)~!, and substituting this density into Theorem [24] yields
Theorem Upon applying Theorem [24] to the subset of forms that fail to be squareful in

at least one place, we obtain the following result, generalizing |18, Theorem 6]:
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Theorem 25. With notation as in Theorem suppose r,(X) = 0 for some prime p | k.

Then we have

Avg  #CURp)[2) < 1+2177, (2.6)

fevn,fo (E)

If the estimate (2.45)) holds, then we have equality in (2.6)).

2.1.1.3 Statements of results, part (ii): even degree

We say that a primitive form f € F,(fo,Z,) is evenly ramified if f is a unit multiple of
a perfect square modulo p. Note that, by [88, Proposition 8.3], f being evenly ramified
amounts to p having total ramification of degree 2 in Ry. Our next result bounds (and

conditionally determines) the average 2-torsion in the ordinary class groups and narrow

71,72
max ?

class groups of the (fy-monogenic) number fields cut out by binary forms in V,, ¢ (Z)

generalizing [109, Theorem 9]:

Theorem 26. Let n > 4 be even, and let ¥ be a family of local specifications defining
an “acceptable” subfamily F,(fo,X) C Vi s ()12, For each prime p, let r,(X) denote

the p-adic density of forms f € F,(fo,2) that are evenly ramified at p. If ri = 0, then
# CI(R;)[2] = # CI" (Ry)[2], and

Avg  #CURp2 < (1+227) (1 +7(%)) (2.7)

fevn,fo(z) p>2

If r1 > 0, then we have the following pair of inequalities:

ave gl < 5 (@42 [Jaen@)+ [0+ 07 hE)) @9

F€Vh, 1o (2) p>2 p>2
Avg  #CIM(Rp)I < (1427 +275) [J(1 +1,(2)) (2.9)
fe‘/n,fo (E) p>2

If the estimate (2.45)) holds, then we have equality in (2.7), (2.8), and (2.9).
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The even ramification densities 7,(2) can be calculated in various cases of interest. For
example, if p { fo, the p-adic density of evenly ramified forms among forms defining maximal
orders is given by Theorem [42to be p~2 (14 p~1)~'. However, unlike in the odd-degree case,
substituting this formula for r,(X) into any one of , , or fails to produce a
closed-form expression. Upon applying Theorem [26| to the subset of forms that are nowhere

evenly ramified, we obtain the following result, generalizing [109, Corollary 12]:
Theorem 27. With notation as in Theorem suppose 1,(X) = 0 for every p. If ry =0,

then # C1(R;)[2] = # C1T(R;)[2], and

Avg  #COURp)[2] <1422 (2.10)
fEV'n,f()(E)

If r1 > 0, then we have the following pair of inequalities:

Avg  #CIRp)[2) <1422 (2.11)
fEVn 1, ()

Avg #CIT(Rp[2 <1427 42172 (2.12)
fE€Vn, 1, ()

If the estimate (2.45)) holds, then we have equality in (2.10)), ,and (2.12)).

An easy consequence of Theorem [27]is that number fields cut out by even-degree binary
forms (with any fixed nonzero leading coefficient) often have odd class number; a similar
result for odd-degree forms (with varying leading coefficient) was proven in Ho—Shankar—

Varma |71}, Corollary 6.7].

n

Corollary 28. The density of f € V,, s, (Z)1:52 with 24 # Cl(Ry) is 1 — O(272).

max

2.1.2 Comparison with class group heuristics

In their foundational paper [46], Cohen and Lenstra formulated definitive heuristics for the

distribution of the class groups of quadratic fields. Their heuristics were later generalized
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by Cohen and Martinet to predict the distribution of class groups of number fields of any
fixed degree over a fixed base field, with the caveat that their predictions about the p-part
of the class group only apply when p is a so-called good prime [47]. Subsequently, Malle
adjusted the heuristics of Cohen—Martinet to account for discrepancies in the p-parts of the
class groups of field extensions over a base field containing the p''-roots of unity [83]. The
heuristics of Cohen—Lenstra—Martinet—Malle yield the following prediction about the average

size of the 2-torsion in class groups of odd-degree number fields:

Conjecture 29 (Cohen-Lenstra—Martinet—-Malle). Let n > 3 be odd. Consider the set of
isomorphism classes of degree-n number fields with real signature (ri,79) and Galois group
Sp. When these fields are ordered by discriminant, the average size of the 2-torsion in the

class group is 1 + 217172,

To this day, only one case of Conjecture has ever been proven: using a variant of
the parametrization mentioned in §1.1.1} Bhargava determined the average 2-torsion in class
groups of cubic number fields [8]. Prior to Bhargava, the only other case of the Cohen—
Lenstra-Martinet—Malle heuristics that had been tackled was that of the average 3-torsion
in class groups of quadratic fields, the determination of which is due to Davenport and
Heilbronn in their seminal paper [5§].

In the years since Bhargava’s breakthrough, a considerable body of evidence has been
generated to support the view that Conjecture 29| remains robust when one passes to sub-
families of fields defined by local or global conditions. For instance, Bhargava and Varma
showed that, in the cubic case, the average stays the same for subfamilies of fields satisfy-
ing infinite sets of local conditions [30]. Subsequently, Ho, Shankar, and Varma considered
families of fields cut out by odd-degree binary forms and applied Wood’s generalization of
Bhargava’s parametrization to prove that the average 2-torsion in their class groups is as
predicted by Conjecture 29—even though fields cut out by binary n-ic forms are expected
to be sparse among all degree-n fields as soon as n > 3.

In light of the apparent robustness of Conjecture 29, Theorems 23] and [24] are surprising:
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somehow, imposing the condition of fy-monogenicity causes the average 2-torsion in the class
group to deviate from the conjectured value. The effect of fy-monogenicity on the averages
in and can be seen in the extra term 21771772 [1, 7»(%), which is nonzero whenever
a positive density of the forms under consideration are squareful at each prime p | k.

The problem of studying the distribution of the 2-parts, or more generally the 2-Sylow
subgroups, of class groups of even-degree number fields is far more subtle—here, 2 is a bad
prime in the sense of Cohen—Martinet. Significant progress has been made in the quadratic
case: Fouvry and Kliiners determined the distribution of the 4-torsion [64] in class groups
of quadratic fields, and Smith recently handled the case of the 2%-torsion for every d >
2 [112]. Along with Siad’s results in the monogenic case, Theorems [26( and [27] are the first
of their kind to describe the distribution of the 2-torsion in class groups of number fields of
even degree n > 4.

A complete set of heuristics for the distribution of the 2-torsion in class groups of even-
degree number fields remains to be formulated. A key obstacle to formulating such heuristics
has been understanding the effect of even ramification (also known as genus theory in the
sense of Gauss), which can cause the 2-torsion in the class group to increase. At least for
number fields cut out by binary forms, Theorem [26| shows that even ramification at a prime
p has a doubling effect on the average 2-torsion in the class group. This is not surprising: if
an integral binary form f defining a maximal order Ry is evenly ramified over Z,, then the
ideal (p) has a square root, which could contribute to the 2-torsion in the class group of Ry.

Nonetheless, in the absence of even ramification, we have the following recent conjecture

of Breen (see [36, Conjecture 6.0.2]), building on the work of Cohen—Lenstra—Martinet—Malle:

Conjecture 30. Let n > 4 be even. Consider the set of isomorphism classes of nowhere-
evenly-ramified degree-n number fields with real signature (r1,72) and Galois group S,,. When
these fields are ordered by discriminant, the average size of the 2-torsion in the class group

is 1+ 2172,

The average we obtained in Theorem [27] is notably larger than that predicted in Con-
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jecture 30, This bears both similarities to and differences from the odd-degree case: while
imposing the condition of fy-monogenicity has an increasing effect on the mean number of
2-torsion elements in the class groups of number fields of any degree n > 3, this effect van-
ishes (resp., remains constant) upon averaging this mean over all leading coefficients when
n is odd (resp., even).

In light of the above discussion, it is natural to ask: Why does fp-monogenicity have
an increasing effect on the average 2-torsion? The results of this chapter bring us closer
to answering this question. To see how, note that the extra 2-torsion is supported in the
odd-degree case on fields cut out by binary forms that are squareful at every prime p | k, and
in the even-degree case on all fields cut out by binary forms. The fields on which the extra
2-torsion is supported share a beautiful property: the set of square roots of the class of the
inverse different—which constitutes a torsor of the 2-torsion in the class group—has a “distin-

guished” element, in a sense to be made precise in §2.4 Indeed, we have the following result:

Theorem 31. Let n > 3, and take a primitive form f €V, 1 (Z)™". If n is even or if n is
odd and F belongs to V, f,(Zy)max for each prime p | fo and is squareful at each p | k, then

the ideal class of the inverse different of Ry has a “distinguished” square root.

We expect that the presence of a distinguished square root of the class of the inverse dif-
ferent plays a role in causing the aforementioned increase in the average 2-torsion in the class

group, and it remains open to determine the precise mechanism by which this increase occurs.

Remark 32. As it happens, Hecke’s theorem does not extend to all non-maximal orders in
number fields. Indeed in [111, §4], Simon shows that when f(z,y) = 723+ 102y +52y* + 693,
the ring Ry is not the maximal order in K; and the class of the inverse different of R; is not
a square! Nonetheless, Theorem [31] implies that when forms f € V,, ¢, (Z)™" are ordered
by height, a positive proportion are such that Ry satisfies the conclusion of Hecke’s theorem

despite not being maximal.
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2.1.3 Method of proof and organization

We now summarize the proofs of our main results. Because the parametrization developed
in §1| produces G, (Z)-orbits of pairs (A, B) € W,,(Z) such that (A, B) = +f™°" as output,
it has the effect of reducing the problem of counting 2-torsion classes in rings associated
to forms with fixed leading coefficient into the simpler problem of counting G,,(Z)-orbits on
W,(Z) over the space of forms with leading coefficient 41, which is precisely the problem that
Siad solved in [108,[109]. By reducing the non-monic case to the monic case (up to a sign),
our new parametrization allows us to largely avoid doing the intricate mass calculations that
form a key ingredient in the argument in [18§].

We start in by explaining the connection between our parametrization, which a prior:
concerns the class of the inverse different, and the problem of counting 2-torsion elements in
class groups. Next, in §2.3| we characterize the orbits of G,,(R) on W,(R) that arise from
square roots of the class of the inverse different, where R = Z, for a prime p. In §2.4] we
describe the distinguished orbits arising from square roots of the class of the inverse different,
and we prove Theorem [31] Finally, in §2.5] we complete the proofs of the main results by
combining our parametrization, the characterization of p-adic orbits and distinguished orbits
from §§2.3H2.4] and the asymptotics for the number of G, (Z)-orbits on W,(Z) of bounded
height that Siad obtained in [108,109]. The trickiest part of this final step is sieving to orbits

that satisfy 2-adic local specifications, which we achieve using ad hoc techniques.

2.2 Preliminaries on counting 2-torsion classes

Retain the setting of (i.e., let n, fo, R, f, and r be as in §1.4). Let r € R*, and let
(I,a) € Hy,. As noted at the start of , if I is invertible (equivalently, projective as
an Rf—module) then the condition that N(7)? = rN(«) N(I}l”) forces the containment

I’ C od'}’?_2 to be an equality. Let H}, C Hy, be the subset of equivalence classes of pairs

nvertibility is in general a nontrivial condition, for a based fractional ideal I € Hy, need not be
invertible when Ry is not the maximal order in Kjy.
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(I, «) such that I is invertible. We say an orbit in orbs,.(Hy,) is pre-projective if it belongs

to the subset orb f,r(H;ﬂn). We list some properties of pre-projective orbits below:

e When R = 7Z, a fractional ideal I of Ry is invertible if and only if Z, ®z I is invertible as

a fractional ideal of Z, ®z R for every prime p.

e When R = Z,, |71}, proof of Theorem 5.1] implies that the locus of pre-projective elements

of W, (Z,) is defined by congruence conditions modulo a power p”», where m, = 1if p{ fo.

o If f/ =h- f for some h € N(R), then the bijection Hy, — Hy , defined in Lemma

restricts to a bijection Hj, — Hy, .

Let R = 7Z, let f be irreducible, and suppose that ¢ is the maximal order in the number
field K;. For a fractional ideal I of Ry, we denote its ideal class by [/] € Cl(Ry). The
set of square roots of [[J?_Q] is a torsor for Cl(Ry)[2], and by Hecke’s theorem, this torsor
is nonempty. Thus, the problem of counting elements of Cl(Ry)[2] is equivalent to that of
counting square roots of [[?’2]. We now explain how to use the parametrization developed

in §I] to count such square roots.

2.2.1 Case l: R=7 and n is odd

In this case, we obtain the following formula for # Cl(R;)[2]:

Lemma 33. Let n be odd, and let f € V,, ¢, (Z)7172. Then we have that

max

_ #orbe (H}k,l)

27‘1 +ro—1

# Cl(Ry)[2]

Proof. Since I}“Q represents the class of the inverse different in CI(Ry), every invertible
based fractional ideal I representing a square root of the class of the inverse different satisfies
I? = ozI;L’Q for some element o € K (depending on 7). In particular, by taking norms on

both sides, we find that there exists r € {£1} such that N(7)? = r N(«) N([?_Q). By making
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the replacement o — ra, we can ensure that » = 1. Thus, we obtain a surjective map of sets

Hf, — {square roots of [[?_2]}, (I,a) — [I]. (2.13)

Suppose Hy, # 9 (i.e., [IJ’Z’Q] is a square in C1(Ry)). If (11, a1), (Ia, a2) € H}, map to the
same class under the map ([2.13)), we can replace (I3, ay) with a representative of its equiva-

lence class such that Iy = I, as based fractional ideals. Letting [ = I1 = I3, we find that
I} =1* = apI}™® and  N(ag)N(I}7%) = N(I)? = N(a) N(I}77?),

implying that ay/as € (Rf)n=1 = {p € R} : N(p) = 1}. Moreover, if (I,a) € Hy, for
any r € R*, then (I, p*a) ~ (p~'I,a) ~ (I,a) for any p € (R} )x=1. Thus, the preimage of
any square root of [1}1_2] under is in bijection with (R?/R?Q)Nzl ={p € R} /ij2 :
N(p) =1 € Z*/Z*?*}, and so,

H bri(H7
# {square roots of [I}?’Q]} = #15 _ torbs(f})) : (2.14)

C #(RF/RPP )Nzt #(R /R )Nz

It is not hard to compute the denominator of the right-hand side of : indeed, if f has
r1 real roots and ry pairs of complex conjugate roots, Dirichlet’s Unit Theorem tells us that
we have R? ~ ' x Z"*2~! where I is a finite abelian group, and since —1 € R;, we can
choose the generators of the free part of R} to all have norm 1. Because #(T'/T'?) = #T'[2] =

#{+1} = 2, we have that #(I'/T?)y=; = 1, so we find that
#(RY /R )Nz = 27720 (2.15)

Combining (2.14]) and (2.15) yields the lemma. O]
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2.2.2 Case 2: R=7 and n is even
In this case, we obtain the following formula for # Cl(R;)[2]:

Lemma 34. Let n be even, and let f € V,, 5 (Z);352. Then we have that

max

orby 1 (HF ) + #forby 1 (HF ;)
# CL(Ry)[2] = ST L=,

Proof. Just as in the proof of Lemma [33], if I is an invertible based fractional ideal repre-
senting a square root of the class of the inverse different, then I? = aIJCL_2 for some a € K7,
and there exists r € {#1} such that N(7)* = r N(«) N([JCL’2). But when 7 is even, we might
not necessarily be able to replace o by a suitable multiple to reduce to the case where r = 1.

First suppose that there does not exist p € Ry such that N(p) = —1. Then the images
of Hy, and of Hj _; under the map that sends a pair (I, @) to [I] € {square roots of [I}L_Q]}
must be disjoint: indeed, if there is a based fractional ideal I of Ry such that (I,a;) € H},
and (I, ) € H; _, then aII?’Z =]?= 042[}”2, so a1/ag € RJT but N(ay/ag) = —1, which

is a contradiction. We thus obtain a surjective map of sets
Hi UH; | — {square roots of [I}‘_Z]} . (I,a) — [I] (2.16)

such that each fiber of the map ([2.16)) is entirely contained in precisely one of H}, or Hj ;.
By an argument similar to that given in the proof of Lemma one checks that each of the
fibers of the map (2.16)) is in bijection with (R} /R}*)x=1 and hence has size # (R} /R}*)n=1.
Since we assumed that R; has no elements of negative norm, (R / R?Q)Na = R; / R;Q, and
Dirichlet’s Unit Theorem implies that #(Rj/ R]f2) = 2172 where f has r; real roots and

ro pairs of complex conjugate roots. Thus,

orbr1(H%,) + #orbr _1(H}
# {square roots of [[?_2}} = #orbya( f’1)2n+#r2 o1 1>. (2.17)

Next, if there does exist p € R} such that N(p) = —1, we can take r = 1 by replacing o with
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pa when N(a) < 0 and keeping o the same when N(«) > 0. We thus obtain a surjective
map of sets

Hf, — {square roots of [[?_2]}, (I,a) — [I]. (2.18)

One checks that each of the fibers of the map (2.18) is in bijection with (R / R;Q)Nzl and
hence has size #(R;/ R;Q)Nzl. Since we assumed R} has an element of negative norm,

Dirichlet’s Unit Theorem gives # (R /R}?)n=1 = 2", Thus,

#orbs1(H7 )
n—2 ) fi1
# {square roots of [} |} = o1 (2.19)
Now, in the above analysis, we could just as well have taken » = —1 by replacing o with p«
when N(«) > 0 and keeping o the same when N(a)) < 0. Thus,
#orby _1(H}_,)
n—2 _ ’ fi—1
# {square roots of [I}7?]} = T (2.20)
so by combining (2.19)) and (2.20)), we see that the formula (2.17)) always holds. O

Finally, let H;fr C H7, be the subset of elements (I, ) such that « is a totally positive

element of K;. Then we obtain the following formula for # CI*(R;)[2]:

Lemma 35. Let n be even, and let F' € V,, 4 (Z);1.52. Then we have that

max

_ #orbm(H}i’f)

# CI"™ (Ry)[2] o2

Proof. Consider the surjective map of sets H}kf — CIT(R;)[2] that sends a pair (I, @) to the
2-n
narrow class of - 1,* . It follows immediately from |71, proof of Lemma 2.4] that each of

the fibers of this map has size 2. n

ZNote that, although |71, Lemma 2.4] is stated for number fields of odd degree with Galois group equal
to the full symmetric group, the proof goes through for any number field.

52



2.3 Orbits over Z,

In this section, we take R = Z,, for a prime p, and we characterize the pre-projective orbits
of G\,(Z,) on W,(Z,) that arise from the parametrization. We also calculate the squareful

and even ramification densities r,(X) for interesting families of local specifications 3.

2.3.1 Preliminaries on binary forms over Z,

Let f € V,, 1,(Z,) be separable and primitive, and factor f over Z, as f(z,y) = [[~, Fi(z,y)

in such a way that the following three properties hold:

e The leading coefficient of F; is fy, and the leading coefficient of F; is 1 for each i €

{2,...,m};
e The reduction of F; modulo p is given by ky® for some x € F)' and for some e; > 0; and

e For each i € {2,...,m}, the reduction of F; modulo p is Ff for some integers e; > 0 and

irreducible forms F; over [F, such that Fy:=vy,F,,..., F,, are pairwise coprime.

We call any factorization of f satisfying the above three properties a canonical factorization
of f; Hensel’s Lemma implies that there always exists a unique canonical factorization of
f up to permutation of F5, ..., F,,. The ring Ry is evidently contained in the product ring
[1:2, RF,, and comparing discriminants yields that this containment is in fact an equality.

We say that f is evenly ramified if e; is even for each ¢ € {1, ..., m}; note in particular that
if f is evenly ramified, then n = deg f is even. We also define a similar notion for odd-degree
forms: if n is odd, we say that f is squareful if e; is even for each i € {2,...,m}. Finally,
let v,(fy) denote the p-adic valuation of fj; observe that e; = 0 if and only if v,(fy) = 0.

In what follows, we require a way to ascertain whether Ry is maximal for a given binary

form f € Zy|x,y]. For this, we rely on the following result, known as Dedekind’s criterion:

Theorem 36 ([59, Theorem 2|). Let H € Zy[z,y] be a primitive binary form with H(1,0) #

0. Factor H over F, as H = Hleﬁ}-“

[

where H; € F,[z,y)] is irreducible for each i.
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Let Hy, € Z,[z,y] be any (binary form) lift H, := Hleﬁi, let Hy € Zy[x,y] be any lift
of H/H,, and let Hy = p~'(H\Hy — H) € Z,[x,y]. Then Ry is mazimal if and only if
ng(Hl,FQ,Fg) =1.

Theorem implies that maximality over Z, is determined by congruence conditions

modulo p?. The following restatement of Dedekind’s criterion will prove convenient in §2.3.2}

Lemma 37. Let H € Zy[x,y| be a binary form with unit leading coefficient. The ring Ry is
mazimal if and only if there does not exist a monic form H' € Z,|x,y| such that its reduction

H e Fplx,y] is irreducible and such that H € (p*, pH', H™) C Lplx,y].

Proof. The lemma follows from Theorem (36| in the same way that [4, Corollary 3.2] follows

from [4, Lemma 3.1], which is Dedekind’s criterion for monic single-variable polynomials. []

When v,(fy) > 0, Dedekind’s criterion yields the following result, which restricts the

possible values of the pair (1,(fy), e1) in a canonical factorization of f when Ry is maximal:
Lemma 38. If v,(fy) > 0, then Rp, is mazimal if and only if min{v,(fo),e1} = 1.

Proof. When e; = 1, Rp, is maximal, so suppose e; > 1. Let H = I}, H; =y, and Hy =
y°1~ 1. Then the leading coefficient of Hs = p~'(H,Hy — H) is divisible by p*»(/0)~1 and so
ged(Hy, Hy, H3) = 1 if and only if v,(fy) = 1; the lemma then follows from Theorem . O

2.3.2 Pre-projective orbits

We now describe the pre-projective orbits of G,,(Z,) on W,,(Z,) arising from the parametriza-
tion. In particular, we obtain formulas for #orbf’T(H}?J,) that depend on the parity of p,

whether f is evenly ramified, and whether r is a quadratic residue modulo p.

Theorem 39. Let f be as in §2.5.1, and let r € Z). The elements of orby,.(H;,) are in
bijection with those of (R;/sz)NEr ={p¢€ R;/R?Q :N(p) =r € Z)/Z*}, and we have
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the following formulas:

#orby,(Hy,) = #(R} /R )n=y = (2.21)
(%#R; 2], if p>2 and [ is not evenly ramified,
#R7[2], if p>2, [ is evenly ramified, and r =1 € Z;/Z;Q,
0, if p> 2, f is evenly ramified, and r # 1 € Z;/Z;Z,
\2"‘2#]%; 2], if p=2, Ry is mazimal, and f is not evenly ramified.

The stabilizer Stabg,(z,)(A, B) in Gy(Z,) of any representative (A, B) € W, (Z,) of any

element of orby . (HF,) is isomorphic to R} 2|n=1 if n is odd and to R} [2] if n is even.

Remark 40. If f is evenly ramified, then taking r = —1 € Z; /Z;2 in yields that
forby 1 (H} _,) = #R;[2] if p=1 (mod 4) and that #orbs 1(H} ;) =01if p=3 (mod 4).
Let m be the number of irreducible factors of f over Z,. When Ry is maximal, the quantities
on the right-hand side of are 2m1 2m (), 2m+"=2 respectively, and the stabilizer size

is 2™~ for n odd and 2™ for n even.

Proof of Theorem[39, Since Ry is a module-finite extension of the complete local ring Z,, it
is a finite product of complete local rings (see [72]), implying that every invertible fractional
ideal of Ry is principal. Since we took f to be primitive, the based fractional ideal I is
invertible, and so there exists 7' € K such that Iy = (') as ideals (not necessarily as based

ideals). A priori, all we know is that N(y') = ' N(I;) for some ' € Z, since the norm of

D ?
an ideal depends on the choice of basis. Letting v = r'y/, we find that I; = () and that
N(y"2) =y =2 N (72,

To prove the desired bijection, it suffices by Proposition [9] to show that the elements of
H3 , are in bijection with those of (R} / R;Q) N=r- We do this by constructing mutually inverse

maps in both directions. For the forward direction, let (I,«) € H 7 By the observation

above, I = () as ideals and N(I) = r"N(f) for some 8 € K; and r" € Z);. Then
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(I,a) ~ ((1), B~ %), where the unit ideal (1) has the basis given by scaling each basis element

of I by 87" It follows that (1)* = f7a(y)" %, so p = 2"~ € R}. But we also have
" = N((1))% = 7 N(B%a) N(I172) = rp/- D=2 (), (2.22)

It follows from that N(p) = r € ZX/Zx*. Since  is only unique up to scaling by
elements of R}, the assignment (I, ) — p yields a map of sets Xy: Hj, — (R} /RJTQ)N;T.

For the reverse direction, let p € R} be a representative of an element of (R} / R;Q)NET.
Then « := py* " satisfies (1) = alf~? as ideals and N(a) = N(p) N(y*™") = r7? N(I772) !
for some 7 € Z5. Upon endowing the unit ideal (1) with any basis such that N((1)) = 7,
we find that ((1),a) € Hj,. If we had chosen a different representative p’ € R} of the same
element of (Rf/ RJTQ)N;T, then the resulting pair ((1),a’) would be equivalent to the scaling
of the pair ((1), ) by the factor p’/p. Thus, the assignment p — ((1), @) gives a well-defined
map of sets ¥y: (R} /R?Z)N;T — Hj,. (In particular, note that Hj,  is nonempty when
(R; / RfQ)NET is.) One checks that the maps ¥; and X5 are mutually inverse.

We now compute # (R} / R;Q)NE,,«. Recall that the unit group R} can be expressed as
R} ~T, x Z, where T, is a finite abelian group. Upon observing that #(T',/T%) = #T,[2]
and that I',[2] = R7[2], we find that

| #Rri, tp>2
#(RF /R = #(T,/T;) - (#(Z,/2L,))" = (2.23)
' #RY[2], ifp=2.

To determine #(R;/ R;2)NET from the value of #(R}/ Rf) given in (2.23)), consider the

norm map

R} /R — 75 |Z*,  p— N(p). (2.24)
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It follows from (2.23) and the fact that the map ([2.24]) is a group homomorphism that

#(RY /R )nzr = (2.25)
(%#R; 2], if p> 2 and is surjective,
#R;7[2], if p> 2, is not surjective, and r = 1 € ZX /Z>?,
0, if p> 2, is not surjective, and r # 1 € Z;/Z;Z,
K2"—2#}%; 2], ifp=2and is surjective.

The formulas (2.21)) then follow immediately from (2.25)) and the next lemma:

Lemma 41. If p > 2, then (2.24) is surjective if and only if f is not evenly ramified. If
p =2, then (2.24) is surjective if Ry is maximal and f is not evenly ramified.

Proof of Lemma[{1] Suppose p > 2. We claim that if the lemma holds for f, then it also
holds for any separable degree-n form f’ € Z,[z,y] such that f' = f (mod p). To see why,
let m,, be the matrix of multiplication by k € K fX on the K-vector space Ky with respect
to the basis . If we express k in the basis as k = » . K;(;, then using the
multiplication table , one verifies that each matrix entry of m,—and hence also the
norm N(k) = det m,—is a polynomial function in the k; and f; with integer coefficients.
Now, is surjective if and only if the norm, viewed as a polynomial function in the &;
and f;, represents a quadratic nonresidue modulo p, and if this happens for f, then it must
also happen for the mod-p translate f’.

We next claim that we can choose f' = f (mod p) such that Ry is maximal. It suffices
to prove this with f replaced by F; for each 7. If e; = 1 for any 7, then Rp must be
maximal, so suppose ¢; > 1. Let 1/51 € Z,[z,y] be any lift of F; with degl/fi = deg F;.
Then F/ := ﬁf + pydeeti € Z,[z,y] does the job when i > 2: indeed, taking H = F,
H, = F,, and Hy = ﬁfi_l in Dedekind’s criterion, we see that Hs = y9°€ i meaning that

ged(Hy, Hy, Hs) = 1. Similarly, F| := ]31@1 + pz® does the job when ¢ = 1. We may thus
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assume R is maximal.

We now claim that F; is irreducible for each i. Indeed, suppose F; is not irreducible
for some 4, and let F; € Zplx,y] be any lift of F;. Then F, = (]31“ + le)(ﬁf’ + pJo) for
some forms Jy,Jy € Zy[zr,y] and integers a,b > 0 such that a +b = e;. It follows that
F; € (p?, pE, f’f) C Zy|z,y], so F; fails Dedekind’s criterion as stated in Lemma , with x
and y switched. Thus, R, is not maximal.

As the F; are irreducible, Kp, is a field extension of Q, with ramification degree e; for
each 7, and the mod-p reduction of the image of the norm map N R, /Ly RIX% — Z, is equal
to (Z/pZ)* for each i. Thus, is surjective if and only if e; is odd for some i, which
occurs if and only if f is not evenly ramified. When p = 2, we have Z;“ C Ng,, /z,(R},),

so ([2.24)) is surjective if e; is odd for some i. This completes the proof of Lemma O

Finally, the characterization of the stabilizer follows from Proposition [11] upon observing

that Endg, (1)*[2] = R} [2] when [ is invertible. This completes the proof of Theorem . O

2.3.3 Density calculations

As is evident from (2.21)), the size #orby,.(H},) depends on whether f is evenly ramified,
which can only occur when n is even. The following theorem tells us how often forms in

Vi fo(Zy) max are evenly ramified:

Theorem 42. Let n be even. The p-adic density of forms F' € V,, 1 (Zyp)max such that f is

evenly ramified is given by

p i+ i y(fe) € {0,1},

O, Zf l/p(f()) > 1.

(2.26)

Proof. Let S :=V,, ,(Zp)max, and let 8" C V,, ¢,(Z,) be the subset of evenly ramified forms.
For a set ¥ C V}, ,(Z,), let d5x, denote the p-adic density of ¥ in V;, 1, (Z,). Observe that to

prove ([2.26)), it suffices to compute dg/0s. We compute the densities dg and dg as follows:
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Computation of g

First suppose v,(fo) = 0. Then dg is equal to the p-adic density of monic polynomials
[ € Z,|x] of degree n such that the ring Z,[z]/(f) is maximal. This latter density can be
computed for any degree n (not just even n) using Dedekind’s criterion (see [4, Proposi-
tion 3.5]) and is given by 1 when n < 1 and by 1 — p~2 when n > 2.

Next, if v,(fy) > 0, then min{e;, v,(fo)} = 1 by Lemma , so suppose V,(fo) = 1. In
this case, the exponent e; can be any number from 1 up to n, and the coefficient x of y*
in the reduction of F; modulo p can be any element of F*. Summing the p-adic density of

forms ' € V;,_¢, 1(Z,)max over the possible values of e;, x, we find that

n—2
0s = (p‘" +p' Y pi(1 - p‘Q)) =1-p7 (2.27)
KEF =1

where in the sum over k on the right-hand side of , the first term corresponds to forms
f such that e; = n, the second term corresponds to forms f such that e; = n—1, and the ¢*®

term in the inner sum corresponds to forms f such that e; = ¢ for each £ € {1,...,n — 2}.
Finally, suppose that v,(fy) > 1. Then e; = 1, so Rp, is automatically maximal,
and Ry is maximal if and only if Ry p is maximal, which occurs with probability 1 when
n = 2 and with probability 1 — p=2 when n > 2. Thus, upon summing over the possible

values of k, we find that

E/{E]F;; p_l = 1_p_17 lfn:2,

Doerr P 1—p ) =(1-p )1 -p?), ifn>2

ds =

Computation of dg

For any integer m > 1, let s, denote the p-adic density in Vap, 1(Z,)max of forms H such

that H is a perfect square modulo p.
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If v,(fo) = 0, then e; = 0, so in this case
S = 0,,. (2.28)

Next, suppose that f € Sy and v,(fy) > 0. Then we once again have by Lemma 38| that
min{ey, v,(fo)} = 1, so suppose that v,(fy) = 1. In this case, the exponent e; can be any
even number from 2 up to n, and the coefficient x of y°! in the reduction of F; modulo p can
be any element of IF;. Summing the p-adic density da,+1-¢ of forms f € V,,_, 1(Z,)max such

that f is a square modulo p over the possible values of ey, k, we find that

b= > P ne (2.29)

weFy 2<er<n
P e1=0mod 2

Finally, if v,(fo) > 1, then e; = 1, so f cannot be evenly ramified. Thus, ds» = 0 in this case.
It now remains to compute the p-adic densities ds,,, which we do in the following propo-
sition. Our method of proof follows Lenstra’s computation (see [4, §3]) of the p-adic density

of monic polynomials f € Z,[z] such that Z,[z]/(f) is the maximal order in Q,[z]/(f).

Proposition 43. We have that 6y = 1 and 69, = p~™(1 —p~ ') for m > 1.

Proof of Proposition[{3 The case m = 0 is obvious, so fix m > 1. Because the criterion for
maximality stated in Lemma depends only on the residue class of H in P := (Z/p*Z)|z, y],
it suffices to work modulo p?, where the ideal (p* pH’, H”®) C Z,[x,y] reduces to the ideal
(pH', H"*) C (Z/p*Z)[x,y]. To apply Lemma , we need to introduce some notation. For

each i € {0,...,2m} and any H' € P:

e Let P; C P be the subset of binary forms on P having degree at most i, and let P; be

the reduction of P; modulo p;

o Let P;mon C P; be the subset of monic binary forms having degree equal to 7, and let

Pi.mon be the reduction of P; mon modulo p;
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° LetP

imon C Pimon be the subset of forms whose reductions modulo p are perfect squares

be the reduction of 73

7,mon

(P PP £ & if and only if i is even), and let P

i.mon modulo p;

7,mon

o Let Jyp = (pH',H*)NP . CP.

2m,mon

Lemma 44. Let Hi,..., H, € P be such that their reductions modulo p are irreducible and

distinct, and let H' = Hle H!. Then we have that

# (ﬂf:l JH{) B 0, if deg H' > m,

#PZm mon /
’ p~m2dee B otherwise.

Proof of Lemma[f4 Tt is clear that #Paymon = p*™. One checks by following the proof
of [4, Lemma 3.3] that ﬂle Jur = Ju, so it remains to compute #Jy/. By definition, Jg
contains no monic elements and is thus empty when deg H"? = 2deg H' > 2m, so #Jg =0
when deg H > m.

Now suppose that deg H' < m. Consider the map of sets

J— 2 J—
P;W)L—zdegH',mon X Pom—deg o'—1 — Jm (2.30)

defined in the following manner: for each pair (FU H) € 7_3;)1_2 deg H' mon X 7_32m_deg HI—1,

choose a lift (H”, H") € P X Pom—deg i'—1, and let the image of (H Hm) be

2m—2deg H’ ,mon

given by H"H" + pH"” H'. By imitating [4, proof of Proposition 3.4], one checks that the

map in (2.30) is a bijection, so we have that

#JH’ - (#55272 deg H’,mon) (#52m—deg H’—l) - pm—deg H/p2m—deg H/' O

By the Principle of Inclusion-Exclusion, we deduce from Lemma [44] that

_mz Z 2Zf 1degH (2.31)

620 (/... Hy}
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where the inner sum in (2.31) is taken over sets {Hy,... ,ﬁ;} C (Z/pZ)[z,y] of monic
irreducible binary forms such that 22?21 deg Fi < 2m. A computation reveals that the
double sum in (2.31]) is none other than the coefficient of *™ in the power series expansion

of the generating function

. t2degH’
K(t): (1—t>_ H (1—W> .

H

Let (a1 (s) be the (-function of the variety Alle = SpeclF,[z], and recall that Cal (s) =

(1 — ps)~!. Expanding Cal (s) into its Euler product reveals that
K= (1) (%) = (1) (1= p '), (2.32)

Since the coefficient of *™ on the right-hand side of (2.32)) is equal to 1 — p~!, it follows

from (2.31)) that s, = p~™(1 — p 1), as desired. O

Substituting the result of Proposition [43|into (2.28) and (2.29) yields that 6% = p~2 (1 —

p~') when v,(fy) € {0,1}. This completes the proof of Theorem . O

2.4 Distinguishedness and reducibility

Let R =17, and let f € V,, 1, (Z)max- In , we reduced the problem of counting 2-torsion
classes of Ry to that of computing #orbﬁil(H;’ +1)- This amounts to determining asymp-
totics for the number of lattice points of bounded height in a fundamental set for the action
of G,(Z) on W, (R) lying on the hypersurface of pairs (A, B) where det A = +1. In [108}/109],
Siad uses the linearization trick explained in §1.3.2)together with geometry-of-numbers meth-
ods to obtain such asymptotics, albeit for the number of non-distinguished orbits of bounded
height. In this section, we use algebraic arguments to describe the frequency with which in-

tegral orbits arising via the maps orby 4, are distinguished.
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2.4.1 Uniqueness of integral representatives

Let r € {#1}. To study distinguished G, (Q)-orbits arising from elements of H}, via the
construction in §1.4.1] it suffices to consider the case where r = 1. Indeed, when n is odd,
the map (/,a) — (I, —a) defines a bijection between Hy, and Hj ;, and when n is even,
any (I,o) € Hj _, satisfies the property that N(a) = —1 € Q*/Q*?, so by Proposition ,
the G, (Q)-orbit containing orby (I, &) cannot possibly correspond to 1 € K /KfX2@X.
The following proposition tells us how many elements of H7, give rise to the distinguished

G, (Q)-orbit, if such elements exist at all:
Proposition 45. We have the following two points:

e Letn be odd. If there exists an element (I, o) € H}, such that the G,,(Q)-orbit containing

orbs1 (I, ) is distinguished, there is precisely one such element.

o Let n be even, and let evy := {primes p : f is evenly ramified modulo p}. If there exists
an element (I, ) € Hj, such that the G,(Q)-orbit containing orby (I, o) is distinguished,

there are at most 2#¢'r 1 such elements, with equality if Ky has no quadratic subfields.

Proof. Let n be odd, and suppose there exist two distinct fractional ideals I and I’ of Ry
such that both (7,1) and (I, 1) are elements of H},. Then, since Ry is maximal, we have
I? = ]?‘2 = I, implying that I = I'.

Next, let n be even. Observe that we have the equality
ker (KfX/KfX2—>KfX/KfX2QX) :@X/(@XﬂKf“), (2.33)

From (22.33), we see that if (I,«) € H}, gives rise to the distinguished G, (Q)-orbit, we can
2-n

rescale (I,a) so that |a| € Q* is a product of distinct primes. But then (a) = ([[f2 )2,

so each prime dividing o must lie in the set evy. The number of possibilities for @ modulo

Q*NK fX2 is at most 27/ with equality if K; has no quadratic subfields. O
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Remark 46. The condition that K; has no quadratic subfields in the second point of Propo-
sition is a mild one: indeed, this conditions holds for 100% of forms f € V}, ,(Z)max, since

such forms have Galois group isomorphic to the full symmetric group 100% of the time.

2.4.2 Existence of integral representatives, part (i)

Let f € V,, #,(Z) be primitive. It now remains to determine precise conditions under which
distinguished integral orbits arise via the map orbs;. When n is even, there always exists a
pair (I, ) € Hj, such that the G,,(Q)-orbit containing orby (1, ) is distinguished: indeed,
take I = 1;%2 and o = 1. On the other hand, when n is odd, it is often not the case that there
exists a pair ([, ) € Hj, such that the G,(Q)-orbit containing orb(/, ) is distinguished.
The rest of this section is devoted to proving this assertion for odd n.

The G,,(Q)-orbit containing orbs; (1, «) is distinguished if and only if the G,,(Q,)-orbit
containing orby (7, a) is distinguished for every place v of Q. In particular, if there exists a
pair (I,a) € H7 | such that orb 71(1, a) is distinguished over Q, then for every place v, there
exists a pair (/,,a,) € H}, over Z, such that orby,(l,,,) is distinguished over Q, (here,

Z, = R when v = 00). The following proposition establishes the converse:

Proposition 47. Suppose that for each place v of Q, there exists an invertible based frac-
tional ideal I, of Ry ®zZ, such that (1, (’)1_2) € H;’l over Z,. Then there exists an invertible

based fractional ideal I of Ry such that (I, fi~?) € Hi.y over Z.

Proof. Let Ag be the ring of adeles, and let Az C Ag be the subring of integral adeles. Re-
call that G,, has class number 1; i.e., for every g € G,,(Ag), there exists ¢’ € G,,(Az) and ¢” €
G (Q) such that g = ¢'¢”, where we view G,,(Q) as the subring of principal adeles of G, (Ag).

Let (A, B) € W,(Q) be an arbitrary fixed representative of the distinguished orbit of
G, over Q. Notice that the base-change of (A, B) from Q to Q, lies in W,,(Z,) for all but
finitely many places v. The assumption that there exists an invertible based fractional ideal

I, of Ry ®z Z, such that (I,, fi?) e H3 | over Z, implies that the distinguished orbit has a
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pre-projective representative over Z, arising from the construction in for every place
v. Thus, there exists g, € G,,(Q,) for each v such that the following two conditions hold: (1)
9 € G(Z,) for all but finitely many v; and (2) g,-(A, B) € orbs (1, f7~2). It follows that the
list g = (gv)» is an element of G,,(Ag). By the observation in the previous paragraph, there

exist ¢ € G, (Az) and ¢” € G,,(Q) such that g = ¢’¢”. Combining our results, we find that
g- (A7 B) € Wn(AZ) = g” ’ (A7 B) € Wn(AZ>

As ¢" € G,(Q) C G,(Ag) and (A, B) € W,(Z) C W,(Ag), we deduce that ¢” - (A, B) €
W, (Z). We must now show that there exists an invertible based fractional ideal I of Ry such
that ¢”- (A, B) € orbs1(I, f3~?). By Theorem , the G,,(Z)-orbit of ¢"- (A, B) is an element
of orby1(H7,) if and only if g” - (A, B) satisfies the congruence conditions in as well
as the congruence conditions that define pre-projectivity (see , but this follows because

we have that g, - (A, B) € orby,1(1,, f§~?) and that (I,, f§~?) € H}, for every place v. [

Proposition 47| reduces the problem of ascertaining when the distinguished orbit arises
globally to the problem of determining the conditions under which the distinguished orbit
arises everywhere locally. In the rest of this section, we derive these local conditions.

When R = K is a field and f € V,, s, (K) is separable, Proposition (19| implies that there
exists (A, B) € W, (K) with «(A, B) = f™" and with distinguished G,,(K)-orbit; moreover,
by Theorem |10} there exists (I,a) € Hyy = Hj, such that (A, B) represents the orbit
orbs1 (I, ). In particular, when v = oo, so that R = K = R, the distinguished orbit always
arises.

Next, let v = p be prime, and let R = Z,,. Let n be odd, and let f € V,, ;,(Z) be primitive.

We split our analysis of p-adic distinguished orbits into cases based on the parity of v,(fy):
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2.4.3 Existence, part (ii): n, v,(fy) are odd

In this case, the next theorem tells us when the distinguished G, (Q,)-orbit contains an

element of orby(H7,), assuming Ry is maximal:

Proposition 48. Let v,(fo) be odd, and let f € Vi, 5,(Zp)max. There exists (I, o) € H}, such

that the G, (Q,)-orbit containing orby (I, ) is distinguished if and only if f is squareful.

Proof. Let f =[], F; be a canonical factorization of f. Suppose that e; is odd for some
j€12,...,m}, and let (I,a) € H}, be any element. For the forward direction, it suffices
by Proposition 19| to show that fi'I; is not a square as a fractional ideal of Ry.

Under the identification Ry ~ [ | Rp,, the fractional ideal I is identified with [[}*, If,,
where I, is a fractional ideal of Rp, for each i € {1,...,m}. Now, I, = (1) is the unit ideal
because F} is monic, so the j™ factor of fi'1; is equal to the fractional ideal Jolr, = (prelform),
which is not a square. Indeed, if (p»(f0)") were a square, then (p) would be a square
because v,(fy) and n are odd, but this is impossible: by the proof of Lemma 41} F; is
irreducible, so K, is a ramified extension of Q, with odd ramification degree e;. As fg'IF,
is not a square, neither is fg'/¢

For the reverse direction, suppose that e; is even for each i € {2,...,m}. It then suffices
to construct a based fractional ideal I of R such that I* = f' I % and such that N(I)? =
N(f N(I?’Q). To do this, it further suffices to construct for each i € {1,...,m} a based
fractional ideal I; of Rp, such that I? = f@Ip? and N(I;)* = N(fy)N(I§?). We first
handle ¢ € {2,...,m}. For such ¢, we have that K, is a ramified extension of Q, with even
ramification degree e;, so (p) is a square as an ideal of Rp,. Thus, there exists an invertible
fractional ideal I; of Rp, such that I? = (p*»Uo)") = feIp=?. But N(f@) N(I3?) = ndee s
which is a perfect square since 2 | e; and e; | deg F;. So, there exists a basis of I; with respect
to which N(1;)? = N(f") N(Ig?).

We now take i = 1. Note that e; must be odd since e; is even for each j € {2,...,m}

and n is odd. If e; > 1, Lemma 38| tells us that the polynomial F}(1,z) is Eisenstein. Thus,
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in this case, Kp, is a totally ramified extension of QQ, having degree ey, and v,(fy) = 1. If
p C Ok,, is the prime lying above (p) C Z,, then (N(p)) = (p) as ideals of Z,, so since
(N(Ig,)) = (p~7U0)) = (p)~', we conclude that there is a basis of p~* such that Ip, = p~!
as based fractional ideals of Rp,. Therefore, when e; > 1, we have that f¢' I}~ 2 = pla—Dn+2.
which is a square, and when e; = 1, we have that fg‘[}?;z = (f2), which is also a square.
Letting I; be an invertible fractional ideal of Rp such that I7 = 61];1_2, the fact that
N(ff)N(IE2) = éel D2 45 a perfect square implies that we can choose a basis of I; with
respect to which N(I7)? = N(ff") N(I32).

This concludes the proof of Proposition (48] ]

In the next theorem, we compute the p-adic density of forms f € V}, f,(Z,)max satisfying

the criterion for distinguishedness obtained in Proposition |48}

Theorem 49. Retain the setting of Proposition [{8 The p-adic density of the subset of

squareful elements in V,, s, (Zy)max @S given by kan(l +p

Proof. Let S := V,, ,(Zy)max and S" := {F € V,, 1 (Zy)max : f is squareful}. Let dg denote
the p-adic density of S in V,, 5, (Z,), and let s denote the p-adic density of S” in V,, 4, (Z,).
Then the desired p-adic density of S’ in S is g/ /5.

By Lemma we have min{e;,,(fy)} = 1. By a computation entirely analogous to

that of the density dg in the proof of Theorem [42] we then find that

g = (2.34)
S (prApt iy (A —p ) =1 —p 2 ify(fy) =1
neFé

(1—p ) (1—p?). if 1,(fo) > 1

Let 02, denote the p-adic density in Vi, 1(Zy)max of forms H such that H is a perfect

square modulo p as in the proof of Theorem 42| By imitating the computation of the density
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dg in the proof of Theorem we find that

S = (2.35)

Z Z 1<ei<n pielén—q = p%(l _pil)a if Vp(fO) =1,

RE]F;( e1=1mod 2

(L—p Vo =p 7 (1—p 1> if v,(fo) > 1.
where the second equality in each case of (2.35)) follows from Proposition . n

2.4.4 Existence, part (iii): n is odd, v,(fp) is even

In this case, there exists (I,«) € H}, such that the G,,(Q,)-orbit containing orby (1, @) is

distinguished, assuming R; is maximal when v,(f;) > 0:

Proposition 50. Let v,(fy) be even, let f € V,, 1 (Zy,) if vp(fo) =0, and let f € V,, 1, (Zyp)max

if vp(fo) > 0. Then there exists a fractional ideal I of Ry such that (I, f§) € H7 .

Proof. If v,(fy) = 0, then fy € Z*

> and so fi'ly = (1) is the unit ideal. Taking I = (1), we

find that I? = f(’fI}L’Q; because N(f) N(I}"Q) = f2*7"*2 i5 a perfect square, there exists a
basis of I such that N(I)? = N(fg) N(I772).

If v,(fo) > 0, then by Lemma , we have that e; = 1 because v,( fy) is even. It suffices to
show that there exist based fractional ideals I; of R, and I' of R;/p, such that the following
four conditions are satisfied: 17 = fiIi?, N(I1)? = N(fy) N(I3?), I? = 6‘]}‘/_}31, and

N(I')* = N(f§") N(I}; ). Notice that fi'Ir, = (f3), which is a square, and N(fg') N(I35%) =

f2, which is a square, so we can take I = (fy) and give it a basis with respect to which

N(I;)? = N(ff)N(I32). We also have f@I} 2 = (p»U0"), which is a square, and that

f/F1
N(f)N(IF2) = ndes(//1) hich is a square as deg(f/Fy) = n — 1 is even. Thus, there
exists a based fractional ideal I’ such that I'* = 61]}‘/_}31 and N(I")? = N(f) N(I}L/_}%) O

Together, Propositions [47], [48] and [50] give an explicit construction of a “distinguished”

square root of the class of the inverse different of Rp for any primitive f € V, 7 (Z)™"™ N
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ﬂp| fo Vi fo (Z) max that is squareful over Z, for each p | k, thus proving Theorem .

2.4.5 On a question of Emerton

Theorem (31| gives a partial answer to a question of Emerton, who was motivated by Hecke’s
theorem to ask whether the class of the different of a number field K has a canonical square
root |62]. While the answer is likely “no” in general, Theorem tells us that we can
sometimes pick out natural square roots when Ok has additional structure. Under certain
conditions when n is odd, we can pick out a square root of the class of I}L’Q that gives rise
to the distinguished G,,(Q)-orbit, but this square root is highly dependent on f: it remains
unchanged if we replace f by any translate under the subgroup N(Z) C GLy(Z), but it is
not invariant under the action of the full group GLy(Z). On the other hand, when n is even,
1 ;Tn represents a square root of the class of the different, and this class remains unchanged
if we replace f by any GLo(Z)-translate. But this class is not particularly canonical either:
if f, f" are forms such that Ox = Ry = Ry, they are not necessarily GLy(Z)-equivalent, and
the ideals I ;77” T ;,%n may represent distinct square roots of the class of the different of O.

Indeed, the following theorem gives an example of this phenomenon in the case where n = 4:

Theorem 51. Let

f(z,y) = 4o — 2%y — 620%* + 132y +255y*  and g(z,y) = 52 — 2%y — 22%y* — Twy® — 64

Then Ry and R, are isomorphic, but there is no isomorphism between Ry and R, under

which the ideal classes of Iy and I, are identified. In fact, Iy is principal, whereas I, is not.

Proof. We first prove that Ry and R, are isomorphic. Consider the map v: V4(Z) — Z* @y,
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Sym?® Z?* sending a binary quartic form F(z,y) = Z?:o fiz* 'y’ to the pair

0 0 1 fo &0
(A, Be):=| 0 -1 0|, | & f, &
10 0 0o Lop

Here, 7Z? ®; Sym?Z? denotes the space of integral ternary quadratic forms (as opposed to
the space W3(Z) of integer-matrix ternary quadratic forms). The group GL3(Z) x GLa(Z)

acts on the space Z? ®z Sym? Z3 via
(7. (72)) - (A, B) = (r x yAy" + s x yBy! t x yAY" +u x yByh),

so we may think of F' as giving rise to an orbit of GL3(Z) x GLy(Z) on Z? ®7 Sym?® Z? via the
map v. We then have the following result, which translates properties about rings associated
to binary quartic forms into properties about the corresponding orbits of GL3(Z) x GLo(Z)
on Z? ®y Sym? Z>:

Proposition 52. Let f, g € V4(Z) be such that v(f) and v(g) are equivalent under the action
of GL3(Z) x GLy(Z). Then Ry and R, are isomorphic. If f and g are GLy(Z)-equivalent,
then v(f) and v(g) are equivalent under the action of GL3(Z) C GL3(Z) x GLy(Z).

Proof of Proposition[52 This is an immediate consequence of the parametrization of quartic
rings given in 7, Theorem 2] together with [125, Lemma 2.2], which explains how the rings

associated to binary quartic forms fit into this parametrization. O

To prove that Ry and R, are isomorphic, it suffices by Proposition to exhibit the pair
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(7, [%a]) € GL3(Z) x GLy(Z) such that (v, [} a]) - (Ao, By) = (Ao, Bf). A calculation reveals

0o 2 -1
r s 0 1
Y=1-1 0 1 and =
t u —1 63
-3 —15 10

do the job. Upon observing that f and g have (the same) squarefree discriminant, which
implies that Ry ~ R, is maximal, verifying that I; is principal and that I, is not can be

achieved in sage using the following code:

R.<x>

PolynomialRing(QQ)

K.<a> NumberField (4*xx~4-x"3-62%x"2+13*x+255)

K.ideal(1l,a,4*a"2-a,4*a"3-a"2-62%a) .is_principal (proof = True)
L.<b> = NumberField(5*x~4-x"3-2%x"2-7*x-6)

L.ideal(1,b,5%b"2-b,5%b"3-b"2-2%b) .is_principal (proof = True)

In fact, one can use sage to verify that Cl(R; = R,) is isomorphic to Z/2Z, so [I,] is the

nontrivial class, which squares to [/;]. This completes the proof of Theorem [51] ]

We now briefly explain how to search for examples such as the one presented in Theo-
rem . For simplicity, we restrict our search to irreducible forms f € V;(Z) of squarefree
discriminant (so that, in particular, Ry is maximal). We claim that we can impose the

following condition without loss of generality:
Property (i): I is not principal, and Cl(Ry¢)[2] has a nontrivial element.

For the first part of the claim, note that if the desired form g exists, then at least one of I
or I, is not principal. As for the second part, recall that ]J% represents the class of the inverse
different of Ry. In particular, if Ry is isomorphic to R, for some g € V4(Z), then [I;] and [I,]

square to the same element of Cl(Ry). Thus, if [If] # [I,] do not lie in the same class, then
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CI(Ry)[2] has a nontrivial element, namely [I;I,']. Note that it is not a priori obvious that
a polynomial f satisfying Property (i) exists, but a computer search reveals many examples.

Having narrowed our search to forms f satisfying Property (i), we now explain how to
construct g € V4(Z) such that Ry and R, are isomorphic but f and g are not GLy(Z)-
equivalent (note that, by (L.7), f and g must be GLy(Z)-inequivalent for ;I g ! to be non-

principal). To construct such a g, we claim that it suffices to impose the following condition:
Property (ii): We have that det By =1 and that By is isotropic over Q.

Suppose Property (ii) is satisfied. Then it follows from the classification of integral ternary
quadratic forms that there exists a transformation v € GL3(Z) such that yBmy' = A,.
Let B = vApyT, and let b denote the row-1, column-3 entry of B. Acting on the pair
v - (Ao, By) = (B, Ap) via [ 1] € GLy(Z), we obtain a pair of the shape (Ag, B,), where
g € Vi(Z). By Proposition [p2] Ry and R, are isomorphic.

Now, if f and g are GLy(Z)-equivalent, then the stabilizer of the pair (Ay, By) in
GL3(Z) x GLo(Z) would contain a nontrivial element. But this is impossible: the stabi-
lizer of (Ao, By) is simply the group of automorphisms of the ring R, but because R; has
squarefree discriminant, it has no nontrivial automorphisms. Thus, we have the claim.

One can then generate forms f € V4(Z) satisfying Properties (i) and (ii), apply the above

procedure to obtain the form g, and check whether I;1 1'is principal.

2.5 Proofs of the main results on class group statistics

Let f € Vi 10(Z)max- In we proved Lemmas [33] 34} and [B5] which reduce the problem
of computing the number of 2-torsion elements in the (ordinary or narrow) class group of

the ring R; to the problem of calculating the three quantities

#orbyi(H;,), Hforby 1(H} ), and #orbfil(H;’f). (2.36)
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To prove the theorems stated in §2.1.1} we must bound (and conditionally determine) the
average values of these quantities as f ranges through subfamilies of V, 1, (Z)max. In this
section, we compute these averages by combining geometry-of-numbers results from [108,{109]

with the local orbit-counting results and density calculations obtained in §2.3]

2.5.1 Counting N(Z)-orbits of binary forms with fixed leading co-

efficient

For each prime p, let ¥, C V,, 1, (Z,) be a nonempty N(Z,)-invariant open set of primitive
forms with boundary of measure 0, and let ¥, = V,, 7, (R)™"2. We call the family ¥ = (3,),

over places v of Q a family of local specifications and define
Vito(X) i={f € Vs (Z) : f € Z, for all places v}.

