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Abstract

A common method of constructing 3-manifolds is via Dehn surgery on knots. A pair of
surgeries on a knot is called purely cosmetic if the pair of resulting 3-manifolds are home-
omorphic as oriented manifolds, whereas it is said to be chirally cosmetic if they result in
homeomorphic manifolds with opposite orientations. An outstanding conjecture predicts
that no nontrivial knots admit any purely cosmetic surgeries. We apply certain obstructions
from Heegaard Floer homology to show that (nontrivial) knots which arise as the closure of
a 3-stranded braid do not admit any purely cosmetic surgeries. Furthermore, we find new
obstructions to the existence of chirally cosmetic surgeries coming from Heegaard Floer ho-
mology; in particular, we make use of immersed curve formulations of knot Floer homology
and the corresponding surgery formula. Combining these with other obstructions involving
finite type invariants, we completely classify chirally cosmetic surgeries on odd alternat-
ing pretzel knots, and we rule out such surgeries for a large class of Whitehead doubles.

Moreover, we rule out cosmetic surgeries for L-space knots along slopes with opposite signs.
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Chapter 1

Introduction

Given a knot K in S® and an r € QU {co}, we denote the Dehn surgery on K with slope
r by S3.(r). Surgeries on K along distinct slopes r and 7’ are called cosmetic if S3-(r) and
S%.(r') are homeomorphic manifolds.

Furthermore, a pair of such surgeries is said to be purely cosmetic if S%-(r) and S3(r') are
homeomorphic as oriented manifolds. We use the symbol = to denote “orientation-preserving
homeomorphic.” If, on the other hand, S3(r) = —S%(r'), we say this pair of surgeries is
chirally cosmetic; here —M denotes the manifold M with the opposite orientation.

No purely cosmetic surgeries are have been found on nontrivial knots in S3, and indeed

the following question remains unsolved:
Question 1.1. Does any nontrivial knot admit a pair of purely cosmetic surgeries?

The Cosmetic Surgery Conjecture predicts a negative answer to this question. Many pow-
erful obstructions to purely cosmetic surgeries are known. Heegaard Floer techniques have
been particularly effective for this, as well as methods involving finite type invariants. More
recently, immersed curve versions of Heegaard Floer invariants were employed by Hansel-
man to give even stronger obstructions. See Sections and below for examples of these
obstructions. The conjecture has been confirmed for genus 1 knots [42], 2-bridge knots [14],

composite knots 38|, pretzel knots [36], as well as knots up to 16 crossings [7].
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Figure 1.1: An example of a 3-braid (left), and its corresponding closure (right)

It turns out that 3-braid knots are a family of knots which is especially amenable to these
techniques. Recall that a 3-braid is a configuration of three intervals (“strands”) embedded
in R3, arranged vertically such that the z-coordinate of each “strand” is strictly increasing,
considered up to isotopy fixing the endpoints. A knot (or link) may be obtained from a braid
by closing off the endpoints, as indicated in Figure [I.1]

In Chapter [3] following [39], we show that 3-braid knots satisfy the Cosmetic Surgery

Conjecture:

Theorem 1.2 (Theorem of 1.1 [39]). Suppose K is a nontrivial knot which is the closure of

a 3-braid. Then K admits no purely cosmetic surgeries.

On the other hand, there are examples of chirally cosmetic surgeries; amphichiral knots
all admit chirally cosmetic surgeries, and the (2, 2n + 1)-torus knots are also known to admit
such surgeries. Several families of knots have been shown not to admit any chirally cosmetic
surgeries: genus-1 alternating knots [11] as well as (p, ¢)-cables of nontrivial knots with ¢ # 2

[15]. In fact, the following question remains open:

Question 1.3. Suppose a knot K is not amphichiral and is not a (2,n)-torus knot. Does K

admit any chirally cosmetic surgeries?



In the case of the (2, n)-torus knots, each pair of slopes which gives rise to chirally cosmetic
surgeries has slopes with the same sign. Indeed, previously known obstructions coming from
Heegaard Floer homology imply that knots which admit chirally cosmetic surgeries along

slopes with the same sign are rare:

Theorem 1.4 (Theorem 9.8 of [31]). Let K be a knot and suppose S3.(r) = £S3-(r') for two
distinct slopes r,r'. Then either r and r' have opposite signs or S3(r) is an L-space (hence

K is an L-space knot).

