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Abstract

This is a collection of essays related to dynamic economics on the boundary between Industrial

Organization and microeconomics. Chapter one examines optimal patent design, and constructs a

dynamic oligopoly model in which firms innovate along a quality ladder. Firms make decisions

about both R&D investment as well as litigation spending, both of which drive profits. This is

the first paper which studies patent policy in a dynamic setting that includes endogenous market

structure and patent litigation. The model incorporates three observations about patent policy: (1)

patent protection can have pro- and anti-competitive effects in a dynamic model; (2) private and

social litigation costs are not second-order and should be modeled along with R&D; (3) policy mix

matters and policy instruments cannot be studied independently. Industries characterized by higher

variable R&D costs should have lower patent duration and stronger forward exclusion. Forward

exclusion should be constant and patent duration should be decreasing in the market size for new

innovations.

The second chapter develops new computational methods for the computation of the Abreu-

Pearce-Stachetti equilibrium payoff set in games with imperfect monitoring. These games are of

great interest, but are generally intractable computationally. The algorithm uses a grid search ap-

proach to plotting out the contours of the APS set. Theoretically, the proposed algorithm improves

on the standard Judd-Yeltekin-Conklin algorithm by giving precise error bands on the difference

between the computed approximate APS operator and the true APS operator, and by being more

easily generalizable to more than two players. Testing show speed advantages for the grid algo-

rithm in practical applications.

The final chapter returns to the patent question, and studies optimal patent duration in a dy-

namic oligopoly. The innovation process distinguishes between product quality innovations and

process innovations, which have different implications for patent enforcement. I discuss how op-

timal patent duration, T ∗ and industry concentration N(T ∗) vary by industry. Product lines with

high entry/fixed costs should have lengthy patent durations and small firm concentrations. Those
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with rapid innovation rates or high probabilities of breakthroughs generally warrant shorter patent

duration and lower market concentration.
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Chapter 1

Dynamic Oligopoly and Optimal Patent

Design

1.1 Introduction1

Thomas Edison2 presciently remarked that a patent was merely an “invitation to a lawsuit” (Scotch-

mer [1996]). In 2011, Apple and Google spent more money on patent litigation and defensive

patent acquisition than they did on research and development of new goods (Duhigg and Lohr

[2012]). In fact, the number of patent lawsuits filed jumped from 2,500 in 2009 to over 6,000 by

2013 (Mullin [2014]).3 In light of this phenomenon, there is broad agreement in the media and in

policy circles that patent policy needs reform. In 2011, the Congress passed the America Invents

Act with the stated goal of reducing costly patent litigation, and further patent reform remains a pol-

icy objective of the Obama administration (Office of the Press Secretary [2014], Executive Office

1This chapter was previously presented at the 13th International Industrial Organization Conference Rising Stars
Session (Boston, USA, April 2015) and the 16th CEPR-JIE School and Conference on Applied Industrial Organization
(Zurich, Switzerland, May 2015).

2who held approximately 1,000 patents in the late 19th century.
3It is not just the number of patent lawsuits that has increased, median and maximum damages awarded in patent

infringement lawsuits have also grown Byrd and Howard [2014], Howard [2015]. Between 2012 and 2013 average
damages increased from $27m to $35m, and median damages increases from $1.02m to $1.26m. In 2013, six patent
cases resulted in damages over $100m. Total damages awarded in 2014 totaled $2.1bn. Despite Apple being one of
the preeminent patent litigators, Apple CEO Tim Cook stated that “there’s some of this that is maddening. It’s a waste;
it’s a time suck.” Duhigg and Lohr [2012].
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of the President [2014]). Patents incentivize innovation by offering rewards but can also potentially

discourage cumulative innovation by providing infringement protection to past innovators.4 These

competing effects can lead to a muddled policy debate. President Obama simultaneously praises

the number of patents issued as a measure of national success, stating that

America still has the largest, most prosperous economy in the world. ... No coun-

try...grants more patents to inventors and entrepreneurs

while noting in 2014 that America issues too many patents, stating that

One of the biggest problems...is how do I deal with these folks who basically are

filing phony patents and are costing some of my best innovators tons of money in court

(Hattern [2014]).

This encapsulates the problem faced by policymakers: How does society calibrate patent protection

in order to efficiently incentivize costly innovation?5

The objective of this paper is to study the optimal design of patent policy in different indus-

tries, which may vary in underlying market sizes, the social value of innovations, and the costs of

developing innovations. (Optimality is defined as welfare maximizing.) For example, software and

pharmaceuticals differ greatly in the fixed costs of innovation and the social value of innovations,

yet both are governed by the same patent regime.

To that end, I construct a dynamic oligopoly model that realistically models strategic firm in-

teractions in both R&D as well as litigation. I model a good which can be purchased in a variety of

qualities. Consumers prefer higher qualities to lower qualities, and the quality frontier is advanced

4Since a key objective of patents is to encourage technology disclosure (making innovation easier), cumulative
innovation seems to be the relevant type to discuss.

5Several economists have weighed in on the issue in the press. For example, Eric Maskin writes that in industries
characterized by highly sequential progress (in which each innovation builds on the last), “it may be better for society
to scrap patents altogether than try to tighten them” Maskin [2012]. marginalrevolution.com popular economist Alex
Tabarrok argues the prevailing view in many circles: patent protection is excessively strong and we are on the wrong
side of a patent-strength/innovation-rate “Laffer curve” Tabarrok [2012]. Michele Boldrin and David K. Levine make
an argument for the wholesale elimination of patents in Against Intellectual Monopoly, a book intended for non-
specialists Boldrin and Levine [2010b].
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through the costly research activities of firms. Firms’ innovations are protected by potentially over-

lapping patents, and the right to actually bring a given patented technology to the market (and earn

profits) is resolved through the firms’ litigation activity in the courts. The model is reminiscent

of both the standard quality ladder models in trade and macroeconomics (Grossman and Helpman

[1991]) and the dynamic oligopoly framework common in industrial organization (Ericson and

Pakes [1995a], Doraszelski and Pakes [2007]). In this paper, I focus on two policy instruments,

the well-defined statutory patent duration as well as forward exclusion, a measure of the leading

breadth given to past innovators over future innovators.6 To my knowledge, this is the first pa-

per which studies welfare-maximizing patent policy in a dynamic oligopoly framework with finite

patent duration. Moreover, as far as I know this is the first paper to model the socially costly7

litigation component of dynamic innovation. The theoretical richness of the model comes at the

cost of analytical tractability, and consequently I solve for Markov perfect equilibria numerically.

Using the computed equilibria, I simulate the model to compute welfare.

The model is constructed to address three observations about patent policy. Firstly, since inno-

vation is often cumulative, patent policy cannot be evaluated as a problem in which the government

seeks to incentivize a single innovation, statically, in isolation. Innovations build on one another,

and as a consequence patent protection has both pro- and anti-competitive effects. (It rewards in-

novators today but potentially punishes innovators tomorrow.) A fully dynamic model is necessary

to accurately model these pro- and anti-competitive effects when calibrating policy.8

Secondly, litigation matters. The private and social costs of patent litigation are not second-

order9, and should be formally modeled in the firm’s problem and in any welfare analysis of patent

policy.

6One cannot examine litigation (and would miss a large part of the current policy debate) without including some
measure of forward exclusion in the analysis.

7Bessen and Meurer have a series of papers estimating the private and social costs of patent litigation Bessen and
Meurer [2014], Bessen et al. [2011]. They document an explosion of patent litigation over the last few years and
estimate a social cost of $83bn a year.

8This point is made concretely in figure 1.19, which shows how the static on optimal patent duration flips in a when
we go from a static model to the fully dynamic model.

9Bessen and Meurer [2014] put the direct legal costs of lawsuits from non-practicing entities alone at $29bn per
year (against an annual R&D budget of $247bn per year). Some industry estimates I have seen put this number at a
lower (but still substantial) $12.2bn in 2014 and $12.5bn in 2013 (RPX [2014]).
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Lastly, the policy mix matters when discussing optimal patent design. It is difficult (and po-

tentially impossible) to discuss “patent strength” abstractly without being precise on the specific

patent policy instruments that are being considered as “strength”. Patent “strength” is actually

a complicated function of several different policy instruments set by different regulatory agents:

statutory patent duration, forward infringement protection, patent breadth, patentability and the

patent maintenance fee structure. 1011 The paper demonstrates that these instruments do not trade

off in a simple manner and must be jointly optimized by the social planner.

Instead of a “one-size-fits-all”12 solution, this paper computes qualitative rules detailing how

optimal policy should vary by industry. I find that conditional on the same market-value of quality

innovations, industries with higher research costs should optimally have higher market concen-

tration and patents that are “short” but “broad”. That is, firms in industries where innovation is

more costly should be given patents with relatively smaller statutory duration but much stronger

forward protection. The idea is that when innovation is very costly, it is better to have smaller

market concentration to avoid duplicated innovation,13 wasted R&D spending and socially inef-

ficient litigation spending.14 This is achieved by high forward exclusion, thereby reducing future

competition.

Holding the costs of drawing quality innovations fixed, industries which are characterized by

larger social value of innovations should have smaller patent duration but relatively constant for-

ward protection for past innovators. That is to say, larger market profits from an innovation effi-

ciently reward innovators and imply less need for patent protection.15 (It is not obvious that policy

10Figure 1.21 demonstrates that even if we wanted to collapse these multiple policy instruments into a single,
theoretical “patent strength” index, we couldn’t. They do not trade off one-for-one. There is no way to fix optimal
“patent strength” and define duration as a function of forward exclusion: both must be set optimally.

11Moreover, the set of instruments which are optimized can change the recommended policy direction. Patent
duration in isolation should increase for costlier industries. When set jointly forward exclusion, it should decrease for
costlier industries.

12Scotchmer [2006] identifies two common criticisms from economists regarding the “one-size-fits-all” approach.
She writes that the courts and the Patent and Trademark Office “have no mandate to make decisions based on economic
reasoning. It is almost inevitable that some classes of innovations are under-rewarded and others are over-rewarded
relative to the cost of innovation”. A second criticism is that “the reward structure cannot be modified according to the
market structure in which the innovator operates”.

13Recall, we are in a quality ladder.
14In the model, litigation entails private and social court costs.
15Note though that we do not allow for infringement or imitation in production.
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would go in this direction: greater market value for an innovation might imply increased patent

protection to make innovation more rapid.)

Holding costs and market values of innovations fixed, industries characterized by high rates of

exogenous patent destruction16 should have relatively constant patent duration but stronger forward

protection. This is intuitive: when patents exogenously have higher rates of obsolescence and

effective patent duration is shorter, it is easier to reward innovators through stronger exclusion next

period rather than with lengthened statutory duration (which may not be effectively realized).

This paper addresses a question that has primarily been studied in the microeconomic theory

literature using tools from industrial organization. Starting in the 1960s, economists pioneered

models of optimal patent policy for a single, static innovation (Nordhaus [1967], Tandon [1982],

Gallini [1992], Gilbert and Shapiro [1990], Klemperer [1990]). At first these models only consid-

ered duration, but then began allowing for other instruments such as breadth. Unfortunately, there

are no clear cut takeaways from the single-innovation optimal patent literature (Rockett [2010]).

Optimal patents are generally “long-and-narrow” or “short-and-broad”17, but the optimal patent is

highly dependent on functional assumptions. On the other hand, my model generates interior solu-

tions for the various instruments which is potentially more useful for policy making. In the 1990s,

economists began to develop two-step models of cumulative innovation under patents (Green and

Scotchmer [1995], Chang [1995], Scotchmer [1996], Denicolo [2000], Hopenhayn et al. [2006],

Hopenhayn and Mitchell [2001, 2010]). These models were a great first step at capturing the effects

patents have on follow-on innovation, but without full dynamics these effects won’t be properly

quantified. Moreover, these papers primarily study how to efficiently split a monopolist rent be-

tween an innovator and a user of that innovation in order to incentivize the initial innovation: this is

a different problem then studying the welfare effects of patent protection on cumulative innovation.

More recently there have been several papers which study patents in a dynamic setting. None

of these papers model the large private and social costs of patent litigation in their study of dynamic

16The value of patents can be exogenously “destroyed” for a host of reasons: changing market taste, paradigm-
shifting innovation in a related field, etc.

17Often bang-bang, zero or infinity.
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innovation. A seminal contribution is O’Donoghue et al. [1998], which compares two patent regi-

mens: Infinite duration and narrow breadth (so effective patent life is finite due to new innovations)

and small duration and broad breadth (so effective patent duration equals the statutory duration). In

O’Donoghue et al. [1998], firms decide whether to “purchase” innovations that arrive exogenously.

In my model, it is truly the R&D efforts of firms that drive innovation. The two papers most similar

to my analysis are Hunt [2004] and Horowitz and Lai [1996]. Both papers involve assumptions

that make them unsuitable for modeling litigation and cumulative innovation. Hunt [2004] builds a

dynamic oligopoly model with sequential innovation, but focuses on “patentability”18 rather than

statutory patent duration. He assumes a passive incumbent, that is patent holders do not try to in-

novate.19 Hunt derives an optimal innovation step below which innovations cannot be patented.20

Patents are automatically voided by subsequent innovation, whereas in my model patents are not

automatically voided, they must be litigated. The assumption of a passive incumbent seems too un-

realistic when we are trying to study patent litigation, in which litigants are frequently innovators

both today as well as in the past.21

Horowitz and Lai [1996] derives a welfare-maximizing finite patent duration in a dynamic

quality ladder model. They show that the welfare-maximizing patent duration is less than the rate-

of-innovation-maximizing patent duration.22 The key difference between Horowitz and Lai [1996]

and this paper is that Horowitz and Lai assume a single innovator who only faces competition

18O’Donoghue [1998] discusses patentability in depth. Similar in some sense to leading breadth, patentability
specifies the minimum improvement over existing qualities that can earn a patent. This can be shorter or longer than
leading breadth. If I are in a standard quality ladder, the leading breadth may be of size ∆LB, so that if quality µ is
the patented state of the art, then qualities µ̃ ∈ [µ,µ +∆LB] infringe on the µ-patent if they are produced. A separate
instrument, patentability ∆P may state that only qualities µ̃ ≥ µ + ∆P can be patented as sufficiently original. If
∆LB < ∆P, qualities µ̃ ∈ (µ +∆LB,µ +∆P) can be produced by competitors to the patent-holder, but not patented.

19This assumption is an extreme limit case of the endogenous result that I find, that patent holders will innovate less
than their challengers. Hunt concedes that the assumption is entirely ad-hoc.

20Unlike most papers in this literature, Hunt has an endogenous industry structure which is appealing. The fact
that effective patent duration is solely a function of innovation success rates and not any exogenous duration schedule
removes time as a state variable and makes the analysis far simpler than models in which the clock on patent duration
is winding down. It is this construction which makes the value functions simple and allows him to solve the model
analytically; his methods would not work in a model with statutory patent duration.

21Hunt solves for an innovation-rate-maximizing patent policy, which need not be welfare maximizing.
22In my model, if I fix the number of firms I can also replicate the result that the welfare-maximizing patent duration

is usually less than the innovation-rate-maximizing patent duration. In my paper, the patent duration that maximizes
E [µt+1−µt | T ] is best. This disappears when one allows for firm entry. The single innovator in their model behaves
in qualitatively similar ways to the incumbent patent holder in my model.
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in production and not in research and development. This paper has an endogenous number of

potential innovators. Horowitz and Lai [1996] cannot speak to the issue of forward breadth because

of the monopolist research firm.

This paper joins a growing literature in Industrial Organization in which theoretical models

(that defy analytical solution) are solved numerically in order to answer complex policy and behav-

ioral questions.23 Some questions studied using a numerical approach include collusion and price

wars (Fershtman and Pakes [2000]), learning and forgetting in dynamic competition (Besanko et al.

[2010]), technology adoption (Doraszelski [2004]), and optimal merger policy (Mermelstein et al.

[2014]).

The rest of the paper is organized as follows: Section 1.2 defines patents. Section 1.3 details

the model. I outline the innovation process, how patents are defined in the model, the consumer’s

problem, the firm’s dynamic R&D investment problem, as well as the structure of litigation. Sec-

tion 1.3.5 defines equilibrium. In section 1.4, I numerically solve for equilibria. I explore the

properties of a sample equilibrium for a baseline specification. Next, I provide some comparative

statics on cost and demand primitives, and discuss how optimal policy varies in the primitives of

the model. Section 1.5 concludes, with mention of avenues of future research.

1.2 What are patents?

A patent is a form of intellectual property on an innovation or invention. A patent provides “a

right. . . to exclude others from making, using, or selling” the product or process under patent

Rockett [2010]. Under U.S. patent law, many different types of innovations can be patented; new

molecules (pharmaceuticals), an industrial technique or process, a new mechanical invention, an

improvement on an old mechanical invention and even certain shapes in industrial design. A key

distinction must be made between “right to exclude” and “right to practice”. A patent on A gives a

firm the right to exclude others from producing A, but does not ensure that the firm can produce A

23This is sometimes called “theory with numbers”.
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itself. For example, firm 1 could patent the technology with components ABC while firm 2 could

own the patent to A. Firm 1 does not have a right to practice ABC. Right to practice is resolved

either through litigation or licensing.

Bessen and Maskin [2009] state that the standard economic rationale for intellectual property

is to protect innovators from competitor imitation in order to incentivize them to incur the costs of

research.24 25 Through patent protection, patent holders are granted temporary, artificial monopo-

list rents leading to deadweight loss and reduced consumer surplus.26 Patent protection promotes

innovation that would otherwise not occur, or not be disclosed.

Patents are characterized by several policy instruments: Patent duration refers to the number

of years that a patent holder is granted monopolist rights to exercise their patent.27 Note that

they don’t have an automatic right to produce the innovation, only to block potentially infringing

production by others. Effective patent duration is what matters; the number of periods the patent

holder can actually profit from the patent they hold. This need not be the same as the statutory

patent duration that is legislated.28

Lagging patent breadth refers to the size of the “neighborhood” of products around the inno-

vation that are deemed to infringe on the patent and cannot be produced/used.29 Forward patent

24This is the patent justification I focus on this paper. A second justification is that the patent system provides
an organized disclosure system of new information, in which the new knowledge (if not the right to profit from it)
becomes a public good. The ability to act on the knowledge is granted when the patent expires. (Lawyers refer to
this as the “teaching” provided by the patent Scotchmer [2006].) Boldrin and Levine [2012] demolish this argument,
writing that “from a theoretical point of view. . . [this justification] fails even the simplest model”. They observe that
if patent protection is m periods, then only the innovations that can be kept secret for n≤ m periods will be patented,
with the remainder not being patented. So there is no net disclosure gain from a patent system.

25Somewhat uniquely, the U.S. Constitution recognizes the right of innovators to profit from their innovation, writ-
ing in Article 1, Section 8 that a role of Congress is

To promote the Progress of Science and useful Arts, by securing for limited Times to Authors and
Inventors the exclusive Right to their respective Writings and Discoveries.

26Legally, “term of patent”. In the United States, patent duration is twenty years from the date of filing, and is
legislated in Title 35 Section 154 of the U.S. Code, “Contents and term of patent; provisional rights”. See:

http://www.uspto.gov/web/offices/pac/mpep/s2701.html#sect2701
27Interestingly, the U.S. Patent Act of 1790 allowed for patent duration to be determined on a case-by-case basis,

but not to exceed fourteen years. See: http://www.ipmall.info/hosted_resources/lipa/patents/Patent_Act_of_1790.pdf
28For example granting an infinite statutory patent duration on vacuum tubes has an effective patent duration of zero

periods as the technology is obsolete.
29One can differentiate between “lagging” and “leading” breadth; lagging breadth refers to product qualities below

the state of the art that are too similar to the state of the art and cannot be produced/used. Leading breadth refers
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breadth refers to the protection given to patent holders from follow-on innovators. Forward breadth

is often taken to be identical to patentability, the minimum size of an innovation that can earn a

new patent from the patent authorities. However, it is perhaps more relevant to define forward

breadth as some metric of how generous the courts are to past innovators when evaluating patent

infringement claims against new innovators. Naturally, patent breadth and statutory patent duration

jointly determine effective patent duration.

Other policy instruments include the patent maintenance fee schedule (the fees paid by paten-

tees to keep a patent active), and more indirectly cost R&D subsidization in fields that are patent-

heavy.

The United States is characterized by a “one-size-fits-all” patent policy.30 Software develop-

ment and bicycle manufacture are industries characterized by different rates of innovation, cost

structures, entry barriers, etc., but the same patent policy is applied to innovations in both.31 Patent

duration is defined through legislation (and is invariant across industries), and patent breadth is

subjectively defined on a case-by-case basis by the U.S. Patent and Trademark Office and by the

courts.

1.3 Model

I develop a dynamic model of research, production and consumption in a market for a single

“good” which comes in a variety of qualities. Consumers prefer higher qualities to lower qualities.

The time-t frontier quality of the good, µt , advances stochastically according to the research and

development activity of firms. Quality improvements are rewarded with patents. The right-to-

to new, superior qualities that are too similar to the state of the art to be patented or used without infringing on the
existing patent. A seminal paper on patent breadth is O’Donoghue [1998]. O’Donoghue calculates an optimal “leading
breadth”, that is the the quality improvement on the existing state of the art necessary to earn a new patent. He finds
that the optimal leading breadth is positive. O’Donoghue concedes the inherent unquantifiability of “patent breadth”.
In my model, breakthroughs (µt+1− µt = ∆) are effectively granted infinite patent breadth for the duration of the
patent.

30With the notable exception of additional FDA requirements for pharmaceuticals.
31Software design (including pseudo-code algorithm descriptions) are patentable;

http://en.wikipedia.org/wiki/Software_patents_under_United_States_patent_law
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practice is resolved through litigation. Market structure is endogenous. The structure of a typical

period of the model is outlined in diagram 1.1.

MixedL-LStrategyLL
SimultaneousLL

SurvivalLSLubgameL

PureL-LStrategyLL
SequentialL

EntryLLSubgameL

PeriodLL beginsL

Potential;entrant;firms;make;;
entry;decisions;

Incumbent;firms;make;exit;;
decisions;

PatentLRenewalLL
DecisionL

Firm;with;right;-;to;-;practice;;
(;“Patentee;”);makes;patent;;

renewal;decision;

ProductionLandLL
consumptionL

Patentee;earns;market;profits;;;
consumers;get;flow;utility;

ResearchLandLL
DevelopmentLGameL

Firms;invest;in;R.D,;then;draw;;
(and;patent);innovations.;

PeriodLL beginsL

LitigationLSubgameL
Top;innovators;litigate;for;;

right;-;to;-;practice;

Figure 1.1: Model timing within period

The model is necessarily dynamic so that we can truly evaluate the implications for competition

that increasing or decreasing patent strength entail. In a static model, increasing the “strength” of

patents mechanically increases competition, as the reward at the end of the “patent race” gets

larger. This tends to generate corner solutions in static models: patent duration should be zero and

breadth should be infinite, patent duration should be infinity, etc. In a dynamic model, increasing

the “strength” of patents has two effects, (1) pro-competitive: increasing the reward for innovation

increases R&D efforts, and (2) anti-competitive: intellectual property can discourage innovation

by competitors that relies on patented ideas (patent trolling, patent thickets, etc.)

Without dynamics you will only capture the first effect. A two-step model (as in Chang [1995])

will not accurately capture the true value to firms of follow-on innovations. For example, consider

fixed costs of entry. When optimally rewarding firms in a static model, higher entry costs would
10



naturally imply higher patent strength. However, in a dynamic model, higher entry costs increase

the value of a patent as they deter to future entry (competition). How patent strength should vary

in industry primitives then is not a priori known.

The State The state in period t is given by the tuple st = (Nt ,τt ,δt , ιt). Nt ∈ N is the number

of firms during the research stage of a period. τt ∈ {1, . . . ,T} is the statutory number of periods

remaining on the current patent. δt ∈ {1,2, . . . ,∆} is lagging breadth on the current patent. (That

is, any quality within δt of the currently patented frontier quality is infringing and cannot be pro-

duced.) ιt is the identity of the patentee. (I use the term patentee as shorthand for “firm with the

right to practice the state-of-the-art quality”.) The state space is bounded as Nt is bounded since

market profits are bounded and entry/fixed costs are positive. st evolves according to a Markov

process that I will discuss below.

1.3.1 Production and Consumption

The output market most closely resembles the single-index quality model found in Grossman and

Helpman [1991].32 Quality is denoted by µt . To be clear, “quality” denotes consumer quality.

Innovation does not mean increasing efficiency of production processes.33 One can think of the

Grossman-Helpmann framework as granting quality-leaders infinite patent duration, with patents

immediately voided by subsequent innovation. (Forward protection is zero.) In my model, patents

have finite duration. Additionally, recognizing that innovation is often cumulative, patents in my

model grant a measure of innovation exclusivity to the patentee. I will make the meaning of

“patent” precise in the following sections.

32Unlike the standard Ericson-Pakes framework (Ericson and Pakes [1995a]), there is no horizontal differentiation
in the model. Hopenhayn and Mitchell [2001] examine patent breadth in a dynamic model with horizontal product
differentiation, where products vary in their ability to be imitated.

33This would be more the flavor of Atkeson and Burstein [2011]. Viewing consumers as utilizers of production
technology and R&D firms as producers of such technology, this model could apply positively but would have no
bearing on true end-user consumers.
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R&D firms make period-by-period dynamic decisions on entry, exit, patent renewal, R&D

spending and litigation spending to resolve patent disputes. Innovation (steps up the quality ladder)

are stochastically determined by the R&D efforts of firms.

Consumers We consider a market of size Mt . Consumer i ∈ [0,Mt ] has unit demand and the

utility function over qualities µ and prices p(µ)

ui(µ) = λiµ− p(µ). (1.1)

λi ≥ 0 is the “taste-for-quality” and has a continuous cdf Fλ .34 Consumer i chooses µ that maxi-

mizes ui(µ).35 36 Although there is no outside good, I allow market size Mt to vary with time as a

function of the state: Mt = M(st).37 38 Consumers and firms discount according to β ∈ (0,1).

