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Abstract

In this thesis, I study three problems related to the linear and nonlinear wave equa-
tions on black hole spacetimes. These problems are motivated by the nonlinear sta-
bility of Kerr spacetime.

First, I prove that sufficiently regular solutions to the wave equation [J,® = 0 on
the exterior of the Schwarzschild black hole obey the estimates |®| < C5(¢*)~21 and
10,®| < Cs(t*)~** on a compact region of r, including inside the black hole region.

Second, I prove that sufficiently regular solutions to the wave equation LJ;® = 0 on
the exterior of the sufficiently slowly rotating Kerr black hole also obey the estimates
|®| < Cs(t*)2+9. The first two results are proved with the help of a new vector field
commutator that is analogous to the scaling vector field on Minkowski spacetime.
This result improves the known decay rates in the region of finite r and along the
event horizon.

Third, I study a semilinear equation with derivatives satisfying a null condition
on slowly rotating Kerr spacetimes. I prove that given suciently small initial data,
the solution exists globally in time and decays with a quantitative rate to the trivial

solution. The proof uses the robust vector field method and in particular makes use

of the improved decay rates obtained in the first and second results.
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Chapter 1

Introduction

A major open problem in general relativity is that of the nonlinear stability of Kerr
spacetimes. These spacetimes are stationary axisymmetric asymptotically flat black

hole solutions to the vacuum Einstein equations
R, =0

in 3 4+ 1 dimensions. They are parametrized by two parameters (M, a), representing
respectively the mass and the specific angular momentum of a black hole. It is
conjectured that Kerr spacetimes are stable. In the framework of the initial value
problem, the stability of Kerr would mean that for any solution to the vacuum Einstein
equations with initial data close to the initial data of a Kerr spacetime, its maximal
Cauchy development has an exterior region that approaches a nearby, but possibly
different, Kerr spacetime.
Kerr spacetimes have a one-parameter subfamily of spacetimes known as Schwarzschild

spacetimes for which @ = 0. The Schwarzschild metric in the so-called exterior region
can be expressed as

oM oM\ !
g=— (1 — —) dt? + <1 — —) dr? + r’doge,
T T



where dos: denotes the standard metric on the unit sphere. In the context of the
problem of the nonlinear stability of Kerr, it is conjectured that a spacetime that is
close to Schwarzschild initially will approach a Kerr spacetime that is also close to
Schwarzschild, i.e., a < M.

To tackle the nonlinear stability of Kerr spacetimes, it is important to first un-
derstand the linear waves

0,5 =0

on the exterior region of Kerr spacetimes. In view of the expectation that spacetimes
initially close to Schwarzschild will eventually settle to Kerr spacetimes with a < M,
it is reasonalbe to first study the linear wave equation on Schwarzschild spacetimes
and very slowly rotating Kerr spacetimes. This can be compared with the nonlinear
stability of Minkowski spacetime whose proof requires a robust understanding of the
quantitative decay of the solutions to the linear wave equation [10], [34].

The first and second results in this thesis concerns the robust, quantitative decay
rates of the solutions to the linear wave equation on Schwarzschild and very slowly
rotating Kerr black hole respectively. The pointwise decay of the solutions to the
linear wave equation on Schwarzschild background is proved in [18], [5]. In particular,
Dafermos-Rodnianski proved a decay rate of |®| < C' (max{1,v})”" everywhere in the
exterior region, including along the event horizon [18]. (Here, the null variable v will
be defined later and is useful to capture the decay rate along the event horizon.)

This decay rate is sharp as one approaches null infinity along the wave zone
{i <r< %} However, this decay rate is non-integrable and creates certain difficulties
when applied to study nonlinear problems. In view of the problem of the nonlinear
stability of Kerr, it would be desirable to prove an improved decay rate away from
the wave zone. Our first result in this thesis is such an improvement for the wave
equation on Schwarzschild spacetimes. We improve the decay rate in a finite region of

r, including the decay rate along the event horizon and inside the black hole region.



Theorem 1.0.1. [35] For arbitrarily small 6 > 0, |®| < Cs,, r (r1130<{1,v})_%+‘S in

the region {r, <r < R} for any r, >0 and R > 2M.

The pointwise decay of solutions to the linear wave equation on very slowly rotat-
ing Kerr spacetimes was first proved in [16] and subsequently and independently by
[2]. Both results were proved via the vector field method. In particular, a decay rate
of |®] < C (max{1,t*})" """ is proved in [16]. The ¢* variable is defined so that the
decay rate along the event horizon is also captured. This has later been improved
in [17] to |®| < C (max{1,t*})"". As in the case for Schwarzschild, this cannot be
improved as one approaches null infinity along the wave zone but nevertheless can
be improved if we restrict to a finite region of r. In fact, a Price law type [50] of
|®| < C (max{1,#*})"*" has been proved using Fourier analytic methods. Neverthe-
less, such methods are unstable and it is desirable in view of the nonlinear problem to
obtain a proof of the improved decay rate using the more robust vector field method.
In [36], we extended Theorem 1.0.1 to sufficiently slowly rotating Kerr spacetimes,

i.e., Kerr spacetimes with a < M.

Theorem 1.0.2. [36] For arbitrarily small § > 0, there exists ag = aog(0) such
that on Kerr spacetime with mass M and specific angular momentum a, |®| <
Cosro.R (max{l,t*})_%J”S in the region {r, < r < R} for any ry > M — /M? — a?
and R > M + /M? — a?.

The second theorem in particular includes the result of the first. We, however,
prefer to prove them as separate theorems because firstly that there are certain sim-
plifications in the proof of the Schwarzschild case and the argument would be more
transparent in this setting. Secondly, it is useful to prove certain estimates first on
Schwarzschild spacetimes and then to prove the analogous estimates on slowly rotat-
ing Kerr spacetimes by resorting to stability arguments.

Our proof of the improved decay rates in Theorems 1.0.1 and 1.0.2 introduces

a new vector field commutator S that is analogous to the scaling vector field in



Minkowski spacetime. We will show that for solutions to OJ,® = 0, O, (S®) decays
sufficiently towards spatial infinity and only grows mildly towards event horizon. We
then prove energy estimates for S® with the help of (a slightly modified version of)
the energy estimates of ® in [18], [16]. This will enable us to prove the decay of S®.
With this decay, we follow Klainerman-Sideris [30] to improve the decay rate for 9,P.
We also introduce a novel method to improve the decay rates for ® and its spatial
derivatives.

After a sufficiently robust proof of quantitative decay rates for solutions to the
linear wave equation is understood, a natural next question is to study the small data
problem for a model nonlinear equation on a fixed black hole background. In the case
of the nonlinear stability of Minkowski spacetime, the semilinear equation satisfying
a null condition has served as a good model problem.

One of the main difficulties in proving the nonlinear stability of Minkowski space-
time arises from the fact that the decay of the linear wave equation on Minkowski
spacetime is non-integrable. In 441 or higher dimension, the decay of the solution
to the linear wave equation is sufficiently fast and the solution is integrable in time.
This allows one to prove global existence of small data for nonlinear wave equations
with any quadratic dertivative nonlinearity [27]. This would in particular give a
simple proof of the stability of Minkowski spacetime in high dimensions using wave
coordinates [8]. However, in 341 dimensions, which is also the dimension of physical
relevance, the decay rate is insufficient to prove the global existence of solutions and
indeed a counter-example is known [24]. Nevertheless, if the quadratic nonlinearity
satisfies the null condition defined by Klainerman, it has been proved independently
by Christodoulou [9] and Klainerman [28] that any solutions to sufficiently small
initial data are global in time. This turns out to be an important model problem
for the stability of Minkowski spacetimes, whose proof requires an analogous special

structure of the nonlinearity.



We consider the analogous problem of small data global existence for semilinear
equations on Kerr spacetime. We define an appropriate notion of the null condition
of Kerr spacetimes and consider O, ® = F'(D®) where F satisfies the null condition.
The improved decay rates in Theorem 1.0.1, 1.0.2 suggest that ® has sufficient decay
away from the wave zone. While the decay is non-integrable in the wave zone {tz <
r < %}, this set approaches the same set in Minkowski spacetime as t* — oo due to
the asymptotic flatness of Kerr spacetime. Therefore, one expects that with a null
condition similar to that on the Minkowski spacetime, a similar global existence result

holds. Indeed, we have

Theorem 1.0.3. [37] Consider O, ® = F(D®) where F satisfies the null condition
(see Section 5.3). Then for any initial data that are sufficiently small, the solution

exists globally in time.

This thesis will be organized as follows: In the next chapter, we will review some
related works. In Chapter 3, we will introduce Schwarzschild and Kerr spacetimes
and describe their geometry. In particular, we will emphasize the geometric features
that is relevant to the properties of the solutions to wave equations. In Chapter 4,
we will introduce the vector field method, which will form the basis of the analysis
in the whole thesis. In Chapter 5, we will then be able to give precise statements of
the three main theorems. In Chapters 6 and 7, we will outline the main ideas of the
proof. First, we outline the ideas for proving a similar result on Minkowski spacetime.
Then we point out some main ideas for the proof of our main results. Chapters 8, 9,
10 contain the proofs of theorems 1.0.1, 1.0.2 and 1.0.3 respectively. The content of
these chapters are mostly contained in the previously published works [35], [36] and

[37] respectively.



Chapter 2

Related Works

2.1 Decay of Solutions to Linear Wave Equations
on Black Hole Spacetimes

We first consider previous works related to linear waves on Schwarzschild spacetimes.
The problem of the uniform boundedness of solutions to [J,& = 0 on the exterior
of Schwarzschild occupied the physics community for some time. The first mathe-
matically rigorous result was obtained by Wald [53] for solutions vanishing on the
bifurcate sphere (H* NH ™ in Figure 1). Kay-Wald [26] later removed this restriction
and proved the uniform boundedness of a more general class of solutions. They used
the energy conservation law given by using 0; as a multiplier as well as the Killing

fields {0}, Q;} as commutators. The decay rates

|| < Cwi', Vr>2M, (2.1)

r®| < Cru,?, Vr >R,

where v, = max{v, 1}, uy = max{u,1} and Cg depends only on an appropriate

norm of the initial data, for sufficiently regular solutions to L, = 0, were proved by



Dafermos-Rodnianski in [18]. We note that the decay rate (2.1) holds in the entire
exterior region of Schwarzschild spacetimes, including along the event horizon. In
addition to the vector fields in [53],[26], their approach employed several other (non-
Killing!) vector fields. One is an analog of the Morawetz vector field Z in Minkowski
spacetime. It has an associated nonnegative quantity which we will call the conformal
energy. It has weights similar to that of the conformal energy on Minkowski spacetime
so that its boundedness would imply a local energy decay. Another is a vector field of
the form X = f (r*) 0,«. The construction of this vector field was motivated by [33].
Unlike other multipliers, X is constructed so that KX (®) (instead of JX*™ (®))
can be controlled. This is used to estimate some energy quantity integrated over
spacetime, in particular error terms from the “conservation law” of the conformal
energy. The estimates of X are iterated together with that of Z to achieve the
boundedness of the conformal energy. This then implies the decay of & away from
the event horizon. The estimate associated to X can be thought of as an integrated
in time local energy decay. It was extensively studied in [1],[3],[5],[14],[18],[23].

In addition, [18] introduced a new - red shift vector field - which takes advantage
of the geometry of the event horizon and is used crucially in proving the decay rate
close to and along the event horizon. This vector field is one of the few stable features
of the Schwarzschild spacetime. As we will see later, it will make a crucial appearance
in this article to achieve the improved decay rate along the event horizon.

The study of pointwise decay was carried out independently by Blue-Sterbenz
[5]. They showed a similar quantitative decay result for initial data vanishing on the
bifurcate sphere, with a decay rate that is weaker than [18] along the event horizon. In
the proof they used analogues of the vector fields Z and X but not the vector field Y.
Strichartz estimates for solutions of the wave equation on Schwarzschild background
were shown in [23].

The decay rates for the solutions to the linear wave equation on Schwarzschild



spacetime has then been improved to |®| < CUJ:%H in [35], which is contained in
the first part of this thesis. In this work, the vector fields Z, X, and Y are used. In
addition, a vector field commutator S that is analogous to the Minkowskian scaling
vector field is used to obtain the improved decay rate.

Considerable attention has also been given to the problem of decay of solutions
of the wave equations on the Schwarzschild spacetime restricted to a fized spherical
harmonic @, arising in the decomposition ®(t,r,w) = Z Oy(r,t)Yy(w), w € S%. Such
results for a fixed spherical harmonic have been obtainegd in [12], [21], [31], [38]. The
ideas in studying fixed spherical harmonic have later been extend to prove a Price’s
law type local decay [22]. However, past experience shows that such refined decay
estimates may not be stable for nonlinear problems.

Decay for general solutions to the wave equation on sufficiently slowly rotating
Kerr spacetimes was first proved by Dafermos-Rodnianski [16] with a quantitative
rate of |®| < C(t*)~1+¢e. A similar result was later obtained by [2] using a phys-
ical space construction to obtain an integrated decay estimate. In all of [51], [16]
and [2], the integrated decay estimate is proved and plays an important role. All
proofs of such estimates rely heavily on the separability of the wave equation, or
equivalently, the existence of a Killing tensor on Kerr spacetime. In a recent work
[17], Dafermos-Rodnianski shows that assuming the integrated decay estimate (non-
degenerate up to the event horizon if it exists) and boundedness for the wave equation
on an asymptotically flat spacetime, the decay rate |®| < C(t*)~! holds. This in par-
ticular improves the rates in [16] and [2]. In a similar framework, but assuming
in addition exact stationarity, Tataru [50] proved a local decay rate of (¢*)~% using
Fourier-analytic methods. This applies in particular to Schwarzschild spacetimes and
sufficiently slowly rotating Kerr spacetimes. As remarked before, refined estimates
proved using Fourier analytic methods may not be sufficiently robust for nonlinear

*%+Ca

applications. A robust local decay rate of (t*) was then proved in [36], which is



contained in this thesis. Subsequently, a different proof of a local decay rate of (t*)~3
using the fundamental solution of the Minkowskian wave equation was achieved in
[41]. The program for studying linear stability is finally completed by Dafermos and
Rodnianski who proved the decay of solutions to the wave equation on the full range
of sub-extremal Kerr spacetimes a < M [20], [19].

We refer the readers to Sections 3 and 4 in [16] and the introduction to [20] for

further references on this problem.

2.2 Nonlinear Wave Equations on Black Hole Space-
time

For nonlinear equations, global existence for the equation with power nonlinearity
0, ® = £|®P® was initiated in [43] and [44], in which the large data subcritical
defocusing case of p = 2 is studied. Later, there have been much work on the small
data problem in which the sign of the nonlinearity is not important, and that the
dispersive properties of the linear equation plays a crucial role. Global existence was
proved for small radial data for p > 3 on Reissner-Nordstrom spacetime [13] and for
general small data vanishing on the bifurcate sphere for p > 2 [5] on Schwarzschild
spacetime. Global existence was also proved for p = 4 on Schwarzschild spacetime
with general data that has small non-degenerate energy [23]. This was extended to the
case of sufficiently slowly rotating Kerr spacetime in [52]. Counterexample is known
for the case 0 < p < v/2 [7]. To our knowledge, the work [37] which is contained
in this thesis is the first work on semilinear equations with derivatives on black hole

spacetimes.



2.3 Nonlinear Wave Equation satisfying a Null Con-
dition

Semilinear wave equation satisfying the null condition has a long history. In 441
or higher dimension, the decay of the linear wave equation is sufficiently fast for
one to prove global existence of small data for nonlinear wave equations with any
quadratic nonlinearity [27]. However, in 3+1 dimensions, which is also the dimension
of physical relevance, the decay rate is only sufficient to prove the almost global

existence of solutions [25]. Indeed, a counter-example is known [24] for the equation

O,® = (0,0)%

Nevertheless, if the quadratic nonlinearity satisfies the null condition defined by Klain-
erman, it has been proved independently by Christodoulou [9] and Klainerman [28]
that any solutions to sufficiently small initial data are global in time. There have been
an extensive literature on extensions and variations of the original results, including

the cases of the multiple-speed system and the exterior domains ([46], [47], [39], [40]).

10



Chapter 3

Geometry of Schwarzschild and

Kerr Spacetimes

3.1 Schwarzschild Spacetime

Schwarzschild spacetime is the spherically symmetric asymptotically flat solution to
the vacuum FEinstein equations. The Schwarzschild metric in the exterior region
{r>2M}is

IM oM\ !
g=— (1 _ _) i+ (1 _ _) 02+ r2dog,

r T

where dos2 denotes the standard metric on the unit sphere. It is easy to observe from
the metric that the vector field g, is Killing and it is orthogonal to the hypersurfaces
t = constant. Spacetimes with this property are called static. It is also manifestly
spherically symmetry and therefore has a basis of Killing vector fields €2; generating
the symmetry. Moreover, Schwarzschild spacetimes are asymptotically flat. This
means that the metric approaches the flat metric as we go to spatial infinity (r — o0).

Synge [49] and Kruskal [32] showed that the Schwarzschild metric can be ex-

tended past » = 2M as a solution to the vacuum FEinstein equations. Its maximal

11



development is usually described by a Penrose diagram, which depicts a conformal
compactification of the 4 dimensional manifold quotiented out by spherical symme-
try (Figure 1). In this diagram, the coordinate system (¢,r > 2M,w € S?) with the
metric described above represents the region I, which we will call from now on the
exterior region. In the nonlinear stability problem, it is this region that is conjectured
to be stable. Extended beyond » = 2M, the Schwarzschild spacetime contains a black
hole (region II in the diagram). Physically, an observer outside the black hole region
cannot receive signals emitted inside the black hole. The null hypersurface r = 2M

separating the exterior region I and the black hole is known as the event horizon H*.

Figure 3.1: Schwarzschild spacetime

We return to the discussion of the exterior region of the Schwarzschild black hole.

For notational convenience, we let

We denote as r* the Regge-Wheeler tortoise coordinate

r* =r+2Mlog(r —2M) — 3M — 2M log M.

12



In these coordinates, the Schwarzschild metric in the exterior region is given by

g=—(1—p)dt?® + (1 — p)dr*® + r’dog.

Notice that in the above equation we have used both r* and r. Here, and below, we

Area(q)

1 l.e. the

think of r* as the coordinate and 7 as a function on Q, with r (q) =
physical radius of the 2-sphere under which the metric is symmetric. The coordinate
r* is 400 at spatial and null infinity; —oo at the event horizon and 0 at r = 3M.
The set {r = 3M} is known as the photon sphere. On this set trapping occurs: there
exist null geodesics that lie in this set. In particular, these geodesics neither cross
the event horizon nor approach null infinity. This suggests, via geometrical optics
considerations, that one has to lose derivatives while proving energy estimates. We
will return to this point in Section 3.3.

We notice that as in the coordinates (¢,r,w), d; and Q are Killing in the (¢,r*,w)
coordinates.

We also define the retarded and advanced Eddington-Finkelstein coordinates u and
v by

t=v+ur"=v—u.
At the event horizon H', u = +oo. At future null infinity Z*, v = +o00. Notice that
in these coordinates, the metric is given by

—4 (1 — p) dudv + r*dos.

In particular, this shows that d,, 0, in this coordinate system are null.
In the following we are also going to consider the coordinate system (v, r,w), where v
and r are defined as above. We will only use this coordinate system when considering

the region near the event horizon or inside the black hole. When there is no confusion,
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we will not specify the coordinate system when we use the notation 9,. In the (v, 7, w)

coordinate system the metric is
g=—(1— p)dv* + 2drdv + r’*dog:.

Notice that the coordinate v is originally defined only for » > 2M. However, as
the metric in the (r,v) coordinate system is non-singularity, we can extend the v
coordinate to r > 0. We will also refer to u inside the black hole region with v =
v —2r —4M log (r — 2M) defined as it is in the exterior region. Notice that u is not

defined on the event horizon.

3.2 Kerr Spacetime

The Kerr spacetime is axisymmetric and stationary solution to the vacuum Einstein
equations. It is parametrized by two parameters (M, a) representing the mass and
specific angular momentum respectively. The Kerr metric in the Boyer-Lindquist

coordinates takes the following form:

2M 1_|_a2v302820 2 20
ge——[1- Bl (Hw)dw
T(l ) + £

_l_a2<;02s20 _% o r2
2 2M a?sin’#
2 (14 % in2 0do> 3.1
”(w* P ) (L ey ) O Y
.29
Y Ve dtdo.

(e )

In this thesis, we will consider Kerr spacetimes with a small. It can then be thought
of as a small perturbation of Schwarzschild spacetimes because by setting a = 0, we

retrieve the metric for Schwarzschild spacetimes:

oM oM\ !
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The Cauchy development of Kerr spacetimes can be described schematically by taking

a two dimensional slice as in the following diagram:

‘ T+
Figure 3.2: Kerr spacetime

Notice that (3.1) represents the metric on the exterior region (the right hand side
in the diagram). In the coordinate system above, this is the region {r > r}, where
r, is the larger root of A = r? —2Mr + a?. This is the region that we will study. We
foliate the exterior region of the Kerr spacetime by hypersurfaces >, as depicted in
the diagram. A precise definition of the hypersurface 3, will be given in in Section

9.1.3.

3.3 Trapping, Redshift and Superradiance

The geometric features of the Kerr spacetime is reflected in the properties of the
solutions to the wave equations. In particular, the methods that are used to under-
stand the solutions to the wave equation on black hole spacetimes are based on the
understanding of the geometry of the spacetimes. In this context, trapping, redshift
and superradiance play a particularly important role.

Schwarzschild and Kerr spacetimes have trapped null geodesics, i.e. null geodesics

that neither approach null infinity or cross the event horizon. Geometric optics con-
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siderations suggest that one can construct solutions near these geodesics that do not
decay after a long time. The remedy is that null geodesics are unstable. By care-
fully understanding the trapped set, one can prove a integrated local decay estimates.
Nevertheless, the presense of the trapped set dictates that such estimates much lose
derivatives [45]. This necessarily complicates the arguments to understand the be-
havior of linear and nonlinear waves.

On Schwarzschild spacetime, the trapped geodesics lie on the hypersurface {r =
3M?}. The fact that trapped geodesics only lie on a hypersurface allows a proof
of the integrated local decay estimates using the vector field method with carefully
chosen vector fields that degenerate at {r = 3M}. The case of Kerr spacetime
is more complicated. In particular, the trapped set does not lie in a codimension 1
hypersurface in physical space. In fact, it can be shown that an integrated local decay
estimates cannot be proved using a vector field [1]! Neverthless and remarkably, the
geodesic flow on Kerr spacetime is completely integrable [6]. This allows a precise
understanding of trapping which would be important in studying the decay properties
of the solutions to the wave equation.

The event horizon, which is ruled by null geodesics, would a priori seem like a
trapped set. However, Dafermos-Rodnianski [18] showed the geometry of the event
horizon is actually favorable for proving the decay for the solutions to the linear wave
equation. In particular, [18] introduced a new - red shift vector field - which takes
advantage of the geometry of the event horizon and is used crucially in proving the
decay rate close to and along the event horizon. This vector field has been used
to prove boundedness and decay of solutions to the wave equation on Schwarzschild
and Kerr spacetimes [18], [15], [16], [20], [19]. This vector field will make crucial
appearances in the thesis in understanding the decay of the solution to the wave
equation near the event horizon.

In Kerr spacetime with a > 0, the geometric feature of superradiance poses ad-
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ditional challenge to proving decay for solutions to the wave equation. This refers
to the fact that the Killing vector field 0;+ is spacelike near the event horizon. As a
result, the conserved energy given by the vector field 0+ is not positive definite and
does not control the solution.

In the particular case a << M that is considered in this thesis, superradiance only
occur in a small neighborhood of the event horizon. Thus a can be chosen to be
sufficiently small so that the superradiant region is contained in the region where
one can apply the red shift estimates alluded to above. Moreover, for a < M, the
superradiant region is disjoint from the trapped region. This allows us to control all

the error terms using the red shift estimates and the integrated local decay estimates.

3.4 Kerr Coordinates and Frames

For different calculations in the sequel, it would be useful to introduce a few different

coordinate systems or frames on Kerr spacetimes.

3.4.1 Boyer-Lindquist Coordinates

We recall from above the coordinates (3.1) that we introduced earlier:

2

2M 1+a C02829 2 20
gr=—[1- dt2+—’"2dr2+r2(1+%)d92
r (1 ) 1 + o

2M

+ ‘12(;4%529 r r2 r
2 2M a?sin’ 0
21, % in2 0do? 3.2

+r ( +'r2+ . r2(1+“2°7f;526) sin 10} ( )

. 9
asin® 6
—4M dtde.
r (1 + a%r%z@)

The coordinates in (3.1) are not regular at the event horizon H* = {r = r, }. It will
be helpful in the sequel to use different coordinate systems on Kerr spacetimes. From

now on we will call the coordinate system on which the metric (3.1) is defined the

17



Kerr (t,r,0, ¢) coordinates.

3.4.2 The Kerr (t,7%,0, ¢) Coordinates

We define a new coordinate system - the Kerr (¢,7*,0, ¢) coordinates by

dr*  r?>+4a?

dr A

where A = 2 — 2Mr + a? is zero at the event horizon. In this coordinate system, the

metric looks like

a?cos? 0
1+ <=557)

2 2 2 2 102
72 (1+—“ o8 9) do? + r? <1+%+(2M oS >sm29d¢2

I = — (1 — (L) dt* + A (r* + a2)2 (r* + a® cos® 0) dr*?
T

r? r >7~2(1+ )

2
a0 s

r(1+ <)

Notice that since the definition of r* depends only on r, it would be unambiguous to

talk about the vector 0;.

3.4.3 Schwarzschild Coordinates on Kerr

In order to compare calculations on Kerr spacetimes to calculations on Schwarzschild
spacetimes, it is helpful to exhibit a diffeomorphism between the two. We do so
by defining an explicit map between the coordinate functions (¢,7,0,¢) on a Kerr
spacetime and the coordinate functions (tg,7g,0s, ¢s) on a Schwarzschild spacetime

with the same mass. These will be defined differently near and away from the event
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horizon. Take
— Ty —T4
= 2
r;, —r4

0 r=zry — 2

where 7, as above, is the larger root of A = r?> —2Mr +a? and ry > r, is a constant

to be determined later. With this x(r), we can then define

r% —2Mrg = r* — 2Mr + a?,

dh(r) 2Mr
b5 + X(rs)2M log (s — 2M) = £+ x(r)h(r), where T = 2T

Os =10,

dP(r) a
¢s = ¢+ x(r)P(r), where iy y e

Then, by identifying (tg,rs, 0s, ¢s) with the corresponding coordinate functions on
Schwarzschild spacetimes, we have a diffeomorphism between Kerr spacetimes and
Schwarzschild spacetimes. This coordinate system will be used and will be called
the Schwarzschild (tg,rs,0s,¢s) coordinates on Kerr spacetimes. Once we have
this diffeomorphism, we can put any system of Schwarzschild coordinates on Kerr
spacetimes. These include the Schwarzschild (t§, rg, 0s, ¢g) coordinates, where t§ =
ts + x(rs)2Mlog (rs —2M) and rg,0s,¢s are defined as above. We also define
t* =ty = ts + x(rs)2Mlog (rs —2M) and use the Kerr (t*,r,0,¢*) coordinates.
Notice that p = 0.

It is common to denote on Schwarzschild spacetimes p = % We will take the
same notation on Kerr spacetimes, with the understand that it is always defined with
respect to the Schwarzschild rg coordinates. In particular (1 — ) approaches 0 as
r — r4 (the event horizon).

Another system of Schwarzschild coordinates can be defined by considering two

coordinate charts on the standard unit 2-sphere and introducing a system of coor-
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dinates (x4, z5) on each of them. We then define the Schwarzschild (t%,rs, 25, z5)
coordinates in the obvious manner. Using this coordinate system and the diffeomor-

phism as above, we have, for small a:

|(95)ap — (95)asl < er™. (3.3)

This smallness assumption will be used throughout this thesis.

3.4.4 Null Frame near Event Horizon

Some extra cancellations for the estimates near the event horizon are best captured
using a null frame. Hence we define a null frame {‘7, Y, E\, E,} in the region r < ry,

where 7y, is to be determined later. On the event horizon,

a

2M7‘+

V = @t* + 8¢*

is the Killing null generator. A direct computation shows that it satisfies

Vvv = /<LV,

where £ is a strictly positive number on the event horizon. We want to extend V' to
a null frame. On the event horizon, define Y first on a 2-sphere given by a fixed t*
to be null, orthogonal to the 2-sphere and require that gx(V, }A/) = —2. Define also
locally an orthonormal frame {F1, F»} tangent to the fixed 2-sphere. Notice that in
the sequel, we will only need to work with a local null frame. We then extend this

null frame off the fixed 2-sphere on the event horizon (with V] = V) by requiring

VeV =VoV =VyE, =0, (3.4)
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where A € {1,2}. Then extend this null frame using the isomorphisms generated
by V. We notice that the above equations hold everywhere. If we choose 7y close

enough to r, we still have, by Taylor’s Theorem,

VoV =kV+0'Y + 0 E) + V2B, (3.5)

where, in 7y < 7 < ry, K is a strictly positive function bounded away from 0 and

6% < C(1 = p).
In Schwarzschild spacetime, consider the frame on S? given by {m%s, %695}.
Then we get
N 1

. 1
V= (1 +/‘L>at*s + (]' - M)argny = atg - 87"57E1 = EaﬂgaEQ - m bs

Since we consider Kerr spacetimes on which the metric is close to that on a
Schwarzschild spacetime, we have that, in (t*,r, 0, ¢*) coordinates, the null frame can

be expressed as

~

V = (]. + M)at* + (1 — /L)&, + 01(6)67
Y =0 — 0, + O1(€)0,

1
E, = ;ae + O4(€)0,

1
Ey = Op+ + O1(€)0.

rsin g

Alternatively, if we write E,, where a = 1,2, 3, 4, for the null frame, we have

(14 )0 + (1 — )0, =V + O1(e)E,,
O — 0. =Y + O1(€) By,

89 =rk; + Ol(E)Ea,
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8¢* = rsin 9E2 + Ol(E)Ea.

We also define the vector fields V,Y, Ey, Ey outside {r < ry} by requiring them to
be compactly supported in {r < r{-} (for some ry- to be determined) and invariant
under the one parameter families of isometries generated by 0« and Jy4-. Notice that
in particular there is no requirement that the vector fields form a null frame in the

region {ry <r <rf}.
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Chapter 4

The Vector Field Method

Our proof of Theorem 1.0.1, 1.0.2 and 1.0.3 are based on the vector field method.
The vector field method is known to give robust quantitive decay estimates and has
in particular culminated in the proof of the nonlinear stability of the Minkowski
spacetime.

In this chapter, we introduce the basic elements of the vector field method. This
includes the use of vector field multipliers and vecotr field commutators.

The use of vector field multipliers allows us to derive identities and conservation
laws of the currents associated to appropriately chosen vector fields. The use of
vector field commutators allows us to get higher order and weighted higher order
estimates. In particular, a main idea in this thesis is to introduce an appropriately
chosen “scaling vector field” as a commutator that allows us to prove improved decay
estimates which can then be applied to the nonlinear problem.

In this chapter, we also perform some basic calculations for applying the vector
field method in Schwarzschild and Kerr spacetimes. These calculations will be used

in latter chapters.
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4.1 Vector Field Multipliers and Basic Identities
for Currents

We consider the conservation laws for ® satisfying [J,® = 0. Define the energy-

momentum tensor

1
T = 0,90,% — 56,000, 9.

We note that 7}, is symmetric and the wave equation implies that
DT, = 0.
Given a vector field V#, we define the associated currents

JV(®)=V"T,, (9),

I

KY () =) m, T (®),

V)

where ( T, is the deformation tensor defined by

V) (D.V, + D,V,).

N —

Ty =

In particular, K" (®) =) T, = 0 if V is Killing. Since the energy-momentum
tensor is divergence-free,

v R %
D“JM (®)=K" (D).
We also define the modified currents

w 1
JPU(®) = J) (®) + 5 (w9, ®* — 9, wd?),

I
Vaw |4 1 v 1 2
KV (@) = KY (@) + Jwd 20,9 — SOwd’.
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Then
Vow _ Viw
DRIV (@) = KV ().

We integrate by parts with this in the region R that is bounded in the future by >,
and bounded in the past by ¥;. Denoting the future-directed normal to ¥; by ng,

(and the future-directed normal to ¥y by n4; ), we have

Proposition 4.1.1.

/EIJ;LV(‘I’)”’éﬁ//RKV(@):/EOJX(¢)ngo,

and

wv wv U}V
[ o+ [ 5 @)= [ @,
21 R EO

In particular, if V' is Killing, the first identity can be considered as a conservation
law. This is a manifestation of Noether’s Theorem, which states that a differentiable
one-parameter family of symmetries give rise to a conservation law.

One can similarly define the above quantities for the inhomogeneous wave equation
Ly® = F. In this case, the energy-momentum is no longer divergence free. Instead,

we have

D"T,,, = Fd,®.

In this case,

D" JY (@) = KV (®) + FV"9,.

For the modified current,

1
DI (@) = KM (@) + 2Fwd + FVY0,P.
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Proposition 4.1.2.

and

/ J;Y’wv ((I)) ngl + // KV,wV ((I))
1 R
wY 1 v
:/ TV (@) nk, +// (—Zchb—Fv ayop).
3o R

In the case of Schwarzschild spacetimes, there are two choices of ¥; that we will
use. The first is to choose ¥; to be t = constant slices. The second choice is for
estimates near the event horizon. In this case, R = {vg < v < wy,t > to}, o ={v =
vo,t >t} U{vg < v <ot =t} and Xy = {v=v1,t > to} U{vg < v < wy,u = o0}

(See Figure). In particular, ¥; includes part of the event horizon.

Figure 4.1: Regions of integration

In the Kerr case, we will take a more unified approach. Recall from the previous

chapter that t* is defined to be t* =t + x(r)h(r), where dZET) = . A fixed

t* = 1 slice, which we will also denote as >, is depicted in Figure 3.2. In applying the
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above identities for the vector field currents for the Kerr spacetimes, we will take >,
to be X, UH™ (7', 7), where HT (7, 7) is the part of the event horizon with 7/ < ¢* < 7.
We will take Yy to be ¥... The region R bounded by ¥, and ¥; will be denoted as
R(7', 7).

4.1.1 Schwarzschild Computations

In the case of wave equation on Schwarzschild background, we can compute the
energy momentum tensor explicitly in local coordinates (t, r*, 2B ) or equivalently

( A B A 1B is an orthonormal basis on S2.

u, v, T, ),Wherex ,
T () = (9,®)?,

Tow (CD) = (avcb)27
T (@) = (1= ) |[VOP,
Taa ((I)) + Tgp (CI)) = |y7(I)|2 — 0990, 9.

As a result,

b
41— p)
HTBP (0o +0.12) — o (Ve — Vi) (V0 — 0 20,)

K (®) = ((0u®)? 0y (Vo (1= )™") + (0,®)* 0 (Vu (1 — ) ™)

4.1.2 Vector Field Multipliers under Metric Perturbations

If we consider Kerr spacetimes such that e is small, vector fields multipliers that
are defined in the Schwarzschild (t*,r, 2, %) coordinates or Schwarzschild (¢, >
Ty, x4, 2P) coordinates are stable. We can consider a fixed vector field defined on the

differentiable structure of a Schwarzschild exterior and compare the currents obtained

using the Schwarzschild metric and the Kerr metric.
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Proposition 4.1.3. Consider either the Schwarzschild (t§,rs, v4,25) coordinates or

(ts,ms > ry, 28, 28) coordinates. Suppose V is a vector field defined on either of

these coordinates.

(TS, (@) n — (J"), (@) k| < Cer™® max [VE|(00)?,
\%4 %4 ! 2
(KL (@) — K7 (®) | < Cer™ <<Z max [V + [w])(0D)2 + > |amw|<1>2>
k=0 m=1

4.2 Vector Field Commutators

A second part of the vector field method is to chosen appropriate vector fields as
commutation. On one hand, this provides us with higher order energy, which is
necessarily for studying the nonlinear problem. More importantly, this commutators
can be chosen to have weights in ¢ and r that can be a tool to prove decay of the
solution to the wave equation. The decay rates that can be proved by this method

turns out to be very robust and can be applied to the nonlinear problem.

4.2.1 Scaling Vector Field on Black Hole Spacetimes

One of the central ideas in this thesis is to introduce a vector field commutator on
Schwarzschild and Kerr black holes that is an analogue of the scaling vector field in
Minkowski spacetime. This allows us to improve the decay rate of the solution to
the linear wave equation as well as to use this improved decay rate for the nonlinear
problem.

In the sequel, the construct fo the scaling vector field is different in the Schwarzschild

and Kerr cases. Nevertheless, the main idea is a construction such that

S =t"0p + h(r)ro,,
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where h(r) — r as r — oo. With this construction, the commutator [(J, S] has the

following properties:

e First, due to the stationarity of the spacetimes, [[J,S] is independent of t*.
This allows us get estimates for S®, which has a t* weight after estimating
error terms that do not grow with ¢*. This would allow us to improve the decay

rate of the solution to the wave equation.

e The requirement that h(r) — r as r — oo implies that S tends to the Minkowski
scaling vector field as r — oo. Since Schwarzschild and Kerr are asymptotically
Minkowskian, and S is conformally Killing, we can conclude that [, S] — 20
as r — 0. A more precise understanding of this decay rate would allow us to

control the error terms arising from the commutation with .S.

4.2.2 Vector Field Commutators under Metric Perturbations

Some computations are easier in Schwarzschild spacetime than in Kerr spacetime. In
the sequel, we will often consider consider a fixed vector field on the differentiable
structure of the Schwarzschild exterior. We now show that for such vector fields, the
commutators with Uy, and [, are close to each other as long as a is chosen to be

sufficiently small:

Proposition 4.2.1. Consider either the Schwarzschild (ty,rs, v, x5) coordinates or
(ts,ms > ry, 28, 28) coordinates. Suppose V is a vector field defined on either of

these coordinates. Then

2 2
— O, V]®| < Cer? ZZmaX oV |0k @|),

m=1 k=1

jm

9K

where 0 s the coordinate derivative for the coordinate system on which V is defined.
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Proof. We rewrite
Lgs = ggﬁaaaﬁ + 1504,

Oy = 9970,05 + 18-04.

Using [(9x )as—(9s)as| < er™? and |0, ((9x)ap—(9s)as)| < er~?, we have [/~ det gx —
Vv—det gs| < er™? and |0,(v/— det g — /—det gs)| < er~2. Therefore,

sup 1927 — g5 | + sup g — 13| < Cer™2.

Therefore,

|[Dgre = Ogs, V]|

9K gs»

<I(g5’ = 927)(0.05V )0, | + 2/(g5’ — 9370V 030,®| + |(n — n5)(0.V )0,
2 2
<Cer™() ) sup|omV?||0" D).

1 k=1
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Chapter 5

Precise Statements of the Main

Theorems

After the introduction to Schwarzschild and Kerr geometry and the vector field
method, we can now give more precise statements of the main theorems 1.0.1, 1.0.2

and 1.0.3.

5.1 Precise Statement of Theorem 1.0.1

We prove both pointwise decay and energy decay for solutions of [J;® = 0. From this

point onwards, we assume ¢, > 1, v, > 1.
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Define

3 2
Eo (¢) = (Z TV (QFe) nf + > T (QFg) n¢> dVoly,
{r=2M} \ = k=0
3
+ / Z J/iv (ngzﬁ) ny, dVoly,, where ro > 2M is to be picked,
{ry<r<ro} k=

1 4-m
Ey(¢) =Eo (S¢) + > > Eo (0""¢) ,
Y o m=0 k=0
By () =YY Ei (/).
m=0 k=0
1 1
Es () =YY Eo(9"Q%) + Ei (¢),
m2:0 f—::;, 2 2—m
Ey(¢) = Eo (a;anCb) + Z Ey (atQk¢) .
m=0 k=0 m=0 k=0

Theorem 5.1.1. Suppose ® is a solution to the wave equation on the Schwarzschild

spacetime, i.e., y® = 0. Then for any 6 > 0 and any 0 < r, <2M < R < 00

1. Pointwise Decay of ®

345 1
|D (vs,7) | < Cspp RV 2+6E22 (®)  forr, <r <R.

2. Pointwise Decay of Derivatives of ®

3 1
VO (v,,7) | < Cspy RV 20 E2 (OmQF®)  forr, <r <R,
P 2 t

k+m<1

where V denotes any derivatives.

3. Decay of Non-degenerate Energy in the Region 2M <r < R
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/ " ((t.)* + (VO (t,.))?) dVol,,

*
1

1
-/ (— (0u2) + (1 - 1) |Y7<I>I2> dAdug,.,
{—oco<r*<r;} 1-— H

SC&TI,R min {t*yv*}_?)—’_é Z E1 (6:”916@) ,

k4+m<1
for any ry satisfying ri < R*.

4. Decay of Non-degenerate Enerqy in the Region r, < r < 2M in (v,r,w) Coor-

dinates

Vi +1
/ (9* + (V®)?) dAdv, < Cs,,0.°7 Y Ey (9"Q")

k+m<1
for any r, <r < 2M.

Remark 1. The integral in statement 3 represents the part of non-degenerate energy
restricted to the region r < R (See Section 3.5). It should be compared with the

corresponding part of the (degenerate) energy generated by the vector field T = %

| e aven + [ ((0,9)° + (1 = ) [VO[) dAdug, ...

¥ {2M<r*<ry}

The non-degeneracy is more apparent if we write the second integral in the (v,r,w)

coordinates, which up to some constant is:

/ ((0:9)° + [FDP) dAdr(,..).
{(2M<r <}

For the time derivatives, we have better decay estimates both in the sense that we

have a better decay rate and have a larger region of spacetime on which the estimates
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hold:

Theorem 5.1.2. Suppose ® is a solution to the wave equation on the Schwarzschild

spacetime, i.e., y® = 0. Then for any 6 > 0 and r, > 0

1. Pointwise Decay of 0;P

1 [
10,® (v*) | < Cs,, v 2E7 (&) formy, <r <2M orr* < 3

2. Decay of Non-degenerate Energy of 0,® in the Region r* < %

| (@at)) + (Voo e)?) dvel,

1*

1
v (12, @00 + (1) V0P ) dAdugm
{—oco<r*<ri} L—p

<O min{t,, v,} P B3 (®).
for any ry.

3. Decay of Non-degenerate Energy of 0;® in the Region ry, < r < 2M in (v,r,w)

Coordinates

Vi1
/ ((8:@)* + (V,®)?) dAdv, < Cj v, PO B3 (®),

for any ry, <r < 2M.

We would like to point out that the pointwise decay rates in both theorems apply

to region of finite r including inside the black hole.
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5.2 Precise Statement of Theorem 1.0.2

With the currents defined, we can state our main theorem.

Theorem 5.2.1. Suppose g, ® = 0. Then for alln > 0, R > ry and all M > 0
there exists ag such that the following estimates hold in the region {ry <r < R} on

Kerr spacetimes with (M, a) for which a < ay:

1. Improved Decay of Non-degenerate Energy

¢
> w)
=.N{r<R}

2

7=0
0+2
A
<Cprr—3n (Z JEFONET (R SD) k-
m=0 E"'O
+ > / JErena” (geytaio) n;)
mAk4j <45 Zro

2. Improved Pointwise Decay

¢
> D]
§=0
{44

SCRT—%-W (Z/ Jf-l-CN,wZ (8{’38@) ngm
m=0 Ty

N|=

w? my\k)J
+ > /E JEreNa” (ryhiio) ng>

meAk+j<e+7 7 70
Here the vector fied commutators S, Q and Y will be defined in Section 9.2.
The vector field N will be defined in Section 9.3; the vector field Z with the

modifying function w? will be defined in Section 9.5.

Remark 2. We will show that although JHZ’“’Z (P) n’gt* 1s not always nonnegative,
J5+CN’“’Z (P) ngt* s nonnegative for sufficiently large C. Hence all the energy quan-

tities in the Theorem are nonnegative.
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Remark 3. Since we have the improved decay of the non-degenerate energy, the above
Theorem can be extended beyond the event horizon. Analogous to Theorem 5.1.1, for
any ry € (r_,ry), where r_ is the smaller root of A = r*> — 2Mr — a?, the theorem
holds up to r > ry, for D understood as a regular derivative inside the black hole, and
with the constant depending also on r,. The proof is similar to that for 5.1.1 and will

be omitted.

Remark 4. Moreover, we can get a further improved estimates for 0p® as in The-
orem 5.1.2. However, in this case, we need to be more careful about the cutoff and
elliptic estimates. Since the proof is similar in spirit with that of Theorem 5.1.2 and

it will not be used for the nonlinear problem, it will be omitted.

5.3 Precise Statement for Theorem 1.0.3

In order to give a precise statement for theorem 1.0.3, we need to define the null
condition on Kerr spacetimes. An important observation for this problem is that
while the decay of the solution to the linear wave equation is nonintegrable in time,
some “good” derivatives of the solution decay better and is in particular integrable.
We need to define a null condition that guarantees that one of the two derivatives
in the quadratic nonlinear is a “good” derivative. Thus in order to define the null
condition, we first need a notion of “good” and “bad” derivatives.

We will define the null condition using the Schwarzschild coordinates on Kerr

spacetimes (tg,7g, g, ¢g). Define
re =rs+2Mlog(rs —2M) — 3M — 2M log M,

1 *
U = E(ts - rS)a
1 *
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Notice that in Schwarzschild spacetime, the vector fields 9, and 0, are null.

We define in coordinates

L = 0,, in the (u,v,0gs, ¢g) coordinates,

Oy — L
T+¢ -

We can now define the “good” and “bad” derivatives. Define
1 1
€ {-0y, —04},
¥ € {0, -0s}

— 1 1
D e {L,—-0y,—0,},
{ Ty 0 r ¢}
1 1 1
De{——L,L —0y, —04}.
{1 —p T Oy o}
Notice that D spans the whole tangent space and that we always have [D, 0] = 0.
We now define the null condition. On Minkowski spacetime, the classical null

condition can be defined geometrically by requiring the nonlinearity to have the form
A"0,90,P,

where A satisfies A*¢,£, = 0 whenever ¢ is null. On Kerr spacetime, we would like to
define a notion of the null condition that includes this geometric notion. This is also
because many physically relevant semilinear equations satisfy this condition. On the
other hand, in order to prove the global existence result, we need to use the vector
fields that capture the good derivative. We would therefore like to define the null
condition using D and D. In particular, we want the nonlinearity to have at least one
good, i.e., D, derivative. This on its own is however inconsistent with the geometric
null condition. We therefore allow a term in the quadratic nonlinearity that does not

have a good derivative but decays in 7.
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Definition 5.3.1. Consider the nonlinearity F(®, D®,t* 1 0,¢*). We say that F

satisfies the null condition if
F=Ao(®,t*,7,0,0")DOD® + A (P, t*,7,0,6* ) DODP + C(®, DD, t*, 7,0, ¢*),
where
|Dg 020,20, 05 A5 < C(£)7r™™  foriy +iy+iz+is+i5 < 16,5 = 0,1

and

*

|Dg 020,20y 0.\ | < C(t*)2r= 17 foriy +iy +i3+iy+1i5 < 16 and r > 10

and C denotes a polynomial that is at least cubic in D® (with coefficients in ®,t*, 1,0, ¢*)

satisfying
S
|DROROROOLC) < C(t7) 2r™3 Y " [D®I*  for iy + iy +is + iy +i5 < 16
s=3

Remark 5. The null condition is a special structure for the quadratic nonlinearity.
We note that in our case, the restriction is necessary only for r > %. Moreover,

higher order terms should give better estimates and do not need any special structure.
We are now in a position to state our Main Theorem precisely.

