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Abstract

Building on the recent work of C. De Lellis and L. Székelyhidi, we construct global weak solutions to
the three-dimensional incompressible Euler equations which are zero outside of a finite time interval
and have velocity in the Holder class Ctlf_e. By slightly modifying the proof, we show that every
smooth solution to incompressible Euler on (—2,2) x T2 coincides on (—1,1) x T? with some Hélder
continuous solution that is constant outside (—3/2, 3/2) x T3. We also propose a conjecture related to

our main result that would imply Onsager’s conjecture that there exist energy dissipating solutions

to Euler whose velocity fields have Holder exponent 1/3 — e.
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Chapter 1

Introduction

In the paper [11], De Lellis and Székelyhidi introduce a method by which one can construct weak

solutions to the incompressible Euler equations

ow+divov+Vp=0
(1.1)
dive=0

in three spatial dimensions which are continuous but do not conserve energy. The motivation for
constructing such solutions comes from a conjecture of Lars Onsager [22] on the theory of turbulence

in an ideal fluid. In the modern language of PDE, Onsager’s conjecture can be translated as follows

Conjecture (Onsager (1949)).

1. Weak solutions to the incompressible Euler equations obeying a Holder estimate
lo(t,z +y) —v(t,z)| < Cly|*

for some « > 1/3 must conserve energy.

2. Furthermore, for any o < 1/3, there exist weak solutions to the Euler equations which belong

to C“ and which do not conserve energy

Onsager’s conjecture can be appreciated in the context of the theory of turbulence famously

proposed by Kolmogorov [19] in 1941. One key postulate of Kolmogorov’s theory is an anomalous



dissipation of energy for solutions of the three-dimensional Navier Stokes equations

Ow~+dive®ov+ Vp=vAv
(1.2)

diveo=0

in the low viscosity regime! v — 0. One (currently conjectural) formulation of anomalous dissipation
is that a sequence of solutions v, to the three-dimensional Navier Stokes equations with the same
initial data v, (0,2) = v(0, ) may have energy functions e, (t) = % [ |v,|*dz which do not converge
to a constant function of time as v — 0, but rather may possess some energy dissipation independent
of the viscosity parameter. Kolmogorov’s theory proposes that the phenomenon of anomalous dis-
sipation is generic in a statistical sense for ensembles of solutions to the Navier Stokes equations at
low viscosity. The limiting energy dissipation rate, €, is one of the main quantities that are proposed

to govern the statistical properties of turbulent flows in Kolmogorov’s theory — for instance, one

famous prediction of Kolmogorov’s theory, which follows from scaling considerations, is the 5/3 law
/ 6, (€)dE ~ £29X~5/7A
A<SESA+AN

for the energy spectrum in the inertial range of wavenumbers below? A < (%)1/ :

In his famous paper [22] on hydrodynamic turbulence, Onsager gave an independent derivation
of the 5/3 law based on a dynamical picture of an energy cascade. By studying the interactions
between different frequency components of the solution which arise from the nonlinearity, Onsager
proposed that anomalous dissipation could be explained in terms of a transfer of energy from coarser
to smaller length scales A=t — (2\)7!. At the end of [22], Onsager suggested that one may be
able to study turbulence even in the absence of viscosity through the Euler equations (the case
v = 0), but that only low regularity solutions to the Euler equations can exhibit turbulent behavior
since smooth solutions must conserve energy. He deduced that a Holder exponent less than 1/3
would allow for energy to pass to an infinite wavenumber within a finite time and therefore permit
dissipation. His notion of solution was based on a Fourier series representation and actually predates
the modern notion of a weak solution, but it can be shown to be equivalent; see [7] for a review of his
computations. Remarkably, the exponent 1/3 reached by these considerations also corresponds to

the scaling exponent predicted by Kolmogorov for the statistical moments of velocity differences; see

1Or, more precisely, at high Reynolds number, where the viscosity is small relative to characteristic length scales
and velocity fluctuations of the system.

2To be more specific, this law would not apply to very low wavenumbers, which correspond to large scale features,
and presumably there should be rapid decay for higher wavenumbers where viscosity takes a large role.



[14] for more on Onsager’s thoughts on turbulence, and [15] for more on the subject of turbulence.

It is known that solutions to the incompressible Euler equations with Holder regularity greater
than 1/3 conserve energy in any dimension, so part (2) of Onsager’s conjecture has been settled.
A short proof of this statement was presented in [5] after a slightly weaker result was established
in a series of papers by Eyink [13]. More precise results, as well as a discussion of what “Onsager
critical” function space could best be used to model ideal turbulence, can be found in [26, 2]. In
recent years, substantial progress has also been made toward constructing dissipative solutions with
Holder regularity less than 1/3.

The first proof that weak solutions to the Euler equation need not conserve energy came in a
groundbreaking paper of Scheffer [23], in which he produced weak solutions to the Euler equations
with compact support in space and time belonging to the class L?(R? x R). Following Sheffer’s
discovery, in [24], Shnirelman found a simpler construction of weak solutions with compact support
in time on L?(T? x R). Shnirelman later in [25] produced weak solutions in the class L{°L2 (R x T3)
which dissipate energy using the concept of a generalized flow introduced by Y. Brenier.

In the breakthrough paper [9], De Lellis and Székelyhidi were able to construct weak solutions
in the class L°(R™ x R) for any n > 2. In a subsequent paper [10], they were also able to produce
solutions belonging to the energy space Cy L2, and their main theorem demonstrates that the energy
density %|v|2(t, x) of these weak solutions can be essentially any prescribed non-negative, continu-
ous function e(¢,x). These breakthroughs led to new results concerning weak solutions to several
equations of fluid dynamics which are surveyed in [8], and also demonstrated that many entropy
criteria one might propose are unable to recover uniqueness of solutions in the energy class. The
constructions are performed through a technique known as convex integration, which originated in
the work of Nash on C! isometric embeddings [21] and was generalized by Gromov to establish the
h-principle in many other applications to topology and geometry (see [16]).

The constructions are performed through a technique known as convex integration, which origi-
nated in the work of Nash on C! isometric embeddings and immersions [21] and was generalized by
Gromov to establish the h-principle in many other applications to topology and geometry (see for
example [16]). The convex integration scheme in [9] and [10] is actually based on a “weak” version
of convex integration which had been used by Miiller and Sverak [20, 18] to construct solutions
to differential inclusions Vu € R which are only Lipschitz (i.e. Vu € L), rather than C* (i.e.
Vu € C°). This version of convex integration can be simple to implement: as first remarked by
Kirchheim [17], it can be neatly executed through a Baire category argument in a weak topology.

For example, a C%-generic short map (i.e. a map which shortens the lengths of curves) will be an



isometric immersion.

In fact, there is a very useful analogy between the isometric embedding problem and the FEuler
equations where the velocity field v plays a role analogous to the derivative Du of the embedding.
Most of the analogies extend from the fact that the nonlinearities v ® v and DuDu” for the two
equations are both symmetric, quadratic, and non-negative in the appropriate sense. There is also
an analogy to Gromov’s h-principle because the method shows that the failure to conserve energy is
just one part of the tremendous amount of flexibility possessed by Euler flows of low regularity. For
example, the argument shows as a biproduct that every solution to the “Euler-Reynolds Equations”
(to be introduced below) can be approximated in C;H_ ! by solutions to the Euler equations just
as the Nash-Kuiper theorem shows that any short map from a Riemannian manifold (M™, g) into
Euclidean space R™ can be approximated in C° by isometric immersions. These analogies were first
discussed by DeLellis, Székelyhidi and Conti in their work [6] on proving the h-principle for C1:*
isometric embeddings. See [8] and [3] for further discussion.

While sometimes simple to implement, this form of convex integration fails to give continuous
solutions to the Euler equations. In the same way that a C°-generic short map will be Lipschitz but
nowhere C!, the solutions produced by De Lellis and Székelyhidi in [10] generically have no better
2

|v
2

regularity than the generic vector field of prescribed energy density 5- (¢, ) = e(t, z) when the set of
such vector fields is equipped with a weak topology (for instance, the L>° weak-* topology will work,
and using the topology CyH_ ! can ensure that solutions belong to the energy space C;L2). The
fundamental obstruction to achieving continuous weak solutions by this variant of convex integration
is that even though one can choose the frequencies of the oscillatory corrections in the construction
so large that the corrections may be arbitrarily small in a weak topology, these corrections are still
required to have a certain size in a strong topology (they must be “square root of the error” in C°
to obtain continuous solutions to Euler) in order for any noticeable progress towards achieving a
solution to be measured.

Recently in [11], DeLellis and Székelyhidi have made another outstanding breakthrough by con-
structing continuous weak solutions to the Euler equation on a periodic domain R x (R/Z)" (n = 3)
whose energy an %(t, x)dx can be any smooth function e : R — R+ that is bounded below by a
strictly positive constant. In particular, these solutions may dissipate energy. They also achieved
the same result in n = 2 spatial dimensions in the preprint [4] with A. Choffrut.

Following their construction of continuous solutions and building on the methods in [6], they

extended their method in the paper [12] to construct weak solutions to the Euler equations on

R x (R/Z)? with velocity in the Holder space C. 1/10=¢ and having any prescribed energy obeying the

t,x



same restrictions as in the continuous case. This result was generalized to the case of two spatial
dimensions with the same Holder exponent of 1/10 — e by A. Choffrut in [3]. The paper [3] also
contains more detailed results describing the flexibility of the family of solutions produced by the
method.

The convex integration scheme used in these recent results more directly resembles the original
scheme used by Nash to construct C! isometric embeddings, and it also bears more resemblance to
the argument of Shnirelman in [24] than does the argument in [9]. To achieve their results, DeLellis
and Székelyhidi have introduced several important, new ideas which represent dramatic changes in
the point of view of the convex integration scheme. Although these ideas cannot be summarized at
this stage of the introduction, we will refer to them as the analogous aspects arise in the present

paper, and we urge the reader to study their papers. For now we mention two new aspects:

e They introduce an underdetermined system of PDEs called the “Euler-Reynolds equations”
which form the correct space of “subsolutions” in which to perform the convex integration

procedure.

e Surprisingly, they use linear spaces of high frequency, stationary solutions of the Euler equa-

tions called “Beltrami flows” in order to construct the basic building blocks.

The idea that turbulent Euler flows may be constructed from Beltrami solutions has appeared in
the turbulence literature, and was suggested to DeLellis and Székelyhidi by Peter Constantin [11].
In this paper, we build upon and rework the convex integration scheme of DeLellis and Székelyhidi

in order to achieve the following theorem.

Theorem 1.0.1. For every § > 0, there exists a nontrivial weak solution

v(t,z) : Rx T? —» R? (1.3)

p(t,z) :RxT? - R (1.4)

to the Fuler equations which belong to the Holder class

veC? (1.5)
pe oo (1.6)

such that the support of (v,p) is contained in a compact time interval.



The framework we develop appears robust enough to obtain the regularity of 1/3 —§ conjectured
by Onsager except for one term where stationary flows are used in a crucial way. We discuss this
difficulty as it arises in the argument. We propose as a conjecture an “Ideal Case” scenario which
summarizes what the method would yield if the C° norm of this term were suitably well-controlled.
This conjecture, if true, could be used to construct energy-dissipative solutions in the Holder class
v E C'tlﬁ*é, and in particular would imply Onsager’s conjecture.

The proof of Theorem (1.0.1), which builds heavily upon the ideas of DeLellis and Székelyhidi,

also implements the method of convex integration. The argument to be presented here is based on

their approach in [11], but includes several novel features

e We use nonlinear phase functions to form the basic building blocks of the construction, and
adapt the method of DeLellis and Székelyhidi for obtaining small solutions to the relevant
elliptic equation. We also develop a new method for constructing the amplitudes of these

building blocks which is suitable for the use of nonlinear phase functions.

e Our main lemma, which summarizes the result of a single iteration of the scheme, is organized
so that one easily controls the time interval supporting the solutions, allowing us to obtain
solutions with support in a finite time interval, and to prove Theorem (1.0.2) below regarding

the gluing of solutions.

e We define a notion of frequency and energy levels for measuring the size and derivatives of the
error and approximate solutions during the iteration process. This notion has the important
feature that it distinguishes the bounds for the derivatives of the velocity, the pressure and
the error. The frequency energy levels also keep track of second derivative bounds which play
an important role in some of the estimates and appear to be necessary for estimating one of

the error terms in the conjectural ideal case scenario.

e We present a sharp framework for calculating the regularity achieved by the construction which
is based on the above notion of frequency and energy levels. This framework reduces regularity

computations and bounds for other physical quantities to simple, linear algebra calculations.

e We isolate the material derivative 0; + v - V as a special derivative in the construction. It
appears that unless improved bounds for the material derivative are taken into account, the
highest regularity one can achieve through this construction is 1/(34-1/8) —d. With the bounds
on 0; + v -V taken into account, the frequencies in the iteration grow at a rate which can be

made arbitrarily close to exponential.



To take advantage of the special role of the material derivative, we introduce several additional ideas

into the scheme, for example:

e We incorporate improved bounds for 0; + v - V into the notion of frequency - energy levels. In
particular, the material derivative obeys better bounds than do the spatial derivatives or the

time derivative.

We use time averaging along the coarse scale flow of the fluid as a special form of mollification.

We introduce a “transport-elliptic” equation in order to eliminate the error in the parametrix.

To bound material derivatives, we use estimates coming from the Euler-Reynolds equation

itself and related commutator estimates to close the argument.

Considerations regarding the symmetries of the Euler equations, including scaling and Galilean
transformations, also play an important role underlying the analysis. In particular, thanks to the
ideas listed above, the bounds for the iteration depend only on relative velocities (i.e. derivatives of
the velocity) but not on absolute velocities (i.e. the C° norm of the velocity).

As an interesting observation, it turns out that the energy [ @(t, x)dzx for the solution obtained
by the construction enjoys better regularity in time than what is proven for the solution itself (it

is almost C'*/2 in ¢ for the Cl/s_é

.~ solutions we construct). In fact, in the conjectural “ideal case”

scenario, the construction yields solutions whose energy functions are “almost automatically” in C!
even though the velocity is only guaranteed to belong to Ctl,f’_&.

By slightly modifying the proof of Theorem (1.0.1), we also prove the following theorem regarding

the gluing of solutions.

Theorem 1.0.2. For every smooth solution (v,p) to incompressible Euler on (—2,2) x T3, there
exists a Holder continuous solution to Euler (v,p) which coincides with (v,p) on (—1,1) x T3 but is

equal to a constant outside of (—3/2,3/2) x T3.

The Theorem (1.0.2) above was motivated by related discussions with P. Constantin, Y. Sinai,

and T. Buckmaster.

1.1 The Euler Reynolds System

We start by giving a motivation for the argument. A similar discussion can be found in [7].



Consider any solution (vg, po) to the Euler equations on, say, R” x R, which we write in the form

Devg + 05 (vhug) + 0'po = 0
‘ (1.7)
;v =0
Here and in the rest of the paper, we use the Einstein summation convention, according to which
we understand that there is a summation over the j index because it is repeated.

We imagine that vy could be very singular, such as one of the wild solutions that will be con-
structed in the argument. One way to describe the “coarse scale” or “low-frequency” behavior of
the velocity field vg is to consider a mollification ve = 7, * vg. The mollifier 7. in this argument
could be a standard mollifier, so that the value of v. at each point is the average velocity in an
e-neighborhood of the point, or the mollifier 7. could operate by projecting to frequencies less than
%. By mollifying the equations (1.7), we see that the coarse scale velocity field v = v, and pressure
p = ne * po satisfy the system of equations

o' + 9 (viv) + 8'p = 9, RI!

(1.8)
8j’l)j =0

l

e —

(vdvh). arising from the failure of the

with a symmetric, non-positive (2,0) tensor R/ = viy
nonlinearity to commute with the averaging. Since vy € L2, R = R, converges strongly to 0 in L' as
e — 0, and if v is continuous, R, converges to 0 in C?; in general R, converges to 0 at a rate depending
on the regularity of vy. The tensor R’ giving rise to the forcing term on the right hand side of the
equation is an example of what is known in the theory of turbulence as a “Reynolds stress”, and
for this reason De Lellis and Székelyhidi have named this system the “Euler-Reynolds equations”.
Since the trace part of R7! can be regarded as a pressure, the trace free part of R/ measures the
error for v to be a solution to the Euler equations. This system implicitly appears in Constantin, E,
and Titi’s proof [5] that C%® solutions to the Euler equations conserve energy if o > 1/3. In their
proof, after mollifying the equation as above, one then integrates against the test function v!, and
proceeds to integrate by parts as in the usual proof of conservation of energy. The key to their proof
is a commutator estimate which establishes a quadratic bound || R.|| < CezaHvHétcg on the rate at
which R, tends to 0.

Actually, one can see that the average of any family of solutions to Euler will be a solution
of the Euler-Reynolds equations. The most relevant type of averaging to convex integration arises

during the operation of taking weak limits, which can be regarded as an averaging process when



viewed in terms of Young measures. For example, suppose that v, is a sequence of solutions to
the Euler equations uniformly bounded by |v,| < M. Along some subsequence, which we also
denote by wv,, the sequence of measures p,(t,z,0) = dtdzd,, (0) on R™ x R x R™ obtained by
pushing forward the Lebesgue measure to the graph of v, will obtain a weak limit of the form
dtdzdpy ,(v). The parameterized family of measures p ,,(v) are probability measures which record
the local in space-time oscillations of the subsequence v, ; measures which arise in this way are called
“Young measures” since they were first introduced by Young to describe the behavior of minimizing
sequences in the calculus of variations. The center of mass o(t, z) = [ 9du(0) of the limiting measure
is the weak limit of the subsequence v,,, and obeys the Euler-Reynolds system with Reynolds stress
Ril(t,x) = 090! — [(399")du(D). This statement follows from the general fact that for any continuous
function g(v) defined on {|v] < M} the weak limit of g(v,) along the subsequence v,, will exist and
be given by the expectation [ ¢(0)dus,.(v). While we do not use the theory of Young measures in
this work, we find that their consideration is useful for visualizing and understanding the intuition
behind the proofs in some of the previous literature and the one given here; see [1] for more on
Young measures.

Heuristically, the convex integration procedure begins with a solution vy to the Euler-Reynolds
system, and obtains a solution to the Euler equations by “reintroducing” the oscillations responsible
for the forces that are exerted on vy “during” the weak limiting process. Namely, the method
actually proves that essentially every solution to the Euler-Reynolds equations can be approximated
in a weak topology by solutions to Euler. Calculating what sort of velocity fields can be weakly
approximated by solutions to Euler provides a candidate space of subsolutions (or approximate
solutions) in which one can work while performing convex integration; however, it is only after
the convex integration procedure is proven successful that we know the correct space has been
found. A priori, the class of solutions to the Euler-Reynolds system may seem too general, since
any incompressible flow v! which conserves momentum can be regarded as a solution to Euler-
Reynolds after solving 9; R/ = 90! + 9;(v/v!). Some more remarks about momentum conservation
for Euler-Reynolds flows are included in Section (3.3.1).

We now describe the convex integration scheme for Euler in some more technical detail. Beginning
with a solution (v, p, R) of the Euler Reynolds system (1.8), we show that we can correct the velocity
and pressure to obtain another velocity field v1 = v 4+ V, and pressure p; = p + P, which obey the
Euler-Reynolds system with some new stress tensor R{l that is much smaller than the previous stress
R in an appropriate topology (for the present paper, R will be measured in C?). We then iterate

this procedure infinitely many times so that the stress tends to 0; by ensuring that the sequence



of velocity fields converges strongly in L? to some limit @, we obtain a weak solution to the Euler
equations in the limit by passing to the limit in the weak formulation of the Euler-Reynolds system.
At each stage of the iteration, the correction V' is chosen so that it oscillates very rapidly compared
to the velocity field v which results from the previous stage of the construction. Therefore one can
interpret the procedure as recovering some weak solution v to the Euler equations in a sequence,
starting from the coarse scales and passing to fine scale oscillations, in a fashion similar to taking
€ — 0 in the mollification procedure described above. Thus, we think of v as being basically a low
frequency projection of the solution we will ultimately construct, and the correction V is a higher

frequency component of the solution to be constructed. With this intuition in mind, we expect R

l

to behave analogously to the sequence RI' = (viv!) — (v}vh). studied above.

In contrast to methods of solving differential equations which produce unique solutions, the
choice of the correction V' at each stage is quite arbitrary, allowing one to obtain a huge family
of solutions depending on these choices. In particular, the frequency of the very first oscillation
can be chosen arbitrarily large (without affecting at all the regularity of the solution obtained in
the limit). Therefore, since every correction to follow will also be of highly oscillatory nature, we
can reason that if it is indeed possible to begin with an Euler Reynolds solution vy and then, by
carrying out convex integration, arrive at a solution v, it is necessary that vy can be approximated
in a weak topology by solutions to the Euler equations. By similar considerations, every velocity
field v, v9,... which arises after each iteration of the process can also be realized as such a weak
limit. These considerations explain how we are forced to calculate what weak limits can be reached
by solutions to the Euler equations in order to construct a space of approximate solutions. They also
explain why the results obtained are connected to the h-principle; the method applied here always
gives an approximation in a weak topology and relies on an abundance of solutions. This feature

of the method is demonstrated in [3], which contains a characterization of the H~! closure of the

space of Cf, Euler flows for @ < 1/10 in 2 and 3 spatial dimensions.
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Chapter 2

General Considerations of the

Scheme

We now highlight the main issues and the general philosophy underlying the proof of the main
lemma. A part of this philosophy can also be found in [7], since it also underlies the proof in [11].
We use this section as an opportunity to introduce some heuristics which will be usefully formalized
in the proof.
Suppose that (v, p, R) are a given solution of the Euler-Reynolds system.
O’ + 9;(viv!) + 8'p = 9, RV
4 (2.1)
0;1v7 =0
For the purpose of the present discussion, let us imagine that v and p are smooth functions of
size 5, and that R is a smooth, symmetric (2,0) tensor field with absolute value smaller than one.
We introduce highly oscillatory corrections V' and P to the velocity field and pressure such that
div V = 9;VJ = 0. The corrected velocity field v; = v + V and pressure p; = p + P satisfy the

system

Ot +8;(v]vh) +8'pr = V! + 057V + 8;(VI') + 8;(VIV?) + 9P + ;R

8j’l){ =0

Our goal is to choose high frequency corrections V' and P so that the forcing term in the equation
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can be represented as @R{l for a new Reynolds stress R{l much smaller than R/'.! Let us express
the gradient 0'P as a divergence 9;(P§7!), where 67! is the (inverse) Euclidean inner product (or, if

one prefers, the “Kronecker delta” or the “identity matrix”). We then collect terms as follows:

Al + 0 (vivh) + 9'p1 = [0,V + 8;(vI V] + [8;(VIuh)] + 0, [(VIV!) + P! + RI']

6]'11{ =0

We wish to express each of these terms in the form 8;Q7 ! with @ much smaller than |R|. Let us

first consider the term
Q"' = (ViVh) + P + R, (2.2)

We cannot immediately make this term small because V7V is a rank one tensor, whereas P§7! 4 R7!
may be an arbitrary symmetric (2,0) tensor. We can, however, ensure that the low frequency part
of Q7! is small by choosing V' so that the low frequency part of V7V cancels with the low frequency
part of P&' + RI'; to make sure this cancellation is possible, it is necessary to first choose P large
enough so that Pé7! + R’ is negative definite, since the coarse scale part of V/ V! must be essentially
positive definite. The fact that V7V! can have a nontrivial low frequency part even though V itself
has very high frequency demonstrates a lack of cancellation in the nonlinearity, which can ultimately
be blamed for the fact that weak limits of Euler flows may fail to solve the Euler equation.? Note
that the above choices of V and P imply that V' (or, rather, the absolute value of V') has the size of

a “square root” of R, and that P has the size of R.
VI~ [R['?,  |P|~|R|

Thus, after the construction is iterated k times with R,y — 0 quickly enough, we can ensure that
the velocities and pressures v(x41) = vy + Vigy, and p41) = px) + P) constructed through the
iteration will converge to solutions (v,p) of the Euler equations.

Although the low frequency part of the Q7' term in (2.2) will be small, there will be many high

frequency interaction terms in Q7! which will not be small. So far, the only method available to

n general the word “smaller” here should refer to some norm which controls the Ltl,a: norm since we expect R to
behave like the stress Re = (vzvé) — (vIvl) arising from mollifying a solution v € Lfyz. For the present paper, we
will measure R in the norm C? .

2Regarding the analogous a,spect of the construction in [24], Shnirelman suggested that the above idea could be
thought of as emulating the frequency cascades predicted in the theory of turbulence.
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handle these terms is to construct V' out of stationary solutions to 3D-Euler called Beltrami flows,
which also requires adding additional components to the pressure.?

Following [11], we refer to the error term 9;V!+09;(v/V!) as the “transport term”, since it can also
be written as (9; +v79;)V!. We want to find a small, symmetric tensor ]Tl solving the divergence

equation

0;QF = (9 + v 9,V

)

We also need to do the same for the “high-low frequency” interaction term 8;(V7 v!), because V7!
is of size “\R|1/ 27 whereas we need @ to be much smaller than R. Achieving either of these goals
requires us to find a small solution to the first-order elliptic equation 9;Q’ ! = U!, with high frequency
data U,

In general, we expect that if U’ is a smooth vector field with amplitude of “size 17 and with
“frequency A7, solving the elliptic equation should allow us to achieve a solution of “size 1/\”. One
way to give rigorous evidence to this heuristic expectation is to use the Fourier transform to solve

the equation, and more evidence can be drawn by analogy with the ODE % = ey(x), where

repeated integration by parts yields the estimate,

dQ i

— AT 2.

9 _ sa(z) 23)
u Vu vPuy \VAZRRZY

ol 19l 192l 92 o

Thus, with the appropriate “integration by parts” type argument, we expect to gain a smallness
factor of ||Q)|| < @ by solving the divergence equation 9;Q7! = e¢¥y!, as long as the oscillations
of u are slower than A (i.e. u cannot be of the form e=**¢#y! for some slowly varying v).

The transport term presents a more serious problem than does the high-low term 8;(V7 o) =
Vi 3jvl, because the transport term necessarily involves differentiating the oscillatory correction V'

and then solving the equation
8; Q% = (0 +v79;) V" (2.5)

Now, v has size 1, and if V has the expected size |R|1/2 and frequency \, its derivative v’ 0;V on the
right hand side will have size at least A|R|'/? and will also have frequency A. On the other hand,

solving the elliptic equation only gains one power of A~!, leaving no hope to find a solution with

3For the isometric embedding problem, there is no known method to handle interference terms, and this difficulty
actually limits the regularity of the solutions which can currently be obtained through convex integration. See [6].
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|Q| < |R| when |R] is small. The equations therefore impose a requirement that V' be essentially
transported by the coarse scale velocity field v.

The philosophy described above was executed in [11] to construct continuous, weak solutions of
Euler which do not conserve energy (with the superficial difference that the stress R7! was required to
have trace R7'§;; = 0). While the paper [11] was the first to execute this philosophy by representing
the forcing term as a divergence 9; R7!, many of the above considerations implicitly underlie preceding

constructions of badly behaved weak solutions to Euler (see [24] and [9] for instructive examples).

2.1 Structure of the Paper

While the general considerations above pertain to both the present paper and to the contruction in
[11], the manner in which the philosophy is executed in the present paper is different. Our strategy

for the exposition is as follows.
e In the following section we identify the error terms which need to be controlled.

e In Part (3) we explain some notation of the paper and write down a basic construction of the
correction. In this part, we do not explain how the various parameters involved should be
chosen to optimize the construction. Rather, our goal is to give enough detail so that it is
clear how the scheme can be used to construct weak solutions which are continuous in space

and time.

e In Part (4) we explain how to iterate the construction of Part (3) to obtain continuous solutions
to the Euler equations. We then explain the concept of frequency and energy levels, and the
Main Lemma which is iterated to give the full proof of the Theorems (1.0.1) and (1.0.2).
Through this discussion, we explain some additional difficulties which present themselves as
one approaches the optimal regularity, and how these difficulties can be overcome by isolating

the material derivative 0; + v -V as a special derivative.

e In Parts (5)-(7), we verify all the estimates needed for the proof of the Main Lemma.

2.2 Basic Technical Outline

We now give a more technical outline of the construction.
Let (vl, p, R7 l) be a solution to the Euler-Reynolds system, and consider a correction v; = v+ V,

pr=p+ P.
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The correction V is a divergence free vector field which oscillates rapidly compared to v, and can
be written as a sum of divergence free vector fields V' = 3", V7, which oscillate in various different
directions, and which are supported in several different regions of the space-time T3 x R.

In our construction, there will always be a bounded number of waves V; (at most 192) which are
nonzero at any given time ¢.

Each individual wave V; composing V is a complex-valued, divergence free vector field that
oscillates rapidly in only one direction. We introduce several ways in which we will represent each

Vi

V] = ei)‘gl ’l~}[

1 .
= XV x (eP1wy)

VXU}]

:eiAfl(UI+ : )

vy = (2V§[> X wr

Here, A € R is a large number, independent of (¢, ), which will be chosen in the argument. The
phase functions &;(t, z) will be real-valued functions of (¢,x) whose gradients indicate the direction
of oscillation of the components V;. Unlike the argument of [11], we will not require the functions
&r(t, z) to be linear (that is, to have constant gradients).

Because we use nonlinear phase functions, we must modify the “nonstationary phase” type
arguments used in [11] to gain cancellation when solving 9;Q7' = ¢*¢®)y!. We therefore must
ensure, for one thing, that the gradients 0'¢; of the phase functions £; remain bounded away from 0.
If one is willing to restrict to A € Z (as is done in [11]), one could obtain globally defined functions
&1 taking values in R/(27Z) which satisfy this lower bound on their gradients. Instead, we choose to
define £; on only part of the space T at any given time, and the coefficient @} will be a vector field
that is compactly supported in that region, and also compactly supported in time. In particular, we
will not be using the globally defined frequencies on the torus.

The v; = 17[1, and w; = wlI here are complex-valued vector fields. Then vy = (iVE&r) X wy

is a vector field which will be chosen later, but which necessarily takes values which point into

the level sets of £;. Since A will be a large parameter, v; - V& = 17[]8;& = vx}\“” - (V&r) will
be small. The character of these building blocks reflects the fundamental principle that any high
frequency, divergence free plane wave must point perpendicular to its direction of oscillation, causing

the vector field to generate a shear type of flow. This principle, which can be formalized on R™ by
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considering the Fourier transform, still holds approximately in our setting. In our argument, we will
first construct the vector field vy, and then solve the linear equation v; = (iVE;) X wy in order to
obtain wy.

We remark that, in order to ensure that V is real-valued, each index I will have a conjugate
index I such that V; = V7. Moreover, {5 = —£;, and wj = wy so that v; = o7 as well.

Let us introduce the notation (vw)jl to represent the symmetric product of two vectors v! and
w'. That is, (vv)?! = vl is the square v ® v of v, and from the polarization identity (vw)jl =
%(vj w! + w/v') in general. The symmetric product so defined is commutative.

Using the representation of V' as a sum of individual waves with distinct direction and location,

we see that the corrected velocity field and pressure vy, p; satisfy the system.

vy + 0;(vfvh) +8'pr = [BV! + 9,V + [9;(VI")]

_ - _ _ (2.6)
+ > 0;(ViVyy +0; | > _(ViV}) + P& + R
J#£I I
d;v] =0 (2.7)

We have separated out the interaction terms between non-colliding frequencies in the hope that
these interference terms can be shown to be negligible. Indeed, if one measures errors in a weak
topology, these interaction terms will be small because the products (V;V;)’! can easily be made
high frequency for J # I, and the term ZI(VIJVIZ) + P& + RI' will become small in a strong
topology as long as the amplitudes v; are chosen appropriately?. However, we cannot use a weak
topology to measure the size of the remaining stress ®.

Ultimately, we will only be able to handle the interaction terms after imposing a “Beltrami
flow” condition on the structure of the V;. This condition will allow us to show that after adding
appropriate terms to the pressure, the interference terms (V;V;)#! — Py ;67 are small in C° modulo
solutions of 8;@Q' = 0.

The pressure will therefore be of the form

P:PO+ZPI,J
JAT

40ne can interpret this construction as requiring that V! = (l)\) generates an appropriate Young measure as
A — oo. The fact that this equation can be solved for arbitrary R, implying in a sense that high frequencies may
emulate arbitrary forces on the lower frequency part of the solution, demonstrates a lack of cancellation characteristic
of the nonlinearity in the Euler equations.

5Recall from Section 1.1 that we expect Rﬁl ~ (v]'vl)E — vgvi to vanish uniformly if v is continuous, and at least
to converge to 0 in L1 if v is in L2.
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where P, appears in the equation
S ViV 4+ Pt + R =0 (2.8)
I

We remark here that, by choosing P, appropriately, we will also be able to prescribe the energy

increment

/(|U +V|? = [v|?)dz =~ e(t)

of the correction with great accuracy.
There are two reasons for the &~ symbol in (2.8). One reason is that we cannot control the
pointwise values of

Jil i
ViV =v70;

exactly; rather we are only able to determine these products approximately in the sense that

and we have freedom to prescribe v; up to some constraints such as the fact that vy € (V{IH.
The other reason for the approximation symbol =~ in (2.8) is that we will also define a suitable

mollification R, of R before solving the equation

> wlvh + Pyd? + R =0 (2.9)
I

pointwise. In this way, the amplitudes v; will only carry coarse scale information regarding R.

Making this mollification introduces another error term of the form
R— R,

which will be carried as part of the new stress R;. For similar reasons, we will also introduce an
appropriate mollification v, of v at the beginning of the argument, giving rise to another term
(v — o))V + VI — ol

€

in the new stress. While these mollifications are very important for the construction of Holder

continuous solutions, for the present discussion we will ignore them, and return to them later.
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To summarize, we have seen five main error terms, each of which must be expressed in the form
9;Q7! for some @Q’!(t,z) taking values in the space of symmetric, (2,0) tensors S, and each Q7! is
required to be smaller than R/ to ensure we have made visible progress towards a solution of the

Euler equations. The terms we must deal with are named:

e The Transport term
0,Q = 0,V +9;(vI V")

The High-Low interaction term

0;Q1 = 0; (V') = V30

The High-High interference terms

0;Q% = Z 9 ((Viviy)!' + Py y67]
JAT

The Stress term

QY =D _(ViV}) + R’ + R
1

The Mollification Terms
Qhr = (v =)V + VI (0! —of) + (R — RY)

In [11], the High-High interference terms correspond to part of what is called the “oscillation part”
of the error.

Each of these terms has its own set of difficulties, and these difficulties are coupled together as
the transport term and stress term both impose constraints on the correction V. The one difficulty
that is common to the first three of the terms is that they require one to find small solutions to the

underdetermined, first order, elliptic equation
anjl _ ei)\,f(t,x)ul(t’x)

For example, the High-Low interaction term (which is the simplest of these three error terms), can
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be expanded in the form

J INET T G
V3ot = E e 47050,
I

As we previously remarked, either by considering the problem in frequency space or by drawing
an analogy with the ODE % = @)y (x), one expects to gain a smallness factor of % for the
solution ). This gain is achieved by an “oscillatory estimate”, whose proof we will describe shortly.

This gain of A~! alone is not sufficient to handle every term in the argument; both the Transport
term and the High-High interference terms require one to differentiate the oscillatory correction
V, and thereby produce oscillatory data whose main terms are of the form e**é\u!, meaning their
amplitudes are too large for the oscillatory estimate to obtain a small solution. For example, the

right hand side of the transport term can be written

OV +0;(vIV!) = (0, + vio;) V!
= e (iN0; + 0] 0;)Er0h + (0, + v]0;)i})
I

For the transport term, we deal with this difficulty by allowing the phase functions £; to obey a
transport equation; in particular, the phase functions will not be linear functions, in contrast to the
argument in [11].

We will also make sure the lifespan of each V7 is a sufficiently small time interval, so that phase
functions &; remain nonstationary and suitably regular for applying the main, oscillatory estimate.
The length of this time interval will depend on bounds for the derivatives of v, including the L

norm of V.
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Chapter 3

Basic Construction of the

Correction

3.1 Notation

We employ the Einstein summation convention, according to which there is an implied summation
when a pair of indices is repeated (e.g. 9;v7 is the divergence of a vector field, (v - V)f = v70;f,
etc.). We employ the conventions of abstract index notation, so that upper-indices and lower-indices
distinguish contravariant and covariant tensors.

We define the space S = Sym?(R?) to be the 6 dimensional space of symmetric, (2,0) tensors on
R®. That is, the vectors in S are symmetric bilinear maps G7 : (R3)* x (R3)* — R on the dual of R?,
whose action on a pair of covectors u,v € (R®)* can be written as G(u,v) = G'ujv, = GYujv =
G(v,u). We also define S; to be the cone of positive definite, symmetric, (2,0) tensors.

We will use the notation

1 .
(vu)?t = §(vjul + vlud)

to refer to the symmetric product of two vectors v and wu.

At many points, we will write inequalities of the form
XY

The symbol < expresses that the above inequality is a goal, and that at some point later on in the

proof we will have to show that the inequality X <Y does in fact hold.
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The following notation concerning multi-indices will later be helpful for expressing higher order

derivatives of a composition (c.f. Section (5.5.4) below).

Definition 3.1.1. We say that a K-tuple of multi-indices (a',a?,...,a”) forms an ordered K-
partition of a multi-index a = (a1, as, ..., ay) if there is a partition {1,..., N} = m U...Ung, such

that the subsets m; C {1,...,N}, j =1,..., K are pairwise disjoint, and each a? has the form

(@, (1) Ty 200+ 2 Oy (v,)

where m; = {m;(1),...,m;(IV;)} is written in increasing order, and the subsets are “ordered” in the
sense that

7T1(N1) < 7T2(N2) < ... < WK(NK)

3.2 A Main Lemma for Continuous Solutions

In order to have a concrete goal for the construction, we state a Lemma which implies the existence

of continuous solutions.