Production Firms and Output Market Equilibrium All quality levels µ are produced at con-

stant marginal cost c̄.39 At time t, the frontier quality µt might be “patented” with patent breadth

δt . Production firms are free to produce qualities µ ≤ µt −δt . The patentee (the firm who has the

right to practice) alone can produce the “state-of-the-art” patented quality µt . If there is no active

34I assume E [λi] exists.
35Note that the model is one of vertical differentiation. Introducing, for example, logit tastes shocks to (1.1) would

introduce horizontal differentiation, but not in any interesting or strategically meaningful way.
36The requirement for stationarity imposes strong restrictions on how quality enters consumer utility to ensure that

µt does not become a state variable for research firms. One alternative consumer specification more closely follows
Grossman and Helpman [1991].

37For example, in a market where the good is considered more durable, I might have Mt = Mov where o ∈ (0,1] and
v is the vintage of the current technology. This doesn’t increase the state space as the firm only cares about vintages
v = T − τ .

38Consumers are (unfortunately) captive in the sense that there is no outside good. For some product lines this
assumption is more palatable than for others: consider cancer treatment versus HDTVs. Introducing an outside good
necessitates taking a stand on its quality process relative to the inside goods. An exogenous outside innovation process
implies that the share of the outside good deterministically goes to either zero or one, neither of which are interest-
ing cases. Other assumptions tying the outside innovation rate to the inside innovation rate either make the outside
good uninteresting or imply the long run inside innovation rate is the same as the outside innovation rate, which is
undesirable in a model of innovation. See Goettler and Gordon [2014] for a discussion of this issue and how it relates
to Pakes-McGuire Pakes and McGuire [1994]. An interesting (though potentially intractable) avenue of research for
this paper would be a “Dynamic Programming Squared”-type exercise Ljungqvist and Sargent [2004] in which I solve
the model repeatedly for several distinct markets, where the quality growth rate of the outside good is the equilibrium
quality growth in the other product lines.

39Adding non-constant marginal cost in quantity poses no difficulties. Cost to quality does prevent the firms from
having a stationary problem, unfortunately.
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patent, all firms are free to produce the frontier quality µt . I assume static Bertrand pricing in the

output market. There is a competitive fringe on entry in the production market. (I will loosely call

qualities µ < µt “generics”, and the state-of-the-art “branded”. Note that these production firms

with the exception of the patentee are not the same as the R&D firms that the model studies.)

In the case of no active patent (that is, any relevant patents to the state of the art have expired),

all production firms are free to produce at the state-of-the-art quality µt . Bertrand competition

ensures a price p(µt) = c̄. All Mt consumers consume the highest quality and there is zero surplus

on the supply side.

In the case of an active patent, the patentee is free to choose a monopolist price pt = p(µt),

and he competes for demand with “generics” µ ≤ µt − δt priced at marginal cost. Given the

Bertrand assumption on generics, observe that if a consumer consumes a generic quality, it will

be µ = µt − δ . Consumer i purchases the branded quality only if his taste for quality satisfies

λi ≥ pt−c̄
δt

. Therefore, the patentee solves the static pricing problem

max
pt≥c̄

M(st)︸ ︷︷ ︸
Market Size

×(pt− c̄)︸ ︷︷ ︸
Markup

×
(

1−Fλ

(
pt− c̄

δt

))
︸ ︷︷ ︸

Market share

.

Letting z = pt−c̄
δt

, this is equivalent to the problem

max
z≥0

z(1−Fλ (z)) . (1.2)

Letting z∗ denote the solution to (1.2), I have the pricing and profit functions

p∗ (δt) = c̄+δtz∗,

π (st) = M(st) ·δtz∗ (1−Fλ (z
∗)) .
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Prices and profits scale linearly in δ . Under an active patent,40 given the patentee pricing I may

write consumer stage surplus from consumption as

C̃St = M(st) ·


ˆ z∗

0
(λi [µt−δt ]− c̄)dFλ (λi)︸ ︷︷ ︸
consumers buying generics

+

ˆ
∞

z∗
(λiµt− [c̄+δtz∗])dFλ (λi)︸ ︷︷ ︸
consumers buying branded


= M(st) ·

(
E [λi]µt︸ ︷︷ ︸

mean utility

−δtE [λi | λi ≤ z∗]Fλ (z
∗)︸ ︷︷ ︸

rationing

−δtz∗ (1−Fλ (z
∗))︸ ︷︷ ︸

monopolist rents

−c̄
)

(1.3)

Through patent policy, society trades rationing and rents for growth in mean utility µtE [λi]. Our

demand system is simple, but not uncommon in the much of the partial-equilibrium patent literature

(see O’Donoghue et al. [1998], Hopenhayn and Mitchell [2010], O’Donoghue [1998], Rockett

[2010]). Since my goal is to examine the incentives and innovation rather than develop a demand

framework, I believe this is defensible.41

Exogenous Innovation The model allows for exogenous innovation to occur through outside

channels such as government or academia. I assume that following the resolution of the patent state

and patentee identity, an exogenous quality step δ g ∈
{

0, . . . , δ̄
}

is drawn from the pmf ηg (δ g). If

δ g = 0, nothing happens, otherwise the existing patent is voided. I generally take 1−ηg(0) to be

small.
40With no active patent, CSt = Mt (µtE [λi]− c̄).
41An interesting modification of my demand system could have naive consumers purchasing durable

goods. Consumer i owns quality µ̃it when he makes his decision. Consumer i has a two-stage problem:

1. Conditional on upgrading, decide between µt and µt−1 (if there is a patent).

2. Conditional on the optimal upgrade, decide whether or not to upgrade.

Utility is then
uit | µ̃it = max{λiµ̃it ,max{λiµt − p(µt),λi (µt −δ )− c̄}} .

This necessitates the distribution over µ̃it as a state variable. Even more interestingly, I could have a truly dynamic
consumer problem involving consumer expectations over quality growth as in Goettler and Gordon [2011].
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1.3.2 Government

Reflecting the multifaceted nature of what can be termed “patent policy”, I allow “government” in

my model a variety of policy instruments. The most straightforward, is statutory patent duration

T ∈ N. Patent duration is set by the Congress. In my model, an active patent entails production

exclusivity on the frontier quality and partial research exclusivity for T periods. Note that statutory

patent duration does not equal effective patent duration, the valuable life of the patent.

Congress may set a patent maintenance schedule, where renewing a patent has cost a(s) ≥ 0

where s is the state.42 43 44

A less well-defined aspect of patent policy is defining patent breadth. Following O’Donoghue

et al. [1998], I distinguish between leading and lagging breadth. Lagging breadth denotes the

quality distance for lesser qualities from the patented state to be non-infringing. In this model,

lagging breadth is simply δt .45 Leading breadth refers to the minimum size of innovations over

the patented state-of-the-art to be non-infringing. This is sometimes called patentability: how

“innovative” or non-obvious an innovation must be to be rewarded a patent. The model can ac-

commodate this concept, but for simplicity I assume that all innovations are sufficiently innovative

to be given patents.46 In this model, leading breadth is a function of litigation and is determined

both exogenously by court protection for patentees from follow-on innovation, and endogenously

through litigation spending.47 (The model also allows for Congress to mandate cost subsidies to

the firms. āx, ā f , āe ∈ [0,1) denote ad valorem subsidies to R&D expenditure, fixed costs and entry

costs, but I don’t study these specifically.)

42See http://www.uspto.gov/patents/process/maintain.jsp for the US patent maintenance fee schedule.
43It is of potential interest in future work to allow a(s) to be negative, that is, rewarding innovations directly.
44This cost captures the “patents as options” reasoning in Pakes [1986]. In his model, firms make period-by-period

decisions about patent renewal, facing a patent maintenance fee schedule. Pakes uses these decision rules to estimate
the value of specific patents.

45In a more complex model of horizontal differentiation, patent breadth in characteristic space can be thought of as
a ball around your patented characteristic bundle into which competitors may not tread. In my vertically differentiated
framework, quality is the only distinguishing characteristic.

46Given my discrete quality ladder, this seems natural.
47Theoretically, both leading and lagging breadth are outcomes of the court system. I only model the court system

for leading breadth and do not allow for infringement in production.
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1.3.3 R&D Firms

Firms are expected net-present-value profit maximizers with discount rate β ∈ (0,1). When I

say “firm” I mean a research line for a single good/type-of-good within a possibly larger firm.

Research lines are atomistic in the sense that each research line acts independently. Entry and exit

should be thought of as a firm starting and scrapping, respectively, a research program. Excepting

possible distinctions between patentees and non-patentees, firms are taken to be homogeneous with

identical productivity. As the model is not being used in the analysis of firm-level microdata, the

easing of the computational burden that homogeneity grants compensates for the lack of richness.48

Firm homogeneity allows us to conduct detailed policy experiments that would be infeasible in a

heterogeneous-firm setting.

Timing Timing is outlined in diagram 1.1. Within a period: (1) incumbent firms decide whether

to scrap, (2) entrants decide whether to enter, (3) the patentee decides whether to renew his patent

with the patent office, (4) firms earn market profits from production, (5) firms invest in R&D and

draw quality innovations and (6) conditional on innovation draws, firms litigate to resolve which

firm has the right-to-practice. (The output stage is “offline”, which all other decisions are dynamic

controls.) See figure 1.4 for a diagram of stages (1)-(3) and figures 1.2,1.3 for diagrams of stages

(4)-(6), for the cases of an inactive and active patent, respectively.

Value functions and policies Each stage outlined above necessitates the computation of optimal

policies and value functions, reflecting the evolution of the state within a period. In all subsequent

value functions, the subscript “ι” denotes patentee status. ι = P denotes the patentee, ι = 0 denotes

a non-patentee firm. I must solve for

48My only concern is that this shuts off any sense of long-term projects. In a time-to-build sense, one could imagine
R&D investment not necessarily resulting in immediate innovation, but instead advancing a research program to posi-
tion the firm with a likelier chance of innovation in subsequent periods. Adding this facet to the dynamic investment
decision would be interesting and remains an avenue for future extension. The presence of sunk entry costs this feature
in some sense – a 1% increased probability of innovation has different average total cost for an incumbent and entrant.
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• VSG (ι ,N,τ,δ ), the value to an incumbent of playing survival (exit) game with N incumbent

firms.

• VEG
(
ι , Ñ,τ,δ

)
, the value to an incumbent of playing the entry game with Ñ surviving in-

cumbent firms. V e
EG
(
Ñ,τ,δ

)
denotes the value function for entrants.

• VR (ι ,N,τ,δ ), the value of entering the patent-renewal stage, before renewal decisions or

patent obsolescence shocks.

• V (ι ,N,τ,δ ), the value of making it to the R&D stage. (This is the value function of principal

interest.)

• V`

(
ι ,N,τ,δ ,{δi}N

i=1

)
, the value of making it to the litigation stage conditional on the state

s and the innovation draws {δi}N
i=1 .

Associated with these value functions are policies on entry, exit, patent-renewal, R&D investment

and litigation spending that will be detailed below. I unwrap the period in reverse-order.

1.3.3.1 The Litigation Subgame

Litigation49 entails costs to the firms as well as social costs from running the court system. I

assume that if there is total litigation spending L, then society incurs a cost κ`L, κ` > 0.50

Suppose that each firm i = 1, . . . ,N has drawn an innovation δi ∈ {0,1, . . . ,∆}. Take the value

function from the survival subgame at the start of the next period, VSG, as given. Regardless of

litigation outcome and the assigned lagging patent breadth δ ′, I assume that µ ′ = µ +maxi δi.

When there is no active patent, I assume that only the top innovators “win” the patent race

and litigate for right to practice. That is, let δ max = maxi δi and let nmax = #{i | δi = δ max}. If

49At this point the reader might ask why the model doesn’t have licensing. In a complete information model, it is
difficult to have both licensing and litigation simultaneously in the model without either firms holding different beliefs,
or some sort of dynamic strategic incentive to litigate rather than license (to deter future innovators). Since the current
policy debate focuses more on patent trolling and litigation, I have chosen to focus on litigation rather than licensing
in this model. An expansion of this model could try to accommodate both modes of patent assignment.

50 In recent years, economists and law professors have documented an explosion of patent litigation. There are
some correlates with R&D spending, firm size, patent portfolios. Bessen and Meurer [2014] estimates the social cost
of patent litigation at $83bn a year. This is what κ` is meant to capture.
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δ max = 0, no innovation occurred and I go to the next period. If δ max > 0 and nmax = 1, it is as if

one firm has uniquely won the patent race and that firm is assigned a patent (T,δ max). If, however,

δ max,nmax > 0, multiple firms simultaneously win the patent race, and must litigate to resolve

which firm has the right to practice. Let the patent race winners j = 1, . . . ,nmax each spend ` j on

litigation. With probability χ j = χ
(
` j, `− j

)
,51 firm j is assigned a patent (T,δ max). Let ιL ∈ {0,1}

denote whether a given firm gets to litigate as a function of {δi}i. This allows us to define the value

function for litigation,

V`(ιL,N,δ max,nmax) =


β
[
χ jVSG (P,N,T,δ max)+(1−χ j)VSG (0,N,T,δ max)

]
− ` j, ιL = 1

βVSG (0,N,T,δ max) , ιL = 0

When litigation doesn’t occur, I let ιL = 0 for all and

V`(N,δ max,nmax) = βVSG
(
ι
′ = ι ?P : 0,N,τ ′,δ ′

)
.

Firms choose ` j given `− j.

When there is an active patent, litigation is considerably more complicated, as now the patentee

has forward exclusion rights on his competitors. I make the following simplifying assumptions.

Assumption 1.1. If the patentee innovates more than any competitor, the patentee retains the right

to practice without any litigation.52

51χ is increasing and concave in its first argument and χ(0, ·) = 0.
52The code also allows for one to specify that the top non-patentee innovators and the patentee always go to court,

even if the top non-patentee innovators innovate less than the patentee. Qualitatively, the results were unchanged but
of course equilibrium quantities did change.
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Assumption 1.2. Only the top non-patentee innovators “win” the patent race. If they innovate

more than the patentee, they get to litigate with the patentee over the right to practice next period.53

54

Let δC = maxi 6=P δi and let nC = {i 6= P | δi = δ max} denote the maximum innovation of non-

patentees and the number of firms who achieved that draw, respectively. Let δ P denote the inno-

vation draw of the patentee. If δ P = δC = 0, there was no innovation and the patent clock winds

down: τ ′ = max{τ−1,0} and δ ′ = δ . If δ P > δC, the patentee builds on his patent according to

patentee building rules

τ
′ = τ

NL(s,δ P), δ
′ = δ

NL(s,δ P).

If δC ≥ δ P, some competitors to the patentee have “won” the patent race but the patentee still

has forward research exclusion. He can allege in court that the innovators have infringed on his

current patent. Then the firms j = 1, . . . ,nmax,P each choose litigation spending ` j given `− j.

The right to practice is then awarded probabilistically. Firm j wins the right to practice with

probability χ j = χ
(
` j, `− j | 1{ j=P},N,τ,δ ,δC,δ P,nC). If a non-patentee challenger wins in court,

he is assigned a patent (τ = T,δ = δC). If the patentee wins, the patentee builds on his patent

according to patentee building rules

τ
′ = τ

L(s,δC,δ P,nC), δ
′ = δ

L(s,δC,δ P,nC).

Let χP denote the probability that the patentee wins, and χ j denote the probability that non-patentee

litigator j wins. I allow the probabilities to depend on the current state s, the number of challengers

nC as well as the relative magnitudes of the patentee’s and challengers’ innovations (δ P vs. δC).

53This patent reassignment process may seem artificial, and it is certainly an abstraction. I’d point out the 1993
American court case, Richardson vs. Suzuki Motors, in which patents were reassigned by the courts. The courts do
reassign patents. They also invalidate patents issued by the USPTO (for example, see Williams 2013, who studies the
invalidation of the Celera patent on the human genome sequencing). At times, they split baskets of patents between
litigating firms (see the assignment of the patents for the BRCA1 and BRCA2 breast cancer genes).

54A more appealing specification might have firms making binary decisions over suing/counter-suing and sequential
resolution of one-on-one court cases. The paper originally modeled the litigation stage in this manner, but computa-
tionally adding this many discrete choice variables make equilibrium calculation too unstable.
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Let ιL ∈ {P,0,NL} denote the identities of the patentee, non-patentee litigators and non-

patentee non-litigators. The value functions are then

V`

(
ιL = P,N,τ,δ ,δ max,δ P,nmax) = β

[
χPVSG

(
P,N,τL(·),δ L(·)

)
+(1−χP)VSG

(
0,N,T,δC

)]
− `P

V`

(
ιL = 0,N,τ,δ ,δ max,δ P,nmax) = β

[
χPVSG

(
0,N,τL(·),δ L(·)

)
+χ jVSG

(
P,N,T,δC

)
+(1−χP−χ j)VEG

(
0,N,T,δC

)]
− ` j

V`

(
ιL = NL,N,τ,δ ,δ max,δ P,nmax) = β

[
χPVSG

(
0,N,τL(·),δ L(·)

)
+(1−χP)VSG

(
0,N,T,δC

)]

When litigation does not occur, I let

V`(ιL,N,τ,δ ,δ P,δ max,nmax) = βVSG
(
ι
′ = ι ?P : 0,N,τ ′,δ ′

)
.

1.3.3.2 Research and Development

Preceding the litigation stage is the R&D stage. Firms pay fixed R&D cost x̄ f here. Firm i =

1, . . . ,N chooses an R&D spending amount xi. If āx > 0, the firm only pays (1− āx) fraction of

xi, with the rest covered by the government. R&D investment is stochastically transformed into

innovations. Given (x1, . . . ,xN), firm i draws a quality step δi ∈ {0,1, . . . ,∆} according to the pmf

η (δi | ι ,xi,x−i). η can allow for both crowd-out and spillovers, and the current patentee may also

have an advantage in R&D.

When there is no active patent, the firm chooses xi given x−i to maximize

V (N) = E [V` (ιL,N,nmax,δ max) | xi,x−i]− (1− āx)xi− (1− ā f )x̄ f .

20



When there is an active patent, the patentee chooses xP and the non-patentees j 6= P choose xi

to maximize

V (P,N,τ,δ ) = E
[
V`

(
ιL,N,τ,δ ,nmax,δ max,δ P) | xP,x−P

]
− (1− āx)xP− (1− ā f )x̄ f

V (0,N,τ,δ ) = E
[
V`

(
ιL,N,τ,δ ,nmax,δ max,δ P) | x j,x− j

]
− (1− āx)x j− (1− ā f )x̄ f

respectively. Recall that I have defined V` even for cases where there is no litigation (it is just a

convenient placeholder for VSG in this case.)
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Figure 1.2: R&D and Litigation (No Active Patent)
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Figure 1.3: R&D and Litigation (Active Patent)

1.3.3.3 Patent Obsolescence and Patent Renewal

With probability ζ (s), the patent is invalidated. Market tastes may have shifted drastically, or

exogenous innovation rendered the patent obsolete, etc. If the patent is not rendered obsolete, I

follow in the spirit of Pakes’ “Patents as Options” Pakes [1986], and allow patents to be options.
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Preceding the R&D stage, the patentee makes decisions about whether or not to renew a patent.

In state s he faces a patent renewal fee aR (s)+ εr. aR is a function set by policy. εr is a small,

bounded, mean zero shock that the firm knows when it makes renewal decisions.55 It is iid across

time and has cdf Fr. The patentee renews if

V (P,N,τ,δ )+π (s)−
[
aR(s)+ ε

r]≥V (N),

or

ε
r ≤ ε

r(s) :=V (P,N,τ,δ )+π (s)−aR(s)−V (N).

Therefore, I can write the value functions for getting to the patent renewal stage as

VR (P,N,τ,δ ) = (1−ζ (s))Fr (ε
r(s)) ·

(
V (P,N,τ,δ )

−
[
aR(s)+E [εr | εr ≤ ε

r(s)]
]
+π(s)

)
+[ζ (s)+(1−ζ (s))(1−Fr (ε

r(s)))] ·V (N)

VR (0,N,τ,δ ) = (1−ζ (s))Fr (ε
r(s)) ·V (0,N,τ,δ )

+[ζ (s)+(1−ζ (s))(1−Fr (ε
r(s)))] ·V (N)

for patentees and non-patentees, respectively.

1.3.3.4 Entry Subgame

I follow the framework of Abbring et al. [2014].56I model entry sequentially and exit simultane-

ously. Early versions of the code allowed for both simultaneous and sequential entry/exit models.

55εr
t is a computational necessity more than a deliberate modeling choice.

56Doraszelski and Pakes [2007] write that “Entry has been treated differently in different papers. This proliferation
of entry models is largely because there is no agreement, and very little in the way of empirical guidance, on the
appropriate way to model entry.”
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There did not appear to be a large difference in terms of value functions or welfare for one model

versus the other. This may be due to firm homogeneity.57

My entry model is sequential with an unbounded number of potential entrants. It is therefore a

model of free entry. A potential entrant faces an entry cost x̄e + εe. x̄e is fixed, and εe is a small,

bounded market-wide, mean-zero entry cost shock that is iid over time and uniform across entrants.

It has cdf Fe. If the government subsidizes entry (āe > 0), the entrant faces the cost (1− āe) x̄e+εe.

Let Ñ denote the number of survivors of the survival game. Conditional on ne prior entrants, the

marginal entrant enters if

VR
(
0, Ñ +ne +1,τ,δ

)
− [(1− āe) x̄e + ε

e]≥ 0

or

ε
e ≤VR

(
0, Ñ +ne +1,τ,δ

)
− (1− āe) x̄e.

Let ε
e denote the highest possible entry shock. The maximum number of guaranteed entrants is

then

ne(Ñ,τ,δ ) = max
n

{
VR
(
0, Ñ +n,τ,δ

)
− [(1− āe) x̄e + ε

e]≥ 0
}

57One might reasonably question the decision to include entry and exit decisions in a homogeneous model. I can
shut down entry and exit and instead fix the number of firms at the outset for all t. However, I find that allowing N
changes the optimal policy recommendation on duration, for example. In the following figure I compare welfare for
N fixed at 2, N fixed at 7 and N free to vary. When N is fixed there does not appear to be much different in the optimal
duration, whereas is shifts dramatically to the right when N is allowed to vary.
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with a marginal ne(Ñ,τ,δ )+1 entrant with probability

pe = Fe
(
VR
(
0, Ñ +ne(Ñ,τ,δ )+1,τ,δ

)
− (1− āe) x̄e) .

We can then write the value functions for the entry game58

VEG
(
ι , Ñ,τ,δ

)
= peVR

(
ι , Ñ +ne(·)+1,τ,δ

)
+(1− pe)VR

(
ι , Ñ +ne(·),τ,δ

)
.

The value function for the nth entrant is

V e
EG
(
Ñ,τ,δ ,k,εe)= max

{
VR
(
ι , Ñ + k+1,τ,δ

)
− [(1− āe) x̄e + ε

e] ,0
}
.

Firm concentration evolves according to59

N′ = N′(εe) = Ñ +ne(·)+1{εe≤VR(0,Ñ+ne(·)+1,τ,δ)−(1−āe)x̄e}.

Note that conditional on entry, an entrant and incumbent are indistinguishable. And entrant can

play the R&D game immediately upon paying fixed and entry costs.

1.3.3.5 Survival (or Exit) Subgame

At the beginning of a period, incumbent firms make decisions about exit. There is a fixed scrap

value x̄s. I assume that firms make simultaneous scrap decisions. Let N denote the current number

of firms and Ñ the number of firms after exit.

If VEG (0,N,τ,δ ) > x̄s, there is no exit and Ñ = N. If VEG (0,2,τ,δ ) < x̄s, not even one non-

patentee firm can exist profitably, and there is complete exit of non-patentees Ñ = 1 (the patentee).

58I only show the calculation for the case of an active patent; it is analogous for an inactive patent.
59If VR (0, . . .) is weakly decreasing in N, then the above procedures are fairly straightforward. However, the

possible presence of cost crowd-out or R&D spillovers (and the nature of the litigation process) means I cannot rule
out non-monotonicities in the value functions. In fact, non-monotonicities in the value function of the patentee are
common. However, in my experience value functions at most have a single local maximum with respect to N – the
code works under this assumption. For more exotic cases, the code may break. I have never encountered such cases.
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Otherwise, non-patentees can exist profitably in the current state, just not at the current concen-

tration. In this case I solve for the symmetric mixed-strategy Nash equilibrium in exit. The exit

probability ps (N,τ,δ ) will satisfy the indifference condition

E [VEG (0,N−ne,τ,δ )] = x̄s, ne ∼ Binom(N−2, ps(·)) .

(The N− 2 other firms exit with probability ps(·) leaving the remaining non-patentee indifferent

between staying and scrapping, so he is willing to exit with probability ps(·).) Then Ñ = 1+

Binom(N−1,1− ps(·)) 60 The value functions are then

VSG(ι ,N,τ,δ ) = E
[
VEG

(
ι , Ñ,τ,δ

)]
where Ñ evolves as above. The case for there not being an active patent is analogous and is omitted.

60The one complication here is the case of duopoly under an active patent. (A monopolist when there is no active
patent never exits or the entire model is broken.) In this case, a single non-patentee is making a scrap decision. A
mixed strategy cannot make sense for this firm, so I introduce a tiny scrap value shock εs in this case to smooth out
the exit decision in duopoly under a patent.
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Figure 1.4: Exit, Entry and Patent Renewal

1.3.4 Social Welfare

The component of consumer welfare from consumption decisions, C̃St , was given in equation

(1.3). Assuming that patent renewal fees go to consumers, and cost subsidization policies and

social costs of litigation are borne by consumers, I arrive at the full specification for per-period
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consumer welfare,

CSt = C̃St− āene
t x̄e︸ ︷︷ ︸

entry

subsidization

−

(
āx

∑
i

xi + ā f Nt x̄ f

)
︸ ︷︷ ︸

R&D cost

subsidization

− κ
`
∑

i
`i︸ ︷︷ ︸

social cost of

litigation

+ a(st)︸︷︷︸
patent

renewal fee

.

