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Abstract

This thesis is divided into three parts, each focused on extending the work of Bhargava’s

Higher Composition Laws [9, 10, 11, 14] and his asymptotics of the density of discriminants

[12, 15].

The first part is focused on the gemoetry of numbers methods of [12, 15]. In this part,

we prove asymptotics for the class number times the regulator of cubic fields and orders,

and for the square of the same for quadratic fields and orders. This requires extending

Bhargava’s methods to prehomogeneous vector spaces with a positive-dimensional generic

isotropy group.

The second part focuses on more traditional analytic methods. In it, we demonstrate

that the values L(1, k) for k an S3-cubic or S4-quartic number field behave like random Euler

products, extending work of Barban and Eliott from the quadratic case. More generally, we

show that the same holds if k is replaced by an order in such a field. Conditional on the

Strong Artin Conjecture for Galois representations Gal(Q̄/Q) → GLn−1(C) with image Sn

and what we call the Strong Malle Conjecture for Sn number fields, we prove that L(1, k)

behaves like a random Euler product for k an Sn number field for any n ≥ 2.

In the final part, we turn to putting Bhargava’s Higher Composition Laws in a more

commutative algebraic context. In particular, taking inspriation from a letter of Deligne to

Bhargava and Wood’s thesis, we produce a canonical associative, commutaive, differential

graded algebra structures on the minimal free resolutions of n general points in Pn−2
Q . We

believe our method is novel, relying on the representation theory of the symmetric group.

In our penultimate chapter, we show that this method extends to produce canonical multi-

plicative structures on other free resolutions associated to the representation theory of the

symmetric group. Of particular interest is that all of the resolutions we produce are pure and

do not appear to arise from the so-called tensor complexes of Berkesch, Erman, Kummini,

and Sam.
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Finally, in the last chapter, we briefly discuss the representation theoretic import of

the sextic resolvent of a quintic field. At this time, we have not been able to use this to

extend Bhargava’s parameterization of quintic rings to arbitrary base schemes in the spirit

of Deligne and Wood, but we believe that this chapter forms an important start in that

direction.
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Chapter 1

Introduction

1.1 Introduction

In this chapter, we explore several of the motivations for this thesis, each of which was

inspired by a generalization of Bhargava’s Higher Composition Laws [9, 10, 11, 14, 8]. There

are three basic angles from which we attack the inspiration: commutative algebra and low

codimension algebraic geometry, representation theory, and analytic number theory.

In the first several sections, we review much of the theory of commutative algebra

(and a dash of category theory) which is probably unfamiliar to readers of this thesis who are

traditional number theorists. In the process we introduce free resolutions (Section 1.3) and

varieties of (almost) minimal degree (Section 1.4). These are our inspirations for Chapters 5,

6, and 7.

We briefly discuss the seminal work of Siegel [101] on the average product of the class

number and regulator of quadratic fields. This will be our inspiration for Chapters 2, 3,

and 4, which, like Siegel, gives an analytic and a geometry of numbers-based proof of the

average product of the class number and regulator of cubic rings. Moreover, the analytic

result extends immediately to quartic rings, and the method of proof immediately implies

the result for Sd rings for all d given the Strong Artin Conjecture and a strong version of
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the Number of Number Fields Conjecture (see Section 2.3 in Chapter 2).

1.2 Notation

In this section we briefly collect some notation which appears throughout this thesis for the

convenience of the reader.

1.2.1 (Graded) Rings

Unless otherwise specified, all rings are associative, commutative, unital, and noetherian. A

ring R is said to be graded if

• there is a ring R0 such that R is an R0 algebra,

• there are R0 modules Rn (n ∈ Z) such that R ∼=
⊕

Rn as R0 modules,

• for all i, j ∈ Z and all r ∈ Ri and s ∈ Rj we have rs ∈ Ri+j.

The canonical example of such modules are when we take R0 to be a ring and V to be

a free R0 module of finite rank r. Then R[x1, . . . , xr] = Sym• V is a graded R module with

the usual multiplication structure of polynomials. Unless otherwise specified, by graded ring

we will mean nonnegatively graded, i.e., Rn = 0 for all n < 0. In this case, the submodule

m = R+ =
∑

n≥1Rn of positively graded elements, also called the irrelevant ideal, is actually

a graded R module.

Then we say that an R module M is graded provided that there are R0 modules Mn

(n ∈ Z) such that M ∼=
⊕

Mn and for all i, j ∈ Z and all r ∈ Ri and m ∈ Mj we have

rm ∈Mi+j. If M is a graded R module, we define the twisted module M(j) to be the module

such that M(j)n = Mj+n with the obvious R structure. Direct sums of the twists R(j) of R

are the free R modules.

2



We say that anR moduleM is finitely generated if there is a finite collection a1, . . . , aN

and a surjection
⊕

R(ai)→M . Unless otherwise specified, we assume that a graded module

is finitely-generated. In particular, since we are assuming Rn = 0 for n < 0, this implies that

Mm = 0 for m� 0.

An important note is that M ⊗R(j) is canonically isomorphic to M(j).

1.2.2 The Vocabulary of Commutative Algebra

Perhaps the best reference for this section for the unfamiliar is D. Eisenbud’s “Jog Through

Commutative Algebra” in the appendix of [46]. Here we present no proofs, only definitions

for the convenience of the reader.

Throughout, let the triple (R,m, k) be one of the following:

• R is a local ring with maximal ideal m and residue field k, or

• R = k[x1, . . . , xr] and m = (x1, . . . , xr) is the irrelevant ideal, and k is a field, which

we regard as the R module R/m.

In the latter case, an R module will always be graded.

We say that the dimension dimR of the ring R is the maximal length of any strictly

increasing sequence of prime ideals p0 ⊆ p1 ⊆ · · · ⊆ pn. If M is an R module, let AnnM =

{r ∈ R : rm = 0} be the annihilator of M . This is obviously an ideal. Then define

dimM = dimR/Ann(M). Since R is noetherian and M is finitely generated, this is always

finite.

We say that a nonzero r ∈ R is a nonzerodivisor for M whenever for every nonzero

m ∈ M we have rm 6= 0. A regular sequence for M is a sequence r1, . . . , rs ∈ m such that

ri (1 ≤ i ≤ s) is a nonzerodivisor for M/(r1, . . . , ri−1)M . The depth of M depthM is the

maximal length of any regular sequence for M . By Krull’s Hauptidealsatz and induction,

this is bounded by the dimension of M .

3



Definition 1. A module M over R is Cohen-Macaulay whenever dimM = depthM . We

say a variety X ⊆ Pn is Cohen-Macaulay whenever all of its local rings are Cohen-Macaulay,

and we say it is arithmetically Cohen-Macaulay whenever the ring R/IX is Cohen-Macaulay,

where R = k[x0, . . . , xn] is the homogeneous coordinate ring of Pn and IX is the ideal cutting

out X.

Remark 2. Note that from the bound depthR ≤ dimR, any zero-dimensional ring is neces-

sarily Cohen-Macaulay. In particular, any scheme of points in Pn is Cohen-Macaulay, though

it may not be arithmetically Cohen-Macaulay.

Remark 3. This is perhaps not the standard definition of “arithmetically Cohen-Macaulay”

but it will be the one that we use. To see why there are other possible choices, note that

if X is not projectively normal, then there is a difference between the ring R/IX and the

ring
⊕

i≥0H
0(X,OX(i)). As such, perhaps a more common definition involves the local

cohomology of X. An explication of this theory may be found in the opening sections of [5].

Cohen-Macaulay modules and rings, i.e., rings which are Cohen-Macaulay as modules

over themselves, are a fundamental construction of commutative algebra and of algebraic

geometry. Moreover, like noetherian rings, they are not at all uncommon. Simple examples

include the polynomial ring k[x0, . . . , xn] and the homogeneous coordinate rings of complete

intersections in projective space.

We will also make extensive use of one other much more complicated notion of com-

mutative algebra, that of a Gorenstein module. There are many possible definitions (and we

will see several in the next section), but there is a simple, intuitive one. Let C be an abelian

category (whose definition we recall in the next section for the unfamiliar). Then a dualizing

functor on C is an endofunctor D : C → C such that D ◦D is the identity functor. It is not

a hard exercise to show that such a functor is exact.

For example, if C is the category of finite dimensional vector spaces over a field k, then

the functor Hom(–, k) is a dualizing functor. This is actually an instance of a more general
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notion. Specifically, it turns out [45, Proposition 21.2] that the category of finitely generated

modules over a ring (R,m, k) always admits a dualizing functor which is representable in the

sense that there is a module ωR such that the functor Hom(–, ωR) is a dualizing functor. By

Yoneda’s Lemma the module ωR is unique up to unique isomorphism, and as such is called

the canonical module of R.

Definition 4. A Cohen-Macaulay ring (R,m, k) is Gorenstein provided that (some twist of)

R is ωR.

1.3 Free Resolutions and Extra Structure

We begin with a concept which shows up throughout our work but which may be unfamiliar

to number theorists: the minimal free resolution. We provide the necessary theory for an

arbitrary abelian category C. For an introduction to abelian categories, see [83], but we

recall their definition here. A category C is called abelian provided that

• C has a zero object, i.e., an object 0 such that for every object M in C there is a unique

map 0→M and a unique map M → 0;

• Binary products and binary coproducts exist; and

• Every monomorphism is the kernel of some map and every epimorphism is the cokernel

of some map.

In much of this thesis, we will be working with a polynomial ring R = k[x0, . . . , xn]

where k is either a field or a PID and our abelian category will be the category of finitely-

generated (graded) modules over R.

Another important example for us will be the category of G-modules over R =

k[x0, . . . , xn]. Here we regard R = Sym• V where V is a free k module of rank (n + 1).

Then GL(V ) acts in the natural way on V . For us G ⊆ GL(V ) will be a finite subgroup.
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Then a (graded) G module will be a finitely generated module M over R on which G acts

such that for all g ∈ G, r, s ∈ R, and m,n ∈M we have g(rm+ sn) = g(r)g(m) + g(s)g(n).

We recall

Proposition 5. The category of G modules is an abelian category.

Proof. Each construction in the category of G modules follows the construction in the cate-

gory of R modules. Then each property may be checked using the fact that the functor from

the category of G modules to the category of R modules is faithful.

Let us now recall a bit more of the language of category theory. A functor F : C → D

is covariant if it takes maps A → B to maps F (A) → F (B). It is contravariant if it takes

maps A→ B to maps F (B)→ F (A). A covariant functor between abelian categories is left

(resp. right) exact if for every exact sequence

0→ A→ B → C resp. A→ B → C → 0

of objects in C the sequences

0→ F (A)→ F (B)→ F (C) resp. F (A)→ F (B)→ F (C)→ 0

are exact. A contravariant functor F is left (resp. right) exact if for every exact sequence

A→ B → C → 0 resp. 0→ A→ B → C

of objects in C the sequences

0→ F (C)→ F (B)→ F (A) resp. F (C)→ F (B)→ F (A)→ 0

are exact. A functor F is exact if it is both left and right exact.
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For example, if M is a graded module over R, then the functor –⊗RM is right exact

but not necessarily left exact. However, if M is free, then the tensor functor is exact. In

particular, if

0→M1 →M2 →M3 → 0

is exact, then for any a ∈ Z the sequence

0→M1(a)→M2(a)→M3(a)→ 0

is exact.

Another basic example is the functor Hom(P, –), which is always left exact. Then we

have the following definition.

Definition 6. An object P in C is called projective when the functor Hom(P, –) is exact.

In the category of finitely-generated R modules, the most obvious projective objects

are the free objects. Indeed, it is not hard to see that in any abelian category, the functors

Hom(
⊕

Ai, –) and
⊕

Hom(Ai, –) are equivalent. As such, to check right exactness, we

need only check right exactness of Hom(R(a), –). In fact, this often characterizes projective

modules.

Theorem 7. If k is a PID and R = k[x1, . . . , xr], then any projective module in the category

of finitely generated R-modules is free.

Remark 8. The proof of this theorem when k is a field is essentially an application of

Nakayama’s Lemma. When k is an arbitrary PID, then the theorem is a bit harder. In

fact, the theorem remains true as stated if one removes the “finitely generated” requirement,

which is an extremely difficult theorem to prove essentially because one does not even have

a local version of Nakayama’s Lemma. This variant is known as the Quillen–Suslin theorem.
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An abelian category is said to have enough projectives if for every object A in C there

is a projective object P in C and a surjection P → A. Theorem 7 obviously implies that the

category of finitely generated R modules has enough projectives.

In the category of G-modules, it turns out that something similar is true. In partic-

ular, suppose that W is a free module of finite rank over k and let G act on W . Then the

R module W ⊗R(j) has a canonical structure of G module (finitely generated since W has

finite rank). We call these the free G modules.

If k has characteristic 0 or the characteristic of k is coprime to the order of G, then in

fact every representation is completely reducible, i.e., every (finite-dimensional) representa-

tion of G can be written (essentially uniquely) as a direct sum of irreducible representations.

In particular, every inclusion and every surjection splits. That is to say,

• if we have an injection i : A→ B, then there is a map j : B → A such that j ◦ i is the

identity map, or

• if we have a surjection p : B → C, then there is a map q : C → B such that p ◦ q is

the identity map.

Using this, we see that every free G module over R is actually projective. For any

map W ⊗R(j)→M is determined by the image of W ⊗R0. As such, if ψ : W ⊗R(j)→ N

is a map and π : M � N is a surjection, then looking at the image ψ(W ) ⊆ N−j, we see

that π−1ψ(W ) ⊆M−j surjects onto ψ(W ) and so we get a splitting map ψ(W )→ π−1ψ(W ).

This gives our map. So we arrive at:

Proposition 9. Suppose that k is a field of characteristic 0 or prime to the order of G.

Then the category of G modules has enough projectives.
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1.3.1 Projective Resolutions

Our most important application of projective objects will be the construction of projective

resolutions. Note that from Theorem 7 and Proposition 9 we know that the category of

finitely generated R modules and G modules both have enough projectives. Now consider

the following definition.

Definition 10. If A is an object in an abelian category C, then a projective resolution of A

is a sequence of maps

P• : · · · → P2 → P1 → P0 → A

such that P0 → A is an epimorphism and Pi → Pi−1 (i > 0) has image the kernel of the map

Pi−1 → Pi−2 (where P−1 = A).

Note that if a category has enough projectives, then every object necessarily has a

projective resolution. However, there is no need for it to be unique or otherwise canonical,

but there is the following important “comparison theorem”.

Theorem 11. Suppose C is abelian and P• →M and Q• →M are two projective resolutions

of an object M ∈ C. Then there is a map P• → Q• making the below diagram commute:

· · · P2 P1 P0 M

· · · Q2 Q1 Q0 M.

id

(1.1)

Proof. The mapQ0 →M is surjective, so there is a map P0 → Q0 factoring the map P0 →M .

The image of the map Q1 → Q0 is the kernel K0 of the map Q0 → M . Moreover, we see

that the composite of the map P1 → P0 → Q0 has image inside K0 by the commutativity

of the diagram. Hence, since Q1 → K0 is epic, there is a factor map P1 → Q1 of the map

P1 → K0.

This process repeated ad infinitum yields the desired map of complexes.
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Remark 12. This proposition will be extremely important to us when constructing multi-

plicative structures on free resolutions over fields. However, when we try to descend to Z,

we will need a stronger result, which will require much more ad hoc tools.

1.3.2 Why Projective Resolutions: Derived Functors

Suppose that F : C → D is a covariant right exact functor of abelian categories. Then

applying F to a projective resolution P• of an object M in C, we obtain a complex of objects

in D. That is, the composition of any two maps F (Pi)→ F (Pi−1)→ F (Pi−2) is 0. We define

the derived functor DF i of F to be the homology at the map F (Pi+1)→ F (Pi)→ F (Pi−1),

i.e., the kernel of the second map modulo the image of the first. In the case i = 0, we by

convention take P−1 = 0 and so DF 0(M) = F (M).

Of course, none of this is a priori well-defined, but one checks that two projective

resolutions yield the same derived functors, i.e., the derived functors are well-defined.

For us, the most important derived functor will be Tori(–,M), which is the derived

functor of the functor – ⊗ M where M is a finitely generated R module. It is a simple

application of spectral sequences [110, Chapter 5] to show that Tor is “commutative” in

the sense that Tori(A,B) is isomorphic to Tori(B,A). As such, we may compute Tori(A,B)

either from a projective resolution of A or a projective resolution of B. This will be extremely

important for us later.

1.3.3 Minimal Free Resolutions

For certain rings, free resolutions admit a nice structure theory. Suppose R = k[x0, . . . , xn]

is a polynomial ring over a field k. Let m = (x0, . . . , xn) be the irrelevant ideal. We say a

free resolution P• → M is minimal provided that the image of Fi → Fi−1 is contained in

mFi−1. We have the following well-known theorem. (See, e.g., [46, Chapter 1].)
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Theorem 13. Any two minimal free resolutions of a finitely generated R module are iso-

morphic. That is, if P• and Q• are two minimal free resolutions of the same R module, then

there exist isomorphisms Pi → Qi such that the diagram (1.1) commutes.

Remark 14. Actually, to prove this theorem one requires that the minimal free resolution be

finite, but this will follow from our discussion of the Koszul complex.

Example 15. The homogeneous coordinate ring of a hypersurface of degree d in Pnk is R/(f)

where f ∈ Rd is some degree d homogeneous polynomial. Then the minimal free resolution

of R/(f) is given by

0→ R(−d)→ R

where R(−d)→ R is the mutliplication by f map.

Example 16. A codimension 2 subvariety X ⊆ Pnk is said to be a complete intersection

provided that its saturated ideal is generated by 2 homogeneous elements f, g ∈ R of positive

degree. It is easy to see that the following complex is exact and minimal and in fact resolves

the r module R/(f, g):

0→ R (− deg(f)− deg(g))


g

−f


−→

R (− deg(f))⊕
R (− deg(g))

[
f g

]
−→ R.

This is called the Koszul complex of f and g.

Theorem 13 allows us to make the following definition unambiguously.

Definition 17. Suppose that P• is the minimal free resolution of a finitely generated R

module M . Suppose that

Pi =
⊕
j

R(−j)βij .

Then the nonnegative integers βij (almost all 0) are called the Betti numbers of M .
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1.3.4 A Brief Interlude: The Koszul Complex

In this section, we construct the so-called “mother of all free resolutions”, the Koszul complex.

Suppose that (R,m, k) is as in Section 1.2.2 and let r1, . . . , rs ∈ m (homogeneous of the same

degree d in the graded case1). Then we consider the free module F = Rs with basis e1, . . . , es.

Then the ei1∧· · ·∧eij with i1 < · · · < ij are a basis of ∧jRs. Now we get maps ∧jF → ∧j−1F

when j > 0 given by

ei1 ∧ · · · ∧ eij 7→
∑
`

(−1)`ri`ei1 ∧ · · · ∧ êi` ∧ · · · ∧ ej.

That this is a complex is rather easy to see. But it has the following absolutely critical

property.

Theorem 18. The Koszul complex is exact if and only if r1, . . . , rs is a regular sequence in

which case it is the minimal free resolution of the cyclic R module R/(r1, . . . , rs).

1.3.5 The Finiteness of Minimal Free Resolutions

Now we are in a position to show that minimal free resolutions must exist and be finite. First

note from the definitions that dimk Tori(M,k)j = βij for any finitely generated module M .

But Tor may be computed from a projective resolution of eitherM or k. If (R,m, k) is regular,

i.e. m is generated by a regular sequence, then from Theorem 18, the minimal free resolution

of k is given by the Koszul complex. In particular, it is finite! Hence, Tori(M,k) = 0 for

i � 0. Moreover, for fixed i, since everything in sight is finitely generated, we have that

Tori(M,k)j = 0 for |j| � 0. That is, the minimal free resolution of any finitely generated

module over a regular ring (R,m, k) is finite and hence unique. From this discussion and

Theorem 13, we may make the following definition.

Definition 19. The length of a minimal free resolution of M is called its projective dimension

1This is not necessary, but it makes notation easier and we will not need the more general case.
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and is denoted by pdM .

Now that we have this in hand, we may state the following theorem.

Theorem 20 (Auslander-Buchsbaum Formula). If M is a module over R, then pdM =

depthR − depthM . When M and R are Cohen-Macaulay, this says that the length of the

minimal free resolution of M is precisely its codimension.

1.3.6 Injective Modules and Resolutions and the Gorenstein Con-

dition

In this section, we briefly discuss the dual notion to projective modules, viz. injective mod-

ules, and the role they play in the Gorenstein condition. To begin, we note that just as

Hom(P, –) is covariant and left-exact, Hom(–, I) is contravariant and left-exact when I is an

object in an abelian category. That is, given a map ϕ : A→ B and a map f : B → I, there

is a natural map f ◦ ϕ : A
ϕ→ B

f→ I. Moreover, if 0 → A → B → C → 0 is exact, then so

is 0→ Hom(C, I)→ Hom(B, I)→ Hom(A, I). For instance, the injectivity of the left-hand

map is simply the assertion that there is a left-inverse to the map Hom(C, I)→ Hom(B, I),

which follows from the surjectivity of the map B → C. With some diagram chasing, this

may be proved for general abelian categories, but is easily seen for modules over a ring.

Just as an object P is called projective whenever Hom(P, –) is exact, we say that an

object I is injective whenever Hom(–, I) is exact. Injective objects in general tend to be

much more difficult to comprehend than projective objects. For instance, it is not even true

that free objects need be injective. Indeed, it is not hard to check that if (R,m, k) is a ring,

then the free object
⊕

R(ai) is injective if and only if R(ai) is injective for all i. But twisting

is an exact operation, so this is simply the assertion that R is injective.

Again as with projectives, we say that an abelian category C has enough injectives

provided that for every object M of C there is an injective object I in C and an injection
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M → I. Just as the condition of having enough projectives allowed us to build projective

resolutions, this condition allows us to build injective resolutions.

Proposition 21. The category of finitely generated R modules has enough injectives.

However, injective resolutions need not be finite! In fact, this is sufficiently rare that

we make the following definition.

Definition 22. A module over R is called Gorenstein if it has a finite injective resolution.

As this will be a rather difficult condition to verify in any particular case, we recall

the following beautiful equivalent definition of Gorenstein due to R. Stanley.

Theorem 23 ([104]). A cyclic Cohen-Macaulay module M = R/I is Gorenstein if and only

if the coefficients of the numerator of the Hilbert polynomial are palindromic.

This theorem may be rephrased in a much more convenient pictorial way. First, we

note that from the definition of minimal, we know that if βij = 0 then βi+1,j+1 = 0. As such,

it makes sense to write bij = βi,i+j and then the nonzero Betti numbers will show up in the

table

β00 β11 β22 · · ·

β01 β12 β23 · · ·

β02 β13 β24 · · ·
...

...
...

. . .

=

b00 b10 b20 · · ·

b10 b11 b12 · · ·

b20 b21 b22 · · ·
...

...
...

. . .

(1.2)

Moreover, if d = pd(M) and J is maximal among all j such that bdj 6= 0 then bij = 0 for all

i and all j > J . That is, (1.2) has d+ 1 columns and J + 1 rows. We call the diagram (1.2)

the Betti table of M . We say that a Betti table is symmetric if bij = bd−i,J−j for all i, j. In

other words, the diagram (1.2) is symmetric about its antidiagonal. It is a lovely exercise to

deduce the following from Stanley’s Theorem 23.

Corollary 24. A cyclic Cohen-Macaulay R module is Gorenstein if and only if its Betti

table is symmetric.
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Example 25. For instance, Examples 15 and 16 will be Gorenstein. More generally, Theo-

rem 18 shows that the homogeneous coordinate ring of a complete intersection in projective

space is Gorenstein.

1.3.7 Differential Graded Algebras

Suppose then that F• is a complex over R with F0 = R. Then we can regard (abusing

notation) F• =
⊕

Fi as a graded R module. Suppose in addition to this module structure F•

has the structure of an R algebra (which we do not require to be commutative or associative),

such that the Leibniz rule is satisfied:

fi ∈ Fi and fj ∈ Fj implies d(fifj) = fid(fj) + (−1)id(fi)fj,

then we say that F• is a differential graded algebra (DGA).

Remark 26. In the above, we have labeled the maps di : Fi → Fi−1. It is traditional to drop

the subscripts on the d maps when it is clear from context which d map is meant.

Now F• may be associative using the normal definition. However, it is traditional to

say that F• is commutative if it is graded commutative, i.e., fifj = (−1)i+jfjfi for fi ∈ Fi and

fj ∈ Fj. We will often call associative, commutative, differential graded algebras ACDGAs

(dropping the A or the C will have the obvious meaning).

Example 27. The resolution

R(−d)→ R

of a hypersurface of degree d has an associative, commutative, differential graded algebra

structure. Here F0 = A and F1 = R(−d). The map R(−d) ⊗ R(−d) → 0 is the only one.

The map R ⊗ R → R is the canonical one. And the map R ⊗ R(−d) → R(−d) is also the

canonical one.
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Example 28. The Koszul complex also has an ACDGA structure. For we note that for any

R module M the exterior algebra ∧•M has a canonical algebra structure. It is not hard to

see that it is compatible with the complex maps defined in Section 1.3.4.

1.4 The Inspiring Geometry: Varieties of (Almost) Min-

imal Degree

Suppose that X ⊆ Pn is a subvariety over a field k. Then one of the most important

invariants of X is its degree, and perhaps one of the most important facts about the degree

is the following elementary bound.

Theorem 29. If X ⊆ Pn is connected in codimension one and nondegenerate, then deg(X) ≥

codim(X) + 1.

The vocabulary here deserves a bit of an explanation. Nondegenerate means that X

does not live in any hyperplane. As for connected in codimension d, we have the following

Proposition–Definition.

Proposition-Definition 30 ([65, Proposition 1.1]). A noetherian topological space X is

connected in codimension d if it satisfies either of the following equivalent conditions:

• If Y ⊆ X is a subvariety of codimension at least d+ 1, then X − Y is connected, or

• If X ′ and X ′′ are irreducible components of X, then there is a sequence of irreducible

components X ′ = X1, . . . , Xr = X ′′ such that Xi ∩Xi+1 has codimension at most d for

all 1 ≤ i < r.

In particular, irreducible varieties are connected in all codimensions and every variety

of dimension d is connected in all codimensions ≥ d. In particular, dimension 0 schemes are

always connected in codimension 1. This will be important for us later on.
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1.4.1 Minimal Degree

Suppose for now that X ⊆ Pn is a nondegenerate, irreducible variety. We say that X is a

variety of minimal degree whenever the bound of Theorem 29 is actually an equality, i.e.,

whenever deg(X) = codim(X) + 1. It turns out that there are very few such varieties.

Theorem 31 ([46, Theorem A2.64]). If X ⊆ Pn is an irreducible variety of minimal degree

then it is one of the following:

• a quadric hypersurface,

• a cone over the Veronese embedding of P2 into P5, or

• a rational normal scroll.

The first two of these should be familiar. As for the latter, there are many equivalent

definitions [47], but the most intuitive is as follows. Let H1, . . . , Hr ⊆ Pn be linear subspaces

which span Pn but which do not intersect pairwise. Let λi : P1 ↪→ Hi be a parameterized

rational normal curve. Then the rational normal scroll associated with this data is the

closure of the union of the (r − 1)-planes Pt spanned by {λ1(t), . . . , λr(t)}.

Remark 32. When r = 1, rational normal scrolls are just rational normal curves.

Varieties of minimal degree are important to us because the 0 dimensional case corre-

sponds to ideals in rank n+ 1 rings. To see why, consider a rank n+ 1 ring R over Z. Then

a line bundle I on Spec(R) is the same thing as an ideal, and an equivalence class of line

bundles is the same as an element of the class group Pic(R) = Pic(SpecR). But since Z is a

PID, this is free of rank n as a Z module, and so we get an embedding SpecR→ P(I) = PnZ.

Indeed, the case of “quadric hypersurfaces” in P1
Z is Gauss’s parameterization of ideal

classes in quadratic rings by binary quadratic forms. And the case of rational normal cubic

curves yields Bhargava’s parameterization [10] (see also Chapter 2) of ideal classes in cubic
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rings. So we might expect to find generalized parameterizations of ideals in rank n rings

beyond the work of Bhargava in the parameterizations of varieties of minimal degree.

So what parameterizes varieties of minimal degree? Well, beyond the quadrics and

cones (which are obvious) we are left with the scrolls. Now every scroll over a field has

equations determined as follows. Let for 1 ≤ i ≤ r, let 1 ≥ ai and let
∑

(ai + 1) = n + 1

and number the coordinates x of Pn as xi,j with 1 ≤ i ≤ r and 0 ≤ j ≤ ai. Then form the

matrices

Ai =

xi,0 xi,1 · · · xi,ai−1

xi,1 xi,2 · · · xi,ai


and finally the block matrix

A =

(
A1 A2 · · · Ar

)
.

Then up to PGLn+1 equivalence, all rational normal scrolls are given by the 2× 2 minors of

A. Note that if r = 1, then these are the traditional equations of a rational normal curve.

So one might hope that, similar to Gauss’s and Bhargava’s parameterizations, the

integral orbits of 2 × n matrices of linear forms on Pn−1 might yield a parameterization of

rank n rings. However, this is not the case. In fact, they only parameterize rank n rings

which may be embedded into P1 as subschemes. While this is certainly true of nondegenerate

rings over a characteristic 0 field where every such extension is separable, it is no longer true

over an arbitrary base (nor even Z). See the detailed study in M. Wood’s thesis [112] for

more information.

We are thus left with the question: What further conditions are necessary to pa-

rameterize ideal classes by the integral points on some variety? Our answer begins by first

examining another case.
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1.4.2 Almost Minimal Degree

Our real inspiration is the “next case” of Theorem 29. Specifically, instead of considering

varieties X of degree codim(X) + 1, we consider varieties of degree codim(X) + 2. These are

the so-called varieties of almost minimal degree. Like varieties of minimal degree, there is a

classification theorem of such varieties. To make it easy to state, we only concern ourselves

with the nonsingular case.

Theorem 33 ([53]). Suppose that X ⊆ Pn is an irreducible, nonsingular variety of almost

minimal degree. Then X is either

• a genus one curve embedded by a degree deg(X) line bundle,

• a del Pezzo surface,

• a cubic hypersurface,

• a complete intersection of two quadrics,

• a linear section of Gr(2, 5) ⊆ P9 the Grassmannian of 2-planes in 5-space,

• P1 × P1 × P1 in its Segre embedding in P7,

• P2 × P2 in its Segree embedding in P8,

• the blow up of P3 at a point, or

• the 2-uple embedding P3 ↪→ P9.

We once again see several of Bhargava’s family of parameterizations popping up.

For instance, “cubic hypersurfaces” in P1 are binary cubic forms, i.e., the Delone-Fadeev

parameterization of cubic rings [42]. Complete intersections of pairs of quadrics are given

by the GL2(k) × GL3(k) orbits on k2 ⊗ Sym2 k3, which should remind us of the Wright-

Yukie-Bhargava [116, 11] parameterization of quartic algebras and rings. Similarly, linear
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sections of the Grassmannian of 2-planes in 5-space are cut out by the Pfaffians of a 5 × 5

skew-symmetric matrix of linear forms on Pn with n ≤ 9. In the case n = 4, we have once

again found Bhargava’s parameterization of quintic rings [14].

Indeed, one may interpret Bhargava’s parameterizations of rank n rings as taking

hyperplane sections of an appropriate variety of almost minimal degree and keeping very

careful track of what problems that causes over bases which are not fields. And one may

further interpret much of the work of Bhargava-Ho as taking hyperplane sections of an

approrpriate variety of almost minimal degree as well. So if we were to find any immediate

extensions of Bhargava’s theory, we should look to this list.

However, as with varieties of minimal degree, the more general varieties of almost

minimal degree do not lend themselves so well to the parameterization of rings. Notably,

P1 × P1 × P1 and P2 × P2 both have degree 6, but if a nondegenerate degree 6 ring could be

embedded in a hyperplane section of P1×P1×P1 (resp. P2×P2), then via the projection maps

it could be embedded in P1×P1 (resp. P2). This is again always possible over characteristic 0

fields. For if B is a PID and R is a ring of rank n over B, then R embeds into A1
B if and only

if R ∼= B[x]/(f) for some monic f ∈ B[x] of degree n. From the primitive element theorem,

this is always true for nondegenerate extensions of characteristic 0 fields. For instance, the

ring Z + Z[x]/(x3 − 2) cannot be generated by a single element.

So we are again left wondering what we can do from here. But there is hope. An

idea of Deligne [41] taken to its extreme conclusions by Wood in her thesis [114, 113] begins

by exploring the minimal free resolution of n points in Pn−2 (for her n = 3, 4). In each

case, the minimal free resolution is the Koszul complex and so has a canonical multiplicative

structure, as explicated in the previous section.

But Buchsbaum and Eisenbud [25] gave a canonical multiplicative structure on the

minimal free resolution of 5 points in P3, and so one wonders what the impediment to a

similar parameterization to [114, 113] is. The answer is a lack of satisfying definition of
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“sextic resolvent”. We summarize the representation theory of the situation in Chapter 7,

though there is a problem at 2 which makes it difficult to descend our results to the integers

and more general bases. (We believe that this is essentially the same problem which cases

a power of 2 to arise in the formula for the discriminant of the sextic resolvent of a rank n

quintic ring over Z in [14].) We hope to rectify this in future work.

Moreover, we see that multiplciative structures on minimal free resolutions allow one

to get a handle on parameterizations of rings. So we set out to put a multiplicative structure

on the minimal free resolution of n points in Pn−2. This is Chapter 5.

It turns out that these resolutions and multiplicative structures are just a part of

a larger story. Boij-Söderberg Theory [22, 49, 48] has led to a renewed interest in the

construction of pure resolutions, i.e., those in which each column of the Betti table (1.2)

contains only one nonzero integer. To contribute to this theory, we give a new family of free

resolutions with a multiplicative structure associated to what we call two-rowed Specht ideals

(see Chapter 6).

1.5 Siegel’s Theorem

Finally, we recall the work of Siegel [101] in which he gave two proofs of the asymptotic

average size of the product of the class number and regulator of quadratic fields and rings.

In particular, he showed

Theorem 34. We have

∑
O quadratic

0<Disc(O)<X

h(O) Reg(O) ∼ π2

36ζ(3)
·X3/2, and

∑
O quadratic

0<−Disc(O)<X

h(O) Reg(O) ∼ π

36ζ(3)
·X3/2.

These sums are both over orders in quadratic fields ordered by their discriminant. The first
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concerns real quadratic fields and the second covers imaginary quadratic fields, where, it

should be noted, Reg(O) = 1.

His first proof of this fact used a lovely argument via the geometry of numbers.

Specifically, he used the correspondence due to Gauss between (equivalence classes of) binary

quadratic forms and elements of the class groups of the associated quadratic field to relate

these sums to counting points in a subspace of R2. He was aided by reduction theory

which gave him a tractable correspondence between binary quadratic forms whose coefficients

satisfied certain easily written inequalities and equivalence classes of forms.

This proof technique underlies Davenport and Heilbronn’s work [40] counting the

number of cubic fields up to a given discriminant. It is also the technique which Bhargava

and his coauthors exploit to spectacular effect to count the number of quartic and quintic

number fields up to a given discriminant ([12], [15]), to compute the average size of the 2-,

3-, 4-, and 5-Selmer groups of ellptic curves ordered by height ([17], [18], and forthcoming

works), and to prove many other beautiful results. Our contribution to this growing literature

will be to extend Siegel’s techniques (with Bhargava’s improvements and some of our own)

to compute the average size of the product of the class group of cubic fields and certain

subsets of the orders therein.

Siegel’s second proof uses Dirichlet’s Class Number Formula to relate the sums in The-

orem 34 to the average size of L(1, χ) where χ ranges over quadratic characters of bounded

conductor. As with many such arguments, the proof comes down to switching the order of

summation from first summing the Dirichlet series then summing over the characters to the

reverse to the reverse. Such a feat becomes relatively simple under the Generalized Riemann

Hypothesis for quadratic characters, but requires more delicate arguments in its absence.

We extend Siegel’s techniques, combining them with a technique of W. Luo [89], to

compute the average size of the product of the class number and regulator of cubic and

quartic fields as well as the same for certain subsets of orders contained therein. To avoid
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relying on the Riemann Hypothesis, we must instead rely on the Strong Artin Conjecture

for L-functions attached to cubic and quartic number fields as well as knowledge of the total

number of number fields up to a given discriminant. These two results are known by results

and Langlands and Tunnell (and using the fact that every subgroup of S4 is solvable) and the

work of Bhargava, respectively. Assuming these two results, we conjecture a similar result

for number fields of every degree.

1.6 Some Future Work

In our exploration of varieties of almost minimal degree, Delone-Fadeev’s parameterization

of cubic rings2 [42] and Bhargava’s parameterizations of quartic [11] and quintic [14] rings

are rather apparent. As such, we can ask the question about higher dimensional versions of

these parameterizations.

The case of curves was explored by Ho in her thesis [67] and led to her beautiful joint

work with Bhargava on describining the integral orbits of coregular vector spaces [16]. In

future work, we will generalize these one step furhter to the case of del Pezzo surfaces. We

have omitted discussion of these topics here since they are not immediately relevant, but the

reader should keep these examples in mind as further examples of this circle of ideas.

2It has been pointed out by F. Lemmermeyer that F. Levi actually gave this correspondence [88] before
Delone and Faddeev had written their book. Indeed, Delone and Faddeev even credit Levi for the result in
their preface, but not in the main body of the text. Unfortunately, the name Delone-Faddeev correspondence
has become standard, and so we will use it throughout this work.
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Part I

Geometry of Numbers
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Chapter 2

Asymptotics of the Class Number

Times the Regulator of Cubic Fields

and Orders

2.1 Introduction

Many mathematicians have given results on the product of class numbers and regulators of

number fields of a fixed degree. The two most famous results are those of Brauer-Siegel ad-

dressing worst-case bounds on the product and Gauss-Mertens-Siegel addressing the average

for quadratic fields. To state their theorems, if k is a number field, let [k : Q] be the degree

of k over Q and ∆(k) = |Disc(k)| be the absolute value of its discriminant. Further, let h(k)

be the class number of k and Reg(k) its regulator. Then we have the following.

Theorem 35 (Brauer-Siegel [24]). Let k1, k2, . . . , be a sequence of number fields with [ki :

Q] = o(log ∆(ki)) as i→∞. Then

log h(ki) Reg(ki)

log
√

∆(ki)
→ 1
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as i→∞.

In particular, Landau showed that h(k) Reg(k) = O[k:Q],ε(Disc(K)1/2+ε). Several re-

finements have been made to this result, for instance [100, 87]. It is conjectured that the

number of number fields of a fixed degree d with absolute discriminant at most X is on the

order of X (and is proved in the cases 2 ≤ d ≤ 5 [40, 12, 15]). This immediately gives a

conjectural average case bound of O(X3/2+ε) for the sum of h(k) Reg(k) where k runs over

fields of a fixed degree and discriminant up to X. In the case d = 2, we can actually compute

exact asymptotics.

Theorem 36 (Gauss-Mertens-Siegel [91, 101]). We have

∑
O quadratic

0<Disc(O)<X

h(O) Reg(O) ∼ π2

36ζ(3)
·X3/2, and

∑
O quadratic

0<−Disc(O)<X

h(O) Reg(O) ∼ π

36ζ(3)
·X3/2.

These sums are both over orders in quadratic fields ordered by their discriminant. The first

concerns real quadratic fields and the second covers imaginary quadratic fields, where, it

should be noted, Reg(O) = 1.

Using a detailed study of the Fourier expansion of Eisenstein series of 1
2
-integral

weight, Goldfeld and Hoffstein were able to restrict the sums in Theorem 36 to maximal

orders.

Theorem 37 ([58]).

∑
k quadratic

0<Disc(k)<X

h(k) Reg(k) ∼ ζ(2)

3π

∏
p

(
1− p−2 − p−3 + p−4

)
·X3/2, and

∑
k quadratic

0<−Disc(k)<X

h(k) Reg(k) ∼ ζ(2)

6

∏
p

(
1− p−2 − p−3 + p−4

)
·X3/2,
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where both sums are over quadratic field extensions of Q.

The purpose of this chapter and Chapter 4 is to give the analogues of Theorem 36 and

Theorem 37 for cubic and quartic orders and fields as well as conjectures when G = Sd. In

the course of this chapter, we shall prove the following generalizations. First, let us consider

the cubic case d = 3.

Theorem 38. Let M(i)
3 (X) be the set of degree 3 field extensions of Q having 3 − 2i real

embeddings with absolute discriminant at most X. Further let F (i)
3 (X) be the set of all orders

O ⊆ k where k ∈M(i)
3 (X). Then

∑
k∈M(0)

3 (X)

h(k) Reg(k) ∼ 1

72
·
∏
p

(
p7 + p6 + 2p5 − 2p3 − 2p2 + 1

p7 + p6 − p4 − p3

)
·X3/2

∑
O∈F(0)

3 (X)

h(O) Reg(O) ∼ 1

72
·
∏
p

(
p4 + p3 + 3p2 + 3p+ 2

p4 + p3 − p− 1

)
·X3/2

when k is a totally real field or O is an order therein, and

∑
k∈M(1)

3 (X)

h(k) Reg(k) ∼ 1

12π
·
∏
p

(
p7 + p6 + 2p5 − 2p3 − 2p2 + 1

p7 + p6 − p4 − p3

)
·X3/2

∑
O∈F(1)

3 (X)

h(O) Reg(O) ∼ 1

12π
·
∏
p

(
p4 + p3 + 3p2 + 3p+ 2

p4 + p3 − p− 1

)
·X3/2

when k has one complex place.

Remark 39. The collection of all cubic field extensions of Q is not actually a set. By “the

set of degree 3 field extensions of Q” we mean “the set of isomorphism classes of degree 3

field extensions of Q. However, we find this phrasing to be a bit bulky, and throughout this

thesis, when we say “degree n field” or “degree n ring”, we really mean “isomorphism class

of degree n fields” and similarly for degree n rings.

We can also prove a result in the case d = 4, however, the techniques we apply in
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this chapter cannot be extended at this time. So the proof of the following theorem will be

delayed until Chapter 4.