We call ¥ acceptable if ¥, contains all f € V}, s, (Z,) with discriminant indivisible by p* for
all p > 1 and if ¥, is the preimage in V}, f,(Z) of a set of separable forms in V,, 1, (Z/2Z).
Let X be an acceptable family of local specifications with Xo, = V,, f, (R)™"2. As explained
in §1.2] if f, f' € V,, 1, (Z) are N(Z)-translates of each other, then R; ~ Ry . To minimize the
multiplicity with which a given ring arises from our family V,, 1, (X), we compute the averages
of the quantities over elements of the quotient family N(Z)\V,, fO(Z)H Observe that
for every f € V,, 5, (2), there exists a unique integer b € {0,...,nfy — 1} such that f is an
N (Z)-translate of a form whose " !y-coefficient is equal to b. Thus, the set N(Z)\V;, f,(2)

can be expressed as

fon—1

N(Z)\Vy 5 () = |_| {f € Viyso(2) : bis the 2" 'y-coefficient of f}. (2.37)
b=0

Using (2.37), we may think of N(Z)\V,, s, (X) as a subset of V,, 4, (X). Similarly, we can view

3We could also average the quantities (2.36) over V,, f,(¥), and the results in §2.1.1| would remain essen-
tially unchanged.
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N(Z)\Vp.5,(R) as a subset of V,, ¢, (R) by identifying each class in N(Z)\V,, s, (R) with the
unique representative in V,, 5, (R) that has 2" 'y-coefficient lying in the interval [0, fon —1).

For any subset S C V,, ,(R) and real number X > 0, let Sx := {f € S : H(f) < X},
where the height function H is as defined in In addition, for any subset S C V,, 4, (Z),
let S™ :={f € S : f is irreducible}. We then have the following theorem, which gives us an

asymptotic for how many elements of N(Z)\V,, s, (X) there are of height up to X:

Theorem 53. Let Y be an acceptable family of local specifications. Then we have

#(N(Z)\Vp o (D)E) = Vol(N HVol XU, (2.38)

where the real volume is computed with respect to the Euclidean measure on V;, 5 (R) nor-
malized so that Vol(V,, 1, (R)/V,, 1,(Z)) = 1, and where the p-adic volumes are computed with

respect to the Euclidean measure on V,, 5, (Z,) normalized so that Vol(V,, s, (Z,)) = 1.

Proof. The theorem can be deduced using the uniformity estimate given in the next re-
sult, Theorem in the same way that [26, Theorem 2.21] is proven using [26, Theo-
rem 2.13]. Indeed, the first half of the proof of [26, Theorem 2.21] can be imitated to
prove with “=" replaced by “<”; then, by using Theorem [54| in place of [26, Theo-
rem 2.13], the second half of the proof of |26, Theorem 2.21] can be imitated to prove

with “=" replaced by “>.” O
The next theorem supplies the uniformity estimate needed to prove Theorem

Theorem 54. Let V, 4, (p) := {f € Vo, (Z) : p* | discriminant of f}. For any real number

M that is larger than each prime divisor of fo, and for any € € (0, 1), we have

w—lﬁ n(n+1
( U N \ano ) > :O<—X Wi ) +0(X (2+ )71), (239)

p>M

where the implied constant in the big-O is independent of X, M.
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Proof. We first prove in the case where f; = 1. In this case, [29, Theorem 1.5]
implies that holds if we make the following two replacements: (1) work with the
family V,,1(Z) as opposed to the family N(Z)\V,,1(Z); and (2) replace H with H, which is
defined on f € V,1(R) by H(f) = max{|f;|"/ : 2 < i < n}. These two replacements can
be easily undone. Indeed, to deal with the first replacement, the proof of [29, Theorem 1.5]
can be modified (as suggested in |29, discussion after Theorem 6.4]) to obtain the analogous
result for the family N(Z)\V,1(Z). To deal with the second replacement, we note that the
functions H and H are “comparable,” in the sense that H(f) = O(H(f)) for all f € Vo1(R).
It follows that holds when fy = 1.

We now deduce the case fy # 1 from the case fy = 1. Let mon: V,  (R) — V,,1(R)
denote the map that sends a binary form f to its monicized form f™°". Notice that mon is
one-to-one, that H(f™") = H(f), and that the ratio of the discriminants of f™" and f is a

power of fy. Thus, for any prime p larger than every prime divisor of fy, we have

mon(Vo o (p)x) € Vi (p)x. (2.40)

Taking the union over primes p > M on both sides of (2.40) and estimating the right-hand
side by applying (2.39) for the case fy = 1 yields the theorem in all cases. O

2.5.2 Counting (N x Gy4,)(Z)-orbits of on Wy (Z)

To average the quantities over f € V, 1 (X), we need a way to count G, (Z)-orbits
of pairs (A, B) € W,(Z) arising from elements of H}_.,. However, if (A, B) represents
such a G, (Z)-orbit, then inv A = 41, so we would need to count integral points on the
hypersurfaces in W,,(R) defined by the equations inv A = +1. Because these hypersurfaces
are non-linear, this count would be difficult to perform directly. To circumvent this issue, we
use the linearization trick described in §1.3.2] which tells us that instead of counting G, (Z)-

orbits on pairs (A, B) € W,,(Z) satisfying inv(A) = +1, we can just count Ga,(Z)-orbits on
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matrices T' € Wy, (Z), where Ay ranges through a finite set of possibilities.

Fix a symmetric matrix Ay € U,(Z) satisfying inv Ay = +1. Let R be any Z-algebra,
and for h € N(R) and T' € Wy, (R), let h - T := — fohe;id+T. This gives a well-defined
action of N(R) on Wa,(R).

We call T' € Wy, (Z,) pre-projective if (A, —A¢T) € W, (Z,) is pre-projective in the sense

of Let ¥ be an acceptable family of local specifications, and for each prime p, let

T is pre-projective and

WAO(EP> =K Te WAO(ZP) :
chr(z) = fm™"(x,1) for some f € ¥,

Next, let (r1,72) be a real signature of a degree-n number field, and let f € V,, 11 (R)™"
be separable. It follows from Proposition (19| that the G, (R)-orbits of pairs (A, B) € W,,(R)
such that ¢(A, B) = f are in bijection with the elements of (KfX/KfXZ)Nzl if n is odd (resp.,
K7 /fo2 if n is even). It is easy to check that one may identify the group K /fo2 with the
group (R*/R*2)™ but we now choose such an identification in a way that is natural with

respect to the binary form f. Let 6; < 0y < --- < 6,, denote the real roots of f. Then
T1
Ky =R[z]/(f(z,1)) ~ (HR[Z‘]/(x - 90) x C? ~R"™ x C™, (2.41)
i=1

and the identification in descends to a natural identification K /K fX2 ~ (R*/R*%)m,
Given this, we say that a G, (R)-orbit of a pair (Ag, B) € W,,(R) is of type o € (R*/R*?)"
if f = (Ao, B) € Vi£1(R)™" is separable and if the corresponding element of K;/K fX2 is
identified with o.

Now, fix o € (R*/R*?){, if n is odd (resp., ¢ € (R*/R*?)™) if n is even), and let
Wy (Xo)” = {T € Wa,(R) : G,(R)-orbit of (Ag, —A¢T") has type o}.
The set W4, (Xs)? is nonempty if and only if there exists T € Wy, (R) such that the G,,(R)-
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orbit of (Ag, —A¢T) has type 0. To keep track of whether Wy, (34)? is empty, we let

1, if WA()(EOO)U 7A ,
X 4o <U> =
0, otherwise.

Given the sets Wy, (2,) and Wy, (Xs)7, we define
Wao(2)7 1= Wao(Z) N Way (X)) N ﬂ Wao (2

As we are averaging the quantities (2.36)) over N(Z)-orbits of forms in V,, 1, (Z), we are

interested only in elements of W4, (X)7 up to the action of (N x G4,)(Z). One readily verifies

(
that the set W, (X)7 is (N X Ga,)(Z)-invariant.
To count elements of (N X G4,)(Z)\W4,(X)?, we need a way to order them. To this end,
(

let T € Wy, (R) be such that chr(z) = f(z,1) for some form f € V,,1(Z). We then define
the height H(T") of T € Wy, (R) in terms of the height H defined in (2.2)) as follows:

H(T) := H(f), (2.42)

The group (N x G4,)(R) acts on T € Wy, (R) via (g,h) - T = — fohar id +¢gTg~". Tt follows
from and that H(T') = H((g, h)-T') for any (g, h) € (NxG4,)(R) and T € W4, (R).
Thus, H descends to a well-defined height function on (N x Ga,)(Z)\Wa,(R).

For any subset S C Wy, (R) and real number X > 0, let Sx := {7 € S : H(T) < X}.
For T' € Wy, (Z), we say that the Ga,(Q)-orbit of T' is distinguished if the G, (Q)-orbit of
the pair (Ag, —AoT) € W, (Z) is distinguished. For any subset S C W, (Z), let

S™ = {T € S : chy is irreducible and the G4,(Q)-orbit of T' is non-distinguished}.

We then have the following theorem, which gives an asymptotic for how many non-distinguished
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elements of (N X Ga,)(Z)\Wa,(X)? there are of height up to X:

Theorem 55. With notation as above, we have that

#((N % G )(Z)\ (W (2)7)X) <2777 16, - Xao(0) (2.43)

Vol (mon(N(Z)\(Sx)x)) - [ T (A0, ) + o(X 77 71),

p

where for A € U,(Z,) with det A € Z) and S C V,, 5,(Z,)™™, we write

(A.8) Z df 1, ifn s odd,
\7 ) = / Ny 1 e
femon(S) ) # StabgA (T)

TeGA(Zp)\Wa(S 2

chr(z)=1(x,1) ., if nis even,

where dF is the Buclidean measure on V,,1(Z,) normalized as in Theorem[53, and where

Vol(G4,(Zy)), if n is odd,
TQAO 1= Vol (ng(Z)\ng (R>> ’ Hp ( ! ( )) f (244)

Hp % Vol(Ga,(Zy)), if n is even.

In (2.44), the volumes are computed with respect to the Haar measure on Ga,.
Let Wa,p = {T € Wa,(Z) : p* | discriminant of chr}. Then equality holds in (2.43)) if
Y 1s very large, or if the following uniformity estimate holds: for any M > 0 and € € (0, 1),

we have lﬁhat
n(n+1
<2 ) 1

# (U (N X gAO)<Z)\<WAO,p)X) =0 (AX:]w—l—a> + O(XW_I% (2.45)

p>M

where the implied constant in the big-O s independent of X, M.

Proof. The theorem follows by combining [108, Theorems 59, 61, 63, and 66 and Proposition
69] if n is odd (resp., |[109, Theorems 62, 64, 66, and 69 and Proposition 72] if n is even) and

applying these results to the set Wy, (X)°. O
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Remark 56. As stated in [108, §5.2] and [109, §5.2], the uniformity estimate in (2.45)) holds

for n = 3 and is expected to hold for n > 4 too.

2.5.3 Sieving to square roots of the class of the inverse different

Let r = 1 if n is odd and r = £1 if n is even. As in §2.5.2] we fix an acceptable family %
of local specifications such that V,, s (X) C Vi £, (Z)max and a symmetric matrix Ay € U,,(Z)
such that inv Ay = r. In this section, we use the results of to compute each of the local
factors on the right-hand side of . We combine these computations to deduce the main

theorems in §2.5.4}
The local factor at oo on the right-hand side of (2.43)) is

n(n—1)

Vol(mon(N(Z)\(Xs0)x)) = [fol 7 - VOUN(Z)\ () x), (2.46)

where the equality follows from computing the Jacobian determinant of the map mon. To
compute the factors J (Ao, X,) at primes p, we split into cases depending on the parity of p

and value of r.

2.5.3.1 Case (i): pis odd

By [48, p. 104-105], there is precisely one symmetric bilinear form over Z, having rank n
and determinant r(—1)L3) up to G, (Z,)-equivalence, so for every F € ¥, we have by (L.8)

in combination with Theorem [B9 that

T € Gag(Zp)\Wao (%) : che(w) = f™(x, 1)} = #orby,(H},) = (2.47)
(
s#R7[2], if f is not evenly ramified,
#R7[2], if fis evenly ramified, and r = 1 € Z5 /7,

0, if f is evenly ramified, and r # 1 € ZX /2,

\
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Furthermore, for every T' € Ga,(Z,)\Wa,(2,) such that chy(xz) = f™"(z, 1), we have

#R}[2]n=1 = l#R; 2], if n is odd,
# StabgAO (Zp) (T) = (248)

#R7[2], if n is even.

When n is even, let 7,(2) be as in Theorem 26] Using (2.47) and (2.48), we see that

n(n—1)

T (Ao, 5p) = [folp = - Vol(5,): (2.49)

1, if n is odd,

1+7r,(Y), ifnisevenandr=1orifr=—1and p =1 (mod 4),

1—ry(¥), ifnisevenandr=—1andp=3(mod 4),

\

where | — |, = p~*»(7) denotes the standard p-adic absolute value.

2.5.3.2 Interlude on octane values

In order to treat the case where p = 2, we pause to introduce the necessary background
on symmetric bilinear forms over Z,. Such a form is said to be of Type I if it has a unit
diagonal entry and of Type II otherwise. As explained in [49, §5], G,,(Zy)-equivalence classes
of symmetric bilinear forms over Z, of given rank, given type, and given unit determinant
are classified according to their so-called octane value, which is a number o € Z/8Z.

Let p € Z5, and take a matrix A € U,(Zs) of Type I with det A = p. Then we can
replace A by a G,,(Zy)-translate that is diagonal. Upon doing so, the octane value of A is
simply the mod-8 reduction of the number of diagonal entries congruent to 1 (mod 4) minus
the number of diagonal entries congruent to 3 (mod 4). It follows from |73, Lemma 3] that
when n > 3, there are two options for the octane value of such a matrix A; we denote these
options by 0,(p)" and 0,(p)”. When n = 2, there are two options 0y(p)™ and o0s(p)~ if

p =1 (mod 4), but just one option 05(p)* = 0y(p)~ if p = 3 (mod 4). The values of 0,,(p)*
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are given in Table

Determinant Dimension n (mod 4)

p (mod 4) 0 1 ) 3

Table 2.1: The octane values (0,(p)*, 0,(p)”), as a function of n (mod 4) and p (mod 4).
The superscript T indicates that when n = 2 and p = 3 (mod 4), there is just one option for
the octane value, namely 05(p)t = 02(p)” = 0.

For each G,,(Zs)-equivalence class of Type I symmetric n x n matrices, determinant p, and

octane value o, (p)*, we pick a representative and denote it by A,[p]*.

2.5.3.3 Case (ii): p=2,r=1

By [109, Theorem 80}, if (A, B) € W,,(Z,) is such that A is a unit-determinant symmetric
bilinear form of Type II, then ¢(A, B) is evenly ramified. Since forms F' € 3, are necessarily
separable modulo 2, their monicizations are not evenly ramified, so we may assume that

Ay is of Type 1. (For a partial treatment of the case where F' is inseparable modulo 2, see

Appendix [2.A}) By §2.5.3.2) we have two options, namely An[(—l)L%J]i, for the G, (Z2)-

equivalence class of Ag. We now split into sub-cases depending on the parity of fy.

Case (ii)(a): 21 fo. Let p € Z5, and let S C V,, 4, (Z2)max- The next result determines the

quantity J(A,[p]*,S) for “acceptable” choices of the set S:

Proposition 57. Let n > 2. With notation as above, suppose that S is the preimage in
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Vito(Zs) of a set of separable forms in V,, ¢, (Z/2Z). Then we have

(
n—2

25 (2" £ 1), if (0u(p)*, 0n(p)7) = (0,4),
23 (22 £1), if (0u(p)*, 0n(p)7) = (1,5),
J(A,[p]*. S
% = 2n_27 if (Un(p)+a On(p)_) = (2>6)7 (2'50)

27 (272 F1), if (ou(p)*,0u(p)7) = (7,3),

, if n =2 and (02(p)™, 02(p)”) = (0,0).

Proof. When fy =1 and n > 3, this is proven in [108} Corollary 80] and [109, Corollary 113],

and one checks the proof goes through when fy € Z5 is any unit, and even when n =2. [

Note in particular that the values on the right-hand side of (2.50)) are independent of the
choice of S. In what follows, if A € U,(Z,) is G,,(Z,)-equivalent to A, [p]*, we write x2(A) for

the corresponding value on the right-hand side of (2.50]). Proposition [57] then implies that

j(AQ, 22) = VOI(ZQ) . XQ(A()) (251)

Case (i1)(b): 2| fo. In this case, the monicizations of forms in 3, are necessarily inseparable
modulo 2, and so the argument in Case (ii)(a) does not immediately apply. Instead, we will
reduce to the setting of Case (ii)(a) as follows.

Take f € ¥y, let f = Hle F; be a canonical factorization of f, and let (I,a) € Hj,.
Recall the notation from the proof of Case 2 of Theorem Then one easily checks that

the map sending (A, B) to (Ay/p,, fo_le/Fl) induces a bijection

Orbﬁl(H}:l) ey |_| Orbf/Fl,(_l)np—l (H;/Fl,(—l)"pfl) (252)
pe{1,3,5,7}
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Using the bijection in ([2.52) to evaluate J (A, [(—1)L%J}i, 3,), we find that

T (A [(-D)E]) 5y) = (2.53)

1 n(n—1) j(An—l [(_1)L%J pil]iy 2/2)7 if P = 1 (mOd 4),
2 | fol > Z

pe{135.7) | T (A, 1 [(-1)Elp 17,5, if p = 3 (mod 4),
where the factor of % accounts for the fact that G,, switches between SL, and SL¥ depending
on the parity of n, and where 3, C Vj,_11(Z)max is the preimage of the set {f/F, : f €
Yot C Viue11(Z/27). Because 3 is “acceptable,” every element of X is separable modulo

2, so we can use Proposition [57| to compute the right-hand side of (2.53]). Upon doing so,

and upon observing that Vol(3),) = Vol(X,), we deduce that

n(n—1)
2

T (Ao, 52) = |foly = - Vol(E2) - x2(Ao). (2.54)

2.5.3.4 Case (iii): p=2, r = —1

By §2.5.3.2 we have two options, namely A, [(—1)1+L%J}i, for the G,,(Zy)-equivalence class

of Ag. But An[(—l)”L%J]+ is G (Zs)-equivalent to — A, [(—=1)'*12)] 7, so the map (A, B) —
(—A, —B) defines a bijection between the G,,(Z,)-orbits of (A, B) € orby,_1(H} ;) such that
A is G, (Zsy)-equivalent to A, [(—1)1H%J}+ and the G, (Zy)-orbits of (A, B) € orby 1 (H} ;)
such that A is G,,(Z,)-equivalent to A4, [(—1)'*L2/]". By Theorem , we have

#orby 1 (Hj ) = 2" *#R7[2] = 2™ "2

and that # Stabg, (z,)(T) = # R} [2] = 2™ for every T € Ga,\W4,(22), so

n(n—1)

j(Ao, 22) = |f0|2 2 . VOI(ZQ) . X2(A0) (255)
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Comparing (2.51)), (2.54), and ([2.55)), we see that (2.55)) holds regardless of whether or not
2| foorr==l.

2.5.4 The final step

We now combine the calculations of the local factors in with the asymptotic from

Theorem [55] to prove the results in §2.1.1]

Proof of Theorem[24 Fix an odd integer n > 3 and a real signature (ry,72) of a degree-n
field. Let ¥ be an acceptable family of local specifications such that V,, ¢, (X) C V,, 5, (Z)rLr2.

max

Given an irreducible form f € V,, 5,(3), the set orby(H7 ;) splits as
orby1(Hj,) = orbyi (Hj )™ Uorbyy (Hf,)™, (2.56)

where orby(Hj,)™ is the subset of G (Z)-orbits that are non-distinguished over Q and
where orby (H7 )™ is its complement.
Let fo factor as fo = m?k where k is squarefree, and let r,(X) be defined as in Theorem .

It follows from Propositions [45] 7], [48] and [50] and Theorem [53] that, on the one hand,

> Horby(Hfy ) = (2.57)

fEV’n,fO (E)X

VOl(N(Z)\(Soo)x) - [ VoI(3,) - T (%) + o(X ™51,

plk

Let %, denote the set of G,(Z)-equivalence classes of symmetric n x n integer matrices
of determinant (—1)!2]. On the other hand, combining Theorem |55 with (2.46)), (2.49),

and ((2.55)), simplifying the result using the identity |fo| [[,[fol, = 1, and rearranging yields:

Yo #obri(H )™M= Y Y #((N X Ga) BN\ (Way(£))F) (2.58)

fEVn fo (E) A0€$+ o
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< 21772 Vol(N(Z)\ (Sw)x) - [ [ VOU(Z,)-

n(nt1)
> 7a, x2(Ao) Y xaglo) Fo(X T2 ).
A()Efz-’_ g
The fact that the parametrization in §1.4.1| reduces the non-monic case to the monic case
now pays dividends: the sum over Ay € %, in the third line of (2.58) arises in the work of

Siad, so we need not re-compute it. Indeed, it follows from [108, §9, p. 35] that

n+ry—2 _ r ro—
N T Xa(A0) D wag(o) = 2024 2T < (gt pgritnsl - (950)

Aoeiﬂg g

Substituting (2.59)) into (2.58]), we find that

> rorby(Hf )™ < (2.60)
fGVn,fO (E)X

(1+2777271) - Vol(N(Z)\(Zo0)x) - [] VOl(Sp) + o(X ™).

Using Theorem [53| together with (2.56)), (2.57)), and (2.60)), we find that

Avg  Forbpi(Hy ) <
fevn,fo(z)

i (1 yooritra-l g Hp|krp(2)) VOl(N(Z)\(Bao)x) - TT, Vol(S,)

X Do Vol(N(Z)\(Zo0)x) - I1,, VoI(Z,)

L4 2rt2 g T3, (2.61)
plk

The inequalities above are equalities when the estimate (2.45) holds. Theorem then
follows from substituting the bound in (2.61f) into the formula in Lemma . O]

Proof of Theorem[20. Fix an even integer n > 4 and a real signature (r1,73) of a degree-n

max

field. Let ¥ be an acceptable family of local specifications such that V,, 7 (X) C V, 5, (Z)7L02.
Given an irreducible form F € V,, ¢ (X), (2.56) continues to hold in this setting. It follows
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from Proposition [45] and Remark [46] that

N gobg(Hp ) = S okt (xR, (2.62)

F€Vn 1o (E)x f€Vh 1o (E)x

The following proposition gives a formula for the sum on the right-hand side of (2.62)):

Proposition 58. We have that

> 2P = 2 VOUN(Z)\(Sx)x) - [T VOLE,) - (1 +7(2) +0(X )

fevn,fo (E)X

(2.63)

Proof of Proposition[58 Let M > 0 be a constant. First, it is clear that holds if we
make the following adjustments: (1) replace evy with {p € evy : p < M}, and (2) remove
the factor 1+ r,(X) for each prime p > M. Taking the limit as M — oo, we see that
holds with “>” instead of “=.” It thus remains to prove with “<” instead of “=."
Let 0, > 0 be constants. Since even ramification is a codimension-3 condition on V;,
an application of the geometric sieve (see |12, proof of Theorem 3.3], as well as the paragraph

concerning inhomogeneous heights in [29] p. 4]) yields

3 squarefree m € Z s. t. m > X° M
# 9 € Var(Z)x : <

and p € evy for every p | m

+ X7t (2.64)

n—=2
X045

Now, if H(f) < X, the number of prime factors of the discriminant of f is O(log X/ loglog X),
so on the left-hand side of (2.63)), each f is counted with multiplicity at most 20Uos X/logloe X) —
O(X¢). Combining this bound with , we see that forms f that are evenly ramified at a
set of primes whose product exceeds X° contribute negligibly to the left-hand side of .

Let r,(X) be defined as in Theorem , let M > 0 be a constant, and let II be the set of

squarefree numbers up to X°. We now bound the contribution from forms f that are evenly
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ramified at a set of primes whose product is at most X°. We have

Z gtevy <

fevn,fo (Z)X
l_.[pEer pSX(s

VN (ZN\(Exe)x) - ]| Vol(Z,) - 3 {Hrp@) FO(XT) | <

p<M mell - p|m
Vol(N(Z ) T VouE,) - TT +rp(E) +o(x =71, (2.65)
p<M D
Taking the limit as M — oo in (2.65)) proves (2.63]) with “=" replaced by “<.” O

Let %, denote the set of G,,(Z)-equivalence classes of symmetric n x n integer matrices
of determinant (—1)Lz). On the other hand, combining Theorem [55 with (2.46)), (2.49),

and ((2.55)), simplifying the result using the identity |fo| [[,[fol, = 1, and rearranging yields:

Y o (H )™= Y Y #((N X Ga) (BN (Way(£))F) (2.66)

FEVn 10 (D) x Aozl @
< 2112 VOI(N(Z)\ (Zeo) x) - HVol(Zp) (141ry,(2))-
p
n(n+1)
N 7, xa(A0) Y xao(o) + of )
Agegg 7

Again, the sum over Ay € %, in the third line of ([2.60)) arises in the work of Siad, so we

need not re-compute it. Indeed, it follows from [109} §10.1, p. 35 and §11.7, p. 45] that

> Taa, - xa(Ao) - ZXAO = (2.67)

Aoe 2t
277l 425 = 2227l 4 or2 if ry =0,
=2 4 9yt — (gntra=1)? Lgndn - if gy S (),
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Substituting (2.67)) into (2.66|), we find that

. 2_'_2r27 ifT‘lzo,
> rorby(H )T < VOl(N(Z)\(So0) x)- (2.68)
J€Va 5, (B)x 2 4 2mtr2=l i e > 0
HVol (1+7p(2)) + o(X 51,

Using Theorem [53| together with (2.56)), (2.62)), and (2.68]), we find that

Avg  fforbpi(Hyy) <
fevn,fo(z)

44 om2, if v =0,
- VOI(N(Z)\(Xo0) x) - [T, VOI(Zp) - (1 + 1p(2))
44 2mtre=l i >0
lim =

X—o00 Vol(N(Z)\(2e0)x) - [, Vol(Ep)

4422, if 1 =0,
" ' A+ (). (2.69)

44 ortre=l o if e 50 | p>2

Having dealt with the average of #forby(H7 ), we now turn our attention to the average
of #orby _1(Hj _,). Since #orby _1(H} ;) = 0if r; =0, assume 7, > 0, and let f € V, 5,(¥)
be irreducible. As explained in , every element of orby 1(H} ;) is non-distinguished.

Thus, if we let £, denote the set of G,,(Z)-equivalence classes of symmetric n xn integer ma-

trices of determinant (—1)**L2J, then combining Theorem (55 with (2.46)), ([2.49), and (2.55)),

simplifying the result using the identity |fo| [, |fol, = 1, and rearranging yields:

o Horbg (Hi )= D D #((N X Gay)()\(Way(8))F) < (2.70)

fEVn fo( ) A()Gf_ o

2172 VOl (N(Z)\(Be)x) - [T VOI(Z,) - (14 (=1)7 -1 (5))-

D TG, Xa(Ao)- ZXAO (X,

Aop EJ
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Again, the sum over Ay € £, in the third line of (2.70) arises in the work of Siad on monic

forms, so we need not re-compute it. Indeed, it follows from [109, §11.7, p. 45] that

7 ra, xa(A) Y xalo) = 2R = (2t (2.71)

Ag sz_ o

Substituting (2.71)) into (2.70]), we find that

S° dorby 1 (Hj ) < 27 VOI(N(Z)\(Sac) x)- (2.72)
fev’n,fo (E)X

—1 +1
P "(”2 )_1)'

[T Vol(=p) - (1+ (1) - rp(%)) +o(X
p
Using Theorem [53| together with (2.72)), we find that

Avg #orbfﬁl(H}"’fl) <

F€Vn 5o (D)
. 2r1+72 L Vol (N (Z)\(Se0)x) - TT, VOl(S,) - (14 (~1)"7 - 1,(E)) B
P Vol(N(Z)\(Zo0)x) - I1,, VOI(Z,)
2+l T (14 (-1)'F - 7p(E)). (2.73)
p>2

The inequalities above are equalities when the estimate holds. The statements about
the class group in and then follow from substituting the bound in (2.69)), as well
as the bound in (or simply 0 when 71 = 0), into the formula in Lemma [34] Since we
have that # Cl(R;)[2] = # CIT(R;)[2] when r; = 0, the statement about the narrow class
group in follows from the corresponding statement about the class group.

We now consider the average of #Orbfyl(H;:i). Let vy > 0, and let f € V, 1, (X). The set
orby1 (Hy,') splits as

Orbﬂl(H;:f—) = orbfvl(H;:fr)i” LI orbﬁl(H;”f)er, (2.74)

where orbﬁl(H;:fr )T is the subset of G, (Z)-orbits that are non-distinguished over @ and
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Fyred are distin-

where orby;(H f;r ) is its complement. Because the elements of orb;(H
guished over QQ, they are necessarily distinguished over R, so under the identification ,
they all correspond to the same totally positive element oy = (1,...,1) € (R*/R*?)". By
the proof of Proposition 45/ and the remark following it, the set orbs;(H? e )red has size 27¢'s
for 100% of forms f. It then follows from Theorem [53] and Proposition [58 that, on the one

hand, we have

ST gobg (HE =S 2t L o(x ) (2.75)
FEVar(B)x F€Vn g (D)x
— VoI(N H Vol(S,) - (14 7,(8)) + o(X 5.

On the other hand, combining Theorem 55 with (2.46)), (2.49)), and (2.55)), simplifying the

result using the identity [fo| [T, [fol, = 1, and rearranging yields:

D Horb (Hi)™ = Y #((N X Gag) (Z)\(Way (D)) (2.76)

feVn fo( ) AOE,%Z7L

< 212 Vol(N(Z H Vol(%,) - (14 7,(%))-

> e xa(A) - Xag(00) + 0( X T

Aoe 2t

Once again, the sum over Ay € %, in the third line of (2.66) arises in the work of
Siad on monic forms, so we need not re-compute it. Indeed, it follows from [109, §10.1,

p. 35 and §11.7, p. 45] that

r1+2rg +2'r2

D Taa, - x2(Ao) - Xag(00) = 2" 422 =2l 49 (2.77)
A0€$+
Substituting (2.77)) into (2.76]), we find that
S #orbpa(HF)T < (22 4277 ) - Vol(N(@)\(Sao)x) (2.78)

feVn 1o(E)x
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[T Vol(Z,) - (1 +rp(2)) +o(X 271,

Using Theorem [53| together with (2.74)), (2.75)), and (2.78)), we find that

Avg #orbfjl(H;,’fr) <

F€Vh £, (2)
(0427 2 VOV () (Be)x) - T, VOU(S,) - (14 7(3)
X—00 Vol(N(Z)\(Xe0)x) - [T, VOI(,) B
(14272 +272) - T+ 7 (D). (2.79)

p>2

The inequalities above are equalities when the estimate (2.45)) holds. The statement about
the narrow class group in ([2.9) follows from substituting the bound in (2.79)) into the formula

in Lemma [33 O

2.A Appendix: 2-adic orbit counting via 2-descent

In this section, we take n and f; to be odd, fix f € V], f,(Z2)max, and prove:

Proposition 59. The number of G,(Zs)-orbits of pairs (A, B) € orby(Hy ) such that A is
Gn(Zs)-equivalent to An[(—l)L%J]jE is 2m+"3” (2717_1 +1).

Proof. The proof proceeds by using the connection established in [15] between studying 2-
torsion ideal classes of the ring Rmon and performing a 2-descent on the Jacobian Jgmen of
the monic odd-degree hyperelliptic curve y? = f™"(x,1).

Let %, := Gal(Q,/Q>), and for simplicity, abbreviate A, [(—1)!2/] by A*. Fix (A, B) e
W,(Q2) with (A", B') = f™" and with distinguished G,,(Q2)-orbit. Then [15, §4.1] implies
that A’ is split over Q, and is thus G, (Qz)-equivalent to A*. As shown in 15, §4.2], the set
(Kf/KfXQ)Nzl parametrizing G, (Qs)-orbits of pairs (A, B) € W,(Qy) with (A, B) = fm"
(cf. Proposition is identified with the Galois cohomology group H'(%y,, Stabg,, (q,) (4", B')).

Composing this identification with the map on H'(¥g,, —) induced by the inclusion of groups

91



Stabg,, (@, (A", B') < Ga+ yields
(K} /K )Nzt ~ HY (4y,, Stabg,, ) (A, B')) — H' (%g,, Gar). (2.80)
By realizing G4+ as the ps-quotient of its universal cover, we get an isomorphism
HY (Yg,,Ga+) ~ H (g, 12). (2.81)

Observing that H' (%, , j12) ~ Z /27 and combining (2.80)) and ([2.81]), we get a map
Q: (K} /K}?)nz1 — Z/21.

As is demonstrated in |15, §4.2 and §6.2], the zero-set of the map ) consists precisely of the
Gn(Qy)-orbits of pairs of the form (AT, B) € W,,(Q2) such that «(A, B) = fm".

Because we have assumed that Ry = Rymen is maximal, the obvious map
(R} /R )x=1 — (K /K ?)x= (2.82)

is an inclusion. Then [15, §6.2] implies that if we precompose ) with the inclusion ([2.82)) and

identify orby 1 (H7,) with (R} / R;z)Nzl via Theorem , then the zero-set of the resulting map
Q' orbs . (H} ) — Z/2Z,

which we denote by ker @’ (even though @’ is not a group homomorphism), consists precisely
of those orbits in orby 1 (H7 ) represented by pairs of the form (A™, B) € W,,(Z,). Thus, the
number of elements (A, B) € orby1(H;},) such that A ~ A* (resp., A7) is given by # ker '
(vesp., #(orbsi(H7,) \ ker Q')). By Theorem , we have that #orby,(Hj,) = 2"+,
where m is the number of irreducible factors of f over Z,, so it remains to compute # ker ()’.

As it happens, the map @ is a nondegenerate even quadratic form on the (Z/27Z)-vector
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space (KfX/Kf“)NEl with values in Z/27Z. Indeed, as explained in [15, §5.1], we have an
identification Stabg, @,)(A, B) =~ Jmen[2] of group schemes over o, and @ coincides via this

identification with the following map induced by the Weil pairing Jmon[2] X Jpmon[2] — pua:
H Y (Goy, Jpren[2]) — H' (Y 112) (2.83)
By 92 Proposition 4.10], the (Z/27)-vector subspace

T pmon (Q2) /2 pren (Qa) — H' (G, , J o [2]) (2.84)

is a maximal isotropic space for the quadratic form , and hence also for ). The
size of this maximal isotropic space is given by [113, Lemma 4.4] (cf. [15, §6.2]) to be
F(J pmon (Q2) /2 pmon (Q2)) = 2m+"3* . Moreover, by [15, §8.2], the inclusion factors
through the inclusion (2.82)), s0 Jjmen(Q3)/2J pmen (Q2) may be thought of as a (Z/2Z)-vector

subspace of orb f,1(H}k71)- Because () is even and nondegenerate, the rank of @)’ is given by

rk Ql =2 (dimz/gz (Orbﬁl(H;’l)) - dimz/gz (meon (@2)/2meon (@2))) =n—1.
It then follows from [82, Theorem 6.32] that

4 ker Q/ — odimg g (orby i (H}, 1)~k Q' (Zer/_1 i 2%) (2.85)

— 9" (2% 4 1),

and the size of its complement in orb fyl(H;l) is given by

n—1

#(orby i (HE,) N ker Q') = 2m4n2 — 9m+52 (275 1 1) (2.86)

— 2" (25 —1). O

Remark 60. When n is even and r = 1, the 2-descent strategy used in §2.5.3.1| becomes far
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more complicated: for instance, when n = 2 (mod 4), the analogue of the quadratic form @

may fail to be even (see |91, Theorem 3.9 and Example 3.12]).
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Chapter 3

Most odd-degree binary forms fail to

primitively represent a square

This chapter is based on my paper [117].

3.1 Introduction

Let f € V,,(Z) be a separable integral binary form of degree n > 5. When n is even, the
subscheme Cy of the weighted projective plane Pé(l, 1,%) cut out by the equation 22 =
f(z,y) is known as a hyperelliptic curve, and by Faltings’ Theorem (see [63, Satz 7]), the
curve C'y has only finitely many rational points. In [11, Theorem 1], Bhargava established
the following “strong asymptotic form” of Faltings’ Theorem for hyperelliptic curves: when
integral binary n-ic forms are ordered by height, the density of forms f such that the curve
Cy has a rational point is 0(272). In other words, most even-degree binary forms fail to
represent a square.

When n is odd, the equation 22 = f(z,y) is called superelliptic. In contrast with the case

of hyperelliptic curves, the problem of studying rational solutions to superelliptic equations
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is trivial: given any pair (g, o) € Q?, the triple

(2,9, 2) = (20 (20, 90), Yo f (0, Yo), (20, 50) T ) € QF (3.1)

is a solution to the equation z? = f(z,y), and in fact, the subscheme Sy C IP’?Q(Q, 2,2n + 1)
cut out by this equation is isomorphic to Pg.

On the other hand, the problem of studying primitive integer solutions—i.e., triples
(7o, Y0, 20) € Z* such that 22 = f(xg,y0) and ged(xg,y9) = 1-—is considerably more inter-
esting. For instance, a result of Darmon and Granville states that 2> = f(x,y) has only
finitely many primitive integer solutions (see |53, Theorem 1’]). Given this analogue of Falt-
ings’ Theorem, it is natural to expect that an analogue of Bhargava’s strong asymptotic form
holds for primitive integer solutions to superelliptic equations. The purpose of this chapter is
to prove this expectation, i.e., that most integral odd-degree binary forms fail to primitively
represent a square. Specifically, we prove that primitive integer solutions to 22 = f(x,vy)
give rise to square roots of the class of the inverse different of the ring R, and we apply
the parametrization of such square roots developed in §l| to prove that most superelliptic
equations z? = f(z,y), where f ranges over separable integral binary forms of sufficiently
large odd degree n with fixed leading coefficient f, € Z ~. £Z?, have no primitive integer
solutions. We further show that most such equations have a Brauer—-Manin obstruction to

being soluble.

3.1.1 Superelliptic stacky curves

In the rest of this chapter, it will be convenient to reinterpret primitive integer solutions to
the superelliptic equation 22 = f(z,y) as integral points on a certain stacky curve, which we

denote by .#; and define as follows. Consider the punctured affine surface

Sp =V (2* = f(z,y)) C A}~ {(0,0,0)}. (3.2)
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The group G,, acts by scaling on §f via A - (2o, Y0, 20) = (ANx0, N2yo, \"20). The map
S ; — P} defined by (z,y, z) — [« : y] is G,,-equivariant, and the field of G,,-invariant ratio-
nal functions on S ¢ is generated by z/y, so the scheme quotient S t/G,y, is isomorphic to P},
The associated stack quotient .7} := S +/G,) 1s a stacky curve with coarse moduli space P},
The G,,-action on S + has a nontrivial stabilizer isomorphic to the group scheme p if and only
if 2 =0,s0.% hasa “%—point” at each of the n distinct roots of f over the algebraic closure.

Let R be a principal ideal domain. We say that a triple (xq, yo, 20) is R-primitive if we
have Rzy + Ryo = R. The set of R-primitive solutions to z? = f(x,y) is readily seen to be
in bijection with the set §f(R) of morphisms Spec R — §f (i.e., R-points of gf), which in
turn corresponds bijectively with the set .#(R): indeed, specifying a map Spec R — .7 is
definitionally equivalent to specifying a map L — S +, where L is a torsor of Spec R by G,,,, but

Spec R has no nontrivial G,,-torsors. In what follows, we abuse notation by writing .7 (R)

for the set of R-primitive solutions to z? = f(z,y), regardless of whether f is separable.

3.1.2 Main results

Our results concern families of superelliptic equations 22 = f(z,2) of degree n > 3 having
fixed leading coefficient fo := f(1,0) € Z ~ {0}. Suppose that |fy| is not a square, factor f,

as fo = m2k, where k is squarefree, and define the following quantities:

. 1 p—l . 1
o=+ 2r) o =1 (1- )

plk plk

For simplicity, we sometimes write V,, 5, (Z) to mean the family of superelliptic equations or
superelliptic stacky curves defined by the forms in V,, s (Z). The height H(f) of a binary
form f(z,y) => 1, fix" y" € V,, 1, (Z) is defined as follows

H(f) = max{|fSLf;|" Vi =1, n}.
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With this setup, we prove the following analogue for superelliptic stacky curves of |11,

Theorem 1]:

Theorem 61. For every sufficiently large odd integer n, most superelliptic stacky curves in

the family V, 1, (Z) have no primitive integer solutions. More precisely:

(a) Suppose 21 fo. For every odd integer n > 11, a positive proportion of forms f € V,, 1 (Z),
when ordered by height, have the property that .#;(Z) = @. Moreover, the lower density

of forms f € V,, 1,(Z) such that #;(Z) = & is at least 1 — pg, +0(27).

(b) Suppose 2| fo. The lower density of forms f € V, 1 (Z) such that S§(Z) = & is at least

1 — pyg, + O(27"2) for some real numbers €1,&5 > 0.

As shown in Table 3.1} the quantity 1 — pg,—which by Theorem [61] constitutes a lower
bound on the density of insoluble equations in V,,  (Z) in the large-n limit—rapidly ap-
proaches 1 as the number of prime factors of k£ grows. Furthermore, the method used to prove
Theorem [61] can be easily adapted to obtain a similar result when the family V;, ¢ (Z) is re-
placed by any subfamily defined by congruence conditions modulo finitely many prime powers.

Note that Theorem is subject to the condition that |fy| is not a square. When
|fo| is a square, every form f € V4 (Z) is such that z? = f(z,y) has a trivial solution,
namely (z,y,z) = (sign(fo),0,/]fo]). We expect that for most f € V,, ;,(Z), the equation
2% = f(x,y) has no solutions other than the trivial one. The presence of the trivial solution
renders this expectation difficult to prove: e.g., to obtain the analogous result for rational
points on monic odd-degree hyperelliptic curves, Poonen and Stoll [94] combined work of
Bhargava and Gross [15] on equidistribution of the 2-Selmer elements of the Jacobians of
these curves with a variant of Chabauty’s method (cf. [105], in which Shankar and Wang
treat the even-degree case, as well as the work of Thorne and Romano [98] and Laga [79],
which prove similar theorems for certain families of non-hyperelliptic curves). To the author’s
knowledge, analogues of the notion of Selmer group and of Chabauty’s method remain to be

formulated for superelliptic stacky curves.
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|k} > {2 | {30 | {5 [ {23} {25} | 3.7} | {237}
75.0% | 88.8% | 96.0% | 97.2% | 99.0% | 99.7% | 99.9%
71.8% | 88.8% | 95.9% | 94.0% | 95.8% | 99.7% | 96.7%

Table 3.1: A table demonstrating the strength of the limiting lower bounds lim,, .. 1 — py,
(resp., lim,, “,fo — fi5,) on the density of insoluble superelliptic equations given by Theo-
rem [61] (resp., on the density of superelliptic equations having a Brauer-Manin obstruction
to solubility given by Theorem [62).

In the course of proving Theorem [61], we actually prove the stronger statement that
most superelliptic stacky curves have a 2-descent obstruction to having an integral point.
Since these stacky curves typically have integral points everywhere locally, it follows that
most of them fail the Hasse principle (i.e., do not have a Z-point despite having a Z,-
point for every place v of Q) due to a 2-descent obstruction. Upon showing that such a
2-descent obstruction yields a case of the Brauer-Manin obstruction, we obtain the following
analogue for superelliptic stacky curves of [11, Corollary 4] (see also the work of Thorne [119]
and Thorne and Romano [97], which prove similar theorems for certain families of non-

hyperelliptic curves):

Theorem 62. The lower density of forms f € V, 1, (Z), when ordered by height, such that
the stacky curve /s fails the Hasse principle due to the Brauer—Manin obstruction is at least

Wy, — Hpy + 0(272) if 24 fy and is at least Wy, = thgo +O(272) for some ey, > 0 if 2| fo.

The proportion ,u}o — pg,, which can be thought of as a lower bound on the density
of superelliptic equations with leading coefficient f; having a Brauer—-Manin obstruction to
solubility in the large-n limit, approaches ~ 96.7% as the number of prime factors of k& grows;
see Table 3.1

The genus of a stacky curve can be defined in terms of the Euler characteristic of an
orbifold curve; see [52 section entitled “Orbifolds, and the topology of M-curves”]. In [21],
Bhargava and Poonen prove that all (suitably defined) stacky curves S of genus less than %
over Z satisfy the Hasse principle; i.e., if S(R) # @ and S(Z,) # @ for every prime p € Z,

then S(Z) # @. On the other hand, there is no guarantee that a stacky curve of genus

99



at least % satisfies the Hasse principle: indeed, for any separable integral binary form f of
degree n > 3, the genus of the associated stacky curve . is given by % > %, and Theorem

demonstrates that these stacky curves often fail the Hasse principle.

3.1.3 Method of proof and organization

Our strategy is to transform the problem of counting soluble superelliptic equations into one
of counting integral orbits of a certain representation by devising a suitable orbit construc-
tion. In , we prove that elements of .%;(Z) naturally give rise to certain square roots of
the class of I}‘_Q. Via the parametrization developed in 81| together with the linearization
trick discussed in §1.3.2] these square roots correspond to certain orbits for the action of
G, (Z) on self-adjoint operators T € Wy, (Z), where chp(z) = f™"(z, 1)[]

As the parametrization developed in {l]is leading-coefficient-dependent and is thus par-
ticularly well-suited for applications concerning binary forms with fixed leading coefficient
(such as the application treated in the present chapter, as well as the one treated in . By
generalizing an equidistribution argument that we develop in §4] one can average the bounds
in Theorems [61| and |62 over all leading coefficients and thus deduce analogues of these theo-
rems for the full family of superelliptic equations of given degree. In this chapter, we fix the
leading coefficient for two reasons: doing so simplifies the orbit-counting and allows us to
prove a stronger result, that within each thin subfamily of superelliptic equations with fixed
leading coefficient, most members fail the Hasse principle.

In §3.3, we bound the p-adic density of the set of elements in W, (Z,) that arise from
Z,-primitive solutions via the orbit construction in for each prime p. In , we prove
Theorem 61| by combining these density bounds with orbit-counting results of Bhargava and
Gross (see |15, §10]). Finally, in §3.5, we define the notions of 2-descent obstruction and

Brauer-Manin obstruction for superelliptic stacky curves, and we prove Theorem [62

ncidentally, the orbits of G, on Wy, also correspond to 2-Selmer elements of the Jacobians of hyper-
elliptic curves (see the works [15,/105], as well as .
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3.2 Construction of an integral orbit from a primitive
integer solution

Retain the setting of (i.e., let n, fo, R, f, and r be as in withn > 3 odd and r =1,
and assume that K is of characteristic 0. In §3.2.1] we prove that points (zo, 4o, 20) € -7;(R)
give rise to certain orbits of G, (R) on W, (R) with characteristic polynomial fyon(z,1). To
produce the desired orbit, it suffices by Theorem[13|and to construct a pair (I, «) € Hyy
such that the matrix A that arises defines a split symmetric bilinear form over K. Our
construction extends a result of Simon, who constructs the desired pair (I, «) under the
following special conditions: f is primitive and irreducible and zy is coprime to the index of
Ry in its integral closure (see |111, Corollary 4]). We finish in by describing when the

orbits arising from the construction are distinguished.

3.2.1 The construction

Let (o, Yo, 20) € Lf(R). For convenience, we say that the point (zo, Yo, 20) is a Weierstrass
point if zg = 0 and a non-Weierstrass point otherwise. Note that if zyp = 0, then yg # 0

because fy # 0, so the binary form f factors uniquely as

f(x,y)z (:U—%y)f(x,y) (33)

where f € Vie1,5,(R).

We start by transforming the pair (xg, o) into a pair with simpler coordinates by con-
structing a suitable v € SLo(R) such that (xg,yo) - v = (0,1). Let by,dy € R be any
elements such that byzo + doyo = 1 (such by, dy exist since Rz + Ryy = R). We claim that
there exists v € R such that (dy — vzo) + 0(bo + vyo) € K. Indeed, if we were to have
(do — vxo) + 0(bo + vyo) € Ky \ K[, then the pair (z,y) = (dy — vxo, —bo — vyp) is a root

of the equation f(z,y) = 0, which has finitely many roots up to scaling, implying that we
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can choose v to avoid this outcome (since K is of characteristic 0). Take any such v € R,

let b= by + vyp and d = dy — vxg, and let v = [ vo b] Now, let f’ be defined by

f'(wy) = [ Zf’ "yt e Va(R).

Note that f}, ; = y¢ and that fj # 0 since f} = fo - N(d+6b). If yo = 0, the binary form f’
factors uniquely as

f'(@y) = xf (@,y),

where f' € V1,51 (R); further observe that f, = F(xo,y0) # 0 because f is separable. Let
0" = (—xo + 0yo)/(d + 6b) be the root of f'(z,1) in Ky = Ky, and consider the free rank-n
R-submodule I" C Ky defined by

Yo if 20 7é 07
= R{¢, 0, .. ,C (ESERERS ¢\ 1), where ¢:= (3.4)

no1tfo iz =0

Observe that the R-module I' is a fractional ideal of R that resembles the fractional ideal

I, the only difference being that the basis element 1 € I}, is replaced by £ € T '

Lemma 63. We have that

— if 20 £ 0,

PO -0 ifz=0

I*cao - I}L,_Q, where o =

and that N(I')?> = N(a/)N(I}7?).

Proof. Recall from (|1.3) that the fractional ideal I}L,_2 has the Z-basis

In 2 R<1 0/ ’eln—2’€1_1>'

n

To prove the claimed containment, it suffices to check that when each of the pairwise products
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of the basis elements of I’ in (3.4)) is divided by «’, what results is an element of I?f‘_l. We

have the following computations:

52/0/ = C;Lfl + f?lzfl

(£-0") /o) = —yot" " fori € {1,...,251}
(€ C]/')/O/ = —yonl-,l — yof]/»,l for j € {”T“, oo,n—1}
@07y = -} for i,j € {1,..., %5}
@) /o = -0 forie{l,..., 21, je{=2 ... n—1}

GG’ ==CGa = fiaG forije {2 n—1)

Using the fact that ¢/ € Ry for each i € {0,...,n} together with the fact that ]}‘,_2 is closed
under multiplication by elements in Ry, one readily verifies that each of the expressions
obtained on the right-hand side above is an element of I}‘,‘Q. Crucially, these expressions do
not depend in piecewise fashion on the value of zg, even though ¢ and o/ do (see Remark .

As for the second part of the lemma, using N ([;,%1) = féan, we find that N(I") = Ef{,l%n,
where E =& =2 if zp # 0 and g =¢— (), = fl_,if z0 = 0. Moreover, a calculation reveals

that N(o/) = €2 - s~ Combining these norm calculations, we deduce that
TR 2 pr— —(n— n—
NP = (€657 )" = (@f )" ™) = N(@)N(I77) 0

We now transform /" and o back from Ry to Ry. Recall from (1.7) that

n—1
where we can invert —bf’ + yo because its inverse is equal to d + 6b. Since I’ resembles [ o

it makes sense to consider the fractional ideal

n—1

Ii=gu (I') = (=00 +y0) =1 = (d+0b) I', (3.5)
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which has norm given by
n—1 n—1 ~ l-n
N(I)=N ((d—l— 0b) = - ]') =N(d+6b) = -N(I') =¢f, 2 (3.6)

where we used the multiplicativity relation (|1.5). Similarly, let « € K }( be defined as follows:

% zo — Oyo if 29 # 0,
Q= gbl,’Y(O/) = _bel + Yo = . (37)

f(yob, yo) + (o — Oyo)  if 20 = 0.

It then follows from Lemma [63] that
/ In72
2 @ I’ n—2

= ' =0-1 3.8
—bo + Yo (—69/ 4 y0>n—2 oo ( )

where in the last step above, we used the fact that
1372 = ooy (I2) = (<00 4 30) " 32

Notice that N(7)? = N(a) N(Z;)"2 (this can be verified directly from (3.6) and (3.7)), but it
also follows from the fact that N(I')?> = N(a/) N(I;)"~2 by Lemma [63).

Lemma 64. The fractional ideal I is well-defined, in the sense that it does not depend on

the choice of v = [ »° b] € SLa(R) satisfying (zo,y0) v = (0,1) and d + b € K.

—x0 d

Proof. Let v = [ * %] € SLy(R) satisfying (29, y0) - v = (0,1) and d + 0b € K as above.
Any other 5§ € SLy(R) satisfying (zo,4o) - 7 to (0, 1) is a right-translate of v by an element
of the stabilizer of (0, 1), which is the group of unipotent matrices M, = [} {] for v € R. So
take v € R, and let

5 Yo b+vy
y=7-M,=
—x9 d— vxo

Let f(z,y) = f((z,y)-5") = S, fiz" "y, and let 0 be the root of f(x,1) in K;. Assume

104



that v has been chosen so that (d — vxg) + 0(b+ vyy) € K}, and notice that

—Zo + (9:(/0 4

6= = .
(d—wvxg) +0(b+vyy) 14 0v

(3.9)

Just as we associated a pair (I’,a) to v, we can associate a pair (I, &) to 7 satisfying the
analogous properties I? C d[}“2 and N(1)? = N(&) N(IJ?”). To prove the lemma, it suffices
to show that

Gnc1 (1) = ¢”T*1ﬁ(j> and  ¢1,(0') = ¢15(9), (3.10)

The second equality in (3.10)) is readily deduced by inspecting (3.7)); as for the first equality,

notice that it is equivalent to the following:

( —b0 o ) Ci-r (3.11)
—(b+vyo)0 + vo

Using (3.9), we find that the fraction in parentheses in (3.11)) is equal to 1 + v#'. Now,

observe that we can express the ideals I’ and I as

n—3

I'=REATT) and I=RELLT), (3.12)

where E = 29 if zp # 0 and E = f' | = fu_1if 20 = 0. Upon combining (3.11)) and ([3.12)), we
find that

(1+08)"7'T = R{(1+00) & (1 + v0)0)(1+v0) 1) 5"

R((1+00) 01,7 ) =1,

where the last step above follows because 6 € I’ for each i € {0, ..., oy, O

By applying the correspondence in Theorem (13| to the pair (I, ) constructed above, we
see that the point (o, 0, 20) € Zf(R) gives rise to a pair (A4, B) € W,,(R) with «(A4, B) =

fm™". To complete the construction, it remains to verify that A is split:
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Lemma 65. The matriz A defines a split quadratic form over K.

Proof. 1t suffices to exhibit an n-dimensional isotropic space X over K for the quadratic

form defined by A. We claim that

n—3

X = K(zo — 0yo,0(xo — 0yo),...,0 2 (zo — Oyo)) C Ky

does the job. Indeed, since f is separable, the elements 0(zo — fyo) for i € {0,..., %2}
are linearly independent over K: if zg # 0, then this follows because the elements 6 € K
for 1 € {0,..., ”T_S} are linearly independent and z¢ — 0y, is an invertible element of Ky;
if zo = 0, then this follows because the elements §' € K 7 for i € {0,..., ”773} are linearly

n—1

independent and xy — 0y, is an invertible element of K 7. Thus, we have that dimg X = *5=.

Moreover, notice that
Tn1((0" (w0 — Oyo), 0 (z0 — Oyo))) = T (200" — 1o+ =0

foranyi,jE{O,...,”T_?’}. O

Remark 66. We defined the pair (I, a) in piecewise fashion, according as zy # 0 or zg = 0.
The resulting pair (A, B) nevertheless admits a “functorial” definition: indeed, the entries
of A and B are polynomial functions in xq, 3o, 20, b, d and the coefficients of f. Thus, if our
purpose was simply to construct orbits from integral points, we could have carried out the
construction for zy # 0 and specialized the resulting pair of matrices to the case zy = 0.
However, our proofs of Theorems and require knowledge of the element @ € K fX
corresponding to the orbit arising from an integral point, and it is difficult to reverse-engineer
a from a representative (A, B) of such an orbit.

In |11} §2], Bhargava establishes an analogous construction for rational points on hyper-
elliptic curves, one that takes a non-Weierstrass point on a hyperelliptic curve 22 = f(x,y)

of even degree n and produces a pair (I, ) of a fractional ideal I and o € K} such that
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I’ C 04[?_3 and N(I)? = N(a) N(I}‘_?)). By Wood’s parametrization (see |[126, Theorem 5.7]),
the pair (I, «) gives rise to a pair (A, B) € W,(R) such that «(A, B) = f. To handle Weier-
strass points, Bhargava uses the aforementioned specialization trick but does not determine
the element a € K fX corresponding to the specialized orbit, even though this data seems
necessary for the proofs of |11, Theorem 3 and Corollary 4] to go through. We note here
that the piecewise construction of the pair (1, ) given in this section can be modified to work

for hyperelliptic curves, thus yielding complete proofs of |11, Theorem 3 and Corollary 4].

