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Abstract

In this thesis, we construct a new anticyclotomic Euler system for the four-dimensional
Galois representation attached to two modular forms and a Hecke character of an
imaginary quadratic field. To state the results more precisely, let g and h be newforms
of weights [ > m of the same parity and let 1) be a Hecke character of an imaginary
quadratic field K of infinity-type (1 — k,0) for some even integer k > 2. Assume
that the product of the characters of g, h and the CM-form attached to v is trivial.
Let p be a prime which splits in K. We then study the p-adic Gi-representation
V=V, @ V(v 11 — ¢), where ¢ = (k + 1+ m — 2)/2. Combining a geometric
construction using modified diagonal cycles in the product of three modular curves
with a result of Lei—LoefHler—Zerbes, we obtain cohomology classes over ring class field
extensions of K, and we prove that they form a split anticyclotomic Euler system in
the sense of Jetchev-Nekovar-Skinner.

The bottom A-adic class of our Euler system is related to a one-variable special-
ization of the triple product p-adic L-function constructed by Darmon-Rotger via
a reciprocity law proved by Bertolini-Seveso—Venerucci and Darmon—Rotger. This
reciprocity law, together with the Euler-system machinery developed by Jetchev—
Nekovar—Skinner, allows us to deduce, under some additional hypotheses, different
cases of the Bloch-Kato conjecture for the representation V' in analytic rank zero
and one. As a different application, we also give two equivalent formulations of an
Iwasawa—Greenberg Main Conjecture in this setting and prove one divisibility.

When h = g*, i.e., the modular form obtained by conjugating the Fourier coeffi-
cients of g, we obtain an Euler system for the three-dimensional G x-representation
V' i=ad’(V,) (¥ )(1 — k/2) C V and use it to derive similar applications towards
the Bloch—Kato conjecture in analytic rank zero and one and towards a divisibility

of an Iwasawa-Greenberg Main Conjecture.
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Chapter 1

Introduction

Over the last few decades, the theory of Euler systems has emerged as one of the most
successful approaches for the study of global Galois representations and in particular
of the Bloch and Kato conjecture in the case of low analytic rank. As explained with
more detail below, the Bloch and Kato conjecture constitutes a vast generalization of
the conspicuously famous Birch and Swinnerton-Dyer conjecture. Therefore, a general
proof of the Bloch and Kato conjecture seems inevitably out of reach with the current
techniques, and, as of now, only some special low-rank cases have been established,
often after considerable efforts. It is not surprising, then, that, although we have
at our disposal different axiomatizations of the theory of Euler systems which would
allow us to deduce very powerful results from the existence of a non-trivial Euler
system attached to a certain global Galois representation, the construction of such
an Euler system is in most cases a difficult task.

The main purpose of this thesis is the construction of a new Euler system attached
to the Rankin—Selberg convolution of two elliptic modular forms twisted by an alge-
braic Hecke character over an imaginary quadratic field. From this construction, we
derive different applications towards the Bloch and Kato conjecture and towards the

study of the Iwasawa theory for the corresponding Galois representation.



This thesis is based on the two preprints The diagonal cycle Fuler system for GLg X
GLs and An anticyclotomic Euler system for adjoint modular Galois representations,
both of them produced in joint work with Francesc Castella and Oscar Rivero and
reproduced here, with their permission, as Chapter 2 and Chapter 3, respectively.

In the rest of this introduction, we try to provide some background and motivation

for these works.

1.1 The Bloch and Kato conjecture

In this section we present an overview of the Bloch and Kato conjecture, which
appeared in 1990 in The Grothendieck Festschrift [BK90]. Most of the content intro-
duced here is borrowed from the expository notes written by Joél Bellaiche [Bel09].

Let K be a number field with absolute Galois group G and let p be a rational
prime number. A p-adic representation of G is a finite-dimensional vector space V'
over a finite extension E of @, endowed with a continuous semi-simple action of G .
We say that V' is a geometric representation of G if it is unramified at almost all
places of K and de Rham at all places dividing p. This is always the case when V is
a representation coming from geometry, i.e., when the irreducible components can be
realized as a subquotient of the p-adic cohomology of a proper and smooth variety
defined over K, and it is a conjecture of Fontaine and Mazur that all geometric p-adic
Galois representations come from geometry.

Let v be a place of K. Let K, denote the completion of K at v and let K" be the
maximal unramified extension of K, inside a fixed algebraic closure. We can identify
the absolute Galois group Gk, of K, with a decomposition subgroup of G for the
place v. This allows us to regard V' as a representation of Gx, via restriction. The
choice of decomposition group will be unimportant in the discussion that follows.

A local condition for V at a place v of K is a subspace L, C H'(K,,V). The



subspaces (0) and H'(K,,V) are usually referred to as the strict and relazed local
condition, respectively. One of the most important local conditions is the so-called

unramified local condition, defined by
HL(K, V) = ker (HMNK,, V) — H'(K V).

For places v above p, we will also need the important Bloch—Kato local condition,

defined by
Hi(K,,V) = ker (H'(K,,V) — H'(K,,V ®g, Bays)) -

A Selmer structure for V' is a collection of local conditions £ = {L,}, for all finite
places v of K such that L, is the unramified local condition for almost all v. The
Selmer group attached to a Selmer structure £ is the subgroup H} (K, V) C HY(K,V)

defined by

finite v

HL(K,V) = ker <H1(K, v)— ] Hl(Kv,V)/Lv>.

It is a finite-dimensional vector space over E.
The Bloch—Kato Selmer group is the Selmer group attached to the Selmer structure
L ={L,}, given by

H! (K, V), ifvtp,
L, =

H}(KU,V), if v | p.
We denote the Bloch-Kato Selmer group by H}(K V).
Now we will define the L-function associated with a geometric p-adic representa-
tion V' as above. This will be formally defined as an infinite product of local factors.
For each finite place v of K, let I, denote the inertia subgroup of Gk, , let Fr, denote

an arithmetic Frobenius element and let ¢, denote the cardinality of the correspond-



ing residue field. For finite places v not dividing p, we define the corresponding local
factor by

L,(V,s) =det ((1— Fr;lq;S)|Vzv)_1
For places v above p, we define the corresponding local factor by

s -1
Ly(V,5) = det (1 = 6770, *) paev))
where ¢ denotes the crystalline Frobenius and f, is defined by ¢, = p/v.

We formally define the L-function associated with V' by

L(V,s)= [] L.(Vis).

finite v

We say that V' is pure of weight w for some integer w if, for almost all finite places

v of K, the roots of the polynomial
det (1 — Fr, ' X))

have complex absolute value ¢, w2 for every choice of embedding Q,——C. This is
the case if V is an irreducible representation coming from geometry. If V' is pure
of weight w, then the formal product L(V,s) defines a holomorphic function on the

right-half plane R(s) > w/2 + 1. We have the following conjecture.

Conjecture 1.1.1. Let V' be a geometric p-adic representation of Gx which is pure
of weight w. Then, the L-function L(V,s) admits meromorphic continuation to the
whole complex plane. Moreover, if V' is irreducible, the L-function has no poles unless

V = E(n), in which case it has a unique simple pole at s =1 — n.

Now we can state the Bloch and Kato conjecture in its most simple form. In order

to do that, we assume that the previous conjecture holds.



Conjecture 1.1.2 (Bloch and Kato conjecture). Let V' be a pure geometric p-adic

representation of Gg. Then, the following equality holds:
dim H}(K, V(1)) — dim H°(K, VY(1)) = ords—o L(V s). (1.1)

Remark 1.1.3. The term dim H°(K,VV(1)) is zero unless V contains the representa-
tion E(1). It accounts for the pole of the L-function associated with L(1), i.e., the

pole of (x(s+ 1) at s = 0.

1.1.1 Examples

In this subsection we reinterpret two well-known statements, namely Dirichlet’s unit
theorem and part of the Birch and Swinnerton-Dyer conjecture, as special cases of

the Bloch and Kato conjecture.

Dirichlet’s unit theorem

For this example, we take V' = @Q,, with the trivial Galois action of Gx. For every

positive integer n, there is the following short exact sequence of G x-modules:

[p"]

y K%

~
—_

1—>/,LP7L—>K><

From this exact sequence we obtain an isomorphism
b KX QZ)p"Z = HY(K, L ).

Taking the projective limit of these maps and tensoring with @Q, we obtain an iso-
morphism

ko K*®Q, = H'(K,Qy(1)),



which is usually called Kummer map.

It can be proved that the Kummer map restricts to the following isomorphism:
kO ©Q, = Hi(K,Qy(1)).

Therefore, when V' = Q,, the left-hand side of equation 1.1 is equal to the rank of
the group of units Oj.

On the other hand, the right-hand side of equation 1.1 is equal to ords—g (x(s). It
follows from the functional equation for (x(s) and the fact that it has a simple pole
at s =1 that

ords—o Cx(s) =r1 + 7o — 1,

where 1 and ro are the number of real and complex places of K, respectively.
Hence, the Bloch and Kato conjecture for V' = Q, is equivalent to Dirichlet’s unit
theorem:

rank(Ox) =1 +ry — L.

Birch and Swinnerton-Dyer conjecture

Let E be an elliptic curve over K. Let T,(E) denote the Tate module of E and let
Vo(E) = T,(F) ®z, Q,. For this example, we take V' = V,(E).
For every positive integer n, there is the following short exact sequence of G-

modules:
[p"]

0 — Ep"|(K) —— E(K) ———— E(K) ——— 0.

From the corresponding long exact cohomology sequence, we obtain the short exact



sequence
0 — B(K)®Z/p"Z — H'(K,Elp"|(K)) — H\(K,E(K))[p"] — 0.

For each place v of K there are analogous exact sequences. Therefore, we obtain

the following commutative diagram:

0 — BE(K)® Z/p"Z — H'(K, E[p"|(K)) —— HY(K, E(K))[p"] — 0

! ! |

0+ I1, B(K,) © Z/p"Z - [[, B\K,. Ep'l(K,)) - [[, H\(K,. E(K,)[p"] = 0.
As usual, we define the p™-Selmer group of E/K by
Sl (B/K) = ker (H%K, B (K) — [ (.. E(Km) .
It sits on the short exact sequence
0 — E(K)®Z/p"Z — Selw(E/K) — LI(E/K)[p"] — 0, (1.2)
where III(E/K) denotes the Tate-Shafarevich group of E/K, i.e.,
II(E/K) = ker (Hl(K, E(K)) — [[ H"(K., E(K))) .

Taking the projective limit over n of the short exact sequences 1.2 and tensoring

with @, we obtain the short exact sequence

0 — E(K)2Q, — Sel(B/K) — (lm (E/K)[p"]) @2, Q, — 0,



where
Sel(E/K) = (Lm Selpn (E/K )) ®z, Qp
= ker (Hl(fﬁ Vo(E) — [ H' (K., V() im (B(K,) @ @p))> :
It can be proved that
Sel(E/K) = H;(K,V,(E)).
Therefore, there is an injection
E(K) @ Qu—H (K, V,(E)).

It is an isomorphism if and only if the p-primary part II(E/K)[p>] of the Tate—
Shafarevich group of E/K is finite, which is conjectured to be true. Hence, under
this assumption, and taking into account that V,(E)Y(1) ~ V,(E), the left-hand side
of equation 1.1 is equal to the rank of E(K).

On the other hand, the right-hand side of equation 1.1 is equal to
ords—g L(V,(E), s) = ords—o L(E, s + 1) = ords—1 L(E, s),

where L(E, s) is the usual L-function associated with the elliptic curve E. As opposed
to the previous example, for general elliptic curves the analytic continuation of L(FE, s)
to the whole complex plane is still a conjecture, and we must assume it in order to
make sense of the previous expression. It is known to be true for modular elliptic
curves, which includes all elliptic curves over Q.

Assuming the finiteness of the p-primary part of the Tate-Shafarevich group of

FE/K and assuming that L(FE, s) has analytic continuation to the whole complex plane



(or, alternatively, that E is modular), the Bloch and Kato conjecture for V = V,(E)

reduces to the most simple form of the Birch and Swinnerton-Dyer conjecture:

rank(E(K)) = ords—y L(E, s).

1.2 Euler systems

The theory of Euler systems has been a successful tool for proving different cases of
the Bloch and Kato conjecture in analytic ranks zero and one, i.e., in proving results

of the form
orde—o L(V,s) =0,1 = dimH};(K,V"(1))=0,1,

respectively. It has also been successfully used to prove one divisibility for differ-
ent Iwasawa—Greenberg Main Conjectures, namely that the characteristic ideal of a
certain Selmer group divides a corresponding p-adic L-function.

Roughly speaking, given a number field K, a p-adic representation V' of the ab-
solute Galois group G and a lattice T' C V stable under the Galois action, an Euler
system is a collection of cohomology classes x;, € H'(L,T) over different abelian
extensions L/K which satisfy certain ‘norm relations’. There have been different
attempts at axiomatizing Euler systems, notably the work of Rubin [Rub00], Mazur—
Rubin [MR04] and, more recently, Jetchev—Nekovai—Skinner [JNS]. In this thesis we
will use the latter axiomatization, which we will introduce in the next subsection.

Notable historic examples of Euler systems include the following:

e The Euler system of cyclotomic units, which, combined with the analytic class
number formula, allowed Rubin [Rub90] to provide a new proof of the Iwasawa
Main Conjecture for Q. (A different proof of this result had been previously
found by Mazur and Wiles [MW84].)

9



The Euler system of elliptic units, which, combined with the analytic class
number formula, allowed Rubin [Rub91] to prove the Iwasawa Main Conjecture

for imaginary quadratic fields.

The Euler system of Heegner points. The work of Kolyvagin [Kol90] on this Eu-
ler system together with the Gross—Zagier formula [GZ86] established the Birch
and Swinnerton-Dyer conjecture in analytic ranks zero and one for (modular)

elliptic curves over Q.

Kato’s Euler system, which allowed Kato [Kat04] to prove one divisibility (‘char-
acteristic ideal divides p-adic L-function’) in the Iwasawa—Greenberg Main Con-
jecture for GLy over Q. (The opposite divisibility was later proved by Skinner
and Urban [SU14].)

The Euler system of Beilinson-Flach elements for the Rankin—Selberg convo-
lution of two modular forms on GLy over Q. It was first introduced by Lei-
Loeffler-Zerbes [LLZ14] for modular forms of weight 2 and later generalized (al-
lowing higher weight and variation in p-adic families) by Kings—Loeffler—Zerbes

[KLZ17, KLZ20].

In recent years, the theory of Euler systems has become a very active research

area, with the appearance of a good variety of new constructions.

1.2.1 The work of Jetchev—Nekovar—Skinner

In [JNS], the authors develop a theory of ‘split anticyclotomic Euler systems’, which

we define here.

Let K/Q be an imaginary quadratic field. For any positive integer n, we denote

by K[n] the maximal p-subextension inside the ring class field of conductor n.

Let p be an odd prime. Let E be a finite extension of Q,, let O denote its ring

of integers and let w € O be a uniformizer. Let V be a finite-dimensional vector

10



space over F endowed with a continuous action of G. We assume that this action is
unramified outside a finite set of primes ¥ and that the resulting Gx-representation
is conjugate self-dual, i.e.,

VY1) ~ Ve,

where V¢ denotes the representation resulting from conjugating the action of G on
V by any element ¢ € Gig which restricts to the nontrivial automorphism of K. Let
T C V be a Gg-stable O-lattice.

For each prime p of K above p, choose a G, -stable subspace ]-"p+ (V) of V, and
let 7, (V) =V/FF (V). Let L be a finite extension of K. For each place v of L, we

define the local condition

HL (L,,V) if v1p,
Hér(vav) =

ker (H'(Ly, V) = H*(Ly,, F; (V) if v | p for some p | p.

Let H}, (L, V) denote the corresponding Greenberg-Selmer group, i.e.,
HL (L, V) = ker (Hl(L, V) = [[ B (L., V)/HE (L. V)),

where the product is over all finite places of L.
We assume that, for every positive integer n, the local conditions H, (K |[n],, V)

and H(, (Kn]s, V) are orthogonal complements under the local pairing
HY(K[n),,V) x HY(K[n]s, V) — E.

We also make the following assumption.
Assumption 1.2.1. There exists an element o € G such that:
1. o fixes K[1](ftpe).

11



2. dimg V/(c — 1)V = 1.

From now on, we fix an element 0 € Gi as in the previous assumption. For any
positive integer m, let T,,, := T /@w™T and let K(T,,) denote the smallest extension of
K such that Gk(r,,) acts trivially on T,. Let €, = K[1](ppm ) K (T;,). For any prime

q of K, we denote by Fry any choice of arithmetic Frobenius at g.

Definition 1.2.2. Let m be a positive integer. Then, the set of split-c Kolyvagin

primes of level m, denoted £7, is the set of rational primes ¢ such that:

1. gt 2p and splits in K, with (¢) = qq;
2. V is unramified at q and g;

3. Fry belongs to the Gg-conjugacy class of o in Gal(€,,/K).

For £ a set of rational primes, we define
NZL)={n=q" ¢ €L : ¢ €L, a;=1if g #p}.

If 4 and % are two sets of rational primes, we will write .4 D.% if the density
of £\ 4 is zero.

Definition 1.2.3. Let £ be a set of rational primes such that £>.27 for some
m > 1. For each prime q € .Z, fix a prime q of K above q. A split-oc anticyclotomic

Euler system for (T, .Z) is a collection of cohomology classes
k= {k, € H\ (K[n],T) : ne N(Z)}
such that, for any ¢ € &, if n,nqg € N (&), then the following ‘norm relation’ holds:

Pq(Frq*l)/in if g ¢ X U{p},
COTK [ng]/ K] (Fng) =

Kn otherwise,
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where Py(X) = det(1 — Fr, ' X|VY(1)).

Remark 1.2.4. Some examples of split anticyclotomic Euler systems include the work
of Castella-Do [CD23|, who construct an Euler system for the p-adic Galois repre-
sentation V}, attached to a newform f of weight k > 2 twisted by an anticyclotomic
Hecke character x, and the work of Graham-Shah [GS21], who construct an Euler sys-
tem for the p-adic Galois representation associated with certain cuspidal automorphic

representations on unitary groups.

1.3 The main results

In this section we outline the main results in this thesis.

Let g and h be normalized elliptic newforms of weights { and m, levels N, and
Ny, and nebentypus x, and xp, respectively. We assume that [ and m have the same
parity and that {,m > 2. Let K/Q be an imaginary quadratic field of discriminant
—D. Let ¢ be a Hecke character of K of conductor ¢ and infinity type (1 — k,0) for

some even integer k > 2. Then, there exists a Dirichlet character y such that

Y((n)) = x(n)n*' for all integers n coprime to c.

It is known that this is a normalized newform of weight k, level Ny = DNk q(c) and
nebentypus xy = xe€x, where ex denotes the quadratic character associated with the
extension K/Q.

From now on, we make the following assumption.
Assumption 1.3.1. xyXx,xn = 1.
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Fix a prime p { 6N, N, N}, and fix an embedding ¢, : Q——@Q,. Let p denote the
prime of K C Q determined by ¢,. Let E be a finite extension of Q, containing the
values of ¢ and the Fourier coefficients of g and h. Let O be the ring of integers of
E and let P be its maximal ideal.

Attached to the Hecke character 1 there is a continuous p-adic character
¢q3 G — O~
which is unramified at finite primes of K not dividing pc and, for such a prime I,

¢m(0[) = ,lvb([)?

where o7 denotes a geometric Frobenius element for I.

Let V¢, V, and V}, denote the 2-dimensional p-adic Gg-representations attached to
the modular forms f, g, and h, respectively, as constructed by Shimura and Deligne.
We can assume that they have coefficients in the field E. To fix conventions, if
¢ € {f,g,h} and ¢ is a rational prime not dividing neither p nor the conductor of ¢,
then the trace of an arithmetic Frobenius element Fr, acting on Vy is given by the

corresponding Fourier coefficient of ¢, i.e.,

Try, (Fre) = ae(¢).

Since f is the theta series attached to the character ¢, it can be checked that

Vy = Ind} (ug;).

It follows from the assumptions on ¢ that this representation is residually irreducible

and p-distinguished.
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Let ¢ = (k4 {4+ m — 2)/2. To simplify notation, we define the G -representation
V=V, ® i) (1 — o)
and the Gg-representation
Vigh =Ind%2V =1V, @V, @ Vi(1 —¢).
It follows from our assumptions that the representation V' is conjugate self-dual, i.e.,
VV(1) = Ve,

where V¢ denotes the representation resulting from conjugating the action of Gy
on V by any element ¢ € Gg which restricts to the nontrivial automorphism of K.

Therefore, the representation Vg, is self-dual, i.e.,
Vion(1) =~ Vign.
It follows from the properties of L-functions that
L(V,s) = L(Ind} V, 5) = L(Vjgn, 5).

Since the representation V', and, equivalently, the representation Vg, is pure of
weight —1, the L-function above is a well-defined holomorphic function on the right-
half plane R(s) > 1/2. The following theorem, stated here in very rough terms, is
proved by Garrett [Gar87] and Piatetski-Shapiro—Rallis [PSR87].

Theorem 1.3.2. The function L(V,s) admits meromorphic continuation to the whole

complex plane and satisfies a functional equation relating L(V,s) to L(V,—s).
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The parity of the order of vanishing of L(V,s) at the center s = 0 is determined
by the global sign ¢ € {£1} in the functional equation. It is equal to a product of

local signs
=Tl
v

where v ranges over all the places of Q and ¢, = 1 for all but finitely many places.

For the rest of this section, we make the following assumption.
Assumption 1.3.3. ¢, = 1 for all finite places v.

Under this assumption,

+1, ifk>l+morl>k+morm>k+1,
€ =Ep =

—1, otherwise.

Y

In the first case above we say that the weights k, [, m are unbalanced, whereas in the
second case we say that they are balanced.
Since (p,¢) = 1, the newform f is ordinary at p. We make from now on the

following assumption.
Assumption 1.3.4. The newforms g and h are ordinary at p.

This allows us to consider Hida families f, g and h passing through the ordinary

p-stabilizations of f, g and h, respectively. We regard them as g-expansions

£= S anf)a" € Arlg),
g=> an(g)d" € Aglal,

h=Y"a.(h)g" € Aulq]

where A¢, Ag and Ay, are finite flat extensions of the standard Iwasawa algebra Ap =

O[1 + pZ,].
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The following theorem was first proved by Darmon—Rotger [DR14] and later re-
fined by Hsieh [Hsi21].

Theorem 1.3.5. Assume that gcd(Ny, N,, Ny,) is square-free. Then, there exists a
p-adic L-function

.,§fpf(f, g, h) € Ar@A QA
such that, for any arithmetic point (z,y, z) of weights (K',I',m’) satisfying
o k' >1'+m,
o (K I',m')=(k,l,m) (mod 2(p — 1)),
the following identity holds:

L(‘/fwgyhz7 8)

2
(%‘f(f, g, h) (.I', Yy, Z)) = E(k/, l/, 'rnl)w7

where E(K')I',m’) is an explicit rational factor depending only on k', ' and m’, and

Q¢ is a period attached to the modular form f,.

Since we are only interested in varying the character v, we consider the special-
ization .iﬂpf € A of the p-adic L-function in the theorem corresponding to the forms
g and h.

Recall that g and h are ordinary at p. For ¢ € {g,h}, let a, be the unit root
of the Hecke polynomial at p of ¢, i.e., the unit root of X2 — a,(¢) + x4(p)p*s~1,
where £, denotes the weight of ¢. Let o, be the unramified character of Gg, which
maps an arithmetic Frobenius Fr, to ag. Then, there is an exact sequence of Gg,-

representations

00—V, —V, =V, —0,

where V" is the 1-dimensional unramified representation defined by the character a,,

and V¢+ is the 1-dimensional representation defined by the character X¢ef§f IQ;I.
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We make one further assumption.
Assumption 1.3.6. p splits in K and does not divide the class number of K.

As above, we denote by p the prime of K above p determined by our fixed em-
bedding ¢, : Q——Q,, and we denote by p the other prime of K above p.
We define the following Gg,-invariant subspaces of V'

Fr (V) =V @Vi+V, @V )y )1 —c) SV,

F(V)=VS eV )(1—-c¢ V.

We also define

Fy (V) =V/F(V),

F5 (V)= V/F (V).

For any finite extension L of K and for any prime v of L above p, we define the

balanced local condition by

. ker (Hl(LU,V) — Hl(LU,]-";;(V))) if v | p,
Hy(Ly, V) =
ker (H'(Ly, V) — H'(Ly, Fy (V) if v |p.

For finite primes v of L not dividing p we just set H.,(L,,V) = H}(L,, V). We

define the balanced Selmer group by

H (L, V) = ker <H1<L, V) — [ H'(Lo,V)/Hi(L, V)) .
finite v
If T'C V is a GGp-stable lattice, we define

Hp(L,T) =ker (H(L,T) — H'(L,V)/Hpu(L,V)) .

18



Let K, denote the anticyclotomic Z,-extension of K, and let K,, be the interme-
diate extension of degree p™ over K. We fix from now on a Gi-stable lattice T'C V.
We define the group

HY (Ko, T) = lim HL (K, T).

Similarly, we define the group
Hkl)al(Koo7ﬁ7 T) = l‘&l Hlial(KnJ_” T)7

where K, 5 denotes the localization of K, at the prime above p. There is a natural
localization map

locs : Hyy(Koo, T) — HY (Koo, T).

Both Hl, (K, T) and H}, (K., T) are endowed with a natural action of A,. =
O[Gal(K«/K)], and the map locy is compatible with the A,.-module structures.
Moreover, since f is a CM family, we can identify Agf ~ A,..

The following theorem, which is an instance of what is usually referred to as an

explicit reciprocity law, was proved by Darmon—Rorger [DR22] and Bertolini—Seveso—

Venerucci [BSV22].

Theorem 1.3.7. There exists a class
Koo € Héal(Koo,T)

and a N,.-linear map

L:HL (Kas, T) — Ag

such that
L(locy (ko)) = Z7.

p

We can now state the main result in Chapter 2.
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Theorem 1.3.8. The class ko, in the previous theorem is the bottom layer of a split

anticyclotomic Euler system for T as defined by Jetchev—Nekovar—Skinner.

Let k € H},(K,V) denote the natural projection of K.

In order to apply the previous result, we need to ensure that the G g-representation
V' satisfies certain properties. The most important one is the existence of an element
0o € Gk meeting the requirements specified in the previous section. These conditions
hold under some big image hypotheses which are discussed in §2.8.2. In this intro-
duction we will just loosely say that V' has big image to mean that it satisfies these
hypotheses.

Now we can state some applications of the main theorem in Chapter 2.

Theorem 1.3.9. Assume that V' has big image. Then, the following implication
holds:
k#0 = dimgH. (K, V) =1

Remark 1.3.10. If the weights (k,l,m) are balanced, then it can be proved that
Hp (K, V) = H{(K,V), so the previous theorem is consistent with the expectation
that dimpg H}(K , V) should be generically 1 when the global sign of the corresponding

functional equation is —1.

Theorem 1.3.11. Assume that V' has big image. Then, if k > 1+ m, the following

implication holds:
L(V,s) 20 = dimg H}(K,V)=0.

Remark 1.3.12. This theorem establishes the Bloch-Kato conjecture for V' in the case

of analytic rank zero.

In Chapter 3 we focus in a case which is not covered by the previous results.

Namely, we consider the case in which h = ¢g*, where g* is the newform obtained by
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applying any choice of complex conjugation to the Fourier coefficients of g.
In this case, since

‘/g* ~ ‘/g\/ (l - ].)7
the representation V' can be decomposed as
V — V/ @ ‘/1/7
where

V' =ad’(Vy) (vg') (1 — k/2),

V' = E(%l)u —k/2).

Let F,7(V') € V" and F; (V') € V' denote the images of the subspaces F,7(V) C V
and .7-—; (V) C V under the natural projection map V' — V’. They are subspaces of V'
of dimensions 2 and 1, respectively. We also define the quotients F, (V') = V'/F (V)
and F; (V') = V'/F(V’). Then, we can define balanced local conditions and balanced
Selmer groups for V' as we previously did for V.

Let T denote the image of T in V', which is a Gg-stable lattice in V’. Then, we

can consider the A,.-modules

Hlial(Koov T,) = l'&nHéal(Km T/)v

Hi (Koo, T') 1= lim Hyy (Ko, T7).
It can be shown that the map

L:HL (Kas, T) — Ag
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introduced above factors through the natural map
Héal<K00,ﬁ7 T) — Héal(KOO,fN Tl)'
Let k., denote the image of ko in HL, (Ks,T"). In Chapter 3 we prove the

following result.

Theorem 1.3.13. The class k., is the bottom layer of a split anticyclotomic FEuler

system for T' as defined by Jetchev—Nekovar—Skinner.

Let x' € H} (K, V") denote the natural projection of . . In §3.6 we discuss big
image hypotheses for VV'. Under these hypotheses, we can prove the following results,

which provide some new evidence for the Bloch-Kato conjecture for V.

Theorem 1.3.14. Assume that V' has big image. Then, the following implication
holds:
K#0 = dimgHL, (K, V') =1.

Theorem 1.3.15. Assume that V' has big image. Then, if k > 2, the following

implication holds:

L(V,s) 20 = dimg H{(K,V')=0.
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Chapter 2

The diagonal cycle Euler system

for GLQ X GL2

2.1 Introduction

In this paper we study the anticyclotomic Iwasawa theory of Rankin—Selberg convo-
lutions of two modular forms using a new Euler system arising from p-adic families
of diagonal cycles. By an application of Kolyvagin’s methods, our construction yields
results towards the Bloch-Kato conjecture and the Iwasawa main conjecture in this

setting.

2.1.1 Statement of the main results

Let g € Si(Ny, xy) and h € S,,(Np, xn) be newforms of weights [ > m > 2 of the
same parity and nebentypus x, and x;. Let K/Q be an imaginary quadratic field of
discriminant —D < 0. Let k£ > 0 be an even integer, and let v» be a Hecke character

of K of infinity type (1 — k,0), conductor f, and central character
Eyp = )Zg)gh'
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Fix an odd prime p { N,Nj, such that (f,p) = 1 and an embedding ¢, : Q < @p,
and let &/ = Ly be a finite extension of @, containing the image under ¢, of the
values of ¥ and the Fourier coefficients of g and h. We consider the E-valued G-

representation

V2 =V, @ Vi(dhg)(1 — o),

where ¢ = (k+ 14+ m — 2)/2, V, and V}, are the (dual of Deligne’s) p-adic Galois
representations associated to g and h, respectively, and 1y is a p-adic Galois character
attached to .