My welfare measure is then

W = E

[
∞

∑
t=0

β
tCSt

]
.

I do not include any sort of producer surplus in my welfare measure given that in expectation firms

earn approximately zero.

1.3.5 Equilibrium

I use the standard conception of equilibrium in the Ericson and Pakes [1995a] flavored industry dy-

namics literature, symmetric Markov-perfect equilibrium (MPE) Maskin and Tirole [1988, 2001].

A symmetric MPE is one in which all players use the same Markov strategies, conditioned solely

on payoff-relevant state variables. In my case, the payoff-relevant variables are N,τ,δ , ι and in the

patent litigation subgames also δ max,nmax and δ P,δC,nC for no-active-patent and active-patent,

respectively. If I can construct the requisite value functions detailed above such that they are con-

sistent with firm optimization at every stage via policies investment policies x∗(s), and litigation

policies `∗(s), patent renewal decisions r∗(s), and entry and exit, then I have found a symmetric

MPE.61

61I am still working on a proof of equilibrium existence using the methods Denardo [1967], Whitt [1980], Doraszel-
ski and Satterthwaite [2007]. The multiple dynamic controls make extending the Doraszelski and Satterthwaite [2007]
proofs difficult. Luckily, my algorithm has never failed to converge to what can be verified ex-post as an MPE, and I
have never converged to multiple equilibria from different starting values. (I realize that this is a dangerous statement
in this literature.)
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1.4 Computation and Comparative Statics

We compute symmetric Markov-perfect equilibria using standard Gaussian Pakes and McGuire

[1994] value-function iteration methods.62 I have not yet encountered a specification for which

the code did not converge to an equilibrium63. Once the algorithm gets close to the right amount

of entrants and exiters in each state, value functions and policies appear to converge linearly. The

value function update operators are not generally contractions. Firm homogeneity (excepting the

patentee/non-patentee distinction) ensure that solution time is small. For models that imply a high

degree of concentration and only a handful of firms ever being active, the model can converge in

a matter of seconds. For models with more competitive outcomes, the algorithm typically takes

several minutes.64 Computation time grows exponentially in the maximum number of active firms

due to the increasing complexity of the binomial distributions which must be frequently calculated

for evaluating R&D outcomes, and the quadratic state space in the litigation subgames.65

As noted in the online appendix to Doraszelski and Satterthwaite [2007], the choice of iteration

scheme alone can produce equilibrium multiplicity in Ericson and Pakes [1995a] styled models.

Varying the computational method in my model leads to similar multiplicity in my model.66 How-

ever, all computed equilibria for a given specification have been relatively close to one another (and

are indistinguishable to the naked eye). Borkovsky et al. [2012] notes that in industry dynamics

models, equilibrium multiplicity often arises from policy differences in seldom visited states and

observationally the sample paths generated by multiple equilibria are comparable. That was for a

62The code will be available on my website, www.princeton.edu/∼rkatzwer/optimalPatentsCode.zip.
63The convergence path is often initially rocky until entry and exit have settled down.
64The convergence criterion is that relative and absolute error between successive iterates are below 1e-6 and 1e-3,

respectively and the relative and absolute error between the kth iterate and (k−20)th iterate are below 1e-5 and 1e-3,
respectively. All computations were performed on an Intel Core i7-3770 running at 3.4-3.9 GHz. Comparative statics
are computed by simulating the MPEs for 400 periods, 15,000 times.

65The addition of firm-level heterogeneity would seem to be necessary to bring this model to data. In such a case,
computation time would likely require either the stochastic methods of Pakes and McGuire [2001], or translation of
the model to continuous time as in Doraszelski and Judd [2012].

66For example, varying the frequency of R&D policy update from every ten iterations to every twenty iterations in
one specification led to a difference in the expected number of entrants in the state N = τ = δ = 0, 19.137 vs. 19.066.
I keep the update scheme the same across all solutions, and to be safe, update all policies at every iteration (with
dampening).
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different industry dynamics model, but the same phenomenon appears to hold in the simulations

that I ran.

In this section, I will first examine the dynamics of a typical equilibrium. Then I will show

welfare comparisons and optimal policy design across a range of environments.

1.4.1 Example Industry Dynamics

This section will examine a two equilibria of this model. First, we get a sense of firm behavior by

examining equilibrium value functions and policies in two different cost settings. I simulate one

sample path of the equilibria to give a flavor of the industry dynamics.

I compare two equilibria from settings with identical government policies and primitives. Statu-

tory duration T is 12 and ∆ = 3. (The parameters and functional specification can be found in

Appendix A.2.) However, in the second setting the fixed costs of R&D increase by 50% and the

probability of successful innovation conditional on R&D spending is reduced by 33%.

I begin by examining the value functions and investment policies when there is no active patent

in figures 1.5a and 1.5b. As one would expect, the value function is decreasing in the number of

firms. In the low-cost setting, I have a maximum number of entrants of 10, whereas in the high-cost

setting this jumps to 15.67 This may seem counterintuitive, but it demonstrates the dynamics of the

model nicely: with higher costs, innovation is more costly, and a patentee faces less competition

conditional on owning a patent and the forward exclusion that it entails. Therefore, when there is

no active patent, R&D firms are ex-ante more valuable. (The non-smoothness in V0(N) is not an

error. For example, in the low cost setting, up to five firms will enter when there is an active patent,

this is what generates the kink at N = 5.)

Next, I examine behavior when there is an active patent. Figures 1.6 and 1.7 report value func-

tions for patentees and non-patentees in the low-cost setting, respectively. (These are plotted for

N ∈ {5, ...,10} as these are the number of firms that can occur in these (τ,δ ) states in equilibrium.)

67The maximum number of entrants when N = τ = δ = 0 corresponds to the maximum number of firms that can be
active in any given period.
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(a) Value Function and Investment with no active patent (low cost set-
ting)
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(b) Value Function and Investment with no active patent (high cost set-
ting)

Figure 1.5
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The value functions for non-patentees are sharply decreasing in the number of competitors. They

are very similar across different values of δ , as δ only indirectly effects their future value and in-

novation rates through the investment choices of the patentee. Any patent that they are potentially

awarded is a function of their own innovation and the innovation of the patentee, but not the mag-

nitude of past innovation or current lagging breadth. I see the value functions for non-patentees

increase as the patent gets closer to expiry (τ→ 0). Of course, the opposite holds for the patentee’s

value functions. Their value is a combination of (i) expected market profits from the right-to-

practice (ii) expected value of innovation and (iii) expected value of potentially appropriating the

innovations of competitors via infringement lawsuits. (i) generates the vast difference in levels

between the patentees value functions across different lagging breadth values δ . (iii) explains why

the value function of the patentee decreases less steeply in N than does the value function of non-

patentees. In fact, we see that when τ = 1 or 2 (that is the patent is close to expiry), the value

function of the patentee is actually increasing in N. As the current patent gets close to expiry,

the patentee wants more innovators producing (probabilistically) higher-quality innovations that it

can then appropriate in court. The patentee uses these appropriated innovations to replace its cur-

rent, soon-expiring, right-to-practice patent. (The non-patentee value functions “bottoming out”

corresponds to the discounted scrap value, β x̄s = .576).

Figures 1.8 and 1.9 report R&D investment policies for patentees and non-patentees in the

low-cost setting, respectively. Schumpeterian effects dominate the investment decisions of the

patentee. Particularly when the patentee has high value patents (δ = 2,3, and τ close to T ), the

patentee has no desire to innovate and displace the current patent. The patentee invests very little in

R&D. It is more cost effective for him to challenge competing innovators in court than to innovate

himself. When τ is close to T , non-patentees invest more in R&D on average than the patentee

does. As τ → 0, the patentee ramps up investment. The opposite holds for non-patentees: they

invest slightly less in R&D as τ → 0 on average, since the patentee ramps up (and the advantage
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greater investment draws give the patentee in court outcomes68) greatly reduces non-patentees’

expected return on R&D spending.

68Litigation outcomes are functions of litigation spending, and under an active patent, the return to patentee litigation
spending decreases in the size of the gap δC−δ P.
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Figure 1.6: Value Functions for Patentee (low cost setting)
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Figure 1.7: Value Functions for Non-Patentee (low cost setting)
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Figure 1.8: R&D Investment for Patentee (low cost setting)
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Figure 1.9: R&D Investment for Non-Patentee (low cost setting)
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Figure 1.10: Value Functions for Patentee (high cost setting)
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Figure 1.11: Value Functions for Non-Patentee (high cost setting)
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Figure 1.12: R&D Investment for Patentee (high cost setting)

�

���

���

���

���

���

���

��	

��


���

�

� 
 ��

�
�
�
��
�
�
�
	

�
�
��
�


��
�
��
�
�

�

���

�
��

�
��

�
��

�
�

�



�
	

�
�

�
�

�
�

�
�

�
�

�
�
�

���

���

���

���

���

���

��	

��


���

�

� 
 ��

�
�
�
��
�
�
�
	

�
�
��
�


��
�
��
�
�

�

���

�
��

�
��

�
��

�
�

�



�
	

�
�

�
�

�
�

�
�

�
�

�
�
�

���

���

���

���

���

���

��	

��


���

�

� 
 ��

�
�
�
��
�
�
�
	

�
�
��
�


��
�
��
�
�

�

���

�
��

�
��

�
��

�
�

�



�
	

�
�

�
�

�
�

�
�

�
�

�
�

Figure 1.13: R&D Investment for Non-Patentee (high cost setting)
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I now turn to the high-cost setting. The equilibrium properties are qualitatively similar to the

low-cost setting, but some of the dynamic competition effects are exacerbated. Figures 1.10 and

1.11 report the value functions for patentees and non-patentees under an active patent, respectively.

The value functions for non-patentees are very similar to the low-cost setting, but lower, reflecting

the more difficult innovation environment non-patentee R&D firms face. The value functions of the

patentee, however, are much larger. Higher costs of innovation greatly increase the value of owning

a patent. Notice that the slope of the value functions for patentees in N is decreased in the high-

cost setting. Competitors are less successful and therefore less of a threat. I see the value function

slope upward in N for the patentee for δ = 2,3 and τ = 1,2,3. The value function for the patentees

decrease more uniformly in τ in the higher-cost setting. This makes sense: innovation is more

costly and occurs less frequently, implying the decrease in the number of market-profitable years

remaining has more influence on the value function than in the low cost setting. (Mechanically,

patentees and non-patentees spend more on R&D on average because innovation by assumption is

more costly here.)

Finally, I compare sample paths of sixty periods of the Markov-perfect equilibrium for the

low- and high-cost settings in figures 1.14a and 1.14b, respectively. The equilibrium dynamics

are different. In the low cost setting, the entry-and-exit is more muted. N varies between six and

ten. Compare this to the high cost setting which oscillates between fifteen firms when there is no

active patent and (usually) three under an active patent. (In fact, the market reduces to duopoly in

later periods of this sample run.) This reflects the earlier discussion of patents being more valuable

ex-ante in the high cost setting, but the environment being more difficult for non-patentees under

an active patent. On average, I expect the rate of innovation to be higher in the low-cost setting,

and that happens in this sample run. Even though R&D costs are higher in the high-cost setting,

a priori it isn’t certain that R&D spending would also be higher. In fact, in most periods, more is

spent on R&D in the low-cost framework. Firms on average spend less in this setting, but more

firms exist in equilibrium in most periods. In both settings, I see R&D spending at its highest when

there is no active patent (and no patentee waiting in the wings to claim infringement), and R&D
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spending in aggregate ramps up as patents approach expiry. Notice the litigation spending spikes.

Litigation spending is far higher in the high-cost setting as the reward to winning a court case (and

the right-to-practice) is much higher.

1.4.2 Comparative Statics

Having given a flavor of equilibrium dynamics, I now turn to comparative statics on government

patent policy.

1.4.2.1 Static vs. Dynamic and Optimal Patent Duration

I first compare optimal statutory duration policy T in static69 and dynamic setting. In this section

I will examine how optimal duration T ∗ varies in different environments, but will hold the other

patent policies fixed. The environments are indexed by k with lower k indicated higher costs of

innovation (or lower probabilities of successful innovation conditional on innovation).70 That is,

the seven specifications range from very difficult innovation to relative easier innovation. The static

model generates the expected welfare and optimal patent duration T ∗ depicted in figure 1.15. The

standard logic holds: more expensive innovations are incentivized by larger rewards (T ).

Now, I can repeat the same exercise in the dynamic model. A priori, it is not obvious what

will happen to T ∗. Forward exclusion (which is not captured in a static model) increases the

value of holding a patent. This would lead us to believe that the efficient T ∗ would be lower in

a dynamic vs. static model. Additionally, while pro-competitive in patent-races with no active

69See A.1 for an outline of the baseline static model.
70Foreshadowing section (1.4.2.2), I keep the probability (conditional on innovations and litigation) that a current-

patentee wins a patent litigation case at

χP = χ̃ +(1− χ̃)

(
1− .1

(
δC−δ P

))
`

4/5
P

∑ j 6=P `
4/5
j +(1− .1(δC−δ P))`

4/5
P

, χ̃ = .15. (1.4)

That is, a patentee wins a litigation case with at least 10% probability here even if he spends nothing on litigation.
χ̃ = 1 is a corner case where the patentee has infinite forward exclusion. In subsequent analysis, I will vary T as well
as χ̃ .Consider the same specification as in section 1.4.1. I run seven cost specifications, indexed by k. I let fixed R&D
costs vary over x̄ f

(k) = {.44, .40, .36, .32, .28, .26, .24}. Concurrently, the probability of a successful innovation draw

conditional on xi (that is, δi 6= 0) is given by
α(k)x

4/5
i

5+x4/5
i

where α(k) = {.12, .14, .16, .2, .24, .28, .32}.
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Figure 1.14

41



0

100

200

300

400

500

600

700

800

8 13 18 23 28 33

Ex
p

ec
te

d
 W

el
fa

re
 (

St
at

ic
) 

T 

k=1

k=2

k=3

k=4

k=5

k=6

k=7

T*

Figure 1.15: Static Welfare as function of T ∗

patent, the forward exclusion becomes strongly anti-competitive when there is an active patentee

which would also imply that T ∗ should be lower in the dynamic model to increase competition.

However, the dynamic model includes cumulative innovation and the possibility that a patentee’s

effective patent life is far shorter than the statutory T , which might lead us to expect that T ∗ is

higher in the dynamic model. It becomes a question of which effect is larger. When I compute T ∗

from the fully dynamic model, I see that the benefit of forward exclusion dominates the negative

effect of cumulative innovation by competitors for the firm, and T ∗ decreases.

It is worth noting that in neither model is the welfare maximizing T ∗ equal to the innovation

maximizing T ∗, where the rate of innovation is taken to be E [µt+1−µt ]. I demonstrate this for the

dynamic model below.

I conclude this section with an examination of the role of entry costs x̄e in figure 1.19. In

the static and dynamic setting. In the static setting, we mechanically expect the optimal T ∗ to

increase in fixed costs of entry: to incentivize innovation when entry is more costly, firms must

be rewarded with larger T . Examination of the equilibria in the dynamic case may lead us to

doubt this: entry primarily occurs when there is no active patent, and higher entry costs serve as an

effective deterrent to entry when there is an active patent (and forward exclusion on innovation).

In fact, I do find that in the dynamic setting, the optimal patent duration weakly decreases in entry
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costs. The increased value to holding a patent from depressed entry imposed by higher x̄e tomorrow

effectively compensates firms today for the higher cost of entry. I focus on the case k = 5, that is

α = .24 and x̄ f = .28, and x̄e ∈ [2,3.25].

I now switch entirely to the dynamic model. The baseline specification unless otherwise noted

is as in A.2.

First, I allow market size to vary over five levels, M ∈ {8,10,12,14,16}, and vary fixed costs

of R&D between x̄ f ∈ {.25, .4, .55}. I expect dT ∗
dx̄ f to be positive as in my earlier experiments, but

the dT ∗
dM is not a priori clear. M shows up in the firms problem (higher M means higher profit levels

and higher patent values) but M also shows up on the welfare side (larger M implies larger welfare

gains from innovation). In figure 1.20 I see that the first effect dominates. Larger M compensates

innovators through larger profits allowing welfare to be improved by lowering T . 71

1.4.2.2 Optimal Patent Duration and Forward Protection

I now consider two policy instruments simultaneously, T , the statutory patent duration and χ̃ from

equation (1.4), which is the automatic “weight” given to the patentee in court proceedings. It can

be thought of as a reduced from measure of infringement protection given to past innovators in the

71Note that because of the linearity of utility and the linear markups it generates, varying M has comparable effects
to varying E [λi] for both the firms and consumers.
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court. I solve for T ∗ and χ̃∗ jointly. Increased χ̃ is both pro-competitive (because it increases the

value of future patents) and anti-competitive (because it reduces the value of current innovations).

I first examine optimal T ∗ and χ̃∗ as a function of the cost settings I examined in 1.4.2.1. There

I saw the intuitive relationship, dT ∗
dR&D cost > 0 for fixed χ̃ = 0. I consider the cost settings

k = {1,2}, α(k) = {.16, .28}, x̄ f
(k) = {.26, .36}.

In figure 1.21 I have surface plots for welfare as a function of T and χ̃ . I allow T ∈ {5, . . . ,35} and

χ̃ ∈ [0, .6].72

There are two key takeaways from figure 1.21:

1. The direction of optimal policy can change depending on which instruments are being opti-

mally calculated. Recall that for the high- and low-cost environments above, when χ̃ = .15

I calculated optimal T ∗ of 16 and 10, respectively. Note that when I allow χ̃ to vary, this

flips. The optimal policy in high-cost setting is (T ∗ = 13, χ̃∗ = .26). In the low cost setting,

72Even in this homogeneous model, this grid over policies and the three cost environments involves simulating
close to 1700 equilibria, or close to 500 million sample “years”. Computing sample statistics for each equilibrium
takes about two minutes on average.
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Figure 1.21: Consumer Welfare as function of T and χ̃ .

(T ∗ = 16, χ̃∗ = .08). Note then that the sign on dT ∗/d [R&D cost] has flipped when I allow

other policy instruments.73

2. Patent Strength is not single-indexed. That is, T and χ̃ do not trade off in some one-for-one

manner. If this were the case, there would be some optimal level of “patent strength”. So

long as χ̃ and T jointly created this optimal patent strength, there would be some diagonal

path through the welfare surfaces through which consumer welfare would be maximized and

constant. But I see that χ̃ and T do not trade off in such a manner. (There are definite hints

of lower T implying χ to maximize welfare though, as expected.) It follows that forward

exclusion strength and statutory duration really are entering the firms problem differently

and have different implications for innovation and welfare. They cannot be collapsed into

one policy instrument.

73An exercise with a slightly different specification for χ gave similar results. Suppose χP = χ0+`P
χ0+∑ j 6=P ` j+`P

. Comput-
ing optimal T ∗ and χ∗0 in three different cost settings produced a similar result. Fixing χ0 = .4 yielded T ∗ = 15,20,23
for low-, medium- and high-variable-cost settings. Allowing χ0 to vary yielded optimal policies for low, medium and
high-variable-costs of (T ∗,χ∗0 )≈ (21, .34) ,(18, .46) ,(16, .54), respectively.
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Figure 1.22: Optimal Policy as function of ease of innovation (or R&D costliness)

We see that in lower cost settings, firms are optimally rewarded with less forward protection but

more statutory years on the patent. In higher cost settings, firms are rewarded with more forward

protection and less statutory duration. My hypothesis is that because costs are convex, it makes

more sense for society to reduce competition (and wasted R&D spending) by giving the patentee

more forward protection. However, this comes at the cost of lowered statutory duration, forcing

the patentee to innovate more frequently to replace expiring patents. In the low cost setting, the

welfare cost of wasted R&D effort is less acute. Innovation is cheap and frequent enough to make

competition more valuable. This is different to the results in O’Donoghue et al. [1998], where

leading breadth should be granted more readily in industries in which is is exogenously easier

to innovate. Note though that their leading breadth (essentially, patentability) differs from my

litigation-outcome based definition. I report the optimal (T ∗,χ∗) for the cost settings in section

1.4.2.1 in figure 1.22.

Consider the low-cost setting from above. In figure 1.23, I examine optimal policy when the

exogenous patent-obsolescence rate, ζ , varies. It makes sense that when the probability of a patent

being exogenously destroyed increases, it is necessary to reward a patentee with greater forward

breadth. The duration instrument has less power, as ζ effectively makes the patentee discount

low-τ periods in the future far more. (If the obsolescence rate depicts radically new technologies
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Figure 1.23: Optimal Policy as function of obsolescence rate ζ
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Figure 1.24: Optimal Policy as function of market size M

replacing old patents without any sense of infringement, then this is comparable to the exogenous

hit rate in O’Donoghue et al. [1998], perhaps making this the more apt static to compare.)

In figure 1.24, I vary market size M, and allow T and χ̃ to vary. (I did this earlier in figure

1.20, fixing χ̃ = .15.) The relationship between T ∗ and M continues to hold, while M has very

little effect on χ̃ . (I revise χ̃ from .15 to ≈ .11, and T ∗ increases by between one and two.)
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1.5 Conclusion

A flexible but computationally tractable model for examining several different patent policy in-

struments simultaneously in a fully dynamic oligopoly model of innovation was presented. The

paper provides a framework for comparing how patent policy might optimally vary across differ-

ent industries. In particular, I have taken a first step towards seriously integrating patent litigation

and its interaction with patent duration into a dynamic innovation model. My paper is consis-

tent with the reduced form empirical evidence of an inverted U shape of innovation and welfare

as a function of “patent strength” (Lerner [2005, 2009], Hall and Ziedonis [2001], Galasso and

Schankerman [2014], Duguet and Lelarge [2004], Budish et al. [2013]), but makes the theoretical

instruments that jointly determine “patent strength” precise. The dynamic model (and the pro-

and anti-competitive tradeoffs of patent strength that dynamics entail) is key for generating this, as

static models can often give corner solutions for patent policy values.

This paper provides evidence that in industries where market profits are large relative to R&D

costs, patent strength should generally decrease. The welfare benefit of reduced rationing and rents

outweighs the benefit of increasing innovation with stronger patents. As expected, patent strength

in some sense should increase in industries where R&D costs are larger. However, high cost in-

dustries are more optimally rewarded via shorter patent duration but stronger forward protection.

Industries characterized by quicker technology obsolescence (where technologies change so radi-

cally as to leave old patents intact but valueless), firms are optimally rewarded with short duration

by strong breadth.

More broadly, the contribution of the paper is that it shows that the policy maker must be

careful when they discusses “patent strength”. It is obvious that patent strength is a complicated

function of several different policy instruments (duration, infringement protection, etc). What this

paper shows is that these instruments do not trade off one-for-one, the function that aggregates

them is complicated. Increasing T versus increasing forward exclusion has different implications

for innovation and welfare. The direction of optimal policy can change depending on the set of

policy instruments that one allows to vary when computing optimal policy.
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In the future, I hope to use this paper as a framework for true empirical investigation of this

question. A priori it not clear how one could actually observe or infer the deeply unobservable

innovations in this model. Hopefully this paper can offer theoretical predictions and guidance on

formulating an empirical model. I have constructed a detailed theoretical model with the hope that

it will serve as a complement (and not a substitute) to empirical work in this area.
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Chapter 2

A Grid Approximation Algorithm for

Solving Imperfect Monitoring Games

2.1 Introduction

This paper presents a new algorithm for solving for the perfect public equilibrium payoff set in

repeated games with imperfect monitoring and public randomization. These are games in which

players repeat a stage game indefinitely, but cannot directly observe the actions of their opponents.

Instead, the players must detect deviations from equilibrium play using a publicly visible random

signal whose probability distribution depends on the actions taken by the players. The algorithm

has some theoretical and practical advantages over the current state of the art algorithm.

The classic example of an imperfect monitoring repeated game is the Green-Porter oligopoly

model, in which firms privately choose unobservable quantitiesEdward J. Green [1984], Porter

[1983]. Players must detect deviations from collusive quantities by observing a market price which

is a function of both quantities produced by the firms, and a random demand shock. (This model

was notably used by Porter [1983] to study a 19th century American railroad cartel.) Repeated

games with imperfect monitoring remain of interest to the field and have been used by Athey and
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Bagwell [2001] to study collusion in a Bertrand setting, Levin [2003] to solve principal-agent

contracting problems, and Radner [1986] to study partnership games.

Despite the field’s interest in games with imperfectly observable actions in topics ranging from

firm collusion, monetary policy, insurance schemes and international trade, in general these games

remain analytically and computationally intractable for study. Abreu et al. [1990] provide us with

a groundbreaking conceptual algorithm (APS) for solving imperfect monitoring games, but imple-

menting the algorithm accurately in a computationally feasible way remains difficult. Abreu et al.

[1990] describe a set-valued operator, BAPS, whose largest fixed point constitutes the perfect public

equilibrium payoff set. In general it is impossible to explicitly construct BAPS. The state of the art

algorithm for approximating BAPS is the Judd-Yeltekin-Conklin (hereafter, JYC) algorithm Judd

et al. [2003]1. The algorithm relies on the fact that convex sets are defined by a set of supporting

hyperplanes, and using a subset of these hyperplanes one can construct an outer approximation

to BAPS by solving a large number of linear programs. (The JYC algorithm is described in detail

in section 2.2.2.) The algorithm has several issues. Abreu and Sannikov [2014] show that if the

supporting hyperplanes are not chosen correctly, the shape of the resulting set will be qualitatively

incorrect. There is no formal guidance for choosing these hyperplanes, nor any relation between

the number of hyperplanes chosen and the accuracy of the approximation to the true BAPS. There

is no convergence guarantee, and if not enough supporting hyperplanes are chosen, the algorithm

can “stall” without converging to a set close to the true V ∗.