Being an L-space knot is a very restrictive condition; it implies, for instance, fiberedness
[24] as well as an Alexander polynomial with coefficients in {—1,0, —1} (see [31] for a more
precise constraint). One may hope to approach Question , therefore, by investigating the

following;:

Question 1.5. Suppose a knot K is not amphichiral. Does K admit any chirally cosmetic

surgeries along slopes with opposite signs?

A negative answer to this question would reduce Question to classifying cosmetic
surgeries of L-space knots. To this end, our new obstruction is a step towards a better
understanding of Question [I.5] In particular, we obtain a restriction on the possible cosmetic
surgeries along slopes of opposite signs for knots with Heegaard Floer-theoretic invariant tau

equal to their genus.

Theorem 1.6 (Theorem 1.4 of [41]). Suppose a knot K satisfies 7(K) = g(K) > 0. If
S3(p/q) = —S3(p/q") where p,q,q € Z with p,q > 0 and ¢ < 0, then 2 <29(K)—1 and

2p = (Vert(K) 4+ 29(K) — 1)(q + ¢).

Here Vert is a knot invariant arising from the immersed curve version of Knot Floer
Homology; see Section below for more details.
Of course, non-amphichiral knots need not satisfy 7 = 0, much less have tau equal to

genus. As amphichiral knots satisfy 7 = 0, the hypotheses of this result apply to knots
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Figure 1.2: The pretzel knot P(2k; + 1,2ky + 1,2k3 + 1,...,2ky,41 + 1). Here the boxes
represent k; full right-handed twists of the strands passing through.

which are “very far” from being amphichiral, in a certain sense. Furthermore, even though
the restriction on surgery slopes is a priori an infinite set of pairs, it is possible to combine
it with a similar kind of obstruction arising from finite type invariants to exclude all slopes
in many situations.

Our first application of this obstruction is to the family of alternating odd pretzel knots.
Up to mirror image, these are pretzel knots of the form P(2k; + 1,2ko +1,...,2kog1 + 1),
where the k; are all nonnegative. See Figure for an illustration. It is a fact that
g is the Seifert genus of the knot. For convenience, we shall often use the shorthand
K(ki, kg, ..., kogr1) to denote these knots.

These knots are already known not to admit any purely cosmetic surgeries. This can
be seen, for instance, from the fact that the signatures and vs of these knots are nonzero
(see section below). By Theorem 5 of [7], alternating knots that admit purely cosmetic
surgeries must have zero signature. Alternatively, by Theorem [3.2] knots admitting purely

cosmetic surgeries must have vz = 0.

Theorem 1.7 (Theorem 1.5 of [41]). Let K = K(ki, ..., kog+1) where k; > 0 for all i. If at

least one k; > 0, then K does not admit any chirally cosmetic surgeries.

Remark 1.8. The knots K(0,0,...,0) are the (2,29 + 1)-torus knots, which are already

known to admit (infinitely many pairs of) chirally cosmetic surgeries; see Corollary A.2 of

10



Figure 1.3: The positive Whitehead pattern inside a solid torus.

(11] for a full classification of the chirally cosmetic surgeries for these knots.

Our next application pertains to Whitehead doubles of knots. Recall that the n-framed
positive Whitehead double of a knot K, which we denote D, (K,n) is the knot obtained by
gluing in a solid torus V' with the positive Whitehead pattern (see Figure|1.3)) to the exterior
of K such that the standard longitude of V' is identified with a n-framed longitude of K, and
the meridian of V is glued to a meridian of K.

Our obstruction may be used to find:

Theorem 1.9 (Theorem 1.7 of [41]). Let a knot K be given, and suppose az(K) = 0.
If |n| > 5, then D (K,n) does not admit any chirally cosmetic surgeries. If, moreover,

27(K) > n forn € {—4,-2,1,4}, then D, (K, n) also admits no chirally cosmetic surgeries.

In the final section, we turn our attention to the case of L-space knots. As an application

of our new obstruction, we prove a partial converse to Theorem [1.4}

Theorem 1.10 (Theorem 1.8 of [41]). If K is a nontrivial L-space knot, then K does not

admit any cosmetic surgeries along slopes of opposite signs.