The cyclotomic Iwasawa theory of V, ® V}, has been extensively studied in a series
of works of Lei-Loeffler—Zerbes [LLZ14, LLZ15] and Kings—Loeffler—Zerbes [KLZ17,
KLZ20], among others ([BLLV19], [BL21], etc.). The key tool exploited in these
works is the Euler system of Beilinson—Flach classes, a system of cohomology classes
arising from certain special elements (introduced by Beilinson [Bei84], and further
studied by Flach [Fla92] and Bertolini-Darmon-Rotger [BDR15a, BDR15b]) in the
K, of products of two modular curves.

In contrast, the anticyclotomic Iwasawa theory of V,®Vj, (or rather of its conjugate
self-dual twists, such as V;fh) appears to not have been studied before. The principal
contribution of this paper is the construction of an anticyclotomic Euler system for
V;,ph. As stated in Theorem A below (which corresponds to Theorem 2.6.5 in the body
of the paper), for general weights (k,l,m) our construction requires the additional
assumptions that p splits in K and p { hg (the class number of K'), and that both ¢
and h are ordinary at p, but note that for (k,l,m) = (2,[,1) Theorem 2.4.5 contains

a version of our main result without these additional hypotheses.

Theorem A. Suppose that p splits in K and p { hy, and that both g and h are
ordinary at p. Let S be the set of all squarefree products of primes split q in K and

coprime to DN,N.f, and denote by K[n| the maximal p-extension of K inside the
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ring class field of conductor n. Then there exists a family of cohomology classes

Kap,g,hnpr € HY (K[np'], Tﬁh)

for alln € § and r > 0, where T;fh 1s a fired Gg-stable lattice inside V;fh, such that

for all nqg € S with q prime, we have

Pq(Frq_l) Kyghnpr U 4 F D,
COT Kngpr]/ K [npr) (Kp.g,hngpr) =

H}d,’g’h’npr Zf q=2Dp,

where q is any of the prime and K above q, and Py(Fr;') = det(l—Fr;1X|(th)V(1)).

The construction of this Euler system, which is taken up in the first part of the
paper, is based on the diagonal classes studied by Darmon-Rotger [DR14, DR17,
DR22] and Bertolini-Seveso—Venerucci [BSV22], extending earlier constructions due
to Gross—Kudla [GK92] and Gross—Schoen [GS95]. Roughly speaking, our classes
Ky.gnnpr are suitable modifications of diagonal classes for the triples (fynyr, g, h),
where §¢7np'r is a certain deformation of the theta series associated to ¢, and the main
difficulty in the proof of Theorem A is in establishing the Euler system norm relations.

The main results in the second part of the paper are the proof of new cases of
the Bloch—Kato conjecture for V;f’h in analytic rank zero and a divisibility towards
the Iwasawa main conjecture for V;f’h. These are obtained by applying Kolyvagin’s
methods (in the form recently developed by Jetchev—Nekovai—Skinner [JNS]| in the
antiyclotomic setting) to our Euler system. In the results that follow, we use “big
image” to refer to Hypothesis (HS) in §2.8.1, for which sufficient conditions are given

in §2.8.2.
Theorem B. Suppose that:

(a) g and h are ordinary at p, non-FEisenstein and p-distinguished,
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(b) p splits in K,
(c) p does not divide the class number of K,
(d) V;f’h has big image.

Let

K"l/%g:h = Ew»g’}%l °

Ifl —m < k <1+ m, then the following implication holds:

Fpgn 70 = dimg Sel(K, V%) =1,

» " g,h

where Sel(K, V;{’h) C H'(Gk, Vg%h) is the Bloch-Kato Selmer group.

Remark. (1) For k =1 =m = 2, together with the Gross—Zagier formula for diago-
nal cycles by Yuan—Zhang—Zhang [YZZ12], Theorem B supports the Bloch-Kato
conjecture for V;’ph in analytic rank one, reducing it to the expected injectivity

of the p-adic étale Abel-Jacobi map.

(2) Still in the case k = [ = m = 2, combined with the p-adic Gross—Zagier formula
for diagonal cycles in forthcoming work of Hsieh-Yamana [HY], Theorem B
establishes some cases of Perrin-Riou’s p-adic Beilinson conjecture in analytic

rank one.

(3) In general, by the main result of [DR14], the nonvanishing of xy ,, also follows
from the nonvanishing of a special value of the triple product p-adic L-function

Z,(f, g, h) introduced below.

In analytic rank zero, we get unconditional applications to the Bloch—Kato con-
jecture. Let f = 6y € Sp(Ny,ey) be the theta series associated to 1, let Eg(‘/;f)h) be
the epsilon factor of the Weil-Deligne representation associated to the restriction of

Vi@V, ® V(1 —c) to Gg,, and put N = lem(Ny, Ny, Np).
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Theorem C. Let the hypotheses be as in Theorem B, and assume in addition that
. ag(Vgiph) = +1 for all primes ¢ | N,
o gcd(Ny, Ny, Ny) is squarefree.

If kK > 1+ m, then
LV}, 00 #0 = Sel(K,V,},) =0,

and hence the Bloch—Kato conjecture for V;fh holds in analytic rank zero.

Remark. Here L(Vﬁh, s) is the triple product L-function introduced by Garrett, Piatetski—
Shapiro and Rallis, which satisfies a functional equation relating its values at s and
—s. When k£ > [ + m, the local root number condition in Theorem C implies that
the sign in this functional equation is +1, and so the central L-values L(\/Z}h, 0) are
expected to be generically nonzero.

A third application is to the anticyclotomic Iwasawa main conjectures for Rankin—
Selberg convolutions. Let (f, g, h) be a triple of p-adic Hida families. In [Hsi21],
Hsieh has constructed a square-root triple product p-adic L-function .Z,(f, g, h) whose
square interpolates the central values of the triple product L-function attached to the
classical specializations of (f, g, h) to weights (ki, k2, k3) with k1 > ko + k3. Letting
g and h be the Hida families passing through the ordinary p-stabilizations of ¢ and

h, respectively, we obtain an element
"%(fa g, h) € Af

interpolating a square-root of the above central L-values for the specializations of
f to weights k& > [ + m, where A¢ is the finite flat extension of A = Z,[[1 + pZ,]

generated by the coefficients of f. Greenberg’s generalization of the Iwasawa main

27



conjectures [Gre94| predicts that %, (f, g, h)? generates the Ag-characteristic ideal of
a certain torsion Selmer group X ;(Aigh). At the same time, we show that our classes
Ky,g,h,n are universal norms in the p-direction, therefore giving rise in particular to an

Iwasawa cohomology class
1
Ryp,g,h,00 € HIW(KOO7Tg1zjh)

for the anticyclotomic Z,-extension K, /K.

The class Ky gno0o 18 associated with the triple (f,g,h), where f = f, is a CM
Hida family attached to 1 for which A¢ = A,., the anticyclotomic Iwasawa algebra.
Assuming the non-triviality of £y g 4,00, We can prove the following result towards the

Iwasawa main conjecture for .Z,(f, g, h)%.
Theorem D. Let f = £, and suppose that:
(a) g and h are ordinary at p, non-FEisenstein and p-distinguished,
(b) p splits in K,
(¢) p does not divide the class number of K,
(d) V;f’h has big image,
(e) ég(V;fjh) = +1 for all primes ¢ | N,
(f) ged(Ny, Ny, Ny) is squarefree.

If Ky g hoo is ot Nyc-torsion, then the module X;(Algh) 18 Nao-torsion, and
Chary,.(XF(Af,,) D (Z(f, 9,h))

in Aac ®Zp Qp-
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Remark. The classes Ky g, may be viewed as a counterpart in the study of the
arithmetic of Vgiph to systems of Heegner points and Heegner cycles for individual
modular forms. It would be interesting to see whether the methods of Cornut—Vatsal

can be extended to establish the non-triviality of Ky gn co-

Remark. The “big image” hypothesis in our arithmetic applications in this paper
excludes in particular the cases in which ¢ = A and in which either ¢ or A has
CM (see Hypotheses 2.9). Notwithstanding, in future work we plan to use (a suitable
projection of) the classes Ky g .n for g = h to study the anticyclotomic Iwasawa theory
of Sym? g. The case in which either g or h has CM will appear in the forthcoming
PhD thesis of Kim Tuan Do.
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2.2 Preliminaries

In this section be begin by discussing our conventions regarding modular curves and

Hecke operators, for which we shall largely follow [Kat04, §2] and [BSV22, §2].
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2.2.1 Modular curves

Given integers M > 1, N > 1, m > 1 and n > 1 with M + N > 5, we denote by
Y (M(m), N(n)) the affine modular curve over Z[1/M Nmn] representing the func-
tor taking a Z[1/M Nmn]-scheme S to the set of isomorphism classes of 5-tuples
(B, P,Q,C, D), where:

e F is an elliptic curve over S,

P is an S-point of E of order M,

@ is an S-point of E of order N,

C'is a cyclic order-Mm subgroup of E defined over S and containing P,

D is a cyclic order-Nn subgroup of E defined over S and containing @),

and such that C' and D have trivial intersection. If either m =1 or n = 1 we omit it
from the notation, and we will often write Y;(NV) for Y (1, N).

We will denote by

E(M(m), N(n)) = Y(M(m), N(n))

the universal elliptic curve over Y (M(m), N(n)).

Define the modular group

L(M(m),N(n)) = €SLy(Z) :a=1(M),b=0(Mm),c=0(Nn),d=1(N)

Then, letting H be the Poincaré upper half-plane, we have the complex uniformization

Y(M(m), N(n))(C) =2 (Z/MZ)* x T'(M(m), N(n))\H, (2.1)
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with a pair (a,7) on the right-hand side corresponding to the isomorphism class of
the 5-tuple (C/Z + Zr,at/M,1/N,(t/Mm), (1/Nn)).

If » > 1 is an integer, there is an isomorphism of Z[1/M Nmnr]-schemes

or 2 Y(M(m), N(nr)) = Y (M (mr), N(n))

defined in terms of moduli by

(E7 P’ Q? C’ D) }_> (E,7 Pl? Ql7 Ol? D/)’

where E' = E/NnD, P’ is the image of P in E’, Q' is the image of r~1(Q)N D in E’,
C' is the image of 7~!(C) in E’, and D’ is the image of D in E’. Under the complex

uniformizations (2.1), the isomorphism ¢, sends (a,7) — (a,r - 7). If

pr(E(M(mr), N(n))) = Y (M(m), N(nr))

denotes the base change of E(M(mr), N(n)) — Y (M (mr), N(n)) under ¢,, there is

a natural degree-r isogeny

A s B(M(m), N(nr)) = @i(E(M(mr), N(n))).

2.2.2 Degeneracy maps

With the same notations as above, we have natural degeneracy maps
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forgetting the extra level structure, e.g.

MT(E7P7Q707D>:(E7P7T'Q707D)7

v(E,P,Q,C,D)=(E,P,Q,C,rD).
We also define degeneracy maps

m Y (M(m),Nrs(nt)) — Y (M(m), N(ns)), (22)
7o : Y (M(m), Nrs(nt)) — Y (M(m), N(ns)),

acting on the moduli space by

m(E,P,Q,C,D)=(E,Prs-Q,C,rtD),

W?(E7 PaQ707 D) = (E/,P/,Q/,C/,D/),

where £’ = E/NnsD, P’ is the image of P in E’, Q' is the image of t (s Q)N D
in £/, C'" is the image of C' in E' and D’ is the image of D in E’. Under the
complex uniformizations (2.1), the maps m and 7 correspond to the identity and to
multiplication by rt, respectively, on H. It is straightforward to check that the maps

m, and 7y are given by the compositions

Y (M(m), Nrs(nt)) Hrsy Y (M(m), N(nrst)) 2% Y (M(m), N(ns)),

Y (M(m), Nrs(nt)) 22 V(M (m), N(nrst)) 225 Y (M (mrt), N(ns)) 2% Y (M(m), N(ns)),

respectively.
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2.2.3 Relative Tate modules

Fix a prime p. Let S be a Z[1/M Nmnp]-scheme and let
v:E(M(m),N(n))s = Y(M(m),N(n))s

be the structural morphism. For every Z[1/M Nmnp|-scheme X, denote by A = Ax
either the locally constant constructible sheaf Z/p'(j) or the locally constant p-adic
sheaf Z,(j) on Xg, for fixed ¢ > 1 and j € Z. Set

yM(m),N(n)<A) = RIU*Zp(l) ®Zp A and gﬂz(m),N(n)(A) = Hom(fM(m),N(n)(A), A)

In particular, in the case A = 7Z, this gives the relative Tate module of the universal
elliptic curve and its dual, respectively; in this case, we will often drop A from the
notation.

From the proper base change theorem, both Fys(m),n(n)(A4) and T, nn) (A) are
locally constant p-adic sheaves on Y (M (m), N(n))s of formation compatible with
base changes along morphisms of Z[1/M Nmnp]-schemes S — S.

For every integer r > 0, define

Lram),Nn),r(A) = Tsymy Tarm) Ny (A); L biim), Ny (A) = Symy Tyiomy vy (A),

where, for any finite free module M over a profinite Z,-algebra R, one denotes by
Tsym}, M the R-submodule of symmetric tensors in M®" and by Sym’, M the maxi-
mal symmetric quotient of M®".

When the level of the modular curve Y (M (m), N(n))s is clear, we may use the

simplified notations
jr(A) = gM(m),N(n),r(A)a Zﬂ = ogfﬂr(Zp)y yr(A) = CS/M(m),N(n),r(AA)a % = t5”7"<Zp)
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2.2.4 Hecke operators

Let #}, )N () denote either Zs(m),n(n)r(A) O Fur(m),nm)r(A) and let ¢ be a ratio-

(m7

nal prime. Then there are natural isomorphisms of sheaves

1%
1%

Vo (Z Ny Nmy) = Tty Nmg D Vo (Farim) Nim)) = F b (mag) N> (2.3)

and therefore pullback morphisms

He (Y (M (m), N(0))s, Z31m) () = Hee (Y (M(m), N(10))s, F31(m) N(ng))-

Hét(Y(M(m)v N(n))s, y]&(m),N(n)) — Hét<Y(M(mQ>’ N(n))s, ﬁ&(mq),N(n)%

and traces

Hét(Y(M<m>7 N(nq))s, y&(m),zv(nq)) - Hét(Y<M(m)7 N(n))s, ng17\44(771),1\/(71))7 (2.4)

Hét(Y(M<mQ)7 N(n))s, y&(mq),zv(n)) — Hét(Y<M(m)7 N(n))s, y;\}(m),zv(n))-
Also, the isogeny ), induces morphisms of sheaves
Ags : fz@(m),z\/(nq) — ¢2(9&(mq),N(n)) and /\Z : w;(‘g&(mq),N(n)) — ‘gz]&(m),N(nq)‘
These morphisms allow us to define

Doy : Hét<Y(M(m)v N("Q))Saﬁj@(m)w(nq)) — Hét(Y(M(mCI),N(n))Sa9&(mq),1v(n))7

‘I’Z : Hét(Y(M(WQ),N(n))Say&mq),zv(n)) — Hét(Y(M(m)’ N(”Q))S7g&(m),N(nq))7

as the compositions

Ppe = e 0 A and O = A o .
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We define the Hecke operators T, and the adjoint Hecke operators T} acting on

the étale cohomology groups

Hét(Y(M(m)7 N(”Q))S7 ﬁ;\aj(m),N(nq))
as the compositions

_ *
T, =V 0Py ov

U * ~ %
= o o
. and Tq Vgr © @ 2 °Vy-

If we define pullbacks

HE (Y (M(m), N(n))s, Frrmynmy) — He (Y (M(m), N(n9)) s, Fhiim) Nng))»

Hét(Y<M(m)7 N(n))s, g]&(m),N(n)) = Hét<Y(M(mQ)7 N(n))s, y]&(mq),N(n))?
and pushforwards

Hét(Y(M(m)v N(ng))s, ng]&(m),N(nq)) - Hét(Y(M<m)7 N(n))s, 917(4(m),N(n))7

Hét(Y(M(mq>7 N(n))s, Lg;]&(mq),N(n)) = Hét(Y(M<m)7 N(n))s, ﬁ]@[(m),N(n))?

as

then we can write

/
T, =myom and T, =m,om,.

Now we introduce diamond operators. For d € (Z/M NZ)*, these are defined on

the curves Y (M (m), N(n)) as the automorphisms (d) acting on the moduli space by

(E,P,Q,C,D)w— (E,d"-P,d-Q,C,D).
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We can also define the diamond operator (d) on the corresponding universal elliptic
curve as the unique automorphism making the diagram

E(M(m), N(n))s ——— E(M(m), N(n))s

P,

Y(M(m), N(n))s ——— Y (M(m), N(n))s

cartesian. This in turn induces automorphisms (d) = (d)* and (d)’ = (d). on the
group H. (Y (M (m), N(n))s, F i(m),N(ny) Which are inverses of each other.

In general, we will be interested in modular curves of the form Y (1(m), N(n)). In
this case, the natural pairing ., ®z, ., — Z, together with cup-product yields a
pairing

He, (Y (1(m), N(n))s, Z.(1)) @z, Hg

ét,c

(Y(l(m)7 N(”))Svyr) — ZP

which becomes perfect after inverting p. The operators T, Té, (d), (d) induce endo-

morphisms on compactly supported cohomology and

(15, T3), (T3, Ty),  ((d),(d)') and  ({d)", (d))

q> ~q

are adjoint pairs under this pairing.

2.2.5 Galois representations

Let f € Si(Ny, xs) be a newform of weight k = r 4+ 2 > 2, level Ny and character
X¢- Let p be a prime and let E be a finite extension of @, with ring of integers O
containing the Fourier coefficients of f. By work of Eichler-Shimura and Deligne,

there is a two-dimensional representation

Pf - GQ — GLQ(E)
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unramified outside pN; and characterized by the property that

trace ps(Fry) = a,(f)

for all primes g { pNy, where Fr, denotes an arithmetic Frobenius element at ¢. (In
fact, this is the dual of the p-adic representation constructed by Deligne.)
It will be convenient for our purposes to work with the following geometric real-
ization of py. Let
H;,(Yi(Nyp)g, £(1)) ®z, E — V;

be the maximal quotient on which 77 and (d)" act as multiplication by a4(f) and x(d)
for all primes ¢ { Ny and all d € (Z/N;Z)*. Then V; is a two-dimensional E-vector
space affording the p-adic representation ps, and we let Ty C Vy be the lattice defined

by the image of
Hy,(Yi(Ny)g: £(1)) ®z, O

under the above quotient map.

2.3 Hecke algebras and ring class fields

In this section we extend the results of [LLZ15, §5.2], including ring class fields ex-
tensions of an imaginary quadratic field K. The resulting Corollary 2.3.6 will allow
us to obtain classes over ring class field extension of K from diagonal cycles over Q
on triple products of modular curves of varying levels.

Thus let K be an imaginary quadratic field of discriminant —D < 0, and let ex be
the corresponding quadratic character. Let 1 be a Grossencharacter of K of infinity
type (—1,0) and conductor f, taking values in a finite extension L/K, and let y be the

unique Dirichlet character modulo Ng/q(f) such that ¥((n)) = nx(n) for integers n
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coprime to Nk q(f). Put Ny = Ng/o(f)D, and let 8, € So(Ny, xex) be the newform

attached to v, i.e.,
Oy = > p(a)g el

(af)=1
Fix a prime p > 5 unramified in K, a prime p of K above p and a prime B of L
above p. Let ¥ = Ly and let O C E be the ring of integers. Let ¢y be the continuous
E-valued character of K*\A% ; defined by

Up(@) = 2, ") (2),

where z, is the projection of the idele x to the component at p. We will also denote by
Yy the corresponding character of G obtained via the geometric Artin map. Then

md% £ (%’31) is the p-adic representation attached to 6.

Definition 2.3.1. For an integral ideal n of K, we denote by H, the maximal p-
quotient of the corresponding ray class group, and by K(n) the maximal p-extension
in the corresponding ray class field. We similarly define R,, and K[n], for each integer
n > 0, as the maximal p-quotient in the corresponding ring class group and the

maximal p-extension in the corresponding ring class field.

Let n be an integral ideal of K divisible by f, and let N = Ng/g(n)D, which is
of course a multiple of N,. Let T}(/N) be the algebra generated by all the Hecke
operators T, (d)’ acting on H'(Y1(N)(C), Z).

Proposition 2.3.2. With the previous definitions and notations, there exists a ho-

momorphism ¢, : T} (N) — O[H,] defined on generators by

on(T)) = _1(q)[q]

for every rational prime q, where the sum runs over ideals coprime to n of norm q;
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and

Pu((d)) = x(d)ex (d)[(d)].
Proof. This follows immediately from [LLZ15, Prop. 3.2.1]. ]

Now let n’ = ng for some prime ideal q above a rational prime ¢q. Assume that n’
is coprime to p, and let N' = Ny o(n')D. Following [LLZ15, §3.3], we define norm

maps

4

N O[Hw|® oy (vy@y o) Hae V(N ), Zp(1)) — O[Hu] @y (3)02, 00 Ha (YVi(N)g, Zp(1))

by the formulae:

o ifqm,

Nr?l =1®my

e if g tn and g is ramified or split,

j\/'f/:l@ﬂl*—@@D*;

e if q{n and q is inert,

If p splits in K, the maps above are also well-defined if p | n’ (see [LLZ15, Prop. 4.3.6]
and [LLZ15, Prop. 5.2.5]).

More generally, for n’ = nt with v a product of (not necessarily distinct) prime
ideals, we define the map N by composing in the natural way the previously defined

norm maps.
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From now on, we assume that in the case where (p) = pp splits in K, if p | f then

p1fand ¢|OIX( is not congruent to the Teichmiiller character modulo ‘B.
P

Theorem 2.3.3. Let A be the set of prime ideals of K coprime to p (resp. p) if p
splits (resp. is inert) in K and divisible by f. Then there is a family of Gg-equivariant
isomorphisms of O[Hy,|-modules

Vo 2 O[Hy] @1y (3)92,.00) Hélt(Yl(N)@’ Zy(1)) — Ind%(n) O(Qﬁil),

for alln € A, such that for n | vw' the diagram

O Hu] vy (3v)e2,.0,) HEMI(N')g, (1) —2— Indig ) O(t")

’

N

O[Hn] Q(T} (N)SZp,n) Hét(YI(N)@v Zp(1>) Tﬂ Ind(%(n) O(¢51_31)

commutes, where the right vertical arrow is the natural norm map.
Proof. This is [LLZ15, Cor. 5.2.6]. O

Definition 2.3.4. For any positive integer n with (n, pf) = 1, we let K(f)[n] be the
compositum of K(f) and K[n], and put R;, = Gal(K(f)[n]/K).

Let T'(1, Ny(n?)) C Endz(H'(Y (1, Ny(n?))(C),Z)) be the subalgebra generated

by all Hecke operators T, and (d)".

Lemma 2.3.5. There exists a homomorphism
¢n 2 T'(1, Ny(n?)) — O[R;,]

defined on generators by the same formula as in Proposition 2.53.2.

Proof. Take the modulus n = f(n). By Proposition 5.1.2 and Remark 5.1.3 in [LLZ15],

the kernel Z of the composition

T, (Nyn?) 2% O[H,] — O — O/,
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where ¢, is as in Proposition 2.3.2, is a non-Eisenstein maximal ideal of T} (Nyn?)
in the sense of [op.cit., Def. 4.1.2]. Therefore, denoting Z-adic completions with the

subscript Z, we have an isomorphism of T} (Nyn?)z-modules
H'(Y1(Nyn®)(C), Z)r = H, (Y1(Nyn*)(C), Z)1.

On the other hand, as in the proof of [LLZ15, Lem. 4.2.4], the natural pullback

map yields an isomorphism
Hi(Y(1,Ny(n*))(C), Z) = He (Y1(Nyn®)(C), Z)%,

where A is the set of diamond operators (d)’ with d = 1 (mod N,). Since A maps

to 1 under the composition
T} (Nyn?) 2% O[H,] — O[R;..],

the result follows. O
Corollary 2.3.6. Let B be the set of positive integers n coprime to pf. Then there
is a family of Gg-equivariant isomorphisms of O[R;,]-modules

Vo : O[Ry] &0ty uy in) HEY (L Ny (02))g. Zy(1)) —— IndS ) O(ig)

for allm € B, such that for n | n’ the diagram
O[Rj] @ (w1, 8y(w2))02,0,) Ha(Y (1, Ny () g Zp(1)) ——=— Indig g0 O (")
!

O[Rfm] Q(T/(1,Ny (n2))@Zp,bn) Hgt(Y(la Nw(HQ))@, Zp(l)) : > Ind([@((f)[n} O(@Dq}l)

commutes, where ./\/'ff;f/ 15 induced by ./\/'ff((g)) and the right vertical arrow is the natural

norm map.
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Proof. Let n = §(n), Z and A be as in the proof of Lemma 2.3.5. Since Z is non-

Eisenstein, the natural trace map
H (Yi(Nyn?)g, Zp(1))a — Hg (Y (1, Ny(n?))g, Zy(1))

becomes an isomorphism after taking Z-adic completions. Since the map ¢, of
Lemma 2.3.5 is induced by ¢, (as shown in the proof of that result), it follows that
the O[R;,,]-module

O[Ryn] @1 (1,8, (n2))eZp,6n) Hat(Y (1, Ny(n?))g, Zp(1))
is naturally isomorphic to
O[Rjn] Qo) (O[Hn] @y (Nyn2)0z,.60) Hey(Y1(Nyn®)g, Z,y(1))) -

The result now follows from Theorem 2.3.3. O

2.4 Proof of the tame norm relations

We keep the notations introduced in §2.3. Fix two newforms (g, h) of weights (I, m)
of the same parity, levels (N,, N;,), and characters (x4, x») such that xexxoxn = 1.
Enlarging L if necessary, assume that it contains the Fourier coefficients of g and h.

Let N = lem(Ny, Ny, Np,), and (since N will be fixed throughout) put Y (m) =
Y (1, N(m)) for every positive integer m.

Let r = (1, 72,73) be a triple of non-negative integers such that

i+ 1y +1r3=2r
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with r € Z>g, and r; + r; >}, for every permutation (4, j, k) of (1,2,3). Put
L) = LNy (Lp) Oz, LN () 10 (Lp) R, L1 N () s (L),
and define

/ﬁ%?r €H (Q, Hg’t(Y(m)%, L) ®z, Qp(2 - T)>

to be the class £y (m)r = Sr« 0 HS 0 d,(Det},,)) constructed as in [BSV22, §3] for the

modular curve Y (m).

Lemma 2.4.1. Let m be a positive integer and let g be a prime number. Assume that

both m and q are coprime to p and N. Then

(o, 1, 1) s Ky e = (Tqalal)“(l)' (1, 2, T2) il o = ¢ (T, 1, 1)

mq,r m,r) mq,r qr m,r)

(7?'1,7'('2,71'1)*!{7(%2171. = (1, T,, D&{s (mo, my, ma)urkll) = q (1, Ty, D

m,r) *Ymg,r m,r?

(1, 71, mo)ukil) = (1,1, TN (g, o, 1) okl L= ¢ (1, 1,T(;)/{(1)

mq,r m,r) *Ymg,r m,r*°

If q is coprime to m we also have
(1, Wl;”l)*“%,r =(q+ 1)“%?& (2, 2, 72)*/€%21,r =(q+ 1)(17""37%,%-

Proof. The same argument proving equations (174) and (176) in [BSV22] yields these
identities, adding the prime ¢ to the level rather than the prime p. O

We next consider the following ‘asymmetric’ diagonal classes.

Definition 2.4.2. For each squarefree positive integer n coprime to p and N, let

R = (1,1, () (L, m, m)kll, € H' (Q HA(Y (n2)g X Y (13, L) ©2, Qp2 = 1)),

n,r n2r

where 71, T : Y (n?) — Y(1) are the degeneracy maps in (2.2).
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Lemma 2.4.3. Let n be as above and let q be a rational prime coprime to p, N and

n. Then

(7T117 17 1)*"{'(2) = {qr2(17 17TQT/) (q + 1)(]7“2-‘,-7“3 1 1 1 } Kn r

ng,r
n,r’

(7T227 L, 1)*"4'7(12:1),r = {quJrTB(la Tf? <q>/) - (q + 1)q2r(17 <C]>/, <q>,)} "17(1237

)

(7-(217 1’ 1)*"<’£Lq)r — {qr(17T¢;>T¢;) T2+7”3 T/ }K,(Q)

where ;1 Y (n*q?) — Y (n?) denotes the composite map
Y (n2¢%) =5 Y (n%q) =5 Y (n?).

Proof. To better distinguish between the degeneracy maps m; for different levels, in
this proof we use w; to denote the map m; descending the level by ¢, so that w; o w;
is the degeneracy map m;; in the statement of the lemma. Thus we find

(@11, 1)us2, = n"2q"(1, 1, (ng)") (1, 71, T2 (w01, w1, wa) ekl

= nTquz(]_, 17 <nq>/)(17 1, 7T2) (]-a ]-)T ) v

nzqr»

using Lemma 2.4.3 for the third equality; and similarly,

(’Zﬂg, 1, ]‘)*ng),r = T2qT2(1, 1, <TL(]> )(17 T, Wg)*(?ﬂg, w1, w2)*/{/£112)q27r

=n"q" (1,1, (ng)') (1, 71, ). (1, T}, 1)KL

n2q r
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Descending the level again by ¢ this gives

(7117171)*’%(2) :TL q (1717<nQ>/)(177T177T2>*(w17w17w2)*(1717Tq)’%(1)

ng,r n2q,r

r2 T2 (1)

=n-q (17 L, <nq>/)(1= T, 7T2>*(w1*7w1*7 qu?* - qT3 <q>w1*)ﬂn2qr
—n”q”(l,l,(nq>’)(1,7r1,7r2)*{(1,1,Tc]2) (g+1)¢" (1,1, (q }FL
(1,1, T,T) — (g + 1)g"™(1,1,1) } " (1, 1, (n)) (1, w1, m2)iy

n2r

={¢”(L1,T,T) — (g + )¢ (1,1, 1)} s (2)

TLI"

and similarly

(ma1, 1, 1)k, = n72¢" (1, 1, (ng)") (1, 1, 7m0 (1, @1, w0) (1, T2, 1) R\

9 q’ 1’L2ql‘

)

n2q,r

=n"q" (1,1, (nq))(1, w1, ma). { (1,1}, T,) — ¢’ " (T, {q), 1) } ki,

=" {(LT),T}) — ¢ (T} (@), (@)) } (1,1, (n) ) (1, 71, m2) s,

- nTqu(lv 1a <nq>,)<1a 1, 7T2)*(w1>k7 T(;wl* - <q>,w2*7 wZ*)KJ

Y q’

7"2 T 2
={q (LT, 1) — " (Ty )" (@) } K2
and

(7T2271 1) ()r - nTqu(171’ <nq>,)(1,7T1,7T2>*(WQ,W1,7D2) (1 T/ 1) )

nq g n2q,r
= n"2q" (1,1, (ng)')(1, 71, 7o) (@, Ty1e — () s i) Kl
=n"q (1,1, (ng)") (1, w1, m2)s {q" (L, T2, 1) = (g + D" (1, (g), 1)} s,
= ¢ {¢ (T2 {q)) — (q+ Vg (1, (@), (@)) } n"2(1,1, (n) ) (1, 70, 72 ursl

)
= {¢"* (1L, T2 {(0)") — (a+ Dg* (L. (a)', (a)) } 52,

hence the result. O

Projection of the classes /@(122« to the (1,1, 1)-component in the Kiinneth decompo-
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o . . 3) .
sition yields classes /637(“% n

H' (Q, Hy (Y (n)g, 2, (1)) @ Hg (Y (1)g, 4,(1)) ® Hey (Y (1) £, (1)) @2, Qp(—1 1))

Now set (r1,72,73) = (0,1 — 2, m — 2). Fix test vectors

F e SN, xex)bs], G€ SN, x)gl, h e Sm(N,xn)h.

