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Abstract

This thesis concerns the arithmetic of binary forms, with a particular emphasis on studying

2-class groups of the rings and fields defined by such forms, as well as 2-Selmer groups of

hyperelliptic curves and related Diophantine objects. The keystone result of this thesis is

an orbit parametrization of square roots of the ideal class of the inverse different of rings

defined by binary forms (see §1). This parametrization, which can be construed as a new

integral model of a “higher composition law” discovered by Bhargava and generalized by

Wood, was the missing ingredient needed to solve a range of open problems concerning

distributions of class groups, Selmer groups, and more. For instance, in this thesis, we apply

the parametrization to bound the average size of the 2-class group in families of number

fields defined by binary n-ic forms, where n ≥ 3 is an arbitrary integer, odd or even (see §2).

We also apply it to prove that most “superelliptic equations” of the form z2 = f(x, y), where

f is an integral binary form of odd degree, have a Brauer–Manin obstruction to having a

primitive integer solution (see §3). Moreover, in joint work with Bhargava and Shankar, we

use the parametrization to prove that when locally soluble genus-1 curves over Q are ordered

by height, the average size of the 2-Selmer group is at most 6, and further that when elliptic

curves over Q are ordered by height, the second moment of the size of the 2-Selmer group is

at most 15, confirming well-known conjectures of Poonen and Rains (see §4). Finally, in joint

work with Shankar, Siad, and Varma, we use the parametrization to determine the average

size of the 2-class group in families of monogenic degree-n orders, enumerated by height;

for this application, we develop a new method for counting integral orbits having bounded

invariants and satisfying local conditions that lie in the cusps of fundamental domains for

coregular representations (see §5).

3



Acknowledgements

To begin with, I would like to express my deepest gratitude to my advisor, Manjul

Bhargava, for suggesting the questions that led to this thesis, for collaborating with me on

a number of them, for providing me with invaluable mathematical and professional advice,

and for taking the time to read and offer detailed feedback on my work. Manjul’s infectious

optimism and boundless creativity inspired me to persevere at times when it was difficult to

see where my research was headed. I would often go into meetings with Manjul thinking the

worst, that there was little hope of solving the problem at hand, only to come out feeling as

though I had completely misjudged the situation, that there were many exciting avenues to

pursue and that a solution ought to be within reach. He was usually right!

I would like to thank Arul Shankar for being such an insightful teacher and collaborator.

As an undergraduate at Harvard, I had the unusual privilege of taking the entire number

theory sequence with Arul, and my experiences in his class played an important role in my

decision to pursue a PhD in arithmetic statistics. And it was a pleasure to do research with

Arul: he has the remarkable ability to listen to ideas that I had dismissed as futile, to realize

their viability, and to elevate them beyond the scope of my imagination.

I would like to thank Peter Sarnak for taking the time to meet with me and discuss my

work, for suggesting a number of interesting new directions to pursue, and for sharing his

uniquely global perspective on mathematics with me. I am grateful to him, as well as to

Chris Skinner, for serving on my thesis defense committee, and I thank Shou-Wu Zhang for

being my first-year advisor and thesis reader.

I thank Jordan S. Ellenberg for posing the question on square roots of the ideal class of

the inverse different that led to this thesis, and I am grateful to Melanie Matchett Wood,

whose foundational work on parametrizations of ideal classes in rings associated to binary

forms served as a primary inspiration for this thesis. I also thank Melanie for taking the

time to answer my questions about her work.

I would like to thank many other mathematicians who contributed to this thesis. I thank

4



my other collaborators Jan-Hendrik Evertse, Kálmán Győry, László Remete, Artane Siad,
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Chapter 1

New parametrization for ideal classes

in rings defined by binary forms

This chapter is largely based on my paper [116, §§1.1–1.3, §2], with some results also drawn

from my joint work [28, §2.5] with Manjul Bhargava and Arul Shankar.

1.1 Introduction

A famous theorem of Hecke [70, Theorem 176] states that the ideal class of the different

of the ring of integers of a number field is a perfect square. Motivated by Hecke’s result,

Ellenberg posed the following question:

Question (Ellenberg, [61]). Could there be a “parametrization” in anything like Bhargava’s

sense for cubic rings together with a square root of [the ideal class of the] inverse different?

The main contribution of this chapter is to give a positive answer to Ellenberg’s question,

not just for cubic rings, but for rings of any degree n ≥ 3 defined by integral binary n-ic forms.

Specifically, let f be a separable primitive integral binary form of degree n ≥ 3 with leading

coefficient f(1, 0) = f0 6= 0, and let Rf denote the ring of global sections of the subscheme

of P1
Z cut out by f . Letting Gn := SLn if n is odd and Gn := SL±n = {g ∈ GLn : det g = ±1}

12



if n is even, we prove the following roughly stated orbit parametrization result, to be made

precise in §1.4.1:

Theorem 1. Square roots of the class of the inverse different of Rf naturally give rise to

Gn(Z)-orbits of pairs (A,B) ∈ Z2⊗Z Sym2Zn of symmetric n× n integer matrices such that

det(xA+ yB) = ±f−1
0 f(x, f0y) ∈ Z[x, y],

where g ∈ Gn(Z) acts on (A,B) via g · (A,B) = (gAgT , gBgT ). The locus of pairs (A,B)

that arise in this way is cut out of the hypersurface detA = ±1 by congruence conditions

modulo fn−1
0 .

This new orbit parametrization has made it possible to pursue a range of statistical

applications concerning class groups of number fields and rational/integral points on vari-

eties/stacks. As examples:

• In §2, we apply Theorem 1 to bound (and precisely determine, conditional on a uniformity

estimate) the average size of the 2-class group in families of number fields defined by

binary n-ic forms, where n ≥ 3 is arbitrary (see Theorems 23 to 27). Similar bounds

and conditional equalities have previously been proven in many cases, such as when n

is odd (see, e.g., the work of Ho–Shankar–Varma [71]) or when the binary forms under

consideration are monic (see, e.g., the work of Siad [108,109]). The new parametrization

in Theorem 1 allows us to handle all cases simultaneously, including the non-monic even-

degree case, which was not amenable to existing methods.

• In §3, we use Theorem 1 to prove that most integral odd-degree binary forms fail to

primitively represent a square because of a Brauer–Manin obstruction.

• In §4, joint with Bhargava and Shankar, we apply Theorem 1 to bound the second moment

of the size of the 2-Selmer group of elliptic curves.
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1.1.1 Relation to earlier work

Theorem 1 gives a new integral model of a “higher composition law” discovered by Bhargava

and generalized by Wood. In his thesis [6, Theorem 4], Bhargava demonstrated that when

deg f = 3, the elements of Cl(Rf )[2]—i.e., square roots of the trivial class—are parametrized

by pairs (A,B) ∈ Z2 ⊗Z Sym2 Z3 such that det(xA + yB) = ±f(x, y). More generally, let

Ikf be the space of global sections of the pullback to SpecRf of the line bundle of degree

k on P1
Z. In her thesis [126, Theorem 1.3], Wood proved that when deg f = n ≥ 3, square

roots of the class of In−3
f are parametrized by pairs (A,B) ∈ Z2 ⊗Z Sym2 Zn such that

det(xA+ yB) = ±f(x, y).

These results of Bhargava and Wood precipitated two decades of progress in arithmetic

statistics. Indeed, their parametrizations were used to (1) prove that most hyperelliptic

curves have no rational points [11], (2) bound the average 2-torsion in the class groups of

rings defined by odd-degree binary forms [18, 30, 71] or by monic binary forms [108, 109],

and (3) determine the density of integer polynomials with squarefree discriminant [29, 99].

Related parametrizations on the space of pairs of symmetric integer matrices were used to

bound the average size of the 2-Selmer groups in families of hyperelliptic curves with marked

points [15, 26,106].

Despite their remarkable versatility, the parametrizations of Bhargava and Wood have

what is, in view of certain applications, a fundamental limitation: when n is even and

|f0| > 1, the class of In−3
f sometimes fails to have a square root. Furthermore, the forms

f for which this failure occurs are expected to contribute non-negligibly to the average size

of Cl(Rf )[2]. This limitation is the reason why the papers [18, 30, 71, 108, 109] on average

2-torsion in class groups considered only those rings defined by odd-degree or monic binary

forms; more broadly, the inability to parametrize 2-torsion in class groups of rings defined

by general even-degree binary forms has been one of many key impediments to formulating

and verifying analogues of the Cohen–Lenstra heuristics for 2-class groups of number fields

of even degree n > 2, for which 2 is a so-called “bad prime” (see §2.1.2).
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The new parametrization in Theorem 1 overcomes the limitation described above. Indeed,

a result of Simon [124, Theorem 2.4] states that In−2
f represents the class of the inverse

different of Rf , so Theorem 1 gives a parametrization of square roots of the class of In−2
f ,

rather than In−3
f . Such square roots always exist when n is even; moreover, when n is odd,

Hecke’s theorem implies that such square roots exist as long as Rf is the maximal order

in its fraction field. Consequently, as we show in §2, Theorem 1 can be used to study the

distribution of 2-class groups of number fields defined by binary forms of any degree n ≥ 3.

As it happens, the failure of In−3
f to have a square root plays a crucial role in [17], where

Bhargava, Gross, and Wang used it to prove that a positive proportion of hyperelliptic

curves of any given genus have no odd-degree closed points. Essentially, they show that if

Cf denotes the curve z2 = f(x, y), locally soluble 2-covers of the variety Pic1(Cf ) give rise to

square roots of the class of In−3
f ; thus, if no such square root exists, Pic1(Cf ) has no rational

points. On the other hand, this construction is insufficient to study locally soluble 2-covers

of Pic0(Cf ), unless Cf has an odd-degree closed point, in which case Pic0(Cf ) ' Pic1(Cf ).

It is for this reason that the papers [15,26,106] on average sizes of 2-Selmer groups restricted

their consideration to special families of curves with marked points. In contrast, as we show

in §4, Theorem 1 can be used to study the distribution of the 2-Selmer group for the universal

family of locally soluble hyperelliptic curves of any given genus

1.1.2 Organization

First, in §1.4, we introduce the new parametrization alluded to in Theorem 1 and prove

several useful properties about it.

1.2 Rings and ideals associated to binary forms

Let n ≥ 3 and f0 6= 0 be integers. Let Vn denote the affine scheme over Z whose R-points are

given by SymnR
2 for any Z-algebra R (i.e., binary n-ic forms over R), and Let Vn,f0 ⊂ Vn
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be the subscheme corresponding to forms f ∈ Vn(R) with leading coefficient f(x, 1) = f0.

Now let R be a principal ideal domain (PID) with field of fractions K.1 Let f0 ∈ Rr{0},

and fix a binary n-ic form f = f(x, y) =
∑n

i=0 fix
n−iyi ∈ Vn,f0(R) that is separable over K.

Consider the étale K-algebra Kf := K[x]/(f(x, 1)), and let θ denote the image of x in Kf .

For each i ∈ {1, . . . , n− 1}, let pi be the polynomial defined by pi(t) :=
∑i−1

j=0 fjt
i−j, and let

ζi := pi(θ). To the binary form f , there is a naturally associated free R-submodule Rf ⊂ Kf

having rank n and R-basis given by

Rf := R〈1, ζ1, ζ2, . . . , ζn−1〉. (1.1)

The module Rf has been studied extensively in the literature. In [32, proof of Lemma 3],

Birch and Merriman proved that the discriminant of f is equal to the discriminant of Rf ,

and in [87, Proposition 1.1], Nakagawa proved that Rf is actually a ring with the following

multiplication table: taking 1 ≤ i ≤ j ≤ n − 1 and setting ζ0 := 1 and ζn := −fn for

convenience, we have

ζiζj =

min{i+j,n}∑
k=j+1

fi+j−kζk −
i∑

k=max{i+j−n,1}

fi+j−kζk.
2 (1.2)

Also contained in Kf is a natural family of free R-submodules Ikf of rank n for each

integer k ∈ {0, . . . , n− 1}, having R-basis given by

Ikf := R〈1, θ, . . . , θk, ζk+1, . . . , ζn−1〉. (1.3)

For concreteness, we note that I0
f = Rf is the unit ideal and that In−1

f = R[θ]. By [124,

Proposition A.1], each Ikf is an Rf -module and hence a fractional ideal of Rf ; moreover, the

notation Ikf makes sense, since Ikf is the kth power of I1
f . By [124, Corollary 2.5 and Propo-

1We typically take R to be Z, Q, Zp, Z/pZ, or Qp, where p ∈ Z is a prime.
2Nakagawa’s results are stated for irreducible forms f , but as noted in [124, §2.1], their proofs continue

to hold even otherwise.
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sition A.4], if n > 2, the fractional ideals Ikf are invertible precisely when Rf is Gorenstein,

which happens precisely when f is primitive (i.e., gcd(f0, . . . , fn) = 1).

Remark 2. The ring Rf and ideals Ikf admit a simple geometric interpretation: indeed,

by [124, §1], we have

SpecRf = Proj
(
Z[x, y]/(f(x, y))

)
↪! ProjZ[x, y] = P1

Z, (1.4)

so Rf can be thought of as the coordinate ring of the closed subscheme of P1
Z naturally

associated to the binary form f . Letting ORf (k) denote the pullback to SpecRf along the

closed embedding (1.4) of the line bundle of degree k on P1
Z, we have that Ikf ' H0(ORf (k))

as Rf -modules.

Given a fractional ideal I of Rf with specified basis (i.e., a based fractional ideal), the

norm of I, denoted by N(I), is the determinant of the K-linear transformation taking the

basis of I to the basis of Rf in (1.1). It is easy to check that N(Ikf ) = f−k0 for each k

with respect to the basis in (1.3). The norm of κ ∈ K×f is the determinant of the K-linear

transformation taking the basis 〈1, ζ1, . . . , ζn−1〉 to the basis 〈κ, κζ1, . . . , κζn−1〉. Note that

we have the multiplicativity relation

N(κI) = N(κ) N(I) (1.5)

for any κ ∈ K×f and based fractional ideal I of Rf , where we regard κ · I as having the basis

given by multiplying each basis element of I by κ.

The ideal In−2
f plays a key role in the parametrization that we introduce in §1.4.1. Indeed,

by [124, Theorem 2.4] (cf. [111, Proposition 14]), [In−2
f ] is the class of the inverse different

of Rf ; i.e., we have that

[In−2
f ] =

[
HomZ(Rf ,Z)

]
∈ Cl(Rf ). (1.6)

17



Thus, to parametrize square roots of the ideal class of the inverse different of Rf , we can work

with the ideal In−2
f , which has the virtue of possessing the explicit Z-basis given by (1.3).

Remark 3. There is a geometric way to verify (1.6). Indeed, the class of the inverse different of

Rf corresponds to the class of the relative dualizing sheaf ωRf/Z of SpecRf over SpecZ. Thus,

it suffices to show that In−2
f ' H0(ωRf/Z) as Rf -modules. Note that ωRf/Z is isomorphic to

the dualizing sheaf ωRf of SpecRf as Cl(Z) = {1}, so applying the adjunction formula to (1.4)

yields that ωRf/Z ' ωRf ' ORf (n− 2). It follows that In−2
f ' H0(ORf (n− 2)) ' H0(ωRf/Z)

as Rf -modules.

We now discuss how Kf , Rf , and Ikf transform under the action of γ ∈ GL2(R) on binary

n-ic forms defined by γ · f = f((x, y) · γ). If f ′ = γ · f , then Kf ′ ' Kf , and the rings

Rf ′ and Rf are identified under this isomorphism (see [87, Proposition 1.2] or [124, §2.3]).

On the other hand, the ideals Ikf ′ and Ikf are isomorphic as Rf -modules but need not be

identified under the isomorphism Kf ′ ' Kf . Indeed, as explained in [11, (7)], these ideals

are related as follows: if γ = [ s t
u v ] is such that −tθ + s 6= 0 (equivalently, f ′ has nonzero

leading coefficient), then for each k ∈ {0, 1, . . . , n− 1}, the composition

Ikf Kf Kf ′
φk,γ ∼ (1.7)

is an injective map of Rf -modules having image equal to Ikf ′ , where φk,γ sends each δ ∈ Ikf

to (−tθ + s)−kδ ∈ Kf . When k = 0, we recover the identification Rf = I0
f with Rf ′ = I0

f ′

from (1.7). Let N ⊂ GL2 denote the lower-triangular unipotent subgroup. When γ ∈ N(R),

we have −tθ + s = 1, so φk,γ is the identity map in this case.

1.3 Representations on pairs of symmetric matrices

Let n ≥ 3 be an integer. In this section, we recall various representations involving the

space of pairs of symmetric n× n matrices. These representations play a key role in stating

our new parametrization and are crucial to the applications considered in §2–5. We start

18



in §1.3.1 by introducing the representation of Gn on the space of pairs of symmetric n × n

matrices. Since our parametrization produces pairs (A,B) lying on the hypersurface where

detA = ±1, it is important to understand how the action of Gn restricts to this (non-linear)

hypersurface; in §1.3.2, we explain a “linearization trick” that recasts this restricted action

in terms of a finite union of (linear) representations of orthogonal groups. We finish in §1.3.3

by discussing a related representation that occurs only when n is even, namely the action of

the group (SLn /µ2)(R) on the space of pairs of symmetric n× n matrices over a PID R.

1.3.1 Representation of Gn

We first define the representation of Gn on Wn. Let Matn denote the affine scheme over Z

whose R-points are given by the set of n × n matrices with entries in R for any Z-algebra

R. Let Vn,1 ⊂ Matn denote the subscheme over Z whose R-points are given by Sym2R
n for

any Z-algebra R (i.e., symmetric n×n matrices with entries in R, or equivalently, classically

integral n-ary quadratic forms over R), and let Wn = Un×Un be the space of pairs of n-ary

quadratic forms. Then Wn has a natural structure of Gn-representation given as follows: for

any element g ∈ Gn(R) and any pair (A,B) ∈ Wn(R), let

g · (A,B) =
(
gAgT , gBgT

)
∈ Wn(R),

where for a matrix M , we write MT for its transpose. When n is odd, the action of − id ∈

SL±n (R) centralizes elements of Wn(R), which is why we work with Gn = SLn instead of SL±n .

We now describe the invariants of the action of Gn on Wn. Given a pair (A,B) ∈ Wn(R),

we define the resolvent of (A,B) to be the binary n-ic form (−1)b
n
2
c det(xA+ yB) ∈ Vn(R).

Let ι : Wn ! Vn be the function that takes a pair of symmetric n×n matrices to its resolvent,

and consider the n+1 homogeneous degree-n polynomial functions f0◦ι, . . . , fn◦ι : Wn ! A1
Z,

where fi : Vn ! A1
Z denotes the function that sends a form f = f(x, y) ∈ Vn(R) to its xn−iyi-

coefficient for each i ∈ {0, . . . , n}. One checks that these functions are Gn-invariant; in fact,
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they freely generate the ring of polynomial invariants for the action of Gn on Wn.

1.3.2 Action on pairs (A,B) with detA = ±1: a linearization trick

We now describe how the action of Gn on Wn restricts to the hypersurface consisting of pairs

where detA = ±1. For this, we use the following linearization trick introduced in [18, §1.3].

Let R be any Z-algebra. The trick relies on the following pair of observations:

• If a pair (A,B) ∈ Wn(R) is such that detA = ±(−1)b
n
2
c, then the matrix T = −A−1B ∈

Matn(R) is self-adjoint with respect to A (i.e., T TA = AT ), and the characteristic poly-

nomial chT of T is chT (x) = ±(ι(A,B))(x, 1) (where the ± sign matches the sign of detA,

so that chT is monic).

• If T ∈ Matn(R) is self-adjoint with respect to a matrix A ∈ Un(R) such that detA =

±(−1)b
n
2
c, then −AT is symmetric, and chT (x) = ±(ι(A,−AT ))(x, 1).

Now, let A0 ∈ Un(R) with det An = ±(−1)b
n
2
c, and let GA0 be the orthogonal group scheme

over Z whose S-points are given by

GA0(R) =


SOA0(R) = {g ∈ SLn(R) : gTA0g = A0}, if n is odd,

OA0(R) = {g ∈ SL±n (R) : gTA0g = A0}, if n is even.

Let WA0 be the affine scheme over Z whose R-points are given by

WA0(R) := {T ∈ Matn(R) : T TA0 = A0T}.

Observe that WA0 has a natural structure of GA0-representation, where for any g ∈ GA0(R)

and T ∈ WA0(R), we have g · T = gTg−1. Then the two observations itemized above imply
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that we have the following stabilizer-preserving bijection for any form f ∈ Vn,1(R):


(A,B) ∈ Gn(R)\Wn(R)

with ι(A,B) = ±f

!
⊔
A0


T ∈ GA0(R)\WA0(R)

with chT (x) = f(x, 1)

 (1.8)

where on the right-hand side of (1.8), the union runs over representatives A0 of the set of

Gn(R)-classes of symmetric matrices A0 ∈ Matn(R) such that detA0 = ±(−1)b
n
2
c.

Remark 4. We sometimes find it more convenient to work not with T ∈ WA(R) but with

B = −AT , which is an symmetric n × n matrix with entries in R. Thus, in what follows

we sometimes abuse notation by writing B ∈ WA(R) to mean “the symmetric n× n matrix

arising from the self-adjoint operator T = −A−1B ∈ WA(R).” In this language, the action

of an element g ∈ GA(R) on T ∈ WA(R) is written as B 7! (g−1)TBg−1. We further abuse

notation by writing ι : WA ! V for the function that sends B 7! ι(A,B).

Now, let R be an integral domain with field of fractions K having characteristic not

equal to 2, and let An ∈ Un,1(R) be the antidiagonal matrix with all antidiagonal entries

equal to 1. For the applications in §3 and §5, which concern the case where n is odd, we

will only need to consider those pairs (A,B) ∈ Wn(R) such that A is split over K, meaning

that the symmetric bilinear form associated to A has a maximal isotropic space defined over

K. It follows from [101, Chapter V, §2.2] that, when n is odd, any such A belongs to the

Gn(R)-orbit of An. Thus, in this case, we can just take A0 = An in (1.8), and we obtain the

following stabilizer-preserving bijection for any separable f ∈ Vn,1(R):


(A,B) ∈ Gn(R)\Wn(R) with ι(A,B) = ±f

such that A is split over K

!


B ∈ GAn(R)\WAn(R)

with ι(B) = ±f

 (1.9)
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1.3.3 Representation of (SLn /µ2)(R) on Wn(R) for a PID R

In this section, we take n to be even, and we fix a PID R with field of fractions K. Within

SLn, we have the subgroup scheme µ2, with the inclusion µ2 ↪! SLn defined on R-points

by sending r ∈ µ2(R) to r × id ∈ SLn(R). We now use the action of SLn on W to obtain

an action of (SLn /µ2)(R) on Wn(R) in the case where R is a PID. To do this, we must

first explicitly characterize the elements of (SLn /µ2)(R). Upon inspecting the first few

terms of the long exact sequence in flat cohomology arising from the short exact sequence

1! µ2 ! SLn ! SLn /µ2 ! 1, we obtain the following short exact sequence:

1 SLn(R)/µ2(R) (SLn /µ2)(R) H1(R, µ2) H1(R, SLn). (1.10)

We may identify H1(R, µ2) with the group R×/R×2 via Kummer theory and H1(R, SLn) with

the trivial group via Hilbert’s Theorem 90. Let Ksep denote the separable closure of K, and

for each r ∈ R×/R×2, let εr ∈ SLn(Ksep) be the diagonal matrix with diagonal entries given

by n
2

copies of
√
r followed by n

2
copies of 1√

r
. We then have the following characterization

of the group (SLn /µ2)(R) in terms of the matrices εr:

Lemma 5. The group (SLn /µ2)(R) is the subgroup of SLn(Ksep)/{± id} consisting of (classes

of) matrices of the form gεr, where g ∈ SLn(R) and r ∈ R×/R×2.

Proof. When R = K is a field, the exact sequence (1.10) may be viewed as a sequence

in Galois cohomology, in which case the lemma is proven in [16, §4.4]. For a general PID

R, applying (1.10) to both R and its field of fractions K yields the following commutative

diagram with exact rows, in which all vertical maps are injective:

1 SLn(R)/µ2(R) (SLn /µ2)(R) R×/R×2 1

1 SLn(K)/µ2(K) (SLn /µ2)(K) K×/K×2 1.

(1.11)

Because the lemma holds for K, it follows from (1.11) that (SLn /µ2)(R) is contained in
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the subgroup of SLn(Ksep)/{± id} consisting of (classes of) matrices of the form gεr, where

g ∈ SLn(K) and r ∈ R×/R×2. Now, choose an element gεr ∈ (SLn /µ2)(R) of this form. Since

SLn(R)/µ2(R) is a normal subgroup of (SLn /µ2)(R), the element gεr normalizes SLn(R).

But one easily checks that εr normalizes SLn(R), so g must normalize SLn(R) too. Because

SLn(R) is its own normalizer in SLn(K), we conclude that g ∈ SLn(R), as desired.

We are now ready to define the action of (SLn /µ2)(R) on Wn(R). Given (the class of)

an element gεr ∈ (SLn /µ2)(R), where g ∈ SLn(R) and r ∈ R×/R×2, we let

(gεr) · (A,B) =
(
(gεr)A(gεr)

T , (gεr)B(gεr)
T
)
∈ Wn(R)

for any pair (A,B) ∈ Wn(R). This action is well-defined because the subgroup µ2(R) ⊂

SLn(R) acts trivially on Wn(R), and it also preserves the resolvent ι(A,B).

We now explain the analogue of the linearization trick described in §1.3.2 for the action

of (SLn /µ2)(R) on Wn(R). For the application in §4, we will only need to consider those

pairs (A,B) ∈ Wn(R) such that A is split over K and such that the symmetric bilinear form

associated to A is even (i.e., xAxT is divisible by 2 for every x ∈ Rn). It follows from [101,

Chapter V, §2.2] that any such A belongs to the Gn(R)-orbit of An. Thus, in this case, we can

just take A0 = An. Let PSOAn = SOAn /µ2 be the projective orthogonal group associated

to An. Then the space WAn(R) has a natural structure of PSOAn(R)-representation, given

as follows: for any element g ∈ PSOAn(R), regard g as an element of (SLn /µ2)(R) via

the inclusion PSOAn(R) ↪! (SLn /µ2)(R) induced by the inclusion SOAn ↪! SLn, and let

g · B = gBgT ∈ WAn(R) for any B ∈ WAn(R). By analogy with (1.9), we obtain the

following stabilizer-preserving bijection:


(A,B) ∈ (SLn /µ2)(R)\Wn(R) with ι(A,B) = ±f

such that A is split over K and even over R

!


B ∈ PSOAn(R)\WAn(R)

with ι(B) = ±f


(1.12)
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1.4 Orbit parametrization

Retain the setting of §1.2 (i.e., let n, f0, R, and f be as in §1.2). Consider the monic form

f−1
0 f(x, f0y) ∈ Vn,1(R); we call this form the monicized form of f and denote it by fmon.

The map mon : Vf0 ! V1 that sends a binary n-ic form to its monicization is injective; we

call the left-inverse to this map demonicization at f0, and we denote the demonicization of

a form g at f0 by gdemf0
.

Fix a unit r ∈ R×. Let I be a based fractional ideal of Rf , and suppose that there exists

α ∈ K×f such that

I2 ⊂ αIn−2
f and N(I)2 = rN(α) N(In−2

f ).3 (1.13)

In this section, we show that the pair (I, α) naturally gives rise to a Gn(R)-orbit of a pair

(A,B) ∈ Wn(R) such that ι(A,B) = rfmon. Moreover, we provide a complete characteriza-

tion of all pairs (A,B) ∈ Wn(R) that arise in this manner. These results are summarized in

Theorem 13 (to follow), which gives a precise formulation of Theorem 1.

1.4.1 Construction of an integral orbit

Consider the symmetric bilinear form

〈−,−〉 : I × I ! Kf , (β, γ) 7! 〈β, γ〉 = α−1βγ. (1.14)

By assumption, 〈−,−〉 has image contained in In−2
f . Next, let πn−2, πn−1 ∈ HomR(In−2

f , R)

be the maps defined on the R-basis (1.3) of In−2
f by

πn−2(θn−2)− 1 = πn−2(ζn−1) = πn−2(θi) = 0 for each i ∈ {0, . . . , n− 3}, and

πn−1(ζn−1) + 1 = πn−1(θi) = 0 for each i ∈ {0, . . . , n− 2}.

3Note that if I is invertible, then the norm condition in (1.13) forces I2 = αIn−2
f .
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Let A and B be the matrices in Un(R) representing the symmetric bilinear forms πn−1◦〈−,−〉

and πn−2 ◦ 〈−,−〉 : I × I ! R, respectively, with respect to the chosen basis of I.

Theorem 6. Given the above setup, we have that ι(A,B) = rfmon.

Proof. Observe that fmon(x, 1) is the characteristic polynomial of f0θ ∈ Kf . The idea of

the proof is to show that the characteristic polynomial of the matrix −A−1B is equal to the

characteristic polynomial of the number f0θ. We carry this strategy out through a pair of

lemmas as follows.

Lemma 7. We have that detA = (−1)b
n
2
cr, so in particular, A is invertible over R, and the

characteristic polynomial of −A−1B is det(xid− (−A−1B)) = (−1)b
n
2
cr−1 det(xA+B).

Proof of Lemma 7. To begin, notice that detA is equal to the determinant of the bilinear

map Σ: I × (α−1I)! R defined by (β, γ) 7! πn−1(βγ). Next, consider the bilinear form

Σ′ : In−1
f × In−1

f ! K defined by (α, β) 7! πn−1(αβ). We claim that it suffices to show that

det Σ′ = (−1)b
n
2
cf−n0 . Indeed, note that Σ is obtained from Σ′ via the following two steps:

• change the K-basis of the left-hand factor from the basis (1.3) of In−1
f to that of I; and

• change the K-basis of the right-hand factor from the basis (1.3) of In−1
f to the basis of

α−1I given by scaling each element of the chosen basis of I by α−1.

Using the fact that Σ and Σ′ are related by the above two changes-of-basis, we deduce that

det Σ = det Σ′ · N(I)

N(In−1
f )

· N(α−1) N(I)

N(In−1
f )

= det Σ′ · rfn0 ,

where the last equality follows from the assumption that N(I)2 = rN(α) N(In−2
f ).

That det Σ′ = (−1)b
n
2
cf−n0 is a consequence of the following claim: the matrix representing

Σ′ with respect to the basis of In−1
f given in (1.3) (namely, In−1

f = R〈1, θ, . . . , θn−1〉) is

lower antitriangular, with each antidiagonal entry equal to −f−1
0 . But this is easy: for

i, j ∈ {0, . . . , n− 2}, we have Σ′(θi, θj) = πn−1(θi+j), which equals 0 when i+ j ≤ n− 2 and

−f−1
0 when i+ j = n− 1.
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To show that the characteristic polynomials of f0θ and −A−1B are equal, it suffices to

show that the actions of f0θ and −A−1B by left-multiplication on I are equal. It follows

from Lemma 7 that the form πn−1 ◦ 〈−,−〉 is nondegenerate, in the sense that the map

I ! HomR(I, R) that sends β ∈ I to the functional πn−1(〈β,−〉) is an isomorphism. Thus,

it suffices to prove the following:

Lemma 8. We have that πn−1(〈β, f0θ · γ〉) = πn−1(〈β,−A−1B · γ〉).

Proof of Lemma 8. It suffices to prove πn−1(〈β, f0θ · γ〉) = −πn−2(〈β, γ〉), as

−πn−2(〈β, γ〉) = β · −B · γ = β · −AA−1B · γ = πn−1(〈β,−A−1B · γ〉).

To prove this, it suffices to prove the more general statement that if we extend πn−1 and

πn−2 to maps Kf ' In−2
f ⊗RK ! K, then πn−1(ρf0θ) = −πn−2(ρ) for any ρ ∈ Kf . By [126,

Corollary 2.2], we have πn−1(ρf0θ) = −a, where a is the coefficient of ζn−2 when ρf0 is

expressed in the basis 〈1, θ, . . . , θn−3, ζn−2, ζn−1〉. Then a = f−1
0 πn−2(ρf0) = πn−2(ρ).

This concludes the proof of Theorem 6.

We say that two pairs (I1, α1) and (I2, α2), where I1, I2 are based fractional ideals of

Rf and α1, α2 ∈ K×f with I2
i ⊂ αiI

n−2
f and N(Ii)

2 = rN(αi) N(In−2
f ) for each i ∈ {1, 2},

are equivalent if there exists κ ∈ K×f such that the based ideals I1 and κI2 are equal up

to a Gn(R)-change-of-basis and such that α1 = κ2α2. Evidently, if (I1, α1) and (I2, α2) are

equivalent, then they give rise to the same Gn(R)-orbit on Wn(R) via the above construction.

Letting Hf,r denote the set of equivalence classes of pairs (I, α) of the form (1.13), we have

thus constructed a map of sets

orbf,r : Hf,r −! Gn(R)\
{

(A,B) ∈ Wn(R) : ι(A,B) = rfmon
}
.

Proposition 9. The map orbf,r is one-to-one.
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Proof. Let (I1, α1), (I2, α2) ∈ Hf,r be such that orbf,r(I1, α1) = orbf,r(I2, α2), and choose a

representative (A,B) ∈ Wn(R) of this common orbit. The proof of Theorem 6 implies that

for each i, we can replace the chosen basis of Ii with a Gn(R)-translate such that the map of

left-multiplication by f0θ on Ii is given by the matrix −A−1B with respect to the translated

basis. Having made these replacements, it follows that I1 ' I2 as based Rf -modules and

hence as based fractional ideals of Rf , since multiplication by f0θ determines the Rf -module

structure. Thus, there exists κ ∈ K×f such that I1 = κI2 and such that the chosen basis of

I1 is obtained by scaling each element in the chosen basis of I2 by κ. By replacing I2 with

κI2 and α2 with κ2α2, we may assume that I1 = I2 = I. Upon making these replacements,

we obtain two elements (I, α1), (I, α2) ∈ Hf,r such that, with respect to some chosen basis

of I, both orbf,r(I, α1) and orbf,r(I, α2) are represented by the pair (A,B) ∈ Wn(R).

It remains to show that α1 = α2. Let φ1, φ2 ∈ HomRf (I ⊗Rf I, In−2
f ) be defined by

φi : I ⊗Rf I ! In−2
f , φi(β ⊗ γ) = α−1

i βγ for each i ∈ {1, 2}

Then it suffices to show that φ1 = φ2. By [126, Proposition 2.5], post-composition with πn−1

yields an isomorphism HomRf (I⊗Rf I, In−2
f )

∼
−! HomR(I⊗Rf I, R) of Rf -modules, so it suf-

fices to show that the images of φ1 and φ2 under this isomorphism are equal. But these images

are both represented by A with respect to the chosen basis of I, so they must be equal.

If f0 6∈ R×, then not every pair (A,B) ∈ Wn(R) with ι(A,B) = rfmon necessarily lies in

orbf,r(Hf,r). The next theorem characterizes the orbits that lie in the image of orbf,r:

Theorem 10. Let (A,B) ∈ Wn(R) be such that ι(A,B) = rfmon. Then the Gn(R)-orbit of

(A,B) lies in the image of the map orbf,r if and only if

pi(f
−1
0 ×−A−1B) ∈ Matn(R) for each i ∈ {1, . . . , n− 1}. (1.15)

Proof. Let (A,B) be as in the theorem statement. We first check that (1.15) is satisfied
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when the Gn(R)-orbit of (A,B) is equal to orbf,r(I, α) for some (I, α) ∈ Hf,r. In this case, it

follows from the proof of Theorem 6 that for each i ∈ {1, . . . , n−1}, the action of ζi ∈ Rf by

left-multiplication on I is given by pi
(

1
f0
·−A−1B

)
with respect to some basis of I. Since I is

an Rf -module, this action is integral, and the matrix pi
(

1
f0
·−A−1B

)
must have entries in R.

Now suppose (A,B) satisfies (1.15). Let I be a free R-module of rank n, and choose

an R-basis of I. We endow the R-module I with the structure of Rfmon-module by defining

the action of f0θ on I to be left-multiplication by the matrix −A−1B with respect to the

chosen basis (note that Rfmon is the subring of Rf generated over R by the element f0θ). For

each i ∈ {0, . . . , n − 1}, let ϕi : I ! I ⊗Rfmon Rf be the map of Rfmon-modules that sends

ρ 7! ρ⊗ ζi. The conditions (1.15) imply that φi(I) ⊂ I for each i, where we regard I as an

Rfmon-submodule of I⊗Rfmon RF via the map β 7! β⊗1. Thus, the structure of Rfmon-module

on I extends to a structure of Rf -module, so I is isomorphic to a fractional ideal of Rf . For

convenience, we rescale I so that 1 ∈ I.

Having constructed I, we next construct a map Φ: I ⊗Rf I ! In−2
f of Rf -modules.

Consider the map Ψ: I⊗R I ! R defined by β⊗γ 7! β ·A ·γ, where β and γ are respectively

viewed as row and column matrices with entries in R with respect to the chosen basis of

I. Then, under the identification HomR(I ⊗R I, R) ' HomR(I,HomR(I, R)), the map Ψ

corresponds to a map of R-modules Ψ′ : I ! HomR(I, R). Observe that HomR(I, R) has a

natural Rf -module structure, defined by (ρ·ϕ)(β) = ϕ(ρβ) for each ρ ∈ Rf , ϕ ∈ HomR(I, R),

and β ∈ I. We now claim that Ψ′ is compatible with the actions of Rf on I and on

HomR(I, R) and thus extends to a map of Rf -modules. Take β, γ ∈ I; to prove the claim, it

suffices to show that

(Ψ′(f0θβ))(γ) = (f0θ · (Ψ′(β)))(γ), (1.16)

because the action of f0θ determines the Rf -module structures of both M and HomR(I, R).

By definition, the left-hand side of (1.16) evaluates to

(Ψ′(f0θβ))(γ) = (f0θβ) · A · γ = (β · (−A−1B)T ) · A · γ = −β ·B · γ, (1.17)
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and the right-hand side of (1.16) evaluates to

(f0θ · (Ψ′(β)))(γ) = (Ψ′(β))(f0θγ) = β · A · (−A−1B · γ) = −β ·B · γ. (1.18)

Comparing (1.17) and (1.18) yields the claim. By [126, Proposition 2.5], post-composition

with πn−1 gives an isomorphism HomR(I, R)
∼
−! HomRf (I, I

n−2
f ) of Rf -modules. Post-

composing Ψ′ with this isomorphism yields a map of Rf -modules Ψ′′ : I ! HomRf (I, I
n−2
f ).

Let Φ: I ⊗Rf I ! In−2
f be the image of Ψ′′ under the identification

HomRf (I,HomRf (I, I
n−2
f )) ' HomRf (I ⊗Rf I, In−2

f ).

By construction, the matrix representing the bilinear map πn−1 ◦ Φ with respect to the

chosen basis of I is equal to A. As we showed in the proof of Lemma 8, we have πn−1(ρf0θ) =

−πn−2(ρ) for any ρ ∈ Kf . Thus, for any β ⊗ γ ∈ I ⊗Rf I, we have that

(πn−2 ◦ Φ)(β ⊗ γ) = πn−2(Φ(β ⊗ γ)) = −πn−1(Φ(β ⊗ γ)f0θ)

= −πn−1(Φ(β ⊗ (f0θγ))) = −πn−1(Φ(β ⊗ (−A−1B · γ)))

= −(πn−1 ◦ Φ)(β ⊗ (−A−1B · γ)) = −β · A · (−A−1B · γ)

= β ·B · γ,

so B represents the bilinear map πn−2 ◦ Φ with respect to the chosen basis of I.

It remains to show that there is α ∈ K×f such that Φ coincides with the bilinear form

that sends β ⊗ γ 7! α−1βγ (implying, in particular, that I2 ⊂ αIn−2
f ), and such that

N(I)2 = rN(α) N(In−2
f ). To do this, fix elements β0, γ0 ∈ I ∩ K×f . For any β, γ ∈ I, let

β′, γ′ ∈ Rf ∩K×f and β′′, γ′′ ∈ Rf be such that ββ′ = β0β
′′ ∈ Rf and γγ′ = γ0γ

′′ ∈ Rf . Then

Φ(β ⊗ γ) =
Φ((ββ′)⊗ (γγ′))

β′γ′
=
β′′γ′′

β′γ′
· Φ(β0 ⊗ γ0) = (βγ) · Φ(β0 ⊗ γ0)

β0γ0

. (1.19)
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Let α′ = Φ(β0⊗ γ0)/(β0γ0) ∈ Kf . Then by (1.19), we have that Φ(β ⊗ γ) = (βγ)α′, so since

A represents the map πn−1 ◦ Φ with respect to the chosen basis of I, it follows that detA is

equal to the determinant of the bilinear map Σ: I×(α′I)! R defined by (β, γ) 7! πn−1(βγ).

Using the fact that detA = (−1)b
n
2
cr (because inv(A) = rfmon(1, 0) by assumption) together

with the argument in the proof of Lemma 7, we find that

(−1)b
n
2
cr = detA = det Σ = (−1)b

n
2
cN(α′) N(I)2

N(In−2
f )

. (1.20)

It follows from (1.20) that N(I)2 N(α′) = rN(In−2
f ), so since N(I), N(In−2

f ) ∈ K× (as I has

rank n over R and f0 6= 0), we deduce that α′ ∈ K×f , and the desired value α ∈ K×f is simply

given by α = α′−1.

Theorem 10 shows that the locus of pairs (A,B) ∈ Wn(R) that arise via the above

construction from binary forms in Vn,f0(R) is cut out by congruence conditions modulo fn−1
0 .

It is a consequence of Theorem 18 (to follow) that these conditions amount to stipulating

that ∧iB ≡ 0 (mod f i−1
0 ) for each i ∈ {2, . . . , n} when f is primitive, and that when Rf is

the maximal order in Kf , they amount to stipulating that B (mod f0) is of rank ≤ 1 (i.e.,

B is a multiple of the square of a linear form modulo f0). These simpler conditions play

a crucial role in §4 (see, in particular, §4.3.2), where we use them to prove that the pairs

(A,B) arising from forms in Vn,f0(R) are, to an extent, equidistributed modulo f0. This

equidistribution result allows us to overcome the dependency of the parametrization on f0.

We now determine the stabilizers of orbits arising from the above construction:

Proposition 11. Let (I, α) ∈ Hf,r, and let EndRf (I) be the ring of Rf -module endomor-

phisms of I. The stabilizer in Gn(R) of any representative of orbf,r(I, α) is isomorphic to

the finite abelian group EndRf (I)×[2]N≡1 := {ρ ∈ EndRf (I)×[2] : N(ρ) = 1} if n is odd and

EndRf (I)×[2] if n is even.

Proof. Let (A,B) ∈ Wn(R) be a representative of orbf,r(I, α), and let StabGn(R)(A,B) denote
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the stabilizer of (A,B) in Gn(R). Then observe that

StabGn(R)(A,B) ⊂ Z := {g ∈ GLn(K) : g · −A−1B · g−1 = −A−1B}.

But as we computed in the proof of Theorem 6, −A−1B has separable characteristic poly-

nomial fmon(x, 1), so upon examining the rational canonical form of −A−1B, we find that

Z = K[−A−1B] ' K[f0θ] = Kf . Thus, if g = StabGn(R)(A,B), then g is the matrix g = mρ

of multiplication by ρ for some ρ ∈ K×f . Since g defines an invertible map of Rf -modules

g : I ! I, we have mρ ∈ EndRf (I)×. Moreover, the bilinear maps I × I ! Kf defined by

sending (β, γ) to α−1βγ and α−1(ρβ)(ργ) must coincide, implying that ρ2 = 1, and hence

that mρ ∈ EndRf (I)×[2].

Conversely, by imitating the argument in (1.19), we see that every Rf -module endo-

morphism of I is given by multiplication by an element of Kf . In particular, we have

EndRf (I)×[2] ⊂ K×f [2], and it is clear that the action of K×f [2] stabilizes (A,B). Finally,

the stabilizer of (A,B) in SLn(R) is the determinant-1 subgroup of EndRf (I)×[2], which is

simply EndRf (I)×[2]N≡1.

Remark 12. Note that EndRf (I) ⊃ Rf and that this containment is an equality when the

fractional ideal I is invertible.

Combining the results obtained in this section thus far (namely, Theorem 6, Proposition 9,

Theorem 10, and Proposition 11), we obtain the following precise formulation of Theorem 1:

Theorem 13. The map orbf,r defines a bijection from Hf to the set of all Gn(R)-orbits of

pairs (A,B) ∈ Wn(R) such that:

(a) ι(A,B) = rfmon; and

(b) pi
(
f−1

0 ×−A−1B
)
∈ Matn(R) for each i ∈ {1, . . . , n− 1}.

Moreover, the above construction defines a natural bijection between Gn(R)-orbits on Wn(R)

satisfying the conditions (a) and (b) with equivalence classes of pairs (I, α) ∈ Hf,r. The
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stabilizer in Gn(R) of the orbit corresponding to (I, α) is isomorphic to EndRf (I)×[2]N≡1 if

n is odd and EndRf (I)×[2] if n is even.

We often find it convenient to replace the binary n-ic form f with an SL2(R)-translate

thereof. We must therefore understand how the parametrization interacts with the action

of SL2 on Vn. The following lemma establishes that the parametrization is covariant with

respect to this action:

Lemma 14. Let γ = [ s t
u v ] ∈ SL2(R) be such that −tθ + s 6= 0, and let f ′ = γ · f . Then γ

induces a bijection between Hf,r and Hf ′,r.

Proof. Let (A,B) ∈ Wn(R) with ι(A,B) = fmon, and suppose that (A,B) arises from a pair

(I, α) ∈ Hf,r. Then it follows from (1.7) that the pair
(
φn

2
,γ(I), φ2,γ(α)

)
belongs to Hf ′,r.

The desired bijection is given by (I, α) 7!
(
φn

2
,γ(I), φ2,γ(α)

)
.

Example 15. When γ ∈ N(R) ⊂ SL2(R), the bijection in lemma 14 is given explicitly by

(A,B) 7! (A, f0γ21A+B), where γ21 denotes the row-2, column-1 entry of γ.

We finish this section by taking n to be even and translating Theorem 6 into statements

about (SLn /µ2)(R)-orbits on Wn(R); for the application in §4, we only need to do this in

the case where r = 1. Let H̃f,r denote the set of equivalence classes of pairs (I, α) of the

form (1.13) with r = 1, with respect to the following modified equivalence relation: two pairs

(I1, α1) and (I2, α2) are identified if there exists κ ∈ K×f and ε ∈ R× such that the based

fractional ideals I2 and κI1 are equal up to a GLn(R)-change-of-basis, N(I2) = N(κ)ε
n
2 N(I1),

and α2 = κ2εα1. Evidently, if (I1, α1) and (I2, α2) are equivalent under this modified relation,

then the pairs in Wn(R) that arise from (I1, α1) and (I2, α2) via the above construction belong

to the same (SLn /µ2)(R)-orbit on Wn(R). Thus, we have constructed a map of sets

õrbf,1 : H̃f,1 ! (SLn /µ2)(R)\
{

(A,B) ∈ Wn(R) : ι(A,B) = fmon
}

In fact, by imitating the argument used to deduce [17, Theorem 17] from [17, Theorem 16],

we obtain the following parametrization of (SLn /µ2)(R)-orbits on Wn(R) from Theorem 6:
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Theorem 16. The map õrbf,1 defines a bijection from H̃f,1 to the set of all (SLn /µ2)(R)-

orbits on Wn(R) such that conditions (a) and (b) in Theorem 13 are satisfied with r = 1.

The stabilizer in (SLn /µ2)(R) of the orbit corresponding to the pair (I, α) ∈ H̃f,1 is an

elementary abelian 2-group that contains the group (EndRf (I)×[2])N≡1/R
×[2].

Remark 17. The parametrization developed in this section is inspired by [126], where Wood

proves similar theorems in which the multiplication table of an ideal of Rf gives rise to a

pair (A,B) ∈ Wn(R) with ι(A,B) = f , rather than fmon.

1.4.2 Ranks of orbits arising from the parametrization

Now let R = Zp for a prime p. In this section, we work with the action of the group Gn and

with the map orbf,r, although everything works just as well with Gn replaced by SLn /µ2

and orbf,1 replaced by õrbf,1 when n is even.

A pair (A,B) ∈ Wn(Zp) with ι(A,B) = rfmon lies in the image of orbf,r if certain congru-

ence conditions modulo fn−1
0 , given by condition (b) in the statement of Theorem 6, are satis-

fied. Each of these conditions is of the following shape: for some i ∈ {1, . . . , n}, a certain lin-

ear combination of the i× i minors of −A−1B must be divisible by f i−1
0 . For these conditions

to hold, it is sufficient that B be of rank ≤ 1 modulo f0, meaning that the n-ary quadratic

form associated to B is a multiple of the square of a linear form modulo f0. More generally,

it suffices for B to be special at f0, by which we mean that ∧iB ≡ 0 (mod f i−1
0 ) for each

i ∈ {2, . . . , n}. Note that if B ∈ Un(Zp) is special at f0, then the following properties hold:

• gB′gT is also special at f0 for any g ∈ Gn(Zp) and B′ ∈ Un(Zp) such that B′ ≡ B

(mod f0); and

• The pair (A,B) lies in the image of orbι(A,B)demf0
,r for any A ∈ Un(Zp) with invA = r.

In this section, we prove the following result, which states that the pairs (A,B) ∈ Wn(Zp)

with ι(A,B) = rfmon that lie in the image of orbf,r are often such that B is of rank ≤ 1

modulo f0, and are very often such that B is special at f0.
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Theorem 18. Suppose p | f0, and let (A,B) ∈ Wn(Zp) be a pair lying in the image of orbf,r.

If p - f1, then B is of rank ≤ 1 modulo f0. If f is primitive, then B is special at f0.

Proof. We split into two cases, according as p - f1 or f is primitive:

Case 1 : We first show that B is of rank 1 modulo p. Since invA = r ∈ Z×p , it suffices to

prove that −A−1B is of rank 1 modulo p. First, observe that the characteristic polynomial

of −A−1B over Fp is equal to fmon(x, 1) ≡ xn + f1x
n−1 (mod p). Next, taking i = 2 in

condition (b) in Theorem 6 yields that

p2( 1
f0
×−A−1B) = 1

f0

(
(−A−1B)2 + f1(−A−1B))

)
∈ Matn(Zp), (1.21)

and so the minimal polynomial of −A−1B over Fp is equal to x2 + f1x. Comparing the

characteristic and minimal polynomials of −A−1B, we deduce that the rational canonical

form of −A−1B over Fp must be diagonal with the first n− 1 diagonal entries equal to 0 and

last diagonal entry nonzero, as desired.

By the previous paragraph along with the p-adic Jordan decomposition, we may assume

that B is diagonal with the first n− 1 diagonal entries divisible by p and last diagonal entry

a p-adic unit. Multiplying (1.21) through by A, we find that

BA−1B − f1B ≡ 0 (mod f0). (1.22)

Since νp(f1) = 0 and since p divides each of the first n− 1 diagonal entries of B, the p-adic

valuation of each of the first n − 1 diagonal entries of BA−1B is strictly larger than that

of the corresponding diagonal entry of −f1B. Thus, in order for (1.22) to be satisfied, the

p-adic valuation of each of the first n − 1 diagonal entries of B must be at least as big as

νp(f0), as necessary.

Case 2 : Since f is primitive, it factorizes over Zp as f = F1 × (f/F1), where F1 is a unit

multiple of ye1 mod p for some e1 ∈ {1, . . . , n} and f/F1 is a monic binary form (cf. §2.3.1,
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to follow). Then we have the product decomposition Rf ' RF1×Rf/F1 . Thus, any fractional

ideal I of Rf may be expressed as a product JF1 × Jf/F1 , where JF1 and Jf/F1 are fractional

ideals of RF1 and Rf/F1 , respectively.

Let (I, α) ∈ Hf,r. Then expressing I as a product JF1 × Jf/F1 , we see that orbf,r(I, α)

must contain an element (A,B) ∈ Wn(Zp) such that both A and B are block-diagonal with

one e1 × e1 block followed by one (n− e1)× (n− e1) block. Let AF1 , BF1 denote the e1 × e1

blocks of A,B, and let Af/F1 , Bf/F1 denote their (n− e1)× (n− e1) blocks.

The proof of Theorem 6 shows that −A−1B is the matrix of multiplication by f0θ ∈ Rf

on the basis of I obtained by concatenating bases of I1 and I2. It follows that −A−1
F1
BF1

(resp., −A−1
f/F1

Bf/F1) is the matrix of multiplication by f0θ ∈ RF1 (resp., f0θ ∈ Rf/F1) on the

basis of JF1 (resp., Jf/F1). We immediately see that Bf/F1 ≡ 0 (mod f0), since f/F1 has unit

leading coefficient, which implies that θ ∈ Rf/F1 and hence that f−1
0 Bf/F1 has integral entries.

As for BF1 , we have that det(xAF1 + yBF1) is a unit multiple of Fmon
1 (x, y), since Fmon

1 (x, 1)

is the characteristic polynomial of multiplication by f0θ on KF1 . The ye1-coefficient of F1 is

a unit, so it follows that νp(detBF1) = νp(f0)(n− 1), and taking i = n− 1 in condition (b)

of Theorem 6 yields that ∧n−1BF1 ≡ 0 (mod fn−2
0 ) (cf. proof of Theorem 111, to follow).

Consequently, in the p-adic Jordan decomposition (see [48, p. 104–107]) of BF1 , the p-adic

valuation of each diagonal entry is at most νp(f0). Thus, if BF1 is not special at f0, then

νp(detBF1) < νp(f0)(n− 1), which is a contradiction.

1.4.3 Orbits over fields

When R = K is a field, the parametrization developed in §1.4.1 simplifies considerably. Let

f ∈ Vn,f0(K) be separable, let r ∈ K×, and let (I, α) ∈ Hf,r. Over K, the data of a based

fractional ideal of Rf = Kf is encoded in its basis, so the condition that I2 ⊂ αIn−2
f holds

trivially in this setting. Since the parametrization is only concerned with based fractional

ideals up to multiplication by elements of K×f and change-of-basis by an element of Gn(K),

we may replace every instance of the based fractional ideal I with |N(I)|. But the value
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of α ∈ K×f determines |N(I)| via the condition that N(I)2 = rN(α) N(In−2
f ), so we may

unambiguously express the pair (I, α) as (Kf , α). Moreover, the conditions (1.15) hold

trivially because f0 is a unit in K. We thus obtain the following result:

Proposition 19. The assignment (Kf , α) 7! fn0 α defines a bijection between the elements of

the set Hf,r (which parametrizes Gn(K)-orbits of pairs (A,B) ∈ Wn(K) such that ι(A,B) =

rfmon) and those of the set (K×f /K
×2
f )N≡r. The stabilizer in Gn(K) of such an orbit is

isomorphic to K×f [2]N≡1 if n is odd and K×f [2] if n is even.

We say that the Gn(K)-orbit of a pair (A,B) ∈ Wn(K) satisfying ι(A,B) = rfmon is

distinguished if it corresponds under the bijection given by Proposition 19 to 1 ∈ K×f /K
×2
f

when n is odd and to 1 ∈ K×f /K
×2
f K× when n is even. One verifies as in [15, §4.1] (resp., [105,

§2.2]) that when n is odd (resp., even), a pair (A,B) ∈ Wn(K) belongs to the distinguished

Gn(K)-orbit if and only if (the symmetric bilinear forms associated to) A and B share a

maximal isotropic subspace defined over K (resp., B has an isotropic subspace of dimension

n−2
2

defined over K contained within a maximal isotropic subspace for A defined over K).

We also consider a notion closely related to distinguishedness called reducibility: the

Gn(K)-orbit of a pair (A,B) ∈ Wn(K) satisfying ι(A,B) = rfmon is reducible if it corre-

sponds under the bijection given by Proposition 19 to 1 ∈ K×f /K
×2
f . Note that reducible

orbits are distinguished and that the converse holds when n is odd (but not when n is even).

We say that the GAn(K)-orbit of B ∈ WAn(K) is distinguished/reducible if the corre-

sponding Gn(K)-orbit of (An, B) ∈ Wn(K) is distinguished/reducible. We will have occasion

to use the following explicit characterization of reducible GAn(K)-orbits on WAn(K):

Proposition 20 ([15, Proposition 4.4] and [105, Proposition 7]). An element B ∈ WAn(R)

is reducible if and only if for some GAn(K)-translate B′ = [b′ij] ∈ WAn(K) of B we have that

b′ij = 0 for all pairs (i, j) such that i+ j ≤ n− 1.

Next, by imitating the argument used to deduce [17, Corollary 20] from (the proof of) [17,

Theorem 17], we obtain the following corollary of (the proof of) Theorem 16 parametrizing
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the orbits of (SLn /µ2)(K) on Wn(K) when n is even and r = 1:

Proposition 21. The elements of the set H̃f,1 (which parametrizes (SLn /µ2)(K)-orbits

of pairs (A,B) ∈ W (K) such that ι(A,B) = fmon) are in natural bijection with equiva-

lence classes of pairs (ε, α) consisting of numbers ε ∈ K× and α ∈ K×f such that ε2 =

N(α)f 2−n
0 , where we declare two such pairs (ε, α) and (ε′, α′) equivalent if there exist num-

bers κ ∈ K×f and r ∈ K× such that ε′ = N(κ)r
n
2 ε and α′ = κ2rα. The stabilizer subscheme

in SLn /µ2, viewed as a K-scheme, of the orbit corresponding to (ε, α) is isomorphic to

(ResKf/K µ2)N≡1/µ2.

Moreover, the map from H̃f,1 to (K×f /K
×2
f K×)N≡1 defined by sending (ε, α) 7! α is an

at most two-to-one surjection.

We say that an (SLn /µ2)(K)-orbit on Wn(K) is distinguished if it corresponds via Propo-

sition 21 to 1 ∈ K×f /K
×2
f K×. Similarly, we say that the PSOAn(K)-orbit of B ∈ WAn(K) is

distinguished if the corresponding (SLn /µ2)(K)-orbit of (An, B) ∈ Wn(K) is distinguished.

Now let R be a PID. As an application of the parametrization of rational orbits, we finish

by describing how a Gn(R)-orbit on Wn(R) lying in the image of orbf,r transforms when f

is replaced with a scalar multiple of itself by an element of Rr {0} (not necessarily a unit):

Lemma 22. Suppose that the Gn(R)-orbit of (A,B) ∈ Wn(R) lies in orbf,r(Hf,r), and let

λ ∈ Rr {0}. Then the Gn(R)-orbit of (A, λB) ∈ Wn(R) lies in orbf̃ ,r(Hf̃ ,r), where f̃ = λf .

Moreover, the Gn(K)-orbit of (A, λB) corresponds via the bijection in Proposition 19 to the

class of λ−1α ∈ (K×f /K
×2
f )N≡1.

Proof. One verifies by inspection that the pair (A, λB) ∈ Wn(R) satisfies the conditions

(a) and (b) in Theorem 13, with f replaced by f̃ := λf . To compute the Gn(K)-orbit of

(A, λB), we work over K, where based fractional ideals are just bases. The operation of

replacing the pair (A,B) with (A, λB) transforms the resolvent ι(A,B) = fmon into the new
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form ι(A, λB) = f̃mon. For each of In−2
f and In−2

f̃
, the basis (1.3) is given by

In−2
f = K〈1, θ, θ2, . . . , θn−2, ζn−1〉 and In−2

f̃
= K〈1, θ, θ2, . . . , θn−2, λζn−1〉. (1.23)

Suppose (A,B) corresponds to a pair (I, α) via Theorem 6. We claim that the pair (I, λ−1α) ∈

Hf̃ ,r, and that it corresponds to (A, λB) via Theorem 6. Upon comparing the bases in (1.23),

it is evident that the bilinear forms πn−1 ◦ 〈−,−〉 and πn−2 ◦ 〈−,−〉 arising from the pair

(I, λ−1α) are represented by the matrices A and λB with respect to the chosen basis of I.

It thus remains to verify that the pair (I, λ−1α) ∈ Hf̃ ,r. Let N denote the based fractional

ideal norm with respect to the basis (1.1) of Rf , and let Ñ denote this norm with respect to

the basis (1.1) of Rf̃ . Then a calculation reveals that Ñ(I) = λ1−n N(I) for any basis I. Note

that this does not extend to norms of numbers: it follows from the definition of the norm of a

number in §1.2 that Ñ(α) = N(α). It now suffices to show that Ñ(I)2 = rÑ
(
λ−1α

)
(λf0)2−n,

which is equivalent to showing that
(
λ1−n N(I)

)2
= r

(
λ−n N(α)

)
(λf0)2−n, but this holds

since N(I)2 = rN(α)f 2−n
0 .
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Chapter 2

Average 2-torsion in class groups of

number fields defined by binary forms

This chapter is largely based on my paper [116], with some results also drawn from my joint

work [14] with Manjul Bhargava, Jan-Hendrik Evertse, Kálmán Győry, and László Remete.

2.1 Introduction

An order O in a number field K of degree n is said to be monogenic if it is singly generated

as an algebra over Z. More generally, for an integer f0 6= 0, we say that the order O is

f0-monogenic if there exists a binary form f ∈ Vn,f0(Z) such that O ' Rf . Note that when

|f0| = 1, the notions of f0-monogenicity and monogenicity coincide.

In recent work [18], Bhargava, Hanke, and Shankar made a surprising discovery: imposing

the condition of f0-monogenicity has the effect of increasing the average size of the 2-torsion

in the class groups of cubic number fields (i.e., the case n = 3). In [108, 109], Siad showed

that an analogous increase occurs for monogenic number fields of any given degree n ≥ 3

(i.e., the case |f0| = 1). The purpose of this chapter is to use the parametrization developed

in §1 to study the effect of f0-monogenicity on the average 2-torsion in class groups of degree-

n number fields for any f0 6= 0 and n ≥ 3. Specifically, we determine upper bounds on the
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average size of the 2-torsion in the class groups of f0-monogenic number fields of given degree

n ≥ 3, and conditional on a uniformity estimate, we show that these bounds are optimal.

For this application, our parametrization has two key advantages. Firstly, it allows us to

obtain the 2-class group average for every choice of the pair (f0, n) simultaneously, including

the case where |f0| > 1 and n is even, which was not previously tractable. Secondly, as the

parametrization is leading-coefficient-dependent, it is conducive to applications concerning

binary forms with fixed leading coefficient. Thus, although the case where |f0| > 1 and

n is odd can be handled using the parametrizations of Bhargava and Wood mentioned in

§1.1.1, our new parametrization leads to a simpler proof. By generalizing an equidistribution

argument that we develop in §4, one can average the main results of this chapter over all

leading coefficients and thus deduce analogues for the full family of integral binary forms of

given degree; we plan to carry this out in future work.

While f0-monogenicity may seem at first glance to be an unnatural condition, the bounds

we obtain (which are conditionally the exact values) depend in a surprisingly beautiful way

on f0. As explained in §2.1.2 (to follow), our results suggest that imposing the condition of

f0-monogenicity causes the average 2-torsion in the class group to increase, relative to the

value predicted by the heuristics of Cohen–Lenstra [46], Cohen–Martinet [47], Malle [83],

and Breen [36]. When n is odd, the size of this increase decays rapidly to zero as the number

of odd-multiplicity prime factors of f0 grows, whereas when n is even, the size of this increase

is bounded away from zero, independent of f0. The manner in which the averages depend

on f0 demonstrates that f0-monogenicity is a natural and interesting condition to study in

the context of class group distributions for number fields.

2.1.1 Main results on class group distributions

In this section, we state our results concerning the effect of f0-monogenicity on the average

size of the 2-torsion in class groups of number fields.
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2.1.1.1 Notation

We begin by introducing the necessary notation. If R = Z or Zp for a prime p, we adorn

Vn(R) or Vn,f0(R) with a subscript max to indicate the subset of forms f such that: (a) Rf

is the maximal order in Kf , and (b) 2 does not ramify in Rf . If R = Z or R, we use a

superscript r1,r2 to indicate the subset of forms f such that Kf has real signature (r1, r2)

(i.e., r1 real roots and r2 pairs of complex conjugate roots).

Observe that the group N(Z) acts on Vn,f0(Z), and recall from §1.2 that N(Z)-equivalent

forms define isomorphic rings. Thus, to minimize redundancies in the families of number

fields under consideration, we count binary forms in Vn,f0(Z) up to the action of N(Z). For

f ∈ Vn,f0(R), we define its height H(f) as follows: letting

f̃(x, y) = xn +
n∑
i=2

f̃ix
n−iyi ∈ Vn,1(R) (2.1)

denote the unique N(R)-translate of fmon with xn−1y-coefficient 0, then we put

H(f) := max{|f̃i|1/i : 2 ≤ i ≤ n}. (2.2)

Note that H descends to a well-defined height function on N(Z)\Vn,f0(R). Given an N(Z)-

invariant subset F ⊂ Vn,f0(Z) and an N(Z)-invariant map φ : F ! Z≥0, the average value

of φ on F is given by

Avg
f∈F

φ(f) := lim
X!∞

(∑
f∈N(Z)\F
H(f)<X

φ(f)

)/(∑
f∈N(Z)\F
H(f)<X

1

)
(2.3)

We write Avgf∈F φ(F ) ≤ ? if the limsup as X !∞ of the fraction in (2.3) is at most ?.

2.1.1.2 Statements of results, part (i): odd degree

Factor f0 as f0 = m2k, where k is squarefree. Our first main result bounds (and conditionally

determines) the average 2-torsion in the class groups of the (f0-monogenic) number fields
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cut out by binary forms in Vn,f0(Z)r1,r2max , generalizing [18, Theorem 5] and [108, Theorem 6]:

Theorem 23. Let n ≥ 3 be odd. Then we have

Avg
f∈Vn,f0 (Z)

r1,r2
max

# Cl(Rf )[2] ≤ 1 + 21−r1−r2
(

1 +
1

k
n−3
2 σ(k)

)
(2.4)

where σ(k) :=
∑

1≤d|k d. If the estimate (2.45) holds, then we have equality in (2.4).

In fact, our methods allow us to prove a generalization of Theorem 23 to families of fields

in Vn,f0(Z)r1,r2max satisfying certain “acceptable” infinite sets of local conditions (see §2.5.1 for

the precise definition). To state this generalization, we make the following definition: for

a prime p | k, we say that a primitive form f ∈ Vn,f0(Zp) is squareful if f/y is a unit

multiple of a perfect square modulo p. Note that, by [88, Proposition 8.3], squarefulness

amounts to a condition on the splitting type of p in Rf . Then we have the following result,

generalizing [18, Theorem 7]:

Theorem 24. Let n ≥ 3 be odd, and let Σ be a family of local specifications defining an

“acceptable” subfamily Vn,f0(Σ) ⊂ Vn,f0(Z)r1,r2max . For each prime p, let rp(Σ) denote the p-adic

density of forms f ∈ Vn,f0(Σ) that are squareful at p. Then we have

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ 1 + 21−r1−r2
(

1 +
∏
p|k

rp(Σ)

)
(2.5)

If the estimate (2.45) holds, then we have equality in (2.5).

The squareful densities rp(Σ) can be calculated in various cases of interest. For example,

the p-adic density of squareful forms among forms defining maximal orders is given by

Theorem 49 to be p
1−n
2 (1 + p−1)−1, and substituting this density into Theorem 24 yields

Theorem 23. Upon applying Theorem 24 to the subset of forms that fail to be squareful in

at least one place, we obtain the following result, generalizing [18, Theorem 6]:
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Theorem 25. With notation as in Theorem 24, suppose rp(Σ) = 0 for some prime p | k.

Then we have

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ 1 + 21−r1−r2 . (2.6)

If the estimate (2.45) holds, then we have equality in (2.6).

2.1.1.3 Statements of results, part (ii): even degree

We say that a primitive form f ∈ Fn(f0,Zp) is evenly ramified if f is a unit multiple of

a perfect square modulo p. Note that, by [88, Proposition 8.3], f being evenly ramified

amounts to p having total ramification of degree 2 in Rf . Our next result bounds (and

conditionally determines) the average 2-torsion in the ordinary class groups and narrow

class groups of the (f0-monogenic) number fields cut out by binary forms in Vn,f0(Z)r1,r2max ,

generalizing [109, Theorem 9]:

Theorem 26. Let n ≥ 4 be even, and let Σ be a family of local specifications defining

an “acceptable” subfamily Fn(f0,Σ) ⊂ Vn,f0(Z)r1,r2max . For each prime p, let rp(Σ) denote

the p-adic density of forms f ∈ Fn(f0,Σ) that are evenly ramified at p. If r1 = 0, then

# Cl(Rf )[2] = # Cl+(Rf )[2], and

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ (1 + 22−r2)
∏
p>2

(1 + rp(Σ)) (2.7)

If r1 > 0, then we have the following pair of inequalities:

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ 1

2

(
(1 + 23−r1−r2)

∏
p>2

(1 + rp(Σ)) +
∏
p>2

(
1 + (−1)

p−1
2 rp(Σ)

))
(2.8)

Avg
f∈Vn,f0 (Σ)

# Cl+(Rf )[2] ≤ (1 + 2−r2 + 21−n
2 )
∏
p>2

(1 + rp(Σ)) (2.9)

If the estimate (2.45) holds, then we have equality in (2.7), (2.8), and (2.9).
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The even ramification densities rp(Σ) can be calculated in various cases of interest. For

example, if p - f0, the p-adic density of evenly ramified forms among forms defining maximal

orders is given by Theorem 42 to be p−
n
2 (1+p−1)−1. However, unlike in the odd-degree case,

substituting this formula for rp(Σ) into any one of (2.7), (2.8), or (2.9) fails to produce a

closed-form expression. Upon applying Theorem 26 to the subset of forms that are nowhere

evenly ramified, we obtain the following result, generalizing [109, Corollary 12]:

Theorem 27. With notation as in Theorem 26, suppose rp(Σ) = 0 for every p. If r1 = 0,

then # Cl(Rf )[2] = # Cl+(Rf )[2], and

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ 1 + 22−r2 (2.10)

If r1 > 0, then we have the following pair of inequalities:

Avg
f∈Vn,f0 (Σ)

# Cl(Rf )[2] ≤ 1 + 22−r1−r2 (2.11)

Avg
f∈Vn,f0 (Σ)

# Cl+(Rf )[2] ≤ 1 + 2−r2 + 21−n
2 (2.12)

If the estimate (2.45) holds, then we have equality in (2.10), (2.11), and (2.12).

An easy consequence of Theorem 27 is that number fields cut out by even-degree binary

forms (with any fixed nonzero leading coefficient) often have odd class number; a similar

result for odd-degree forms (with varying leading coefficient) was proven in Ho–Shankar–

Varma [71, Corollary 6.7].

Corollary 28. The density of f ∈ Vn,f0(Z)r1,r2max with 2 - # Cl(Rf ) is 1−O(2−
n
2 ).

2.1.2 Comparison with class group heuristics

In their foundational paper [46], Cohen and Lenstra formulated definitive heuristics for the

distribution of the class groups of quadratic fields. Their heuristics were later generalized
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by Cohen and Martinet to predict the distribution of class groups of number fields of any

fixed degree over a fixed base field, with the caveat that their predictions about the p-part

of the class group only apply when p is a so-called good prime [47]. Subsequently, Malle

adjusted the heuristics of Cohen–Martinet to account for discrepancies in the p-parts of the

class groups of field extensions over a base field containing the pth-roots of unity [83]. The

heuristics of Cohen–Lenstra–Martinet–Malle yield the following prediction about the average

size of the 2-torsion in class groups of odd-degree number fields:

Conjecture 29 (Cohen–Lenstra–Martinet–Malle). Let n ≥ 3 be odd. Consider the set of

isomorphism classes of degree-n number fields with real signature (r1, r2) and Galois group

Sn. When these fields are ordered by discriminant, the average size of the 2-torsion in the

class group is 1 + 21−r1−r2.

To this day, only one case of Conjecture 29 has ever been proven: using a variant of

the parametrization mentioned in §1.1.1, Bhargava determined the average 2-torsion in class

groups of cubic number fields [8]. Prior to Bhargava, the only other case of the Cohen–

Lenstra–Martinet–Malle heuristics that had been tackled was that of the average 3-torsion

in class groups of quadratic fields, the determination of which is due to Davenport and

Heilbronn in their seminal paper [58].

In the years since Bhargava’s breakthrough, a considerable body of evidence has been

generated to support the view that Conjecture 29 remains robust when one passes to sub-

families of fields defined by local or global conditions. For instance, Bhargava and Varma

showed that, in the cubic case, the average stays the same for subfamilies of fields satisfy-

ing infinite sets of local conditions [30]. Subsequently, Ho, Shankar, and Varma considered

families of fields cut out by odd-degree binary forms and applied Wood’s generalization of

Bhargava’s parametrization to prove that the average 2-torsion in their class groups is as

predicted by Conjecture 29—even though fields cut out by binary n-ic forms are expected

to be sparse among all degree-n fields as soon as n > 3.

In light of the apparent robustness of Conjecture 29, Theorems 23 and 24 are surprising:
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somehow, imposing the condition of f0-monogenicity causes the average 2-torsion in the class

group to deviate from the conjectured value. The effect of f0-monogenicity on the averages

in (2.4) and (2.5) can be seen in the extra term 21−r1−r2
∏

p|k rp(Σ), which is nonzero whenever

a positive density of the forms under consideration are squareful at each prime p | k.

The problem of studying the distribution of the 2-parts, or more generally the 2-Sylow

subgroups, of class groups of even-degree number fields is far more subtle—here, 2 is a bad

prime in the sense of Cohen–Martinet. Significant progress has been made in the quadratic

case: Fouvry and Klüners determined the distribution of the 4-torsion [64] in class groups

of quadratic fields, and Smith recently handled the case of the 2d-torsion for every d ≥

2 [112]. Along with Siad’s results in the monogenic case, Theorems 26 and 27 are the first

of their kind to describe the distribution of the 2-torsion in class groups of number fields of

even degree n ≥ 4.

A complete set of heuristics for the distribution of the 2-torsion in class groups of even-

degree number fields remains to be formulated. A key obstacle to formulating such heuristics

has been understanding the effect of even ramification (also known as genus theory in the

sense of Gauss), which can cause the 2-torsion in the class group to increase. At least for

number fields cut out by binary forms, Theorem 26 shows that even ramification at a prime

p has a doubling effect on the average 2-torsion in the class group. This is not surprising: if

an integral binary form f defining a maximal order Rf is evenly ramified over Zp, then the

ideal (p) has a square root, which could contribute to the 2-torsion in the class group of Rf .

Nonetheless, in the absence of even ramification, we have the following recent conjecture

of Breen (see [36, Conjecture 6.0.2]), building on the work of Cohen–Lenstra–Martinet–Malle:

Conjecture 30. Let n ≥ 4 be even. Consider the set of isomorphism classes of nowhere-

evenly-ramified degree-n number fields with real signature (r1, r2) and Galois group Sn. When

these fields are ordered by discriminant, the average size of the 2-torsion in the class group

is 1 + 21−r1−r2.

