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Abstract

The goal of this thesis is to study several aspects arising from the notion of boundedness of
algebraic varieties.

In the first part of the thesis we will focus on the problem of stability of pluricanonical maps.
It basically says that the maps associated to the canonical divisor of a variety of positive Kodaira
dimension stabilize uniformly. We give a positive answer to this problem in the special case the
Titaka fibration has maximal variation and its image is not uniruled. Moreover, we provide effective
bounds.

It turns out that in order to extend these results when the image of the litaka fibration is uniruled,
one needs to study the pseudo-effective threshold. The problem reduces to proving that in the set of
pseudo-effective thresholds, 1 is not an accumulation point from below. Motivated by this problem,
we study in details the accumulation points of this set. In particular, we prove Fujita’s log spectrum
conjecture. Roughly speaking, it says that in the set of pseudo-effective thresholds the accumulation
points can be reached only from above.

In the second part of this work we work out similar properties of the nef threshold. For example,
we characterize the pairs (X, D) such that Kx + D is a limit of ample divisors of the form Kx +aD.
This result turns out to have applications in the study of Kéhler-Einstein metrics with with cone-
edge singularities, described by the cone-angle 27(1 —«) for a € (0,1). We show that in the negative

scalar curvature case, if such Kéahler-Einstein metrics exist for all small cone-angles then they exist

n+1

T 1), where n is the dimension. We also give a characterization of the pairs that

for every a € (
admit negatively curved cone-edge Kahler-Einstein metrics with cone-angle close to 27. Finally, we
show how in the positive scalar curvature case the existence of such uniform bounds is obstructed.
We characterize the obstruction using boundedness of Fano varieties.

These methods developed for Kahler-Einstein metrics can be used to investigate the geometry
of cusped complex hyperbolic manifolds. We derive effective very ampleness results for toroidal
compactifications of finite volume complex hyperbolic manifolds. We give effective bounds on the

number of complex hyperbolic manifolds with given upper bounds on the volume. Moreover, we

estimate the number of ends of such manifolds in terms of their volume.
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Chapter 1

Introduction

1.1 Overview of the results

In this section we give a brief overview of the results presented in this thesis. The following

conjecture is the motivating problem of a great part of this work.

Conjecture 1.1.1. Fiz two positive integers n and x. Then there is a positive integer my, , such
that for any m divisible by my ., the pluricanonical map G|y | is birationally equivalent to the

Litaka fibration of X for all smooth projective varieties X of dimension n and Kodaira dimension k.

The conjecture is known in the case k = n, see [Tsu06], [Tak06] and [HMO06]. If £ < n, Conjecture
1.1.1 can be divided in two different problems using the canonical bundle formula. Basically, it tells
us that in order to control m,, ., we need boundedness results both for the base and for the general
fiber of the Iitaka fibration. In this work, we will focus on boundedness results on the base. In
particular, we will study the birationality of certain adjoint linear systems on the base of the litaka

fibration. More precisely, we investigate the following problem.

Conjecture 1.1.2. Fix a positive integer n and a DCC set I C [0,1]. Then there exists a positive

integer my, 1 such that if
1. (X, A) is a kit pair with dim(X) = n,
2. coefficients of A are in I,

3. M is a nef Cartier divisor such that Kx + A + M is big,

then the linear series |m(Kx + A+ M)| defines a birational map for any m > my, 1.



Recall that a set I satisfies the DCC if every non-increasing sequence in [ is eventually constant.
Note that Conjecture 1.1.2 does not imply Conjecture 1.1.1, we also need to assume the boundedness
of some numerical parameters which appear in the canonical bundle formula and depend on the
general fiber of the litaka fibration. This is a very interesting problem on its own but it will not be
discussed in this work. See Section 3.4 for more details.

Our first result is the following.

Theorem 1.1.3. Let (X,A) be a kit pair. Let M be a big and nef Cartier divisor on X and E a

pseudo-effective Q-divisor on X. Then for any

ms (™ +2
2
the map induced by | [Kx + A+ E+ mM]| is birational.

Theorem 1.1.3 gives a partial positive answer to Conjecture 1.1.2 when E = (Kx +A) is pseudo-
effective and M is big. It is quite interesting that, in this case, we do not need any assumption
on the coefficients of A. Moreover, Theorem 1.1.3 implies Conjecture 1.1.1 in the case when f has

maximal variation and the image of f is not uniruled.

Corollary 1.1.4. Let X be a smooth projective variety of Kodaira dimension k and f: X --+Y be

the litaka fibration. Assume that
1. Y is not uniruled;
2. f has mazximal variation;

3. the generic fiber F' has a good minimal model.

F
2

divisible by b, the pluricanonical map ¢,k | is birationally equivalent to f.

Then for any

The number bp is the contribution given by the general fiber F' of the litaka fibration in the
canonical bundle formula. Conjecturally, F' always has a good minimal model and by results of
Kawamata and Fujino, the maximality of the variation of f is equivalent to the bigness of the
moduli part in the canonical bundle formula.

We can prove a more general result using the pseudo-effective threshold. We give a preliminary

definition which is suitable to the present setting.



Definition 1.1.5. Let (X, A) a lc pair and M a big divisor. The pseudo-effective threshold

T(X,A; M) of M with respect to (X, A) is defined by

T(X,A; M) :=1inf {t € R>¢ | Kx + A + tM is pseudo-effective} .

Furthermore, we define the Kodaira energy of M with respect to (X,A) as

(X, A M) =—-7(X,A, M).

We do not state here the precise generalization of Theorem 1.1.3 using the pseudo-effective
threshold, but it says that, if the variation of f is maximal, then it is enough to prove that the
pseudo-effective threshold is uniformly bounded away from one. See Theorem 3.4.5. In particular,
the problem reduces to understand if it possible that 1 is an accumulation point from below in the set
of pseudo-effective thresholds. Quite surprisingly, Fujita arrived to the same problem when he was
working on the classification of polarized pairs with bounded Kodaira energy. Fujita in conjectured
that the limit points can be reached only from below. This is the log spectrum conjecture and it is

the content of the next theorem.

Theorem 1.1.6. Let S' be the set of Kodaira energies where (X,A) is a pair with X smooth, A
is a reduced divisor with simple normal crossing support and M is an ample Cartier divisor on X.

Then for any real number x < 0 the set {t eSS |lr<t<az+ e} is finite, for € small enough.

Fujita proved the case when X has dimension three and A = 0 using boundedness of Fano
threefolds. Theorem 1.1.6 follows from a more general result on the ACC of a suitable set of pseudo-
effective thresholds. Furthermore, it implies that the pseudo-effective threshold, or the Kodaira

energy, is a rational number in many cases.

Corollary 1.1.7. Let (X,A) be a kit pair and let M be a big and nef divisor. Then 7(X, A; M) is

a rational number.

Analogously to the pseudo-effective threshold, one can define the nef threshold and study similar

properties. Here we study it in a slightly different setting.

Definition 1.1.8. Let X be a smooth variety and let D be a divisor such that Kx + tD is nef for

some t. The nef threshold n(X, D) of D with respect to X is defined by

(X, D) :=1inf {t € R>¢ | Kx +tD is nef}.



The nef threshold has been extensively studied in the minimal model program. For example, the
rationality theorem tells us that the nef threshold is a rational number with bounded denominator.
Assume that Ky + D is nef. Since the nef cone is a closed cone, we do not expect that n(X, D) is
strictly less than one. It is interesting to characterize the pairs where (X, D) < 1. We will give a
complete answer to this question in Chapter 4. Moreover, if Kx + D is also big, we characterize
when Kx 4+ D is a limit of ample divisors of the form Kx + aD and we give a uniform bound on

the nef threshold.

Theorem 1.1.9. Let X be a smooth projective variety and let D be a reduced effective divisor with
simple normal crossing support such that Kx + D is big and nef. Then Kx + aD is ample for
a € (Z—_T_é, 1) if and only if there are no irreducible curves C such that (Kx + D) -C = 0 and
Kx-C<0.

The previous theorem has some applications in the study K&ahler-Einstein metrics and in hyper-
bolic geometry. Let us mention few of them. In the last few years there has been a lot of interest in
Kéhler-Einstein metrics with cone-edge singularities along a divisor. Let (X, D) be a pair as in The-
orem 1.1.9. These metrics are smooth outside D and they have singularities along D of cone-angle
27(1 — ), where o € (0,1). Recently Jeffres-Mazzeo-Rubinstein [JMR11] and Mazzeo-Rubinstein
[MR12] obtained analytical breakthroughs regarding the existence and uniqueness of these metrics.
These results motivated a number of interesting questions that can be addressed using techniques
from birational geometry. More precisely, in this thesis we focus on characterizing those pairs (X, D)
for which a Kéhler-Einstein metric with cone angle 27(1 — ) exists for some « and we describe the
values « for which such a metric exists.

Among many other things, we have a satisfactory results for both small and large cone-angles in

the negative scalar curvature case.

Theorem 1.1.10. Let X be a smooth, n-dimensional projective variety and D C X a reduced simple

normal crossing divisor. The following are equivalent.

1. (X, D) admits negative Kihler-Einstein metrics with cone-edge singularities along D with cone

angles 2m(1 — ) for all « € (1 —€,1) and some € > 0.

2. (X, D) admits negative Kahler-Einstein metrics with cone-edge singularities along D with cone

n+1

angles 2m(1 — a) for every a € (15, 1).

3. The self-intersection (KX + D)n is positive, (Kx + D) -C > 0 for every curve C C X and
there are no curves C C X such that (Kx +D)-C =0 and Kx -C <0.



We will prove a similar theorem for cone-angles close to 2.

Remarkably, in the positive scalar curvature case the existence of such uniform bounds is ob-
structed for both small and large cone-angles. Nevertheless, we are able to quantify this obstruction
when —Kx or —(Kx + D) are ample. For example, when —K x is ample we are able to prove the

following.

Theorem 1.1.11. Let B be a set of pairs (X, D) such that X is a smooth projective Fano variety of
dimension n and D is a reduced effective divisor with simple normal crossing support. The following

are equivalent.

1. There exists a positive number ag < 1 such that —(Kx + aD) is ample for any o € [0, g) and

any (X, D) € B.
2. There exists a positive integer My such that D - (—Kx )"~ < My for any (X, D) € B.

We can prove an analogous statement for cone-angles close to zero. In this case the obstruction
depends only on (—(Kx + D))™. The proof of Theorem 5.1.3 heavily relies on boundedness of Fano
varieties and on effective Matsusaka’s theorem.

Let us mention few applications of the previous results in hyperbolic geometry. A classical
theorem of H. C. Wang [Wan72] implies that for fixed real dimension n > 4, and any positive
real number V', there are only finitely many complete non-compact locally symmetric Riemannian
manifolds with negative curvature and volume at most V' up to isometries.

As a final applications of Theorem 1.1.9, we show how to derive explicit bounds in the aforemen-
tioned theorem of Wang in the case of complex hyperbolic manifolds.

Let H™ be the complex n-dimensional hyperbolic space. We are interested in non-compact
complex hyperbolic manifolds with finite volume. These manifolds are obtained as X° := H"\I'
where I' is a non-uniform neat lattice of Aut(H™), see [AMRT10] for details. X° is a non-compact
manifold with finitely many ends.

Baily-Borel and later Mumford, Mok, and Siu-Yau proved that we can find a compactification
X* of X° such that the complement of X° in X* consists of only finitely many (singular) points,
called cusp points. Furthermore, there exists a smooth variety X, which is a resolution of X*, such
that each exceptional divisor over a cusp point is a smooth abelian variety. Let D be the sum of the
exceptional divisors on X. We will refer to (X, D) as a toroidal compactification of X°.

We would like to understand how some numerical properties of K x + D determine the geometry
of X. Our main technical result is that the divisor Kx + D is the limit of ample divisors of the form

Kx + aD. Moreover we can give a uniform lower bound on «.



Theorem 1.1.12. Let (X, D) be an n-dimensional toroidal compactification. Then Kx + aD is

ample for all o € (%=1,1).

n ?

The proof is based on Theorem 1.1.9, on estimates on the length of extremal rays of X and on the
existence of a negatively curved Kéhler-Einstein metric on X°. Theorem 1.1.12 has some geometrical
applications. Some of these results were known before using completely different techniques, mainly
coming from geometric topology.

We list here some of its applications.

Corollary 1.1.13. Let (X, D) be an n-dimensional toroidal compactification. Then m(Kx + D)

defines an embedding of X\D for any m > (n + 1)*.

The above corollary combined with a result of Fujiki on deformations and the effective bound
on the number of components of Chow varieties, gives an effective bound on the number of complex
hyperbolic manifolds with bounded volume.

As a final application, one can bound the number of cusps of toroidal compactification in terms

of the volume.

Corollary 1.1.14. Let (X, D) be an n-dimensional toroidal compactification. Then

number of cusps of X* < n"(Kx + D)".

1.2 Structure of the thesis

An outline of the chapters follows. Each chapter contains a brief introductory section and a
preliminary section.

Chapter 2 is a survey of previously known results in birational geometry and in the minimal
model program. The results presented in this chapter will be fundamental in the rest of this work.
In Chapter 3 we study effective birationality results for suitable linear series. In particular, we
derive some partial results of Conjecture 1.1.2 and Conjecture 1.1.1 and we prove the above stated
Theorem 1.1.3. We also introduce the notion of pseudo-effective threshold in this context. In the last
section of this chapter, we prove some applications of Theorem 1.1.3 which do not appear elsewhere
in the literature. Chapter 4 is devoted to the proof of the ACC for pseudo-effective thresholds. We
also give a proof of the log spectrum conjecture and we derive several rationality results for the

pseudo-effective threshold.



In Chapter 5 we start our work on Kéhler-Einstein metrics. We introduce the necessary notions
and we derive the previous theorems. Moreover, we study in details the nef threshold which is a key
tool for the proof. In the last chapter we apply the methods introduced in Chapter 5 in the setting
of toroidal compactifications and we derive the previously mentioned applications.

The results presented in this thesis are based on the papers [DiC11], [DiC12], [DD12a] and
[DD12b]. Moreover, the materials presented in Chapter 5 and Chapter 6 are based on joint works
with Luca F. Di Cerbo.



Chapter 2

Preliminary results

In this chapter we recall some definitions and we fix the notation. Moreover, we discuss some of
the results we will need later. We will mainly follow the books [KM98], [Laz04a] and [Laz04b].
Throughout this thesis, we will work over the field of complex numbers C. Unless otherwise

stated, the dimension of X will be denoted by n.

2.1 Divisors

Let X be a normal scheme. A Weil Z-divisor, or simply a divisor, on X is a finite formal Z-
linear combination D = Y a;D; of irreducible and reduced subschemes of codimension one. If in
the definition of Weil divisors we allow rational or real coefficients, we get the notions of Q-divisors
and R-divisors. In this work we will extensively use Q-divisor. A divisor D is called reduced if its
coefficients are in {0,1}. A Q-divisor D is Q-Cartier if mD is Cartier for some m € Q.

Let D be a Cartier divisor on X. If there exists a positive integer m such that H°(X, Ox(mD)) #

0, we can define a rational map

¢mD X - Ym C P(HO(Xv OX(mD)))

We are interested in the asymptotic behavior of these maps. The most basic birational invariant

is the maximal dimension of their images.

Definition 2.1.1. Let D be a Cartier divisor. We define the semigroup associated to D as

N(X,D) :={m > 0|H(X,O0x(mD)) # 0}.



Then the Kodaira dimension of a divisor is defined to be

K(X, D) = merj{ll(a))({,D){dim $mD}-

A fundamental notion of positivity is the following.

Definition 2.1.2. A divisor D is said to be big if it has mazimal Kodaira dimension, i.e. k(X,D) =

dim X.

For big divisor one can define an invariant which measure the asymptotic order of growth of the
dimension of global sections. First, recall that the growth of h°(X, Ox(mD)), as a function of m, is

bounded. The following theorem is usually known as the asymptotic Riemann-Roch theorem.

Theorem 2.1.3. Let X be a projective variety of dimension n. Let D and E be Cartier divisors.
Then
D" n n—1
x(X7(’)X(mD+E)):Fm +O(m™ ™).

In particular, there exists a constant C' such that for any m large enough

RY(X, mD) < Cm'.

Proof. We sketch the proof when X is smooth. Let H be a very ample divisor such that H + D is
very ample. By Bertini’s theorem, if we pick Y € |H| and Z € |H + D| general then Y and Z are

smooth. Consider the following short exact sequences,
0—>0x(mMD+E)—>Ox(mD+E+Y)—=Oy(mD+E+Y)—0,

and

0— Ox((m—-1)D+E) = Ox((m—1)D+E+Z) = Oz(m—1)D+ E+ Z) — 0.

Note that x(X,0x(mD + E+Y)) = x(X,0x((m —1)D + E + Z)). Taking the difference of
the Euler characteristic of the two sequences, the result follows.
For the second statement, when D is ample it follows from the first part of the theorem and Serre

vanishing. In general, we can reduce it to the case of ample divisors. Let H be an ample divisor



such that H — D is effective. Then

hY(X,Ox(mD)) < h*(X, Ox(mH)).

The previous result motivates the following definition.

Definition 2.1.4. We call the volume of D the following quantity

ro(X,0 D
vol(D) := lim sup w
m—s00 m"/n!
In particular, a divisor D is big if and only if vol(D) > 0. Unfortunately, in general, it is quite
hard to compute the volume of a divisor. On the other hand, for a special class of divisors it is
simpler.

Definition 2.1.5. A divisor D is nef if D - C > 0 for any curve C on X.

The asymptotic Riemann-Roch theorem implies that each cohomological function A’ has polyno-
mial growth of degree at most n. On the other hand, if D is nef one can prove more. See Theorem

1.4.40 in [Laz04a].

Proposition 2.1.6. Let D be a nef divisor. Then
hY(X,O0x(mD)) = O(m"™"),

which implies that
DTL
h(X,0x(mD)) = —m" + O(m"1).
mn.
In particular, for a nef divisor D, vol(D) = D™. So a nef divisor is big if and only if D™ > 0.
Going back to the birational behavior of ¢,,p, a celebrated theorem of ITitaka says that these

maps stabilize and they define a fiber space structure on X, up to a birational map. We refer to

[Laz04a] to more details and the proof of Iitaka’s theorem.

Theorem 2.1.7 (Titaka). Let X be a normal projective variety and D a Cartier divisor on X such
that k(D) > 0. Then for all sufficiently large m € N(X, D), the rational maps ¢mp : X --+ Yy, are
birationally equivalent to a fized algebraic fibre space

Poo t Xoo = Yoo

10



of normal varieties. More specifically, there exists a commutative diagram

X_(&H>Ym )

A
Uoo | Vm
|

Poo

Xoo — Y

where the horizontal maps are birational. Moreover, dimY, = k(D) and k(F,u% D|r) = 0,

where F is a very general fibre of ¢oo.

The theorem does not say anything about how large m should be. This problem will be exten-
sively studied in this thesis.

Note that all the definitions we gave in this section extend naturally to Q-Cartier Q-divisor. For
example, let D be a Q-Cartier Q-divisor such that mD is Cartier. Then the volume of D can be
defined as

vol(D) := =N vol(mD).
mTL

It is easy to check that the above definition does not depend on m.

2.2 Singularities of pairs

In birational geometry and especially in the minimal model program, we need to deal with some
classes of singularities of pairs (X, A). The definitions are a little bit technical but the idea is simple.
For a singular variety X we want to measure its singularities comparing Kx and Ky, where Y is a
resolution of the singularities of X. In case we have a pair (X, A) we will measure the singularities of
X and A together. In what follows we will use Q-divisors but most of the results can be generalized

to R-divisors.

Definition 2.2.1. A pair (X,A) consists of a normal variety X and a Q-Weil divisor A such that
Kx + A is Q-Cartier.

Let (X, A) be a pair. A log resolution of the pair is a birational map f : ¥ — X such that Y
is smooth, the exceptional set Ex(f) of f is a divisor and Ez(f) U f~!(Supp A) is a simple normal
crossing divisor.

We need a way to measure how singular a variety, or a pair, is. This measure is called discrepancy.

Definition 2.2.2. Let (X,A =5 d;A;) be a pair. Let f : Y — X be a birational morphism from a

normal variety Y. Let E CY be the exceptional locus of f and E; C E the irreducible exceptional

11



divisors. Let f71A = Y d;f7tA; denote the birational transform of A. Then there are rational

numbers a(E;, X, A) such that
Ky + f'A= f*(Kx + M)+ > a(E;, X, A).

a(E, X, A) is called the discrepancy of E with respect to (X, A). By definition, a(A;, X, A) = —d;
and a(D, X, A) = 0 for any other divisor D C X.

Definition 2.2.3. Let (X, A) be a pair. We say that (X, A) is a kit (resp. lc) pairif a(E, X, A) > —1
(resp. a(E,X,A) > —1) for every E.

The abbreviation “klt” stands for Kawamata log terminal and “lc¢” for log canonical. When X
is a smooth variety, the discrepancies measure how singular is the effective divisor A. In case A
has simple normal crossing support then we get only a restriction on the coefficients of A. More

precisely we have the following result, see Corollary 3.12 in [Kol97] for a proof.

Proposition 2.2.4. Let X be a smooth variety and A = > d;A; an effective divisor with simple

normal crossing support. Then (X, A) is kit (resp. lc) if and only if d; < 1 (resp. d; < 1) for all i.

A more delicate notion of singularities is called divisorial log terminal (abbreviated to dlt). These
singularities appear frequently in the minimal model program of pairs. DIt pairs are better behaved
than lc pairs and sometimes we can reduce problem from lc pairs to dlt pairs. In order to define dlt

singularities, we need a preliminary notion.

Definition 2.2.5. Let X be a variety, f : Y — X a birational morphism from a normal variety Y
and E CY an irreducible divisor. The closure of f(F) is called the center of E on X. It is denoted

by centerx F.
We can now define dlt singularities.

Definition 2.2.6. Let (X,A = > d;D;) be a pair with 0 < d; < 1. We say that (X,A) has dlt

singularities if there is a closed subset Z C X such that
1. X\Z is smooth and Alx\z is a snc divisor,

2. 4f f: Y — X is birational and E CY s an irreducible divisor such that centerx E2 C Z then
a(E,X,A) > —1.