Remark 67. That (A, B) = f™", that A defines a split quadratic form, and that the
stabilizer of (A, B) contains a subgroup isomorphic to R} [2] are properties that hold formally.
Thus, if we replace R with any base ring and f is any form in V,,(R), any R-primitive solution
(,9,2) = (0,0, 20) € R> to the superelliptic equation 22 = f(x,y) gives rise to a pair of
matrices (A, B) € W,(R) such that «(A, B) = f™" and such that the stabilizer in SL, (R)
contains a subgroup isomorphic to RJT [2]n=1. If the base ring R is an integral domain, then
A defines a split quadratic form over the fraction field K of R. Note that these properties
hold even if we do not assume that fy # 0, that f is separable, and that K has characteristic

0, despite the fact that we used these assumptions to derive the construction.

3.2.2 Distinguished points

We say that a point (zo,yo,20) € Sf(R) is distinguished if its associated G, (K )-orbit is
distinguished. Note that Proposition (19| implies that (z¢, yo, z0) is distinguished if and only
if fo(xo — fyo) is a square in K.

When fj is a multiple of a perfect square by a unit u € R*, % has a trivial R-point,
namely (u, 0, \/u?"*+1 fy). Since fo(u—0-0) = ufy € foz, the orbits associated to these trivial
solutions are always distinguished. Whether a primitive integer solution is distinguished
is not necessarily invariant under replacing f with an SLs(R)-translate. Indeed, suppose
(%0,%0,20) € Zf(R), take v € SLy(R) such that (xg,y0) - v = (1,0), and let f'(z,y) =

f((z,y) -7 '). Then the point (1,0, z) € .#(R) is distinguished, regardless of whether the
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point (zo, Yo, 20) € L5(R) is distinguished. Nevertheless, whether a solution is distinguished
is always preserved under replacing f with a translate by an element of N(R).

Now take R = Z. When |fy| is not a perfect square, we show in that the non-
square factors of |fy| tend to obstruct the distinguished G, (Q)-orbit from arising via the
map orbs ;. More precisely, we have the following result, which states that there are strong

limitations on the forms f € V,, 5 (Z) for which some point of .%(Z) is distinguished:

Proposition 68. Let f € V, s, (Z) be separable, and suppose that there exists a point of
S (Z) giving rise to the distinguished G, (Q)-orbit via the construction in §3.4 Then one

of the following two mutually exclusive possibilities holds for each prime p | k:
(a) Ry ®gz Z, is not mazimal in Ky ®q Qp; or
(b) Rf ®z Zy is mazimal in Ky ®g Q, and f/y is a unit multiple of a square modulo p.

Moreover, the density of binary forms f € V,, 1, (Z) such that one of the conditions (a) or (b)

holds for every prime p | k is equal to g, := Hp‘k (# + 21 )

pn?
Proof. Let p | k. By Proposition 48] if f € V,, f,(Z) is such that some element of orby;(Hy,1)
has distinguished G, (Q,)-orbit, then one of conditions (a) or (b) in the theorem statement
holds. By [4, Proposition 3.5], the p-adic density of f € V, 1, (Z,) satisfying (a) is p~2,
and it follows from Theorem [49| that the p-adic density of f € V,, 4, (Z,) satisfying (b) is

p_nTH(p —1). The proposition follows by combining these density calculations. O

Proposition |68 implies that points of .74(Z) often fail to be distinguished—a fact that
is crucial for the proofs of Theorems and [62], because the geometry-of-numbers results
from |15, §9] that we apply in to count orbits of G, (Z) on W, (Z) only give us a count

of the non-distinguished orbits.
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3.3 Counting orbits arising from local points

Let & denote the (G, (Z)-invariant) subset of integral elements of W, (Z) that arise via the
construction in from separable forms f € V,, r,(Z). It is hard to describe & explicitly,
and hence to determine a precise count of the number of G, (Z)-orbits on & having bounded
height. However, & is contained within a subset of W, (Z) defined by local conditions:
indeed, & C W, (Z) N (), P, where for each place v of Q, we write &2, for the subset
of Wy, (Z,) that arises via the construction from separable forms f € V,, 4 (Z,). To prove
Theorem our strategy is to bound the number of G, (Z)-orbits on & of bounded height
by counting the total number of G, (Z)-orbits on W, (Z) of bounded height and sieving to
those orbits that belong to &, for many places v.

A key step in this strategy is, roughly speaking, to control the size of &2, for each v.
The purpose of this section is to carry out this step. In §3.3.1] we determine the number of
orbits arising via the construction from a given separable form f € V,, 5, (R). In §3.3.2 we
bound the p-adic density of &2, for odd primes p { fy by working over Z/pZ, and in ,
we bound the 2-adic density of &5 when 2 1 fy by working over Z/8Z. In , we take
p | fo and work over Z, to bound the number of orbits arising via the construction from
forms f € V,, 4,(Z,) that define the maximal order. We finish in by working over Q,

to handle the remaining cases.

3.3.1 Orbits over R

For each m € {0,...,2%}, let Z(m) C V,1(R) be the set of separable monic degree-n

polynomials over R having exactly 2m + 1 real roots.

Proposition 69. There are ezactly 2m + 1 orbits of G, (R) on W, (R) that arise from

points in f(R).

Proof. Let f € V,, 4, (R). Suppose that f™" € Z(m) with real roots given in increasing order

by A1 < -+ < A1, where m € {0,..., "T_l} We now compute the number of orbits of
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G, (R) on W, (R) having characteristic polynomial f™°" that arise from points in .#%(R)
via the construction in §8.2] The G, (R)-orbit associated to a point (20,0, 20) € f(R) is
identified via the correspondence in Proposition (19 with some fya € (K fX /K ;Q)Nzl. This

class is represented by a sequence of the form
(fo([Eo — /\1y0>, RN fo([EQ — Agm_;_ly()), bl, ey banl_m) € R2mHL (CnT_l_m ~ Kf (313)

Otherwise, if zp = 0, then z—g = ); for some j; letting fbe as in (3.3]), we see that the class

foa € (K7 /K JfQ)Nzl is represented by a sequence of the form

(fU(xO - )\1310>7 R f(]f(x()a y0)7 ey fO('TO - )\2m+1y0)7 bla <. 7b"T_1—m) € R?erl X Canlim7
(3.14)

where the term fof(zo,0) in (3.14) replaces the term fy(zo — Ajyo) in (3.13). The class

in (K /K fX2)N51 of the sequence in (3.13) or in (3.14]) is given by the sequence of signs

of its first 2m + 1 terms. Because N(b;) > 0 for every j, the condition that N(fy«) is a

square in R* is equivalent to the condition that H?flﬂ fo(zo — Niyo) > 0 if z5 # 0 and

( fof(xo, Yo)) H?ﬂ“ fo(zo — Niyo) > 0 if 29 = 0. We now split into cases based on the signs
i£]

of fo and yo:

Case 1a: fo >0, yo > 0. First suppose 2o # 0. In this case, the sign of fo(xg — \iyo) is equal

to the sign of (zo/yo) — ;. The possible sequences of signs of the fo(zg— A\;jyo) are therefore
T e E R R (3.15)

giving a total of m + 1 orbits. We label the sign sequences in (3.15)) from left to right by an
index 7 that runs from 1 up to m + 1. If 2o = 0 and % = )j, then because \; < A; when

t < jand \; > A\; when ¢ > j, we obtain the same sign sequences as those listed in ((3.15]).

Case 1b: fy > 0, yo < 0. First suppose zy # 0. In this case, the sign of fo(xg— A\;yo) is equal
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to the opposite of the sign of (z¢/yo) — A;. The possible sequences of signs of the fo(zo— \;yo)

are therefore

bbb — b, — e — (3.16)

giving a total of m + 1 orbits. We label the sign sequences in (3.16)) from left to right by an
index 7 that runs from m + 1 up to 2m + 1. (Note that the first sign sequence in (3.16)) is
the same as the last sign sequence in (3.15)), which is why they share the same value of 7.)

If zo = 0, we again obtain the same sign sequences as those listed in ([3.16|).

Case 2a: fy <0, yo > 0. The possible sign sequences are the same as those listed in (3.16)),

and we label them from left to right by an index 7 that runs from m + 1 up to 2m + 1.

Case 2b: fo <0, yo < 0. The possible sign sequences are the same as those listed in (3.15),

and we label them from left to right by an index 7 that runs from 1 up to m + 1. O

For each m € {0,...,%1} and 7 € {1,...,2m + 1}, we write WKEZ’T) C Wy, (R) for the
subset of operators T' such that chy € Z(m) and such that the G, (R)-orbit of T" gives rise
(via the correspondence in Proposition and the above discussion) to the sign sequence

with index 7.

3.3.2 Bounding Vol(%2,) for 2 # p1 fo

Let Vol(22,) denote the p-adic density of &2, in W, (Z,) (i.e., the volume of &2, with respect
to the Euclidean measure on W, (Z,) normalized so that the volume of W, (Z,) is 1). Let
Z,(m) denote the set of monic degree-n polynomials over Z/pZ (not necessarily separable)

with m distinct irreducible factors. When 2 # p { fy, we get the following bound on Vol(2,):

Proposition 70. We have that

Vol(£2,) < mln{ Z p+1 #94,(Z/PZ) #Ip(m)}

om—1 pn(nz_l) pn

Proof. Given a monic degree-n polynomial f over Z/pZ, let ijc()l C W, (Z/pZ) denote the
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mod-p reduction of the subset {T" € &, : chy = f (mod p)}. Because G, is smooth over
Z,, the map G, (Z,) — G, (Z/pZ) is surjective, implying that fjfﬂ is G, (Z/pZ)-invariant.
Then we have

=sol n

Vol(#,) < 3 Z ffvgm Y Y y #00) (3.17)

m=1 feTy(m m=1 €L, (m) 7eq,y, @/mpansy P

where for each T' € W, (Z/pZ), we denote by O(T) the G, (Z/pZ)-orbit of T. Let
Stab(T) C G, (Z/pZ) be the stabilizer of T. Substituting #O(T') = #G., (Z/pZ)/# Stab(T)
into (3.17)) yields that

Vol(2,) <Y Y 3 #St;b(T) , #QZZ((T?/)pZ). (3.18)

m=1fel,(m) reg,,, (2/p2)\E7"

The following lemma gives a lower bound for # Stab(7') that is independent of f € .Z,(m):

Lemma 71. For T € E;Ol, we have that # Stab(T) > 2™ 1.

Proof of Lemma[71. Let K; = (Z/pZ)[x]/(f). By Proposition [19] (1.9), and Remark [67]
we have that # Stab(T') > # K[ [2]n=1. Letting f split over Z/pZ as f = [[_, F}**, where
the F; are distinct and irreducible, we have that K; ~ [[\",(Z/pZ)[z]/(F]"). Consequently,
K{[2] contains the 2™ elements of the form (£1,...,41). Exactly half of these elements

have norm 1, so #K [ [2]n= > 2" O

To bound the right-hand side of (3.18)), it remains to control the number of G, (Z/pZ)-
orbits on E;OI. But there can only be as many orbits as there are points in P*(Z/pZ), which

has size p + 1. Combining this observation with (3.18) and Lemma [71] yields the result. [

Remark 72. It is well-known (see [15 §6.1]) that for each odd prime p, we have

n—1

v ‘

#G.,2/pz) = pU*7) [[" - 1) <p™5. (3.19)

1

<.
I
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3.3.3 Bounding Vol(%%) for 2 =p1 fj

Here, it turns out to be ineffective to work over Z/27Z or even Z/AZ; instead, we work
over Z/87. Let Zg(m) denote the set of monic degree-n polynomials in (Z/8Z)[x] hav-
ing m distinct irreducible factors over Z/2Z. When 2 = p t f;, we obtain the following
bound on Vol(#s):

Proposition 73. We have that

n

Vol(Z3) < min {1, Z 2nii_2 .9 #Issr(Lm) }

m=1

<sol

Proof. Given a monic degree-n polynomial f over Z/8Z, let ¥, C W, (Z/8Z) denote the
closure under the action of G, (Z/87Z) of the mod-8 reduction of the subset {T" € &, : chy =
f (mod 8)} (note that this subset may not be a priori G, (Z/8Z)-invariant, because G, is

not smooth over Z, and the map G, (Zs) — G, (Z/87Z) is not surjective). Then we have

<sol n

i o(T
Vo) <3 3 E R VDD j(_Q (3.20)

m=1 feTg(m m=1 feZg(m) Tegg«n(Z/BZ)\iijl

where for each T' € W, (Z/8Z), we denote by O(T) the G, (Z/8Z)-orbit of T. Let
Stab(T') C G, (Z/8Z) denote the stabilizer of T'. Substituting #O(T") = #G.,, (Z/8Z)/# Stab(T)

into (3.20)) yields that

1 G,y (Z/37
Vol(2,) < Z > > ST # W’“(";é ). (3.21)

m=1feIs(m) reg,, (2/3Z)\S" i

The following lemma gives a lower bound for # Stab(7') that is independent of f € Fg(m):

Lemma 74. For T € fjf)l, we have that # Stab(T) > 2m+m=2,

Proof of Lemma[7j). Let Ry = (Z/8Z)[x]/(f). By Theorem [13] (L.9), and Remark [67 we
have that # Stab(T) > #R7[2]x=1. Let f split over Z/8Z as f = [[, F;, where the F;
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have the property that their mod-2 reductions are powers of distinct irreducible polynomials.
Then it follows from [81, Theorem 7] together with the Chinese Remainder Theorem that

Ry~ [[}2,(Z/8Z)[x]/(F}), and R [2] contains the 2"*™ elements of the form

(...,po+ ip]ﬂg,..) € H(Z/8Z)[x]/(Fz)a

where py is any element of (Z/8Z)* and p; is any element of {0,4} C Z/8Z for each j, 6; is
the image of x in (Z/8Z)[x]/(F;), and d; = deg F; for each i. At least 1 of these elements

have norm 1, so # Stab(T') > # R} [2]n=1 > 272, O

Let @;ﬂ be the split odd orthogonal group scheme, defined in the same way as G, but
without the determinant-1 condition. Observe that the determinant map det: G, (Z/8Z) —
(Z/8Z)* is surjective: for each o € (Z/8Z)*, the diagonal matrix with row-"!, column-2+
entry equal to o and all other diagonal entries equal to 1 is orthogonal with respect to .o,
and has determinant o. Combining this observation with the computation of #G.,, (Z/8Z)
in Proposition [75| (to follow) yields

#0.,(2/87) _ #Gn(2fs7) (T -1 MA@ -y _ (3.22)

gl 4. 8" NED

To bound the right-hand side of (3.21)), it remains to control the number of G, (Z/8Z)-

orbits on ijfl. But there can only be as many orbits as there are points in P!(Z/8Z), which

has size 12. Combining this observation with (3.21)), Lemma [74] Proposition [75 and (3.22)
yields the result. O]

In the following proposition, we obtain the value of #@Z (7,/87), which was used in ((3.22)):

Proposition 75. We have that

n—3
2

#G., (Z/8Z) = oIl (22 —1) H(Q% ~1)
i1
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when n > 3, and #(j;n(Z/SZ) =4 when n = 1.

Proof. We apply the recursive formula for computing sizes of orthogonal groups modulo 8

given in [96, §4.1.3].

The first step is to diagonalize <7,. One readily verifies that there

exists g1 € GL,(Z) such that g147,9{ is equal to the diagonal matrix with first 2t diag-

onal entries equal to 1 and remaining ==

L diagonal entries equal to —1. By [73| proof of

Lemma 3|, there exists go € GL,(Zy) such that g.g1.9,97 g1 is equivalent modulo 8 to the

following diagonal matrix:

Using ([3.23)) together with the recursive formula displayed in [96] §4.1.3] yields that

#G.,,(2/82) =[] (8

0 0 0 O
(
(1,1,1), ifn=1 (mod ),
1 0 0 O (1,1,7), ifn=3 (mod8),
, where (ay,as,a3) =
0 agz 0 O (1,3,3), ifn=5 (mod ),
0 0 ay O (3,3,7), ifn=7 (mod 8)
\
0 0 0 as

n

J=1

where the functions f and h are defined by

f(wi)

(

\

1, ifu;=0 (mod 8),

L,
~1, ifu;=4 (modg), and h(u)=

0,
0, otherwise
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otherwise

(3.23)

(3.24)

(mod 8),



and where the quantities u; and h; are given as follows:

Case 1: (ay,a9,a3) = (1,1,1). We have that

Up—j=Jj—1 and K, ;=7—2.
Case 2: (a1, as,a3) = (1,1,7). We have that
Up—j = and K, ;=
0, if =1 15,
Case 3: (ay,as,a3) = (1,3,3). We have that
( (
Up—j = § 3, if j=2, and K, ;=4q_8
0, if =1 -7,
\ \
Case 4: (a1, as,a3) = (3,3,7). We have that
( (
10, ifj=3, 9,
Up—j = and K, ;=
7, if j =2, -8,
0, if =1 15,
\ \

(3.25)
if j > 2,

(3.26)
if j =1
if j >3,
if j =2, (3.27)
if j =1
if j >4,
if j =3,

(3.28)
if j =2,
if j =1

Now, substituting (3.25)), (3.26]), (3.27), and (3.28)) into (3.24) and simplifying yields the

desired formula.

We can also compute #@ (Z/87Z) by comparing two different formulas for a quantity

known as “the 2-adic density of the quadratic lattice” defined by the matrix .<7,, which is up
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to normalization the same as the 2-adic volume of G, (Zs) with respect to Haar measure.
We denote this quantity by as. One of the two formulas for ay is given in [45], where Cho
constructs a smooth model of the group scheme G, over Z,. Letting Q;{: denote the special
fiber of this smooth model, one can show by applying [45, Lemma 4.2, Remark 4.3, and

Theorem 5.2] that

—n +3n+4

ap =227 4G, (2)22) = 275 480,_1(2/22), (3.29)

where SO,,_; denotes the special orthogonal group on an (n— 1)-dimensional split orthogonal
space. To be precise, as is defined in [45] to be % of the quantity in , to account for the
number of connected components of G, in @. However, we have removed this factor of %
to make the definition of ay consistent with the one given by Conway and Sloane in [49, §12],

who define ay by
_ #9x(2/2'2)
(2?") n(n271)

for any sufficiently large positive integer r. It follows from |75, Proposition 5.6.1(ii) and proof

(3.30)

of Lemma 5.6.5] that we can take r = 3 in . Comparing (3.29) and ( - together
with the fact that # SO,,_1(Z/2Z) = gt (2% -1 Hg(?i —1) for n > 3 (see [45], §6])

yields that

4G (LJ8T) = 277 - $50,,(2/22) = 2" (27 — ) [[@* —1.  ©

=1

Remark 76. The strategy for the second proof of Proposition can likewise be used to

obtain a formula for #@Z(Z/ZTZ) for each r > 3.

3.3.4 Orbits over Z,

Let p be an odd prime. When f is such that Ry is the maximal order in K¢, we have the

following loose bound for the number of orbits arising from points in #4(Z,):
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Proposition 77. Let p be an odd prime, and suppose that Ry is mazimal. Then there are at
most 2™ orbits of G, (Z,) on Wy, (Z,) arising from points of #;(Z,) via the construction
in . The size of the stabilizer in G, (Z,) of any such orbit is 2™ .

Proof. By Theorem 9] the number of G, (Z,)-orbits on W, (Z,) arising from elements
of Hy; via the correspondence in Theorem is equal to #(R;/ R}(Q)NEI = 2m~1 By
Theorem |13 and (L.9), the stabilizer of any such orbit has size # R} [2]x=1 = 277 O

When p 1 fo, Propositions [70] and [75] give tighter control on the size of &2, than Propo-
sition [77} which we will only use for odd primes p | fo. When p | fo, it does not suffice
to obtain a bound of the form Vol(#7,) < 1 (like the bounds obtained in Proposition
and . Indeed, since proving Theorems [61| and |62| involves averaging over monicizations

n(n—1)

of forms in V,, 4, (Z) (see §3.4.2)), we must show that Vol(Z,) is < |folp > , which is the

p-adic density of the set of monicizations of forms in V,, ¢, (Z,). At least for those forms

f € Vi o (Zy) max, Proposition (77| will be enough to obtain the desired bound on Vol(%2,).

3.3.5 Orbits over Q, for p | fj

Proposition [77| only applies when Ry is the maximal order in Ky; in this section, we handle
the remaining forms f by controlling the number of orbits of G, (Q,) on W, (Q,) that can
arise from points of .#;(Z,). To this end, suppose that f € V, s (Z,) splits as a product m

distinct irreducible factors over Z,. Then we have the following result:

Proposition 78. Let p be an odd (resp., even) prime. Then there are at most 2™ (resp.,
2"2° ™) orbits of G, (Qp) on W, (Q,) arising from points of #¢(Z,) via the construction

in . The size of the stabilizer in G, (Q,) of any such orbit is # K [2]n=) = 2"

Proof. By Proposition and (1.9)), it is sufficient to bound the number of elements of
(KfX/Kf“)NEl of the form fya, where a is the second coordinate of a pair (I,«) € Hyy

arising from a points of .%4(Z,) via the construction in .
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Fix yo € Z,, and consider the monic odd-degree hyperelliptic curve Cf,, of genus ”T_l

over Q, defined by the affine equation C}, : 2% = f™"(z,yo). Notice that Cy,, is a quadratic

twist of Cy; and that for y; € Z,, the curves Cy,, and Cfy,, are isomorphic over Q, when

Yo and y; represent the same class in Q) / @;2. Let {m,...,n} C Z, denote a complete set
of representatives of elements of Q) / Qf, and note that we can take ¢ = 4 when p is odd

and ¢ = 8 when p = 2. Then each C},, is isomorphic to one of Cy¢,,,...,Cyt,,.

Let (zo, Yo, 20) € -Zf(Z,) giving rise to a pair (/,«). Then the point (fyzo, 20) is a Q-
rational point on the curve Cy,, and hence is identified with a Q,-rational point (xj, z) on
one of the curves Cf,,. In [15, §5], Bhargava and Gross show that points in C},,(Q,) natu-
rally give rise to orbits of G, (Q,) on W, (Q,) having characteristic polynomial f™"(x,n;).
Under the construction of Bhargava and Gross, points of C,, (Q,) give rise to G, (Q,)-orbits

on W, (Q,) via the following composition:

Cran(Qp) = Ji(Q)/2J:(Q,) — H' (Y, Ji[2]) =~ (KF /K *)n=1, (3.31)

where J; is the Jacobian of C,, and where we identify the set of G, (Q,)-orbits on W, (Q,)
having characteristic polynomial f™"(x,yo) with (K /K ;2)1\1;1 via Proposition . The
composite map in is known as the Cassels map and was first studied by Cassels in [44].

Let " € Ky be the image of x under the identification Q,[z]/f™"(z,1) >~ K. If 2y = 0,

then f™"(z,n;y) factors uniquely as

fren (e my) = (x — folmiy) 7" (2, miy)

where fmon ¢ Vi-11(Z,). (The notation fm™" makes sense, because f™" is indeed the

monicized form of f as defined in (3.3]).) Using the explicit description of the Cassels map

119



stated in [39, §2], one finds that the point (x3,c’) € Ct,,.(Q,) gives rise to the class

I g :
aio 0'n;, if zg # 0, _ fac (K]f/KfXQ)Nzl_
SO mi) + (g — 0'nq), if 29 =0
Meanwhile, by Proposition , the class in (K} /K fXZ)Nzl corresponding to (zo, Yo, 20) €
Ft(Zy) is also foo. Thus, the number of elements of (K /K [*)x=1 of the form foo arising
form points of .;(Z,) is bounded above by the total number of G, (Q,)-orbits on W, (Q,)
arising from Q,-rational points on any one of the finitely many curves Cy,,,, ..., Cf,,. By |15,
§6.2], the number of G, (Q,)-orbits on W, (Q,) arising from each Cf,, is at most 2™~ ! when
p is odd (resp., 2" +Mi when p = 2), where m; is the number of distinct irreducible factors
of fm™(z,n;). But clearly m; = m for each i, so we get the desired upper bound of ¢ - 2m~!
when p is odd (resp., 2"7°+m when p=2).
As for the statement about stabilizers, by Proposition [19)and (L.9), the stabilizer of any

orbit arising via orby,; is isomorphic to K[2]x=1, which has size #K [ [2]x=1 = 277 O

3.4 Proof of Theorem [61]

For a monic polynomial f(z) = 2?1+ 37"  ca"™" € Z[x], let the height of f be defined by
H(f):=H(ci,...,comyp1) = max{|c;|"» 1/ :5=1,... n}. Foranelement T € W, (Z), let
the height of (the G, (Z)-orbit of ) T be defined by H(T") = H(chr). We say that (the G, (Z)-

orbit of) T is irreducible if chy is separable and the G, (Q)-orbit of T" is non-distinguished.

3.4.1 Counting irreducible integral orbits of bounded height

In this section, we give a count of the number of irreducible orbits of G, (Z) on W, (Z) of
bounded height. We use this count in §3.4.2) where we sieve to those integral orbits that
arise from integral points.

Recalling the notation defined in §3.3.1} fix m € {0,...,%+} and 7 € {1,...,2m + 1}.
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Let W, (Z)m7) = W;T’T) N W, (Z), and let N(W,, (Z)™7; X) denote the number of
G.s, (Z)-orbits of irreducible elements T € W, (Z)™7) satisfying H(T) < X. Then we have
the following adaptation of |15, Theorem 10.1 and (10.27)]:

Theorem 79. There exists a nonzero constant J € Q such that

7]

gm+t5t

N(W%x(z)(mﬁ); X) = . Vol(gﬂn (Z)\g% (R)) . / d61 .. an + O(X;Ttlz)’

(Cl ~~~~~ C27L+1)€Z(m)
H(ct,eyen)<X

where the fundamental volume Vol(G, (Z)\G., (R)) is computed with respect to a differential

w that generates the rank-1 module of top-degree differentials of G over Z.

Proof. In [15], Bhargava and Gross work with the subrepresentation W/, C W, consisting
of the traceless operators in W, . Such traceless operators have characteristic polynomial
with the coefficient ¢; of the term z"~! equal to 0. They prove that N(W., (Z)!™; X)
is given by a formula (see |15, Theorem 10.1 and (10.27)]) that is almost identical to the
formula in the statement of Theorem [79] except that the value of J may be different and
the integral runs over (0,cs,...,c,) € Z(m). By simply lifting the restriction that ¢; = 0,
it is not hard to check that the proof of |15, Theorem 10.1 and (10.27)] carries over with

minimal modifications to prove Theorem [79] O

In the following lemma, we derive an upper bound on the constant | 7| in Theorem :

Lemma 80. We have that

n(n—1)

7] < 2" Vol(G, (o)) - [[ 2

p>2

-Vol(Gu, (Z,))
#G, (Z/DZ)

Proof. Let R = C, R, or Z, where p is a prime. Let R C R" be any open subset, and
let s: R — Wy, (R) be a continuous function such that the characteristic polynomial of
s(cy ..., cy) is given by a™ + >0 | ¢;a™ " for every (ci,...,¢,) € R. The constant J arises

as a multiplicative factor in the following change-of-measure formula:
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Proposition 81. For any measurable function ¢ on W, (R), we have

/ o(T)IT = 7] / / o9 - sler. .., en))w(g)dr
T€G ey, (R)-s(R) R J G, (R)

where we regard G, (R) - s(R) as a multiset, | — | denotes the standard absolute value on
R, dT is the Euclidean measure on W, (R), and dr is the restriction to R of the Euclidean

measure on R™.
Proof of Proposition [81. The proof is identical to that of |26, Proposition 3.11]. m

In particular, the constant J is independent of the choices of R = C, R, or Z, and of
the region R and the functions s and ¢. Thus, to compute | 7|, we can make the following

convenient choices: take R = Z,, so that | — | = | — |,; take

R = {(cl,...,cn) EZZ:in—I—ZCiIEn_i =f (modp)}
i=1

for a fixed monic irreducible degree-n polynomial f € (Z/pZ)[z]; letting ¥y = {T €
W, (Zy) : chy = f (mod p)}, take s to be any continuous right-inverse to the function that
sends T' € ¥ to the list of coefficients of chy; and take ¢ to be the function that sends T € X

t where Stab(T') C G, (Z,) is the stabilizer of T', and sends T' € W, (Z,) \ Xy

1
O ZStab(1)’
to 0. The existence of the right-inverse s is well-known; see, e.g., §5.2.3|

Because ¢ is G, (Z,)-invariant, Proposition yields that for the above convenient

choices, we have on the one hand that

1
Vol(X :/ —dT
(Xr) T€Gur, (Bp)5(R) # Stab(T)
1

= |T|, - Vol(G., (Z,)) / —dr. (3.32)
P P 1=/ (mod p) Tegﬂ%p)\zf # Stab(T)

chp=f’

First suppose p # 2. We now compute the sum in the integrand in (3.32)). Because we chose
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f to be irreducible over Z/pZ, the ring Ry := Z,[z|/(f’') is the maximal order in its field of
fractions K, and it is in fact the unique local ring of rank n over Z, having residue field F,»
(hence Ry does not depend on the choice of f’). Then by Theorem , there is precisely one
G, (Z,)-orbit with characteristic polynomial f’, and the size of the stabilizer of this orbit is

equal to # R} [2Jx=1 = 1. Thus, we find that

1
2. ZStab(T) - (3:33)

TE€G oy, (Lp)\ Xy
chp=f’

Combining (3.32)) and (3.33)) yields that

Vol(3y) = |T|, - Vol(Gu, (Z,)) - / dr =|J|, - M. (3.34)

f'=f (modp) pn

Let X := {T € W, (Z/pZ) : chy = f}. Then the mod-p reduction map %y — X is
surjective, and we have by [15, §6.1] that #%; = #G., (Z/pZ). Thus, we have on the other

hand that
#3 #Ga, (L/PL)
Vol(Sy) = - = P2, (3.35)
p " P2
Equating (3.34]) and (3.35)) yields that
#G e, (L/DZ)
‘j‘p = n(n—1) (336>

pr VoG, (Zy))

when p # 2.

Next, suppose p = 2. We now derive an upper bound on the sum in the integrand
in (3.32). By Theorem [39] the number of G, (Z,)-orbits with characteristic polynomial f” is
equal to 23" (271771 +1). The size of the stabilizer of any such orbit is equal to #R5[2]n=1 = 1,
so we find that

]_ n—3 n—1
Z - =2"F (2% +1). (3.37)
T€Ge, (Zp)\X¢ # Stab(T)

chr=f’
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Combining (3.32) and (3.37) yields that

3 n—1

272 (2" +1)

VOI(Ef) = |\7|2 : Vol(g% (Z2)) ’ on

(3.38)

Let ¥y = {T € W, (Z/2Z) : chy = f}. Then the mod-2 reduction map ¥; — % is surjec-
tive, and by (1.9) and Proposition , the action of G, (Z/27) on ¥; is simply transitive,
S0 #3; = #G.; (Z/27). Thus, we have on the other hand that

#5;  #G4,(2/27)

Vol(Xy) = A, e (3.39)
Combining (3.38)) and (3.39) yields that
2 (27 4 1)
Tt =271 Vol(G., (Zs)) - 3.40

Since G, is not smooth over Z,, computing Vol(G., (Zs)) is far more complicated, but we

do not need to know the value of Vol(G, (Z2)) for our purpose. The value of #G., (Z/27)

n—1

2 n—1 .
is given in [45, §6] to be #G, (Z/27) = 2( ) [1;2 (2% — 1), so it follows that

2 _opn—1, n—1 n-l
2= (2% +1) w1\ T :
=(2"+27 = 1—-272)7t < 1. 3.41
16, g~ ) H< J (3.41)
Applying the identity
Il =1 (3.42)
p
to (3.36)), (3.40), and (3.41]) completes the proof of Lemma . ]

3.4.2 Sieving to orbits arising from local points when 21 f;

Let V, 1,(Z)* be the subset of all F' € V,, ,(Z) satisfying both conditions in Proposition

for every prime p | k. Let ¢ be the upper density of forms F' € V,, s (Z), enumerated by
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height, such that .;(Z) # @. Then § is bounded as follows:

5 < i T EVasr (@) H(f) < X} + # (9, (QWT € Wiy, (Z) : T is good, H(T) < X})
T X—oo #{fevn,fo(z) H(f) <X} ’

(3.43)

where we say that T' € Wy, (Z) is good if it is irreducible and T" € &, for every place v.
The first term in the numerator and the denominator on the right-hand side of (3.43) are

respectively given by

n(n—1)

H{f € Vap(@)  H(f) < X} =ppy - fo 7 2" X35 40o(X52), and  (3.44)

n(n—1)

L{f eV (Z) H(f) < X}=f, 2 -2 X33 40o(X53), (3.45)

We now bound the second term in the numerator on the right-hand side of (3.43)). To do this,
we use the following result, which generalizes Theorem [79| by giving an upper bound on the

number of integral orbits of height up to X satisfying certain infinite sets of local conditions:

Theorem 82 (cf. |15, Theorem 10.12]). Let ¢: W, (Z) — [0,1] C R be a function such that

there exists a function ¢,: Wy, (Z,) — [0,1] for each prime p satisfying the following:
o For all T € W, (Z), the product ], ¢,(T) converges to ¢(T'); and

e For each p, the function ¢, is locally constant outside a closed set S, C W, (Z,) of

measure 0.

Let Ny(Wy, (Z)™7; X)) be the number of G, (Z)-orbits of irreducible elements T' € Wy, (Z)™7
satisfying H(T') < X, where each orbit G, (Z) - T is counted with weight ¢(T') =[], ¢,(T).

Then we have that

No (W, (2)7; X) SN(W%(Z)(”""”;X)H/T . (Z)d)p(T)dTJro(Xz’if-é).
€ a/n \&p

p

Proof. The proof is identical to the first half of the proof of [26, Theorem 2.21] (note that
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the “acceptable” hypothesis in [26, Theorem 2.21] is not needed for the upper bound in
Theorem . [

To apply Theorem [82[ to bound the second term in the numerator of (3.43)), we need to

choose the weight functions ¢,. Given T' € W, (Z), denote by m(T") the quantity

# Stabg( # Stab T
=y 2Emedd Z Bl

TeoT # Stabz # Stabz

where O(T') denotes a set of representatives for the action of G, (Z) on the G, (Q)-orbit of
T, and where Stabg(7") and Stabz(T") respectively denote the stabilizers of 7" in G, (Q) and
G, (Z). By |15, Proposition 10.8], counting G, (Q)-orbits on W, (Z) is, up to a negligible
error, no different from counting G, (Z)-orbits on W, (Z), where the G, (Z)-orbit of T €
Wy, (Z) is weighted by 1/m(T).

The weight m(T") can be expressed as a product over primes p of local weights m,(T").

Indeed, as stated in [15, (11.3)], we have that

S # Stabg, (1)

FStabe () (3.46)

T)= Hmp(T), where m,(T

T'€0,(T)

where O,(T) denotes a set of representatives for the action of G, (Z,) on the G, (Q,)-

orbit of T', and where Stabg, (7") and Stabyz, (1") respectively denote the stabilizers of T" in
G, (Qp) and Gy, (Zy).

For each prime p, let ¢,: W, (Z,) — {0,1} C R be the indicator function of elements

T € &, such that chr is separable. Then upon taking ¢, = 1,/m,, for each p, Proposmon.

and Theorem [82f together imply that the numerator of (3.43)) is bounded above by

" 2m+

T ntl
) N(Wa (2)™7: X) - H/ %(T) dT + o(X 7:2). (3.47)
o — L Jrew,,, @, Mp(T)

In the following proposition, we give a formula for the integrals over W, (Z,) in (3.47):
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Proposition 83. Let p be a prime and let ¢ be a continuous G, (Q,)-invariant function on
W, (Zy,) such that every element T € W, (Z,) in the support of v is separable. Then we

have

Y(T)
dT =
/Tern (Zy) my(T)

Tl Vol(Gur (2,))- | v e,

(1% peg, (@pI\Woy (Z) # Stabg, (T)

chp=x"+c1z™ 4 tcy
where J € Q is the same constant that appears in Theorem[79.
Proof. The proof is identical to that of [15, Corollary 11.3]. O

If 2 p | fo, combining Proposition Lemma , and Proposition |83] yields that

wp(T) om(e)+1
\/jlewg{ (Z ) mp(T) dT S |t7|p . VO]-(g!an (Zp)) . E.':(cl .... Cn)EZ;)L W dCl oo dcn7
m f8_1|Ci for every i
n(n=1)
=4-Vol(G, (Zy)) - | folp * (3.48)

where m(¢) is the number of irreducible factors of the polynomial " + Y7 | ¢;a™ ™" € Z,[z].
Similarly, when 2 = p | fo, combining Proposition [78 and Proposition 83| yields that

n(n—1)

Bl jr < 5.9 |7, s
/TGWszfn(ZQ) m2(T)dTS8 2 Tl Vol(Ger, (Z2)) - Ifoly * - (3.49)

Next, for odd primes p 1 fo, Propositiongives an upper bound on Vol(&,) = fTer ) Y (T)dT.
Upon observing that m,(7") > 1, we deduce that the factor at p in (3.47)) is bounded by

w_p L 1 - +1 #Zp
/T s o mp((T)) dT < Vol(2,) < min {1, Z T Nol(G, (Z) - %} (3.50)

m=1
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If 2 =p1 fo, then we can use Proposition [73| to similarly deduce that

va(T) ~ 12 #Tg(m)
/T v 2y 1ol dT < Vol(25) <) 2 e (3.51)

m=1

3.4.3 The final step

By [80], the Tamagawa number of G, is equal to 2, so we have

Vol(Guy, (Z)\Gur, (R)) [ [ VOL(Gur, (Z,)) = 2. (3.52)

We can now apply Theorem[79} Lemma[80] and the bounds in (3.48)), (3.49), (3.50)), and (3.51)
to bound ([3.47)); combining the result with (3.44]) and (3.45)) gives a bound on § via (3.43]).
Then, simplifying this bound using (3.42) and (3.52)), we draw the following conclusions:

Case 1: 21 fo. When 21 fy, we have

n—1
., 2m+1 "1 #T(m)

o — My < Z A 2”771+m M<I(m)) . <Z on+m—1 ' 88n ) (3'53>
m=0 m=1

n(n—1) n
. p 2 p+1 #ZLp(m)
[[win {#g% @) }

pt2fo m=1

where u(Z(m)) = (2" - Xzﬁf—lz)*l . f(q( ..... Cn)e)z(m) dcy - - -dc, denotes the probability that a
H(c,e.., cn)<X

monic degree-n polynomial over R has 2m + 1 real roots, and where the implied constant is

independent of n. In ([3.53)), the archimedean factor is O(22), the factor at primes dividing
fo is O(1), and the factor at 2 is O(27").
We now bound the factor at odd primes not dividing f,. The following lemma allows us

to bound the factors at primes less than a small power of the degree n:

128



Lemma 84. We have for each fixred A € (0,1/3) C R that

11 ZPH #I )<<2‘“”52,

Qm 1
3<p<n4 m=1

where £1,e9 > 0 are real numbers that may depend on A.

Proof. We first estimate each factor in the product over primes. We split the sum at the
prime p into two ranges, one for m < %logn and one for m > %log n. We bound the sum

over m > %logn as follows:

Z p+1'#zp(m)§ Z p+1§2(p+1).
om—1 pn oam—1 \/ﬁ

%log n<m<n %log n<m<n

(3.54)

For the sum over m < %log n, we rely on the following result of Afshar and Porritt

Theorem 85 ([1, Remark 2.11)). Let p be a prime, and let 1 < m < logn. Then we have

the following uniform estimate:

#hm) L ot (o, () w0 ()

where the implied constant is absolute (i.e., does not depend on p), and where the function D,
is defined as follows. Letting T C (Z/pZ)[x] be the set of all monic irreducible polynomials,

we have that

z zydesS
D,(z) = EQ/p.z) where  E(z,z) = H (1 + 1—> (1 — xdeef),

F(l + Z) ’ teT — qpdegf

We now turn the very careful estimate in Theorem into a more easily usable form.

ZNote that a result of this type was first proven by Car in [42]; the dependence of the error term on the
prime p was made explicit in [1].
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First, notice that for any z € (0,1/2) C R and z € (0, 1) we have

2

<1+1Z_xx> (1-z)< <1+1Z_xx> -(1—zx)=1+%§1+x2. (3.55)

By Carlitz’s Theorem (see [43]), there are exactly p?~! monic separable polynomials of degree
d over Z/pZ, and hence at most p?~! monic irreducible polynomials of degree d over Z/pZ.

Using this together with (3.55]), we deduce that

B(1/p.2) < [J(+p2%) <[]0 +p27" (3.56)
fez d=1

To estimate the right-hand side of (3.56[), we take its logarithm and apply the bound log(1+
x) < x (which holds for x > —1):

- - 1
log (H<1+p2d)pd 1) Zpd 1 log +p Zpd 1. 72 _ ) (3'57)

el — p(p—1)

Taking p = 2 in (3.57)) and using the fact that I'(1 + z) > 1/2, we have for any prime p, any

1 <m <logn, and all sufficiently large n that

2 (o) 0 () =27+ (gap) < (8.58)

where e denotes the usual base of the natural logarithm. Upon combining (3.54)), (3.58)), and

Theorem [85] we find for all sufficiently large n that

~p+1 #L(m) _2(p+1) Ap+1) (zlogn)™
3 . < _ . (3.59)
m—1 n _ |
— 2 P vn 1<meTlogn n (m —1)!
2p+1) 4(p+1) 1, 6p + 6 8p
< L ealogn — < £
ST m T @ NN

where we have used the fact that Zl o L < e? for any x > 0 and integer N > 0. By Erdés’

proof of Bertrand’s Postulate, we have Hp N < 4N for any N > 3. By the Prime Number
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Theorem, for any € > 0, there exists an integer N > 0 such that for all N’ > N, the number
of primes less than or equal to N’ is at least (1 — ¢) - lojgv—/N, and is at most (1 + ¢) - logﬁ.
Combining this fact with (3.59)), we find for any fixed A < 1/3 and all sufficiently large n

(where “large” depends on A and ¢) that

1 gUHe) iogm . gn” .
I b et s <
] ()1~
for some real numbers e, 5 > 0. O

The following lemma allows us to bound the factors at the remaining primes:

Lemma 86. We have that

where the implied constant does not depend on n.

Proof. From (3.19)), it follows that

n(n—1) %

2
p =z 9 9 2
log——M — = —log(1 —p < 2. p <
5 6., T~ 2o <2 e

=1

(3.60)

where we have applied the bound —log(1 — x) < 2z, which holds for x € (0,1/2) C R. It is

not hard to check (by comparing derivatives) that z% < log(14p~2) for each p > 5. Thus,

n(n 1) 1
e

11 #9’9« (Z/pZ) (1+272)(1+373)

p>2

JJa+r2) <L O

p

It follows from Lemmas |84] and [86| that the factor at the odd primes not dividing fy is
O(2751"*) for some real numbers £y, > 0, so by (3.53)), we have § = pig, + 0(272). This
completes the proof of the second statement in part (a) of Theorem .

We now determine the smallest n for which our method yields that a positive proportion

of superelliptic stacky curves in V;, 5, (Z) are insoluble. To this end, let V], f,(Z)max be the set
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of forms f € V,, ¢,(Z) such that Ry ®z Z, is the maximal order in K; ®q Q, for every prime
p | fo and such that condition (b) in Proposition [6§| fails for some prime p | k. Let dyax be
the upper density of forms f € V,, s, (Z)max, enumerated by height, such that .7(Z) # @.
For each prime p | fo, instead of applying Propositions |78/ and [83| to obtain the bound ,
we can apply Proposition |77 together with the trivial bound m,(7") > 1; doing so yields the

following explicit bound on dpay:

S < 2. 22’“ L s | (3.51)
12 #Ga,(Z/8Z) #Ix(m o
(S 22 25 (i m)

Upon applying the estimates

2m + L 3 < 3 # I5(m)
Z S (m) <5 Z_Ou(y(m)) =5 and =<1, (3.62)
we deduce that .y . By explicitly computing #Jg( ) in sage

for n < 15, one can check that we also have ., < 1 when n € {11,13}. Since the density

of Vi to(Z)max in V,, 1, (Z) is positive, this completes the proof of the first statement in part
(a) of Theorem [61]

Case 2: 2| fo. When 2| fy, we have

n—1

n('n 1)
2 om +1 p+1 #I (m)
(3.63)

where the implied constant is independent of n. In (3.63)), the archimedean factor is O(272),
the factor at 2 is O(22), and the factor at primes dividing f; is O(1). It follows from

Lemmas |84] and [86| that the factor at the primes not dividing fy is O(271""*) for some real
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numbers €1,&3 > 0, 50 § = pys, + O(27°1"?) in this case. This completes the proof of part

(b) of Theorem [61]

Remark 87. In [60], it is shown that the density of real degree-N polynomials (not necessarily
monic) having fewer than log(N +1)/loglog(N + 1) real zeros is O((N + 1)) for some
absolute constant b > 0. We expect that one can imitate the proof of this density result
to obtain an analogous theorem for monic polynomials. Given such an analogue, it may be
possible to improve (albeit modestly) the bounds on § that we obtained above by bounding
the probability u(Z(m)).

3.5 Obstruction to the Hasse principle and the proof

of Theorem 62

In this section, we study how often superelliptic stacky curves satisfy the Hasse principle
using the method of descent. Specifically, upon defining the Jacobian of a superelliptic stacky
curve, we describe 2-coverings of such stacky curves, and we modify the proof of Theorem
to show that such stacky curves often have no locally soluble 2-coverings and thus fail the
Hasse principle. Upon showing that such a 2-covering obstruction to solubility is a special

case of the Brauer-Manin obstruction, we obtain Theorem [62]

3.5.1 The Jacobian of a superelliptic stacky curve

Given any (A, B) € W, (K) with «(A, B) = f™", we may regard A and B as quadratic forms
cutting out a pair of quadric hypersurfaces Q)4 and Qg in ]P”}{l. Let #(4,p) denote the Fano
scheme parametrizing ”T_3—dimension3ﬂ linear spaces contained in the base locus Q@4 N Qg
of the pencil of quadric hypersurfaces spanned by Q4 and ()p. The following proposition

states that .# 4 py is a torsor of the Jacobian of .%}:
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Proposition 88. Let (A, B) € W,(K) with «(A,B) = f™". Then, if #K is sufficiently

large, F () is a torsor over K of the Jacobian of the stacky curve .

Proof. The Jacobian of a stacky curve 2 is defined to be the 0*'-degree component Pic’(.2")
of the group Pic(Z") of divisors on 2" modulo principal divisors. Let Ky, be a separable
closure of K, and let 6y, ...,0, € Pj(Ksp) be the roots of f. Applying the correspondence
between isomorphism classes of line bundles and divisor classes to [40, proof of Proposition

30 — 30;)

2.2] yields that Pic’(.#}) is the group generated by the classes of the divisors (5

subject to the relations 2 - (%GZ — %0]-) =0for 1 <i<j<n;i.e., we have

Pic’(F}) = (Z/2Z){(36; — 16;) : 1 <i < j < n).

2

There is a natural right action of the absolute Galois group ¥ := Gal(Ky,/K) on Pic’(.#}):
for o0 € 9, we have (30, — 36;) -0 = (5(07" - 0;) — 3(c~ " - 0;)).

A result of Wang (see [122, Corollary 2.5]) implies that, as long as #K is sufficiently
large, the Fano scheme #(4 p) is a torsor over K of the 2-torsion subgroup J[2] of the
Jacobian J of the monic odd-degree hyperelliptic curve y? = f™"(z, 1). Thus, to prove that
F(a,p) is a torsor of Pic(.#}), it suffices to show that there is a @x-equivariant isomorphism
Pic’(.#;) ~ J[2]. But this is clear: the classes of (6; — 6;) for 1 < i < j < n generate

J[2](Ksep) over Z/27. O

Note in particular that the G, (K)-orbit of (A, B) is distinguished if and only if %4 p)

is the trivial torsor of the Jacobian of .#; (which happens if and only if (4 5)(K) # @).

Remark 89. As it happens, Proposition 88 admits an analogue for pencils of even-dimensional
quadric hypersurfaces; see the work of Wang [122] (generalizing previous work of Reid [95],
Theorem 4.8]), showing that when n is even, the Fano scheme of maximal linear spaces in
the base locus of a pencil of quadric hypersurfaces generated by a pair (A, B) € W,(K) is a

torsor of the Jacobian of the hyperelliptic curve cut out by the equation 2? = inv(x A+ yB).
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We conclude this section by explaining how to visualize the simply transitive action of
Pic’(#;) on F (4 p)(Ksep) from Proposition . For each i € {1,...,n}, let @; be the singu-
lar fiber lying over the point 6; in the pencil of quadrics spanned by Q4 and (Jg. Suppose
that T is generic, so that each of the quadrics @); is a simple cone with cone point ¢;. Let
Za.B)(Ksep) = {p1,...,pan1}, and for each £ € {1,...,2"7 1}, let p, denote the correspond-
ing linear subspace of IP’T}(;IP. We illustrate this in the case where n = 3 in Figure

We define an action of Pic’(.#}) on .#(4 g)(Kep) by first specifying how each (16;) acts on
Fa,B)(Ksep). Let Ly C P?{_lp be the linear span of the ”T_?’-plane P, and the point ¢; for each
pair (i, £). By [95, Theorem 3.8], there exists precisely one element p;) € F(a,5)(Ksep) N {De}
such that Piey C L;;. For each 17, let (%92) act on .# 4 gy by swapping p, and p;( for each
¢. Then for each pair (i,7), the divisor (%91 — %9]-) acts on F4 gy by swapping p, with
Di(j(e)) = Pj(ice)) for each . When n = 1, for example, the divisor (%91 — %02) acts on Z (4 p)

by sending (p1, p2, P3, p4) to (p3, pa, p1,P2), as we demonstrate in Figure .

3.5.2 Defining the Brauer—-Manin obstruction for .7p

Let f be a separable integral binary form of odd degree n > 3. While a suitable theory of
Brauer—Manin obstruction for stacks remains to be developed, such a theory is not required
in the context of superelliptic stacky curves. Indeed, we can exploit the fact that the stack
< is defined as a quotient of the punctured affine surface S ¢ (see ), where the usual
theory of the Brauer—Manin obstruction for varieties applies.

Let Spg = S; ®7 Q, and let S;g(Ag)P" denote the usual Brauer Manin set of the Q-

variety S ro (see |41, §1] for the definition). Let
Sp(hg)™ =[] 5:(Z.) (3.64)

be the set of adelic points of S s that are integral in every place (i.e., the set of everywhere-

primitive adelic solutions to the superelliptic equation 22 = f(x,y), or equivalently, the set
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Figure 1: The pencil of conics spanned by Q4 and @ in P%(scy with singular fibers (),
()2, and @3 having cone points ¢i, g2, and g3, respectively. In this case, F (4 p)(Kep) =
QaNQp = {p1,p2,p3,ps}. The dashed arrows display the action of the degree-0 divisor

(%01 — %‘92) on ﬁ(A,B}
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of everywhere-integral adelic points on the stacky curve .#). With this notation in place,

we define the Brauer-Manin set of .7y by
Z1(Ag)™ = 57(Ag)™ N Sy (Ag)™, (3.65)

and we say that .#s has a Brauer—Manin obstruction to having an integral point if its Brauer—
Manin set is empty (i.e., if #;(Ag)® = @).

Because we have defined .(Ag)P" as a subset of S r0(Ag)P", we can use the method
of descent as laid out for open varieties in [41] to obtain a set-theoretic “upper bound” on
Z#(Ag)P". Indeed, suppose that we have a torsor p: Z — S +o by a group of multiplicative

type or connected algebraic group I' (all defined over Q). Let

Sralh) = | #1(Z°(80)) (3.66)
c€H (%, (Q))
be the descent set of p, where p?: Z79 — S +q is the twist of p: Z — S +o by a 1-cocycle repre-
senting o € H'(%y, 1(Q)). Since S .0 1s smooth and geometrically integral, [41, Theorem 1.1]
implies that
Sra(8g)™ C Srg(Ag)”. (3.67)

It follows from (3.65) and (3.67) that .y has a Brauer-Manin obstruction to having an
integral point if it has an obstruction to descent by I'-torsors in the sense that we have

S;(Ag)™ N Sro(Ag) = 2.

3.5.3 2-Coverings

Let K be a field of characteristic not equal to 2, let fo € K, and let f € V,, 5, (K) be separa-
ble. Let 6y, ...,0, € Ky be the distinct roots of the polynomial f(x,1), and for each o € ¥k
and i € {1,...,n}, let 0(i) € {1,...,n} be defined by 0,4y = o(6;). Let §f and .% respec-

tively denote the corresponding punctured affine surface and stacky curve (which are now de-
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fined over K, as opposed to Z). In this section, we specialize the discussion of descent in
to the case where T is equal to the Jacobian Pic(.%}) of .7} (see §3.3)). Notice that Pic’(.%)
is a group of multiplicative type, because over K, it is isomorphic to a finite product of
copies of Z /27 and is thus diagonalizable. Thus, we can apply to Pic’(#})-torsors.
A Galois étale covering defined over K with Galois group isomorphic to PicO(Yf) as
“-modules is called a 2-covering. Our strategy for describing the 2-coverings of S ¢ 1s to
describe the 2-coverings of .y and pull back along the quotient map S = [§ t/Gn] = 5.
We now briefly recall the results of |37 §5], in which Bruin and Flynn explicitly construct all
2-coverings of .%; up to isomorphism over K (see also [38, §3]). Consider the projective space
IP’”K’l with homogeneous coordinates [Z; : - -« : Z,] such that ¥k acts on Z; by o - Z; = (i)
The distinguished covering is defined to be the closed subscheme C' C P%! cut out by the

homogeneous ideal
I' = (0= 0,)(Z; = Z3,) — (00— 0n)(Z7 — Z2) iy 5,6, m € {1,... . n}).

Let 7': C' — P be the map defined by

6,22 — 6,27
T2y Zy)) = 2o 0
72— 72

for any distinct i,j € {1,...,n}. For each class a € H'(%,Pic’(.#})), the twist of
7l C' — Pk by « is given explicitly as follows. By [15, last paragraphs of §4.2 and
§5.1], H* (%, Pic’(#;)) can be identified with (KF/KFQ)NEM so we may think of a as
being an element of (Kf/Kf“)NEl. Let (aq,...,a,) be the image of a under the map
K7 /Kf2 — ((Ksep)X/(Ksep)“)n given by taking the product of the distinct embeddings of
each field component of K; into Kyp,. Then the twist of C! by « is the closed subscheme

C* C P! cut out by the homogeneous ideal
I* = ((9Z — 0 (wZf — anZ2) — (00 — 0,) (0, Z7 — oszf) ci, 5, 0me {1, ... ,n}),
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and the twist of 7': C' — Pk is the map 7*: C* — P} defined by

O‘([Z 7 ]) ‘9]062212 — QZOZJZJz
s 1 dyl|) =
O,/ZZ,L2 — Oéij2

for any distinct 4,7 € {1,...,n}. The following theorem enumerates the basic properties of

the maps 7@: C* — P}
Theorem 90 ([37, Lemma 5.10] and [38, §3.1]). With notation as above, we have:

(a) For each a € (K /K;Q)Nzl, the scheme C,, is a smooth, geometrically irreducible, pro-

jective curve of genus ”T’l SonT2 _3.9n 3

(b) The action of Gk leaves both I* and 7 invariant, so the map 7*: C* — P is defined

over K;

(¢) The map m* is a covering map with Galois group generated by the automorphisms 7;: C* —

C* defined by Z; — —Z; for eachi € {1,...,n}; and

(d) We have that degm® = 2"~ that #(7*)~1(0;) = 2"2, and that #(7%)  (a) = 2" for
each a € P (Kyep) N {01,...,0,}.

We now demonstrate that the map 7 can actually be thought of as a 2-covering 7: C'* —

;.

Proposition 91. For any o € (Kf/KfQ)NEb the map 7 factors through the coarse moduli

map Sy — P} to give a 2-covering ®: C* — ;.