The average we obtained in Theorem 27 is notably larger than that predicted in Con-
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jecture 30. This bears both similarities to and differences from the odd-degree case: while

imposing the condition of f0-monogenicity has an increasing effect on the mean number of

2-torsion elements in the class groups of number fields of any degree n ≥ 3, this effect van-

ishes (resp., remains constant) upon averaging this mean over all leading coefficients when

n is odd (resp., even).

In light of the above discussion, it is natural to ask: Why does f0-monogenicity have

an increasing effect on the average 2-torsion? The results of this chapter bring us closer

to answering this question. To see how, note that the extra 2-torsion is supported in the

odd-degree case on fields cut out by binary forms that are squareful at every prime p | k, and

in the even-degree case on all fields cut out by binary forms. The fields on which the extra

2-torsion is supported share a beautiful property: the set of square roots of the class of the

inverse different—which constitutes a torsor of the 2-torsion in the class group—has a “distin-

guished” element, in a sense to be made precise in §2.4. Indeed, we have the following result:

Theorem 31. Let n ≥ 3, and take a primitive form f ∈ Vn,f0(Z)r1,r2. If n is even or if n is

odd and F belongs to Vn,f0(Zp)max for each prime p | f0 and is squareful at each p | k, then

the ideal class of the inverse different of Rf has a “distinguished” square root.

We expect that the presence of a distinguished square root of the class of the inverse dif-

ferent plays a role in causing the aforementioned increase in the average 2-torsion in the class

group, and it remains open to determine the precise mechanism by which this increase occurs.

Remark 32. As it happens, Hecke’s theorem does not extend to all non-maximal orders in

number fields. Indeed in [111, §4], Simon shows that when f(x, y) = 7x3+10x2y+5xy2+6y3,

the ring Rf is not the maximal order in Kf and the class of the inverse different of Rf is not

a square! Nonetheless, Theorem 31 implies that when forms f ∈ Vn,f0(Z)r1,r2 are ordered

by height, a positive proportion are such that Rf satisfies the conclusion of Hecke’s theorem

despite not being maximal.
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2.1.3 Method of proof and organization

We now summarize the proofs of our main results. Because the parametrization developed

in §1 produces Gn(Z)-orbits of pairs (A,B) ∈ Wn(Z) such that ι(A,B) = ±fmon as output,

it has the effect of reducing the problem of counting 2-torsion classes in rings associated

to forms with fixed leading coefficient into the simpler problem of counting Gn(Z)-orbits on

Wn(Z) over the space of forms with leading coefficient ±1, which is precisely the problem that

Siad solved in [108, 109]. By reducing the non-monic case to the monic case (up to a sign),

our new parametrization allows us to largely avoid doing the intricate mass calculations that

form a key ingredient in the argument in [18].

We start in §2.2 by explaining the connection between our parametrization, which a priori

concerns the class of the inverse different, and the problem of counting 2-torsion elements in

class groups. Next, in §2.3, we characterize the orbits of Gn(R) on Wn(R) that arise from

square roots of the class of the inverse different, where R = Zp for a prime p. In §2.4, we

describe the distinguished orbits arising from square roots of the class of the inverse different,

and we prove Theorem 31. Finally, in §2.5, we complete the proofs of the main results by

combining our parametrization, the characterization of p-adic orbits and distinguished orbits

from §§2.3–2.4, and the asymptotics for the number of Gn(Z)-orbits on Wn(Z) of bounded

height that Siad obtained in [108,109]. The trickiest part of this final step is sieving to orbits

that satisfy 2-adic local specifications, which we achieve using ad hoc techniques.

2.2 Preliminaries on counting 2-torsion classes

Retain the setting of §1.4 (i.e., let n, f0, R, f , and r be as in §1.4). Let r ∈ R×, and let

(I, α) ∈ Hf,r. As noted at the start of §1.4, if I is invertible (equivalently, projective as

an Rf -module),1 then the condition that N(I)2 = rN(α) N(In−2
f ) forces the containment

I2 ⊂ αIn−2
f to be an equality. Let H∗f,r ⊂ Hf,r be the subset of equivalence classes of pairs

1Invertibility is in general a nontrivial condition, for a based fractional ideal I ∈ Hf,r need not be
invertible when Rf is not the maximal order in Kf .
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(I, α) such that I is invertible. We say an orbit in orbf,r(Hf,r) is pre-projective if it belongs

to the subset orbf,r(H
∗
f,r). We list some properties of pre-projective orbits below:

• When R = Z, a fractional ideal I of Rf is invertible if and only if Zp ⊗Z I is invertible as

a fractional ideal of Zp ⊗Z Rf for every prime p.

• When R = Zp, [71, proof of Theorem 5.1] implies that the locus of pre-projective elements

of Wn(Zp) is defined by congruence conditions modulo a power pmp , where mp = 1 if p - f0.

• If f ′ = h · f for some h ∈ N(R), then the bijection Hf,r ! Hf ′,r defined in Lemma 14

restricts to a bijection H∗f,r ! H∗f ′,r.

Let R = Z, let f be irreducible, and suppose that Rf is the maximal order in the number

field Kf . For a fractional ideal I of Rf , we denote its ideal class by [I] ∈ Cl(Rf ). The

set of square roots of [In−2
f ] is a torsor for Cl(Rf )[2], and by Hecke’s theorem, this torsor

is nonempty. Thus, the problem of counting elements of Cl(Rf )[2] is equivalent to that of

counting square roots of [In−2
f ]. We now explain how to use the parametrization developed

in §1 to count such square roots.

2.2.1 Case 1: R = Z and n is odd

In this case, we obtain the following formula for # Cl(Rf )[2]:

Lemma 33. Let n be odd, and let f ∈ Vn,f0(Z)r1,r2max . Then we have that

# Cl(Rf )[2] =
#orbf,1(H∗f,1)

2r1+r2−1
.

Proof. Since In−2
f represents the class of the inverse different in Cl(Rf ), every invertible

based fractional ideal I representing a square root of the class of the inverse different satisfies

I2 = αIn−2
f for some element α ∈ K×f (depending on I). In particular, by taking norms on

both sides, we find that there exists r ∈ {±1} such that N(I)2 = rN(α) N(In−2
f ). By making
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the replacement α 7! rα, we can ensure that r = 1. Thus, we obtain a surjective map of sets

H∗f,1 �
{

square roots of [In−2
f ]

}
, (I, α) 7! [I]. (2.13)

Suppose H∗f,1 6= ∅ (i.e., [In−2
f ] is a square in Cl(Rf )). If (I1, α1), (I2, α2) ∈ H∗f,1 map to the

same class under the map (2.13), we can replace (I2, α2) with a representative of its equiva-

lence class such that I1 = I2 as based fractional ideals. Letting I = I1 = I2, we find that

α1I
n−2
f = I2 = α2I

n−2
f and N(α1) N(In−2

f ) = N(I)2 = N(α2) N(In−2
f ),

implying that α1/α2 ∈ (R×f )N≡1 := {ρ ∈ R×f : N(ρ) = 1}. Moreover, if (I, α) ∈ Hf,r for

any r ∈ R×, then (I, ρ2α) ∼ (ρ−1I, α) ∼ (I, α) for any ρ ∈ (R×f )N≡1. Thus, the preimage of

any square root of [In−2
f ] under (2.13) is in bijection with (R×f /R

×2
f )N≡1 := {ρ ∈ R×f /R

×2
f :

N(ρ) = 1 ∈ Z×/Z×2}, and so,

#
{

square roots of [In−2
f ]

}
=

#H∗f,1

#(R×f /R
×2
f )N≡1

=
#orbf,1(H∗f,1)

#(R×f /R
×2
f )N≡1

. (2.14)

It is not hard to compute the denominator of the right-hand side of (2.14): indeed, if f has

r1 real roots and r2 pairs of complex conjugate roots, Dirichlet’s Unit Theorem tells us that

we have R×f ' Γ × Zr1+r2−1 where Γ is a finite abelian group, and since −1 ∈ R×f , we can

choose the generators of the free part of R×f to all have norm 1. Because #(Γ/Γ2) = #Γ[2] =

#{±1} = 2, we have that #(Γ/Γ2)N≡1 = 1, so we find that

#(R×f /R
×2
f )N≡1 = 2r1+r2−1. (2.15)

Combining (2.14) and (2.15) yields the lemma.
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2.2.2 Case 2: R = Z and n is even

In this case, we obtain the following formula for # Cl(Rf )[2]:

Lemma 34. Let n be even, and let f ∈ Vn,f0(Z)r1,r2max . Then we have that

# Cl(Rf )[2] =
#orbf,1(H∗f,1) + #orbf,−1(H∗f,−1)

2r1+r2
.

Proof. Just as in the proof of Lemma 33, if I is an invertible based fractional ideal repre-

senting a square root of the class of the inverse different, then I2 = αIn−2
f for some α ∈ K×f ,

and there exists r ∈ {±1} such that N(I)2 = rN(α) N(In−2
f ). But when n is even, we might

not necessarily be able to replace α by a suitable multiple to reduce to the case where r = 1.

First suppose that there does not exist ρ ∈ R×f such that N(ρ) = −1. Then the images

of H∗F,1 and of H∗f,−1 under the map that sends a pair (I, α) to [I] ∈
{

square roots of [In−2
f ]

}
must be disjoint: indeed, if there is a based fractional ideal I of Rf such that (I, α1) ∈ H∗f,1

and (I, α2) ∈ H∗f,−1, then α1I
n−2
f = I2 = α2I

n−2
f , so α1/α2 ∈ R×f but N(α1/α2) = −1, which

is a contradiction. We thus obtain a surjective map of sets

H∗f,1 tH∗f,−1 �
{

square roots of [In−2
f ]

}
, (I, α) 7! [I] (2.16)

such that each fiber of the map (2.16) is entirely contained in precisely one of H∗f,1 or H∗f,−1.

By an argument similar to that given in the proof of Lemma 33, one checks that each of the

fibers of the map (2.16) is in bijection with (R×f /R
×2
f )N≡1 and hence has size #(R×f /R

×2
f )N≡1.

Since we assumed that R×f has no elements of negative norm, (R×f /R
×2
f )N≡1 = R×f /R

×2
f , and

Dirichlet’s Unit Theorem implies that #(R×f /R
×2
f ) = 2r1+r2 , where f has r1 real roots and

r2 pairs of complex conjugate roots. Thus,

#
{

square roots of [In−2
f ]

}
=

#orbf,1(H∗f,1) + #orbf,−1(H∗f,−1)

2r1+r2
. (2.17)

Next, if there does exist ρ ∈ R×f such that N(ρ) = −1, we can take r = 1 by replacing α with
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ρα when N(α) < 0 and keeping α the same when N(α) > 0. We thus obtain a surjective

map of sets

H∗f,1 �
{

square roots of [In−2
f ]

}
, (I, α) 7! [I]. (2.18)

One checks that each of the fibers of the map (2.18) is in bijection with (R×f /R
×2
f )N≡1 and

hence has size #(R×f /R
×2
f )N≡1. Since we assumed R×f has an element of negative norm,

Dirichlet’s Unit Theorem gives #(R×f /R
×2
f )N≡1 = 2r1+r2−1. Thus,

#
{

square roots of [In−2
f ]

}
=

#orbf,1(H∗f,1)

2r1+r2−1
, (2.19)

Now, in the above analysis, we could just as well have taken r = −1 by replacing α with ρα

when N(α) > 0 and keeping α the same when N(α) < 0. Thus,

#
{

square roots of [In−2
f ]

}
=

#orbf,−1(H∗f,−1)

2r1+r2−1
, (2.20)

so by combining (2.19) and (2.20), we see that the formula (2.17) always holds.

Finally, let H∗,+f,1 ⊂ H∗f,1 be the subset of elements (I, α) such that α is a totally positive

element of Kf . Then we obtain the following formula for # Cl+(Rf )[2]:

Lemma 35. Let n be even, and let F ∈ Vn,f0(Z)r1,r2max . Then we have that

# Cl+(Rf )[2] =
#orbf,1(H∗,+f,1 )

2r2
.

Proof. Consider the surjective map of sets H∗,+f,1 � Cl+(Rf )[2] that sends a pair (I, α) to the

narrow class of I · I
2−n
2

f . It follows immediately from [71, proof of Lemma 2.4]2 that each of

the fibers of this map has size 2r2 .

2Note that, although [71, Lemma 2.4] is stated for number fields of odd degree with Galois group equal
to the full symmetric group, the proof goes through for any number field.
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2.3 Orbits over Zp

In this section, we take R = Zp for a prime p, and we characterize the pre-projective orbits

of Gn(Zp) on Wn(Zp) that arise from the parametrization. We also calculate the squareful

and even ramification densities rp(Σ) for interesting families of local specifications Σ.

2.3.1 Preliminaries on binary forms over Zp

Let f ∈ Vn,f0(Zp) be separable and primitive, and factor f over Zp as f(x, y) =
∏m

i=1 Fi(x, y)

in such a way that the following three properties hold:

• The leading coefficient of F1 is f0, and the leading coefficient of Fi is 1 for each i ∈

{2, . . . ,m};

• The reduction of F1 modulo p is given by κye1 for some κ ∈ F×p and for some e1 ≥ 0; and

• For each i ∈ {2, . . . ,m}, the reduction of Fi modulo p is F
ei
i for some integers ei > 0 and

irreducible forms F i over Fp such that F 1 := y, F 2, . . . , Fm are pairwise coprime.

We call any factorization of f satisfying the above three properties a canonical factorization

of f ; Hensel’s Lemma implies that there always exists a unique canonical factorization of

f up to permutation of F2, . . . , Fm. The ring Rf is evidently contained in the product ring∏m
i=1RFi , and comparing discriminants yields that this containment is in fact an equality.

We say that f is evenly ramified if ei is even for each i ∈ {1, . . . ,m}; note in particular that

if f is evenly ramified, then n = deg f is even. We also define a similar notion for odd-degree

forms: if n is odd, we say that f is squareful if ei is even for each i ∈ {2, . . . ,m}. Finally,

let νp(f0) denote the p-adic valuation of f0; observe that e1 = 0 if and only if νp(f0) = 0.

In what follows, we require a way to ascertain whether Rf is maximal for a given binary

form f ∈ Zp[x, y]. For this, we rely on the following result, known as Dedekind’s criterion:

Theorem 36 ([59, Theorem 2]). Let H ∈ Zp[x, y] be a primitive binary form with H(1, 0) 6=

0. Factor H over Fp as H =
∏`

i=1H
hi
i , where H i ∈ Fp[x, y] is irreducible for each i.
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Let H1 ∈ Zp[x, y] be any (binary form) lift H1 :=
∏`

i=1H i, let H2 ∈ Zp[x, y] be any lift

of H/H1, and let H3 = p−1(H1H2 − H) ∈ Zp[x, y]. Then RH is maximal if and only if

gcd(H1, H2, H3) = 1.

Theorem 36 implies that maximality over Zp is determined by congruence conditions

modulo p2. The following restatement of Dedekind’s criterion will prove convenient in §2.3.2:

Lemma 37. Let H ∈ Zp[x, y] be a binary form with unit leading coefficient. The ring RH is

maximal if and only if there does not exist a monic form H ′ ∈ Zp[x, y] such that its reduction

H
′ ∈ Fp[x, y] is irreducible and such that H ∈ (p2, pH ′, H ′2) ⊂ Zp[x, y].

Proof. The lemma follows from Theorem 36 in the same way that [4, Corollary 3.2] follows

from [4, Lemma 3.1], which is Dedekind’s criterion for monic single-variable polynomials.

When νp(f0) > 0, Dedekind’s criterion yields the following result, which restricts the

possible values of the pair (νp(f0), e1) in a canonical factorization of f when Rf is maximal:

Lemma 38. If νp(f0) > 0, then RF1 is maximal if and only if min{νp(f0), e1} = 1.

Proof. When e1 = 1, RF1 is maximal, so suppose e1 > 1. Let H = F1, H1 = y, and H2 =

ye1−1. Then the leading coefficient of H3 = p−1(H1H2 −H) is divisible by pνp(f0)−1, and so

gcd(H1, H2, H3) = 1 if and only if νp(f0) = 1; the lemma then follows from Theorem 36.

2.3.2 Pre-projective orbits

We now describe the pre-projective orbits of Gn(Zp) on Wn(Zp) arising from the parametriza-

tion. In particular, we obtain formulas for #orbf,r(H
∗
f,r) that depend on the parity of p,

whether f is evenly ramified, and whether r is a quadratic residue modulo p.

Theorem 39. Let f be as in §2.3.1, and let r ∈ Z×p . The elements of orbf,r(H
∗
f,r) are in

bijection with those of (R×f /R
×2
f )N≡r := {ρ ∈ R×f /R

×2
f : N(ρ) = r ∈ Z×p /Z×2

p }, and we have
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the following formulas:

#orbf,r(H
∗
f,r) = #(R×f /R

×2
f )N≡r = (2.21)

1
2
#R×f [2], if p > 2 and f is not evenly ramified,

#R×f [2], if p > 2, f is evenly ramified, and r = 1 ∈ Z×p /Z×2
p ,

0, if p > 2, f is evenly ramified, and r 6= 1 ∈ Z×p /Z×2
p ,

2n−2#R×f [2], if p = 2, Rf is maximal, and f is not evenly ramified.

The stabilizer StabGn(Zp)(A,B) in Gn(Zp) of any representative (A,B) ∈ Wn(Zp) of any

element of orbf,r(H
∗
f,r) is isomorphic to R×f [2]N≡1 if n is odd and to R×f [2] if n is even.

Remark 40. If f is evenly ramified, then taking r = −1 ∈ Z×p /Z×2
p in (2.21) yields that

#orbf,−1(H∗f,−1) = #R×f [2] if p ≡ 1 (mod 4) and that #orbf,−1(H∗f,−1) = 0 if p ≡ 3 (mod 4).

Let m be the number of irreducible factors of f over Zp. When Rf is maximal, the quantities

on the right-hand side of (2.21) are 2m−1, 2m, 0, 2m+n−2, respectively, and the stabilizer size

is 2m−1 for n odd and 2m for n even.

Proof of Theorem 39. Since Rf is a module-finite extension of the complete local ring Zp, it

is a finite product of complete local rings (see [72]), implying that every invertible fractional

ideal of Rf is principal. Since we took f to be primitive, the based fractional ideal If is

invertible, and so there exists γ′ ∈ K×f such that If = (γ′) as ideals (not necessarily as based

ideals). A priori, all we know is that N(γ′) = r′N(If ) for some r′ ∈ Z×p , since the norm of

an ideal depends on the choice of basis. Letting γ = r′γ′, we find that If = (γ) and that

N(γn−2) = r′(n+1)(n−2) N(In−2
f ).

To prove the desired bijection, it suffices by Proposition 9 to show that the elements of

H∗f,r are in bijection with those of (R×f /R
×2
f )N≡r. We do this by constructing mutually inverse

maps in both directions. For the forward direction, let (I, α) ∈ H∗f,r. By the observation

above, I = (β) as ideals and N(I) = r′′N(β) for some β ∈ Kf and r′′ ∈ Z×p . Then
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(I, α) ∼ ((1), β−2α), where the unit ideal (1) has the basis given by scaling each basis element

of I by β−1. It follows that (1)2 = β−2α(γ)n−2, so ρ := β−2αγn−2 ∈ R×f . But we also have

r′′
2

= N((1))2 = rN(β−2α) N(In−2
f ) = rr′

−(n+1)(n−2)
N(ρ). (2.22)

It follows from (2.22) that N(ρ) = r ∈ Z×p /Z×2
p . Since β is only unique up to scaling by

elements of R×f , the assignment (I, α) 7! ρ yields a map of sets Σ1 : H∗f,r ! (R×f /R
×2
f )N≡r.

For the reverse direction, let ρ ∈ R×f be a representative of an element of (R×f /R
×2
f )N≡r.

Then α := ργ2−n satisfies (1)2 = αIn−2
f as ideals and N(α) = N(ρ) N(γ2−n) = rr̃2 N(In−2

f )−1

for some r̃ ∈ Z×p . Upon endowing the unit ideal (1) with any basis such that N((1)) = r̃,

we find that ((1), α) ∈ H∗f,r. If we had chosen a different representative ρ′ ∈ R×f of the same

element of (R×f /R
×2
f )N≡r, then the resulting pair ((1), α′) would be equivalent to the scaling

of the pair ((1), α) by the factor ρ′/ρ. Thus, the assignment ρ 7! ((1), α) gives a well-defined

map of sets Σ2 : (R×f /R
×2
f )N≡r ! H∗f,r. (In particular, note that H∗f,r is nonempty when

(R×f /R
×2
f )N≡r is.) One checks that the maps Σ1 and Σ2 are mutually inverse.

We now compute #(R×f /R
×2
f )N≡r. Recall that the unit group R×f can be expressed as

R×f ' Γp × Znp , where Γp is a finite abelian group. Upon observing that #(Γp/Γ
2
p) = #Γp[2]

and that Γp[2] = R×f [2], we find that

#(R×f /R
×2
f ) = #(Γp/Γ

2
p) ·
(
#(Zp/2Zp)

)n
=


#R×f [2], if p > 2,

2n#R×f [2], if p = 2.

(2.23)

To determine #(R×f /R
×2
f )N≡r from the value of #(R×f /R

×2
f ) given in (2.23), consider the

norm map

R×f /R
×2
f ! Z×p /Z×2

p , ρ 7! N(ρ). (2.24)
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It follows from (2.23) and the fact that the map (2.24) is a group homomorphism that

#(R×f /R
×2
f )N≡r = (2.25)

1
2
#R×f [2], if p > 2 and (2.24) is surjective,

#R×f [2], if p > 2, (2.24) is not surjective, and r = 1 ∈ Z×p /Z×2
p ,

0, if p > 2, (2.24) is not surjective, and r 6= 1 ∈ Z×p /Z×2
p ,

2n−2#R×f [2], if p = 2 and (2.24) is surjective.

The formulas (2.21) then follow immediately from (2.25) and the next lemma:

Lemma 41. If p > 2, then (2.24) is surjective if and only if f is not evenly ramified. If

p = 2, then (2.24) is surjective if Rf is maximal and f is not evenly ramified.

Proof of Lemma 41. Suppose p > 2. We claim that if the lemma holds for f , then it also

holds for any separable degree-n form f ′ ∈ Zp[x, y] such that f ′ ≡ f (mod p). To see why,

let mκ be the matrix of multiplication by κ ∈ K×f on the K-vector space Kf with respect

to the basis (1.1). If we express κ in the basis (1.1) as κ =
∑n

i=1 κiζi, then using the

multiplication table (1.2), one verifies that each matrix entry of mκ—and hence also the

norm N(κ) = detmκ—is a polynomial function in the κi and fi with integer coefficients.

Now, (2.24) is surjective if and only if the norm, viewed as a polynomial function in the κi

and fi, represents a quadratic nonresidue modulo p, and if this happens for f , then it must

also happen for the mod-p translate f ′.

We next claim that we can choose f ′ ≡ f (mod p) such that Rf ′ is maximal. It suffices

to prove this with f replaced by Fi for each i. If ei = 1 for any i, then RFi must be

maximal, so suppose ei > 1. Let F̂i ∈ Zp[x, y] be any lift of F i with deg F̂i = degF i.

Then F ′i := F̂ ei
i + pydegFi ∈ Zp[x, y] does the job when i > 2: indeed, taking H = F ′i ,

H1 = F̂i, and H2 = F̂ ei−1
i in Dedekind’s criterion, we see that H3 = ydegFi , meaning that

gcd(H1, H2, H3) = 1. Similarly, F ′1 := F̂ e1
1 + pxe1 does the job when i = 1. We may thus
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assume Rf is maximal.

We now claim that Fi is irreducible for each i. Indeed, suppose Fi is not irreducible

for some i, and let F̂i ∈ Zp[x, y] be any lift of F i. Then Fi = (F̂ a
i + pJ1)(F̂ b

i + pJ2) for

some forms J1, J2 ∈ Zp[x, y] and integers a, b > 0 such that a + b = ei. It follows that

Fi ∈ (p2, pF̂i, F̂
2
i ) ⊂ Zp[x, y], so Fi fails Dedekind’s criterion as stated in Lemma 37, with x

and y switched. Thus, RFi is not maximal.

As the Fi are irreducible, KFi is a field extension of Qp with ramification degree ei for

each i, and the mod-p reduction of the image of the norm map NRFi/Zp : R×Fi ! Z×p is equal

to (Z/pZ)×ei for each i. Thus, (2.24) is surjective if and only if ei is odd for some i, which

occurs if and only if f is not evenly ramified. When p = 2, we have Z×ei2 ⊂ NRFi/Z2(R
×
Fi

),

so (2.24) is surjective if ei is odd for some i. This completes the proof of Lemma 41.

Finally, the characterization of the stabilizer follows from Proposition 11 upon observing

that EndRf (I)×[2] = R×f [2] when I is invertible. This completes the proof of Theorem 39.

2.3.3 Density calculations

As is evident from (2.21), the size #orbf,r(H
∗
f,r) depends on whether f is evenly ramified,

which can only occur when n is even. The following theorem tells us how often forms in

Vn,f0(Zp)max are evenly ramified:

Theorem 42. Let n be even. The p-adic density of forms F ∈ Vn,f0(Zp)max such that f is

evenly ramified is given by


p−

n
2 (1 + p−1)−1, if νp(f0) ∈ {0, 1},

0, if νp(f0) > 1.

(2.26)

Proof. Let S := Vn,f0(Zp)max, and let S ′ ⊂ Vn,f0(Zp) be the subset of evenly ramified forms.

For a set Σ ⊂ Vn,f0(Zp), let δΣ denote the p-adic density of Σ in Vn,f0(Zp). Observe that to

prove (2.26), it suffices to compute δS′/δS. We compute the densities δS and δS′ as follows:
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Computation of δS

First suppose νp(f0) = 0. Then δS is equal to the p-adic density of monic polynomials

f ∈ Zp[x] of degree n such that the ring Zp[x]/(f) is maximal. This latter density can be

computed for any degree n (not just even n) using Dedekind’s criterion (see [4, Proposi-

tion 3.5]) and is given by 1 when n ≤ 1 and by 1− p−2 when n ≥ 2.

Next, if νp(f0) > 0, then min{e1, νp(f0)} = 1 by Lemma 38, so suppose νp(f0) = 1. In

this case, the exponent e1 can be any number from 1 up to n, and the coefficient κ of ye1

in the reduction of F1 modulo p can be any element of F×p . Summing the p-adic density of

forms F ∈ Vn−e1,1(Zp)max over the possible values of e1, κ, we find that

δS =
∑
κ∈F×p

(
p−n + p1−n +

n−2∑
`=1

p−`(1− p−2)

)
= 1− p−2, (2.27)

where in the sum over κ on the right-hand side of (2.27), the first term corresponds to forms

f such that e1 = n, the second term corresponds to forms f such that e1 = n−1, and the `th

term in the inner sum corresponds to forms f such that e1 = ` for each ` ∈ {1, . . . , n− 2}.

Finally, suppose that νp(f0) > 1. Then e1 = 1, so RF1 is automatically maximal,

and Rf is maximal if and only if Rf/F1 is maximal, which occurs with probability 1 when

n = 2 and with probability 1 − p−2 when n > 2. Thus, upon summing over the possible

values of κ, we find that

δS =


∑

κ∈F×p p
−1 = 1− p−1, if n = 2,∑

κ∈F×p p
−1(1− p−2) = (1− p−1)(1− p−2), if n > 2.

Computation of δS′

For any integer m ≥ 1, let δ2m denote the p-adic density in V2m,1(Zp)max of forms H such

that H is a perfect square modulo p.
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If νp(f0) = 0, then e1 = 0, so in this case

δS′ = δn. (2.28)

Next, suppose that f ∈ S1 and νp(f0) > 0. Then we once again have by Lemma 38 that

min{e1, νp(f0)} = 1, so suppose that νp(f0) = 1. In this case, the exponent e1 can be any

even number from 2 up to n, and the coefficient κ of ye1 in the reduction of F1 modulo p can

be any element of F×p . Summing the p-adic density δ2n+1−` of forms f ∈ Vn−e1,1(Zp)max such

that f is a square modulo p over the possible values of e1, κ, we find that

δS′ =
∑
κ∈F×p

∑
2≤e1≤n

e1≡0 mod 2

p−e1δn−e1 . (2.29)

Finally, if νp(f0) > 1, then e1 = 1, so f cannot be evenly ramified. Thus, δS′ = 0 in this case.

It now remains to compute the p-adic densities δ2m, which we do in the following propo-

sition. Our method of proof follows Lenstra’s computation (see [4, §3]) of the p-adic density

of monic polynomials f ∈ Zp[x] such that Zp[x]/(f) is the maximal order in Qp[x]/(f).

Proposition 43. We have that δ0 = 1 and δ2m = p−m(1− p−1) for m ≥ 1.

Proof of Proposition 43. The case m = 0 is obvious, so fix m ≥ 1. Because the criterion for

maximality stated in Lemma 37 depends only on the residue class of H in P := (Z/p2Z)[x, y],

it suffices to work modulo p2, where the ideal (p2, pH ′, H ′2) ⊂ Zp[x, y] reduces to the ideal

(pH ′, H ′2) ⊂ (Z/p2Z)[x, y]. To apply Lemma 37, we need to introduce some notation. For

each i ∈ {0, . . . , 2m} and any H ′ ∈ P :

• Let Pi ⊂ P be the subset of binary forms on P having degree at most i, and let P i be

the reduction of Pi modulo p;

• Let Pi,mon ⊂ Pi be the subset of monic binary forms having degree equal to i, and let

P i,mon be the reduction of Pi,mon modulo p;
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• Let P(2)
i,mon ⊂ Pi,mon be the subset of forms whose reductions modulo p are perfect squares

(P(2)
i,mon 6= ∅ if and only if i is even), and let P(2)

i,mon be the reduction of P(2)
i,mon modulo p;

• Let JH′ = (pH ′, H ′2) ∩ P(2)
2m,mon ⊂ P .

Lemma 44. Let H ′1, . . . , H
′
` ∈ P be such that their reductions modulo p are irreducible and

distinct, and let H ′ =
∏`

i=1H
′
i. Then we have that

#
(⋂`

i=1 JH′i

)
#P2m,mon

=


0, if degH ′ > m,

p−m−2 degH′ , otherwise.

Proof of Lemma 44. It is clear that #P2m,mon = p4m. One checks by following the proof

of [4, Lemma 3.3] that
⋂`
i=1 JH′i = JH′ , so it remains to compute #JH′ . By definition, JH′

contains no monic elements and is thus empty when degH ′2 = 2 degH ′ > 2m, so #JH′ = 0

when degH ′ > m.

Now suppose that degH ′ ≤ m. Consider the map of sets

P(2)

2m−2 degH′,mon × P2m−degH′−1 ! JH′ (2.30)

defined in the following manner: for each pair (H
′′
, H
′′′

) ∈ P(2)

2m−2 degH′,mon × P2m−degH′−1,

choose a lift (H ′′, H ′′′) ∈ P(2)
2m−2 degH′,mon × P2m−degH′−1, and let the image of (H

′′
, H
′′′

) be

given by H ′′H ′2 + pH ′′′H ′. By imitating [4, proof of Proposition 3.4], one checks that the

map in (2.30) is a bijection, so we have that

#JH′ =
(
#P(2)

2m−2 degH′,mon

)(
#P2m−degH′−1

)
= pm−degH′p2m−degH′ .

By the Principle of Inclusion-Exclusion, we deduce from Lemma 44 that

δ2m = p−m
∑
`≥0

∑
{H′1,...,H

′
`}

(−1)`p−2
∑`
i=1 degH

′
i , (2.31)
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where the inner sum in (2.31) is taken over sets {H ′1, . . . , H
′
`} ⊂ (Z/pZ)[x, y] of monic

irreducible binary forms such that 2
∑`

i=1 degH
′
i ≤ 2m. A computation reveals that the

double sum in (2.31) is none other than the coefficient of t2m in the power series expansion

of the generating function

K(t) = (1− t)−1
∏
H
′

(
1− t2 degH′

p−2 degH′

)
.

Let ζA1
Fp

(s) be the ζ-function of the variety A1
Fp = SpecFp[x], and recall that ζA1

Fp
(s) =

(1− ps)−1. Expanding ζA1
Fp

(s) into its Euler product reveals that

K(t) = (1− t)−1ζA1
Fp

(p−2t2)−1 = (1− t)−1(1− p−1t2). (2.32)

Since the coefficient of t2m on the right-hand side of (2.32) is equal to 1 − p−1, it follows

from (2.31) that δ2m = p−m(1− p−1), as desired.

Substituting the result of Proposition 43 into (2.28) and (2.29) yields that δ′S = p−
n
2 (1−

p−1) when νp(f0) ∈ {0, 1}. This completes the proof of Theorem 42.

2.4 Distinguishedness and reducibility

Let R = Z, and let f ∈ Vn,f0(Z)max. In §2.2, we reduced the problem of counting 2-torsion

classes of Rf to that of computing #orbf,±1(H∗f,±1). This amounts to determining asymp-

totics for the number of lattice points of bounded height in a fundamental set for the action

of Gn(Z) on Wn(R) lying on the hypersurface of pairs (A,B) where detA = ±1. In [108,109],

Siad uses the linearization trick explained in §1.3.2 together with geometry-of-numbers meth-

ods to obtain such asymptotics, albeit for the number of non-distinguished orbits of bounded

height. In this section, we use algebraic arguments to describe the frequency with which in-

tegral orbits arising via the maps orbf,±1 are distinguished.
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2.4.1 Uniqueness of integral representatives

Let r ∈ {±1}. To study distinguished Gn(Q)-orbits arising from elements of H∗f,r via the

construction in §1.4.1, it suffices to consider the case where r = 1. Indeed, when n is odd,

the map (I, α) 7! (I,−α) defines a bijection between H∗f,1 and H∗f,−1, and when n is even,

any (I, α) ∈ H∗f,−1 satisfies the property that N(α) = −1 ∈ Q×/Q×2, so by Proposition 19,

the Gn(Q)-orbit containing orbf,−1(I, α) cannot possibly correspond to 1 ∈ K×f /K
×2
f Q×.

The following proposition tells us how many elements of H∗f,1 give rise to the distinguished

Gn(Q)-orbit, if such elements exist at all:

Proposition 45. We have the following two points:

• Let n be odd. If there exists an element (I, α) ∈ H∗f,1 such that the Gn(Q)-orbit containing

orbf,1(I, α) is distinguished, there is precisely one such element.

• Let n be even, and let evf := {primes p : f is evenly ramified modulo p}. If there exists

an element (I, α) ∈ H∗f,1 such that the Gn(Q)-orbit containing orbf,1(I, α) is distinguished,

there are at most 2#evf+1 such elements, with equality if Kf has no quadratic subfields.

Proof. Let n be odd, and suppose there exist two distinct fractional ideals I and I ′ of Rf

such that both (I, 1) and (I ′, 1) are elements of H∗f,1. Then, since Rf is maximal, we have

I2 = In−2
f = I ′2, implying that I = I ′.

Next, let n be even. Observe that we have the equality

ker
(
K×f /K

×2
f ! K×f /K

×2
f Q×

)
= Q×/(Q× ∩K×2

f ), (2.33)

From (2.33), we see that if (I, α) ∈ H∗f,1 gives rise to the distinguished Gn(Q)-orbit, we can

rescale (I, α) so that |α| ∈ Q× is a product of distinct primes. But then (α) =
(
II

2−n
2

f

)2
,

so each prime dividing α must lie in the set evf . The number of possibilities for α modulo

Q× ∩K×2
f is at most 2#evf+1, with equality if Kf has no quadratic subfields.
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Remark 46. The condition that Kf has no quadratic subfields in the second point of Propo-

sition 45 is a mild one: indeed, this conditions holds for 100% of forms f ∈ Vn,f0(Z)max, since

such forms have Galois group isomorphic to the full symmetric group 100% of the time.

2.4.2 Existence of integral representatives, part (i)

Let f ∈ Vn,f0(Z) be primitive. It now remains to determine precise conditions under which

distinguished integral orbits arise via the map orbf,1. When n is even, there always exists a

pair (I, α) ∈ H∗f,1 such that the Gn(Q)-orbit containing orbf,1(I, α) is distinguished: indeed,

take I = I
n−2
2

f and α = 1. On the other hand, when n is odd, it is often not the case that there

exists a pair (I, α) ∈ H∗f,1 such that the Gn(Q)-orbit containing orb(I, α) is distinguished.

The rest of this section is devoted to proving this assertion for odd n.

The Gn(Q)-orbit containing orbf,1(I, α) is distinguished if and only if the Gn(Qv)-orbit

containing orbf,1(I, α) is distinguished for every place v of Q. In particular, if there exists a

pair (I, α) ∈ H∗f,1 such that orbf,1(I, α) is distinguished over Q, then for every place v, there

exists a pair (Iv, αv) ∈ H∗f,1 over Zv such that orbf,1(Iv, αv) is distinguished over Qv (here,

Zv = R when v =∞). The following proposition establishes the converse:

Proposition 47. Suppose that for each place v of Q, there exists an invertible based frac-

tional ideal Iv of Rf⊗ZZv such that (Iv, f
n−2
0 ) ∈ H∗f,1 over Zv. Then there exists an invertible

based fractional ideal I of Rf such that (I, fn−2
0 ) ∈ H∗F,1 over Z.

Proof. Let AQ be the ring of adèles, and let AZ ⊂ AQ be the subring of integral adèles. Re-

call that Gn has class number 1; i.e., for every g ∈ Gn(AQ), there exists g′ ∈ Gn(AZ) and g′′ ∈

Gn(Q) such that g = g′g′′, where we viewGn(Q) as the subring of principal adèles of Gn(AQ).

Let (A,B) ∈ Wn(Q) be an arbitrary fixed representative of the distinguished orbit of

Gn over Q. Notice that the base-change of (A,B) from Q to Qv lies in Wn(Zv) for all but

finitely many places v. The assumption that there exists an invertible based fractional ideal

Iv of Rf ⊗Z Zv such that (Iv, f
n−2
0 ) ∈ H∗f,1 over Zv implies that the distinguished orbit has a
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pre-projective representative over Zp arising from the construction in §1.4.1 for every place

v. Thus, there exists gv ∈ Gn(Qv) for each v such that the following two conditions hold: (1)

gv ∈ G(Zv) for all but finitely many v; and (2) gv ·(A,B) ∈ orbf,1(Iv, f
n−2
0 ). It follows that the

list g = (gv)v is an element of Gn(AQ). By the observation in the previous paragraph, there

exist g′ ∈ Gn(AZ) and g′′ ∈ Gn(Q) such that g = g′g′′. Combining our results, we find that

g · (A,B) ∈ Wn(AZ) =⇒ g′′ · (A,B) ∈ Wn(AZ).

As g′′ ∈ Gn(Q) ⊂ Gn(AQ) and (A,B) ∈ Wn(Z) ⊂ Wn(AQ), we deduce that g′′ · (A,B) ∈

Wn(Z). We must now show that there exists an invertible based fractional ideal I of Rf such

that g′′ ·(A,B) ∈ orbf,1(I, fn−2
0 ). By Theorem 10, the Gn(Z)-orbit of g′′ ·(A,B) is an element

of orbf,1(H∗f,1) if and only if g′′ · (A,B) satisfies the congruence conditions in (1.15) as well

as the congruence conditions that define pre-projectivity (see §2.2), but this follows because

we have that gv · (A,B) ∈ orbf,1(Iv, f
n−2
0 ) and that (Iv, f

n−2
0 ) ∈ H∗f,1 for every place v.

Proposition 47 reduces the problem of ascertaining when the distinguished orbit arises

globally to the problem of determining the conditions under which the distinguished orbit

arises everywhere locally. In the rest of this section, we derive these local conditions.

When R = K is a field and f ∈ Vn,f0(K) is separable, Proposition 19 implies that there

exists (A,B) ∈ Wn(K) with ι(A,B) = fmon and with distinguished Gn(K)-orbit; moreover,

by Theorem 10, there exists (I, α) ∈ Hf,1 = H∗f,1 such that (A,B) represents the orbit

orbf,1(I, α). In particular, when v =∞, so that R = K = R, the distinguished orbit always

arises.

Next, let v = p be prime, and let R = Zp. Let n be odd, and let f ∈ Vn,f0(Z) be primitive.

We split our analysis of p-adic distinguished orbits into cases based on the parity of νp(f0):
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2.4.3 Existence, part (ii): n, νp(f0) are odd

In this case, the next theorem tells us when the distinguished Gn(Qp)-orbit contains an

element of orbf,1(H∗f,1), assuming Rf is maximal:

Proposition 48. Let νp(f0) be odd, and let f ∈ Vn,f0(Zp)max. There exists (I, α) ∈ H∗f,1 such

that the Gn(Qp)-orbit containing orbf,1(I, α) is distinguished if and only if f is squareful.

Proof. Let f =
∏m

i=1 Fi be a canonical factorization of f . Suppose that ej is odd for some

j ∈ {2, . . . ,m}, and let (I, α) ∈ H∗f,1 be any element. For the forward direction, it suffices

by Proposition 19 to show that fn0 If is not a square as a fractional ideal of Rf .

Under the identification Rf '
∏m

i=1RFi , the fractional ideal If is identified with
∏m

i=1 IFi ,

where IFi is a fractional ideal of RFi for each i ∈ {1, . . . ,m}. Now, IFj = (1) is the unit ideal

because Fj is monic, so the jth factor of fn0 If is equal to the fractional ideal fn0 IFj = (pνp(f0)n),

which is not a square. Indeed, if (pνp(f0)n) were a square, then (p) would be a square

because νp(f0) and n are odd, but this is impossible: by the proof of Lemma 41, Fj is

irreducible, so KFj is a ramified extension of Qp with odd ramification degree ej. As fn0 IFj

is not a square, neither is fn0 If .

For the reverse direction, suppose that ei is even for each i ∈ {2, . . . ,m}. It then suffices

to construct a based fractional ideal I of Rf such that I2 = fn0 I
n−2
f and such that N(I)2 =

N(fn0 ) N(In−2
f ). To do this, it further suffices to construct for each i ∈ {1, . . . ,m} a based

fractional ideal Ii of RFi such that I2
i = fn0 I

n−2
Fi

and N(Ii)
2 = N(fn0 ) N(In−2

Fi
). We first

handle i ∈ {2, . . . ,m}. For such i, we have that KFi is a ramified extension of Qp with even

ramification degree ei, so (p) is a square as an ideal of RFi . Thus, there exists an invertible

fractional ideal Ii of RFi such that I2
i = (pνp(f0)n) = fn0 I

n−2
Fi

. But N(fn0 ) N(In−2
Fi

) = fn degFi
0 ,

which is a perfect square since 2 | ei and ei | degFi. So, there exists a basis of Ii with respect

to which N(Ii)
2 = N(fn0 ) N(In−2

Fi
).

We now take i = 1. Note that e1 must be odd since ej is even for each j ∈ {2, . . . ,m}

and n is odd. If e1 > 1, Lemma 38 tells us that the polynomial F1(1, x) is Eisenstein. Thus,
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in this case, KF1 is a totally ramified extension of Qp having degree e1, and νp(f0) = 1. If

p ⊂ OKF1 is the prime lying above (p) ⊂ Zp, then (N(p)) = (p) as ideals of Zp, so since

(N(IF1)) = (p−νp(f0)) = (p)−1, we conclude that there is a basis of p−1 such that IF1 = p−1

as based fractional ideals of RF1 . Therefore, when e1 > 1, we have that fn0 I
n−2
F1

= p(e1−1)n+2,

which is a square, and when e1 = 1, we have that fn0 I
n−2
F1

= (f 2
0 ), which is also a square.

Letting I1 be an invertible fractional ideal of RF1 such that I2
1 = fn0 I

n−2
F1

, the fact that

N(fn0 ) N(In−2
F1

) = f
(e1−1)n+2
0 is a perfect square implies that we can choose a basis of I1 with

respect to which N(I1)2 = N(fn0 ) N(In−2
F1

).

This concludes the proof of Proposition 48.

In the next theorem, we compute the p-adic density of forms f ∈ Vn,f0(Zp)max satisfying

the criterion for distinguishedness obtained in Proposition 48:

Theorem 49. Retain the setting of Proposition 48. The p-adic density of the subset of

squareful elements in Vn,f0(Zp)max is given by p
1−n
2 (1 + p−1)−1.

Proof. Let S := Vn,f0(Zp)max and S ′ := {F ∈ Vn,f0(Zp)max : f is squareful}. Let δS denote

the p-adic density of S in Vn,f0(Zp), and let δS′ denote the p-adic density of S ′ in Vn,f0(Zp).

Then the desired p-adic density of S ′ in S is δS′/δS.

By Lemma 38, we have min{e1, νp(f0)} = 1. By a computation entirely analogous to

that of the density δS in the proof of Theorem 42, we then find that

δS = (2.34)
∑
κ∈F×p

(
p−n + p1−n +

∑n−2
`=1 p

−`(1− p−2)
)

= 1− p−2, if νp(f0) = 1,

(1− p−1)(1− p−2), if νp(f0) > 1.

Let δ2m denote the p-adic density in V2m,1(Zp)max of forms H such that H is a perfect

square modulo p as in the proof of Theorem 42. By imitating the computation of the density
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δS′ in the proof of Theorem 42, we find that

δS′ = (2.35)
∑
κ∈F×p

∑
1≤e1≤n

e1≡1 mod 2
p−e1δn−e1 = p

1−n
2 (1− p−1), if νp(f0) = 1,

(1− p−1)δn−1 = p
1−n
2 (1− p−1)2, if νp(f0) > 1.

where the second equality in each case of (2.35) follows from Proposition 43.

2.4.4 Existence, part (iii): n is odd, νp(f0) is even

In this case, there exists (I, α) ∈ H∗f,1 such that the Gn(Qp)-orbit containing orbf,1(I, α) is

distinguished, assuming Rf is maximal when νp(f0) > 0:

Proposition 50. Let νp(f0) be even, let f ∈ Vn,f0(Zp) if νp(f0) = 0, and let f ∈ Vn,f0(Zp)max

if νp(f0) > 0. Then there exists a fractional ideal I of Rf such that (I, fn0 ) ∈ H∗f,1.

Proof. If νp(f0) = 0, then f0 ∈ Z×p , and so fn0 If = (1) is the unit ideal. Taking I = (1), we

find that I2 = fn0 I
n−2
f ; because N(fn0 ) N(In−2

f ) = fn
2−n+2

0 is a perfect square, there exists a

basis of I such that N(I)2 = N(fn0 ) N(In−2
f ).

If νp(f0) > 0, then by Lemma 38, we have that e1 = 1 because νp(f0) is even. It suffices to

show that there exist based fractional ideals I1 of RF1 and I ′ of Rf/F1 such that the following

four conditions are satisfied: I2
1 = fn0 I

n−2
F1

, N(I1)2 = N(fn0 ) N(In−2
F1

), I ′2 = fn0 I
n−2
f/F1

, and

N(I ′)2 = N(fn0 ) N(In−2
f/F1

). Notice that fn0 IF1 = (f 2
0 ), which is a square, and N(fn0 ) N(In−2

F1
) =

f 2
0 , which is a square, so we can take I1 = (f0) and give it a basis with respect to which

N(I1)2 = N(fn0 ) N(In−2
F1

). We also have fn0 I
n−2
f/F1

= (pνp(f0)n), which is a square, and that

N(fn0 ) N(In−2
f/F1

) = f
n deg(f/F1)
0 , which is a square as deg(f/F1) = n − 1 is even. Thus, there

exists a based fractional ideal I ′ such that I ′2 = fn0 I
n−2
f/F1

and N(I ′)2 = N(fn0 ) N(In−2
f/F1

).

Together, Propositions 47, 48, and 50 give an explicit construction of a “distinguished”

square root of the class of the inverse different of RF for any primitive f ∈ Vn,f0(Z)r1,r2 ∩

68



⋂
p|f0 Vn,f0(Zp)max that is squareful over Zp for each p | k, thus proving Theorem 31.

2.4.5 On a question of Emerton

Theorem 31 gives a partial answer to a question of Emerton, who was motivated by Hecke’s

theorem to ask whether the class of the different of a number field K has a canonical square

root [62]. While the answer is likely “no” in general, Theorem 31 tells us that we can

sometimes pick out natural square roots when OK has additional structure. Under certain

conditions when n is odd, we can pick out a square root of the class of In−2
f that gives rise

to the distinguished Gn(Q)-orbit, but this square root is highly dependent on f : it remains

unchanged if we replace f by any translate under the subgroup N(Z) ⊂ GL2(Z), but it is

not invariant under the action of the full group GL2(Z). On the other hand, when n is even,

I
2−n
2

f represents a square root of the class of the different, and this class remains unchanged

if we replace f by any GL2(Z)-translate. But this class is not particularly canonical either:

if f, f ′ are forms such that OK = Rf = Rf ′ , they are not necessarily GL2(Z)-equivalent, and

the ideals I
2−n
2

f , I
2−n
2

f ′ may represent distinct square roots of the class of the different of OK .

Indeed, the following theorem gives an example of this phenomenon in the case where n = 4:

Theorem 51. Let

f(x, y) = 4x4−x3y−62x2y2 +13xy3 +255y4 and g(x, y) = 5x4−x3y−2x2y2−7xy3−6y4.

Then Rf and Rg are isomorphic, but there is no isomorphism between Rf and Rg under

which the ideal classes of If and Ig are identified. In fact, If is principal, whereas Ig is not.

Proof. We first prove that Rf and Rg are isomorphic. Consider the map υ : V4(Z)! Z2 ⊗Z
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Sym2 Z3 sending a binary quartic form F (x, y) =
∑4

i=0 fix
4−iyi to the pair

(A 1q
2
, Bf ) :=




0 0 1

2

0 −1 0

1
2

0 0

 ,

f0

f1
2

0

f1
2

f2
f3
2

0 f3
2

f4




Here, Z2 ⊗Z Sym2 Z3 denotes the space of integral ternary quadratic forms (as opposed to

the space W3(Z) of integer-matrix ternary quadratic forms). The group GL3(Z) × GL2(Z)

acts on the space Z2 ⊗Z Sym2 Z3 via

(
γ,
(
r s
t u

))
· (A,B) = (r × γAγT + s× γBγT , t× γAγT + u× γBγT ),

so we may think of F as giving rise to an orbit of GL3(Z)×GL2(Z) on Z2⊗Z Sym2 Z3 via the

map υ. We then have the following result, which translates properties about rings associated

to binary quartic forms into properties about the corresponding orbits of GL3(Z)×GL2(Z)

on Z2 ⊗Z Sym2 Z3:

Proposition 52. Let f, g ∈ V4(Z) be such that υ(f) and υ(g) are equivalent under the action

of GL3(Z) × GL2(Z). Then Rf and Rg are isomorphic. If f and g are GL2(Z)-equivalent,

then υ(f) and υ(g) are equivalent under the action of GL3(Z) ⊂ GL3(Z)×GL2(Z).

Proof of Proposition 52. This is an immediate consequence of the parametrization of quartic

rings given in [7, Theorem 2] together with [125, Lemma 2.2], which explains how the rings

associated to binary quartic forms fit into this parametrization.

To prove that Rf and Rg are isomorphic, it suffices by Proposition 52 to exhibit the pair
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(γ, [ r st u ]) ∈ GL3(Z)×GL2(Z) such that (γ, [ r st u ]) · (A0, Bg) = (A0, Bf ). A calculation reveals

γ =


0 2 −1

−1 0 1

−3 −15 10

 and

 r s

t u

 =

 0 1

−1 63



do the job. Upon observing that f and g have (the same) squarefree discriminant, which

implies that Rf ' Rg is maximal, verifying that If is principal and that Ig is not can be

achieved in sage using the following code:

R.<x> = PolynomialRing(QQ)

K.<a> = NumberField(4*x^4-x^3-62*x^2+13*x+255)

K.ideal(1,a,4*a^2-a,4*a^3-a^2-62*a).is_principal(proof = True)

L.<b> = NumberField(5*x^4-x^3-2*x^2-7*x-6)

L.ideal(1,b,5*b^2-b,5*b^3-b^2-2*b).is_principal(proof = True)

In fact, one can use sage to verify that Cl(Rf = Rg) is isomorphic to Z/2Z, so [Ig] is the

nontrivial class, which squares to [If ]. This completes the proof of Theorem 51.

We now briefly explain how to search for examples such as the one presented in Theo-

rem 51. For simplicity, we restrict our search to irreducible forms f ∈ V4(Z) of squarefree

discriminant (so that, in particular, Rf is maximal). We claim that we can impose the

following condition without loss of generality:

Property (i): If is not principal, and Cl(Rf )[2] has a nontrivial element.

For the first part of the claim, note that if the desired form g exists, then at least one of If

or Ig is not principal. As for the second part, recall that I2
f represents the class of the inverse

different of Rf . In particular, if Rf is isomorphic to Rg for some g ∈ V4(Z), then [If ] and [Ig]

square to the same element of Cl(Rf ). Thus, if [If ] 6= [Ig] do not lie in the same class, then
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Cl(Rf )[2] has a nontrivial element, namely [IfI
−1
g ]. Note that it is not a priori obvious that

a polynomial f satisfying Property (i) exists, but a computer search reveals many examples.

Having narrowed our search to forms f satisfying Property (i), we now explain how to

construct g ∈ V4(Z) such that Rf and Rg are isomorphic but f and g are not GL2(Z)-

equivalent (note that, by (1.7), f and g must be GL2(Z)-inequivalent for IfI
−1
g to be non-

principal). To construct such a g, we claim that it suffices to impose the following condition:

Property (ii): We have that detBf = 1 and that Bf is isotropic over Q.

Suppose Property (ii) is satisfied. Then it follows from the classification of integral ternary

quadratic forms that there exists a transformation γ ∈ GL3(Z) such that γBfγ
T = A0.

Let B = γA0γ
T , and let b denote the row-1, column-3 entry of B. Acting on the pair

γ · (A0, Bf ) = (B,A0) via [ 0 1
1 −b ] ∈ GL2(Z), we obtain a pair of the shape (A0, Bg), where

g ∈ V4(Z). By Proposition 52, Rf and Rg are isomorphic.

Now, if f and g are GL2(Z)-equivalent, then the stabilizer of the pair (A0, Bf ) in

GL3(Z) × GL2(Z) would contain a nontrivial element. But this is impossible: the stabi-

lizer of (A0, Bf ) is simply the group of automorphisms of the ring Rf , but because Rf has

squarefree discriminant, it has no nontrivial automorphisms. Thus, we have the claim.

One can then generate forms f ∈ V4(Z) satisfying Properties (i) and (ii), apply the above

procedure to obtain the form g, and check whether IfI
−1
g is principal.

2.5 Proofs of the main results on class group statistics

Let f ∈ Vn,f0(Z)max. In §3.2, we proved Lemmas 33, 34, and 35, which reduce the problem

of computing the number of 2-torsion elements in the (ordinary or narrow) class group of

the ring Rf to the problem of calculating the three quantities

#orbf,1(H∗f,1), #orbf,−1(H∗f,−1), and #orbf,1(H∗,+f,1 ). (2.36)
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To prove the theorems stated in §2.1.1, we must bound (and conditionally determine) the

average values of these quantities as f ranges through subfamilies of Vn,f0(Z)max. In this

section, we compute these averages by combining geometry-of-numbers results from [108,109]

with the local orbit-counting results and density calculations obtained in §2.3.

2.5.1 Counting N(Z)-orbits of binary forms with fixed leading co-

efficient

For each prime p, let Σp ⊂ Vn,f0(Zp) be a nonempty N(Zp)-invariant open set of primitive

forms with boundary of measure 0, and let Σ∞ = Vn,f0(R)r1,r2 . We call the family Σ = (Σv)v

over places v of Q a family of local specifications and define

Vn,f0(Σ) := {f ∈ Vn,f0(Z) : f ∈ Σv for all places v}.

We call Σ acceptable if Σp contains all f ∈ Vn,f0(Zp) with discriminant indivisible by p2 for

all p� 1 and if Σ2 is the preimage in Vn,f0(Z2) of a set of separable forms in Vn,f0(Z/2Z).

Let Σ be an acceptable family of local specifications with Σ∞ = Vn,f0(R)r1,r2 . As explained

in §1.2, if f, f ′ ∈ Vn,f0(Z) are N(Z)-translates of each other, then Rf ' Rf ′ . To minimize the

multiplicity with which a given ring arises from our family Vn,f0(Σ), we compute the averages

of the quantities (2.36) over elements of the quotient family N(Z)\Vn,f0(Σ).3 Observe that

for every f ∈ Vn,f0(Σ), there exists a unique integer b ∈ {0, . . . , nf0 − 1} such that f is an

N(Z)-translate of a form whose xn−1y-coefficient is equal to b. Thus, the set N(Z)\Vn,f0(Σ)

can be expressed as

N(Z)\Vn,f0(Σ) =

f0n−1⊔
b=0

{f ∈ Vn,f0(Σ) : b is the xn−1y-coefficient of f}. (2.37)

Using (2.37), we may think of N(Z)\Vn,f0(Σ) as a subset of Vn,f0(Σ). Similarly, we can view

3We could also average the quantities (2.36) over Vn,f0(Σ), and the results in §2.1.1 would remain essen-
tially unchanged.
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N(Z)\Vn,f0(R) as a subset of Vn,f0(R) by identifying each class in N(Z)\Vn,f0(R) with the

unique representative in Vn,f0(R) that has xn−1y-coefficient lying in the interval [0, f0n− 1).

For any subset S ⊂ Vn,f0(R) and real number X > 0, let SX := {f ∈ S : H(f) < X},

where the height function H is as defined in §2.1.1.1. In addition, for any subset S ⊂ Vn,f0(Z),

let Sirr := {f ∈ S : f is irreducible}. We then have the following theorem, which gives us an

asymptotic for how many elements of N(Z)\Vn,f0(Σ) there are of height up to X:

Theorem 53. Let Σ be an acceptable family of local specifications. Then we have

#
(
N(Z)\Vn,f0(Σ)irr

X

)
= Vol(N(Z)\(Σ∞)X) ·

∏
p

Vol(Σp) + o
(
X

n(n+1)
2
−1
)
, (2.38)

where the real volume is computed with respect to the Euclidean measure on Vn,f0(R) nor-

malized so that Vol(Vn,f0(R)/Vn,f0(Z)) = 1, and where the p-adic volumes are computed with

respect to the Euclidean measure on Vn,f0(Zp) normalized so that Vol(Vn,f0(Zp)) = 1.

Proof. The theorem can be deduced using the uniformity estimate given in the next re-

sult, Theorem 54, in the same way that [26, Theorem 2.21] is proven using [26, Theo-

rem 2.13]. Indeed, the first half of the proof of [26, Theorem 2.21] can be imitated to

prove (2.38) with “=” replaced by “≤”; then, by using Theorem 54 in place of [26, Theo-

rem 2.13], the second half of the proof of [26, Theorem 2.21] can be imitated to prove (2.38)

with “=” replaced by “≥.”

The next theorem supplies the uniformity estimate needed to prove Theorem 53:

Theorem 54. Let Vn,f0(p) := {f ∈ Vn,f0(Z) : p2 | discriminant of f}. For any real number

M that is larger than each prime divisor of f0, and for any ε ∈ (0, 1), we have

#

( ⋃
p>M

N(Z)\Vn,f0(p)X
)

= O

(
X

n(n+1)
2
−1+ε

M

)
+ o
(
X

n(n+1)
2
−1
)
, (2.39)

where the implied constant in the big-O is independent of X, M .
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Proof. We first prove (2.39) in the case where f0 = 1. In this case, [29, Theorem 1.5]

implies that (2.39) holds if we make the following two replacements: (1) work with the

family Vn,1(Z) as opposed to the family N(Z)\Vn,1(Z); and (2) replace H with H̃, which is

defined on f ∈ Vn,1(R) by H̃(f) = max{|fi|1/i : 2 ≤ i ≤ n}. These two replacements can

be easily undone. Indeed, to deal with the first replacement, the proof of [29, Theorem 1.5]

can be modified (as suggested in [29, discussion after Theorem 6.4]) to obtain the analogous

result for the family N(Z)\Vn,1(Z). To deal with the second replacement, we note that the

functions H and H̃ are “comparable,” in the sense that H̃(f) = O(H(f)) for all f ∈ Vn,1(R).

It follows that (2.39) holds when f0 = 1.

We now deduce the case f0 6= 1 from the case f0 = 1. Let mon : Vn,f0(R) ! Vn,1(R)

denote the map that sends a binary form f to its monicized form fmon. Notice that mon is

one-to-one, that H(fmon) = H(f), and that the ratio of the discriminants of fmon and f is a

power of f0. Thus, for any prime p larger than every prime divisor of f0, we have

mon(Vn,f0(p)X) ⊂ Vn,1(p)X . (2.40)

Taking the union over primes p > M on both sides of (2.40) and estimating the right-hand

side by applying (2.39) for the case f0 = 1 yields the theorem in all cases.

2.5.2 Counting (N × GA0
)(Z)-orbits of on WA0

(Z)

To average the quantities (2.36) over f ∈ Vn,f0(Σ), we need a way to count Gn(Z)-orbits

of pairs (A,B) ∈ Wn(Z) arising from elements of H∗f,±1. However, if (A,B) represents

such a Gn(Z)-orbit, then invA = ±1, so we would need to count integral points on the

hypersurfaces in Wn(R) defined by the equations invA = ±1. Because these hypersurfaces

are non-linear, this count would be difficult to perform directly. To circumvent this issue, we

use the linearization trick described in §1.3.2, which tells us that instead of counting Gn(Z)-

orbits on pairs (A,B) ∈ Wn(Z) satisfying inv(A) = ±1, we can just count GA0(Z)-orbits on
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matrices T ∈ WA0(Z), where A0 ranges through a finite set of possibilities.

Fix a symmetric matrix A0 ∈ Un(Z) satisfying invA0 = ±1. Let R be any Z-algebra,

and for h ∈ N(R) and T ∈ WA0(R), let h · T := −f0h21 id +T . This gives a well-defined

action of N(R) on WA0(R).

We call T ∈ WA0(Zp) pre-projective if (A0,−A0T ) ∈ Wn(Zp) is pre-projective in the sense

of §2.2. Let Σ be an acceptable family of local specifications, and for each prime p, let

WA0(Σp) :=

T ∈ WA0(Zp) :
T is pre-projective and

chT (x) = fmon(x, 1) for some f ∈ Σp

 .

Next, let (r1, r2) be a real signature of a degree-n number field, and let f ∈ Vn,±1(R)r1,r2

be separable. It follows from Proposition 19 that the Gn(R)-orbits of pairs (A,B) ∈ Wn(R)

such that ι(A,B) = f are in bijection with the elements of (K×f /K
×2
f )N≡1 if n is odd (resp.,

K×f /K
×2
f if n is even). It is easy to check that one may identify the group K×f /K

×2
f with the

group (R×/R×2)r1 , but we now choose such an identification in a way that is natural with

respect to the binary form f . Let θ1 < θ2 < · · · < θr1 denote the real roots of f . Then

Kf = R[x]/(f(x, 1)) '
( r1∏

i=1

R[x]/(x− θi)
)
× Cr2 ' Rr1 × Cr2 , (2.41)

and the identification in (2.41) descends to a natural identification K×f /K
×2
f ' (R×/R×2)r1 .

Given this, we say that a Gn(R)-orbit of a pair (A0, B) ∈ Wn(R) is of type σ ∈ (R×/R×2)r1

if f = ι(A0, B) ∈ Vn,±1(R)r1,r2 is separable and if the corresponding element of K×f /K
×2
f is

identified with σ.

Now, fix σ ∈ (R×/R×2)r1N≡1 if n is odd (resp., σ ∈ (R×/R×2)r1) if n is even), and let

WA0(Σ∞)σ = {T ∈ WA0(R) : Gn(R)-orbit of (A0,−A0T ) has type σ}.

The set WA0(Σ∞)σ is nonempty if and only if there exists T ∈ WA0(R) such that the Gn(R)-
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orbit of (A0,−A0T ) has type σ. To keep track of whether WA0(Σ∞)σ is empty, we let

χA0(σ) =


1, if WA0(Σ∞)σ 6= ∅,

0, otherwise.

Given the sets WA0(Σp) and WA0(Σ∞)σ, we define

WA0(Σ)σ := WA0(Z) ∩WA0(Σ∞)σ ∩
⋂
p

WA0(Σp).

As we are averaging the quantities (2.36) over N(Z)-orbits of forms in Vn,f0(Z), we are

interested only in elements of WA0(Σ)σ up to the action of (N×GA0)(Z). One readily verifies

that the set WA0(Σ)σ is (N × GA0)(Z)-invariant.

To count elements of (N ×GA0)(Z)\WA0(Σ)σ, we need a way to order them. To this end,

let T ∈ WA0(R) be such that chT (x) = f(x, 1) for some form f ∈ Vn,1(Z). We then define

the height H(T ) of T ∈ WA0(R) in terms of the height H defined in (2.2) as follows:

H(T ) := H(f), (2.42)

The group (N × GA0)(R) acts on T ∈ WA0(R) via (g, h) · T = −f0h21 id +gTg−1. It follows

from (2.2) and (2.42) that H(T ) = H((g, h)·T ) for any (g, h) ∈ (N×GA0)(R) and T ∈ WA0(R).

Thus, H descends to a well-defined height function on (N × GA0)(Z)\WA0(R).

For any subset S ⊂ WA0(R) and real number X > 0, let SX := {T ∈ S : H(T ) < X}.

For T ∈ WA0(Z), we say that the GA0(Q)-orbit of T is distinguished if the Gn(Q)-orbit of

the pair (A0,−A0T ) ∈ Wn(Z) is distinguished. For any subset S ⊂ WA0(Z), let

Sirr := {T ∈ S : chT is irreducible and the GA0(Q)-orbit of T is non-distinguished}.

We then have the following theorem, which gives an asymptotic for how many non-distinguished
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elements of (N × GA0)(Z)\WA0(Σ)σ there are of height up to X:

Theorem 55. With notation as above, we have that

#
(
(N × GA0)(Z)\(WA0(Σ)σ)irr

X

)
≤ 21−r1−r2 · τGA0

· χA0(σ)· (2.43)

Vol (mon(N(Z)\(Σ∞)X)) ·
∏
p

J (A0,Σp) + o
(
X

n(n+1)
2
−1
)
,

where for A ∈ Un(Zp) with detA ∈ Z×p and S ⊂ Vn,f0(Zp)max, we write

J (A,S) :=

∫
f∈mon(S)

∑
T∈GA(Zp)\WA(S)

chT (x)=f(x,1)

df

# StabGA(T )
·


1, if n is odd,

2, if n is even,


where dF is the Euclidean measure on Vn,1(Zp) normalized as in Theorem 53, and where

τGA0
:= Vol (GA0(Z)\GA0(R)) ·


∏

p Vol(GA0(Zp)), if n is odd,∏
p

1
2

Vol(GA0(Zp)), if n is even.

(2.44)

In (2.44), the volumes are computed with respect to the Haar measure on GA0.

Let WA0,p := {T ∈ WA0(Z) : p2 | discriminant of chT}. Then equality holds in (2.43) if

Σ is very large, or if the following uniformity estimate holds: for any M > 0 and ε ∈ (0, 1),

we have that

#

(⋃
p>M

(N × GA0)(Z)\(WA0,p)X

)
= O

(
X

n(n+1)
2
−1

M1−ε

)
+ o
(
X

n(n+1)
2
−1
)
, (2.45)

where the implied constant in the big-O is independent of X,M .

Proof. The theorem follows by combining [108, Theorems 59, 61, 63, and 66 and Proposition

69] if n is odd (resp., [109, Theorems 62, 64, 66, and 69 and Proposition 72] if n is even) and

applying these results to the set WA0(Σ)σ.
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Remark 56. As stated in [108, §5.2] and [109, §5.2], the uniformity estimate in (2.45) holds

for n = 3 and is expected to hold for n ≥ 4 too.

2.5.3 Sieving to square roots of the class of the inverse different

Let r = 1 if n is odd and r = ±1 if n is even. As in §2.5.2, we fix an acceptable family Σ

of local specifications such that Vn,f0(Σ) ⊂ Vn,f0(Z)max and a symmetric matrix A0 ∈ Un(Z)

such that invA0 = r. In this section, we use the results of §2.3 to compute each of the local

factors on the right-hand side of (2.43). We combine these computations to deduce the main

theorems in §2.5.4.

The local factor at ∞ on the right-hand side of (2.43) is

Vol(mon(N(Z)\(Σ∞)X)) = |f0|
n(n−1)

2 · Vol(N(Z)\(Σ∞)X), (2.46)

where the equality follows from computing the Jacobian determinant of the map mon. To

compute the factors J (A0,Σp) at primes p, we split into cases depending on the parity of p

and value of r.

2.5.3.1 Case (i): p is odd

By [48, p. 104-105], there is precisely one symmetric bilinear form over Zp having rank n

and determinant r(−1)b
n
2
c up to Gn(Zp)-equivalence, so for every F ∈ Σp, we have by (1.8)

in combination with Theorem 39 that

#{T ∈ GA0(Zp)\WA0(Σp) : chT (x) = fmon(x, 1)} = #orbf,r(H
∗
f,r) = (2.47)

1
2
#R×f [2], if f is not evenly ramified,

#R×f [2], if f is evenly ramified, and r = 1 ∈ Z×p /Z×2
p ,

0, if f is evenly ramified, and r 6= 1 ∈ Z×p /Z×2
p ,
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Furthermore, for every T ∈ GA0(Zp)\WA0(Σp) such that chT (x) = fmon(x, 1), we have

# StabGA0
(Zp)(T ) =


#R×f [2]N≡1 = 1

2
#R×f [2], if n is odd,

#R×f [2], if n is even.

(2.48)

When n is even, let rp(Σ) be as in Theorem 26. Using (2.47) and (2.48), we see that

J (A0,Σp) = |f0|
n(n−1)

2
p · Vol(Σp)· (2.49)

1, if n is odd,

1 + rp(Σ), if n is even and r = 1 or if r = −1 and p ≡ 1 (mod 4),

1− rp(Σ), if n is even and r = −1 and p ≡ 3 (mod 4),

where | − |p = p−νp(−) denotes the standard p-adic absolute value.

2.5.3.2 Interlude on octane values

In order to treat the case where p = 2, we pause to introduce the necessary background

on symmetric bilinear forms over Z2. Such a form is said to be of Type I if it has a unit

diagonal entry and of Type II otherwise. As explained in [49, §5], Gn(Z2)-equivalence classes

of symmetric bilinear forms over Z2 of given rank, given type, and given unit determinant

are classified according to their so-called octane value, which is a number o ∈ Z/8Z.

Let ρ ∈ Z×2 , and take a matrix A ∈ Un(Z2) of Type I with detA = ρ. Then we can

replace A by a Gn(Z2)-translate that is diagonal. Upon doing so, the octane value of A is

simply the mod-8 reduction of the number of diagonal entries congruent to 1 (mod 4) minus

the number of diagonal entries congruent to 3 (mod 4). It follows from [73, Lemma 3] that

when n ≥ 3, there are two options for the octane value of such a matrix A; we denote these

options by on(ρ)+ and on(ρ)−. When n = 2, there are two options o2(ρ)+ and o2(ρ)− if

ρ ≡ 1 (mod 4), but just one option o2(ρ)+ = o2(ρ)− if ρ ≡ 3 (mod 4). The values of on(ρ)±
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are given in Table 2.1.

Determinant

ρ (mod 4)

Dimension n (mod 4)

0 1 2 3

1 (0, 4) (1, 5) (2, 6) (7, 3)

3 (2, 6) (7, 3) (0, 4)† (1, 5)

Table 2.1: The octane values (on(ρ)+, on(ρ)−), as a function of n (mod 4) and ρ (mod 4).
The superscript † indicates that when n = 2 and ρ ≡ 3 (mod 4), there is just one option for
the octane value, namely o2(ρ)+ = o2(ρ)− = 0.

For each Gn(Z2)-equivalence class of Type I symmetric n× n matrices, determinant ρ, and

octane value on(ρ)±, we pick a representative and denote it by An[ρ]±.

2.5.3.3 Case (ii): p = 2, r = 1

By [109, Theorem 80], if (A,B) ∈ Wn(Z2) is such that A is a unit-determinant symmetric

bilinear form of Type II, then ι(A,B) is evenly ramified. Since forms F ∈ Σ2 are necessarily

separable modulo 2, their monicizations are not evenly ramified, so we may assume that

A0 is of Type I. (For a partial treatment of the case where F is inseparable modulo 2, see

Appendix 2.A.) By §2.5.3.2, we have two options, namely An
[
(−1)b

n
2
c]±, for the Gn(Z2)-

equivalence class of A0. We now split into sub-cases depending on the parity of f0.

Case (ii)(a): 2 - f0. Let ρ ∈ Z×2 , and let S ⊂ Vn,f0(Z2)max. The next result determines the

quantity J (An[ρ]±,S) for “acceptable” choices of the set S:

Proposition 57. Let n ≥ 2. With notation as above, suppose that S is the preimage in
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Vn,f0(Z2) of a set of separable forms in Vn,f0(Z/2Z). Then we have

J (An[ρ]±,S)

Vol(S)
=



2
n−2
2

(
2
n−2
2 ± 1

)
, if (on(ρ)+, on(ρ)−) = (0, 4),

2
n−3
2

(
2
n−1
2 ± 1

)
, if (on(ρ)+, on(ρ)−) = (1, 5),

2n−2, if (on(ρ)+, on(ρ)−) = (2, 6),

2
n−3
2

(
2
n−1
2 ∓ 1

)
, if (on(ρ)+, on(ρ)−) = (7, 3),

2, if n = 2 and (o2(ρ)+, o2(ρ)−) = (0, 0).

(2.50)

Proof. When f0 = 1 and n ≥ 3, this is proven in [108, Corollary 80] and [109, Corollary 113],

and one checks the proof goes through when f0 ∈ Z×2 is any unit, and even when n = 2.

Note in particular that the values on the right-hand side of (2.50) are independent of the

choice of S. In what follows, if A ∈ Un(Z2) is Gn(Z2)-equivalent to An[ρ]±, we write χ2(A) for

the corresponding value on the right-hand side of (2.50). Proposition 57 then implies that

J (A0,Σ2) = Vol(Σ2) · χ2(A0). (2.51)

Case (ii)(b): 2 | f0. In this case, the monicizations of forms in Σ2 are necessarily inseparable

modulo 2, and so the argument in Case (ii)(a) does not immediately apply. Instead, we will

reduce to the setting of Case (ii)(a) as follows.

Take f ∈ Σ2, let f =
∏k

i=1 Fi be a canonical factorization of f , and let (I, α) ∈ H∗f,1.