Lemma 3.2.1 (Main Lemma for Continuous Solutions). There ezist constants K and C such that
the following holds.
Let € > 0, and suppose that (v,p, R) are uniformly continuous solutions to the Fuler-Reynolds

equations on R x T3, with v uniformly bounded' and
supp RC I x T3

for some time interval, and

IRllcy. < en
Let
e(t) R — RZO
be any function satisfying the lower bound
e(t) > Ker (3.1)

1The assumption of uniform boundedness here may be somewhat unnatural and actually does not enter into
the construction of Holder continuous solutions, where all the bounds in the construction depend only on relative
velocities.
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on a neighborhood of I such that

d

—e'/2(t) e CO(R) (3.2)
dt

is continuous and uniformly bounded, and such that e(t) is bounded by

e(t) < 1000Kepr (3.3)

Then there exists a uniformly continuous solution (vi,p1, R1) to the Euler-Reynolds equations of

the form

vp=v+V (3.4)

pr=p+P (3.5)
such that the supports of the corrections and the new stress
supp VU supp PU supp Ry C supp e x T? (3.6)

and so that V and P obey the bounds

IViieo < Ceyf? (3.7)
[Pl[co < Cer (3.8)

and

|| / jor 2, ) / (o] + e(t))dzl|op < ¢ (3.9)

[Ril[co < e (3.10)

It is not difficult to check that the main lemma implies the following theorem:

Theorem 3.2.1. There exist continuous solutions (v, p) to the Euler equations which are nontrivial

and have compact support in time.

Proof that Lemma (8.2.1) implies Theorem (3.2.1) . To prove this implication, one iteratively ap-

plies the Lemma to produce a set of solutions (v(x), k), R(x)) to the Euler-Reynolds equations for
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which the stress is bounded by

Ry llco < er, ) (3.11)

with eg (1) > 0 a decreasing sequence of positive numbers chosen to tend to 0 rapidly. The corrections

to the velocity v(x41) = vy + Vix) and to the pressure p(x41) = p) + Px) can be summed in o

S Viwlleo <€ et < o0 (3.12)
k k

> IPgylles < C Y enpy < o0 (3.13)
k k

by (3.7) and (3.8), which implies the uniform convergence of
v = limvy,
k

p = mP(k)

to uniformly continuous solutions (v, p) of the Euler equations.

To make sure the solutions constructed in this way are nontrivial and compactly supported, we
apply the lemma with any non-negative functions e(t) = e(;)(t) which satisfy (3.1), (3.2) and (3.3)
for er = eg, ) and whose supports are all contained in some finite time interval. We can also

arrange that these functions are strictly positive at time 0 so that
e(k)(O) >0

for all k.

If we choose ¢(;,) small enough at each stage, the inequality (3.9) implies that the energy at t = 0

[ vt P21 > [ oy P(0.2) + ey (0))d = e (3.14)

> / lvy? (0, 2) dx (3.15)
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increases with each stage. Then, by the dominated convergence theorem,

/|v|2(0,x)dx:liin/ o [2(0, 2) do (3.16)

> /|v(1)\2(0,x)dx >0 (3.17)

which ensures that the solution v = limy v(y) is nonzero at t = 0. O

Let us now proceed with the construction. During the construction, we will not be completely
specific at certain points (such as how to mollify v and R) because these aspects must be changed
or handled more delicately in order to construct the Holder continuous solutions of Theorem (1.0.1),
and we will want to be able to refer to the same construction for both continuous and Holder

continuous solutions.

3.3 The Divergence Equation

A key ingredient in the Proof of Lemma (3.2.1) is to find special solutions to the divergence equation
9;Q7 = @)yl (3.18)

where ¢ and u! are respectively a smooth function and a smooth vector field on T?, and Q7' is
an unknown, symmetric (2,0) tensor. In our applications, u! will always be supported in a single
coordinate chart, and ¢ will only be defined in a neighborhood of the support of u!. We wish to
take advantage of the oscillatory nature of the data in order to gain a smallness factor of % for the

solution (). This estimate is analogous to how one can integrate by parts to prove a bound

[|ull co ||VU||L1)
A A

1Qlco < C(

for certain periodic solutions to the ODE % = @)y (z), provided bounds on |||¢/(x)|~!||co and

€7 ()| -

3.3.1 A remark about momentum conservation

A first remark regards why one cannot solve the equation
;Q" =U"
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for arbitrary data on the right hand side. Namely, the right hand side must have integral 0 in order
to be a divergence. This condition is also sufficient, but let us briefly discuss how this condition
relates to the conservation of momentum.

From a physical point of view, the right hand side of the Euler equation is a force, and the

/Uldxzo

reflects Newton’s law that every action must have an equal and opposite reaction. This axiom, in

condition

turn, implies the conservation of momentum in classical mechanics.

When translated into the general Hilbert space framework for solving elliptic equations, the
condition required on the data U’ = e*(*)y! is that U’ be orthogonal to the kernel of the operator
adjoint to the divergence operator P(Q) = 9;Q7'. Here the operator adjoint to P is the operator
P*(v) = —1(87v" + 8'v7), which is essentially the symmetric part of the derivative. The tensor
vt + 0'v7 has the familiar geometric interpretation as a deformation tensor of the vector field v
— that is, it expresses the Lie derivative £,87! of the inner product 67! when pulled back along the
flow of v. Those vector fields whose deformation tensor 87v' 4+ 0'v7 vanishes are called Killing vector
fields, and they consist of those vector fields whose flows generate isometries of the space. On the
torus, these Killing vector fields consist of the translation vector fields; that is, vector fields whose

! are constant on T® — the integral 0 condition is the condition that v be

component functions v
orthogonal to translations.
In view of Noether’s theorem, the constant vector fields which act as Galilean symmetries of

the Euler equation are responsible the conservation of momentum. In this case, conservation of

momentum for solutions to Euler is proven directly by integrating any component of the equation

aﬂ)l + Bj(vjvl) + alp =0

in space.
As the proof reveals, all solutions to the Euler equations, even those which only belong to L2,

conserve momentum. In fact, by the same proof for the equations

ot 4 9;(vivt) + d'p = 9, RV

all solutions to the Euler-Reynolds equations also conserve momentum. Conversely, any incompress-

ible flow which conserves momentum can be realized as a solution to the Euler-Reynolds equations
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by solving the divergence equation 9; R/ = ;v + 9;(v/v!). The orthogonality condition implies
that only those forces U' which do not inject any momentum into the system can be realized as the
divergence of a stress 9;Q’!, thereby guaranteeing the conservation of momentum for the solutions
we construct.

This condition will not present any difficulty for the present argument, since all the terms U*
which arise when we introduce the correction vy = v + V satisfy the orthogonality condition. For

example, the data for High-Low interaction term
0;Q1 = 0;(V7v))
has integral 0 since it is a divergence, and the data for the Transport term
0;Q% = 3,V + 0;(vIV')
has integral 0 because

8tV:VX6tW

and the curl of any vector field on T? has integral 0.

3.3.2 The Parametrix

Having discussed the compatibility condition for solving the equation, let us now prove the main
oscillatory estimate on the solution. To convey the idea, we first prove a simple (C°) version. To
be consistent with the notation of the paper, we keep a scalar A in the statement of the theorem,

although A\ can without loss of generality be absorbed into the phase function if one prefers.

Proposition 3.3.1. Let U' be a smooth vector field on T? such that fTS Uldx = 0, and suppose
that U can be represented as el for some smooth vector field u' and some smooth, real-valued
phase function & defined in a neighborhood of the support of u! whose gradient does not vanish at

any point. Then there exists a symmetric, (2,0) tensor field Q' on T? solving the equation
87Q]l _ Ul _ ei){(r{:)ul

which depends linearly on U' and for any p >3, 0 < s < 1 satisfies the estimate

IVE (L 1 IVE e ID%El) )"
- v

|Q7! | cocrey < C<
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The implied constant depends only on s and p.

The s = 0 case derives from the following, standard elliptic estimate, which is used as a lemma

in the proof.

Lemma 3.3.1. If f' be a smooth vector field on T? such that ffldx = 0, there exists a symmetric,

(2,0) tensor field Q' depending linearly on f' which solves the equation
Q" = f

and satisfies the bound

Q7 lwrwcrzy < ClIFllLers)

so that, in particular when p > 3

1Q! lcocrsy < CIf||Le e

The theorem itself provides an interpolation between the C° estimate in the lemma, and the s = 1
bound. In fact, the s = 1 case of the following lemma is sufficient for the construction of continuous
weak solutions, but we prove the proposition for fractional regularity in order to demonstrate the
robustness of the method, and because the proof illustrates a main theme of the paper.

The idea of the proof, which generalizes the approach taken in [11] to nonlinear phase functions,
is as follows. When using the Fourier transform to solve this equation, the key observation to be

l

made is that whenever ' is constant, and £(z) is linear (so that the derivatives 0;¢ are constant),

an exact solution can be obtained by the formula

Q7! (eiwm) qu>

1
D)
for any constant tensor ¢7' solving the linear equation

i0;¢q7 = !

pointwise. In fact, one can arrange that the solution ¢’! is given by a map

7' = @' (VE)[u] (3.19)
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which is homogeneous of degree —1 in V¢, and which is linear in .

If 0;¢ and u! are not constant, but are still smooth, one can still obtain an approximate solution
of this form, and eliminating the error requires one to solve 9;@Q7' = f!, where the data f! is small
in LP, allowing us to apply the lemma (3.3.1).

We now proceed with the formal proof:

Proof. The preceding discussion suggests that we begin with an approximate solution e**é(®) gt

where ¢7! solves the linear equation z'aquﬂ = u! pointwise, but doing so is only a good idea when

u! is smooth. Therefore, we find an approximate solution to ;@' = ¢*Sul, where ul = 5. x u

l
is a standard mollification of u!. As is typical of stationary phase arguments, the parameter e will
be optimized later to ensure that the oscillations of the phase function are rapid compared to the
coarser scale variations of u!; a mollification in a similar spirit will be used at many other instances
in the main body of the paper. In any case, we do not expect to observe cancellation here unless
the “frequency of u” is less than that of A¢; otherwise u! could be of the form e ")yl

(ue-VE)

L, we first decompose u! = ulJ_ + e 0'¢ = uJ_ + uH,

To solve the linear equation ic’?ijgl = U,

where (uy)- V¢ =0, and u| points in the direction of V. We then set ¢’! to be the sum

@' =i + ) (3.20)

= ¢ (VO)lud] (3.21)
where

" 1
qﬁ_ ‘V§|2 (ajgul +6l£uj_)

so that 0, qu_ = ull, and

il
weE

il _
q =

so that ijqﬁl = uﬁ.

We now seek a solution of the form Q7! = %6“‘%? + Q{l where Q{l must satisfy the equation:
Q1 = f'

with the data f! = —e @) ((u! —ul) + 10;¢2").
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Since the error term on the right hand side is still of the form e**é4!, it is possible to iterate the
preceding method in order to produce a higher order approximate solution at the price of taking
more derivatives of £ and u!. Later in the paper, we will use a higher-order parametrix.

For now, we will simply observe that the remaining data can already be regarded as bounded in
LP. The right hand side also has integral zero because it is of the form U' + 9, Q’', and the original
data U'! was assumed to have integral 0. Therefore, by the lemma (3.3.1), there exists a smooth

solution Q{l on T? obeying the estimate

il < Lire(e 1,
Q7 | co =y ~ € ((u! —ul) + Xaqu)lm(TB)
< 1 ;
~(w = ue)|ze + XIWN?HM

1 .
<
~ el s, + XHajqzl”LP

We will not be using any special structure involving the divergence, so one might as well take
the entire norm ||Vg.||z». Let us estimate the size of 9;¢! as follows. By differentiating the system

of equations

Ve = (P eul, +d'ew) + (ue - VE)§!

IVEPug = [VEPUlL + (ue - VEI'E

one computes that 9;¢! as a linear combination of many terms of only two types.
e Type 1: Terms whose LP norm can be controlled by || V&7 [|2.||V2E]|Lr||ue||co
e Type 2: Terms whose LP norm can be controlled by || [V&| ™1 ||pe||Vue||z»

One can check this estimate by enumerating the terms, but we point out that these estimates are
exactly what one expects from a solution to 9;6¢’! = u! if one thinks of ¢7' as schematically given
by “q =~ vig” and applies the quotient rule formally. Note that, by the Sobolev imbedding theorem,
we can also control ||uc||co with ||ue||w1.», so that only the WP norm of u, needs to appear in the

estimate.
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The upshot of these estimates is that we can now bound

) 1 )
l <
1Q1 lcocrsy ~ €f[ullwsr + Xllajq’lllm
ILIVEI (e
+ A

LIVE~ e
* A

< s —
~ € lullwe L+ 11 Ve oIVl L) el s

S e |lul[wer L+ Ve Nz l1V2ellLr) € lullwe

It is now clear that, regardless of s, the optimal choice of €, which balances the two terms, is

Ve

3 (L1 IVE [z IV 20)

As expected, this choice of € ensures that u. can only oscillate at a scale coarser than the scale

at which the phase function \¢ oscillates.? With the above choice of ¢, the bounds stated in the

theorem apply to @?'. By the same considerations, the parametrix Le g can also be controlled
-1

in C% by MH%HWM’ and therefore obeys the estimates stated in the theorem, which

concludes the proof. O

3.3.3 Higher order parametrix expansion

Later on in the proof, we will have to modify the argument used in the proof of Proposition (3.3.1)

for solving the equation (3.18). Namely, we will construct a solution to
9,01 = M@l (3.22)

by taking a higher order expansion of the parametrix

Qi = Q{ZD) + Qﬁ)) (3.23)
- b g
Qﬁ:)) — Z EME% (3.24)
(k)=1

2We remark that when s = 1, the result can be obtained without any mollification (¢ = 0).
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where each g solves a linear equation

iaqu{{) = ! (3.25)
i0;€qlyy = uy) (3.26)
il
Uy = ~0i @,y 1<k<D (3.27)
using the linear map
¢! = ¢ (VE)[u] (3.28)

defined in (3.21). Then @ p will be used to eliminate the error

l
) U
! ixe _ (D)
The reason we will need a higher order expansion for constructing Hélder continuous solutions is
that the parameter \ will be large but limited in size. In fact u will have “frequency” = where Z is
basically the frequency A chosen in the previous stage of the iteration, while we will have A ~ Z1+7

for some small > 0. In this case, one can only obtain an accurate approximate solution from the

parametrix after a high order expansion in A.

3.3.4 An Inverse for Divergence

One way to prove Lemma (3.3.1) is to define the following operator, whose symbol in frequency

space is exactly the map ¢/!(V¢)[u] defined in Line (3.21) of the proof of Proposition (3.3.1).

Proposition 3.3.2 (Elliptic Estimates). There exists a linear operator R\ such that for all vector
fields U € C>=(T?) we have
o, RM' U} = P[U)!

where P denotes the projection to integral 0 vector fields.

Furthermore, R satisfies the bounds

[|VFRIUT| | pagrsy < Crl|VFU || pacrs) k>0 (3.30)
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and gives a solution with integral O
/ RIU)da = 0 (3.31)

Remark: Here we only state estimates for L* norms rather than general LP norms, since the

L* estimate suffices for our proof.

Proof. We define R as a sum
RI[U] = R1[U] + R2[U] (3.32)

using the Helmholtz decomposition of U into its divergence free and curl free parts.

U =d'AT1o,U + (U = d'A~1o,UY) (3.33)
= 0;[ATIoU ] + (U - 0'ATIOU) (3.34)
= 9;[Bi(ATIPUN + (U - ' ATI9UY) (3.35)
= 0;[RY' U] + HU' (3.36)

Observe that HU'! is divergence free, so to define R, it suffices to choose

R U] = & [ATYPHUY + ' [A™ PHU| (3.37)
so that
;R [U) = PHU (3.38)
and
& [RIU + RINUY = 9;|a1aU ) + P(U' — 8' A~18,U7) (3.39)
=PU! (3.40)

For k = 0, the estimate (3.30) reads

[IVRIU]l|Lacrsy < ClU||pa(rs) (3.41)
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This inequality is a consequence of the local Calderén Zygmund estimate

1D fllaey < CUIf|lLacB) + IAf| Laen)) (3.42)

applied to f' = A™'PU' and taking any ball B C R? containing an entire periodic box T% C (B/Z3).

In this case, because f' = A~'PU! has integral 0, we are able to replace the term
1|z = [[APU| 4
by

|ATPU||pa2my < C||ATPU||pacrsy (3.43)

< O|[U] e (3.44)

which can be quickly verified using, for example, Littlewood-Paley theory.
This finishes the proof of (3.30) for &k = 0. For k£ > 0, the bound follows from the fact that R

commutes with spatial derivatives. O

3.4 Constructing the Correction

3.4.1 Transportation of the Phase Functions

We begin the main construction by considering the Transport term. Let us fix a solution (v, p, R)
to the Euler Reynolds equations and consider a correction v1 = v+ V|, p; = p+ P. We will think of
v as an approximation to the “coarse scale velocity” since the solution ultimately achieved by the
process will resemble v at a sufficiently coarse scale.

We must eliminate the Transport term by solving the equation
Q8 = V! +9;(v VY

with a stress QJTZ of size |Q| < |R|. Ideally, the stress () can be made arbitrarily small by choosing
A sufficiently large.

Recall that the correction V! takes the form of a superposition of waves V! = 3" I V%, where each
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individual wave V} is an oscillatory, divergence free vector field of the form
Vi = eMg

Before we discuss how to handle the stress term, we must leave the amplitude 17l1 unspecified, however
we will insist that its space-time support be such that, among other things, |V¢;| remains bounded
from 0 so that the oscillatory estimate can be applied. Substituting for V' and differentiating naively

gives

BtVl + aj(’Ule) = (8t + vjaj)Vl)

= > M(EA) (9 + 7 0;)E1T) + (0; + 07 0;)]]
I

As we are able to gain at most a power of A from solving the divergence equation, it seems that
unless &7 obeys the transport equation (9; + v/ 0;)&r = 0, we will not be able to adequately control
the size of the solution QJTZ — formally, the data is at least of size \|o;| ~ A\|R|'/? giving a solution Q
which is at best size |R|'/2. This impression is almost correct, however, one cannot afford to allow
& to inherit the fine scale oscillations of the coarse scale velocity v7. Instead, it is natural to limit
the frequency of the transport term, by using a mollifier v/ = 7., *v7, and letting €, be a parameter
that must be chosen sufficiently small.3

We will refer to v, as the coarse scale velocity.

So in fact we treat the transport term by first decomposing
OV +0;(vIVY) = 0V + 010V + 05 ((v — vV
This mollification introduces a term
(v — )V VI —l)

€

which will constitute part of the new stress R{l, and the parameters €, and A will later be chosen

sufficiently small and large respectively so that this term is acceptably small.

3To produce continuous solutions the mollifier ne, may be in both space and time variables. For Holder continuous
solutions, we will only mollify v in the spatial variables.
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The transport term can now be written
OV +0ig V= Z NI [(GN) (9 + v10))ErY + (04 + v210;) D]
I
We will require that all the phase functions obey the same transport equation

(0 +0v!0;)¢r =0 (3.45)

&(t(I),x) =& (3.46)

Therefore, although we will choose linear initial data é ; for the phase functions &7, they will
immediately cease to be linear, and will only remain useful in the oscillatory estimates for a short
period of time |t — t(I)] < 7 depending on v. We are therefore forced to embed appropriate time

1

cutoff functions into the definition of the amplitudes ¥;. These cutoff functions must restrict the

lifespan of V; so that the following requirements remain fulfilled:
e Nondegeneracy: We require |V¢;| to remain bounded from 0

e Higher derivative bounds: We will also require that D?¢; remains bounded (uniformly in

I), because the oscillatory estimate requires us to differentiate the amplitude of the data.

The price we pay for introducing a time cutoff function is that the time cutoff itself will be differen-
tiated in the transport term, and the shorter the lifespan, the larger the induced stress. Therefore,
the time parameter 7 governing the lifespan of V; must be chosen to achieve the above objectives
before the parameter A is chosen to ensure that the resulting stress is small.

It is interesting to reflect on how some approximation to this phase transport requirement can
be seen in previous constructions of solutions to the Euler equation which fail to conserve energy,
including Schnirelman’s use of “modulated Kolmogorov flow” in [24], the late stages of the solutions
to Tartar’s wave cone used in the argument [9], and the phase modulations in the argument [11].

We have now explained the constraint that the transport term imposes on the phase functions.
We cannot begin to make estimates on the solution until we have specified the amplitudes v; of
the correction, and these cannot be specified until we describe how to eliminate the Stress term
QY = 3, (VIV} + Pyd?t + 9;R7'. However, before we can resolve the stress term, we must first
explain how the High-High interference term is dealt with, since eliminating these terms will involve

imposing an additional constraint on the amplitudes v;y.
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3.4.2 The High-High Interference Problem and Beltrami Flows

The High-High interference term is given by

0;Q% =Y 9;(ViVy)"! (3.47)
J£T
where each V7 is an oscillatory wave of the form V; = €15, and the condition that I #* J will ensure
that V¢ is separated from —V¢;, so that the symmetric product (V; V)t = Letr(&r+€s) (o)0h o))
genuinely has high frequency after we have proven an upper bound on |V (&7 + £7)| 7L
Interference terms such as these are typical in even the simplest examples of convex integration
and other related constructions such as the construction of nowhere differentiable functions. There
must be a way to ensure that the correction chosen to achieve a certain objective in a region 2 does
not interfere with the correction chosen in an overlapping region ', otherwise there is a danger of
“stepping on your own foot” during the construction. The device introduced in [11] which overcomes
this difficulty for the Euler equations is to look at Beltrami flows — that is, eigenfunctions V x v = pv
of the curl operator, which are automatically stationary solutions to the Euler equations.*
Here we will impose a microlocal, Beltrami flow condition. To be specific, recall that the indi-

vidual waves take the form

wal

1 _ _
Vi = XV x (e%Twr) = e (v + \ )

where w; is a pointwise solution to the linear equation (iV&r) x wy = vy, so that the amplitudes
vy are required to point in a direction perpendicular to the direction of oscillation V¢;, like any
high-frequency, divergence free plane wave should. The high frequency analogue of the Beltrami
flow condition V x v = pw, is the pointwise condition (iVEr) X vy = pvr, where the eigenvalue
must be one of p = +|V¢;| since those are the eigenvalues of (iV&r)x when viewed as an operator
on (V&r)t.

We will therefore require that

Vf]"l)]:()

(iV&r) x vr = |VEr|vr

4More generally, a Beltrami flow can be of the form V x v = u(z)v for an arbitrary function pu(z).
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holds pointwise, and choose

_ (V&) _ 1
wr V] = =— VU1

= X
IVEr|? |VEr|

If we untangle this requirement in terms of the real and imaginary parts alI7 blI € R3 of le =

ab + bk, then the Beltrami flow condition can be phrased as:

Vér-ar=0
-5
or equivalently
Vér-br =0
{5

Therefore, our final remaining degree of freedom in the choice of V7 is, without loss of generality,

the imaginary part of its amplitude, by, which itself is required to be perpendicular to V&;. We will

specify this amplitude, its support in space-time, along with the index set I in the following section.

For now, we explain why the choice of approximate Beltrami flows helps to estimate the High-

high interference term (essentially, we will go through the proof that Beltrami flows are stationary

solutions to Euler).

We rewrite (3.47) as

. 1 ) )
0Q = 5 Y 4 (VIVi+VIVD)
JAT

and use the divergence free condition to write

, 1 . ,
0,Q = 5 Z Vi 9;Vy +Vi9;Vi
JAT

Let us fix a pair I, J, and permute the indices

Vi9; Vi + ViosVi = (Vi);[09V) — 0'Vi] + (Vi) 07V} — 8'V})

+ (V1);0'V] + (V)0V}

37

(3.48)

(3.49)

(3.50)

(3.51)



The second of these terms is actually a gradient,
(V);0'V + (Vy);0'V = 0! (Vi - Vi) (3.52)

and it will be absorbed into the pressure by a term

P=Py+» Pry (3.53)
JAT
Py =Y VD) 'QV") (3.54)
We now are reduced to solving
0 Q% 1y = V03[0 V) = V] + (V) [0V — 0V (3.55)

In three dimensions, a special observation can be made using the alternating structure of the
right hand side. One way to see it is to recall some notation. Let us recall the volume element

b

€ which is the fully antisymmetric tensor defined so that the trilinear form e**“uq,vyw, gives the

signed volume of the parallelogram u A v Aw. We recall the basic definitions (u x v)® = €®*uyv,. and

(V x v)* = €®9yv,. Using these definitions and the elementary identity®
€Ceorg = 5500 — 540}
we establish the calculus identity
(V1);[07V) — 'V + (Vy);[07V] = 0V ] = =V x (V x V) =V x (V x V) (3.56)

At this stage, it is clear why curl eigenfunctions are helpful. Namely, if we were using eigenfunc-

tions of curl

V x V[ = /\[V[ (357)
V x VJ = )\JVJ (3.58)
Ar=As (3.59)

5This identity gives two different expressions for the inner product on the second exterior power of A2(R3). Tt can
be proven by testing against components of an orthonormal frame, and the proof can be accelerated by observing
that these tensors are both antisymmetric in (ab) and (fg).
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with the same eigenvalue, then their sum would be a curl eigenfunction and (3.56) would be identi-
cally 0. The “microlocal Beltrami-flow” condition says that v; is an eigenfunction for the symbol of

curl, namely
(ZVf[) X Vr = ‘ngl’l}[ (360)

In this way, each V; looks like a curl eigenfunction to leading order in A.

We now express (3.55) more completely as

0;Q (17 = —ANEFED (5 X [(iVEy) X By] + By X [(iVEr) x 1)) (3.61)
= —XeMEHE) (< [(iVES) x vg] + vy x [(iVEr) X v1])
= eMNEFED(V x wy) % [(iV€7) % 05) + (V x wy) % [(iVEr) x @r]) (3.62)
— P& (4 % [(1IVE)) x (V x wy)] + vy x [(iVE)) x (V x wy)])

= —XePMEFE) (4 % [(iVES) X vy] 4+ vy % [(iVE]) x v1]) + Lower Order Terms (3.63)
Using the condition (3.60), we add
AeMETHED (4 s vy + vy X vp) =0
to rewrite the High-High interference term (3.63) as

anﬁf,(IJ) = —XePMEFE) (4 % [(IVEs] — 1)vg] 4+ vg x [(|[VEr| = 1) x v7]) + Lower Order Terms
(3.64)

Our strategy for ensuring this term can be controlled involves imposing the following additional
conditions on the phase functions:
e Synchronized Periods: We require that |V&;| = 1~ |VE&;| for all I, J.

e Angle separation: We require |V¢; + VEs| to remain bounded from 0 for J # I so that the
parametrix can be used. Since the V&; and VE&; both have absolute value essentially one, this

lower bound is equivalent to the angles between the gradients being well-separated.

These properties will be guaranteed by taking initial values

&), ) =& (3.65)
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for the phase functions which have angle-separated gradients, and such that \Vé 1| = 1 everywhere.
We then use the time cutoff function in the amplitude to make sure that the lifespan of V; are
sufficiently short so that the equal periodicity condition holds is maintained. This lifespan will
depend on the given v, as the gradient of v. enters into the transport equations for the phase
gradients.

From our preceding discussion, we have established that the final remaining degree of freedom
in constructing the correction goes into choosing bll7 the imaginary part of the amplitude of vll, as
well as precisely specifying the phase functions. We know that the amplitude b; will involve cutoff
functions in space and time chosen so that the phase function &; can exist on the support of by
without any critical points and its derivatives can remain bounded, and also so that the the building
blocks will still approximate Beltrami flows. Up to the choice of some parameters, the construction
will be completely specified in the following section, where the amplitudes b; are chosen to make

the contribution of the stress term small.

3.4.3 Eliminating the Stress

Here we discuss how to construct the corrections Vi, Py in such a way that the Stress term

QL => (ViV}) + Pyo?' + R (3.66)
I
can be reduced to a new stress Q]; much smaller than R/ in C° after appropriate choices of V;
and Py. In the process, we will describe the initial data (3.46) for the phase functions and also the
set Z by which the corrections V; are indexed. A brief summary of the results of this section are
summarized by the Proposition in Section (3.4.3).

In this part of the argument, we will take a different approach than the one taken in [11]. Their
approach is based on Carathéodory’s theorem for convex hulls, and does not seem to generalize
readily to the setting of nonlinear phase functions.

Unlike the Transport term, the High-Low interaction term and the High-High interference terms,
the Stress term (3.66) does not require us to solve a divergence equation. Rather, eliminating this
term is essentially an algebraic problem which can be thought of as calculating an elaborate “square

root”.

40



We will choose V' =3", Vi and Py to ensure that

> (ViVH+ P + R~ 0 (3.67)
I
is sufficiently small pointwise.
Roughly speaking, making the error (3.67) small pointwise will give the amplitudes of V; size
V| = |R|*/2. We will need to measure the size of the derivatives of V7, so we will attempt to ensure
that the terms V; are balanced in size |V;| ~ |R|'/? where they are supported, since a derivative

OR'Y/? can be quite large when |R| is small.

The Approximate Stress Equation

Before starting the construction, we observe that one only has a hope of solving this equation if
Pyo’! + R is negative definite. Although we cannot fully eliminate R/’ by adding a multiple of
the metric 67!, we can at least ensure that the sum Pyd’! + R7! is negative definite, and is also not
significantly larger than R7! itself by choosing Py of size |Py| ~ |R|.

The other issue we must take into account is that if we solve the equation Y=, (V7 V}) + Poo?t +
RI' = 0 pointwise, then the individual waves V; inherit the fine scale behavior of R7 (which is
inconsistent with the basic philosophy of the construction), and their higher derivatives will therefore
not obey good estimates. A similar issue arose while considering the Transport term.

To deal with the latter issue, we will first replace R by a version R. = 0, *: R which is
mollified in both space and time variables. The scale er of this mollification will be chosen later
in the argument so that the error R — R, is acceptably small. Actually, in order to achieve sharp
regularity in the main theorem, it will be necessary to do something more complicated than a
simple-minded space-time mollification.

Finally, observe that, without loss of generality, we can assume that R, is trace free by absorbing

67!

the trace part (Rgléjl)T into the pressure. More specifically, we choose a correction of the form

t RIS,
py= ) (B g (3.68)
n n
and with this choice the equation
> (ViVi) = =Pyt — RI! (3.69)

I
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takes the form

SOV = o)~ R (3.70)
where the tensor

Bl il 15 8
Rl = Rl = (R0
n
is the trace-free part of R,
Here e(t) is a non-negative function which must satisfy certain restrictions such as those of
Lemma (3.2.1). For example, we impose a lower bound (3.1) on e(t) to make sure that the right
hand side of (3.70) is, among other things, non-negative definite.

Prescribing the trace e(t) in equation (3.70) gives us precise control over the energy

/|V|2dm = /valéjldx

added into the system by the correction V. Namely, since the components V; and V oscillate rapidly

in different directions for J # I, they are almost orthogonal

/wad:mo J AT

leading to an approximate energy increase of

/\V\de = Z/VI-Vde (3.71)
1,0
z/ZVI-VIdx (3.72)
I

~ / edx (3.73)
T3

if we can solve the stress equation equation (3.70). Therefore, in terms of dimensional analysis, the

function e, much like p and R, should be regarded as having the dimensions of an energy density

length2 )

(OI‘ time?

Of course, we cannot solve equation (3.70) exactly, because we have also required that each Vi
be divergence free. However, as we explain in the following section, equation (3.70) can be solved

approximately when the oscillation parameter A is sufficiently large.
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The Stress Equation and the Initial Phase Directions

Let us recall that each V; can be represented as

V] = 6“‘51 17]
eiAEr
A

= ei)‘fl (,UI +

VX( ’LU])

VXU}[)
A

When ) is large, the v; term dominates the % term, and we have an approximation
Vi~ ey,

We still have freedom to choose the amplitude vy, so instead of solving equation (3.70) exactly,

we will solve the equation

The Stress Equation

- §It .
> wjvh =e— — R (3.74)
- n
and solving (3.74) will leave an error term

; V x wy)I ot vV x wp)!
lezz( )\I) I+Z 1( S I)
I T

4 Z (V X ’u}])/]\gv X U)])l
I

(3.75)

which composes part of the new stress R{l.
In Section (3.4.2), we introduced the requirement that the complex amplitude v; must satisfy

the microlocal Beltrami flow condition (iVE&r) x vy = |V&r|vr, and assuming this requirement was

satisfied, we defined w; = ‘(lvvéﬁ X vy = ﬁv;. If v; = ay + iby is expanded into its real and
imaginary parts, then the Beltrami flow condition can be written b; = (|ivv§f\) X ar.

The imaginary part by is our last remaining degree of freedom, but it is still constrained by the
requirement that

VEr by = 0i€1bh =0
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expressing the condition that the waves be divergence free. The real part a; defined by

A%3))
%31

ar = X b[ (376)

satisfies the same requirement, since it is a rotation of by within the plane orthogonal to V&; by an
angle of 7.
By expanding each vy in terms of real and imaginary parts, the equation (3.74) becomes
3l

) . 5 ..
> (afa} + blbh) = e RI!
I

No matter how b; is chosen, as long as by is indeed orthogonal to V&, the bilinear form which arises
on the left hand side is given by

DIE0%Es

ajas + 030 = P07 = SgE St

where 67! — % is the orthogonal projection of the inner product 67! to the plane (V&;)*. This
fact follows from equation (3.76), which implies that a; is orthogonal to by and has the same absolute
value. One can also check this identity by showing that the form 11}17[1 restricted to the plane (V&r)+
is invariant under any rotation within the plane, and is determined up to a constant by this property.

Using these observations we can write the equation (3.74) in the form

i 09610 ;
br|?(69F — =222 20 = I 3.77
2P g (1)
for a tensor
. oIt .
G =e— — R (3.78)
n
which is positive definite as long as.
e > K|R| (3.79)

for a sufficiently large constant K. The constant K in (3.79) is an absolute constant which we will
wait until later to specify. Regarding the choice of e, the reader should keep in mind that we expect

an estimate of the type |V;| &~ |b;| < |R|'/2. Furthermore, obtaining bounds on the derivatives of
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V7 will basically require us to differentiate the equation (3.77), which will require lower bounds on
|br| as well.
With the stress equation in the form (3.77), we can now explain how the phase functions &; and

the amplitudes b; are constructed.

The Index Set, the cutoffs and the phase functions

We have established already that the phase functions £; must satisfy a transport equation
(8t + vgﬁj)& =0.

What remains is to specify their data. Each phase function will be given an initial condition at time
t(I), and to assure that equation (3.77), one requirement we impose on the phase functions is that

the tensors
D1¢10%;
V&2

st _
must span the space S of symmetric, (2,0) tensors at any point. Therefore, at each point in R x T3
we will require at least 6 phase functions to solve (3.77) — or 12, rather, since the negative of each
phase function will also be included. The phase functions will only be defined on some open set
Qr(t) C T3, where Q; is the image of a parameterization (®7(z,t),t) : Qo x R — T2 x R, which
moves under the flow of v..

The amplitude function will be equipped with two cutoff functions:

by = n((t —t(I)) /7)1 (w, ) 1 = nrprbi

The cutoff 17 localizes to 2;, so that we will not have to worry that the phase function fails to be

defined globally. In order to be compatible with the transport of £;, we will also have
(0r + v0;)¢r =0,

so we only have to specify the initial values for both & and ;. The cutoff n((t —¢(I))/7) limits the
lifespan of V7 to a time period less than or equal to 7, where 7 is a small parameter that remains to
be chosen.

To continue, we will have to explain the set Z to which the indices I belong. The purpose of

the index [ is to record both the location of V; in space-time, and the direction V&; in which V;
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oscillates. The strategy is the following: at time 0, we cover the torus T2 with 8 charts, and on
each of these charts we place 12 phase functions £; so that the six directions determined by the &;
allow us to solve (3.77) for an arbitrary right hand side within that chart. We must cut off these
amplitudes after a very short time interval, at which point the phase functions must be replaced by
another group of phase functions whose amplitudes will also be supported on 8 charts. To avoid
interference in the High-high interactions, we also must make sure that any pair V; and V; who
share support in space time oscillate in well-separated directions. The cutoff functions are chosen
as part of a partition of unity which allows us to patch together local solutions of the quadratic

equation (3.77), and such a choice is consistent with the transport equation.

The index set as a graph and some notation With this rough description in place, we choose
the index set Z = (Z/(2Z))® x Z x F. The F coordinate is meant to specify the direction d¢; in
which V7 oscillates, so F will have 12 elements; to be concrete, let ¢ = (1 + v/5)/2 be the golden

ratio and set

b {i(o,l,iw L (.2p,0) jE(ﬂ:w,l)}

VI+e? V142 147

to be the set of normal vectors to the faces of a dodecahedron in R3, which themselves form the

vertices of an icosahedron. It will also be useful to define the projective dodacehedron

_ )0, L,+0) | | (L£p,0) | | (£#,0,1)
F_F/<ﬂ>_{ Vit [ Vite [ Vite }

The advantage of doing so is that F inherits the action of the icosahedral group, but accounts for
each of the |F| = 6 directions in F' exactly once.
The discrete coordinate k(I) = (k,ks) = (k1, k2, k3, ka) € (Z/(2Z))? x Z determines which chart

Qr = Q on T3 x R contains the space-time support of b7, and there is a function
(x(D),t(): (Z/)(22))* x Z — T3 x R

which will describe the “center” of Q. If we let €%, i = 1,2,3 be the standard generators of the

lattice Z3, then we set

3
(@(D).HD) = (5 3 wie' 7ha)

Rather than view Z as simply an index set, it is useful to think of Z as the vertices of a graph,

where we connect any two indices [ if the supports of V; overlap. So let us also define the set of
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neighbors of I, including I itself, to be the set

NI = N(ska )= |J (W} xF
k'eN (k)

where the 23 x 3 neighboring discrete positions N (k) are defined by
N (5, kg) = {(k, k) + ure’ + uge? + uge® + uge* | u; = —1,0,1}

Each vertex I in the above graph has |V (I)] = 23 x 3 x 12 neighbors.
Whenever some object with an index, say ®; or {2;, only depends on only part of I, say k =
(K, k4), we will abuse notation and write both ®; = @y, or ; = Qy, to refer to the same object. We

will also introduce the notation

I(k)=kxF

and

I(ks) = (2/(22))° x {ka} x F

to abbreviate important families of the indices.