1Despite publication only in 2003, this paper was known since the eatly 1990s. The algorithm as it appears in Judd
et al. [2003] was designed for perfect monitoring repeated game, but the methodology easily extends to imperfect
monitoring. JYC is extended to perfect monitoring stochastic games in Yeltekin et al. [2016]. Cronshaw [1997] extends
the JYC methodology to continuous time games. Sannikov [2007] describes methods for imperfect monitoring games
in continuous time. Abreu and Sannikov [2014] provides the state of the art algorithm for solving repeated games with
perfect monitoring, along with several theoretical insights. Abreu et al. [2016] develops a novel “Twist” algorithm
for stochastic games with perfect monitoring. Goldlücke and Kranz [2012] provide methods for solving imperfect
monitoring games that allow for monetary transfers. Ericson and Pakes [1995b], Ariel Pakes [1994] provide methods
for computing Markov-perfect equilibria in games. Fershtman and Pakes [2012b] provide an algorithm for computing
equilibria in games with hidden states and actions, but define a new type of “experience based equilibrium” that
differs radically from subgame-perfect and perfect-public equilibrium. Berg and Kitti [2014] provide an algorithm for
computing the set of subgame perfect equilibrium payoffs in repeated games without public randomization, generating
elegant fractals.
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In contrast, I construct an algorithm in section 2.2.2.2 that takes a different approach. Rather

that approximating BAPS with supporting hyperplanes, I construct a grid of boxes over the payoff

space. Boxes are then marked as either “feasible” or “infeasible”. A “feasible” box means that

a linear program was solved that shows that at the current stage of the algorithm, there is an

action profile which is enforceable and which generates a payoff in that box. The convex hull

of all feasible boxes is an outer approximation to the APS operator BAPS. The accuracy of the

approximation is given by the grid resolution: a box of side length κ implies the approximated set

is within κ
√

N of the true APS set, where N is the number of players. In practice, testing shows

that in many applications the grid algorithm is faster and more accurate than JYC, as shown in

section 2.3.

This work is motivated by practical concerns. Out of necessity, analytical work in dynamic

games often describe a single Nash equilibrium of a game that has infinitely many Nash equilibria,

for example, the trigger strategies of Edward J. Green [1984]. Similarly, in empirical settings,

counterfactual analysis is often done using a single computed equilibria. It is unclear if the com-

puted equilibrium used in estimation is robust to the counterfactual policy change. This is why

we are interested in computing the full set of equilibrium payoffs. It allows us to make progress

towards more robust counterfactual analysis that doesn’t rely on arbitrarily chosen, restrictive equi-

libria. Furthermore it allows us to ask welfare questions: for example, how far from the Pareto

frontier is the observed equilibrium? What is the best equilibrium for society? Additionally, when

it is difficult to make assumptions about the structure of the equilibrium that is being played, com-

puting the entire payoff set could help us perform set valued identification of structural parameters

as in Abito [2015].
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2.2 Algorithm

2.2.1 Theoretical background

This paper considers repeated games with imperfect monitoring and public randomization.2 These

are games where N players indefinitely repeat a stage game. The players cannot directly observe

the actions of their opponents, but only a noisy signal that is informative about the actions their

opponents took. For example, a low price can be suggestive of a cartel member is cheating, but

also a demand slump.

There are players i= 1,2, . . . ,N. Each player i has a finite action set Ai =
{

ai1, . . . ,aimi
}

. There

is a public signal y drawn from a finite set Y . Using the information in y, players can infer the

likelihoods of actions taken by their opponents. The probability that signal y is observed given the

players took actions ~a = (a1, . . . ,aN) is π (y |~a). Player i has a stage utility function ui (~a,y). In

expectation, given action profile~a, player i has stage payoff gi(~a) = ∑y∈Y π (y |~a)ui (~a,y). Players

have a common discount factor δ ∈ (0,1) and the time-t payoff for player i is given by

Ui = (1−δ )Et

[
∞

∑
t ′=t

δ
t ′−tgi(~at ′)

]
. (2.1)

These games include a commonly observable random signal zt .3 This allows for public random-

ization, where players may condition future actions on past public signals.4

A strategy for player i is a function σ i that maps the information set of player i into actions.

A strategy is public if it depends only on the history of observed public signals, and not a player’s

own private history of actions. In this paper we will solve for the set of pure-strategy public perfect

equilibrium (PPE) payoffs. A set of strategies {σ i}N
i=1 is a PPE if (1) each σ i is public and (2) given

any public history ht , {σ i|ht}N
i=1 is a Nash equilibrium. (In the case of perfect monitoring, PPE

reduces exactly to subgame perfect equilibrium (SPE). Like SPE, PPE is a stationary equilibrium.)

2Repeated games with perfect monitoring, as in Abreu [1988], are essentially a simpler special case of these games.
3Without loss of generality Zt is is iid uniform on [0,1].
4Public randomization is what gives us convexity of payoff sets. Without it, we would have fractals as in Berg and

Kitti [2014].
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We define a “solution” to an imperfect monitoring game as V ∗, the set of all payoffs that can

be supported by a PPE with public randomization. An extremal equilibrium is an equilibrium that

corresponds to a payoff that is an extreme point of V ∗. Abreu et al. [1990] provide a conceptual

algorithm for computing V ∗ by turning the sequence problem described in (2.1) into a recursive

problem. Given a set payoffs W ⊂RN and that her opponents are playing action profile~a−i, player

i can be incentivized to play action ai if there exists a continuation payoff vector w ∈WY which

maps signals to future payoffs such that

ai ∈ arg max
ãi∈Ai

(1−δ )gi(ãi,~a−i)+δE
[
w(y) | ãi,~a−i] .

Each player then has |Ai| − 1 incentive constraints for any action. We say that w enforces ac-

tion ai. A payoff set W can support a payoff vector v ∈ RN if there exists an action profile

~a and continuation payoff vector w ∈ WY such that (1) w enforces a for all players and (2)

v = (1−δ )g(~a) + δE [w(y) |~a].5 Note that w specifies a payoff for every player for every re-

alization of the signal y.

Abreu et al. [1990] define the APS operator as

BAPS (W ) =
{

v ∈ RN |W supports v
}
. (2.2)

Abreu et al. [1990] prove several facts about this operator6, but most importantly if W 0 ⊇V ∗ then

repeated application of the operator on W 0 converges to V ∗ (
(
BAPS)∞ (W 0)↘V ∗).

Conceptually then, the APS algorithm consists simply of choosing a suitably large set W 0 and

repeatedly applying the APS operator in (2.2) until convergence to V ∗. Practically, it is impossible

to analytically apply the APS operator except in simple cases such as the prisoner’s dilemma7.

5This is called decomposability.
6Specifically, the APS operator is (1) monotonic: W ⊆W ′ implies BAPS(W ) ⊆ BAPS(W ′), (2) convergence: if

W (0) ⊇V ∗ and W (n+1) = BAPS
(

W (n)
)

, then W (n)↘V ∗, (3) convexity: with public randomization, BAPS maps convex

sets to convex sets, (4) self-generation: V ∗ is largest self-generating set (the largest set where W ⊆ BAPS(W )).
7Even that example is difficult.
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Therefore, we require a computational method for approximating this operator in order to study

the set of potential outcomes in this valuable class of games.

A special class of imperfect monitoring games are called repeated games with perfect moni-

toring. In these games, players perfectly observe the actions of their opponents.8 Although this

paper is focused on providing methods for imperfect monitoring games, we compare the algo-

rithm to the state-of-the-art JYC algorithm on perfect monitoring games first. This is because the

Abreu-Sannikov (hereafter, AS) algorithm found in Abreu and Sannikov [2014] provides solutions

accurate to machine precision.9 These serve as a convenient baseline for comparing the accuracy

of the solutions provided by grid algorithm and the JYC algorithm. There is no general method for

computing exact solutions to imperfect monitoring games at this time. 10 With perfect monitoring,

players may condition future actions directly on past actions of their opponents (and the public

signal).

2.2.2 The Judd-Yeltekin-Conklin (JYC) Algorithm

Judd et al. [2003] provided the first general purpose algorithm for solving these games. Judd

et al. [2003] focuses on perfect-monitoring games, but the authors note that the methods can be

generalized to stochastic games and imperfect monitoring games.11 The algorithm relies on the

fact that any convex set can be defined by its supporting hyperplanes (see figure 2.1). That is, a

convex set W can be described as a collection of vectors {d j} and levels {α j} where

W =
{

x ∈ RN | x ·d j ≤ α j for all j
}
.

8Basically, Y =×iAi.
9A Java implementation of this algorithm can be found at http://www.princeton.edu/∼rkatzwer/rgsolve/index.html,

with a Matlab front-end at http://www.princeton.edu/∼rkatzwer/rgsolve/JavaRGSolve.m. Stochastic games may be
solved using software at http://www.benjaminbrooks.net/sgsolvedoc/html/sourcepage.html.

10There are other related types of repeated games. Stochastic games involve state variables (that may or not be
payoff relevant), whose transition probabilities are a function of actions taken in the game. We will not consider these,
although both JYC and the grid algorithm can be extended to this case.

11Conklin [1996] and Judd and Yeltekin generalize Judd et al. [2003] for (deterministic) games with state variables.
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Figure 2.1: Left: A set W and supporting a hyperplane d · x̃≤ a
Right: A set W approximated by six supporting hyperplanes

The JYC algorithm works as follows: Given an input payoff set W and a search direction

d ∈ RN , define

(wd,ad) := argmax
w∈WY ,~a∈A

d j · v |
w enforces~a

v = (1−δ )g(a)+δE [w |~a]

 , (2.3)

vd := (1−δ )g(ad)+δE [wd | ad] (2.4)

That is, vd is the payoff that can be supported by W that maximizes the value αd := d j · v in the

search direction d j. Given a set of search directions D = {d1, . . . ,dD}, solving (2.3) for each

direction d j generates a set of payoffs {v1, . . . ,vD} and levels {α1, . . . ,aD}. JYC then define12

BJYC,I(W ) = co {v1, . . . ,vD}

BJYC,O(W ) =
D⋂

j=1

{
x ∈ RN | d j · x≤ α j

}
.

These are inner and outer approximations to the true APS operator,

BJYC,O(W )⊇ BAPS(W )⊇ BJYC,I(W ).

12co denotes the convex hull.
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Figure 2.2: Comparison of the JYC set (red) to the true set as computed by AS (blue).
Left: A prisoners dilemma with 32 search directions
Right: An example from Abreu and Sannikov [2014] with 64 Search directions.

The JYC algorithm then repeatedly applies the BJYC,O and BJYC,I operators until convergence.

That is, an initial feasible payoff set W 0 is chosen, and then W n+1 := BJYC,O(W n) until some

convergence criterion is satisfied.

2.2.2.1 Problems with the JYC Algorithm

Abreu and Sannikov [2014] and others have observed that there are issues with this approach. A

general convex set W is potentially defined by an infinite number of supporting hyperplanes.13 The

choice of search directions d j is arbitrary and a priori there is no guidance on which directions to

choose. This has implications for the shape of the set that is computed as is shown in figure 2.2.

Unless the search directions are chosen to correspond exactly with the normal vectors to the set

V ∗, JYC will always produce extraneous extremal equilibria. This may seem trivial on these small

examples, but without knowing the true shape of V ∗ it becomes prohibitively expensive to continue

13Abreu and Sannikov [2014] prove that in two player repeated games, V ∗ has a finite number of extreme points
that is on the order of the size of the action space. Abreu et al. [2016] provide a similar result for stochastic games.
For imperfect monitoring games or games with more than three players, there is no known bound on the number of
extreme points.
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Figure 2.3: Unless JYC uses a search direction in the direction of v, it is possible that v may
be retained on every iteration as a payoff supported by W , and the algorithm will “stall” without
converging to the smallest bounding polygon of V ∗ in the search directions specified. There is no
way to check for stalling without adding more directions in an ad-hoc manner.

to add search directions.14 Sets generated by JYC can be quite qualitatively different from the true

V ∗.

It is impossible to compute a general error band on the distance between BJYC,O(W ) and

BAPS(W ). This is because of the presence of extraneous extremal equilibria generated by

BJYC,O(W ). These equilibria can cause the algorithm to stall before it is close to convergence to

the true V ∗ . There are no results about how the accuracy of the algorithm relates to the number

of search directions chosen, or if the algorithm need converge at all as the number of search

directions grows but remains finite. Because of these issues, it is difficult to relate the computed

BJYC,O(W ) and BJYC,I(W ) to BAPS(W ), or the final set to V ∗. Without knowing the shape of V ∗ a

priori it is difficult to pick the right search directions, or even know how many are needed for a

desired accuracy.

2.2.2.2 The Grid Approximation Algorithm

Given the issues with the JYC algorithm, I provide the following algorithm for approximating the

APS operator. Rather than trying to maximize supportable payoffs in a set of fixed directions to

14Adding search directions increases the workload linearly as each search direction must be checked. But less
obviously, it also increases the workload exponentially as the linear programs have more constraints. More search
directions implies more complicated polyhedrons defining W .
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define a set that bounds BAPS(W ), I instead define a grid over W and solve feasibility problems to

plot out the contours of BAPS(W ). That is, for each box b in the grid, I check if there is any action

profile a and continuation value w ∈WY such that

v = (1−δ )g(a)+δE [w(y) | a] ∈ b (2.5)

and every player i is playing a best response given a−i and w. If such a v exists, we say box b is

“feasible”, otherwise “infeasible”. The outer grid approximation to the APS operator is then

BGrid,O(W ) =
⋃
{b | b is feasible} .

The inner approximation, BGrid,I(W ). is simply the convex hull of the feasible v as in (2.5) that

are generated during the course of the iteration. Both sets will be convex polygons. I give the

algorithm precisely in 1.

Naively, this might appear to be a horrible approach. Each linear program in (2.6) has 2N

constraints from the hyperrectangle b (v ∈ b), ∑
N
i=1 |Ai|−N incentive compatibility constraints:

(1−δ )gi(a)+δE [w | a]≥ (1−δ )gi(ãi,a−i)+δE [w(y) | ãi,a−i] , for all i and all ãi 6= ai,

and |Y | constraints corresponding to each linear inequality which defines the set W (that is, the

constraint w ∈WY ). For a grid with K divisions per dimension, we must solve KN |A | many such

programs on each iteration. (For comparison, with D many search directions, on each iteration,

JYC solves D|A | many such programs, with each program having 2N less constraints correspond-

ing to the hyperrectangle b.) As the grid is refined, it is obvious that quite quickly KN |A |> D|A |

will occur and the grid algorithm will slow down.

Luckily, we can exploit the properties of the APS operator to significantly cut down on the

number of programs we must solve on each iteration.15 Firstly, since we are only checking if

15Typically in my experience, the algorithm in practice ends up solving only a fraction of the programs it in theory
would need to solve. Less than .005% usually as the grid size grows large.
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Define W 0 = co {g(a) | a ∈A }. Since {g(a) | a ∈A } is finite, W 0 is a polyhedron defined
by some finite number of linear inequalities.

1. Define a grid B of hyperrectangle over over a hyperrectangle containing W 0.

(a) Let W O
temp,W

I
temp← /0.

(b) For each hyperrectangle b in the grid C

i. For each action profile a ∈A , try to solve the linear (feasibility) program

max
w∈RN|Y |

0 (2.6)

s.t. b 3 (1−δ )g(a)+δE [w(Y ) | a] (2.7)
ai a best response to a−i, ∀i (2.8)
w(y) ∈W, ∀y ∈ Y (2.9)

If a solution w exists to the program that enforces some action a,
Wtemp←Wtemp∪b and mark b feasible and

W I
temp←W I

temp∪{(1−δ )g(a)+δE [w(Y ) | a]} ,

and break the search over action profiles.
If no action profile a ∈A supports a v ∈ b, mark b infeasible and continue the
search.

(c) Let BGrid,O(W )←Wtemp∩W and BGrid,I(W )← coW I
temp∩W .

(d) If Wtemp =W , refine the grid.

(e) W ←Wtemp and goto step 1b until some stopping criterion is met. (I set a maximum
grid size and terminate when W stops changing.)

Algorithm 1: The Grid Approximation Algorithm
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there is a feasible payoff v ∈ b we need not loop through all actions, we can stop once we find a

single feasible action. Moreover, across iterations, if action profile a generated a feasible payoff

v ∈ b in some previous iteration, action profile a is a good place to start on subsequent iterations

when examining the feasibility of b. Since the APS operator is monotonic, once a box b is rendered

infeasible, we can mark it (and its children from subsequent grid refinements) as infeasible forever.

We need not check it ever again. If an action a could not support a payoff in box b with payoff set

W , then a cannot support a payoff in any cube b′ ⊆ b in any future iteration and that action-box

pair need not be checked ever again.

We can also exploit the convexity of the APS operator16, to mark boxes as feasible. Every time

we add a point v to W I
temp, we generate coW I

temp and any boxes b that overlap with coW I
temp can

be marked feasible and need not be checked during this iteration.17 Therefore, carefully choosing

which boxes b to examine and generating a large coW I
temp quickly significantly cuts down on

the amount of work that needs be done.18 Additionally, at the start of the iteration, the vertices

of BGrid,I(W n−1) are equilibrium payoffs that we generated previously. We can check whether

continuation values associated with these payoffs are still contained in W n. If so, we can add

these points to our inner approximation and trim the number of boxes that need to be checked

accordingly.

This process is demonstrated in figure 2.4. The dashed blue line represents W entering the

iteration. The solid blue line represents BGrid,O(W ) at the conclusion of the algorithm.19 The red

x’s correspond to boxes b that were checked and deemed infeasible during the iteration. Green

circles represent boxes b that were marked feasible by solving linear programs for v ∈ b. Orange

circles represent boxes that were marked feasible exploiting the convexity of BAPS. Boxes without

a marking were not checked during the iterations, demonstrating how in practice algorithm actually

needs to do far less work than one might assume from its definition.

16It maps convex sets to convex sets.
17For added speed, we use an online convex hull routine during the iteration.
18We do this using the Bresenham line algorithm, https://en.wikipedia.org/wiki/Bresenham%27s_line_algorithm.
19The convex hull of the green points roughly corresponds to BGrid,I(W ).
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Figure 2.4: Iterations of the grid algorithm on a 2-Player Cournot game with perfect monitoring
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Figure 2.5: The maximum error on the outer grid approximation in a 2-player game.

There are some methods of speeding up the JYC algorithm. For one, when the algorithm is

close to convergence, you can fix the action profiles ad associated with each search direction d

(and stop maximizing over all action profiles a ∈A ), and solve D many linear programs on each

iteration, instead of D|A |.20 Additionally, one may “drop” redundant search directions, as the

final polyhedron will likely not have D many facets. These tricks speed up the algorithm when one

is close to convergence, but are ad-hoc and can potentially lead to a less accurate result. Fixing

the action profiles potentially breaks BJYC,O ⊇ BAPS and dropping search directions potentially

increases the size of the final JYC outer approximation and shrinks the JYC inner approximation.

None of the methods of speeding up the grid algorithm that were described have any danger of

changing the result.

A clear theoretical advantage of the grid algorithm over JYC is that it gives precise error bands

on the Hausdorff distance between BAPS(W ) and BGrid,O(W ). Specifically, if each box has side

length κ , then the diagonal through the box has length
√

Nκ . So if the boxes have sides 10−3 with

2 players, BGrid,O(W ) is within 1.4 ·10−3 of BAPS(W ) in the Hausdorff metric. This is demonstrated

in figure 2.5.

20Ben Brooks first pointed this out to me.
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A more subtle issue with implementing JYC is its generalizability to N > 2 players. With 2

players and D directions, one can can simply define the search directions as equally spaced vectors

around a circle, with adjacent search directions forming a 2π/D angle. There is no easy way

to generalize this to N > 2 players. For example, when N = 3, except for the platonic solids one

cannot equally distribute points on a sphere. Generalizing the grid to N > 2 is quite straightforward

in theory.21

2.3 Results

I implemented the 2-player version of the JYC algorithm and my grid algorithm to compare their

performance in practice.22 For demonstration purposes I first present comparisons of JYC and the

grid algorithm for perfect monitoring games. The AS algorithm gives us an exact solution that can

be computed almost instantly. This solution serves as accuracy benchmark.23 Next, I proceed to

imperfect monitoring games, where AS and similar methods are no longer applicable.

In all subsequent tests, given a maximum grid size G the grid algorithm it iterated until the grid

has been refined to size G and the sets converge so that W n+1 =W n. The size of the error, κ
√

2 is

dictated by G and the size of the payoff space. For perfect monitoring games, the JYC algorithm is

iterated until consecutive iterates W n and W n+1 are within κ
√

2 of each other (the resolution of of

the grid, in other words). We don’t force an overly stringent convergence criterion on JYC to avoid

penalizing it for later iterations which don’t contribute much in terms of convergence. Allowing

JYC to converge to an error between iterates of say 10−4 adds time to JYC without adding much

more accuracy relative to the AS computed V ∗. I am trying to be as fair to JYC as possible. So in

21That said, the memory footprint grows very quickly. This remains the largest issue to solving very fine grids. It
is not the amount of work that needs to be done, the issue is storing information about all the boxes we have visited.
JYC, by contrast, has almost no memory footprint.

22The linear programs were solved using the Gurobi optimization suite, Gurobi Optimization [2015]. I wrote all
other code in Java, including the convex hull routines, Hausdorff metric calculator, and Bresenham line algorithms.
For the AS algorithm, I used the rgsolve code that I wrote for Abreu and Sannikov.

23JYC and grid algorithm are both obsolete for perfect monitoring games.

65



these results, for the accuracy of JYC I use a convergence criterion of 10−6, but for JYC’s time I

record when JYC’s error became comparable to the grid resolution in the grid algorithm.

2.3.1 Perfect Monitoring Games

The error in the following tables is the Hausdorff distance between the AS-generated V ∗ and the

approximate V ∗ produced by the grid and JYC algorithms.

Example 2.1 (Abreu-Sannikov “Simple Example”). Our first example is a Cournot game from

Abreu and Sannikov [2014]. The stage game is in table 2.1, and the discount factor is .6. We use

a maximum grid size of 1024 and 2048 per player, which corresponds to an error band on the grid

algorithm’s APS approximation of 0.037 and 0.019, respectively. As one can see in table 2.6, the

grid algorithm is far quicker for comparable levels of accuracy as JYC.

L M H
L 16, 9 3, 13 0, 3
M 21, 4 10, 4 -1, 0
H 9, 0 5, -4 -5, -15

Table 2.1: Abreu-Sannikov “Simple Example”
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AS Grid AS
G = 256, 512, 1024, 2048 D = 16, 64, 128, 256

Time (s) .034 .191 .281 .369 .715 .141 .406 .838 2.281
Error - .345 .178 .069 .043 .974 .224 .109 .066

Figure 2.6: Abreu-Sannikov “Simple Example”
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Example 2.2. The speed advantage of the grid algorithm becomes much more apparent on games

with a large action space. Consider an imperfect substitute Bertrand game where player i has

demand function

qi = max
{

10−2pi +min
{

p−i,10+
1
2

pi

}}
,

where marginal costs are c1 = .4,c2 = .2. Players have a discount rate of .8 and 25 pricing actions.

AS Grid JYC
G = 512, 1024, 2048, 4096 D = 16, 32, 64, 96

Time (s) .248 7.66 13.4 18.2 32.5 8.91 22.4 102.7 719.2
Error - .924 .449 .216 .104 1.74 .926 .851 .328

Table 2.2: 25×25 Bertrand example, results

Notice that when doubling the grid, the time less than doubles (and certainly doesn’t square!),

but the accuracy more or less doubles as well. There is no such relationship for JYC, where the

time grows exponentially for not much reduction in inaccuracy.
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Example 2.3 (12× 12 Bertrand example). Next, consider an imperfect substitute Bertrand game

where player i has demand function

qi = max
{

18−4pi +min
{

p−i,10+
1
2

pi

}}
,

where marginal costs are c1 = .4,c2 = .2. Players have a discount rate of .75 and 12 pricing actions.

This is a good example of JYC stalling when D is small, as shown in figure 2.7 and table 2.7. With

only 20 search directions the resulting JYC set is very inaccurate. Even with 64 search directions,

the resulting V ∗ approximation is far from V ∗. The grid algorithm performs quite well, achieving a

Hausdorff distance of .114 in 3.1 seconds. Compare this to JYC, which achieves only an accuracy

of .341 in 112.4 seconds. For comparable accuracy, the grid algorithm is running about 100 times

faster than JYC for this game.

Example 2.4 (A Cournot example). Next consider a Cournot game where the players face the price

function P = max{0,6− (q1 +q2)}, marginal cost is .6 and the players have 50 quantity actions

over [0,6]. The discount rate is .4.

AS Grid JYC
G = 512, 1024, 2048, 4096 D = 16, 32, 64

Time (s) .145 3.78 7.38 11.5 20.1 3.80 17.67 133.3
Error - .026 .017 .010 .006 .168 .092 .013

Table 2.3: 50×50 Cournot example, results

Example 2.5 (A 30× 30 arms race). Consider an asymmetric “arms race” where player 1 and 2

can choose an armament level a1 ∈ [0,12] and a2 ∈ [0,8]. The payoff functions are

g1 = 3(a2−a1)−
1
2

a2
1,

g2 = 2(a2−a1)−
1
2

a2
2.