These test vectors determine maps

He (Y (n*)g, Zy(1) = He (Y (1, Ny(n*))g, Zy(1))
He (Y (1)g, 2, (1) = He(Yi(Ng)g, £, (1))

H (Y (L)g, 25 (1) = He(Yi(Na)g, Z(1))

which we use to project the classes nﬁf’l to classes HSL gh I

HY(Q, O[R; @ (1,3, 202y 60 Hat (Y (1, Ny(0?) ), Zp(1)) @0 Ty @0 Th @2, Qp(—1-7)).
Let
ng,}h = Tg ®o Th(wfil)(_l - 7"), V;,ph = T;ljh ®z, Q;m

Using the isomorphisms

wt OlRiu] @, 2)ezyen HE(Y (1, Ny(n7)g, Zp(1) —— Indg g O(Wy")

of Corollary 2.3.6, and taking the projection of both sides via the quotient map

O[R;,] = O[R,], we obtain new isomorphisms

D+ O[RA] @ (1.8, (n2) 02 H& (Y (1, Ny(n2))g, Zp(1)) — IndZ, O(dhgh),

so that applying the corresponding projection map to the classes rifszﬁgh and using
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Shapiro’s lemma we obtain classes
K € H'(K|n] VY )
wvg7h7nq ? g7h °

Proposition 2.4.4. Let n be as above, and let q be a rational prime coprime to p, N

and n.

(i) If q splits in K as (q) = qq, then

~ - V(@) - aq(9)ag(h) (¥(a) -
COTKfg)/K[n) (s g.umg) = ¢ 4{ ( e Fry! qq(z+m—q4>/2 q Fr. !
Xo(@)"aq(9)” | xnla)” 1a()2 ¢ +1
T -1 m—
q q q

_ ‘;q(l(fgiqf)i’g <¢E]q)Frq—1) + Xg(@D)xn(a)q (@Fﬁ? 1)2 } R

(i) If q is inert in K, then

q)_laq(g)2 n Xh<Q)_1aq(h)2 (¢ +1) }nghn

~ ~ emea f X
COT K ng)/ K] (R g,hng) = 4 { = o .

Proof. We have the commutative diagram

o

H'(K[ng],V,,) — HY(Q,Ind},  Oy") ©o T, ®0 Ty ©z, Qy(~1 — 1))

9,

JCOTK[M]/K[H]

H'(K[n], V) — H'(Q,Ind},, O(d5") @0 T, ®o T ®z, Qp(—1 1)),

where the horizontal isomorphisms are given by Shapiro’s lemma and the right vertical
arrow comes from the natural norm map between induced representations. Using the
isomorphisms 7,, above, the vertical arrows in the previous diagram correspond to the

map

47



HYQ, O[Rug) @4, HL(Y (1, Ny (2¢2))5, Z,(1)) ®0 Ty ®0 Ty ©z, Qp(~1 — 1))
N gidwid

fin

HY(Q, O[R,) @4, HA(Y (1, Ny(n?))g. Zy(1)) @0 Ty o Th @z, Qp~1 — 1)).

If ¢ splits in K, the map N’g;f’q is given by

N (@/}(q)[q] N @/J(ﬁ)[ﬁ]) w4 X
fin 11+ q q 21% p 22+,

using the notations introduced in Lemma 2.4.3 for the degeneracy maps, and from

the relations in that lemma we find

'/\[ftﬁq</%1/’79,h»ﬂ¢I) = [1 ® {qm(l? 17 TqT(;) - (q + 1>qr2+T3<17 17 1)}
B (¢(q)[q] m)m)
q

+
q

@ {q" (1, T;,T;) — ¢ (15, {a)', (9)")}
# 10 g T ) - o DL 00} R

= [Xh(@_laq(h)qu + (g4 1)g™*™

B (w(q)[q]

q

N w@q) W) {ag(9)ay(Wa" ~ X (@xn(@)a ™ (@] + (@)}

+ @ {xn(@)ag(9)*a™ ™ — xg(@)xn(a)(a + 1)&’“}} Fs.g.hms

This implies the result in this case. When ¢ is inert in K, we have

Nf,nq - X (Q)

fn — Tlx —

22,

and the result in this case follows by a very similar computation that we leave to the

reader. O

In particular, restricting to positive integers n as above that are divisible only by

primes ¢ which split in K, Proposition 2.4.4 yields the following result. (Note that
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since in this section we assume v has infinity type (—1,0), the balanced condition

forces [ = m.)

Theorem 2.4.5. Suppose the weights of g, h are | = m. Let S be the set of squarefree
products of primes q which split in K and are coprime to p and N. Assume that

Hl(K[n],Tﬁh) 1s torsion-free for every n € S. There exists a collection of classes

such that whenever n,nqg € S with q a prime, we have

COTK [ng]/ K[n] (Kup,g,hng) = Pq<Frch) Kap,g,h.ns

where q is any of the primes of K above q, and Py(X) = det(1 — Fr;1X|(Vglfh)V(1)).

Proof. We begin by noting that the only possible denominators of the classes Ky g.1.n
are divisors of (I—2)!(m—2)! (as follows from [BSV22, Rmk. 3.3]), so after multiplying
them by a suitable power of p they all have coefficients in T;fh.

Now given a prime g € S, we note that for any prime v of K above g we have

Py(X)=1- C;Q(l(fr)nciqz()ig) w(qv)X
Xo(@ag(h)*  xn(q)ag(9)® Y()? s
(Rl OBOE ) il
— XQ(Q)E?ZSQZ?z;)(i)aq(h) ¢E;;) XS 4 Xg<q)2X (q)Qw(q_Z)XAL

Writing (¢) = qq and using that ¢(q)¥(q) = x(¢)g and xg(@)xn(g)x(q) = 1, we
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therefore find the congruences

Py(Fry xg (@) xn(@)¥(@)°Frg? = Pe(Frg ) xg(@)xa(@)y(a)*Fry?  (mod ¢ — 1)
= Xg(@)xn(@)P(0)*Frg? — ag(g)aq (h)P(q)Fry "
+Xg(0) " ag(9)* + xn(q) ag(h)* -2

— ag(g)ag(M)P(@Fry " + xy(0)xn(@)¥ (@) Frg”  (mod ¢ —1)

as endomorphisms of H'(K [n],T;j ). Since these expressions agree modulo ¢ — 1
with the factor appearing in the norm relation of Proposition 2.4.4(i), together with

[Rub00, Lem. 9.6.1] the result follows. O

Remark 2.4.6. The condition that H'(K|n], T_f,h) is torsion-free for every n € S holds,
for example, under the assumptions in Lemma 2.8.9 below. Indeed, since SLy(Z,,) x
SLy(Z,) has no proper normal subgroups of finite p-power index, it follows from this
lemma that the residual G g,-representation attached to T, Z , 1s absolutely irreducible
for every n € S, so that H(K[n], V;ph / T;f ,) is trivial for every n € S and the condition

follows.

Remark 2.4.7. In the inert case, writing q = (¢) we have

Py(X) = det(1 — Fr, ' X|(T2,)" (1))

o (a9 an(q)® ¥(q)
- (vt (325 i) S
+ (Xh(Q)2 (a;fﬂ)Q - 2Xg(Q)) + x4(q)” <

o(h) _ 2Xh(Q)) - 2Xg(Q)2Xh(Q>2> %?QXQ
—Xo(@) xn (@)’ (aél@z - 2Xg(fJ)) (C;q—h)lz - 2Xh(q)> %?)’X?’ - xg(q)4xh(q)4wéz>4x4,

Q

qm—l
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and similarly as in the proof of Theorem 2.4.5 we find the congruence

Py(Fry ) = xo(0) %ag(9)* + xn(q) Pag(h)* + 2x4(q) " xn(@) " aq(9)*aq(h)?q

_Xe(@) lag(9)*(g+ 1)
qlfl qul

1
+8(g+1) (mod¢®>—1)

as endomorphisms of H'(K|n|, T;{’ ). Similarly as above, this expression agrees mod-
ulo ¢> — 1 with the square of the Euler factor appearing in the norm relation of

Proposition 2.4.4(ii).
Now assume that (p) = pp splits in K, with p the prime of K above p induced
by our fixed embedding ¢, : Q < @p, and let f = 6, be the theta series associated

to 1. Assume also that both ¢g and h are ordinary at p. Then, for ¢ € {f, g, h}, the

G, -representation V admits a filtration
00—V, —V, —=V, —0

where Vf is one-dimensional and V" is unramified with Fr, acting as multiplication by
@y, the unit root of the Hecke polynomial of ¢ at p. Letting Vg, = V;@V,&V),(—1—-7),

we can therefore consider the G, -subrepresentation
F Vg = Vi@V @V +VieV,o Vi + VoV @ Vi) (-1-r)

and define the balanced local condition H, (Qp, Vi) C HY(Qp, Vign) to be the image
of the natural map H'(Q,, #2Vi) — HY(Qp, Vign).

Put T(;r = Vdf N T, and use it to similarly define F2Tyy, C T = Ty @ T, ®
Th(—l — T) and Hkl)al(va ngh) C Hl(@p,ngh). Setting

FHTE) = (T @Th+ T, T ) (g ) (—1—r),  FH(TL,) = (T, 9T, (hg')(—1—7),
(2.5)
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then one readily checks that under the Shapiro isomorphism H'(Q, Vi) & H' (K, V;f’h)

the balanced local condition H{,(Q Ty,) corresponds to the natural image of

P H (K., F(TL) — P H (K., TL,).
vlp vlp
For each finite extension L of K, this choice of local conditions at p, together with

the unramified condition at the primes outside p, defines the Greenberg Selmer group

Selpa (L, T;”h) (see §2.8.1 for the precise definition).
Proposition 2.4.8. For everyn € S, the class ky g pn lies in the group Selpq (K [n], T;fh).

Proof. Fix n € S and v a finite prime of K[n|. If v { p, then it follows from the results
[Car86] (see e.g. the remarks in [Nek93, §8.3] and the references therein) that V;ph is
pure of weight —1, and hence

HY(K[n),,V¥) = H(K[n]s, V¥

vy " g,h g,h

) = 0.

Therefore, H'(K|n],, V;fh) = 0 by local Tate duality and the local Euler characteristic
formula, so the inclusion res,(Ky.gnn) € Hs (K[nly, T, ;{’ ,) 1s automatic.
Now suppose v | p. As noted in [BSV22, Prop. 3.2], it follows from the results of

[NN16] that the classes k4 are geometric at p, and therefore the class res, (Ky,ghn) €

HY(K[n],, T;jh) lands in the inverse image of

geo

oo K[k, Vi) = Ker (H'(K[nlu, Vi) = H'(K[nl,, V' @, Ban) )

under the natural map Hl(K[n]v,Tﬁh) — Hl(K[n]v,V;fh). As Hgleo(K[n]v,V;fh)
agrees with the Bloch-Kato finite subspace Hg, (K |[n],, V;f’h) by [Nek93, Prop. 1.24(2)],
and the latter agrees with H. (K[n],, V;fh) (see Lemma 2.9.1 below), the result fol-

lows. O
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2.5 Hida families and (zalois representations

In the next section we will prove that the classes Ky g5, of Theorem 2.4.5 extend along
the anticyclotomic Z,-extension of K, i.e., they are anticyclotomic universal norms,
and explain the construction of Ky g5, for more general weights. In this section
we collect the background results we shall need, closely following the treatment in

[BSV22).

2.5.1 Hida families

Let A = Z,[[1 + pZ,]] and let
W = Spf(A)

be the weight space. Then, for any extension E of Q,, we have W(E) = Homeon (1 +
pZ,, E*). Points of the form v, (n) = e(n)n”, where r is a non-negative integer and
€ is a finite order character, will be called arithmetic. We refer to k = r + 2 as the
weight of v, .. Arithmetic points of the form v, = v,.; will be called classical.

More generally, let R be a normal domain finite flat over A and let Wx = Spf(R).
Then, a point x € WR(@p) will be called arithmetic if it lies above an arithmetic
point v, of W(Q,) and classical if it lies above a classical point v, of W(Q,). Again,
we refer to k = r 4 2 as the weight of x.

Let M be a positive integer coprime to p. A Hida family of tame level M and

character x : (Z/MpZ)* — @; is a formal g-expansion

f = an(f)g" € Aellq]].

n>1

where Af is a normal domain finite flat over A, such that, for any arithmetic point
x € Wi, (Q,) lying over some v, the corresponding specialization is a p-ordinary

eigenform f, € Sp(Mp®, xew™"). As above, we have denoted by k the weight of = and

93



we can take s = max{1,ord,(cond(¢))}. We say that a Hida family f is primitive if
the specializations f, at arithmetic points x are p-stabilized newforms. We say that
it is normalized if a;(f) = 1.

Let f be a normalized primitive Hida family or tame level M. For each arithmetic
point x € WAf(@p), let f, denote the specialization of f at x and let f, be the
corresponding newform. There exists a locally-free rank-two Ay module V¢ equipped
with a continuous action of Gg such that, for any arithmetic point € Wi, (Q,), the
corresponding specialization V¢ ®y, » @p recovers the Gg-representation Vy, attached
to fr. In particular, the representation V¢ is unramified at any prime ¢ ¥ Mp and
Tr(Fr,) = a,(f). We refer to V¢ as the big Galois representation attached to f. If

for some (equivalently all) arithmetic point xo € Wj,(Q,) the Go-representation T,

attached to f,, is residually irreducible, then V¢ is a free Ag-module.

2.5.2 Continuous functions and distributions

Define the semigroups

Zx Z, Z, Z,
P and  X)(p) =
Pl Ly pLy, Z,

2o (p) =

The sets T = Z) x Z, and T' = pZ, x Z) bear a right action of ¥,(p) and ¥§(p),
respectively.

Let v be a character of Z; taking values in a finite extension £ of Q,. Let O be
the ring of integers of £ and denote by m its maximal ideal. Let Cont(Z,, O) denote

the module of continuous functions on Z, with values in O. Define O-modules
A, ={f:T— 0| f(1,2) € Cont(Z,, O) and f(a-t)=wv(a)- f(t) foralla € ZX,t €T},

A, ={f:T = O] f(pz,1) € Cont(Zy, 0) and f(a-t) =v(a)- f(t) foralla € Z5, t € T'}
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equipped with the m-adic topology, and O-modules
Du - Homcont,(9<~’41/7 O)J ID;// = Homcont,(9<A:/> O)

equipped with the weak-* topology. The right ¥j(p)-action on T' yields naturally a

left ¥ (p)-action on A;, and a right X (p)-action on D,,.

2.5.3 Group cohomology and étale cohomology

Let N and m be coprime positive integers which are also coprime to p, let Y =
Y (1, N(pm)) and let I be the corresponding modular group. Let & — Y be the
universal elliptic curve over Y, and denote by C, the canonical cyclic p-subgroup.
Let .7 be the relative p-adic Tate module of £ over Y. Fix a geometric point 7 :
Spec(Q) — Y, and choose an isomorphism Ty =2 L, @ Z, such that the Weil pairing
on .7, corresponds to the natural determinant map on the right and the reduction
modulo p of the element (0,1) generates C,, ,,.

Let G = 7$(Y,n). The action of G on .7 yields an action of G on Zy ® Z,, and

hence a continuous representation p : G — GLy(Z,). More precisely, for any g € G,

g+ (a,b) = (a,b)p(g) ™"

In fact, since the action of G preserves the canonical subgroup, we have a continuous

representation p : G — I'o(pZ,), where

a b
Lo(pZ,) = € GLe(Zy) :p | c
c d

The anti-involution of GLy(Z,) given by v — ~* = det(y)y ! restricts to I'o(pZ,)

and allows us to think of this group as acting on the right or left as convenient.
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Taking the stalk at 7 gives an equivalence of categories between the category
S¢(Ye) of locally constant constructible sheaves with finite stalk of p-power order
at n and the category My(G) of finite G-sets of p-power order. For any topological
group G, define M(G) as we did for G. Let Mo (G) be the category of G-modules
which are filtered unions U;e;M; with M; € M(G) and let M(G) C Meon (G)Y
be the category of inverse systems of objects in Mcon(G). Define S(Yg) similarly.
Then, there is an equivalence of categories between M(G) and S(Y). Moreover, the
representation p defined above yields a functor M(I'o(pZ,)) — M(G). Regarding this
functor, we adopt the following criterion: if an object F € M(Iy(pZ,)) is given as a
left ['y(pZ,)-module, we define the left G-action via the map p: G — I'o(pZ,); if it is
given as a right y(pZ,)-module, we define the left G-action via the map g — p(g)~".

Given an inverse system of sheaves F = (F;);en € S(Ys), we use the nota-
tion Hgt(Y, F) for continuous étale cohomology as defined by Jannsen, and write
v (Y, F) = Jm, HL(Y,F;). There is a natural surjective morphism HZ (Y, F) —
H, (Y, F). The compactly supported cohomology groups H. gt,c(Y7 F) and Hét,c(Y, F)
are defined similarly.

There is an isomorphism w$*(Yg, ) = . Thus, if F € M(G) is a discrete G-

module and F is the corresponding object in S¢(Yz;), there are natural isomorphisms

A

H(Yg, F) = H'(I, F) = H' (L, F). (2.6)

Let F € M(I'o(pZ,)) be a left I'g(pZ,)-module, and assume that the ['y(pZ,)-
action on F extends to a left action of ¥y(p). Let S = Xi(p) N GL2(Q). The pair
(I, S) is then a Hecke pair in the sense of [AS86a, §1.1] and there is a covariant (left)

action of the Hecke algebra D(T',S) on H'(T', F). For each g € S, let T(g) = I'gI".
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Following [GS93, §1], we define, for each positive integer n, the Hecke operators

aly =T Clal =T

Finally, for each positive integer a coprime to N, choose [, (respectively f!) in
To(Npm) whose lower right entry is congruent to a (respectively a™!') modulo N

and let

laly = T(Ba), aly = T(5,)-

The isomorphism (2.6) is compatible with Hecke actions in the following sense.
To distinguish between different levels, we shall now write Y (m) and I'(m) for the
above Y and I', respectively. Let s be a positive integer. Choose as above a geometric
point 7 : Spec(Q) — Y (m) and let 7, : Spec(Q) — Y (ms) be a geometric point lying
above 1. Let r = 14 ord,(s) and choose an isomorphism .7, = Z, & Z, such that
the Weil pairing on .7, corresponds to the natural determinant map on the right,
and the reduction modulo p” of the element (0,1) generates the canonical subgroup
Cypr .- Using these choices to define the corresponding isomorphisms between group

cohomology and étale cohomology, there are commutative diagrams

%&T%fjm;@ﬁﬁ%f) %WT@ﬂﬁﬂ%ﬂT%ﬂ
HY(T'(ms), F) —=— HYI'(m),F) HY(T'(m), F) —=— HY(I'(ms), F).
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Also, if (1) € ¥y(p), we have the commutative diagram

Asx Psx*

H;mwf)@, F) H;mmsj@, oi(F)) 5 H;t<Y<1<s>,£v<pm>@
[ 1(s), N(pm))

Vg

"7:) - He}t(}}(m)@7

f

~ Psx

H'(D(ms), F) — H'(L'(ms), ¢(F)) — H'(I'(

cor

and, if (1) € ¥;(p), the commutative diagram

In the bottom lines of the previous two diagrams, ¢*(F) is F with the action of
Lo(p"Z,) conjugated by (°1); the map Ay, is induced by the map F — ¢%(F) defined
by ¢ — (°1)¢; @s is induced by the pair of compatible maps I'(1(s), N(pm)) —
['(ms) and ¢*(F) — F defined by 7 (7)) (®1) and ¢ — ¢, respectively;
is induced by the map ¢s(F) — F defined by ¢ — (!,)¢, and ¢ is induced by
the pair of compatible maps T'(m) — ['(1(s), N(pm)) and F — ¢*(F) defined by
v (') (1) and ¢ > ¢, respectively.

We shall denote by 7, and 75, respectively, the composition of the maps in the
rows of the previous two diagrams, both in étale cohomology and in group cohomology.
Similarly, we shall also use 7, and 7} to denote the corresponding corestriction and
restriction maps.

For any rational prime ¢, a simple calculation shows that the following identities

hold in group cohomology whenever the maps involved are defined:

* / *
Ty =muomy, T,=muom.

o8

F)

,F) == HY(T'(m), F),



Therefore, under the isomorphism (2.6), the covariant action of the operators Ty, T;
on étale cohomology corresponds to the covariant action of the operators T, T, on
group cohomology, whenever defined. Similarly, the covariant action of the operators
(d), (d)" on étale cohomology corresponds to the covariant action of the operators
[d]n, [d]y on group cohomology.

The anti-involution ¢ extends to Matayo(Z,) in the obvious way and turns a left
(respectively right) action of ¥y(p) into a right (respectively left) action of Xf(p).
Thus, given an object F € M(I'g(pZ,)) whose right I'o(pZ,)-action extends to a
right Y (p)-action, there is an isomorphism Hy, (Yg, F) = H'(I', F) under which the
contravariant action of the operators T, T, (d), (d)" on étale cohomology corresponds
to the contravariant action of the operators Ty, T;, [d]n, [d])y on group cohomology,
whenever defined.

Consider the modules A, and D, defined in the previous section. The action of

I'o(pZ,) on T' is transitive and the stabilizer of the element (0, 1) € T’ is the subgroup
b
P(Z,) = € GLy2(Z,) ¢,

so we can identify T’ with P(Z,)\I'¢(pZ,). Similarly, the action of I'y(pZ,) on T is

transitive and the stabilizer of the element (1,0) € T is the subgroup
0
P(Zy)" = € GLao(Zy) ¢

so we can identify T with P(Z,)"\I'¢(pZ,). For any positive integer j, let

I\(p'Z,) = “ € GLy(Z,) : ¢ =0 (mod p’), d =1 (mod p’) » ,
c d
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Iy (p'Z,)" = “ 0 € GLy(Z,) :a=1 (mod p’), b=0 (mod p’ 1)
pc d

Then, for any positive integers 7, j, we can define

Ay ={f T Z)\Lo(pZy) — Ofm’ | fla-v) = v(a) - f(7)

for all a € Z;, v E Fl(ijp)\Fo(pr)}a

Avig =A{f :Ta(p'Zy)"\Lo(pZy) — O/m’ | f(a-7) = v(a) - f(7)
for all a € %, v € D1 (p’Zy)"\To(pZy) } .

The objects A, ; ; can be regarded as left O[¥;(p)]-modules. Let A, ; = ligj A,ije

V7/L7]

Then A, = lim A We denote by A, the object in S(Yg) corresponding to

{A,.}i € M(To(pZy)). We also define D;,; = Homp(A,;,;,;, O/m’). These objects
can be regarded as right O[X;(p)]-modules and we have D;, = @Z D, ;. We denote by
D,, the object in S(Yg) corresponding to {D;;}; € M(T'o(pZ,)). There are natural

morphisms of O-modules
Hélt(Y@v Au) - Hét(yﬁv Ay) =~ H' (Fa Ay)

and

Hélt(y@v Dz/) = Hét(yﬁv Dy) = HI(F7 Dy)

compatible with the action of Hecke operators. We also have Hecke-equivariant iso-
morphisms

H}

ét,c

(Yg, D,) = H!

ét,c

where HJ (T, —) = H’~Y(T, Homz(Div’(P(Q)), —)). These isomorphisms allow us to
define continuous Gg-actions on the groups H(T', A.), H (T, D;) and H}(T, D,)).
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Given a character x : Z} — O, let O(x) be the module O with I'y(pZ,) acting
via x o det, where det : I'g(pZ,) — Z, is the determinant map.
The natural G-equivariant evaluation map A, ®» D, — O yields a Gg-equivariant

cup-product pairing

H'(T,A) ®0 H(T,D,) — O(—1) (2.7)

under which the Hecke operators Tg, 17, [d]n, [d]y acting covariantly on the left,
whenever defined, are adjoint to these same operators acting contravariantly on the
right.

Let det : T'xT — Z be the function defined by det((x1, x2), (y1,%2)) = T1Y2—Ta1
and let det, be the composition of this function with v : Z; — O. Evaluation at
this function defines a G-equivariant map D) ®o D, — O(—v) which yields a Gg-

equivariant cup-product pairing

HY(T', D) @0 H:(I',D,) — O(v)(—1), (2.8)

where v = v 0 €¢yc 1 Gg — O*. Under this pairing, the Hecke operators Ty, Ty, [d] v,
[d]y acting contravariantly on the left, whenever defined, are adjoint to the Hecke
operators T, Ty, [d|ly, [d]y acting contravariantly on the right. We obtain a similar

pairing interchanging the roles of D, and D.,.

2.5.4 Ordinary cohomology

For any Z,-algebra B, let S,.(B) be the set of two-variable homogeneous polynomials
of degree 7 in Blxy, o). It is a left B[X(p)]-module with the action of ¥ (p) defined
by

gP(x1,22) = P((21,72) - g)

61



for all g € ¥y(p) and P(z1,22) € S.(B). To the p-adic I'y(pZ,)-representation S, =
Sr(Z,) there corresponds the locally contant p-adic sheaf .7, on Yy defined in §2.2.3.

Therefore we have an isomorphism
Hy Yy, ) = H'(T, S,)

which is Hecke-equivariant when we consider the covariant action of Hecke operators
on both sides, and we use this isomorphism to define an action of Gg on H'(T, S,).
We also define L,.(B) = Hompg(S,(B), B), which we regard as a right B[X;(p)]-

module defining the ¥;(p)-action by

(- g)(P(x1,22)) = pu(gP (w1, 2))

for all ¢ € ¥y(p), p € L. (B) and P(z1,z2) € S,(B). To the p-adic T'o(pZ,)-
representation L, = L,(Z,) there corresponds the locally constant p-adic sheaf .Z, on

Ys. Therefore we have an isomorphism
Hé}t(yﬁv Zﬂ) = Hl (Fa Lr)

which is Hecke-equivariant when we consider the contravariant action of Hecke op-
erators on both sides, and we use this isomorphism to define an action of Gg on
H'\(T, L,).

The natural ['(pZ,)-equivariant evaluation map S, ®z, L, — Z, yields a Gg-

equivariant cup-product pairing
H'\(T,S,) ®z, H. (T, L,) — Z,(—1) (2.9)

under which the Hecke operators Tj, T7, [d]n, [d]y acting covariantly on the left,
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whenever defined, are adjoint to these same operators acting contravariantly on the
right. This pairing becomes perfect after inverting p.

Let v, : Z; — ZJ be the character defined by v.(z) = 2. Evaluation at the
polynomial (z1y, — z2y1)" € S, ®z, S, defines a I'g(pZ,)-equivariant map L, ®z, L, —

Z,(—v,) and thus yields a Gg-equivariant cup-product pairing
H'(T,L,) ®z, H{(T, L,) — Z,(r — 1) (2.10)

under which the Hecke operators T, Ty, [d]y, [d])y acting contravariantly on the
left, whenever defined, are adjoint to the Hecke operators T;, Tg, [d|ly, [d]n acting
contravariantly on the right. This pairing becomes perfect after inverting p.

Combining these two pairings we can define a morphism

Syt H'(T, $,(Q,)) — H'(D, L, (Q,) (1),

This map is Gg-equivariant and intertwines the covariant action of the operators Ty,
[d]n, [a], on the source with the contravariant action of the operators Ty, [d]y, [a];, on
the target. We can also define s, directly via the isomorphism S,(Q,) = L,(Q,)(v)
arising from the perfect pairing L,(Q,) ®q, Lr(Q,) = Q,(—1;) defined by evaluation
at (x1y2 — x2y1)". Therefore, the denominators introduced by this map are bounded

by r!, i.e., an element in
im (H'(T, S,) = H'(T, S,(Qp)))
is mapped to an element in

%im (H'(T,L,) = H'(T, L,(Q,))) .
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as follows from [BSV22, Rmk. 3.3].

To slightly simplify the notation, we will write A, and D, for A;, and D, , respec-
tively. Regarding two-variable polynomials as functions on T', we obtain a natural
morphism of left Z,[X;(p)]-modules S, — A;. Also, dualizing this map, we obtain a
morphism of right Z,[X(p)]-modules D, — L,. Thus, we have Gg-equivariant and

Hecke-equivariant morphisms

HY(T,S,) = H'T,A,) and HNT,D))— HYT,L,).

Applying Hida’s (anti-)ordinary projector e, 4 := lim, o (TI;)”!, the previous mor-

phisms become isomorphisms

eora ' (0, S,) = e dH' (D, A, e ' (T, D) = e, gH' (T, Ly).

Under these isomorphisms, the pairings (2.9) and (2.10) correspond to the pairings
(2.7) and (2.8), respectively, after applying the corresponding (anti-)ordinary projec-

tor to every term involved.

2.5.5 A-adic Poincaré pairing

It will be convenient to write (a;b), with a € (Z/NZ)* and b € (Z/p"Z)*, for the
diamond operator (d), where d € (Z/Np")* is congruent to a modulo N and to b
modulo p". We also write ey : Gg — (Z/NZ)* for the mod N cyclotomic character.