Remark 1.11. Some similar results derived from Heegaard Floer homology were found inde-
pendently by Ichihara, Ito, and Saito (12]. In particular, their Lemma 3.3 expresses effectively
the same result as our Lemma[4.15

11



Chapter 2

Background

We first review the necessary concepts involved, including Dehn surgery on knots as well as
the 3-manifold and knot invariants that will be used throughout. First, a word on notation:
given two oriented 3-manifolds M; and My, we write M; = M, to mean “M; is orientation-
preserving homeomorphic to M,.” If M is an oriented 3-manifold, then —M denotes the
same manifold with the reverse orientation. Similarly, if K is a knot, we shall write K to
mean the mirror image of K. As a matter of convention, all singular homology groups will

have integral coefficients unless otherwise specified.

2.1 Dehn surgery

Given a knot K C S3 the exterior of K is S®\ N(K), where N(K) is an open tubular
neighborhood of K. As a shorthand, we denote the exterior of K by E(K), and note that we
also consider E(K) to be an oriented manifold. It is a fact that H,(E(K)) = Z for any knot.
We describe the standard parametrization of the boundary OFE(K). A (non-nullhomotopic)
simple closed curve in the boundary of the knot exterior is called a meridian of K if it
was the boundary of a disk in N(K). It is a fact that a meridian represents a generator
of Hi(F(K)). A simple closed curve in the boundary of F(K) is called a longitude K if

it intersects a meridian at exactly one point and is nullhomologous in H;(E(K)). Strictly

12
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Figure 2.1: The exterior of the right-handed trefoil, with meridian p and longitude .

speaking, the meridian and longitude are oriented curves, and their orientations are chosen
such that [u] - [\] = +1 with respect to the orientation induced on 0F(K) by the inward-
pointing normal. Assuming the usual “right-handed” orientation on S, the meridian obeys
a “right-hand-rule” with respect to the direction parallel to the longitude. See Figure [2.1
for an illustration in the case of the trefoil.

Knots in S? provide a way to obtain new 3-manifolds a process which we now describe:

Construction 2.1 (Dehn Surgery). Let a knot K C S® and a (reduced) fraction £ be given.
Let i1 be a meridian of K, and let A be a longitude of K. We define Dehn surgery on K with

slope § to be:

S3(p/q) == E(K) Uy S" x D,

where ¢ is an identification of the boundary tori ¢ : O(S' x D?) — OE(K) such that
d({x} x OD?) represents pp+ g\ in Hi(OFE(K)).

It is a fact that the homeomorphism type of the resulting manifold depends only on the
homology class of ¢({x} x dD?), so that this construction is well-defined. The fraction §
is often called the slope of the surgery, and we allow the case p = 1 and ¢ = 0, which is
often called oo-surgery. Moreover, the manifold obtained by Dehn surgery has a canonical

orientation, induced by the orientation of the knot exterior F(K).

13



One can view Dehn surgery as a function DS that takes in a knot and a surgery slope

and outputs a closed 3-manifold; schematically:

DS : {Knots} x (QU {o0}) — {3-manifolds}

(K, p/q) = Sk(p/q)

Viewed this way, it is natural to ask: how injective is the function DS?

First, we notice that S® may be obtained as surgery along any knot: simply “glue” back
the sold torus to match up exactly with the neighborhood of K that was “cut out.” This
corresponds with a surgery with slope , so that S5 (1/0) = S* for any knot K. A celebrated
result of Gordon and Luecke says that for any nontrvial knot, no other surgery besides the
above yields S? [6]. On the other hand, as the exterior of the trivial knot is a solid torus, it
is straightforward to see that S3(1/n) = S? for all n € Z, where U is the trivial knot.

It is interesting to investigate more refined questions regarding the “injectivity” of Dehn

surgery. To that end, we introduce the following terminology:

Definition 2.2. Fiz a knot K C S3. Two surgeries along slopes r1 and ry are said to be:
e purely cosmetic if S5 (r1) = S5 (r2).
e chirally cosmetic if S3(r1) = —S%(r2).

As we saw above, the 1/n-surgeries on the trivial knot are all cosmetic. A similar con-
struction shows that the trivial knot admits cosmetic surgeries along other slopes as well. It

is not known if any nontrivial knot admits any purely cosmetic surgeries:

Conjecture 2.3 (Cosmetic Surgery Conjecture). If K C S? is a nontrivial knot, then K

admits no purely cosmetic surgeries.

