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Abstract

In this thesis, we study the perturbed Brascamp-Lieb inequalities and its applications
in translation-dilation systems. We prove the endpoint perturbed Brascamp-Lieb
inequalities using polynomial partition techniques. We also look at the Parsell-
Vinogradov system and verify the Brascamp-Lieb condition holds in its decoupling
approach. As a corollary of this and the work of Guo, the main conjecture about the

system is true in dimension 2 and can be proved by the decoupling approach.
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Chapter 1

Introduction

1.1 Notations

In this thesis, we use C' to denote positive universal constants that may differ from
place to place. We use X <Y or X < Y to denote X = O(Y) for X, Y > 0. I
keep both in the thesis as they are conventions from the analysis and number theory
sides, respectively. We use those notations with footnotes like C. or <. to feature

the dependence on variables.

1.2 The Endpoint Perturbed Brascamp-Lieb In-
equalities

The celebrated Brascamp-Lieb inequalities, first introduced by these authors in

[BL76], is a multilinear inequality that generalizes many inequalities in analysis such



as Holder’s inequality, Young’s inequality for convolutions and the Loomis-Whitney
inequality. We start by briefly reviewing this very general inequality.

We will mostly follow the notational convention in [Lie90], [BCCT08] and [BCCT10],
which are three important references in literature. Assume that in R? we have n lin-
ear surjections Bj : R? — E;. Then for certain positive numbers p;,1 < j < n,
the following Brascamp-Lieb Inequality holds for any measurable function f; on

E;(1 < j < n) with some finite constant C' > 0:

/H|f]oB|”J<C’H/]|fJ . (1.1)

If this is the case, we call the minimal constant C' such that (1.1) holds to be the
Brascamp-Lieb constant BL(B, p). Here we use B to denote the data (By, ..., B,)
and p to denote the data (pi,...,p,). (B, p) is called the corresponding Brascamp-
Lieb datum. If (1.1) fails for any finite C', we define BL(B, p) = +0o0

Lieb [Lie90] showed

Theorem 1.2.1. BL(B,p) = BL,(B,p) where

BLQ(B7p) = sup

A E;—Ej is a positive definite linear transform

n (detE A')pj 2
(det(Z] 1P BiA; B )> - (12)

An alternative way to state Theorem 1.2.1 is that the Brascamp-Lieb constant is

what one would obtain by restricting his attention to the special case in which each

fj is a certain Gaussian function.

Subsequently, Bennett-Carbery-Christ-Tao [BCCTO08][BCCT10] determined a nec-

essary and sufficient condition for BL(B,p) = BL,(B,p) < +00. They proved that
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BL(B,p) = BLy(B,p) < 400 is equivalent to the following two conditions:
(1) Scaling condition:

J

and (2) Dimension condition: For any linear subspace V C R,
dim V <) p; dim(B;V). (1.4)
J

So we know when we can have the actual Brascamp-Lieb Inequality (1.1) thanks
to their work.

(1.1) has an equivalent version that is easier to understand intuitively. We refer
the readers to [Ben] for this observation. Before stating this equivalent form we

introduce some terminology to describe “higher dimensional” analogue of cylinders.

Definition 1.2.2. In a space of dimension d, for any 1 < b < d define a b-slab to
be the Cartesian product of a b-dimensional ball By and a (d — b)-dimensional ball
By (the spaces spanned by both balls are required to be orthogonal). The radius of B,
will be called the size of our b-slab and the radius of Bs will be called the radius of

it. The Cartesian product of By and the center of By is called the core of this b-slab.

Proposition 1.2.3 (Combintorial Brascamp-Lieb). Assume we have a Brascamp-
Lieb datum (B, p) in R?. Assume k; = dimker B; and we have n families of slabs.
Assume the j-th family T; consists of only kj-slabs of radius 1 whose cores are all

parallel to ker B;. Also assume each |T;| is finite. Then BL(B,p) < 400 if and only



if we always have

/Rd ﬁ( Z XTj)pj S f[1|Tj|pj. (1.5)

j=1 T,eT,

This form of the inequality allows perturbation: When (1.5) holds we can perturb
the direction of each slab in a non-uniform way and ask if (1.5) still holds. Pioneer-
ing pieces of work was done by Bennett-Carbery-Tao (non-endpoint case, [BCT06])
and Guth (endpoint case, [Gutl0]), concluding that in the Loomis-Whitney case,
(1.5) continues to hold as long as perturbation within each family is uniformly s-
mall. Their theorems are usually called multilinear Kakeya estimates and have
already found remarkable applications to classical harmonic analysis problems as
well[BG11][Boul3b][Boul3a][Gut14b][BD15]. See the beginning of [Gut15] for a good

introduction.

Theorem 1.2.4 (Multilinear Kakeya Theorem with R® Loss[BCT06]). Assume R
is a large positive number. For 1 < j <d, let {T;,: 1 <a < A(j)} be a family of
unit cylinders of size < R in R?. Assume the core line of each cylinder from the j-th
family form an angle < § with the j-th coordinate axis.

Then when § > 0 is sufficiently small depending on d, we have

d AQ) ) )
LD S vy )7 Sea B TLAG) ™ (16)
j=1a=1

Theorem 1.2.5 (Endpoint Multilinear Kakeya Theorem [Gutl10]). For 1 < j < d,
let {Tjo 1 < a<A(j)} be a family of unit cylinders in R?, we denote v;, to be
the direction of the core line of cylinder T ,. Assume the core lines of cylinders from

different families are “quantitatively transversal”, i.e. for any 1 < a; < A(j), we
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have vy 4, N Vo gy N+ NVgq, > 60 >0 where 0 is fized. Then we have

LD S v, )7 00777 [T 4G (1.7)

Theorems 1.2.4 and 1.2.5 suggest that it is possible to have a perturbed version of
the more general Brascamp-Lieb inequalities. This is indeed true. Recently, Bennett,
Bez, Flock and Lee [BBFL15] proved the following (non-endpoint) theorem (Theorem
1.2 of [BBFL15]) via generalizations of Guth’s method in [Gut15].

Theorem 1.2.6 (Perturbed Brascamp-Lieb Inequalities with R°-loss[BBFL15]). As-
sume we have a Brascamp-Lieb datum (B,p) in R? with BL(B,p) < +oo. Let
k; = dimker B;. Assume we have n families of slabs and the j-th family T; con-
sists of only kj-slabs of radius 1 and size < R. Assume each |T;| is finite. Also
assume that each slab in the j-th family has its core kj-plane within a d-neighborhood
of ker B; on the corresponding Grassmannian (with a given standard metric). Then

when § is sufficiently small depending on (B, p) we have

/Rd IICY. x5)” Sapsrme.e BTTIT; ™. (1.8)
: _ i
They conjectured that R® can be removed (see inequality (7) and (8) of [BBFL15])
and in this thesis we prove their conjecture.

Theorem 1.2.7 (Endpoint Perturbed Brascamp-Lieb Inequalities). Assumptions

are the same as Theorem 1.2.6, but no restriction on the size of slabs. When § is



sufficiently small depending on (B, p) we have

/Rd I1CY>. x2)™ Sapsrme ITIT (1.9)
7j=1

7=1 TjETj

Remark 1.2.8. Theorem 1.2.7 formally implies the stability of Brascamp-Lieb con-
stants which was also a result of Bennett-Bez-Flock-Lee [BBFL15]. However it is
worth noticing (see the proof later in Section 8) that the main result in [BBFL15] is
an input rather than an output in our proof of Theorem 1.2.7. In particular, we do

not have a new proof of the main result in [BBFL15] in this thesis.

1.3 Application of the Perturbed Brascamp-Lieb
Inequalities in the Study of Vinogradov Mean
Value Theorem and Parsell-Vinogradov Sys-
tems

Recently, the Brascamp-Lieb inequalities got a lot of attention, as it shows up natu-
rally in the proof of the Main Conjecture of Vinigradov’s mean value theorem by the

decoupling approach of Bourgain, Demeter and Guth. We first recall the conjecture.

Definition 1.3.1. Let s > 1 and k,N > 2 be integers. Let Jsi(N) denote the

number of integer solutions (z1,...,%s,Y1,...,Ys) to the following system.:

ab b bl =y g by 1< <k (1.10)



with 1 < x1,...,Ts,Y1,...,Ys < N.

Alternatively, Js (N) has the following analytic explanation:

Jok(N) =/ |gs k(s -, on)[Pday - - doy (1.11)

[o,1]*

where the exponential sum
N
gsrlon, .. o) =D e(aan + agn® + - - + agn®). (1.12)
n=1

Theorem 1.3.2 (Main Conjecture of VMVT, proved in [BDG16b]).

E(k+1)
—3 t€

Jop(N) < N5t 4 N2 (1.13)

Remark 1.3.3. (1.13) is sharp up to a factor of N¢.

Besides decoupling, the Main Conjecture also has another approach called efficient
congruencing introduced by Wooley. A lot of remarkable progress was made via
efficient congruencing on the conjecture, and the conjecture itself now also has an
efficient congruencing proof by Wooley.

The Main Conjecture has applications to a plethora of problems including the
famous Waring’s problem. For a good introduction to these applications, see [Woo14].

In the decoupling approach to the Main Conjecture, a key ingredient is to use
Brascamp-Lieb inequalities to exploit transversality of wave packets at differen-
t stages of induction. This was verified by linear algebra in [BDG16b], enabling

the authors to establish the full conjecture with their iteration machine.



Waring’s problem has a strong diagonality assumption in its formulation. As sug-
gested in [PPW13] a natural step forward is to extend Vinogradov’s approach to more
general equations or systems with weaker diagonality feature. In this spirit [PPW13]
suggested a generalization of system (1.10), often referred as Parsell-Vinogradov sys-
tem, shown as (1.14) below. It was studied in [PPW13] and they made a conjecture

that generalizes the Main Conjecture of Vinogradov’s mean value theorem.

Definition 1.3.4. Let d,s > 1 and k, N > 2 be integers. Let Jsqa(N) denote the

number of integer solutions (x;1,Y;1)1<j<s1<i<d to the following system:
Yoalat =y ey Vit e > 0,1 <y 4 ig < K (1.14)
j=1 j=1

with 1 < xj;,y;, < N.

The d here is usually referred to as the dimension of the system.

The following conjecture was made in [PPW13]:

Conjecture 1.3.5. Define rq) = (k;d) — 1 and Ky, = ﬁ‘ll(myk + 1)k. Then

d
Js,k,d(N) <. Nsd+z—:+ZN(2571)j+d7Kj,k+s. (115)

Jj=1

Remark 1.3.6. [t was proved in [PPW13] that right hand side of (1.15) is also
a lower bound up to a factor of N¢. Parsell-Vinogradov systems were studied in
[PPW13] by the effecient congruencing approach and they obtain the conjecture for
large s close to the largest “kink point”. This system has applications in the study of

Diophantine systems including, for example, those that generalizes Waring’s problem.



See [PPW13] for this application.

There is a natural decoupling approach to Conjecture 1.3.5 given in [BDG16a].
Again a key issue that arises is that of transversality. For these Parsell-Vinogradov
systems this is formulated as Conjecture 1.3 in [BDG16a]. This conjecture is stated
in Chapter 11 as Theorem 11.0.29 where we prove it using elementary algebraic
and combinatorial techniques. This coupled with the analysis in [BDG16a] place
Conjecture 1.3.5 well in sight and recently [Guo| has resolved Conjecture 1.3.5 for

the case d = 2.



Chapter 2

Recent Developments of the
Polynomial Method in Incidence

Geometry Type Problems

Our proof of the endpoint perturbed Brascamp-Lieb inequalities uses the so-called
polynomial method. In this chapter we put a brief introduction of its recent impact
on incidence geometry type problems.

The polynomial method has its roots in earlier number theory and combinatorics,
and in turn inspired a lot of works. Among them the best known ones in combina-
torics are probably Dvir’s proof of the Kakeya set conjecture over finite fields [Dvi09]
and the almost full solution to the Erdés distinct distance conjecture in R? by Guth
and Katz [GK15]. In our current introduction to this method, we will highlight

Guth’s proof of the endpoint multilinear Kakeya inequality (i.e. (1.7) of Theorem

10



1.2.5), which is the most relevant piece of work.

We start by recalling the Kakeya set conjecture over finite fields and Dvir’s proof.

Theorem 2.0.7 (Kakeya sets have full dimension in finite fields [Dvi09]). For a
finite field ¥, if K is a Kakeya set in F™, i.e. for each direction, there is a line | C K

parallel to that direction. Then |K| 2, |F|™.

Theorem 2.0.7 was originally conjectured by Wolff. He was hoping its proof
would shed some light on the Kakeya set conjecture over R. Dvir’s proof via the
polynomial method was surprising at that time even for experts. The proof was
by contradiction: Assuming K does not have enough points, then there is a nonzero
polynomial of low degree vanishing on K. But for any direction there is a line of that
direction lying in K. Look at this line and we deduce that the highest homogeneous
part of the polynomial vanishes on this direction. But since the polynomial does not
have high enough degree, this could not hold for every direction. Hence we have a
contradiction.

The proof of Theorem 2.0.7, as sketched above, represents the spirit of the poly-
nomial method in incidence geometry type problems. In simple words, this method
works in the following two steps:

1. When given a finite number of algebraic geometric objects (e.g. points, lines,
tubes) in RY, we use zero sets of polynomials to “approximate” it; and

2. Use the algebraicity of the polynomial and the objects to obtain some quanti-
tative estimates.

For example in Dvir’s proof of the finite field Kakeya, the first step was to con-

struct a polynomial that vanishes on all the given points and the second was to gather

11



information from the vanishing of the polynomial on lines of different directions and
then deduce a contradiction. We can see that an advantage of the polynomial method
is that a polynomial or algebraic variety can relate objects of different dimensions
(e.g. F¢ and lines).