The Cutoff Functions and Partitions of Unity The amplitude is equipped with two cutoff

functions:

by = n((t = t(1)/T)vr(x, t)bh y = n((t — Tha) /7)1 (2, )0 ;.

The function 7(¢) is a smooth, non-negative bump function with compact support in C2°(|¢| < 5/6),

such that

ZnQ(t—k) =1

kEZ
and it is rescaled and reoriented to construct many of the other cutoff functions we use. To construct
such an 7, first take a smooth bump function 7 equal to 1 for |¢| < 2/3, and supported in |¢| < 5/6,

and set
7i(t)

Ve M= k)

n(t) =
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which is smooth because the denominator is bounded away from 0. We use a partition of unity

based on squares because this will allow us to patch together local solutions of

DIE0%;

2530 _
O = e

e

Z |br1
7

which is homogeneous of degree two in the unknown absolute values |by 1.
For each index k4, the cutoff functions v; = %, x,) will also be part of a similar partition of
unity. We start by periodizing 1 to construct a partition of unity ¢, (z), x € (Z/27)3 of the torus,

where each 1, (x) is supported on a single chart of the torus

1[%(17161 + xo€? + a:363) = noz(2x1 — K1)N2z (222 — Ka)Nez (223 — K3) (3.80)
z; €R (3.81)
mz(y) =Y nly — 2k) (3.82)

keZ

Observe that v, (z) is integer-periodic in each z; and is well-defined as a function of r; € Z/27Z.
Also note that v, is supported in a single % X % X % box on which our phase functions can be safely
defined without critical points.

Now define 1 = 9, 1, to be the unique solution to the initial value problem

(0 + 10, =0 (3.83)

wn,lm(z?t(l)) = JJK(I)('T) (384)

This way, at the initial time ¢ = ¢(I) = 7k4, we have

Yo Af@t) = Y @) =1

w€&(Z/(22))? w€&(Z/(22))®

and this identity will propagate for time ¢ € R by the transport equation.

The Phase Functions For an index I = (k,kq, f), the phase function £; will only be defined
around the support of ¢ (x,t), allowing it to exist without critical points. It is convenient to specify

the domain of Q;(t), which is transported by the flow of v.. Set Qo = (—7/8,7/8) x (=7/8,7/8) x
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(—7/8,7/8), and define ®; : Qy x R — T3 x R to be the unique solution to the ODE

% =0l (& (2,1)) (3.85)
®7(z,t(I)) =z + z(I) mod Z3 (3.86)

From the well known theorems on transport equations and ODE, the solution ®; to this equation
is unique, it exists for all time because T? is compact, and it remains a bijection onto its image
Q;(t) because it can be inverted by reversing the flow. The fact that ®; is defined for all time is
unimportant for us since we will be restricting to a short time interval, but observe that {; covers
the support of 1y, moreover ¥y, (®;(x,t)) = 1bo(x).

We can now define the phase functions as solutions to the transport equation

(O +010;)ér =0 on Q(t) (3.87)

&), x) =¢&r(x)  on Qr(t(I)) (3.88)
Our study of the High-high frequency term motivates us to require that the initial phases é 7 have
the following properties:
e & is a linear function
o |VE| =1 forall I
e There exists a ¢ > 0 such that |Vél + V§‘]| >c>0foral J#1T

e For each k = (k, k4), the tensors

{(gjl _ PewnP s fe F}
IVE k12

form a basis for the space S of symmetric, (2,0) tensors at every point on €.

Once these requirements are satisfied initially, the latter two will remain true for a short time, and
the first two will only hold approximately.

For the chart k = (k, k4) = 0, it suffices to pick phases {é(o) #) | [ € F'} with icosahedral symmetry

é(oﬁf)((l)o(x,O)) =< fiz> (3.89)

All the above properties can be checked for this choice, the first two being immediate and the latter
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two we will prove shortly.

For the other coordinate charts, we need to make sure that every phase function is separated in
angle from all of its neighboring phase functions so that we still have the bound |V&r+VE | > ¢ >0
for all I # J, with a possible smaller constant c. A simple way to achieve these requirements while
ensuring uniformity in the construction is to construct the initial data by rotating the dodecahedron.

For this purpose, the following fact, which is proven in the Appendix, is helpful.

Lemma 3.4.1. There exists a collection of 2* rotations O,,, indexved by m € (Z/(2Z))*, and a

positive number ¢ > 0, with the property that
[foOm+f 00wl zc [ f€Fmmn e (/L)

holds unless f' = —f and m’ = m. Without loss of generality, one can choose Oy = Id.

With this fact in hand, we can then use the above rotations to assign initial values to all the

other phase functions
ey (Br (@, t(I))) =< fo O, x> k= k(I (3.90)

Localizing the Stress Equation

Recall that we intend to solve the equation

j W&y&) ;
b 2 (6]l o — G]l,
ZI:| : IV&r|?
where the right hand side
59t

Gl =e— — RV (3.91)
n

could be a fairly arbitrary, symmetric, positive (2,0) tensor in Sy.

By representing the amplitude as

by =n((t —t(D))/7)¢r (@, )by = me,Yibl 1,

we can use the partition of unity property of the cutoff functions to form a global solution V' by
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gluing together the locally defined solutions to the linear systems

, i ol ,
S e - ZEOS) gt o, (3.92)
IekxF IVEi|

Indeed, once we have solved the local equation (3.92) for all k = (k, k4), then we can check that

the stress equation (3.77) is satisfied as follows:

g0 51 p 07610'¢
E br|?(67 — E 2 021y 1 12(59F —
| | ‘Vf |2 - 77k4¢1| I,1| ( |V§I|2 )

3 3 h 0760
_ 2 2 2cjl  0°810°&r
-~ Ny w(n,k4)|b1,1| (5 |V€I|2 )

I1€Z(kq)

O gie
S| X | X mre -2
kg

KE(Z/(27Z))3 Ie(k,ka)XF

= ZTIIQM Z w (k,ka) G
kg

KE(Z/(27Z))3

SN
Thus it suffices to solve the local equation (3.92) on each chart € of R x T3.

Solving the quadratic equation

Now observe that each term on the left hand side of (3.92) is repeated twice because by = —b; and
V& = —V¢E;. To take this repetition into account, let us divide by 2, and rewrite the system (3.92)

as

D b - a|é{sa|§f> fGﬂ on Oy (3.93)

I€kxF
where F denotes the set of faces of the projective dodecahedron introduced in Section (3.4.3). In this
form, the six unknown coefficients |b; 1|?, I € kx T, of the linear system will be uniquely determined.
If the tensor G9! were completely arbitrary, we could not guarantee that the coefficients obtained
by solving the linear equation would all be positive, but because of our choice of Py, the trace part

of the right hand side dominates the trace free part, and we can rewrite the right hand side in the

51



form

Gt 1 g9t 5
§It 1
= e(% ) (3.95)
and &7! satisfies the bound
. R
e(R) = — 5 (3.96)
100

where K is the constant in the inequality (3.79).

With the expression (3.95) in mind, we write the amplitude in the form
bhy = e/? .

With this normalization, we can expect the absolute value of b; > to be of size =~ 1 in order of
magnitude.

Although we would like the factor by o to possess as much smoothness as possible, the pointwise
constraint that < V&r,bro >= 0 forces by o to be develop some degree of irregularity. That is,
even though b; o will be qualitatively smooth, its derivatives will grow as its corresponding phase
function is transported. Based on this observation, we first choose a vector field lo)] with size ~ 1

which satisfies < V¢, ID)] >= 0, and then write
by, = €e!/2bh , = 'y b = pbf (3.98)
where the coefficients v; and p; = e'/?v; are determined by solving the linear system (3.93).

Constructing a section of (V¢)4 and the gauge freedom We now wish to choose a vector
field b; which satisfies < V¢, by >=0 pointwise. We first remark that there is a huge amount of

freedom in making such a choice. One can think of (V&;)* as a bundle of oriented planes on which

V&r
[Ver]

(VE)L. Then given any section by of (V&)L (that is, any vector field satisfying < V&7, by >= 0

x acts like a complex structure, as it satisfies the equation J2 = —1 on

the linear map J; =

pointwise), and any function 6(¢,z), one can obtain another section b’I by rotating at each point

b’, = 719, within (V&)1 by an oriented angle . Furthermore, because the transormation e?7?
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preserves absolute values, any solution to the pointwise quadratic equation (3.93) remains a solution

to (3.93). This type of freedom can be regarded as a “gauge freedom”, and the group of operators

e}

would then be the considered the “gauge group”. In fact, the oscillations we produce while choosing A
to be very large are just specific examples of this gauge freedom with the function (¢, x) = A (¢, ).

Here, we do not want to use the gauge group to produce oscillations, but rather we want a specific
section IO)I of (V&r)+ which is as smooth as possible. To be compatible with the transport of phases,

we find it convenient to construct b 7 with an orthogonal projection

(Vésr - VEr)

by = 0'¢or —
€or e

' (3.99)

— PE(VE, ) (3.100)

The phase function of index oI = (k, o f) inhabits the same coordinate patch as that of I = (k, f),
but it points in a different direction, so that we can guarantee that, at times sufficiently close to

t(I), we have
lbr| > ¢ (3.101)

satisfied for some constant ¢ > 0, uniformly on T2. In future formulas, we will express the absolute

value of b; as

|VEr AVE ]2

b2 —
] Ve

(3.102)
because |V§I|2\lo)1|2 = V&2 VE 1|2 — (VEr - VE,1)? is actually the square norm of V& A V&, in
AZ(R3).

One way to choose the index oI is to let o act as an element of order 3 in the icosahedral group.
That is, let o act on a dodecahedron as a rotation by an angle 27/3 around an axis which goes
through two opposite vertices of the dodecahedron. It is easy to see that a rotation defined in this

way satisfies 03 = 1.5 With this choice of o, we can then be assured that of # f and of # —f,

6The icosahedral group can be identified with A5 x (Z/(2Z)) by considering its action on the compound of 5 cubes
(or the compound of 5 tetrahedra) inscribed in the dodecahedron. The group generated by o is therefore a 3 Sylow
subgroup of the icosahedral group, which is unique up to conjugacy by Sylow’s theorem, so in fact all elements of
order three act as rotations in this way.
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since the eigenvalue 1 is only obtained on the axis of rotation (f + o f + o2 f), and on its orthogonal
complement ¢ satisfies 02 + o + 1 = 0, which has neither 1 nor —1 as a root. With this choice, we
can guarantee the property (3.101) holds initially at time ¢t = ¢(I), and this property will remain
true for a short time with a possibly smaller c.

Making the above choice ensures that vy = Uy and is ultimately why we chose to prescribe the

imaginary part by in the first place rather than the real part a;. Namely, since V& = —V&;, we
v -
have that bf = —by, and a7 = _(IVZ’I) X by = ay.

The Stress Equation relative to a Frame The correction V has now been written down
completely except for the choice of several parameters, but we are not ready to proceed with the
construction until it is clear how to estimate the derivatives of the correction. In particular, the
equation (3.93) involves taking a square root to solve for the unknown coefficients, so we must
establish positive lower bounds on the solutions of the linear equation in order to proceed. Using
the expansion (3.98), we can rewrite (3.93) as

. . IO Gt
Z P§|bl|2(5ﬂ - %) = 5
IckxF V|

which can also be written

o |VEAVE? G §6d'E, G

IekxF

using the identity (3.102).

To get more explicit control of py, it helps to express this tensorial equation relative to a basis.
The most natural basis available in this regard is the set of squares V&; ® V&7, because they are
compatible the underlying transport. In this spirit, we apply both sides of the equation (3.103) to

the square 0;£;0,{; with J € k x F, to obtain a 6 x 6 system of linear equations in matrix form

Jly.
> ANVt = % JekxF (3.104)

I€kxF
Here the matrix A(VE), = A(VE, A%(VE))E is

VEr AVEi]* [VEAVES P
Ave), = : I F 1
(V&) S Ve P ,J €k x (3.105)

We need to prove that this linear equation can be solved, and also that the coefficients which arise
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are manifestly positive. At the initial time ¢t = ¢(I), we have the following lemma.

Lemma 3.4.2. The matriz A = AL : RF — RF at the initial time t(I) does not depend on k and is

inwvertible.

It is clear by the construction of the data & by rotations and the formula (3.105) that Al is
independent of k. One can check invertibility by hand using the coefficients of the matrix A%; in
fact, one can show that all the entries in A5 are the same value, except for the diagonal entries,
which are all 0. Here we outline a slightly slower proof. Since the details of the proofs consist of
calculations regarding the dodecahedron and its symmetries, and the results are clear geometrically,
we relegate the proofs to the appendix.

[VEIAVE[?

Given that the numbers Ve are not zero, the matrix AS is invertible if and only if both

of the following statements are true.

Lemma 3.4.3.

1. The tensors {97¢10'¢r = f(I) f(I)! | I € F} form a basis for S

2. The tensors {67 — %?EI =6 — fifl | I €F} form a basis for S

These conditions are equivalent to the invertibility of A’ because the matrix coefficients of A%
are computed by taking inner products of the latter set of vectors with the former.

First we observe that the claim (2) reduces to claim (1) by using the following identity:

Lemma 3.4.4.

i 1N~ i

o= fz@% ff (3.106)
to write down transition maps from one basis to the other. In fact, this form is, up to a constant,
the unique bilinear form in S invariant under the action of the icosahedral group. This claim and
the identity (3.106) both follow easily if we have already proven claim (1) of Lemma (3.4.3). Indeed,
if G/' is any form invariant under the icosahedral group, GJ'f; f; = C for just one f € F, then by
rotating we have

G fifi = C8' fif

ez

15”, which gives the identity (3.106) when we take G7!

for all f € F. Then we can determine C' = ~—

to be the form on the right hand side.
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In our approach, we will use identity (3.106), which encodes the basic geometric properties of
the dodecahedron, as a first step to prove the linear independence (1). This identity is certainly
very well known, but for the benefit of the reader and for completeness of the argument, we include

a proof in the appendix, where the Lemma (3.4.3) is also proven.

Remark about exterior powers It is interesting that the second exterior power appears in the
formulas here because the exterior power can also be implicated in explaining why the approximation
VIV 4+ Pyé?t + RI' ~ 0 can only be achieved in a weak topology. Namely, it is not possible to
approximate an arbitrary tensor field G4 by rank one tensors V/V! in a strong topology because

the form A2G : A%2(R?)* x A%2(R?)* which acts according to the formula

G(u , W G(u LW
AQG(ul A Uz, W1 A\ 'UJQ) = det ( 1 1) ( 1 2)

G(uz,w1) G(ug2,ws)

cannot be approximated by A2V ® V' = 0, implying that almost everywhere convergence of V/V! —
G7' is not possible. On the other hand, the function G — A2G, being nonlinear, is not continuous
with respect to weak convergence, and a weak approximation VIV a~ G9! is possible.

The second exterior power also plays a role in our ability to control the High-High term with

Beltrami flows. There, the key identity is
ecpg = 046y — 550}
which provides two different formulas for the inner product on A%(R?).

The Renormalized Stress Equation in Scalar Form

From the above discussion, we have established that it is possible to solve the linear system
Alar =y,  IJETF (3.107)

when the matrix AL = A(VE), = A(VE)] : RF — RF is given by its initial value according to
(3.105).

In general, we have to solve the nonlinear equation

i
Z AVELp? = %(e% — RIN96506; JEkXT (3.108)

IckxF
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Moreover, in order to control the derivatives of py, we will also have to differentiate the equation
(3.108), which implies that we must obtain lower bounds on the coefficients p; solving (3.108).
To see that (3.108) admits positive solutions p?%, we first rescale the unknowns p; = e'/?~; and

the right hand side G9! = e(% + &(R.)7"), to renormalize equation (3.108) into

> ANV = (6*+6( R)M0;€,0165 (3.109)

2n
I€kxF

This equation is equivalent to the tensorial form

Z 5 [VEr A VEr|? (571 — 8j§181€1) - (le + e(R )M (3.110)

V1 2 2 /T
IckxF V& IVEr| 2n

In order to control solutions to (3.110), we view the equation as a perturbation of the system

3 ~?|V§I/\V§JI|2( o V&0, 8 (3.111)

V€2 V&2 20

IekxF

The system (3.111) admits positive solutions &?. In fact, as we demonstrate in the appendix, the

formula (3.106) together with a symmetry argument implies the identities

Véwnl® =117 =1 (3.112)

. . 4
IVetk.p) A VEmanl* = [Plof? = (f-0f)* = ¢ (3.113)
Using these identities, we see that the equation (3.111), along with its equivalent scalar form

> AV = ( >8£JalsJ
IekxF (3114)

is solved by any set of 4; satisfying

5
~2
T 953

(3.115)

In particular, each component of the solution 4; = 1/25—5_3 is nonzero.
We hope to treat the equation (3.109) as a perturbation of the equation (3.114). The first step
in this direction is to show that equation (3.114) can be perturbed to one which still can be solved,

and whose solutions remain bounded from 0. This preparatory step is accomplished by the following
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lemma:

Lemma 3.4.5 (The Implicit Function Lemma). There is a positive ¢ > 0 and a < 1 such that the

whenever

AL — AV < e (3.116)
£ 12
s~ 525 < c (3117)
the equation
Y A= (3.118)
I

has a unique solution in the ball |y — 71| < al71].

The solution ~yr is represented by a function

Y1 =77(4,y) (3.119)

depends smoothly on A% and y; in the domain (3.116) by a smooth function v; depending only on
the direction coordinate f(I).
Furthermore, the matriz B§ = 2A§71 obtained by linearizing the equation is invertible in this

domain with uniform bounds

A7 < C (3.120)

)~ <C (3.121)

Remark. It is important to observe that the constant ¢ > 0 is completely independent of
the location k of the phase directions. This independence follows from the fact that the matrix
A(VE)L and the right hand side % of the equation (3.114) which we perturb are independent of

the location.

Proof. By writing the equation (3.118) in the form

F(y,A,y) =0 (3.122)

F(v, Ay)s=Y A -y, (3.123)
I
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we can deduce the lemma as an immediate consequence of the implicit function theorem once we

verify that the matrix

oFy

oo (1A y) = (45)2) (3.124)
VI
OF; & o n
2R LR 3.125
o ( )

is invertible at the point (7, A%, y5) = (31, A(VE), |[VEs|?/6).
To prove that the above matrix is one-to-one, it suffices to show that its null space is zero. If hy
is any element in the null space at this point, then using the fact that A(Vf )% is invertible and that

all the 47 are nonzero, we deduce that

F N
?)yjhf = 2A(V£)f;’y;h1 =0 vVJ eF (3.126)
I
=>’5/th =0 VI eF (3127)
= hr=0 VIeF (3.128)

The implicit function theorem then guarantees the existence of ¢ and a as in the lemma, because

it also guarantees that the matrix (‘g% remains invertible in the domain (3.116). O

The lemma (3.4.5) applies to equation (3.109) with

Al = A(VE)] (3.129)
il

v = (0 4 e(RYDD,E06 (3130)

= V0 L vep - vep) + o,e 06, (3131)

provided that K is sufficiently large and that 7 is sufficiently small.
At this point, we can choose K once and for all. Let ¢ be the positive constant guaranteed by

the Lemma (3.4.5), and we pick

K =7000c* (3.132)
so that
100 ¢
<<= 1
el = K — 10 (3.133)
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Having chosen K, we can prove the following theorem which restricts how small 7 must be chosen

Proposition 3.4.1. There exist constants ¢ > 0 and a > 0 with a < 1 such that the equation (3.109)

admits a unique solution yr € RY in a neighborhood {|yr — 71| < a|7;|} provided that

| V&2 = V&P |<ec  VIEF (3.134)

IVE +ENP = IVE+E)P | <e VILJEF (3.135)
The solution v1(V&y,e) depends smoothly on VE&r € F and € for VE&; in the domain (5.134) and
e in the domain (3.133).

Proof. In the statement of the proposition, we have chosen to assume control over the deviation of
the gradient energies

| IVE + €01 = V(& +EP |
rather than the matrices A(VE) — A(VE) because the entries of the matrix A(VE)} depend only on

the inner products V&; - V&, which themselves can be calculated from the polarization identity

IVE+EDP = IVE =€) =IVE+ &) = V(& + &)1 (3.136)

=2V¢; Ve, (3.137)

The proposition then immediately follows from Lemma (3.4.5) once we observe the bound

| . ‘V£J|2
J 6

| V&2 = |VES? |
6

| < + [el| V&S

| V&2 = IVE2 |
6
oz (L, < 2 _|uf |2
< 70\V§J| +(6 + 70)| IVEs1" = V&S] |
C

70

IN

< 2
+ 70|V5J|

N

+ Al V&2 = |VES? |

O

Thanks to the above proposition, we are allowed to differentiate the equation (3.104) in order to
obtain upper bounds on the derivatives of pj.

In carrying out the construction, we always require that 7 is chosen small enough so that the
proposition (3.4.1) applies. Besides the requirement of proposition (3.4.1), we also require that the

gradients |V(&1 + £5)| > ¢ > 0 remain bounded from 0 by a constant.
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Summary

To summarize the results of the preceding sections, we have established the following:

Proposition 3.4.2. There exist absolute constants ¢ > 0 and K > 0 such that as long as

IVE& = Vérllco <c VI€kxF (3.138)

and

e(t) > K|R.(t,z)] (3.139)

pointwise, then the local form (3.92) of the Stress Equation (3.74) admits a unique solution of the

form
vy = ay + iby (3.140)
I'=(k, f) = (ki, k2, k3, ka, f) (3.141)
by =1 (t _Tt(I)> VeI P (Véor)! (3.142)
ar = (Iggl) x by (3.143)
where

(V&or - V&r)

PIL(Vgon = alﬁo’[ - |V€I|2

d'¢; (3.144)

is the orthogonal projection of the phase gradient V&1 into (VEr)L and the coefficients

Y1 = 71(Vék, €) (3.145)

=77 (V&k,e) (3.146)

depend on the phase gradients in region k and the tensor

el = — (3.147)

The smooth function vy in (3.146) is one of 6 smooth functions indexed by the direction coordinate

f(I) €F of I = (k, f), which is independent of the location coordinate k € (Z/27)% x Z.
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For reference, the functions 77 and vy, are elements of partitions of unity which are explained in
Section (3.4.3). The phase functions &; are only defined on only a portion 7 of R x T? defined in

(3.4.3) on which they can live without critical points, and they satisfy the transport equation

(81/ + ’Uzaj)f[ =0

§1(t(1), x) = &1 ()

for initial data é] at time ¢(I) = 7k4 specified in Section (3.4.3).
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Chapter 4

Obtaining Solutions from the

Construction

4.1 Constructing Continuous Solutions

We will now show how the preceding construction, combined with a few estimates from Part (5),

can be used to prove Lemma (3.2.1).

Proof of Lemma (3.2.1). Let € > 0 and (v,p, R) be given, and let e(t) be the function specified by
the lemma.
We define K to be the constant chosen in Line (3.132).

We describe the argument as a sequence of 6 steps.

4.1.1 Step 1: Mollifying the velocity

The error term generated by mollifying v has the form

Q%l = (v — vﬁ)Vl + Vj(vl — Ui) (4.1)

= 2[(v — v ) V]! (4.2)
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where V is a locally finite sum

V=>V (4.3)

. V xw
V= 62)\51 (UI + I

) (4.4)

whose cardinality at each point (¢, ) is bounded by an absolute constant. Namely, at each time ¢
there are at most two generations k4 for which V; are nonzero, and for each generation k,, there are
at most 8 families (k1, k2, k3, k4), each having at most |F'| = 2-6 phase functions, which are nonzero.

We choose A at the end of the argument in order to shrink the term

il
gl _ ixe; [(0 =0V x wp)?
Qi) = ;26 ' b\ (4.5)

since the bounds for V x w; depend on wve.
For v., we choose a space-time mollification v. = 7., , * v close enough so that we can guarantee

that for the main term

Qo) = Z 2[(v = ve) (¢ vy)] (4.6)

we have
1Qu.qilleo < 1w = ve)llcoll ;wuco (4.7)
< (4.8)

Logically speaking, the term v; is not defined until v, has been constructed, however, we can

give a priori bounds for its size since we know that it will have the form
vy = ay + by,

where

b= (D) )t e (V6 ) P (T (1.9)

and a; = — (‘Végl)‘x br is obtained by a 7/2 rotation of by in (V&r)+.
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Until v, is constructed, no bounds for derivatives of v; can be stated, but it is clear that each vy

will be bounded in absolute value by
ozl co <9 2000K 1/ 2¢}/ (4.10)

after it is constructed, as we have assumed an upper bound (3.3) for e'/2(t).

Therefore the locally finite sum
ey o < Ael/? 4.11
R
I

will also be bounded, a priori, since the cardinality of the terms which are nonzero at any given
(t,z) is also bounded.

This estimate can only be confirmed when the lifespan parameter 7 is chosen, but anticipating
the above estimate, we can choose the mollifier 7, , for v so that (4.8) will be a consequence of

(4.10) once (4.10) has been proven.

4.1.2 Step 2: Mollifying the Stress
Let Rc = 1, , * R be a mollification of R in the variables (t,z) so that

e supp R. C I' x T? where I’ is an interval on which e(t) > Keg.

€
_ <
IR~ Rellen < 7o

4.1.3 Step 3: Choosing the Lifespan

Since we have assumed that the velocity v is uniform bounded, we can set

07! > e vl o
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be an upper bound! for |Vv,||co. Then set
T = bl (4.12)

for some parameter b. According to the bounds for transport equations proven in Section (5.4), we

have that
V& — Vér|lco < Ab (4.13)

for some constant A. We will therefore choose b small enough, so that, first of all, the conditions in
Line (3.134) are guaranteed. Our second goal for choosing a small parameter 7 is to ensure that the
first term in the parametrix for the High-High term is controlled.

Namely, we should be able to make the C° norm of

~ ) A
Qi‘{,(l) — Z A& +Es) lq%I,IJ,(l) (4.14)
JAT

smaller than

HQH,(l)HCO | 500" (4.15)
Here, q%’ 1,01 is the solution to the linear equation
031431 15,1y = (v % (V€] = o) + o1 x (V€] = 1Jvg)) (4.16)

described in Section (3.3.2). Although the v; and v; are not defined until 7 is chosen, as long as 7

satisfies the conditions (3.134), which we have already guaranteed, we know that

[vs x ([[V&r] = 1]vr)lleo < Aegl||VEr| — 1co (4.17)

1If we remove the assumption of uniform boundedness, it is still possible to estimate the derivatives of ve in terms
of only the modulus of continuity of v. This task can be accomplished by using the expression

oune x o' = [ vl + W)Oimc(W)dn

_ /(vl(m + h) — ol ()3 (h)dh

Later on during the construction of Hélder continuous solutions, the choice of 7 will turn out to be completely
independent of ||v||co.
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which will be bounded by another constant

lv. x (V& = or)llco < A'erb (4.18)

according to the bounds in Section (5.4).
Therefore, it is possible to choose b such that (4.15) will be guaranteed by the construction. Note

that 7 only depends on the given v and ep.

4.1.4 Step 4: Bounds for the new Stress

All the remaining terms in the new stress R; are O(1/)) in C° once the above parameters have been
chosen.

For example, the term (4.5) and the Stress term

QY => ViVi+ R + R (4.19)
I
(V X w[)j@ll v}(V X 71][)[
_ Y 2D 4.2
2% T (420

n Z (v X U}])j(v X ﬂ)])l (4.21)

)2
is O(A71) in C°.
The remaining terms in the stress require us to solve the divergence equation. They include, for

example the High-Low term

0;Q1 =" e 00! (4.22)
I

= Myl (4.23)

Using the parametrix in Section (3.3.2), which requires taking spatial derivatives of the phase gra-
dients. In Section (5.4) we show that for 7 as chosen above each derivative of V& costs, essentially,
a factor of Ce,!. Therefore the vector field up, its derivatives, and the derivatives of the phase
functions can be bounded uniformly in terms of €, and v. We have also guaranteed bounds for

IIVEr|~1]|co by the choice of 7.
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Applying the Lemma (3.3.1) with sufficiently large A, there exists a solution of size

1Qrllco < CorA™ (4.24)
The transport term
0;Q% = e[(0y + v10;) ] (4.25)
I
likewise has a solution of size
Q% llco < Cu r AT (4.26)

by Lemma (3.3.1).
Finally, what remains of the High-High term after the first iteration of the parametrix must solve

the equation

anﬁ,(Q) — Z ,ei)\(ﬁl+§J)Z‘*18jqﬁ7]t]’(1) (4.27)
T2l

where qﬁ,IJ,(l) is defined as in (4.16). This equation also has a solution of size
1Qullco < Co g A (4.28)

by Lemma (3.3.1), where here we apply our bounds on third derivatives V3¢ from Section (5.4).
We demand that A\ be at least large enough so that the sum of the bounds for these solutions

is smaller than £ in C°. The last task that remains is to show that the energy increment can be

controlled precisely.

4.1.5 Step 5: Bounds for the Corrections

Recall that

; V x
VI = 62/\51 (’U[ + w1

) (4.29)

= Mg, (4.30)
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We have already observed that

vrllco < Aej/?

(4.31)

so to prove that ||V7||co also satisfies this bound (with a slightly larger constant), it suffices to choose

A large enough.

Similarly, the correction to the pressure takes the form

P=Py+> Pr,

JZT
e(t) le5'l
P= " € ]
0 3 T3
ViV
Pry—— 12 fi
— ,lei/\(ﬁﬂr&)@[ .
2

so that the when ) is at least as large as above, we also have

[[Pllco < Cer

Thus we have established the bounds for the corrections.

4.1.6 Step 6: Control of the Energy Increment

Consider the energy increment

/“””2“”) - MQ(t’x)]dx:/|V|2(t,x)dx+2/V.vdx

(4.32)

(4.33)
(4.34)
(4.35)

(4.36)

(4.37)

(4.38)

For the second term, we expect that because V is highly oscillatory, it can be made orthogonal

to v. To prove this fact, let vg by any smooth vector field such that
1/2 €
Ceif?| [ 1o uslit,a)dalop < §

where C’e}%/2 is the upper bound for ||V||co established after equation (4.29).
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Now we estimate the remaining term

/V~v5da::/V><W-vsdx
:/W'vasdl'

= O()\_l)
It remains to bound

I [ i - [ ety 2

In order to achieve this approximation, we compute

/|V|2(t,x)d:v=/Vle<5jldx
:/ngvjajldx
I,J
= Z/V{V}5jldx+ Z/VI-VJda:
- /

JAT

= Z/’l‘)}él](sﬂd.ﬁ + Z/eiA(EI+£'])ﬁ] ﬁjdﬂ?
T <

J£I

_/<Zv}1‘;§> 5jzdx+2/(v><7)\wl) -vrdx
I

I

(4.40)
(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

I I I

J#T
= /e(t)dm + Z/ei’\(&*&)fu vgdr + O\
JAT

where the O(A~!) bound on the error term is uniform in time.

To bound the error term, we integrate by parts

; ~ ~ aa(£I fJ) i ~ ~
INETHES) . — iN(Er+Er) .
/6 Uy - Uydx / |:)\|V(§I §J)|28a[e ] Uy - Uydx

_ U [ inerren) [8‘1(51*&) . .~}
A / ¢ %\ Wi v e )

Taking A large concludes the proof of Lemma (3.2.1).
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4.2 Frequency and Energy Levels

Now that we have constructed continuous solutions, let us discuss how to measure the Holder
regularity of the solutions we construct when the scheme is executed more carefully. For this aspect
of the convex integration scheme, our biggest contribution is a notion of frequency and energy
levels. This notion is meant to accurately record the bounds which apply to the (v,p, R) coming
from the previous stage of the construction. This notion is based on the paper [6], but differs from
that paper in that here there is a gap between the estimates for Vv and V R which must be recorded,
and the definition below also records higher derivatives.

Here is an example of a candidate definition for frequency and energy levels, although it is not

the one that will be used in our paper.

Definition 4.2.1 (Practice Frequency Energy Levels). Let L > 1 be a fixed integer. Let Z > 2, and
let e, and er be positive numbers with eg < e,. Let (v,p, R) be a solution to the Euler-Reynolds

system. We say that the practice frequency and energy levels of (v,p, R) are below (Z,e,,egr) (to

order L in C? = CP(T? x R)) if the following estimates hold.

|VF0]|co < EFel/? k=1,...,L (4.53)
[[VEp||co < EFe, k=1,...,L (4.54)
[|[VER||co < EFeg k=0,...,L (4.55)

Here V refers only to derivatives in the spatial variables.

The idea of these bounds is that at stage k, e, (1) is the size (e, (1—1)) of the stress R(;,_1) coming
from the previous stage, and that =) is essentially the parameter A(,_;) chosen in the previous

stage. Then the bounds (4.53) are consistent with the heuristic representation
‘/(k—l) ~ eiE(Mm‘R(k—l)P/Q

since V(;_1) gives the dominant contribution to the derivatives of vy = v(x_1) + Vig—1)-
Based on a definition of frequency and energy levels such as Definition (4.2.1) we can summarize
the effect of one iteration of the convex integration procedure in a single lemma, which has roughly

the following form

71



Sample Lemma 4.2.1. For every solution (v,p, R) with frequency and energy levels below
(Ea €v, €R)

and every

N> (e) (4.56)

€R

there exists a solution (vi,p1, R1) to the Euler-Reynolds equations with new frequency and energy

levels below
(E,el,en) = (NZ,eg,eR) (4.57)

such that v =v+V, py =p+ P, and

IVllco < Ceyf® (4.58)
|VV]lco < CNZe}!? (4.59)
|Pllco < Cer (4.60)
IVP||co < CNEeg (4.61)
The idea of the above outline is that
NZ ~ A\

will be essentially the chosen value for A\. The bounds (4.58), (4.59) for the new energy and frequency

levels then follow from the heuristic representation

V ~ 6i(NE)gc|R|1/2

The efficiency of the convex integration process is measured by how small one can make e, if

one is only allowed to grow the frequency by a factor N.
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The condition (4.56) ensures, for example, that the largest term in

[Vuillco = [[Vvllco + [VV]|co
< C(2el/? + N2e)?)

<CN Ee}{ 2
is the one coming from the high-frequency V', and similarly for P

IVp1illco = [Vpllco + [V P co
S C’(Eev +NE€R)

S CNE@R

Of course, to be useful, the definition (4.2.1) should be modified to contain information about time
derivatives as well, and at the moment it is not clear that bounds for the pressure would be relevant
given the passive role played by the pressure so far.

In terms of this rough notion of frequency and energy levels, let us see what kind of rate e, we
can expect for the reduced stress in the present problem.

First consider the High-Low interaction term
0;Q) = e 00! (4.62)
J;

According to Definition (4.2.1) and the expected bound ||o;]|co < Ae}%/Q, the right hand side has

size
7050 oo < e (Zel/?) (4.63)

On the other hand, the parametrix gains a factor A\=' ~ N~1Z7!, so we expect a solution

1/2 1/2

€y €
IQelleo < =7 (4.64)

If we could actually prove a theorem such as Sample Lemma (4.2.1) with

1/2 1/2
ev/eR/

/
= 4'
e N (4.65)

73



then our construction could achieve solutions in the class

ve ol3e (4.66)

pe /39 (4.67)

which have the regularity conjectured by Onsager. To apply the lemma, we choose N at each

stage so that the energy levels decay just slightly super-exponentially with a self-similarity Ansatz

elthiC

R,

€R,(k+1) = Z( ) (4.68)
Z = constant (4.69)

Letting 6 — 0 causes the gaps in the frequency spectrum between consecutive stages of the con-
struction to be small, and allows the regularity to increase up to 1/3 if the rate (4.65) were to hold.
This ideal case is explained further in Section (4.6). The above considerations mirror the analysis
in the introduction to [12].

However, before we can come close to the ideal rate of (4.65), we must significantly change the
Definition (4.2.1). To see why a drastic change is necessary, consider the contribution to the new

stress which arises from the transport term

QN =N (9, + vl 00k (4.70)
I

The vy itself has amplitude 6}%/2 since it is constructed from solving the Stress equation. Formally,

we can think of vy &~ R'/2. The derivative in 9;v} costs a factor of =, and the factor

is bounded by some constant, giving the second term in (4.70) size Ee}{/ 2, Then, solving the diver-

gence equation gains a factor of (NZ)~!, leading to an expected bound for the new stress

e1/2
|@rllon < - (4.71)
61/2
=, > 8 4.72
€r Z N ( )

which is a factor e, /% worse than the ideal case (4.65), and which is also inconsistent with dimen-
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sional analysis.

In order to calculate the regularity achieved from applying the Lemma (4.2.1) with a rate of
(4.72), one still imposes the Ansatz (4.68), but in this case it is not optimal to let § tend to 0.
Doing so would result in a new frequency

4
=(k)

= _ 71/27
=(k+1) = €R (k)

would grow very quickly.

(4.73)
which is much larger than the previous frequency, but would result in only a very small reduction
of stress. On the other hand, letting ¢ be very large would be wasteful since the frequencies =,

In this case, iteration of (4.68) at a rate of (4.72) leads to a regularity up to

ve Qe (4.74)
pe e (4.75)
with
1)
e 4.76
T a0+ ) (4.76)
The optimal § to choose is §* = %, which would lead to solutions with regularity 2 up to

. 1
o = ——F
3+8

(4.4).

(4.77)
These regularity exponents can be computed quickly using the machinery introduced in Section

In order to achieve a regularity better than (4.77) we examine the size of the transport term
more carefully, without separating the terms in the coarse scale material derivative.