Theorem 5.3.2. Consider the equation
0,0 = F(®, D, t",r,0,0"), (5.1)

where F' satisfies the null condition. There exists an € such that if the initial data of
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® satisfies

Z A . ~ .
Jf*CN’“’ (Yké);* QJ<I>) nk
i+j k=16 Y S0

+ > / JEHONw? Yksamjcb) n <e

i+j+k=16
and
13
> 1D (n)| + 1| D SB(o)| < e.

=0

Then @ exists globally in time. Moreover, for all n > 0, we can take a sufficiently

small such that the solution ® obeys the decay estimate

|P| < Cer‘lu_%(t*)", |ID®| < Cer'u ' (t*)", |D®| < Cer™H(t*) """ forr > R, and

*

t
[B] < Coe(t)™ 3470, |DB| < Coe(t) 347737 Jorr < —.

Here, as in Theorem 5.2.1, the vector fied commutators S, Q and Y will be defined in
Section 9.2. The vector field N will be defined in Section 9.3; the vector field Z with

the modifying function w? will be defined in Section 9.5.

We specialize to a particular case which resembles better the classical null condi-

tion [28].

Theorem 5.3.3. Consider the equation
0,9 =I'(9)A"0,90,9, (5.2)

where A satisfies AP, = 0 whenever £ € TK is null. If the initial data of ®
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satisfies

/E JEHONw? (Y’fa;; Qﬂ'cb) nk

i+j+k=16 Y =70

+ > / JEHONw? Yksamjcb) n <e

i+j+k=16
and
13
> 1D (n)| + 1| D SB(o)| < e.
£=0

Then the conclusion of Theorem 5.3.2 holds.

The above formulation is geometric and independent of the choice of coordinates.
We note that this condition is obviously satisfied by the wave map equation in the

intrinsic formulation.
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Chapter 6

The Case of Minkowski Spacetime

Before proceeding to outlining the proof of the main theorems, we first outline how
a similar result can be proved on Minkowski spacetime. Both the improved decay
results for the linear wave equation and the small data global existence result for the
nonlinear wave equation have their roots in the analogous theorems on Minkowski
spacetime. These results have been proved via the vector field method first in the
works of Klainerman [27], [28].

By now many variants of the proof is known. The main idea of the proof uses
vector fields that generate symmetries or conformal symmetries of Minkowski space-
time as multipliers and commutators as described in the Chapter 4. However, as
we move from Minkowski spacetime to the black hole spacetimes, one of the main
difficulties is that Schwarzschild and Kerr spacetimes have much fewer symmetries
and this severely limits the number of vector fields that can be used. In the following,
we outline an approach to prove the analogous results on Minkowski spacetime using
a very limited set of vector fields. This will pave the way to understand our main

results on Schwarzschild and Kerr spacetimes.
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6.1 Quantitative Decay Rates for Solutions to the
Linear Wave Equation

We first discuss some decay results for the linear wave equation on Minkowski space-
times. We would like to especially highlight techniques that are relevant to our result.
In Minkowski space R*!, the solutions to the wave equation with initial conditions

O (t=0,2) =Py and 0,P (t = 0,z) = ®, can be written as

O (t,x) =

7t

L (at/Sz 1Dy (2 + ty) dA (y)+/82 1D, (2 + 1) dA(y)>. (6.1)

This formula implies immediately that |® (¢,z) | < %, where t, = max{t,1}. This
decay is optimal in the variable ¢t. However, improved dec%y can be seen in the null
coordinates v = 1 (¢t + ) and u = 1 (¢t — ), where r? = Zx? In particular, (6.1)
implies the strong Huygens’ Principle, asserting that & i\;ioth compactly supported
initial data is compactly supported in the variable uw. Therefore, denoting v, =
max{v, 1}, uy = max{u, 1}, we have in particular

Cn

vpud)’

| < VYN > 0.

If we just focus on the region {r < %}, where t ~ v ~ u, the decay can be written as

C

ty
However, the use of the representation formula (6.1) is not available on perturba-
tions of the Minkowski spacetime. In the proof of the nonlinear stability of Minkowski
spacetime [10], [34], a more robust understanding of the decay of the linear waves was

necessary. This was achieved by the vector field method. Let ® be a solution to the

linear wave equation on Minkowski spacetime, [1,,® = 0. Taking the Killing vector
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field 0; as a multiplier, we derive the energy conservation law by Proposition 4.1.1

3 3

/ ((@@)MZ@@)) d, — / ((@@)%Z(@xi@)?) v, (6.2)

i=1 i=1

Taking the Killing vector fields 0 € {0;,0,,} as commutators, we see that the en-
ergy conservation law (6.2) can be applied to 9® and we can control the L? norm
of the derivatives of ® of orders 1 and 2. Then using a Sobolev-type inequality
@[ Lo rey < C||(I’||

|<I>|| which holds for compactly supported functions),

Hl R3)| H2 R3) (

uniform boundedness of the solutions to the wave equation can be proved. The Killing
vector fields €); generating the spherical symmetry can also be used as commutators.
This is especially useful because compared to the angular derivatives, €2; has an ex-
tra factor of r, i.e., Q ~ rY. This allows one to prove in [29] that for ® decaying

sufficiently fast at spatial infinity:

Q

2 2
|| < = Z > 0P| 2.

m=1 k=0

which implies a decay in the region {r > £}

after applying (6.2) to Q~®.

To achieve decay of ® in {r < %}, one can use the conformally Killing vector
field Z = (t* + r2) 0; + 2trd, introduced by Morawetz [42]. In this case, KZ (®) # 0.
Nevertheless, by defining w? = 2t, K%*” (®) = 0 and therefore [ J7 w7 (@) dry is a

conserved quantity. Moreover, some algebraic manipulation would show

/ JZ (@) day > ¢ / (112 (0,@)% + u? (0,®)" + (v +u?) (%2 + chﬁ)) dx
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where ¥ denotes the angular derivatives. The conserved nonnegative quantity

/ JZ (@) dry

is known as the conformal energy. For the region {r < %}, notice that the boundedness

of the conformal energy implies a local energy decay

r

®2 2 2 C
/ (—2 + (0,P)" + (0,P) + |VO| ) dr, < —.
tr<t) L+

After considering the equations [, (6’“@) = 0, Sobolev embedding would imply the
pointwise decay |®| < %, for r < % Notice that in this region ¢, is comparable to

vy. Therefore, we have in the whole of Minkowski spacetime

ol < <.
Ut

The above program of using the vector fields 9, and Z to prove decay of the solu-
tions to wave equations has been carried out for black hole spacetimes [18], [16], [20],
[5], [2]. The implementation is much more difficult even in the case of Schwarzschild
because 0; becomes null at the event horizon and more seriously, Z is very far from
being conformally Killing. The case of Kerr is even more intricate due to superradi-
ance and the complicated trapping. Nevertheless, we take the above as our starting
point. In the following, we discuss how one can improve the decay rates for solutions
of the linear wave equation on Minkowski spacetime. Our approach on the black hole
spacetime is inspired by the case on Minkowski space.

Klainerman-Sideris [30] showed that more decay can be achieved in the interior
region {r < £} for the derivatives of ®. They used the scaling vector field S = t9,+r0,
as a commutator. Notice that S is conformally Killing and [O,,,S] = 20,,. In

particular, if one has [J,,® = 0, then (O, (S®) = SO,,® + 200,,® = 0. Therefore, any
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decay results that hold for @ also hold for S®. Klainerman-Sideris [30] showed that

Z ]]u+aatq>|]Lz(R3)
36{8,5,311.}

<C Y (11082 p2gs) + 10D |2ms) + 10°®||2z3) + [|0Q0] | p2es) ) -

8€{at »81:1' }

By cutting off appropriately and using the local energy decay estimates,

C t
[00,®@]|2((cty £ 5 in{r <}
tEH2 ((r<fy) 2 2

since i < % in this region. Again, using the Sobolev-type inequality above, one

shows that |0,®| < t% in {r < £}. The other derivatives can also be estimated
+
first by elliptic estimates and then the Sobolev inequality, since ||u,0?®|| [2(R2) =

||uy A®|[2r2y by the linear wave equation. Therefore

00 < % in {r < %}.

We remark that in [30], the improved decay in {r < £} can also be proved for the
function & itself by inverting the Laplacian. This cannot be done on Schwarzschild
spacetimes, it is impossible to invert the Laplacian for functions that do not vanish on
the bifurcate sphere (H™ NH™). Instead, we will introduce a novel method (outlined
in the next chapter) to obtain improved decay. We note that this new method allows
346

us only to get an improved decay rate of t~27°  which nevertheless is sufficient for

the application in the semilinear problem.
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6.2 Proof of Small Data Global Existence for the
Semilinear Wave Equation satisfying the Null
Condition

We now turn to the outline of the proof of the analogue of theorem 1.0.3 in Minkowski
spacetime. From the previous section, we know that for ® begin a solution to the

linear wave equation on Minkowski spacetime,

/E JI(@)nk,, / T2 (D),

¢

are conserved in time. By commuting the equation with 0, 2 and S, the above
conservation laws would also allow us to prove decay. In particular, we have a decay
of |®| < Ct™', with an improvement in {r < L} given by the commutation with
S. Notice that we do not need to commute with the Lorentz boost, which lacks an
analogue in Schwarzschild and Kerr spacetimes.

We now study how this decay rate can be used for the nonlinear problem. The
main idea is to prove the above conservation and decay estimates in a bootstrap
setting, showing that the decay to the linear wave equation is sufficiently strong that
the nonlinear terms can be treated as error. In this framework, the decay of ¢! is
borderline and since the decay rate is better when r < %, the difficulty arises when

dealing with terms in the region r > . Furthermore, in order to achieve this decay

t
5
of 71 it is imperative to show that fEt JZ(@)ngt is uniformly bounded in time. We
now show a heuristic argument. With the inhomogeneous term, the conservation law

for the energy now has the error term:

/zt Jr(@)nk, < /Z Jr(@)nk, + ( /t ' ( /E (Dm®)2>%dt>2,

to
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and that for the conformal energy has the error term:

/zt Jf’wZ(@)n‘ﬁt < /Z Jf,wz(@n;to + (/t: (/Zt(tQ ) (qu))z) 1 dt)z

to

Since [,,® is quadratic in D®, we can use Holder’s inequality on the inside integral
to control one term in L? and one in L>°. However, since on the linear level D® is
bounded in L? and decays as t~! in L, the inhomogeneous term for the estimate for

the energy is controlled by

(/t:(t)_l< /E i (<I>)n‘§t)%dt) B

This is barely insufficient to show that the energy is bounded. We therefore need to

make use of the null condition. The null condition would allow one to prove
/ (DOD®)? < (12 / A (h)nk, (6.3)
¢

In order to prove this estimate, we observe that in the conformal energy, the good
derivatives (0,, ¥) has better decay rates. In order to use this, we then need to control
the conformal energy. Using again the null condition, the inhomogeneous term in the

conservation law for the conformal energy can be bounded by

t 2
< / £ Jf’wz@)n;t)%dt) .
to P

This would not be sufficient to prove that the conformal energy is bounded, but is
sufficient to prove that it grows no faster than ¢7 for sufficiently small data. This in
turn would be sufficient to prove the boundedness of the energy and obtain all the
necessary decay rates. In practice, the argument is more complicated as we need to

control the higher order energy and conformal energy to obtain the decay rates.
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Chapter 7

Main Ideas of the Proof

7.1 Quantitative Decay Rates for Solutions to the
Linear Wave Equation

We now discuss the main ideas behind the proof of Theorems 1.0.1 and 1.0.2. We
introduce a vector field S = t0; + r*0,- which is analogous to the scaling vector field
in Minkowski spacetime. Since Schwarzschild spacetimes are asymptotically flat, S is
still an “asymptotic conformal symmetry” generating an “asymptotic almost conser-
vation law”. However, the error terms away from spacelike infinity are in general large.
To see this more concretely, we recall that on Minkowski spacetimes, [1,,,® = 0 implies
O, (S®) = 0. This does not hold in Schwarzschild and Kerr spacetimes. Neverthe-
less, for O,® = 0, we still have a (schematic) equation O, (S®) = h(r) (VP + V2®)
with h — 0 as r — oo. The strategy is then to go through and sharpen the argu-
ment in Dafermos-Rodnianski [18], [16] and control the error terms that arise from
O, (S®) # 0.

For simplicity of the exposition, we define ¥ = S®. We will also focus the dis-
cussion on the Schwarzschild case. We would like to prove energy estimates for W

similar to those for ® that are established in [18], except for a loss of an arbitrarily
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small power of t. A key estimate that we would like to obtain is:
to L
/ / i / (U2 + (V)?) x () dVol < Cst 2P, (7.1)
t1 —% S2

where x is some weight and t; <ty < (1.1)¢;. A similar estimate is available with ¥
replaced by ® from [18], [16]. In order to prove this, we argue in a similar fashion.

We want to show, using the vector field X, that for ¢, t5 as above

to %
/ / / (P> + (V\I/)Z) x (r*)dVol < Cst7*™{conf. energy(¥)},
t1 — S2

t
2

where the conformal energy is the current of the vector field Z on the boundary

{t = t;}. We then hope to show

{conf. energy(¥) at t5}

S

N+

<C ({Conf. energy (W) at ¢1} + /t 2 /_ /s? t (02 + (V\I/)2) x (%) dVol) .

We then iterate two inequalities to obtain (7.1) as in [18]. In the case of Kerr, this is
further complicated by the extra error term that grows with (¢*)2.

The main difficulty in actually carrying out the above procedure is that each step
is only true modulo some error terms that need not be small. These are error terms
arising from the fact that ¥ does not satisfy the homogeneous wave equation, but
only satisfies an inhomogeneous wave equation, which schematically can be thought
of as O, = h(r*) (V® + V2®). h(r*) is not small but has the property that it
decays as r* — oo. This is a manifestation of the fact that Schwarzschild and Kerr
are asymptotically flat and S is therefore an asymptotic conformal symmetry. If one
applies the vector field method to this equation, one would generate an error term of

the form

to [e%¢]
/ / / VEQ, Uh(r*) (VO + V?®) dVol, (7.2)
t1 —o0 J§2
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for the vector field multipliers V. If V' is bounded, we can apply Cauchy-Schwarz and

control (7.2) by

(/: / Z /S WWWO[); < /t f / Z /S ) (V) + (V20)?) ozvoz)é (7.3)

We control the first factor by some energy quantities of W which we are in the process
of proving. They are set up so that we can estimate them with a bootstrap argument.
We would then like to control the second factor by the integrated local decay estimates
for ® proved in [18] and [16].

There are two main difficulties in carrying out this procedure. Firstly, due to the
presence of trapping, the integrated local energy decay estimate necessarily degener-
ates. Thus we cannot estimate the first factor in (7.3) by the integrated local energy
decay estimate. Instead, we need to either integrate by parts in (7.2) or to ensure that
the derivative of ¥ that appears in (7.3) is a derivative controllable by the integrated
local energy decay estimates. Secondly, we need to control terms such that V* grows
with ¢. In order to estimate these terms, we consider separately {r < £} and {r > £}.
For r < %, we use that fact that the integrated estimates for ® actually decays with
t. For r > %, we carefully track the decay rate of h(r*) in r*, which now provides
decay in t.

In [30], the estimates for ¥ are used to prove the decay for 0,® in Minkowski
spacetime. We show that it is possible to argue similarly to prove the decay for 0;®
in Schwarzschild spacetimes. The case for Kerr follows similarly but we will omit
its proof. Recall that in [30], one then proceeds with elliptic estimates to prove the
decay for other derivatives. However, on black hole spacetimes, if we are to prove
an L? elliptic estimate, we are bound to have some lower order terms involving only
one derivative of ®. These terms cannot be controlled by the estimates of ¥ and

therefore we are unable to use a similar method to prove the decay of the the spatial
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derivatives of ®.
Therefore, we introduce a new method, based on a novel application of S, to prove
the decay for the function ® as well as its derivatives in spatial directions. This uses

the estimate (7.1) and the analogy of (7.1) for U,

to r;
/ / (2 + (9,-@)*) dVol < Ct7 2, (7.4)
t1 T‘T
for t; <t, < (1.1)¢;. (7.4) implies that there exists a time ¢ € [t;, ;] such that

/ 2 (% + (0,-®)*) dVol; < CE2.

1

In order to show that the same holds for any ¢, we note that S is strictly timelike on
a compact set of r*. Therefore we can integrate in the direction of S from the slice
t to a generic slice t. This integration would not give an extra factor of ¢ precisely
because we already have the estimates for U = S®. After controlling the spacetime

terms by (7.1) and (7.4), we show that for any ¢,

*

T2
/ (% + (0,-@)%) dVol, < Cst™**°.
rf

We use Sobolev Embedding to get the pointwise decay estimate for ® and its deriva-
tives (for ri < r* < r3) after commuting with an appropriate number of Killing
vector fields. We note in particular that in this proof, it is unnecessary to invert the
Laplacian on Schwarzschild spacetime to prove the decay of ®.

The argument above gives the decay of ® in a compact region of space that is
also away from the event horizon. In order to prove that & also decays along the
event horizon, we use the red-shift vector field introduced in [18]. In fact, we can
show using the red-shift estimates that any decay estimate proved on a compact

region of r* can be propagated to the event horizon, giving rise to a decay estimate
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of the same rate. Moreover, using an identical argument with the red-shift vector
field, which we also include for the sake of completeness, the decay estimate can be
propagated to slightly beyond the event horizon into the black hole region. Once we
have an estimate slightly beyond the event horizon, we can easily prove the same
decay estimate anywhere inside the black hole region by taking advantage of the
geometry of the region. This strategy for controlling the scalar field inside the black
hole region was first used in [11] and [12] in the nonlinear setting, see also subsequent

[23] in the linear setting.

7.2 Proof of Small Data Global Existence for the
Semilinear Wave Equation satisfying the Null
Condition

The discussion from the previous section allows us to improve the decay rate for
r < R. Together with appropriate commutations with €, we can in fact obtain an
improved decay rate in the region r < % Once we have a method to prove the extra
decay in this region, the main difficulty for studying the semilinear problem is in
controlling the error terms in the region r > % To do this, we need to make use of
the null condition and perform estimates as in Section 6.2.

One of the most serious difficulties that is different from the case of Minkowski
spacetime arise from the fact that Kerr spacetimes contain trapped null geodesics. As
a consequence, any decay results at the linear level must involve a loss of derivatives.
This is manifested in the degeneracy of the integrated decay estimate near r = 3M.
We note, however, that on the linear level the non-degenerate energy can be proved
to be bounded without any loss of derivatives. We therefore prove energy bounds

that is consistent with the linear scenario. We would try to prove on the highest level
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of derivatives only a boundedness result and begin to prove decay results on the level
of fewer derivatives. However, as we will see, the nonlinear effect comes into play and
it is not possible to prove even the boundedness of the non-degenerate energy at the
highest level of derivatives. We can nevertheless show that it is bounded by (¢*)".
On the level of one less derivative, we can prove that the conformal energy grows no
faster than 71*7. Using this fact as we prove the estimates for the non-degenerate
energy, we can show that at this level of derivatives, the non-degenerate energy is
bounded. This is crucial for obtaining the necessary borderline decay of (t*)~! in
r> %, thus allowing us to close the bootstrap argument. Trapping would also cause
a loss in derivatives when controlling the error terms arising from the commutation
with S. To tackle this problem, we would commute with S only once. With this
approach, we would not have an improved decay for DS® in r < % Nevertheless,
we can show that the bootstrap can be closed. Here we make use of the fact that as
we close the assumptions for S®, we are at a level of derivatives of ® such that the

local energy flux decays.
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Chapter 8

Improved Decay Estimates on

Schwarzschild Spacetime

In this chapter, we prove Theorem 1.0.1 (or more precisely, Theorems 5.1.1 and 5.1.2.

8.1 Notations

Before proceeding, we would like to first define the notations used for the coordinates

and volume form.

For the r,r* coordinates, we always use * to denote the Regge-Wheeler tortoise coor-

dinate of the same point.

For the t coordinates:

to denotes the time slice on which the initial data is posed.

t. denotes the time slice on which we would like to control the solution.
t; denotes dyadic time slices (which will be defined in Section 4).

t denotes a generic time slice.

We assume tg,t,,t;,t > 0.
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For volume forms:

dV ol denotes the spacetime volume form, dVol = r? (1 — u) dAdr*dt.

dVol, denotes the volume form on a time slice, dVol; = r?\/T — pdAdr*.

dVol, denotes a volume form on a v slice, dVol, = r*\/T — pdAdu.*

dA denotes the volume form on the standard sphere of radius 1.

Whenever we write [ without integration limits, it denotes the integration over “whole

space” that is appropriate for the volume form.

8.2 Vector Fields

8.2.1 Vector Field Multiplier T’

Define T' = 9;. Recall that T is Killing. Therefore,
KT (®)=0.
In the following, we will consider this current on a constant t-slice.

One computes that in local coordinates

1

T@ Ho_
‘],u()nt Zm

((0:2)" + (0, @)° + (1 — ) [V2I*) ,

where n!' is the normal to a ¢-slice.

Most of the time it is clear from context whether we are integrating over a t or v slice. We will
specify in the case of possible ambiguity, for example dVol(;—s, .« is the volume form on a ¢ slice,
where ¢ has the specified value.
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8.2.2 Vector Field Multiplier X

Define X = f (r*) 0,«. In the following we will use different functions f. One computes

that

¥ ) <L OV g (2230)

1 4(1—
- (2f’ (r*) + %“)f (7’*)) 9° D9, .
We consider the modified current using w® = 2f' (r*) + Mf (r*). Then

X wX _f’(r*) (0D ) 2 — 3 " _1 wX B2
pexer L ORD) rwm( )ﬂ 9= 1ouve

1 8
f, (T*) (ar*q)) 2 3u
SRR e (220 50

_%CJ?ﬂWﬂ+;ﬂ() L1 -2 - i) e
1

2 (e A=)
2m<f()+ — ))(a@)@,

(8.1)

where n}' is the normal to a ¢-slice.

The vector field X is constructed to control a spacetime integral by the bound-

ary terms, i.e., one hopes to control the integral of KXw* (®) by the integral of

JXw" (®)n}. In order for this to be useful, we need K~ (®) to be everywhere pos-

itive. Such vector fields are constructed in [18] using spherical harmonic decompo-

sition. In particular, it was shown in [18] that there exists a family of vector fields
= f; (r*) O, for I > 0 such that for any function ® (not necessarily satisfying the

[e.o]

wave equation), if we write out the spherical harmonic decomposition ¢ = Z D,
1=0
KXl7le (@l) Z O.
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Moreover, one has

(87«*@02 o7 dA < C XXl ) dA
/Sz ((1+|T’* )2 (1—p) - <1+|T*D4 (1_M>> < S2K (®;) (8.2)

for [ > 1, where C' can be picked to be independent of [, and

2
/ (aﬁ(f()) dA<C | KX (@) dA.
sz (14 |r*)) " r2 (1 — p) s2

Moreover for this choice of X;, the boundary terms are also controllable as shown in
[18]:
/ KXo (@) dVol < C / JT(®) nft dV ol,.

Remark 6. We note that although KXvw™ (®) is shown to be nonnegative every-
where, it has a weight in front of |Y®|* that degenerates at v = 3M. Therefore,
we cannot directly estimate the integral of |Y®|2 by that of KXtv™ (®). Instead,
we will consider the equation O, (QP) = 0 and estimate the relevant quantities with
fKXl’“’Xl (Q®)dVol. This loss of derivative is related to the trapping phenomenon

that we mentioned in Section 1.1.

In section 3 we will construct two more vector fields of this form. One will be a
modified X; to control a weighted L2-norm of the zeroth spherical harmonic and the

other will be used to control the behavior at infinity.

8.2.3 Vector Field Multiplier 7

Define Z = u?0, + v?0,. This is the analogue of the conformal vector field in
Minkowski spacetime. Like the case in Minkowski spacetime, it is used to show

decay for the solution to the wave equation. One computes that

Lo r*(1—p) 12tr* (1 — )
K? = —t|Vo]?* ( = - | - ———>0%99,,9.
Vel (2 * 4r 2r 4 r
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We consider the modified current using w? = w Then

1wt (1 1
K207 — |V (5 + B M) — —O,u?®?

4r 2r 8
Lo r*(1—p) t r* (4 — 3)
_ 2 ( = R S s _ 2152 TN YT
= —tyol <2+ 4r 2r M Pz r ’
w? 1 2 2
T = (0 (0u0)" 0 (0,9)° + (1= ) ( + o) [V
2r* (1 — “(1—
LU OF P M@z) ,
T T

where n}' is the normal to a ¢-slice.
It is shown in [18] that there exist r], 5 such that for r* < rj or r* > rj, KZw” >,
Moreover, it is shown that [ Jf’wznf dVol; is everywhere non-negative.

More specifically, if we define S = ud, + v0, and S = —ud, + vd,,

/ T2 AV ol

:/8\/%_” (ﬂ((sq’)Q +(S9)*) + (1 — p) ((S(I)Jr ;@)Q—I— <§<I>+ ;@)2)

+2 (1 — p) (v 4 v°) [VO[) dVol,.

8.2.4 Vector Field Multipliers Y’, Y and N

Define Y’ = yi(TT;)E)u + yo (r*) 0y, where y1, 9o > 0 are supported in r < (1.2) o, with
y1 = 1, yo = 0 at the event horizon and y} (r*) ~ ya (r*) ~ C (1 — p) for 2M < r < ry.
Here we want to choose 5 small enough so that

1. Y’ is supported on r < 3M (i.e. (1.2)rg < 3M),

2. KY' (®) >0 o0n2M <7 < rg,

3. CKY (@) > A= Y (@) N, pppeyy 00 2M <7 <1

The vector field Y is designed to capture the red-shift effect at the event horizon [18].

Using the current JY', we will not only produce estimates on constant t-slices, but

also on constant v- slices. We will therefore record here all the relevant computations.
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We have

KY (0.9)* <M B yi) N 2(371‘19)2 v+ %’W@z (1 i (e (- u))')

2(1—p)> \ 7 (1—p) — 1—p
1

- ( s - y2> auq)avcbv
r\1—pu

I @t = e (I (0,0 + (1 1) | FOP

H {v=const.} 2\/m 1 — 1 u )

, 1 (71 2 2
Y _ 2
Tu (@) 1f—consty = SN <1 — (0u®)” + 12 (0u®)” + (y1 + (1 — p) y2) [V ) :

From this we see that if r( is chosen to be close enough to 2M, requirements 2 and 3
can be satisfied.

We modify this vector field so that it has better bounds on constant ¢- slices.

1 r<n
Define Y = Y'+x (r) T, where x () is a cutoff function with y (r) = =

0 r>(1.2)rg
Y has the following properties:

1. Y is supported on r < (1.2) o,

2. KY =KY onr < ro,

3. CKY (®) > \/11—7‘];/ (P) nl{LU:const.} on 2M <r <.

On the region 2M < r < ry, we have

T @Oy = 5 (T2 5) @8+ (=) (1) Y0P,

1—p

1 Y1 1 2 1 2
Y P © — — d s ¢
T (@)1 sty 2m((1—u+2> (0u®) +<y2+2) (0,P)

+ (i + (1= p) (g2 + 1)) V2% .

We argue without computation that for ro < r < (1.2) 7o,

|KY‘ < C JT (Q)) nl{lt:const.}’

1
Vi—p#
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JY ((I)> ?v const.} — CJT( ) {v const.}’?

J,l)t/ ((I)) {t const.} — CJT( ) {t const.}"

This is true because JT (P) controls every derivative of ® while the terms

W
n{t:const }

in JI(®)nf,_ and J)' (@) nf

(o—const.} contain only derivatives 0, and Y. Thus

M i—const.}
the only difference is the weights, which are functions of r and are harmless since
r is bounded on this region. Extend Y to inside the black hole smoothly by the
requirement that N is future directed and causal.

Define N =T +Y for r > 2M. N is future directed and causal everywhere, thus
I (@)

Wi const.} = 0. Away from the horizon, namely when r > 1.2r,

N T
J,u (CI)) nl{t:const.} = J,u (q)) n?t:const.}'
However, as we approach the horizon,

JN ((I)) nl{t:const.} ~ ‘]Y ((1)) n

o o {t=const.}

and thus J, N (@) nt! N const.y B1VES @ much stronger bound. We assume for our energy

classes that the integral of Ji\’ () nt is bounded initially and this clearly im-

{t=const.}
plies the boundedness for the corresponding integrals for J” and J¥ initially. The
flux corresponding to J¥ should be thought of as a non-degenerate energy, which
does not degenerate at the event horizon. This allows us to prove decay results along
the event horizon.

Before introducing the vector field commutator .S, we end this part on vector field
multipliers by explicitly noting what each of the positive quantities bounds. Most of

these are direct consequences of the expressions of the currents, except that for J Zw?

which requires some manipulation and is proved in [18].
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Proposition 8.2.1. 1.

(0 9)" + (O + (1= ) [VOP) < CI] (@)

2.
/ i \/T( (0.8)2 + 02 (0,8)2 + (1 ) (a2 + 0?) V@) dVol,
<C/ / JZw ®) nt'dVol,,

82

5
(r*)* + 2 = Zw? p
/ SleT(l_ 1) = @)dVoltSC/_OOLZJu () ny'dVoly,
/.
(a (I)) X wXi
Larmpmeaogsc LXx

5.

V|2 -
/s2 (1+|T*|)4(1—M)dASO/82;K (Q®) dA.

8.2.5 Vector Field Commutator S

Define S = t0; + r*0,» = v0, + u0,.

This vector field, together with the usual Killing fields, will be commuted with 0.
We note that the vector field t0; + r0, is conformally Killing on Minkowski with
[O,,,t0; + r0,] = 20,,. Therefore, the commutator [, S] is expected to approach
20, towards spatial infinity, where the spacetime approaches Minkowski.

We set ¥ = S® and derive an equation for V.
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Proposition 8.2.2. 1.

[Dg,S]:(2+%>Dg+—(T——1— r“)ar*

r r

(55

2.
Oy¥ = g1 (r) 0@ + g2 (r") AP,
) oD 5> oM
where |gy (1) |, 2 ~ , (logr), = max{logr,1}.

Ir*|  r~2M

| lg2(r*)| , (Al (ogr),
Y r 7.3 .

Remark 7. Equivalently, we write |g; (r*)

Proof.
A=) S = =200 =) R O (1= ) ]
— (-t
( :u) t r (1 o M) t
(1= )™ 0%, 8] =2(1 = )" 02 — 10 (1 — )~ O
—o(l—p) ok 2
S A
[gﬁT*,S] :gar* + w "
r r r
4.4 (w _ 2) o,
r r r
2r (1 —p
FNCRCALEOVN
[y, 5]
:<2+T,M)Dg+(2r (lg—p)_g_ZTQu)ar* <2r (1—p) 5 TTH
T T T T T r




2. is immediate from 1. if we let

and

8.3 Estimates for ¢

The following has been proved in [18] and is collected for later use.

Theorem 8.3.1 (Dafermos-Rodnianski). 1.

/ Jo (@) nfdVol, = / J1 (@) npy dVoly,,

2.
/ ST KX (@) dvol < C / JI (@) dVoly,,
l
3.
/ JZ (@) nfdVol, < CEy(®),
4- t
2
/t Ji (@) nfdVol, < CEy(®)t,?
-%
5.

to L
/ / ’ > KX0w™ (@) dVol < CEy (®) 172,
=57

where t; <ty < (1.1) 1.
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The following Hardy type inequality is also proved in [18] and will be used through-

out this chapter.

Lemma 8.3.2.
/(1 )20 (1 — ) E dVol, < C/(&,&))Q (1= )t dVol,.

Remark 8. This can be written equivalently in local coordinates as

o] 2 o]
/ / LQﬁdAdr* < C’/ / (8,-®)* r2d Adr*.
—oo J§2 (1 + |T*|) —oo J§2

We construct a vector field X; to control the spacetime integral of ®2 itself.

Proposition 8.3.3.

(I)2

Proof. We first notice that we already have control of a weighted L?*-norm of the

non-zeroth spherical harmonics. This is because by (8.2),

2
/ ‘Dg dA<C [ KX (@) dA
sz (L+ |r*))" (1 = p) 52

for [ > 1. This together with Theorem 8.3.1.2 would give

2
/ Cbg dVol < C / Ji (@) nlp dVoly,
(L+ )" (1 = p)

for [ > 1. So it suffices to consider the zeroth spherical harmonic.

Define XO = foar*a with fO (T*) = fO (T) = - (1.;,_]‘44;72) = _8(1'[—7-?:175*2) .

Suppose we act with Xy on the zeroth spherical harmonic of ®.
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Using (8.1),

KXo,wXO ((I)O)

I (% 2 .
:fO (rl)(_a;‘q)o) + %‘W(I)O‘Q (2 rg,u) fO (T’*)
1 1 4 2
— (ﬁ 3 S )+ 0 ) = S5 (3= 4p) fo (ﬁ)) P2
fo (*) (0,-®0)”

1

4 2
(o o)+ 2R )+ 5 ) = 2 3= a0 ) ) 8
and

TR0 (@)

1 - * 1 oy 2 )
_mfo( ) 0,900, <1>0+—2m(0( )+ ——fol( )) (0sPo) Do,

where we have used Y&, = 0.

We would have to show firstly that KX (®,) > 0 and controls ®2, and secondly
that Jfo’wxo (®g) n* is controllable by JI (®g) n#. We first compute the derivatives
of fo:

for') = (1= p) 0 fo (r)

:M >0
(1+4p=2)* ~
vty =z + Mg
PPy o 167 2ur prr (1 — p)
=0 (g i ae) (e
o 2 2 - o 2
Y 2 (1= ) O + 3p (1T 1) 92 fy+ M (12 1) 0, fo — 2u(lr2 1) o, fo
- ( 384 48 )
p (L + 42t (14 4p2)°
3u(1—p)’ (_ 167 pr > p2 (1= p) Bu—2)
T PO O a2?) T G
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A computation shows that

1 4 2
-4 (/)//‘F;f(/)/"’%fcl) - 75(3_4@ Jo
(1924 1 (128 + pu (<T84 + (464 + p (=28 + p (52 + p (=3 + 4)))))))

- 4(4+p2)!

We need to show that
192 + p (128 + pu (=784 + 1 (464 + p (=28 + 1 (52 + (=3 +4p)))))) >0

for 0 <pu<1.

Case 1: ;—é <u<l

192 + 128 — 784p? + 464u% = 16 (—12 — 20u + 29u2) (u — 1) > 0.

52 — 3p + 4p? reaches its minimum at %. Hence, 52 — 3u + 4u* > %.

—28 + 11 (52 — 3p + 4p®) > —28 4 HLEB >,

Case 2: 0 < pu < %

464 — 28y + 22 1% has negative discriminant, hence > 0.

Also, for this range of u, 192 + 128y — 784u% > 0.

Therefore, KXo (&) > 0. Moreover, 2 < CEKXow™ (dy).

It now remains only to control the boundary terms. Using Lemma 8.3.2 and Cauchy-

Schwarz,

/ TX0W™ (D) ndV ol

o L (e, 200
- [ = = (10 + 2

1 2 2 2)
<C 0,0)° + (9, ®0)’ + ——— @2 ) dVol,
~ / m (( t 0) ( 0) (1+ ’r*|)2 0 Ol¢

<C / \/11__M((at<1>0)2+ (0,+@0)?) dV oly,

<C / S (Po) nlydV oly,.

T*) 6t<I>oar* CI)Q + fo (’I"*)> ((%(I)o) (IDOdVoltO
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]

We would like to construct a vector field X = f(r*)d,- so as to improve the
weights in r of the spacetime integral that can be controlled. More precisely, we have

the following:

Proposition 8.3.4.

tx 00
/ / / (r 1700 ®)? + r¥0®%) dVol < C / J1 (@) nfy dVoly,,
to 1 S2

ts [e'e] 1
/ / / r LV 2dVol < (JZ/J[{ (Qk®) nf: dVoly,,
to 1 S2 k—0
for0 < < %

Remark 9. The loss of derivative above is unnecessary because we are considering
only a subregion of {r* > 0}. One can construct yet another variant of the vector
field X to achieve the above estimate without any loss of derivatives. However, since

this would not improve the regularity in our final result, it is not pursued here.
Proof. Let X = f (1*) 8,-, where f = x (r*) (1 - ﬁ) and x is a cutoff function
satisfying

0 <1

X = .
1 r* > max{100,100M }

We recall (8.1):

- (ﬁ ) T )+ L) - 2 3 g f(r*)) @2,
gt @t = f oo+ L (e 20 ) @

Since we already have control of the spacetime integrals on a compact set using
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Theorem 8.3.1 and Proposition 8.3.3, we only have to show that KEw¥ (®) > 0 for

r* > max{100,100M }. For r* > max{100, 1000 }, we have

Lok 0
f (T ) - (1 +T*)1+6
FI (kY 0 (1 + 5)
f (7" ) - (1 +T*)2+5
FI (% 6(1+5) (2+5)

Clearly, the coefficient of (9,-®)? and |Y®[? in KX w¥ (®) is positive for
r* > max{100, 100M }.

We now study the coefficient of ®? in KXt (®) for r* > max{100, 100M }:

1 7 4 7l Kz 2” r
— - —f——(3—-4
1_Mf +o S - B f
_ 1 01492+  45(1+d) | 2MF
L—p (14 )% r(1 )20 2 (14 )t
12M 32M? 20
- + - —3-14
B+ (1) ( 2
<35(1+5)(2+5)_ 40 (14 96) 2M6 12M 32M?

+ - +
2(1+r)* r ()" 2L+ ) (1)’ (L)

oM (g9 32
5 (1+6) (35 )+ ( 32)

Tr(14)?T\ 2 3 (14 7*)° 100

<0.

Hence KXw* (®) > 0 for 7* > max{100, 100M }.

Moreover, on this region of r*, (117 (8,-®)* + r 27002 + r~1|YP|?) < CKXw™ (@),
Finally, we have fJf’wX (®) ntdVol, < CJ; (®)n*dVol, using Lemma 8.3.2 and
Cauchy-Schwarz exactly as in Proposition 8.3.3. [

Remark 10. The weights in the Proposition are the same as those for Minkowski
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space. Since Schwarzschild is asymptotically flat, they are the expected weights.

Corollary 8.3.5. In local coordinates, Theorem 8.3.1, Proposition 8.5.3 and 8.3.4

imply via Proposition 8.2.1 the following bounds:

1 [ = ((00®)" + (0,0)" + (1 — ) |[V[?) dVool,, < C [ JI(®) nfdVoly,,

2 ] 7 (2 (0.0)° + 02 (0,0 + (1= 1) [VOP) dVol,. < CEy (®),

3. [T—=plte +t d2dVol,, < CEy(®)t;2,

1-6(5 4« )2 r1=6p2 _9
4. f f_f oo (1+| e 1dVol < CEy () t7%, where ty <ty < (1.1) ¢,

5. f f %d‘/Ol < CZk OEO (QkCD) t1_2, where tl S t2 S (11) tl

8.4 Estimates for U

In this section, we would like to imitate [18] and prove an analogue of Theorem 8.3.1.

For technical reasons, however, we will need to lose an arbitrarily small power of ¢.
Theorem 8.4.1. 1. [JI(V)nf dVol, <C ([ JI(V)nkdVoly, + Ey (®)),
2. [J7(W)nf.dVol,, < CHE (P),
3. f{it* <T*<%} JE (‘I/) nidVolt* S CEl ((I)) t*_2+6,
S22 ST KN (W) dVol < CEy (9) 1,27, where ty < 1y < (11) 4,
T

The general strategy is as follows. We follow the argument in [18] but now in
the conservation law for each of the vector fields, there is an extra error term which
is a spacetime integral that looks like ft “V#9,vO,WdVol (as well as an extra term

4 +, WYL, WdVol for the modified currents). Very often, we need to show that this
integral decays (or does not grow) with ¢, thus we need to ”produce” some decay in

t. We do this by splitting the domain of integration into three regions and estimating

them separately:
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1. For the region {% < r* < oo}, we use the fact that O, ¥ contains negative powers
of r*, (which is a consequence of the asymptotic flatness of Schwarzschild). In

this region, negative powers of r* can be estimated by negative powers of ¢.

2. For the region {—% <r* < %}, we note that we have decay in the spacetime
integral of ® for each dyadic slab by Corollary 8.3.5.4, 8.3.5.5. We therefore
estimate the integral on this region by that of KX (®). Here, it is essential that

we use the improved X estimates given by Proposition 8.3.4.

3. For the region {—oco < 7* < —1}, we make use of the fact that there is an extra
factor of (1 — u)% in the spacetime volume form compared to the volume form on
a time-slice (see Section 1.5). From the definition of 7*, we have (1 — u) < Ce,
thus the factor of (1 — u)% gives exponential decay in 7*, which translates to
exponential decay in ¢ in this region. Therefore, on this region, we first estimate

on each time slice, and then carry out the integration in ¢.

Since we will often perform integration dyadically, we first set up the notation. We
define a dyadic partition of [tg, t.] by to < t; < ... <t, = t,, where t; < (1.1)¢;_; and
n is the minimal integer such that this can be done. In particular, log (t, — to) ~ n.

We begin with the 7" estimate.

Proposition 8.4.2.

2
/Jj (V) nf dVol,, < O/J,’f (¥) nt dVoly, + C’ZEO Q") .

k=0

Proof. The conservation law gives
/Jg (V) ny dVol, = /JE (V) nj, dVoly, + /at\I/Dg\Ideol.
We split the error term into three parts and estimate them separately.
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By Corollary 8.3.5.1,
|/ o, wdVol|

ts o)
SC/ (/ / JI (D) nt”dVOZt)
to —o0 J§2

x (/m/ (loa ), ((0,-®)* + |YQD?) dVolt>2dt

[NIES

=

rd

<C sup </ /Jg(\If)ndeolt>
to<t<tx —o0o0 J§2
1 oo .
X (Z / / JI (QF0) nggdvozm) / tm2dt
k=0 / —00 /57 ¢

0
1) 1 00
<C sup < / / Jr (\If)ndeOZt) > / / JI(QF®) nft dVoly,
to<t<tx« —o0o0 J§2 k=0 Y —® S2

D=

2

2

ol
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For the middle region, we observe that By Corollary 8.3.5.4 and 8.3.5.5,

[ oe0,wavoll

/ < / /S Jo (v dVolt>
(/ / (1+ ) logm( — 1)
¢, ([ LA o)

MM*

N

1
2

((0+®)% + |VQ2[?) dVolt> dt

Njw

2

2 n-1 3
n— tit1 1 2
X / ( / O ENET(Q4) (1 - p) dVolt> dt
k=0 i=0 i 3
. :
<C sup </ / Jo (V) ndeolt)
to<t<t« —oo J§2

x t ( / - / ZKX”” L () dVol>
o 2 5 n—1 1
< T LAV ol E, (QF® t; 2
o ([ oo (o) (87)
( / / Jr (m)n;‘dvozt) (Z E, (chb))
—oo J§2 k=0

[

Nl

<C' sup
to<t<t«
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By Corollary 8.3.5.1,

VIS

| [ a,v0,VdVol|

T [e%e)
_c/ </ /Jj(xp)nfdvozt)

to — S2

(/ / (1+ ) (1 — )%((a D) +|Y7Q<I>|2)dVolt> dt
§2
3 [ 1 poo

<C JI (V) nfdVol / /JT QR ntdVol
<cam ([ [ronmwa) (S [ [ @
<C JE (W) nt'dV ol / JT (Q"T) nfdVol
o tosgligt* (/—oo S2 u( Ot> (Z s2 ) KA

These together show that

D=

(NI

N

[
/ e tdt
to

N|—=

/ J (W) nfdVol,,

172 3
< / Jo (V) nfdVoly, +C sup ( / g (\I/)nfdeolt) (Z E, (chb)) :

to<t<t« k=0

which implies the Proposition with the following Lemma, taking h; (t) = 0 and
2
=Y E (QF0). O
k=0

Lemma 8.4.3. Suppose f (t) is continuous, hy (t), ha (t) are increasing and we have

f(t*)SC(f(to)Jrhl (t)+ suwp f () hs <t*>%),

to<t<t.

for all t, > ty.

Then

f(t) S C(f (to) + ha () + ha (L)) -
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Proof. Suppose sup f (t) is achieved by f (f) for some to <t < t,. Then

P <C(ft)+m @ +f D)7 h (D))

hy (t), he (t) increasing implies,

F (D) < C(f (to) +ha(t) + F (D) ha (t)?)

Using Cauchy-Schwarz and subtracting % f (ﬂ from both sides,

f (&) < C(f (to) + hu (t) + ha (8)).

Clearly, f(t,) < sup f(t)=f (i) Hence we have the lemma. O
to<t<t.

We then derive an X estimate. Here unlike in the case for ®, in which the
X estimate was used to improve the already known estimate from X;, we need to

consider both of them at the same time.

Proposition 8.4.4.
b . X X
[ 4 YK () avol
t() l

2
<C ( / J (W) nfdVol,, + / J () nggdvozto) + N By (F0)

k=0

Remark 11. The reader may ask why this Proposition gives decay for the error term
while the statement of Proposition 8.4.2 does not. In fact, the proof of Proposition
8.4.2 is sufficient to show that the error term decays. However, we do not pursue this

as it is unnecessary for later use.

Proof. Decompose ¥ = Z U, into spherical harmonics.
!

Since Schwarzschild spacetimes are spherically symmetric, O,V; = ¢y (r*) 0,-®; +
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g2 (r) ¥ (Q2®y).
Notice that KX~ (V) is not everywhere positive. It is identically zero for r* < 1
and as we have shown in the proof of Proposition 8.3.4, K XX > 0 for r* >

max{100,100M }. On the remaining (not necessarily positive) region 1 < r* <

maz{100,100M}, we have |KX’“’X (T) ] < CKXw™ (§)). (Notice that we have
avoided the region around r = 3M where this inequality is potentially problematic.)