Next we focus on Kakeya type problems over R. The key feature of such problems
is that they are about small cubes and thin tubes (in R¢) rather than points and
lines. In order to apply the polynomial method, we need some changes as apparently
a nonzero polynomial cannot vanish on an entire tube. Guth was able to find a version
of the polynomial method and proved the endpoint multilinear estimate (Theorem
1.2.5) [Gut10].

To prove Theorem 1.2.5, Guth found a working analogy of Dvir’s approach in
the Kakeya setting over R. By the polynomial ham-sandwich theorem of Stone
and Tukey [ST42], if we are given a set of small cubes there is a polynomial @ of
reasonable degree whose zero set Z(()) bisects each small cube. Then by isoperimetric
inequality, the surface area of Z((Q)) inside each cube must be large. If we take the
support of the function on the left hand side of (1.7) and approximately view it as a
characteristic function of a union of unit cubes, then we can choose a polynomial ()
in the above way so that the surface area of Z((Q) inside each cube is 2 1.

Fix such a cube and look at it. Since it belongs to some tube in each of the d
families, Z(Q) inside this cube has to have large projected area after the orthogonal
projection along the core line of some tube (here we use the fact that the d families
of tubes are quantitatively transversal). However the total projected area cannot be

too large by the following crucial cylinder estimate:

12



Lemma 2.0.8 (Cylinder estimate). Let T be a cylinder of radius 1 and Q be a
polynomial of degree D. Let v be a unit vector parallel to the core line of T. If we

denote Z(Q) to be the zero set of P, then the directed volume (see Definition 4.1)

VZ(Q)ﬂT(V) Sa D. (2.1)

Lemma 2.0.8 can be viewed as a substitute of the fact that a line not in Z(Q)
can meet Z(Q) at in at most deg ) points. It is indeed an easy consequence of the
above statement.

Working out all the details of the argument sketched above, we actually obtain

a slighter weaker result:

Theorem 2.0.9 (Endpoint Multilinear Kakeya Theorem (toy model without mul-
tiplicity) [Gutl0]). For 1 < j < d, let {Tj, : 1 < a < A(j)} be a family of unit
cylinders in RY. Assume the direction of the core lines of cylinders from T}, are all

close enough to the x;-coordinate axis. Then we have

L_j 730 5 1L 40) (2:2)

“D&

In order to prove Theorem 1.2.5, finer analysis is needed. Guth’s original treat-
ment in [Gutl0] is to introduce a more delicate concept called visibility that works
well with multiplicity. This is also going to play an important role in our proof of
the perturbed Brascamp-Lieb (see Chapter 4 for its definition). Later another proof
was found by Carbery-Valdimarsson [CV13] that only uses Borsuk-Ulam and avoids
visibility.

13



Our proof of the perturbed Brascamp-Lieb inequalities will be based on the above

work of Guth. Next we come to a more detailed introduction of our result.

14



Chapter 3

Motivation and Ideas of the Proof
of the Endpoint Perturbed

Bracamp-Lieb Inequality

3.1 The Endpoint Multilinear £;-Plane Theorem

As interesting and rich special cases of Brascamp-Lieb inequalities, we look at the
multilinear £;-plane problem first. The multilinear %;-plane conjecture was implicitly
proved by Bennett, Carbery and Tao in [BCT06], except for the endpoint case. In
the first part of this thesis we formulate it and prove the endpoint case. In fact we
will prove the endpoint multilinear k;-variety theorem, which is more general.

The proof uses the polynomial method. We will set up the polynomial like Guth

did in his proof of the endpoint multilinear Kakeya Conjecture (Theorem 1.2.5).
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Then we make some crucial new observations and development of the theory, enabling
us to estimate “the quantitative interaction of the polynomial with itself” in terms
of its visibility. As a result, we are able to deal with the codimension difficulty and
complete the proof.

The multilinear kj;-plane estimate is a natural generalization of the multilinear
Kakeya estimate (Theorems 1.2.4 and 1.2.5), as mentioned in the introduction. In
the Kakeya setting we have cylinders which are neighborhoods of lines. A natural
analogue is to replace lines with higher dimensional affine subspaces and this will
exactly be our multilinear k;-plane setting. In Remark 5.4 of [BCT06], the authors
note that their techniques can also be used to obtain non-endpoint case of multilinear
k-plane transform estimates that Oberlin and Stein consider in [OS82]. There is also
a k-plane version of Kakeya problem [Bou91] that could be relevant here.

They did not state the result precisely and we will state what we can get from
their proof below. If we go check the proof, similar techniques in [Gutl5] can also
give us the result. Here we allow subspaces of different dimensions and hence call
the theorem a “multilinear £;-plane theorem”.

Before stating the theorem we introduce our terminology to describe “higher
dimensional” analogue of cylinders.

We recall Definition 1.2.2. By that definition, a 1-slab is a cylinder. Its length
is the size in our language. Our definitions of radius and core are consistent with
familiar definitions for cylinders. As explained above, we call our theorem a kj-plane
theorem because when the size is large a k-slab looks flat and is like a “fattened”

k-plane.
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Theorem 3.1.1 (Multilinear k;-Plane Theorem with R® Loss[BCT06]). Assume R
is a large positive number. Assume Ky, K, ..., K, ; {1,2,...,d} are disjoint and
KiU---UK,={1,2,...,d}. Let k; = |Kj].

For1<j<mn,let{T;,:1<a<A(j)} be a family of k;-slabs of size < R and
radius 1. Assuming that for any 1 < a; < A(j), the core of Tja; is on a kj-plane
that forms an angle < 6 against the k;-plane spanned by all e;,7 € K.

Then when § > 0 is sufficiently small depending on d, we have

n AQ) ) n )
LAY )™ Sea B TLAGY™. (3.1)
RT =1 a=1 j=1

When n = d and K; = {j}, this theorem is the multilinear Kakeya theorem with
Re loss, being the main theorem of [BCT06]. In [Gutl5], a simpler proof of this
special case is also proven. The proof in [Gutl5] can also be generalized easily to
prove the whole Theorem 3.1.1.

We can obtain various k;-plane theorems by taking different n and K; in Theorem
3.1.1. As we saw in Theorem 1.2.5, Guth [Gut10] was able to remove the R® in the
multilinear Kakeya case. So in general we would also expect the removal of R°.
Conceptually, this will allow us to have slabs with “size co” (that are actually 1-
neighborhoods of k; planes) in the theorem. It turns out to be true and will be

proved in this thesis.

Theorem 3.1.2 (Multilinear k;-Plane Theorem). Assumptions are the same as The-

17



orem 3.1.1, but no restriction on the size of slabs. We have

n_ A(F) . n L
LTS x) ™ <a [T AGTT. (3.2
RY 521 a=1 j=1

Theorem 3.1.2 has an affine-invariant version, just like the multilinear Kakeya
case which was first pointed out in [BG11]. We will actually prove this version
(Theorem 3.1.3 below). Theorem 3.1.2 is a direct corollary of it.

In order to state the theorem, we introduce some notations. For any ¢ < d vectors
V1, Va, ...,V we denote [vy A vy A--- A vyl to be the volume of the parallelepiped
generated by vi,Va,...,v,. Moreover for any m (affine) subspaces Vi, Va,...,V,,
with a total dimension d, we can define [V; AVo A--- AV, | tobe [vig A Avig A
Vo1 A AVog, Ao AV 1AV, |, where {v;,;(1 <7 < d;)} form an orthonormal

basis of the linear subspace parallel to V.

Theorem 3.1.3 (Affine invariant Multilinear k;-Plane Theorem). Assume that pos-
itive integers 1 < ky,..., k, < d — 1 satisfy Z?Zl ki = d. For1l < j <mn, let
{T;a:1<a<A(j)} be a family of k;-slabs of radius 1. Assume the core kj-plane

of Tj o 1s parallel to the linear subspace H;,. Then for any real numbers p;, we have

A1) A(m) n

/ Z Z HpJ"l]XTJa Hlal ”'/\H”an n 1dl’ H Z |pJ"l]

a1=1 an=17=1 j=1 a;=1

(3.3)

Remark 3.1.4. We refer the reader to [BB10] on why the exponents are as they are

here in Theorem 3.1.3. Also we note that in [BB10] the authors already observed
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the affine-invariant Finner inequality, which is an “unperturbed” version of Theorem

3.1.5.

Our Theorem 3.1.3 has some application in the multilinear restriction theorem
too. Assuming for each 1 < j < n, ¥; : U; — R? is a smooth parametrization
of a subset of smooth submanifold (2; whose closure is compact. Also assume

i1 dim2; = d. Here we assume U; is a neighborhood of the origin 0. We can

associate the extension operator to X, as follows:

Big;(§) = [ ¥ g,(x)da. (3.4)

J
Assuming 7%, ()2 A+ - ATy, (0)2 # 0. Then just like the classical multilinear re-
striction case discussed in [BCTO06], we can form the endpoint multilinear restriction

conjecture:

Conjecture 3.1.5 (Endpoint Multilinear k;-Restriction Conjecture). Assume we
have ¥; as above such that Tx, ) A --- N1Tx, )2, # 0. Then when the U;’s are

sufficiently small we have

2

n e n -
L LB ™ Sa Tl 5o, (3.5)
j=1 i=1

The methods in [BCT06] yield the following local variant of the conjectured (3.5)

with Ré-loss :

n e ) n %
/Bm,m I1 1B;9/17 Sae B 1T Mgl 7oy, (3.6)

j=1 j=1

19



We can use Theorem 3.1.2 to slightly improve (3.6). Using exactly the same proof
techniques as in the proof of Theorem 4.2 in [Ben13], from Theorem 3.1.2 we deduce

that there exists a k = k(d) > 0 such that:

/B(ORH|EJgJ\m (o R 1T o] 0, (37)

3.2 The Endpoint Perturbed Brascamp-Lieb In-
equalities (Continued)

The Loomis-Whitney inequality and the multilinear £;-plane Theorem are both spe-
cial cases of the Brascamp-Lieb inequalities. As advertised, in this thesis we gen-
eralize the Brascamp-Lieb inequalities in the same way we do with the multilinear
k;-plane theorem, with some new combinatorial ideas. Our result is an endpoint
version (Theorem 1.2.7).

Our proof of Theorem 1.2.7 will follow the same scheme as the proof of Theorem
3.1.2. Some new difficulties present themselves and we deal with them in due course.

Like what we had in the end of last subsection, our perturbed Brascamp-Lieb the-
orem has some impact on the endpoint Brascamp-Lieb type restriction conjecture
formulated in [BBFL15]. To introduce it, we setup as we did in Conjecture 3.1.5. But
this time we don’t assume that >°; k; = d or that Ty, )21 A -+ ATy, ()2, # 0. In-
stead, we assume that there exists p = (p1,...,pn), p; > 0, such that BL(B(X), p) <
oo where B(X) = (Tx,(0)$h, - - -, I, 0)2n) (here we abuse the notation a bit and for

each component we really mean the linear subspace of R? parallel to it).
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Conjecture 3.2.1 (Endpoint Brascamp-Lieb Type Restriction Conjecture). With

the above setup, when the U;’s are sufficiently small, we have

2]
L. HrEng ' SapsLBE)p H||gj||p (3.8)

In [BBFL15] a local variant of (3.8) with R°-loss is proved:

2]
Lo H|EgJ|JNdPBL(B RHHanp(U) (3.9)

By Theorem 1.2.7 and again the same method as in the proof of Theorem 4.2
in [Benl3|, we can slightly improve (3.9): There is a k = k(BL(B(X),p)) > 0 such

that
n 2]
Lo H|E]g]|% Sap (02 R T ol (3.10)

3.3 Ideas of the Proofs

When looking for removing the factor R® in Theorem 3.1.1 and Theorem 1.2.6, the
methods in [BCT06] or [Gut15] apparently do not apply. Instead we will follow the
path led by Guth [Gut10] with a variant of the polynomial method.

However, there is a major difficulty to generalize Guth’s argument: Note that the
zero set of one polynomial has codimension 1. in the setting of [Gutl0], because a
line has dimension 1, a line will intersect the above zero set at discrete points. And

the number of such points is controlled by the degree of the polynomial. Hence we
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can do some counting to obtain estimates. In particular, Guth’s proof relies heavily
on the cylinder estimate (Lemma 2.0.8).

In the kj-plane setting, the zero set of a single polynomial no longer interacts
well with a kj-plane: Because the latter generally has a smaller codimension, it
won’t intersect the former at discrete points in general. Due to this issue we cannot
do counting and seem to lose our main weapon (Lemma 2.0.8).

In this thesis, we deal with this difficulty and obtain our Theorem 3.1.2. The main
idea is the following: for a k-plane, instead of finding one single polynomial, we would
like to intersect it with the zero sets of k£ polynomials. Because the codimensions of
the k-plane and zero sets of the k polynomials add up to d, they will intersect in
points and it is possible do counting to estimate the intersection again.