This is a special case of the more general Problem 1.81(A) of Kirby’s List [18].
It is a fact that Hy(S%(p/q)) = Z/pZ. Tt follows that if a knot admits cosmetic surgeries

(pure or chiral) along slopes p/q and p’/q¢’, then p = p/'.

14



Observe that for any knot K and slope r, we have that S3-(r) = —S2(—r). Hence, if K
is an amphichiral knot (that is, K = K), then S3(r) & —S%(—7). Thus for any r € Q\ {0},
such a knot admits chirally cosmetic surgeries along slopes +r. Furthermore, (2,n)-torus

knots are known to admit chirally cosmetic surgeries, precisely along the pairs of slopes

2n2(2m+1)

P@mIDET for each positive integer m; see [11} 23].

2.2 Heegaard Floer Floer homology

Here we review the relevant background regarding the Heegaard Floer theoretic invariants
we shall use to obstruct cosmetic surgeries. Originally developed by Ozsvath and Szabé [29],
Heegaard Floer homology is a family of 3-manifold invariants. Briefly, the construction is as
follows: given a 3-manifold M, one obtains a Heegaard diagram, which is a genus g surface
Y., equipped with two sets a and 3 of ¢ simple closed curves on ¥, encoding a Heegaard
splitting for M, together with a choice of basepoint z € Y. Then, one considers the manifold
X = Sym?(X), which is the g-fold symmetric product of 3; that is, the space of unordered
g-tuples of points in . X can be given a symplectic structure, and the subspaces of X
corresponding to all points of the tuple being in ¢ or all in 3 are g-dimensional Lagrangian
tori. Then, Heegaard Floer homology is essentially Lagrangian Floer homology on these two
tori. The basepoint z gives rise to a subspace V, C X corresponding to at least one point in
the tuple being z. The different versions of Heegaard Floer homology correspond to different
treatments of pseudoholomorphic disks which intersect V. It is a fact that the invariants are
independent of auxiliary choices such as the basepoint.

The “hat” version of Heegaard Floer homology assigns to a closed, oriented 3-manifold
M a graded vector space over F = Z/27Z denoted ﬁ(M) If by(M) = 0, then ﬁ(M)
admits a Z-grading called the Maslov grading. Furthermore, this vector space decomposes
along the Spin®-structures of M, which are (non-canonically) in bijection with the elements of

H,(M;Z). That is, for each Spin®-structure s € Spin®(M ), we have a vector space I?F(M,s)

15



such that

HF(M)= P HF(M,s).

s€Spinc(M)

There is a related construction, originally due to Ozsvath/Szabé [28] and Rasmussen [34],
that gives invariants of (nullhomologous) knots in 3-manifolds. The construction is similar
to that of Heegaard Floer homology, except that there is an additional basepoint. The two
basepoints together encode the knot, and the presence of an additional basepoint is used to
produce a filtration on the Heegaard Floer complex of the 3-manifold.

Since we are concerned with knots in S®, we focus on this case. In general, one assigns
to a knot K C S% a graded, filtered chain complex CFK~(K) over F[U], where U is a
formal variable. The (filtered) chain homotopy type of this chain complex is an invariant
of the knot. From this general invariant, there are a few simpler ones that can be derived;
in particular, there is a “hat” version W(K ) which is obtained by setting U = 0. The
homology of (the associated graded object corresponding to) this chain complex, denoted
OFK (K) is a bigraded vector space over F. The two gradings are called the Alexander and
Maslov gradings, and we denote the subspace of elements with Alexander grading s and
Maslov grading p by HFE u(K,s). From this, one also has a connection to the classical

Alexander polynomaial as follows:

A(t) = Y 1k HFEK (K, s)(—1)"t". (2.1)

1h,S

There are also Heegaard Floer-theoretic invariants for 3-manifolds with boundary, known
as bordered invariants, which were developed by Lipschitz, Ozsvath, and Thurston [21]. If
M is a compact 3-manifold with parametrized boundary, their construction gives two kinds
of algebraic invariants: a type-D structure C’/FB(M ) and a type-A structure @(M ) over

a certain algebra A. These satisfy a pairing theorem: if M = M; U M,, then:
HF(M) = H, (@(Ml) i @(MZ))

16



Here X 4 denotes a certain tensor product over the algebra A.