2l

:(at-i-’Ue'V)

In fact, when a coarse scale material derivative hits a phase gradient, which obeys the equation

(Or +v¢0a)01&1 = =010 Dal

(4.78)

20f course, to actually obtain this regularity would at least require a modification of the Definition (4.2.1) to
incorporate time derivatives, and the Lemma (4.2.1) must be stated precisely and proven.
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the cost is

5] < 5el?
which is exactly what we desire for (4.65).

The trouble is that the amplitude v; ~ R/? is also influenced by the stress R. To deal with this
difficulty, we must assume that the bound for the material derivative of R is better than the bound
for the spatial derivative of R in our definition of frequency and energy levels. In order to make this

assumption on the material derivative of R, we must also verify it in order to continue the iteration.

To obtain these improved bounds, we introduce the following changes to the scheme:

1. We change the way in which R, is mollified so that the material derivative of the transport

term
0;QF = > e (0, + vid;)v) (4.79)
I

can be estimated. Namely, checking the bound for the material derivative of Q1 requires
taking a second material derivative of R., whereas we only assume a bound on the first material

derivative of R.

2. We also change the way we eliminate the error for the parametrix by solving the divergence

equation
0,Q' =U" (4.80)

since it is not true that every solution to the underdetermined equation (4.80) will have a
good bound on its material derivative. We find that the simplest way to obtain bounds on
the material derivative of a solution to (4.80) is to solve (4.80) by constructing an appropriate

transport equation.

3. Furthermore, we cannot perform a standard mollification of v in the time variable because
bounds on time derivatives are not as good as bounds on material derivatives. In fact, we
only mollify v — v, in space, and the regularity of v, in time follows from the Euler-Reynolds

equations themselves.

These modifications are presented in the remainder of the paper, which we begin by properly

formalizing the template Lemma (4.2.1).
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4.3 The Main Iteration Lemma

4.3.1 Frequency and Energy Levels for the Euler Reynolds Equations and

Symmetries

The main lemma in the paper which is responsible for the proof of Theorem (1.0.1) relies on the

following definition.

Definition 4.3.1. Let L > 1 be a fixed integer. Let = > 2, and let e, and e be positive numbers
with eg < e,. Let (v,p, R) be a solution to the Euler-Reynolds system. We say that the frequency
and energy levels of (v, p, R) are below (Z, ey, eg) (to order L in C? = CP (T? x R)) if the following

estimates hold.

[|[VE0||co < EFel/? k=1,...,L (4.81)
[[V¥p||co < EPe, k=1,...,L (4.82)
[[VER||co < EFer k=0,...,L (4.83)
[[VE(, +v - V)R]|co < EFFlel/2ep k=0,...,L—1 (4.84)

Here V refers only to derivatives in the spatial variables.

We first remark that these bounds are all consistent with the symmetries of the Euler equations.
The scaling symmetry is reflected by dimensional analysis. Informally, if X denotes a spatial unit
(e.g. “meters”) and T denotes a unit of time (e.g. “seconds”), then the dimensions of each term
involved in the estimates are eg,ey ~p, R~ X?/T?, Z~V ~ X1 9 ~T 1 and v ~ X/T.

We have also assumed no bound on ||v||co or on ||0:R||co. These assumptions are consistent
with the Galilean invariance of the Euler equations and the Euler Reynolds equations, which plays
a special role underlying what follows. Namely, if (v, p, R) solve the Euler-Reynolds equations, then

a new solution to Euler-Reynolds with the same frequency energy levels can be obtained by taking

o (t,x) = C9 + v (t,x — tC) (4.85)
ﬁ(tv Cﬂ) - p(tv T — tC) (486)
Rt 2) = Rtz — tC) (4.87)

for any C' € R3. This transformation corresponds to observing the fluid from a new frame of

reference with relative velocity C. Furthermore, the aspects of the construction we introduce to take
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the special role of the material derivative into account (namely, the mollifications of v and R and
the new method used to solve the divergence equation) are also well-behaved under this group of
transformations.

Also note that we have not assumed a bound on ||p||co and that only the pressure gradients are
assumed to have bounds, which is consistent with the fact that the pressure is only determined from
the velocity up to an arbitrary function of time. It is interesting to remark that one can include

bounds on the material derivative of the pressure gradient such as

10 +v - V)Vpllco < Ee,

in the definition of frequency energy levels. However, these bounds are not necessary for the results

in the present paper.

4.3.2 Statement of the Main Lemma

With this definition in hand, we can state the main lemma. Note that we require the order L > 2,
as we would not be able to prove a lemma as clean as the one below if we assume control over
only 1 derivative; this requirement is discussed in Section (5.2). The requirement of at least two
derivatives appears to be natural in view of the calculations of Section (4.6.1), and may be necessary
for controlling one of the error terms if the method could be pushed to regularity 1/3, as is noted in

Section (7.1.1).

Lemma 4.3.1 (The Main Lemma). Suppose L > 2 and that n > 0. Let K be the constant in line
(3.132). There is a constant C depending only on 1 and L such that the following holds:

Let (v,p,R) be any solution of the Euler-Reynolds system whose frequency and energy levels
are below (Z,e,,er) to order L in C° and let I be a union of nonempty time intervals (possibly

unbounded) such that
supp RC I x T3 (4.88)
Define the time-scale 0 = Eflegl/z, and let

et) :R—Rxg
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be any non-negative function satisfying the lower bound
e(t) > Kegr forallteI+6 (4.89)

and whose square root satisfies the estimates

dr61/2

= lleo < 1000(Zel/?)"(Keg)'/? r=0,1,2 (4.90)

Now let N be any positive number obeying the bounds

N

%
(1]

"e 5 (4.91)
(GR) (4.92)

1/2

1/2
and define the dimensionless parameter b = ( = > .

N

v

e}?/zN

Then there exists a solution (vi,p1, R1) of the Euler Reynolds system of the form vi = v+ V,

p1 = p+ P whose frequency and energy levels are below

ol/a 3/

(Z,¢€),,er) = (CNE, eg, ”NT?) (4.93)
/2 1/2

= (CNEa €R, ( 1U2 ) eR) (494)

eR/ N

cl/2,1/2
= (CNE, e, b—l%) (4.95)
to order L in C°, and whose stress Ry is supported in

supp R1 C ( supp e £6) x T3, (4.96)
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The correction V. = vy — v is of the form V =V x W and can be guaranteed to obey the bounds

[V]lco < Ceyl (4.97)

IVV]lco < CNEej!? (4.98)

1(8s + v70,)V]|co < Cb™1Eel/2e}/? (4.99)
|W]|co < CEIN"el/? (4.100)

IVW||co < Cejl? (4.101)

18y + 078, )W||co < Cb™ N ~1el/2e}/? (4.102)

and its energy can be prescribed up to errors bounded by

i /TS |V |?dx — /TB e(t)dz||co < C%R (4.103)

d/ ) / _Zer%er
— VI“dx — e(t)dx)||co < Cb " ———— 4.104
g W= [ etanc N (4.104)

The correction to the pressure P = p1 — po satisfies the estimates

[Pllco < Cer (4.105)
[|[VP||co < CNZeg (4.106)
[|(8; +v-V)P||co < Cb™'Zel/%ep (4.107)

Finally, the supports of both V and P are contained in supp e x T3.

Remark about dimensional analysis and (4.91): Although it is not consistent with inequal-
ity (4.91), the parameter N should be regarded as a dimensionless parameter. When the lemma is
applied, the parameter n will tend to 0, and the constant C' in the lemma will diverge to infinity.
The assumption (4.91) will be used to bound the number of terms taken in the parametrix before

the approximate solution is sufficiently accurate.

A conjecture and a remark about energy regularity Having stated the Main Lemma, we
propose a “conjecture” which is probably false as stated, but which summarizes what the proof of

Lemma (4.3.1) would prove if the High-High interference terms could be sufficiently well-controlled.

Conjecture 4.3.1 (The Ideal Case). The conclusion of the Main Lemma (4.3.1) holds with the

80



factor b= replaced by 1 in all time derivative and material derivative estimates, and with

e})/Qe}%/Q
=/ / I —_
(2el,eR) =(CNE, e, —="—)

y Cus N

As we discuss in Section (4.6), the above Conjecture could be used to construct solutions of

regularity up to 1/3, and would therefore imply Onsager’s conjecture. In Section, (5.6), we discuss
the term which prevents us from proving the above conjecture.

We also remark that although the solutions produced by Lemma (4.3.1) go up to the Hdolder

exponent 1/5, the energy function

|2
E(t) :/%(t,x)d:v

turns out to possess better regularity in time, as it necessarily belongs to the class C''/27¢(R) from

the way it is constructed. The reason for this higher regularity will be discussed in Section (4.6).
We now show that the Lemma (4.3.1) above contains enough quantitative information regarding

the construction to prove the main theorem. For convenience, we state the form of the main theorem

which is proven directly by iterating Lemma (4.3.1).

Theorem 4.3.1. Let 6 > 0 and set

- 1446
T 5496 + 462

*

(4.108)

Then there exists a nonzero solution to the Euler equations with compact support in time such

that

||U||CE"§‘ < o0 (4.109)
for all a < a* and

IPllgoe < o0 (4.110)

for all a < 2a*.
Furthermore, the energy of v can be made arbitrarily large, and the time interval containing the

support of (v,p) can be made arbitrarily small.
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4.4 'The Main Lemma implies the Main Theorem

The proof of Theorem (4.3.1) proceeds by inductively applying the Main Lemma (4.3.1) in order
to construct a sequence of solutions (v(xy,P(k), R(k)) of the Euler Reynolds system such that R
converges to 0 uniformly and such that v(;) converges in C’g ' for all @ < a*. The parameters 7 > 0
and L are fixed at the beginning of the argument — in fact we can simply take L = 2. At each
stage (k) of the induction, we choose an energy function e(;)(t) and a parameter N(;) whose choice
determines the growth of the frequency parameter =) and the decay of the energy level eg ().

In fact, we will iterate the Main Lemma in such a way that

€y, (k+1) = €R,(k) (4.111)
o (159)
R,(k

eR,(k+1) = Z( ) (4.112)

Where Z is a constant chosen at the beginning of the iteration in order to make sure that eg (1) <
€R,(0), and so that other inequalities are satisfied. The self-similarity Ansatz (4.112) leads to super-
exponential decay of the energy levels e, (1), er (x) and super-exponential growth of the frequencies
k-

In order to be able to achieve this Ansatz, we must apply the lemma with

1/2
Ny = 22 (:;)(; enih (4.113)
which will imply a frequency growth of
- 2 [ €v 1/2 -2 =
:‘(k+1) = Cn,LZ (eR)(k) eR,(k):(k) (4.114)

The exponent 7 (which determines how many terms must be taken in the parametrix expansion
for the elliptic equation in the main argument, and therefore comes into the constant in the above

equality) is also fixed at the beginning of the iteration.

4.4.1 The Base Case

We begin the proof by establishing a base case lemma, which will ensure that the choice of Nz

above will always satisfy the admissibility conditions (4.91),(4.92).

Lemma 4.4.1 (Base Case). Suppose that § > 0 and L > 2. Then there exists an ng > 0 such
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that for all positive numbers eg oy > 0,C > 0,Z¢gy = 2 and n > 0 with n < no, and for every
nonempty interval 1oy there exists an arbitrarily large number Z and a solution (vo,po, Ro) to the

Euler Reynolds system

o' + 0j(vivt) + 0'p = 0; RI! (4.115)

o' =0 (4.116)

with support in I gy X T3 having frequency and energy levels below (E(0), €v,(0)s €R,(0)) to order L in

CY, where (E(0)» €v,(0)s €R,(0)) satisfy all of the following:

1. For
v=1/(14+9)

we have the relationship

€,(0) = Z7€p ()

(4.117)
€R,(0) < €v,(0)
which can also be written
ol +0
v,(0)
== 4.11
Cr(0) = — (4.118)
2. Condition (4.92) is satisfied for
o\ /2
_ 2 & 25
N(O) =7 <€R> eR,(O) (4119)
(0)
Namely,
3/2 1/2
€y €y —25
() < Z? () €R.(0) (4.120)
€R/ (0) €R/ (0)
3. Condition (4.91) is also satisfied for Ny, namely
o\ 1/2
= < Z? (”) e (4.121)
(0) er ) (o) R,(0)
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4. We can also ensure that
3(2+3) 5 1y17
[Z—le;;(k)} : {CZQﬁeRif)*g)] <1 (4.122)

which will be used later in the proof in order to make sure that (4.91) continues to be verified

for the choices of N1y at every later stage despite the increase in Z .

Proof. We can take

(U07p07 RO) = (Oa 070)7

which can be regarded as a solution to Euler-Reynolds with frequency and energy bounded below any
trio (E(0), €v,(0)s €R,(0)) Which are admissible according to the Definition (4.3.1). The lemma reduces
to verifying that for every eg o) and C' > 0, there exist numbers =) and Z so that for e, ) =

ZVel

R.(0) the trio (Z(), €v,(0) €r,(0)) satisfies all of the inequalities in the lemma simultaneously.

Thus, let eg o) and C' > 0 be given.

Inequality (4.120) To see that inequality (4.120) can be satisfied, we rewrite (4.120) as a goal

772 (:}:) €2 ) 91 (4.123)
(0)

From the identity (4.117), we have that

(&
) =zl (4.124)
(), =7
-6
= Z7en'h (4.125)

since v(1 4 6) = 1.
Substituting into the left hand side of (4.123) gives
z72 (e) e o) =272 007 (4.126)
(0)

en R,(0)

which will be less than 1 for any Z sufficiently large, depending on e (q)-
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Inequality (4.121) In order to verify inequality (4.121), we rewrite it as a goal

—1/2
z (ev) €t 0) =0y 2 1 (4.127)
eR 0) R,(0) (0)
D P R A
277 % er0) €R.(0)Z(0) 21 (4.128)
vy B0
2=+ Dyt B <1 (4.129)

For any given =), 7 and eg (o), inequality (4.129) will be satisfied if Z is chosen large enough.

Motivation for the inequality (4.122) Let us discuss the importance of the inequality (4.122).
In order to ensure that inequality (4.121), or the equivalent inequality (4.129), are satisfied for
choices of the parameter N, in later stages, we need to show that

(2+3) 5 +20m
z- SanEn a1 (4.130)

for all (k) > 0. This inequality has been established for (k) = 0, so in order to accomplish this goal

for later (k), it suffices to show that the sequence

_ Svyas
T(p) = eR (k) :?k) (4.131)
S
€r i Sek) (4.132)

is decreasing in (k). (Here we have applied the identity v(1 + J) = 1.)

From (4.112), (4.114) and (4.125), we can deduce the following evolution rules for the parameters

s
€R,(k
€R,(k+1) = Z( )ER,(k) (4.133)
1/2

=) _CZ2< ) e 2 4.134
E(k+1) er) gy R0 (4.134)

1/2

2 —25 —=

—cz {ZVeR(k)} ez Ewm (4.135)

=3y _o5_
=Cz +2eR % S (4.136)

implying that
_ 5(2+3) O 10 A% 1

x(k+1) = |:Z 16(152’(k):| |:CZ2+26R,(]C) 2 :| ‘T(k) (4137)
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Inequality (4.122) Observe that for n < g sufficiently small (say, 79 = g), the exponent of Z in
inequality (4.122) is strictly negative. Fix such an 7. Then for any given C' and eg (q), it is possible

to choose Z large enough so that (4.122) is satisfied. O

4.4.2 The Main Lemma implies the Main Theorem

We now begin the proof that Lemma (4.3.1) implies Theorem (4.3.1).

Proof of the Main Theorem (4.8.1). Let 6 > 0, eg )y > 0 and Z) > 2 be given numbers. We
will construct a sequence of solutions (v(), p(k), R(x)) of the Euler Reynolds system such that R

converges to 0 uniformly and such that vy converges in C’g o for all

a<a*—17—’_6
T 5495 + 462

We will also see that p(;) converges in C?f for all a < 2a*.

Step O:

Choose n > 0 small enough such that the total exponent

522+ %) —né(2+ %)

to which eg (1) is raised in equation (4.137) is positive. For example, n = g will suffice. For this
choice of n and L = 2, let C'= C,, be the constant given by the Main Lemma (4.3.1).

To initialize the construction, apply the base case Lemma (4.4.1) with the parameters

(0,Chs eR,(0), Z0))

to obtain a constant Z > 0 and a solution (v(g),p(0), R(0y) to the Euler-Reynolds equations with

frequency and energy levels below (Z(g), €4,(0), €r,(0)) Where

146

ev, 0
er0) = —52 (4.138)

We can require this solution to have support in the interval I(5) = {0}, since the solution guaranteed

by the Lemma is identically 0.
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Choosing the Parameters

Step k:
To continue the construction, we will iterate Lemma (4.3.1) to produce a sequence (v(x), P(k), B(x))

with corresponding energy and frequency levels below (Z1), €., (x), €r,(k)), and we impose the ansatz

_ s
eR,(k+1) =7 162,4(}@)) (4139)
The inequality (4.117) implies that eg 1) = Z_lng(r(f)) < eR,(0), 80 by induction the sequence eg (1)

defined recursively by (4.139) is a decreasing sequence.
In fact, the ansatz (4.139) together with the requirement er (1) < eg o) guarantees that the

sequence ep, () decreases to 0 super-exponentially, as one can see by writing the relation as

er 1) = (27 R (ny)er) (4.140)

Then Z _16% k) < 1 for k = 0, so by induction even the ratio between consecutive terms

€R,(k+1)

— Z—leé
€R,(k) )

decreases to 0.
Because €, (14+1) = €r,(k), the ansatz (4.139) also implies by induction a gap between the energy

levels e, and eg

Cu,(k) = Z’Ye'IY% (k) k > 1 (4141)
y1+06)=1 (4.142)
implying that the ratio between the energy levels

€y

ik = 2772 4.143
<€R> (k) o) ( :

increases super-exponentially in (k).

In order to achieve this Ansatz, we must verify that the choice of

1/2
_72( % —25
N(k) =7 <6R>(k) eR)(k) (4144)
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always satisfies the admissibility conditions (4.91) and (4.92).
In line (4.126) in the proof of Lemma (4.4.1), we showed that the condition (4.91) is equivalent
to the inequality

—2 —5y+25
272y <1 (4.145)

For (k) =0, Lemma (4.4.1) guarantees that this inequality is satisfied. Since the power 6(2 — )
to which eg () is raised is positive, and ep () decreases, we see that (4.145) and therefore (4.91)
are always satisfied by induction.

Similarly, inequality (4.92) is satisfied for (k) = 0 by Lemma (4.4.1), and the proof showed that
(4.92) continues to be satisfied if we have that

6(2+3) _ 217
1.6 2 1 —6(2+3)
27 el ] [z 3e 5] < (4.146)

According to the Lemma (4.4.1), this inequality is satisfied for (k) = 0. By the choice of n < 4,
the power to which ep (x) is raised on the left hand side of inequality (4.146) is positive, so the
inequality (4.146) and therefore (4.92) continues to hold for all (k) > 0. This completes the proof

that the choice of N, is always admissible.

Choosing the Energies

Along with these choices of (E(k), €u, (k) eR’(k)) and Ny, the main lemma also grants us the ability
to approximately prescribe the energy increment e(y)(t) of the correction.

The energy must satisfy the estimates:

1 1/2
ek — —1/2y] 1/2
=gt lleo < 1000KM2(Ee, e il 1=0,1,2 (4.147)
and must satisfy the lower bound
e (t) = Ker, k) (4.148)

for ¢ belonging to the active region ¢t € I(})4-0(;), where the stress is supported supp Ry C I () xT3.

For our construction, let I(z) = [a(k), b(k)] be an interval such that

supp Ry € I(x)
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and let 7(;) be a small number which we will specify. Denote by
Tey £ Oy + 7)) = [a@) — Oy + T(r))s by + Oy + 7))

and let

X(k) () = X0y £ (00 +7(0)) (D)

be the characteristic function of this time interval.

Set

eT(t) = (20K er (1)) *nr, * Xy (1)

where

t
i () = Ty n(—
n (k)( ) T(k)n(T(k))

(4.149)

(4.150)

is a standard, smooth mollifier of integral [ 7., (t)dt =1, supported in the ball {|t| < |r)|}-

Then, on the interval Iy %+ 6() containing the support of (v(xy, k), Rr)), we clearly have

ey (t) = 20KeR (r) > Kep, (), and we also have bounds of the form

lecty (Dllco < (20K)1/2e}/?

R, (k)
lel/2
(k) —lp-1/2,1/2 _
=7 lleo < Brig K Ped 1=1,2

Therefore e)(t) is admissible as an approximate energy function if we choose

_ =—1,-1/2 _
T(ky = BoZE e, 1y = Bob)

where By is a constant.

Regularity of the Velocity Field

(4.151)

(4.152)

(4.153)

We now check that using the parameters chosen above, the sequence of solutions (v(x), p(ry, Rx)) in

the above argument does in fact converge to a solution with the properties stated in the Theorem

(4.3.1).
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Continuity The C° convergence of
K
vy =D Viwy

k=0

and follows easily from the super-exponential decay of eg (1), the estimate
1/2
HV(k)HCO < OER/,(k)

and the triangle inequality

1/2
S IVilleo <€ et (4.154)
k=0 k=0

Similarly, the C° convergence of
K
Py =Y Py
k=0

follows from the estimate

Py llco < Cer, )

Holder Norms of the Correction To measure what kind of higher regularity is achieved by this

choice, observe that the perturbation Vigy = v(g41) — v(x) obeys the estimates

1/2
Vi llco < Cerfty,
—_ 1/2
[[VViryllco < CN(k):(k)eR<(k)

[10:Viryllco < 10 + vy - V)V llco + oy - VVigyllco

The estimate for the time derivative is no worse than the bound on the spatial derivative for the

following reasons. We have already established that ||v(x)|/co are uniformly bounded, so the term
vy - VViy lleo < ClIIVViy llco

with a constant depending only on e (o) and other absolute constants from the lemmas.

Despite the loss of a factor

1/2
1/2
N(k')eR,(k)
1/2
Co,(k)

1/2
ZQeEZ&)) = Ze7?

1_

=
= |
>
z

|

(4.155)

(4.156)

Il
/N
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in the estimates for material derivatives in Lemma (4.3.1), the estimate for the material derivative

is still better than the bounds on the spatial derivatives. Namely

1= 1/2 1/2
1% + vy - V) Vi lloo < CbGiEmes/ i ert o (4.157)
5 = 1/2 1/2
S CZeg 1)Eme (k) Cr, k) (4.158)
_ 1/2 = 1/2-4
= CZ@UMC)H(k)eRy(k) (4.159)
whereas the spatial derivatives are bounded by
- 1/2
Hv‘/(k)Hco § CN(k):‘(k)eR/’(k) (4160)
o\ 1/2 1o
<Cz? () €32 Eime (4.161)
er )y B0 (R)ER, (k)
e, \*? 1/2-25
=C (”) E € (4.162)
er) o (K)CR, (k)

which is worse than the estimate for the material derivative by a super-exponentially large factor of

—1/2—6
R, (k)

These observations lead to the bounds

Vi llco < Cerfty, (4.163)
1/2
IVeaVilioo <C () e Emerts (4.164)
taV(k)IICo = er) R,(k)=(K)ER, (k) :

Which, by interpolation, imply a bound

a/2
) - 1/2—8a
Vi lleg, <C <6R>(k) 229eH i (4.165)

for0<a<1.

Therefore, to determine whether or not the series

> Villeg, < oo (4.166)
")

converges, it suffices to study the growth or decay of the quantity

a/2
_ [ &v —a _1/2-da
Eo k) = (GR)(k) S(k) R, (k) (4.167)
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At this point, one way we can proceed would be to follow the method of Section (4.4.1) and
establish an evolution law of the form

Sf(a
Eq k1) < CaeRfEk))Ea,(k) (4.168)

using parameter evolution laws (4.112), (4.114) and (4.125). Once such a law has been established,

we have a trichotomy:
e If f(a) is positive, then E, ) decays super-exponentially
e If f(a) is negative, then E, () grows super-exponentially
e If f(a) is zero, then E, () grows exponentially

The exponent f(a) depends linearly on «, and it turns out that there is a critical a* € (0,1)
depending on ¢ at which f(a*) = 0. For all & < a*, the series (4.166) converges, and the solution
v e Cf,. In our case, a* = %.

Rather than proceeding to derive a law such as (4.168), we illustrate an equivalent method for
determining o* which gives conceptual insight into the iteration, and which tends to be simpler for
computation. In fact, the method we present here can be used to accelerate the computations of the
preceding Section (4.4.1). Namely, the evolution laws take the form

Eo k1) < CaZ*f(“)e‘;fE%)Ea,(k) (4.169)

where we observe that Z~! and e‘SR’(k) are raised to the same power f(«). This dimensional ob-
servation is a direct consequence of the Ansatz (4.112). The method we present in the following
Section allows us to determine whether these exponents are positive or negative, which allows us
to determine whether choosing Z large can make such an evolution factor small at stage (k) = 0.
Informally, the quantities whose evolution remains under control in the late stages of the iteration

are also the quantities whose evolution we can control at the beginning of the iteration.
Asymptotics for the Parameters
In order to determine whether or not quantities such as the bounds

a/2
I ) —a 1/2-6
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for the Holder norms remain under control in the late stages of the iteration, it suffices to understand

the asymptotic relationships

~ =P
€, (k) = Z (g (4.171)
er.) ~ 8 (4.172)

between the energy and frequency parameters which emerge during the late stages of the iteration.
The following method can be used to determine these relationships, and reduces the control of

quantities such as F, (x) to simple linear algebra calculations.

A remark about dimensional analysis The asymptotic relationships (4.171) and (4.172)
cannot be deduced from dimensional analysis, since the dimensions of time and space for the Euler
equations are independent of each other. Rather, these relationships depend on the efficiency of the

convex integration procedure that we have constructed.

Heuristics for Parameter Evolution Let us recall the parameter evolution laws

€y, (k+1) = €R,(k) (4.173)
erhi) = 27 ey (4.174)
o 1/2
= =CZz? () e = (4.175)
k+1 k
(k+1) er) 1 R,(k)—(k)

In view of the formulas (4.170) and (4.175), it is more convenient to study the evolution of the

Lo
er

energy ratio ( )( N rather than the energy level e, (). For the energy ratio, we have the law
k

€y -5
G — Ze (4.176)
(%), =7

We can summarize these laws compactly by taking the logarithms of the equations, and writing,.

loger 1+ 0 O loger
log(ev/er) | =5 0 0 log(ey/er) (4.177)
log = =26 1/2 1 log =
og (hs) / og w

This evolution law is not completely precise because it forgets about the constants in the exact
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parameter evolution laws; however, the parameter evolution matrix

149 0 0
Ts = -5 0 0 (4.178)
25 1/2 1

contains all the important information regarding the asymptotic relationships between the parame-

ters. Informally, we have an asymptotic

loger log er
log(eo/er) |~ [T5] | log(es/er) (4.179)
log = log=

(k) (0)

The reason being that, regardless of the initial choice of parameters, the right hand side will point
in the direction of the eigenvector of Ts corresponding to its largest eigenvalue Ay. In this case, T;
is a lower triangular matrix whose eigenvalues 0, 1 and Ay = 1 4+ § can be immediately read from
the diagonal or by inspecting the form of the matrix. For example, the top row shows that [1,0, 0]
is a row eigenvector for Ay = (1 + 4), the third column gives 1 as an eigenvalue, and the second and
third columns are linearly dependent, giving 0 as another eigenvalue. Because Ay > 1, the heuristic

(4.179) suggests that

loger
log(eo/er) |~ co(L+8) 9y (4.180)

log=
& (k)

where 1 is an eigenvector corresponding to the dominant eigenvalue

Tsyy = (14 0)Y+

which belongs to the stable octant O(—, +,+) defined by

Yy € O(—,+,4+) = b | |a<0,b>0,c>0 (4.181)
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of R? in which the parameter logarithms

logegr
Yy = | log(ey/er) (4.182)

log=
& (k)

eventually reside. The coefficient c(g) is obtained by expressing (g relative to a basis which diago-
nalizes Ty, and can be assumed to be positive.

In this example, the minimal polynomial satisfied by the parameter evolution matrix is

(T5 — (1 + 5))T5(T5 — 1) =0 (4.183)

Thus, one can take for ¢ any vector in Im T5(Ts — 1) which also belongs to the stable octant

O(—,+,+), such as

1
by =—0""T5(T5=1) | 0 (4.184)
0
1
=-Ts| —1 (4.185)
—2
—1 -1
vr=1 0 |+0]| 1 (4.186)
5 2
Applying the heuristic (4.180) to the approximation
log B, () = (1/2 — 20c) log eg (1) + %log(ev/eR)(k) + alog Ey,) (4.187)
log Eq (1) = [1/2 — 20a, oz/2,oz]1/)(k) (4.188)
~ c(o)(1 + 0)*[1/2 — 26c, /2, Qb (4.189)
= c(o)(1 +0)*[(1/2 = 26) - (=1 — &) + (e/2) - (8) + () - (5/2 + 20) (4.190)
= c(o)(1 + 0)* —(1"2“5) +(g+%5+252)04 (4.191)
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According to this approximation, the bounds on the Hoélder norms decay at a rate of

Bo gy ~ e 140)" (4.192)
with ¢, > 0 for all
a<at= 7(1 +9)
5496 + 462

so that the resulting solution can have any Holder regularity less than 1/5.

Let us discuss how to make this heuristic argument more precise.

Rigorous proof of Hélder regularity We can assume without loss of generality that eg o) <1

after reindexing the stages, and furthermore that

loger

Vo) = | log(ev/er)

log =
& (0)
belongs to the stable octant O(—, +, +).
Define
€ /2 1/2—68
E\ ) = <v) Eded (4.193)
) er) i) (k) R, (k)
Then
log By 0y = [1/2 — 20, /2, oty (4.194)
and upon the first iteration
log Ea,(l) =logC, + [1/2 — 20a, Ot/2, Oé] [Tg} 1/1(0) (4195)

for some constant C,, > 1 that can be expressed in terms of Z and the constant given by the Lemma

(4.3.1). In general, by induction, we can write
log(Ea ay/CX) = [1/2 — 250, /2,0] [T}] o (4.196)

where we have absorbed the exponential growth factor into the left hand side.
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By the Lagrange interpolation formula, we can write 7% as a linear combination of the operators

which project to the eigenspaces of Ty

TF = (14 6)F T5(T5 — 1) 41k (Ts — (14 9))T5
(146)-6 (=) -1
- - (4.197)
4o {(T(s — (1 +6))(Ts — 1)}
—(1+6)-(=1)
(T5(Ts — 1)1 | [(T5 — (1+9))Ts
- (1 k it 4.1
(1+9) _(1+5)-5_+{ (o)1 (4.198)
This formula is close to proving our desired asymptotic, since it implies that
Ts(Ts — 1
10g( B (1)/C*) = (1 4+ 6)*[1/2 — 20, /2, ] {(‘51&55)5)] Yoy + O(1) (4.199)
One way to conclude the proof at this point is to first observe that
T5(Ts — 1)
{(1_’_5)5} w(o) = co)¥+ (4.200)

and to prove that c() is positive. To conclude that the coefficient ¢ is positive, we can use the
fact that [1,0,0] is a row eigenvector for the dominant eigenvalue A,. Namely, we can determine c(q)
by applying [1,0, 0] to both sides of equation (4.200). Then, using the fact that [1,0, 0] is invariant

under projection to the A4 eigenspace, it suffices to observe that the first entry

T5(Ts — 1)
[1,0,0] {(14_5)5] Yoy = [1,0,0]¢ o) (4.201)
= IOg €R7(0) (4202)
is negative, because
[1,0,0]¢; = —(1 + 6) (4.203)

is negative as well.
This calculation establishes a super-exponential decay estimate on the bounds of the Holder

norms

Eo,5) = Che caH0™40M) o < o

for some constants C,,, ¢, > 0, and therefore concludes the proof of the Holder regularity.
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Regularity of the Pressure

Building on the calculations and methods of Sections (4.4.2) and (4.4.2), we can quickly determine
what other quantities remain under control during the iteration.

For example, the pressure increment satisfies the estimates

[Py llco < Cep, ) (4.204)

IVPuyllco < CNuyEw)er, k) (4.205)
o \ /2

<O(2) 2 Eme 4.206

< (€R>(k) (k) 2 () ER, (k) (4.206)

and just as in the computations at the beginning of Section (4.4.2), writing the time derivative as
8t:(8t+v-V)—v-V

reveals that the time derivative of P obeys the same quality of estimates as the spatial derivatives,

leading to the bounds

[[Pyllco < Cer,(x) (4.207)

1/2
€y —25 —
IVt Piryllco < C© (GR)(’C) CR () EW)CR, (1) (4.208)

which by interpolation give Holder estimates of the form

a/2
) —Q —20«

Following the methods of Section (4.4.2), define

a/2
— —a 1-26a
Ea,(k:) = () :(k?)eR,(k) (4210)

so that || P)llcp, < CEq,x) and

«
log(Fe, 19 /CE) = [1 = 200, 5, ] T v (4.211)
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As in Section (4.4.2), we have that E, () decays super exponentially when

-1 -1
1 - 20, %,a]¢+ = [1 - 2a, %,a] o | +46] 1 (4.212)
5 2
is negative. In this case,
5 1)
1 - 20, %,a]w+ = —(1+8) +a(5 + (1+8)20 + 5 +20) (4.213)
which is negative when
<% — 1496
O T 505 + 402

Thus, for the solution p, p € Cf*, when a < 2a*.

Compact Support in Time

According to the choices made in section (4.4.2), the time interval T(;) containing the support of
the solutions grows by at most a multiple of the time scale 6, = E(fkl)e;bg after each iteration.

Therefore, the resulting solution has compact support in time if the series

> Oy < o0 (4.214)
(k)

converges. Note that the time scale 9(75 is essentially the Lipschitz norm of the approximate solution
v(ky- The fact that the natural time scale tends to 0 as we add in the finer scales E@l) is ultimately
tied to the fact that the solution we construct is far from being a Lipschitz vector field.

To determine whether the series (4.214) is finite, it suffices to show that the logarithm of the

time scale

1 =
log 0(;,3) = —5 1og(ev7(k)) — log =(k) (4.215)

1 1 -
= —ilog CR(K) T log(ev/er) k) — log E) (4.216)

99



decreases super-exponentially, and for this purpose it is enough to check that

-1 -1
[-1/2,-1/2,-1]¢p; = [-1/2,-1/2,—1] 0 |+d]| 1 (4.217)
5 2
(146 & 5
=S5~ (5 +20) < -2 (4.218)

is negative, which is clearly the case.
Actually, one can even show that the time interval containing the solution can be made arbitrarily

small by first observing that that

—=1,71/2
00) = E0)u,0) (4.219)
==y [Z—ﬁe;%l;@] (4.220)

can be made arbitrarily small by choosing Z large, and then using the evolution rules for the above

formula to observe that one can easily arrange

O
O(t1) < % (4.221)

for all (k) =0,...,00 once Z is chosen large enough.

Nontriviality of the Solution

In order to show that the solutions produced by this process are nontrivial, we prove that the energy

1
5 / |U(k)|2d$€

of vy = ZI(Cj):O V(jy eventually increases in k on the nonempty interval I(g).

Suppose that t* € Igy. To verify that %f |v(k)|2(t*,x)dm eventually increases with (k), we

calculate
2 2 1V 2 2
/U(k;)(t*,x)dx_/ |U(;)| (t*71')dI:/[|U(k) 2 Wb |U(§)| Jda (4.222)
V 2
:/;@dﬂ/v(k).m)dx (4.223)
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Our choice of e assures us that, we have a lower bound of
v 2
/|(2k)(t*, v)dz > Aep ) (4.224)
for some constant A, since Lemma (4.3.1) implies that the difference

Vv 2
/(;)dm/e(k)(t)d:c

is bounded by

|V(lc)|2 E€R,(k)
|/7(t,x)dx _ /e o (H)dz| < ¢S (4.225)
2 (k) N(k)

and N(j) is an increasing sequence whose first term

e 1/2
Ny = 22 (”) e 4.226
(0) er) o) R,(0) ( )
_ 1
= ZZJr 2(1‘:—5) est((02)+ 2(1+5)) (4227)

can be made arbitrarily large by choosing Z large.
Thus, in order to check that the energy increases for each stage (k), it suffices to bound the inner

product

<U(k)» Viky>r2(19) = / k) - Viwydo (4.228)

which measures the correlation between the correction V() and the velocity field v y,).
We expect the inner product (4.228) to be fairly small because V{3, oscillates at a much higher

frequency. Thus, the first step to estimating the inner product (4.228) is to write
Vi =V x W
and integrate by parts to see that

<y, Viry> = /’U(k) -V X Wiydx (4.229)

= /V X V(k) * W(k)dJ? (4230)
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which, according to Lemma (4.3.1) and the bounds ||[Vv()[lco < E(k)ell)/fk) coming from the definition

of frequency and energy levels, implies a bound

1/2
e
<O, Vi >| < C[Eger/2 ] - [ 23
[<v@): Vim>1 < CEwe, i) [:(k)N(k) e
/2 1/2
e e
v,(k) "R, (k)
< o 5om) R () 4.232
- Ny -
(e )1/2 1
o (@) Nten (4.233)
er ) o (k)
= C(Z27%eR w)er,i) (4234

Applying this estimate to the formula (4.223) for the energy increment, we can even ensure that

the energy increment
o e g P e e > 4 C(Z72e% 4.235
T(t sx)dr — T(t sx)de > Aeg 1) — C(Z77€R (1))er, k) (4.235)

is positive at the initial stage (k) = 0 by choosing Z large. Since eQR‘i(k) decreases, the energy
increment will be positive at all future stages as well.

Thus, the solution obtained at the end of the process is nontrivial because the energy increases
at t* after each iteration, and because e g) was arbitrary, we can make the energy of the solutions
arbitrarily large.