Along this line, we are taking more than 1 polynomial to approximate an arbitrary
set of N cubes. We would like the zero sets of all the polynomials to be “transverse”,
with this requirement we can choose at most d such polynomials. Like the original
polynomial method, we would like to know how low the degrees of our polynomials
can be. Guth [Gut10] showed that we can always choose the first polynomial to be
of degree <; N . But for the second polynomial this degree bound may already be
no longer valid. Think about N unit squares lining up on a line in the plane R2.
Any polynomial with degree significantly less than N would have most of its zero set
“almost parallel” to the line (see [Gutl4al]) and hence two such polynomials cannot
intersect transversely at most of the squares. However in this example it is possible
to find two transverse polynomials with degree product being N. More generally

one can look at examples of cube grids or more generally transverse intersections of
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hypersurfaces and similar phenomenon happen there. Based on the above discussion,

we ask the following question in the spirit of the polynomial method.

Question 3.3.1. Given any N disjoint unit cubes in R? and A, > 1 for each given
cube Q,, do there always exist d polynomials Py, Py, ..., Py such that [[L, deg P; is
roughly >, A, and the zero sets of all P; have “quantitative interaction” 24 A, at

each of the above cubes?

We explain the term “quantitative interaction” in Question 3.3.1. Morally we
want this to be the number of points where the underlying hypersurfaces intersect.
However this definition has a technical problem: The hypersurfaces can have de-
generate intersections being a set of dimension larger than 0. Hence we actually
move each hypersurface around a bit and take the expected number points where
the displaced hypersurfaces intersect to be the “quantitative interaction”. A formal
definition would take too much space and we omit it here. The term “quantita-
tive interaction” would never appear in any statement in this thesis and only serves
purpose of getting intuition.

Question 3.3.1 looks like a “continuous version” of the inverse Bézout’s theorem
(see for example [Tao]). The analogue is very difficult in algebraic geometry (see
[Tao] for part of the reason), and is conceivably very hard in its current continuous
version too. I believe it can be formulated as an explicit question with an affirmative
answer though. One can make this question rigorous by specifying the meaning of
“quantitative interaction”, see the discussion below and (8.9) for a result of this
flavor.

Luckily enough, we find the full power of this hard version is not needed this time.
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Instead, it will be equally useful to have a morally positive answer to the following

“softer” question.

Question 3.3.2. Given any N disjoint unit cubes in R? and A, > 1 for each given
cube Q,, do there exist d polynomials P, P, ..., Py and positive numbers o, > 1
such that [I%, deg P; is roughly 3", i, A, and the zero sets of all P; have quantitative

interaction 24 v, A, at each of the above cubes?

This question is weaker than Question 3.3.1 because there we have the additional
requirement that a, = 1. In other words, we allow polynomials of higher degree here
but “with the right multiplicity”. In general, higher degree polynomials, even with
the right multiplicity, do not necessarily work as well as ones with lowest possible
degree, see for example some estimates in [Gut14a]. But in this application it makes
no difference, as we are in a situation similar to that in [Gut10].

Surprisingly, it turns out that after some further refinement of the question, we
find that we can take P,..., Py all to be the same P and that we can obtain P by
the refined polynomial method of Guth involving visibility. Once this is clear we are
able to prove our theorem with a great amount of help of (multi-)linear algebra and
geometry.

To be more specific, we find that we can take a single nonzero polynomial (that
is complicated enough to look like the product of several transverse polynomials)
such that the following holds: If we denote Z(P) to be the zero set of P, then for
each relevant @), d copies of Z(P) (N (@, interact in a sufficiently transverse manner.
Since the d copies of Z(P) N @, interact in a very transverse way, and the copies are

all the same, for any j and any (), we deduce that k; copies of Z(P)N (@, interacts

24



sufficiently transversely with the part of the j-th family of slabs inside ),. But for
any j, the j-th family has a limited capacity of transverse interaction with k; copies
of Z(P) by Bézout’s Theorem. This gives us an estimate that leads to Theorem
3.1.2.

As we saw above, we end up taking one single polynomial for d times. Neverthe-
less, we choose to keep the entire thought process on “d transverse polynomials” here
because after all, it is how we eventually come up with the solution and the reader
might find our thought process useful elsewhere. Also, Question 3.3.1 that remains
open is still fundamental, as it’s a general one concerning the polynomial approxi-
mation of any N cubes. For example, it implies the existence of the polynomial in
the polynomial method. Its discrete analogue is also open, see [Tao]. But progress
in various subcases has been made.

In the multilinear k;-plane setting, our method actually proves a stronger theorem
(Multilinear k;-Variety Theorem 8.0.12) which largely generalizes Theorem 3.1.2. We
will state its exact form after a bit more preparation. Here let me briefly describe it.

Let’s take a new viewpoint. To know that a point belongs to a slab of radius 1 is
equivalent to knowing the existence of another point on the core of the slab that lies
in its 1-neighborhood. Also note that the union of all cores (k;-planes) of the j-th
family of slabs can be viewed as an algebraic variety of degree A(j) and dimension k;.
This variety is a smoothly embedded £j;-manifold except some zero-volume subset.
Our Theorem 3.1.2 is basically saying that the n families of k;-planes have limited
capacity of “transversally interaction”. We will prove that this is the general case for

any n algebraic varieties with total dimension d in Theorem 8.0.12.
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This multilinear kj;-variety theorem immediately has interesting special cases.
For instance, we have a theorem about collections of sphere shells in the flavor of
Theorem 3.1.2.

The proof of Theorem 1.2.7 is with almost the same technique, but we have some
new difficulties: When we use this technique, we want to know how well each k;-
plane interacts with our polynomial. However the infomation on the Brascamp-Lieb
constant seemed to be very hard to use when we try to look at things “locally” as
we do in the proof of Theorem 3.1.2. We address this issue in Chapters 9 and 10
by proving a weaker “integral version” of our previous pointwise estimate. Albeit
weaker, it already leads to a proof of Theorem 1.2.7.

Like the situation of Theorem 3.1.2, Theorem 1.2.7 has a generalization to alge-
braic varieties (Theorem 10.0.18) and we prove the latter which automatically implies

the former. Again the current form is quite strong and interesting in its own right.
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Chapter 4

Polynomials with High Visibility

In this chapter, we review the refined polynomial method by Guth [Gutl0]. We
review the definition and properties of visibility and state Guth’s theorem that we can
find a polynomial with reasonable degree and large visibility in many cubes. Along

the way we define a relevant notion, namely the fading zone, for future convenience.

Definition 4.0.3. In RY, for any compact smooth hypersurface Z (possibly with

boundary) and any vector v, define the directed volume
Vz(v) = / |v - n|dVoly (4.1)
z

where n is the normal vector at the corresponding point of Z.

If v is a unit vector, there is a formula for Vz(v) that is geometrically more

meaningful. Let 7, be the orthogonal projection of R% onto the subspace v*. Then
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for almost y € v, |Z N w1 (y)] is finite and we have (see [Gut10])

Vo) = [ 127 w)ldy. (42

Definition 4.0.4. The fading zone F'(Z) is defined to be the set {v : |v| < 1,Vz(v) <
1}. It is a nonempty convexr compact subset of the unit ball (see [Gut10]). The

visibility Vis|Z] = ﬁ

First we explain the heuristic meaning of the two concepts. Imagine that it is
in midnight and we are looking at a glittering object exactly with the same shape
as Z from a fixed distance. To describe the situation mathematically, we can find
a vector v such that its direction is the direction of the object and its length is the
brightness of the object. Then we can intuitively think that Z fades away when v
enters the fading zone. And naturally the less visible the object is, the larger we
want the fading zone to be. Hence we can define the visibility to be the inverse of
the volume of the fading zone. See the beginning of Section 6 in [Gut10] for how to
intuitively understand visibility and a few simple examples.

It is good to keep in mind that in this thesis we will mostly deal with hypersurfaces
Z with Vz(v) Z4 1 for any unit vector v. For hypersurfaces that don’t satisfy this we
will typically fix it by taking its union with several hyperplanes parallel to coordinate
hyperplanes.

Apparently as long as Z has finite volume, F'(Z) has a nonempty interior.

We are interested in polynomials and want to use the notions above to study them.

Recall that the space of degree D algebraic hypersurfaces in R? is parameterized by
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RPX for K = (D;d) —1 in the following way: any such hypersurface corresponds to a

D+d

1 )—tuple of its coefficients

polynomial P up to a scalar. By viewing P also as the (
we find this parametrization [Gut10]. We want to think of the directed volume and
the visibility as functions over RP*. However as Guth pointed out[Gut10], they are
bad functions that may even be discontinuous.

Following Guth|[Gut10], we get around this difficulty by looking at the mollified
version of them. If we take the standard metric on RP*, we will mollify those func-
tions over small balls around some P € RPX. In the rest of this thesis, we take € to
be a very small positive number depending on all the constants, and in application
on the set of cubes and visibility conditions. This kind of assumption is often dan-
gerous but as we can eventually see, here it does no harm at all (mainly because all
the algebraic hypersurfaces of degree D satisfy the same Intersection Estimate (7.5)
uniformly), just like the case of [Gut10]. There instead of the Intersection Estimate,
we have the Cylinder Estimate (2.1) as a special case counterpart.

For any P € RPX, let B(P,¢) be the e-neighborhood of P. Let Z(P) denote
the zero set of P. Note that for any P, the set of singular points on Z(P) has zero

(d —1)-dimensional Hausdorff measure. And the rest of Z(P) is a smooth embedded

hypersurface by the Implicit Function Theorem.

Definition 4.0.5. For any bounded open set U and any vector v, define the mollified

directed volume

_ 1 ,
VZ(P)ﬂU(V) = WM/B(RE) VZ(P’)ﬂU(V)dP' (4.3)
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Define the mollified fading zone and mollified visibility based on the mollified

directional volumes:

FZP) ) = (v M € 12 Vo) < 1) (4.4
- |
Vis|Z(P)(U] = TP N0 (4.5)

Like we had before for F/(Z), F(Z(P)NU) is a convex compact subset of the unit
ball with an nonempty interior. By John’s Ellipsoid Theorem [Joh14], for any convex
set I' with interior, there is an ellipsoid Ell(T") such that EI(I') C T C CyEU(T)
and that |FU(T)| ~4 |T|. Tt is easy to see that if the convex set is symmetric about
the origin (which will be the case for all convex sets considered in this thesis), then
we may require the ellipsoid to be symmetric about the origin too. We assume so
henceforth in the thesis. We call any such Fl(T") an elliptical approzimation of T.

V zpy (V) and Vis[Z(P) N U] are continuous with respect to P € RPM [Gut10].

Guth proved the following key lemma in [Gut10].

Lemma 4.0.6 (Large Visibility on Many Cubes [Gut10]). For any finite set of cubes
Q1,-..,Qn and non-negative integers M(Q;),1 < i < N, there exists a polynomial

P of degree < D (but viewed as a degree D polynomial when we mollify) such that
Vis(Z(PYNQx) > M(Qy) and that D <4 (XN, M(Qy))7.
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Chapter 5

Wedge Product Estimate Based on

Visibility

As we are actually dealing with the mollification version of everything, it is conve-
nient to have a generalized definition of visibility on any space of finite measure.
The generalized setup here will also be cleaner and more flexible in the inductive
arguments which are needed.

Assume we have a measure space (X, p) with u(X) < oo and a vector-valued
measurable function f : X — R For any vector v € R? define the total absolute
inner product of v and f (the directed volume of last section being the example we

have in mind):

Vis(v) = [ v+ f(@)ldp(a). (5.1

Define the fading zone F'(X, f) = {v < 1, Vx ¢(v) < 1} and visibility Vis[X, f] =

X As we had in the end of last section, we have an elliptical approximation
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ElI(F(X, f)) such that Ell(F(X, f)) C F(X, f) C C4El(F(X, f)).

Next we obtain a lower bound of a wedge product integral in terms of visibility.

Theorem 5.0.7 (Wedge Product Estimate). Assume that for any unit vector v we
have Vx ;(v) > 1. Then

/ . /X AL P du(e)dpa) - dp(ea) Za Vis[X, f] (5.2)

Proof. We do induction on the dimension d to prove the theorem. First observe
that if El(F(X, f)) is an elliptical approximation of F(X, f), then for any linear
subspace W of RY, Ell(F(X, f))NW (ellipsoid) is also an elliptical approximation
of F(X, f)NW by definition (this may seem problematic as the Cy will vary, but for
the conclusion only finite many intermediate dimensions are involved in the whole
induction process and we can set the Cy of them all being the same).

For d = 1, by definition we easily see

VisX, f] = 5 [ 17 @)du(e) 53

and the conclusion holds. Note that even in the argument here we are using the
hypothesis to ensure we have (5.3).