2.2.1 Immersed curves

We now turn to a review of the immersed curve versions of these Heegaard Floer theoretic
invariants. In the general setting, these immersed curve invariants are a reformulation of
certain bordered invariants; for our purposes, we shall use the construction for manifolds with
torus boundary, first studied by Hanselman, Rasmussen, and Watson [8]. This invariant
assigns to a 3-mainfold with (parametrized) torus boundary M a collection of immersed
curves (with local systems) on the punctured torus 7, which encodes a certain bordered
invariant (specifically, @(M )). For our purposes, we will be interested in the case where
M = E(K), the exterior of some knot K. It is a fact that @(E(K )) is determined by
CFK~(K) in this context; see Theorem 11.26 of [21]. As a result, one may think of the
immersed curve invariant of the knot exterior as encoding the Knot Floer homology of K
(see 9] for more details). Moreover, the pairing results from the bordered theory have a

particularly nice formulation in the immersed curve setting:

Theorem 2.4 (Theorem 2 of [8]). Given two 3-manifolds My, My with (parametrized) torus
boundary, let T'; be the immersed curve invariant associated to each M;. If Y = My Uy, My is
the closed 3-manifold obtained by gluing M, and My along their boundaries by ¢ : My —
OM;, then

HF(Y) = HF (T, $(T)),

where HF denotes the Lagrangian Floer homology on the punctured torus T, and ¢ is the

map ¢ composed with the elliptic involution.

As the solid torus has a particularly simple bordered invariant, in particular, the immersed
curve is a single embedded (non-nullhomotopic) circle, Theorem gives a useful geometric
way to compute Heegaard Floer homology of Dehn surgeries. More precisely, if I' is the

immersed curve invariant of a knot K, then ﬁ(S?{(p/q)) = HF(I',L,/), where L, is

17



p

the embedded circle of “slope” - on the (punctured) torus with respect to the standard

meridian-longitude parametrization.

Remark 2.5. In order to compute the Lagrangian Floer homology of (immersed) curves, we
shall generally assume the curves have been placed in minimal position so that there are no
immersed bigons bounded by the paired curves, and hence the rank is simply the number of
intersection points as the differential is trivial. The only possible exception would be if two
parallel curves were being paired, in which case minimal position would result in an immersed
annulus being bounded by the pair. However, since we are considering pairings with curves
of the form L, ., we shall see below that the only way this can occur is if p = 0, which we
do not consider as there can be no cosmetic surgeries involving slope zero. Moreover, for the
same reason, we need not worry about non-trivial local systems. More precisely, interpreting
a non-trivial local system on a curve as multiple copies of the curve along with some extra
“train-track” connections, the only time this affects the intersection number is if there are

parallel curves being paired.

For our purposes, it will be more useful to consider lifts of the immersed curves to the
cylindrical cover T, of the punctured torus. More precisely, consider the immersed curve
invariant I' coming from the exterior of a knot K. We identify 7" with the boundary of
the knot exterior and consider the covering space T associated with the subgroup of m; (7T
generated by the longitude of K. Restricting this cover to the punctured torus 7,, we have
the covering space T,, which is the infinitely-punctured cylinder. Following [7], we will
parametrize this as S' x R\ {} x (Z + 3); that is, the punctures are all arranged with
“heights” at the half-integers. We distinguish a special lift 1 of the meridian, which is the
“vertical” line passing through the punctures. The punctures cut p into a union of disjoint
intervals of the form (i — 3,7+ 1) for each i € Z. We refer to points in such an interval as
being at level i. There is a standard lift of I" to T, which we denote as I'. The symmetries of
Knot Floer homology imply that, after a suitable homotopy of the immersed curves, I' has a

180° rotational symmetry, and we take the symmetry point to be the “origin” (that is, the

18



Figure 2.2: An example of immersed curves in T, corresponding to some knot-like complex.
The left and right edges are identified. We can see that this knot would have genus 3, tau 2
and epsilon 1.