This completes the proof of Theorem (4.3.1).

4.5 Gluing Solutions

Here we note that the method of the previous section can be extended to prove Theorem (1.0.2) on

the gluing of solutions, which states the following.

Theorem 4.5.1. For every smooth solution (v,p) to incompressible Euler on (—2,2) x T3, there
exists a Hélder continuous solution (v,p) which coincides with (v,p) on (—1,1) x T2 but is equal to

a constant outside of (—3/2,3/2) x T3.

Proof. By taking a Galilean transformation if necessary, we can assume without loss of generality
that the solution has 0 total momentum [ v!(¢,2)dz = 0. Let #j(t) be a smooth cutoff function equal

to 1 in a neighborhood of [—1,1], and equal to 0, outside (—6/5,6/5). Then the cut-off velocity
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and pressure v (¢, z) = 7(t)v(t,x), po)(t, ) = 7(t)p form a smooth solution to the Euler-Reynolds
equations with compact support when coupled to a smooth stress tensor R{é) which solves
. - B ) 4
ORI = i (0! + 0y [(72 (1) — 7(8))o ] (4.236)

The existence of a smooth R’! solving (4.236) follows from the fact that the right hand side has
integral 0.

The proof of Theorem (4.5.1) then proceeds by iterating Lemma (4.3.1) just as in the proof of
Theorem (4.3.1). Here the only difference is that the sets I(;) containing the support of each Ry
are unions of two intervals I = I' U I?, with I(lk) C (—o0,1) and I(Qk) C (1, 00).

We still choose energy functions of the form

€y (8) = (20K ep, (1)) 17y * X0 (1) (4.237)
with

X (k) (£) = X1 (08 +705) (£)

being the characteristic function of a slight expansion of I(). According to the computations in
Section (4.4.2), we can ensure that the corrections, which live on small neighborhoods of the supports
of Ry, never touch the intervals (—oo,—3/2] U [~1,1] U [-3/2,00) by taking the initial frequency
level =gy for (v(0), P(0), R(0)) to be sufficiently large. Applying another Galilean transformation to

return to the original frame of reference, we have the Theorem. O

4.6 On Onsager’s Conjecture

As mentioned at the end of Section (4.3), a stronger form of Lemma (4.3.1) would imply Onsager’s

conjecture. Here we investigate what could be proven, given Conjecture (4.3.1).

Theorem 4.6.1. Assume conjecture (4.3.1). Then for every § > 0, there exist nontrivial weak

solutions (v,p) to the Euler equations on R x T3 such that for
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we have

v € CY (R x R?) for all a < o (4.238)

p € CI%(R x R?) (4.239)

whose support is contained in a bounded time interval.

Furthermore, one can arrange that the energy

B(t) = / W2(t, 2)da (4.240)

is C' as a function of t. In particular, the energy will increase or decrease in certain time intervals.

Remark. In fact, the proof shows that, at least for the solutions constructed by this method,

the energy E(t) will necessarily belong to C%® for all a < 1.

Proof. We iterate the conjectured Lemma (4.4) so that the energy levels

/2 1/2
Co, () R.(K) _ _er” 4.241
W = CER,(k+1) = 7 (4.241)
decay super-exponentially. This Ansatz leads to a choice of
e\ /2
Nyy =2 (“) e’ (4.242)
(k) er ) ) R,(k)
e\ /2
—_ v — —_
€y _5
— =Ze 4.244
<€R> (k+1) B (k) ( )
resulting in a parameter evolution matrix
146 0 O
Ts = 5 0 0 (4.245)
-5 1/2 1
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for the parameter logarithms

logegr
Yy = | log(ey,/er) (4.246)
log =
s (k)
Since Ty satisfies
(T5 — (1 + (S))T(;(Tg — 1) =0 (4247)

the stable direction for iterating Ts corresponds to portion of the 1+ § eigenspace of Ty in the stable

octant

O(—,++) = b | 1a<0,b>0,e>0 (4.248)

in which the parameter logarithms 1)) eventually reside.

To find a vector in O belonging to the 1 4 ¢ eigenspace, we compute

1
Yy =—0T5(Ts —1) | 0 (4.249)
0
1
~1
~1 ~1
vi=1| 0 |+0] 1 (4.251)
3 1

In order to determine which Hélder norms stay under control during the iteration, we again
observe that the bound for the spatial derivative of the corrections V and P also controls their full
space-time derivative since

8t:(8t+v-V)—v-V
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and the material derivatives obeys even better estimates. Therefore we have an estimate

—_ 1/2
Vi lloz, < C(NwyZEw) ex o (4.252)
€ /2 1/2—6
< ' (”) el/2-0e (4.253)
0\ ex ) R0
1Py lleg, < C(N@wEw)) er,k) (4.254)
e a/2
< C'E (”) el-oo (4.255)
0\ en ) R0

As in Section (4.4), we take the logarithm of (4.253) to see that the solution

veCy,
if
-1 -1
[(1/2=da),a/2,0] | | o |+6] 1 |]|= —(1;’5) +5(1+6)a+%0‘+ (320‘ +(5a> (4.256)
3 1
= —@-F $(B+26)(1+9) (4.257)

is negative. Therefore, the norm whose bounds grow exponentially corresponds to the regularity

* 1
@ = 3755

Similarly, we see that p € Cf", for a < 2a™ by taking a logarithm of computing

~1 1
(1—6a),0/2,0] | | 0 |+6] 1 |]|= 7(1+5)+%(3+25)(1+5) (4.258)

1

[\eI[9N}

4.6.1 Higher Regularity for the Energy

Here we observe that the energy

E(t) = / (¢, 2)de (4.259)

of the solution v that we ultimately construct actually enjoys better regularity than the solution v

itself has in the time variable. Namely, the construction necessarily results in a v for which E(t) € C¢*
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for all a < 1, and by choosing ey carefully at each stage, we can even arrange that E(t) € C*'(R).

Let us begin by writing the energy as a sum of energy increments

E(t) =Y Ew
k=0

[ van P v *
Eqy(t) = (T(t,f) - T(t,x))dm

Vi [°
= le' + 'U(k) . ‘/(k;)dx

For the ideal case with b1, the Main Lemma (4.3.1) implies that

€R,(k
| Wilda = [ eqy(tidalion < 050
T3 T3 (k)

— V dr — e (t)dx o< (C——>=T—
”dt( 1r3| )] . ) (H)dz)|lc Noo

In fact, for the ideal case, the quantity

= 1/2
=(k) €, (k) ER, (k)

is exactly the critical quantity which grows exponentially, in the sense that

Q1/2 172
= 1/2 . = 172 “®ER,®)
E (k1) €p (1) ER, (k1) = C(N<k>~<k>€R,<k>7N(k)

= 1/2
= CEw)e, (k) eR, k)

(4.260)

(4.261)

(4.262)

(4.263)

(4.264)

(4.265)

(4.266)

Since N grows super-exponentially, we see from (4.264) that the error for prescribing the energy

of the correction can actually be summed in C'(R) for any admissible choices of energy functions.

Namely, from (4.262), we have

d d d
%E(k)(t) = a/e(t)dl' + i /’U(k) : ‘/(k)dl' +o(1)

where o(1) goes to 0 in C{ uniformly in (k).
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We can also sum the correlation term

1L /v Viydalco < C =000 (4.268)
k CU - .
at | "® Ng)
—_ 2
< CEmye,byeht (4.269)
= o(1) (4.270)
which implies that
d d
155 By (8) = = [ e (D)dellcp = o(1) (4.271)

where e(y)(t) is the energy function chosen at stage (k).

To establish the estimate (4.268), we write

d d
% /v(k) . ‘/(k)dl’ = £/<v(,§),v X W(k)>d$ (4272)
d
dt <V x U(k (k)>d.’L‘ (4.273)
/(& + U(k 0; )<V X V(k), W(k)>d:c (4.274)
/ (0 + v k)a )V x U(k), W(k)>d.13
(4.275)
/<V X V(k)s (8t + U(k)a )W(k)>dx
The second of these terms can be estimated using the bounds for W(;) in Lemma (4.3.1).
||/ <V x U(k (6t + ’U(k)a )W(k >d$HCo < CHV'U(I@)HCOH(at + U(k)a ) (k:)”CO (4.276)
o2 /2
1/2 v,(k) R,(k)
< — 4.2
C ( (k) €, (k )) Newy (4.277)
< CEwmey ienty = o) (4.278)

The first term can be estimated by commuting the curl Vx and the material derivative 0y +v- V.

/ (875 + ’U(k)a )V X V(k)s W(k >dxr = /<V X (8t + V) - V)U(k), W(k)>dl‘ + / <U(k),W(k)>d$
= Eq, ) + B, (4.279)

Uy = (0: + U(k) - V)V x U(k) — V x (0 + U(k) - V)U(k) (4.280)
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Using the definition (V x w)" = € 4,0*w’, we can compute the commutator u s,

(V X (8t + V(k) - V)U(k))l = elaba [(&g + ’U(k)a )U(k)]

(325 —+ U(k)a ) labaavé)k) —+ Elabaav‘(jk)ajvé)k)

ul(k) = —elabaavgk)ajv?k)

allowing us to bound the term Es ) by comparing it to the exponential growth of =,

I [ <u9: Wiey>daley < llugolegyaWoollepes
< ClIVrgo2ons Winyllcg s

2
- /2 =1 1.1/2
5‘3(—<Hem<>) ( w Ny e R())
12 1/2
wels2, SR
o Ny

IN

C

[1]

1/2 146
(k)ev,(k)eRT(k)

IN

C

[1]

(4.281)
(4.282)

(4.283)

1/2
€, (k) € R, (K)

Here we chose the L3 norm in space to simply to draw an analogy to the trilinear terms appearing

in the proof of energy conservation in [5].

To bound the other term E y, we can use the Euler-Reynolds equation
(O + U(k) - V)”Uék) = 8lp(k) + 3jR{]l€)
to estimate

||/<V X (O + vy - V), Wiy >dallco < (IIV?plleo + [[V2RI| o) [[Wikyl| oo
RV
€R, (k)

< CElyenmz
* Sy Nik)

1/2
< CEpye, /( )eR’(‘;) =o(1)

We have therefore established that

d d
5B ® — 5 [ cw®dalicy = o)

(4.284)

(4.285)

(4.286)

(4.287)

(4.288)

If we desire the energy of the resulting solution to be C' in time, we must be more careful than
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using the bounds

d 2, d 172
| e @)l = 2lle () Zegls 0 les

= 1/2
< CE()e,) (1) CR.(k)

<C*

required by Lemma (4.3.1), since these bounds grow exponentially.
However, we can easily choose e(;y so that the bounds (4.291) are not sharp.

For example, averaging over longer time intervals

_ k=—1 —-1/2
(k) = Bo= (1) €0, (k)

for the time mollifier in (4.150), (4.153) will lead to bounds which decay exponentially for
I—e@(t)llco < CA™

if By is chosen sufficiently large.
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Chapter 5

Construction of Weak Solutions in

the Holder Class : Preliminaries

5.1 Preparatory Lemmas

To prepare for the proof, we present the following, well-known method concerning the general rate

of convergence of mollifiers.

Lemma 5.1.1. Suppose that n € L*(R3) N LY (R3) and that for any multi-index o with 1 < |a| <

N — 1 the moment vanishing conditions

/y"n(y)dy =0 Va,1 < Jaf <N —1 (5.2)

hold.

Let € > 0 and define n.(y) = e *n(%). Then there exists a constant C' such that
[lv = ne * vllcocray < CeV[nllp ey [V ol [ cocra) (5-3)

for all smooth functions v on T3

Proof. To reduce the number of minus signs appearing in the proof, let us assume 7, is even, and

let us restrict to the case N = 3 to convey the idea. To verify (5.3), we can then Taylor expand by
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repeated integration by parts in the formula

nexv(x) —v(z) = /Rs (v(z —y) —v(@))ne(y)dy
- /(U(x +y) —v(@))n(y)dy
_ /(v(x +ey) — v(@))n(y)dy

— / [/01 %v(m + sey)dS} n(y)dy

[ 1 [ [ouwtas sey)yin@)dy} ds

[ oatwnwas+ [[ [ oo+ st - sas] niyay

1
e[ [ [oonvte+ sey)yﬁyizn(y)dy} (1 - 5)ds
0

e? i1, 4 b (1- 5)2
=5 ooty + [| [ 2ot sap g as nwy
: 0 S 2!

3 1 ‘ o
= % [/ 03,03, 03, v(x + sey)y“y”y”n(y)dy} (1—s)2%ds
- JO

O

Remark. The case N = 2 of the above lemma is already contained in [6]. In their argument,
they take advantage of how the case N = 2 permits 7. to be non-negative. Actually, the case N = 2
also suffices for the proof of the main theorem in the present paper, but we include the more general
statement (5.3) to convey the flexibility available in this aspect of the argument.

Another way to work out the above details, which will be repeatedly used in the remainder of

the proof, is to write

nexole) —v(e) = [lote =) = @)y (5.4)
1 .
- 7/0 [/ Oiv(r — sy)y'n.(y)dy| ds (5.5)
e [ [ ot = su)iuyduas (5.6)
where
) = —= L) 5:7)

are other functions whose integrals are not normalized to 1, but which satisfy the same type of
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estimates as 7.

Namely, every function 7. and 7. which appears in the argument will satisfy bounds of the form
IV*nell 1 sy < Cre™® (5.8)

and altogether through the course of the argument, only finitely many different n and 7 will be

used.

5.2 The Coarse Scale Velocity

To begin the proof of Lemma (4.3.1), we choose a mollification v/ for the velocity field. For our

purposes, it is convenient to take a double mollification

Ne+e = Ne, * Ne, (59)

0] =i x v (5.10)

for reasons which will be explained in the footnote of Section (5.3) after we derive a transport
equation for v..
We would like to take €, to be as large as possible so that higher derivatives of v, are less costly.

More specifically, the basic building blocks of the construction are of the form
eI ’UZI

1

and we must ensure that each vr has frequency smaller than A, so €, must be smaller than A in

order of magnitude.
To achieve a frequency of 2 = CEN as in the statement of the main lemma (4.3.1), we will take

A to have the form
A= B\EN (5.11)

where By > 1 is a very large constant which will be chosen at the very end of the proof.

113



The parameter €, will then have the form.

€0 = a,= "N (5.12)

0<y<1 (5.13)

where a, <1 is a small constant that will also be chosen in the proof. At this point we can discuss
the exponent 7.
Analogously to Section (4.1.1) in the continuous case, we choose €, so that the main term in the

error

(0! — o)WV VI =) 22 (v —ve) (€)' + 0N Y (5.14)
T

=Qi'+o(™) (5.15)

will be small. Namely, we know a priori, as in (4.1.1), that each v; will be no larger than

vrlloo < Aet/? 5.16
R
for some absolute constant provided that we require
= (5.17)

for a certain constant by discussed in Section (4.1.1). Furthermore, there is a uniform bound on the

number of v; which are nonzero at any given (¢, x), so we also have an a priori bound
2
1> Jorllleo < Aeyf (5.18)
I
Therefore, we have an a-priori bound on
1Qullen < Aeyf[lv = vellco (5.19)

In the ideal case for which there are no losses of b=! in the Main Lemma (4.3.1), the target size
/261/2

1
for the new stress would be [|Ry[|co < “*—E—. We will therefore choose €, to achieve the target

1/2 1/2

1 e/ ep
v —_ 5.20
1Qullco 2 =5 % (5:20)
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To approach the target (5.20), let 7, be any smooth mollifier constructed from an even function
of compact support which satisfies the vanishing moment conditions of Lemma (5.1) for N = L. We

then have an estimate

H776+6 *U — UHCO = H(nev * U — V) + 1, * (nev *U — U)HCU (5~21)
< CeE||VEV|| o (5.22)
< Cek(zlel/?) (5.23)

In anticipation of proving (5.20), we set v = 1/L, so that

€, = a, B 'NVE (5.24)
and (5.23) becomes
L/2
Nete ¥V —V||co < Cal= 5.25
v N

Applying the above inequality to (5.19) gives a bound of

1/2
€y
1Qullee < Aatrer* = (5.26)

for the leading term in the stress created by mollifying v.
By comparing (5.26) with (5.20), we can choose the constant a,, so that the goal (5.20) is satisfied.

With the above choice, Vv, has amplitude Zeb/? and frequency = to high order

[|0%c||co < Elolel/2 o =1,...,L (5.27)

|0%c||co < CuNUal=D/Lglalel/2 g > L (5.28)
which we choose to abbreviate by
10%0c||co < CuNUel=L)+/Lglal l/2 for all |a| > 1 (5.29)

We can summarize (5.29) informally by saying that each derivative of v, up to order L costs a factor
of 2, and then derivatives beyond order L cost N'/LZ. The factor N/ is like an “interest payment”

which must be paid on top of the usual cost of = for the “borrowed” derivatives beyond order L.
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Note that we do not assume any control over ||v||co; in fact the low frequency part of v, though
bounded, can be very large when the lemma is used in the proof of Theorem (4.3.1). There, the
largest part of the C° norm comes from the very first step of the iteration.

At this point, we can already check to make sure that we have not fallen short of the goal

IVQullco < enr (5.30)
1/2 1/2
€y €

=C(NE)— £ .
C(NE)=— (5.31)
— CEel/?e}]? (5.32)

by estimating

V(v = ve)llco < [[Vvlleo + [[Vve|[co (5.33)
< 2Zel/? (5.34)

Since we expect that [V] <~ e}{Q, the crude estimate (5.34) will suffice to prove (5.30).

The choice of ¢, and the parametrix Expansion For the parametrix expansion at the end to

be effective, it is important to observe that
e;t S ENYE

is significantly smaller than

A~ EN

because L > 2. The point here is that the parametrix expansion for the divergence equation proceeds

by solving
0;Q0 = eyl (5.35)
Q' = Qi + Qﬁ) (5.36)
. ) gl l
o % (5.37)
. N
;@) =~ 15[ (VO] (5.38)
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The derivative 9; in (5.38) will turn out to cost a factor at most e, (cf. Section (7.2) below.). On

the other hand, the parametrix gains a factor of A~!. The way we have chosen ¢, ensures us that

each iteration of the parametrix gains a factor

-1 ENl/L
6“;\ <C BNE (5.39)
C
C

since L > 2.
In the following section, we derive a transport equation for v., and derive some estimates that

will be necessary for the proof. At this point, we abbreviate . for 7, .

5.3 Commutator Estimates and the Coarse Scale Flow

In contrast to the argument in [12], we do not mollify the velocity field in the time variable. Instead,

by using the fact that v obeys the Euler-Reynolds equation

(0 4+ v )v? = &p+ O; RV (5.42)

we derive a transport equation for v/ as follows.
By convolving (5.42) with 7., we can see that v = 5, * 7. * v/ also obeys its own transport

type equation

(0 + 0200V = Neye ¥ (T p+ HRY) + Q? (v,v) (5.43)
_ (5.44)
Q7 (v,v) = V20,07 — Neye * (V9007) (5.45)

The quadratic term arises from the failure of the nonlinearity to commute with the averaging, just
as the Reynolds stress arises in Section (1.1). In what follows we will derive estimates for the
commutator @’ (v,v) which should be compared to the commutator estimates used in the proof of
energy conservation in [5] and the similar commutator estimates used in [6]; we give some remarks
about the comparison at the end of the section. The method of proof involves integral formulas

which are very standard, for example in Littlewood-Paley theory.
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According to the Definition (4.3.1), we expect that the cost of the derivative (0; + v29,) should

1/2

be a factor of Ze,’”, so we expect an estimate of the type |(9; + v20,)v?| < Ze,. However, without

observing the cancellation between the two parts of the quadratic term, the only estimate we could

expect for @’ (v,v) would take the form! |Q7(v,v)| S =el/?

, and even this estimate would require
control over |[v||co which we have not assumed.
The key to observing cancellation in the quadratic term is to use the control over the higher-

frequency part of v, and obtain cancellation from the lower-frequency parts. We accomplish this

task through the following commutator calculation:

Q7 (v,0) = V20,07 — Neye * (V207 (5.46)
= 0800 (1e % Ne % V) = e ¥ Ne * (0 9pv”) (5.47)
= ne * (V¢ Da(ne * Uj)) + [V¢ D, Nex] (e * vj)
(5.48)
— Me * (Uaaa(ne * UJ)) + Te * (['Uaaavne*]vj)
where we can express the commutator terms as
[U¢ Oas Me*] (Me * Uj) = /11&3 (ve(z —y) — ve(x))0a(ne * Uj)(w —y)ne(y)dy (5.49)
1
— [ [ awtta = sy)outn s o) = w)y'nelo)duds (5.50)
0o Jrs
1
e [ [ ot ot )@ - p)it)duds (55
0 Jrs
and similarly
1
e * ([V%04, nex|v?) (z) = GU/ TNe * { v (z — 5Y1)0v? (x — y1)7 (y1)dy: | ds (5.52)
0

1
/[/ V(@ — s — 552)000? (@ — o — y2)i7 (w1 )y (o) dye | ds
0 R3xR3

(5.53)

It is now clear that the commutator terms can be estimated using our control of only the deriva-

tives of v. A similar expression for the remaining terms allows us to finally observe the cancellation

. i . N i 1/2
LFor example, in v29,v!, v¢ is bounded in size by a constant and d,v! is bounded by ~ev/ .
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between the low frequency contributions to @

Ne * (VE 0 (e * 'Uj)) — Ne * (V"0 (e * Uj)) = e * [(v¢ — v*)0a (e * 'Uj)] (5.54)

1
—« [ ne*{ O (& — sy)Da (1. % 07z — )i (y)dy | ds
0 R3

(5.55)

Each of the terms (5.51), (5.53) and (5.55) leads to a bound
1Qllco < Ce,E?e, (5.56)
< ON~YEge, (5.57)

Differentiating (5.51), (5.53) and (5.55) up to order L —1 costs a factor of ZE according to the bounds
(4.81) and (5.29), and beyond order L — 1, each derivative costs N'/LZ as it hits the mollifiers or

as we apply the bounds in (5.29). These observations lead to the estimates
IV*Qllco < NIWHIZD 1/ bgk e, (5.58)

for the commutator.

These bounds are better than the bounds for
IV fere # Vpllgo < NIRFIDI/ Lkt e, (5.59)
coming from (4.82) by a factor of N~'/. The bounds on
|V 0ese ¥ VR| o < NIEFHI=DIH]/Lgk+le (5.60)

coming from (4.83) are also better than those for the pressure because e < e,.

For v/ defined as above, we therefore have the bounds

Theorem 5.3.1 (Coarse Scale Force Estimates).
[V(0; 4 v20;)v! || co < CQ NOFlal=L)+/Lgltlale (5.61)

for all || > 0.2

2As the above analysis reveals, the double mollification of Section (5.2) is useful because it allows us to easily
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In particular, for |a| =0,

1£2llco = [1(9¢ + veBa)vlllco < CZe, (5.62)

The equation (5.43) has a physical interpretation in terms of the coarse scale flow, which we

define here for future reference

Definition 5.3.1. Let ®,(t,z) = (®°,®%) : R x R x T?> — R x T? be the unique solution to the

ODE
d
%d)g(t,a:) =1 (5.63)
%@g(t,x) =0l (®4(t,z))  j=1,2,3 (5.64)
Do(t,z) = (¢, ) (5.65)

We call ®,(t,x) = (t + s, ®I(¢,)) the coarse scale flow.

According to equation (5.43), any particle which travels along the coarse scale flow experiences
an acceleration
d2

@q)g(t,x) = (0 + 020,07 (B4 (t, ) (5.66)

= fej(q)s(twr)) (567)

where the acceleration f7 is given by the right hand side of (5.43) and is bounded by |f/| < CZe,.

The method used here to obtain commutator estimates differs from the computations in [5] and
[6] in that our proof only involves commuting mollifiers with differential operators v*d, and involves
a double mollification trick in order to bound higher order derivatives. On the other hand, since

both v® and v? are divergence free, the commutator can be expressed in the form

Q7 (v,0) = Oa[vev] — ey * (v07)]

as in [5] and [6] so in particular the estimates (5.58) we have obtained for spatial derivatives of ¢/

can be compared to those stated in Lemma 2.1 of [6] for commutators of the above form, which are

prove an estimate for derivatives of order higher than L. Another way to make sure these estimates are available is
to choose the mollifier to be a projection P<j, to frequencies of wavelength 2~% less than e. With such a choice of
mollifier, it is then easy to see that the quadratic term Q(v,v) has bounded support in frequency space, and therefore
obeys estimates for its higher derivatives as well. Thus, the use of the double mollification plays the same role in the
analysis as the formal identity “sz = P<}” in the standard Littlewood Paley theory.
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similar in nature although they are not strong enough for the bounds (5.58).

5.4 Transport Estimates

In this section, we use the estimates of Section (5.3) to derive estimates for quantities which are

transported by the coarse scale flow and for their derivatives.

5.4.1 Stability of the Phase Functions

We start with the phase functions &; which satisfy the transport equation

(0 +0!0;)ér =0 (5.68)

&), 2) =& (5.69)

with initial data &; at time t(I) as described in Sections (3.4.1) and (3.4.3).

Our first objective is to choose the lifespan parameter 7 sufficiently small so that all the phase
functions which appear in the analysis can be guaranteed to remain nonstationary in the time interval
|t — ¢(I)] < 7, and so that the stress equation studied in Section (3.4.3) can be solved. In order
for these requirements to be met, we will choose 7 small enough so that the gradients of the phase
functions do not depart dramatically from their initial configurations.

The lifespan parameter 7 will be of the form

T =bE"te;1/? (5.70)

b<1 (5.71)

where b is a dimensionless parameter that must be sufficiently small.
The following proposition bounds the separation of the phase gradients from their initial values

in terms of b.

Proposition 5.4.1. Let ®, be the coarse scale flow defined by (5.3.1) and let él(x) be the initial
conditions defined in Section (3.4.3).

There exists a constant A such that for all |s| < bEflev_l/Q, and all I €L

IVEH (D (H(T), 7)) — VEr ()| < Ab (5.72)
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As a consequence,

| V&t ) = VEr| [loo < Ab (5.73)

for all t in the interval |t — t(I)| < b=ey 2.

With this proposition in hand, we will require that

Requirement 5.4.1.

b < b (5.74)

where by < 1 is a constant ensuring that
V& lleo < 3[VE|™ (5.75)
IIVE +ED oo <3IVE+EDNIT T#T (5.76)

on |t —t(I)] < b= le, /%, and also ensuring that
I 1V&r(t,2)) = Vér(a)| oo < ¢ (5.77)

where ¢ guarantees the conditions in Proposition (3.4.1) are both satisfied.

Proposition (5.4.1) is a consequence of the inequality

1/2

Proposition 5.4.2. There exist absolute constants Cy,Cy such that for all |s| < b="te, '~ we have
£ CyEel/?s|
|V§[(®S(t],.’li)) - Vé-](.%‘)‘ < 016 v b (578)
< C1e“2% (5.79)
Proof. We study the evolution of the quantity
u(s) = [VEr(@s(t(1), 2)) = Vér (@) (5.80)

as the flow parameter s varies. To prepare to compute ‘fi—;‘ we first differentiate the transport equation

(8t + viaj)& =0 (581)
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to obtain the equation
(at + ’Ugaj)alfj = —8lv£8j51 (582)
governing the evolution of V&;. Using this law, we compute

%\Vfl(q’s(th )=V (@)]* = 200, + vl ($)0;)0"E1 (R4) (0161 (Ds) — Di) (5.83)
= —20"070;¢1 () (011 (®s) — Di) (5.84)

= —20"01(0;€1(®5) — 0;E1) (D1 (Ds) — Diér) — 2001 0;€1 (D€ (D) — Dir)

(5.85)
which gives an estimate of the form
du =_1/2 =, 1/2, 1/2
|d—| < CyZe,/“u + 2C1Ze,/ “u (5.86)
s
In terms of the dimensionless variable t = Ee,l/ 23, the same inequality can be stated
du 1/2
|| € Caut2C1u (5.87)

By the time reversal symmetry ¢ — —{, it suffices to prove (5.78) for > 0. In this case, we achieve

the bound by first using (5.87) to deduce

du

=~ Cou < 20, ul/? (5.88)
_cyidu —Csf —Cyt, 1/2
e i Che u < 2Cie U (5.89)
d _ _
d—g(e_CQtu) < 20 e~ C2ty1/? (5.90)
In terms of the variable v = e~“>*u, inequality (5.90) takes the form

(5.91)

123



To deduce a bound for v, we can integrate the above inequality by observing that for any € > 0

% <201~ F (v 4 o)V/? (5.92)
1 dv+e€) d(v+e)t/? _ Gt
— <C 5.93
2(w+e)t/2  dt dt =te s (5.93)
Integrating from t =0 to t = 5 for 5 = 85611,/2 in the range 0 < 5 < b and taking € — 0, we obtain
v1/2(5) — v1/2(0) < cl/ e~ Fdf (5.94)
0
< (15 (5.95)
< Chb (5.96)

In our case, v(0) = 0 because V& (z) is the initial value for V& (®,(¢(I), x)). Thus, returning to the

initial variable u,

e~ F5u2(3) < Chb (5.97)

Cos

u'/?(5) < Cre 2 b (5.98)

which is an inequality of the form (5.78) with a different value for Co in terms of the original

—1 —1/2_
parameter s = Z~le, /2. L]

5.4.2 Relative Velocity Estimates

We now collect estimates for the derivatives of the phase functions. In terms of the foliation gener-
ated by the level sets of the phase functions &;, estimates for derivatives V*¢; encode quantitative
information about the density and regularity of the foliation. Each leaf £ = C' moves with the
coarse scale flow, so changes in the regularity of the foliation arise from variations of the velocity
field v (¢, z) in space. Hence we refer to these estimates collectively as relative velocity estimates.
The intuitive considerations above are captured by the structure of the transport equations in the
analysis. For example, the bounds we obtain never depend on the C° norm of v, which is consistent
with the Galilean invariance of the equation.

We now generalize the argument of Section (5.4.1) to obtain bounds for the higher derivatives
V¥¢r. From the estimates ||Vev | co < Slel N(@=L)+/Lel/? we see that each derivative of the velocity

field v, costs a factor of =, with an extra cost of N/ for each derivative beyond order L. We expect
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the same cost in the estimates for the derivatives of £, so our goal is to prove

Proposition 5.4.3. There exist constants Cy, depending on m such that for all multi-indices v of

order |y = m we have

[Véillco < C (5.99)

IV¢1]lco < Oy BN N II=E)+/L for all |y| > 1 (5.100)

Motivated by the statement of Proposition (5.4.3) and the structure of the transport equations

to follow, we introduce a weighted energy to measure the pointwise values of the M-jet of ;.

Definition 5.4.1. Let ¢ : T3 x R — R be a real valued function, and let =, e,, N and L be as in

(4.3.1) and (4.3.1). For 1 < M, we define the M’th order dimensionless energy of £ to be

M
Eyle(ta) =Y Y mAmoON—2m=L)/E(gre)? (5.101)

m=1|y|=m
where the summation runs over all multi-indices v with 1 < |y| < M.

In terms of the weighted norm (5.4.1), the bound (5.4.3) can be deduced from the following more

general theorem, which will be used again later on.

Proposition 5.4.4. Suppose that & satisfies the transport equation
(O +v10,)6 =0 (5.102)
Then there exists a constant C = Cyy such that for all s € R and all (t,z) € R x T3

1/2|S

Enr[€)(®s(t, 2)) < =PI Ey[€])(t 7) (5.103)
In particular, for |s| <1 = b=y % with b < 1, we have a bound

En[€](Ps(t,z)) < CENME](t, ) forall |s| <7 (5.104)

Proof. For the case M = 1, the weighted norm coincides with the usual absolute value |[VE[2. To

study the evolution of |V¢| under the coarse scale flow, we use the equation
(0 +v1)07E = —07vl 0;¢ (5.105)

125



to obtain a formula involving the deformation tensor of v,

d ,
IVER(@) =2 Y (9 +0l0;)07605¢

[v[=1

=2 0]0;£0,¢

lv|=1

= 3 (@ + )90,

[v]=1

All we need to extract from this evolution formula is the estimate
d 2 - 1/2 2
|25 VEF (@) < Ce,/"|VEF(@s)

from which (5.103) follows by Gronwall’s inequality.

For M = 2, we prepare to prove an estimate
d =,1/2
| Eal€)(@,)] < CoZel 2Bl (&)
by first differentiating (5.105) to obtain

(0 + 01 0;,) 07107 = —OM [90I0,8] — O I 0,002¢

= —(5721)2@-5)715 + 871v£8j872§) —om 8721;@6]-5
We can use this equation to obtain (5.110) by first observing that

B¢l = > E2(D_ [07¢)) + V¢

Iv1=2 [v|=2

so that (5.110) follows from an inequality

o2 d =

27 IR (@) [ < ChEe P Bl forall |y] =2
The above bound on

d ,
S |07EP (@) = 2[(91 + v10;)07 0,€]05,0,¢
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(5.108)

(5.109)

(5.110)

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)



follows from multiplying the equation (5.111) by £729,,9,,¢, and observing that

E720,,0,,6(0M 00l 0;€) = (27107 9720 )(E710,,0,,€)(9;€)
< Zel/? BY(E)(®,) - Ey[€)(2)

< Ze,/? Exf¢)(@s)

Clearly, the terms arising from the remaining part in (5.111) obey the same estimate.

In general, we can prove the differential inequality
d =,1/2
| S Emle](®s) | < CrrZe,"Enr[€](Ps(t, 7))
inductively by proving a bound of the form

EmAMED N ML diw”a?(@s) | < O Eey/*En[€](®s)  forall |y =M
S

(5.116)
(5.117)

(5.118)

(5.119)

(5.120)

The transport equation obeyed by a higher order derivative 97§ = 9" --- 9" ¢ is of the form

(O +010,)0¢ = Y ) j0%019;(9°¢)

a+B=y
|a|>1

After multiplying this equation by Z~2(M-UN=2(M=L)+/L_ ¢ each term has the form

E_Q(M_l)N_Q(M_L)+/L8("Ug8j(855)875 _ P(I) . P(”)
P(]) = E’(M’I)N’(M’L”/La%gaj (8'85)
— E—(M—l)N—(M—L)+/L(‘)7§

P

1Bl <M —1

(5.121)

(5.122)
(5.123)

(5.124)

In order to prepare to bound these terms in terms of the dimensionless energy, we use the simple

observation that for all « > 1,L > 1 and 8 > 0, we have

(@+B—L)s = ((@=1) = (L—1)4+ (B (L—1))y = (a— L)y + (B+1- L),

This inequality follows from the more general inequality (5.4.1) stated below.
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Using (5.125), we can then distribute the powers of N and =

‘p(l)| — m—(al+I8]-1) y—(M—L)1/L ‘aavgaj@ﬁg)’ (5.126)
< 57|a\+1N7<\a|fL>+/Laavg’ =181 N—(BI+1-L)+ /L g (9P¢) (5.127)
Using the estimates
|0%v7||co < BlalNUal=D)+/Le1/2 (5.128)
g-(M=DN=(I=D+/L 15 ¢| < E}\f{g] (5.129)
and (5.127) we bound
1Pyl < (Bel/?) - By [)(@s) (5.130)
|Pan) < By [€)(2) (5.131)
giving an estimate for (5.122) of
E2MD N 2 L) /L 9ol 9,(0P€)0, €] < Een/2 Ear[€](Ds) (5.132)
which establishes (5.120), and by Gronwall, we conclude (5.103). O

To deduce the Proposition (5.4.3) from Proposition (5.4.4), we simply observe that the dimen-

sionless norm of £; is initially bounded by

Enlé]"?(4(1), 2) = Ex[€]'?(x) (5.133)

< Cu (5.134)

and that every other point (¢, z) on the support of v; is obtained by flowing for a time less than 7
from some other point (¢(1), z').
As a corollary to Proposition (5.104) and the equations (5.121) for £ = &;, we also have the

bounds

Proposition 5.4.5 (Phase-Velocity Estimates). For all multi-indices v,k of orders |y| > 0, and
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k| >0

||V’“[(8t +ve - V)VI(VEN)] o < CE\k|+|fy|+1equ/2N(\k|+lvl+1—L)+/L (5.135)

The above bounds are larger than the bounds in (5.104) by a factor Ee}/ 2

coming from the
material derivative.
The inequality used to count powers of N'/Z in the proof of Proposition (5.4.3) follows from the

following general inequality, which will be used similarly in further estimates below.

Lemma 5.4.1 (The Counting Inequality). For any non-negative numbers x1,xs,...,xp > 0 and

Y >0, we have
(x1 4+ 2o+ ... vy —Y), > Z(x -Y), (5.136)
Proof. The result for general M follows by induction from the case where M = 2, which states that
(1 =Y)s+(x2—-Y)y <(z14+z22-Y)4 (5.137)

Inequality (5.137) is obvious when the left hand side is zero. If exactly one of the two terms, say
(1 —Y)4, is positive, then the inequality follows from x5 > 0. If both (1 —Y); and (22 — YY)

are positive, then the inequality follows from Y > 0. ]

5.4.3 Relative Acceleration Estimates

In this section, we gather estimates for the quantities
((9,5 + vgaj)QVk&

and their spatial derivatives which will be useful in the analysis to follow.

These estimates along with the phase-velocity estimates of section (5.4.2) give quantitative in-
formation regarding how the regularity of the foliation {{; = C'} changes in time from the frame of
reference of a particle moving along the coarse scale flow. Since the acceleration in time of these
geometric quantities is due to variations in the acceleration that such particles experience, we refer
to the collection of estimates that follow as relative acceleration estimates.

In Section (5.3) we derived the following estimates for the acceleration along the coarse scale
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flow:
V[0 + 01051 ][ co < CoNUHl=Ds/bgttlele, o] > 0

and as in that section, we will abbreviate f! = (9; + v19;)v..