Theorem 40. Let M(i)
4 (X) be the set of degree 4 field extensions of Q having 4 − 2i real

embeddings with discriminant at most X. Then

∑
k∈M(0)

4 (X)

h(k) Reg(k)

∼ 1

576
·
∏
p

(
p12 + p11 + 3p10 + 3p9 − 4p7 − 5p6 − 3p5 + p4 + 3p3 + 2p2 − 1

p12 + p11 − p9 − 2p8 − p7 + p5 + p4

)
·X3/2

∑
k∈M(1)

4 (X)

h(k) Reg(k)

∼ 1

48π
·
∏
p

(
p12 + p11 + 3p10 + 3p9 − 4p7 − 5p6 − 3p5 + p4 + 3p3 + 2p2 − 1

p12 + p11 − p9 − 2p8 − p7 + p5 + p4

)
·X3/2

∑
k∈M(2)

4 (X)

h(k) Reg(k)

∼ 1

48π2
·
∏
p

(
p12 + p11 + 3p10 + 3p9 − 4p7 − 5p6 − 3p5 + p4 + 3p3 + 2p2 − 1

p12 + p11 − p9 − 2p8 − p7 + p5 + p4

)
·X3/2

In [101], Siegel actually gives two proofs of Theorem 36. In one, he uses the geometry

of numbers and the correspondence between ideal classes in quadratic rings and equivalence

classes of binary quadratic forms. This technique will be the focus of this chapter and the

next. In Chapter 4 we will focus on his other method of proof, which involves averaging the
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values of L(1,O) where L(s,O) is a certain L-function attached to the order O.

In our geometry of numbers proof, we will employ a space studied by Bhargava in

[10]. This “higher composition law” gives an explicit parameterization of ideal classes in cubic

rings in terms of oribts of GL2 Z× SL3 Z× SL3 Z on Z2⊗Z3⊗Z3. This parameterization is

reviewed in Sections 2.5 and 2.6, and our proof is given in Section 2.8 with some necessary

computations performed in Section 2.7.

Throughout the course of this proof, we are actually able to recover another theorem.

Specifically, recall that a fractional ideal I of an order O is proper whenever (I : I) = {x ∈

O ⊗ Q : xI ⊆ I} = O. Of course, being an ideal of O is equivalent to the assertion that

O ⊆ (I : I), but if O′ ⊆ O is a suborder, then any ideal of O is also an (improper!) ideal of

O′.

Theorem 41. For an order O in a number field, let h̄(O) be the total number of proper

ideal classes of O. Then

∑
O∈F(0)

3 (X)

h̄(O) Reg(O) ∼ 1

72
·
∏
p

p6 + p5 + 3p4 + 3p3 + p+ 1

p2(p2 − 1)(p2 + p+ 1)
·X3/2, and

∑
O∈F(1)

3 (X)

h̄(O) Reg(O) ∼ 1

12π
·
∏
p

p6 + p5 + 3p4 + 3p3 + p+ 1

p2(p2 − 1)(p2 + p+ 1)
·X3/2.

We will return to the second method of proof, which actually allows us to prove facts

about the distribution of L(1, k) for k an Sn number field, in the next part of this thesis.

We would also like to note that there are two other known spaces on which we

can apply similar geometry of numbers techniques. One is the space of binary quadratic

forms which Siegel exploited in [101]. The other is the space of so-called 2 × 2 × 2 boxes

which Bhargava produced in [9]. While these results are subsumed by Theorem 120 of

Chapter 4, the method of proof is sufficiently interesting that we have devoted Chapter 3 to

its explication. Chapter 3 also contains an explanation of why it will be difficult (though, as
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[20] indicates, certainly not impossible) to find more prehomogeneous vector spaces to which

these techniques may be directly applied.

Authorship Disclaimer

This chapter, in particular, is joint work with my adviser and appears here to give future

readers an overall picture of techniques available to the study of rank n rings.

2.2 Ideal Classes in Nonmaximal Orders

Traditionally, algebraic number theory texts only cover ideal classes in maximal orders of

number fields. There it is proven that there are a finite number of ideal classes, that every

ideal is invertible, and that every ideal has a unique factorization into powers of prime

ideals. If instead one examines the nonmaximal orders of a number field, only the first of

these assertions remains true.

In this section, we describe briefly the theory of ideals in nonmaximal orders, insofar

as we will need for this thesis. In particular, we will show that the number of ideal classes in

any order is finite, as well as give a characterization of invertible ideals. We will also discuss

the notion of a proper ideal and the notion of a weak inverse.

In preparing this section, we relied heavily on [36, Section 7] and [93, Section I.12].

In particular, any omitted proof may be found in [93]. However, not all of the material

appearing here may be found in [93].

2.2.1 An overview of commutative monoids

In what follows, we will be dealing with a commutative monoid M . This is a set along with

a binary operation M ×M → M which is commutative, associative, and for which there
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exists a unit e ∈M with em = me = m for all m ∈M . Note that what separates a monoid

from a group is the lack of inverse elements.

Example 42. The natural numbers Z≥0 = {0, 1, 2, . . .} form a monoid under addition. The

positive integers Z>0 = {1, 2, . . .} form a commutative monoid under multiplication. Our

most important example will be the monoid of (fractional) ideals J (O) under multiplication

in an order O of a number field k.

The category of commutative monoids is not abelian. In particular, quotients by

submonoids do not necessarily exist! However, if G ⊆M is a subgroup, then there is a well-

defined categorical quotient M/G. For being in the same G-coset is an equivalence relation.

Reflexivity follows from the fact that e ∈ G. Transitivity follows for if m,n, p ∈ M and

g, h ∈ G such that m = ng and n = ph then m = pgh. But symmetry is where the group

aspect comes in: if m = ng then n = mg−1. This equivalence relation allows us to construct

the set M/G and after that, the proof of the existence of quotients follows as usual.

Example 43. Consider J (O) as in the previous example. Let P(O) be the submonoid of

principal ideals. But a principal ideal is obviously invertible, so it makes sense to define the

ideal class monoid I(O) = J (O)/P(O). The rest of this section will be devoted to the study

of this object.

2.2.2 Invertible Ideals

For any (fractional) ideals I, J of O, let (I : J) = {x ∈ k : xJ ⊆ I}. If O = Ok is maximal,

then I−1 = (Ok : I). Indeed, we define an ideal I to be invertible whenever there exists

an ideal J such that IJ = O. Then it is easy to show that J = (O : I). The following

is well-known and is part of a much more general phenomenon (see, e.g., [66, Exc. II.5.1]).

Recall that for any property P of an O module, O is locally P if Oq is for every prime q of

O.

Lemma 44. For a fractional ideal I of O, the following are equivalent:
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• I is invertible,

• I is locally free,

• I is locally principal,

• I is a projective O module.

This lemma allows one to prove many pleasant properties of the subgroup J ′(O) ⊆

J (O) of invertible ideals. For instance, for any two invertible I and J we have that the

norm N(IJ) = N(I)N(J). This is not true1of more general ideals! Moreover, it allows us to

prove the following proposition, which gives a hint of the idèles.

Proposition 45. There is a norm preserving isomorphism J ′(O)→
⊕

qP(Oq) where P(Oq)

is the set of principal ideals in Oq, the completion of O at a prime q.

Let Pic(O) = J ′(O)/P(O) be the ideal class group of O. Moreover, we define the

(absolute) conductor f of O in Ok to be the largest integral ideal of Ok which is also contained

in O.

Proposition 46. Every ideal which is coprime to the conductor f of O in Ok is invertible.

Moreover, every ideal class in Pic(O) has a representative coprime to f, and indeed, coprime

to N(f).

We may combine this proposition and a few other nontrivial results to prove the

following theorem.

Theorem 47. For any order O in a number field, Pic(O) is finite.

Proof. From Proposition 46 we know that Pic(O) ⊆ Pic(O[1/N(f)]), the ring in which

we invert all primes p which divide N(f). But O[1/N(f)] = Ok[1/N(f)] as they are equal

everywhere locally. So this group, in turn, is a subgroup of Pic(Ok), where Ok is the maximal

1Consider the primes above 2 in Z
[√
−3
]
.
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order of k = O ⊗Q. This is just the class group of the number field k, which is well-known

to be finite.

2.2.3 Noninvertible ideals

While this covers the class group of an order in a number field, we will be interested in the

larger ideal class monoid. Let us start with a lemma showing that this problem is tractable.

Lemma 48. I(O) is finite.

Proof. Since Pic(O) is finite, it suffices to show that I(O)/Pic(O) is finite. Let I ⊆ O be an

integral representative of a fractional ideal class in I(O). Then IOk is invertible in Ok. Let

J̄ ⊆ Ok be an ideal which is coprime to the conductor f of O ⊆ Ok and such that IJ̄ = aOk

is principal. Then let J = O ∩ J̄ . Since J is coprime to the conductor, we know that J

is invertible in O (Proposition 46). Moreover, we know that JOk = J̄ since they are equal

everywhere locally. As such, since we are proving I(O)/Pic(O) is finite, we may replace I

by IJ .

Then IOk = aOk is principal. Let M = (1/a)I so that

Ok ⊇M ⊇M f = M(Okf) = f

where f = (O : Ok) is the conductor of O in Ok. So we have shown that I has a representative

between Ok and f. Since Ok/f is finite, we have completed the proof.

Now we would like to introduce a different adjective to describe ideals of O. In general

since I is an ideal, we know that (I : I) = {x ∈ k : xI ⊆ I} is a ring containing O. However,

(I : I) might be strictly larger than O. We say that an ideal is proper whenever (I : I) = O.

This condition is obviously invariant under the action of principal O ideals. For example,

the conductor f of O in Ok is by definition proper if and only if O = Ok. All other ideals

are called improper.
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Lemma 49. Invertible ideals are proper.

Proof. From Proposition 46, we may choose an integral representative of I which is coprime

to the absolute conductor of O ⊆ Ok and as such has norm coprime to the index of O in

Ok. However, since I is an integral ideal of O it is certainly an integral ideal of (I : I). Now

we may define f to be the relative conductor of O in (I : I), i.e., the largest integral (I : I)

ideal which is contained in O. This is nonzero and has norm which is not coprime to the

index. On the other hand, I ⊆ f. Hence the norm of I is not coprime to the index of O in

Ok unless O = (I : I).

Recall that to any rank n ring R over a PID B we may define the dual module of an

R-module M to be Hom(M,B). We say that the ring R is Gorenstein when R∨ is a projective

R-module, or what is the same, when R is an injective R-module. Since everything in sight

is Noetherian, this is actually a local condition.

Example 50. Maximal rings are Gorenstein since every fractional ideal is projective. More-

over, if O is imprimitive, i.e., O = Z + nO′ for some n > 1 and some other ring O′, and the

rank d of O′ is at least 3, then O is not Gorenstein. For then

O ⊗ Fp = Fp[x1, . . . , xd−1]/(x1, . . . , xd−1)2

for any p | n, and this ring is easily seen to be non-Gorenstein. In fact, a cubic ring is

Gorenstein if and only if it is primitive [56, Theorem 5.12].

On the other hand, every monogenic order in a number field is Gorenstein (for a map

Z[x]→ Z is determined by the images of 1, x, and x2, and so Hom(Z[x],Z) is generated by

the map which sends 1 to 1 and x and x2 to 0), hence every nondegenerate quadratic ring is

Gorenstein.

Lemma 51. An order O in a number field is Gorenstein if and only if every proper ideal is

invertible.
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Proof. It follows from [56, Lemma 5.4] that every proper ideal in a Gorenstein order is

invertible. For the other direction, note that Hom(O,Z) is always proper. For if x/p ∈ (O∨ :

O∨) with 1, x, x2, . . . , xd−1 a basis of O, then for every ϕ ∈ Hom(O,Z) and y ∈ O we must

have that ϕ(xy) ∈ pZ. But in particular, if ϕ is the map which sends x to 1 and xi and 1

to 0, then ϕ(x · 1) = 1. As such, since we are assuming that every proper ideal is invertible,

Hom(O,Z) is invertible and hence projective.

2.2.4 Weak Inverses and Regulators

Even if an ideal is noninvertible, then it can almost admit an inverse. In particular, we

say that an ideal I ′ is a weak inverse of an ideal I of an order O whenever II ′ ⊆ O and

N(I)N(I ′) = 1. Of course, if I is invertible, then these two conditions together imply that

I ′ = I−1. On the other hand, if I is not invertible, then an ideal can have many weak

inverses, as we will see in Corollary 75.

Now for any order O in a number field, we may define the regulator Reg(O) as follows.

Let σ = (r1, r2) be the signature of k, i.e., r1 (resp. r2) is the number of copies of R (resp. C)

in k ⊗Q R. Let r = #σ = r1 + r2. If O were maximal, then Dirichlet’s Unit Theorem would

immediately imply that O× ∼= µ(O×)× Zr−1 where µ(O×) are the roots of unity in O. For

nonmaximal orders, let Ok be the maximal order containing O. Then by Theorem I.12.9 of

[93] we know that O×k /O× injects into (Ok/f)×/(O/f)×, which is finite since Ok/f is. Hence,

O× has finite index in O×k and so O× ∼= µ(O×) × Zr−1 as well. From here, we define the

regulator as usual: For each of the r (conjugate sets of) maps σi : k ↪→ C for x ∈ k let

‖x‖i =


|σi(x)| σi is real

2|σi(x)| σi is complex

Then we define the regulator Reg(O) of O to be the absolute value of the determinant of
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any of the (r − 1)× (r − 1) minors of the matrix



log ‖ε1‖1 log ‖ε2‖1 · · · log ‖εr−1‖1

log ‖ε1‖2 log ‖ε2‖2 · · · log ‖εr−1‖2

...
...

. . .
...

log ‖ε1‖r log ‖ε2‖r · · · log ‖εr−1‖r


.

To a pair (I, I ′) where I ′ is a weak inverse of I, we associate the ring ρ = ρ(I, I ′) =

(I : I) ∩ (I ′ : I ′). Since ρ(I, I−1) = O for all invertible ideals I, we see that Reg(I) =

Reg(ρ(I, I−1)) is well-defined for invertible ideals. More generally, if I is a proper ideal of

O, then (I : I) = O. Since any weak inverse I ′ of I is an ideal of O, we then have that

ρ(I, I ′) = O. In particular, Reg(I) = Reg(ρ(I, I ′)) is well-defined for any proper ideal and is

equal to Reg(O), assuming that a weak-inverse exists (which is guaranteed by Cor 75).

Remark 52. If O is an order in a quadratic number field or a primitive order in a cubic

number field, then Lemma 51 and Example 50 imply that h̄(O) = h(O) where h̄(O) is the

total number of proper ideal classes of O. As such, we immediately have from the Siegel

bound that h̄(O) Reg(O) = O(∆(O)1/2+ε).

2.3 Some Facts about Regulators

In this section, we recall some basic facts about h(O) Reg(O), relating it to certain ζ func-

tions and Artin L-functions. Most of this material is standard, and a more thorough reference

may be found in [93, Chapter 7]. As for the analytic theory of zeta functions of nonmaxi-

mal orders, our proofs were motivated by Cohn’s [35, Chapter 13] overview of the quadratic

case, which we later found had been developed further by Bushnell and Reiner under the

heading Solomon’s Conjecture for noncommutative orders. See [27, 28] for the relevant orig-

inal sources, and [29] for an overview Bushenll and Reiner prepared for a conference at

36



Oberwolfach.

2.3.1 Dedekind zeta functions and Artin L functions

Suppose k is a number field with ring of integers Ok. Then we may define the Dedekind zeta

function

ζk(s) =
∏
p⊆Ok

1

1−N(p)−s
=
∑
a⊆Ok

N(a)−s (2.1)

where N is the norm map from ideals of Ok to positive integers, the product is taken over

all prime ideals of Ok and the sum is taken over all (integral) ideals of Ok. The following

well-known theorem summarizes the basic properties of ζk.

Theorem 53. The sum and product in (2.1) converge for the real part of s > 1. Moreover,

ζk(s) may be meromorphically continued to the entire complex plane with a unique simple

pole at s = 1. The residue at that pole is precisely

Ress=1 ζk(s) =
πσh(k) Reg(k)

wk
√

∆(k)
(2.2)

where

• σ is the signature of k,

• πσ = 2r1(2π)r2 where r1 is the number of real places of k and r2 are the number of

(conjugate pairs of) complex places of k,

• wk is the number of roots of unity contained in the ring of integers Ok, and

• ∆(k) = |Disc(k)| is the norm of the discriminant of k.

It turns out that the representation theory of finite groups allows us to factor the

Dedekind zeta function into a product of Artin L-functions attached to Galois representa-

tions. Recall that if k/Q is a field extension with Galois closure K and G = Gal(K/Q) and
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H = Gal(K/k) ≤ G, then

ζk(s) =
∏
ρ

L(ρ, s)dimWH

where (ρ,W ) runs over the irreducible representations of G and WH is the subspace of

invariant vectors, and L(ρ, s) is the Artin L-function attached to (ρ,W ). Notably, the

Riemann zeta function ζ(s) = L(1, s) divides ζk(s). Write L(k, s) = ζk(s)/ζ(s). Since

Ress=1 ζ(s) = 1, Theorem 53 may be rewritten to say L(k, 1) is equal to the right hand side

of (2.2).

In particular, if k is a degree d number field with Galois group Sd, then L(k, s) =

L(ρ, s) where ρ is the standard representation of Sd in GLd−1(C). For any prime p ∈ Z,

let τ(p) = (f e11 f
e2
2 · · · ) be the splitting type of p in Ok. That is, pOk = pe11 pe22 · · · where pi

are primes and Ok/pi ∼= Fpfi . From this information, one may compute the local L-factors

Lp(k, s) = Lp(ρ, s) for <(s) > 1.

Writing L(k, s) =
∑∞

n=1 an(k)n−s, we see from the definition that the an are multi-

plicative functions, i.e., aman = amn for m and n coprime. For k a degree d field, we have

that ape = O(log(pe)) and since the number of divisors of n is� nε we have that an = O(nε).

This may be seen directly for the quadratic and cubic cases by examining Tables 4.1 and

4.2.

2.3.2 The Strong Artin Conjecture

Artin conjecutred that L(ρ, s) admits an analytic continuation to the whole complex plane

whenever ρ : Gal(Q̄/Q) → GL(W ) does not contain a trivial representation (and a mero-

morphic continuation when it does). The method by which this has always been proved is to

show that L(ρ, s) is modular, that is, that there exists an automorphic representation π(ρ)

such that L(ρ, s) = L(π(ρ), s) (up to appropriate normalizations of the Fourier coefficients).

This is called the Strong Artin Conjecture. As discussed in the introduction, it is known

when the image of ρ is solvable and a few other sporadic cases.
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An important consequence of this conjecture is that the Dirichlet series
∑
an(k)n−s

converges a little to the left of the line <(s) = 1. In fact, when k is a cubic field, then using

the functional equation of L(ρ, s) and a method of Landau and Walfisz [82, 109, 32] one sees

that the tail sum ∑
n≥X

an(k) = O(∆(k)1/2+εX−2/3) (2.3)

with the implied constant being independent2 of k and depending only on ε. Then by partial

summation, one can show that
∑
an(k)n−s converges when <(s) > 1/3. For higher degree

automorphic representations, one must use the detailed study of this argument in [33].

Our most important application of the Strong Artin Conjecture will be to prove

certain zero density results in the spirit of Barban [4]. We shall return to this in Section 4.3.

2.3.3 Zeta functions of nonmaximal orders

As is obvious from the definition, the zeta function of a number field k is really an integral

construction, i.e., it is attached to the ring of integers Ok of k. As such, we might try to

define a zeta function of nonmaximal orders in number fields. A näıve definition might be

to define ζO(s) =
∑

aN(a)−s where the sum is over all integral ideals of O. But it is rather

difficult to get a handle on I(O), the full ideal class monoid of O.

Instead, we are led to study

ζO(s) =
∑
a⊆O

a invertible

1

N(a)−s
. (2.4)

As we will see, this may be divided into an Euler product which differs from ζk at a fi-

nite number of places. Examining the Euler factors, the meromorphicity in the following

proposition is nearly immediate. As for the residue, the same proof used to demonstrate

2None of Landau, Walfisz, and Chandrasekharan–Narasimhan explicitly address how (2.3) depends on k,
instead only giving a right hand side that looks like Ok(X−2/3) as n→∞. In tracing through their proofs
and keeping track of the k-dependence yields the displayed expression above.
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Theorem 53 yields the following analogue.

Proposition 54. The sum (2.4) converges for the real part of s > 1. Moreover, ζO(s) may

be meromorphically continued to the whole complex plane. Then ζO has a single pole, a

simple pole located at s = 1 with residue

πσh(O) Reg(O)

wO
√

∆(O)

Now we would like to build an Euler product for ζO. As we saw in Section 2.2,

invertible ideals are determined by their localizations at all primes, which in each case is

principal. Moreover, since each Oq = O ⊗ Zq is an order in an étale algebra over Qq, we

know that the localization at each prime ideal q|q of Oq must be an order in a separable field

extension of Qq. In particular, the qth factor of ζO can be written as a product of q|q as

∏
q|q

∑
(a)⊆Oq

N(a)−s (2.5)

where the sum is over all principal ideals of Oq, the completion of the localization of O at

the prime q. So our task is reduced to the following lemma. To state it, let µOq be an

additive Haar probability measure on Oq. Note that µOq(O×q ) depends only on the structure

of O/(q). In particular, if we write O/(q) = F1×F2×· · · as a product of connected Artinian

algebras over Fq, and we let F 0
i be the fields which are Fi modulo their nilpotents, then

µOq(O×q ) =
∏ #(F 0

i )×

#F 0
i

. (2.6)

In analogy of the global regulator, we define Regq(O) to be equal to (2.6).

Lemma 55. The value (2.5) when s = 1 is equal to µOq(O×q )−1.

Proof. In the definition of (2.5) we have already broken up the local factor into a product

depending only on a given prime ideal q. Moreover, as noted in the previous paragraph, the
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total µOq(O×q ) depends only on Oq/(q) which in turn may be written as
∏

q|qOq/(q) by the

Chinese Remainder Theorem. So to prove the lemma it suffices to prove the claim for each

prime q.

Defining N(0)−1 = 0, we may rewrite the sum in (2.5) as

∑
a∈Oq/O×q

N(a)−s

where a runs over a set of representatives of the cosets of the action of O×q on Oq. But then

we may average over O×q and switch the order of summation and integration to arrive (when

s = 1) at

µOq(O×q )
∑

a∈Oq/O×q

N(a)−1 =

∫
x∈O×q

∑
a∈Oq/O×q

N(ax)−1dµOq(x) =

∫
a∈Oq

dµOq(a) = 1.

Hence the claim.

Remark 56. As mentioned in the introduction to this section, there was much interest in this

subject 30 years ago, led especially by Bushnell and Reiner under the heading of Solomon’s

Conjecture. The above proof, for instance, is rather close to a specific case of Section 2 of

[27] and this whole subsection may be viewed as a special case of [28].

2.4 The density of discriminants

In this section, we recall what is known about counts of number fields by discriminant.

We begin with a folk conjecture we call the Number of Number Fields Conjecture (or

NNF for short). The exact form we state is due to Malle [90]. It concerns asymptotics of

counts of number fields. To state it, we need some notation. Recall that if a group G acts
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on a set Ω, then the index ind(g) of g ∈ G is

ind(g) = #Ω−#(Ω/(g))

where (g) ⊆ G is the cyclic subgroup generated by g and Ω/(g) is the set of orbits of this

subgroup. Note that ind(g) = ind(g′) if g is conjugate to g′, so we say that ind(C) of a

conjugacy class C ⊆ G is the index of any of its elements. Now suppose that Ω = {1, . . . , d}

so that G ⊆ Sd. Then ind(G) = ind(G ⊆ Sd) is the minimum index of all of its nontrivial

conjugacy classes. Let a(G) = ind(G)−1.

Example 57. Note that a(G) = 1 if and only if G contains a transposition. In particular,

a(Sd) = 1 and a(D4) = 1. On the other hand, if G = Cd is cyclic, then a(Cd) = 1/(d− 1).

Recall that if G is a finite group, then its character table is a square matrix whose

rows are indexed by the irreducble representations of G and whose columns are indexed by

the conjugacy classes of G. Moreover, it is a beautiful exercise to prove that for any number

field k, the absolute Galois group Gk = Gal(Q̄/k) permutes the columns of the character

table, and hence permutes the conjugacy classes. This action preserves the index of the

conjugacy class, and so it makes sense to define the set of orbits {C ⊆ G conjugacy classes :

ind(C) = ind(G)}/Gk. Then b(k,G) is the cardinality of this set.

Example 58. For instance, when p is a prime, G = Cp ⊆ Sp is a cyclic subgroup, and k = Q,

then b(Q, Cp) = 1. However, b(Q(ζp), Cp) = p− 1 where ζp is a nontrivial pth root of unity.

Conjecture 59 (Number of Number Fields Conjecture (NNF)). Let MX =M(X; d,G, σ)

consisting of all number fields k over a base number field K with degree d > 0, Galois group

G, and signature σ. Then there exists c = c(K, d,G, σ) such that

∑
k∈MX

1 ∼ cXa(G) logb(K,G)−1X.
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Note that Malle does not predict the constant c. Rather, this is the topic of Ellen-

berg and Venkatesh’s work [51], which was inspired by Bhargava’s [13], which in turn only

covers Sd extensions. However, the general heuristic of Ellenberg and Venkatesh is rather

complicated, and so we restrict our attention to Bhargava’s much simpler heuristic for Sd

extensions. Informally, this states that the expected weighted number of degree d extensions

of Q of discriminant D is equal to product of the total weighted number of discriminant-

compatible extensions extensions of degree d of Qp where p ranges over all finite and infinite

places.

Here a degree d extension of Qp is simply an étale algebra of degree d over Qp. A

degree d extension L of Qp is discriminant-compatible with D if vp(D) = vp(Discp(L)) for all

finite primes. If p = ∞, then the condition is that the sign of the discriminants match. By

weighted we mean that we count each extension with weight (# AutQp(L))−1, and similarly

for global extensions. So for instance, cyclic cubic fields over Q are counted with weight 1/3

whereas non-Galois cubic fields are counted with weight 1. Similarly, R3/R is counted with

weight 1/6 whereas (R⊕ C)/R is counted with weight 1/2.

In fact, Bhargava’s heuristics say more. First, they actually are heuristics about

degree d rings and they say that we should be able to make certain local specifications in

the following sense. We say that a local condition Σp at a prime p of Q is a collection

of rank d rings over Zp. We denote by Σ = {Σp} a collection of local conditions, one for

every (archimedean and non-archimedean) prime of Q. Let FΣ(X) denote the collection of

all orders in degree d fields k/Q with Galois group Sd such that O ∈ FΣ(X) if and only if

O⊗Zp ∈ Σp for all p. We make the following slight modification of the definition of #FΣ(X):

Definition 60. Let FΣ(X) be as above. Then

#FΣ(X) =
∑

O∈FΣ(X)

1

# Aut(O)
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Remark 61. In the case that Σ represents the collection of local specifications that O is

maximal at every p, then we are counting each field with weight 1 except when d = 2 as

quadratic fields are all Galois.

Conjecture 62 (Bhargava’s Heuristic for Sd [13]). If Σ is a “good” collection of local spec-

ifications, then #FΣ(X) ∼ c(Σ)X, where

c(Σ) =

(
1

2

∑
R∈Σ∞

1

# AutR(R)

) ∏
p finite

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# Aut(R/Zp)

where Discp(R) is the discriminant of R over Zp as a power of p.

Remark 63. Some examples of conjectured “good” collections are the collection of all max-

imal algebras, the collection of all algebras with squarefree discriminant, and collections

which differ from these at a finite number of places. The first of these collections is good

for d = 2, 3, 4, 5 by [101, 58], [19], [11], [14], respectively. The squarefree case is known for

d = 2, 3 by the same references.

Remark 64. For Galois groups which are not Sd, the näıve heurisitc is that we should only

allow those rings in the local specifications whose Galois groups are “compatible” with the

global Galois group we are seeking. However, this is not quite right: there are correction

factors due to the roots of unity in the base field as well as the Schur multiplier of the group.

For more information, see [51] or [57] which relates the heuristics to statistics of random

symplectic matrices.

For our purposes, we will need a bit more. In particular, we will require some knowl-

edge of the error term in Conjecture 62. In particular, we will need a uniform power saving

error term. Let Σtriv
p (resp. Σmax

p ) be the collection of all (resp. maximal) degree d algebras

over Zp compatible with G. We say that a collection Σ is almost trivial (resp. almost maxi-

mal) whenever Σ differs from Σtriv (resp. Σmax) in at most finitely many primes. Let N(Σ)

be the product of those exceptional primes.
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Conjecture 65 (NNF with a Power Saving for Sd). Let Σ be an almost trivial (resp. almost

maximal) collection of local specifications. Then exist γ, δ > 0 uniform in Σ such that

#FΣ(X) = c(Σ)X +O
(
N(Σ)γX1−δ)

where the implied constant does not depend on Σ.

Theorem 66 ([6]). NNF with a power saving error bound for Sd is known when d = 2, 3, 4.

Remark 67. When d > 7, there is some doubt that Conjecture 65 for almost trivial local

specifications. See the appendix to this chapter.

Remark 68. There is a related conjecture that can be made for other Galois groups, namely

there should exist some function f(X) = f(X;G,Σ) ∼ c(G; Σ) logb(k,G)−1X such that if

FX(G; Σ) are those orders in fields with Galois group G and almost trivial or maximal local

specifications Σ, then

FX(G; Σ) = Xf(X) +O
(
N(Σ)γXa(G)−δ)

where γ and δ are some positive numbers. This brings up the important point that what

will be necessary for our computations is only the final error term, not any of the secondary

main terms.

2.5 Binary cubic forms and cubic rings

We begin with our geometry of numbers method. In this section we briefly recall the rela-

tionship between cubic rings and binary cubic forms f(x, y) = ax3 + bx2y + cxy2 + dy3. We

omit most proofs as they are beautifully presented in Sections 2 and 3 of [19].
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2.5.1 The Delone-Fadeev Correspondence

For us, a cubic ring is a (commutative, associative, unital) Z-algebra which is free of rank

3 as a Z-module. In this section, we recall the correspondence of Delone-Fadeev3 [88, 42]

(refined by Gan-Gross-Savin [55] and Wood [114]) between GL2(Z) equivalance classes of

integral binary cubic forms, where Z is a PID. Let V be a rank 2 free Z-module and consider

the representation (∧2V )∨ ⊗ Sym3 V . That is, if f(x, y) is a binary cubic form, then the

action of γ ∈ GL2(Z) = GL(V ) is given by

(γ · f)(x, y) =
1

det γ
f((x, y) · γ). (2.7)

If f(x, y) = x3+bx2y+cxy2+dy3, then we can form a cubic ring R(f) = Z[x]/(f(x, 1)).

For any GL2(Z) transformation taking f to another monic form f ′, we immediately see that

R(f) = R(f ′).

In fact, since Z is a PID, we may always assume that a cubic ring has a basis (1, ω, θ).

In fact, we may assume that 1, ω, θ are such that

ωθ = n

ω2 = m+ bω − aθ

θ2 = `+ dω − cθ

(2.8)

for some a, b, c, d, `,m, n ∈ Z. To such a cubic ring we associate the form f(x, y) = ax3 +

bx2y + cxy2 + dy3. Conversely, the associativity relations (ωθ)θ = ω(θ2) and (ω2)θ = (ωθ)θ

3It has been pointed out by F. Lemmermeyer that F. Levi actually gave this correspondence [88] before
Delone and Faddeev had written their book. Indeed, Delone and Faddeev even credit Levi for the result in
their preface, but not in the main body of the text. Unfortunately, the name Delone-Faddeev correspondence
has become standard, and so we will use it throughout this work.
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show that

n = −ad

m = −ac

` = −bd

(2.9)

So to any binary cubic form f(x, y) = ax3 + bx2y + cxy2 + dy3 we associate the cubic ring

R(f) with basis (1, ω, θ) and multiplication table determined by (2.8) and (2.9).

One checks that (2.8) and (2.9) actually define a commutative, associative, unital Z

algebra of rank 3, and that the GL2(Z) action on binary cubic forms (2.7) and the obvious

action on R(f)/Z ∼= Zω ⊕ Zθ are compatible. This proves the following theorem.

Theorem 69 (Delone-Fadeev Correspondence). There is a natural bijection between GL2(Z)

equivalence classes of integral binary cubic forms and isomorphism classes of cubic rings.

Before moving on, we collect a few facts about this correspondence. First, there is a

unique invariant of the action (2.7), namely the discriminant

Disc(f) = b2c2 − 4ac3 − 4b3d− 27a2d2 + 18abcd.

Moreover, to any cubic ring R there is a notion of discriminant Disc(R) familiar from el-

ementary algebraic number theory. It turns out that Disc(R) = Disc(R(f)). Two other

properties of f and R(f) also correspond. First, R(f) is an integral domain precisely when

f is irreducible over Frac(Z) . Second, Aut(R(f)) is precisely the stabilizer of f in GL2(Z).

Remark 70. In fact, the only property we have used in explicating the Delone–Fadeev Cor-

respondence is the fact that Z is a PID. Indeed, one may replace every mention of Z in this

section with any PID B.
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2.5.2 The Davenport-Heilbronn Corresponence

We say a cubic ring is maximal when it is not contained in any other cubic ring. For instance,

maximal cubic rings over Z which are also integral domaims are the rings of integers of their

fields of fractions. For this reason, it will be useful to know when R(f) is maximal given

only the binary cubic form f .

If R is a cubic ring over Z, then it turns out that R is maximal if and only if

Rp = R⊗ Zp is maximal for every p. We have the following lemma.

Lemma 71 ([19, Lemma 13], [39]). Suppose R is not maximal at p. Then there is Z basis

(1, ω, θ) such that either

(i) Z + Z · (ω/p) + Z · θ ⊆ R⊗Q is a ring, or

(ii) Z + Z · (ω/p) + Z · (θ/p) ⊆ R⊗Q is a ring.

On the forms side, this says that R(f) is nonmaximal at p if either f is a multiple of

p or there is some GL2(Z) transformation of f such that p | b and p2 | a.

2.6 The Hilbert-Burch Theorem and Ideals in Cubic

Rings

One early lesson in algebraic geometry is that if a line bundle L of a scheme X is gener-

ated by global sections, then we get a map X → PH0(X,L)∨. If B is a PID and R is a

torsion free B algebra of rank r, then line bundles on SpecR correspond to ideal classes,

which in turn are free of rank r over B. Thus, they yield an embedding SpecR → Pr−1
B .

Moreover, an embedding SpecR→ Pn−1
B yields an ideal class. This is a canonical one-to-one

correspondence.

In the case r = 3, we are dealing with cubic rings over a PID and SpecR is a

codimension 2 subscheme of P2
B. If B = k is a field and R is étale, then SpecR ⊆ P2

k
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consists of a dimension 0 scheme of degree 3, i.e., is geometrically a set of 3 points. But a

quick application of the Auslander-Buchsbaum formula [46, Theorem A2.15] and the Hilbert-

Burch theorem [46, Theorem 3.2] implies that any set of points in P2 is cut out by the t× t

minors of a (t+ 1)× t matrix of homogeneous forms for some t. From the Hilbert function,

one may then compute that a general set of 3 points in P2
k, i.e. 3 points which span all

of P2
k, is cut out by the 2 × 2 minors of a 2 × 3 matrix of linear forms on P2

k. In fact,

from the uniqueness of minimal free resolutions, one quickly finds that to every embedding

SpecR ↪→ P2
k, there is a unique GL2 k×GL3 k×GL3 k orbit of 2× 3 matrices of linear forms

on P2
k which corresponds to that embedding.

In fact, the Hilbert-Burch theorem can be pushed much farther, as explicated by

Wood in her thesis [112]. We will use Bhargava’s version of this theorem [10, Theorem 2]

which inspired Wood. Stating this theorem and understanding its nuances occupies the rest

of this section.

2.6.1 Bhargava’s Boxes

Let VR = R2 ⊗ R3 ⊗ R3 and let GR = GL2 R × SL3 R × SL3 R act on VR with its natural

action. We call elements v ∈ VR 2× 3× 3 boxes, or boxes for short. Moreover, we will often

v ∈ VR as a pair of 3× 3 matrices v = (A,B), with the first SL3 R acting on the left and the

second SL3 R acting on the right.

We may define VZ ⊆ VR to be the lattice of integer points and GZ ⊆ GR to be the

subgroup GL2 Z× SL3 Z× SL3 Z. Then obviously GZ preserves VZ. Moreover, the action of

GZ on VR (or VZ) has a unique polynomial invariant, namely the degree 12 polynomial in 18

variables

Disc(A,B) = Disc(det(Ax−By))

where the discriminant on the right is the discriminant of the binary cubic form f(x, y) =

det(Ax−By). We will sometimes write this form as simply f = det(v).
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An element v ∈ VR is degenerate whenever Disc(v) = 0 and nondegenerate otherwise.

It turns out that VR has two nondgenerate orbits under the action of GR, which we call

V ± where V + (resp. V −) is the orbit containing elements of positive (resp. negative)

discriminant.

Now f is a binary cubic form, and we have just seen that to any binary cubic form

we may associate a cubic ring R(f). It turns out that an element v = (A,B) ∈ VZ gives us

a little extra data. The following is [10, Theorem 2].

Theorem 72. There is a canonical bijection between the nondegenerate GZ orbits on VZ

and the set of isomorphism classes of pairs (R, (I, I ′)) where R is a cubic ring and I is a

fractional ideal of R and I ′ is a weak inverse. Under this bijection, the discriminant of the

box is equal to the discriminant of the cubic ring.

Remark 73. In fact, the proof of Theorem 72 goes via a rigidified version of the theorem.

That is, to a pair v = (A,B) ∈ VZ Bhargava shows the existence of a canonical basis (1, ω, θ)

of R(v) (as in Theorem 69) and a a basis α1, α2, α3 of I and β1, β2, β3 of I ′ in which the

explicit action of R on I and I ′ can be computed. This may be found in equation (11) of

[10]. As it will be important for us in the proof of Lemma 81, we list the action here for the

convenience of the reader. In what follows, if M is a square matrix, we let Mi denote its ith

column and |M | denote its determinant. If M,M ′,M ′′ are 3 × 3 matrices, then MiM
′
jM

′′
k

will be the 3× 3 matrix with columns Mi,M
′
j,M

′′
k .

−ω · α1 = |B1A2A3| · α1 + |A1B1A3| · α2 + |A1A2B1| · α3

−ω · α2 = |B2A2A3| · α1 + |A1B2A3| · α2 + |A1A2B2| · α3

−ω · α3 = |B3A2A3| · α1 + |A1B3A3| · α2 + |A1A2B3| · α3

−θ · α1 = |A1B2B3| · α1 + |B1A1B3| · α2 + |B1B2A1| · α3

−θ · α2 = |A2B2B3| · α1 + |B1A2B3| · α2 + |B1B2A2| · α3

−θ · α3 = |A3B2B3| · α1 + |B1A3B3| · α2 + |B1B2A3| · α3

(2.10)
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The module structure for I ′ is identical if we replace α with β and let Mi mean the ith row

instead of column.

An interesting corollary of this theorem is the following, which one might think could

be proven “by hand”, but such a proof has eluded us. To state it, let d(n) be the total

number of divisors of n.

Corollary 74. Let R be an order in a number field and let I be any ideal class. Let n be

the maximum integer such that R ⊆ Z+ n(I : I). Then the total number of weak inverses of

I is
∑

a|n ad(a), the total number of index n sublattices of Z3.

Proof. After choosing a normalized basis (1, ω, θ) of R and a basis (α1, α2, α3) of I, let λ1
ij

be the coefficient of αj in −ωαi as in (2.10) and λ2
ij be the coefficient of αj in −θαi. These

are necessarily integers, not all 0. Note that by definition n is the gcd of all the λkij.

We now show that there exists a unique SL3 C (row action) on VC with the stated

invariants. Without loss of generality, we may assume that B1A2A3 is the identity ma-

trix. Now a21, a31, b12, b13 are determined by λ1
12, λ

1
13, λ

1
21, λ

1
31. Similarly, b22, b23, b32, b33 are

determined by the λ2
ij with i, j ≥ 2.

Last, we must determine what a11 is. But if λ1
12 or λ1

13 is nonzero, then a21 or a31

is nonzero and so by acting with SL3 C (row action), we may force a11 = 0. If however

λ1
12 = λ1

13 = 0, then a11 6= 0 or else θ would act on α1 trivially, which cannot happen since

we are assuming that R and I originally appeared as an order in a number field and one of

its ideals. Similarly, this implies that at least one of the λ2
1j must be nonzero, and this will

determine a11.

In turn, if instead of using C we had used Z, then we could have put the first matrix

in Smith normal form and a similar analysis would give us some rational (A,B) in the

SL3 C orbit. But then the theory of elementary divisors would allow us to find an integral

representative.

Next suppose that n = 1, so that the gcd of the λkij = 1. Then let XZ be the span
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of (A,B) over Z and let XC be the same over C. Since the gcd of the λkij(A,B) is 1, we

know that XZ is a maximal integral sublattice. Then WC = {(A′, B′) : {A′, B′} spans WC}

is the GC orbit of (A,B) in VC, and since XZ is maximal, we see that the sub-GZ orbits are

precisely the sets of Z-bases of sublattices of XZ. If (A′, B′) is a representative basis of such

a lattice, then the gcd of the λkij(A
′, B′) is the index of the lattice.

So now if we start with λijk with n 6= 1, then we may divide each of these by n and

follow the recipe of the previous paragraph to arrive at the corollary.

The corollary has an obvious corollary, for which we again have no simple proof.

Corollary 75. Every ideal has a weak inverse and every proper ideal has a unique weak

inverse.

2.6.2 Over Arbitrary PIDs

More generally, suppose that B is any PID and let G′B be the group

G′B = (GL2B ×GL3B ×GL3B)/{(rsI2, r
−1I3, s

−1I3) : r, s ∈ B×}.

Then we have the following.

Theorem 76. There is a canonical bijection between the nondegenerate G′B orbits on VB

and the set of isomorphism classes of pairs (R, (I, I ′)) where R is a nondegenerate cubic ring

over B and I is a fractional ideal of R and I ′ is a weak inverse. Under this bijection, the

discriminant of the box is equal to the discriminant of the cubic ring.

The proof of this theorem is the same as the proof of Theorem 72 and may be deduced4

directly from Wood’s main theorem in [112]. Notice that GB
∼= G′B whenever B×/(B×)3 is

trivial. In particular, GZ ∼= G′Z.

4Wood only considers the action of SL3×SL3 in that paper, but it is not hard to extend her results to
this case.
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In both cases, a corollary of the proof of the theorem is the following.

Corollary 77 ([10, Corollary 3]). The stabilizer in G′B of a nondegenerate element v ∈ VB

is isomorphic to a semidirect product

AutB(R(v)) n
[
((I : I) ∩ (I ′ : I ′)) /B×

]
In particular, if I is proper, then (I : I) ∩ (I ′ : I ′) = R and so this is simply

Aut(R) n [R×/B×].

2.6.3 Stabilizers and Weights

Recall that we defined ρ(I, I ′) = (I : I) ∩ (I ′ : I ′). Moreover, the appearance of ρ×/B×

in Corollary 77 should remind us of the regulator of a pair of ideals that we defined in

Section 2.2. This is not a coincidence. To begin, note the following Proposition.

Proposition 78. The group GR acts transitively on V ± and the isotropy groups for v ∈ V ±

are

• S3 n [GL1(R)×GL1(R)] for v ∈ V +; and

• S2 nC× for v ∈ V −.