Assume the conclusion holds for d < dy and dy > 1. Now we deal with the case
d = dy. Assume vy,..., v, are parallel to the semi-principal axes of any elliptical
approximation FIl(F(X, f)), respectively, and that they form an orthonormal basis
(we can arbitrarily choose a set of orthogonal semi-principal axes if there is ambiguity

defining the semi-principal axes). Among them we assume v, is parallel to a semi-
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minor axis (i.e. a shortest semi-principal axis) that has length ¢;. Taking v = Av;

where A ~g, t; in (5.1) we deduce

J1r@ldn(e) = (5.4)

1
t
Next for any unit vector v € R%, we prove

[ [ @A A flag) AVIda(a)dpes) - dp(ea1) Zap b - VislX, .
(5.5)

Let m,1 be the orthogonal projection from R% to its subspace v*. Define f,1 =
myrof. If we identify R%~! with v, f,. is another (dy—1)-dimensional-vector-valued
function on X. By definition, we know for any w € v, Vy ;(w) = V. f,. (w). Hence
F(X, fyr) = F(X, f)Nv*t. By the previous discussion, we know we can choose
El(F(X, f,1)) to be ElI(F(X, f))Nvt. But among all the (dy — 1)-dimensional

sections of Ell(F(X, f)) passing through the origin, the section cut by v;i has the

|[EUCE (X )
0

1
t1 - tl-ViS[X,f]‘ Hence

largest volume (see also Lemma 9.0.16) which is ~y

ViS[X, va] =

‘F(lefvlﬂ ~do \Ell(F()lf,va))\ Zdo t1-Vis[X, f]. By induction hypothesis

we have

S Sxao-1 [f(@) Ao A f(@ao—1) A vidp(zr)dp(zs) - - dp(zdy—1)
= [ Sxar [ for (@) Ao A for(ag-) dp(an)dp(s) - - - dp(wa,-1)
Zdo Vis[X, foi]

Zdo ty - Vis[X, f]. (5.6)

33



This is (5.5).
Combining (5.4) and (5.5), we have

S Ixa LNy f@)ldp(an)dp(@s) -« - dp(za)

=[x @IS Syaos [F@) Ao A f(@ay1) A RSl dp()dp(es) - - dp(g,))dp(x)
~do tl : VZS[Xv f] : fX |f([)3)|d/$([)3)

> Vis|X, f] (5.7)

~do

which concludes the induction. O

34



Chapter 6

Linear Algebra Preliminaries

Our proof relies heavily on linear algebra. In this chapter we do the linear algebraic

part and prove two useful lemmas.

Lemma 6.0.8. Assume Vi,...,V, C R? and k; = dimV; satisfies 37—, k; = d.
Then for any vectors wi, ..., wq € R?, we have
n
max H |(V})L/\WZ~J.71/\- . -/\Wi].,kj| >4 [VIA- - AV, AL Wi

1<i; p<d for 1<j<n,1<h<k;, 1
each 1<i<d is chosen ezactly once among all i; p, J

(6.1)

Proof. Assume that {v;}i1<n<k; is an orthonormal basis of V;. Then by definition
we have

(Vi A AVL) - (N wi)| = (Vi - W) (6.2)

By the generalized Laplace cofactor expansion, the determinant on the right hand
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side of (6.2) is a sum of terms in the form

+ det(VLh : Wl,h) det(Vg,h . €V27h) tet det(vn,h . V~Vn7h) (63)
where Wi 1, Wi, ..., Wik, Wai,...,Wajy,...,Wpi1,..., Wy, IS a rearrangement of
Wi, ..., Wy Hence for some such rearrangement we have

|Vi VARIEIAN Vn| : | /\;-izl Wz| r§d | det(th . Wl,h) det(vzh . V~Vg7h) cee det(vnvh . V~Vn7h)|. (64)
By the properties of the Hodge *-operator, we then have
| det(Vj’h'VNVjﬁ)l = |(*Vj71/\' . '/\Vj7k].)/\V~Vj71/\- . '/\\X/’ij].| = |‘/jL/\ﬁ/j71/\' . '/\ﬁ/j,kj| (65)

which concludes the proof. [

The rest of this section is dedicated to the computation of a determinant that

will be useful in the next section.

Lemma 6.0.9. Assume that 0 < ¢; < d are integers, 1 < j < m, satisfying 327" ¢; =

d. For any j, assume Vji,Vja,...,V;q 15 an orthonormal basis of R? (written as
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column vectors). Then we have

Viei+1 Vid V2e+1 Vad 0

Vie+1 Vid 0 ce 0 V3,341
det

Viei+1 Vid 0 s 0 0

_ |det (Vi1 Vi Vo - Vo -

Proof. For 2 < j < m, let A; = (Vl,l'--vl7010~~~0--
rule here is that its first ¢; columns are vy 1, ..
(X2j1<j cjr)-th columns are v;1, ..

The left hand side of (6.6) is equal to

I 0 0 0 0 0 0 0
Ay Viei+1 Vid V2e+1 Vad 0

det | Aj Vi +1 Vi,d 0 o 00 v
Am Viei+1 Vid 0 s 0 0

We exchange the columns to make it look better.

(vj1---Vjq). Thisis an orthogonal matrix. We also define a matrix B; = (b;(k,1))(1 <

'Vj,l"'Vj,cj"'O"

0 0
Vg - 0
0 - Vet

Vi Vm,cm)‘ .

-0). The

Vi and its (35 ;¢ + 1)-th to

., Vje;» While its other columns being zero vectors.

0 0
V3d 0
0 o Vinem+1

For simplicity let V; =

k < d) such that: b;(k,l) =1if | <c¢jand k =1+ X, ¢y, bj(k,1) = 0 otherwise.

Then after rearranging the columns of the matrix above we find the determinant (in

37
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absolute value) is equal to

B, B, B By,
Vi Vo 0 -+ 0
det| v, 0 Vi --- 0
Vi 0 0 - Vp

We can multiply the j-th column by Vj_1 = Vjt on the right, then subtract all the
j(> 1)-th column from the first column. This keeps the determinant. Note the defi-
nition of B;, if we denote A = (Vi1 Vie —Vor- - — Vo — Vi1 — Vien )

then the determinant is

A' BV} BV -+ BVl
0 I 0o - 0
det 0 0 I ... 0
0 0 0 1
(6.6) then follows directly. O
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Chapter 7

Integral Geometry Preliminaries

In this chapter we prepare some integral geometry tools for our proof of Theorem

3.1.2. First we generalize (4.2) to the following lemma.

Lemma 7.0.10. Assume in R? we have m smooth compact submanifolds Z1, Zs, . .., Zy,
(possibly with boundary) with codimensions ci, ..., ¢y, respectively. If Yiticp =d

then for any measurable subset U C RU™=1 = (R)™1 e have

Sz Sz, Sz xv(BrB5, - 2D [Ty Z0) A -+ A (T, Zn) VoL, ... d Vo,

.....

where p; € Z;, T,, Z; is the tangent space of Z; at p;, dVol; is the volume element
on the j-th submanifold, and Z; +v; = {p; + v; : p; € Z;} is the translation of Z;

along the vector v;. The |- | on the right hand side defines cardinality.

This lemma has a lot of information so we pause a bit and go through several
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examples to understand it better.

When d = 2, if Z; and Z; are two non-parallel line segments and U is the whole
R2, the integrand on the right hand side of (7.1) is the characteristic function of a
parallelogram generalized by Z; and Zs. Hence the right hand side is the area of the
parallelogram, which is easily seen to be equal to the left hand side. When d = 3,
if Z, is a line segment, Z, is a parallelogram in a plane and U is the whole R?, the
situation is totally analogous.

When d = 3, Z; is a whole line and Z, is a smooth surface of finite area, we
can take U to be the point set between two planes orthogonal to Z; with distance
1. It is a simple exercise to show that (7.1) then becomes (4.2). Hence it is indeed a
generalization of the latter.

Finally let’s look at a more complicated example. Again taked = 3, U = R°. Take
a parallelepiped 2 = ABC'D — A, B,CD;. Take three parallelograms Z; = ABCD,
Zy = ABB1A,, Z3 = ADD;A;. Denote u = @,V = E,w = A—Al) Again the
integrand on the right hand side is a characteristic function. We find it is plainly

equal to Vol(Q)%. Now the left hand side is equal to

uxv /\ VXW /\ wXu

[ax v] - [vxwl-jw x| |75 A 25 A R

= [(ux V) A (vxw)A(wXxu)
= |(ux V) X (vxw)):(wxu)
= (V- (uxw))v:(wxu)

- Vol(Q)2. (7.2)
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Proof of Lemma 7.0.10. Without loss of generality we can assume U is open and
bounded. By the multilinear feature of both sides of (7.1), we only need to consider
this problem locally. Hence we can assume each Z; is smoothly parameterized by a
domain in R?*%. In other words we may assume Z; : z; = f;i(y;1,. .. s Yjd—c;) and

that the (d—c¢;) vectors w;; = (%)1§igd has a nonzero wedge product at any point
p; € Z;. They span the tangent space T}, Z; and will be written as column vectors
below.

Look at the cartesian product Z = Z; X Zy X -+ x Z,, C (RY)™ = R, This is
a smooth submanifold of dimension 7", (d — ¢;) = d(m — 1). Use z;,(1 < i < d)
to denote the standard Euclidean coordinates in the j-th copy of R? as let v;; =

xj; —x1,(j > 1). For simplicity let x; = (x;,)1<i<q4 and v; = (v;;)1<i<q. Notice that

the right hand side of (7.1) is equal to

/Z xv (Vi) o<jcm)|dvadvy - - - dvy, .

Define the density form 6 = [dvadvs - - - dvy,| = |dveg Advga A=+ Advgg A+ A

dvma A+ Advp, 4| On the manifold Z it is a multiple of the volume density element

_ 1™ d—c; 0
[AV] =TT [ Aiey” Whall Ar<jcmi<ica—e; dyjal- Next we find .
vy :
We have t= = ——————|(52*)|. And by change of variable we have
[V [I2 Iy w78

41



8’0',1'
Gy

_Wl 1 PR _W17d701 W2 1 ... W2’d7C2 DY O ... 0

) )

= |det

_Wl,l DR _Wl,dfcl 0 o .. 0 DR Wm,l .. Vm,dfcm

This looks very much like the left hand side of (6.6). Indeed, the extra negative
signs does not change the determinant and can be ignored. The only essential dif-
ference here is that for each j, our {wj,l}lglgd_cj is not a set of orthonormal vectors.
If we do a change of variable to make them orthonormal we will extract a factor of
| /\ld;fj w;,| from right hand side of (7.3) for each j. We then apply Lemma 6.0.9 and

get
0 m 1
W = | /\jzl (ijZj) | (7-4)
Hence the right hand side of (7.1) is equal to [, xu((Vj)2<j<m)| ATy (T, Z;)*|dV.
Note that dV is the product of all dVol;. This can easily be recognized as the left

hand side. O]

In application, we want to look at the case where each V; is the zero set of an
algebraic variety of codimension c¢;. Such a V; may contain singular points, but they
form a subset of measure 0 when we take the (d—¢;)-dimensional Hausdorff measure.
Hence almost all points on V; are smooth points and we can apply our Lemma 7.0.10

to obtain the following theorem.
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Theorem 7.0.11 (Intersection Estimate). Assume in R we have m algebraic subva-
rieties 2y, Za, . .., Zmym with codimensions cy, . .., ¢, and degree Sy, . .., S, respectively.

If 271 ¢; = d then for any measurable subset U C RY™=Y = (RY)™~L we have

Ioi Sz I X005y - - s DDA (T Z0) S A -+ A (T, Zi) | VO, . . . dVOL,,

IN

Vol(U) T, sj (7.5)

where dVol; is the (d—c;)-dimensional volume element on the j-th subvariety. Almost

all p; € Z; are smooth points and we define T,.Z; to be the tangent space of Z; at

pj-
Proof. (7.5) follows directly from Lemma 7.0.10 and Bézout’s Theorem. O

Theorem 7.0.11 generalizes the cylinder estimate in [Gut10] that was recorded as

Lemma 2.0.8 in our current thesis.
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Chapter 8

Proof of Theorem 3.1.2 and

Theorem 3.1.3

In this chapter, we prove Theorem 3.1.3 and deduce Theorem 3.1.2 as a corollary. As
briefly described in the introduction, we actually prove a generalized theorem about
any mn varieties.

Basically, our multilinear k;-variety theorem says that for n algebraic subvarieties
of R? with their codimension adding up to d, their tubular neighborhoods will provide
us with an inequality similar to Theorem 3.1.3 if we take their “amount of interaction”
into account. In particular, if we take each subvariety to be a union of k;-planes we

obtain Theorem 3.1.3 and Theorem 3.1.2 (see the end of this section).

Theorem 8.0.12 (Multilinear k;-Variety Theorem). Assume 1 < k; < d —1(1 <
j < n) satisfy Sj_ykj = d. Assume that for 1 < j < n, H; C R? is part of

a kj-dimensional algebraic subvariety of degree A(j), respectively. Let do; denote
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the k;-dimensional (Hausdorff) volume measure of H;. Then with respect to this
measure, almost all y; € H; are smooth points. For a smooth point y; € H;, let

T,,H; denote the tangent space of H; at y;. Then

_1
Jra (S, by, X{dist(yy ) <1y | Nizy Ty, Hyldoy(y1) - - - dop(yn)) =T da

1

S b A()T (8.1)

We give an outline of the proof before we actually do it. For the convenience
of the statement we wrote Theorem 8.0.12 in an integral form. However because of
the truncation X(dist(y;,z)<1} it is really of discrete flavour. In other words, around
any unit cube, we only take into account the part of the varieties near this cube.
By Lemma 4.0.6, we can find a polynomial with large visibility around each relevant
cube. In the lemma, it is possible to assign different weights to different cubes in the
above movement. We assign the weights according to the cubes’ “popularity” among
H;, as Guth did in [Gut10] for the multilinear Kakeya theorem.

We will see it does not matter if we multiply all the weights by a same large
positive number simultaneously. As long as the weights are large enough, we can
add hyperplanes to the polynomial which do not essentially increase its degree and
make its zero set satisfy the assumption of Theorem 5.0.7 at each relevant cube.
Then we can invoke Theorem 5.0.7 for the resulting zero set Z(P) at all relevant
cubes to show that d copies of Z(P) have enough interaction there. Now around
each relevant cube we are ready to assign some copies of Z(P) to each variety H;

and use Lemma 6.0.8 to show that those “have enough interaction”. On the other
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hand, we can use Theorem 7.0.11 to bound the amount of interaction from above.
Hence we obtain a nontrivial inequality. All quantities there work out well as they

supposed to be and we obtain our theorem.