Recall the notation from the proof of Case 2 of Theorem 18. Then one easily checks that

the map sending (A,B) to (Af/F1 , f
−1
0 Bf/F1) induces a bijection

orbf,1(H∗f,1)!
⊔

ρ∈{1,3,5,7}

orbf/F1,(−1)nρ−1

(
H∗f/F1,(−1)nρ−1

)
(2.52)
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Using the bijection in (2.52) to evaluate J
(
An
[
(−1)b

n
2
c]±,Σ2

)
, we find that

J
(
An
[
(−1)b

n
2
c]±,Σ2

)
= (2.53)

1

2
|f0|

n(n−1)
2

∑
ρ∈{1,3,5,7}


J
(
An−1

[
(−1)b

n
2
cρ−1

]±
,Σ′2
)
, if ρ ≡ 1 (mod 4),

J
(
An−1

[
(−1)b

n
2
cρ−1

]∓
,Σ′2
)
, if ρ ≡ 3 (mod 4),

where the factor of 1
2

accounts for the fact that Gn switches between SLn and SL±n depending

on the parity of n, and where Σ′2 ⊂ Vn−1,1(Z2)max is the preimage of the set {f/F 1 : f ∈

Σ2} ⊂ Vn−1,1(Z/2Z). Because Σ2 is “acceptable,” every element of Σ′2 is separable modulo

2, so we can use Proposition 57 to compute the right-hand side of (2.53). Upon doing so,

and upon observing that Vol(Σ′2) = Vol(Σ2), we deduce that

J (A0,Σ2) = |f0|
n(n−1)

2
2 · Vol(Σ2) · χ2(A0). (2.54)

2.5.3.4 Case (iii): p = 2, r = −1

By §2.5.3.2, we have two options, namely An
[
(−1)1+bn

2
c]±, for the Gn(Z2)-equivalence class

of A0. But An
[
(−1)1+bn

2
c]+ is Gn(Z2)-equivalent to −An

[
(−1)1+bn

2
c]−, so the map (A,B) 7!

(−A,−B) defines a bijection between the Gn(Z2)-orbits of (A,B) ∈ orbf,−1(H∗f,−1) such that

A is Gn(Z2)-equivalent to An
[
(−1)1+bn

2
c]+ and the Gn(Z2)-orbits of (A,B) ∈ orbf,−1(H∗f,−1)

such that A is Gn(Z2)-equivalent to An
[
(−1)1+bn

2
c]−. By Theorem 39, we have

#orbf,−1(H∗f,−1) = 2n−2#R×f [2] = 2m+n−2

and that # StabGA0
(Z2)(T ) = #R×f [2] = 2m for every T ∈ GA0\WA0(Σ2), so

J (A0,Σ2) = |f0|
n(n−1)

2
2 · Vol(Σ2) · χ2(A0). (2.55)
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Comparing (2.51), (2.54), and (2.55), we see that (2.55) holds regardless of whether or not

2 | f0 or r = ±1.

2.5.4 The final step

We now combine the calculations of the local factors in §2.5.3 with the asymptotic from

Theorem 55 to prove the results in §2.1.1.

Proof of Theorem 24. Fix an odd integer n ≥ 3 and a real signature (r1, r2) of a degree-n

field. Let Σ be an acceptable family of local specifications such that Vn,f0(Σ) ⊂ Vn,f0(Z)r1,r2max .

Given an irreducible form f ∈ Vn,f0(Σ), the set orbf,1(H∗f,1) splits as

orbf,1(H∗f,1) = orbf,1(H∗f,1)irr t orbf,1(H∗f,1)red, (2.56)

where orbf,1(H∗f,1)irr is the subset of Gn(Z)-orbits that are non-distinguished over Q and

where orbf,1(H∗f,1)red is its complement.

Let f0 factor as f0 = m2k where k is squarefree, and let rp(Σ) be defined as in Theorem 24.

It follows from Propositions 45, 47, 48, and 50, and Theorem 53 that, on the one hand,

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)red = (2.57)

Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) ·
∏
p|k

rp(Σ) + o
(
X

n(n+1)
2
−1
)
.

Let L +
Z denote the set of Gn(Z)-equivalence classes of symmetric n × n integer matrices

of determinant (−1)b
n
2
c. On the other hand, combining Theorem 55 with (2.46), (2.49),

and (2.55), simplifying the result using the identity |f0|
∏

p |f0|p = 1, and rearranging yields:

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)irr =
∑

A0∈L +
Z

∑
σ

#
(
(N × GA0)(Z)\(WA0(Σ)σ)irr

X

)
(2.58)
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≤ 21−r1−r2 · Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp)·

∑
A0∈L +

Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) + o
(
X

n(n+1)
2
−1
)
.

The fact that the parametrization in §1.4.1 reduces the non-monic case to the monic case

now pays dividends: the sum over A0 ∈ L +
Z in the third line of (2.58) arises in the work of

Siad, so we need not re-compute it. Indeed, it follows from [108, §9, p. 35] that

∑
A0∈L +

Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) = 2n+r1−2 + 2
n+r1−2

2 =
(
2r1+r2−1

)2
+ 2r1+r2−1. (2.59)

Substituting (2.59) into (2.58), we find that

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)irr ≤ (2.60)

(
1 + 2r1+r2−1

)
·Vol(N(Z)\(Σ∞)X) ·

∏
p

Vol(Σp) + o
(
X

n(n+1)
2
−1
)
.

Using Theorem 53 together with (2.56), (2.57), and (2.60), we find that

Avg
f∈Vn,f0 (Σ)

#orbf,1(H∗f,1) ≤

lim
X!∞

(
1 + 2r1+r2−1 +

∏
p|k rp(Σ)

)
·Vol(N(Z)\(Σ∞)X) ·

∏
p Vol(Σp)

Vol(N(Z)\(Σ∞)X) ·
∏
p Vol(Σp)

=

1 + 2r1+r2−1 +
∏
p|k

rp(Σ). (2.61)

The inequalities above are equalities when the estimate (2.45) holds. Theorem 24 then

follows from substituting the bound in (2.61) into the formula in Lemma 33.

Proof of Theorem 26. Fix an even integer n ≥ 4 and a real signature (r1, r2) of a degree-n

field. Let Σ be an acceptable family of local specifications such that Vn,f0(Σ) ⊂ Vn,f0(Z)r1,r2max .

Given an irreducible form F ∈ Vn,f0(Σ), (2.56) continues to hold in this setting. It follows
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from Proposition 45 and Remark 46 that

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)red =
∑

f∈Vn,f0 (Σ)X

2#evf+1 + o
(
X

n(n+1)
2

)
. (2.62)

The following proposition gives a formula for the sum on the right-hand side of (2.62):

Proposition 58. We have that

∑
f∈Vn,f0 (Σ)X

2#evf+1 = 2 · Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) · (1 + rp(Σ)) + o
(
X

n(n+1)
2

)
. (2.63)

Proof of Proposition 58. Let M > 0 be a constant. First, it is clear that (2.63) holds if we

make the following adjustments: (1) replace evf with {p ∈ evf : p < M}, and (2) remove

the factor 1 + rp(Σ) for each prime p > M . Taking the limit as M !∞, we see that (2.63)

holds with “≥” instead of “=.” It thus remains to prove (2.63) with “≤” instead of “=.”

Let δ, ε > 0 be constants. Since even ramification is a codimension-n
2

condition on Vn,f0 ,

an application of the geometric sieve (see [12, proof of Theorem 3.3], as well as the paragraph

concerning inhomogeneous heights in [29, p. 4]) yields

#

f ∈ Vn,f0(Z)X :
∃ squarefree m ∈ Z s. t. m > Xδ

and p ∈ evf for every p | m

�
X

n(n+1)
2
−1

Xδ n−2
2

+X
n2

2
+ε. (2.64)

Now, if H(f) < X, the number of prime factors of the discriminant of f is O(logX/ log logX),

so on the left-hand side of (2.63), each f is counted with multiplicity at most 2O(logX/ log logX) =

O(Xε). Combining this bound with (2.64), we see that forms f that are evenly ramified at a

set of primes whose product exceeds Xδ contribute negligibly to the left-hand side of (2.63).

Let rp(Σ) be defined as in Theorem 26, let M > 0 be a constant, and let Π be the set of

squarefree numbers up to Xδ. We now bound the contribution from forms f that are evenly
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ramified at a set of primes whose product is at most Xδ. We have

∑
f∈Vn,f0 (Σ)X∏
p∈evf

p≤Xδ

2#evf ≤

Vol(N(Z)\(Σ∞)X) ·
∏
p<M

Vol(Σp) ·
∑
m∈Π

[∏
p|m

rp(Σ) +O
(
X

n(n+1)
2
−3
)]
≤

Vol(N(Z)\(Σ∞)X) ·
∏
p<M

Vol(Σp) ·
∏
p

(1 + rp(Σ)) + o
(
X

n(n+1)
2
−1
)
. (2.65)

Taking the limit as M !∞ in (2.65) proves (2.63) with “=” replaced by “≤.”

Let L +
Z denote the set of Gn(Z)-equivalence classes of symmetric n× n integer matrices

of determinant (−1)b
n
2
c. On the other hand, combining Theorem 55 with (2.46), (2.49),

and (2.55), simplifying the result using the identity |f0|
∏

p |f0|p = 1, and rearranging yields:

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)irr =
∑

A0∈L +
Z

∑
σ

#
(
(N × GA0)(Z)\(WA0(Σ)σ)irr

X

)
(2.66)

≤ 21−r1−r2 · Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) · (1 + rp(Σ))·

∑
A0∈L +

Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) + o
(
X

n(n+1)
2
−1
)
.

Again, the sum over A0 ∈ L +
Z in the third line of (2.66) arises in the work of Siad, so we

need not re-compute it. Indeed, it follows from [109, §10.1, p. 35 and §11.7, p. 45] that

∑
A0∈L +

Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) = (2.67)


2n−1 + 2

n
2 = 22r2−1 + 2r2 , if r1 = 0,

2n+r1−2 + 2
n+r1

2 =
(
2r1+r2−1

)2
+ 2r1+r2 , if r1 > 0.
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Substituting (2.67) into (2.66), we find that

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗f,1)irr ≤


2 + 2r2 , if r1 = 0,

2 + 2r1+r2−1, if r1 > 0

 ·Vol(N(Z)\(Σ∞)X)· (2.68)

∏
p

Vol(Σp) · (1 + rp(Σ)) + o
(
X

n(n+1)
2
−1
)
.

Using Theorem 53 together with (2.56), (2.62), and (2.68), we find that

Avg
f∈Vn,f0 (Σ)

#orbf,1(H∗f,1) ≤

lim
X!∞


4 + 2r2 , if r1 = 0,

4 + 2r1+r2−1, if r1 > 0

 ·Vol(N(Z)\(Σ∞)X) ·
∏
p Vol(Σp) · (1 + rp(Σ))

Vol(N(Z)\(Σ∞)X) ·
∏
p Vol(Σp)

=
4 + 2r2 , if r1 = 0,

4 + 2r1+r2−1, if r1 > 0

 ·
∏
p>2

(1 + rp(Σ)). (2.69)

Having dealt with the average of #orbf,1(H∗f,1), we now turn our attention to the average

of #orbf,−1(H∗f,−1). Since #orbf,−1(H∗f,−1) = 0 if r1 = 0, assume r1 > 0, and let f ∈ Vn,f0(Σ)

be irreducible. As explained in §2.4.1, every element of orbf,−1(H∗f,−1) is non-distinguished.

Thus, if we let L −
Z denote the set of Gn(Z)-equivalence classes of symmetric n×n integer ma-

trices of determinant (−1)1+bn
2
c, then combining Theorem 55 with (2.46), (2.49), and (2.55),

simplifying the result using the identity |f0|
∏

p |f0|p = 1, and rearranging yields:

∑
f∈Vn,f0 (Σ)X

#orbf,−1(H∗f,−1) =
∑

A0∈L−Z

∑
σ

#
(
(N × GA0)(Z)\(WA0(Σ)σ)irr

X

)
≤ (2.70)

21−r1−r2 · Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) ·
(
1 + (−1)

p−1
2 · rp(Σ)

)
·

∑
A0∈L−Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) + o
(
X

n(n+1)
2
−1
)
.
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Again, the sum over A0 ∈ L −
Z in the third line of (2.70) arises in the work of Siad on monic

forms, so we need not re-compute it. Indeed, it follows from [109, §11.7, p. 45] that

∑
A0∈L−Z

τGA0
· χ2(A0) ·

∑
σ

χA0(σ) = 2n+r1−2 =
(
2r1+r2−1

)2
. (2.71)

Substituting (2.71) into (2.70), we find that

∑
f∈Vn,f0 (Σ)X

#orbf,−1(H∗f,−1) ≤ 2r1+r2−1 ·Vol(N(Z)\(Σ∞)X)· (2.72)

∏
p

Vol(Σp) ·
(
1 + (−1)

p−1
2 · rp(Σ)

)
+ o
(
X

n(n+1)
2
−1
)
.

Using Theorem 53 together with (2.72), we find that

Avg
f∈Vn,f0 (Σ)

#orbf,−1(H∗f,−1) ≤

lim
X!∞

2r1+r2−1 ·Vol(N(Z)\(Σ∞)X) ·
∏
p Vol(Σp) ·

(
1 + (−1)

p−1
2 · rp(Σ)

)
Vol(N(Z)\(Σ∞)X) ·

∏
p Vol(Σp)

=

2r1+r2−1 ·
∏
p>2

(
1 + (−1)

p−1
2 · rp(Σ)

)
. (2.73)

The inequalities above are equalities when the estimate (2.45) holds. The statements about

the class group in (2.7) and (2.8) then follow from substituting the bound in (2.69), as well

as the bound in (2.73) (or simply 0 when r1 = 0), into the formula in Lemma 34. Since we

have that # Cl(Rf )[2] = # Cl+(Rf )[2] when r1 = 0, the statement about the narrow class

group in (2.7) follows from the corresponding statement about the class group.

We now consider the average of #orbf,1(H∗,+f,1 ). Let r1 > 0, and let f ∈ Vn,f0(Σ). The set

orbf,1(H∗,+f,1 ) splits as

orbf,1(H∗,+f,1 ) = orbf,1(H∗,+f,1 )irr t orbf,1(H∗,+f,1 )red, (2.74)

where orbf,1(H∗,+f,1 )irr is the subset of Gn(Z)-orbits that are non-distinguished over Q and
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where orbf,1(H∗,+f,1 )red is its complement. Because the elements of orbf,1(H∗,+f,1 )red are distin-

guished over Q, they are necessarily distinguished over R, so under the identification (2.41),

they all correspond to the same totally positive element σ0 = (1, . . . , 1) ∈ (R×/R×2)r1 . By

the proof of Proposition 45 and the remark following it, the set orbf,1(H∗,+f,1 )red has size 2#evf

for 100% of forms f . It then follows from Theorem 53 and Proposition 58 that, on the one

hand, we have

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗,+f,1 )red =
∑

f∈Vn,f0 (Σ)X

2#evf + o
(
X

n(n+1)
2
)

(2.75)

= Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) · (1 + rp(Σ)) + o
(
X

n(n+1)
2
)
.

On the other hand, combining Theorem 55 with (2.46), (2.49), and (2.55), simplifying the

result using the identity |f0|
∏

p |f0|p = 1, and rearranging yields:

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗,+f,1 )irr =
∑

A0∈L +
Z

#
(
(N × GA0)(Z)\(WA0(Σ)σ0)irr

X

)
(2.76)

≤ 21−r1−r2 · Vol(N(Z)\(Σ∞)X) ·
∏
p

Vol(Σp) · (1 + rp(Σ))·

∑
A0∈L +

Z

τGA0
· χ2(A0) · χA0(σ0) + o

(
X

n(n+1)
2
−1
)
.

Once again, the sum over A0 ∈ L +
Z in the third line of (2.66) arises in the work of

Siad on monic forms, so we need not re-compute it. Indeed, it follows from [109, §10.1,

p. 35 and §11.7, p. 45] that

∑
A0∈L +

Z

τGA0
· χ2(A0) · χA0(σ0) = 2n−1 + 2

n
2 = 2r1+2r2−1 + 2

r1+2r2
2 . (2.77)

Substituting (2.77) into (2.76), we find that

∑
f∈Vn,f0 (Σ)X

#orbf,1(H∗,+f,1 )irr ≤
(
2r2 + 2

2−r1
2
)
·Vol(N(Z)\(Σ∞)X)· (2.78)
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∏
p

Vol(Σp) · (1 + rp(Σ)) + o
(
X

n(n+1)
2
−1
)
.

Using Theorem 53 together with (2.74), (2.75), and (2.78), we find that

Avg
f∈Vn,f0 (Σ)

#orbf,1(H∗,+f,1 ) ≤

lim
X!∞

(
1 + 2r2 + 2

2−r1
2

)
·Vol(N(Z)\(Σ∞)X) ·

∏
p Vol(Σp) · (1 + rp(Σ))

Vol(N(Z)\(Σ∞)X) ·
∏
p Vol(Σp)

=

(
1 + 2r2 + 2

2−r1
2
)
·
∏
p>2

(1 + rp(Σ)). (2.79)

The inequalities above are equalities when the estimate (2.45) holds. The statement about

the narrow class group in (2.9) follows from substituting the bound in (2.79) into the formula

in Lemma 35.

2.A Appendix: 2-adic orbit counting via 2-descent

In this section, we take n and f0 to be odd, fix f ∈ Vn,f0(Z2)max, and prove:

Proposition 59. The number of Gn(Z2)-orbits of pairs (A,B) ∈ orbf,1(H∗f,1) such that A is

Gn(Z2)-equivalent to An
[
(−1)b

n
2
c]± is 2m+n−5

2

(
2
n−1
2 ± 1

)
.

Proof. The proof proceeds by using the connection established in [15] between studying 2-

torsion ideal classes of the ring Rfmon and performing a 2-descent on the Jacobian Jfmon of

the monic odd-degree hyperelliptic curve y2 = fmon(x, 1).

Let GQ2
:= Gal(Q2/Q2), and for simplicity, abbreviateAn

[
(−1)b

n
2
c]± byA±. Fix (A′, B′) ∈

Wn(Q2) with ι(A′, B′) = fmon and with distinguished Gn(Q2)-orbit. Then [15, §4.1] implies

that A′ is split over Q2 and is thus Gn(Q2)-equivalent to A+. As shown in [15, §4.2], the set

(K×f /K
×2
f )N≡1 parametrizing Gn(Q2)-orbits of pairs (A,B) ∈ Wn(Q2) with ι(A,B) = fmon

(cf. Proposition 19) is identified with the Galois cohomology groupH1(GQ2 , StabGn(Q2)(A
′, B′)).

Composing this identification with the map on H1(GQ2 ,−) induced by the inclusion of groups
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StabGn(Q2)(A
′, B′) ↪! GA+ yields

(K×f /K
×2
f )N≡1 ' H1(GQ2 , StabGn(Q2)(A

′, B′))! H1(GQ2 ,GA+). (2.80)

By realizing GA+ as the µ2-quotient of its universal cover, we get an isomorphism

H1(GQ2 ,GA+) ' H1(GQ2 , µ2). (2.81)

Observing that H1(GQ2 , µ2) ' Z/2Z and combining (2.80) and (2.81), we get a map

Q : (K×f /K
×2
f )N≡1 ! Z/2Z.

As is demonstrated in [15, §4.2 and §6.2], the zero-set of the map Q consists precisely of the

Gn(Q2)-orbits of pairs of the form (A+, B) ∈ Wn(Q2) such that ι(A,B) = fmon.

Because we have assumed that Rf = Rfmon is maximal, the obvious map

(R×f /R
×2
f )N≡1 ! (K×f /K

×2
f )N≡1 (2.82)

is an inclusion. Then [15, §6.2] implies that if we precompose Q with the inclusion (2.82) and

identify orbf,1(H∗f,1) with (R×f /R
×2
f )N≡1 via Theorem 39, then the zero-set of the resulting map

Q′ : orbf,1(H∗f,1)! Z/2Z,

which we denote by kerQ′ (even though Q′ is not a group homomorphism), consists precisely

of those orbits in orbf,1(H∗f,1) represented by pairs of the form (A+, B) ∈ Wn(Z2). Thus, the

number of elements (A,B) ∈ orbf,1(H∗f,1) such that A ' A+ (resp., A−) is given by # kerQ′

(resp., #(orbf,1(H∗f,1) r kerQ′)). By Theorem 39, we have that #orbf,1(H∗f,1) = 2m+n−2,

where m is the number of irreducible factors of f over Z2, so it remains to compute # kerQ′.

As it happens, the map Q is a nondegenerate even quadratic form on the (Z/2Z)-vector
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space (K×f /K
×2
f )N≡1 with values in Z/2Z. Indeed, as explained in [15, §5.1], we have an

identification StabGn(Q2)(A,B) ' Jfmon [2] of group schemes over Q2, and Q coincides via this

identification with the following map induced by the Weil pairing Jfmon [2]× Jfmon [2]! µ2:

H1(GQ2 , Jfmon [2])! H1(GQ2 , µ2) (2.83)

By [92, Proposition 4.10], the (Z/2Z)-vector subspace

Jfmon(Q2)/2Jfmon(Q2) ↪! H1(GQ2 , Jfmon [2]) (2.84)

is a maximal isotropic space for the quadratic form (2.83), and hence also for Q. The

size of this maximal isotropic space is given by [113, Lemma 4.4] (cf. [15, §6.2]) to be

#(Jfmon(Q2)/2Jfmon(Q2)) = 2m+n−3
2 . Moreover, by [15, §8.2], the inclusion (2.84) factors

through the inclusion (2.82), so Jfmon(Q2)/2Jfmon(Q2) may be thought of as a (Z/2Z)-vector

subspace of orbf,1(H∗f,1). Because Q is even and nondegenerate, the rank of Q′ is given by

rkQ′ = 2
(
dimZ/2Z

(
orbf,1(H∗f,1)

)
− dimZ/2Z

(
Jfmon(Q2)/2Jfmon(Q2)

))
= n− 1.

It then follows from [82, Theorem 6.32] that

# kerQ′ = 2dimZ/2Z(orbf,1(H∗f,1))−rkQ′
(
2rkQ′−1 + 2

rkQ′−2
2

)
(2.85)

= 2m+n−5
2

(
2
n−1
2 + 1

)
,

and the size of its complement in orbf,1(H∗f,1) is given by

#(orbf,1(H∗f,1) r kerQ′) = 2m+n−2 − 2m+n−5
2

(
2
n−1
2 + 1

)
(2.86)

= 2m+n−5
2

(
2
n−1
2 − 1

)
.

Remark 60. When n is even and r = 1, the 2-descent strategy used in §2.5.3.1 becomes far
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more complicated: for instance, when n ≡ 2 (mod 4), the analogue of the quadratic form Q

may fail to be even (see [91, Theorem 3.9 and Example 3.12]).
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Chapter 3

Most odd-degree binary forms fail to

primitively represent a square

This chapter is based on my paper [117].

3.1 Introduction

Let f ∈ Vn(Z) be a separable integral binary form of degree n ≥ 5. When n is even, the

subscheme Cf of the weighted projective plane P2
Q(1, 1, n

2
) cut out by the equation z2 =

f(x, y) is known as a hyperelliptic curve, and by Faltings’ Theorem (see [63, Satz 7]), the

curve Cf has only finitely many rational points. In [11, Theorem 1], Bhargava established

the following “strong asymptotic form” of Faltings’ Theorem for hyperelliptic curves: when

integral binary n-ic forms are ordered by height, the density of forms f such that the curve

Cf has a rational point is o(2−
n
2 ). In other words, most even-degree binary forms fail to

represent a square.

When n is odd, the equation z2 = f(x, y) is called superelliptic. In contrast with the case

of hyperelliptic curves, the problem of studying rational solutions to superelliptic equations
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is trivial: given any pair (x0, y0) ∈ Q2, the triple

(x, y, z) =
(
x0f(x0, y0), y0f(x0, y0), f(x0, y0)

n+1
2

)
∈ Q3 (3.1)

is a solution to the equation z2 = f(x, y), and in fact, the subscheme Sf ⊂ P2
Q(2, 2, 2n + 1)

cut out by this equation is isomorphic to P1
Q.

On the other hand, the problem of studying primitive integer solutions—i.e., triples

(x0, y0, z0) ∈ Z3 such that z2
0 = f(x0, y0) and gcd(x0, y0) = 1—is considerably more inter-

esting. For instance, a result of Darmon and Granville states that z2 = f(x, y) has only

finitely many primitive integer solutions (see [53, Theorem 1’]). Given this analogue of Falt-

ings’ Theorem, it is natural to expect that an analogue of Bhargava’s strong asymptotic form

holds for primitive integer solutions to superelliptic equations. The purpose of this chapter is

to prove this expectation, i.e., that most integral odd-degree binary forms fail to primitively

represent a square. Specifically, we prove that primitive integer solutions to z2 = f(x, y)

give rise to square roots of the class of the inverse different of the ring Rf , and we apply

the parametrization of such square roots developed in §1 to prove that most superelliptic

equations z2 = f(x, y), where f ranges over separable integral binary forms of sufficiently

large odd degree n with fixed leading coefficient f0 ∈ Z r ±Z2, have no primitive integer

solutions. We further show that most such equations have a Brauer–Manin obstruction to

being soluble.

3.1.1 Superelliptic stacky curves

In the rest of this chapter, it will be convenient to reinterpret primitive integer solutions to

the superelliptic equation z2 = f(x, y) as integral points on a certain stacky curve, which we

denote by Sf and define as follows. Consider the punctured affine surface

S̃f := V (z2 = f(x, y)) ⊂ A3
Z r {(0, 0, 0)}. (3.2)
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The group Gm acts by scaling on S̃f via λ · (x0, y0, z0) = (λ2x0, λ
2y0, λ

nz0). The map

S̃f ! P1
Z defined by (x, y, z)! [x : y] is Gm-equivariant, and the field of Gm-invariant ratio-

nal functions on S̃f is generated by x/y, so the scheme quotient S̃f/Gm is isomorphic to P1
Z.

The associated stack quotient Sf := [S̃f/Gm] is a stacky curve with coarse moduli space P1
Z.

The Gm-action on S̃f has a nontrivial stabilizer isomorphic to the group scheme µ2 if and only

if z = 0, so Sf has a “1
2
-point” at each of the n distinct roots of f over the algebraic closure.

Let R be a principal ideal domain. We say that a triple (x0, y0, z0) is R-primitive if we

have Rx0 + Ry0 = R. The set of R-primitive solutions to z2 = f(x, y) is readily seen to be

in bijection with the set S̃f (R) of morphisms SpecR ! S̃f (i.e., R-points of S̃f ), which in

turn corresponds bijectively with the set Sf (R): indeed, specifying a map SpecR ! Sf is

definitionally equivalent to specifying a map L! S̃f , where L is a torsor of SpecR by Gm, but

SpecR has no nontrivial Gm-torsors. In what follows, we abuse notation by writing Sf (R)

for the set of R-primitive solutions to z2 = f(x, y), regardless of whether f is separable.

3.1.2 Main results

Our results concern families of superelliptic equations z2 = f(x, z) of degree n ≥ 3 having

fixed leading coefficient f0 := f(1, 0) ∈ Z r {0}. Suppose that |f0| is not a square, factor f0

as f0 = m2k, where k is squarefree, and define the following quantities:

µf0 :=
∏
p|k

(
1

p2
+
p− 1

p
n+1
2

)
and µ′f0 :=

∏
p|k

(
1− 1

p2p+1

)

For simplicity, we sometimes write Vn,f0(Z) to mean the family of superelliptic equations or

superelliptic stacky curves defined by the forms in Vn,f0(Z). The height H(f) of a binary

form f(x, y) =
∑n

i=0 fix
n−iyi ∈ Vn,f0(Z) is defined as follows

H(f) := max{|f i−1
0 fi|n(n−1)/i : i = 1, . . . , n}.
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With this setup, we prove the following analogue for superelliptic stacky curves of [11,

Theorem 1]:

Theorem 61. For every sufficiently large odd integer n, most superelliptic stacky curves in

the family Vn,f0(Z) have no primitive integer solutions. More precisely:

(a) Suppose 2 - f0. For every odd integer n ≥ 11, a positive proportion of forms f ∈ Vn,f0(Z),

when ordered by height, have the property that Sf (Z) = ∅. Moreover, the lower density

of forms f ∈ Vn,f0(Z) such that Sf (Z) = ∅ is at least 1− µf0 + o(2
−n
2 ).

(b) Suppose 2 | f0. The lower density of forms f ∈ Vn,f0(Z) such that Sf (Z) = ∅ is at least

1− µf0 +O(2−ε1n
ε2 ) for some real numbers ε1, ε2 > 0.

As shown in Table 3.1, the quantity 1 − µf0—which by Theorem 61 constitutes a lower

bound on the density of insoluble equations in Vn,f0(Z) in the large-n limit—rapidly ap-

proaches 1 as the number of prime factors of k grows. Furthermore, the method used to prove

Theorem 61 can be easily adapted to obtain a similar result when the family Vn,f0(Z) is re-

placed by any subfamily defined by congruence conditions modulo finitely many prime powers.

Note that Theorem 61 is subject to the condition that |f0| is not a square. When

|f0| is a square, every form f ∈ Vn,f0(Z) is such that z2 = f(x, y) has a trivial solution,

namely (x, y, z) = (sign(f0), 0,
√
|f0|). We expect that for most f ∈ Vn,f0(Z), the equation

z2 = f(x, y) has no solutions other than the trivial one. The presence of the trivial solution

renders this expectation difficult to prove: e.g., to obtain the analogous result for rational

points on monic odd-degree hyperelliptic curves, Poonen and Stoll [94] combined work of

Bhargava and Gross [15] on equidistribution of the 2-Selmer elements of the Jacobians of

these curves with a variant of Chabauty’s method (cf. [105], in which Shankar and Wang

treat the even-degree case, as well as the work of Thorne and Romano [98] and Laga [79],

which prove similar theorems for certain families of non-hyperelliptic curves). To the author’s

knowledge, analogues of the notion of Selmer group and of Chabauty’s method remain to be

formulated for superelliptic stacky curves.
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{p | k} ⊃ {2} {3} {5} {2, 3} {2, 5} {3, 7} {2, 3, 7}
limn!∞ 1− µf0 ≥ 75.0% 88.8% 96.0% 97.2% 99.0% 99.7% 99.9%

limn!∞ µ
′
f0
− µf0 ≥ 71.8% 88.8% 95.9% 94.0% 95.8% 99.7% 96.7%

Table 3.1: A table demonstrating the strength of the limiting lower bounds limn!∞ 1− µf0
(resp., limn!∞ µ

′
f0
− µf0) on the density of insoluble superelliptic equations given by Theo-

rem 61 (resp., on the density of superelliptic equations having a Brauer–Manin obstruction
to solubility given by Theorem 62).

In the course of proving Theorem 61, we actually prove the stronger statement that

most superelliptic stacky curves have a 2-descent obstruction to having an integral point.

Since these stacky curves typically have integral points everywhere locally, it follows that

most of them fail the Hasse principle (i.e., do not have a Z-point despite having a Zv-

point for every place v of Q) due to a 2-descent obstruction. Upon showing that such a

2-descent obstruction yields a case of the Brauer–Manin obstruction, we obtain the following

analogue for superelliptic stacky curves of [11, Corollary 4] (see also the work of Thorne [119]

and Thorne and Romano [97], which prove similar theorems for certain families of non-

hyperelliptic curves):

Theorem 62. The lower density of forms f ∈ Vn,f0(Z), when ordered by height, such that

the stacky curve Sf fails the Hasse principle due to the Brauer–Manin obstruction is at least

µ′f0 − µf0 + o(2−
n
2 ) if 2 - f0 and is at least µ′f0 −µf0 +O(2−ε1n

ε2 ) for some ε1, ε2 > 0 if 2 | f0.

The proportion µ′f0 − µf0 , which can be thought of as a lower bound on the density

of superelliptic equations with leading coefficient f0 having a Brauer–Manin obstruction to

solubility in the large-n limit, approaches ≈ 96.7% as the number of prime factors of k grows;

see Table 3.1.

The genus of a stacky curve can be defined in terms of the Euler characteristic of an

orbifold curve; see [52, section entitled “Orbifolds, and the topology of M -curves”]. In [21],

Bhargava and Poonen prove that all (suitably defined) stacky curves S of genus less than 1
2

over Z satisfy the Hasse principle; i.e., if S(R) 6= ∅ and S(Zp) 6= ∅ for every prime p ∈ Z,

then S(Z) 6= ∅. On the other hand, there is no guarantee that a stacky curve of genus
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at least 1
2

satisfies the Hasse principle: indeed, for any separable integral binary form f of

degree n ≥ 3, the genus of the associated stacky curve Sf is given by n
4
> 1

2
, and Theorem 62

demonstrates that these stacky curves often fail the Hasse principle.

3.1.3 Method of proof and organization

Our strategy is to transform the problem of counting soluble superelliptic equations into one

of counting integral orbits of a certain representation by devising a suitable orbit construc-

tion. In §3.2, we prove that elements of Sf (Z) naturally give rise to certain square roots of

the class of In−2
f . Via the parametrization developed in §1 together with the linearization

trick discussed in §1.3.2, these square roots correspond to certain orbits for the action of

GAn(Z) on self-adjoint operators T ∈ WAn(Z), where chT (x) = fmon(x, 1).1

As the parametrization developed in §1 is leading-coefficient-dependent and is thus par-

ticularly well-suited for applications concerning binary forms with fixed leading coefficient

(such as the application treated in the present chapter, as well as the one treated in §2). By

generalizing an equidistribution argument that we develop in §4, one can average the bounds

in Theorems 61 and 62 over all leading coefficients and thus deduce analogues of these theo-

rems for the full family of superelliptic equations of given degree. In this chapter, we fix the

leading coefficient for two reasons: doing so simplifies the orbit-counting and allows us to

prove a stronger result, that within each thin subfamily of superelliptic equations with fixed

leading coefficient, most members fail the Hasse principle.

In §3.3, we bound the p-adic density of the set of elements in WAn(Zp) that arise from

Zp-primitive solutions via the orbit construction in §3.2 for each prime p. In §3.4, we prove

Theorem 61 by combining these density bounds with orbit-counting results of Bhargava and

Gross (see [15, §10]). Finally, in §3.5, we define the notions of 2-descent obstruction and

Brauer–Manin obstruction for superelliptic stacky curves, and we prove Theorem 62.

1Incidentally, the orbits of GAn
on WAn

also correspond to 2-Selmer elements of the Jacobians of hyper-
elliptic curves (see the works [15,105], as well as §4).
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3.2 Construction of an integral orbit from a primitive

integer solution

Retain the setting of §1.4 (i.e., let n, f0, R, f , and r be as in §1.4) with n ≥ 3 odd and r = 1,

and assume that K is of characteristic 0. In §3.2.1, we prove that points (x0, y0, z0) ∈ Sf (R)

give rise to certain orbits of GAn(R) on WAn(R) with characteristic polynomial fmon(x, 1). To

produce the desired orbit, it suffices by Theorem 13 and (1.9) to construct a pair (I, α) ∈ Hf,1

such that the matrix A that arises defines a split symmetric bilinear form over K. Our

construction extends a result of Simon, who constructs the desired pair (I, α) under the

following special conditions: f is primitive and irreducible and z0 is coprime to the index of

Rf in its integral closure (see [111, Corollary 4]). We finish in §3.2.2 by describing when the

orbits arising from the construction are distinguished.

3.2.1 The construction

Let (x0, y0, z0) ∈ Sf (R). For convenience, we say that the point (x0, y0, z0) is a Weierstrass

point if z0 = 0 and a non-Weierstrass point otherwise. Note that if z0 = 0, then y0 6= 0

because f0 6= 0, so the binary form f factors uniquely as

f(x, y) =
(
x− x0

y0
· y
)
f̃(x, y) (3.3)

where f̃ ∈ Vn−1,f0(R).

We start by transforming the pair (x0, y0) into a pair with simpler coordinates by con-

structing a suitable γ ∈ SL2(R) such that (x0, y0) · γ = (0, 1). Let b0, d0 ∈ R be any

elements such that b0x0 + d0y0 = 1 (such b0, d0 exist since Rx0 + Ry0 = R). We claim that

there exists υ ∈ R such that (d0 − υx0) + θ(b0 + υy0) ∈ K×f . Indeed, if we were to have

(d0 − υx0) + θ(b0 + υy0) ∈ Kf rK×f , then the pair (x, y) = (d0 − υx0,−b0 − υy0) is a root

of the equation f(x, y) = 0, which has finitely many roots up to scaling, implying that we
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can choose υ to avoid this outcome (since K is of characteristic 0). Take any such υ ∈ R,

let b = b0 + υy0 and d = d0 − υx0, and let γ =
[
y0 b
−x0 d

]
. Now, let f ′ be defined by

f ′(x, y) = f((x, y) · γ−1) =
n∑
i=0

f ′ix
n−iyi ∈ Vn(R).

Note that f ′2n+1 = y2
0 and that f ′0 6= 0 since f ′0 = f0 ·N(d+ θb). If y0 = 0, the binary form f ′

factors uniquely as

f ′(x, y) = xf̃ ′(x, y),

where f̃ ′ ∈ Vn−1,f ′0
(R); further observe that f ′2n = f̃(x0, y0) 6= 0 because f is separable. Let

θ′ = (−x0 + θy0)/(d + θb) be the root of f ′(x, 1) in Kf ′ = Kf , and consider the free rank-n

R-submodule I ′ ⊂ Kf ′ defined by

I ′ := R〈ξ, θ′, . . . , θ′
n−1
2 , ζ ′n+1

2
, . . . , ζ ′n−1〉, where ξ :=


y0 if z0 6= 0,

ζ ′n−1 + f ′n−1 if z0 = 0.

(3.4)

Observe that the R-module I ′ is a fractional ideal of Rf ′ that resembles the fractional ideal

Inf ′ , the only difference being that the basis element 1 ∈ Inf ′ is replaced by ξ ∈ I ′.

Lemma 63. We have that

I ′
2 ⊂ α′ · In−2

f ′ , where α′ :=


−θ′ if z0 6= 0,

f̃ ′(θ′, 1)− θ′ if z0 = 0

and that N(I ′)2 = N(α′) N(In−2
f ′ ).

Proof. Recall from (1.3) that the fractional ideal In−2
f ′ has the Z-basis

In−2
f ′ = R〈1, θ′, . . . , θ′n−2, ζ ′n−1〉.

To prove the claimed containment, it suffices to check that when each of the pairwise products
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of the basis elements of I ′ in (3.4) is divided by α′, what results is an element of I2n−1
f ′ . We

have the following computations:

ξ2/α′ = ζ ′n−1 + f ′n−1

(ξ · θ′i)/α′ = −y0θ
′i−1

for i ∈ {1, . . . , n−1
2
}

(ξ · ζ ′j)/α′ = −y0ζ
′
j−1 − y0f

′
j−1 for j ∈ {n+1

2
, . . . , n− 1}

(θ′
i · θ′j)/α′ = −θ′i+j−1

for i, j ∈ {1, . . . , n−1
2
}

(θ′
i · ζ ′j)/α′ = −θ′i−1ζ ′j for i ∈ {1, . . . , n−1

2
}, j ∈ {n+1

2
, . . . , n− 1}

(ζ ′i · ζ ′j)/α′ = −ζ ′iζ ′j−1 − f ′j−1ζ
′
i for i, j ∈ {n+1

2
, . . . , n− 1}

Using the fact that ζ ′i ∈ Rf ′ for each i ∈ {0, . . . , n} together with the fact that In−2
f ′ is closed

under multiplication by elements in Rf ′ , one readily verifies that each of the expressions

obtained on the right-hand side above is an element of In−2
f ′ . Crucially, these expressions do

not depend in piecewise fashion on the value of z0, even though ξ and α′ do (see Remark 66).

As for the second part of the lemma, using N
(
I
n−1
2

f ′

)
= f ′0

1−n
2 , we find that N(I ′) = ξ̃f ′0

1−n
2 ,

where ξ̃ = ξ = z0 if z0 6= 0 and ξ̃ = ξ− ζ ′n−1 = f ′n−1 if z0 = 0. Moreover, a calculation reveals

that N(α′) = ξ̃2 · f ′0
−1. Combining these norm calculations, we deduce that

N(I ′)2 =
(
ξ̃f ′0

1−n
2
)2

= (ξ̃2f ′0
−1

)(f ′0
−(n−2)

) = N(α′) N(In−2
f ′ )

We now transform I ′ and α′ back from Rf ′ to Rf . Recall from (1.7) that

I
n−1
2

f = φn−1
2
,γ

(
I
n−1
2

f ′

)
= (−bθ′ + y0)

1−n
2 I

n−1
2

f ′ ,

where we can invert −bθ′+ y0 because its inverse is equal to d+ θb. Since I ′ resembles I
n−1
2

f ′ ,

it makes sense to consider the fractional ideal

I := φn−1
2
,γ(I

′) = (−bθ′ + y0)
1−n
2 I ′ = (d+ θb)

n−1
2 I ′, (3.5)

103



which has norm given by

N(I) = N
(
(d+ θb)

n−1
2 · I ′

)
= N(d+ θb)

n−1
2 · N(I ′) = ξ̃f

1−n
2

0 (3.6)

where we used the multiplicativity relation (1.5). Similarly, let α ∈ K×f be defined as follows:

α := φ1,γ(α
′) =

α′

−bθ′ + y0

=


x0 − θy0 if z0 6= 0,

f̃(y0θ, y0) + (x0 − θy0) if z0 = 0.

(3.7)

It then follows from Lemma 63 that

I2 ⊂ α′

−bθ′ + y0

·
In−2
f ′

(−bθ′ + y0)n−2
= δ · In−2

f , (3.8)

where in the last step above, we used the fact that

In−2
f = φn−2,γ(I

n−2
f ′ ) = (−bθ′ + y0)−(n−2) · In−2

f ′ .

Notice that N(I)2 = N(α) N(If )
n−2 (this can be verified directly from (3.6) and (3.7), but it

also follows from the fact that N(I ′)2 = N(α′) N(If ′)
n−2 by Lemma 63).

Lemma 64. The fractional ideal I is well-defined, in the sense that it does not depend on

the choice of γ =
[
y0 b
−x0 d

]
∈ SL2(R) satisfying (x0, y0) · γ = (0, 1) and d+ θb ∈ K×f .

Proof. Let γ =
[
y0 b
−x0 d

]
∈ SL2(R) satisfying (x0, y0) · γ = (0, 1) and d + θb ∈ K×f as above.

Any other γ̌ ∈ SL2(R) satisfying (x0, y0) · γ̌ to (0, 1) is a right-translate of γ by an element

of the stabilizer of (0, 1), which is the group of unipotent matrices Mυ = [ 1 υ
0 1 ] for υ ∈ R. So

take υ ∈ R, and let

γ̌ = γ ·Mυ =

 y0 b+ υy0

−x0 d− υx0


Let f̌(x, y) = f((x, y) · γ̌−1) =

∑n
i=0 f̌ix

n−iyi, and let θ̌ be the root of f̌(x, 1) in Kf . Assume
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that υ has been chosen so that (d− υx0) + θ(b+ υy0) ∈ K×f , and notice that

θ̌ =
−x0 + θy0

(d− υx0) + θ(b+ υy0)
=

θ′

1 + θ′υ
. (3.9)

Just as we associated a pair (I ′, α′) to γ, we can associate a pair (Ǐ , α̌) to γ̌ satisfying the

analogous properties Ǐ2 ⊂ α̌In−2
f̌

and N(Ǐ)2 = N(α̌) N(In−2
f̌

). To prove the lemma, it suffices

to show that

φn−1
2
,γ(I

′) = φn−1
2
,γ̌(Ǐ) and φ1,γ(δ

′) = φ1,γ̌(δ̌), (3.10)

The second equality in (3.10) is readily deduced by inspecting (3.7); as for the first equality,

notice that it is equivalent to the following:

(
−bθ′ + y0

−(b+ υy0)θ̌ + y0

)n−1
2

Ǐ = I ′. (3.11)

Using (3.9), we find that the fraction in parentheses in (3.11) is equal to 1 + υθ′. Now,

observe that we can express the ideals I ′ and Ǐ as

I ′ = R〈ξ̃, θ′I
n−3
2

f ′ 〉 and Ǐ = R〈ξ̃, θ̌I
n−3
2

f̌
〉, (3.12)

where ξ̃ = z0 if z0 6= 0 and ξ̃ = f ′n−1 = f̌n−1 if z0 = 0. Upon combining (3.11) and (3.12), we

find that

(1 + υθ′)
n−1
2 Ĩ = R

〈
(1 + υθ′)

n−1
2 ξ̃, ((1 + υθ′)θ̃)((1 + υθ′)If̃ )

n−3
2

〉
= R

〈
(1 + υθ′)

n−1
2 ξ̃, θ′I

n−3
2

f ′

〉
= I ′,

where the last step above follows because θ′i ∈ I ′ for each i ∈ {0, . . . , n−1
2
}.

By applying the correspondence in Theorem 13 to the pair (I, α) constructed above, we

see that the point (x0, y0, z0) ∈ Sf (R) gives rise to a pair (A,B) ∈ Wn(R) with ι(A,B) =

fmon. To complete the construction, it remains to verify that A is split:
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Lemma 65. The matrix A defines a split quadratic form over K.

Proof. It suffices to exhibit an n-dimensional isotropic space X over K for the quadratic

form defined by A. We claim that

X = K〈x0 − θy0, θ(x0 − θy0), . . . , θ
n−3
2 (x0 − θy0)〉 ⊂ Kf

does the job. Indeed, since f is separable, the elements θi(x0 − θy0) for i ∈ {0, . . . , n−3
2
}

are linearly independent over K: if z0 6= 0, then this follows because the elements θi ∈ Kf

for i ∈ {0, . . . , n−3
2
} are linearly independent and x0 − θy0 is an invertible element of Kf ;

if z0 = 0, then this follows because the elements θi ∈ Kf̃ for i ∈ {0, . . . , n−3
2
} are linearly

independent and x0− θy0 is an invertible element of Kf̃ . Thus, we have that dimK X = n−1
2

.

Moreover, notice that

πn−1(〈θi(x0 − θy0), θj(x0 − θy0)〉) = πn−1(x0θ
i+j − y0θ

i+j+1) = 0

for any i, j ∈ {0, . . . , n−3
2
}.

Remark 66. We defined the pair (I, α) in piecewise fashion, according as z0 6= 0 or z0 = 0.

The resulting pair (A,B) nevertheless admits a “functorial” definition: indeed, the entries

of A and B are polynomial functions in x0, y0, z0, b, d and the coefficients of f . Thus, if our

purpose was simply to construct orbits from integral points, we could have carried out the

construction for z0 6= 0 and specialized the resulting pair of matrices to the case z0 = 0.

However, our proofs of Theorems 61 and 62 require knowledge of the element α ∈ K×f

corresponding to the orbit arising from an integral point, and it is difficult to reverse-engineer

α from a representative (A,B) of such an orbit.

In [11, §2], Bhargava establishes an analogous construction for rational points on hyper-

elliptic curves, one that takes a non-Weierstrass point on a hyperelliptic curve z2 = f(x, y)

of even degree n and produces a pair (I, α) of a fractional ideal I and α ∈ K×f such that
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I2 ⊂ αIn−3
f and N(I)2 = N(α) N(In−3

f ). By Wood’s parametrization (see [126, Theorem 5.7]),

the pair (I, α) gives rise to a pair (A,B) ∈ Wn(R) such that ι(A,B) = f . To handle Weier-

strass points, Bhargava uses the aforementioned specialization trick but does not determine

the element α ∈ K×f corresponding to the specialized orbit, even though this data seems

necessary for the proofs of [11, Theorem 3 and Corollary 4] to go through. We note here

that the piecewise construction of the pair (I, α) given in this section can be modified to work

for hyperelliptic curves, thus yielding complete proofs of [11, Theorem 3 and Corollary 4].

Remark 67. That ι(A,B) = fmon, that A defines a split quadratic form, and that the

stabilizer of (A,B) contains a subgroup isomorphic to R×f [2] are properties that hold formally.

Thus, if we replace R with any base ring and f is any form in Vn(R), any R-primitive solution

(x, y, z) = (x0, y0, z0) ∈ R3 to the superelliptic equation z2 = f(x, y) gives rise to a pair of

matrices (A,B) ∈ Wn(R) such that ι(A,B) = fmon and such that the stabilizer in SLn(R)

contains a subgroup isomorphic to R×f [2]N≡1. If the base ring R is an integral domain, then

A defines a split quadratic form over the fraction field K of R. Note that these properties

hold even if we do not assume that f0 6= 0, that f is separable, and that K has characteristic

0, despite the fact that we used these assumptions to derive the construction.

3.2.2 Distinguished points

We say that a point (x0, y0, z0) ∈ Sf (R) is distinguished if its associated GAn(K)-orbit is

distinguished. Note that Proposition 19 implies that (x0, y0, z0) is distinguished if and only

if f0(x0 − θy0) is a square in K×f .

When f0 is a multiple of a perfect square by a unit u ∈ R×, Sf has a trivial R-point,

namely (u, 0,
√
u2n+1f0). Since f0(u−θ·0) = uf0 ∈ K×2

f , the orbits associated to these trivial

solutions are always distinguished. Whether a primitive integer solution is distinguished

is not necessarily invariant under replacing f with an SL2(R)-translate. Indeed, suppose

(x0, y0, z0) ∈ Sf (R), take γ ∈ SL2(R) such that (x0, y0) · γ = (1, 0), and let f ′(x, y) =

f((x, y) · γ−1). Then the point (1, 0, z0) ∈ Sf ′(R) is distinguished, regardless of whether the
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point (x0, y0, z0) ∈ Sf (R) is distinguished. Nevertheless, whether a solution is distinguished

is always preserved under replacing f with a translate by an element of N(R).

Now take R = Z. When |f0| is not a perfect square, we show in §2.4.3 that the non-

square factors of |f0| tend to obstruct the distinguished GAn(Q)-orbit from arising via the

map orbf,1. More precisely, we have the following result, which states that there are strong

limitations on the forms f ∈ Vn,f0(Z) for which some point of Sf (Z) is distinguished:

Proposition 68. Let f ∈ Vn,f0(Z) be separable, and suppose that there exists a point of

Sf (Z) giving rise to the distinguished GAn(Q)-orbit via the construction in §3.2. Then one

of the following two mutually exclusive possibilities holds for each prime p | k:

(a) Rf ⊗Z Zp is not maximal in Kf ⊗Q Qp; or

(b) Rf ⊗Z Zp is maximal in Kf ⊗Q Qp and f/y is a unit multiple of a square modulo p.

Moreover, the density of binary forms f ∈ Vn,f0(Z) such that one of the conditions (a) or (b)

holds for every prime p | k is equal to µf0 :=
∏

p|k

(
1
p2

+ p−1

p
n+1
2

)
.

Proof. Let p | k. By Proposition 48, if f ∈ Vn,f0(Z) is such that some element of orbf,1(Hf,1)

has distinguished GAn(Qp)-orbit, then one of conditions (a) or (b) in the theorem statement

holds. By [4, Proposition 3.5], the p-adic density of f ∈ Vn,f0(Zp) satisfying (a) is p−2,

and it follows from Theorem 49 that the p-adic density of f ∈ Vn,f0(Zp) satisfying (b) is

p−
n+1
2 (p− 1). The proposition follows by combining these density calculations.

Proposition 68 implies that points of Sf (Z) often fail to be distinguished—a fact that

is crucial for the proofs of Theorems 61 and 62, because the geometry-of-numbers results

from [15, §9] that we apply in §3.4 to count orbits of GAn(Z) on WAn(Z) only give us a count

of the non-distinguished orbits.
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3.3 Counting orbits arising from local points

Let P denote the (GAn(Z)-invariant) subset of integral elements of WAn(Z) that arise via the

construction in §3.2.1 from separable forms f ∈ Vn,f0(Z). It is hard to describe P explicitly,

and hence to determine a precise count of the number of GAn(Z)-orbits on P having bounded

height. However, P is contained within a subset of WAn(Z) defined by local conditions:

indeed, P ⊂ WAn(Z) ∩
⋂
v Pv, where for each place v of Q, we write Pv for the subset

of WAn(Zv) that arises via the construction from separable forms f ∈ Vn,f0(Zv). To prove

Theorem 61, our strategy is to bound the number of GAn(Z)-orbits on P of bounded height

by counting the total number of GAn(Z)-orbits on WAn(Z) of bounded height and sieving to

those orbits that belong to Pv for many places v.

A key step in this strategy is, roughly speaking, to control the size of Pv for each v.

The purpose of this section is to carry out this step. In §3.3.1, we determine the number of

orbits arising via the construction from a given separable form f ∈ Vn,f0(R). In §3.3.2, we

bound the p-adic density of Pp for odd primes p - f0 by working over Z/pZ, and in §3.3.3,

we bound the 2-adic density of P2 when 2 - f0 by working over Z/8Z. In §3.3.4, we take

p | f0 and work over Zp to bound the number of orbits arising via the construction from

forms f ∈ Vn,f0(Zp) that define the maximal order. We finish in §3.3.5 by working over Qp

to handle the remaining cases.

3.3.1 Orbits over R

For each m ∈ {0, . . . , n−1
2
}, let I(m) ⊂ Vn,1(R) be the set of separable monic degree-n

polynomials over R having exactly 2m+ 1 real roots.

Proposition 69. There are exactly 2m + 1 orbits of GAn(R) on WAn(R) that arise from

points in Sf (R).

Proof. Let f ∈ Vn,f0(R). Suppose that fmon ∈ I(m) with real roots given in increasing order

by λ1 < · · · < λ2m+1, where m ∈ {0, . . . , n−1
2
}. We now compute the number of orbits of
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GAn(R) on WAn(R) having characteristic polynomial fmon that arise from points in Sf (R)

via the construction in §3.2. The GAn(R)-orbit associated to a point (x0, y0, z0) ∈ Sf (R) is

identified via the correspondence in Proposition 19 with some f0α ∈ (K×f /K
×2
f )N≡1. This

class is represented by a sequence of the form

(
f0(x0 − λ1y0), . . . , f0(x0 − λ2m+1y0), b1, . . . , bn−1

2
−m
)
∈ R2m+1 × C

n−1
2
−m ' Kf . (3.13)

Otherwise, if z0 = 0, then x0
y0

= λj for some j; letting f̃ be as in (3.3), we see that the class

f0α ∈ (K×f /K
×2
f )N≡1 is represented by a sequence of the form

(f0(x0 − λ1y0), . . . , f0f̃(x0, y0), . . . , f0(x0 − λ2m+1y0), b1, . . . , bn−1
2
−m) ∈ R2m+1 × C

n−1
2
−m,

(3.14)

where the term f0f̃(x0, y0) in (3.14) replaces the term f0(x0 − λjy0) in (3.13). The class

in (K×f /K
×2
f )N≡1 of the sequence in (3.13) or in (3.14) is given by the sequence of signs

of its first 2m + 1 terms. Because N(bj) > 0 for every j, the condition that N(f0α) is a

square in R× is equivalent to the condition that
∏2m+1

i=1 f0(x0 − λiy0) > 0 if z0 6= 0 and

(f0f̃(x0, y0))
∏2m+1

i=1
i 6=j

f0(x0 − λiy0) > 0 if z0 = 0. We now split into cases based on the signs

of f0 and y0:

Case 1a: f0 > 0, y0 > 0. First suppose z0 6= 0. In this case, the sign of f0(x0−λiy0) is equal

to the sign of (x0/y0)−λi. The possible sequences of signs of the f0(x0−λiy0) are therefore

+−−− · · ·−, + + +− · · ·−, . . . , + + + + · · ·+, (3.15)

giving a total of m+ 1 orbits. We label the sign sequences in (3.15) from left to right by an

index τ that runs from 1 up to m + 1. If z0 = 0 and x0
y0

= λj, then because λi < λj when

i < j and λi > λj when i > j, we obtain the same sign sequences as those listed in (3.15).

Case 1b: f0 > 0, y0 < 0. First suppose z0 6= 0. In this case, the sign of f0(x0−λiy0) is equal
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to the opposite of the sign of (x0/y0)−λi. The possible sequences of signs of the f0(x0−λiy0)

are therefore

+ + + · · ·+ +, −−+ · · ·+ +, . . . , −− · · · −+, (3.16)

giving a total of m+ 1 orbits. We label the sign sequences in (3.16) from left to right by an

index τ that runs from m + 1 up to 2m + 1. (Note that the first sign sequence in (3.16) is

the same as the last sign sequence in (3.15), which is why they share the same value of τ .)

If z0 = 0, we again obtain the same sign sequences as those listed in (3.16).

Case 2a: f0 < 0, y0 > 0. The possible sign sequences are the same as those listed in (3.16),

and we label them from left to right by an index τ that runs from m+ 1 up to 2m+ 1.

Case 2b: f0 < 0, y0 < 0. The possible sign sequences are the same as those listed in (3.15),

and we label them from left to right by an index τ that runs from 1 up to m+ 1.

For each m ∈ {0, . . . , n−1
2
} and τ ∈ {1, . . . , 2m + 1}, we write W

(m,τ)
An

⊂ WAn(R) for the

subset of operators T such that chT ∈ I(m) and such that the GAn(R)-orbit of T gives rise

(via the correspondence in Proposition 19 and the above discussion) to the sign sequence

with index τ .

3.3.2 Bounding Vol(Pp) for 2 6= p - f0

Let Vol(Pp) denote the p-adic density of Pp in WAn(Zp) (i.e., the volume of Pp with respect

to the Euclidean measure on WAn(Zp) normalized so that the volume of WAn(Zp) is 1). Let

Ip(m) denote the set of monic degree-n polynomials over Z/pZ (not necessarily separable)

withm distinct irreducible factors. When 2 6= p - f0, we get the following bound on Vol(Pp):

Proposition 70. We have that

Vol(Pp) ≤ min

{
1,

n∑
m=1

p+ 1

2m−1
· #GAn(Z/pZ)

p
n(n−1)

2

· #Ip(m)

pn

}

Proof. Given a monic degree-n polynomial f over Z/pZ, let Σ
sol

f ⊂ WAn(Z/pZ) denote the
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mod-p reduction of the subset {T ∈ Pp : chT ≡ f (mod p)}. Because GAn is smooth over

Zp, the map GAn(Zp)! GAn(Z/pZ) is surjective, implying that Σ
sol

f is GAn(Z/pZ)-invariant.

Then we have

Vol(Pp) ≤
n∑

m=1

∑
f∈Ip(m)

#Σ
sol

f

pdimWAn
=

n∑
m=1

∑
f∈Ip(m)

∑
T∈GAn (Z/pZ)\Σsol

f

#O(T )

p
n(n+1)

2

, (3.17)

where for each T ∈ WAn(Z/pZ), we denote by O(T ) the GAn(Z/pZ)-orbit of T . Let

Stab(T ) ⊂ GAn(Z/pZ) be the stabilizer of T . Substituting #O(T ) = #GAn(Z/pZ)/# Stab(T )

into (3.17) yields that

Vol(Pp) ≤
n∑

m=1

∑
f∈Ip(m)

∑
T∈GAn (Z/pZ)\Σsol

f

1

# Stab(T )
· #GAn(Z/pZ)

p
n(n+1)

2

. (3.18)

The following lemma gives a lower bound for # Stab(T ) that is independent of f ∈ Ip(m):

Lemma 71. For T ∈ Σ
sol

f , we have that # Stab(T ) ≥ 2m−1.

Proof of Lemma 71. Let Kf = (Z/pZ)[x]/(f). By Proposition 19, (1.9), and Remark 67,

we have that # Stab(T ) ≥ #K×f [2]N≡1. Letting f split over Z/pZ as f =
∏m

i=1 F
ni
i , where

the Fi are distinct and irreducible, we have that Kf '
∏m

i=1(Z/pZ)[x]/(F ni
i ). Consequently,

K×f [2] contains the 2m elements of the form (±1, . . . ,±1). Exactly half of these elements

have norm 1, so #K×f [2]N≡1 ≥ 2m−1.

To bound the right-hand side of (3.18), it remains to control the number of GAn(Z/pZ)-

orbits on Σ
sol

f . But there can only be as many orbits as there are points in P1(Z/pZ), which

has size p+ 1. Combining this observation with (3.18) and Lemma 71 yields the result.

Remark 72. It is well-known (see [15, §6.1]) that for each odd prime p, we have

#GAn(Z/pZ) = p

(
n−1
2

)2 n−1
2∏
i=1

(p2i − 1) ≤ p
n(n−1)

2 . (3.19)
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3.3.3 Bounding Vol(P2) for 2 = p - f0

Here, it turns out to be ineffective to work over Z/2Z or even Z/4Z; instead, we work

over Z/8Z. Let I8(m) denote the set of monic degree-n polynomials in (Z/8Z)[x] hav-

ing m distinct irreducible factors over Z/2Z. When 2 = p - f0, we obtain the following

bound on Vol(P2):

Proposition 73. We have that

Vol(P2) ≤ min

{
1,

n∑
m=1

12

2n+m−2
· 2 · #I8(m)

8n

}

Proof. Given a monic degree-n polynomial f over Z/8Z, let Σ
sol

f ⊂ WAn(Z/8Z) denote the

closure under the action of GAn(Z/8Z) of the mod-8 reduction of the subset {T ∈P2 : chT ≡

f (mod 8)} (note that this subset may not be a priori GAn(Z/8Z)-invariant, because GAn is

not smooth over Z2 and the map GAn(Z2)! GAn(Z/8Z) is not surjective). Then we have

Vol(P2) ≤
n∑

m=1

∑
f∈I8(m)

#Σ
sol

f

8dimWAn
=

n∑
m=1

∑
f∈I8(m)

∑
T∈GAn (Z/8Z)\Σsol

f

#O(T )

8
n(n+1)

2

, (3.20)

where for each T ∈ WAn(Z/8Z), we denote by O(T ) the GAn(Z/8Z)-orbit of T . Let

Stab(T ) ⊂ GAn(Z/8Z) denote the stabilizer of T . Substituting #O(T ) = #GAn(Z/8Z)/# Stab(T )

into (3.20) yields that

Vol(P2) ≤
n∑

m=1

∑
f∈I8(m)

∑
T∈GAn (Z/8Z)\Σsol

f

1

# Stab(T )
· #GAn(Z/8Z)

8
n(n+1)

2

. (3.21)

The following lemma gives a lower bound for # Stab(T ) that is independent of f ∈ I8(m):

Lemma 74. For T ∈ Σ
sol

f , we have that # Stab(T ) ≥ 2n+m−2.

Proof of Lemma 74. Let Rf = (Z/8Z)[x]/(f). By Theorem 13, (1.9), and Remark 67, we

have that # Stab(T ) ≥ #R×f [2]N≡1. Let f split over Z/8Z as f =
∏m

i=1 Fi, where the Fi
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have the property that their mod-2 reductions are powers of distinct irreducible polynomials.

Then it follows from [81, Theorem 7] together with the Chinese Remainder Theorem that

Rf '
∏m

i=1(Z/8Z)[x]/(Fi), and R×f [2] contains the 2n+m elements of the form

(
. . . , ρ0 +

di−1∑
j=1

ρjθ
j
i , . . .

)
∈

m∏
i=1

(Z/8Z)[x]/(Fi),

where ρ0 is any element of (Z/8Z)× and ρj is any element of {0, 4} ⊂ Z/8Z for each j, θi is

the image of x in (Z/8Z)[x]/(Fi), and di = degFi for each i. At least 1
4

of these elements

have norm 1, so # Stab(T ) ≥ #R×F [2]N≡1 ≥ 2n+m−2.

Let ĜAn be the split odd orthogonal group scheme, defined in the same way as GAn but

without the determinant-1 condition. Observe that the determinant map det : ĜAn(Z/8Z)!

(Z/8Z)× is surjective: for each σ ∈ (Z/8Z)×, the diagonal matrix with row-n+1
2

, column-n+1
2

entry equal to σ and all other diagonal entries equal to 1 is orthogonal with respect to An

and has determinant σ. Combining this observation with the computation of #ĜAn(Z/8Z)

in Proposition 75 (to follow) yields

#GAn(Z/8Z)

8
n(n−1)

2

=
#ĜAn(Z/8Z)

4 · 8
n(n−1)

2

= 2 ·
(
2
n−1
2 − 1

)
·
∏n−3

2
i=1 (22i − 1)

2

(
n−1
2

)2 ≤ 2 · 1 = 2. (3.22)

To bound the right-hand side of (3.21), it remains to control the number of GAn(Z/8Z)-

orbits on Σ
sol

f . But there can only be as many orbits as there are points in P1(Z/8Z), which

has size 12. Combining this observation with (3.21), Lemma 74, Proposition 75, and (3.22)

yields the result.

In the following proposition, we obtain the value of #ĜAn(Z/8Z), which was used in (3.22):

Proposition 75. We have that

#ĜAn(Z/8Z) = 2
5n2−4n+11

4

(
2
n−1
2 − 1

) n−3
2∏
i=1

(22i − 1)
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when n ≥ 3, and #ĜAn(Z/8Z) = 4 when n = 1.

Proof. We apply the recursive formula for computing sizes of orthogonal groups modulo 8

given in [96, §4.1.3]. The first step is to diagonalize An. One readily verifies that there

exists g1 ∈ GLn(Z) such that g1Ang
T
1 is equal to the diagonal matrix with first n+1

2
diag-

onal entries equal to 1 and remaining n−1
2

diagonal entries equal to −1. By [73, proof of

Lemma 3], there exists g2 ∈ GLn(Z2) such that g2g1Ang
T
1 g

T
2 is equivalent modulo 8 to the

following diagonal matrix:



1 · · · 0 0 0 0

...
. . .

...
...

...
...

0 · · · 1 0 0 0

0 · · · 0 a1 0 0

0 · · · 0 0 a2 0

0 · · · 0 0 0 a3



, where (a1, a2, a3) =



(1, 1, 1), if n ≡ 1 (mod 8),

(1, 1, 7), if n ≡ 3 (mod 8),

(1, 3, 3), if n ≡ 5 (mod 8),

(3, 3, 7), if n ≡ 7 (mod 8)

(3.23)

Using (3.23) together with the recursive formula displayed in [96, §4.1.3] yields that

#ĜAn(Z/8Z) =
n∏
j=1

(
8j + 4j+1f(un−j) + 2(4

√
2)j cos(π

4
Kn−j)− 84jh(un−j)

)
, (3.24)

where the functions f and h are defined by

f(ui) =


1, if ui ≡ 0 (mod 8),

−1, if ui ≡ 4 (mod 8),

0, otherwise

and h(ui) =


1, if i < n− 1 and ui ≡ 0 (mod 8),

0, otherwise
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and where the quantities ui and hi are given as follows:

Case 1: (a1, a2, a3) = (1, 1, 1). We have that

un−j = j − 1 and Kn−j = j − 2. (3.25)

Case 2: (a1, a2, a3) = (1, 1, 7). We have that

un−j =


j + 5, if j ≥ 2,

0, if j = 1

and Kn−j =


j − 4, if j ≥ 2,

−15, if j = 1

(3.26)

Case 3: (a1, a2, a3) = (1, 3, 3). We have that

un−j =


j + 3, if j ≥ 3,

3, if j = 2,

0, if j = 1

and Kn−j =


j − 6, if j ≥ 3,

−8, if j = 2,

−7, if j = 1

(3.27)

Case 4: (a1, a2, a3) = (3, 3, 7). We have that

un−j =



j + 9, if j ≥ 4,

10, if j = 3,

7, if j = 2,

0, if j = 1

and Kn−j =



j − 8, if j ≥ 4,

−9, if j = 3,

−8, if j = 2,

−15, if j = 1

(3.28)

Now, substituting (3.25), (3.26), (3.27), and (3.28) into (3.24) and simplifying yields the

desired formula.

We can also compute #ĜAn(Z/8Z) by comparing two different formulas for a quantity

known as “the 2-adic density of the quadratic lattice” defined by the matrix An, which is up
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to normalization the same as the 2-adic volume of GAn(Z2) with respect to Haar measure.

We denote this quantity by α2. One of the two formulas for α2 is given in [45], where Cho

constructs a smooth model of the group scheme GAn over Z2. Letting G̃An denote the special

fiber of this smooth model, one can show by applying [45, Lemma 4.2, Remark 4.3, and

Theorem 5.2] that

α2 = 2 · 2−
n(n−1)

2 ·#G̃An(Z/2Z) = 2
−n2+3n+4

2 ·# SOn−1(Z/2Z), (3.29)

where SOn−1 denotes the special orthogonal group on an (n−1)-dimensional split orthogonal

space. To be precise, α2 is defined in [45] to be 1
2

of the quantity in (3.29), to account for the

number of connected components of GAn in ĜAn . However, we have removed this factor of 1
2

to make the definition of α2 consistent with the one given by Conway and Sloane in [49, §12],

who define α2 by

α2 =
#ĜAn(Z/2rZ)

(2r)
n(n−1)

2

(3.30)

for any sufficiently large positive integer r. It follows from [75, Proposition 5.6.1(ii) and proof

of Lemma 5.6.5] that we can take r = 3 in (3.30). Comparing (3.29) and (3.30) together

with the fact that # SOn−1(Z/2Z) = 2
n2−4n+3

4

(
2
n−1
2 −1

)∏n−3
2

i=1 (22i−1) for n ≥ 3 (see [45, §6])

yields that

#ĜAn(Z/8Z) = 2n
2+2 ·# SOn−1(Z/2Z) = 2

5n2−4n+11
4

(
2
n−1
2 − 1

) n−3
2∏
i=1

(22i − 1).

Remark 76. The strategy for the second proof of Proposition 75 can likewise be used to

obtain a formula for #ĜAn(Z/2rZ) for each r ≥ 3.

3.3.4 Orbits over Zp

Let p be an odd prime. When f is such that Rf is the maximal order in Kf , we have the

following loose bound for the number of orbits arising from points in Sf (Zp):
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Proposition 77. Let p be an odd prime, and suppose that Rf is maximal. Then there are at

most 2m−1 orbits of GAn(Zp) on WAn(Zp) arising from points of Sf (Zp) via the construction

in §3.2. The size of the stabilizer in GAn(Zp) of any such orbit is 2m−1.

Proof. By Theorem 39, the number of GAn(Zp)-orbits on WAn(Zp) arising from elements

of Hf,1 via the correspondence in Theorem 13 is equal to #(R×f /R
×2
f )N≡1 = 2m−1. By

Theorem 13 and (1.9), the stabilizer of any such orbit has size #R×f [2]N≡1 = 2m−1.

When p - f0, Propositions 70 and 75 give tighter control on the size of Pp than Propo-

sition 77, which we will only use for odd primes p | f0. When p | f0, it does not suffice

to obtain a bound of the form Vol(Pp) � 1 (like the bounds obtained in Proposition 70

and 75). Indeed, since proving Theorems 61 and 62 involves averaging over monicizations

of forms in Vn,f0(Z) (see §3.4.2), we must show that Vol(Pp) is � |f0|
n(n−1)

2
p , which is the

p-adic density of the set of monicizations of forms in Vn,f0(Zp). At least for those forms

f ∈ Vn,f0(Zp)max, Proposition 77 will be enough to obtain the desired bound on Vol(Pp).

3.3.5 Orbits over Qp for p | f0

Proposition 77 only applies when Rf is the maximal order in Kf ; in this section, we handle

the remaining forms f by controlling the number of orbits of GAn(Qp) on WAn(Qp) that can

arise from points of Sf (Zp). To this end, suppose that f ∈ Vn,f0(Zp) splits as a product m

distinct irreducible factors over Zp. Then we have the following result:

Proposition 78. Let p be an odd (resp., even) prime. Then there are at most 2m+1 (resp.,

2
n+3
2

+m) orbits of GAn(Qp) on WAn(Qp) arising from points of Sf (Zp) via the construction

in §3.2. The size of the stabilizer in GAn(Qp) of any such orbit is #K×f [2]N≡1 = 2m−1.

Proof. By Proposition 19 and (1.9), it is sufficient to bound the number of elements of

(K×f /K
×2
f )N≡1 of the form f0α, where α is the second coordinate of a pair (I, α) ∈ Hf,1

arising from a points of Sf (Zp) via the construction in §3.2.
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Fix y0 ∈ Zp, and consider the monic odd-degree hyperelliptic curve Cf,y0 of genus n−1
2

over Qp defined by the affine equation Cf,y0 : z2 = fmon(x, y0). Notice that Cf,y0 is a quadratic

twist of Cf,1 and that for y′0 ∈ Zp, the curves Cf,y0 and Cf,y′0 are isomorphic over Qp when

y0 and y′0 represent the same class in Q×p /Q×2
p . Let {η1, . . . , η`} ⊂ Zp denote a complete set

of representatives of elements of Q×p /Q×2
p , and note that we can take ` = 4 when p is odd

and ` = 8 when p = 2. Then each Cf,y0 is isomorphic to one of Cf,η1 , . . . , Cf,η` .

Let (x0, y0, z0) ∈ Sf (Zp) giving rise to a pair (I, α). Then the point (f0x0, z0) is a Qp-

rational point on the curve Cf,y0 and hence is identified with a Qp-rational point (x′0, z
′
0) on

one of the curves Cf,ηi . In [15, §5], Bhargava and Gross show that points in Cf,ηi(Qp) natu-

rally give rise to orbits of GAn(Qp) on WAn(Qp) having characteristic polynomial fmon(x, ηi).

Under the construction of Bhargava and Gross, points of Cf,ηi(Qp) give rise to GAn(Qp)-orbits

on WAn(Qp) via the following composition:

Cf,ηi(Qp)! Ji(Qp)/2Ji(Qp)! H1(GQp , Ji[2]) ' (K×f /K
×2
f )N≡1, (3.31)

where Ji is the Jacobian of Cf,ηi and where we identify the set of GAn(Qp)-orbits on WAn(Qp)

having characteristic polynomial fmon(x, y0) with (K×f /K
×2
f )N≡1 via Proposition 19. The

composite map in (3.31) is known as the Cassels map and was first studied by Cassels in [44].

Let θ′ ∈ Kf be the image of x under the identification Qp[x]/fmon(x, 1) ' Kf . If z0 = 0,

then fmon(x, ηiy) factors uniquely as

fmon(x, ηiy) =
(
x− f0

x0
y0
ηiy
)
f̃mon(x, ηiy)

where f̃mon ∈ Vn−1,1(Zp). (The notation f̃mon makes sense, because f̃mon is indeed the

monicized form of f̃ as defined in (3.3).) Using the explicit description of the Cassels map
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stated in [39, §2], one finds that the point (x′0, c
′) ∈ Cf,ηi(Qp) gives rise to the class

x′0 − θ′ηi, if z0 6= 0,

f̃mon(θ′ηi, ηi) + (x′0 − θ′ηi), if z0 = 0

 ≡ f0α ∈ (K×f /K
×2
f )N≡1.