Proof. This follows from Corollary 77 and the fact that any v ∈ V + corresponds to the triple

(R3, (R3,R3)) and the generic v ∈ V − corresponds to (R⊕ C, (R⊕ C,R⊕ C)).

Now GL1(R)×GL1(R) has many automorphisms, and so we choose now a particular

realization. Suppose that B = Z and that ρ = ρ(I, I ′). In the totally real case, we know that

ρ× is isomorphic to the roots of unity of ρ times a rank two free abelian group. Let ε1, ε2 be

fundamental units, i.e., they span this free abelian group. Then under the Galois embedding,

we may ρ× → (ρ⊗R)×/R×. Further, if we take logs, then we see that the image of ρ× under
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the composition spans the two-dimensional space which is the log of (ρ⊗ R)×/R×. This in

turn fixes an isomorphism of (ρ⊗ R)×/R× with GL1(R)×GL1(R).

Under this isomorphism, by choosing d×t1d
×t2 as the Haar measure on GL1(R) ×

GL1(R), we find that the integral over a fundamental region for the action of the image of

ρ× is precisely the regulator of ρ.

Similarly, in the non-totally real case, we may choose an isomorphism of (ρ⊗R)×/R×

with C× by first choosing one of the complex embeddings of ρ⊗Q ↪→ C. Now C× ∼= R>0×SO2

and so by taking the Haar measure on C× to be d×tdk with
∫

SO2
dk = 2π, we find that the

integral over a fundamental domain for the action of ρ× on C× is exactly Reg(ρ).

Combining the past three paragraphs, we arrive at the following proposition.

Proposition 79. Suppose that v ∈ VZ. Then for a fundamental domain Fv of Gv,Z acting

on Gv,R we have ∫
Fv
µ(gv) =

# AutR(R(vR))

# AutZ(R(v))
Reg(ρ).

Proof. The rational factor comes from the finite groups on the left hand side of the semidirect

product in the previous proposition. The origin of the regulator was described in the last

three paragraphs.

2.7 Local Densities for Invertible and Proper Ideals

As we have noted, whether a ring is maximal or not and whether an ideal is invertible or

proper or not are all local conditions. So we would like to say that the total proportion of

pairs (R, (I, I ′)) satisfying these conditions is just given by a product of local densities. We

will in fact prove this later, but for now, we compute these local densities.

54



2.7.1 A Mass Formula

For any free module W of finite rank over Zp, let µW be the additive Haar probability

measure. Then for any subset S ⊆ VZp defined by finitely many congruence conditions, let

µVZp (S) be the p-adic density of S in VZp . To a cubic ring R over Zp, let Discp(R) be the

power of p appearing in the discriminant of R and let the local regulator, Regp(R) be defined

by Regp(R) = µR(R×)/µZp(Z×p ), which is as in Section 2.3. Using these definitions, we can

compute the p-adic density of those pairs (R, (I, I ′)) when I is invertible.

Proposition 80. Let R be a nondegenerate cubic ring over Zp and let I be an invertible ideal

of R. Then the p-adic density of all elements in VZp corresponding to the pair (R, (I, I−1))

in Theorem 76 is
#G′Fp
p20

· 1

# Aut(R)
· 1

Discp(R)
· 1

Regp(R)
. (2.11)

Proof. Since I is invertible, we saw in Section 2.2 that I must be principal (remember we are

working over Zp). Hence, (R, (I, I ′)) ∼= (R, (R,R)), so we need only handle this case. But

there are only a finite number of cubic rings over Zp with any fixed nonzero discriminant, so

the cubic ring R is determined from its ring structure modulo pn for some n � 0. That is,

R/pnR determines R. On the other hand, the correspondence of Theorem 76 is compatible

with reduction by pn since all the structure coefficients are determined by polynomials in

the entries of v ∈ VZp . As such, if two v, v′ ∈ VZp lie in the same G′Zp orbit, then they lie in

the same G′Z/pnZ orbit and vice-versa.

From the orbit-stabilizer theorem, we know that the total number of elements in the

orbit is #G′Z/pnZ/#G
′
v,Z/pnZ, so it suffices to determine the order of the stabilizer. However,

Corollary 77 reduced modulo pn yields that

#G′v,Z/pnZ = # Aut(R/pnR) · #(R/pnR)×/#(Zp/pnZp)×

= (# Aut(R) Discp(R)) ·
(
p2n Regp(R)

)

55



As such, the p-adic density of the inverse image in VZp corresponding to the set of all

v ∈ VZ/pnZ corresponding to (R/pnR, (R/pnR,R/pnR)) is

1

p18n
·

#G′Z/pnZ
p2n ·# Aut(R) ·Discp(R) · Regp(R)

=
p20(n−1) ·#G′(Fp)

p20n ·# Aut(R) ·Discp(R) · Regp(R)
.

In what follows, let MAXp ⊆ VZp (resp. INVp, resp. PROPp) denote the set of

elements corresponding to cubic rings which are maximal at p (resp. such that the ideal I

is invertible, resp. proper, at p). Note that MAXp ⊆ INVp ⊆ PROPp. In the next several

sections, we compute the densities of these sets.

2.7.2 Maximal Rings

To begin, note that Regp(R) is determined simply by R/pR. In particular, an element of R

is a unit if and only if it is a unit in R/pR. As such,

Regp(R) =
#(R/pR)×

#(R/pR)
· p

p− 1
=

#(R/pR)×

p2(p− 1)
.

Now there are five possible reductions of a cubic ring R over Zp modulo p corre-

sponding to the five possible splitting types of a prime in Z. We denote these splitting types

(f e11 f
e2
2 · · · ) where R/pR ∼=

⊕
Fpfi [x]/(xeu). As is traditional, we drop the superscripts when

they are 1. As such, the five possible splitting types are (111), (12), (3), (121), and (13). We

will typically denote the splitting type of an object by τ , for instance τ(Zp⊕Zp⊕Zp) = (111).

Then

max∑ 1

# Aut(R)
· 1

Discp(R)
· 1

Regp(R)
=
∑
τ

1

Regp(τ)

max∑
τ(R/pR)=τ

1

# Aut(R)
· 1

Discp(R)
. (2.12)

Where
∑max means the sum restricted to maximal cubic rings. These inner sums were
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computed in [13] and again appear in the table at the end of this article.

Finally, we note that

#G′Fp = (p2 − 1)(p2 − p)(p3 − 1)2(p3 − p)2(p3 − p2)2/(p− 1)2 = p7(p− 1)(p2 − 1)3(p3 − 1)2.

Combining all this information, we arrive at

µVZp (MAXp) =
p7(p− 1)(p2 − 1)3(p3 − 1)2

p20

×
[

1

6
· p2

(p− 1)2
+

1

2
· p2

p2 − 1
+

1

3
· p2

p2 + p+ 1
+

1

p
· p

(p− 1)
+

1

p2
· 1
]

=
(p2 − 1)2(p3 − 1)(p8 + p6 − 2p5 − 2p4 + 2p2 + p− 1)

p15
.

2.7.3 Invertible Ideals

When we instead count invertible ideals, we do not restrict ourselves to maximal cubic rings.

In particular, there is now a sixth splitting type, which we call (0) and which corresponds to

the ring with discriminant 0, viz. Fp[x, y]/(x2, xy, y2). The regulator for this ring is quickly

seen to be 1.

Now to find the total mass, we need only modify (2.12) to run over all cubic rings,

and not just maximal ones. Then in [13], the inner sums were computed to be # Aut(R/pR).

Combining all of this data we get
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µVZp (INVp)

=
p7(p− 1)(p2 − 1)3(p3 − 1)2

p20
×

×
[

1

6
· p2

(p− 1)2
+

1

2
· p2

p2 − 1
+

1

3
· p2

p2 + p+ 1
+

1

p− 1
· p

(p− 1)
+

1

p(p− 1)
· 1 +

1

(p2 − 1)(p2 − p)
· 1
]

=
(p2 − 1)2(p3 − 1)(p5 + 2p3 − p− 2)

p12
.

2.7.4 Proper Ideals

Unfortunately, Proposition 80 no longer is useful for computing the density of proper ideals.

Note that if (I : I) 6= R, then there is some prime number p and some element r ∈ R such

that r/p ∈ (I : I). When this occurs is the topic of the following lemma.

Lemma 81. Let v = (A,B) ∈ VZ be nondegenerate and let (R, (I, I ′)) be the pair correspond-

ing to v in Theorem 72. Let (1, ω, θ) denote the associated Z-basis of R as in Theorem 69.

If (ω + c)/p ∈ (I : I) (where c ∈ Z) then exactly one of the following holds:

(i) A and B are linearly dependent over Fp but at least one has rank 3 over Fp,

(ii) A has rank 1 but the 3× 6 matrix (AB) has rank 3 over Fp, or

(iii) (AB) has rank at most 2 over Fp.

Proof. First note that the three possibilities listed are mutually exclusive, so we have shown

that if one must happen then exactly one must happen. Moreover, note that the condition

in the theorem is that ω acts by a scalar mod p. We check that this occurs in each of the

three cases and in no other case.
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As noted in Remark 73, the proof of Theorem 72 actually gives the explicit action of

R on I and I ′, which is recounted there. In particular, ω/p ∈ (I : I) if and only if all of the

determinants in the action of −ω · αi are divisible by p.

The statement that (AB) has rank at most 2 is precisely the statement that all 3× 3

submatrices of (AB) have vanishing determinant, so certainly (iii) implies that ω/p ∈ (I : I).

So now we have to consider the case when (AB) has rank 3.

Suppose first that A has rank 0 mod p, i.e., A = 0 (mod p). Then B necessarily has

rank 3 and so (i) holds. Also, all the determinants in (2.10) are obviously 0 (mod p) in this

case.

IfA has rank 1, then since every determinant in the multiplication table (2.10) defining

the action of ω has at least two columns from A, they are all 0. Hence, (ii) also implies that

ω/p ∈ (I : I).

Next consider the case where the rank of A is 2. Then at most one pair of columns of

A, say Ai, Aj, span the same one-dimensional space over Fp. Then, letting the third column

be Ak, we see that Ai, Ak and Aj, Ak span the same two-dimensional space. Since (AB) has

rank 3, we know that B must have some column, say B`, not in the span of the columns

of A. In particular, at least two of the determinants in the definition of −ω · α` must be

nonzero. In particular, ω cannot act by a scalar mod p.

Finally, we consider the case when A has rank 3. Then in order for ω to act as a

scalar mod p, we need all the off-diagonal terms in (2.10) to be 0. This immediately implies

that B1 is in the span of A1, A2 and A1, A3, and so is necessarily in the span of A1. Similarly

for B2 and B3. That is, each column of B is a multiple of the corresponding column of A,

say Bi = biAi.

Then the corresponding diagonal entries of (2.10) are bi det(A). In order for ω to act

as a scalar, we must have all the bi being equal. That is, B is a (possibly 0) scalar multiple

of A, and we are in the case of (i).
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So to determine µ(PROPp) it suffices to determine the total number of v ∈ VFp which

do not take on the forms (i), (ii), or (iii) in the lemma after a GL2(Fp) transformation. This

corresponds to taking the r ∈ R such that r/p ∈ (I : I) in the discussion above to the ω ∈ R

in the statement of the lemma.

For form (i), note that one of A and B is nonzero and the other is is a constant

(possibly 0) multiple of the nonzero matrix. As such, form (i) is true of any (A,B) in

the same GFp orbit. So we need only count pairs of matrices satisfying (i). Now there are

(p3−1)(p3−p)(p3−p2)/(p−1) rank 3 matrices over Fp up to scalars. Then of the p2 possible

choices of pairs of matrices on this line, only one (the pair of 0 matrices) is forbidden. As

such, we multiply the total number of lines by (p2 − 1) to obtain

p3(p2 − 1)2(p3 − 1). (2.13)

For form (ii), note that since (AB) has full rank that the rank of B is at least 2

and the span of the columns of B along with any nontrivial column of A span all of F3
p. As

such, the Fp span of A and B contains precisely one line of rank 1 matrices, namely the one

spanned by A. The number of choices for this rank 1 matrix up to scaling is (p3−1)2/(p−1)2.

Then the total number for choices for B up to scaling and modulo adding some multiple of

A is p2(p3− 1)(p3− p)/(p− 1). So in total, the number of pairs (A,B) having form (ii) after

some GL2(Fp) transformation is

(p2 + p+ 1)2 · p3(p3 − 1)(p+ 1) ·# GL2(Fp) = p4(p2 − 1)2(p2 + p+ 1)2(p3 − 1). (2.14)

Finally, we come to form (iii). But under any GL2(Fp) transformation, (AB) will

still have rank at most 2. So the total number of 3× 6 matrices with rank at most 2 is

p18 − (p6 − 1)(p6 − p)(p6 − p2). (2.15)
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Subtracting (2.13), (2.14) and (2.15) from p18 = #VFp we arrive at

µ(PROPp) =
(p2 − 1)2(p3 − 1)(p7 + 2p5 − 2p2 − 1)

p14
.

2.8 A Geometry of Numbers Argument

Let V = VR be the vector space of boxes over R. Then the action of G(R) has two nondegen-

erate orbits, viz. V + consisting of elements with positive discriminant, and V − consisting of

elements with negative discriminant. Let V ±irr ⊆ VZ be the subset of all integral boxes (A,B)

such that det(Ax − By) is an irreducible cubic polynomial over Q, i.e., such that (A,B)

corresponds to an order in a number field. In this section, we will get a handle on the total

N(V ±;X) =
∑

Reg(v)

where the sum is over GZ orbits represented by v in VZ lying in V ±irr and having absolute

discriminant at most X. That is, we are summing the regulator of ideal classes of orders in

cubic fields.

2.8.1 Reduction Theory

Recall that G = GL2× SL3× SL3. We may express elements of G(R) via the Iwasawa

decomposition NAKΛ where N consists of triples of upper triangular matrices, A consists

of triples of diagonal matrices of determinant one, K = O2× SO3× SO3 is the maximal

compact, and Λ consists of positive scalar matrices in GL2(R). Let F be a fundamental

domain for the action of G(Z) on G(R). Then according to Minkowski’s theory of such
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fundamental domains, we may take F = {nakλ : n ∈ N ′(a), a ∈ A′, K ∈ K,λ ∈ Λ} where

N ′(a) =


 1

n1 1

 ,


1

n2 1

n3 n4 1

 ,


1

n5 1

n6 n7 1




A′ =


s−1

1

s1

 ,


s−2

2 s−1
3

s2s
−1
3

s2s
2
3

 ,


s−2

4 s−1
5

s4s
−1
5

s4s
2
5

 ,


where s1 ≥ 4

√
3/
√

2, and si ≥ 6
√

3/ 3
√

2 for i > 1, and nj ∈ τj(a) where each τj(a) is a

measurable subset of R bounded indpendent of a for each a ∈ A′. The exact values τj(a)

will not matter for us, only that they are bounded.

In these coordinates, the Haar measure on G may be taken to be

dg = s−2
1 s−6

2 s−6
3 s−6

4 s−6
5 d×s dn dk d×λ

where

• dn =
∏
dni is the usual additive Haar measure,

• d×s =
∏
d×si =

∏
s−1
i dsi is the usual multiplicative Haar measure,

• d×λ is also the usual multiplicative Haar measure, and

• dk is the Haar probability measure on K.

2.8.2 An Averaging Argument

Let B = B(C) = {v ∈ VR : ‖v‖ ≤ C} where ‖v‖ denotes the usual Euclidean norm. For

what we do now, C = 100 will suffice. Moreover, the main features of B that we will use is
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that it is bounded, has positive volume in V , and that it is K invariant. Then as v ranges

over B ∩ V ± we know that ∑
f∈Fv∩V±

irr
|Disc(f)|<X

Reg(v)

is constant and is equal to N(V ±;X). Then

N(V ±;X) =

∫
v∈B∩V ±irr

∑
f∈Fv∩V±
|Disc(f)|<X

Reg(f)|Disc(v)|−3/2dv

∫
v∈B∩V ± |Disc(v)|−3/2dv

. (2.16)

Note that we choose be measure |Disc(v)|−3/2dv precisely because it is a G-invariant measure

on V .

More generally, for any GZ invariant subset S ⊆ V ±Z let N(S,X) the defined the same

way as N(V ±, X). That is, if

M±(C) =

∫
v∈B∩S

|Disc(v)|−3/2 dv,

then define

N(S;X) =
1

M±(C)

∫
v∈B∩S

∑
f∈Fv∩Sirr
|Disc(f)|<X

Reg(f)|Disc(v)|−3/2dv. (2.17)

Similarly, define N∗(S,X) to be the same sum but not restricted to irreducible orbits.

Now recall that if G is a locally compact topological group and H ⊆ G is some closed

subgroup, then a function on G/H is just a function on G which is constant on the cosets

of H. In particular, if f ∈ Cc(G) is a function on G with compact support, then there is a

map ϕ : Cc(G)→ Cc(G/H) given by

ϕ(f)(gH) =

∫
H

f(gh)dh
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where dh is a fixed Haar measure5 on H. In fact, this map is surjective. Moreover, if we fix

a Haar measure dg on G, then there is a unique6 measure d(gH) on G/H such that

∫
G

f(g)dg =

∫
G/H

ϕ(f)(gH)d(gH)

for every f ∈ Cc(G). Up to scaling, this is the unique G invariant measure on G/H.

As we saw in Section 2.6, the regulator Reg(f) of a point f = gv ∈ Fv ∩ V ± is equal

to

Reg(f) =
# Aut(RZ(f))

# Aut(RR(fR))

∫
Gf,R/Gf,Z

dgf =
# Aut(RZ(f))

# Aut(RR(fR))

∫
h∈Gf,R(v)

1F(gh)dh

We would then like to make the following manipulations, exploiting the fact that |Disc(v)|−3/2dv

is G(R) invariant:

N(S;X) =
1

M±(C)

∫
v∈B∩S

∑
f∈Fv∩V±
|Disc(f)|<X

Reg(f)|Disc(v)|−3/2 dv (2.18)

=
1

M±(C)

∫
v∈B∩V ±

∑
f∈Fv∩V±
±Disc(f)<X

# Aut(R(f))

# Aut(R(fR))

∫
h∈Gf,R

1F(gh) dh |Disc(v)|−3/2 dv

(2.19)

=
c±

M±(C)

∫
g∈F

#{f ∈ V ± ∩Bg : |Disc(f)| < X} dg (2.20)

where c± is the Jacobian of the change of variables times 1
# Aut(fR)

which is constant for all

f ∈ Fv ∩ V ±. Moreover, here # means the total number weighted by # Aut(R(v)). (Of

course, orders in cyclic cubic fields are known to be extremely rare and orders in S3 fields

have no automorphisms, so we will henceforth ignore this weighting factor.)

However, we note that 1F certainly does not have compact support, so this is not a

5Of course, G and H need not be unimodular. In such a case, we take “Haar measure” to mean “left
Haar measure”, though the statements work perfectly well if we instead use right Haar measures.

6Here uniqueness occurs because we already chose dg and dh. Another way to phrase this is that the
triple of measures (dg, dh, d(gH)) are unique up to scaling by triples (λ, η, λη−1).
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priori true. In order to make this change of coordinates, we will instead only sum over those

f with a11 6= 0 and |Disc(f)| < X. We will see below that this will bound the values of aij

and bij since they must be integers. Hence we may replace 1F with a function with compact

support. But by doing so, we might be throwing out too many points and thus affecting the

main term of our count. To avoid this, we note the following lemma, whose proof is delayed

for now.

Lemma 82. Let V (a11 = 0) ⊆ V ± be the set of all f ∈ V ± which are irreducible and such

that a11 = 0. Then N(V (a11 = 0);X) = O(X17/12).

Performing the sum inside the integral (2.20) is rather difficult to handle due to the

restriction to irreducible boxes. The following lemma allows us to lift that restriction. Again,

we avoid the proof for now.

Lemma 83. The contribution to the sum N∗(V ±;X) coming from reducible boxes with a11 6=

0 is o(X3/2).

Remark 84. We expect that the actual bound in this lemma may be pushed to O(X17/12+ε).

However, our current method of proof only will give o(X3/2) with no explicit power saving.

Before moving on, we would like to rewrite (2.20) in a convenient form. Specifically,

write B(n, s, λ,X) = n(u)a(s)λB ∩ {v ∈ V ± : |Disc(v)| < X}. Then since B is K-invariant,

we may write

N(S;X)

=
c±

M±(C)

∫
g∈N ′(a)A′Λ

#{x ∈ Sirr ∩B(u, s, λ,X)}s−2
1 s−6

2 s−6
3 s−6

4 s−6
5 d×s dn d×λ+ o(X3/2).

(2.21)

Also, N∗(S;X) is the same, but with the subscript irr removed, and since Lemma 83 is no

longer necessary, with o(X3/2) replace by O(X17/12).
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2.8.3 A Lemma from the Geometry of Numbers

In later sections, we will need to estimate the number of lattice points in B(u, s, λ,X), which

we will do using the following elementary proposition due to Davenport [38].

Proposition 85. Let R be a bounded, semi-algebraic multiset in Rn which is defined by

finite number of polynomial inequalities7. Let R′ be the image of R under any (upper or

lower) triangular unipotent transformation of Rn. Then the number of integer lattice points

contained in the region R′ is

vol(R) +O(max{vol(R̄), 1})

where vol(R̄) is the greatest d-dimensional volume (1 ≤ d ≤ n − 1) of any projection of

R onto a coordinate subspace, i.e., by setting n − d coordinates to 0. The implied constant

depends only on n, the total number of defining polynomials, and their maximum degree.

Although Davenport states the above lemma only for compact semi-algebraic sets

R ⊆ Rn, his proof adapts essentially without change to the above proposition.

2.8.4 A More General Regulator

Let RX(v) = Fv for any v ∈ B. Then we may define the regulator of a point gv ∈ RX(v) to

be

Reg(f) =

∫
h∈Gf,R

1F(gh) dh.

Then, considering RX(v) as a weighted set, we may define its volume to be

Vol(RX(v)) =

∫
f∈RX(v)

Reg(f) df.

7For any property (P ) of a set, we extend its meaning to multisets by saying a multiset R has property
(P ) if and only if Rk has property (P ) for all k. Here Rk is the set of all x ∈ R with weight k.
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Note that this volume is constant for any v ∈ B by the invariance of the Haar measures.

2.8.5 The main term

Combining Proposition 85 with (2.21), we see that it suffices to compute the Euclidean

volume of B(u, s, λ,X) for every u, s, λ,X and then to show that none of its projections are

too terribly large.

For the first task, we note simply that

c±

∫
g∈F

B(u, s, λ,X) dg =

∫
v∈B∩V ±

Vol(RX(v))|Disc(v)|−3/2 dv.

(Recall from (2.20) that c± is the Jacobian of the change of variables.) Since Vol(RX(v)) is

constant, this yields a total of M±(C) · Vol(RX(v)).

As for the second task, we note that the region B(u, s, λ,X) contains an integer point

with |a11| ≥ 1 only if we have

C · λ

s0s2
1s2s2

3s4

≥ 1.

One easily checks that the projection to the coordinate plane a11 = 0 has maximal volume

among all possible projections (as we will see in a more formal context in the proof of

Lemma 82 a little later), and that this volume is � λ18s0s
2
1s2s

2
3s4/λ. Hence the error

coming from Proposition 85 is at most a constant times

∫ X1/12

λ�0

∫ ∞
si�0

∫
N ′(a(s))

λ17s0s
2
1s2s

2
3s4s

−2
0 s−6

1 s−6
2 s−6

3 s−6
4 du d×s d×λ� X17/12.

Finally, we note that [84, Proposition 20] tells us that

∫
GZ\G1

R

dg = ζ(2)2ζ(3)2

where G1
R = SL2 R× SL3 R× SL3 R ⊆ GR and dg is taken to be the measure dn dn̄ d×a d×λ
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arising from the NAN̄Λ decompositiion of GR. Using the change of variables formula, our

computation of the automorphism group, and [105], we compute that for v ∈ V ±R that

Vol(RX(v)) =
6

n±

∫ X1/12

0

t18 d×t

∫
GZ\G1

R

dg =
ζ(2)3ζ(3)2

3n±
X3/2.

Here n± is given by

n± =

∫
g∈Gv,R∩G1

R

dh

which we can easily compute is

n+ = 24

n− = 4π

2.8.6 Congruence Conditions

We can also prove a version of Theorem 40 for a set in V ± defined by any finite number of

congruence conditions. Specifically,

Theorem 86. Suppose that S ⊆ V ±Z is defined by finitely many congruence conditions. Then

we have

lim
X→∞

N(S ∩ V ±;X)

X
=
ζ(2)2ζ(3)2

3n±

∏
p

µp(S),

where µp(S) denotes the p-adic density of S in VZ and n+ = 24 and n− = 4π.

Proof. Suppose that S is defined by congruence conditions modulo m. Then S can be viewed

as the union of (say) k translates L1, . . . , Lk of the lattice m ·VZ. For each such lattice Lj we

may compute N(Lj;X) using Proposition 85 but where each d-dimensional volume is scaled

by a factor of 1/md since our new lattice has been scaled by a factor of m. As such,

N(Lj;X) = m−18 vol(RX(v)) +O(m−17X17/12)
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with v ∈ V ± and the implied constant independent of m provided that m� X1/12. Summing

over j and noting that km−18 =
∏

p µp(S) we obtain the theorem.

2.8.7 Controlling the Error: Proofs of Lemmas 82 and 83

Now we have the tools to prove Lemmas 82 and 83. Let us start with the former. The

proof amounts to slicing the set V (a11 = 0) into several smaller subsets and then using

Proposition 85 in order to deduce an upper bound on their total number. The following

lemma lets us do the slicing.

Lemma 87. Let (A,B) ∈ VZ be a box. Then if any of the following sets of coordinates

vanish, then the box is not irreducible.

(i) {a11, a12, a13},

(ii) {a11, a21, a31},

(iii) {a11, a12, a21, a22},

(iv) {a11, a12, b11, b12}, or

(v) {a11, a21, b11, b21}.

Proof. In the first three cases, det(A) = 0, and so det(v) is a multiple of x and obviously

not irreudcible. In case (iv), either a13 or b13 is zero, or can be made zero through a rational

linear combination of A and B. Hence, one of A and B will have determinant zero and

det(v) will once again be reducible. Similarly for case (v).

Proof of Lemma 82. Following the method developed in [14], we divide the set of all (A,B) ∈

VZ into a number of cases depending on which initial coordinates are zero and which are

nonzero. These cases are described in the second column of Table 1. The vanishing conditions

in the various subcases of Case n + 1 have been obtained by setting equal to 0—one at a
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time—each variable that was assumed to be nonzero in Case n. If such a resulting subcase

satisfies the reducibility conditions of Lemma 87, it is not listed. In this way, it becomes clear

that any absolutely irreducible element in VZ must satisfy precisely one of the conditions

enumerated in the second column of Table 1. In particular, there is no Case 5, because

assuming any nonzero variables in Case 4 to be zero immediately results in reducibility by

Lemma 87.

Let T denote the set of all eighteen variables aij, bij. For a subcase C of Table 2.1, we

use T0 = T0(C) to denote the set of variables in T assumed to be 0 in Subcase C, and T1 to

denote the set of variables in T assumed to be nonzero.

Each variable t ∈ T has a weight, defined as follows. The action of a(s) · λ on

(A,B) ∈ V causes each variable t to multiply by a certain weight which we denote by w(t).

These weights w(t) are evidently rational functions in λ, s0, s1, s2, s3, s4.

Let V (C) denote the set of (A,B) ∈ VR such that (A,B) satisfies the vanishing and

nonvanishing conditions of Subcase C. For example, in Subcase 2a we have T0(2a) = {a11, b11}

and T1(2a) = {a12, a21}; thus V (2a) denotes the set of all (A,B) ∈ VZ such that a11 = b11 = 0

but a12, a21 6= 0.

For each subcase C of Case n (n > 0), we wish to show that N(V (C);X), as defined

by (2.17), is O(X17/12). The equality (2.21) implies that

N∗(V (C);X)�
∫ X1/12

λ=c′

∫ ∞
s0,s2,...,s4=c

σ(V (C)) s−2
0 s−6

1 s−6
2 s−6

3 s−6
4 d×rd×sd×t d×λ, (2.22)

where σ(V (C)) denotes the number of integer points in the region B(u, s, λ,X) that also

satisfy the conditions

t = 0 for t ∈ T0 and |t| ≥ 1 for t ∈ T1. (2.23)
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Now for an element (A,B) ∈ B(u, s, λ,X), we evidently have

|t| ≤ Cw(t) (2.24)

and therefore the number of integer points in B(u, s, λ,X) satisfying (2.23) will be nonzero

only if we have

Cw(t) ≥ 1 (2.25)

for all weights w(t) such that t ∈ T1. Now the sets T1 in each subcase of Table 2.1 have

been chosen to be precisely the set of variables having the minimal weights w(t) among the

variables t ∈ T \ T0 (by “minimal weight” in T \ T0, we mean there is no other variable

t ∈ T \T0 with weight having smaller exponents for all parameters λ, s0, . . . , s4). Thus if the

condition (2.25) holds for all weights w(t) corresponding to t ∈ T1, then—by the very choice

of T1—we will also have Cw(t)� 1 for all weights w(t) such that t ∈ T \ T0.

Therefore, if the region B = {(A,B) ∈ B(u, s, λ,X) : t = 0 ∀t ∈ T0; |t| ≥ 1 ∀t ∈

T1} contains an integer point, then (2.25) and Lemma 85 together imply that the number

of integer points in B is O(Vol(B)), since the volumes of all the projections of u−1B will in

that case also be O(Vol(B)). Now clearly

Vol(B) = O
(
C18−|T0|

∏
t∈T\T0

w(t)
)
,

so we obtain

N(V (C);X)�
∫ X1/12

λ=c′

∫ ∞
s1,s2,...,s7=c

∏
t∈T\T0

w(t) s−2
0 s−6

1 s−6
2 s−6

3 s−6
4 d×s d×λ (2.26)

where the variables of integration are restricted by the conditions (2.25) for t ∈ T1.

The integral (2.26) can be carried out in a straightforward manner for each of the

eight subcases C occurring in Table 2.1. For example, consider Case 3a. The integral (2.26)

71



Case The set S ⊂ VZ defined by N(S;X)�
0. a11 6= 0 X18/12

1. a11 = 0 ; X17/12

a12, a21, b11 6= 0

2a. a11, b11 = 0 ; X16/12

a12, a21 6= 0

2b. a11, a12 = 0 ; X16/12 log X
a13, a21, b11 6= 0

2c. a11, a21 = 0 ; X16/12 log X
a31, a12, b11 6= 0

3a. a11, a12, a21 = 0 ; X16/12

a13, a31, a22, b11 6= 0

3b. a11, a12, b11 = 0 ; X15/12 log X
a21, b12 6= 0

3c. a11, a21, b11 = 0 ; X15/12 log X
a12, b21 6= 0

4. a11, a12, a21, b11 = 0 ; X14/12log X
a22, b12, b21 6= 0

Table 2.1: Cases 1–4 occurring in the proof of Lemma 82.

then becomes

N(V (3a);X)�
∫ X1/12

λ=c′

∫ ∞
s1,s2,...,s7=c

∏
t∈T\T0

(λ15s3
0 s

3
1 s

3
2 s

3
3 s

3
4) s−2

0 s−6
1 s−6

2 s−6
3 s−6

4 d×s d×λ, (2.27)

where the variables of integration are restricted to the region

Cs3s
2
4

s0s2
1s2

≥ 1,
Cs1s

2
2

s0s2
3s4

≥ 1,
Cs1s3

s0s2s4

≥ 1,
Cs0

s2
1s2s2

3s4

≥ 1. (2.28)

Choosing first to integrate over s0, and then over the other variables (which is then trivial),

yields O(X16/12), as given in the third column of Table 2.1.

The identical arguments may also be applied to the remaining subcases in Table 2.1,

yielding the estimates listed in the third column of Table 2.1. This completes the proof.

Finally, Lemma 83 was a lemma about how many reducible boxes we were counting
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when we use N∗(S;X) instead of N(S;X). In particular, we are in the case when a11 6= 0.

Proof of Lemma 83. Recall we wish to show that the total contribution to N∗(V ;X) by

reducible forms with a11 6= 0 is o(X3/2). To see this, consider the collection �
�(3)p ⊆ VZp

consisting of the complement of those forms with splitting type (3). Then Proposition 80

and Figure 4.2 in Chapter 4 imply that the p-adic density of ��(3)p is

1− 1

3
· p

7(p− 1)(p2 − 1)3(p3 − 1)2

p20
· p2

p2 + p+ 1
= 1− 1

3
· (p− 1)2(p2 − 1)3(p3 − 1)

p11

=
2

3
+

2p10 + 2p9 − 5p8 − 2p7 + 4p6 + 4p5 − 2p4 − 5p3 + 2p2 + 2p− 1

p11

and so in particular ∏
p

µp(��(3)p) = 0 (2.29)

Next we note that in the previous proof we saw that N∗(VZ;X) = O(X3/2) and the

proof of Theorem 86 shows that for any Y > 0

lim
X→∞

N∗(V ± ∩p<Y �
�(3)p;X)

X3/2
= O

(∏
p<Y

µp (��(3)p)

)

where the constant is independent of Y . Letting Y run to infinity, we can immediately

compute the lim sup to be

lim sup
X→∞

N∗(V ± ∩�
�(3);X)

X3/2
= 0.

In particular, N∗(��(3);X) = o(X3/2).
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2.9 A Sieve and the Proof of Theorem 40

So far we have shown how to compute the sum N(S;X) for S defined by a finite number of

congruence conditions. Of most interest to us are those congruence conditions which define

the maximality of an order at a given prime, for if S corresponds to maximal cubic orders,

then N(S;X) is precisely the sum of the class number times the regulator of the associated

cubic field. However, this S is defined by an infinite number of congruence conditions, we

must use a sieve.

We let MAX = ∩pMAXp be the set of all f ∈ VZ corresponding to maximal cubic

rings R(f). From Section 2.7, p-adic density of MAXp is µ(MAXp) = (p2− 1)2(p3− 1)(p8 +

p6 − 2p5 − 2p4 + 2p2 + p− 1)/p15. From Theorem 86, we then know that

lim
X→∞

N(V ± ∩p<Y MAXp;X)

X3/2

=
ζ(2)3ζ(3)2

3n±

∏
p<Y

(p2 − 1)2(p3 − 1)(p8 + p6 − 2p5 − 2p4 + 2p2 + p− 1)

p15

Now MAX ⊆ ∩p<Y MAXp, so N(MAX∩ V ±;X) ≤ N(V ± ∩p<Y MAXp;X). Thus, for all Y

we have

lim sup
X→∞

N(V ± ∩MAX;X)

X3/2

≤ ζ(2)3ζ(3)2

3n±

∏
p<Y

(p2 − 1)2(p3 − 1)(p8 + p6 − 2p5 − 2p4 + 2p2 + p− 1)

p15
.

Since each factor in the product is less than 1, the right hand side is decreasing as Y →∞,
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so we have that

lim sup
X→∞

N(V ± ∩MAX;X)

X3/2

≤ ζ(2)3ζ(3)2

3n±

∏
p

(p2 − 1)2(p3 − 1)(p8 + p6 − 2p5 − 2p4 + 2p2 + p− 1)

p15
.

Now we would like to handle the lim inf. To do so, let Zp be the sublattice of VZ

corresponding to triples (O, (I, I ′)) such that O is nonmaximal at p and one of the following

is true:

• O is imprimitive at p,

• O is primitive at p and I is globally invertible, or

• O is primitive and I is not proper at p.

We call these situations Z(1)
p , Z(2)

p , and Z(3)
p , respectively. Write Zp = Z(1)

p ∪ Z(2)
p ∪ Z(3)

p .

Lemma 88. For any Y , we have that

MAX =

[⋂
p<Y

MAXp

]
−

[⋃
p≥Y

Zp

]
.

Proof. Certainly MAX ⊆
⋂
p<Y MAXp and by definition MAX ∩ Zp = ∅.

In the other direction, we note that we are assuming first that O is maximal at all

primes less than Y , so if O is nonmaximal then it must be nonmaximal at some prime p ≥ Y .

At this prime, it can either be imprimitive (Z(1)
p ) or primitive. So suppose that O is globally

primitive. Then since O is cubic it is Gorenstein [56, Theorem 5.12], and hence I being

globally invertible is equivalent to being globally proper. So the lemma is proved.
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As such,

N(V ± ∩MAX;X) = N(V ±
⋂
∩p<Y MAXp;X)−N(

⋃
p≥Y

V ± ∩ Zp;X) (2.30)

≥ N(V ±
⋂
∩p<Y MAXp;X)−

∑
p≥Y

N(V ± ∩ Zp;X). (2.31)

So for every Y , we have that

lim inf
X→∞

N(V ± ∩MAX;X)

X3/2
≥ lim inf

X→∞

N(V ±
⋂
∩p<Y MAXp;X)

X3/2
− lim sup

X→∞

∑
p≥Y

N(V ± ∩ Zp;X)

X3/2
.

Now we know from Theorem 86 that the lim inf on the right hand side is equal to

lim inf
X→∞

N(V ±
⋂
∩p<Y MAXp;X)

X3/2

=
ζ(2)3ζ(3)2

3n±

∏
p<Y

(p2 − 1)2(p3 − 1)(p8 + p6 − 2p5 − 2p4 + 2p2 + p− 1)

p15
.

So we are left to deal with the lim sup on the right hand side. But by Fatou’s Lemma,

we know that

lim sup
X→∞

∑
p≥Y

N(V ± ∩ Zp;X)

X3/2
≤
∑
p≥Y

lim sup
X→∞

N(V ± ∩ Zp;X)

X3/2
.

So we are left with determining the lim sups in the various addends. The main result is the

following lemma.

Lemma 89. We have that

lim sup
X→∞

N (V ± ∩ Zp;X)

X3/2
� 1

p2
.

We prove this lemma in the following sections by showing that each N(Z(i)
p ;X) �

X/p2.
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This lemma then implies that

∑
p≥Y

lim sup
X→∞

N(V ± ∩ Zp;X)

X3/2
� 1

Y
,

and so sending Y →∞ yields that the lim inf is bounded below by the same quantity as the

lim sup, and hence we have proved the main theorem.

Remark 90. Here we would like to thank A. Shankar for pointing out that our first version of

the proof of Lemma 89 was incorrect. That proof was in the style of Bhargava’s uniformity

estimates in [12, 15], which is sufficient for Z(1)
p and Z(3)

p . However, we eventually saw that

Z(2)
p is much more problematic than first believed. We discuss in Section 2.9.2 why this

method of proof fails for Z(2)
p and provide an alternate proof based on average case methods.

2.9.1 The imprimitive and improper cases

Lemma 91. We have that

lim sup
X→∞

N
(
Z(1)
p ;X

)
X3/2

� 1

p4−ε .

Proof. If (A,B) ∈ VZ corresponds to (O, (I, I ′)) and O is imprimitive at p, then we know

that f(x, y) = det(Ax − By) ≡ 0 (mod p). The coefficients of f over Z are algebraically

independent and cut out a subvariety of VZ of codimension 4. As such, we know that Z(1)
p is

a subset of VZ cut out by congruence conditions of codimension 4. So Theorem 86 and the

Weil conjectures imply that

lim sup
X→∞

N
(
Z(1)
p ;X

)
X3/2

� 1

p4−ε

with the implied constant independent of p.
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Next consider the case of Z(3)
p . (We will handle Z(2)

p in the next section.)

Lemma 92. When O is primitive at p and I is improper at p, there is some O′ such that

O ⊆ O′ ⊆ (I : I) such that I is an ideal of O′ and [O′ : O] = p.

Proof. Note that we are under the jurisdiction of Lemma 81. In case (iii) it is easy to see

that det(Ax − By) ≡ 0 (mod p) so O is imprimitive at p, and hence we are in case (i) or

case (ii).

Suppose that we are in case (i). Then we may assume that either A ≡ 0 (mod p) or

A = cB (mod p) for some c ∈ F×p with det(B) 6= 0 (mod p). In the first case, it is obvious

that −ω acts by 0 on both I and I ′ from (2.10). On other hand, the determinant of the

matrix which is the same as B but with a single row or column exchanged with the same

row or column of A, then the linearity of the determinant implies that −ω acts by −c det(B)

on both I and I ′.

Now suppose we are in case (ii). Since A has rank 1, so does its transpose, and so

−ω acts by 0 on both I and I ′ according to (2.10). So we have shown that both I and I ′

are O′ ideals. Moreover, II ′ ⊆ O ⊆ O′ and the product of the norms of I and I ′ remain the

same. As such, I ′ is still a weak inverse of I.

Note that ρ(I, I ′) depends only on the pair (I, I ′), and hence regulator also only

depends on the pair (I, I ′). Similarly, since we are considering the case when O is nondegen-

erate, we know that the equivalence of (I, I ′) and (J, J ′) only depends on elements of O⊗Q.

So the sum of the regulators of (I, I ′) over ideal classes of O is bounded above by the sum

of the regulators of (I, I ′) over ideal classes of O′ times the total number of subrings of O′

of index p.

To arrive at this latter bound, we break the remainder of Z(3)
p into two further subsets

based upon O′ in the previous lemma. Let Z(3prim)
p consist of those triples for which O′ is

primitive, and Z(3imp)
p consist of those triples for which O′ is imprimitive.

78



Lemma 93. We have that

lim sup
X→∞

N
(
Z(3prim)
p ;X

)
X3/2

� 1

p3
.

Proof. If O′ is primitive, then we know from [19, Lemma 30] that there are at most 3 subrings

of O′ of index p. Moreover, ∆(O′) = ∆(O)/p2. Combining these facts, we find that

N
(
Z(3prim)
p ;X

)
X3/2

�
N
(
V ; X

p2

)
X3/2

� 1

p3
.

Lemma 94. We have that

lim sup
X→∞

N
(
Z(3imp)
p ;X

)
X3/2

� 1

p5−ε .

Proof. If O′ is imprimitive, then we no longer have the bound of [19, Lemma 30], but we

do have that there are O(p2) sublattices of O′ of index p. As such, we may compute (using

Lemma 91)

lim sup
X→∞

N
(
Z(3imp)
p ;X

)
X3/2

� lim sup
X→∞

p2N
(
Z(1)
p ; X

p2

)
X3/2

� 1

p5−ε .

2.9.2 Invertible ideals in nonmaximal rings

We now address the set Z(2)
p which consists of triples (O, (I, I ′)) with O nonmaximal and

primitive but I globally invertible. We first explain why the style of proof where we use

worst case bounds on the addends of the sum N(Z(2)
p ;X) presents major difficulties. Then

we prove our bound by turning to average case methods.
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Why worst case bounds fail

The total number of triples in Z(2)
p is bounded above by the product of

• the total number of cubic rings which are nonmaximal at p, i.e., how many O are there,

and

• the maximum size of the class number times the regulator of a primitive cubic ring

with discriminant at most X.