Proof. Recall that a finite étale cover of .#} is the pullback via .y — P of a finite cover of
its coarse moduli space Pk that is ramified with ramification index 2 at every point in the
preimage of 0; € P (Kyp) for each i (to account for the fact that .#f has a 3-point at each
0;) and unramified everywhere else. It follows from part (d) of Theorem [90| that the branch

locus of the map 7* consists precisely of the points 6; and that each point in (7%)~(6;) has
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ramification index 2. Thus, the map 7 factors through the stacky curve %, giving an étale
map 7*: C% — S,

By parts (b) and (c) of Theorem to prove that 7% is a 2-covering of .y over K, it
suffices to show that the group generated by the automorphisms 7; is isomorphic to Pico(jﬂf)
as Yr-modules. Let J denote the Jacobian of the monic odd-degree hyperelliptic curve
y? = f™"(z,1). We claim that the map 7; — (6; — 00) € J[2]|(Ksep) defines a ¥x-equivariant
isomorphism of groups. To see why this claim holds, note that the group generated by the

automorphisms 7; is isomorphic to

(Z/QZ)@,...,m/ (HT = 1)

and the action of 0 € ¥k on 7; is given by o - 7; = 7,-1(;), because the action of o on Z; is

defined to be 0(Z;) = Z,(;). On the other hand, we have that
T () = E/22)((61 = )., (00 ) / (Z(@ - oo))
i=1

and the action of 0 € Yk on (0; —c0) is (6; —o0) -0 = (07" -0, —0 - 00) = (0p-13;) — 0).
Thus, we have the claim. The proposition now follows from the fact that J[2] ~ Pic’(.#})
as Yx-modules (see the proof of Proposition . O

Remark 92. Note that two coverings 7% : C* — % and 7*?: C*? — .} are isomorphic

(as coverings of . defined over K) if and only if a; and s represent the same class in
(K7 /K7 )N

Let (20, Y0, 20) € L5(k), and let a € K be the element associated to the point (o, Yo, 20)
via the construction in . By , we have that

xo — Oyo if 29 # 0,

ﬁ(?/oea Yo) + (xo — Oyo) if 29 =10
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where fis as in (3.3). With this notation, we have the following result, which tells us which

2-covering of .} has the property that (xg, yo, 20) lies in the image of its K-rational points:
Lemma 93. We have that (o, yo, 20) € 70*(CT*(K)) C S4(K).

Proof. First suppose 29 # 0. By construction, the point [1:1:---: 1] € C/0*(K) satisfies

wfo'a([l 1) = 0;(fo - i) = 0:i(fo - o) _ 0; - folzo — biyo) — 0: - folxo — O;y0)

fo-oi — fo-aj Jo(zo — Oiyo) — folzo — O590)
(3.68)

= [z : yo] € P (K) = S4(K).

Now suppose zg = 0. Then one readily checks that the calculation in (3.68]) goes through by

replacing [1:1:---: 1] with the point [0:1:1:---:1] € Cfoo(K), O

We have thus completed our description of the 2-coverings of .%y. The 2-coverings of S f

are precisely the pullbacks of the coverings 7¢: C* — %} via the quotient map S = S

3.5.4 Proof of Theorem [62]

Let f € V,, 4,(Z) be irreducible, let o € (K7 /K fX2)N51, and consider the associated 2-covering

7TC|(

: CY — S over Q. We say that the 2-covering 7 is locally soluble if for every place v
of Q, there exists a point P, € #4(Z,) such that the number «, associated to P, via
is such that fy - «, is equal to the image of @ under the natural map (KfX/KfXQ)Nzl —
(K ®g Qu)* /(K ®g Qy)*?)n=1. (Notice that in this situation, P, € 7*(C*(Q,)) by
Lemma [93]) Just as Bruin and Stoll did for hyperelliptic curves in [39, §2], we define the fake
2-Selmer set Sel?, () C (K;/KFQ)NE]_ to be the set of locally soluble 2-coverings of .%.

We claim that each element o € Sel?, (%) gives rise to an orbit of G, (Z) on W, (Z),
the associated G, (Q)-orbit of which is represented by the class o € (K} /K ;2)1\1;1. For each
place v, let P, € #4(Z,)N7*(C*(Q,)). Then via the construction in §3.2] P, naturally gives

rise to an orbit of G, (Z,) on W, (Z,), the associated G, (Q,)-orbit of which is represented
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by the class @ € ((K; ®g Q,)*/(K; ®g Q,)**)n=1. Since the algebraic group G, has
class number equal to 1, and since the orbit of G, (Q,) on W, (Q,) associated to « has a
representative over Z, for every place v, it follows that the orbit of G, (Q) on W, (Q) has
representative over Z. Thus, we have the claim.

In the next lemma, we relate the fake 2-Selmer set to the Brauer—-Manin obstruction:

Lemma 94. If Sel;,.(-7;) = @, then #; has a Brauer-Manin obstruction to having an

integral point.

Proof. Let w: C' — gf@ be any 2-covering. We have by (3.64)), (3.65)), (3.66)), and ([3.67) that

F(hg)P" C Sp(hg)™ N Spo(hg)™ = <H yf@)) N U m(C%(Ag))
v a€H (%, Pic® (74)(Q))
c U =4,
and clearly the last union above is empty if Selz,,(-7;) = @. O

In proving Theorem , we imposed local conditions on W, (Z) to sieve to the orbits that
arise from local points at each place. By definition, the exact same local conditions define
orbits that arise from elements of fake 2-Selmer sets. Moreover, if f € V,, 1 (Z) \ V,, 1, (Z)*,
Proposition implies that the distinguished covering is not everywhere locally soluble.

Thus, by the argument in §3.4] we have the following result:

Theorem 95. The upper density of forms f € V,, ;,(Z) such that Sel,, (.7;) # @ is at most

s, +0(27%) when 21 fo and at most pg, + O(2751") for some e1,€9 > 0 when 2 | fo.

To prove Theorem , it remains to determine how often it is that the stacky curves ./

have integral points everywhere locally. We do so as follows:

Lemma 96. The density of forms f € V,, ,(Z) such that ¢(Z,) # & for every place v is

at least pi'y + O(27").
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Proof. By , we always have .7 (R) # @. If there is no prime p | k such that f(zo,y0) =0
for every [z : yo] € PY(Z/pZ), then for any prime p | k, there exists a pair (z, y9) € Z* such
that ged(zo, yo) = ged(f (0, %0), ) = 1, 50 (z0f (x0,y0), Yo f (o, o), f (0, %0) "% ) € F4(Zy).
On the other hand, if p | £ and the mod-p reduction of f has a simple zero at some point of
PY(Z/pZ), then .#; has a Weierstrass point over Z, and is thus soluble. Moreover, for any
prime p such that p{ &k but p | fy, we have (k, 0, foék%) € Y (Z,), and for any prime p 1 fo,
we have (fO,O,fOnTH) e S (Z,).

If p | k, the p-adic density of forms f € V,, s, (Z) such that the mod-p reduction of f has a
zero of multiplicity greater than 1 at each point of PY(Z/pZ) is p~2*~ 1 if 2p+2 < n and p™"
otherwise. Thus, the density of forms f €V, s, (Z) such that .#;(Z,) # @ for every place v

is at least [[ (1 —p~~1 —p™) = s, + O(27"). O

It follows from Theorem and Lemma that for all sufficiently large n, a positive
proportion of f € V,, ,(Z) are such that Self,, (.#;) = @ and .7}(Z,) # @ for every place v.

Indeed, we have that

(1- :ufo) + (ﬂlfo +0(27™")=1- H I% + H (1 _ pzi.H) + 0(2,%)’

plk plk

which is greater than 1 for every sufficiently large n. Theorem [62Jnow follows from Lemmal[94]
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Chapter 4

The second moment of the size of the

2-Selmer group of elliptic curves

This chapter is largely based on my joint work [28] with Manjul Bhargava and Arul Shankar.

4.1 Introduction

Let f be a separable integral binary form of even degree n > 4. In this chapter, we prove
that 2-Selmer elements of the Jacobian of the hyperelliptic curve 2% = f(z,y) give rise to
square roots of the class of the inverse different of R, and we apply the parametrization of
such square roots developed in §1|to prove new results about the distribution of the 2-Selmer
groups of hyperelliptic Jacobians. Specifically, we resolve two new cases of the Poonen—Rains
heuristics [92] by proving that the average size of the 2-Selmer group of locally soluble genus-
1 curves is at most 6, and that the second moment of the size of the 2-Selmer group of elliptic
curves is at most 15. Crucial to the proofs of these results are new equidistribution techniques
involving Fourier analysis that allow us to overcome the dependence of the parametrization

on the leading coefficient.
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4.1.1 Statements of main results

Recall that every elliptic curve over QQ is isomorphic to a unique curve of the form

where I,J are integers satisfying the following three conditions: 3 | I, 27 | J, and for
every prime p, we have that 3p* t I if 27p® | J. The height of E’/ is defined to be
H(EY):=H(I,J) = %max{|[|3, J?/4}.

In [22,24,26/27], Bhargava and Shankar determined, for each n € {2,3,4,5}, the average
size of the n-Selmer group in the universal family of elliptic curves over QQ ordered by height.
The purpose of this chapter is to prove an analogous result for the second moment of the

size of the 2-Selmer group. Specifically, we prove the following theorem:

Theorem 97. When elliptic curves over Q are ordered by height, the second moment of the

size of the 2-Selmer group is at most 15.

In fact, we prove that Theorem [97|holds for any subfamily of elliptic curves defined by any
finite set or any acceptable infinite set of congruence conditions, and further that the upper
bound of 15 is tight if one assumes a certain plausible uniformity estimate. Currently, the
best lower bound that we know on the second moment is 10. Indeed, since 22¢ > 6 x 2¢ — 8,
where d denotes the 2-Selmer rank, and since the average size of the 2-Selmer group is 3
(by [26, Theorem 1.1]), we obtain the lower bound 6 x 3 — 8 = 10 on the second moment.

A key ingredient in the proof of Theorem [97]is the determination of the average size of

the 2-Selmer group of the Jacobian of locally soluble genus-1 curves:

Theorem 98. Consider the family of locally soluble genus-1 curves of the form z* = f(x,y),
where [ is an irreducible integral binary quartic form up to PGLy(Q)-action. When these
curves are ordered by the heights of their Jacobian elliptic curves, the average size of the

2-Selmer group of the Jacobian is at most 6.
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Theorems [97] and (98 confirm remarkable heuristics due to Poonen and Rains (see [92],
cf. [20]), who modeled the p-Selmer group, where p is a prime, as a random intersection of a
discrete maximal isotropic subspace with a compact open maximal isotropic subspace in a
locally compact quadratic space over the finite field F,. Using this model, they arrived at a
conjecture for the distribution of the p-Selmer group of elliptic curves. As far as the moments

of the distribution are concerned, Poonen and Rains made the following precise prediction:

Conjecture 99 (|92, Conjecture 1.1(c)]). Let p be prime. The m'™ moment of the size of

the p-Selmer group of elliptic curves over Q is [/~ (p" + 1).

The only cases of Conjecture that have been proven in the literature are the cases
where m = 1 and p € {2,3,5} (see [24}26,27]). Theorem [97| constitutes the very first result
toward Conjecture [99 in the case where m > 1. We note that the distribution of the p-
Selmer group conjectured by Poonen and Rains is also expected to hold for various special
families of elliptic curves, and for p = 2, significant progress has been made toward proving
the conjecture for such families: In [69], Heath-Brown determined the distribution of the
2-Selmer group for the family of congruent number curves, and Swinnerton-Dyer (see [118§])
and Kane (see [74]) showed that the same distribution holds for any family of quadratic twists
of a single elliptic curve with full rational 2-torsion. Considerably more is known about 2-
Selmer groups in quadratic twist families; see, for example, the works of Klagsbrun, Mazur,
and Rubin computing the proportion of twists of a given elliptic curve £ with even 2-Selmer
rank [76] and, when the 2-torsion of E generates an Ss-cubic field, the proportion of twists
with given 2-Selmer rank [77], as well as the very recent work of Smith [112] determining
(under certain technical conditions) the distribution of the 2*-Selmer group in quadratic

twist families of elliptic curves for every k > 1.
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4.1.2 Background on hyperelliptic curves and their Selmer groups

Let C'/Q be a hyperelliptic curve of positive genus ¢g. Recall that C' is isomorphic to a curve

of the form

Cr: 22 = f(x,y) = for™ + fra" y 4+ fuy™,

where n = 2g + 2 and the binary form f = f(x,y) is separable with integer coefficients f;,
and where we regard Cy as a curve embedded in the weighted projective plane Pg(1,1, g+1)
with coordinates [z : y : z].

Let J = Jac(C') be the Jacobian of C; if C' = Cy, we write J; = Jac(Cy). Recall that
an n-covering of J is an unramified covering 7: Y — J by a principal homogeneous space
Y for J, all defined over @, with the property that w(y 4+ a) = 7(y) + na for any y € Y and
a € J. The degree of any n-covering is n?9, and the fiber over the origin gives a principal
homogeneous space for the n-torsion subgroup J[n]. The class of this homogeneous space in
the Galois cohomology group H'(Q, J[n]) determines the n-covering 7 up to isomorphism.

We say that a variety over Q is soluble if it has a point defined over Q and locally
soluble if it has points defined over R and over Q, for every prime p. The elements of
the n-Selmer group Sel,,(J) C H'(Q, J[n]) are in bijection with the isomorphism classes of
locally soluble n-coverings of J; under this correspondence, the elements of the subgroup
J(Q)/nJ(Q) C Sel,(J) map to the isomorphism classes of soluble n-coverings of .J.

An n-covering of C'is an unramified covering 7: D — C defined over QQ that is Galois
over Q and whose Galois group is isomorphic to J[n](Q) as a Gal(Q/Q)-module. If C is
soluble, then the Abel-Jacobi map realizes C as a subvariety of J, and pullback under the
inclusion C' — J defines a bijection between the n-coverings of J and those of C. When

g = 1, this bijection preserves both solubility and local solubility.
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4.1.3 Method of proof and organization

Computing the second moment of | Sely(E)| amounts to determining the average size of the
set Sely(E)? of pairs (my,T2) of isomorphism classes of locally soluble 2-coverings of E. We
start by giving a simple heuristic for why the second moment of | Sely(E)| should be 15. To do

this, fix a locally soluble 2-covering 7; of an elliptic curve E, and consider the following cases:

Case 1: Suppose m; corresponds to the trivial element of Sely(E). Then E can be arbitrary,

and |26, Theorem 1.1] implies that there are 3 choices for 7 on average.

Case 2: Suppose m; corresponds to a non-trivial element of Sely(E). Then |26, Theorem 1.1]
implies that there are 2 choices for m; on average. Moreover, the elliptic curve E cannot
be arbitrary—it has a marked non-trivial 2-Selmer element, namely the one corresponding
to m;. We expect that this marked element gives an extra generator for the 2-Selmer group
100% of the time, and so, there should be 2 x 3 = 6 choices for 75 on average, twice as many

choices as in case 1.

Combining the results of cases 1 and 2, we conclude that there should be a total of 1 x 3 +
2 x 6 = 15 choices for the pair (7, m) on average, as desired.

Our proof of Theorem (97| essentially makes the above heuristic rigorous. To compute the
average number of pairs of locally soluble 2-coverings of elliptic curves, we apply an enhanced
version of the parametrize-and-count strategy used in [22,2426,27] to determine the average
value of |Sel,(E)| for n € {2,3,4,5}. Our strategy consists of two pieces: an algebraic
piece, in which one parametrizes the objects of interest in terms of the rational orbits of
a certain coregular representation and constructs integral representatives for these orbits;
and an analytic piece, in which one combines geometry-of-numbers and equidistribution
techniques to count these integral representatives.

To parametrize pairs of locally soluble 2-coverings, we start by recalling the parametriza-
tion of individual locally soluble 2-coverings in terms of PGLy(Q)-orbits of binary quartic

forms over Q. For a binary quartic form f € Q[z,y|, we call f (locally) soluble if C} is.
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Letting £ = E™/ for integers I, J, the parametrization states that the map f +— C; defines
a bijection between the set of PGLy(Q)-orbits of (locally) soluble binary quartic forms with
PGLy-invariants I, J and the set of isomorphism classes of (locally) soluble 2-coverings of E.

Our task is then to parametrize pairs (f, ') of locally soluble binary quartic forms that
have the same invariants I,J. We do this by fibering over the first element of the pair.
Fix a locally soluble binary quartic form f € Q|x,y] with invariants I, J. Let us first con-
sider the case where f is in fact soluble. Here, the set of locally soluble binary quartic
forms f' € Q|x,y] with invariants I, .J is in bijection with the locally soluble 2-coverings
of C (i.e., elements of Sely(J¢)), or equivalently, locally soluble 4-coverings of E (i.e., ele-
ments of Sely(F)). As shown in [122], such coverings naturally correspond to certain orbits
of the group (SL4/u2)(Q) acting via change-of-basis on pairs (A, B) € Wy(Q) such that
t(A,B) = f. Thus, we may parametrize pairs (f, f’) of binary quartic forms, where f is
soluble and f’ is locally soluble, in terms of (SLy /u9)(Q)-orbits of pairs (A, B) € W4 (Q)
such that (A, B) = f.

The case where f is not soluble is far trickier, because locally soluble binary quartic forms
[ € Q[z,y] with the same invariants as f are not always realizable as pairs (A, B) € W4(Q)
satisfying ¢(A, B) = f. Indeed, as shown in [17], such a pair (A, B) might not even exist if
f is insoluble over Q! To circumvent the possibility that f might not be soluble, we simply
manufacture a Q-rational point by replacing f with its monicization f™°", which is defined
as follows: letting fy # 0 be the leading coefficient of f, we write f™" := fi* x f(x, foy).
The soluble genus-1 curve Cjmen is a quadratic twist of C'y by Q(+v/fy), and its Jacobian is the
elliptic curve E/61/67; we thus obtain identifications E77[2] ~ E/8T/57(2] and J[2] =~ Jsmen[2]

of group schemes over Q. These identifications induce isomorphisms

HY(Q, B [2]) ~ HY(Q, E%137[2]),  and (4.1)

HY(Q, Jy[2)) = HY(Q, Jymn[2)) (4.2)
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in Galois cohomology. The isomorphism (4.1) maps the classes of the locally soluble 2-
coverings defined by f and f™" to each other. The isomorphism allows us to identify
locally soluble 2-coverings of J; with certain 2-coverings of Jmen; crucially, we show that the
2-coverings of Jymen arising in this way correspond to (SLy /p2)(Q)-orbits of pairs (A, B) €
W4(Q) such that ¢(A, B) = f™" and further that these orbits have representatives defined
over Z (up to a bounded factor). More precisely, we have the following result, which holds

for binary forms of any even degree n and which we prove in §4.2}

Theorem 100. Let f € Z[x,y| be a separable binary form of even degree n, and suppose

that Cy is locally soluble if n =0 (mod 4). There is a natural injective map of sets

(SLy, /u2)(Q)-orbits of (A, B) € W, (Q)
Sely(J;) —— (4.3)

such that (A, B) = f™n"

Moreover, there exists an integer k > 1 depending only on n such that if we replace the
binary n-ic form f(x,y) with g(x,y) = f(z, Kky), then the (SL, /us2)(Q)-orbit arising from an

element of Sely(J,) =~ Sely(J¢) contains an integral representative of the form (<7, B).

Let f be as in Theorem (100, To prove the theorem, we first show that the elements of
Sely(Jy) correspond to square roots of the ideal class of the inverse different of R;. We then
d]

apply the parametrization developed in which relates square roots of the class of the
inverse different of Ry to pairs (A4, B) € W,,(Z) such that (A, B) = fm™".

Once the parametrization has been established, and pairs (f, f') of 2-Selmer elements of
elliptic curves have been mapped into (SLy /p2)(Z)-orbits (equivalently, PSO, (Z)-orbits; see
of pairs (7, B) with (<7, B)(x,y) = f™"(x, ky), we must then estimate the number
of these orbits having bounded height. The analysis required to do this is considerably more
complicated than that developed in previous works, such as [22] or [24], since the current
parametrization is not in terms of orbits for a group acting on a single lattice, but rather for

a group acting on a family of increasingly sparse subsets of a lattice. Indeed, fix an integer
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a # 0. Then the set of forms f™" as f varies across binary quartic forms az* + ---, has
density a=% in the set of all monic binary quartic forms. Hence, we expect that the set of
pairs (<7, B) satisfying (., B) = f™" for some f(x,y) = ax®*+--- also has density around
a~% in the set of all pairs (#, B).

The leading coefficient a of f grows with the height of the elliptic curve in question.
In more concrete terms, let E = E’/ be an elliptic curve such that H(E) = X°. (For the
purpose of developing heuristics, this happens to be the most convenient height normalization
to take; there are < X? elliptic curves with height < X%.) The set of non-trivial elements
in the 2-Selmer group of E (up to some slight subtleties at the prime 2 that we will ignore)
admits a surjective map from the set of PGLy(Z)-orbits on the set of locally soluble binary
quartic forms f having invariants [ and .J, such that f has no rational linear factor. By
definition, the height of each such form f is also X% Reduction theory then implies that
the PGLy(Z)-orbit of f has a representative g(z,y) = az® + bx3y + cx’y* + dzy® + ey?, the
coefficients of which satisfy the bounds

la| < ?4 b < ?2 ol < X, |d <X, || <t'X,

where ¢t > \4/§/ V2 is necessarily < X /4 for otherwise a is forced to be 0. In the balance
of this section, we will assume that ¢ = 1 for the following reasons: this will simplify the
notation considerably; the number of points when ¢ is large is negligible; and for small ¢ # 1,
the proof is identical to the proof when t = 1.

The monicization f™" has coefficients 1, b, ac, a®d, and a3d, which satisfy the bounds
b < X, Jac) < X2, |a%d| < X?, |aPe| < X*.

Therefore, any lift (<7, B) with (<7, B) = f™" has a representative (<7, B) in its PSO, (Z)-
orbit such that the coefficients b}; of B are all bounded by some constant times X, multiplied

by some cuspidal factors that are easily bounded. Furthermore, the element B’, like f, sat-
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isfies congruence conditions having density around a~°. (This density is asymptotic to a°
when a is squarefree, but the situation is more complicated when a is divisible by a high
power of a prime and is addressed in Lemma [146]) As we show in §4.3] one key feature of
the parametrization is that these congruence conditions are actually defined modulo a, and
not some higher power thereof. A matrix B € U,(Z) satisfying these congruence conditions
modulo a is said to be special at a. The condition of being special at a squarefree integer
a is beautifully explicit: namely, B must be of rank < 1 modulo a (i.e., B must be of rank
< 1 modulo p for every prime p dividing a). On the contrary, the specialness condition at
prime powers is significantly more involved.

Our task is now to determine, for each nonzero a < X, an asymptotic for the number
of PSO,(Z)-orbits on pairs (<, B), where the “height” of B is bounded by X and B is

special at a. We must then sum this asymptotic over a. Heuristically, the total sum is

=) a X" < X,
axX
This is exactly what we expect, and if made rigorous, could be used to show that the second
moment of the size of the 2-Selmer groups of elliptic curves is finite.

However, there are several difficulties in carrying out this strategy. The first is that we
need to keep precise control over the error dependence on both X and a. When a is around
the size of X, this requires some additional methods going beyond the use of Davenport’s
lemma. After introducing the necessary setup in §4.4) we achieve this in for squarefree
a by proving that special points are equidistributed modulo a; this is carried out via twisted
Poisson summation together with a computation of the Fourier coefficients of the set of
points special at a. This method proves the correct asymptotic along with a sufficiently
small error term that is explicit in both X and a.

Other difficulties arise in the cases not covered above. First, and less seriously, equidis-

tribution methods are not as readily available when a is a multiple of p? for some prime p,
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since in this case we do not have sufficiently explicit descriptions of special elements. While
this difficulty can be circumvented using the scale invariance of specialness, we choose to
resolve it in a way that simultaneously handles the next difficulty.

The second difficulty, which is far more serious, is the following: the “height” function by
which we need to count the elements B is not a natural one (hence the scare quotes around
the word “height”). Essentially, we must take the naive height on elliptic curves, which
yields a PGLy(Z)-invariant height on the space V4(R) of binary quartic forms. We must
then restrict this height, appropriately scaled, to the space V;(R) of monic binary quartic
forms. Finally, we must lift the height from V;(R) to the space W, (R) of pairs (<, B),
where B has real coefficients.

To see why this produces an unnatural height on W, (R), consider the situation when a =
1. In this case, elements in a fundamental set for the action of PGLy(R) on V4 (R) with leading
coefficient 1 and height less than X consist of polynomials f(x) = z* + bx® + c2? + dx + e,

the coefficients of which satisfy the bounds

bk X, ek X, d< X, exX.

When such a region is lifted to W, (R), we obtain a set of elements B, the anti-traces of
which can be as large as their determinants. Such a region is necessarily quite skewed, and
neither Davenport’s lemma nor our Fourier analytic methods suffice to count integer points
within it while obtaining a sufficiently tight error term. It is not necessary to lower a all
the way down to 1: even when a is around X'7* with x > 1/12, the associated region in
W, (R) is far too skewed, and we are unable to efficiently count integer points in it.

We resolve this problem in as follows. Let a be an integer that is small compared to
X, say a < X' for some x > 0. Then the set of elements in V;(R) with “height” less than

X consists of polynomials f(z) = z* + ba® + ca? + dx + e, where the coefficients of f satisfy
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the bounds

b X, e X" d< X377 e X138,

These bounds, as explained before, lead to skewed regions upon lifting to W, (R). Instead,
we consider the region inside V;(R) consisting of elements f(z,y) = a'z* + bxdy + cx’y* +

dxy® + ey?, where the coefficients satisfy the bounds

d <X b X, c< X d< X, e X (4.4)

Our goal is now to bound SL4(Z)-orbits on pairs (A, B) € W4(Z) such that: the form ¢(A, B)
satisfies the coefficient bounds ; det A = 1; and B is special at a. This is possible using
traditional geometry-of-numbers methods, since the lift of the set of elements satisfying
to W4 (R) is not skewed. Moreover, since we only require upper bounds in this case, it suffices
to obtain a minimal saving from the condition det A = 1.

We note that this unskewing process, wherein we expand the set of elements in V;(R)
having bounded height, actually requires the action of SL, on W; just having an action of
PSO,, on W, would not suffice. When the powerful part of a (the product of prime powers
dividing a with multiplicity greater than 1) is large, we similarly use the action of SL4(Z)
to obtain upper bounds on the number of PSO, (Z)-orbits on W, (Z) with bounded height
that are special at a. These upper bounds, both when a is small and when the powerful
part of a is large, are not optimal. However, we show that because such integers a appear as
leading coefficients relatively rarely, their contribution to the second moment is negligible.
Consequently, for the purpose of computing the second moment, it is enough to determine
asymptotics for the number of PSO,, (Z)-orbits on W, (Z) of bounded height that are special
at a for those leading coefficients a that are both close to X and close to squarefree. As
described above, we carry this out using equidistribution methods.

This results in an upper bound on the second moment of the size of the 2-Selmer group

of elliptic curves in terms of a product of local integrals. We finish in by evaluating
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these integrals using a mass formula.
Up to some factors of 6 (see §4.2.2.3]for details), we show in §4.2]that when n = 2 (mod 4)
or when f is locally soluble, the 2-Selmer elements of Jac(Cy) naturally give rise to square

roots of the ideal class of the fractional ideal ]?_2 (where R = Z, Q, or a completion thereof).

4.2 Parametrization of 2-Selmer groups of hyperelliptic
Jacobians

The purpose of this section is to prove Theorem [I00] We begin in by constructing
rational orbits from 2-Selmer elements. This construction of rational orbits can be regarded
as a reformulation of a result of Stoll and van Luijk, namely [115, Theorem 1.1], in terms of
the action of SL,, /19 on W. Crucially, we show in that the rational orbits arising from
2-Selmer elements have integral representatives, thus allowing us to use geometry-of-numbers

methods to count 2-Selmer elements.

4.2.1 Construction of rational orbits via Galois cohomology

In this section, we first rephrase the parametrization of rational orbits in Proposition [21]in
the language of Galois cohomology. We then apply this rephrasing to construct the desired

rational orbits from 2-Selmer elements.

4.2.1.1 Reinterpreting the parametrization using Galois cohomology

Take a pair (A, By) € W,(K) with ¢(A4, By) = f™". Applying Proposition[21]to the separable
closure K, of K, we see that there is a unique (SL,, /u2)(Ksep)-orbit on W, (Kp) with
resolvent f™". Let (A, By) € W,,(Kyep) be a representative of this unique (SL,, /o) (Ksep)-
orbit. Then there exists g € (SL, /u2)(Ksep) such that (A4, By) = ¢ - (Ay, By). For any
0 € Gal(Kep/K), we have that (A, By) = 7g-(Ay, By),s0 g7 '7g € Stabsw, /us)(keep) (Af: By),
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and the map o — ¢g~'7¢g defines a 1-cocycle on Gal(Kyep/K) with values in

Stabst,, /N2)(Ksep)(Af7 By) ~ ((RQSKf/K Mz)Nzl/m)(Ksep),

the cohomology class of which depends only on the (SL, /u2)(K)-orbit of (A, B) and has
trivial image under the map dx: H' (K, (Resk, /i piz)n=1/2) — H'(K,SLy /p2). This con-

struction defines a bijection

{ (SL,, /p2)(K)-orbits on W, (K') with resolvent fme" } ¢— kerdg. (4.5)

From the long exact sequence in cohomology of the short exact sequence

~
—_

l — (RGSKf/K f2)N=1/ph2 — Resk, /i fha/ 2 A M2

we obtain the following surjective map:

¢: H'(K, (Resk, /i pr2)n=1/p2) — ker (N: H' (K, Resg, /k pio/p2) — H' (K, p12))
(4.6)
As shown in [16, §4.4], the subset ¢~ (K[ /K;?K*)x=1) C H'(K, (Resk,x fia)n=1/12)
lies in kerdg, so to prove that a class in H'(K, (Resg, /K f12)x=1/p2) corresponds to an
n /2 -orbit on W, with resolvent under the bijection (4.5)), 1t sutfices to
SL, K)-orbit on W, (K) with resolvent f™" under the bijection (@.5), it suffi

show that its image under ¢ lies in (Kf /KfXZKX)Nzl.

4.2.1.2 The construction

To construct the map (4.3]), we first work over a local field K of characteristic not equal to 2.
Let f € V,,(K) be a separable binary n-ic form with nonzero leading coefficient, and assume

that C/ is soluble over K if n =0 (mod 4). We shall now construct an injective map of sets
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n /12 -orbits of (A, n
)y | (S B0t o (4,) € W) .

such that (A, B) = fm"

By |17, part (2) of Proposition 22|, we have

Jy [2] = (ReSKf/K M2)N51/M2 = (RGSKfmon/K M2)N51/M2

as group schemes over K.
Upon combining the 2-descent map J;(K)/2J;(K) — H'(K, J;[2]) with the cohomolog-
ical description of the parametrization in Proposition [21] established in §4.2.1.1) we obtain

the following commutative diagram:

JH(K) /2] (K) (KK 2K e

I j (4.8)

H'(K, Ji2])) —— H'(K, (RGSKfmon/KN2)N51/N2) — ker N

where the homomorphism “z —6” in the top row of is defined in [93, §5] and essentially
evaluates the quantity x — 6 on divisor classes. That the “x — #” map is defined on all
of Jy(K)/2Js(K) follows from our assumption that Cy is soluble when n = 0 (mod 4)
(see [93], §10]). From (4.8)), we see that the image of J;(K)/2J¢(K) in ker N lies in the subset
(K;/K;ZKX)NQ ~ (K]fmon/KmeinKx)Nzl, so we conclude that the image of J;(K)/2J;(K)
in H'(K, (Restmon/K fo)N=1/p2) lies in ker 0. Since classes in ker dx correspond to orbits,
we obtain the desired map .

Now let K = Q. Since the group SL,, /us is an adjoint group, we have from [90, Theo-

rem 6.22] that the map

HY(Q,SLy, /pia) — [ [ H'(Qy, S /)

157



is injective, where the product on the right-hand side is taken over all places v of Q. That
the local map J;(Q,)/2J;(Q,) — H'(Q,, J¢[2]) has image contained in ker dg, for every
place v of Q then implies that the global map Sely(J;) — H'(Q, J¢[2]) has image contained
in ker dg, as desired.

We now claim that the (SL,, /pu2)(Q,)-orbit (resp., (SL,, /u2)(Q)-orbit) arising from an ele-
ment ay € J(Q,)/2J¢(Q,) (resp., g € Sela(Jy)) admits a representative of the form (7, B)

for some matrix B € W, (Q,) (resp., B € W, (Q)). It suffices to prove the following:

Proposition 101. Let v be a place of Q, and let (A, B) € W,,(Q,) be a representative of the
orbit arising from an element of J;(Q,)/2J7(Q,) via (4.7)). Then A is split over Q,.

Proof. Choose an element oy € J;(Q,)/2J;(Q,), and let o € K[ be a representative of
(x — 0)(ap). It suffices to show that the symmetric bilinear form m,_; o (—, —): Ky X
Ky — Q, has a maximal isotropic subspace defined over Q,. In [105, proof of Theo-
rem 10], a maximal isotropic subspace over Q,(v/fo) is constructed, and an explicit ba-
sis (QU(\/%))@l, ...,vn) is given. This basis has the property that, for some integer
i€ {l,...,5}, we have v; € Ky for each j < i and v; € VfoK; for each j > i. Letting
/

vl = fo'v; € K for each j > i, we conclude that the basis Q,(vy, ..., v;, 00,4, ... ,v’%)

defines a maximal isotropic subspace over Q,. O

By and Proposition [101] we see that an element ag € J;(Q,)/2J;(Q,) (resp., ap €
Sely(Jy)) gives rise to an orbit of PSO., (Q,) on W, (Q,) (resp., PSO, (Q) on W, (Q)).

Let K be any field. In what follows, when we consider binary forms with a fixed nonzero
leading coefficient fj, we say that an element B € W, (K) is soluble if it arises via the above
construction from an element of J¢(K')/2J¢(K) for some binary form f € V, s (K). When
K = Q, we say that an element B € W, (K) is locally soluble if it is soluble over Q, for

every place v of Q.
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4.2.2 Construction of integral representatives

We now want to construct integral representatives for the rational orbits arising from 2-
Selmer elements. To do this, it suffices to work over K = Q,. Let f € V,, 4, (Z,) be a binary
n-ic form with nonzero leading coefficient f; that is separable over Q,, and assume that C
is soluble over Q, if n = 0 (mod 4). Fix an element ag € J¢(Q,)/2J¢(Q,). We then have

the following result, the proof of which occupies the balance of this section:

Theorem 102. There exists an integer Kk > 1 depending only on n such that if we replace
the binary n-ic form f(x,y) with g(x,y) = f(z, ky), then the (SL,, /12)(Qy)-orbit on W,,(Q,)
arising from g, viewed as an element of J4(Q,)/2J,(Q,), contains a representative of the

form (o2, B) € Wy,(Zy).

We split the proof of Theorem [102] into three successively more complicated cases, de-
pending on whether f is primitive and on whether p > n. We start in with the case
where f is primitive and p > n. In this case, it is not necessary to scale the variable y: we can
construct an integral representative with resolvent f itself. The construction is facilitated
by the fact that we can replace a binary n-ic form with a suitable SLy(Z,)-translate whose
leading coefficient is not divisible by p. Then, in §4.2.2.2] we modify the construction in
to handle imprimitive f when p > n; here too, we obtain an integral representative
with resolvent f. We conclude in by building upon the construction in to
handle the case where p < n; here, we construct an integral representative with resolvent

f(z,pPy) for some integer D > 0. We then take k = [ _, p”.

4.2.2.1 Construction of integral representative for f primitive and p > n

Suppose that f is primitive and that p > n. Then there exists v =[5 !] € SLy(Z,) such that
the binary n-ic form f'(z,y) :== f((z,y)-v) = Y1 fiz" 'y’ has leading coefficient fj € Z.
Let 6/ = _S“_—J;gf € Ky be the root of f', let Ry = Z,((y,...,(,_;) be the basis elements (|1.1]

of Ry defined with respect to ¢, and let N’ denote the norm with respect to this basis. Let
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ag be the image of g under the isomorphism J¢(Q,)/2J¢(Q,) ~ J#(Q,)/2J4(Q,) induced
by 7. We first construct a pair (I, /), where I” is a based fractional ideal of Ry and o/ € K
is a representative of (z — 6’)(aj) such that I'* C a’[J?,_Q and N'(I')?2 = N'(«/) f{*~". Then,
the orbit corresponding to (I’, ') has resolvent f’, so by Lemma[14] we can transform (I’, o)
into a pair (I, «) for f.

Since we assumed that either n = 0 (mod 4) and Cp(Q,) # @ or n = 2 (mod 4), it
follows from [17, Proposition 21] that there exists a rational divisor D € Div®(C +)(Q,) such
that o, = [D] € Jp(Q,)/2J5(Q,). The next lemma shows that we can replace the divisor
D with a new divisor D satisfying properties that turn out to be crucial in constructing the
desired ideal I’. For monic forms f’, this lemma was proven in [121, §3]. Here, we extend that

argument to handle classes D € Div?(C)(Q,), where f} € Z, is not necessarily equal to 1.

Lemma 103. There exists an effective divisor D = > (P]) € Div(Cy)(Q,) such that the

following three properties are satisfied:

m <

l\?lz

e P/ =(a},1,d) € Cp(Q,) with a} € Og, and ¢, #0 for each i € {1,...,m}; and

K3 i) )

o (t—0)(D)=(x—0) (D)€ (K;/K; Q) )n=
Proof. We construct the desired divisor D in a sequence of three steps as follows:

Step 1: It is a standard fact (see [93, §5]) that there exists a principal divisor D; €
Div?(C}/)(Q,) such that D+ Dj is supported neither at the ramification points of C'y over
Pg, , nor at the points (1,0,4+/fg) € Cyr (Q,) lying above infinity in Pg,. We define D to be
5+D1; by translating D with divisors of the form 2D’ where D’ is the divisor corresponding
to a closed point of Cy over Q,, we may assume that each point in the support of D occur

with multiplicity equal to 1. It is clear that (z — €')(D) = (z — 6')(D).

Step 2: We now construct a divisor Dy € Pic’(C})(Q,) such that D — Dy has at most 5

non-infinite points in its support. In the previous paragraph, we arranged for D to take the
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form D = Y% (Q;), where Q; = (a;,1,¢) € Cyp(Q,) with ¢; # 0 for each i. If k > 7, let
P € Q,[z] be the monic polynomial of degree k defined by P(z) = [[-,(z — a;), and let
R € Qp[z] be the unique (not necessarily monic) polynomial of minimal degree at most k —1
such that R(a;) = ¢; for each 7 € {1,...,k}. Then the polynomial R(z)* — f'(z,1) € Q,[x]
has a root x = a; for each i € {1,...,k}, so we have that R(z)? — f'(z,1) = B(z)H(x) for
some polynomial $ € Q,[z]. Because f’ is separable over Q,, we have that £ # 0.
Consider the rational function g := y —R(z) on Cy. Note that g is defined over Q,, that
the zeros of g are precisely the zeros of F$), and that the poles of g lie over infinity. Thus,
letting div(g) be the principal divisor associated to the function g, we have that D — div(g)

is supported over the zeros of §) and over the infinite points. But since k& > 7, we have that
deg § = deg(R(2)* — f'(x,1)) — degP(z) <k -1,

so D — div(g) has strictly fewer than k non-infinite points in its support. By iterating the
above process, we obtain a sequence of functions g = ¢1, ga, . .., g, until D — Zle div(g;) has
at most § non-infinite points in its support. We let Dy = Zle div(g;), and we redefine D to
be D— D,. Just as in step 1, we modify D so as to ensure that each point in the support of D

occurs with multiplicity 1. Once again, the above modifications leave (x —6")(D) unchanged.

Step 3: We now claim that we can simply delete every point in the support of D that
is not of the form (a,1,c¢), where a € O@p. Observe that there are two ways for a point
(a,b,¢) € Cp(Q,) in the support of D to fail to be in this form: either b # 0 and a/b ¢
Og,, or (a,b,¢c) = (1,0,£+/f}) is one of the points at infinity. We handle each of these

two cases as follows:

Case 1: First suppose that we have a point @Q; = (a1,1,¢;) € Cp(Q,) in the support of D
such that a; ¢ Og . Let {Qi = (a;,1,¢;) : 1 < i <k} be the set of Gal(Q,/Q,)-conjugates
of (Q1; since D is a rational divisor, each (); occurs with the same multiplicity v. We claim

that & = Hle(ai —0) € fo,2 5 - Indeed, since a; ¢ Og , the denominator of £ is p’ for
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some integer j > 0, and for a suitable u € Z;, we have up’€ € K;? We then redefine D to
be D —SF . Q..

Case 2: Now suppose that (1,0,1/f}) € C'f(@p) is in the support of D. If fi ¢ ;2, it
follows that (1,0, —\/70’) is also in the support of D, and so the support of D over the points
at infinity is a multiple of the hyperelliptic class, and it follows from [93, Proposition 5.1]
that this class lies in the kernel of the “z — 6" map. If fj € Q;Q, then [39, §2] implies that
(x —0")(1,0,£+/f)) = fS = 1. We may thus simply delete all of the infinite points in the
support of D.

The modifications performed in both cases 1 and 2 above leave (x — 6")(D) unchanged.

This completes the proof of the proposition. O

Let D be as in Lemma[I03] We proceed with the construction under the assumption that
m is even; at the end of this section, we explain how to deal with the case where m is odd.

If m = 0, then we simply take (I',a/) = ([;%, 1). Now suppose that m > 0. We define
polynomials P, R, and H, much as in step 2 of the proof of Lemma [I03] but this time,
we strive to ensure that these polynomials have integral coefficients. Let P € Q,[z] be the
monic polynomial of degree m defined by P(z) = [[",(x — a}). By our construction of D
in Lemma W, the class o' := P(¢') € (K} /K;ZQ;)NEI is equal to (z — 60")(ay). Next, let
R € Q,[z] be the unique (not necessarily monic) polynomial of minimal degree at most m—1
such that R(a}) = ¢, for each i € {1,...,m}. Then the polynomial R(z)? — f'(z,1) € Q,[x]
has a root at x = a} for each i, so there exists H € Q,[z] such that R(z)* — f'(z,1) =
P(z)H(x). Since we chose D so that a; € O for each i, we have P € Zy[z]. We proceed
under the assumption that we also have R € Z,[z]; at the end of this section, we explain
how to handle the case where R ¢ Z,[x]. Then, since P, R, f'(z,1) € Z,[x], it follows from
the relation R(z)* — f'(z,1) = P(z)H(z) that H € Z,[z] as well.

Consider the following R-submodule of K

I' = Ry(R(0), P(0)).
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Note that §' € Ry because f| € Z

», 80 since P, R € Zy[x], the fractional ideal I" is in fact

an integral ideal of Ry. We now prove that the pair (I’, o) € Hy 1:

Lemma 104. We have I'* C O/I;Lf2, and for some choice of a basis of I', we have
N'(I')? = N'(o/) f12 7"
Proof. Computing the square of I’ yields the following;:
I = Ry (R(0)*, R(O)P(#), P(6)°) = o/ Ry (H(0)), R(6'), P(6)) C o/ Ry,

where the last step above follows from the fact that 8’ € Ry and P, R, H € Z,[z]. Since
p1 f}, we have that Ry = I?,’Q, and the first assertion follows.

That N'(I")? and N'(a) f5>~" generate the same fractional ideal of Z, follows immediately
from [15, proof of Proposition 8.5]. Since both N'(I')? and N'(c) f3> ™" are elements of Q2,

we can choose a basis of I’ so as to ensure that N'(I")2 = N/(«/) f5*". O

Next suppose that R ¢ Z,[z]. Since f; € Z), it follows from [105, proof of Proposition 12]
(see also |15, proof of Proposition 8.5]) that we can modify D so that it is supported on m —2
points while preserving the properties in Lemma If the value of the new polynomial R
arising from the modified divisor D fails to be integral, we induct downward, repeating the
process until R becomes integral or D is supported on at most 1 point.

We now handle the case where m is odd. After applying the steps in the proof of
Lemma [103] the only way for this to fail is if we performed a deletion of an odd-degree
closed point of C'» over Q, in step 3. Regardless of whether this deletion occurred in case 1
or 2 of step 3, we must have f] € Qf, so the points (1,0, ++/f{) at infinity must be defined
over Q,. In this case, if m is odd, it follows from [17, proof of Proposition 34| that there
exists a fractional ideal I’ of Ry such that I’ C alf ™ and N'(I')? = N'(o/) f4*7". But since

fo € Z);, we have that [?,_3 = I?,_Q as fractional ideals, and since f] € @;2, we can find a
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basis of I with respect to which N'(I')2 = N'(a/) f;*~".

4.2.2.2 Construction of integral representative for f imprimitive and p > n

Suppose that ged(fo, ..., f,) = p? for some d > 0 and that p > n. We first show that we can
reduce the problem to the case where d = 1. Suppose that d > 1, and let J? = p 22 f ¢
Zy|z, y]; notice that the greatest common divisor of the coefficients of fis either 1 or p. Then
Cy ~ CF, and this isomorphism induces an identification J¢(Qp) /2J¢(Qp,) == J#(Qp) /27 Qy);
letting @i be the image of o under this identification, observe that (x —6)(ag) = (z—6) ().

Suppose that we have constructed a pair (T, a)e H 7.1, Where ae K ff =K fx is a repre-
sentative of (z —0)(ay), and let (A, B) € W,,(Z,) be any representative of the corresponding
SL*(Z,)-orbit. Then by Lemma , the pair (A,p? %2 B) € W,(Z,) lies in the image of
orby 1, and its G,,(Q,)-orbit corresponds via Proposition [19to a = (z — 0)(ap) € K}(/KXQ,
as desired. We have thus reduced the problem to the case where d € {0, 1}; if d = 0, then
the construction in applies, so we assume that d = 1 in the remainder of this section.

Just like in we now replace f with its translate f'(x,y) = f((z,y)y) by an
element v € SLy(Z,); this time, however, we choose v so that p divides the leading coefficient
f§ of f exactly once (such a 7 exists because p > n). Recalling the notation from §4.2.2.1]
it once again suffices by Lemma to construct a pair (I, /), where I’ is a based fractional
ideal of Ry and o' € K} is a representative of (z — 6')(cq) such that I* c a’[;f,_Q and
N'(I')? = N'(a/) f32 7.

Just like we argued in , [17, Proposition 21] implies that there exists a divisor
D e Div?(C})(Q,) such that o) = [D] € Jp(Qp)/2J5(Q,). The following lemma gives the

analogue of Lemma [103|in the present setting:

Lemma 105. There exists an effective divisor D = >""" (P]) € Div(Cy)(Q,) such that the

following three properties are satisfied:

o m < % 18 even,
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o P/ =(a},1,d) € Cp(Q,) with a} € Og, and ¢; # 0 for each i € {1,...,m}; and

o (x—0)(D)=(z—0)(D) € (K}/K;*Q)x=1.

Proof. Steps 1 and 2 in the proof of Lemma [103] go through without change. As for step 3,
let f"(x,y) = p~'f'(z,y). Then the “x — @ map for f’is the same as that for f”; thus, the
argument in case 1 of step 3 implies that we can delete all points of the form (a, 1, ¢) such
that a ¢ (’)@p. Since the points (1,0, £4/f{) are evidently not defined over Q,, the number

m must be even. O

n—2
Let D be as in Lemma (105, If m = 0, then we simply take (I’,a/) = ([ 2 ,1). Now

suppose that m > 0. We define polynomials P, R, and H, much as in but this
time, we strive to ensure not only that these polynomials have integral coefficients, but also
that the coefficients of R are divisible by p. Let P € Q,[z] be the monic polynomial of
degree m defined by P(z) =[], (z — a}). By our construction of D in Lemma [105] the
class o = P(0) € (KfX/KfXZ@;)Nzl is equal to (z — ¢')(ap). Next, let R € Q,[z] be
the unique polynomial of minimal degree at most m — 1 such that R(a;) = ¢, for each
i € {1,...,m}. Then the polynomial R(z)* — f'(z,1) € Q,[z] has a root at = a] for each
i, so there exists H € Q,[z] such that R(x)* — f'(x,1) = P(z)H(x). Since we chose D so
that a; € Og for each i, we have that P € Z, [z]. We proceed under the assumption that we
also have R € pZ,[x]; at the end of this section, we explain how to handle the case where
R & pZy|z]. Then, since P € Zy[z]| is monic and R, f'(z,1) € pZ,[z], it follows from the
relation R(z)? — f'(z,1) = P(z)H(x) that H € pZ,[z] as well.

Let f” be as in the proof of Lemma and consider the following Ryv-submodule of
K = Ky:

I" = Rplp ' R(#), P(6).

Note that ¢ € Ry because p~' f € Z

o, 50 since P € Z,[z] and R € pZ,y|z], the fractional

ideal I” is in fact an integral ideal of Ry». Letting N” denote the fractional ideal norm

with respect to the basis (1.1]) of R, given explicitly by Z,(1,p~ (1, ..., p" Cuo1), it follows
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immediately from [15, proof of Proposition 8.5] that p™ N”(I"”)? and N”(a/) generate the
same fractional ideal of Z,,.

We now construct a list of elements that form part of a basis for I” as a Z,-module:

Lemma 106. Let £ := 2="=2  Then the list P(¢'),0'P(0'),...,0""P(¢') € I" can be extended

2

to a basis of 1" as a Z,-module.

Proof. Because [” is an integral ideal of R, it suffices to prove that s(z) := Zf:o 20" P(9)

is primitive as an element of Ry~ (i.e., that we have s(Z) = Rg» \ pRy») for every primitive
tuple & = (20, ..., x¢) € Z5™ ~\ pZiH'. Given such a tuple Z, let i € {0,...,¢} be the largest
index such that z; € Z. Then, when s(Z) is expressed in the power basis Z,(1,¢', ... A

of Ry, the coefficient of 6" is a p-adic unit. Thus, p~'z & Ryn. O

Consider the Rys-submodule pI” C Ky». Then, by Lemma , we can find elements

M, Mn—e—1 € pI” such that the following is a basis of pI” as a Z,-module:
pI" = Zp(m, ... o1, PP(#), ..., p8" P ().
Let I' C Ky be the free rank-n Z,-submodule with basis given by
I'=Zy(m, . i1, P(O), ..., 0 P(O)).

Lemma 107. The Z,-submodule I' C Ky is a fractional ideal of Ry

Proof. It suffices to show that I” is closed under multiplication by elements of R;. Since pI” is
closed under multiplication by elements of Rp» D Ry, it suffices to verify that (/07 P(0') € I’
for each i € {1,...,n — 1} and j € {0,...,¢}, or equivalently that (p8")P(#') € I’ for each
i€ {1,...,n+{—1}. But notice that (p¢")P(#') = 0" (pP(¢")) € pI"” C I', because pI" is

an Rys-submodule of Ky and is hence closed under multiplication by powers of ¢'. O

We now prove that the pair (I',a/) € Hypr ;:
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Lemma 108. We have I'* C a']?,_Q, and for some choice of a basis of I', we have
N(I')? = N (o) f2

Proof. To prove the containment, it suffices to prove the following: that n;n; € o ]}1,_2 for
each i,j € {1,...,n —{ — 1}, that ;68" P(¢') € o/I772 for each i € {1,...,n — ¢ —1} and
j €{0,...,¢}, and that " P(#')? € 0/[/?,_2 for each ¢ € {0, ...,2¢}. By construction, we have
that n; € pI” for each i € {1,...,n—¢—1}. Thus, there exist ;, %-(O), . ,%—(@ € Ry for each

i such that 7; = BRO) + iy ”yz-(k) (p0"*P(#')). Using the relation R(#)2 = P(0")H('), we
find that

o/_l(nmj) = B;5;H(0") (mod pRy), and (4.9)

o' (07 P(0) = 00’ = Bi0"R(O) (mod pRy). (4.10)

Since R, H € pZ,|z], it follows from and that every term in the expression of
o' (n;m;) and of o'~ (19,07 P(6')) in the power basis Q,(1,#,...,6™ ") has coefficient divisi-
ble by p. We deduce that n,n; and 7,6’ IP(¢') are contained in o' R pCaol ;},’2 for each possible
i,j. Finally, notice that o/ 0" P(#')> = 0" P(¢'); since P € Z,[z] has degree m, and since
o,...,0m2c I?f2, it follows that 8P (#')? € a’]?,_2 for each i € {0,...,20 =n —m — 2}.
Recall that p™N”(I”)? and N”(a') generate the same fractional ideal of Z,. It follows
that the same holds for p™~2 N'(pI”)? and N’(a), and hence also for N’(I")? and N'(a/) f§*".
Since both N'(I")? and N'(/) f4>™ are elements of Qy?, we can choose a basis of I’ to ensure

that N'(I')? = N'(«/) f57 7. O

Next, suppose that we have R ¢ pZ,[z]. Then we also have that R? & pZ,[z]. Letting
Jj(z) =p Y (R(z)*— f'(x,1)) = p~ P (x)H(z), it follows that the coefficient of ' in j(x) is a p-
adic unit if i« = n and a p-adic integer for every i € {2m—1,...,n—1}, and that the coefficient

of ' in j(z) has negative valuation for some i € {0,...,2m — 2}. Analyzing the Newton
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polygon of j then reveals that j has at least n — (2m — 2) roots with negative valuation.
Since P(x) | j(x) (as elements of Q,[x]), we also know that j has m roots with positive
valuation at the % -invariant list a},...,a;, € Og,- Thus, letting D' € Div(Cy)(Q,) be
the divisor supported on the remaining roots of j that have positive valuation, we find that
D' € Div(Cy)(Q,) and deg D' < m — 2.

Just like in Step 2 of the proof of Lemma , consider the function g := y—R(z) on Cy.
Note that g is defined over QQ,, that the zeros of g are precisely the zeros of j, and that the
poles of g lie over infinity. Applying the argument in step 3 of the proof of Lemma then
implies that D’ satisfies the conditions of the lemma with m replaced by deg D' < m—2. The

proof now concludes by downward induction on m; once m = 1, it is clear that R € pZ,|x].

4.2.2.3 Construction of integral representative for p < n

Now let p < n. Asin , we reduce the problem to the case where p? = ged(fy, ..., fu) €
{1,p}. However, we might not necessarily be able to replace f with an SLy(Z,)-translate
f' such that v,(fy) = d, where v,: Q¥ — Z denotes the usual normalized p-adic valuation.
Indeed, such a form f’ fails to exist precisely when p < n and f is divisible by y Hﬁ’:—g (x —1iy)
modulo p. Nonetheless, it follows from [5] that we can always find an SLy(Z,)-translate f’
of f such that v,(f) < d; for some bounded integer d; > 0 depending only on the degree n.

Let f(z,y) = f'(z,p®y), where dy > d; is an even integer, to be chosen shortly. Then

Cp~C 3 and this isomorphism induces an identification
T (Qp)/2Tp(Qp) ~ J5(Qy) /2T (Qp)
; letting ap be the image of af, under this identification, observe that
(z =) (ap) = (z — p™0')(@0).

Let a € K}Xv = K, be a representative of (z — p™0')(dy). Because f is a multiple of a

168



form with unit leading coefficient, the constructions described in §4.2.2.1H4.2.2.2] imply the

existence of a pair (7, a) € Hy,, with one caveat: when p = 2, the argument in case 1 of

I
step 3 of the proof of Lemma [103] only goes through for dy > 1, where the implied constant
depends only on n. Choosing ds so that this argument goes through, let (A, B) € Wo(Z,)
be a representative of the (SL, /j2)(Zy)-orbit corresponding to (I, &) via Theorem .
Since the pair (A, B) has (A, B) = f™" it follows that the pair (4,p~®B) € W,(Q,) has
L(g, p~% E) = f'™"  Imitating the proof of Lemma , we see that (A/, p‘d2§) corresponds
via Theorem |13/ to the pair (T, p"V9%g) where we view I as a basis for K. By Lemma ,

the pair (IN, p"~V%a) corresponds to a pair (I,«) € Hyy. We then have the following lemma:

Lemma 109. Let (A, B) € W,(Q,) be the pair arising from (I,«) via Theorem [15. Then
there exists an element g € SLE(Q,) satisfying the following two properties: (1) gAg" = o,,;
and (2) When expressed in lowest terms, the denominators of the matriz entries of g are

bounded, depending only on n.