Starting with
(0 + v°0,)0'¢; = —0'P0u¢;
we calculate

(O + 028a)[(Dy + v20y)D'Er) = —(Bs + v20a)[0' 02 Dot 1]
= —0WP(8; + v20,)Er — [(Or + v28,) D 0P Dpé

= 000,61 — [(Of + v20,)0" W) OE s
and substituting

(O 4 v28,)0" = (D) + v28,)v?] — D'V 0°

= '[f] - O'vl D!
leaves

Oy 4 v28,)[(0r 4 v20y) L] = =0 fP0uEr + 2010 Oyv 20, E1

(5.138)

(5.139)

(5.140)
(5.141)

(5.142)

(5.143)

(5.144)

(5.145)

Applying the estimates (5.138), (5.29) and Proposition (5.4.3) to equation (5.145) we obtain

Proposition 5.4.6 (Phase-Acceleration Estimates). For any multi-index o of order |a] > 0

V[0 + ve - v)Qv&]HCO < CMN(2+|“‘_L)+/LE(2+|“‘)6U

(5.146)

We can obtain acceleration estimates for higher order derivatives V¢ by repeatedly commuting

spatial derivatives with (0; + v. - V) and combining the estimates (5.146) and (5.4.3). The resulting

bound is of the same form

Proposition 5.4.7 (Higher Order Phase-Acceleration Estimates). For any multi-indices «,vy of

130



orders |a] > 0 and |y| >0
V[0 + ve - V)QV'Y(V&)}HCO < ClaHMN(1+\a|+\v\—L)+/LE(2+|a\+|v|)ev (5.147)
One can summarize the estimates (5.4.3), (5.135), (5.147) succinctly in the form
V(8 + ve - V)V (VED| o < CN=DsthiFlal=L)+/Lgrtialtivler/2 (5.148)

and more generally we can commute the spatial and material derivatives to obtain

Proposition 5.4.8 (General Phase-Acceleration Estimates 1).
V(8 + ve - VIVP(0; 4+ ve - V)V (VED|co < CN(1+I(X\+I,@I+\W\—L)+/L52+Ia\+lvlez/2 (5.149)

We summarize some important points from the analysis.
e The gradients V¢&; are bounded in size
e Each spatial derivative of V& costs a factor of =, which is consistent with dimensional analysis.

e Each material derivative (9, +v. - V)", |r| < 2, costs a factor of Ses/?, which is also consistent

with dimensional analysis.

e After taking L derivatives of £, the estimates also lose a factor of a; ' N /L for each additional

derivative taken (although the first material derivative does not count in this regard).

e In particular, since L > 2, more than two derivatives of £ must be taken before this extra

loss appears.

Let us introduce some notation to make the estimates more readable. Denote by D®*7) any

differential operator of the form

DET) =9 (9, 4+ v, - V)1V (9 4 v, - V)2V (5.150)
k=ai+az+as (5.151)
r=r 4T (5.152)

a;,r; >0 (5.153)
<9 (5.154)
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Then the general phase-acceleration estimate can be written concisely as

Proposition 5.4.9 (General Phase-Acceleration Estimates 2).

ID*DVEr) oo < iy N tEH= D Lghir /2 (5:15)

5.5 Mollification along the Coarse Scale Flow

With the transport estimates of Section (5.4) in hand, we are ready to discuss how to construct the

appropriate mollification the Reynolds stress.

5.5.1 The Problem of Mollifying the Stress in Time

Unlike the velocity field, which was only mollified in the spatial variables and which earned its time-
regularity through the Euler-Reynolds equation, the Reynolds stress must be mollified in both space
and time. To see that a mollification is necessary, first observe that according to the construction

of vy &~ RY? in Section (3.4.3), the Transport term
0;Q% ~ Y €1 (0y + 01 0] (5.156)
I

involves a time derivative of R and we cannot obtain CY bounds for the stress Qr arising from this
term without having control over (9; + v’ 0;)R. On the other hand, in order to proceed to the next
stage of the iteration, we must show that (9; + v§ a)QJTl obeys good bounds as well, and verifying
these bounds will require us to take a second material derivative of R according to the equation
(5.156).

According to the above considerations, it is necessary to mollify R in time. It is also necessary to
mollify along the flow lines of v, rather than in the ¢ direction, because R fluctuates too rapidly in the
t direction, whereas the material derivative (9; + v79;)R obeys better bounds. Unlike mollification
along the ¢ direction, mollification along the flow is also consistent with the Galilean invariance of

the equations.

5.5.2 Mollifying the Stress in Space and Time

After constructing the mollification R, of R, we will need to have estimates for the quantities

® [|Rellco
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o [V*R]lco, [k] >0
e |(0; +ve V) Re|co, r=1,2
o [|[V¥(0r +ve- V) Re|lco, r = 1,2 and |k| >0

With these demands in mind, we construct the mollification in two steps. First we average in

space by defining.

R, (t,x) = nc, * e, * R(t,2) (5.157)

- / / Rt + 1 + y2)e (927, (42)dys g (5.158)

The double-mollification here plays the same role as the double mollification in the construction of
ve in Section (5.2).

We then use the coarse scale flow ® defined in (5.3.1) to average in time by defining

R (t,x) = Re,e, (t, ) = ne, *o Re, (t, ) (5.159)

= /Rez ((I)s(tvx))net (S)dS (5160)

For the purpose of our analysis here, it is not important that we have chosen to mollify first in
space and then in time rather than in the opposite order, because we will choose ¢; and ¢, small
enough so that these operations commute up to acceptable errors. In general, though, if ¢, = T is
too large, the time 7" flow of an ¢,-ball can be deformed around T? in a complicated way, and will

look very different from the €, neighborhood of a single trajectory of time duration 7'

5.5.3 Choosing mollification parameters

As a goal, we will require that the error term generated by this mollification constitutes a small

fraction of the allowable stress

1/2 1/2

e, e
_ qY "R 161
IR~ Rllos < o0k (5.161)
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During this mollification R — R., we are also not allowed to enlarge the support of R by an amount
1 —1/2

larger than =7 e, /~, as we have only assumed a lower bound of
e(t) > Kep  tela—Z"te; /2 b+Eel/? (5.162)
supp R C [a,b] x T? (5.163)

and this lower bound is necessary in order to solve the Stress Equation in Section (3.4.3).

In pursuit of the goal (5.161), we define the time-averaged stress

Re,(t,2) = ne, %o R(t, x) (5.164)

= /R(@S(t, x))Ne, (8)ds (5.165)
and decompose the error into two parts

R—R.=(R—R.,)+ (Re, — Re,c,) (5.166)

= (R~ Re,) + e, ¥ (R — Re,) (5.167)

This particular decomposition of the error is sensible because the tensor R.(t,z) is obtained by
averaging R over an €,-neighborhood of the time ¢;-flow from the point (¢, x).

We first discuss the second of these error terms. It is clear that
[7e, ¥0 (R — Re,)llco < IR = Re, llco (5.168)

so in pursuit of the goal (5.161), we will set €, to achieve the goal

L/21/2
_ qr "R 1
IR = Re, llce & =50 (5.169)
From Section (5.1) we have the estimate
IR = Re,llco < [[R = 1me, * Rllco + |7, * (R = ne, * R)|co (5.170)
< Cekzlep (5.171)
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Since e, > eg, we can achieve the goal (5.169) by choosing

€, = agE IN"VEL (5.172)

for the appropriately chosen small constant ag > 0. Note that this choice coincides with the scale
for the spatial mollification of v in Section (5.2).

In order to achieve the goal (5.161), it now suffices to pick €; small enough so that

oL/2,1/2
- 0o —R .
IR = Relloo < =50 (5.173)
In pursuit of (5.173), we calculate

R(t,x) — R, (t,x) = /(R(t,x) — R(®4(t,)))ne, (s)ds (5.174)

'd
= —/ [/ R(@us(t,m))du} Ne, (s)ds (5.175)

0 du

1
= —/ {/[((% + 020, R](®ys(t, x)) SN, (s)ds} du (5.176)
0
which gives the bound

|R(t,z) — Re,(t,x)||co < Cet|(0 + v10;)R||co (5.177)

< Cer([[(9e +v79;) Rl o + [I(v] — v7)0; Rl co) (5.178)
Applying the bounds (4.84) and (5.25) , we have an estimate of the form
|R(t, ) — Re, (t, )| co < CeBel/%ep (5.179)

for some absolute constant C, so that we can finally achieve the goals (5.173) and consequently

(5.161) by setting
e = 2N le, (5.180)

for an appropriately small constant ¢ > 0.

135



At this point, we have to check that
€ JEte /2 (5.181)

for two reasons:

e The flow ®, and its derivatives only remain under control for times up to cZ e, /2,

e In order to solve the stress equation (3.114), we must be sure that the tensor

i
“elt)

it _

encountered in Section (3.4.3) is bounded by an appropriate constant specified in (3.133).

Since ||Re||co < er, the bound (3.133) is achieved as long as the lower bound
e(t) > Kegr

is satisfied on the support of R.. In the hypotheses of the Main Lemma (4.3.1), the interval
on which this lower bound is satisfied is assumed to be an amount § = =~ te, /2 larger than

the time interval supporting R itself.

Thankfully, the bound (5.181) follows from (5.180) (choosing ¢ smaller if necessary), and the

assumption (4.92) in Lemma (4.3.1) which implies that

1/2
e (2)
er
5.5.4 Estimates for the Coarse Scale Flow

In the following section, we will derive bounds for the mollified stress

R.(t,xz) = /REI(CI)S(t,x))net(s)ds (5.182)

_ / Re(t+ 5,9 (t,2))ne, ()ds (5.183)

and its derivatives.
As the formula (5.182) suggests, it will be important to estimate the extent to which the flow &

—1 —1/2
les /

deforms the geometry of R x T3 during the time |s| < ¢ < 2 . This deformation estimate

can be summarized by the following proposition:
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Proposition 5.5.1. For every multi-index a with |a| > 1, there exist constants C1 and Cy such that

the spatial derivative

0,®:(t,2) : R x R x T® — R?

obeys the estimate

10,P' (¢, 7)| < CyeC2Eer*s Nllal=L)1/Lzlal-1 (5.184)
In particular, for |s| < 5_1651/2, we have
18,9 (t, z)| < CNUal=L)+/Lglal=1 (5.185)

Note that these estimates are very similar in character to the estimate (5.4.3) proven for the
phase directions. We will also choose a very similar method of proof, beginning by introducing a

dimensionless energy analogous to Definition (5.4.1).

Definition 5.5.1. We define the M’th order dimensionless energy of @ to be

<

Dy ®™ Ta
=lal-1N(la|-L)+/L

EM [q)s] = Z Z

1<|a|<M m=1,2,3

(5.186)

where the summation runs over all multi-indices a with 1 < |a| < M.

In terms of the dimensionless energy, the inequality (5.184) follows from the Gronwall Lemma

once we have established the following differential inequality.

Lemma 5.5.1. There exists a constant C = Cyy such that

d -
| S Eml@] | < CZel/?Ep[®,] (5.187)
Proof. Starting from the definition
dd,
= ve(Ps) (5.188)

of the coarse scale flow, we derive evolution equations for the spatial derivatives of ®% by differen-

tiating equation (5.188). For example, by applying the chain rule, any first derivative 9,®%, |a| = 1
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of a component ®% of ®, is coupled to the first derivatives of the other components by the equation

%a@g = 00 (P5)0, D™ (5.189)

with an implied summation over the components m. By multiplying this equation by 29,®%, sum-

/2

ming over ¢, and applying the bound ||Vv||co < Zes/? we obtain

d _ S
| % D (0.9))° | < CZey/? (Z(%‘I’SV) (5.190)

i=1 i=1

which implies (5.187) and (5.184). For higher order derivatives, it becomes convenient to use the
dimensionless energy.

To continue, any second order spatial derivative 9,®%, a = (a1, az) satisfies
d
£(3a16a2<1>s) = Omy OmaVe(Ps)0ay @200, PT + Oy 0e(Ps) Dy Oy P12 (5.191)

with an implied summation over each index mq,mo. From this formula we see that even though

09, is initially 0 when s = 0 and ®q(¢,2) = (¢, x), the first of these terms is already of size =2e1/?,

which is responsible for the immediate growth of 0,®s.

A general higher order derivative 9,®5 of order |a| = |(a1,...,a4)| = A evolves according to the
equation
d A K
2:(0:2,) = > Oy -+ Oy Ve - _Haaicpg% (5.192)
K=1(al,...,a¥)ePk(a) =1

where Pk (a) denotes the set of ordered K-partitions of a, as explained in Definition (3.1.1).

The important feature of the above formula is that the number of ® terms in each product (which
is denoted by K) is equal to the number of times that v, has been differentiated.

Using equation (5.192) we can now prove the differential inequality (5.187). We first differentiate

the individual term in the dimensionless energy

d Dy ®™
ds |E0a-D N(al-1)4 /L

[a] a (I)m (%71) 1 d
= (= o5 = = (8,9™)
=(lal-1) y(lal-L)+/L Z(lal-1) y(al-L)+/L (g s

(5.193)
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which already gives a termwise bound of

2

d Bafbgn @ |a d aaq)s)|

d O bl
|ds =(lal-1) y(al-L)+/L | < En[®] 20 =(la|=1) jy(la|-L)4/L

(5.194)

Then using the equation (5.192), we can bound this last factor if we can bound each term in the

summation

| ds( Z Z |am1 amxvé Hz:l 811 q)s (5195)
K=1

=(al- 1)N(\a\ L)+/L Z(lal-1) N (la|-L)4+/L
(al,...,a®)ePk (a)
by a constant times Ejps [@S]%.
As in the proof of the estimate (5.120) we first apply the counting inequality in Lemma (5.4.1)
with K — 1, |a;| =1 and L — 1 > 0 to conclude that

K

K
(K= D)+ Y (il = D)y = (K =)= (L= D), + 3 ((ail =) = (E-1),  (5.190)
i=1 1—11(
< (la) - >+< D+ 3l - 1) - 1>> (5.197)
=1 +

Using inequality (5.197), we distribute the powers of N and =

Oy - O Ve - [Ty s @7

|am . m UE‘ |aa1¢g ‘
SO N0 /L S ZR-1 5 H (5.198)

=K- 1N(\K\ L)+/L Z(lail=1) N(la:|-L)+ /L

and applying the bound ||0,,v]|co < E‘m|ei/2 = EKeql,/Q, the right hand side can be bounded by

|Om, - - - Omyc Ve |0 @7 | 1/2
SR N(RI-D)1 /L H =@ D N(al-D /T = =€ H En[® (5.199)
= Zel/2Ey[0,] 3 (5.200)
which is the estimate we desired to deduce (5.187) from (5.195). O

5.5.5 Spatial Variations of the Mollified Stress

Here we collect estimates for the mollified stress and its derivatives, starting with the C° bound
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Proposition 5.5.2.

[Rellco < er (5.201)

which is clear from the definition of R, as an average value of R.

Using the distortion estimate (5.185), we can also prove bounds on the derivatives of R,

Proposition 5.5.3.

[8aRe|lco < ONUal=E)+/Eglale (5.202)
Proof. The bound
[0aRe, ||co < CjgNUal=E)+/Lxlaley (5.203)
is clear for
Rem = Ne, * Ne, * R

since ||VI9R|co < Eleleg for all |a] < L by (4.83), and from the choice of ¢, = aZ !N~/ in
(5.172).

Taking a worse constant, we can prove the same estimate for the fully mollified version

R.(t,x) = /REI(@s(t,x))net(s)ds (5.204)

. / Re (t+ 5, (£, 2))n., (s)ds (5.205)

by applying the chain rule and the bounds (5.185) as follows. We first calculate for any fixed ¢ and
s the derivative
K

A
OaRe, (t+ s, ®it,x) = Omy - - Oy Re, - [ [ Our @2 (5.206)

K=1(al,....ak)ePx (a) i=1

The terms involving derivatives of ®% can be estimated using (5.185) because the time ¢, is sufficiently

small by (5.181). By also applying the estimate (5.203), we can bound each term which appears in
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the sum by

K K
O, - O Re, - [ [ 0 @7 < C(NKEIH/EEK ey  TT (VU= E)w /B glail =1 (5.207)
i=1 i=1
— C(N(K—L)+/L+Zi(\ai\—L)+/LEK+Z§:1(|“%|_1)6R (5.208)
= C(NE-D)+/L4+2,(lail=L)+/Lglale (5.209)
for any K-partition (a',...,a’) of a.

Again we apply the counting inequality

K
(K =L)e + 3 (ad = Dy < (al = L)y D21 (5.210)
i=1
proven in (5.197) to see that
K
O, - - O Re, - [ [ 0w @] < CNUeI=D)s/EElele (5.211)
i=1
for any ordered K-partition (al,...,a®) of a, which bounds every term in (5.206) and therefore
completes the proof of (5.5.3). O

5.5.6 Transport Estimates for the Mollified Stress

Here we collect estimates for the material derivative of the mollified stress

DR,
ot

= (0 +v29,)RY!
as well as its spatial derivatives.
The results of this section are summarized by the following Proposition

Proposition 5.5.4 (First material derivative of the mollified stress). Fork > 0, there exist constants

Ch such that

DR,
ot

IV = lloo < CRNEHImR/EER e 2e (5.212)
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We begin by calculating

(O 4+ v2(t,x)0,)RI(t, ) = /(875 + 02 (t, )04 RI* (D5 (t, 2))ne, (5)ds (5.213)

= /DRgi (®s(t,2)) DO (t, ) (0 + vE(t, )00)Ne, (s)ds (5.214)

using the chain rule.
Here and in the remainder of the section, DF(t,z) denotes the derivative of F' in the (¢,x)

variables. Thus

DFX"d, = DF(t,z)(X"(t,2)d,) (5.215)

= X"(t,2)0,F(t, ) (5.216)

for any 4-vector X*(¢t,z)0,,.
Because @ has been defined to be the flow map of the vector field % = (O +v2(t,x)0,), we can

show that applying the flow ®; to a%
DO (t,x)[0r + v2(t,x)0s] = O + vE(Ps(t, )04 (5.217)

simply moves the vector field (9, + v%(t,x)9,) forward along the flow.

As a consequence, we can show that

Lemma 5.5.2 (Derivatives and Averages Along the Flow Commute). For all C' functions F on

R x T3 we have an equality

(O + 202 F @ 2))) = 2 (@1, ) (5219
In particular,
@+t 00 R 2) = [ PR @, 0.0, (5)s (5.219
where
D (@t (s = [0 (@.(0,2) + 02 (@1 a)OuREI@, 0,2 (s (5220

- / DR, (®,(t, 2))[(d; + v& (Bt 2))0,)]n, (5)ds (5.221)
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Since this calculation is crucial, we give a proof in the following Section. We then apply the
Lemma in Section (5.5.6) to establish the estimates in Proposition (5.5.4).
Derivatives and Averages along the Flow Commute

The purpose of this Section is to establish Lemma (5.5.2), which is a consequence of the following

more general fact, applied to the 4-vector fields

XH(t,x)0, = 0 + vI(t, )0,

YH(t,2)0, = 0 + vi(t, x)0,

which, in our case, are equal to each other.

Lemma 5.5.3. Let Y*(t,2)0, : R x T®> = R x R? be any smooth vector field on R x T3, let ®4(t,z)
denote the time s flow of Y. That is, ®,(t, ) solves the ODE

o
ds

Po(t,z) = (t, ) (5.223)

= YH(®,(t, ) (5.222)

Suppose that X commutes with Y in the sense that the commutator

[X,Y]"8, = (X"0,Y" —Y"0,X")d, (5.224)

vanishes.

Then X also commutes with pullback along the flow of Y,

DO (t,x)(X (t,2)9,) = X"(D,(t, 2))3,

That is, for any smooth function F on R x T3, we have

XH(Dy (1, 2)) (0, F)(@u(t,2)) = X1 (¢, )0, [F(Dy(t, )] (5.225)
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Proof. In order to compare

XH(@s(t,2)) (0 F) (@5 (t, ) = DE(®s (8, 2))[XH(@5 (2, 2)) 0]

— DF(®,(t,)) DO, (£, 2)[DB, (t,2)] " X*(®,(t, 7)),
and

XU(t, 2)0,[F(®4(t, )] = DF(®,(t,2)) D, (¢, 2) [ X" (¢, 2)D,]

= DF(®4(t, ) D®(t,2)[DPy(t,z)] " X (Do (t,2))0,

it suffices to show that for the vector field
ZH(t,2)0, = [DP,(t, x)] " XH(Pu(t, 2))0,

which is characterized by the equation

0, ®%(t, ) ZE(t,x)0, = X" (Ps(t,2))0,
we have
719, = ng(t,x)au =0

Js

To show (5.232), we differentiate (5.231) and apply (5.222) to see that

OB (1, 0) 22 (1, 2), = — (0,07 (1, 2)] 2, ) + (X" (@ (1,2))]0,
= 2 D1 ) 281, 0) Y1, 2)) [0, X (@1 2))0,
10, 2)] = 0 (Bult, )0, (1, )

Then comparing (5.235), and (5.231) we obtain

0@y (t, ) 2 (t, 2)0y = (=X (P5)[0.Y"](Ps(t, 7)) + YH(Ps(t, 7)) [0, X"](Ps(, 7)) 0y

= —[X,Y]"(®y(t,2))D, = 0
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The reader may recognize that the above argument is essentially an ODE proof that e54B = Be®4
for any pair of commuting matrices A, B and any s € R, except that e*4 has been replaced by the

pull-back operator o®,, and B has been replaced by the differential operator X*d,.

First material derivative estimates for the mollified stress

In this Section, we prove Proposition (5.5.4) by estimating the spatial derivatives of

DR. [ DR.
55 = | g (®s(t,2))e(s)ds (5.238)

as well as its spatial derivatives, namely

Proposition 5.5.5 (Material derivative bounds for the spatially mollified stress). There exist con-

stants depending on k such that

DR,

k
IV* =5,

o < CpNK+I=L)+/Lgk+1,1/2, (5.239)

As a first step, we estimate the tensor field

DRJ! ,
o — (9 + vi(t,x)0,)RI! (t, 5.240
ot -

and its spatial derivatives, which are summarized by the following lemma.

DR.,

Proposition 5.5.6 (Bounds for —5;

). For every k > 0 there is a constant Cy such that
DR,
Hvat 2|l co < CRpNHHI=D)+/Lgk+lol/2, (5.241)

Given Proposition (5.5.6), the estimate in Proposition (5.5.5) follows just as in Section (5.5.5).
To summarize the argument of that section, each spatial derivative derivative up to order L —1 costs
at most =, even if it is taken on the flow ®,, and beyond L — 1 derivatives, the cost of each spatial

derivative increases to ZN/Z. No exponential factors appear in the estimates for derivatives of ®,

because we have checked that s < ¢, = N*15*16E1/2 < Zley 2,
DR

Estimating —57= requires us to commute the operator

D o
i O + v (t, )0,
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with the spatial mollifier
Nete* = Ne, * Ne, *

DR

This commutation leads to an expansion of —57= into three terms 3
DR, DR
o = et o+ 00 2) 00 e )1, # B) 4 e, (B2 D00 AR (5.242)
= Ay (t,x) + A (t,x) + A (t, o) (5.243)
We first express the commutator terms as
Aip(t,z) = /[v‘j(t7 x) —v¢(t,x + h)|0,(ne, * R)(t, x)n., (h)dh (5.244)
1
= / /8w§(t,x + 8h)04(ne, * R)(t, 2)h'n., (h)dh (5.245)
0
1
— e, / / D% (£, + sh)Du(., * R)(t, )it (h)dh (5.246)
0
with €, = Z-!N~1/L. From this expression, we can conclude that
IVF A lleo < GETINTYE YT VI o[ V1921 (g, # R)|l oo (5.247)
lax|+|az|=k
<cE NP Y (N<\a1\+1—L>+/L5|“1l+1e§/2) (N(|a2|+1—L)+/LE\G2|+16R)
lay|+]az|=k
(5.248)
< CE’“‘Hei/%R Z (N[(|a1|—(L—l))++(|a2I—(L—l))+—1]/L) (5.249)
lai|+laz|=k
< ONGHI=D)/Lgh+lel/20 (5.250)
where in the last line we have used the counting inequality in Lemma (5.4.1).
We can similarly treat
A (t,x) = ne, * ([vE(t, )00, Ne, ¥ R) (5.251)
1
[0 (£, 2)Da, e, ¥R = / / O (t, z + sh)BuR(t, ) hin,. (h)dh (5.252)
0

3Note that these indices are Roman numerals, and should not be confused with the indices I for the individual
waves V7.
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The commutator can be differentiated L — 1 times,

| V*[0e(t, 2)Dq, e, ¥ R||co < Cre.Z2 el 2ep (5.253)

< CRN~VEglitkel/2e (5.254)
Taking more than L — 1 derivatives of A( 7y incurs a loss of €, ! S ENVE, giving us a bound of

VAo < NE—D+/Lghtlel/2e (5.255)

< NOHI=D/Lghtlel/2e (5.256)
In order to estimate the term
DR

Nete * 57 = Nete * [(0r +ve - V)R]

we use the assumed bounds on (9; + v - V)R by writing

DR
Ne+e * v =Nete * [(Or + v V)R] + Neye x [(ve —v) - VR (5.257)
=Aun +Au (5.258)
Then
||VkA(I’[)HCO < CkN(k+1_L)+/LEk+1€11}/2€R (5.259)

since the first L — 1 derivatives do not need to fall on the mollifier, and beyond L — 1, each derivative
taken costs € ! S ENVL

For A(;,rr) we have

(ve —v) VR = /[v“(t, x + h) —v(t,x)]|0.R(t, T)Nerc(h)dh (5.260)
_ / 1 / 00 (£, + sh)DuR(t, 2)h'erc (h)dR (5.261)

0
(5.262)
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which can be differentiated up to L — 1 times at a cost of = per derivative
V*[(ve — v) - VR]||co < CRpN~YVEEF+1e1/20 (5.263)
so that each derivative taken beyond L — 1 costs €, * S ENVL as it falls on the mollifier, giving

V¥ A1y llco < CpNE—D+/Lgktlel/2e (5.264)

< NkH1=L)/Lgktlol/2 (5.265)

This finishes the proof of Proposition (5.5.6).

Second time derivative of the mollified stress along the coarse scale flow

In this section, we establish bounds for the second material derivative

D?R.
ot?

= (8 +ve - V)?R. (5.266)

of the mollified stress R., along with its spatial derivatives. These estimates will be necessary to

o
control the material derivative D(ggtT where Q1 is the part of the new stress which arises from the

transport term

anjl = (Ot + vgaj)Vl (5267)

= e [(0, + vl 0;)0Y] (5.268)
T
If we recall that R, was constructed by mollifying a time €; along the coarse scale flow

Re(t,z) = / Re. (®4(t,2))n, (5)ds (5.269)

then by analogy with standard mollification we expect the estimates for the second material deriva-
1 DR.

worse than the bounds on the first material derivative T

. P2 _
tive g3z Re to be a factor €;
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To see that this expectation is correct, we apply Lemma (5.5.2) to see that

(0, + 00 (t, 2)0) Rt 2) = [ 2 ;ew (@4 (t, 7)), (5)ds (5.270)
:/%[Rem(@s(t,x))}net(s)ds (5.271)

- [ Re(@.to, (s (5.272)

The proof of Lemma (5.5.2) has nothing to do with the choice of the function 7.,, and we can

express the second material derivative of R, as

DR, DR,
iz = | —ar (@s(t 2, (s)ds (5.273)

which is almost exactly the kind of average estimated in Section (5.5.6), except that the bound on
7z, (s)]| 1 is worse by a factor

Tl = NEe)/?
The same methods from Sections (5.5.6) and (5.5.5) then imply the bounds

Proposition 5.5.7 (Second material derivative of the mollified stress). For k > 0, there ewxist

constants Cy, such that

DR,

||Vk ||C0 < C«kN1+(k+1 L)+/Lgh+2, 1/2 3/2 (5.274)
Now that we have established the bounds of Proposition (5.5.7), we should check that this

estimate is acceptable for the purpose of proving the Main Lemma (4.3.1).

An acceptability check

The purpose of mollifying R7* along the coarse scale flow is to ensure that the material derivative

= il

of the transport term Q%f obeys good bounds. Let us now calculate the bounds we expect for Dg‘iT

and check how they compare to the requirements of Conjecture (4.3.1).

Recall that the first term in the parametrix expansion for the solution to

9, QTI =™ uTI ,(1) (5.275)

ur 1) = (O +v10;)7; (5.276)
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is of the form

jt L ixes it
Qrra =3V w (5.277)
q%f’[,(l) = i—lqjl(vgj)[UTJ,(l)] (5278)
where ¢7'(V&)[u] is the solution to 8;¢7" = u! described in Section (3.3) which depends linearly on

u.

To leading order in A,

D

ur ) & Eué (5.279)
vl = ab +ibh (5.280)

by = i, () (t, 2)e'? ()1 (Vr, €) P (VEar)! (5.281)

it
gl € 282
3 o) (5.282)
(V&r)
_ b 5.283
ay \V§1| X 0r ( )

which means that one of the terms appearing in ulT L) involves %RE when the material derivative

/26%2

hits the € inside of ;. This term has size Eell, because it costs Eei/2 to take the first material

derivative of R, and therefore gives a contribution to the transport term of size

1/2 1/2

|Q%~l717(1)| = % + | other terms | (5.284)

It will ultimately turn out that some of other terms will be larger, but for now we will focus on the

DR,
ot

term involving

To establish Lemma (4.3.1), we will have to verify a bound on
il il jl
(at + V1 - V)Q;},I,(l) = (at +v- V)QJT,I,(I) + V . VQ'jT,I,(l)

and its first L — 1 spatial derivatives.

During this verification, we approximate (0; +v - V) = BQ; + (v — v.) - V because a% will not hit
7Q¥,I,(l)

D
the phase functions. Then, in order to bound 5 we will take a second material derivative of

150



R.. This second derivative will cost a factor €; ! leading to the bounds

D 1/2 1/2
il —16v_ CR
|&QZ@1,(1)| <e — | other terms | (5.285)
< CZel/?eR + | other terms | (5.286)

=/

1/2,1/2
In the ideal case where (Z’, ¢/, e/) = (CNE, ep, < ;R ), the right hand side is exactly the bench-

mark necessary to be deemed acceptable. Namely,
CZel?ep = Z'(e)) 2, for Conjecture (4.3.1)

To prove Lemma (4.3.1), we actually only need to verify that

D ., 12 61/2 1/2
J = v
|§QT7L(1)| <JCNZEey ey eRr (5.287)
€r
/2 —1/2
=C <1/2N> (Zel/2ep) (5.288)
€r

which is an even more forgiving benchmark.
For the purpose of proving the Main Lemma (4.3.1), we can therefore afford at other points in

the argument to be slightly wasteful in the estimates.

5.6 Accounting for the parameters and the problem with the
High-High term

Although many estimates have been proven so far in the argument, only a few of the parameters
have been chosen.

Here we give a list of all the parameters, and summarize their current status

e The parameter
€z = agE IN"VE (5.289)

used to mollify R in space has been chosen in line (5.172) of Section (5.5.3).
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e The parameter
¢ = BNl (5.290)

used to mollify R, along the flow has been chosen in line (5.180) of Section (5.5.3).

e The parameter €, used to mollify the velocity field v, in space has the form
€r = ap,E INTVE (5.291)

where the constant a, <1 was chosen in Section (5.2) line (5.26).

e The lifespan parameter 7 is of the form
T =bE e /2 (5.292)

for a dimensionless parameter b which has not been chosen.

Although b has not been chosen, b is required to satisfy an upper bound of the form
b < by (5.293)

The number by < 1 above is an absolute constant which will ensure the conditions specified in
Proposition (5.4.1) are satisfied. The parameter 7 does not depend in any way on the choice

of the mollifying parameter €, for the velocity, which will be apparent shortly as b is chosen.

e The parameter A used to make sure the phase functions are high frequency is of the form
A= B)\EN (5.294)

where By > 1 is the largest constant, which will be chosen at the very end of the proof.

For the sake of the logical sequence of the argument, we will use this opportunity to choose the
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parameter 7, and then provide a motivation for the choice. Namely, we set

o172 1/2

b=ty | —2— (5.295)

(Bxe}{ N )

o172 1/2
—bB V2 5.296
A e}%/QN ( )
so that
12 1/2
T =boB;"/? 3 = le; /2 (5.297)
ep N

1/2
Note that N > (:—1’;) , so that b < by as required in (5.293).
The motivation for the above choice is the following. Consider the High-High term and the

Transport term, which solve the equations

8;Q1L = A Z eMEHED [y % (|VEs| — Doy + vy x (|VEr| — 1)vg] + lower order terms  (5.298)
JAL

@QZ} = M1 (9 4 vl (t,2)0;)vh + lower order terms (5.299)

and recall that v is given by a; + iby, where

by =1 (t _Tt(l)> Ui (t, z)e 2 (t)y1 (VEp, %)Pf(vgd)l (5.300)

and a; = — (‘vag‘x by is obtained by a 7/2 rotation of by in (V&)L

From the bounds we have established, it is already clear that
[bllco < Ceyf” (5.301)

uniformly in I, where the smallness comes from the function e!/?(t), and all the other factors are
bounded.

The solution Qg to (5.298) will not be any smaller than the first term in the parametrix expansion
for any of its terms, which gains a factor of 1/\ compared to the right hand side. At each time,

there are only a bounded number (fewer than (2 x 2% x 12)2) interaction terms which are nonzero.
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Therefore, we expect a bound

|Qu| < Ceg max sup (IV&|(t,z) — 1) (5.302)
|t—t()| <7,z €T?

which is only smaller than ep if the phase gradients are very close to their initial size 1 in absolute
value.

According to Proposition (5.4.1), we have a bound
V& | —1] < Ab (5.303)
(which we remark is dimensionless), giving
|Qu| < Cber (5.304)

Therefore b must be chosen small so that the estimate for ||@Q g||co will guarantee that Qg is smaller
than the stress from the previous stage.

Unfortunately, choosing a short lifespan forces the transport term to be large, since the material

t—t(I)

derivative hits the time cutoff function n(—

) in (5.300). Therefore we expect an estimate
(0 + v78;)vr]|co < O ell? (5.305)

which leads to an expected estimate for Q1 of

—1 1/2
T "€p

B\EN
1/2 1/2

<oy & Cr 5.307

|Qr| < C

(5.306)

If we had been able to choose b to be a constant, then the transport term Q7 could be made to
have size % which is what is required for regularity up to 1/3. Unfortunately, the best we can
do is optimize b in order to balance the terms (5.304) and (5.307), which leads to the choice of b in
(5.296).

Now the only parameter that remains to be chosen is B), which will be chosen at the very end

of the argument.
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Chapter 6

Construction of Weak Solutions in
the Holder Class : Estimating the

Correction

In order to estimate the corrections P and V and their spatial and material derivatives for the proof
of Lemma (4.3.1), and to prepare to estimate each term that composes the new stress, we begin by
proving estimates for the vector amplitudes v;.

Let us recall again that vy is given by aj + iby, where

by = (2 ) wnlts )t e (V6. )P (Ve (6.1)
R
et = o) (6.2)
and the real part
_ (V&)
ar = |V§I| X b[ (63)

is obtained by a 7/2 rotation of b; in the plane (V&)=L
We need to estimate spatial derivatives of vy, and spatial derivatives of its first two material

derivatives. To begin this process, we start with the coefficients ;.
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6.1 Bounds for coefficients from the stress equation

Recall that the coefficients ; are defined implicitly by the equation

59t ;
> AVEIE = (5 +=(RYDD,60Es (6.4)
I€kxF
of Section (3.4.3). The fact that this equation can be solved for v; was ensured in the discussion of

Section (5.5.3). In order to estimate the derivatives of v, we can differentiate the Equation (6.4).

As a preliminary measure, we estimate the derivatives for

) _pil
el = ei; (6.5)
These are summarized by
Proposition 6.1.1 (Bounds for ).
[V e||co < CpNE—E)+/Lgk (6.6)
V5 22 oo < N+ /Ezbr 2 (6.7)
D2 _ -
IIV’C—8752 o < Cp N HEHI=L)+/Lgh+2,1/201/2 (6.8)

Note that these only differ from the bounds (5.5.3), (5.5.4) and (5.5.7) by a factor of ej".

Proof. The proof of Proposition (6.1.1) proceeds by studying the equations

e(t)e’ = —RJ! (6.9)
b _ DRI,
— _ € ]l 1
e(t 5 5 e'(t)e (6.10)
t DQEjl D2é£l 2 /(t) ngl "(t)sjl (6 11)
e = - — 2e —e .
ot? ot? ot

The bound (6.6) follows from differentiating (6.9), and applying the bounds (5.5.3) and the lower
bound
e(t) > Kegr

The bound (6.7) follows from differentiating (6.10) in space, and applying the bounds (6.6), (4.90)
and (5.5.4). The point is that the first transport derivative always costs a factor Ee},/ % in the

estimates, and each spatial derivative up to order costs = until the total order of differentiation
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exceeds L, at which point there is an additional cost of N'/L per derivative.
The proof of (6.8) proceeds similarly by differentiating (6.11) and applying the bounds from

(4.90), (6.6), (6.7), and (5.5.7). The equation for the second material derivative has the form

D2Zedt D2Ri! EL »

k -1 k € l k " k_jl

el - _9 - j 12

v BT e (t){ \Y BT e'(t)V 5 ¢ (t)VFe (6.12)

p D2t = 1/2 (k+1—L)4/L=k+1_1/2 = _1/211nr(k+1—L) 4 /L=k+1_1/2

v BT lco < [NZey”] - [N E e + [Be,/ ][N = e, 7] (6.13)
+ [Eel/22 [N -+ =H] (6.14)
= A +Aan + Aurn (6.15)

Counting powers of N, we see that A;;r) < Ay, and the fact that Ay < Ay follows from
1/2
N> (7) . O

- er

We can now differentiate equation (6.4) in order to prove that

Proposition 6.1.2 (Bounds for ;). The coefficients vr = v1(VE&k, €) satisfy the bounds

[VEvr|lco < Cp NGFHI=L)+/Lgk (6.16)
D

IV 22 oo < v r-D /g 2 (6.17
N2

[ kD@tZI lco < CpNVFHH1I=L)5/Lght2,1/2,1/2 (6.18)

Since the proof is a routine application of the chain rule, we will only give a schematic outline of

which terms appear in order to avoid clutter.