Each player has 30 actions. We repeat this exercise for δ = .5 and δ = .9. JYC is more competitive

at high discount rates in this example.
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AS Grid JYC
G = 512, 1024, 2048, 4096 D = 20, 64, 128, 256

Time (s) .120 .760 1.08 1.88 3.13 .344 7.96 31.7 112.4
Error - .978 .449 .265 .114 11.73 1.83 1.67 .341

Figure 2.7: 12×12 Bertrand Example

2.3.2 Imperfect Monitoring Games

When we consider to games with imperfect monitoring, we no longer have the AS-generated set

V ∗ to use as a benchmark for accuracy. However, if W ⊇ V ∗ then BGrid,O(W ),BJYC,O(W ) ⊇ V ∗

since both are outer approximations. So we can compare the algorithms on the size of the sets

produced and the the amount of time the algorithms used to generate those sets. A smaller set is a

more accurate set.
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AS Grid JYC
G = 512, 1024, 2048, 4096 D = 16, 32, 64

Time (s) .131 4.29 6.27 12.1 23.79 1.96 8.49 48.38
Error - .242 .138 .074 .033 .851 .247 .087

Table 2.4: 30×30 arms race, results, δ = .5

AS Grid JYC
G = 512, 1024, 2048, 4096 D = 16, 32, 64

Time (s) .330 20.6 30.7 49.5 88.2 7.65 39.7 233.4
Error - 1.46 .783 .372 .192 1.34 .384 .122

Table 2.5: 30×30 arms race, results, δ = .9

Our convergence criterion for JYC is that successive iterates are within 10−6 of each other in

Hausdorff distance. For the grid algorithm, we require that BJYC,O(W n) = W n on a 2048× 2048

grid.24

Example 2.6 (Green-Porter). Consider a game like that in Edward J. Green [1984], Porter [1983].

Players choose quantities and face a joint demand curve

P = max{6− (q1 +q2)+ ε,0} ,

where ε ∼N (0,1). Players do not observe (a1,a2,ε) but only the price P, and must detect devi-

ations from this signal alone. Marginal costs are c1 = 1,c2 =
1
2 and the discount rate is .8. Each

player has 8 quantity actions on [0,6].

24This corresponds to an error of about 5.5e-3 in the APS operator approximation given the sizes of the payoff
space.
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Grid JYC

K = 2048 D = 32, 128

Time (s) 139 83 408

Figure 2.8: 8×8 Green-Porter, δ = .8

Example 2.7 (Green-Porter). This example is the same game as above, but with 15 actions per

player and a discount rate of .6;
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Grid JYC

K = 2048 D = 32, 64

Time (s) 112 75 187

Figure 2.9: 15×15 Green-Porter, δ = .6

Example 2.8. Lastly, I include a classical prisoner’s dilemma25 with imperfect monitoring. The

game is given in table 2.6.

Cooperate Defect

Cooperate 2, 2 -1, 3

Defect 3, -1 0, 0

y1 y2 y3

(C,C) .34 .33 .33

(C,D) .1 .1 .8

(D,C) .1 .8 .1

(D,D) .8 .1 .1

Table 2.6: Prisoner’s dilemma: payoffs and public signal probabilities

25This example was given to me by Ben Brooks.
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Grid JYC

K = 2048 D = 32, 128

Time (s) 9.4 3.6 14.2

Figure 2.10: Prisoner’s Dilemma, δ = .6

Unfortunately, while the grid algorithm performs well against JYC in the imperfect monitoring

setting, it is not as dominant against JYC as it was in the perfect monitoring setting. In both

algorithms, the number of linear programs to be solved grows roughly on the size of the action

space, but the grid algorithm only needs to check a fraction of action profiles for each box while

JYC must check them all. This is true in both monitoring settings. The difference though is that

with perfect monitoring, the individual linear programs do not grow more complex with more

actions since players face only one incentive constraint per action, and continuation values are still

in R2. However, with imperfect monitoring a player i faces |Ai|−1 incentive constraints for each

deviating action she can take. Additionally, continuation values are no longer in R2 but are in

(R2)Y when we switch to imperfect monitoring.
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2.4 Conclusion

This paper has presented a new algorithm for solving repeated games with imperfect public mon-

itoring, a class of games with wide interest in the field. Specifically, the algorithm provides inner

and outer approximations to the theoretical APS operator, BAPS. Given a convex set of payoffs W ,

the algorithm constructs a grid over the payoff space, and solves a series of linear programs in each

grid box to plot out an approximation to BAPS(W ). Refining the grid gives greater accuracy. The

approach differs from the state of the art method in Judd et al. [2003] which relies on constructing

supporting hyperplanes to the set BAPS(W ). Theoretically, the algorithm provides an error on the

accuracy of the approximation on the order of the size of a grid box. JYC provides no such error

band. In testing, the grid algorithm is significantly faster and more accurate than JYC for perfect

monitoring games. In imperfect monitoring games, the grid algorithm is competitive with JYC, if

not orders of magnitude better.
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Chapter 3

Optimal Patent Duration in a Dynamic

Oligopoly

3.1 Introduction

Technological leviathans such as Apple, Motorola, and Samsung have spent years waging a

multibillion-dollar battle1 in American and European courts over their conflicting intellectual

property claims. Computer firms amass huge banks of patents to use as a foundation for litigation

against one another. Industry commentators were shocked when Apple was awarded a patent by

the United States on the “wedge-shaped” design of their laptops, Baldwin [2012]. In the less

glamorous but more important field of agrotechnology, Monsanto has come under fire for claiming

infringement protection not only for the usage of their genetically engineered soybeans, but for all

future generations of soybeans that are grown from the seeds, Stohr [2012].

Because of these recent cases and many others in computers, biotechnology, and pharmaceu-

ticals, the scope and duration of patents has begun to be more heavily scrutinized by the public.

1For example, a jury awarded Apple a $1.05 billion settlement against Samsung, based on a patent which the
U.S. Patent and Technology Office later declared should not have been granted Lohr [2012]. In November, a British
judge ordered that Apple publicly apologize to Samsung (through advertisements) for improperly alleging patent
infringement Press [2012]. This lawsuit (to the amusement of the presiding Judge) occurred despite a $7 billion
annual relationship between Apple and Samsung over component manufacture. The press has taken to calling these
disputes collectively the “Mobile Device Patent Wars” Barret [2012]
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Several economists have weighed in on the issue in the press. For example, Nobel Laureate Eric

Maskin writes in Maskin [2012] that in industries characterized by highly sequential progress (in

which each innovation builds on the last), “it may be better for society to scrap patents altogether

than try to tighten them”. marginalrevolution.com pop-economist Alex Tabarrok presents the

prevailing view in Austrian circles: Patent protection is excessively strong and we are on the wrong

side of the patent-strength/innovation-rate Laffer curve in Tabarrok [2012].2 Michele Boldrin and

David K. Levine make an argument for the wholesale elimination of patents in Against Intellectual

Monopoly (Boldrin and Levine [2010b]), a book intended for non-specialists.

While the weakening or elimination of patent protection might be desirable in some industries,3

it is difficult to make the argument that patents should be eliminated in all industries. In indus-

tries like pharmaceuticals, the enormous fixed and variable costs of R&D and clinical trials, and

the (primarily) brute-force method of molecule discovery make it unlikely that having no patent

protection (that is, no monetary reward for innovators) would be socially optimal. With industries

such as these in mind, this paper aims to contribute to the optimal patent literature.

What are patents? Before we proceed we should make precise what we mean when we say

“patent”. A patent is a form of intellectual property on an innovation or invention. A patent

provides “a right. . . to exclude others from making, using, or selling” the product or process un-

der patent (Rockett [2010]). Under U.S. patent law, many different types of innovations can be

2Tabarrok arrives at the following conclusion using the time-honored Austrian techniques of political conviction
and introspection:

3Bessen and Maskin [2009] argue that in industries with sequential innovation and high complementarities to
research imitation, patents should be scrapped altogether. They believe the software industry is a good example of a
place where intellectual property protection is too strong.
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patented; new molecules (pharmaceuticals), an industrial technique or process, a new mechanical

invention, an improvement on an old mechanical invention and even certain shapes in industrial

design.

Bessen and Maskin [2009] state that the standard economic rationale for intellectual property

is to protect innovators from competitor imitation in order to incentivize them to incur the costs of

research.4 5 Through patent protection, patent holders are granted temporary, artificial monopolist

rents leading to deadweight loss and reduced consumer surplus.6 The standard story is that patent

protection promotes innovation that would otherwise not occur.

Patents are usually characterized by two instruments: statutory patent duration and patent

breadth. Patent duration refers to the number of periods that the patent holder is granted monopo-

list rights to produce/use their innovation.7 Patent breadth refers to the size of the “neighborhood”

of products around the innovation that are deemed to infringe on the patent and cannot be pro-

duced/used.8 One should note that effective patent duration is what matters; the number of periods

the patent holder can actually profit from the patent they hold. This need not be the same as the

4This is the patent justification we focus on this paper. A second justification is that the patent system provides
an organized disclosure system of new information, in which the new knowledge (if not the right to profit from it)
becomes a public good. The ability to act on the knowledge is granted when the patent expires. (Lawyers refer to
this as the “teaching” provided by the patent Scotchmer [2006].) Boldrin and Levine [2012] demolish this argument,
writing that “from a theoretical point of view. . . [this justification] fails even the simplest model”. They observe that
if patent protection is m periods, then only the innovations that can be kept secret for n≤ m periods will be patented,
with the remainder not being patented. So there is no net disclosure gain from a patent system.

5Somewhat uniquely, the U.S. Constitution recognizes the right of innovators to profit from their innovation, writ-
ing in Article 1, Section 8 that a role of Congress is

To promote the Progress of Science and useful Arts, by securing for limited Times to Authors and
Inventors the exclusive Right to their respective Writings and Discoveries.

6Legally, “term of patent”. In the United States, patent duration is twenty years from the date of filing, and is
legislated in Title 35 Section 154 of the U.S. Code, “Contents and term of patent; provisional rights”. See:

http://www.uspto.gov/web/offices/pac/mpep/s2701.html#sect2701
7Interestingly, the U.S. Patent Act of 1790 allowed for patent duration to be determined on a case-by-case basis,

but not to exceed fourteen years. See: http://www.ipmall.info/hosted_resources/lipa/patents/Patent_Act_of_1790.pdf
8One can differentiate between “lagging” and “leading” breadth; lagging breadth refers to product qualities below

the state of the art that are too similar to the state of the art and cannot be produced/used. Leading breadth refers
to new, superior qualities that are too similar to the state of the art to be patented or used without infringing on the
existing patent. A seminal paper on patent breadth is O’Donoghue [1998]. O’Donoghue calculates an optimal “leading
breadth”, that is the the quality improvement on the existing state of the art necessary to earn a new patent. He finds
that the optimal leading breadth is positive. O’Donoghue concedes the inherent unquantifiability of “patent breadth”.
In our model, breakthroughs (µt+1− µt = ∆) are effectively granted infinite patent breadth for the duration of the
patent.
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statutory patent duration that is legislated.9 Naturally, patent breadth and statutory patent duration

jointly determine effective patent duration.

The United States is characterized by a “one-size-fits-all” patent policy.10 Software develop-

ment and bicycle manufacture are industries characterized by different rates of innovation, cost

structures, entry barriers, etc., but the same patent policy is applied to both.11 Patent duration is

defined through legislation (and is invariant across industries), and patent breadth is subjectively

defined on a case-by-case basis by the U.S. Patent and Trademark Office and by the courts.

Scotchmer [2006] identifies two common criticisms from economists regarding the “one-size-

fits-all” approach. She writes that the courts and the Patent and Trademark Office “have no mandate

to make decisions based on economic reasoning. It is almost inevitable that some classes of in-

novations are under-rewarded and others are over-rewarded relative to the cost of innovation”. A

second criticism is that “the reward structure cannot be modified according to the market structure

in which the innovator operates”.

The objective of this paper. The objective of this paper is to give rough qualitative rules for

how optimal patent duration varies across industries with different characteristics. To that end,

this paper solves and simulates a simple structural model of innovation in a dynamic oligopoly

with finite patent duration. Since patent duration is an explicit policy instrument available to the

U.S. Congress, whereas patent breadth is harder to define in practice, I focus exclusively on patent

duration.12

I find that industries with higher fixed and/or variable research costs should have both higher

market concentration and longer optimal patent length. Industries characterized by more frequent

“technological process” innovations relative to “product quality” innovations should have shorter

9For example granting an infinite statutory patent duration on vacuum tubes has an effective patent duration of zero
periods as the technology is obsolete.

10With the notable exception of additional FDA requirements for pharmaceuticals.
11Yes, software design (including pseudo-code algorithm descriptions) are patentable;

http://en.wikipedia.org/wiki/Software_patents_under_United_States_patent_law
12In some sense, patent breadth is allowed to vary across industries/innovations via “breakthroughs”. See section

3.2.1. Statutory patent duration in our model is the same for all innovations, but breakthroughs have infinite leading
breadths (except for the patent holder) and incremental innovations have zero leading breadth.
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patent duration. We find that industries in which individual innovations constitute larger “quality”

increases should have shorter patent duration (and lower firm concentration), while industries that

have slow quality improvement should have longer patent durations (and higher concentration).

(We make these imprecise industry characteristics explicit in section 3.2.1.)

Literature Review. The literature on optimal patent duration has the following central observa-

tion; while positive patent duration is generally seen as necessary to induce innovation, excessive

patent length or protection could stifle innovation as patent holders will sit on their exclusivity

rather than innovate. We do not expect innovation rates to be monotonic in patent strength; rather

we expect an inverted U shape. This reasoning implies that some finite optimal patent duration

should exist in most models.13 Consistent with this reasoning are the empirical results of Lerner

[2005] who finds (some evidence) that strengthening patent protection increases the rate of inno-

vation when patent protection is low, and decreases the rate of innovation when patent protection

is already high.

Early work on patent duration primarily focused on patent design in a single-innovation setting

with one innovator and one innovation. These models assume some per-period demand curve for

the innovation and time-zero cost of innovation c > 0. Nordhaus [1967] was one of the earliest

papers. Nordhaus took patent duration T as the sole instrument. He finds the intuitive result that
13We say “most” models, as one can construct reasonable innovation models in which strong patents (or any patents)

are undesirable. A notable example is the model of Bessen and Maskin [2009]. They show that in a sequential
innovation model with spillovers and positive externalities to the original innovator upon further innovations building
on the original innovation, as well as the possibility that imitation goods can increase demand for the original good,
patents should be almost non-existent. Obviously, the attractiveness of their results would be incredibly industry-
specific. We find the more cut-throat competition in our model to be more appealing in general settings. In our
model, upon imitation your profits necessarily go immediately to zero. If we have an industry like pharmaceuticals
in mind, this is not a bad assumption at all. Yurukoglu [2012] finds that following Congressional reevaluation of
Medicare reimbursements for generic drugs in 2005, generic drug production is a fairly unprofitable industry (leading
to shortages). Even economists who are considered most hostile to intellectual property such as Michele Boldrin and
David Levine, recognize that the large fixed costs of pharmaceuticals justify some sort of government intervention
to protect/reward innovators (Boldrin and Levine [2012]). They note that the estimated time-zero cost of developing
the average drug is on the order of $1 billion, while imitation (given the chemical formula) is completely costless.
(PhRMA (the trade organization of pharmaceutical firms), estimates that fewer than 30% of drugs brought to the
market recoup their R&D costs Scotchmer [2006].)

Similar to the ideas of Maskin and Bessen, Boldrin and Levine [2010a] consider an endogenous innovation model
in a quality-ladder framework, and replicate some existing theoretical results, but use diminishing returns over time to
existing technology as the driver innovation rather than jostling for monopolist rights. Crucially, their model allows
firms to earn profits even in the presence of competition or superior qualities, which our model explicitly rules out.

80



if granting monopolist rights yields per-period profits π > 0, then T should be set so that the

discounted present value of a profit stream π for T periods equals c. Intuitively, the value of the

rents allowed should just cover the cost of innovation. One sees that because of the deadweight

loss cause by the monopolist distortion for those T periods, the rate of innovation dynamically will

be less than socially optimal. Tandon [1982] extends Nordhaus’ model by allowing both statutory

patent duration T and the monopolist rent magnitude π to be policy instruments. In general, he

finds that it is difficult to determine optimal patent policies without taking a stand on the functional

form of the deadweight loss as a function of π . Gilbert and Shapiro [1990] conduct a similar

exercise to Tandon [1982]. For fixed T they let π(T ) denote the minimum per-period reward to

the innovator over patent life T that incentivizes innovation.14 Then social welfare W is entirely a

function of T . They arrive at the decomposition

dW
dT

=
∂W
∂T

+
∂W
∂π

dπ

dT
.

The terms ∂W
∂T , ∂W

∂π
, dπ

dT < 0 so one cannot sign dW
dT , leaving policy prescriptions ambiguous without

more structure.

Klemperer [1990] assumes some reduced form demand system and uses both patent breadth

and patent duration as instruments; Klemperer finds no clear-cut policy recommendation but

patents should either be “long-and-narrow” or “short-and-broad”. Gallini [1992] considers a

similar model but deviates from the assumption of one firm in a vacuum and adds competitors

who can engage in costly imitation of the innovator. She finds that optimal patents should have

(i) long duration (to discourage imitation) when patent breadth is not an instrument and (ii) broad

breadth and patent duration set as short as is feasible while still incentivizing innovation when

patent breadth is an instrument.

Taken as a whole, there are no clear cut takeaways from the single-innovation optimal patent

literature. Optimal patents are generally “long-and-narrow” or “short-and-broad”, but the optimal

patent is highly dependent on functional assumptions.

14In some sense, higher π policy is comparable to a reduced form measure of broader breadth protection.
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In the 1990s, economists began expending greater effort at understanding the effects of patent

policy on situations with cumulative innovation in which new innovations build on prior discover-

ies. The earliest models have two-step innovations with a base innovation and a followup. Papers

in this vein include Green and Scotchmer [1995], Scotchmer [1996], Denicolo [2000], Hopenhayn

and Mitchell [2010], Chang [1995]. These papers mainly focus on the fact that the first innovator

has a positive externality on its competitors that it does not internalize. Therefore, patent policy

should reflect the social contribution of the first innovator as well as subsequent innovations when

rewarding the first innovator to incentivize a socially optimal rate of innovation. The first inno-

vator can be protected via leading patent breadth or licensing rights for future innovations. The

stationarity of our paper ensures that there are no positive externalities from innovation and so the

division of rents between sequential innovators is moot.

Using the framework in Grossman and Helpman [1991], economists began to examine patent

policy in more complicated infinite-horizon dynamic innovation models. Patent duration in the

Quality ladder model of Grossman and Helpman [1991, 1993] is infinite, and patent breadth is zero

(every innovation is patentable). The authors are more concerned with characterizing innovation in

the macroeconomy and are less concerned with individual industries. The paper provided a useful

framework for modeling dynamic innovation and quality improvements in a tractable stationary

way. Several papers adopted this framework with an eye towards patent policy in individual sectors

rather than macroeconomic growth. The seminal paper O’Donoghue et al. [1998] compare two

patent regimens: Infinite duration and narrow breadth (so effective patent life is finite due to new

innovations) and small duration and broad breadth (so effective patent duration equals the statutory

duration). They find that the second policy has shorter effective policy life, which reduces market

distortions but also increases R&D costs. Their recommendation is that leading breadth should be

granted when the “hit rate” of new innovations can be characterized exogenously as rapid.

The papers discussed thus far set the table for thinking about patents, but are much simpler than

the model discussed in this paper. To our knowledge, only two papers are similar to our analysis,

Hunt [2004] and Horowitz and Lai [1996]. Both involve crucial restrictions that make their models
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analytically tractable but sacrifice realism. As we discuss below, our paper relaxes both of these

restrictions for a fuller model.

Models (such as ours) with multiple innovators targeting the same innovation are called “patent

races”. Scotchmer [2006] notes that U.S. while policymakers generally view patent races as ben-

eficial (with an eye towards an accelerated rate of innovation), potential inefficiencies are also

present; “[patent races] do not aggregate information in the economy efficiently, and they do not

necessarily lead to [socially optimal] investment decisions”. This will be a key tradeoff in our

model; more firms can correspond to more rapid innovations but also higher fixed and investment

costs.

Hunt [2004] builds a dynamic oligopoly model with sequential innovation, but focuses on

“patentability”15 rather than statutory patent duration. He assumes a passive incumbent, that is

patent holders do not try to innovate.16 Hunt derives an optimal innovation step below which

innovations cannot be patented. Unlike most papers in this literature, Hunt has an endogenous

industry structure which is appealing. The fact that effective patent duration is solely a function of

innovation success rates and not any exogenous duration schedule removes time as a state variable

and makes the analysis far simpler than models in which the clock on patent duration is winding

down. It is this construction which makes the value functions simple and allows him to solve the

model analytically; his methods would not work in a model with statutory patent duration.

Horowitz and Lai [1996] analytically derive a welfare-maximizing finite patent duration in a

dynamic quality ladder model. They show that the welfare-maximizing patent duration is less

than the rate-of-innovation-maximizing patent duration.17 The key difference between Horowitz

15O’Donoghue [1998] discusses patentability in depth. Similar in some sense to leading breadth, patentability
specifies the minimum improvement over existing qualities that can earn a patent. This can be shorter or longer than
leading breadth. If we are in a standard quality ladder, the leading breadth may be of size ∆LB, so that if quality
µ is the patented state of the art, then qualities µ̃ ∈ [µ,µ +∆LB] infringe on the µ-patent if they are produced. A
separate instrument, patentability ∆P may state that only qualities µ̃ ≥ µ +∆P can be patented as sufficiently original.
If ∆LB < ∆P, qualities µ̃ ∈ (µ +∆LB,µ +∆P) can be produced by comeptitors to the patent-holder, but not patented.

16This assumption is an extreme limit case of the endogenous result that we find, that patent holders will innovate
less than their challengers. Hunt concedes that the assumption is entirely ad-hoc.

17In our model, if we fix the number of firms we can also replicate the result that the welfare-maximizing patent
duration is usually less than the innovation-rate-maximizing patent duration. In our paper, the patent duration that
maximizes E [µt+1−µt | T ] is best. This disappears when one allows for firm entry. The single innovator in their
model behaves in qualitatively similar ways to the incumbent patent holder in our model.
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and Lai [1996] and this paper is that Horowitz and Lai assume a single innovator who only faces

competition in production and not R&D, whereas this paper has an endogenous number of potential

innovators.

Where this paper fits in the literature. To the best of my knowledge, this was the first paper

which examines sequential innovation in a fully dynamic oligopoly setting that includes statutory

patent length and endogenous market concentration. The complexity of our model (and its large,

discrete state space) precludes analytical results. Luckily, my model can be analyzed numerically.

While I cannot provide explicit theorems, the policy implications of the numerics are quite sharp.

This paper analyzes a specific parametrization of utility, demand, innovation, etc. Online, I provide

computational tools to the research community that allow for examining the effects of patents on

general market and innovation process specifications (see appendix B.6).

I feel that examining the patent duration instrument is a fruitful exercise as most of the mod-

ern criticism of patents in practice attacks patent breadths that are too generous and patentability

requirements that are too lax (Shapiro [2008]). Patent breadth and patentability are fuzzy concepts

that can at best be influenced by legislated guidelines. Statutory patent duration, however, remains

an unambiguous instrument in the hands of policy makers. It is easily enforced and interpretable.

A roadmap. In section 3.2, I discuss the model, which is reminiscent of both the standard qual-

ity ladder models in trade/macro (Grossman and Helpman [1991]) and the dynamic oligopoly

framework common in industrial organization (Ericson and Pakes [1995a], Doraszelski and Pakes

[2007]). I outline the innovation process, how patents work, the household’s problem, and the

firm’s dynamic investment problem. We briefly discuss our solution concept, symmetric Markov-

perfect equilibrium. In section 3.3, we solve for equilibria. We show how to compute optimal

patent duration policies. We discuss how the optimal policy varies in the primitives of the model.

In section 3.4, I discuss future extensions to this paper with an eye towards empirics. In appendix

B.3 I show that a firm has a unique optimal pure strategy given any competitor policy and state

(for the model specification used in section 3.3). In appendix B.4, I show that the model satisfies
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the assumptions of Doraszelski and Satterthwaite [2007], and a symmetric Markov-perfect equi-

librium exists. Appendix B.6 briefly discusses the optimalpatents Java package written to solve

this model and how it can be customized and used by the reader.

Remark 3.1. There exists a large literature on patent enforcement, patent litigation, patent disclo-

sure/secrecy, unobservable patent quality and value on the part of both patent issuers and inno-

vators, licensing and a host of other interesting practical topics (see Scotchmer [2006], Rockett

[2010] for detailed discussions). I abstract away from these concerns in order to have the simplest

possible model in which I can still approach the mechanism of interest. I assume that everything

is perfectly observable and interpretable to all firms and the patent office.

3.2 The Model

I construct a model with dynamically optimizing firms. A firm earns profits by holding a patent on

an innovation. Firms invest in R&D and are awarded patents on new innovations. New innovations

arrive stochastically as a function of R&D expenditures. Firms produce varying quality levels of a

single production line, with new qualities superseding old. Only the highest quality can be under

patent (by at most one firm).

Framework: Quality Ladders. We construct a model that is similar to the ubiquitous “Quality

Ladder” framework in Grossman and Helpman [1991] (henceforth GH), with some key departures.

A “quality ladder” is a production line of a single (type of) good that has an infinite number of

quality levels, µ ∈ N. Higher µ levels are associated with higher utility for consumers. Time-0

quality is initialized at some level µ0 ∈ N, and then through the R&D efforts of firms, the “state-

of-the-art” quality evolves from level µt to level µt+1 (where µt+1 ≥ µt).