For any positive integer r, let

G, =1+pZ/pZ), G,=(Z/p"Z)",
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and define
A =(G), Ro=2,[G), A=lmA =Z[1+pZ)), A=lmA, = 2,[Z]).

We have natural factorizations (Z/p"Z)* = pp—1 X (1+pZ/p"Z) and Z) = 1,1 X (1+

pZ,) which give natural embeddings A, — A, and A — A. We define idempotents

=g 3¢

CEpp—1

for any integer ¢« modulo p — 1. Let x; : Z; — A* be the character defined by
z = w'(2)[(2)] and let k; = K; 0 €cye 1 Gg — A*.

We will shorten notation by writing
Xp(m) = X(LNp'(m)),  Hg(Xoo(m)g, Zy) = lim Hy (X, (m)g, Z,).  (2.11)

We have a natural action of A, and A on the previous groups defined by letting
group-like elements [u] act like the diamond operators (1; u)’.

Fix compatible primitive p-power roots of unity (,» and a primitive N-th root of
unity (. Then one can define Atkin—Lehner automorphisms w, and w for the curve
X, (m) similarly as in [DR17, §1.2]. More precisely, X, (m) parameterizes quadruples
(E,P,Q,C), where E is an elliptic curve, P is a point of order N, @ is a point of

order p” and C'is a cyclic subgroup of E of order Nm containing P. Then, we define
wT(E, P, Q, C) = (E/CQ, P+ CQ, Ql + CQ, C+ CQ/CQ),

where C C E is the subgroup generated by @ and Q' € E[p'] satisfies (Q, Q") = (.
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Similarly, we define
w(E, P,Q,C)=(E/C,P'+C,Q+ C,E[Nm]/C),

where P’ € E[N] satisfies (P, P') = (5. These Atkin-Lehner automorphisms satisfy,

for any o € Gy,

wy = (1 €cye(0))w,, w” = (en(0); Hw.

We let w and w, act on cohomology via pullback.

Define Gg-equivariant pairings
(,)a, : eiHét(Xr(m)@v Zp) X e—iHé}t(Xr(m)@a Zp) — A (=1)

by the formula

(a,b)c, = Y (a®,b),- 07",

oeGr
where (), stands for the natural Poincaré pairing. These pairings are A,-linear and
anti-linear in the first and second argument, respectively. Then we get Gg-equivariant

A,-pairings
[]a, + eiHa(Xo(m)g, Zy) x eiHe (X (m)g, Zy) ((ex'11)) — Ap(ki)(—1)
via the following modification of the previous pairing:
[a, Ve, = (a,ww, - (T})" - b)e,-

These pairings are compatible in the sense that the diagram
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[7]GT+1

eill3y(Xr1(m)g, Zp) X eiHi (Xisa(m)g, Zy)({en' 1)) — Arsa (ki) (=1)

J/Trl*xﬂ'l* J/
[ e,

e (X, (M), ) X e HE (X () Zy) (e 1)) —— Ay (ki)(—1)

commutes, which can be proved as in [DR17, Lem. 1.1]. This yields a A-adic perfect

Go-equivariant pairing
ei iy (Xoo (M), Z)*™ % eHyy (Xoo(m)g, L) ((e5':1)") —> Aki)(=1),  (2.12)

where H} (Xoo(m)g, Zy)" = el Hi(Xoo(m)g, Zp). All Hecke operators are self-

adjoint for this pairing.

2.5.6 Big Galois representations

Let my be the maximal ideal of A, let Cont(Z,,A) be the A-module of continuous
functions on Z, with values in A, and let x be any of the x; above. Define the

A-module

A, ={f:T = AJ f(pz,1) € Cont(Z,, A) and f(a-v) = r(a)- f(7) foralla € Z), v € T'},

equipped with the my-adic topology, and the A-module

D; = Homcont,A(A:m A)

equipped with the weak-* topology. As in §2.5.2, we can regard A/ (respectively D)

as a left (respectively right) A[X}(p)]-module.
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Similarly to what we did in §2.5.3, define, for any positive integers 7, r,

vir = U T Z)\Do(0Zy) — Afmiy | fla-v) = k(a) - ()

for all a € Z;, v e F1(pTZp)\F0(PZp)}

H,J,T :

and A ; = lim A Then A = l'glj A;. ;. We denote by A the object in S(Y)
corresponding to { A ;}; € M(T'g(pZ,)). We also define D, ; = Homy (A; Ajmd),

H?j?j’

/
H)j’

so that D = T&njl) and denote by D’ the object in S(Yz) corresponding to

{D;.;}; € M(T'o(pZyp)). There are natural Hecke-equivariant morphisms of A-modules
Hélt<Y@> Aiq) — H}at<Y@7 A:{) = Hl (Fv A;)v

Hé1t<Y@7 D;) = Hét<Y@7 D;) = Hl (Fu ,D;)v

H}

ét,c

(Y@v D;) = Hl

ét,c

which allow us to define continuous Gg-actions on the groups H'(T', A.), H* (T, D.)
and HM(T, D).

The evaluation map A/, ®, D, — A yields a Gg-equivariant cup-product pairing
HY(T,A) @y HYT,D.) — A(—1) (2.13)

under which the Hecke operators Tg, T7, [d]n, [d]y acting covariantly on the left,
whenever defined, are adjoint to these same operators acting contravariantly on the
right.

Recall that in this section we have set I' = I'(1, N(pm)) and let S = X{(p) N
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GL2(Q). For any positive integer r, define

Zyy Ly

Zi(p") = S =510 NGLe(Q), T, =TD(1,Np"(m)).
P Ly 14 p'Z,

We define compatibility of Hecke pairs as in [AS86a, Def. 1.1.2], but changing left-
right conventions. More precisely, we say that the Hecke pair (I, S,) is compatible
to the Hecke pair (I'g, Sg) if (Ta, Sa) C (', S5), Sal's = Ss and T's N S, 1S, = T,.
With this definition, the Hecke pair (T, S,) is compatible to the Hecke pair (I';, S;),
if » > ¢, and to the Hecke pair (T, 5).

Suppose that the Hecke pair (I',, S,) is compatible to (I'g, Sg) and that I', has

finite index in I'g. For any right S,-module E, we define
Ind?i E={p:Ts— E|¢p(xy) =py)z" forall z € Ty, y € I'g}
This module is equipped with a right action of Sgz: given ¢ € Ind?i E and g € Sp

(g)(x) = ()92,

where the sum is over representatives « for the cosets in I',\I' N S,zg~t.

Now define

A = {f TP Zp)\Do(pZy) = Ar | fla- ) = K(a) - f(7)

for all a € Z;, v E F1(pTZp)\FO<pr)}

and let D . = Homy, (4] ,,A,). With these definitions D; = Im D). Let S, act

KT

trivially on Z, and consider the right Z,[S;]-module Indf{ Z,. Let R be a set of
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representatives for the cosets in I',\I';. The map Indgi Z, — D defined by

o [f =) elr)f(r)]

reR

is an isomorphism of right Z,[S;]-modules. Therefore, there are natural isomorphisms
Hl(rla Dllﬁl) = @Hl(rh D;;,r) = @Hl(rrv Zp)'

According to [AS86a, Lem. 1.1.3] and [AS86a, Lem. 1.1.4], both corestriction and
the Shapiro isomorphism commute with the action of D(T", S) via restriction of Hecke
algebras, so the previous isomorphisms are Hecke-equivariant.

Similarly to (2.11), but omitting m from the notation, we let Y, = Y (1, Np"(m))
and put

o0

Hgt(Y ,@Zp) = mHét(K,@vzp)a

where the inverse limit is with respect to the maps m,. Then
H'(T'y,Dy) = lim H'(Ty, Zy) = Hy (Yo 5, Zy),

where the last isomorphism is defined by choosing a compatible system of geometric

points for the curves Y, and suitable compatible bases for the corresponding Tate

!/

modules. Under the isomorphisms above, the contravariant operators 77, [d|y, [a];,

on the first term correspond to the contravariant operators 17, (d;1)’, (1;a)" defined
on the last term via the compatibility of these operators with the pushforward maps
T

Also, according to [AS86a, Lem. 1.1.5], the restriction map yields a Hecke-equivariant
isomorphism

HYT,D.) = e;H'(I'y, D)
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(recall that we have set k£ = k;). Combining this isomorphism with the previous ones,
we obtain a Hecke-equivariant isomorphism

H\(T, D)) & e.HA (Y 5, Z,).

(e 9]

Similarly, using [AS86b, Prop. 4.2], one proves that there is a Hecke-equivariant
isomorphism

H, (T, D) = il (Yo 5. Zp). (2.14)

2.6 Proof of the wild norm relations

Assume that p splits in K as (p) = pp and that it does not divide the class number
hg.

We keep most of the notations from §2.4. In particular, (g, h) is a pair of newforms
of weights (I, m) of the same parity, levels (g, N;,) and characters (x4, x»), and we
assume that the ring of integers O C E = Ly contains the Fourier coefficients of g
and h. In addition, we assume that p does not divide N, nor IV}, and that both g and
h are ordinary at p.

We now allow the Grossencharacter 1 to have infinity type (1 — &, 0) for any even
integer k£ > 2, and let § be the conductor of ¥, which we assume to be coprime to p.
Let x be the unique Dirichlet character modulo Ny /q(f) such that 1 ((n)) = n*~tx(n)
for integers n coprime to Ng q(f).

As in [BL18, §3.2.1], we denote by 1y the unique Gréssencharacter of infinity type
(—1,0), conductor p and whose associated p-adic Galois character factors through
I'y, the Galois group of the unique Z,-extension of K unramified outside p. Then we
can uniquely write 1) = awg_l, where « is a ray class character of conductor dividing

fp. Since (f,p) = 1 and k is even, it easily follows that ¢ is non-FEisenstein and
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p-distinguished, meaning that

o]y, # w (mod ) (2.15)

where w is the Teichmuller character.

Let ¢p be the continuous E-valued character of K*\Ax ; defined by

where z, is the projection of the idele x to the component at p. We will also denote by
Yy the corresponding character of G obtained via the geometric Artin map. Then
nd% £ (wq}l) is the p-adic representation attached to 6,, and we note that by (2.15)
the associated residual representation is absolutely irreducible and p-distinguished
(see [LLZ15, Rmk. 5.1.4]).

Consider the g-expansion

0= 3 [alg" e e OffHy]][lg]],
(a,fp)=1

where Hjy denotes the maximal pro-p quotient of the ray class group of K of con-
ductor fp>°, and [a] is the image of a in Hjy~ under the geometric Artin map. Since
we assume that p does not divide hg, we can factor Hyee = H; x I'y. Hence, we have

O € O[H;] ®o O[[I,]][lq]], and we can specialize this to

= > ala))vo(la])alg /2 € Acg] (2.16)

(avfp)zl

where Ay = O[[[;]]. We identify I', with I' = 1 + pZ, via the isomorphism I" =
Og?p — Iy defined by u + art,(u) ™!, where art, stands for the geometric local Artin

map, and in this way we identify A¢ with Ap = A ®z, O. We can therefore regard f
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as a primitive Hida family specializing to

/

o= 3 ala)ol(a)? gV € S (Nyp, xoe ke
(a,fp):l

)

at the arithmetic point v4_o, where Ny = DNy q(f) and xo(n) = a((n)). Note that
X = Xow!' ¥ and f, = Hé}p ) is the ordinary p-stabilization of 8.

Let xg be the adelic character attached to x, let xx = xq © Nk/g and let ¢* =
X% . We can define a primitive Hida family f* attached to the Gréssencharacter *
in the same way that we defined the Hida family f attached to . This is just the
Hida family f @ y L.

We assume that xexXxgxn = 1, i.e., the product of the characters of 0, g and h
is trivial. Similarly to what we did in §2.4, set (rq,79,7r3) = (k — 2,1 —2,m — 2). For

every positive integer m, let

Y(m) =Y (1, N(pm)), where N = lem(Ny, Ny, Ny),

and denote by I'(m) the corresponding modular group. Let k = k,, : Z — A and
choose a square root of this character defined by x'/2(u) = w(u)*=2/2[(u)/?].

We can define classes
Detfr'r’ih € Hgt(f/(m% A:.; 0% Arg ® ~'4'7"3(_’€1/2 - V(r2+7"3)/2>>‘

as in [BSV22, §8.1], but replacing the Hida families g, h in their construction by our
g, h and working with modules of continuous functions instead of modules of locally
analytic functions. Similarly to what is done in loc. cit., and adopting some of the

notations there, we define the cohomology classes
1
Ién?fgh - (egrd & €ord @ eord) oKoHS o d*(Detfgh),
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inside the group
1Y (Q, H (P(m), A" HP(m), Ay, )" H P(m), Ay )" (672 + 2+ (13 +15)/2))

where k2 = £1/2 0 €.yc; and, for each squarefree positive integer n coprime to p and

N, we define
Fictgn = Xexc(n)k(n) "' (id ©id @[n] ) (id @71, ® )k g
lying in the group
H' (Q H'(D(n?), A SH ([(1), A ™ O H ([(1), Ay ™ (672 4 2+ (12 +73)/2) )

Now we can prove norm relations for A-adic classes as we did for the classes in

the previous section.

Lemma 2.6.1. Let m be a positive integer and let g be a prime number. Assume that

both m and q are coprime to p and N. Then

(7T2* & T & Wl*)ﬁirlu)z fgh — (T, ®id® 1d) m)fgh7

(1 @ Tos ® WQ*)K(I) = 1 12(q)q" (T, @ id ® 1d)

mq,fgh Km fgh 3

(7T1* & Ty & 771*) £r1131 fgh — (ld ®T, & 1d) Ko, fgh’

(T2 @ s ® 7T2*)"f£rllé,fgh = &!%(q)q" ([ BT, ® i)k, mfgh7

(7T1* X T ® Wz*)ﬁgi;,fgh = (ld ®id ®T,) £n)fgh7

(s ® Ty ® Wl*)ng;,fgh = /il/Q(q)q(” "8 /2(1d®1d ®T,) gn)fgh
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If q is coprime to m we also have

(7T1* R T ® 7T1*)/€£i()1 fgh — (q + 1) S)fgh;

(T3 © T © M) e = (a+ (@) "+ 20

Proof. As in Lemma 2.4.1, the same arguments proving equations (174) and (176) in

[BSV22| apply mutatis mutandis to yield the proof of these identities. n

Lemma 2.6.2. Let n be a squarefree positive integer coprime to p and N and let q

be a rational prime coprime to p, N and n. Then

(7T11* ® 1d®1d nq fgh {X 1qr2(1d®ld®[q]1_vqu2)
—x()k(q) Mg+ 1)¢”™([d®id® id)}/@'g%gh,
(M1 @A @id)KL g, = {x(Q)5™ 2 (q)g TR (1A @ T, ® T)

— x(@)r(0) "¢ (([g)y) T @ I3) } B bon
(Tro2+ ® Id ®1d)k angh {X q- 1d®T2 ® [q]n)

—x(@)(q + 1)q* " (1d @glx @ [aln) }ritgn,
where w5, denotes the composition
HYT(n¢?), F) == HY(D(n*q), F) =25 H'(T(n?), F).

Proof. This can be deduced from Lemma 2.6.1 by the same calculation as in Lemma 2.4.3.

]

Let I'(m) = I'(1, Np(m)) and write Y (m) and X (m) for the corresponding affine

and projective modular curves. The pairing in equation (2.13) yields a map

H'(D(m), Ay,) = Homp (H, (T(m), Dy,), A)(—1) = Homy (e, Hy, (Yoo (M), Zp), A)(—1),
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where the isomorphism comes from equation (2.14). Let Z,, be the maximal ideal in
Hida’s big ordinary Hecke algebra T(1, Np*(n?))!, 4 corresponding to the Hida family
£*; by (2.15) this ideal corresponds to a non-Eisenstein maximal ideal in T(1, Np(n?)),

so there are isomorphisms
Hélt,c(YOO(HQ)@v Zp)%;d = He%t(XOO(n2)@a Zp)%id = Hélt<Y<><>(n2)@a Zp)%id'

Hence, the pairings (2.13) and (2.12) together with the isomorphism (2.14) yield a

morphism
St H'(D(0?), A)™ — er, Hiy (Yoo (%), Zp) 7 (e 1)) (= 5).

This map is Gg-equivariant and intertwines the covariant action of the operators 717,
[d]’y, [a];, on the source with the contravariant action of the operators T, (d; 1)’, (1; a)’
on the target.

Fix a level-N test vector f for £ and let f* = f ® x lek. Fix also test vectors

v

g < SZ(N, Xg)[g], h e Sm(N, Xh)[h]

and write g, and h,, for the corresponding ordinary p-stabilizations.
Define maps

¢n,r : T(la N’llﬁpr(nQ)):)rd — O[prﬂn]

attached to the Grossencharacter ay' by as in Lemma 2.3.5 and let

oot T(L, Nyp™®(n))ora — Ol[Rjype ] = OLR;,] ®0 O[[T]].

ord
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be the inverse limit I'Lnr ®n.r- The test vector f* determines a degeneracy map
H, (Yoo (). Zp(1))™ — Hey (Y (1, Nyp™(n?))g, Zp (1))
Composing this degeneracy map with the natural quotient map we get a morphism
e er Hy (Yoo (n)g, O(1))2 = (O[Ra]@0O[[Ty]]) @4, . He (Y (1, Nyp™(n?))g, O(1))".
The test vectors g, and h, determine degeneracy maps

HL(Y (g, 2Z,(1) 25 HA(Yi(Np)g, Z,(1) = HL(Yi(N,)g, Zo(1))

HL(Y (1)gs £ (1)) 25 HL(Vi(Np)g, £, (1)) = HE(Vi(N)g, 2 (1)).

Composing these maps with projection to the g-isotypic and h-isotypic quotient,

respectively, we obtain

Tg - e;rdH1<f(1>7 LT2<1)) ®Zp 0— Tg

T ¢ Copa ' (D(1), Ly (1)) ®2, O — T
For the ease of notation, we write
H'(¢,§.n) = (O[R; ,] @0 Ol[Ty]]) ®s, . Har(Y (1, Nyp™(n?))g, O) ({ex's 1)) (6717
and put H' (¢, n) = O[R,] @ojr. ) H*'(3,f,n). Then we define the class

K = (T @y @ T4) © (Ste ® Sy © Srg0 )KL (2.17)
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lying in the group
HY (Q, H' (¢, n)@0(Ty @0 Th) @z, Qp(=1 = (12 +73)/2)) -

Let I',c be the Galois group of the anticyclotomic Z,-extension of K. We can
identify this group with the anti-diagonal in (1 + pZ,) x (1 + pZ,) = Og?p X Og?ﬁ via
the geometrically normalized Artin map. Let Ky : [pe — Z; be the character defined
by mapping ((1 +p)~Y2, (1 +p)*/?) to 1+ p and let K. : Tae — A be the character
defined by mapping ((1+p)~"/2, (1 +p)'/?) to the group-like element [1 + p]. We use
the same notation for the corresponding characters of Gg. There is a Gg-equivariant
isomorphism of Ap[R,]-modules

H'(¢,n) = Indy, Ao(Vy w2k ) (=r1/2). (2.18)

ac

Let

Tglfh = TQ ®O Th(,@bfil)(_l - T)a V;ﬂh - ng,}h ®Zp @p-
In light of the isomorphism (2.18), using Shapiro’s lemma the classes /ﬁfi)fgh yield

classes

Foghace € HU(E[], Aok )S0Ty (k%) @0 B (2.19)
for every squarefree integer n coprime to p and N.

Proposition 2.6.3. Let n be as above and let q be a rational prime coprime to p, N

and n. Then:
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(i) If q splits in K as (q) = qq,

—(k—2)/2 -1 2
- m— Rac @ZJ‘B(FY ) _
COrKng) /1) (R g hangoe) = ' 4{Xg(Q)Xh(Q)q ( = P!

oyl (h (naé’””WFr;l)Fr—l)
k—1 q

qUrm=172 q
Xo(@)tag(9)?  xu(@)ag(h)? ¢ +1
+ 1—2 + m—1 -
q q q
—(k—2)/2 _
ag(g)aglh) [Fa"? p(Prg)
T qUm=a/2 1 T3

(i) If q is inert in K,

_ z+m_4{xg<q>—1aq<g>2+xh<q>-1aq<h>2 <q+1>2}~

CorK[nQ]/K[n] (vagahvn%oo) =q ql,Q qm,1 q Rap,g,h,n,00-

Proof. The proof of this proposition is similar to the proof of Proposition 2.4.4. We
just remark that the maps s¢,. interchange the degeneracy maps m and my, and
under the isomorphism

HY(K[n], Ao (ko ) @0 T, (kE2/%) @0 E

ac

~ H'(Q, H' (¢, n)®0(T, ®o0 T1) ®z, Qp(—1 — (ra +13)/2))

arising from (2.18), the corestriction corg[,q)/Kx[n) corresponds, in the case where (¢) =

qq splits in K, to the map

—(k=2)/2 1 —(k-2)/2 =
" _ _ Kac Yop(Fry )a]  Rac Yo (Fry ) [d]
NPt =me — x " Hg)w* 272 (q) ( qkji : T qkjsz : 21
-1 k—2
L X (q);v (q)m*?
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and similarly in the case where ¢ is inert in K. Since the result can be deduced from
Lemma 2.6.1 by virtually the same calculation as in the proof of Lemma 2.4.3, we

omit the details. O

Definition 2.6.4. For any F-valued G g-representation V', put
Hy (K [np™], T) = lm HY(K[np"], T),  Hy, (K[np™], V) == Hy, (K[np™], T) @0 E,

where T C V is a Galois stable O-lattice.

By another application of Shapiro’s lemma, the classes Ky g .00 int (2.19) naturally
live in H}, (K [np™], V;fh(/fgé_z)/ ?)). We thus arrive at the following theorem, which is

the main result of this section.

Theorem 2.6.5. Suppose that:
e [ >m > 2 have the same parity and k > 2 1is even,
e p splits in K,
e p does not divide the class number of K.

Let S be the set of squarefree products of primes q which split in K and are coprime

to p and N. Assume that Hl(K[nps],T;fh) is torsion-free for every n € S and for

every s > 0. There exists a collection of classes
{Kognnoe € HL(Knp™),T3,) : ne S}
such that whenever n,nq € S with q a prime, we have

COT K ngl/ Kn) (Fp,g.hing,00) = Pa(Fryh) Kpg humioos

where q is any of the primes of K above q, and Py(X) = det(1 — Fr;1X|(ngfh)V(1)).
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Proof. The same argument as in the proof of Theorem 2.4.5 (but using Proposi-
tion 2.6.3) yields a system of Iwasawa cohomology classes with the stated norm-
compatibilities for the representation V;f’h(/@gé_m/ %). By the twisting result of [Rub00,

Thm. 6.3.5], the theorem follows. O

We conclude this section by proving that the classes Ky g nn,00 land in the balanced

Selmer group

Selbal(K[npoo],Tﬁh) = @Selbal(K[in]yT$h>3

in the terminology introduced in §2.8.1 below, and as already noted in the discussion
surrounding (2.5), this is the same as the Greenberg Selmer group associated to the

local conditions defined by

FA(Ty) = (T @D+ T, T (') (=1-r),  FH(Ty,) = (T @ T, (g (-1-r),
(2.20)

at the primes above p.

Proposition 2.6.6. For alln € S, we have Ky gpn oo € Selpar (K [np™], T;{’h).

Proof. Let vt p be a finite prime of K[np>], and for every r > 0 denote also by v the

prime of K[np"| below v. As in the proof of Proposition 2.4.8, we have
HY(K[np'],, Vo) = He (K np',, V) = 0,
and hence
H (K np]o, TV,) = H (K[ oy T iors = Has (K [np" ], TV,

vy < g,h » T g,h

where the first equality follows from the local Euler characteristic formula. Hence the

inclusion res, (Ky. g hn.oo) € @nr HL (K[np],, T;fh) follows. Since by [BSV22, Cor. 8.2]
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it follows that the classes Ky g n 00 Satisfy the balanced local condition at the primes

above p, this concludes the proof. ]

2.7 Iwasawa main conjectures

In this section we formulate Iwasawa main conjectures for triple products of modular
forms. We give two formulations: one in terms of the triple product p-adic L-function
(Conjecture 2.7.7) and another in terms of diagonal cycle classes (Conjecture 2.7.9).

In Theorem 2.7.15 we establish the equivalence of the two formulations.

2.7.1 Triple product p-adic L-function

Fix a triple (f,g,h) consisting of a primitive Hida family f of tame level Ny and
character x¢ and two p-ordinary newforms g, h of weights {,m > 2, levels Ny, N,
prime-to-p, and nebentypus x4, x». Assume that f has coefficients in a ring A¢ as in

§2.5.1. Assume that ygx,Xx, = w™ for some even integer r, and put
N = lcm(Nf, Ng, Nh)

Let g and h be primitive Hida families with coefficients in Ay and Ay passing
through g and h, respectively. More precisely, there exist arithmetic points y, €
Wi, (Q,) and zy € W,, (Q,) such that g,, and h,, are the ordinary p-stabilizations
of g and h, respectively. The rings Ay and Ap need not be regular. However, for
our purposes, we can consider the A-adic families, denoted again g and h, that result
from embedding Ag and Ay, in the rings of functions of suitable wide open connected
subsets Ug and U, of W(Q,) = Spf(A)(Q,) defined over some finite extension E
of Q, and containing the points y, and zy, respectively. From now on, it is these

rings of functions that we will denote by Ay and Ap. These rings are now non-

canonically isomorphic to O][T]], where O is the ring of integers of E; in particular,
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they are regular. Let I —[ and m —m be generators in Ag and Ay, of the prime ideals
corresponding to the points yo and zq, respectively.

We can and will assume that Ag is a finite flat extension of Ap and we will only
consider arithmetic points in Wy, (@p) lying in Homeont, o (At, @p)

Recall that in §2.5.5 we defined a character x,, : Z; — A* given by u
w™ (u)[(u)] and in §2.6 we fixed a square root k! of this character given by u —
w2 (u)[(u)'/?]. We let k¢ and /ﬁi/ ? be the composition of ,, and r.°, respectively,
with the embedding A* — A, We also define a character gy : Z) — (Ag®0An)*
by

th(u) — w(u)l+m—4<u>l+m—4
and choose a square-root of this character defined by /iéf(u) = w(u)Fm=9/2(y)HFm=4)/2,
Let Aggn = Af®oAg®e Ay and consider the Aggp|[Gol-module

VIgh = Vf®@Vg®th(Efgh), where Zggp = 6&1/{;1/2%;}1/2 (2.21)

and V¢, Vg and Vy, are the big Galois representations attached to f, g and h, respec-
tively. Then Vigh is a self-dual twist of the tensor product of these representations.
Consider also the A¢[Ggl-module

VI‘gh = Ve ®0 Ty @0 Th(ZEggn), where Zggp, = 6(2717m)/gﬁf71/2.

cyc

Given test vectors (£, g,h) for (£, g,h) of level N, as explained in [HT01] and
[DR14, §4.2], a generalization of Hida’s p-adic Rankin—Selberg convolution produces
an element D%(f' .3, ﬁ) in the fraction field of A¢ whose specializations to arithmetic

points x € Wi, (Q

,) of even weight k > [ +m recover (a square-root of) the central

critical values of the triple product L-function L(VL gh s) for the specialization of

Vi g At @ by virtue of Harris-Kudla’s proof of Jacquet’s conjecture, [HK91]. A recent
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result by Hsieh [Hsi21] constructs test vectors (£, g, h) for which a precise interpolation
property for the resulting %(f .05 E) is proved. To recall the result in the form that

will be used here, for any arithmetic point x € Wh, (@p) as above, we set

fp =1, = ap(fk)’ B = Xf(p)Pk 10‘121;
let oy, B, be the roots of the Hecke polynomial of g at p with ord,(a,) = 0, and define
ap, By, similarly. As recalled in [op. cit., §1.4], when the residual Galois representation
pre associated to f is absolutely irreducible and p-distinguished, the local ring Ag is
known to be Gorenstein and by a result of Hida’s the congruence module of f is
isomorphic to Ag/(§) for some nonzero £ € Ag. We call (§) the congruence ideal
of f. Finally, denote by eg(V;Ek gn) € {1} the epsilon factor of the Weil-Deligne

representation attached to the restriction of VIk o 10 G-
Theorem 2.7.1. In addition to xexgxn = W™, assume that:
(a) pg is absolutely irreducible and p-distinguished,

(b) for some arithmetic point v € Wy, (Q,), we have EZ(VI-kgh) = +1 for all primes
(| N,

(¢) ged(Ng, Ny, Ny) is squarefree.

Let & be a generator of the congruence ideal of £. There exist test vectors (f,f],ﬁ) for

(f,g,h) of level N, and an element

g;(i»ﬁ»ﬁ) € Af

such that for all arithmetic points x € Wh, (@p) of even weight k > 1 + m we have

"%pg(i?g?E)CB) ? _ F(kal7m) 8 fkaga H fkgh70)
& 200REm) " E(fi)? ) g
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where:
o I'(k,l,m)=(c—1)!-(c—=m)!- (c=D! (c+1—=1—m)!, withc= (k+14+m—2)/2,

e a(k,l,m) € A¢ is a linear form in the variables k, I, m,

_ _ Bragan _ BrBgon _ BragBn _ BrBgBn
E(Fer g, h) = (1 — Beam)(1 _ Bbuon (g _ Buoubiy(q _ Bt

gﬂ(fk) = (1 - 5_2)7 gl(fk’) = (1 - &)7

bag

e 7, is an explicit nonzero rational number independent of k,

f,g s the newform associated to the p-stabilized newform f,
and ||f2||? is the Petersson norm of fr.

Proof. Letting g, h be the primitive Hida families of tame level Ny, N}, passing through
the ordinary p-stabilizations of g, h, this follows by specializing the three-variable p-
adic L-function in [Hsi21, Thm. A] attached to (f,g,h) and the congruence ideal

generator &. O]

Definition 2.7.2. For the test vectors (£, 9, h) of level N provided by Theorem 2.7.1,

we set

Ly(t,9.h) = Z; (£, 5.0,
where ¢ is any fixed generator of the congruence ideal of f.

Note that L,(f, g, h) depends on the choice of £, but the principal ideal in Ag it

generates is of course independent of that choice.