Meanwhile, by Proposition 19, the class in (K×f /K
×2
f )N≡1 corresponding to (x0, y0, z0) ∈

Sf (Zp) is also f0α. Thus, the number of elements of (K×f /K
×2
f )N≡1 of the form f0α arising

form points of Sf (Zp) is bounded above by the total number of GAn(Qp)-orbits on WAn(Qp)

arising from Qp-rational points on any one of the finitely many curves Cf,η1 , . . . , Cf,η` . By [15,

§6.2], the number of GAn(Qp)-orbits on WAn(Qp) arising from each Cf,ηi is at most 2mi−1 when

p is odd (resp., 2
n−3
2

+mi when p = 2), where mi is the number of distinct irreducible factors

of fmon(x, ηi). But clearly mi = m for each i, so we get the desired upper bound of ` · 2m−1

when p is odd (resp., 2
n−3
2

+m when p = 2).

As for the statement about stabilizers, by Proposition 19 and (1.9), the stabilizer of any

orbit arising via orbf,1 is isomorphic to K×f [2]N≡1, which has size #K×f [2]N≡1 = 2m−1.

3.4 Proof of Theorem 61

For a monic polynomial f(x) = x2n+1 +
∑n

i=1 cix
n−i ∈ Z[x], let the height of f be defined by

H(f) := H(c1, . . . , c2n+1) := max{|ci|n(n−1)/i : i = 1, . . . , n}. For an element T ∈ WAn(Z), let

the height of (the GAn(Z)-orbit of) T be defined byH(T ) = H(chT ). We say that (the GAn(Z)-

orbit of) T is irreducible if chT is separable and the GAn(Q)-orbit of T is non-distinguished.

3.4.1 Counting irreducible integral orbits of bounded height

In this section, we give a count of the number of irreducible orbits of GAn(Z) on WAn(Z) of

bounded height. We use this count in §3.4.2, where we sieve to those integral orbits that

arise from integral points.

Recalling the notation defined in §3.3.1, fix m ∈ {0, . . . , n−1
2
} and τ ∈ {1, . . . , 2m + 1}.
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Let WAn(Z)(m,τ) := W
(m,τ)
An

∩ WAn(Z), and let N(WAn(Z)(m,τ);X) denote the number of

GAn(Z)-orbits of irreducible elements T ∈ WAn(Z)(m,τ) satisfying H(T ) < X. Then we have

the following adaptation of [15, Theorem 10.1 and (10.27)]:

Theorem 79. There exists a nonzero constant J ∈ Q such that

N(WAn(Z)(m,τ);X) =
|J |

2m+n−1
2

·Vol(GAn(Z)\GAn(R)) ·
∫

(c1,...,c2n+1)∈I(m)
H(c1,...,cn)<X

dc1 · · · dcn + o(X
n+1
2n−2 ),

where the fundamental volume Vol(GAn(Z)\GAn(R)) is computed with respect to a differential

ω that generates the rank-1 module of top-degree differentials of G over Z.

Proof. In [15], Bhargava and Gross work with the subrepresentation W ′
An
⊂ WAn consisting

of the traceless operators in WAn . Such traceless operators have characteristic polynomial

with the coefficient c1 of the term xn−1 equal to 0. They prove that N(W ′
An

(Z)(m,τ);X)

is given by a formula (see [15, Theorem 10.1 and (10.27)]) that is almost identical to the

formula in the statement of Theorem 79, except that the value of J may be different and

the integral runs over (0, c2, . . . , cn) ∈ I(m). By simply lifting the restriction that c1 = 0,

it is not hard to check that the proof of [15, Theorem 10.1 and (10.27)] carries over with

minimal modifications to prove Theorem 79.

In the following lemma, we derive an upper bound on the constant |J | in Theorem 79:

Lemma 80. We have that

|J | ≤ 2n−1 · Vol(GAn(Z2)) ·
∏
p>2

p
n(n−1)

2 · Vol(GAn(Zp))
#GAn(Z/pZ)

.

Proof. Let R = C, R, or Zp where p is a prime. Let R ⊂ Rn be any open subset, and

let s : R ! WAn(R) be a continuous function such that the characteristic polynomial of

s(c1, . . . , cn) is given by xn +
∑n

i=1 cix
n−i for every (c1, . . . , cn) ∈ R. The constant J arises

as a multiplicative factor in the following change-of-measure formula:
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Proposition 81. For any measurable function φ on WAn(R), we have

∫
T∈GAn (R)·s(R)

φ(T )dT = |J | ·
∫
R

∫
GAn (R)

φ(g · s(c1, . . . , cn))ω(g)dr,

where we regard GAn(R) · s(R) as a multiset, | − | denotes the standard absolute value on

R, dT is the Euclidean measure on WAn(R), and dr is the restriction to R of the Euclidean

measure on Rn.

Proof of Proposition 81. The proof is identical to that of [26, Proposition 3.11].

In particular, the constant J is independent of the choices of R = C, R, or Zp and of

the region R and the functions s and φ. Thus, to compute |J |, we can make the following

convenient choices: take R = Zp, so that | − | = | − |p; take

R =

{
(c1, . . . , cn) ∈ Znp : xn +

n∑
i=1

cix
n−i ≡ f (mod p)

}

for a fixed monic irreducible degree-n polynomial f ∈ (Z/pZ)[x]; letting Σf := {T ∈

WAn(Zp) : chT ≡ f (mod p)}, take s to be any continuous right-inverse to the function that

sends T ∈ Σf to the list of coefficients of chT ; and take φ to be the function that sends T ∈ Σf

to 1
# Stab(T )

, where Stab(T ) ⊂ GAn(Zp) is the stabilizer of T , and sends T ∈ WAn(Zp) r Σf

to 0. The existence of the right-inverse s is well-known; see, e.g., §5.2.3.

Because φ is GAn(Zp)-invariant, Proposition 81 yields that for the above convenient

choices, we have on the one hand that

Vol(Σf ) =

∫
T∈GAn (Zp)·s(R)

1

# Stab(T )
dT

= |J |p · Vol(GAn(Zp)) ·
∫
f ′≡f (mod p)

∑
T∈GAn (Zp)\Σf

chT=f ′

1

# Stab(T )
dr. (3.32)

First suppose p 6= 2. We now compute the sum in the integrand in (3.32). Because we chose
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f to be irreducible over Z/pZ, the ring Rf ′ := Zp[x]/(f ′) is the maximal order in its field of

fractions Kf ′ , and it is in fact the unique local ring of rank n over Zp having residue field Fpn

(hence Rf ′ does not depend on the choice of f ′). Then by Theorem 39, there is precisely one

GAn(Zp)-orbit with characteristic polynomial f ′, and the size of the stabilizer of this orbit is

equal to #R×f ′ [2]N≡1 = 1. Thus, we find that

∑
T∈GAn (Zp)\Σf

chT=f ′

1

# Stab(T )
= 1. (3.33)

Combining (3.32) and (3.33) yields that

Vol(Σf ) = |J |p · Vol(GAn(Zp)) ·
∫
f ′≡f (mod p)

dr = |J |p ·
Vol(GAn(Zp))

pn
. (3.34)

Let Σf := {T ∈ WAn(Z/pZ) : chT = f}. Then the mod-p reduction map Σf ! Σf is

surjective, and we have by [15, §6.1] that #Σf = #GAn(Z/pZ). Thus, we have on the other

hand that

Vol(Σf ) =
#Σf

pdimWAn
=

#GAn(Z/pZ)

p
n(n+1)

2

. (3.35)

Equating (3.34) and (3.35) yields that

|J |p =
#GAn(Z/pZ)

p
n(n−1)

2 · Vol(GAn(Zp))
(3.36)

when p 6= 2.

Next, suppose p = 2. We now derive an upper bound on the sum in the integrand

in (3.32). By Theorem 39, the number of GAn(Z2)-orbits with characteristic polynomial f ′ is

equal to 2
n−3
2

(
2
n−1
2 +1

)
. The size of the stabilizer of any such orbit is equal to #R×f ′ [2]N≡1 = 1,

so we find that ∑
T∈GAn (Zp)\Σf

chT=f ′

1

# Stab(T )
= 2

n−3
2

(
2
n−1
2 + 1

)
. (3.37)
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Combining (3.32) and (3.37) yields that

Vol(Σf ) = |J |2 · Vol(GAn(Z2)) ·
2
n−3
2

(
2
n−1
2 + 1

)
2n

. (3.38)

Let Σf = {T ∈ WAn(Z/2Z) : chT = f}. Then the mod-2 reduction map Σf ! Σf is surjec-

tive, and by (1.9) and Proposition 19, the action of GAn(Z/2Z) on Σf is simply transitive,

so #Σf = #GAn(Z/2Z). Thus, we have on the other hand that

Vol(Σf ) =
#Σf

2dimWAn
=

#GAn(Z/2Z)

2
n(n+1)

2

. (3.39)

Combining (3.38) and (3.39) yields that

|J |−1
2 = 2n−1 · Vol(GAn(Z2)) ·

2
n2−2n−1

2

(
2
n−1
2 + 1

)
#GAn(Z/2Z)

(3.40)

Since GAn is not smooth over Z2, computing Vol(GAn(Z2)) is far more complicated, but we

do not need to know the value of Vol(GAn(Z2)) for our purpose. The value of #GAn(Z/2Z)

is given in [45, §6] to be #GAn(Z/2Z) = 2

(
n−1
2

)2∏n−1
2

i=1 (22i − 1), so it follows that

2
n2−2n−1

2

(
2
n−1
2 + 1

)
#GAn(Z/2Z)

=
(
2−1 + 2−

n+1
2

) n−1
2∏
i=1

(1− 2−2i)−1 ≤ 1. (3.41)

Applying the identity

|J |
∏
p

|J |p = 1 (3.42)

to (3.36), (3.40), and (3.41) completes the proof of Lemma 80.

3.4.2 Sieving to orbits arising from local points when 2 - f0

Let Vn,f0(Z)∗ be the subset of all F ∈ Vn,f0(Z) satisfying both conditions in Proposition 68

for every prime p | k. Let δ be the upper density of forms F ∈ Vn,f0(Z), enumerated by
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height, such that Sf (Z) 6= ∅. Then δ is bounded as follows:

δ ≤ lim
X!∞

#{f ∈ Vn,f0(Z)∗ : H(f) < X}+ #
(
GAn(Q)\{T ∈WAn(Z) : T is good, H(T ) < X}

)
#{f ∈ Vn,f0(Z) : H(f) < X}

,

(3.43)

where we say that T ∈ WAn(Z) is good if it is irreducible and T ∈ Pv for every place v.

The first term in the numerator and the denominator on the right-hand side of (3.43) are

respectively given by

#{f ∈ Vn,f0(Z)∗ : H(f) < X} = µf0 · f
−n(n−1)

2
0 · 2n ·X

n+1
2n−2 + o(X

n+1
2n−2 ), and (3.44)

#{f ∈ Vn,f0(Z) : H(f) < X} = f
−n(n−1)

2
0 · 2n ·X

n+1
2n−2 + o(X

n+1
2n−2 ). (3.45)

We now bound the second term in the numerator on the right-hand side of (3.43). To do this,

we use the following result, which generalizes Theorem 79 by giving an upper bound on the

number of integral orbits of height up to X satisfying certain infinite sets of local conditions:

Theorem 82 (cf. [15, Theorem 10.12]). Let φ : WAn(Z)! [0, 1] ⊂ R be a function such that

there exists a function φp : WAn(Zp)! [0, 1] for each prime p satisfying the following:

• For all T ∈ WAn(Z), the product
∏

p φp(T ) converges to φ(T ); and

• For each p, the function φp is locally constant outside a closed set Sp ⊂ WAn(Zp) of

measure 0.

Let Nφ(WAn(Z)m,τ ;X) be the number of GAn(Z)-orbits of irreducible elements T ∈ WAn(Z)m,τ

satisfying H(T ) < X, where each orbit GAn(Z) · T is counted with weight φ(T ) :=
∏

p φp(T ).

Then we have that

Nφ(WAn(Z)(m,τ);X) ≤ N(WAn(Z)(m,τ);X)
∏
p

∫
T∈WAn (Zp)

φp(T )dT + o(X
n+1
2n−2 ).

Proof. The proof is identical to the first half of the proof of [26, Theorem 2.21] (note that
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the “acceptable” hypothesis in [26, Theorem 2.21] is not needed for the upper bound in

Theorem 82).

To apply Theorem 82 to bound the second term in the numerator of (3.43), we need to

choose the weight functions φp. Given T ∈ WAn(Z), denote by m(T ) the quantity

m(T ) :=
∑

T ′∈O(T )

# StabQ(T ′)

# StabZ(T ′)
=

∑
T ′∈O(T )

# StabQ(T )

# StabZ(T ′)
,

where O(T ) denotes a set of representatives for the action of GAn(Z) on the GAn(Q)-orbit of

T , and where StabQ(T ′) and StabZ(T ′) respectively denote the stabilizers of T ′ in GAn(Q) and

GAn(Z). By [15, Proposition 10.8], counting GAn(Q)-orbits on WAn(Z) is, up to a negligible

error, no different from counting GAn(Z)-orbits on WAn(Z), where the GAn(Z)-orbit of T ∈

WAn(Z) is weighted by 1/m(T ).

The weight m(T ) can be expressed as a product over primes p of local weights mp(T ).

Indeed, as stated in [15, (11.3)], we have that

m(T ) =
∏
p

mp(T ), where mp(T ) :=
∑

T ′∈Op(T )

# StabQp(T )

# StabZp(T
′)
, (3.46)

where Op(T ) denotes a set of representatives for the action of GAn(Zp) on the GAn(Qp)-

orbit of T , and where StabQp(T
′) and StabZp(T

′) respectively denote the stabilizers of T ′ in

GAn(Qp) and GAn(Zp).

For each prime p, let ψp : WAn(Zp) ! {0, 1} ⊂ R be the indicator function of elements

T ∈Pp such that chT is separable. Then upon taking φp = ψp/mp for each p, Proposition 69

and Theorem 82 together imply that the numerator of (3.43) is bounded above by

n−1
2∑

m=0

2m+1∑
τ=1

N(WAn(Z)m,τ ;X) ·
∏
p

∫
T∈WAn (Zp)

ψp(T )

mp(T )
dT + o(X

n+1
2n−2 ). (3.47)

In the following proposition, we give a formula for the integrals over WAn(Zp) in (3.47):
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Proposition 83. Let p be a prime and let ψ be a continuous GAn(Qp)-invariant function on

WAn(Zp) such that every element T ∈ WAn(Zp) in the support of ψ is separable. Then we

have

∫
T∈WAn (Zp)

ψ(T )

mp(T )
dT =

|J |p · Vol(GAn(Zp)) ·
∫

(c1,...,cn)∈Znp

∑
T∈GAn (Qp)\WAn (Zp)

chT=xn+c1xn−1+···+cn

ψ(T )

# StabQp(T )
dc1 · · · dcn,

where J ∈ Q is the same constant that appears in Theorem 79.

Proof. The proof is identical to that of [15, Corollary 11.3].

If 2 6= p | f0, combining Proposition 78, Lemma 80, and Proposition 83 yields that

∫
T∈WAn (Zp)

ψp(T )

mp(T )
dT ≤ |J |p · Vol(GAn(Zp)) ·

∫
~c=(c1,...,cn)∈Znp
f i−1
0 |ci for every i

2m(~c)+1

2m(~c)−1
dc1 · · · dcn,

= 4 · Vol(GAn(Zp)) · |f0|
n(n−1)

2
p , (3.48)

where m(~c) is the number of irreducible factors of the polynomial xn +
∑n

i=1 cix
n−i ∈ Zp[x].

Similarly, when 2 = p | f0, combining Proposition 78 and Proposition 83 yields that

∫
T∈WAn (Z2)

ψ2(T )

m2(T )
dT ≤ 8 · 2

n−1
2 · |J |2 · Vol(GAn(Z2)) · |f0|

n(n−1)
2

2 . (3.49)

Next, for odd primes p - f0, Proposition 70 gives an upper bound on Vol(Pp) =
∫
T∈WAn (Zp)

ψp(T )dT .

Upon observing that mp(T ) ≥ 1, we deduce that the factor at p in (3.47) is bounded by

∫
T∈WAn (Zp)

ψp(T )

mp(T )
dT ≤ Vol(Pp) ≤ min

{
1,

n∑
m=1

p+ 1

2m−1
· Vol(GAn(Zp)) ·

#Ip(m)

pn

}
(3.50)
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If 2 = p - f0, then we can use Proposition 73 to similarly deduce that

∫
T∈WAn (Z2)

ψ2(T )

m2(T )
dT ≤ Vol(P2) ≤

n∑
m=1

12

2n+m−2
· 2 · #I8(m)

8n
. (3.51)

3.4.3 The final step

By [80], the Tamagawa number of GAn is equal to 2, so we have

Vol(GAn(Z)\GAn(R))
∏
p

Vol(GAn(Zp)) = 2. (3.52)

We can now apply Theorem 79, Lemma 80, and the bounds in (3.48), (3.49), (3.50), and (3.51)

to bound (3.47); combining the result with (3.44) and (3.45) gives a bound on δ via (3.43).

Then, simplifying this bound using (3.42) and (3.52), we draw the following conclusions:

Case 1: 2 - f0. When 2 - f0, we have

δ − µf0 �

 n−1
2∑

m=0

2n−1 · 2m+ 1

2
n−1
2

+m
· µ(I(m))

 ·( n∑
m=1

1

2n+m−1
· #I8(m)

8n

)
· (3.53)

∏
p-2f0

min

{
p
n(n−1)

2

#GAn(Z/pZ)
,

n∑
m=1

p+ 1

2m−1
· #Ip(m)

pn

}
where µ(I(m)) := (2n · X

n+1
2n−2 )−1 ·

∫
(c1,...,cn)∈I(m)
H(c1,...,cn)<X

dc1 · · · dcn denotes the probability that a

monic degree-n polynomial over R has 2m+ 1 real roots, and where the implied constant is

independent of n. In (3.53), the archimedean factor is O(2
n
2 ), the factor at primes dividing

f0 is O(1), and the factor at 2 is O(2−n).

We now bound the factor at odd primes not dividing f0. The following lemma allows us

to bound the factors at primes less than a small power of the degree n:
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Lemma 84. We have for each fixed A ∈ (0, 1/3) ⊂ R that

∏
3≤p≤nA

n∑
m=1

p+ 1

2m−1
· #Ip(m)

pn
� 2−ε1n

ε2 ,

where ε1, ε2 > 0 are real numbers that may depend on A.

Proof. We first estimate each factor in the product over primes. We split the sum at the

prime p into two ranges, one for m ≤ 1
2

log n and one for m > 1
2

log n. We bound the sum

over m > 1
2

log n as follows:

∑
1
2

logn<m≤n

p+ 1

2m−1
· #Ip(m)

pn
≤

∑
1
2

logn<m≤n

p+ 1

2m−1
≤ 2(p+ 1)√

n
. (3.54)

For the sum over m < 1
2

log n, we rely on the following result of Afshar and Porritt:2

Theorem 85 ([1, Remark 2.11]). Let p be a prime, and let 1 ≤ m ≤ log n. Then we have

the following uniform estimate:

#Ip(m)

pn
=

1

n
· (log n)m−1

(m− 1)!
·
(
Dp

(
m− 1

log n

)
+O

(
m

(log n)2

))

where the implied constant is absolute (i.e., does not depend on p), and where the function Dp

is defined as follows. Letting I ⊂ (Z/pZ)[x] be the set of all monic irreducible polynomials,

we have that

Dp(z) =
E(1/p, z)

Γ(1 + z)
, where E(x, z) =

∏
f∈I

(
1 +

zxdeg f

1− xdeg f

)
· (1− xdeg f )z.

We now turn the very careful estimate in Theorem 85 into a more easily usable form.

2Note that a result of this type was first proven by Car in [42]; the dependence of the error term on the
prime p was made explicit in [1].
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First, notice that for any x ∈ (0, 1/2) ⊂ R and z ∈ (0, 1) we have

(
1 +

zx

1− x

)
· (1− x)z ≤

(
1 +

zx

1− x

)
· (1− zx) = 1 +

(z − z2)x2

1− x
≤ 1 + x2. (3.55)

By Carlitz’s Theorem (see [43]), there are exactly pd−1 monic separable polynomials of degree

d over Z/pZ, and hence at most pd−1 monic irreducible polynomials of degree d over Z/pZ.

Using this together with (3.55), we deduce that

E(1/p, z) ≤
∏
f∈I

(1 + p−2 deg f ) ≤
∞∏
d=1

(1 + p−2d)p
d−1

. (3.56)

To estimate the right-hand side of (3.56), we take its logarithm and apply the bound log(1+

x) ≤ x (which holds for x > −1):

log

(
∞∏
d=1

(1 + p−2d)p
d−1

)
=
∞∑
d=1

pd−1 · log(1 + p−2d) ≤
∞∑
d=1

pd−1 · p−2d =
1

p(p− 1)
. (3.57)

Taking p = 2 in (3.57) and using the fact that Γ(1 + z) > 1/2, we have for any prime p, any

1 ≤ m ≤ log n, and all sufficiently large n that

Dp

(
m− 1

log n

)
+O

(
m

(log n)2

)
≤ 2
√
e+O

(
m

(log n)2

)
≤ 4, (3.58)

where e denotes the usual base of the natural logarithm. Upon combining (3.54), (3.58), and

Theorem 85, we find for all sufficiently large n that

n∑
m=1

p+ 1

2m−1
· #Ip(m)

pn
≤ 2(p+ 1)√

n
+

∑
1≤m≤ 1

2
logn

4(p+ 1)

n
·

(1
2

log n)m−1

(m− 1)!
(3.59)

≤ 2(p+ 1)√
n

+
4(p+ 1)

n
· e

1
2

logn =
6p+ 6√

n
≤ 8p√

n
,

where we have used the fact that
∑N

i=0
xi

i!
≤ ex for any x > 0 and integer N ≥ 0. By Erdős’

proof of Bertrand’s Postulate, we have
∏

p<N < 4N for any N ≥ 3. By the Prime Number
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Theorem, for any ε > 0, there exists an integer N > 0 such that for all N ′ > N , the number

of primes less than or equal to N ′ is at least (1 − ε) · N ′

logN ′
and is at most (1 + ε) · N ′

logN ′
.

Combining this fact with (3.59), we find for any fixed A < 1/3 and all sufficiently large n

(where “large” depends on A and ε) that

∏
3≤p≤nA

n∑
m=1

p+ 1

2m−1
· #Ip(m)

pn
≤ 8(1+ε)· nA

A logn · 4nA

(
√
n)(1−ε)· nA

A logn

� 2−ε1n
ε2 ,

for some real numbers ε2, ε2 > 0.

The following lemma allows us to bound the factors at the remaining primes:

Lemma 86. We have that ∏
p>2

p
n(n−1)

2

#GAn(Z/pZ)
� 1,

where the implied constant does not depend on n.

Proof. From (3.19), it follows that

log
p
n(n−1)

2

#GAn(Z/pZ)
=

n−1
2∑
i=1

− log(1− p−2i) ≤ 2 ·
n−1
2∑
i=1

p−2i ≤ 2

p2 − 1
, (3.60)

where we have applied the bound − log(1− x) ≤ 2x, which holds for x ∈ (0, 1/2) ⊂ R. It is

not hard to check (by comparing derivatives) that 2
p2−1
≤ log(1 + p−

3
2 ) for each p ≥ 5. Thus,

∏
p>2

p
n(n−1)

2

#GAn(Z/pZ)
≤ e

1
4

(1 + 2−
3
2 )(1 + 3−

3
2 )
·
∏
p

(1 + p−
3
2 )� 1.

It follows from Lemmas 84 and 86 that the factor at the odd primes not dividing f0 is

O(2−ε1n
ε2 ) for some real numbers ε1, ε2 > 0, so by (3.53), we have δ = µf0 + o(2−

n
2 ). This

completes the proof of the second statement in part (a) of Theorem 61.

We now determine the smallest n for which our method yields that a positive proportion

of superelliptic stacky curves in Vn,f0(Z) are insoluble. To this end, let Vn,f0(Z)max be the set
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of forms f ∈ Vn,f0(Z) such that Rf ⊗Z Zp is the maximal order in Kf ⊗Q Qp for every prime

p | f0 and such that condition (b) in Proposition 68 fails for some prime p | k. Let δmax be

the upper density of forms f ∈ Vn,f0(Z)max, enumerated by height, such that Sf (Z) 6= ∅.

For each prime p | f0, instead of applying Propositions 78 and 83 to obtain the bound (3.48),

we can apply Proposition 77 together with the trivial bound mp(T ) ≥ 1; doing so yields the

following explicit bound on δmax:

δmax ≤ 2 ·

 n−1
2∑

m=0

2n−1 · 2m+ 1

2
n−1
2

+m
· µ(I (m))

 · (3.61)

(
n∑

m=1

12

2n+m−2
· #GAn(Z/8Z)

8
n(n−1)

2

· #I8(m)

8n

)
·

(∏
p>2

p
n(n−1)

2

#GAn(Z/pZ)

)

Upon applying the estimates

n−1
2∑

m=0

2m+ 1

2
n−1
2

+m
· µ(I (m)) ≤ 3

2
·
n−1
2∑

m=0

µ(I (m)) =
3

2
and

#I8(m)

8n
≤ 1, (3.62)

we deduce that δmax < 2
15−n

2 ≤ 1 whenever n ≥ 15. By explicitly computing #I8(m)
8n

in sage

for n < 15, one can check that we also have δmax < 1 when n ∈ {11, 13}. Since the density

of Vn,f0(Z)max in Vn,f0(Z) is positive, this completes the proof of the first statement in part

(a) of Theorem 61.

Case 2: 2 | f0. When 2 | f0, we have

δ − µf0 �

 n−1
2∑

m=0

2m+ 1

2
n−1
2

+m
· µ(I(m))

 · 2n−1
2 ·

∏
p-f0

min

{
p
n(n−1)

2

#GAn(Z/pZ)
,

n∑
m=1

p+ 1

2m−1
· #Ip(m)

pn

}
(3.63)

where the implied constant is independent of n. In (3.63), the archimedean factor is O(2−
n
2 ),

the factor at 2 is O(2
n
2 ), and the factor at primes dividing f0 is O(1). It follows from

Lemmas 84 and 86 that the factor at the primes not dividing f0 is O(2−ε1n
ε2 ) for some real
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numbers ε1, ε2 > 0, so δ = µf0 + O(2−ε1n
ε2 ) in this case. This completes the proof of part

(b) of Theorem 61.

Remark 87. In [60], it is shown that the density of real degree-N polynomials (not necessarily

monic) having fewer than log(N + 1)/ log log(N + 1) real zeros is O((N + 1)−b+o(1)) for some

absolute constant b > 0. We expect that one can imitate the proof of this density result

to obtain an analogous theorem for monic polynomials. Given such an analogue, it may be

possible to improve (albeit modestly) the bounds on δ that we obtained above by bounding

the probability µ(I(m)).

3.5 Obstruction to the Hasse principle and the proof

of Theorem 62

In this section, we study how often superelliptic stacky curves satisfy the Hasse principle

using the method of descent. Specifically, upon defining the Jacobian of a superelliptic stacky

curve, we describe 2-coverings of such stacky curves, and we modify the proof of Theorem 61

to show that such stacky curves often have no locally soluble 2-coverings and thus fail the

Hasse principle. Upon showing that such a 2-covering obstruction to solubility is a special

case of the Brauer–Manin obstruction, we obtain Theorem 62.

3.5.1 The Jacobian of a superelliptic stacky curve

Given any (A,B) ∈ Wn(K) with ι(A,B) = fmon, we may regard A and B as quadratic forms

cutting out a pair of quadric hypersurfaces QA and QB in Pn−1
K . Let F(A,B) denote the Fano

scheme parametrizing n−3
2

-dimensional linear spaces contained in the base locus QA ∩ QB

of the pencil of quadric hypersurfaces spanned by QA and QB. The following proposition

states that F(A,B) is a torsor of the Jacobian of Sf :
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Proposition 88. Let (A,B) ∈ Wn(K) with ι(A,B) = fmon. Then, if #K is sufficiently

large, F(A,B) is a torsor over K of the Jacobian of the stacky curve Sf .

Proof. The Jacobian of a stacky curve X is defined to be the 0th-degree component Pic0(X )

of the group Pic(X ) of divisors on X modulo principal divisors. Let Ksep be a separable

closure of K, and let θ1, . . . , θn ∈ P1
K(Ksep) be the roots of f . Applying the correspondence

between isomorphism classes of line bundles and divisor classes to [40, proof of Proposition

2.2] yields that Pic0(Sf ) is the group generated by the classes of the divisors (1
2
θi − 1

2
θj)

subject to the relations 2 · (1
2
θi − 1

2
θj) = 0 for 1 ≤ i < j ≤ n; i.e., we have

Pic0(Sf ) = (Z/2Z)〈(1
2
θi − 1

2
θj) : 1 ≤ i < j ≤ n〉.

There is a natural right action of the absolute Galois group GK := Gal(Ksep/K) on Pic0(Sf ):

for σ ∈ GK , we have (1
2
θi − 1

2
θi) · σ = (1

2
(σ−1 · θi)− 1

2
(σ−1 · θj)).

A result of Wang (see [122, Corollary 2.5]) implies that, as long as #K is sufficiently

large, the Fano scheme F(A,B) is a torsor over K of the 2-torsion subgroup J [2] of the

Jacobian J of the monic odd-degree hyperelliptic curve y2 = fmon(x, 1). Thus, to prove that

F(A,B) is a torsor of Pic0(Sf ), it suffices to show that there is a GK-equivariant isomorphism

Pic0(Sf ) ' J [2]. But this is clear: the classes of (θi − θj) for 1 ≤ i < j ≤ n generate

J [2](Ksep) over Z/2Z.

Note in particular that the Gn(K)-orbit of (A,B) is distinguished if and only if F(A,B)

is the trivial torsor of the Jacobian of Sf (which happens if and only if F(A,B)(K) 6= ∅).

Remark 89. As it happens, Proposition 88 admits an analogue for pencils of even-dimensional

quadric hypersurfaces; see the work of Wang [122] (generalizing previous work of Reid [95,

Theorem 4.8]), showing that when n is even, the Fano scheme of maximal linear spaces in

the base locus of a pencil of quadric hypersurfaces generated by a pair (A,B) ∈ Wn(K) is a

torsor of the Jacobian of the hyperelliptic curve cut out by the equation z2 = inv(xA+ yB).
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We conclude this section by explaining how to visualize the simply transitive action of

Pic0(Sf ) on F(A,B)(Ksep) from Proposition 88. For each i ∈ {1, . . . , n}, let Qi be the singu-

lar fiber lying over the point θi in the pencil of quadrics spanned by QA and QB. Suppose

that T is generic, so that each of the quadrics Qi is a simple cone with cone point qi. Let

F(A,B)(Ksep) = {p1, . . . , p2n−1}, and for each ` ∈ {1, . . . , 2n−1}, let p` denote the correspond-

ing linear subspace of Pn−1
Ksep

. We illustrate this in the case where n = 3 in Figure 1.

We define an action of Pic0(Sf ) on F(A,B)(Ksep) by first specifying how each (1
2
θi) acts on

F(A,B)(Ksep). Let Li` ⊂ Pn−1
Ksep

be the linear span of the n−3
2

-plane p` and the point qi for each

pair (i, `). By [95, Theorem 3.8], there exists precisely one element pi(`) ∈ F(A,B)(Ksep)r{p`}

such that pi(`) ⊂ Li`. For each i, let (1
2
θi) act on F(A,B) by swapping p` and pi(`) for each

`. Then for each pair (i, j), the divisor (1
2
θi − 1

2
θj) acts on F(A,B) by swapping p` with

pi(j(`)) = pj(i(`)) for each `. When n = 1, for example, the divisor (1
2
θ1 − 1

2
θ2) acts on F(A,B)

by sending (p1, p2, p3, p4) to (p3, p4, p1, p2), as we demonstrate in Figure 1.

3.5.2 Defining the Brauer–Manin obstruction for SF

Let f be a separable integral binary form of odd degree n ≥ 3. While a suitable theory of

Brauer–Manin obstruction for stacks remains to be developed, such a theory is not required

in the context of superelliptic stacky curves. Indeed, we can exploit the fact that the stack

Sf is defined as a quotient of the punctured affine surface S̃f (see (3.2)), where the usual

theory of the Brauer–Manin obstruction for varieties applies.

Let S̃f,Q = S̃f ⊗Z Q, and let S̃f,Q(AQ)Br denote the usual Brauer–Manin set of the Q-

variety S̃f,Q (see [41, §1] for the definition). Let

S̃f (AQ)int :=
∏
v

S̃f (Zv) (3.64)

be the set of adelic points of S̃f that are integral in every place (i.e., the set of everywhere-

primitive adelic solutions to the superelliptic equation z2 = f(x, y), or equivalently, the set
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QA

QB

q3q1

q2

p1

p2
p3

p4

Figure 1: The pencil of conics spanned by QA and QB in P2
Ksep

, with singular fibers Q1,
Q2, and Q3 having cone points q1, q2, and q3, respectively. In this case, F(A,B)(Ksep) =
QA ∩ QB = {p1, p2, p3, p4}. The dashed arrows display the action of the degree-0 divisor
(1

2
θ1 − 1

2
θ2) on F(A,B).
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of everywhere-integral adelic points on the stacky curve Sf ). With this notation in place,

we define the Brauer–Manin set of Sf by

Sf (AQ)Br := S̃f (AQ)int ∩ S̃f,Q(AQ)Br, (3.65)

and we say that Sf has a Brauer–Manin obstruction to having an integral point if its Brauer–

Manin set is empty (i.e., if Sf (AQ)Br = ∅).

Because we have defined Sf (AQ)Br as a subset of S̃f,Q(AQ)Br, we can use the method

of descent as laid out for open varieties in [41] to obtain a set-theoretic “upper bound” on

Sf (AQ)Br. Indeed, suppose that we have a torsor ρ : Z ! S̃f,Q by a group of multiplicative

type or connected algebraic group Γ (all defined over Q). Let

S̃f,Q(AQ)ρ :=
⋃

σ∈H1(GQ,Γ(Q))

ρσ(Zσ(AQ)) (3.66)

be the descent set of ρ, where ρσ : Zσ ! S̃f,Q is the twist of ρ : Z ! S̃f,Q by a 1-cocycle repre-

senting σ ∈ H1(GQ,Γ(Q)). Since S̃f,Q is smooth and geometrically integral, [41, Theorem 1.1]

implies that

S̃f,Q(AQ)Br ⊂ S̃f,Q(AQ)ρ. (3.67)

It follows from (3.65) and (3.67) that Sf has a Brauer–Manin obstruction to having an

integral point if it has an obstruction to descent by Γ-torsors in the sense that we have

S̃f (AQ)int ∩ S̃f,Q(AQ)ρ = ∅.

3.5.3 2-Coverings

Let K be a field of characteristic not equal to 2, let f0 ∈ K×, and let f ∈ Vn,f0(K) be separa-

ble. Let θ1, . . . , θn ∈ Ksep be the distinct roots of the polynomial f(x, 1), and for each σ ∈ GK

and i ∈ {1, . . . , n}, let σ(i) ∈ {1, . . . , n} be defined by θσ(i) = σ(θi). Let S̃f and Sf respec-

tively denote the corresponding punctured affine surface and stacky curve (which are now de-
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fined overK, as opposed to Z). In this section, we specialize the discussion of descent in §3.5.2

to the case where Γ is equal to the Jacobian Pic0(Sf ) of Sf (see §3.3). Notice that Pic0(Sf )

is a group of multiplicative type, because over Ksep, it is isomorphic to a finite product of

copies of Z/2Z and is thus diagonalizable. Thus, we can apply (3.67) to Pic0(Sf )-torsors.

A Galois étale covering defined over K with Galois group isomorphic to Pic0(Sf ) as

GK-modules is called a 2-covering. Our strategy for describing the 2-coverings of S̃f is to

describe the 2-coverings of Sf and pull back along the quotient map S̃f ! [S̃f/Gm] = Sf .

We now briefly recall the results of [37, §5], in which Bruin and Flynn explicitly construct all

2-coverings of Sf up to isomorphism over K (see also [38, §3]). Consider the projective space

Pn−1
K with homogeneous coordinates [Z1 : · · · : Zn] such that GK acts on Zi by σ ·Zi = Zσ(i).

The distinguished covering is defined to be the closed subscheme C1 ⊂ Pn−1
K cut out by the

homogeneous ideal

I1 :=
(
(θi − θj)(Z2

` − Z2
m)− (θ` − θm)(Z2

i − Z2
j ) : i, j, `,m ∈ {1, . . . , n}

)
.

Let π1 : C1 ! P1
K be the map defined by

π1([Z1 : · · · : Zn]) =
θjZ

2
i − θiZ2

j

Z2
i − Z2

j

for any distinct i, j ∈ {1, . . . , n}. For each class α ∈ H1(GK ,Pic0(Sf )), the twist of

π1 : C1 ! P1
K by α is given explicitly as follows. By [15, last paragraphs of §4.2 and

§5.1], H1(GQ,Pic0(Sf )) can be identified with (K×f /K
×2
f )N≡1, so we may think of α as

being an element of (K×f /K
×2
f )N≡1. Let (α1, . . . , αn) be the image of α under the map

K×f /K
×2
f !

(
(Ksep)×/(Ksep)×2

)n
given by taking the product of the distinct embeddings of

each field component of Kf into Ksep. Then the twist of C1 by α is the closed subscheme

Cα ⊂ Pn−1
K cut out by the homogeneous ideal

Iα :=
(
(θi − θj)(α`Z2

` − αmZ2
m)− (θ` − θm)(αiZ

2
i − αjZ2

j ) : i, j, `,m ∈ {1, . . . , n}
)
,
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and the twist of π1 : C1 ! P1
K is the map πα : Cα ! P1

K defined by

πα([Z1 : · · · : Zn]) =
θjαiZ

2
i − θiαjZ2

j

αiZ2
i − αjZ2

j

for any distinct i, j ∈ {1, . . . , n}. The following theorem enumerates the basic properties of

the maps πα : Cα ! P1
K :

Theorem 90 ([37, Lemma 5.10] and [38, §3.1]). With notation as above, we have:

(a) For each α ∈ (K×f /K
×2
f )N≡1, the scheme Cα is a smooth, geometrically irreducible, pro-

jective curve of genus n−1
2
· 2n−2 − 3 · 2n−3 + 1;

(b) The action of GK leaves both Iα and πα invariant, so the map πα : Cα ! P1
K is defined

over K;

(c) The map πα is a covering map with Galois group generated by the automorphisms τi : C
α !

Cα defined by Zi ! −Zi for each i ∈ {1, . . . , n}; and

(d) We have that deg πα = 2n−1, that #(πα)−1(θi) = 2n−2, and that #(πα)−1(α) = 2n−1 for

each α ∈ P1
K(Ksep) r {θ1, . . . , θn}.

We now demonstrate that the map πα can actually be thought of as a 2-covering πα : Cα !

Sf .

Proposition 91. For any α ∈ (K×f /K
×2
f )N≡1, the map πα factors through the coarse moduli

map Sf ! P1
K to give a 2-covering πα : Cα ! Sf .

Proof. Recall that a finite étale cover of Sf is the pullback via Sf ! P1
K of a finite cover of

its coarse moduli space P1
K that is ramified with ramification index 2 at every point in the

preimage of θi ∈ P1
K(Ksep) for each i (to account for the fact that Sf has a 1

2
-point at each

θi) and unramified everywhere else. It follows from part (d) of Theorem 90 that the branch

locus of the map πα consists precisely of the points θi and that each point in (πα)−1(θi) has
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ramification index 2. Thus, the map πα factors through the stacky curve Sf , giving an étale

map πα : Cα ! Sf .

By parts (b) and (c) of Theorem 90, to prove that πα is a 2-covering of Sf over K, it

suffices to show that the group generated by the automorphisms τi is isomorphic to Pic0(Sf )

as GK-modules. Let J denote the Jacobian of the monic odd-degree hyperelliptic curve

y2 = fmon(x, 1). We claim that the map τi 7! (θi−∞) ∈ J [2](Ksep) defines a GK-equivariant

isomorphism of groups. To see why this claim holds, note that the group generated by the

automorphisms τi is isomorphic to

(Z/2Z)〈τ1, . . . , τn〉
/(

n∏
i=1

τi = 1

)

and the action of σ ∈ GK on τi is given by σ · τi = τσ−1(i), because the action of σ on Zi is

defined to be σ(Zi) = Zσ(i). On the other hand, we have that

J [2](Ksep) = (Z/2Z)〈(θ1 −∞), . . . , (θn −∞)〉
/(

n∑
i=1

(θi −∞)

)

and the action of σ ∈ GK on (θi −∞) is (θi −∞) · σ = (σ−1 · θi − σ−1 · ∞) = (θσ−1(i) −∞).

Thus, we have the claim. The proposition now follows from the fact that J [2] ' Pic0(Sf )

as GK-modules (see the proof of Proposition 88).

Remark 92. Note that two coverings πα1 : Cα1 ! Sf and πα2 : Cα2 ! Sf are isomorphic

(as coverings of Sf defined over K) if and only if α1 and α2 represent the same class in

(K×f /K
×2
f )N≡1.

Let (x0, y0, z0) ∈ Sf (k), and let α ∈ K×f be the element associated to the point (x0, y0, z0)

via the construction in §3.2. By (3.7), we have that

α =


x0 − θy0 if z0 6= 0,

F̃ (y0θ, y0) + (x0 − θy0) if z0 = 0
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where f̃ is as in (3.3). With this notation, we have the following result, which tells us which

2-covering of Sf has the property that (x0, y0, z0) lies in the image of its K-rational points:

Lemma 93. We have that (x0, y0, z0) ∈ πf0·α(Cf0·α(K)) ⊂ Sf (K).

Proof. First suppose z0 6= 0. By construction, the point [1 : 1 : · · · : 1] ∈ Cf0·α(K) satisfies

πf0·α([1 : 1 : · · · : 1]) =
θj(f0 · αi)− θi(f0 · αj)

f0 · αi − f0 · αj
=
θj · f0(x0 − θiy0)− θi · f0(x0 − θjy0)

f0(x0 − θiy0)− f0(x0 − θjy0)

(3.68)

= [x0 : y0] ∈ P1
K(K) = Sf (K).

Now suppose z0 = 0. Then one readily checks that the calculation in (3.68) goes through by

replacing [1 : 1 : · · · : 1] with the point [0 : 1 : 1 : · · · : 1] ∈ Cf0·α(K).

We have thus completed our description of the 2-coverings of Sf . The 2-coverings of S̃f

are precisely the pullbacks of the coverings πα : Cα ! Sf via the quotient map S̃f ! Sf .

3.5.4 Proof of Theorem 62

Let f ∈ Vn,f0(Z) be irreducible, let α ∈ (K×f /K
×2
f )N≡1, and consider the associated 2-covering

πα : Cα ! Sf over Q. We say that the 2-covering πα is locally soluble if for every place v

of Q, there exists a point Pv ∈ Sf (Zv) such that the number αv associated to Pv via (3.7)

is such that f0 · αv is equal to the image of α under the natural map (K×f /K
×2
f )N≡1 !

((Kf ⊗Q Qv)
×/(Kf ⊗Q Qv)

×2)N≡1. (Notice that in this situation, Pv ∈ πα(Cα(Qv)) by

Lemma 93.) Just as Bruin and Stoll did for hyperelliptic curves in [39, §2], we define the fake

2-Selmer set Sel2fake(Sf ) ⊂ (K×f /K
×2
f )N≡1 to be the set of locally soluble 2-coverings of Sf .

We claim that each element α ∈ Sel2fake(Sf ) gives rise to an orbit of GAn(Z) on WAn(Z),

the associated GAn(Q)-orbit of which is represented by the class α ∈ (K×f /K
×2
f )N≡1. For each

place v, let Pv ∈ Sf (Zv)∩πα(Cα(Qv)). Then via the construction in §3.2, Pv naturally gives

rise to an orbit of GAn(Zv) on WAn(Zv), the associated GAn(Qv)-orbit of which is represented
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by the class α ∈ ((Kf ⊗Q Qv)
×/(Kf ⊗Q Qv)

×2)N≡1. Since the algebraic group GAn has

class number equal to 1, and since the orbit of GAn(Qv) on WAn(Qv) associated to α has a

representative over Zv for every place v, it follows that the orbit of GAn(Q) on WAn(Q) has

representative over Z. Thus, we have the claim.

In the next lemma, we relate the fake 2-Selmer set to the Brauer–Manin obstruction:

Lemma 94. If Sel2fake(Sf ) = ∅, then Sf has a Brauer–Manin obstruction to having an

integral point.

Proof. Let π : C ! S̃f,Q be any 2-covering. We have by (3.64), (3.65), (3.66), and (3.67) that

Sf (AQ)Br ⊂ S̃f (AQ)int ∩ S̃f,Q(AQ)π =

(∏
v

Sf (Zv)

)
∩

 ⋃
α∈H1(GQ,Pic0(Sf )(Q))

πα(Cα(AQ))


⊂

⋃
α∈Sel2fake(Sf )

πα(Cα(AQ)),

and clearly the last union above is empty if Sel2fake(Sf ) = ∅.

In proving Theorem 61, we imposed local conditions on WAn(Z) to sieve to the orbits that

arise from local points at each place. By definition, the exact same local conditions define

orbits that arise from elements of fake 2-Selmer sets. Moreover, if f ∈ Vn,f0(Z) r Vn,f0(Z)∗,

Proposition 68 implies that the distinguished covering is not everywhere locally soluble.

Thus, by the argument in §3.4, we have the following result:

Theorem 95. The upper density of forms f ∈ Vn,f0(Z) such that Sel2fake(Sf ) 6= ∅ is at most

µf0 + o(2−
n
2 ) when 2 - f0 and at most µf0 +O(2−ε1n

ε2 ) for some ε1, ε2 > 0 when 2 | f0.

To prove Theorem 62, it remains to determine how often it is that the stacky curves Sf

have integral points everywhere locally. We do so as follows:

Lemma 96. The density of forms f ∈ Vn,f0(Z) such that Sf (Zv) 6= ∅ for every place v is

at least µ′f0 +O(2−n).
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Proof. By (3.1), we always have Sf (R) 6= ∅. If there is no prime p | k such that f(x0, y0) = 0

for every [x0 : y0] ∈ P1(Z/pZ), then for any prime p | k, there exists a pair (x0, y0) ∈ Z2 such

that gcd(x0, y0) = gcd(f(x0, y0), p) = 1, so (x0f(x0, y0), y0f(x0, y0), f(x0, y0)
n+1
2 ) ∈ Sf (Zp).

On the other hand, if p | k and the mod-p reduction of f has a simple zero at some point of

P1(Z/pZ), then Sf has a Weierstrass point over Zp and is thus soluble. Moreover, for any

prime p such that p - k but p | f0, we have
(
k, 0, f

1
2

0 k
n
2

)
∈ Sf (Zp), and for any prime p - f0,

we have
(
f0, 0, f

n+1
2

0

)
∈ Sf (Zp).

If p | k, the p-adic density of forms f ∈ Vn,f0(Z) such that the mod-p reduction of f has a

zero of multiplicity greater than 1 at each point of P1(Z/pZ) is p−2p−1 if 2p+ 2 < n and p−n

otherwise. Thus, the density of forms f ∈ Vn,f0(Z) such that Sf (Zv) 6= ∅ for every place v

is at least
∏

p|k(1− p−2p−1 − p−n) = µ′f0 +O(2−n).

It follows from Theorem 95 and Lemma 96 that for all sufficiently large n, a positive

proportion of f ∈ Vn,f0(Z) are such that Sel2fake(Sf ) = ∅ and Sf (Zv) 6= ∅ for every place v.

Indeed, we have that

(1− µf0) + (µ′f0 +O(2−n)) = 1−
∏
p|k

1

p2
+
∏
p|k

(
1− 1

p2p+1

)
+O(2−

n
2 ),

which is greater than 1 for every sufficiently large n. Theorem 62 now follows from Lemma 94.
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Chapter 4

The second moment of the size of the

2-Selmer group of elliptic curves

This chapter is largely based on my joint work [28] with Manjul Bhargava and Arul Shankar.

4.1 Introduction

Let f be a separable integral binary form of even degree n ≥ 4. In this chapter, we prove

that 2-Selmer elements of the Jacobian of the hyperelliptic curve z2 = f(x, y) give rise to

square roots of the class of the inverse different of Rf , and we apply the parametrization of

such square roots developed in §1 to prove new results about the distribution of the 2-Selmer

groups of hyperelliptic Jacobians. Specifically, we resolve two new cases of the Poonen–Rains

heuristics [92] by proving that the average size of the 2-Selmer group of locally soluble genus-

1 curves is at most 6, and that the second moment of the size of the 2-Selmer group of elliptic

curves is at most 15. Crucial to the proofs of these results are new equidistribution techniques

involving Fourier analysis that allow us to overcome the dependence of the parametrization

on the leading coefficient.
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4.1.1 Statements of main results

Recall that every elliptic curve over Q is isomorphic to a unique curve of the form

EI,J : y2 = x3 − I
3
x− J

27
,

where I, J are integers satisfying the following three conditions: 3 | I, 27 | J , and for

every prime p, we have that 3p4 - I if 27p6 | J . The height of EI,J is defined to be

H(EI,J) := H(I, J) := 4
27

max{|I|3, J2/4}.

In [22,24,26,27], Bhargava and Shankar determined, for each n ∈ {2, 3, 4, 5}, the average

size of the n-Selmer group in the universal family of elliptic curves over Q ordered by height.

The purpose of this chapter is to prove an analogous result for the second moment of the

size of the 2-Selmer group. Specifically, we prove the following theorem:

Theorem 97. When elliptic curves over Q are ordered by height, the second moment of the

size of the 2-Selmer group is at most 15.

In fact, we prove that Theorem 97 holds for any subfamily of elliptic curves defined by any

finite set or any acceptable infinite set of congruence conditions, and further that the upper

bound of 15 is tight if one assumes a certain plausible uniformity estimate. Currently, the

best lower bound that we know on the second moment is 10. Indeed, since 22d ≥ 6× 2d− 8,

where d denotes the 2-Selmer rank, and since the average size of the 2-Selmer group is 3

(by [26, Theorem 1.1]), we obtain the lower bound 6× 3− 8 = 10 on the second moment.

A key ingredient in the proof of Theorem 97 is the determination of the average size of

the 2-Selmer group of the Jacobian of locally soluble genus-1 curves:

Theorem 98. Consider the family of locally soluble genus-1 curves of the form z2 = f(x, y),

where f is an irreducible integral binary quartic form up to PGL2(Q)-action. When these

curves are ordered by the heights of their Jacobian elliptic curves, the average size of the

2-Selmer group of the Jacobian is at most 6.
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Theorems 97 and 98 confirm remarkable heuristics due to Poonen and Rains (see [92],

cf. [20]), who modeled the p-Selmer group, where p is a prime, as a random intersection of a

discrete maximal isotropic subspace with a compact open maximal isotropic subspace in a

locally compact quadratic space over the finite field Fp. Using this model, they arrived at a

conjecture for the distribution of the p-Selmer group of elliptic curves. As far as the moments

of the distribution are concerned, Poonen and Rains made the following precise prediction:

Conjecture 99 ([92, Conjecture 1.1(c)]). Let p be prime. The mth moment of the size of

the p-Selmer group of elliptic curves over Q is
∏m

i=1(pi + 1).

The only cases of Conjecture 99 that have been proven in the literature are the cases

where m = 1 and p ∈ {2, 3, 5} (see [24, 26, 27]). Theorem 97 constitutes the very first result

toward Conjecture 99 in the case where m > 1. We note that the distribution of the p-

Selmer group conjectured by Poonen and Rains is also expected to hold for various special

families of elliptic curves, and for p = 2, significant progress has been made toward proving

the conjecture for such families: In [69], Heath-Brown determined the distribution of the

2-Selmer group for the family of congruent number curves, and Swinnerton-Dyer (see [118])

and Kane (see [74]) showed that the same distribution holds for any family of quadratic twists

of a single elliptic curve with full rational 2-torsion. Considerably more is known about 2-

Selmer groups in quadratic twist families; see, for example, the works of Klagsbrun, Mazur,

and Rubin computing the proportion of twists of a given elliptic curve E with even 2-Selmer

rank [76] and, when the 2-torsion of E generates an S3-cubic field, the proportion of twists

with given 2-Selmer rank [77], as well as the very recent work of Smith [112] determining

(under certain technical conditions) the distribution of the 2k-Selmer group in quadratic

twist families of elliptic curves for every k ≥ 1.
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4.1.2 Background on hyperelliptic curves and their Selmer groups

Let C/Q be a hyperelliptic curve of positive genus g. Recall that C is isomorphic to a curve

of the form

Cf : z2 = f(x, y) = f0x
n + f1x

n−1y + · · ·+ fny
n,

where n = 2g + 2 and the binary form f = f(x, y) is separable with integer coefficients fi,

and where we regard Cf as a curve embedded in the weighted projective plane P2
Q(1, 1, g+1)

with coordinates [x : y : z].

Let J = Jac(C) be the Jacobian of C; if C = Cf , we write Jf = Jac(Cf ). Recall that

an n-covering of J is an unramified covering π : Y ! J by a principal homogeneous space

Y for J , all defined over Q, with the property that π(y + a) = π(y) + na for any y ∈ Y and

a ∈ J . The degree of any n-covering is n2g, and the fiber over the origin gives a principal

homogeneous space for the n-torsion subgroup J [n]. The class of this homogeneous space in

the Galois cohomology group H1(Q, J [n]) determines the n-covering π up to isomorphism.

We say that a variety over Q is soluble if it has a point defined over Q and locally

soluble if it has points defined over R and over Qp for every prime p. The elements of

the n-Selmer group Seln(J) ⊂ H1(Q, J [n]) are in bijection with the isomorphism classes of

locally soluble n-coverings of J ; under this correspondence, the elements of the subgroup

J(Q)/nJ(Q) ⊂ Seln(J) map to the isomorphism classes of soluble n-coverings of J .

An n-covering of C is an unramified covering π : D ! C defined over Q that is Galois

over Q and whose Galois group is isomorphic to J [n](Q) as a Gal(Q/Q)-module. If C is

soluble, then the Abel-Jacobi map realizes C as a subvariety of J , and pullback under the

inclusion C ↪! J defines a bijection between the n-coverings of J and those of C. When

g = 1, this bijection preserves both solubility and local solubility.
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4.1.3 Method of proof and organization

Computing the second moment of | Sel2(E)| amounts to determining the average size of the

set Sel2(E)2 of pairs (π1, π2) of isomorphism classes of locally soluble 2-coverings of E. We

start by giving a simple heuristic for why the second moment of | Sel2(E)| should be 15. To do

this, fix a locally soluble 2-covering π1 of an elliptic curve E, and consider the following cases:

Case 1 : Suppose π1 corresponds to the trivial element of Sel2(E). Then E can be arbitrary,

and [26, Theorem 1.1] implies that there are 3 choices for π2 on average.

Case 2 : Suppose π1 corresponds to a non-trivial element of Sel2(E). Then [26, Theorem 1.1]

implies that there are 2 choices for π1 on average. Moreover, the elliptic curve E cannot

be arbitrary—it has a marked non-trivial 2-Selmer element, namely the one corresponding

to π1. We expect that this marked element gives an extra generator for the 2-Selmer group

100% of the time, and so, there should be 2× 3 = 6 choices for π2 on average, twice as many

choices as in case 1.

Combining the results of cases 1 and 2, we conclude that there should be a total of 1× 3 +

2× 6 = 15 choices for the pair (π1, π2) on average, as desired.

Our proof of Theorem 97 essentially makes the above heuristic rigorous. To compute the

average number of pairs of locally soluble 2-coverings of elliptic curves, we apply an enhanced

version of the parametrize-and-count strategy used in [22,24,26,27] to determine the average

value of | Seln(E)| for n ∈ {2, 3, 4, 5}. Our strategy consists of two pieces: an algebraic

piece, in which one parametrizes the objects of interest in terms of the rational orbits of

a certain coregular representation and constructs integral representatives for these orbits;

and an analytic piece, in which one combines geometry-of-numbers and equidistribution

techniques to count these integral representatives.

To parametrize pairs of locally soluble 2-coverings, we start by recalling the parametriza-

tion of individual locally soluble 2-coverings in terms of PGL2(Q)-orbits of binary quartic

forms over Q. For a binary quartic form f ∈ Q[x, y], we call f (locally) soluble if Cf is.
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Letting E = EI,J for integers I, J , the parametrization states that the map f 7! Cf defines

a bijection between the set of PGL2(Q)-orbits of (locally) soluble binary quartic forms with

PGL2-invariants I, J and the set of isomorphism classes of (locally) soluble 2-coverings of E.

Our task is then to parametrize pairs (f, f ′) of locally soluble binary quartic forms that

have the same invariants I, J . We do this by fibering over the first element of the pair.

Fix a locally soluble binary quartic form f ∈ Q[x, y] with invariants I, J . Let us first con-

sider the case where f is in fact soluble. Here, the set of locally soluble binary quartic

forms f ′ ∈ Q[x, y] with invariants I, J is in bijection with the locally soluble 2-coverings

of Cf (i.e., elements of Sel2(Jf )), or equivalently, locally soluble 4-coverings of E (i.e., ele-

ments of Sel4(E)). As shown in [122], such coverings naturally correspond to certain orbits

of the group (SL4 /µ2)(Q) acting via change-of-basis on pairs (A,B) ∈ W4(Q) such that

ι(A,B) = f . Thus, we may parametrize pairs (f, f ′) of binary quartic forms, where f is

soluble and f ′ is locally soluble, in terms of (SL4 /µ2)(Q)-orbits of pairs (A,B) ∈ W4(Q)

such that ι(A,B) = f .

The case where f is not soluble is far trickier, because locally soluble binary quartic forms

f ′ ∈ Q[x, y] with the same invariants as f are not always realizable as pairs (A,B) ∈ W4(Q)

satisfying ι(A,B) = f . Indeed, as shown in [17], such a pair (A,B) might not even exist if

f is insoluble over Q! To circumvent the possibility that f might not be soluble, we simply

manufacture a Q-rational point by replacing f with its monicization fmon, which is defined

as follows: letting f0 6= 0 be the leading coefficient of f , we write fmon := f−1
0 × f(x, f0y).

The soluble genus-1 curve Cfmon is a quadratic twist of Cf by Q(
√
f0), and its Jacobian is the

elliptic curve Ef20 I,f
3
0J ; we thus obtain identifications EI,J [2] ' Ef20 I,f

3
0J [2] and Jf [2] ' Jfmon [2]

of group schemes over Q. These identifications induce isomorphisms

H1(Q, EI,J [2]) ' H1(Q, Ef20 I,f
3
0J [2]), and (4.1)

H1(Q, Jf [2]) ' H1(Q, Jfmon [2]) (4.2)
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in Galois cohomology. The isomorphism (4.1) maps the classes of the locally soluble 2-

coverings defined by f and fmon to each other. The isomorphism (4.2) allows us to identify

locally soluble 2-coverings of Jf with certain 2-coverings of Jfmon ; crucially, we show that the

2-coverings of Jfmon arising in this way correspond to (SL4 /µ2)(Q)-orbits of pairs (A,B) ∈

W4(Q) such that ι(A,B) = fmon, and further that these orbits have representatives defined

over Z (up to a bounded factor). More precisely, we have the following result, which holds

for binary forms of any even degree n and which we prove in §4.2:

Theorem 100. Let f ∈ Z[x, y] be a separable binary form of even degree n, and suppose

that Cf is locally soluble if n ≡ 0 (mod 4). There is a natural injective map of sets

Sel2(Jf )


(SLn /µ2)(Q)-orbits of (A,B) ∈ Wn(Q)

such that ι(A,B) = fmon

 (4.3)

Moreover, there exists an integer κ ≥ 1 depending only on n such that if we replace the

binary n-ic form f(x, y) with g(x, y) = f(x, κy), then the (SLn /µ2)(Q)-orbit arising from an

element of Sel2(Jg) ' Sel2(Jf ) contains an integral representative of the form (An, B).

Let f be as in Theorem 100. To prove the theorem, we first show that the elements of

Sel2(Jf ) correspond to square roots of the ideal class of the inverse different of Rf . We then

apply the parametrization developed in §1, which relates square roots of the class of the

inverse different of Rf to pairs (A,B) ∈ Wn(Z) such that ι(A,B) = fmon.

Once the parametrization has been established, and pairs (f, f ′) of 2-Selmer elements of

elliptic curves have been mapped into (SL4 /µ2)(Z)-orbits (equivalently, PSOA4(Z)-orbits; see

§1.3.3) of pairs (A4, B) with ι(A4, B)(x, y) = fmon(x, κy), we must then estimate the number

of these orbits having bounded height. The analysis required to do this is considerably more

complicated than that developed in previous works, such as [22] or [24], since the current

parametrization is not in terms of orbits for a group acting on a single lattice, but rather for

a group acting on a family of increasingly sparse subsets of a lattice. Indeed, fix an integer
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a 6= 0. Then the set of forms fmon, as f varies across binary quartic forms ax4 + · · · , has

density a−6 in the set of all monic binary quartic forms. Hence, we expect that the set of

pairs (A4, B) satisfying ι(A4, B) = fmon for some f(x, y) = ax4 + · · · also has density around

a−6 in the set of all pairs (A4, B).

The leading coefficient a of f grows with the height of the elliptic curve in question.

In more concrete terms, let E = EI,J be an elliptic curve such that H(E) = X6. (For the

purpose of developing heuristics, this happens to be the most convenient height normalization

to take; there are � X5 elliptic curves with height ≤ X6.) The set of non-trivial elements

in the 2-Selmer group of E (up to some slight subtleties at the prime 2 that we will ignore)

admits a surjective map from the set of PGL2(Z)-orbits on the set of locally soluble binary

quartic forms f having invariants I and J , such that f has no rational linear factor. By

definition, the height of each such form f is also X6. Reduction theory then implies that

the PGL2(Z)-orbit of f has a representative g(x, y) = ax4 + bx3y + cx2y2 + dxy3 + ey4, the

coefficients of which satisfy the bounds

|a| � X

t4
, |b| � X

t2
, |c| � X, |d| � t2X, |e| � t4X,

where t ≥ 4
√

3/
√

2 is necessarily � X1/4, for otherwise a is forced to be 0. In the balance

of this section, we will assume that t = 1 for the following reasons: this will simplify the

notation considerably; the number of points when t is large is negligible; and for small t 6= 1,

the proof is identical to the proof when t = 1.

The monicization fmon has coefficients 1, b, ac, a2d, and a3d, which satisfy the bounds

|b| � X, |ac| � X2, |a2d| � X3, |a3e| � X4.

Therefore, any lift (A4, B) with ι(A4, B) = fmon has a representative (A4, B
′) in its PSOA4(Z)-

orbit such that the coefficients b′ij of B are all bounded by some constant times X, multiplied

by some cuspidal factors that are easily bounded. Furthermore, the element B′, like f , sat-
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isfies congruence conditions having density around a−6. (This density is asymptotic to a−6

when a is squarefree, but the situation is more complicated when a is divisible by a high

power of a prime and is addressed in Lemma 146.) As we show in §4.3, one key feature of

the parametrization is that these congruence conditions are actually defined modulo a, and

not some higher power thereof. A matrix B ∈ U4(Z) satisfying these congruence conditions

modulo a is said to be special at a. The condition of being special at a squarefree integer

a is beautifully explicit: namely, B must be of rank ≤ 1 modulo a (i.e., B must be of rank

≤ 1 modulo p for every prime p dividing a). On the contrary, the specialness condition at

prime powers is significantly more involved.

Our task is now to determine, for each nonzero a � X, an asymptotic for the number

of PSOA4(Z)-orbits on pairs (A4, B), where the “height” of B is bounded by X and B is

special at a. We must then sum this asymptotic over a. Heuristically, the total sum is

�
∑
a�X

a−6X10 � X5.

This is exactly what we expect, and if made rigorous, could be used to show that the second

moment of the size of the 2-Selmer groups of elliptic curves is finite.

However, there are several difficulties in carrying out this strategy. The first is that we

need to keep precise control over the error dependence on both X and a. When a is around

the size of X, this requires some additional methods going beyond the use of Davenport’s

lemma. After introducing the necessary setup in §4.4, we achieve this in §4.5 for squarefree

a by proving that special points are equidistributed modulo a; this is carried out via twisted

Poisson summation together with a computation of the Fourier coefficients of the set of

points special at a. This method proves the correct asymptotic along with a sufficiently

small error term that is explicit in both X and a.

Other difficulties arise in the cases not covered above. First, and less seriously, equidis-

tribution methods are not as readily available when a is a multiple of p2 for some prime p,
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since in this case we do not have sufficiently explicit descriptions of special elements. While

this difficulty can be circumvented using the scale invariance of specialness, we choose to

resolve it in a way that simultaneously handles the next difficulty.

The second difficulty, which is far more serious, is the following: the “height” function by

which we need to count the elements B is not a natural one (hence the scare quotes around

the word “height”). Essentially, we must take the naive height on elliptic curves, which

yields a PGL2(Z)-invariant height on the space V4(R) of binary quartic forms. We must

then restrict this height, appropriately scaled, to the space V1(R) of monic binary quartic

forms. Finally, we must lift the height from V1(R) to the space WA4(R) of pairs (A4, B),

where B has real coefficients.

To see why this produces an unnatural height on WA4(R), consider the situation when a =

1. In this case, elements in a fundamental set for the action of PGL2(R) on V4(R) with leading

coefficient 1 and height less than X consist of polynomials f(x) = x4 + bx3 + cx2 + dx + e,

the coefficients of which satisfy the bounds

b� X, c� X, d� X, e� X.

When such a region is lifted to WA4(R), we obtain a set of elements B, the anti-traces of

which can be as large as their determinants. Such a region is necessarily quite skewed, and

neither Davenport’s lemma nor our Fourier analytic methods suffice to count integer points

within it while obtaining a sufficiently tight error term. It is not necessary to lower a all

the way down to 1: even when a is around X1−κ, with κ > 1/12, the associated region in

WA4(R) is far too skewed, and we are unable to efficiently count integer points in it.

We resolve this problem in §4.5 as follows. Let a be an integer that is small compared to

X, say a � X1−κ for some κ > 0. Then the set of elements in V1(R) with “height” less than

X consists of polynomials f(x) = x4 + bx3 + cx2 + dx+ e, where the coefficients of f satisfy
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the bounds

b� X, c� X2−κ, d� X3−2κ, e� X4−3κ.

These bounds, as explained before, lead to skewed regions upon lifting to WA4(R). Instead,

we consider the region inside V4(R) consisting of elements f(x, y) = a′x4 + bx3y + cx2y2 +

dxy3 + ey4, where the coefficients satisfy the bounds

a′ � Xκ, b� X, c� X2−κ, d� X3−2κ, e� X4−3κ. (4.4)

Our goal is now to bound SL4(Z)-orbits on pairs (A,B) ∈ W4(Z) such that: the form ι(A,B)

satisfies the coefficient bounds (4.4); detA = 1; and B is special at a. This is possible using

traditional geometry-of-numbers methods, since the lift of the set of elements satisfying (4.4)

to W4(R) is not skewed. Moreover, since we only require upper bounds in this case, it suffices

to obtain a minimal saving from the condition detA = 1.

We note that this unskewing process, wherein we expand the set of elements in V1(R)

having bounded height, actually requires the action of SL4 on W ; just having an action of

PSOA4 on WA4 would not suffice. When the powerful part of a (the product of prime powers

dividing a with multiplicity greater than 1) is large, we similarly use the action of SL4(Z)

to obtain upper bounds on the number of PSOA4(Z)-orbits on WA4(Z) with bounded height

that are special at a. These upper bounds, both when a is small and when the powerful

part of a is large, are not optimal. However, we show that because such integers a appear as

leading coefficients relatively rarely, their contribution to the second moment is negligible.

Consequently, for the purpose of computing the second moment, it is enough to determine

asymptotics for the number of PSOA4(Z)-orbits on WA4(Z) of bounded height that are special

at a for those leading coefficients a that are both close to X and close to squarefree. As

described above, we carry this out using equidistribution methods.

This results in an upper bound on the second moment of the size of the 2-Selmer group

of elliptic curves in terms of a product of local integrals. We finish in §4.6 by evaluating
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these integrals using a mass formula.

Up to some factors of 6 (see §4.2.2.3 for details), we show in §4.2 that when n ≡ 2 (mod 4)

or when f is locally soluble, the 2-Selmer elements of Jac(Cf ) naturally give rise to square

roots of the ideal class of the fractional ideal In−2
f (where R = Z, Q, or a completion thereof).

4.2 Parametrization of 2-Selmer groups of hyperelliptic

Jacobians

The purpose of this section is to prove Theorem 100. We begin in §4.2.1 by constructing

rational orbits from 2-Selmer elements. This construction of rational orbits can be regarded

as a reformulation of a result of Stoll and van Luijk, namely [115, Theorem 1.1], in terms of

the action of SLn /µ2 on W . Crucially, we show in §4.2.2 that the rational orbits arising from

2-Selmer elements have integral representatives, thus allowing us to use geometry-of-numbers

methods to count 2-Selmer elements.

4.2.1 Construction of rational orbits via Galois cohomology

In this section, we first rephrase the parametrization of rational orbits in Proposition 21 in

the language of Galois cohomology. We then apply this rephrasing to construct the desired

rational orbits from 2-Selmer elements.

4.2.1.1 Reinterpreting the parametrization using Galois cohomology

Take a pair (A,B0) ∈ Wn(K) with ι(A,B0) = fmon. Applying Proposition 21 to the separable

closure Ksep of K, we see that there is a unique (SLn /µ2)(Ksep)-orbit on Wn(Ksep) with

resolvent fmon. Let (Af , Bf ) ∈ Wn(Ksep) be a representative of this unique (SLn /µ2)(Ksep)-

orbit. Then there exists g ∈ (SLn /µ2)(Ksep) such that (A,B0) = g · (Af , Bf ). For any

σ ∈ Gal(Ksep/K), we have that (A,B0) = σg ·(Af , Bf ), so g−1σg ∈ Stab(SLn /µ2)(Ksep)(Af , Bf ),
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and the map σ 7! g−1σg defines a 1-cocycle on Gal(Ksep/K) with values in

Stab(SLn /µ2)(Ksep)(Af , Bf ) '
(
(ResKf/K µ2)N≡1/µ2

)
(Ksep),

the cohomology class of which depends only on the (SLn /µ2)(K)-orbit of (A,B) and has

trivial image under the map δK : H1(K, (ResKf/K µ2)N≡1/µ2) ! H1(K, SLn /µ2). This con-

struction defines a bijection

{
(SLn /µ2)(K)-orbits on Wn(K) with resolvent fmon

}
ker δK . (4.5)

From the long exact sequence in cohomology of the short exact sequence

1 (ResKf/K µ2)N≡1/µ2 ResKf/K µ2/µ2 µ2 1N

we obtain the following surjective map:

φ : H1(K, (ResKf/K µ2)N≡1/µ2) ker
(

N: H1(K,ResKf/K µ2/µ2)! H1(K,µ2)
)
(4.6)

As shown in [16, §4.4], the subset φ−1((K×f /K
×2
f K×)N≡1) ⊂ H1(K, (ResKf/K µ2)N≡1/µ2)

lies in ker δK , so to prove that a class in H1(K, (ResKf/K µ2)N≡1/µ2) corresponds to an

(SLn /µ2)(K)-orbit on Wn(K) with resolvent fmon under the bijection (4.5), it suffices to

show that its image under φ lies in (K×f /K
×2
f K×)N≡1.

4.2.1.2 The construction

To construct the map (4.3), we first work over a local field K of characteristic not equal to 2.

Let f ∈ Vn(K) be a separable binary n-ic form with nonzero leading coefficient, and assume

that Cf is soluble over K if n ≡ 0 (mod 4). We shall now construct an injective map of sets
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Jf (K)/2Jf (K)


(SLn /µ2)(K)-orbits of (A,B) ∈ Wn(K)

such that ι(A,B) = fmon

 (4.7)

By [17, part (2) of Proposition 22], we have

Jf [2] ' (ResKf/K µ2)N≡1/µ2 ' (ResKfmon/K µ2)N≡1/µ2

as group schemes over K.

Upon combining the 2-descent map Jf (K)/2Jf (K) ↪! H1(K, Jf [2]) with the cohomolog-

ical description of the parametrization in Proposition 21 established in §4.2.1.1, we obtain

the following commutative diagram:

Jf (K)/2Jf (K) (K×f /K
×2
f K×)N≡1

H1(K, Jf [2]) H1(K, (ResKfmon/K µ2)N≡1/µ2) ker N

“x− θ”

∼ φ

(4.8)

where the homomorphism “x−θ” in the top row of (4.8) is defined in [93, §5] and essentially

evaluates the quantity x − θ on divisor classes. That the “x − θ” map is defined on all

of Jf (K)/2Jf (K) follows from our assumption that Cf is soluble when n ≡ 0 (mod 4)

(see [93, §10]). From (4.8), we see that the image of Jf (K)/2Jf (K) in ker N lies in the subset

(K×f /K
×2
f K×)N≡1 ' (K×fmon

/K×2
fmon

K×)N≡1, so we conclude that the image of Jf (K)/2Jf (K)

in H1(K, (ResKfmon/K µ2)N≡1/µ2) lies in ker δK . Since classes in ker δK correspond to orbits,

we obtain the desired map (4.7).

Now let K = Q. Since the group SLn /µ2 is an adjoint group, we have from [90, Theo-

rem 6.22] that the map

H1(Q, SLn /µ2)!
∏
v

H1(Qv, SLn /µ2)

157



is injective, where the product on the right-hand side is taken over all places v of Q. That

the local map Jf (Qv)/2Jf (Qv) ↪! H1(Qv, Jf [2]) has image contained in ker δQv for every

place v of Q then implies that the global map Sel2(Jf ) ↪! H1(Q, Jf [2]) has image contained

in ker δQ, as desired.

We now claim that the (SLn /µ2)(Qv)-orbit (resp., (SLn /µ2)(Q)-orbit) arising from an ele-

ment α0 ∈ Jf (Qv)/2Jf (Qv) (resp., α0 ∈ Sel2(Jf )) admits a representative of the form (An, B)

for some matrix B ∈ WAn(Qv) (resp., B ∈ WAn(Q)). It suffices to prove the following:

Proposition 101. Let v be a place of Q, and let (A,B) ∈ Wn(Qv) be a representative of the

orbit arising from an element of Jf (Qv)/2Jf (Qv) via (4.7). Then A is split over Qv.

Proof. Choose an element α0 ∈ Jf (Qv)/2Jf (Qv), and let α ∈ K×f be a representative of

(x − θ)(α0). It suffices to show that the symmetric bilinear form πn−1 ◦ 〈−,−〉 : Kf ×

Kf ! Qv has a maximal isotropic subspace defined over Qv. In [105, proof of Theo-

rem 10], a maximal isotropic subspace over Qv(
√
f0) is constructed, and an explicit ba-

sis
(
Qv(
√
f0)
)
〈v1, . . . , vn

2
〉 is given. This basis has the property that, for some integer

i ∈ {1, . . . , n
2
}, we have vj ∈ Kf for each j ≤ i and vj ∈

√
f0Kf for each j > i. Letting

v′j :=
√
f−1

0 vj ∈ Kf for each j > i, we conclude that the basis Qv〈v1, . . . , vi, v
′
i+1, . . . , v

′
n
2
〉

defines a maximal isotropic subspace over Qv.