We now give a heuristic that such bounds will not yield any uniformity of the formN(Z(2)
p ;X)/X3/2 �

1/p1+δ for any δ > 0.

To the first bullet point, we recall Proposition 29 of [19], which states that the total

number of cubic rings with discriminant at most X which are nonmaximal at p is O(X/p2).

As to the second bullet point, we have a theorem of Sands, which is as follows.

Theorem 95 ([96]). Suppose that O is an order in a number field of degree n. Then

h(O) Reg(O)�n ∆(O)1/2 (log ∆(O))n−1 (log log ∆(O))n/2 .

As such, we see8 from (the proof of) Theorem 86

N
(
Z(2)
p ;X

)
X3/2

� 1

X3/2
· X
p2
·X1/2 (logX)2 (log logX)1/2 + pX−1/12.

So in order that N(Z(2)
p ;X) � O(X/p1+δ) for some δ, we will need p � log3/2+δ′ X where

δ′ > δ/2. So we will need to send Y and X to ∞ simultaneously with Y growing like

log3/2+δ′ X.

8 The uniformity claimed here is not exactly proven in Theorem 86. In particular, the constant there
depends on m being fixed! In order to get a uniform bound in p and X, one must convert the argument to
using a homogeneously expanding region, as, for example is done in [12].
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However, Theorem 86 is also how we were able to write

N(V ±
⋂
∩p<Y MAXp;X) = C

∏
p<Y

µp(Sp) +O
(
X−1/12m

)
.

But the condition of being maximal at p is a congruence condition modulo p2, so here m =∏
p<Y p

2 by the Chinese Remainder Theorem. For fixed Y , this allowed us to immediately

take the limit. But if Y is varying, then in order to obtain uniformity in the error term, we

must have that
∏

p<Y p
2 = o(X1/12).

But we know that the Chebyshev function
∣∣∣∑p<Y log(p)− Y

∣∣∣ � Y/ log(Y ), and so

in particular, we know that ∏
p<Y

p = exp [(1 + o(1))Y ] .

So in order that m =
∏

p<Y p
2 = o(X1/12) we would need to take Y � log(X), which is in

particular strictly smaller than log2+δ′(X).

So in order to continue with this method of simply using worst case bounds, we

would either have to improve estimates on the number of everywhere primitive rings which

are nonmaximal at p or we would have to improve Sands bound.

For the latter point, there is some chance that the
√

log logX could be saved. But

the bound without the
√

log logX is exactly Siegel’s version of Sands’ theorem when O is

maximal, so we probably should not hope for much.

As to improving the number of everywhere primitive rings which are nonmaximal at p,

we note that Proposition 15 of [19] tells us that if O corresponds to the binary cubic form f 6≡

0 (mod p), then the total number of subrings of O is the total number of roots of f modulo p.

So the total number of primitive rings which are nonmaximal at p with discriminant at most

X is bounded below by the total number of maximal rings with discriminant at most X/p2

which do have splitting type (3) at p. But we have already seen in the proof of Lemma 83

µp(��(3)p) = 2/3 +O(1/p) as p→∞. Hence, we have a lower bound of Ω(X/p2).
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Average case methods

In this section, we obtain bounds for Z(2)
p based on some analytic techniques. These are a

preview of Chapter 4.

First, by partial summation9 we have already shown in this chapter that

lim
X→∞

1

X

∑
∆(O)<X

L(O, 1) = C (2.32)

where the sum is over all orders in number fields with ∆(O) < X and C is a finite,

nonzero constant. Moreover, by the same partial summation computation, to show that

N(Z(2)
p ;X)� X/p2, we need only show that

∑
∆(O)<X

(O,(I,I′))∈Z(2)
p

L(O, 1)� X/p2 (2.33)

where the implied constant is independent of p.

Now for any triple (O, (I, I ′)) corresponding to points in Z(2)
p we have that O is non-

maximal at p. Thus, we may invoke the Davenport-Heilbronn correspondence of Lemma 71.

Since O is primitive, we know that we must be in case (i). So [O′ : O] = p.

Let us compare the L-functions of O and O′ at 1. Note that Lq(O, s) = Lq(O′, s) for

all primes q 6= p since O′q = Oq. So the only thing left to compare is Lp(O, 1) and Lp(O′, 1).

Lemma 96. Let O be an order in a cubic number field which is nonmaximal at p. Then

Lp(O, 1) = 1.

Proof. There are only six possible values ofO⊗Fp. Of these, four imply that the discriminant

of O is divisible by at most one power of p, which is not possible since ∆(O) = p2∆(O′).

The two remaining possibilities are Fp[x]/(x3) and Fp[x]/(x, y)2. In either case, it is easy to

calculate that Lp(O, 1) = 1.

9See Section 4.2.1 for details.
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Lemma 97. For O an order in a cubic number field, Lp(O, 1) ≥ 1 unless O⊗ Fp is a field.

Proof. This is a simple calculation. See Table 4.2 for the exact values.

So now we are in a position to compute (2.33). To do so, we divide Z(2)
p into two sets:

either O′ is primitive or it is not. We call the first set Z(2prim)
p and the second set Z(2imp)

p .

In both cases we proceed much like our computations for Z(3)
p .

Lemma 98. We have that N(Z(2prim)
p ;X)� X/p2.

Proof. By Lemma 30 of [19], we know that O′ has at most 3 subrings of index p. Also, we

note that if O′ ⊗ Fp is a field, then Lemma 96 and Table 4.2 imply that

Lp(O, 1) =
p2 + p+ 1

p2
L(O′, 1).

Combining all these facts with Lemma 97 we find that

∑
∆(O)<X

O′ primitive

L(O, 1)�
∑

∆(O′)<X/p2
τ(O′)6=(3)

L(O′, 1) +
p2 + p+ 1

p2

∑
∆(O′)<X/p2
τ(O′)=(3)

L(O′, 1).

Allowing both sums to range over all orders in number fields with norm discriminant less

than X/p2 allows us to apply (2.32), which says that both sums are � X/p2. But then

arithmetic tells us that the right hand side is � X/p2.

Lemma 99. We have that N(Z(2imp)
p ;X)� X/p4−ε.

Proof. In this case, O′ has O(p2) subrings of index p. So as in the previous lemma, we may

write ∑
∆(O)<X

O′ is imprimitive

L(O, 1)� p2
∑

∆(O′)<X/p2
O′imprimitive

L(O′, 1).

Note that we do not have to separate the sum by the splitting type of O′ since O′ is im-

primitive, hence nonmaximal, and hence Lemma 96 applies. But now by partial summation
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and Lemma 91 we know that the sum on the right is O(X/p6−ε). So by multiplying by p2,

we arrive at the statement of the lemma.

2.A Appendix: Comment on Conjecture 65

In this appendix, we address a problem with extending Conjecture 65 to local almost trivial

local specifications when the degree d of the order is sufficiently large. In fact, we show

Proposition 100. For d� 0 we have that c(Σ) is infinite, where Σ is the trivial collection

of local specifications.

The proof begins with two simple lemmas.

Lemma 101. Suppose that B is a commutative ring and that S is a B algebra. Suppose

further that b ∈ B. Then R = B + bS is a B subalgebra of S.

Proof. Since any two elements of R can be written as ai + bsi with i = 1, 2, we see that

(a1 + bs1) + (a2 + bs2) = (a1 + a2) + b(s1 + s2). But a1 + a2 ∈ B since B is a ring and

s1 + s2 ∈ S since S is a B module. Hence the lemma.

Lemma 102. Suppose that B, S, and b are as in Lemma 101. Now suppose that R ⊆ B+bS

is some B submodule of S, i.e., it is closed under addition. If we further have that B+b2S ⊆

R then R is actually a subalgebra of S, i.e., it is closed under multiplication.

Proof. Let ai + bsi ∈ R with i = 1, 2 and ai ∈ B and si ∈ S. Then (a1 + bs1)(a2bs2) =

a1a2 + b(a1s2 + a2s1) + b2s1s2. Since a1, a2 ∈ B we know that a1(a2 + bs2) + a2(a1 + bs1) =

2a1a2 + b(a1s2 + a2s1) ∈ R, and since a1a2 ∈ B we know that a1a2 + b(a1s2 + a2s1) ∈ R. So

it suffices to show that b2s1s2 ∈ R. But b2s1s2 ∈ b2S ⊆ R by assumption.

To examine the consequences of Lemmas 101 and 102, fix Op a nondegenerate, un-

ramified10 degree d extension of Zp for some prime p. That is, Op = O ⊗ Zp for the ring of

10These restrictions are not necessary for our analysis to go through, but they make some computations
easier.
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integers O of some degree d number field unramified at p. Then according to the lemmas,

every sublattice R of Op such that

Zp + p2Op ⊆ R ⊆ Zp + pOp

is actually a subring.

Now the number of automorphisms of R is bounded above by the number of auto-

morphisms of kp = Op⊗Qp since any automorphism of R must extend to an automorphism

of kp. So let us further fix kp to be the cyclic field extension of Qp so that the number of

automorphisms of R is bounded above by d.

Further, we know that if R′ is another lattice between Zp + p2Op and Zp + pOp such

that there exists an abstract isomorphism ϕ : R → R′ of Zp algebras, then ϕ extends to an

abstract automorphism of R ⊗Qp = R′ ⊗Qp = kp via the inlusion mappings. Hence, there

are at most d distinct sublattices between Zp + p2Op and Zp + pOp which are isomorphic to

R.

Now recall that c(Σ) was defined as

c(Σ) =

(
1

2

∑
R∈Σ∞

1

# AutR(R)

) ∏
p finite

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# Aut(R/Zp)
. (2.34)

So by combining the two previous paragraphs, we know that the sum in (2.34) for a fixed

finite p is bounded below by

∑
[R] an isomorphism class of

Zp+p2Op⊆R⊆Zp+pOp

1

Discp(R)
· 1

Aut(R)
≥ 1

d2

∑
Zp+p2Op⊆R⊆Zp+pOp

1

Discp(R)
, (2.35)

where the first sum is over a set of representatives of isomorphism classes of such R.

But Discp(R) = n2 Discp(Op) where11 n = [Op : R] is the index of R in Op. Since we

11This relies on the fact that we are concerned here with the absolute discriminant over Zp, for it relies
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have assumed that Op is unramified, we know that Discp(R) = n2. But the index of R in Op

is pd−1 times the index of the image of R in (Zp+pOp)/(Zp+p2Op) ∼= (Z/pZ)d−1. Moreover,

R is determined by its image. As such, we know that the right hand side of (2.35) is equal

to

1

d2

d−1∑
r=0

# Gr(r, d− 1; p)

p2(d−1+r)
(2.36)

where Gr(r, d− 1; p) is the Grassmannian of r planes in d− 1 space over Fp.

Now the Grassmannian Gr(r,m; p) is a homogenoues space for GLm(Fp) whose sta-

bilizing parabolic consists of matrices of the form

A B

0 C


where A ∈ GLr(Fp) and the matrix as a whole is invertible. This leads to the well-known

formula for the order of the Grassmannian

# Gr(r,m; p) =
(pm − 1)(pm − p) · · · (pm − pm−1)

(pr − 1)(pr − p) · · · (pr − pr−1)(pm − pr)(pm − pr+1) · · · (pm − pm−1)

=
(pm − 1) · · · (pm − pr−1)

(pr − 1) · · · (pr − pr−1)

=
(pm − 1) · · · (pm−r+1 − 1)

(pr − 1) · · · (p− 1)
. (2.37)

This is in turn at least

(pm − 1) · · · (pm−r+1 − 1)

p(
r+1

2 )
.

Consider then the case when r = bd/2c. Then as d→∞ we have that

# Gr(r, d− 1; p) ≥ (pd−1 − 1) · · · (pd−r − 1)

p(
r+1

2 )
∼ p(d−1)+(d−2)+···+bd/2c−(bd/2c+1

2 )

on the structure theorem of modules over PIDs like Zp.
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The total in the exponent of p in the above is asymptotically d2/4. But the exponent of

the denominator of the r = bd/2cth term of the sum in (2.36) is linear in d. As such, the

quotient

# Gr(bd/2c, d− 1; p)

p2(d−1+bd/2c)

grows much faster than d2, and hence the pth factor of (2.34) eventually becomes strictly

greater than 3. In fact, if this is true for p = 2, then it is true for all primes. Then

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# Aut(R)

is bounded away from 1 for all p, and hence the product in (2.34) is infinite.
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Chapter 3

Asymptotics of the Square of the

Class Number Times the Regulator of

Quadratic Fields and Orders

3.1 Introduction

In Chapter 2, we used the geometry of numbers to give asymptoics for the sum

∑
∆(O)<X

h(O) Reg(O) (3.1)

where O ran over (subsets of) cubic rings with ∆O = |Disc(O)| is the absolute discriminant

of O, h(O) is the ideal class number of O, and Reg(O) is its regulator. This method was

analogous to the work of Siegel [101] using binary quadratic forms to compute the same

number for orders in quadratic fields.

In that chapter, we also computed the sum (3.1) when the class number was replaced

by the total number of proper ideal classes. In this chapter, we see in Section 3.4 that for

quadratic rings, an ideal is proper if and only if it is invertible. So this distinction will be
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meaningless.

There is one more prehomogeneous vector space known whose integral orbits cor-

respond to ideals in orders in number fields. This is the space of 2 × 2 × 2 boxes, which

corresponds roughly to pairs of ideals in quadratic orders (see Section 3.3 or [9] for the

original reference). As such, we should be able to compute

∑
∆(O)<X

h(O)2 Reg(O)2 (3.2)

asO ranges over (some nice subsets of) orders in quadratic number fields. This we accomplish

in Section 3.6 and Section 3.7. Our result is the following, which the reader should compare

to the main theorem of Chapter 2.

Theorem 103. Let M±(X) be the sum

M±(X) =
∑

0<±Disc(O)<X

h(O)2 Reg(O)2 (3.3)

be the sum of the square of the class number times the regulator of quadratic orders with

0 < ±Disc(O) < X. Then

M±(X) ∼ X2 ζ(2)2

2n±

∏
p

(
1− 3p−3 − p−4 + 4p−5 − p−7

)

Similarly, if N±(X) is (3.3) restricted to maximal orders, then

N±(X) ∼ X2 ζ(2)3

2n±

∏
p

(
1− p−2 − 3p−3 + 2p−4 + 4p−5 − 3p−6 − p−7 + p−8

)
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3.2 Points in Products of Projective Spaces

In [14, Section 2], Bhargava points out that the parameterization of rank n étale Q algebras

amounts to finding a parameterization of all the dimension 0 subschemes of Pn−2
Q such that

geometrically the scheme consists of n distinct points in linearly general position1. For

n = 3, such points are cut out by a single binary cubic form. For n = 4, such points

are the complete intersection of two ternary quadratic forms. Finally, for n = 5, the famous

structure theorem of Buchsbaum–Eisenbud [25] implies that they are cut out by the Pfaffians

of a 5× 5 skew-symmetric matrix of linear forms on P3.

In fact, each of these parameterizations comes from looking at the minimal free resolu-

tion of the points. Indeed, each of these minimal free resolutions has a canonical multiplica-

tive structure (for n = 3, 4 it is the Koszul complex; for n = 5 it is the Buchsbaum–Eisenbud

multiplication) from which you can recover the ring structure Bhargava explicitly writes

down in [11, 14]. Wood worked out the details over an arbitrary base for n = 3, 4 in her

thesis [114, 113], and the present author has made some strides toward the general theory

for n = 5 (see Chapters 5 and 7).

But the present chapter is about ideals in rank n rings. When a rank n ring over Z

is maximal, then fractional ideal classes are the same as line bundles on SpecR → SpecZ.

But line bundles on SpecR give embeddings into projective space, specifically Pn−1
Z . More

generally, m-tuples (I1, . . . , Im) of line bundles give embeddings of SpecR into (Pn−1
Z )m. So

if we want paramterizations of m-tuples of ideals of rank n rings, we should be trying to

determine the minimal free resolution of sets of n general points in (Pn−1
k )m over a field k

and hope that we can extend that insight to work over Z.

The structure theory of codimension d > 2 schemes in Pn is very complicated. How-

ever, when d = 1, 2, it is very well-known. But then there are only three cases we could hope

to cover: 2 points in P1, 3 points in P2, or 2 points in P1 × P1.

1This means that no n− 2 points lie on a hyperplane.
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Well, 2 points in P1 are cut out by binary quadratic forms. Indeed, this yields a

parameterization of the ideal classes in quadratic rings first noticed by Gauss (his so-called

Gauss composition). In the case of 3 points in P2, we may apply the Hilbert-Burch theorem

[46, Theorem 3.1] to see that such points are cut out by the 2× 2 minors of a 3× 2 matrix

of linear forms on P2. That is, ideals in cubic rings should correspond to equivalence classes

of 2 × 3 × 3 boxes. This theory over Z is the content of [10] which we have discussed in

Chapter 2.

Finally we come to the case of concern in this chapter: 2 points in P1 × P1. Suppose

that X ⊆ P1 × P1 is a pair of points. We will write the points of X as (xi, yi) where i = 1, 2

and xi = [xi0 : xi1] and yi = [yi0 : yi1]. We say a pair of points X is general if x1 6= x2 and

y1 6= y2. Then immediately we see that this precludes either a (1, 0) or a (0, 1) form from

vanishing on X.

On the other hand, we see that a pair of (1, 1) forms do vanish on X. Specifically, let

f ix be the linear form cutting out xi ∈ P1 and let f iy be the linear form cutting out yi ∈ P1.

Then the pair of forms f 1
xf

2
y and f 2

xf
1
y will be (1, 1) forms which cut out precisely X.

In the other direction, a pair (f, g) of (1, 1) forms on P1 × P1 will cut out two points

when the projections to each P1 factor consist of two distinct points. Indeed, viewing the

pencil (f, g) as a pair of 2× 2 matrices A,B, we see that the degenerate forms are precisely

rf − sg where (r, s) satsifies det(Ar − Bs) = 0. Now in P1 × P1, a degenerate (1, 1) form

gives precisely x × P1 and P1 × y. In particular, we see that a pair of (1, 1) forms will cut

out a pair of generic points precisely when det(Ar − Bs) has two distinct zeros. But this

occurs precisely when the discriminant of det(Ar − Bs) is nonzero. Such a pair we call

nondegenerate. This is exactly the invariant that we will describe in Section 3.3 when we

discuss Bhargava’s parameterization of pairs of ideal classes.

So we have seen that a pair of nondegenerate points in P1×P1 is cut out by a pair of

(1, 1) forms with nonzero discriminant. After choosing bases, we may identify such pairs with
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elements of Vk = k2⊗ k2⊗ k2. Moreover, since these two points are a complete intersection,

we know that the two points determine the ideal and vice-versa. In particular, if we consider

equivalence classes of pairs of points in P1 × P1, i.e., pairs of points up to the action of

GL2(k)×GL2(k), then we see the set of all pairs of (1, 1) forms which cut out those equivalence

classes form a single orbit in k2⊗k2⊗k2 under the action of Ḡ(k) = GL2(k)×GL2(k)×GL2(k).

In fact, we readily see that this construction is Galois invariant. In particular, if

X ⊆ P1 × P1 is a codimension 2 degree 2 subscheme which geometrically consists of a pair

of general points, then X is the complete intersection of a pair of (1, 1) forms. This implies

the following theorem.

Theorem 104. Let k be a field with separable closure k̄. Then there is a canonical bijection

between Ḡ(k) orbits on Vk and codimension 2, degree 2 subschemes of P1
k × P1

k which over k̄

consist of two distinct points.

Translating this theorem to work over Z is the topic of the next section.

3.3 Gauss–Bhargava Composition

In this section, we review Gauss’s correspondence between the class groups of quadratic fields

and equivalence classes of binary quadratic forms with integer coefficients. Since Gauss, this

theory has been developed to much greater lengths by several authors, of late by M. Bhargava

[9] and his student M.M. Wood [114, 112]. We will follow Bhargava’s description over Z as

the general case handled by Wood requires extremely careful definitions.

Throughout, V = VZ = Z2 ⊗ Z2 × Z2, the space of 2× 2× 2 boxes. We regard v ∈ V

as a pair (Ai, Bi) of 2× 2 matrices over Z in three different ways, corresponding to the three

factors of Z2. Then we write deti(v) = det(Aix − Biy). Each of these binary quadratic

forms deti(v) = aix
2 + bixy + ciy

2 has a discriminant Disci(f) = b2
i − 4aici. Regarded as a

polynomial function in the entries of Ai and Bi, this discriminant has degree 4.
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Moreover, SL2 C × SL2 C × SL2 C acts on VC, and one readily computes that V has

a unique polynomial invariant of degree 4 and each Disci(v) is a polynomial invariant of

degree 4. Then Disci(v) = cij Discj(v) for some cij ∈ {±1} for all i, j. But one may check

any particular box, say

A1 =

1

1

 B1 =

1

1


to see that cij = 1 for all i, j. As such, for any v ∈ V , we denote Disc(v) = Disci(v) for all

i = 1, 2, 3.

Recall that to every D ≡ 0, 1 (mod 4) there is a unique quadratic ring over Z of

discriminant D. If D = m2D′ where D′ is a fundamental discriminant, then R = Z +mOK

where K = Q(
√
D′) and OK is K’s ring of integers. If D is 0, then R = Z[x]/(x2). If D = m2

is a square, then R = Z +m(Z⊕ Z).

Definition 105. To any v ∈ VZ, let R(v) denote the quadratic ring over Z with Disc(R(v)) =

Disc(v). We say that v is nodegenerate if and only if R(v) is nondegenerate if and only if

Disc(v) 6= 0.

Let G′ be the algebraic group whose B points are G′(B) = GL2(B) × GL2(B) ×

GL2(B)/{(r, s, t) ∈ (B×)3 : rst = 1} PID B. Here, by (B×)3 ⊆ (GL2B)3 we mean the

multiplicative groups embedded diagonally. In particular, this is the kernel of the canonical

action of GL3
2 on V .

Now the work above shows that the quadratic ring associated to deti(v) is the same

for each i. Then Gauss gave a method of constructing for every binary quadratic form an

ideal in the quadratic ring R(v). As such, to a 2× 2× 2 box, we get a quadratic ring R and

three ideal classes I1, I2, I3. In [9], Bhargava shows that when v is nondegenerate we have

• I1I2I3 ⊆ R, and

• N(I1)N(I2)N(I3) = 1,
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where N(I) is the norm of the ideal I. We call such a triple of ideals balanced.

Moreover, we know that every quadratic ring R(v) is monogenic, i.e., may be written

as R(v) = Z[x] for some x ∈ R. Using this, for any triple of ideals I1, I2, I3 satisfying these

conditions, Bhargava recovers a 2× 2× 2 box (aijk) where the aijk are given by

α1iα2jα3k = cijk + aijkx

where αi1, αi2 is a basis of Ii.

There is an obvious action of GL2 Z on each of the Ii by change of basis, and Bhar-

gava demonstrates that if we consider equivalence classes of triples I1, I2, I3, then the natural

action of (GL2 Z)3 descends to a natural action of G′(Z). Here two triples (I1, I2, I3) ∼

(I ′1, I
′
2, I
′
3) are equivalent if there are some ε1, ε2, ε3 ∈ R ⊗ Q such that Ii = εiI

′
i and

N(ε1ε2ε3) = 1.

Theorem 106 ([9]). There is a one-to-one correspondence between pairs (R, (I1, I2, I3)) of

nondegenerate quadratic rings R over Z and equivalence classes of balanced triples (I1, I2, I3)

and G′(B) orbits on VB.

In fact, as a corollary of the construction, we may in fact determine the stabilizer of

v ∈ VZ, at least when I1, I2, and I3 are invertible R ideals and v is nondegenerate.

Corollary 107. Suppose that v ∈ VZ corresponds to (R, (I1, I2, I3)) and suppose further that

each Ii is invertible and R is nondegenerate. Then the stabilizer of v ∈ G′(Z) is isomorphic

to

Aut(R) n (R×/Z×)2

Proof. When I1 and I2 are projective, then the balancing condition implies that I3 is as well.

In particular, End(I1) = End(I2) = End(I3) = R and so Aut(I1) = Aut(I2) = Aut(I3) = R×.

Now for any r, s ∈ R×, we see that the triple (rI1, sI2, (rs)
−1I3) is equivalent to (I1, I2, I3).
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Further, rI1 = I1, so r acts on the basis α11, α12 and we procure a matrix in A ∈ GL2 Z.

Similarly, sI2 = I2 and (rs)−1I3 = I3 so we procure matrices B,C ∈ GL2 Z corresponding

to each of these transformations. Moreover, if r ∈ Z× then A ∈ Z× ⊆ GL2 Z, so is trivial in

G′(Z). As such, we have an injective map (R×/Z×)2 → G′v(Z).

So far, the triples of matrices listed have determinants whose products is +1. But

those are not the only matrices in Gv(Z). In particular, one sees that the map det : G′(Z)→

{±1} is surjective and what we have described is precisely the kernel. The other elements

correspond to those we have just named twisted by the automorphism group of R.

Remark 108. In fact, the entire discussion above makes sense for quadratic rings over any

PID, in particular Zp and Fp. The discussion goes through entirely unchanged for Zp. For

Fp, the norm condition becomes vacuous except to guarantee that the Ii are line bundles as

opposed to simply ideals. For the most general case, please consult [112].

3.4 Some remarks on invertibility

Suppose that R is a rank n ring. Then if I1 and I2 are invertible R-ideals, then so is I1I2

and N(I1I2) = N(I1)N(I2). Moreover, if I3 is an R-ideal with N(I1)N(I2)N(I3) = 1 and

I1I2I3 ⊆ R, then I3 = (I1I2)−1.

Now we would like to repeat ourselves from Section 2 of Chapter 2 for the convenience

of the reader. Recall that to any rank n ring R over a PID B we may define the dual module

of an R-module M to be Hom(M,B). We say that the ring R is Gorenstein when R∨ is a

projective R-module, or what is the same, when R is an injective R-module. The importance

of this property is captured in the following lemma.

Lemma 109. An order O in a number field is Gorenstein if and only if every proper ideal

is invertible.

Proof. It follows from [56, Lemma 5.4] that every proper ideal in a Gorenstein order is
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invertible. For the other direction, note that Hom(O,Z) is always proper. For if x/p ∈ (O∨ :

O∨) with 1, x, x2, . . . , xd−1 a basis of O, then for every ϕ ∈ Hom(O,Z) and y ∈ O we must

have that ϕ(xy) ∈ pZ. But in particular, if ϕ is the map which sends x to 1 and xi and 1 to

0, then ϕ(x · 1) = 1.

Now we turn our attention to quadratic rings. We begin with a very general lemma.

Lemma 110. Every monogenic order in a number field is Gorenstein.

Proof. A map Z[x]→ Z is determined by the images of 1, x, x2, . . . , xn−1, and so Hom(Z[x],Z)

is generated by the map which sends 1 7→ 1 and xi 7→ 0 for all 1 ≤ i < n. Hence Hom(Z[x],Z)

is free and thus projective.

Corollary 111. Every nondegenerate quadratic ring is Gorenstein.

Proof. If O is the order of discriminant D in a quadratic number field, then O = Z[x] where

x =


√
D D ≡ 0 (mod 4)

1+
√
D

2
D ≡ 1 (mod 4).

Finally, Z +m(Z⊕ Z) ∼= Z[x]/(x2 −mx).

In particular, unlike the cubic case, we will not have to worry about noninvertible

proper ideals.

3.5 Local Densities for Maximal Rings and Invertible

Ideals

Whether or not a ring is maximal and whether or not a ring is invertible are local conditions.

As such, slightly abusing notation, let MAXp denote either the subset of VZ whose elements
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correspond to quadruples (R, (I1, I2, I3)) such that R ⊗ Zp is maximal, or this set’s closure

in VZp . Similarly, let INVp be the same, except demanding that I1 and I2 (and hence I3) be

invertible at p.

3.5.1 A Mass Formula

To any free Zp module W , let µW be the additive Haar probability measure on Zp. If R

is a quadratic ring over Zp, let Discp(R) be the discriminant of R as a power of p and let

Regp(R) = µR(R×)/µZp(Z×p ). Then we have the following mass formula.

Proposition 112. Let R be a nondegenerate quadratic ring over Zp and let I1 and I2 be

invertible ideals of R. Then the p-adic density of all elements in VZp corresponding to the

tuple (R, (I1, I2, (I1I2)−1)) is

#G′(Fp)
p10

· 1

# Aut(R)
· 1

Discp(R)
· 1

Regp(R)2

Proof. Since I1 and I2 are invertible, they are principal, and hence (R, (I1, I2, I3)) ∼= (R, (R,R,R)),

so we need only handle this case. Now there are only a finite number of quadratic rings over

Zp with a fixed nonzero discriminant, so there is some large n such that the structure of R is

determined by the ring structure modulo pn, i.e., R/pnR determines R. On the other hand,

the parameterization of Theorem 106 is compatible with base change since all the structure

coefficients are polynomials with integral coefficients. So if two v, v′ ∈ VZp lie in the same

G′Zp orbit, then they lie in the same G′Z/pnZ orbit and vice-versa.

But now that we have a finite group, we may employ the orbit-stabilizer theorem.

According to Corollary 107 reduced modulo pn, we have that the stabilizer of v in G′Z/pnZ
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has order

#G′v,Z/pnZ = # Aut(R/pnR) ·
[
#(R/pnR)×/#(Zp/pnZp)×

]2
= (# Aut(R) Discp(R)) ·

(
p2n Regp(R)2

)
.

So the total density of point v ∈ VZp corresponding to (R, (R,R,R)) is the proportion of

points v ∈ VZ/pnZ corresponding to (R/pnR, (R/pnR,R/pnR,R/pnR)), which is

1

p8n
·

#G′Z/pnZ
p2n ·# Aut(R) ·Discp(R) · Regp(R)2

=
p10(n−1) ·#G′(Fp)

p10n ·# Aut(R) ·Discp(R) · Regp(R)2

3.5.2 Maximal Rings

First note that for any rank n ring R over Zp, we have that Regp(R) is determined by R/pR.

In particular, an element of R is a unit if and only if it is a unit modulo p. As such,

Regp(R) =
#(R/pR)×

#(R/pR)
· p

p− 1
=

#(R/pR)×

p(p− 1)

Now there are three possible reductions of a maximal quadratic ring R over Zp modulo

p corresponding to the three possible splitting types of a prime in Z. We denote these splitting

types (11), (2), and (12), where R/pR is isomorphic to F2
p, Fp2 , and Fp[x]/(x2), respectively.

We will typically denote the splitting type of an object by τ , e.g., τ(Zp ⊕ Zp) = (11). Now

we have the following table tabulating the values of Regp(R) by splitting type: So we have

Table 3.1: Local regulators for quadratic rings by splitting type

Splitting type (11) (2) (12)

Regp
p−1
p

p+1
p

1
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that

max∑ 1

# Aut(R)
· 1

Discp(R)
· 1

Regp(R)2
=
∑
τ

1

Regp(τ)2

max∑
τ(R/pR)=τ

1

# Aut(R)
· 1

Discp(R)
. (3.4)

Here the superscript max means the sum is over maximal quadratic rings.

Now we know that there are four maximal quadratic rings over Zp for p > 2 corre-

sponding to the four square classes of Q×p . Of these, one is split (11), one is inert (2), and

two are ramified (12). Each has automorphism group S2. As such, the sum (3.4) becomes

p2

(p− 1)2
· 1

2
· 1 +

p2

(p+ 1)2
· 1

2
· 1 + 1 ·

(
1

2
· 1

p
+

1

2
+

1

p

)
=
p5 + p4 + p3 − 2p2 + 1

p(p− 1)2(p+ 1)2
.

Combining this we the fact that

#G′Fp =
1

(p− 1)2

[
(p2 − 1)(p2 − p)

]3
= p3(p− 1)4(p+ 1)3 (3.5)

we arrive at

µZp(MAXp) =
p8 − p6 − 3p5 + 2p4 + 4p3 − 3p2 − p+ 1

p8
. (3.6)

3.5.3 Invertible Ideals

If we instead want to count invertible ideals, then we should no longer restrict ourselves to

maximal quadratic rings over Zp. But we know that every quadratic ring over Zp may be

written as R = Zp + pdR′ for some d ≥ 0 and some maximal R′.

Suppose that d > 0. Then we see that the splitting type of R is (12) and so Regp(R) =

1. Moreover, Discp(R) = p2d Discp(R
′). Finally, it remains true that # Aut(R) = 2. As such,

when we take the sum (3.4) to be over all quadratic rings, we see that it becomes the sum
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(3.4) with the additional terms

∑
d≥1

1

2
· 1

p2d
+
∑
d≥1

1

2
· 1

p2d
+
∑
d≥1

1

2
· 1

p2d+1
+
∑
d≥1

1

2
· 1

p2d+1
.

Here the first sum corresponds to subrings of the split maximal ring, the second to subrings

of the inert maximal ring, and the final two to subrings of the two ramified rings. So in

total, this yields an additional

p

p− 1
− 1− 1

p
=

1

p(p− 1)
. (3.7)

Combining (3.4) with (3.7) and (3.5) and applying Proposition 112 we arrive at

µVZp (INVp) = (p7 − 3p4 − p3 + 4p2 − 1)/p7.

3.6 A Geometry of Numbers Argument

Let V = VR be the vector space of boxes over R. Then the action of G′(R) has two nonde-

generate orbits, viz. V + consisting of elements with positive discriminant, and V − consisting

of elements with negative discriminant. In this section, we will get a handle on the total

N(V ±;X) =
∑

Reg(v)

where the sum is over G′(Z) orbits represented by v in VZ lying in V ± and having absolute

discriminant at most X and such that det(v) is irreducible over Q. That is, we are summing

the regulator of ideal classes of orders in quadratic fields.
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3.6.1 Reduction Theory

Over R, we note that G′(R) ∼= GL2(R)× SL±2 (R)× SL±2 (R) where SL±2 (R) consists of 2× 2

matrices with determinant ±1. On the other hand, we note that a fundamental domain F

for the action of G′(Z) on G′(R) is also a fundamental domain for the action of G(Z) on

G(R) where G = GL2× SL2× SL2 ⊆ G′. As we will be counting integral points in a single

R-orbit in VR, we will from now on work with the group G.

We may express elements of G(R) via the Iwasawa decomposition NAKΛ where N

consists of triples of lower triangular matrices, A consists of triples of diagonal matrices of

determinant one, K = O2× SO2× SO2 is the maximal compact, and Λ consists of positive

scalar matrices in GL2(R). Let F be a fundamental domain for the action of G(Z) on

G(R). Then according to Minkowski’s theory of such fundamental domains, we may take

F = {nakλ : n ∈ N ′(a), a ∈ A′, K ∈ K,λ ∈ Λ} where

N ′(a) =


 1

n1 1

 ,

 1

n2 1

 ,

 1

n3 1




A′ =


s−1

1

s1

 ,

s−1
2

s2

 ,

s−1
3

s2




where s1, s2, s3 ≥ 4
√

3/
√

2, and nj ∈ τj(a) ⊆ [−1/2, 1/2] for each a ∈ A′. The exact values of

τj(a) will not matter for us, only that they are bounded independent of a.

In these coordinates, a Haar measure dg on G is given by

dg = dn s−2
1 d×s1 s

−2
2 d×s2 s

−2
3 d×s3 dk d

×λ

where d× denotes the usual multiplicative Haar measure d×t = dt/t.
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3.6.2 An Averaging Argument

Let B = B(C) = {v ∈ VR : ‖v‖ ≤ C} where ‖v‖ denotes the usual Euclidean norm. For

what we do now, C = 100 will suffice. Moreover, the main features of B that we will use is

that it is bounded, has positive volume in V , and that it is K invariant. Then as v ranges

over B ∩ V ± we know that ∑
f∈Fv∩V±

irr
|Disc(f)|<X

Reg(v)

is constant and is equal to N(V ±;X). Then

N(V ±;X) =

∫
v∈B∩V ±irr

∑
f∈Fv∩V±
|Disc(f)|<X

Reg(f)|Disc(v)|−2dv

∫
v∈B∩V ± |Disc(v)|−2dv

(3.8)

where V ±irr ⊆ V ± consists of those orbits which are irreducible. Note that we choose the

measure |Disc(v)|−2dv precisely because it is a G-invariant measure on V .

More generally, for any GZ invariant subset S ⊆ V ±Z let N(S,X) the defined the same

way as N(V ±, X). That is, if M±(C) is the denominator of (3.8), then define

N(S;X) =
1

M±(C)

∫
v∈B∩S

∑
f∈Fv∩Sirr
|Disc(f)|<X

Reg(f)|Disc(v)|−2dv (3.9)

Similarly, define N∗(S,X) to be the same sum but not restricted to irreducible orbits.

Now as in the previous chapter, we may make the manipulations

N(S;X) =
c±

M±(C)

∫
g∈F

#{f ∈ Virr ∩Bg : |Disc(f)| < X} dg (3.10)

where # means counted with weight # Aut(R(f)), which in every instance for us is 2, so

we shall ignore this henceforth. Moreover, recall that c± is the Jacobian of the change of

variables divided by # Aut(fR).
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As before, in order to make these manipulations, we will need to demand that a11 6= 0.

As we shall see, this bounds the elements of the fundamental region F which could possibly

yield integral points, and so the above manipulation is valid. But as before, we will need the

following lemma, whose proof we delay.

Lemma 113. Let V (a11 = 0) be the set of all points in V with a11 = 0. Then N(V (a11 =

0);X) = O(X7/4).

Also as before, we would like to make our lives easier by showing that we can, instead

of considering only irreducible boxes in (3.10) instead consider all boxes. The following

lemma allows us to do so.

Lemma 114. The difference N∗(V (a11 6= 0);X)−N(V (a11 6= 0;X) = o(X2).

Finally, we rewrite (3.10) in a more convenient form incorporating Lemmas 113 and

114 and the K-invariance of B:

N(S;X) =
c±

M±(C)

∫
g∈N ′(a)A′Λ

#{f ∈ S ∩B(u, s, λ,X)}dn s−2
1 d×s1 s

−2
2 d×s2 s

−2
3 d×λ+ o(X2)

(3.11)

where B(u, s, λ,X) = n(u)a(s)λB ∩ {f ∈ V ±R : |Disc(f)| < X}. Note that N∗(S;X) is the

same with o(X2) replace by O(X7/4) as we do not have to apply Lemma 114.

Note that Disc(nakλv) = λ4 Disc(v) and so in the integral (3.11), we know that

λ ≤ X1/4.

3.6.3 A Lemma from the Geometry of Numbers

In later sections, we will need to estimate the number of lattice points in B(u, s, λ,X), which

we will do using the following elementary proposition due to Davenport [38].
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Proposition 115. Let R be a bounded, semi-algebraic multiset in Rn which is defined by

finite number of polynomial inequalities2. Let R′ be the image of R under any (upper or

lower) triangular unipotent transformation of Rn. Then the number of integer lattice points

contained in the region R′ is

vol(R) +O(max{vol(R̄), 1})

where vol(R̄) is the greatest d-dimensional volume (1 ≤ d ≤ n − 1) of any projection of

R onto a coordinate subspace, i.e., by setting n − d coordinates to 0. The implied constant

depends only on n, the total number of defining polynomials, and their maximum degree.

Although Davenport states the above lemma only for compact semi-algebraic sets

R ⊆ Rn, his proof adapts essentially without change to the above proposition.

3.6.4 A More General Regulator

For any v ∈ B, let RX(v) = Fv be the orbit of F acting on v. Then we may define the

regulator of a point gv ∈ RX(v) to be

Reg(f) =

∫
h∈Gf,R

1F(gh) dh.

Now we would like to consider RX(v) as a weighted set, with each point weighted by its

regulator. Then its volume would be

Vol(RX(v)) =

∫
f∈RX(v)

Reg(f) df.

Note that for any v ∈ B, this volume is constant as we are dealing everywhere with unimod-

ular Haar measures!

2For any property (P ) of a set, we extend its meaning to multisets by saying a multiset R has property
(P ) if and only if Rk has property (P ) for all k. Here Rk is the set of all x ∈ R with weight k.
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3.6.5 The main term

Combining Proposition 115 with (3.11), we see that it suffices to compute the Euclidean

volume of B(u, s, λ,X) for every u, s, λ,X and then to show that none of its projections are

too terribly large.

For the first task, we note simply that

c±

∫
g∈F

B(u, s, λ,X) dg =

∫
v∈B∩V ±

Vol(RX(v))|Disc(v)|−2 dv.

(Recall from (3.10) that c± is the Jacobian of the change of variables.) Since Vol(RX(v)) is

constant, this yields a total of M±(C) · Vol(RX(v)).

For the second part, note that in order for a point in V (a11 6= 0) to be an integer

point, |a11| ≥ 1. From Proposition 115, we may consider this only for u = 1. This in turn

implies, from the boundedness of B, that

λ(s1s2s3)−1 � 1 (3.12)

where the implied constant is dependent only on C. Since the si are bounded below, (3.12)

implies that the si are � λ. Now Vol(B(1, s, λ,X)) ≤ λ8 Vol(B) and (3.12) implies the

projection to the coordinate axis a11 = 0 must have volume at most a constant times

λ8s1s2s3/λ. (3.13)

So the error term in Proposition 115 coming from this projection is at most a constant times

∫ X1/4

λ�1

∫
si�1

∫
u

λ7 du d×s d×λ� X7/4+ε.

Now we will see in the proof of Lemma 113 that after projecting to any coordinate
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after a11 that this error term can be no bigger. But in the terms of that proof, a11 has

minimal weight, and so projecting onto no other coordinate can yield a larger error term.

Finally, we note from [84, Proposition 20] that if we take instead dg to be the volume

on G(R) arising from the NAN̄Λ decomposition that the volume of G1(Z)\G1(R) is ζ(2)3

where G1(R) = (SL2 R)3 ⊆ G(R). Using this fact, our computation of the stabilizers of

points, the change of variables formula, and finally the indispensible help of [105], we arrive

at the formula

Vol(RX(v)) =
4

n±

∫ X1/4

0

t8 d×t

∫
GZ\G1

R

dg =
ζ(2)3

2n±
X2.

Here n± is given by n+ = 8 and n− = 2π2.

3.6.6 Congruence Conditions

We can also prove a version of Theorem 103 for a set in V ± defined by any finite number of

congruence conditions. Specifically,

Theorem 116. Suppose that S ⊆ V ±Z is defined by finitely many congruence conditions.

Then we have

lim
X→∞

N(S ∩ V ±;X)

X
=
ζ(2)3

2n±

∏
p

µp(S),

where µp(S) denotes the p-adic density of S in VZ and n+ = 8 and n− = 2π2.