D1t pairs are always limits of klt pairs. Moreover, a dlt pair (X, A) is klt if and only if |[A] = 0.
See [KM98] for more details.
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Another way to measure singularities is through multiplier ideals.
Definition 2.2.7. Let (X, A) be a pair. Let D be a Q-Cartier Q-divisor. The multiplier ideal of D
for the pair (X, A) is the sheaf

j((XvA)vD) = N*OY(KY - “L*(KX + A+ D)—I)v

where p Y — X is a log resolution of (X,A + D).

By definition, it is easy to see that for any Q-Cartier Q-divisor D, we have J((X,A), D) =
J((X,A+D),0). For this reason and to simplify the notation, we will write 7 (X, A+ D) instead of
J((X,A), D). Most of the time we will assume that D is effective, this implies that J(X, A+ D) C
Ox.

Definition 2.2.8. The non-klt locus Nklt(X, A) of a pair (X, A) is

NkIt(X,A) :={z € X | (X,A) is not klt at x}.

The connection between singularities and multiplier ideals is given by the following relation.

Nklt(X, A) = Supp(Ox /T (X, A))rea.

See [Laz04b] Section 9.3.B for the proof.
Multiplier ideals are fundamental tools for vanishing theorems. We state here the so called Nadel

vanishing theorem.

Theorem 2.2.9. Let (X,A) be a pair and let D be a Q-Cartier Q-divisor. Let N be a Cartier

divisor on X such that N — (Kx + A+ D) is big and nef. Then for any i > 0,

HY (X,0x(N)® J(X,A+ D)) =0.

For a proof of Nadel’s vanishing theorem see Theorem 2.16 in [Kol97] or Theorem 9.4.17 in
[Laz04b]. Since J(X,A) = Ox if (X,A) is klt, one recovers the classical Kawamata-Viehweg

vanishing theorem from the previous theorem.
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2.3 Base loci

Both in birational geometry and in the study of Kéhler-Einstein metrics is fundamental to under-
stand where the map associated to some power of a big and nef line bundle defines and embedding
into some projective space. This locus can be understood using a refinement of the stable base locus.
We recall here the key definition and we refer to Definition 10.3.2 in [Laz04b] and the discussion

there for more details.

Definition 2.3.1. The stable base locus of a divisor L is

B(L) := () Bs(jmL|),
m>1
where Bs(|L|) is the base locus of L.

The augmented base locus of a divisor L is the Zariski-closed set
B, (L) :=B(L —€A),

for any ample A and sufficiently small € > 0.

Note that B, (L) is a closed subset of X if and only if L is big and B (L) = () if and only if L
is ample. We will see how B (L) is related to the locus where the map ¢),,,z| is not an embedding,
for m sufficiently large.

Next, recall that B (L) can be written as

B (L)= (] Supp(E),
L=A+E

where the intersection is taken over all decompositions L = A+ FE, where A is ample and E effective,
see Remark 1.3 in [ELMNPO6]. Since X is noetherian and B (L) is a Zariski closed subset of X we
can find finitely many decompositions L = A; + E; such that B, (L) = N¥_, Supp(E;). In particular
this implies that for m large enough, the linear system |mL| defines an embedding of X\ B4 (L) into
some projective space.

Quite remarkably the augmented base locus of a big and nef divisor can be described numerically

thanks to a theorem of Nakamaye. See Theorem 10.3.5 in [Laz04b].

Theorem 2.3.2. Let X be a smooth projective variety and let L be a big and nef divisor on X.

Then B (L) is the union of all positive dimensional subvarieties V. C X such that LY9™(V) .V = 0.
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Note that if a subvariety V C X is such that L4(Y) .V =0 then V' C B, (L), so the content of
the theorem is to prove the converse.

The next lemma is a useful result to prove that a map is birational.

Lemma 2.3.3. Let X and Y be projective varieties and f : X --» Y a dominant rational map. If

there exists a dense set U C X such that f separates every pair of points in U then f is birational.

Proof. We can assume that X is smooth and f is a morphism. Let n be the dimension of X. By
generic smoothness, see Corollary I11.10.7 in [Har77], there exists a nonempty open subset V' C Y
such that fo : f~1(V) — V is a smooth morphism. Then by Theorem III.10.2 in [Har77], fy is
flat and all the fibres are equidimensional of dimension k. Since f~!(V) is open and nonempty,
we have that f~1(V)NU # 0. Let p € f~1(V)NU. By hypothesis, we know that for any point
q € f~Y(V)NU different from p, f(p) # f(q). In particular, fy is a finite map and there exists s
such that |f; ! (v)| = s for any v € V. Let U’ := f(U) C Y. Taking u € U' N W we see that s must

be one and in particular, f is a birational map. O

2.4 Minimal model program

In this section we describe the results we need from the minimal model program.

Definition 2.4.1. A 1-cycle is a formal linear combination of irreducible, reduced and proper curves
C =>"a;C;. Two I-cycles C,C" are called numerically equivalent if (C-D) = (C’-D) for any Cartier
divisor D. 1-cycles with real coefficients modulo numerical equivalence form a R-vector space and

we denote it by N1(X).
We are interested in particular subspaces of Ny (X).

Definition 2.4.2. Let X be a proper variety.
NE(X) := {Z wlCi]|CiC X, 0< a; € R} c Ny (X).

Let NE(X) be the closure of NE(X) in N1(X).
For any diwisor D, set D>g :={x € N1(X) | D -z > 0} and similarly for >0, <0 and < 0. Finally

NE(X)DZO = W(X) N DZO'
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Roughly speaking, the goal of the minimal model program is to find the simplest variety bira-
tionally equivalent to a given variety. The natural way to measure how simple a variety can be, is
to look at its canonical divisor and its intersection with curves on the variety. So it is fundamental
to understand (K x)<o inside NE(X). The celebrated cone theorem describe how the negative part
looks like: it is generated by countably many rational curves with bounded intersection with Kx.

For details see [KM98].

Theorem 2.4.3 (Cone theorem). Let (X, A) be a lc pair. Then there are countably many rational
curves C; C X such that 0 < —(Kx + A) - C; < 2n and

NE(X) = NE(X)(xx+a)20 + _ R>0[C}].

If X is smooth and A = () then we can choose Cj such that 0 < —Kx - C; <n+1.

In [KM98] the cone theorem is proved for klt pairs. The case of lc pairs is treated in [Amb03]
and [Fuj09].

We say that a divisor D is semi-ample if the linear system |mD]| is base point free for some m.
It will be important for us to understand if certain adjoint linear systems are semi-ample. Our main
tool to study semi-ampleness is the base point free theorem. It is one of the main step in the proof

of the cone theorem and it is of great interest on its own.

Theorem 2.4.4 (Base point free theorem). Let (X, A) a kit pair and let L be a nef Cartier divisor
such that aL — (Kx + A) is big and nef for some a > 0. Then the linear system |mL| is base point

free for any m > 0.

See [KM98] for the proof of the base point free theorem and more details.
A divisor is said to be strictly nef if L - C > 0 for any irreducible curve C. Note that a strictly
nef divisor is not necessary ample even if it is big. See Example 5.4.4. On the other hand, the base

point free theorem implies the following.

Corollary 2.4.5. Let (X,A) be a kit pair such that Kx + A is big and strictly nef. Then Kx + A

is ample.

Proof. Since Kx + A is big and nef by Theorem 2.4.4 it is semi-ample. Then for m big enough
m(Kx + A) is base point free and it defines a morphism ¢,k 4ay : X — Y C P*, where
k= dim H(X, Ox(m(Kx+A)))—1. Suppose C is a curve in some fiber of ¢ then (Kx +A)-C = 0,
but this is impossible since Kx + A is strictly nef. Then ¢ is a finite morphism and Corollary 1.2.15
in [Laz04a] implies that Kx + A is ample. O
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Note that the same proof tells us that strictly nef and semi-ample divisors are ample.
The base point free theorem can be regarded as one of the first step toward a solution of the

following conjecture.

Conjecture 2.4.6 (Abundance). Let (X, A) be a lc pair such that Kx + A is nef. Then Kx + A

is semi-ample.

The abundance conjecture in such generality it is known only if dim(X) < 3, see [Kol92],
[KMM94] and [KMMO04]. Furthermore the base point free theorem implies that if (X, A) is a klt
pair with Kx 4+ A big and nef then Kx + A is semi-ample.

Note that Conjecture 2.4.6 is not a trivial statement even for surfaces. If the abundance conjecture
holds then it implies that if Kx + A is strictly nef then it is ample.

The difference between abundance for klt pairs and abundance for lc pairs is very subtle. The
base point free theorem, as stated in Theorem 2.4.4, it is not know for lc pairs. Actually Theorem
2.4.4 for lc pairs in dimension n + 1 implies the abundance conjecture for klt pairs of any Kodaira
dimension in dimension n. In particular it implies abundance with X smooth and A = ). See
Theorem A.6 in [Laz09] for details.

Even tough the minimal model program is not fully established, we have some very useful partial
results. For us it will be very important the case when Kx + A is not pseudo-effective. In this case

it is know the the minimal model program ends up with a Mori fiber space.

Definition 2.4.7. Let (X, A) be a dlt pair. A projective morphism f : X — Z is a Mori fiber space
if Ox =0z, p(X/Z) =1 and —(Kx + A) is f~ample.

When Kx + A is not pseudo-effective, Corollary 1.3.2 in [BCHM10] allows us to run the MMP.
The following is a generalization of results in [BCHM10] to dlt pairs. See Theorem 2.15 in [Loh11]

for details.

Theorem 2.4.8. Let (X,A) be a dlt pair such that Kx + A is not pseudo-effective. Let H be an
ample divisor such that Kx + A+ H is nef. Then any (Kx + A)-MMP with scaling of H terminates

with a Mori fiber space.

We refer to [BCHM10] for more details and the relevant definitions.
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Chapter 3

Stability of pluricanonical maps

3.1 Introduction

In this chapter we introduce and study the problem of stability of pluricanonical maps. The

main motivating problem is the following conjecture, which we stated in the Introduction.

Conjecture 3.1.1. Fiz two positive integers n and . Then there is a positive integer my, ., such
that for any m divisible by my ., the pluricanonical map @iy | is birationally equivalent to the

Titaka fibration of X for all smooth projective varieties X of dimension n and Kodaira dimension k.

Note that in order to get a satisfactory answer we need to give also an effective bound on the
divisibility of m. After a great deal of work, Tsuji, Takayama and Hacon-M°Kernan proved the
case when k(X) = n. See also [HMO06], [Tak06] and [Tsu06]. Their result is not effective and it
remains a difficult question to find bounds for these numbers, see [CC10] for results in dimension
three. When £(X) < n the standard approach to this problem is to use the canonical bundle formula
of Fujino and Mori [FM00]. Roughly speaking, it says that for the litaka fibration f : X --» Y
the question is equivalent to finding a uniform bound for the birationality of linear systems on
Y of type Ky + My + By where (Y, By) is a klt pair and My is a nef Q-divisor. With this
approach m,, , depends also on some other numerical parameters which appear in the formula, see
Section 3.4 for details. Under these new assumptions there are some partial results. Fujino and
Mori proved the case k(X) = 1. Some years later Viehweg and Zhang in [VZ09] proved the case
k(X) = 2. If dim(X) = 3 Ringler gave a different proof in [Rin07]. For low dimensional varieties,
ie. dim(X) < 4, the log version of Conjecture 3.1.1 has been studied in [Tod10] and [TX09]. The

first result for arbitrary Kodaira dimension is due to Pacienza in [Pac09] but he needs to assume
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that Ky is pseudo-effective and My is big. Recently Jiang in [Jial2] proved the case where My
is numerically trivial by reducing the problem to a result on log pluricanonical maps in [HMX].
Furthermore, he proved the case Kk = n — 1. In Section 3.5 we will discuss in more details some of
his results. In summary, the canonical bundle formula suggests that we need some general theorems
for adjoint linear systems in order to prove Conjecture 3.1.1. More precisely, we would need exactly
Conjecture 1.1.2 stated in the Introduction. Pacienza derived his theorem on the uniformity of the

Titaka fibration thanks to the following result.

Theorem 3.1.2 (Pacienza [Pac09]). For any positive integers n and v, there exists an integer my,
such that for any smooth complex projective variety X of dimension n with pseudo-effective canonical
divisor, and any big and nef Q-divisor M on X such that vM is a Cartier divisor, the pluriadjoint
map

Gm(kxtar) : X —=» PHY(X, Ox (m(Kx + M)))
is birational for all m > my,, divisible by v.

His proof relies on some techniques developed by Takayama in [Tak06] and Debarre [Deb]. There
are some deep results involved, like Takayama’s extension theorem and the weak positivity theorem
of Campana [Cam04]. Unfortunately, all these theorems allow us only to derive non-effective state-
ments. On the other hand, Kollar’s proof in [Kol97] of Angehrn-Siu’s theorem is effective but it
only deals with big and nef divisors. In this chapter we explain how to use the method of Kollar to
derive an effective version of Pacienza’s theorem. Furthermore, our proof relies on more elementary

techniques. Our main result is:

Theorem 3.1.3. Let (X, A) be a kit pair. Let M be a big and nef Cartier divisor on X and E a

pseudo-effective Q-divisor on X. Then for any

m > 2
2
the map induced by | [Kx + A + E+mM] | is birational.

Taking X smooth, A =0 and F = (m — 1)K x we get an effective version of Theorem 3.1.2.
We now show how Theorem 3.1.3 gives a uniform result for the Iitaka fibration. Let f : X --» Y
be the litaka fibration of X. As we will see in Section 3.4 there are two positive integers b and NV,
depending only on the general fiber of f, such that bN My is a Cartier divisor. For the definition of

b and N see Definition 3.4.1. Furthermore we will see in Proposition 3.4.2 that |[mK x| gives a map
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birationally equivalent to the Iitaka fibration if and only if the linear series | |m(Ky + By + My)| |

gives a birational map. Then Theorem 3.1.3 implies the following.

Theorem 3.1.4. Let f : X --» Y be the litaka fibration of X, where X is a smooth projective

variety of Kodaira dimension k. Suppose Ky + By is pseudo-effective and My is big. Then for any

2
m>bN<H—2i_ )

divisible by DN, the pluricanonical map Q|| is birationally equivalent to the Ilitaka fibration.

One can give conditions only on X and the generic fiber of f such that Theorem 3.1.4 applies,
see for example Corollary 3.4.3. Of course we would like to prove a similar statement without the
assumption Ky + By pseudo-effective. In Section 3.3 we study the pseudo-effective threshold of a
big and nef divisor M with respect to (X, A). In particular, we obtain a similar result if we assume

that the pseudo-effective threshold is bounded away from one.

3.2 Pluriadjoint maps

The first result of this section is an application of Nadel’s vanishing theorem. It will be funda-
mental for the rest of the chapter. Combined by the theory developed by Anghern-Siu and Kollar

we will be able to derive the results above stated.

Proposition 3.2.1. Let (X, A) be a pair. Let M be a big and nef Cartier divisor on X and N be a
Cartier divisor on X such that N — Kx — A is pseudo-effective. Let x1 and xo be two general points

in X. Suppose there are tyg > 0 and an effective Q-divisor Dy such that
1. Dy ~qg toM;
2. x1,x2 € NKkIt(X, A + Dy);
3. 1 1is an isolated point in Nklt(X, A 4+ Dy).

Then for any m > to the linear system |N +mM| separates x1 and xs.

Proof. Let E a pseudo-effective Q-divisor such that N = Kx + A + E. Fix m > ty, and write
D := Dy+ E. Note that D is Q-linear equivalent to an effective Q-divisor. Let V' := Nklt(X, A+ D).
Let 21 and z2 be two general points not contained in Supp(E), then we have that z1,22 € V and

x1 is isolated in V. In order to get separation of points we want the following map to be surjective

H(X,0x(N +mM)) — H°(V,O0x (N +mM)|y).
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It fits in the long exact sequence given by
0> O0Ox(N+mM) J(X,A+ D)= Ox(N+mM)— Ox(N +mM)|y — 0,
then it is enough to prove that
HY(X,0x(N +mM)® J(X,A+ D)) =0.
Since
N+mM — (Kx +A+ D) ~q (m—tog)M

is big and nef, the above vanishing follows from Nadel vanishing theorem. O

Remark 3.2.2. In Proposition 3.2.1 we work with Dy ~q toM instead of working with Dy ~q
to(M + E) as Pacienza does in his Lemma 6.3. This is a crucial difference between our approach

and that of Pacienza. In particular, it allows us to work with more general linear series.
We recall a result of Kolldr in [Kol97], Theorem 6.5.

Theorem 3.2.3 (Kollar). Let (X,A) be a projective klt pair and M a big and nef Q-Cartier Q-
divisor on X. Let x1 and xo be closed points in X and c(k) positive numbers such that if Z C X s

an irreducible subvariety with x1 € Z or xo € Z then
(MY™Z . 7) > ¢(dim Z)4m 2,

Assume also that
- k
d Ve~ <1
c(k)
k=1
Then there is an effective Q-divisor D ~g M such that:
1. z1,20 € Nklt(X, A+ D),
2. x1 1is an isolated point in Nklt(X, A 4+ D).
Theorem 3.2.3 easily implies the following useful result.

Corollary 3.2.4. Let (X, A) be a kit pair. Let M be a big and nef Cartier divisor on X. Then for

any x1,x2 ¢ B (M) there exists an effective Q-divisor Dy with

1. Dy ~q ("5 M;
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2. x1,x9 € Nklt(X, Dy + A),
3. w1 1is an isolated point in Nklt(X, Dy + A).
Proof. Recall that B (M) is a proper subset of X if and only if M is big and
B, (M)= (] Supp(E),
M=A+E

where the intersection is taken over all decomposition M = A+ E, where A is ample and F effective.
Then for any variety Z through x1, 2 ¢ B (M) we have that M4™(?) . 7 > 0. Since M is Cartier,

(MdimZ . 7) > 1. Using the following inequality
— - 1 n+2
Z\@k<2(l+k)k< ) )1,
k=1 k=1
we see that the divisor ("3?)M satisfies the conditions of Theorem 3.2.3 with c(k) = ("1?). O

Now Theorem 3.1.3 is a consequence of the above results.

Proof of Theorem 3.1.3. By Corollary 1.4.3 in [BCHM10] we can assume that (X, A) is a Q-factorial
klt pair, see also Corollary 4.4 in [Lohl11] for a more detailed proof.

We can write

[Kx +A+E+mM]=Kx+A+E +mM,

where

EF':=FE+[Kx+A+FE]—-(Kx +A+E)

is a pseudo-effective Q-divisor. Then Proposition 3.2.1 and Corollary 3.2.4 imply that
|[Kx + A+ E+mM] | separates any two points 27 and x2 not in B (M). Since X — B4 (M) is a

dense open subset of X, the result follows from Lemma 2.3.3. O

Corollary 3.2.5. Let (X,A) be a kit pair with Kx + A pseudo-effective. Let M be a big and nef

Q-divisor on X. Let v be an integer such that vM is a Cartier divisor, then for any

- n+2
m 1%
2

divisible by v, the map induced by | [m(Kx + A+ M)] | is a birational map.

Proof. Let m be as in the statement and set E := (m — 1)(Kx + A). Then Theorem 3.1.3 gives the

result. O
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Note that if we take X smooth and A = 0, we get an effective version of Theorem 3.1.2.
Of course one can ask a weaker question about the non-vanishing of the cohomology group
H(X,Ox([m(Kx + A+ M)])). Using a similar version of Proposition 3.2.1 and Theorem 6.4 in
[Kol97] we get:

Theorem 3.2.6. Let (X,A) be a kit pair with Kx + A pseudo-effective. Let M be a big and nef

Q-divisor on X. Let v be an integer such that vM is a Cartier divisor, then for any

. n+1
2
divisible by v, | [m(Kx + A+ M)]| # 0.

In the application to the litaka fibration we need to study the round down of these linear series

instead of the round up.

Definition 3.2.7. The index of a variety X is the smallest natural number a(X) such that a(X)Kx

is a Cartier divisor.

Corollary 3.2.8. Let (X,A) be a kit pair such that Kx + A is pseudo-effective. Let M be a
big and nef Q-divisor on X and let v be an integer such that vM 1is a Cartier divisor. Suppose

|kA] > (k—1)A for any k € Z~q divisible by v and a(X). Then for any

ms o™ +2
2
divisible by v and a(X) the map induced by | |m(Kx + A+ M)| | is birational.

Proof. Let m be as in the statement, then we can write
Im(Kx + A+ M) =Kx+(m—1)(Kx +A)+ |mA] —(m—1)A+mM.

Let E:= (m—1)(Kx +A)+ |mA] — (m—1)A and note that Kx + E +mM is an Z-divisor. Then

the result follows from Theorem 3.1.3. O

3.3 Pseudo-effective threshold

In this section we deal with the case where Kx + A is not pseudo-effective. Following [BCHM10]

and [VZ09] we define the pseudo-effective threshold.
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Definition 3.3.1. Let (X, A) be a lc pair. Let M be a Q-divisor on X such that Kx + A +tM s
pseudo-effective for some positive t. We define the pseudo-effective threshold (X, A, M) of M with

respect to (X, A) as
T(X,A, M) :=inf{t e R| Kx + A+ tM is pseudo-effective} .

If there is no risk of confusion we denote it only by 7(M).

Proposition 3.3.2. Let (X,A) be a klt pair such that Kx + A is not pseudo-effective. Let M be a
big and nef Cartier divisor on X such that Kx + A+ M is big. Let 7(M) be the pseudo-effective

threshold of M with respect to (X, A). Then for any

> ran ()

the map induced by the linear system |[m(Kx + A+ M)]| is birational.

Proof. Let m be as in the statement. Since Kx + A + M is big, by Corollary 2.2.24 in [Laz04a], we

know that 7(M) < 1. Then we can find a rational number 7" such that 7(M) < 7’ < 1 and

1 n+2
1—7 2 ’

m >

We can write

m(EKx +A+M)=Kx+A+(m—-1)(Kx+A+7'M)+ (m(1l—71")+7")M.

In particular it is enough to prove that the map induced by round up of the linear system

Kx+A+(m—-1)(Kx+A+7M)+m(l—-7)M

is a birational map. Then the result follows from Theorem 3.1.3. [

Remark 3.3.3. In the next chapter we will prove that in the above setting T(M) is actually a

rational number.
We have an analogue statement for the round down.

Proposition 3.3.4. Let (X,A), M and 7(M) as in Proposition 3.2. Furthermore assume that
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[kA| > (k= 1)A for any k € Z~q divisible by a(X). Then for any

> r=an ()

divisible by a(X), the map induced by the linear system ||m(Kx + A+ M)|| is birational.