The major difference between this model and GH is that this model uses finite patent dura-

tion, with duration a policy of a social planner. GH assumes infinite patent length, with patents

instantly voided by subsequent innovations. I assume finite patent duration on new innovations,

with varying degrees of research exclusivity on new innovations (and hence restrictions on the
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ability of competitors to innovate and steal patents). (I discuss this in more detail in section 3.2.1).

As GH was focused on macroeconomic growth and aggregate innovation whereas I am narrowly

concerned with the effect of patent policy on industry dynamics, this is natural.

GH assumes a continuum of firms, which through a law of large numbers gives no aggregate

uncertainty about the state from period to period. In this paper, I assume a finite (and small) number

of firms competing oligopolistically. This assumption complicates the model by adding non-trivial

state transitions as well as richer firm strategy and competition. A small number of firms is also

more realistic when modeling intellectual property dynamics as these industries tend to be highly

concentrated.18

I assume discrete time rather than continuous time. This makes matters more difficult, as

continuous time quality ladder models always assume that “(dt)n” terms for n ≥ 2 are “0” and

drop out. This allows them to always assume at most one event occurs at any given time t. In

discrete time I cannot make such an assumption and must account for all possible state transitions.

I also believe that discrete time is more realistic and would make any future calibration/estimation

of the model easier.

Unlike GH, I am only interested in one sector (or one product line) of the economy and there-

fore consider a partial- rather than general-equilibrium model. Therefore, I only focus on one

production line rather than a continuum of goods. For example, if I were discussing innovations

on hypertension medications, it is not unreasonable to ignore other goods as such a good has very

little substitutablility.

This papers also departs from the quality-ladder framework frequently used in Ericson-Pakes

style dynamic oligopoly papers following Ericson and Pakes [1995a] (henceforth EP). EP quality-

ladders differ from GH quality ladders. In EP models, every firm is idiosyncratically moving up

and down their own quality ladders. In my model, there is one industry-wide quality ladder, and

the entire sector moves up the ladder together (but at most one firm “owns” the highest currently

achieved quality on the ladder). I also ignore the rich entry-exit dynamics of EP, but do discuss

18Oehmke and Wolf [2003] show that traditional measures of firm concentration in industries highly reliant on intel-
lectual property tend to underestimate true concentration (their paper focuses on proprietary agricultural technology).

86



endogenous market concentration (see section 3.2.3.3). I consider the oligopolies I examine to

be in “steady-state” with no significant entry or exit.19 I do a time-zero entry-exit correction, by

adjusting firm concentration to be consistent with zero-economic profits in the long run in the

industry.

3.2.1 The Innovation Process

3.2.1.1 The Quality Ladder

At time t there is some “state-of-the-art” quality µt . The state of the art tomorrow µt+1 has the

potential values; µt ,µt +1,µt +∆ (where ∆≥ 1 is some fixed number).

• µt+1 = µt denotes that no innovation occurred in period t.

• µt+1 = µt +1 denotes that at least one firm was successful in having an incremental innova-

tion, but no firms had a “breakthrough”.

• µt+1 = µt +∆ denotes that at least one firm had a successful “breakthrough”.

I assume that the pmf on the value µt+1 − µt is a function of the firms’ investment decisions

I1, . . . , IN as well as the current state s. We will make this all precise later.

The idea is that an incremental innovation represents some increase in product quality but not

a jump in technology or knowledge. The incremental innovator has made a slightly better product,

but the knowledge to do so isn’t particularly interesting (or protect-able) and hence anyone can

innovate at any time using the incremental innovation as a basis. The product of the innovator is

protected, but the knowledge is not. A breakthrough represents some fundamental jump in existing

technology/knowledge, and any improvement would necessarily use this improvement (and hence

infringe on its patent).

For example, in the pharmaceutical industry, entirely new chemicals are discovered via an ex-

pensive sieving method of throwing everything against the wall and seeing what sticks. When a

19In future work I hope to relax this and allow for full EP entry-exit dynamics.
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useful compound is discovered, this constitutes a breakthrough. However, other drugs are cre-

ated and patented by slightly changing the molecular structure of existing compounds (which are

possibly under patent). This would be an incremental innovation. (See Scherer [2010].)

In some ways, “breakthroughs” capture the effects of patent breadth policies. The point here is

that the effective breadth of a patent is not determined by the patent office or legislature, but through

the subjective case-by-case rulings of the courts. Giving a firm with a breakthrough research

exclusivity rights is similar to patent breadth rights in the literature.

3.2.1.2 Patent Policy

Exogenously, a “policy” is a number T ∈ N that represents patent duration. An incremental inno-

vation “1” or a breakthrough “∆” can both be patented.

• An incremental patent expires when

– T periods have passed with no innovation.

– an incremental innovation occurs by any firm.

– a breakthrough innovation occurs by any firm.

• A “breakthrough” patent expires when

– T periods have passed with no breakthrough innovations.

– an incremental innovation occurs by the patent holder.

– a breakthrough innovation occurs by the patent holder.

If a patent is terminated by an innovation, that innovation is awarded the next patent. Any expired

patented quality/technology/process etc. becomes public domain and can be used by any firm.

Note that I have rewarded “breakthrough” innovations with exclusivity in research and production,

while incremental innovators are granted only exclusivity in production. I assume that research

exclusivity is only in effect when there is more than one year (including the current period) left on
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the current patent; if we are going into a period in which the patent is no longer in effect research

is not exclusive.20

The effective patent length of a breakthrough is determined by the patent holder. The effective

patent length of an incremental innovation is determined by the combination of the decisions of all

firms.

If multiple firms achieve a breakthrough, the patent is randomly and uniformly assigned be-

tween the successful breakthrough innovators. If multiple firms achieve an incremental innovation

and no firm achieves a breakthrough, the patent is randomly and uniformly assigned between the

successful incremental innovators.

I assume that firms must “register” their innovations. If the currently patented quality was

an incremental innovation, any firm will obviously register any new incremental or breakthrough

innovation. A firm holding a breakthrough patent will register a breakthrough patent. A firm

holding a breakthrough patent may optimally choose not to register an incremental innovation

and will instead find it more profitable to ride out their breakthrough patent. Furthermore, firms

must register innovations in the period in which they occur, or they are lost by next period. (For

example, I do not allow a breakthrough patent holder to successfully innovate a breakthrough with

τ years left on the patent clock, invest in no R&D for the next τ−1 years and then register the new

breakthrough from several periods earlier immediately upon expiration of their current patent.)21

20I assume this purely for numerical reasons; it gives us the sanity check on the computed policies. The optimal
investment policy I∗(χ,τ, ι) should be identical for τ ≤ 1 and any (χ, ι). That is, the if there is one or less years re-
maining on the patent (including the current period), looking forward everyone should behave the same in a symmetric
MPE.

21The registration assumption is not entirely satisfactory, but it is necessary to avoid the problem of a far more com-
plicated state space to consider. It would be too difficult to allow firms to build incrementally on existing breakthrough
patents, or carry undisclosed innovations forward through time. I would have to discuss a richer patent policy regard-
ing how these increments are treated and how the duration clock is reset. The timing assumption is also a weakness;
we know that firms will innovate and sit on those innovations, releasing them several periods later based on the status
of their old patents and market conditions. (An example is Intel’s staggered release of new processors.) That said, it
has long been known that firms will sit on innovations to avoid cannibalizing current product lines. See Igami [2011]
for a discussion of cannibalization fears amongst firms. Pakes [1986] explicitly models the period-by-period decisions
about patent renewal.
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3.2.1.3 The State

From the perspective of a single firm, the state is a tuple (χ,τ, ι). χ ∈ {0,1} denotes whether or

not the firm has the current patent (with χ = 0 being “yes”). τ ≥ 0 denotes the number of years

remaining on the current patent (possibly zero). ι denotes the size of the last innovation and takes

the values 1 and ∆. Note that if τ = 0, the state variables χ and ι are meaningless. Though this is a

complex state space (in that the transitions are difficult to calculate), it actually isn’t very large. It

is considerably smaller than the state spaces in Ericson-Pakes-type models, which explode in the

number of firms. The size of our state space is linear in policy T and the is invariant to the number

of firms N.22

Remark 3.2. Note that a breakthrough patent holder will register an incremental innovation iff

V (0,T,1)>V
(
0, [τ−1]+ ,∆

)
,

where V represents the value of the current state.

State Transitions The state (χ,τ, ι) can jump to only a limited number of states (χ ′,τ ′, ι ′). I list

these below.23 The transitions from an incremental patent are quite simple;

(χ,τ,1) →
(
χ,(τ−1)+ ,1

)
,(0,T,1) ,(1,T,1) ,(0,T,∆) ,(1,T,∆) .

It is more complicated for breakthrough patents.

(χ,τ,∆) →


τ ≤ 1;

(
χ,(τ−1)+ ,∆

)
,(0,T,1) ,(1,T,1) ,(1,T,∆) ,(0,T,∆)

τ > 1;
(
χ,(τ−1)+ ,∆

)
,(χ,T,1) ,(χ,T,∆)

.

From any state we can potentially move to (at most) five successor states.

22The state space has size 4(T +1).

23We use the notation (x)+ =

{
x, x≥ 0
0, x < 0

.
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3.2.2 Households

At this stage I discuss the households in a very abstract manner. Later in the paper when we run

our numerical exercises we will give a precise specification to the household utility. In appendix

B.1, we discuss two common specifications in the literature.

We assume there is a representative household with preferences

U ≡ E0

∞

∑
t=0

β
tu
(
{Xt(µ)}µt

µ=1 ,{pt(µ)}µt
µ=1

)
, β ∈ (0,1) (3.1)

where Xt(µ) is the time t consumption of quality µ , and pt(µ) is the time t price of a unit of quality

µ . u is some function which orders consumption bundles (and may also be a function of prices). u

may depend on µ . Note that µt is a random variable.

We assume that given a price vector pt(·), (3.1) generates demand functions X∗t (· | pt) where

X∗t (µ | pt) is the demand for quality µ given prices pt(·). We assume that X∗t is “stationary” in the

sense that we do not allow it to depend on µt , only on the increment ι = µt−µt−1.

3.2.3 Firms

There are N ex-ante identical firms. Each firm i maximizes the expected net present value of its

profit streams, i.e.

E0

∞

∑
t=0

β
t [profits from market− investment costs] .

In equilibrium, N will adjust so that this will be approximately zero.

3.2.3.1 Oligopoly and Monopoly in the Stage Markets

At time t the only available qualities are µt and µt−1. Under my assumptions, not offering qualities

µ < µt−1 is without loss of generality. All quality levels µ ≤ µt can be produced at constant

marginal cost c at time t.24

24After a “breakthrough”, only qualities µ ≤ µt −∆ can be produced by non-patent holders.
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Assumption. Firms Bertrand-compete in quality µt−1 and quality µt if µt is not under an active

patent. Firms price at marginal cost and profits in those markets are zero.25

If µt is under an active patent, the patent holder acts as a monopolist. He prices differently

according to the demand specification and according to ι ∈ {1,∆}. We use π(χ,τ, ι) to denote

profits to a firm in state (χ,τ, ι). Obviously, π = 0 when χ = 1.

3.2.3.2 Investment and Innovation

Let Ii ∈ [0,1] denote the research intensity of firm i and let I−i denote the research intensity of the

competitors of firm i. Research intensity Ii has cost C
(
Ii | I−i,χ,τ, ι

)
where C is strictly increasing,

differentiable, and strictly convex in Ii.26

A firm successfully innovates with probability φ
(
Ii | I−i,χ,τ, ι

)
where φ is differentiable, non-

decreasing in Ii and φ (0 | · · ·) = 0. I assume that conditional on successful innovation, a firm has

a “breakthrough” with probability η
(
Ii | I−i,χ,τ, ι

)
, where η is differentiable and non-decreasing

in Ii. Note then that the firm successfully has innovation step of size δ given by

δ =


0, w.p. 1−φ (Ii | · · ·)

1, w.p. φ (Ii | · · ·)η (Ii | · · ·)

∆, w.p. φ (Ii | · · ·) [1−η (Ii | · · ·)]

,

and E [δ | Ii] is an increasing function of Ii. We use Qδ

(
Ii | I−i,χ,τ, ι

)
to denote the probability

function on innovation of size δ as a function of research intensity conditional on the state and

competitors, etc.

25If N = 1, we assume that there is some competitive fringe of producers who can produce off-patent qualities.
Otherwise, in the monopolist case, patents would have zero relevance.

26The reason we use research intensity on [0,1] instead of investment on [0,∞) is just so that we have a nice compact
action set that is invariant to our parameters. This makes the computation later in the paper significantly easier. One
can always just have an investment I with cost I, and write φ̃ = φ ◦C−1, η̃ = η ◦C−1. Moreover, front-loading all the
non-linearity into C allows us to have simpler transition probabilities, which is exploited considerably.
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3.2.3.3 Remark on Entry: Zero Economic Profit Condition

I abstract away from a formal model of entry and exit that is common in the Ericson-Pakes/Pakes-

McGuire literature. In most papers, a cohort of potential firms considers entry in every period

based on market conditions, and incumbent firms decide whether to stay or exit. In this paper

I choose not to clutter the state space with a variable number of firms in each period. Rather, I

assume that we are in some long-run market steady state implied by the patent length T and the

firms are fixed.

Formally, I let xe > 0 be the fixed cost of entry that is paid by all firms at time zero. Since firms

are risk-neutral and there is only time-zero entry/exit, an entry cost xe is equivalent to a per-period

fixed cost x f , where x f = (1−β )xe.27 28

Let V (N) denote the expected time-0 present value of a firm when there are N firms in the

market. We define N(T,xe) as the value such that

V (N(T,xe))≥ xe > V (N(T,xe)+1) .

Henceforth, I write N to implicitly mean N(T,xe). For large T , N(T,xe) will ensure that economic

profits in the industry are approximately zero.29

Note that xe sets a lower bound on feasible T ; when T = 0 no firm can possibly recoup his

fixed cost and N = 0. I let Tmin = minT∈NV (1)≥ xe. That is, Tmin is the lowest patent length that

can incentivize any firms to enter.

One should note that the definition of N(T,xe) is not a zero profit condition, but rather an ap-

proximately zero profit condition. Integral constraints on N prevent a true zero profit condition.

However, net of fixed costs, the present value of profits relative to the present value of all expen-

ditures in the economy is small enough that we feel comfortable ignoring profits when I calculate

27Either is natural depending on the story we are telling. We could imagine an auto-manufacturer having high per-
period fixed costs due to plant upkeep, labor contracts, etc, whereas a software company might have high entry costs
(building a brand, etc) but low fixed costs after that.

28The ability to move between xe and x f depends on the time-zero entry/exit; if we had firms dynamically entering
and exiting, these would have very different implications.

29For smaller T , the integral constraint that N will give us profits that should be accounted for in a welfare analysis.
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social welfare according to (3.1). For N exogenous for any T we need some way to account for the

profits. 30

3.2.4 The Firm’s Problem

I use I−i to denote a generic competitor strategy where I−i
j (χ,τ, ι) is the research intensity decision

of firm j in state (χ,τ, ι).

Holding I−i fixed, let V (χ,τ, ι) be a firm’s value function. Then V satisfies the Bellman equa-

tion

V (χ,τ, ι) = π (χ,τ, ι)+ max
I∈[0,1]

{
−C
(
I | I−i,χ,τ, ι

)
+βE

[
V
(
χ
′,τ ′, ι ′

)
| I, I−i,χ,τ, ι

]}
.

The expectation operator E really hides the complexity of the state evolution. In Appendix B.2 I

write the transition probabilities out in detail.

3.2.5 Solution Concept: Symmetric Markov-Perfect Equilibrium

Markov perfection is a common equilibrium condition in Industrial Organization. A Markov per-

fect equilibrium is a perfect equilibrium in which players use Markov strategies.31 Note that any

Markov-perfect equilibrium is also subgame perfect as there is a one-to-one correspondence be-

tween subgames and states. Moreover, a Markovian strategy is a best response to Markovian

strategies by opponents, so a Markov-perfect equilibrium is still a subgame-perfect equilibrium,

even when we relax the Markovian restriction on strategies Doraszelski and Satterthwaite [2007].

30This assumption may seem peculiar given the reputation of highly concentrated industries to have high profits.
Pharmaceuticals in particular are often singled out for having inordinately high rates of profit. However, when one
properly accounts for long term R&D spending, one sees that the rate of profit is only a few points above the prevailing
risk-free rate in the market, with much of this spread attributable to a risk premium Office of Technology Assessment
[1993]. Scherer writes that “correctly accounting for R&D as a long-lived investment tends to reduce substantially, if
not to eliminate altogether, the inference that pharmaceutical companies are on average achieving supra-normal profit
returns” Scherer [2010].

31Players play optimally in any subgame. (That is, no non-credible threats.) Players use Markov strategies, that
is the player’s actions are a function only of the current state. They only condition there actions on payoff-relevant
variables. See Tirole [1988], Maskin and Tirole [1988, 2001].
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I follow Ericson and Pakes [1995a] in giving a definition of a Symmetric32 Markov-Perfect

equilibrium that is tailored to our model.

Definition 3.3. A symmetric Markov-Perfect Equilibrium is a tuple

M (T ) = (s0,V (·, ·, ·) ,N(T,xe), I∗(·, ·, ·))

such that

• An initial state for all firms si
0 = (χ0,τ0, ι0) (which we choose to be (1,0,1)).

• A value function V (χ,τ, ι) (which implicitly depends on on the number of firms N),

• A number N = N(T,xe) of firms, such that

V
(
si

0
)∣∣∣∣

N=N(T,xe)

≥ xe >V
(
si

0
)∣∣∣∣

N=N(T,xe)+1
.

• An research intensity policy I∗(χ,τ, ι) such that for any s = (χ,τ, ι), I∗(s) solves

V (s) = π (s)+ max
I∈[0,1]

{
−C(I)+βE

[
V
(
s′
)
| I, I∗−i,s

]}
where I∗−i denotes that competitors are playing according to the rule I∗.

Claim 3.4. A symmetric Markov-Perfect Equilibrium exists.

See Appendix B.4. I show this for only the specification of φ ,η ,C that is used in our numerical

results.
32It could be interesting to examine asymmetric equilibria as well, particularly to see if any sort of collusive behavior

emerges in investment decisions. Equilibrium selection would be an issue if we were to use asymmetric equilibria in
our calculation of T ∗. Regardless, it would be interesting to see how radically equilibria could deviate from the
symmetric ones we calculate. That would give us some qualitative sense in how far we believe outcomes could differ
from the symmetric prediction. If we are content to restrict N = 2 and to discretize the action spaces, we could calculate
asymmetric (and non-Markovian) equilibria using the stochastic repeated games algorithm developed by Dilip Abreu,
Ben Brooks and Yuliy Sannikov.
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3.3 Numerical Results

The numerical exercise33 in the following section has three nested steps:

1. In subsection 3.3.1, I solve for the symmetric Markov-perfect equilibrium M (N,T ) for fixed

firm concentration N and policy T , and environment parameters (xe,λ , etc.) as discussed in

section 3.2.5. I discuss the optimal behavior of firms in this fixed environment and find that

firm investment strategies are fairly intuitive.

2. In subsection 3.3.2, I take the primitive parameters as fixed and show how the endogenous

market concentration N(T ) varies as a function of T . Taking the policy functions from

M (N(T ),T ), I simulate the model and compute time-zero welfare statistics. I show how

welfare varies as a function of T and demonstrate the optimal policy T ∗ given primitive

parameters. In all examined cases, the optimal T ∗ is finite. Special attention is paid to the

quirks of the solutions which owe to integral constraints on N and the difficulty of entry.

3. In subsection 3.3.3, I take our method of computing T ∗from section 3.3.2 and show how T ∗

and N(T ∗) vary as a function of the primitives parameters of the model.

All of our numerical exercises use utility specification #1 in appendix B.1. (This is the perfect-

substitute utility specification used in Grossman and Helpman [1991] and Horowitz and Lai

[1996].) I ran similar simulations for specification #2 (unit demand), and found qualitatively

similar results in firm behavior and optimal patent duration.

33I have written a Java package (optimalpatents) that computes MPEs and simulates them. The user must supply
functional forms u,φ ,η ,C,π and parameters β ,λ ,∆,xe,c. The package can be downloaded at
http://www.princeton.edu/∼rkatzwer/optimalpatents/optimalpatentscode.zip.
The solver uses the Brent univariate optimization routine from the Apache Commons math library
http://commons.apache.org/math/.

In appendix B.6, one can find instructions on how to customize the primitives of this model (and then solve/simulate)
using the optimalpatents package.
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3.3.1 Policy Functions for fixed N and T

My computational procedure for finding a symmetric MPE is similar to the Gaussian methods

discussed in Pakes and McGuire [1994]. We guess a value function V 0 and intensity policy I0.

Given V n, In I loop through the state space

{(χ,τ, ι) ∈ {0,1}×{0, . . . ,T}×{1,∆}}

and compute optimal policies In+1 given the value function V n and given that competitors play

according to In. I compute a new value function V n and repeat this process until
∥∥V n+1−V n

∥∥< ε

for some distance metric ‖·‖.34

The cardinality of the state space grows linearly in T and is invariant to the number of firms.

However, the time per iteration grows exponentially in the number of firms, as computing the

transition probabilities (as in appendix B.2) becomes very expensive.

A problem in Ericson-Pakes/Pakes-McGuire type frameworks is a potential multiplicity of

symmetric MPEs. My MPE solutions do not seem to depend on the initial guess. Additionally,

Doraszelski and Satterthwaite [2007] report certain cases in which different symmetric equilibria

can be found depending on the iteration scheme; Gauss-Jacobi (new policies are used immedi-

ately) or Gauss-Seidel (new policies are used only after the iteration in which they were computed

is complete). My MPEs appear to be invariant to the iteration scheme. The results here are from

the Gauss-Jacobi computations.35

Below we give an example of an MPE to illustrate firm behavior and the welfare tradeoffs that

will be examined in the simulations. I do not solve for the endogenous N(T,xe) in this example

(solving for N(T,xe) requires the simulations discussed in section 3.3.2).

34The state space is small enough that I can avoid the stochastic approximations as in Pakes and McGuire [2001].
However, if I were to add a richer model of endogenous period-by-period entry and exit or firm-specific productivity,
I would likely need to use the stochastic methods, or rewrite the model in continuous time and use the methods of
Doraszelski and Judd [2012].

35When N = 2, the numerical results lead to the hunch that the Bellman operator here is in fact a contraction and
the solution is unique.
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Parameters Functional Specifications
N 4 φ(I | · · ·) = .5I
T 10 η(I | · · ·) = .1
∆ 4 C(I) = 500 I3

1−I
λ 1.1 U({Xt}) = ∑

∞
t=0 β t log

(
∑µ λ µXt(µ)

)
β .95
c .1
Ȳ 4

Table 3.1: Parameter Values

(See figures 3.1, 3.2, 3.3, 3.2) I use the parametrization in 3.1. Monopolist profits are

Ȳ (1−λ−ι)≈ .36, .99. 36 The policy functions below conform with our intuition. A patent-holder

on an incremental innovation slowly ramps up innovation as he approaches the expiration of his

patent.37 A patent holder on a breakthrough invests far less while his patent is fresh (and he faces

no chance of having the patent stolen from him) but begins to invest more as the patent approaches

expiration. The value function of the non-patent-holder after a breakthrough is actually decreasing

in τ , as τ is the number of years that they are effectively shut out of the market. As expected,

the value function of a patent holder decreases as τ winds down. A good sanity check on the

calculations is that V (0,0, ι) =V (1,0, ι), and

I∗ (0,0, ι) = I∗ (1,0, ι) = I∗ (0,1, ι) = I∗ (1,1, ι) .

(Any firm regardless of the state should make the same intensity choice when τ ≤ 1, as they all

face the same future.)

We see that the firms in our model are very cognizant of the creative destruction dynamics

described in Schumpeter [1994 (1942]. The value of old innovations (along with old innovators)

are constantly destroyed by new innovators and innovations. When a firm has a breakthrough, this

process slows down tremendously.

36The convergence metric was maxχ,ι ,τ
|V k+1(χ,ι ,τ)−V k(χ,ι ,τ)|

1+|V k(χ,ι ,τ)| . The computation took 188 iterations to a precision of

1e(-8). This took .628 seconds.
37It is not visible but the research intensity of non-patent-holders decreases; as the monopolist ramps up investment

the returns to investment by a non-patent holder decrease.
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Figure 3.1: MPE, ι = 1

We can compare innovation rates at a given time until expiration τ in the following chart. As

expected, innovation rates collapse after a breakthrough as patent holders sit on their research

exclusivity. When ι = ∆, incremental innovations are only registered if τ ≤ 3.38 The patent holder

is in fact throwing away innovations. The innovation rates are much higher when ι = 1 (dashed

lines) than when ι = ∆ (dotted lines).

In figure 3.4 I show aggregate R&D spending. R&D spending is roughly twice as large after

an incremental innovation than after a breakthrough.

38That is, V (0,T,1)≥V (0,τ,∆) when τ ≤ 2.
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Figure 3.2: MPE, ι = ∆

3.3.2 Finding N(T ) and T ∗

An emphasis of this paper is that firm concentration matters. In appendix B.5 I present an ex-

ample to show how radically the optimal patent length implications differ when I allow market

concentration to endogenously depend on T .