In particular, applying Proposition 2 for the vector field X, we have

/ K50 (1) [dVol + / KXw™ () dVol
< / KX (@) dVol + (C + 1) / KXew™ () dVol
:/Ji(’w)2 () nf dVoly, —/Ji(’w)2 (W) nfy dV oly,
+(C+1) ( / TXew ()l dV ol — / JXew (g )ntOdVolt(,)
V[ 21— .
+3 / < 7t M f) U,00,dV ol — / (far*xp,) Ow,dV ol
1 (1 1)
+(C+1) e 2T e g Owdvel — | (f0,-9) OWdVol

<C (/ Jo (W) nf dVol,, +/J§ () nft dVoly, + /| (r~'0, + 9 \IJ)D\I/l|dV0l)

We split the last term into three integrals and estimate them separately.
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By Theorem 8.3.1.2,

s o8]
///|(r‘1\Pl+8r*\I/l)D\I/l|dVol
S2
<C/ // logr < %_%‘\Pz|+7‘_%_%|&«*‘l’l|>
S2

><< ~31 (|0, <1>|+|y79<1>|)) Vol

<ot tte (/ / |KXw )|dVol>
tx (o) 5 %
x (Z / / |K5 (QF,) ydvol>
k=0’to /g /82

SIS

D=

2

4. E S S % 2
<Ct; " ( / / ; K5 () |dV01)
to —0o0
=T KR (R Vol
A\ ) IE (@) dve
k=0 0 -

1 ts 00 5
<5 / / | KX )|dvoz+0t52+5z / / Ji (Q25®,) nfdVoly,.
to —o0 J§2

[N

By Theorem 8.3.1.5,

te %
/ / / | (7‘71\1/1 —+ 8T*\Ill) D\I/l|dVol
to —% S2?

te %
<c [" [ (mtmettoon)) (- a0l pas)) av
to /-4 Js?

<C (/ / / KXw |+KXlwl(\I/l)>dVol>
S2
1
te i o 3
x Z / / |KX (QF@) |dVol
k=0 Jto J—3 /8
1 tx 0 ~ - 2
<3 / / / <|KX’“’X(\IJZ)|+KXZ’1”XZ (\IJ,))dVol+C’ 3 2B ()
to —o00 J§2 k=0
1

_4/ / /2 |KXw U)) |+ K5w l(\IJl)>dV0l+C’t0 ZEO (QF ;)
to S k=0

N

—

n—

I§
o

7
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By Theorem 8.3.1.1, Proposition 8.4.2 and Lemma 8.3.2,

%
/ / / ’ (Tﬁl‘Ifl + GT*\IJI) D\I/l’dVOZ
S2

/ | (|| 4+ |00 W4|) (|00+ D] + |VQP;|) dV ol

UNE
gc/to (/Oo ((1+—1|7"|)2\Pl2 - (GT*W,)Z) dAdr*);
y ( /

1
_t 2
2

} () (1= ) (0 @0)* + (1 — p) [VQD)?) dAdr*) dt

1=

t - :
SC/ </ 87«*\111 dAdr* ) (/ +(1—p) |WQQ)I‘2) dAdT*) et dt
to — 00

<C sup (/ dVolt) (Z/ JT chbl ntd‘/olt()) e—cto
to<t<t« —00

<C / JT (W) n dVooly, + Cty ZEO 0P,
k=0

Subtract the terms with K from both sides and get

b & X X
/ | K50 () | + KX (W) dVol

to

2
<C ( / JI (W) nf dVoly, + / Jr (qfl)nfodvozto> +Ct N By (QF)) .

k=0
Sum over [ > 0 to get the Proposition. O]

We localize the estimates in the above Proposition to obtain decay as in [18].

Proposition 8.4.5. Let tg < t; < (1.1)to, [r}|+ |r3] < &. Then

/ K5 (1) | + ZKXl wX(W) dVool
P
1
<C (th / JZ (W) nfdVoly, + tg+ Z > E (am%)) :
k=0 m=0

where P = {to <t < t;,—L <r* <L} orP={tg <t <ty,ri—(t1—t) <r <

2
2
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ry+ (t1 —t)}.

1 jz] <1 -
PTOOf. Letx: . Ont:t07let®:X(g65t )CI) atq) X<065t >at
0 |z[>11

and solve for Dgi) =0 for t > t.

Following [18], we have

0.715tg 1 ) y
O°dVoly, < / JZ (D)} dVol

This is true because of Proposition 8.2.1.2, 8.2.1.3 and an elementary one-dimensional

[r@pa<ca ([ os@es [ 1rwra).

Using this, we can estimate the current of ®:

estimate:

for a > 1.2

/ JE(®) navel,

0.715t0 0715t
</ JE (®) nft dVoly, + Cty? / ®2dV ol

-~ Joo715t —o0715t0 V1 — 1

SCth/JMZ( ) ng dVoly,.

Similarly,
/ J7r (Qcp) nf' dVoly, < Oty / JZ Q) nf: dV ol,,.

20ne can prove this one-dimensional estimate by first considering g = 0 on [—1 5 2] and the trivial
bound [“ |g(z)|dz < Ca [, 029 (x) |dz. Then one sets g (z) = f (z)? and use Cauchy-Schwarz
to get [ |f (z)[Pde < Ca? [ |0, f (x) [*dz.. Finally, one cuts off f (z) to be identically zero in

=53]
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Define ¥ = S®. By Proposition 8.4.4,

/|KX“’ y+ZKXlw ( >dVol
2
<C ( / JE(9) ntavol, + / Jr (0 ;dvolto) + OGS By (2°0).

k=0

The left hand side equals fp |KX’“’ U) |+ ZKXZ W (U;) dVol by finite speed of
propagation.
e <~> todVoly, can be estimated in a similar way as [ J ( ) ny, dVoly,. More

specifically, we claim that

/ Jr (xp) nt! dVol,, < Ctg? ( / JZ (W) nt dVoly, + Ey (cp))

To see this, we first note that

- ,r,* ,r,* ,},,*
b= v / o
X (0.65t0) T 0650, ¢ (0.65750)

Also note that on the support of ¥, "l <. Therefore,

/ JL () nlyavel,

0.715t0 . 0.715t0 1 )
< J (\I!) nt dVol,, + Ct2 U“dV ol,
/—0.715150 # fo ’ 0 —0.715tg V IT—p ’

0.715t0 . , 0.715t0 1 ,
—1—0/ J(DYnt dVol,, + Cty ®°dV ol
—0.715t0 a ( ) fo ‘o 0 —0.715tg V I—p 0

<Cty? ( / JZ (V) nfy dVoly, + / J7 (@) ntodVOZtO)

§0t62 </ JMZ (\I/) ntOdVOZtO + Ey ((I)))

We would now want to control [ .J7 <\i/) n} dVol,. Using the conservation law for T'
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and an integration by parts in t,

/ JT<
/ ( )ntodVolt0+|/\IfD at dVol|+|/\IfD U\/T— pdVoly,|
+ | /@Dg\pm — pudVoly, |.

ny: dVoly,

t1

to

\_/\_/

ng dVoly, — /@\IID UdVol

We first estimate the spacetime error term in this expression. Using Proposition 8.2.1,
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8.3.3, and 8.3.4,

| / \BD at\i:) Vol

/|\IJD |dVol+/|\If[l at >|dVol

gc/ (L+]r D(logr)ﬂ\m (100,81 + 1V (999) 1) Vol

r3

N2 N 3
Tli%\ifQ % (1 + ’7"*’)6 <(3t8r*<l>> + |Y7 (Q@tq)) ‘2>
<C (/ rd dVol) / dVol

(1 +[r))* aE

M

<ct} </|Kf<»w (¥ )\+ZKX1( )dV0l>
S

« (Z / K5 (9900) | + EI:KX”“’X’ (92 dVol)
<ot ([ 7 (8) stavor, + [ (8) tavor, 523 (29))

x (kf% / I (92 ntOdVolt0>
</ J () ntavoty, +C [ 7 () uavots, +ct; MZE (4)

b o (Z [ 2 (0s29) ngodvolm)

< [ (¥) ;tldVolt1+C [ () avo, + LT Y R, (o 0re)

m=0 k=0

1
2

1
2

N[

where at the third to last step we again used Proposition 8.4.4.

81



We estimate the boundary terms using Lemma 8.3.2 and Corollary 8.3.5.1

| / T, U+/T — pdVoly,|
gc/(1+ 7)) 73 (log ), /1 — ] 0| (|ar*q>| + |y79<1>|> dVol,,
<C (/ L+ [r) 202 (1 — )2 dvozto)é (/ ((ar*cb)z + |y79ci>|2) \/ﬂdvozm)%
<C / JE(B) ntydvol, + C / (J5 (@) + 77 (29)) ntyavols,

The term for ¢t = ¢ is done analogously, but with a more careful choice of constant.

|/@Dgif\/1 — pudVoly, |

<C [ @1 togr), VI= ¥ (|a @
<C (/(1+yr*|)2\if2(1 )~ %dvoztl) ( ( +|y79<1>|2) \/TdVOZtl)
i / I (9) ntavol, +C / (75 (@) + 7 () niave,
J G (@)

:i/J < )ntlcﬂ/olt1 +C Jr <Q ))ntodVOZto

Combining these estimates and subtracting % Ik JE (@) ny, dVol;, on both sides, we

E |y79c1>|> dVol,

+

get

/ JE(9) ntavl,

<Ct:? / JZ (W) nl dVol, + Ctg>H Z Z By (amQ’f )

m=0 k=0
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1 2
It remains to control Z Z Ey <Qk8;”<i>).

m=0 k=0

m=0 k=0
0.715t0 L 5 t A ~
o [T (S (o) - 3 (e ) v
—0.715¢ \ ;,—0 k=0 m=0 k=0
0.715t0 L 5 tod
<o [T (S @ Y ety vt
—0.715¢ \ ;,—0 k=0 m=0 k=0
0.715¢0 L5 9 r A 9
4 CtUQ/ Z Z (aankq)) T tg (QZ"QIC(I)) ) r’dAdr*
—0.715t0 \ ;=0 k=0 m=0 k=0
12
<CY > By (o)
m=0 k=0

After establishing the X estimates, we turn to the Z estimates for .

Proposition 8.4.6.
/ JZ7 (0l dV ol,,

1 tx T3
<C / JET (W) nfdVoly, +C Y /t / Sty KN (@M dVol
k=0 Y% “T1 l

o3 & X X
+ C (/ / t2+2(5 <|KX,w (\I/) | + ZKXMU i (\I/l)> dVOl)
to —= 1

t
2

[N
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Proof. By Proposition 2 applied to the vector field Z,

/ T2 (0) nft dV ol s,y
Zw? Zw? tre (1 B ,LL)
= [ T2 (@) nfgdVolgayy + [ K2 (W) dVol — [ = ——0,¥dVol

+ / (u28u\11 + 112(9U\I/) Oy,WdVol.

As remarked before, there exists ¥, % with ¥ < 73 such that K%*” (¥) is non-

ositive for r* < r¥ or r* > r%. Therefore
1 2 )

/ K% (W) dVol < / K% () dVol
rt

ta r3
gc/ / t (0% + |Y¥|?) dVol
to Tf

1 s rh
<C> / / 2 > KN (M) dVol.
k=0 Yto /i l

For the first error term, we again estimate by looking at three separate regions.

By Proposition 8.2.1.3 and Corollary 8.3.5.1,

tx e’} * 1
| / / =0 40 wavoll
to % 2

1
tx 2
SC/ (/ /—2k112 ( ,u)dAdr*)
to §27”
BT o e 4 paepP) dAdr | de
“\ ). e ((0-@)" + [VQO|?) r*d Adr
2
<C sup ( / Jf’wz (U)n dVolt> <Z / Jo (QF) fod\/ol{t:to})
to<t<t.«
3 z ! 2
<Ct? sup ( / JZ () nthOZt) ZEO (k)

N[

N[

tx
/ gt
to

to<t<t.«
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By Proposition 8.2.1.3, Corollary 8.3.5.4 and Corollary 8.3.5.5,

| / / =0 g0, wavall

| (/_i/SQ o
</ R ogr) (1=
iy

%
=C (/ T2 () pltdVol,

to<t<t«
tx % (log r)2 *
- /t (/t /§2 72 : ((8T*<I>)2 +|VQ®|*) r* (1 — p) dAdr dt

1
<C sup ( / Jiw” (\y)ngdvozt)

to <t<t,k

th (/ i+l /t logr )2 + |y79q>]2) r2(1 — 1) dAdr*dt)

2

m\u

[SIE

(SIS

((0,+@)% + |VQ22[?) rgdAdr*> dt

[N

1
2

N[

(n—l i t;%EO (qu))>

=0 0

SO sup (/ JMZ,wZ (‘P) n?dVOlf/)

to<t<t«

%
<C' sup (/J#vaz (q;)nfdeolt> (
to<t<tx

N
o=

Ey (Q’“(I)))

o

=0
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By Proposition 8.2.1.3 and Corollary 8.3.5.1 and using the fact that (1 — u) < Ce®”,

[ e v
<[ (/ /‘If L aaar )
( [ [0 ey + -y o) - ) dAdr*> ;

<c o ([ o) [ ( [ @ dvgzt)ldt

<C sup (/ JMZ’“’Z (\I/)ndeOZt) (Z Ey (Q’WI)))
to<t<t. —

The estimation of the second error term is slightly more involved because there is a

D=

factor of #? in the integrand. In particular, even near spacelike infinity, one needs
to use estimates for the spacetime integral for ®. We intend to estimate this term
separately in three regions as above. However, for technical reasons, we will divide the

regions slightly differently. Divide as usual the interval into tg < t; < --- < t, = t,.

n—1 n
t;
We then set the three regions to be U{tl <t < tiyq,rt > 5}, U{tl <t <
i=0 i
t t n—1
Liv1, — 3 <r < } ZLJO{t <t <tipq,r” <——}
n—1
In the region U{t <t < tiq,rt > —} we estimate one power of ¢t by that in
=0

JZw” (®) and the other is canceled with the decay in r. To achieve this we use
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Proposition 8.2.1.3, Theorem 8.3.1.1, 8.3.1.2 and Proposition 8.3.4,
n—1 tiv1 )
> / / (u?0,¥ + v?9,¥) O,WdV ol|
i=0 i 3
n—l o et 00
<C> / / / (u® (0,9)° + v (3,9)) r2d Adr*
i=0 /i 3 Js
> (log T)i— 2 2 2 *
« / / S (000 + [VQ0?) dAdr ) dr
s S

>
<C sup (/ JHZ’“}Z (V) nt“d\/olt)

to<t<t.

1
2

N[

[NIES

1

% Z/W (/ /S logr +((0,-0)? + |70P) 2dAdr> dt

=0

<C sup </ Jf’wz (D) ndeolt)

tOStSt*
l tz+1
/ / /S - 5 ®)? + |YQD[?) r*dAdr*dt

<C' sup (/wa (\I/)ntholt)

to<t<tx«
n—1 1 1 § i1
t2t, 2/ / / D) + |VQO|?) r’d Adr*dt
SQT

<C sup </ Jf’“’z (¥) nj dVolt)
tOStSt*
n—l 5 %
X (th ( / JI(®) nftdVol,, + / Jo(®) né‘deoltm) )

1 l 1
wZ 2
o o ([ i) o) (24

1 1

) 2 2

<Ct} sup (/ J#sz (1) ndeolt) (/ JZ (@)ntOdVOZtO) :
tUStSt*

n—1

) ti
For the region U{t’ <t < tipq,— 5 = r

=0
coordinates and then perform an integration by parts in ¢. It is to avoid extra

[SIE

NI

1
2

M\Oﬂ

t.
* < 2}, we first rewrite into (¢,7%)-
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boundary terms during this integration by parts that we have divided our regions
differently from before. The reason that we perform this integration by parts is that
instead of a spacetime integral term with 0,¥, we would prefer a term with ¥, which

can then be controlled by the integral of |K X ’“’X\ + Z KXo
!

i+1
|Z / / , (00,9 +0%0,9) O, WdVoll
i1 3
SCZ/‘ /t7, - |tr*8r*\11|jg\11‘7“2 (1 _ ,U) dAdr*dt
i+1
e Z/ / /Sz (£ + (r)*) 900, Wr? (1 — ) dAdr*dt]
tit1 7
SCZ/ / 2 |t 0 W, Wr? (1 — ) dAdr*dt
i=0 Jti -4 Js?
nolo et %
* Cz/t /t- /S t2|\IJDg (0, V) |7‘2 (1 — p) dAdr*dt
=0 i 751 2
nol ot %Z
" OZ/ /ti /S2 OO, |r* (1 — p) dAdr*dt
+CZ/ 2190, |\/T — pdVol, +OZ/ tQI‘PDg‘I’R/ﬂdVoltiﬂ
: 3

<C’/ / ]tr*@r*\I/Dg\I/]ﬁ (1 — p) dAdr*dt
3

el f
ol ]

We now group this into three parts: firstly, the spacetime term that grows like t2;

/t2|\11[] (00) 12 (1 — ) dAdr*dt

l\.’)\u

[SIES

/t|\IID Ur2 (1 —p dAdr*dt+OZ/ 2|00, 0]\/1 — pdVoly,.
?’L

t
2

secondly, the spacetime terms that grow like ¢; and finally, the boundary terms.
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By Proposition 8.3.3, 8.3.4, Proposition 8.2.1.4, 8.2.1.5, Theorem 8.3.1.1 and 8.3.1.2,

te %
/ / / 21w, (8,0) | (1 — ) dAdr*dt

<C’/ /2 t? (logr) . (L+]r*[) ] (|0p=De| + |VQDy|)

r3

2
<(J// o 1Y v _dVol
AN

1
s i+1 (14 ) (0 ®)* + | VO, [ 2
Ztl </ / ) (@ 20" + Y A)dv()l)
4

r

T . . :
<C ( / / 200 <|KX’“’X (T) ]+ KX (q/l)> dVol)
to —

[

w\w

s\;
|\»
|+

~
no
+
&
/N
=
=
Y
+
=
>
s
v
Y
<
SY
N——
Nl
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By Proposition 8.3.3, 8.3.4, Proposition 8.2.1.4, 8.2.1.5, Corollary 8.3.5.4 and 8.3.5.5,

te pi
/ / C 0, 90,02 (1 — ) dAdr*dt
_t Js2

L.

<C (/ /2 t(logr), (1+ |r|) (0| + [¥]) (|0 @[ + WQCDDCIVOZ)

<0<//

/ WO, W2 (1 — ) dAdr*dt

rolok mw

rl=1 g2 )2 ?
t0r0 yua (@ 5) dVol
s\t e

. 1oz (1 ((0,-@ Q0|2 g
Zi (/ / ) (0-2)° + [YORF)
—0 £ T

r

k=0 i=0
1
te i1 2 2 2
<C< / 2 (|KXw |+ZKX”” l ) dvoz> (Z Ey (qu>)>
to J—3 k=0
By Proposition 8.2.1.1, 8.2.1.3 and Theorem 8.3.1.4,
Z/ 2|00, 0|\/1 — pdVol,
im0 /%

1
2

[\
SIS

M-

<C Zt (/JZw ) ffidVolti> (
<C sup (/Jf’wz (\If)ndeOZt> <
to<t<t.

1
[ 2
<Ct? sup ( / Jiw? (\p)nffdvozt)

to<t<tx

/

Jo (QF0) nﬁdVolti>

) ()

Ey (Q’fcb))

~
s

ES
I

=
N

N[

[NIES

o

e
Il
o
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These together give:

| / / w20,V + v%0,V) OWdV ol

- 2 1 2
<C ( / el <|KX’“’X (D) |+ K5t (w > dVol) > > Ey (o)
to 1

m:O k=0

5 ; ey
+ Ct? sup (/ JMva (D) né‘d\/olt) (Z E, (qu)))
k=0

NJ\»—'

to<t<t«

n—1

t;
We finally look at the third region, U{tZ <t <ti,r< —5}, for the second error

=0
term. By Proposition 8.2.1.1, 8.2.1.3 and Theorem 8.3.1.1.

| / / 2 (1280, ¥ + v20,T) OWdV ol

gc/to (/:( 2(0,9) + % (0,7)?) (1—M)%dvozt>
x </;j<r*)2<1— )
<C /to*ect ( /_ O: JZ (V) ng‘dvozt> (; /_ O: Jo (QF) ndeolt> dt

1

<C sup < / JZ (@) ndeolt>2(Eo (@))% .

to<t<t«

[N

((0,-@)* + |VQP[?) dVolt> dt

N |=
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Therefore,

N

to<t<t.

; , e :
+C sup t2 < / JEUT (W) ndeolt) (ZEO (Q’%b)) :

The proof concludes with Lemma 8.4.3, taking
ha (t / / tz KXo (QR) dVol

(/ / t2+25 <|KX,1U |+ ZKXl le ) dVOl)

X (i 22: E, (am%)) % ,

m=0 k=0

-4 (355 )

We notice that hy (t) and he () are increasing. O

N

We now combine Propositions 8.4.2, 8.4.4, 8.4.5 and 8.4.6 to prove Theorem

8.4.1.2. This will then imply the other parts of Theorem 8.4.1.

Proposition 8.4.7.

/ JE7(O) nft dVol,, < CEy ()¢
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Proof. We first show that | Jf’wz (V) n} dVol;, grows only like ¢t17. Using Proposi-

tions 8.4.4 and 8.4.2,

tx N -
/ [ K5 (W) [+ KX (@) dVol

to

l
2
<C ( / Jr (W) nf dVol, + / Jr () ndeVOZtO) +Ctg >N " Ey (49)

k=0
2
SC / JT (‘I/) ndeVOZtO + CZ EO (qu)) .
k=0
Similarly,
b & X X
/ [ KX (QU) [+ ) KX (QUy) dVol
to l

3
<C / T3 QW) dVoly, + C  Eq (") .
k=0
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Apply Proposition 8.4.6 to get
/ JE7(0) nlt dVol,,

1 tx 5
=C / JE07 (W) nfsdVoly, + Ct. Y / / ST KX QR dVol
k=0 Yt Jri
3
+ Ot ( / / lele (T) [+ K™ (\I/l)dVol>
3 I

<C JZw W) nt dV ol +Ct Jr ) ni dVoly, + Ct, EO ('
0 0 0 0

k=0

1 1 2 %
+ Ot ( / JT () ntOdVOZtO) ) (Z S By (97 0F0) )
m=0 k=0
1 2
+ O N By (ko)
m=0 k=0

<C ( / T (0) nlt dV ol

1 1 3—m
4140 <Z / J7(QF0) nfidVol, + Y > Eo (am%))) .
k=0 m=0 k=0

We now have some control over [ JMZ’“’Z (V) ny’ dVol;, and we will use Proposition

8.4.5 to estimate the spacetime integral terms by integrating dyadically.
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By Proposition 8.4.5 and 8.4.2,

ti+1 'I‘; X
/ / > KX () dVol
t; Tf 1
1 2
<C (t;2 / JZ (W) nfdVoly, + ;2 (ZZEO (O k) ))

m=0 k=0

<c (2 / JZ (W) nldVoly,

1 1 3—m
;10 <Z / Ty ()l dVoly, + Y > Ey (92" ®) ))
k=0

m=0 k=0

where here we have not kept track of the constant factor in front of 4, but just note
that it can be chosen to be arbitrarily small.

We can apply the same argument to fti_i“ f:f Z KX (QU;) dVol to get
1

tir1 ’I”; x
/ / > KT (QUy) dVol
t; 7‘{ 1

<C (t;2 / JZ (W) nfy dV oy,

2 1 4-m
+t; 10 (Z / T1(QF0) nfidVoly, + Y Y Eq (97'QF0) ))
k=0

m=0 k=0
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This in turn provides more control on [ JZ%* (W) n{ dVol,, by Proposition 8.4.6:

/ T (0) nlt dV o,

1 n—-1 i1 3
<C / T (O )ntOdVoltOJrCZZ / ' / > KX (QR) dVol
=0 =0 1 l

[NIES

+(JZtl+5 (/ /;|KX”‘“ |+ZKX“” : dvoz>
X (ZZEO (am’%p))é

m=0 k=0

2
+CtY Ey ()
k=0

gci/Jf,wZ (Q*W) nlt dVoly, + Ct2 < o (U) + i Ey (a;mw))
_|_Czt1+5 (/ / X ()[4 ) K (npl)dvoz>
x (Z > E (am%))

m=0 k=0

<CE; (?)t

+CZt1+5 (/ /;|KX’“’ |+ZKX”” ! dvoz>
X (ZZEO (am’%p))é

m=0 k=0

N|=

4—m

1
Here, we recall that we have defined F; (®) = Ey (V) + Z EO 8’”9’“ 111 Section

m=0 k=0
1.3.
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Clearly, we can replace 0 by € with a different constant C' which depends only on e:

/ T2 (W) nft dVol,,

<CE, (®)t
+CZt1+€ (/ / K |+ZKXlel dvoz>
x <Z > E (am%))

m=0 k=0

Notice that at this point, the only term that exhibits more growth than expected is
the second term in 8.3. We will close the argument with a bootstrap.

For notational purposes, we define
I, /sz (U)ni dVoly,,
i+1 ~
/ / KX (@) |+ Z KXow™ (W,) dVol,
%

(8.3) is equivalent to

n—1
I <C (tiEl @)+ St (11,)* B} <<1>>> . (8.4)
i=0
On the other hand, Proposition 8.4.5 gives

1L, < C (721, + 72 E (@) . (8.5)

Assume [, < At°E; (), where A > 4C. We want to show that [, < ét‘sEl (®) for all
4
5

10002 (a2+1) :
> | ———% ] . From the assumption and (8.5) we have

II,, < C (At;*° By (@) + ;1 (@) .
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Hence, by picking € = g in (8.4),

I, <CtiE, (&) + 10003 (A% + 1) % B, ()

<CHE, () + 10003 (A% + 1) 5B (®)

At5E1 (®),

) 40003 (A%H) g
since A>4C and t > (| ————~ ) . O

Remark 12. We would like to note that the number of derivatives used in the above
argument is highly wasteful (we used a total of 8 derivatives!). Blue-Soffer constructed
a vector field to control trapping with only € derivatives [4]. Therefore, we can, at least
wn principle, repeat the above argument noting the unnecessary loss of derivatives. The
details, however, have not been pursued. It is likely that with this vector field, Theorem
8.3.1 holds with Eo (®) only having 1+ € derivatives. Moreover, in Proposition 8.4.2-
8.4.6, instead of having two ) derivatives on ®, one only needs 1 + € of them. One
can then go to the proof of Proposition 8.4.7 and reprove it assuming only that ® is

in H**¢ ingtially with suitable decay.

Now Theorem 8.4.1 follows directly from Propositions 8.4.7 and 8.4.5.

8.5 Estimates near the Event Horizon

In this section, we will use the vector field Y to prove that any decay estimates that
can be proved on a suitable compact set holds also along the horizon. We will also

show that these estimates control enough derivatives to give pointwise decay estimate.

Proposition 8.5.1. Suppose

2((1.2)ro)" —rg
/ Ji (@) nfdVol, < Bt™  for all t, for some o > 0.

*

0
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Then

$(tetr3)}

- / JY (@) nt dV ol py—oo
{3 (tstrg) <v<3 (b 1475} g fu=ec
<C (B+/ij (@)n;gdvozto) e

Remark 13. The reader should think of B as some energy quantity of the initial
data. For example, as we will show later, the hypothesis of this Proposition holds for
B=C Y E (ko).

m+k<1

Proof. Apply Proposition 1 for Y, on the region

1
R:{ﬁ(tl—i-?"a‘)gvﬁ (t*—i-rg),tztl}

DO | —

as in the figure, we get

/ JY (@) n ( dVol
{t>t1} 2

totrg) " o= (et}

+ / J) (@) nfdV olfy—oc} + / KY (®)dVol
{%(t1+rf§)§v§%(t*+r(’j)} R

(8.6)
Y Iz
/{ . J, (@) n' (tl+r$>dV0l fomd (64 )}

JY (@) nfdVoly, .

We split up the integrals into » < ry and r > r(y parts.

Notice that the domain of integration of [, Jy (®)n dVol

(1) DY o= (114 )y 1€

b)Y <oz (g )y T (D) 15edV0lpumocy >

m
1
2
inside {r < ro}. Moreover, we note that |, o
2
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0. Hence

S JY o ’]’L‘u . dVol 1 " —|—/ JY d n,uldvol
/{r<r0} u( ) %(tl—i-ro) {v—é(tl-ﬂ"o)} {%(h-ﬁ-rg)fvgé(t*-s-rg)} ,u( ) t t1

+/ JY(®)n?  dVol, i . +/ KY (®)|dVol.
frsroln(st) u< ) L(te4rg) {=1(t4r5)} 'Rﬁ{rZro}l (@)

We estimate three terms on the right hand side. Notice that Y is constructed to be

supported in {r < (1.2) ro}.
/ J) (@) nf,dVoly,
{5 (tr+r5) w3 (b5}

((1:2)r0)*
<C / J1 (@) nf,dVoly,

*
0

<CBt;,

For the second and third term, we first use the compact support of Y and then apply
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the conservation law associated to the Killing vector 7.

O e T )

/{7">r0 }ﬂ{uZ% (tl -7 ) }

<C JI(®)nl dVol

(t*+?“6) {v:%(t*-i-r(’;)}

<C J (@) nf,dVol,,

{ré<r*<2((1.2)ro)*—r¢}

<CBt;®

<CBt;*,

/ |KY (®)|dVol
RN{r>ro}

t ((1.2)ro)*
SC/ / |KY (®)|dVol
t1 TS

[ ((1.2)r0)*
SC’/ / J (@) nf'dV olydt
t1 1”8
t

<CB / agr

t1

<CB(t, —t;) 7%,
since o > 0.

Write f (t) = f{rgm} JY (®) n’é< )dVOZ{UJ(HTS)}. Then we have

t+7rg =2
Fit)+ /t f(rydr < C(f (t) + Bmax{t. — t,,1}57). (87)

We take C' to be fixed from this point on. We clearly can assume the C' > 1.
From this, we will prove the Proposition by a bootstrap argument. Assume f (t) <
At~ for some large A that is to be determined. We want to show that f (¢) < ét*a.

Let t; = t, — 8C?. Since we are only concerned with ¢, large, we assume without loss
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1

1
of generality that t, > 8 (1 — 2*E> C2 5o that t, < 2at,. Then

ft)+ / *802 f(r)dr <C (At;* 4+ 8C*Bit;*)

<2C (A+8C*B)t,°

There exists ¢ with ¢, — 8C? < t < t, such that

1 ts

2
_(A+seB)
ic

Now we let ¢; = t. Notice that t, < 2af. Then

+ / " dr <C (1 (1) + 8C2BI)

A
gzt;“ +20?Bt;“ + 16C° Bt~
A
2

—Q
* Y

<

if A>T72C°B.
Of course to have f () < At~ for all ¢, we also need it to hold initially, i.e., A > f (to).

Therefore, we have

where C' is a universal constant different from the one above. Finally, we can also
get the decay estimate along the event horizon (i.e., on u = —00) by plugging in the

decay rate of f into (8.6) and replacing the ¢ interval by [t.,t. + 1]. O]
Using Proposition 8.5.1, we claim that a similar estimate holds on ¢-slices.

Proposition 8.5.2. Suppose f ((1-2)ro)" -5 JT (®)ni'dVol, < Bt=* for all t, for some
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a>1. Then

/ JY (®)ntdVol, < C (B + / JV (@) n;gdvozto) v,
{U*SUSU*‘i‘l}

forv, > 1.

Proof. We prove this using the conservation law for Y on the region R = {v, < v <

Vs + 1,20, — 15 <t < 7}

/ J{ (®)nt 1 dVolfyep,+1

{t>2v.—r§}

+ / J) (@) ntdVol, + / KY (®)dVol
{ve<v<v,+1} R

:/ JZ (®)nk dVol,, —i—/ J}; (D) ngv*_rad\/ol{t:%*_ra}.
{t>2v.—r§}

{U*SUSU*+1}

We split up the integrals into r < rg and r > ry parts.
Notice that the domain of integration of |, (20,18} JY (@) nk dVol,, lies inside {r <

ro}. Notice also that

JY (@) nly oy dVoljy—u, 41} + / KY (®)dVol > 0.

/{t>2v*r6}ﬂ{r<ro} RN{r<ro}

Hence

/ J) (@) ntdVol,
{ve<v<v.+1}

< / Y (@) nt dVol,, + / TV (@)t AV ol )
{t>2v.—1§}

{v«<v<vi+1}
+ / I (@) nly 1 dV ol gy—y, 11y + / |KY (®)|dVol.
{t>2v.—r§In{r>ro}

RN{r>ro}

We show that each term has the correct bound. The first term is bounded using

103



Proposition 8.5.1,

/ JY (@) nlt dVol,,
{t>2v.—r§}
_ / JY (®)nt dVol,,
{r<ro}
<C <B —i—/JiV (P) nfg‘OdVOZto) (2u, —1g)

<C (B + / IV (@) nﬁ)dV()lto) v, °.

The second term is controlled by assumption

/ Ty (@) 1y, _yedV 0l oy, —rs)

{vs <v<v.+1}

SC’/ JE (P) ngv*ir* dVOl{tZQU* —rs}
(vs<v<v,+1} 0

<CB2v, —15)"

<CBuv_*“.

The last two terms are bounded by noting that Y is supported in r < (1.2) rg. The

details are identical to the proof of Proposition 8.5.1. Therefore,

/ JY (®) ntdVol,C (B + / JY (D) ndeVoltO) v, %
{v.<v<v.+1}

[]

This, and Sobolev embedding, is sufficient to show pointwise decay of the deriva-
tives of @ along the horizon. We show further that if on a compact set, we have both
energy decay and L? decay, then we have pointwise decay along the event horizon.

More precisely, we have
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Proposition 8.5.3. There exist 7 very close to 2M such that if
L 3=m  02((1.2)rg)* —r
> / (J7 (9" @) nff + @%) dVol, < Bt™

for all t, for some a > 0, then

2
P (v, 7)|? < C (B—FZ/JiV (@' ntOdVOZt()) v,
k=0

1 3—m
|3T*<I>(v*,r)|2§C<B+Z /JN (97" @) n dVolt0> v,

m=0 k=0

forv, >1,r <r.

Proof. We first take 7 to be small enough to apply Y, i.e., 7 < rg. The exact condition

on 7 will be determined later.

For decay of ® (v, ), we want to show that on any time-slice, say t = 7,

2
> (IV*0f + (740, 9]) dAdr: < Cv.*
{ve<v<ve+1}

=0

For decay of 0,«® (v, 1), we want to show that on any time-slice, say t = 7,
2
> / (IV*0,-®* + |V* 02 @) dAdr: < Cv;®
{ve<v<v,+1}

k=0

Proposition 8.5.2 gives

/ ((87,*(1))24— [Y®|*) dAdr: < C <B+/Jiv( ntOdV01t0> v,
{ve<v<v.+1}
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After commuting with an appropriate number of €2, Proposition 8.5.2 gives
/ (1V0,-®[? + VY0, B[2) dAdr:
{v*<v<v*+1}
<C <B + Z / TN (9F0) ntodv01t0> v;

After commuting with 0; and using the equation, Proposition 8.5.2 gives
/ ((02.2) + 9o 0 + Y202 ) dAdr:
{ve<v<v+1}

1 3-m
<C <B+ > / TV (o Qke) ntOdV01t0> v,

m=0 k=0

Therefore, it remains to show

/ <I>2dAd7": <Cuv
{U*SUSU*+1}
We rewrite

205 —T+2
/ O2dAdr* = / D2 Adr.
{ve <v<v.+1} 20s—T

To achieve decay, we integrate in the u-direction and use the estimates we have on

the compact set.

20V —T+2
/ P2 dAdr?
2

Vs —T

42 T 2v —t+2
T U —7* J2

* Vs —1

742 2v*—t+2
< / 2 dAdr}y_y, sy + / / rdt
20 —T* J 20—t
QU*—t+2
/ / — p) dAdr*dt
204 —7* J 20,
204 —t+2
<B(2u, —7*)"“ +/ / ®) dVol
Uy —7 J 2u,—t
T 204 —t+2
+ / / ®* (1 — p) dAdr*dt.
205 —7* J 204
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Using the conservation law for Y, and controlling all the terms on the region {r > 7}

with the assumption, we have

T 2Vx 7t+2
/ / ) dV ol
2us—7* J 204

< / JY (@) nt dVol,, + CBv,;*
{r<7}

<C (B + / TV (@ )ntOdVOZt()) (v, — 7)™ + CBu,®,

where in the last step we have used Proposition 8.5.1.

Therefore,
20 —T+2
/ <I>2dAdrj
204 —T
T 2v*—t+2
<C <B+ / g (@)ntOdVolt0> v+ / — ) dAdr*dt.
205 —7* J 204 —1

The decay from the last term comes from the exponentially decaying (towards r* =
—o0) factor (1 — p). To use this decay, we use a bootstrap argument. Assume
the decay fvi*jﬂ q)QdAdr?t:t} < Av;“, independent of ¢ (Note that we can do this
initially (in v) independent of ¢ because after we fix v, the region of integration is
a bounded set of the manifold. The apparent infiniteness is just an artifact of the
choice of coordinates). We want to show that [ v*_tH Q2 dAdry_y < < dype

From the above, and using that (1 — ) < Ce™ we have

U —T+2
/ ®*d Adr?
2

Vs —T

<C <B+ / IV (®) ntOdVOZtO) v+ / AC ety —a g

* _7’:*

(B + / JV (@ )ntOdVOZtO) v+ T LACe T Ty e
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if we choose A > 4C (B + Jliv (@) nfod\/olto) and 7™ < —2 + %log <. [

The above is already sufficient to prove the full decay rate in the exterior region.
While Proposition 8.5.1 implies the L? control of the derivatives of ® along the event

horizon, it is useful to prove the L? control of ® along the event horizon.

Proposition 8.5.4. Suppose

2((1.2)ro)" —rg
/ (J7 (@) nf + ®*) dVol, < Bt

*
0

for all t, for some a > 0,, then along the event horizon r = 2M

ve+1
/ / ®(2M)*dAdv < C (B +/ JV (@) nﬁOdVOZUO) v, “,
Vse S2 {2M <r<ro}

forv, > 1.

Proof. We note that when changing from the (v, u) coordinates to the (v,r) coordi-

nates, we have

Hence, written in the (v,r) coordinates, we have

T0
/ JY (@) ntdVol, > c / / (0,®)*dAdr,.
{2M<r<ro} 2M J§2

By Proposition 8.5.1,

/ J;/ (®) nk dVol,, < Cv, “.
{2M <r<ro}

Therefore, we can take the L? control from the compact region of r* as in the assump-

tion and integrate it to the horizon using the control of 0, ®, giving the conclusion. [J
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8.6 Estimates in the Black Hole Region

In this section we will prove that any decay rate that can be proved along the event
horizon can then be proved inside the black hole region. Combining this with the
result of the previous section, we can show that any decay rate that is obtained in
a compact region of r* can also be proved in the black hole region. We will achieve
this in two steps: Firstly, we show that any decay rate along the event horizon can be
propagated slightly inside the black hole region, say, to the timelike slice r = 2M — ¢
for some € > 0. This step uses an argument that is identical to that in the previous
section, which we include here for the sake of completeness. The proof uses the fact
that the deformation of the red-shift vector field K has a favorable sign (similar to
the case 2M < r < 1¢) if € is chosen to be small enough. Then, we show that a decay
estimate on r = 2M — e for any € > 0 would imply the same decay rate further inside
the black hole. This part is considerably easier because of the geometry of the region
in question. In this region we take advantage of the spacelike character of the Killing
vector field 0y, the non-degeneracy of 0, and the finiteness of r, which varies between
2M — € and 7, > 0, as well as the fact that along constant u slices the r» and the
v distances are comparable. In the context of the nonlinear spherically symmetric
Einstein-Maxwell-scalar field model, such black hole interior estimates were obtained
n [11]. All the computations in this section will be done in the (r,v,w) coordinates,

as it is the most convenient inside the black hole region.

Proposition 8.6.1. Suppose on the event horizon that
v+1
/ J;/ (®)nkdVol,—opr < Bv™®  for all v, for some o > 0.

Then, for some € > 0, and for all v € [2M — ¢,2M],

ve+1
/ JY (@) ntdVol, < C (B + /
v {

2M—e<r<ro}

J,ﬁv (D) nﬁodVolvo) v, <.
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Remark 14. As in Proposition 8.5.1, the reader should think of B as some energy
quantity of the initial data. For example, as we will show later, the hypothesis of this

Proposition holds for B = C Z Ey (QZ”Qk(I)). Moreover, note that if the conclusion

m+k<1
of Proposition 8.5.1 implies the hypothesis of this Proposition.

Proof. Applying Proposition 1 for Y, on the region R = {v; <v <v,,2M —e <r <
2M} , we get
/ JY (@)t dVol,, + / JY (@) ntdVolyr—on—ey + / KY (®)dVol
{2M —e<r<2M} {vi<v<vy} R

_ / JY (®)nt dVol,, + / JY (®) ndV olgy—anry.
(2M—e<r<2M}

{v1<v<u,}

Notice that [, .,y Ju (®)nfdVoli—on— > 0 since {r = 2M — €} is timelike

for any € > 0 and Y is timelike for € sufficiently small. Hence

/ JY (@) nlt dVol,, + / KY (®)dVol
{2M —e<r<2M} R (8 8)

< / J) (@) nk dVol, + / J) (@) nkdV ol gr—ony.
{2M —e<r<2M}

{v1<v<o,}

Firstly, notice that by the assumption of the Proposition
/ JZ (@) ntdVoly—ony < Bmax{v, — vy, 1}o .
{v1<v<us}
Secondly, since € is small we have

KY (@) > cJ) (@) nk.

VUx

Let f (v J) (®)nkdVol,. Then we have

)= f{2M76§r§2M}

f(v) —i—/v*f(l/) dv < C (f (v1) + Bmax{v, — vy, 1}v7%) .
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This identity resembles (8.7) and an identical bootstrap would lead to expected decay
rate of f. The conclusion of the Proposition then follows from plugging this decay

rate back into (8.8). O

As before, we would then like to prove the L? decay of ®. We will show that any
decay rate in L? along the event horizon also holds inside the black hole region. More

precisely, we have the following:

Proposition 8.6.2. Suppose on the event horizon that

v+1
/ (J,i/ (@) ny + @2) dVol,—opy < Biv™  for all v, for some a > 0.

v+1
/ (J}: ((9?”‘9"”'(1)) nh + CIDQ) AVol,—op < Bt™®  for all v, for some a > 0.

Then, for some € > 0, and for all v € 2M — €,2M],

vie+1
/ / ®(r)*dAdv, < C (Bl +/ J;V (®) nﬁOdVOZUO> v, (8.9)
Vs S2(r) {2M —e<r<ro}

2

> / IV (") nﬁOdVol%) v, (8.10)
k=0 {2M —e<r<ro}

| (v,,7)|* < C <B+

and

1 3—m
|6T*CI) (U*;T) |2 <C|B+ Z / J’L]LV (a;’an(I)) ngodvolvo v=¢ (811)
m=0 k=0 {2M —e<r<ro}

* )

forv, >1,r <r.

Remark 15. The conclusions of Propositions 8.5.1 and 8.5.4 together imply the hy-

pothesis of this Proposition.
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Proof. By Proposition 8.6.1 and Sobolev Embedding, (8.9) would imply (8.10) and
(8.11).
We note that when changing from the (v, u) coordinates to the (v, r) coordinates,

we have

Hence, written in the (v,r) coordinates, we have

To
/ JY (@) ntdVol, > ¢ / / (0,®)*dAdr,.
{2M —e<r<ro} 2M —e J S?

By Proposition 8.6.1, the assumption of this Proposition implies that

/ JY (®)nkdVol, < C (B1 - / JV (@) nﬁOdVOZU()) v
{2M —e<r<ro} {2M —e<r<ro}

By integrating in the 0, direction, we have that for any 2M —e <r < 2M,

vi+1
/ / ®(r)*dAdv
Vs S2(r)
v+l vetl  p2M
<C ( / / O(2M)2dAdv,—p; + / / / (GT(I))ZdAdrdv)
Vs S2 Vs 2M—e JS?

<CBw;*+C (Bl + / JY (D) ngodvozvo) v
{

2M —e<r<ro}
]

Once we have the improved decay estimates slightly into the black hole region,
we can propagate them to anywhere in the black hole region. As noted before, the
problem becomes considerably easier due to the geometry inside the black hole. We
will use the facts that —0, is timelike and non-degenerate and that the energy as-
sociated to —0, would control its deformation K~ . The fact that 0, controls the
deformation is in turn implied by the fact that 0, is Killing. Since we would like to

prove an estimate in a finite region of r, these facts would allow us to prove estimates
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in the whole black hole region (with a constant that degenerates as r, — 0) easily

with Gronwall inequality.

Proposition 8.6.3. Fiz r, > 0. Suppose for some 7 with r, < 7 < 2M we have

v+1
/U /S . (J) (@) nk + ©(7)*) dAdvs < Byo™®,

and

—m v+l
/ / (Y (07 ®) nk + &(7)%) dAdv; < Bv™®
v N

Then we have

vie+1
/ (9% + (V®)?) dAdv, < C,,Byv;”,

and

|®]> < C,,Bv;® form, <r <7
with V understood as the coordinate derivatives in the reqular coordinates (r,v,w).

Remark 16. The hypothesis is implied by the conclusion of Propositions 8.6.1 and
8.6.2 with the appropriate B and By and with tilder = 2M —e. Note that the following
argument requires v < 2M strictly and therefore we need Propositions 8.6.1 and 8.6.2

to push the estimates at the horizon to slightly inside.

Proof. Consider the region F = {(rp,v) : v. < v < v, + 1} which is the part of the
r = 1, spacelike hypersurface between v, and v, + 1. We would like to determine the
domain of dependence D(v,) of this region. To do so, we notice that the hypersurfaces
v = constant and u = v — 2r — 4M log (r — 2M) = constant are the boundary of the
past of this region. Hence D(v,) N{r, <r <7} C {|lv —v| < C}n{r <r <7}

Now consider the energy with respect to the timelike vector field —0, together with
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an L? term (which is different from the energy we consider above):
Ey(®;r,v,) = / (®* + Ju_a’“(@)n‘r‘) dvol,,
D(vs)n{r}

where —0, is taken in the (r,v) coordinate and is future-directed and time-like in this
region. Thus Ey(®;7,v.) =[5, (22 + (V®)?) dVol, > 0, with V understood as the

coordinate derivatives in the regular coordinates (r,v,w). We have,

/ K= (®)dVol, < C / J O (@)ntdVol, < CEy(®;r,v.)
D(vs)N{r} D(vs)N{r}

with the constant C' = C(r}) is independent of v, and r as long as r, < r < 7. This
is, firstly, because 0, is invariant under the spacelike Killing vector field 0, and hence
the coefficients in both K~ (®) and J, ? (®)n! are independent of t. The constant

can also be chosen to be uniform in r because we are in a finite region of . Moreover,
—0, / O3 dVol, < CEy(®;r).
D

Hence,

By(@:r) < C <Eb(<1>;f) + / ' Eb(cb;r/)dr’) |

Gronwall inequality implies, since we are in a finite range of r, that

Ey(®;1) <CE,(P;7)

SC’Blv*_O‘.

Therefore, for every r, < r <7,
vi+1
/ (©% + (V®)*) dAdu, < CByv,®

since {(r,v) : 1, < r < F,v. < v < w,+ 1} C D. The pointwise decay follows from
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commuting the equation with 0; and 2 and Sobolev Embedding. O

8.7 Proof of the Improved Decay on Schwarzschild

Spacetime

8.7.1 Improved Decay for ¢ (Proof of Theorem 5.1.1)

To prove Theorem 5.1.1, we proceed in two steps. First, we show that for every t,,
there exist ¢ < t,, t ~ t, such that a weighted L?-norm of ® on the slice {¢ = ¢, } has
the desired decay of #7379, We then use the estimates for ¥ to upgrade this to decay
estimates for a weighted L?-norm of ® on the slice {t = t.}.