Proof. The argument is the same as in Proposition 3.3.2 and Corollary 3.2.8. O

3.4 Iitaka Fibration

We now show how the previous results gives the uniformity of the litaka fibration under some
extra conditions. We recall the canonical bundle formula and some of its properties, see [FMO00]
for details. Let f : X --» Y be the litaka fibration of X with Y nonsingular and general fiber F.
Blowing up X we may assume that f is a morphism. Then the canonical bundle formula says that

there are Q-divisors By and My such that for all sufficiently divisible m
H?(Ox(mKx)) = H*(Y, Oy (|m(Ky + By + My)])).

By is called the boundary divisor and it is an effective divisor such that (Y, By ) is a klt pair. My
is called the moduli part and it is a nef Q-divisor. We now define two numbers which play a key

role in the canonical bundle formula.

Definition 3.4.1. Let
b:=min{bt/ > 0| |VKr|#0}.

Let B be the (n — k(X))-th Betti number of a non-singular model of the cover E — F' associated to

the unique element of |bKp|. We define
N = N(B) :=lem{m € Zso | p(m) < B},

where o is the Euler function.
We list some properties we will need later.
Proposition 3.4.2. The following hold true:

1. bBN My is a Cartier divisor;
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2. for any m € Z~¢ divisible by b, we have

HY(X,0x(mKx)) = H(Y, Oy (|m(Ky + My + By)]));

3. for any m € Zsq divisible by bN, |mBy | — (m — 1)By s effective;
4. Ky + My + By is a big Q-divisor;
5. if F has a good minimal model and Var(f) is mazimal then My is big.

Proof. For (1), (2) and (3) see [FM00]. (4) follows from (2). Finally (5) follows from a theorem of

Kawamata in [Kaw85]. See also Corollary 3.1 in [Pac09]. O

In particular (2) implies that |mK x| is birational to the Iitaka fibration if and only if

| [m(Ky + My + By)]| gives a birational map.

Proof of Theorem 3.1.4. Tt is just Proposition 3.4.2 and Corollary 3.2.8 with a(Y) = 1 because Y is

smooth. O

Recall that by a theorem of Fujino in [Fuj03], k(My) < Var(f). In particular, since every variety
is conjectured to have a good minimal model, the bigness of My is conjecturally equivalent to the
maximality of the variation of f.

We can now prove an effective version of Theorem 1.2 in [Pac09].

Corollary 3.4.3. Let X be a smooth projective variety of Kodaira dimension k and f: X --+Y be

the litaka fibration. Assume that
1. 'Y 1is not uniruled;
2. f has mazximal variation;
3. the generic fiber F' has a good minimal model.

Then for any

2
m>bN<H—2i_ )

divisible by bN, the pluricanonical map ¢k | is birationally equivalent to f.

Proof. The main result in [BDPP] implies that if Y is not uniruled then Ky is pseudo-effective. By

Proposition 3.4.2 we know that My is big. Then Theorem 3.1.4 applies. L]
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If we use Theorem 3.2.6 instead of Theorem 3.1.3 we can prove the following.

Theorem 3.4.4. Let X be as in Theorem 3.1.4. Then for any

m>bN<HJ2rl>

divisible by bN, the cohomology group H°(X,Ox(mKx)) is non-zero.

In particular if K(X) = n — 2 we can choose b = 12 and N = 22.

If Ky + By is not pseudo-effective we have a similar result but the bound depends on the

pseudo-effective threshold 7(My ).

Theorem 3.4.5. Let f: X --+ Y the litaka fibration of X with general fiber F. Assume that
1. f has mazximal variation;
2. the generic fiber F' has a good minimal model.

Then for any sufficiently divisible

- bN K42
T My \ 2

the map associated to |mKx| is birational to the Iitaka fibration.
Proof. Apply Proposition 3.4.2 and Proposition 3.3.4 with a(Y") = 1. O
It is now natural to ask the following.

Question 3.4.6. Is it possible to find a universal bound T < 1 which depends only on the dimension

of Y, b and N such that 7(Y, By, My) <7 for any Y, By and My as in Theorem 3.4.5%

Viehweg and Zhang gave an affirmative answer to Question 3.4.6 in the case dim(Y) = 2, see
Lemma 2.10 and Lemma 2.11 in [VZ09]. This question will be the motivating problem of the next

chapter.

3.5 Further applications

In the last section of this chapter we derive some other applications of Theorem 3.1.3. Further-

more, after reviewing some results due to Jiang in [Jial2], we give an application of the stability of
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pluricanonical maps of varieties of Kodaira dimension n — 1. We prove an effective non-vanishing
results for the space of invariant pluricanonical sections of varieties of general type under the action
of a cyclic group.

The first application is again an effective birationality result. Let us recall some known facts.
Let L be an ample divisor. Kollar-Matsusaka proved that mL is very ample, where m depends only
on L™ and Ky - L™~ !. Furthermore, if we look at the effective version of their theorem proved by
Demailly and Siu, see Theorem 5.5.3, we see that if —Kx is nef then m can be chosen to depend
only on L™. In general it is not possible to choose m independently from L™. For an example see
Example 1.5.7 in [Laz04a]. On the other hand, Kollar’s effective base point freeness implies that if

—Kx is nef m depends on the dimension only.

Proposition 3.5.1. Fix n. Then there exists a positive integer m,, such that for any smooth variety

X with —Kx nef, any ample divisor L on X and any m > m,,, the divisor mL is very ample.
Proof. Apply the main theorem in [Kol93]. One can actually find an explicit value for m,,. O

Theorem 3.1.3 can be used to derive a birational analogue of the previous statement.
Corollary 3.5.2. Fiz n. Then there exists a positive integer m,, such that if

e X is a normal projective variety with dim(X) = n;

e L is a big and nef divisor on X;

e there exists an effective Q-divisor A such that (X, A) is kit and —(Kx 4+ A) is pseudo-effective,

then the linear system |mL| defines a birational map for any m > my,.
Proof. Put E = —(Kx + A) in Theorem 3.1.3. In this case m, can be chosen to be ("37?). O

2

The second application regards a cohomological criterion for uniruledness. A similar result is
proved by Nakamaye in [1] using completely different techniques. Our result is slightly more general

and it is effective.

Corollary 3.5.3. Let X be a smooth projective variety and let H be an ample divisor on X. Let

mg = (";2) Then X is uniruled if and only if
HY(X,0x(mKx +moH)) =0,

for allm > 1.
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Proof. Recall that by [BDPP], X is uniruled if and only if Kx is not pseudo-effective. If X is not
uniruled then the non-vanishing in the statement follows from Theorem 3.2.6.

Suppose HY(X,Ox(mKx +moH)) # 0 for all m > 1. Then there are effective divisors E,, such
that mKx +moH ~ E,,. Dividing by m and then taking the limit m — oo, we get that Kx is a

limit of effective divisors and in particular, it is pseudo-effective. O

Before giving the last application, we review some known results on stability of pluricanonical
maps. These results are mainly due to Jiang, see [Jial2]. We will use them to derive a theorem of
effective non-vanishing on some space of invariants. Before doing this, we recover his results using

the work in [HMX12].

Let us recall a fundamental theorem obtained in [HMX12].

Theorem 3.5.4 (Hacon-M®Kernan-Xu). Fiz a positive integer n and a set I C [0, 1], which satisfies

the DCC. Then there exists a positive integer mg such that if
1. (X,A) is a lc pair with dim(X) = n,
2. coefficients of A are in I,

3. Kx + A is big,

then ¢ m(kx+a) s a birational map for any m > my.

Recall that if we want to prove effective results for the Iitaka fibration we need to prove that
some power of Ky + By + My gives a birational map. The main problem is that we do not know
if the pair (Y, By + My) is lc or not. On the other hand, there is an important conjecture which
implies that it should be. See [PS09].

Conjecture 3.5.5. [Prokhorov-Shokurov] There exist a birational model Y — Y and a positive

integer I, depending only on n, such that IMy is linearly equivalent to a base point free divisor.
Combining the above statements we get.

Theorem 3.5.6 (Jiang). Conjecture 3.5.5 implies Congecture 3.1.1 under the assumption that my,

depends also on b and N.

Basically, the only case when Conjecture 3.5.5 is known is when the fibers of the Iitaka fibration
have dimension one. In this case My comes from the moduli space of elliptic curves. More precisely,

My ~g J*(Op1(1)), where J is defined by the j-invariant. This implies the following.
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Corollary 3.5.7 (Jiang). Let X be an n-dimensional smooth projective variety of Kodaira dimension
n—1. Then there exists a positive integer m,,, depending only on n, such that ¢mi, s birationally

equivalent to the Iitaka fibration for any m divisible by m,,.

Since the dimension of the fiber is one, in this case we know the boundedness of b and N.
Moreover, Corollary 3.5.7 gives an effective non-vanishing result for H°(X, Ox(mKx)). Even though
this result is about varieties with x(X) = n — 1, we can use it to derive information about varieties
of general type. The following construction is inspired by a paper of Hanamura [Han85], in which

he was trying to find counterexamples to Corollary 3.5.7.

Theorem 3.5.8. Fix a positive integer n. Then there exists a positive integer m,, such that
for any n-dimensional variety of general type X and any cyclic group G acting on X, we have

HY(X,0x(m,Kx))¢ # 0.

Proof. Let E be an elliptic curve. Let 2 € E be a point of order |G| and let g be a generator of G.
We can define an action of Gon F as g-y: =z +y. Let Y := (X x E)/G, where G acts diagonally

on (X x E). We have the following diagram

X xE Yy,
_—
E E/G

where the horizontal maps are the quotient maps. Since 7 is étale, we have k(Y) = k(X x E) =

n — 1. Furthermore,

HO(Y,0y(mKy)) = H' (X x E,Oxxp(mKxxg))® = H (X, Ox(mKx))C.

Finally, Corollary 3.5.7 gives the result. O
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Chapter 4

Log spectrum conjecture

4.1 Introduction

In a series of papers, Fujita introduced what he called the Kodaira energy of a polarized variety
and he used it to study the adjunction theory of polarized varieties. See [Fuj92], [Fuj95], [Fuj96] and

[Fuj97] for details. Let us recall the definition.

Definition 4.1.1. Let (X, A) a lc pair and let M be a big divisor. The Kodaira energy of (X, A, M)
is defined by
ke(X, A, M) := —inf {t € Qx¢ | K(Kx + A+ tM) > 0}.

Of course the interesting case is when Kx + A is not pseudo-effective. Using techniques from
the minimal model program, Fujita proved that xe(X, A, M) is a rational number if (X, A) is log
terminal, X has dimension at most three and M is big and nef, see Theorem 2.2 in [Fuj96]. Moreover
in [Fuj92], he stated the so called spectrum conjecture. It says that if A =0 and M is ample then
the set of negative Kodaira energies is finite away from zero. The goal of this chapter is to prove an
analogue of the spectrum conjecture for pairs. It is easy to see that in this case the set of Kodaira
energies is not discrete. On the other hand, Fujita conjectured that the limit points can be reached
only from below, see [Fuj96] and [Fuj97]. This is the content of the log spectrum conjecture and it

is one of the main results of this paper.

Theorem 4.1.2. Let S' be the set of Kodaira energies where (X,A) is a pair with X smooth, A
is a reduced divisor with simple normal crossing support and M is an ample Cartier divisor on X.

Then for any real number x < 0 the set {t eSklz<t<az+ e} is finite, for € small enough.
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Fujita proved that if A = () and dim(X) < 3 then the set of negative Kodaira energies is finite
away from zero using boundedness of Fano threefolds with terminal singularities. See Theorem 3.4.1
in [Fuj96]. Our approach is different. We will show how techniques from the minimal model program
and the recent results in [HMX12] allow us to prove Theorem 4.1.2. We will actually prove a more
general result on a set of pseudo-effective thresholds. Moreover, this will imply that the Kodaira
energy is a rational number in many cases. Note that the question of the rationality of the Kodaira
energy has been extensively studied. For example see [AHKO07], [Aral0], [BCHM10] and [DHP10].

Throughout this chapter we will work with the pseudo-effective threshold instead of the Kodaira
energy. For its definition see Definition 3.3.1. It seems that the former invariant is more suitable for
the minimal model program and it applies to a more general setting.

Recall that in the case M is big, the pseudo-effective threshold and the Kodaira energy are easily
related by the formula

ke(X, A M) = —7(X, A; M).

We will study an analogue of Theorem 4.1.2 for pseudo-effective thresholds in a slightly more
general form, namely we allow the coefficients of A and M to vary in some fixed sets. In order to

simplify the presentation of our results, let us first introduce some notation.

Definition 4.1.3. Fiz a positive integer n and two subsets I C [0,1] and J C R. Then we define
D, (1,J) to be the set of all lc pairs (X, A) with an effective R-divisor M on X such that X is a
projective variety of dimension n, the coefficients of A (resp. M ) are in I (resp. J) with (X, A+tM)

lec and Kx + A + tM pseudo-effective for some t > 0.
The main object of study of this chapter is the following set.

Definition 4.1.4. Fiz a positive integer n and two subsets I C [0,1] and J C R. We define the set

To(L,J) = {r(X,A; M) | (X,A; M) € D, (I, J)}.

We can now state our main theorem.

Theorem 4.1.5. Fiz a positive integer n and two sets I C [0,1] and J CR. If I and J satisfy the

DCC then T, (I, J) satisfies the ACC.

Note that we don’t require M to be an ample divisor. If the coefficients of A or M are not in a

DCC set, then it is easy to see that the above result is false even in dimension one.
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Theorem 4.1.5 implies that the Kodaira energy is a rational number if (X, A, M) satisfy the
above conditions with I and .J sets of rational numbers, see Corollary 4.3.6.

Our main motivation in studying the ACC for pseudo-effective thresholds comes from effective
birationality results of certain adjoint linear systems as explained in Chapter 3. On the other hand,
we believe that these results have other applications. For example the pseudo-effective threshold
is fundamental in the construction of Tamagawa numbers and it appears in formulas computing
the asymptotic numbers of rational points of bounded heights. See [Bat98], [Fuj95] and [Tsc03] for

details.

4.2 Preliminaries

Let us define what ACC and DCC stand for.

Definition 4.2.1. Let I C R.

We say that I satisfies the ACC (ascending chain condition) if every non-decreasing sequence
{z;} C I is eventually constant.

We say that I satisfies the DCC' (descending chain condition) if every non-increasing sequence

{z;} C I is eventually constant.

Given any effective divisor M on a variety X, we define a global invariant which measures the

singularities of M and X.

Definition 4.2.2. Let (X,A) be a lc pair and let M be an effective R-divisor. The log canonical

threshold of M with respect to (X, A) is defined by

let(X, A; M) :=sup {t € R>o | (X, A +tM) is lc}.

Fiz a positive integer n and two subsets I,J C R. Let

LCT,(I,J) := {let(X, A; M)},

where (X, A) is a lc pair and the coefficients of A (resp. M) belong to I (resp. J).
One of the main theorems in [HMX12] is that the above set satisfies the ACC.

Theorem 4.2.3 (Hacon, M®Kernan and Xu). Fiz a positive integer n, I C [0,1] and J CR. If I
and J satisfy the DCC then LCT, (I, J) satisfies the ACC.
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The proof of the above theorem is a very intricate induction procedure based on four theorems.

One of these theorems will be fundamental for us. See Theorem 1.5 in [HMX12].

Theorem 4.2.4 (Hacon, M®Kernan and Xu). Fiz a positive integer n € N and a set I C [0,1],

which satisfies the DCC. Then there is a finite subset Iy C I such that if
1. X is a projective variety of dimension n,
2. (X,A) is log canonical,
3. A= 6;A; whered; €1,
4. Kx + A =0,
then 6; € Iy.

In order to apply Theorem 4.2.4 we need to run the minimal model program with scaling. As
we said in Chapter 2, we know how to do it only for dlt pairs. On the other hand, dlt models allow
us to avoid this difficulty in some cases. We state here the result we need and we refer to [Koll3]

for a proof.

Lemma 4.2.5. Let (X,A) be a lc pair. Then there is a proper birational morphism g : XU — X

with exceptional divisors E; such that
1 (XM g A + 3T E;) is dlt,
2. XU s Q-factorial,
3. Kxaw+9;"A+ Y E;i ~q g*(Kx + A).

We can now apply the above lemma to reduce the study of pseudo-effective thresholds from lc

pair to dlt pairs.

Lemma 4.2.6. Let (X,A) be a pair with an effective divisor such that (X, A + tM) is lc and
Kx + A+ tM is pseudo-effective for some t > 0. Let I and J be two sets such that the coefficients
of A (resp. M) are in I (resp. J). Then there exists X' with effective divisors A" and M’ such
that:

1. Kx/ + A" +tM' is dit and pseudo-effective for some t > 0,
2. the coefficients of A" (resp. M) belong to I U {1} (resp. J),
3. (X, A M) =7(X',A" M.
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Proof. Let 7 := 7(X, A; M). By assumption (X, A+ 7M) is a lc pair. By Lemma 4.2.5 we can take
its dlt model (XU g A+ E; + g, M).

Let X' := XU A := g, 'A+Y" E;and M’ := g, M, then Kx/+A'+7M' ~g g*(Kx+A+7M).
Since the right hand side is pseudo-effective, we have that 7(X’, A’; M') < 7. On the other hand

g« (Kx/ + A +tM'") ~g Kx + A+ tM for any ¢t > 0, thus 7(X',A"; M') = 7. O

4.3 ACC for pseudo-effective thresholds

In this section we prove Theorem 4.1.5 and we give some applications. In particular we will prove
Theorem 4.1.2. First we show that if J satisfies the DCC, or more generally if it admits a strictly
positive minimum, then there are no diverging increasing sequences in 7, (I, J). This is a simple

consequence of the fact that (X, A 4+ tM) is lc.

Lemma 4.3.1. Fix a positive integer n and two subsets I C [0,1] and J C R. If J admits a strictly

positive minimum then there exists a positive real number o such that T,(I,J) C [0, a].

Proof. Let § := min(J\ {0}). Since (X, A + tM) is lc it implies that also (X, A +7M) is lc, where
7:=7(X,A; M). Then the coefficients of A+7M are less than one and in particular 7, (I, J) C [0, o],

where a = § 1. O

Note that in general if we don’t ask that (X, A + tM) is lc, we can find diverging sequences of
pseudo-effective thresholds even if I = () and J is a finite set. So without any assumption it does

not satisfy the ACC.

Example 4.3.2. Let X, := P(O¢c @ L) where C = P! and L is a line bundle of degree —e < 0. X,
is usually called the e-th Hirzebruch surface. Recall that its canonical divisor is given numerically
by Kx, = —2Cy— (e+2)f. Let M = Co + f. It is easy to see that M is big but not nef. A simple

computation shows that 7(X., M) > e+ 2.

On the other hand, if we add some positivity to the divisor M we can obtain a uniform upper
bound on 7(X, A; M) without asking the pair (X, A + 7M) to be lc. For example, Theorem 3.2.3
implies that if M is a big and nef Cartier divisor then 7(X, A; M) < (";1)

We are now ready to prove Theorem 4.1.5. Compare with Proposition 8.7 in [DHP10] and Lemma
3.1 in [Gonl2].

Proof of Theorem 4.1.5. Let 7 := 7(X,A; M) € T,(I,J) such that 7 > 0. By Lemma 4.2.6, we can

assume that (X, A+ 7M) is a dlt pair. For any = < 7 the pair (X, A+ zM) is also dlt by Corollary
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2.39 in [KM98]. By Theorem 2.4.8, we can run a Kx + A + M minimal model with scaling and
end with a Kx + A + M Mori fiber space Y, — Z, with generic fiber F,.. Let f: X --» Y, be the

birational map given by the MMP. By definition of Mori fiber space, we have that

Kp, + Ap, +2Mp, := (Ky, + f«(A+2M))|F,,

is anti-ample and in particular z < n(z) := 7(F,;, Ap,; Mp,). Note that the coefficients of Ap,
(resp. Mp,) belong to I (resp. J). Since Kp, + Ap, + 7Mp, is pseudo-effective, n(z) < 7. Then
x<n(xz)<r, forany 0 <z <7.

We want to prove that if = is sufficiently close to 7 then (Fy,Ap, + n(z)Mp,) is a lc pair.
Suppose by contradiction that lct(z) = let(Fy, Ap,;aMp,) < n(z) for any z close to 7. We
define an increasing sequence {z;} converging to 7 with the following properties: 0 < z; < 7 and
let(x;) < wip1 < n(z;). Since (Fi, Ap, + v;Mp,) is dlt, we know that z; < lct(z;). In particular,
we get an increasing sequence of lc thresholds converging to 7. This contradict the ACC for log
canonical thresholds, Theorem 4.2.3.

We prove the theorem by induction on the dimension of X. If dim(X) = 1 the result is obvious.

Let (X;,A;) be a sequence of pairs with effective divisors M; on X; such that the sequence
7 = 7(X;, Ay; M;) is non-decreasing. We want to prove that the sequence is eventually constant.
Choose 0 < z; < 7; sufficiently close to 7; such that the pair (F;, Ap, +n;MFp,) is lc, where F; := Fy,
and n; = 7(F;, Ap,;; Mp,). Recall that z; < n; < 7;. Furthermore, we can choose the sequence
{z;} such that each 0 < z; < 7; satisfy also x; > 7;_1. Since n; > x; > n;_1, we have that
the sequence {7;} is increasing. By construction, it is enough to prove that the sequence {n;} is
eventually constant.

Passing to a non-decreasing subsequence we can assume that dim(F;) is constant. If dim(F;) < n
then by induction we conclude that the sequence {n;} is eventually constant. So we can assume that
Y; has Picard number one for any i. Then Ky, + Ay, +7;M, = 0 and the pair (Y;, Ay, + n;My,) is
le. Since {n;} is non-decreasing, the coefficients of Ay, 4+ n; My, are in a DCC set.

We can now apply Theorem 4.2.4 to the pairs (Y;, Ay, + n;My;). It implies that the sequence

{n;} is eventually constant and then also {7;} is eventually constant. O
As a first consequence, we prove Theorem 4.1.2.

Proof of Theorem 4.1.2. The proof is by contradiction. Recall that ke(X, A, M) = —7(X,A; M).