Finding N(T ) Given N and T , I can solve for an MPE M (N,T ). Since the initial state for all

firms is s0 = (0,0,1), we note VM (N,T ) (s0) (from the MPE) is the expected discounted profit of

each of the N firms. I assume that N firms enter so that

VM (N,T ) (s0)≥ xe >VM (N+1,T ) (s0)

and call this value N(T ). Note that finding N(T ) requires repeated solution of the MPE, but does

not require any simulation.39

39Note that I am assuming that s0 = (1,0,0). It could be interesting to examine N(T ) for other starting states s̃0.
The number of firms who enter at time-zero given state s̃0 could give us some clues about how firms would behave
with dynamic entry/exit. (I thank Prof. Abreu for this insight.)
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Figure 3.3: Innovation Rates

Finding T ∗ Solving for N(T ) allows us to denote the MPE as M (T ) = M (N(T ),T ). So each

value of T uniquely determines some equilibrium policy rule from the MPE, say I∗M (T ). Using this

policy rule and the transitions discussed in appendix B.2, I can compute time-zero statistics such as

the rate of innovation, the discounted present value of profits, R&D costs, fixed cost investments,

and consumer welfare via Monte Carlo simulation. I let T ∗ denote the the patent policy that

maximized consumer welfare.40 I let Tmin denote the lowest patent duration in which firms can

recoup their fixed costs of operation and enter.

Unfortunately, the costly simulations are necessary. Even given an optimal policy I∗M (T ), I

cannot compute a value function for the consumers, as µt would be a state variable rendering the

entire exercise moot. 41

Simulations My parametrization for this section is in table 3.2. I choose simple functional forms

for φ and η since this is the case for which we can establish that a symmetric MPE exists (see

appendices B.3, B.4). All of the non-linearity is front-loaded onto a very convex C. I consider two

40Since profits are approximately zero, I ignore them and assume that consumer welfare equals social welfare.
41While the firms’ problems are stationary, the period-to-period outlook of the consumer is not. Expected discounted

utility explicitly depends on the values of {µt}. The firms only care about the sequence {µt −µt−1}.
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Figure 3.4: R&D Spending

Parameters Functional Specifications
∆ 3 U({Xt}) ∑

∞
t=0 β t log

(
∑µ λ µXt(µ)

)
λ 1.1 φ(I | · · ·) .35I
β .95 η(I | · · ·) .2
c .3 C(I | · · ·) 500I4/(1− I)
Ȳ 5

Table 3.2: Parameter Values
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Figure 3.5: Welfare, under high and low fixed costs.

examples corresponding to high- and low-costs of entry and show how the results vary qualitatively.

High entry costs are xe = 1.35 and low entry costs are xe = .45. For each T , I simulate 25,000 draws

to 500 periods each.

The jaggedness of the consumer welfare curve for high-fixed-costs in figure 3.5 is not a numer-

ical artifact. It corresponds to the observation in the simulations that given any number of firms

N, the planner wants to choose T such that T is the smallest duration that can keep N firms in

business. Any larger T that does not induce higher entry is giving rents away to the firms. The

jaggedness does not appear in the low-fixed-cost consumer welfare curve as the rate of entry as a

function of T is so rapid. We generally see here that higher fixed cost industries merit longer patent

durations (6 and 21 periods, respectively, for low- and high-fixed-costs). Optimal market concen-

tration is the reverse (20 and 7 firms, respectively, for low- and high-fixed-costs). This is intuitive

as incentivizing research through monopolist rewards will obviously be costlier if the fixed costs

of operation are higher.42

42Consumer welfare is plotted on separate axes, as there is no meaningful comparison between utility levels between
the industries.
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Figure 3.6: Innovation, under high and low fixed costs.

T ∗ N(T ∗) E [µt+1−µt ] FC R&D Π Tmin N(Tmin)

xe = .45 (low) 6 20 .383 9.0 2.926 .29 3 5
xe = 1.35 (high) 21 7 .154 9.45 2.773 .11 7 1

Table 3.3: T ∗ and Tmin, under high and low fixed costs.

Figure 3.6 is intuitive; higher fixed cost industries optimally have more concentrated markets

and lower rates of innovation. Qualitatively, our results are in agreement with the theoretical and

empirical findings of Aghion et al. [2005]. Aghion et al. find an “inverted-U” relationship between

market concentration and innovation.43 In our model, free-entry means that increasing patent

duration T is the same as increasing competition. We also find the inverted-U of innovation as a

function of market competitiveness.

3.3.3 Comparative Statics

In this section I vary parameters and examine how T ∗ varies. Our baseline parametrization in this

exercise is given in table 3.4. For each parameter that I vary, I consider three cases: high, medium

43More specifically, they find an inverted-U relationship of innovation rates plotted against average Lerner-indices
across firms within an industry-year. Their proxy for “innovation” is the number of patents granted; this is really
problematic as the mapping from “patent” to “innovation” is far from perfect, but is common in the empirical literature
in absence of a better observable.
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Parameters Functional Specifications Entry (Fixed) Costs
∆ 3 φ(I | · · ·) αI = .35I xe ( x f )
λ 1.1 η(I | · · ·) .2 High 1.35 (.0675)
β .95 C(I) 500 I4

1−I Medium .90 (.0450)
c .3 U({Xt}) ∑

∞
t=0 β t log

(
∑µ λ µXt(µ)

)
Low .45 (.0225)

Ȳ 5

Table 3.4: Comparative Statics Baseline

and low fixed costs. The parameters that I examine are η̄ ∈ [.1, .4], ∆ ∈ [1,4], λ ∈ [1.05,1.25] and

φ(I) = αI with α ∈ {.2, .35, .5} (see figures 3.7, 3.9, 3.10, 3.8, respectively).

I have set Ȳ = 5 and β = .95 which gives the present discounted value of all expenditures in

the economy at 100. This is convenient as then the net present value of objects like R&D spending,

fixed costs, etc, are normalized to be both magnitudes and percentages. In general, profits are about

0.6% of total expenditures or less, and I am comfortable ignoring them.

For each T , I solve the MPE for increasing N until N+1 yields negative profits. When calculat-

ing MPEs I iterated on the value function until the sup norm between iterates was below 1.0e(-7).

I then say N(T ) = N. Given N(T ) I simulate the expected outcome under the MPE policy func-

tions, using 10,000 sample paths of 500 periods each.44 Given the simulations we can determine

the welfare-maximizing T ∗. We repeat this process every time we vary a parameter of the model.

Solving for value functions takes anywhere from 50 to 600 iterations and between 80 and 7,000

ms. The simulations generally take between 1 and 2 ms per sample path draw. (Tables of the

results of each parameter variation can be found in appendix B.7.)

My numerical exercises lead to the following ex-post policy conclusions. In general, patent

length should be decreasing in “innovation technology”.45. That is, higher η̄ ,∆,λ ,α all correspond

to smaller optimal patent length. Smaller innovations correspond to lower monopolist rents (as the

generic quality is almost as good). Therefore, it is harder to reward small incremental innovations

44In some of the more jagged welfare-as-function-of-T cases, we needed to use upwards of 50,000 sample paths to
compute the optimal T ∗.

45Slight non-monotonicities in T ∗ (and N(T ∗)) arise due to the restriction that N(T ) be integral. This discreteness
creates some weird situations were you are almost indifferent between having N firms and T patent duration versus
N + 1 and T + 1. Ideally, the model wants something like N + 1

2 firms, which I don’t allow of course. Generally
though, all of these curves are roughly monotonic in the parameters.
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than large ones, so lengthier patents are optimal to incentivize participation. Smaller rates of

innovation also correspond to higher market concentration as the fixed costs are constant but lower

rates of innovation justify less firms operating. It is reasonable that T ∗ is decreasing in η̄ as higher

η̄ indicates a higher probability of research exclusivity and less innovation. However, ex-ante I

could easily justify T ∗ going in the other direction as well; we might wish to reward industries

with a higher frequency of process innovation vs. incremental quality innovations with longer

patents as the innovations are more fundamental. Similarly, when λ grows larger monopolist

rents increase so we can understand why T ∗ is decreasing; ex-ante though one could also imagine

higher-λ industries meriting longer patent lengths as individual innovations are worth more from a

utility perspective so we would be willing to trade rents to get more innovation in these industries.

In summary, I find that bigger quality and process innovations are more profitable, and hence the

innovators do not need to be rewarded via longer patent length, in fact patent lengths decrease.46

Interestingly, the optimal number of firms N(T ∗) is generally pretty flat in the parameters η̄ and

α; innovation rate parameters. N(T ∗) is rapidly increasing in more utility/profit-related parameters

like ∆ and λ . When these are larger more firms enter as profits go up. It is interesting that N(T ∗)

is not strongly increasing in α; we might expect cheaper successes to recoup the higher fixed costs

of more firms, but this does not appear to the case. Industries that are more naturally successful

holding investment fixed should have the same firm concentration.

As expected, higher fixed costs of operation or entry barriers (depends on interpretation) imply

a smaller optimal number of firms and longer patent durations.47 Similarly, raising α effectively

lowers the cost of innovations across the board and I find that the lower costs of innovation neces-

sitate shorter patent durations.48

46A weakness of our results is that innovation sizes are exogenous to all firm behavior, only probabilities of success.
If I were to allow multiple jump sizes, i.e. µ ′− µ = ι ∈

{
ῑ0, . . . , ῑM

}
, I could potentially reverse this result. In the

future it would be interesting to analyze a model with such a framework, where there was some probability distribution
over innovation sizes that was a function of R&D decisions. In such a model I could analyze patentability requirements
in addition to patent duration, something I am precluded from in our model.

47This conclusion might flip with a dynamic entry/exit decision instead of time-0 entry decision.
48As we discussed in section 3.1 our model is reasonably distant from much of the preceding literature on optimal

patent design, so it is difficult to tie our findings back into earlier results.
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Figure 3.7: Varying η̄

Figure 3.8: Varying α
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Figure 3.9: Varying ∆

Figure 3.10: Varying λ
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3.4 The Model Going Forward

3.4.1 Full Ericson-Pakes Entry/Exit Dynamics

The time-zero entry/exit assumption makes the state spaces and computations simpler, but there

are tradeoffs. With time-zero entry/exit, increasing statutory patent duration T unambiguously

increases the number of firms N who compete on innovation. (The number of firms asymptotes in

my experience, but never decreases.) This need not be the case if I had period-by-period dynamic

entry/exit choices. For example, if a firm is awarded a breakthrough patent (and hence research

exclusivity), we might expect a rapid exodus of firms who would see no benefit in paying fixed

costs for period after period as they sit idle. Similarly, we might expect a large influx of firms as

the clock runs out on a breakthrough patent.49

To add complete entry/exit dynamics, the number of firms N would join the state space; our

states would be (χ,τ, ι ,N). In ever periods, incumbent firms would need to decide whether to

remain or exit; and conditional on that an investment level. A pool of entrants would have to

decide whether to enter, given the state.

I would also like to add more dynamic implications for investment. As the model stands,

investment’s only dynamic effect is on the change in the patent state. Unless you are successful

and are awarded a patent, investment today is a complete loss ex-post. Following the literature

established by Ericson and Pakes [1995a], I could posit a Markovian research productivity process

ωi that is specific to each firm. In full generality, we would have

ω
′
i = g(ωi, Ii)+ ε

′
i

where Ii is the firm’s research intensity, g is some function that is increasing in Ii and and ε ′i is

some shock that is i.i.d. across time and firms. I can then allow the φ and η functions to depend

on ωi as well as Ii. Investment now productivity implications; we could see firms excluded under

49When I say entry/exit, I am speaking of entering and exiting competition in a specific line of goods; for example
hypertension medication. So our “firms” are really research divisions within firms.
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breakthrough patents investing anyway to build up ω for when the patent expires. Suppose we

restrict ωi ∈
{

ω̄0, ω̄1, . . . , ω̄K}.50 The state now contains a vector ωωω where ωωωk denotes the number

of firms with productivity ω̄k , and a variable ωP which denotes the productivity level of the patent

holder. The above two relaxations have the effect of exploding the state space. Stochastic methods

might be necessary (see Powell [2011], Pakes and McGuire [2001]).

3.4.2 Empirical Analysis

This paper has provided a relatively parsimonious model of the effect of patent duration on inno-

vation and consumer welfare in a dynamic oligopoly setting. Crucially, I emphasize how optimal

patent length could vary across different industries. In the future, it is my hope to take this model

to the data and do a cross-industry analysis of patent duration in the United States. The empirical

literature on patents has been pretty inconclusive. I give a small (but in our view, representative)

sample of the literature below. Hall and Ziedonis [2001] present a single industry-focused analysis

including R&D data, while Lerner [2005] conducts a cross country analysis.

Hall and Ziedonis [2001] study the semiconductor industry from 1979-1995 which is a setting

where cumulative innovation is an appropriate model. They find that while the increased patent

strength over this period contributed to increased entry, they do not believe that firms used patents

to recoup R&D investments. Instead, firms found it profitable to amass banks of patents for litiga-

tion battles. They find the variable patents issued
R&D spending increases over the time period they examine, but

that patent “quality” (measured as average patent citations per patent) is also increasing. Lerner

[2005] conducts a much broader analysis, examining patent applications across 60 countries across

150 years or so (using 177 patent policy changes as sources of identification).51 Lerner’s findings

are ambiguous. He finds weak-to-no evidence that increased patent protection has corresponded

to increased innovation.52 The author acknowledges several large problems with the analysis. It

50It is common in the literature (see Doraszelski and Pakes [2007]) to assume that K = 2 and so there are high- and
low-productivity states.

51This work is nicely summarized in Lerner [2009].
52In some cases he find the opposite, that patent strengthening has led to decreased patent filings.
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is hard to map statutory patent rules to effective patent protection since effective patent policy

crucially depends on the rulings of individual USPTO employees as well as judges in subsequent

litigation. Secondly, there are no good observables for the rate of innovation, forcing empiricists

to use noisy, endogeneity-ridden, proxies.53

Boldrin and Levine [2012] that a major issue with any empirical patent analysis is that “in-

novation” is such an abstract and unobservable process, it is hard to structurally map observables

back into unobservables. The literature frequently uses patent applications/grants as a proxy for the

innovation rate, which raises immediate endogeneity issues. Whether or not a firm seeks a patent

(which in practice involves costly applications and litigation) will depend on the patent protection

strength, regardless of the underlying innovation process. Strengthening patent protection could

conceivably lead to increased patent filings without any change in the rate of the underlying inno-

vations. A second difficulty is the reluctance of firms to divulge R&D data. As a result, empirical

work on innovation has tended to focus on industry-wide aggregates rather than firm dynamics.

The model that I have discussed in this paper (along with the heterogeneity relaxations we’ve

added in section 3.4.1) could provide a good starting point for the analysis of firm dynamics with

respect to innovation. Roughly, the idea would be to do an Olley-Pakes-type analysis (Olley and

Pakes [1992]). Treating innovative efficiency ωit as the unobservable, we could try to estimate a

patent production function using patents issues as the observable. For example, we could try to

estimate a function

Pit = exp{ωit +ξit} f (Xit , Ii,t−1)

where Pit is patents earned in that period, Xit is a vector of time-t input choices (research laborers,

etc.), ξit is some shock unobservable to the firm and f is some function.54 The objective would

be to estimate parameters in our own model regarding the cost and innovation functions (with

53Boldrin and Levine [2010b] (Ch. 8) provide a survey of two-dozen empirical papers on R&D and patents. In
general, empirical results are pretty consistent with the findings of Lerner [2005], which is why I omit them.

54Since we do not conduct this exercise in this paper, there is no sense in going into to much detail here. The
methods of Olley and Pakes [1992] have prompted an extensive literature on dynamic production function estimation.
Suffice it to say that down that path lies madness.
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some mapping between {Pit}i,t and {µt}t). Given these estimates, we could run industry-specific

counterfactuals and give quantitative policy recommendations about optimal patent duration.

3.5 Conclusion

I have constructed a model of quality-ladder innovation with patent protection through the duration

instrument in a dynamic oligopoly setting. The paper makes a point of calculating endogenous mar-

ket concentrations as a function of patent policies and primitives. I construct a model of innovation

in a dynamic oligopoly with patent protection. The innovation process we construct distinguishes

between product quality innovations (“incremental innovations”) and technology/process innova-

tions (“breakthroughs), which have different implications for patent enforcement. In the paper, the

solution concept is symmetric Markov-perfect equilibrium. I discuss how to compute equilibria

and simulate equilibria outcomes. In my experiments I varied patent duration T and computed

optimal patent duration T ∗ and market concentration N(T ∗). I discuss how T ∗ varies in the model

primitives. Product lines with high entry/fixed costs should have lengthy patent durations and small

firm concentrations. Product lines characterized by rapid innovation rates or high probabilities of

breakthroughs generally warrant shorter patent duration and lower market concentration.
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Appendix A

Appendices for Ch. 1

A.1 The Static Model in 1.4.2.1

I present here the static model that was used above for static-dynamic model prediction compar-

isons. It was constructed to be as close to the dynamic model as possible. Firms enter, invest,

innovate, litigate, and earn profits. Consumers earn consumer surplus from innovations. Firms

are given a T -period statutory patent with lagging breadth δ ∈ {1, . . . ,∆}, but every period with

probability ζ ∈ [0,1), the patent is invalidated or rendered obsolete.

Market profits The consumers behave identically to those in the dynamic model. A firm with

the right-to-practice quality gap δ will price at p∗ (δ ) = c̄+ δ z∗.1 Period market profits to the

patentee t years into a patent are then are then πt(δ ) = MT−tδ z∗ [1−F(z∗)]. Therefore, with a

discount rate of β , the expected discounted market profits to a firm looking forward at T periods

of statutory right-to-practice is

Π(δ ,T ) =
T

∑
t=1

[
β

(
1− ζ̃δ

)]t
πt(δ ).

1Recall, if Fλ is the taste-for-quality CDF then z∗ solves maxz z(1−Fλ (z)).
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Patent assignment and litigation Suppose the firms i = 1,2, . . . ,N each draw a quality innova-

tion δi. Let δ max = maxi δi and nmax be the number of firms who achieve δ max. If δ max = 0 (no

innovation), no patent is assigned. Otherwise, if nmax = 1, that firm is assigned a patent of quality

δ max for T periods. If nmax > 1 and δ max > 0, I have multiple firms simultaneously “winning”

the patent race, and the right to practice is resolved through the courts. Each firm i = 1, . . . ,nmax

chooses litigation spending `i. Firm i wins the right to practice with probability χ(`i, `−i),2 and

solves the problem

max
`i

χ (`i, `−i)Π(δ max,T )− `i.

I assume the symmetric Nash equilibrium in this litigation subgame.

R&D investment Given the patent assignment rule above, each of the research firms i = 1, . . . ,N

chooses an R&D level xi to maximize expected discounted profits,

E
[
−(1− āx)xi− `i +1{i has right to practice δ}Π(δ ,T ) | N,x−i, `−i

]
.

Given investments (xi,x−i), firm i draws innovation δi ∈{0,1, . . . ,∆}with probability η (δi | xi,x−i).

I assume the symmetric Nash equilibrium in the investment game.

Entry At time-zero, N firms enter and pay an entry fixed cost x̃e.3 Assume that firms enter to

satisfy an approximate zero-profit condition: N is the largest number of firms for which profits are

larger than x̃e.

2Where χ is the same as in the dynamic model in the case of no-existing patentee.
3x̃e = (1− āe) x̄e +

(
1− ā f

)
x̄ f −β x̄s, where the right-hand-side comes are parameters from the dynamic model.
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Welfare In this model, welfare is taken to be

Wstatic =

E

[
(E [λi]δ − c̄)

∞

∑
t=1

β
tMt− āx

N

∑
i=1

xi−N
(

āex̄e + ā f x̄ f
)
−κ

`
N

∑
i=1

`i

−δ

T

∑
t=1

(β (1−ζ ))t Mt [E [λi | λi ≤ z∗]Fλ (z
∗)+ z∗ (1−Fλ (z

∗))]

]

A.2 Baseline Functional Specification in Section 1.4.1

Parameter Low Cost High Cost

Discount Rate β .96 “

Entry Cost x̄e 2.5 “

Scrap Value x̄s .75 “

Fixed R&D Cost x̄ f .30 .45

Pr of δ = 0 η(0 | xi) 1− .4x4/5
i

5+x4/5
i

1− .267x4/5
i

5+x4/5
i

Pr of δ = 1 η(1 | xi)
.4x4/5

i

5+x4/5
i

· .625 .267x4/5
i

5+x4/5
i

· .625

Pr of δ = 2 η(2 | xi)
.4x4/5

i

5+x4/5
i

· .3 .267x4/5
i

5+x4/5
i

· .3

Pr of δ = 3 η(3 | xi)
.4x4/5

i

5+x4/5
i

· .075 .267x4/5
i

5+x4/5
i

· .075

Market Size M 12 “

Quality Taste Distribution Fλ (z) 1− exp{.5z} “

Unit Cost of Production c̄ .15 “

Patent Invalidation Risk ζ (T − τ) .005 “

Table A.1: Primitives
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Parameter High- and Low-Cost

Statutory Duration T 12

Renewal Fee a(st) 0

Variable R&D Cost Subsidy āx 0

Fixed R&D Cost Subsidy ā f 0

Entry Cost Subsidy ae 0

Pr i wins litigation (no patentee) `
4/5
i

∑ j `
4/5
j

Pr P wins litigation (active patentee) .25+
.75(1−.1(δC−δ P))`4/5

P

∑ j 6=P `
4/5
j +(1−.1(δC−δ P))`4/5

P

Pr ¬P wins litigation (active patentee) .75`4/5
i

∑ j 6=P `
4/5
j +(1−.1(δC−δ P))`4/5

P

Table A.2: Government Policy
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Appendix B

Appendices for Ch. 3

B.1 Utility Specifications in 3

B.1.1 Utility

B.1.1.1 Utility Specification #1

The standard literature on quality ladders uses the utility specification from Grossman and Help-

man [1991],1

U ≡ E0

∞

∑
t=0

β
t log

(
µt

∑
µ=0

λ
µXt(µ)

)
, λ > 1

where the consumer solves

max
{Xt(·)}∞

t=0

U

s.t.
∞

∑
t=0

β
t

µt

∑
µ=0

pt(µ)Xt(µ)≤
1

1−β
Ȳ

1In Grossman and Helpman [1991] there is actually a continuum of goods indexed by g ∈ [0,1] with evolving
qualities µ

g
t , and (modified for discrete time)

U ≡ E0

∞

∑
t=0

β
t
ˆ 1

0
log

(
µ

g
t

∑
µ=0

λ
µ Xg

t (µ)

)
dg.
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where pt(µ) is the time-t price of quality µ , and 1
1−β

Ȳ is some exogenous lifetime income.2 The

household solves a two-step optimization:

1. Static Optimization: Suppose the household budgets expenditure Et for period t. The

household then solves

max
Xt(·)

µt

∑
µ=0

λ
µXt(µ)

s.t.
µt

∑
µ=0

pt(µ)Xt(µ)≤ Et

Then it is immediate that the household consumes only quality

µ
∗
t = arg max

µ≤µt
{λ µ/pt(µ)},

the level with the highest quality-to-price ratio. The household demands Xt(µ
∗
t ) =

Et/pt(µ
∗
t ).

2. Dynamic Optimization: Given the rule Xt(µ
∗
t ) = Et/pt(µ

∗
t ), the household must choose

expenditures per period. He solves

max
{Et}

∞

∑
t=0

β
t log

(
λ

µ∗t Et
1

pt(µ∗t )

)
s.t.

∞

∑
t=0

β
tEt ≤

1
1−β

Ȳ .

Rewriting

log
(

λ
µ∗t Et

1
pt(µ∗t )

)
= µ

∗
t logλ + logEt− log pt(µ

∗
t ),

we get the FONC 1/Et = ν , where ν is the Lagrange multiplier on the budget constraint. It

then follows that Et is constant across all t, and hence Et = Ȳ .
2We are assuming in the budget constraint that the gross one-period rate of return R = β−1.
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We end with the very simple demand functions

X∗t (µt) =


Ȳ/p(µt), p(µt)≤ λ µt−µt−1 p(µt−1)

0, p(µt)> λ µt−µt−1 p(µt−1)

X∗t (µt−1) =


0, p(µt)≤ λ µt−µt−1 p(µt−1)

Ȳ/p(µt−1), p(µt)> λ µt−µt−1 p(µt−1)

X∗t (µ) = 0, µ < µt−1

B.1.1.2 Utility Specification #2 (Money in the Utility Function)

The standard utility function in much of the partial-equilibrium patent literature (see O’Donoghue

et al. [1998], Hopenhayn and Mitchell [2010], O’Donoghue [1998], Rockett [2010]) would be

U ≡ E0

∞

∑
t=0

β
tu

(
µt

∑
µ=0

[λ (µ +1)− pt(µ)]Xt(µ)

)
, (B.1)

where in each period we restrict the household to unit demand, that is ∑
µt
µ=0 Xt(µ) = 1. It is

clear that if we define µ∗t = argmaxµ≤µt {λ (µ +1)− pt(µ)} the consumer has demand function

X∗t (µ) = 1{µ=µ∗t }.

B.1.2 Pricing and Indirect Utility

All firms price qualities µ < µt at marginal cost, c.

B.1.2.1 Utility Specification #1

The monopolist captures the entire market so long as

λ µt−1+ι

pt(µt)
≥ λ µt−1

c
,
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that is pt(µt)≤ λ ιc. The monopolist chooses pt(µt) = λ ιc.3 Under this specification, the monop-

olist receives market profits

π =
Ȳ

λ ιc
(λ ιc− c) = Ȳ

(
1− 1

λ ι

)
,

and non-patent-holders get zero. We use π(χ,τ, ι) to denote profits to the firm. This yields the

indirect utility index

ut = log
(

λ
µt

Ȳ
pt(µt)

)
= µt logλ + logȲ − ι logλ − logc

= µt logλ + logȲ − (µt−µt−1) logλ − logc

= µt−1 logλ + logȲ − logc

and so the indirect utility function is

U = logλ

∞

∑
t=0

β
tE [µt−1]+

log(Ȳ/c)
1−β

.

Note that U is finite as

∞

∑
t=0

β
tE [µt−1]≤

∞

∑
t=0

β
t [∆t] = ∆

∞

∑
t=1

β
t

∞

∑
s=0

β
s =

∆β

(1−β )2 .