Proof. Suppose that S is defined by congruence conditions modulo m. Then S can be viewed

as the union of (say) k translates L1, . . . , Lk of the lattice m · VZ. For each such lattice Lj

we may compute N(Lj;X) using Proposition 115 but where each d-dimensional volume is

scaled by a factor of 1/md since our new lattice has been scaled by a factor of m. So,

N(Lj;X) = m−8 vol(RX(v)) +O(m−7X7/4)

with v ∈ V ± and the implied constant independent of m provided that m� X1/4. Summing
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over j and noting that km−8 =
∏

p µp(S) we obtain the theorem.

3.6.7 Controlling the Error: Proofs of Lemmas 113 and 114

Finally, we come back to the proof of Lemmas 113 and 114. We begin with the proof of

Lemma 113, but to do so, we need a sufficient condition for the reducibility of boxes.

Lemma 117. Let (A,B) ∈ VZ be a box. Then if any of the following sets of coordinates

simultaneously vanish, then the box is reducible.

• {a11, a12},

• {a11, a21}, or

• {a11, b11}.

Proof. In cases (i) and (ii), det(A) = 0 and hence det(Ax− By) has x2 coefficient 0 and so

is certainly reducible. In case (iii), either a12 or b12 is 0, or a12 can be made 0 through a

rational linear combination of A and B, in which case we are back to case (i).

Proof of Lemma 113. Recall that we are setting a11 = 0, and so the previous lemma implies

that a12, a21, and b11 all must be nonzero and hence must have absolute value at least 1. On

the other hand, examining how g ∈ G(R) acts on (A,B), we see that

λs−1
1 s−1

2 s3 � a12 � 1,

λs−1
1 s2s

−1
3 � a21 � 1, and

λs1s
−1
2 s−1

3 � b11 � 1.

(3.14)

Now again examining the action of G on V , we see, exploiting Proposition 115 and especially

its claim that we may ignore the action by unipotents as well as the averaging trick to ignore
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the compact, we find

N(V (1);X)�
∫ X1/4

c

∫ ∞
s1,s2,s3=c

(λ7s1s2s3)s−1
1 s−2

2 s−2
3 d×s1d

×s2d
×s3d

×λ.

Restricting our range of integration using (3.14), we find that this integral is � X7/4.

Proof of Lemma 114. First, note that the statement of Theorem 116 if we replace N(S ∩

V ±;X) with N∗(S ∩ V (a11 6= 0);X) is still true by the same proof. Indeed, Lemma 113

removes (a11 6= 0) and this is the crucial lemma to saying N(S ∩ V ±;X) ∼ N∗(S ∩ V ±).

In order to prove the lemma, then, we need only show that the set of reducible boxes

in V (a11 6= 0) is contained in some S defined by congruence conditions such that

∏
p

µp(S) = 0

for then

lim sup
X→∞

N(S ∩ V ±;X)

X2
=
ζ(2)3

2n±

∏
p

µp(S) = 0.

Now every reducible box cannot have splitting type (2) mod p for any p. So let �
�(2)p

be the subset of VZ which does not have splitting type (2) mod p and let ��(2) =
⋂
p�

�(2)p. Then

from Section 3.5, we know that

µp(��(2)p) =
1

2
+O

(
1

p

)

and hence the product of all such densities is 0, completing the lemma.

3.7 A Sieve and the Proof of the Main Theorem

So far we have shown how to compute the sum N(S;X) for S defined by a finite number of

congruence conditions. Of most interest to us are those congruence conditions which define
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the maximality of an order at a given prime, for if S corresponds to maximal quadratic

orders, then N(S;X) is precisely the second moment of the class number times the regulator.

However, this S is defined by an infinite number of congruence conditions, so we must show

that the error is not too great.

3.7.1 The error from nonmaximal orders

To do so, let Zp denote the sublattice of VZ corresponding to orders which are not maximal

at p. We show that

Proposition 118. N(Zp;X) = O(X2/p2).

Proof. We simply note that v ∈ VZ corresponds to a maximal ring if and only if it is primitive.

That is, if and only of det(Ax − By) has coefficients where are mutually relatively prime.

But in that case, we note that det(A) is the coefficient of x2 and det(B) is the coefficient of

y2. This implies that if v is imprimitive then det(A) ≡ det(B) ≡ 0 (mod p).

The density of solutions to these congruences in VZp is bounded above by the pro-

portion of v ∈ VFp which are solutions to these equations. However, the total proportion of

such solutions is [
1− # GL2(Fp)

p4

]2

=

[
p2 + p− 1

p3

]2

= O
(
p−2
)
.

Applying Theorem 116 implies the proposition.

3.7.2 Proof of the Main Theorem

We now have enough information to prove Theorem 103. We let MAX = ∩pMAXp be the

set of all v ∈ VZ corresponding to maximal quadratic rings R(v). By (3.6), the p-adic density

of MAXp is µ(MAXp) = p8−p6−3p5+2p4+4p3−3p2−p+1
p8 . From Theorem 116, we then know that

lim
X→∞

N(V ± ∩p<Y MAXp;X)

X2
=
ζ(2)3

2n±

∏
p<Y

p8 − p6 − 3p5 + 2p4 + 4p3 − 3p2 − p+ 1

p8
.
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Letting Y go to ∞, we immediately obtain the result

lim sup
X→∞

N(V ±MAX;X)

X2
=
ζ(2)3

2n±

∏
p

p8 − p6 − 3p5 + 2p4 + 4p3 − 3p2 − p+ 1

p8
.

It remains to compute the lim inf. To do so, note that ∩p<Y MAXp ⊆ (MAX ∪p≥Y Zp), and

so

lim inf
X→∞

N(V ± ∩MAX;X)

X2

≥ ζ(2)3

2n±

∏
p<Y

p8 − p6 − 3p5 + 2p4 + 4p3 − 3p2 − p+ 1

p8
+O

(∑
p≥Y

p−2

)
.

Letting Y run to ∞ completes the proof.

The sieve when restricting only to invertible ideals in all rings is exactly the same. For

if Yp ⊆ VZ is the sublattice corresponding to triples (R, (I1, I2, I3)) such that one of I1, I2, I3

is not invertible, then Yp ⊆ Zp and so Propostion 118 implies that N(Yp;X) = O(X2/p2) as

well.

110



Part II

Analytic Number Theory
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Chapter 4

L(1, k) Behaves Like a Random Euler

Product

4.1 Introduction

In this chapter, we continue our work in Chapter 2 and in particular provide our second proof

of Theorem 40. In this method of proof, we will average the value of L(O, 1) where L(O, s) is

the L-function we described in Section 2.3 attached to an order O in a cubic (resp. quartic)

number field. This averaging takes place in Sections 4.2 and 4.3. From Dirichlet’s Class

Number Formula, this result is related to Theorem 40 via partial summation, as explained

in Section 4.2.

In fact, this second method of proof allows us to compute asymptotics for
∑
L(O, 1)m

for all integral m ≥ 1 as O runs through orders in cubic and quartic number fields. Moreover,

it gives us a beautiful interpretation of the Euler product in Theorem 40 along the lines of

[13]. Let us set a little notation. If R/Zp is a rank d ring, then we define Discp(R) to be the

discriminant of R/Zp as a power of p. Moreover, let AutZp(R) be the group of automorphisms

of R/Zp. Finally, if M is any free module over Zp of rank d, let µM be the additive Haar

probability measure on M . Note in particular that µZp(Z×p ) = (p − 1)/p. Define the local
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regulator of R to be Regp(R) = µR(R×)/µZp(Z×p ).

In fact, we are also able to place finitely many congruence conditions on the orders

O and still obtain the asymptoics of the moments of L(O, 1). As such, a local condition at

a finite prime p is a collection Σp of degree d free Zp algebras. A local condition at p = ∞

is a collection of degree d étale algebras over R. Let Σmax = {Σmax
p } be the collection of

local conditions which at every p consists precisely of the maximal orders in degree d étale

extensions k/Qp, and let Σtriv = {Σtriv
p } be such that Σtriv

p consists of all the localizations of

all orders in any degree d number field. A collection of local conditions is almost maximal

(resp. almost trivial) whenever Σp differs from Σmax
p (resp. Σtriv

p ) for at most a finite number

of p. For any collection of local conditions, let FΣ(X) be the collection of all orders O in a

degree d number field k/Q with Galois group Sd such that O ⊗ Zp ∈ Σp for all p. Then we

have the following theorem.

Theorem 119. Suppose d ≤ 4 and Σ is an almost maximal or almost trivial collection of

local conditions, then

lim
X→∞

1

X

∑
O∈FΣ(X)

L(O, 1)m

=

(
1

2

∑
R∈Σ∞

1

# AutR(R)

) ∏
p finite

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# AutZp(R)
· 1

Regp(R)m


By partial summation, we obtain

Theorem 120. Suppose d ≤ 4 and Σ is an almost maximal or almost trivial collection of
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local conditions such that Σ∞ = {Rr1 ⊕ Cr2} is a singleton set, then

lim
X→∞

1

Xm/2+1

∑
O∈FΣ(X)

h(O)m Reg(O)m

=

(
2

2r1(2π)r2

)m(
2

m+ 2

)(
1

2

∑
R∈Σ∞

1

# AutR(R)

)

×

 ∏
p finite

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# AutZp(R)
· 1

Regp(R)

 .

Remark 121. Unlike the geometry of numbers method, the analytic method currently only

allows us to recover information about invertible ideals in orders. To extend this method, we

would have to extend the definition of the L-function to include noninvertible ideals. Many

people have studied this object and have found it to have many pathologies, e.g., B. Green’s

work on its functional equation [62]. Any attempt to extend this method to invertible ideals

would have to confront these pathologies.

Two major ingredients in our proof are the Strong Artin Conjecture for L-functions

attached to number fields, and the Number of Number Fields Conjecture (NNF) (Conjec-

ture 65), which gives asymptotics (with a power saving error term) for the number of Sd

number fields of discriminant at most X. The Strong Artin Conjecture is known for all

solvable groups [85, 107], and hence for all Sd with d ≤ 4. The NNF Conjecture is known

by [40, 12, 6] and could probably be proved with great effort by combining the techniques of

[6] and [15] for the case d = 5. We have not attempted that here. More general d seem far

out of reach. Still, combining these two conjectures, we arrive at the following conjecture.

Conjecture 122. For any d and Σ an almost maximal collection of local conditions, we

have

lim
X→∞

1

X

∑
O∈FΣ(X)

L(O, 1)m = c(Σ)
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where

c(Σ) =

(
1

2

∑
R∈Σ∞

1

# AutR(R)

) ∏
p finite

p− 1

p

∑
R∈Σp

1

Discp(R)
· 1

# AutZp(R)
· 1

Regp(R)m

 .

Remark 123. One major topic of [13] is that for any almost maximal set of local specifications,

we have 0 < c(Σ) <∞ whenever d ≥ 2. However, it is not known whehter c(Σ) is finite for

any almost trivial collection of local specifications when d > 4 and in fact in the appendix

to Chapter 2 we saw that it is infinite for d sufficienly large. As such, while we will prove

Conjecture 122 when d ≤ 4 for any almost trivial collection of local specifications, we will

not make the conjecture when d > 4.

In Section 4.4, much like Barban [4] and Elliot [52], we apply the method of moments

to recover the distribution of L(O, 1). We show that they behave like random Euler products,

as stipulated below.

Definition 124. For each p and each rank d ring R/Zp let the mass of O relative to Σ be

µΣ(R) = c(Σ′)/c(Σ) where Σ′q = Σq for all primes q 6= p and Σ′p = {O}.

Theorem 125. For d ≤ 4 let Σ be an almost maximal or almost trivial collection of local

conditions. The limit

F (z) = lim
X→∞

#{O ∈ FX(Σ) : L(O, 1) < z}
c(Σ)X

exists and is a continuous distribution function. The probability space on R which it defines

is the same as that defined by the product
∏
Xp of random variables, where for each prime

p, Xp takes on the value Reg(R)−1 with probability µΣ(R) for each R in Σp.

Remark 126. Assuming Conjecture 122 for any particular d, our methods yield Theorem 125’s

conclusion for almost maximal collections of local specifications.
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4.2 A false–but instructive–proof

In this section, we relate the moments of h(k) Reg(k) to average values of L(k, 1) via par-

tial summation, that is, we derive Theorem 120 from Theorem 119. We also compute the

constants stated in Theorem 120.

Remark 127. Throughout this and the next section, we will often make reference to Conjec-

ture 65, but remember that this is Theorem 66 when d ≤ 4.

4.2.1 From Special Values to Class Number and Regulator

In this section, we would like to demonstrate how to translate between Theorem 119 and

Theorem 120. As such, we focus for now on G = Sd. From Section 2.3, we know that

L(k, 1) =
πσh(k) Reg(k)

wk
√

∆(k)

for number fields k. Now if k is an Sd field and d > 2, then wk = 2. For if not, then k

contains a root of unity ζ 6= ±1 and so Q(ζ) ⊆ k. As Q(ζ) is an abelian field, this shows

that k would contain a proper subfield if d > 2, which is impossible for an Sd field.

On the other hand, if d = 2, then there are precisely 2 fields which contain a nontrivial

root of unity, viz. Q(
√
−1) and Q(ζ3) where ζ3 is a primitive 3rd root of unity. As such,

they only contribute a finite number of terms to the sum in Theorem 120, so we can ignore

them and the theorem remains true.

In fact, a similar argument shows that there are a finite number of orders in Sd fields

which contain nontrivial roots of unity. As such, if Σ is almost maximal or almost trivial

Σ∞ is a singleton, we have that

∑
O∈FΣ(X)

[h(O) Reg(O)]m =
∑

O∈FΣ(X)

(
2

πσ

)m
∆(O)m/2Lm(O, 1) +O(1).
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By partial summation, we see that the sum is

∑
O∈FΣ(X)

(
2

πσ

)m
∆
m/2
O Lm(O, 1)

=

(
2

πσ

)m Xm/2
∑

O∈FΣ(X)

Lm(O, 1)−
(m

2

)∫ X

1

xm/2−1
∑

k∈Fx(Σ)

Lm(O, 1)dx

 (4.1)

Let Cm = Cm(Σ) be as in Theorem 119. Then (4.1) becomes

(
2

πσ

)m [
Xm/2

∑
O∈FX

Lm(O, 1)−
(m

2

)∫ X

1

xm/2−1
∑
O∈Fx

Lm(O, 1)dx

]

∼
(

2

πσ

)m [
CmX

m/2+1 −
(m

2

)∫ X

1

Cmx
m/2dx

]
= Cm

(
2

πσ

)m(
2

m+ 2

)
Xm/2+1

4.2.2 The False Proof

So we have reduced Theorem 120 to Theorem 119. In the coming sections, we compute the

constants Cm. Begin by writing Lm(k, s) =
∑
a

(m)
k (n)n−s with each

a
(m)
k (n) =

∑
xy=n
x,y≥1

a
(m−1)
k (x)a

(1)
k (y).

This converges absolutely for <(s) > 1 and converges conditionally to Lm(k, 1) when s =

1. Moreover, it is not hard to see that the a
(m)
k (n) are multiplicative in the sense that

a
(m)
k (x)a

(m)
k (y) = a

(m)
k (xy) when x and y are coprime.

As usual, we then try to switch the order of summation by letting 0 < NX ≤ X and
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saying

∑
k∈FΣ(X)

∞∑
n=0

a
(m)
k (n)

n
=

∑
k∈FΣ(X)

[
NX∑
n=0

a
(m)
k (n)

n
+

∞∑
n=NX+1

a
(m)
k (n)

n

]

=

NX∑
n=0

∑
k∈FΣ(X)

a
(m)
k (n)

n

+

 ∑
k∈FΣ(X)

∞∑
n=NX+1

a
(m)
k (n)

n

 (4.2)

The first term here would be the main term and the second term would be the error.

Let us begin wtih the main term in (4.2). We note that noting that the prime power

coefficients a
(m)
k (pe) depend only on the splitting type of p in O, i.e., on the isomorphism class

of O ⊗ Fp. If (τ) is a splitting type, we will thus denote the relevant coefficient by a
(m)
τ (pe).

As such, if we knew the proportion of rings in Σp with splitting type τ up to discriminant

NX , then we could compute the first summand at prime power coefficients over fields with

a fixed splitting type. But this is precisely what Conjecture 65 tells us.

As such, for each integer n, let b(m)(n) =
∑

τ µ(τ)
∏

pe||n a
(1)
τp (pe) where the sum is over

all splitting types τ of n and the product is over all pe exactly dividing n. Here we mean

τ = {τp}p|n is a collection of splitting types for each prime p dividing n, and µ(τ) = c(Σ′)/c(Σ)

where Σ′ differs from Σ at those primes dividing n, in which case Σp is the set of all R/Zp

with splitting type τp. Note that µ(τ) is a multiplicative function in the sense that if τ and

τ ′ are supported on a disjoint set of primes, then µ(τ ∪ τ ′) = µ(τ)µ(τ ′).

Since the a
(m)
τ (pe) are multiplicative functions and µ(τ) is multiplicative, we see that

b(m)(n) is multiplicative. Then if we could control the error coming from Conjecture 65, we

would see that (4.2) was asymptotic to

c(Σ)X
∞∑
n=1

b(m)(n)

n
, (4.3)

assuming of course that
∑
b(m)(n)/n converges (which we will see that it does).

At this point, one could try to prove (4.3) for cubic fields using just Theorem 66. To
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do so, one would have to bound the tail sum in (4.2) uniformly in the discriminant as in

(2.3). As such, if we want that the sum over k ∈ MX is o(X), we would need to choose

NX � X3/4.

However, the state-of-the-art error term in Theorem 66 for cubic fields is O(n4/5X2/3),

as explicated in [21]. Summing this over n up to NX we get a total � N
9/5
X X2/3. As such,

we must take NX � X5/27, so this method cannot at the moment yield a small enough error

term.

4.2.3 The Constants

We will now compute the b(m)(n) and the sum
∑
b(m)(n)/n. Of course, b(m)(n)/n is a

multiplicative function, so if it converges absolutely, then it should have an Euler product.

We will prove this for 2 ≤ d ≤ 4 in the following examples.

G = S2

The relevant constants for this case appear in Table 4.1. Note that we have abbreviated

Σmax(τ) =
∑

O∈Σmax
p (τ)

1

Discp(O)
· 1

# Aut(O)
.

Then we quickly see that

b(1)(pe) =


0 e odd

p−1
p

e nonzero and even

1 e = 0
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From this characterization, it is clear that b(1)(n) 6= 0 only if n is a square. Since 0 ≤

b(1)(n) ≤ 1, this implies that
∑
b(1)(n)/n converges absolutely. Then

∑ b(1)(pe)

pe
=

1

p+ 1
+

p

p+ 1
(1− p−2)−1 = 1 +

p

p3 + p2 − p− 1
.

G = S3

The relevant constants again appear in Table 4.2. Then some addition reveals that for e > 0

b(1)(pe) =
p

p2 + p+ 1
+

p2

6(p2 + p+ 1)



e+ 6 e ≡ 0 (mod 6)

e− 1 e ≡ 1 (mod 6)

e+ 4 e ≡ 2 (mod 6)

e+ 3 e ≡ 3 (mod 6)

e+ 2 e ≡ 4 (mod 6)

e+ 1 e ≡ 5 (mod 6)

Then after some algebra, we arrive at

∑ b(1)(pe)

pe
= 1 +

2p5 − 2p3 − 2p2 + 1

(p3 − 1)(p2 − 1)(p2 + p+ 1)
.

Since this sum is 1 + O(p−2+ε) and the b(1)(n) are multiplicative, we see that
∑
b(1)(n)/n

converges absolutely and that

∑ b(1)(n)

n
=
∏
p

∑
e≥0

b(1)(pe)

pe
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τ µmax(τ) Regp(τ)
∑max(τ) ape(τ)

(11) p
2(p+1)

p−1
p

1
2

1

(2) p
2(p+1)

p+1
p

1
2

(−1)e

(12) 1
p+1 1 1

p

1 when e = 1
0 otherwise

Table 4.1: G = S2

τ µmax(τ) Regp(τ)
∑max(τ) ape(τ)

(111) 1
6
· p2

p2+p+1
(p−1)2

p2
1
6

e+ 1

(12) 1
2
· p2

p2+p+1
p2−1
p2

1
2

1 when e is even
0 when e is odd

(3) 1
3
· p2

p2+p+1
p2+p+1
p2

1
3

1 when e ≡ 0 (mod 3)
-1 when e ≡ 1 (mod 3)
0 when e ≡ 2 (mod 3)

(121) p
p2+p+1

p−1
p

1
p

1

(13) 1
p2+p+1 1 1

p2

1 when e = 0
0 otherwise

Table 4.2: G = S3

G = S4

A similar (and even more tedious) computation yields in the quartic case that

∑
e≥0

b(1)(pe)

pe
= 1 +

2p10 + 4p9 + 4p8 − p7 − 4p6 − 6p5 − 3p4 + p3 + 2p2 + 2p

(p3 − 1)(p2 − 1)2(p2 + 1)(p3 + p2 + 2p+ 1)
.

4.2.4 Invertible Ideals

If instead we work with invertible ideals instead of maximal rings, there is no general conjec-

ture for the relevant asymptotic constant like [13] provides for the maximal rings. However,

in the case d = 2, we may simply work by hand, and in the case d = 3, we may use the

computations of [19, Lemma 11] to compute these constants when d = 3. In either case, we

arrive at the constants stated in Theorem 36 and Theorem 40, and which we have already

computed in Chapter 2.
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Unfortunately, if we instead work with d = 4, then the computations become much

more unwieldy due essentially to the number of isomorphism classes of quartic algebras over

Fp. As such, we will not compute the appropriate factor here, as we will give a much more

satisfying answer in Theorem 120.

4.2.5 Higher Moments

In this section, using Theorem 66 for d ≤ 4 and Conjecture 65 when d ≥ 5, we compute∑
b(m)(pe)/pe. We begin with a lemma about the size of the b(m)(pe).

Lemma 128. We have that bm1 = 1 for all m and that b(m)(p) = O(p−1+ε) for all primes

p and all m, with the implied constant independent of p. For all e ≥ 2, we have that

b(m)(pe) = O(pεe).

Proof. That b(m)(1) = 1 follows from the fact that a
(1)
τ (1) = 1 for all τ , and hence a

(m)
τ (1) = 1

for all m. Applying the fact that
∑
µ(τ) = 1, finishes the proof. That b(m)(pe) = O(pεe) for

e ≥ 2 follows from the fact that a
(m)
τ (pe) = O(pε) for all m and all τ .

For the statement at primes, first note that a
(m)
τ (p) = ma

(1)
τ (p). For this is certainly

true for m = 1. And we know that

a(m)
τ (p) = a(m−1)

τ (1)a(1)
τ (p) + a(m−1)

τ (p)a(1)
τ (1) = a(1)

τ (p) + (m− 1)a(1)
τ (p) = ma(1)

τ (p).

So to compute

b(m)(p) =
∑
τ

µ(τ)a(m)
τ (p)

it suffices to compute b(1)(p).

From Conjecture 62 we know that

∑
τ unramified

=

∑
R∈Σunr

p

1
Discp(R)

· 1
# Aut(R/Zp)∑

R∈Σp
1

Discp(R)
· 1

# Aut(R/Zp)
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where Σunr
p consists of all unramified splitting types over p. Both the numerator and denom-

inator were computed in [13, Proposition 2.2] and the ratio is easily seen to be

u(p) =
pd−1

pd−1 + pd−2 + · · ·+ 1

Then Conjecture 62 implies that

µ(τ) =
u(p)

# Aut(τ)
.

Now we break the sum defining b(1)(p) into its unramified and ramified parts:

b(1)(p) =
∑

R∈Σunr
p

u(p)

# Aut(τ)
a(1)
τ (p) +

∑
R∈Σp−Σunr

p

µ(τ)a(1)
τ (p).

For ramified splitting types we know that µ(τ) ≤ 1 − u(p) = O(p−1+ε) and a
(1)
τ (p) = O(1),

so this conforms with the statement of the lemma.

As for the unramified portion, we will show that

∑
τ∈Σunr

p

a
(1)
τ (p)

# Aut(τ)
= 0.

To do so, we easily see from Lemma 55 that

a(1)
τ (p) =

c1(τ)− 1

p

where c1(τ) is the number of 1’s (split places) appearing in τ . Then we are left to show that

∑
τ∈Σunr

p

c1(τ)− 1

# Aut(τ)
= 0
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Again according to [13, Proposition 2.2], we have that

∑
τ unramified

1

# Aut(τ)
= 1, (4.4)

so we only need to handle the sum of the c1(τ)’s. If τ contains a split place, let τ ′ be the

splitting type which is the same as τ but with one split place removed. Then # Aut(τ ′) =

c1(τ) · (# Aut(τ ′)). Moreover, the collection of τ ′ is in one-to-one correspondence with the

splitting types of degree d − 1. Hence, using the base case of d = 2 for which the claim is

easily shown, we have that the sum

∑
τ unramified

c1(τ)

# Aut(τ)
=

∑
τ ′ unramified

1

# Aut(τ ′)
= 1

by (4.4).

This lemma implies in particular that

∑
e≥0

b(m)(pe)

pe
= 1 +O(p−2+ε) (4.5)

which combined with the multiplicativity of b(m)(n) in n, we see that

∑
n≥1

b(m)(n)

n
=
∏
p

∑
e≥0

b(m)(pe)

pe
.

Finally, employing the estimate a
(m)
τ (pe) = O(pεe), we may switch the finite sum defining
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b(m)(pe) and the infinite sum in e, we find using Conjecture 62 that

c (Σmax) ·
∑
n≥1

b(m)(n)

n

=

1

2

∑
R∈Σmax

∞

1

# AutR(R)

 ∏
p finite

p− 1

p

∑
R∈Σmax

p

1

Discp(R)
· 1

# Aut(R/Zp)
· 1

Reg(R)m

4.2.6 Double Checking

In order to double check our computations, we used Sage [105] along with tables of cubic

fields compiled by G. Malle1. For totally real cubic fields, the tables extend to ∆(k) < 108

and our asymptotics agree with the tables only up to 2 decimal places. For not totally real

cubic fields, the tables only extend to ∆(k) < 106, and again the agreement is only to two

decimal places. This strongly indicates the presence of second order terms, a la [19, 106].

We will return to this in Section 4.5.

4.3 An Actual Proof

Now that we have given an “almost proof”, we give an actual proof of Theorem 119 employ-

ing smoothing techniques and Tauberian theorems. We note that our method is inspired

particularly by [89], whose method carries over rather nicely to our case. The main new

difficulty for us is dealing invertible ideals in orders, which we handle in Section 6.3, as well

as the computation in Lemma 128.

To begin we note that in order to prove Theorem 120, it suffices to consider smooth

sums. By a standard Tauberian theorem [64, Theorem 8], proving Theorem 120 is the same

as proving ∑
k∈M

Lm(k, 1) exp(−∆k/X) ∼ CX

(
∞∑
n=1

b(m)(n)

n

)
. (4.6)

1These tables are available at http://www.mathematik.uni-kl.de/∼numberfieldtables/ and repre-
sent the work of many researchers. Please see there for a more detailed bibliography.
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Here M is the set of all Sd number fields with a fixed signature at ∞.

Using the Mellin inversion formula, for any x > 1 we have that

1

2πi

∫
<(s)=c

Lm(k, s+ 1)Γ(s)xsds =
∑
n≥1

a
(m)
k (n)

n
exp(−n/x).

Shifting the contour to <(s) = γ for some −1 < γ < 0, we pick up the pole at s = 0 with

residue Lm(k, 1) to obtain

Lm(k, 1) =
∑
n≥1

a
(m)
k (n)

n
exp(−n/x)− 1

2πi

∫
<(s)=γ

Lm(k, s+ 1)Γ(s)xsds

Let

Ik = Ik(x, γ) =
1

2πi

∫
<(s)=γ

Lm(k, s+ 1)Γ(s)xsds.

Then the sum in (4.6) becomes

∑
k∈M

Lm(k, 1) exp(−∆k/X) =
∑
k∈M

∑
n

exp(−n/x)

n
a

(m)
k (n) exp(−∆k/X)−

∑
k∈M

Ik exp(−∆k/X)

(4.7)

=
∑
n

exp(−n/x)

n

∑
k∈M

a
(m)
k (n) exp(−∆k/X)−

∑
k∈M

Ik exp(−∆k/X)

(4.8)

Here we justify switching the summation since we know that each a
(m)
k (n) = O(nε) and that

there are O(X) fields of any given discriminant from Conjecture 65. So the exponential

decays quickly enough to make the sums converge absolutely, and so we may switch their

order.

Siegel showed in [100] that

L(k, 1) = O(∆(k)ε) (4.9)
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where the constant depends only on d = [k : Q]. Moreover, for <(s) very close to 1,

L(k, s) = O ((∆(k)|=(s)|)ε) (4.10)

where the range of s and the implied constant are dependent on ε. As such, for x� X and

<(γ) very small, we have

|Ik| � (∆kX)ε (4.11)

With (4.11), we note that by expanding in dyadic sums and taking X sufficiently

large we have

∑
∆k>X log2 X

Ik exp(−∆k/X) =
∞∑
n=0

2n+1X log2X∑
∆k=2nX log2 X

Ik exp(−∆k/X)

� Xε

∞∑
n=0

2n+1X log2 X∑
∆k=2nX log2X

∆ε
k exp(−∆k/X)

� Xε

∞∑
n=0

2nX log2X(2n+1X log2X)ε exp(−2n log2X)

� X1+ε

∞∑
n=0

(21+ε)n exp(−2n log2X)

� X1+ε−logX +X1+ε

∞∑
n=1

3n

X2n

� X−2 +X1+ε lim
N→∞

[
N∑
n=1

X−2n −
N−1∑
j=1

2 · 3j
∞∑
k=1

X−2k

]

� X−2 +X−2 +X−4

� X−2,

127



where, as usual, ε may become smaller from line-to-line. So (4.8) is equal to

∑
n

exp(−n/x)

n

∑
k∈M

a
(m)
k (n) exp(−∆(k)/X)−

∑
∆(k)<X log2 X

Ik exp(−∆(k)/X) +O(X−2)

(4.12)

4.3.1 The main term

In this section, we consider the first term of (4.12). First, break the inner sum of the main

term into splitting types as in the last section:

∑
k∈M

a
(m)
k (n) exp(−∆(k)/X) =

∑
τ

a(m)
τ (n)

∑
k∈M
τ(k)=τ

exp(−∆(k)/X) (4.13)

Now the inner sum here is, by definition and partial summation

∑
k∈M
τ(k)=τ

exp(−∆(k)/X) = lim
T→∞

∑
k∈MT
τ(k)=τ

exp(−∆(k)/X)

= lim
T→∞

exp(−T/X)
∑
k∈MT
τ(k)=τ

1 +
1

X

∫ T

1

exp(−j/X)
∑
k∈M(j)
τ(k)=τ

1 dj


Of course, by Conjecture 65 we know that the sum in the first summand is O(X) and so as

T →∞ the first summand goes to 0. Hence, the final statement is

∑
k∈M
τ(k)=τ

exp(−∆(k)/X) =
1

X

∫ ∞
1

exp(−j/X)
∑
k∈M(j)
τ(k)=τ

1 dj (4.14)

Now according to Conjecture 65 we know that the inner sum in (4.14) is

c(Σmax)µ(τ)j +O(nγj1−δ).
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Then we note that

∫ ∞
1

exp(−j/X)jβdj = Xβ+1

∫ ∞
1/X

exp(−j)jβdj = Γ

(
β + 1,

1

X

)
Xβ+1

where Γ(β + 1, 1/X) is the incomplete Γ function, whose definition is precisely the integral

in the previous expression. Then (4.14) becomes

c (Σmax)µ(τ)Γ

(
2,

1

X

)
X +O

(
nγΓ

(
2− δ, 1

X

)
X1−δ

)
. (4.15)

As X → ∞, we have Γ(a, 1/X) → Γ(a). Of course, exp(−t) is bounded above by 1

on the interval [0, 1/X], and for β > 0 we have tβ−1 is bounded above by X1−β. So

Γ(β)− Γ

(
β,

1

X

)
=

∫ 1/X

0

exp(−t)tβ−1dt ≤ X−β,

and so (4.15) becomes

c (Σmax)µ(τ)X +O(nγX1−δ). (4.16)

Now we can plug (4.16) into (4.13) in order to get the expression

∑
k∈M

a
(m)
k (n) exp(−∆(k)/X) ∼

∑
τ

a(m)
τ (n)

[
c(Σmax)µ(τ)X +O(nγX1−δ)

]
whose main term is exactly the same expression as in the previous section. In particular, we

have that the main term in (4.12) is

∑
n

exp(−n/x)

n

[
c (Σmax) b(m)(n)X +O(nγ+εX1−δ)

]
. (4.17)
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Then suppose that x = Xξ for some ξ > 0. Consider first the error term, viz.

X1−δ
∑
n

exp(−n/Xξ)

n
nγ = X1−δ

∑
n

exp(−n/Xξ)nγ−1

� X1−δ
∫ ∞

1

exp(−n/Xξ)nγ−1dn = Xγξ+1−δΓ

(
γ,

1

X

)
� Xγξ+1−δ. (4.18)

As for the main term, we may deduce from (4.5) that
∑(

b(m)(n)
)2
/n1/2+ε converges,

and so Cauchy-Schwarz implies, for example, that

∑ b(n)(m)

n
exp(−n/x) =

∑ b(n)(m)

n
+O

(
x−1/5+ε

)
.

And so we have that the main term is as claimed!

4.3.2 The Error Term

In this section, we handle the error term of (4.12). That is, we are worried about the order

of magnitude of ∑
∆(k)<X log2 X

Ik exp(−∆(k)/X)

We follow the method of many others in using a large sieve type zero density result to

avoid an application of the Riemann Hypothesis2. In particular, if the Riemann Hypothesis

were true, then would could immediately apply the following lemma to finish the proof. Let

Ω(α, T ) = {z ∈ C : <(z) ≥ α and |=(z)| ≤ T}

Lemma 129. Let 0 < η < 1/2. Further, suppose that L(k, s) (with ∆(k) ≤ X log2X)

has no zero in the domain Ω(1 − η, log3X). Then in domain Ω(1 − η/2, log2X) we have

2B. Hough has pointed out to us that our method is perhaps over-powerful to attain the requisite bounds
we need. However, he points out that if we wish to recover more than just the integral moments, we will need
to work with the Euler product instead of the Dirichlet series, in which case, our method is the appropriate
starting point. We intend to explore this in future work, see Section 4.5.
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L(k, s)� Xε.

Proof. This proof is standard, but we include it for completeness. The version presented is

basically that presented in [89]. Consider the principal value of logL(k, s) when L(k, s) 6= 0.

Then recall the Borel-Carathéodory Theorem: for any analytic function f(z) on a closed

disc of radius R with center z0, we have for any r < R that

M(r) ≤ 2r

R− r
max
|z−z0|=r

<(f(z)) +
R + r

R− r
|f(z0)| (4.19)

where M(r) = max|z−z0|=r |f(z)|.

We will center our circles at z0 = 2+it for |t| ≤ log3X−2 and we will let R = 1+η−δη

and r = 1 + η − 2δη for some small positive δ. But on the larger circle, by the convexity

bound we have

<(logL(k, s)) = log |L(k, s)| � logX

where the implied constant of course depends on η and δ but not on k. Now |L(k, z0)| �

L(k, 2) �
∑∞

n=1
1

n2−ε = O(1) independent of k. So the previous paragraph, (4.19), and the

maximum modulus principle together imply that for all σ ≥ 1− η+ 2δη and |t| ≤ log2X − 2

that

| logL(k, s)| � logX. (4.20)

Putting this altogether, we have that (4.20) holds for any s = σ + it with |t| ≤ log3X − 2

and σ ≥ 1− (1− 2δ)η.

Next recall that Hadamard’s Three Circles Theorem states that if f(z) is analytic on

an open disc centered at z0 of radius R and 0 < r1 < r2 < r3 < R then

M(r2) ≤ log(r3/r2)

log(r3/r1)
logM(r1) +

log(r2/r1)

log(r3/r1)
logM(r3)

Now we use the observation that for X > 1 and σ ≥ 1 + η/2 and |t| ≤ log2X that
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for every ε > 0 we have

| logL(k, s)| � ε logX.

Then by the Three Circles Theorem with

• center z0 = 2 + it and |t| ≤ log2X,

• r1 = 1− η/3,

• r2 = 2− σ, and

• r3 = 1− η + 2δη

we have

M(r2) ≤M(r1)1−aM(r3)a � ε1−a logX,

with

a =
log(r2/r1)

log(r3/r1)
< 1.

Exponentiating yields M(L(k, s); r2)� Xε1−a = Xε.

Now we divide MX log2X into two sets: M1 consisting of all k ∈ MX log2 X such that

L(k, s) has no zero in Ω(η, log3X) and its complement M2. If the Generalized Riemann

Hypothesis were true, then we could take η = 1/2 + ε and then M2 = ∅. However, we will

need to know an upper bound on the size of M2. For this, we recall a theorem of Kowalski

and Michel. Fix n ≥ 1. Then for each q ≥ 1, let S(q) be a (possibly empty) set of cuspidal

automorphic representations of GL(n)/Q such that

• the forms f ∈ S(q) satisfy the Ramanujan-Petersson conjecture at all finite places, i.e.,

the local components fp of f are tempered,

• there is some A > 0 such that for all f ∈ S(q) the conductor of f is ≤ qA,
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• there is some B > 0 such that #S(q)� qB for all q, where the constant depends only

on the family {S(q)}q and not on q, and

• all f ∈ S(q) have the same archimedean component.

In particular, if we assume the Strong Artin conjecture that L(k, s) is automorphic

for all Sd number fields (a theorem for S3 and S4 number fields!), then we may take S(q) =

Mq(d, Sd, σ) to be the set of all (automorphic representations associated with all) fields of

degree d, Galois group Sd and signature σ. Checking point-by-point,

• the Ramanujan-Petersson conjecture may be checked explicitly: if L(k, s) =
∑
a

(1)
k (n)n−s

for <(s) > 1, then a
(1)
k (p) = O(1) for all primes p and with the constant independent

of k;

• the conductor of the form is precisely the discriminant of the number field, so this

condition is trivial with A = 1;

• this is simply a bound on the total number of number fields of fixed degree and signature

up to a given discriminant, the classical bounds toward which satisfy this condition

(see [50] for an overview and the best known bounds); and

• this is precisely a stipulation of the signature of the fields we are considering.

Now define N(f ;α, T ) = #{z ∈ Ω(α, T ) : L(f, z) = 0} where the zeros are counted

with multiplicity.

Theorem 130 ([73, Theorem 2]). Let S(q) with q ≥ 1 be as above and let α ≥ 3/4 and

T ≥ 2. Then there exists some c > 0 and B ≥ 0 depending only on the family such that

∑
f∈S(q)

N(f ;α, T )� TBqc(1−α)/(2α−1)

where the implied constant depends only on the choice of c.
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In our definition of M2, we took α = 1− η and T = log3X, so we have that

#M2 � Xcη/2(η+1) log3BX � Xcη/(1−2η)+ε

Combining this with (4.11) we have

∑
k∈M2

|Ik exp(−∆(k)/X)| � Xcη/(1−2η)+ε. (4.21)

If we take k ∈ M1, then we may break the integral Ik = Ik(x,−η/2) into two parts,

viz. |=(s)| ≤ log2X and |=(s)| ≥ log2X. In the first part of the integral, Lemma 129 says

that |L(k, s)| � Xε, and recall that x � X, we have that the first part of the integral is

� Xεx−η/2. For the second part of the integral, we may apply Stirling’s formula and (4.10)

to see that the second part of the integral is � X−A for any A > 0. So in total, we have

that for k ∈M1 that

|Ik| � Xεx−η/2 +X−A.

Once again, using Conjecture 65 we see that

∑
k∈M1

Ik � X1+εx−η/2 (4.22)

Then supposing 0 < η � 1 and x = Xξ we may combine (4.22) and (4.21) to get

∑
∆(k)<X log2X

Ik exp(−∆(k)/X)� X1−ξη/2+ε +Xcη/2(η+1)+ε (4.23)

So for any positive ξ and η and ε sufficiently small, we have that (4.23) is o(X). Combining

this with the previous section, we have proved Theorem 119 in the field case.
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4.3.3 Invertible Ideals and Congruence Conditions

In fact, this proof technique allows us to handle not just ideal classes in number fields, but

also invertible ideals in orders in number fields. Recall from Section 2.3 that we may define

the ζ function of an order O in a number field to be (for <(s) > 1)

ζO(s) =
∑
a⊆O

a invertible

= N(a)−s

and the L-function of O is ζO/ζ has an easily defined Euler product expression for its value

at s = 1:

L(O, 1) =
∏

q prime

1

Regq(O)

where Regq(O) = µOq(O×q )/µZq(Z×q ). Moreover, Regq(O) depended only on the splitting

type of O at q, and so we might hope to use the NNF Conjecture in order to average

L-values in orders subject to certain congruence conditions.

Using the computations of Section 4.2, we see that all of the math in Section 6.1 still

carries through. What remains is to handle the error term which aries in Section 6.2. Due

to certain technical complications3, while are previous theorems were proven only assuming

the Strong Artin Conjecture and the NNF Conjecture, we will from now on assume that

d = [k : Q] ≤ 4.

Indeed, L(O, 1) differs from L(k, 1) for the number field O ⊗Q in a finite number of

Euler factors. Since we are only interested in L(O, 1), we may in fact modify its definition

slightly. Specifically, we will define L′p(O, s) to be the Euler factor associated to the splitting

type of p in O, with L′p(O, s) = 1 if O/pO is not the reduction of any maximal ring. In

particular, L′p(O, s) = Lp(O, s) for all but at most the finitely many primes where O is

nonmaximal, and L′p(O, 1) = Regp(O)−1. However, we know the exact Euler product of

3Specifically, we will need to know a bound on the total number of suborders of bounded discriminant in
the maximal order in a number field.

135



L′(O, s), whereas it is potentially rather complicated for L(O, s).

Since we are changing the definition of L(O, s) by a finite number of Euler factors,

it is not hard to see that L′ has an analytic continuation and a Siegel bound, as well as a

functional equation. These together give us a convexity bound in the critical strip. Finally,

it is easy to see that L′(O, s) = 0 for s in the critical strip if and only if L(O ⊗ Q, s) = 0

as well. And so our math in the previous subsection all goes through for F1, the set of all

orders with discriminant at most X log2X and which do not have a zero in Ω(η, log3X).

What is left is to handle its complement, F2.

For this, it suffices to bound the total number of suborders of discriminant at most

X in Ok for each k ∈ M2. At this point, we will begin to treat the cases d = 3 and d = 4

separately.

In the cubic case, we note that every suborder O of Ok is a is a sublattice of Ok.