Proof. We first claim that the matrix entries of A have bounded denominators. Consider
the map (—, —)~: I x I — ]J% defined by (3,7) +— (p"~Y4%a)~1 3. It follows from the proof
of Theorem @ that, with respect to the chosen basis of I and the standard basis of
I}i_2, the matrix entries of (—, —)~ are polynomial functions in the following quantities: the
matrix entries of A and B, the coefficients of f, and fé_l. Thus, the matrix entries of the
map (—, —)~ have bounded denominators. From the proof of Lemma [14] we see that I is a
multiple of I and that I?_Q is a multiple of I?_2; in this way, I and I}L_z inherit bases from 1
and 1?72. It is then clear that the matrix of the map (—, —)~ with respect to the chosen basis
of I and the standard basis of I?_Q is equal to the matrix of the map (—, —): I x [ — I}‘_Z
defined by (83,7) — a !By with respect to the bases of I and I}L’Z inherited from I and
I}E_z. Since the basis that I]’Z_Q inherits from [}’5_2 differs from the standard basis of 1}1_2 by
an element of GL,(Z,), the matrix entries of the map (—, —) with respect to the basis of I
inherited from I and the standard basis of I}l’z, and hence the matrix entries of A and B,

have bounded denominators.
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By Proposition [I01] A is split over Q,; by the p-adic Jordan decomposition, there exist
finitely many SL(Z,)-orbits of symmetric matrices in Mat, (Q,) of determinant 1 whose
matrix entries have bounded denominators. Combining these two observations with [85]

Chapter I, Lemma 6.3], we see that there exists ¢’ € SL(Q,) such that its matrix entries

0 |id
have bounded denominators and such that ¢’A¢g’" = € Mat,(Z,). Taking ¢" €
id| 0
0 |id
SLZ(Q,) such that g” g7 = A, weset g=g"q. O
id| 0

The matrix entries of A are integral, and the matrix entries of p‘d2§ have denominators
bounded by p?2; thus, the matrix entries of —ﬁ_l(p‘dzé) have bounded denominators. For
each i € {0,...,n — 1}, let m;: Ky — Ky denote the map of multiplication by ¢;. Then the
proof of Theorem @ implies that the matrix representing m; with respect to the basis of I has
entries with bounded denominators for each . Consequently, the matrix representing m; on
Ky with respect to the basis of I inherited from I has entries with bounded denominators for
each i. Letting g € SL¥(Q,) be as in the statement of Lemma , it follows that the matrix
representing m; with respect to the basis of I obtained by applying ¢ to the basis inherited
from I has entries with bounded denominators for each i. Since B has bounded denominators,
there exists a bounded even integer D > 0 such that the pair (gAg”, g(p? B)g") is an element

of W;,(Z,) that lies in the image of orby, v, 1.

4.3 2-Selmer groups of elliptic curves, and orbits of
small rank

In this section, we start by recalling the parametrization of 2-Selmer elements of elliptic
curves by PGLy(Q)-orbits of integral binary quartic forms. Then, we strengthen the results

of §1.4.2| on ranks of orbits arising from binary n-ic forms in the case where n = 4.
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4.3.1 Representation of PGL, on binary quartic forms

In this section, we define a certain representation of the group PGL, on the space of binary

quartic forms. As we explain in §4.3.1] this representation plays a key role in the parametriza-

tion of 2-Selmer elements of elliptic curves; see [26], § 1.2] for a thorough treatment.
Observe that V; has a natural structure of PGLs-representation, given as follows: for

each element v € PGLy(R), choose a lift 7 € GLy(R), and let

(v )(@,y) = (detF) > f((z,9)7) € Va(R) (4.11)

for any binary quartic form f € V4(R).

Let a,b,c,d,e: V; — A} Dbe the functions defined by sending a binary quartic form
to its a%-, 23y-, 2%y?-, zy3-, and y*-coefficients, respectively. Consider the homogeneous
polynomial functions I, J: V; — Al of respective degrees 2 and 3 defined in terms of the

coefficient functions a, b, ¢, d, e by the following formulas:

I =12ae —3bd+ ? and J = T2ace + Ybed — 27ad? — 27eb? — 263,

Let Inv denote the affine plane AZ, and let ¢: V; — Inv be the function defined by ¢ = (I, J).
One readily verifies that ¢ is PGLg-invariant; in fact, the functions I and J freely generate the
ring of polynomial invariants for the action of PGLs on V. In particular, the discriminant
function A: V; — Al is expressible as a polynomial in I and J, and it is given explicitly by
the formula

A = (4I° — J*)/21.

One key ingredient in the computation of the average size of the 2-Selmer groups of
elliptic curves in [26] is the following parametrization of 2-Selmer elements of elliptic curves

in terms of PGLy(Q)-orbits on V4(Z):
Theorem 110 ([26, Theorem 3.5]). Let E = E"’ be an elliptic curve over Q. Then the
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elements of Selo(EL7) are in bijection with the set of PGLa(Q)-equivalence classes of locally

soluble integral binary quartic forms with invariants 2*I and 2°J.

We note that the correspondence in Theorem [110] was originally introduced by Birch
and Swinnerton-Dyer (see [33]) and was further developed by Cremona (see [50], as well

as [10|[51L[114]).

4.3.2 Construction of special integral representatives

Let R = Z or Z, for a prime p, and fix a € R~ {0}. The goal of this section is to show that
the (SLy /o) (K)-orbit of any pair (A, B) € Wy(R) arising via the parametrization developed
in §1f from a form in V,,(R) admits an integral representative pair (A’, B') € Wy(R) such

that B’ is special at a. It suffices to prove this when R = Z,, which we do as follows:

Theorem 111. Let f(z,y) = az*+bxy+cz’y*+dzy>+ey* € Vi(Z,), and suppose that a pair
(A, B) € Wy(Zy,) lies in the image of orbsy. Then there exists another pair (A', B") € Wy(Z,)

belonging to the same (SLy /112)(Qp)-orbit as (A, B) such that B is special at al]

Proof. We start by deciphering what it means for (A, B) to lie in the image of orb;. Condi-
tion (a) in Theorem [13[tells us that ¢(A, B) = f™" and so a® | e(f™") = det B. Condition

(b) in Theorem [L3|comprises the following three conditions, one for each value of ¢ € {1,2, 3}

(1): i =1. We have py( x —A™'B) = —A™'B € Maty(Z,); this is trivially true because
det A = 1.

(2): i = 2. We have po(2 x —A™'B) = 1((A7'B)*+ b(—A"'B)) € Maty(Z,). This is equiva-
lent to stipulating that certain linear combinations of the 2 x 2 minors of —A~'B
are divisible by a, and just as in ([1.22)), it can be rewritten in the following

convenient form:

BA™'B—-bB=0 (mod a). (4.12)
I'Note that if f is primitive, then Theorem follows immediately from Theorem
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(3): i =3. We have p3(2 x —A™'B) = S((A7'B)® + b(A™'B)? 4+ ac(A™'B)) € Mat4(Z,).
This is equivalent to stipulating that each non-principal 3 x 3 minor of —A~!B is
divisible by a? and that the sum of each triple of principal 3 x 3 minors of —A~1B
is divisible by a2. But the zy3-coefficient of f™" is divisible by a? and is, up to
sign, the sum of the principal 3 x 3 minors of —A~!B. It follows that
A’B=0 (mod a?). (4.13)
Note that each of the above conditions is preserved under the action of SLf(Z,), and so they
continue to hold if we replace (A, B) with any SL{(Z,)-translate thereof.
We now apply the p-adic Jordan decomposition to put B into one of five possible shapes

that are convenient to work with. By replacing the pair (A, B) with a suitable SLy(Z,)-

translate, we may assume that B takes the following shape if p is odd:

(4.14)

where the b; € Z>o U {oo} are such that by > by > by > by > 0 and u; € Z, for each

i€ {l,...,4}. If p =2, then B can take any one of the following four shapes in addition to

the shape (4.14)):

261?1

U,32b3

0

U42b4

173

u12b1

u22b2

20 3.,

: (4.15)



U12b1 0 0
2013, |0
; 0 |2B5] 0
0 |2%B,
0 0 U42b4

where the b; € Zx>o U {oo} are valuations such that by > by > by > by > 0 and u; € Z)
for each i € {1,...,4} and where B; € Maty(Z,) is symmetric and has even diagonal entries
and odd anti-diagonal entries for each i € {1,3}. We label the five cases in and
in the above order as 1, 2, 3, 4, and 5.

We are now in position to prove the theorem. If B is special at a, then we are done,
so suppose that B is not special at a. Then a := v,(a) > 0, for the condition of being
special at a is trivial when p { a. Moreover, condition (3) above implies that for some integer
¢ € {l,...,a}, we have bs + by = a — ¢ in cases 1 and 2; that 2b; = a — ¢ in cases 3 and 4;
and that b; > a+ ¢ for each i € {1,2} in cases 1, 2, 3, and 4. In case 5, it is not possible for
B to fail to be special at a, because condition (3) implies that 2bs 4+ by > 2a, from which it
follows that bs + by > a. We may thus disregard case 5 in the remainder of the proof.

Write A = [a;;], A" = [G;;] and B = [b;;], where 4,5 € {1,2,3,4}. Then one readily
verifies using that we have the following identities:

BA™'B — bB = ugu,p® (mod a) (4.16)
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in cases 1 and 2, and

BA™'B — bB = (det B3)2?* (mod a) (4.17)

in cases 3 and 4. Combining (4.16)) and (4.17) with condition (2) above, reexpressed as
in (4.12), yields that p° | a;; for each 7,5 € {3,4}. Using the fact that detA = 1, a
calculation reveals that

633d44 — d§4 = 110929 — Q%Q. (418)

Combining with the fact that p° | G,; for each 4, j € {3, 4} yields that p* | (a11a22—a3,).

We now claim that p® | a;; for each 4, j € {1,2}. First suppose that the symmetric bilinear
form [gl1 a12] is p-adically diagonalizable (i.e., its p-adic Jordan decomposition consists of
two 1 x 1 blocks); note that this holds whenever p is odd, but only sometimes when p = 2.
Then, by replacing the pair (A, B) with a suitable translate under the action of the subgroup
SLy(Z,) C SL7(Z,) that acts by change-of-basis on the first two rows and columns of A and
B, we may assume that a;; = v1p®, a1 = 0, and ags = v9p®2, where the a; are integers such
that a; > a; > 0 and a; + ay > 2¢, and where v; € Z) for each i € {1,2}. Note that this
transformation alters the first two rows and columns of B, but it preserves the property that

p*t¢ | b;; for each i € {1,2}. A calculation then reveals that we have

azz = —(vep™)aly — (Lip™)as, + (V1VaP™ T )ag = —(vop™)al, (mod pf), (4.19)

= —(wgp”)a%3 — (Ulpal)ag3 + (V1™ T ags = —(vgp”)a%?) (mod p), (4.20)

where we have used the fact that a; > ¢ because a; > as and a; + as > 2¢. Since p© | a;; for

2In fact, this identity holds for any symmetric 4 x 4 matrix of determinant 1 over any ring.
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each i € {3,4}, it follows from (4.19) and that either ay < ¢ and p | ay; for each i €
{3,4} or ay > a. But the first case is impossible, for it would imply that det A =0 (mod p),
contradicting the fact that det A = 1. Thus, a; > ¢, and the claim holds in this case. If
p = 2 and the symmetric bilinear form [g}} 312 ] is not 2-adically diagonalizable, then it is a
multiple of a symmetric matrix over Z, having odd determinant, and the claim then follows
from the fact that 2% | (aj1a9 — a,).

We have now shown that, by replacing the pair (A, B) with a suitable translate under

the action of SLF(Z,), we may assume that A and B take the following shape:

pa+c§ 0

2a+c

B 0
usp®® 0 or — (4.21)
0 0 |2%B,
by

0 Ugp

where A, B € Uy(Z,,) and where “+” denotes an element of Mat,(Z,) whose value is irrelevant.

Consider the diagonal matrix €,- € SL4(Q,) with diagonal entries given by v/p~<, v/p~,
1/y/p~%, and 1//p~*. By Lemma[5] the class of ¢, is an element of (SLy /p2)(Q,). We
then define (A", B’) = ¢,~« - (A, B) € W4(Q,). Because A and B take the shapes given
in ([4.21), it follows that the pair (A, B') is in fact an element of W,(Z,) and moreover that

B’ is given by

B = Usp?3te 0 or (4.22)

0 uypPite

Since by + by = a — ¢ in cases 1 and 2 and that 2bs = a — ¢ in cases 3 and 4, it follows

from (4.22)) that the pair (A’, B’) lies in the image of orbs;, and that B’ is special at a. O
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4.3.3 Ranks of special elements

Let m > 1 be an integer, and write

L, :={B € Uy(R) : B is of rank <1 modulo m}.

Next, we say that B € Uy(R) is of rank < 2 modulo m if for every prime p | m, when the
p-adic Jordan decomposition of B is expressed as in (4.14)) and (4.15]), we have by > v,(m)
in cases 1 and 3, b; > v,(m) in cases 2 and 4, and bs > v,(m) in case 5. Let m’ > 1 be an

integer. Then we write
Loym ={B € L, : Bis of rank < 2 modulo mm'}.
We have the following useful characterization of those matrices B € Uy(R) that are special

at a in terms of the sets £,, and L,

Proposition 112. Let B € Uy(R), and suppose that B is special at a. Then there exist

integers ay, as,az > 1 such that the following properties hold:

e For each prime p | a, there exist integers e; = e1(p), ea = ea(p) > 0 such that

vplar) =e1, vp(as) = vp(a) — 21 + ¢, and vy(as) =e3 — 2e;  and (4.23)

o We have that B € a1Lq, ;-

Proof. Fix a prime p. By the Chinese remainder theorem, it suffices to prove the proposition
for R = Z,. We retain notation from the proof of Theorem [111} and we assume without
loss of generality that B is in one of the five cases listed in (4.14) and (4.15)). In case 1, the

exponents a, by, b, and b, satisfy the following properties:

5225326420, bg+b42020, and b2+bg+b422a. (424)
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We first claim that there exists an integer ¢; such that
maX{O, a— b3, 2a — bQ — []3} < < min{b4, % . (425)

It suffices to check that each of the lower bounds on ¢; in is less than or equal to each
of the upper bounds. The three inequalities 0 < by, a — bg < by, and 2a — by — bs < by
respectively follow from the three properties in . The inequality 0 < % follows from the
second property in . The inequality a — by < %‘1 is equivalent to bz > £, but this holds
since the first two properties in imply that by > 7. The inequality 2a — by — bz < %
is only relevant when by > %, and it is equivalent to by + by > %, but this follows from the

first property in (4.24)).

We next claim that there exists an integer e; such that

maX{O, a— [12, 221 — Cl} < 4)) < min{el —a-+ bg, %1 . (426)

Again, we check that each of the lower bounds on ¢, in is less than or equal to each of
the upper bounds. The inequalities 0 < e¢; —a+ b3, 0 < 5, and a — by < ey — a + by follow
from . The inequality a — by < 5 follows from the first property in combined
with . The inequality 2¢; — a < ey — a+ by is equivalent to e; < bz, which follows from
the first property in combined with . The inequality 2¢; —a < % is equivalent
to e < %, which follows from ([4.25)).

Having chosen ¢; and ¢; to satisfy the conditions and , respectively, we then
take a; = p*1, ay = p* 2172 and a3 = p*1~22. Since ¢; < by, the matrix a; ' B lies in Uy(Z,).
Since a — e + ¢ < bz, the matrix @le is of rank < 1 modulo ay. Finally, since a — ¢y < b,
the matrix al_lB is of rank < 2 modulo ayas.

A similar proof works for the other four cases. The argument in case 2 is the same as
in case 1, with by replaced by b;. The argument in case 3 is the same as in case 1, with

bs = by. The argument in case 4 is the same as in case 2, with by = by. The argument in

178



case b is the same as in case 1, with by = bs. O

4.4 Preliminary results about functions on coregular
spaces

Let U be a vector space with an action by a semisimple group GG. We make the following

assumptions on U and G:

e The ring of polynomial invariants for the action of G(C) on U(C) is freely generated by

n integer polynomials Iy,..., I,.

e There exists a G-invariant discriminant polynomial function A = Ay on U such that

every orbit on which A does not vanish is semistable in the sense of GIT.
e Every semistable orbit is stable, i.e., has finite stabilizer.

Let I denote affine n-space. We then have the invariant map ¢ given by

U — 1
U — ([1(u),...,ln(u)),

which satisfies ¢(u) = ¢(g - u) for all w € U and g € G. Let Z C I(R) be an open set, not
containing any elements where the discriminant vanishes. Let x: Z — U(R) be a smooth
section, i.e., we have t(k(I)) = I for every I € Z. Assume that the size of the stabilizer
in G(R) of every element in the image of k is the same, say 0. Let ¢: [(R) — R and
©: G(R) — R be smooth compactly supported functions. We define the function ¢ =
S(¢,0) =8:(6,0): UR) — R as follows:

S@.0)w= Y 6. (4.27)
Ky
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Note that the above sum has length o for every u in the image of G(R) X Z, and that S(¢, ©)
is also smooth and compactly supported.

The group G(R) acts on the set of smooth functions on U(R) via (y-)(u) := (v~ - u).
We then have the following result, which constitutes a smoothed version of the averaging

method (see [7},26]):

Theorem 113. Let notation be as above. Let L C G(R)-k(Z) be any discrete G(Z)-invariant
set, and let T: L — R be a G(Z)-invariant function. Let Fg be a fundamental domain for
the action of G(Z) on G(R), and let dy be a Haar-measure on G(R). Let ¢ and © be smooth,

compactly supported functions, and let v = S(¢,0). Then we have that

T(u) L)) = 1
Z |Stabg(z)(U)|¢(< ) UVOI(G)A

L
ue az

(36T )dy.

€FG “yelL

where Vol(©) denotes fweG(R) O(v)dy.

Proof. As usual, we regard F¢ - £(Z) as a multiset, in which an element z € U(R) is repre-
sented #{(g,u) : g € Fg,u € k(Z),g-u = x} times. As in |26, (8)], the G(Z)-orbit of an

element z € G(R) - kK(Z) is represented

. #Stabg(R) (.%)

m(z) = #Stabg(z) (x)

times in the multiset F¢ - £K(Z). Therefore, we have

2 ﬁ@ﬁ@@):l > T(@)é()). (4.28)
€ gy (z) xe];(é'f@)

Since for all h € G(R), the set F¢ - h is also a fundamental domain for the left action of
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G(Z) on G(R), we have

1
> T = gy [ (X T@eeE)es @)

xeFq-k(T) xegFa k()
€L x€L

For x € gF¢ - k(Z), there exists a unique x; € k(Z) such that = and z; are in the same
G(R)-orbit. Moreover, there exist a finite number of elements g, ..., g, € G(R) such that

gj-xy = x. For x € L with «(x) = I, we write the contribution from z to the right hand side

of (E29) as

/ G(R)( > T(x)¢(f))@(9)dg = T(z)o(I) Z/EG(R) #{h € Fo: hg = g;}0(g)dg

= T@onY [ el

j=1 j

g

- 1@ [ (X eugen)an
_ /h ()@

Adding up over x € L in the right hand side of (4.29)), we obtain

1
> T(a)eu(x) = Vol(O) /h

ze€Fq-k(T)
zel

Together with (4.28]), we obtain the result. O

We now make the following further assumption on the pair (G, U), namely, that we have
Z deg(I,) = dim(U).
j=1

In other words, the sum of the degrees of the invariants of U equals its dimension. Let dI

and du be top degree forms on I and U, respectively. We will assume that dI and du induce
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Haar-measures on I(R) and U(R), respectively, normalized so that the covolumes of I(Z) in
I(R) and U(Z) in U(R) are 1. Let w denote a top degree form on G defined over Z. Then,

from |26, Remark 3.14], we have the following result.

Theorem 114. Let R be R or Z,, let | - | denote the usual normalized absolute value on R,
and let s: I(R) — U(R) be a continuous section of . Then there exists a constant J € Q*,

independent of R and s, such that for any measurable function ¢ on U(R), we have:

/ p(w)du = |7] / / olg - s(1)w(g)dl,
G(R)-s(I(R)) I€l(R) JgeG(R)

1
000 =T ey 2 i [0 0
EG(K

We have the following immediate consequence to Theorem [114]

Corollary 115. Let ¢: [(R) — R and ©: G(R) — R be smooth, compactly supported func-
tions, and let ¢ = S(¢,0). Then we have

Vol(¥) = |7 [Vol(©)Vol(4).

4.4.1 Application to the representation of PGL,; on V

For i € {0,1,2}, let V4(R)® denote the set of elements f € V4(R) that have 4 — 2i distinct
real roots and i distinct pairs of complex conjugate roots in Ph. We write V4(R)® as
Vi(R)EH U V4 (R)7) the union of positive definite and negative definite binary quartic
forms. For any L C V4(R), we define L) := L N V4(R)® for each i € {0,1,2,2+,2—}.
Let Inv(R)* denote the subsets of Inv(R) consisting of elements (I,.J) with £A(7,J) > 0.
The map ¢ sends V4(R)® to Inv(R)™ and V4(R)® to Inv(R)* for i € {0,2}. We write
Vi(R)E := . HInv(R)*) and V4(Z)* := Vi(R)E NV, (Z).

Let H: Inv(R) — R>q be a smooth, compactly supported function, which we will later

take to be an approximation of the characteristic function of the set of elements in Inv(R)*
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with height less than 1. For a real number X > 0, we set Hx ([, J) := H(I[/ X3 J/X1/?).
We say that an element f € V4(Z) is generic if f is irreducible over Q and the stabilizer of f
in PGLy(Q) is trivial. For any set L C Vj(Z), we denote by L#" the set of generic elements
in L. For a PGLy(Z)-invariant function T: V4(Z) — R, an i € {0,1,2+,2—}, and a real

number X > 1, we define

T(f)

Ny(VO T X) = :
H( y L ) Z A StabPGLQ(Z)<f)‘HX (L<f))>
vy (2)(@
fep‘*T2<Z>
NE(VOTX) = Y T(f)Hx ()
V(Z)(i),gen
fe 4PGL2(Z)

4.4.1.1 Construction of fundamental sets

The isomorphism class of the stabilizer in PGLy(R) of an element f € V4(R) with nonzero
discriminant depends only on the sign of the discriminant of f. We denote the size of this

stabilizer by oF, and have 0y = 09+ = 0t =4 and 0, = 0~ = 2. We construct sections

kO Inv(R)Y — V4(R)D, i€ {0,24,2-},
kO Inv(R)™ — Vi(R)D),

satisfying the following properties:

(a) We have «(k9(I,J)) = (I, J) for each i and every pair (I,J) € Inv(R)*.

(b) The coefficients of f(z,y) = (I, .J) are bounded by O(H (I, J)'/5).

The construction of these sections is standard. We denote the image of £ in V4 (R)® by Rg) .

4.4.1.2 Fundamental domain for the action of PGL;(Z) on PGLy(R)

Let F, denote Gauss’s usual fundamental domain for PGLy(Z)\PGL3(R) in PGLy(R). It

follows that J; is contained in the Siegel set {ntk : n € Ny, t € Ty, k € Ky}, where K, is
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the real orthogonal group SO5(R), Ny consists of lower triangular unipotent elements with

absolutely bounded coefficients, and
t 4
T, = t>V3/V2 . (4.30)

4.4.1.3 Smoothed averaging over PGLy(R)

For a function ¢: V4(R) — C, and a positive real number X > 0, define x: V4(R) — C to
be ¥x(f) :=(f/X). Fix i € {0,1,2+,2—}. Given smooth, compactly supported functions
H: Inv(R) — Ry and ©: PGLy(R) — Rs(, we obtain the smooth, compactly supported

function S, (H, 0) =: @ V;(R)® — Rsq. Let X > 0 be a real number. We clearly have
Sa(Hx,0) = Sa(H,0)x1/.

For a PGLy(Z)-invariant function T: V4(Z)® — R, a function 1 = ¢ as above, and a real

number X > 0, we define the integral O®(T,v; X) to be

0T X)= [ (X (e (431)

'76]:2 f€V4(Z)gen
Then the following result is an immediate consequence of Theorem [113]

Proposition 116. Let notation be as above. Fixi € {0,1,24+,2—}. Let T: V4{(Z) — R be a
PGLy(Z)-invariant function, and let ¢» = Sy,(H,©). Then we have that

NENVOT; X) = OW(T,1p; X1/5).

O'ZVOI(@)
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4.4.2 Application to the representations of SL, on W and PSOg,
on WML

For i € {0,1,2+,2—}, the number of SL4(R)-orbits on W,(R) with resolvent f for some fixed
f € Vi(R)® depends only on i. We denote this number by T(i), and we write Wy(R)® =
HV4(R)®. Similarly, the number of PSO,y, (R)-orbits (resp., soluble PSO,,, (R)-orbits) on
W, (R) arising from some fixed f € V4(R)® depends only on i. We denote this number by
T, (i) (vesp., T591(1)), and we write W, (R)® = .~ (V}(R)®). This yields a natural partition
of the set of elements in W, (R)® (resp., W, (R)®) with nonzero discriminant into subsets
W4(R)®) (resp., W, (R)#9)) with 1 < j < 1(4) (resp., 1 < j < T.,(i)).

Furthermore, the size of the stabilizer in SL4(R) (resp., PSO.,(R)) of an element of

W4(R)® (resp., W, (R)®) depends only on i. We denote this size by o (i) (resp., 0., (i)).

4.4.2.1 Construction of fundamental sets

For each i € {0,1,2+}, and for each j with 1 < j < 7(i) and 1 < j < T4,(7), there exist

smooth sections

H(i,j);w(R)(i) — W4(R)(iﬂ'),
VRO W, (R)6),

respectively, satisfying t(k7)(f)) = f for every binary quartic form f € V4(R)® (resp.,
L(/fi;f)(f)) = f for every f € V1(R)®) for each i, j. We denote the images of x(*7) and figzj)
by R4 and R;;;j ). respectively.

We can choose the section x(*7) so that the following is satisfied. For real numbers Y, T >
1, and for a binary quartic form f(z,y) € Vi(R)® with coefficients (a, b, c,d, e), such that
a=0Y),b=0(TY), c=O(T?*Y), d = O(T?Y), and e = O(T*Y'), the coefficients a;; and
bij of (A, B) = k@) (f) are bounded by O(Y'/4) and O(TY %), respectively. Similarly, we
(4,5)

A

can choose x,;”’ such that the following is satisfied. For a real number ¥ > 1, and for a binary

quartic form f(z,y) € V4(R)® with coefficients a = det() = 1, b = O(Y), ¢ = O(Y?),
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d=0(Y?), and e = O(Y*), the coefficients b;; of (<, B) = rﬁ;f)(f) are bounded by O(Y).

4.4.2.2 Fundamental domains for the action of G(Z) on G(R)

We now describe Siegel sets containing fundamental domains F, and F,;, for the actions of
SL4(Z) on SLy(R) and PSO,(Z) on PSO., (R), respectively.

We may choose a fundamental domain Fj for the action of SL4(Z) on SL4(R) contained
in a Siegel domain N7y K, in SLy(R). Here, K, = SO4(R) is a maximal compact subgroup
of SL4(R), N, consists of lower triangular unipotent elements with absolutely bounded coef-

ficients, and T} is given by

3 -1 -1
81 82 53

slsglsgl

T 181,582,833 >¢C p,

slsQSgl

518955
(L i J

for some ¢ > 0. The weights w;; of a;; and b;; are the eigenvalues for the torus action on the
space dual to Wy(R), and are given below: here a;; and b;; are the coefficients of A and B,

respectively, for (A, B) € Wy(R).

2,2 2.,-2_-2 2

62— 2.2 20— 202

o o2.2,2 _ 2.0.,-2 _ 2.0.2
22,72 _ e2.2.2
2.2.6

A Haar-measure on SLy(R) in Iwasawa coordinates is s;'%s; %s3 ?dnd* sdk, where dn is Eu-

clidean measure on Ny, d*s denotes [ [, d*s;, and dFk is probability Haar-measure on SO4(RR).
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It follows from Lemma [5| that PSO,(Z)\PSO4,(R) ~ SO, (Z)\SO,(R), and so it
suffices to construct a fundamental domain for the action of SO, (Z) on SO, (R). We may
choose a fundamental domain F, for the action of SO, (Z) on SO, (R) contained in a Siegel
domain N, Ty, K., in SOy (R). Here, K, is a maximal compact subgroup of SO, (R),
N, consists of lower triangular unipotent elements with absolutely bounded coefficients,

and Ty, is given by

TW4: 181,82 >¢Cp,

51351

5152
\ L . J

for some ¢ > 0. The group SO, (R) acts on W, (R), and the weights w(b;;) of the coefficients
of B for (4, B) € W, (R) are as follows:

w(byy) = 31_232_2 w(bye) = 31_2 w(byz) = 52_2 w(by) =1
w(bgg) = 81—283 w(bgg) =1 U}(b24> = 8%

2

w(bzz) = s¥sy w(bgy) = s

w(byy) = 522

4.4.2.3 Smoothed averaging over SL,(R) and PSO,,(R)

Recall that for a function ¢: V4(R) — C and a real number X > 0, we define ¢x: V4(R) — C
via ¥x(f) =¥ (f/X). For a real number Y > 0, we define ¢[Y]: V4(R) — C via

Y—1/2
VY(Sf) = | (f) = ¢ (aY?z* + 0Y 2Py + cx®y® + dY lay® + Y 2y,
Y1/2
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for f(x,y) = az* + bay + cxy? + dry?® + dy*. We say that an element w in W, (Z) (resp.,
W4(Z)) is generic if: (a) the element w is not distinguished; (b) the stabilizer in SL4(Q)
(resp., PSO4(Q)) of w is trivial; and (c) the resolvent of w is generic. For any subset L of
W4(Z) or Wa(Z), we denote the set of generic elements in L by L#". We now define the

following counting functions on Wy(Z):

. T(w)
Ny(WE) T: X Y) = : Y (o(w));
o ) WZ( Erre R
we §L4(Z)
(4.32)
NEMWED T X)Y) = > T(w) - (x[Y])(u(w)).
Wy (2)(%:3).gen
WETTSL @

Let ®: Wy(R) — C be a function. For real numbers X > 0 and Y > 0, we define
O[X,Y]: Wy(R) — C to be

(B[X,Y])(A, B) = @(A B)

e 4.33
=5 (433)

We now have the following result.

Proposition 117. Let ¢: V4(R) — R be a smooth, compactly supported function. Let
T: Wy(Z) — R be a SLy(Z)-invariant function. Let ©: SLy(R) — R be a smooth and
compactly supported function. Let ® denote S(1,0). For positive real numbers X and Y,

we have that

. 1
NE (W) T X V) = / T(w)-(~-®Y V2 x1/4 y1/2x1/4 .
FWOTXY) = e [ (X Twreel , D(w))dy

weWy(Z)(i:5) gen

Proof. The only thing necessary to verify is that for positive real numbers X and Y, we have
S(x[Y],0) = S(w, ©)[y ~V2x V1, y VX1

This equality is apparent, and the result follows from Theorem [113 O
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Let A be a fixed symmetric 4 x 4 matrix with det A = n. Given a function ¢: V,,(R) — C,

define ¥{Y}: V,,(R) — C to be

YIS (2,y) = o(f (2, y/Y)).

For a function ®: W4(R) — C, define @y : W4(R) — C via

Finally, for a PSO 4(Z)-invariant function 7': W4(Z) — R, we define

T(B)

Ny (WD T: X)) = W{XHu(B)).
1/’( A ) Z . |StabPSOA(Z)(B>| w{ }(( ))
BGWA(Z)(ZJ)
PSO 4 (Z)
Neer(w D) e xy = T(B) - v{X (B
P ( A ot ) : Z ( ) ¢{ }(L( ))
Wty s

Then we have the following consequence of Theorem [113]

Proposition 118. Let ¢: V,(R) — R be a smooth, compactly supported function. Let
T: Wa(Z) — R be an PSO4(Z)-invariant function. Let ©: PSO4(R) — R be a smooth,

compactly supported function. Let ® denote S(,0). For a positive real number X, we have

irj 1
NE W) = e | (W%) T(B)(y- ©x)(B)) dr.

We will have occasion to use Proposition [118| in the situation detailed below. Let
¥: V3(R) = R and ©: PSO.,(R) — R be fixed smooth compactly supported functions. Let
X and Y be positive real numbers with Y < X*/2. Consider the function ¢x [Y]: V4(R) — R.
We restrict 1x[Y] to Vi(R), obtaining a smooth, compactly supported function ¢xy =
Yx[Y]]i: Vi(R) — R. We then denote S(¢xy, ©) by ®xy. The twisted functions ¢xy{Y/X}

and ®y y[Y/X] are smooth and compactly supported on elements whose coefficients are < 1.
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We denote them by 1XY) and @) respectively. Finally, parallel to ([#.32)), define

NENWED TiX YY) = Y T(B) - (wx[Y])(U(B))

= Y T(B)-@EX/YHUB)).

. W, (z)(%:7),gen
PSO_, (7)

We then have the following immediate corollary to Proposition [118]

Corollary 119. With notation as above, we have

. 1
NE WS TXY) = s T(B)- (- 05V LY/ Y))(B)) d.
P Ay A (Z)VOI(@) VEF o, (BGWW%(W')%G“ >

4.5 Counting special integral orbits via equidistribu-
tion

For a function T': Z" — R defined by congruence conditions, let T),: Z; — R be the closure

of T' to Z,, and let

vp(T) = / Ty,(v)dv, v(T):= /A T(v)dv = Hl/p(T),
zn Zn ",
where dv is Euclidean measure on affine n-space, normalized so that Z™ has covolume 1 in
R™. Let 0 < X and 0 < Y < v/ X be real numbers. The purpose of this section is to bound
and estimate Nien(ng ) T, X,Y) for various functions T: W,,(Z) — R. We will prove
two such results. The first result is an upper bound, to state which we need the following

notation. For a prime p, define the quantities
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for integers k > 4. For integers n > 0, we define v(n) multiplicatively: v(n) := [, v(p").

Then we have the following:

Theorem 120. Let X and Y be as above, and let a be an integer such that a < XY/*Y1/2,
Let T,: W, — R be the characteristic function of the set of non-distinguished elements
(e, B) € Wy, (Z) that are special at a. Let ¢: Vi(R) — R be a smooth and compactly

supported function. Then we have that
Ny(We, Ta; X, Y) < v(a) X2~ ATy /2,

The above result has the following immediate consequence when Y <« X1/279,

Corollary 121. Let notation be as in Theorem with the added assumption that Y <

X1/2-6 for some 6 > 0. Then we have that
Nw(WWu Ta; X, Y) < y(a)X5*5/2+6'

A function T': Z™ — R is said to be defined by finitely many congruence conditions if there
exists an integer ¢ > 0 and a function 7,: (Z/qZ)" — R such that T is the lift of T} to Z".
Let M; and M, be positive real numbers. A function T': W, (Z) — R is said to be (My, My)-
acceptable if T is bounded and defined by congruence conditions modulo two relatively prime
positive integers b and ¢, where b < My, ¢ < Ms, q is squarefree, and the congruence condi-
tions modulo every prime p dividing ¢ is exactly that T,: W, (F,) — R is the characteristic
function of the set of matrices that are of rank < 1 modulo p. We next use equidistribution

methods to prove an estimate on Ngen(ng), T;X,Y) when Y is close to X'/2,

Theorem 122. Let 6 and & be positive real numbers, which will eventually be picked to be
sufficiently small. Let X and Y > X279 be positive real numbers. Let T: W, (Z) — R

be an (X?, X'/?)-acceptable function, with conditions defined modulo b < X? and g < X'/2,
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Then we have that

| Tt

Oy (Z)

X5+ 10604606 —A+€ )

N WD T5X,Y) = VOl Eu(TIVol(4]2) XY + O

q6

where A > 0 s an absolute constant independent of 0 and 6. Here, J., s the rational

constant arising from Corollary[119 applied to the action of PSO, on Wy,

4.5.1 Counting special SL,(Z)-orbits on W,(Z)

Let D be a bounded ball inside Uy(R). Let v = (n,s,k) € SLy(R) be an element where

s = (s1, $2, 83), and let Z > 1 be a real number. For any L C Uy(Z), consider the set
D(Liv,2) = {v-ZDN L}.

We will bound the number of elements in D(L;~y, Z) for various sets L. We begin with the

following lemma:

Lemma 123. Let ¢ = p* be a prime power, and let Ly C Uy(Z/qZ) denote the set of
matrices that, when viewed as quadratic forms, are squares of linear forms modulo q. Let

(a11, @12, G13, a14) € (Z/QZ>4 be a fized tuple.

(a) Suppose that a1y # 0 (mod q) and that p° || ay. Then there are no elements B € L
with by; = ay; unless B = 20 is even and p* | ay; for i € {2,3,4}, in which case a1, a2,

a3, and ayy determine B up to O(p®*) choices.

(b) Suppose that a;; =0 (mod q), and set p° = ged(ay, ais, ars). Then there are no elements
B e LZ with by; = ay1; unless 20 > k, in which case a1, a2, a3, and a4 determine B up

to O(p*+24) choices.

Proof. Any element B € L} can be expressed as B = (o171 + a1y + azrz + ayry)? for

a; € Z/p*7Z. The coefficient by, of B then satisfies b;; = o? (mod p*). Assume that a;; Z 0
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(mod p*). Clearly, the power of p dividing a;; must be even, say 2/, for a;; to occur as
the leading coefficient of B € L,. Then the congruence a? = a;; (mod p*) determines
ay € Z/p*7Z up to O(p*) choices, and moreover p’ || a;. Next, for j # 1, we consider
the congruences 2aja; = ay; (mod p*). This implies that p® | ai; for j € {2,3,4}. More-
over, since p’ || i, the value of a;; determines a; up to O(p’) possibilities. Thus, the
values of a1, ai2, ai3, and a4, determine «q, s, ag, and a4, and hence determine B,
up to O(p*") possibilities.

We move on to part (b) of the lemma. Since a;; =0 (mod p*), we must have p* || oy, with
20 > k, and since 2ca; = ay; (mod p), it follows that p’ | ay; for j € {2,3,4}. Therefore,
a; is determined up to O(p*~*) choices, and as before, ay, a3, and a4 are determined up to

O(p*) choices each. This gives a total of O(p**%) choices for the a;, yielding the result. [
The lemma has the following application to the important case when ¢ is squarefree:

Corollary 124. Let q be a squarefree positive integer, and let L, C Uy(Z/qZ) denote the set
of matrices that are of rank < 1 modulo q. Let ¢' | q, and let (a1, aio, a3, a14) € (Z/qZ)* be
a fized tuple such that a;y =0 (mod ¢'). Then there are no elements B € L, with coefficients
b1 = ay; unless ¢' | ay; for j € {2,3,4}, in which case ay1, aia, a13, and ay4 determine B up

to O.(¢°q°) choices.

Proof. The number of B € L, with by; = ay; for j € {1,2,3,4} is at most the number of
B € L} such that for some v € (Z/qZ)* /(Z/qZ)** we have by; = vay; for j € {1,2,3,4}.
Since [(Z/qZ)* /(Z/qZ)"?| <. ¢, it suffices to prove the lemma with L, replaced by L. The

result then follows by applying Lemma [123] along with the Chinese remainder theorem. [J

Next we have the following lemma describing conditions on the coefficients of B imposed

by B being rank < 2 modulo a prime power.

Lemma 125. Let ¢ = p* be a prime power, and let (a11, ar2, a13, a14) € (Z/qZ)* be fived and

nonzero. Then the condition that B € Uy(Z/qZ) satisfies b;; = a1 for j € {1,2,3,4} and to
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be rank < 2 modulo q forces B to satisfy two independent conditions, one of density O(p~*),

and another of density O(p™!).

Proof. The first condition is simply that the 3 x 3 matrix [b;;]2<; ;<4 has determinant 0.
When the tuple (b1, bia, by, bi4) is nonzero, the first condition is insufficient to ensure that
B is of rank < 2. Hence, there must be a second, necessarily independent, condition. The

largest possible density for this condition is O(1/p). O

Let a,b > 0 be integers. Let L, be the set of elements in Uy(Z) of rank < 1 modulo

a, and let L., C L, be the subset of element of rank < 2 modulo ab. Define the quantity
pi(a,b) thy

p(a,b) :==a % 1oy, (4.34)

where by is the product of primes of b not dividing a. For any subset S C Uy(Z) and two
subsets vary, vary of coefficients of U, let S(vary;vary) C S be the subset of elements in
which all coefficients in var; vanish and no coefficients in vars vanish. Let U; C U be the

determinant-1 subvariety. Then we have the following result:

Lemma 126. Let v € Fy be such that v = n(sq, S2, s3)k. We define the quantity

M (s) := M (sq, s9, 83) := max(1, s7s355 2, 515555 %, 8555 °).
Let a and b be positive integers, and let Z be a real number satisfying ab < Z. Then estimates
on #D(L;~,Z) for the following choices of L are as in the second column of the following
table. Moreover, in order for D(L;~y,Z) to be nonempty, the condition listed in the third

column must be true.

Proof. First, note that the claims in the fourth column of the table follow immediately from
the nonvanishing conditions stipulated in the second column. Hence it remains to prove the

claims in the third column.
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m L 4D(Liv, Z) < D(L; 7, Z) # 0 implies
1 U(Z)(0; {a11}) sy 332Z9 sis3si < Z

2 Ui(Z)({a11}; {ai2}) s1s3 78 sisssi < 7

3 | U1(Z)({a11, ar2}; {ar3, ax}) s9s3s2 27 s1s2 L 7, s3st < siZ
4 | U(Z)({a11, a12, asn}; {a13}) 5155326 siss L Z

5 | U(Z)({a11, a1z, a13}; {a}) 510525525 2K S, s3sE L s1Z
6 | U(Z)({ai1, a1z, ar3, as}; 0) s$s§s8 24 P L S3, st L ST
a Lap(0; {b11}) (a, b)sy0sSM () 210+ sis3si < Z

b Lap({b11}; {b12}) Vau(a,b)s3s3M (s) 27+ sis3s; < Z

c Lap({b11,b12};0) apu(a,b)stsysi?M(s)Z8+e

We begin by proving the claims in the first six rows of the table. It will be convenient
to divide into two cases: first assume that not all of a1, a12, and a3 are 0. In this case,
either agy, agy, or asy must arise in the determinant polynomial expansion of det(A) with
nonzero coefficient. We then fiber over all but this one coefficient, and note that the condition
det(A) = 1 determines this coefficient uniquely (if it is integral at all). With this observation,
Cases 1 through 4 follow immediately. To illustrate how, we briefly discuss Case 3. Here
a11 and aip are set to 0. Since a;3 and a9 are assumed to be nonzero, for there to exist
integral points at all, it must be the case that the ranges Zw(ai3) and Zw(agy) of a13 and ass,
respectively, are > 1. This implies that the range Zw(a;;) > 1 for all (¢, j) not equal to (1,1)

or (1,2). Hence, the number of possibilities for all the coefficients a;; other than ays is <

H Zw(ay) = 585837,
(4,5)¢{(1,1),(1,2),(2,4)}

as necessary. (When agq or ayy is the excluded coefficient instead of ay4, the computation is
similar and produces a better bound since we have s; > 1.) This yields Case 3, and Cases

1, 2, and 4 are similar.
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Next, assume that a1y = a2 = a;3 = 0. Then for det A to be nonzero, we must have
a14 = 1, and so

Ag2 A3

1 =det A = det (4.35)

Q23 A3
The coefficients ao4, a4, and ayy run freely and do not affect det A. When a9 is nonzero, as
in Case 5, we fiber over as and assz, and note that ass is then determined by the determinant
condition to yield the result. When a9 = 0, as in Case 6, we must have a3 = +1. Then we

fiber over as3 to obtain the result.

We now turn out attention to the bottom part of the table. In each case, we will
fiber over the coefficients by1, bi2, b3, and b4, and use Lemma to determine the
number of possibilities of B modulo a given these coefficients. Then, for each fixed by,
b1z, bi3, biy, and B (mod a), we count the number of possibilities for B as follows: Let
d = gcd(by1, big, bis, big, by ), where by is the product of primes dividing b which do not di-
vide a. From Lemma it follows that the density of possible bag, bag, bog, b33, b34, byy is

< b~'b;td. Tt follows that the number of choices for the possible values B is <

where f;; are factors one of which is ab, one of which is ab;/d, and the rest are a. Since

ab < Z, it follows that

Zw(b;;
” max( u}( J),1> < 2% a0 b dsVsy s M (s)
ij

(i.4):i>2

(4.36)
= du(a,b) 2585555 M (s).

Note that the d/b;-density condition must necessarily be independent of the mod a densities
arising from the fact that B (mod a) is fixed since ged(a,by) = 1.

Let 3, be the set of primes dividing a. For a subset S C X, let S := 3, . S, let II(S)

196



be the set of positive integers divisible only by primes in S, and let ag be the part of a
coprime to every element of S. Turning now to Case a, Lemma [123|implies that the number
of choices for byy, b1a, b1z, and by4, weighted by the number of arising possibilities for B

(IIlOd a), such that ng(bH, b12, b137 1)147 bl) =dis <

5 2 4+e Z4+e o 4 4
Y Y. dasd” < —r w(bn)w(bi)w(bp)w(bie) = —5s1 sy 7s5"

SCXaq qu(E) q/GH(S) b1]'<<Z’w(b1]')
¢*la  q'lagle’® dg*aglbi1,dgq’|b;

Multiplying by the right-hand side of (4.36) and summing over d | b; yields the result
for Case a.
Similarly, the numbers of choices for by1, byo, b13, and b4 with ged (b1, bi2, b1s, b1, b1) = d,

weighted by the number of possibilities for A (mod a), in Cases b, ¢ are respectively <,

Z3+e b b b ZS-i-e
Z Z Z agq’2 <, w( 12)w(/;3)w( 14)aq/2 <. a1/25;6552

d3 q a3
SCYq ¢'€ll(S) dbi2,dbi3,db14
¢laslg®  '1b1j

ZlJre Zw(b b Z2+e
Z Z Z asq” < maX{ wl 13),1}w( 14)6161/2 < as;’s;.

d q q d
SCXaq ¢'€ll(S) dbi3,dbia
¢laslg? 10

Once again, multiplying by the right-hand side of (4.36)) and summing over d | b; yields the

result for Cases b and c. This concludes the proof of the lemma. O]

For positive real numbers X and Y, and v € SL4(R), we define the quantity
N(v; X,Y) = #{(A,B) € D(U(Z);~,X) x D(Lap;7,Y) : (A, B) is non-distinguished }.

We now have the following result.

Proposition 127. Let Y > X > 1 be real numbers, and fiz v = n(sy, 2, s3)k € Fy. Let a

and b be positive integers such that ab <Y . Then we have that

N(; X,Y) < pla, b) XY 10751255537,
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Proof. We partition U;(Z) into the first six sets listed in the second column of Table [126]
and partition £,; into the last three sets listed in the second column of Table . This
gives us 18 cases to consider, and we label these cases 1a through 6c. A pair (A, B) € W, (Z)
with det A = 1 and ay; = a12 = ass = by; = byp = 0 is automatically distinguished, and so
Cases 4c and 6¢ can be discarded.

Continuing with the c’s, note that the bound for Case 1lc follows directly from the
relevant third column bounds of Lemma [126] and the inequality a < Y. The bound for Case
2c follows directly from the relevant third column bounds, along with the relevant fourth
column inequality and the inequality a << Y. The bound for Case 3c follows directly from
the relevant third column bounds, fourth column inequalities, and the inequalities X < Y
and a < Y. For Case 5¢, we observe that any pair (A, B) € W4(Z) with det A = 1 and a;; =
a2 = a13 = byy = bip = byz3 = 0 is automatically distinguished. This observation has two
consequences: first, we may assume that s?s2 < Y, and second, the bound for the number
of eligible forms B given in Lemma can be improved to ap(a,b)s?s3si®M(s)Y8€. Using
these consequences along with the relevant fourth column inequalities and the inequalities
a <Y and s?s2 < Y yields Case 5c.

We now move along to the a’s and b’s. It is easy to check that Cases 1a, 2a, 3a, 4a, 5a,
1b, 2b, and 3b follow directly from the bounds in the second column of Table [126] Case
6a follows from the bound in the second column together with the inequality s < s?X.
Similarly, Case 5b follows from the bound in the second column together with the inequalities
s? < 52X and s3s? < s?X, which should be used to make the powers of s; and s3 equal in
the product /au(a,b) XY 25103514 M (s).

This only leaves Case 6b, which is the most intricate case stemming from the difficulty in
controlling the exponent of s5. We proceed as follows: Since a1 = a2 = ago = 0, it follows
that the quadratic form Q(x,y) = bix? + biaxy + baoy® must have nonzero discriminant
for the pair (A, B) to be irreducible. However, since B € L,, it follows that a | A(Q),

and in particular |A(Q)| > a. Therefore, it follows that Y?2w(b12)? = Y25, *s;%s5* > a, or
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s2s2s2 < Ya~'/2. Denote the set

D(Ui(Z)({a11, a12, a13, aza }; 0); 7, X) X D(Lap({a11}, {a12});7,Y)
by T'. Now, from the bounds in the third column of Table it follows that we have

#{(A,B) € T: (A,B) isnon-dist.} < +/au(a,b)X*Y s3s5si6M (s)
< (a, b) X Y10s858s1 M (s),

where the final inequality follows by multiplying the right-hand side of the first line by
Ya'2s7%s5%s5% > 1. Using the inequalities s? < Xs2 and s2 < Xs? to ensure that the
exponents of s; and s3 in s$si*M(s) are equal, we obtain the required bound in Case 6b as

well. This concludes the proof of the proposition. n

We are now ready to prove Theorem (120

Proof of Theorem [120: Let 7' denote the characteristic function of the set of non-
distinguished elements (A, B) € W4(Z) that are special at a and satisfy det A = 1. Then we

clearly have that
Ny(WSP Ty X, Y) < Ny(WED 75 X, V).

From Proposition [117], it follows that we have

N¢(W(ivj),T; XY« / Z T(w)(7 ) (I’[Y_l/QXlM,Y1/2X1/4])(w)>d7 <
YEF

weWy(Z)

/ #{(A, B) € D(UL(Z);7,25) x D(Su;7, VY X*) N\ Wi(Z) : (A, B) is non-dist. }d7,
YEF4

as long as D C Uy(R) is large enough that D x D contains the support of the compactly sup-

ported function ®, and where S, denotes the set of elements B € Uy(Z) that are special at a.
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By Proposition (112 we may write

S.=JoLea,

b,c,d

where b, ¢, and d, are integers dividing a that satisfy the following property: for each prime
p dividing a with p*||a, there exist nonnegative integers o and 3 such that p®||b, p*=225|c,
p*~2|\d, k —2a+ B > 0, and a > 2. Applying Proposition on each triple (b, ¢, d) (to
apply the proposition for the set bL. 4 rather than L. 4, we simply divide each B by b), we

therefore obtain

NoWGP T XY) e 30 [ 0 nle )X X O

b,C,d Sz<<X

<. Z bilo,u(c, d)X571/4+eyl/2’
b,c,d
(4.37)
since the term s1%s3si? in Proposition exactly cancels out with the Haar-measure factor.

If p*||a, then the contribution from p to b=1%u(c,d) is easily checked to be

pORTe—iHl i 204+ =0, a — 28> 0;

—6k+a—48
)

P otherwise.

We claim that the contribution from p to b=°(c, d) is < the contribution of p to v(a) for each
k > 1. Since a < k/2+ /2, this follows when k£ > 4. When k = 1, we must have o = 5 = 0,
and the claim follows. When k& = 2 or k = 3, we either have « = f =0, or « =1 and § = 0.
The claim is easily checked in all these cases. Therefore, we have b™1%u(c, d) < v(a). Finally,
since the number of triples (b, ¢, d) being summed over is O,(a) = O.(X*), the result follows

from (4.37). O
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4.5.2 Fourier analysis on the space of n x n symmetric matrices

In this section, we collect some Fourier analytic results on the space of quadratic forms. Since
our results apply generally, we will work with the space U, for integers n > 2, specializing

only occasionally to the space of quaternary quadratic forms.

4.5.2.1 Preliminary definitions and results

Let n > 2 be an integer. For an integer N, let Un(/Z_/]\VZ) be the Pontryagin dual of
U,(Z/NZ). Then U,(Z/NZ) can be identified with U,(Z/NZ) = (Z/NZ)", where D =

2t We write elements x € U, (Z/NZ) as D-tuples x = (Gij)1<i<j<n via the identification

W(B) = o(Z 0 (" ),

where B = (bi;)i;j € U (Z/NZ) and e(x) := €*. We also consider elements A = [a;;] €
Uan) as n x n symmetric matrices by regarding the a;; as the matrix entries.
For a function ¢: U,(Z/NZ) — C, we recall the definition of o Un(/Z/TVZ) — C, the

Fourier dual of ¢:

BeUL(Z/NZ)

Fourier duality then implies the equality

= 32 007 = é(1)

Let U/n@ denote the lattice in U,(R) dual to U,(Z). For every positive integer N, we

have a natural identification of U, (Z)/NU,(Z) with Un(/Z-/]\VZ). The following result is a

consequence of Poisson summation.

Proposition 128. Let ¢: U,(R) — R denote a smooth function with super polynomial

decay. Let N be a positive integer, and let ¢: U,(Z/NZ) — R be any function. Then, for
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positive real numbers Y;;, we have

Yij .
B=(b;;)€Un(Z/NZ) x=(i;)€Un(Z)

4.5.2.2 The Fourier transform of the set of rank-1 quadratic forms modulo a

prime p

Let p be an odd prime number. In the following result, we estimate the Fourier transform
of the characteristic function S: U, (Z/pZ) — {0, 1} of the set of elements in U,,(Z/pZ) that

are of rank < 1 modulo p.

Proposition 129. With notation as above, we have the following bounds on S:

_rank(x)
i 2

1S(x)| < p

Proof. Let x = (a);; correspond to the quaternary quadratic form A. Since S is GL,(IF,)-
invariant, it follows that for any v € GL,(F,), we have S (x) = S (7x). Thus, we may assume

that A is diagonal, with coefficients aq, ..., a,. The support of S is precisely the set

{B=~(Biz1 4+ Bawn)? 17 € F;/F;27/617"'7ﬁn € F,}.

With x and B as above, we have y(B) = (Zaﬂﬁ ) Therefore, we have that

n

S0« 3 e(E2E) S TT Y o(“) =TT otann)

Bi€Fp i=1 B;€F, i=1

where g(o;, p) denotes the quadratic Gauss sum modulo p. Since we know that |g(ay, p)| is

/P when o; # 0 and p when a = 0, the result follows. n
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Bounding the Fourier transform of certain smooth functions

Let ¢: V4(R) — R and ®: PSO4(R) — R be fixed smooth, compactly supported func-
tions. Let X,Y be real numbers with 0 < Y < X2, Recall that we restrict ¢ x[Y] to
V1(R), obtaining a smooth, compactly supported function ¢¥xy: Vi (R) — R. We then wrote
S(Yxy,®) for @xy. Finally, we wrote 1x y[Y/X] and ®xy[Y/X], respectively, for ¢(X:¥)

and ®Y). Next, we estimate the Fourier transform of ®(Y):

Lemma 130. The mth partial derivatives of ®Y) are bounded by O(X>™ /Y ™).

Proof. Tt is immediately seen that ®XY) = S(1x y{Y/X}, ®). Thus, the lemma follows from

bounds on the derivatives of ¢x y{Y/X}, which can be computed using the chain rule. O
As a standard consequence of the above lemma, we obtain the following result.

Proposition 131. Let Z denote X®/YS. The Fourier transform of ®Y) satisfies

o M
q)(X’Y) A << T~
BEDA)] <

where |A| denotes the L'-norm of A.

4.5.3 Counting special PSO,(Z)-orbits on W, (Z)

Let ®: W, (R) — R be a smooth function. Given a function 7: W,,(Z) — R that is

PSO., (Z)-invariant, we define

NoiX)= [ (3 T 0By (4.39)

vEFA BEW y, (Z)een

Above, we take dy = sy %s, 2dnd* s,d* sydk for v = n(sy, s3)k in Iwasawa coordinates. Write
n(sy, sa)k = (s1,s2)n(s)k for k € K, n € N and (s1, s2) € T". It is easily checked that n(s)
has absolutely bounded coefficients. Then for v = n(s1, s9)k, we have v-® = (51, 52) - Pp)ks

where @), is smooth and has compact support independent of (n,s) € Fo,.

203



We assume that T is bounded and (X?, X)-acceptable, i.e., T is defined via congruence
conditions modulo two relatively prime positive integers b < X? and ¢ < X, where ¢ is
squarefree and the congruence condition modulo ¢ is simply the one which cuts out the
elements having rank < 1 modulo ¢q. For such functions T', we estimate Ng(7T; X) in the
following three steps: first, we bound the number of non-distinguished points in the cusp-
idal region of the integral. Second, we bound the number of non generic elements in the
main ball of the integral. Third, we estimate the number of integer points in the main

ball of the integral.

4.5.3.1 Bounding the number of integer points in the cusp

Let 0 < ¢ < X be squarefree, let £, :={B € W,,(Z) : B is of rank < 1 modulo ¢}, and let

C;‘d be the set of non-distinguished elements in £,. We prove the following result:

Proposition 132. Fiz 0 < 0; < 1/4. Then we have

10—261+€

/ nsk€EYEF A ( Z (7 . ®>(B/X)>dfy <, T

max(s1,52)3>X%  BeLnd
We start by proving the following lemmas:
Lemma 133. Every B € L, with |bjy — bi1baa| < ¢ is distinguished.