2.7.2 Reciprocity law for diagonal cycles

Keep the notations in the previous subsection and without loss of generality assume

that [ > m (reordering g and h if necessary).
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Assume that the Galois representations attached to f, g and h are all residually
irreducible and p-distinguished. Let ¢ € {f, g, h}. As a Gg,-representation, Vg
admits a filtration

0=Vy—=Ve—=V, =0 (2.22)

with each Vf; free of rank one over Ay, and with the Gg,-action on V given by
the unramified character sending Fr, — a,(¢). This induces an obvious three-step
filtration

0C ZVh, C F2Vi, c FVEL, Cc Vi,

by Gg,-stable Agp-submodules of ranks 1, 4, and 7, respectively, given by

F'VE, = (Vi®oVe&oVi + Ve®oVEi®oVh + VE®oVe®oVn) (Egn),
TV, = (Vi@oViG@oVi + VERoVe@o Vi + Vi®oVi®oVh)(Zrn),  (2:23)

F Vi = Vi@V @0V (Zrgn)-

The middle term .# QVIgh will play a special role in the following, and we note that

TN | FoV, =2 VE oV g VEE, (2.24)
where V&" .= (V7 ®oVi®oV{)(Egn) and similarly for the other two direct sum-

mands. We similarly denote the induced subquotients on the specializations of Vlgh
(that is, Z'VL, V", etc.).

Consider the class & f) defined in (2.17) for the choice of level-N test vectors
(f, g, E) given by Theorem 2.7.1 and let x(f, g, h) € Hl(Q,V}gh) be the image of this
class via the morphism obained from the augmentation map O[R;] — O. By [BSV22,

Cor. 8.2], the image of k(f, g, h) under the restriction map at p is contained in

Hbal(QI” fgh) (Hl (Qp, J\zvlgh) — HI(QINVIgh))'
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It is easily seen that this map is an injection, so we may and will view res,(x(f, g, h))

as a class in H'(Q,, ﬂzVIgh). Let
h

be the map induced by the projection onto the first direct summand in (2.24). The
“reciprocity law” from [BSV22, DR22] recalled in Theorem 2.7.4 below relates the

image of res,(k(f, g, h)) under the natural projection

pr(f,g,h)* : Hk1>al<QP7VI'gh) — Hl(QZMV?h)

to the triple product p-adic L-function of §2.7.1. Recall that £ € A¢ denotes a

generator of the congruence ideal of f.

Proposition 2.7.3. There is an injective Ag-module homomorphism with pseudo-null

cokernel

Logt : HY(Q,, VI") — A¢

characterized by the following interpolation property: for all 3 € Hl(Qp,V?h) and all

classical points x € Wy, (Q,) of weight k > 1 4+ m with k = r + 2 (mod 2(p — 1)) we

have
I3 —1
Log°(3)(z) — (p— )y <1 B Bk(xi,ah> (1 B Oékﬁgﬁh)
e p p
O - (log, (31). 1, ® W, @ Wh, ), - ifl—m<k<l+m,

(k—c— 1) {exp3(3k), ng, @ wg, ®whm>dR, if k> 1+m,

where c = (k+1+m —2)/2.

Proof. The construction of £og® will follow by specializing the three-variable p-adic

regulator constructed in [BSV22, §7.1] (building on a generalization of the construc-
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tion in [L.Z14] given by Kings—Loeffler—Zerbes [KLZ17]).
Let ¥y © Aggnh — Ag be the map given by reduction modulo (I — [, m —m). This

induces isomorphisms

Vign O e = VE, - VE @p, Ap =V
and a natural map

Dgne + H(Qp, VE™) @ppy Ar —> HY(Q,, V).

This map is clearly injective, and its surjectivity can be shown easily by an application
of local Tate duality and the Ramanujan—Petersson conjecture (cf. proof of [BSV22,
(154)]). Letting

%5 HY(Qp VE) — Aggn

be the p-adic regulator .%; defined as in [BSV22, Prop. 7.3] and multiplied by &, the

map defined by the composition

I LEwid
2095 : Hl(@}nvgh) S Hl(@p,vgh) O Aggn Ag — Ag
satisfies the interpolation properties in the statement of the proposition.
It remains to see that og® is injective with pseudo-null cokernel. By definition,

we have

gh _ rygh -1/2 1/2
Vi = UF" (€cyekiy ’fgh)a

where U%h is an unramified Gg,-module on which an arithmetic Frobenius Fr, acts

1 and % is obtained by specializing

as multiplication by inl(p)ap(f)ap(g)_lap(h)_
the four-variable p-adic regulator map in [KLZ17, Thm. 8.2.3] for the module U%h,

paired against the differential nf ® we ® wy. In light of [KLZ17, Rmk. 8.2.4], the fact

88



that £og® has the above properties can therefore be deduced from the vanishing of

HO(Q,, UY"), where UZ" is the image of UE" under 9,,. O

Theorem 2.7.4 (Reciprocity law). We have the following equality

Log* (res,(k(f, g, 1)) = Z5(E, 3, h).

p =L

Proof. This is the specialization of the three-variable reciprocity law of Theorem A

in [BSV22] to (f, g, h) (see also [DR22, Thm. 10]). O

2.7.3 Selmer groups and formulation of the main conjectures

Let (f,g,h) be as in the preceding subsection.

Recall the Gg,-stable rank-four Agp-submodule .7 2Vigh - Vlgh in (2.23), and set
V{gh = Vi ®o V@0 Vi (Zgen)-

As before, we let .F#*V¢,, and V{gh denote the corresponding specializations.
Fix a finite set Y of places of Q containing co and the primes dividing Np, and

let Q be the maximal extension of Q unramified outside 3.

Definition 2.7.5. For £ € {bal, F} define the Selmer group Selg(VIgh) by

1 1rox T 1/mynr wt Hl(@P’V;{gh)
Selg(Viy,) = ker | H(Q/Q, Vi) — H H(Q), Vig,) x m ;
veX{p,00} P T fg

where Q)" denotes the maximal unramified extension of Q, and

L ker (H'(Qy, Vi) — HY(Qy, Vi, /F2V],)) i £ =Dal,
HL(QI??Vfgh) =
ker (H'(Qp, Vi) — HY(Q,, Vi, /VL,)) it £L=F.
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We call Selbal(VIgh) (resp. Sel;(VIgh)) the balanced (resp. f-unbalanced) Selmer

group.

Remark 2.7.6. The pairs
(FVip Ak €Zsy s I—m<k<l+m}), (Vi {ke€Z: k>1+m})

satisfy the Panchishkin condition in [Gre94]. Thus Selbal(VIgh) and Sel (Vi gn) Ay
be viewed as instances of Greenberg’s Selmer groups attached to different ranges of

critical specializations of Vigh.

Let

AI‘gh = Homzp (Vlg}w /“LPOO ) .

Then for £ € {bal, F}, we define the Selmer groups Selg(A}gh) as above, taking
HL(Q,, Aigh) to be the orthogonal complement of Hé(Qp,VIgh) under the local Tate

duality

Hl(QmV}gﬁ X HI(QI”AI‘gh) — Q,/Zy,

and set

Xﬁ(AI‘gh) = Homcont(selﬁ(AI‘gh)7 QP/ZP>

In light of Remark 2.7.6, the next conjecture may be viewed as an instance of
the Iwasawa—Greenberg main conjectures [Gre94]. In the two formulations below, we
also assume conditions (b) and (c) from Theorem 2.7.1, so that the p-adic L-function

L,(f,g,h) in (2.22) is defined.

Conjecture 2.7.7 (IMC “with p-adic L-functions”). The modules Sel;(V;Egh) and

X;(Algh) are both Ag-torsion, and

Chara, (X7(Afy,)) = (Ly(f, 9. )
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in Ay @z, Q,.

Remark 2.7.8. An integral formulation of the equality of ideals in Conjecture 2.7.7
would involve certain Tamagawa factors, accounting for the fact that by definition
the classes in the Selmer group X ]:(Aigh) are trivial at the places v € ¥ \ {p, 00},

rather than just unramified.

Under the local root number hypothesis (b) in Theorem 2.7.1, for all arithmetic
point © € Wy,(Q,) of even weight k& > 2 with [ —m < k < [ — m the sign in
the functional equation for L(VI, gnr8) is —1, so that the central value L(VL s 0)
vanishes. Therefore, in the spirit of Perrin-Riou’s main conjecture [PR87, Conj. B in
the setting of Heegner points, a natural formulation of the Iwasawa main conjecture

for Selya (V] on) takes the following form.
Note that it follows from [BSV22, Cor. 8.2] that (£, g, ) lands in Sela (V).

Conjecture 2.7.9 (IMC “without p-adic L-functions”). Suppose k(f, g, h) € Selpa(Q, V;gh)
15 not Ag-torsion. Then the modules Selbal(VIgh) and Xbal(AJ}gh) have both rank one,

and

2
Selbal (V;[gh)
Ag - k(. g, h)

CharAf(Xbal(AIgh)tors) = Chary, (
in Ay @z, Q,, where the subscript tors denotes the Ag-torsion submodule.

Remark 2.7.10. Working under different hypotheses on the local signs ensuring that
L(Vlkgh, s) has sign +1 (rather than —1) for weights £ > 2 with | —m < k <1 —m,
the Iwasawa main conjecture would relate the characteristic ideal of Xbal(AI gh) to the
balanced triple product p-adic L-function constructed in [Hsi2l, Thm. B] (see also
[GS20]), rather than diagonal classes. In this setting, the f-unbalanced Selmer group
Sel ]-‘(VI» on) should have Ag-rank one, but the expected non-torsion Selmer class seems

to not have been constructed yet.
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2.7.4 Equivalence of the formulations

In this subsection we show that the two formulations of the Iwasawa main conjecture
in the previous subsection are essentially equivalent, focusing on the case where f
is a CM Hida family! as in §2.6. Similar equivalences between IMC “with” and
“without” p-adic L-functions appear in [Kat04, §17], [KLZ17, §11] and, in a setting
more germane to ours, [Wan21] and [Casl7, Appendix].

The following intermediate Selmer groups will allow us to bridge between Selbal(VI ’ i)

and Sel;(V;gh) in the comparison. Set
n+ S 2wyT fut+ S 2yt
Vfgh - Vfgh ns Vfgh’ Vfgh - Vfgh + F Vfgh’

which are Gg,-stable Ag-submodules of VIgh of ranks 3 and 5, respectively. Define

Selﬁ(V}gh) for £L € {FN+,FU+} by the same recipe as in Definition 2.7.5, with

Loy ker (H'(Qp, Vigs) = H'(Qp Vi /Vigh)) i £L=F N+,
HC(QI”Vfgh) =
ker (H'(Qy, Vigy) = H'(Q,, Vi, /Vig')) if £L=FU+.

We define the Selmer groups Selzn (Aigh) and Sely:u+(A}gh) taking H}:ﬁ-l-(QP’AIgh)
and Hy ., (Q,, Aigh) to be the orthogonal complements of H},  (Q,, V},,) and Hk, (Q,, Vigh),
respectively. As in the preceding section, we also define the corresponding X fﬂ+(AI- gh)
and Xrui(Al,).
Throughout this subsection, we keep the setting from §2.6. In particular, f €
A¢[[q]] is the CM Hida family in (2.16) associated with the Hecke character ¢ of
conductor f. In addition, we assume conditions (b) and (c) from Theorem 2.7.1, so
the p-adic L-function L,(f, g, h) € A¢ is defined, and let x(f,g,h) € Hl(Q,VR}h) be

as above.

' This case will suffice for our applications in this paper, and makes some of the arguments simpler,
but we expect the equivalence to hold in general.
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For every height one prime Q of A¢ away from p, let Sq be the integral closure of
A¢/Q and let ®4 be the fraction field of Sq. Let VIghQ be the extension of scalars of

Vlgh/QVIgh to Sq, and let Aigh@ = Hom(VIgh,Q, fp). Following [MRO04], define

1 + ker(Hl(QmVI'gh,Q) - Hl( 2r7VI'gh,Q ® q)Q))’ if v 'fp?
H@(Qvavfgh,g) =

ker(Hl (QU?VIgh,Q) — HY(Q,, (Vlgh,ﬂ/ﬁ2vlgh,ﬂ) ® (I)Q))a ifv|p,
(2.25)

and let H@(Q,V}Qhﬂ) be the associated Selmer group. Taking HQ(@U,AI@?Q) to
be the orthogonal complement of HQ (Qy, VI ghﬂ) under local Tate duality, we define
the Selmer group HQ(Q, A}rgh’Q) similarly.

Define V;ﬁh = Ao(rs:;cl)(%@Tzh(mgéﬂ) and let Aih = Hom((Vih)c,upoo), where
(Vih)C denotes Vtgp’h with the Gg-action twisted by complex conjugation. Note that
VI oh = Ind‘% Vih, so we can define Selmer conditions for sz,h using Shapiro’s lemma

and for A;{h by duality. Define Aigb,h,ﬂ = Hom((Vihp)c, tpee ). We have natural maps
Vor/ AV, = Vo, Ay = Ay,[Q) (2.26)

preserving both the G and the A-modules structure in the same way as in [How04,
p. 1461]. Note that in the quotient V;f’h / QVih and in the submodule Aih[ﬂ] we can
define Selmer conditions by propagating the balanced conditions for V;b,h and Azh,

respectively, and we denote these conditions in the same way.

Lemma 2.7.11. For every height one prime Q C A¢ as above and every place v of

K, the maps (2.26) induce natural maps

Hk1>al<Kva th/ﬂvgh) — HQ<KU7 Vgh,ﬂ)a

HQ(KW A;ph,x)) — Hlial<Kv7 Algz}h [Q])
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with finite kernel and cokernel, of order bounded by constants depending only on

[Sq : Ae/9Q)].
Proof. For the primes v 1 p, the same argument as in the proof of [MR04, Lem. 5.3.13]
applies, so it remains to consider the case v | p. Put

FHTL) = (T, @ Th+ T, @ T,) (g ) (-1 — 1),

F(Ty) = (T @ T (g ) (=1 — 7).

Under the isomorphism H'(Q, Vfgh) ~ HY(K, A@(R;})&bonh(/{aé/ )) coming from

Shapiro’s lemma, the balanced local condition HpL(Q,, V} gn) corresponds to
HY (K, Ao(k; ) @0 F, (TV) (151/2)) @ HY (K, Ao(k, )@ (T2, (512/2)).

Let A, =T, ®Q,/Z,, and define A;, A; and A} similarly. Arguing as in the proof

of [How04, Lem. 2.2.7], we reduce to showing that the groups
H(Koop, (A7 ® A) (W' ot 2) (=1 = 1)), H(Kaop, (A7 ® Ay) (gt ?) (=1 = 1))

are both finite, which follows from the fact that ayan(p)/p*~' # 1 and B,an(p) #
1, and this is a consequence of the Ramanujan—Petersson conjecture since we are
assuming that p 1 N. Note that the other pieces in the quotient decomposition can be
treated similarly. This yields the required bounds on the kernel and cokernel of the
first map in the statement of the lemma, and the result for the second map follows

as well by local duality. O]

Let 35 be the set of height one primes of A¢ consisting of p and those for which ei-
ther H%(Q*/Q, Vfgh)[ﬂ] is infinite or H2(Q,, Vigh)[ﬂ] is infinite. Since H?(Q*/Q, Vfgh)

and H Q(QP,V}Q}L) are both finitely generated A-modules, the set X, is finite.
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Proposition 2.7.12. For every height one prime Q & 3, the maps (2.26) induce

natural maps

Selbar(VE,,)/Q Selba (Vi) — Selbar(VE, o),

Selpa(Af o) — Selba(Af,)[Q]

with finite kernel and cokernel bounded by a constant depending only on [Sq : As/RQ].

Proof. This follows from Lemma 2.7.11 as in the proof of [MR04, Prop. 5.3.14] (see
also [How04, Lem. 2.2.8]). O

For every height one prime Q C A¢ as above, let mq = (7mgq) be the maximal ideal

of SQ.

Lemma 2.7.13. Assume that there is a perfect pairing T;{’h X T;%h — O(1) such that
(x7,y¢) = (x,y)? for all z,y € ngjh and for all o € Gk, where ¢ stands for complex

congugation. The following hold:
1. ranky, Selbal(VIgh) = rank,, Xbal(AIgh).
2. ranky, Selr(V},) = ranky, Xz(Al,).

3. ranky, X;UJF(AIgh) = 1+ rank,, X.Fﬂ-‘t‘(AI'gh)? and

Chary, (XFu+ (Attgh)torS) = Charp, (Xznt (Azgh%ors) )

mn Ag Rz, Qp.

Proof. For part (1), it suffices to show that for all height one primes Q C A¢ with
9 ¢ 3, the modules Selpa(V},;,)/Q Sela(V},,) and Selpa(Af,)[Q] have the same
rank over A¢/Q. Since Sel@(VI«gh’D) is the mg-adic Tate module of Sel@(AIghvﬂ)
(indeed, this is a consequence of [How04, Lem. 1.3.3] since Azgh,n = VI‘gh,Q ®Q,/Zy),

the result thus follows from Proposition 2.7.12.

95



For part (2), under the isomorphism H*'(Q, VIgh) ~ YK, Ao(ligcl)@)oTxh(H;}:/z))

the f-unbalanced local condition Hx(Q,, Vlgh) corresponds to
HY(K,, AO(’{;)@OT;{%) @ {0}

and hence an analogue of Lemma 2.7.11 for the f-unbalanced Selmer groups follows
from the finiteness of H(K 5, Ay ® Ah(%lmgé/z)(—l —r)). By the same reason as
above, this yields the equality of ranks in part (2).

Finally, for the proof of part (3) we can argue similarly as in [AH06, Thm. 1.2.2].
Keeping with the above notations, let SeI&(AJ}ghQ) and Selm(AIghﬂ) be the
Selmer groups defined by the obvious analogues of (2.25), so from another application

of the argument in Lemma 2.7.11 we obtain natural maps

Selzuy (A;ghp) BN Selfu+(Azgh)[Q],

Selm(AI‘gh,Q) — Selfn+(AI‘gh)[Q]

with finite kernel and cokernel bounded by a constant depending only on [Sq : As/Q].
Since the local condition F N + is the orthogonal complement of F U + under the
local Tate pairing at p induced by the self-duality of V;gh, from [MRO4, Thm. 4.1.13]

we obtain

Selru+ (Afyn0)[mh] = (Pa/Sa) Irh] © Selrns (Al o) (7] (2.27)

for all ¢, where r is given (by the Greenberg—Wiles formula in [MR04, Prop. 2.3.5])
by

coranks, H'(Qp, Afy's) — coranks, HO(R, Ay, o),

sor =5 —4 = 1. The proof of part (3) now follows from (2.27) as in [AHOG,
Lem. 1.2.6]. O
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Remark 2.7.14. The existence of the pairing in the previous lemma is not too restric-

tive. In particular, this holds automatically if g and h are non-Eisenstein.

We are now ready to establish that both formulations of the Iwasawa main con-

jecture are equivalent.

Theorem 2.7.15. Keep the assumptions of the previous lemma and suppose k(£f, g, h)

s not Ng-torsion. Then the following are equivalent:
(1) ranky, Selbal(V}gh) = rank,, Xbal(AIgh) =1;
(2) ranky, Sel;(VIgh) = rankj, X;(Algh) =0,

and, in that case, we have Selbal(Vigh) = Selfu+(VIgh) and

Selya (Vi ’
. fgh))) = Chary, (Xva (Afgh)rors) - (Lo(F, 9, 1)

Char,y, (X]-'(A;r‘gh)) - Chary, (W

in Ay ®z, Qp. In particular, Conjecture 2.7.7 and Conjecture 2.7.9 are equivalent.

Proof. The Poitou-Tate global duality gives rise to the exact sequence

0— Sel}‘m_;,_(v;r'gh) — Selba1<VIgh> ﬂ Hl(QZHV?h) (2 28)

— X]:U+ (A;gh) — Xbal(AI'gh) — 0.

Assume that Sely,y (Vlgh) and Xbal(A;gh) have both A¢-rank one. Since H'(Q,, Vgh)
has Ag-rank one, from (2.28) and Theorem 2.7.4 we see that Selz (Vigh) is Ag-torsion
and X;UJF(AIgh) has Ag-rank one. By Lemma 2.7.13(3), it follows that Xfmr(AIgh)
is Ag-torsion, and from the exact sequence

0 — Selr(V},,) — Selzuy (V) — H'(Q,, V{") .
2.29

— X]:(Ai'gh) — X]:ﬁ+(AI'gh> — 0
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we get that X;(Algh) and Sel;(Vlgh) are both Ag-torsion by Lemma 2.7.13(2). This
proves the implication (1) = (2) in the statement of the theorem, and the converse
is shown similarly. Moreover, from (2.29) we see that rank,, SeIJ:UJr(VIgh) =1, and
hence the quotient Sel;UJr(VIgh) / Selbal(VIgh) is a torsion Ag-module injecting into
H 1(Qp,Vg;h+ |/ F 2Vigh); since this is Ag-torsion free by Proposition 2.7.3, it follows
that

Selba (Vi) = Selzus (Vi,)- (2.30)

Now suppose that either (1) or (2) in the statement of theorem holds. Since pg is
absolutely irreducible by our hypotheses, the module H*(Q*/ Q,V}Qh) is Ag-torsion
free by [PR00, §1.3.3]. Being Ag-torsion, it follows that the module Sel;m+(VI.gh)

vanishes, and therefore from (2.28) we deduce the exact sequence

Selbal (VI'gh> N H 1(Qp= V?h)
Ae-r(f,9,0)  Ar-pra(res,(r(f, g, 1))

— coker(res,) — 0. (2.31)

Together with Theorem 2.7.4 it follows that
Selpa (V} .

Chary, (%) - Chary, (coker(res,)) = (Z5(£, §, h)). (2.32)

On the other hand, in light of (2.30), from (2.28) and (2.29) we deduce exact sequences

0 — coker(res,) — X;UJF(AEgh) — Xbal(AI‘gh) — 0,

0 — coker(res,) — X;(Algh) — X]:ﬁ—i-(AI‘gh) — 0.
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Taking characteristic ideals, these imply

Chary, (X;(Algh) = CharAf(X;m+(AIgh)) - Chary, (coker(res,))
= CharAf(Xfu+(AIgh)mS) - Chary, (coker(res,)) (2.33)

= CharAf(Xbal(AIgh)tors) - Chary, (coker(res,))?,

using Lemma 2.7.13(3) for the second equality. Multiplying (2.33) by the square of
a generator of the characteristic ideal of Selbal(VIgh) /As - k(f, g,h) and using (2.32),

the result follows. O

2.8 Anticyclotomic Euler systems

In this section we highlight results from the recent work of Jetchev—Nekovar—Skinner
[JNS], where a general theory of Euler systems germane to [Rub00] is developed in

the anticyclotomic setting.

2.8.1 The general theory

Let K be an imaginary quadratic field and let p be an odd prime. If n is an integral
prime ideal of K, we denote by K(n)° the ray class field of conductor n; as in the
previous sections, we write K (n) for the maximal p-subextension in K (n)°. For any
positive integer n, we denote by K[n] the maximal p-subextension in the ring class
field of conductor n. We denote by K, the anticyclotomic Z,-extension of K.

Let E be a finite extension of @, with ring of integers O and maximal ideal m. Let
T be a free O-module of finite rank endowed with a continuous G i-action unramified
outside a finite set of primes, and let V = T ®p E. Assume that there exists a

non-degenerate symmetric O-bilinear pairing

(,): TxT— O(1)
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such that (x7,y°¢) = (z,y)? for all z,y € T and for all 0 € Gk, where ¢ stands
for complex conjugation. Thus V¢ ~ V"V (1), where V¢ denotes the representation V'
with the Gi-action twisted by ¢, and, if the above pairing is perfect, we also have
T ~TY(1). We also define the G-module A =V/T.

If L is a finite extension of K and v is a finite place of L, we write v = v°. Then,

the pairing above induces a local pairing

HY(L,,V) x H'(Ly,V) — E,

and similarly replacing V by T"and E by O. The pair of compatible maps G, = G
and V — V¢ defined by o — coc and w — w, respectively, induces an isomorphism
HY (L V)= HYL,,V¢) =2 H(L,,VV(1)) whereby the above local pairing is just the
natural cup-product pairing.

For the results we shall discuss, we consider two different type of “big image”

hypotheses, (HW) for the weaker ones, and (HS) for the stronger ones.
Hypothesis (HW).
(1) V is absolutely irreducible as a Gk-representation.

(2) There exists an element oy € Gal(K /K (1)°K (j,)) such that the E-dimension

of V/(oo — 1)V is one.
Hypothesis (HS).
(1°) The residual representation T = T /mT is absolutely irreducible.

(2°) There exists an element oy € Gal(K /K (p>)°) such that T /(oo — 1)T ~ O is a

free O-module of rank one.

(8°) There exists an element 19 € Gk such that 1o — 1 acts on V' as multiplication

by an element in O*.
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(4°) The above pairing T x T — O(1) is perfect.

For each prime p of K above p, choose a G, -stable O-submodule F,f(T') of
T, and let F, (T) = T/FF(T). We also define (V) = F(T) ®0 £ C V and

Fo (V) = V/FF(V). Let L be a finite extension of K. For each place v of L, we

define a local condition

ker (H(L,,V) — HY(L™,V)) if v1p,
He, (Lo, V) =

ker (H(L,,V) — H*(Ly, F; (V))) if v | p for some p | p.

We define the Greenberg Selmer group
Selg, (L, V) = ker (Hl(L, V) = [[H' (Lo V)/HE (L, V)),

where the product is over all finite places of L.
We also define local conditions for 7" and A by propagation of the local conditions

for V, i.e., for each place v of L, we define

e HL (L, T) as the preimage of H}.(L,,V) by the map H'(L,,T) — H'(L,,V),

and
o HL (L,, A) as the image of H} (L,,V) by the map H'(L,,V) — H'(L,, A),

and use these to define the Selmer groups Selg,(L,T) and Selg, (L, A) as above. Fi-

nally, for each positive integer n, we also put
Sela, (K [np™],T) = @Selgr(K[npr], T) and Selg (K [np™|, A) = lim Sela, (K[np'], A),

where the limits are with respect to the corestriction and restriction maps, respec-

tively.
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Let N be an ideal of K divisible by p and all the primes at which 7" is ramified,
and let S be the set of all squarefree products of primes of Q which split in K and

are coprime to N.

Definition 2.8.1. A “split” anticyclotomic Euler system for (T, {F,(T)}yp, N) is a
collection of classes

k = {k, € Selg,(K[n],T) : ne S}

such that, whenever ¢ is a rational prime and n,nqg € S,

COT K fng)/Kln) (King) = Po(Frg™) fin, (2.34)

where q is any of the primes of K above ¢ and P,(X) = det(1 — Frq_1X|TV(1)).
Similarly, a “split” A-adic anticyclotomic Euler system for (T, {F(T)}pp, N) is

a collection of classes
Koo = {knoo € Selg (K [np™],T) : ne€ S}
satisfying the previous norm relations. In this case, the classes
Kn = Pl (Fnoo) € Sela:(K[n], T)

form an anticyclotomic Euler system in the previous sense, and we say that the Euler
system Kk = {k,}, extends along the anticyclotomic Z,-extension.

A (A-adic) anticyclotomic Euler system for (T, {F,S(T)},,) is just a (A-adic)
anticyclotomic Euler system for (T, {F(T)},,, V) for some N as above. We shall
usually drop {F\(T)},, if there is no risk of confusion.

If k is an anticyclotomic Euler system for T', we define

Ko .= COI‘K[l]/K(Iil) S SelGr<K, T)
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If it extends along the anticyclotomic Z,-extension, we similarly define
Koo 1= COTK[l]/K(FJl,oo) c Selgr(Koo,T),

where Koo = {Knoo} is the A-adic anticyclotomic Euler system extending k.
When we have an Euler system as above, we will be interested in ensuring that

the following orthogonality hypothesis holds.

Hypothesis (HO). For all n € S and for all places v of K[n] above p, the local
conditions HY, (K [nl,, V) and HL (K[n]s, V) are orthogonal complements under the
local pairing

HY(K[n),,V) x HY(K[n]s, V) — E.

Remark 2.8.2. The condition in hypothesis (HO) holds automatically for all places
away from p, by [Rub00, Prop. 1.4.2]. Observe also that if (HO) holds, then for all n €
S and for all places v of K[n] the local conditions H}, (K|[n],, T) and HL, (K|[n]s, T)

are also orthogonal complements under the local pairing

as follows easily from the definitions using [Rub00, Prop. B.2.4] and the commutative
diagram

HY(K[n],,T) x H'(K[n]y, T) —= O

|

H'(K|n),,V) x H'(K[n|;,V) —E.
We assume in the rest of this subsection that hypothesis (HO) holds for our choice

of local conditions at p.

Theorem 2.8.3 ([JNS]). Assume that p splits in K and that Hypothesis (HW) is

satisfied, and let kK = {Kk,}n be an anticyclotomic Euler system for T which extends
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along the anticyclotomic Z,-extension. If ko # 0, then the Selmer group Selg,(K,T)

has O-rank one.

Remark 2.8.4. One can replace the assumptions that p splits in K and the Euler
system extends along the anticyclotomic Z,-extension by the assumption that there
exists an element v € Gy fixing the extension K (1)°(jye, (O5)YP7) and such that

~v — 1 acts invertibly on V.

Under the stronger Hypothesis (HS), granted the non-triviality of a A-adic anticy-
clotomic Euler system, the results of [JNS] yield a divisibility towards a corresponding

Iwasawa main conjecture.

Theorem 2.8.5 ([JNS]). Assume that p splits in K and that Hypothesis (HS) is

satisfied, and let k be a A-adic anticyclotomic Euler system for T.

(a) If ko # 0, then Selg, (K, A) has O-corank one, Selg, (K, T) has O-rank one, and

loo(K, T
lengthy, (Selg: (K, A) /aiv) < 2 lengthy, <M) :

O - Ko
where (—)aiv denotes the quotient of (—) by its mazimal divisible submodule.
(b) If Koo is not Nye-torsion, then Xap (Ko, A) and Selg, (Ko, T) have both A,.-rank

one, and

lae (Koo, T)\ 2
Charp,, (Xar (Koo, A)tors) D Chary, (M> ,

Aac * Roo

where (—)iors denotes the mazimal A,.-torsion submodule of (—).

2.8.2 Big image results

We now give conditions under which the hypotheses in the general results of §2.8.1

are verified in our setting. To that end, we shall build on [Loel7].
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As before, K/Q is an imaginary quadratic field of discriminant —Dy, (g, h) is a
pair of p-ordinary non-Eisenstein newforms of weights (I, m) of the same parity, levels
(Ng, Np) and characters (x4, xn), and ¢ is a Grossencharacter of K of infinity type
(1 — k,0) for some positive even integer k and of conductor f. We denote by x the
unique Dirichlet character modulo Nk q(f) such that 1((n)) = n*~tx(n) for integers
n coprime to Nk q(f), and we assume that xexxyxn = 1.