Moreover, the image of O/Z ⊆ Ok/Z determines the order O. (Proof: Every cubic order has

a basis (1, ω, θ).) Now a suborder of index n in Ok has discriminant n2∆(k), so we need only

count the suborders of Ok of index at most
√
X/∆(k). However, Datskovsky and Wright

[37] proved that

ηk(s) =
∑
O⊆Ok

[Ok : O]−s

converges absolutely for <(s) > 1 and that this may be meromorphically continued to the

whole complex plane such that

ηk(s) =
ζk(s)

ζk(2s)
ζ(2s)ζ(3s− 1).

Then Perron’s formula implies that the total number of suborders in Ok of index bounded

by
√
X/∆(k) is O(X1/2+ε). We combine this with the bound on #M2 in the field case to

see that ∑
|Ik exp(−∆(k)/X)| � X1/2+cη/(1−2η)+ε = o(X)
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in the error term.

In the quartic case, Nakagawa [92] shows that the total number of suborders of index

d =
∏
peii in Ok for k a quartic field is O

(∏
p

(2+ε)(bei/4c)
i

)
= O(n1/2+ε). Here

∏
peii is the

prime factorization of n. So the total number of orders in Ok of discriminant at most X is

at most a constant times ∑
n<
√
X/∆(k)

n1/2+ε � X3/4+ε

and so the total to the error term

∑
|Ik exp(−∆(k)/X)| � X3/4+cη/(1−2η)+ε = o(X)

for η sufficiently small, which is all that we need.

4.3.4 Stepping Back

In the previous subsection, we completed the proof of Theorem 119 when Σ is either sub-

maximal or subtrivial. But in fact, the results of the previous subsection are easily seen to

imply that we may take Σ to be any collection of local conditions which differs from these

at a finite number of places. Hence, we have proved the full force of Theorem 119 and hence

completed the proof of Theorem 120.

4.4 From moments to a distribution

In this section, we prove Theorem 125. To begin, we recall the following fact.

Lemma 131 ([4, Lemma 6]). Suppose that α0 = 1, α1, α2, . . . are finite real numbers which

are the positive integral moments some probability measure µ on R. Set

f(t) =
∞∑
k=0

αk
k!

(it)k. (4.24)
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If f(t0) converges absolutely for some t0 > 0, then µ is the unique probability measure with

moments αk and its characteristic function coincides with f(t) for |t| < t0.

Now define

F (z) = lim
X→∞

#{k ∈ FX(Σ) : L(k, 1) < z}
c(Σ)X

which exists by Conjecture 122 (or Theorem 66). By the same conjecture, this is a distribu-

tion function. Its moments are given by αm = cm(Σ)/c(Σ) where cm(Σ) is leading term in

the statement of Conjecture 122.

Next note that from Section 4.2.5 we know that
∑
b(m)(pe)/pe = 1 + O(mp−2). By

taking logs and looking at the Taylor series expansion, we see that

∑
m

cm(Σ)

c(Σ)
· tm �

∑(
A

m

)m

for some constant A dependent on t. As such, (4.24) converges absolutely for any t > 0 and

so from the lemma, we see that F (z) defines the unique probability measure with moments

αm.

On the other hand, let Xp be the random variable which takes on the value Regp(τ)

with probability µmax(τ) where τ ranges over the splitting types of p. Then define X =
∏
Xp,

which converges almost surely. It is rather clear that the moments of X are precisely the

αm. Hence, we have completed the proof of Theorem 125.

4.5 Future Work

There are several possible avenues for generalization. For instance, [19, 106] have proven

second order main terms for the count of cubic fields up to discriminant X. As such, one can

immediately conjecture that there is a second order main term for every moment L(k, 1)m,

not just when m = 0. Indeed, Goldfeld–Hoffstein already discovered this phenomenon for

138



quadratic fields when they proved Theorem 120 in the case d = 2 in [58]. As we noted in

Section 4.3, current technology is not quite strong enough to prove second order main terms.

Another direction for generalization is to generalize these results to larger base fields.

In this case, the NNF conjecture is available in the abelian cases due to work of Wright

[115] and in case of Sd number fields (d ≤ 5) due to work of Shankar in his forthcoming

thesis. However, Shankar currently does not have a power saving error term as in the NNF

Conjecture, but this seems likely to arrive soon. Moreover, the Strong Artin Conjecture

is available for G nilpotent and for G = S4. We note also that Theorem 130 extends to

automorphic forms attached to these field extension through Weil restriction to Q.

As for the geometric side, we give an explanation in Chapter 3 as to why we should

not expect any more prehomoegneous vector spaces which would yield parameterizations

of ideal classes. However, one may, in the spirit of Chapter 5 still produce varieties whose

integral points correspond to ideal classes. Unfortunately, counting integer points on varieties

is extremely difficult and any progress in this area would be considered a major advance.

Finally, there are two other parameters which can be varied: m and s. Specifically,

we could instead of considering integral moments consider more general complex moments.

Through the method of moments, we could then get a better handle on extreme behavior

of the product of the class number and regulator much as [60] did for quadratic characters.

Finally, we could use these methods to compute averages L(k, s) for s close to 1, much as

Goldfeld and Hoffstein did in [58] for quadratic characters. We plan to attack these ideas in

the near future.
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Part III

Commutative Algebra and the

Symmetric Group

140



Chapter 5

Multiplicative Structures on the Free

Resoultion of n Points in Pn−2

5.1 Introduction

In [25], Buchsbaum and Eisenbud make the following conjecture:

Conjecture 132 ([25]). If R is a local ring, then the minimal free resolution of a cyclic R

module possesses a nontrivial commutative, associative, differential graded algebra (ACDGA)

structure.

Remark 133. For the definition and basic properties of differential graded algebras, please

see Section 1.2.2 of Chapter 1.

Buchsbaum and Eisenbud were led to make this conjecture from their observations

about the Koszul complex and their construction in [25] of such a structure on the free

resolution on the free resolution of cyclic codimension 3 Gorenstein modules. Indeed, they

even showed that an a priori commutative DGA structure exists. However, as they note

in the same paper, the conjecture as stated is false. In this chapter, we provide several

more cases in which it is true, and extend Buchsbaum and Eisenbud’s construction to higher
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codimensions.

Theorem 134. Let k be an algebraically closed field of characteristic 0. Then the minimal

free resolution of n ≥ 3 general points in Pn−2
k admits a nontrivial ACDGA structure.

Perhaps the most striking aspect of our proof is the role of the representation theory of

finite groups. Similar multiplicative structures, reviewed below, tend to rely on the presence

of a reductive automorphism group (usually GLn). In the cases we handle, the relevant

stabilizer is Sn. In fact, while our first results concern algebraically closed fields, where the

representation theory of Sn is clear, we may push our results to non-closed fields.

Theorem 135. Let k be a field of characteristic 0. Let X ⊆ Pn−2
k be a dimension 0 subscheme

of degree n ≥ 3 which is geometrically n points in linearly general position1. Then the

minimal free resolution of X admits a canonical associative, commutative differential graded

algebra structure. In particular, if we require the resolution to be Sn-equivariant, then this

resolution is unique up to unique isomorphism.

Such strong canonicity in these multiplicative structures has been implicitly used

by many authors. For instance, Wright and Yukie [116] implicitly used this structure to

parameterize rank n rings over Q. And Bhargava also implicitly relied on a much stronger

canonicity (over Z) in structuring his Higher Composition Laws [9, 10, 11, 14]. Perhaps the

place where the idea of using such canonical multiplicative structures was first developed was

in Deligne’s letter to Bhargava [41] which inspired Wood’s vast generalization in her thesis

[114, 113, 112] extending Bhargava’s quadratic, cubic, and quartic Higher Composition Laws

to arbitrary base schemes. As a first step in generalizing these results, we also prove the

following theorem.

Theorem 136. Let π : X → Y be a Gorenstein cover of schemes of degree n ≥ 3 with

Y integral whose generic point η ∈ Y has characteristic 0. Moreover, suppose that X is

1This means that no n− 2 points lie on a hyperplane.
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generically étale in the sense that the fiber Xη → η is an étale cover of degree n. Then X

admits a minimal free resolution, and this resolution has a canonical ACDGA structure.

One striking feature of the codimension one, two, and three cases of Theorem 134

(which were known before this work) is that they also produce series of moduli spaces for

codimension ≤ 3 Gorenstein ideals which take the form of a quotient of a vector space

by the linear action of a redutive group. There is ample evidence that any more general

structure theorems cannot be this simple. For instance, n distinct points in Pn−2 form an

arithmetically Gorenstein scheme. However, over an algebraically closed field, all n-tuples of

general points in Pn−2 lie in the same PGLn−1 orbit. As such, if there were to exist a vector

space parameterizing such ideals, then it would necessarily be prehomogeneous, i.e., have a

single open Zariski dense orbit under the action of some group which would presumably be

reductive. But there is a finite list [97] of irreducible prehomogeneous vector spaces attached

to reductive groups2. Moreover, Bhargava has given arithmetic interpretations for most of

these vector spaces, making it unlikely that any more will be found. Of course, perhaps the

relevant vector spaces are actually attached to nonreductive groups, but there prehomoge-

neous vector spaces are no longer guaranteed to have a single invariant, which would also

be contrary to our expectation that the unique invariant should be the discriminant of the

associated ring. However, we should not completely rule out this possibility, as Bhargava

and Shnidman’s work [20] for counting A3 extensions of Q indicates.

However, using the ideas of Wood’s thesis and an irreducibility result of Poonen’s [95],

one may give an inexplicit proof of Bhargava’s Higher Composition Laws. Using Theorem 136

and similar ideas, we may parameterize rank n rings over Z, but not by the integer orbits

on a vector space, but rather by the integer orbits on a certain orbit of a complex Lie group.

The proof of this fact does not appear in this thesis, but shall be the topic of future work of

2This is actually up to “castling”. Without this qualification, there are actually an infinite number of
such spaces and so one might suspect that you could find parameterizations of these ideals among them.
However, a short study of how the castling transformation affects these vector spaces, specifically which
groups can appear, seems to indicate the contrary.
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ours. Moreover, we can obtain extensions to higher dimensions similar to those of [16, 67].

In particular, we expect if one could count the number of integer orbits in the spaces we

enumerate, one could prove bounds on the average size of the n-Selmer groups of elliptic

curves a la [17, 18]. These results are far out of reach for the moment, but are areas of active

interest.

Before moving on, we would like to give a little more historical context to this result.

Much work has been done to construct moduli spaces of algebro-geometric objects, for in-

stance, in finding appropriate ways to deal with the inevitable singularities of the spaces.

This work often falls under the heading of noncommutative geometry, and one of the objects

which is often promoted for this purpose is dg-schemes, where the sheaf of algebras is replaced

by a sheaf of differential graded algebras. This approach to deformation theory has appeared

in works by Kontsevich [71], Ciocan-Fontanine–Kapranov [34], and others. Moreover, it fig-

ures into Kuznetsov’s notion of homological projective duality [81], with which he hopes to

prove general statements about the rationality of cubic fourfolds. We hope that our work

will shed light on some of their more canonical constructions. More generally, dg-categories

(i.e., categories enriched over complexes of modules for some commutative ring) provide the

first example of A∞ categories [72] at the heart of much recent work, for instance, in trying

to determine what exactly is the Fukaya-category of a symplectic manifold [99].

As to simultaneous associativity and commutativity, it turns out that the Leibniz

rule is actually a rather restrictive condition. In terms of general results, Buchsbaum and

Eisenbud showed in [25] that every minimal free resolution of a cyclic R module admits a

commutative but not necessarily associative DGA structure through a trick which will be

integral to our work. For specific cases, suppose that m ≥ n and I is generated by the

maximal minors of a generic3 m × n matrix M of elements of m. Then the minimal free

resolution ofR/I is given by the Eagon-Northcott complex [43]. In her thesis, Srinivasan [103]

3Here this means that the grade of the ideal I is m− n+ 1, the greatest possible value.
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showed that if R contains Q the rational numbers, then this minimal free resolution admits

an ACDGA structure. Following up, Pelikaan [94] gave an associative but not necessarily

commutative structure on this resolution even when R did not contain the rationals. He

showed that it was also commutative when n ≤ m ≤ n+ 1.

More generally, there are resolutions (not necessarily minimal) of R/I when I is gener-

ated by the nonmaximal minors of M . These are the Buchsbaum-Rim complexes [26]. Gover

[59] produced an associative DGA structure on these complexes such that those associated

to nonmaximal minors were modules over the complex associated to the maximal minors.

Similarly, Schur complexes as developed by Akin, Buchsbaum and Weyman [1] come

equipped with a natural multiplicative structure, of which the Koszul complex is the most

accessible example.

After Buchsbaum and Eisenbud, there has not been too much work on nondetermi-

nantal ideals of a given codimension. Indeed, neither the Cohen-Macaulay nor the Goren-

stein condition is enough to guarantee existence of an ACDGA structure, as Hinic [2] and

Avramov [3] point out in the Cohen-Macaulay and Gorenstein cases, respectively. There has

been some work on the codimension four case, due to Kustin and Miller [75]. We should also

mention that these two authors have given many examples of multiplicative structures on

other resolutions [77, 79] and have found applications to build an “almost generic” resolution

for codimension four Gorenstein ideals [78, 76] and to classify their Tor algebras [80].

This chapter is organized as follows. In Section 5.2, we prove that the minimal free

resolution of X admits an action by Sn which in turn gives it a very nice structure. In fact,

by working with a particular set of points, we give a structure which is actually defined

over Z. In Section 5.3 we further exploit the representation theory of Sn to show that the

resolution of X also admits an ACDGA structure. In Section 5.4, we descend our results

from an algebraically closed field to any field of characteristic 0. Finally, in Section 5.5,

we prove Theorem 136 exploiting our work in Section 5.4 and the hard work of Section 5.2
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giving us at least one Z structure.

Remark 137. Starting in the next section we will ignore the case n = 3 as it does not fit into

our scheme of proof. But this case is obvious: In P1, any dimension 0 subscheme is cut out

by a (unique up to scalars) binary form of degree equal to the degree of the subscheme. So

the resolution of X is given by

R(−3)
f→ R

where f is the form cutting out X and R = k[x0, x1] is the homogeneous coordinate ring of

P1. The multiplication table is then determined by the canonical maps:

R⊗R → R

R⊗R(−3) → R(−3)

R(−3)⊗R(−3) → 0

The resulting structure is obviously an ACDGA.
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5.2 An Sn-equivariant resolution of X

Throughout this section, we will work over an algebraically closed field k of characteristic 0.

We let X ⊆ Pn−2 be a collection of n ≥ 4 points in linearly general position. Since all sets

of n points in Pn−2 are conjugate under the action of PGLn−1, we may assume without loss
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of generality X = {p0, . . . , pn−1} where pi = [pi0 : pi1 : · · · : pi,n−2] with

pij =


δij i 6= n− 1

1 i = n− 1

Let R = k[x0, . . . , xn−2] and let I ⊆ R be the ideal which cuts out X. Then we have

the following theorem.

Theorem 138. The minimal free resolution of X ⊆ Pn−2 has the shape:

R(−n)→ R(−n+ 2)bn−3 → R(−n+ 3)bn−4 → · · · → R(−2)b1 → R

where for 1 ≤ i ≤ n− 3 we have

bi = n

(
n− 2

i

)
−
(

n

i+ 1

)
. (5.1)

Remark 139. Note that bi actually depends on n as well. If we need to emphasize the role

played by n, we will denote this by bi,n.

Proof. There are several potential proofs of Theorem 138, and in fact we provide a slightly

novel one in Chapter 6. Schenzel [98] and Hoa [68] have given direct proofs of this fact.

Another possible proof which gives all but the last Betti number is the work of Green and

Lazarsfeld on their property (Np) [63]. Another direction is to embed Pn−2 ⊆ Pn−1 as a

hyperplane and to show that the pi live on an elliptic normal curve, which is a variety of

almost minimal degree and as such has a known minimal free resolution (e.g., [46, Chapter

6]). Coupled with the fact that varieties of almost minimal degree are always arithmetically

Cohen-Macaulay so that generic hyperplane sections have the same Betti numbers, we arrive

at the result.

Corollary 140. The subscheme X is arithmetically Gorenstein.
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Proof. The Betti numbers of X are symmetic in the sense of Theorem 24 of the introduction

to this thesis. Moreover, it is not hard to show (using, say, the cohomological description

of [5, Section 1]) that X is at least arithmetically Cohen-Macaulay. Putting these facts

together, we arrive at the assertion.

Remark 141. In fact, one may show that the points are in general position if and only if they

are arithmetically Gorenstein, see e.g. [69, Theorem C.ii].

Recall that over an algebraically closed field of characteristic 0 there is a canonical

bijection between the irreducible representations of Sn and the partitions of the number n.

We will often write partitions as Young diagrams, using the British convention, or as a sorted

multiset. For instance, the partition 5 = 3 + 2 may be written as {3, 2} or as

and the partition 10 = 4 + 3 + 1 + 1 + 1 may be written as {4, 3, 1, 1, 1} or as

For more information, see Chapter 6 or [54, Chapter 6].

Lemma 142. The numbers bi from Theorem 138 are the dimensions of certain irreducible

representations of Sn, namely, b0, b1, b2, . . . , bn−2 are precisely the dimensions of the repre-

sentations

n
n− 2

n− 3

· · ·

n
−

2

n

.
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In words, the first representation is the trivial representation, the last the alternating repre-

sentation. The second has n− 2 boxes on the first row and two boxes on the second. Subse-

quent partitions move a single box from the first row to the first column until the penultimate

partition is reached.

Proof. Let Fi represent both the ith Young diagram listed and the corresponding represen-

tation of Sn over k. Then F0 and Fn−2 are the trivial and alternating representations of Sn,

respectively, both of which have dimension 1 = b0 = bn−2.

Our proof is by induction on n. We note that the case n = 4 is trivial, as b1,4 = 2

and dimF1 = 2. In order to perform the inductive step, we recall the branching law for

representations of Sn (cf. e.g. [108]). Recall that Sn is defined as the automorphisms of the

set {1, . . . , n}. Then the stabilizer of any i ∈ {1, . . . , n} is some Sn−1 ⊆ Sn. Since the action

of Sn on {1, . . . , n} is transitive, all such Sn−1 are conjugate. We call these the standard

Sn−1’s in Sn. If n > 6, then these are in fact the only Sn−1’s in Sn.

Now suppose that λ = {λ1, λ2, . . .} is a partition of n. Then we say that a partition

µ = {µ1, µ2, . . .} of n− 1 is a restriction of λ if µi ≤ λi for all i. Stated less formally, µ has

Young diagram which is the same as λ, except one row has one fewer box.

Theorem 143 (Branching Law). The restiction to a standard Sn−1 of the representation of

Sn associated to λ is isomorphic to the direct sum of the representations associated to all µ

partitions of n− 1 which are restrictions of λ.

Remark 144. Stated less formally, each irreducible component of the restriction of the repre-

sentation associated to λ to a standard Sn−1 appears precisely once. Moreover, the irreducible

representations that appear differ from λ by removing a single box such that the resulting

diagram remains the Young diagram of a partition.

We now show b1,n = dimF1 for all n ≥ 5. Consider the restriction of F1 to a standard
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Sn−1. Then the branching law implies that the resulting representation splits as

n− 1 ⊕ n− 2

.

The dimensions of these representations are n − 2 and b1,n−1, the second fact being by

induction. According to Theorem 138, we know that b1,n = n(n − 2) −
(
n
2

)
. On the other

hand,

(n− 2) + b1,n−1 = (n− 2) + (n− 1)(n− 3)−
(
n− 1

2

)
= n(n− 2)−

(
n− 1

1

)
−
(
n− 1

2

)
,

and so by Pascal’s identity we have the claim.

We now show that bi = dimFi for all other i. By symmetry, we know that bn−3 =

dimFn−3 = dimF1 = b1, so we may assume 1 < i < n − 3. Thus, upon restricting to Sn−1,

we find that Vi splits as

n− i− 1

i ⊕
n− i− 1

i
+

1 ⊕
n− i− 2

i
+

1

.

(Note that we have used here that 1 < i < n − 3 as there would otherwise have only been

two terms in the decomposition.) So it suffices to show

bi,n = bi,n−1 +

(
n− 2

i

)
+ bi−1,n−1 = n

(
n− 2

i

)
−
(

n

i+ 1

)
.

This is just a simple computation. Hence we are done.

It turns out that this is not a coincidence. By definition, PGLn−1 acts on Pn−2. Let
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G ⊆ PGLn−1 k be the stabilizer of X. Then G actually permutes the points pi, i.e., there is

a surjection G� Sn. Moreover, this is actually an isomorphism. For if the points pi ∈ Pn−2
k

are fixed, then the lines in An−1
k they correspond to are also fixed. That is, if q0, . . . , qn−1

are lifts of the pi, and g ∈ ker(G� Sn) then g(qi) = aiqi for some ai ∈ k. But we note that

one choice of lifts is qi = (qi0, . . . , qi,n−1) with

qij = δij when i 6= n− 1

and qn−1 = −(q0 + · · ·+ qn−2). Then

g(qn−1) = an−1qn−1 = −(a0q0 + · · ·+ an−2qn−2 = an−1q0 + · · ·+ an−1qn−2).

Hence, ai = an−1 for all i. That is, g is a multiple of the identity matrix and hence trivial in

PGLn−1(k).

Moreover, we see that the group G ⊆ PGLn−1 has a lift to GLn−1. Consider the

permutation representation of Sn on kn, say with basis vectors e1, . . . , en. Then let V =

kn/(e1 + · · · + en) be the standard representation of Sn. Fix as a basis of V the reductions

ē1, . . . , ēn−1, so ēn = −(ē1 + · · · ēn−1). Identifying PV = Pn−2 by kēi = pi for all i, we see

that the actions of Sn on PV and Pn−2 coincide. That is, letting G̃ be the preimage of G in

GLn−1, we see that the exact sequence

0→ Gm → G̃→ Sn → 0 (5.2)

splits. In particular, since Gm is central, we see that G̃ ∼= Gm × Sn.

Lemma 145. There are precisely two splittings of (5.2). In both, the image of Sn ⊆ GLn−1

is an irreducible representation. One lift corresponds to the partition {n−1, 1} and the other

to the partition {2, 1, 1, . . . , 1}.
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Proof. A choice of Sn ⊆ G̃ is determined by a choice of Coxeter generators, i.e., elements

si ∈ G̃ with 1 ≤ i ≤ n − 1, s2
i = 1 for all i and (sisj)

mij = 1 where mi,i±1 = 3 and all

other mij = 2. Moreover, all ordered sets of Coxeter generators are conjugate and any set

of elements satisfying these relations will generate Sn.

Now start with a splitting G̃ ∼= Gm × Sn. Then any choice of Coxeter generators

si = (µi, ti) ∈ Gm× Sn will have ti as Coxeter generators of our chosen Sn since they satisfy

the Coxeter relations. Since all Coxeter relations are conjugate and Gm is central, we may

as well assume ti = ((i)(i+ 1)) is the usual Coxeter generator.

Then the Coxeter relations imply µ2
i = 1, i.e., µi = ±1 for all i. Then the relation

(µiµi+1)3 = 1 implies that µi = µi+1 for all i. Moreover, it is easy to see that the elements

(−1, ti) satisfy the Coxeter relations, and hence generate Sn.

For the final statement of the theorem, note that we have already shown that one lift

is the standard representation {n − 1, 1} of Sn. Then the other lift has Coxeter generators

(−1, (i(i+ 1))). But the trace of the matrix in GLn−1 corresponding to (−1, (i(i+ 1))) is the

negative of the trace of the matrix corresponding to (1, (i(i + 1))). From character theory,

this means that the representation is the standard represenation twisted by the alternating

representation and as such has partition {2, 1, 1, . . . , 1}.

Since these two lifts give different representations when n ≥ 5, there is a canonical

choice of lift, which we will take to be the standard representation Sn ⊆ GL(V ).

Let R = k[x0, . . . , xn−2] = Sym• V ∨ be the homogeneous coordinate ring of Pn−2 =

PV and let I = IX ⊆ R be the ideal of X and S = R/I be the homogeneous coordinate

ring of X. As noted in Corollary 140, S is Gorenstein. Moreover, let I2 be the subspace of

I consisting of forms of degree 2.

According to Theorem 138, I = (I2), i.e., I is generated by quadrics. In fact, we may

write these quadrics down.

Lemma 146. For distinct i, j, k ∈ {0, . . . , n2}, let fi,jk = xi(xj−xk) ∈ R. The fi,jk span I2.
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Proof. That the fijk all vanish on X is evident. Moreover, it is not hard to see that in fact

they do not vanish at any other point. Finally, the ideal J = (fijk) is saturated, or else its

saturation I would have to contain a linear form, which contradicts the assumption that the

points are in general position. Hence, I = J and we have proved the lemma.

Remark 147. For notational convenience, we define fi,jk = 0 whenever two of i, j, k are equal.

Now Sn acts on V , and hence on V ∨ and thus on R = Sym•(V ∨). This action is

degree preserving. Moreover, since Sn preserves X, it must also preserve I, and hence I2

since it preserves degrees. We can then ask which reprsentation of Sn is given by I2. We

can then decompose Sym2(V ∨) using character theory and the fact that all representations

of Sn are self-dual, and we find that it is isomorphic to

n ⊕ n− 1 ⊕ n− 2

.

The trivial representation is the span of x2
0 + · · · + x2

n−2 + (x0 + · · · + xn−2)2, which is not

in the span of the fijk since every monomial of fijk is squarefree. Similarly, the standard

representation is spanned by {xi(x0 + · · ·+ xn−2) : 0 ≤ i ≤ n− 2}, which also contains non-

squarefree monomials. So we are left only with rightmost Young diagram and the nonobvious

lemma:

Lemma 148. I2 is the irreducible Sn representation

n− 2

.

We will now collect some facts about the action Sn on the fi,jk. It suffices to determine

the action of transpositions (`,m) for 0 ≤ `,m ≤ n− 1.
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Lemma 149. If 0 ≤ `,m < n− 1, then the action of (`,m) on fi,jk is the usual permutation

action on the i, j, k. If m = n− 1, then

(`, n− 1)fi,jk =



fi,jk − f`,jk ` 6= i, j, k,

−f`,jk ` = i,

fi,jk − fj,ik ` = j, and

fi,jk − fk,ji ` = k.

Proof. All of these are simple computations, but just to set ideas, we prove the third line of

the displayed relations.

(j, n− 1)fi,jk = (j, n− 1) [xi(xj − xk)]

= (xi − xj) [−xj − (xk − xj)]

= xjxk − xixk

= xjxk − xixk + (xixj − xixj)

= xi(xj − xk)− xj(xi − xk)

= fi,jk − fj,ik.

This is the first step of the proof of the following theorem:

Theorem 150. The minimal free resolution of X has an Sn-equivariant expansion which

has shape

Fn−2 ⊗R(−n)→ Fn−3 ⊗R(−n+ 2)→ · · · → F1 ⊗R(−2)→ F0 ⊗R,

where the Fi are as in Lemma 142.
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From Theorem 138 and Lemma 142, we know that if K• is the minimal free resolution

of S, then Km
∼= Em⊗R(−am) where Em is a vector space with dimk Em = dimk Fm. Notably,

it is also an Sn representation since it will inductively be the kernel of an Sn equivariant

map. Our strategy of proof will be for each Em to find a subrepresentation W ⊆ Em which

is isomorphic to Fm, and thus by dimension considerations, Em = W ∼= Fm.

We begin with the case n = 4. In this case, we are almost done with the proof, since

E0
∼= F0 is obvious, and E1

∼= F1 was Lemma 148. Moreover, Theorem 138 implies we only

need to show that E2 ⊆ F1 ⊗ Sym2 V ∨ is the alternating representation of S4.

We know that dimE1 = 2, and so in particular it is generated by

f012 = x0(x1 − x2) and

f120 = x1(x2 − x0).

To distinguish between elements of R and elements of, say, F1⊗ Sym2 V ∨, we denote

by s1
i,jk ∈ F1 the element corresponding to fi,jk ∈ Sym2 V ∨. In this notation, s1

0,12 and s1
1,20

admit a quadratic syzygy, namely:

f012s
1
120 − f120s

1
012. (5.3)

Since E2 is a one-dimensional Sn representation, it is either the trivial or the alter-

nating representation. In fact, we see that

(01) · (f0,12s
1
1,20 − f1,20s

1
0,12) = f1,02s

1
0,21 − f0,21s

1
1,02 = −(f0,12s

1
1,20 − f1,20s

1
0,12).

Thus, the action of S4 on E2 is nontrivial and so is necessarily the alternating action.

From now on, we assume that n ≥ 5. We begin with a definition, which will turn out
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to give us an explicit realization of the m-syzygies in Theorem 138. Let 1 ≤ m ≤ n−3 be an

integer and let I denote an ordered m-tuple of distint integers in [0, n−1]. Let J = (j1, j2) be

an ordered pair of distint integers in [0, n− 1] disjoint from I. Denote by Ik the kth element

of I and Jk the kth element of J . Similarly, denote by Ik the ordered (m − 1)-tuple which

is (I1, . . . , Îk, . . . , Im). For σ ∈ Sm = Aut(I), let ε(σ) denote the sign of the permutation.

Finally, for m ≥ 2, define

smI,J =
1

(m− 1)!

∑
σ∈Sm

ε(σ)xσ(I)1s
m−1
σ(I)1,J . (5.4)

Remark 151. Note that for any permutation σ ∈ Aut(I) we have that smI,J = ε(σ)smσ(I),J , so

in particular, this definition makes sense over Z.

As it stands, this definition actually only makes sense for the case m = 2 as we defined

s1
i,jk ∈ F1 above, presuming that Theorem 134 has been shown for all pairs (m0, n0) such

that either n0 < n or n0 = n and m0 < m. Then the smI,J ∈ V ∨ ⊗ Fm−1.

Let W be the span of the smI,J . Since W is a subspace of an Sn representation, it

is acted on by Sn. For transpositions (k, `) with 0 ≤ k, ` < n − 1, we see by induction on

m that Sn acts in the obvious way on indices. For transpositions (k, n − 1), we have the

following lemma.

Lemma 152. The action of (k, `) on smI,J is given as follows:

(k, n− 1)smI,J =



smI,J −
∑m

i=1 s
m

I
i↔k,J

k /∈ I ∪ J,

−smI,J k ∈ I,

smI,J −
∑m

i=1 s
m

I
i↔k,ij2

k = j1, and

smI,J −
∑m

i=1 s
m

I
i↔k,j1i

k = j2.

Here the notation I
i↔ k means the ordered m-tuple (I1, . . . , Ii−1, k, Ii+1, . . . , Im).
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Proof. We note that we have already shown the m = 1 case of this lemma: it was Lemma 149.

For larger m, the computation gets a bit messy, so for clairity, we first make the computation

for m = 2. Here

s2
ij,`m = xis

1
j,`m − xjs1

j,`m.

We first take k /∈ I ∪ J . Then acting by (k, n− 1) gives

(xi − xk)(s1
j,`m − s1

k,`m)− (xj − xk)(s1
i,`m − s1

k,`m)

=
[
xis

1
j,`m − xjs1

i,`m

]
−
[
xks

1
j,`m − xjs1

k,`m

]
+
[
xks

1
i,`m − xis1

k,`m

]
+
[
xks

1
k,`m − xks1

k,`m

]
= s2

ij,`m − s2
kj,`m − s2

ik,`m.

If k ∈ I, then we assume k = i, so we act by (i, n− 1) on s2
ij,`m and get

−xi(s1
j,`m − s1

i,`m)− (xj − xi)(−s1
i,`m) = −(xis

1
j,`m − xjs1

i,`m) +
[
xis

1
i,`m − xis1

i,`m

]
= −s2

ij,`m.

If k ∈ J , then we may as well assume k = ` and we get

(xi − x`)(s1
j,`m − s1

`,jm)− (xj − x`)(s1
i,`m − s1

`,im)

=
[
xis

1
j,`m − xjs1

i,`m

]
+
[
xjs

1
`,im − xis1

`,jm

]
+ x`

(
s1
i,`m − s1

j,`m + s1
`,jm − s1

`,im

)
.

The first bracketed expression is s2
ij,`m. Working inside of F1 ⊆ Sym2 V ∨, we see that

the last bracketed expression is s1
m,ji. Now we add and subtract x`(s

1
j,im+s1

i,mj) and we come

to the expression

s2
ij,`m − s2

`j,im − s2
i`,jm + x`(s

1
j,im + s1

i,mj + s1
m,ji).

However, we may again work in F1 ⊆ Sym2 V ∨ in order to show that the bracketed expression

on the right is 0. Hence, we arrive at the lemma.

For larger m > 2, the calculations become much more arduous. But the results remain
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the same. Let us begin by assuming k /∈ I ∪ J . Then the effect of applying (k, n− 1) on smI,J

is

∑
σ∈Sm

ε(σ)(xσ(I)1 − xk)(sm−1
σ(I)1,J −

m−1∑
i=1

sm−1

σ(I)1 i↔k,J
)

=
∑
σ∈Sm

ε(σ)xσ(I)1s
m−1
σ(I)1,J −

∑
σ∈Sm

ε(σ)xks
m−1
σ(I)1,J

−
∑
σ∈Sm

ε(σ)xσ(I)1

m−1∑
i=1

sm−1

σ(I)1 i↔k,J
+ xk

∑
σ∈Sm

ε(σ)
m−1∑
i=1

sm−1

σ(I)1 i↔k,J
. (5.5)

The first summand of (5.5) is visibly smI,J . We now analyze the other summands.

We begin by showing the last summand of (5.5) is 0. Note that for all σ, i, there is

another σ′ = (1i)σ ∈ Sm such that σ′(I)1 i↔ k = σ(I)1 i↔ k. As Sm is a group and (1i) is

an involution, this partitions Sm. Moreover, ε(σ) = −ε(σ′). Hence, the last term is 0.

Now we need to show that the middle two terms are −
∑m

p=1 s
m

I
p↔k,J

. Let’s expand

this sum:
m∑
p=1

∑
σ∈Sm

ε(σ)x
σ(I

p↔k)1
sm−1

σ(I
p↔k)1,J

=
∑
σ∈Sm

m∑
p=1

ε(σ)x
σ(I

p↔k)1
sm−1

σ(I
p↔k)1,J

.

For a fixed σ ∈ Sm, let q = σ−1(1). Then the qth term of the inside sum is xks
m−1
σ(I)1,J .

This is the second summand in (5.5).

As for the sum over the other p’s, it is easy to see that it is precisely

m−1∑
i=1

ε(σ)xσ(I)1,Js
m−1

σ(I)1 i↔k,J
.

which is the third term in (5.5). Hence, we have equality.

Let us now assume that k ∈ I. Note that for τ ∈ Aut(I) that smτ(I),J = ε(τ)smI,J , which

follows immediately from the definition. Thus, we may assume without loss of generality

that k = i1.

Let G ∼= Sm−1 ⊆ Sm be the subgroup fixing the first index of I. Let Gp = G(1p)
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be the coset of elements taking the pth index to the first. Then action of the transposition

(i1(n− 1)) on smI,J breaks up as:

∑
σ∈G

ε(σ)(−xI1)(smI,J −
m∑
i=1

x
σ(I)1 i↔I1,J

) +
m∑
p=2

∑
σ∈G

−ε(σ)(xIp − xI1)(−sm−1
σ(1p)(I)1,J)

= −smI,J + xI1
∑
σ∈G

ε(σ)
m−1∑
i=1

sm−1

σ(I)1 i↔I1,J
+ xI1

m∑
p=2

∑
σ∈G

−ε(σ)sm−1
σ(1p)(I)1,J .

So we need to show that the last two summands sum to 0. We note that givn σ ∈ G

and 1 ≤ i ≤ m − 1 that σ(I)1 i↔ I1 = σ(1(i + 1))(I)1. This pairs up elements of the two

double sums so that the two elements of the pair are the same except they have opposite

sign. Hence, the total is 0.

Finally, suppose that k ∈ J . Here the calculations become so unwieldy (as witnessed

in the m = 2 case) that we change our method of proof.

Let Gp ⊆ Sn be the stabilizer of 0 ≤ p ≤ n− 1, so Gp
∼= Sn−1 and is generated by the

transpositions (01), (12), . . . , ((p− 1)(p+ 1)), ((p+ 1)(p+ 2)), . . . , ((n− 2)(n− 1)). Suppose

for the moment that m < n− 3. Let Wp be the span of the smI,J such that p /∈ I ∪ J . Since

m < n − 3, we have that Wp 6= 0. Moreover, we see by induction that Wp is an irreducible

Gp representation, and in particular is the vector space of m-syzygies of (n − 1) points in

Pn−3.

Since k ∈ J we have that |{k}∪I∪J | < n−1. Hence, there is some index 0 ≤ p ≤ n−1

such that p /∈ I ∪ J and p 6= k. Then smI,J ∈ Wp, and by induction we know how (k, n − 1)

acts on smI,J , and it is exactly as in the statement of the lemma.

Finally, we must consider the case m = n− 3.
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∑
σ∈Sn

ε(σ)(xσ(I)1 − xJ1)(sm−1
σ(I)1,J −

m∑
i=1

sm−1

σ(I)1 i↔k,IiJ2

)

=
∑
σ∈Sn

ε(σ)xσ(I)1s
m−1
σ(I)1,J −

∑
σ∈Sn

ε(σ)xσ(I)1

m−1∑
i=1

sm−1

σ(I)1 i↔k,IiJ2

+
∑
σ∈Sn

ε(σ)xJ1

m−1∑
i=1

sm−1

σ(I)1 i↔k,I1J2

−
∑
σ∈Sn

ε(σ)xJ1s
m−1
σ(I)1,J .

The first summand on the right hand side is visibly smI,J . The rest of the lemma is similar to

the previous parts.

But why are these objects even of interest? The answer is contained in

Lemma 153. For all m, I, J , the smI,J ∈ Em, i.e., they are syzygies.

Proof. First apply dm to smI,J and get

∑
σ∈Sm

ε(σ)xσ(I)1

∑
τ∈Sm−1

ε(τ)xτ(σ(I)1)1
sm−2
τ(σ(I)1)1,J . (5.6)

We would like to show that this is 0. We note that this sum may be rewritten as a

sum ∑
i<j∈I

χijxixjs
m−2
Iij ,J

where I ij is (m − 2)-tuple with i and j removed and the χij is some integer. We assume

without loss of generality that I = (1, 2, . . . ,m) and that i = 1 and j = 2. We now compute

χij.

In the sum (5.6), there are two ways that an addend can contribute to χ12: either

σ(I)1 = 1 and τ(σ(I)1)1 = 2 or vice-versa. So we search for the terms which fix 1 and 2.

Let G ⊆ Sm be the subgroup fixing 1. For σ ∈ G, H = Hσ ⊆ Sm−1 be the subgroup fixing 2
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in σ(I)1 and let γσ ∈ Sm−1 be the transposition swapping 2 and (σ(I)1)1. Then for σ ∈ G,

τ ∈ H, we have γτσ fixes 1 and 2 in I. Moreover, these yield precisely the terms in (5.6)

which fix both 1 and 2. But each of these terms contributes

ε(σ)ε(γστ)ε(γστσ) = 1

to the sum (5.6).

On the other hand, we seek the terms which transpose 1 and 2. These will be the

exact same terms except they should first transpose 1 and 2. So each term contributes

ε(σ(12))ε(γστ)ε(γστσ) = −1

to (5.6). Hence, χ12 = 0.

Let W be the span of the smI,J , which we know is an Sn representation which consists

of syzygies. We now ask which representation it is. What follows now are four lemmas on

how the representation W of Sn breaks up into irreducible representations of Sn−1 ⊆ Sn,

where the particular Sn−1 we choose is the stabilizer of p0, i.e., the subgroup generated

by the transpositions (12), (23), . . . , ((n − 2)(n − 1)). These four lemmas combined with

the branching law for Sn (Theorem 143) and dimension considerations (Theorem 138 and

Lemma 142) will be sufficient to prove Theorem 134 when m < n − 3. When m = n − 3,

Lemma 157 will finish the proof. Finally, we consider m = n− 2 in Lemma 158.

Lemma 154. Suppose 2 ≤ m < n − 3. Let Sn−1 ⊆ Sn be the subgroup fixing p0, i.e., that

which is generated by the transpositions (12), (23), . . . , ((n− 2)(n− 1)). Then W contains a

copy W1 of the representation Fm,n−1.

Proof. Let W1 ⊆ W be the span of smI,J such that 0 /∈ I ∪J . (Note that since |I ∪J | = m+ 2

we have already used the assumption m < n− 3.) Then from Lemma 152 we see that W1 is

161



an Sn−1 subrepresentation. Moreover, it is evident from Lemma 152 and induction that the

action of Sn−1 on W1 is the same as the action on Em,n−1 = Fm,n−1.

Let 2 ≤ m ≤ n−3 and let Sn−1 ⊆ Sn be the subgroup generated by the transpositions

(01), (12), . . ., ((n − 3)(n − 2)). Then V ∨ restricts to the the permutation representation

of x0, . . . , xn−2. In particular, it breaks up as a trivial representation spanned by x0 + x1 +

· · · + xn−2 and a standard representation V ∨n−1 spanned by the differences xi − xj for all

0 ≤ i, j ≤ n− 2. Consider the Sn−1-equivariant projection

p : Fm−1,n ⊗ V ∨ → Fm−1,n ⊗ V ∨/V ∨n−1.

Then we denote the image of each xi ∈ V ∨/V ∨n−1 as x0.

Lemma 155. The image p(W ) contains a copy W2 of the Sn−1 representation Fm−1,n−1 as

an Sn−1 representation.

Proof. From the definition (5.6) of the smI,J , we see that

p(smI,J) = x0

m∑
k=1

(−1)m−1sm−1
Ik,J

.

Since |I ∪ J | ≤ n − 1, we can find all sm−1
I,J in the image. In particular, using Lemma 152

we get the claim. where I ′ is some ordering of the set I − {0}. Moreover, we know that

V ∨/V ∨n−1 is a trivial representation and is spanned by x0. Hence, after sending x0 7→ 1 ∈ k,

we are left with a surjective map which lands in Em−1,n. Hence the lemma.

Lemma 156. There is an irreducible Sn subrepresentation W3 ⊆ W containing both the

representations described in the previous two lemmas.

Proof. Consider I = (1, 2, . . . ,m) and J = (n − 3, n − 2). Then smI,J ∈ W1, the irreducible

Sn−1 representation from Lemma 154. Let I ′ = (0, 2, 3, . . . ,m) and J = (n − 3, n − 2).
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Then (01)smI,J = smI′,J . Since p(smI′,J) 6= 0, we have that W2 and W1 must belong to the same

irreducible Sn subrepresentation of W .

Lemma 157. Let 2 ≤ m ≤ n − 3 and let Sm ⊆ Sn be the subgroup generated by the

transpositions (01), (12), . . . , ((m − 2)(m − 1)). Then W contains a copy of the alternating

representation of Sm.

Proof. Let I = (0, 1, . . . ,m− 1) and let J = (n− 3, n− 2). Then according to Lemma 152,

ksmI,J is an Sm representation, specifically, the alternating representation.