Proof. The binary quadratic form by;22 + biaxy + beoy? is a square modulo ¢ since B belongs
to L,. Hence, the discriminant A = b2, — b11boy is divisible by q. The condition of the lemma
now implies that A = 0, and hence that b;2% + biazy + baey? is a multiple of the square of

a linear form. Thus, B is distinguished. O

Lemma 134. Let 1 < Y] < Yy < Y3 be positive real numbers such that Y7 < Y1Ys. Then
the number of integer triples (a1, az, a3) € Z* such that q | a3 —ayaz and |a;| < Y; is bounded

by O (Ya(Y1Ys)“(1 + Y1 Y3/q)).
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Proof. There are O(Y3) choices for a;. Once we fix ay, we have ajas = a3 + kq for some
integer k. There are O(1 + Y;Y3/q) choices for k. For each choice of k, the pair (aj,a3) is
fixed up to (Y;Y3)¢ choices. O

Let £24 _o and L2 ., denote the subsets of £} consisting of elements (27, B) with
b11 = 0 and by; # 0, respectively. For each divisor ¢’ | ¢, let Lg%ll#O(q/) ={B ¢ ng},méo q |
bi1(B)}. We have the following consequence of Lemma [134}

Corollary 135. Write ¢ = i for n € N', s = (s1,82) € T'. Then for sy > sy with

w(bi1)X > ¢, we have

Xl()-‘re X8+684
Yo ((s182) - 6x)(B) < e 1
Betgin#o(ql)

Proof. We fiber over by1, bia, baa, b3, and by4. Since the binary quadratic form by 22 +biazy+
baoy? is a square modulo ¢, Lemma implies that the number of options for the triple
(b11, b12, ba2) is bounded by O (X'(1/(¢'s?) + X?/(q'qs%))). The number of options for the
pair (bys, bi4) is bounded by O(X2/(¢s3)).

Once these coefficients have been fixed, Corollary [124] implies that B is determined mod-
ulo ¢ up to O.(¢"*¢°) choices. Since Xw(b;j) > X > ¢ for the remaining coefficients, it is

clear that we have

)

X2 ) X2 X5q/3q6861383

s -
q'”s3 q

> (lons) - 0x)(B) < X[

/o2 PP
asy q4sy
d
BEﬁZ,buio(q/)
as necessary. O

We are now in position to prove Proposition [132]

Proof of Proposition By symmetry, we may assume that s; > s, for v = n(sq, s2)k €
F,. Moreover, by Lemma , we may assume that s; < X/2/¢'/4. Thus, stratifying the

set L0290 With the subsets £ o(¢') for ¢ | ¢ and applying Corollary [135|to each stratum,
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we obtain

/nskG'yEfA ( Z (7'¢)(B/X)>d7<<5

max(s1, 32)>>X51 BEE“%u#O

1/2/,1/4
X2 /q / X10+e X8+e s
so=1

7 )sl’zs;QdXsldX Sa,

51>X%1
which is sufficient.

Next suppose that B € Ef;d with by; = 0. Then by; # 0 for j € {2,3} and ¢ di-
vides by; for j € {2,3,4}. It follows that Xw(by;) > ¢ for j € {2,3,4}, which in turn
implies that Xw(b;;) > ¢ for all (7,7) # (1,1). Under these conditions, there are <
X3w(byo)w(bi3)w(bis)/q® options for the tuple (0 = by, bia, b1z, biy). Once such a tuple has

been fixed, it determines B modulo ¢ up to O.(¢>*¢) choices by Corollary . Thus, we have

X1/2/q1/2 X9+6
[ e, (X Growx)a < | / wlbi) sy 0 15,

o1
max(51,52)>>X‘51 Beﬁ’q‘%u -0 1>X

X9+e

<
€ q6

Y

which is also sufficient. This concludes the proof of the proposition. O

4.5.3.2 Bounding the number of non-distinguished elements in the main ball

Let 0 < ¢ < X be an integer (not necessarily squarefree), let S, := {B € W, (Z) :
B is special at ¢}, and for a set S C W, (Z), let S"°" denote the set of non-generic elements
in S (i.e., the set of elements in S that are distinguished or have a non-trivial stabilizer in

PSO.,(Q)). The following result bounds the number of non-generic elements in the main ball.

Proposition 136. Let 6, > 0 be sufficiently small. Then, for a constant k > 0 independent

of 01, we have that

10—k

).

/nskaea ( > (v-fbx)(B))dv:O(

max(s1,52)< X% BeSGE™"
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Proof. Tt is a consequence of |78, Corollary 1.2] that the density of S, in W, (Z) is O(q™°).
The result then follows from using the Selberg sieve applied as in |104]. The only additional
ingredient needed to apply the sieve is to show that for every prime p > 2, there exists a
set T}, (vesp., T,) contained in W, (IF,) satisfying the following two properties: (1) every
B € W, (Z) whose reduction modulo p lies in T}, (resp., T) is non-distinguished (resp., has
trivial stabilizer in PSO,(Q)); and (2) the size #T), (vesp., #7T}) is > p'°.

We now construct the sets 7, and 7;. For any separable monic binary quartic form
f € Vi(F,), it follows from [105, Proposition 14] that the set of PSO,, (F,)-orbits on W, (F,)
with resolvent f is in bijection with J¢(F,)/2J¢(F,). It further follows from [105, Equation
(8)] that the stabilizer of any element of such an orbit is isomorphic to J(FF,)[2]. Thus, we
can take T}, to be the set of all B € W, (F,) with separable resolvent «(B) = f corresponding
to a non-trivial element of Jy(IF,)/2J;(F,). Similarly, we can take 7, to be the set of all
forms B € W, (F,) with separable resolvent «(B) = f such that J¢(F,)[2] is trivial.

It remains to show that the sizes of T}, and T} satisfy the required lower bounds. Re-
call that for any separable form f € V;(IF,), the 2-torsion subgroup J¢[2] depends only on
the splitting type of f over F,. Since each unramified splitting type occurs with positive
proportion (where by “positive,” we mean “positive in the large-p limit”), it follows from
the orbit-stabilizer theorem that the set T), (resp., 7)) comprises a positive proportion of

W, (Fp)—i.e., we have #T), > p' (resp., #1,, > p'?), as necessary. O

4.5.3.3 Estimating the number of integer points in the main ball

Assume the Fourier transform of a smooth, compactly supported function ®: W, (R)) —
R satisfies the bound ®(A) <, ZM/|A|M, for some real number Z > 0. Then, for v =

n(s1, s2)k € Fuy, Proposition gives

ST T(B) - ((s1,52)Bu)(B/X) = X °B(O0)(T) + E. (4.39)

BeW o, (Z)(H3)
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The error term E above is bounded by

10

B < Ggm > T(A)]
0£AeW (2)
1< (Z0a) 4/ (Xw(biy))
X110 (Zbg)l0+e
< (b )10'( )?)10 max(sy, 52)° min(sy, s5)% - ¢7/2+<pt0 (4.40)
q

<. max(sy, 55)° min(sy, s9)? - (Zb)1()+6q7/2+e7

where we use Proposition to bound the value of |f(fl)] by ¢"/>t¢ when A is not 0 modulo
p for any p dividing ¢. If the ged of ¢ and all of the coefficients of A is ¢;, then we have a
bound of ¢”/ 2+€qi/ 2 on |T(A)|. However, we recover the required bound from the fact that
every coefficient of such A is a multiple of ¢y, thereby shortening the sum over A.

We are ready to estimate Ng(T; X):

Proposition 137. Let notation be as above. Then we have for some real numbers k > 0

and any 0 < 6, < 1/4 that

. 10—k X10—261+5
No (T X) = Vol(F) X B (0)(T)+0( . )+O€<T>+O€<(Zb)m+€q7/2+€X451).

Proof. From Propositions and [136], we have

) = [ (B%%Ww ) (BIT(B))

_ / wier, (2 (- @x)BITB))dy+0( ;Oeﬁ)we(w)‘

6
" q
max(s1,52) < X0 BEW .y, (Z)(0:9)

The main term in the second line of the above equation can be estimated using (4.39))

and ([10):

/ nsk€YEF oy, < Z (7~ q’x)(B)T(B))d'y =

max(s1 ,52)<<X61 BeEW oy, (z)(9)
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VOI(]:,QQ)XH)@(O)V(T) + Oe <(Zb) 10+eq7/2+eX451+e) 7

as necessary. O

We are now ready to prove Theorem [122]

Proof of Theorem Applying Corollary yields

. 1
NE"(WED T X)Y) = —— / T(B)(v- @YXV [X/Y])(B))dy
v ) = V) o, BEW%M (B) X/Y))(B))

1
= Ny (T; X/Y).
0., (1)Vol(©) s (T3 X/Y)

We apply Proposition to estimate Ngxy)(T;X/Y). First note that since T is
(X% X'/?)-acceptable, we have b < X? and ¢ < X'/2. Thus, the error term from the
proposition is <,

(X/Y)lo—n N (X/Y)10—251+e

. ’ + (Z) 10—|—e()(/}/)7/2-1-100-&-461-&-57
q q

for some 0 < & and any 0 < §; < 1/4. By assumption, we have Y > X279 5o by

Proposition we may take Z = X% Therefore, the error term arising from Proposition
[137is <.

X 1/248)10-~ X 1/24+8)10-261 +e 5 A+100+605-+¢
( ) ( ) +( X1/2+5)7/2+109+606+461+e <. B

q° * q°
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for some sufficiently small A > 0. We now compute the main term to be

1 X10 V) (0) VA X1 (X,Y)
7@ Py ey M) = oy Ve e Vel D)
_ |~7ﬂ4|
= (i)vol(.FQ{4)V01(1/}X,Y)V(T>
VA 4y2
= (Z,)Vol(]-"m)\/ol(waTz)X Yu(T),

where the first equality follows from Corollary[I15] and the rest follow directly from the defini-

tions of the various smooth functions involved. This concludes the proof of Theorem (122, O

4.6 The second moment of |Sely(F)|

For (I,J) € Z* with A(I,J) # 0, let E'/ denote the elliptic curve with invariants I and
J. We know from [26, Theorem 3.5] that Sely(E"”) is in bijection with the set of PGLy(Q)-
equivalence classes of locally soluble integral binary quartic forms with invariants 24/ and

20J. Let F be an acceptable collection of elliptic curves over Q, and let Fi,, be the set
Fiy = {(2'1,2°)) € Inv(Z) : EM € F}.

We denote the natural bijection F — Fi,, by ¢, and we write F* := (~!(Inv(R)*). Let

H: Inv(R)* — R be a smooth bounded function. Then, as in [26], §3.2], we have the equality

Y (Sel(B) - DHx((E) = Y N(F Hx((S),

BeF+ feda@*

PGLy (Z)
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where NV (F, f) is defined below:

1/n(f), if f is locally soluble, has no rational linear factor, and ¢(f) € Finy;
NF.§) =

0, otherwise.

Above, n(f) is the number of PGLy(Z)-orbits in the PGLy(Q)-equivalence class of f in V4(Z).
For an integral binary quartic form f, write S(f) = Sely(Jac(Cf)) and |S|(f) =

|Sely(Jac(Cy))|. Then we have the following tautological identity:

> 1Seb(E)|(ISely(E)| = DHx(u(E) = Y NEFEDISUNHS) (g41)

EeF=* vy (2)E
fe PéLQ(Z)

We will replace N (F, f) with M(F, f), where M(F, f) defined below. The function N (F, f)
vanishes on V,(Z)?7), and we will define M(F, f) to be 0 there too. For i € {0,1,2+},
and f € V4(Z)® with nonzero discriminant, we define M(F, f) = [T, Mp(F, f), where
My(F, f): Va(Z,) — R is as follows: letting Fiy, denote the p-adic closure of Fi,y in

Inv(Z,), we put

1/my,(f), if f is soluble over Q, and ¢(f) € Finy,p;
MyF fy=q " ’ ®

0, otherwise.

Again, as in [26] §3.2], m,(f) denotes the number of PGLy(Z,)-orbits in the PGLy(Q,)-

equivalence class of f in V,(Z,). Over the next few subsections, we estimate the term

NEPVO,M(F)ISEX) = Y M(F, HISIF)Hx((f)), (4.42)
fegé@gz))

for smooth, compactly supported functions H: Inv(R)* — R.
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4.6.1 Slicing over the leading coefficient

Let T: Vi(Z) — R be a PGLy(Z)-invariant function, and fix ¢ € {0,1,24}. By Proposition
[116] we have that

N (VO T; X) = O(T, 4; X'/%),

o;Vol(©)
where 1) = ¥ = Sy, (H,0). We may assume without loss of generality that 1 is SO (R)-

invariant (this is guaranteed as long as © is SOy(R)-invariant). To evaluate the integral

O(T,v; X), we fiber the sum over f € Vy(Z)%" by the value of a(f), obtaining

- d*t
o ux) = [ (XY T (6 u))an
t
(t)EF2 Y0120 feVy o (Z)een
t! 1
where (¢,t7*n) denotes the matrix . . We will transform the innermost
t t7?n 1

sum in the above equation into one over monic binary quartic forms as follows.

For f € Viu(Z), let fmom := (kf)™", and for g € mon(kVy,(Z)), let gdem™* := k~1gdem.

1
For a function 1: V4(R) — R and a real number n, let (™ denote 1. Then we
n 1
have
ST () ex) () = Y Tu(f™™) (G [kat?]) (f™),
f€V4’a(Z)gen f€V4’a(Z)gen

where for g € mon(kVy,(Z)), we write T,(g) := T(g%™). Then we immediately obtain the

following result:

Theorem 138. We have that

en i mons —2n mons d*t
NES(VEO T X) = W Z Do Tl (D elkat]) (f )>dn 2

(E0)EF2 21420 feVy o (2)sen
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4.6.2 Introducing local masses on W, (7Z)

Let f € Vi(Z) with a(f) # 0. From §4.2 we know that S(f) is in bijection with the set of
PSO., (Q)-equivalence classes on certain matrices B € W, (Z) with «(B) = f™"™ defined
by local conditions. Moreover, by Theorem [111], every such PSO,, (Q)-equivalence class has
an element that is special at a(f).

This motivates the definition of the following mass functions on W, (Z). For each prime
p, let S, C Wy, (Z,) be a PSO,(Z,)-invariant set. Denote the collection (S,), by S. Let
W (S) be the set W, (Z) N (N, S,), which is immediately seen to be PSO,y, (Z)-invariant.
For an element B € S, (resp. B € W,,(S)), let B,(B) (resp., B(B)) be a set of representatives
for the action of PSO.,(Z,) (resp., PSO.,(Z)) on the PSO,(Q,)-equivalence class (resp.
PSO,, (Q)-equivalence class) of B in S, (resp. W, (S)). Then, for B € W, (S), we define:

[Stabpso,,, (@) (B)|
nS.B)= Y 1 m(S,B)= Y s
B’eB(B) B'eB(B) ’Stabpsod4(z) (B )|
Analogously, for B € §,, we define
Stabpso,,, q,)(B)]

my(Sy, B) = Z

wémm StaPrso., ) (B

Then we have the following result whose proof is identical to that of [26, Proposition 3.6].
Proposition 139. For B € W, (S), we have that m(S, B) = [, my(S,, B).

Now let f be a binary quartic form and denote a(f) by a. Let S(a) = (S(a),), be defined
as follows: for p || a, we set S(a), to be the set of all elements in W, (Z,) with rank < 1

modulo p; for all other primes p we simply set S(a), = W, (Z,). We know that we have

1
SI(f) — S 4.43
S1(f) > wmwD (4.43)
W oz, (S(a)ne™L(smon)
PSO , @)

B loc. sol.

Be
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Once again, since m(S(a),-) has an Euler product while n(S(a),-) does not, we replace

n(S(a), ) with m(S(a),-) and define M, (F;a): W, (S(a)) — R as follows:

M, (F, u(B)g™)

a

m,(S(a),, B)

if B is soluble at p;
My (F;a; B) :=

0 otherwise,

We define the global mass M(F;a;-) as follows:

M(F;a;+): W (Z) — R

M(F. ((B)iem)

a

m(&(a). B)

B — [[,My(F;a;B)=

The masses N(F;a; B) and M(F;a; B) only differ on non-generic elements B. This moti-

vates the following bound on the number of non-generic and non-distinguished orbits B:

Lemma 140. Let S denote the characteristic function of the set of elements in W, (Z) that

are non-generic and non-distinguished. Then we have for some X\ > 0 that

<X1/24 " e
i 1/6 42 5/6-
/ > Ny(W, S aX 0 at ))t—2<<X/ .
£>1
0#|al< X 1/6/t4
Proof. We split the sum over a into the big range with |a| > (X'/6/t*)'~% and the small
range with |a| < (X1/6/t4)1=9  for some § > 0 to be chosen later. Using Proposition for

a in the big range, we obtain

10/6—k

No(Wy)., 81X, at?) < < X,

t20 a6

for some x > 0 independent of §. For a in the small range, we use Corollary to obtain
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the bound

) X5/6 8/2
NAWZ, S;aX'/0, at?) < H Pk, (4.44)
p*|a
k>3

Summing the bound (4.44)) over a and integrating over ¢ gives a contribution that is <

1
X5/6—8/2+¢ L 5/6—5/2+¢€
> L
1<]e| (X6 /t4)1=0
¢ cubeful
as desired, where we say that m is cubeful if, for each prime p | m, we have p? | m. O
Finally, for i € {0,1,2+,2—}, we define

0 = / > oNE, (WY, M(F;a,-); k2aX'/0 Kat2)>dndXt
D e 2, N (Vo M(Fr 0, )5 0 E

and set Z+ =70 4+ 7CH) and Z- = ZM. We now have the following result.

Theorem 141. We have for some A > 0 that

g g (1S2(0)] = 2)Hx ((E)) =IF + O(XP/674), (4.45)
E€F=* o€8Sela(E)
o#1

Proof. We prove the result for negative-discriminant elliptic curves; the positive-discriminant

case follows identically. As long as f is generic, there are precisely two distinguished orbits

arising from f. Thus, (4.41) and Theorem imply that the left-hand side of (4.45) is

t monsx monsx dX
01\/01 /t (¢£2axl/6['<at2])(f WN(F, £)(|S]a(f ) — 2)>dnt—2t,

"GB‘ \a|¢0f6V4a (Z)

where as before, |S](g) denotes |Sely(J,)|, and |S|4(f) = [S|(fd™*). The value of |S|,(fm"*)

is given in (4.43)) in terms of a weighted sum of PSO,,(Z)-orbits on W,,(Z). We define
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N: W, (Z) — R via

if B is locally soluble,

N(F;a;B) :=

0, otherwise,

Therefore, we have that

S @ elkat) (P INE, DSl —2)) =

|al7#0 f€Va,a(Z)

Z Ni?tn—'zn) (Wi),j\/’(]-“; a; B); k*aX ", kat?),

up to an error of O(X%%) for some A > 0, where the error term follows from bounding
non-distinguished and non-generic elements using Lemma [140
Since N (F;a; B) differs from M(F;a; B) only on elements B that are not generic, it

follows from Lemma that we have

SO @l ;f/GKtQ])(fm”*)N(}",f)(ISIa(f”m"*)—2)>=

|al#0 fE€Va,a(Z)

Z Nif? 2 M(]—“ a; B); k*aX ", kat?),
lal£0
up to an error of O(X?/67*). The result now follows from integrating over (t,n) € F,. [
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4.6.3 Truncating the local masses and applying the counting re-

sults

Recall that we choose (unique up to sign) top degree forms w on PSO,, and PGL, for the

application of Theorem [I14] For primes p, we define

T, (D) ;:/ w(g); 7(p) ;:/ w(g).
gEPSO o, (Zp) g€PGL2(Zy)

Since the Tamagawa numbers of PSO,, (Q) and PGLy(Q) are 4 and 2, respectively, we have
for Z > 0 that

47‘ﬂ = 4 H 7}4{4 = VOI(JT'.%A;) H 7}3{4(]7)

p>7 r=t (4.46)
20 = 2[[r)" = Vol(F) [ )

p>Z p<Z

For an integer ¢ > 0, let M,, ((F;a;-): Wy, (Z,) — R be the best upper approximation of

M, (F;a;-) defined modulo p. For positive real numbers r < s, define the truncated mass

MU FaB) = [ MuFaB) < [T Myssos@eFia;B)x J] Spa:B)

p<r,p*fa p<r,p*la r<p,pla
pZ <s§p2+1 pZ <s§pi+1

(4.47)
where, if p* || a, then S,(a,-) is the characteristic function of the set of elements that are
special at p*.

Let 8 > 0 be a real number that will eventually be picked to be sufficiently small. For
a positive real number X, we define Xy to be the largest integer satisfying Higxg i< X% We
will consider the truncated function M8 Xe:X0)(F; g, -) which satisfies M08 Xe:X0) (F: q; B) >

M(F;a; B) for every B € W, (Z). For each place v of Q, define the ratio

|E(Qu)/2E(Qu)|
[E2)(Q.)

Q1=
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where E is any elliptic curve over Q,. The ratio is independent of E, and depends only on

v. The following lemma follows from |26, Lemma 3.20].
Lemma 142. For large enough primes p, we have o, = 1. Moreover, [, o, = 1.
Proof. Indeed, we have a, = %, ay = 2, and a;, = 1 for odd primes p. O

Let V(M) denote the set of natural numbers whose squareful part is greater than M,
and let k < 1 be a sufficiently small positive real number. We say that a nonzero integer a

is good if a ¢ N'(X?) and a > (X/0/t*)1=% and bad otherwise. For ease of notation, define

MU Xo.Xo)(F-q ) if a is good,
T — (4.48)

08X M(Fa,),  if a s bad.
We then have the following result for good integers a:

Proposition 143. Let a be a good integer, and let ¥: Vi(R) — R be a smooth, compactly
supported function. Then for some X\ > 0 independent of the choice of the sufficiently small

constants 0 and k, we have that

: X5/67)\
Ny (WD T 2aX 0 kat?) = o] Ton VO (Fupy J0(Tu) VOl (1] s )K10a6X4/6t4+O< )
x1/6 a

Proof. Recall that t%!(7) denotes the number of soluble PSO, (R)-orbits on ¢~!(f) for any

form f € V4(R)®. We therefore have that

0

3 % = T =0 (4.49)

j=1

We claim that the function 7} is ((aX'/6)?16%% (qX1/%)1/2)-acceptable. To see why, note that

the p-adic factor on the right-hand side of (4.47)) is defined by congruence conditions modulo:
e p’». where ¢, is the unique integer satisfying pr < Xy < p*lif p < log Xy and p* 1 q;
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o 0@+ if p < log Xy and p? | a; and

e (@ if p > log X, since S,(a; B) is defined modulo p*»(¥) (see §4.3.2).

Thus, T, is defined by congruence conditions modulo m msy, where

H pgp % H p360yp(a)+€p % H pr(a) and My = H p

p<log Xy p<log Xy p>log Xy p>log Xy
p*a p*la p*la plla

Since a ¢ N(X?), we have that m; < [Licx, @ X Hpg‘ap%{)’jp(a) < X310 < (qX1/6)21660,

12 ged(my, me) = 1, and the p-adic

Moreover, my is squarefree with my < a < (aX'/9)
factor in the definition of T}, at every prime p | ms is precisely the characteristic function of
the set of matrices in Uy(Z,) that are of rank < 1 modulo p. Thus, we have the claim. The
proposition now follows by applying Theorem m,using the relation , and observing

that a < myma. O
Finally, we have the following consequence of Proposition (143}

Theorem 144. Let i € {0,1,2+}. For some A > 0, we have that

M) < Qoo Tty VO Fera) a6 ( 10,6 ) 5/6-

. aVol(©)  * Jamen 2. o« W(T)VOI(MS%) (X5,
t< X2 geq |<<x1/6

(4.50)

Proof. 1t suffices to prove that the contribution to the right-hand side of (4.50|) from bad
integers a is O(X®/57}). For such a, we have T, < M(F;a,-), which is a bounded function

supported on the set of elements B that are special at a. By the proof of Theorem [120]

v(T,) < v(|al) Hp Hpilz X Hp*” X H plR2, (4.51)

plla p2[|a p3lla p*lla
k>4

Moreover, since 1 is smooth and compactly supported, the factor of Vol (w| ard ) in the
x1/6
right-hand side of (4.50) is absolutely bounded. This, along with (4.51)), yields that the
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contribution from bad integers a is

4/6 k/2
< X /t<<X1/24< > 107 (4.52)

1/6 k
0<a|< X2 "o

a bad

k>3

Using the bound X/¢/(at*) > 1, we find that the contribution to (4.52)) from bad integers
aeN(XY is

. 1 . 1 0/6e
(X L) s B8 et s

x1/6 " pk|a bI=1  |e|>X%/b
0<|a|< =7 >3 b squareful ¢ cubeful
acN(X?)

Similarly, the contribution to (4.52) from bad integers a < (X/6/t4)1=* is

1
<. X 5/6—k/6+e Z 70 <. X5/6—r/6+€ (4.54)
1<]e|<(X /014 =
¢ cubeful
Combining the bounds (4.53|) and (4.54)) yields the theorem. O]

4.6.4 Computing the local volumes and summing over leading co-

efficients

Recall from (4.48)) that we abbreviated the symbol MUeXe-Xe)(F: g .) by T,. We begin with

the following lemma.

Lemma 145. Let p be a prime, and let ¢ be a positive integer. Then we have that

Vp(Myo(Fra;-)) = / M, (F;a; B)dB + O(p_e/GO).

W.;zf4 (ZP)

Proof. Recall that M, ,(F;a;-) is the best upper approximation to M, (F;a;-) defined mod-
ulo pf. If two elements in W,,(Z,) that are congruent modulo p’, say B and B + p‘B’,

have different values under M, (F;a;-), then we may assume that there exists an element
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v € PSO4,(Q,) \ PSO.,(Z,) such that v - B € W, (Z,) but v - (B + p*B’) &€ W, (Z,). We
write 7 = 01709, where o; and oy belong to PSO,,(Z,), and 7 is a diagonal matrix. It
therefore follows that 7oy - p*B" & W, (Z,). In particular, it follows that 7/ has a nonzero
coefficient whose valuation at p is at most —¢/2. However, since 709 - B is integral, it is
easy to deduce that the discriminant of oy - B, and hence the discriminant of B, is divisible

by p'/5. Therefore, we have

v(T,) — /W ( M, (F;a; B)dB < Vol({B € W.,(Z,) : p° | A(B)}).

4 ZP)

A result of Serre (see |[102, §3.2, Equation (57)]) implies the bound
#{B € W, (Z/p"Z) : p" | A(B)} = O(p119n/12)’

which in turn implies that the volume above is bounded by O(p‘z/ 60) " as necessary. O
We have the following immediate consequence of |78, Corollary 1.2]:

Lemma 146. Let b > a > 1 be positive integers, and let p be a prime. The p-adic density
of matrices Q € Uy(Z,) such that Q is of rank < 1 modulo p® and is of rank < 2 modulo p°

15 given by

1, if b= a,

—3a—3b

L+p 21 —p )M A=p)A =p™™), ifb>a.

We now have the following result.
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Proposition 147. For large enough X, we have the following bounds when a is good:

¢

oszJQz4|p|l<|,1,°|a|§w4(p)/V . )Mp(f,f)df+Oe(p_€p/60X§), if p<logXy, p*1a

Oép\Jm!p\Kﬁo\alﬁm(p)/ My (F, )df +O(p~"'®al}), if p<logXy, p*|a;
V4,a(Z;D)
vp(Ta) <

|alS, if p>log Xy and p® f a;

lalpy +O(p~'aly), if p>logXy and p® | a.

When a is a bad integer, we have that

ap\Jmllelio\a!ﬁM(p)/ My(F, f)df, if p <logXp;
V4,a(Zp)
vp(Ta) =

| Toglplale /V L ME DA pzlosXo
4,a\%4p

Proof. When a is good and p < log Xy or when a is bad, we first apply Lemma [145] The
claim then follows from Theorem [114]in a manner similar to [26, Proposition 3.9].

Now assume that a is good and that p > log Xy. The real number X may be chosen
large enough to ensure that |k|, = o, = |Jwlp, = 1. When p { a, the result only claims
an upper bound of 1, which follows from the fact that M, ,(F;a;-) is bounded above by 1.
When p || a, the result follows since MUE*X0X0) (F.q ) = S,(a; B), where S,(a; B) is the
characteristic function of the set of elements B with [F,-rank < 1. The p-adic density of
these elements is precisely 1/pS.

Finally, when p* || a, for k > 2, we note that once again, MSOgX"’X”(I; a,-) = Sy(a;-),
the characteristic function of the set of elements that are special at p. Denote this set by S.
By Proposition , S is contained in the finite union of sets of the form p®Li 2048 k—a—8;
where o and (8 range over nonnegative integers satisfying 2a < k+ 5 and 283 < «. It follows
immediately from Lemma m that the p-adic density of p*Li_saipr—a_p is p~ (1 +

O(p7%)). Summing up over the possible values of o and 3 gives a total p-adic density of
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p %% (14 O(p™1)), as necessary. O
We have the following immediate consequence of the above proposition:

Corollary 148. For large enough X, we have that

CYOOL]QQ|V01(fﬂ4)a6y(_/\/l(10gX07Xe)(]:; a, )) <

argX ] M(F, £)df + 0. (X, /) + E(a),

p<log Xy 7 V.a(Zp)
o 1
where E(a) 1= O<Zp>}l)2|gaX9 5).
Proof. For good integers a, this is a consequence of Proposition [147] For bad integers a,
Proposition [I47]implies the same bound with the truncated product over p < log Xy replaced
by the product over all primes p (and without the error terms!). But because M, (F,-) <1
for all sufficiently large p, the product over all p is at most the truncated product over

p < log Xy for large enough X. O

Next, we have the following lemma, which is a consequence of Riemann summation

together with the fact that 1 is compactly supported:

Lemma 149. Let Q < Ty for some 6 < 1, and for each p < Q, let ¢, Vio(Z,) — R be an

acceptable function. Then we have that

> (vt 1

a<<yT p<QVialZp

»(f)df | =T Vol o(f)df +o(T),
) f) (¢)H/V4(Zp)¢(f)f+ (1)

p<Q

where “a <y T7 means that a is at most a positive constant times T', where the constant

depends on 1.
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Recall the definition of T, in (4.48)). Using Corollary and Lemma we find that

> | T Vol(Fuy)av(Tu) Vol (] ws ) <

6 Xx1/6
0<al<y 27—

Z AVOL (1] s )(T!E;ZgXe) H M(F, fdf +O(X; —1/120+¢ —i—E(a))) <
1/6 X/ <log Xy * Vaa(Zp)
0<|a|<<¢,X p=log Ay
o X1/6 X1/6
4l o) ] M, (F, f)df+o< n )+0(E),

p<log X, VvV (Zp)

where we estimate the error term using the following lemma:

Lemma 150. We have that

B . X1/6
> Vol(¥lun ) (X, VN B(a)) < (log Xo) P
0<al<y X7 1S *
Proof. The first term is easily bounded: we have
1/6
—1/120+¢ X
Z Xo < 4 x 1/120—¢
0<lal <y X2 o
which is sufficient. For the second term, we interchange summation:
1 Xl/ﬁ B X1/6
Z E(a) < Z —XW<<(logX9)2 s
0<‘a|<<¢X 4/6 leOng
t

This concludes the proof of the lemma.

In conjunction with Theorem , the estimate (4.55)) yields the following.

(log Xp)

. 47 Vol

70 < ”;VOI(@)M\/ol (Feer) ] Vol(M,(F, ) X6 + o(XP/).
v p<log Xy

We know that Vol(¢))/Vol(0) = |Tpcr|Vol(HE) and that Vol(M,(F,-)) =
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Together with the equalities 1/0g 4+ 1/09y = 1/01 = @, We obtain
It < 87;}ng9)¢19§§”’)u(f)ﬁ;(o)XM” + 0(X5/6).

Therefore, we have proven the following result.

Theorem 151. We have that

lim > (1S(0) = 2)Hx((E) <8.

Koo V(}- X5/ EeF=* o€Sely(E)
o#£l
Proof. This follows since Té{ong) and TplégLXH) tend to 1 as X tends to infinity. O

Let x*: Inv(R)* — R be the characteristic function of the set of elements in Inv(R)* with
height < 1. For a sequence of real numbers ¢ — 0, consider smooth, compactly supported

functions HE such that

(a) For every x € Inv(R)*, we have that HX(z) > y*(x).

(b) For every ¢, we have that

Then it follows that

1 s
1/(.7:);}(0))(5/6 Z [Selo(E)[" =

EeF*
H(E)<X
1
34— S (Sela(E)| — 1)[Sela(E)| + o(1) =
V(FIXF0) X0 2
H(E)<X

34 X Y Y ((1S:(0)] —2)+2) +0(1) <

<‘7:> EcF*t o€Sely(E)
H(E)<X o#l
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7+ ST (18u(0)] = 2 HEL(U(E)) +0(1) <

V(~7:) 0)X5/6 EeF=* geSelz(E)

o#l
I+ 5/6

74 UOHAOXT gy <
v(F)x*(0)X>/6

154 O(e€) + o.(1).

Letting X tend to infinity first, and then letting € tend to 0, we obtain Theorem [97]

4.A Appendix: Integral orbits from odd-degree divi-
sors on hyperelliptic curves

Note: This section is written in the notation and conventions of the paper [17]. Specifically:

e Let p be a prime number, and let n > 4 be even. For a binary form f € Q,[z,y] of even
degree n = 2g + 2 > 4 having nonzero discriminant, we denote by C;: 22 = f(x,y) the
corresponding genus-g hyperelliptic curve, by J; = Pic%f /g, the Jacobian of Cy, and by
J } = Piclc /Qp the principal homogeneous space for J; whose points correspond to the

divisor classes of degree one on CY.

o Let 0 € fo be the root of f. We denote by “r — 6”7 the Cassels map Divg,/q, —
(Kf/Kf“Q;)NEfO (see [39, §2] for the definition).

e We write I;(k) for the fractional ideal [ }’? and N for the norm N defined in

e We say that a pair (/,«) of a based fractional ideal I and a number a € K is good if
I? C alg(n—3) and N(1)> = N(a)f5 "

4.A.1 Summary of the problem

In [17], Bhargava, Gross, and Wang proved the remarkable result that a positive proportion of

hyperelliptic curves over Q have no rational points over any odd-degree extension of Q. The
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main results of their work (namely, Theorems 1, 2, 5-7, and 10-12, as well as Corollaries 3,
8, and 9 in [17]) rely on the following integral orbit construction, which is stated in the paper

as Theorem 15:

Theorem 152. There exists a positive integer k depending only on n such that, for any
integral binary form f(x,y) of even degree n = 2g+2 with C' : z* = f(x,y) locally soluble over
Q, every (SL,, /12)(Q)-orbit of locally soluble pairs (A, B) € Q?®@Sym, Q" such that det(Ax—
By) = k*f(z,y) contains an element in Z* @ Symy Z"™. In other words, the (SL, /u2)(Q)-
equivalence classes of locally soluble pairs (A, B) € Z* ® Symy Z"™ such that det(Az — By) =

k2 f(z,y) are in bijection with the elements of Sely(J').

The proof of Theorem |152]is given in |17, §9]. The first step is to observe that it suffices
to prove the theorem with Z and Q replaced by Z, and Q, for each prime p, so long as the
constant K = K, is equal to 1 for all but finitely many primes p. The proof of this local
version of the theorem, which may be found on pp. 478480 in the paper, is only correct

when [ has leading coeflicient fo € Z. Specifically, there are two gaps in the proof:

e The displayed equations in the middle of p. 479 verifying that I3 C f&™agl;(n — 3) are

not always correct, because the numbers ay, . .., a,, may fail to be integral when fo & Z .

e The specialization argument on p. 479 used to compute the norm N(Ip) is not always
correct when fy & 7, as can be verified by directly calculating N(Ip) in small cases (e.g.,

by taking n =4 and m = 1).

The purpose of this section is to give a correct proof of (the local version of) Theorem |152|
To deal with the possibility that the leading coefficient may fail to be a unit, we apply
the tripartite strategy introduced in §4.2.2] splitting the proof into three successively more
complicated cases. First, in §4.A.2.1] we construct the desired integral representative for
primitive forms over Z, where p > n; here the construction is facilitated by the fact that we

can replace a form with a suitable SLy(Z,)-translate whose leading coefficient is not divisible
by p. Then, in §4.A.2.2] we modify the construction given in to handle imprimitive
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forms over Z, where p > n. We conclude in §4.A.2.3| by building upon the construction in
§4.A.2.2| to resolve the case of forms over Z, where p < n; here, we construct an integral

representative with resolvent p? f, where d, > 1 is an integer depending only on n.

4.A.2 Proof of Theorem 152

Fix a binary form f € Z,[z,y] of nonzero discriminant satisfying Div'(C})(Q,) # @ along

with an element ag € J;(Qp)/2J7(Qy).

4.A.2.1 Construction of integral representative for f primitive and p > n

Suppose that f is primitive. Then, since p > n, there exists v = [2 4] € SLy(Z,) such that

the binary form

f'(w,y) == f((z,y) Zf’””

has leading coefficient f; € Z;. Let ' = :fjb‘ée € Ky be the root of f', let Ry =
Zy(Ct, ..., C,_q) denote the basis elements of Ry defined with respect to #', and let N’ de-
note the norm with respect to this basis. Let o be the image of ap under the isomorphism
JH(Qy)/2J(Qp) =~ J1(Qy)/2J5(Q,) induced by . We first construct a pair (I, o), where
I’ is a based fractional ideal of Ry and o/ € Ky is a representative of (z — 6")(«ay) such that
I'* C o/Ip(n—3) and N'(I')2 = N'(a/) f;*". Then, the orbit arising from (I’,o’) has resol-

! we obtain the desired integral representative with resolvent f.

vent [, so upon applying v~

Because we have assumed that Div' (C)(Q,) # &, [17, Proposition 21] implies that there
exists a rational divisor D € Div'(C})(Q,) such that o} = [D] € J5(Qy)/2J5(Qp). The
next lemma shows that we can replace the divisor D with a new divisor D satisfying certain
properties that turn out to be crucial in constructing the desired ideal I’. For monic forms

f’, this lemma was proven in [121} §3]. Here, we extend that argument to handle classes

De Pic' (Cy)(Q,), where f} € ZX is not necessarily equal to 1.
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Lemma 153. There exists an effective divisor D = >""" (P]) € Div(Cy)(Q,) such that the

following three properties are satisfied:

o m < 7 is odd;

3 1) 7T

o P/ =(a},1,d) € Cp(Q,) with a] € Og, and ¢; # 0 for each i € {1,...,m}; and

o (@—0)(D) = (x—0)(D) € (K} K;?Q} neyy-

P

Proof. We construct the desired divisor D in a sequence of four steps as follows:

Step 1: It is a standard fact (see [93, §5]) that there exists a principal divisor D; €
Div’(C)(Q,) such that D + Dy is supported neither at the ramification points of C over
IP’}QP, nor at the points (1,0,£/f;) € Cy(Q,) lying above infinity in ]P’(bp. We define D to
be D + Dx: by translating D with divisors of the form 2 - D', where D’ is the divisor corre-
sponding to a closed point of Cy over Q,, we may assume that each point in the support of

D occur with multiplicity equal to 1. It is clear that (z — 0')(D) = (x — 0")(D).

Step 2: We now construct a divisor Dy € Pic’(Cy)(Q,) such that D — D, has at most 2

non-infinite points in its support. In the previous paragraph, we arranged for D to take the

form D = S8 (@), where Q; = (a;,1,¢;) € Cy(Q,) with ¢; # 0 for each i. If & > %, let
LB € Qp[z] be the monic polynomial of degree k defined by P(z) = Hle(x — a;), and let
R € Q,[z] be the unique (not necessarily monic) polynomial of minimal degree at most k—1
such that R(a;) = ¢; for each ¢ € {1,...,k}. Then the polynomial R(z)? — f'(z,1) € Q,[x]
has a root x = a; for each i € {1,...,k}, so we have that R(z)? — f'(z,1) = P(z)H(x) for
some polynomial §) € Q,[x]. Because f’ is separable over Q,, we have that $ # 0.
Consider the rational function ¢ := y —9(z) on Cy.. Note that g is defined over Q,, that
the zeros of g are precisely the zeros of 3 - §, and that the poles of g lie over infinity. Thus,
letting div(g) be the principal divisor associated to the function g, we have that D — div(g)

is supported over the zeros of §) and over the infinite points. But since £ > 5, we have that

deg § = deg(R(2)* — f'(x,1)) — degP(z) <k - 1,

229



so D — div(g) has strictly fewer than k& non-infinite points in its support. By iterating the
above process, we obtain a sequence of functions g = g1, ga, . .., ge until D — Zle div(g;) has
at most § non-infinite points in its support. We let Dy = Zle div(g;), and we redefine D to
be D— D,. Just as in Step 1, we modify D so as to ensure that each point in the support of D

occurs with multiplicity 1. Once again, the above modifications leave (x —6')(D) unchanged.

Step 3: We now claim that we can simply delete every point in the support of D that
is not of the form (a,1,¢), where a € O@p. Observe that there are two ways for a point
(a,b,¢) € C4(Q,) in the support of D to fail to be in this form: either b # 0 and a/b ¢
0@p, or (a,b,¢c) = (1,0,£+/f}) is one of the points at infinity. We handle each of these

two cases as follows:

Case 1: First suppose that we have a point @; = (a1,1,¢;) € Cp(Q,) in the support of D
such that a; & Og . Let {Qi = (a;,1,¢;) : 1 < i <k} be the set of Gal(Q,/Q,)-conjugates
of Q1; since D is a rational divisor, each @); occurs with the same multiplicity v. We claim
that y := Hle(ai —0) € fo,z . Indeed, since a; ¢ O@p, the denominator of y is equal to
p’ for some positive integer j, and for a suitable choice of u € L, we have up’y € K f2. We

then redefine D to be D — 32 Q.

Case 2: Now suppose that (1,0, \/f_(’)) € Cf(@p) is in the support of D. If f ¢ Q;Q, it
follows that (1,0, —\/76) is also in the support of D, and so the support of D over the points
at infinity is a multiple of the hyperelliptic class, and it follows from [93, Proposition 5.1]
that this class lies in the kernel of the “x — 6" map. If fj € Q;Q, then [39, §2] implies that
(x —0")(1,0,£+/f)) = f5 = 1. We may thus simply delete all of the infinite points in the
support of D.

The modifications performed in both cases 1 and 2 above leave (z — 0")(D) unchanged.

Step 4: It now remains to adjust D so that m is odd. This may be arranged by means of
the argument in |17, last paragraph of p. 478 to first paragraph of p. 479].

This completes the proof of the lemma. O
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Let D be as in Lemma [I53] We define polynomials P, R, and H, much as in Step 2 of
the proof of Lemma this time, however, we strive to ensure that these polynomials have

integral coeflicients. Let P € Q,[z] be the monic polynomial of degree m defined by

By our construction of D in Lemma m, the class o/ :=P(0') € (KfX/KfXQQ;)NEf() is equal
to (z — 0')(og). Next, let R € Q,[z] be the unique (not necessarily monic) polynomial of
minimal degree at most m — 1 such that

R(a)) = ¢, foreachie {1,...,m}.

7

Then the polynomial R(z)* — f'(z,1) € Q,[z] has a root at x = a} for each i € {1,...,m},
so there exists a polynomial H € Q,[z] such that R(x)? — f'(z,1) = P(z)H(z). Because
we chose D so that a) € O@p for each i, we have that P € Z,[z]. We proceed under the
assumption that we also have R € Z,[z]; at the end of this section, we explain how to deal
with the case where R & Zy[z]. Then, because P, R, f'(z,1) € Z,|x], it follows from the
relation R(z)? — f'(z,1) = P(z)H(z) that H € Z,[z] as well.

Consider the following R-submodule of K:
I'=Rp(R(0'),P(6)).

Note that 6" € Ry because fy € Z), so since P, R € Zy[x], the fractional ideal I’ is in fact

an integral ideal of Ry. We now prove that the pair (I, o) is good:

Lemma 154. We have that I'* C oIy (n—3), and for some choice of a basis of I', we have

that N'(I')? = N'() 157"
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Proof. Computing the square of I’ yields the following:
I = Rp(R(O'), R(OVP(O), P(0')°) = o' Ry (H(0), R(0), P(¢)) C o' Ry,

where the last step above follows from the fact that 8’ € Ry and P, R, H € Zy[z]. Since
p1 f}, we have that Ry = Ip(n — 3), and the first assertion follows.

That N’(I')? and N'(a’) f}*~" generate the same fractional ideal of Z, follows immediately
from [15, proof of Proposition 8.5]. Since both N'(I')? and N'(a/) f;>~™ are elements of Q2

we can choose a basis of I’ so as to ensure that N’(I')2 = N'(o/) f5*7". O

Next suppose that R & Z,[z]. Then since f| € ZX

o, it follows from [105, proof of

Proposition 12] (see also |15, proof of Proposition 8.5]) that we can modify D so that it is
supported on at most m — 2 points while still preserving the properties in Lemma [I53] If
the value of new polynomial R arising from the modified D fails to be integral, we repeat
the process until R becomes integral or D is supported on at most 1 point. In the latter
setting, if D is supported on no points, then we apply Step 4 in the proof of Lemma [153} if

D is supported on 1 point, the polynomial R is readily seen to be integral.

4.A.2.2 Construction of integral representative for f imprimitive and p > n

Suppose that we have ged(fy, ..., f,) = p? for some d > 0. We first show that we can
reduce the problem to the case where d = 1. To do this, suppose that d > 1, and let f:
p 22 f € 7,[x, y]; notice that the greatest common divisor of the coefficients of fis either
1 or p. Then Cy =~ Cf, and this isomorphism induces an identification .J 1(Q)/275(Q,) =~
J }(@p) /2J7(Qp); letting c be the image of ag under this identification, observe that (z —
0)(co) = (x — 0)(cx).

Now, suppose that we have constructed a pair (.7 , @) that is good for f, where a € K ff =
K is a representative of (z —0)(ay), and let (A, B) € Z) ®z, Sym, Z; be any representative

of the corresponding (SL,, /p2)(Z,)-orbit. Let ; € GL,(Q,) denote the diagonal matrix with
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diagonal entries pl%/2! 1, ..., 1. Consider the pair
i+ (A, B) == (&4AE], &4BEY) € L} ®g, Sym, Zs,,

and observe that it has resolvent f. In the following lemma, we determine the rational orbit

of this new pair &; - (A, B) explicitly:

Lemma 155. The (SL,, /u2)(Q,)-orbit of &4 - (A, B) corresponds via the parametrization

in (17, Theorem 16] to the class p?l%2a = a € K} /K[*Qy.
Proof. We work over QQ,,, where based fractional ideals are just bases. For each of I f(n —3)
and I;(n — 3), the standard basis (see |17} §2]) is given by

Ii(n—3) = Qy(1,0,...,0" % p?l2¢, L, p?l42l¢, 1), and

If(n - 3) = Qp<17 97 SRR 9n—3’ Cn—?a Cn—l>'

We claim that &; - (A, B) corresponds to the pair (1:7 ,p2L42 ) where I’ is obtained from I
by scaling the first basis element by pl%2 (up to the orientation of I , which can be chosen
as needed). Let N (resp., N ) denote the based fractional ideal norm with respect to the
standard basis of R (resp., R7). Then a calculation reveals that N(I) = p2ld/2)(n=1) N (1)
for any basis I. Note that this does not extend to norms of numbers: it follows from the

definition of the norm of a number that N(&) = N(a). To prove the claim, it suffices to

show that N (I')% = N(p~2l9/2| Q) f37", which is equivalent to showing that
— n— ATV 2 — nANT( -n
(p2 D421 F(F))? = (p24/2m R (@)) £,

but this follows from the fact that N(I)% = N(a&)(p~2L4/2) f,)3-n, O

We have thus reduced the problem to the case where d € {0,1}; if d = 0, then the

construction in §4.A.2.1| applies, so we assume that d = 1 in the remainder of this section.
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Just like in §4.A.2.1) we now replace f with its translate f'(x,y) = f((z,y)-7) by an element

v € SLy(Z,); this time, however, we choose v so that p divides the leading coefficient f of
[’ exactly once (such a 7 exists because p > n). Recalling the notation from §1.A.2.1]
it once again suffices to construct a pair (I’,a’), where I’ is a based fractional ideal of
Ry and o € Ky is a representative of (z — 6')(ap) such that I’ C o/Ip(n — 3) and
N'(I')? = N'(a/) fi*7".

Just like we argued in §4.A.2.1] [17, Proposition 21] implies that there exists a rational
divisor D € Div}(Cy)(Q,) such that of, = [D] € J5(Qy)/2J5(Qp). The following lemma

gives the analogue of Lemma [153] in the present setting:

Lemma 156. There exists an effective divisor D = >""" (P]) € Div(Cy)(Q,) such that the

following three properties are satisfied:
o m < % 18 odd;

o P! =(da},1,¢) € Cp(Q,) with a} € Og, and ¢; # 0 for each i € {1,...,m}; and

o (z—0)(D)=(z—0)D) € Kj/K Q).

Proof. Steps 1 and 2 in the proof of Lemma [153] go through without change. As for Step 3,
let f"(x,y) = p~tf'(z,y). Then the “z — @ map for f’is the same as that for f”; thus, the
argument in case 1 of Step 3 implies that we can delete all points of the form (a, 1, ¢) such
that a ¢ O@p. Since the points (1,0, £/ fj) are evidently not defined over Q,, the number

m must be odd, and there is no need for Step 4. m

Let D be as in Lemma[156 We define polynomials P, R, and H, much as in §4.A.2.T} this
time, however, we strive to ensure not only that these polynomials have integral coefficients,
but also that the coefficients of R are divisible by p. Let P € Q,[z] be the monic polynomial

of degree m defined by
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By our construction of D in Lemma m, the class o' :== P(0') € (K} /K;Q@;)szé is equal
to (z — 0')(af). Next, let R € Qp[z] be the unique (not necessarily monic) polynomial of
minimal degree at most m — 1 such that

R(a;) =c; foreachie{l,...,m}.

7

Then the polynomial R(z)? — f'(z,1) € Q,[z] has a root at x = a] for each i € {1,...,m},
so there exists a polynomial H € Q,[z] such that R(x)* — f'(z,1) = P(z)H(z). Because
we chose D so that a, € O@p for each i, we have that P € Z,[z]. We proceed under the
assumption that we also have R € pZ,[z]; at the end of this section, we explain how to deal
with the case where R & pZ,[z]. Then, because P € Z,[z| is monic and R, f'(x,1) € pZ,|x],
it follows from the relation R(x)? — f'(z,1) = P(x)H(x) that H € pZ,[z] as well.

Let f” be as in the proof of Lemma and consider the following R¢s-submodule of
Ky = Ky

1" = Rynlp 'RAT), P(9)).

Note that 6 € Ry» because p~' fi € ZX, so since P € Zp[z] and R € pZy[z], the fractional

ideal I” is in fact an integral ideal of Ry». Letting N” denote the fractional ideal norm with re-

1,7
n—1

spect to the standard basis Z,(1,p~ ¢}, ..., p~ ) of Ryv, it follows immediately from |15,
proof of Proposition 8.5] that p™N”(I”)? and N”(a') generate the same fractional ideal of Z,.

We now construct a list of elements that form part of a basis for I” as a Z,-module:

Lemma 157. Let { := “=2=3_ Then the list P(¢'),0'P(¢'), ... 0"“P(0') € I" can be extended

to a basis of 1" as a Z,-module.

Proof. Because I” is an integral ideal of Ry, it suffices to prove that s(Z) := Zf:o 20" P(0')
is primitive as an element of Ry~ (i.e., that we have s(Z) = Ry \ pRy») for every primitive
tuple ¥ = (zg,...,x¢) € Zf,“ ~ pZﬁ“. Given such a tuple Z, let ¢ € {0, ..., ¢} be the largest
m—1>

index such that z; € ZX. Then, when s(7) is expressed in the power basis Z,(1,¢', ..., 0

of Ry, the coefficient of 0" is a p-adic unit. Thus, p~'z & Ryn, as desired. O
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Consider the R v-submodule pI” C Kg». Then, by Lemma , wecan findny, ..., n,_¢1 €

pI"” such that the following is a basis of pI” as a Z,-module:

p[” = Zp<7717 . 777n7[71,p73(0/)7 e 7p0/£7)(9/)>’

Let I’ C Ky be the free rank-n Z,-submodule with basis given by
I'=2Z,n, .. o1, P(O),.... 0 P@)).

It turns out that the Z,-submodule I’ C K has the structure of Rp-module:
Lemma 158. The Z,-submodule I' C K is a fractional ideal of Ry

Proof. It suffices to show that I’ is closed under multiplication by elements of R;. Since pI” is
closed under multiplication by elements of Ry D Ry, it suffices to verify that ({07 P(¢') € T’
for each i € {1,...,n — 1} and j € {0,...,¢}, or equivalently that (pf'")P(#') € I’ for each
i€ {1,...,n+{—1}. But notice that (p@")P(#') = 6" (pP(¢')) € pI” C I', because pI" is

an Rys-submodule of Ky and is hence closed under multiplication by powers of ¢'. n

/

We now prove that the pair (I’, o) is good:

Lemma 159. We have that I'* C a'Ip(n—3), and for some choice of a basis of I', we have

that N'(I')? = N'(a/) f}*".

Proof. To prove the containment, it suffices to prove the following: that n;n;, € o []%, for
each i,j € {1,...,n —( — 1}, that n,07P(#') € o'I7 for each i € {1,...,n — £ —1} and
j €{0,...,0}, and that 8"P(#')? € o' I3, for each i € {0,...,2(}. By construction, we have
that n; € pI” for each i € {1,...,n—¢—1}. Thus, there exist 3;, %.(0), . ’%(z) € Ry for each
i such that 7; = BRE) + iy B (pg*P(6')). Using the relation R(6')2 = P(6')H(¢'), we
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find that

O/_I(T]inj) = 515]7‘[(0/) (mod p- Rf//), and (456)

o' (007 P(0) =m0 = Bi0"R(O)) (mod p- Ryn). (4.57)

Since R, H € pZy[z], it follows from and that every term in the expression
of o' H(nm;) and of o/~ (17,07 P(#)) in the power basis Q,(1,6’,...,0™ ") has coefficient
divisible by p. We deduce that m;n; and 7;6”P(¢') are contained in 'Ry C o'Ip(n — 3)
for each possible 4,j. Finally, notice that o/ ~'0"P(#')> = ¢"P(#'); since P € Z,[z] has
degree m, and since @', ..., 03 € I;/(n—3), it follows that §"“P(¢")> € o/I/(n — 3) for each
ie€{0,...,20 =n—m— 3}.

Recall that p™N”(I")? and N”(a’) generate the same fractional ideal of Z,. It follows
that same holds for p™ 2N’(pI”)? and N’(a’), and hence also for N’(I')? and N'(a/)f}*".
Because both N'(I')? and N'(«/) f4*™" are elements of 2, we can choose a basis of I so as

to ensure that N’(I)? = N'(«/) f>", as desired. O

Next, suppose that R & pZ,[z]. Then we also have that R* & pZ,[z]. Letting j(x) =
p Y (R(x)? — f'(x,1)) = p ' P(x)H(2), it follows that the coefficient of 2’ in j(z) is a p-adic
unit if ¢ = n and a p-adic integer for every ¢ € {2m — 1,...,n — 1}, and that the coefficient
of 2" in j(x) has negative valuation for some i € {0,...,2m —2}. An analysis of the Newton
polygon of j then reveals that j has at least n— (2m —2) roots with negative valuation. Since
P(z) | j(z) (as elements of Q,[z]), we also know that j has m roots with positive valuation at
the Gal(Q,/Q,)-invariant list of values df,...,a,, € Og,- Thus, letting D’ € Div(Cy)(Q,)
denote the divisor supported on the remaining roots of j that have positive valuation, we
have that D’ € Div(C)(Q,) and that deg D’ < m — 2.

Just like in Step 2 of the proof of Lemma , consider the function g := y—R(z) on Cy.
Note that g is defined over QQ,,, that the zeros of g are precisely the zeros of j, and that the

poles of g lie over infinity. Applying the argument in Step 3 of the proof of Lemma [153| then
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implies that D’ satisfies the conditions of the lemma with m replaced by deg D' < m—2. The

proof now concludes by downward induction on m; once m = 1, it is clear that R € pZ,|x].