By (1.12) and Proposition 101, we see that an element α0 ∈ Jf (Qv)/2Jf (Qv) (resp., α0 ∈

Sel2(Jf )) gives rise to an orbit of PSOAn(Qv) on WAn(Qv) (resp., PSOAn(Q) on WAn(Q)).

Let K be any field. In what follows, when we consider binary forms with a fixed nonzero

leading coefficient f0, we say that an element B ∈ WAn(K) is soluble if it arises via the above

construction from an element of Jf (K)/2Jf (K) for some binary form f ∈ Vn,f0(K). When

K = Q, we say that an element B ∈ WAn(K) is locally soluble if it is soluble over Qv for

every place v of Q.
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4.2.2 Construction of integral representatives

We now want to construct integral representatives for the rational orbits arising from 2-

Selmer elements. To do this, it suffices to work over K = Qp. Let f ∈ Vn,f0(Zp) be a binary

n-ic form with nonzero leading coefficient f0 that is separable over Qp, and assume that Cf

is soluble over Qp if n ≡ 0 (mod 4). Fix an element α0 ∈ Jf (Qp)/2Jf (Qp). We then have

the following result, the proof of which occupies the balance of this section:

Theorem 102. There exists an integer κ ≥ 1 depending only on n such that if we replace

the binary n-ic form f(x, y) with g(x, y) = f(x, κy), then the (SLn /µ2)(Qp)-orbit on Wn(Qp)

arising from α0, viewed as an element of Jg(Qp)/2Jg(Qp), contains a representative of the

form (An, B) ∈ Wn(Zp).

We split the proof of Theorem 102 into three successively more complicated cases, de-

pending on whether f is primitive and on whether p > n. We start in §4.2.2.1 with the case

where f is primitive and p > n. In this case, it is not necessary to scale the variable y: we can

construct an integral representative with resolvent f itself. The construction is facilitated

by the fact that we can replace a binary n-ic form with a suitable SL2(Zp)-translate whose

leading coefficient is not divisible by p. Then, in §4.2.2.2, we modify the construction in

§4.2.2.1 to handle imprimitive f when p > n; here too, we obtain an integral representative

with resolvent f . We conclude in §4.2.2.3 by building upon the construction in §4.2.2.2 to

handle the case where p < n; here, we construct an integral representative with resolvent

f(x, pDy) for some integer D ≥ 0. We then take κ =
∏

p<n p
D.

4.2.2.1 Construction of integral representative for f primitive and p > n

Suppose that f is primitive and that p > n. Then there exists γ = [ s t
u v ] ∈ SL2(Zp) such that

the binary n-ic form f ′(x, y) := f((x, y) · γ) =
∑n

i=0 f
′
ix
n−iyi has leading coefficient f ′0 ∈ Z×p .

Let θ′ = −u+vθ
s−tθ ∈ Kf ′ be the root of f ′, let Rf ′ = Zp〈ζ ′1, . . . , ζ ′n−1〉 be the basis elements (1.1)

of Rf ′ defined with respect to θ′, and let N′ denote the norm with respect to this basis. Let

159



α′0 be the image of α0 under the isomorphism Jf (Qp)/2Jf (Qp) ' Jf ′(Qp)/2Jf ′(Qp) induced

by γ. We first construct a pair (I ′, α′), where I ′ is a based fractional ideal of Rf ′ and α′ ∈ Kf ′

is a representative of (x − θ′)(α′0) such that I ′2 ⊂ α′In−2
f ′ and N′(I ′)2 = N′(α′)f ′0

2−n. Then,

the orbit corresponding to (I ′, α′) has resolvent f ′, so by Lemma 14, we can transform (I ′, α′)

into a pair (I, α) for f .

Since we assumed that either n ≡ 0 (mod 4) and Cf ′(Qp) 6= ∅ or n ≡ 2 (mod 4), it

follows from [17, Proposition 21] that there exists a rational divisor D̃ ∈ Div0(Cf ′)(Qp) such

that α′0 = [D̃] ∈ Jf ′(Qp)/2Jf ′(Qp). The next lemma shows that we can replace the divisor

D̃ with a new divisor D satisfying properties that turn out to be crucial in constructing the

desired ideal I ′. For monic forms f ′, this lemma was proven in [121, §3]. Here, we extend that

argument to handle classes D̃ ∈ Div0(Cf ′)(Qp), where f ′0 ∈ Z×p is not necessarily equal to 1.

Lemma 103. There exists an effective divisor D =
∑m

i=1(P ′i ) ∈ Div(Cf ′)(Qp) such that the

following three properties are satisfied:

• m ≤ n
2
;

• P ′i = (a′i, 1, c
′
i) ∈ Cf ′(Qp) with a′i ∈ OQp and c′i 6= 0 for each i ∈ {1, . . . ,m}; and

• (x− θ′)(D) = (x− θ′)(D̃) ∈ (K×f ′/K
×2
f ′ Q×p )N≡1.

Proof. We construct the desired divisor D in a sequence of three steps as follows:

Step 1: It is a standard fact (see [93, §5]) that there exists a principal divisor D1 ∈

Div0(Cf ′)(Qp) such that D̃ + D1 is supported neither at the ramification points of Cf ′ over

P1
Qp , nor at the points (1, 0,±

√
f ′0) ∈ Cf ′(Qp) lying above infinity in P1

Qp . We define D to be

D̃+D1; by translating D with divisors of the form 2D′, where D′ is the divisor corresponding

to a closed point of Cf ′ over Qp, we may assume that each point in the support of D occur

with multiplicity equal to 1. It is clear that (x− θ′)(D̃) = (x− θ′)(D).

Step 2: We now construct a divisor D2 ∈ Pic0(Cf ′)(Qp) such that D − D2 has at most n
2

non-infinite points in its support. In the previous paragraph, we arranged for D to take the
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form D =
∑k

i=1(Qi), where Qi = (ai, 1, ci) ∈ Cf ′(Qp) with ci 6= 0 for each i. If k > n
2
, let

P ∈ Qp[x] be the monic polynomial of degree k defined by P(x) =
∏k

i=1(x − ai), and let

R ∈ Qp[x] be the unique (not necessarily monic) polynomial of minimal degree at most k−1

such that R(ai) = ci for each i ∈ {1, . . . , k}. Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x]

has a root x = ai for each i ∈ {1, . . . , k}, so we have that R(x)2 − f ′(x, 1) = P(x)H(x) for

some polynomial H ∈ Qp[x]. Because f ′ is separable over Qp, we have that H 6≡ 0.

Consider the rational function g := y−R(x) on Cf ′ . Note that g is defined over Qp, that

the zeros of g are precisely the zeros of PH, and that the poles of g lie over infinity. Thus,

letting div(g) be the principal divisor associated to the function g, we have that D− div(g)

is supported over the zeros of H and over the infinite points. But since k > n
2
, we have that

degH = deg(R(x)2 − f ′(x, 1))− degP(x) ≤ k − 1,

so D − div(g) has strictly fewer than k non-infinite points in its support. By iterating the

above process, we obtain a sequence of functions g = g1, g2, . . . , g` until D−
∑`

i=1 div(gi) has

at most n
2

non-infinite points in its support. We let D2 =
∑`

i=1 div(gi), and we redefine D to

be D−D2. Just as in step 1, we modify D so as to ensure that each point in the support of D

occurs with multiplicity 1. Once again, the above modifications leave (x−θ′)(D) unchanged.

Step 3: We now claim that we can simply delete every point in the support of D that

is not of the form (a, 1, c), where a ∈ OQp . Observe that there are two ways for a point

(a, b, c) ∈ Cf ′(Qp) in the support of D to fail to be in this form: either b 6= 0 and a/b 6∈

OQp , or (a, b, c) = (1, 0,±
√
f ′0) is one of the points at infinity. We handle each of these

two cases as follows:

Case 1 : First suppose that we have a point Q1 = (a1, 1, c1) ∈ Cf ′(Qp) in the support of D

such that a1 6∈ OQp . Let {Qi = (ai, 1, ci) : 1 ≤ i ≤ k} be the set of Gal(Qp/Qp)-conjugates

of Q1; since D is a rational divisor, each Qi occurs with the same multiplicity ν. We claim

that ξ :=
∏k

i=1(ai − θ) ∈ K×2
f ′ Q×p . Indeed, since ai 6∈ OQp , the denominator of ξ is pj for
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some integer j > 0, and for a suitable u ∈ Z×p , we have upjξ ∈ K×2
f . We then redefine D to

be D −
∑k

i=1Qi.

Case 2 : Now suppose that (1, 0,
√
f ′0) ∈ Cf (Qp) is in the support of D. If f ′0 6∈ Q×2

p , it

follows that (1, 0,−
√
f ′0) is also in the support of D, and so the support of D over the points

at infinity is a multiple of the hyperelliptic class, and it follows from [93, Proposition 5.1]

that this class lies in the kernel of the “x− θ′” map. If f ′0 ∈ Q×2
p , then [39, §2] implies that

(x − θ′)(1, 0,±
√
f ′0) = f ′0 ≡ 1. We may thus simply delete all of the infinite points in the

support of D.

The modifications performed in both cases 1 and 2 above leave (x − θ′)(D) unchanged.

This completes the proof of the proposition.

Let D be as in Lemma 103. We proceed with the construction under the assumption that

m is even; at the end of this section, we explain how to deal with the case where m is odd.

If m = 0, then we simply take (I ′, α′) =
(
I
n−2
2

f ′ , 1
)
. Now suppose that m > 0. We define

polynomials P , R, and H, much as in step 2 of the proof of Lemma 103, but this time,

we strive to ensure that these polynomials have integral coefficients. Let P ∈ Qp[x] be the

monic polynomial of degree m defined by P(x) =
∏m

i=1(x − a′i). By our construction of D

in Lemma 103, the class α′ := P(θ′) ∈ (K×f /K
×2
f Q×p )N≡1 is equal to (x − θ′)(α′0). Next, let

R ∈ Qp[x] be the unique (not necessarily monic) polynomial of minimal degree at most m−1

such that R(a′i) = c′i for each i ∈ {1, . . . ,m}. Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x]

has a root at x = a′i for each i, so there exists H ∈ Qp[x] such that R(x)2 − f ′(x, 1) =

P(x)H(x). Since we chose D so that a′i ∈ OQp for each i, we have P ∈ Zp[x]. We proceed

under the assumption that we also have R ∈ Zp[x]; at the end of this section, we explain

how to handle the case where R 6∈ Zp[x]. Then, since P ,R, f ′(x, 1) ∈ Zp[x], it follows from

the relation R(x)2 − f ′(x, 1) = P(x)H(x) that H ∈ Zp[x] as well.

Consider the following Rf ′-submodule of Kf ′ :

I ′ = Rf ′〈R(θ′),P(θ′)〉.
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Note that θ′ ∈ Rf ′ because f ′0 ∈ Z×p , so since P ,R ∈ Zp[x], the fractional ideal I ′ is in fact

an integral ideal of Rf ′ . We now prove that the pair (I ′, α′) ∈ Hf ′,1:

Lemma 104. We have I ′2 ⊂ α′In−2
f ′ , and for some choice of a basis of I ′, we have

N′(I ′)2 = N′(α′)f ′0
2−n

.

Proof. Computing the square of I ′ yields the following:

I ′
2

= Rf ′〈R(θ′)2,R(θ′)P(θ′),P(θ′)2〉 = α′Rf ′〈H(θ′),R(θ′),P(θ′)〉 ⊂ α′Rf ′ ,

where the last step above follows from the fact that θ′ ∈ Rf ′ and P ,R,H ∈ Zp[x]. Since

p - f ′0, we have that Rf ′ = In−2
f ′ , and the first assertion follows.

That N′(I ′)2 and N′(α′)f ′0
2−n generate the same fractional ideal of Zp follows immediately

from [15, proof of Proposition 8.5]. Since both N′(I ′)2 and N′(α′)f ′0
2−n are elements of Q×2

p ,

we can choose a basis of I ′ so as to ensure that N′(I ′)2 = N′(α′)f ′0
2−n.

Next suppose thatR 6∈ Zp[x]. Since f ′0 ∈ Z×p , it follows from [105, proof of Proposition 12]

(see also [15, proof of Proposition 8.5]) that we can modify D so that it is supported on m−2

points while preserving the properties in Lemma 103. If the value of the new polynomial R

arising from the modified divisor D fails to be integral, we induct downward, repeating the

process until R becomes integral or D is supported on at most 1 point.

We now handle the case where m is odd. After applying the steps in the proof of

Lemma 103, the only way for this to fail is if we performed a deletion of an odd-degree

closed point of Cf ′ over Qp in step 3. Regardless of whether this deletion occurred in case 1

or 2 of step 3, we must have f ′0 ∈ Q×2
p , so the points (1, 0,±

√
f ′0) at infinity must be defined

over Qp. In this case, if m is odd, it follows from [17, proof of Proposition 34] that there

exists a fractional ideal I ′ of Rf ′ such that I ′2 ⊂ αIn−3
f ′ and N′(I ′)2 = N′(α′)f ′0

3−n. But since

f ′0 ∈ Z×p , we have that In−3
f ′ = In−2

f ′ as fractional ideals, and since f ′0 ∈ Q×2
p , we can find a
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basis of I ′ with respect to which N′(I ′)2 = N′(α′)f ′0
2−n.

4.2.2.2 Construction of integral representative for f imprimitive and p > n

Suppose that gcd(f0, . . . , fn) = pd for some d > 0 and that p > n. We first show that we can

reduce the problem to the case where d = 1. Suppose that d > 1, and let f̃ = p−2bd/2cf ∈

Zp[x, y]; notice that the greatest common divisor of the coefficients of f̃ is either 1 or p. Then

Cf ' Cf̃ , and this isomorphism induces an identification Jf (Qp)/2Jf (Qp) ' Jf̃ (Qp)/2Jf̃ (Qp);

letting α̃0 be the image of α0 under this identification, observe that (x−θ)(α0) = (x−θ)(α̃0).

Suppose that we have constructed a pair (Ĩ , α̃) ∈ Hf̃ ,1, where α̃ ∈ K×
f̃

= K×f is a repre-

sentative of (x− θ)(α̃0), and let (A,B) ∈ Wn(Zp) be any representative of the corresponding

SL±n (Zp)-orbit. Then by Lemma 22, the pair (A, p2bd/2cB) ∈ Wn(Zp) lies in the image of

orbf,1, and its Gn(Qp)-orbit corresponds via Proposition 19 to α̃ = (x − θ)(α0) ∈ K×f /K
×2
f ,

as desired. We have thus reduced the problem to the case where d ∈ {0, 1}; if d = 0, then

the construction in §4.2.2.1 applies, so we assume that d = 1 in the remainder of this section.

Just like in §4.2.2.1, we now replace f with its translate f ′(x, y) = f((x, y)γ) by an

element γ ∈ SL2(Zp); this time, however, we choose γ so that p divides the leading coefficient

f ′0 of f ′ exactly once (such a γ exists because p > n). Recalling the notation from §4.2.2.1,

it once again suffices by Lemma 14 to construct a pair (I ′, α′), where I ′ is a based fractional

ideal of Rf ′ and α′ ∈ K ′f is a representative of (x − θ′)(α′0) such that I ′2 ⊂ α′In−2
f ′ and

N′(I ′)2 = N′(α′)f ′0
2−n.

Just like we argued in §4.2.2.1, [17, Proposition 21] implies that there exists a divisor

D̃ ∈ Div0(Cf ′)(Qp) such that α′0 = [D̃] ∈ Jf ′(Qp)/2Jf ′(Qp). The following lemma gives the

analogue of Lemma 103 in the present setting:

Lemma 105. There exists an effective divisor D =
∑m

i=1(P ′i ) ∈ Div(Cf ′)(Qp) such that the

following three properties are satisfied:

• m ≤ n
2

is even;
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• P ′i = (a′i, 1, c
′
i) ∈ Cf ′(Qp) with a′i ∈ OQp and c′i 6= 0 for each i ∈ {1, . . . ,m}; and

• (x− θ′)(D) = (x− θ′)(D̃) ∈ (K×f ′/K
×2
f ′ Q×p )N≡1.

Proof. Steps 1 and 2 in the proof of Lemma 103 go through without change. As for step 3,

let f ′′(x, y) = p−1f ′(x, y). Then the “x− θ′” map for f ′ is the same as that for f ′′; thus, the

argument in case 1 of step 3 implies that we can delete all points of the form (a, 1, c) such

that a 6∈ OQp . Since the points (1, 0,±
√
f ′0) are evidently not defined over Qp, the number

m must be even.

Let D be as in Lemma 105. If m = 0, then we simply take (I ′, α′) =
(
I
n−2
2

f ′ , 1
)
. Now

suppose that m > 0. We define polynomials P , R, and H, much as in §4.2.2.1, but this

time, we strive to ensure not only that these polynomials have integral coefficients, but also

that the coefficients of R are divisible by p. Let P ∈ Qp[x] be the monic polynomial of

degree m defined by P(x) =
∏m

i=1(x− a′i). By our construction of D in Lemma 105, the

class α′ := P(θ′) ∈ (K×f /K
×2
f Q×p )N≡1 is equal to (x − θ′)(α′0). Next, let R ∈ Qp[x] be

the unique polynomial of minimal degree at most m − 1 such that R(a′i) = c′i for each

i ∈ {1, . . . ,m}. Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x] has a root at x = a′i for each

i, so there exists H ∈ Qp[x] such that R(x)2 − f ′(x, 1) = P(x)H(x). Since we chose D so

that a′i ∈ OQp for each i, we have that P ∈ Zp[x]. We proceed under the assumption that we

also have R ∈ pZp[x]; at the end of this section, we explain how to handle the case where

R 6∈ pZp[x]. Then, since P ∈ Zp[x] is monic and R, f ′(x, 1) ∈ pZp[x], it follows from the

relation R(x)2 − f ′(x, 1) = P(x)H(x) that H ∈ pZp[x] as well.

Let f ′′ be as in the proof of Lemma 105, and consider the following Rf ′′-submodule of

Kf ′′ = Kf :

I ′′ := Rf ′′〈p−1R(θ′),P(θ′)〉.

Note that θ′ ∈ Rf ′′ because p−1f ′0 ∈ Z×p , so since P ∈ Zp[x] and R ∈ pZp[x], the fractional

ideal I ′′ is in fact an integral ideal of Rf ′′ . Letting N′′ denote the fractional ideal norm

with respect to the basis (1.1) of Rf ′′ , given explicitly by Zp〈1, p−1ζ1, . . . , p
−1ζn−1〉, it follows
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immediately from [15, proof of Proposition 8.5] that pm N′′(I ′′)2 and N′′(α′) generate the

same fractional ideal of Zp.

We now construct a list of elements that form part of a basis for I ′′ as a Zp-module:

Lemma 106. Let ` := n−m−2
2

. Then the list P(θ′), θ′P(θ′), . . . , θ′`P(θ′) ∈ I ′′ can be extended

to a basis of I ′′ as a Zp-module.

Proof. Because I ′′ is an integral ideal of Rf ′′ , it suffices to prove that s(~x) :=
∑`

i=0 xiθ
′iP(θ′)

is primitive as an element of Rf ′′ (i.e., that we have s(~x) = Rf ′′ r pRf ′′) for every primitive

tuple ~x = (x0, . . . , x`) ∈ Z`+1
p r pZ`+1

p . Given such a tuple ~x, let i ∈ {0, . . . , `} be the largest

index such that xi ∈ Z×p . Then, when s(~x) is expressed in the power basis Zp〈1, θ′, . . . , θ′n−1〉

of Rf ′′ , the coefficient of θ′m+i is a p-adic unit. Thus, p−1x 6∈ Rf ′′ .

Consider the Rf ′′-submodule pI ′′ ⊂ Kf ′′ . Then, by Lemma 106, we can find elements

η1, . . . , ηn−`−1 ∈ pI ′′ such that the following is a basis of pI ′′ as a Zp-module:

pI ′′ = Zp
〈
η1, . . . , ηn−`−1, pP(θ′), . . . , pθ′

`P(θ′)
〉
.

Let I ′ ⊂ Kf ′ be the free rank-n Zp-submodule with basis given by

I ′ = Zp
〈
η1, . . . , ηn−`−1,P(θ′), . . . , θ′

`P(θ′)
〉
.

Lemma 107. The Zp-submodule I ′ ⊂ Kf ′ is a fractional ideal of Rf ′.

Proof. It suffices to show that I ′ is closed under multiplication by elements ofRf ′ . Since pI ′′ is

closed under multiplication by elements of Rf ′′ ⊃ Rf ′ , it suffices to verify that ζ ′iθ
′jP(θ′) ∈ I ′

for each i ∈ {1, . . . , n − 1} and j ∈ {0, . . . , `}, or equivalently that (pθ′i)P(θ′) ∈ I ′ for each

i ∈ {1, . . . , n + ` − 1}. But notice that (pθ′i)P(θ′) = θ′i(pP(θ′)) ∈ pI ′′ ⊂ I ′, because pI ′′ is

an Rf ′′-submodule of Kf ′′ and is hence closed under multiplication by powers of θ′.

We now prove that the pair (I ′, α′) ∈ Hf ′,1:
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Lemma 108. We have I ′2 ⊂ α′In−2
f ′ , and for some choice of a basis of I ′, we have

N′(I ′)2 = N′(α′)f ′0
2−n

.

Proof. To prove the containment, it suffices to prove the following: that ηiηj ∈ α′In−2
f ′ for

each i, j ∈ {1, . . . , n − ` − 1}, that ηiθ
′jP(θ′) ∈ α′In−2

f ′ for each i ∈ {1, . . . , n − ` − 1} and

j ∈ {0, . . . , `}, and that θ′iP(θ′)2 ∈ α′In−2
f ′ for each i ∈ {0, . . . , 2`}. By construction, we have

that ηi ∈ pI ′′ for each i ∈ {1, . . . , n− `−1}. Thus, there exist βi, γ
(0)
i , . . . , γ

(`)
i ∈ Rf ′′ for each

i such that ηi = βiR(θ′) +
∑`

k=0 γ
(k)
i (pθ′kP(θ′)). Using the relation R(θ′)2 = P(θ′)H(θ′), we

find that

α′
−1

(ηiηj) ≡ βiβjH(θ′) (mod pRf ′′), and (4.9)

α′
−1

(ηiθ
′jP(θ′)) = ηiθ

′j ≡ βiθ
′jR(θ′) (mod pRf ′′). (4.10)

Since R,H ∈ pZp[x], it follows from (4.9) and (4.10) that every term in the expression of

α′−1(ηiηj) and of α′−1(ηiθ
′jP(θ′)) in the power basis Qp〈1, θ′, . . . , θ′n−1〉 has coefficient divisi-

ble by p. We deduce that ηiηj and ηiθ
′jP(θ′) are contained in α′Rf ′ ⊂ α′In−2

f ′ for each possible

i, j. Finally, notice that α′−1θ′iP(θ′)2 = θ′iP(θ′); since P ∈ Zp[x] has degree m, and since

θ′, . . . , θ′n−2 ∈ In−2
f ′ , it follows that θ′iP(θ′)2 ∈ α′In−2

f ′ for each i ∈ {0, . . . , 2` = n−m− 2}.

Recall that pm N′′(I ′′)2 and N′′(α′) generate the same fractional ideal of Zp. It follows

that the same holds for pm−2 N′(pI ′′)2 and N′(α′), and hence also for N′(I ′)2 and N′(α′)f ′0
2−n.

Since both N′(I ′)2 and N′(α′)f ′0
2−n are elements of Q×2

p , we can choose a basis of I ′ to ensure

that N′(I ′)2 = N′(α′)f ′0
2−n.

Next, suppose that we have R 6∈ pZp[x]. Then we also have that R2 6∈ pZp[x]. Letting

j(x) = p−1(R(x)2−f ′(x, 1)) = p−1P(x)H(x), it follows that the coefficient of xi in j(x) is a p-

adic unit if i = n and a p-adic integer for every i ∈ {2m−1, . . . , n−1}, and that the coefficient

of xi in j(x) has negative valuation for some i ∈ {0, . . . , 2m − 2}. Analyzing the Newton
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polygon of j then reveals that j has at least n − (2m − 2) roots with negative valuation.

Since P(x) | j(x) (as elements of Qp[x]), we also know that j has m roots with positive

valuation at the GQp-invariant list a′1, . . . , a
′
m ∈ OQp . Thus, letting D′ ∈ Div(Cf ′)(Qp) be

the divisor supported on the remaining roots of j that have positive valuation, we find that

D′ ∈ Div(Cf ′)(Qp) and degD′ ≤ m− 2.

Just like in Step 2 of the proof of Lemma 103, consider the function g := y−R(x) on Cf ′ .

Note that g is defined over Qp, that the zeros of g are precisely the zeros of j, and that the

poles of g lie over infinity. Applying the argument in step 3 of the proof of Lemma 103 then

implies that D′ satisfies the conditions of the lemma with m replaced by degD′ ≤ m−2. The

proof now concludes by downward induction on m; once m = 1, it is clear that R ∈ pZp[x].

4.2.2.3 Construction of integral representative for p < n

Now let p < n. As in §4.2.2.2, we reduce the problem to the case where pd = gcd(f0, . . . , fn) ∈

{1, p}. However, we might not necessarily be able to replace f with an SL2(Zp)-translate

f ′ such that νp(f
′
0) = d, where νp : Q×p ! Z denotes the usual normalized p-adic valuation.

Indeed, such a form f ′ fails to exist precisely when p < n and f is divisible by y
∏p−1

i=0 (x− iy)

modulo p. Nonetheless, it follows from [5] that we can always find an SL2(Zp)-translate f ′

of f such that νp(f
′
0) ≤ d1 for some bounded integer d1 > 0 depending only on the degree n.

Let f̃(x, y) = f ′(x, pd2y), where d2 ≥ d1 is an even integer, to be chosen shortly. Then

Cf ′ ' Cf̃ , and this isomorphism induces an identification

Jf ′(Qp)/2Jf ′(Qp) ' Jf̃ (Qp)/2Jf̃ (Qp)

; letting α̃0 be the image of α′0 under this identification, observe that

(x− θ′)(α′0) = (x− pd2θ′)(α̃0).

Let α̃ ∈ K×
f̃

= K×f ′ be a representative of (x − pd2θ′)(α̃0). Because f̃ is a multiple of a
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form with unit leading coefficient, the constructions described in §4.2.2.1–4.2.2.2 imply the

existence of a pair (Ĩ , α̃) ∈ Hf̃ ,1, with one caveat: when p = 2, the argument in case 1 of

step 3 of the proof of Lemma 103 only goes through for d2 � 1, where the implied constant

depends only on n. Choosing d2 so that this argument goes through, let (Ã, B̃) ∈ Wn(Zp)

be a representative of the (SLn /µ2)(Zp)-orbit corresponding to (Ĩ , α̃) via Theorem 13.

Since the pair (Ã, B̃) has ι(Ã, B̃) = f̃mon, it follows that the pair (Ã, p−d2B̃) ∈ Wn(Qp) has

ι(Ã, p−d2B̃) = f ′mon. Imitating the proof of Lemma 22, we see that (Ã, p−d2B̃) corresponds

via Theorem 13 to the pair (Ĩ , p(n−1)d2α̃), where we view Ĩ as a basis for Kf ′ . By Lemma 14,

the pair (Ĩ , p(n−1)d2α̃) corresponds to a pair (I, α) ∈ Hf,1. We then have the following lemma:

Lemma 109. Let (A,B) ∈ Wn(Qp) be the pair arising from (I, α) via Theorem 13. Then

there exists an element g ∈ SL±n (Qp) satisfying the following two properties: (1) gAgT = An;

and (2) When expressed in lowest terms, the denominators of the matrix entries of g are

bounded, depending only on n.

Proof. We first claim that the matrix entries of A have bounded denominators. Consider

the map 〈−,−〉∼ : Ĩ × Ĩ ! I2
f̃

defined by (β, γ) 7! (p(n−1)d2α̃)−1βγ. It follows from the proof

of Theorem 6 that, with respect to the chosen basis of Ĩ and the standard basis (1.3) of

In−2

f̃
, the matrix entries of 〈−,−〉∼ are polynomial functions in the following quantities: the

matrix entries of A and B, the coefficients of f̃ , and f ′0
−1. Thus, the matrix entries of the

map 〈−,−〉∼ have bounded denominators. From the proof of Lemma 14, we see that I is a

multiple of Ĩ and that In−2
f is a multiple of In−2

f̃
; in this way, I and In−2

f inherit bases from Ĩ

and In−2

f̃
. It is then clear that the matrix of the map 〈−,−〉∼ with respect to the chosen basis

of Ĩ and the standard basis of In−2

f̃
is equal to the matrix of the map 〈−,−〉 : I × I ! In−2

f

defined by (β, γ) 7! α−1βγ with respect to the bases of I and In−2
f inherited from Ĩ and

In−2

f̃
. Since the basis that In−2

f inherits from In−2

f̃
differs from the standard basis of In−2

f by

an element of GLn(Zp), the matrix entries of the map 〈−,−〉 with respect to the basis of I

inherited from Ĩ and the standard basis of In−2
f , and hence the matrix entries of A and B,

have bounded denominators.
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By Proposition 101, A is split over Qp; by the p-adic Jordan decomposition, there exist

finitely many SL±n (Zp)-orbits of symmetric matrices in Matn(Qp) of determinant 1 whose

matrix entries have bounded denominators. Combining these two observations with [85,

Chapter I, Lemma 6.3], we see that there exists g′ ∈ SL±n (Qp) such that its matrix entries

have bounded denominators and such that g′Ag′T =

 0 id

id 0

 ∈ Matn(Zp). Taking g′′ ∈

SL±n (Qp) such that g′′

 0 id

id 0

 g′′T = A, we set g = g′′g′.

The matrix entries of Ã are integral, and the matrix entries of p−d2B̃ have denominators

bounded by pd2 ; thus, the matrix entries of −Ã−1(p−d2B̃) have bounded denominators. For

each i ∈ {0, . . . , n− 1}, let mi : Kf ! Kf denote the map of multiplication by ζi. Then the

proof of Theorem 6 implies that the matrix representing mi with respect to the basis of Ĩ has

entries with bounded denominators for each i. Consequently, the matrix representing mi on

Kf with respect to the basis of I inherited from Ĩ has entries with bounded denominators for

each i. Letting g ∈ SL±n (Qp) be as in the statement of Lemma 109, it follows that the matrix

representing mi with respect to the basis of I obtained by applying g to the basis inherited

from Ĩ has entries with bounded denominators for each i. SinceB has bounded denominators,

there exists a bounded even integer D ≥ 0 such that the pair (gAgT , g(pDB)gT ) is an element

of Wn(Zp) that lies in the image of orbf(x,pDy),1.

4.3 2-Selmer groups of elliptic curves, and orbits of

small rank

In this section, we start by recalling the parametrization of 2-Selmer elements of elliptic

curves by PGL2(Q)-orbits of integral binary quartic forms. Then, we strengthen the results

of §1.4.2 on ranks of orbits arising from binary n-ic forms in the case where n = 4.
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4.3.1 Representation of PGL2 on binary quartic forms

In this section, we define a certain representation of the group PGL2 on the space of binary

quartic forms. As we explain in §4.3.1, this representation plays a key role in the parametriza-

tion of 2-Selmer elements of elliptic curves; see [26, § 1.2] for a thorough treatment.

Observe that V4 has a natural structure of PGL2-representation, given as follows: for

each element γ ∈ PGL2(R), choose a lift γ̃ ∈ GL2(R), and let

(γ · f)(x, y) = (det γ̃)−2f((x, y)γ̃) ∈ V4(R) (4.11)

for any binary quartic form f ∈ V4(R).

Let a, b, c, d, e : V4 ! A1
Z be the functions defined by sending a binary quartic form

to its x4-, x3y-, x2y2-, xy3-, and y4-coefficients, respectively. Consider the homogeneous

polynomial functions I, J : V4 ! A1
Z of respective degrees 2 and 3 defined in terms of the

coefficient functions a, b, c, d, e by the following formulas:

I = 12ae− 3bd+ c2 and J = 72ace+ 9bcd− 27ad2 − 27eb2 − 2c3.

Let Inv denote the affine plane A2
Z, and let ι : V4 ! Inv be the function defined by ι = (I, J).

One readily verifies that ι is PGL2-invariant; in fact, the functions I and J freely generate the

ring of polynomial invariants for the action of PGL2 on V4. In particular, the discriminant

function ∆: V4 ! A1
Z is expressible as a polynomial in I and J , and it is given explicitly by

the formula

∆ = (4I3 − J2)/27.

One key ingredient in the computation of the average size of the 2-Selmer groups of

elliptic curves in [26] is the following parametrization of 2-Selmer elements of elliptic curves

in terms of PGL2(Q)-orbits on V4(Z):

Theorem 110 ([26, Theorem 3.5]). Let E = EI,J be an elliptic curve over Q. Then the
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elements of Sel2(EI,J) are in bijection with the set of PGL2(Q)-equivalence classes of locally

soluble integral binary quartic forms with invariants 24I and 26J .

We note that the correspondence in Theorem 110 was originally introduced by Birch

and Swinnerton-Dyer (see [33]) and was further developed by Cremona (see [50], as well

as [19, 51,114]).

4.3.2 Construction of special integral representatives

Let R = Z or Zp for a prime p, and fix a ∈ Rr {0}. The goal of this section is to show that

the (SL4 /µ2)(K)-orbit of any pair (A,B) ∈ W4(R) arising via the parametrization developed

in §1 from a form in V4,a(R) admits an integral representative pair (A′, B′) ∈ W4(R) such

that B′ is special at a. It suffices to prove this when R = Zp, which we do as follows:

Theorem 111. Let f(x, y) = ax4+bx3y+cx2y2+dxy3+ey4 ∈ V4(Zp), and suppose that a pair

(A,B) ∈ W4(Zp) lies in the image of orbf,1. Then there exists another pair (A′, B′) ∈ W4(Zp)

belonging to the same (SL4 /µ2)(Qp)-orbit as (A,B) such that B′ is special at a.1

Proof. We start by deciphering what it means for (A,B) to lie in the image of orbf,1. Condi-

tion (a) in Theorem 13 tells us that ι(A,B) = fmon, and so a3 | e(fmon) = detB. Condition

(b) in Theorem 13 comprises the following three conditions, one for each value of i ∈ {1, 2, 3}:

(1): i = 1. We have p1( 1
a
× −A−1B) = −A−1B ∈ Mat4(Zp); this is trivially true because

detA = 1.

(2): i = 2. We have p2( 1
a
×−A−1B) = 1

a

(
(A−1B)2 + b(−A−1B)

)
∈ Mat4(Zp). This is equiva-

lent to stipulating that certain linear combinations of the 2× 2 minors of −A−1B

are divisible by a, and just as in (1.22), it can be rewritten in the following

convenient form:

BA−1B − bB ≡ 0 (mod a). (4.12)

1Note that if f is primitive, then Theorem 111 follows immediately from Theorem 18.
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(3): i = 3. We have p3( 1
a
× −A−1B) = 1

a2

(
(A−1B)3 + b(A−1B)2 + ac(A−1B)

)
∈ Mat4(Zp).

This is equivalent to stipulating that each non-principal 3× 3 minor of −A−1B is

divisible by a2 and that the sum of each triple of principal 3×3 minors of −A−1B

is divisible by a2. But the xy3-coefficient of fmon is divisible by a2 and is, up to

sign, the sum of the principal 3× 3 minors of −A−1B. It follows that

∧3B ≡ 0 (mod a2). (4.13)

Note that each of the above conditions is preserved under the action of SL±4 (Zp), and so they

continue to hold if we replace (A,B) with any SL±4 (Zp)-translate thereof.

We now apply the p-adic Jordan decomposition to put B into one of five possible shapes

that are convenient to work with. By replacing the pair (A,B) with a suitable SL±4 (Zp)-

translate, we may assume that B takes the following shape if p is odd:

B =



u1p
b1 0 0 0

0 u2p
b2 0 0

0 0 u3p
b3 0

0 0 0 u4p
b4


(4.14)

where the bi ∈ Z≥0 ∪ {∞} are such that b1 ≥ b2 ≥ b3 ≥ b4 ≥ 0 and ui ∈ Z×p for each

i ∈ {1, . . . , 4}. If p = 2, then B can take any one of the following four shapes in addition to

the shape (4.14):

B =


2b1B1 0

0
u32b3 0

0 u42b4

 ,


u12b1 0

0 u22b2

0

0 2b3B3

 , (4.15)
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 2b1B1 0

0 2b3B3

 ,

u12b1 0 0

0 2b3B3 0

0 0 u42b4


where the bi ∈ Z≥0 ∪ {∞} are valuations such that b1 ≥ b2 ≥ b3 ≥ b4 ≥ 0 and ui ∈ Z×p

for each i ∈ {1, . . . , 4} and where Bi ∈ Mat2(Z2) is symmetric and has even diagonal entries

and odd anti-diagonal entries for each i ∈ {1, 3}. We label the five cases in (4.14) and (4.15)

in the above order as 1, 2, 3, 4, and 5.

We are now in position to prove the theorem. If B is special at a, then we are done,

so suppose that B is not special at a. Then a := νp(a) > 0, for the condition of being

special at a is trivial when p - a. Moreover, condition (3) above implies that for some integer

c ∈ {1, . . . , a}, we have b3 + b4 = a − c in cases 1 and 2; that 2b3 = a − c in cases 3 and 4;

and that bi ≥ a+ c for each i ∈ {1, 2} in cases 1, 2, 3, and 4. In case 5, it is not possible for

B to fail to be special at a, because condition (3) implies that 2b3 + b4 ≥ 2a, from which it

follows that b3 + b4 ≥ a. We may thus disregard case 5 in the remainder of the proof.

Write A = [aij], A
−1 = [ăij] and B = [bij], where i, j ∈ {1, 2, 3, 4}. Then one readily

verifies using (4.14) that we have the following identities:

BA−1B − bB ≡ u3u4p
b3+b4



0 0 0 0

0 0 0 0

0 0 −ă44 ă34

0 0 ă34 −ă33


(mod a) (4.16)
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in cases 1 and 2, and

BA−1B − bB ≡ (detB3)22b3



0 0 0 0

0 0 0 0

0 0 −ă44 ă34

0 0 ă34 −ă33


(mod a) (4.17)

in cases 3 and 4. Combining (4.16) and (4.17) with condition (2) above, reexpressed as

in (4.12), yields that pc | ăij for each i, j ∈ {3, 4}. Using the fact that detA = 1, a

calculation reveals that

ă33ă44 − ă2
34 = a11a22 − a2

12.
2 (4.18)

Combining (4.18) with the fact that pc | ăij for each i, j ∈ {3, 4} yields that p2c | (a11a22−a2
12).

We now claim that pc | aij for each i, j ∈ {1, 2}. First suppose that the symmetric bilinear

form [ a11 a12a12 a22 ] is p-adically diagonalizable (i.e., its p-adic Jordan decomposition consists of

two 1× 1 blocks); note that this holds whenever p is odd, but only sometimes when p = 2.

Then, by replacing the pair (A,B) with a suitable translate under the action of the subgroup

SL2(Zp) ⊂ SL±4 (Zp) that acts by change-of-basis on the first two rows and columns of A and

B, we may assume that a11 = υ1p
a1 , a12 = 0, and a22 = υ2p

a2 , where the ai are integers such

that a1 ≥ a2 ≥ 0 and a1 + a2 ≥ 2c, and where υi ∈ Z×p for each i ∈ {1, 2}. Note that this

transformation alters the first two rows and columns of B, but it preserves the property that

pa+c | bij for each i ∈ {1, 2}. A calculation then reveals that we have

ă33 = −(υ2p
a2)a2

14 − (υ1p
a1)a2

24 + (υ1υ2p
a1+a2)a44 ≡ −(υ2p

a2)a2
14 (mod pc), (4.19)

ă44 = −(υ2p
a2)a2

13 − (υ1p
a1)a2

23 + (υ1υ2p
a1+a2)a33 ≡ −(υ2p

a2)a2
13 (mod pc), (4.20)

where we have used the fact that a1 ≥ c because a1 ≥ a2 and a1 + a2 ≥ 2c. Since pc | ăii for

2In fact, this identity holds for any symmetric 4× 4 matrix of determinant 1 over any ring.

175



each i ∈ {3, 4}, it follows from (4.19) and (4.20) that either a2 < c and p | a1i for each i ∈

{3, 4} or a2 ≥ a. But the first case is impossible, for it would imply that detA ≡ 0 (mod p),

contradicting the fact that detA = 1. Thus, a2 ≥ c, and the claim holds in this case. If

p = 2 and the symmetric bilinear form [ a11 a12a12 a22 ] is not 2-adically diagonalizable, then it is a

multiple of a symmetric matrix over Z2 having odd determinant, and the claim then follows

from the fact that 22c | (a11a22 − a2
12).

We have now shown that, by replacing the pair (A,B) with a suitable translate under

the action of SL±4 (Zp), we may assume that A and B take the following shape:

A =

 pcA ∗

∗ ∗

 and B =


pa+cB 0

0
u3p

b3 0

0 u4p
b4

 or

 2a+cB 0

0 2b3B3

 (4.21)

where A,B ∈ U2(Zp) and where “∗” denotes an element of Mat2(Zp) whose value is irrelevant.

Consider the diagonal matrix εp−c ∈ SL4(Qp) with diagonal entries given by
√
p−c,
√
p−c,

1/
√
p−c, and 1/

√
p−c. By Lemma 5, the class of εp−c is an element of (SL4 /µ2)(Qp). We

then define (A′, B′) := εp−c · (A,B) ∈ W4(Qp). Because A and B take the shapes given

in (4.21), it follows that the pair (A′, B′) is in fact an element of W4(Zp) and moreover that

B′ is given by

B′ =


paB 0

0
u3p

b3+c 0

0 u4p
b4+c

 or

 2aB 0

0 2b3+cB3

 (4.22)

Since b3 + b4 = a − c in cases 1 and 2 and that 2b3 = a − c in cases 3 and 4, it follows

from (4.22) that the pair (A′, B′) lies in the image of orbf,1, and that B′ is special at a.

176



4.3.3 Ranks of special elements

Let m ≥ 1 be an integer, and write

Lm := {B ∈ U4(R) : B is of rank ≤ 1 modulo m}.

Next, we say that B ∈ U4(R) is of rank ≤ 2 modulo m if for every prime p | m, when the

p-adic Jordan decomposition of B is expressed as in (4.14) and (4.15), we have b2 ≥ νp(m)

in cases 1 and 3, b1 ≥ νp(m) in cases 2 and 4, and b3 ≥ νp(m) in case 5. Let m′ ≥ 1 be an

integer. Then we write

Lm,m′ := {B ∈ Lm : B is of rank ≤ 2 modulo mm′}.

We have the following useful characterization of those matrices B ∈ U4(R) that are special

at a in terms of the sets Lm and Lm,m′ :

Proposition 112. Let B ∈ U4(R), and suppose that B is special at a. Then there exist

integers a1, a2, a3 ≥ 1 such that the following properties hold:

• For each prime p | a, there exist integers e1 = e1(p), e2 = e2(p) ≥ 0 such that

νp(a1) = e1, νp(a2) = νp(a)− 2e1 + e2, and νp(a3) = e1 − 2e2; and (4.23)

• We have that B ∈ a1La2,a3.

Proof. Fix a prime p. By the Chinese remainder theorem, it suffices to prove the proposition

for R = Zp. We retain notation from the proof of Theorem 111, and we assume without

loss of generality that B is in one of the five cases listed in (4.14) and (4.15). In case 1, the

exponents a, b2, b3, and b4 satisfy the following properties:

b2 ≥ b3 ≥ b4 ≥ 0, b3 + b4 ≥ a ≥ 0, and b2 + b3 + b4 ≥ 2a. (4.24)

177



We first claim that there exists an integer e1 such that

max{0, a− b3, 2a− b2 − b3} ≤ e1 ≤ min{b4,
2a
3
}. (4.25)

It suffices to check that each of the lower bounds on e1 in (4.25) is less than or equal to each

of the upper bounds. The three inequalities 0 ≤ b4, a − b3 ≤ b4, and 2a − b2 − b3 ≤ b4

respectively follow from the three properties in (4.24). The inequality 0 ≤ 2a
3

follows from the

second property in (4.24). The inequality a− b3 ≤ 2a
3

is equivalent to b3 ≥ a
3
, but this holds

since the first two properties in (4.24) imply that b3 ≥ a
2
. The inequality 2a− b2 − b3 ≤ 2a

3

is only relevant when b4 ≥ 2a
3

, and it is equivalent to b2 + b3 ≥ 4a
3

, but this follows from the

first property in (4.24).

We next claim that there exists an integer e2 such that

max{0, a− b2, 2e1 − a} ≤ e2 ≤ min{e1 − a + b3,
e1
2
}. (4.26)

Again, we check that each of the lower bounds on e2 in (4.26) is less than or equal to each of

the upper bounds. The inequalities 0 ≤ e1 − a + b3, 0 ≤ e1
2

, and a− b2 ≤ e1 − a + b3 follow

from (4.25). The inequality a − b2 ≤ e1
2

follows from the first property in (4.24) combined

with (4.25). The inequality 2e1− a ≤ e1− a+ b3 is equivalent to e1 ≤ b3, which follows from

the first property in (4.24) combined with (4.25). The inequality 2e1 − a ≤ e1
2

is equivalent

to e1 ≤ 2a
3

, which follows from (4.25).

Having chosen e1 and e2 to satisfy the conditions (4.25) and (4.26), respectively, we then

take a1 = pe1 , a2 = pa−2e1+e2 , and a3 = pe1−2e2 . Since e1 ≤ b4, the matrix a−1
1 B lies in U4(Zp).

Since a− e1 + e2 ≤ b3, the matrix a−1
1 B is of rank ≤ 1 modulo a2. Finally, since a− e2 ≤ b2,

the matrix a−1
1 B is of rank ≤ 2 modulo a2a3.

A similar proof works for the other four cases. The argument in case 2 is the same as

in case 1, with b2 replaced by b1. The argument in case 3 is the same as in case 1, with

b3 = b4. The argument in case 4 is the same as in case 2, with b3 = b4. The argument in
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case 5 is the same as in case 1, with b2 = b3.

4.4 Preliminary results about functions on coregular

spaces

Let U be a vector space with an action by a semisimple group G. We make the following

assumptions on U and G:

• The ring of polynomial invariants for the action of G(C) on U(C) is freely generated by

n integer polynomials I1, . . . , In.

• There exists a G-invariant discriminant polynomial function ∆ = ∆U on U such that

every orbit on which ∆ does not vanish is semistable in the sense of GIT.

• Every semistable orbit is stable, i.e., has finite stabilizer.

Let I denote affine n-space. We then have the invariant map ι given by

ι : U ! I

u 7!
(
I1(u), . . . , In(u)

)
,

which satisfies ι(u) = ι(g · u) for all u ∈ U and g ∈ G. Let I ⊂ I(R) be an open set, not

containing any elements where the discriminant vanishes. Let κ : I ! U(R) be a smooth

section, i.e., we have ι(κ(I)) = I for every I ∈ I. Assume that the size of the stabilizer

in G(R) of every element in the image of κ is the same, say σ. Let φ : I(R) ! R and

Θ: G(R) ! R be smooth compactly supported functions. We define the function ψ =

S(φ,Θ) = Sκ(φ,Θ): U(R)! R as follows:

S(φ,Θ)(u) :=
∑

(γ,I)∈G(R)×I
γ·κ(I)=u

Θ(γ)φ(I). (4.27)
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Note that the above sum has length σ for every u in the image of G(R)×I, and that S(φ,Θ)

is also smooth and compactly supported.

The group G(R) acts on the set of smooth functions on U(R) via (γ ·ψ)(u) := ψ(γ−1 ·u).

We then have the following result, which constitutes a smoothed version of the averaging

method (see [7, 26]):

Theorem 113. Let notation be as above. Let L ⊂ G(R)·κ(I) be any discrete G(Z)-invariant

set, and let T : L ! R be a G(Z)-invariant function. Let FG be a fundamental domain for

the action of G(Z) on G(R), and let dγ be a Haar-measure on G(R). Let φ and Θ be smooth,

compactly supported functions, and let ψ = S(φ,Θ). Then we have that

∑
u∈ L

G(Z)

T (u)

|StabG(Z)(u)|
φ(ι(u)) =

1

σVol(Θ)

∫
γ∈FG

(∑
u∈L

(γ · ψ)(u)T (u)
)
dγ,

where Vol(Θ) denotes
∫
γ∈G(R)

Θ(γ)dγ.

Proof. As usual, we regard FG · κ(I) as a multiset, in which an element x ∈ U(R) is repre-

sented #{(g, u) : g ∈ FG, u ∈ κ(I), g · u = x} times. As in [26, (8)], the G(Z)-orbit of an

element x ∈ G(R) · κ(I) is represented

m(x) =
#StabG(R)(x)

#StabG(Z)(x)

times in the multiset FG · κ(I). Therefore, we have

∑
x∈ L

G(Z)

T (u)

|StabG(Z)(u)|
φ(ι(u)) =

1

σ

∑
x∈FG·κ(I)

x∈L

T (x)φ(ι(x)). (4.28)

Since for all h ∈ G(R), the set FG · h is also a fundamental domain for the left action of
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G(Z) on G(R), we have

∑
x∈FG·κ(I)

x∈L

T (x)φ(ι(x)) =
1

Vol(Θ)

∫
g∈G(R)

( ∑
x∈gFG·κ(I)

x∈L

T (x)φ(ι(x))
)

Θ(g)dg. (4.29)

For x ∈ gFG · κ(I), there exists a unique xI ∈ κ(I) such that x and xI are in the same

G(R)-orbit. Moreover, there exist a finite number of elements g1, . . . , gσ ∈ G(R) such that

gj ·xI = x. For x ∈ L with ι(x) = I, we write the contribution from x to the right hand side

of (4.29) as

∫
g∈G(R)

( ∑
h∈FG
ghxI=x

T (x)φ(I)
)

Θ(g)dg = T (x)φ(I)
σ∑
j=1

∫
g∈G(R)

#{h ∈ FG : hg = gj}Θ(g)dg

= T (x)φ(I)
σ∑
j=1

∫
g∈(FG)−1gj

Θ(g)dg

= T (x)

∫
h∈FG

( σ∑
j=1

Θ(h−1gj)φ(I)
)
dh

=

∫
h∈FG

(h · ψ)(x)T (x)dh.

Adding up over x ∈ L in the right hand side of (4.29), we obtain

∑
x∈FG·κ(I)

x∈L

T (x)φ(ι(x)) =
1

Vol(Θ)

∫
h∈FG

(∑
x∈L

(h · ψ)(x)T (x)
)
dh.

Together with (4.28), we obtain the result.

We now make the following further assumption on the pair (G,U), namely, that we have

n∑
j=1

deg(In) = dim(U).

In other words, the sum of the degrees of the invariants of U equals its dimension. Let dI

and du be top degree forms on I and U , respectively. We will assume that dI and du induce
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Haar-measures on I(R) and U(R), respectively, normalized so that the covolumes of I(Z) in

I(R) and U(Z) in U(R) are 1. Let ω denote a top degree form on G defined over Z. Then,

from [26, Remark 3.14], we have the following result.

Theorem 114. Let R be R or Zp, let | · | denote the usual normalized absolute value on R,

and let s : I(R)! U(R) be a continuous section of ι. Then there exists a constant J ∈ Q×,

independent of R and s, such that for any measurable function φ on U(R), we have:

∫
G(R)·s(I(R))

φ(u)du = |J |
∫
I∈I(R)

∫
g∈G(R)

φ(g · s(I))ω(g)dI,

∫
U(K)

φ(u)du = |J |
∫
I∈U(K)
∆(I)6=0

∑
u∈

ι−1(I)
G(K)

1

#StabG(K)(u)

∫
g∈G(K)

φ(g · u)ω(g)df.

We have the following immediate consequence to Theorem 114.

Corollary 115. Let φ : I(R)! R and Θ: G(R)! R be smooth, compactly supported func-

tions, and let ψ = S(φ,Θ). Then we have

Vol(ψ) = |J |Vol(Θ)Vol(φ).

4.4.1 Application to the representation of PGL2 on V

For i ∈ {0, 1, 2}, let V4(R)(i) denote the set of elements f ∈ V4(R) that have 4− 2i distinct

real roots and i distinct pairs of complex conjugate roots in P1
C. We write V4(R)(2) as

V4(R)(2+) ∪ V4(R)(2−), the union of positive definite and negative definite binary quartic

forms. For any L ⊂ V4(R), we define L(i) := L ∩ V4(R)(i) for each i ∈ {0, 1, 2, 2+, 2−}.

Let Inv(R)± denote the subsets of Inv(R) consisting of elements (I, J) with ±∆(I, J) > 0.

The map ι sends V4(R)(1) to Inv(R)− and V4(R)(i) to Inv(R)+ for i ∈ {0, 2}. We write

V4(R)± := ι−1(Inv(R)±) and V4(Z)± := V4(R)± ∩ V4(Z).

Let H : Inv(R) ! R≥0 be a smooth, compactly supported function, which we will later

take to be an approximation of the characteristic function of the set of elements in Inv(R)±
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with height less than 1. For a real number X > 0, we set HX(I, J) := H(I/X1/3, J/X1/2).

We say that an element f ∈ V4(Z) is generic if f is irreducible over Q and the stabilizer of f

in PGL2(Q) is trivial. For any set L ⊂ V4(Z), we denote by Lgen the set of generic elements

in L. For a PGL2(Z)-invariant function T : V4(Z) ! R, an i ∈ {0, 1, 2+, 2−}, and a real

number X ≥ 1, we define

NH(V (i), T ;X) :=
∑

f∈ V4(Z)
(i)

PGL2(Z)

T (f)

|StabPGL2(Z)(f)|
HX

(
ι(f)

)
;

Ngen
H (V (i), T ;X) :=

∑
f∈V4(Z)

(i),gen

PGL2(Z)

T (f)HX

(
ι(f)

)
.

4.4.1.1 Construction of fundamental sets

The isomorphism class of the stabilizer in PGL2(R) of an element f ∈ V4(R) with nonzero

discriminant depends only on the sign of the discriminant of f . We denote the size of this

stabilizer by σ±, and have σ0 = σ2± = σ+ = 4 and σ1 = σ− = 2. We construct sections

κ(i) : Inv(R)+ ! V4(R)(i), i ∈ {0, 2+, 2−},

κ(1) : Inv(R)− ! V4(R)(1),

satisfying the following properties:

(a) We have ι(κ(i)(I, J)) = (I, J) for each i and every pair (I, J) ∈ Inv(R)±.

(b) The coefficients of f(x, y) = κ(i)(I, J) are bounded by O(H(I, J)1/6).

The construction of these sections is standard. We denote the image of κ(i) in V4(R)(i) by R(i)
V .

4.4.1.2 Fundamental domain for the action of PGL2(Z) on PGL2(R)

Let F2 denote Gauss’s usual fundamental domain for PGL2(Z)\PGL2(R) in PGL2(R). It

follows that F2 is contained in the Siegel set {ntk : n ∈ N2, t ∈ T2, k ∈ K2}, where K2 is
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the real orthogonal group SO2(R), N2 consists of lower triangular unipotent elements with

absolutely bounded coefficients, and

T2 =


 t−1

t

 : t ≥ 4
√

3/
√

2

 . (4.30)

4.4.1.3 Smoothed averaging over PGL2(R)

For a function ψ : V4(R)! C, and a positive real number X > 0, define ψX : V4(R)! C to

be ψX(f) := ψ(f/X). Fix i ∈ {0, 1, 2+, 2−}. Given smooth, compactly supported functions

H : Inv(R) ! R≥0 and Θ: PGL2(R) ! R≥0, we obtain the smooth, compactly supported

function Sκ(i)(H,Θ) =: ψ(i) : V4(R)(i) ! R≥0. Let X > 0 be a real number. We clearly have

SA(HX ,Θ) = SA(H,Θ)X1/6 .

For a PGL2(Z)-invariant function T : V4(Z)(i) ! R, a function ψ = ψ(i) as above, and a real

number X > 0, we define the integral O(i)(T, ψ;X) to be

O(i)(T, ψ;X) :=

∫
γ∈F2

( ∑
f∈V4(Z)gen

(γ · ψX)(f)T (f)
)
dγ. (4.31)

Then the following result is an immediate consequence of Theorem 113.

Proposition 116. Let notation be as above. Fix i ∈ {0, 1, 2+, 2−}. Let T : V4(Z)! R be a

PGL2(Z)-invariant function, and let ψ = SV4(H,Θ). Then we have that

Ngen
H (V (i), T ;X) =

1

σiVol(Θ)
O(i)(T, ψ;X1/6).
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4.4.2 Application to the representations of SL4 on W and PSOA4

on WA4

For i ∈ {0, 1, 2+, 2−}, the number of SL4(R)-orbits on W4(R) with resolvent f for some fixed

f ∈ V4(R)(i) depends only on i. We denote this number by τ(i), and we write W4(R)(i) =

ι−1(V4(R)(i). Similarly, the number of PSOA4(R)-orbits (resp., soluble PSOA4(R)-orbits) on

WA4(R) arising from some fixed f ∈ V4(R)(i) depends only on i. We denote this number by

τA4(i) (resp., τsol
A4

(i)), and we write WA4(R)(i) = ι−1(V1(R)(i)). This yields a natural partition

of the set of elements in W4(R)(i) (resp., WA4(R)(i)) with nonzero discriminant into subsets

W4(R)(i,j) (resp., WA4(R)(i,j)) with 1 ≤ j ≤ τ(i) (resp., 1 ≤ j ≤ τA4(i)).

Furthermore, the size of the stabilizer in SL4(R) (resp., PSOA4(R)) of an element of

W4(R)(i) (resp., WA4(R)(i)) depends only on i. We denote this size by σ(i) (resp., σA4(i)).

4.4.2.1 Construction of fundamental sets

For each i ∈ {0, 1, 2+}, and for each j with 1 ≤ j ≤ τ(i) and 1 ≤ j ≤ τA4(i), there exist

smooth sections

κ(i,j) : V4(R)(i) ! W4(R)(i,j),

κ
(i,j)
A4

: V1(R)(i) ! WA4(R)(i,j),

respectively, satisfying ι(κ(i,j)(f)) = f for every binary quartic form f ∈ V4(R)(i) (resp.,

ι(κ
(i,j)
A4

(f)) = f for every f ∈ V1(R)(i)) for each i, j. We denote the images of κ(i,j) and κ
(i,j)
A4

by R(i,j) and R(i,j)
A4

, respectively.

We can choose the section κ(i,j) so that the following is satisfied. For real numbers Y, T >

1, and for a binary quartic form f(x, y) ∈ V4(R)(i) with coefficients (a, b, c, d, e), such that

a = O(Y ), b = O(TY ), c = O(T 2Y ), d = O(T 3Y ), and e = O(T 4Y ), the coefficients aij and

bij of (A,B) = κ(i,j)(f) are bounded by O(Y 1/4) and O(TY 1/4), respectively. Similarly, we

can choose κ
(i,j)
A4

such that the following is satisfied. For a real number Y > 1, and for a binary

quartic form f(x, y) ∈ V4(R)(i) with coefficients a = det(A4) = 1, b = O(Y ), c = O(Y 2),
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d = O(Y 3), and e = O(Y 4), the coefficients bij of (A4, B) = κ
(i,j)
A4

(f) are bounded by O(Y ).

4.4.2.2 Fundamental domains for the action of G(Z) on G(R)

We now describe Siegel sets containing fundamental domains F4 and FA4 for the actions of

SL4(Z) on SL4(R) and PSOA4(Z) on PSOA4(R), respectively.

We may choose a fundamental domain F4 for the action of SL4(Z) on SL4(R) contained

in a Siegel domain N4T4K4 in SL4(R). Here, K4 = SO4(R) is a maximal compact subgroup

of SL4(R), N4 consists of lower triangular unipotent elements with absolutely bounded coef-

ficients, and T4 is given by

T4 =





s−3
1 s−1

2 s−1
3

s1s
−1
2 s−1

3

s1s2s
−1
3

s1s2s
3
3


: s1, s2, s3 > c


,

for some c > 0. The weights wij of aij and bij are the eigenvalues for the torus action on the

space dual to W4(R), and are given below: here aij and bij are the coefficients of A and B,

respectively, for (A,B) ∈ W4(R).

w11 = s−6
1 s−2

2 s−2
3 w12 = s−2

1 s−2
2 s−2

3 w13 = s−2
1 s0

2s
−2
3 w14 = s−2

1 s0
2s

2
3

w22 = s2
1s
−2
2 s−2

3 w23 = s2
1s

0
2s
−2
3 w24 = s2

1s
0
2s

2
3

w33 = s2
1s

2
2s
−2
3 w34 = s2

1s
2
2s

2
3

w44 = s2
1s

2
2s

6
3

A Haar-measure on SL4(R) in Iwasawa coordinates is s−12
1 s−8

2 s−12
3 dnd×sdk, where dn is Eu-

clidean measure on N4, d×s denotes
∏

i d
×si, and dk is probability Haar-measure on SO4(R).
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It follows from Lemma 5 that PSOA4(Z)\PSOA4(R) ' SOA4(Z)\SOA4(R), and so it

suffices to construct a fundamental domain for the action of SOA4(Z) on SOA4(R). We may

choose a fundamental domain FA4 for the action of SOA4(Z) on SOA4(R) contained in a Siegel

domain NA4TA4KA4 in SOA4(R). Here, KA4 is a maximal compact subgroup of SOA4(R),

NA4 consists of lower triangular unipotent elements with absolutely bounded coefficients,

and TA4 is given by

TA4 =





s−1
1 s−1

2

s−1
1 s2

s1s
−1
2

s1s2


: s1, s2 > c


,

for some c > 0. The group SOA4(R) acts on WA4(R), and the weights w(bij) of the coefficients

of B for (A4, B) ∈ WA4(R) are as follows:

w(b11) = s−2
1 s−2

2 w(b12) = s−2
1 w(b13) = s−2

2 w(b14) = 1

w(b22) = s−2
1 s2

2 w(b23) = 1 w(b24) = s2
2

w(b33) = s2
1s
−2
2 w(b34) = s2

1

w(b44) = s2
1s

2
2

4.4.2.3 Smoothed averaging over SL4(R) and PSOA4(R)

Recall that for a function ψ : V4(R)! C and a real number X > 0, we define ψX : V4(R)! C

via ψX(f) = ψ(f/X). For a real number Y > 0, we define ψ[Y ] : V4(R)! C via

ψ[Y ](f) :=


 Y −1/2

Y 1/2

 · ψ
 (f) = ψ

(
aY 2x4 + bY x3y + cx2y2 + dY −1xy3 + eY −2y4

)
,
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for f(x, y) = ax4 + bx3y + cx2y2 + dxy3 + dy4. We say that an element w in W4(Z) (resp.,

WA(Z)) is generic if: (a) the element w is not distinguished; (b) the stabilizer in SL4(Q)

(resp., PSOA(Q)) of w is trivial; and (c) the resolvent of w is generic. For any subset L of

W4(Z) or WA(Z), we denote the set of generic elements in L by Lgen. We now define the

following counting functions on W4(Z):

Nψ(W (i,j), T ;X, Y ) :=
∑

w∈W4(Z)(i,j)
SL4(Z)

T (w)

|StabSL4(Z)(w)|
· (ψX [Y ])(ι(w));

Ngen
ψ (W (i,j), T ;X, Y ) :=

∑
w∈W4(Z)(i,j),gen

SL4(Z)

T (w) · (ψX [Y ])(ι(w)).

(4.32)

Let Φ: W4(R) ! C be a function. For real numbers X > 0 and Y > 0, we define

Φ[X, Y ] : W4(R)! C to be

(Φ[X, Y ])(A,B) := Φ
(A
X
,
B

Y

)
. (4.33)

We now have the following result.

Proposition 117. Let ψ : V4(R) ! R be a smooth, compactly supported function. Let

T : W4(Z) ! R be a SL4(Z)-invariant function. Let Θ: SL4(R) ! R be a smooth and

compactly supported function. Let Φ denote S(ψ,Θ). For positive real numbers X and Y ,

we have that

Ngen
ψ (W (i,j), T ;X, Y ) =

1

σ(i)Vol(Θ)

∫
γ∈F4

( ∑
w∈W4(Z)(i,j),gen

T (w)·(γ·Φ[Y −1/2X1/4, Y 1/2X1/4])(w)
)
dγ.

Proof. The only thing necessary to verify is that for positive real numbers X and Y , we have

S(ψX [Y ],Θ) = S(ψ,Θ)[Y −1/2X1/4, Y 1/2X1/4].

This equality is apparent, and the result follows from Theorem 113.

188



Let A be a fixed symmetric 4×4 matrix with detA = n. Given a function ψ : Vn(R)! C,

define ψ{Y } : Vn(R)! C to be

ψ{Y }(f(x, y)) := ψ(f(x, y/Y )).

For a function Φ: WA(R)! C, define ΦY : WA(R)! C via

ΦY (B) := Φ
(B
Y

)
.

Finally, for a PSOA(Z)-invariant function T : WA(Z)! R, we define

Nψ(W
(i,j)
A , T ;X) :=

∑
B∈WA(Z)(i,j)

PSOA(Z)

T (B)

|StabPSOA(Z)(B)|
· ψ{X}(ι(B)).

Ngen
ψ (W

(i,j)
A , T ;X) :=

∑
B∈WA(Z)(i,j),gen

PSOA(Z)

T (B) · ψ{X}(ι(B)).

Then we have the following consequence of Theorem 113.

Proposition 118. Let ψ : Vn(R) ! R be a smooth, compactly supported function. Let

T : WA(Z) ! R be an PSOA(Z)-invariant function. Let Θ: PSOA(R) ! R be a smooth,

compactly supported function. Let Φ denote S(ψ,Θ). For a positive real number X, we have

Ngen
ψ (W

(i,j)
A , T ;X) =

1

σA(i)Vol(Θ)

∫
γ∈FA

( ∑
B∈WA(Z)(i,j),gen

T (B)(γ · ΦX)(B)
)
dγ.

We will have occasion to use Proposition 118 in the situation detailed below. Let

ψ : V4(R)! R and Θ: PSOA4(R)! R be fixed smooth compactly supported functions. Let

X and Y be positive real numbers with Y � X1/2. Consider the function ψX [Y ] : V4(R)! R.

We restrict ψX [Y ] to V1(R), obtaining a smooth, compactly supported function ψX,Y :=

ψX [Y ]|1 : V1(R)! R. We then denote S(ψX,Y ,Θ) by ΦX,Y . The twisted functions ψX,Y {Y/X}

and ΦX,Y [Y/X] are smooth and compactly supported on elements whose coefficients are� 1.
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We denote them by ψ(X,Y ) and Φ(X,Y ), respectively. Finally, parallel to (4.32), define

Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) :=
∑

B∈
WA4

(Z)(i,j),gen

PSOA4
(Z)

T (B) · (ψX [Y ])(ι(B))

=
∑

B∈
WA4

(Z)(i,j),gen

PSOA4
(Z)

T (B) · (ψ(X,Y ){X/Y })(ι(B)).

We then have the following immediate corollary to Proposition 118.

Corollary 119. With notation as above, we have

Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) =
1

σA4(i)Vol(Θ)

∫
γ∈FA4

( ∑
B∈WA4

(Z)(i,j),gen

T (B) · (γ ·Φ(X,Y )[X/Y ])(B)
)
dγ.

4.5 Counting special integral orbits via equidistribu-

tion

For a function T : Zn ! R defined by congruence conditions, let Tp : Znp ! R be the closure

of T to Znp , and let

νp(T ) :=

∫
Znp
Tp(v)dv, ν(T ) :=

∫
Ẑn
T (v)dv =

∏
p

νp(T ),

where dv is Euclidean measure on affine n-space, normalized so that Zn has covolume 1 in

Rn. Let 0 < X and 0 < Y �
√
X be real numbers. The purpose of this section is to bound

and estimate Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) for various functions T : WA4(Z) ! R. We will prove

two such results. The first result is an upper bound, to state which we need the following

notation. For a prime p, define the quantities

ν(p) := p−6, ν(p2) := p−12, ν(p3) := p−17, ν(pk) := p−11k/2,
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for integers k ≥ 4. For integers n > 0, we define ν(n) multiplicatively: ν(n) :=
∏

pk‖n ν(pk).

Then we have the following:

Theorem 120. Let X and Y be as above, and let a be an integer such that a� X1/4Y 1/2.

Let Ta : WA4 ! R be the characteristic function of the set of non-distinguished elements

(A4, B) ∈ WA4(Z) that are special at a. Let ψ : V4(R) ! R be a smooth and compactly

supported function. Then we have that

Nψ(WA4 , Ta;X, Y )�ε ν(a)X5−1/4+εY 1/2.

The above result has the following immediate consequence when Y � X1/2−δ.

Corollary 121. Let notation be as in Theorem 120 with the added assumption that Y �

X1/2−δ for some δ > 0. Then we have that

Nψ(WA4 , Ta;X, Y )�ε ν(a)X5−δ/2+ε.

A function T : Zn ! R is said to be defined by finitely many congruence conditions if there

exists an integer q > 0 and a function Tq : (Z/qZ)n ! R such that T is the lift of Tq to Zn.

Let M1 and M2 be positive real numbers. A function T : WA4(Z)! R is said to be (M1,M2)-

acceptable if T is bounded and defined by congruence conditions modulo two relatively prime

positive integers b and q, where b�M1, q �M2, q is squarefree, and the congruence condi-

tions modulo every prime p dividing q is exactly that Tp : WA4(Fp)! R is the characteristic

function of the set of matrices that are of rank ≤ 1 modulo p. We next use equidistribution

methods to prove an estimate on Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) when Y is close to X1/2.

Theorem 122. Let θ and δ be positive real numbers, which will eventually be picked to be

sufficiently small. Let X and Y � X1/2−δ be positive real numbers. Let T : WA4(Z) ! R

be an (Xθ, X1/2)-acceptable function, with conditions defined modulo b ≤ Xθ and q ≤ X1/2.
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Then we have that

Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) =
|JA4|
σA4(i)

Vol(FA)ν(T )Vol
(
ψ|Y 2

X

)
X4Y 2 +O

(X5+10θ+60δ−λ+ε

q6

)

where λ > 0 is an absolute constant independent of θ and δ. Here, JA4 is the rational

constant arising from Corollary 115 applied to the action of PSOA4 on WA4.

4.5.1 Counting special SL4(Z)-orbits on W4(Z)

Let D be a bounded ball inside U4(R). Let γ = (n, s, k) ∈ SL4(R) be an element where

s = (s1, s2, s3), and let Z > 1 be a real number. For any L ⊂ U4(Z), consider the set

D(L; γ, Z) =
{
γ · ZD ∩ L

}
.

We will bound the number of elements in D(L; γ, Z) for various sets L. We begin with the

following lemma:

Lemma 123. Let q = pk be a prime power, and let L∗q ⊂ U4(Z/qZ) denote the set of

matrices that, when viewed as quadratic forms, are squares of linear forms modulo q. Let

(a11, a12, a13, a14) ∈ (Z/qZ)4 be a fixed tuple.

(a) Suppose that a11 6≡ 0 (mod q) and that pβ ‖ a11. Then there are no elements B ∈ L∗q

with b1i = a1i unless β = 2` is even and p` | a1i for i ∈ {2, 3, 4}, in which case a11, a12,

a13, and a14 determine B up to O(p5`) choices.

(b) Suppose that a11 ≡ 0 (mod q), and set p` = gcd(a12, a13, a14). Then there are no elements

B ∈ L∗q with b1i = a1i unless 2` ≥ k, in which case a11, a12, a13, and a14 determine B up

to O(pk+2`) choices.

Proof. Any element B ∈ L∗q can be expressed as B = (α1x1 + α2x2 + α3x3 + α4x4)2 for

αi ∈ Z/pkZ. The coefficient b11 of B then satisfies b11 ≡ α2
1 (mod pk). Assume that a11 6≡ 0
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(mod pk). Clearly, the power of p dividing a11 must be even, say 2`, for a11 to occur as

the leading coefficient of B ∈ Lq. Then the congruence α2
1 ≡ a11 (mod pk) determines

α1 ∈ Z/pkZ up to O(p2`) choices, and moreover p` ‖ α1. Next, for j 6= 1, we consider

the congruences 2α1αj ≡ a1j (mod pk). This implies that p` | a1j for j ∈ {2, 3, 4}. More-

over, since p` ‖ α1, the value of a1j determines αj up to O(p`) possibilities. Thus, the

values of a11, a12, a13, and a14, determine α1, α2, α3, and α4, and hence determine B,

up to O(p5`) possibilities.

We move on to part (b) of the lemma. Since a11 ≡ 0 (mod pk), we must have p` ‖ α1, with

2` ≥ k, and since 2α1αj ≡ a1j (mod pk), it follows that p` | a1j for j ∈ {2, 3, 4}. Therefore,

α1 is determined up to O(pk−`) choices, and as before, α2, α3, and α4 are determined up to

O(p`) choices each. This gives a total of O(pk+2`) choices for the αi, yielding the result.

The lemma has the following application to the important case when q is squarefree:

Corollary 124. Let q be a squarefree positive integer, and let Lq ⊂ U4(Z/qZ) denote the set

of matrices that are of rank ≤ 1 modulo q. Let q′ | q, and let (a11, a12, a13, a14) ∈ (Z/qZ)4 be

a fixed tuple such that a11 ≡ 0 (mod q′). Then there are no elements B ∈ Lq with coefficients

b1i = a1i unless q′ | a1j for j ∈ {2, 3, 4}, in which case a11, a12, a13, and a14 determine B up

to Oε(q
′3qε) choices.

Proof. The number of B ∈ Lq with b1j = a1j for j ∈ {1, 2, 3, 4} is at most the number of

B ∈ L∗q such that for some γ ∈ (Z/qZ)×/(Z/qZ)×2 we have b1j = γa1j for j ∈ {1, 2, 3, 4}.

Since |(Z/qZ)×/(Z/qZ)×2| �ε q
ε, it suffices to prove the lemma with Lq replaced by L∗q. The

result then follows by applying Lemma 123 along with the Chinese remainder theorem.

Next we have the following lemma describing conditions on the coefficients of B imposed

by B being rank ≤ 2 modulo a prime power.

Lemma 125. Let q = pk be a prime power, and let (a11, a12, a13, a14) ∈ (Z/qZ)4 be fixed and

nonzero. Then the condition that B ∈ U4(Z/qZ) satisfies bij = a1j for j ∈ {1, 2, 3, 4} and to
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be rank ≤ 2 modulo q forces B to satisfy two independent conditions, one of density O(p−k),

and another of density O(p−1).