Assume that the statement of Theorem 4.1.2 does not hold, then there exists a sequence of pairs
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(X, A;) with ample divisors M; such that their pseudo-effective thresholds 7; := 7(X;, A;; M;) define
an increasing sequence that converges to some positive number. Let H! := Kx, + A; + 2n?M,.
By Theorem 1.1 in [Fujl0], we have that H] is a globally generated ample divisor on X; and
Kx, + A; + H/ is pseudo-effective. Choose a general element H; € |H!| such that (X;, A; + H;) is
le. Let n; := 7(X;, A;; H;). Note that n; € T,({1},{1}) for every i. Furthermore,

Kx, +A; +tH; ~ (t+1)(Kx, + A;) + 2n*tM;.

This implies that

Ti_QTLQ(l L )
n+1

A simple computation shows that the sequence {7;} is increasing as well. This contradicts
Theorem 4.1.5 with I = J = {1}.
O

Looking at the proof of the Theorem 4.1.5, we deduce a structure result for the set 7, (I, J). To

make the presentation easier, we introduce the following set.

Definition 4.3.3. Define
To (I, J) = A{7(X,A; M) € To(1,J) | p(X) = 1},

where p(X) is the Picard number of X.

Corollary 4.3.4. Fiz a positive integer n and two sets I C [0,1] and J CR. If I and J satisfy the
DCC then
Toll, ) = | (I, 7).
j=1

Proof. First we prove that T,(I,J) 2 U?:1 T7(I,J). Clearly it is enough to prove that 7, 1(I, J) C
T.(I,J). Let E be an elliptic curve. If (X,A; M) € D,_1(1,J), we define X' = X x E, A'=AXE
and M’ = M x E. By construction (X', A’; M") € D, (I, J) and they have the same pseudo-effective
threshold.

It remains to prove the other inclusion. If we prove that
n—1
Toll, ) S T2 ) U | Tl D),
j=1

then we are done applying induction on n.
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Let 7 := 7(X,A; M) € To(I,J). If p(X) =1 then 7 € T°(1,J). Suppose that p(X) > 1. Let
{z;} be a non-decreasing sequence such that 0 < z; < 7, limz; = 7 and x; > n(x;—1), where n(z;)
is obtained as in the proof of Theorem 4.1.5. Then x; < n(x;) < 7 for any 4 and limn(x;) = 7. By
Theorem 4.1.5 the sequence {n(x;)} is eventually constant and in particular, there exists an i such

that n(z;) = 7. O

Fujita in [Fuj96] proved a similar result when n = 3 and A = ().
As a corollary of the structure theorem of 7,(I,.J), we have that the set of pseudo-effective

thresholds is contained in the rational numbers.
Corollary 4.3.5. If I C[0,1]NQ and J C Q satisfy the DCC then T,(I,J) CQnNI0,1].

Proof. We prove the result by induction on the dimension of X. If dim(X) = 1 it is obvious. By
Corollary 4.3.4, we have that
n
To(I,J) = U T, J).
j=1

By induction, it is enough to prove that 7,2(I,J) C QNI0,1]. If 7 € T,°(I, J) is different from zero,
then M is an ample divisor. Since Kx + A + 7M = 0, we see that 7 is the the nef threshold of M

with respect to (X, A). Then the Rationality Theorem in [KM98] implies that 7 € Q. O
In particular, if we fix a lc pair (X, A) we get Proposition 8.7 in [DHP10].

Corollary 4.3.6. Let (X,A) be a lc pair with A an effective Q-divisor. Let M be an effective
Q-divisor such that (X, A +tM) is lc and Kx + A+ tM is pseudo-effective for some t > 0. Then

7(X,A; M) is a rational number.

Proof. Let I (resp. J) be the set of coefficients of A (resp. M). Since they are both finite sets, we

can apply the above corollary. O
We can now give a generalization to lc pairs of Corollary 1.1.7 in [BCHM10].

Corollary 4.3.7. Let (X,A) a lc pair with A an effective Q-divisor and M an ample Q-Cartier

divisor. Then 7(X,A; M) is a rational number.

Proof. Replacing M with a sufficiently high power of itself, we can assume that 7(X,A; M) < 1.
The result follows from the fact that we can find an effective divisor M’ such that M’ ~g M and

(X, A+ M) is le. O

If (X, A) is a klt pair we can generalize the above statement when M is only big and nef.

38



Corollary 4.3.8. Let (X,A) a kit pair with A an effective Q-divisor and M a big and nef Q-Cartier

divisor. Then (X, A; M) is a rational number.

Proof. As before, we can assume that 7(X, A; M) < 1. By Proposition 2.61 in [KM98], we can write
M = Ax + (1/k)E for k large enough. In the previous decomposition Ay is an ample Q-divisor and
E is an effective Q-divisor. Choosing k sufficiently large, we can assume that (X, A+ (1/k)E) is a
klt pair. Finally, there exists an effective divisor A’ that is Q-linearly equivalent to Ay such that
(X, A+ A"+ (1/k)E) is klt. Note that M = A’ + (1/k)E so we don’t change the pseudo-effective

threshold. Then Corollary 4.3.6 applies. O

Let us conclude this section with a slightly different version of Theorem 4.1.2.

Corollary 4.3.9. Fiz a positive integer n and a DCC set I C [0,1]. Let T,(I) be the set of pseudo-
effective thresholds T(X, A; M) where (X, A) is a klt pair such that dim(X) = n, the coefficients of
A arein I, —(Kx + A) is nef and M is a big and nef Cartier divisor on X. Then the set T, (I)
satisfies the ACC.

Proof. Since M — Kx — A is big and nef, Theorem 1.1 in [Kol93] implies that we can find a
positive integer m’, which depends only on n, such that m’M is base point free. Choose m :=
max {m’, ("3')}. Then Theorem 5.8 in [Kol97] implies that Kx + A + mM is pseudo-effective.
Since mM is base point free, we can choose a general element H € |[mM| such that the coefficients
of H are all equal to one, (X,A+ H) is lc and Kx + A 4+ H is pseudo-effective. Finally, Theorem

4.1.5 gives the result. O

4.4 Effective birationality

Recall that in Chapter 3 we proved the following result.

Theorem 4.4.1. Let (X, A) be a kit pair. Let M be a big and nef Cartier divisor on X such that
Kx + A+ M is big. Let 7 := 7(X,A; M) be the pseudo-effective threshold of M with respect to

S 1 n—+2
m
1—7 2

the map induced by the linear system |[m(Kx + A+ M)]| is birational.

(X,A). Then for any

In order to give a uniform bound, it suffices to bound away from 1 the pseudo-effective threshold.
If (X,A; M) € D,(I,N) then it follows from Theorem 4.1.5. In particular, Conjecture 1.1.2 is true

in this case. Note that we don’t assume that (X, A + M) is lc, but it is close to be lc.
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Corollary 4.4.2. Fiz a positive integer n and a DCC set I C [0,1]. Then there exists m, ; such
that the map associated to the linear system [m(Kx + A+ M)] is birational for any m > my, 1 and

any (X, A; M) € D, (I,N) with M a big and nef Cartier divisor.
Combining Theorem 4.4.1 and Corollary 4.3.9 we get the following.

Corollary 4.4.3. Fixz a positive integer n and a DCC set I C [0,1]. Then there exists a positive

integer my, 1 such that if
1. X is a projective variety with dim(X) = n,
2. (X,A) is a klt pair such that —(Kx + A) is nef,
3. the coefficients of A are in I,
4. M is a big and nef Cartier divisor such that Kx + A + M is big,
then the map associated to the linear system [m(Kx + A+ M)] is birational for any m > my, 1.

Note that if 7 = 0 in Theorem 4.4.1 we don’t even need that the coefficients of A are in a DCC

set. Analogously, as a corollary of [HMX12], we have.

Corollary 4.4.4. Fiz a positive integer n and a positive real number 6. Then there exists a positive

integer my, 5 such that if
1. (X,A) is a lc pair,
2. dim(X) = n,
3. Kx is pseudo-effective,
4. A=>"a;A; with a; >0,
5 Kx + A is big,
then the map associated to |m(Kx + A)| is birational for any m > my, 5.

Proof. Since Kx is pseudo-effective, 7(X, A) = 0. This implies that Kx + «A is big for any « > 0.

Choose o := min {1,d}. Then Theorem C in [HMX12] gives the result. O

If we want to deal with effective birationality results, maybe the condition (X, A+ 7M) is lc can
be substituted with a more suitable condition. A possible way to overcome this difficulty may be

the following.
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Question 4.4.5. Fizn and a DCC set I. Let (X, A) be a kit pair with coefficients of A in I and let
M be a big and nef Cartier divisor on X. Suppose that Kx + A+ M is big and vol(Kx +A+M) < 1.

Is the pseudo-effective threshold (X, A; M) uniformly bounded away from one?

Even if the previous question seems very restrictive, using the argument in [Jial2] and Theorem

4.4.1, it implies the uniformity of the litaka fibration when the variation is maximal.
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Chapter 5

Nef threshold and Kahler-Einstein

metrics

5.1 Introduction

G. Tian [Tia96] outlined a very general program for the construction of incomplete Kéahler-
Einstein metrics on quasi-projective varieties X \ D where X is a smooth projective variety and
D C X is a simple normal crossing divisor. Such metrics have cone-edge like singularities along D,
their asymptotic behavior is described by the cone-angle 27(1 — «) for o € (0,1). These metrics
have been extensively studied, see for example [Tia96], [Don10], [Ber11], [Brell], [CGP11], [JMR11],
[MR12]. Recently, Jeffres-Mazzeo-Rubinstein [JMR11] and Mazzeo-Rubinstein [MR12] made sub-
stantial progress toward the completion of Tian’s original program. In particular, they show that
such metrics, with negative scalar curvature and cone angle 27(1 —«), exist when Kx 4+ aD is ample,
see also [CGP11] for the case a € [1,1).

In this chapter we consider two questions motivated by these results.

e Characterize those pairs (X, D) for which a Kahler-Einstein metric with cone angle 27 (1 — «)

exists for some «.

e Given (X, D), describe the values « for which such a metric exists.

We have a satisfactory answer to these questions for small cone-angles in the negative scalar

curvature case.
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Theorem 5.1.1. Let X be a smooth, n-dimensional projective variety and D C X a simple normal

crossing divisor. The following are equivalent.

1. (X, D) admits negative Kihler-Einstein metrics with cone-edge singularities along D with cone

angles 2w (1 — «;), where {c;} is a sequence converging to 1 from below.

2. (X, D) admits negative Kdhler-Einstein metrics with cone-edge singularities along D with cone

n+1 1)

angles 2m(1 — a) for every a € (173,

3. The self-intersection (KX + D)n is positive, (Kx + D) - C > 0 for every curve C C X and

there are no curves C C X such that (Kx +D)-C =0 and Kx - C <0.
Similarly, we can threat the negative scalar curvature case for cone-angles close to 2.

Theorem 5.1.2. Let X be a smooth, n-dimensional projective variety of general type and D C X

a simple normal crossing divisor. The following are equivalent.

1. (X, D) admits negative Kahler-Einstein metrics with cone-edge singularities along D with cone

angles 2w (1 — ), where {a;} is a sequence converging to 0 from above.

2. (X, D) admits negative Kdhler-Einstein metrics with cone-edge singularities along D with cone

angles 27 (1 — ) for every o € (0, 577).

3. Kx-C >0 for every curve C C X and there are no curves C C X such that (Kx +D)-C <0
and Kx -C = 0.

The proofs of these results rely on Theorem 1.1.9 stated in the Introduction. For the technical
details see Section 5.3.

Remarkably, in the positive scalar curvature case the existence of such uniform bounds is ob-
structed for both small and large cone-angles, see Examples 5.5.2 and 5.5.10. Nevertheless, we are
able to quantify this obstruction when —Kx — D and — K x are ample. For small cone-angles we ob-
tain that this obstruction depends only on the self-intersection (—Kx — D)™, compare with Example

5.5.2. More precisely, we can state the following.

Theorem 5.1.3. Let B be a set of pairs (X, D) such that X is a smooth projective variety of
dimension n and D is a reduced effective divisor with simple normal crossing support such that

—(Kx + D) is ample. The following are equivalent.

1. There exists a positive number ag < 1 such that —(Kx + aD) is ample for any o € (o, 1] and

any (X, D) € B.
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2. There exists a positive integer My such that (—(Kx + D))" < My for any (X, D) € 8.

We can also threat the case of cone-angles close to 27. In this case the obstruction depends only

on the intersection number D - (—Kx )" "1, compare with Example 5.5.10.

Theorem 5.1.4. Let © be a set of pairs (X, D) such that X is a smooth projective Fano variety of
dimension n and D is a reduced effective divisor with simple normal crossing support. The following

are equivalent.

1. There exists a positive number ag < 1 such that —(Kx + aD) is ample for any o € [0, ) and

any (X,D) € D.
2. There exists a positive integer My such that D - (—Kx)"~1 < My for any (X, D) € D.

The strategies used in the proofs of Theorems 5.1.3 and 5.1.4 are completely different from the
techniques employed in the negative scalar curvature case. The proofs of these theorems rely on
effective very ampleness results as well as on boundedness of Fano varieties. For the technical details

see Section 5.5.

We now recall some of the key features of Tian’s program [Tia96] and their relation with the
theme of positivity in algebraic geometry. Incomplete Kahler-Einstein metrics are geometrically very
interesting. Unlike the complete case, they have a much more interesting moduli theory as they are
not subject to Yau’s generalized Schwartz lemma. Furthermore, in Tian’s original program [Tia96],
they should also be used to better understand the complete Kéhler-Einstein metrics previously
constructed on X and X\D. Recall that T. Aubin and S.-T. Yau constructed negatively curved
Kéhler-Einstein metrics on X when Kx is ample, see [Aub78] and [Yau78al]. Similarly, there are
many existence results for complete negatively curved Kéhler-Einstein metrics on X\ D under certain
positivity assumption for Kx + D, see for example [TY87], [Yau78b], [Wu08], [Wu09]. For precise
definitions and details see Section 5.2. Now, one should be able to recover these metrics by taking
limits of Kahler-Einstein metrics with cone-edge singularities as the cone angle goes to 27 or 0.
Moreover, the study of this limiting behavior should give a better understanding of the asymptotic
behavior of the complete Kéahler-Einstein metrics on X\D.

Kahler-Einstein metrics with cone-edge singularities are also very interesting from a positivity
point of view. Their existence implies strong positivity properties for R-divisors of the form K x +aD
or —(Kx +aD) for some o € (0,1). We refer to Section 5.2 for the precise definitions, results and to

Proposition 5.2.3 for the necessary condition for the existence of such metrics. Thus, the existence of
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these metrics appears to be associated with the positivity of the log-canonical or anti-log-canonical
divisor of klt pair rather than a lc pair. This fact turns out to be extremely useful since the base-
point free theorem is currently known for klt pairs only. We exploit systematically this point in
Section 5.3.

To sum up, it is important to study which positivity properties are preserved, lost or gained by
passing from a pair the (X, D) to a the pair (X,aD), a € (0,1), and viceversa. We find that these
questions can be approached by studying the behavior of the nef thresholds, see Sections 5.3. All the
questions we address here are explicitly formulated throughout the chapter, see Questions 5.3.3, 5.5.1
and 5.5.9. We provide complete solutions to all of them through Theorems 5.3.12, 5.3.21, Example
5.5.2 and Theorems 5.1.3, 5.1.4. These results seem to have interest of their own. Moreover, they
have applications beyond the study of Kéhler-Einstein metrics, as we will see in the next chapter.

The chapter is organized as follows. In Section 5.2, we recall the theory of K&hler-Einstein
metrics on quasi-projective varieties. We discuss the existence of both complete and incomplete
Kahler-Einstein metrics of negative and positive scalar curvature. It is shown how the existence of
such metrics motivates a number of natural positivity questions. These questions are thoroughly
studied in Sections 5.3, 5.4 and 5.5. In Section 5.4, we study the notion of ampleness for line
bundles on quasi-projective varieties. This analysis is important for the study of negatively curved
Kahler-Einstein metrics beyond the cone-edge asymptotic, see Corollary 5.4.11 and the remarks

which follows. Finally, all the results are motivated and supported with examples.

5.2 Kahler-Einstein metrics on quasi-projective varieties

In this section we recall and collect some generalities regarding the existence of both complete
and incomplete Kéahler-Einstein metrics on quasi-projective varieties. In particular, we discuss the
necessary conditions for the existence of such metrics. This analysis uses the language and the basic
theory of Kéhler currents on Kéhler manifolds [Dem01]. We will briefly discuss it here and we refer
to [DD12a] to more details.

Let us start by fixing notation and by giving some definitions. Let X be a n-dimensional projec-
tive manifold and D = )", D; be a reduced simple normal crossing divisor.

We now briefly discuss the existence problem for incomplete Kéahler-Einstein metrics on quasi-
projective varieties. The most natural kind of incomplete metrics appearing in Kéhler geometry
seem to have cone-edge singularities. The study of such metrics was originally proposed by G. Tian

in [Tia96]. Thus, given a pair (X, D) as above, let us recall the notion of a Kahler metric with
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edge singularities along D. Let {D;} be the irreducible smooth components of D and consider a
collection of positive numbers a; € (0,1). A smooth Kéhler metric @ on X\D is said to have
edge singularities of cone angles 27(1 — ;) along the D;’s if for any point p € D and coordinate

neighborhood (; z1, ..., z,,) centered at p for which
D‘Q = {Zl T O}7

then @ is quasi-isometric in §2 to the following model metric
dz; \dz;
wO:\ﬁ—l(Z Loy 3 dzﬂ\cf) (5.1)
i=1 i=k+1
It is easy to construct Kahler metrics with edge singularity along a divisor.

Example 5.2.1. Letw be a Kahler metric on X. For simplicity let D be a smooth reduced divisor and
choose a real number o € (0,1). Choose an Hermitian metric ||| on Ox (D). Let s € H°(X,O(D))

be a defining section for the divisor D. Then for T > 0 big enough
0= Tw+ /=199 s) 2?1~

defines Kdhler metric on X\ D with edge singularities of cone angle 2n(1 — ) along D.

As first observed in [Jef96], & is indeed an incomplete Kahler metric of finite volume on X\D.
Now, because of the finite volume property, standard results in the theory of currents [Dem01] imply
that @ can be regarded as a K&hler current on X with singular support D. The fact that & defines
a Kéhler current and not only a closed positive current follows from the quasi-isometric condition
given in 5.1.

We can now introduce the definition of a Kéhler-Einstein metric with edge singularities.

Definition 5.2.2 (Tian [Tia96]). A Kdhler current & with edges of cone angles 2m(1 — ;) along

the D;’s is called Kdahler-Einstein with curvature \ if it satisfies the distributional equation
Ricg, — Y ai[Di] = A& (5.2)

where by [D] we indicate the current of integration along D.

A simple regularization argument based on results of Demailly [Dem92] can now be used to derive

the necessary condition for the existence of a Kéhler-Einstein metric with edge singularities.
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Proposition 5.2.3. Let w be a Kdhler-FEinstein metric with edge singularities as in 5.2 with A = —1

(A =1), then the R-divisor Kx + Y, c;D; (—Kx — Y, o;D;) is ample.
Proof. See Propositions 2.1 and 2.2 in [DiC12b]. O

To sum up, the entire set of questions concerning the existence and limiting behavior of families
of Kéahler-Einstein metrics on quasi-projective varieties requires a precise understanding of the pos-
itivity properties of certain log-canonical bundles. This is the object of study in Sections 5.3-5.5.
Since we are primarily interested in taking limits as the cone angles go to 0 or 27 we limit ourselves

to the case where all the «;’s are identical.

5.3 Negatively curved Kahler-Einstein metrics

Given a pair (X, D) for which Kx + D is ample then there exists a Kiahler-Einstein metric on
X\D. Following intuitions of G. Tian [Tia96], this Kahler-Einstein metric should arise as the limit of
a 1-parameter family of Kahler-Einstein metrics with cone-edge singularities along D. It would then
be desirable to have a uniform interval of angles, depending on the dimension only, for which the
existence of such metrics is unobstructed, see Proposition 5.2.3. It turns out that the nef threshold

plays a central role for this kind of questions. Let us recall its definition.

Definition 5.3.1. Let X be a smooth projective variety and let D be a divisor such that Kx + tD

is nef for some t € R>g. The nef threshold is
n(X,D) :=inf {t € R>¢ | Kx +tD is nef}.

We will denote by 7(X, D) the pseudo-effective threshold of D with respect to X.
Since nef divisors are also pseudo-effective we have that 7(X, D) < n(X, D). In particular, we
cannot use the results obtained in the previous chapter to get upper bounds on the nef threshold.

Let us construct an example for which these numerical invariants are actually different.

Example 5.3.2. Let X a smooth projective surface and D a smooth irreducible divisor such that
Kx + D is ample. Let m: Y — X be the blow up of a point in D. Let D' be the strict transform of
D onY. Then Ky + D’ is big and nef but Ky + aD’ is not nef for any « < 1. Then n(Y,D’) =1
but (Y, D) < 1.

The phenomena explained in Example 5.3.2 relies on the fact that, differently from the cone of

big divisor, the cone of nef divisors is closed being the closure of the ample cone, see Theorem 1.4.23
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in [Laz04a]. Thus, we do not expect the nefness to hold when we decrease the coefficients of D.
Remarkably, the bigness of Ky + D’ in Example 5.3.2 does not help in achieving n(Y, D/) <1.

The previous example motivates the following question.

Question 5.3.3. Let X be a smooth variety and let D be an effective divisor such that Kx + D 1is
big and nef. When is n(X, D) < 12 Moreover, if n(X,D) < 1, can we find o, < 1, depending only
on n, such that Kx + aD is big and nef for any a € (an, 1]? Finally, can we characterize the pairs

(X, D) for which Kx + aD is ample for a close enough to one?

In this section we work out a satisfactory answer to Question 5.3.3 and we give applications of
it to the study of 1-parameter families of Kéhler-Einstein metrics with cone-edge singularities.
We start by the easier case when Kx + D is ample. Since ampleness is an open condition, we

automatically have that n(X, D) < 1.

Lemma 5.3.4. Let X be a smooth projective variety with dim(X) = n and let H be an ample

divisor. Then Kx + (n+ 1)H is nef.

Proof. By Theorem 2.4.3 we know that any curve C' in X is numerically equivalent to
a1Chr+---+a,C. + F,
where a; are positive real numbers, C; are rational curves such that 0 > C; - Kx > —(n+ 1) and

Kx - F > 0. Since H is ample, we have H -C; > 1. Then (Kx + (n+1)H)-C > 0. O

The proposition below gives the desired uniform bound for the nef threshold when Kx + D is

ample.