Utility Specification #2 The monopolist captures the entire market so long as

λ (µt−1 + ι)µt− pt(µt)≥ λ µt−1− c,

that is

pt(µt)≥ λι + c

3There is some indeterminacy in that the consumer is indifferent between qualities µt and µt−1 when pt(µt) =
λ ι pt(µt). So in theory, we can assume that pt(µt) = λ ι c− ε for infinitesimal ε to break the tie.
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The monopolist sets price pt(µt) = λι +c and gets market profits π = λι . Non-patent-holders get

zero. The indirect utility function is

U =
∞

∑
t=0

β
tu(λ (µt−1 + ι)µt− (λι + c))

=
∞

∑
t=0

β
tu
(
λ
(
µ

2
t −µt +µt−1

)
− c
)
.

U will be bounded for a good choice of u.

B.2 The State Transition Probabilities in 3

We will view this as if the state space is from the perspective of firm #1. Let (χ,τ, ι) be the current

state and let I−1 denote the actions of firm one’s competitors. We note that the state is implicit in

the function Q and drop it for simplicity. The transitions as a function of the firms choice I1 are as

follows. Recall that

Qδ (Ii | · · ·) =


1−φ (Ii | · · ·) , δ = 0

φ (Ii | · · ·) [1−η (Ii | · · ·)] , δ = 1

φ (Ii | · · ·)η (Ii | · · ·) , δ = ∆

.

If ι =∆ and τ > 1 The transitions when only a breakthrough patent holder is allowed to innovate

are quite simple. Let j be the identity of the patent holder (possibly j = 1). Then

(χ,τ,∆)→


(χ, [τ−1]+,∆) , w.p. Q0

(
I j
)
+ΞτQ1

(
I j
)

(χ,T,1) , w.p. (1−Ξτ)Q1
(
I j
)

(χ,T,∆) , w.p. Q∆

(
I j
) ,

where Ξτ ∈{0,1} denotes whether incremental innovations are registered by a patent holder. These

are dependent on the value function, and varying in τ .
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If ι = 1 or (ι = ∆ and τ ≤ 1) This case is considerably more cumbersome, as we can move to

one of five states.

The probability of no innovation is obviously

P
(
χ
′ = χ,τ ′ = [τ−1]+, ι ′

)
= Q0 (I1)

N

∏
j=2

Q0
(
I j
)
.

The probability that at least one other firm has a breakthrough is 1−∏
N
j=2
(
1−Q∆(I j)

)
so the

probability that another firm is awarded a breakthrough patent conditional on firm 1 not having

a breakthrough is 1−∏
N
j=2
(
1−Q∆(I j)

)
. The probability that another firm is awarded a break-

through patent conditional on firm 1 having a breakthrough is

N−1

∑
k=0

k
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q∆(I j) ∏
`/∈A \{1}

(1−Q∆(I`)) .

So the probability that the state goes to (1,T,∆) is

P(1,T,∆) = (1−Q∆(I1))

[
1−

N

∏
j=2

(
1−Q∆(I j)

)]

+Q∆(I1)
N−1

∑
k=0

k
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q∆(I j) ∏
`/∈A \{1}

(1−Q∆(I`)) .

So the probability that firm 1 is awarded a breakthrough patent is

P(0,T,∆) = Q∆(I1)
N−1

∑
k=0

1
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q∆(I j) ∏
`/∈A \{1}

(1−Q∆(I`)) .

Recall that an incremental patent is awarded if there is an incremental innovation but no break-

through. The probability of no breakthrough is (1−Q∆(I1))∏
N
j=2
(
1−Q∆(I j)

)
.
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The probability that firm 1 is awarded an incremental patent is

P(0,T,1) =
N

∏
j=2

(1−Q∆(I`)) ·

Q1(I1)
N−1

∑
k=0

1
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q1(I j)

1−Q∆(I j)
∏

`/∈A ∪{1}

Q0(I`)
1−Q∆(I`)

= Q1(I1)
N−1

∑
k=0

1
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q1(I j) ∏
`/∈A ∪{1}

Q0(I`)

Note that we have conditioned on the fact that no firm j = 2, . . . ,N has had a breakthrough. This

is why we have the term ∏`/∈A ∪{1}Q0(I`) and not ∏`/∈A ∪{1} (1−Q1(I`)).

Condition on firm 1 being unsuccessful (w.p. Q0(I1)); the other N − 1 firms do not get an

incremental patent between them if (i) one of them has a breakthrough or (ii) none of them have

any innovation. (i) and (ii) are disjoint. The probability of (i) is 1−∏
N
j=2
(
1−Q∆(I j)

)
. The

probability of (ii) is ∏
N
j=2 Q0(I j). So the probability that another firm gets an incremental patent

(conditional on firm 1 being unsuccessful) is

Q0(I1)

[
1−

([
1−

N

∏
j=2

(
1−Q∆(I j)

)]
+

N

∏
j=2

Q0(I j)

)]

= Q0(I1)

[
N

∏
j=2

(
1−Q∆(I j)

)
−

N

∏
j=2

Q0(I j)

]

Therefore, the probability that some firm that isn’t 1 is awarded an incremental patent is simply

P(1,T,1) = Q0(I1)

[
N

∏
j=2

(
1−Q∆(I j)

)
−

N

∏
j=2

Q0(I j)

]

+Q1(I1)
N−1

∑
k=0

k
1+ k ∑

A⊆N\{1}
#A =k

∏
j∈A

Q1(I j) ∏
`/∈A ∪{1}

Q0(I`).
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B.2.1 Transition Probabilities Facing a Firm in a Symmetric MPE

Now, assume that the N−1 competitors of firm 1 use a symmetric strategy denoted I∗χ,τ,ι . Let Ξ∗τ

denote the incremental innovation registration decision used by competitor breakthrough patent-

holders. This simplifies the above expressions tremendously. We use the following expressions in

our computations.

When ι = ∆ and τ ≥ 2 The transitions when ι = ∆ and τ ≥ 2 can be left basically unchanged.

We write when firm 1 has the patent (χ = 0),

(0,τ,∆)→


(0, [τ−1]+,∆) , w.p. Q0 (I1)+ΞτQ1 (I1)

(0,T,1) , w.p. (1−Ξτ)Q1 (I1)

(0,T,∆) , w.p. Q∆ (I1)

,

and when firm 1 doesn’t have the patent (χ = 1),

(1,τ,∆)→


(0, [τ−1]+,∆) , w.p. Q0

(
I∗0,τ,∆

)
+Ξ∗τQ1

(
I∗0,τ,∆

)
(0,T,1) , w.p. (1−Ξ∗τ)Q1

(
I∗0,τ,∆

)
(0,T,∆) , w.p. Q∆

(
I∗0,τ,∆

) .

When ι = 1 or (ι = ∆ and τ ≤ 2) and χ = 0:

P
(
0, [τ−1]+, ι

)
= Q0 (I1)

[
Q0
(
I∗1,τ,ι

)]N−1

P(1,T,∆) = (1−Q∆(I1))
[
1−
(
1−Q∆(I∗1,τ,ι)

)N−1
]

+Q∆(I1)
N−1

∑
k=0

k
1+ k

(
N−1

k

)[
Q∆(I∗1,τ,ι)

]k [1−Q∆(I∗1,τ,ι)
]N−1−k
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P(0,T,∆) = Q∆(I1)
N−1

∑
k=0

1
1+ k

(
N−1

k

)[
Q∆(I∗1,τ,ι)

]k [1−Q∆(I∗1,τ,ι)
]N−1−k

P(1,T,1) = Q0(I1)
[[

1−Q∆(I∗1,τ,ι)
]N−1−

[
Q0(I∗1,τ,ι)

]N−1
]

+Q1(I1)
N−1

∑
k=0

k
1+ k

(
N−1

k

)[
Q1(I∗1,τ,ι)

]k [Q0(I∗1,τ,ι)
]N−1−k

P(0,T,1) = Q1(I1)
N−1

∑
k=0

1
1+ k

(
N−1

k

)[
Q1(I∗1,τ,ι)

]k [Q0(I∗1,τ,ι)
]N−1−k

When ι = 1 or (ι = ∆ and τ ≤ 2) and χ = 1:

P
(
1, [τ−1]+, ι

)
= Q0 (I1)Q0

(
I∗0,τ,ι

)[
Q0
(
I∗1,τ,ι

)]N−2

P(1,T,∆) = (1−Q∆(I1))
[
1−
(
1−Q∆(I∗0,τ,ι)

)(
1−Q∆(I∗1,τ,ι)

)N−2
]

+ Q∆(I1)
N−2

∑
k=0

{ Q∆

(
I∗0,τ,ι

)
(k+1)

k+2
+

(
1−Q∆

(
I∗0,τ,ι

))
k

k+1


×
(

N−2
k

)[
Q∆(I∗1,τ,ι)

]k [1−Q∆(I∗1,τ,ι)
]N−2−k

}
.

P(0,T,∆) = Q∆(I1)
N−2

∑
k=0

Q∆

(
I∗0,τ,ι

)
k+2

+
1−Q∆

(
I∗0,τ,ι

)
k+1


×
(

N−2
k

)[
Q∆(I∗1,τ,ι)

]k [1−Q∆(I∗1,τ,ι)
]N−2−k
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P(1,T,1) = Q0(I1)
[(

1−Q∆(I∗0,τ,ι)
)(

1−Q∆(I∗1,τ,ι)
)N−2−Q0(I∗0,τ,ι)

(
Q0(I∗1,τ,ι)

)N−2
]

+ Q1(I1)
N−2

∑
k=0

Q0

(
I∗0,τ,ι

)
k

1+ k
+

Q1

(
I∗0,τ,ι

)
(1+ k)

2+ k


×
(

N−2
k

)[
Q1(I∗1,τ,ι)

]k [Q0(I∗1,τ,ι)
]N−2−k

P(0,T,1) = Q1(I1)
N−1

∑
k=0

Q0

(
I∗0,τ,ι

)
1+ k

+
Q1

(
I∗0,τ,ι

)
2+ k


×
(

N−2
k

)[
Q1(I∗1,τ,ι)

]k [Q0(I∗1,τ,ι)
]N−2−k

B.3 Optimal Pure Strategy Investment in 3

We consider the special case that was simulated in the numerical section of the paper, where

φ(I) = aI, η(I) = η̄

where a ∈ (0,1] and η̄ ∈ (0,1). We again take C as strictly increasing and strictly convex with

C(0) = 0. The intensity-invariant breakthrough probability η̄ and linear success probability φ .

(The case of a general (C,φ ,η) is simply too complicated to discuss.)

Claim B.1. For any value function V , competitor intensity I−i, and state (χ,τ, ι), the firm has a

unique optimal intensity I∗ ∈ [0,1] (a unique best response).

Proof. Note that under this functional specification,

Qδ (I) =


1−aI, δ = 0

aI (1− η̄) , δ = 1

aIη̄ , δ = ∆

.
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Note that the function

R(I) := E
[
V
(
χ
′,τ ′, ι ′

)
| I, I−i,χ,τ, ι

]
is linear in I for any value function V , competitor intensity I−i and state (χ,τ,ω). That is

R(I) = b0
(
I−i,V,χ,τ, ι

)
+b1

(
I−i,V,χ,τ, ι

)
I.

This follows because

R(I) = ∑
χ ′

∑
τ ′

∑
ι ′

V
(
χ
′,τ ′, ι ′

)
Pr
{

χ
′,τ ′, ι ′ | I, I−i,χ,τ, ι

}

is and Pr
{

χ ′,τ ′, ι ′ | I, I−i,χ,τ, ι
}

is linear in I for all (χ ′,τ ′, ι ′).4 Fixing the actions of competitors

and the state, the marginal benefit of intensity (at any intensity) is just some weighted sum of the

value function across states.

So we can write the marginal cost of investment as C′(I) and the marginal benefit as R′(I) =

b1
(
I−i,χ,τ, ι

)
. We then get the following unique investment decisions:

I∗
(
χ,τ, ι | I−i,V

)
=


0, b1

(
I−i,χ,τ, ι

)
≤C′(0)

(C′)−1 (b1
(
I−i,χ,τ, ι

))
, b1

(
I−i,χ,τ, ι

)
∈ (C′(0),C′(1))

1, b1
(
I−i,χ,τ, ι

)
≥C′(1)

.

4In fact for most states (χ ′,τ ′, ι ′), Pr
{

χ ′,τ ′, ι ′ | I, I−i,χ,τ, ι
}
= 0. As an example of when this is not the case, note

that we can write

Pr
{

0,T,1 | I, I−i,χ,τ, ι = 1
}

= aI (1− η̄)
N−1

∑
k=0

1
1+ k ∑

A⊆N\{1}
#A =k

[a(1− η̄)]k ∏
j∈A

I−i
j ∏

`/∈A ∪{1}

(
1−aI−i

`

)

so in this case,

b1
(
I−i,V,χ,τ, ι

)
= Γ

(
I−i,V,χ,τ, ι

)
+a(1− η̄)

N−1

∑
k=0

1
1+ k ∑

A⊆N\{1}
#A =k

[a(1− η̄)]k ∏
j∈A

I−i
j ∏

`/∈A ∪{1}

(
1−aI−i

`

)
·V (0,T,1) ,

where Γ
(
I−i,V,χ,τ, ι

)
is some constant.
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Since C is strictly convex, (C′)−1 is a well-defined injective function.

Note that if we take C′ to have range [0,∞) (that is the marginal cost of intensity becomes

unbounded as innovation becomes a certainty) we get the simpler rule

I∗
(
χ,τ, ι | I−i,V

)
=


0, b1

(
I−i,χ,τ, ι

)
< 0

(C′)−1 (b1
(
I−i,χ,τ, ι

))
, b1

(
I−i,χ,τ, ι

)
≥ 0

.

Moreover, if we assume V such that b1
(
I−i,V,χ,τ, ι

)
≥ 0 for all I−i and states (marginal benefit

of investing is always non-negative), we get the rule

I∗
(
χ,τ, ι | I−i,V

)
=
(
C′
)−1 (b1

(
I−i,χ,τ, ι

))
.

The MPE value function V should give this to us, but the argument in section B.4 will require a

unique intensity choice for any value function. So could easily input bizarre value functions Ṽ that

would give you negative returns to intensity.

B.4 Existence of a Symmetric Markov-Perfect Equilibrium in

3

We follow Doraszelski and Satterthwaite [2007] in establishing the existence of a symmetric MPE

for our simpler model. Consider the following assumptions:

Assumption B.2. (i) The state space is finite. (ii) Profits are bounded (i.e. there exists Π,Π such

that −∞ < Π < π(χ,τ, ι) < Π < ∞. (iii) Investments are bounded. (iv) Firms discount future

payoffs, i.e. β ∈ [0,1).

Our model satisfies all of these assumptions, as profits are contained in a finite set that is

stationary and firms discount according to β . Assumption (ii) requires some mention, as C can
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be unbounded as I→ 1 (investment is C(I), not I). For C unbounded5 and for any (N,T ) we can

always bound investment by

I ≤ Imax =C−1
(

β

1−β
π (0,T,∆)

)
,

this is the firm will never invest more today than the net present value of being a breakthrough

monopolist forever. In fact, this is a very loose bound; firms will invest significantly less.

Let

hi (χ,τ, ι , Ii, I−iV ) = π (χ,τ, ι)−C(I)+βE
[
Vi
(
χ
′,τ ′, ι ′

)
| Ii, I−i,χ,τ, ι

]
,

so that

Vi (χ,τ, ι) = max
Ii

hi (χ,τ, ι , Ii, I−iVi) .

hi is called the local income function.

Assumption B.3. hi is a continuous function in Ii for all states (χ,τ, ι) and value functions Vi.

This assumption is satisfied for any value function Vi and profit function π(·). Vi enters only

through the expectation, and π is additively separable and does not include Ii. We only require that

the transition probabilities be continuous in Ii (which they are given the continuity of η ,φ ).

Assumption B.4. There is a unique I∗ (χ,τ, ι) that maximizes hi (χ,τ, ι , Ii, I−iVi) for any state,

competitor action and value function Vi.

See appendix B.3 for a proof of this for the specification used in the simulations.

A function f : AN → BN is symmetric if for any permutation σ on {1, . . . ,N},

fn (x1, . . . ,xN) = fσ(n)
(
xσ(1), . . . ,xσ(N)

)
.

Assumption B.5. The local income function (h1, . . . ,hN) are symmetric.

5If C is bounded we have no issue.
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T ∗ N(T ∗) E [µ ′−µ | T ∗] E [U | T ∗]
N = 2 8 - .073 60.356
N = 7 4 - .198 64.503

Endogenous N(T ) 12 10 .223 65.100

Table B.1: Duopoly N = 2 vs. Endogenous N(T )

This is obvious given the lack of firm-dependence on any of the primitive functions we have

written out; payoffs and transitions vary only in states. It is helpful to think of the state as

ω = (ω1, . . . ,ωN) = ((χ1,τ, ι) , . . . ,(χN ,τ, ι)) ,

where χi denotes whether i is a patent-holder.

Proposition. Under assumptions B.2, B.3, B.4, B.5, a symmetric Markov-perfect equilibrium exists

in pure investment strategies.

Proof. See Doraszelski and Satterthwaite [2007], Propositions 1, 3 and 5.

B.5 Free Entry Matters in 3

We provide a brief example to show how radically solutions differ between exogenous and en-

dogenous N. We use the standard baseline parameter values from the main paper; ∆ = 3, λ = 1.1,

β = .95, Ȳ = 5, xe = .9, c = .3, φ(I) = .35I, η(I) = .2 and C(I) = 500I4/(1− I). We first fix N at

2 (duopoly) and then consider N(T ).

We see that the policy implications differ depending on whether the market concentration is

fixed. When it is not fixed, we would intuitively want longer patent lengths to encourage entrants

and competition.

B.6 Using the optimalpatents package from 3

The optimalpatents Java package can be downloaded at
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Figure B.1: Duopoly N = 2 vs. Endogenous N(T )

http://www.princeton.edu/~rkatzwer/optimalpatents/optimalpatentscode.

zip.

The zip file includes a copy of the Apache Common’s Math library which is used by the package.

This is a guide to using the optimalpatents package. The package contains three main

classes; Specification (which defines the primitive parameters and functional forms of the

model), ValueFunction (a data structure which stores the value- and policy-functions), and

ValueFunctionSolver (which contains the machinery of the symmetric MPE solution iteration).

Below, all variables are exactly as in the paper, but note that in code β ≡ beta, etc.

Specification A specification of the model can be customized by extending the Specification

class. The constructor is

Specification(double β, double λ, double c, double ∆,

double x f, int N) {

...
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}

Where these parameters are exactly as in the paper above. One can call the setNumberFirms(int

N) method to set the number of firms.

One must define functional forms for the following abstract method signatures:

double eta(double Ii, double ∑ j 6=i I j, int χ, int τ, int ι);

double phi(double Ii, double ∑ j 6=i I j, int χ, int τ, int ι);

double costInnov(double Ii, double ∑ j 6=i I j, int χ, int τ, int ι);

double pi(int χ, int τ, int ι);

double quantity(double p(µt));

double price(int τ, int ι);

double utilityIndex(double X(µt), double µt, double p(µt));

Respectively, these are the η , φ , C, π , X(µt), p(µt) and u functions from the paper. (The

specification used in section 3.3 can be instantiated via the PaperSpecification class in the

optimalpatents package. There is a static method

PaperSpecification.getBaseline() that returns the baseline parametrization.)

Value Function The value function class stores a value function and policy function. The

constructor

new ValueFunction(int N, int T) { ... }

instantiates an empty value function with patent duration T . The methods

void setPolicy(int χ, int τ, int ι, double i) { ... }

void setValue(int χ, int τ, int ι, double v) { ... }

set V (χ,τ, ι) = v and I∗(χ,τ, ι) = i, respectively. The values stores in the value function can then

be called using
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double policy(int χ, int τ, int ι) { ... }

double value(int χ, int τ, int ι) { ... }

The method

public SimulationResult simulate(int numPeriods, int

numDraws, Specification specs) {

...

}

returns a data structure, SimulationResult, that contains the results of the model simulated under

the value function with model specification specs. The method will simulate out to numPeriods

many periods, with numDraws many samples. SimulationResult contains statistics such as

expected discounted utility, average R&D spending, E [µt+1−µt ], etc.

ValueFunctionSolver This class contains the machinery for solving for MPEs. It has two

major static methods:

ValueFunction solveFixedN(Specification specs, int N, int T) { ... }

ValueFunction solveEndogenousN(Specification specs,

int Ninitial, int T) { ... }

The first method solve for the symmetric MPE value function for a fixed number of firms N and

patent policy T . The second method solves for the number of firms N(T ) that approximates the

zero-economic-profit condition (Ninitial is the user supplied guess of N(T )) and returns the MPE

value function.

The class also contains the more flexible methods that allow the user to specify the maximum

allowable iterations, a convergence criterion, Gauss-Jacobi vs. Gauss-Seidel updating, etc.
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B.7 Comparative Statics Tables in 3
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Low Entry Cost (x f = .0225)
∆ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1 10 11 .153 4 3 1.50 4.95 .15
1.5 10 14 .180 4 5 1.97 6.30 .19
2 7 15 .257 4 7 2.15 6.75 .35

2.5 7 18 .289 3 3 2.61 8.10 .42
3 6 20 .383 3 5 2.93 9.00 .30

3.5 6 23 .416 3 8 3.43 10.35 .51
4 6 27 .527 3 10 4.02 12.15 .05

Medium Entry Cost (x f = .045)
∆ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1 17 5 .088 7 1 1.25 4.50 .15
1.5 15 6 .103 5 1 1.55 5.40 .22
2 17 8 .145 6 2 2.12 7.20 .17

2.5 14 9 .167 5 1 2.45 8.10 .33
3 12 10 .223 6 4 2.78 9.00 .30

3.5 12 10 .223 5 2 2.77 9.00 .37
4 11 13 .309 5 4 3.72 11.70 .37

High Entry Cost (x f = .0675)
∆ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1 23 3 .059 11 1 .97 4.05 .11
1.5 26 4 .070 10 1 1.39 5.40 .13
2 25 5 .100 9 1 1.85 6.75 .09

2.5 23 6 .115 8 1 2.30 8.10 .15
3 21 7 .160 7 1 2.75 9.45 .24

3.5 16 7 .173 7 2 2.86 9.45 .41
4 15 8 .221 7 2 3.31 10.80 .26

Table B.2: Optimal policy as a function of breakthough size ∆
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Low Entry Cost (x f = .0225)
η̄ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.10 11 20 .317 3 1 2.83 9.00 .11

.15 7 19 .350 3 3 2.75 8.55 .30

.20 6 20 .383 3 5 2.92 9.00 .36

.25 6 22 .410 3 8 3.29 9.90 .46

.30 5 21 .438 3 10 3.19 9.45 .67

.35 5 23 .465 3 12 3.51 10.35 .65

.40 4 20 .485 2 1 3.15 9.00 .65

Medium Entry Cost (x f = .045)
η̄ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.10 20 9 .180 6 2 2.37 8.10 .19

.15 16 10 .202 6 3 2.74 9.00 .10

.20 12 10 .223 6 4 2.77 9.00 .41

.25 10 10 .240 6 5 2.86 9.00 .33

.30 10 11 .255 4 1 3.19 9.90 .46

.35 8 10 .298 4 1 2.98 9.00 .67

.40 7 10 .296 4 2 2.96 9.00 .53

High Entry Cost (x f = .0675)
η̄ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.10 48 6 .110 9 1 2.25 8.10 .02

.15 22 6 .140 8 1 2.31 8.10 .21

.20 21 7 .167 7 1 2.76 9.45 .22

.25 13 6 .170 7 2 2.43 8.10 .18

.30 14 7 .183 6 1 2.91 9.45 .33

.35 12 7 .191 6 2 2.95 9.45 .34

.40 11 7 .209 6 2 3.01 9.45 .43

Table B.3: Optimal policy as a function of breakthough probability η̄
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Low Entry Cost (x f = .0225)
λ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1.05 14 11 .201 6 3 1.53 4.95 .09
1.10 6 20 .383 3 5 2.93 9.00 .29
1.15 4 27 .520 2 6 4.08 12.15 .75
1.20 3 33 .637 2 19 5.03 14.85 .92
1.25 3 44 .634 2 31 8.43 19.80 .99

Medium Entry Cost (x f = .045)
λ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1.05 31 5 .102 7 1 1.27 4.50 .05
1.10 12 10 .223 4 1 1.15 9.00 .31
1.15 7 13 .291 3 1 3.22 9.90 .80
1.20 6 17 .387 2 1 5.07 15.30 1.09
1.25 6 23 .453 3 12 6.75 20.70 .98

High Entry Cost (x f = .0675)
λ T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

1.05 27 2 .059 19 1 1.37 2.70 .05
1.10 21 7 .154 7 1 2.76 9.45 .20
1.15 13 10 .229 5 2 4.94 13.50 .35
1.20 9 12 .291 4 3 5.05 16.20 .67
1.25 7 13 .334 3 2 5.74 17.55 1.28

Table B.4: Optimal policy as a function of quality step λ
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Low Entry Cost (x f = .0225)
α T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.20 12 19 .211 6 8 2.76 8.55 .32

.35 6 20 .383 3 5 2.92 9.00 .36

.50 4 19 .525 2 4 2.91 8.55 .49

Medium Entry Cost (x f = .045)
α T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.20 26 9 .111 8 1 2.43 8.10 .06

.35 12 10 .223 6 4 2.77 9.00 .41

.50 9 11 .320 4 4 3.15 9.90 .38

High Entry Cost (x f = .0675)
α T ∗ N (T ∗) E [µt+1−µt ] Tmin N(Tmin) R&D FC Π

.20 40 5 .070 15 1 1.92 6.75 .04

.35 21 7 .167 7 1 2.76 9.45 .22

.50 12 7 .237 5 2 2.84 9.45 .32

Table B.5: Optimal policy of success probability α
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