Proof of Theorem 8.0.12. Apparently, we only need to prove the case where each H;
is compact and take a limiting argument to complete the proof. Fix a large constant
N in terms of d, for example N = 100e? should be more than sufficient.

Consider the standard lattice of unit cubes in R?. For each cube @, in the lattice,

let O, be its center. Let

n

G(Q,) = /H T Xqaistwy .00 <nyl Njoy Ty Hyldoy (1) - - - dop(yn).  (8.2)

1XHoXx--xHp j=1

Obviously

G(Q,) > T xqaisttw; ey<y) Ajy Ty, Hyldor (y1) - - dog(yn). (8.3)

Hi{xHox-XHpy j=1

for any z € @),,. Hence it suffices to prove that under assumptions of Theorem 8.0.12,

we have

S G(Q)TT Sa [[AG)T. (8.4)

We only have finite many relevant cubes @, such that G(Q,) # 0. Hence we can
choose a huge cube of side length S containing all of the relevant cubes. By Guth’s
Lemma 4.0.6, we can find a polynomial P of degree <, S such that for each cube
Qv

Vis[Z(P) Q. > S°G(Q.)™1 (3 (@) 7). (85)
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Adding <; S hyperplanes to P (in other words multiply P by linear equations of
those hyperplanes) if necessary, we may assume that for all ), where G(Q,) > 0 we
have V ;p) N, (V) = |v]. Hence we are in a good position to use the wedge product
estimate (5.2).

Before we move on let me remark on a technical issue. If we do have to add
hyperplanes at this point, we need to modify our Definition 4.0.5 a little bit: Assume
all the hyperplanes we added form a zero set of a polynomial /4. We call the original
polynomial in Guth’s lemma P,; and our P is actually P,4;F,. Then when we are
talking about the mollified directed volume, mollified visibility, etc. around P, we
want to look at all P'Py where P’ € B(Pyq4,¢) instead of all P’ € B(P,e). For
example, the definition (4.3) should now be modified to

1 /
VZ(P)ﬂU(V) = |B(Pold75>’ /B(Pold,E) VZ(P'PO)ﬂU(V)dP . (86)

We also note that an alternative strategy to “adding hyperplanes” is given in the
Carbery-Valdimarsson paper [CV13] (see Lemma 3, Lemma 6 and the argument on
page 1654 there). It is a very detailed and clear account.

For the rest of the section for simplicity of the notations, we deal with the case
where no hyperplanes are added. For the general case the proof is identical except
for proper correction of notations.

For any y; € H{NB(O,,N),...,y, € H,NB(O,,N), Py,...,P; € B(P,e)(see
section 2), py € Z(P\)NB(O,,N),...,pa € Z(P;)NB(O,,N), by Lemma 6.0.8, we
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can find some ¢, for 1 < j <n, 1 <h < k; such that

T 1Ty, Hy) (T, 2P, ) e ATy 2P, ) Za I T H N (T, Z(P))
- (8.7)
and that all 4, are distinct and form exactly the set {1,2,...,d}.

Integrate over (H; N B(O,,N)) x --- x (H,NB(O,, N)), we obtain

G(Qu) - | Ny (T, Z(P) |

~d Z(i]-,h) leﬂB(Oy,N)"'anﬂB(O N
T (T Hy) S A (T Z(Py )Y A A (T Z(By, ) ldo(y) - don(yd.8)

Here we sum over all possible choices of {i;;,1 < j <n, 1 <h < k;} such that
all 4, are distinct and form exactly the set {1,2,...,d}.

Integrate (8.8) over Py, ..., Py € B(P,e)and p; € Z(P;) N B(O,, N) (we abuse the
notation a bit and write dp = do(p) where do is the (d — 1)-dimensional Hausdorff
volume measure on Z(P)). Taking Definition 4.0.5 into account, we use Wedge

Product Estimate Theorem 5.0.7 and (8.5), (8.8) and deduce

Z(ij’h) m f T fB(P,e)d le (B(O,,N) """ an () B(O.,N) fZ(Pl)ﬂB(OV,N) T fz(pd)ﬂB(oV,N)
Ty ) S A (T 2P )M Ao A (T Z(P, )
dpy -+ -dpgdoy (y1) - - - doy (yn)d Py - - - APy
Rd G(Q,) - Vis[Z(P)NQ,]
2 S1G(Q,)71 (S, G(Q,) ™)™ (8.9)
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Rewrite (8.9) as the following

i, = (m I et 5540 A fH N B(O.,N fZ(Pijyl)ﬂB(Oz,,N) e fZ(Pichj)ﬂB(Oy,N)
|(TyjH ) (T Z(P ))J_ AREENAN (Tpi]-’kj Z(Pij,k]- )) ’dpim e dpij,kj de (yj>dPij,1 o dP'l]kJ)

_n_ 1\
2d mG(QV)"—I(ZV G(Q,)T)~h (8.10)
By the arithmetic-geometric mean inequality we deduce

B = 1y-1
T (@)™ (.67
<d

~ E(ij,h) 7 1wf fB Pe)ki gy A(] fH () B(O.,N fZ(Pijyl)ﬂB(O,,,N)"'fZ(Pijykj)ﬂB(Ol,,N)

3

|(TyjHj> A (TpijJZ<P’ij,1))L AREENAN (Tpij’kj Z(Pl]kj)) ’dpij,1 to dpij,kj daj (yj>dPij,1 - dB

L,k

(8.11)

Sum (8.11) over v, and then we invoke the Intersection Estimate Theorem 7.0.11
with U = {(us)1<i<kj11 * i € R?, dist(ug, uy) < N?} (it suffices to choose U large

enough). Note that deg P; = S and deg H; = A(j), we have

m( G(Q.)TT)(Z, G(Q,)™T) =

n 1 1
St X Y= aipars | et §5ag) Tz Ty X0 Wi P Pigg)
'|(TyjHj)L A (Tpij,lz(P’

5,1

NEA A (sz‘j,kj Z(P"j,kj))lldpij,l " .dpijvkj do;(y;)dp, - - dP"J’”W

Sd Z(i]’,h) ;L 1B pE B(PT /- fB Pe)*i 1ngl"'dPij,kj

<4 1 (8.12)
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and (8.4) holds. O

Theorem 3.1.3 and Theorem 3.1.2 follow easily from Theorem 8.0.12. To prove
Theorem 3.1.3 it suffices to prove the case where all p;,, are rational numbers.
Then without loss of generality we may assume further that they are integers. By
considering multiple copies of Uj,,’s, we can further assume they are all 1. Then
one just takes the j-th variety to be the union of the cores of the j-th family of slabs
and apply Theorem 8.0.12 (after a scaling). Theorem 3.1.2 is a direct corollary of
Theorem 3.1.3.
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Chapter 9

An Analogue of Lemma 6.0.8

In the next two chapters, we prove Theorem 1.2.7. In this chapter we prove a lemma
(Lemma 9.0.17) analogous to Lemma 6.0.8 which will be used in the proof the same
way as Lemma 6.0.8 was used in the proof of Theorem 3.1.2. This lemma is weaker

in appearance than Lemma 6.0.8, but it turns out that it serves our purpose.

Definition 9.0.13. In R?, given a convex body I' centered at the origin, define its
dual body T'* to be {v € R?: |(v,x)| <1 for all z € T'}, where (-,-) is the Euclidean

inner product on R?.

It is trivial by definition that if two convex bodies I'y C I'y then I'7 D I'5.

By John’s Ellipsoid Theorem, we need to mainly consider ellipsoids as examples
of convex bodies. Next we develop several lemmas concerning ellipsoids. From now
on, when we talk about an ellipsoid in an Euclidean space, we always assume the

ellipsoid has the same dimension as the background space.
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Lemma 9.0.14. [f the T in Definition 9.0.13 is a (closed) ellipsoid centered at O
(the origin), then T'* is also an ellipsoid centered at O. We call T'* the dual ellipsoid
of I". Choose a set of principal azes of ' (the wording is because the choices might not
be unique), we have them to be again the principal axes of I'*. Moreover, the lengths
of the corresponding principal axes of I' and I, when divided by 2, are reciprocal to
each other. Hence (I'*)* =T and Vol(T') - Vol(I'*) = Cyq > 0 is a constant depending

only on d.

Proof. Trivially the dual body of the unit ball is again the unit ball. Assume I';
has a dual body I'j;. Then for any positive definite linear transform A, we have by

definition

(ATg)* = {veR?:|(v,Ax)| <1 forall z € Tp}
= {veR?:|(A*v,x)| <1 forall z € Tp}
- (AT

= AT, (9.1)

Now we can use a positive definite linear transformation A to transform the closed
unit ball to our I', by the computation above, I'* is A~! acting on the unit ball, so it
is an ellipsoid. Also the principal axes of I' correspond to an orthonormal basis that
diagonalizes A. This basis also diagonalizes A~!. Hence the principal axes of I' are

also principal axes of ['*. The rest of the lemma is obvious. ]

Lemma 9.0.15. Assume a subspace V C R? and I' € R? is an ellipsoid centered at

O. Let my(-) be the orthogonal projection onto V.. Then wy(I'*) and 'OV are dual
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to each other (in V with respect of the induced inner product). Note these two are

both ellipsoids.

Proof. If V' has dimension 1, then the lemma is true by definition of the dual body
(note by Lemma 9.0.14, the two ellipsoids are dual to each other).

For general V', by the last paragraph for any V' C V of dimension 1 we have
v (my(I™)) and (TN V)NV’ are dual to each other. But given the ellipsoid I'y =
I'NV C V, apparently there is only one possible set Y C V such that for any
V' C V of dimension 1, m/(I'y) and Y NV’ are dual to each other (since Y NV’ is
determined by I'y, via this property). Now by last paragraph again, the dual of T'y

in V' is this unique Y. Hence 7 (I'*) has to be this dual. O

Lemma 9.0.16. For any subspace V. C R? of dimension d', we define my to be the
orthogonal projection onto V' as usual. Then for any (closed) ellipsoid T' C RY, we

have

m MIT AV = CaalT) (9-2)

where Cqq > 0 only depends on d and d'. Here we use the corresponding standard

Lebesgue measure on V., V+ and R?, respectively.

Proof. 1t is well known that in R?, an ellipsoid defined by {x : (x, Ax) < 1} has

volume " CZ T where A is a positive definite linear transform and (-,-) is the Eu-
et 2

clidean inner product. Assume I' = {x : ||Tx||?> < 1} where T is a non-degenerate

linear transform. Since we can multiply 7" by any orthogonal transform on the left,
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we may assume 17'V+ = V+. Then by last paragraph,

Cy
I'= —— .
T | det T'| (9:3)
Cdd/
rAvt = —2 94

Meanwhile, x € V belongs to my (I") if and only if inf, ¢y 1 || T(x+Vv)|| < 1. By the
method of least squares, infycyo [|[T(x 4 V)| = ||7v)L (T%)]| = ||7v(Tx)|]. Hence

Cuy

v (D) = | det(my o T|y)|

(9.5)

Now notice 7V+ = V+. Hence when written in matrix form it is easy to verify
det T'|y 1 - det(my o T|y) = detT. This together with (9.3), (9.4), (9.5) implies
(9.2). O

Now we are ready to develop an analogue of Lemma 6.0.8. We recall that in Sec-
tion 3 we defined the total absolute inner product Vx ;(v), the fading zone F(X, f),
visibility Vis[X, f], and chose an elliptical approximation Ell(F (X, f)) for any mea-

surable vector-valued function f : X — R

Lemma 9.0.17. Fiz positive integers d and 1 < ky,....k, < d. Let R? be the
standard Fuclidean space.

Assume a Brascamp-Lieb datum (B,p) that all B; are orthogonal projections
from R? to a subspace and that dimker B; = k;. Assume E; = B;j(R?) = (ker B;)*.
Assume we have the scaling condition 3-7_; p; dim E; = d.

For any measurable vector valued function f : X — R? on some measure space
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satisfying Vx y(v) > 1 for all v € R, we have

.ﬁ (oo 1S A S e A )l di, ) 2 (BL(B.p)) (Vis[X, £ =077
. (9.6)

Proof. Similar to the proof of Theorem 5.0.7, we define mye: p; to be the orthogonal

projection onto ker B; as before and fier B, = Mer 5, © f- Then

/ij B Af (1) A Af (ag)|day - - day, = /X [ frer B, (20)A- A frer 5, (25, )|y -+ - da,
(9.7)
Similar to the proof of Theorem 5.0.7, we know F'(X, fier ;) = F(X, f) Nker B;.
Hence we can take Ell(F(X, fierB;)) to be Ell(F(X, f)) Nker B;. By (9.7), Theorem
5.0.7, Lemma 9.0.14 and Lemma 9.0.15,

Tyt |E5 A f(z) Ao A f(ag,)|day - - - day,

= Jyrs [frerB; (1) Ao A fror By (@) |y - - - day,

1
2d [BU(F(X.J)) (Yker B]
>, ((EU(F(X, f)) Nker B;)*]

= e 5, (BU(F(X, £))*)]. (9.8)
Hence it suffices to prove

1T e, (BU(E(X, )P Zap (BL(B.p)) " (Vis[X, f)Z5mL (0.9)

j=1
At this point we invoke the definition of BL(B, p). For any ellipsoid I', we choose
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fi = Xrp, (v in (1.1). Then by definition [T}_,(f; o B;)P > xr-. Hence

I
< Jra TT—1 (fj © B;)P?
< BL(B,p) H?:l(ij fi)r

= BL(B,p) I |75, (TP

In other words,

BL(B,p) - |T| - [T I7s, (TP Za 1.
j=1
By Lemma 9.0.14, Lemma 9.0.15 and Lemma 9.0.16, we have

1 | Mcer 5; (1)
178, (T)| ~hy ey ~hyd — o
TN Ej] Tl

Hence

L ‘WkerBj (F)’ b
Jj=1

(9.10)

(9.11)

(9.12)

(9.13)

TakeI' = Ell(F(X, f))*. By Lemma 9.0.14 again, we have |I'| = |EU(F (X, f))*| ~aq

WM = Vis[X, f]. This fact and (9.13) implies (9.9), which in turn implies

(9.6).
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Chapter 10

Proof of Theorem 1.2.7

We are ready to prove Theorem 1.2.7. Just like the proof of Theorem 3.1.2, we
prove a stronger theorem concerning algebraic varieties. This theorem can also be

considered as an analogue of Theorem 8.0.12.