We first set up some notation. Fix r],r5. These are the 7] and 75 in the statement of
Theorem 5.1.1. In other words, we would like to prove a decay estimate on the fixed
compact region rj < r < rj. Let t,. > 2(|rf| +|r3|) be the time slice on which we
want to show the decay estimate. Let = (1.1) 't and P = { < t < t,,rF —t, +1 <

r* <ri+t,—t}

Proposition 8.7.1. There exist a t; with t < t; < t, such that

/ (®* + (0,-@)*) 1> (1 — p)* dAdr* < C1°Eq (@)
Pn{t=t1}

U = const. v = const.

t=1=(1.1)""¢,

Figure 8.2: The region P
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Proof. By Theorem 8.3.1,

/ (®* + (@*(I))Q) (1 — p)? dAdr*dt

P

go/ KX @)+ 37 K5 (@) dVol
P l

<Ct*Ey (®)

<Ct.?Ey (®).

Now take t; such that

/ (®* + (GT*CD)Q) 2 (1 — p)? dAdr*
Pﬂ{tztl}

= inf / (®* + ((9T*CI>)2) r2 (1 — p)* dAdr*,
P{t=t}

1<t<t.

which exists since we are taking the infimum over a compact interval, and note that

inf / (®* + (8,,*<I>)2) =2 (1 — p)® dAdr
PA{t=t}

t<t<t.
< (t.— ﬂ‘l/P (D2 + (0,-®)%) r2 (1 — p)? dAdr*dt
<ct;! /P (92 + (9,-®)*) r~2 (1 — p)* dAdr*dt
<Ct;3Fy (®).
O

To upgrade this to an estimate for a generic ¢, we make two observations about
S. Firstly, S is timelike away from the event horizon. Secondly, S has a weight ~ t.
We can therefore integrate from the "good slice” ¢ = ¢; to the slice t = ¢, and get
the same decay estimate. This is done using integration by parts in the following
Proposition. We prove a more general form but the reader should keep in mind that

we will use f = ®2 + (9,-®)*, g = r 2 (1 — p)>.
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Proposition 8.7.2. Let f = f (", t,w € §?), g = g ("), P = {1 <t < to,7} —t. +

t<r*<ry+t.—t}. Then

» / fgdAdr* + / vfgdAdr* + / ufgdAdr*
P{t=t.} Pr{v=5(t.+r3)} Pfu=4 (t.—r7)}

:h/‘ ﬂmAm*+2/j@mMMﬂﬁi/f#ijMﬂ+i/(SngMMMﬂ.
Pn{t=t1} P P P

Proof. We change to the variables u, v and integrate by parts,

/ (Ouf) gdAdtdr*
3(te—r1) 3(te—3) 3(tetrs)
/ / v (0y f) gdAdvdu + / / v (0, f) gdAdvdu
¢

te— r2 %(2151 —ty 77“;) 1—u

=— / fgdAdtdr* — / v f O gdAdtdr* +/ vfgdAdr*
P P P

+ / vfgdAdr* — / vfgdAdr®,
P{v=t«+ri} P{t=t1}

/ u (0, f) gdAdtdr*

P
%(t*Jrri‘) %(t*frl) t +r2

_ / / w (0uf) gdAdudo + / / w (8uf) gd Adudv
1(2ti—tutry) Jt1—v (tetry)

— / fgdAdtdr* + / ufOmgdAdtdr™ + / ufgdAdr*
P P P

N{t=t«}

+ / ufgdAdr* — / ufgdAdr”.
PO{u=t.—r}} Pft=t1}

The proposition is proved by adding these two equations. ]

To prove the theorem, we use the above identity using f = ®2 + (&*(I))Q, g =
2(1—p)
We notice that since f, g > 0 by definition and u,v > 0in P = {t; <t < t,,rf —t. +

t<r*<ry+t,—t}
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Therefore,

/ vfgdAdr® + / ufgdAdr* > 0.
Pﬂ{v:%(t*—i-r;)} Pﬂ{u:%(t*—ri‘)}

Thus Proposition 8.7.2 would imply

t, / (D2 + (0,-®)*) r 2 (1 — p)* dAdr*
P{t=t«}
<t / (@*+ (8,,*@)2) 2 (1 — p)® dAdr
PN{t=t1}
+ 2/ (D2 + (0-®)%) r% (1 — p)* dAdr™dt
P
+ 2/ | (<I>2 + (8T*<I>)2) (7"2 (1— ,u)Q)/ |dtdr*
P
+ / ([WD| + [0, W, ®)) 2 (1 — )2 dAdtdr*
P
<Ct.;*Ey (@) + / (U2 + (0,-9)%) r2 (1 — p)? dAdtdr
P
+ / (@* + (@A))Q) r2 (1 — p)? dAdtdr*
P

<Ct;*F, (D),

where we have used Proposition 8.6.2 at the second to last step and Theorems 8.3.1
and 8.4.1 at the last step.

Therefore,

/ (@ (t.)* + (0,-@ (t.))?) dAdr* < Ct;7Ey (®).

Since 0y, ) are Killing, it follows immediately that

Z / amal ()" + [Vl @ () |2) dAdr* < Ct*P By (97"QF ),

for any k, m.
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Using the equation [,® = 0, we get

/ 2 (V' (£.))  dVol < Ct;3+0 > B (9rQFe).

1 k+m<l

We have thus established the decay of the non-degenerate energy in the exterior
region away from the event horizon. The full decay of non-degenerate energy part of
Theorem 5.1.1 follows from Proposition 8.5.1 and 8.5.4-8.6.3. The pointwise decay
part of Theorem 5.1.1 follows form the standard Sobolev Embedding Theorem for the
part of the exterior region away from the event horizon and from Propositions 8.5.1,

8.5.4-8.6.3 for the region near the event horizon and inside the black hole.

8.7.2 Improved Decay for 9,® (Proof of Theorem 5.1.2)

To estimate the time derivatives of ®, we follow an idea of Klainerman-Sideris [30].
The key observation is that the first derivatives of 0;® are controlled with a weight of
1

7= by a linear combination of first derivatives of ® and W. This extra weight would

give extra decay to 0,®.

¢

5,5 1. (This is true for example when

Proposition 8.7.3. Suppose t + r* > max{

r* is bounded below and t is sufficiently large.)
1| (t=17) 70| < C(|0.%] + |0 W]+ |0:2] + [0, @] + (1 — ) [r*[| AD]) ,
2. 1 (t = 1) 0 0:®| < C(|0Y] + [0+¥| + |0 P| + |0+ @] + (1 — ) |7*||AD])
3. [t (1= p) Vo2 < C((1 = p) [V + |0,- Q2P|

Proof. Define Ay® = (1 — )" 0,-® + 20,+® + A®. Then ;P = 0 reads
(1 —p)0f® = A, .
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Recall that
U = tatcb + r*('?T*@.

Therefore,

OV — 9,® =t} + r*0,-0,®,
87«*\11 — ar*(b = 7"*83*@ + tar*atq)

Hence,

t ((9t\lf - atq)) —r* (ar*\ll — &*@)
—12020 — (r*)* %@
G (r*)z) 2D + (r*)? (1= p) Ay — 02.@)

(2 = (r)?) 2@ + (r)? (Ma@ +(1—p) m) .

r

Therefore, by re-arranging and dividing by (¢ + %),

| (t — 1) 579
1
t+r*

2(1—p)

(t (8,0 — 9,®) — r* (U — 3,-D) — (r*)? ( Oy ® + (1 — p1) M)) |

<C (0] + [0, W] + [ D] + [0+ @ + (1 = p) |r7[| AD]) .

We have thus proved 1. On the other hand, using again the above equality, we also

have

(t - ’I"*) &*@t@
=— U + 0V + 0P — 0,-® + tI}D — r* 02D

=— U+ 0-U+ 9P — 0@+ (t — 1) 7P+ 1" (1 — p) A;® — I2.D)

2r* (1 —p)

=00+ 0V + 0, — 0P+ (t — ") O} +
T

O ® + (1 — p) || AD.
This, together with 1, implies 2.
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The proof of 3 is more direct. Using the definition of S, and that ) is independent
of t and r*,

Thus, by noting that Q2 and 7YV differ only by constant,

£(1 - 1) YO,
<I (1= @ Y|+ (1~ ) ~0,-00)

<C((1 =) [VO] +10,-Q]) .

This would easily imply Theorem 5.1.2.2:

Corollary 8.7.4.

ctx 1 1
/ Jp (04®@) nf.dVol,, < Ct**° (Z > "B (0pQFe) + B (@)) ,

m=0 k=0

forallc <1 and r. In particular, ¥ can be chosen as that given by Proposition 8.5.35.

Proof. We can consider t, large enough so that firstly, the assumption of of Proposi-

tion 8.7.3 holds and secondly, on the domain of integration, (t, — r*) ~ t,.

/ " JT(0,9) nl’ dVol,,

_ / " ((ar*atq>)2 +(820)% + (1 - p) ymcpﬁ) dVol,.

<oz [ (@ + @+ (- ) VU + (00 + (30
+ (1= p) | VQ0,2| + (9,-Q@)%) dVol,,

Clx
<Ct;? / JE () + J7 (@) + JT (Q®) + J* (9,Q0) dVol,, .

*

The corollary follows from Theorem 8.3.1 and 8.4.1. O]
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Finally, we proceed to the proof of Theorem 5.1.2.1 and 5.1.2.3:

Corollary 8.7.5. We have
Vs+1
/ (((2@)2 + (Vo ®) ) dAdv, < Cs v T E3 (®),  for any r > 1.

and

41— 2—m

3

2
By (07 d) + >

0 m=0 k=0

>

m=0

£
Il

10,® (v,) |* < Cv*4+5< Ey (0]"QF®) )

ifry <r <2M O’I"T’*S%‘.

Proof. We prove a Sobolev-type inequality. We first work on R3. We claim that for
u e C® (R?),

1
lullzecey < CllullZs gl g

We give a simple proof using Littlewood-Paley theory. Let N € 2% be a dyadic
number, x (£) be a radial cutoff function which is supported in {|{| < 2} and is

identically 1 in {|¢{| < 1}. Define the Littlewood-Paley operators Py by Pyu =
£ 28\ 5

(x (%) —x (%)) @

Since the inequality claimed is invariant under scaling u (z) — Au(z) and u (z) —

u (Az), we can assume that |[ul[ g gs) = |[ulg2gs)y = 1. Then, by Bernstein inequality,

|| Pyvul|z2gsy < min{CN~',CN?}.

Therefore, by Bernstein inequality again,

[ oo r3) <CZN2HPNU||L2 R3)<C(Z N77 + Z N2) C.

N>N0 N<No
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We note that a variant of this is true. We have for u € C%° (R3),

Hu||L°°(R3\Br(0)) < CHUHIE_N(RS\B ||UHH2 (R3\B,(0))"

This is true because one can extend u into B, (0) without increasing the H' or H?
norm.

We now apply this to a cutoff version of 0,®.

1 |z| <1 -
Let x = .Ont:t*,let¢zx<
0 |z|>1.1

Proposition 8.5.3.

05t>¢>f0r7">r where 7 is as in

The H' norm is controlled with Corollary 8.7.4 and Theorem 8.3.1.4.

0. 55t* 0.55t%

10:® 1] g (g 5, 0)) <C / J1 (0,®) nll.dVoly, + Ct,” / ’ (8,9)° 1% (1 — pu) dAdr*

F*

1 1
<Ot (Z > By (07F®) + Ey (<I>)> .

m=0 k=0

The H? norm can be controlled similarly once we note that using the equation, we

have for r > 7,

1
62.0,0] <C (|a?<1>| o000+ |WQat<1>|)
C (|0} +(0,-0,| + |VQ0,D]) .

Therefore, for t = t,,

| |8tq)’ ’H? (R3\ Bz(0))

0.55t%

=C / LI (07) + IT (000) + J] (9:2)) nt- dVol,,
0.5t

+ ot / " (@) + @99) + 0®)) 1 (1~ ) dAdr

<Ct; ' (i i Eo (07" ®) + i i E (am%)) :

m=0 k=0 m=0 k=0
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Therefore,

H@t(ﬂ |LOO({F*§7=*§%‘}> SHatq)| |L°° (R3\B5(0))

<C||atq)‘|H1(R3\B Hatq)HHz (R3\ B (0))
1
<Ct e (Z > By (9paFe) + Z Y B (am%)) .
m=0 k=0 m=0 k=0

In particular, for ¢ sufficiently large, this L> estimate holds on sets of compact r*.

Noting that the L> norm controls the L? norm on compact sets, we have
((1.2)ro)" 2 2 LI
/ (@:®)? dVoly, < Ct7 | "N "By (07F®) + > ) By (97 0F)
a m=0 k=0 m=0 k=0

We also have, by Corollary 8.7.4,

3—m

((1:2)r0)
[ Jo (07" (0,@)) nffdVoly,

m=0 k=0
2 4-m 1 4-m
<Ot (Z > Ey(opke) + > Y B (am%))
m=0 k=0 m=0 k=0

The corollary then follows from the Sobolev Embedding Theorem and Propositions

8.5.1, 8.5.3, 8.5.4, 8.6.1, 8.6.2 and 8.6.3. O
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Chapter 9

Improved Decay Estimates on Kerr

Spacetimes

In this chapter, we prove Theorem 1.0.2 (or more precisely, Theorem 5.2.1).

9.1 Notations

9.1.1 Constants

Throughout this chapter, we will use C' to denote a large constant and ¢ to denote a
small constant. They can be different from line to line. We will also use A to denote
bootstrap constants and we think of A to be large, i.e., A > C. We also use the
notation O;(1) and O;(¢) to denote terms that are bounded up to a constant by 1 and
€, with bounds that improve by 7! for each derivative up to the i-th derivative. We
will also use the notation f ~ ¢ to denote cf < g < Cf.

There are some constants that we will choose in the proof. The following are

values of r in the Kerr coordinates:

11M
r+<r;<r¢<T<RQ.
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ry and ry: will be fixed in Remarks 18 and 17 respectively.

There are also smallness parameters which can be thought of as obeying

I<i<egnKe.

e will always be used to denote the smallness of the specific angular momentum a of
the spacetimes that we are working on. n ~ C'e will denote the loss in the decay rate of
the solutions to the wave equation as compared to that on Schwarzschild spacetimes.
e will be used to construct the non-degenerate energy. ¢ and ¢’ will simply be used
as a small parameter whenever they are needed in the analysis. d and 0’ need not be

fixed from line to line.

9.1.2 Values of t*

We will adopt the following as much as possible: t* will denote a general value of t*.
In particular, it will be used as integration variables. 7 will denote the t* value for
which we want an estimate. 7y will denote the ¢* value where the initial data is posed.
We will always assume 79 > 1 and the reader can think of 7y = 1. When integrating,
we will often denote the endpoints by 7" and 7. Finally, at a few places we will need
to choose a particular value of t* in an interval. This is usually done to achieve the

max or min of the energy quantities. Such choices will often be denoted as 7.

9.1.3 Integration

Definition 9.1.1. Define the following sets:
1. %, ={t"=r}
2. R(r',7) ={r' <t* <7}
3. H(r',m) ={r=ry,7 <t <71}
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When integrating on these sets, we will normally integrate with respect to the
volume form which we suppress. On Y, the volume form is \/m .On R(7',7),
the volume form is v/detgy. However, on the event horizon H(7’,7), the surface is
null and the metric is degenerate. Nevertheless, on H (7', 7), the integrand will always
be of the form Jun’ém, where n’éw is the normal to H (7', 7). We will hence take the
volume form corresponding to the (arbitrarily) chosen normal. Occasionally, we will
also integrate over the topological 2-spheres given by fixing ¢ and r. We will denote
the volume form by dA = \/m .

For some computations, however, it is more convenient to write down the volume
form explicitly in coordinates. In our notations, the following two expressions denote

the same integral:

/TfZ/Tf\/mCirdegb.

When we write the integrals, we will often use [[ to denote an integral over a
spacetime region and use [ denote an integral over a spacelike or null hypersurface.

Notice that the volume form on ¥ can be compared with that on R(7’,7). In

Mt~ L)

9.2 Vector Field Commutators

particular, we have

In this section, we discuss the vector field commutators that we will use in this article.

One obvious such vector field is the Killing vector field 0y« which satisfies

[DgK, (%] = 0
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As we will see, this is not sufficient to control all the higher derivatives of the solution
® near the event horizon. We will follow [15] and [16] to define the commutator Y.
The main innovation in this article is to define the vector field S that would be used
as a commutator to prove the improved decay rate for the solution ®. We would
also need the vector fields €2; to control the error terms coming from the commutator

0, 9]

9K

9.2.1 Commutator S

We construct a commuting vector field S on Schwarzschild that is slightly different
from that in the previous chapter and is stable under perturbation.

Define S = t50;; + h(rs)0,s, where

r—2M r~2M
h(?“) = )
(r+2Mlog(r —2M) —3M —2MlogM)(1 —pu) r> R
for some large R and is interpolated so that it is smooth and non-negative. Notice

that for » > R, since t* = ¢, this agrees with the definition in the previous chapter.

Therefore we have

¥ 2 (r* 2r*p r* 3r¥p
O,e. 5] = (2 Ops +> (= —1- 2 (1) -
(9.1)

where A is the Laplace-Beltrami operator on the standard sphere. In the coordinates

(t*7 T? 97 ¢)7

Ogs = —a1 (1) 87 + aa (r) 02 + a3 (r) 8,0, + aa (r) O + a5 (r) 0, + A.
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The crucial observation is that all «; are smooth and bounded and depend only on 7.

Noting that a; does not depend on ¢, we have

(Ogs 8] = 1 (r) 0 + B2 (r) 07 + B3 (r) 0,0 + Ba (1) Oy + B5 (r) O + B (r) A

Again, it is important to note that all 8; are smooth, bounded and depend only on
r. The form of f; for » > R is given by (9.1).
We consider the same vector field S on Kerr. Using Proposition 4.2.1, and noting

that 9™S¢ is bounded for m > 1, we have that for r > R,

[0y, S]P (2+ T )D ®

2 (r* 2r r* 3r*u 9 2 i
— | —=1- b -2 ——1 Pl < (o))
(1= oe - (T 1) - 22 se) < car (3 oval)

k=1

and that for r < R,

2
Sjo| < ¢ Dk,

k=1

=

9K

9.2.2 Commutator QZ

Let €2; be a basis of vector fields of rotations in Schwarzschild spacetimes. An explicit

realization can be = 0, sin 0+ <2220 €5 O, cOS POy — Sms‘fncgsef) Define Q; = x(r)
to be cutoff so that it is supported in {r > Rq} and equals §2; for r > Rg + 1 for
some large R. On Schwarzschild spacetimes, ; is Killing and therefore €); is Killing

for r > R + 1. Therefore,
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where y is some function depending only on r and is supported in { Rg < r < Rq+1}.

Using Proposition 4.2.1, we have

Dy, D] < Cr2 (10%®] + [0D]) .

9K

Moreover, since €); vanishes for r < Rq, we have trivially,
, ;]9 =0, forr< Rq.

From now on, we will write  to denote any one of the Q;, while taking the norm to
be |Q®| = Z |2;®|. We would like to point out that this commutator is useful to

1
gain powers of r near spatial infinity. In particular we have
C -
vl < &

This extra power of r is essential to control the error terms arising from the commu-

tation of Ly, with S.

9.2.3 Commutator Y

Let Y, as in Section 3.4.3, be a vector field that is null near the event horizon,
normalized with respect to another null vector V and is cut off to be compactly

supported in {r < ri}.

Proposition 9.2.1. On Kerr spacetimes such that € is small, we have for r <ry,

Dy, Y@ — kY 20| < C (| DI ®| + €| D*®| + | DD|) ,

9K

where kK > ¢ > 0 is as in (3.5).

Proof. The principal term for the commutator [[J Y](P is 2(?)7T‘“’DMDV(I>, where

9K
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(Y)WW is the deformation tensor defined by (Y)WW, = %(D“YV + DVYM). We look at

three terms that are useful in deriving the estimates.

~ ~

Moo =g(DpY, V) = —g(Y,DpV) = 25,

) <g(DVY/,EA) +9(Dg,Y, ‘7)) | < Ce,

N | —

WVEA| =|
N 1 . .
(075, 50] =15 (9(Dia¥s Ba) + 9(Di, Y, Bs) ) | < Ce,

where the smallness in the the second and third line come from the assumption that
we are close to Schwarzschild. Notice also that for r < ry, V is C° close to 0.

Therefore, in the commutator, the main term is
kY 2.

All the other second order terms either have a 0 derivative or small. O

9.3 Vector Field Multiplier N, and Mild Growth
of Non-degenerate Energy

Kerr spacetime has a Killing vector field 9;. The conservation law gives that

/ Jo(®) ng7+/ J1 (@) nk :/ Tu (@) nf; +// 0,9G.
r H(10,7) Zr R(10,7)

We add to the Killing vector field 0; a red-shift vector field. Here, we use the “non-
regular” red-shift vector field as in [16]. Under this construction, N, is C° but not
C' at the event horizon H*. Compared to the smooth construction in [15], this

construction would provide extra control for some derivatives near H™.
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Define

where

1
= gl =)

1
#0) = ol =

Notice that by this definition Y is compactly supported in {r < ry>} and is invariant

under the isomorphisms generated by 0;+ and 0.

Proposition 9.3.1. Let N, = 0~ + €Y. For any e, there is a corresponding choice

of e < e and ry such that for every integer p, there exists ¢, > 0 such that

Jivﬁ (@) nf, ~ (Dp®)? +e Z (Dp,®)*, on the event horizon ,
EAE{ELEQ}

2 _
Jive (@) ngT ~ Z (DEa¢)>2 +e (DEY}I)) . forr <ry,
EaE{El,EQ,V}

Jévﬁ (®) g, ~ Z (8@)2, forr >y in the (t*,r, 2, 2P) coordinates,

KN (@) > cpe <| log(r —r, )P ((DV(I))Q + Z (DEA<I>)2> + (DYCI>)2> , forr <ry,
A
KN (@) < CeJ e (@) nky ,  forry <r <ri.

Proof. It is obvious that Y is timelike and future oriented for r < ry. Since O+ is
casual in the exterior region of Schwarzschild spacetime and is null only on the event
horizon, for every small e > 0, there exists sufficiently small e > 0 such that N, is
timelike and future directed on Kerr spacetimes up to the event horizon. The first
two estimates hold since in Kerr spacetime, 0« is e-close to V on the event horizon.
The third estimate holds because outside a small (depending on €) neighborhood of

the event horizon, 0 is timelike.
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To show that K¢ (®) has the required positivity near the event horizon, we

compute the deformation tensor. First, notice that

3D§/7’
r—r)loglr =)

Dyy1 = Dyys = (
Using this we have

roo = gx (DY +12V), V) = =g (1Y + 12V, Dy V) = 216 + 0¥y,

. NI 6Dy r
(Y)Wg/y =g (Dy (Y + V), Y) = — (r— T+)(10gy(r — 7))t

Y

A

1 A N 1 N NN
L :§gK(DV(y1Y +12V),Y) + §9K(Df/(y1y + V), V)

3Df/7“ v
- _ b
(- —r)og(r —rp))i T

Moreover, we have

(Y)WVEA’(Y) WYEAv(Y) TEmp = O(1).

Notice that

Ty ~ (Dy®)*, Ty ~ (Dp®)?, Typ ~ |V,

and that (Y)WVEA,(Y) W}}EA,(Y) TE i, have no terms of the form (Dy®)?. Hence we

can choose ry sufficiently close to r such that for r, <r <ry,

K (@) 2en (Dy0)* + o ((ow) +3 (D5,2) )

Since Oy is Killing, KNe (®) = eKY (®), we have

KNe (@) > ce <n (Dy®)? + ! ((DVCI))Q +) (DEA<I>)2)>

(r —ry)[log(r — )| N

for r <ry,
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Finally, since in the region ry, < r <ry, Jfft*n‘ét* controls all derivatives, we have

KN (@) < CeJYe (@) nk, , for ry <r <.

]

Definition 9.3.2. We call the positive quantity fET JiVe (@) ng,_ the non-degenerate

energy.

The following identity determines how the non-degenerate energy changes with 7.

Proposition 9.3.3. Let ® satisfy U, ® = G. Then

/ JNe (@) ngTJr/ JNe (@) ng+// K (®)
- H(70,7) R(ro,7){r<ry }

_ / (@)t +e / / KY (3 + / (00® + YD) .
b R(To,T)ﬁ{T;ST§T¢} R(10,7)

The estimates given by the vector field N is sufficient to show that modulo inho-

0

mogeneous terms, the quantity fz Jiv ¢ (®)nk; cannot grow too much in a short time

interval:

Proposition 9.3.4. Let ® satisfy U, ® = G. For e sufficiently small, ¢ < e and

0<7-—17 <1, we have

/ JVe () E+/ Jfﬂ(@)ng+g4/ JV (@) +C//
- H(r!,T) > R(7!,T)

p

Proof. We first note that [, o0 o KV (2) < C [T [s JYe (®)nk_dF, with
y="=Ty T T
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C independent of e and € whenever € < e < 1. Then, by Proposition 9.3.3,

JNe (@) nky + / T (@) nhy + / / KN (®)
o, H(r’,T) R(",m)N{r<ry}
:/ er(q))ng/—i—e// KY(<I>)—|-/ (0p® +eYP)G
P T R(r! T)ﬁ{r;<r<ry} R(T!,T)
g/ Ty (@) nf; +Ce/ / SN (@) nk, d7+5’// ((Op® + eY ®))*
R(T!,T)
v ff 6
S/ JNe (@) n; , +(05’+2Ce)/ / Je () n‘gfdf—l—(é')_l// G?
- T T/ = R(7!,T)

By Gronwall’s inequality and absorbing (§’)~! into the constant C, we have

/ JNe (@) nk, < 2/ T (@) ng; +C// G?
., b R(T!,7)

Now the estimate for the term horizon follows from Proposition 9.3.3. O]

9.4 Integrated Decay Estimates and Boundedness
of Non-degenerate Energy

In this section we would like to show an integrated decay estimate. We first follow the
previous chapter to construct a vector field and prove an integrated decay estimates
for the terms near spatial infinity. That construction is in turn inspired by [48]. In
the previous chapter, the decay rate in r of this integrated decay estimate is crucial
to control the error terms arising from the vector field commutator S. In the sequel,
such estimate would also facilitate many computations as we prove the full integrated
decay estimate.

In view of the red-shift, all derivatives of ® can be controlled near the event

horizon. However, we would also like to prove an integrated decay estimate that
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controls ® itself near the event horizon. This is in contrast to the integrated decay
estimate in [16] which degenerates near the event horizon. This extra control is useful
as we are considering the inhomogeneous problem.

The proof of the integrated decay estimate for a finite region of r away from the
horizon follows that in [16]. We would like to remark that one difference here is that we
do not assume the boundedness of [, J* (®)nf; (even after ignoring inhomogeneous
terms). We would instead like to prove the boundedness of [, J Ve (®) nk,_ using the
integrated decay estimates. We will, however, use Proposition 9.3.4.

The reader should think of this integrated decay estimates as analogous to the
estimates associated to the vector field X in the previous chapter. However, it is
impossible to obtain such estimates using a vector field in Kerr spacetimes and we
therefore resort to a phase space analysis (see [1]).

To perform the phase space analysis, we will take the Fourier transform in the
variable t*, take the Fourier series in the variable ¢* and express the dependence on
the 6 variable in oblate spheroidal harmonics. Carter [6] discovered that with this
decomposition, the wave equation can be separated. However, in order to take the
Fourier transform in the variable t*, we need ® to be at least in L?. To this end, we

perform a cutoff in the variable t*.

9.4.1 Estimates near Spatial Infinity

In this subsection, we follow the previous chapter to construct a vector field X =
f (%) 9, so that the spacetime integral that can be controlled with a good weight
in 7. Proposition 8.3.4 implies via stability (since the vector field is supported away

from the event horizon) the following:

Proposition 9.4.1. In Kerr spacetimes, using (t*,r, z*, 2B) coordinates, there exists
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X and w¥ supported in r > % such that for some large R,

KX (@) > e (1770 (0,-@)° + 17 VO + 70 00%) — Cger 2 (9,-0)°,
forr* > R and

\/ J,{f:wf‘ () nk_| gc/ TN (@), .
ho by

Now it is easy to construct the following vector field on Schwarzschild spacetimes:

Proposition 9.4.2. In Schwarzschild spacetimes, using (t,r*, x4, 2P) coordinates,

there exists Xg = f (r*) Oy supported in r > Y such that

KX (®) > er 70(000)? = C (r 70 (0 @) + 1| VO + r27907)
for r* > max{100, 100M} and

|/2 TE (@)nt | < O/Z TN ()l

Proof. Let f be supported appropriately and f (r*) = a L__ whenever r* is large. [

+r*)
As before, a stability argument would give:
F)

Proposition 9.4.3. In Kerr spacetimes, using (t*,r, 2, 27) coordinates, there exists

X supported in r > % such that for some large R,

KX (@) 2 er 70 (9@)2 = O (1770 (8- 9)* + 1 [V + 13 09?),

forr* > R and

|/ TE (@) nt | < c/ T ()l

Now using the vector field X + %(CJ—XX and modifying function wX , we get the
X

following estimate for e sufficiently small:
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Proposition 9.4.4.

// (r’lf‘;JiVe (D) n%t* + 7‘3’5(1)2)
R(r0,7)N{r>R}

<C [ @)l + [ Y @)nk (I (@) nt,, + %)
B 1% T . 1% 70 R(Toﬂ')ﬂ{stﬂSTSR} 2 t*

+// (10,9] + r|@|) |G|> .
R(70,7)

9.4.2 Estimates near the Event Horizon

The integrated decay estimates shown in [16] is degenerate around the event horizon.
Here we will prove the corresponding estimates near the event horizon. In view of the
availability of the red-shift estimate K¢, we will focus on the zeroth order term ®2.

It turns out that we can use a construction similar to that in the previous chapter.
A B

Proposition 9.4.5. In Schwarzschild spacetimes, using (t,r*,z" ") coordinates,

there exists Xy = fr (r*) O and w™* supported in r < % such that
KXh,th ((I)) > ¢ ((ar*q))Q + |Y7(I)|2 + (I)Q) :

forr <ry and

wX e
[ ne @m0 [ @,

and
[T (@) b, | < OTY ()
Proof. Let
WE 133
Xy, = fo (r5) O = —X (1) Oy = —X (1)~ |
h fh (TS) S X(r) (1 _'_4#/_2) S X<T)8<1 +4M_2) S

23M

. and is identi-

where x(r) is a cutoff function that is compactly supported in r <
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cally 1 for r < ry. Also, let

whh = 2f, (") +

From now on, we will focus on the behavior when » < ry and treat the terms in

{ry <r< %} as errors. Recall that on Schwarzschild spacetime:

KXh,th (q)) :f, (7“;) (ar*q))Q + (2 3:“) ( )|Y7(I)‘2

—1(Lf’"<r*>+ff"< Y+ 510 - G- f60) @

We now look at the sign of this expression for » < ry. It is easy to see that the
coefficient for (9,-®)* is positive:
f ) — ) Orfo (1)

=
(o) cl—p)
(1+4p2?>~  7®

Y

The coefficient of |Y®|? is also clearly positive. A computation shows that

i f///+%f//+ﬂ2f/_2_éf(3_4,u)f
" r r r
o pO (192 + (128 + o (=784 + (464 + 1 (=28 + 1 (52 + p (=3 + 4p)))))))
4(4+p2)*

We want to show that

3|

P() =192 + p (128 + 11 (=784 + 11 (464 + 11 (—28 + 11 (52 + p (=3 + 4p)))))) >

for < pw <1
192 + 128 — 784y 4 464u% = 16 (—12 — 20p + 29u2) (1 — 1) > 0.

2 - Lo 3 2 - 823
52 — 3u + 4p” reaches its minimum at £. Hence, 52 — 3pu +4p” > 52
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—28 4 11 (52 — By + 4p2) > —28 4 L1828 > 95

Therefore, P(u) > % > % for % < p < 1. Therefore, for r <ry,

KX;L,th ((D) > ¢ ((ar*q))2 + ‘W(I)|2 + (1)2) .

The second statement

’LUX e
\/E Jm (@) nk | gc/Z JNe (@) nk,
and the third statement

5 (@) | < CIY (B)

follow from the boundedness of f;, and w™* and that on the Schwarzschild horizon
0; = 0,«. Hence in both estimates, the constants are independent of e for e small. [

Noticing the X}, and w™" are actually smooth up to the event horizon, this implies

via a stability argument:

Proposition 9.4.6. In Kerr spacetimes, using (ts, s, 5, v%) coordinates, there exists

X, and wXr supported in r < % such that
KXw™ (§) > ¢®? — Ce(0- @) — Ce(0,)?,

forr <ry and

U)X
[ @ <o [y @,

and
wX e
X (@) | < CIN (D)t

Together with the red-shift, we therefore have the following integrated decay es-
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timate near the event horizon.

Proposition 9.4.7.

// (@ + K (@)

R(ro,7){r<ry}

<C (/ Ju (@) nk, +/ Jo (@)nk +// (@ SR (@) g )
T by R(TO»T)O{TYSTST}

70

+// (|8T*Q>| + 7“_1|<I)|) |G| + | // (Op® 4+ eYP)G| | .
R(r0,m)N{r<23M} R(r0,7)N{r<23M}

9.4.3 Cutoff, Decomposition and Separation

Following [16], we define the cutoff
o7, = €0,

where

E=x{t"—1—-T1)x(—=t" = 1+7),

for some smooth cutoff function x(x) that is identically 1 for < —1 and support on
{z <0}. Then
0,07, = G +2D*®D,E + P, € =: F.

We then decompose in frequency. We decompose the Fourier transform in ¢ of ® into

Fourier series in ¢ and oblate spheroidal harmonics:

T, = Z R% (1) Spelaw, cos 0)e™?.
m,l
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We also decompose the inhomogeneous term F' (which comes both from the original
inhomogeneous term G and the cutoff):
(1) St (aw, cos 0)e™? .

Letting ¢ be a sharp cutoff with such that ¢ =1 for |z| < 1 and { = 0 for |z| > 1, we
define

i - . imeo _iw
(I)b:/—oog(w_l) Z ml(T)sz(aw,cose)e ¢ it J,,

Ml Am (W) <A1

@d:/ C(w%) Z R, (r)Smi(aw, cos 0)e™?e™" dw

m,l: A (w)>)\1

(Dh = /00(1 - Q(i)) Z “ () S (aw, cos 0)e™e™t dw

w
o0 b A (@) > Aaw?

%= / A=C) D0 Raulr)Swlaw, cosf)e™ e du,
—00 w1 m,l:A (W) <Agw?

In this decomposition, we think of w; as large and Ay as small.

9.4.4 The Trapped Frequencies

Trapping occurs for @u. An integrated decay estimate is proved in detail in [16]. We
refer the readers to Section 5.3.3 of [16]. Notice that the first term on the right hand
side in the following Proposition is different from that in [16], but the inequality still

holds as a result of the proof of the corresponding inequality in [16].
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Proposition 9.4.8.

2 2 N i
<C/ (at )2—|—CE/ (a¢*q):/)2
H(—00,00) H(—00,00)
/ " / 2f(r? + a®) P2 F 0, ((r + a?) 2 @].)
r>R

A
L+ a )Fu®T> g sn0deddr

+5’// (®T)% + (0,-@T)2 + C(0')~ // :
RM{r<R} RO{T<R}

where x is a weight that degenerates at infinity and near the event horizon and f is

increasing and f = tan~! %& —tan"}(—1 — a)’%, forr > R for some fixed .

9.4.5 The Untrapped Frequencies

For each of the pieces that are untrapped, i.e., ®\ for » =5, d or 4, a vector field Xy

is constructed in [16] so that

// x (0 (@) 0t + @3) gc// KX (3y),
R(—00,00) R(—00,00)

where x is a weight function that both degenerates at infinity and vanishes around
the event horizon. Using this vector field and the conservation identity, it is shown

in Section 5.3.4 in [16] that
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Proposition 9.4.9.
Ne Ne N H 2 2 2
//R(_Om) ¥ (5@, + I () + JN (@) + (92 + 02 + 03))
gc/ SN (®@)n + C(0)7! // F?
H(—00,00) R(—00,00)N{r<R}
oo ff (B2 + (0 07 )? + Ly, <o S (7,
R(—00,00){r<R} -8 ¢
+ / dt* / (2f(r2 +a®)' (), + Fy+ Fy)- ((r? + a®)1 27,
—o0 {r>R}

A
(.2 2 T . *
+/(r* + a®)(F, + F, +Fﬂ)c1>7,> G asmededidr

r2
where x and f are exactly as in Proposition 9.4.8.

Proof. This inequality is essentially borrowed from Section 5.3.4 in [16]. The only

difference is the first term on the right hand side of the inequality. In [16], the estimate

Yot <o | JY¥@n )t
w o (Pp)nge < W (B7)ns
H(—00,00) by

7_l

is used. Here, we have not proved boundedness of the solution and hence we are

content with the estimate

T (@), < C JNe (DT, )nk
I ( J\)n}ﬁ = u ( T/)nH+'
H(—00,00) H(—00,00)

Notice that this estimate holds for C' independent of e because Xy is constructed as

f8,- and on the event horizon, 9, = O(1)V + O(e)E 4. O

9.4.6 The Integrated Decay Estimates

In order to add up the estimates in the previous sections, we need a Hardy-type

inequality:
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Proposition 9.4.10. For R' < R,

/ ro 29?2 < TO‘JZLVE (D) ngT.
S.N{r>R} SN{r>R')

Proof. Let k(r) be defined by solving
K (r,0,0) =r*"2vol,

where vol = vol (r,0, ¢) is the volume density on 3. with r, 60, ¢ coordinates, with

boundary condition k(R',0,$) = 0. Now

/E T o292 — / / / jo K (r)®2drdfdd
— -9 / / / k(r)®0,Bdrdide
<2 ( / / / Z(Q; (8T<I>)2drd9d¢)% < / / / k’(r)qﬂdrdedcﬁf

Notice that vol ~ 2, k(r) ~ r**1 and k'(r) ~ r® Hence 111’;57(‘3? ~ r®vol. The lemma

follows. m
We now add up the estimates for ®y, Dy, CIDh and CIDﬂ.

Proposition 9.4.11.
JL o g @), @ )

<C (/ Y (@) ks +/
T ET/
+C// (10 @] + 71 ®]) |G\+C!// (0p-® + €Y D)G|
R(T'—1,7+1) R(+ =1L, r+1)N{r< 238M}

+C // G2) .
R(r'=1,7+1)

Proof. Since the function f appears identically in Propositions 9.4.8 and 9.4.9, we

Jive (@)n%ﬂ + /H( / )Jive (Q))niﬁ

145



can add up the estimates to obtain:

//R( ) (X(Ji“(cbb) 0 (Rg) + Ly gapzary Ty (®y) + ) (Ry))nk
+x (92 + 02 + 0 + 2F))
<C/ TV @)k, + C(F) // 2
(r'—1,7+1) —o00,00)N{r<R}
+C(5,// (I)T> (aT*CI)T) +1{ <23M}J (CI)T)
—00,00 ﬁ{r<R}
+/ dt*/ Qf(r +a )1/2(Fb + Fd + Fu + Fli)ar*((rz + (12)1/2(1):/)
- {r>R}

+f'(r? —i—a)(Fb—i-Fd—f—Fu—l—Fﬁ) >2A sin 0 d¢ df dr*.

+ 2
By the definition of the cutoff, we have the pointwise equalities

F:Fb+Fd+Fh+Fu.
Therefore, we have

/ / s (@0 (@)

<C/ SN (®@)ny, + C(8)” // F?
7'—1,741) R(—00,00)N{r<R}
vo ff (72 + (8- QT + Ly camae) J (87 )l
R(—o0,00)N{r<R}
+/ dt*/ (2f(r* + a®) 2 F o, ((r* + a®)"/?®7))
—o0 {r>R}

+f'(r* + a®)F L) ﬁ sin 6 do do dr*.

First, by Proposition 9.3.4, we have

/ TN (@)l < C / T (@l +C / Jae (@)nk + / Ta (@)
H(T'—1,7+1) - T H(7!,T)
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Recall that
F=¢G+2D%@D &+ o0, &

Notice that by the definition of £, the last two terms are supported in the t* range
(7" —=1,7)U(1,7+1). Moreover, since £ depends only on ¢*, the only terms involving
D® are 0+® and O(€)0yP. Using this, we immediately have the following with C

independent of e as long as € < e:

o™
R(—o00,00)N{r<R}
-1 <// G2+// (N@MJ&(@)@J).
R(T'=1,7+1)N{r<R} R(T'=1,7")UR(7,7+1) '

Similarly, we have

A
/ dt/ (r +a)F<I>T 5 sinf do do dr”
{r>R} +a

<C (// ‘1|<I>||G|+// ( P4 Y (@)nzt*>).
—1,7+1) =17 )UR(T,7+1)

The other term with F'is more delicate to estimate. One of the terms in the expansion

does not have sufficient decay in 7:

/ dt*/ 2f (r? + a®)VV2F0,.. ((r? + a®)V/?07,) T smidgdddr
{r>R} a

<c (// 18]G + // (r2e? 1 7 (®) n2>)
—1,7+1) R(r'=1,7")UR(7,7+1)

s [ 2p ) a0, 0 (00 + ) e
—o0 {r>R} r

sin 0 d¢ dO dr*

+ a?

Nevertheless, noting that ¢ is independent of 7*, an integration by parts in r* would
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give

A
/ dt*/ (r? + a®)Y?00,,.£0,+((r* +a )1/2<I>)§ 5 sin 6 de df dr”*
{r>R} *+a
A
— / dt* / (r? + a®)®*¢0,, £O, <fﬁ) sin 6 d¢ df dr* 4+ bdry terms
{r>R} re+a

I
R(T'—1,7)UR(7,7+1)

where the boundary terms can be controlled (after possibly changing R) by pigeonhol-
ing in r € [R, R+ 1]. By the mild growth estimate of Proposition 9.3.4, the estimate

near the event horizon from Proposition 9.4.7 and the Hardy inequality of Proposition

9.4.10,

1, (a4 ot )

R(r'—1,7")UR(1,7+1) ‘

<C / JliVe(@)n’g/+/ er(@)n;,Jr// G? .
P " pa i R(T'=1,7")UR(1,7+1)

Therefore, using all the above estimates and noticing the support of £, we have

/ /m o <1{'T—3Mlz%ﬂfe<¢>nét* + @2>

gC((S’)léle’ﬁ(CI)) L) 1/ TV () nl, +c/ @,

+C// r |G|+ O //
R(T'—1,7+1) R(r'=1,7+1)

+C0 / n{r<R) %+ (00 ®)” + Loy S (O)nf,,
7 r)N{r<

We add to this the estimates near spatial infinity and the event horizon, i.e., Propo-
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sitions 9.4.4 and 9.4.7, to get

1 ’ o , N
//R(, )r 1 51{\7‘*3M|2%}J5 (@)nét* + 7t 5(8@) 43 8 p2

<CO(5)! /E IN (@), + C (&) / JNe (D) nt +C /H ) )ije (@) nl,

+o / / (o1 61+ ] (00 1 YD)
R(T'—1,7+1) (r’ 1q—+1)m{r<23M}

C(0")” // G2+C<5’// ®* + (9,-D)?
R(r'—1,7+1) ' —1,7+1)N{r<R}

T ﬂ{réﬁ}% (®)nx,..

By choosing ¢’ sufficiently small and absorbing (6')~! into the constant C, we can

absorb the last term:

I o e S @t @) 4
R(7!,71) N

<Cc [ JV(@ +C/ TN (D) ks +C/ TV (@

I

e / / (10,-®] + r~1[@]) |G|
—1,r+1)n{r<23M}

+C|// (at*cl)+eY<I>)G|+O// G2
1,T+1)ﬂ{7‘§%} R(T'—1,7+1)

using Proposition 9.3.4 and 9.4.10 at the last step. O

Definition 9.4.12. From now on, denote
K* (®) = r‘l_éﬂﬂr_gME%}J/iv (@) ng, + r10(0,0) + r 37002 and

KX (@) = r ' 00N (@) nfy 41757007

We remark that this is a slight abuse of notation because these “currents” do not arise

directly from a vector field.
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9.4.7 Boundedness of the Non-degenerate Energy

Proposition 9.4.13. Let ® satisfy U, ® = G. For e sufficiently small and € < e,

we have

JNe (@) nk, + / SN (@) s + / / KN ()
pIp R(r!,m){r<ry }
<o [ e, // seci | [ orag
- R(r'—1,7+1) —1,74+1)
+// (|8<I>|+r1|<1>])|G|+// G).
R(t'—1,7+1) R(r'=1,7+1)

Proof. We recall that

// KY(<I>)§C’/ / S (@) nk, dt”,
R/ I)nfry <r<ri} v J5

with C' independent of e and ¢ whenever ¢ < e < 1. At this point, we choose

+ 11M

23M
ry < &

<73

. Hence this term can be controlled by the integrated decay estimates.

Then, by Proposition 9.3.3,

T @, [ @)+ / / K2 (@
Xr H(r!,T) R(r!, ) {r<ry }
:/ J/]LVe(@)ngT/—i—e// // (0P +eY )G
b R(T’,T)Q{T;STS’/‘Y} R(T!,T)
< / I (@) nk,, + Ce / / JNe (@) nk,_dr
S " JEn{ry<r<rd}
—|—|// (0P + eY ) G
R(T!,T)
S/ Jive (®) n’i, +Ce (/ Jlive (@) nk, +/ Jlive (®) n’i/ + /H( , )Jive(@)n%L
+// (|0, @]+ r~t|®|) |G]+]// G2)
—1,7+1) R(r'=1,7+1)
-|—|// (0p® + eY D) G.
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Hence, the Proposition holds if e is chosen to be sufficiently small. n

Remark 17. From this point on, we will consider ry and e to be fived. After e is

fixed, the vector field N, will be written simply as N.
We now estimate the inhomogeneous terms in Proposition 9.4.13:

Proposition 9.4.14.