4.A.2.3 Construction of integral representative for p <n

Now let p < n. Just as in we reduce the problem to the case where p? =
ged(fo, ..., fn) € {1,p}. However, we might not necessarily be able to replace f with
an SLy(Z,)-translate f' such that v,(f;) = d, where v,: Q' — Z denotes the usual p-adic
valuation. Indeed, such a form f’ fails to exist precisely when p < n and f is divisible
by ny;Dl (x — dy) modulo p. Nonetheless, it follows from [5] that we can always find an
SLy(Z,)-translate f" of f such that v,(f]) < d; for some bounded integer d; > 0 depending

only on the degree n.

Let afy € J;(Q,)/2J5p(Q,) be as in §4.A.2.1) Let f(x,y) = f'(z,py), where dy > dy —d

is an even integer, to be chosen shortly. Then Cj o~ C’f, and this isomorphism induces
an identification J},(Q,)/2J5(Q,) =~ J}(@p)/QJf(Qp); letting @y be the image of af, under
this identification, observe that (z — @')(af) = (z — p®6')(ap). Let a € Kff = K} be

a representative of (z — p®6')(dy). Because f is a multiple of a form with unit leading

coefficient, the constructions described in §4.A.2.1H4.A.2.2] imply the existence of a pair

(T, a) that is good for f, with one caveat: when p = 2, the argument in case 1 of Step 3 of
the proof of Lemma [153| only goes through for d, > 1, where the implied constant depends
only on n. Choosing ds so that this argument goes through, let (/Nl, E) € Zf, ®z, Symy Z,, be
a representative of the (SL, /p2)(Z,)-orbit corresponding to (I, &) via [17, Theorem 16].
Since the pair (Z, é) has resolvent f, it follows that the pair (pd%z, E) € Zg ®z,, Symy Zy,
has resolvent p"® f’. By an argument analogous to that used to prove Lemma , one
verifies that the pair (pd%zlv, E) corresponds via |17, Theorem 16] to the pair (7 ,p?2q), where
we view I as a based fractional ideal for K na; . Using the action of SLy(Z,), we can then

transform the pair (T, p?2a) into a pair (I, a) that is good for p"® f, as desired.
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4.B Appendix: The second moment of the size of the
2-class group of monogenic cubic fields

The purpose of this section is to apply the argument developed in this chapter to study
the second moment of the size of the 2-class group in families of monogenic cubic number
fields. Specifically, we prove that the second moment is bounded, and conditional on a
uniformity estimate, we prove that the bound we obtain is optimal. This result is the
first of its kind toward determining the second moment of a class group distribution for
number fields of degree greater than two, and it provides further evidence of the observation
established in work of Bhargava—Hanke—Shankar |18] and Siad [108}/109] that monogenicity

has an increasing effect on the 2-class groups of cubic number fields (cf. the discussion in

©.1).

4.B.1 Notation

In this section, we order forms f € V31(Z) by the following height function, which is a slight

renormalization of the height used in §2

H(f) = max{|I(f)|>, J(f)?/4}, where

I(f):=a®>—=3b and J(f):= —2a*+ 9ab— 27c.

Note that H descends to a well-defined height function on N(Z)\V,,1(R) (in fact, the pair
(I(f),J(f)) uniquely determines the N(Z)-equivalence class of f € V31(Z)).

Consider the family F of elliptic curves E/ over Q where I,.J are integers satisfying
the following three conditions: 3 | I, 27 | J, and for every prime p, we have that 3p* { I

if 27p% | J. Given a form f € V3,(Z) with z?y-coefficient equal to a, we define the elliptic
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curve associated to f by

EINIE), ifa=0 (mod 3),

ESUWUT297(F)  otherwise.

Note that the curve E} is independent of the equivalence class of f and that Ey € F for
each f. We use the height function H on monic binary cubic forms so as to be compatible

with the height on elliptic curves used in this chapter.

4.B.2 Main result

In [18], Bhargava, Hanke, and Shankar proved the following theorem, which determines the

average size of the 2-class group of monogenic cubic fields:

Theorem 160 ([18, Theorem 7]). When forms f € N(Z)\V;51(Z);%:m2 with Galois group Ss

are ordered by the height H :

(a) The average size of Cl(Ry)[2] is 3/2 if (r1,7r2) = (3,0);

(b) The average size of C1(R;)[2] = CIT(R;)[2] is 2 if (r1,72) = (1,1);
(c) The average size of CI*(Ry)[2] is 5/2 if (r1,m2) = (3,0).

In this appendix, we prove the following result, which is an analogue of Theorem for

the second moment of the size of the 2-class group of monogenic cubic fields:

Theorem 161. When forms f € N(Z)\V31(Z)1152 with Galois group Ss are ordered by the

max

height H :
(a) The second moment of the size of C1(Ry)[2] is at most 3 if (r1,r2) = (3,0);
(b) The second moment of the size of CI(Ry)[2] = CI"(Ry)[2] is at most 6 if (r1,r2) = (1,1);

(c) The second moment of the size of C17(Ry)[2] is at most 10 if (r1,72) = (3,0).
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Moreover, the upper bounds of 3, 6, and 10 are optimal, conditional on a uniformity estimate.

In fact, we prove that Theorem [97] holds if we instead average over forms satisfying
acceptable families of local specifications; a similar generalization of Theorem [160] is stated
in |18, Theorem 7).

The rest of this appendix is organized as follows. In §4.B.3| we compare the values
obtained in Theorems and with the values predicted the Cohen-Lenstra-Martinet—
Malle heuristics. In §4.B.4] we explain how the dual of the 2-class group of a monogenic cubic
field can be parametrized in terms of PGLy(Q)-orbits of certain binary quartic forms, and
hence in terms of 2-Selmer groups of certain elliptic curves. Thus, up to some modifications,
proving Theorem [161] amounts to bounding the second moment of the size of the 2-Selmer
groups of elliptic curves, which we achieved in Theorem 07 In §4.B.5] we explain in detail

how the proof of Theorem [97] can be modified to give a proof of Theorem [I61

4.B.3 Comparison with class group heuristics

Theorem [160| was the first result of its kind to demonstrate that imposing a global condition
on a family of number fields can have an altering effect on the distribution of its class groups.
In context of previous work, this came as quite a surprise: indeed, as explained in [18, §1]
and §2.1.2] there is a considerable body of evidence, both computational and theoretical, to
suggest that class group distributions remain robust under the imposition of all manner of
local and global conditions. In the case of cubic number fields K, the class group heuristics
developed by Cohen and Lenstra [46], as generalized by Cohen and Martinet [47] and adjusted
by Malle [83], make the following definitive prediction for the distribution of the 2-torsion

subgroups Cl(K)[2] (resp., C17(K)[2]) of the class group (resp., narrow class group) of K

Conjecture 162 (Cohen—Lenstra-Martinet-Malle). Consider the set of isomorphism classes
of cubic number fields with real signature (r1,r3) and Galois group S3. When these fields are

ordered by discriminant:
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(a) The average size of CI(K)[2] is 5/4 and the second moment is 15/8 if (r1,r2) = (3,0);

(b) The average size of C1(K)[2] = C1T(K)[2] is 3/2 and the second moment is 3 if (r1, o) =
(1,1); and

(¢) The average size of C17(K)[2] is 2 and the second moment is 6 if (ry,r9) = (3,0).

The claims in Conjecture [162fa),(b) about the average size of C1(K)[2] were proven by
Bhargava in [8, Theorem 5], and the claim in Conjecture [162)c) about the average size of
CI*(K)[2] was proven by Bhargava and Varma in [30, Theorem 1]. Theorem [160|shows that
imposing the condition of monogenicity causes the nontrivial part of the 2-class group to
double on average. Theorem [161] suggests that this increasing effect is not confined to the

first moment of the 2-class group distribution.

4.B.4 Algebraic preliminaries

In this section, we start by recalling the notion of the monogenic cubic resolvent form of
a binary quartic form (§4.B.4.1). We then explain how dual 2-torsion ideal classes of Ry,
where f € V51(Z)max, may be parametrized in terms of integral binary quartic forms with

resolvent f (§84.B.4.2). We finish by combining these results with those of §4.3.1| to relate

the 2-class groups of monogenic cubic fields to certain modified 2-Selmer sets associated to

elliptic curves (§4.B.4.3)).

4.B.4.1 Cubic resolvents of binary quartic forms

Let g(z,y) = az* +bxdy+cx*y* +dry? +ey* € V4(Z) be a binary quartic form with A(g) # 0.

We define the cubic resolvent form of g to be the monic binary cubic form

Res(g)(z,y) == 2° + cz®y + (bd — 4ae)zy® + (ad® + b*e — dace)y® € V31(Z).
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The N(Z)-equivalence class of Res(g) is an invariant of the PGLy(Z)-orbit of g—indeed,
we have that I(g) = I(Res(g)) and that J(g) = J(Res(g)) for any g € Vi(Z) (cf. [125,
Theorem 1.1]). In particular, we have that A(g) = A(Res(g)).

As explained in [8, §3.1], the resolvent Res(g) is maximal if and only if ¢ is nowhere
evenly ramified. The conditions of being maximal and nowhere evenly ramified are invariant

under PGLy(Q)-equivalence.

4.B.4.2 Parametrization of dual 2-torsion classes of monogenic cubic fields

We now recall the parametrization of the dual of the 2-class group of a monogenic cubic field

in terms of PGLy(Z)-orbits on V,4(Z):
Theorem 163. Let f € V31(Z)max be an irreducible form with Galois group Ss. Then:

(a) If A(f) > 0, then there is a canonical bijection between the elements of the dual group
CI"(Ry)[2]* and PGLy(Q)-equivalence classes of binary quartic forms g € V4(Z) with

Res(g) being N(Z)-equivalent to f.

Under this bijection, the elements of the dual group Cl(Rf)[2]* C CI*(Rf)[2]* corre-

spond to binary quartic forms g that have four distinct real roots.

(b) If A(f) < 0, there is a canonical bijection between the elements of the dual group
CIM(Ky)[2]* = CU(K/)[2]* and PGLy(Q)-equivalence classes of binary quartic forms
g € V4(Z) with Res(g) being N(Z)-equivalent to f.

Proof. In [18, Theorem 2.15], the theorem is proven with “PGLy(Q)” replaced by “PGLy(Z).”
It therefore remains to show that if ¢ € V4(Z) has maximal resolvent Res(g), then the
PGLy(Q)-orbit of g contains exactly one PGLy(Z)-orbit, but this was shown in [26, proof of

Proposition 3.18]. O
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4.B.4.3 Relating 2-class groups to modified 2-Selmer sets

Let f € V31(Z)max be an irreducible form with Galois group Ss;. Letting a denote the

x%y-coefficient of f, define the constant k, by

4, ifa=0 (mod 3),

36, otherwise.

Let f* € V31(Z)max be the form defined by f*(z,y) = f(z, —y). We then define the following

sets, which we call the modified 2-Selmer sets associated to f:

a R)© N ko Va(Z
Sel (Ey) := se12(Ef)mV4( )7 0 kaVa(Z)

PGLy(Q)
®)(F) = Vi(R)M Nk, Va(Z)
Sely”) (Ey) := Sela(Ef) N ] d
. V R (0) V(2+) R KaV Z (2+) Ka
) = <Sel2(Ef) M B®) uPéngQ;) e )> H (Selz(Ef*) N V4(R>PGL?(@)W(Z))

Then we have the following result relating the size of C1(Ry)[2] to the sizes of the modified
2-Selmer sets Sel3(Ey) defined above, where o € {(a), (b), (c)}:

Theorem 164. Let f be as above. Then:
(a) If A(f) > 0, then # CI(R)[2] = # Sely” (Ey);
(b) If A(f) <0, then # CI(Ry)[2] = # CI"(Ry)[2] = # Sely” (Ey); and
(c) If A(f) > 0, then # CIT(Ry)[2] = # Sels” ().

Proof. Take a* € Cl(Ry)[2]*, let ¢’ € V4(Z) be the binary quartic form corresponding to o*
via Theorem [163] Since Res(¢’) is N(Z)-equivalent to f, which is maximal, we have that
¢’ is nowhere evenly ramified. An application of the Hasse—Weil bound then shows that ¢’
is everywhere locally soluble (see [13, Propositions 10-11]). Let g € V4(Z) be the binary

quartic form defined by g = k,¢’. Note that g is also locally soluble; thus, via Theorem [L10],
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we may view g as an element of Sely(E). The map sending a* — g realizes Cl(Ry)[2]* as
a subset of Sely(Ef) N V4(R)© or Sely(Ey) N V4(R)Y, according as A(f) > 0 or A(f) < 0.
The image consists precisely of those classes of binary quartic forms divisible by k,.

Now suppose A(f) > 0, and take o* € CI"(R;)[2]*. Then we proceed just as before,
unless ¢’ € V4(R)?7), in which case we replace ¢’ with —¢’ and repeat the above argument to

*

get an element g € Sely(E+). The map sending a* +— g realizes C17(R;)[2]* as a subset of

(Selo(Ey) N (Va(R) @ L V4(R)ZD)) U (Sely(Ep) N Vi(R)ED),
and the image consists precisely of those classes of binary quartic forms divisible by k,. [

4.B.5 Proof of Theorem [97

In this section, we start by sketching the idea of the proof (§4.B.5.1). As we shall see, to
obtain a proof of Theorem[97] one simply needs to take the proof of Theorem[97]and make ad-
justments to certain local mass formulas that arise. After adjusting these masses (§§4.B.5.2

4.B.5.3)), we finish by showing how the masses combine to yield Theorem (97| (§4.B.5.4)).

4.B.5.1 The idea of the proof

In this subsection, we explain the ideal underlying the proofs of Theorem [97(a),(b); the
remaining part is proven analogously.

Computing the second moment of # Cl(R;)[2] amounts to determining the average size
of the set Cl(R;)[2]? of pairs (a1, as) of 2-torsion ideal classes of R, where f ranges over
N(Z)\V51(Z);1m2. To see why the second moment of # Cl(Ry)[2] should be 3 if (r1,r2) =

(3,0) and 6 if (rq,79) = (1,1), fix a 2-torsion class «; of such a ring Ry, and consider the

following heuristic argument:

Case 1: Suppose a; corresponds to the trivial element of C1(Rf)[2]. Then f can be arbitrary,

and 18| part (a) of Theorem 4] implies that the average number of choices for as on average
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is 3 if (r1,72) = (3,0) and 2 if (r1,75) = (1, 1).

Case 2: Suppose o corresponds to a non-trivial element of Cl(Ry)[2]. Then [18 part (b)
of Theorem 4] implies that the average number of choices for ay is 3 if (r1,r2) = (3,0) and
1 if (ry,72) = (1,1). Moreover, f cannot be arbitrary — indeed, Cl(R;) has a marked non-
trivial 2-torsion element, namely the one corresponding to a;. We expect that this marked
element gives an extra generator for CI(Ry)[2] 100% of the time, and so, the average number

of choices for as should be 2 x 3 = 3if (ry,75) = (3,0) and 2 x 2 = 4 if (r1,r2) = (1,1), twice

as many choices as in case 1.

Combining the results of cases 1 and 2, we conclude that the average number of choices for
the pair (o, az) should be 1 x 2 +1 x 3 =3if (r,r) = (3,0) and 1 x 2+ 1 x 4 = 6 if
(r1,72) = (1,1), as desired.

In this chapter, we proved that the second moment of the size of the 2-Selmer group of
elliptic curves is at most 15 by making rigorous a heuristic similar to the one detailed above
(cf. . The bound of 15 arises from evaluating a certain formula involving a product of
local masses over all places v of Q; the local mass at p is equal to 1 for every prime p > 5.
Theorem tells us that the masses at primes p > 5 stay the same when one replaces the

symbol “Sel” with “Sel®” for each e € {(a), (b), (c)}, and as we explain in the next two

subsections, it also tells us how the masses at oo, 2, and 3 change under this replacement.

4.B.5.2 The archimedean mass

Fix a € {0,1,2}, and let I' := k2] and J' := «3J. Let f € V3;(R) be a separable form with
x%y-coefficient a.

For each i € {0,2+,2—} if A(f) > 0 and for i = 1 if A(f) < 0, the action of PGLy(RR) on
the set Inv™"(I'(f), J'(f)) N V4a(R)® consists of a single orbit; let g;(f) be a representative

of this orbit. Letting e € {sol, (a), (c¢)} if A(f) > 0 and e € {sol, (b)} if A(f) < 0, define
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the quantity a2 (f) by

al(f) = (4.58)
((# Stabpary (@) (90(£)) " + (# Stabparye) (924 (f)) ", if @ = sol and A(f) > 0,
(# Stabpar,m (61(1))) if @ = sol and A(f) < 0,
(#Stabpar, (90(/)) if = (a),
(# Stabrar,e (91(£) if o = (b),
(# Stabrar,e) (90(£)) ™+ 2(# Stabearye (921 () ", if & = (o)

The following proposition determines the value of the quantity a2 (f):

Proposition 165. Let f and o be as above. Then o2 (f) = a2 is a constant with value §

1

when @ = sol, + when & = (a), 3 when o = (b), and 3 when o = (c).

Proof. This follows immediately from [26, Lemma 2.2], where the values of the stabilizers

occurring on the right-hand side of (4.58) are determined. O

4.B.5.3 The 2-adic and 3-adic local masses

Let p € {2,3}, and let f € V31(Z,)max be a form with z2y-coefficient a.
Let V4(Z,)*' C Vi(Z,) denote the subset of soluble binary quartic forms, and let V4(Z,)" C
Vi(Z,)**" denote the subset of binary quartic forms divisible by k,. Letting ® € {sol,+},

define the quantity a3 (f) by

as(f) = 3 (# Stabrerae,) (9) -

EInv—l(1'(f),J’<f))ﬁV4(Zp)‘
PGL2(Qp)

In [26, proof of Theorem 3.19], it is shown that af!(f) = ! is a constant with value 2

when p = 2 and 1 when p = 3. The following proposition proves a similar result for o, (f):

Proposition 166. Let p and f be as above. Then a;(f) = a; 1s a constant with value 1.
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Proof. By simply undoing the scaling by k,, we see that

of = 3 (# Stabpar,(o,)(9)) - (4.59)

Inv—1(I(£),J(£)NVa(Zp)
9¢€ PGL(Qp) p

The mass on the right-hand side of (4.59) was determined in [18, Corollary 3.40] to be 1. [

4.B.5.4 The final step

By making minor modifications to the proof of Theorem we obtain the following result
for the second moment of the size of Sely(Ey), where f ranges over an acceptable family of

monic maximal binary cubic forms:

Theorem 167. Let X be an acceptable family of local specifications defining an “acceptable”
subfamily V31(X) C V31(Z)max- When forms f € N(Z)\V51(X) with Galois group Ss are
ordered by height, the second moment of the size of Sela(Ey) is at most

1_sol  sol 1_sol  sol
1+ 202 a5”a (3 + 4o od™a3) = 15,

with equality conditional on a uniformity estimate.

One verifies that the proof of Theorem [167| goes through with a5 replaced by a2, for any

e € {(a), (b), (c)} and o replaced by a; for each p € {2,3}. Thus, by analogy with Theo-

rem[167, we obtain the following result, which by Theorem [164|is equivalent to Theorem (161}

Theorem 168. Fiz e € {(a), (b), (c)}. Let ¥ be an acceptable family of local specifications
defining an “acceptable” subfamily V31(X) C Vi1(Z)max, where V31(X) = Va1 (R)*Y if
e c {(a), (c)} and V31(Xs) = Va1 (R)'! if @ = (b). When forms f € N(Z)\V31(2) with
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Galois group Ss are ordered by height, the second moment of the size of Sel3(Ey) is at most

3, if e=(a),

1+ 2050 af (3+4asafad) =<6, if o= (b),

10, if o= (c),

with equality conditional on a uniformity estimate.
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Chapter 5

Geometry-of-numbers methods in the

cusp, and applications

This chapter is based on my joint work [103] with Arul Shankar, Artane Siad, and Ila Varma.

5.1 Introduction

Over the past two decades, many breakthroughs have been achieved in the field of arithmetic
statistics by means of a general approach that involves invariant theory, geometry-of-numbers
techniques, averaging methods, and sieve theory. Most notably, this approach has been
applied to determine asymptotics for number fields of small fixed degree (see [8,|10}|58,
68]), compute average sizes of p-class groups in certain families of number fields for small
primes p (see [8,|18,58),71,[108.|109]), calculate average n-Selmer ranks of elliptic curves and
hyperelliptic Jacobians for small n (see [15,[23}25,26}27,/105]), and more. The statements
that have been tractable through this approach typically concern distributions of arithmetic
objects that can be parametrized by irreducible integral orbits of coreqular representations.

In special cases (see |2,31]), this approach has been generalized using situation-specific
techniques to study objects parametrized by reducible orbits. The purpose of this chapter is

to develop a systematic method for counting reducible integral orbits of coreqular represen-
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tations. As an application of this method, we obtain formulas for the average 2-torsion in

the class groups and ideal groups of monogenic orders of any fixed odd degree n > 3.

5.1.1 Background on geometry-of-numbers methods

In this section, we summarize the geometry-of-numbers methods that feature in the literature
on arithmetic statistics leading up to this work, and we describe the context for our method
of counting reducible orbits.

A coregular representation (G, W) consists of a semisimple algebraic group G, defined over
Z, and a finite-dimensional representation W of G, also defined over Z, having a free ring of
G-invariants. Suppose that a family of arithmetic objects can be parametrized in terms of
certain—usually irreducible—G(Z)-orbits on W(Z). Further suppose that these orbits can
be equipped with a natural notion of height—usually arising from a height function on the
family of arithmetic objects being parametrized—and also that this height function can be
extended to W (R).

Under the above assumptions, the problem of counting arithmetic objects in the family
with bounded height can be translated into the problem of counting lattice points of bounded
height in a fundamental domain D for the action of G(Z) on W (R). However, such funda-
mental domains D are usually not compact, even for the subset Dx of points in D that have
height less than X. Indeed, the height-bounded fundamental domain Dy typically consists
of a compact main body and one or more cusps, which are long tentacle-like regions going
off to infinity.

One can determine an asymptotic for the number of irreducible lattice points in the
main body using geometry-of-numbers methods. If it so happens that the arithmetic ob-
jects in question correspond to irreducible G(Z)-orbits of W(Z), and if the number of irre-
ducible lattice points in the cusp can be shown to be negligible relative to the number of

points in the main body, then the main-body count gives an asymptotic for the number of
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arithmetic objects of bounded height in the family.

The development and use of this strategy goes back centuries. Mertens [84] and Siegel
[110] developed geometry-of-numbers methods to count the number of GLg(Z)-orbits on
integral binary quadratic forms with bounded discriminant, resolving conjectures of Gauss
on the average sizes of class numbers of quadratic orders. In the series of papers [55}56},57],
Davenport obtained asymptotics for the number of irreducible GLy(Z)-orbits on integral
binary cubic forms having bounded discriminant. Combining these asymptotics with results
from class field theory and sieve methods, Davenport and Heilbronn determined the density
of discriminants of cubic fields [58].

The main obstruction to generalizing the work of Mertens, Siegel, and Davenport—
Heilbronn to other representations is proving that the number of irreducible points in the
cusps is negligible. In the aforementioned works, ad hoc geometry-of-numbers techniques
were used to bound the number of irreducible GLg(Z)-orbits that lie in cusps of the funda-
mental domains of binary quadratic and cubic forms. A pioneering advance was made by
Bhargava (see [10]), who introduced an averaging technique that has the effect of “thicken-
ing” the cusps and that applies to general coregular representations. Bhargava’s averaging
technique gives a systematic way to bound the number of points in cuspidal regions and thus
opened the door to study the distributions of a wide variety of arithmetic objects. However,

these techniques only yield upper bounds and do not suffice to obtain precise asymptotics.

In this chapter, we develop a general method for determining asymptotics for the num-
ber of lattice points in the cuspidal regions of Dy. These regions overwhelmingly con-
tain reducible integral orbits of G on W. We illustrate this method for a representation of
particular interest in number theory, namely the action of G, on W, . The irreducible
orbits of this representation have been studied extensively in the literature. For example,
see |15, Theorem 10.1] (resp., [105, Theorem 20]), where Bhargava and Gross (resp., Shankar
and Wang) obtained asymptotics for the number of irreducible orbits of G, (Z) on W, (Z)

having bounded height when n is odd (resp., when n is even) and applied these asymptotics
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to determine the average sizes of the 2-Selmer groups of monic hyperelliptic Jacobians of
any given dimension. The asymptotics for the number of irreducible integral orbits of this
representation also played a key role in the applications treated in §3H4]

Prior to the work presented in this chapter, asymptotics for reducible orbits have been
determined in only a few special cases. Firstly, Shintani handled the case of SLy(Z) acting
on integer-matrix binary cubic forms using (-function techniques (see [107, Chapter 2, §7,
Remark 2]). This result was later recovered using a geometry-of-numbers argument by
Bhargava and Varma (see [31, §4.1.2]), who applied it to determine the average size of
the 3-torsion in class groups of quadratic orders. Secondly, in [2], Altug, Shankar, Varma,
and Wilson used both L-function techniques and geometry-of-numbers methods to prove an
asymptotic for certain reducible orbits of GLs x SL3 acting on pairs of ternary quadratic
forms. However, all of these works rely crucially on situation-specific techniques and on the
fact that the representations under consideration are of small dimension.

In general, since reducible orbits often contain rich arithmetic information (in addition to
the works referenced above, see [29,/99]), we expect that our methods will have applications
far beyond the results of this paper. For instance, we note that Ds-quintic rings correspond

to reducible orbits via the relevant parametrizations (see [9,/123]).

5.1.2 Main results on counting in cusps

In this section, after setting the necessary notation, we describe our method for counting
points in cusps of fundamental domains, and we explain how this method can be used to

count reducible orbits of G, (Z) on W, (7).

5.1.2.1 Notation and setup

Let R be a Z-algebra. For any subset S C Wy, (R), let Sy C S be the subset consisting
of elements B = [b;;] such that b;; = 0 for all pairs (7, 7) such that ¢ +j < n — 1. Letting

P, C G, denote the lower-triangular subgroup, notice that the action of G, (R) on W, (R)
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restricts to a well-defined action of P,(R) on W, (R)o. When R is a PID, let Syeqa C S be
the subset of reducible elements of S; in this case, we have Sy C Sieq by Proposition

Next, retain the setting of (i.e., let n and (ry,75) be as in §5.1.3), and let R = Z
or R. We define the set

W, (R)™72 i= {B € W, (R) : t(,, B) € V1 (R)™72}.

For any X > 0, let NJ'"(X) = #{f € N(Z)\Vp1(Z)™ : H(f) < X}, and for any
S C Wy (R let Sy :={BeS:H(B) < X}.
5.1.2.2 Statements of results

We prove the following asymptotic formula for the count of G, (Z)-orbits on W, (Z)™"2:

Theorem 169. If n is odd, we have

5]

(WD) _(]]

n2+n—2
s )’

C(20)) - N7 0) + o(X

and if n is even, we have

n—2

#(vaama) = (o Tleen) - S5 o)

2

Remark 170. We make two observations regarding the asymptotics obtained in Theorem [169,
Firstly, the product of (-values is the fundamental volume of G, . Secondly, the factor of
273 that occurs in the asymptotic for even n in Theorem m accounts for the fact that for
any B € W, (Z), the " ‘y'-coefficient of 1(,, B) is divisible by 2 for every odd number
ie{1,3,...,n—1} (see [109, Theorem 80]).

We now outline the proof of Theorem [169] which occupies §5.2-§5.4] and also part of
§5.51 We begin in by constructing fundamental sets for the action of G/, (Z) on W, (R).
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As we show in this amounts to constructing a fundamental domain F for the action
of G, (Z) on G, (R). For the purpose of proving Theorem [169] it is not enough to simply
invoke the work of Borel and Harish-Chandra (see [34,135]), who constructed fundamental
domains for general semisimple groups. Indeed, our argument in relies on F being
box-shaped at infinity, meaning that F looks like a Siegel domain in a neighborhood of the
cusp. In §5.2.1H5.2.2, we define what it means for a fundamental domain to be box-shaped at
infinity and prove that such fundamental domains exist for the group G, (see Theorem |176]).

In §5.3] we prove an intermediate result (see Theorem expressing the count of
reducible orbits of height up to X in terms of an integral C'yx, which gives the volume
of a certain subset of W, (R)y with respect to a certain measure A. To prove this, we
start in by applying Bhargava’s technique of averaging over translates of the domain
F constructed in to thicken the region in which we are counting lattice points. In
this thickened region, all but a negligible number of reducible integral elements lie on the
hyperplane W, (R)y C Wy, (R). This reduces the problem of counting reducible G, (Z)-
orbits on W, (Z) to that of counting lattice points lying in the cusp of our fundamental
domain for G, (Z) on W, (R). Indeed, the cusp consists of elements B = [b;;] for which b;; is
tiny for all (4, j) such that i+j < n—1, so lattice points in the cusp necessarily lie in W, (R)o.

As it happens, the thickened cusp is still too narrow for us to be able to use standard
geometry-of-numbers methods to count lattice points in it. In §5.3.2) we overcome this
difficulty by slicing the thickened cusp into ball-like regions, within each of which it is
easier to count lattice points. Summing the count of lattice points over all slices yields
Theorem [185, Then, up to a technicality concerning orbits with big integral stabilizer that
we resolve in (see Proposition , all that remains to deduce Theorem from
Theorem [185|is to compute the integral C'x. We achieve this in by proving a Jacobian
change-of-variables formula that transforms the measure A on W, (R), into the product of
the Euclidean measure on V,, ; (R) with the Haar measure on the lower-triangular subgroup

Pn C Gy, (see Proposition|[191)). Such change-of-variable results have previously been proven
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when the group under consideration is unimodular (see, e.g., [26] §3.4]), but the fact that
the group P, fails to be unimodular presents significant new challenges.

In §5.5.1], we show how the proof of Theorem [I69] in can be retrofitted to count
reducible orbits in subsets S C W, (Z)™" defined by congruence conditions (see Theo-
rem [197). For those subsets S that consist of elements B € Wy, (Z)™" such that the
coefficients of ¢(.,, B) satisfy finite sets of congruence conditions, Theorem specializes

to the following result:

Theorem 171. Let ¥ = V,,1(Z)™"™ N[, %, be a family of monic binary forms defined by

finitely many congruence conditions. Then we have

() 0 T o ()=, o

where df denotes the Euclidean measure on V,, 1(Z,), normalized so that V,, 1(Z,) has volume

1, and where €, = 1 if n is odd and ¢, = % if n is even.

Remark 172. The occurrence of the lower-triangular subgroup P, in the proof of Theo-
rem [169 and in the statement of Theorem [171]is no accident: indeed, Theorems [L69 and
may be reinterpreted as providing asymptotics for the number of orbits of (N x P,)(Z) on
Wy,

n

(Z)y""* having bounded height. This is significant because there are obstacles to using
the methods outlined in §5.1.1] to count orbits for representations of groups, like P,, that

are not unimodular.

5.1.3 Main results on class group distributions

Retain the setting of §2.1.1.1| (i.e., let n, fo, and (r1,79) be as in §2.1.1.1)) with fo = 1.

As it happens, our results on counting in cusps can be applied to determine formulas for
the average 2-torsion in the class groups and ideal groups of rings defined by monic binary

forms (i.e., monogenic rings). For instance, in §5.6.1] we prove the following theorem, which
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gives the average 2-torsion in the class groups of the (monogenic cubic) orders cut out by

binary forms in V3 (Z)™":

Theorem 173. We have

B C(2)>
A CURH2l =142t 2 (14 222
e #OURIE) =14 ( +

In previous work of Bhargava, Hanke, and Shankar (see |18, Theorem 4]), the analogue
of Theorem was proven for the subfamily of monogenic mazimal cubic orders (i.e.,
monogenic orders that are rings of integers of cubic fields). The key obstacle to generaliz-
ing |18, Theorem 4] to the full family of monogenic cubic orders is that a non-maximal order
O can have nontrivial torsion in its ideal group Z(O), and 2-torsion ideals can contribute
to the 2-torsion subgroup of its class group Cl(Q). The dichotomy between 2-torsion ideal
classes that come from 2-torsion ideals of cubic orders and those that do not is beautifully
captured in an orbit parametrization discovered by Bhargava (see [6]). Indeed, as shown by
Bhargava and Varma in [30], if O is a cubic order and I € Z(O)[2] (resp., I € Z(O)[2]) is an
ideal of O whose class in CI(O) is 2-torsion, then I corresponds via Bhargava’s parametriza-
tion to a reducible (resp., irreducible) integral orbit of G5 on W3.|I|

In |108, Theorem 9], Siad applied Wood’s generalization of Bhargava’s parametrizationﬂ
in conjunction with the aforementioned general approach for counting irreducible integral

orbits to prove that

Avg  #COURp)[2] — 2772 - #T(R)[2) = 1 + 2777, (5.2)

fGVnyl(Z)Tlﬂ“Q

Determining the average 2-torsion in the class groups of monogenic degree-n orders thus
amounts to determining the average 2-torsion in their ideal groups; via the parametrization,

this is equivalent to counting reducible pre-projective integral orbits of the relevant coregular

1See also the work [31], where Bhargava and Varma prove that an analogous dichotomy holds for 3-torsion
classes of quadratic orders.

2Note that, for monic binary forms f, Wood’s parametrization is equivalent to the parametrization given
in Indeed, when fy = 1, we have 1?73 =Ry = I}“Q.
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representation, namely that of G, on W, . In §5.6.2] we apply a variant of Theorem

(namely, Theorem [200]) to count these orbits, thus obtaining the following result:

Theorem 174. For a finite abelian group T', write ko I := dimp, (Fo ®7 1), and for an order
O in an étale algebra K, write O for the integral closure of © in K. Then we have

L3]

Avg  #I(Rp)2 =[] Avg 2@ /0 <T]¢(2i) < 1.82102, and
fEVR 1(Z) 172 (0:Zy]=n 1

SE

i

p

Avg  #CURp)[2] =1+ 2 (1 +]] Ave 2fk2(0x/0x>>

fEVR1(Z) 172 D [0:Zp)=n
where “Avgo.z -,  denotes the average over monogenic degree-n extensions of Z,.

For elements of W, (Z), the notion of pre-projectivity is sufficiently concrete that we can

compute the local factors in Theorem [174] explicitly. We thus obtain the following result:

Theorem 175. We have

Ave  #I(R)2) = Q

feVaa @y (3)
Strikingly, the average size in Theorem |175[is the same as the value determined in [31,

Theorem 6] for the average 3-torsion in the ideal groups of (monogenic) quadratic orders!

5.2 Reduction theory

As in §2| we work with monic integral binary forms up to the action of N(Z). We are thus
interested in counting (N X G, )(Z)-orbits on W, (Z)eq. The first step toward counting these
orbits is to realize them as lattice points in fundamental sets for the action of (N x G, )(Z)
on W, (R). In this section, we construct these fundamental sets.

Let f1 € {0,1,...,n — 1} when n is odd and f; € {0,2,...,n — 2} when n is even, and
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consider the subschemes W, s C Wy, Vi 1.5, C V,1 defined by

y—0

Wy (R) = {B € W (R) : iy (o B) (2,y) — 27)) = fl} |

Vi (R) i={f € Vaa(R) s lim(y™" (f(wy) —2")) = fi}

for any Z-algebra R. Since the x™ 'y-coefficient of a form in V}, ;(Z) has only finitely many
possibilities up to the action of N(Z), it suffices to construct fundamental sets for the action
of G, (Z) on Wy, 1 (R) for each choice of f;.

We achieve this by means of a two-step process: we first construct a fundamental domain
for Gy, (Z) on G, (R) in §5.2.1H5.2.2] and we then combine this fundamental domain with
fundamental sets for the action of G, (R) on W, r, (R) in §5.2.3] We conclude in by
using the results of the preceding subsections to study the action of the subgroup P,(K) C
G, (K) on the subspace Wy, r, (K)o, where K is a field.

5.2.1 A box-shaped fundamental domain for G, (Z) ~ G (R)

A fundamental domain F is said to be box-shaped at infinity if it can be sandwiched as
S1 C F C 8,3, where §; C S, are nested generalized Siegel setsE| for the action of G, (Z) on

G, (R) satisfying the following three conditions:

e There exists an open subset U; C S of full measure such that every orbit of G, (Z) on

G, (R) meets U at most once;
e Every orbit of G, (Z) on G, (R) meets Sy at least once; and
e The set S; \ &7 is absolutely bounded.

In this subsection and the next, we construct a box-shaped fundamental domain for the

action of G, (Z) on G, (R). In particular, we prove the following theorem:

3See |90, §4.7, p. 224] for the definition of generalized Siegel set.
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Theorem 176. There exists a fundamental domain for the action of Go;, (Z) on G, (R) that

s box-shaped at infinity.

Because they are defined by simple equations in the cusp, box-shaped fundamental do-
mains are particularly amenable to explicit computations. For instance, we use the box-
shaped property to evaluate a certain integral that arises in the proof of Theorem [169;
see . As another example of the utility of box-shaped fundamental domains, see [66,67],
where Grenier proves the analogue of Theorem for the group SL,, and remarks that his
result could be used to compute certain integrals of Eisenstein series that arise when gen-
eralizing Selberg’s trace formula to the group SL,(Z). Grenier’s work has had a number of
applications in the literature (see, e.g., [65,[100,{120]), and as explained in (to follow),
it plays a central role in our proof of Theorem [176

The construction of nested generalized Siegel sets §; C S, satisfying the three conditions
itemized above is deferred to Once S; and S, have been constructed, Theorem [176
then follows from the next lemma, which shows that there exists a fundamental domain

sandwiched between them:

Lemma 177. Let A be a discrete subgroup of a Lie group G and denote by B(G) the Borel
o-algebra of G. Suppose that Sy and Sy are sets in B(G) with the property that the maps
S1 — G/A and S; — G/ A induced by s — s\ are, respectively, injective and surjective. Then

there is a fundamental domain F in B(G) for the action of A on G such that S; C F C Ss.

Proof. The argument is analogous to the proof of [86, Lemma 4.1.1]. Since A is discrete, we
can find a non-empty open subset U C G such that U7'U N A = {id}. Since G is second
countable, we can find a sequence of elements {g,} C G such that G = (J, -, g,U. Let
S" = 85~ S A and set:

F = U (gnU NS" U(giU ﬂS")A) :
n=1 i<n
Lastly, define F = S U F’ and note that this union is disjoint. Then F € B(G) since all the
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operations used in its construction keep us in the o-algebra. It is straightforward to check
that the induced map F — G/A sending x — xA is bijective. We conclude that F is a

fundamental domain. O

5.2.2 A pair of nested generalized Siegel sets for G, (Z) ~ G (R)

In this section, we complete the proof of Theorem by constructing the nested generalized
Siegel sets S; C S, referred to in §5.2.1] To begin with, observe that it suffices to construct
the Siegel sets S; for the action of SO, (Z) on SO, (R), because when n is even, there
exist elements in G, (Z) having determinant —1. We therefore work with the group SO,
throughout the rest of this subsubsection.

The construction of Sy is, in essence, due to Borel and Harish-Chandra (see [15], §9.2]
and [105| §4.1], which specialize the results of [34] and [35] for semisimple groups to the case
of the group SO, ). Let N’ C SO, (R) denote the subgroup of lower-triangular unipotent
matrices. A calculation shows that the elements of A/ are parametrized as in Figure 2| where
the u;; e Rforie {2,...,n—1}and j € {1,...,min{i — 1,n — i}} are free parameters, and
where the symbol “x” is shorthand and should be read as follows: if the “x” occurs in the
row-2, column-j entry, then it denotes “some polynomial of positive degree in the variables
{uyj : 3" —j" <i—j} with integer coefficients and no constant term” (the polynomial being
abbreviated depends on the matrix entry in which it occurs). We often abbreviate the tuple
(uij:i€{2,...,n—1}, 7 €{1,...,min{i — 1,n — i}}) by u and abuse notation by writing
u for the corresponding element of N.

Let A denote the subgroup of diagonal matrices in SO, (R), all of whose entries are

positive. The elements of A, which is a maximal torus of SO, (R) normalizing the unipotent

subgroup N, admit the following explicit parametrization: the " diagonal entry is the
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reciprocal of the (n — )™, and the first [%] diagonal entries can be expressed in the form

L3] L3

Hsf;laHS;la"'asiglJ717 lf2+n? (5’5)

i=1 i=2
n—4 n—4
2 2
-1 -1 .
5n~Hsi ’sn'HSi s Sny S Snsz, if 2 | n, (5.6)
=1 i=2
where s; > 0 for each i and where s, := /s, ;52" when n is even. For a given choice
22
of s1,...,82) > 0, we often abbreviate the tuple (s1,- .. ,S\_%J) by s, and we often abuse

notation by writing s for the corresponding element of A.

Let K denote a maximal compact subgroup of SO, (R); we denote elements of K by
0. Then, by |34, Théoreme 2.4 and Exemple 2.5], there exists a constant ¢ > 0 and a
compact set N C N such that if we take A" := {s = (s1,...,5/2]) € A s; > ¢y for all i},
then the set

Sy =N A - (KN{xid})\K) (5.7)

meets every orbit of SO, (Z) on SO, (R) (and hence every orbit of G, (Z) on G, (R))
at least once, where (K N {£id})\K denotes some fundamental domain for the action of
K N {£id} by left-multiplication on K[| We take the quotient of K by K N {%id} since
+id stabilizes every element of SO, (R)/K. The next lemma computes the stabilizer of a

generic element of SO, (R)/K:

Lemma 178. There ezists an open subset Uy C SO, (R)/K of full measure such that the

stabilizer in SO, (Z) of any g € Uy is given by K N {£id}.

Proof. Let F be any fundamental domain for SO, (Z) on SO, (R)/K, and let g be an
element of the interior of F. If v € SO, (Z) stabilizes g, then there is an open neighborhood

U > g contained in the interior of F such that - U is contained in the interior of 7, implying

YA priori, [34, Théoréme 2.4] states that a finite number o of translates of Siegel sets can be
found such that their union meets every orbit of SO (Z) on SO, (R)/K at least once; here, o =
#(S04, (2)\ SO, (Q)/P(Q)), where P(Q) = (N - A) NSO, (Q). But since the algebraic group SO,
has class number 1, it follows from [90, Propositions 5.4 and 5.10] that o = 1.
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in fact that ~ stabilizes every element of U. Since left-multiplication by = defines a real-
analytic function on SO, (R)/K, and since SO, (R)/K is connected (as K meets both of
the two connected components of SO, (R)), it follows that 7 stabilizes all of SO, (R)/K.

Now, the stabilizer in SO, (R) of any element h € SO, (R)/K is given by hKh™'. Since
7 stabilizes all of SO, (R)/K, it follows that v € K := ﬂhesoﬂn(R) hKh~'. But because K
is a compact normal subgroup of SO, (R), it follows that K is discrete. Let T denote the
intersection of IC with the identity component SO, (R)" of SO, (R). Then K7 is a discrete
normal subgroup of the connected group SO, (R)", and so LT is central in SO, (R)*. It
follows that K™ C {£id}, and hence that £ is central in SO, (R). If 4/ € K\ KT, then
7' commutes with elements of both connected components of SO, (R), so 7' is central in
SO, (R) since K is normal. Thus, K C {£id}, and so v = +id.

Finally, let U, to be the union of all SO, (Z)-translates of the interior of F. Then U, is
an open subset of full measure, and we have shown above that the stabilizer in SO, (Z) of

any g € Us is contained in {£1id}, as desired. O

We now make a convenient explicit choice of the compact set N”. Let N' C N be the

subset defined as follows:

{ue N :|uy| <1fori=T[%], luy| <3 fori#[2]}, ifnisodd,

{ue N :|uy| <1 forall i,j}, if n is even.

The following result implies that by chopping N into pieces and translating them via ele-

ments of A" NSO, (Z), we can replace N7 with a subset of N:

Lemma 179. Let u € N'. Then there exists u € N'NSO.y, (Z) such that wu € N. Moreover,
there exists an open subset Us C N of full measure such that for any u € Us, there is precisely

one element @ € N NSO, (Z) such that wu € N .

Proof. We construct u inductively. Upon inspecting the characterization of elements of N/

provided earlier in this section, we arrive at the following observation: if k € {0,...,n — 3}
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is an integer and v’ € A is an element such that u;; = 0 for all 4, j such that i —j < k, then
(W) = u;; + ugy for all ¢, j such that i —j = k + 1. By the observation, we may choose
u; € N NSO, (Z) such that ‘(ul)i(i,l) + ui(i,1)| < % for each i € {2,...,[5]} and such
that, for n odd, we have |(U1)[%H%J +uf%1t%i| < 1. Suppose for some k € {0,...,n — 4}
we have chosen uy € N NSO, (Z) for each ¢ € {1,...,k + 1}; then, by the observation,
we may choose w2 € N NSO, (Z) such that |(u1)i(i,k,2) + ui(i,k,2)| < % for each 7 €
{k+3,...,[™££2]}, unless n is odd and i = [%], in which case we can only arrange for
}(ul)[%m%pk,g) + u[g1([%1,k,g)’ < 1. Having constructed uy for each ¢ € {1,...,n — 2}, we
then take u = H’Z:_f Up—9—y-

As for uniqueness on an open subset of full measure, it suffices to show that u is unique
when v lies in the interior of A/, for then we can take Us to be the union of all (N'NSO ., (Z))-
translates of the interior of A'. So take u € N. If wu € N for some u € N N SO, (Z),
then the aforementioned observation, together with the fact that w lies in the interior of N,

implies that u;;_;) = 0 for each i. Proceeding inductively as we did to prove existence, we

find that ©w = id. O]

By Lemma , we may assume that A7 C A/. We next show that A can be chosen to
lie within an even smaller subset of N'. Let G C SO, (Z) denote the subgroup of diagonal

matrices with integer entries. One readily verifies that GG satisfies the following properties:
e G is a subgroup of K of order 2L2] centralizing the maximal torus A;

e Conjugation by elements of G defines a group action on N with the property that for any

p € G and u € N, we have |(p - u)i;| = |uy]| for all 4, j; and

e The orbit of every element of A/ under the action of G has a representative u such that
for each n we have w;;_1) € [0, 3] for each i € {2,..., %]} and such that for each odd n
we have upnyn) € [—1, —2] U0, 3]. The representative u is unique if each wu;; lies in the

interior of the corresponding union of intervals.

265



It follows that we can take N’ to lie within the subset

-1y € [0,3] for each i € {2,..., 2]}

urzyz) € -1, —%] U [0, %] if 2¢n

By possibly expanding A, we may in fact choose N to be equal to N
We now construct S;. Let A" :={s € A:s; > ¢ for all i}, where the constant ¢; > 0 is

to be chosen shortly. We then take
S =N"-A" (Kn{xid})\K).

It is clear that S; and Sy differ on an absolutely bounded set. The next proposition states

that we can choose ¢; so that S satisfies the remaining desired properties:

Proposition 180. There exists a constant ¢; > 0 for which (1) Sy C Sy and (2) there exists
an open subset Uy C Sy of full measure such that every orbit of SO, (Z) on SO, (R) meets

U, at most once.

Proof. In [67], Grenier constructs an explicit fundamental domain F for the action of SL*(Z)
on SLE(R) that is box-shaped at infinity. We shall deduce Proposition from a slight refor-
mulation of Grenier’s result. To state this reformulation, we must introduce some notation.
Let A C SLf(R) denote the subgroup of lower-triangular unipotent matrices; for an element

u € A, we denote by u;; the row-i, column-j entry of u. Let A be the set defined by
N ={ue N :|uy| < Lforalli,j}

Let @/ C SLF¥(R) denote the subgroup of diagonal matrices with positive entries; for an
element s € o7, we denote by s; the quotient of the row-(i+1), column-(i+1) entry of s by the

row-i, column-z entry. Let £ C SLff(]R) denote a maximal compact subgroup containing K.
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Consider the subset A4’ C A defined as follows:

Ui(i—1) € [0, %] for each i € {2,..., [%1},

N =L ueN: Uii—1) € [—3,0] for cach i € {[2] +2,...,n};

e [-1.4if2n

Vs

u(rz1+1)re] € [—%,0] if 24 n, U(nt2)

n
2

Let &' := {s € &/ : s; > ¢y for all i} for a sufficiently large constant ¢; > cy. Let ¢, €
& denote the identity matrix when n is odd, and the diagonal matrix whose diagonal
entries are given by 7 copies of —1 followed by % copies of 1 when n is even, and let
{xid, £, }\.# denote some fundamental domain for the action of the group {+id, +e,}
by left-multiplication on K.

We are now in position to state our reformulation of Grenier’s result:

Lemma 181. For every sufficiently large c; > 0, the following holds: If usf,u's'0' € A" -
A" ({£id, +e, )\ H) are SLE(Z)-equivalent elements such that s;,s; > ¢, for all i and such

that u,u’ lie in the interior of A", then usf = u's'0’.

Proof of Lemma[181. In [66], Grenier constructs a fundamental domain F C .4 - &/ for the
action of SL(Z) on SL¥(R)/#. The domain F has the property that no two points in
its interior are SL(Z)-equivalent. In [67, Theorem 1], Grenier establishes that, for every
e 0.4]).
Consequently, the set F - ({#id}\.#) is a fundamental domain for the action of SL*(Z)

sufficiently large ¢; > 0, we have A" - &' C F, where /" = {u € A" : U(ng2)n

2

on SLE(R) containing A" - &' - ({£id}\#). Since g, - A" - &, = A", it follows that
there is a fundamental domain for the action of SL¥(Z) on SLF(R) containing A" - &7’ -
({£id, £, }\#). If we have two distinct SL(Z)-equivalent elements us, u's'0’ € A" - .o/
({£1id, e, }\#") such that w,u’ lie in the interior of .#”, then one can find two distinct

elements of the interior of F that are SL¥(Z)-equivalent, which is a contradiction. O]

We now deduce Proposition from Lemma Let U; be an open subset of full

measure contained in the interior of S; consisting of elements usf satisfying the following
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two properties:
e The image of usf in SO, (R)/K lies in Uy; and
e There exists a unique uy € .4 N SLE(Z) such that ugu is in the interior of A4

To see why we can arrange for the second property above to hold on a open subset of full
measure, observe that by the definitions of N’ and .#”, the desired element v, must be such
that (ug);;—1) = 0 for each i. Then, by proving the analogue of Lemma for the group
SLF

n?

one finds that there exists at least one uy € .4 N SL¥(Z) such that ugu € 4. By
our explicit characterization of the elements of A (see and ), the row-i, column-j
entry of u is a non-constant polynomial in the unipotent coordinates for every pair (7, j) with
i > j+1. Thus, there exists an open subset Us C N of full measure such that for any u € Us
and ug € A4 N SL; (Z), the row-i, column-j entry of uu is not an integer multiple of 1 for
every pair (¢, j) with ¢ > j, unless i + 1 = j = 7, in which case u;; = 0. In particular, if for
u € Us and uy € A N SLE(Z) we have ugu € 4, then uou must in fact lie in the interior of
A, and imitating the proof of uniqueness in Lemma [179| yields that ug must be unique.
With U; defined, take us,v's'0" € U; such that g - usfd = u's'¢’ for some g € SO, (Z).
Let €,¢’ € {#id, +¢,} be such that €0, ¢'0’ € {£id, +¢,}\#". Let ug,u) € A NSLZ(Z) be
the unique elements such that wug(cue), uy(e'tv’e’) lie in the interior of A”. Since s;, s, > ¢

for all 7, Lemma[I81]implies ug(cue)s(ef) = uf(e'u'e’)s'(£'¢’). The uniqueness of the Iwasawa

decomposition implies
ug(eue) = ug(e'u'e’), s=s', e=¢£¥. (5.8)

The third equality in (5.8]) implies that e’ € K, so since ¢, ¢ K when n is even, it follows
that e’ = £id. But (K N {£id})\K contains either 6 of —6 and not both, meaning that
ee’ = id. Combining this with the first equality in (5.8) yields that u is a translate of o’

by an element of .4 N SLF(Z), and hence by an element of NN SO, (Z). The uniqueness
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statement in Lemma then implies that u = «’. We conclude that usf = us'6’. This

completes the proof of Proposition [180] n

Remark 182. We proved Proposition by simply deducing it from Grenier’s explicit con-
struction of a box-shaped fundamental domain for SL¥(Z) on SL¥(R). We expect that it is
possible to construct an explicit box-shaped fundamental domain for G, (Z) on G, (R) by
mimicking Grenier’s construction. Alternatively, when n € {3,4}, such a fundamental do-
main can be built using exceptional isomorphisms. For instance, take n = 3, and let A 1 be as
in the proof of Theorem . Then one checks that QA% (Q) = 9G4, (Q)g™!, where g € GL3(Q)
is the diagonal matrix with diagonal entries %, 1, 1. Now, recall that we have an exceptional
isomorphism PGLy ~ G4 L of algebraic groups over Z, induced by the adjoint representation
of PGLy. Thus, G, (Z) may be viewed as a lattice ' C PGLy(Q); a calculation shows that
' is the subgroup of PGLy(Q) generated by the (classes of the) elements of the congruence
subgroup I'(2) C SLy(Z) together with the matrices [§ %] and [ % 2]. It is then an ele-
mentary calculation to verify that the action of I' on PGLy(R)/ O2(R) has a fundamental
domain in the upper half-plane H that is contained in the strip {z € H: (z) € [0, 1]} and
that contains the set {z € H : ®(z) € [0, 1], &(2) = y} for every sufficiently large y > 0. A
similar argument can be made when n = 4, using the exceptional isomorphism between the

identity component of G, and the group SLg x SLs.

5.2.3 Fundamental sets for G, (R) ~ W, ¢ (R) and G/, (Z) ~ W, 1, (R)

There is exactly one reducible B € W, £ (R) up to the action of G, (R) with ¢(<,, B) = f
for each separable f € V,,1(R); an explicit representative of this orbit is given as follows. Take
any (fo, ..., fn) € R" 1 let f(x,y) =a"+ >, fiz" 'y € Vi,(R), and let fe Vino(R) be
as in (2.1)). If we define a function oq: R"™' — W, f (R) by
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_ X _—
0
1
1 0
oo(f) = ety + 1o -4
10 & —f
: : —In=s i
0 ~hR —fu I
if n is odd, and by
_ . 0
0
1
1 0
4 Lo
ao(f) —gﬂfn—i— 10 —f _%
10 L _f,
. R s )
0 ~lgr oy Sl

if n is even, then (<, 00(f)) = f. The explicit section oy is useful in the proof of Proposi-
tion (to follow), for its image consists of matrices whose entries are polynomials in the f;.
However, in Lemma m (also to follow), we shall require a section o with image consisting
of matrices whose entries are O(X) if H(f) < X. To this end, let (fo, ..., fn) € R"! be as

above, and let j € {2,...,n} be any index such that max{|ﬁ Tiie {2,...,n}} = |f;|§ If

we define

_h

(for. o fn) i= Eszfn + \fjﬁao(ﬁ@]‘?, L RIED,

then t(e,,0(fa, ..., fn)) = f.
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For each r1 € {1,3,...,n} if nis odd and r; € {0,2,...,n} if n is even, write

Wﬂfmﬁ(R)rhm = W»V/n,ﬁ(R) M WQ%<R)T17T2>

where R = Z or R. Let L™ be the fundamental set for the action of G, (R) on Wy, r (R)™ "2

defined by

1,7 <f2>~-7fn)€Rn_1,
L= 0(fa, ..o fo):

"+ >0 fie" "yt € Vg, (R)™™2 has nonzero disc.

From the stabilizer statement in Theorem [13] it follows that # Stabg_, (&)(B) is independent
of B € W, 5 (R)™72; letting n,, ., := # Stabg,, &) (B) for any B € Wy, 5 (R)™", one
readily verifies that n,, ,, = 2271 if n is odd and n,, ., = 272 if n is even.

We are finally in position to construct a fundamental set for the action of G, (Z) on
W (R). For each possible value of r; and f;, we simply take our fundamental set to
be the multiset F - L% ™. Note that if B € (F - L);") N Wy, £, (Z), then B occurs with

multiplicity n,, ., /# Stabg,_, (z)(B).

5.2.4 Action of lower-triangular subgroup on reducible hyperplane

We first prove a result implying that, for any f € V, ;1 f, (R) with A(f) # 0, where A denotes
the discriminant, the group N - A acts transitively on the set of B € W, , (R)y such that
bi(n—i)(B) > 0 for each i € {1,...,|5]} and such that «(A,, B) = f.

Lemma 183. Let 5: V1.4 (R) — Wy, 1, (R)o be a differentiable function such that for each

flzoy) =" + 3700, fix" 'y € Voo 1 (R), we have:
® bin—iy(a(f)) >0 for each i€ {1,...,|5]}; and

o W, 0(f)) =T
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Let R C V1,1 (R) be an open subset consisting entirely of forms with nonzero discriminant.

Then there exist differentiable functionsu: R — N ands: R — A such that for each [ € R,
we have 5(f) = (W(£)3(£)) - ou(/).