We now make the further assumptions that:

e neither g nor h are of CM type,

e ¢ is not Galois-conjugate to a twist of h.

As in [Loel7, §3.1], we define the open subgroups H, and H), of G, the quaternion
algebras B, and B}, and the algebraic groups G, and Gy, and put

B =B, x B, G=G,Xg,, G

We define H to be the intersection of H,, Hj and Gg)e. (Note that in loc. cit. H
is defined to be the intersection of H, and Hp, so our H might be a finite index
subgroup of his H, but this will not affect the results that follow.) We have an adelic

representation g, : H — G(Q), and representations

Pghp s H — G(Qp)

for every rational prime p, and, by [Loel7, Thm. 3.2.2], p,n,(H) = G(Z,) for all but

finitely many p.

Remark 2.8.6. Note that the representations studied in [Loel7] are the dual to the
ones studied in this paper, but as pointed out in [Loel7, Rmk. 2.1.2], this difference

is unimportant when considering the image.
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Let L be a finite extension of K containing the Fourier coefficients of g and h and

the image of 1. Let ‘B be a prime of L above some rational prime p, and let £ = L.
Definition 2.8.7. We say that the prime B is good if the following conditions hold:
®p=>T;
e p is unramified in B;

e p is coprime to f, N, and Np;

ﬁg,h,p(H) = G(Zp)E

E =Q,.

Remark 2.8.8. Observe that all but the last condition exclude only finitely many
primes. The last condition could be somewhat relaxed in some cases, and will be
used largely for simplicity. Note also that the above set of conditions holds for a set

of primes of positive density.

Lemma 2.8.9. Assume that there is at least one prime which divides Dy but not N,

and one prime which divides Dg but not Ny. Then, if B is a good prime,

(pgsp X prsp) (H N Grpooyo) = SLa(Zy) X SLa(Zy).

Proof. Let Q(p,) and Q(pp,) be the Galois extensions of Q cut out by the represen-
tations p, and p, attached to g and h, respectively. These extensions are unram-
ified outside pN, and plN,, respectively. Therefore, the condition on Dg implies
that K N Q(py) = Q and K N Q(py) = Q. Moreover, since any Galois extension
of Q contained in K, must itself contain K, we also have K N Q(p,) = Q and
Ko NQ(pn) = Q.

The conditions on ‘B imply that

(Pgsp X prp) (H N Goguye)) = SLa(Zy) x SLa(Zy),
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and, from the remarks in the previous paragraph, it follows that

(pgsp X prsp) (H N GKoo(upoo)) = SLa(Z,) x SLa(Zy).

Finally, since H N G (p=)e is a normal subgroup of H N G g, (u,) of index dividing

p — 1 and there are no such subgroups in SLy(Z,) x SLy(Z,), the lemma follows. [

Now we are able to give conditions under which the results of [JNS] can be applied

to our setting, i.e., to the representation Tgw , defined above.

Proposition 2.8.10. Assume that there is at least one prime which divides Dy but
not Ny and one prime which divides Dy but not Ny,. Let B be a good prime. Suppose
that there exists 0 € Gr(pe) such that Yo(o) # Pg(0) modulo p. Then, hypotheses
(HS) hold for T,

Proof. Since 1y is trivial when restricted to H NGk pe)e, condition (17) follows easily
from the previous lemma.

To prove condition (2’), we closely follow the proof of [Loel7, Prop. 4.2.1]. Write
Xg(0) and xp(o) for the images of o by x, and x; via the natural identifications
Gal(Q(un,)/Q) = (Z/NyZ)* and Gal(Q(pn,)/Q) = (Z/NyZ)*. Then, by the previ-
ous lemma, the image of 0 H N G g (p)o under pyp X ppp contains all the elements of

the form

! 0 , Y 0 , X,y €E Z;.

0 2 'x,(0) 0 ytxu(o)
Now choose z € Z) such that z7%x4(0) # 1 (mod p) and z*xp(0)Yp(0)™> # 1
(mod p), which is possible since p > 7, and let y = z !¢)q(0). Choose o9 € cH N
Gk (p)> Whose image under pg g X ppp is given by the element above, with the choices

of x and y which we have just specified. Then, the eigenvalues of oy acting on T’ f b

are 1, 17°x,(0), 2°xn(0)¢p(0)~* and ¥ (0)ip(o)~", which proves condition (27).
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To check condition (3%), we can argue as in [KLZ17, Rmk. 11.1.3]. By the previous

lemma, we can find an element 79 € H N Gk (p)o such that

—1 0 1 0
(Pgsp X prsp)(T0) = : :
0 -1 0 1

so Tp acts on ngj , as multiplication by —1.
Finally, condition (4’) follows from the assumption that g and h are non-Eisenstein

and p-distinguished. O

Remark 2.8.11. If we are just interested in ensuring that hypotheses (HW) hold for

T¢

o.ne We can relax some of the assumptions above. For example, we do not need to re-

quire g and h to be non-Eisenstein, and we can require that there exist 0 € Gr(1)e (uy00)

such that 1p(0) # 1g(0), without requiring this inequality to hold modulo p.

2.9 Proof of Theorems B, C, and D

Let the setting be as in the Introduction. In particular, g € S;(Ny, x,) and h €
S (Np, xn) are newforms of weights [ > m > 2 of the same parity, K/Q is an
imaginary quadratic field of discriminant —D < 0, ¢ is a Grossencharacter for K
of infinity type (1 — k,0) for some even integer & > 2, and we consider the G-

representation
Vo = Vo ®p Val(ugh)(1 = o),
where ¢ = (k+ 14+ m —2)/2.

Lemma 2.9.1. The Bloch—Kato Selmer group of V;f’h 15 given by

Selpa (K, V) if l—m <k <l+m,

Sel(K, V) =
Sel(K, V%) ifk>1+m.
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Proof. Note that by Shapiro’s lemma H'(K, ‘/;f’h) >~ HY(Q, Vign), where f = 6y is the
theta series of ¥ and Vg, is the specialization of the big Galois representation Vigh
in (2.21) to weights (k,l,m). One immediately checks that the Hodge-Tate weights
of the Gg,-subrepresentation F#2Vyy, C Vigp (resp. ij;h C Vign) are all < 0 (with
the p-adic cyclotomic character .. having Hodge-Tate weight —1) if and only if

l—m < k<l+m (resp. Kk >1+m). The result follows. O

Here we collect a set of hypotheses for our later reference. For any nonzero m € 7Z,

prime(m) denotes the set of primes that divide m, and prime®(m) its complement.
Hypotheses.

(h1) g and h are ordinary at p and non-FEisenstein,

(h2) p splits in K,

(h3) p does not divide the class number of K,

(h4) Vglayeere # Vglcr ey modulo p,

(h5) neither g nor h are of CM type,

(h6) g is not Galois-conjugate to a twist of h.

(h7) prime(D) N prime®(N,) # 0 and prime(D) N prime®(N,,) # 0,

(h8) B is a good prime in the sense of Definition 2.8.7.

2.9.1 Proof of Theorem B

Let Ky gn1.00 € Hiy (K[p™], T;fh) be the Iwasawa cohomology class of conductor n = 1

from Theorem 2.6.5, and set

Kpgh = Kypgn1 € H' (K, T;fh), (2.35)
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where Ky g1 = P (Ky,gh100)-
Ifl —m < k <1+ m, the next result recovers Theorem B in the Introduction.

Note however, that the result does not require these inequalities to hold.

Theorem 2.9.2. Assume hypotheses (h1)—(h8). Then the following implication holds:
Kpgh 70 = dimp Selpy (K, I/;{’h) =1.

In particular, if | —m < k <l+m and Ky 45, # 0 then the Bloch-Kato Selmer group

Sel(K, V;;f’h) is one-dimensional.

Proof. By Proposition 2.6.6, the classes iy, g hn = DI' gy (Kyp.g.hn,0o) land in Selya1 (K [n], T;fh),
and by Theorem 2.6.5 they form an anticyclotomic Euler system for V;’ph. Therefore,

the result follows from Theorem 2.8.3 and Proposition 2.8.10. O]

Remark 2.9.3. If k = 2 and | = m > 2, working with the classes Ky g5, from
Theorem 2.4.5, rather than those from Theorem 2.6.5 as above, hypotheses (h2)-(h3)
in Theorem 2.9.2 can be replaced by the assumption that there exists an element
v € G satisfying the conditions in Remark 2.8.4. Further, (h1) and (h4) can be

relaxed as discussed in Remark 2.8.11.

2.9.2 Proof of Theorem C

Recall that 6, € Si(Ny,xex) is the theta series attached to ¢, and put N =
lem(Ny, Ny, Np).
The next theorem, establishing cases of the Bloch—Kato conjecture for V;f’h in

analytic rank zero, recovers Theorem C in the Introduction.
Theorem 2.9.4. Assume hypotheses (h1)-(h8), and in addition that:

o c¢(0y,9,h) =+1 for all primes { | N,
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o gcd(Ny, Ny, Ny) is squarefree.

If k > 1 4+ m then the following implication holds:

LV, 00 #£0 = Sel(K, V') =0.

g,h

Proof. We continue to denote by k45 the image of the class in (2.35) under the
isomorphism

HY(K, V) = HY(Q, Vign)

» 7 g,h

coming from Shapiro’s lemma. If & > [ + m, the central value L(V;{’h,O) is in the
range of interpolation of the triple product p-adic L-function of Theorem 2.7.1, and
so by Proposition 2.7.3 and Theorem 2.7.4 its non-vanishing implies that the image

of Ky g, under the natural map
res, : Selpar(Q, Vign) — H'(Q,, quh)

is nonzero. In particular, sy 45, # 0, and therefore by Theorem 2.9.2 the balanced

Selmer group Selp, (K, Vg%h) = Selpa(Q, Vign) is one-dimensional.

From the exact sequence

0 — Selrni (Q, Vign) — Selpar(Q, Vign) — H'(Qy, V™)

— Sel;u+((@, Vfgh)v — Selbal(@, Vfgh)v — 0

coming from global duality (adopting notations similar to those in Theorem 2.7.15),
we thus see that Selrn;(Q, Vi) = 0 and that Selr (Q, Vign) = Selpa(Q, Vign).

Together with the exact sequence

Selrur (Q, Vign) —2 HY(Qy, V") — Selz(Q, Vign)” — Selrns (Q, Vign)¥ — 0,
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it follows that Selz(Q, Vig,) = 0, and combined with Lemma 2.9.1 this concludes the

proof. ]

Refining the proof of Theorem 2.9.4, we can further bound the size of the Bloch—
Kato Selmer group for the discrete module AY ah = V h / TY u.n I terms of L-values. For
the statement, let f be the Hida family associated to 1 as in §2.6, so that f; is the
ordinary p-stabilization of 0, and, keeping with the notations in Theorem 2.7.1, put
ap = ¥(p) and B = ¥(p). Let also €,(0y, g, h) = €/(Vign) denote the epsilon factor

associated to Vign|cg,, where f = 0y.
Theorem 2.9.5. Assume hypotheses (h1)-(h8), and in addition that:
o cy(0y,9,h) =+1 for all primes ¢ | N,
o gcd(Ny, Ny, Ny) is squarefree,
o Hl(Qp,Tfh) is torsion-free,
HE(Qp, Tygn) is torsion-free for L € {bal, F, F N+, F U+}.

If k> 14 m and L(V" onr 0) # 0 then the O-module Selx (K, A ) is finite and

length, (Sel (K, Aih)) < 2ug <<l @2_)'((;? I)?)' . E(éf";,(f;,)h) f;(f,g,ﬁ)(/ﬂ)) )

where gl(fk) _ ( __) E(fk,g, h) _ (1 akagah) (1 Bkﬁgah) (1_ﬂka25h) (1_6k6561,8h>7

pag P p p

andc= (k+14+m—2)/2.

Proof. As in the proof of Theorem 2.9.4, if k > [+ m and L(V¥,,0) # 0 then

g,h?

the class Ky g5, is nonzero. Since by Theorem 2.6.5 this is the bottom class of an

anticyclotomic Euler system for V%, from Theorem 2.8.5 and Proposition 2.8.10 we

gh’

deduce that Selpa (K, Aih) has O-corank one, with

(2.36)

Selpa (K, T
length, (Selpa (K, Aih)/div) <2 lengtho( ba ( gh))'

O - Kygn
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By the exact sequence (2.28) specialized to weight k, it follows that Selz (K, Aih)
has also O-corank one. Thus both Sely. (K T;% W) C Selru (K, T, fh) have O-rank one,

and therefore

Selpat(K, T7,) = Selzus (K, Ty, (2.37)

since their quotient is O-torsion free. Moreover, letting m € O be a uniformizer, as

in the proof of Lemma 2.7.13 we find that
Selrus (K, AV ) [r'] =2 E/O[n’] @ Selpn (K, AY ) [r']

for all 4, and hence length, (Selr4 (K, A;ﬁh)/div) = length, (Selrny (K, Aih)).

The finiteness of Sel (K, Ag’h) with the stated bound on its O-length thus follows
from (2.36) by the same argument as in the proof of Theorem 2.7.15, noting that by
Theorem 2.7.4 and the same calculation as in [BSV22, §8.5] (see esp. the equality

following [op. cit., (189)]) the map
&k - <exp;(—), Ny ®wy @ wﬁ>

where f = 0, and ¢ is the weight k specialization of the congruence ideal generator

¢ € Ag, gives an isomorphism H'(Q,, T;f’h) — O taking Ky g5 to

(-2 (-2 &lf) Ef)
(k—c—1)! Efx,g,h) P

where & (fi) = (1 — &) is a p-adic unit.

A
More precisely, under the freeness assumption in the statement, the weight k

specializations of (2.28) and (2.29) yield the exact sequences

0 — coker(res,) — Selryt (K, Aih)v — Selpa (K, Ajh)v — 0, (2.38)
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0 —> coker(res,) — Selz(K, A;ﬁh)v — Selrny (K, AZ},h)v — 0,

where the two terms coker(res,) are equal in light of (2.37). Thus we find

lto(Selz(K, AY,)) = lto(Selz(K, AY,)Y) = lto(Selzny. (K, AY,)Y) + lto(coker(res,))
= lto((SelFui (K, Aih)/div)v) + ltp(coker(res,))
= lto((Selpa (K, AY ) ) jai)") + 21to(coker(res,))

= lto(Selpa (K, Ag,h)/div) + 21ltp(coker(res,)),

where the third equality follows from (2.38) and Lemma 2.9.6 below, concluding the

proof. O

Lemma 2.9.6. Let 0 — A% B — C — 0 be an exact sequence of finitely generated
O-modules, and assume that A is finite. Then Bios/j(A) = Ciops-
In particular, if B',C" are cofinitely generated O-modules and we have an ezxact

sequence 0 — A L (B")Y — (C")Y — 0 with A finite, then
(B;dlv)v/j(A) = (C;div)v7

and so lto((By;,)") = lto(A4) + Lto((C4,)")-

Proof. Writing B = O" ® Biows, C = O° @ Ciors we have, by the finiteness of A, r = s

and j(A) C Biors, SO
o" S% C’tors =2C0= B/](A) =0 D (Btors/j(A>>’

which implies the result. O

Remark 2.9.7. The condition that H 1(Qp,ij’h) is torsion-free is equivalent to the
vanishing of HO(QP,A?), which is satisfied if &k + 2 # [ + m modulo 2(p — 1) or

if xr(p)agon/ar # 1 modulo p. Similarly, the last condition in the statement of
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Theorem 2.9.5 can be recast in terms of the vanishing of the corresponding 0-th

cohomology groups.

Remark 2.9.8. By Theorem 2.7.1, the non-vanishing of L(V;f)h, 0) implies that .,?pg(f, o h)(z) #

0, so the upper bound provided by Theorem 2.9.5. Moreover, by the interpolation
formula in Theorem 2.7.1, the same upper bound can be expressed in terms of the cen-
tral L-value L(l/';f’h, 0), thus giving a result towards the Tamagawa number conjecture

of [BK90].

2.9.3 Proof of Theorem D

As before, let f be the Hida family attached to ¢ as in §2.6. Let Ky gn1,00 be the

A-adic class of conductor n = 1 constructed in Theorem 2.6.5, and set
Kpghoo = Fpgnioo € Hiy (Koo, Th,).
As shown in the proof of Proposition 2.6.6, under the Shapiro isomorphism
H'Y(Q, V) 2= H'(K, No(ky)®0T,),) & Hiy(Kw, Ty,

the Selmer group Selp, (Q, VI gn) 0f §2.7.3 corresponds to the Selmer group Selg, (Ko, Tglfh)
of §2.8.1 attached to the local conditions in (2.20) at the primes above p. Moreover,

under this isomorphism, the class k(f, g, h) defined in §2.7.2 corresponds to the class

Rw7g7h7m.
The next result, establishing one of the divisibilities predicted by the Iwasawa

main conjectures from §2.7.3, recovers Theorem D in the Introduction.
Theorem 2.9.9. Assume hypotheses (h1)-(h8), and in addition that:
e cy(0y,9,h) =+1 for all primes ¢ | N,
o gcd(Ny, Ny, Ny) is squarefree.
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If k(f, g, h) is not Ag-torsion, then the following hold:

(a) The modules Selbal(VIgh) and Xbal(AIgh) have both Ag-rank one, and

2
Selbal (V}L‘gh)
) .

T
Char, (Xpai(Aggp )rors) D Chary, (W

(b) The modules Self(VIgh) and X;(Vlgh) are both Ag-torsion, and
Chary, (X]:(Aigh)) ) (Lp(fa g,h))

in Ag Xz, Qp.

Proof. The non-triviality assumption on x(f, g, h) implies that ry gp 0o is DOt Ag-
torsion. Since by Theorem 2.6.5 the class Ky gn 00 i the bottom class of a A-adic
Euler system for V;bm part (a) follows from Theorem 2.8.5 and Proposition 2.8.10.
By Theorem 2.7.15, part (b) of the theorem follows from part (a), so this concludes

the proof. O
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Chapter 3

An anticyclotomic Euler system for
adjoint modular Galois

representations

3.1 Introduction

The goal of this paper is to study the Bloch-Kato conjecture and the anticyclotomic
Iwasawa theory of certain twists of the adjoint Galois representation attached to
elliptic modular forms base changed to an imaginary quadratic field.

Our main result is the construction of an anticyclotomic Euler system in this
setting, which we relate to an analogue of the Hida—Schmidt p-adic L-function for the
symmetric square. By Kolyvagin’s method for anticyclotomic split Euler systems, as
developed by Jetchev—Nekovar—Skinner, our results yield new cases of the Bloch—Kato

conjecture in rank zero and a divisibility towards an Iwasawa main conjecture.
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3.1.1 The set-up

Let g € Si(Ny, Xx4) be an ordinary newform of weight [ > 2, level N,, and nebentypus
Xg- Let K/Q be an imaginary quadratic field, and let ¢» be a Hecke character of K of
infinity type (1 — k,0) for some even integer k > 2. We assume that the associated
theta series 6y € Si(Ny) has trivial nebentypus. Fix an odd prime p { 2N,N,, and
an embedding ¢, : Q<= @p, and for simplicity in this Introduction assume that the
Hecke field of g and the values of 1) are contained in a number field L with a prime 3
above p such that Ly = Q,. We assume that p splits in K and is a prime of ordinary
reduction for g and, again for simplicity, that p t hx, the class number of K. We will
also assume that g is not of CM-type.

Let V; be the (dual to Deligne’s) p-adic Galois representation attached to g, and
denote by ad’(V,) C Endg,(V,) the adjoint representation on the trace-zero endo-

morphisms of V,. We consider the conjugate self-dual G g-representation

V= ad’(Vy) (™) (1 — k/2),

where (¢)7!) denotes the twist by the inverse of v and (1 — k/2) is the twist by the

(1 — k/2)-th power of the p-adic cyclotomic character.

3.1.2 Euler systems and p-adic L-functions

In this paper we construct an anticyclotomic Euler system for V' and relate it to an
associated anticyclotomic p-adic L-function.

For a positive integer m we write K[m] for the maximal p-extension inside the
ring class field of K of conductor m. Denote by &’ the set of all squarefree products of

primes ¢ in the positive density set P’ of Definition 3.5.2; in particular, these primes
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split in K. For any p-adic G g-representation W and a prime q of K, put
Py(W; X) = det(1 — Fr ' X|WY(1)),

where Fr, denotes an arithmetic Frobenius element for the prime q and WV denotes
the contragredient representation of W. A natural lattice T, C V| described in §3.2.1

defines a lattice in V' denoted by 7. Finally, let H{ (K[mp>],T) = Hm HYK[mp"],T).

Theorem A (Theorem 3.5.4). Assume that H'(K[mp®],T) is torsion-free for all

m € S" and s > 0. There exists a collection of classes
{"%,ado(g),m,oo c H (K[mp™],T) : m¢€ S/}
such that whenever m,mq € 8" with q a prime, we have

CorK[mq}/K[m] (Rw,ado(g),mq,oo) = Pq(v’ FI';I) "iw,ado(g),m,ow

where q s any of the primes of K above q.

We obtain the Euler system classes ky, ,q0( from a suitable modification of

g)7m7oo

the diagonal Euler system classes Ky g g+ m 0o fOr
Vi = Vo ® Vo (071 =)

constructed in [ACR21], where g* = g ® x, ' is the twist of g by the inverse of its
nebentypus, and ¢ = (k + 2l — 2)/2. It follows from our construction (and the results
of [BSV22] that it builds upon) that k,, ,q0(5) m.co 1ands in the balanced Selmer groups
Selpa (K [mp>],T) introduced in §3.2.3.

Next we are interested in the non-triviality of our Euler system in terms of L-

values. To this end, in §3.4 we use some basic instances of Langlands functoriality to
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deduce from the work of Eischen-Harris-Li-Skinner [EHLS20] the construction of a
p-adic L-function

L,(ad’(gx) ® ¥) € Frac A*

interpolating the central L-value L(V,0) and its twists by a p-adic family of anti-
cyclotomic Hecke characters. Here A*® is the Iwasawa algebra of the Galois group
I'* of the anticyclotomic Z,-extension K /K. Denoting by Kyp.ad0(g),00 UD€ Image of
Kb ad0(g),1,00 1 Selunb (Koo, T'), We can then prove the following.

Write (p) = pp, with p the prime of K above p induced by ¢,. For the following
result, let K5 be the Zy-extension of K unramified outside p, and let ﬁploal(T;ﬂ(g))

denote the subspace of T;bd(g) defined in Section 3.2.3.

Theorem B (Corollary 3.5.7). Under some technical hypotheses on 1, there is a

Perrin-Riou big logarithm map Log : Hi, (Ks g, ﬁ?al(Tﬁi(g))) — Z5 %] such that

Log(ress(Fy aav(g)00))* = Lp(ad”(gx) @ 1) - L5 (1)~

up to multiplication by an element in @; , where .,%Katz(w)_’b 15 an anticyclotomic

projection of Katz’s p-adic L-function.

The proof of this result builds on the explicit reciprocity law of [BSV22] and a
factorization formula for Hsieh’s triple product p-adic L-function (see Theorem 3.4.9).
This factorization is a p-adic manifestation of the Artin formalism arising from the
decomposition

Vig =VeVv, (3.1)

g9) —

where V' = Q,(¢')(1 — k/2), and may be seen as an anticyclotomic analogue of
Dasgupta’s factorization [Das16]. However, the proof in our case is largely simplified
by the fact that the p-adic L-functions involved have overlapping ranges of p-adic

interpolation.
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The technical hypotheses on v are used to ensure that the congruence ideal of
a Hida family attached to 1 is generated by a second anticyclotomic projection of
Katz’s p-adic L-function, which in turn interpolates the ratio between two different

types of periods.

3.1.3 Applications

Using Kolyvagin’s methods, as developed by Jetchev—Nekovai—Skinner [JNS] in the
split anticyclotomic setting, we can deduce bounds on Selmer groups from the non-
triviality of our Euler system. Our main result in this direction is the proof of new
cases of the Bloch-Kato conjecture [BK90] in rank zero.

For the statement, we denote by ¢, the epsilon factor attached to the Weil-Deligne
representation associated with the restriction of Ind%(vaﬁ(g)) to Gg,. It is then known

that the sign E(V;g(g)) in the functional equation for L(V;é(g), s) is given by

where e, = +1 if £ > 2l and —1 if 2 < k < 2[. On the other hand, here we say that

V has “big image” if it safisfies the explicit conditions in Proposition 3.6.3.
Theorem C (Theorem 3.7.3). In addition to the above hypotheses, assume that:
(a) € = +1 for all primes € | NyNy,
(b) ged(Ny, Ny) is squarefree,
(c) g is non-Fisenstein mod p,
(d) V has big image,

(¢) L(By k/2) # 0.
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If k > 2l then the following implication holds:
L(V,0) 20 = Sel(K,V)=0,

where Sel(K, V') is the Bloch-Kato Selmer group.

Note that the hypotheses in Theorem C imply that L(V,s) has sign +1 in its
functional equation, and so the nonvanishing of L(V, 0) is expected to hold generically.

We can also deduce applications to the Iwasawa main conjecture for V. More pre-
cisely, under certain hypotheses, Greenberg’s general formulation of the Iwasawa main
conjecture for motives [Gre94| leads to the prediction that the unbalanced Selmer
group Selynp (Ko, A) defined in §3.2, where A = V/T, is A**-cotorsion, with charac-
teristic ideal generated by Lp(ad0 (9) ®1). In the direction of this conjecture we can
prove the following, where we let Z* denote the completion of the ring of integers of

the maximal unramified extension of Q,.
Theorem D (Theorem 3.7.5). In addition to the above hypotheses, assume that:
(a) €¢ = +1 for all primes € | NyN,,
(b) ged(N,, Ny) is squarefree,
(¢) g is non-FEisenstein mod p,
(d) V' has big image,
(e) 0y has global root number £(0,) = +1.

If the p-adic L-function L,(ad’(gx) ® 1) is nonzero, then the Pontryagin dual of

Selunb (Koo, A) s A*-torsion, with
Charpac (Selynn (Koo, A)) D (Ly(ad®(gx) @ ¢) - L5 (1))

in Z2 &g, A*[1/p].
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Note that the presence of Z***(¢)™* in the divisibility of Theorem D is analo-
gous to the appearance of the Kubota—Leopoldt p-adic L-function in the divisibility
towards the Iwasawa main conjecture for the Galois representation attached to the
symmetric square of a modular form in [LZ19, Thm. BJ.

In fact, the present work originated from an attempt to develop anticyclotomic
analogues of the results in [op. cit.]. In particular, the idea of modifying the diagonal
Euler system classes of [ACR21] to obtain the correct norm relations (see §3.5.1) was

adopted from their work.

3.1.4 Outline of the paper

We begin by introducing in §3.2 our set-up and Galois representation of interest, and
various Selmer groups associated with it. In §3.3 we describe in detail the construction
of the diagonal cycle class giving rise to the bottom class of our Euler system, and
study its behaviour according to a certain sign (given by £(6,) in the notations of
Theorem D). The results of this section, which are developed in a slightly more general
setting than the rest of the paper, are unnecessary for the proof of our main results,
but they are included here for completeness (in particular, Proposition 3.3.2 might be
of independent interest). In §3.4 we introduce the different p-adic L-functions that
appear in our picture, including an analogue of the Hida—Schmidt p-adic L-function
deduced from the work of Eischen et. al. on p-adic L-functions for unitary groups,
and prove the aforementioned analogue of Dasgupta’s factorization. Finally, in §3.5
we give the construction of our Euler system by suitably modifying the diagonal cycle
Euler system classes constructed in our previous work [ACR21], and in §3.6 and §3.7

we apply this to deduce the arithmetic applications highlighted in the Introduction.
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3.2 (salois representations and Selmer groups

In this section we introduce our Galois representations of interest and the Selmer

groups associated with them that we shall be studying.

3.2.1 Galois representations

Let g = > 7 an(9)q" € Si(Ny, x4) be an ordinary newform of weight [ > 2, level N,
and nebentypus x,. Let p > 2 be a prime and let £/ = Ly be a finite extension of Q,
with ring of integers O arising as the completion of the Hecke field L of g at a prime
B of L above p. By work of Eichler-Shimura and Deligne, there is a two-dimensional

representation

unramified outside pN, and characterized by the property

trace py(Fry) = a,4(9)
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for all primes ¢ { pNy, where Fr, denotes an arithmetic Frobenius element at g. Let
Y1(Ny) be the open modular curve over Q parameterizing pairs (A, P) consisting of
an elliptic curve A and a point P € A of order NV,. Let .Z]_, is the sheaf introduced
in [BSV22, §2.3]. As in [ACR21], we shall work with the geometric realization of V

arising as the maximal quotient of
H(élt(Yi(Ng)@a %—2(1)) ®Zp E

on which the dual Hecke operators T, and (d)" act as multiplication by a,(g) and x,(d)
for all primes ¢ { N, and all d € (Z/N,Z)*. We also let T, C V, be the O-lattice

defined by the natural image of
Hélt(Yl(Ng)@a Z-5(1)) ®z, O

under the quotient map Hg, (Y1(Ny)g, L—2(1)) ®z, E — Vj.

Throughout the following, we shall assume that g is not of CM-type.

3.2.2 The adjoint representation

Let K be an imaginary quadratic field of discriminant —Dg < 0. Let ¢ be a Hecke
character of K of infinity type (1 — k,0) for some even integer & > 2 and central
character equal to £, the quadratic character attached to K/Q (thus the associated
theta series 6, has trivial nebentypus). We assume that ¢ has conductor ¢ C O

prime to p and, upon enlarging O if necessary, that its p-adic avatar ¢y takes values

in O.

Definition 3.2.1. Let V be the E-valued G g-representation given by
V= ad(Vy) (051)(1 = k/2),
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where ad”(V,) C Endg(V,) denotes the adjoint representation on the trace-zero en-

domorphisms of V.
Let g* = g® Xg_l be the twist of g by the inverse of its nebentypus. We shall study
the arithmetic of V' by exploiting the decomposition
V;fug) =V, @V ()1 =) =V eV, (3.2)

where ¢ = (k+ 2l —2)/2 and V' = E(@bq}l)(l —k/2).