Proof. The first condition is simply that the 3 × 3 matrix [bij]2≤i,j≤4 has determinant 0.

When the tuple (b11, b12, b13, b14) is nonzero, the first condition is insufficient to ensure that

B is of rank ≤ 2. Hence, there must be a second, necessarily independent, condition. The

largest possible density for this condition is O(1/p).

Let a, b > 0 be integers. Let La be the set of elements in U4(Z) of rank ≤ 1 modulo

a, and let La,b ⊂ La be the subset of element of rank ≤ 2 modulo ab. Define the quantity

µ(a, b) tby

µ(a, b) := a−6b−1b−1
1 , (4.34)

where b1 is the product of primes of b not dividing a. For any subset S ⊂ U4(Z) and two

subsets var1, var2 of coefficients of U , let S(var1; var2) ⊂ S be the subset of elements in

which all coefficients in var1 vanish and no coefficients in var2 vanish. Let U1 ⊂ U be the

determinant-1 subvariety. Then we have the following result:

Lemma 126. Let γ ∈ F4 be such that γ = n(s1, s2, s3)k. We define the quantity

M(s) := M(s1, s2, s3) := max(1, s2
1s

2
2s
−2
3 , s4

1s
2
2s
−4
3 , s6

1s
−6
3 ).

Let a and b be positive integers, and let Z be a real number satisfying ab� Z. Then estimates

on #D(L; γ, Z) for the following choices of L are as in the second column of the following

table. Moreover, in order for D(L; γ, Z) to be nonempty, the condition listed in the third

column must be true.

Proof. First, note that the claims in the fourth column of the table follow immediately from

the nonvanishing conditions stipulated in the second column. Hence it remains to prove the

claims in the third column.
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# L #D(L; γ, Z)� D(L; γ, Z) 6= ∅ implies

1 U1(Z)(∅; {a11}) s−2
1 s−2

3 Z9 s6
1s

2
2s

2
3 � Z

2 U1(Z)({a11}; {a12}) s4
1s

2
2Z

8 s2
1s

2
2s

2
3 � Z

3 U1(Z)({a11, a12}; {a13, a22}) s6
1s

4
2s

2
3Z

7 s2
1s

2
3 � Z, s2

2s
2
3 � s2

1Z

4 U1(Z)({a11, a12, a22}; {a13}) s4
1s

6
2s

4
3Z

6 s2
1s

2
3 � Z

5 U1(Z)({a11, a12, a13}; {a22}) s10
1 s

2
2s

6
3Z

5 s2
1 � s2

3Z, s2
2s

2
3 � s2

1Z

6 U1(Z)({a11, a12, a13, a22}; ∅) s8
1s

6
2s

8
3Z

4 s2
1 � s2

3Z, s2
3 � s2

1Z

a La,b(∅; {b11}) µ(a, b)s−6
1 s6

3M(s)Z10+ε s6
1s

2
2s

2
3 � Z

b La,b({b11}; {b12})
√
aµ(a, b)s2

2s
8
3M(s)Z9+ε s2

1s
2
2s

2
3 � Z

c La,b({b11, b12}; ∅) aµ(a, b)s4
1s

4
2s

12
3 M(s)Z8+ε

We begin by proving the claims in the first six rows of the table. It will be convenient

to divide into two cases: first assume that not all of a11, a12, and a13 are 0. In this case,

either a24, a34, or a44 must arise in the determinant polynomial expansion of det(A) with

nonzero coefficient. We then fiber over all but this one coefficient, and note that the condition

det(A) = 1 determines this coefficient uniquely (if it is integral at all). With this observation,

Cases 1 through 4 follow immediately. To illustrate how, we briefly discuss Case 3. Here

a11 and a12 are set to 0. Since a13 and a22 are assumed to be nonzero, for there to exist

integral points at all, it must be the case that the ranges Zw(a13) and Zw(a22) of a13 and a22,

respectively, are� 1. This implies that the range Zw(aij)� 1 for all (i, j) not equal to (1, 1)

or (1, 2). Hence, the number of possibilities for all the coefficients aij other than a24 is �

∏
(i,j)6∈{(1,1),(1,2),(2,4)}

Zw(aij) = s6
1s

4
2s

2
3Z

7,

as necessary. (When a34 or a44 is the excluded coefficient instead of a24, the computation is

similar and produces a better bound since we have si � 1.) This yields Case 3, and Cases

1, 2, and 4 are similar.
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Next, assume that a11 = a12 = a13 = 0. Then for detA to be nonzero, we must have

a14 = ±1, and so

1 = detA = det

 a22 a23

a23 a33

 (4.35)

The coefficients a24, a34, and a44 run freely and do not affect detA. When a22 is nonzero, as

in Case 5, we fiber over a22 and a23, and note that a33 is then determined by the determinant

condition to yield the result. When a22 = 0, as in Case 6, we must have a23 = ±1. Then we

fiber over a33 to obtain the result.

We now turn out attention to the bottom part of the table. In each case, we will

fiber over the coefficients b11, b12, b13, and b14, and use Lemma 123 to determine the

number of possibilities of B modulo a given these coefficients. Then, for each fixed b11,

b12, b13, b14, and B̄ (mod a), we count the number of possibilities for B as follows: Let

d = gcd(b11, b12, b13, b14, b1), where b1 is the product of primes dividing b which do not di-

vide a. From Lemma 125 it follows that the density of possible b22, b23, b24, b33, b34, b44 is

� b−1b−1
1 d. It follows that the number of choices for the possible values B is �

∏
(i,j):i≥2

max
(Zw(bij)

fij
, 1
)
,

where fij are factors one of which is ab, one of which is ab1/d, and the rest are a. Since

ab� Z, it follows that

∏
(i,j):i≥2

max
(Zw(bij)

fij
, 1
)
�ε Z6+εa−6b−1b−1

1 ds6
1s

4
2s

10
3 M(s)

= dµ(a, b)Z6+εs6
1s

4
2s

10
3 M(s).

(4.36)

Note that the d/b1-density condition must necessarily be independent of the mod a densities

arising from the fact that B (mod a) is fixed since gcd(a, b1) = 1.

Let Σa be the set of primes dividing a. For a subset S ⊂ Σa, let S := Σa r S, let Π(S)
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be the set of positive integers divisible only by primes in S, and let aS be the part of a

coprime to every element of S. Turning now to Case a, Lemma 123 implies that the number

of choices for b11, b12, b13, and b14, weighted by the number of arising possibilities for B

(mod a), such that gcd(b11, b12, b13, b14, b1) = d is �ε

∑
S⊂Σa

∑
q∈Π(S)
q2|a

∑
q′∈Π(S)

q′|aS |q
′2

∑
b1j�Zw(b1j)

dq2aS |b11,dqq
′|b1j

q5aSq
′2 �ε

Z4+ε

d4
w(b11)w(b12)w(b13)w(b14) =

Z4+ε

d4
s−12

1 s−4
2 s−4

3 .

Multiplying by the right-hand side of (4.36) and summing over d | b1 yields the result

for Case a.

Similarly, the numbers of choices for b11, b12, b13, and b14 with gcd(b11, b12, b13, b14, b1) = d,

weighted by the number of possibilities for A (mod a), in Cases b, c are respectively �ε

∑
S⊂Σa

∑
q′∈Π(S)

q′|aS |q′2

∑
db12,db13,db14

q′|b1j

aSq
′2 �ε

Z3+ε

d3

w(b12)w(b13)w(b14)

q′3
aq′

2 �ε
Z3+ε

d3
a1/2s−6

1 s−2
2 s−2

3 ,

∑
S⊂Σa

∑
q′∈Π(S)

q′|aS |q′2

∑
db13,db14
q′|b1j

aSq
′2 �ε

Z1+ε

d
max

{
Zw(b13)

q′
, 1

}
w(b14)

q′
aq′

2 �ε
Z2+ε

d
as−2

1 s2
3.

Once again, multiplying by the right-hand side of (4.36) and summing over d | b1 yields the

result for Cases b and c. This concludes the proof of the lemma.

For positive real numbers X and Y , and γ ∈ SL4(R), we define the quantity

N(γ;X, Y ) := #
{

(A,B) ∈ D(U1(Z); γ,X)×D(La,b; γ, Y ) : (A,B) is non-distinguished
}
.

We now have the following result.

Proposition 127. Let Y � X ≥ 1 be real numbers, and fix γ = n(s1, s2, s3)k ∈ F4. Let a

and b be positive integers such that ab� Y . Then we have that

N(γ;X, Y )�ε µ(a, b)X9Y 10+εs12
1 s

8
2s

12
3 .
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Proof. We partition U1(Z) into the first six sets listed in the second column of Table 126,

and partition La,b into the last three sets listed in the second column of Table 126. This

gives us 18 cases to consider, and we label these cases 1a through 6c. A pair (A,B) ∈ W4(Z)

with detA = 1 and a11 = a12 = a22 = b11 = b12 = 0 is automatically distinguished, and so

Cases 4c and 6c can be discarded.

Continuing with the c’s, note that the bound for Case 1c follows directly from the

relevant third column bounds of Lemma 126 and the inequality a� Y . The bound for Case

2c follows directly from the relevant third column bounds, along with the relevant fourth

column inequality and the inequality a � Y . The bound for Case 3c follows directly from

the relevant third column bounds, fourth column inequalities, and the inequalities X � Y

and a� Y . For Case 5c, we observe that any pair (A,B) ∈ W4(Z) with detA = 1 and a11 =

a12 = a13 = b11 = b12 = b13 = 0 is automatically distinguished. This observation has two

consequences: first, we may assume that s2
1s

2
3 � Y , and second, the bound for the number

of eligible forms B given in Lemma 126 can be improved to aµ(a, b)s2
1s

4
2s

10
3 M(s)Y 8+ε. Using

these consequences along with the relevant fourth column inequalities and the inequalities

a� Y and s2
1s

2
3 � Y yields Case 5c.

We now move along to the a’s and b’s. It is easy to check that Cases 1a, 2a, 3a, 4a, 5a,

1b, 2b, and 3b follow directly from the bounds in the second column of Table 126. Case

6a follows from the bound in the second column together with the inequality s2
3 � s2

1X.

Similarly, Case 5b follows from the bound in the second column together with the inequalities

s2
1 � s2

3X and s2
2s

2
3 � s2

1X, which should be used to make the powers of s1 and s3 equal in

the product
√
aµ(a, b)X5Y 9s10

1 s
4
2s

14
3 M(s).

This only leaves Case 6b, which is the most intricate case stemming from the difficulty in

controlling the exponent of s2. We proceed as follows: Since a11 = a12 = a22 = 0, it follows

that the quadratic form Q(x, y) = b11x
2 + b12xy + b22y

2 must have nonzero discriminant

for the pair (A,B) to be irreducible. However, since B ∈ La, it follows that a | ∆(Q),

and in particular |∆(Q)| ≥ a. Therefore, it follows that Y 2w(b12)2 = Y 2s−4
1 s−4

2 s−4
3 � a, or
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s2
1s

2
2s

2
3 � Y a−1/2. Denote the set

D(U1(Z)({a11, a12, a13, a22}; ∅); γ,X)×D(La,b({a11}, {a12}); γ, Y )

by T . Now, from the bounds in the third column of Table 126, it follows that we have

#
{

(A,B) ∈ T : (A,B) is non-dist.
}
�
√
aµ(a, b)X4Y 9s8

1s
8
2s

16
3 M(s)

� µ(a, b)X4Y 10s6
1s

6
2s

14
3 M(s),

where the final inequality follows by multiplying the right-hand side of the first line by

Y a−1/2s−2
1 s−2

2 s−2
3 � 1. Using the inequalities s2

1 � Xs2
3 and s2

3 � Xs2
1 to ensure that the

exponents of s1 and s3 in s6
1s

14
3 M(s) are equal, we obtain the required bound in Case 6b as

well. This concludes the proof of the proposition.

We are now ready to prove Theorem 120:

Proof of Theorem 120: Let T denote the characteristic function of the set of non-

distinguished elements (A,B) ∈ W4(Z) that are special at a and satisfy detA = 1. Then we

clearly have that

Nψ(W
(i,j)
A4

, Ta;X, Y ) ≤ Nψ(W (i,j), T ;X, Y ).

From Proposition 117, it follows that we have

Nψ(W (i,j), T ;X, Y )�
∫
γ∈F4

( ∑
w∈W4(Z)

T (w)
(
γ · Φ[Y −1/2X1/4, Y 1/2X1/4]

)
(w)
)
dγ �∫

γ∈F4

#
{

(A,B) ∈ D
(
U1(Z); γ, X

1/4
√
Y

)
×D(Sa; γ,

√
Y X1/4) ∩W4(Z) : (A,B) is non-dist.

}
dγ,

as long as D ⊂ U4(R) is large enough that D×D contains the support of the compactly sup-

ported function Φ, and where Sa denotes the set of elements B ∈ U4(Z) that are special at a.

199



By Proposition 112, we may write

Sa =
⋃
b,c,d

bLc,d,

where b, c, and d, are integers dividing a that satisfy the following property: for each prime

p dividing a with pk‖a, there exist nonnegative integers α and β such that pα‖b, pk−2α+β‖c,

pα−2β‖d, k − 2α + β ≥ 0, and α ≥ 2β. Applying Proposition 127, on each triple (b, c, d) (to

apply the proposition for the set bLc,d rather than Lc,d, we simply divide each B by b), we

therefore obtain

Nψ(W
(i,j)
A4

, Ta;X, Y ) �ε

∑
b,c,d

∫
s1,s2,s3�1
si�X

b−10µ(c, d)(Y −1/2X1/4)9(Y 1/2X1/4)10+εd×s

�ε

∑
b,c,d

b−10µ(c, d)X5−1/4+εY 1/2,

(4.37)

since the term s12
1 s

8
2s

12
3 in Proposition 127 exactly cancels out with the Haar-measure factor.

If pk‖a, then the contribution from p to b−10µ(c, d) is easily checked to be


p−6k+α−4β+1, if k − 2α + β = 0, α− 2β > 0;

p−6k+α−4β, otherwise.

We claim that the contribution from p to b−10µ(c, d) is ≤ the contribution of p to ν(a) for each

k ≥ 1. Since α ≤ k/2+β/2, this follows when k ≥ 4. When k = 1, we must have α = β = 0,

and the claim follows. When k = 2 or k = 3, we either have α = β = 0, or α = 1 and β = 0.

The claim is easily checked in all these cases. Therefore, we have b−10µ(c, d) ≤ ν(a). Finally,

since the number of triples (b, c, d) being summed over is Oε(a
ε) = Oε(X

ε), the result follows

from (4.37). 2

200



4.5.2 Fourier analysis on the space of n× n symmetric matrices

In this section, we collect some Fourier analytic results on the space of quadratic forms. Since

our results apply generally, we will work with the space Un, for integers n ≥ 2, specializing

only occasionally to the space of quaternary quadratic forms.

4.5.2.1 Preliminary definitions and results

Let n ≥ 2 be an integer. For an integer N , let ̂Un(Z/NZ) be the Pontryagin dual of

Un(Z/NZ). Then ̂Un(Z/NZ) can be identified with Un(Z/NZ) = (Z/NZ)n, where D :=

n(n+1)
2

. We write elements χ ∈ ̂Un(Z/NZ) as D-tuples χ = (ǎij)1≤i≤j≤n via the identification

χ(B) := e
(∑

i,j ǎijbij

N

)
=
∏
i,j

e
( ǎijbij

N

)
,

where B = (bij)i,j ∈ Un(Z/NZ) and e(x) := e2πix. We also consider elements Ǎ = [ǎij] ∈

̂Un(Z/NZ) as n× n symmetric matrices by regarding the ǎij as the matrix entries.

For a function φ : Un(Z/NZ) ! C, we recall the definition of φ̂ : ̂Un(Z/NZ) ! C, the

Fourier dual of φ:

φ̂(χ) =
∑

B∈Un(Z/NZ)

φ(B)χ(B).

Fourier duality then implies the equality

1

ND

∑
χ

φ̂(χ)χ(f) = φ(f).

Let Ûn(Z) denote the lattice in Un(R) dual to Un(Z). For every positive integer N , we

have a natural identification of Ûn(Z)/NÛn(Z) with ̂Un(Z/NZ). The following result is a

consequence of Poisson summation.

Proposition 128. Let ψ : Un(R) ! R denote a smooth function with super polynomial

decay. Let N be a positive integer, and let φ : Un(Z/NZ) ! R be any function. Then, for
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positive real numbers Yij, we have

∑
B=(bij)∈Un(Z/NZ)

ψ
( bij
Yij

)
φ(B) =

∏
i,j Yij

ND

∑
χ=(ǎij)∈Ûn(Z)

ψ̂
(Yij ǎij

N

)
φ̂(χ).

4.5.2.2 The Fourier transform of the set of rank-1 quadratic forms modulo a

prime p

Let p be an odd prime number. In the following result, we estimate the Fourier transform

of the characteristic function S : Un(Z/pZ)! {0, 1} of the set of elements in Un(Z/pZ) that

are of rank ≤ 1 modulo p.

Proposition 129. With notation as above, we have the following bounds on Ŝ:

|Ŝ(χ)| � pn−
rank(χ)

2 .

Proof. Let χ = (ǎ)ij correspond to the quaternary quadratic form Ǎ. Since S is GLn(Fp)-

invariant, it follows that for any γ ∈ GLn(Fp), we have Ŝ(χ) = Ŝ(γχ). Thus, we may assume

that Ǎ is diagonal, with coefficients α1, . . . , αn. The support of S is precisely the set

{B = γ(β1x1 + · · ·+ βnxn)2 : γ ∈ F×p /F×2
p , β1, . . . , βn ∈ Fp}.

With χ and B as above, we have χ(B) = e
(∑

αiγβ
2
i

p

)
. Therefore, we have that

Ŝ(χ)�
∑
βi∈Fp

e
(∑αiβ

2
i

p

)
=

n∏
i=1

∑
βi∈Fp

e
(αiβ2

i

p

)
=

n∏
i=1

g(αi, p),

where g(αi, p) denotes the quadratic Gauss sum modulo p. Since we know that |g(αi, p)| is

√
p when αi 6= 0 and p when α = 0, the result follows.
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Bounding the Fourier transform of certain smooth functions

Let ψ : V4(R) ! R and Φ: PSOA(R) ! R be fixed smooth, compactly supported func-

tions. Let X, Y be real numbers with 0 < Y � X1/2. Recall that we restrict ψX [Y ] to

V1(R), obtaining a smooth, compactly supported function ψX,Y : V1(R)! R. We then wrote

S(ψX,Y ,Φ) for ΦX,Y . Finally, we wrote ψX,Y [Y/X] and ΦX,Y [Y/X], respectively, for ψ(X,Y )

and Φ(X,Y ). Next, we estimate the Fourier transform of Φ(X,Y ):

Lemma 130. The mth partial derivatives of Φ(X,Y ) are bounded by O(X3m/Y 6m).

Proof. It is immediately seen that Φ(X,Y ) = S(ψX,Y {Y/X},Φ). Thus, the lemma follows from

bounds on the derivatives of ψX,Y {Y/X}, which can be computed using the chain rule.

As a standard consequence of the above lemma, we obtain the following result.

Proposition 131. Let Z denote X3/Y 6. The Fourier transform of Φ(X,Y ) satisfies

|Φ̂(X,Y )(Ǎ)| �M
ZM

|Ǎ|M
,

where |Ǎ| denotes the L1-norm of A.

4.5.3 Counting special PSOA4
(Z)-orbits on WA4

(Z)

Let Φ: WA4(R) ! R be a smooth function. Given a function T : WA4(Z) ! R that is

PSOA4(Z)-invariant, we define

NΦ(T ;X) :=

∫
γ∈FA

( ∑
B∈WA4

(Z)gen

T (B) · (γ · Φ)(B/X)
)
dγ. (4.38)

Above, we take dγ = s−2
1 s−2

2 dnd×s1d
×s2dk for γ = n(s1, s2)k in Iwasawa coordinates. Write

n(s1, s2)k = (s1, s2)n(s)k for k ∈ KA4 , n ∈ N ′ and (s1, s2) ∈ T ′. It is easily checked that n(s)

has absolutely bounded coefficients. Then for γ = n(s1, s2)k, we have γ ·Φ = (s1, s2) ·Φn(s)k,

where Φn(s)k is smooth and has compact support independent of (n, s) ∈ FA4 .
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We assume that T is bounded and (Xθ, X)-acceptable, i.e., T is defined via congruence

conditions modulo two relatively prime positive integers b � Xθ and q � X, where q is

squarefree and the congruence condition modulo q is simply the one which cuts out the

elements having rank ≤ 1 modulo q. For such functions T , we estimate NΦ(T ;X) in the

following three steps: first, we bound the number of non-distinguished points in the cusp-

idal region of the integral. Second, we bound the number of non generic elements in the

main ball of the integral. Third, we estimate the number of integer points in the main

ball of the integral.

4.5.3.1 Bounding the number of integer points in the cusp

Let 0 < q � X be squarefree, let Lq := {B ∈ WA4(Z) : B is of rank ≤ 1 modulo q}, and let

Lnd
q be the set of non-distinguished elements in Lq. We prove the following result:

Proposition 132. Fix 0 < δ1 < 1/4. Then we have

∫
nsk∈γ∈FA

max(s1,s2)�Xδ1

( ∑
B∈Lndq

(γ · Φ)(B/X)
)
dγ �ε

X10−2δ1+ε

q6
.

We start by proving the following lemmas:

Lemma 133. Every B ∈ Lq with |b2
12 − b11b22| < q is distinguished.

Proof. The binary quadratic form b11x
2 + b12xy+ b22y

2 is a square modulo q since B belongs

to Lq. Hence, the discriminant ∆ = b2
12−b11b22 is divisible by q. The condition of the lemma

now implies that ∆ = 0, and hence that b11x
2 + b12xy + b22y

2 is a multiple of the square of

a linear form. Thus, B is distinguished.

Lemma 134. Let 1 � Y1 � Y2 � Y3 be positive real numbers such that Y 2
2 � Y1Y3. Then

the number of integer triples (a1, a2, a3) ∈ Z3 such that q | a2
2−a1a3 and |ai| � Yi is bounded

by Oε(Y2(Y1Y3)ε(1 + Y1Y3/q)).
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Proof. There are O(Y2) choices for a2. Once we fix a2, we have a1a3 = a2
2 + kq for some

integer k. There are O(1 + Y1Y3/q) choices for k. For each choice of k, the pair (a1, a3) is

fixed up to (Y1Y3)ε choices.

Let Lnd
q,b11=0 and Lnd

q,b11 6=0 denote the subsets of Lnd
q consisting of elements (A4, B) with

b11 = 0 and b11 6= 0, respectively. For each divisor q′ | q, let Lnd
q,b11 6=0(q′) = {B ∈ Lnd

q,b11 6=0 : q′ |

b11(B)}. We have the following consequence of Lemma 134:

Corollary 135. Write φ = Φn(s)k for n ∈ N ′, s = (s1, s2) ∈ T ′. Then for s1 > s2 with

w(b11)X � q′, we have

∑
B∈Lndq,b11 6=0(q′)

((s1, s2) · φX)(B)�ε
X10+ε

q6
+
X8+εs4

1

q5
.

Proof. We fiber over b11, b12, b22, b13, and b14. Since the binary quadratic form b11x
2+b12xy+

b22y
2 is a square modulo q, Lemma 134 implies that the number of options for the triple

(b11, b12, b22) is bounded by Oε(X
1+ε(1/(q′s2

1) +X2/(q′qs6
1))). The number of options for the

pair (b13, b14) is bounded by O(X2/(q′2s2
2)).

Once these coefficients have been fixed, Corollary 124 implies that B is determined mod-

ulo q up to Oε(q
′3qε) choices. Since Xw(bij) � X � q for the remaining coefficients, it is

clear that we have

∑
B∈Lndq,b11 6=0(q′)

((s1, s2) · φX)(B)�ε X
1+ε
( 1

q′s2
1

+
X2

q′qs6
1

)
· X

2

q′2s2
2

· X
5q′3qεs6

1s
2
2

q5
,

as necessary.

We are now in position to prove Proposition 132.

Proof of Proposition 132: By symmetry, we may assume that s1 > s2 for γ = n(s1, s2)k ∈

FA4 . Moreover, by Lemma 133, we may assume that s1 � X1/2/q1/4. Thus, stratifying the

set Lnd
q,b11 6=0 with the subsets Lnd

q,b11 6=0(q′) for q′ | q and applying Corollary 135 to each stratum,
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we obtain

∫
nsk∈γ∈FA

max(s1,s2)�Xδ1

( ∑
B∈Lndq,b11 6=0

(γ · Φ)(B/X)
)
dγ �ε

qε
∫ X1/2/q1/4

s1�Xδ1

∫ s1

s2=1

(X10+ε

q6
+
X8+εs4

1

q5

)
s−2

1 s−2
2 d×s1d

×s2,

which is sufficient.

Next suppose that B ∈ Lnd
q with b11 = 0. Then b1j 6= 0 for j ∈ {2, 3} and q di-

vides b1j for j ∈ {2, 3, 4}. It follows that Xw(b1j) � q for j ∈ {2, 3, 4}, which in turn

implies that Xw(bij) � q for all (i, j) 6= (1, 1). Under these conditions, there are �

X3w(b12)w(b13)w(b14)/q3 options for the tuple (0 = b11, b12, b13, b14). Once such a tuple has

been fixed, it determines B modulo q up to Oε(q
3+ε) choices by Corollary 124. Thus, we have

∫
nsk∈γ∈FA

max(s1,s2)�Xδ1

( ∑
B∈Lndq,b11=0

(γ · Φ)(B/X)
)
dγ �ε

∫ X1/2/q1/2

s1�Xδ1

∫ s1

s2=1

X9+ε

q6
w(b11)−1s−2

1 s−2
2 d×s1d

×s2

�ε
X9+ε

q6
,

which is also sufficient. This concludes the proof of the proposition. 2

4.5.3.2 Bounding the number of non-distinguished elements in the main ball

Let 0 < q � X be an integer (not necessarily squarefree), let Sq := {B ∈ WA4(Z) :

B is special at q}, and for a set S ⊂ WA4(Z), let Sngen denote the set of non-generic elements

in S (i.e., the set of elements in S that are distinguished or have a non-trivial stabilizer in

PSOA4(Q)). The following result bounds the number of non-generic elements in the main ball.

Proposition 136. Let δ1 > 0 be sufficiently small. Then, for a constant κ > 0 independent

of δ1, we have that

∫
nsk∈γ∈FA

max(s1,s2)�Xδ1

( ∑
B∈Sngenq

(γ · ΦX)(B)
)
dγ = O

(X10−κ

q6

)
.
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Proof. It is a consequence of [78, Corollary 1.2] that the density of Sq in WA4(Z) is O(q−6).

The result then follows from using the Selberg sieve applied as in [104]. The only additional

ingredient needed to apply the sieve is to show that for every prime p > 2, there exists a

set Tp (resp., T ′p) contained in WA4(Fp) satisfying the following two properties: (1) every

B ∈ WA4(Z) whose reduction modulo p lies in Tp (resp., T ′p) is non-distinguished (resp., has

trivial stabilizer in PSOA4(Q)); and (2) the size #Tp (resp., #T ′p) is � p10.

We now construct the sets Tp and T ′p. For any separable monic binary quartic form

f ∈ V1(Fp), it follows from [105, Proposition 14] that the set of PSOA4(Fp)-orbits on WA4(Fp)

with resolvent f is in bijection with Jf (Fp)/2Jf (Fp). It further follows from [105, Equation

(8)] that the stabilizer of any element of such an orbit is isomorphic to Jf (Fp)[2]. Thus, we

can take Tp to be the set of all B ∈ WA4(Fp) with separable resolvent ι(B) = f corresponding

to a non-trivial element of Jf (Fp)/2Jf (Fp). Similarly, we can take T ′p to be the set of all

forms B ∈ WA4(Fp) with separable resolvent ι(B) = f such that Jf (Fp)[2] is trivial.

It remains to show that the sizes of Tp and T ′p satisfy the required lower bounds. Re-

call that for any separable form f ∈ V1(Fp), the 2-torsion subgroup Jf [2] depends only on

the splitting type of f over Fp. Since each unramified splitting type occurs with positive

proportion (where by “positive,” we mean “positive in the large-p limit”), it follows from

the orbit-stabilizer theorem that the set Tp (resp., T ′p) comprises a positive proportion of

WA4(Fp)—i.e., we have #Tp � p10 (resp., #T ′p � p10), as necessary.

4.5.3.3 Estimating the number of integer points in the main ball

Assume the Fourier transform of a smooth, compactly supported function Φ: WA4(R)(i,j) !

R satisfies the bound Φ̂(Ǎ) �M ZM/|Ǎ|M , for some real number Z > 0. Then, for γ =

n(s1, s2)k ∈ FA4 , Proposition 128 gives

∑
B∈WA4

(Z)(i,j)

T (B) · ((s1, s2)Φn(s)k)(B/X) = X10Φ̂(0)ν(T ) + E. (4.39)
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The error term E above is bounded by

E �ε
X10

(bq)10

∑
06=Ǎ∈Ŵ (Z)

|ǎij |�(Zbq)1+ε/(Xw(bij))

|T̂ (Ǎ)|

�ε
X10

(bq)10
· (Zbq)10+ε

X10
max(s1, s2)6 min(s1, s2)2 · q7/2+εb10

�ε max(s1, s2)6 min(s1, s2)2 · (Zb)10+εq7/2+ε,

(4.40)

where we use Proposition 129 to bound the value of |T̂ (Ǎ)| by q7/2+ε when Ǎ is not 0 modulo

p for any p dividing q. If the gcd of q and all of the coefficients of Ǎ is q1, then we have a

bound of q7/2+εq
1/2
1 on |T̂ (Ǎ)|. However, we recover the required bound from the fact that

every coefficient of such Ǎ is a multiple of q1, thereby shortening the sum over Ǎ.

We are ready to estimate NΦ(T ;X):

Proposition 137. Let notation be as above. Then we have for some real numbers κ > 0

and any 0 < δ1 < 1/4 that

NΦ(T ;X) = Vol(FA4)X
10Φ̂(0)ν(T )+O

(X10−κ

q6

)
+Oε

(X10−2δ1+ε

q6

)
+Oε

(
(Zb)10+εq7/2+εX4δ1

)
.

Proof. From Propositions 132 and 136, we have

NΦ(T ;X) =

∫
γ∈FA4

( ∑
B∈WA4

(Z)(i,j),irr

(γ · ΦX)(B)T (B)
)
dγ

=

∫
nsk=γ∈FA4

max(s1,s2)�Xδ1

( ∑
B∈WA4

(Z)(i,j)

(γ · ΦX)(B)T (B)
)
dγ +O

(X10−κ

q6

)
+Oε

(X10−2δ1+ε

q6

)
.

The main term in the second line of the above equation can be estimated using (4.39)

and (4.40):

∫
nsk∈γ∈FA4

max(s1,s2)�Xδ1

( ∑
B∈WA4

(Z)(i,j)

(γ · ΦX)(B)T (B)
)
dγ =
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Vol(FA4)X
10Φ̂(0)ν(T ) +Oε

(
(Zb)10+εq7/2+εX4δ1+ε

)
,

as necessary.

We are now ready to prove Theorem 122.

Proof of Theorem 122: Applying Corollary 119 yields

Ngen
ψ (W

(i,j)
A4

, T ;X, Y ) =
1

σA4(i)Vol(Θ)

∫
γ∈FA4

( ∑
B∈WA4

(Z)(i,j)

T (B)(γ · Φ(X,Y )[X/Y ])(B)
)
dγ

=
1

σA4(i)Vol(Θ)
NΦ(X,Y )(T ;X/Y ).

We apply Proposition 137 to estimate NΦ(X,Y )(T ;X/Y ). First note that since T is

(Xθ, X1/2)-acceptable, we have b � Xθ and q � X1/2. Thus, the error term from the

proposition is �ε

(X/Y )10−κ

q6
+

(X/Y )10−2δ1+ε

q6
+ (Z)10+ε(X/Y )7/2+10θ+4δ1+ε,

for some 0 < κ and any 0 < δ1 < 1/4. By assumption, we have Y � X1/2−δ, so by

Proposition 131, we may take Z = X6δ. Therefore, the error term arising from Proposition

137 is �ε

(X1/2+δ)10−κ

q6
+

(X1/2+δ)10−2δ1+ε

q6
+ (X1/2+δ)7/2+10θ+60δ+4δ1+ε �ε

X5−λ+10θ+60δ+ε

q6
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for some sufficiently small λ > 0. We now compute the main term to be

1

σA4(i)
Vol(FA4)

X10

Y 10

Φ̂(X,Y )(0)

Vol(Θ)
ν(T ) =

|JA4 |
σA4(i)

Vol(FA4)
X10

Y 10
Vol(ψ(X,Y ))ν(T )

=
|JA4 |
σA4(i)

Vol(FA4)Vol(ψX,Y )ν(T )

=
|JA4 |
σA4(i)

Vol(FA4)Vol
(
ψ|Y 2

X

)
X4Y 2ν(T ),

where the first equality follows from Corollary 115, and the rest follow directly from the defini-

tions of the various smooth functions involved. This concludes the proof of Theorem 122. 2

4.6 The second moment of |Sel2(E)|

For (I, J) ∈ Z2 with ∆(I, J) 6= 0, let EI,J denote the elliptic curve with invariants I and

J . We know from [26, Theorem 3.5] that Sel2(EI,J) is in bijection with the set of PGL2(Q)-

equivalence classes of locally soluble integral binary quartic forms with invariants 24I and

26J . Let F be an acceptable collection of elliptic curves over Q, and let Finv be the set

Finv := {(24I, 26J) ∈ Inv(Z) : EI,J ∈ F}.

We denote the natural bijection F ! Finv by ι, and we write F± := ι−1(Inv(R)±). Let

H : Inv(R)± ! R be a smooth bounded function. Then, as in [26, §3.2], we have the equality

∑
E∈F±

(|Sel2(E)| − 1)HX(ι(E)) =
∑

f∈ V4(Z)±
PGL2(Z)

N (F , f)HX(ι(f)),
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where N (F , f) is defined below:

N (F , f) :=


1/n(f), if f is locally soluble, has no rational linear factor, and ι(f) ∈ Finv;

0, otherwise.

Above, n(f) is the number of PGL2(Z)-orbits in the PGL2(Q)-equivalence class of f in V4(Z).

For an integral binary quartic form f , write S(f) := Sel2(Jac(Cf )) and |S|(f) :=

|Sel2(Jac(Cf ))|. Then we have the following tautological identity:

∑
E∈F±

|Sel2(E)|(|Sel2(E)| − 1)HX(ι(E)) =
∑

f∈ V4(Z)±
PGL2(Z)

N (F , f)|S|(f)HX(ι(f)). (4.41)

We will replaceN (F , f) withM(F , f), whereM(F , f) defined below. The functionN (F , f)

vanishes on V4(Z)(2−), and we will define M(F , f) to be 0 there too. For i ∈ {0, 1, 2+},

and f ∈ V4(Z)(i) with nonzero discriminant, we define M(F , f) =
∏

pMp(F , f), where

Mp(F , f) : V4(Zp) ! R is as follows: letting Finv,p denote the p-adic closure of Finv in

Inv(Zp), we put

Mp(F , f) :=


1/mp(f), if f is soluble over Qp and ι(f) ∈ Finv,p;

0, otherwise.

Again, as in [26, §3.2], mp(f) denotes the number of PGL2(Zp)-orbits in the PGL2(Qp)-

equivalence class of f in V4(Zp). Over the next few subsections, we estimate the term

Ngen
H (V (i),M(F , ·)|S|;X) =

∑
f∈ V4(Z)

(i)

PGL2(Z)

M(F , f)|S|(f)HX(ι(f)), (4.42)

for smooth, compactly supported functions H : Inv(R)± ! R.
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4.6.1 Slicing over the leading coefficient

Let T : V4(Z) ! R be a PGL2(Z)-invariant function, and fix i ∈ {0, 1, 2+}. By Proposition

116, we have that

Ngen
H (V (i), T ;X) =

1

σiVol(Θ)
O(T, ψ;X1/6),

where ψ = ψ(i) = SV4(H,Θ). We may assume without loss of generality that ψ is SO2(R)-

invariant (this is guaranteed as long as Θ is SO2(R)-invariant). To evaluate the integral

O(T, ψ;X), we fiber the sum over f ∈ V4(Z)gen by the value of a(f), obtaining

O(T, ψ;X) =

∫
(t,n)∈F2

(∑
|a|6=0

∑
f∈V4,a(Z)gen

T (f) · ((t, t−2n) · ψX)(f)
)
dn
d×t

t2
,

where (t, t−2n) denotes the matrix

 t−1

t

·
 1

t−2n 1

. We will transform the innermost

sum in the above equation into one over monic binary quartic forms as follows.

For f ∈ V4,a(Z), let fmon∗ := (κf)mon, and for g ∈ mon(κV4,a(Z)), let gdem∗a := κ−1gdema .

For a function ψ : V4(R) ! R and a real number n, let ψ(n) denote

 1

n 1

 · ψ. Then we

have

∑
f∈V4,a(Z)gen

T (f) · ((t, t−2n) · ψX)(f) =
∑

f∈V4,a(Z)gen

Ta(f
mon∗) ·

(
ψ

(t−2n)

κ2aX [κat2]
)
(fmon∗),

where for g ∈ mon(κV4,a(Z)), we write Ta(g) := T (gdem∗a ). Then we immediately obtain the

following result:

Theorem 138. We have that

Ngen
H (V (i), T ;X) =

1

σiVol(Θ)

∫
(t,n)∈F2

(∑
|a|6=0

∑
f∈V4,a(Z)gen

Ta(f
mon∗)·

(
ψ

(t−2n)

κ2aX1/6 [κat
2]
)
(fmon∗)

)
dn
d×t

t2
.
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4.6.2 Introducing local masses on WA4
(Z)

Let f ∈ V4(Z) with a(f) 6= 0. From §4.2, we know that S(f) is in bijection with the set of

PSOA4(Q)-equivalence classes on certain matrices B ∈ WA4(Z) with ι(B) = fmon∗ defined

by local conditions. Moreover, by Theorem 111, every such PSOA4(Q)-equivalence class has

an element that is special at a(f).

This motivates the definition of the following mass functions on WA4(Z). For each prime

p, let Sp ⊂ WA4(Zp) be a PSOA4(Zp)-invariant set. Denote the collection (Sp)p by S. Let

WA4(S) be the set WA4(Z) ∩
(
∩p Sp

)
, which is immediately seen to be PSOA4(Z)-invariant.

For an element B ∈ Sp (resp. B ∈ WA4(S)), let Bp(B) (resp., B(B)) be a set of representatives

for the action of PSOA4(Zp) (resp., PSOA4(Z)) on the PSOA4(Qp)-equivalence class (resp.

PSOA4(Q)-equivalence class) of B in Sp (resp. WA4(S)). Then, for B ∈ WA4(S), we define:

n(S, B) :=
∑

B′∈B(B)

1; m(S, B) :=
∑

B′∈B(B)

|StabPSOA4
(Q)(B)|

|StabPSOA4
(Z)(B′)|

.

Analogously, for B ∈ Sp, we define

mp(Sp, B) :=
∑

B′∈Bp(B)

|StabPSOA4
(Qp)(B)|

|StabPSOA4
(Zp)(B′)|

.

Then we have the following result whose proof is identical to that of [26, Proposition 3.6].

Proposition 139. For B ∈ WA4(S), we have that m(S, B) =
∏

pmp(Sp, B).

Now let f be a binary quartic form and denote a(f) by a. Let S(a) = (S(a)p)p be defined

as follows: for p ‖ a, we set S(a)p to be the set of all elements in WA4(Zp) with rank ≤ 1

modulo p; for all other primes p we simply set S(a)p = WA4(Zp). We know that we have

|S|(f) =
∑

B∈
WA4

(S(a))∩ι−1(fmon∗)
PSOA4

(Z)

B loc. sol.

1

n(S(a), B)
. (4.43)
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Once again, since m(S(a), ·) has an Euler product while n(S(a), ·) does not, we replace

n(S(a), ·) with m(S(a), ·) and define Mp(F ; a) : WA4(S(a))! R as follows:

Mp(F ; a;B) :=


Mp(F , ι(B)dem∗a )

mp(S(a)p, B)
if B is soluble at p;

0 otherwise,

We define the global mass M(F ; a; ·) as follows:

M(F ; a; ·) : WA4(Z) ! R

B 7!
∏

pMp(F ; a;B) =
M(F , ι(B)dem∗a )

m(S(a), B)
.

The masses N (F ; a;B) and M(F ; a;B) only differ on non-generic elements B. This moti-

vates the following bound on the number of non-generic and non-distinguished orbits B:

Lemma 140. Let S denote the characteristic function of the set of elements in WA4(Z) that

are non-generic and non-distinguished. Then we have for some λ > 0 that

∫ �X1/24

t�1

( ∑
06=|a|�X1/6/t4

Nψ(W
(i)
A4
, S; aX1/6, at2)

)d×t
t2
� X5/6−λ.

Proof. We split the sum over a into the big range with |a| > (X1/6/t4)1−δ and the small

range with |a| ≤ (X1/6/t4)1−δ, for some δ > 0 to be chosen later. Using Proposition 136 for

a in the big range, we obtain

Nψ(W
(i)
A4
, S; aX1/6, at2)� X10/6−κ

t20a6
� t4X4/6+δ−κ,

for some κ > 0 independent of δ. For a in the small range, we use Corollary 121 to obtain
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the bound

Nψ(W
(i)
A4
, S; aX1/6, at2)� X5/6−δ/2

a

∏
pk‖a
k≥3

pk/2. (4.44)

Summing the bound (4.44) over a and integrating over t gives a contribution that is �ε

X5/6−δ/2+ε
∑

1≤|c|≤(X1/6/t4)1−δ

c cubeful

1√
c
�ε X

5/6−δ/2+ε,

as desired, where we say that m is cubeful if, for each prime p | m, we have p3 | m.

Finally, for i ∈ {0, 1, 2+, 2−}, we define

I(i) =
1

σiVol(Θ)

∫
(t,n)∈F2

(∑
|a|6=0

Ngen

ψ(t−2n)

(
W

(i)
A4
,M(F ; a, ·); κ2aX1/6, κat2

))
dn
d×t

t2
,

and set I+ = I(0) + I(2+) and I− = I(1). We now have the following result.

Theorem 141. We have for some λ > 0 that

∑
E∈F±

∑
σ∈Sel2(E)

σ 6=1

(
|S2(σ)| − 2

)
HX(ι(E)) = I± +O(X5/6−λ). (4.45)

Proof. We prove the result for negative-discriminant elliptic curves; the positive-discriminant

case follows identically. As long as f is generic, there are precisely two distinguished orbits

arising from f . Thus, (4.41) and Theorem 138 imply that the left-hand side of (4.45) is

1

σ1Vol(Θ)

∫
(t,n)∈F2

(∑
|a|6=0

∑
f∈V4,a(Z)

(
ψ

(t−2n)

κ2aX1/6 [κat
2]
)
(fmon∗)N (F , f)(|S|a(fmon∗)− 2)

)
dn
d×t

t2
,

where as before, |S|(g) denotes |Sel2(Jg)|, and |S|a(f) := |S|(fdem∗
a ). The value of |S|a(fmon∗)

is given in (4.43) in terms of a weighted sum of PSOA4(Z)-orbits on WA4(Z). We define
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N : WA4(Z)! R via

N (F ; a;B) :=


N (F , ι(B)dem∗a )

n(S(a), B)
, if B is locally soluble,

0, otherwise,

Therefore, we have that

∑
|a|6=0

∑
f∈V4,a(Z)

(
ψ

(t−2n)

κ2aX1/6 [κat
2]
)
(fmon∗)N (F , f)(|S|a(fmon∗)− 2)

)
=

∑
|a|6=0

Ngen

ψ(t−2n)

(
W

(1)
A4
,N (F ; a;B); κ2aX1/6, κat2

)
,

up to an error of O(X5/6−λ) for some λ > 0, where the error term follows from bounding

non-distinguished and non-generic elements using Lemma 140.

Since N (F ; a;B) differs from M(F ; a;B) only on elements B that are not generic, it

follows from Lemma 140 that we have

∑
|a|6=0

∑
f∈V4,a(Z)

(
ψ

(t−2n)

κ2aX1/6 [κat
2]
)
(fmon∗)N (F , f)(|S|a(fmon∗)− 2)

)
=

∑
|a|6=0

Ngen

ψ(t−2n)

(
W

(1)
A4
,M(F ; a;B); κ2aX1/6, κat2

)
,

up to an error of O(X5/6−λ). The result now follows from integrating over (t, n) ∈ F2.
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4.6.3 Truncating the local masses and applying the counting re-

sults

Recall that we choose (unique up to sign) top degree forms ω on PSOA4 and PGL2 for the

application of Theorem 114. For primes p, we define

τA4(p) :=

∫
g∈PSOA4

(Zp)

ω(g); τ(p) :=

∫
g∈PGL2(Zp)

ω(g).

Since the Tamagawa numbers of PSOA4(Q) and PGL2(Q) are 4 and 2, respectively, we have

for Z > 0 that

4τ
(Z)
A4

:= 4
∏
p>Z

τA4(p)
−1 = Vol(FA4)

∏
p≤Z

τA4(p);

2τ (Z) := 2
∏
p>Z

τ(p)−1 = Vol(F2)
∏
p≤Z

τ(p).

(4.46)

For an integer ` > 0, letMp,`(F ; a; ·) : WA4(Zp)! R be the best upper approximation of

Mp(F ; a; ·) defined modulo p`. For positive real numbers r < s, define the truncated mass

M(r,s)(F ; a;B) :=
∏

p<r, p2-a
p`<s≤p`+1

Mp,`(F ; a;B)×
∏

p<r, p2|a
p`<s≤p`+1

Mp,360νp(a)+`(F ; a;B)×
∏

r≤p, p|a

Sp(a;B)

(4.47)

where, if pk ‖ a, then Sp(a, ·) is the characteristic function of the set of elements that are

special at pk.

Let θ > 0 be a real number that will eventually be picked to be sufficiently small. For

a positive real number X, we define Xθ to be the largest integer satisfying
∏

i≤Xθ i < Xθ. We

will consider the truncated functionM(logXθ,Xθ)(F ; a, ·) which satisfiesM(logXθ,Xθ)(F ; a;B) ≥

M(F ; a;B) for every B ∈ WA4(Z). For each place v of Q, define the ratio

αv :=
|E(Qv)/2E(Qv)|
|E[2](Qv)|

,
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where E is any elliptic curve over Qv. The ratio is independent of E, and depends only on

v. The following lemma follows from [26, Lemma 3.20].

Lemma 142. For large enough primes p, we have αp = 1. Moreover,
∏

v αv = 1.

Proof. Indeed, we have α∞ = 1
2
, α2 = 2, and αp = 1 for odd primes p.

Let N (M) denote the set of natural numbers whose squareful part is greater than M ,

and let κ� 1 be a sufficiently small positive real number. We say that a nonzero integer a

is good if a 6∈ N (Xθ) and a ≥ (X1/6/t4)1−κ, and bad otherwise. For ease of notation, define

Ta :=


M(logXθ,Xθ)(F ; a, ·), if a is good,

τ
(logXθ)
A4

M(F ; a, ·), if a is bad.

(4.48)

We then have the following result for good integers a:

Proposition 143. Let a be a good integer, and let ψ : V4(R) ! R be a smooth, compactly

supported function. Then for some λ > 0 independent of the choice of the sufficiently small

constants θ and κ, we have that

Nψ

(
W

(i)
A4
, Ta; κ

2aX1/6, κat2
)

= α∞|JA4 |Vol(FA4)ν(Ta)Vol
(
ψ| at4

X1/6

)
κ10a6X4/6t4 +O

(X5/6−λ

a

)
.

Proof. Recall that τsol
A4

(i) denotes the number of soluble PSOA4(R)-orbits on ι−1(f) for any

form f ∈ V4(R)(i). We therefore have that

τsolA4
(i)∑

j=1

1

σ(i)
=

τsol
A4

(i)

σ(i)
= α∞. (4.49)

We claim that the function Ta is ((aX1/6)2166θ, (aX1/6)1/2)-acceptable. To see why, note that

the p-adic factor on the right-hand side of (4.47) is defined by congruence conditions modulo:

• p`p , where `p is the unique integer satisfying p`p < Xθ ≤ p`p+1, if p < logXθ and p2 - a;

218



• p360νp(a)+`p , if p < logXθ and p2 | a; and

• pνp(a), if p ≥ logXθ, since Sp(a;B) is defined modulo pνp(a) (see §4.3.2).

Thus, Ta is defined by congruence conditions modulo m1m2, where

m1 =
∏

p<logXθ
p2-a

p`p ×
∏

p<logXθ
p2|a

p360νp(a)+`p ×
∏

p≥logXθ
p2|a

pνp(a) and m2 =
∏

p≥logXθ
p‖a

p

Since a 6∈ N (Xθ), we have that m1 ≤
∏

i≤Xθ i ×
∏

p2|a p
360νp(a) < X361θ ≤ (aX1/6)2166θ.

Moreover, m2 is squarefree with m2 ≤ a � (aX1/6)1/2, gcd(m1,m2) = 1, and the p-adic

factor in the definition of Ta at every prime p | m2 is precisely the characteristic function of

the set of matrices in U4(Zp) that are of rank ≤ 1 modulo p. Thus, we have the claim. The

proposition now follows by applying Theorem 122,using the relation (4.49), and observing

that a ≤ m1m2.

Finally, we have the following consequence of Proposition 143:

Theorem 144. Let i ∈ {0, 1, 2+}. For some λ > 0, we have that

I(i) ≤ α∞|JA4|Vol(FA4)

σiVol(Θ)
X4/6

∫
(t,n)∈F2

t�X1/24

( ∑
0<|a|�X1/6

t4

κ10a6ν(Ta)Vol
(
ψ| at4

X1/6

))
t4dn

d×t

t2
+O(X5/6−λ).

(4.50)

Proof. It suffices to prove that the contribution to the right-hand side of (4.50) from bad

integers a is O(X5/6−λ). For such a, we have Ta �M(F ; a, ·), which is a bounded function

supported on the set of elements B that are special at a. By the proof of Theorem 120,

ν(Ta)� ν(|a|) =
∏
p‖a

p−6 ×
∏
p2‖a

p−12 ×
∏
p3‖a

p−17 ×
∏
pk‖a
k≥4

p−11k/2. (4.51)

Moreover, since ψ is smooth and compactly supported, the factor of Vol
(
ψ| at4

X1/6

)
in the

right-hand side of (4.50) is absolutely bounded. This, along with (4.51), yields that the
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contribution from bad integers a is

� X4/6

∫
t�X1/24

( ∑
0<|a|�X1/6

t4

a bad

∏
pk‖a
k≥3

pk/2
)
tdt. (4.52)

Using the bound X1/6/(at4)� 1, we find that the contribution to (4.52) from bad integers

a ∈ N (Xθ) is

X5/6
( ∑

0<|a|�X1/6

t4

a∈N (Xθ)

1

a

∏
pk‖a
k≥3

pk/2
)
�ε X

5/6+ε
∑
|b|≥1

b squareful

∑
|c|≥Xθ/b
c cubeful

1

b
√
c
�ε X

5/6−θ/6+ε. (4.53)

Similarly, the contribution to (4.52) from bad integers a ≤ (X1/6/t4)1−κ is

�ε X
5/6−κ/6+ε

∑
1≤|c|≤(X1/6/t4)1−κ

c cubeful

1√
c
�ε X

5/6−κ/6+ε. (4.54)

Combining the bounds (4.53) and (4.54) yields the theorem.

4.6.4 Computing the local volumes and summing over leading co-

efficients

Recall from (4.48) that we abbreviated the symbolM(logXθ,Xθ)(F ; a, ·) by Ta. We begin with

the following lemma.

Lemma 145. Let p be a prime, and let ` be a positive integer. Then we have that

νp(Mp,`(F ; a; ·)) =

∫
WA4

(Zp)

Mp(F ; a;B)dB +O(p−`/60).

Proof. Recall thatMp,`(F ; a; ·) is the best upper approximation toMp(F ; a; ·) defined mod-

ulo p`. If two elements in WA4(Zp) that are congruent modulo p`, say B and B + p`B′,

have different values under Mp(F ; a; ·), then we may assume that there exists an element
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γ ∈ PSOA4(Qp) r PSOA4(Zp) such that γ ·B ∈ WA4(Zp) but γ · (B + p`B′) 6∈ WA4(Zp). We

write γ = σ1γ
′σ2, where σ1 and σ2 belong to PSOA4(Zp), and γ′ is a diagonal matrix. It

therefore follows that γ′σ2 · p`B′ 6∈ WA4(Zp). In particular, it follows that γ′ has a nonzero

coefficient whose valuation at p is at most −`/2. However, since γ′σ2 · B is integral, it is

easy to deduce that the discriminant of σ2 ·B, and hence the discriminant of B, is divisible

by p`/5. Therefore, we have

νp(Ta)−
∫
WA4

(Zp)

Mp(F ; a;B)dB ≤ Vol
(
{B ∈ WA4(Zp) : p`/5 | ∆(B)}

)
.

A result of Serre (see [102, §3.2, Equation (57)]) implies the bound

#{B ∈ WA4(Z/pnZ) : pn | ∆(B)} = O(p119n/12),

which in turn implies that the volume above is bounded by O(p−`/60), as necessary.

We have the following immediate consequence of [78, Corollary 1.2]:

Lemma 146. Let b ≥ a ≥ 1 be positive integers, and let p be a prime. The p-adic density

of matrices Q ∈ U4(Zp) such that Q is of rank ≤ 1 modulo pa and is of rank ≤ 2 modulo pb

is given by

p−3a−3b ×


1, if b = a,

1 + p−2−4a(1− p−7)−1(1− p−3)(1− p7a−7b), if b > a.

We now have the following result.
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Proposition 147. For large enough X, we have the following bounds when a is good:

νp(Ta) ≤



αp|JA4 |p|κ|10
p |a|6pτA4(p)

∫
V4,a(Zp)

Mp(F , f)df +Oε(p
−`p/60Xε

θ), if p < logXθ, p
2 - a;

αp|JA4|p|κ|10
p |a|6pτA4(p)

∫
V4,a(Zp)

Mp(F , f)df +O(p−`p/60|a|6p), if p < logXθ, p
2 | a;

|a|6p, if p ≥ logXθ and p2 - a;

|a|6p +O(p−1|a|6p), if p ≥ logXθ and p2 | a.

When a is a bad integer, we have that

νp(Ta) =


αp|JA4|p|κ|10

p |a|6pτA4(p)

∫
V4,a(Zp)

Mp(F , f)df, if p < logXθ;

αp|JA4|p|a|6p
∫
V4,a(Zp)

Mp(F , f)df, if p ≥ logXθ.

Proof. When a is good and p < logXθ or when a is bad, we first apply Lemma 145. The

claim then follows from Theorem 114 in a manner similar to [26, Proposition 3.9].

Now assume that a is good and that p ≥ logXθ. The real number X may be chosen

large enough to ensure that |κ|p = αp = |JA4|p = 1. When p - a, the result only claims

an upper bound of 1, which follows from the fact that Mp,`(F ; a; ·) is bounded above by 1.

When p ‖ a, the result follows since M(logXθ,Xθ)
p (F ; a, ·) = Sp(a;B), where Sp(a;B) is the

characteristic function of the set of elements B with Fp-rank ≤ 1. The p-adic density of

these elements is precisely 1/p6.

Finally, when pk ‖ a, for k ≥ 2, we note that once again, M(logXθ,Xθ)
p (F ; a, ·) = Sp(a; ·),

the characteristic function of the set of elements that are special at p. Denote this set by S.

By Proposition 112, S is contained in the finite union of sets of the form pαLk−2α+β,k−α−β,

where α and β range over nonnegative integers satisfying 2α ≤ k+ β and 2β ≤ α. It follows

immediately from Lemma 146 that the p-adic density of pαLk−2α+β,k−α−β is p−6k−α(1 +

O(p−6)). Summing up over the possible values of α and β gives a total p-adic density of
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p−6k(1 +O(p−1)), as necessary.

We have the following immediate consequence of the above proposition:

Corollary 148. For large enough X, we have that

α∞|JA4|Vol(FA4)a
6ν
(
M(logXθ,Xθ)(F ; a, ·)

)
≤

4τ logXθ
A4

∏
p≤logXθ

∫
V4,a(Zp)

Mp(F , f)df +Oε

(
X
−1/120+ε
θ

)
+ E(a),

where E(a) := O
(∑

p2|a
p≥logXθ

1
p

)
.

Proof. For good integers a, this is a consequence of Proposition 147. For bad integers a,

Proposition 147 implies the same bound with the truncated product over p ≤ logXθ replaced

by the product over all primes p (and without the error terms!). But because Mp(F , ·) ≤ 1

for all sufficiently large p, the product over all p is at most the truncated product over

p ≤ logXθ for large enough X.

Next, we have the following lemma, which is a consequence of Riemann summation

together with the fact that ψ is compactly supported:

Lemma 149. Let Q < Tθ for some θ < 1, and for each p ≤ Q, let φp : V4,a(Zp) ! R be an

acceptable function. Then we have that

∑
a�ψT

(
Vol
(
ψ| a

T

)∏
p≤Q

∫
V4,a(Zp)

φp(f)df

)
= TVol(ψ)

∏
p≤Q

∫
V4(Zp)

φp(f)df + o(T ),

where “a �ψ T” means that a is at most a positive constant times T , where the constant

depends on ψ.
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Recall the definition of Ta in (4.48). Using Corollary 148 and Lemma 149, we find that

∑
0<|a|�ψ

X1/6

t4

α∞|JA4|Vol(FA4)a
6ν(Ta)Vol

(
ψ| at4

X1/6

)
≤

∑
0<|a|�ψ

X1/6

t4

4Vol
(
ψ| at4

X1/6

)(
τ

(logXθ)
A4

∏
p≤logXθ

∫
V4,a(Zp)

Mp(F , f)df +O(X
−1/120+ε
θ + E(a))

)
≤

4τ
(logXθ)
A4

X1/6

t4
Vol(ψ)

∏
p≤logXθ

∫
V (Zp)

Mp(F , f)df + o
(X1/6

t4

)
+O(E),

(4.55)

where we estimate the error term using the following lemma:

Lemma 150. We have that

∑
0<|a|�ψ

X1/6

t4

Vol
(
ψ| at4

X1/6

)
(X
−1/120+ε
θ + E(a))� (logXθ)

−2X
1/6

t4
.

Proof. The first term is easily bounded: we have

∑
0<|a|�ψ

X1/6

t4

X
−1/120+ε
θ � X1/6

t4X
1/120−ε
θ

,

which is sufficient. For the second term, we interchange summation:

∑
0<|a|�ψ

X1/6

t4

E(a)�
∑

p≥logXθ

1

p
× X1/6

p2t4
� (logXθ)

−2X
1/6

t4
.

This concludes the proof of the lemma.

In conjunction with Theorem 144, the estimate (4.55) yields the following.

I(i) ≤
4τ

(logXθ)
A4

Vol(ψ)

σiVol(Θ)
Vol(FPGL)

∏
p≤logXθ

Vol(Mp(F , ·))X5/6 + o(X5/6).

We know that Vol(ψ)/Vol(Θ) = |JPGL|Vol(H±) and that Vol(Mp(F , ·)) = |JPGL|pνp(F)αp.
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Together with the equalities 1/σ0 + 1/σ2+ = 1/σ1 = α∞, we obtain

I± ≤ 8τ
(logXθ)
A4

τ
(logXθ)
PGL ν(F)Ĥ±(0)X5/6 + o(X5/6).

Therefore, we have proven the following result.

Theorem 151. We have that

lim
X!∞

1

ν(F)Ĥ±(0)X5/6

∑
E∈F±

∑
σ∈Sel2(E)

σ 6=1

(
|S2(σ)| − 2

)
HX(ι(E)) ≤ 8.

Proof. This follows since τ
(logXθ)
A4

and τ
(logXθ)
PGL tend to 1 as X tends to infinity.

Let χ± : Inv(R)± ! R be the characteristic function of the set of elements in Inv(R)± with

height ≤ 1. For a sequence of real numbers ε ! 0, consider smooth, compactly supported

functions H±ε such that

(a) For every x ∈ Inv(R)±, we have that H±ε (x) > χ±(x).

(b) For every ε, we have that

∫
Inv(R)

(
H±ε (x)− χ(x)

)
< ε.

Then it follows that

1

ν(F)χ̂±(0)X5/6

∑
E∈F±
H(E)<X

|Sel2(E)|2 =

3 +
1

ν(F)χ̂±(0)X5/6

∑
E∈F±
H(E)<X

(|Sel2(E)| − 1)|Sel2(E)|+ o(1) =

3 +
1

ν(F)χ̂±(0)X5/6

∑
E∈F±
H(E)<X

∑
σ∈Sel2(E)

σ 6=1

(
(|S2(σ)| − 2) + 2

)
+ o(1) ≤
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7 +
1

ν(F)χ̂±(0)X5/6

∑
E∈F±

∑
σ∈Sel2(E)

σ 6=1

(
|S2(σ)| − 2

)
H±ε,X(ι(E)) + o(1) ≤

7 +
8ν(F)Ĥ±ε (0)X5/6

ν(F)χ̂±(0)X5/6
+ oε(1) ≤

15 +O(ε) + oε(1).

Letting X tend to infinity first, and then letting ε tend to 0, we obtain Theorem 97.

4.A Appendix: Integral orbits from odd-degree divi-

sors on hyperelliptic curves

Note: This section is written in the notation and conventions of the paper [17]. Specifically:

• Let p be a prime number, and let n ≥ 4 be even. For a binary form f ∈ Qp[x, y] of even

degree n = 2g + 2 ≥ 4 having nonzero discriminant, we denote by Cf : z2 = f(x, y) the

corresponding genus-g hyperelliptic curve, by Jf = Pic0
Cf/Qp the Jacobian of Cf , and by

J1
f = Pic1

Cf/Qp the principal homogeneous space for Jf whose points correspond to the

divisor classes of degree one on Cf .

• Let θ ∈ K×f be the root of f . We denote by “x − θ” the Cassels map DivCf/Qp !

(Kf/K
×2
f Q×p )N≡f0 (see [39, §2] for the definition).

• We write If (k) for the fractional ideal Ikf and N for the norm N defined in §1.2.

• We say that a pair (I, α) of a based fractional ideal I and a number α ∈ K×f is good if

I2 ⊂ αIf (n− 3) and N(I)2 = N(α)f 3−n
0 .

4.A.1 Summary of the problem

In [17], Bhargava, Gross, and Wang proved the remarkable result that a positive proportion of

hyperelliptic curves over Q have no rational points over any odd-degree extension of Q. The
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main results of their work (namely, Theorems 1, 2, 5–7, and 10–12, as well as Corollaries 3,

8, and 9 in [17]) rely on the following integral orbit construction, which is stated in the paper

as Theorem 15:

Theorem 152. There exists a positive integer κ depending only on n such that, for any

integral binary form f(x, y) of even degree n = 2g+2 with C : z2 = f(x, y) locally soluble over

Q, every (SLn /µ2)(Q)-orbit of locally soluble pairs (A,B) ∈ Q2⊗Sym2 Qn such that det(Ax−

By) = κ2f(x, y) contains an element in Z2 ⊗ Sym2 Zn. In other words, the (SLn /µ2)(Q)-

equivalence classes of locally soluble pairs (A,B) ∈ Z2 ⊗ Sym2 Zn such that det(Ax−By) =

κ2f(x, y) are in bijection with the elements of Sel2(J1).

The proof of Theorem 152 is given in [17, §9]. The first step is to observe that it suffices

to prove the theorem with Z and Q replaced by Zp and Qp for each prime p, so long as the

constant κ = κp is equal to 1 for all but finitely many primes p. The proof of this local

version of the theorem, which may be found on pp. 478–480 in the paper, is only correct

when f has leading coefficient f0 ∈ Z×p . Specifically, there are two gaps in the proof:

• The displayed equations in the middle of p. 479 verifying that I2
D ⊂ f 2m

0 α0If (n − 3) are

not always correct, because the numbers a1, . . . , am may fail to be integral when f0 6∈ Z×p .

• The specialization argument on p. 479 used to compute the norm N(ID) is not always

correct when f0 6∈ Z×p , as can be verified by directly calculating N(ID) in small cases (e.g.,

by taking n = 4 and m = 1).

The purpose of this section is to give a correct proof of (the local version of) Theorem 152.

To deal with the possibility that the leading coefficient may fail to be a unit, we apply

the tripartite strategy introduced in §4.2.2, splitting the proof into three successively more

complicated cases. First, in §4.A.2.1, we construct the desired integral representative for

primitive forms over Zp where p > n; here the construction is facilitated by the fact that we

can replace a form with a suitable SL2(Zp)-translate whose leading coefficient is not divisible

by p. Then, in §4.A.2.2, we modify the construction given in §4.A.2.1 to handle imprimitive
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forms over Zp where p > n. We conclude in §4.A.2.3 by building upon the construction in

§4.A.2.2 to resolve the case of forms over Zp where p < n; here, we construct an integral

representative with resolvent pd2f , where d2 ≥ 1 is an integer depending only on n.

4.A.2 Proof of Theorem 152

Fix a binary form f ∈ Zp[x, y] of nonzero discriminant satisfying Div1(Cf )(Qp) 6= ∅ along

with an element α0 ∈ J1
f (Qp)/2Jf (Qp).

4.A.2.1 Construction of integral representative for f primitive and p > n

Suppose that f is primitive. Then, since p > n, there exists γ = [ a bc d ] ∈ SL2(Zp) such that

the binary form

f ′(x, y) := f((x, y) · γ) =
n∑
i=0

f ′ix
n−iyi

has leading coefficient f ′0 ∈ Z×p . Let θ′ = −c+dθ
a−bθ ∈ Kf ′ be the root of f ′, let Rf ′ =

Zp〈ζ ′1, . . . , ζ ′n−1〉 denote the basis elements of Rf ′ defined with respect to θ′, and let N ′ de-

note the norm with respect to this basis. Let α′0 be the image of α0 under the isomorphism

J1
f (Qp)/2Jf (Qp) ' J1

f ′(Qp)/2Jf ′(Qp) induced by γ. We first construct a pair (I ′, α′), where

I ′ is a based fractional ideal of Rf ′ and α′ ∈ Kf ′ is a representative of (x− θ′)(α′0) such that

I ′2 ⊂ α′If ′(n− 3) and N ′(I ′)2 = N ′(α′)f ′0
3−n. Then, the orbit arising from (I ′, α′) has resol-

vent f ′, so upon applying γ−1, we obtain the desired integral representative with resolvent f .

Because we have assumed that Div1(Cf )(Qp) 6= ∅, [17, Proposition 21] implies that there

exists a rational divisor D̃ ∈ Div1(Cf ′)(Qp) such that α′0 = [D̃] ∈ J1
f ′(Qp)/2Jf ′(Qp). The

next lemma shows that we can replace the divisor D̃ with a new divisor D satisfying certain

properties that turn out to be crucial in constructing the desired ideal I ′. For monic forms

f ′, this lemma was proven in [121, §3]. Here, we extend that argument to handle classes

D̃ ∈ Pic1(Cf ′)(Qp), where f ′0 ∈ Z×p is not necessarily equal to 1.
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Lemma 153. There exists an effective divisor D =
∑m

i=1(P ′i ) ∈ Div(Cf ′)(Qp) such that the

following three properties are satisfied:

• m ≤ n
2

is odd;

• P ′i = (a′i, 1, c
′
i) ∈ Cf ′(Qp) with a′i ∈ OQp and c′i 6= 0 for each i ∈ {1, . . . ,m}; and

• (x− θ′)(D) = (x− θ′)(D̃) ∈ (K×f ′/K
×2
f ′ Q×p )N≡f ′0.

Proof. We construct the desired divisor D in a sequence of four steps as follows:

Step 1: It is a standard fact (see [93, §5]) that there exists a principal divisor D1 ∈

Div0(Cf ′)(Qp) such that D + D1 is supported neither at the ramification points of Cf ′ over

P1
Qp , nor at the points (1, 0,±

√
f ′0) ∈ Cf ′(Qp) lying above infinity in P1

Qp . We define D to

be D̃ +D1; by translating D with divisors of the form 2 ·D′, where D′ is the divisor corre-

sponding to a closed point of Cf ′ over Qp, we may assume that each point in the support of

D occur with multiplicity equal to 1. It is clear that (x− θ′)(D̃) = (x− θ′)(D).

Step 2: We now construct a divisor D2 ∈ Pic0(Cf ′)(Qp) such that D − D2 has at most n
2

non-infinite points in its support. In the previous paragraph, we arranged for D to take the

form D =
∑k

i=1(Qi), where Qi = (ai, 1, ci) ∈ Cf ′(Qp) with ci 6= 0 for each i. If k > n
2
, let

P ∈ Qp[x] be the monic polynomial of degree k defined by P(x) =
∏k

i=1(x − ai), and let

R ∈ Qp[x] be the unique (not necessarily monic) polynomial of minimal degree at most k−1

such that R(ai) = ci for each i ∈ {1, . . . , k}. Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x]

has a root x = ai for each i ∈ {1, . . . , k}, so we have that R(x)2 − f ′(x, 1) = P(x)H(x) for

some polynomial H ∈ Qp[x]. Because f ′ is separable over Qp, we have that H 6≡ 0.

Consider the rational function g := y−R(x) on Cf ′ . Note that g is defined over Qp, that

the zeros of g are precisely the zeros of P ·H, and that the poles of g lie over infinity. Thus,

letting div(g) be the principal divisor associated to the function g, we have that D− div(g)

is supported over the zeros of H and over the infinite points. But since k > n
2
, we have that

degH = deg(R(x)2 − f ′(x, 1))− degP(x) ≤ k − 1,
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so D − div(g) has strictly fewer than k non-infinite points in its support. By iterating the

above process, we obtain a sequence of functions g = g1, g2, . . . , g` until D−
∑`

i=1 div(gi) has

at most n
2

non-infinite points in its support. We let D2 =
∑`

i=1 div(gi), and we redefine D to

be D−D2. Just as in Step 1, we modify D so as to ensure that each point in the support of D

occurs with multiplicity 1. Once again, the above modifications leave (x−θ′)(D) unchanged.

Step 3: We now claim that we can simply delete every point in the support of D that

is not of the form (a, 1, c), where a ∈ OQp . Observe that there are two ways for a point

(a, b, c) ∈ Cf ′(Qp) in the support of D to fail to be in this form: either b 6= 0 and a/b 6∈

OQp , or (a, b, c) = (1, 0,±
√
f ′0) is one of the points at infinity. We handle each of these

two cases as follows:

Case 1 : First suppose that we have a point Q1 = (a1, 1, c1) ∈ Cf ′(Qp) in the support of D

such that a1 6∈ OQp . Let {Qi = (ai, 1, ci) : 1 ≤ i ≤ k} be the set of Gal(Qp/Qp)-conjugates

of Q1; since D is a rational divisor, each Qi occurs with the same multiplicity ν. We claim

that χ :=
∏k

i=1(ai − θ′) ∈ K×2
f ′ Q×p . Indeed, since ai 6∈ OQp , the denominator of χ is equal to

pj for some positive integer j, and for a suitable choice of u ∈ Z×p , we have upjχ ∈ K×2
f . We

then redefine D to be D −
∑k

i=1Qi.

Case 2 : Now suppose that (1, 0,
√
f ′0) ∈ Cf (Qp) is in the support of D. If f ′0 6∈ Q×2

p , it

follows that (1, 0,−
√
f ′0) is also in the support of D, and so the support of D over the points

at infinity is a multiple of the hyperelliptic class, and it follows from [93, Proposition 5.1]

that this class lies in the kernel of the “x− θ′” map. If f ′0 ∈ Q×2
p , then [39, §2] implies that

(x − θ′)(1, 0,±
√
f ′0) = f ′0 ≡ 1. We may thus simply delete all of the infinite points in the

support of D.

The modifications performed in both cases 1 and 2 above leave (x− θ′)(D) unchanged.

Step 4: It now remains to adjust D so that m is odd. This may be arranged by means of

the argument in [17, last paragraph of p. 478 to first paragraph of p. 479].

This completes the proof of the lemma.
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Let D be as in Lemma 153. We define polynomials P , R, and H, much as in Step 2 of

the proof of Lemma 153; this time, however, we strive to ensure that these polynomials have

integral coefficients. Let P ∈ Qp[x] be the monic polynomial of degree m defined by

P(x) =
m∏
i=1

(x− a′i).

By our construction of D in Lemma 153, the class α′ := P(θ′) ∈ (K×f /K
×2
f Q×p )N≡f ′0 is equal

to (x − θ′)(α′0). Next, let R ∈ Qp[x] be the unique (not necessarily monic) polynomial of

minimal degree at most m− 1 such that

R(a′i) = c′i for each i ∈ {1, . . . ,m}.

Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x] has a root at x = a′i for each i ∈ {1, . . . ,m},

so there exists a polynomial H ∈ Qp[x] such that R(x)2 − f ′(x, 1) = P(x)H(x). Because

we chose D so that a′i ∈ OQp for each i, we have that P ∈ Zp[x]. We proceed under the

assumption that we also have R ∈ Zp[x]; at the end of this section, we explain how to deal

with the case where R 6∈ Zp[x]. Then, because P ,R, f ′(x, 1) ∈ Zp[x], it follows from the

relation R(x)2 − f ′(x, 1) = P(x)H(x) that H ∈ Zp[x] as well.

Consider the following Rf ′-submodule of Kf ′ :

I ′ = Rf ′〈R(θ′),P(θ′)〉.

Note that θ′ ∈ Rf ′ because f ′0 ∈ Z×p , so since P ,R ∈ Zp[x], the fractional ideal I ′ is in fact

an integral ideal of Rf ′ . We now prove that the pair (I ′, α′) is good:

Lemma 154. We have that I ′2 ⊂ α′If ′(n− 3), and for some choice of a basis of I ′, we have

that N ′(I ′)2 = N ′(α′)f ′0
3−n.
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Proof. Computing the square of I ′ yields the following:

I ′
2

= Rf ′〈R(θ′)2,R(θ′)P(θ′),P(θ′)2〉 = α′Rf ′〈H(θ′),R(θ′),P(θ′)〉 ⊂ α′Rf ′ ,

where the last step above follows from the fact that θ′ ∈ Rf ′ and P ,R,H ∈ Zp[x]. Since

p - f ′0, we have that Rf ′ = If ′(n− 3), and the first assertion follows.

That N ′(I ′)2 and N ′(α′)f ′0
3−n generate the same fractional ideal of Zp follows immediately

from [15, proof of Proposition 8.5]. Since both N ′(I ′)2 and N ′(α′)f ′0
3−n are elements of Q×2

p ,

we can choose a basis of I ′ so as to ensure that N ′(I ′)2 = N ′(α′)f ′0
3−n.