This is now sufficient to prove Theorem 134 for m < n − 3. For according to

Lemma 156, we know that W1 and W2 from Lemmas 154 and 155 belong to the same

irreducible Sn subrepresentation of W . However, it is not hard to see that the only Young

diagram of which both Fm,n−1 and Fm−1,n−1 are both restrictions is Fm,n.

Finally, we come to the case m = n − 3. As noted above, Lemma 154 only makes

sense for m < n− 3, so we no longer have W1. However, we still have W2. For n = 5 (resp.

n ≥ 6) there are only 2 (resp., 3) Young diagrams of which Fm−1,n−1 is a restiction, namely,

n
−

3

n
−

3

n
−

2

(5.7)

(The middle diagram only makes sense for n ≥ 6.)

These representations have dimensions, respectively,

αn =
n(n− 2)(n− 4)

3
βn =

n(n− 1)(n− 5)

6
bn−3 =

n(n− 3)

2
.

But αn > bn−3 when n ≥ 6, and βn > bn−3 whenever n ≥ 7. So we need only concern

ourselves with the cases n = 5, 6.
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Note that α5 = b2,5 = 5, so we already know that W is irreducible. Thus, in order

to determine W , we need only distinguish between these two. One notable feature of the

rightmost representation in (5.7) is that it contains a copy of the alternating representation

of S3. Hence, Lemma 157 takes care of the case n = 5.

For the case n = 6, we note that the rightmost representation is again distinguished

by containing an alternating representation of S4. Again, Lemma 157 saves the day.

Finally, to finish the proof of Theorem 134, we need the following lemma.

Lemma 158. The representation En−2 is the alternating representation.

Proof. We already know that dimEn−2 = 1 from Theorem 138 and Lemma 142, so it is only

necessary to show that Sn does not act trivially on En−2. In fact, we will show that the

trivial representation does not even appear in Fn−3 ⊗ Sym2 V ∨.

We know that En−2 ⊆ Fn−3,n ⊗ Sym2 V ∨. Moreover, we saw above that Sym2 V ∨ ∼=

k ⊕ V ⊗ F1,n where k is the trivial representation. Now Fn−3,n ⊗ k ∼= Fn−3,n certainly does

not contain a trivial representation.

As we will see in our discussion of the Littlewood-Richardson rule in the next section,

to show that the trivial representation does not appear in Fn−3 ⊗ V , it suffices to show that

the restriction of the trivial representation to Sn−1 does not appear in the restriction of Fn−3

to Sn−1. However, this is obvious from the branching law.

Finally, to see that the trivial representation does not appear in Fn−3⊗F1, it suffices

to show that the trivial representation does not appear in ResSnSn−2×S2
Fn−3. But then it

suffices to show that the trivial representation does not appear in ResSnSn−2
Fn−3. This is

again obvious for n ≥ 5.

Thus, we have completed the proof of Theorem 134.

Remark 159. We used heavily the already known dimensions of the various syzygy modules

in this proof, and we will again use this method of proof in Chapter 6. This begs the question
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of whether or not there is a direct method of proof of the fact that the syzygy modules are

irreducible representations.

5.3 An ACDGA structure for the Resolution of X

In fact, we can use equivariance of the resolution proved in Theorem 150 in order to put an

ACDGA structure on that resolution. To begin with, we more closely examine the known

examples of ACDGA resolutions of n ≥ 4 points in Pn−2, i.e., n = 4, 5.

In the case n = 4, the minimal free resolution of X is a Koszul resolution, since X is

the complete intersection of 2 quadrics f, g:

R(−4)


g

−f


−→ R(−2)2

[
f g

]
−→ R.

Viewing Rbi ∼= ∧iR2 ∼= Fi ⊗ R as R modules, there is a natural differential graded multipli-

cation map, which is given by x · y = x ∧ y for x ∈ ∧iR2 and y ∈ ∧jR2.

There is in fact another way to think of this exterior product. Specifically, consider

that as representations of Sn, ∧iF1
∼= Fi. So we get an ACDGA multiplication (∧iF1⊗R)⊗

(∧jF1 ⊗R)→ ∧i+jF1 ⊗R which is Sn-equivariant.

Now consider the case n = 5. We recall the construction of Buchsbaum and Eisenbud

[25]. Let K be the minimal free resolution of X constructed in Theorem 150. Then consider

the symmetric square

Sym2(K) = K⊗K/M

where M is the graded submodule of K⊗K given by

{f ⊗ g − (−1)ijg ⊗ f : f ∈ Ki, g ∈ Kj}.
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Then

Sym2(K)k ∼=

( ∑
i+j=k,i<j

Ki ⊗Kj

)
+


0 k ≡ 1 mod 2,

∧2Kk/2 k ≡ 2 mod 4, and

Sym2(Kk/2) k ≡ 0 mod 4.

The decomposition is also seen to be Sn equivariant. So in particular, Sym2(K) consists of

projective R modules and is isomorphic to K in degrees 0 and 1. Note further that M is

closed under the action of Sn. Hence Sym2(K) inherits an Sn-equivariant struture. We recall

the following:

Theorem 160. If K• and L• are two projective resolutions in an abelian category and there

are maps

K1 K0

L1 L0

with the vertical maps isomorphisms then these maps may be extended to maps of complexes

K→ L:

· · · K2 K1 K0

· · · L2 L1 L0.

Buchsbaum and Eisenbud use this theorem to put an a priori commutative DGA

structure on the resolution of codimension 3 arithmetically Gorenstein schemes. They then

note that there is only one associativity relation that needs to be checked, specifically, that

(ab)c = a(bc) for a, b, c ∈ K1. But (ab)c, a(bc) ∈ K3. Since d3 is injective, it suffices to show

that d3((ab)c) = d3(a(bc)). After applying the DGA rules and the known cases, both turn

out to be equal to

d1(a) · b · c− a · d1(b) · c+ a · b · d1(c).
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This technique of proof of course fails for higher codimension, where the length of the

resolution is strictly greater than 3. However, we know the resolution to be Sn equivariant,

and the category of Sn equivariant R modules is also abelian. Moreover, we have seen in

Chapter 1 that for any finite dimensional represenation W of Sn that W ⊗R is a projective

equivariant R module. Hence, the same trick used by Buchsbaum and Eisenbud may be

used to put a CDGA structure on K which respects the Sn structure.

Now to show that the multiplication is associative, it would suffice to show that the

image of the multiplication maps and the kernels of the various d maps belong to disjoint

isotypical components. In fact, since both multiplication and the d maps are R-linear, it

suffices to show that no two elements of ordinary degree 0 multiply to an element of the

kernel of the relevant d map. This is what we endeavor to show.

Remark 161. Recall from Section 1.3.7 of Chapter 1 that our complexes are equipped with

two natural gradings: the homological degree and the ordinary degree. The first is the

grading of the complex and runs from 0 to n− 2. The latter arises from the grading on R.

Thus, an element of F1 ⊗ Sym5(V ∨) has homological degree 1 and ordinary degree 5.

To this effect, we introduce some notation for this section. Suppose a ∈ K is ho-

mogeneous in the homological (resp., ordinary) degree. Then denote by |a| (resp., δ(a)) its

homological (resp., ordinary) degree. We say a is homogeneous provided that it is homoge-

neous with respect to both the homological and ordinary degrees.

Lemma 162. Suppose a, b ∈ K are homogeneous with 0 ≤ |a|, |b| ≤ n−2. Then with respect

to any differential graded multiplication on K we have

δ(ab) = δ(a) + δ(b) + p|a|,|b|
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where

p|a|,|b| =



0 |a| = 0,

0 |b| = 0,

0 |a|+ |b| = n− 2, and

1 otherwise.

Remark 163. If |a|+ |b| > n− 2, then K|a|+|b| = 0, so we ignore these cases.

Proof. The case |a| = 0 is obvious. Also, we note that δ(ab) = δ(ba) by the commutativity of

our DGA. Also, note that for all i, j, we have that pij = pji. Hence, we may assume without

loss of generality that 1 ≤ |a| ≤ |b| ≤ n − 2 − |a|. All other calculations are based on the

following equality:

δ(ab) = δ(d(ab))− δ(d|a|+|b|)

= δ [d(a) · b± a · d(b)]− δ(d|a|+|b|)

= max {δ(d(a) · b), δ(a · d(b))} − δ(d|a|+|b|)

= max
{
δ(d(a)) + δ(b) + p|a|+1,|b|, δ(a) + δ(d(b)) + p|a|,|b|+1

}
− δ(d|a|+|b|)

= δ(a) + δ(b)− δ(d|a|+|b|) + max
{
δ(d|a| + p|a|+1,|b|, δ(d|b| + p|a|,|b|+1)

}
,

where δ(di) = δ(di(a))− δ(a) for any a ∈ Ki. So we see that

p|a|,|b| = max
{
δ(d|a| + p|a|+1,|b|, δ(d|b| + p|a|,|b|+1)

}
− δ(d|a|+|b|).

We consider separately the case |a| = |b| = 1. If n = 4, then the above expression is

obviously 0. If n ≥ 5, then we fill in the expression above as

max {2 + 0, 2 + 0} − 1 = 1.
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If |a| = 1 < |b| < n− 2, then (using the previous computation) it is filled in as

max {2 + 0, 1 + 1} − 1 = 1.

Finally, if |a| = 1 and |b| = (n− 2)− 1, then it becomes

max {2 + 0, 1 + 1} − 2 = 0.

The calculations for |a| > 1 are similar.

Combining Lemma 162 with Theorem 150 shows that we only need to check that

Fi+j+1 does not appear in Fi⊗Fj with 1 ≤ i ≤ j ≤ (n− 2− i)− 2. Note that if j = n− 2− i

then there is nothing to check since dn−2 is injective. If j = (n − 2 − i) − 1, then there is

also nothing to check since dn−2+1 is injective in ordinary degree 1, where Lemma 162 tells

us the image of Fi ⊗ F(n−2−i)−1 must lie.

Thankfully, checking whether a given irreducible representation of Sn appears in a

tensor product of irreducible representations is well-studied. We use the techniques outlined

in [54, §4.3].

We want to show that the multiplicity of Fi+j+1 is 0 in Fi ⊗ Fj. Let Gm be the

subgroup of Sn which preserves the rows of the standard tableau on Fm. Then Fm is in

Um = IndSnSm k, the induction of the trivial representation on Sm, by [54, Exercise 4.39]. So

it suffices to show that Fi+j+1 does not appear in

Fj ⊗ IndSnGi ResSnGi k
∼= IndSnGi ResSnGi Fj.

Then Frobenius reciprocity says that it is enough to check that none of the irreducible

representations in ResSnGi Fi+j+1 appears in ResSnGi Fj.

As a first step, we consider the case of i = 1, so G1 = Sn−2×S2. Then the Littlewood-
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Richardson Rule [54, pg. 58] states that

ResSnG1
Fj =

∑
NλνjVλ � Vν

where the sum runs over all partitions λ of n − 2 and ν of 2 and the symbol � means the

“external” tensor product. The numbers Nλνj can be computed as the number of Littlewood-

Richardson tableau of shape Fj/λ of weight ν.

Definition 164. Let m ≤ n and let λ (resp. η) be a partition of m (resp. n). Suppose

further that ηi ≤ λi for all i. Then the skew Young diagram of shape η/λ is the Young

diagram of η with the Young diagram of λ removed.

Example 165. Let λ = {3, 2} and η = {4, 4, 2, 1}. Then η/λ is the diagram

.

Definition 166. Let λ, ν, η be partitions of d,m, d + m, respectively. Then a Littlewood-

Richardson tableau of shape η/λ and weight ν is a skew Young tableau for the diagram η/λ

containing νi copies of the number i which is column strict and row standard, i.e., has strictly

increasing column entries and weakly increasing row entries, and which has the additional

property that if we write the entries of the tableau from right-to-left then top-to-bottom,

then for all 1 ≤ j ≤ |ν|, every initial segment of the resulting word has at least as many j’s

as it does (j + 1)’s.

Another way to picture this definition is as follows: Given a Young diagram λ, first

add ν1 boxes containing 1s, no more than one per column; then add ν2 boxes containing 2s,

no more than one per column; continue and make sure the extra condition of Definition 166

is satisfied. When we want to refer to this picture, we will say this is a strict ν extension of
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λ of shape η.

Now we consider our particular case, where |ν| = 2, so the only possibilities for ν are:

.

Moreover, the only diagrams λ to which we can add two boxes to obtain Fi+2 are

n− i− 5

i
+

3

n− i− 4

i
+

3

n− i− 4

i
+

2

n− i− 3

i
+

2

n− i− 3

i
+

1

.

Similarly, the only diagrams to which we can add two boxes to obtain Fi are

n− i− 3

i
+

1

n− i− 2

i
+

1

n− i− 2

i

n− i− 1
i

n− i− 1

i
−

1

.

There is precisely one diagram in common:

n− i− 3

i
+

1

.

But we cannot extend this diagram by ν = in order to obtain Fi+2. Similarly, we cannot

extend this diagram by ν = in order to obtain Fi. Hence, whenever Nλν,i+2 6= 0, we have

that Nλνi = 0. Thus, our theorem is verified in the case j = 1.
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For j > 1, we see that the group Gj = Sn−j−1×S2×S1× · · · ×S1 where j − 1 copies

of S1 appear. But the functor

ResSnGj = Res
Sn−j+3×S1×···×S1

Sn−j+1×S2×S1×···×S1
◦Res

Sn−j+4×S1×···×S1

Sn−j+3×S1×···×S1
◦ · · · ◦ ResSnSn−1×S1

.

At the very last step, we are confronted directly with the Littlewood-Richardson Rule. As we

saw in the case j = 1, the only way one of the irreducible representations of Res
Sn−j+1

Sn−j−1×S2
Vλ

could possibly show up in Res
Sn−j+1

Sn−j−1×S2
Vµ is if we could get from the Young diagram λ to

the Young diagram µ by subtracting two boxes from λ to obtain another Young diagram

and then put them back in a different place to get µ.

In our case, the irreducible representations showing up in ResSnSn−j+1
Vλ are those cor-

responding to diagrams µ which are λ with any j−1 boxes removed. Now the first column of

Fi has height i+ 1 and the first column of Fi+j+1 has height i+ j+ 2, so the only irreducible

representation appearing in ResSnSn−j+1
Fi+j+1 which might possibly intersect ResSnSn−j+1

Fi is

n− (i+ j + 1)− 1

(i
+

1)
+

2

which corresponds to removing all j − 1 boxes from the first column of Fi+j+1. The corre-

sponding diagram for Fi is attained by removing j − 1 boxes from the first row to get

n− (i+ j + 1)− j

i
+

1

.
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But this is just the j = 1 case for Sn−j+1, and we have already shown that these two

representations do not intersect. Hence, our theorem is proved!

In fact, the same proof as above proves the following lemma, which will be important

to us in the next chapter.

Lemma 167. Suppose that λ = {λ1, λ2, . . . , λ`} and µ = {µ1, µ2, . . . , µm} be partitions of n

with ` and m rows respectively. Further, suppose that λi = µj = 1 for all i, j ≥ 3. Then for

all irreducible representations ν in λ⊗ µ, ν has at most `+m− 1 rows.

5.4 A Remark on Canonicity and Smaller Fields

An important point is that after an Sn-equivariant resolution K of X is chosen, we note that

there is a unique ACDGA structure on K which respects the Sn action. We begin with a

lemma.

Lemma 168. The representation Ei appears with multiplicity one in Fi−1⊗V when 1 < i <

n− 2.

Proof. First, we see that the multiplicity of Ei is at most one. For if you restrict to Sn−1

then the branching law says that you are taking the tensor product



n− i

i
−

1 ⊕
n− i

i

⊕
n− i− 1

i



⊗


n− 1 ⊕ n− 2
 .

A similar argument to the previous section demonstrates the 6 terms in the expansion of
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this tensor product, only one of

n− i− 1

i

⊗ n− 2
or

n− i

i

⊗ n− 2

(5.8)

could possibly contain a representation whose first column has height i + 1. By induction

(the base case can be n = 6 and checked using Magma’s character manipulation features

[23]), the first of these has exactly one copy of Ei,n−1, which is a restriction of Ei,n, and so

we see that Fi−1 ⊗ V has at most one copy of Ei arising from the left hand side of (5.8)

So for the upper bound we are reduced to showing that the second of the represen-

tations in (5.8) does not contain Ei,n−1. Suppose first that i < n − 3. Then to show that

Ei,n−1 does not appear in the the right hand side of (5.8) it suffices to show that Ei,n−2 does

not appear when we restrict the right hand side to Sn−2. But {n − 2, 1} breaks up into a

trivial representation and a standard representation {n − 3, 1} when restricted to Sn−2. So

it suffices to show that Ei,n−2 does not appear in

n− i− 1

i

⊗ n− 3
or

n− i

i
−

1 ⊗ n− 3

.

Induction rules out the left hand tensor product. To rule out the right hand tensor product

simply note that the computations of the previous section imply that any reprsentation

appearing in the right hand tensor product must have first column with height ≤ i, which

is less than the requisite i+ 1.

On the other hand, we know that Ei ∼= Fi ⊆ Fi−1 ⊗ V . Hence, the lemma is proven
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when i < n− 3.

Finally, we are in the case i = n− 3. Then we need to show that

n
−

2

⊆

n
−

3 ⊗ n− 1

appears with multiplicity at most 1, or what is the same, that the representation {n− 2, 2}

appears with multiplicity at most 1 in {n− 3, 2, 1} ⊗ {n− 1, 1}. These diagrams, however,

are simple enough that the Littlewood-Richardson Rule may be easily applied. And so the

lemma is proved.

Now F0 is the trivial representation, so there is a canonical isomorphism F0⊗Fi → Fi.

Now the previous lemma allows us a unique splitting of the d map Fi+j+1 ↪→ Fi+j ⊗ V ∨

and so there is a unique equivariant lift of d(a) · b ± a · d(b) ∈ Fi+j−1 to the complement

of Fi+j+1 ⊆ Fi+j defined by this splitting. By induction, then, this says that if an Sn-

equivariant multiplicative structure exists, then it is unique. As such, we immediately obtain

the following theorem.

Theorem 169. The Aut(X)-equivariant DGA minimal free resolution of X is unique up to

unique isomorphism. Moreover, it is necessarily associative and commutative.

Proof. We have seen that X has a minimal free resolution which admits an Aut(X̄) ∼= Sn

equivariant structure. Then Schur’s lemma and Lemma 168 implies that this resolution is

unique up to a homothety in every homological degree. But then the commutativity of the

diagram defining an isomorphism of complexes would inductively imply that the homothety

in each degree is determined by the homothety in degree 0. But here the identity (which we

know exists and is identified uniquely by the DGA strcuture) must go to the identity. The

remark right before this theorem finishes the proof.
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Finally, this allows us to push our work to smaller fields. For suppose that k is not

algebraically closed and X ⊆ Pn−2
k is some dimension 0 reduced subscheme of degree n which

is geometrically a set X̄ of n points in linearly general position. A priori, the minimal free

resolution X exists over k, but the action of Sn may not be defined over this smaller field.

But we do not need the action of Sn to be defined over the smaller fields, only the canonical

equivariant splittings that the action yields.

But there is a continuous homomorphism Gk = Gal(k̄/k)→ Aut(X̄ ⊆ Pn−2
k̄

). But as

discussed above, any automorphism of X̄ determines a unique automorphism of Pn−2
k̄

. So as

before, we may lift the action of Gk on Pn−2
k̄

to GLn−1 k̄, and the image lives in the same Sn

we have been discussing. That is, Gk acts via the Sn representations we’ve been discussing.

Now recall the proof that every subrepresentation of a finite group over a field of

characteristic 0 has a canonical, equivariant splitting: One averages a nondegenerate bilinear

form over the group to obtain a G-invariant bilinear form, and the perp space of the subspace

yields a canonical complement. But for us, since Gk → Sn, we see that the bilinear form is

also Galois-equivariant, and hence the splittings we’ve been discussing are also defined over

k. And so we have the following theorem.

Theorem 170. Let k be a field of characteristic 0 and let X ⊆ Pn−2
k be a reduced, dimension

0 subscheme which is geometrically a set of n linearly general points. Then there is a unique

up to unique isomorphism ACDGA free resolution of X which is geometrically equivariant

under the action of Aut(X̄).

5.5 A Remark on Integrality

Now we would like to go a little bit further than Theorem 170 and address the question of

integrality. In particular, we would like to know when the multiplicative structure on the

minimal free resolution appearing in Theorem 170 is actually defined over Z.
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To begin, recall the following theorem of Casnati and Ekedahl4. Recall that to a map

of schemes ρ : X → Y , we have the structure map ρ] : OY → ρ∗OX . If ρ is a Gorenstein

cover of degree d, then Ě = coker ρ] is a locally free OY sheaf of rank d − 1 called the

Tschirnhausen module of ρ.

Theorem 171 ([30, Theorem 2.1],[31]). Let X and Y be schemes with Y integral and suppose

that ρ : X → Y is a Gorenstein cover of degree d ≥ 3. Then there exists a unique Pd−2 bundle

π : P→ Y and an embedding i : X ↪→ P with ρ = π ◦ i. Moreover, the fibers Xy ⊆ Pd−2
y are

all arithmetically Gorenstein subschemes for each y ∈ Y . Additionally,

1. P ∼= P(E) with Ě the Tschirnhausen module of ρ,

2. the composition ϕ : ρ∗E → ρ∗ρ∗ωX|Y → ωX|Y is surjective and the ramification divisor

satisfies OX(R) ∼= ωX|Y ∼= OX(1) = i∗OP(E)(1),

3. There is an exact sequence N∗ of locally free OP sheaves

0→ Nd−2(−d)
αd−2→ Nd−3(−d+ 2)

αd−3→ · · · α2→ N1(−2)
α1→ OP → OX → 0

unique up to unique isomorphism and whose restriction to the fiber Py over y ∈ Y

is a minimal free resolution of the structure sheaf of Xy (in particular Ni is fiberwise

trivial),

4. the rank of Ni is given by bi as in (5.1),

5. π∗π∗N∗ ∼= N∗ and HomOP(N∗,Nd−2(−d)) ∼= N∗, and

6. If P ∼= P(E ′) then E ′ ∼= E if and only if Nd−2
∼= π∗ det E ′ in the above resolution

computed with respect to the polarization OP(E ′)(1).

4The statement of the theorem we give appears in [30], however the proof appears in [31]. The statement
of the theorem in [31], as noted in [30, Remark 2.2], is not correct as written.
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Since Y is integral, any affine open subset SpecZ must contain the generic point

and hence the generic fiber. According to our uniqueness Theorem 169, there is a unique

isomorphism between any two ACDGA structures on minimal free resolutions at the generic

point which respect an Sn-equivariant structure. As such, as long as the isomorphism between

the minimal free resolutions and the multiplicative structure itself is defined over the base

ring Z, then we will be able to glue any two ACDGA structures together in a canonical way.

But the isomorphism of minimal free resolutions we constructed above is guaranteed to be

defined over Z by the uniqueness in part (3) of the above theorem.

Finally, we need to show that the multiplicative structure is defined over Z, an integral

domain with field of fractions Q = Frac(Z). As such, let R be some Gorenstein ring of rank n

over Z. In addition to the condition that R be a Gorenstein ring, we also restrict ourselves to

the case when X is generically étale, i.e., R⊗Q is an étale algebra over Q. Then Theorem 170

yields a multiplicative structure on the free resolution π∗(N ⊗Q), and hence by part (5) of

the above theorem, on π∗(π∗(N ⊗ Q)) = N ⊗ Q. But note that according to the proof of

Theorem 169, this only relied on the various splittings defined there to be defined over Q.

Now over Q̄, the algebraic closure of Q, every set of n points in linear general position

in Pn−2
Q̄

are conjugate to each other under the action of PGLn−1(Q̄). Moreover, from the

uniqueness of the minimal free resolution, we know that any minimal free resolution of any

n points in Pn−2
Q̄

must be conjugate to the minimal free resolution described in the preceding

sections.

Moreover, note that any conjugate of a minimal free resolution will take the above

splittings we described above to splittings of the conjugate resolution. After choosing bases,

the matrix of a splitting is a pseudoinverse of the projection map. As such, examining the

formula for the pseudoinverse, we see that if any one of the conjugates and their splittings

were defined over Z, then all conjugates which were defined over Z would also have their

splittings defined over Z. In the next chapter, we will work with Specht modules and in doing
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so we will construct one such resolution and its splittings over Z, and so by base change over

Z.

On the other hand, the existence of the resolution defined over Z is taken care of by

Theorem 171. Since all minimal free resolutions are conjugate, we have proved Theorem 136.
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Chapter 6

Free Resoutions and Multiplicative

Structers Thereon Attached to

Two-Rowed Specht Ideals

6.1 Introduction

In Chapter 5, we built a multiplicative structure on the minimal free resolution of n general

points in Pn−2. One of the critical elements of the proof was that the resolution was pure, i.e.

had Betti numbers bij such that for every i there was at most one j such that bij 6= 0. Or said

more colloquially, if we wrote each d map as a matrix, its entries would be forms of a single

degree. There has been a recent resurgence in interest in such resolutions as they form the

basis of Boij-Söderberg Theory [22, 49, 48]. Usually pure resolutions are constructed from

the reprsentation theory of the general linear group, but in Chapter 5 we constructed pure

resolutions from the representation theory of the symmetric group. In this note we continue

this theme.

Recall that for every irreducible representation V of Sn over an algebraically closed
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field of characteristic 0, there is an N such that V may be realized as a subrepresentation of

SymN P . Here P is the permutation representation. Taking the ideal of Sym•P generated

by this subrepresentation, we obtain what we call a Specht ideal. In fact, Specht showed

that these representations, and hence these modules, could be realized over Z. Let R =

Z[x1, . . . , xn] = Sym•P over Z and for any field k, let Rk = R⊗Z k. These concepts will be

reviewed in Section 6.2, but first let us state our theorem:

Theorem 172. The free resolutions of two-rowed Specht ideals over Z are pure and have a

canonical Sn-equivariant structure so that for any field k the nontrivial TorRi (R/I,Z)j are

isomorphic to Specht modules for all i and j.

To elucidate this theorem, let us consider some more well-known examples. Consider

the sequence of elements x1 − x2, x1 − x3, . . . , x1 − xn ∈ R. This is a regular sequence and

so the ideal I generated by them has the Koszul complex as a minimal free resolution:

∧n−1V ⊗R(−(n− 1))→ ∧n−2V ⊗R(−(n− 2))→ · · · → V ⊗R(−1)→ R→ R/I.

Here V is the subspace of the degree one part R1 of R generated by xi − xj for all i, j and

I = RV . But note if we regard R1 = P as the permutation representation of the symmetric

group, then V ⊆ R1 is the Specht representation associated to the standard representation

n− 1

of Sn. Then ∧iV is the representation

n− i

i
+

1
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of Sn. Moreover, note that this resolution has a canonical multiplicative structure on it

coming from the exterior algebra structure of ∧•V .

Next consider the case of Chapter 5. Here we notice that n generic points in Pn−2 are

cut out by the ideal I generated by V spanned by quadrics (xi−xj)(xk−x`). Moreover, the

resolution has Betti numbers given by the Betti table

0 1 2 · · · n− 3 n− 2

0 1

1 βn12 βn23 · · · βnn−3,n−2

2 1

where βnij may be defined recursively as

βnij = βn−1
i−1,j−1 + βn−1

ij +

(
n− 1

i+ 1

)

with β2
12 = 2. Using the branching law for irreducible representations of Sn, we showed in

the previous chapter that these were the dimensions of the representations

n− i− 1

i
+

1

of Sn. Using this fact we put an Sn-equivariant structure on this resolution and from this

deduced a canonical multiplicative structure.

The common feature of these two representations that we will be using is that the
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partitions have two rows. Stated informally, this means that their Young diagrams

have two rows. Stated formally, a partition λ = {λ1, λ2, . . .} has r rows if λi = 0 for all i > r.

Our main theorem shows that this is not an isolated fact. In particular, we will show that

the Betti table of R/I where I is associated to the partition λ = {n− c, c} is

0 1 2 · · · n− 2c + 1 n− 2c + 2 n− 2c + 3 · · · n− c

0 1

1

.

.

.

c− 2

c− 1 {n− c, c} {n− c− 1, c, 1} · · · {c, c, 1, 1, . . . , 1}

c {c− 1, c− 1, 1, 1, . . . , 1} {c− 1, c− 2, 1, 1, . . . , 1} · · · {c− 1, 1, 1, . . . , 1}

(6.1)

In words, one moves a box from the right-hand side of the top row to the bottom of the

first column until doing so would make the first row shorter than the second. This ends this

strand of the resolution. The next strand (the strand for the regularity of R/I) then begins

by moving the last column of the parition to the first column. Then boxes are removed from

the second row one at a time until no more can be removed.

In the spirit of Chapter 5, we prove the following Corollary in Section 6.5.

Corollary 173. The free resolution of Theorem 172 admits a canonical Sn-equivariant as-

sociative, commutative, differential graded algebra structure.

In Section 6.4, we actually write down the maps in the resolution. These maps turn

out to be defined over Z. Then to show that the purported maps actually yield an exact

sequence over Z, we may show injectivity over C (since everything in sight is free). We show

surjectivity through explicit manipulations1.

In [68], Hoa computed the Betti numbers for the Specht ideal associated to λ =

1Perhaps there is some simpler high brow method involving the dual picutre, but we have not found it.
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{n− 2, 2}. One could use a similar approach combining it with the techniques of Green and

Lazarsfeld in [63], and indeed this was our original proof. However, it turns out that these

ideals are what Kumar, Singh and Kumar [74] call nearly extremal ideals for which, using

the ideas of [98], they have already computed the Betti numbers. The bulk of this chapter

is concerned with proving that these ideals are indeed nearly extremal. We then prove a

posteriori with the Littlewood–Richardson Rule and a dimension count that the various Tor

modules are indeed irreducible Sn representations. One could deduce Theorem 172 from this

irreducibility, but a direct proof escapes us.

Before beginning our proof, we note that this fact does not generalize to Specht

ideals with more than two rows. In fact, already for n = 4, the Specht ideal associated

to the partition {2, 1, 1} does not have a pure resolution. In particular, Macaulay2 [61]

immediately tells us that the resolution has Betti numbers

0 1 2

0 1

1

2 3 1

3 1

On the other hand, this is not a property which characterizes two-rowed Specht representa-

tions. In particular, Macaulay2 immediately tells us that the resolution of the representation

{2, 2, 1} of S5 has Betti numbers

0 1 2

0 1

1

2

3 5 4
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So we are left wondering, What exactly about two-rowed representations is so special?

In forthcoming work, we hope to give some hint by exhibiting a connection with (certain

homogeneous spaces of) the group Sp2n(C) of symplectic automorphisms of a 2n-dimensional

vector space.

The rest of this chapter is outlined as follows. In Section 6.2, we set the notation for

the rest of the chapter, taking the opportunity to review the construction and properties of

Specht representations. In Section 6.3 we prove that these ideals are Cohen-Macaulay. This

fact will allow us to take linear sections of our resolutions in order to compute their Betti

numbers. In particular, we compute the regularity c of these ideals and show that βij = 0

whenever i > 0 and j − i < c or j − i > c + 1. In Section 6.4, we use the theory of [74] in

order to show that these resolutions are pure. In Section 6.4.1, we will demonstrate that the

various Tor modules are either irreducible representations of Sn or trivial and will write down

which irreducible representations they are. Finally, in Section 6.5, we follow the technique of

Chapter 5 to put a canonical associative, commutative, differential graded algebra structure

on these resolutions.

6.2 Notation

This section is divided into two parts. The first recalls the representation theory of the sym-

metric group, in particular we recall the construction of the Specht representations of Sn. The

second part recalls some basic notions of commutative algebra, notably the (Castelnuovo-

Mumford) regularity of an R-module.

6.2.1 The Representation Theory of the Symmetric Group

Throughout let k be a field, n ≥ 2 and Sn the symmetric group on n letters. It is well known

that when k is algebraically closed and of characteristic 0 (or at least characteristic p� n),
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the irreducible representations of Sn are in canonical one-to-one correspondence with the

partitions of n, i.e., the sequences of numbers λ = {λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0} such that∑
λi = n [54, Lecture 4].

We will often denote partitions by their Young diagrams. These will be drawings

which will consist of left-justified rows of boxes. We will number the rows top-to-bottom,

i.e., we take the British convention. So in particular, the partition 5 = 3 + 2 corresponds to

the diagram

and the partition 10 = 4 + 3 + 1 + 1 + 1 corresponds to the diagram

Usually, the irreducible representations of Sn are constructed as the image of a map

cλ : k[G]→ k[G] where k[G] is the group ring associated to G, which, as a G-module, is the

regular representation of G. The map cλ is called the Young symmetrizer of shape λ [54,

pg. 46]. However, this method has the disadvantage of only working in certain characteristics

(in particular, it does not work for every λ when char(k) ≤ n).

In order to overcome this deficiency, Specht found a different way to construct these

irreducible representations which, in fact, works over Z [102]. These have become known

as the Specht representations, or sometimes, the Specht realizations. Here we recall their

construction, which appears as [54, Problem 4.47].

Suppose we have a partition λ represented as a Young diagram. Then a labeling of

boxes of λ with the numbers {1, . . . , n} we will call a (Young) tableau T of shape λ. We

denote the label in row i and column j of T by Tij. We say a Young tableau is standard if

the labels are increasing along both the rows and columns of T . Formally stated, this means
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Tij ≤ TIJ for all i ≤ I, j ≤ J , i ≤ λi, J ≤ λj. For example,

1 2 3

4 5

6 (6.2)

is a standard tableau of shape 6 = 3 + 2 + 1 whereas

5 2 3

4 1 (6.3)

is a tableau which is nonstandard of shape 5 = 3 + 2.

Of course, Sn acts in the obvious way on the vector space spanned by tableau T of

shape λ. Given a tableau T of shape λ, let RT ⊆ Sn be the subgroup which fixes the rows of

T , similarly CT ⊆ Sn is the subgroup which fixes the columns. We say that two tableaux T

and T ′ are row-equivalent if RT = RT ′ , or what is the same, the same numbers appear in the

same rows of T and T ′. An equivalence class of row-equivalent tableaux is called a tabloid.

For instance, there are 6 tableaux of shape {2, 1} and they break up into 3 tabloids:

1 2

3
∼ 2 1

3

2 3

1
∼ 3 2

1

1 3

2
∼ 3 1

2

where ∼ indicates row-equivalence. Let Mλ be the free module over Z spanned by the

tabloids. There is an evident action of Sn on Mλ. As an example, it is not hard to see that

if λ = {n − c, c} is a two-rowed partition, then Mλ = SymcP where P is the permutation

representation of Sn.

Now to any tableau T of shape λ, let

ET =
∑
σ∈CT

(−1)σσ([T ]) ∈Mλ

where [T ] denotes the tabloid associated to T . Then let Wλ ⊆Mλ be the submodule spanned
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by the ET .

Theorem 174. [102] The module Wλ is a representation of Sn defined over Z, and Vλ ⊗ C

is irreducible with associated partition λ. The ET with T standard form a basis of Vλ.

Given a tableau T of shape λ we may form the polynomial

fT =
∏

(xa − xb)

where a appears above b as labels in the same column of the tableau T . For instance, if T

is as in (6.2), then fT = (x1 − x4)(x1 − x6)(x4 − x6)(x2 − x5), and if T is as in (6.3), then

fT = (x5 − x4)(x2 − x1). Let N = deg(fT ) and let Vλ be the subspace of SymN P spanned

by all fT where T ranges over all tableaux of shape λ.

Theorem 175. The representation Vλ is isomorphic to Wλ. Moreover, there is no M < N

such that Vλ appears as a subrepresentation of SymM P.

Now Vλ ⊆ R = Sym•P , and so generates an ideal Iλ. The rest of this chapter concerns

these ideals, and the quotients Sλ = R/Iλ. As a final bit of notation, we will often suppress

the partition λ whenever the context is clear. For instance, I = Iλ, V = Vλ and S = Sλ.

6.2.2 Some Commutative Algebra

The purpose of this section is to set notation. As such, we refer the reader to [46] for a more

thorough discussion of the commutative algebra involved, particularly Chapter 4.

Let k be a field and let R = k[x1, . . . , xn] be a polynomial ring. This ring has a natural

grading R =
⊕

i≥0Ri where Ri is spanned by the monomials of degree i. An R-module M is

called graded whenever M =
⊕

i∈ZMi and RiMj ⊆Mi+j. We may twist a graded R-module

M by any t ∈ Z, denoting the twisted module M(t) =
⊕

M(t)i where M(t)i = Mi+t. All

modules in this note are finitely-generated.
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Let m = (x1, . . . , xn) ⊆ R be the ideal of positively graded elements. If M is an R-

module, we say that the dimension of M dimM is the Krull dimension of the ringR/Ann(M)

where Ann(M) = {r ∈ R : rM = 0} is the annihilator of M . We say a sequence f1, . . . , fr ∈

m is regular for M if fi is not a zerodivisor of M/(f1, . . . , fi−1)M . The depth of M is the

maximal length of a regular sequence for M . We say a module is Cohen-Macaulay if its

depth is equal to its dimension.

Any (finitely-generated) module M over R admits a free resolution F•, i.e., a sequence

of free modules Fi =
⊕

j R(−aj) for i ≥ 0 and maps di : Fi → Fi−1 for i ≥ 1 such that the

cokernel of d1 : F1 → F0 is isomorphic toM and the homologyHi(F•) = ker(di)/ im(di+1) = 0

for all i ≥ 1. Such a free resolution is minimal if di(x) ⊆ mFi−1 for all i ≥ 1 and x ∈ Fi.

Minimal resolutions are unique up isomorphism, so we will usually refer to the minimal

resolution of a module M . The length of the minimal resolution, i.e., max{i : Fi 6= 0} is

called the projective dimension of M , denoted pdM . For Cohen-Macaulay modules M , the

Auslander-Buchsbaum Theorem [45, Theorem 19.9] states that

pdM + dimM = dimR.

As such, the minimal free resolution of a Cohen-Macaulay module has length dimR −

dimM = codimM .

If dimM = 0, then we define the regularity of M to be regM = max{c : Mc 6= 0}.

If M is Cohen-Macaulay2, then there is a regular sequence f1, . . . , fr ∈ m for M so that

M ′ = M/(f1, . . . , fr)M has dimension 0. In this case we define regM = regM ′.

Recall that there is a polynomial H(M, t) in t such that H(M, t) = dimMt for all

t� 0. This is the Hilbert polynomial of M . Finally, the generating series of the dimensions

Mi is denoted by F (M, t) =
∑∞

i=0 dim(M)ti and is called the Hilbert series of M . For us,

2Since all the modules we study are Cohen-Macaulay, we will not need the more general definition of
regularity in terms of local cohomology, which may be found in [46, Chapter 4].
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the most important property of regularity will be the following.

Theorem 176 ([46, Theorems 4.2 and 4.3]). If M is a Cohen-Macaulay R-module with

regularity c, then βij = 0 for all j > c + i. Moreover, H(M, t) = dimMt for all t ≥

c+ pd(M)− dim(R) + 1 and H(M, t) 6= dimMt for all other t.

6.3 Two-rowed Specht Ideals are Cohen-Macaulay

In this section, we work over an algebraically closed field k of arbitrary characteristic. The

purpose of this section is to prove the following proposition.

Proposition 177. If λ = {n− c, c} is a two-rowed partition with c ≥ 2 (and hence n ≥ 4),

then depth(Sλ) = dim(Sλ) = reg(Sλ) = c. In particular, Sλ is Cohen-Macaulay.

The main tool in our proof is the following geometric description of the Specht ideals.

For J ⊆ {1, . . . , n}, let PJ be the ideal generated by the differences xi − xj for i, j ∈ J .

Lemma 178. If |J | = n− c+ 1, then PJ ∈ Ass(Iλ). Conversely, for every associated prime

P ∈ Ass(Iλ), there exists J ⊆ {1, . . . , n} with |J | = n− c+ 1 such that P = PJ .

Proof. The Specht ideal Iλ is generated by fT for T tableaux of shape λ. But fT is the

product of c differences xi − xj. So for none of these pairs {i, j} to live in J , J could have

at most n− c elements. So PJ contains Iλ.

On the other hand, running this argument in reverse shows that every prime contain-

ing Iλ must contain some PJ . For if it did not, then we could find a tableau T of shape λ

and i, j such that (xi − xj)|fT and fT/(xi − xj) did not belong to the prime.

In fact, we can show that Iλ is radical. Indeed, the Specht polynomials fT as T runs

over all tableaux of shape λ form a Gröbner basis of Iλ for any lexicographic ordering on the

variables. But the leading terms of each of the fT is squarefree, and hence the ideal itself

must be radical. From this we obtain the corollary
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Corollary 179. The degree of R/Iλ is
(
n
c−1

)
.

We may now calculate the dimension and depth of Sλ. Note that if |J | = m then we

may order its elements j1 < · · · < jm. Then PJ is generated by xj` − xj`+1
for 1 ≤ ` < m.

Moreover, this is a regular sequence, so we know that dimR/PJ = n − (m − 1). Applying

this to PJ ∈ Ass(Iλ), so |J | = n− c+ 1, we see that dimR/Iλ = n− (n− c) = c.

On the other hand, since we are working over an algebraically closed field, we know

that the maximal prime ideals of R are precisely the ideals of points in affine space. Since

the PJ cut out linear spaces, this immediately implies that the maximal ideals of R/PJ have

depth equal to their height. But the maximal ideals of R/I consist of the images of the

maximal ideals of R/PJ in R/I. This pullback by definition does not change the height of

the ideal, and it is easily seen that the depth is at least the depth in R/PJ . However, the

depth of an ideal cannot exceed its height, and so we have shown that R/I is unmixed, hence

Cohen-Macaulay.

So all that’s left is to compute the regularity of Sλ. By taking c − 1 linear sections

of variety that Iλ cuts out in Pn−1, we have
(
n
c−1

)
points by Corollarly 179. We call the

set of these points X. The homogeneous coordinate ring of the Pn−c on which they lie

shall be called R′, and their associated ring we shall call SX = R′/IX . Since our module is

Cohen-Macaulay, if we take sufficiently general sections then regR′(SX) = regR(Sλ).

Now the regularity of X is the smallest integer d such that the space of forms vanishing

on the points has codimension deg(X). This is a special case of the latter half of Theorem 176.

But we note that IX is generated in degree c so reg(SX) ≥ c. On the other hand, R′ is

generated by n− c+ 1 transcendentals, so dimR′c =
(
n
c

)
. But as we will see in Lemma 183,

dim(IX)c =
(
n
c

)
−
(
n
c−1

)
. Hence the theorem.
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6.4 Purity of the resolution

In this section, we recall the theory of [98, 74] and use it to compute the Hilbert functions of

our Specht ideals. Suppose then that I is any homogeneous ideal of R = k[x1, . . . , xn] such

that S = R/I is a Cohen-Macaulay R module. The initial degree of I is min{deg(f) : f ∈

I, f 6= 0}. We denote this by init(I).