3.2.3 Selmer groups

From now on, we assume that p is a prime of good ordinary reduction for g such that
(p) = pp splits in K, (3.3)

with p the prime of K above p determined by our fixed embedding ¢, : Q— @p.
By p-ordinarity, the Galois representation Vj is equipped with a Gg,-stable filtra-
tion

0—V, —V,—V, —0

with V;]i one-dimensional and the Gg,-action on V= given by the unramified character
sending an arithmetic Frobenius Fr, to «,, the p-adic unit root of z* — a,(g)z +
Xg(p)P' ™. Of course, twisting these by x,' we obtain Vr = V= @ x; .

Let F'/K be any finite extension and, for v | p any prime of F' above p, define

(VF @ Ve + Va0 V(W) (1 —c) ifv]p,
,%'?al(‘ﬁﬁ(g)) = ’ ’ (3.4)

VF @ Vit (') (1 = ¢) if v | p,
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and

V{; if v | p
g ad(g) ’

{0y ifvlp,
and, for ? € {bal,unb}, put F(V) = Z (V.5 )NV and F(V') = F (V) NV
Fix ¥ any finite set of places of K containing oo and the primes dividing p/N,N,.
With a slight abuse of notation, for any finite extension of F'/K we also denote by X
the set of places of F' lying over the places in X, and denote by Gy, the Galois group of
the maximal extension of F' unramified outside Y. Further, for any non-archimedean

field F),, we write F" for the maximal unramified extension of F,.

Definition 3.2.2. Let F'//K be a finite extension, and for M € {V;fi(g),‘/, V’} and
? € {bal,unb} define the Selmer group Sel,(F, M) by

HY( F M
SGI?(F, M) = ker (HI(GF,E, —_— H v H Hl Fnr )

vEX, vipoo

where

H?1<FU7M) = im<H1(Fvayg(M)) — H1<FU7M))'

We call Selpa(F, M) (resp. Seluyn(F, M)) the balanced (resp. wunbalanced) Selmer

group.

Remark 3.2.3. Let f = 0, be the weight k eigenform associated with ¢, and denote by
Viggr = Vi@V, @ V(1 — ¢) the Kummer self-dual twist of the Galois representation
attached to (f,g,¢"*). Since V; = Ind% ¢, one can easily check that the isomorphism

given by Shapiro’s lemma
HY(Q, Vygg) = H' (K, V)

identifies the Selmer groups Selya(Q, Vygg+) and Self(Q, Vy4q+) considered in [ACR21,
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Def. 7.5] with the above Sely. (K, V;fl(g)) and Selyu, (K, V;ﬁ(g)), respectively.

Put T;ﬂ(g) =T, Q@ Ty (@b(gl)(l — ¢). Then the decomposition (3.2) induces a de-
composition

T;fi(g) ~TaT,

where T" and T" are lattices in V and V', respectively. We also set

Ajd(g) - v;fi(g) /T;g( A=Vv/T, A =V')T.

g)’

Then, for ? € {bal,unb} and M € {T;fi(g),T, T’,Ag’d(g),A,A’}, we define the local
conditions Hj (F,, M) from the local conditions above by propagation, and use them
to define the Selmer groups Sel, (K, M) using the same recipe as in Definition 3.2.2.

Finally, for My € {T}}, ., T,T'} and M, € {A}, , A, A'}, we put
Sely (Koo, M) = lim Sely (K, My),  Selo(Kao, Ma) := lim Sely (K, Mo),

where the limits are with respect to corestriction and restriction, respectively.
To help orient the reader, we note the following simple relation between the dif-

ferent Selmer groups introduced above.

Proposition 3.2.4. The decomposition V:ﬁ(g) =V @& V' induces isomorphisms

Selya (Ko, T

nd(g)) = Selpal (Koo, T) @ Sel(Ko, T7),

Y
Selunb(Kooa Tad(g

1) 2 Selun (Koo, T) @ Sel(Koo, T7),

where Sel(K o, T") is the Bloch-Kato Selmer group for T".

Proof. 1t suffices to show that for any finite extension F'/K we have

Selpat (F, V') = Selyy (F, V') 2 Sel(F, V'),
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where Sel(F, V") is the Bloch-Kato Selmer group of V' = E(%}l), which is given by

Sel(F, V') = ker(Hl(GEg, = [[E F. V)= [ #'@E"V )
v|p vEX, vip
(see [AHO6, §1.1] or [Arn07, §1.2]). For Sely(F,V’) this is clear from (3.5); for
Selpal (F, V') it follows by noting that the subspace ﬂfal(Vaﬁ(g)) C V:ﬁ(g) in (3.4)

contains V' for v | p and intersects trivially with it for v | p. O

3.3 Construction of the bottom class

In this section, we recall the construction of a A-adic cohomology class associated
with the triple product of three modular forms as explained in [BSV22]. We follow
the exposition in [op. c¢it.] with slight modifications and specializing the discussion to
the case of interest in this paper. At the end of this section we analyze the behaviour
of this cohomology class depending on the sign of one of the modular forms.

This section is independent of the rest of the paper, and the reader solely interested
in the results stated in the Introduction can proceed to Section 3.4.

Let f and g be newforms of weight k£ = r; +2 and [ = 3+ 2, level Ny and IV, and
character x5 = 1 and x4, respectively. We assume that p { 2NN, and that both f
and ¢ are ordinary at p. We denote by h = ¢* the newform obtained by conjugating
the Fourier coefficients of g. Let L be a finite extension of Q containing the Fourier
coefficients of f and g and let &/ = Ly be its completion at a prime 3 above p, with
ring of integers O. Define N = lem(Ny, Ny).

Consider the Iwasawa algebra A = Z,[1 + pZ,]. There exist finite flat A-modules
A¢ and Ag and primitive Hida families f € A¢[¢] and g € Ag[g] passing through
the ordinary p-stabilizations f, and g, of f and g, respectively. Let h = g* be the
Hida family g ® Xg_l, which passes through the ordinary p-stabilization g of ¢g*. Our

conventions for Hida families are those described in [ACR21, §5.1].
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Let j1,—1 denote the group of roots of unity in Z) and consider the decomposition
L) = pp 1 X (14+pZy). Let w : Z3 — p,1 C Z, be the map defined by projection onto
the first factor, according to the previous decomposition. Also, for an element » € Z,
we denote by (z) its projection onto the second factor (alternatively, (z) = z/w(z)).

Let Cont(Z,, A) be the A-module of continuous functions on Z, with values in A.
To make notation less cumbersome, we denote by [z] the group-like element [(z)] in
A. For each integer 4, let x; : Z¥ — A* be the character defined by z — w'(2)[2].
We also define the sets T = Z; X Z,, and T = pZ, x Z,. Then, we can define the

A-modules

Ai={f:T—=A|f(1,2) € Cont(Z,, A) and f(a-t) = ri(a)- f(t) foralla € Z}, t €T},
Al ={f:T = A| f(pz,1) € Cont(Z,,A) and f(a-t) = ki(a) - f(t) for all a € ZY, v € T'},

Di = HomconmA(Ai, A), D; = Homconm[\(A;, A)
We define in addition characters K%, £y, ky., £* : Z; — ARARA by

K}(Z) _ wr2—r1/2(2)[z]—1/2 ® [2]1/2 ® [2]1/2
Ky(2) = wﬁ/2(z)[z]1/2 ® [z]—m 2 [2]1/2
HZ(Z) _ w”/2(z)[z]1/2 Q [2]1/2 ® [Z]_1/2

K (2) = W )R] @ [ @ [

We denote by k* the character of the Galois group Gg defined by K* = K™ 0 €¢yc, and
similarly for the other characters introduced above.
Let Y = Yi(V,p) denote the same modular curve as in [BSV22, §8.1] and let

' =T1(N,p) be the corresponding modular group. The function

Det : T'x T xT — AQA®A,
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defined as in [loc. cit.], yields an element in the group
Hgt(y7 A;l ® 'A‘f2 ® A’W(_’i*))'

Here A, and .A,, denote the étale sheaves associated with A’ and A,,, respectively,
as explained in [BSV22, §4.2]. Then, with essentially the same notations as in [op. cit.,

§8.1], we define the class

1
D — ——Sgn © (€ord @ Cord @ €ord) © (wp ®1®1)oKoHSod,(Det)

ap(f)

inside the group
1 1 ord & 1 ord & 1 ord *
H (Q, HY (T, D, )" ®H (T, D,,)""®H (T',D,,)" (2 - K ))

For a Z,-algebra A, let L,,(A) be defined as in [op. cit., p. 17]. We will sometimes
denote L,,(Z,) simply by L,,. Let n}/Q : X — Af denote the map z — w™/?(z)[z]"/?2
and let K,}/Q = /4,}/2 0 €cye. According to [op. cit., eq. (90)], the A-module H*(T', D, )™
specializes to H'(T', L,,)°"? at weight [ = ry + 2. Therefore, the class k(") yields a

class
k(2 c H! (Q, HI(F7D;.1)Ord ® H1<F, LT2>ord Q Hl(F, er)ord(2 —ry — FL}/2>).

We define Hecke operators 77, [d]’y acting on group cohomology as in [ACR21,
§5.3]. Let V¢(N) be the maximal quotient of H'(I', D, )"4(1) ®a Af on which the
Hecke operators T, for primes ¢ { N act as multiplication by a,(f) and the dia-
mond operators [d|y act as multiplication by x(d) (actually, the character x is
trivial in our case). We define T,(N) and T,«(N) in a similar way as quotients of

HY(T, L,,(0))°r4(1). Also, let V¢ be the maximal quotient of H*(I'y(Ny, p), ;. )™(1)®4
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A¢ on which the Hecke operators T, act as multiplication by a,(f) and the diamond
operators [d]y act as multiplication by xr(d) and define T, and T+ in a similar way
as quotients of H'(I'y(Ny,p), L,,(0))4(1).

To shorten notation, we define

V(£,9.9) = Ve ® T, @ Tye(—1 — 15 — 6}),
V£, 9,6")(N) =Ve(N)QTy(N) @ Ty« (N)(—=1 —rg — n}/Q),
V(t, 9.9 =V; @ T, @ T,i(—1 — 12 — &),

V(£,9,97);(N) = Ve (N) @ T, (N) @ TE(N) (~1 — 3 — 6).
We also introduce

M(f,g,9%)f = Ve @T,f QT (=2 — 2ry) @A (k™) [1/p],

M(f.g.9%);(N) = Ve (N)QT, (N)ST,L(N)(=2 — 2r2)@A (k™ )[1/p),

where k : Gg — A* is defined by k(o) = W22 (eeye(0)) [eeye ()]

The class ) yields a class
k®(f,9,9%) € H" (Q,V(f,9,9)(N)).

This is the class defined in [BSV22, eq. 155] specialized to weight [ in the second and
third factors. It follows from [op. cit., Cor. 8.2] that the restriction at p of this class

belongs to the group

Hll)al (QP7V<f7 9, g*)<N)) :

Let S{4(N,w™) denote the space of Hida families of tame level N, character w™
and with coefficients in Ag. We denote by S§*4(N, w™)[f] the subspace of S (N, w™)

on which the Hecke operators U, and T} for £ 4 N act with the same eigenvalues as
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on f. Let S;(I'1(N,p), x4)[ga) denote the space of modular forms of weight [, level
I'; (N, p) and nebentypus x, which are eigenforms for the Hecke operators U, and 7}
for 4 N with the same eigenvalues as g,. We similarly define S;(I'1(N,p), x;')[g5].
Then, a choice of level-N test vectors f , g and h for f , go and g, respectively, is a

choice of elements
fe SN, wE], g€ SuTiN.p),xg)lgal, k€ SuTi(N,p),x, )9z,

each of which can be written, in terms of their ¢-expansions, as

fg)= > rh-f(g),

0<d|N/N;
d@ =Y i gald",
0<d|N/N,
hg)= > rh-gi(q"),
0<d|N/Ng

with 7“2 € Ar and rg,rg € O. Let
T SN W) — SN, W)

denote the map defined by

Olg)— Y. rh-®(gh).

0<d|N/N;

Similarly, we define

w; : Sl(Fl(Ng,p),Xg) — SZ<F1(N7P)7X9)7

w}; : Sl(Fl(Ng,p),Xgl) — Sl(rl(N7p>7X;1)
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Therefore, we can write f = wi(f), § = @;(ga) and h = @} (ga)- At the same time,

for each d | N/Ny, the map vy : Y1(N,p) — Y1(Ny, p), corresponding to multiplication
by d on the complex upper half-plane under the standard complex uniformizations,

yields a pushforward map
Vgx Hl(rl(N7p)7 ID;~1) — H1<F1(Nf7p)7 D1Iq>

which induces a map

Vdx - Vf(N) — V5.

Let @y, = > ocan IN; rgvd*. Let 7z and ne denote the differentials attached to f and

f, respectively, in [BSV22, eq. (122)]. Then,
(o) = (g, (@), me) for all @ € Vi (V).
Similarly, we can define maps
Do, @ - H(T1(N, p), Ly) — HY(T(Ng, p), Lr,),
which induce maps
Wyt Ty(N) — Ty, wy, 1 Ty (N) — Ty

Let wy, wy,, wy, and wy: denote the differentials attached to g, ga, h and g, respec-

tively, in [BSV22, eq. (30)]. Then,

(r,wy) = (wye(x),wy,) forall ze T;“(N),

(z,wj) = (@g(),wg) for all z € T,L(N)
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For a choice of level-N test vectors f = @i(f), § = @}(9a), h = @} (g5), we have
a map

Sog(f‘7§7ﬁ> : Hlial (Qp?v(fvgag*)uv)) — Af[l/p]

obtained from the map defined in [BSV22, Prop. 7.3] by specializing to weight [
the second and third variables. It follows from [op. cit., Thm. A] that the image of
res, (k) (f, g, h)) under the map above is an element gp(f', g, 7L) € A¢[1/p] such that,

for all &' > 2[ satisfying ¥’ = k (mod 2(p — 1)),

(£, 65 x h)np

a%(f,g, E)(k/) - <f‘w f‘w>
k's 'k’ / Np

Let ngﬁ be the map defined in [BSV22, Prop. 7.1] specialized to weight [ in the

second and third variables. Then, we obtain a map

(Legi (=) mpgeor) + H' (Qp, M (£, 9,97) ¢ (N)) — As@A[L/p].
The map Log(f, §, h) is obtained by composing the natural projection

Hyoy (Qp, V(£,9,9") (V) — H' (Q), V(£,9,97) (V)

with a suitable specialization of the map above.

Now, from the previous discussion, we have that

<ZF§7L(_)7 NpwWgwy,) = <ngag2((wf,* @ Wy« & w;“*)(—)), MEWga Wz )

where the map ngagz is defined in a way analogous to the way in which the map Zgg,;
is defined in [BSV22, Prop. 7.1]. Therefore, as before, the composition of the natural
projection

Hyo (@, V(£,9,97)) — H' (Q), V(£,9.9%)5)
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with a suitable specialization of the map
(Ltgags (=) Mwgowgs) + H' (Qp, M(£,9, %)) — As@A[1/p]
yields a map

QUg(f7 ga;g;) : H’éal (QP?V(fﬂgag*)) — Af[l/p]

Moreover, for any choice of test vectors f, g, h as above, we have

L0g(f, 9o 97) (res, (g, @ wy. @ @3, ) (5P (£, 9,97)))) = L (£, 5, h).

It follows from [Hsi21, §3.5-6] and [op. cit., Thm. 7.1] that there exist level-N test
vectors f ., h for which, under some technical assumptions, we have a precise formula
for the specializations of ,fp(v, g, ;L) at even weights k' > 2[. We fix such test vectors.
Then, we define

K’(3) = (wf,* ® w§7* ® wﬁ,*)/{@)
in the group
Hl (Qa Hl (Fl(Nfa p)a Dil)ord®H1 (F1<Ngvp)7 er)ord®Hl(Fl (Ngvp)a Lm)ord(2_r2_’§}/2))
and let

KO(E,g,9") € HY(Q, Ve(—k}*)@ ad(T}))

be the class obtained from x® by projection to the isotypic quotients for f, g and g*.
Then

L0g(f, ga, 92 (res, (kP (£, 9, 97))) = L (£, 3, h).

Observe that the map wy, : H'(I'1(Ny, p), Ly, (0))™* — H(T'1(Ny, p), Ly, (0))d

defined in [BSV22, §4.1.2] descends to a map wy, : T, — Tg+. Taking the Galois
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action into account, this is actually a map T, — T (x,). Similarly, we have a map
wy, Ty — Tg(xgl). (We are denoting all these maps in the same way in the hope
that this will not cause any confusion.)

Let s : Ty, ® Ty« — Ty- ® Ty be the map which interchanges the two factors. Then,
the composition 5 = (—N,)~"2 s o (wy,, wy,) defines an endomorphism of ad(7y) =

T, ® Ty«(—1 —1r3). This endomorphism is in fact an involution.

Lemma 3.3.1. Consider the direct sum decomposition ad(T,) = ad’(T,) ® 1. Then:
1. ad’(T,) is the 1-eigenspace for 3;
2. 1 is the —1-eigenspace for s.

Proof. As in [BSV22, p. 19], there is a bilinear form L,,(O) ® L,,(O) — O & det™ ™.

Via cup-product and the isomorphism HZ (T';1(N,,p), O) ~ O(1), we obtain a pairing

par

Hl (Fl(Ngap>’ Lr2<0))ord X Hl (Fl(Ng’p)7 Lm(o))ord — O(r2 + 1)7

par par
where H,,. stands for parabolic cohomology as defined in [GS93, p. 427]. Since

cup-product is anti-commutative in degree 1, the pairing above satisfies (a, f) =
(=1)=*YB, ) for any a, B in H],.(T'1(Ny,p), Ly, (O))°"9. On the other hand, the oper-
ator wy, acting on H}, (T (N, p), Ly, (0)) satisfies w}, = (=N,)"™ and (wy,a, wy, ) =

par

N;*(a, B) for any elements o, € H},.(T'1(Nyg,p), Lr,(O))°"". Therefore we have

1
Ng?

<a7ngﬁ> = <nga7w]2Vgﬁ> = (_1>r2 <ngOé7ﬁ> = —<5,ngCK>.

In particular, we deduce that (o, wy,a) = 0.

We can realize T, (resp. Tj+) as the maximal quotient of H!, (I'1(N,,p), L,,(0))°

par

on which the Hecke operators T act as multiplication by a,(g) (resp. a4(g*)) and

/

the diamond operators [d]}y act as multiplication by x,(d) (resp. x4(d)~"). Thus we
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obtain a commutative diagram

H) (Fl(Ngap)7LT2(O))Ord x H] (Fl(Ng7p)7Lr2(O>)ord B O<702 + 1)

par par

T, x T, » O(ry +1).
Therefore, for any elements «, 3 € T,, we have (o, wy,) = —(8, wn,a). The lemma
follows easily from this. O]

We will assume in the remaining of this section that N, | N¢, so that N = Ny.
Under this assumption, our test vectors are f = f, §(q) = 77 (ga) and h = w3(g?),
up to multiplication by some constants in Frac Ay which do not affect the discussion
that follows.

Let sy, denote the operator which acts on the group
Hl (Q7 Hl (Fv D;q)ord@Hl (Fl(N97p)7 L'I‘2>Ord®H1(F1(N97 p)? LTQ)Ord(2 — T2 — '{’}/2))

by interchanging the second and third factors and define 5y, = (=N,) "sy, o (1 ®

wy, ® Wy, ).

Proposition 3.3.2. The class ®(f, g, g*) satisfies
Sn, (KD (£,9,97)) = =IN] VP (wy @ 1@ D)rP(E, g, g%).
In particular, when we consider the direct sum decomposition
HY(Q,Vi(—k})@ad(T)) = H(Q, Vi(—k}*)&ad(T,)) & H'(Q, Ve(—r}?)),

the class k®(f, g, g*) lies in the summand

1. HYQ,Ve(—k;*)®ad"(T})), if (f) =
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2. H\(Q Vi(=ry?)), if e(f) = 1.

Proof. We have the following commutative diagram

HY(Y, AL © A, © A, (—r7)) —2 HL(Y? AL KA, BA,(—r") ©Z,(2))

le l('UJN:'UJN:wN)

HY(Y, AL @ Ay, @ A, (—K7) =2 HL(Y, AL KA, KA, (—K) @ Z,(2)),

where wy stands here for the operator defined in [BSV22, §2.3.1] and (wy, wy, wy)
is defined in a similar way for the cohomology of Y3. It follows from the definition of
Det that wy(Det) = Det. Since wywy = [p|ywnw, and sgno ([plyvwny @y Quwy) =

[Py (Wn ® Wy @ wx) 0 Sggn, it follows that

(wy @ wy @ wy )& = kg, (N)([ply ® 1 © 1.
Since (w3 ® 1 ® 1) acts as multiplication by [-N]® 1 ® 1, we deduce that

(1®wy @ wy)s" = &5(N)([plywy © 1 @ 1)
and therefore that

N72(1@wy ® wy)k® = &7 2(N)([plywny © 1@ 1),
Let sy denote the operator which acts on the group
H1 (Q, H\(T, rD;ql)ord®H1(F7 L., &HY(T, L,,)* (2 — 1y — n}/Q))
by interchanging the second and third factors. Then, we have that
syo(l®@wy @wy) =(1Rwy @wy) o sy,
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and, taking into account the definition of Det and the fact that the Kiinneth isomor-

phism
Hgt(Yév A;j D A’r2 X Afz) = Hét(y@’ Ai"l) ® Hélt(Y@a A’rz) ® Hélt(Y@? A’fz)

is given by cup-product, which is anti-commutative in degree 1 (c¢f. the proof of [LZ19,
Prop. 4.1.2]), we deduce that sy (k) = (—1)"/2+72+152) | Define 5y = (—N)"2sy 0

(1 ® wy ® wy). Then, we have that
5w (@) = (=) PN (plvey © 1@ 158,
Since (1 @ Ty, ® ma.) 0 5y = 3, 0 (1 @ T1, ® may), it follows that
Sn, (K) = =[N]7V2([plywy @ 1@ 1)x®
and therefore that
Sn, (KD (£,9,97)) = =IN] VP (wy @ 1@ DP(E, g, g%).

Finally, it follows from [How07, Prop. 2.3.6] that —[N]~'/2wy acts on V¢ as mul-
tiplication by &(f), so the last part of the proposition follows from the previous

lemma. O

Remark 3.3.3. From the definition of the map

209(f7 gomg;) : H&al (vaV(fvgvg*)) — Af[l/p]a

one can see that it factors through the cohomology of V(f, g, ¢*) ¢, and therefore that
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it factors through
H (@, V(F,9,9%) — H'(Qy, Ve(—r)/*) @ ad(T})) — H' (Qy, V(£,9,97)y)-

Therefore, without the need to appeal to the reciprocity law, it follows from Propo-

sition 3.3.2 that when ¢(f) = —1 we have

Log(f, ga, 92) (k) = 0.

Of course, this can also be seen from the reciprocity law: Since e(f) = —1 forces
the vanishing of L(fy,k'/2) for all ¥ = k (mod 2(p — 1)), and this is a factor of
L(fy ®g®g*, ), it follows form the interpolation formula that .,%(f' .3, B) is identically

Zero.

Remark 3.3.4. As noted above, the discussion in this section is unnecessary for the
applications that we will discuss. Indeed, as observed in the previous remark, the
reciprocity law factors through H'! (@p,Vf<_F;/}-/ @ ad’(T,)). Therefore, the non-
vanishing of the triple product p-adic L-function at some point (necessarily when
e(f) = +1) implies that the image of x® in this group is nontrivial, which is what
we will actually need. However, it is interesting that we can already see from the

geometric construction that the class lies where it is expected.

Remark 3.3.5. Let us discuss the sign in a little bit more detail. In order to construct
the p-adic L-function attached to (f, g, ¢*), it is required in [Hsi21] that the local signs
at finite primes of the arithmetic specializations of the representation V(f, g, g*) =
VeVg®@Vg (=1 — k*) are all equal to 1. In particular, in our case, this imposes the
condition that e,(fi) = e,(fr ® ad’(g)) for all £ | N and for all & = k (mod 2(p —
1)). The corresponding signs at infinity can be computed from the Hodge types
{(p,q), (¢,p)} as in [Del79, §5.3]. For the representation V¢, ® ad’(V},), the Hodge

types are as follows:
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@) (K /241—2,—K/2—1+1), (=K /2 -1+ 1,K/2+1—2)};
(ii) {(K'/2—=1,—K/)2+1—-1),(=K/2+1—-1,K/2-1)}.
After that, and following the results of [loc. cit.], we get that the sign e (f ® ad’(g))
is (—1)F/2if i > 20 and (—1)'*¥/2 if k' < 2I. The sign of e, (f},), however, is always
equal to (—1)¥/2. Therefore, in the balanced region (i.e. for k' < 2I), the motives
attached to i and fy ®@ad®(g) have opposite global signs. Since it is in this region that

the corresponding specializations of the class x®) (f,g,9") belong to the Bloch-Kato

Selmer group, we expect the behaviour that was shown in Proposition 3.3.2.

3.4 The p-adic L-function

In this section, we keep the assumption that (p) = pp splits in K. In addition, from

now on, for simplicity we assume that p 1 hy, where hy is the class number of K.
Let g € Si(Ny, x4) be an ordinary newform not of CM-type. Let ¢ be an ideal of

O coprime to p, and fix a Hecke character vy of infinity type (—1,0) and conductor

cp® with e € {0,1}. We assume that the central character e, of ¢y is of the form
£y = exw'" for some even integer 4, (HO)

where w is the Teichmuller character.

3.4.1 Lifting of automorphic representations

Let m be the cuspidal automorphic representation of GLy(Ag) attached to g. The
central character of 7 is the adelic character w, defined by the condition that for any

prime ¢ t N, and any uniformizer w, we have w, ,(w,) = x,(¢). Since p 1 N,, the local
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component 7, is a spherical representation, and it follows from [Bum97, Thm. 4.6.4]
and its proof that 7, is isomorphic to the principal series 7(x, x'w,), where x is the
unramified character of QX defined by x(p) = oy, (g)p" /2.

Since we are assuming that ¢ is not of CM-type, and in particular it does not have
CM by K, it follows from [GJ78, Prop. 2.3.3] that m admits, adopting the terminology
of [op. cit.], a base change lifting to a cuspidal automorphic representation 7x of
GL2(Ak). We fix such a lifting. Observe that if p, p are the places of K above p, then
Tiyp = Tij 2 Tp.

From the assumption that g is not of CM-type we deduce that there is no non-
trivial character n of K*\Aj such that mx ~ mx ® 1. Indeed, the existence of such
a character would imply that there exists a quadratic extension L of K such that,
for all prime /¢, the restriction to Gk of the f-adic Galois representation attached
to g is induced from a character of G, which is not possible by [Rib85, Thm. 2.1].
Now, it follows from [GJ78, Thm. 9.3] that mx admits an adjoint lifting to a cuspidal

automorphic representation I, 40,y of GL3(Ag). Fix such a lifting and define
I := Tagoq) @ Yol - |2

Observe that IT, ~ IIy ~ m(x%w,}, 1, X 2wy,) @ o - [/? and it follows from the
definition of x that x*w,} # |- [*"/? and therefore that m(x’w,}, 1,x w,,) =

Ind§" (x?w; 1, 1, X %wy,), where B denotes the Borel subgroup of GL3(Q,).

3.4.2 Descent to unitary groups

Let U(2,1) be the quasi-split unitary group corresponding to the quadratic extension
K/Q. Let ® € GL3(K) be the matrix whose entries are ®;; = (—1)""'8;4_;. Then
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we can describe U(2,1) by specifying its functor of points:

U(2,1)(R) = {g € GL3(R®q K) : g5 =P}

for any Q-algebra R.

Let U(3) be the definite unitary group whose functor of points is given by

UB)R)={9eGLs(ReogK) : g'g=1}.

Given a representation p of GL3(Ak), let p be the representation defined on the
same space by p(z) = p(z~!). Then, the representation IT defined above satisfies
II ~ II, and so it follows from [Rog90, Thm. 13.3.3] that there exists a cuspidal
automorphic representation o’ of U(2,1)(Ag) whose base change to K is isomorphic
to II. Fix such a representation o’. Observe that o/, ~ m(x?w, ™, 1, x 2w,) ® ] - [/
under the identification U(2,1)(Q,) = GL3(Q,). Also, from [op. cit., Prop. 13.2.2],
the local representation o is square-integrable, so, applying [op. cit., Prop. 14.6.2],

we can transfer ¢’ to a representation o of U(3). The local components of ¢ at finite

primes agree with those of ¢, so in particular we have that o, ~ o,

Remark 3.4.1. Let GU(3) be the definite unitary similitude group whose functor of

points is given by

GU(3)(R) = {9 € GL3s(R®¢ K) : ¢'g=v(g)I5 for some v(g) € R*}.

As explained in [BR93, §1.8], one can extend o to an irreducible automorphic rep-
resentation of GU(3) by choosing an extension of the central character of o to the

center of GU(3).
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3.4.3 p-adic L-functions for unitary groups

A construction of p-adic L-functions for unitary groups is given in [EW16], and, in
great generality in [EHLS20]. Here we deduce from these works the existence of
an anticyclotomic p-adic L-function for the conjugate self-dual representation V' in
§3.2.2.

Let O be the ring of integers of a finite extension of @@, containing the values of
g, and write

AaC — O [[F&C]]

for the anticyclotomic Iwasawa algebra, where I'*° is the Galois group of the anticy-
clotomic Z,-extension of K.

We will need to consider the following CM periods, as they are introduced in

[BDP12):
e (), € C* is the complex period attached to K defined in [op. cit., eq. (2-15)];
e ), € C) is the p-adic period attached to K defined in [op. cit., eq. (2-17)].

Theorem 3.4.2. There exists an element

L,(ad’(gx) ® 1) € Frac A™

such that for all characters & of I'* crystalline at both p and p and corresponding to

a Hecke character of infinity type (—n,n) withn =11 /2 (mod p—1) andn >1—1,

we have

Q. 6t
Lad () = (=) m Dl 100 (0), L () 056, 0),
where:

145



e I'(n,)=n+1-1!nl-(n—-1+1),

o (ad0< ) wog) < ag(lffo/g:;_”)(m) . (1 . (¢0§wp‘")(l’)> . (1 o Bg(woij;n)(p)).

Proof. Let o be the irreducible automorphic representation of U(3) introduced in the
previous subsection. Let X be the set of places of Q consisting of p, infinity, the primes
dividing Dg, and the primes at which ¢ ramifies. On account of Remark 3.4.1, the
main result of [EW16] yields an element .£,* € A*[1/p] such that, for all £ as in the

statement, satisfies

220 (F2) 8060 .6 wn0),
where & is the contragredient of o, and &£,(¢) and £, (&) are certain modified Euler
factors at p and oo, respectively. Since ¥ contains p, infinity, and all the ramified

primes, we have that
L¥(5,6 '™, 0) = L¥(ad’(gx) @ ¥y ¢ 1w™, 0).