I (@)l +/ JiV(CI))né‘_[Jr—l—// KV (q>>+// K% (3)
Xr H(T!,T) R(r", ) {r<ry } R(T!,T)
T+1
<C / ij(cp)n;/+</ (/ G2> dt) //
T/ ! /=1 Dx (r',7)

Proof. Adding the estimates in Propositions 9.4.11 and ¢ times the estimates in

Proposition 9.4.13,

/ S (@) nk, +/ I (@) nl.
T H(r!,T)
// KN (® +6// K% (®
R(r!,m)N{r<ry } R(T!,7)
<c (/ @+ ff (10®] + r1[®]) |G|+// G2)
- " R(r'—1,7+1) R(T'—1,7+1)
+C9 (/ SN (@) k. +/ JY ((I))n%+)
T H(r!,T)
T+1 %
<o [ e s ([ ar@me) ([ @) ar
b T el 1,741 \JS,s t 1 Sy
+// G2) +05( IV (D) nk +/ JV (@) n;;+),
R(T’—l,‘l’-‘rl) ET H(T’ﬂ')

where at the last step we have used Proposition 9.4.10. Choosing C'§ < %, we can

S
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absorb the last term to the left hand side to get

I (®) Z+/ I (@) nt,

p H(r!,T)

ey @ [
R(r!,m)N{r<ry } (r',7)

3 [Tl 2
<C / JY(@)nk, 4+ sup (/ JY (D) n’g) / (/ GQ) dt*
o T el —1,74+1] \JUx. ’ -1 \J5,

+ / / 02).
R(T'—1,7+1)

(9.2)

By considering the above estimate on [/, 7], where 7 is when the supremum on the

right hand side is achieved, and using Proposition 9.3.4, we get

/ IV (@) nk.. +/ IV () nl
PO H(r! 7

)
+// KN(<I>)+5// KXo (®)
R(r",F)N{r<ry } R(T!,7)
T+1 % 2
<C / T (®)nk, + (/ (/ GQ) dt*)
! '—1 P

We plug this into (9.2) and apply Cauchy-Schwarz to prove the proposition. O

We can also estimate the inhomogeneous terms not in L'L? but in L?L?, provided
that we allow some extra factors of r and some loss of derivatives in G. This is
especially useful for estimating the commutator terms from S, which do not have

sufficient decay in ¢* in the interior to be estimated in L' L% More precisely, we have
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Proposition 9.4.15.

@+ [ @

X H(T!,T)

(A K O K9
o(faom Sl oo

+  sup / G*|.
trelr'—1,m+1] J S n{|r—3M|< 2}

Proof. By Propositions 9.4.11 and 9.4.13,

/ IV (@)t + / I (@) nt.
> H(r!,T)
+// KN(<I>)+5// K*0 ()
R(T’,T)m{'l’<7‘;} R(T!,T)
o[ o ff s ff e
S T'—1,741) —1,741)
+// (\(9<I>|—|—7’1|<I>])|G|+// G)
R(r'—1,741) R(T'—1,7+1)

+05’( I (@)l +/ Jﬁ(@)ng+).

X H(r!,T)

Choosing C¢' < %, we can absorb the last term to the left hand side to get

/ij(cb) E+/ ij(cb) H++// // KXo (®
- (', ﬂ{r<ry} R(T!,T)
<C </ Lt // 0 @G| + | // eY OG|
’ R(T'—1,7+1) 7/'—1,741)
+// (10,9] + r|®]) yG|+// 02).
R(r'—1,741) R(T'—1,7+1)

For the bulk error term, we focus at the region {|r — 3M| < &} and integrate by
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parts.

| / / tel
R(r'—1Lr+1)N{|r—3M|< A}
<& / / 4 O / / (0-G)?
R(r' = Lr+1)n{|r—3M|<i} R(r'—Lr+1)N{|r—3M|< M}
+ | / G| + | G|
Srpn{r—3M|<i} S n{lr-3M|<i}

// r300? 4 C(0)” // (0,-G)?
—1,7+1)N{|lr—3M|< 4} R(r

s '—1r+1)N{jr—3M|<A 3

+  sup 5/ r?®% 4+ (8!
tre[r’' —1,741] S 0{r—3M|<A} SpN{|r—3M|<M

8

5 / / 0 1 o) / / (0n-G
R(r'—1Lr+1)N{lr—3M|< A} R(r'—1Lr+1)N{|r—3M|< 2}

+  sup 5'/ IV (@) nk | +C’(5')_1/ G*|,
el —1,7+1] D ! SpeN{[r—3M|< A3

where at the last step we used Proposition 9.4.10.
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Therefore,

JF]LV (@) nk, +/ J/iv (D) nt
Xr H(r!
R(

77-)
+f & @)+ [
R(r!,m)N{r<ry }
gc( gy (@)ng,+|// at*cpam// el
bl " R(r'—1,741) R(r'—1,741)
+// (10,9 + |®]) |G\+// G2>
R(T'—1,7+1) R(t!'—1,741)
<C / Jf(@)n;,ﬂ// Oy ®G|
S " R(r' =1+ 1)N{|r—3M|< L}

L o) / / e
R(r/—1,741)

—3— —1-— 2
o //R(-r/lr+1) <T IO T (0:0) Ly S (®) n’éﬁ)

H+
K (@)
7'7)

1

<o [ @, o)ty / P15 ()

b m=0Y R(T'=1,7+1)

+ / / K*0 ()
R(r'—1,7+1)

+  sup 5’/ SN (@) nk, +C(5’)_1/ G*|.
teefr'~1,r+1] Sy ‘ SN {lr—3M|< M}

where at the last step we have used Propositions 9.3.4, 9.4.10. Suppose

sup & IV (@) nk,,
pelr—1r+1]  Js,.
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is achieved by t* = 7. Apply (9.3) on [7/, 7], we get

/Z IV (@)t

<0/ I (@) nk, +C(&) Z// rH (oG
—1,7+1)

// KXo (® +5// JY (@

7'=1,741)

+C  sup / ,
trefr'—Lr+1] J S pn{r-3M|< %}

which, upon choosing ¢ < % and subtracting the small term on both sides, gives

RS
Xz
1
<c / TV (@)l + @)Y / / P (GG
» T m—0 R(T'—1,7+1)

& // KX (®)+C  sup / G?,
R(r'—1,741) trelr’=1,7+1] J Sy n{r—3M|< X}

Therefore, plugging this back into (9.3)

/ JV (@) nk + / J;V (@) nkt .
T H(r!,T)

“J]. 0[], K

R(T/,T)ﬂ{rgry} R(T!,T)
gc/ JV(®)nk +5/// KXo (<1>)+5’// K*0 ()
P T R(7!,T) R(T'—1,7")UR(r,7+1)
+CZ// P OnG)? +C sup / G?
—1,741) tre[r’ =1,74+1] J B n{r—3M|< A3}
<c/ JIV (@) n, +5'// KXo (® )+05’/ I (@) nk,
(r',7) >

+C // rOnG)? +C sup / G?,
Z R(r!—1,7+1) ' trelr’'=1,74+1] J S n{r—3M|< A}

where at the last step we have used Proposition 9.3.4. Finally, by choosing C'd < %,
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we can absorb the small terms to the left hand side and achieve the conclusion of the

Proposition. O

Notice that in the proof of Proposition 9.4.15, there is a loss in derivative for G
because we have to integrate by parts in the region {|r — 3M| < &}, Therefore, if
G is supported away from this region, we can repeat the proof without this loss. In

other words, we have

Proposition 9.4.16. Suppose G is supported away from {|r — 3M| < %} Then

/ JV (@) nks +/ V(@) nf +// KN (<1>)+// KXo (®)
T H(r!,T) R(r", ) {r<ry } R(T!,7)
1
<C / IV (@) n, , + Z// r'G? + sup / G*|.
S m—0* JR(T'=1,741) trelr'—1,m+1] J S n{|r—3M[< M}

This will be useful in Section 9.9. In applications, it is useful to have both ways

of estimating G.

Proposition 9.4.17. Let G = G + Gy be any way to decompose the function G.
Then

I (@)l +/ J;V(@)n;++// KV (q>>+// K% (3)
> H(r!,T) R(r", ) {r<ry } R(T!,T)
T+1
<C / ij(cp)n;,+</ (/ G%) dt) //
- " T'—1 pIM (r'=1,741)

+Z // ORGy) +  sup / “)
L) trelr 1,041 J S n{|r—3M|< 2}

If we instead use Proposition 9.4.16, we have

Proposition 9.4.18. Let G = G + G5 be any way to decompose the function G.
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Suppose G is supported away from {r : |r — 3M| < 2}, Then

/ J (D) néT%—/ JY (@)ng++// KN (q>)+// KXo (®)
- H(r!,T) R(T!, T)ﬂ{?"<'l’y} R(T!,7T)
T+1
<C / IV (®)nk , + / (/ Gf) dt* //
I i =1 5y R(r/—1, 7'+1)
+// r1+5G§) .
R(r'—1,74+1)

In the above estimates, only the function ® and its 0, derivative can be estimated
without a loss around the trapped set. To estimate the other derivatives, we need to

commute with the Killing vector field 0.

Proposition 9.4.19.

J[ . xo@
R(T!,T)

1 1 T+1 % 2
<c Z/ Jlf(@?@)n’éfl—l—z (/ 1 (/E (0;7:@92) dt*>
+Z// (OGy) +Z// P (9 Gy)?

R(T’—l 7+1) (r'=1,74+1)

+  sup / (O1Gy) | .
t*e[T'—1,T+1]Z S n{|r—3M|< 2} !

m=0

Proof. Using Proposition 9.4.17 and the fact that 0y« is Killing, we immediately have

the following estimate for O

J| ey
R(T!,T)
T4+1
<C / Jiv(@t*q))n’é/+</ (/ (0-G) ) ) // (0-G1)*
v i T'—1 pI R(T'—1,7+1)

2

+) / / P OrG) + sup / (0p-Go)? | .
m—=1 " Y R(T'=1,741) trelr’ 1,741 J S |r—3M|< 3}
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This would allow us to estimate all derivatives of ® except for the fact that the

estimates for the angular derivatives of ® degenerate around r = 3M:

//R( ') <T_1_61{Ir—3M|z%}|77‘1’!2 +r (0, 9) + 0 (00 @) + r—3—5c1>2>

1 1 T+1 % 2
<o (X [ aereme, + > ( [ ([ o) dt*)
m=0 ! m=0 = t*
1 2
+ / onG)? + / / 0 (OmGy)?
mZ:O/R(T’—l,T-i-l)( ! 1) WLZ:() R(T'—1,7+1) ( ! 2)

1

+  sup Z/ (O1Gy)* | .
tre[r'—1,r+1] =0 S N {r—3M|< X}

We now use this known estimate and construct another vector field to control the
angular derivatives in the region r ~ 3M. The argument is simple because the
estimate is only local. Take f,,(r) to be compactly support in 3M — % <r< 3M—|—%
and identically equal to —1 in 3M — % <r<3M+ %. If we consider X, = fun ()0,
in Schwarzschild spacetime, we get that the coefficient in front of the terms with
angular derivatives is 2‘”7, which is bounded below in 3M — % <r<3M+ %. In

other words, one gets an estimate of the following form:

// 7&71761{|r73M|§%}’V®|2
R(T',T)

=¢ (//( ) (r71761{|T73M|2%}|Y7(I)|2 + 7 170(0,8) + 170 (9,B) + 7’737%2)
R(t!,T

+/ JY ((ID)ngT—l—/E JY (CIJ)n’éT,jL//R(/ )(|8r(1>|+|7“—1®|)|G|

2
+ / G2> .
R(T',T)

7_/

(9.4)

Using a stability argument, (9.4) would hold also on Kerr spacetimes. One easily
checks that the terms with G on the right hand side can be estimated in the same

manner as before. Hence, the Proposition can be proved by applying Proposition
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9.4.17. 0

As before, if the inhomogeneous term is supported away from the trapped set, we

can save a derivative:

Proposition 9.4.20. Let G = G| + G5 be any way to decompose the function G.

Suppose Go is supported away from {r: |r —3M| < %} Then

[/
<C 2/2le (D) n +Z</ (/E*(a;ml)?)%dt*)z

+ Z // (AnGy)* + Z // pi+o (a;m?)?) .
R(T'—1,7+1) (r'=1,741)

9.5 Vector Field Multiplier Z and Decay of Non-
degenerate Energy

We follow the definition of Z in [16]. Let Z = w?L + v?L, where u, v are the
Schwarzschild coordinates u = 1 (¢t —r%), v =1 (t+r%), L = 9, and L = 2V — L,

where V' = Op + X(7) 537

_ ro—T
r<ry — Y3 a

and is compactly supported in {r < ry — T;;” }. Notice that with

this definition, V' is Killing except in the set {ry — T;;” <r<ry-— T‘;Z”}. Let
w? = 4“1*95“;“). Notice also that while © — oo as one approaches the event horizon,
Z is continuous up to the event horizon due to the following (However, Z is not C*

and hence its deformation tensor is not continuous up to the event horizon):

Proposition 9.5.1. In the Kerr (t*,r,0, ¢*) coordinates,

2ry — 2M
L=(1-p)0—(1-p) (m) Oy
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In the null frame near the event horizon in Section 3.4.3, we can write
L:LVV+LYY+LAEA, where |L*| < C(1 — p).
Heuristically, we want to show that in the region {r > ry},

w?Z
/ J#Z’ (@)ng_ > 0.
- {r>ry}

Moreover, we would like to have

Z
[ g,
- {r>ry}

2 2 2 2 2 2 s (U U L,
2/ u® (L®)" + v (L®)" + (u +v)|y7¢|+( 5 )cp.
Sr0{r>ry} r

These are true modulo some error terms that can be controlled:

Proposition 9.5.2.

2 2 2 2 2, 2 s (U +v?\
/ (L) + 0 (L) + (2 + o) [FOP + () @
Srn{r>ry} r

<C / JE (@) nky +C / JN (@) nk + C*7? / IV (@) nk, .
po po

Ern{r<ry }

Proof. The proof is analogous to that in Minkowski spacetime (see [42]) and Schwarzschild

spacetime (see [18]). Recall that on Schwarzschild spacetime, on a t slice [18]:

CASROLS

— L (P (L) (LO) + (i + o) [V

1 —
T T

=

Now, since ¢, r* are stable under perturbation on {r > ry — (T{, — T+) /4}, we have,
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on this set:

2tr* (1 — (1 —
LU OF P Mqﬂ)
r r

— Cer™ ((u* 4+ 0°) (V) + t9?).

We now cutoff ®: define ® so that it is supported in {r > ry — (ry —r4) /4} and

equals @ in {r > ry}. All the error terms arising from the cutoff will be controlled

using the red-shift vector field.

/ Jf’wz (@) ny,

T

1 N2 N2 R
> / <v2 (ch) +u? (L(I)) + (u? +v?) |y7c1>|2)
ETﬂ{rzr;f<r;fr+)/4} \% - 1%
(1 —p)? -« ri(l—
4 TS( ILL) (I)at*q) . TS( M)
T T

- ot () (08)" 4 ).

The term

NI

2trs (1 — A
/ M@@t*@
ETQ{TZT;,—(T; —r+)/4} r
is to be handled by two different integration by parts. Recall that [18] on Schwarzschild

spacetimes we have

t0,® = v L + uLd — ré@rg(i), and

R t A R +2 R
10 = — (vL — uLd) - —0,. .
Ty rg °
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Therefore, upon integrating by parts, we have on Schwarzschild spacetimes that

i (1 — )

/ZTQ{TZT;—(T}_,—T+)/4} r

:/ <(1 — ) r2’S <UL<i> + uLé) i)
ETﬂ{rzr;f(r;7T+)/4} r

+%0r§ (1= p)r(r)?) @)2) de de¢ dr*

OO,

*

(1—p)r? (T—S <vL<i'> + quA)) i)
r

L(ry)” | 15
+1{ = + =) %) dododr*.
T

/ZTQ{TZT;,— (7";, —7’+)/4}

2 72

Notice that in the above equation, we suppressed the volume form in our notations
in the first line, while when we write in coordinates as in the second and the third

line, we write out the volume form explicitly. Alternatively, we have

1
trg (1—p)?

/;TQ{TZT;—(T;—T+)/4} r

t* A 2\ 2
:/ ((1 et (UL(I) - uL@) b
ETQ{TZT;,—(T;—T+)/4} r

+%ar* (1 — p)r(t)?) & ) do de dr*

OO,

*

¢ . N\
(1— p)r? (- <vL<I> —uLd) b
T

/;TQ{TZT;—(T; —'r’+)/4}
1(t%)?

+_

2 *
S ® ) do dg dr*.

We would like to imitate this integration by parts on Kerr spacetimes. We notice

that on the domain of integration we have

t0,® = vLd + uLd — rgargci), and (9.5)
. t R R 2 .
10, = — (UL@ - uL@) — 20,9, (9.6)
T's Ts
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The volume form on a constant t* slice on a Kerr spacetime is close to that on a
Schwarzschild spacetime, including in the region being considered. In other words,

for r >ry — (ry —7r4) /4,
dVoly, = (7“2 (1-— u)_% + Ol(e)> drdx®da®.
Moreover, for r > ry — (r{, — 7‘+) /4,

Oz = (1= p) + O1(er™?)) 0,.

*
S

Therefore, using (9.5), we have

/Z-,—ﬂ{r>ry—(ry—r+)/4} r

_ /E o (075 + 0(0) (0L + uLd) &
+ (%a (L) 03) +0(0)) 8 drde

(( + O(er™ )) (méwgﬁ)é

(%(TLZ) + = s + O(er™ 2)) <f>2> )

t\.’)\»—t

/Z.,—ﬂ{rzr;, (ry —ry /4}
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Alternatively, we can integrate by parts after using (9.6):
1

/ trg (1 —p)?
ETﬁ{r2r;—<r;—r+>/4} r

:/ <(Tt* + O(e)) <UL(i) - uL@) iy
ETQ{TZT;—(T;—T+>/4}

+ (50 (@ = wrie?) + 01 ) #°)

t*

o R (G [C Ok

(3 o) )

OO,

Therefore, we have

w? (&
/ JE (@)t
5,
>/ ! (v2 <L<f>>2 + u® (LCT))2 + (u? +0?) W(ﬂz)
sz —(ry - )4y VI 1 -

1 1
ot (1—p)? - - ry(1—p)? N
LA g 6 TSI G ((u2 +0%) (Dd) + t*q>2)

r r

o (10) 4 (L8)"+ (a2 +07) 9

>
Sr0{r>ry—(ry—ry)/4} L —p

* (1 — % R A 1 (r* 2 1 — %A
_{_TS( /‘L) (UL@"‘UL >@+_(TS) ( :u) @2
r 2 72
1 2
t* (1 — )2 A A\ 2 1(¢%)° 4 2\ 2 A
+(—’“‘>(qu>—qu>>¢+§( V42— cer? ((u2+v2) (Do) +t*<I>2)
r r

~ A\ 2 R N\ 2
>c </ u ( wLd + qu>) + (vch - uL@) >
ETQ{’I‘ZT‘;—(T’;—T+)/4}

2
R R * R -~ .
+(1—p) ((qu>+qu> + T—SCD) + (vch —ul® + —@)
T T

—Cler? <(u2 +0%) <D<i>>2 + t*i>2>) :

2

+2 (u? +07) yy7<i>|2>
(9.7)

where the last line is obtained by first completing the square and usingc < 1—p < C
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in this region of r. Let us for now ignore the error term and look at the other terms
(which are manifestly positive). With exactly the same argument as in [18], we have

that these positive terms provide good estimates:

~ AN\ 2 R N\ 2
( / 1 <(qu> n uL@) + (vLCID _ ugb) )
ETO{TZT;,—(T;—T+)/4}

2

2
A A * R ~ 1F .
+(1—p) ((mcp + uld + T—%) + (UL@ —uld + —@)
r T

+2 (u? +v?) W&\?))

2\ 2 2\ 2 “ u? 4+ 02 .
zc/ <v2 (ch) +u? (ch) +(u? +0?) |V + —2q>2>
Sr0{r>ry—(ry—ry)/4} r

AN\ 2 ~
+ C’e/ r2 <(u2 + 1)2) (DCD) + t*CI)Q) )
E-,—ﬂ{rzr;,f(r;fm_)/ll}

We refer the reader to [18] for the proof. This together with J/ﬂv <<i>> nk, bound the

error term in (9.7):

AN\ 2
/ r2 ((u2 +0%) (Dé) + Tqﬂ)
ZTQ{TZT;—(T;—T+)/4}

2 \ 2 2 <\ 2 2 2 202 “2+U2A2
<C v (ch) +u (ch) + (u? 4 0?) [VO]? + b

ETQ{’I‘ZT’;—<T;—'I‘+)/4} r?
N2
e (ch)
E0{r>7}
A\ 2 A\ 2 . u? 4+ 02 .
gc/ (02 (£0)" +u? (L) + (u? +v?) VDI + —2q>2)
ETO{T‘ZT;—(T;—T+)/4} r
+C/ JY <<i>> ng,_
. N\ 2 . N2
<C / u ((vL(ID n qu>) + <vL<I> _ qu>) )
ETO{TZT‘;f(T‘;fT_Q,)/Zl}

+2 (u? + %) |y7ci>|2>>

2
A A x R ~ 1F .
+(1—p) ((mcb + uL® + r—%) + (vch —uL® + —<1>)
r T

+C/2T JY (i)) nk, .
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Therefore, if € is chosen to be small enough, then (9.7) implies that

/ JE (@)t + / IR
>, s,
A\ 2 A\ 2 . 2 2,
zc/ (v2 (L(I)) +u? (gp) +(u? 4+ 0?) [VO? + #@2) .
ETO{'I‘ZT;—(T;—T‘+)/4} r
(9.8)

We note that ¢ here is independent of the choice of ry,. With this bound we would

like to estimate [, ® (7, r)?. Using (9.8), there exists a 7 € [ry, ry 4 1] such that

/SQCD(T,F)2 = /SQ@(T,f)Q < Cr2 </T Jf’“’z <<i>> ng, —l—/ET Jliv <<i>> ngf) )

Then for every r € [ry, 1y, since

O (1,7) =@ (r,7) = / 0,®dr,

we have

/S2 d (1,7)°

< /S d(1,7) + (F — r)/ JN (@) nk (9.9)

2-N[r,7]

<C TN (®) s +C7 ( / JE (@)t + / Iy (@) n;)
E0{r<ry} = =

T T

Now we need to obtain estimates for ® from that for ®. It is obvious that

,r2
A\ 2 A\ 2 . u? + 02 .
g/ <v2 (L(D) +u? (gb) + (w2 +02) [V + —2<1>2>
- {r>ry} r

A\ 2 A\ 2 . u? 4+ 02 .
(1)2 (£8) +u? (L) + (u* +0?) yy7q>|2+—2c1>2),
r

2 2 2 2 2 2 2 u? + v? 9
/ (v (LO) + u? (L) + (u? +v?) |V + q>>
- {r>ry}

“J
Srn{r>ry — (r; —r4 ) /4}
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and

/ JE (@)l + / (&) nt
. »
< / T (B nls 4 / IV (@)t

+C¢2/ IV (@) nk, +072/ P2
- {rry} ! - {r<ry }

where we have used Proposition 9.5.1 to show that the u? factor

comes with a factor of 1 — p (9.10)

< / T2 (@)l + / TN (@) n, + 7 / TN (@) nf
> pI - {rry}

+C (r; — r+) (/2 JMZ’“’Z ((f) ns, —l—/E J,ﬂv (é) n’éf)
p
>

< | TP (@) nk + /E JV(@)nk +CT? /Z IV (@) nk,

{r<ry }
1 7 .
‘s (/ s (8) o+ [ (@) ) ,
=, =,
for ry chosen to be sufficiently close to ry. Then
/ e (@)t + / I (@)t
< / JE (@)l + / JN(@)nk, +C7? / TN (@) nk, .
T ET Z

{r<ry }

Remark 18. From this point onward, we consider 1y to be fized. We note again that

ry s chosen so that (3.5) and (9.10) hold.

Remark 19. The proof of the above proposition in particular shows that

'LUZ
[t @n e [ g @ng 20
= - {rry}

In order to use this Proposition, it is helpful to have a localized version of ®. This
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follows [18], [16]. The idea is to use the finite speed of propagation and cutoff ®
outside the domain of dependence. Suppose we now focus on the time interval [7/, 7].
Take G to be any smooth function agreeing with G on the domain of dependence of
the region (= 7,7 < I). Let ® (7') = x® ('), 0 ® (7') = X0 ® ('), where x is a
cutoff function identically equals to 1 for r < % and compactly supported in r < 91—70/.
Notice that the region for which y is one is inside the domain of dependence of the
region (t* = 7,7 < I)if 7/ < 7 < (1.1)7". We solve for 0, & = G.

With this definition of ®, we have two ways to estimate the non-degenerate energy

of &:

Proposition 9.5.3.

TV (@)l + /E T (@) ng) .

<c | T @)k, + O ( /
YSoan{r<ry} " by

Proof. The first part is an easy application of Proposition 9.4.10

T/ !

/ gy (cp) nk  <C / (D) + () 20?)
% L n{R<r<25}
gc/ ((D®)? + r20?)
SN{R<r< 95}

<C Jiv (P) n‘i/.

.

Following (9.9), we have

/ PP <C / Jiv(d))ngl—i—/ ? .
Eoan{r<ry} En{r<ry} i 2 n{ry<r<ri}
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Using this and Proposition 9.5.2, we have

N (& H
/ET, Ju (@) ny
gc/ ((D®)* + (7')20?)
ET/ﬂ{TS%
<C / (D®)” + @)
Zaon{rry}
Lo / (2 (L)? + o* (LD)’
Son{ry <r< 27}

2 2
+ (u? + %) [VO* + (u i ) <I>2)
T

TN (@)nk, + /E T (@) nl ) .

!

gc“'/ JV(®)nk , +C(r)7?
Yan{r<ry} "

X
]

The cutoff procedure above would also allow us to localized the estimates for the

bulk term:

Proposition 9.5.4. Let G = G+ G, be any way to decompose the function G. Then

for 7" <7 < (1.1)7', we have

1. Localized Boundedness Estimate

/ JYV (@) nk, + / SN (@) ndy,
-n{r<I} H(r',7)

+// KN(<I>)+// K*0 ()
R(r!,m)N{r<ry } R(T’,T)O{TS%}
T+1 % 2
<C / (@) nk, + / / G3 | dt*
S T =1 \JZwn{r<¥5}

1
+// ) G§+Z// (R Gy)”
R(r'=1,7+1)N{r< 2 =0 R -1, 7+1)N{r< 2

10 10

L s / Gy? .
trelr/—Lr+1] Sl -sMI< M jnr< 2}
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2. Localized Decay Estimate

/ Jliv (@) nk, +/ Jiv (@) nf,,
E{r<3} H(r!,T)

+// KN((I>)+// K> (®)
R(r!,m)n{r<ry} R(r/ r)n{r<i}
<C (7'_2/ J5+N’“’Z () nf,  + C'/ Jiv (®) nk, ,)
- " /ﬂ{r<r;} "
T+1
e / / a2\ ar / / &
/=1 S N{r< 28} R(r/—1r+1)N{r< %}

m 2
> oG
(r"=Lr+)N{r<55 }

+  sup / G-
t€[r'—1,r+1] J S nfr—3M|< HIn{r< 25}

Proof. Applying Proposition 9.4.17 to the equation DgK&) = @, we have

/ N (ci) nt. + / I (@)

n{r<3} (r',7)

] D s (0)
R(r!,m){r<ry } R(T!,T ﬂ{r< }

o w @), +</:: (L)) [

~ 2 _
+Z// rit <<9Z§‘G2> +  sup / Gz ).
—1,7+1) t e[t/ —1,7+1] Et*ﬁ{|r73M|§%}
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Since by the finite speed of propagation, ® = ® in {r < %}, we have

/ N (@) nk, + / ij (®) nf.
2n{r<3} H(r!,1)

N/ B
R(T’,T)ﬁ{rgry} TT)ﬂ{T< }
B T+1 5
<C / J,ﬂv(¢>n;,+ / (/ G%) dt* //
o T -1 pop 1T+1)
1 N2 -
e[ e (ards) e sw / c).
"0 R(T'=1,7+1) tre[r’'—1,74+1] J S n{|r—3M|< %}

Now, we choose a particular G. Define G to be G for r < I and 0 for r > %. It can

10’

Ny
be easily shown that one can have the bounds |97/G| < C’Z| ((;)2) arkq@) <

k=0
C Z [(t*)F0 G| for I < < %2 Therefore, we have
k=0
[ e / I (@)
ZTQ{TS%} (r',7)
) @
R(T’,T)ﬂ{rgry} R(r!, T ﬁ{r< 1
1 2
5 T+1 2
< / (@)t + / / a2 ar
» T -1 S n{r<2)
1
+// ) G§+Z// (R Gy)”
R(T’—l,’l’-‘rl)ﬂ{’l’g%} m=0 R(T’—l,T—i—l)ﬂ{rS%}
+  sup / G35 .
tre[r'=1,7+1] J S n{|r—3M|< 2L}
We can now conclude the Proposition using Proposition 9.5.3. O

Remark 20. As before, if Gy is supported outside {|r — 3M| < %}, we can replace,

i Proposition 9.5.4.2,

> wepays o @
R(r/—1,7+1)N {r<90} trer'—1,m+1] J S n{r—3M|< 3 {r< 95
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// G2,
9 *
R(T’—I,T—&—l)ﬂ{rgf—o

We can remove the degeneracy around r ~ 3M using an extra derivative.

Proposition 9.5.5. Let G = G+ G4 be any way to decompose the function G. Then

for 7" <7 < (1.1)7', we have

1. Localized Boundedness Estimate

/ / KX (@)
R(T’,T)ﬂ{rﬁ%}
1 L T+1 %
<y / INCrES Sl | (e | ar
h——5 > [ — =1 S n{r< 2

2
+ (O Gh)* + // (O Ga)?
Z //7:\’,(7"—1 7+1) ﬂ{r< gt* ! 1) mZ:O -1 T+1)ﬂ{r< ot* ( ! 2)
(a;:zGQ)"‘) .

+ sup

tre[r'—1,7+1] /Zt*ﬂ{r 3M|<Myn{r< 9y

m=0

2. Localized Decay Estimate

U)? s 1 ( )
(', 7)N{r< t*}
m=0

< Z/ TN (gpaynk,  +C
1 2

1 7—+1 2
+C / / amGy)? | dt
n;] =1 ( Zt*ﬁ{rg%} ( ! 1)
+Z ], 16’
R(r' =1L r+1)N{r<55 9t
+ / / ' (01 Gy)?
Z 'R(T’—l T+ {r<55 9t ( ‘ 2)

b Y / (0pG)? ).
telr'—1,m+1] ;o J S {fr—3M|< H 3 {r< 9T

1

> Iy <a:f<1>>n§7,)
o {rry}
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Proof. We repeat the argument in Proposition 9.5.4, using Proposition 9.4.19 instead
of 9.4.17. ]

Remark 21. As before, we can replace in Proposition 9.5.5.2,

Z ], BUCIAED ST CheAL
R(r'=1r+1)N{r< %} 0 P EM =141 IS n{[r—3M|< L3 {r< 9

by

Z L P (O,
—1Lr+1)n{r< 9 ]

When using the conservation law for Z, we can ignore the part of the bulk term

that has a good sign.
o e Zw? Zw?
Definition 9.5.6. Let K1 (®) = max{K*"" (®),0}.

Using the conservation law for the modified vector field, we have a one-sided

bound:

Proposition 9.5.7.

’LUZ ’LUZ
/ va (®) nk, +/ va (®) nb,,
po. H(7!,T)

gC(T/)z/ { }ij(cp)ngT,JF/ Jf,wZ(cp)n’g,
1 {r<ry v

T

1
+ // K% (9) + | // (u2L<I> +v?L® — —wCID) G|.
R(T!,T) R(T!,T) 4

Remark 22. In the above Proposition, the left hand side is not claimed to be positive.

Note, however, that the right hand side is positive by Remark 19.

Remark 23. We note also that fH JZ“’ (®)ny, . > 0 because Z and nj . are

both null and future directed and w? = 0 on the event horizon.

To show that fET JMZ’wZ (@) ng,_ is almost bounded, we would have to show that

5 ngrersy N(®)n ny; , in fact decays. This is given by the following Proposition:
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Proposition 9.5.8.

[ e,
S.n{r<t}

<(2+2 N -2 Zw? 7
=C'r /E(1 oz, N{r<r} i (@) nf; Zaa)-2r +O7 / i (2) S0 1y-1s

Y112,

1
+Cr72 // K29 (@) + 0172 // ( Lo + v Ld — —wcb) G|
R((1.1)~27,7) (1.1)~27,7) 4
T+1
vell/ / f ar +f / G2
(1.1)~27-1 S n{r<2) R((1.1)"2r—1,r+1)n{r< %5}

+C (Z / / P (O Gy’
R((1.1)=27—-1,741) ﬂ{r<

+ sup / G5 .
t*€[(1.1) =27 =1,7+1] S Sy n{r—3M|< L3 {r< 20}

Proof. By Proposition 9.5.4.2 applied to the ¢* interval [(1.1)7'7, 7], we have

/ / KN (@)
'R((l.l)*lr,’r)ﬂ{rgr;}

<Cr? / JHZ“WZ (@) ”’5@1)-” +C? / ij (@) nk
(1 n=ir

PPN
Say-1,M{r<ry} (1.1)
1+5 m 2
Z //R ot oRa)
(L)~ tr—1r+1)N{r<35}

+ sup / G* .
t*e[(L1)~1r—1,r+1] J S n{[r—3M|< A}

By taking the infimum there exists 7 € [(1.1)7'7, 7] such that

/ JV(@)nk <Ot // KN (®).
Yan{r<ry} R((1.1)=trm)n{r<ry}
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Hence,

[
Tz {rry }

_ 4 )
o / JMZ+N7w (®) ng(l n-1 +C / J;]LV (D) n%u -1
2(141)*17 - T 2(1,1)717ﬁ{r§r;} ) -

1
+Cort Z// el
0’ JR((AD)Lr—1,r+1)N{r< %

- sup / G* .
tre[(1.)~tr—1,741] J e n{r—3M|< L}
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Apply Proposition 9.5.4.2 to the t* interval [T, 7] and use Proposition 9.4.17 and 9.5.7

[ e
ETO{TS%}
<c( -2/ JZENW (D)l +C/ JV (@) ng)
Trn{r<ry }
1+5 (amG>2
t*
R((1.1)"1r—1,741) ﬂ{r<
2
+ sup / G
t*€[(1.1)~1r=1,7+1] S Dy N{[r—3M|< 23 {r< o >
<Cr? ( / JZANCT (@)l / JZENwT (@) nt, ))
XF E(1A1)—1T '
+027—1/ Y@
(1 -1 S{r<ry}
+C / / Gy
(Z R((LD) =1, 7+1)N{r< 0} !

- sup / G?
tre[(1.) " tr=1,7+1] S8 n{r—3M|<EIn{r< 2}

<21 N -2 Z+N,w? u
= /2(1 -1 O{TSTY}J (Q)) Fanis o / Jﬂ ((1)) nz(l'l)flf

E(1.1)—1T

1
+Cr72 // K2 (@) + 0172 // (U2L<I> +v?L® — —wCID) G|
1.1)-1r,7) R((1.1)~1r,7) 4
+C / / Gy
(Z R((L1)~Lr—1r+1)n{r< 2} (0°C)

+ sup / G?
t*€[(1.1)~1r—1,7+1] J Sy n{|r—3M|< 2 yn{r< 20}

(9.11)
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Replacing [(1.1)7'7, 7] with [(1.1) 727, (1.1)"'7], we get also

/ RO
Baay-1,M1{r<5}
<21 N B -2 Z+N,w? B
=CT /2(1 -2, {r<ry } Jﬂ ((I)) nz(l'l)izT o /2(1 1)—2 JH ((I)) nz(ll)i%
+Cr 2 / / K% (@)
R((1.1)=27,(1.1)"17)

1
+C772 // (uZL(I) +v?Ld — —w(I)) G|
R((1.1)~27,(1.1)~17) 4

1
+ C Z // T1+5 (agLG)Q
m=0" JR(L.1)"2r—1,(L) " tr+)n{r< %5}

+ sup / G?
t*€[(1.1)~27—1,(1.1) " 174+1] J Sy n{[r—3M|< My {r< 3

(9.12)

Therefore, plugging (9.12) into (9.11),

[ e,
ETO{TS%}

2_—2 N w -2 Zw? W
<C*r /2 ) J, (®) M5y e, Cr /2 J (@) LT
(1.1)—2- NTSTy

(1.1)=27

1
+Cr7? // Kf’wz (@) + C772 // (u2L<I> + v’ L — —w@) G|
R((1.1)~27,7) R((1.1)~27,7) 4

1
+C Z// 7,1—}—6 (a;?G)Q
0’ JR((1.1)2r—1,r+1)N{r< 2%}

+ sup / G?
t*€[(1.1) 727 =1,7+1) S Sy n{r—3M|< Ly {r< 22

10

]

Proposition 9.5.8 immediately gives control over the non-degenerate energy and

conformal energy using Propositions 9.5.2 and 9.5.7 respectively:
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Corollary 9.5.9. For any v < 1,

JA () nls 4 Cr? / IV (@) nt

py Srn{r<~r}

<C < / T (@) +C TN (®) ks
P

T0 = T0

1
+ // K29 (@) + | // (uQLCD + v Ld — —w<1>> G|>
R(10,7) R(70,T) 4
1
+C (> / / ()™ (Op G
0 JR(ro—1Lr+1)n{r< %}

v s ()6 ).
t*e[TO_l,T—‘,—l] Et*ﬂ{|7’—3M‘§%}ﬂ{T§%

Proof. By Proposition 9.5.2,

w?Z
7’ / J) (@) nk, <C / JIHNWT (@) nfy + O / S (@) nk, .
Srn{r<~7} 3

Ern{r<ry )

Therefore, by Propositions 9.5.7 and 9.5.8,

/ JE (@) nk + CT? / TN (@) nk
ET

Sn{r<~y7r}

N “ Zw? “
=C (/E J“ ((I)) n2(1.1)*2f ™ /Z J/‘ ((I)) nz(u)*?f

(1.1)= 27 (1.1)=27

<] K2 (@)
R((1.1)=27,7)
1
+| // (1@@ +v?L® — —w@> G|>
R((1.1)~27,7) 4

1
+Cr () / / (R G)?
m=0 R((1.1)"27—-1,7+1)

+ sup / G?
t*€[(1.1) 27— 1,7+1] S S N {r—3M|< L In{r< 2}

We then use the same estimate for [(1.1)7*7, (1.1)727], [(1.1) 57, (1.1)~*7], .... O

The term [[r . Kf’wz (®) can be controlled. Here is where the control of the
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logarithmic divergences from the red-shift vector field is crucially used.

Proposition 9.5.10.

J[ k@

R(T!,T)

<C // t (r 2V (@) nk +r i) + 6// (t*) KN (D).
R(r/,m)N{r>ry } R(r!,m)N{r<ry }

Proof. See [16]. O
The bulk term arising from the inhomogeneous term G can also be controlled.

Proposition 9.5.11.

1
|// (uZLCI) + v’ L — —w@) G|
R(10,T) 4
< [[ (2K (@ +5'// (12K (@)
R(7o,7)N{r<t} R (10,7 m{T<rY}

L5 sup / TN (@)l ()2 / IV (@)t
trelror] \JEn{r>1} ¢ S n{r<28M) ‘

C(0')" Z / / () (05 G)?
R (70, ’T)ﬂ{?"<t*

1 2

+C()! / / r*G* ) dt*
0 Et*ﬁ{rzg}
+C(8)7! sup / (t*)2G*
t*€[ro,7] Et*ﬂ{r;grg%}

Proof. Two regions require particular care to deal with. The first is the region {r <
ry }, since the coefficients of the vector field Z are not bounded as r — r;.. The other
is the region {|r—3M| < %} This is where trapping occurs and where the integrated

decay estimate degenerates or loses derivatives. We first look at the region {r < r,}
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using the null frame:

| // (UQL(ID +v?Ld — 1wcp) G|
R(m0,7)N{r<ry } 4
<C / / ()% + (15)?)
R(ro,m)N{r<ry }
x (rw@G\ + (1= )| V@G + (1 —p) Y \V;;@G\)
A

using Proposition 9.5.1

<C // (t)? <| log |r — ri|PIVy @G| + [Vy @G| + ) |VEA‘1>G!>
R(ro,7){r<ry } A

< [f (#) (| log [ — . |[* (Vg @) + (V@) + 3 <vEA<1>>2)
R(ro,7)N{r<ry } A

+ 0(5/)—1 // (t*)2G2
R(m0,7)N{r<ry }
<y / / (2K (@) 4 () / / (+)2G2.
R(mo0,7)N{r<ry } R(7o,7){r<ry }

For the region {ry <r < %}, where trapping occurs, we integrate by parts in ¢t* so

that the bulk term does not have 0;«®, which cannot be controlled by the integrated
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decay estimate.

1
| // (uQLQ) +0?Ld — —wcp) G|
R(To,*r)ﬂ{r;gv‘S%} 4

SO// (t*)?10, 2G| + (t*)*|90p-G| + t*| 2G|
R(70,7)N{ry, <r<25M3

+/ 2yc1>G|+/ 2G|
Yo

(// ey (& T (69 ))
<Z //R(To N{ry <7»<25M}( *)2 (8{?G)Q>

+ o / 2N (D)l 48 / 2N (@) k.,
Sen{ry <r<ry <25 SryN{ry <r<28My 0

+C(&)7! sup / (t*)2G?,
t*€lro,7] J By N{ry <r<28M 3

using Proposition 9.4.10. We then move to the region {% <r< %

1
| // (u@@ +0°Ld — —u@) G|
R(10,7) %} 4

<C // (#2100 + *]®]) |G|
R(ro,r)N{EM <p<t)
3
<C // (t*)2 (r_3_5<1>2 + 7,—1—5(];\/ (®) ng *)
R(0,7)N{ %% 25M << t*} t
// <r3+5 + (t*)27'1+6) G2
R(r0,7)N{ M <r< )
3
<C // (t*)? (T_3_6@2 + T_l_‘;Jiv (@) nf, *>
R(10,7 ﬁ{ 25M < t*} t
// (t*)Q,,,,]."r(SGQ
R0, ) {EL <<}

2

N|—=

N|=
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Finally, we estimate in the region {r > L }:

1
] // (uQLCD + v’ L® — —w@) G|
Rro,m)n{r>£} 4

<cosw ([ gmt@at @) JY (@)t
t*€[ro,7] Sexn{r>%} Spn{r<ry}

X / / r?G* | dt*,
T0 S ﬁ{rZ%}

where we have used Proposition 9.5.2. The Proposition follows from Cauchy-Schwarz.

N

]

We have therefore proved the following decay result associated to the vector field

Z.

Proposition 9.5.12. For 6,0 > 0 sufficiently small and 0 < ~ < 1, there ewist

¢ =c(0,7) and C = C(8,v) such that the following estimate holds for any solution to
Oy ® =G

’ / T ()l 4 / I (@)t
- Srn{r<~7r}

<C / JEHONWT (@) g, +C / / trr O ()
%

0 R(70,7)

voo ff wpES @) +cw e ff (K (@)
R(TO,T)Q{TS%} R(m0,7)N{r<ry }

1 2

) /( / G) "
T0 Zt*ﬂ{rzﬁ}

1 2. 148 [ am 2
Z // R (70, T)ﬁ{?"<9 ) ' (at* G)
+O@) sup / e
tr€lro,7] S n{ry <r< 2}

Remark 24. As in Proposition 9.4.18, we can save a derivative if we know that the

inhomogeneous term is supported away from the trapped region. More precisely, let
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G = G1+ G4 be any way to decompose the function G. Suppose G5 is supported away

from {r:|r —3M| < %}, Then we can replace

Z / / ()P (ORG)? + sup / N PKE
T()7T)ﬂ{’r‘<9t t*€[70,7] Zt*ﬂ{r;grg%}

Z// t*)?,r,1+5 (aZZLG1>2 +// (t*)Zrl_H;Gg
R(0,7)N{r<5 9t*y Riro,){r< Qt*}
+ sup / (t*)QG%

t*e[TO,T} Et*ﬁ{r;grg%}

in Proposition 9.5.12.

9.6 Estimates for Solutions to Ly ® =0

From this point onwards, we consider [1,, ® = 0. In this section, we write down the
energy estimates derived by Dafermos-Rodnianski [16]. These will be used in later

sections.

Proposition 9.6.1.

2 / TN (@) nk +c / JENOT (@) nft
2.0{r<z} P

2

<o ([ gz omayng + / Y @ra)nt |
m=0 Xy ’ Xy ’
Proof. We introduce the bootstrap assumptions:
72 / JY(@)nk, +c / JZENW (D)l
2 {r<Z} pa

2 (9.13)
<Ay /E JEACNWT (9 )
m=0 70
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2l et e [ e @,
Z{r<3} py

2 (9.14)
<Ar'y / JEHENT (9p )
m=0 E70

Here we think of 1 as a small positive number. We divide the interval [, 7] dyadically
into o <7 <...<71 <7, =7 with 7,41 < (1.1)7; and n the smallest integer for
doing such division. We then have n ~ log|r — 7/|. We can now apply Proposition

9.5.4 on the intervals [7;_1, 7;] and use the bootstrap assumption (9.13):

// KX (@) + // KN (®)
R(T,-_l,T,-)ﬂ{TS%} R(mi—1,m)N{r<ry }

<C (Ti_z/ Jf,wz ((ID) ng]n;l + C/ J/iv ((I)) n};)n_l)
b Sr,_ {r<ry )

Ti—1

<CA2 72+?7 Z / JZ“FCN’LU atr*nq)) n,léTO'

Similarly, we can apply Proposition 9.5.4 on the intervals [r;_1, ;] for 0+® and use

the bootstrap assumption (9.14):

/ / KX (0, ®) + / / K" (0,®)

R(Ti_l,Ti)ﬂ{TS%} R(Ti_l,Ti)ﬂ{TS'l‘;,}

SC Ti_2/ Ji,wz (8t* (D) ’I’L; ) + C/ JZLV (8,9«@) ’n,g) )
pI Tt Sr,_ {r<ry} Tt

i—1

<CA71, 1*’?2 / JEHONWT (Gd) nk:

By Proposition 9.4.19, we have

1
/ / r RN (0.0) <C) / I (052 ®) nk:
R(Ti,hTi) 2

m=0 70
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By Propositions 9.4.19 and 9.5.5, we have

// 71+5KX1 ((I))

Tz 1, 7-7,

<C / / KX (@) + Cr 1o / / KXt (®)
R(Ti—1 Tz)ﬂ{r< } R(Ti—1 n)ﬁ{r>t

<CAr ' Z / JEHONWT (9 ) nl
Apply Proposition 9.5.12, we get

c / JENGT (@) pl 472 / TN (D) nk,
- Srn{r<~t}

<C / J5+CN71"Z (®)nk, +C / / tr IO KX (D)
>

0 R(10,7)

vod [ wpwr@ o ff @ PEY (@)
R(TOJ)Q{TS%} R(ro,7)N{r<ry }
2
S [ azenet gpayat,

<(C+n7H(C+CA+CA%28 +¢)) T") JEHONWT (G)

n—1
<c+ (C+CA+CA* (20 +¢)) ZT;?)
=0

£

Now take A large, € = ;& and ¢’ = §,

we improve (9.13). Apply Proposition 9.5.12

again, this time to 0;+®, we have

c/ Jf’wz (Op®) ks, + 72/ Jiv (0p®)n

T Srn{r<~7r}

SC/ JMZ-I-CN,wZ (0 ®) n’gm + C// tr IO KX (9, )
2

0 R(70,7)

L od / / ()2 X0 (9, 8) + C (5 + €) / / ()2 KN (8, ®)
R(r0,7)N{r<%} R(70,7)N{r<ry}
n—1 n—1 2
S (C + CZTZ + CA(25/ + 6) ZTi1+77> Z/ JMZ+CN,wZ (a;?q)) nN
i=0 m=0" 37

1=0

2
< (C+CT+CA28 + )7 ™) Z /E JMZJFCN’“’Z (02 @) nk
m=0 70
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Now take A large, 0’ = € and e sufficiently small, we also improve (9.14). ]
In particular, the Theorem of Dafermos-Rodnianski [16] is retrieved.