19



point on y at height 0). Another important property of I is that there is a distinguished
component, denoted vy, which is the unique curve that “wraps around” the cylinder 7. All
other components of I' may be homotoped to lie in an arbitrarily small neighborhood of ;.. We
shall usually assume that all the immersed curves have undergone an appropriate homotopy
so that they are “pulled tight” with respect to some e-neighborhood of the punctures. Such
curves will generically pair minimally with “lines” which are lifts of L, /4, as in Remark .
This will be of interest to us due to the following consequence of Proposition 46 of [§] (see

also Theorem 14 of [7]):

Theorem 2.6. Let K C S? be a knot and let ' C T, be its immersed curve invariant, with
T c T, the standard lift. Given § € QU {oo}, for each s € Spin(Si(p/q)), there exists a

(unique homotopy class of) lift L%,y of Ly, such that:
HE (S(p/q).s) = HF (T, I%,,)

Here HF is the Lagrangian Floer homology of immersed curves in the (infinitely) punc-
tured cylinder T,. As mentioned above, the rank of this is computed in practice as the
minimal intersection number between the two (multi)curves. Alternatively, we may slightly
perturb the “pulled tight” position to make all segments vertical outside of e-neighborhoods
of the punctures, except for the part of 7y that wraps around. With the curves in this po-
sition, for each i € Z, we denote by n;(K) the number of vertical segments at level i. Note
that this is an invariant of the knot K, as indeed one could define it as the minimal number
of such vertical segments among all representatives of the homotopy class of I'. See Figure
2.2 for an example of a knot-like immersed curve. Several invariants can be extracted from

such immersed curve diagrams:

e The Seifert genus g(K) is the maximum level at which some curve of I intersects .

e The tau invariant 7(K) is the level at which the distinguished curve 7y first intersects

i (when following the curve from the “left”).

20



e The epsilon invariant €(K) is given by the direction 7y “turns” after the aforementioned

first intersection with p : 1 if downward, -1 if upward, and 0 if there is no turning.

In the “pulled tight” configuration, we can thus see that the unique non-vertical segment
(which is part of 7o) will have a slope of 27(K) — ¢(K). Let us define Vert(K) to be the total

number of vertical segments of I'; that is,

Vert(K) = Z ni(K).

In the punctured torus, we see that, when pulled tight, I" effectively has the form of
Vert(K') copies of the meridian circle along with a circle of slope 27(K) — ¢(K). Since the
“pulled tight” configuration will have minimal intersection number with any (transverse,
non-nullhomologous) embedded circle, we find the following formula for the rank of the

Heegaard Floer homology of knot surgeries:

tkHF (S%(p/q)) = |p — a(27(K) — e(K))| + |q| Vert(K). (2.2)

Remark 2.7. This formula needs to be modified in the case that § = 0 and vy 1s a horizontal
curve (equivalently, e(K) = 0); the actual rank is two more than what this formula predicts.

However, for the applications we are interested in, this case will not appear.

2.2.2 Gradings

Here we discuss how to obtain relative grading information from the pairing of immersed
curve invariants. Recall that, for any knot K and p # 0, the vector space HF (S3-(p/q)) has
a relative Z-grading called the Maslov grading, which we denote M (z) for any generator
x (the case of zero-framed surgery will not be of concern to us, as it cannot be part of a

cosmetic surgery pair). The relative grading between two generators may be computed from
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p/q

X
Figure 2.3: A bigon from z to y.

the immersed curves as follows: suppose x,y € L,,,NI" and suppose further that there exists
an immersed bigon in 7, with one edge lying in L,,, and the other in I' as in Figure .
Let k be the signed count of the number of times the bigon crosses the puncture/basepoint.
Then:

M(z) — M(y) =1 —2k. (2.3)

The same computation may be performed in the covering space T,, and moreover, it also
still holds in the further covering space T, = R2 \Z x (% +Z), corresponding to the universal

covering space of the torus.

Remark 2.8. In general, for a given pair of generators, there need not exist such a bigon
between them (for instance, if the generators are in distinct Spin®-structures or if they belong
to distinct components of I' ). However, in the applications that follow, all relevant grading

information within any given Spin°-structure will be deducible from equation (2.3)).

2.3 Finite Type Invariants

Here we review some facts about finite type invariants for knots and their application to
cosmetic surgeries.
Suppose a real-valued knot invariant v can be extended to an invariant of singular knots

(that is, knots with possibly finitely many points of self-intersection) in a way that satisfies
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X

K. : UK
Figure 2.4: The diagrams of K, K_, K’ U K", and K, differ only locally near a crossing.

S

the following:
o(KL) = (k) — v(K)

whenever the (singular) knots K, K_, and K, differ locally near a crossing/self-intersection
as in Figure Then v is said to be a finite type invariant of order n if moreover v(K) =0
whenever K has at least n + 1 self-intersection points.