Proposition 5.3.5. Let X be a smooth projective variety of dimension n and let D be a divisor

such that Kx + D s ample. Then

n+1
X,D) < .
(X, )*n+2

Proof. Since Kx + D is ample by Lemma 5.3.4 we know that Kx + (n + 1)(Kx + D) is nef. In
particular (n + 2)Kx + (n + 1)D is nef and then the result follows. O

Let us observe that the bound given in Proposition 5.3.5 is sharp.

Remark 5.3.6. Take X =P" and D = (n+2)H where H is the hyperplane section. Then Kpn + D

n+1

is ample and n(P", D) = 7=
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Corollary 5.3.7. Let X and D as in the Proposition 5.3.5. Then for any a € (Z—ié, 1] the divisor

Kx + aD is ample.

Proof. The result follows from the fact that in this case the nef threshold can be obtained as

(X, D) =inf {t € R>o | Kx + tD is ample}. O

In the above discussion, we restricted ourselves to pairs (X, D) with K x + D ample. Nevertheless,
it is easy to construct examples of pairs such that X\ D admit complete negatively curved Kéhler-
Einstein metrics of finite volume, but for which Kx + D is not ample. A wealth of examples is
provided by the theory of locally symmetric varieties and their compactifications, see for example
[AMRT10]. More concretely, let us consider the following class of low-dimensional examples. For

more details see Chapter 6.

Example 5.3.8. Let X be a smooth toroidal compactification of a finite-volume complez-hyperbolic
surface and let D be the compactifying divisor. The set D simply consists of smooth disjoint elliptic
curves. Note that X\D admits a natural finite-volume Kdahler-Einstein metric coming from the
Bergman metric on CH?. Nevertheless, the line bundle Kx + D is just big and nef since (Kx + D) -
D =0.

We are now interested in trying to characterize the pairs (X, D) with Kx + D nef and with nef
threshold strictly less that one. The following result gives a quite satisfactory answer, compare with

Question 5.3.3.

Proposition 5.3.9. Let X be a smooth projective variety and let D be a divisor such that Kx + D
is nef. Then n(X, D) < 1 if and only if there are no irreducible curves C' such that (Kx+D)-C =0
and Kx - C < 0.

Proof. Suppose n(X, D) < 1. Let C be an irreducible curve such (Kx + D) - C = 0. In particular
we have that D-C = —Kx - C'. We want to prove that Kx - C > 0. Let « be close to one such that
Kx + aD is nef. Then

(Kx+aD)-C=(1-a)Kx-C >0.

Conversely suppose that there are no irreducible curves C' with the properties (Kx + D)-C =0
and Kx - C < 0. We would like to show that n(X,D) < 1. Let C’ be an irreducible curve
such that (Kx + D) - C’ > 0. By the same argument in the proof of Lemma 5.3.4 we can write
C'" = a1Cy + -+ a,C, + F where a; are positive numbers, C; are irreducible curves with 0 >

Kx-C; > —(n+1)and Kx - F > 0. Since F is a limit of effective 1-cycles and Kx + D is nef
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we have that (Kx + D) - F > 0. By assumption if (Kx + D) -C; = 0 then Kx - C; > 0. In
particular (Kx + (n+ 1)(Kx + D)) - ¢’ > 0. This implies that (Kx + Z—iéD) - C" > 0 for any
curve C' such that (Kx + D) -C’ > 0. Then we need only to check the nefness of Kx + aD on
irreducible curve C such that (Kx + D) - C = 0. The same computation as before tells us that

(Kx+aD)-C=(1-a)Kx-C >0. O
Let us observe that Proposition 5.3.9 implies the following.

Corollary 5.3.10. Let X be a smooth projective variety and let D be a divisor such that Kx + D

is nef. Then either n(X,D) =1 or n(X,D) < Z—E

The reasoning given in Proposition 5.3.9 is easily adapted to understand the obstructions for

Kx + aD to be strictly nef. In fact, we can state:

Proposition 5.3.11. Let X be a smooth projective variety and let D be a divisor such that Kx + D
is nef. Then Kx + aD is strictly nef for a € (Z—ié, 1) if and only if there are no irreducible curves

C such that (Kx +D)-C =0 and Kx -C <0.
We are now ready to address the last problem considered in Question 5.3.3.

Theorem 5.3.12. Let X be a smooth projective variety and let D be a reduced effective divisor
with simple normal crossing support such that Kx + D is big and nef. Then Kx 4+ aD is ample
for a € (Z—i%, 1) if and only if there are no irreducible curves C' such that (Kx + D) -C = 0 and
Kx-C<O0.

Proof. Suppose Kx + aD to be ample. Let C' be an irreducible curve such that (Kx + D) -C = 0.

Then
(Kx+aD)-C=(1-a)Kx-C >0.

Conversely, by Proposition 5.3.11 we know that Kx + aD is strictly nef for a € (%, 1). Since

7(X, D) < n(X, D) we conclude that Kx 4+ aD is big and strictly nef for a € (Z—i; 1). Note that
(X,aD) is a kit pair. By Theorem 2.4.4 we know that Kx + aD is semi-ample. Since strictly nef

semi-ample divisors are ample the proof is complete. O
We can now give a proof of Theorem 5.1.1 stated in the Introduction 5.1.

Proof of Theorem 5.1.1. Combine Proposition 5.2.3 and Theorem 5.3.12 with the analytical results
of Campana-Guenancia-Paun [CGP11] and Mazzeo-Rubinstein [MR12], more precisely Theorem A
in [CGP11] and Theorem 1.3 in [MR12]. O
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Theorem 5.3.12 nicely applies in low-dimensions. Thus, let us collect few corollaries concerning

complex surfaces.

Corollary 5.3.13. Let X be a smooth projective surface and let D be a divisor such that Kx + D
is big and nef. Suppose there are no curves C in X such that C =P', C? = —1 and C- D =1, then
n(X,D) < 1.

Proof. We want to apply Proposition 5.3.9. Let C' be a curve such that (Kx + D) -C = 0. Then by

the Hodge index theorem C? < 0. By adjunction we have

Kx -C=29—2-C2

Suppose Kx - C' < 0. Since C2? < 0 this can happen if and only if ¢ = 0 and C?> = —1. But then

D-C =—-Kx -C =1 which contradicts our hypothesis. O
Similarly, we have a nice characterization of the pairs with ample log-canonical bundles.

Corollary 5.3.14. Let X be a smooth projective surface and let D be a reduced effective divisor
with simple normal crossing support such that Kx + D is big and nef. Suppose there are no curves
C in X such that C =P, C? = -1 and C-D =1, or C =P, C?> = —2 and C - D = 0. Then

Kx +aD is ample for any o € (2,1).

Proof. We want to apply Theorem 5.3.12. Because of Corollary 5.3.13, it suffices to characterize the
curves C such that (Kx +D)-C =0 and Kx -C = 0. By the Hodge index theorem we have C? < 0
and then by adjunction Kx - C' = 0 if and only if g = 0 and C? = —2. This implies C- D =0. O

The interested reader should compare Corollaries 5.3.13 and 5.3.14 with Theorems 3.3 and 3.4
in [DiC12b]. The results presented in [DiC12b] contain a geometric characterization of the pairs
(X2, D) with Kx + D big and nef. Such results rely on F. Sakai’s notions of semi-stability and
D-minimality, see [Sak80].

It is now interesting to collect a corollary regarding Fano varieties. Recall that X is called a

Fano variety if —Kx is ample.

Corollary 5.3.15. Let X be a smooth Fano variety. Let D be a divisor such that Kx + D is nef.

Then n(X,D) < 1 if and only if Kx + D is strictly nef.

Proof. If Kx + D is strictly nef the result follows from the same argument of Lemma 5.3.4. Assume

n(X,D) < 1. Since X is Fano we have that —Kx is ample and in particular Kx - C < 0 for any
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irreducible curve C. Then by Proposition 5.3.9 we must have (Kx + D) - C > 0 for any irreducible

curve C, i.e. Kx + D is strictly nef. I

Corollary 5.3.16. Let X be a smooth Fano variety with dim(X) < 3. Let D be an effective divisor

such that (X, D) is lc and Kx + D is nef. Then n(X,D) < 1 if and only if Kx + D is ample.

Proof. By the above corollary (X, D) < 1 if and only if Kx + D is strictly nef. Since dim(X) <3
the abundance conjecture holds and then Kx + D is semi-ample. The result follows from the fact

that strictly nef and semi-ample divisors are ample. O

Of course the above corollary should be true in any dimension since it follows from the abundance

conjecture.

Corollary 5.3.17. Let X be a smooth toric Fano variety. Let D be an effective divisor such that

(X, D) is lc and Kx + D is nef. Then n(X,D) < 1 if and only if Kx + D is ample.

Proof. On a smooth toric variety every nef divisor is globally generated, see Theorem 6.3.12 in

[CLS11). O

In the rest of the section we address the following:

Question 5.3.18. Let X be a smooth variety with Kx big and nef and let D be an effective divisor.
Can we characterize the pairs (X, D) with Kx + aD big and nef or ample for o close enough to
zero? Finally, is there a fized o, > 0, which depends only on n, such that Kx + aD is big and nef

or ample for any o € [0, ap,) ?

Note that in this case Kx + aD is big for any o > 0, so the main problem is to understand when
it is nef. To this aim we use again the cone theorem, but now we need (X, D) to be a lc pair. Thus,

to warm up, let us observe the following.

Proposition 5.3.19. Let (X, D) be a lc pair with Kx ample. Then Kx + oD is ample for any

1
< .
S ot

Proof. By the cone theorem for lc pairs Kx + D +2nK x is nef. In particular so is Kx + ﬁD. O

A similar approach can now be applied when Kx is simply nef.

Theorem 5.3.20. Let X be a smooth projective variety with Kx nef. Let D be a reduced effective

divisor with simple normal crossing support. Then Kx + aD is nef for a € [0 if and only if

#]
) 2n+1

there are no irreducible curves C' such that (Kx + D) -C <0 and Kx - C = 0.
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Proof. By the cone theorem for lc pairs, if there are no irreducible curves C such that (Kx+D)-C < 0
and Kx - C = 0 then the R-divisor

Kx +D+1tKx

is nef for t > 2n. Conversely, if Kx + aD is nef then for some o € (0,1) then the curves that dot

negatively with Kx + D must intersect positively with Kx. O
We conclude this section by studying when Kx + aD is ample for « close to zero.

Theorem 5.3.21. Let X be a smooth projective variety with Kx big and nef. Let D be a reduced
effective divisor with simple normal crossing support. Then Kx + aD is ample for a € (0, ﬁ) if

and only if there are no irreducible curves C such that (Kx +D)-C <0 and Kx - C = 0.

Proof. If there are no irreducible curves C such that (Kx + D) -C < 0 and Kx - C = 0 we have
that Kx + aD is strictly nef for any « € (0, ﬁ) Recall that Kx 4+ oD is a big R-divisor for any
« > 0. Then Theorem 2.4.4 implies that Kx + aD is semi-ample and therefore ample. The converse

should be clear by now. O

We do not expect the above result to be sharp. On the other hand, we expect that the previous

result holds without the bigness assumption.

Corollary 5.3.22. Assume Conjecture 2.4.6. Let X be a smooth projective variety with Kx nef.

Let D be a reduced effective divisor with simple normal crossing support. Then Kx + aD is ample

for a € (0, ﬁ) if and only if there are no irreducible curves C such that (Kx + D)-C < 0 and
Kx-C=0.
Proof. In the proof of Theorem 5.3.21, replace Theorem 2.4.4 with Conjecture 2.4.6. O

We conclude this section by giving the proof of Theorem 5.1.2 stated in the Introduction 5.1.

Proof of Theorem 5.1.2. Combine Proposition 5.2.3, Theorem 5.3.21 with Theorem 1.3 in [MR12].
O

Corollary 5.3.22 implies that Theorem 5.1.2 should hold without asking X to be of general type.

5.4 Ampleness on quasi-projective varieties

It is clear that the study of Kéhler-Einstein metrics on quasi-projective varieties must be con-

nected with the notion of ampleness on open algebraic manifolds. It seems there is no general
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agreement in the existing literature on the definition of this concept. Recall that for compact man-
ifold the notion of ampleness is usually introduced algebraically and then formulated in geometric
and numerical terms, see Chapter 1 in [Laz04a]. Here, we follow a completely analogous path. The
interested reader should compare the results contained in this section with some of the existing
literature [Wu08], [Wu09], [TY87].

Thus, let us start with a definition. For more details see [Tak93].

Definition 5.4.1. Let X be a smooth projective variety and let D be a simple normal crossing
divisor. A line bundle L on X is said to be ample modulo D, if for any torsion free sheaf F on X,

there exists an integer mg such that (F @ L™) is generated by H°(X,F @ L™) for m > my.

[x\D

We then say that a divisor L is very ample modulo D if the rational map ¢z associated to the
linear system |L| defines an embedding of X\ D into some projective space. By the same argument
of Theorem I1.7.6 in [Har77], one can show that some power of an ample modulo D divisor is very
ample modulo D. In particular if follows that if L is ample modulo D then it is necessarily big.

The discussion on B, (L) contained in Section 2.3 implies the following.
Lemma 5.4.2. If L is ample modulo D then B (L) C D.
It would now be desirable to have a numerical characterization of ampleness modulo D.

Definition 5.4.3. Let X be a smooth projective variety and let D be an effective divisor. A line
bundle L on X is said to be strictly nef modulo D, if L-C > 0 for any curve C not entirely contained

in D.

Let us observe that, similarly to the compact case, being strictly nef modulo D is not enough
for achieving ampleness modulo D. To this aim recall that a strictly nef divisor is not necessarily
ample. The first construction of such a divisor is due to Mumford. In fact, he showed the existence
of a surface X with a strictly nef divisor D such that D? = 0. Ramanujam, based on Mumford’s
example, showed the existence of a big and strictly nef divisor that is not ample. Note that by
Nakai’s criterion a divisor which is big and strictly nef but not ample can exist in dimension greater
or equal then three only. For the convenience of the reader we sketch the construction of these

examples. For details see Chapter I §10 in [Har70].

Example 5.4.4 (Mumford, Ramanujam). We start with Mumford’s example. Let C' be a smooth
curve of genus g > 2. By a theorem of Seshadri there exists a stable vector bundle E of degree zero

over C' of rank two such that all its symmetric powers are stable. Let X = P(FE) and D = Ox(1) be
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the Serre line bundle. One can check that D is strictly nef. Since E has degree zero, D? = 0 and in
particular D is not ample. Now we can give Ramanujam’s example of a big and strictly nef divisor
which is not ample. We will show the existence of such divisor using Mumford’s example. Let X
be as above and let H be an effective ample divisor on X. Define Y := P(Ox(D — H) ® Ox) and
let m:Y — X be the projection. Let Xg CY be the zero section. Finally let L := Xo +7*H. As
shown in [Har70], L is strictly nef but it is not ample because L? - Xo = D? = 0. Furthermore L is
big because L? = (D + H) - H > 0.

Thus, let L be a big and strictly nef divisor which is not ample. Observe that B (L) is not
empty otherwise L would be ample. Then L is strictly nef modulo D for any effective divisor D.
Nevertheless, by choosing a divisor D that does not contain B (L) we certainly obtain that L cannot
be ample modulo D, see Lemma 5.4.2.

The discussion above tells us that if we want to control B (L) only with intersection numbers
we have to take in account all positive dimensional subvarieties and not only curves. In fact, let L
be nef and such that L¥ -V > 0 for any k-dimensional subvariety not entirely contained in D. Then

by Theorem 2.3.2 we have that B, (L) must be contained in D. This is then enough to conclude:

Lemma 5.4.5. Let L be nef such that L* -V > 0 for any k-dimensional subvarieties not entirely

contained in D. Then L is ample modulo D.

Let us now study line bundles which are semi-ample. We would like to show that if L is semi-
ample and strictly nef modulo D then it must be ample modulo D. First, since L is semi-ample
then there exists a positive integer m such that the linear system |mL| defines a morphism into
some projective space. Let us denote this map by ¢j,,z|. Since L is strictly nef modulo D we have
that ¢,z is a finite map over X\D. This immediately implies that L is big. Moreover, a simple
integration shows that LF -V > 0 for any k-dimensional subvariety which is not entirely contained
in D. By Theorem 2.3.2 we conclude that B4 (L) is contained in D. It then follows that L is ample

modulo D.
Lemma 5.4.6. Let L be semi-ample and strictly nef modulo D. Then L is ample modulo D.

Let us construct examples of line bundles which are ample modulo a divisor. A wealth of examples

can be constructed using the following.

Lemma 5.4.7. Let X be a smooth projective variety and let D be a simple normal crossing divisor

such that Kx + aD is ample for some a € [0,1). Then Kx + D is ample modulo D.
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We now want to give examples of pairs where K x + D is ample modulo D but such that Kx +aD

is never ample for any a € R.

Example 5.4.8. Let X be a smooth projective surface and let D be a semi-stable curve. Let assume
(X, D) to be D-minimal, of log-general type, without interior (—2)-curves. Moreover, assume the
existence of at least one (—2)-curve in D, denoted by E, such that E - (D — E) = 2. Note that
Kx + D is semi-ample since the abundance conjecture holds in dimension two. Moreover, Kx + D
is strictly nef modulo D but it is not ample since (Kx + D) - E = 0. By Lemma 5.4.6 we conclude
that Kx + D is ample modulo D. On the other hand (Kx + aD) - E = 0 constantly in o.

Now, in all the above examples 7(X, D) < 1. Let us construct a pair (X, D) with Kx + D big,

semi-ample and strictly nef modulo D such that n(X, D) = 1.

Example 5.4.9. Let X a smooth projective surface and D a reduced divisor consisting of two
components D1 and Do meeting transversally at a point p. Assume Kx + D to be ample. Let
m:Y — X be the blow up at p € D. Let D' be the union of the strict transforms of D1 and Ds in
Y and the exceptional divisor E. Then Ky + D' = n*(Kx + D). We conclude that Ky + D’ is big,

nef and strictly nef modulo D'. Then Ky + D’ is ample modulo D’. On the other hand

(Ky +aD")-E=(a—1)<0

which therefore implies n(X, D) = 1.

Unfortunately, as shown in Example 5.4.9, being nef and ample modulo a divisor is not an open

condition even for divisors of the form Kx + D. Nevertheless, we have the following.

Theorem 5.4.10. Let X be a smooth projective variety and let D be an effective reduced divisor
such that Kx + D is big, nef and strictly nef modulo D. Assume that n(X,D) < 1. Then Kx + aD

- 1
is big, nef and ample modulo D for any o € (Z—L, 1).

Proof. Since we are assuming eta(X, D) < 1, by Corollary 5.3.10 we know that

n+1

X, D) <n(X,D) < .

T(X,D) <n(X, D) <
It then remains to check the ampleness modulo D. As in the proof of Proposition 5.3.9, observe
that given an irreducible curve C such that (Kx + D) - C > 0 then (Kx + aD) - C > 0 for any
a € (Z—E, ]. By Theorem 2.4.4, for any a € (Z—i; 1) we have that Kx + aD is semi-ample. By

Lemma 5.4.6 the proof is then complete. O
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Note that the strategy behind the proof of Theorem 5.4.10 can be used to prove the following.

Corollary 5.4.11. Let (X, D) be such that Kx + D is big, nef and strictly nef modulo D. Assume
there are no irreducible curves C such that (Kx + D) -C = 0 and Kx - C < 0. Then, for any
o € (Z—jrr%, 1), the R-cohomology class of Kx + aD can be represented by a smooth closed (1,1)-form

which is everywhere positive semi-definite and strictly positive outside D.

Proof. By Proposition 5.3.9 we have that (X, D) < 1 if and only if there are no irreducible curves
C such that (Kx +D)-C =0and Kx -C <0. O

We decided to explicitly state Corollary 5.4.11 because it has nice applications in the theory
of negatively curved Kahler-Einstein metrics on quasi-projective varieties. These applications rely
on some recent advancements in the theory of degenerate complex Monge-Ampere equations with
singular right hand side [DP06]. Thus, let (X, D) be as in Corollary 5.4.11. For any a € (Z—ié, 1)
denote by 7y, the smooth semi-positive form representing the cohomology class of Kx + aD. Given

a smooth volume form  on X and Hermitian metrics || - ||; on Ox(D;), consider the family of

degenerate complex Monge-Ampeére equations

Q

[2) R —
[T; los[[

(Yo + V—100p)"™ = (5.3)

where by D; and o; we respectively denote the irreducible components of D and the associated
defining sections. By Theorem 6.1 in [DP06], for a fixed « this equation admits a unique solution
¢ € L*®(X) which is smooth on X\D. Moreover, by appropriately choosing Q and the | - ||; in
5.3 we can arrange 7, to be Einstein with negative scalar curvature on X \D. To sum up, given
a pair (X, D) such that Kx + D is big, strictly nef modulo D and with n(X, D) < 1 then the
Kéhler-Einstein theory on X\D is rather well-understood. Of course, the asymptotic behavior of

vg along D as well as the limiting behavior of this family as o — 1 remain quite mysterious.

Remark 5.4.12. The 1-parameter family of negatively curved Kdahler-Einstein metrics g cannot
represent ample cohomology classes unless there are no irreducible curves C' such that (Kx+D)-C =
0 and Kx -C < 0. Recall that in this case the form 7y, can be chosen to be a Kdhler metric. Compare
Proposition 5.2.3 and Theorem 5.3.12. In this case the asymptotic behavior of vg along D is much
better understood. In fact, thanks to the recent works [JMR11] and [MR12], we know that for any

o€ (Z—ié, 1) the Kdhler-Einstein current v has edge singularities of cone angle 2m(1 — ) along D.

Let us conclude this section by giving an example of a pair (X, D) which admits both complete
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and incomplete negatively curved Kéhler-Einstein metrics on X\ D, but such that Kx +«aD is never

ample for any a € R.