Corollary 9.6.2 (Dafermos-Rodnianski). Suppose O, ® = 0. Then for alln > 0 and
all M > 0 there exists ag such that the following estimates hold on Kerr spacetimes

with (M, a) for which a < ay:

1. Boundedness of Non-degenerate Energy

/ Y (@) nk, + / SN (@) s
p. H(10,7)

/], o+ [f. K
R(To,T)ﬁ{TSTY} R(T!,T)

SC’/ Jiv (P) ngm
Sr
2. Decay of Non-degenerate Energy

7'2/ SN (@) nk, +c/ JMZJFN’wZ () nk;_
Srn{r<~t} >,
1

<Crtny [ JEONeT (re) nk

m=0 27’0

and

2 / TN (@) nk +c / JEENCT (@) k.
Sn{r<yr} pa

<(JTWZ/ JEHONWT ( (O @) nf, .

3. Decay of Local Integrated Energy
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For ' <71 < (L.1)7

// KXo (@) + // KN (®)
R(T!, T)ﬂ{r< ﬁ} R(r!, m)N{r<ry }

< —2+77 Z / JZ—I—CNw a:?q)) n,u

and

/ / KX (@) <cT—2+"Z / JEHENT (Opd)nky
R(+,P)N{r<} 0

Proof. 1 follows directly from Proposition 9.4.14. 2 contains two statements. The
second one is a restatement of Proposition 9.6.1. The first one is evident from the
proof of Proposition 9.6.1. 3 again has two statements. For the first statement, we
revisit the proof of Proposition 9.6.1. Notice that the bootstrap assumptions are true.
Hence it holds. For the second statement, we note by comparing Propositions 9.5.4
and 9.5.5 that KXt can be estimated in the same way as K*X° except for an extra
derivative. The second statement in 3 can then be proved by re-running the argument

in Proposition 9.6.1 with an extra derivative. O

9.7 Estimates for Yo and Elliptic Estimates

Away from the event horizon, we can control all higher order derivatives simply by
commuting with 0y« and using standard elliptic estimates. We write down a general

version of the estimates in which we have inhomogeneous terms.

Proposition 9.7.1. Suppose O, & = G. For m > 1 and for any «,
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1. Boundedness of Weighted Energy

/ r® (D)’
- {r>ry}
m—2

m—1
<o (8 [ o + 55 [ o)
j=0 7 j=0 /=7
2. Boundedness of Local Energy

For any 0 <y <+,

/ r® (D" )
Ern{ry <r<vyt*}

m—1
<Comny Z/ rJY (0L®) k. —l—Ta_ﬂ_Q/ P TN (®) k.
Srn{r<~t*} T

J=

m—2
+ / o (DJG)2> |
i—0 7 Srn{r<yt*}

7=0

Proof. This is obvious for m = 1 (even without the restriction r > ry). We will

rv—T
Yo * Assume

proceed by induction. Take § <

m—1 m—2 m—3
Z/ r* (Di®)* < ¢ (Z/ N (8.9) nk + Z/ re (DjG)Q) .
1 JEn{r>ry 26} =0 - —0 .

J= J

We want to show

m—1
r® (D) < O / roJY (0L®) nk + / DJG
/ETH{TZTY—(S} ( ) (Z_; py > Z

Jj=

which would then imply the conclusion. Denote by A, the Laplace-Beltrami operator
for the metric g restricted on the spacelike hypersurface t* = constant. Notice that

since Oy« is Killing, the operator is defined independent of t*. Then we have

k+1
1Ay, D@ < C) " |D7 9.
j=1
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Denote by V the spatial derivatives with respect to the spatial coordinate variables

Ty —T4

in the Schwarzschild (t%, rg, 2k, 2%) coordinate system. On the set {r > ry —

A

gx 18 elliptic and therefore controls all spatial derivatives:

/ r* (D™ d)?
Srn{r>ry -0}

<C / 1 (g D20)" + (D 10)" 4 (971 V @) + (90)?)
Ern{r>ry, —26}

m—1
SC/ (D200, )+ D (DID) + 20?4 (9 IV )’ + (91 0)°
ETH{T‘>T;—2(5} ]:1

The last two terms are obviously bounded by C' fET Jliv (8{?_1(I>) ny, . The second
term can be bounded using the induction hypothesis. The third term can be bounded
using the Hardy inequality in Proposition 9.4.10. Finally, to estimate the first term
we use the equation Uy, ® = G. Then, by the form of the Kerr metric, A, & =
G — gt LD — 29" % 010y« ®. Therefore,

/ (D" 20, @)
Ern{r>ry, —26}

< | (0 9e2)” + (D7 26)°)
Sen{r>ry —26}

<0<Z/ N (0].®) k. +Z/ DJG)

where at the last step we have used the induction hypothesis for 0;+®. We have
thus proved the boundedness of weighted energy. To prove the second part of the
Proposition, consider the function x(%)® (7) for a fixed time ¢* = 7, where x : R>¢ —

R> is supported in {x <4} and is identically 1 in {x < ~v}. Now

Ope ® = XG + 771%0,® + 772X,
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where ¥ and y are supported in {y < £ < 4'}. Thus, by the estimate just proved,

/ r® (D" )
Ern{ry <ryt*}

<C, (Z/ re gl (0. 9) ny, —|—/ ror 42
F{r<y't*} Son{yt<r<y't*}
+Z / *(D'G) )
SN{r<yt*}
m—1
(Z/ r N (0L @) nk, + 770 2/ r? Y (®) nk,
§ Srn{r<~'t*} T
m—2
+ / r (D'G)° ,
jz:; Srn{r<ytr} ( ) )

by Hardy inequality in Proposition 9.4.10. ]

Remark 25. The boundedness of local energy should be seen as a decay result because

for example for the homogeneous equation, the right hand side of the inequality decays.

In fact by using the Hardy inequation in Proposition 9.4.10, the elliptic estimates

can be localized to a region r > R:

Proposition 9.7.2. Suppose O, ® = G. Form > 1 and for any «, For any R > R/,

/ r* (D" ®)’
S-n{r>R}

m—1
<Copm / PN (Dh0) nlk + / (DiG)
0> S ICTE RS S ")

j=0

Near the event horizon, higher order derivatives can be controlled by commuting
with the red-shift vector field as in [15], [16]. The computation here will be completely
local, i.e., only in the region {r <ry}.

We have the following estimate for higher order derivatives:
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Proposition 9.7.3. Suppose Oy, ® = G. For every m > 1,

/ (D™ ®)?
- {rry}

o m—2 ' )
<C ( Z_ /m{rqy} g (ag*ykcp) nk, + Z /Em{rqy} (D'G) > :

J=0

Proof. This is obvious for m = 1. We will proceed by induction. Suppose, for some

m > 2 that

m—1
Z / (Di®)?
o {rry }

m—3 (915)
= ( O A C R D W | <DJ‘G>2) .
Jj+k<m-—2 Tm{r<TY} j=0 Srn{r<ry }
Since Oy, (0= @) = 0p»G, this immediately implies
[ eomor
Sn{r<ry}
(9.16)

m—2
<C / JY (ag’j’“@) nk + / (DjG)Q) .
(j+l§nl Srn{r<ry } : ! ; Sn{r<ry }

J

Since 0, ® = G, we have 0, (Yf@) = VG + O(1) (D*® + D®). Then using the

induction hypothesis (9.15) (both on Y® and ®), we have

m—1 o 9
3 / (DJY@)
E-,—ﬂ{rgr;,}

=0
m—3
P A 2
o 3 [ w(rea)e S [ (o)
jtk<m—2 Y ErN{r<ry} =0 /%
m—1 (917)
; 2
+ / (D’®) >
]ZO +{r<ry}
m—2
. o
( > / t*Y’“@) n§,+2/ (D'G) )
j+k<m—1 m{r<ry} im0 JEn{r<ry}
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Using the null frame {\7, Y, E\, Ey},

Oy (D™ 72®) = — AV Vi D™ + AD™ 2@ + P D™,
where P; denotes a first order differential operator. Notice that we also have

m—1
Do (D720) | = |[Dy, D™ %)% + D™ 2G| < C (Z D]+ \D’HG!) .

9K
5=0
Now using a standard L? elliptic estimate on the sphere,

V2D 20 2dA < C/
S2

S2

m—1
(Dm2G +Z (D™ 'V, @))dA,

where we notice that the constant can be chosen uniformly because the metric on the
sphere is everywhere close to that of the standard metric. Therefore, after integrate

over {ry <r <ry} and applying (9.15) and (9.17), we have

/ |W2Dm—2(1>|2
S0{r<ry }

m—1
S(J/ ( D"2G)* + 3 (De) Dm_le@)2> (9.18)
Z-,—ﬂ{’]"<1”;v} ]:O ’

m—2
<C / JY (ag’j’“@) nk + / (DJG)Q) .
(j+l§nl ETO{TST’;} a T ; Efﬁ{rgr;}

J

Combining (9.16), (9.17) and (9.18), we have

/ (D™®)?
Srn{r<ry}

m—2
<(J( 3 / 6§*Y’“ ) L+ Z/ (DjG)2> .
j+k<m Tﬂ{r<rY} i—o Y Ern{r<ry}

J
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We show that the currents associated to Y*® can actually be controlled. Again, in

view of the nonlinear problem, we work in the setting of an inhomogeneous equation.

Proposition 9.7.4. Suppose Oy, ® = G. For every k > 0,

/X]Tﬂ{r<r+} J/L (qu)> e " /H('r’ T) J,IILV (qu)> ngf * // (r', ) {r<ry } KN (qu)>
<C<Z/ éVYm@ nz +Z/ N (0].®) nk,
+m<k /ﬂ{r<r+}

7—r'1{7"<r"'}

+ <I>2 +JY (o + / / (D'G)? | .
Z// (r',7) m{r<23M} ( nzt* Z R(' 7 ﬂ{r<23M} )

Proof. We prove the Proposition by induction on k. The k£ = 0 case is trivial because
the right hand side simply contains more terms than the left hand side. We suppose
the Proposition is true for k£ < ky — 1 for some ky > 1. Commuting U, with Y for

ko times, we get

O, Yd = ghoy*o+le 4 O(1)Y 0, ® + O(e) D d + O(1 Z Did +YhG.

7j=1

We now use the energy identity for the vector field V, i.e., Proposition 9.3.3 for YED.
Notice that Y is supported in {r < r{} and therefore each term is supported in the

same set.

/ JZLV (}7’“0<I>> ns, +/ Jliv (}7’“0@) ny, + // KN (}A/'k’oq))
S.n{r<ri} H(ro,7) R(ro,7)N{r<ry }
- / (Vo) e / / K (Vo)

S 0 R (70,7 )N{ry <r<ri}

+ / / (aﬁf/% n e?’%“cb) (-MOY’“O“@ +O(1)V 0, d
R(1o T)Q{T<7'+}

+0(e)DM ™ ® + O(1 Z D'® + Y’“G)

j=1

The crucial observation in [15] is that one of the inhomogeneous terms has a good
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sign and thus gives

/ I (V) g + / I (VRe)ng + / / KN (Vo)
- H(r!,T) R(r,m){r<ry }
+ / / (}7’“0“@)2
R(7!,T)
<C / I (VRa)ng / / KN (Vo)
2n{r<rd} R(r! )N {ry<r<ri}
B AR B
ﬂ{r<ry} R(T’,T)ﬂ{rg'r"'}
+ // o [ imor )
Z R(r!, T ﬂ{r<ry} R m)N{r<ri}
ko+1 )
=y Y (VRa)nt + // Dio
( ET/Q{T§T+} g ET Z (r',1) ﬂ{r;grgr}t} ( )
te // (l)kOJrl(I))2 + // Jé\f <at*f/koflq)) n/l«
R(r/,m)N{r<ry } R(r!,m){r<ry }
) 2 Orko 1\ 2
+ // DJ<I>)+// (YOG)).
Z (", m)n{r<ry } ’R(T’,T)ﬂ{rgr;;}

Using Proposition 9.7.1 with an appropriate cutoff,

ko+1

> /.. (Do)’
(t',7) ﬁ{r;<r<r}";}
ko—1 5
N .
= (Z // R(r/ m{r<23M} (D J ( nzt* i Z // (' m)n{r<23M3 () ) |
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Using Proposition 9.7.3,

Z / / (Do)
R(r!,m)N{r<ry }
ko—2 )
<C / / gy (a&?w) nl 4 / / DG )
(j—i—mﬁzko—l R(r!,m){r<ry } . ! e Z R(r,m){r<ry } ( )

Jj=0
k—1

<C ( > / INCASIEEIEDS / IV (0.3t
j+m<ko—1 Z‘,—/ﬂ{?”gr;} =0 Z-,—ﬂ{rﬁr;ﬂ}

ko—1
i 2
+ // <3] YmCD n + // D]G ’
j Z R(/m)n{r<2BMy e Z (' T)ﬂ{r<231"} )

Jj+m<ko—1

using the induction hypothesis (on 0’ ® instead of ®) at the last step. Similarly,

using Proposition 9.7.3,

€ / / (DRt @)’
R(r!,m){r<ry }
J <8]*Ym<b + // D]G >
<]+§k // R(r' 7)) {r<ry} ' Z R(7!,T ﬂ{r<ry} )

ko
<Ce // JN (?koq)) n& .+ / JN (3. ) nh /
< R(T’,T)ﬁ{T’ST;’;} a e ]Z_(; > /ﬁ{r<r+} . ( ! ) S
ko \
+ / / N (OLd)nk, + / / (D'G)" ],
jZO R(r!,m)N{r< 238M} e Z R(r!,m)N{r< 23M} )
where again the induction hypotheses is used at the last step. All these together give
/ YkOCI) TLE +/ Jiv (YkO(I)> ngT + // KN <Ykoq)>
H(70,7) R(ro,7)N{r<ry}
<C / I (o) nt, + / N (51.®) nt
(]—&-;k /ﬁ{r<r+} Z /ﬂ{r<r+}
N2
+ / / <I>2 +JY ynk ) + / (DG
Z R(r!,m)n{r< 23M} ( Et Z )

R(T! ‘r)ﬂ{r<23M}
te / / (Vo) n;> .
R(r!,m){r<ry }
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The Proposition can be proved by noticing that

// I (VRa)ng, <C// KN (Vo).
R(r!, ) {r<ry } R(ro,7)N{r<ry }

and absorbing the small term to the left hand side. O]

We now specialize to the case [, ® = 0. The above Proposition implies that the

behavior of Y*® is determined by the behavior of 9® in the region {r < BUY

Proposition 9.7.5. Fiz k > 0. Suppose g, ® = 0 and suppose for some constants

a, B >0 (independents of ),

2 N j " Y
Z/E ﬁ{r<23M} (® +Jy (0. @) nf, ) < CBT™.

Then

3 / I (o) ng <Cr—a<

j+m<k

Z/ JN GJYm(I)>nZ +B>
DI

Jj+m<k

and

K~ (ag;Ym@)

]%k //7:\’,(7' ) {r<ry }
( 3 / I (o) n +B>
Jj+m<k Xirg

Remark 26. In the applications, we will apply this Proposition with B being some

enerqy quantity of the initial condition.

Proof. We will proof this with a bootstrap argument. Suppose for all 7 that

3 / N (ag*Y%) nl < Are ( 3 / JN Y%) nl + B)
2n{r<ri}

J+m<k J+m<k

(9.19)
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This obviously holds initially for any A > 1 (and in particular independent of ®).
By taking 7" = 7 — K, for some (large and to be chosen) constant K and 7 > 2K,

Proposition 9.7.4 implies

3 ( / I (o) n + / / INCARY ng>
So0{r<ri} R(r—K,r)n{r<ry}

j+m<k

= ( Z /T xN{r<ri} (aﬂ Ym(I) wF Z/ t;q)) .

]+m<k

+ // (<I>2+JN 05 @ n“*>
; R(r—Kr)n{r< M) < (),
3 / I (v ng o+ KB
S Kﬁ{rﬁr;’;} o~

j+m<k

using the assumption of the Proposition and using Proposition 9.7.1

<C (A(T—K ( 3 / JN 5]3/%) nft. +B) +KBTQ>
i+m<k Xrg

using the bootstrap assumption

(Z A/ (o qu>)n570+AB+KB>.
j+m<k z

0

Notice that C' is independent of K. By selecting a t* slice, we have that for some 7,

/ I (Vo) nk
Trn{r<ry } ¥

<CK '@ (
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Now apply Proposition 9.7.4 on [7, 7] to get
3 / I (e nt
2-n{r<ri}
k

j+m<k
<C / JN (6,57}7’”@> nk_ + / IV (9].®) nk
<j+m2k Senfrsrf}y 7 ; enfrsrfy

2 N Vi u
" Z //R(T N{r< 23M} (I) + JPL <at*q)) nEt*>>

<CK 77« ( Z A/ gy ( g;Y%) nk, +AB+ BK> +CB(K + 1)1~

Jj+m<k 0

<CAK v} / N (olyme) gt + (CAK™ + CK +C) Br~

J+m<k

This would improve (9.19) if we choose K = 4C and A sufficiently large. Hence we

have proved

3 / N (o) ng g(%‘“(
Tﬁ{r<ry}

j+m<k

Z/E N Gg'f/ )nz +B>

i+m<k

To prove the second statement of the Proposition, we simply use the first statement

and Proposition 9.7.4. O]
We can use Corollary 9.6.2 to show the decay of Yk,

Corollary 9.7.6. Suppose O, ® = 0. Then for 7/ <7 < (1.1)7'

3 / I (o7 n
ETﬂ{Tgr;t}

j+m<k

k+2
,2+?7 ( Z / JN a] qu) nz + Z/ JZ+CN )nET()) ’

j+m<k
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and

3 / / KN (ag*ffm@)
(', m)n{r<ry }

j+m<k

k+2
—2+77< > / g aﬂ Ymcp nE +Z/ JIEON (o). @) ’gT()).

Jj+m<k

9.8 Estimates for Q@

In this section, we would like to prove estimates for Q¢®. The estimates for Q® are

useful to provide an extra factor of r in the energy estimates.

Proposition 9.8.1.

/ VAo < C/ JY (cb,at*cp,ﬂcp) nt
Zrn{rzry} s,

// I e c// L (cb,at*cb,flfb) nk ..

R(r',m)N{r>ry} R(7",7)

// YRR < C// KX (@,0-0) + K* (Q0).
R(r/,7)N{r>ry } R(7,7)

In order to prove such estimates, we commute [, with Q. Recall from Section
9.2.2 that
Oy, Q@] < Cr~2 (|D?®| + |D®|)  everywhere, and

9K

Oy QP =0, for r < Rg.

9K

Now suppose U, @ = 0. We have

Oy (fz%) =Y V[0, NP =: G
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Since [D, )] = D, we have

-1 4+1
|Ga,l < Cr™? ( <|DQQj¢| + |DQj<I>|> +y |ch1>|) ,

=0 =0
and Ggq . is supported in {r > Rq}.

Definition 9.8.2.

_ plto 2
EQI = // GQE + sup / GQ’g .
R(T'—1,7+1) tre[r'=1,m+1] J S n{|r—3M|< A}

This is the error term for the energy estimates for Q‘@. We show that this can be

controlled.

Proposition 9.8.3.

ES» M|

m=0 5=0

+OZ// KXo (90 d) .
(r'=1,7+1)N{r>Rq}

KXo (a;zz(zj@)

R(T'=1,7+1)N{r>Rqa}
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Proof.

// 1+6G 2,
R(T’—l 7+1) '
<OZ // (r'=1,741) ﬂ{r>RQ} (<D qu)) - (DQ]q))

{41

+CZ// r30 (DI)?
(r'=1,7+1)n{r>Ra}

Y (O e)

R(r'=1,7+1)N{r>Rqa}
+CY / / r S IN (R D) k.

FXo (a;zfzjcp)
R(r'—=1,7+1)N{r>Rq}

+CZ// KX (01 ®) .
R('=1,7+1)N{r>Rqa}

By choosing Rq, sufficiently large, the second term of Eg, vanishes. O
We can show that the non-degenerate energy of Q/® is almost bounded.

Proposition 9.8.4. Suppose O, ® = 0. Then

/ I (2e)ng + / N (Q%) nt

X H(10,7)

Tl [0
R(m0,7)N{r<ry } R(70,7)

<CZ/ JN aL. chb)

i+5<l

Proof. We prove this by induction on ¢. The ¢ = 0 case is true by setting G = 0 in

Proposition 9.4.17. We assume that the Proposition is true for ¢ < ¢y — 1. This in
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particular implies, after a commutations with the Killing vector field 0+, that

lo—1
i+j<m-+{o—1

By Propositions 9.4.16 and 9.8.3,

/ Y (Qe@) nk. +/ )J[f (Qeocb)
T ’TOT
Tl 6 o0
R(ro,7){r<ry } R(70,T)
<C / I (Qf0)nt + / / e
ETO ° R(m'—1,7+1)

+ sup / Gmo
trelr'—1,m+1] S n{|r—3M|< 2}

1 4p—1

<c| [ ar(ar >3,
< (/E J ( (I)) nz + Z Z R(ro—1,7+1)N{r>Rq}

m=0 5=0

+C // KXo (0o
Z R(to—1,7+1)N{r>Ra} ( ¢ )
<c Y / I (0 000) k|

i+7<lo

Remark 27. Only the { =1 case will be used.

9.9 Estimates for SO

Z / / K Y (ope) <o Y L (91 0) nt

KXo (ayz(m)

We will now use the energy estimates that we have derived to control S®. In partic-

ular, we would like to prove a local integrated decay estimate for S®. This will be

used in the next section where we prove our main theorem. Recall from Section 9.2.1
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that for r large

[0y, ) (2+%> O, ®

9K

2 (r* 2r r* 3r*u
- —=1- Op+® — 2 — =1 - o
r(r r ) ((r ) 27")A‘

2

<Cer™()_|0"|),

k=1

and that for » < R, we have

[y, S]] < O | D).

9K
k=1

From now on we will prove estimates for S® by considering the wave equation that
it satisfies. We will assume, as before, [y, ® = 0 and let G' denote the commutator
term, i.e., O, (S®) = G. If we look at our estimates in the previous sections, we will

need to control GG in three different norms. We now consider them separately.

Proposition 9.9.1. Let 7/ < 7 < (1.1)7". Then

Z o ey
—1,7+1)
<crttn Y ( /E g (a;zz?’ffzjcp) ng +C /E

m+k+j<0+3 0 -

Iy (opytare) ng> .

and

Z L AICREk
—Lr+1)N{r<%}

<Cr2tn Z ( Jf,wZ (a;m;k@jq)) ngm + C’/ Jiv (8;2?%(2@) n’§m> .
DI Yirg

mtk+j<t+4

In other words, we can get more decay if we localize and allow an extra derivative.
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Proof.

S [ G
<CZ// - *3”((8;3?D2<I>)2+(8?3D<I>)2+(raffA<D)Q>

noting that the § in the two lines are different

<C // Pt N (8”337’“@) nk..
Z < R(r'—Lr+1)N{r<8} moAT &

m+k<l+1

+ / / Y (0p0ke) nt,
R(r' =1, r+1)N{r> % ©

by Proposition 9.7.1, 9.7.3 and 9.8.1

<C ) ( / T (Opd)nk +C / g (a;zzf/kcp) ngm)

mAk<{+3 0 g

—34+0 Zw? m W

oy [T (/ T opaynt,
mA-k<f+3 g

+C /E I (opvte) ng> dt*
70

T+1 5
+c Y / ()3 ( / N (a;mqb) ng) dt
m<e+1Y 71 g
using Corollaries 9.6.2, 9.7.6 and Proposition 9.8.4

<cri Y ( /E

m~+k+5</+3 70
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e (opvr e g+ /E INCagl) ng> .
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We then move on to the localized version:

4
> / / r' 0 (opG)?
m=0 R(T’—l,’?’-‘rl)ﬂ{’l’g%}

l
<oy / / p3+s ((a;zn)?cb)2 + (D) + (raffm)z)
0 IR =1, r+1)N{r< %}

<C // PN (8@?@) nk.
Z ( R(r'—Lr+1)N{r<%} SN =

m+k<l+1

+// 7‘_3+5JL]LV (0{”?@) N
R(r'—1r+1)n{ 4 <r< 190y '
1
+C // p3TO N (8"3(2@) N
7;] ( R(r'—1,r+1)N{ L <r< 193 wAT =

by Proposition 9.7.1, 9.7.3 and 9.8.1

<C >y </E

m+k<l+4
T4+1
e 3 [ ([ oem, e |
m+k<t+37 71 Zry ’ z
¢ T+1

+CZ/ (tF) 340 (/
m=077~1 z
using Corollaries 9.6.2, 9.7.6 and Proposition 9.8.4

<crtr Ny ( /E

mA-k+4j<t+4

70

wZ /1 am mvy,
T () n +C /E JN (aﬁY@) ng>
70

Iy (opve) ng> dt*

70

I (o00) ng> dt*

70

JEw? (a;ff/k@jq)) nk +C /

T0 =

Iy (opvtare) ng> .

T0

O

To estimate the inhomogeneous term in the region r < %, we would also need to

estimate a term not integrated over t* which arises from the integration by parts.
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Proposition 9.9.2. For 7' <1 < (1.1)7,

L

s > Op Gy
tre[r'—1,r+1] L~ IS n{r—3M|<H}

<cr Y} ( / JE (pve)ng 4 C / I (omcre) ng>
%

mA§<64+3 0 Yy

Proof.

L

s > (O G)y?
tre[r'—1,r+1] L =0 IS n{r—3M|<H}

¢
m 2 m 2 m g\ 2
<C  sup > /Z tm{w;grgziy}((maﬁ@) + (DO D) —I—(rA@t*(I)))

trelr'—1,7+1] 7

0+1
N H
<C sup Z/ g, (O @) ng,
t*elr’—1,7+1] m—0 Et*ﬁ{r;grg%‘M}
¢

+ / JN ((za%) nk.
Z ztm{r;grg"’f’&#} : ' >

m=0

by Proposition 9.7.1 and 9.8.1

cortn 5 ([ (eon)en, v [ ().
) b

m+7<t+3 70 70

using Corollary 9.6.2 and Proposition 9.8.4

Finally, we estimate the third norm:

Proposition 9.9.3.

1

2
1 - 1 )
Z / </Et*m{T2g}T2(a?G)2> dt* < Ct" Z /ETO Jliv (0{!}9@)) n%m‘

m=0 70 m+j<t+3
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[NIES

i~

/ ( / r2(a;23G)2> dt*
70 S {r>4}
¢ .
<cY” / ()71 / ((D2<I>)2+(D8f2<1>)2+(rA@[?d)f) dt*
70 Et*ﬁ{rz%}

{41 %
<C / 148 (Z / JN (Ord)n +Z / a;ﬁcb > dt*
o Spx

<o 30 / 7Y (e nt
b

m+j<t+3 Y 270

[N

]

Now that we have control of the inhomogeneous terms in the equation [y, ® =

G, we can prove the decay of S®. To this end, we will introduce the bootstrap

assumptions:

c / vawz (0 SP) 0k + 72 / I (0 SP) nk.
- Srn{r<~yr}

2
<ar Y [ gz opsayng, (9.20)
m=1" o

+ At 3 / JEH N (gY@ ) n
Y

m—+k+75<5 70

c/ Jf’wz (SP) nf, —1—7'2/ J/iv (SP) nk
p Sn{r<yr}

2
'LUZ m
SAQTn (Z/Z JMZ+CN’ (8,5*8(1)) n%m (9.21)
Z+CN,w? myvkOj m
+ > / J? (o YQJCD)nETO).
m—+k+5<5

We think of A as some large constant to be chosen. We will improve the constants

A and A2 in the above assumptions. Under these two assumptions, we will get the
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following three estimates for the bulk terms:

Proposition 9.9.4.

/ / KX (- 5®)
R(10,7)

2
m w? my\()J
<C (Z /E TN (RS nk + Y /E J7HON (aﬁmﬂcp) ng>
m=1 0 70

m+k+j<5

Proof. By Proposition 9.4.19 for the equation Oy, (0;+S®) = 0,-G, taking 7" = 75
and G; =0, G5 = J;«G. Then use Propositions 9.9.1 and 9.9.2 to estimate the terms

with G. O

Proposition 9.9.5. For 7' <7 < (1.1)7,

/ / KN (0,-S®) + / / KX (0, S®)
R(r!,7)N{r<ry } R(r/,m)N{r<i}
+ / / rT KX (S9)

R(10,7)

<CA (7'_2 /
P

+CAr 3T / JEHON ey Vo) nf
Ty

m+k+j<5

T (S®)nk +C /

o {rry}

I (S®) n>

Proof. By Propositions 9.5.4 and 9.5.5, taking G; = 0 and G5 = G, and using

Propositions 9.9.1 and 9.9.2 to estimate the terms with G, we have

/ / K" (0,-S®) + / / KX (0, S®)
R(r!,7)N{r<ry } R(r/,m)N{r<i}
+ / / K1 (S®)

R(ro,r)N{r<i}

<CA <r—2 / Jf’“’z (S®)nf; , +C JY(S®) n;>
P

o {rry}

!

+CArT Y /Z JEHONw? (a;:zmﬂ'@) s,
70

m+k+j<5
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It now remains to estimate 't K1 in the region r > £.. Here, we will use crucially

the decay in r. Clearly,

/ / PR (SP) < O / / KX (S0).
R(7o,7)N{r>1} R(70,7)

Then we can estimate the right hand side by Proposition 9.4.19, taking 7/ = 75 and
G1 =0, G5 = 0;«G. Then use Propositions 9.9.1 and 9.9.2 to estimate the terms with

G. ]

Proposition 9.9.6. For 7' <7 < (1.1)7,

/ / KN (S®) + / / K*0 (S®)
R(r! ) {r<ry } 'R(T’,T)ﬂ{rﬁ%}

<CA? <7_2/ J,iv (SP) ”%T/>
X

2_—2+ Z+CN,w? myO)J
L oAy /E J? (opve)ng .
70

m+k—+5<4

JE" (SB)ls +C /

Eon{r<ry}

Proof. This follows from using Proposition 9.5.4, taking G; = 0 and G5 = G, and

using Propositions 9.9.1 and 9.9.2 to estimate the terms with G. [

We are now ready to retrieve the bootstrap assumptions. First, we retrieve the

bootstrap assumption 9.20:

Proposition 9.9.7.

c / T2 (9 S®) nlh + 72 / I (0p-S®) k.

Srn{r<yr}

A 2
<57 / JEEONT (O S®)

1+ Z+CNw? mykj 1
+ STy /Z J5 (opv o) nt .
70

m+k+j<5
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Proof. By Proposition 9.5.12,

c [ JE7(9,.5P)nk + 77 / I (0 SP) nk.

> Srn{r<~r}

<C / JMZ+CN7wZ (0pS®)nk, +C / / t*r IO KX (9, SO)
» 0

0 R(70,7)

+Co' // (t*) 2 KX0 (9, SP)
R(ro,r)0{r<%}

O + o / / ()2 (9,.5%)
R(7o,7)N{r<ry}

2(@*0)2) dt*
Et*ﬂ{r>t }

2,140 m 2
m—1 // R(70, ‘r)l"‘l{r< gt* ) ' (at* G)

+ C((S/)il sup / (t*)2(8t*G>2.
T N{ry<r<28M3

t*€[r0,7]

[SIES

-1

o (L0

It suffices to check that by Propositions 9.9.1, 9.9.2 and 9.9.3, all terms are acceptable.

O
We can now retrieve the bootstrap assumption (9.21).

Proposition 9.9.8.

c/ JMZ’“’Z (SP)nk, +T2/ JNV (S®) nf
PO Sn{r<qyr}

<A (Z / JEEONWT (O se)ng + Y / JEHONw? (amy’f(zf@) >
PIEN PIEN

mAk+5<5
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Proof. By Proposition 9.5.12,

c J“Z’“’Z (S®)nk, —|—7'2/ JV (S®) nf

> Srn{r<~r}

<C / JEACNWT (SOl +C / / trr IO KX (SO)
» 0

0 R(10,7)

+C¥ // (t*)2KX0 (S®) + C (&' +¢) // )’ KN (S®)
R(TO,T)O{TS%} R(m0,7)N{r<ry }

1 2

vewy| [ ( / T2G2> at’
0 SN {r>4}

t* 2,140 (am 2
Z // R (70, 7-)m{r<9 ) r (8t* G)
e o ()26,
tr€lro,r] I8y <r< 23

It suffices to check that by Propositions 9.9.1, 9.9.2 and 9.9.3, all terms are acceptable.

O
We have thus showed the following:

Proposition 9.9.9. For alln > 0, there exists € > 0 small enough such that for Kerr

spacetimes satisfying (3.3), the following estimates hold:

c/ Jf’wz (SP)ny, + 7'2/ I (SP) nk,
- Srn{r<~y7}
<C7" Z / JEHONWZ (GG D) nk:

+or Y / JErN (g o)

m~+k+35<5
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Moreover, for 7' <t < (1.1)7’

/ / KN (S®) + / / KXo (S®)
R(T!, T)ﬁ{’l‘<7";,} R(T’,T)ﬂ{rg%}
< —2+T] Z / JZ—I—CNw aZiLS(I)) n,u

+Cr Ny / JEHCNw? (a;ZZYQJ'(I)) n
3

m+k+j<5 Y =70

and

/ / KX (S®)
R(/, ‘r)ﬂ{r<ﬁ}
—24n Z / JZ—i—C’Nm @TS(I)) nu

+or Y / JEHON (v YD)
Y

m+k+75<6 70

Proof. The first statement is proved by the bootstrap above. Since the bootstrap

assumptions are true, the conclusion in Proposition 9.9.6 is also true, hence the sec-

ond statement is true. The third statement makes use of the fact that K*' can be

estimated in the same way as KX with an extra derivative.

9.10 Improved Decay for the Linear Homogeneous

Wave Equation

To use the estimates for S®, we need to integrate along integral curves of S. We first

find the integral curves by solving the ordinary differential equation

d?“s h(?“s)

dty — t
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where h(rg) is as in the definition of S. Hence the integral curves are given by

rg dr',
exp (f('rs)o h(TZ)>
ts

= constant,

drs
(f(TS)O h(rs) )

where o > 2M can be chosen arbitrarily. Let o =t*, p = " and consider

(0, p, 24, 2P) as a new system of coordinates. Notice that

0y = h(f)am e tl*s.
Now for each fixed p, we have
P2 (1) < (7 +|/ S(®*)do|.
Integrating along a finite region of p, we get:

P2 P2 P2 T 2
/ ®*(7)dp < / *(")dp + / / |Z®5|dodp.
P1 p1 p1 s 0

We would like to change coordinates back to (t%,rs, v4,r5). Notice that since h(rg)
is everywhere positive, (p,7) would correspond to a point with a larger value of r

than (p, 7). Therefore,

r dr”,
- P <f’" " 2 Xp (frs = )
g/ P2(7')— sk "(S dr+// Za59 sl M5/ gy .

tsh(rs)
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TS d'r:sw
exp (I(TS)O h(TfS) )

We have to compare — e with the volume form. Very close to the horizon,

h(rs) =rs — 2M. Hence

dr',

rg 5
exp (f(rs)o h(r's)> _ f(rs)o h(rS) (;) ~ 1

h(?“s) rs — 2M

The corresponding expression on the compact set [y, R] is obviously bounded. Hence

we have

(1)2 @2 / 2
S-n{r<ra} T S n{r<ra} T R(r!,m)N{r<rz} (t )

This easily implies the following improved decay for the non-degenerate energy:

Proposition 9.10.1.

/ % < Cprt ( / / ? / / (5@)2) .
Srn{r<R} R(1L.1)~Irm)n{r<R} R((1.1)"1r,mr)n{r<R}

Proof. By choosing an appropriate 7 € [(1.1)7!7, 7], we have

/ o< Oort // o2,
2:N{r<R} R((1.1)~tr,mr)n{r<R}

Now, apply (9.22) with 7/ = 7, we have

-
S.n{r<R}
(L= )
. ﬂ{r<R} R(F7)N{r<R} t )
< (/] v+ ff 595)
R((L.1)1rr)n{r<R} R(L.D)trr)n{r<R}

using Cauchy-Schwarz for the second term. O]

We can now conclude with the improved decay for solutions to the homogeneous
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wave equation.

Proof of Theorem 5.2.1. By Proposition 9.6.2, 9.10.1 and 9.9.9, we have

L™
S-n{r<R}
< (/] v ] 0]
R((1.D)~trr)N{r<R} R((L.1)"1rr)n{r<R}
<Cpgr ! / / (KX (@) + K (59))
R((1.1)~1r,m)n{r<R}

2
<Cr =+ (Z / JEHONRT (m 5P s
m=0" o
+ / JERON (v Vo) ni )

m~+k+5<5

Similarly we can use Proposition 9.10.1 for the derivatives of ®. By Proposition 9.6.2,
9.10.1 and 9.9.9, we have

[ ey
E-N{r<R}

<Opr! ( / / (DB)? + / / (SD<I>)2>
R((LD)~1r,7){r<R} R((1.1)-Lr,r)N{r<R}
<O / / (KX () + K (SB))
R((L.1)"1r,m)n{r<R}

since we have the commutation [D, S] = D

3
SCRT_S—H? (Z/ JHZ-&-CN@Z (C‘?ZESCD) nk
m=0 Yirg
+ > / JZFONw a;:szfzjcp) ngm>

m+k+j<6
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By commuting with 0+, we get

/ (Do @)
S-n{r<R}

4+3

m=0" o

w? my\()J
+ Y /E Jarena” (gry o) ng>

mA4k4j <046 Y =70

Without loss of generality, we can take R > %. Then, by Proposition 9.7.5,

3 / I () nt
2n{r<ri}

j+m</e
/+3

<Cpr=3+ <Z JEONE (rsdynl Y JAHONw? <agLYQJ'q>) n;>
m=0 " Xro ’ mAk+j<+6 Y X0 °

Hence, by Proposition 9.7.1 and 9.7.3,

¢
>/ o)
S.n{r<R}

2

j=0
042 B
<Cpr 37 <Z / JEEONT (O se)nt + Y / Jrene <8t"JYQj<I>) n;> .
m=0" Smo mAk+j<e+5 Y 2o
The pointwise decay statement follows from standard Sobolev Embedding. [

9.11 Discussion

The Theorem that we proved in the chapter holds in the set {r, < r < R} for any
fixed R. It is however interesting also to derive the same estimates, for example,
in the set {ry < r < %} This can be achieved by proving the full decay result

when we commuted the equation with Qf. Using this we can prove (with more loss
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in derivatives) that
|| < CE(t")" 2", |D®| < CE(t*) a2t

for r < % We omit the details in this chapter but note that it can be retrieved as

an easy corollary of the result in the next chapter.
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Chapter 10

Nonlinear Wave Equations on Kerr

Spacetimes

In this chapter, we prove Theorem 5.3.2 on the small data global existence for non-
linear wave equations satisfying a null condition on Kerr spacetimes. In the proof, we
will use the energy estimates proved in the previous chapter. The proof is carried out
via a bootstrap argument: we will assume certain bounds on the energy quantities
and the L* norms and show that all these bounds can be improved. This would
imply Theorem 5.3.2 via a standard continuity argument.

To prove the global existence result, it is crucial that the nonlinearity satisfies
the null condition. In order to capture the null condition that is satisfied by the
nonlinearity, we need to distinguish between the estimates for the “good” and “bad”
derivatives as defined in Chapter 5. We thus need to find energy quantities that
distinguish these derivatives. It turns out that the conformal energy that has been
used in the previous chapter can serve this purpose. We will also need to prove
different L> decay estimates for different derivatives, especially in the region r > %.
This will be carried out using both the conformal energy and the scaling vector field.

Thus the scaling vector field, which was originally introduced to prove improved decay
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rate for r < % is also used to obtain improved decay rate for some derivatives for
t*
In section 10.2, we prove the necessary L™ estimates. With this preparation, we
then prove all the estimates using a bootstrap argument in section 10.3. This then

easily implies Theorem 5.3.2 in 10.4.

10.1 The Energy Quantities

We revisit the non-degenerate energy and the conformal energy from the previous
chapter. In particular, we note which derivatives each of these energies controls. The

nondegnerate energy controls all derivatives:

Proposition 10.1.1.

/E (D®)* < 0/ IV (@) nk, .

Xy

The conformal energy gives different weights to different derivatives and this will

be crucially used to capture the null condition:

Proposition 10.1.2.

2 2 2 2 2, 2 s [(uP+vT
/ u? (LP)" + v* (L®)" + (u” +v*) |V —i—( 5 )<I>
Sn{r>ry} r

SC’/ J5+N’wz (@) nk, + 0272/ JY (@) nk, .
. >

r{r<ry}
10.2 Pointwise Estimates

We prove pointwise estimates using Sobolev embedding. We will have different es-
timates in the region {r > £} and {r < £}. We first consider {r > £}. For this
region, we will prove five different pointwise estimates. First, we prove a boundedness

result for D® (Proposition 10.2.1) using only standard Sobolev Embedding and the
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elliptic estimates in Proposition 9.7.1. Then we prove decay estimates of r~! for D‘®
using the r weight in the vector field commutator € and the non-degenerate energy
(Proposition 10.2.2). Tt is crucial that this depends only on the non-degenerate energy
but not the conformal energy because we will not be able to prove boundedness of
the conformal energy (which already is the case in the linear situation, see [16], [2],
[36]). Notice that Proposition 10.2.1 does not follow from Proposition 10.2.2 because
the latter requires an extra derivative. This save in derivatives is strictly speaking
not necessary for the bootstrap if we have instead assumed an extra derivative of
regularity in the initial data. Thirdly, using similar ideas, we will prove the decay
of r~! for ® using  and the conformal energy (Proposition 10.2.3). Then we prove
an extra decay rate of D® using the conformal energy. For any derivatives, we will
have an extra decay in the u variable, which degenerates in the wave zone (Proposi-
tion 10.2.5). For the good derivatives, we will have an extra decay in the v variable
(Proposition 10.2.6). This decay rate will be crucial in capturing the good derivative

in the null condition.

Proposition 10.2.1. Forr > % we have

2 1
D> <C (Z/E JY (050) néf—i—Z/ (DkDqu>)2).
k=0 Y &7 k=0 v &7

Proof. By standard Sobolev Embedding in three dimensions and Proposition 9.7.1,

3
Do <CY / (D"®)?
1 JE0{r>ry}

k=
2
gO(Z/J (0F.) n2+2/ (DO, @)
=,

[]

We then prove the decay rate of r—! for D‘®. The idea here is standard: Making
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use of the commutator €, we use the Sobolev Embedding on the 2-sphere and then

integrate along the r direction.

Proposition 10.2.2. Forr > % and ¢ > 1, we have

Proof.

r?|D'®[?

<C /S 2 ((0%)2 + (QD%)z + (QQD%)2> r2dA

2
<C (Z /S - (Qkp%)?f?cm
k=0 Y S*(7)

r . N - 2
+ / / 10,0 D' OO D'D| ()2 + (Q’“D%) r’dAdr’) .
r JS2(r)
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Noticing that |[D, Q)®| < C|D®|, we have
r?| D'D|?
2 2
<C / Q*D'®) #*dA
(; 82(1:)( )
r . N - 2
+ / / |aerQk<1>D@Qk<1>|(r’)2+(Q’fD‘@) r’dAdr’)
SQ
Z / ngz’f " 1244
S2(7)
~ ~ - 2
+ / / |IDIQFO DR D|(r')? + (Dfﬂ’@) r’dAdr’)
S2(r")
2 - 2
e / (Dmkcb) 72dA
k=0 v S2(7)
~ 2 ~ 2
n / / (D“lmcp) (r’)2+<DfQ’fq>) (r’)szdr’).
r JS2(r')

Take r <7 < r+ 1. By Proposition 9.7.1,

2 r
Z/ H/ <DZ+IQk<b)2 ()2 + (Déﬁkq)>2 ()2 dAdr
k=0T §2(r)
¢ 2 | ) )
= (m:OkZ—O/E T ORYR)ng, Z /2 A~ {r>T) <DJD9K (qu))) ) |

=0 k=0

By pigeonholing on this we also get that for some 7,

Z / (D'Q ) 272dA
S2(F
-1 2 9
N m k j Nk
<C (ZZ/ TN (O nk +jZZ/MWW}m{TZg} (DJDgK (Q <I>>) ) _

m=0 k=0 0 k=0

]

We would also like to prove the pointwise decay in r for ®. However, we need to

use the conformal energy as well as the non-degenerate energy. We note that only
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the decay in r will be used in the bootstrap argument, the decay in u is proved to

achieved the decay rate asserted in Theorem 1.