Proof. We first construct @. Using (5.3)) and (5.4), we see that for any B € W, ;, (R)o such
that bj,—s(B) # 0 for each i € {1,..., | 5]}, we have the following:

e Let Uy € R be such that by,(B) 4 bi—1)(B)u2 = % By abuse of notation, let 25, € N
denote the matrix whose row-2, column-1 entry is us; but all of whose remaining unipotent

coordinates are 0. We redefine B to be uy; - B.

o Let U3y € R be such that byp,—1)(B) + byn_2)(B)uss = %; abusing notation once again,
we redefine B to be s, - B. Next, let 131 € R be such that by, (B) + ban—2)(B)us1 = 0;

we redefine B to be us; - B.

o Let k € {3,...,n— 1}, and suppose that we have already defined u;; for each pair (7, j)
such that i € {2,...,k— 1} and j € {1,...,min{i — 1,n —i}}, successively replacing B
with u;; - B each time. We now explain how to define u;; for ¢ = k. Let U minfp—1,n—1} € R

be such that

S

Dk—1) max{h+1.n—k+2} (B) + bk—1) (n—rt1) (B) Uk min{e—1,n-k} = o

we redefine B to be @ min{k—1,n—k} - B. Next, let @ min(x—2,n—r—1y € R be such that
b(k—1) max{k+2,n—k+3} (B) + Oe—1)(n—k-+1) (B) Uk min{k—2,n—k—1} = 0;

we redefine B to be Uy min{k—2n—k—1} - B.

Continuing in this manner, let £’ € {1,... , min{k — 2,n — k — 1}}, and suppose that we

have defined wy; for all j € {min{k — k', n —k — k' + 1},...,min{k — 1,n — k}}. Let
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Uk min{k—k'—1,n—k—k'} € R be such that

b(k—1) max{h+k+1,n—k+k+2} (B) + b—1)(n—k+1) (B) Uk min{k—k'—1,n—k—k} = 0;

we redefine B to be Uy min{k—k'—1,n—k—k} - B.

Let u(f) be the composition of the u;; in the order prescribed above. Then since each wu;;
is a polynomial function of the previously constructed u;; and of the entries of B together
with the inverses of the entries by (,—i(B), it follows that w is a differentiable function of the
coefficients f;.

Define functions 5; by 8i(f) 1= bim—q(a(f)) for i € {1,..., 5]} ~ {5} and 5= (f) :=
bun (G(f))bm 1)z (a(f)~". Let 5 = (51,...,8|»)). Since ¢ is differentiable, it follows
that s is differentiable too; note further that because we have assumed R to be contained
in the complement of the locus of forms of discriminant 0, it follows from [15, Lemma 10.3]
when 7 is odd and from [109, Part (2) of Theorem 4.2] when n is even that s;(f) > 0 for
every i € {1,...,[5]} and f € R, and so 5(f) is invertible for every f € R.

We have defined w and 5 in such a way that (ﬂ(f)g(f))_l - (f) lies in the image of oy;
i.e., we have (u(f)s(f))

-1 ~

-0(f) =oo(f') for some f" € V,,1 5, (R). It then follows that

f'=uhn, o0o(f) = o(, @) 5(f) = 1, 5(f) = [,

so we conclude that f = f’. O

The following lemma, the proof of which is immediate, describes the stabilizer of the

action of P, (K’) on an element of W, (K )y, where K is any field:

Lemma 184. Let K be a field, and let B € W, (K)o be such that A(u(<,, B)) # 0. Then
Stabp, (k)(B) = {id} if n is odd and Stabp, ) (B) = {xid} if n is even.
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5.3 Counting reducible G, (Z)-orbits on W, (7Z)

Retain the setting of (i.e., let m, (r1,72), and f; be as in §5.2) F] In this section, we obtain

asymptotics for the number of reducible orbits of G, (Z) on W, , (Z)™"* of bounded height.

We express these asymptotics in terms of a weighted volume of sets in W, (R).

To state

the main result of this section, and to simplify the exposition in the rest of the paper, we

introduce the following notation:

e Let dB denote Euclidean measure on W, (R)o, and we define A\(B) by

(5]

AB) = =

if 2 ¢ n,

2
|bas(B)]" T H|ban P, i 2 | .

(5.9)

e Let H C G, (R) be any left-K-invariant set that is the closure of a nonempty open

bounded set (so that H is compact). Define the set B by

B:={BeH- L N W, (R)o @ bign—iy > 0 for each i € {1,.. ., 12]}}.

e Choose the following Haar measure on G, (R):

dg = dfdu(d(s)ds), where du := H H du;;, ds:= H ds;, and

i=1 j=1

L5] Z 2-2|%|-1
H’L 1 z
i(s) ==

8 2
(sngz sn) LA s

where df is normalized so that f@e(Kﬂ{iid})\K df = 1.

n2_ _
_n 2n+48 n—4 i2—i(n—1)—1

I

if 2 ¢ n,

if 2| n,

e Let dh denote the restriction of dg to H. We define the quantity C'x by

1
CX:_—~/ \(B)dB,
fheHdh BeBx

5Note that definitions of quantities introduced in what follows may implicitly depend on 1.
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e For a finite set ¥ of (N x G, )(Z)-orbits (or G, (Z)-orbits) on W, (Z), let $2 be the
number of elements of X, where each B € ¥ is counted with weight 1/# Stabg_, (z)(B)

(resp., 2/# Stabg,, (z)(B)) if n is odd (resp., even).

Then, over the next two subsections, we prove the following result, where we write “a(X) ~

b(X)” to mean that a(X) = b(X) - (1 +0(1)) in the limit as X — oc:

Theorem 185. We have that

\

( 5]
250 TT¢2i), if24n,
=1

i ((W%,fl (Z)féé”)X) L . Cx. (5.11)

G, (Z)

nrl sT2

() [J¢@), if2in
\ =1

J
5.3.1 Averaging over fundamental domains

In this section, we apply Bhargava’s technique for averaging over fundamental domains to
put the left-hand side of ([5.11]) into a more convenient, form.
Let F be a fundamental domain for the action of G, (Z) on G, (R) that is box-shaped

at infinity (recall that such an F exists by Theorem [176]). For any given h € H, we have

Jj ((Wﬂn,fl (Z):é;im)X) o nr11,r2 . #('Fh ' L;iﬂa a (W%” (Z)red)X)a if 2 If n, (5 12)
Z - .
G, (Z) e (Fh L 0 (W (D)ea)x), 2]

Letting Cy = nyy 1y fheH dh if n is odd and Cpy = ZrLr2 fheH dh if n is even, and averag-

2
ing (5.12)) over h € H, we find that

(Wﬂnﬂfl(z):«;&T?)X) — L L T2
u < gdn (Z) B Cu /h‘eH #(Fh Lfl n <W427n (Z)red)X)dh- (513)

By [15 Propositions 10.5, 10.7] when 2 { n and [105, Propositions 21, 23] when 2 | n[] the

6Technically, [15, Proposition 10.7] and [105, Proposition 23] are stated in the case where f; = 0 and for
a differently normalized height, but one readily verifies that their proofs go through for any fixed f; € Z and
for the height H.
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expected value of #(Fh - L™ N (W, (Z)rea ~ Wy, (Z)o)x) as h € H is drawn uniformly

n2+n—2

at random with respect to the measure dh is o(X ™ 2 ) Consequently, up to a negligible

error, we may replace Wy, (Z)yeq in (5.13) with W, (Z)o. Then, using a now-standard

change-of-variables argument due to Bhargava (see, e.g., [15, §10.1]), it follows that

(W»‘ZV f (Z)rlélm)X) 1 / 1,7
L e ~— H-LY?N Wy (Z dg. 5.14
 (Hen® g [ L a0 @i (10
For e € {N, A}, consider the map m,: G, (R) — A obtained by post-composing the diffeo-
morphism G, (R) — N x Ax K given by the Iwasawa decomposition with the projection map
NXAXK — . Let A* := m4(F), and for each s € A*, let N*(s) := mar (7' (s)NF); observe
that A*(s) is bounded by construction. Then, setting B(u, s) := usH - L'} N W, (R)o for

the sake of convenience, we can rewrite the expression ({5.14)) as follows:

(2350)-

1
_/ / / #(usfH - LN Wy, (Z)0)x ) dOdu(5(s)ds) ~
Cit Jsenr ueN*(s) Joc(Kn{£id})\K

1
Cn /seA* /ue/v*(s> #(Blu, 5)x (1 Wer, (2))du(3(5)ds), (5.15)

where the last step follows as §H = H for any § € K and fee( rd0 =1

Kn{£id})\

5.3.2 Slicing

To evaluate (5.15)), we cut B(u,s) into slices, one for each value of (by(n_1),... 7bL%Jf%W)'
For any b = (by,...,bjz)) € (RN {02, let By(u,s) C B(u,s) be the subset of elements

B = [bj;] such that b;,—;) = b; for each i € {1,...,[5]}. Then we can express the integrand

n24n—2

"We note that this bound can be improved to O (X 2 ’%“) by an application of the Selberg sieve
(see |29 Proofs of Propositions 3.5 and 4.4]).
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of (5.15)) as
#(Bu,s)x "W (Z) = Y #(By(u, s)x N W, (Z)), (5.16)

bez! 2!
bi£0Vi
By examining the action of s on an element B = [b;;] € W, (R), one readily verifies that if w;;

denotes the quantity by which s scales the matrix entry b;; for each pair (i, j) € {1,...,n}?,

then the following equalities hold:

si ifie{l,.... 5]}~ {5}
Wi(n—i) = 2 2 (517)

Sn728%717 le:%7

n —i249i(|n
[115]s, ey, if 24 n,

I I wi= (5.18)

. . ; . n242n—16 n242n n-4 .2, . .
i=1 j=max{i,n+1—i} Sn—2 8 5% 8 Hz:21 S Ei(nt) if 2 ‘ n.

\ 2

7 I

To count lattice points in By(u, s)x, we use the following result of Davenport:

Proposition 186 (|54, Theorem]). Let R be a bounded, semi-algebraic multiset in R™ having
mazimum multiplicity m that is defined by at most k polynomial inequalities, each having
degree at most €. Let R’ denote the image of R under any (upper or lower) triangular,
unipotent transformation of R™. Then the number of lattice points (counted with multiplicity)

contained in the region R' is given by

Vol(R) + O(max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto a coordi-
nate subspace obtained by equating n—d coordinates to zero, where d ranges over all values in

{1,...,n—=1}. Theimplied constant in the second summand depends only on n, m, k, and {.

Using Proposition in conjunction with (5.18)), it follows that the summand on the
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right-hand side of (5.16)) can be expressed as

#(By(u, s)x "Wy (Z)) = Vol(By(u, s)x) + [error], (5.19)

where the error term is bounded independent of b as follows:

24201 ST H2(E )4 :
X l2)- Hz 15 ) if 2 Jf n,
[error] <
2 2 2 n—4
+2n—8 +2n—16 +2 -
X, R S [, s O i 2 |,
: =

Combining (5.15)), (5.16]), and (5.19)) yields the following:

ﬂ <<w%,gf;i@:);§2>x) .

(5.20)

(/SE.A* /ue./\/* (Vol(By(u,s)x) + [error])du(é(s)ds))

H pezl3)
b; #0 Vi

We now show that the integral of the error term in ([5.20) is negligible:

Lemma 187. The integral of the error term in (5.20)) is o(X " +2"72).

Proof. Combining (5.10)) and ([5.19) yields the following bound:

xLlz2+213] Hl 52l if 21 n,
[error|o(s) < (5.21)
n?4+2n-8 n—6 n—2 nT—4 2i—1 .
X 1 Sp2 2 S§n 2 2oss T, it 2 n.
2 2
We next bound the ranges of sq,... ;$|z]. By our construction of the section o, we have

that b;,—;) < X for each i as B = [b;;] ranges through elements of B(0,1)x. Thus, for any
fixed value of b = (by,...,bz]), the largest value of s; such that By(u,s)x # @ is O(X|b;] ™)
for each i € {1,...,[2]} when n is odd and for each i € {1,..., %52} when n is even. If n
is even and i = 7, then one checks that the largest value of s» such that By(u, s)x # @ is

O(Xs no2 |bn |71). Using these bounds along with ([5.21]) and bounding the integral over u by
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an absolute constant, we see that the second term on the right-hand side of ([5.20)) is, when

n is odd,

L3]
(224221 2i—1
< X'z 2 Z ﬂie[cz,O(Xbil)] H S; ds

be(Zoo)l2) T ie{l,. 2]} =1

and is, when n is even,

n—4
O(Xsp_2bz") .
n2+42n-8 ] n—6  n-2 2i—1
1 . E _o 2 2 ‘
<X 81‘6[6270()(1);1)} 8%2 5% H 5 ds
n . n—2 sn=C2 =1
bE(Z>0)2 ie{l,..., 5 2
n—2
2 2 2 2
n“4+n—4 _n _ o n“4+n—4 n“4+n—2
<X Y b [[nt <X =o(X ). O
be(Zso) =1

Applying Lemma, to ((5.20) yields that

Wets(L)red ") x ,\,i 0 u, S u(o(s)ds
tT( Gur, (2) ) chGZ%/SeA* /ueN*(s)”Bb( S0 du(E(s)ds).  (5:22)

b;#£0Vi

We now manipulate the integrand in ((5.22)) to extract its dependence on the slicing indices

bi,..., bz Since unipotent transformations preserve volume, we have
VOI(B(,(U, S)X) = VOI(B{,(O, S)X>. (523)

Thus, the integrand is independent of u € N*(s), so the integral over u gives a factor of

Vol(M*(s)). By our construction of the box-shaped fundamental domain F in §5.2] the
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following holds for all s € A* such that s; is sufficiently large for each i:

, if 21 n,
Vol(N*(s)) = ! & (5.24)

27", if 2| n.

Using ((5.17) to determine how s scales the slicing indices and ([5.18]) to determine how s

scales the other coordinates of W, , (R)o, we deduce that

Vol(By(0, s)x)d(s) = (5.25)

H£ ﬂ 7?1/ 1V01(B(b181 ..... bL J L J)(O ]‘)X)J if2+n,

n—=6 n—2 = _
Sn2 2 sn°2 i:22 52 1V01(B(

(0 D)x), 2] n

Let Bg := Bs(0,1) for any 8 = (B1,...,8n)) € (R~ {0})L2). We want to reduce to the case
where §; > 0 for each i € {1,...,[5]}. To do this, let G be as in §5.2.2 and observe that
for every B € (R~ {0})!2), there exists ¢ € G such that Bg = g B(,).... 1BLa )" Thus, we
have that

Vol ((Bg)x) = Vol ((B(,|....s,5,))x) (5.26)

for any B € (R-o)!l2) and X > 0. Setting 3; = |b;s;| for each i € {1,...,[2]} when 2{n and
for each i € {1,...,%52} when 2 | n, setting f» = |b%s;25g|, and substituting this along
2

with (5.23)), (5.24)), (5.25)), and (5.26)) into (5.22)) yields

() gz ()

H
be(z>0)l3) =1
L5]

bz " / B> eay (Hﬁgi—1>.vou(BB)X).v01w*<35,b>>d5, it 21,
i€{l,..,[5]} i

b272 | pserm
ie{l,...,n=2

by <[3’g"22H6? 1> Vol((Bg)x) - VOl(N*(sgp))dp, if 2 | n,
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where 8:= (81, ..., B12)), d == [ dB;, and

(18163, - 1B b ). if 24 n,

8/B7b =

The following lemma not only allows us to extend the region of integration to 3; > 0 for

each i € {1,...,[5]}, but also permits us to eliminate the factors of Vol(N*(szy)) in (5.27):

Lemma 188. The expression on the right-hand side of (5.27)) is, up to a negligible error,
unchanged if we replace the regions of integration with the regions B; > 0 for each v €

{1,..., 5]} and if we replace the factors of VOl(N*(sgp)) with the values on the right-hand

side of ((b.24)).

Proof. Fix a real number I' > ¢y. To prove the lemma, it suffices to choose a subset I C
{1,...,[%]}, replace the region of integration for ; with f; € [0, '] for each i € I~ {%} and
with fn € [0,T bgb;TEz] if 3 € I, and demonstrate that the resulting quantity is negligible.
For the sake of brevity, we do this when I = {1} and n > 5; the analysis for the other choices
of the set I is entirely analogous, and the analysis for n € {3,4} is relatively easy.

Take 8, € [0,Th]. By construction, we have Vol(Bs(X)) < XL/*#2l5) if n is odd

n2+2n—4

and Vol(Bs(X)) < X 1 if n is even, where the implied constant is independent of

B € (Rsg)tz) . Further notice that for each i € {1,...,]2]}, the largest possible value of
2
Bi such that Bg(X) # @ is O(X); this also implies that we may truncate the summation

over b on the right-hand side of (5.27) to the set where b; < X for each ¢ € {1,...,|%]|}.

2

Substituting these estimates into (5.27)) and replacing the region of integration for 5, with

f1 € [0, by] yields

L3 L]

Fbl ; n |2 n
Z (Hbigz) /B /B,-E[Fbi,O(X)] (Hﬂiml)XLgJ +2L§Jd5

- —0J" -
be(z>o)lzl "=l ! i€{2,., 5]} =l
b;< X Vi

n2+n74 n2+n72
)

< XHT Zo(x
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when n is odd, and

[5]-1 by O(X) ) nT_Q 24 0n_4
—21 -z n— 2i—1 n+2n—4
S (TLo)er s [ framounn [ oy 057 (TL8 )5
be(z>0)L 3 =1 =0 pa,. n22y Pg= a2 =1
b <X Vi
n2+n—4 n2+n—2
< X 2 = O(X 2 )
when n is even. This proves the lemma when I = {1} and n > 5. O

Combining Lemma with (5.27), we obtain the following bound, in which each 3; is

integrated from 0 up to oo:

()4 x [

bﬁi)- (5.28)

be(Z>0)L 2! =1
( ) 12) )
2130p / . ( 53%—1> -Vol((Bs)x)dg, if 21n,
ie{l,..,[ 2]} z‘j
_n n—2 d i— .
gt [, (0 TL9) Voll(Baas, it 2 n
ie{l,..,2} i=1 )

Theorem [185 now follows from ([5.28)) by performing a change-of-variables and evaluating

the sum over the slicing indices b;.

5.4 A Jacobian change-of-variables formula

The objective of this section is to prove the following result, which gives an asymptotic

formula for the quantity §((N X Gy )(Z)\(W, (Z)1217%) x):
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Theorem 189 (Variant of Theorem [169)). We have that

(wreom ) -

Let N;'2(X) := Vol (Vo,p, (R)$™), and observe that N,'.?(X) is independent of f;.
Upon fibering over f;, we see that proving Theorem (189 amounts to proving the following

for each fixed fi:
2. . Nn,m X , f 2 ,
ﬁ<<WmL,f1<Z):ééT2>X> N (izlg( Z>> 0 e (5.29)
G, (Z) ., 2 ‘
<212C(%) H C(2z)) N (X)), i 2|

\ =1

By Theorem [185] proving the asymptotic (5.29) amounts to computing C'y. The remainder
of this section is devoted to the computation of C'x, which we achieve by means of a Jacobian

change-of-variables argument.

5.4.1 Setting up the change-of-variables

Let £ C G, (R) denote a maximal compact subgroup containing K. Notice that C'x must
be independent of the choice of the region H and of the fundamental set LE’” for the action
of G, (R) on Wy, 7 (R)™72, so long as H is a left- K-invariant subset of G, (R) that is the
closure of a nonempty open set. Thus, we may assume for the sake of convenience that H
is also inversion-invariant, and thus right-K-invariant too (note that this can be arranged
while still ensuring that H is the closure of a nonempty open set). By this assumption and
by the uniqueness of the Iwasawa decomposition, there exists a compact subset H' C A- N
such that H=H' - K C (A-N)-K =G, (R).

Because the action of A - N preserves {B € Wy, 1, (R)o @ bin—sy(B) > 0 for each i €
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{1,...,[5]}}, the region of integration in the numerator of C'x can be expressed as follows:

Bx ={Be ((H-K)-L}"™))y : bin-i(B) >0Vie{l,...,[5]}} (5.30)

=H -{Be ((K-L\™)o)y : bim—o(B) >0Vie{l,...,|5]}}.

We then have the following lemma, which reexpresses the set (K- L';"*)o:

Lemma 190. For each index j € {1,...,n,, s, }, there exist continuous functions ;: L'y —
IC such that 0y is the constant function with value id € K and such that for each B € L;i“,

we have the following equality of sets:

0-Bc Wy, 1(R)o,
{0; :je{l,...;np =40 €K (5.31)

bz(n_z)(e . B) >0Vie {1, ey L%J}
and for each B € L'y, the elements 0;(B) for j € {1,... 1., ,,} are distinct.

Proof. Let g;: L’}i’” — G, (R) be functions such that g; is the constant function with value

id € Gy, (R) and such that for each B € L™, we have the following equality of sets:

{gj : ] S {17 s 7”7‘1,7‘2}} = Stabgdn(R)(B)

Since the subgroup Stabg,, &) (B) C GL,(R) is cut out by polynomial equations whose
coefficients are polynomials in the entries of the matrix B, we may assume that the functions
g; are continuous.

Let 7: G, (R) — K be the map obtained by postcomposing the diffeomorphism G, (R) —
A x N x K given by the Iwasawa decomposition with the projection map A x N x K — K,
and for each j € {1,... 1, 4}, let 0;: L™ — K be defined by ¢; = 7 o g;. Then, observe
that ¢, is the constant function with value id € K and that 6; - B € W, f (R), for each
je{l,...;nm .} and B € L™, We have thus proven that the left-hand side of is

contained in the right-hand side.
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Suppose that 6 € K and B € L™ is such that 0-B € W, f, (R)o and b;¢,—(0-b) > 0 for
eachi € {1,...,|5]}. By the proof of Lemma m, the group A - N acts simply transitively
on the set of elements B’ € W, , (R)o such that b;,,_;(B’) > 0 for each i € {1,...,[5]}
and such that ¢(<,, B") = «(4,, B). Thus, there exists h € A- AN such that h- B =6 - B,
so h™'6 € Stabg,, (r)(B), implying that h™'0 = g;(B) for some j € {1,...,n,,,,}. But then
6 =n(h™10) = 7(g;(B)) = 0;(B). We have thus proven that the right-hand side of is
contained in the left-hand side.

Finally, if the elements 0;(B) for j € {1,...,n,, ,,} were not distinct for some B € L,

then it would follow that Stab_4.,/(B) contains a nontrivial element, which is impossible. [

It follows from combining ({5.30) and Lemma that

B= || H B;, where B;:={0;(B)-B:BeL}"} (5.32)

j=1
so the numerator of Cx is given by

Nrq,ry

> / A(B)dB. (5.33)
j=1 Y BeH"(Bj)x

5.4.2 Calculating the Jacobian

To compute (5.33)), we first show that all of the terms in the sum ([5.33)) are in fact equal to
each other. This follows immediately from the Jacobian change-of-variables formula estab-
lished in the next proposition, by taking o to be defined by o(B) = 0;(c(B)) - o(B) for each

Jje{l,...,np 1}, where o is as defined in §5.2.3]

Proposition 191. Let5: R*™t — Wy, ¢ (R)g""™ be a continuous function such that for each
(n — 1)-tuple f = (fa,..., fn) € R", we have o(<t,,0(f))(x,y) = ™ + > i, fiz""y". Let
R C R™! be any bounded open set contained in the complement of the locus of forms of

discriminant 0. Then there is a nonzero rational constant J € Q*, depending only on the
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degree n, such that

/ )\(B)dB:\j\/ / dhdf,
BeH'-5(R) feR JheH'

where dh denotes a right Haar measure on A- N and is given by

(Hgﬂ SiiQHiLng) dsdu, if24n,
dh =

e A N :
(Sn—ng) s 1S dsdu, if2|n.

)

Remark 192. The point of Proposition is that the Jacobian relating the measure A\(B)dB
on Wy, 5, to the product of the Euclidean measure df on V,,; y, with the Haar measure dh
on A- N is a nonzero rational constant. A similar result is proved in |26, Proposition 3.10],
albeit for the action of a semisimple group G on a coregular space V. Crucial to the proof
of [26, Proposition 3.10] is the fact that the Haar measure in question is unimodular—i.e.,
both left- and right-invariant. In our situation, the group A - AN is not semisimple, and the
measure dh is not unimodular. Nonetheless, as we explain in the proof of the proposition,

the factor of A(B) compensates exactly for the failure of the measure dh to be left-invariant.

Proof of Proposition [191. We begin by assuming that ¢ is piecewise analytic, in which case

we have that

/ \(B)dB — / To(h, )dhdf,
BeH'-c(R) feR JheH'

where J5(h, f) denotes the determinant of the Jacobian matrix arising from the change-of-
variables taking the measure A\(B)dB on H'-&(R) to the product measure dhdf on H' x R.
Note in particular that the function 75 is piecewise continuous in both arguments h and f.

We begin by proving that J5(h, f) is independent of h. To do this, fix v € A- N, and
consider the transformation on Wy, r, (R)o sending B + v - B. Then there is a character
Xa: AN — Ry such that A(y - B)d(y - B) = xa(7)A(B)dB; note that x, exists because

A(B) is a product of coefficients that are unchanged by the action of N'. The corresponding
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measure on (A-N) x R is given by

Xa(7) Tz (h, f)dhdf. (5.34)

On the other hand, the transformation B + 7 - B acts on (A -N) x R by sending (h, f) —
(vh, f). Letting p: N+ A — Ry denote the character transforming the right Haar measure

to the left, we see that

Tz(v - h, fd(y - h)df = p(7)Tz(v - h, f)dhdf (5.35)
Now, a computation reveals that if v =35-u for 5= (54, ... >§L%J) € Aand u € N, we have
[1 s if 24 n,
xXa(y) = p(v) = )
— R i2i(n—1)
(sanzs%) 5 2 S , if 2| n.

Consequently, by comparing ((5.34) and (5.35]), we deduce that Jz(v - h, f) = Jz(h, f), and

setting h = 1 yields the claimed independence.

That J5(h, f) is independent of ¢ follows from an argument identical to Step 2 in the proof
of |26, Proposition 3.10] (this step relies crucially on the fact that the measure dh is right-
invariant). Finally, that J5(h, f) is independent of f and given by a nonzero rational constant

follow from an argument identical to Steps 3 and 4 in the proof of |26, Proposition 3.10].

We now take R = V,,1 1, (R)'$" (where we identify V,,1 7, (R)""2 with a subset of R""1).

Combining (5.33)) and Proposition yields that the numerator of Cy is

71,72 71,72 VO](’C.H/)
Moy ey an1 ( )‘\-7| dh:n7'17'2 anl (X)

—_, 5.36
heH' ’ VOI(IC) ( )

where Vol(KH') is computed with respect to the Haar measure on G, (R) = K- A - N
obtained by inverting the Haar measure (5.10)) on G, (R) = N - A- K. On the other hand,
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note that the denominator of C'x is given by
/ dh = Vol(H) = Vol(H'K), (5.37)
heH

where Vol(H'K) is computed with respect to the Haar measure (5.10). Then, the following

lemma allows us to simplify Cx:
Lemma 193. We have KH' = H'K, and in particular Vol(KLH') = Vol(H'K).

Proof. Since H = H'K is left-K-invariant and inversion-invariant, it follows that
KH cKHK=HK=H=H"'=K(H)™" (5.38)

Since the Iwasawa decomposition is unique, (5.38)) implies that H' C (H')™!, and hence also
that H' = (H')™'. Thus, H'K = K(H')™! = KH’, as desired. O

Finally, combining Lemma together with (5.36) and (5.37)) yields that

Nryry N;?}?(X) ’ "7’7 if 2 T n,

Cx (5.39)

inrwz ' N':l:lf:2(X) Tl i 2 n.

where the extra factor of % when n is even arises since we normalized the measure df so that
f@e(Kﬁ{ﬂ:id})\K df = 1. Upon substituting (5.39)) into Theorem (185 we obtain ([5.29)), up to
the calculation of 7 (which we do in Proposition [196] to follow).

Remark 194. We counted reducible elements in W, 1 (Z)™" C Wy, (Z)™" for fixed f; to
account for the action of the group N(Z) on monic binary forms. The methods of this section
can be easily adapted to count reducible elements in W, (Z)™"2, where f; is allowed to vary.
The only significant difference is that the analogue of Proposition [191] produces a Jacobian

constant J' that is sometimes different from 7. Indeed, a simple calculation reveals that

7’| = |J| when n is odd but that |J’| = |7| when n is even.
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5.4.3 Computing the value of J

In this section, we first use a “principle of permanence of identities” argument (cf. |3, §14.3])
to deduce an analogue of Proposition over Z, for primes p. We then compute certain
local integrals over Z, via a point-counting argument over F, (and, when p = 2, Z/2™Z for
sufficiently large m). Comparing the values of the local integrals obtained by using these
two methods yields the value of |J|,. Since this method applies to all primes p, we obtain

the value of | 7.

Proposition 195. Let A\ be as defined in (5.9), with the archimedean absolute value re-
placed by the p-adic absolute value. Let ¢,: Wy, (Zy)o — R be a P(Z,)-invariant measurable

function. Then we have that

/ ¢p(B)A(B)dB = (5.40)
BeW.y,, (Zp)o

> B

(Fp)#0 (BEP(Zp)\Wm(Zp)o
L(%L,B):Ff

where €, = 1 if n is odd and €, = % if n 1s even, and where for [ € Z;, we write Fy to

denote Fy(x,y) = a™ + > 1| fix" 'y

Proof. We prove the proposition in the case where n = 3; the proof for n > 3 is essentially
identical. Let R C Z) \ {f : A(Fy) = 0} be an open subset, let 7: R — W3(Zy)o be a
continuous function such that for each triple f € Z3 we have i(<7,,5(f)) = Fy, and let
¢p: W5(Zy)o — R be a measurable function. Upon applying the principle of permanence of

identities to the proof of Proposition [191], we obtain the following result:

/ 60(B)|bia(B)ydB = | T, / / ool 5(f))dhd. (5.41)
BeP(Zp)-d(R) feER JheP(Zy)

where dh denotes the measure ds;du on P(Z,) = A(Z,)-N(Z,). Just as [26], Proposition 3.12]
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is deduced from [26] Proposition 3.11], it follows from ({5.41]) that

/ 60(B)|bra(B)|pdB = (5.42)
BeWs3(Zyp)o

¢p(h - B) >
j|p/f623 ( /heP(zp # Stabp(z, )(f)dh v

A(Fy)#0 BGP(Zp \Ws(Z
Un,B)= Ff

When ¢, is P(Z,)-invariant, we have ¢,(h-B) = ¢,(B) for any h € P(Z,) and B € W5(Z,)o.
The proposition then follows from (5.42)) upon observing that Stabpz,)(B) = {1} for any
B € W5(Z,)o with A(c(a,, B)) # 0 and that

Vol(P(Z,)) = Vol(N(Z,)) - Vol(A(Z,)) =1- (1 —p ).

Note that we must use J’ instead of 7, because the integral on the left-hand side of
is over all elements of W, (Z,)o, not just those with fixed f;. The extra factor of % when n
is even arises because in this case, Stabpz,)(B) = {+id} for any B € W, (Z,), such that
A(u(ety,, B)) # 0, whereas such B have trivial stabilizer when n is odd. For future reference,
we record that
(1—pHlzd, ifp>2,

Vol(P(Z,)) = 2-2l3], if p=2and 21tn, (5.43)

273, if p=2and 2| n.

We are now in position to compute the Jacobian constants | 7| and |J'|:

n

Proposition 196. We have that |J| = |J'| = 2712} if n is odd and that |J| = |J'| =272

if n is even.

Proof. To compute |J|, it suffices to compute | 7|, for each p since J € Q* by Proposi-
tion It further suffices to compute |J'|,, since J, J’ differ by at most a factor of 2. We

now split into cases depending on the parity of p:

Case 1: p > 2: Fix a separable form f* € V,;(F,), and let ¢,: W, (Z,)o — R be the

290



indicator function of the set

bin—iy(B)l, =1 Vi€ {1,..., [3]},
Spe = B € W (Zp)o : ’ ?

U, B) = f* (mod p)

From the proof of Lemma , we see that P(Z,) acts transitively on the set

Bew, (7, bin—iy(B)|, =1 Vie {1,..., 5]}, (5.44)

L(%aB) = f,

for any f' € V,,1(Z,); by Lemma (184} this action has trivial stabilizer when n is odd and

stabilizer {4id} when n is even. Hence, the right-hand side of ([5.40)) is given by

1, if 21 n,
T, - Vol(P,(Z,)) / renn df = (5.45)
Fy=f* (mod p) 2717 if 2 | n

/ 1, if 21 n,
4 |p : VOI(PH(Zp>) p -

271 if 2| n.

On the other hand, the proof of Lemma also implies that the group P, (F,) acts tran-
sitively on the mod-p reduction if* of ¥+; by Lemma m, this action has trivial stabilizer

when n is odd and stabilizer {£id} when n is even. Thus, we have that

B 1, if24n, puT i 24m,
#Ef* = #Pn(]Fp) : = VOI(Pn(Zp)) : (5-46)

n2

271 if2|n 27t.pT, if2|n.
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Using (5.62)) and (5.46)), we find that the left-hand side of ((5.40)) is given by

5., 1, if 21 n,
/ dB = vj—fn? = Vol(P,(Z,)) - p" - (5.47)
BEY px # dn( p)O 2—1, if 2 ‘ n.

Now, Proposition [195] tells us (5.45)) and (5.47) must be equal, so | 7’|, = 1.

Case 2: p = 2: The proof here is similar to Case 1, so we highlight the differences. Let m > 1
be an integer, fix f*(x,y) = 2" + > 1, fix""'y" € V,,1(Z/2™Z) of nonzero discriminant such
that f; = 0 for each odd i € {1,...,n — 1}, and let ¢o: Wy, (Z2)g — R be the indicator

function of the set

bitn—iy(B)|2 = 1Vi € {1,..., 2]},
Y=< Be Wy (Z)o:

(e, B) = f* (mod 2™)

From the proof of Lemma we see that P(Zz) acts transitively on the set in (5.44)) for any
f' € Vi1(Zs) whose ziy"~coefficient is even for each odd i € {1,...,n—1}; by Lemma [184]
this action has trivial stabilizer when n is odd and stabilizer {id} when n is even. Thus,

by analogy with ((5.45)), the right-hand side of ([5.40)) is given by

1, if2fn,
1T’ |2 - VOL(Po(Zy)) - 27" - (5.48)

271 if2|n.

On the other hand, the proof of Lemma also implies that the action of the group
P,(Z/2™Z) on the mod-2™ reduction Y- of ¥« has 231 distinct orbits; by Lemma m,

these orbits have trivial stabilizer when n is odd and stabilizer {£id} when n is even. By
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analogy with ([5.47)), we find that the left-hand side of (5.40)) is given by

. 1, if 21 n,
2151 Vol(P,(Zy)) - 27 - (5.49)
2=l if 2| n.
Now, Proposition m tells us (5.48) and (5.49) must be equal, so | '], = 2L31. O

Combining Proposition with (5.39) and Theorem yields (5.29)), thus completing
the proof of Theorem [189

5.5 Congruence conditions

In this section, we show how the method used in §5.3] to prove Theorem [169| can be
adapted to count reducible orbits of G, (Z) on W, (Z) satisfying congruence conditions,
and hence to prove Theorem [I71] We then take n = 3 and apply Theorem to compute

the average 2-torsion in the ideal group in monogenic cubic orders, thus proving Theorem (175

5.5.1 Sieving to big families

We call a subset S C Wy, (Z) a big family if S = W, (Z)™"™ N[, Sy, where the sets

Sy, C Wy, (Z,) satisty the following properties:

(a) S, is (N X Gu,)(Z,)-invariant and is the preimage under reduction modulo p’ of a

nonempty subset of W, (Z/p’Z) for some j > 0 for each p; and

(b) S, contains all (G, (Z,)-orbits of) elements B € W, (Z,)o such that, for all p > 1, we

have that b;;,—;)(B) is a p-adic unit for some 1.

Note that a big family S is necessarily (N X G, )(Z)-invariant. Given such a family S, we
have the following asymptotic for §((N X Gu;, )(Z)\(Sred) x):
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Theorem 197. Suppose that S C Wy, (Z) is a big family. Then we have that

(Sred)X 71,72 . .
i (M%)@) ~ NP (X) - | T (5.50)

L3]

(1

1=

(C(Z);ii[l > Hgn /Be(s,, A(B)dB, if2|n

\ 7

) . ol3]. . MB)B, i ’
c(2i)) -2 1}“/365 (B)IB, if24n

p)o

—_

n—2 1—p—2i

where &, , = Hff 2" if n is odd and Enp = 5 [ 12 2=

P —-p

if n is even.

Proof. Let n be odd (the proof for even n is analogous), and suppose that the theorem holds
with W, replaced by Wy, 5, and (S,)o replaced by (Sp,)o N W, £ (Z,). Summing the count
for fixed f; over the possible values of f; yields (5.50) with the product of p-adic densities

on the right-hand side replaced by the following;:

n—1
1
—. ZH%/ A(B)dB. (5.51)
" f1=0 p BE(Sp)

0NWeg,, 11 (Zp)

Let n = Hp p/» denote the prime factorization of n. Through an application of the Chinese
Remainder Theorem, we can reexpress ((5.51)) as

H@w waliDY /B A(B)dB. (5.52)

frezptrz” BES )W 1, (Zp)

Now, for any measurable N(Z,)-invariant function ¢,: W, (Z,)o — R, it follows from a

Jacobian change-of-variables that

C ) / ¢p(B)dB = / ¢,(B)dB. (5.53)
BEW.oy,, 1, (Zp) BeWgy, (Zp)o

f1€Z/pTP7,

Thus, taking ¢, to be product of the indicator function of S, with the function A and

combining ((5.52)) with (| - 5.53)) yields (5.50) when n is odd.
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We have thus shown that it suffices to prove the theorem with f; fixed, which we do
as follows. To begin with we shall assume that the big family S C W, r,(Z) is defined
by finitely many congruence conditions, meaning that S, = Wy, f (Z,) for all but finitely
many p. To simplify the exposition, we will additionally restrict our consideration to the
case where n = 3 and f; = 0, as the proof is similar for larger values of n and f;.

Observe that there exist integers m, k > 0 such that the set S may be regarded as the
disjoint union of k translates Ly, ..., Ly of the lattice mW, o(Z). Given r € (Z/mZ)* and
B € W 0(Z/mZ), denote by r - B € Wy, o(Z/mZ) the element that arises by acting on B
with the element of A(Z/mZ) corresponding to r. Then any element B’ € W, o(Z)™" such
that B’ =r- B (mod m) for some r € (Z/mZ)* and B € S is also an element of S, because
S is the preimage in W, o(Z)™" of an G, (Z/mZ)-invariant subset of W, o(Z/mZ). Thus,
the group (Z/mZ)* acts on the set of lattice translates {L4, ..., Ly}, and it suffices to prove
the theorem with the set S replaced by a single (Z/mZ)*-orbit on the set of lattice translates
{L1,...,Lr}. Without loss of generality, we may assume that this orbit comprises the lattice
translates L4, ..., Ly for some ¢ € {1,... k}.

For j € {1,...,0}, write £; = Bj + mW o(Z), where B; € Wy o(Z). The computation
of #(Gon (Z)\((L; N Wy 0(R)™7)ea) x) is analogous to that of #(G s (Z)\(Wes 0(Z)127) x)
in so we summarize the key points. By analogy with , we have

((£J N WW3,O(R)T’1,T’2)red)X> ~ L . @
# ( G, (Z) Cn /SGA* /UE./\/*(sl) #(B(u, s1)x N (Lj)o)du g (5.54)

First suppose a; # 0 (mod m). Then (£;), = @, and it follows that we have

(£ N W o i)\ _

on the other hand, we must also have ((£,),)o = @ for some prime p | m, so the theorem holds
in this case. We may thus assume that by;(B;) = 0 (mod m) and in fact that by,(B;) = 0.

Then, slicing yields a sum over b = by2(B;) (mod m), and the application of Propositionm
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gives a factor of m™3 because we are counting lattice points in the 3-dimensional region

By(u, s1)x on a lattice translate of mW,, o(Z). Thus, by analogy with ([5.20)),

((£; N Wy O(R)”“)red)x> 1 3 ds1
# < : ~— / / m~° - Vol(By(u, s du—s-.
gsa73 (Z) Cu % s1>T JueN™*(s1) ( b( 1)X) 8%

b#0
b=b; (mod m)

(5.55)
Let m’ := ged(bj, m); observe that m/' is independent of j € {1,...,¢}, astheset {Lq,..., L}
is a (Z/mZ)*-orbit. Further notice that every mod-m residue class b such that ged(b, m) =

m’ is represented exactly once among the b;. Consequently, after summing ([5.55) over

j €{1,...,0}, we obtain by analogy with (5.28]) that

(Sred)X - Y L .
” (Qws(Z)) bgo T S B - Vol(Bs(X))d (5.56)
ged(bm)=m/
~ m*3m/—2 . ( H (1 _pQ)) C(Z) ) Ngl,rQ(X).
plmm/—1

On the other hand, writing e, := 1,,(m) and e, := v,(m’) for each p, we have

/ 1b12(B)|,dB = (5.57)
Be((L5)p)o

BEWM&O(ZP)O |b12(B)|de = p_5€p<1 + p_l)_la lf P T mm/_17
B=B; (mod p°P)

—4ep—e! : -1
BeW.ay.0(Zp)o |b12(B)pdB = p e " if p | mm'™,
B=B; (mod p°P)

where the last step follows by splitting {B € W, o(Z,)o : B = B; (mod p®)} and Wy, o(Z,)o
into level sets for the function |b12(B)|,, integrating on each level set, and summing up. As

C=#(Z/(mm' L) = | - p»= (1 — p~1), summing (5.57) over j € {1,...,¢} and
multiplying over all p yields that

[0 +r / b1a(B)pdB = #(Z/(mm'Z)* - / bia(B)pdB = (5.58)

. Be(Sp)o p JBe((L1)p)o
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H 5. H pr2 (1 - p2) = m=3m! 2. H (1-p2).

ptmm/ ~1 plmm/ 1 plmm/ 1

Comparing and yields the theorem when S is replaced by |_|§:1 L;.

It remains to prove the theorem in the case where S is defined by infinitely many con-
gruence conditions. First note that the proof of (or [29, Theorem 1.5]) implies the
following uniformity estimate: the number of G, (Z)-orbits of B € (W, 1 (Z).217)x with

n2+n—2

bitn—i)(B) divisible by some prime larger than Y > 1, for some 4, is O(X 2 Y ~!) +

n2 n—
O, (X 3 2’%“), where the implied constant is independent of X,Y. Given this estimate,
Theorem follows from the “finitely many congruence conditions” case by applying an

inclusion-exclusion sieve. O

Remark 198. In the proof of Theorem [I97] the assumption that S is the preimage of an
G, (Z/mZ)-invariant subset of Wy, (Z/mZ) caused the slicing parameters of the elements
of S to be invariant under multiplication by units modulo m. It is important to note that

Theorem does not always hold without this invariance.

Theorem gives a formula for the number of lattice points of bounded height satisfying
big sets of congruence conditions in cusps of fundamental sets for the action of (N x G, )(Z)
on W, (R) that is easy to compute in some cases. For example, as part of the proof of Theo-
rem in §5.6.2) we directly compute the p-adic local factor on the right-hand side of
when n = 3 and S, C W,,(Z,) is the subset of pre-projective elements. The formula in The-
orem [197]is also convenient for estimating the contribution of elements having big stabilizer
(see the remark after Theorem for the definition) to §((N X G, )(Z)\Wa, (Z),27%). To

this end, let
W (L) pigstar, = {B € W, (Z)" : Stabg,, z)(B) is big}.

Then we have the following bound:

Proposition 199. We have 1((N X G, )(Z)\(Wer, (Z)1 et b) o) = 0()(%).
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Proof. From of Theorem , it follows that Stabg,_, (z)(B) is big only if the form «(.7,, B) is

reducible over Z. Thus, letting
W (Zy)spiis = {B € W, (Zy) : 1(,, B) is reducible modulo p}

for each p, we have W, (Z)2 3., C W, (Z)7 0 (), Wes, (Zp)spiit- Then, upon combining

Theorem with the trivial bound |z|, <1 for any = € Z,, we have

#((N x gdn)(Z)\ngZJiL(Z)ﬁg’;iab)red) < H(1+p_1)2/ dB (5.59)
X

p<Y Be(Wey,, (Zp)spiit)o

i
for any number Y > 0, where the implied constant is independent of Y. To prove the
proposition, it now suffices to estimate the factor at p on the right-hand side of for
each prime p > 1.

For a Z-algebra R, define subgroups A(R), N (R) C SO, (R) as follows:

e A(R) is the subgroup whose elements are those of the form (5.5)) when n is odd and of

the form ([5.6) when n is even, where s; € R* for each i € {1,...,[5]}.

e N(R) is the subgroup of all lower-triangular unipotent matrices over R.

Let P(R) := A(R) - N(R) C SO, (R), and observe that the action of P(R) on W, (R)
preserves the subspace W, (R)o. We now take R = F,. When p > 2, it follows from the
proof of Lemma that P(F,) acts simply transitively on the set Oy := {B € W, (Fp)o :

(<, B) = f} for any separable form f € V,,1(F,). Thus, we have for such a form f that

n2-1

T? .f 2 Y
#Op = #P(F,) = (1 —p ). g 2 (5.60)

n?
4

p, if 2 | n.

It is a well-known result (e.g., see [15, §10.7]) that the number of irreducible separable forms
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F eV, (F,) is given by the following asymptotic formula:
n~'p" + O0(p" ), (5.61)

where the implied constant is independent of the prime p. Combining ({5.60) with (5.61])

together with the fact that

2ol in, if 24n,
dime Wgyn (Fp)o = (562)

n2 3
=+, if2|n

yields the following bound:

2_
((171)‘1) L%Jzanﬁfl) (n'p"+0(p" 1))

. , if 24 n,
/ dB <1-— AU (5.63)
BE(War,, (Zp)spiit)o ((1—p-1>LprTnzm-lp’wo@"-l))7 2| n
pEtm

<l-n"'-=0@pM".

Substituting the bound ([5.63) into the right-hand side of (5.59) and taking the limit as

Y — o0 on both sides yields the proposition. O

Combining Theorem [I89] with Proposition yields Theorem [169]

While Theorem has its uses, it is not easy to apply when S is defined by congruence
conditions involving the coefficients of the binary forms f € V,,;(Z)™". Using the p-adic
change-of-variables result in Proposition [195] we can express the p-adic local factors on the
right-hand side of in a form that is more convenient in the case where S is defined by
such congruence conditions. Taking ¢, to be the indicator function of (S,)o for each prime

p in Proposition [195], combining the result with Theorem and Propositions and [199]
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and observing that

H T |y &np - VOU(Pa(Zy)) .
P 22 - C(5)7 ' L2 C2)7h, if2]n

yields the following:

Theorem 200. Suppose that S C W, (Z) is a big family. Then we have that

4 (( (Sred)x(z)) < Np(x) T / e <invl7(3f2Z:)(Sp)0) i, (5.64)

N X Gar,) p A 20

where € =1 if n is odd and €3 = % if n s even.

We say that a subset X C V,,1(Z) is defined by finitely many congruence conditions if we
have ¥ = V,,1(Z)™" N[, Z,, where the sets 3, C V,,1(Z,) satisfy the following properties:
(1) ¥, is the preimage under reduction modulo p? of a nonempty subset of V;, 1(Z/p’Z) for
some j > 0 for each prime p; and (2) X, contains all of V,,1(Z,) for all sufficiently large
p. Observe that if ¥ C Z is defined by finitely many congruence conditions, then so is

inv1(X) C Wy, (Z); thus, Theorem [171]is a special case of Theorem [200

5.6 Application to counting 2-torsion ideals

In this section, we apply the results on counting in cusps obtained in the preceding sections

to study the distribution of 2-torsion ideals and ideal classes of monogenic orders.

5.6.1 Preliminaries on 2-torsion ideals

Retain the setting of (i.e., let n, fo, R, f, and r be as in §1.4)) with n odd and fy = 1.
Recall from §2.4.1] that, since n is odd and since we are only interested in reducible orbits,

it suffices to take r = 1.
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First let R = Z. We now explain how 2-torsion ideals of R; can be parametrized in terms

of reducible orbits. Consider the map

I(Ry)[2] — Gn(Z)\W,(Z) (5.65)

of sets defined by sending an ideal I € Z(Ry)[2] to the pair orbs;(/,1), where we give [
a basis so that N(/) = 1. Since 2-torsion ideals are necessarily invertible, the map
factors through the map orbs,: H;, — G,(Z)\W,(Z); furthermore, by the definition of
reducibility, the image of the map consists entirely of reducible orbits. In fact, we

have the following proposition, the proof of which is immediate:

Proposition 201 (|71, Proposition 2.12]). The map (5.65)) defines a bijection between
Z(Ry)[2] and the set of Gn(Z)-orbits of pre-projective reducible pairs (A, B) € W,(Z) with
L(A,B) = f.

Remark 202. When R; is maximal, any 2-torsion ideal of R; must be the unit ideal, so by
Proposition , there is a unique reducible pair (A, B) € W,,(Z) up to the action of G,,(Z)
with «(A, B) = f in this case (cf. Proposition [45)).

We say that B € W, (Z) is pre-projective if the pair (.27, B) is pre-projective. Combining
Proposition with (1.9), we obtain the following result parametrizing the elements of
Z(Ry)[2] in terms of reducible G, (Z) orbits on W (Z):

Corollary 203. The elements of Z(Ry)[2] are in bijection with the G, (Z)-orbits of pre-

projective reducible elements B € W, (Z) such that o(<,, B) = f.

Now let R be a PID. The next proposition identifies which elements of W, (R) are pre-
projective (note that this proposition only applies to monic binary forms f; the condition of

pre-projectivity is more complicated when fy has prime factors):

Proposition 204. Let (A, B) € W,(R) with «(A,B) = f. For each k € {0,...,n — 1}, let
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C™®) be the n x n matriz over R defined as follows:

A, ifk=n—1,
B, ifk=mn—2,
c = (5.66)
(S f(BAY ) B, ifke{l,...,n—3},
(X0 fi(BATY 1) A, ifk=0.

Let M denote the n x ("2%) matriz over R whose k™ row consists of the entries of C®) lying
on or above the diagonal, written as a list in some order that is uniform over k. Then the
pair (A, B) is pre-projective if and only if the greatest common divisor of the n X n minors

of M is equal to 1.

Proof. Let (I,«) € Hyq such that orbs(/, ) contains the pair (A, B). By |71, §2.2], the
matrices C*®) are symmetric, and the matrix M represents the map of R-modules I x I — Ry
in (1.14]) with respect to the basis of I x I obtained by taking pairwise products of the basis
elements of I. The fractional ideal I is invertible if and only if I? = () (as opposed to just
having a containment I? C («)), and this occurs if and only if the map I x I — Ry is surjec-

tive, which in turn happens if and only if the n xn minors of M have no common divisor. [J

By Proposition 204, a pair (4, B) € W,(Z) is pre-projective if and only if it is pre-
projective over Z, for every prime p; in particular, the locus of pre-projective pairs in W,,(Z)

is cut out by congruence conditions modulo each prime.

5.6.2 Computing the volume of pre-projective elements

By Corollary and Proposition along with (5.2)), proving Theorems (173 amounts
to determining the number of reducible (N x G, )(Z)-orbits on W, (Z) that are pre-

projective over Z, for every prime p. To this end, let W, (Z,)"™ be the subset of pre-
projective elements of W, (Z,). In this section, we first prove Theorems and by
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applying Theorem in the case where n = 3 and S, = W, (Z,)"™ for every prime
p. We then prove Theorem by applying Theorem [200] in the case where n > 3 and

S, = Wy, (Z,)P™ for every p.

Proofs of Theorems and[175. Let B = [b;;] € W, (Zy)o. Then Proposition implies

that B fails to be pre-projective if and only if
b12 = 633 + (blg - b22)633 =0 (mod p) (567)

Let t := bj3 — byy. The equation b3, + tbsz defines a smooth conic curve in the projective
plane IP’ﬂ%p with coordinates [bag : ¢ : bys]. This curve has exactly p + 1 points over F,, and so
the (affine) equation b2; + tbzs = 0 (mod p) has p? solutions in the three variables b, t, b33,
and it further follows that the equation b3; + (b3 — baa)bss = 0 (mod p) has p?® solutions in
the four variables by3, bas, bas, b33.

From the previous paragraph, we deduce that for every integer k£ > 0, the p-adic density
of the level set #4 i= {B € W, (Z,)7" : v,(b12(B)) = k} in W, (Z,)o is given by 1 — p~ ! if
k=0 and by p*(1 — p~1)? if £k > 0. Summing over the level sets % yields that

/B - |b12(B)|pdB = / pFdB = > p - (5.68)
3

k>0 BEVk >1

=1-pl4+p?Q+p H'a-ph.

Let (W, (Z)™™2)P™ be the subset of pre-projective elements of W, (Z)™™. Substitut-
ing (5.68) into Theorem and dividing by N3""?(X) yields Theorem 175 Theorem (173
then follows by combining the result of Theorem with Siad’s determination in [108, The-

orem 9| of the average size of the quantity (5.2)). O

Proof of Theorem[17]. We have the following formula for the integrand of the p-adic local
factor on the right-hand side of (5.64) when S, = W, (Z,)"":
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Proposition 205. Let n > 3 be odd, let f € V,,1(Z,) be separable. Then

o (VA O W ZoF™ _ sy ),
P(Zyp)

Proof of Proposition [205. By the definition of reducibility and Theorem the set of pre-
projective reducible G, (Z,)-orbits of elements B € W, (Z,) with (<7, B) = f is in bijec-

tion with
ker (R} /R )z — (Kf /K7 %)nz1) = ker (R /RF2 — R} /R;). (5.69)

Next, let us fix a G, (Z,)-orbit O of reducible elements B € W, (Z,) satistying ¢(<7,, B) = f.

The following lemma establishes that O necessarily meets the subset W, (Z,)o C Wy, (Z,):

Lemma 206. We have that Oy # @.

Proof of Lemma[206. Let B € O. Since B is reducible, Proposition [20] implies that there
exists 7 € Gy, (Q,) such that v- B € W, (Z,)o. By the p-adic Iwasawa decomposition
(see [89]), we have that G, (Q,) = P(Q,) * G, (Z,). Thus, v = 7 -4 for some 7 € P,(Q,)
and 7' € Gy, (Z,), and since P, (Q,) acts on W, (Q,)o, it follows that 7' - B € O,. O

The group P, (Z,) acts on Oy, which is nonempty by Lemma . The next lemma gives

a parametrization of the orbits of P,,(Z,) on Oy:

Lemma 207. Let B € Oy. Then the set P,(Z,)\Oo is in bijection with the quotient group

Stabgﬂn(@p)(B)/ Stabgdn(zp)<B).

Proof of Lemma[207 Let B'" € Op. Then there exists v € G, (Z,) such that B' = ~ -
B. Moreover, by the proof of Lemma , there exists 7' € P,(Q,) such that B’ =
7' - B. Then we have that 7/ ' - v € Stabg,, (q,)(B), and the map ®: P,(Z,)\Oy —
Stabg,, (q,)(B)/Stabg,, (z,)(B) defined by sending B’ + 7'~ 7 is readily seen to be both

well-defined and injective. To see that ® is surjective, take v € Stabg,, (g,)(B), and write
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v=mn"form € P,(Q,) and v € Gy, (Z,). Then B” :== 7 1-B =+"-B € W, (Q,)oNO = Oy,
and we evidently have ®(B") = . O

Since n is odd, we have isomorphisms R} [2] ~ R} [2]n=1 X {1} and K[ [2] ~ R; [2]n=1 X
{+£1}. Thus, by Theorem [13] we have that

Stabg., (0,)(B)/ Stabg, (z,)(B) = K} [2lna /R [2Ines = RE /RS2, (5.70)

Combining the parametrization of pre-projective reducible G, (Z,)-orbits in (5.69), the
parametrization of P,(Z,)-orbits in Lemma , and the equality (5.70) yields that the

number of pre-projective P, (Z,)-orbits of elements B € Wy, (Z,)o with (<, B) = f is
SRR/ RE2) - #ker(RS R} — T [ = 2 /), -

The statement on 2-torsion in ideal groups in Theorem [174| now follows upon substituting

the result of Proposition into each of the local factors on the right-hand side of (5.64]).
As in the proof of Theorem [I73] the statement on 2-torsion in class groups in Theorem [174

then follows by applying Siad’s determination in [108, Theorem 9] of the average size of the

quantity (5.2)). O
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