Proof. The proof proceeds either by differentiating (6.4), or equivalently applying the chain rule to

the implicit function

Y1(p,€) = v1(Vék; €) (6.19)

Recall that the implicit function ; appearing in this estimate is one of finitely many different
functions y; = (1) from Section (3.4.3) which depend only on the direction coordinate f(I) € F.
For the present proof, we will omit the subscript k = k(I) € (Z/2Z)3xZ in the location coordinate for
V¢ = V&, so that k may be used to denote the order of differentiation in the bounds of Proposition
(6.1.2) and the calculations below. It is only important to remember that for each index I, only

phase gradients ; on the same region k(J) = k(I) enter into (6.19).
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According to the estimates (5.4.3), (5.135) and (5.147) in Section (5.4), each material derivative

1/

B n2
on V¢ costs ZEey DVE or 2V

% and each spatial derivative on V§, =5:> or =5= costs either Z or N 1/LZ depending

on whether or not the total order of differentiation on & exceeds L.
For spatial derivatives of 77, the terms with the highest order derivatives are schematically given

by

VEy1(VE, €)] C [0,7](VFE) + [0.7](VFe) + cross terms (6.20)

As we have seen already in several cases such as Section (5.5.5), the cross terms are lower order in
terms of powers of N1/,
The two main terms in (6.20) obey the same estimates as each other, except that the k + 1

derivative of ¢ costs an extra factor of N1/

[VFHe| o < O NFHI=L)+/L gk (6.21)

|V¥e||co < Cp NE—D)+/Lgk (6.22)

All the derivatives of the functions +; which appear in the expansion are bounded by universal
constants, giving (6.16).
Taking a material derivative of ; and differentiating in space gives terms which are schematically

of the form

D pr(9E,2) € ) 08 + (0] o (623
T2 1, (ve 2] € 19,217 0 + o2y (620
+ [MV’% + [(%&W]V’”lf% (6.25)

+ smaller cross terms (6.26)

By Proposition (5.4.3), (5.135), and (6.7) all of these terms are bounded by

C«kN(k+1—L)+/LEk+1€11]/2

In particular, no extra factor of N'/L appears for the first material derivative of V¢&; see Section

(5.4) for a review of how this fact follows from the transport equation for V¢.
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Finally, we consider

prtn el G vl gy _ (6.2
+ B2 4 (3,001 (D2 1 o2 (202 (6.25)

The terms in line (6.28) are lower order, so schematically the main terms from the estimates come

from derivatives of the terms in (6.27), which include

D? D2V¢ D2
k- k k
Vi aEhi(VE ) S [0V =55 + 100V 5 (6.29)
D*v D?%e
+ [0 Ve 8t2§+[5p6w]vk“€ﬁ (6.30)

At this stage, the second material derivative contributes towards the power of N'/Z appearing in
the estimates for both the phase gradients and for €. The only difference is that while the second

. . . —_ 1
material derivative costs :ev/

? when applied to the phase gradients, the second material derivative
of € costs a larger factor of N Ee%z. Thus, the final bound for (6.18) is exactly the same quality as

the corresponding bound for €. O

6.2 Bounds for the vector amplitudes

Having estimated the coefficients v, we are now ready to begin estimating the vector amplitudes
vy and wy of the correction.

Let us recall once more that vy is given by ay + ib;, where

b= () vt 20t (76 (6:31)
and the real part
_ (V&)
ary = |V§I| X b[

is obtained by a /2 rotation of by in (V&r)+.

Let us compress the notation slightly by writing

v =1 (t_f(l)> e'?(t)yrafy (6.32)
ap =i - (|§Z|) e P (Véor)! (6.33)
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The vector field o} takes values in the positive eigenspace of the operator (iVE&;)x within the
plane (V&r)*, and is composed entirely from solutions to the transport equation (¢ itself being no

worse than £), so it obeys the estimates

Proposition 6.2.1 (Estimates for the Transport Part of vy).

[VEa || co < Cp NEHI=L)+/ Lk (6.34)
D
IV* Sz atlloo < CuN I /EEt e /2 (6.35)
DQ
\|vkﬁa§||co < Cp Nk+2-L)+/Lgk+2, (6.36)

or more concisely, using the notation of Section (5.4.3)
ID® ok || co < Cpyp NUT—D++k+1=L) 4 /Lighdr /2 (6.37)

The correction itself is composed of terms

Vi =V x W;
with

W = ie%wf (6.38)

wy = W”é' (6.39)

so wr also takes on the form (6.32), with a slightly different o} (w) that obeys the same bounds.

Let us now compute estimates for vy, starting with the spatial derivatives.

Proposition 6.2.2 (Spatial derivatives of vector amplitudes).
IVF0r]lco + [VFwr||go < CpNEH=D)+/Lgke /2 (6.40)

Proof. Let V¥ be any k’th order spatial derivative. Then, the main terms from differentiating (6.32)

are

Vel C nr(t)et2 (1) [VEqrah + 41 VEal] (6.41)
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The estimate (6.40) follows from (6.34) and (6.16), where the factor e}f comes from the bound

(4.90) on e'/2(t). O

Let us now study the first material derivative %vf,. It takes on the form

Dot (t—t( det/?
aitl =7 177/ ( 7_( )) 61/2(t)7104l1 +771(t) dit ’YIOélj (642)
D~ Dot
+ar(t)e!2(1)(Zrah + a7t (6.43)

1/

For every term besides the time cutoff, the first material derivative costs Zey 2, whereas for the

time cutoff, we lose a factor

1/2
ev/

1/2 1/2
7l = b lZel/2 = py1 Bl (eR/ N)

This leads to a bound of

Proposition 6.2.3 (First material derivative of vector amplitudes).

_ _ 1/2
Ddt Duw! 1/2 61/2N — - 1/2
”VkaitIHCo + ||Vk atl ||C0 < CkB)\/ (1:1/2 N(k—H L)+:k+1611)/2€R/ (644)

For the second material derivative, there are two factors which lose more than a factor of Ee},/ 2,
differentiating the time cutoff again gives another factor of 77!, whereas the second material deriva-

tive of y; gives rise to a factor of €, '. It turns out that these extra factors are in balance with each

other; namely

2 1/2 6}33/2N v 2= 1/2\2
772 < C[B; "7 1?(Zel/?) (6.45)
< CB\NZel/?e}/? (6.46)
e (Zel/?) < C(Ned?3)(Zel/?) (6.47)
< CNEZel/?e}/? (6.48)

This observation leads to the following bounds

Proposition 6.2.4 (The second material derivative of the vector amplitude).

DQ’LU]
ot2

k DQU]
ot?

||V ||CO 4 Hvk ||C0 < CkBAN1+(k+17L)+/LEk+2611)/2€R (649)
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Proof. Let us write the second material derivative of v; schematically as

D%y d* (t—t( D?
3721 = ﬁ[n (T()> 2 (1)]yrak + nI(t)el/Q(t)@['yIall] + smaller cross terms  (6.50)
= A(I) + A(II) (6.51)

Now, by (6.34) and (6.16), the first of these terms is bounded by

IVF A llco < CT72NGEFI=L)4/Lgke /2 (6.52)
< Ch ANGHI-D)/Lgkt2e o1/ (6.53)
1/2
N
< OBy <€R1/2 ) N(k+1_L)+/LEk+2€U€}%/2 (654)
€y
< CByN1HhH1-L) /Lgk+2,1/2, (6.55)

For the second of these terms

Aan = 5ol (6.56)
we compare
DQ,YI DZO(I
VkA([[) - Vk o2 OélI + WV’“ 6t2I (6.57)

All the bounds for 7; and «a; are identical until the second material derivative. For the second

material derivative, we use (6.18) and (6.36) to compare

Dz%

||Vk T ”CO < CkN1+(k+17L)+/LEIC+2611)/26}%/2 (658)
y D?ap (k+2—L)4 /L=k+2
|| o2 ||C0 < CkN e €y (659)

In fact, the bound for 7; is the larger of the two, as can be seen by proving

NUF2=L) /L o1/2 o NUFOrI=L) 1 /L L2 (6.60)
o\ 12
- <6R> < N1H(kH1-L) g —(h+2-L) 4 /L] (6.61)
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but

NIH(+1-L) g —(k+2-L) 4 /L] 5 N1-1/L 5 p1/2

so (6.61) follows from the fact that

Also observe that the bound for | V¥ %izf [ co is the same bound as for |[V*A(p)||co without the

large constant B, which concludes the proof of (6.2.4).

O
The results of this section also extend to the corrected amplitude
~ + V x wr
Uy = v
=" B N=
appearing in the representation
Vi = eIyl
Corollary 6.2.1 (Estimates for corrected amplitudes). The vector field
~ + V x wr
Uy =v
N N
also satisfies all the estimates stated in Section (6.2) for vy.
Proof. The bounds for |[V¥v;||co are clear since
Vo = Vi + L kv wy (6.62)
B\N= '
VG| go < CRpNEHI=Ee/Lgkel/2 (B, NE) 1. (N2 D)4/ Lgh+1o1/2) (6.63)
< CpNEH1=L)4 /[ Lghel/2 (6.64)
To estimate Daif we write
Df)] DU] 1 DU)]
= \Y% D|ve 6.65
= o+ ElY % (G + Dl (w) (6.65)
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where the commutator term is an operator which is schematically of the form

Div](w) = Vv, - Vw (6.66)
From this expression, it is clear that the commutator gives a cost of Ee,l/ 2, whereas the material
derivative itself carries a larger cost of 1= b’lEe}/ 2 in the estimates. O

6.3 Bounds for the Velocity and Pressure Corrections

We now give bounds for the correction terms using the estimates of the preceding sections.

6.3.1 Bounds for the Velocity Correction

Since V' is of the form

V=VxW

estimating V' and its derivatives will follow from estimating the derivatives of

W=> W (6.67)
I

Wi = (BANE) tery; (6.68)

Let us first estimate the spatial derivatives.

Proposition 6.3.1 (Spatial Derivatives of W).
VW || o < Cr(BANE)F e/ (6.69)

Proof. Since there are only finitely many W supported at any given region of R x T3, it suffices to
estimate W uniformly in I. For an individual wave, it is easy to see that the estimate will hold. At

the level of [|[WW]|co we have

I(BANE) ety | co < C(BANE) tey” (6.70)
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For the derivatives, we apply the product rule to
AVAFLA T Z VeV [w;] (6.71)
|a|+b]=k

During repeated differentiation, the derivative hits either

e The oscillatory factor e**¢7, which costs CA = CBy\NZE

e The phase direction V& or one of its derivatives, which costs at most CN/1Z

e The amplitude w; or one of its derivatives, which costs at most CN/L=E
In any case, the largest cost happens when differentiating the phase function, leading to the estimate
in Proposition (6.3.1). O

We can similarly give estimates for derivatives of the coarse scale material derivative of W
Proposition 6.3.2 (Coarse Scale Material Derivative of ).

e}{/QN
R

_ 1/2
DW
IV* = llco < CyBy? ( ) (BANE)F—1Zel/2eY? (6.72)

Proof. The proof is by the same method as in Proposition (6.3.1). Here we simply observe that
because the phase is transported by the coarse scale flow
DW[ l iIXET le

a A" ot (6:73)

where the amplitude of D(;‘Z’ is bounded by

_ 1/2
Dwy 1 1/2 1/2 e}%/QN = .1/2.1/2
=5 lloe < C777eg™ < OB, =€) "er

Upon taking spatial derivatives, the largest cost of ByNZ always occurs when the derivative hits

the oscillatory factor. O

The Main Lemma (4.3.1) asks for bounds on
(8t +v- V)W

rather than
DwW
7875 = (8t + Ve - V)W
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As the following lemma illustrates, it is always possible to obtain estimates for (9; + v - V) of
a quantity, once one has appropriate estimates for coarse scale material derivatives and for spatial

derivatives

Corollary 6.3.1 (Estimates for (0; + v-V)W). For all k = 0,..., L, the bounds for VkDa—VtV and

VF(0r +v - V)W are of the same order. More precisely,

1/2 1/2
N
V50 +v- V)W |eo < CpByY/? (631/2 ) (BANE)F~1Zel/2el/? (6.74)
€y

Proof. For k =0, we simply write

Oe+v-V)=(0r+ve-V)+(v—2v,)-V

It then suffices to estimate

(v—=2ve) - VIV = (v* —vZ)0, W (6.75)

and its derivatives. At the level of C°, we have

1/2
ev/

N

[v—=veflco <C (6.76)

by (5.25).

Since a spatial derivative of W costs ByNE, we see that the cost of (v —wv,) -V is at most Eell,/Q.

(v = ve) - VW||co < C[Eel/?|(BA\NE) tel/? (6.77)

which is better than the cost of 7= = b_lEezl,/2 of a%.

For the spatial derivatives, we are allowed to lose a factor of N= per spatial derivative. Comparing

the bounds
61/2
[v—=vellco <C ]”V (6.78)
Vollco + |[Voe|co < Zel/? 6.79
v

we see that our estimate worsens by a factor of N= when we treat the terms Vv and Vv, separately.

We can now proceed to take up to L derivatives of v altogether, giving the Corollary. O
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Corollary 6.3.2 (Spatial derivatives of V).
V*V|co < Cp B)\NE)’Cel/2 (6.80
R

Proof. This follows from (6.3.1) and the fact that V =V x W. O

Corollary 6.3.3 (Coarse scale material derivative of V).

_ 1/2
I2)% 1o (e’ N ke 172 1/2
IV* 5 lleo < CvBY ( :1 e (BANE)FEel/%el! (6.81)

Proof. This estimate follows from (6.3.2) and (6.3.1) after we express

D D
_Vx %V ~ Dlu][W] (6.83)

where the commutator D[ve][W] is a spatial derivative operator of the form

Dlv|[W] =~ Vo, VW (6.84)
The material derivative costs 77 = b‘lEell,/ 2
DWW _ 1
IV x - lleo < CBANE)(BANZ) ' Lel/?) (6.85)

whereas the commutator only costs (Ee},/ %)
Vo VW o < C(BANE)[(BANE) " (Zel/?)e}!?] (6.86)

Each additional spatial derivative costs a factor (By\NZ) as it falls on the oscillatory factor in W. O

Corollary 6.3.4 (Estimates for V¥(9; +v-V)V). For allk =0,..., L, the bounds for V’“% and

VF(0r +v - V)V are of the same order. More precisely,

1/2 1/2
en N ke
IV (@ +v- V)V eo < CrBY? ( NYE ) (BANE)*Ze)/ i (6.87)
&)
Proof. The proof is identical to the proof of Corollary (6.3.1). O
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6.3.2 Bounds for the Pressure Correction

The correction P to the pressure consists of two parts

P:PO+ZPI,J

J£T
e(t) le(S'l
Py=_7_
0 3 3
ViV
Pry=— 12 J
_ _Loneren;

= vr - 'UJ

(6.88)

(6.89)
(6.90)

(6.91)

From the preceding section, we can see that the estimates for the high frequency part V; -V are

the dominant ones, since we have seen that the primary cost of spatial derivatives comes from the

oscillatory factor, and the primary cost of material derivatives comes from the time cutoff.

We also see from the quadratic nature of formula (6.90) that the estimates for Py ; will gain a

factor 6}3/2 compared to those of V;. To summarize:

Proposition 6.3.3 (Estimates for Pressure Correction).

[VEP||co < Cr(BANE)*er

1/2
D 1/2 e}z/QN ko, 1/2
||V ||C0 < Ci B, % (BA\NZ)"Ze,/?er
e

Also, for k=0,...,L, we have

/2N
172

V(0 + v - V)P|lco < CrBY/? (
For example, by Propositions (6.3.2) and (5.5.3)

[Pollco < C(lle®)lcom) + | Rellco) < Cer
1Prsllco < %(HVIHCOHVJ”(JO) < Cer
[VFP|co < CIVRe|co < CZer
VP llco < %(”VVIHCUHVJHCO + Villcol[VVi|co)

< C(NEel/?)el/? = CNZep

1/2
) (BANE)F=el/2er

(6.92)

(6.93)

(6.94)

(6.95)

(6.96)

(6.97)

(6.98)

(6.99)

For the first material derivative of the low frequency term, we can apply (6.76) and Proposition
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(5.5.4)

DP,
(8, + v - V)Pyllco = Ha—to—i-(v—ve)-VPoHco (6.100)
DP,
< =5 oo + llo = velleo |V Polleo (6.101)
61/2
[0 = velleo [V Pollco < ( }jv )(Zer) (6.102)
DPO
1=5¢ llee < Cllle'B)llcow) at ) (6.103)
< CZel/?er (6.104)
(0, +v-V)Ps|lco < CZel/?er (6.105)
For the first material derivative of the high frequency terms, we have
PI J
100 +v - V)Pryllco < || lco + [lv = vellcolVPr sl co (6.106)
1/2
lo = vellco IV Pr,slloo < C(2 ~ ) (NZer) (6.107)
< CZel/?ep (6.108)
DP[ J DV] DVJ
| lleo < (=5~ leollVilleo + IVillee =55~ llce) (6.109)
/2N 1/2
1/2 1/2
<cBY < 72 ) Zel/%e)! (6.110)

The bounds stated for ||= D V||co in the preceding inequality do not follow directly from Corollary

(6.3.4), but follow from the same proof.

6.4 Energy Approximation

In this section, we will establish the estimates (4.103) and (4.104) of the Main Lemma (4.3.1), which

state that we are able to accurately prescribe the energy

/\V\Q(t,x)d:c ~ /TS e(t)dx (6.111)

that the correction adds to the solution, and also bound the difference between the time derivatives
of these two quantities.

Quantitatively, we have a bound
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Proposition 6.4.1 (Prescribing energy; proof of (4.103)).

H/|V|2(t7x)da?—/ t)dz | co <07

Proof. We calculate
/\V\2(t,z)dx = /vivlaﬂdx
= / Zv,jvjaﬂdx
_Z/VJVI Jld:v—i—Z/VI Vyd

J£T

—Z/vlvléjldx+2/ MEr+E) g, vydx

JAT

:/<§I:v}v§> 5jzdx+§I:/(v>;wI) ~rdz

X w])

+Z/M'”1d$+2/(v§w)'(v

+Z/ INEr+Ey) o1 - vydx

J£I

- /e(t)dx + Eay(t) + Z Ep,r)(t)

JAT

where it is clear that we have a bound for

(V X ’LU]) o

|a@w§zz/

Sl/2 1/2 =ol/2
<C =€R —R 2
- ( B)\_.N +(B)\EN) )

€R
<C—=
- N

and each integral contributing to the other term can be estimated by integrating by parts

E(B,IJ)(t):/ eMEHEN Gy da

dz+;/‘(V>;wI)'(V>;wI) d

_/|: aa(gl_i,_&]) 8a[ z)\(§1+€J)]:| Uy - vydx

AIV(Er + &) 2
_ _1 eAErt+és) g |: a §I+§]
A a

VE +e)E

HeR
B\N=

|EB,rn(t)] <C
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(6.112)

(6.113)

(6.114)

(6.115)

(6.116)

(6.117)
(6.118)
(6.119)

(6.120)



Similarly, we can estimate our control over the rate of energy variation

Proposition 6.4.2 (Rate of energy variation estimate; proof of (4.104)).

1/2
i[/IVIQ(t x)dz —/ e(t)da]l|co < CBY? e./” (Eel/?) SR
dt ’ T3 ¢ = A 6}3/2]\7 v N

Proof. We again use the expression

/|V|2(t,x)dx—/e(t)dx = E(A)(t) +E(B)(t)
E(A Z/ VXw[ Ujd.%'-l-Z/ -vrdx
V X w] V X ’LU])
+Z/ \ . X dx

Z/ INEr+Ey) o1 - Dydx

J£T

And differentiate in time, starting with

(A) \ - \ Svr + h\ \

As we know, the coarse scale material derivative % costs a factor

giving

1/2
d < 1/2 e/ = 1/2€R
%E(A)(t” = CB/\ . =€, ==

and similarly, we can write

E(B Z / _ 1A<51+5J>UI w}d
_Z/ l>\(€1+€J)7 (07 - ] da

J£T
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(6.121)

(6.122)

(6.123)
(6.124)

(6.125)

(6.126)

(6.127)

(6.128)

(6.129)



which can be estimated by

d 1o 61/2 1/2 en

—Ep)(t)| <CB - Bel/2 6.130

dt (B)( )| = by <6%{2N> €y N ( )
using another integration by parts, just as in (6.119). O

6.5 Checking Frequency and Energy Levels for the Velocity
and Pressure

Since we have established many estimates for the corrections to the velocity and the pressure, we
are in a position to compare with the Main Lemma.

We first remark that the estimates (4.100)-(4.102) for W were established in Proposition (6.3.1)
and Corollary (6.3.1). Similarly, the estimates (4.97) - (4.99) were special cases of the Proposition
(6.3.2) and Corollary (6.3.4). Also, the estimates (4.105) - (4.107) were established by Proposition
(6.3.3). At least, all these bounds will be established for a particular constant C' once the constant
B, has been chosen.

We are also in a position to check that the frequency and energy levels of the new velocity and

pressure

v=v+V (6.131)

p=p+P (6.132)

are consistent with the claims of the Main Lemma (4.3.1).

For the velocity, at the level of the first derivative, we have

HV’Ulllcu < ||V’U||C0 + HVVHCU (6133)
< C(2el/? + NByEel?) (6.134)
< CNZe}/? (6.135)

1/2
since N > (f—;) and since B) will be chosen to be some constant which has been absorbed into

the C.
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We also have
[V 01 ||l co < Cr(BANE) e} (6.136)

for k=1,..., L, which is exactly consistent with the Definition (4.81) for the new frequency energy
levels =/ = CNE and e, = eg.

For the pressure, we have

[Vpillco < ([Vplco + [|[VP| o (6.137)
< C(Ze, + NBrEep) (6.138)
< CB\NZen (6.139)

since N > (:—g) This bound is also exactly consistent with the Definition (4.82) for the new
frequency energy levels &/ = CNZ and e, = eg.
To complete the proof of the Main Lemma (4.3.1), it now only remains to choose a constant B

so that (4.83) and (4.84) can be verified for the new energy levels. This choice of B) is the last step

of the proof.
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Chapter 7

Construction of Weak Solutions in
the Holder Class : Estimating the

New Stress

To conclude the argument, we must calculate the new stress R; and verify that this stress obeys all

the estimates required in Lemma (4.3.1).

A complete list of the terms contributing to the new stress R; includes the following:

1. The Mollification Terms

Q.= =)V + VI — o) (7.1)

QL p = B~ R (72)

2. The Stress Term

l

i (V x wy)iv} v} (V x wr)
QS = Z h\ + ; h

i Z (V X w[)/]\gv X QI)])I
I
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3. The High-Low Interaction Term

0,Q7 = (w00l (7.4)
I
4. The High-High Interference Terms
@Qﬂ =— Z NeNEHED [y % (IVEs| — Doy + vy x (|VEr| — 1)vr] + lower order terms
J#I
(7.5)
5. The Transport Term
@QZ} = Z N[0, + v20;) D] (7.6)
I
For all of these terms, we must verify! the following estimates
[Rillco Sek
12 \ Y2 172 1/2 (7.7)
ey ey ‘e
& |Rilleo 9By .
A e}{/QN N
[V*R1lco < (E)*ely k=1,...,L
12 \ V2 172 1/2 (7.8)
6 |[V*Rieo aCWNE) | B2 ( o ) - N
/2N N
R
(9 + 01 - V) Ri[leo < (E'(e;) /)R
Q2 \ 12 (7.9)
1/2 v —
& ||(6t+v1'V)R1||COS]OB/\/ ( /2 ) :611}/2€R
ep N

61/2 1/2
IV*(8; + 01 - V)Ri|co < C(NE)* | By/? ( 1j2N> Zel/%ep
€r

vn=v+V

k=0,...,L—1 (7.10)

Note that, in contrast to the goals (7.8) - (7.10), the goal (7.7) does not allow for an implied

constant C'.

The goals (7.9) and (7.10) have a slightly inconvenient feature in that while most of our bounds

1Recall that the notation < refers inequalities which are goals but which generally have not yet been proven.
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are stated for the coarse scale material derivative

=(8t+v€-V)

2l

the goals (7.9) and (7.10) require estimates for the derivative

(at+U1'V):(at+U~V)+V'V (711)

=@ +ve- V) +[(v—v) +V]-V (7.12)

Therefore, before we proceed, it is useful to remark that once the spatial derivative bounds (7.8)
have been verified, then the bounds (7.9) and (7.10) need only be checked for the derivative % in

place of (9; + v1 - V). We summarize this observation through the following Proposition.

Proposition 7.0.1 (Material Derivative Criterion 1). There exists a constant C such that for all

symmetric (2,0) tensor fields Q7' satisfying the bounds

/2 1/2 /2,12
IVEQllco < A(NE)F | By/? ( JQN) - NR k=1,...,L (7.13)
€Rr
and
172 \ 1/2
IV (0 + ve - V)Qlco < A(NE)* | BY/? (‘;21\[) Zel/%ep k=0,...,L—1  (7.14)
€Rr

then we also have

1/2 1/2
IV*(0, +v1 - V)Qllco < CANE)* | BY? ( f;2N> Zel?ep k=0,...,L—1 (7.15)
€r

Proof. By writing

O +v1-V)Q= (0 +ve-V)Q+[(v—ve) +V]-VQ (7.16)
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and using (7.14) it suffices to prove the bound

12 \ 1/2
- 1/2 [ €v -
[V [[(v = ve) + V] - VQ]|co < CANE)* | BY (1/2> Zel/?en k=0,...,L—1
ep N
(7.17)
For k = 0, using (5.25), Proposition (6.3.2), and the assumption (7.13) we have
(v =ve) + V]- VQllco < (lv = vellco + [Vllco) V@Il co (7.18)
L/2 o o L2 1/2 o1/2,1/2
v e v v R
§C< N Ter ) A(NE)B, (61/2N> ~ (7.19)
R
/2 1/2
1/2 v —
< CAB)/ < o ) (Zel/%ep) (7.20)
ep N

1/2
since N > (:—;) . Taking a spatial derivative will costs a factor CNZ in the estimate. For

example, if we estimate |V (v — v.)||co slightly suboptimally and we compare

61/2
It = ve)lloo = =7 (7.21)
V(v —=vd)llco < [IVullco + [[Vvellco < CZey/? (7.22)

we see that we lose a factor CNZ by taking the derivative. For the whole product we have the

bound
IVI[(v = ve) + V- VQllleo < ([[Vulleo + [[Vuelco + [[VV o) [V QI o (7.23)
[0 = ve) + Vlllco | V*Qllco (7.24)
e 1/2
= = 1/2 1/2 ) - 1/2
<C (:ell,/2 + N:eR/ ) ABA/ <11/2> :e}/QeR/ (7.25)
ep N
/2 1/2
+Ceif? [ ANZ)BY? | Sel/?el/? (7.26)
ep N
s 61/2 1/2
< CAB, ( 7 ) (NE)(Zel/%er) (7.27)
eg N

1/2
using (7.13), (6.3.2) and the fact that N > ("—“) .

er

The assumption (7.13) and the bounds for v, v. and V also ensure that each higher spatial
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derivative costs at most C'N= per derivative up to order L — 1, which is what is required for the

bound (7.15). 0O
The same proof also shows that it also suffices to verify estimates for the derivative (9, +v-V)Q.

Proposition 7.0.2 (Material Derivative Criterion 2). Proposition (7.0.1) also holds with the con-
dition (7.14) replaced by

1/2 1/2
IV (0 + v V)Q|lco < A(NE)F B/</N> ZeV2en|  k=0,....L—1  (7.28)
€r

We begin verifying the bounds (7.7) - (7.10) by estimating the terms which do not require solving

the divergence equation.

7.1 Estimates for the Stress Terms not involving the Diver-
gence Equation

In this section, we estimate the terms in the new stress which do not involve oscillations. These

terms include

1. The Mollification Terms

Qo= (W — o))V + VI — ol (7.29)

€

Q%{,R =R'- Ril (7.30)

2. The Stress Term

- (V x wr)/ vt vI(V x wy)!
le:Z )\I 1+Z I s I
(T X (T ) (731
X w X w
+; I)\Q I

Throughout the estimates, we will assume that B) has been chosen to be some constant. We

start with the Mollification Terms.
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7.1.1 The mollification term from the velocity

The part of the new stress Ry which arises from mollifying the velocity is given by

QYo = (0 =)V 4+ VI (0! — o)) (7.32)

€

The C° estimate for Q M,» has already been verified by the choice of €, in Section (5.6). In fact,

by verifying (5.20) we have that for the main term

Q1 iy =D 2w — v (o))t (7.33)
I
we have
1/2 1/2
Y 1 e,/ e
1@y llee < 25— (7.34)
since
. . ol/2
@ = o)llow < 2 (7.35)

The other term for Qs , is of the form

i v — )V x wyit
Qu iy = 2o (¥ (7.36)
I

oL/ =el/2
g <Ccl= —R 7.37
||Qv,(u)HCO = < N > <B)\NE> ( )

which satisfies the goal
/2 1/2
i 1 e

1@ ller < 55— (7.38)

once the constant By is chosen large enough.
We need to check the spatial derivatives of Qas . By Definition (4.3.1), the estimates for spatial

derivatives are allowed to lose a factor

V| <= =CN=

for each spatial derivative V¥, k < L. This freedom allows us to separate the factors v and v, to
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bound

V@i, = (VoV)! = (Vo V) + (v — v) VY] (7.39)
IVQuullco < C(IVullco + [Voelco)er” + [[v = velleo | YV o (7.40)
el/?
< C(Zel2el? + —7 (BANZc}?) (7.41)
< CBx(Zel/?)e }{2 (7.42)
By comparing
4 4 61/2

T 0o < 2 4
I(w” = v2)llco < e (7.43)
IVollco + | Voellco < 2Zey/? (7.44)

we can see that the cost of separating v and v, in the estimate is exactly the factor &' = NZ that
we can afford. This principle will be useful many times in the checking.

By taking up to L — 1 derivatives of (7.39), we see that for all k =1,..., L we have

Proposition 7.1.1. For k=0,..., L, there exists constants C}, depending on By such that

1/2 1/2

€y €
IV Qaralleo < Cu(BANE)* = (7.45)

This estimate is actually sufficient for the ideal case discussed in Section (4.6).

We now turn to estimating the material derivative

Proposition 7.1.2. Let vy =v+ V. Then, for k=0,...,L —1, we have

12 \ ~1/2 /2,12
Hvk(at +v1 - V)Qurpllco £ C (1/2]\7> (NH)kTR (7.46)
To prove this proposition, it actually suffices to estimate D%’f =
Proposition 7.1.3. For k=0,...,L — 1, we have
oL/ -1/2 L/2,1/2
IV*(8: + ve - V)@Qumrwllco < C ( 1/2N> (N_)’“’TR (7.47)

by the criterion in Proposition (7.0.1). Now let us check the bounds (7.47).
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Proof. Here we take

D . Dv_ . Dv , DV ..
(v —v )Vt = (V) = (V) —ve)——]"" 7.48
{0~ wVF! = (V) — (VP [0 - u) ] (7.45)
= A +Aun + Aurn (7.49)
First, we compare
DV
lAurnlloe < Cllv = velleo [l =5 llco (7.50)
61/2 ( 61/2 )1/2 /2 1/2
<C= —_ Zel/%e (7.51)
- 1/2 v R
N eR/ N
o1/ —1/2 =p L2
<C|— — R (7.52)
(e}{ N ) N
to our goal of
1A llco QE (€)' ey (7.53)
12 \ Y2 172 172
€y €y e
= C(NE)e}? = R (7.54)
r e}%/QN N
/2 —1/2
=C| —— Zell2ep (7.55)
(e}{ ‘N )

€y
€R

1/2
to see that ||A¢;rr)llco has a correct bound since N > ( ) . As we discussed in verifying, (7.46),

the estimates for

/2 —1/2
IV* A lleo < Cr(NE)* (1;}2> Ze,/%er
ep N

also hold for k =1,...,L — 1, since each spatial derivative costs at most N=, and because at most

L derivatives fall on the given v.
Next we check how the bound
Do,
lAanllce <l lcellViice (7.56)
< (Bey)ell? (7.57)
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compares to the goal

(/2 —1/2
[Ainllco 2C TQN 5611)/231?, (7.58)
€R

from (7.55).

Checking this bound reduces to verifying that

0 \3/4
('“) < N1/2 (7.59)
€R
which follows from the hypothesis
e\ 3/2
<U) <N (7.60)
€R

in line (4.92) of the Main Lemma.
Now that the estimate for A7) has been satisfied at the level of C?, it worsens by a factor of
NZ for each spatial derivative, the largest cost arising when the derivative hits the oscillatory factor

in the correction V. Therefore we have the bound

IV*Aiplleo < C(NE)*(Ze, )ey” (7.61)
The goal
172 \ ~1/2
— €y _
IV*A(rpllco < C(NE)F (UQ) Sey/’en  k=1,...,L (7.62)
en N

permits a loss of C NZ per derivative, so that the bound (7.61) is acceptable.

We proceed similarly to estimate

Ay ==V .
=%V (7.63)
by writing
Dol
8—: = (0 +v- -V + (v —v) - V! (7.64)
=d'p+ 0, R + (v, —v) - V! (7.65)
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giving

D
lAmllee < Cll7p llcoert (7.66)
61/2 s
< C(Ze, + <N> (Zel/?))el! (7.67)
< CEeyeif’ (7.68)

which we have just verified is acceptable for the term A;;). We can now take spatial derivatives
of this term up to order L — 1, and each spatial derivative costs at most CNZ= per derivative; for

example, comparing

/2
lv —vellco < C ;\7 (7.69)
V(v = ve)|lco < Cl[Vollco + [|[Voe| co < 28el/? (7.70)
costs a factor |V| < CNE. O

Wastefulness in the estimate To prove the ideal case Conjecture (4.3.1), the bound (7.47) must

be replaced by the more stringent goal
D Jl =, 1/2
HE[(U — vV |lco 4 CEe,/er (7.71)

In order to verify inequality (7.71), it is necessary to establish a bound

D
| 5710 = vdlllco < CZel/ e (7.72)
which is stronger than the bound of Ze, that can be proved for ||%Hco and || %’;‘ co individually.

Inequality (7.72) can be proven through a straightforward but long commutator argument similar
to those in Sections (5.3) and (5.5.6). Here we only note that this commutator estimate requires
control over V[(0; +v - V)v], and suggests that it may be important to work with Frequency Energy
levels of order L > 2.

Here we have taken the slightly easier route of to establishing the bound (7.58), at the cost
of imposing the lower bound (7.60) on N. The previous bounds are actually the only place in

the argument in the requirement (7.60) is used, and the Lemma (4.3.1) can be proven with (7.60)
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A% > <€U>
€ER

We also remark that in the ideal case construction, inequality (7.60) is satisfied during the iteration
of Section (4.6), but in that case the power 3/2 cannot be replaced by any larger value. During the

5/2
iteration of Section (4.4), the value of N is essentially (f—;) .

7.1.2 The mollification term from the Stress

We now verify the estimates for the term
Qirp =R~ R (7.73)

We have already verified in Section (5.5.3) that

1/2 1/2

il €y €
Q% alleo < LB (7.7

And regarding the spatial derivatives, we have for k =1,...,L

IV*Qurrllco < [VFR||co + [ VF R |0 (7.75)
< C(EFer + EFep) (7.76)
< CZ*er (7.77)

from Proposition (5.5.3). Here, no powers of N'/I arise since we have taken no more than L

derivatives. Comparing to our goal of

IV*Qu,rllco < (Z) ek (7.78)
12 \ ~1/2 1/2 12
€v e e
= (”21\[) (NE)F =" (7.79)
€r

we see that this goal has been achieved by a large margin.

We now check the bounds for the material derivative, which are of the form

Proposition 7.1.4. Forvi =v+V,k=0,...,L —1 we have

V50 + v1 - V)Quarrllco < C(NE)*Zel/ 2ep (7.80)
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For our purposes, it is enough to recall from (4.84) and Proposition (5.5.4) that

Proposition 7.1.5. For0 <k <L —1,

[V*(8; +v - V)R||co < CEFHel/ 2 (7.81)

IV¥(0; + ve - V)Rel|co < C=*H e}/ e (7.82)

according to the criteria stated in Propositions (7.0.1) and (7.0.2).

We need to check, at least for k = 0, that we have achieved the goal

(8% + v1 - V)Qur.rllco < C (E’(e;)l/ze'R) (7.83)
12 \ —1/2 1/2 1/2
€y —_ 1/2€v €p
ac <e}f{2N> (NueR ~ ) (7.84)
12 ~1/2
=C (17;2> Zel/%er (7.85)
ep N

1/2
1/2
In fact, this goal has been achieved even for the ideal case without the factor ( fy2N> .

R

For spatial derivatives the estimates (7.80) show that each spatial derivative costs at most NE as

desired, the largest losses coming from V - V(R — R,).

7.2 Estimates for the Stress Terms involving the Divergence
Equation

In this section, we will estimate the terms in the stress which involve solving a divergence equation

of the form

0;,Q1 = U = ! (7.86)
These terms include
1. The High-Low Term
0;Q7 =Y e (57001) (7.87)
I
= eMruf (7.88)
I
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2. The Main High-High Terms

0;Q% = = > AP, x (|VE| = ol + vy x (V& | = 1)vf] (7.89)
J£I
= uly (7.90)
J£I

3. The Remainder of the High-High terms

0; Q= —eMEHE) ((V x wy) x [(iVE7) x 4] + (V x wy) x [(iVEr) x ¥}])

_ eiMErte) (vr x [(1VE€)) x (V x wh)] + vy x [(iVE) x (V x wh)]) )
4. The Transport Term
0;Q = e[(0y + vl0;) ) (7.92)
I
=2 ur (7.93)
I

For each of these factors, we will use the parametrix expansion for the divergence equation, whose

first term has the form

0;Q0 = eyl (7.94)
Qi = Qﬁ) + Qﬁ) (7.95)

il l
Qi = e w (7.96)
0,QlL) = M 10,1 (VO] (7.97)

and whose D’th term, in general, has the form

Qi = Q{lD) + Q{ID) (7.98)
- b g
Qﬁa = Z piNEL % (7.99)
(k)=1
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where each g solves a linear equation

i(’)ijﬁ) = !
. 1
Zajf‘ifk) = ul(k)

using the linear map
¢! = ¢ (VE)[u]

defined in line (3.21).