Proposition 10.2.3. Consider O, ® = G. Forr > %, we have

|@/*
2
<Cr2(1+ |u)) ™ (Z/ J5+N’wz (QF®) nt
k=0 7 =7
2
+Or*y / JY (QF0) n;>
k=0 Z-n{rry}

Proof. Following the proof of Proposition 10.2.2, we have
7“2|CI>|2
2 - 2 a - N . 2
=ab3 / (chb) P2dA + | / / Q5B DO D (') + <Qk<1>> r'dAdr) | .
k=0 Y S*(7) r JS2(r)

We will treat separately the cases |u] < 1, u > 1, u < 1. For |u| < 1, take r <7 <

r 4+ 1. By Proposition 10.1.2,
2 r+1 _ 2 _ 2
3 / / (DQ%) ()2 + (Q’“(I)) (r')2dAdr’
k=0 s SQ(’I’,)

2 2
= (z [ @ay von Y [ o) ) |
k=0 Xr k=0 Sn{r<ry }
By pigeonholing on this we also get that for some 7,

2
3 / (25 )* 2dA
k=0 S%(7)
2
<C <Z / JENCT(QF D) ke + O
k=0 T

2
SL, re0s)
Sn{r<ry }

k=0

For u > 1, pick a fixed R and let 7 € [R, R+ 1]. Then by a pigeonhole argument,
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there is some 7 such that

2 2
QFd ) 72dA
;éz(;) ( ) "
2 2
<Cu™? (Z/ J5+N’wz (Qk@) ngT +C7? Z/
k=0 v 27

k=0 - {rry}

JV(QF) ng> :

By Proposition 10.1.2,

2 r ~ ~ ~ 9
> / / QD DO D| ()2 + (Q’@) r'dAdr’
k=0 VR S2(r’)

2
<C (rt*u_2 +7"u_2) (Z/ J5+N’wz (Qk(I)) n’éf
k=0 v 27
2
+CO7? / JN(QFD) nk ).
T Z Sonfr<rs) 1 ( )nET

k=0

Using the fact that t* < C'u in this region, we have the desired bound in this region.
Finally, for v < 1, pick 7 € [—2u, —3u]. Then by a pigeonhole argument, there is

an 7 such that

2 2
OFd) 72dA
;éQ(ﬁ ( ) "
2 2
<Cu™? (Z / TN (Pl + O /
k=0 727

k=0 Y ZrN{r<ry}

JV () n‘E‘T> :

By Proposition 10.1.2,

2 ) _ ~ _ 9
> / / QO DO D | ()% + (Q’“@) ' dAdr’
k=0 VT S2(r’)
2

2
<Clu|™ /JZ“V’“’Z QFP) n¥ + Cr? / IN(QFD) nk ),
<on (30 [ @yt vor S [ @,

which gives the desired bound. O]

We would like to use the conformal energy and elliptic estimates to prove decay
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in the u variable. However, we need to be careful when applying the localized version
of the elliptic estimates. In particular, we need to perform a dyadic decomposition
in the variable u. We remark that we can prove this for any number of derivatives
by iterating the cutoff procedure in the proof of the following Proposition. However,
as this will not be necessary in the sequel, we will be content with the following

Proposition:

Proposition 10.2.4. Suppose U, ® = G. Let r > %, =1 or2 and ugy be the u-

coordinate corresponding to the two sphere (T,rg).

ro+1 9
/ / (D'®)" (+')*dAdr’
SQ

-1
<C (1 + |uol) 22(/ JZTON (0] ®) nk. —l—CT/ JY (8#@)n‘§f>

]:0 3y py ﬂ{rﬁr;}

-2

+C / DiG)*.
jZO Z-,—ﬂ{uwuo}ﬂ{r>72'}( )

Proof. The ¢ =1 case is trivial. For £ = 2, we consider separately the cases: Case 0:

lup| < C,, Case 1;: 2F < ug < 281 Case 2 —28 < g < —2F Kk > kl’fgc;* for some
sufficiently large but fixed C,. In Case 0, we have |u| < C for the range [ro, 7o + 1]
and hence the Proposition is obvious as we have 1 < C' (1 + |u|)_2

For the other cases, we consider a cutoff function x : R — R which is compactly
supported in [—2,2] and identically 1 in [—1,1]. In case 1 (resp. 2;), we consider ®
to be defined by ®(r,r,6,¢) = x (27%3 (r — o)) @ (7,7,6,¢). Then ® is supported
in [ro — 282 rg + 2’“_2]1 and equals ® in [rg — 2873 1o + 2¥7%]. On the support of
o, |0, - G| < CZQ’(Q’J')HDJ'(I)]. We also have that on the support of @,

J=0

lu—uo| < 1rg—(r3)s| < ir—ro|+ % log 7:)__22]‘]\44| < |r —ro| < 2871 for ry sufficiently

large (which we can assume for otherwise 7 and r must both be bounded, in which case

we must be in Case 0 for appropriately chosen C.). Hence u ~ 2% (resp. u ~ —2%).
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Therefore, by Proposition 9.7.1.1 applied twice, first to ® then to @, we have,

ro+1 9 N\ 2
/ / (D?®)* (r')2dAdy’ < / (p*2)
ro S2(r") Y {ro<r<ro+1}

1
=C / I (01.) nt
Z ZTQ{TO—2k73STST0+2k*3} H t

j=0
1

+C

j=

1
= / (2202 1+ JY (9.8) nt )
§=0

~N{rog—2k—2<r<rg42~k—2}

2~ (=% (Dig)* 4 ¢ / G

Srn{ro—2k2<r<ng+2k -2}

0 /2].,—0{7"02’“—2<7"<r0+2k—2}

+C G?

S-N{ro—2k—2<r<ro+2k-2}

1
C (1 + |uo|) 22(/ JZTON (0. @) nk, +CT/ J,iv(ag@)ng)

=0 p- Eq—ﬂ{rgr;,}

+C G2

S-N{u~ug}

Using this we can prove more decay in the u variable:

Proposition 10.2.5. Suppose U, ® = G. Forr > % and ¢ > 1, we have

|DP|*

12
<Cr~2(1+ |ul) QZ Z (/ Jf+CN <8§Qk®> ny,
j=0 k=0 Y7
+Cr’ / I (9.0re) ng)
- {rry}

2
~ 2
+or?Y / <D (chb)).
Ern{u' ~uin{r>7} "

k=0
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Proof. Following the proof of Proposition 10.2.2, we have

r?|D®|?
<C (Z / (DOF®)? P2dA
SQ
+ / / (D*F®) (D®) ()2 + (DQk<D)2r’dAdr’)
r S2(r’)
Take r <7 < r+ 1. Then by Proposition 10.2.4,
r41 9
Z / / (D*Q*®) (D) (1) + (DQ*D) " 1'dAdy’
SZ /)
1 2 o
<c+a)?Y Y (/ JHON (am%) nt,.
7=0 k=0
+072/ Jliv (8§§~2k<P> n,
Sen{r<ry} !
2

+cy /E I <DQK (qu>>>2 .

k=0

By pigeonholing on this we also get that for some 7,
2
Z / (D'QF®)* 72dA
S2(7)
12 N
T+ a)2IN (/ TN (9. 0k0) n
7=0 k=0
+C’T2/ g (8{@’“@) nk,
E0{r<ry}

2

+cy /Z I (DgK (qu>>>2 .

k=0

We have a better pointwise decay for a “good” derivative:
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Proposition 10.2.6. For r > % we have

|DO|* <Cr —42 > (/ TN (S0 @) n +/ JITON (ag*fzkcp) .

k=0 i+5<1

+Cr* /X)TQ{TST)_/} S (8{*52’“@) s, /2 <DgK <Qk©>>2)
2
n CT_ZkZ/ETO{D;} (DQK (Qk(p))?.

=0

Proof.

7’2|D(I>|2

<c [ 0oy + (ape)"+ (2Dw)") aa
<CZ( / (Q’f[)cp)zf?dA
S2(7)
+ / / \8TQ’“D(I>Q’“D<I>|(T’)2+(Q’“D<I>>2r’dAdr’).
roJs2(r)

Noticing that |[D,Q]®| < C|D®|, |[D,®| < C (|D®|+r~|D®|) and |D,0,®| <
Cr~1|D®|, we have

7‘2|D<I>|2
2 ~ 2
<C / Q"Dd) 7dA
> ([, @)’
+/ / 0, D2 @ DA 0| (r')? + (4D (I)>27”/dAd7”l> (10.1)
v Jee)
2
SOZ (/ ) ((szk¢>)2+f—2 (DQ%)Q) P2dA
kg — o\ 2 N2 <\ 2 ' /
//S (DDQ (DQCI)) + () (DQ cb))(r)dAdr).
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The last term already exhibits better decay rate:

/ /§2 DQk@) (r")2dAdr’ §C7“_2/ Ty (qu)) ol

T

We will now show that the energy quantities involving D obey better decay rates.
. . 2
This is immediate for the term [’ Jeo ) (DQ’“@) (r')2dAdr’ using the conformal

energy:

[ ., (P90) 7 paaar
<Cv ( / TN (Qr) ny + O /Z I (k) ng> .

However, we note that this cannot be shown directly for the term

/f /S?( , (DDQk(I)>2 (r')?dAdr’

with the conformal energy because we cannot commute [, with derivatives of every

{r<ry }

direction. In order to remedy this, we use the non-degenerate energy for S®. In

particular, we use the fact that for r > ry;, |D®| < Cv=! (|S®| + u|D®| + vr~ | DP|).

/ F /S 2 DDQ% 2(7”)2dAdr’
<c/ /82 ( SDQ’“ ) + ()2 (0)) 2 <D2Qk<b)

+(r') 72 (szlk(b) 2) (r')2dAdr’

<c/ /82 ( DSQk ) + ()2 <DQ’“<I>>2

W) ()2 (D*0ke) + ()2 (DQQ%)Q) (r')dAdr
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Take r <7 <r 4+ 1. We have, for the first two terms,

/ /S 2 ( DSQ’“ ) (DQ%)2) (+')2d Ady’
cﬁz /Z I (8704 nt

The third term can be estimated by Proposition 10.2.4,

/ / )72 (D20R) () 2dAdr’
SQ(T
<Cv? Z ( JIHEN (82@’“(1)) nk, + CT2/
j=0 \”%r s

~ 2
+C / (DgK (Q’“@)) .
Er{w ~uin{r>3}

The fourth term can be estimated elliptically by Proposition 9.7.1:

/ " /S 2 Dzﬂ’“ ) (') 2d Adr’
or? (Z / T JN (a;@%) nt + /2 T (DgK (chb))Q) .

Collecting all the above estimates and noting that r > 7, we get
2

S ((poere) s (para) sy (pate)) o pasa
oSS S ([ sy« [z (onste) e

k=0 i+5<1

+Cr* /gfm{my} 0 (ag;(qu)) e, /2 (DgK (Q%» 2)
2
+ CZ/ZTH{TZ;} (l:ng (Q’WI)))Q

k=0

{r<ry }

JA]LV <3§ Qk(lf)) n‘éf)
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By pigeonholing on this we also get that for some 7,

ZQ: ( /S ” ( Q’“@) 4 (szk@>2) 72d A

k=0

)33 ( Lo saay « [ e (hare) g
i

k=0 i+5<1 (103)
. N 2
+C7? / I (o 0ke) ng + / (Do (9°))
- {rry } T p
2
N 2
+C / O, () ) .
S NCRCD)
(10.1), (10.2) and (10.3) together imply the Proposition. O

We now turn to the region r < %. We first show a simple Sobolev embedding

result.

Proposition 10.2.7. Suppose [, ® = G. For £ > 1 and r < %,

|ch1>|2<0< > /{ ) a;?w@ §+Z/ DJG)
Tﬂr<t

J+m<l+1

We can capture better estimates in r if we use an extra derivative.

Proposition 10.2.8. For {>1 and r < &,

ID'D|2 <Cr~? / JN a::kacp)
J+m+k<i+2 = O{T<t

l+1-k 2

+ Z Z/ DDgK @))2>

Proof. We only need to consider the situation when r > Rg + C. For otherwise, this

Proposition is implied by Proposition 10.2.7 since r is finite. We assume from now

232



on that r > Rqo + C'. Following the proof of Proposition 10.2.2, we have
r?|D'®|?

<C (i /sz(~) (D@kq>>2f2dA+ [T /SQ( ) <DZ+Iqu))2 ()2
k=0 r T r

- (Dfﬁkcp)2 (r')QdAdr’>

Take r — 1 < 7 < r. By Proposition 9.7.1.2 and 9.7.3,

<c< 3 i/x Q{Kt*}J,ﬁV (a;f:wm )nE +ZZ/ D0, Q%)) )

j+m<L k=0 7=0 k=0

By pigeonholing on this we also get that for some 7 with r —1 <7 <r

0
2 2
= <j+m§ékzzo/2 n{r<i} a <8$YJQI€ ) - Zo/ET <DngK (qu))f) .

[]

<.
Il
o

We also have pointwise estimates for ® instead of D® if we use the conformal

energy.

Proposition 10.2.9. Suppose [, ® = 0. Forr < %,

|2/°

_2<Z/ JZ+Nw Aiﬁjq))nz + C7? Z/
i+75<2

1+j<2 "m{r<TY}

’Gg* CD) n§T> :
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Proof. By Sobolev Embedding in three dimensions, for r < %,

2

epzcy [ (pte)
j=0 Y S-0{r<i}

Then, using the elliptic estimates in Propositions 9.7.1.2 and 9.7.3, we have

o < S / @1 ) (Viopa) k.
S.n{r<t}

i+5<2
Using Proposition 10.1.2, we can conclude the Proposition. O

We proceed to show that the pointwise estimate is better if we use the vector field
commutator S. To this end, we first show that we can control a fixed t* quantity by
an integrated quantity. The proof follows ideas in [35], [36] and applies an integration

in the direction of S.

Proposition 10.2.10. For any sufficiently reqular ®, not necessarily satisfying any

differential equations, and ag a constant,

/ 7404072(1)2
{r<7}

SCT_I // Toco—Z(I)Z + // ,rozo—2 (S(I))Q ]
R((1~1)717—)7)n{7’§%} R((l.l)*lfr,ﬂ')ﬂ{rg%}

Proof. To use the estimates for S®, we need to integrate along integral curves of S.
The following argument imitates that for proving improved decay for the homogeneous
equation in [36]. We first find the integral curves by solving the ordinary differential

equation
Cl?“s . h(?“g)
dty — t
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where h(rg) is as in the definition of S. Hence the integral curves are given by

rg dr',
exp (f('rs)o h(TZ)>
ts

= constant,

(f( Jo h )
r (T )
# and

where (rg)g > 2M can be chosen arbitrarily. Let o = t*, p = P

consider (o, p, 2, 2P) as a new system of coordinates. Notice that

h(rs)

O = —
ts

1
———0ry + O, = —0S.
+ O 0
Now for each fixed p, we have
P2 (1) < (7 +|/ S(®*)do|.

Multiplying by p® and integrating along a finite region of p, we get:

P2 P2 P2 [T zpa
/ ®*(1)pdp < / *(7')p*dp + / / |- 0SP|dodp.
P1 pP1 o1 T/ o

We choose « so that @ = 0 for r < ry and o = o for r > R and smooth depending
on r in between. We would like to change coordinates back to (t%,rs, v4,z5). Notice
that since h(rg) is everywhere positive, (p,7) would correspond to a point with a

larger value of rg than (p, 7). Therefore,

w PO ey

rg dr
/(Ts)2 &2 exp ((1 + ) [y i /S)>
2

<

dr
(rs)2 52 exp <(1 +a) f(rs>o h(ri)) d
L PO "

rs)2 9 exp((14a) [0 5
/ / Zas0| ( (rs)o M S)>drsdt*.

t*h(rs)
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r dr',
exp((lJrCV(TS)) f(,%)o ;L(TS)

$)
s
h(rs)

horizon, h(rg) = rg —2M and a(r) = 0. Hence

We have to compare with the volume form. Very close to the

rs drly »
exp <(1 + a) f(TS)O h(ws)> _ eféi”o h‘i(—z) 1 o1
h(?“s) rs — 2M '

On the other hand, for r > R, h(rs) = (r¢+2M log(rs—2M)—3M —2M log M )(1—p)

and a(rg) = ap. In particular, for a sufficiently large choice of R, h(rg) ~ rg. Hence

r dr’, r dr',

exp ((1 +a) f(fs)o h(ri)) exp ((1 +a) f(TSS)o h(ri)) g’ ao—2

~ ~ —_— ~ T .
h(”/’s) rs R

The corresponding expression on the compact set [ry, R] is obviously bounded. Hence,

since the volume density both on a slice and on a spacetime region is ~ 72, we have

2
/ (I) (T) 7,040—2
S.n{r<r} T

o2(7' 2
<C / (,T )Tao—2 + // Ta0_2|—* ;PSP | .
son{r<rs} T R(r!,m)N{r<rz} (t )

This easily implies the following improved decay for the non-degenerate energy for

e [(1.1) 7, 7]:

/ 7,04072(1)2
E0{r<3}

<or ( [ e ] (5@2).
San{r<Z} R((L.D)~"1rr)n{r<t}

By choosing an appropriate 7, we have

/ reo2p2 < O ! // reo—2p2,
S:n{r<i} R((1.1)~1rmn{r<i}

(10.4)
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Now, apply (10.4) with 7" = 7, we have

o2 9
<CTt / Trao_z—i—// r
zanfr<3} 7 R(FIN{r<5} G
R T
’R((l.l)*lq—,’r)ﬂ{'rg%} 'R((l.l)*%’,’r)ﬂ{rﬁ%}

using Cauchy-Schwarz for the second term. m

By Sobolev Embedding, this would give an improved decay estimate in t* in the
region {r < tz} For the application, we also need an improved decay in r, which we

get by commuting with the angular momentum ().

Proposition 10.2.11. Suppose [y, ® = G. Forr < % and ¢ > 1, we have

D'

e 2 S

itjt—1 ko Y YR )n{r< 17}

<KX1 (Y@@Q%)
e (s?iag*fz’fcp))

-1 2
~ 2
e 11%22// 0 (D70, (24e))
0 k=0 R((l.l)*lt*ﬂ:*)m{rg%} 9K

J=

Proof. Using a similar argument as before, except for choosing 7 < r, we have

(@p'a) Cri-idA

2
<C (Z / (D' ) 7-9dA
0 ¥ S%(
/ / ((p10"0)* + (D'0ra)’) (r’)“dAdr’).
S2(r
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Using Proposition 10.2.10, we have

/ / Dka ( /)175dAd7”/
SQ /)
< / —1 § (DKQk(I))
ETO{TS }

<Cr! (// 1m0 (DZQIWI))2
R((1.1)~1rr)n{r<i}
+ / / picd (SDZQ’@)?)
R((1L.1)~Lrr)n{r<i}

By first commuting [D,S] and then using Proposition 9.7.1.2 and 9.7.3 on each

fixed t* slice in the integral, we have

/ / r~170 (D' D) / / r 170 (SD'QF D)
R((l.l)—lT,‘r)ﬂ{rgt } R((1.1) 1T7.ﬂ{r§%}
<C ) / / (N (Yol ke ) nl

R((1.1)~trr)n{r<i}

it <t—1

+IY (Sy'o ke k)

+CZ// (L) 1rr)n{r<t} o <DJD <qu>)>2

+CZ// (L) =trr)n{r<i} r 5(DJD <Qk®)>2

Therefore, we have

T1—5|D€¢|2
= / / (£ (Vap0ta) + k% (s70.0¢))
itj<t—1 k=0 ¥ JRLD T )N{r< G}
2
- 10 <DJD (Q’fcp)) .
]z;ko// 1.1) 1TTO{T§t}
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]

Similar ideas can be used to prove decay of ® without derivatives, except for a
loss in powers of r. This will not be used for the bootstrap argument, but will be

used to prove the decay for ® in the statement of Theorem 1.
Proposition 10.2.12. Suppose [y, ® = G. Forr < 2 we have

4

2

Ik gc(t*)—lréz//m(l . (KXI (Q’f@) + K (SQ%)) .
Dt et

k=0

Proof. Fix R. Take 7 € [R, I], we have
r°|®|?
2 2
<C / QFP) rdA
> [, ()
2
<C (Z / (k) 7°dA
k=0 7 S%(7)
+] / / Q*FODORD? ()0 + (Qk®)2(r’)‘1‘5dAdr’|>.
7 JS2(r')

There exists 7 € [R, T] such that

/ (25 ®)* F0dA < 77! / ! / (25 )* (') dAdr.
S2(7) 2

ry JS2(r)
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Using Proposition 10.2.10, we have

/ / (" )" (") °dAdr’
S2(7)

<cr [ ovi(ate)
ETO{T<1}

(™ O L 57)
1.1)"17,7) ﬂ{'r< } R((L.1)~1r,7 ﬂ{'r<t
SC// KX (QFd) + KX (SQF®)) .

R((1.1)~"1rr)n{r<i} ( ( ) ( ))

Using Proposition 10.2.10, we also have

k k NnN—1-4 /
|//82(r QO DOF®|2 (1) 0 ( ) (r") dAdr'|

< r30 (QF)” + / r 170 (DO D)’

Z{r<7} E{r<7}

<Cr! / / P70 (0F0) 4+ / / P70 (508 )
R((1L.1)~Lrrn{r<i} R((L1)~1rr)n{r<i}
Or~ ! (// 19 (DQICCI))2
R((l.l)*lT,T)ﬂ{rg%}

+ / / 10 (SDOFD)?
R((l.l)*lT,T)ﬂ{TS%}
<Cr! / / (le (fz’fcp) e (5(2%)).
R((L1)~1rr)n{r<i}

Therefore, we have

@ gcz Il o (w0 (@) e (s240))
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10.3 Bootstrap

Bootstrap assumptions (J): We first introduce the bootstrap assumptions correspond-

ing to energy quantities on a fixed t* slice.

ST oA / I (i) + Y 4y / I (VoLe)nt < e (105)

i+j=16 Xr i+k=16 T

> 4 (/ZT s (e vor [ (o) )

i+j=15

+ Z AleQ/

+
i+k=15 Ern{r<ry}

N (VoLe) k.

<eritms,

(10.6)

2 A;1<

i+j<14

/ AN (gie) nt + Or? / I (90v0) ng)
S.0{r<35}

+ Z AleZ/

+
itk<14 Ern{r<ry}

g (Ykaf*i)) nk, < er™.
(10.7)

3 A;l/Z N <a§*§2j<1>> nf <e. (10.8)

i+j<15 f

Z Agi/ JY (S@@QM)) ny, + Z Ag%,/ gy (}A/ksaz’*q)) nly < er’ss,

i+j=13 Er i+k=13 Er
(10.9)

Z Agh JZHNw? (S@Z*Qj<1>> nk +C7° gy <53Z*qu)> ns,
J o T So0{r<97} : .

i+j=12 T

+ Z Agéﬂj /

+
ith=12 Z-nfr<ry}

JY <Yk58f*cb> ny,_

§€7-1+775,12 )

(10.10)
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S dsh ([ gz (s (rva)) g

i+j<11
+Cr? / I (s (on0ve)) n;>
2n{r<i7}

(10.11)
+ Agy T / JN (?ksa;; <I>> nt
i+kZ§12 7 So0{r<ri} g
SETﬂs,n
12 ~
AiﬁZ/g T (Sai*ﬂjq’) ny, <€ (10.12)
j=0 7 >r

Bootstrap Assumptions (K): We also need bootstrap assumptions for the energy quan-

tities in a spacetime slab.

Z AXJ// TOT) KXO al qu))—I—KN (82 Q“P)) < er™Ms, (10.13)

i+7=16

3 AXJ// 8§*QJ<I>> < erms, (10.14)

i+j=15
3 AX]// al Q@) (10.15)
i+j<15 R(ToT
3 AXJ// a@ QJ<I>> (10.16)
i+j<14 R(TOT
5, (0 (100) 1 09)) o
i+j<15 R((LD)~lrr)n{r<is 1
(10.17)
YAy / / K% <8§*Qj<1>> < erims, (10.18)
itj<l14 R((LD)~trr)n{r<i-}
3 oAy / / (K% (or000) + KV (01.0/@) ) < erm2tm,
i+j<14 (1. 1)_1T,T)ﬁ{r§%}
(10.19)
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! <8,f*(~2j<1>> < ey 2tma

> oA [ K
i+7<13 R((1.1)~trr)n{r<i}
Ask, / / Yo (50.00®) < eron,

R (7o, ’T)
SX]// KXo S@’ Q@)
R(10,7)

i+j= 13
i+j<12

i+j+k<12

SX] // . Xl (S@Z*Q]q)> S 67——1‘5‘775',12‘
Z+]<1l R( 1 1 1TT ﬂ{?”< }

S’X] // . XO (S@;QJQD> S 67——2‘5‘775,11'
7’_;'_]<11 R( ]. 1 1TT ﬂ{?”< }

SX] // . Xl (S&Z*QJQ)> S 67'72+77S’11.
(L)~ 1rr)n{r<i}

7,+]<10

Z ASXJ // KXO (S@#QHI)) < 67'_1_'_775’12.
R(ALD-rm)nfr<y )

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

Bootstrap Assumptions (P): We also introduce bootstrap assumptions for the

pointwise behavior. For r > &,

13
D VO < BAer? (1) me

J=0

13
> " |DIVO|* < BAe.

J=0

1

00
—

2
> DT < BAer™

1 =0

—Jj

~
I

8
> IDVO* < BAer (7)™ (1 + [ul)

J=0

8
> IDIV®? < BAer—*(t7)"2tm,

J=0
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(10.28)

(10.29)

(10.30)

(10.31)



6
D ST < BgAer 2(t7)"s1,

J=0

8
> |DST®” < BgAer™.

=0

6
> IDSTIO* < BgAer ()54 (1 + [u]) .

J=0

t*
For r < T
13

D TR < BAe(t) e,

J=0

14—35 13

DD DT < BA(t)

=1 j=0

13—

—

2
|IDTI®|> < BAe(t*) 2T,

(=1 j=0

©

—-j 8
> DI < BAe(t) sy,

1 j=0

o~
Il

6
D ST < BgAe(tr) s,

J=0

-~

<.

|D'STI®|* < BgAer 2(t*) 2+,

6
(=1 j=0

(10.32)

(10.33)

(10.34)

(10.35)

(10.36)

(10.37)

(10.38)

(10.39)

(10.40)

Remark 28. Notice that in general, for most of the bootstrap assumptions on P,

there is a corresponding one on S®. The arqgument to retrieve these assumptions are

quite similar, we only have to estimate the commutator term (in a manner similar to

[35], [36]) and track the appropriate constants.

Remark 29. Notice that all this assumption are satisfied initially by the assumption

of the Theorem.

Remark 30. We will bootstrap to improve the constants A;, Ax;, As, Asx;, Ay,

Asy and B. The constant B is only used for the bootstrap of the pointwise estimates.
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The constants satisfy

1<<BNBs<<A0<<AX70<<A1<<...<<A16

< AX,16 <K Ay < Asp <K AS,X,O <. K AS,X,IS <K As’y.

We will use A as a shorthand to denote the maximum of all these constants, i.e.,

Agsy. We will always assume by taking € small that

Ae <« 1.

Moreover, we set the constants so that

-1 /7 —1
1) .
yy < A, < 0'n
A,
d~ 6 < —L.
Ax

The n’s, on the other hand, satisfy

§~ 0 K me < mis < s < Mgz <K Mgz <K Mgt

The n’s are chosen so that

A.
L <my <1 forallj.
Ax;

€ will be much smaller than any combinations of the other constants.

We will use energy estimates and decay estimates to eventually close the bootstrap.
In order to derive the estimates, we consider equations for I'*®. We now introduce

the notations that will facilitate the discussion below.

Definition 10.3.1. Define Gy = Y |Og, (T9®) |, Uy = Y |[0y,, IV]®| and Ny, =

lil=k lil=F
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Y (O 2) .

=
Definition 10.3.2. Define G, = » |0, (I'®) |, U = > [0, T]®| and
i<k li|<k
Neg =Y |1V (0, ®) |.
iI<k

In order to keep track of the constants, we define also

Definition 10.3.3. Define Us; = [0y, 0577 ®| and Us<j = > Up .

ISR <k

9K

Remark 31. We will refer to G as the inhomogeneous term, U as the commutator
term and N as the nonlinear term. Clearly we have Gy, < Uy + Nj and G< <

ng + Ngk

We now estimate the inhomogeneous terms that will appear in the analysis several
times below. It is necessary to study the commutator terms and the nonlinear terms
together because the estimates for each depend on the estimates for the other when

we use elliptic estimates.

Proposition 10.3.4. Uy satisfies the following estimates:

[ (0o

T

ktl—i j—1 k4-l—i—1 j—1

m=0 i=0 Y BrO{rzRo—1} m=0 =0 7"

(10.41)

-1
for a < 4, where it is understood that Z =0.
i=0

Proof. The commutator terms are estimated in [35]. Notice that since  is supported
away from the trapped set, there is no loss of derivatives in using the integrated decay

estimate. We have that Uy ; supported in {r > Rq} and that
j 1 ~ j_l s~ o~
Usgl < CY 1057 (O, Y0 < O 7?2 (|D2a£—w<1>| + |D8ﬁ‘]Q’<I>|> ,
1=0 i=0
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and therefore

2 j-1 o k+0—j+2 j—1 _
DUyl <C YN r?Dmop Q0| <C Y Y r? DO,
m=1 =0 m=1 =0

where, as in the statement of the Proposition it is understood that the sum vanishes

if 7 = 0. Hence, using the elliptic estimate for {r > Rq}, i.e., Proposition 9.7.2,

/ r® (D'U;)?

T

kH0—j+2 j—1

<c /
kpl—i j—1 (10.42)

¢ ot (o) nk
: mzﬂ); m{rZRQ—uT i <t (I)> 8
k+e—i—1 j—1
S Z/ r*=t ((D™U;,)° + (D™N;)?)

m=0 =0 Y 2rN{r=Ro-1}

ro (DWQZ'@)Q

Now we can estimate U, by induction: Fix any k and we will induct on j. By
definition, Uy = 0. Now, assume that for all £ + ¢ < 16 and for some j, > 1, we
have

3 / r* (D'U;)

k+0<M,j<min{jo—1,k} * =7

M—ijo—2 ~ M—1—1ijo—1
< (XY i (ope)g 33 [Ny,
m=0 i=0 Y Xr0{r=Rq—1} m=0 =0 Y7

for all &« < 4. Then, using (10.42), we have that for k + ¢ < 16, and j, < k,

/ 7,04 (DeUkJO)Q
k4+£—i—1 jo—1

k+£0—i jo—1
<C ( > JZ/E Y (opeie) g+ > Z/

m=0 =0 Y ErN{r=Ro—1} 0  i—o Y-

re (DmNi)2> :

Hence, (10.41) holds. O
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We now estimate the nonlinear term Ny. Since N, is at least quadratic, we do
not need to be precise about the constants A and we will always estimate with the

maximum A.

Proposition 10.3.5. N; satisfies the following estimates for fived t* = 7:

/ (DKNk,)2 < CBA%*?r=2tms,

k+¢=16 T

3 / (D'N,)* < CBA*?772,

k+£<15 T

Ny, also satisfy the following estimates for when integrated over t* € [(1.1)7 7, 7]:

Z // p1-0 (DEN,{)2 < CBA2€2T*2+7716’
k=157 /R 71mr)

Z // 10 (DZN;C)2 < CBA% 2.
R

k<14 ((1.1)=177)
Proof. Here, there is no need to distinguish between the good and bad derivatives.
|D'N,| < |DT* (A, D®D®) | + |T*C|.

We claim that the most important terms will be those that are quadratic in D/F1I®

or cubic of the form

(Dj1+1Fi1(I)) (Dj2+1rizcb) (FZ?,(I))
with i1 4+ j1, 72 + jo < 8. For by the assumptions every term has the form
(DT @) (D”I"®) (D#I*®) (D*I"®) ... (DT ),

with » > 2, at least two j’s > 1 and i + 5 < 9 for all but at most one factor. If all

factors ¢ + 7 < 9 or the factor that ¢ + 7 > 9 has ¢ > 1, we can reduce to the case
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DT D2FIT2d by putting all other factors in L™ using bootstrap assumptions
(10.27), (10.28), (10.35) and (10.36). If the factor that i + j > 9 has i = 0 we reduce
to

(Dj1+1Fi1 (I)) (DJ2+1FZQ (D) (FZS (I))

again by putting all other factors in L> using bootstrap assumptions (10.27), (10.28),
(10.35) and (10.36).

/ (D'N:)°

T

¢ k
<C (sup > |Dj1+11“"1d>|2> ZZ/ | D722
o

i1+71<8 72=012=0
k
+C(Sup > |Dj1+1ri1c1>12> <sup > r2]Dj2“Fi2<I>\2>Z/ r2 I
i1+j1<8 in+j2<8 i3=0" >
+1 K
<cpar?y Y [ (D)’
i=1 j=0 Y7

using Hardy’s inequality Proposition 9.4.10

14 k
<cpAer 30 Y [ Y (prvie)at,

i+m=0 j=0

+ CBAer 2 Z /2 ((DiUgj)2 + (DiNSj)2>

i+j<k+l—1

using the elliptic estimates in Propositions 9.7.1, 9.7.3

l k
<cBAr? S [ Y (prvie) kv CBac 3 [ (DN),

i=0 j=0 i+j<k4o—1

where we have used Proposition 10.3.4 in the last step. Now, a simple induction

would show that

Z / (DZNk)QSCBAQGQT_H", and

k+4=16
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> / (D'Ny)* < CBA*E@772,

k+£<15 Y =7
We now move on the the terms integrated over t* € [(1.1)"!7, 7]. Arguing as before,

and noticing that the elliptic estimate in Proposition 9.7.1 also allows weights in r,

/ / r170 (DINy)
R((1.1)" 17, 7')

<CBAer™? Z Z//R

we have

Y (R e )

i+m=0 j=0 (1)~ 'r )
+CBAer™ ) // P ((DiUSj)Q + (DiNSj)Q)
i+j<k+L—1 R((L1)~tm7)

Y (T e ) n

¢k
sCBA ;Z R((1.1)~"17,7)

_ 11— i 2
+CBA€T 2' Z //R((lll)lTT)T 1-0 (D Ngj)

z+]<k+€ 1

<CBAer~ ZZ / / KX (opr7yio)
i=0 j=0 (1.1)~t7r,7)
+ CBAer™? Z // rt? (DiNSJ‘)Q
it j<kti—1 R((1.1)~"17,7)

Now, the bootstrap assumptions (10.14), (10.16) and an induction on k + ¢ would

conclude the Proposition. O

Now, the estimates for Ny, will also give improved estimates for Uy via Proposition

10.3.4:

Proposition 10.3.6. The following estimates for Uy on a fized t* slice hold for o < 2:

Z/ P (D'Ury)” < CAprer™,

Z / ¢ (DEUk,j>2 < CAj_leT—l-Hhs’
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Z / e (DZUk,j)2 < CAJ-_1€7-72+7114.
k+0<14 Y =7

The following estimates for Uy, integrated on [(1.1)7'7, 7] also hold for a <1+ 4:

) // P (DUyy)" < CAxjaer™,
R((1.1)"17,7)

k+(=16

> // P (D'Uky)” < CAxjorer om0,
k+e=15"7 Y R(AL.1)~177)

) // r (DUkg)" < CAxjger e,
k+é§14 R((l.l)_lT,T)
Proof. We first prove the Proposition for the estimates for the constant in 7 terms.

By Proposition 10.3.4,
o 14 2
T (D Ukﬂ')
k+0—i j—1 ~ k+0—1—i j—1
<c( Y Z/ ro=t gy (agzz(zicp) T Z/ Fo=1 (D)
j— Tm{TZRﬂfl} m=0 =0 T

m=0 =0

for a < 4. The second term satisfy the required estimate by Proposition 10.3.5. We
estimate the first term. By (10.5),

16—i j—1

>y

m=0 i=0 ¥ SrN{r=Ro—1}

Ta_4J;LV (3{”@@) ny, < CAj_jer™®,

By (10.6) and Proposition 10.1.2,

15—i j—1

>y

m=0 i=0 Y ZrM{r=Ro—1}

15—i j—1 15—i j—1
=C (Z JZ/ I (i) ng + 3 jZT‘Q/ ) I (o) mg)
+N r_%

m=0 i=0 ¥ 2r{r<3} m=0 i=0 =

7’0‘74Jl]f (8{?@@) nk,

SC’Aj_leT_H"m.
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By (10.7) and Proposition 10.1.2,

14—3 j—1

>y

m=0 i=0 ¥ Er{r=Ro—1}

Py (opaie) g

14— j—1 14—i j—1
=¢ (Z 2 / I (o) nt + 3030 / I (pdre) ng>
m=0 i=0 /rO{r<3} m=0 i=0 Z-n{r>3}

SCAJ',1€7'72+7714 .

For the integrated terms, we similarly have, by Proposition 10.3.4,

/ / r® (D'U;)
R((1.1)"17,7)

k+L—i j—1
<C < > JZ / /R ( re iy (agm@) nk

m—0 i—=0 (1.t r)N{r>Ra—1}

rot (DmNi)2> for a < 4.

m=0 =0 R((1.1)~"17,7)

The second term can be estimated by Proposition 10.3.5. Notice that 7“_1+5Jiv (@)ng, <
KXo (®). Hence, following the argument above for the fixed 7 case, we would have
proved the Proposition for the case o < 1 — §. Nevertheless, with more care, we can

improve to a < 1+ 4.

m=0 =0
/! i (g
=0 =0 ¥ YR rr)n{r<i}

k+0—i j—1 ~

>y Y (omare) nt,

R((1.1)"tr,r)N{r>Rqa}
k+0—i j—1
'y
k+e—i j—
/ / =2+ g Xo (a;micb) .
R((1.1)~trr)n{r>t}

For k + ¢ = 16, this is bounded by C'Ax ;_1er™¢ by (10.13). For k + ¢ = 15, this is

S s
—

Q

+

m=0 =0

bounded by CAx ;_jer =M by (10.17) and (10.15). For k + ¢ < 14, this is bounded
by CAx j_1er~2t™m4 by (10.19) and (10.15) since 26 < n4. O
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While the above is sufficient to recover the bootstrap assumptions for the pointwise
bounds, we will need improvements to achieve the energy bounds. For the improve-
ments, we study separately the region r < %, % <r< % and r > %. For the region
r > %, we will only show the improvement for N, instead of the derivatives of Nj.
Various complications would arise in estimating the derivatives of N,. For the region

r < %, however, we will estimate also the derivatives of N as they will be necessary

to estimate the error terms arising from commuting with the red-shift vector field.

Proposition 10.3.7.

_ 2 _
/ Tl ) (DéNk) S CBA2€27' 3+775,11‘H716.
t4k=16" Er{r<7}

_ 2 _
/ 701 é (DEN/.C) < CBAQEQT 4+775,11+7715‘
(k=157 Er0{r<i}

— 2 _
/ pl=0 (D‘}Nk) < C BA22r—5+tnsitma
k<14 E0{r<7}

Proof. As before, we only have to estimate terms quadratic in D'T*® with j > 1 or
cubic of the form

(DlerlFil (I)) (Dj2+1ri2 (I)) (F’Lg (D)
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with il +j1,i2 +j2 S 8.

/ = (D'

-

J4 k
<C'|( su Tl—(s Djl—l-lrilq) 2 / Dj2+lri2q) 2
<o 3 roperer) S [ e

=7 i1451<8 jo=01in=0 " XrO{r<7}
2 i
+ C (Sup Z r1_5|Dj1+1Fi1(1)|2> 27_25/ r—2|1—\i3¢|2
"ST i +1<8 i3=0 r{r<7}
+1 k k
SCBAET_3+775’11 Z Z / (Dll"](I))Q + CBA2627—6+2775,11+26 Z / (DF23CI))2
i=1 j=0 7/ Xr0{r<g} im0/ 5

by Hardy’s inequality. Notice now that the second term has more decay

than we need, so we will drop it from now on.

¢k
<CBAer3tmsu Z Z/

i+m=0 j=0 Y I {r<3}

-1 k
+ CBAer 3 3% / ((D'uy)*+ (D'N,)°)

I (Ervie) n

i=0 j=0
<cpaersn S [NV ab +CBAer s Y [ (D)
itj<k4eY ET i+j<k+e—1Y 2T

(10.43)

The Proposition would follow from an induction on k + ¢ and the bootstrap assump-
tions (10.5), (10.6), (10.7). The k+¢ = 0 case also follows from the above computation

as we have adopted the notation that Z = 0. O
i+j<-1

We now move to the region {tz <r< %}. In this region, u ~ t*, and therefore
we can exploit the decay in the variable u given by the estimates from the conformal

energy.

Proposition 10.3.8.
/ N126 < CBA2€27_74+7714+TI167
2n{g<r<dny
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/ ]\7125 < CBA%?p—5tmatnls,
z{I<r<ds

and
14

/ N2 < CBA%e276t2ma
;< .
=0 /SN {F<r<35}

Proof. Arguing as before, we see that the main terms for the nonlinearity are those
that are quadratic in D® or those that are cubic with the form I'*®DI'"®DI2d

with 21,79 < 8. The quadratic terms can be estimated:

L5 &
>N / |DT® DIz |

i1=0 is—0 Y Sr0{F<r<i5
8 k
<C (Z sup |DF“<I>\2> Z/ | DT |2
i1=0 1<r<35 iy=0 Y SrN{F<r<9f
k
<CABer™*tmay " / | DT ®|2.
i—0 Y B-{F<r< g

The particular cubic term can be estimated as follows:

5] &
7 i1 2 |2
> Z/E T3 DI G DT P

T 971
i1,ia=0i3=0 Y 2r{F<r<35

8 2k
<C (Z sup |DI‘“<I>|2> Z/ T |2

i1=0 1 <<% is=0Y Er0{f<r<%5
k
§0A23262T—8+2m4 Z/ |1—\iq)|2'
im0 /E-n{f<r<$F

In principle, for £ < 15, we can then control the last term using the conformal energy.

For k = 16, however, conformal energy is not available, and we need to use Hardy’s
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inequality.

k
AET_8+27714 Z / ’qu)‘Q

9
i=0 Y E-N{{<r<Tg

k
SC’AET_6+2”14Z/ r 2|0

i=0 />

k
SCAET6+2TH4Z/ JV (@) nk .

i=0 V27

The estimates now follow from the Bootstrap Assumptions (10.5), (10.6), (10.7). O

For many applications, we only need a much weaker estimate on N,. We write
down the following Proposition which corresponds to the estimates that will be proved
for the quantities involving S. This would allow a unified approach in dealing with

many estimates with or without S.

Proposition 10.3.9.
/ r175N126 < CA2627_*3+773,11+7716
ETO{TS%

/ 7,1—5]\7215 < OA2€27_—4+7IS,11+7715
ETQ{TS% -

We now move to the estimates for Ny in the region {r > %}. Here, we need to

exploit the null condition:

Proposition 10.3.10. For a =0 or 2,

/ N126 < CBA%*?r—2tms,
97
E{r>35

/ TaN125 S CBA2€27—3+04+7715’
97
Efﬂ{rzl—o
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and
14

roN? < C BA%22r—4tatma,
SR N

Proof. Following the argument before, we reduce to quadratic and cubic terms. This
time, however, the null condition plays a crucial role. For the quadratic terms, we

need to consider
(DIr"@Dr*®), (DI ®DI*®) ,r~' (DI ®DI*d) ,
where 7; > i5. For the cubic terms, we need to consider
(DI"@Dr?®Dr*®) , (DI @D I ) .

Notice that for the first cubic term can be dominated pointwise by quadratic terms of
the third type listed above using the bootstrap assumptions (10.29) and (10.38). The
second cubic term can also be dominated by the first two types of quadratic terms if

i3 < 13 by (10.27) and (10.35). We can thus assume i3 > 13 and hence 41,1y < 8. We

257



now estimate the quadratic terms

L%J k—j
> Z/ r® (|DI"*®DId|? 4 | DT ®DI2¢[* + r~2| DI d DI H )
i2=0i1=0 Y S0 {r=35}
8 k
<C <sup Zr2|Dri2c1>|2) (Z/ ra—2|Dri1<1>|2>
245 i=0 i1=0 Y Z-N{r=%5
8 k
+C | su r?| DT 0| / r* 2| DI |2
8 k
+C77° <sup > r2|Dri2c1>|2) (Z/ ra—2|Dri1<1>|2>
245 i5=0 i1=0 Y E-N{r>35}
k
<CABe ro 2| DTid|?
- (Z:; /m{rz‘ia} o )

k
+ C ABer s Z/ r* 2| DI"®* | .
i=0 Y Zr0{r235

We then estimate the particular cubic term:

k 8
>y / r® (DI e DI I @)

9
i5=01,i2=0 Y 2r{r=15}

8 8 k
<C (sup ZTQIDFiQ(P\z) <s>u£ Zr2|DFi2<I>|2> (Z/ y >9T}7~a—4‘ri1@|2>
r i3=0v =7 "'=71g

9t ° 9T
7215 i1=0 =10 12=0

k
<CA2B?e27—2tma / ra*4\Fi<I>|2 )
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Therefore,

N2
16
/Z-rﬁ{r>%—

16
<CABer™? (Z / |Dri<1>|2>
i—0 ETQ{TE%'
16
—44-n14 1|2
+ CABer (2; /E . |DI®| )
16
+ CA? B2 —4tma (Z/ 7“_2|Fi<1>|2>
=0/ 0{r>15
16
< (CABer™ + (CABe + CA*B*¢*) 7~ +1) (Z/ . |DFi<I>]2)
i—0 Y2 {r>15}

<CA?Be*r—2tms,

and
(-
Efﬁ{rz%
k
<CABer™ (Z/ T2|DFiCI>|2>
k
+ CABer—*tms / |DT®|?
; ETO{’/‘Z%

k

> / r 2|2
i=0 ETH{T’Z%
k k
> / 7’[DI'® | + (CABe + CA’B*e®) 7=+ [ / |DI'|?
0{r>2% i—0 Y 5r

1=0

+ C A2 B2 —4+ma (

<CABer™* (
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and

/ r?N}?
Efﬂ{rz%

k
<CABer? E 7'2|DI"‘<I>|2 + C ABer—2tma
91
i=0 JEr0{r=15

k
+ C A2 B2~ 2ma / r 2|02
k

k
<CABer™” (Z /E o 72|Dri<1>|2> + (CABe+ CA’B*¢) 72t (Z |Dm>|2>
i=0 “ =7 "= Tg

i=0 Y 2r

k

> / |Dric1>|2)
0 E,—ﬂ{rz%}

The conclusion follows from Proposition 10.1.2 and the bootstrap assumptions (10.5),

(10.6), (10.7). O

From the the estimates for U, and N, and the L? — L™ estimates in the last

section, we get the following pointwise bounds:

Proposition 10.3.11. Forr > %,

13 B
D oMo < EAer‘z(t*)H"m. (10.44)
j=0
13 B
> DT < 5 Ae. (10.45)
j=0
13—j5 12 B
> DT < EAGT_2. (10.46)
(=1 j=0
: B
> Do < EAer_Z(t*)"M(l + |u) 2 (10.47)
j=0
i B
> Do < EAer_2(t*)_2+7714. (10.48)
j=0
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t*
Forr < T
13

Z|FJ<I>|2< Ae( #)~lEms (10.49)
7=0
14—5 13
> D IDTIRP < BAe(t)"Hme, (10.50)
(=1 j=0
13—j5 12
> D IDTIRP < BAe(tr)Hme, (10.51)
(=1 j=0
9-5 8 B
> DTV < EAET_H‘S(t*)_H"Sv“. (10.52)
=1 j=0

Proof. (10.44) is immediate from Proposition 10.2.3 and the bootstrap assumptions
(10.6) and (10.7).

By Proposition 10.2.1,

13 15 1
> |priop <C (Z / Ty (The) g +) / (D’“G«s)z)-
§=0 k=0 v 27 k=0 Y X7

Hence we get (10.45) by bootstrap assumption (10.8) and Propositions 10.3.5 and
10.3.6. The constant is improved since Ae < 1 and C < B.

By Proposition 10.2.2,

13 12 13 2
ZJZIDZF@F <Cr? (ZJZZ/ TN (o) ek + Y / (D™G <) )

(=1 j=0 m=0 k=0 m+k<10

<i/JNFJ®nE+Z/ DG<k>

m+k<10

We hence get (10.46) by bootstrap assumption (10.8) and Propositions 10.3.5 and

10.3.6. The constant is improved since Ae < 1 and C' < B.
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By Proposition 10.2.5, for r > %, we have

8
Z | DI 3|
1 2 8
LR NN ([ sz (anarra) ut
=,

=0 k=0 j=0

+C7° / g (a;mkr@) ng>
Sr0{r<ry }
2 8

+COr2 Z Z /Tm{u’wu}ﬂ{r>2} (DQK (rijq>>>2

k=0 j=0

<CAer™ir=2 (1 + |u|) > 4 COr 2 // G210
N ~uin{r>T) T

by bootstrap assumption (10.7)
<CAer™ir™2 (1 + |ul|) 7> + CAe(t*) "2 mir=2 4 C A2 B3 (t*) =2 map—2
by Propositions 10.3.9, 10.3.10 and 10.3.6

B
SEAer_Q(t*)m“(l 4 |ul) 2

Hence we have proved (10.47).