Theorem 10.0.18 (Variety Version of Brascamp-Lieb). Assume we have positive
integers ki, ..., k, < d and rational numbers py,...,p, > 0. Choose a common
denominator T of all p; and assume p; = L, 7; € ZT satisfying the scaling condition
>pild—kj) =d.

Assume that for 1 < j < n, H; C R? is part of a kj-dimensional algebraic sub-
variety of degree A(j), respectively. Let do; denote the kj-dimensional (Hausdorff)
volume measure of H;. Then under this measure, almost all y; € H; are smooth
points. For a smooth point y; € Hj, let T, H; denote the tangent space of Hj at y;.

For (3, 7;) smooth points y = (Y11, YL Y205 s Y2ims - - > Ynorn )» Uil € Hj,

there exists a unique Brascamp-Lieb datum (B(y),p(y)) with (3; 7;) projections B;
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all being orthogonal projections within R® as the following: Define (B(y),p(y)) =
(Bl,la e 7Bl,7’17 BQJ, Ce ,BQ,TQ, ceay Bn,n” %, ceey %) such that ker Bj,l = Tyj,ij and all
components of p are % Then
Jra(Sermt ez Ty TIRZy Xiaist(y; o<1y BL(B(y), P(¥)) ™
dUl(yl,l) T dUl(yl,n) - 'dUn(?/n,Tn))%dl'

gd,n,...,m,‘r ?:1 A(]>p7 (101)

Let us explain the motivation of Theorem 10.0.18 before proving it. If we want
to naturally generalize Theorem 8.0.12 to the Brascamp-Lieb setting, first of all we
have to come up with a reasonable integral like the left hand side of (8.1) to put on
the left hand side. However the fact that in (8.1) all p; = —= no longer holds in our
situation. In fact, p;’s might even all be irrational numbers. A natural way would
be approximating (p;) by rational tuples. this works (see below) but eventually we
need all p;’s to be the same to get an analogous quantity to left hand of (8.1).

Another remark before we move on. It’s good to keep in mind that we may assume
71 = --+ = T, = 1 in this theorem without loss of generality. This is trivial to see.

But we keep the theorem in its current form here so it would be more straightforward
to apply.

Proof that Theorem 10.0.18 implies Theorem 1.2.7. Note that the conditions (1.3)
and (1.4) only have rational coefficients. Hence it is possible to choose (n + 1)

different rational p’ close enough to p such that the conditions (1.3) and (1.4) are

satisfied (that is, BL(B,p’) < +00), and that p lies in the convex hull of those p’.
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By interpolation we only need to prove the case when p is a rational vector.

Next in order to apply the result of Theorem 10.0.18 to prove Theorem 1.2.7, we
claim that if a Brascamp-Lieb datum (B, p) is such that p; = Z—’ where 7 all 7; are pos-
itive integers, then BL(B,p) = BL(B’,p’), where B' = (By,...,By,..., By, ..., By)
containing 7; copies of B;, and p’ = (£,...,%). In fact, look at the definition (1.1)
of BL(B, p), we have

Jea TG T2 (fi 0 By) ™

BL(B',p’) = sup -
{fii} H?:l I, (fHJ fj,l)%

(10.2)

Since we can always take f;; = f; for all [, we deduce BL(B',p’) > BL(B, p).
On the other hand, in the definition of BL(B,p) we can take f; = f;; for every

possible tuple (I1,...,1,) satisfying 1 <; < 7; to deduce

n

[ LG, 080 < BEB )L/ fi0)? (103)

j:l J

Then we let (I;) run through all possible tuples and invoke Holder to conclude

that

n Tj n

/RdHHfuoB < BL(B,p) Hﬁ/ Fi)7- (10.4)

Jj=1l=1 j=1
Hence BL(B',p’) < BL(B,p). Therefore BL(B',p’) = BL(B, p).
By Theorem 1.1 in [BBFL15], BL is a locally bounded function. It is then not
hard to derive Theorem 1.2.7 from Theorem 10.0.18 when p’ is a fixed rational

number. O]

Proof of Theorem 10.0.18. It’s plain that we may assume 7, = --- = 7, = 1. For
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short we write B; = B;; and y; = y;1.

The proof will be almost identical to that of Theorem 8.0.12. In the current proof,
we omit some details for familiar manipulations in that proof to reduce redundancy
and refer the reader to it.

Take the N and set up the unit cube lattice in R? as in the proof of Theorem

8.0.12. Again let O, be the center of any cube (), in the lattice. This time we define

G(Qv) =/H ﬁXdist(yj,Ou)SNBL(B<Y)>p(Y))_Tdal(yl)"'dan(yn)' (10.5)

11X XHp j=1

Similar to the proof of Theorem 8.0.12, it suffices to show
1 Sl
> G(Qu)7 San [T AG)" (10.6)
v j=1

Again we may assume for the moment that each H; is compact and use a limiting
argument. Then we can again choose a large cube of side length S that contains all
the relevant cubes. Finally we can find a polynomial P of degree <; .S such that for

each @Q,,
Vis[Z(P) Q] > $G(Q,)7 (3. G(Q,)7) " (10.7)

As before we have to make the technical comment that after adding some hy-
perplanes and changing the definition of Vis accordingly, we may assume for all Q,
with G(Q,) > 0 we have VZ(P)ﬂQV (v) > |v| (so that we are allowed to apply (9.6)).
We only deal with the case where no hyperplanes are added so the notation would

be simpler.
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Similar to what we did in the proof of Theorem 8.0.12, we choose B; = T, Hj;,
all p; = L and integrate (9.6) over y; € H; N B(O,, N). Then we choose the measure
space X in (9.6) to be {p € Z(P")NB(O,,N) : P' € B(P,e)} (the measure is just
the surface measure on each Z(P’) joint with the standard measure on B(P, ¢), which

is dpd P’ where P’ € B(P,¢) and p € Z(P")NB(O,, N)) and deduce

1

1B(Pe)[(n—d S fB(P,e)(n—T)d le (N B(O,,N) """ an () B(O.,N) fZ(Pl) N B(O,,N) """ fZ(P(n_T)d)ﬂB(OV,N)

?:1 ‘(TyjHj)J_ N (T Z(Pk1+"'+kj—1+1>>l ARERNA (T Z<Pk1+"~+kj))J_’

pk1+»-»+kj,1+1 pk1+-<-+kj

dpl e dp(n_T)ddo'l (yl) e do’n(yn)dpl e dP(n—'r)d
i G(Qv) - Vis[Z(P)N Q"™

R SIIG(QL)H (S G(Q)F) 7.

As before we rewrite it as

n 1 1

j:1(7‘B(P7€)‘k]- Jo- fB(P,a)kj SFiA(G) ij () B(O.,N) fZ(Pl) (B(O,,N) """ fZ(ij) (\B(O.,N)

(T, Hj)= AT, Z(Pr)) A A (T, Z(Pyy))  |dpy -+ - dpi,do(y;)dPy - - d Py
i g G(@) 7 (2, G(Qy)7) =7, (10.9)

Jj=1

Here note that since -7, (d—k;) = 7d by assumption, we have >°7_, k; = (n—7)d.

We have used this fact in the above inequality chain (10.9).
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By arithmetic-geometric mean inequality we have

n

1 1
j:1(w f to fB(p,E)kj SFi-AG) ij () B(O.,N) fZ(Pl)ﬂB(OV,N) T fZ(ij)ﬂB(OV,N)
(T, Hy)* AT, Z(P)) Ao ATy Z(Pry)) | dpy - - dpr,do(y;)d Py - -+ dPy)

> — L ()7 (T, G(Q)7) (10.10)

~dn (T, AG)

3|

Like we did in the proof of Theorem 8.0.12, summing over v and applying Intersec-
tion Estimate Theorem 7.0.11 with U = {(u;)1<i<k,+1 : i € R% dist(u;,u}) < N2},

we deduce

1 1 1 n—r
— (D _G(Q)7 GQ,)™) " Sgnl 10.11
A(J.))n(; (Qv) )(Zy} (Qu)7) d, ( )

(M7=
which implies (10.6) and concludes the proof.
O

Remark 10.0.19. For the perturbed Brascamp-Lieb Theorem 1.2.7 itself, it is con-
cetvable that one can directly work with the framework of arguments in [CV18], with-
out applying a rational approximation argument as we did in this section. Never-
theless, we still decide to keep the current approach as we feel that Theorem 10.0.18
here may be of independent interest, and that rationality seems indispensible for us

to state the theorem (and prove it).
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Chapter 11

Verifying the Brascamp-Lieb
Condition for Parsell-Vinogradov

Systems

In this final chapter, we prove a conjecture of Bourgain-Demeter-Guo in [BDG16a]
about Brascamp-Lieb conditions we need to check in the decoupling approach to the
higher dimensional Parsell-Vinogradov systems. As advertised in the introduction,
our result (Theorem 11.0.29) proves Conjecture 1.3 in [BDG16a).

Despite the technical nature of the result, intuitively by Theorem 11.0.29 we verify
here that different pieces of the underlying submanifold are sufficiently transverse. It
seems hopeful to the author that our approach here should readily be generalized to
verify Brascamp-Lieb conditions in similar problems on translation-dilation systems.

Let a positive integer d be the dimension in our question. We usually fix it in this
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section unless otherwise stated. For any positive integer [ we define [[] = {0,1,...,l}
for short. Note this is slightly different from the convention in combinatorics by also

including 0.

Definition 11.0.20. For a d-tuple a = (ay, ..., aq), we define |a| = XL, |a;|. For
any positive integer 1, define S = S = {a = (a1,...,aq) € Z¢ : a1,...,aq9 >
0,1 < |a| <1} = {(1,0,0,...,0),(0,1,0,...,0),(0,0,...,0,1),...,(1,0,0,...,0), (I—
1,1,0,...,0),...,(0,0,...,0,0)}. By elementary counting we have |S;| = (d;rl) —1.

Denote G; = |§;| = (d;rl) - 1.

(0, 1)[(1,1)[(2,1)

For example, when d = 2 we use the following diagram to denote Ss:
(0,2)|(1,2)

(0,3)

We are interested in subsets of S;. Hence we introduce a bit more notations.

Definition 11.0.21. We introduce a partial order on d-tuples of real numbers. For
any (b1, ba,...,bq) and (b}, b, ... b)) satisfying by < by, by < by, ..., and by < b, we
say (b, by, ..., bg) = (b, by, ...,b,). And those are the only partial order relations in

our definition of “<X”.

Definition 11.0.22. For positive integers | <1’ and a subset T C S;, we denote the

“positive extension” Tf C Sy of T at level I to be

Tﬁ = {(al,ag, R ,CLd) S Sl/ . 3(()1,[)2,. . .,bd) eT s.t. (bl,bg,. . .,bd) j (al,az, R ,ad)}.
(11.1)
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For example, when d =2, 1 =3,I'=4,if T = {(1,1),(3,0)} is the following red

colored subset in Ss: , then T} is the following red colored

(0,1)
subset in Sy: |(0,2)

(0,3)

(0,4)

We sometimes want to study cube-like objects before looking at the more strange-

looking and more complicated §;. Hence we introduce the following definition.

Definition 11.0.23. For any positive integer |, define C; = C¢ = {(a1,...,aq) € Z% :
0 < a; <l}. For positive integers | <1' and a subset T C C;, we denote the “positive

extension” T; C Cy to be

Tﬁ = {(al,ag, Ce 7ad) S Cl’ . H(bl,bg,. .. ,bd) €T s.t. (bl,bg, Ce ,bd) j (al,aQ, c. ,ad)}.

(11.2)

We look at an example similar to the one above. If d = 2, assuming T =
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B B
{(1,1),(3,0)} is the following red colored subset in Cs: , then

Tf is the following red colored subset in Cy:

Lemma 11.0.24. Let k > 0 be a positive integer. Assuming subsets A, B C
Sk U{(0,0,...,0)} satisfy: For any b = (b1,...,bq) € B, there is a family of in-
ductively defined subsets as follows:

Ry C [k], [Rap| = ba-

For ng ¢ Rap we have Rq_1.n,5 C [k], [Ra—1.n,6] = ba—1-

For ng-1 ¢ Ra—1nyp and ng & Rap we have Ra_on, y ngp C [k, [Ra-2n,_ 1 ngp| =

byg_s, etc.