Remark 5.4.13. Let H x H be the product of two copies of the upper half plane of C. Let I’
be a discrete torsion free non-uniform subgroup of SL(2,R) x SL(2,R). Denote by X* the Baily-
Borel compactification [AMRT10] of (H x H)\I'. Let X be the minimal resolution of X*. By
appropriately choosing T', see [Hir71] for beautiful explicit constructions, the resolution of the cusp
points in X* is given by a divisor D whose connected components are cycles of smooth rational
curves with negative self-intersection. More precisely, for any of the irreducible components we have
D? < —2. Furthermore, we have at least one (—2)-curve in D while there are no (—2)-curves in
X\D since the curvature of H x H is nonpositive. Now, let D; be a (—2)-curve in D. We then have
that (Kx + aD) - D; = 0 constantly in «. On the other hand X\D admits a complete nonpositively
curved Kahler-Einstein metric coming from HxH. Moreover, the pair (X, D) satisfies the hypothesis
of Corollary 5.4.11, see Example 5.4.8. Thus, for a € (%, 1), X\D also admits a 1-parameter family
of incomplete negatively curved Kdihler-Einstein metrics vg. Of course, this family has not edge

singularities along D in the sense of Definition 5.2.

5.5 Positively curved Kahler-Einstein metrics

In this section we study the existence of uniform bound for the nef threshold when X is a Fano

variety or a log-Fano variety, i.e. —Kx or —(Kx + D) is ample.

Question 5.5.1. Let X be a smooth variety and let D an effective divisor with —(Kx + D) ample. Is

there a fized o, < 1, which depends only on n, such that —(Kx + aD) is ample for any « € (ap,1]?

It is quite tempting to do the same thing as we did in the previous section. For example if we
apply Lemma 5.3.4 we get that —(Kx + "T'HD) is nef. Since we want to deal with @ < 1 we do
not get any useful information. Probably the best reason that explains why we cannot do the same

thing is that the above question has negative solution.

Example 5.5.2. We follow the notation in [Har77]. Let C = P! and £ := Oc ® Oc(—e) where e
is a positive integer. We define X, := P(E), it is a rational ruled surface. By Corollary V.2.11 in
[Har77] we know that Kx, = —2Cy — (e + 2) f where Cy is the zero section and f is a general fibre.
Let D := Cy. Then —Kx, — D = Cy+ (e+2)f is an ample divisor by Corollary V.2.18 in [Har77].
Then by the same corollary —Kx, — aD = (2 — a)Cy + (e + 2)f is ample if and only if o > %

Then if e goes to infinity o must be arbitrarily close to one. Note that (—(Kx, + D))? = e + 4.
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We would like to understand how « depends on the pair (X, D). We will prove that the situation
in Example 5.5.2 is the most general and that o depends only on the dimension of n and the top
self-intersection of —(Kx 4+ D). We need two preliminary results. The first one is an effective version

of Kolldr-Matsusaka theorem due to Demailly and Siu. We follow the presentation in [Laz04b].

Theorem 5.5.3 (Kolldr-Matsusaka, Demailly, Siu). Let X be a smooth projective variety. Let L be
an ample divisor and B be a nef divisor. Then for any m > M the divisor mL — B is very ample,

where (3" 141)/2 3"72(n/2—3/4)—1/4
@ionye (L (B+H)) (L' - H)

(Ln)g'rbfz(n/2_1/4)_1/4 '

M = (2n)

and H= (n®—n? —n—1)(Kx + (n+2)L).

The second result is a theorem of M°Kernan and it is an important step in the study of bound-
edness of singular Fano varieties, see [M°K02] and Corollary 1.8 in [HMX12].
Theorem 5.5.4 (M°Kernan). Fiz r and n integers. Then there is a real number M such that if we
have a pair (X, D) where

1. X has dimension n,

2. —(Kx + D) is big and nef,

3. (X, D) is kit and

4. r(Kx + D) is Cartier
then (—(Kx + D))" < M.

We can now prove Theorem 5.1.3 as stated in the Introduction 5.1.

Proof of Theorem 5.1.3. Suppose that there exists My as in the statement. If we prove that there
exists a positive integer M such that —Kx + M(—Kx — D) is ample for any (X, D) € B then we
have done, because it implies that we can take oy = Miﬂ In order to prove the existence of such
an integer we want to apply effective Kolldr-Matsusaka. Write L := —(Kx + D) which is ample by
hypothesis. Then if we define B = Kx + (n + 1)L by Lemma 5.3.4, we know that B is nef. For
the sake of clarity we do not keep track of all the constants which appears in Theorem 5.5.3. In
order to get an integer M which depends only on L™ we need to bound all the intersection numbers
appearing in the formula with L™. We can write B = nL — D and H = ¢(n)((n + 1)L — D) where

c(n) =n3 —n? —n — 1. Since L is ample and D is effective we get the following inequalities

L' B<nL™ and L"'-H <c¢n)(n+ 1)L
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Plugging them in the formula of Theorem 5.5.3 we get that there are positive constants a(n) and
b(n) depending only on n such that for any m > a(n)(L")*™ the divisor mL — B is ample. This is
exactly what we wanted at the beginning of the proof.

On the other hand suppose that we can find ag as in (1). Choose a rational number o € (g, 1)
and let r be its denominator. For any pair (X, D) € 9B we have that (X,aD) is a klt pair and
r(Kx + aD) is Cartier. Then Theorem 5.5.4 applies and we get that there exists My such that
(—(Kx 4+ aD))™ < My for any (X, D) € B. Since —Kx — D+ (1 —a)D = —Kx — aD we get that

also (—(Kx + D))" is uniformly bounded. O
The following is a corollary of the first part of the proof of the previous theorem.

Corollary 5.5.5. Fiz a positive integer n. Let X be a smooth projective variety of dimension n and
let D be an effective divisor such that —(Kx + D) is ample. Then there are positive integers a(n)

and b(n), depending only on n, such that

«
—| K D
( X+a+1 )

b(n)

is ample for any a > a(n) (—Kx — D)™)™\". Furthermore a(n) and b(n) are explicitly computable

functions of n.
The next corollary tells us that we can choose «g to be independent of D.

Corollary 5.5.6. Let B be a set of pairs (X, D) such that X is a smooth projective variety of
dimension n and D is a reduced effective divisor with simple normal crossing support such that
—(Kx + D) is ample. Suppose there exists a positive integer M such that vol(—Kx) < M for any
X € B. Then there exists a positive number oy < 1 such that —(Kx + aD) is ample for any
a € (ap, 1] and any (X, D) € B.

Proof. Tt simply follows from Theorem 5.1.3 and the fact that (—(Kx + D))" < vol(—Kx). O

Let us compute the volume of the anti-canonical divisors in Example 5.5.2. We will use the

following theorem of Zariski. See [Laz04a] for details.

Theorem 5.5.7 (Zariski decomposition). Let X be a smooth projective surface and let L be a
pseudo-effective divisor. Then L can be written uniquely as a sum L = P + N of Q-divisors with

the following properties:

1. P is a nef divisor;
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2. N = > a;E; is effective, and if N # 0 then the intersection matriz (E; - E;); ; is negative
definite.

3. P-FE; =0 for any component E; of N.

Furthermore for every m > 1
HO(X, Ox(mL — [mN1)) = H°(X, Ox (mL)).
P and N are called respectively the positive and negative parts of L. Note that the last statement

of Theorem 5.5.7 tells us that vol(L) = P2

Example 5.5.8. Let X := X, and D be as in the previous example. We can assume e > 3 otherwise
—Kx is big and nef. Since —Kx is big we can consider the Zariski decomposition —Kx = P + N.

In particular vol(—Kx ) = P?. It is easy to see that

e

2 2
—Kx = (1+e) (Co+ef)+ (1— > Co
is the Zariski decomposition of —Kx. Then
2\ 4
vol(—Kx) = P? = (1+e) (Co+ef)2:(e+4)+g.

We now deal with the case —Kx ample. The main question is the following.

Question 5.5.9. Let X be a smooth variety with —Kx ample and let D be an effective divisor. Is

there a uniform ay,, which depends only on n, such that —(Kx + aD) is ample for any « € [0, ) ?

It is easy to see that in this case the answer is no even if we fix X. Recall that in the previous
case if we fix X we can find a uniform bound that works for any divisor on X because it is enough

to bound vol(—Kx).

Example 5.5.10. Let X = P" and D = Ox(d) for some d > 0. Then —(Kx + aD) is ample if

and only if « < (n+1)/d. Then if d is arbitrarily large we need to take o arbitrarily small.

In order to settle Question 5.5.9 we need a well known result of Kolldr, Miyaoka and Mori. See

Theorem 4.4 in [KMM92].
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Theorem 5.5.11 (Kolldr-Miyaoka-Mori). Fix an integer n. Let X be a smooth Fano variety of
dimension n. Then

1 n+1 \"
K\ < NrpRt-Dn+) (L =2, 2T~ )
(=Kx)" = (41 +n+n(n71)

In particular the set of smooth Fano varieties of dimension n forms a bounded family.
Finally, we give the proof of the last theorem stated in the Introduction 5.1.

Proof of Theorem 5.1.4. Suppose that there exists M as in the statement. We want to apply Kollar-
Matsusaka’s theorem to find an integer M such that —Ky — D+ M(—Kx) is ample. Let L := —Kx
and let B :== Kx + D + 2nL. We know by the cone theorem that B is nef. We need to control the
following intersection numbers B - L"~! and H - L"~! where H is as in the statement of Theorem
5.5.3. We can write B = (2n — 1)L + D and H = c(n)(n + 1)L where ¢(n) = n® —n? —n — 1. Since
L is ample we have that L™ > 1 and Theorem 5.5.11 tells us that there exists a function f(n) of n
such that L™ < f(n). Then we can find the desired integer M applying Theorem 5.5.3.

Now assume that there exists o as in (1). By assumption we know that H := —(Kx + agD) is

a nef R-divisor. Then

aoD - (=Kx)" ' = (-Kx —H) - (=Kx)""' < (=Kx)",
where the last inequality follows from the fact that H is nef and —Kx is ample. Then it follows
from Theorem 5.5.11 that we can uniformly bound D - (—Kx)" 1. O

The first part of the proof gives the following.

Corollary 5.5.12. Let (X, D) be a pair such that X is a smooth Fano variety of dimension n
and D is a reduced effective divisor with simple mormal crossing support. Then there are two
positive integers a(n) and b(n) depending only on n such that —(Kx + %HD) is ample for any

a<a(n)(-D- K}l{l)b(n).

62



Chapter 6

Effective results in hyperbolic

geometry

6.1 Introduction

Let H™ be the complex n-dimensional hyperbolic space of dimension n > 2, that is, the Kéhler
space form with holomorphic sectional curvature —1. Let X° be a complete non-compact complex
hyperbolic manifold of finite volume. Such manifold is obtained as X° := H™\I" where I" is torsion-
free lattice of PU(1,n) with parabolic elements which is non-uniform. Then X° has finitely many
disjoint unbounded ends of finite volume, the cusps of X°.

Baily-Borel [BB66] and Siu-Yau [SY82] proved that we can find a compactification X* of X°
such that the complement of X° in X* consists of only finitely many (singular) points, called cusp
points. Furthermore, under some mild assumptions on the lattice I', there exists a smooth variety
X, which is a resolution of X*, such that each exceptional divisor over a cusp point is a smooth
abelian variety. For the precise requirements on I' we refer the interested reader to Section 6.1.1.
Let us denote by D = >, D; the union of the exceptional divisors on X. We will refer to the pair
(X, D) as a toroidal compactification of X°. Such toroidal compactifications were first constructed
by Mumford et al. [AMRT10] and by Mok [Mok12], for more details see again Section 6.1.1.

The goal of this chapter is to understand how the positivity properties of the log-canonical divisor
Kx + D determine the geometry of X° and (X, D). The first technical result of this chapter is that
Kx + D is not only big and nef but it is a limit of ample divisors of the form Kx + aD where « is

a real number less than one. Moreover, there exists a uniform bound on the ampleness range for a

63



depending on the dimension only. Remarkably, the existence of such a uniform bound is crucial for

all the geometric applications presented in this work.

Theorem 6.1.1. Let (X, D) be a toroidal compactification. Then Kx + aD is ample for all o €
(%1).
The proof of Theorem 6.1.1 is based on the techniques developed in the previous chapter. We

list here some of the main applications. We refer to Sections 6.3 and 6.4 for details.

Theorem 6.1.2. Let (X, D) be a toroidal compactification. Then for all m > (n + 1)*, the map
associated to |m(Kx + D)| is a morphism and it defines an embedding of X\ D into some projective
space. Furthermore, this morphism maps all the different components of D to distinct singular

points.

Theorem 6.1.2 is an effective version of a recent result of Mok, see Main Theorem in [Mok12].
Nevertheless, our proof relies on completely different techniques than Mok’s. Note that when (X, D)
is a toroidal compactification associated to a neat arithmetic lattice in PU(1,n), Theorem 6.1.2 gives
a very concrete realization of the classical Baily-Borel compactification X* as a projective algebraic
variety.

Theorem 6.1.2 can also be applied to study the geometry of the smooth variety X in the pair
(X, D).

Theorem 6.1.3. Let (X, D) be a toroidal compactification. Then X can be realized as a smooth

subvariety of P2" 1 such that its degree d satisfies

d< (n+1)"™(Kx + D)".

Note that Theorem 6.1.3 defines a different map from the one in Theorem 6.1.2 since it gives an
embedding of X and not of X*.

A similar result is obtained by Hwang in [Hwa05]. The main advantage of our approach is that
it provides bounds which are linear in (Kx + D)™. The bounds obtained by Hwang are polynomial
of degree n + 1 in (Kx + D)™

Theorem 6.1.3 has several applications. For example, combining this result with classical Chow
variety techniques, we can derive explicit bounds for the number of complex hyperbolic manifolds
with given upper bounds on the volume. These results are effective versions of the classical Wang’s
finiteness theorem, see [Wan72]. For the numerical values of these bounds see Corollaries 6.3.13 and

6.3.16.

64



As a final application of Theorem 6.1.1, we show how to bound the number of cusps of a finite

volume complex hyperbolic manifold in terms of its volume.

Theorem 6.1.4. Let (X, D) be a toroidal compactification. Let q be the number of cusps of X°.

Then

qg<n"(Kx+D)".

The problem of bounding the number of ends in pinched negatively curved finite volume manifolds
is a long standing problem in differential geometry. For complex hyperbolic manifolds, the classical
approach is via techniques coming from geometric topology, see [Par98] and the bibliography therein.
More recently, Hwang in [Hwa04] was able to improve Parker’s result by using the Hirzebruch-
Mumford proportionality principle [Mum72]. The bound we present here in Theorem 6.1.4 is better
than the one obtained by Parker but worse than Hwang’s for n > 3. We decided to include this
result here mainly for two reasons. First, the proof of Theorem 6.1.4 is completely elementary and
it follows easily from Theorem 6.1.1. Second, the reasoning given in the proof of Theorem 6.1.4 is in
principle applicable in a much general setting while both the approaches of Parker and Hwang use
in an essential way the special properties of complex hyperbolic manifolds.

In Section 6.3.2, we describe an alternative approach to the problem of bounding the cusps, see
Proposition 6.3.11. This bound is asymptotically better that the one given in Theorem 6.1.4 but
still weaker that Hwang’s for n > 4. Nevertheless, it appears to be the best currently known bound
for threefolds.

Finally, in Section 6.4 we derive much sharper versions of Theorems 6.1.2, 6.1.3 and 6.1.4 in
the case of complex surfaces. These improvements rely on the fact that we are able to derive
an essentially sharp version of Theorem 6.1.1 for toroidal compactification of dimension two, see
Theorem 6.4.2 in Section 6.4. Moreover, we are able to further improve the bound on the number of
cusps given in Theorem 6.1.4. This result seems to be the best bound for surfaces currently available

in the literature.

6.1.1 Preliminaries

The theory of compactifications of locally symmetric varieties has been extensively studied, see
for example [BJ06]. For technical reasons this theory is mainly developed for quotients of symmetric
spaces by arithmetic subgroups. In most cases this is not a serious issue since the work of Margulis

[Mar84] implies that lattices in any semi-simple Lie group of real rank bigger or equal than two are

65



arithmetic subgroups. Nevertheless, this theorem does not cover the case of lattices in the complex
hyperbolic space H™ which are the main object of study in this paper. Note that non-arithmetic
lattices in PU(1,n) were constructed by Mostow and Deligne-Mostow; see [DM93] and the extensive
bibliography there.

It would then be desirable to develop a theory of compactifications of finite volume complex
hyperbolic manifolds which does not rely on the arithmeticity of the defining torsion free lattices.
Fortunately, this problem was addressed by many mathematicians from several different point of
views. A compactification of finite volume complex hyperbolic manifolds as a complex spaces with
isolated normal singularities was obtained by Siu and Yau in [SY82]. This compactification may
be regarded as a generalization of the Baily-Borel compactification defined for arithmetic lattices in
H"™. A toroidal compactification for finite volume complex hyperbolic manifolds was described by
Hummel and Schroeder in [HS96]. In many cases these compactifications provide explicit resolution
of singularities of the Siu-Yau compactifications. More recently Mok [Mok12] gave a lucid and
detailed description of these compactifications and described many of their remarkable features.

The compactifications studied here are the ones described by Hummel-Schroeder and Mok. Thus,
we do not require that lattice I' to be arithmetic. On the other hand, we require that all the parabolic
isometries of I" are unipotent, in other words we require that they act by translations on their in-
variant horospheres. We impose this condition in order to obtain smooth toroidal compactifications.
We would like to point out that this technicality is hidden in the construction described by Mok
while it is explicitly discussed in the work of Hummel-Scroeder. Let us describe in more details
this technical point. Recall that given a non-uniform torsion-free lattice I' < PU(1,n), the finite
volume complex hyperbolic manifold H"/T" has finitely many cusps C4, ..., Cy, which are in one to
one correspondence with the maximal parabolic subgroups of T', see [Ebe96] for more details. Given
a cusp Cj, denote by I'; < T the associated maximal parabolic subgroup and by HB; the horoball
stabilized by I';. After choosing an Iwasawa decomposition [Ebe96] for PU(1,n), we can identify
OHB with a Heisenberg type Lie group N; diffeomorphic to C*~! x R. Thus, the center Z; of N;
is Z; = [N;, N;] and it is isomorphic to R. Furthermore, the simply connected Lie group N; comes
equipped with a natural left invariant metric and then we can consider T'; as a lattice in Iso(N;).
The isometry group of N is isomorphic to the semi-direct product Iso(N;) = N; x U(n — 1). We
then say that ¢ € T'; is unipotent if it is a translation in Iso(V;). Now, the construction described
by Hummel-Scroeder and Mok produces a smooth compactification if the quotients I';\T'; N Z; are
torsion free for all 7. This is the case if all the parabolic isometries of I are unipotent. In the classical

arithmetic case this requirement is usually satisfied by requiring the lattice T' to be neat, see [BB66]

66



and [BJ06] for more details. Let us note that given any non-uniform lattice I' € PU(1,n), there
always exists a finite index subgroup whose all parabolic isometries are unipotent, in the arithmetic

case see [AMRT10] while for the general non-arithmetic case we refer to [Hum98].

6.2 A gap theorem

In this section we prove Theorem 6.1.1 which is the main technical result of the chapter. The
proof of Theorem 6.1.1 is based on Theorem 5.3.12 proved in Chapter 5. In particular the fact that
o€ (Z—ié, 1) is obtained using the bound on the length of extremal rays given in the Cone Theorem.

Let us recall the definition of an extremal ray. We refer to [Kol96] and [KM98] for more details.

Definition 6.2.1. Let N C R™ be a cone. A subcone M C N is called extremal if u,v € N,

u~+v € M imply that u,v € M. A 1-dimensional extremal subcone is called an extremal ray.

We will consider only extremal rays R of the cone of effective 1-cycles N E(X ) such that Kx-Z < 0

for any effective 1-cycle Z in R. For such extremal rays we define the length of R as
I(R) :=min{—Ky - C|C is a rational curve with numerical class is in R}.

The length of extremal rays in NE(X) has been extensively studied. The Cone Theorem gives
that [(R) < n+ 1. On the other hand, there are many classification results regarding varieties with
extremal rays of maximal length. The result we need here is due to Wisniewski [Wis89]. Even

though it is not the most general result currently known, it is enough for our purposes.

Theorem 6.2.2 (Wisniewski). Let X be smooth projective variety of dimension n.

1. If there exists an extremal ray R of length n+ 1, then Pic(X) = Z and —Kx is an ample line
bundle on X.

2. If there exists an extremal ray R of length n then, either Pic(X) = Z and —Kx is ample or
p(X) =2 and there exists a morphism contrg : X — B onto a smooth curve B whose general

fiber is a smooth (n — 1)-manifold that satisfies the conditions in (1).

Our goal is to prove that toroidal compactifications do not fit in the above list of varieties. We

start with a lemma which rules out most of the cases.

Lemma 6.2.3. Let (X, D) be a toroidal compactification. Let q be the number of components of D.
Then p(X) > q, where p(X) is the Picard number of X.
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Proof. Suppose by contradiction that p(X) < ¢. Let H be an ample divisor on X. Then there exists
a non trivial relation

q
aoH + ZaiDi =0,
=1

where a; € R. Since D; - D;“l = 0 for all j # 4, the compactifying divisors are not numerically
equivalent and we can assume ag = 1. Intersecting the above relation with a curve C' contained in

D;, we get that a; > 0 for all . On the other hand

q q
0=H"""'. (H + ZaiDi> =H"+Y a;Di- H'' >0,
=1

i=1
gives a contradiction. O

In particular, if a toroidal compactification has a least two cusps, then I(R) < n — 1 for all
extremal rays. It is left to prove that a toroidal compactification with only one cusp does not fit in

the cases described by Theorem 6.2.2. This is the content of the next lemma.

Lemma 6.2.4. Let (X, D) be a toroidal compactification with dim(X) = n. Then any extremal ray

R of X has length at most n — 1.

Proof. We want to rule out the cases in Theorem 6.2.2. By Lemma 6.2.3 we can assume that D has
only one component and p(X) = 2. In particular X does not have any extremal ray of length n + 1.
Suppose by contradiction that we have an extremal ray of length n. Thus, Theorem 6.2.2 implies
that there exists a fibration 7 : X — B over a smooth curve B.

We first deal with the case dim(X) = 2. Since D is an elliptic curve, we have that 7 restricted to
D is a surjective morphism and in particular g(B) < 1. Since p(X) = 2, the ruled surface X must
be minimal. If B is a rational curve then X is a Hirzebruch surface. On a Hirzebruch surface the
only curve with negative self intersection is the zero section, which is a rational curve, so it cannot
be D.