Let H(S, t) be the Hilbert polynomial S, i.e., H(S, t) is the polynomial such that

dimSt = H(S, t) for t� 0. Let i(S) = min{t : H(S, t) = dimSt}. Then Schenzel showed in

[98] that init(I) ≤ i(S) + dim(R) when S is Cohen-Macualay. He called ideals I for which

the equality actually held extremal. Also in [98], he explicitly wrote down Hilbert series

F (S, t) =
∑∞

i=0 dim(Si)t
i for such ideals.

When init(I) + 1 = i(S) + dim(R) and I is Cohen-Macaulay, we say that I is nearly

extremal. It follows immediately from the second half of Theorem 176 and Proposition 177

that our two-rowed ideals are nearly extremal. Applying the first half of Theorem 176, we

note that βij = 0 unless j − i ∈ {init(I) − 1, init(I)}. Then Kumar, Singh, and Kumar

proved the following (translated to our case and making use of Lemma 183).

Theorem 180 ([74, Theorem 2.2]). If I is a two-rowed Specht ideal with c columns, then

we have that

βi,c+i−1(c) =

(
n− 1

c+ i− 1

)(
c+ i− 2

i− 1

)
+

(
n− c
i− 1

)[(
n

c

)
−
(

n

c− 1

)
−
(
n− 1

c

)]
+βi−1,c+i−1(c)

Note as well that we have shown that the Hilbert polynomial of Sλ is independent of

the characteristic of k. As such, if we instead take P to be the permutation representation

of Sn defined over Z and take Iλ ⊆ R = Sym•P = Z[x1, . . . , xn], then we have the following

corollary.

Corollary 181. The ring Sλ = Z[x1, . . . , xn]/Iλ is flat over Z.
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Proof. For any connected noetherian scheme T , a scheme X ⊆ PMT is flat if and only if the

Hilbert polynomial of the fibers Xt (t ∈ T ) is independent of t [66, Theorem 9.9]. But SpecZ

is certainly a connected noetherian scheme, and so we have the corollary.

Note also that Theorem 180 implies that if any numbers bij satisfy the relation of the

theorem, then the actual Betti numbers βi,c+i−1 = bi,c+i−1 +C and βi−1,c+i−1 = bi−1,c+i−1 +C

for some integer C. In particular, if βi,c+i−1 = bi,c+i−1, then βi−1,c+i−1 = bi−1,c+i−1 and

vice-versa.

In the next subsection, we verify that the dimensions claimed in (6.1) satisfy the

relation of Theorem 180. Then in the following subsection, we explicitly construct the maps

of the free resolution in for the (c− 1) strand. We show inductively that the βi,c+i−1 are as

claimed in (6.1) for i ≤ n− 2c + 1. Combining this with a lemma of Green and Lazarsfeld,

we will then have shown that the dimensions are as claimed.

6.4.1 Some Combinatorics

In this section, we verify that the dimensions claimed in (6.1) satisfy (180). We will be

making constant use of the branching law for representations of the symmetric group. For

any partition λ, let |λ| =
∑
λi. Then for two parititions λ, µ we say that µ ≤ λ whenever

|µ| ≤ |λ| and µi ≤ λi for all i. We say that µ is a restriction of λ whenever µ ≤ λ and

|µ| = |λ| − 1.

To see why we use this terminology, note that Sn by definition acts on the set

{1, . . . , n}. Then the stabilizer of 1 (or, just as well, any 1 ≤ i ≤ n) is a subgroup Sn−1 ⊆ Sn.

These are the canonical Sn−1’s in Sn. (These are in fact the only Sn−1’s in Sn for n ≥ 7, but

there are a few exceptions for n ≤ 6.) Then the branching law for Sn states that

ResSnSn−1
Vλ =

⊕
Vµ
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where Res means restriction and the sum is over all µ which are restrictions of λ.

Example 182. For instance, the restriction Vλ for λ = {3, 3, 1} is given by

⊕

As an example of why this is useful, we show the following lemma.

Lemma 183. The dimension of V{n−c,c} is
(
n
c

)
−
(
n
c−1

)
.

Proof. The proof is by induction employing the branching law. We note that dimV{n−1,1} =

n−1 =
(
n
1

)
−
(
n
0

)
. This completes the case n = 3, so we induct on n and for each case induct

on c. Then dimV{n−c,c} = dimV{n−c−1,c} + dimV{n−c,c−1} whenever 1 < n/2 < c. Then by

induction

dimV{n−c−1,c}+dimV{n−c,c−1} =

(
n− 1

c

)
−
(
n− 1

c− 1

)
+

(
n− 1

c− 1

)
−
(
n− 1

c− 2

)
=

(
n

c

)
−
(

n

c− 1

)

Finally, in the case n = 2c, we have that

dimV{c,c} = dimV{c,c−1} =

(
n− 1

c− 1

)
−
(
n− 1

c− 2

)

Then since n− 1 = (c− 1) + c, adding and subtracing
(
n−1
c−1

)
=
(
n−1
c

)
yields

(
n− 1

c− 1

)
+

(
n− 1

c

)
−
(
n− 1

c− 1

)
−
(
n− 1

c− 2

)
=

(
n

c

)
−
(

n

c− 1

)

Note that since β0,c = 0, this lemma is consistent with Theorem 180.

To make everything more readable, we let bni (c) = βni,c+i−1(c) and cni (c) = βni,c+i(c) be

the two (potentially) nonzero entries in the ith column of (6.1). Then Theorem 172 asserts
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that for 1 ≤ i ≤ n− 2c+ 1 we have cni (c) = 0 whereas for i > n− 2c+ 1 we have bni (c) = 0.

Let 1 < i < n− 2c+ 1 and let λ = {n− c− (i− 1), c, 1, . . . , 1}. Then the restrictions

of λ are

µ1 = {n− c− (i− 1), c, 1, . . .} = {(n− 1)− c− i, c, 1, . . .}

µ2 = {n− c− (i− 1), c− 1, 1, . . .} = {n− (c− 1)− i, c− 1, 1 . . .}

µ3 = {n− c− i, c, 1, . . .} = {(n− 1)− c− (i− 1), c, 1 . . .}

By induction, we know that these have dimensions

dimµ1 = bn−1
i−1 (c)

dimµ2 = bn−1
i (c− 1)

dimµ3 = bn−1
i (c)

Now by induction again, we have that cn−1
i−1 (c) = cn−1

i (c− 1) = cn−1
i (c) = 0. So Theorem 180

implies

dimλ =
(
n−2
c+i−2

)(
c+i−3
i−2

)
+
(
n−c−1
i−2

) [(
n−1
c

)
−
(
n−1
c−1

)
−
(
n−2
c

)]
(
n−2
c+i−2

)(
c+i−3
i−1

)
+
(
n−c
i−1

) [(
n−1
c−1

)
−
(
n−1
c−2

)
−
(
n−2
c−1

)]
(
n−2
c+i−1

)(
c+i−2
i−1

)
+
(
n−c−1
i−1

) [(
n−1
c

)
−
(
n−1
c−1

)
−
(
n−2
c

)]
Then after applying Pascal’s identity four times, we arrive at the claim.

The next case is when i = n − 2c + 1 so that there are only two restrictions of λ.

The proof in this case is functionally identical, just with fewer terms. For i > n− 2c+ 1 the

proof is substantially similar, except now we need to use the realization of dimλ in terms of

the cn−1’s. The proof, though, is functionally identical.

Altogether, we have shown that the dimensions listed in (6.1) satsify the relation of

Theorem 180. In the next two subsections, we show that there are no extra components of

the resolution.
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6.4.2 Some Equivariant Maps: The (c− 1) Strand

In this section, we construct the (c − 1)-strand of the resolution of Sλ = R/Iλ where λ =

{n−c, c} over Z as promised in the introduction. To begin, we construct some maps between

tensor products of Specht modules.

To simplify notation, in this section we will never write the second row of any tableau.

But note that it always has c boxes. Moreover, if two tableau appear in the same equation,

all ellipses will indicate the same number of columns or rows. In particular, we will be

constructing a map

−→ ⊗
P

(6.4)

where the diagram on the right has one fewer row and one more column than the diagram on

the left. That is, the marked box moved. Let λ be the shape of the left-hand diagram, µ the

shape of the right-hand diagram. If T is a tableau of shape λ, let T ′ be the tableau of shape

µ and let t be the entry of the marked box. Then to a tabloid [T ] let ϕ([T ]) = [T ′]⊗xt. Since

t is in an isolated row, this is well-defined and Sn-equivariant. It gives a map Mλ →Mµ⊗P .

Proposition 184. The map ϕ is injective on Vλ ⊆Mλ and has image in Vµ⊗P ⊆Mµ⊗P.

Proof. Since all the modules in sight are free Z modules they are in particular torsion free.

As such, it suffices to prove injectivity over C instead of Z. Then since Vλ is irreducible,

it suffices to show that ϕ(v) 6= 0 for any v ∈ Vλ. This is then easy to see by filling in λ

left-to-right top-to-bottom with the numbers 1, . . . , n. Then we may examine term-by-term

the image

ϕ(ET ) =
∑
σ∈CT

σ([T ])′ ⊗ xt. (6.5)

Fixing t ∈ {1, . . . , n}, look at the terms σ([T ])′ ⊗ xt which appear in ϕ(ET ).

A moment’s thought shows that each tabloid in (6.5) is distinct. Indeed, by design,

every tabloid the expansion of ET is distinct, and if [σ1(T )′] = [σ2(T )′] for σi ∈ CT , then
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necessarily σ1 and σ2 must have the same action on all columns but the first. On the first

column, the two permutations must differ at most by a final transposition of the first and

last rows. But then their image in ϕ(ET ) is differentiated by the ⊗xt.

For the claim that ϕ(Vλ) ⊆ Vµ⊗P , we again gather our terms according to the extra

⊗xt. Note that CT ′ differs from CT only in that elements of the first column are not allowed

to be swapped with the marked box. Now it becomes obvious that the terms with ⊗xt come

together to form ±EU ′ ⊗ xt where U is the same as T except t and the final box of the first

column have been switched. To compute the sign, note that [U ′] appears with a positive

sign in EU ′ but since U and T differ by a transposition, [U ′] appears with a negative sign

in ϕ(ET ). More generally, if σ ∈ CT is any permutation swapping t and the marked box in

(6.4), then the ⊗xt part of ϕ(ET ) is (−1)σEσ(T )′ ⊗ xt.

The reason that this map is important for us is the following proposition. Let λ and

µ be as above and let ν be the partition which moves one more box from the first column to

the first row, assuming that µ does not already have either two rows (so ν does not exist) or

two columns (so λ does not exist). Let ϕλ, ϕµ be the maps described in (6.4). Then there is

a map ψ : Vµ ⊗ P → Vν ⊗ Sym2P .

Proposition 185. The kernel of ψ is precisely ϕ(Vλ).

Proof. To show that ϕ(Vλ) is in the kernel of ψ it suffices to show that a single nonzero

vector in ϕ(Vλ) goes to 0 since everything in sight is free and so we may work over C where

the representation in question is irreducible! So fix the usual tableau T of shape λ. We again

break up the image by the basis vector xsxt of Sym2P .

Now ψ(ϕ(ET )) cannot have any x2
t since T is a tableau, so we assume that s < t.

Moreover, we know that xsxt can only appear if s and t are in the first column of T . Then

as in the previous proof, we know that the term involving ⊗xs in ϕ(ET ) is (−1)σEσ(T )′ ⊗ xs

where σ ∈ CT is any permutation taking the marked box of (6.4) to the box containing s.

Similarly for ⊗xt.
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So the term involving ⊗xsxt in ψ(ϕ(ET )) must be [(−1)σ + (−1)τ ]EU ⊗ xsxt. Here

σ ∈ CT takes s to the penultimate box in the first column and t to the last box. Then τ

does the same, but reverse s and t. Here U is σ(T )′′ is the tableau given by moving first t

then s to the top row. Note that while τ(T )′′ 6= σ(T )′′ we have Eτ(T )′′ = Eσ(T )′′ since the

tabloids are the same and the differing columns are only one row high. But σ and τ have

different signs, so this expression is 0. So we have shown this half of the claim.

To see that this is exactly the kernel is a little harder. Consider first the case when

⊗x1 appears in an element of the kernel. Then since the EU where U runs over standard

tableaux is a basis of Vµ, we may write this part of the element as (
∑
aUEU) ⊗ x1 with 1

in the top-left corner of U . Then applying ψ, we see that if EU ⊗ x1 appears, then so must

Eσ(U) ⊗ xs where s is the bottom left entry of U . Quickly we find that we may subtract off

elements of ϕ(Vλ) and no ⊗x1’s remain.

Note that if the top right box were not there, then it quickly becomes clear that in

order to cancel out the ⊗x2
1 terms in the image in ψ, one must have both EU ⊗ x1 and

Eσ(U) ⊗ x1 for some σ ∈ CU which does not permute the first column, both appearing with

positive sign. However, Eσ(U) = −EU and so this means that our original element is 0.

So now we have a hope of applying induction. Changing the ordering of the numbers

1, . . . , n, we may assume that they are ordered 2, 3, . . . , n, 1. Then the standard tableaux all

have 2 in the top left box and a similar argument allows us to expunge all ⊗x2 entries.

As a corollary of the proof, we arrive at:

Proposition 186. Suppose that λ has only two columns. Then the map ψ : V{c,c,1,...,1}⊗P →

V{c+1,c,1,...,1} ⊗ Sym2P is injective.

Since we have hit a 0 in the (c− 1) strand of the resolution, we know that the rest of

the strand must also be 0. So Theorem 180 and Section 6.4.1 imply that we have computed

all of the Betti numbers in any characteristic. As such, we need only determine the maps in

the c strand.
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6.4.3 Some More Equivariant Maps: The c Strand

Finally, as promised in Section 6.1, we write down the maps in the c strand of the resolution

(6.1) and show that they are defined over Z. Moreover, employing the Betti numbers we

computed in the last two subsections, we show that the maps we write down are injective in

every characteristic, and hence describe the resolution in every characteristic.

The maps that we are trying to describe are from Vµ → Vν ⊗ P where µ and ν have

shapes {c − 1, c − i − 2, 1, . . . , 1} and {c − 1, c − i − 1, 1, . . . , 1} where 0 ≤ i ≤ c − 3. That

is, they have the same first row and differ by a single box in the second row.

But now the map is obvious. For a tableau T of shape µ we send the tabloid [T ] to

the tabloid [T ′] of shape ν where we have moved the bottom left entry t of T to the second

row of T ′. Then to get a map Vµ → Vν ⊗ P we take [T ] 7→ [T ′]⊗ xt.

For example, we have the map

1 2 3 4

5 6

7

8

→
1 2 3 4

5 6 8

7

⊗x8
(6.6)

A similar argument as in the previous section shows that ϕ(Vλ) ⊆ Vµ⊗P is the kernel

of Vµ ⊗ P → Vν ⊗ Sym2P when µ2 < µ1.

To see that the map Vλ → Vµ⊗P is injective, we may determine the inclusion matrix

with the left hand side having basis the standard tableaux. As for the left hand side, we

take a basis of elementary tensors T (i, j) ⊗ xj where as i ranges, T (i, j) runs through the

standard tableaux under the ordering 1 < 2 < · · · < ĵ < · · ·n < j. Now the inclusion matrix

consists of blocks of identity matrices, and so it is clear that this map is injective in any

characteristic.

There is but one more map remaning to define. Specifically, let λ, µ be as in Proposi-

tion 186. Then we know that Vλ ⊗P → Vµ ⊗ Sym2P is injective. But by our Betti number
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computation Vλ ⊗ Sym2P → Vµ ⊗ Sym3P is not.

Recall that λ = {c, c, 1, 1, . . . , 1}. Then let ξ = {c − 1, c − 1, 1, . . . , 1}. Then there

is a map from tabloids of shape ξ to tabloids of shape λ by moving the bottom two boxes

to the first two rows. Attaching ⊗xsxt to the tabloid and making similar arguments, we see

that Vξ is exactly the kernel of this map!

Just to clarify this last map, we have the following example:

1 2 3

4 5 6

7

8

9

→
1 2 3 8

4 5 6 9

7

⊗x8x9

6.5 A Multiplicative Structure

Finally in this section we build a multiplicative structure on the free resolutions constructed

in the previous sections. We follow the generic outline of Chapter 5.

To begin, we recall from Chapter 5 the construction of the symmetric square

Sym2(K) = K⊗K/M

of the resolution K, where M is the graded submodule of K⊗K given by

{f ⊗ g − (−1)ijg ⊗ f : f ∈ Ki, g ∈ Kj}.

Then

Sym2(K)k ∼=

( ∑
i+j=k,i<j

Ki ⊗Kj

)
+


0 k ≡ 1 mod 2

∧2Kk/2 k ≡ 2 mod 4

Sym2(Kk/2) k ≡ 0 mod 4.
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In our case, when we have an Sn equivariant structure on the free resolution, the decompo-

sition is also seen to be Sn equivariant. So in particular, Sym2(K) consists of projective R

modules and is isomorphic to K in degrees 0 and 1. Note further that M is closed under the

action of Sn. Hence Sym2(K) inherits an Sn-equivariant struture. We recall the following:

Theorem 187. If K• and L• are two projective resolutions in an abelian category and there

are maps

K1 K0

L1 L0

with the vertical maps isomorphisms then these maps may be extended to maps of complexes

K→ L:

· · · K2 K1 K0

· · · L2 L1 L0

Using this theorem, we may, as Buchsbaum and Eisenbud did in [25], put an a priori

CDGA structure on our resolutions, which also respects the Sn equivariant structure. In

Buchsbaum and Eisenbud’s case, their resolutions had length 3, and so to check associa-

tivity, they need only check one associativity relation: (ab)c = a(bc) for a, b, c ∈ K1. But

(ab)c, a(bc) ∈ K3. Since d3 is injective, it suffices to show that d3((ab)c) = d3(a(bc)). After

applying the DGA rules and the known cases, both turn out to be equal to

d1(a) · b · c− a · d1(b) · c+ a · b · d1(c).

Our free resolutions, on the other hand, can be arbitrarily long. As such, this proof

technique is no longer valid. However, we may exploit the Sn equivariant structure as we did

in Chapter 5. Specifically, we show that the kernels of the transition maps and the images

201



of multiplication belong to disjoint isotypical components. In fact, since both multiplication

and the d maps are R-linear, it suffices to show that no two elements of ordinary degree 0

multiply to an element of the kernel of the relevant d map. This is what we endeavor to

show. We begin with a lemma.

Lemma 188. For a ∈ Ki and b ∈ Kj, the ordinary degree of ab is 1 more than the sum of

the ordinary degrees of a and b unless i = 0, j = 0, or i+ j = n− 2c+ 2, in which case the

ordinary degree of ab is just the sum of the ordinary degrees of a and b.

Proof. First we note that since K0 = R that there is a canonical multiplication K0⊗Ki → Ki

simply given by multiplication by multiplication by R. As such, there is no adjustment to

the ordinary degree necessary.

Now we proceed by induction. For instance, suppose that a, b ∈ K1. Then d(ab) =

a · d(b)± d(a) · b. If n 6= 2c, then the ordinary degree of d(ab) is one more than the ordinary

degree of ab. On the other hand, d(a) has ordinary degree 2 more than a and the same is

true of d(b). But d(a), d(b) ∈ K0, so multiplication by them causes no adjustment in the

ordinary degree. As such, when n 6= 2c, the ordinary degree of ab must be one more than

the sum of the ordinary degrees of a and b.

Similarly, if a ∈ K1 but b ∈ Ki for any i, then the Leibniz rule and the fact that we

are searching for a homogeneous multiplicative structure implies that a · d(b) must have the

same ordinary degree as d(a) · b, which is two more than the sum of the ordinary degrees of

a and b. So, if b ∈ Kn−2c+2, then there is no need for an adjustment to the ordinary degree.

Otherwise, we must add 1 whenever we multiply c ∈ Ki−1 and a ∈ K1.

We may continue in this combinatorial manner noting that if a ∈ K2, then d(a) ·b has

a total of 2 added to the ordinary degree unless b ∈ Kn−2c+1. And this tells us that a · d(b)

has two added to the ordinary degree unless d(b) ∈ Kn−2c.

This argument continues to show that unless the homological degrees of a and b sum

to n−2c+2 or unless the homological degree of a or b is 0, then multiplying a and b together
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yields an element of ordinary degree 1 more than the sum of the ordinary degrees of a and

b.

As the trick of Buchsbaum and Eisenbud has already allowed us to put an Sn-

equivariant commutative differential graded algebra structure on our free resolution over

a field of characteristic 0, we will now demonstrate that this structure is associative. To do

so, we simply show that the kernel of di+j does not appear in any isotypical component of

Fi ⊗ Fj.

When i+ j = n−2c+ 2, then the preceeding lemma implies that if a, b have ordinary

degree 0, then so does ab. But in ordinary degree 0, our computation of the minimal free

resolution shows that the kernel is trivial in this ordinary degree.

When i+j < n−2c+2, then Lemma 167 of Chapter 5 implies that every representation

in Fi ⊗ Fj has at most i + j + 1 rows, whereas the kernel has i + j + 2 rows. So this must

appear in a disjoint isotypical component.

Finally, when i + j > n − 2c + 2, the same lemma implies that Fi ⊗ Fj has again

at most i + j + 1 rows whereas the kernel has i + j + 2 rows. This completes the proof of

Corollary 173.

6.6 Conclusions and Future Work

From here there are several directions for future work. For instance, can other Weyl groups

than Sn be exploited to produce pure resolutions, especially ones with multiplicative struc-

tures? How are these pure resolutions related to Boij-Söderberg Theory? Do they fit together

with the so-called tensor complexes [7] or are they a new phenomenon?

We also find it odd that there would be no a priori proof that TorRi (k, S)j is an

irreducible representation for every i and j when S is the ring associated to a two-rowed

Specht ideal. We wonder if there is another approach which would yield this fact.
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Finally, we are also curious as to what these multiplicative structures mean. In

Chapter 5, the fact that the final Betti number of S was 1 and the multiplicative structure

gave the self-duality of the free resolution. Is there some similar notion of duality for free

resolutions with ACDGA structures when the final Betti number is not 1?
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Chapter 7

Sextic Resolvents of Quintic Fields

and the Representation Theory of S5

7.1 Introduction

Recall that an n-ic ring over a (commutative, associative, unital) base ring B is a B-algebra

R such that R/B is a free R-module of rank n − 1. In [14], Bhargava introduced a new

notion of a sextic resolvent ring S of a quintic ring R over Z. This in turn was a case of a

larger program of Higher Composition Laws which yielded parameterizations for quadratic

[9], cubic [10] and quartic [11] rings with some extra data over Z. Wood, starting from an

idea of Deligne [41], subsequently generalized these parameterizations in her thesis [111] to

apply over an arbitrary base scheme.

This, however, leads to the question of how to generalize the quintic construction to

an arbitrary base. We have not been entirely successful in accomplishing this task, and in

this chapter, we try to give a sense of why.

In the previous chapters of this thesis, we have seen that there is a fundamental link

between certain representations of the symmetric group on n letters and Bhargava’s param-

eterizations of rank n rings. In particular, they were linked by the minimal free resolution of
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n points in Pn−2. We saw that the points themselves define a standard representation of Sn

on V where Pn−2 = PV . And we saw that the equations cutting out these n points (when

n ≥ 4) was an Sn subrepresentation of Sym2 V ∨ whose associated Young diagram is

n− 2

. (7.1)

In the case n = 4, the double transpositions form a normal Klein four subgroup

V4 ⊆ S4 and S4/V4 is noncommutative and has order 6 and so must be isomorphic to S3. In

fact, V4 acts trivially on (7.1), and hence is canonically an S3 representation. In particular,

it is the standard S3 representation. But a standard S3 representation yields a set of 3 points

in some P2, which in turn yields a cubic ring. This ring is precisely the cubic resolvent of

the quartic ring!

In Section 7.2, we find that the representation theory connecting S5 and S6 also

connects quintic fields to their traditional sextic resolvent in the same manner. In Section 7.3,

we use this insight to define a sextic resolvent ring of Z5. In particular, we find

Proposition 189. The sextic resolvent ring of Z5 has discriminant 4. Moreoover, for any

definition of a sextic resolvent which is compatible with base change and compatible with the

representation theory of Section 7.2, the discriminant of the sextic resolvent must be divisible

by 4.

This result differs from Bhargava’s result in Equation (33) of [14], which yields a sextic

resolvent ring of discriminant 4096 = 212 for Z5. We have not yet extended our method to

all quintic rings over Z, and perhaps we will find in future work that these extra 2s are

necessary for the theory to work for all quintic rings. But either way, these results indicate

that extending the theory of sextic resolvents of quintic rings to arbitrary base rings will be

rather difficult unless at least 2 is invertible. We hope to pursue this avenue of work in the
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future.

7.2 The Representation Theory of S5 and S6

We begin this section with some elementary facts about the symmetric groups S5 and S6.

The unusual nature of these groups and the connections between them underlies our whole

program.

7.2.1 The Transitive S5 in S6

To begin, recall that for all m < n, there are many copies of Sm ⊆ Sn. In particular, there

are many copies of Sn−1 ⊆ Sn. The most readily apparent Sn−1 ⊆ Sn is the stabilizer of

some letter. This subgroup, however, is not transitive. In fact, it is known that for n > 6,

there are no copies of Sn−1 which live in Sn as a transitive subgroup. Here we construct a

transitive subgroup of S6 which is isomorphic to S5.

Note that S5 has 4! = 24 five-cycles, and hence has 6 cyclic subgroups C5 of order 5.

But the 5-part of 5! is 5, so these are in fact the Sylow 5-subgroups. Now any group G acts

on its set of Sylow p-subgroups transitively under conjugation, so by labelling the five-cycles,

we obtain a map S5 → S6 whose image is a transitive subgroup. It suffices to show that this

map is injective.

But S5 has three normal subgroups: the trivial group, the whole group, and the

alternating group A5. As noted, S5 acts transitively, so in particular nontrivially, on its

Sylow 5-subgroups, so the kernel cannot be the whole group. Similarly, [S5 : A5] = 2, and

since there are 6 > 2 5-Sylow subgroups, if the kernel were A5 then S5 would again be unable

to act transitively. So the morphism must be injective.

Recall that the inner automorphisms of Sn can be viewed as the automorphisms which

permute the names of the n letters. As such, we immediately see that our single copy of S5
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has 720 conjugates. In fact, these are the only transitive S5’s living in S6, a fact which may

be obtained, for instance, by asking Magma [23] to enumerate the subgroups of S6.

Lemma 190. The group S6 has precisely 6! = 720 transitive subgroups isomorphic to S5.

They are all conjugate to each other.

Remark 191. This transitive S5 in S6 has many realizations in (algebraic) combinatorics.

For some other beautiful descriptions of it, see, e.g., [14, 70]

7.2.2 Some Special Representations of S5 and S6

Next we recall that the irreducible representations of Sn over C are in one-to-one corre-

spondence with the partitions λ = {λi} of n, i.e., sets of numbers λ1 ≥ · · · ≥ λn ≥ 0 such

that
∑
λi = n. We will often refer to a specific partition by its Young diagram without

further comment. Moreover, if it is necessary, we will refer to the irreducible representation

associated to λ by Vλ, and if it is further necessary to emphasize n, we shall write V n
λ . For

further information on this correspondence, see [54, Problem 4.47], [108] or Chapter 6.

For the “usual” copies of Sn−1 ⊆ Sn, i.e., those copies which are the stabilizers of a

letter, we know the so-called “branching law”, i.e., how an irreducible representation V of Sn

breaks up into irreducible components when restricted to Sn−1. Specifically, for any partition

λ, let |λ| =
∑
λi. Then for two parititions λ, µ we say that µ ≤ λ whenever |µ| ≤ |λ| and

µi ≤ λi for all i. We say that µ is a restriction of λ whenever µ ≤ λ and |µ| = |λ| − 1.

To see why we use this terminology, note that Sn by definition acts on the set

{1, . . . , n}. Then the stabilizer of 1 (or, just as well, any 1 ≤ i ≤ n) is a subgroup Sn−1 ⊆ Sn.

These are the canonical Sn−1’s in Sn. (These are in fact the only Sn−1’s in Sn for n ≥ 7, but

there are a few exceptions for n ≤ 6.) Then the branching law for Sn states that

ResSnSn−1
Vλ =

⊕
Vµ
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where Res means restriction and the sum is over all µ which are restrictions of λ.

Example 192. For instance, the restriction Vλ for λ = {3, 3, 1} is given by

⊕

The branching law behaves differently for our transitive S5 ⊆ S6. We will, in partic-

ular, be interested in the 5-dimensional representations of S6, of which there are four. One

can compute using character theory how these representations break up when restricted to

the transitive S5. This is drawn in Figure 7.1.

Figure 7.1: Restrictions of the 5-dimensional representations of S6 to S5

S6 representation → Restricted to S5

→

⊕

→

⊕

→

→

We have arrived at a situation we have seen before. Recall that to every rank n étale

algebra R over a field k, Bhargava constructed in [14, Section 2] a Galois-invariant set of n

points in Pn−2
ksep whose global sections over k were precisely R. So the governing philosophy

is that rank n rings should correspond to (Galois-invariant) sets of n (geometric) points in
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Pn−2
k . This is explicated more thoroughly in Chapter 3.

In what follows, we recapitulate briefly the contents of Section 2 of Chapter 5. A set

of n linearly general1 points in Pn−2 = PV is acted on transitively by PGLn−1(k). (This is

a generalization of the fact that three points in P1 can be sent to any three other points by

fractional linear transformations.) In fact, the subgroup of PGLn−1(k) which leaves this set

of points fixed is isomorphic to Sn. One sees (as in Chapter 5) that there are precisely two

lifts of this subgroup to GLn−1(k). One of these is the standard representation of Sn, and

the other of these is the twist of the standard representation by the alternating character,

i.e., its next-to-top wedge power. From now on, we forget the alternating twist and instead

consider V equipped with the standard representation.

It turns out that if n ≥ 4, then the n points in Pn−2 are cut out by quadrics2, and

it is obvious that the subspace of quadrics in Sym2 V ∨ should be a subrepresentation of

Sn. We saw in Chapter 5 that Sym2 V ∨ broke up into a trivial representation, a standard

representation, and one corresponding to the partition {n− 2, 2}. This latter representation

is precisely the linear system of quadrics cutting out our n points.

In the case n = 6, we have seen that the restriction of V 6
{5,1} to a transitive S5 is the

V 5
{3,2}. That is, we expect there to be a relation between sextic and quintic rings. Indeed,

this is the same type of relation which gives rise to the quadratic resolvents of cubic rings

and the cubic resolvents of quartic rings, which is again explicated in Chapter 5. We explore

this further in the next subsection.

1This means that no n− 1 of them lie on a hyperplane.
2This is an instance of a much more general fact due to Green and Lazarsfeld [63], though it may also be

proven directly.
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7.2.3 The Representation-Theoretic Sextic Resolvent of a Quintic

Ring

Fix a particular labelling of the five-cycles of S5, i.e., fix a transitive embedding S5 ↪→ S6. In

this section, we show that there is a unique map S6 → GL5 extending the representation V{3,2}

of S5 to the representation V{5,1} of S6. Let’s first give the intuitive, geometric construction3.

In the next section, we will show that this construction is universal, in an appropriate sense.

But for now, let the base field k = k̄ be an algebraically closed field of characteristic 0.

For any (σ) ⊆ S5 isomorphic to C5, we note that σ acts nontrivially on the set of 5-

Sylow subgroups. Extending this to the rational permutation representation, we see that this

action has a unique fixed point, for the only nontrivial rational 5-dimensional representation

of C5 is the regular representation. Indeed, more generally, we have

Lemma 193. The cyclic group Cp of p prime elements has precisely 2 (isomorphism classes

of) irreducible finite-dimensional representations over Q: the trivial representation and the

regular representation modulo the trivial representation.

Proof. Over an algebraically closed field k̄ of arbitrary characteristic, the irreducible rep-

resentations of Cp are precisely the characters Cp → k̄×. Any representation over Q must

break into a direct sum of these characters. By fixing an element 1 ∈ Cp (i.e., fixing an

isomorphism Z/pZ ∼= Cp), we may detect how a representation V of Cp breaks up over Q̄ by

asking what the eigenvalues of the action of 1 ∈ Cp are. But if a nontrivial root of unity is

an eigenvalue, then since they are all Galois-conjugate over Q, the other nontrivial roots of

unity must also appear. However, the span of the Galois orbit of an eigenvector is obviously

a subrepresentation of V defined over Q. This leads to the theorem.

Now restricting the action of S5 on V{3,2} to (σ), the same argument implies that

there is a unique trivial subrepresentation. In fact, we can say something much stronger:

3I originally learned this idea from a letter of Edixhoven to Bhargava [44], but did not realize its connection
to the quirks of the representation theory of S5 and S6 until much later.
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Let (σ1), . . . , (σ6) be the six copies of C5 in S5 and let `1, . . . , `6 be their respective trivial

subrepresentations.

Lemma 194. (σi) acts transitively on {`1, . . . , `6} − {`i}.

Proof. Consider the case i = 1. All other cases are essentially the same. Now (σ1) acts on

the set {(σ2), . . . , (σ6)} by conjugation. A quick computation shows that it acts nontrivially

on σ2, and hence, since C5 has prime order, the orbit-stabilizer theorem says that it must

act transitively.

But σi1`j is stabilized by σi1(σj)σ
−i
1 . But the `j’s were the unique trivial subrepresen-

tation for the associated cyclic group. Hence the lemma.

If `i = `j for i 6= j, then the above lemma combined with the orbit-stabilizer theorem

would then imply that all the `i are equal. This would consequently imply that all the Sylow

5-subgroups of S5 act trivially on `1. But the Sylow 5-subgroups of S5 generate S5, and

hence V{3,2} would contain a trivial representation, which of course is ludicrous.

Finally, we see that {`1, . . . , `6} is a linearly general set of points in PV{3,2}. To see

this, it suffices to show that any subset of 5 elements spans all of V{3,2}. To do this, we note

that there is a representation of S5 which is defined over Q which is isomorphic to V{3,2}

over k, the so-called Specht representation. Then we may once again use the fact that any

nontrivial five-dimensional representation of C5 over Q is the regular representation, and so

Lemma 194 yields the result.

Thus, we have 6 linearly general points in PV{3,2}. From our previous discussion, this

implies that there is a subgroup S6 ⊆ PGL(V{3,2}) acting on these points, and that there is

a unique lift to GL(V{3,2}) which is the standard representation.

Theorem 195. This representation of S6 restricts to the original representation V{3,2} of

S5. Moreover, this is the unique such extension.
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Proof. That this restricts to the same representation on S5 is obvious from the construction.

To see that this is the unique such extension, we recall from Section 2 of Chapter 5 that

a standard representation of Sn on an (n − 1)-dimensional vector space V is determined

by n points in linearly general position in PV , or, what is the same, by n “basic lines”

`1, . . . , `n ⊆ V such that any (n− 1) of them span V .

In particular, these basic lines can be determined by noting that by the usual branch-

ing law for Sn, we have that ResSnSn−1
V n
std = V n−1

std ⊕ V
n−1
triv . The n basic lines are the n trivial

representations that arise from the n nontransitive Sn−1’s in Sn.

In our case, one way to rephrase the above lemmas is that the six nontransitive S5’s

in S6 each contain a unique Sylow 5-subgroup of the (fixed!) transitive S5. Moreover, the

restriction to this cyclic subgroup already picks out the trivial representation. But this is

exactly the process we used to construct the extension. Hence, we have shown uniqueness.

7.2.4 Galois Invariance

In this section, we demonstrate that the constructions of the previous section are Galois in-

variant. In particular, we construct in a representation theoretic manner the sextic resolvent

of a quintic algebra over any field k of characteristic 0. Let G = Gal(k̄/k) be the absolute

Galois group of k and let X ⊆ PW = P3
k be reduced subscheme of dimension 0 and degree

5 which is linearly general, i.e., X̄ = X × k̄ consists of 5 points in linearly general position.

Remark 196. Another way to state the condition of linear generality which doesn’t rely on

the geometric picture is to say that any hyperplane section of X must have degree at most 3.

For if the five points of X̄ span a linear subspace, this linear subspace would be defined over

k and this linear subspace would be contained in a hyperplane defined over k. If only four

points in X̄ lived on a hyperplane, then the Galois conjugates of those four points would

also have to live on a hyperplane. So either X̄ breaks up into two Galois conjugate sets of
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points (four points on a hyperplane defined over k and one point off it) in which case we are

done, or each Galois conjugate pair of hyperplanes has three points in common. Then if no

three of our original four points are collinear, this would imply that the fifth point already

lay on the original hyperplane (since three noncollinear points define a plane). If three of our

original four points were collinear, then the Galois conjugates of that set of points must also

be collinear. But any conjugate of this set must have at least one point in common. If ever

there are two in common, then since we’ve assumed the points are distinct, there are four

points lying on a line, and the fifth point at most defines a hyperplane. If there is always at

most one point in common, then we procure two Galois conjugate lines, which in turn define

a hyperplane defined over k.

By tensoring up to k̄, we see that X is cut out by a five-dimensional space of quadrics

V ⊆ Sym2W∨. Working over V̄ = V ⊗ k̄, we may find six lines `1, . . . , `6 by the procedure

of the previous section. We wish to show that these lines are Galois conjugate, and thus we

will obtain a linearly general set of six (geometric) points in PV . The ring of functions on

this set of points is thus a sextic algebra over k.

That the 5 points in X are Galois conjugate means that there is a map G→ PGL(W̄ )

whose image lies in the S5 leaving X̄ fixed. That is, acting by G amounts to executing an

inner automorphism of S5 on the representation S5 → GL(V̄ ). In particular, this does not

change the image of S5 in GL(V̄ ). But the `i were defined as the fixed lines of the Sylow

5-subgroups of the image of S5 in GL(V̄ ). That is, the set of `i is not effected by inner

automorphisms of S5, though the labelling might be.

In particular, this implies that the points `i ∈ PV̄ form a Galois invariant set.

7.3 A Specific Case

In this section, we give an example of the extension of the representation V{3,2} we constructed

in the last section to a representation of S5. In particular, we will work with the Specht
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realization of V{3,2} as detailed in Chapter 6. We will see that while the extension described

in the previous section is not the Specht realization of V{5,1}, it is still a representation defined

over Z.

In what follows, all computations were done in Sage [105], especially relying on F. Sali-

ola’s implementation of the Specht representations, which were in turn based off of the outline

in Lascoux’s notes [86].

To begin, we construct the Specht representation ρ : S5 → GL5(Z) associated to

{3, 2}. We then construct representatives of each of the six 5-Sylow subgroups of S5 and ask

Sage to compute the right eigenvectors of these transformations. As we proved, precisely

one eigenvector has eigenvalue one. These are given by the columns of the following matrix.



1 −1 1 1 −1 −1

1 1 1 −1 −1 −1

−1 1 1 −1 1 −1

1 1 −1 −1 1 −1

0 0 0 −2 2 0


(7.2)

Note that each row sums to 0. In fact there are only two choices of signs among the

26 = 64 possibilities making this true: the stated one and the one given by the negative of

the matrix (7.2). In Bhargava’s construction of Section 2 of [14], the discriminant of the ring

R associated to these six points in P4
Z is ±

√
| det(M)| where M is any 5 × 5 submatrix of

(7.2). Each such M has | det(M)| = 16 and hence Disc(R) = ±4.

Now the sextic resolvent ring we have described over Z is necessarily a subring of the

sextic resolvent ring over Q. But this ring is the ring of functions on the six points in (7.2),

which is Q6. So Disc(R) = 4 since Q6 is totally real.

Finally, to identify R, we note that R ⊆ Z6 must have index 2 since Disc(R) = [Z6 :

R]2 Disc(Z6) = [Z6 : R]2. But then combining the fact that 2 is prime and the fact that Smith
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Normal Form exists, we know that all such R are conjugate. Explicitly, one representative of

this isomorphism class is the span of (2e1, e2, e3, e4, e5, e1 +e2 + · · ·+e6) where e1, e2, . . . , e6 is

a set of orthongonal idempotents of Z6 and e1 + · · ·+e6 is the multiplicative identity element

of Z6.

So from this we begin to see perhaps the largest problem with extending the the-

ory of the sextic resolvent to arbitrary base schemes: in order to be compatible with base

change, a nondegenerate algebra F6
2 over F2 must have a sextic resolvent which is degenerate!

Specifically, (2e1)2 = 0 modulo 2, and so R⊗ F2
∼= F2[x]/(x2)⊕ F4

2.

We have not been able to work out the most general theory of the sextic resolvent

from this perspective. In particular, we are not sure if the methods of this section can be

extended to all quintic rings over Z, much less those over an arbitrary base scheme. We

hope to answer this question in future work, and in doing so resolve the discrepancy between

Bhargava’s discriminant for the sextic resolvent of Z6 (which yields 4096) and ours (which

yields 4).

Finally, as promised, we note that we may build the standard representation of S6

associated with R as follows. Let

M =



1 −1 1 1 −1

1 1 1 −1 −1

−1 1 1 −1 1

1 1 −1 −1 1

0 0 0 −2 2


(7.3)

be the first five columns of (7.2). If i < 5, let (i, i+ 1) ∈ GL5(Z) be the permutation matrix

which is the identity matrix except for the 2×2 block between rows and columns i and i+1,
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in which case it has the form 0 1

1 0

 .
Then let (4, 5) be the matrix which is the identity matrix except the last column consists

entirely of −1. Each of these matrices is easily seen to have determinant −1 and hence lives

in GL5 Z. Moreover, they satisfy the Coxeter relations for S6 and hence generate S6. In fact,

they form the Specht realizations of the standard representation V{5,1} of S6.

Then the eigenvectors (7.2) yield a standard representation with the generators

M · (i, i+ 1) ·M−1. (7.4)

Of course, det(M) = 16 and so a priori these involutions only live in GL5 Q. However, Sage

quickly tells us that they actually live in GL5 Z.

We note, however, that this method once highlights the problem at 2: det(M) = 16

implies that the change of variables (7.4) is not defined over F2. As such, we would once

again expect a degenerate ring to be the sextic resolvent of Z5.

To finish off the proof of Proposition 189, we note that compatibility with the repre-

sentation theory of the previous section means that a sextic resolvent R for Z5 must be an

order in the Q6 which is the ring of functions for the six points in (7.2) in P4
Q. But the span

of these points is determined by the representation theory, any other realizations of these

points must be constant multiples of the points given. But since these points contain ±1,

they cannot be multiplied by any number to reduce the determinant of a 5×5 minor of (7.2).

As such, we see that any definition of the sextic resolvent compatible with the representation

theory outlined must have discriminant divisible by 4.
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