Next suppose that R 6∈ Zp[x]. Then since f ′0 ∈ Z×p , it follows from [105, proof of

Proposition 12] (see also [15, proof of Proposition 8.5]) that we can modify D so that it is

supported on at most m − 2 points while still preserving the properties in Lemma 153. If

the value of new polynomial R arising from the modified D fails to be integral, we repeat

the process until R becomes integral or D is supported on at most 1 point. In the latter

setting, if D is supported on no points, then we apply Step 4 in the proof of Lemma 153; if

D is supported on 1 point, the polynomial R is readily seen to be integral.

4.A.2.2 Construction of integral representative for f imprimitive and p > n

Suppose that we have gcd(f0, . . . , fn) = pd for some d > 0. We first show that we can

reduce the problem to the case where d = 1. To do this, suppose that d > 1, and let f̃ =

p−2bd/2cf ∈ Zp[x, y]; notice that the greatest common divisor of the coefficients of f̃ is either

1 or p. Then Cf ' Cf̃ , and this isomorphism induces an identification J1
f (Qp)/2Jf (Qp) '

J1
f̃
(Qp)/2Jf̃ (Qp); letting α̃0 be the image of α0 under this identification, observe that (x −

θ)(α0) = (x− θ)(α̃0).

Now, suppose that we have constructed a pair (Ĩ , α̃) that is good for f̃ , where α̃ ∈ K×
f̃

=

K×f is a representative of (x− θ)(α̃0), and let (A,B) ∈ Z2
p⊗Zp Sym2 Znp be any representative

of the corresponding (SLn /µ2)(Zp)-orbit. Let ξd ∈ GLn(Qp) denote the diagonal matrix with
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diagonal entries pbd/2c, 1, . . . , 1. Consider the pair

ξd · (A,B) :=
(
ξdAξ

T
d , ξdBξ

T
d

)
∈ Z2

p ⊗Zp Sym2 Znp ,

and observe that it has resolvent f . In the following lemma, we determine the rational orbit

of this new pair ξd · (A,B) explicitly:

Lemma 155. The (SLn /µ2)(Qp)-orbit of ξd · (A,B) corresponds via the parametrization

in [17, Theorem 16] to the class p−2bd/2cα̃ ≡ α̃ ∈ K×f /K
×2
f Q×p .

Proof. We work over Qp, where based fractional ideals are just bases. For each of If̃ (n− 3)

and If (n− 3), the standard basis (see [17, §2]) is given by

If̃ (n− 3) = Qp

〈
1, θ, . . . , θn−3, p−2bd/2cζn−2, p

−2bd/2cζn−1

〉
, and

If (n− 3) = Qp

〈
1, θ, . . . , θn−3, ζn−2, ζn−1

〉
.

We claim that ξd · (A,B) corresponds to the pair (Ĩ ′, p−2bd/2cα̃), where Ĩ ′ is obtained from Ĩ

by scaling the first basis element by pbd/2c (up to the orientation of Ĩ ′, which can be chosen

as needed). Let N (resp., Ñ) denote the based fractional ideal norm with respect to the

standard basis of Rf (resp., Rf̃ ). Then a calculation reveals that N(I) = p−2bd/2c(n−1)Ñ(I)

for any basis I. Note that this does not extend to norms of numbers: it follows from the

definition of the norm of a number that Ñ(α̃) = N(α̃). To prove the claim, it suffices to

show that N(Ĩ ′)2 = N(p−2bd/2cα̃)f 3−n
0 , which is equivalent to showing that

(
p−2bd/2c(n−1)pbd/2cÑ(Ĩ)

)2
=
(
p−2bd/2cnÑ(α̃)

)
f 3−n

0 ,

but this follows from the fact that Ñ(Ĩ)2 = Ñ(α̃)(p−2bd/2cf0)3−n.

We have thus reduced the problem to the case where d ∈ {0, 1}; if d = 0, then the

construction in §4.A.2.1 applies, so we assume that d = 1 in the remainder of this section.
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Just like in §4.A.2.1, we now replace f with its translate f ′(x, y) = f((x, y) ·γ) by an element

γ ∈ SL2(Zp); this time, however, we choose γ so that p divides the leading coefficient f ′0 of

f ′ exactly once (such a γ exists because p > n). Recalling the notation from §4.A.2.1,

it once again suffices to construct a pair (I ′, α′), where I ′ is a based fractional ideal of

Rf ′ and α′ ∈ Kf ′ is a representative of (x − θ′)(α′0) such that I ′2 ⊂ α′If ′(n − 3) and

N ′(I ′)2 = N ′(α′)f ′0
3−n.

Just like we argued in §4.A.2.1, [17, Proposition 21] implies that there exists a rational

divisor D̃ ∈ Div1(Cf ′)(Qp) such that α′0 = [D̃] ∈ J1
f ′(Qp)/2Jf ′(Qp). The following lemma

gives the analogue of Lemma 153 in the present setting:

Lemma 156. There exists an effective divisor D =
∑m

i=1(P ′i ) ∈ Div(Cf ′)(Qp) such that the

following three properties are satisfied:

• m ≤ n
2

is odd;

• P ′i = (a′i, 1, c
′
i) ∈ Cf ′(Qp) with a′i ∈ OQp and c′i 6= 0 for each i ∈ {1, . . . ,m}; and

• (x− θ′)(D) = (x− θ′)(D̃) ∈ K×f ′/K
×2
f ′ Q×p .

Proof. Steps 1 and 2 in the proof of Lemma 153 go through without change. As for Step 3,

let f ′′(x, y) = p−1f ′(x, y). Then the “x− θ′” map for f ′ is the same as that for f ′′; thus, the

argument in case 1 of Step 3 implies that we can delete all points of the form (a, 1, c) such

that a 6∈ OQp . Since the points (1, 0,±
√
f ′0) are evidently not defined over Qp, the number

m must be odd, and there is no need for Step 4.

Let D be as in Lemma 156. We define polynomials P , R, andH, much as in §4.A.2.1; this

time, however, we strive to ensure not only that these polynomials have integral coefficients,

but also that the coefficients of R are divisible by p. Let P ∈ Qp[x] be the monic polynomial

of degree m defined by

P(x) =
m∏
i=1

(x− a′i).
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By our construction of D in Lemma 156, the class α′ := P(θ′) ∈ (K×f /K
×2
f Q×p )N≡f ′0 is equal

to (x − θ′)(α′0). Next, let R ∈ Qp[x] be the unique (not necessarily monic) polynomial of

minimal degree at most m− 1 such that

R(a′i) = c′i for each i ∈ {1, . . . ,m}.

Then the polynomial R(x)2 − f ′(x, 1) ∈ Qp[x] has a root at x = a′i for each i ∈ {1, . . . ,m},

so there exists a polynomial H ∈ Qp[x] such that R(x)2 − f ′(x, 1) = P(x)H(x). Because

we chose D so that a′i ∈ OQp for each i, we have that P ∈ Zp[x]. We proceed under the

assumption that we also have R ∈ pZp[x]; at the end of this section, we explain how to deal

with the case where R 6∈ pZp[x]. Then, because P ∈ Zp[x] is monic and R, f ′(x, 1) ∈ pZp[x],

it follows from the relation R(x)2 − f ′(x, 1) = P(x)H(x) that H ∈ pZp[x] as well.

Let f ′′ be as in the proof of Lemma 156, and consider the following Rf ′′-submodule of

Kf ′′ = Kf :

I ′′ := Rf ′′〈p−1R(θ′),P(θ′)〉.

Note that θ′ ∈ Rf ′′ because p−1f ′0 ∈ Z×p , so since P ∈ Zp[x] and R ∈ pZp[x], the fractional

ideal I ′′ is in fact an integral ideal of Rf ′′ . LettingN ′′ denote the fractional ideal norm with re-

spect to the standard basis Zp〈1, p−1ζ ′1, . . . , p
−1ζ ′n−1〉 of Rf ′′ , it follows immediately from [15,

proof of Proposition 8.5] that pmN ′′(I ′′)2 andN ′′(α′) generate the same fractional ideal of Zp.

We now construct a list of elements that form part of a basis for I ′′ as a Zp-module:

Lemma 157. Let ` := n−m−3
2

. Then the list P(θ′), θ′P(θ′), . . . , θ′`P(θ′) ∈ I ′′ can be extended

to a basis of I ′′ as a Zp-module.

Proof. Because I ′′ is an integral ideal of Rf ′′ , it suffices to prove that s(~x) :=
∑`

i=0 xiθ
′iP(θ′)

is primitive as an element of Rf ′′ (i.e., that we have s(~x) = Rf ′′ r pRf ′′) for every primitive

tuple ~x = (x0, . . . , x`) ∈ Z`+1
p r pZ`+1

p . Given such a tuple ~x, let i ∈ {0, . . . , `} be the largest

index such that xi ∈ Z×p . Then, when s(~x) is expressed in the power basis Zp〈1, θ′, . . . , θ′n−1〉

of Rf ′′ , the coefficient of θ′m+i is a p-adic unit. Thus, p−1x 6∈ Rf ′′ , as desired.
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Consider theRf ′′-submodule pI ′′ ⊂ Kf ′′ . Then, by Lemma 157, we can find η1, . . . , ηn−`−1 ∈

pI ′′ such that the following is a basis of pI ′′ as a Zp-module:

pI ′′ = Zp
〈
η1, . . . , ηn−`−1, pP(θ′), . . . , pθ′

`P(θ′)
〉
.

Let I ′ ⊂ Kf ′ be the free rank-n Zp-submodule with basis given by

I ′ = Zp
〈
η1, . . . , ηn−`−1,P(θ′), . . . , θ′

`P(θ′)
〉
.

It turns out that the Zp-submodule I ′ ⊂ Kf ′ has the structure of Rf ′-module:

Lemma 158. The Zp-submodule I ′ ⊂ Kf ′ is a fractional ideal of Rf ′.

Proof. It suffices to show that I ′ is closed under multiplication by elements ofRf ′ . Since pI ′′ is

closed under multiplication by elements of Rf ′′ ⊃ Rf ′ , it suffices to verify that ζ ′iθ
′jP(θ′) ∈ I ′

for each i ∈ {1, . . . , n − 1} and j ∈ {0, . . . , `}, or equivalently that (pθ′i)P(θ′) ∈ I ′ for each

i ∈ {1, . . . , n + ` − 1}. But notice that (pθ′i)P(θ′) = θ′i(pP(θ′)) ∈ pI ′′ ⊂ I ′, because pI ′′ is

an Rf ′′-submodule of Kf ′′ and is hence closed under multiplication by powers of θ′.

We now prove that the pair (I ′, α′) is good:

Lemma 159. We have that I ′2 ⊂ α′If ′(n− 3), and for some choice of a basis of I ′, we have

that N ′(I ′)2 = N ′(α′)f ′0
3−n.

Proof. To prove the containment, it suffices to prove the following: that ηiηj ∈ α′I2
f ′ for

each i, j ∈ {1, . . . , n − ` − 1}, that ηiθ
′jP(θ′) ∈ α′I2

f ′ for each i ∈ {1, . . . , n − ` − 1} and

j ∈ {0, . . . , `}, and that θ′iP(θ′)2 ∈ α′I2
f ′ for each i ∈ {0, . . . , 2`}. By construction, we have

that ηi ∈ pI ′′ for each i ∈ {1, . . . , n− `−1}. Thus, there exist βi, γ
(0)
i , . . . , γ

(`)
i ∈ Rf ′′ for each

i such that ηi = βiR(θ′) +
∑`

k=0 γ
(k)
i (pθ′kP(θ′)). Using the relation R(θ′)2 = P(θ′)H(θ′), we
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find that

α′
−1

(ηiηj) ≡ βiβjH(θ′) (mod p ·Rf ′′), and (4.56)

α′
−1

(ηiθ
′jP(θ′)) = ηiθ

′j ≡ βiθ
′jR(θ′) (mod p ·Rf ′′). (4.57)

Since R,H ∈ pZp[x], it follows from (4.56) and (4.57) that every term in the expression

of α′−1(ηiηj) and of α′−1(ηiθ
′jP(θ′)) in the power basis Qp〈1, θ′, . . . , θ′n−1〉 has coefficient

divisible by p. We deduce that ηiηj and ηiθ
′jP(θ′) are contained in α′Rf ′ ⊂ α′If ′(n − 3)

for each possible i, j. Finally, notice that α′−1θ′iP(θ′)2 = θ′iP(θ′); since P ∈ Zp[x] has

degree m, and since θ′, . . . , θ′n−3 ∈ If ′(n− 3), it follows that θ′iP(θ′)2 ∈ α′If ′(n− 3) for each

i ∈ {0, . . . , 2` = n−m− 3}.

Recall that pmN ′′(I ′′)2 and N ′′(α′) generate the same fractional ideal of Zp. It follows

that same holds for pm−2N ′(pI ′′)2 and N ′(α′), and hence also for N ′(I ′)2 and N ′(α′)f ′0
3−n.

Because both N ′(I ′)2 and N ′(α′)f ′0
3−n are elements of Q×2

p , we can choose a basis of I ′ so as

to ensure that N ′(I ′)2 = N ′(α′)f ′0
3−n, as desired.

Next, suppose that R 6∈ pZp[x]. Then we also have that R2 6∈ pZp[x]. Letting j(x) =

p−1(R(x)2 − f ′(x, 1)) = p−1P(x)H(x), it follows that the coefficient of xi in j(x) is a p-adic

unit if i = n and a p-adic integer for every i ∈ {2m− 1, . . . , n− 1}, and that the coefficient

of xi in j(x) has negative valuation for some i ∈ {0, . . . , 2m− 2}. An analysis of the Newton

polygon of j then reveals that j has at least n−(2m−2) roots with negative valuation. Since

P(x) | j(x) (as elements of Qp[x]), we also know that j has m roots with positive valuation at

the Gal(Qp/Qp)-invariant list of values a′1, . . . , a
′
m ∈ OQp . Thus, letting D′ ∈ Div(Cf ′)(Qp)

denote the divisor supported on the remaining roots of j that have positive valuation, we

have that D′ ∈ Div(Cf ′)(Qp) and that degD′ ≤ m− 2.

Just like in Step 2 of the proof of Lemma 153, consider the function g := y−R(x) on Cf ′ .

Note that g is defined over Qp, that the zeros of g are precisely the zeros of j, and that the

poles of g lie over infinity. Applying the argument in Step 3 of the proof of Lemma 153 then
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implies that D′ satisfies the conditions of the lemma with m replaced by degD′ ≤ m−2. The

proof now concludes by downward induction on m; once m = 1, it is clear that R ∈ pZp[x].

4.A.2.3 Construction of integral representative for p < n

Now let p < n. Just as in §4.A.2.2, we reduce the problem to the case where pd =

gcd(f0, . . . , fn) ∈ {1, p}. However, we might not necessarily be able to replace f with

an SL2(Zp)-translate f ′ such that νp(f
′
0) = d, where νp : Q×p ! Z denotes the usual p-adic

valuation. Indeed, such a form f ′ fails to exist precisely when p < n and f is divisible

by y
∏p−1

i=0 (x − iy) modulo p. Nonetheless, it follows from [5] that we can always find an

SL2(Zp)-translate f ′ of f such that νp(f
′
0) ≤ d1 for some bounded integer d1 > 0 depending

only on the degree n.

Let α′0 ∈ J1
f ′(Qp)/2Jf ′(Qp) be as in §4.A.2.1. Let f̃(x, y) = f ′(x, pd2y), where d2 ≥ d1− d

is an even integer, to be chosen shortly. Then Cf ′ ' Cf̃ , and this isomorphism induces

an identification J1
f ′(Qp)/2Jf ′(Qp) ' J1

f̃
(Qp)/2Jf̃ (Qp); letting α̃0 be the image of α′0 under

this identification, observe that (x − θ′)(α′0) = (x − pd2θ′)(α̃0). Let α̃ ∈ K×
f̃

= K×f ′ be

a representative of (x − pd2θ′)(α̃0). Because f̃ is a multiple of a form with unit leading

coefficient, the constructions described in §4.A.2.1–4.A.2.2 imply the existence of a pair

(Ĩ , α̃) that is good for f̃ , with one caveat: when p = 2, the argument in case 1 of Step 3 of

the proof of Lemma 153 only goes through for d2 � 1, where the implied constant depends

only on n. Choosing d2 so that this argument goes through, let (Ã, B̃) ∈ Z2
p⊗Zp Sym2 Znp be

a representative of the (SLn /µ2)(Zp)-orbit corresponding to (Ĩ , α̃) via [17, Theorem 16].

Since the pair (Ã, B̃) has resolvent f̃ , it follows that the pair (pd2Ã, B̃) ∈ Z2
p⊗Zp Sym2 Znp

has resolvent pnd2f ′. By an argument analogous to that used to prove Lemma 155, one

verifies that the pair (pd2Ã, B̃) corresponds via [17, Theorem 16] to the pair (Ĩ , p2d2α̃), where

we view Ĩ as a based fractional ideal for Kpnd2f ′ . Using the action of SL2(Zp), we can then

transform the pair (Ĩ , p2d2α̃) into a pair (I, α) that is good for pnd2f , as desired.
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4.B Appendix: The second moment of the size of the

2-class group of monogenic cubic fields

The purpose of this section is to apply the argument developed in this chapter to study

the second moment of the size of the 2-class group in families of monogenic cubic number

fields. Specifically, we prove that the second moment is bounded, and conditional on a

uniformity estimate, we prove that the bound we obtain is optimal. This result is the

first of its kind toward determining the second moment of a class group distribution for

number fields of degree greater than two, and it provides further evidence of the observation

established in work of Bhargava–Hanke–Shankar [18] and Siad [108, 109] that monogenicity

has an increasing effect on the 2-class groups of cubic number fields (cf. the discussion in

§2.1).

4.B.1 Notation

In this section, we order forms f ∈ V3,1(Z) by the following height function, which is a slight

renormalization of the height used in §2:

H(f) := max{|I(f)|3, J(f)2/4}, where

I(f) := a2 − 3b and J(f) := −2a3 + 9ab− 27c.

Note that H descends to a well-defined height function on N(Z)\Vn,1(R) (in fact, the pair

(I(f), J(f)) uniquely determines the N(Z)-equivalence class of f ∈ V3,1(Z)).

Consider the family F of elliptic curves EI,J over Q where I, J are integers satisfying

the following three conditions: 3 | I, 27 | J , and for every prime p, we have that 3p4 - I

if 27p6 | J . Given a form f ∈ V3,1(Z) with x2y-coefficient equal to a, we define the elliptic
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curve associated to f by

Ef :=


EI(f),J(f), if a ≡ 0 (mod 3),

E81I(f),729J(f), otherwise.

Note that the curve Ef is independent of the equivalence class of f and that Ef ∈ F for

each f . We use the height function H on monic binary cubic forms so as to be compatible

with the height on elliptic curves used in this chapter.

4.B.2 Main result

In [18], Bhargava, Hanke, and Shankar proved the following theorem, which determines the

average size of the 2-class group of monogenic cubic fields:

Theorem 160 ([18, Theorem 7]). When forms f ∈ N(Z)\V3,1(Z)r1,r2max with Galois group S3

are ordered by the height H:

(a) The average size of Cl(Rf )[2] is 3/2 if (r1, r2) = (3, 0);

(b) The average size of Cl(Rf )[2] = Cl+(Rf )[2] is 2 if (r1, r2) = (1, 1);

(c) The average size of Cl+(Rf )[2] is 5/2 if (r1, r2) = (3, 0).

In this appendix, we prove the following result, which is an analogue of Theorem 160 for

the second moment of the size of the 2-class group of monogenic cubic fields:

Theorem 161. When forms f ∈ N(Z)\V3,1(Z)r1,r2max with Galois group S3 are ordered by the

height H:

(a) The second moment of the size of Cl(Rf )[2] is at most 3 if (r1, r2) = (3, 0);

(b) The second moment of the size of Cl(Rf )[2] = Cl+(Rf )[2] is at most 6 if (r1, r2) = (1, 1);

(c) The second moment of the size of Cl+(Rf )[2] is at most 10 if (r1, r2) = (3, 0).
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Moreover, the upper bounds of 3, 6, and 10 are optimal, conditional on a uniformity estimate.

In fact, we prove that Theorem 97 holds if we instead average over forms satisfying

acceptable families of local specifications; a similar generalization of Theorem 160 is stated

in [18, Theorem 7].

The rest of this appendix is organized as follows. In §4.B.3, we compare the values

obtained in Theorems 160 and 161 with the values predicted the Cohen–Lenstra–Martinet–

Malle heuristics. In §4.B.4, we explain how the dual of the 2-class group of a monogenic cubic

field can be parametrized in terms of PGL2(Q)-orbits of certain binary quartic forms, and

hence in terms of 2-Selmer groups of certain elliptic curves. Thus, up to some modifications,

proving Theorem 161 amounts to bounding the second moment of the size of the 2-Selmer

groups of elliptic curves, which we achieved in Theorem 97. In §4.B.5, we explain in detail

how the proof of Theorem 97 can be modified to give a proof of Theorem 161.

4.B.3 Comparison with class group heuristics

Theorem 160 was the first result of its kind to demonstrate that imposing a global condition

on a family of number fields can have an altering effect on the distribution of its class groups.

In context of previous work, this came as quite a surprise: indeed, as explained in [18, §1]

and §2.1.2, there is a considerable body of evidence, both computational and theoretical, to

suggest that class group distributions remain robust under the imposition of all manner of

local and global conditions. In the case of cubic number fields K, the class group heuristics

developed by Cohen and Lenstra [46], as generalized by Cohen and Martinet [47] and adjusted

by Malle [83], make the following definitive prediction for the distribution of the 2-torsion

subgroups Cl(K)[2] (resp., Cl+(K)[2]) of the class group (resp., narrow class group) of K:

Conjecture 162 (Cohen–Lenstra–Martinet–Malle). Consider the set of isomorphism classes

of cubic number fields with real signature (r1, r2) and Galois group S3. When these fields are

ordered by discriminant:
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(a) The average size of Cl(K)[2] is 5/4 and the second moment is 15/8 if (r1, r2) = (3, 0);

(b) The average size of Cl(K)[2] = Cl+(K)[2] is 3/2 and the second moment is 3 if (r1, r2) =

(1, 1); and

(c) The average size of Cl+(K)[2] is 2 and the second moment is 6 if (r1, r2) = (3, 0).

The claims in Conjecture 162(a),(b) about the average size of Cl(K)[2] were proven by

Bhargava in [8, Theorem 5], and the claim in Conjecture 162(c) about the average size of

Cl+(K)[2] was proven by Bhargava and Varma in [30, Theorem 1]. Theorem 160 shows that

imposing the condition of monogenicity causes the nontrivial part of the 2-class group to

double on average. Theorem 161 suggests that this increasing effect is not confined to the

first moment of the 2-class group distribution.

4.B.4 Algebraic preliminaries

In this section, we start by recalling the notion of the monogenic cubic resolvent form of

a binary quartic form (§4.B.4.1). We then explain how dual 2-torsion ideal classes of Rf ,

where f ∈ V3,1(Z)max, may be parametrized in terms of integral binary quartic forms with

resolvent f (§§4.B.4.2). We finish by combining these results with those of §4.3.1 to relate

the 2-class groups of monogenic cubic fields to certain modified 2-Selmer sets associated to

elliptic curves (§4.B.4.3).

4.B.4.1 Cubic resolvents of binary quartic forms

Let g(x, y) = ax4 +bx3y+cx2y2 +dxy3 +ey4 ∈ V4(Z) be a binary quartic form with ∆(g) 6= 0.

We define the cubic resolvent form of g to be the monic binary cubic form

Res(g)(x, y) := x3 + cx2y + (bd− 4ae)xy2 + (ad2 + b2e− 4ace)y3 ∈ V3,1(Z).
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The N(Z)-equivalence class of Res(g) is an invariant of the PGL2(Z)-orbit of g—indeed,

we have that I(g) = I(Res(g)) and that J(g) = J(Res(g)) for any g ∈ V4(Z) (cf. [125,

Theorem 1.1]). In particular, we have that ∆(g) = ∆(Res(g)).

As explained in [8, §3.1], the resolvent Res(g) is maximal if and only if g is nowhere

evenly ramified. The conditions of being maximal and nowhere evenly ramified are invariant

under PGL2(Q)-equivalence.

4.B.4.2 Parametrization of dual 2-torsion classes of monogenic cubic fields

We now recall the parametrization of the dual of the 2-class group of a monogenic cubic field

in terms of PGL2(Z)-orbits on V4(Z):

Theorem 163. Let f ∈ V3,1(Z)max be an irreducible form with Galois group S3. Then:

(a) If ∆(f) > 0, then there is a canonical bijection between the elements of the dual group

Cl+(Rf )[2]∗ and PGL2(Q)-equivalence classes of binary quartic forms g ∈ V4(Z) with

Res(g) being N(Z)-equivalent to f .

Under this bijection, the elements of the dual group Cl(Rf )[2]∗ ⊂ Cl+(Rf )[2]∗ corre-

spond to binary quartic forms g that have four distinct real roots.

(b) If ∆(f) < 0, there is a canonical bijection between the elements of the dual group

Cl+(Kf )[2]∗ = Cl(Kf )[2]∗ and PGL2(Q)-equivalence classes of binary quartic forms

g ∈ V4(Z) with Res(g) being N(Z)-equivalent to f .

Proof. In [18, Theorem 2.15], the theorem is proven with “PGL2(Q)” replaced by “PGL2(Z).”

It therefore remains to show that if g ∈ V4(Z) has maximal resolvent Res(g), then the

PGL2(Q)-orbit of g contains exactly one PGL2(Z)-orbit, but this was shown in [26, proof of

Proposition 3.18].
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4.B.4.3 Relating 2-class groups to modified 2-Selmer sets

Let f ∈ V3,1(Z)max be an irreducible form with Galois group S3. Letting a denote the

x2y-coefficient of f , define the constant κa by

κa :=


4, if a ≡ 0 (mod 3),

36, otherwise.

Let f ∗ ∈ V3,1(Z)max be the form defined by f ∗(x, y) = f(x,−y). We then define the following

sets, which we call the modified 2-Selmer sets associated to f :

Sel
(a)
2 (Ef ) := Sel2(Ef ) ∩ V4(R)(0) ∩ κaV4(Z)

PGL2(Q)
,

Sel
(b)
2 (Ef ) := Sel2(Ef ) ∩ V4(R)(1) ∩ κaV4(Z)

PGL2(Q)
, and

Sel
(c)
2 (Ef ) :=

(
Sel2(Ef ) ∩

(
V4(R)(0) t V (2+)

4 (R)
)
∩ κaV4(Z)

PGL2(Q)

)
t

(
Sel2(Ef∗) ∩

V4(R)(2+) ∩ κaV4(Z)

PGL2(Q)

)

Then we have the following result relating the size of Cl(Rf )[2] to the sizes of the modified

2-Selmer sets Sel•2(Ef ) defined above, where • ∈ {(a), (b), (c)}:

Theorem 164. Let f be as above. Then:

(a) If ∆(f) > 0, then # Cl(Rf )[2] = # Sel
(a)
2 (Ef );

(b) If ∆(f) < 0, then # Cl(Rf )[2] = # Cl+(Rf )[2] = # Sel
(b)
2 (Ef ); and

(c) If ∆(f) > 0, then # Cl+(Rf )[2] = # Sel
(c)
2 (Ef ).

Proof. Take α∗ ∈ Cl(Rf )[2]∗, let g′ ∈ V4(Z) be the binary quartic form corresponding to α∗

via Theorem 163. Since Res(g′) is N(Z)-equivalent to f , which is maximal, we have that

g′ is nowhere evenly ramified. An application of the Hasse–Weil bound then shows that g′

is everywhere locally soluble (see [13, Propositions 10-11]). Let g ∈ V4(Z) be the binary

quartic form defined by g = κag
′. Note that g is also locally soluble; thus, via Theorem 110,
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we may view g as an element of Sel2(Ef ). The map sending α∗ 7! g realizes Cl(Rf )[2]∗ as

a subset of Sel2(Ef ) ∩ V4(R)(0) or Sel2(Ef ) ∩ V4(R)(1), according as ∆(f) > 0 or ∆(f) < 0.

The image consists precisely of those classes of binary quartic forms divisible by κa.

Now suppose ∆(f) > 0, and take α∗ ∈ Cl+(Rf )[2]∗. Then we proceed just as before,

unless g′ ∈ V4(R)(2−), in which case we replace g′ with −g′ and repeat the above argument to

get an element g ∈ Sel2(Ef∗). The map sending α∗ 7! g realizes Cl+(Rf )[2]∗ as a subset of

(
Sel2(Ef ) ∩ (V4(R)(0) t V4(R)(2+))

)
t
(

Sel2(Ef∗) ∩ V4(R)(2+)
)
,

and the image consists precisely of those classes of binary quartic forms divisible by κa.

4.B.5 Proof of Theorem 97

In this section, we start by sketching the idea of the proof (§4.B.5.1). As we shall see, to

obtain a proof of Theorem 97, one simply needs to take the proof of Theorem 97 and make ad-

justments to certain local mass formulas that arise. After adjusting these masses (§§4.B.5.2–

4.B.5.3), we finish by showing how the masses combine to yield Theorem 97 (§4.B.5.4).

4.B.5.1 The idea of the proof

In this subsection, we explain the ideal underlying the proofs of Theorem 97(a),(b); the

remaining part is proven analogously.

Computing the second moment of # Cl(Rf )[2] amounts to determining the average size

of the set Cl(Rf )[2]2 of pairs (α1, α2) of 2-torsion ideal classes of Rf , where f ranges over

N(Z)\V3,1(Z)r1,r2max . To see why the second moment of # Cl(Rf )[2] should be 3 if (r1, r2) =

(3, 0) and 6 if (r1, r2) = (1, 1), fix a 2-torsion class α1 of such a ring Rf , and consider the

following heuristic argument:

Case 1 : Suppose α1 corresponds to the trivial element of Cl(Rf )[2]. Then f can be arbitrary,

and [18, part (a) of Theorem 4] implies that the average number of choices for α2 on average
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is 3
2

if (r1, r2) = (3, 0) and 2 if (r1, r2) = (1, 1).

Case 2 : Suppose α1 corresponds to a non-trivial element of Cl(Rf )[2]. Then [18, part (b)

of Theorem 4] implies that the average number of choices for α1 is 1
2

if (r1, r2) = (3, 0) and

1 if (r1, r2) = (1, 1). Moreover, f cannot be arbitrary — indeed, Cl(Rf ) has a marked non-

trivial 2-torsion element, namely the one corresponding to α1. We expect that this marked

element gives an extra generator for Cl(Rf )[2] 100% of the time, and so, the average number

of choices for α2 should be 2× 3
2

= 3 if (r1, r2) = (3, 0) and 2×2 = 4 if (r1, r2) = (1, 1), twice

as many choices as in case 1.

Combining the results of cases 1 and 2, we conclude that the average number of choices for

the pair (α1, α2) should be 1 × 3
2

+ 1
2
× 3 = 3 if (r1, r2) = (3, 0) and 1 × 2 + 1 × 4 = 6 if

(r1, r2) = (1, 1), as desired.

In this chapter, we proved that the second moment of the size of the 2-Selmer group of

elliptic curves is at most 15 by making rigorous a heuristic similar to the one detailed above

(cf. §4.1.3). The bound of 15 arises from evaluating a certain formula involving a product of

local masses over all places v of Q; the local mass at p is equal to 1 for every prime p ≥ 5.

Theorem 164 tells us that the masses at primes p ≥ 5 stay the same when one replaces the

symbol “Sel” with “Sel•” for each • ∈ {(a), (b), (c)}, and as we explain in the next two

subsections, it also tells us how the masses at ∞, 2, and 3 change under this replacement.

4.B.5.2 The archimedean mass

Fix a ∈ {0, 1, 2}, and let I ′ := κ2
aI and J ′ := κ3

aJ . Let f ∈ V3,1(R) be a separable form with

x2y-coefficient a.

For each i ∈ {0, 2+, 2−} if ∆(f) > 0 and for i = 1 if ∆(f) < 0, the action of PGL2(R) on

the set Inv−1(I ′(f), J ′(f)) ∩ V4(R)(i) consists of a single orbit; let gi(f) be a representative

of this orbit. Letting • ∈ {sol, (a), (c)} if ∆(f) > 0 and • ∈ {sol, (b)} if ∆(f) < 0, define
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the quantity α•∞(f) by

α•∞(f) := (4.58)

(
# StabPGL2(R)(g0(f))

)−1
+
(
# StabPGL2(R)(g2+(f))

)−1
, if • = sol and ∆(f) > 0,(

# StabPGL2(R)(g1(f))
)−1

, if • = sol and ∆(f) < 0,(
# StabPGL2(R)(g0(f))

)−1
, if • = (a),(

# StabPGL2(R)(g1(f))
)−1

, if • = (b),(
# StabPGL2(R)(g0(f))

)−1
+ 2
(
# StabPGL2(R)(g2+(f))

)−1
, if • = (c).

The following proposition determines the value of the quantity α•∞(f):

Proposition 165. Let f and • be as above. Then α•∞(f) = α•∞ is a constant with value 1
2

when • = sol, 1
4

when • = (a), 1
2

when • = (b), and 3
4

when • = (c).

Proof. This follows immediately from [26, Lemma 2.2], where the values of the stabilizers

occurring on the right-hand side of (4.58) are determined.

4.B.5.3 The 2-adic and 3-adic local masses

Let p ∈ {2, 3}, and let f ∈ V3,1(Zp)max be a form with x2y-coefficient a.

Let V4(Zp)sol ⊂ V4(Zp) denote the subset of soluble binary quartic forms, and let V4(Zp)+ ⊂

V4(Zp)sol denote the subset of binary quartic forms divisible by κa. Letting • ∈ {sol,+},

define the quantity α•p(f) by

α•p(f) :=
∑

g∈ Inv−1(I′(f),J′(f))∩V4(Zp)•
PGL2(Qp)

(
# StabPGL2(Qp)(g)

)−1
.

In [26, proof of Theorem 3.19], it is shown that αsol
p (f) = αsol

p is a constant with value 2

when p = 2 and 1 when p = 3. The following proposition proves a similar result for α+
p (f):

Proposition 166. Let p and f be as above. Then α+
p (f) = α+

p is a constant with value 1.
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Proof. By simply undoing the scaling by κa, we see that

α+
p =

∑
g∈ Inv−1(I(f),J(f))∩V4(Zp)

PGL2(Qp)

(
# StabPGL2(Qp)(g)

)−1
. (4.59)

The mass on the right-hand side of (4.59) was determined in [18, Corollary 3.40] to be 1.

4.B.5.4 The final step

By making minor modifications to the proof of Theorem 97, we obtain the following result

for the second moment of the size of Sel2(Ef ), where f ranges over an acceptable family of

monic maximal binary cubic forms:

Theorem 167. Let Σ be an acceptable family of local specifications defining an “acceptable”

subfamily V3,1(Σ) ⊂ V3,1(Z)max. When forms f ∈ N(Z)\V3,1(Σ) with Galois group S3 are

ordered by height, the second moment of the size of Sel2(Ef ) is at most

1 + 2αsol
∞α

sol
2 αsol

3

(
3 + 4αsol

∞α
sol
2 αsol

3

)
= 15,

with equality conditional on a uniformity estimate.

One verifies that the proof of Theorem 167 goes through with αsol
∞ replaced by α•∞ for any

• ∈ {(a), (b), (c)} and αsol
p replaced by α+

p for each p ∈ {2, 3}. Thus, by analogy with Theo-

rem 167, we obtain the following result, which by Theorem 164 is equivalent to Theorem 161:

Theorem 168. Fix • ∈ {(a), (b), (c)}. Let Σ be an acceptable family of local specifications

defining an “acceptable” subfamily V3,1(Σ) ⊂ V3,1(Z)max, where V3,1(Σ∞) = V3,1(R)3,0 if

• ∈ {(a), (c)} and V3,1(Σ∞) = V3,1(R)1,1 if • = (b). When forms f ∈ N(Z)\V3,1(Σ) with
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Galois group S3 are ordered by height, the second moment of the size of Sel•2(Ef ) is at most

1 + 2α•∞α
+
2 α

+
3

(
3 + 4α•∞α

+
2 α

+
3

)
=


3, if • = (a),

6, if • = (b),

10, if • = (c),

with equality conditional on a uniformity estimate.
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Chapter 5

Geometry-of-numbers methods in the

cusp, and applications

This chapter is based on my joint work [103] with Arul Shankar, Artane Siad, and Ila Varma.

5.1 Introduction

Over the past two decades, many breakthroughs have been achieved in the field of arithmetic

statistics by means of a general approach that involves invariant theory, geometry-of-numbers

techniques, averaging methods, and sieve theory. Most notably, this approach has been

applied to determine asymptotics for number fields of small fixed degree (see [8, 10, 58,

68]), compute average sizes of p-class groups in certain families of number fields for small

primes p (see [8, 18, 58, 71, 108, 109]), calculate average n-Selmer ranks of elliptic curves and

hyperelliptic Jacobians for small n (see [15, 23, 25, 26, 27, 105]), and more. The statements

that have been tractable through this approach typically concern distributions of arithmetic

objects that can be parametrized by irreducible integral orbits of coregular representations.

In special cases (see [2, 31]), this approach has been generalized using situation-specific

techniques to study objects parametrized by reducible orbits. The purpose of this chapter is

to develop a systematic method for counting reducible integral orbits of coregular represen-
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tations. As an application of this method, we obtain formulas for the average 2-torsion in

the class groups and ideal groups of monogenic orders of any fixed odd degree n ≥ 3.

5.1.1 Background on geometry-of-numbers methods

In this section, we summarize the geometry-of-numbers methods that feature in the literature

on arithmetic statistics leading up to this work, and we describe the context for our method

of counting reducible orbits.

A coregular representation (G,W ) consists of a semisimple algebraic group G, defined over

Z, and a finite-dimensional representation W of G, also defined over Z, having a free ring of

G-invariants. Suppose that a family of arithmetic objects can be parametrized in terms of

certain—usually irreducible—G(Z)-orbits on W (Z). Further suppose that these orbits can

be equipped with a natural notion of height—usually arising from a height function on the

family of arithmetic objects being parametrized—and also that this height function can be

extended to W (R).

Under the above assumptions, the problem of counting arithmetic objects in the family

with bounded height can be translated into the problem of counting lattice points of bounded

height in a fundamental domain D for the action of G(Z) on W (R). However, such funda-

mental domains D are usually not compact, even for the subset DX of points in D that have

height less than X. Indeed, the height-bounded fundamental domain DX typically consists

of a compact main body and one or more cusps, which are long tentacle-like regions going

off to infinity.

One can determine an asymptotic for the number of irreducible lattice points in the

main body using geometry-of-numbers methods. If it so happens that the arithmetic ob-

jects in question correspond to irreducible G(Z)-orbits of W (Z), and if the number of irre-

ducible lattice points in the cusp can be shown to be negligible relative to the number of

points in the main body, then the main-body count gives an asymptotic for the number of
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arithmetic objects of bounded height in the family.

The development and use of this strategy goes back centuries. Mertens [84] and Siegel

[110] developed geometry-of-numbers methods to count the number of GL2(Z)-orbits on

integral binary quadratic forms with bounded discriminant, resolving conjectures of Gauss

on the average sizes of class numbers of quadratic orders. In the series of papers [55,56,57],

Davenport obtained asymptotics for the number of irreducible GL2(Z)-orbits on integral

binary cubic forms having bounded discriminant. Combining these asymptotics with results

from class field theory and sieve methods, Davenport and Heilbronn determined the density

of discriminants of cubic fields [58].

The main obstruction to generalizing the work of Mertens, Siegel, and Davenport–

Heilbronn to other representations is proving that the number of irreducible points in the

cusps is negligible. In the aforementioned works, ad hoc geometry-of-numbers techniques

were used to bound the number of irreducible GL2(Z)-orbits that lie in cusps of the funda-

mental domains of binary quadratic and cubic forms. A pioneering advance was made by

Bhargava (see [10]), who introduced an averaging technique that has the effect of “thicken-

ing” the cusps and that applies to general coregular representations. Bhargava’s averaging

technique gives a systematic way to bound the number of points in cuspidal regions and thus

opened the door to study the distributions of a wide variety of arithmetic objects. However,

these techniques only yield upper bounds and do not suffice to obtain precise asymptotics.

In this chapter, we develop a general method for determining asymptotics for the num-

ber of lattice points in the cuspidal regions of DX . These regions overwhelmingly con-

tain reducible integral orbits of G on W . We illustrate this method for a representation of

particular interest in number theory, namely the action of GAn on WAn . The irreducible

orbits of this representation have been studied extensively in the literature. For example,

see [15, Theorem 10.1] (resp., [105, Theorem 20]), where Bhargava and Gross (resp., Shankar

and Wang) obtained asymptotics for the number of irreducible orbits of GAn(Z) on WAn(Z)

having bounded height when n is odd (resp., when n is even) and applied these asymptotics
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to determine the average sizes of the 2-Selmer groups of monic hyperelliptic Jacobians of

any given dimension. The asymptotics for the number of irreducible integral orbits of this

representation also played a key role in the applications treated in §3–4.

Prior to the work presented in this chapter, asymptotics for reducible orbits have been

determined in only a few special cases. Firstly, Shintani handled the case of SL2(Z) acting

on integer-matrix binary cubic forms using ζ-function techniques (see [107, Chapter 2, §7,

Remark 2]). This result was later recovered using a geometry-of-numbers argument by

Bhargava and Varma (see [31, §4.1.2]), who applied it to determine the average size of

the 3-torsion in class groups of quadratic orders. Secondly, in [2], Altug, Shankar, Varma,

and Wilson used both L-function techniques and geometry-of-numbers methods to prove an

asymptotic for certain reducible orbits of GL2 × SL3 acting on pairs of ternary quadratic

forms. However, all of these works rely crucially on situation-specific techniques and on the

fact that the representations under consideration are of small dimension.

In general, since reducible orbits often contain rich arithmetic information (in addition to

the works referenced above, see [29,99]), we expect that our methods will have applications

far beyond the results of this paper. For instance, we note that D5-quintic rings correspond

to reducible orbits via the relevant parametrizations (see [9, 123]).

5.1.2 Main results on counting in cusps

In this section, after setting the necessary notation, we describe our method for counting

points in cusps of fundamental domains, and we explain how this method can be used to

count reducible orbits of GAn(Z) on WAn(Z).

5.1.2.1 Notation and setup

Let R be a Z-algebra. For any subset S ⊂ WAn(R), let S0 ⊂ S be the subset consisting

of elements B = [bij] such that bij = 0 for all pairs (i, j) such that i + j ≤ n − 1. Letting

Pn ⊂ GAn denote the lower-triangular subgroup, notice that the action of GAn(R) on WAn(R)
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restricts to a well-defined action of Pn(R) on WAn(R)0. When R is a PID, let Sred ⊂ S be

the subset of reducible elements of S; in this case, we have S0 ⊂ Sred by Proposition 20.

Next, retain the setting of §5.1.3 (i.e., let n and (r1, r2) be as in §5.1.3), and let R = Z

or R. We define the set

WAn(R)r1,r2 := {B ∈ WAn(R) : ι(An, B) ∈ Vn,1(R)r1,r2}.

For any X > 0, let N r1,r2
n (X) := #{f ∈ N(Z)\Vn,1(Z)r1,r2 : H(f) < X}, and for any

S ⊂ WAn(R)r1,r2 , let SX := {B ∈ S : H(B) < X}.

5.1.2.2 Statements of results

We prove the following asymptotic formula for the count of GAn(Z)-orbits on WAn(Z)r1,r2 :

Theorem 169. If n is odd, we have

#

(
(WAn(Z)r1,r2red )X
(N × GAn)(Z)

)
=

( bn2 c∏
i=1

ζ(2i)

)
·N r1,r2

n (X) + o
(
X

n2+n−2
2

)
,

and if n is even, we have

#

(
(WAn(Z)r1,r2red )X
(N × GAn)(Z)

)
=

(
ζ(n

2
)

n−2
2∏
i=1

ζ(2i)

)
· N

r1,r2
n (X)

2
n
2

+ o
(
X

n2+n−2
2

)
.

Remark 170. We make two observations regarding the asymptotics obtained in Theorem 169.

Firstly, the product of ζ-values is the fundamental volume of GAn . Secondly, the factor of

2−
n
2 that occurs in the asymptotic for even n in Theorem 169 accounts for the fact that for

any B ∈ WAn(Z), the xn−iyi-coefficient of ι(An, B) is divisible by 2 for every odd number

i ∈ {1, 3, . . . , n− 1} (see [109, Theorem 80]).

We now outline the proof of Theorem 169, which occupies §5.2–§5.4, and also part of

§5.5. We begin in §5.2 by constructing fundamental sets for the action of GAn(Z) on WAn(R).
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As we show in §5.2.3, this amounts to constructing a fundamental domain F for the action

of GAn(Z) on GAn(R). For the purpose of proving Theorem 169, it is not enough to simply

invoke the work of Borel and Harish-Chandra (see [34, 35]), who constructed fundamental

domains for general semisimple groups. Indeed, our argument in §5.3.2 relies on F being

box-shaped at infinity, meaning that F looks like a Siegel domain in a neighborhood of the

cusp. In §5.2.1–5.2.2, we define what it means for a fundamental domain to be box-shaped at

infinity and prove that such fundamental domains exist for the group GAn (see Theorem 176).

In §5.3, we prove an intermediate result (see Theorem 185) expressing the count of

reducible orbits of height up to X in terms of an integral CX , which gives the volume

of a certain subset of WAn(R)0 with respect to a certain measure λ. To prove this, we

start in §5.3.1 by applying Bhargava’s technique of averaging over translates of the domain

F constructed in §5.2 to thicken the region in which we are counting lattice points. In

this thickened region, all but a negligible number of reducible integral elements lie on the

hyperplane WAn(R)0 ⊂ WAn(R). This reduces the problem of counting reducible GAn(Z)-

orbits on WAn(Z) to that of counting lattice points lying in the cusp of our fundamental

domain for GAn(Z) on WAn(R). Indeed, the cusp consists of elements B = [bij] for which bij is

tiny for all (i, j) such that i+j ≤ n−1, so lattice points in the cusp necessarily lie in WAn(R)0.

As it happens, the thickened cusp is still too narrow for us to be able to use standard

geometry-of-numbers methods to count lattice points in it. In §5.3.2, we overcome this

difficulty by slicing the thickened cusp into ball-like regions, within each of which it is

easier to count lattice points. Summing the count of lattice points over all slices yields

Theorem 185. Then, up to a technicality concerning orbits with big integral stabilizer that

we resolve in §5.5.1 (see Proposition 199), all that remains to deduce Theorem 169 from

Theorem 185 is to compute the integral CX . We achieve this in §5.4 by proving a Jacobian

change-of-variables formula that transforms the measure λ on WAn(R)0 into the product of

the Euclidean measure on Vn,1(R) with the Haar measure on the lower-triangular subgroup

Pn ⊂ GAn (see Proposition 191). Such change-of-variable results have previously been proven
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when the group under consideration is unimodular (see, e.g., [26, §3.4]), but the fact that

the group Pn fails to be unimodular presents significant new challenges.

In §5.5.1, we show how the proof of Theorem 169 in §5.3–5.4 can be retrofitted to count

reducible orbits in subsets S ⊂ WAn(Z)r1,r2 defined by congruence conditions (see Theo-

rem 197). For those subsets S that consist of elements B ∈ WAn(Z)r1,r2 such that the

coefficients of ι(An, B) satisfy finite sets of congruence conditions, Theorem 197 specializes

to the following result:

Theorem 171. Let Σ = Vn,1(Z)r1,r2 ∩
⋂
p Σp be a family of monic binary forms defined by

finitely many congruence conditions. Then we have

#

(
(ι−1(Σ)red)X

(N × GAn)(Z)

)
= N r1,r2

n (X) ·
∏
p

∫
f∈Σp

εn ·#
(
ι−1(f)0

Pn(Zp)

)
df + o

(
X

n2+n−2
2

)
, (5.1)

where df denotes the Euclidean measure on Vn,1(Zp), normalized so that Vn,1(Zp) has volume

1, and where εn = 1 if n is odd and εn = 1
2

if n is even.

Remark 172. The occurrence of the lower-triangular subgroup Pn in the proof of Theo-

rem 169 and in the statement of Theorem 171 is no accident: indeed, Theorems 169 and 171

may be reinterpreted as providing asymptotics for the number of orbits of (N × Pn)(Z) on

WAn(Z)r1,r20 having bounded height. This is significant because there are obstacles to using

the methods outlined in §5.1.1 to count orbits for representations of groups, like Pn, that

are not unimodular.

5.1.3 Main results on class group distributions

Retain the setting of §2.1.1.1 (i.e., let n, f0, and (r1, r2) be as in §2.1.1.1) with f0 = 1.

As it happens, our results on counting in cusps can be applied to determine formulas for

the average 2-torsion in the class groups and ideal groups of rings defined by monic binary

forms (i.e., monogenic rings). For instance, in §5.6.1, we prove the following theorem, which
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gives the average 2-torsion in the class groups of the (monogenic cubic) orders cut out by

binary forms in V3,1(Z)r1,r2 :

Theorem 173. We have

Avg
f∈V3,1(Z)r1,r2

# Cl(Rf )[2] = 1 + 21−r1−r2
(

1 +
ζ(2)

ζ(3)

)
In previous work of Bhargava, Hanke, and Shankar (see [18, Theorem 4]), the analogue

of Theorem 173 was proven for the subfamily of monogenic maximal cubic orders (i.e.,

monogenic orders that are rings of integers of cubic fields). The key obstacle to generaliz-

ing [18, Theorem 4] to the full family of monogenic cubic orders is that a non-maximal order

O can have nontrivial torsion in its ideal group I(O), and 2-torsion ideals can contribute

to the 2-torsion subgroup of its class group Cl(O). The dichotomy between 2-torsion ideal

classes that come from 2-torsion ideals of cubic orders and those that do not is beautifully

captured in an orbit parametrization discovered by Bhargava (see [6]). Indeed, as shown by

Bhargava and Varma in [30], if O is a cubic order and I ∈ I(O)[2] (resp., I 6∈ I(O)[2]) is an

ideal of O whose class in Cl(O) is 2-torsion, then I corresponds via Bhargava’s parametriza-

tion to a reducible (resp., irreducible) integral orbit of G3 on W3.1

In [108, Theorem 9], Siad applied Wood’s generalization of Bhargava’s parametrization2

in conjunction with the aforementioned general approach for counting irreducible integral

orbits to prove that

Avg
f∈Vn,1(Z)r1,r2

# Cl(Rf )[2]− 21−r1−r2 ·#I(Rf )[2] = 1 + 21−r1−r2 , (5.2)

Determining the average 2-torsion in the class groups of monogenic degree-n orders thus

amounts to determining the average 2-torsion in their ideal groups; via the parametrization,

this is equivalent to counting reducible pre-projective integral orbits of the relevant coregular

1See also the work [31], where Bhargava and Varma prove that an analogous dichotomy holds for 3-torsion
classes of quadratic orders.

2Note that, for monic binary forms f , Wood’s parametrization is equivalent to the parametrization given
in §1. Indeed, when f0 = 1, we have In−3

f = Rf = In−2
f .
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representation, namely that of GAn on WAn . In §5.6.2, we apply a variant of Theorem 171

(namely, Theorem 200) to count these orbits, thus obtaining the following result:

Theorem 174. For a finite abelian group Γ, write rk2 Γ := dimF2(F2⊗ZΓ), and for an order

O in an étale algebra K, write O for the integral closure of O in K. Then we have

Avg
f∈Vn,1(Z)r1,r2

#I(Rf )[2] =
∏
p

Avg
[O:Zp]=n

2rk2(O×/O×) ≤
bn
2
c∏

i=1

ζ(2i) ≤ 1.82102, and

Avg
f∈Vn,1(Z)r1,r2

# Cl(Rf )[2] = 1 + 21−r1−r2
(

1 +
∏
p

Avg
[O:Zp]=n

2rk2(O×/O×)

)

where “Avg[O:Zp]=n” denotes the average over monogenic degree-n extensions of Zp.

For elements of WA3(Z), the notion of pre-projectivity is sufficiently concrete that we can

compute the local factors in Theorem 174 explicitly. We thus obtain the following result:

Theorem 175. We have

Avg
f∈V3,1(Z)r1,r2

#I(Rf )[2] =
ζ(2)

ζ(3)
.

Strikingly, the average size in Theorem 175 is the same as the value determined in [31,

Theorem 6] for the average 3-torsion in the ideal groups of (monogenic) quadratic orders!

5.2 Reduction theory

As in §2, we work with monic integral binary forms up to the action of N(Z). We are thus

interested in counting (N×GAn)(Z)-orbits onWAn(Z)red. The first step toward counting these

orbits is to realize them as lattice points in fundamental sets for the action of (N ×GAn)(Z)

on WAn(R). In this section, we construct these fundamental sets.

Let f1 ∈ {0, 1, . . . , n − 1} when n is odd and f1 ∈ {0, 2, . . . , n − 2} when n is even, and
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consider the subschemes WAn,f1 ⊂ WAn , Vn,1,f1 ⊂ Vn,1 defined by

WAn,f1(R) :=

{
B ∈ WAn(R) : lim

y!0
(y−1(ι(An, B)(x, y)− xn)) = f1

}
,

Vn,1,f1(R) := {f ∈ Vn,1(R) : lim
y!0

(y−1(f(x, y)− xn)) = f1}

for any Z-algebra R. Since the xn−1y-coefficient of a form in Vn,1(Z) has only finitely many

possibilities up to the action of N(Z), it suffices to construct fundamental sets for the action

of GAn(Z) on WAn,f1(R) for each choice of f1.

We achieve this by means of a two-step process: we first construct a fundamental domain

for GAn(Z) on GAn(R) in §5.2.1–5.2.2, and we then combine this fundamental domain with

fundamental sets for the action of GAn(R) on WAn,f1(R) in §5.2.3. We conclude in §5.2.4 by

using the results of the preceding subsections to study the action of the subgroup Pn(K) ⊂

GAn(K) on the subspace WAn,f1(K)0, where K is a field.

5.2.1 A box-shaped fundamental domain for GAn
(Z) y GAn

(R)

A fundamental domain F is said to be box-shaped at infinity if it can be sandwiched as

S1 ⊂ F ⊂ S2, where S1 ⊂ S2 are nested generalized Siegel sets3 for the action of GAn(Z) on

GAn(R) satisfying the following three conditions:

• There exists an open subset U1 ⊂ S1 of full measure such that every orbit of GAn(Z) on

GAn(R) meets U1 at most once;

• Every orbit of GAn(Z) on GAn(R) meets S2 at least once; and

• The set S2 r S1 is absolutely bounded.

In this subsection and the next, we construct a box-shaped fundamental domain for the

action of GAn(Z) on GAn(R). In particular, we prove the following theorem:

3See [90, §4.7, p. 224] for the definition of generalized Siegel set.
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Theorem 176. There exists a fundamental domain for the action of GAn(Z) on GAn(R) that

is box-shaped at infinity.

Because they are defined by simple equations in the cusp, box-shaped fundamental do-

mains are particularly amenable to explicit computations. For instance, we use the box-

shaped property to evaluate a certain integral that arises in the proof of Theorem 169;

see (5.23). As another example of the utility of box-shaped fundamental domains, see [66,67],

where Grenier proves the analogue of Theorem 176 for the group SLn and remarks that his

result could be used to compute certain integrals of Eisenstein series that arise when gen-

eralizing Selberg’s trace formula to the group SLn(Z). Grenier’s work has had a number of

applications in the literature (see, e.g., [65,100,120]), and as explained in §5.2.2 (to follow),

it plays a central role in our proof of Theorem 176.

The construction of nested generalized Siegel sets S1 ⊂ S2 satisfying the three conditions

itemized above is deferred to §5.2.2. Once S1 and S2 have been constructed, Theorem 176

then follows from the next lemma, which shows that there exists a fundamental domain

sandwiched between them:

Lemma 177. Let Λ be a discrete subgroup of a Lie group G and denote by B(G) the Borel

σ-algebra of G. Suppose that S1 and S2 are sets in B(G) with the property that the maps

S1 ! G/Λ and S2 ! G/Λ induced by s 7! sΛ are, respectively, injective and surjective. Then

there is a fundamental domain F in B(G) for the action of Λ on G such that S1 ⊂ F ⊂ S2.

Proof. The argument is analogous to the proof of [86, Lemma 4.1.1]. Since Λ is discrete, we

can find a non-empty open subset U ⊂ G such that U−1U ∩ Λ = {id}. Since G is second

countable, we can find a sequence of elements {gn} ⊂ G such that G =
⋃∞
n=1 gnU . Let

S ′′ = S2 r S1Λ and set:

F ′ =
∞⋃
n=1

(
gnU ∩ S ′′ r

⋃
i<n

(giU ∩ S ′′)Λ

)
.

Lastly, define F = S ∪ F ′ and note that this union is disjoint. Then F ∈ B(G) since all the
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operations used in its construction keep us in the σ-algebra. It is straightforward to check

that the induced map F ! G/Λ sending x 7! xΛ is bijective. We conclude that F is a

fundamental domain.

5.2.2 A pair of nested generalized Siegel sets for GAn
(Z) y GAn

(R)

In this section, we complete the proof of Theorem 176 by constructing the nested generalized

Siegel sets S1 ⊂ S2 referred to in §5.2.1. To begin with, observe that it suffices to construct

the Siegel sets Si for the action of SOAn(Z) on SOAn(R), because when n is even, there

exist elements in GAn(Z) having determinant −1. We therefore work with the group SOAn

throughout the rest of this subsubsection.

The construction of S2 is, in essence, due to Borel and Harish-Chandra (see [15, §9.2]

and [105, §4.1], which specialize the results of [34] and [35] for semisimple groups to the case

of the group SOAn). Let N ⊂ SOAn(R) denote the subgroup of lower-triangular unipotent

matrices. A calculation shows that the elements of N are parametrized as in Figure 2, where

the uij ∈ R for i ∈ {2, . . . , n−1} and j ∈ {1, . . . ,min{i− 1, n− i}} are free parameters, and

where the symbol “∗” is shorthand and should be read as follows: if the “∗” occurs in the

row-i, column-j entry, then it denotes “some polynomial of positive degree in the variables

{ui′j′ : i′− j′ ≤ i− j} with integer coefficients and no constant term” (the polynomial being

abbreviated depends on the matrix entry in which it occurs). We often abbreviate the tuple(
uij : i ∈ {2, . . . , n− 1}, j ∈ {1, . . . ,min{i− 1, n− i}}

)
by u and abuse notation by writing

u for the corresponding element of N .

Let A denote the subgroup of diagonal matrices in SOAn(R), all of whose entries are

positive. The elements of A, which is a maximal torus of SOAn(R) normalizing the unipotent

subgroup N , admit the following explicit parametrization: the ith diagonal entry is the
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reciprocal of the (n− i)th, and the first dn
2
e diagonal entries can be expressed in the form

bn
2
c∏

i=1

s−1
i ,

bn
2
c∏

i=2

s−1
i , . . . , s−1

bn
2
c, 1, if 2 - n, (5.5)

sn ·
n−4
2∏
i=1

s−1
i , sn ·

n−4
2∏
i=2

s−1
i , . . . , sn, sn · sn−2

2
, if 2 | n, (5.6)

where si > 0 for each i and where sn :=
√
s−1
n−2
2

s−1
n
2

when n is even. For a given choice

of s1, . . . , sbn
2
c > 0, we often abbreviate the tuple (s1, . . . , sbn

2
c) by s, and we often abuse

notation by writing s for the corresponding element of A.

Let K denote a maximal compact subgroup of SOAn(R); we denote elements of K by

θ. Then, by [34, Théorème 2.4 and Exemple 2.5], there exists a constant c2 > 0 and a

compact set N ′ ⊂ N such that if we take A′ := {s = (s1, . . . , sbn
2
c) ∈ A : si > c2 for all i},

then the set

S2 := N ′ · A′ ·
(
(K ∩ {± id})\K

)
(5.7)

meets every orbit of SOAn(Z) on SOAn(R) (and hence every orbit of GAn(Z) on GAn(R))

at least once, where (K ∩ {± id})\K denotes some fundamental domain for the action of

K ∩ {± id} by left-multiplication on K.4 We take the quotient of K by K ∩ {± id} since

± id stabilizes every element of SOAn(R)/K. The next lemma computes the stabilizer of a

generic element of SOAn(R)/K:

Lemma 178. There exists an open subset U2 ⊂ SOAn(R)/K of full measure such that the

stabilizer in SOAn(Z) of any g ∈ U2 is given by K ∩ {± id}.

Proof. Let F be any fundamental domain for SOAn(Z) on SOAn(R)/K, and let g be an

element of the interior of F . If γ ∈ SOAn(Z) stabilizes g, then there is an open neighborhood

U 3 g contained in the interior of F such that γ ·U is contained in the interior of F , implying

4A priori, [34, Théorème 2.4] states that a finite number σ of translates of Siegel sets can be
found such that their union meets every orbit of SOAn(Z) on SOAn(R)/K at least once; here, σ =
#
(

SOAn
(Z)\ SOAn

(Q)/P(Q)
)
, where P(Q) = (N · A) ∩ SOAn

(Q). But since the algebraic group SOAn

has class number 1, it follows from [90, Propositions 5.4 and 5.10] that σ = 1.
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in fact that γ stabilizes every element of U . Since left-multiplication by γ defines a real-

analytic function on SOAn(R)/K, and since SOAn(R)/K is connected (as K meets both of

the two connected components of SOAn(R)), it follows that γ stabilizes all of SOAn(R)/K.

Now, the stabilizer in SOAn(R) of any element h ∈ SOAn(R)/K is given by hKh−1. Since

γ stabilizes all of SOAn(R)/K, it follows that γ ∈ K :=
⋂
h∈SOAn (R) hKh

−1. But because K

is a compact normal subgroup of SOAn(R), it follows that K is discrete. Let K+ denote the

intersection of K with the identity component SOAn(R)+ of SOAn(R). Then K+ is a discrete

normal subgroup of the connected group SOAn(R)+, and so K+ is central in SOAn(R)+. It

follows that K+ ⊂ {± id}, and hence that K+ is central in SOAn(R). If γ′ ∈ K r K+, then

γ′ commutes with elements of both connected components of SOAn(R), so γ′ is central in

SOAn(R) since K is normal. Thus, K ⊂ {± id}, and so γ = ± id.

Finally, let U2 to be the union of all SOAn(Z)-translates of the interior of F . Then U2 is

an open subset of full measure, and we have shown above that the stabilizer in SOAn(Z) of

any g ∈ U2 is contained in {± id}, as desired.

We now make a convenient explicit choice of the compact set N ′. Let N ⊂ N be the

subset defined as follows:

N :=


{u ∈ N : |uij| ≤ 1 for i = dn

2
e, |uij| ≤ 1

2
for i 6= dn

2
e}, if n is odd,

{u ∈ N : |uij| ≤ 1
2

for all i, j}, if n is even.

The following result implies that by chopping N ′ into pieces and translating them via ele-

ments of N ∩ SOAn(Z), we can replace N ′ with a subset of N :

Lemma 179. Let u ∈ N . Then there exists u ∈ N ∩SOAn(Z) such that uu ∈ N . Moreover,

there exists an open subset U3 ⊂ N of full measure such that for any u ∈ U3, there is precisely

one element u ∈ N ∩ SOAn(Z) such that uu ∈ N .

Proof. We construct u inductively. Upon inspecting the characterization of elements of N

provided earlier in this section, we arrive at the following observation: if k ∈ {0, . . . , n− 3}
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is an integer and u′ ∈ N is an element such that u′ij = 0 for all i, j such that i− j ≤ k, then

(u′u)ij = u′ij + uij for all i, j such that i − j = k + 1. By the observation, we may choose

u1 ∈ N ∩ SOAn(Z) such that
∣∣(u1)i(i−1) + ui(i−1)

∣∣ ≤ 1
2

for each i ∈ {2, . . . , bn
2
c} and such

that, for n odd, we have
∣∣(u1)dn

2
ebn

2
c + udn

2
ebn

2
c
∣∣ ≤ 1. Suppose for some k ∈ {0, . . . , n− 4}

we have chosen u` ∈ N ∩ SOAn(Z) for each ` ∈ {1, . . . , k + 1}; then, by the observation,

we may choose uk+2 ∈ N ∩ SOAn(Z) such that
∣∣(u1)i(i−k−2) + ui(i−k−2)

∣∣ ≤ 1
2

for each i ∈

{k + 3, . . . , bn+k+2
2
c}, unless n is odd and i = dn

2
e, in which case we can only arrange for∣∣(u1)dn

2
e(dn

2
e−k−2) + udn

2
e(dn

2
e−k−2)

∣∣ ≤ 1. Having constructed u` for each ` ∈ {1, . . . , n− 2}, we

then take u =
∏n−2

`=1 un−2−`.

As for uniqueness on an open subset of full measure, it suffices to show that u is unique

when u lies in the interior of N , for then we can take U3 to be the union of all (N ∩SOAn(Z))-

translates of the interior of N . So take u ∈ N . If uu ∈ N for some u ∈ N ∩ SOAn(Z),

then the aforementioned observation, together with the fact that u lies in the interior of N ,

implies that ui(i−1) = 0 for each i. Proceeding inductively as we did to prove existence, we

find that u = id.

By Lemma 179, we may assume that N ′ ⊂ N . We next show that N ′ can be chosen to

lie within an even smaller subset of N . Let G ⊂ SOAn(Z) denote the subgroup of diagonal

matrices with integer entries. One readily verifies that G satisfies the following properties:

• G is a subgroup of K of order 2b
n
2
c centralizing the maximal torus A;

• Conjugation by elements of G defines a group action on N with the property that for any

ρ ∈ G and u ∈ N , we have |(ρ · u)ij| = |uij| for all i, j; and

• The orbit of every element of N under the action of G has a representative u such that

for each n we have ui(i−1) ∈ [0, 1
2
] for each i ∈ {2, . . . , bn

2
c} and such that for each odd n

we have udn
2
ebn

2
c ∈ [−1,−1

2
] ∪ [0, 1

2
]. The representative u is unique if each uij lies in the

interior of the corresponding union of intervals.
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It follows that we can take N ′ to lie within the subset

Ñ :=

u ∈ N :
ui(i−1) ∈ [0, 1

2
] for each i ∈ {2, . . . , bn

2
c};

udn
2
ebn

2
c ∈ [−1,−1

2
] ∪ [0, 1

2
] if 2 - n


By possibly expanding N ′, we may in fact choose N ′ to be equal to Ñ .

We now construct S1. Let A′′ := {s ∈ A : si > c1 for all i}, where the constant c1 > 0 is

to be chosen shortly. We then take

S1 = N ′ · A′′ ·
(
(K ∩ {± id})\K

)
.

It is clear that S1 and S2 differ on an absolutely bounded set. The next proposition states

that we can choose c1 so that S1 satisfies the remaining desired properties:

Proposition 180. There exists a constant c1 > 0 for which (1) S1 ⊂ S2 and (2) there exists

an open subset U1 ⊂ S1 of full measure such that every orbit of SOAn(Z) on SOAn(R) meets

U1 at most once.

Proof. In [67], Grenier constructs an explicit fundamental domain F for the action of SL±n (Z)

on SL±n (R) that is box-shaped at infinity. We shall deduce Proposition 180 from a slight refor-

mulation of Grenier’s result. To state this reformulation, we must introduce some notation.

Let N ⊂ SL±n (R) denote the subgroup of lower-triangular unipotent matrices; for an element

u ∈ N , we denote by uij the row-i, column-j entry of u. Let N be the set defined by

N := {u ∈ N : |uij| ≤ 1
2

for all i, j}

Let A ⊂ SL±n (R) denote the subgroup of diagonal matrices with positive entries; for an

element s ∈ A , we denote by si the quotient of the row-(i+1), column-(i+1) entry of s by the

row-i, column-i entry. Let K ⊂ SL±n (R) denote a maximal compact subgroup containing K.
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Consider the subset N ′ ⊂ N defined as follows:

N ′ :=


u ∈ N :

ui(i−1) ∈ [0, 1
2
] for each i ∈ {2, . . . , dn

2
e};

ui(i−1) ∈ [−1
2
, 0] for each i ∈ {dn

2
e+ 2, . . . , n};

u(dn
2
e+1)dn

2
e ∈ [−1

2
, 0] if 2 - n, u(n+2

2
)n
2
∈ [−1

2
, 1

2
] if 2 | n


Let A ′ := {s ∈ A : si > c1 for all i} for a sufficiently large constant c1 > c2. Let εn ∈

K denote the identity matrix when n is odd, and the diagonal matrix whose diagonal

entries are given by n
2

copies of −1 followed by n
2

copies of 1 when n is even, and let

{± id,±εn}\K denote some fundamental domain for the action of the group {± id,±εn}

by left-multiplication on K.

We are now in position to state our reformulation of Grenier’s result:

Lemma 181. For every sufficiently large c1 > 0, the following holds: If usθ, u′s′θ′ ∈ N ′ ·

A ′ · ({± id,±εn}\K ) are SL±n (Z)-equivalent elements such that si, s
′
i > c1 for all i and such

that u, u′ lie in the interior of N ′, then usθ = u′s′θ′.

Proof of Lemma 181. In [66], Grenier constructs a fundamental domain F ⊂ N ·A for the

action of SL±n (Z) on SL±n (R)/K . The domain F has the property that no two points in

its interior are SL±n (Z)-equivalent. In [67, Theorem 1], Grenier establishes that, for every

sufficiently large c1 > 0, we have N ′′ · A ′ ⊂ F , where N ′′ = {u ∈ N ′ : u(n+2
2

)n
2
∈ [0, 1

2
]}.

Consequently, the set F · ({± id}\K ) is a fundamental domain for the action of SL±n (Z)

on SL±n (R) containing N ′′ · A ′ · ({± id}\K ). Since εn · N ′′ · εn = N ′, it follows that

there is a fundamental domain for the action of SL±n (Z) on SL±n (R) containing N ′ · A ′ ·

({± id,±εn}\K ). If we have two distinct SL±n (Z)-equivalent elements usθ, u′s′θ′ ∈ N ′ ·A ′ ·

({± id,±εn}\K ) such that u, u′ lie in the interior of N ′, then one can find two distinct

elements of the interior of F that are SL±n (Z)-equivalent, which is a contradiction.

We now deduce Proposition 180 from Lemma 181. Let U1 be an open subset of full

measure contained in the interior of S1 consisting of elements usθ satisfying the following
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two properties:

• The image of usθ in SOAn(R)/K lies in U2; and

• There exists a unique u0 ∈ N ∩ SL±n (Z) such that u0u is in the interior of N ′.

To see why we can arrange for the second property above to hold on a open subset of full

measure, observe that by the definitions of N ′ and N ′, the desired element u0 must be such

that (u0)i(i−1) = 0 for each i. Then, by proving the analogue of Lemma 179 for the group

SL±n , one finds that there exists at least one u0 ∈ N ∩ SL±n (Z) such that u0u ∈ N ′. By

our explicit characterization of the elements of N (see (5.3) and (5.4)), the row-i, column-j

entry of u is a non-constant polynomial in the unipotent coordinates for every pair (i, j) with

i > j+1. Thus, there exists an open subset U3 ⊂ N of full measure such that for any u ∈ U3

and u0 ∈ N ∩ SL±n (Z), the row-i, column-j entry of u0u is not an integer multiple of 1
2

for

every pair (i, j) with i > j, unless i + 1 = j = n
2
, in which case uij = 0. In particular, if for

u ∈ U3 and u0 ∈ N ∩ SL±n (Z) we have u0u ∈ N ′, then u0u must in fact lie in the interior of

N ′, and imitating the proof of uniqueness in Lemma 179 yields that u0 must be unique.

With U1 defined, take usθ, u′s′θ′ ∈ U1 such that g · usθ = u′s′θ′ for some g ∈ SOAn(Z).

Let ε, ε′ ∈ {± id,±εn} be such that εθ, ε′θ′ ∈ {± id,±εn}\K . Let u0, u
′
0 ∈ N ∩ SL±n (Z) be

the unique elements such that u0(εuε), u′0(ε′u′ε′) lie in the interior of N ′. Since si, s
′
i > c1

for all i, Lemma 181 implies u0(εuε)s(εθ) = u′0(ε′u′ε′)s′(ε′θ′). The uniqueness of the Iwasawa

decomposition implies

u0(εuε) = u′0(ε′u′ε′), s = s′, εθ = ε′θ′. (5.8)

The third equality in (5.8) implies that εε′ ∈ K, so since εn 6∈ K when n is even, it follows

that εε′ = ± id. But (K ∩ {± id})\K contains either θ of −θ and not both, meaning that

εε′ = id. Combining this with the first equality in (5.8) yields that u is a translate of u′

by an element of N ∩ SL±n (Z), and hence by an element of N ∩ SOAn(Z). The uniqueness
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statement in Lemma 179 then implies that u = u′. We conclude that usθ = us′θ′. This

completes the proof of Proposition 180.

Remark 182. We proved Proposition 180 by simply deducing it from Grenier’s explicit con-

struction of a box-shaped fundamental domain for SL±n (Z) on SL±n (R). We expect that it is

possible to construct an explicit box-shaped fundamental domain for GAn(Z) on GAn(R) by

mimicking Grenier’s construction. Alternatively, when n ∈ {3, 4}, such a fundamental do-

main can be built using exceptional isomorphisms. For instance, take n = 3, and let A 1
2

be as

in the proof of Theorem 51. Then one checks that GA 1
2

(Q) = gGAn(Q)g−1, where g ∈ GL3(Q)

is the diagonal matrix with diagonal entries 1
2
, 1, 1. Now, recall that we have an exceptional

isomorphism PGL2 ' GA 1
2

of algebraic groups over Z, induced by the adjoint representation

of PGL2. Thus, GAn(Z) may be viewed as a lattice Γ ⊂ PGL2(Q); a calculation shows that

Γ is the subgroup of PGL2(Q) generated by the (classes of the) elements of the congruence

subgroup Γ0(2) ⊂ SL2(Z) together with the matrices [ 1 0
0 −1 ] and [ 0 2

−1 0 ]. It is then an ele-

mentary calculation to verify that the action of Γ on PGL2(R)/O2(R) has a fundamental

domain in the upper half-plane H that is contained in the strip {z ∈ H : <(z) ∈ [0, 1]} and

that contains the set {z ∈ H : <(z) ∈ [0, 1], =(z) = y} for every sufficiently large y > 0. A

similar argument can be made when n = 4, using the exceptional isomorphism between the

identity component of GAn and the group SL2× SL2.