Finally forng ¢ Roms,...ngbs M3 € R, ngbs - - -» andng & Rgp, we have Ry, o C
K], [Ring,...na| = b1

Moreover the above sets satisfy the following property: if some a = (aq,...,aq) €

A and some b € B satisfy aqg ¢ Rap,i—1 ¢ Ri-1.ay0s---,02 ¢ Rowy. ayns then

a; € Rl;ag,ag,...,ad b-

)
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Then

Al < G +1— |Bf]. (11.3)

Remark 11.0.25. We claim it is possible to take A to be (S, U{(0,0,...,0)})\ By .
In fact if (ay,...,aq) @s in such an A then by definition for any (by,...,bq) € B,
one of the inequalities 0 < a; < b; has to hold. Therefore taking all R;..;, = [b; — 1]
suffices (as a convention [—1] = ()). Hence the above set is a possible candidate of A
with (Gy, + 1 — |B;|) elements. Thus (11.3) is actually sharp.

Still taking the previous example, when T'=2, B = {(1,1),(3,0)} € S, U{(0,0)}
(0,0)[(1,0){(2,0) (4,0)

(0, 1).(2, 1)[(3,1)

being the red colored pairs as the following: |(0,2)((1,2)[(2,2) , then we

(0,3)|(1,3)

(0,4)

can take A to be the set of all blue colored pairs shown in the following diagram (where

we have already colored all pairs in By to be red):

Lemma 11.0.24 says we cannot have a larger A.

Lemma 11.0.24 on &; and S; can be deduced from the following similar Lemma
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11.0.26 on C; and Cy,.

Lemma 11.0.26. Let k > 0 be a positive integer. Assuming subsets A, B C Cj
satisfy that: For any b = (by,...,by) € B, there is a family of inductively defined
subsets as follows:

Rap C [k, |Rap| = ba.

For ng ¢ Rap we have Ry—1.n,5 C [k], |Ra—1:ny0| = ba—1-

Forng_1 ¢ Raq_1.n,p and ng ¢ Ry, we have Ry—omy  ngp S (K], |Ri—2mny_yngn| =
by_o, etc.

Finally forng ¢ Romg.  ngbs M3 & Ramy. ngbs - - -5 andng & Rap we have Ry, nyp C
..... naib| = b1.

Moreover the above defined sets have the following property: if some a = (aq,...,aq) €
A and some b € B satisfy aqg ¢ Rap,0a—1 ¢ Ri—1.ay0s---,02 ¢ Rouy. ayps then
a1 € Riay.as,.a4b-

Then

1A] < (k+ 1) — |By). (11.4)

Remark 11.0.27. As in Remark 11.0.25, Lemma 11.0.26 is also sharp. Taking a

previous example when d =2, B = {(1,1),(3,0)} € C4 colored red as the following:
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(0,0)[(1,0) (2,0).(4, 0)

(0,1) (2,1)[(3,1)[(4,1)

(0,2)](1,2)((2,2)|(3,2)|(4,2)|, then it is possible to take A to be the blue colored subset

(0,3)](1,3)[(2,3)|(3,3)[(4,3)

(0,4)[(1,4)[(2,4)[(3,4)|(4,4)

in Cy shown in the following diagram (where we have already colored all pairs in Bi;

to be red):

. Again Lemma 11.0.26 says we cannot have

a larger A.

Proof that Lemma 11.0.26 implies Lemma 11.0.24. Assuming Lemma 11.0.26 holds.
We prove Lemma 11.0.24.

Take A in Lemma 11.0.26 to be the A we have in Lemma 11.0.24. We would like
to enlarge B and apply Lemma 11.0.26. To achieve this we exploit the constraint
AC S,U{(0,0,...,0)}.

We add all the elements b = (by,...,bq) € Cg s.t. |b] > k into the set B in Lemma
11.0.24 and form a new set B. We next check that we can apply Lemma 11.0.26 to
A and B. Since A C 8, U{(0,0,...,0)} C Cy, it suffices to check the assumption of

Lemma 11.0.26 for any newly added b € B. Such b satisfies |b| > k > |a| for any
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a € A. Hence just like we have noticed in Remark 11.0.25, one of the inequalities
0 < a; < b; has to hold. Therefore taking all R;.., = [b; — 1] suffices.

Apply Lemma 11.0.26 to A and B, we deduce
Al < (d+1)* — |B{). (11.5)

We now determine the elements of E,} by definition of j For any V' € Cj \
(S, U(0,0,...,0)), |¥| > k. Hence ¥ € B. By b/ < we have i/ € E,} For any
b e S U0,0,...,0), || < k. Hence if b’ < ¥ holds for some b € B then |b"| < k
hence b” € B. Therefore such v/ € é,} if and only if ¥ € B;". As a conclusion,

B = B LI(Cx \ (S, U(0,0,.....,0))).

Hence
4] < (k+ 1) — |Bf|
= (k+1)%—|(k+1)4¢ -G — 1| — | B
- Gy +1—|Bi| (11.6)
and (11.3) was proved. O

Proof of Lemma 11.0.26. We prove (11.4) by induction on d and then on |B|. For
convenience, we denote the “deficient function” A(d, B) = min |C;, \ A| = min((k +

1) —|A|) where the minimum is taken over all A s.t. (A, B) satisfies the assumption
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of Lemma 11.0.26. Then (11.4) is equivalent to the statement
A(d, B) > | B/ . (11.7)

We verify the induction basis. When d = 1 the assumption requires all a € A
in a set of cardinality b for any b € B. Hence |A| < mingepb = |[b — 1]| = |Cr \
Bkj“| =k+1-— ]B,jr] and the conclusion holds. When |B| = 1, we count the number
of possibilities of a € C, \ A. By assumption, the last component of such an a
can take (k 4+ 1 — by) different possible values, and after fixing it, the second last
component can take (k + 1 — b,s—1) different possible values, ..., finally the first
component can take (k + 1 — by) different possible values to ensure a ¢ A. Hence
Al < |Ch] =TT (k+1—b;) = (k+ 1) — ]B,jr] The conclusion also holds in this
case.

From now on we assume that (11.4) and hence (11.7) hold for all dimension d’ < d
and |B’| < |B] in the dimension d case. We can assume d > 1 and |B| > 1.

For j € [k], call the set U; = {(-,+,...,-,7)} C Cr = C{ to be the j-th slice of
C, = C{. It is isomorphic to C¢~'. For any subset B, € B, define the projection
PB, = {(bi,...,bg_1) : g s.t. (b1,...,by) € B;} CCI'. We have |PBy| < |By|.

We choose an element by = (bg 1, - - ., boa) € B such that by 4 is the largest possible.
Let B = B\ {by}. We deal with the problem “slicewisely”. For each j € [k], define
Bj C B to be the subset {b € B : j ¢ Rap}. We similarly define B} from B’. By
definition, ANU; C U; ~ Ci~! and PB; have to satisfy the assumption of Lemma
11.0.26 in dimension d — 1 for each j € [k]. Moreover, if some A C C{ such that

ANU; and PB; satisfy the assumption of Lemma 11.0.26 in dimension d — 1, then
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A satisfy the assumption of Lemma 11.0.26.

We learn from the last paragraph by the induction hypothesis for d — 1 that
Ad—1,ANU) = |(PB))[|. (11.8)

But from the analysis we have done and as in Remark 11.0.25, it is possible
to construct A slicewise for each (11.8) (on the underlying slice) to actually take
equality (no matter how the Rgyy,’s are given). Such an A would have A(d, A) =
E?:o |(PBj)kjr|. Replace B by B’ and run the entire set of reasoning, we get a set A’

such that A" and B’ satisfy the assumption of Lemma 11.0.26 and
d
Z (PB)); (11.9)

Note that we have the induction hypothesis for B’, we deduce from (11.9) that

S IPB)L] = [(B)L]. (11.10)

j=0

Note that j € Ry, except for (d+1—bg 4) different values of j. Hence for exactly
bo,q different values of j we have B; = Bj. For all other j we have B; = B} U{bo}.
When B; = B’ we surely have (PB]-),J:r = (PB;);~r When B; = B} U{bo} we have

(PBy)} = (PB) UP{HDE = B LJ(P{oh)i \ (PB)).  (1L.11)
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Hence in such cases

(PB){| = (PB)i| + [(P{oo})i \ (PB)) > [(PB)] + [(P{bo})i \ (PB)}).
(11.12)
Sum (11.12) over all j such that B; = B;U{bo}, and invoke (11.10) and (11.8).

Using the fact

A(d, A) :Zde(d—LAﬂuj), (11.13)
we deduce
A(d, A) > [(B)g | + (d+ 1= by)[(P{bo})i \ (PB)})] (11.14)

Since by 4 is the largest possible, we feel comfortable comparing (B’ ),f and B,‘}.
When we look slicewicely on each U, we find that on the first by 4 slices the two set
coincide. While on the last (d+ 1 — by 4) slices the second set is exactly equal to the
union of the first set and ((P{bo});Tr \ (PB’)%). Hence the right hand side of (11.14)
is exactly ]B,f[ We have proved (11.7) and hence (11.4) for d and B, thus closing

the induction. O

We will naturally have such an A as in Lemma 11.0.24 arising from the verification
of Conjecture 1.3 in [BDG16a]. We have done a great job understanding its size by
the strong Lemma 11.0.24. The expression contains B;". We study it in the next

lemma and prove a key inequality.

Lemma 11.0.28. Assuming | < k are positive integers. For any nonempty B C S,
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as long as B;" # S, we have

\B"| IS G
— = 11.1
B7| <18~ G (11.15)

Proof. We do some preliminary reductions. First we claim that to prove (11.15) it

suffices to do the case k =1+ 1, i.e. proving

B _ 1S G
5 N e (11.16)
1Bl [Seel I+1
when B # ).
+
In fact once we have (11.16) we always have ‘fi 1|‘ < ;‘Z |1‘ and the equality holds
+ +
only when B;" = S;. Similarly we have }gg;} < i‘;ﬁi;}, . |‘BBI;1-}|1 < I«’T‘g;‘ﬂ Taking the

product of everything above we have (11.15).

In the rest of the proof we prove (11.16). In other words, the global maximum of
1B/
B

+ over all possible ) & B C &) is achieved if and only if B = §;.

It seems hard to control |B;| or |Bf,|. But we notice that the difference of
the two is a simpler object (a “layer” in |Bj},]). Moreover, we find that B;" can
be decomposed into [ layers of such form. This inspires us to do the following

decomposition: For any positive integer m, define B} to be B N{b: |b| = m} for

any sufficiently large k. We can alternatively use the straightforward definition
Bl ={beZl:|b|=m,3 € Bst. b/ <b}. (11.17)
Hence B = Ll},—, B}, B, = Lty Bl 1B =301 [BL, B, = Soli IBLI-
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Next we explore the relationship between B ’s.
For m > 1 define V,, = V& = {b e Z%, |b| = m}. We use the superscript d — 1
to emphasize that V21 is a (d — 1)-dimensional object. As before when there is no

ambiguity about the dimension we suppress this superscript.

(0,0)[(1,0)[(2,0)

(0,1)|(1,1)

For example, V] is the following set in green: |(0,2)|(1,2)

For m > 1 and any set T C V,, we define its predecessor T~ = {b = (by,...,by) €
Vino1: (bl,...,bi_l,bi—|—1,bi+1,...,bd) eT,Vl1<i< d}

For example if d = 2 and T C V] is the following set in green, then T~ € V} is

the set in yellow:

We claim: for any m > 1,

B! |, C (B (11.18)

In fact assuming b = (by,...,bq) € B! . Then there exists B 3 b < b. Hence

v j b j (bl,un,bifl,bi‘i‘1,bi+1,-~~,bd) for all 1 S 7 S d. Thus (blw--,bifl,bi"i_
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1,biy1,...,bg) € B} forall 1 <i < d. By definition (11.18) holds.

We will prove the following inequality:

1z
Vi1

77| < IT|,¥m > 1,T C V! (11.19)
and prove that equality holds only when T'= V&1 or T' = ().

We claim that (11.19) along with its equality condition together imply (11.16).
Assuming we already have (11.19) and know that equality holds only when 7' =V,
for all m > 1. We now prove (11.16). In fact by (11.19) and (11.18) we inductively

deduce that

V,
\BZT\S \)Lli‘l||BlT+1|a (11.20)

Vil e Vil .
’Bltl,g Vi \Bﬂg V| '|VZH“BZT+1‘: |\v§+1I’BlT+1’7 (11.21)
) (11.22)

V
BIl < 3241BL . (11.23)

Summing over all the inequalities above we deduce

l l
’Bzﬂ = Z !BLI < smel |BlT+1| = 7’BIT+1’ =
o Vi1l Vit

|Si]

—_(|B},| - |B;"
|Sl+1|—|81|(’ l+1’ ‘ l‘)

(11.24)

Elementary manipulations show that this is equivalent to (11.16) when we replace
“<” by “<” there. However when equality holds, all the above equalities involving
(11.19) and (11.18) have to hold. Note that B # () hence B?H # (. By the equality

condition of (11.19), we inductively see that each B], has to be the whole V,, for
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m =1, —1,...,1. Hence B;” = &;. A contradiction with the assumption we have
for (11.16). Hence (11.16) holds (without equality).

Therefore it suffices to prove (11.19) and prove that its equality holds only when
T =0 or V&1 We do this in the rest of the proof.

We perform an induction on dimension d. When d = 1, each M is just one point.
In this case T~ = () when T'= 0, and T~ = V° ;| when T = V?. (11.19) holds in
either case.

Assuming we already proved (11.19) for all dimensions < d with full knowledge
on the possible situations when we have equality (7" being a trivial subset). We now
handle the dimension d(> 2) case.