We can assume that B is an elliptic curve. We follow here the notation in [Har77]. Write
X = P(€) where € is a normalized rank 2 vector bundle over B with invariant e. By a theorem
of Atiyah we know that e > —1, see Theorem V.2.15 in [Har77]. If e < 0 then —Kx is nef and in
particular by adjunction D? > 0. We then have e > 1. A simple computation using Proposition
V.2.20 in [Har77] shows that the only curve with negative self-intersection is the zero section. This
implies that D is the zero section. We can then find a P! with just one puncture in X\D. Since

curvature can only decrease along complex submanifolds of a negatively curved Kéhler manifold, we
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obtain a contradiction.

Now suppose that dim(X) > 3. By a dimension argument, there exists a curve C' in DNF', where
F is the general fiber of 7. We compute (Kx + D) - C in two different ways to get a contradiction.
First, since C' C D, we know that (Kx + D)-C = 0. On the other hand, since the normal bundle of
D in X is anti-ample, we have D - C' < 0. Moreover, since F is a Fano variety Kx -C = Kp-C < 0.

We then conclude (Kx + D) - C < 0. This is a contradiction. O
We can now prove Theorem 6.1.1.

Proof of Theorem 6.1.1. First, we would like to show that Kx + D is big and nef. Recall that H"
is the negatively curved complex space form. Thus, any manifold X° = H™\I', with I" non-uniform,
is equipped with a standard negatively curved Kahler-Einstein metric of finite volume which we
denote by @. By Théoréeme 1.1 in [Sib85], such a metric & on X° can be regarded as a closed
positive current on X. Moreover, it in not difficult to see that & is in the cohomology class of
Kx + D. More precisely, let D; be the irreducible components of D and let s; € Ox(D;) be the
defining sections. By appropriately choosing Hermitian metrics || - ||; on Ox(D;), the volume form

associated to @ is then of the form

Q

v =
[T; [Is:l[(=log [|s: )"+

for some globally defined volume form 2 on X. Thus, the Poincaré-Lelong formula combined with
the fact that @ is Kahler-Einstein gives that & € [Kx + D]. Next, let us observe that wp > & for
some Kahler current wp on X with Poincaré type singularities along D. We then have that @ is a
closed positive current with zero Lelong numbers on X. Moreover, since w is a regular Kahler metric
on X°, it is strictly positive at any point p € X\D. By using a regularization argument based on
results of Demailly [Dem92], we conclude that Kx + D is big and nef, see also Theorem 1.3 in [JS93].

dim(Z)

We can actually conclude more. In fact, we must have (Kx + D) - Z > 0 for any subvariety

Z not contained in D.
Finally, we want to show that if C' is a curve such that (Kx + D)-C =0 then Kx - C > 0. By

the discussion above we know that C must be contained in D. Then

Kx -C=-D-C >0,

since the normal bundle of D in X is negative, see Theorem 1 in [Mok12]. In particular Theorem
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5.3.12 implies that Kx + aD is ample for all values of « close enough to one. Following the proof of
Theorem 5.3.12 and using the bound given by Lemma 6.2.4, it follows that the Kx 4+ aD is ample
for all a € (%,1). O

It seems a difficult problem to understand which varieties arise as toroidal compactifications of
hyperbolic manifolds. The above theorem gives a first step toward a possible solution of the problem.

If n > 3, it follows also from Lefschetz hyperplane theorem.
Corollary 6.2.5. There are no toroidal compactification (X, D) with X a smooth Fano variety.

Proof. Suppose (X, D) is a toroidal compactification with —Kx ample. Because of Theorem 6.1.1,
for all « close to one, we know Kx + aD is ample. By Corollary 5.3.15, it follows that Kx + D is

strictly nef. On the other hand, we must have (Kx 4 D)|,, = Op. This is a contradiction. O

Question 6.2.6. [t is interesting to ask whether there exists a smooth toroidal compactification of

a ball quotient with negative Kodaira dimension.

6.3 Applications

In this section, we give the proofs of Theorems 6.1.2, 6.1.3 and 6.1.4.

6.3.1 Effective birationality

Let us start by studying the birational properties of the divisor Kx + D. First, we prove that

the map associated to |m(Kx + D)| maps the components of D to distinct points for any m > 2.

Proposition 6.3.1. Let (X, D) be a toroidal compactification. Then for any i there exists a section

o; of H'(X,Ox(2(Kx + D))) such that o;

p, #0 and o;|p, = 0 for all j # i.

Proof. Write D = Y"1_| D; and recall that each component is an abelian variety and they are all

disjoint. Consider the following exact sequence
0— Ox(2Kx + D) B Ox(2(Kx + D)) = Op — 0.

By Kawamata-Viehweg’s vanishing we have that H'(X, Ox(2Kx + D)) = 0. Thus, taking the long

exact sequence in cohomology, we get the following surjective map
q
H(X,0x(2(Kx + D))) - @ H*(D;, Op,).

i=1
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O

The next step is to understand what happens outside the boundary divisor. Let us start by

deriving a lower bound on the top self-intersection of Kx + D.

Lemma 6.3.2. Let (X, D) be a toroidal compactification. Then

(Kx +D)" > (n+1)" %

Proof. Since the Kéhler-Einstein current @w can be multiplied by itself, the top self-intersection of
L := Kx + D can be expressed in terms of the Riemannian volume of X°. More precisely, by

normalizing the holomorphic sectional curvature to be —1 we have

Vol(X) =

Combining the two formulas above we get the result.

These considerations and a theorem of Kolldr in [Kol97] imply the following.

Corollary 6.3.3. Let (X, D) be a toroidal compactification. Then m(Kx + D) is base point free

for anym > (3) + 1.

Proof. By Theorem 6.1.1, for any subvariety Z not contained in D we have (Kx 4+ D)3™(%). 7 > 0.
Because of Theorem 5.8 in [Kol97], we know that m(Kx + D) is free at all points outside D for any
m > (5) + 1. Moreover, by Lemma 6.3.1 we know already that 2(Kx + D) is free on the divisor D.

O

Similarly, we can study separation of points.

Corollary 6.3.4. Let (X, D) be a toroidal compactification. Then m(Kx + D) separates any two
points in X\D for any m > (3) + 2.

Proof. Combine Theorem 3.2.3 and Lemma 6.3.2. O
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Since X\ D is open in X, Corollary 6.3.4 implies that |m(Kx + D)| defines a birational map for
any m > (g) + 2. These simple results can be already used to slightly improve all the bounds in
[Hwa05]. Nevertheless, the approach we follow here is quite different. Note that Corollary 6.3.4 deals
only with separation of points. Thus, if we want to prove that m(Kx + D) defines an embedding
outside D we need something more. Again the key for us is Theorem 6.1.1, while the approach
described in [Hwa05] relies on Seshadri constants type arguments.

We can now derive an effective result on very ampleness modulo D of Kx + D. In order to keep

the final statement simple, some of the constants used in the proof are not optimal.

Theorem 6.3.5. Let (X, D) be a toroidal compactification of dimension n. Then m(Kx + D) is

very ample modulo D for any m > (n + 1)%.

Proof. Theorem 6.1.1 implies that Ky + 77D is ample. Then H := (n+1)Kx +nD is an ample
integral divisor. By a theorem of Angehrn-Siu we have that Kx + mH is ample and base point
free for any m > (”;“1), see [AS95] or [Kol97] and [Laz04b] for an algebraic proof. In particular
B := Kx + (n?+1)H is ample and base point free. A corollary of Castelnuovo-Mumford regularity,
see Example 1.8.23 in [Laz04a], gives that Kx + (n + 2)B is very ample. All together we have that
the divisor

(n*+1)(n+1)(n+2)+n+3)Kx + (n*+ 1)n(n+2)D
is very ample. Let M := ((n? +1)(n+ 1)(n+2) + n + 3). Adding the right positive multiple of D
we get the following injective map

H(X,0x(Kx + (n+2)B)) — H°(X,0x(M(Kx + D))).
This implies that m(Kx + D) is very ample modulo D for any m > M. Since (n + 1)* > M we get
the statement of the theorem. O

Theorem 6.1.2 stated in the introduction is now just a combination of Theorem 6.3.5 and Propo-

sition 6.3.1.

Let us conclude this section by discussing the connections between Fujita’s conjecture and The-
orem 6.3.5. First, recall that if dim(X) < 4 then the base point free part of Fujita’s conjecture is
known to be true thanks to the work of Kawamata [Kaw97]. We can then improve the bound in

Theorem 6.3.5 for low dimensional varieties.
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Corollary 6.3.6. Let (X, D) be a toroidal compactification of dimension n < 4. Then m(Kx + D)

is very ample modulo D for any m > (n + 2)3.

Proof. 1t follows along the same lines of Theorem 6.3.5. Instead of using Angehrn-Siu’s theorem, we

use Kawamata’s result on Fujita’s conjecture. The rest remains unchanged. O

It is interesting to note that using a theorem of G. Heier in [Hei02], we can get a bound of order
n'%/3 in Theorem 6.3.5. Of course an even better bound would be obtained using the very ampleness
part of Fujita’s conjecture. More precisely, assuming the conjecture of Fujita to be true, the proof

of Theorem 6.3.5 easily gives that m(Kx + D) is very ample modulo D for any m > (n + 2)2.

6.3.2 Bounds on the number of cusps

In this section, we show how to explicitly estimate the number of cusps of X° in terms of
the intersection number (Kx + D)™. We present two different approaches. The first one gives
asymptotically a worse bound. Nevertheless, it can be in principle applied to a much more general
setting and, with suitable improvements, it gives the best known bound in the case of surfaces, see
Section 6.4 for details. The second method gives a better bound for n > 3 and it follows easily from
a result of Matsusaka. Moreover, it gives the best currently known bound for threefolds.

Recall that X° has finitely many ends which correspond to the cusp points of X*. Each cusp
point gives rise to one component of the boundary divisor D in X. So bounding the number of cusps
is equivalent to bounding the number of components of D.

We can now prove Theorem 6.1.4 stated in the Introduction.

Theorem 6.3.7 (Theorem 6.1.4). Let (X, D) be a toroidal compactification. Let q be the number
of components of D. Then
qg<n"(Kx+D)".

Proof. Once we have Theorem 6.1.1, the above result follows from a quite straightforward compu-
tation. Let L := Kx + D. Because of Theorem 6.1.1, we know that nL — D is nef and (n+1)L — D
is ample. Then

¢<D-((n+1)L—D)y"' = (~1)"1D",

Since nL — D is nef we get that

(nL—D)" =n"L" + (-1)"D" > 0.
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Combining the two inequalities we get the result. O

Note that we can also a bound on the top self-intersection of D in terms of (Kx + D)™ only. Let

us summarize this fact in the form of a corollary as it will be used in Section 6.3.3.

Corollary 6.3.8. Let (X, D) be a toroidal compactification. Then

(-1)" D" < n"(Kx + D)".

We now present an estimate on the number of cusps which does not rely on Theorem 6.1.1. The

key point is the following corollary of Proposition 6.3.1.

Corollary 6.3.9. Let (X, D) be a toroidal compactification. Let q be the number of components of
D. Then
h(X,0x(2(Kx + D)) > q.

In particular, in order to bound the number of cusps, it is enough to bound h%(X, Ox (2(Kx +D)).

This can be done using a result of Matsusaka. For an outline of the proof we refer to [Kol96].

Theorem 6.3.10 (Matsusaka). Let H be a big and nef divisor on a smooth variety X of dimension

n. Then for any m > 1 we have

(X, 0x(mH)) <m"H" + n.

Combining these two results we get the following.

Proposition 6.3.11. Let (X, D) be a toroidal compactification. Let q be the number of components
of D. Then

g<(2"+1)(Kx + D)".
Proof. By Lemma 6.3.2, we have that (Kx + D)" > n. O

It is interesting to note how the bounds given in Theorem 6.1.4 and Proposition 6.3.11 rely on
few basic geometric properties of the pair (X, D). Roughly speaking, they depend on the fact that
L = Kx + D is big, nef and such that L, = Op. None of the other special features of toroidal
compactifications of ball quotients is used. Therefore, these techniques can be successfully applied
to study complete finite volume Kéahler manifolds with pinched negative sectional curvature which

are not locally symmetric. These results will appear elsewhere.
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Finally, despite their simple nature, the bounds given in Theorem 6.1.4 and Proposition 6.3.11
are respectively the best currently known bounds for surfaces and threefolds, compare with [Par98§]

and [Hwa04]. In the case of surfaces, see also the improvement given in Proposition 6.4.3 below.

6.3.3 Bounds on the number of varieties

In this section we study the problem of finding effective bounds on the number of complex
hyperbolic manifolds with bounded volume. The main issue is to find effective embedding results
for toroirodal compactifications. This was successfully done in Theorem 6.3.5 and we investigate its
consequences here. The key result of this section is Theorem 6.1.3 stated in the introduction of this

chapter, which we restate for the convenience of the reader.

Theorem 6.3.12 (Theorem 6.1.3). Let (X, D) be a toroidal compactification. Then X can be

realized as a smooth subvariety of P?"t1 such that its degree d satisfies

d< (n+1)"™(Kx + D)".

Proof. Let L := Kx + D. By Theorem 6.3.5, we know that (n +1)*L — kD is very ample, for some
explicit positive integer k. Then (n + 1)*L — kD defines an embedding of X into some projective

space with degree d < (n + 1)*" L™. By general projection, we obtain that X sits inside P2"+1. O
g Yy g J

As pointed out before, Hwang proved a similar result in [Hwa05]. While our bound is linear in
(Kx 4+ D)™, he derived a polynomial bound in (Kx + D)™ of degree n + 1. Once we have Theorem
6.3.12, counting the number of complex hyperbolic manifolds is reduced to standard techniques on the
complexity of Chow varieties. Let us briefly explain this point. Associated to a hyperbolic manifold,
we have a toroidal compactification (X, D). Therefore, it is enough to count such pairs. Fujiki in
[Fuj92] proved that a toroidal compactification (X, D) is infinitesimally rigid under deformations of
the pair. This implies that the number of toroidal compactifications is bounded by the number of
components of a suitable Chow variety. See Corollary 6.3.16. Moreover, Hwang pointed out that
Fujiki’s theorem implies something more. If n > 3, X itself is rigid under deformations and the same
method applies, see Proposition 4.2 in [Hwa05].

We start by counting the varieties which arise as toroidal compactifications of complex hyperbolic
manifolds with bounded volume. In particular, in the next statement we forget about the extra

structure coming from the boundary divisor.
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Fix two positive integers d and m > n. We denote by Chow,,(n,d) the Chow variety of n-

dimensional irreducible smooth subvarieties of P™ of degree d.

Corollary 6.3.13. Fiz two positive integers n > 3 and V. Then the number of varieties X arising

as toroidal compactifications (X, D) with dim(X) =n and (Kx + D)™ <V is bounded by

-1

3 <(2n + 2>d> (2n42)d(*7 )+ 2 2) (17

Z 2n+1

d=1

)

where dy = (n+1)*" V.

Proof. Let (X, D) be a toroidal compactification as in the statement. By Theorem 6.3.12, X can be
embedded in P?"*1 as a smooth subvarieties of degree d < dy. Proposition 4.2 in [Hwa05] implies
that X is rigid under deformation. In particular, the number of such toroidal compactifications is
bounded by the number of components of the Chow variety Chowa,1+1(n,dp). A straightforward
application of 1.3.28.9 in [Kol96] gives the result. O

Remark 6.3.14. Independently of the value of dy, the bound on the number of components of the

Chow variety is of the form

n+1
)

(andO ) (bn dO)

for some function a, and b, which depend only on n. Therefore, the bound in Corollary 6.3.13,

expressed just in terms of the volume, is of the form

n+1
vV,

We can now give effective estimates on the number of toroidal compactifications (X, D) with
bounded (K x 4 D)™, counted as pairs. This corresponds exactly to bounding the number of complex
hyperbolic manifolds with bounded volume. Unfortunately, the bounds are slightly worse than the
ones in Corollary 6.3.13.

We need to study a different Chow variety which takes into account the boundary divisor. Given
positive integers g,m,n,nq,...,nq,d,ds,...,d, we define Chow,,(n,d;n1,...,ng;d1,...,dq) to be

the closed subvariety of
Chow,,, (n,d) x Chow,,(n1,d1) X - -+ x Chow,,(ng, dg),

parameterizing (g + 1)-tuples (X, D1, ..., D,) where X is a smooth subvariety of dimension n and
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degree d in P™ and each D; is a smooth subvariety of dimension n; and degree d; contained in X.
In [Hwa05], Hwang generalizes the effective bounds on the number of components in [Kol96]
to the above defined Chow varieties. We will use his bound to derive an effective estimate on the
number of toroidal compactifications.
The first thing to do is to bound the degree of each component of D when embedded into some

fixed projective space.

Lemma 6.3.15. Let (X, D) be a toroidal compactification. Let d; be the degree of D; under the

embedding given by Theorem 6.3.12. Then for any i
di < (n+1)" 73 (Kx + D)".

Proof. Let A be the very ample divisor obtained in the proof of Theorem 6.3.5. Note that A gives

the embedding of Theorem 6.3.12. An easy computation shows that
di _ Di .An—l S (_1)n—1<n+ 1)3n—3Dn S (n_|_ 1)4n—3(KX —l—D)",

where the last inequality is obtained thanks to Lemma 6.3.8. O
Finally, we can prove an effective version of Wang’s finiteness theorem.

Corollary 6.3.16. Fix two positive integers n and V. Then the number of toroidal compactifications

with dim(X) =n and (Kx + D)™ <V is less than

)

) (2n+2)(q+1) (> 1)

idq-‘rl (2n+2)d0
=" 2n +1

where dg = (n + 1)V and qo = (2" + 1)V.

Proof. Let d be the degree of X in P?"*! and let d; be the degree of D; for any 1 < i < g. By
definition, there exists a point in Chowspq1(n,d;n—1,...,n—1;d,...,d,) parameterizing (X, D).
Theorem 4.1 in [Fuj92] implies that (X, D) is infinitesimally rigid under deformations of the pair.
Therefore, the number of toroidal compactifications with fixed (d,ds,...,d,) is bounded by the
number of components of the corresponding Chow variety. By Theorem 6.3.12, we can embed X
as a smooth subvariety of P?"*! with degree d bounded by (n + 1)**V. Furthermore, each D; has

degree d; bounded by (n + 1)**~3V, by Lemma 6.3.15. Finally, for each ¢ > 0 there are at most
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dy** choices of (d,dy, . . ., d,), which combined with Proposition 3.2 in [Hwa05] and Theorem 6.3.10,

give the result. O
Up to constants depending only on n, the above bound is of the form vV

6.4 The two dimensional case

In this section, we substantially improve the theory developed in Section 6.3 in the special case
of surfaces. These improvements rely on two different facts. First, we can derive a optimal version
of Theorem 6.1.1 for n = 2. Second, the birational geometry of adjoint linear systems on surfaces is
completely understood thanks to the theorem of Reider. Let us recall the statement of this theorem,

for more details see [Rei88].

Theorem 6.4.1 (Reider). Let X be a smooth surface and let L be a nef line bundle on X. Then
the following hold:

1. If L > 5 and x € X is a base point of |Kx + L| then there exists a curve C through x such

that either

C-L=0 and C?>=—1; or

C-L=1 and C?*=0.

2. If L > 10 and x,y € X are two (possibly infinitely near) points which |Kx + L| does not

separate then there exists a curve C through x and y such that either

C-L=0 and C* € {-1,-2}; or
C-L=1 and C*€{0,-1}; or

C-L=2 and C?=0.

Let us proceed by deriving an optimal version of Theorem 6.1.1 when n = 2.
Theorem 6.4.2. Let (X, D) be a toroidal compactification with dim(X) = 2. Then Kx + aD is
ample for any a € (%, 1).

Proof. By Lemma 6.2.4, if (X, D) is a toroidal compactification with dim(X) = 2 then each extremal
ray must have length one. By Theorem 2.1 in [Mor82], it follows that all the extremal rays are excep-

tional curves of the first kind, in other words they are smooth rational curves with self-intersection
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—1. Let us denote by {C;} the generators of the extremal rays in X. We then have D - C; > 3 for
all i. If otherwise there would exists a P! with less than three punctures in X\ D which is clearly
impossible. We then conclude that (Kx + D)-C; > 2 for all i. Applying the argument of Proposition

5.3.9, we can conclude. O

As in Section 6.3, we can now use Theorem 6.4.2 to give effective very ampleness results and
bounds on the number of cusps. We state here the main results. The proofs are similar to the ones
obtained in higher dimensions. Thus, we will not give many details. We start by bounding the

number of cusps of a two dimensional toroidal compactification.

Proposition 6.4.3. Let (X2, D) be a toroidal compactification. Let q be the number of components
of D. Then

q¢< = (Kx + D)2

)

Proof. Because of Theorem 6.4.2, we know that 3Kx + D = 3L — 2D is nef. Since ¢ < —D?, by

taking the top self-intersection of 3L — 2D we get the result. O

Remark 6.4.4. The bound obtained by Hwang in [Hwa04], which seems to be the best published
result on this problem, is of the form q < 7.38(Kx + D)?. Note that using Proposition 6.5.11 with

n =2, we can also obtain the bound q < 5(Kx + D)2

Proposition 6.4.3 gives also a bound of the self-intersection of D in terms of (Kx + D)2. Let us

summarize this fact into a corollary.

Corollary 6.4.5. Let (X2, D) be a toroidal compactification. Then

-D? < %(KX + D)2

We can now use the theorem of Reider to improve Theorems 6.1.2 and 6.1.3 when n = 2.

Proposition 6.4.6. Let (X2, D) be a toroidal compactification. Then for all m > 3 the map
associated to |m(Kx + D)| is a morphism which maps all the different components of D to distinct
singular points. Furthermore, for all m > 4 this morphism defines an embedding of X\D into some

projective space.

Proof. Let L := Kx + D. Because of Lemma 6.3.2, we know that L? > 3. By Reider’s theorem,
Kx + 2L is base point free away from D. Adding D we get that 3(Kx + D) is base point free
away from D. On the other hand, Lemma 6.3.1 implies that 2(Kx + D) is base point free along D.

Similarly, the second statement follows from Reider’s theorem applied to Kx + 3L. O
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The next proposition exhibits X as a smooth subvariety of P?. Moreover, it gives a bound on its

degree.

Proposition 6.4.7. Let (X2, D) be a toroidal compactification. Let L := Kx + D. Then 7L — 4D

is very ample. In particular, 7L — 4D embeds X as a smooth subvariety of P® of degree d < 49L2.