The error of the expansion is then eliminated by solving the divergence equation

!

, u
jl ixg _(D)
9;Q(p) = ¢ ¢ \D

(7.100)
(7.101)

(7.102)

(7.103)

(7.104)

To eliminate the error, we need to solve the divergence equation (7.104) in such a way that we

can have bounds for both ||[V¥Q||¢o and ||V’“@||Co. This is accomplished in Section (7.3).

ot

Let us first study the bounds which are obeyed for the parametrices of these oscillatory terms.

7.2.1 Expanding the Parametrix

For concreteness, consider the High-Low term

jl i\ l
8JQ‘£ = Zel EIuLvlv(l)
1

l _~ig .l
Ur,1,(1) = U705v,
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Observe that

lur,r,mllco < 56111/26}3/2 (7.107)
IVur,rmlleo < (IVorlleol|[Voeloo + |orll o[ V2velco) (7.108)
< ((Ze ") (Eey/?) + (e ) (E%e)/?) (7.109)

< C=%l/2el? (7.110)

IV ur,,m)lleo < (IV*0rlloo[[Voelloo + - -+ [[Trlloo [ VE el oo (7.111)
< C(NYEE)E(Zel/?el/?) (7.112)

from Section (6.2) and (5.29).

The first term in the parametrix has the form

jl
~ i qL,I,
Q) =€ % (7.113)
. ,
qu,(l) = qﬂ(v‘fl)[“lL,I,u)] (7.114)
In size, the absolute value of the first term is
AJ lur,r,llco
197,/ 1y llco < C+ (7.115)
— 1/2 1/2
Zey “ey
SC—m—e 11
N (7.116)
. 61/261/2
1Q7 1.y llee < OBy = (7.117)

which is actually good enough for the ideal theorem. Note that this is a gain of % compared to
(7.107).

Having bounded the first term in the expansion, we now show that the later terms in the
parametrix obey stronger bounds. Observe that the error term for the first expansion of the
parametrix has the form

iNED, i 8jqfl €3]
et 51“L,I,(2) — i )’\ D) (7.118)

Applying the chain rule to the function (7.114) defined in Line (3.21), we see that (7.118) can be
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bounded by

1, 4 1
TIVaL  @ylloe < X(HVQ&IICOHuLJ,u)Ilco +IVur,1,qlleo

c =(=,1/2_1/2 =2 1/2 1/2
< m(:(zev/ e )+ 2% %e”)

C

Brs WV Ee e

<

Compared to ur, (1), the derivative 9; costs at most
9;| < CEN/E

whereas we gain a factor of
—1 _ p-lm—1p—1
AT =BET'N

Giving us a gain of a factor

|95 C
il
—1 = BNO-1/D)

compared to the estimate for uy, ; (1). More precisely,

luz,r,llce < CBY'ETINTH(IV2¢ oo lur.lleo + [Vur 1,y lleo)

< CB;IN_(l_l/L) (Eef/ge}f)

(7.119)
(7.120)

(7.121)

(7.122)

(7.123)

(7.124)

This bound on the cost of a derivative continues to hold for higher derivatives, so that each

iteration of the parametrix gains a smallness factor

1/L=
M<CN -
A T B)\NZ=

— OB IN-(-1/D)

For example,

c
By\NE=
C
B\NZ

1 .
XIIV’“QJLI,I,(UHCO < IV etlloollur,yllos + - -+ IV*Vur 1,q)lleo)

< (N/EE) (e e
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After iterating the parametrix D times, we have
HUL,I,(D) HCO S CDB;DN_D(l_l/L) (Ee})/ze}{Z) (7128)

Namely, the estimate improves by a factor N~P1~=1/L) for each iteration of the parametrix.
Because we have N > E" for some 1 > 0, the large power B;DN*D(l’l/L) will eventually
overtake the factor of =, and we will be able to gain the factor ﬁ that solving the elliptic

equation is intended to gain. That is,

1/2 1/2

_p€Euv €
lur,1.pyllco < CDB)\DTR (7.129)

once D is large enough depending on the given n and L.
If we were only concerned about the C° norms and spatial derivatives, we could apply the

operator R from Section (3.3) to obtain a solution to (7.104) of size

Qr.1.(p) = —R[e™ ur 1, (D)) (7.130)
1QL,1,(pyllco < Cllur. 1,pyllco (7.131)
/2,172
< CDB;DTR (7.132)
which can be bounded by
1 M/212
1Qr,1,p)llco < - £ (7.133)

1000 N

once B, is chosen large enough. Furthermore its derivatives would grow by a factor (NZ)* from

IV*Qr.r.(pyllco < CrllV* [ up, 1. ()] Il co (7.134)
1/2 1/2
1 L€y e
< Cr1og5 E)k NR (7.135)
However, we must also establish estimates for %, and for this purpose we have constructed

a different operator to solve equation (7.104).

Rather than the estimates for (7.134), the solution which we construct in Section (7.3) to solve
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the equation

QL 1,(D) =U'= _eMEIuL,I,(D) (7.136)

is bounded by

1Qrr,(myllco < CU o +T|| 5 o (7.137)
L,I,(D
< lluz.r.olloo +T||T”u (7.138)
and its support in time may grow to
3T 3
supp Qr.r,(p) € {[t —t(I)[ < ?} x T (7.139)

when the support of U is contained in [t —¢(I)| < 7. Even if the support does grow as in (7.139), at
each time ¢ there will still be a bounded number of stress terms Qr, 1 (p) which are nonzero at that
time.

Furthermore, this solution has the property that if the bounds on
|VEU||co < A(BANZE)*

DU
7||V* =—]||co < A(B\NE)*
ot
are satisfied, then Qp, 1 (p) obeys similar bounds

DQLL(D) ”CO

5 < CAT Y(B\NE)* (7.140)

IV*Qr.1.(pyllco < CA(BANE)®||V*

Namely, a spatial derivative of Qr 7 (p) costs (BANE) and a material derivative of the stress costs
77! as long as these costs hold true for the data.

For all of the examples

Ul — 0Ny

we will encounter, they share the feature that material derivatives cost 7=1. Thus, even at the level
of the material derivative, we will be able to conclude that each iteration of the parametrix gains a

factor of
19il o y-a-1/1)
<
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Let us show now that this operator will be suitable for the conclusion of the proof.

7.2.2 Applying the Parametrix

First consider the transport term, since it is the largest

Q= Z el g (7.141)

wh g 1) = (00 +v10;)0; (7.142)

and its parametrix expansion up to order D

, N.l .
Q%"J = Q;“,I,(D) + Q%‘,I,(D) (7.143)
- s
iAEr _\R)
QTI (D) I;el v (7.144)
. )
0;Qr1(p) =€ Ml 1 () (7.145)

1

From Section (6.2), we have seen that each material derivative costs essentially 77+, so we know

that
ul /2 —-1/2
T,1,(1 1/2 v —_ 1/2
HU’ZTI (lleo Jr7'\\715()”00 < CB,\/ ( /3 ) :611,/26,3/ (7.146)
ep N
= —1/2
DU’ZTI 1 1/2 ei/Q 1/2
195 1.y leo + TIVF— 2 oo < CBY*(BANE)* | Sl (7.147)
€R

The CY estimate was already checked in Section (5.6) where 7 was chosen.
Using the estimates for spatial derivatives in (6.2) to commute transport and spatial derivatives,

we also have

1/2 71/2
HUITI ||C’0‘|‘THL(D)H 0 <CDB Dpn-D(- 1/L)Bl/2< Cv ) Hel/2 1/2

e}-{/zN
(7.148)
k1 kD“lTI(D) —D Ar—D(1-1/L) pl/2 —\k ei/2 o 1/2 .1/2
Hv uT,I,(D)”CO +THV WHCO < C(DB,\ N B)\ (B)\N‘:‘) 1/2 61) R
ep N
(7.149)
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Using (7.148), choose D large enough depending on the 7 in the lower bound N > =7 such that

N-DU-1/L) < N-1z-1 (7.150)

Namely, we expand the parametrix until we have gained the factor N~'Z~! which we expect to gain
from solving the divergence equation.

With this choice, the bounds (7.148), (7.149) read

DulTI (D) 1/2 ey s e er?
l —— |0 <CpBy"B - Lk 151
”uT,I,(D)HCO + 7l ot [co < CpB; A e}%/QN B\N (7.151)
Dul 12 \ ~Y/2 12 172
k1 k" T,1,(D) —D pl/2 —k [ Ev €v €p
IV*ur 1,y llco + 7V T”CU < CpB, "B, "(BANE) <61R/2N> BN (7.152)
Applying Theorem (7.3.1), we have a solution Q%’T to
” ;
anzf,[,(D) = Z e /\&Uér,f,(p) (7.153)
I
supported in |t — ¢(I)| < 37/2 and obeying the bounds
= =1/2 173 1/2
DQr1,p) 1/2 er” e e
vF V== oo < CpBy/*(BANE)* R 7.154
IV Qrscollo + IV = P en < CoBY N (o) SR (s
The parametrix itself
S T
< ,
Qr.1.(p) = Z eu&y (7.155)
(k)=1
gains a factor of A™! compared to the first ulT 1,(1) SO it satisfies the bounds
" o1/ —1/2 /2,12
7l _ —\k v v R
Q7.1 (pyllco = CpB,'“(BANE) <el/2N> BN (7.156)
R
where the powers of (ByNZ) come from differentiating the oscillatory factor.
Let us check that these are the estimates which are required in Lemma (4.3.1).
We essentially checked the C° bound for
L /2 —1/2 /2,12
) < CBj; - - 7.157
HQTJ’(l)HCO = A <632N> N ( )
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in Section (5.6). This estimate clearly worsens by a factor NZ upon taking spatial derivatives, and
worsens by a factor

217t =vEd?

(7.158)
= BN el (7.159)
upon taking a material derivative. Our desired cost for a material derivative is
D, __
|5 2 (€)' (7.160)
— CNEe}/? (7.161)
and checking this inequality is equivalent to verifying that
o\ /4
(”) < N1/2 (7.162)
eR
e\ /4
& (”) <N (7.163)
€R

which has been guaranteed in Lemma (4.3.1).

Every other stress term can be treated similarly with even better bounds, except for the main
term in the High-High term, namely

83‘@% = Z AéMgﬁ&)Ué{ IJ

)

(7.164)
JAT
by 1y = —[vr x (|V&s| = Dl + vy x (|VE] = 1)v] (7.165)
The first term in the parametrix expansion for this term takes the form
Qﬁ,u,u) = NN GV (& + €5)) [un 1] (7.166)
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For this term, we observed in Section (5.6) that

”Qﬁ,U,(DHCO < Cegrb (7.167)
/2 1/2
<oB Y = er (7.168)
A e}%/QN
12 \ Y2 12 172
<oB VP& & °m (7.169)
A e}{/QN N

thanks to our choice of 7.
For this term one must also check that the cost of a spatial derivative is bounded below NZ. To

check this bound, we compare

172 \ 1/2
_ [
V€S = 1flco < CBY? <61/2N> (7.170)
R
IV(IVEs | = Do < C|IVZEslloo < CF (7.171)

to reveal that differentiating worsens the bounds by at most a factor

12 1/2

V| < B> (eRl/Q ) = (7.172)
€y

V| < CB)/?N'/?Z (7.173)

so that each iteration of the parametrix gains at least

V| BY?N'/’=
Dleo = 7.174
X = BuNE (7.174)

< CB;'’N-1/? (7.175)

which will also gain the factor of N™'Z~! which we require once sufficiently many terms in the

parametrix expansion have been taken. Likewise, we must check that each material derivative of
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this term costs at most 7!, which follows from comparing

61/2 1/2
—1/2 v
I1VEs] = 1]lco < Cb=CB;Y <61/2N> (7.176)
R
D D
- -1 0 < —_— 0 < E 1/2 1
15 IVEs ] = Dlleo < Cll:VEslico < CEe, (7.177)
_ —1/2
D 1/2 611;/2 -1
| <CB Zel/? 1
= |51 < CB, <e}f{2N (Ze/?) (7.178)
<Cb'Eel? <ot (7.179)

Thus, the High-High term can be treated in the same way as the Transport term, taking more terms
in the parametrix expansion if necessary. In each case, the terms Qr, Qg and @ enjoy a bound
of the same type as the bound on the first term of their parametrix expansion but with a worse

constant. Among all the stress terms, the terms Q1 and Qg obey the worst bound of

—-1/2
—1/2 e/? ei/ze}f
1Qrllco + [|Qullco < OBy /2 N (7.180)
ep N
In particular, we have a bound
—-1/2
Rulloo < 0B 2 (& e "ex” 7.181
H 1HC'0 = A e}%/gN N ( : )
for the entirety of the new stress.
At this point, we can finally choose the constant B) so that the goal
—-1/2
Rulloo <oB 2 (2 e "ex” 7.182
H 1HCO = A e}?/QN N ( : )
=1/2 172 172
1 611)/2 €y €ep
< _ e (7.183)
1000 (e}%/QN N

is satisfied.
Once By has been chosen for this purpose, we know that each spatial derivative of R; costs at
most

V| < ONE
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which is exactly the target cost for a material derivative. Each material derivative costs

_ -1/2
D 12
’ <ort=cC T/T Zel/2 (7.184)
ot el’N

which must be below the target cost of

D
‘8t Q= (e))Y/? (7.185)
<JCNEej!? (7.186)

and this target cost has been satisfied as long as

1/4
(ev) < N2 (7.187)
er

This inequality follows from the condition

()
€R

and is enough to conclude the proof of Lemma (4.3.1).

7.3 Transport-Elliptic Estimates

In order to eliminate the error term in the parametrix it is necessary to solve the underdetermined,
elliptic equation
0;Q" =U"
(7.188)
Q' = Q"
For the proof of the Main Lemma, we need to have estimates for Q, spatial derivatives V*Q of
@, and also the material derivative % and its spatial derivatives.
First we recall from Lemma (3.3.2) that the divergence operator in equation (7.188) can be
inverted by an operator R which has order —1.
Rather than commuting % with the nonlocal operator R, we find a solution to (7.188) with
good transport properties by solving (7.188) via a transport equation obtained by commuting the

divergence operator with the material derivative. In this way, we directly obtain estimates for %
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and its derivatives.

Theorem 7.3.1. Let U' be a vector field such that
/Ul(t, x)dr =0 (7.189)
for all t, and such that

supp U C [t(I) — 7,t(I) + 7] x T? (7.190)
for some time t(I) € R and some 7 < =le, /2.

Assume also that, for

A = B\NZ
the velocity field U and its material derivative % obey the estimates
IV*Ullgors < AA® [kl =0,...,L

DU
||vkﬁ||cg[/§ SAT_lAk kZO,,L—l

(7.191)

Then there exists a solution Q to the equation (7.188) depending linearly on U such that

1. For allt,
/Q(t,x)d:c =0 (7.192)
2.
supp Q C [t(I) — 37/2,t(I) + 37/2] x T3 (7.193)
3. Fork=0,...,L
V¥ Qllcors < CAAY (7.194)
4. Fork=0,...,L—1
||Vk“%||cm < CAT~ AR (7.195)
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The proof of Theorem (7.3.1) relies on a transport equation which we now derive. To set up the

initial data, we set

QI (t(1), ) = RMU(t(1),)](x) (7.196)

With this choice of data, the equation (7.188) is satisfied at the initial time ¢(I). The divergence

equation will remain satisfied at future times if we ensure that

D, oo DU
S ORI = (0 +0i0) Q1 = (7.197)
Commuting % with the divergence operator leads to an underdetermined elliptic equation
D . D . . DU
— 0,7 = 9;[ = Q7' — 9,0 0,Q7 = —— 7.198
at J Q J [at Q } JUE Q at ( )

We solve the above equation by inverting the divergence operator, which leads to an equation which

we call the Transport-Elliptic equation.

Lemma 7.3.1. Suppose that U' is a smooth vector field of integral 0, then if Q7' solves the transport

equation

D gl = RI9;0°0,Q + D ;{k] (7.199)
with initial data
QI (t(1), ) = RMU(t(1),)](2) (7.200)
then @ also solves the equation
0,Q' =U" (7.201)
with
/de = (7.202)
for all t.
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Proof. At the initial time ¢t = ¢(I), we have

0;Q7 (t(I),x) = ORI U(t(1), )]

— PUL (1), )

(7.203)

(7.204)

where P is the operator which projects to integral 0 vector fields. Because U has integral 0, we have

PU(t,z) = U'(t,z)

so it is clear that equation (7.201) is satisfied at time ¢(I).

It now suffices to verify that (7.198) is satisfied by the uniqueness of solutions to the initial value

problem for transport equations. This calculation will rely crucially on the fact that v, is divergence

free, which implies, for example, that the term
0020, = 9;05[v2Q"]

has integral 0.

By taking the divergence of (7.199), we compute

D . , DU!
120l — b gl
8J[8tQ | = P[o;v.0,Q ]—1—7’—&
) DU!
=P [ajab[vaﬂH +P87[i
. DU?
= 0;0,[02Q""] + Pa—[tj

Since U' has integral 0 and v, is divergence free, we have that

DUt _ DU!
P ot — ot -

implying that
From (7.208), we have

DU

D . )
53‘[@@3[] = 0;[020, Q"] + ot

which is the equation (7.198) that we had to verify.
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(7.208)
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To see that [ Qdz = 0 for all ¢, first observe that

/Q(t(f),w)dx =0 (7.211)

by the property that the operator R maps to integral 0 tensors, and for the same reason,

& [t = [ Zlar—o (7.212)

as well. 0

Our next goal for the section is to establish existence and a-priori estimates for the solution to

the PDE (7.199).

7.3.1 Existence of Solutions for the Transport-Elliptic Equation

Global solutions to the linear equation

DU*

DQ! ]
ot (7.213)

ot
Q(t(I),x) = R'U(t(1),)](2)

= RI0iw0,Q™ +

can be easily constructed by the method of Picard iteration, once the appropriate spaces have been
identified.

To begin the Picard iteration we define an operator T acting on symmetric (2,0)-tensor fields
which solves the transport equation
DU* ]
ot (7.214)

D , , _
&[TQ]]Z = R'0020,Q" +
TR (t(I),x) = RI[U (), )](x)
so that a fixed point of T is a solution to the initial value problem (7.213).

The operator T' must be defined on an appropriately defined complete metric space, and the key

to identifying this metric space is the following, a-priori estimate

Proposition 7.3.1 (A priori estimate). If Q solves (7.213) and U satisfies the bounds (7.191), then

there are constants C1,Co such that
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/Q(t,x)dx =0 (7.215)

> /\aaQ|4(t,x)d:c < CpAteCem =D (7.216)

la]=1

Proof. At time t = ¢(I), the bound (7.216) is a consequence of the bound
IVR[U][|zs < CU |4

so by Gronwall it suffices to prove that

O 10,014 (t, 2)da] < Cor? ; Q| (t, v)dx + A* 7.217
> 4 [ et < (S [ sy )

la|=1 b|=1 j,l=1

To establish this inequality, we let 0, be any derivative of order |a| = 1, and for any component

8,1le of 9,Q we compute the time derivative

d } D _
%/|8GQJI|4(t,x)dx:/awaQ”\‘ld:r (7.218)
= /4(8anl)3[%8anl]dx (7.219)
/4(8anl)3[8a(§le)GGUﬁGinl]da: (7.220)

/2 < 771, the second of these terms can be bounded by

Since || Vo[ co < Zey

|4/(8aQﬂ)3(8av28iQﬂ)dx\ < cr—l/|aaQﬂ\4(t,a:)dx (7.221)

For the first term in (7.220), we use the equation (7.213) to estimate

N N7k
| [0 g @ = | [@.e (amﬂ[aivfab@ik ; Da[f}) da] (7.222)
< [ (10.0"P o 000" | + l0.0P ORI ) (7220

The first of these terms is similar to what we have already encountered, and can be estimated
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using Hélder’s inequality,

/ 10.Q7[* |0, R 000, Q]| d < |V Q|74 | VR [0:0206Q] | s (7.224)
< [VQ![74]10:006Q7 | s (7.225)
< Ze}/?|VQlI14 (7.226)
Ty Z /\&,Qﬂ (t,z)d (7.227)
|b]=1 j,I=1

The latter term in (7.223) can be estimated equivalently by applying Young’s inequality with

exponents % + i =1 to the pointwise product

DU _ , DU
10.Q7" PR [— - En II=(r 4/3|5anl\3)( 340, R [— - 5 ]I) (7.228)
3 DU
<97 H0,QM* + =73 |0, R — o ] (7.229)
This calculation gives the bounds
D D
/\a QPRI U]\dx<C/ (0@ + 73 |0, R ;} )z (7.230)
= 4
. D
<Crt </|8aQﬂl|4dx+/r4 8(15] da:) (7.231)
crt (/ 10,Q7 [*dx + A4) (7.232)
which is the estimate required. [

The proof of the above estimate can also be used to establish that on the space
X C WL R x T?%.8) C CF (R x T?;.S)
defined by the conditions
X={Q:RxT* 55 | /Q(t,x)dx — 0Vt e R QIUH(I),2) = RIUHI), N(z)

Z Z /|a Q” (t,x) d$<ClA4 Cor™Ht—t(D)]

|a|]=11,j=1

the map T defined in (7.214) maps X to itself when C; and Cs are chosen appropriately. Furthermore,
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when the space X is endowed with the metric deriving from the norm

1/4

3
. —Br L t—t(D)] D QA (¢, 2)d 7.233
IQllx = supe > Y [0 (7:235)

la]=1j,l=1

then X is a complete metric space and essentially the same proof as that of Proposition (7.3.1) also
shows that T is a contraction on X whenever B is a sufficiently large constant. Therefore a unique,

global solution to the initial value problem (7.213) exists.

7.3.2 Spatial derivative estimates for the solution to the Transport-Elliptic

equation

Following the methods of Section (7.3.1), we can also give bounds on the higher derivatives of

solutions to the equation (7.213).

Proposition 7.3.2. The solution @ to the equation (7.213) obeys the bounds
IVFHQ| s < CrAReCm It 4 (7.234)

fork=0,...,L

Proof. At the time ¢(I), the above inequality follows from the bounds (3.30) for R and the assumed
bounds (7.191) on U and its spatial derivatives.
To establish the estimates (7.234), we follow the strategy of Section (7.3.1) and define a weighted

energy

Definition 7.3.1.

dx (7.235)

Since

En[Q)(t(I)) < C1AY,
the exponential bound (7.234) follows from Gronwall after we establish a differential inequality

dEyv[Q]

| 7 | < Cor N (En[Q] + AY) (7.236)
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To establish the differential inequality, we fix a spatial derivative 9, of order K and components

jl of 9,@7" and calculate

d [0.9"|" D |9, "
- = [ = 2
di / AR / ot | AE—1 (7.237)
9.\’ D.
=14 a SATE-D jl 9
/(AKl) [ataaQ ] (7 38)
Commutator Terms As in Section (7.3.1), we now commute % = (0 + v°0y) with 9, =
Ou, - - Oay to see that
D DO ‘
_ Jl — —_% 1_ a b gl
ataaQ Ol Py ] E C4, 4y0a,00a,06Q (7.239)

la1|+laz|=K,|a1]|>1

The commutator terms are acceptable in (7.238), because they give rise to terms bounded by

aanl ’ —(K-1 b il aanl ’ a1 e aazabQ
Aeor| (A K104, 0000, 0,Q7 | da < AR=T| | Na=T| | Alaal (7.240)
Because |a1]| > 1, we have |as| < K — 1, and we can estimate the above by

9 Q" ’ (K-1) b il Oay Ve
] (A D10, 00,0, e < |- o Bar[Q)1) (7.241)

=laal
< Alal‘_le})/zEM[Q](t) (7.242)
< CZey/* Ex[Q)(t) (7.243)
< Crt'En[Q)(1) (7.244)

Concluding the Estimate for (7.238) To conclude the proof of (7.236), it remains to show

that for all multi-indices of order |a| = K — 1, we have

Jl 5l
/(A;? 1) ) Dg Jde| < CT7H(Em[Q](t) + AY) (7.245)

Using the equation (7.213), the integral inside the absolute values can be written as a sum

. 3 — ; 3

AK-L ot AK-1
il

+/<i‘}?l) A-E-Dy Rﬂ[%g]dx (7.247)

I+ 11 (7.248)
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Let us first estimate the term I. By Holder’s inequality, I is bounded by

9 Q"'

112 1355

74 - A=V )0, R 0,000, Q" | 14
By the boundedness properties (3.30) of R, we have that

A"ED 0, RIN0:000,Q7 || 1a < CA~E D | VE9,020,Q] || 4

< AT Z ||8a1VUSHCUHaa28bQ”L4
|lai|+]az|=K—1

Dy V!
Alail

0ay 0@

=C Alaz]

lai|+|az|=K-1

co L4

< CEel?Ep[Q)VA(1)

< Ot EM[Q)YA (1)

Therefore, from (7.249) I is bounded by

I <Ot ENn[Q](t)

Now it remains to bound I7 in line (7.247). We estimate this term by

4

0.\ [\ 1) o o DU L1 []0aQ
/(AK1> (A QR ) do < 7 /AK*1 da
=4
+ / TEATHED aaw‘l[%f} da

<o (EM[Q](t) | ‘vK-l[%{t]]

4
dx)

< Cr  (Bx(QI() + A

which establishes (7.236) and concludes the proof of (7.234).

(7.249)

(7.250)

(7.251)

(7.252)

(7.253)

(7.254)

(7.255)

(7.256)

(7.257)

(7.258)

(7.259)

7.3.3 Material derivatives of the solution to the Transport-Elliptic equa-

tion

With the estimates on spatial derivatives of the solution to (7.213) in hand, we can now give bounds

for the coarse-scale material derivative % of the solution to (7.213) as well as its spatial derivatives.
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We start by recalling the Transport-Elliptic equation

DQ’' itta ba ik, DU
_ . 2
pY R [0;v20,Q% + o ] (7.260)
and estimating each term by
IVFRI [0:020,Q"* ] 14 < CIVM0,020,Q™ || s (7.261)
<c > V1202 | o [ V1921 Q|| s (7.262)
lay|+|az|=[k|-1
<C Y EelAAlml(pleal geCrI=UDIY (7.263)
la1|+laz|=[k|-1
< Cr A1 4O et (7.264)
and
;. .DU _, DU
||VkR]l[ﬁ]||L4 <c|vH 1EHL4 (7.265)
< CrtARI=L 4 (7.266)

7.3.4 Cutting off the solution to the Transport-Elliptic equation

We now use the preceding estimates on the solution to the Transport-Elliptic equation in order to
establish (7.3.1).
Let Q. be the solution to the transport-elliptic equation (7.213). Then @, satisfies the elliptic

equation

an'il = Ula

but Q. may will not satisfy the properties desired by Theorem (7.3.1) because Q. will not be
compactly supported in time, and the estimates on its derivatives grow exponentially in time.

In order to fix this problem, we can simply cutoff Q.. Namely, let 7j(¢) be a cutoff function which
is equal to 7j(t) = 1 on the time interval [t(I) — 7,¢(I) + 7] containing the support of U', and such
that 7j(¢) is supported in [t(I) — 37/2,t(I) + 37/2]. Now define

Q"' =n(t)Q. (7.267)

B
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Then @ solves Bijl = U!, Q has integral 0, and Q satisfies all of the estimates stated in
the Theorem (7.3.1) because the cutoff ensures that the exponential factors of e€7 1=t in the

estimates for @, are all bounded. This concludes the proof of Theorem (7.3.1). O
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Chapter 8

Appendix

Here we prove some facts about regular dodecahedra which have been used in the proof.

To prove the fact stated in Lemma (3.4.1), we establish the following

Lemma 8.0.2. Let u € R3 be such that

ux f#0 (8.1)

forall feF.

For every integer n > 1 there exists a constant ¢ > 0 and a set of rotations Oy, of the form
O = e¥mux m=1,....,n (8.2)

with the property that

|foOm+ foOm|>c
[ f'eF (8.3)

!
mm =1,...,n

holds unless f' = —f and m' = m.

Proof. We proceed by induction on n.

For n =1, we take 6; = 0, so that
01 = eOu>< = Id
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is the identity. Then the property (8.3) holds with ¢ = min{|f + f'| | f,f' € F, f # —f'}.

The rest of our rotations will all be part of a one parameter group of rotations

Ov = /">y, (8.4)

Such maps are rotations, since for any v,w € R® we can see that for the auxiliary function ¢(6)
defined by

B(0) = < v, ! w>

we have

$(0) = <v,w> (8.5)
¢ (0) = <u x (P*v), "> w> 4+ <ef v, u x (¥ w)> (8.6)
=0 (8.7)

by a basic property of the cross product.

O u X
;

Now assume by induction that we have rotations e m = 1,...,n for which the condition

holds. To find another rotation with the property (8.3) we observe that for Oy = €?“* | we have

[f 00+ [0 Onl* = |f 0 Og* + | 0 Op|? + 2<% f, " f'> (8.8)
= 2(1 + <X f efmux f15) (8.9)
= 2(1 + <el0=0m)ux £ f75) (8.10)

By Cauchy Schwartz, this quantity can be zero only when the function

Y, p,5(0) = $(0) = <e@=Omwxf 1> (8.11)

reaches a minimum value equal to —1.

Now observe that () obeys the differential equation

O"(0) + [u*y(0) = <(ux)’eCTImIX > 4 fufP < (ux)e O f> (8.12)

(0) + [u*¢ (8) = 0 (8.13)
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As a consequence, 1 has the form

¥(0) = A+ Bcos(|u|f) + C sin(|u|d) (8.14)

although at this point it is possible that B = 0 and C' = 0.

Using the differential equation (8.13), we can give a bound on the measure of the set

2

10 R/

Z) | [(0) + 1] < c}| < Ac'/? (8.15)

for some constant A. This bound will follow from the conservation law

("(0))7 + [ul*(¥/(0))* = (" (0n))? + [ul* (¥ (0))? (8.16)

once the conserved quantity has been shown to be nonzero at the initial = 6,,.

Let us assume by contradiction that both terms in (8.16) are 0 at § = 6,,,. Namely,

V' (Om) = <ux f,f'>=0 (8.17)
V' (Om) = <(ux)?f, f'>=0 (8.18)
—<ux fiux f'>=0 (8.19)

Then by the basic properties of the cross product we also know that

<ux fyu>=0 (8.20)

The condition (8.1) implies that the set

{u, floux f}

form a basis of R3, so from (8.17), (8.19), and (8.20) we conclude that

ux f=0 (8.21)
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which contradicts (8.1). This argument confirms that the conserved quantity

(W" () + [ul*(¥'(9))* = E* > 0 (8.22)

is strictly positive. This fact can now be used to conclude the bound (8.15), since it implies, for

example, that one of

o [6/(0)] > 2

" E

o or [7(8)] > &

holds at every point 6 € R/(%Z) Using (8.15), we can find a new constant ¢’ and a point 6 €
R/(IQ—“Z) such that

ul
[V, r.5(0) + 1] > ¢ foral f,f e Fm=1,...,n

which is enough to verify (8.3). O

We now give a proof of the identity (3.106) which we restate here in the form

6t = % S Ff (8.23)
feF

= > (8.24)
fer

Proof of identity (3.106). To begin the proof first observe that the bilinear form GJ! = > fer fift=
%E fer f7f! is invariant under the action of the icosahedral group in the sense that for every

symmetry g : R3 — R3 of the dodecahedron, we have
Sym?¢(G) (u, w) = G(uo g,wo g) = G(u,w) for all u,w € (R*)*

In particular, G is invariant under the subgroup As of orientation-preserving symmetries of the

dodecahedron. We claim that every G7! € S that is invariant under As has the form

Gt = oot (8.25)

Taking the trace we must have C' = Gj;(s”, thus establishing (3.106) for G7! = %Efeﬂ? f7 f*, which

we have restated here in identity (8.23). In the language of representation theory, our claim is that
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the dimension of the space
S =[G | Sym?g(GI') = GI' V g € A5}

of As-invariant elements of S is 1, or that the trivial representation of A5 has multiplicity 1 in the
representation S = Sym2(R3 ). This is a nice exercise in character theory. To complete it, one should

recall the conjugacy classes in As, namely:

e The identity class ¢ = (Id) has 1 element

e The class ¢ = ((12)(34)) has 15 elements of order 2, which rotate the dodecahedron by an

angle m about an axis drawn between the midpoints of opposite edges

e The class ¢ = ((123)) has 20 three-cycles, which rotate the dodecahedron by an angle 27/3

about an axis drawn between two opposite vertices

e The class ¢ = ((12345)) has 12 five-cycles, which rotate the dodecahedron by an angle 27/5

about an axis drawn between the centers of opposite pentagonal faces

e The class ¢ = ((13524)) = ((12345)?) has 12 five-cycles, which rotate the dodecahedron by an

angle 47 /5 about an axis drawn between the centers of opposite pentagonal faces

Having a geometric description of how each element in As acts on R? allows us to compute the
eigenvalues, and in particular the traces, of the corresponding matrices. These are useful quantities

because the dimension of 4% is equal to the trace of the operator

1

2 .

gEAs

which projects to the invariant subspace S4* of S. That is,

1
dim 8% = ] E tr Sym?g (8.26)
gEAs

We can compute this trace using the plethysm formula

tr Sym*(g) = = (tr (¢°) + tr%(g))

N | =

All these operators satisfy some polynomial g* — 1 = 0, so they can be diagonalized on the complex

vector space C?> = C @ R? and the pairwise symmetric products of their eigenvectors form a basis
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for C® S; then, in terms of the eigenvalues of the operators, the above identity simply expresses the

equality

3 3 2
>N = %Z 24 % (Z /\l—> X\ eC (8.27)
=1 i=1

1<i<j<3

For example, when g is the identity, all the eigenvalues are 1 and we confirm that the dimension of

S is % = 6, and the above numerical identity is a very familiar formula for triangular numbers.
All of our operators g are rotations in R?® by some angle 6; the trace of such an operator is

given by 1+ € 4+ e~ For example, letting wy, = e2™*/*_ the three cycle acts with trace tr (123) =

l+ws+ws' =1+ws+w?=(1-wj)/(1—ws)=0. Using these observations, we can build a table

Id [ (12)(34)) [ ((123)) | ((12345)) ((13524))
# 1 |15 20 12 12
tr 3 -1 0 1+ ws + wi 1+w?+wd
tr Sym? | 6 | 2 (1+ws+w§>2;<1+w§+w§> (1+w§+w§>2;<1+ws+w§)

When we sum the terms in the formula (8.26) which come from the 5-cycles, there is a cancellation
from 1+ ws + w2 + wg + w? = 0. Using this observation and some observations about the geometry

of a regular pentagon, we can now see that

(8.28)

1 1+ (14+wi4wd)?+(1 5)
dim8A5:60<6+2-15+12- + (14 wi4wd)?+( +w5+w5))

2

1
<E(1+5+(1+22+32)):2 (8.29)

Of course, the left hand side is an integer, and it is at least 1 because 87! € S45 is nonzero, so this

bound is enough to conclude the proof. O

As a first application of the identity (8.23), we calculate the angle between projectively distinct

faces of the dodecahedron.

Lemma 8.0.3. Suppose that z,y € F and y € F\ {x}, then
(w-y)? =1 (8.30)
Hence,

4
o A yl” =1yl = (z-9)* = ¢ (8.31)
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Proof. Let x be a fixed face of the projective dodecahedron. Let o, be a nontrivial rotation which
fixes the pentagonal face = and permutes the 5 faces adjacent to x. Then o, has order 5, and cannot
fix any of the five adjacent projective faces because it does not obtain the eigenvalue —1 while acting
on R3, and the eigenvalue 1 is obtained only in the z direction itself since the rotation is nontrivial.

Hence, o, acts transitively on the other five faces in F \ {z}, and therefore the number

(z-y)* = (cha - oby)? (8.32)

= (z - oty)? (8.33)

does not depend on the other face y € F\ {z}.

To calculate this number, we apply the identity (8.23) to give

§la oy = %ijflxja:l (8.34)
fer

of? = 5 (Jaf? + 5(z-5)) (8.35)

(z-y)* = @ = % (8.36)

O

As a final application of the identity (8.23), we establish the linear independence claim (3.4.3,
1).

Proof of Lemma (3.4.2). Consider a linear relation

> apfif =0 (8.37)

fer

As we discussed in the proof of (8.30), every face f. € I, has a set of five adjacent faces N(f).
They can be obtained by starting with a single adjacent side x, and then rotating around the center

of the face f, using the five-cycle o¢,. These faces represent all the other projective faces in F

N(f*):{g-’;*gj | k=0,....4} =F\ {f:}

since oy, only obtains an eigenvalue of £1 on f, itself, and oy, therefore must act transitively on
the other 5 faces since oy, has order 5 and acts faithfully.

We can now act on the linear combination (8.37) with the group (oy.) to produce potentially
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new relations, and by averaging these relations we see that

ap fifl+a(f.) D, F=o, (8.38)
FEN(f+)

where &(f.) = %Zfe/\/(f*) ay. We first subtract both the summation over N(f) and the term

o?(f*)fﬁfi from the equation, then use the identity (8.23) to see that

(. —a)fifl=—a) fIf (8.39)
feF
= —2407". (8.40)

Both sides must be zero; otherwise they would differ in rank. In particular, &(f.) = 0 = oy, for all

f+ €F. O
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