5.2.3 Fundamental sets for GAn
(R) y WAn,f1(R) and GAn

(Z) y WAn,f1(R)

There is exactly one reducible B ∈ WAn,f1(R) up to the action of GAn(R) with ι(An, B) = f

for each separable f ∈ Vn,1(R); an explicit representative of this orbit is given as follows. Take

any (f2, . . . , fn) ∈ Rn−1, let f(x, y) = xn +
∑n

i=1 fix
n−iyi ∈ V1,n(R), and let f̃ ∈ V1,n,0(R) be

as in (2.1). If we define a function σ0 : Rn−1 ! WAn,f1(R) by
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σ0(f) :=
f1

n
An +



1 0

. . . 0

1

1 0

1 0 − f̃2
2

1 0 − f̃2
2
−f̃3

. . .

. . . . . . . . . − f̃n−3

2

1 0 − f̃n−3

2
−f̃n−2 − f̃n−1

2

0 − f̃n−1

2
−f̃n


if n is odd, and by

σ0(f) :=
f1

n
An +



1 0

. . . 0

1

1 0

1 0

1 0 −f̃2 − f̃3
2

1 0 − f̃3
2
−f̃4

. . .

. . . . . . . . . − f̃n−3

2

1 0 − f̃n−3

2
−f̃n−2 − f̃n−1

2

0 − f̃n−1

2
−f̃n



if n is even, then ι(An, σ0(f)) = f . The explicit section σ0 is useful in the proof of Proposi-

tion 191 (to follow), for its image consists of matrices whose entries are polynomials in the fi.

However, in Lemma 187 (also to follow), we shall require a section σ with image consisting

of matrices whose entries are O(X) if H(f)� X. To this end, let (f2, . . . , fn) ∈ Rn−1 be as

above, and let j ∈ {2, . . . , n} be any index such that max
{
|f̃i|

1
i : i ∈ {2, . . . , n}

}
= |f̃j|

1
j . If

we define

σ(f2, . . . , fn) :=
f1

n
An + |f̃j|

1
j σ0

(
f̃2|f̃j|−

2
j , . . . , f̃n|f̃j|−

n
j
)
,

then ι(An, σ(f2, . . . , fn)) = f .
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For each r1 ∈ {1, 3, . . . , n} if n is odd and r1 ∈ {0, 2, . . . , n} if n is even, write

WAn,f1(R)r1,r2 := WAn,f1(R) ∩WAn(R)r1,r2 ,

whereR = Z or R. Let Lr1,r2f1
be the fundamental set for the action of GAn(R) onWAn,f1(R)r1,r2

defined by

Lr1,r2f1
:=

σ(f2, . . . , fn) :
(f2, . . . , fn) ∈ Rn−1,

xn +
∑n

i=1fix
n−iyi ∈ Vn,f1(R)r1,r2 has nonzero disc.


From the stabilizer statement in Theorem 13, it follows that # StabGAn (R)(B) is independent

of B ∈ WAn,f1(R)r1,r2 ; letting nr1,r2 := # StabGAn (R)(B) for any B ∈ WAn,f1(R)r1,r2 , one

readily verifies that nr1,r2 = 2r1+r2−1 if n is odd and nr1,r2 = 2r1+r2 if n is even.

We are finally in position to construct a fundamental set for the action of GAn(Z) on

WAn,f1(R). For each possible value of r1 and f1, we simply take our fundamental set to

be the multiset F · Lr1,r2f1
. Note that if B ∈ (F · Lr1,r2f1

) ∩ WAn,f1(Z), then B occurs with

multiplicity nr1,r2/# StabGAn (Z)(B).

5.2.4 Action of lower-triangular subgroup on reducible hyperplane

We first prove a result implying that, for any f ∈ Vn,1,f1(R) with ∆(f) 6= 0, where ∆ denotes

the discriminant, the group N · A acts transitively on the set of B ∈ WAn,f1(R)0 such that

bi(n−i)(B) > 0 for each i ∈ {1, . . . , bn
2
c} and such that ι(An, B) = f .

Lemma 183. Let σ̃ : Vn,1,f1(R)! WAn,f1(R)0 be a differentiable function such that for each

f(x, y) = xn +
∑n

i=1 fix
n−iyi ∈ Vn,1,f1(R), we have:

• bi(n−i)(σ̃(f)) > 0 for each i ∈ {1, . . . , bn
2
c}; and

• ι(An, σ̃(f)) = f .
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Let R ⊂ Vn,1,f1(R) be an open subset consisting entirely of forms with nonzero discriminant.

Then there exist differentiable functions ũ : R! N and s̃ : R! A such that for each f ∈ R,

we have σ̃(f) =
(
ũ(f)s̃(f)

)
· σ0(f).

Proof. We first construct ũ. Using (5.3) and (5.4), we see that for any B ∈ WAn,f1(R)0 such

that bi(n−i)(B) 6= 0 for each i ∈ {1, . . . , bn
2
c}, we have the following:

• Let ũ21 ∈ R be such that b1n(B) + b1(n−1)(B)ũ21 = f1
n

. By abuse of notation, let ũ21 ∈ N

denote the matrix whose row-2, column-1 entry is ũ21 but all of whose remaining unipotent

coordinates are 0. We redefine B to be ũ21 ·B.

• Let ũ32 ∈ R be such that b2(n−1)(B) + b2(n−2)(B)ũ32 = f1
n

; abusing notation once again,

we redefine B to be ũ32 · B. Next, let ũ31 ∈ R be such that b2n(B) + b2(n−2)(B)ũ31 = 0;

we redefine B to be ũ31 ·B.

• Let k ∈ {3, . . . , n − 1}, and suppose that we have already defined ũij for each pair (i, j)

such that i ∈ {2, . . . , k − 1} and j ∈ {1, . . . ,min{i− 1, n− i}}, successively replacing B

with ũij ·B each time. We now explain how to define ũij for i = k. Let ũkmin{k−1,n−k} ∈ R

be such that

b(k−1) max{k+1,n−k+2}(B) + b(k−1)(n−k+1)(B)ũkmin{k−1,n−k} =
f1

n
;

we redefine B to be ũkmin{k−1,n−k} ·B. Next, let ũkmin{k−2,n−k−1} ∈ R be such that

b(k−1) max{k+2,n−k+3}(B) + b(k−1)(n−k+1)(B)ũkmin{k−2,n−k−1} = 0;

we redefine B to be ũkmin{k−2,n−k−1} ·B.

Continuing in this manner, let k′ ∈ {1, . . . ,min{k − 2, n− k − 1}}, and suppose that we

have defined ũkj for all j ∈ {min{k − k′, n − k − k′ + 1}, . . . ,min{k − 1, n − k}}. Let
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ũkmin{k−k′−1,n−k−k′} ∈ R be such that

b(k−1) max{k+k′+1,n−k+k′+2}(B) + b(k−1)(n−k+1)(B)ũkmin{k−k′−1,n−k−k′} = 0;

we redefine B to be ũkmin{k−k′−1,n−k−k′} ·B.

Let ũ(f) be the composition of the ũij in the order prescribed above. Then since each ũij

is a polynomial function of the previously constructed ũi′j′ and of the entries of B together

with the inverses of the entries bi′(n−i′)(B), it follows that ũ is a differentiable function of the

coefficients fi.

Define functions s̃i by s̃i(f) := bi(n−i)(σ̃(f)) for i ∈ {1, . . . , bn
2
c} r {n

2
} and s̃n

2
(f) :=

bn
2
n
2
(σ̃(f))b(n

2
−1)(n

2
+1)(σ̃(f))−1. Let s̃ = (s̃1, . . . , s̃bn

2
c). Since σ̃ is differentiable, it follows

that s̃ is differentiable too; note further that because we have assumed R to be contained

in the complement of the locus of forms of discriminant 0, it follows from [15, Lemma 10.3]

when n is odd and from [109, Part (2) of Theorem 4.2] when n is even that s̃i(f) > 0 for

every i ∈ {1, . . . , bn
2
c} and f ∈ R, and so s̃(f) is invertible for every f ∈ R.

We have defined ũ and s̃ in such a way that
(
ũ(f)s̃(f)

)−1 · σ̃(f) lies in the image of σ0;

i.e., we have
(
ũ(f)s̃(f)

)−1 · σ̃(f) = σ0(f ′) for some f ′ ∈ Vn,1,f1(R). It then follows that

f ′ = ι(An, σ0(f ′)) = ι
(
An, (ũ(f)s̃(f))−1 · σ̃(f)

)
= ι
(
An, σ̃(f)

)
= f,

so we conclude that f = f ′.

The following lemma, the proof of which is immediate, describes the stabilizer of the

action of Pn(K) on an element of WAn(K)0, where K is any field:

Lemma 184. Let K be a field, and let B ∈ WAn(K)0 be such that ∆(ι(An, B)) 6= 0. Then

StabPn(K)(B) = {id} if n is odd and StabPn(K)(B) = {± id} if n is even.
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5.3 Counting reducible GAn(Z)-orbits on WAn(Z)

Retain the setting of §5.2 (i.e., let n, (r1, r2), and f1 be as in §5.2).5 In this section, we obtain

asymptotics for the number of reducible orbits of GAn(Z) on WAn,f1(Z)r1,r2 of bounded height.

We express these asymptotics in terms of a weighted volume of sets in WAn(R). To state

the main result of this section, and to simplify the exposition in the rest of the paper, we

introduce the following notation:

• Let dB denote Euclidean measure on WAn(R)0, and we define λ(B) by

λ(B) :=



bn
2
c∏

i=1

|bi(n−i)(B)|2i−1, if 2 - n,

|bn
2
n
2
(B)|

n−2
2

n−2
2∏
i=1

|bi(n−i)(B)|2i−1, if 2 | n.

(5.9)

• Let H ⊂ GAn(R) be any left-K-invariant set that is the closure of a nonempty open

bounded set (so that H is compact). Define the set B by

B :=
{
B ∈ H · Lr1,r2f1

∩WAn(R)0 : bi(n−i) > 0 for each i ∈ {1, . . . , bn
2
c}
}
.

• Choose the following Haar measure on GAn(R):

dg = dθdu(δ(s)ds), where du :=

dn
2
e∏

i=1

i−1∏
j=1

duij, ds :=

bn
2
c∏

i=1

dsi, and (5.10)

δ(s) :=


∏bn

2
c

i=1 s
i2−2ibn

2
c−1

i , if 2 - n,(
sn−2

2
sn

2

)−n2−2n+8
8

∏n−4
2

i=1 s
i2−i(n−1)−1
i , if 2 | n,

where dθ is normalized so that
∫
θ∈(K∩{± id})\K dθ = 1.

• Let dh denote the restriction of dg to H. We define the quantity CX by

CX :=
1∫

h∈H dh
·
∫
B∈BX

λ(B)dB,

5Note that definitions of quantities introduced in what follows may implicitly depend on r1.
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• For a finite set Σ of (N × GAn)(Z)-orbits (or GAn(Z)-orbits) on WAn(Z), let ]Σ be the

number of elements of Σ, where each B ∈ Σ is counted with weight 1/# StabGAn (Z)(B)

(resp., 2/# StabGAn (Z)(B)) if n is odd (resp., even).

Then, over the next two subsections, we prove the following result, where we write “a(X) ∼

b(X)” to mean that a(X) = b(X) · (1 + o(1)) in the limit as X !∞:

Theorem 185. We have that

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ 1

nr1,r2
·


2b

n
2
c
bn
2
c∏

i=1

ζ(2i), if 2 - n,

4ζ(n
2
)

n−2
2∏
i=1

ζ(2i), if 2 | n


· CX . (5.11)

5.3.1 Averaging over fundamental domains

In this section, we apply Bhargava’s technique for averaging over fundamental domains to

put the left-hand side of (5.11) into a more convenient form.

Let F be a fundamental domain for the action of GAn(Z) on GAn(R) that is box-shaped

at infinity (recall that such an F exists by Theorem 176). For any given h ∈ H, we have

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
=


1

nr1,r2
·#
(
Fh · Lr1,r2f1

∩ (WAn(Z)red)X
)
, if 2 - n,

2
nr1,r2

·#
(
Fh · Lr1,r2f1

∩ (WAn(Z)red)X
)
, if 2 | n.

(5.12)

Letting CH = nr1,r2
∫
h∈H dh if n is odd and CH =

nr1,r2
2

∫
h∈H dh if n is even, and averag-

ing (5.12) over h ∈ H, we find that

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
=

1

CH

∫
h∈H

#
(
Fh · Lr1,r2f1

∩ (WAn(Z)red)X
)
dh. (5.13)

By [15, Propositions 10.5, 10.7] when 2 - n and [105, Propositions 21, 23] when 2 | n,6 the

6Technically, [15, Proposition 10.7] and [105, Proposition 23] are stated in the case where f1 = 0 and for
a differently normalized height, but one readily verifies that their proofs go through for any fixed f1 ∈ Z and
for the height H.
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expected value of #
(
Fh · Lr1,r2f1

∩ (WAn(Z)red rWAn(Z)0)X
)

as h ∈ H is drawn uniformly

at random with respect to the measure dh is o(X
n2+n−2

2 ).7 Consequently, up to a negligible

error, we may replace WAn(Z)red in (5.13) with WAn(Z)0. Then, using a now-standard

change-of-variables argument due to Bhargava (see, e.g., [15, §10.1]), it follows that

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ 1

CH

∫
g∈F

#
(
gH · Lr1,r2f1

∩ (WAn(Z)0)X
)
dg. (5.14)

For • ∈ {N ,A}, consider the map π• : GAn(R)! A obtained by post-composing the diffeo-

morphism GAn(R)! N×A×K given by the Iwasawa decomposition with the projection map

N×A×K! •. Let A? := πA(F), and for each s ∈ A?, letN ?(s) := πN (π−1
A (s)∩F); observe

that N ?(s) is bounded by construction. Then, setting B(u, s) := usH · Lr1,r2f1
∩WAn(R)0 for

the sake of convenience, we can rewrite the expression (5.14) as follows:

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼

1

CH

∫
s∈A?

∫
u∈N ?(s)

∫
θ∈(K∩{± id})\K

#
(
usθH · Lr1,r2f1

∩WAn(Z)0)X
)
dθdu(δ(s)ds) ∼

1

CH

∫
s∈A?

∫
u∈N ?(s)

#(B(u, s)X ∩WAn(Z))du(δ(s)ds), (5.15)

where the last step follows as θH = H for any θ ∈ K and
∫
θ∈(K∩{± id})\K dθ = 1.

5.3.2 Slicing

To evaluate (5.15), we cut B(u, s) into slices, one for each value of (b1(n−1), . . . , bbn
2
cdn

2
e).

For any b = (b1, . . . , bbn
2
c) ∈ (R r {0})bn2 c, let Bb(u, s) ⊂ B(u, s) be the subset of elements

B = [bij] such that bi(n−i) = bi for each i ∈ {1, . . . , bn
2
c}. Then we can express the integrand

7We note that this bound can be improved to Oε(X
n2+n−2

2 − 1
5+ε) by an application of the Selberg sieve

(see [29, Proofs of Propositions 3.5 and 4.4]).
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of (5.15) as

#(B(u, s)X ∩WAn(Z)) =
∑

b∈Zb
n
2 c

bi 6=0∀i

#(Bb(u, s)X ∩WAn(Z)), (5.16)

By examining the action of s on an element B = [bij] ∈ WAn(R), one readily verifies that if wij

denotes the quantity by which s scales the matrix entry bij for each pair (i, j) ∈ {1, . . . , n}2,

then the following equalities hold:

wi(n−i) =


s−1
i , if i ∈ {1, . . . , bn

2
c}r {n

2
},

sn−2
2
sn

2

−1, if i = n
2
,

(5.17)

n∏
i=1

n∏
j=max{i,n+1−i}

wij =


∏bn

2
c

i=1 s
−i2+2i(bn

2
c+1)

i , if 2 - n,

sn−2
2

n2+2n−16
8 sn

2

n2+2n
8

∏n−4
2

i=1 s
−i2+i(n+1)
i , if 2 | n.

(5.18)

To count lattice points in Bb(u, s)X , we use the following result of Davenport:

Proposition 186 ([54, Theorem]). Let R be a bounded, semi-algebraic multiset in Rn having

maximum multiplicity m that is defined by at most k polynomial inequalities, each having

degree at most `. Let R′ denote the image of R under any (upper or lower) triangular,

unipotent transformation of Rn. Then the number of lattice points (counted with multiplicity)

contained in the region R′ is given by

Vol(R) +O(max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection of R onto a coordi-

nate subspace obtained by equating n−d coordinates to zero, where d ranges over all values in

{1, . . . , n−1}. The implied constant in the second summand depends only on n, m, k, and `.

Using Proposition 186 in conjunction with (5.18), it follows that the summand on the
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right-hand side of (5.16) can be expressed as

#(Bb(u, s)X ∩WAn(Z)) = Vol(Bb(u, s)X) + [error], (5.19)

where the error term is bounded independent of b as follows:

[error]�


Xb

n
2
c2+2bn

2
c−1
∏bn

2
c

i=1 s
−i2+2i(bn

2
c+1)

i , if 2 - n,

X
n2+2n−8

4 sn−2
2

n2+2n−16
8 sn

2

n2+2n
8

∏n−4
2

i=1 s
−i2+i(n+1)
i , if 2 | n.

Combining (5.15), (5.16), and (5.19) yields the following:

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ (5.20)

1

CH

∑
b∈Zb

n
2 c

bi 6=0∀i

(∫
s∈A?

∫
u∈N ?(s)

(
Vol(Bb(u, s)X) + [error]

)
du(δ(s)ds)

)

We now show that the integral of the error term in (5.20) is negligible:

Lemma 187. The integral of the error term in (5.20) is o(X
n2+n−2

2 ).

Proof. Combining (5.10) and (5.19) yields the following bound:

[error]δ(s)�


Xb

n
2
c2+2bn

2
c−1
∏bn

2
c

i=1 s
2i−1
i , if 2 - n,

X
n2+2n−8

4 sn−2
2

n−6
2 sn

2

n−2
2

∏n−4
2

i=1 s
2i−1
i , if 2 | n.

(5.21)

We next bound the ranges of s1, . . . , sbn
2
c. By our construction of the section σ, we have

that bi(n−i) � X for each i as B = [bij] ranges through elements of B(0, 1)X . Thus, for any

fixed value of b = (b1, . . . , bbn
2
c), the largest value of si such that Bb(u, s)X 6= ∅ is O(X|bi|−1)

for each i ∈ {1, . . . , bn
2
c} when n is odd and for each i ∈ {1, . . . , n−2

2
} when n is even. If n

is even and i = n
2
, then one checks that the largest value of sn

2
such that Bb(u, s)X 6= ∅ is

O(Xsn−2
2
|bn

2
|−1). Using these bounds along with (5.21) and bounding the integral over u by
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an absolute constant, we see that the second term on the right-hand side of (5.20) is, when

n is odd,

� Xb
n
2
c2+2bn

2
c−1 ·

∑
b∈(Z>0)b

n
2 c

∫
si∈[c2,O(Xb−1

i )]
i∈{1,...,bn

2
c}

bn
2
c∏

i=1

s2i−1
i ds

� X2bn
2
c2+3bn

2
c−1 ·

∑
b∈(Z>0)b

n
2 c

bn
2
c∏

i=1

b−2i
i � X

n2+n−4
2 = o

(
X

n2+n−2
2

)
,

and is, when n is even,

� X
n2+2n−8

4 ·
∑

b∈(Z>0)
n
2

∫
si∈[c2,O(Xb−1

i )]

i∈{1,...,n−2
2
}

∫ O(Xsn−2
2
b−1
n
2

)

sn
2

=c2

sn−2
2

n−6
2 sn

2

n−2
2

n−4
2∏
i=1

s2i−1
i ds

� X
n2+n−4

2 ·
∑

b∈(Z>0)
n
2

bn
2

−n
2

n−2
2∏
i=1

b−2i
i � X

n2+n−4
2 = o

(
X

n2+n−2
2

)
.

Applying Lemma 187 to (5.20) yields that

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ 1

CH

∑
b∈Zb

n
2 c

bi 6=0∀i

∫
s∈A?

∫
u∈N ?(s)

Vol(Bb(u, s)X)du(δ(s)ds). (5.22)

We now manipulate the integrand in (5.22) to extract its dependence on the slicing indices

b1, . . . , bbn
2
c. Since unipotent transformations preserve volume, we have

Vol(Bb(u, s)X) = Vol(Bb(0, s)X). (5.23)

Thus, the integrand is independent of u ∈ N ?(s), so the integral over u gives a factor of

Vol(N ?(s)). By our construction of the box-shaped fundamental domain F in §5.2, the
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following holds for all s ∈ A? such that si is sufficiently large for each i:

Vol(N ?(s)) =


1, if 2 - n,

2−
n−2
2 , if 2 | n.

(5.24)

Using (5.17) to determine how s scales the slicing indices and (5.18) to determine how s

scales the other coordinates of WAn,f1(R)0, we deduce that

Vol(Bb(0, s)X)δ(s) = (5.25)
∏bn

2
c

i=1 s
2i−1
i Vol(B(b1s1,...,bbn2 c

sbn2 c
)(0, 1)X), if 2 - n,

sn−2
2

n−6
2 sn

2

n−2
2
∏n−4

2
i=2 s

2i−1
i Vol(B(b1s1,...,bn−2

2
sn−2

2
,bn

2
s−1
n−2
2

sn
2

)(0, 1)X), if 2 | n.

Let Bβ := Bβ(0, 1) for any β = (β1, . . . , βbn
2
c) ∈ (Rr {0})bn2 c. We want to reduce to the case

where βi > 0 for each i ∈ {1, . . . , bn
2
c}. To do this, let G be as in §5.2.2, and observe that

for every β ∈ (R r {0})bn2 c, there exists g ∈ G such that Bβ = g · B(|β1|,...,|βbn2 c|)
. Thus, we

have that

Vol
(
(Bβ)X

)
= Vol

(
(B(|β1|,...,|βbn2 c|)

)X
)

(5.26)

for any β ∈ (R>0)b
n
2
c and X > 0. Setting βi = |bisi| for each i ∈ {1, . . . , bn

2
c} when 2 - n and

for each i ∈ {1, . . . , n−2
2
} when 2 | n, setting βn

2
= |bn

2
s−1
n−2
2

sn
2
|, and substituting this along

with (5.23), (5.24), (5.25), and (5.26) into (5.22) yields

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ 1

CH
· 2b

n
2
c ·

∑
b∈(Z>0)b

n
2 c

( bn2 c−1∏
i=1

b−2i
i

)
· (5.27)



bbn
2
c
1−n

∫
βi≥c2bi

i∈{1,...,bn
2
c}

( bn2 c∏
i=1

β2i−1
i

)
·Vol((Bβ)X) ·Vol(N ?(sβ,b))dβ, if 2 - n,

bn
2

−n
2

∫
βi≥c2bi

i∈{1,...,n−2
2
}∫

βn
2
≥c2

b n
2

b n−2
2

(
βn

2

n−2
2

n−2
2∏
i=1

β2i−1
i

)
·Vol((Bβ)X) ·Vol(N ?(sβ,b))dβ, if 2 | n,


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where β := (β1, . . . , βbn
2
c), dβ :=

∏bn
2
c

i=1 dβi, and

sβ,b =


(
|β1b

−1
1 |, . . . , |βbn2 cb

−1
bn
2
c|
)
, if 2 - n,(

|β1b
−1
1 |, . . . , |βn−2

2
b−1
n−2
2

|, |βn−2
2
βn

2
(bn−2

2
bn

2
)−1|

)
, if 2 | n.

The following lemma not only allows us to extend the region of integration to βi > 0 for

each i ∈ {1, . . . , bn
2
c}, but also permits us to eliminate the factors of Vol(N ?(sβ,b)) in (5.27):

Lemma 188. The expression on the right-hand side of (5.27) is, up to a negligible error,

unchanged if we replace the regions of integration with the regions βi > 0 for each i ∈

{1, . . . , bn
2
c} and if we replace the factors of Vol(N ?(sβ,b)) with the values on the right-hand

side of (5.24).

Proof. Fix a real number Γ ≥ c2. To prove the lemma, it suffices to choose a subset I ⊂

{1, . . . , bn
2
c}, replace the region of integration for βi with βi ∈ [0,Γbi] for each i ∈ Ir{n

2
} and

with βn
2
∈ [0,Γbn

2
b−1
n−2
2

] if n
2
∈ I, and demonstrate that the resulting quantity is negligible.

For the sake of brevity, we do this when I = {1} and n ≥ 5; the analysis for the other choices

of the set I is entirely analogous, and the analysis for n ∈ {3, 4} is relatively easy.

Take β1 ∈ [0,Γb1]. By construction, we have Vol(Bβ(X)) � Xb
n
2
c2+2bn

2
c if n is odd

and Vol(Bβ(X)) � X
n2+2n−4

4 if n is even, where the implied constant is independent of

β ∈ (R>0)b
n
2
c . Further notice that for each i ∈ {1, . . . , bn

2
c}, the largest possible value of

βi such that Bβ(X) 6= ∅ is O(X); this also implies that we may truncate the summation

over b on the right-hand side of (5.27) to the set where bi � X for each i ∈ {1, . . . , bn
2
c}.

Substituting these estimates into (5.27) and replacing the region of integration for β1 with

β1 ∈ [0, b1] yields

∑
b∈(Z>0)b

n
2 c

bi�X ∀i

( bn2 c∏
i=1

b−2i
i

)∫ Γb1

β1=0

∫
βi∈[Γbi,O(X)]
i∈{2,...,bn

2
c}

( bn2 c∏
i=1

β2i−1
i

)
Xb

n
2
c2+2bn

2
cdβ

� X
n2+n−4

2 = o
(
X

n2+n−2
2

)
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when n is odd, and

∑
b∈(Z>0)b

n
2 c

bi�X ∀i

( bn2 c−1∏
i=1

b−2i
i

)
bn

2

−n
2

∫ Γb1

β1=0

∫
βi∈[Γbi,O(X)]

i∈{2,...,n−2
2
}

∫ O(X)

βn
2

=Γ
b n
2

b n−2
2

βn
2

n−2
2

( n−2
2∏
i=1

β2i−1
i

)
X

n2+2n−4
4 dβ

� X
n2+n−4

2 = o
(
X

n2+n−2
2

)
when n is even. This proves the lemma when I = {1} and n ≥ 5.

Combining Lemma 188 with (5.27), we obtain the following bound, in which each βi is

integrated from 0 up to ∞:

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼ 1

CH
·

∑
b∈(Z>0)b

n
2 c

( bn2 c−1∏
i=1

b−2i
i

)
· (5.28)


2b

n
2
cbbn

2
c
1−n
∫

βi≥0
i∈{1,...,bn

2
c}

( bn2 c∏
i=1

β2i−1
i

)
· Vol((Bβ)X)dβ, if 2 - n,

2bn
2

−n
2

∫
βi≥0

i∈{1,...,n
2
}

(
βn

2

n−2
2

n−2
2∏
i=1

β2i−1
i

)
· Vol((Bβ)X)dβ, if 2 | n.


Theorem 185 now follows from (5.28) by performing a change-of-variables and evaluating

the sum over the slicing indices bi.

5.4 A Jacobian change-of-variables formula

The objective of this section is to prove the following result, which gives an asymptotic

formula for the quantity ]((N × GAn)(Z)\(WAn(Z)r1,r2red )X):
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Theorem 189 (Variant of Theorem 169). We have that

]

(
(WAn(Z)r1,r2red )X
(N × GAn)(Z)

)
∼



( bn2 c∏
i=1

ζ(2i)

)
·N r1,r2

n (X), if 2 - n,

(
2−

n
2 ζ(n

2
)

n−2
2∏
i=1

ζ(2i)

)
·N r1,r2

n (X), if 2 | n.

Let N r1,r2
n,f1

(X) := Vol
(
Vn,1,f1(R)r1,r2X

)
, and observe that N r1,r2

n,f1
(X) is independent of f1.

Upon fibering over f1, we see that proving Theorem 189 amounts to proving the following

for each fixed f1:

]

(
(WAn,f1(Z)r1,r2red )X

GAn(Z)

)
∼



( bn2 c∏
i=1

ζ(2i)

)
·N r1,r2

n,f1
(X), if 2 - n,

(
21−n

2 ζ(n
2
)

n−2
2∏
i=1

ζ(2i)

)
·N r1,r2

n,f1
(X), if 2 | n.

(5.29)

By Theorem 185, proving the asymptotic (5.29) amounts to computing CX . The remainder

of this section is devoted to the computation of CX , which we achieve by means of a Jacobian

change-of-variables argument.

5.4.1 Setting up the change-of-variables

Let K ⊂ GAn(R) denote a maximal compact subgroup containing K. Notice that CX must

be independent of the choice of the region H and of the fundamental set Lr1,r2f1
for the action

of GAn(R) on WAn,f1(R)r1,r2 , so long as H is a left-K-invariant subset of GAn(R) that is the

closure of a nonempty open set. Thus, we may assume for the sake of convenience that H

is also inversion-invariant, and thus right-K-invariant too (note that this can be arranged

while still ensuring that H is the closure of a nonempty open set). By this assumption and

by the uniqueness of the Iwasawa decomposition, there exists a compact subset H ′ ⊂ A · N

such that H = H ′ · K ⊂ (A · N ) · K = GAn(R).

Because the action of A · N preserves {B ∈ WAn,f1(R)0 : bi(n−i)(B) > 0 for each i ∈
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{1, . . . , bn
2
c}}, the region of integration in the numerator of CX can be expressed as follows:

BX =
{
B ∈

(
((H ′ · K) · Lr1,r2f1

)0

)
X

: bi(n−i)(B) > 0 ∀i ∈ {1, . . . , bn
2
c}
}

(5.30)

= H ′ ·
{
B ∈

(
(K · Lr1,r2f1

)0

)
X

: bi(n−i)(B) > 0 ∀i ∈ {1, . . . , bn
2
c}
}
.

We then have the following lemma, which reexpresses the set (K · Lr1,r2f1
)0:

Lemma 190. For each index j ∈ {1, . . . , nr1,r2}, there exist continuous functions θj : Lr1,r2f1
!

K such that θ1 is the constant function with value id ∈ K and such that for each B ∈ Lr1,r2f1
,

we have the following equality of sets:

{θj : j ∈ {1, . . . , nr1,r2}} =

θ ∈ K :
θ ·B ∈WAn,f1(R)0,

bi(n−i)(θ ·B) > 0 ∀i ∈ {1, . . . , bn2 c}

 (5.31)

and for each B ∈ Lr1,r2f1
, the elements θj(B) for j ∈ {1, . . . , nr1,r2} are distinct.

Proof. Let gj : Lr1,r2f1
! GAn(R) be functions such that g1 is the constant function with value

id ∈ GAn(R) and such that for each B ∈ Lr1,r2f1
, we have the following equality of sets:

{gj : j ∈ {1, . . . , nr1,r2}} = StabGAn (R)(B).

Since the subgroup StabGAn (R)(B) ⊂ GLn(R) is cut out by polynomial equations whose

coefficients are polynomials in the entries of the matrix B, we may assume that the functions

gj are continuous.

Let π : GAn(R)! K be the map obtained by postcomposing the diffeomorphism GAn(R)!

A×N ×K given by the Iwasawa decomposition with the projection map A×N ×K! K,

and for each j ∈ {1, . . . , nr1,r2}, let θj : Lr1,r2f1
! K be defined by θj = π ◦ gj. Then, observe

that θ1 is the constant function with value id ∈ K and that θj · B ∈ WAn,f1(R)0 for each

j ∈ {1, . . . , nr1,r2} and B ∈ Lr1,r2f1
. We have thus proven that the left-hand side of (5.31) is

contained in the right-hand side.
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Suppose that θ ∈ K and B ∈ Lr1,r2f1
is such that θ ·B ∈ WAn,f1(R)0 and bi(n−i)(θ ·b) > 0 for

each i ∈ {1, . . . , bn
2
c}. By the proof of Lemma 183, the group A ·N acts simply transitively

on the set of elements B′ ∈ WAn,f1(R)0 such that bi(n−i)(B
′) > 0 for each i ∈ {1, . . . , bn

2
c}

and such that ι(An, B
′) = ι(An, B). Thus, there exists h ∈ A · N such that h · B = θ · B,

so h−1θ ∈ StabGAn (R)(B), implying that h−1θ = gj(B) for some j ∈ {1, . . . , nr1,r2}. But then

θ = π(h−1θ) = π(gj(B)) = θj(B). We have thus proven that the right-hand side of (5.31) is

contained in the left-hand side.

Finally, if the elements θj(B) for j ∈ {1, . . . , nr1,r2} were not distinct for some B ∈ Lr1,r2f1
,

then it would follow that StabA·N (B) contains a nontrivial element, which is impossible.

It follows from combining (5.30) and Lemma 190 that

B =

nr1,r2⊔
j=1

H ′ · Bj, where Bj :=
{
θj(B) ·B : B ∈ Lr1,r2f1

}
, (5.32)

so the numerator of CX is given by

nr1,r2∑
j=1

∫
B∈H′·(Bj)X

λ(B)dB. (5.33)

5.4.2 Calculating the Jacobian

To compute (5.33), we first show that all of the terms in the sum (5.33) are in fact equal to

each other. This follows immediately from the Jacobian change-of-variables formula estab-

lished in the next proposition, by taking σ̃ to be defined by σ̃(B) = θj(σ(B)) · σ(B) for each

j ∈ {1, . . . , nr1,r2}, where σ is as defined in §5.2.3.

Proposition 191. Let σ̃ : Rn−1 ! WAn,f1(R)r1,r20 be a continuous function such that for each

(n − 1)-tuple f = (f2, . . . , fn) ∈ Rn−1, we have ι(An, σ̃(f))(x, y) = xn +
∑n

i=1 fix
n−iyi. Let

R ⊂ Rn−1 be any bounded open set contained in the complement of the locus of forms of

discriminant 0. Then there is a nonzero rational constant J ∈ Q×, depending only on the
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degree n, such that ∫
B∈H′·σ̃(R)

λ(B)dB = |J |
∫
f∈R

∫
h∈H′

dhdf,

where dh denotes a right Haar measure on A · N and is given by

dh =


(∏bn

2
c

i=1 s
−i2+2ibn

2
c−1

i

)
dsdu, if 2 - n,((

sn−2
2
sn

2

)n2−2n−8
8

∏n−4
2

i=1 s
−i2+i(n−1)−1
i

)
dsdu, if 2 | n.

Remark 192. The point of Proposition 191 is that the Jacobian relating the measure λ(B)dB

on WAn,f1 to the product of the Euclidean measure df on Vn,1,f1 with the Haar measure dh

on A · N is a nonzero rational constant. A similar result is proved in [26, Proposition 3.10],

albeit for the action of a semisimple group G on a coregular space V . Crucial to the proof

of [26, Proposition 3.10] is the fact that the Haar measure in question is unimodular—i.e.,

both left- and right-invariant. In our situation, the group A · N is not semisimple, and the

measure dh is not unimodular. Nonetheless, as we explain in the proof of the proposition,

the factor of λ(B) compensates exactly for the failure of the measure dh to be left-invariant.

Proof of Proposition 191. We begin by assuming that σ̃ is piecewise analytic, in which case

we have that ∫
B∈H′·σ̃(R)

λ(B)dB =

∫
f∈R

∫
h∈H′
Jσ̃(h, f)dhdf,

where Jσ̃(h, f) denotes the determinant of the Jacobian matrix arising from the change-of-

variables taking the measure λ(B)dB on H ′ · σ̃(R) to the product measure dhdf on H ′×R.

Note in particular that the function Jσ̃ is piecewise continuous in both arguments h and f .

We begin by proving that Jσ̃(h, f) is independent of h. To do this, fix γ ∈ A · N , and

consider the transformation on WAn,f1(R)0 sending B 7! γ · B. Then there is a character

χλ : A · N ! R>0 such that λ(γ · B)d(γ · B) = χλ(γ)λ(B)dB; note that χλ exists because

λ(B) is a product of coefficients that are unchanged by the action of N . The corresponding
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measure on (A · N )×R is given by

χλ(γ)Jσ̃(h, f)dhdf. (5.34)

On the other hand, the transformation B 7! γ ·B acts on (A · N )×R by sending (h, f) 7!

(γh, f). Letting ρ : N · A! R>0 denote the character transforming the right Haar measure

to the left, we see that

Jσ̃(γ · h, f)d(γ · h)df = ρ(γ)Jσ̃(γ · h, f)dhdf (5.35)

Now, a computation reveals that if γ = s · u for s = (s1, . . . , sbn
2
c) ∈ A and u ∈ N , we have

χλ(γ) = ρ(γ) =


∏bn

2
c

i=1 s
−i2+2ibn

2
c

i , if 2 - n,(
sn−2

2
sn

2

)n2−2n
8
∏n−4

2
i=1 s

−i2+i(n−1)
i , if 2 | n.

Consequently, by comparing (5.34) and (5.35), we deduce that Jσ̃(γ · h, f) = Jσ̃(h, f), and

setting h = 1 yields the claimed independence.

That Jσ̃(h, f) is independent of σ̃ follows from an argument identical to Step 2 in the proof

of [26, Proposition 3.10] (this step relies crucially on the fact that the measure dh is right-

invariant). Finally, that Jσ̃(h, f) is independent of f and given by a nonzero rational constant

follow from an argument identical to Steps 3 and 4 in the proof of [26, Proposition 3.10].

We now take R = Vn,1,f1(R)r1,r2X (where we identify Vn,1,f1(R)r1,r2 with a subset of Rn−1).

Combining (5.33) and Proposition 191 yields that the numerator of CX is

nr1,r2 ·N
r1,r2
n,f1

(X) · |J |
∫
h∈H′

dh = nr1,r2 ·N
r1,r2
n,f1

(X) · Vol(KH ′)
Vol(K)

, (5.36)

where Vol(KH ′) is computed with respect to the Haar measure on GAn(R) = K · A · N

obtained by inverting the Haar measure (5.10) on GAn(R) = N · A · K. On the other hand,
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note that the denominator of CX is given by

∫
h∈H

dh = Vol(H) = Vol(H ′K), (5.37)

where Vol(H ′K) is computed with respect to the Haar measure (5.10). Then, the following

lemma allows us to simplify CX :

Lemma 193. We have KH ′ = H ′K, and in particular Vol(KH ′) = Vol(H ′K).

Proof. Since H = H ′K is left-K-invariant and inversion-invariant, it follows that

KH ′ ⊂ KH ′K = H ′K = H = H−1 = K(H ′)−1. (5.38)

Since the Iwasawa decomposition is unique, (5.38) implies that H ′ ⊂ (H ′)−1, and hence also

that H ′ = (H ′)−1. Thus, H ′K = K(H ′)−1 = KH ′, as desired.

Finally, combining Lemma 193 together with (5.36) and (5.37) yields that

CX =


nr1,r2 ·N

r1,r2
n,f1

(X) · |J |, if 2 - n,

1
4
nr1,r2 ·N

r1,r2
n,f1

(X) · |J |, if 2 | n.

(5.39)

where the extra factor of 1
4

when n is even arises since we normalized the measure dθ so that∫
θ∈(K∩{± id})\K dθ = 1. Upon substituting (5.39) into Theorem 185, we obtain (5.29), up to

the calculation of J (which we do in Proposition 196, to follow).

Remark 194. We counted reducible elements in WAn,f1(Z)r1,r2 ⊂ WAn(Z)r1,r2 for fixed f1 to

account for the action of the group N(Z) on monic binary forms. The methods of this section

can be easily adapted to count reducible elements in WAn(Z)r1,r2 , where f1 is allowed to vary.

The only significant difference is that the analogue of Proposition 191 produces a Jacobian

constant J ′ that is sometimes different from J . Indeed, a simple calculation reveals that

|J ′| = |J | when n is odd but that |J ′| = 1
2
|J | when n is even.
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5.4.3 Computing the value of J

In this section, we first use a “principle of permanence of identities” argument (cf. [3, §14.3])

to deduce an analogue of Proposition 191 over Zp for primes p. We then compute certain

local integrals over Zp via a point-counting argument over Fp (and, when p = 2, Z/2mZ for

sufficiently large m). Comparing the values of the local integrals obtained by using these

two methods yields the value of |J |p. Since this method applies to all primes p, we obtain

the value of |J |.

Proposition 195. Let λ be as defined in (5.9), with the archimedean absolute value re-

placed by the p-adic absolute value. Let φp : WAn(Zp)0 ! R be a P(Zp)-invariant measurable

function. Then we have that

∫
B∈WAn (Zp)0

φp(B)λ(B)dB = (5.40)

εn · |J ′|p ·Vol(P(Zp))
∫

f∈Znp
∆(Ff ) 6=0

( ∑
B∈P(Zp)\WAn (Zp)0

ι(An,B)=Ff

φp(B)

)
df,

where εn = 1 if n is odd and εn = 1
2

if n is even, and where for f ∈ Znp , we write Ff to

denote Ff (x, y) = xn +
∑n

i=1 fix
n−iyi.

Proof. We prove the proposition in the case where n = 3; the proof for n > 3 is essentially

identical. Let R ⊂ Z3
p r {f : ∆(Ff ) = 0} be an open subset, let σ̃ : R ! W3(Zp)0 be a

continuous function such that for each triple f ∈ Z3
p we have ι(An, σ̃(f)) = Ff , and let

φp : W3(Zp)0 ! R be a measurable function. Upon applying the principle of permanence of

identities to the proof of Proposition 191, we obtain the following result:

∫
B∈P(Zp)·σ̃(R)

φp(B)|b12(B)|pdB = |J ′|p
∫
f∈R

∫
h∈P(Zp)

φp(h · σ̃(f))dhdf, (5.41)

where dh denotes the measure ds1du on P(Zp) = A(Zp)·N (Zp). Just as [26, Proposition 3.12]
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is deduced from [26, Proposition 3.11], it follows from (5.41) that

∫
B∈W3(Zp)0

φp(B)|b12(B)|pdB = (5.42)

|J ′|p
∫

f∈Z3
p

∆(Ff )6=0

( ∑
B∈P(Zp)\W3(Zp)0

ι(An,B)=Ff

∫
h∈P(Zp)

φp(h ·B)

# StabP(Zp)(f)
dh

)
df

When φp is P(Zp)-invariant, we have φp(h ·B) = φp(B) for any h ∈ P(Zp) and B ∈ W3(Zp)0.

The proposition then follows from (5.42) upon observing that StabP(Zp)(B) = {1} for any

B ∈ W3(Zp)0 with ∆(ι(An, B)) 6= 0 and that

Vol(P(Zp)) = Vol(N (Zp)) · Vol(A(Zp)) = 1 · (1− p−1).

Note that we must use J ′ instead of J , because the integral on the left-hand side of (5.40)

is over all elements of WAn(Zp)0, not just those with fixed f1. The extra factor of 1
2

when n

is even arises because in this case, StabP(Zp)(B) = {± id} for any B ∈ WAn(Zp)0 such that

∆(ι(An, B)) 6= 0, whereas such B have trivial stabilizer when n is odd. For future reference,

we record that

Vol(P(Zp)) =


(1− p−1)b

n
2
c, if p > 2,

2−2bn
2
c, if p = 2 and 2 - n,

2−
n
2 , if p = 2 and 2 | n.

(5.43)

We are now in position to compute the Jacobian constants |J | and |J ′|:

Proposition 196. We have that |J | = |J ′| = 2−b
n
2
c if n is odd and that 1

2
|J | = |J ′| = 2−

n
2

if n is even.

Proof. To compute |J |, it suffices to compute |J |p for each p since J ∈ Q× by Proposi-

tion 191. It further suffices to compute |J ′|p, since J ,J ′ differ by at most a factor of 2. We

now split into cases depending on the parity of p:

Case 1: p > 2: Fix a separable form f ∗ ∈ Vn,1(Fp), and let φp : WAn(Zp)0 ! R be the
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indicator function of the set

Σf∗ :=

B ∈ WAn(Zp)0 :
|bi(n−i)(B)|p = 1 ∀i ∈ {1, . . . , bn

2
c},

ι(An, B) ≡ f ∗ (mod p)


From the proof of Lemma 183, we see that P(Zp) acts transitively on the set

B ∈ WAn(Zp)0 :
|bi(n−i)(B)|p = 1 ∀i ∈ {1, . . . , bn

2
c},

ι(An, B) = f ′

 (5.44)

for any f ′ ∈ Vn,1(Zp); by Lemma 184, this action has trivial stabilizer when n is odd and

stabilizer {± id} when n is even. Hence, the right-hand side of (5.40) is given by

|J ′|p · Vol(Pn(Zp))
∫

f∈Znp
Ff≡f∗ (mod p)


1, if 2 - n,

2−1, if 2 | n

 df = (5.45)

|J ′|p · Vol(Pn(Zp)) · p−n ·


1, if 2 - n,

2−1, if 2 | n.

On the other hand, the proof of Lemma 183 also implies that the group Pn(Fp) acts tran-

sitively on the mod-p reduction Σf∗ of Σf∗ ; by Lemma 184, this action has trivial stabilizer

when n is odd and stabilizer {± id} when n is even. Thus, we have that

#Σf∗ = #Pn(Fp) ·


1, if 2 - n,

2−1, if 2 | n

 = Vol(Pn(Zp)) ·


p
n2−1

4 , if 2 - n,

2−1 · pn
2

4 , if 2 | n.

(5.46)
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Using (5.62) and (5.46), we find that the left-hand side of (5.40) is given by

∫
B∈Σf∗

dB =
#Σf∗

#WAn(Fp)0

= Vol(Pn(Zp)) · p−n ·


1, if 2 - n,

2−1, if 2 | n.

(5.47)

Now, Proposition 195 tells us (5.45) and (5.47) must be equal, so |J ′|p = 1.

Case 2: p = 2: The proof here is similar to Case 1, so we highlight the differences. Let m� 1

be an integer, fix f ∗(x, y) = xn +
∑n

i=1 fix
n−iyi ∈ Vn,1(Z/2mZ) of nonzero discriminant such

that fi = 0 for each odd i ∈ {1, . . . , n − 1}, and let φ2 : WAn(Z2)0 ! R be the indicator

function of the set

Σf∗ :=

B ∈ WAn(Z2)0 :
|bi(n−i)(B)|2 = 1 ∀i ∈ {1, . . . , bn

2
c},

ι(An, B) ≡ f ∗ (mod 2m)


From the proof of Lemma 183, we see that P(Z2) acts transitively on the set in (5.44) for any

f ′ ∈ Vn,1(Z2) whose xiyn−i-coefficient is even for each odd i ∈ {1, . . . , n−1}; by Lemma 184,

this action has trivial stabilizer when n is odd and stabilizer {± id} when n is even. Thus,

by analogy with (5.45), the right-hand side of (5.40) is given by

|J ′|2 · Vol(Pn(Z2)) · 2−mn ·


1, if 2 - n,

2−1, if 2 | n.

(5.48)

On the other hand, the proof of Lemma 183 also implies that the action of the group

Pn(Z/2mZ) on the mod-2m reduction Σf∗ of Σf∗ has 2b
n
2
c distinct orbits; by Lemma 184,

these orbits have trivial stabilizer when n is odd and stabilizer {± id} when n is even. By
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analogy with (5.47), we find that the left-hand side of (5.40) is given by

2b
n
2
c · Vol(Pn(Z2)) · 2−mn ·


1, if 2 - n,

2−1, if 2 | n.

(5.49)

Now, Proposition 195 tells us (5.48) and (5.49) must be equal, so |J ′|2 = 2b
n
2
c.

Combining Proposition 196 with (5.39) and Theorem 185 yields (5.29), thus completing

the proof of Theorem 189.

5.5 Congruence conditions

In this section, we show how the method used in §5.3–5.4 to prove Theorem 169 can be

adapted to count reducible orbits of GAn(Z) on WAn(Z) satisfying congruence conditions,

and hence to prove Theorem 171. We then take n = 3 and apply Theorem 171 to compute

the average 2-torsion in the ideal group in monogenic cubic orders, thus proving Theorem 175.

5.5.1 Sieving to big families

We call a subset S ⊂ WAn(Z) a big family if S = WAn(Z)r1,r2 ∩
⋂
p Sp, where the sets

Sp ⊂ WAn(Zp) satisfy the following properties:

(a) Sp is (N × GAn)(Zp)-invariant and is the preimage under reduction modulo pj of a

nonempty subset of WAn(Z/pjZ) for some j > 0 for each p; and

(b) Sp contains all (GAn(Zp)-orbits of) elements B ∈ WAn(Zp)0 such that, for all p � 1, we

have that bi(n−i)(B) is a p-adic unit for some i.

Note that a big family S is necessarily (N × GAn)(Z)-invariant. Given such a family S, we

have the following asymptotic for ]
(
(N × GAn)(Z)\(Sred)X

)
:
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Theorem 197. Suppose that S ⊂ WAn(Z) is a big family. Then we have that

]

(
(Sred)X

(N × GAn)(Z)

)
∼ N r1,r2

n (X) · |J |· (5.50)

( bn2 c∏
i=1

ζ(2i)

)
· 2b

n
2
c ·
∏
p

ξn,p

∫
B∈(Sp)0

λ(B)dB, if 2 - n,

(
ζ(n2 )

n−2
2∏
i=1

ζ(2i)

)
· 1

2
·
∏
p

ξn,p

∫
B∈(Sp)0

λ(B)dB, if 2 | n


where ξn,p =

∏bn
2
c

i=1
1−p−2i

1−p−1 if n is odd and ξn,p = 1−p−
n
2

1−p−1

∏n−2
2

i=1
1−p−2i

1−p−1 if n is even.

Proof. Let n be odd (the proof for even n is analogous), and suppose that the theorem holds

with WAn replaced by WAn,f1 and (Sp)0 replaced by (Sp)0 ∩WAn,f1(Zp). Summing the count

for fixed f1 over the possible values of f1 yields (5.50) with the product of p-adic densities

on the right-hand side replaced by the following:

1

n
·
n−1∑
f1=0

∏
p

ξn,p

∫
B∈(Sp)0∩WAn,f1

(Zp)

λ(B)dB. (5.51)

Let n =
∏

p p
fp denote the prime factorization of n. Through an application of the Chinese

Remainder Theorem, we can reexpress (5.51) as

∏
p

ξn,p ·
1

pfp
·
∑

f1∈Z/pfpZ

∫
B∈(Sp)0∩WAn,f1

(Zp)

λ(B)dB. (5.52)

Now, for any measurable N(Zp)-invariant function φp : WAn(Zp)0 ! R, it follows from a

Jacobian change-of-variables that

1

pfp
·
∑

f1∈Z/pfpZ

∫
B∈WAn,f1

(Zp)

φp(B)dB =

∫
B∈WAn (Zp)0

φp(B)dB. (5.53)

Thus, taking φp to be product of the indicator function of Sp with the function λ and

combining (5.52) with (5.53) yields (5.50) when n is odd.
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We have thus shown that it suffices to prove the theorem with f1 fixed, which we do

as follows. To begin with we shall assume that the big family S ⊂ WAn,f1(Z) is defined

by finitely many congruence conditions, meaning that Sp = WAn,f1(Zp) for all but finitely

many p. To simplify the exposition, we will additionally restrict our consideration to the

case where n = 3 and f1 = 0, as the proof is similar for larger values of n and f1.

Observe that there exist integers m, k > 0 such that the set S may be regarded as the

disjoint union of k translates L1, . . . ,Lk of the lattice mWA3,0(Z). Given r ∈ (Z/mZ)× and

B ∈ WA3,0(Z/mZ), denote by r · B ∈ WA3,0(Z/mZ) the element that arises by acting on B

with the element of A(Z/mZ) corresponding to r. Then any element B′ ∈ WA3,0(Z)r1,r2 such

that B′ ≡ r ·B (mod m) for some r ∈ (Z/mZ)× and B ∈ S is also an element of S, because

S is the preimage in WA3,0(Z)r1,r2 of an GA3(Z/mZ)-invariant subset of WA3,0(Z/mZ). Thus,

the group (Z/mZ)× acts on the set of lattice translates {L1, . . . ,Lk}, and it suffices to prove

the theorem with the set S replaced by a single (Z/mZ)×-orbit on the set of lattice translates

{L1, . . . ,Lk}. Without loss of generality, we may assume that this orbit comprises the lattice

translates L1, . . . ,L` for some ` ∈ {1, . . . , k}.

For j ∈ {1, . . . , `}, write Lj = Bj +mWA3,0(Z), where Bj ∈ WA3,0(Z). The computation

of #(GA3(Z)\((Lj ∩WA3,0(R)r1,r2)red)X) is analogous to that of #(GA3(Z)\(WA3,0(Z)r1,r2red )X)

in §5.3.1–§5.3.2, so we summarize the key points. By analogy with (5.15), we have

#

(
((Lj ∩WA3,0(R)r1,r2)red)X

GA3(Z)

)
∼ 1

CH

∫
s∈A?

∫
u∈N ?(s1)

#(B(u, s1)X ∩ (Lj)0)du
ds1

s2
1

. (5.54)

First suppose aj 6≡ 0 (mod m). Then (Lj)0 = ∅, and it follows that we have

#

(
((Lj ∩WA3,0(R)r1,r2)red)X

GA3(Z)

)
= o(X);

on the other hand, we must also have ((Lj)p)0 = ∅ for some prime p | m, so the theorem holds

in this case. We may thus assume that b11(Bj) ≡ 0 (mod m) and in fact that b11(Bj) = 0.

Then, slicing yields a sum over b ≡ b12(Bj) (mod m), and the application of Proposition 186
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gives a factor of m−3 because we are counting lattice points in the 3-dimensional region

Bb(u, s1)X on a lattice translate of mWA3,0(Z). Thus, by analogy with (5.20),

#

(
((Lj ∩WA3,0(R)r1,r2)red)X

GA3(Z)

)
∼ 1

CH

∑
b∈Z
b 6=0

b≡bj (modm)

∫
s1≥Γ

∫
u∈N ?(s1)

m−3 ·Vol(Bb(u, s1)X)du
ds1

s2
1

.

(5.55)

Let m′ := gcd(bj,m); observe that m′ is independent of j ∈ {1, . . . , `}, as the set {L1, . . . ,L`}

is a (Z/mZ)×-orbit. Further notice that every mod-m residue class b such that gcd(b,m) =

m′ is represented exactly once among the bj. Consequently, after summing (5.55) over

j ∈ {1, . . . , `}, we obtain by analogy with (5.28) that

#

(
(Sred)X
GA3(Z)

)
∼

∑
b∈Z>0

gcd(b,m)=m′

b−2 · 1

CH

∫
β≥0

m−3 · β · Vol(Bβ(X))dβ (5.56)

∼ m−3m′
−2 ·

( ∏
p|mm′−1

(1− p−2)

)
· ζ(2) ·N r1,r2

3 (X).

On the other hand, writing ep := νp(m) and e′p := νp(m
′) for each p, we have

∫
B∈((Lj)p)0

|b12(B)|pdB = (5.57)

∫
B∈WA3,0

(Zp)0
B≡Bj (mod pep )

|b12(B)|pdF = p−5ep(1 + p−1)−1, if p - mm′−1,∫
B∈WA3,0

(Zp)0
B≡Bj (mod pep )

|b12(B)|pdB = p−4ep−e′p , if p | mm′−1,

where the last step follows by splitting {B ∈ WA3,0(Zp)0 : B ≡ Bj (mod pep)} andWA3,0(Zp)0

into level sets for the function |b12(B)|p, integrating on each level set, and summing up. As

` = #
(
Z/(mm′−1)Z

)×
=
∏

p|mm′−1 pep−e
′
p(1− p−1), summing (5.57) over j ∈ {1, . . . , `} and

multiplying over all p yields that

∏
p

(1 + p−1)

∫
B∈(Sp)0

|b12(B)|pdB = #
(
Z/(mm′−1

)Z
)× ·∏

p

∫
B∈((L1)p)0

|b12(B)|pdB = (5.58)
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∏
p-mm′−1

p−5ep ·
∏

p|mm′−1

p−3ep−2e′p · (1− p−2) = m−3m′
−2 ·

∏
p|mm′−1

(1− p−2).

Comparing (5.56) and (5.58) yields the theorem when S is replaced by
⊔`
j=1 Lj.

It remains to prove the theorem in the case where S is defined by infinitely many con-

gruence conditions. First note that the proof of (5.29) (or [29, Theorem 1.5]) implies the

following uniformity estimate: the number of GAn(Z)-orbits of B ∈ (WAn,f1(Z)r1,r2red )X with

bi(n−i)(B) divisible by some prime larger than Y > 1, for some i, is O
(
X

n2+n−2
2 Y −1

)
+

Oε

(
X

n2+n−2
2

− 1
5

+ε
)
, where the implied constant is independent of X, Y . Given this estimate,

Theorem 197 follows from the “finitely many congruence conditions” case by applying an

inclusion-exclusion sieve.

Remark 198. In the proof of Theorem 197, the assumption that S is the preimage of an

GAn(Z/mZ)-invariant subset of WAn(Z/mZ) caused the slicing parameters of the elements

of S to be invariant under multiplication by units modulo m. It is important to note that

Theorem 197 does not always hold without this invariance.

Theorem 197 gives a formula for the number of lattice points of bounded height satisfying

big sets of congruence conditions in cusps of fundamental sets for the action of (N×GAn)(Z)

on WAn(R) that is easy to compute in some cases. For example, as part of the proof of Theo-

rem 175 in §5.6.2, we directly compute the p-adic local factor on the right-hand side of (5.50)

when n = 3 and Sp ⊂ WA3(Zp) is the subset of pre-projective elements. The formula in The-

orem 197 is also convenient for estimating the contribution of elements having big stabilizer

(see the remark after Theorem 189 for the definition) to ]
(
(N × GAn)(Z)\WAn(Z)r1,r2red

)
. To

this end, let

WAn(Z)r1,r2bigstab :=
{
B ∈ WAn(Z)r1,r2 : StabGAn (Z)(B) is big

}
.

Then we have the following bound:

Proposition 199. We have ]
(
(N × GAn)(Z)\

(
WAn(Z)r1,r2bigstab

)
red

)
= o
(
X

n2+n−2
2

)
.
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Proof. From of Theorem 13, it follows that StabGAn (Z)(B) is big only if the form ι(An, B) is

reducible over Z. Thus, letting

WAn(Zp)split := {B ∈ WAn(Zp) : ι(An, B) is reducible modulo p}

for each p, we have WAn(Z)r1,r2bigstab ⊂ WAn(Z)r1,r2 ∩
⋂
pWAn(Zp)split. Then, upon combining

Theorem 197 with the trivial bound |x|p ≤ 1 for any x ∈ Zp, we have

lim
X!∞

]
(
(N × GAn)(Z)\

(
WAn(Z)r1,r2bigstab

)
red

)
X

n2+n−2
2

�
∏
p<Y

(1 + p−1)2

∫
B∈(WAn (Zp)split)0

dB (5.59)

for any number Y > 0, where the implied constant is independent of Y . To prove the

proposition, it now suffices to estimate the factor at p on the right-hand side of (5.59) for

each prime p� 1.

For a Z-algebra R, define subgroups A(R),N (R) ⊂ SOAn(R) as follows:

• A(R) is the subgroup whose elements are those of the form (5.5) when n is odd and of

the form (5.6) when n is even, where si ∈ R× for each i ∈ {1, . . . , bn
2
c}.

• N (R) is the subgroup of all lower-triangular unipotent matrices over R.

Let P(R) := A(R) · N (R) ⊂ SOAn(R), and observe that the action of P(R) on WAn(R)

preserves the subspace WAn(R)0. We now take R = Fp. When p > 2, it follows from the

proof of Lemma 183 that P(Fp) acts simply transitively on the set Of := {B ∈ WAn(Fp)0 :

ι(An, B) = f} for any separable form f ∈ Vn,1(Fp). Thus, we have for such a form f that

#Of = #P(Fp) = (1− p−1)b
n
2
c ·


p
n2−1

4 , if 2 - n,

p
n2

4 , if 2 | n.

(5.60)

It is a well-known result (e.g., see [15, §10.7]) that the number of irreducible separable forms
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F ∈ Vn,1(Fp) is given by the following asymptotic formula:

n−1pn +O(pn−1), (5.61)

where the implied constant is independent of the prime p. Combining (5.60) with (5.61)

together with the fact that

dimFpWAn(Fp)0 =


n2−1

4
+ n, if 2 - n,

n2

4
+ n, if 2 | n

(5.62)

yields the following bound:

∫
B∈(WAn (Zp)split)0

dB ≤ 1−


(

(1−p−1)b
n
2 cp

n2−1
4

)
(n−1pn+O(pn−1))

p
n2−1

4 +n
, if 2 - n,(

(1−p−1)b
n
2 cp

n2

4

)
(n−1pn+O(pn−1))

p
n2
4 +n

, if 2 | n

 (5.63)

≤ 1− n−1 −O(p−1).

Substituting the bound (5.63) into the right-hand side of (5.59) and taking the limit as

Y !∞ on both sides yields the proposition.

Combining Theorem 189 with Proposition 199 yields Theorem 169.

While Theorem 197 has its uses, it is not easy to apply when S is defined by congruence

conditions involving the coefficients of the binary forms f ∈ Vn,1(Z)r1,r2 . Using the p-adic

change-of-variables result in Proposition 195, we can express the p-adic local factors on the

right-hand side of (5.50) in a form that is more convenient in the case where S is defined by

such congruence conditions. Taking φp to be the indicator function of (Sp)0 for each prime

p in Proposition 195, combining the result with Theorem 197 and Propositions 196 and 199,

299



and observing that

∏
p

|J ′|p · ξn,p · Vol(Pn(Zp)) =


∏bn

2
c

i=1 ζ(2i)−1, if 2 - n,

2
n
2 · ζ(n

2
)−1
∏n−2

2
i=1 ζ(2i)−1, if 2 | n

yields the following:

Theorem 200. Suppose that S ⊂ WAn(Z) is a big family. Then we have that

#

(
(Sred)X

(N × GAn)(Z)

)
∼ N r1,r2

n (X) ·
∏
p

∫
f∈Znp

∆(Ff )6=0

εn ·#
(

inv−1(f) ∩ (Sp)0

P(Zp)

)
df, (5.64)

where ε2 = 1 if n is odd and ε2 = 1
2

if n is even.

We say that a subset Σ ⊂ Vn,1(Z) is defined by finitely many congruence conditions if we

have Σ = Vn,1(Z)r1,r2 ∩
⋂
p Σp, where the sets Σp ⊂ Vn,1(Zp) satisfy the following properties:

(1) Σp is the preimage under reduction modulo pj of a nonempty subset of Vn,1(Z/pjZ) for

some j > 0 for each prime p; and (2) Σp contains all of Vn,1(Zp) for all sufficiently large

p. Observe that if Σ ⊂ Z is defined by finitely many congruence conditions, then so is

inv−1(Σ) ⊂ WAn(Z); thus, Theorem 171 is a special case of Theorem 200.

5.6 Application to counting 2-torsion ideals

In this section, we apply the results on counting in cusps obtained in the preceding sections

to study the distribution of 2-torsion ideals and ideal classes of monogenic orders.

5.6.1 Preliminaries on 2-torsion ideals

Retain the setting of §1.4 (i.e., let n, f0, R, f , and r be as in §1.4) with n odd and f0 = 1.

Recall from §2.4.1 that, since n is odd and since we are only interested in reducible orbits,

it suffices to take r = 1.
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First let R = Z. We now explain how 2-torsion ideals of Rf can be parametrized in terms

of reducible orbits. Consider the map

I(Rf )[2]! Gn(Z)\Wn(Z) (5.65)

of sets defined by sending an ideal I ∈ I(Rf )[2] to the pair orbf,1(I, 1), where we give I

a basis so that N(I) = 1. Since 2-torsion ideals are necessarily invertible, the map (5.65)

factors through the map orbf,1 : H∗f,1 ! Gn(Z)\Wn(Z); furthermore, by the definition of

reducibility, the image of the map (5.65) consists entirely of reducible orbits. In fact, we

have the following proposition, the proof of which is immediate:

Proposition 201 ([71, Proposition 2.12]). The map (5.65) defines a bijection between

I(Rf )[2] and the set of Gn(Z)-orbits of pre-projective reducible pairs (A,B) ∈ Wn(Z) with

ι(A,B) = f .

Remark 202. When Rf is maximal, any 2-torsion ideal of Rf must be the unit ideal, so by

Proposition 201, there is a unique reducible pair (A,B) ∈ Wn(Z) up to the action of Gn(Z)

with ι(A,B) = f in this case (cf. Proposition 45).

We say that B ∈ WAn(Z) is pre-projective if the pair (An, B) is pre-projective. Combining

Proposition 201 with (1.9), we obtain the following result parametrizing the elements of

I(Rf )[2] in terms of reducible GAn(Z) orbits on WAn(Z):

Corollary 203. The elements of I(Rf )[2] are in bijection with the GAn(Z)-orbits of pre-

projective reducible elements B ∈ WAn(Z) such that ι(An, B) = f .

Now let R be a PID. The next proposition identifies which elements of Wn(R) are pre-

projective (note that this proposition only applies to monic binary forms f ; the condition of

pre-projectivity is more complicated when f0 has prime factors):

Proposition 204. Let (A,B) ∈ Wn(R) with ι(A,B) = f . For each k ∈ {0, . . . , n − 1}, let
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C(k) be the n× n matrix over R defined as follows:

C(k) =



A, if k = n− 1,

B, if k = n− 2,(∑n−k−3
i=0 fi(BA

−1)n−k−2−i
)
B, if k ∈ {1, . . . , n− 3},(∑n−1

i=0 fi(BA
−1)n−1−i)A, if k = 0.

(5.66)

Let M denote the n×
(
n2+n

2

)
matrix over R whose kth row consists of the entries of C(k) lying

on or above the diagonal, written as a list in some order that is uniform over k. Then the

pair (A,B) is pre-projective if and only if the greatest common divisor of the n × n minors

of M is equal to 1.

Proof. Let (I, α) ∈ Hf,1 such that orbf,1(I, α) contains the pair (A,B). By [71, §2.2], the

matrices C(k) are symmetric, and the matrix M represents the map of R-modules I×I ! Rf

in (1.14) with respect to the basis of I × I obtained by taking pairwise products of the basis

elements of I. The fractional ideal I is invertible if and only if I2 = (α) (as opposed to just

having a containment I2 ⊂ (α)), and this occurs if and only if the map I× I ! Rf is surjec-

tive, which in turn happens if and only if the n×n minors of M have no common divisor.

By Proposition 204, a pair (A,B) ∈ Wn(Z) is pre-projective if and only if it is pre-

projective over Zp for every prime p; in particular, the locus of pre-projective pairs in Wn(Z)

is cut out by congruence conditions modulo each prime.

5.6.2 Computing the volume of pre-projective elements

By Corollary 203 and Proposition 204 along with (5.2), proving Theorems 173–175 amounts

to determining the number of reducible (N × GAn)(Z)-orbits on WAn(Z) that are pre-

projective over Zp for every prime p. To this end, let WAn(Zp)proj be the subset of pre-

projective elements of WAn(Zp). In this section, we first prove Theorems 173 and 175 by
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applying Theorem 197 in the case where n = 3 and Sp = WA3(Zp)proj for every prime

p. We then prove Theorem 174 by applying Theorem 200 in the case where n ≥ 3 and

Sp = WAn(Zp)proj for every p.

Proofs of Theorems 173 and 175. Let B = [bij] ∈ WA3(Zp)0. Then Proposition 204 implies

that B fails to be pre-projective if and only if

b12 ≡ b2
23 + (b13 − b22)b33 ≡ 0 (mod p). (5.67)

Let t := b13 − b22. The equation b2
23 + tb33 defines a smooth conic curve in the projective

plane P2
Fp with coordinates [b23 : t : b33]. This curve has exactly p+ 1 points over Fp, and so

the (affine) equation b2
23 + tb33 ≡ 0 (mod p) has p2 solutions in the three variables b23, t, b33,

and it further follows that the equation b2
23 + (b13 − b22)b33 ≡ 0 (mod p) has p3 solutions in

the four variables b13, b22, b23, b33.

From the previous paragraph, we deduce that for every integer k ≥ 0, the p-adic density

of the level set Wk := {B ∈ WA3(Zp)
proj
0 : νp(b12(B)) = k} in WA3(Zp)0 is given by 1− p−1 if

k = 0 and by p−k(1− p−1)2 if k > 0. Summing over the level sets Wk yields that

∫
B∈W3(Zp)proj0

|b12(B)|pdB =
∑
k≥0

∫
B∈Wk

p−kdB = (1− p−1) +
∑
k≥1

p−2k(1− p−1)2 (5.68)

= 1− p−1 + p−2(1 + p−1)−1(1− p−1).

Let (WA3(Z)r1,r2)proj be the subset of pre-projective elements of WA3(Z)r1,r2 . Substitut-

ing (5.68) into Theorem 197 and dividing by N r1,r2
3 (X) yields Theorem 175. Theorem 173

then follows by combining the result of Theorem 175 with Siad’s determination in [108, The-

orem 9] of the average size of the quantity (5.2).

Proof of Theorem 174. We have the following formula for the integrand of the p-adic local

factor on the right-hand side of (5.64) when Sp = WAn(Zp)proj:
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Proposition 205. Let n ≥ 3 be odd, let f ∈ Vn,1(Zp) be separable. Then

#

(
inv−1(f) ∩WAn(Zp)proj

0

P(Zp)

)
= 2rk2(R

×
f /R

×
f ).

Proof of Proposition 205. By the definition of reducibility and Theorem 39, the set of pre-

projective reducible GAn(Zp)-orbits of elements B ∈ WAn(Zp) with ι(An, B) = f is in bijec-

tion with

ker
(
(R×f /R

×2
f )N≡1 ! (K×f /K

×2
f )N≡1

)
= ker(R×f /R

×2
f ! R

×
f /R

×2

f ). (5.69)

Next, let us fix a GAn(Zp)-orbitO of reducible elementsB ∈ WAn(Zp) satisfying ι(An, B) = f .

The following lemma establishes that O necessarily meets the subset WAn(Zp)0 ⊂ WAn(Zp):

Lemma 206. We have that O0 6= ∅.

Proof of Lemma 206. Let B ∈ O. Since B is reducible, Proposition 20 implies that there

exists γ ∈ GAn(Qp) such that γ · B ∈ WAn(Zp)0. By the p-adic Iwasawa decomposition

(see [89]), we have that GAn(Qp) = P(Qp) · GAn(Zp). Thus, γ = π · γ′ for some π ∈ Pn(Qp)

and γ′ ∈ GAn(Zp), and since Pn(Qp) acts on WAn(Qp)0, it follows that γ′ ·B ∈ O0.

The group Pn(Zp) acts on O0, which is nonempty by Lemma 206. The next lemma gives

a parametrization of the orbits of Pn(Zp) on O0:

Lemma 207. Let B ∈ O0. Then the set Pn(Zp)\O0 is in bijection with the quotient group

StabGAn (Qp)(B)/ StabGAn (Zp)(B).

Proof of Lemma 207. Let B′ ∈ O0. Then there exists γ ∈ GAn(Zp) such that B′ = γ ·

B. Moreover, by the proof of Lemma 183, there exists π′ ∈ Pn(Qp) such that B′ =

π′ · B. Then we have that π′−1 · γ ∈ StabGAn (Qp)(B), and the map Φ: Pn(Zp)\O0 !

StabGAn (Qp)(B)/ StabGAn (Zp)(B) defined by sending B′ 7! π′−1 · γ is readily seen to be both

well-defined and injective. To see that Φ is surjective, take γ ∈ StabGAn (Qp)(B), and write
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γ = π·γ′ for π ∈ Pn(Qp) and γ′ ∈ GAn(Zp). Then B′′ := π−1·B = γ′·B ∈ WAn(Qp)0∩O = O0,

and we evidently have Φ(B′′) = γ.

Since n is odd, we have isomorphisms R×f [2] ' R×f [2]N≡1×{±1} and K×f [2] ' R
×
f [2]N≡1×

{±1}. Thus, by Theorem 13, we have that

StabGAn (Qp)(B)/ StabGAn (Zp)(B) = K×f [2]N≡1/R
×
f [2]N≡1 ' R

×
f [2]/R×f [2], (5.70)

Combining the parametrization of pre-projective reducible GAn(Zp)-orbits in (5.69), the

parametrization of Pn(Zp)-orbits in Lemma 207, and the equality (5.70) yields that the

number of pre-projective Pn(Zp)-orbits of elements B ∈ WAn(Zp)0 with ι(An, B) = f is

#(R
×
f [2]/R×f [2]) ·# ker(R×f /R

×2
f ! R

×
f /R

×2

f ) = 2rk2(R
×
f /R

×
f ).

The statement on 2-torsion in ideal groups in Theorem 174 now follows upon substituting

the result of Proposition 205 into each of the local factors on the right-hand side of (5.64).

As in the proof of Theorem 173, the statement on 2-torsion in class groups in Theorem 174

then follows by applying Siad’s determination in [108, Theorem 9] of the average size of the

quantity (5.2).
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Nombres Bordeaux, 20(3):811–828, 2008.

[112] A. Smith. 2∞-selmer groups, 2∞-class groups, and Goldfeld’s conjecture. arXiv preprint

arXiv:1702.02325, 2017.

[113] M. Stoll. Implementing 2-descent for Jacobians of hyperelliptic curves. Acta Arith.,

98(3):245–277, 2001.

316



[114] M. Stoll and J. E. Cremona. Minimal models for 2-coverings of elliptic curves. LMS

J. Comput. Math., 5:220–243, 2002.

[115] M. Stoll and R. van Luijk. Explicit Selmer groups for cyclic covers of P1. Acta Arith.,

159(2):133–148, 2013.

[116] A. Swaminathan. Average 2-torsion in class groups of rings associated to binary n-ic

forms. arXiv preprint 2011.13578, 2020.

[117] A. Swaminathan. Most integral odd-degree binary forms fail to properly represent a

square. arXiv preprint arXiv:1910.12409, 2020.

[118] H. P. F. Swinnerton-Dyer. The effect of twisting on the 2-Selmer group. Math. Proc.

Cambridge Philos. Soc., 145(3):513–526, 2008.

[119] J. A. Thorne. E6 and the arithmetic of a family of non-hyperelliptic curves of genus

3. Forum Math. Pi, 3:e1, 41, 2015.

[120] L. Y. Vulakh. Units in some families of algebraic number fields. Trans. Amer. Math.

Soc., 356(6):2325–2348, 2004.

[121] X. Wang. Pencils of quadrics and Jacobians of hyperelliptic curves. ProQuest LLC,

Ann Arbor, MI, 2013. Thesis (Ph.D.)–Harvard University.

[122] X. Wang. Maximal linear spaces contained in the based loci of pencils of quadrics.

Algebr. Geom., 5(3):359–397, 2018.

[123] M. M. Wood. Moduli spaces for rings and ideals. ProQuest LLC, Ann Arbor, MI,

2009. Thesis (Ph.D.)–Princeton University.

[124] M. M. Wood. Rings and ideals parameterized by binary n-ic forms. J. Lond. Math.

Soc. (2), 83(1):208–231, 2011.

317



[125] M. M. Wood. Quartic rings associated to binary quartic forms. Int. Math. Res. Not.

IMRN, (6):1300–1320, 2012.

[126] M. M. Wood. Parametrization of ideal classes in rings associated to binary forms. J.

Reine Angew. Math., 689:169–199, 2014.

318