By Proposition 10.2.6, for r > %, we have

8
> |IDr e
=0
2 8
7“—422 (/ Jliv (ST @) nk +/ JMZ—i-CN (W:QW@) o
k=0 j=0 i+m<1 Zr .
Ok ~ 2
2 g [ (5 (0
-2 Z /

SCAET_4(t*)7714 + CAE(t*)_2+77147"_2 + CAQBGQ(t*)—Q-H?mT—Q

ri@))Q

N{r>35 }

§§Aer‘2(t*)_2+m4.

262



Hence we have proved (10.48) and completed the proof for r > %. We now move to
the pointwise estimates in the region r < L. (10.49) follows directly from Proposition

10.2.9 and the bootstrap assumptions (10.6) and (10.7). By Proposition 10.2.7,

14—j 13 14-j 13
Sy wratce( X[ r(ire)e 3 [ e,
(=1 j=0 itj<15’Er0{r<5} =1 j=0 7 >7

where we have used the fact that [Y", T] = 0. Hence (10.50) follows from the bootstrap
assumptions (10.6) and (10.7) and Propositions 10.3.5 and 10.3.6. The proof of (10.51)

follows similarly as (10.50): by Proposition 10.2.7,

13- 12 135 13
Sy omercc( xS [ p(rme)i S5 [ wour)
(=1 j=0 i+j<14” Er0{r<is} =1 j=0 /%"

Hence (10.51) follows from the bootstrap assumptions (10.7) and Propositions 10.3.5
and 10.3.6.

Finally, by Proposition 10.2.10, for r» < %, we have

9—j 8
DTV |2
(=1 j=0
<Oty Y / / (K% (Y'T9®) + KX (SY'TV®))
i+5<10 R((LD)~1rr)n{r<i}
+O@E) Y // r10(D'Gs)?
iti<10” YR(L)Lr)n{r< 5}

<CAer3tmsap=40 4 0 A2¢2p—34may—149

<§A€T73+ns’117“71+6

— 2 7
where in the third line we have used the bootstrap assumptions (10.20) and (10.26)
and Propositions 10.3.9, 10.3.10 and 10.3.6. The only caveat is that when using
(10.26), the vector fields Y and S are in different order. However, since S, Y] ~ D,

we can estimate the commutator term by (10.20). O
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Now, we have proved the L*° bounds, we will replace the constant B in the
bootstrap assumption (10.27), (10.28), (10.29), (10.30), (10.31), (10.35), (10.38) by
C in the sequel. Notice that we have originally assumed B < Ay and therefore
C' < Ay still holds. We now proceed to recover the bootstrap assumptions (K) that
do not involve the commutators Y or S. We first retrieve (10.17)-(10.20). Notice also

that we will retrieve (10.13) and (10.15) later together with (10.5) and (10.8).

Proposition 10.3.12.

Z AXJ // <KXO (az*Qj(I)> —|—KN (az*QJCI)>) E 7 4ms
i+5<15 (1.1)" 77 ﬂ{ri%} 2
(10.53)
> A% // (81 Q@) < Sytbms, (10.54)
i+5<14 R((1.1)~trr)n{r<t} 2
Z A // <KXO (8Z*QJ<I>> + KN (a;gpq;)) < £ £ 2+
i+j<14 (1)~ trr)n{r<5} 2
(10.55)

i € —24nu
Z A // (L) 1rr)n{r<i} <a QJ(I)) 5 o (1056)

i+j<13
Proof. We first prove the estimates involving Xj, i.e., (10.53) and (10.55). By Propo-

sition 9.5.4.2 and the Remark following it and the fact that |02 Ni| < |N<kim|, we
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have

55y (500 5 500)

i+5<15

o Yo (e ),

i+5<15 (1.1)~ 17

‘|‘C/ JN (82*QJ@> nu
Zaay-1,{r<ry} : ¢ Ean-1r

Loy Ay / / PN
Z XJ( R((1.1)~1r—1,7+1)n{r< 2= =10

i+5<15 10

+ sup / Niw
e[l )~ tr=1,741] S nfr—3M|< MY T

+ // r' (Ucis <)’
R((l.l)*lT—l,T—l—l)ﬂ{TS%}

1 A r—14+ms =1 A2_.2_—2+ms11+m6+20 -1 . —1+ms
<C g (AX,]-AJET + Ay ;AT + CAx Ax j1€T )
1+j<15

by Propositions 10.3.9, 10.3.10 and 10.3.6. Notice that our integrated estimates for U
in Proposition 10.3.6 is only for [(1.1)7!7, 7]. Nevertheless, for the region [(1.1)7!7 —
1, (1.1)~'7]N[r, 7+ 1], we can use the integrate over the fixed 7 estimate in the same

Proposition. By Proposition 9.5.4.2 and the Remark following it and the fact that
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|07 Ni| < |N<giml|, we have

3 AX]//’R(ll } )m{<t*}<KXO (a;;(zjcb) + KN (a;;fzjcb))
Nt

i+j<14
_ _ zZ
<C ) AL JEENT (5L QP
»J H (1 1)—1r
i+j<l14 San-1r

+C / I (o)l )
Saay-ts N{r<ry } -
+C Ay / / r' N2
Z I ( R((L.1)~Ir—1,7+1)N{r< 0 ) =10

i+j<14
N2
+ sup 215
tre[(L1)~1r—1,m+1] J S n{|r—3M|< A}

_|_// 7"1+5 <U§14,§j)2
R((l.l)*lT—l,T—i—l)ﬁ{rS%

<C E A A 67'—2+7714 +A A2 2 —3+ns 11+m°+25+A)_(1jz4x,j_1€7‘_2+m4)
i+5j<14

< E —2+n14

=97

The proof of (10.54) and (10.56) proceeds in an identical manner. Notice that us-
ing Proposition 9.5.5.2, the right hand side when we estimate (10.54) (respectively

(10.56)) is identical to that when we estimate (10.53) (respectively (10.55)). O
Now we move on to retrieving the bootstrap assumptions (J) with better constants:

Proposition 10.3.13.

>t [ g (aee)ag, < So (10.57)

i+j=16 X7

> Aj—l/ JY (ag*fzch)) nk < % (10.58)
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S oAy / / al Qﬂ'cb) < gﬂw. (10.60)
TOT

i+j=15
3 AX]// a;*fzﬂ'<1>> < g (10.61)
i+75<15 R(10,7)
Yo oAy // al chb) (10.62)
itj<14 R(TOT

Proof. We will prove the slightly stronger statements with Ax ; replaced by A;. Using

Proposition 9.4.17 and 9.4.18, we have
S oA ( / TN (a;*gzﬂ / / KXO a;*gzﬂcp)
i+j=16 R(70,7)
+// KV (amj@))
R(ro,7)N{r<ry }
1 2

o T+1 5

<c Y A / N (a;sm) ng+</ (/ N126) dt*)
To*l 1k

i+j=16

+ / / N + / / U,
R(to—1,7+1) R(to—1,74+1)

2
+ sup / U16,j
t*€[ro—1,7+1] Et*ﬁ{|r—3M|§%}

<C Z Aj_1 (e + A262771_617’716 + Ax,j_lean)

i+j=16

<E7—7716'
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15
We now turn to the estimates for Z IT/®|. We have

§=0
S oA (/ N (a;*QJ // 8;9@))
i+7<15 TOT)

o T4+1 % 2
<c Y A / TN (a;*mb) nl + (/ (/ N315> dt*>
i+j<15 2o T0—1 P

+// N315 + // T1+5U215,<j
R(to—1,74+1) R(to—1,7+1) -

2
+ sup / Uli5.<j
t*€lro—1,7+1] /S n{jr-3M|< XL}

<C Y AN (e+ A€+ CAxjae)

i+5<15

<-.
2

It now remains to show (10.60) and (10.62). By Proposition 9.4.20 they can be esti-
mated by exactly the same terms as (10.59) and (10.61) respectively. The Proposition

hence follows.

]

We now move on to control the conformal energy and close the part of the boot-

strap assumption (10.6) without Y.

Proposition 10.3.14.

3o oA ( / AN (gie) g+ Or? / I (90v0) ng>
ETO{TS%

i+7=15

<_7.1+TI15'

(10.63)
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Proof. By Proposition 9.5.12,

S 4 (/ A" <ati*§2j¢,> nl 4 Cr? /Em{rg%}ﬁf (6;;(2@) n%)

i+j=15

e 3 ([ 5o (v 50

i4+j=15

+(0' +a / / ()2 KN <8§*QJ<I> / / Pl (8;&29(1))
R(m0,7)N{r<ry } R (70, 7')
Z // ) )2 140 (angIS 6/ // ) )27’1+6U1257j
R(r0,7){r<55 9t R(70,7){r<55 9t

1 2

T 2
e [ ) | @) s QR
o \/Sen{r>5) ’ trefro,r] J S n{ry <r< M}

We will estimate the terms one by one. First, the term with the initial data, i.e., the
very first term, is clearly bounded by C'(3_; Aj_l)e. Second, we consider the two (t*)2K
terms on the second line. To this end, we define as before 7o < 7 < ... <7, = 7 with
Tiv1 < (1.1)7; and n ~ log(7 — 7) is the minimum such that this can be done. Thus,

these two terms can be bounded, using the bootstrap assumption (10.17),

& A7 / / ) K% (0.7 ®
14;15 R(7o,7){r<%5 L ) < ‘ )
AJ_I // R(ro,7)N{r<ry} <t*)2KN <8Z* QJ(I)>

<O Z A Z <6/ // R(Th, Tt 1 ﬂ{r< } XO <aZ*QJCI)>

i+j=15

+ (0 +a) 1} // KN <8Z*Qj<13>>
R(r0,7){r<ry }
<C (Z Aj’j> € (20 +a) rltms,

j J

This is acceptable since a, ¢’ <
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using the bootstrap assumption (10.14),

zﬂleA / / . trrT KX (a;@@)
c@)t > 45 Zm // 82»«9@)@(6’)‘1( Ai>f+
J

i+j=15 Rk, Tk+1) Aj

This is acceptable since 1714 < 115 and therefore the constant can be improved for 7

large. Fourth, the integrals involving /N5 can be bounded using Propositions 10.3.9

and 10.3.10:

1A // t* 2T1+5 "N 2
Z R(r0,7){r< 5 El ) ( ! 15)

SCAQAQ 1 2(5/) / (t ) 14+ns,11+n15+28 dt* S CAQA(;lEQ(5/)_17ns’11+n15+26,

70

1

2
C@) Ay / </ {>t*}r2Nf5> di* | < CAPAGIE @) it
T0 N 25

C((S')‘lAal sup / (t*)2N125 < CA2A5162(5’)_1
Spn{ry <r<28My

t*€[10,7]

These are all acceptable since € would beat all the constants. Fifth, for the commu-

tator terms U125J7 we estimate by Proposition 10.3.6,

n—1
(5/>—1Aj—1 //R( )(t*)2T1+6 (U15,j>2 SC Z(él)—l //7;( )T,L-2T1+5 (U157j)2
T0,T i=0 TisTit1

SC((S/)_I A—);ijl_l 7_1-1—7]157

J

i A
((5/)7114;1 / (/ ) T2U1257j> dt* S 0(5/)71 j{.lT'
70 Spn{r>%} J

A Axja
A S Ta

J

VI

Since

<,
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all terms are acceptable. O

With 14 or less derivatives, the conformal energy behaves better. We now close

the part of the bootstrap assumption (10.7) without Y.

Proposition 10.3.15.

Z A (/ JZ+N’wZ <8Z;(~2j®> ng_ + 072/ J/iv <6Z*Qjcl>> n‘i) < 27"14.
Em{rg%

i+j<14

(10.64)

Proof. By Proposition 9.5.12; and noticing that U is supported away from {|r—3M| <

21, we have

3o oA ( / N (V@) + O / Iy (or0v0) mg)
ETﬂ{rg%}

i+j<14

<c Y oA ( / JAHONw? (a;;fzjq)) nl 40 / / ()2 KXo (a;'*(zﬂ‘@)
itj<14 0 ° R(r0,7)N{r< %}
+(0' +a) / / (K (0L0) + (5)! / / tr RN (9. 000)
R (70, T)ﬂ{?"<7‘;} R(70,7)
+(0")~ Z // )27“1+5 (6’?3Ng15)2
R(70,7){r<F5 9ty

() / / (U,
R(TOJ)Q{TS%}

L&) sup / (1202, |
t*€lro,7] Et*ﬂ{r;grgﬁ}

As before, we estimate each term one by one. First, the term with initial data is clearly

bounded by C'}". Aje. Second, the (t*)*K terms can be bounded, using (10.19), and
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dividing the interval into 79 < 7 < ... < 7, = T as before by

Ay / n—1 y A
C ;12’]6(25 +CL>ZTZ?7 <C T Jent (20 + a) T

i=0 J

This is acceptable since a, 0’ <« A . Third, the t*r'"°K term can be bounded,

using the bootstrap assumptions (10.16) and (10.18), by

(&) > A //R(TOT RN (amjcb)

i+7<14

=00 Z A <// (ro,m)N{r<i} R <8§*Qj®>

i+5<14

+ / / prr 1 g (a,;(zhb)

R (70, T)ﬂ{’r>ﬁ}

A e / / KX (a;;(zjcp)
Z Z ( Rk, Te41){r< 5}

i+5<14

+7 / / KX (9.0
R (7, mhp ) {r>4 1
-1 AXJ —1.ms
Z A; 4 hs T
J
which is acceptable for 7 large since 15 < 114.

Fourth, the integrals involving N<j4 can be bounded using Propositions 10.3.9

and 10.3.10 by noticing that |0y N<14| < CN<ys:

-1 £\2, 1+35 1qm 2
Ay Z / / . ()21 9 (O N<yy)

SCAQAgl 2(5/) / (t ) 2+ns,11+M15+28 dt* < CA2A5162(5/)—1

70

1
2

C(8)tA! / (/2 { >t*}r2N125> dt* | < CA*AG'E(0) g™,
T0 xN r>5
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C(8) AT sup / (F)2NL < CA2AS1E2(5) !
SpN{ry <r<28My

t*€[70,7]

which is acceptable since € < Adn;; . Fifth, for the commutator terms U2,y <jr We

estimate by Proposition 10.3.6,

n—1

(5')_114}1//71( )(t*)QTH‘S (Usiag))? <C Y () Axyarimy 2

1=0

, A
<C(d') 177141—);1] - T,
j

1 2

N— — ! ’ * N\ — A —
@y f < [ U) i) <o) By
0 Et*ﬁ{rz%} j

4 S TA

Since

L < o,
all terms are acceptable. O

We now consider terms involving commutation with Y and recover the bootstrap

assumptions (10.5), (10.6) and (10.7).

Proposition 10.3.16.

Z / JN Ykﬁl ) §%67"16,

i+k=16

and

Z / Yka’ > < &67-1-&-77157
7—ﬁ{r<ry} s 4

i+k=15

and

Z / Y’“a;* ) v < &67'7714.
Tﬁ{'r<ry} 4

i+k<14
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Proof. The idea is to use Proposition 13 and use the fact that it gives the control of
an integrated in time quantity. From this we can extract a good slice to improve the

constant. By Proposition 9.7.4,

3 ( / N (?ka;;q)) nl + / / N (Wa;;q») mg)
ETQ{TST;t} R(T’,T)O{TST;}

i+k=16
16

o £ [ s S g
(]’-i-;lﬁ Son{r<ri} " Zo S-n{r<ri} 8 (t )nET

% 2

+Z/L(T T)m{r<23M} M ( nEt* " Z // R(T’ Tﬁ{r<23M} DGSJQ) )

i+7j<16

SCAY(T/)mﬁ + CAyT™ + CA262(7‘/)_1+7716’

by (10.5), (10.13) and Proposition 10.3.5. Take 7" = 7 — Ay. Then

Z // N <}}kaz‘*q)> ngt* < CAy7'm6 + C'A(ﬂ‘nm + C’A2€27—_1+7716.
R(t—Ap,m)N{r<ry }

i+k=16

Hence there is some 7 € [T — Ay, 7] such that

/ Ty (?kati* > nk < CAyAg'r™e + Cr™Me 4+ CA%elr—1Hme,
itk=16"Y ZrN{r<ry}

We also have by (10.5) and the elliptic estimates in Proposition 9.7.1,

> | 7Y (Ve nt,
T {ry Srﬁrxt}

i+k=16
16

<y [ Y@y, + Y [ (0o
i=0 E*”{ﬁ?ﬁ’"ﬁtz} i+j<15

<C’A07-7116 + CA2 2 —1+n16
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Now reapply Proposition 9.7.4, from 7 to 7, we get
>/ Y (Ve nt
k=16 Sr0{r<ry}

<C / JN (aﬂ; ?mcp) nt 4 C A + C A%
Z Sanfrert} 2 t PR 0

j+m<16

SCAYAO—ITUM + CAOTTMS + CA2627'_1+’716_

Since C' <« Ay < Ay, we get the first statement in the Proposition. The deriva-
tions for the other bounds are identical, with the constants and exponents replaced

appropriately. O

From this we can also derive some integrated estimates for Y*I'V®. This will be

useful in controlling the commutator [, S].

Proposition 10.3.17.

Z // Jiv (f/ka;* @) ny, < Ayer™,
R((L1)=trm)n{rry}

i+k=16
and
Z T // jiV <}>k82<1)> nf, < Ayerttms
i+k=15 R((A.1)~tr,m)N{r<ry }
and

Z 72 // Jl]LV <Yk3§*cl>) ny, < Ayer™.
R((1.1)~trr)n{r<ry}

i+k<14

Proof. This is a direct consequence of Proposition 9.7.4, 10.3.5, 10.3.16, as well as

the bootstrap assumptions (10.5), (10.6) and (10.7). O

We will finally proceed to the quantities associated to the vector field S. Recall
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from the previous chapter that for large values of r
Dy, S]® (2+T “) 0,9 - = (’"——1— . “) O+
r

() )

2

<Car()_ |D*®)).

k=1

and that for finite values of r, we have

[Ty, S1B| < C () | D).

9K
k=1

Moreover, all the coefficients in the commutator term obey the same estimates (with

a different constant) upon differentiation. Therefore,
« (STFR) = Vi + S(Uk) + S(N),

where

{41 042
(D'Vi)* < Cr* (log r)” (Z (DT )" + 3 (DjF’“CI>)2) .
=1 =

We would now estimate these three terms separately. We first estimate the Vj, terms:

Proposition 10.3.18. For a < 2,

/ Ta (DKVS]C)2 S CAy€7'72+m4+6.
P

0+k<13

Fora <1+,

> / / (D'Vy)® < CAyer—1tmsts,

(k=13 R((1.1)"17,7)
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Z // re (D£V<k)2 < CAyer2tmato,
R((1.1)~17,7) B

1+k<12

Proof. By the elliptic estimates in Propositions 9.7.1 and 9.7.3, we have, for a < 2,

> [ ova)’

1+k<13

SC Z / ra74+6‘]i\7 (YZF](I)) ng‘r +C
b

i+j<12

<C (Aye + A2€2) T_2+7714+6,

Z / po—4+o (Ding)z
=,

i+j<11

where we have used Propositions 10.3.5 and 10.3.6, the bootstrap assumptions (10.7)
(for r < 223 and (10.8) (for r > 2.

By the elliptic estimates in Propositions 9.7.1 and 9.7.3, we have

o
R((1.1)"17,7)

L+Ek+1 L+

<C Z // o 4+5JN <Y FJ(I) l{) + Z // raf4+5 (Ding)z
R((1.1)"17,7) R

i+5=0 i+5=0 (L)~ t77)

We first consider the case (4 k = 13. For the first term, we divide into r < £ (which
we estimate by (10.18) and Proposition 10.3.17) and r > L. (which we estimate using
the extra decay in r by (10.15)). The second term contains the U, and the N}, part.
The Uy part can be estimated by Proposition 10.3.6. The N, part can be estimated
by Proposition 10.3.5. The ¢ + k < 12 case in completely analogous, replacing the

bootstrap assumption (10.18) by (10.20). O

We then proceed to the estimates for S(Uy). Notice that when we prove the
estimates for the derivatives for S(Uy), the derivatives for S(Ny) will be involved.
Like the proof of the estimates for U, we will first prove estimates for the derivatives

of S(Uy) depending on S(Nj), and close the estimates after we control S(Vy).

Proposition 10.3.19. The following estimates for S(Uy) on a fized t* slice hold for
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13—y

Z / DZ Ukj))) < CAg j_1€7"1 + Z/ (D™S(N<j— 1))?.
k+4=13
12—j
Z / re (Dé (S(ngj)))Q < CAS,]# —147ns,12 + Z/ DmS ]\]’<‘7 1)) )
k+e=12Y 57
11—j
Z / r® (D (S(Uk]))) < CAgj_q€eT 2+"511+Z/ (D™S(N<,— )2
k<11 Zr

The following estimates for S(Uy) integrated on [(1.1)7'7, 7] also hold for a <1+ 4:

N R CAC U

k+0=13 )7imT)
13—3
<Chsxyaer ™ + 3 / / “2(D"S(Ny )P
a 2
> [ s
k=12 R((1.1)"17,7)
12—j5
<CA5X] 1€T —1Hns + Z// DmS(N<] 1)) .
a 2
> [ e tsw)
k40<11 R((1.1)"t7,7)
11—j5
<CA5X] 167’ s, + Z// DmS(N<] 1)) .

Proof. Notice that D (S(Uy;)) is supported in {r > Rq} and satisfies

+2 j—1
D (S| < © 30 S ? (1Dmsok @l + | Dok i)
Prpg? g2
<C Z ZT*2 <|DmSQiCI>’ + ’DmQ’(I)‘) .

m=1 =0

We can ignore the last term because it appears already in D*Uy ; and can be estimated
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by Proposition 10.3.6.

[ (@0 sy

T

C+k—j+2 j—1

~ 2
SC / TCV—4 DmSQZQ)
mzzl ; N {r>Rq} ( >
C+k—j+1 -1
§C / a_4JN aTSQZ® u
mzl ; N{r>Ro—1} " ° ( t ) Ny,
lk—j j—1 B )
+C Z/ r2 <DngK (SQZCI)))
m=1 =0 V=7
C+k—j+1 j—1
SC / 0474JN 3@5’()%1) "
mZ:1 ; Srn{r>Ro—1} " # ( t ) Ny,
O+k—j
> / 2 (DS (Usjor,z-1))” + (D™ (Nejon))? 4 (D"Vey0)%)
m=1 T

We now apply the bootstrap assumptions. By bootstrap assumption (10.9) and

Proposition 10.3.18,

3 / v (D! (S(Ur)))’

<CAsjaer™ 4+ ) / ((D™S(Usj-1,25-1))* + (D™S(N<j-1))?) -
m=1 T

By bootstrap assumption (10.8) (for r > £), (10.10) (for r < £) and Proposition

10.3.18,

3 / v (D! (S(Ur,)))’

<CAg; jer™ sz 4 Z / ((D™S(Usjmr,2j-1))* + (D™S(Nej-1))?) -
m=1 s

By bootstrap assumption (10.8) (for r > £), (10.11) (for r < £) and Proposition
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10.3.18,

> [ (s’

<CAg;qer s 4 Z/ ((D™S(Usjr,5-1))* + (D™S(Nej1))?) -
m=1 T

Noticing that Uy = 0, we can conclude the first three statements in the Proposition
using an induction in j. (See the proof of Proposition 10.3.4). For the integrated
in time estimate, we note that r~'=°J (I"®) < CK*° (I'"®) and use the bootstrap
assumptions (10.21), (10.22), (10.23) and (10.25) (See proof of Propositions 10.3.4
and 10.3.6). O

We then move on to the S(Nj) terms, first we will prove an estimate for the
derivatives of S(Ny). The decay rate here is not optimal, but would be sufficient to
close the bootstrap argument. Our approach here is to prove the decay rate that
is driven only by the pointwise decay of D‘® but not by that of D*S®. The latter
can, in principle, be done by similar methods, but we will skip it since it will not
be necessary. In subsequent propositions, we will then prove refined decay rate for

S(Ny) (without derivatives) as well as for D*S(N}) restricted to the region r < L.

Proposition 10.3.20. S(Ny) satisfies the following estimates for any fived t* = 7:

> / (D'S(Ny))? < CBgA?r—2+nsn
k+€=13" =7

Z / (DES(N,C))2 < C A2~ 2tmato

k4+£<12

S(Ny) also satisfies the following integrated estimates over t* € [(1.1)7 17, 7]:

> / / r ' (DIS(Ny))? < CBgA’Pr2tnsn
k+0=12 R((l.l)_lT,T)
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// IS (DES(N))? < C A makd
R((1.1)~17,7)

k+0<11
Proof. We would like to do a reduction similar to how we estimated Nj. Clearly,
only the quadratic and cubic terms matter and we only need to consider terms that
contain S for the other terms are already controlled by the estimates of N,. We will
denote terms that are already in Ny by “good terms”. The only cubic terms that
are relevant are those which contain ST® since in the terms with D/T1ST®, we can
put all but one other factors in L> using the bootstrap assumptions (10.27), (10.29),
(10.35) and (10.36). Notice also that the conditions for DgAg, DeA; and DgC in the
definition of the null condition guarantee that the bounds do not deteriorate if S acts

on the coefficients. The relevant terms are
(DleF“Q))(DjQFiQ(I)), and

(DITH &) (DRT20)(ST ).

We first treat the case that k + ¢ < 12. In this case we will always put factors

281



without S in L.

/ (D'S(N))?

.

<C > / (D71 ST ®)2(DPTi2d)?

t1ti+j1+72 <k+0+2,51,52>1 7 =7

+C > / (DI T4 ®)2(D2T20)%(ST®)% + good terms

i1+i2+i3+751+72<14,j1,j2>1 T

gc( > sup(Djricp)Z) > /(Dﬂ’sricp)2

i+j<k+L+1,5>1 i+j<k+£+1,j>1

+c( 3 Sup(DjFiCI))2>< > supr? (Djfiq’)Q)

i+j<k+0+1,5>1 i+ <k+L+1,5>1

X (g;é /E T T-Q(SF@)?)

+ good terms

<SCAer™>tms y- / (DIST'®)? + C A% 7>t - / TN (ST ®)nk

it j<k+l+1,5>17 57 i<k4e” >

+ good terms
using the bootstrap assumption (10.28), (10.29), (10.33), (10.37)
and (10.40) and Proposition 9.4.10

<CAer—?tms Z / (LY (ST'®) nf, + J) (T'®) nk. )
i<kt X

+ CAer—2tma Z / ((DiUgj)2+(Di5(U§j))2+(DiNsJ')2
i+j<k+l—17 =7

+ (D'S(Ngy)* + (DiVsJ‘)2> :

We now apply the estimates for the inhomogeneous terms, i.e., Propositions 10.3.5,

282



10.3.6, 10.3.18 10.3.19. Since k + ¢ < 12,:

| sy

T

<CAer—2tma Z/ (ST'®) nf. + JY (I'®) k) + O A227—2tmats

<12

+ CAer™>tms " / (D'S(N<;))”.

itj<kte—1Y 57

The desired estimates then follow from an induction, together with the bootstrap
-1

assumptions (10.8) and (10.12), since according to this notation Z = 0.
i+j=0
We then treat the case that k£ + ¢ = 13. In this case it is possible to have
14 derivatives falling on the factor with ® and hence cannot be controlled in L*°.

However, in this scenario, we must have

Y (DSP)(D'T'®)

i+j=14

and therefore DS® can be controlled in L> by the bootstrap assumptions (10.33)
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and (10.40). In short, we have

> [ sy

k+¢=13 T
<C > / (D71 ST1®)?(DP"=T2 d)?
i1+i2+j1+52<15,51,52>1 T
+C > / (DT ®)? (DI ®)*(ST**®)? + good terms

i1+io+iz+j1+72<15,51,52>1 ¥ <7

gc( > sup(Djri@f) > /(Dﬂ'sricb)2

i+j<14,52>1 i+j<14,5>1

+C(sup(DS<I>)2) Z /E(DJ'I"YI))2

i+j=14,j>1
+C< Z sup (DjFiCI))2> ( Z sup (Djriq))2> Z/ r(STe)?
i+j<14,5>1 i+ <14,5>1 <137 %7

+ good terms

<CAer—?tma )~ /(DJ’SF@)MOBSAET—H&H > /(Djricp)2

i+5<14,5>1 i+j=14,j>1

+ C A2~ 2Hms Z / JY(ST'®)nk, + good terms

<13

using the bootstrap assumption (10.28), (10.29), (10.33), (10.37)

and (10.40) and Proposition 9.4.10

<CAer—2tma JN (STi®) nt. + CBgAer—2tnsn JN (T®) nt
H X M Xy

1<13 <13

+ CAer>tms N~ / ((D‘ng)2+(DiS<U§k))2+(Dngk)2
14+k<12 Y >

+ (D'S(Nep))? + (vagkf) .

We now apply the estimates for the inhomogeneous terms, i.e., Propositions 10.3.5,
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10.3.6, 10.3.18, 10.3.19:

> [ sy

k+0=13 T

<C Aer—2tma Z/ Jliv (Sl"iq)) ny, + CBgAer—*tnsm Z/ Jliv (FiCI)) ng,

i<13 i<13

+ CAer—2tma Z / (DZS(NSk))Qy

1+k<12 T

which is acceptable. The estimates for the integrated in ¢t* terms are proved analo-
gously, noting that the elliptic estimate in Proposition 9.7.1 would allow for weight

in 7 and use the second parts of Propositions 10.3.5, 10.3.6, 10.3.18 and 10.3.19. [

This would allow us to close the estimates for S(Uy) from Proposition 10.3.19.

Proposition 10.3.21. The following estimates for S(Uy) on a fized t* slice hold for

a<2:

) / r (D' (S(Upy)))” < CAgjrer™m.

kb=13"Y 57

Z / re (DZ (S(Uk’,]))>2 S CAS,j_leT_l'H?S,lz.

k+0=12 T

Z / e (DZ(S(Uk,J‘)))QSC’ASJ-_IGT—QMS,H_
ko<1l 7

The following estimates for S(Uy,) integrated on [(1.1)~'7, 7] also hold for a <1+ :

Z // re (De (S(Uk,j)))2 < CAgx j1€7"513.
R((11)~17,7)

k+4=13

Z // e (Df (S(Uk,j)))2 S CAS,X,j_lﬁT_l—H]Sle.
R((1.1)"17,7)

k+4=12

Z // e (Dﬂ (S(Uk,])))Q < CA&X,]-_IGT_Q‘H]S,M.
R((l.l)_lTﬂ‘)

k+£<11
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Proof. This follows directly from Proposition 10.3.19 and 10.3.20. O

In the region {r < £}, we have refined decay rates for D*S(Ny):

Proposition 10.3.22.

/ 1= (DPS(Ny))? < C A2 =3 Fnsa,
hpt—13 Y Sr0{r<ip}

/ Tlfé(DZS(Nk))z < CA2627_*4+775,12+775,11.
Efﬂ{rg%}

k+0<12
Proof. Take k + ¢ < 13. Notice that |[D, S]®| < C|D®|.

We would like to do a reduction similar to how we estimated Nj. Clearly, only the
quadratic and cubic terms matter and we only need to consider terms that contain
S for the other terms are already controlled by the estimates of Ny. Notice also as
before that the conditions in the null condition guarantee that the bounds do not

deteriorate if S acts on the coeflicients. The relevant terms are
(D ST ®)(DRT2d) 41,50 > 1,

(D7 ST ®)(D?2T2®)(I'®), j1,jo > 1,i3>8 and

(DIT®)(D?2I2®) (ST ®) 1,4y > 1,i5 > 8.
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We first tackle the quadratic terms:

> > / ° (|D ST & DT |2

114+01<7,01>1i9+jo<k+l+1,j2>1 -,—ﬂ{r< }
+|DI T @ D72 ST 9|?)

<C <sup > 1—5|Djsri<1>|2>< > / |Djric1>|2)
r<Z ~N{r<7}

=4 +5<7,57>1 i+ <k+0+1,5>1
+C <sup > 1—5|Djric1>|2> ( > / |DJ’SFZ‘<1>|2)
TST <7, i>1 it j<ktt415>17 Er0{r<i}

<SCAertmsn 3~ /E o JN(YIT'®)

i+ <k4L
+ CAer—#tmsm Y- / JN(YIST D)
i<kl E{r<ig
D S| DU, + (DN )
i+j<k+¢—1 z m{r<9‘r
T+ CAeqrtn Y / DS(U)))* + (D'S(N,))? + (D'V;)?)
i j<ktl—1 T“{KQT}

by the bootstrap assumptions (10.29) and (10.31) and the elliptic estimates Proposi-
tion 9.7.1 and 9.7.3. Since k+ ¢ — 1 < 12, the inhomogeneous terms can be bounded

using Proposition 10.3.5, 10.3.6, 10.3.18, 10.3.20 and 10.3.21 to be

< C’A2627-*4+77$,12+775,11_
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We then move on to the cubic terms:

k

> > / =0 (D1 ST @ DT 2T )
ZTH{TS%}

11+1 <7121 do+j2<7,j2>1i3=0
+(D T QDT ST P)?)

<C (Sup S (Disriq>)2> <su19 ST (DJ'P%D)Q)

D
TST <7521 TST ij<r,j>1

k
—2 (1 2
X r (I o)
(Z /ETQ{VSZ} >

=0
k

2
+C <sup > r1_5(DjFiCI>)2> TN / r2(ST®)?
I i=0 Y EN{r<i}

TST ij<r,5>1

k k
SCA’Sronsny - / (DT'®)* + CA%r—o2nsnto y / (DST'®)?,
=0 T 1=0 T

by the bootstrap assumptions (10.29) and (10.31), which now clearly decays better
than we need by using the bootstrap assumptions (10.8), (10.9) and (10.12). There-

fore,

/ (DS (Ny))?
S,0{r<7}

<CAer™ s N~ /E o JN(YIT'®)

97
i+i<k+L 10

+ CAer—?tnsu E / JN(YIST®) + C A22r—4Hnsaztnsn
I .
itj<kte ! SO{r<$E

The Proposition follows from the Bootstrap Assumptions (10.7), (10.9), (10.10) and

(10.11). O

A similar decay rate can be proved in the region {r < %}, if we do not require

the estimate for the derivatives:
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Proposition 10.3.23.

/ 1_6(5(]\[13))2 < CA2€27_—3+775,11
ZTﬂ{r< Sl

12
/ 1—6(S(Nk))2 S C«A2€27_—4+7IS,12+775,11
k=0 7 =-n{r<S5

Proof. Take k < 13. The proof follows very closely from that of the previous Proposi-
tion, by noting that we have similar pointwise decay estimates in the region (without
higher derivatives) by the bootstrap assumptions (10.30) and (10.34). As in the

previous Proposition, the relevant terms are
(DST"®)(DI2®),

(DST" ®)(DI2®)(I'*®), i3 >8 and
(DI ®) (DI ) (ST ®) iy > 8.

We first tackle the quadratic terms:

ZZ / ° (|DST"®DI™®|? + | DI ®DST*®|?)

9
11=012=0 +N{r< 16}

k
<C (sup > r' DSt @]2) (§ j/z o |DP%’<I>|2>
; N{r<15

T<10 i= 0

+C supz =0 DT |? Z/ |DST'®|?
’r< 0 Z 0 -,-m{’l"<
Z/ |DST'®? | .
ZTQ{TS%}

SCA2627_*4+7714+775,11 + CAET*3+775,11 (
=0
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We then move on to the cubic terms:

6 k
>N / ' (DST"®DI2¢T®)? + (DI DI ST P)?)
%

91
i1,i2=0i3=0 Y 2r{r<3g

6 6 N
= <Sup > (DSFiQ))Q) (Sup 2 (DF’@f) Z/ ()2
r<% 1=0 TS% i=0 0 Zm{rg%

k
> / (ST ®)?
0{r<9

=0

6 2
+C (sup Z rl_‘s(DFiCI))Z) ri+e

9t =
Tﬁﬁ i=0

k k
SCA*@roHmsn y - / (DT'®)? + C A7~ o250y / (DST'®)?
i=0 T i=0 T
k
<CA3ST—5tsu —|—OA262T_5+2175’11+6Z/ (DST"®)%
i=0 v &7

Therefore,

[ sy
S,N{r<}
k

SOAZ627_74+1714+775,11 4 CAGT*3+775,11 / (DSFi(I))2
0 Z.rﬁ{rﬁg—g

1=

k
1O A2 2ns 11 td Z/ (DST'®)?.
=0 T

The Proposition follows from the Bootstrap Assumptions (10.9), (10.10) and (10.11).

O
- 9t*
We then move on to the region {r > 0t

Proposition 10.3.24. For a =0 or 2,
/ (S(N13)>2 S CA2€27'72+775’13
ZTQ{TZ%

/ TQ(S(NIQ))2 < CA2€27'_3+Q+7IS,12
{22
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11
/ rlfJ(S(Nk>>2 S CA2€27'74+O[+WS’H-
Z,—ﬁ{rzg—g

k=0
Proof. Take k < 13. Following the reduction before and noticing that [D,S] ~ D

and [D, S] ~ D, we have to consider quadratic terms
(DST"®DIr"®), (DI ®DST2®), (DST*®DI*d),

(DT ®DST2®), r H(DST*®DT2d), r (DI ®DSTd),

for 4; > 75 and the cubic terms
(DI ®DT2®ST#®), (DI ®DT2ST®), r (DT @ DI O ST P).

For these cubic terms, we can assume 41,75 < 6 for otherwise i3 < 6 and we can
control the last factor in the sup norm and reduce to the quadratic terms above. The

cubic terms
(DST"®DT? @I ®), (DI @ DST2OTd), (DST" @ DI PI™ ),

(DT ®DST?®r"®), r H(DST" @ DI 20T d), r (DI ®DST2PI™ ).

are irrelevant here because i3 < 13 and we can thus control the last factor in the sup
norm to reduce to the quadratic terms above. As before, we also have terms that
do not have S (from SA or from the commutators [D, S],[D, S]), but they already
appear in Nj and we will use the estimates proved for Ny in Proposition 10.3.10. We
first estimate the quadratic terms. The crucial technical point here is that we do not
have an improved pointwise decay estimate for DST?® because we have used S in the

proof of Proposition 10.2.6 and we are only commuting with S once. Nevertheless,
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since k < 13, we can instead put DI® in L.

Z /  (Quadratic Terms)?

9
i2=0141=0 N{r= 18}

<C <sup > 2|DF’2(I>|2> Z/ DS 0’
T =10

>9‘r

=10 i2=0 11=0
+C <sup > 2|DSF’2¢>|2) Z/ r*=2| DI @)
226 i12=0 i1=0 Tﬂ{rz%

k
+C <sup D 2|DF’2<I>|2> Z/ 2| DST" ®|?
r>% 10 12=0 i 96
+C <sup ZT2|DF“<I>]2) Z/ r*?|DST9|?
295 i1=0 i2=0 S{r>953}
Cr2 (Sup Zr2|DF’2®]2> Z/ r* 2| DST" ®|?
i1=0 b 0{7"2%}

> / r®~?| DI |
3

9
11=0 Tﬂ{TZTS}

10 12=0

Cr? (sup Z |DSI"2<I)]2>

10 12=0
k

gOAeZ/ r*=% (|DST"®|? + | DT ®|?)
i1 0 E,—ﬂ{r>
k

+ CAer—2tmay " / r* 2| DST" |
1= 0 Z-;—m{’f‘>

+ C Aer—4tatnsn (sup Z 2|DF”(I>|2) + CAer 4@

r>% 10 i11=0
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We then estimate the cubic terms:

k

Z / “(Cubic Telrms)2

9T
11,i2=013=0 -,-Q{T>

6 k
<C (Sup Z ( 2DF“CI>) > (Sup ZTQ (Drigcb)?) Z/ T,a—4(SFi3cI))2
ETO{TZ%

235 i1=0 r>9% 020 i5—0
6 2k
+Cr? <sup > (DFi1<I>)2> Z/ (ST D)
7215 i1=0 i3=0 Sn{r>45
k
<CA?Pr—2ma Z/ r*2(DST®)?,
i3=0 Srn{r>

which is better then the estimates obtained for the quadratic terms. We hence focus
on the quadratic terms and spell out explicitly what the estimates amount to for

different values of k£ and a.

Z / Quadratic Terms)2 S CA26 —24ms,13 + C’AQ 2 —4+775 11+7716

12=0171=0 TQ{T>

and
. 2 — —
E / (Quadratic Terms)® < CA*2r 310512 1 O A2 7~ 4H0s.01
9T
i9=011=0 Tﬁ{r>
and
. 2 —_ —
E E / (Quadratic Terms)® < CA22r—40s11 | O A2~ 4H s
12=0121=0 TO{T>
and
E / ? (Quadratic Terms) < C A% (7——1+773,12 4o 2bma 7_—2+ns,11) 7
i2=0171=0 -,—ﬂ{?“>
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and

Z Z/ ? (Quadratic Terms) < C A% (7—_2+775,11 + T—2+n14) ‘

12=0171=0 Tﬁ{r>
L]

With the estimates for the inhomogeneous terms for the equations involving .S,
we can now retrieve the bootstrap assumptions involving S. We will follow the or-
der that we proved the estimates without S, namely, first proving the pointwise
estimates, then the integrated estimates, then the energy estimates and finally the
energy estimates involving also Y. Noticing that Uy (respectively Ni) and S(Uy;)
(respectively S(Ny)) satisfy similar estimates (see Propositions 10.3.9, 10.3.10, 10.3.6,
10.3.23, 10.3.24 and 10.3.21), we would focus on showing that the estimates for V}, are
enough to close the bootstrap assumptions. We now prove the pointwise estimates

and retrieve the bootstrap assumptions (10.33), (10.34), (10.39) and (10.40).

Proposition 10.3.25. Forr > %,

8
. B
> IDSTIOf? < TSAGT*?. (10.65)
j=0
: B
> |DST®f? < TSAET—Q(t*)nsvnu + [ul) 2. (10.66)
=0
Forr < %,
R B
> ISTIP? < TSAe(t*)_“"“. (10.67)
7—j 6 B
Z |D'STI®|? < 25 Aer=2(tF)2+ms, (10.68)
=1 j=

Proof. The proof of the estimates for r > L (i.e. (10.65) and (10.66)) is completely

analogous to Proposition 10.3.11, with the use of Propositions 10.3.6, 10.3.9, 10.3.10
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replaced by Propositions 10.3.18, 10.3.21, 10.3.23, 10.3.24 appropriately. Notice espe-
cially that the estimates in Proposition 10.3.18 for V' is better than that in Proposition
10.3.21 for SU and are thus acceptable.

(10.67) follows directly from Proposition 10.2.9 and the bootstrap assumptions
(10.7) and (10.11). Here, we need to use also (10.7) because we would need to
commute S with 0« and would get terms that do not contain S.

(10.68) follows directly from Proposition 10.2.8, the bootstrap assumptions (10.7)
and (10.11), as well as Proposition 10.3.6, 10.3.9, 10.3.18, 10.3.21 and 10.3.22 to
control the inhomogeneous terms. As before, (10.7) and Proposition 10.3.6, 10.3.9

are used to control the terms arising from [S, 0;«]. Notice here that the decay rate for

-j 6 9-j 8
Z Z |DYSTY®|? is not as good as that for Z Z |DT®|* because in proving the
t=1 j=0 (=1 j=0
9-j 8
decay rate for Z Z ]DZFJ ®|?, we have used the quantities associated to S®, while
(=1 j=0
we do not have estimates for S?® at our disposal. ]

As before, once we have proved the L* bounds, we will replace the constant Bg

by C.

Proposition 10.3.26.

[

> ASXJ// K™ (535*@@) < s, (10.69)
R((l.l)*lr,’r)ﬂ{rg%}

i+j+k<12

[\)

A, / / KX (80.000) < Syt (10.70)
((1.1)=177) ﬁ{r< )

z+]<11 2

Asi, // (55’2*9]@) < Srmsa (10.71)
z+j<11 (1)~ 1r7 ﬂ{r<t 1 2

Ak, / / KX (Sa;;(zjcb) < Sr-zhnsm, (10.72)
l+j<10 (1)~ 1rr ﬂ{r<t*} 2

Proof. This follows exactly as Proposition 10.3.12 except for replacing the use of
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Propositions 10.3.6, 10.3.9 and 10.3.10 with Propositions 10.3.18, 10.3.21, 10.3.23
and 10.3.24. ]

Proposition 10.3.27.

_ Py € pi
3 oAl /E JN <S@t*QJ®) nf, < TrIS0. (10.73)

ASJZ/ JN S@Z*QJQD) nlt. g% (10.74)
(s0.®) < Srms
A, < T (10.75)
i+j= 13 R(70, 7—)
i €
sx]// KXO Sat*Q“P) 3 (10.76)
i+5<12 R(70,7)

Proof. This follows exactly as Proposition 10.3.13 except for replacing the use of
Propositions 10.3.6, 10.3.9 and 10.3.10 with Propositions 10.3.18, 10.3.21, 10.3.23
and 10.3.24. O

Proposition 10.3.28.

Z Asg (/ JZ+Nw <S@Z*QJ )nz + C7? /X}Tﬂ{r<% J!]LV <58Z*QJ<I>> n’éf)

i+j=12

<_7-1+775,12.

(10.77)

Proof. This follows exactly as Proposition 10.3.14 except for replacing the use of
Propositions 10.3.6, 10.3.9 and 10.3.10 with Propositions 10.3.18, 10.3.21, 10.3.23
and 10.3.24. ]
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Proposition 10.3.29.

S g ([ oz (s (ove) ),
b

i+j<11 T

et [ (s () ) (10.75)

<£7—778,11

Proof. This follows exactly as Proposition 10.3.15 except for replacing the use of
Propositions 10.3.6, 10.3.9 and 10.3.10 with Propositions 10.3.18, 10.3.21, 10.3.23

and 10.3.24. ]

To close the bootstrap argument we need finally to consider energy quantities with

both S and Y.

Proposition 10.3.30.

Z Agéf/ J;]LV <Y’f58§*<1>> ngT S ;17—775,13‘

i+k=13 X
A ) ¢
Z AEIYT2/ JZLV (Yksaz*q)) ngT < ZLTH_WSJZ
i+k=12 Ern{r<ry}
Y j €
> AgyT / JY (yksa;*cp) k< S
i+k<11 Sr0{r<ry}

Proof. This follows exactly as Proposition 10.3.16 except for replacing the use of

Propositions 10.3.9 with Propositions 10.3.18 and 10.3.23. O]

10.4 Proof of Theorem 5.3.2

Now all the bootstrap assumptions are closed and all the estimates hold. The solution
hence exists globally by a standard local existence argument that we omit here. The

decay estimates of the the derivatives of ® claimed in the Theorem are restatements
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of (10.47), (10.48), (10.29). The decay estimates follow from the use of Proposition
10.2.3 and (10.3.15) for r > R and Proposition 10.2.12 and (10.56) for r < L.
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