Proof. Because of Theorem 6.4.2, we know that 2K x + D = 2L — D is ample. Theorem 6.4.1 implies
us that Kx 4+ 3(2L — D) = 7L — 4D is very ample. In particular, 7L — 4D embeds X as a smooth
subvariety of some projective space of degree d = (7L — 4D)? < 49L%. By general projection we

reduce to P°. O

It remains to bound the degree of each component of D under the embedding described in

Proposition 6.4.7.

Lemma 6.4.8. Let d; be the degree of D; under the embedding given by TL — 4D. Then
d; < 9L
Proof. Recall that D; - D; =0 if i # j. Then

d; = D;- (7L —AD) = —4D; - D

= —4D? < —4D* < 9L?,

where the last inequality is given by Corollary 6.4.5. O

Combining Proposition 6.4.7 and Lemma 6.4.8, we can derive a sharper version of Corollary

6.3.16 for surfaces.

Corollary 6.4.9. Fiz a positive integer V. Then the number of toroidal compactifications with

dim(X) =2 and (Kx + D)? <V is bounded by

0 6(q+1)(°1%0)
d 5
Zdo(gv)q <650) )
q=1

where dg = 49V and qo = [2.25V].

Proof. Argue as in the proof of Corollary 6.3.16. O

Remark 6.4.10. The results of this sections improve the ones in [Hwa05]. For example, under the

same notation of Proposition 6.4.7 and Lemma 6.4.8, he obtains d < 265592 (L2)3 + 16059 (L2)2 +
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24212 and d; < 394786.1 (Lg)g. Finally, the bound in his version of Proposition 6.4.9 is of the form
Vvlﬁ

81



Bibliography

[AHKO7]

[Amb03]

[And11]

[AS95]

[Aral0)

[AMRT10]

[AL12]

[Aub78]

[BB66]

[BHPV04]

V. Alexeev, C. Hacon and Y. Kawamata, Termination of (many) 4-dimensional log

flips, Invent. Math. 168 (2007), no. 2, 433-448.

F. Ambro, Quasi-log varieties, Tr. Mat. Inst. Steklova 240 (2003), Biratsion. Geom.

Linein. Sist. Konechno Porozhdennye Algebry, 220-239.

M. Andreatta, Minimal Model Program with scaling and adjunction theory,
arXiw:1107.4878v1 [mathAG], 2011.

U. Angehrn, Y.-T Siu, Effective freeness and point separation for adjoint bundles,

Invent. Math. 122 (1995), no. 2, 291-308.

C. Araujo, The cone of pseudo-effective divisors on log varieties after Batyrev, Math.

Zeit. 264 (2010), no. 1, 179-193.

A. Ash, D. Mumford, M. Rapoport, Y.-S. Tai, Smooth compactifications of locally sym-
metric varieties. Second edition. Cambridge Mathematical Library. Cambridge Univer-

sity Press, Cambridge, 2010.

M. F. Atiyah, C. LeBrun, Curvature, Cones, and Characteristic Numbers.

arXiw:1203.6389 [mathDG], 2012.

T. Aubin, Equations du type Monge-Ampeére sur les variétiés kdhlériennes compactes.

Bull. Sci. Math 2 (1978), 63-95.

W. L. Baily, A. Borel, Compactifications of arithmetic quotients of bounded symmetric

domains, Ann. of Math., 84 (1966), no.2, 442-528.

W. Barth, K. Hulek, C. Peters, A. Van de Ven, Compact complex surfaces. Second
edition. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 4. Springer-Verlag,
Berlin, 2004.

82



[Bat98]

[Berl1]

[BCHM10]

[Brell]

[BJO6]

[BDPP]

[Cam04]

[CCPO4]

[CGP11]

[CP90]

[CGT2]

[CC10]

[CYS6]

V. Batyrev and Y. Tschinkel, Tamagawa numbers of polarized algebraic varieties,

Astérisque no. 251 (1998), 299-340.

F. Berman, A thermodinamical formalism for Monge-Ampere equations, Moser-
Trudinger inequalities and and Kéhler-Einstein metrics. arXiv:1011.3976v4 [mathDG],
2011.

C. Birkar, P. Cascini, C. Hacon and J. M®Kernan, Fzistence of minimal models for

varieties of log general type, arXiv:math.AG/0610203.

S. Brendle, Ricci flat Kéhler metrics with edge singularities. arXiv:1103.5454v2

[mathDG], 2011.

A. Borel, L. Ji, Compactifications of locally symmetric spaces. Mathematics: Theory

& Applications, Birkduser Boston, Inc. Boston, MA, 2006.

S. Boucksom, J.-P. Demailly, M. Paun and T. Peternell, The pseudo-effective
cone of a compact Kahler manifold and varieties of negative Kodaira dimension,

arXiv:math/0405285.

F. Campana, Orbifolds, special varieties and classification theory, Ann. Inst. Fourier

(Grenoble) 54 (2004), no. 3, 499-630.

F. Campana, J.A. Chen, T. Peternell, Strictly nef divisors, Ann. Inst. Fourier (Greno-
ble) 54 (2004), no.3, 499-630.

F. Campana, H. Guenancia, M. Paun, Metrics with cone singularities along normal

crossing divisors and holomorphic tensor fields. arXiv:1104.4879v2 [math.CV], 2011.

F. Campana, T. Peternell, Algebraicity of the ample cone of projective varieties. J.

Reine Angew. Math. 407 (1990), 160-166.

J. Carlson, P. Griffiths, A defect relation for equidimensional holomorphic mappings

between algebraic varieties. Ann. of Math. 95 (1972), 557-584.

J. Chen and M. Chen, Ezplicit birational geometry of threefolds of general type, I, Ann.
Sci. Ec. Norm. Supér. (4) 43 (2010), no. 3, 365-394.

S. Y. Cheng, S.-T. Yau, Inequality between Chern numbers of singular Kahler surfaces
and characterization of orbit space of discrete subgroups of SU(2, 1). Contemporary

Math. 49 (1986), 31-43.

83



[CGT5)

[CLS11]

[Deb]

[DM93]

[Dem92]

[Dem01]

[DHP10]

[DP06]

[DiC11]

[DiC12]

[DD12a]

[DD12b]

[DiC12a]

[DiC12b)]

M. Cornalba, P. Griffiths, Analytic cycles and vector bundles on non-compact algebraic

varieties, Invent. Math. 28 (1975), 89-120.

D. Cox, J. Little, H. Schenck, Toric varieties. Graduate Studies in Mathematics, 124.

American Mathematical Society, Providence, RI, 2011.

O. Debarre, Systémes pluricanoniques sur les variétés de type général [d’aprés Hacon-

M¢Kernan, Takayama, Tsuji], Séminaire Bourbaki, n.970.

P. Deligne, G. Mostow, Commensurabilities among lattices in PU(1,n), Annals of Math-

ematics Studies 132, Princeton University Press, Princeton, NJ, 1993.

J.-P. Demailly, Regularization of closed positive currents and intersection theory. .J.

Alg. Geom. 1 (1992), 361-409.

J.-P. Demailly, Complex analytic and differential geometry. www-fourier.ujf-

grenoble.fr/ demailly/lectures.html, 2001.

J.-P. Demailly, C. Hacon and M. Paun, Extension theorems, Non-vanishing and the

existence of good minimal models, arXiv:1012.0493v2, (2010).

J.-P. Demailly, N. Pali, Degenerate complex Monge-Ampeére equations over compact

Kéhler manifolds. Internat. J. Math 180 (2006), 69-117.

G. Di Cerbo, Uniform bounds for the Iitaka fibration, arXiv:1111.6662, (2011), to appear

in Ann. Sc. Norm. Super. Pisa Cl. Sci.
G. Di Cerbo, On Fujita’s log spectrum conjecture, arXiv:1210.5324.

G. Di Cerbo, L. F. Di Cerbo, Positivity questions in Kdhler-Einstein theory,
arXiv:1210.0218.

G. Di Cerbo, L. F. Di Cerbo, Effective results for complex hyperbolic manifolds,
arXiv:1212.0501.

L. F. Di Cerbo, Finite-volume complex-hyperbolic surfaces, their toroidal compactifi-

cations, and geometric applications. Pacific J. Math., 255 (2012), no.2, 305-315.

L. F. Di Cerbo, On Kéhler-Einstein surfaces with edge singularities. arXiv:1205.3203v2
[mathDG], 2012.

84



[Donl0]

[Ebe96)]

[ELMNPO06]

[For91]

[Fuj92]

[Fujo3]

[Fuj09)

[Fuj10]

[FMO00)]

[Fuj92]

[Fujos]

[Fujoe]

[Fujo7]

(GHTS]

S. K. Donaldson, Ké&hler metrics with cone singularities along a divisor.

arXiv:1102.1196v2 [mathDG], 2010.

P. Eberlein, Geometry of nonpositively curved manifolds, Chicago Lectures in Mathe-

matics. University of Chicago Press, Chicago, IL, 1996.

L. Ein, R. Lazarsfeld, M. Mustata, M. Nakamaye and M. Popa, Asymptotic invariants
of base loci, Ann. Inst. Fourier Grenoble 56 (2006), 1701-1734.

O. Forster, Lecture on Riemann surfaces. Graduate Text in Mathematics, 81. Springer-

Verlag, New York, 1991.

A. Fujiki, An L? Dolbeaut lemma and its applications, Publ. Res. Inst. Math. Sci. 28
(1992), 845-884.

O. Fujino, Algebraic fiber spaces whose general fibers are of mazximal Albanese dimen-

sion, Nagoya Math. J. 172 (2003), 111-127.

O. Fujino, Introduction to the log minimal model program for log canonical pairs,

arXw:0907.1506v1 [math.AG], 2009.

O. Fujino, Effective base point free theorem for log canonical pairs, II. Angehrn-Siu type
theorems, Michigan Math. J. 59 (2010), no. 2, 303-312.

O. Fujino and S. Mori, A canonical bundle formula, J. Differential Geom. 56 (2000),
167-188.

T. Fujita, On Kodaira energy and adjoint reduction of polarized manifolds, Manuscripta

Math. 76 (1992), no. 1, 59-84.

T. Fujita, On Kodaira energy and classification of polarized varieties, Sugaku Exposi-

tions 8 (1995), no. 2, 183-196.

T. Fujita, On Kodaira energy of polarized log varieties, J. Math. Soc. Japan 48, (1996),

no. 1, 1-12.

T. Fujita, On Kodaira energy and adjoint reduction of polarized threefolds, Manuscripta

Math. 94 (1997), no. 2, 211-229.

P. Griffiths, J. Harris, Principles of algebraic geometry, Pure and Applied Mathematics.

Wiley-Interscience, New York, 1978.

85



[Gro82]

[Gonl2]

[HMOG6]

[HM10]

[HMX]

[HMX12]

[Han85]

[Har70]

[Har77)

[Hei02]

[Hir71]

[Hum9s)]

[HS96]

[Hwa04]

M. Gromov, Volume and bounded cohomology, Publ. Math. Inst. Hautes Efudes Sci. 56

(1982), 5-99.
Y. Gongyo, Remarks on the non-vanishing conjecture, arXiv:1201.1128v2, (2012).

C. Hacon and J. M°Kernan, Boundness of pluricanonical maps of varieties of general

type, Invent. Math. 166 (2006), 1-25.

C. Hacon and J. M°Kernan, Boundness results in birational geometry, Proceedings of

the International Congress of Mathematicians (2010), 427-449.

C. Hacon, J. M°Kernan and C. Xu, On the birational automorphisms of varieties of

general type, arXiv:1011.1464v1.

C. Hacon, J. M°Kernan, C. Xu, ACC for log canonical thresholds, arXiv:1208.4150v1
[math.AG], 2012.

M. Hanamura, Stability of the pluricanonical maps of threefolds, Advances Studies in

Pure Math. 10, Algebraic Geometry, Sendai, (1985), 185-205.

R. Hartshorne, Ample subvarieties of algebraic varieties. Lecture Notes in Mathematics,

Vol. 156. Springer-Verlag, Berlin-New York, 1970.

R. Hartshorne, Algebraic Geometry. Graduate Texts In Mathematics, No. 52. Springer-
Verlag, New York-Heidelberg, 1977.

G. Heier, Effective freeness of adjoint line bundles, Doc. Math. 7 (2002), 31-42.

F. Hirzebruch, The Hilbert modular group, resolution of the singularities at the cusps
and related problems. Séminarie Bourbaki, 23me année (1970/1971), Exp. No. 396,

pp- 275-288. Lecture Notes in Math., Vol. 244, Springer, Berlin, 1971.

C. Hummel, Rank one lattices whose parabolic isometries have no rotation part. Proc.

Am. Math. Soc. 126 (1998), 2453-2458.

C. Hummel, V. Schroeder, Cusp closing in rank one symmetric spaces. Invent. Math.

123 (1996), 283-307.

J.-M. Hwang, On the volumes of complex hyperbolic manifolds with cusps, Internat. J.

of Math. 15 (2004), no. 6, 567-572.

86



[Hwa05]

[Tit82]

[Jef96]

[JMR11]

[Jial2]

[J593]

[Kaws5]

[Kaw97]

[KMM94]

[KMMO04]

[Kob84]

[Kol92]
[Kol93]

[Kol96]

J.-M. Hwang, On the number of complex hyperbolic manifolds of bounded volume, In-

ternat. J. of Math. 8 (2005), 863-873.

S. Iitaka, Algebraic Geometry. An introduction to birational geometry of algebraic

varieties. Graduate texts in Mathematics, 76. Springer-Verlag, New York-Berlin, 1982.

T. D. Jeffres, Kéhler-Einstein cone metrics. Ph.D. Thesis, Stony Brook University,
(1996).

T. D. Jeffres, R. Mazzeo, Y. A. Rubinstein, K&hler-Einstein metrics with edge singu-
larities. arXiv:1105.5216v2 [math.DG], 2011.

X. Jiang, On the pluricanonical maps of varieties of intermediate Kodaira dimension,

arXiv:1012.3817v1.

S. Ji, B. Shiffman, Properties of compact complex manifolds carrying closed positive

currents. J. Geom. Anal. 3 (1993), 37-61.

Y. Kawamata, Minimal models and the Kodaira dimension of algebraic fiber spaces, J.

Reine Angew. Math. 363 (1985), 1-46.

Y. Kawamata, On Fujita’s freeness conjecture for 3-folds and 4-folds, Math. Ann. 308

(1997), no. 3, 491-505.

S. Keel, K. Matsuki, J. M°Kernan, Log abundance theorem for threefolds, Duke Math.
J. 75 (1994), no. 1, 99-119.

S. Keel, K. Matsuki, J. M°Kernan, Corrections to: “Log abundance theorem for three-

folds”, Duke Math. J. 122 (2004), no. 3, 625-630.

R. Kobayashi, Kéhler-Einstein metric on an open algebraic manifold. Osaka. J. Math.

21 (1984), 399-418.
J. Kollar et al., Flips and abundance for algebraic threefolds, Astérisque, vol. 211, 1992.
J. Kolldr, Effective base point freeness, Math. Ann. 296 (1993), 595-605.

J. Kollar, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 32. Springer-
Verlag, Berlin, 1996.

87



[Kol97]

[Kol13]

[KMO8]

[KMM92]

[Ko19g]

[Kol03]

[Laz04a]

[Laz04b)

[Laz09]

[Loh11]

[MR12]

[Mar84]

[MCK02]

[Mok12]

J. Kollar, Singularities of pairs, Algebraic Geometry, Santa Cruz 1995, Proc. Symp.
Pure Math, vol. 62, Amer. Math. Soc., Providence, RI, 1997, 221-287.

J. Kollar, Singularities of the minimal model program, Cambridge University Press,

Cambridge, 2013, with the collaboration of S. Kovécs (to appear).

J. Kollar and S. Mori, Birational Geometry of Algebraic Varieties, Cambridge Tracts

in Mathematics, vol. 134, Cambridge University Press, 1998.

J. Kollar, Y. Miyaoka, S. Mori, Rational connectedness and boundedness of Fano man-

ifolds, J. Differential Geom. 36 (1992), no. 3, 765-779.
S. Kolodziej, The complex Monge-Ampeére operator, Acta Math. 180 (1998), 69-117.

S. Kolodziej, The complex Monge-Ampere Equation on Compact Kéhler Manifolds,
Indiana Univ. Math. J. 52 (2003), 667-686.

R. Lazarsfeld, Positivity in Algebraic Geometry I, Ergebnisse der Mathematik und ihrer

Grenzgebiete, vol. 48, Berlin: Springer (2004).

R. Lazarsfeld, Positivity in Algebraic Geometry II, Ergebnisse der Mathematik und

ihrer Grenzgebiete, vol. 49, Berlin: Springer (2004).
V. Lazic, Adjoint rings are finitely generated. arXiv:0905.2707v3[math.AG], 2009.

D. Lohmann, Families of canonically polarized manifolds over log Fano varieties,

arXiv:1107.4545v1.

R. Mazzeo, Y. A. Rubinstein, The Ricci continuity method for the complex Monge-
Ampere equation, with applications to Kéhler-Einstein edge metrics. C. R. Acad. Paris,

Ser I, (2012), 1-5.

G. Margulis, Arithmeticity of the irreducible lattices in semisimple groups of rank

gretaer than 1. Invent. Math. 76 (1984), 93-120.

J. M¢Kernan, Boundedness of log terminal Fano pairs of bounded index, arXiv:

math/0205214v1 [math.AG], 2002.

N. Mok, Projective algebraicity of minimal compactifications of complex-hyperbolic
space forms of finite-volume. Perspective in analysis, geometry, and topology, 331-354,

Prog. Math., 296, Birkhduser/Springer, New York, 2012.

88



[Mors2]

[Mum?72]

[Pac09]

[Par9s]

[Pet06]

[PS09)

[Rei8s]

[Rin07]

[Sak80]

[Sib85]

[SY82]

[Tak93]

S. Mori, Threefolds whose canonical bundle is not numerically effective, Ann. of Math

116 (1982), 133-176.

D. Mumford, Hirzebruch’s Proportionality Theorem in the Non-Compact Case. Invent.

Math. 42 (1977), 239-272.

[Nak04] N. Nakayama, Zariski-decomposition and abundance, MSJ Memoirs, vol. 14,

Mathematical Society of Japan, Tokyo, 2004.

G. Pacienza, On the uniformity of the Iitaka fibration, Math. Res. Lett. 16 (2009), no.
4, 663-681.

J. R. Parker, On the volume of cusped, complex hyperbolic manifolds and orbifolds,
Duke Math. J. 94 (1998), 433-464.

P. Petersen, Riemannian Geometry. Second edition. Graduate Texts in Mathematics,

171. Springer, New York, 2006.

Y. Prokhorov and V. Shokurov, Towards the second main theorem on complements, J.

Algebraic Geom. 18 (2009), no. 1, 151-199.

I. Reider, Vector bundles of rank 2 and linear systems on algebraic surfaces, Ann. Math.

127 (1988), 309-316.

A. Ringler, On a conjecture of Hacon and M°Kernan in dimension three,

arXiv:0708.3662v2.

F. Sakai, Semi-Stable Curves on Algebraic Surfaces and Logarithmic Pluricanonical

Maps. Math. Ann. 254 (1980), 89-120.

N. Sibony, Quelques problemes de prolongement de courants en analyse complexe. Duke

Math. J. 52 (1985), 157-197.

Y. T. Siu, S. T. Yau, Compactification of negatively curved complete Kahler manifolds
of finite volume, Seminars in Differential Geometry, pp. 363-380, Ann. of Math. Stud.,

Vol. 102, Princeton Univ. Press, Princeton, N. J., 1982.

S. Takayama, Ample vector bundles on open algebraic varieties. Publ. RIMS Kyoto
Univ. 29 (1993), 885-910.

89



[Tak06]

[Tia96]

[TYS7]

[Tod10]

[TX09]

[Tsc03]

[Tsu06]

[VZ09)

[Wan'T2]

[Wis89]

[Wu08)]

[Wu09]

S. Takayama, Pluricanonical systems on algebraic varieties of general type, Invent.

Math. 165 (2006), 551-587.

G. Tian, Kéhler-Einstein metrics on algebraic manifolds. Trascendental methods in
algebraic geometry (Cetraro 1994), 143-185, Lecture notes in Math., 1646, Springer,

Berlin, 1996.

G. Tian, S.-T. Yau, Existence of K&hler-Einstein metrics on complete Kéahler manifolds
and their applications to algebraic geometry. Mathematical aspects of string theory
(San Diego, Calif., 1986), 574-628, Adv. Ser. Math. Phys., 1, World Sci. Publishing,

Singapore, 1987.

G. Todorov, Effective log litaka fibrations for surfaces and threefolds, Manuscripta
Math. 133 (2010), 183-195.

G. Todorov and C. Xu, Effectiveness of the log Iitaka fibration for 3-folds and 4-folds,
Algebra Number Theory 3 (2009), no. 6, 697-710.

Y. Tschinkel, Fujita’s program and rational points, Higher dimensional varieties and
rational points (Budapest, 2001), Bolyai Soc. Math. Stud., vol. 12, Springer, Berlin,
2003, 283-310.

H. Tsuji, Pluricanonical systems of projective varieties of general type I, Osaka J. Math.

43 (2006), 967-995.

E. Viehweg and D.-Q. Zhang, Effective litaka fibrations, J. Algebraic Geom. 18 (2009),
no. 4, 711-730.

H. C. Wang, Topics on totally discontinuous groups, Symmetric Spaces, 459-487, edited
by W. B. Boothby and G. L. Weiss, Pure and Appl. Math. 8, Marcel Dekker, New York,
1972.

J. Wisniewski, Length of extremal rays and generalized adjunction, Math. Z. 200
(1989), no. 3, 409-427.

D. Wu, Kahler-Einstein metrics of negative Ricci curvature on general quasi-projective

manifolds. Comm. Anal. Geom. 16, (2008), 395-435.

D. Wu, Good Kéhler metrics with prescribed singularities. Asian J. Math. 13 (2009),
131-150.

90



[Yau78a]  S.-T. Yau, On the Ricci curvature of a compact Kéhler manifold and the complex

Monge-Ampere equation. Comm. Pure Appl. Math. 31 (1978), 339-411.

[Yau78b]  S.-T. Yau, Métriques de Kéahler-Einstein sur les variétiés ouvertes. Séminarie Palaiseau,

Astérisque 58 (1978), 163-167.

91