We further decompose V¢! into (m + 1) pieces W;{;Q, 0 < j < m as the following

(again its superscript d — 2 is so chosen to emphasize the dimension):

Wjd,;f: {b:(blv7bd)€Z§0|b|:m7bd:m_]}
= {b=(b1,...,ba—1,m — j) EZ%O by, .oy ba1)| =5}

V2, (11.25)

J

12

We denote o, to be the isomorphism map shown in the last line of (11.25). Hence
W;-f;f = VJ‘»FQ. It is realized simply by removing the last component.

We assume accordingly that T = |2, T; where T; = TﬂW]‘%;f and T~ =

"o (T7); where (T7); = T’ﬂWJ‘-{;{I. In this way we can study each (77),

separately.

For a fixed 0 < j < m—1 and any (d—1)-dimensional vector b* = (by,...,bs_1) €
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V472 by definition of T~ we see that (b*,m—1—j) € T~ < (b*,m—1—j) € (T");
holds if and only if the following two conditions both hold:
(i) (b*,m —j) e T, ie. (b*,m — j) € T;. Alternatively we can say b* € o4(T});
(ii) b* € (0a(Tj+1))~. Note that here (-)~ is a map from Vf;f to V]‘»i_Q.
By (i) we have

(1)1 < [T5] (11.26)

where equality holds only when o4((1T7);) = 04(1}).
By (ii) and the induction hypothesis we have

d—2
Vil

Vit

(T7);] < T4 (11.27)

where equality only holds when both (a) 04((77);) = (64(Tj4+1))” and (b) Tj1 =0

j
or Ty = Wi,

We now have the two key inequalities (11.26) and (11.27). We need a bit of
numerical preparation before proving (11.19) with the above two inequalities.

For d > 1 and ¢ > 0, define Ay g1 = [V§!|. These are (d — 1)-dimensional gen-

eralizations of triangular numbers. As before for d > 1 we know Vj_l = i W;-{;Q

and each V\)]‘-i,q_2 ~ V;l_Q. Hence

q
Npao1=Y Nja2,¥d>1,q>0. (11.28)

J=0
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We prove that for any d > 1,q > 0,

q q+1
Ym0 Nja1 - >ito Nja—1
Aq+l,d—l Aq+2,d—1

(11.29)

or equivalently
q q+1
YicoNja—1 2o Nja
q+1 q+2 )
Zj:() Aj,d—l Zj:() Aj,d—l

; - _ 1 _ k2 s
We prove (11.30) by induction on d. For d =1, (11.30) becomes I < 7= which

(11.30)

is trivially true. We assume (11.30) is true for d < dy and prove it for d = dy > 1.

(11.30) is equivalent to
Yoo Njdo-1  Agride

q+1
Zj:ﬂ Aj,do—l Aq+2,do—1

(11.31)

which was further implied by

0 Aoy Nivg g
< Bl Lol s ) (11.32)
AO,dOfl Aj+1,d071 Aj+2,d071

But by (11.28), (11.32) is equivalent to the case d = dy — 1 which was already proved.

This closes the induction and thus (11.30) (and the equivalent (11.29)) holds.
By (11.29), we have for each 0 < j < m—1, Z;”:_Ol Nja—o— M/\m,dq > 0.

Aja—2
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With this in mind, by (11.26) and (11.27) we have

77| = o (1)1
i-1, S A
-1 — p,d—2 — p,d—2
R L e e S Y
]:0 Zq:O Aq,d72 J Zq:O Aq,d72 J
j—1 J
< m—1 ;n:Bl Aga—2- pj\szd/\_?’;d*2 Am.a—2 T m—1 EpA:jodA_:d*Z md—2 Ajd—2 T
S 25=0 T A2 T3]+ X% S o Agaa Aj+1,d—2| i+l
-1 j:l Ap d—2 j:l Ap d—2
m—1 Z;nzo Aq,d727pA_jO’TAm,d72 m pA_j(?TAm,d72
- Zj:o Z;n:() Agd—2 ‘YH T Zj:l ZZL:O Ag,a—2 |7}|
ZmzflA d—2
= % ZT:O ‘TJ’
App—1.d—
= Anctaet ) (11.33)

Hence (11.19) holds. Moreover, the equality there implies the equality in (11.33),
which implies that the equalities of (11.26) and (11.27) both hold for all 0 < j <
m — 1. We thus either have inductively T,,, = T),_1 = -+ = Ty = 0, or T, =
W2 Ty = WA, To = Wi,2. The first case would imply T = () and the
second would imply T' = V2=, These together verify the desired equality condition
for (11.19).

By the arguments in this proof, (11.16) and (11.15) hold. O

Theorem 11.0.29. Let | < k be positive integers. For any vectorv = (V. iy))it,.ig>0,1<i1+..+ia<k €
R, define a d-variate polynomial f, = D (i1 semnig) v(ih.__,id)x?x? e xfid.

For an arbitrary nonzero subspace V. C R spanned by {vnt1<h<m=dimv, define

r(V) to be the rank of the following matriz over R(xy,...,xq) (that is obviously

30



independent of the choice of the basis {vy}):

8$1 fU1
Oy fo

O g for
07, fun
O, Oy fo,
Mya(V) = Oy Oy for

aid f'Ul

8;1 fUI

a:ll‘d fvl

Then when H = dimV < Gy, we always have

aIl f’U2
Oy fos

O g f oz
03, fer
O, Oy fus
O, Oy fus

agd fU2

a.lrl fUQ

O 0y for 05 0y f

almd fUQ

V)G
H = Gy

Dy for
O fon

Owafou
0z, fon
O, Oz, fou
Oy Oy foy

8§d f'UH

ail f'UH

0L Oy fuy

alzdeH

(11.34)

(11.35)

Proof. We fix a lexicographical order on all d-variate monomials. We say that the

. . . . o ! . . .
monomial z;" --- x4 is a lower order term than z{"t---x4% if and only if there is

some 4, < i, and i; = 7} for all 1 < j < ¢. The lexicographical order is a total order
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on the set of all monomials. Moreover it is well-known that if nonzero monomials g,
and g, are of lower or equal order than nonzero monomials ¢| and g¢j, respectively,
then g,g, is of lower or equal order than ¢jg,. The equality holds if and only if g; is
a scalar multiple of ¢} for both i = 1, 2.

We first observe that it is possible to choose a basis {vy}1<p<p of V such that
every f,, has a different highest order term from every other f, , (h # h’). This can
be done by choosing v; s.t. f,, has the highest possible highest order term, then
choosing vy s.t. f,, has the highest order term being (a) different from the highest
order term of f,, and (b) of highest possible order, and then choosing vs, vy, ... in a
similar way. As a remark, the set of highest order terms of {f,, } satisfying the said
condition is unique, but we do not need this fact. We always take {v,} to be such a
basis in the following discussion.

Note that all f,, do not have constant terms, hence their highest order terms do
not contain constant either. For a nonzero polynomial f denote f to be its highest

order term. Replace each f,, by its highest order term E in the expression of
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M, (V), we obtain a matrix

over R(zy, ...

O fr

Osafur
02 fur
O, Onafur
Nagi(V) =

0, fon

O, fur

aﬁ?d f'Ul

,xq). Let ri(V) be its rank. Then we claim (V) < (V).

O fun
Oy fon
02, for
DO fron
02 fun

O, fon

alxd f'UZ

33

O For
sy for
02, for
O, Oy for
02 for

L. fon

0%y o

(11.36)



In fact, let

Mgy (V)

xlaxl fvl
xdaxdfvl
x%agl fvl
x1x28x1 8:1:2 fv1
'rgagdfyl

[a)
xlaajl f'Ul

I Al
$d8xd fUI

xlaxl fvz
xdaxd fvg
x%agl fU2
$1$C28x1 a’vg fvg
Izagdfv2

L Al
xlaajl f'UZ

L Al
xdaxd fUQ

84

zlaxl va
xdazdva
x%aglfUH
$1x2a:v1 a:vzva
Iiagdva

1 Al
xlaajl fUH

[ Al
xdactd f'UH

(11.37)



and

xlaxlfm xlaxlfvg e xlamlva
xdamdfvl xdaxdfvg e xdaxdva
x%@ilfvl l‘%aglfw o x%aglfvlf
$1$28z18z2fv1 xll‘QaZ‘lal‘gf’Uz e x1x28x1a:v2va
Naga(V) = . (11.38)

x?la:%dfvl x?laideQ e xzaidf'UH
xéalzl fvl xéail f'UQ T :Cg.ail fUH

lal ¢ lal ¢ ra
xdaﬁd fUl ‘xda{xd f'U2 T xlda.lxd f'UH

It is immediate that (V) is the rank of My, (V) and (V) is the rank of
Nd,k,l(V). Note that for any d-variate monomial ¢g in x4, ..., 24 and any differential
operator Jit -+ Jid, zit -+ 2l Jil - 0l g is equal to a constant multiple (depending
only on i, ...,i; and the powers of z1, ..., x4 in g) of g. We see that if we arbitrarily
fix a column (say the h-th column) in Nz, (V), then all entries in this column are
the same up to a scalar. Indeed they are all scalar multiples of }vvh For each such
entry (note that it is possible to be zero), its difference from the corresponding entry
of My,(V) has to be a sum of monomials of strictly lower order than f,,. Hence if

some subdeterminant of Ndw is nonzero, it will be a monomial and has to be the

highest order term of the corresponding subdeterminant of Md,k,l. This implies the
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corresponding subdeterminant of M, is nonzero. Hence the rank (r1(V)) of the
former matrix is not more than the rank (r(V')) of the latter.

Therefore, it suffices to prove

Tl(V) ﬁ
H G

(11.39)

We remark that since it is possible for all f,, to be different monomials, we do
not lose any information by the reduction in the last paragraph.

Without loss of generality we may assume each f,, is a monic monomial 7" - - - 25"
for some distinct (ayp, ..., aqn) € Sk

We use some elementary transforms that we just did on Ny (V). We multiply the

“(i1,...,ta)-th” row of Ny, (V), i.e. (DL --- 8;3};, 00 i f ) by gt g

)X d

and then divide the h-th column by E This would not change the rank of the

36



matrix and will result in a scalar matrix Sg (V') of the following form:

al,l e al,H
aq.1 Tt Qd H
aji(aig —1) e arp(ary —1)
11021 tet a1 HA2 H
Sapi(V) =
aga(ag — 1) e agm(aqm —1)
alvl(am—l)---(al,l—l+1) al,H(al,H_1)"'(&1,H_l+1)
ad@(ad,l—1)---(ad,1—l+1) ad,H(ad,H—1)~--(ad,H—l+1)

(11.40)
Using a bunch of elementary row transforms we obtain the following cleaner

Jaga(V) from Sy (V) (this step is not necessary but it is good to have things
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cleaner):

Q11 a2 T a1,H
Qq,1 aq.2 ad.qH
2
ai aj s ay g
11021 Q12029 -+ A1 HA2H
Joa(WV) =] .. . (11.41)
2
Qg1 D) aq H
l l l
ay ay o ay. g
l l
Qg1 Qg2 Qg 1

Let 72(V') be the rank of Jy (V). Then ro(V) = r1(V). It suffices to show the

following equivalent form of (11.39):

T‘Q(V) ﬁ
H ~ G

(11.42)

Assuming @ = G; — ro(V). We may assume Q > 0 since otherwise by the
assumption H < Gy, (11.42) holds. Then there is a nontrivial subspace W C R%
such that dimW = @ and that any vector w € W is orthogonal to all columns of
Jaka(V). As we did before, we can take a basis {w,}1<4<¢ such that the highest

order term of f,, are mutually distinct. By our assumption, we have

qu(a17h,...,ad7h) :O,VI ng@,l ShSH (1143)
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Moreover we always have f, (0,0,...,0) = 0 since f,, does not have a constant
term.

We are changing our problem towards one with purely combinatorial nature in
order to apply Lemma 11.0.24. We introduce a bit more notations. Let const -
x?l’q x ~xfld’q # 0 be the highest order term of f,,. Hence when we fix x4 to be
a real number, f,, is a polynomial in x,...,74-; whose highest order term is
const - x?l’q . -xf}i_*;*q # 0 except < by, possible values of z4. In any non-exceptional
case for the fixed z4, when we further fix x4, after fixing x4, f., becomes a poly-
nomial in @1, ..., x4 » whose highest order term is const - 27 - - -ZL“Zd:;’q # 0 except
< bg_1,4 possible values of x;_; (which depend on the z4 we choose earlier). We can
continue to do similar reasonings and finally, in any non-exceptional case for the fixed
Ta,...,%q, [uw, i a polynomial in z; whose highest order term is const - xl{” # 0.
Hence there are no more than by, different possible values of x; (which can depend
jointly on the fixed x9,...,z4) that can make f, (z1,...,24) = 0.

We collect the constraints we got in the last paragraph for all possible ¢q. Take
A={(arn,---,a4n) h1<n<p U{(0,...,0)} and B = {(b1, -, baq) }1<4<o and we are

in a position to apply Lemma 11.0.24. (11.3) in Lemma 11.0.24 implies
H+1=|A <G+ 1—|Bf|. (11.44)

By (11.44) and (11.15) in Lemma 11.0.28, we have

@ _ 1B _ 1B _IB/l_G
Gp.—H Gy,—H ™ |Bf| ~ |B{| ~ G

(11.45)
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If the last two inequalities of (11.45) are both actually equalities, then by Lemma
11.0.28 we have B = B;" = &, (note that ) > 0 means B # (). This and (11.44) in

turn imply 0 = H = dim V. A contradiction. Hence we actually have

G = (V) ©__& (11.46)

Go—H G.—H Gy

which is equivalent to (11.42). By the discussion above we see (11.39) and (11.35)

hold. O
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