Since we are assuming that p splits in K, the form of the modified Euler factor
at p can be extracted from [EHLS20, eq. (86)]. Up to a nonzero rational factor

independent of &, it is given by

Ep(ad’(9), Yof)?
Ly(ad’(gr) ® ¥y te1wm, 0)

Ep(8) =

The form of the modified Euler factor at infinity can be extracted from [EL20,
eq. (2.3.1)]. This formula, with a =3, b =0, 7 = ({,0,—1), r =2n+ 2 and s = 0,

yields, up to a nonzero rational factor independent of &,

Exo(&) = (2mi) "2 . T(n, ).

146



Finally, the Euler factors at primes ¢ € ¥\ {p, 00} can be p-adically interpolated
by certain elements P, € A*¢, and, multiplying by their inverses, we obtain the p-adic

L-function in the statement. O

3.4.4 CM Hida family

Let 'k be the Galois group of the Zg—extension K. /K and put
Iy = Gal(Kp~ /K) ~ Z,,

where K, is the maximal subfield of K., unramified outside of p, so that Ky is
the Z,-extension of K inside the ray class field K (p>). Since we are assuming that
p 1 hk, viewing 1 + pZ, as a subgroup of O , the restriction of the (geometrically
normalized) Artin map to K, induces an isomorphism art, : 1+ pZ, ~ I',. Let
7% € I'y be the topological generator corresponding to 1 + p under this isomorphism

and, for the variable S, let Wg : I'y — Z,[S]* be the character given by
V(o) = (14 5)",

where [(0) € Z,, is defined by 0|k, = fy,lj(a). Consider the formal g-expansion

0.5(9)(@) = Y to(0a) V5 (00)g™® € O[ST[dl, (3.6)

(a,pe)=1

where 0, € Gal(K (cp™)/K) is the Artin symbol of a. Then, for every k > 2, the

specialization of 8y, at S = (1 +p)*~? — 1 is given by the theta series

Z Yo(a) N 2(a)gN@ € S(DrN(e)p, w? ™),

(a,pc)=
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where A is the unique (since p 1 hg) Hecke character of infinity type (—1,0) and
conductor p whose p-adic avatar factors through I'y. In particular, f; is the ordinary

p-stabilization of 6y,.

Remark 3.4.3. If ¢ is a Hecke character of infinity type (1 — k,0) as in §3.2.2, then
o = WA27F is a Hecke character as above (in particular, satisfying (HO) with e.g.
r1 = k—2), and so the resulting f}; recovers the p-stabilization of . From now on we
shall always assume that v and 1, are related in this manner, and refer to f = 6,

as the CM Hida family attached to ¥ (or ).

3.4.5 A factorization formula

In this section we prove a factorization formula relating the p-adic L-function attached
to V in Theorem 3.4.2 to anticyclotomic p-adic L-functions attached to the other two
representations in the decomposition (3.2).

Put N = lem(Ny, Ny), where Ny, := DgN(c). In addition to the previous hy-

potheses, from now on we shall also assume that:
(a) £0(Vygg+) = +1 for all primes ¢ | N,
(b) ged(Ng, Ny) is squarefree.

With notations as in Remark 3.2.3, here e/,(Vygy+) denotes the epsilon-factor of the
Weil-Deligne representation attached to the restriction of Vi, to Go,.

Note that it follows from (HO) that the Galois representation of the Hida family
f = 0,, attached to ¢ is residually irreducible and p-distinguished (see also [LLZ15,
Rem. 5.1.3]). For the following result, we adopt the definition of congruence ideal in

[Hsi21, §3.3].

Theorem 3.4.4. Under the above hypotheses, there exists an element

Zy(ad(gk) ® o) € Frac A™
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such that for all characters & of I'* crystalline at both p and p and corresponding to
a Hecke character of infinity type (—n,n) withn =r1/2 (mod p— 1) andn >1—1,

we have

Ep(ad(g), 1hof)? H L(ad(gx) @ 1y "¢ 'w™, 0)

Zy(ad(gx) ®10)(€)* =T(n,1,1)- 50(%§ 51 (tho€)? (27 )2 +2 . <€¢o§n»9wofn>

ON

where:

o T(n,0,)=(n+1—1)- ()2 (n—1+1),

—n w—"n 2 w™ "
° 5p(ad(g),@/)0§) _ (1 _ ch-("polgl:p )(P)) . (1 _ (71’05 - )(P)) . (1 _ 59(¢0§gp )(P))}
_ (1 _ (Wogw )0 _ (do&w™™)(p)
* &otd) = (1 (Wo&w™)(p) ) &1(Wos) = (1 p(dfoéw*")(ﬁ))’
e 7, is an explicit nonzero rational number independent of n,

® Oye, is the theta series of weight 2n + 2 attached to o€, = ow™™| - | ™.

Moreover, if H is any generator of the congruence ideal of 0,,, then H - Z,(ad(gx) ®
o) belongs to A*.

Proof. This is essentially a reformulation of [Hsi21, Thm. A] specialized to our setting.
Let f = 6,, be the Hida family attached to the Hecke character vy as in (3.6), with
associated big Galois representation Vg, and denote by V(f, g, g*) the Kummer self-
dual twist of the triple tensor product Vf®ng ®o T, introduced in [ACR21, §7.1]

and recalled in §3.3 above). Since V¢ >~ In 0 ¥Ys), we immediately ind that
d lled in §3.3 ab Si A\ Id%zﬁol\lf i diately find th
V(E,g.97) = ad(T,) @ Ind (1 "W P0G ™77),

where for a character x of G we denote by x” the composition of x with the action
of the non-trivial automorphism 7 of K/Q, and put x'=™ := x(x") .
By [Hsi21, Thm. A], attached to (f,g,¢*) (and a specific choice of level-\V test

vectors for this triple), there is an “unbalanced” triple product p-adic L-function
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Z,(£f,9,9%) € Frac O[I',] interpolating, for all &’ = r;+2 (mod 2(p—1)) with &' > 21,

the (central) values at s = 0 of the triple product L-function
L(V(fx,9,9%),s) = L(ad(gx) @ g '€ w2, s).

where we put £ to denote the specialization of \IJ(SFU/2 at S = (14+p)¥2—1,s0¢&7!
is a character of I'* crystalline at both p and p corresponding to a Hecke character
of infinity type (—(k'/2 —1),k'/2 — 1). Taking .Z,(ad(gx) ® ¥o) to be the image of
Z,(f,g,9") under the map Frac O[I',] — Frac A* determined by 7, + 77", we thus
see that the result follows from [Hsi21, Thm. A]. O

We next discuss an anticyclotomic p-adic L-function associated with V') arising
from a suitable restriction of Katz’s p-adic L-function.

Denote by > the set of algebraic Hecke characters £ of K for which s = 0 is a
critical point for L(, s) in the sense of Deligne. This set can be written as the disjoint

union X = ¥, U X5, where

Y, = {£ € ¥ of infinity type (a,b), with a > 1, b < 0},

Y5 = {£ € ¥ of infinity type (a,b), with a <0, b > 1}.

Note that the involution § — £ takes characters in Y, to characters in ¥, and vice
versa.

Let G, = Gal(K(¢p™)/K) be the Galois group of the ray class field of K of
conductor ¢p™, and denote by Z," the completion of the ring of integers of the maximal

unramified extension of Q,. The following result is originally due to Katz.

Theorem 3.4.5. There exists an element G%Iiatz(K) € Z,'[G] uniquely characterized

by the property that for every character of I, corresponding to a Hecke character
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¢ € X, of infinity type (k1,k2) and conductor dividing ¢ we have

2500 = () a0 (52) 0 o166 L)

where L(, s) is the L-function of £ with the Euler factors at the primes I|¢ removed.

Moreover, we have the functional equation
a%liatz(K) (5) — %Iéatz(K)(g—TN—l)’

where the equality is up to a p-adic unait.

Proof. See [dS87, Thm. 11.4.14] for a construction of Z*"(K) (corresponding to
the measure on G, denoted by u(cp™) in [loc. cit.]), and [dS87, Thm. I1.6.4] for the

functional equation. O

Assume that c¢ is fixed under complex conjugation, i.e., ¢ = ¢. Denote by A, the
torsion subgroup of G, and put 'y = G./A, ~ Zi, which is identified with the

Galois group of the unique Zf,—extension K../K. We fix a decomposition
Gc ~ Ac X FK (37)

Put ¥y = vo|a, and ; = 15 ', and note that the latter defines a finite order
anticyclotomic Hecke character of conductor dividing ¢p® for some s > 0. Denote by

LY (K) ™ the image of £,%%(K) under the composite map
ZYG ] = Z k] — 2y ],

where the first arrow is the projection defined by 1, and the second arrow is given
by v+ 77! for v € T'gk.

From now on we shall assume that the above ¢ and 1 satisfy the conditions
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(H1)-(H4) in the following result.

Proposition 3.4.6. In addition to (H0), assume that:

(H1) ¢ is only divisible by primes that are split in K;

(H2) QZO_ has order prime-to-p and the prime-to-p part of its conductor it exactly c;
(H3) ¥y |Gy, # 1 for all primes v|p in K;

(H4) )y has order at least 3.

Then, as an ideal of Zy*[I'*], the congruence ideal C(8y,) is generated by
hic - 230" ()

where hg is the class number of K.

Proof. A generator of C'(8y,) is given by a congruence power series H (8, ) attached to
0, as in [Hid06]. By our assumptions, this H(8,,) corresponds to a branch character
satisfying the hypotheses (1)—(4) in [Hid06, p. 466], so as noted in p. 469 of [op. cit.],
the result follows from the proof of the anticyclotomic Iwasawa main conjecture by

Hida-Tilouine [HT93a, HT94] and Hida [Hid06]. O

Definition 3.4.7. Put
Ly(ad(gx) ® v0) = (Z(ad(gx) © o) - hic - LK) )7,

which by Theorem 3.4.4 and Proposition 3.4.6 defines an element in Z* [r2<].

We can now derive an anticyclotomic analogue of Dasgupta’s factorization [Das16,
Thm. 1], relating the p-adic L-function of Theorem 3.4.4 to the product of the p-adic

L-functions in Theorem 3.4.2 and Theorem 3.4.5. Similarly as in [loc. cit.], our result
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is a p-adic analogue of the factorization of complex L-functions
L(ad(gx) ® X, s) = L(ad’(gx) ® X, 5) - L(x, 5)
arising from the decomposition of G i-representations
ad(Vy) ® x = (ad’(Vy) ® x) & x.

However, our proof is largely simplified by the fact that the three p-adic L-functions
involved have a Zariski dense overlapping set of characters in the range of interpola-
tion.

Our factorization formula will in fact involve the following anticyclotomic projec-

tion of the Katz p-adic L-function.

Definition 3.4.8. Viewing 1, as a character of G, write ¢y = 9y - ¥ according to
the factorization (3.7), with vy (resp. ¥r) a character of A, (resp. I'x). We denote

by £y (1)~ € Zu[I*] the image of £5*"(K) under the composite map
7' 1G] — Z) [T k] — Z) [C] — Z 0] — Z, 1],

where the first arrow is given by the projection defined by v, 'w™/2, the second by
twisting by ¥ ! the third is the natural projection, and the last arrow is the involution
given by y = y~! for 7 € I*. In other words, Z***(¢y) " is the element of Z3" [I*‘]
defined by

Ly (o) (€) = LK) (g ¢TI ?)

for all characters & of T'*.

Denote by 75 the product of constants He| ~ T¢e appearing in Theorem 3.4.4.
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Theorem 3.4.9. The following equality holds

Ly(ad(gie) ® wo) = u- L(ad (gxc) @ ) - LK (hg) ™ -

where u is a unit in (A*)*.

Proof. Let £ be a character of I'* as in the statement of Theorem 3.4.2 and Theo-
rem 3.4.4, hence in particular corresponding to a Hecke character, still denoted by &,
of infinity type (—n,n) with n > [ — 1. Noting that 6y, has weight 2n + 2, from
Hida’s formula for the adjoint L-value (see [HT93b, Thm .7.1]) and Dirichlet’s class

number formula we obtain (cf. [JSW17, p.414])

1 271h
(Opoens Opoe,) = 2n + 1)1 - . D% . Thi

. L 1—-7¢l—71 1 38
K 94nt4,2n+3 wK\/D_K (wo § ) )7 ( )

where wg is the number of units in Og. Since L(y3 7¢'77,1) corresponds to the
value at s = 0 of the L-function for the Hecke character ¢)5 *¢""'IN~! of infinity type
(2n+2, —2n), using (3.8) the interpolation formula in Theorem 3.4.5 can be rewritten

as

D‘{Q

An—+2 26n+4 4An+2 Wi
) ’ \/D—K2n+1 D%{ i
(Yoéw™) )> < B M) o
( (Wog () ) \' ™ b)) (Ootnr Oocn)-

L) N) = (

Thus together with Theorem 3.4.4 we find that
Z(ad(gx) ®v0)(§)* - L (K) (g '€ INT)? - b

Q 8nt4 98n+4 - 4n 2
B <i> W I'(n,,1) - E(ad(g), %5) T - L(ad(gk) ®1/)0—1 _(;w;)’ 0).
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On the other hand, we have the factorization
L(ad(gr) ® ¥y "¢ W™, 0) = L(ad®(gx) ® ¥y € 'w™,0) - Ly ¢ w™,0).  (3.10)

The character 1, '¢'w™ has infinity type (n + 1,—n), and so is in the range of
interpolation for .i”;iatz(K ). Thus combining Theorem 3.4.2 and Theorem 3.4.5 and

using (3.10) we find

Ly(ad®(gic) @) (€) - L) (116 eo™) = (S—m) T D, 1) - E(ad(g). )

. (Q—m) s (Z2) (= ) Llad(n) © 40
(3.11)

Comparing (3.9) and (3.11) we see that their ratio is given by 2. VDr "y
since for varying n the first two factors are interpolated by a unit in (A?¢)*, applying

the functional equation of Theorem 3.4.5 this gives the result. O]

3.5 The Euler system

Let g € Si(Ny, x4) be a newform as in §3.2.1, and let ¢ be a Hecke character of K
of infinity type (1 — k,0) for some even integer k > 2, conductor ¢ prime to p, and
central character 5. Recall from §3.4 that we assume that (p) = pp splits in K and

(for simplicity) that p does not divide the class number of K.

3.5.1 Modified diagonal cycles

Recall that, for a positive integer m, we write K[m] for the maximal p-extension

inside the ring class field of K of conductor m. Recall further that H} (K[mp™],T) =
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lim H'(K[mp'],T). Then, for a positive integer m, let
Kad(gmos € Hiy(K[mp™], T ) (3.12)

be the class Ky g g% moo constructed in [ACR21, Thm. 6.5]. (For m = 1, this is
essentially the class k®)(f, g, ¢*) defined in §3.3, after an application of Shapiro’s
lemma and twisting by the inverse of the anticyclotomic character ¢ in (3.15) below.)

Since we have a direct sum decomposition
Hllw(K[mpoo]v T::l(g)) = Hllxzv(K[mpoo]7 T) D HIlw(K[mpoo]? TI>7

we can project the class Ky ad(g),m,c0 t0 €ach of the summands. We denote its projection

to the first summand as x,, ,q0 ~- For the following results, we keep the notations

(9),m,

for Selmer groups introduced in Section 3.2.3.

Theorem 3.5.1. Let S be the set of all squarefree products of primes q split in K and
coprime to pNyNy, and assume that H'(K[mp®],T) is torsion-free for every m € S

and for every s > 0. There exists a collection of classes
{/ﬁwado(g)’m’oo € Selg, (K[mp™],T) : m € S}

such that whenever m, mq € S with q a prime, we have

_ S e |
CorK[mq}/K[m](K'w,ado(g),mq,oo) - Pq(v;d(g)v Frq )Kw,ado(g),m,oo'

Proof. This is an immediate consequence of [ACR21, Thm. 6.5] and [op. cit., Prop. 6.6].
O]

The Euler factors appearing in the previous theorem are not the ones that we
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want. Indeed, let ¢ = qq be a prime which splits in K. Then

X
Pq(v;ﬁ(gﬁX) = <1 - %) Py(V; X),

so there is an unwanted extra factor. We now deal with this problem.
Definition 3.5.2. Let P’ be the set of primes g { pN, N, split in K such that
e ¢ = 1 modulo p,
o T'/(Fr, — 1)T is a cyclic Z,-module,
e Fr, — 1 is bijective on 1.

Here Fr, denotes any arithmetic Frobenius element for ¢. Since TV(1) ~ T° and

(T")V(1) ~ (T")¢, the definition does not depend on this choice.

Remark 3.5.3. Under certain conditions, we will show in Proposition 3.6.3 below that

there exists 0 € Gk such that if ¢ is a prime such that Fr, is conjugate to ¢ in

Gal(K (1, T, T")/ K), then it belongs to P’

Theorem 3.5.4. Let S’ be the set of squarefree products of primes in P’, and assume
that HY(K[mp®],T) is torsion-free for every n € 8’ and for every s > 0. There exists

a collection of classes
{km € Selg, (K [mp>®],T) : me S}

such that K1 = Ky aq0(g),1,00 a1d, whenever m,mq € S’ with q a prime, we have
COT K [mg]/K[m] (Fmg) = Pa(V; Fr;l) Ko,

where q is any of the primes of K above q.
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Proof. We construct the classes r, by modifying the classes £, ,q0(g) m.co 1 Theo-
rem 3.5.1 appropriately as done in the proof of [LZ19, Thm. 5.3.3].
For each m € &', let I',,, = Gal(K[mp>|/K). For each prime ¢ | m, let F, € &’

denote the unique element of I',,, which acts trivially on K'[g] and maps to Fry in I',, /.

Then, the factor 1 — q*k/Qiﬂ(q)Ef1 is invertible in Z,[I';,]. We now take

V() .y !
k= H (1 e Iy Ry ,ad® (g),m,00"

qlm

These classes clearly satisfy the required properties. O

3.5.2 The explicit reciprocity law

Let K denote the anticyclotomic Z,-extension of K and let
Ky ,ad(g),00 € Hllw(KOWT:(}i(g))

be the image of the class Ky ad(g),1,00 i (3.12) under the corestriction map for K[p™]/ K.

By [ACR21, Prop. 6.6] we have Ky adq(g),c € Selbal(Koo,T¢

; d(g)); in particular, the re-

striction resg(Ky ad(g),00) lands in the image of the natural map
1 bal 1 W
HIw(Koo,ﬁa gﬁ (Tﬁi(g))) - HIW(Koo,Ea Ta,d(g))

(see (3.4)). Note that this map is an injection under our hypotheses. On the other
hand, let
I{d),ado(g),oo € SelGr(KoovT) (313)

be the image of the class k1 = Ky q0( of Theorem 3.5.4 under the corestriction

g),1,00

map. Thus Koy ad?( is the projection of Ky aq(g),cc Onto the first direct summand in

g),00
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the decomposition

Selbal(K Tw )) = Selbal(Koo, T) EB Selbal(Koo, T/),

o0 ad(g

; grbal (b
and since Fg*(T )

) is contained in T, it is clear that

resﬁ(“wyad(g),oo) = resﬁ(%,ado(g),oo)- (3.14)

Definition 3.5.5. Put ¢y = ¥ A* % as in Remark 3.4.3, and define

Ly(ad®(gx) ® 1) := Twe (Ly(ad’(gx) © ¢0)), (3.15)

where Twe : A* — A* is the twisting homomorphism for the character { :=
(A7T)R271 0 Similarly, define Z,(ad(gx) ® ), Z52“(K)~, Ly(ad(gx) ® ), and

‘,%Katz (1))™* by twisting the corresponding p-adic L-functions defined for )y in §3.4.5.

For the statement of the next result, note that 1)y has the same restriction to A,

as 1.

Theorem 3.5.6. There exists an injective A**-module map with pseudo-null cokernel
Log : Hi,, (Koop, 3 (Tia,))) — Zyr 1]
such that
Log(res;(ky,aa0(g).00)) = i - Loy “(K) ™ - Z(ad(gx) @ ).

Proof. Let V(f, g, g*) and V(f, g, g*) s be as in §3.3 (corresponding to Vigg* and fo’g*,
respectively, in the notation of [ACR21, §8.2]). Then, identifying Gq, with Gy via

the composition of the embedding ¢, : Q — @p fixed in the introduction with complex
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conjugation, we get an isomorphism of A¢[G KF]—modules
VE,g.9)s = Vol @ Tf(eing ?) = FpU(Tho ) @ €052 (3.16)

By [ACR21, Thm. 7.4, after extending scalars to Z", the composition of the A¢-linear
map

Hl(@p7V(f7 g, g*)f) — Af

of [op. cit., Prop. 7.3] with the isomorphism Z;r®Af ~ Zr[*] given by v At

sends the class K3 (f, g, g*) recalled in §3.3 to the product

KLy () Zy(ad(gx) ® th).

noting that by Proposition 3.4.6 the first two factors generate the congruence ideal
of f. Taking twists by £ and using the isomorphism
Hl ( Oop;tgba% adO )®£) Hl(@}ﬂv(f’g’g*)f)

induced by (3.16) and using (3.14), the result follows. O

Corollary 3.5.7. The map Log of Theorem 3.5.6 satisfies

(Sog(resﬁ(ﬁlb,ado(g),oo))2) - (Lp<ad0(gK> ® 1/}) ’ "%Katz(z/})_7b)

as ideals in Z"[1*] @ Q.

Proof. This is clear from Theorem 3.5.6 and the factorization in Theorem 3.4.9. [J
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3.6 Verifying the hypotheses

Let g and v be as introduced in §3.2.1 and §3.2.2, respectively. Recall that, given
a rational prime p and a sufficiently large finite extension £/Q,, we define the G-

representation

V = ad’(Vy) (¥g") (1 — k/2),

where p, : Gg = Autg(V,) >~ GLo(E) is the p-adic Galois representation attached to
g. The aim of this section is to give conditions under which the hypotheses in the
general results of [JNS] are satisfied for V. Let K(p™)° denote the maximal abelian
extension of K unramified at primes not dividing p. Then, the crucial condition
that we need to verify is the existence of an element o € Gal(K /K (p>)°) such that
T/(oc — 1)T is a free O-module of rank one, where O is the ring of integers of E.

As in [Loel7, §3.1] we define an open subgroup H, C Gg, a quaternion algebra
B, and an algebraic group Gy. Let H = H, N Gg()e. Then we have an adelic
representation

gy H— G,(Q)

and representations

Pgp H — G4(Qy)

for every rational prime p, and, according to [Loel7, Thm. 2.2.2], for all but finitely
many p we can conjugate p,, so that p,,(H) = G,(Z,).

Let L be a finite extension of K containing the Fourier coefficients of g and the
image of the Hecke character ¢. Let P8 be a prime of L above some rational prime p,

and let & = L.

Definition 3.6.1. We say that the prime B is good if the following conditions hold:
e p=>3;
e p is unramified in By;
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e p is coprime to ¢ and Ng;

o [/ =0Q,.

Lemma 3.6.2. Assume that there is at least one prime which divides Dy but not

Ngy. Then, if B is a good prime,
pos(H 0 Gipoeye) = SLa(Zy)-

Proof. The proof of this result is very similar to the proof of [ACR21, Lem. 8.9]. We
include it here for the convenience of the reader.

Let Q(p,) be the Galois extension of Q cut out by the representations p,. It is
unramified outside pN,. Therefore, the condition on Dy implies that K N Q(p,) =
Q. Moreover, since any Galois extension of Q contained in the anticyclotomic Z,-
extension K, of K must itself contain K, we also have K., N Q(p,) = Q.

The conditions on ‘P imply that

Pgp(H N GQ(upoo)) = SLy(Z,),

and, from the remarks in the previous paragraph, it follows that

Pgsp(H N Gre (o)) = SLa(Zp).

Finally, since H N Gk pe)o is a normal subgroup of H N G, () of index dividing

p — 1 and there are no such subgroups in SLy(Z,), the lemma follows. [

Now fix a good prime  and define Z,[Gx]-modules T = ad’ Tg(%}l)(l —k/2)
and T" = Zy(¢y ) (1 — k/2). Let V=T @ Q, and V' = T' ® Q,.
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Proposition 3.6.3. Assume that there is at least one prime which divides Dy but not
Ny. Suppose that there exists 1 € G peoye such that x4(n)Yyp(n) is a square modulo p

and Yp(n)* # 1 modulo p. Then there exists 0 € G ooy such that
o T'/(c —1)T is free of rank 1 over Z,,
e 0 — 1 acts invertibly on T".

Proof. We closely follow the proof of [LZ19, Prop. 5.2.1] (see also the proof of [ACR21,
Lem 5.10] and [Loel7, Prop. 4.2.1]). By the previous lemma the image of n HNG g (poo)e

under p,q contains all the elements of the form

T 0 y
, TEZL,.

0 lU_ng(U)

Choose x such that 2? = x,(n)¢yp(n). Choose o € nH N G (pe=) whose image under
pgsp is given by the element above, with the choice of x which we have just specified.
Then, the eigenvalues of o acting on T are 1, wq}l(n) and 1&;32(77) and the eigenvalue

of o acting on T is %}1(77). The result follows from the assumptions on 7. m

3.7 Applications

Let g € Si(Ny, x4) and ¢ be a Hecke character of K of infinity type (1—k,0) for some
even integer k > 2 as introduced in §3.2, and recall that we consider the E-valued
G i-representation V' in Definition 3.2.1. We begin by collecting a set of hypotheses

for our later reference.
Hypotheses.
(h1) p splits in K,

(h,@) PThK,
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(h3) the conditions in Proposition 3.4.6 hold,

(h4) g is ordinary at p and non-Eisenstein mod p,

(h5) g is not of CM type,

(h6) B is a good prime in the sense of Definition 3.6.1,

(h7) the conditions in Proposition 3.6.3 hold.

3.7.1 The Bloch—Kato conjecture

We begin with a standard lemma, whose proof follows from the same argument as in

[ACR21, Lem. 9.1].

Lemma 3.7.1. The Bloch-Kato Selmer group of V is given by

Selbal(K, V) Zf2 < k < 2[,
Sel(K, V) =~

Selum (K, V) if k > 21.

Let Ky aq0(g),00 D€ as in (3.13), and denote by

K}w’ad()(g) c Selba](K7 T)

the image of £, ,q0 under the corestriction H} (Ko, T) — HY(K,T).

(9),00

Theorem 3.7.2. Assume hypotheses (h1)-(h'7). Then the following implication holds:

K’l[),ado(g) # 0 — dlmE‘ SelGr(K7 V) =1.

In particular, if 2 < k < 2l and Ky ,q05 # 0 then the Bloch-Kato Selmer group

Sel(K, V') is one-dimensional.
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Proof. This follows from the general theory of anticyclotomic Euler systems developed
in [JNS] (see [ACR21, §8| for a summary) applied to the Euler system constructed
in Theorem 3.5.4. By Proposition 3.6.3, Hypotheses 3.7 give sufficient conditions for
the general results of [JNS] to apply in our case. Note also that for the application of
these results it suffices to have an anticyclotomic Euler system consisting of classes
indexed by squarefree products of primes ¢ in a positive density set P’ of primes split
in K, as is the case for the anticyclotomic Euler system of Theorem 3.5.4 (see Remark

3.5.3). 0

Theorem 3.7.2 can be viewed as a result towards the Bloch—Kato conjecture for

V in rank 1. The next result establishes cases of the same conjecture in rank 0.
Theorem 3.7.3. Assume hypotheses (h1)-(h7), and in addition that:

o c¢(Viggr) = +1 for all primes { | N,

o gcd(Ny, Ny) is squarefree,

o L(0,,k/2) # 0.

If k > 21 then the following implication holds:
L(V,0)#0 = Sel(K,V)=0.
Proof. By Theorem 3.4.2 and Definition 3.5.5 we see that
LV.0)#0 = Ly(ad’(gx) ® ¥)(éuiv) # 0,

where &4, is the trivial character of I'*¢. Similarly, from Theorem 3.4.5 and Defini-

tion 3.5.5 we see that

L(QT/H k/2) 7& 0 = D%Katz(¢)_7b(§triv) 7£ 0.
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Therefore by the factorization in Theorem 3.4.9 we thus see that L,(ad(gx) ®
V) (uiv) # 0, and 50 ky, 4405 # 0 by the explicit reciprocity law of Corollary 3.5.7.
The result now follows from Theorem 3.7.2 and global duality by the same argument

as in [ACR21, Thm. 9.5]. O

Remark 3.7.4. The hypotheses in Theorem 3.7.3 and the decomposition (3.2) imply
that the sign of the functional equation for L(V,s) is +1, and so the nonvanishing of

L(V,0) is expected to hold generically.

3.7.2 The Iwasawa main conjecture

Here we deduce our main result towards the anticyclotomic Iwasawa main conjecture
for V.
Since 1 has central character ex by assumption, its associated theta series 6, has

trivial nebentypus. In the following we denote by £(6,,) its global root number.
Theorem 3.7.5. Assume hypotheses (h1)-(h7), and in addition that:

o c((Vigg) = +1 for all primes £ | N,

o c(0y) =+1,

o gcd(Ny, Ny) is squarefree.
If the p-adic L-function L,(ad’(gx) ® ¢) is nonzero, then the Pontryagin dual of
Selunp (Koo, A) is A?°-torsion, with

Charpac (Selynb (Koo, A)Y) D (Ly(ad”(gx) @ ¥) - L5 (1))

in Zy' 1] ®z, Qp.

Proof. The assumption that £(6,) = +1 implies that the anticyclotomic projection

2y (1h) ™" is nonzero by Greenberg’s nonvanishing results [Gre83]. Since L,(ad’(gx)®
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1) # 0 by hypothesis, together with the factorization in Theorem 3.4.9 it follows that

Lp(ad(gK) ® ) # 0.

By Corollary 3.5.7, this shows that the class x,, ,qo is non-torsion. By the general

(9),00

results of [JNS] (see also [ACR21, Thm. 8.5]), we thus conclude that Xp. (K, A)
and Selpa (Ko, T) both have A**-rank one, with

Lol ( Koo, T) \°
Char e (Xpat (Koos A)rors) DCharAac< Selya (Ko, >>,

A Ky ad0(g) 00

The result now follows from this by the same argument as in the proof of [ACR21,
Thm. 7.15] based on Poitou-Tate duality and the explicit reciprocity law of Corol-
lary 3.5.7. [
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