For example, recall the Conway polynomial of a knot, which is related to the Alexander

polynomial in the following way:

Vi(2) = Ag(t)].=pr2_y-1/2

For a knot K, the Conway polynomial will have the form:
VK(Z) =1+ Z CLQj(K)ZQj
j=1

It is a fact that the coeflicent ay;(K) is a finite type invariant of order 2j for each j.
The other finite type invariant that will be of interest to us is v3. This is a third-order

invariant, which may be defined as:

1 1
v3(K) = —%Vz/("(l) - EVI/(/(D

where Vi () is the Jones polynomial of K.
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It a fact that the Conway polynomial satisfies the following skein relation:
VK+ (Z) - VK7 (Z) = ZVK’UK”(Z)- (24)

Here K, and K_ differ at a single crossing, and K’ and K” are the two components
of the link that results from the oriented resolution at that crossing; see Figure for an
illustration.

Considering only the z? term, one has the following skein relation for ay [13]:
as(K,) —as(K_) =1k(K', K"). (2.5)

Here lk denotes the linking number. On the other hand, it is known that wvs satisfies the

following skein relation [13} 20]:
. _ 1 201 1Y) N 1"
vg(Ky) —v3(K_) = 3 as(Ki) 4+ ao(K-) +1k*(K', K") ) — as(K') — ag(K") (2.6)

The relevance of these finite type invariants to cosmetic surgery is due to their appearance
in surgery formulae for certain 3-manifold invariants.
In [4], Boyer and Lines extended Casson’s invariant A to homology Lens spaces, and it

follows from Theorem 2.8 of that work that:

Lemma 2.9. Let K C S? be a knot, and p/q be a fraction with p > 0. Then
3 q 1
A (Sk(p/a)) = 02 = 5s(a.p)
Here s(q,p), known as the Dedekind sum, can be defined, for p > 0, as:
p—1
k k 1 kq Vqu 1>
s(¢;p) = ==l -5){=— =15
(@) ;(p L@J 2)(29 pl 2

where |z | denotes the greatest integer less than or equal to z. Furthermore, Boyer and Lines
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Figure 2.5: The signature function for the knot K(1,0,0,0,0). The marked points are roots
of the Alexander polynomial.

also show in Lemma 2.22 of [4] the following surgery formula for the Casson-Gordon invariant

T:

Lemma 2.10. Let K C S® be a knot, and p/q be a fraction with p > 0. Then

7 (S%(p/q)) = —4ps(q,p) — o(K,p)

Here o(K,p) is the p-signature of the knot K. We briefly recall the definition and basic
properties of the signature. If A is any matrix that represents the Seifert form of K, then
for each w € S' C C on the complex unit circle, we put o,(K) equal to the signature
of the Hermitian matrix (1 — w)A + (1 — w)A?. This is the so-called signature function
of K on the unit circle. It is integer-valued, and it only has discontinuities at roots of
the Alexander polynomial, which can be seen by rewriting the matrix in the definition as
(w—1) (oJA — AT). Near w = 1, this function is zero, and near w = —1, this function is equal
to an invariant called simply the signature of the knot. See Figure for an illustration of

the case K = K(1,0,0,0,0). Finally, the p-signature of a knot, denoted o(K,p) is equal to
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the sum of the values of the signature function at the pth roots of unity. That is,

The Le-Murakami-Ohtsuki (LMO) invariant is a generalization of the Casson invariant.
The degree-2 part, denoted Ao, satisfies the following surgery formula, involving finite-type

invariants of the knot:

Theorem 2.11 (Theorem 1.2 of [16]). Let K C S® be a knot, and p/q be a reduced fraction.
Then:

A2 (S%(p/q)) — Xa(L(p, q))
_ (7@2(K)2 —ay(K) — 1Oa4(K))

_|_

P2 4 p 48

: ¢ v(K)q | ax(K) < 1)

where L(p,q) denotes the p,q lens space.

Remark 2.12. [to uses a slightly different definition for vy than is used here; in particular, he

1

normalizes it to take the value i

on the right-handed trefoil instead of 1 as in our convention.
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Chapter 3

Purely Cosmetic Surgeries and

3-Braid Knots

In this chapter, we discuss the various obstructions to the existence of purely cosmetic
surgeries and apply them to show that the family of (nontrivial) 3-braid knots admits no

such surgeries.

3.1 Obstructions

As a consequence of Lemmas and [2.10], Boyer and Lines find the following obstruction

to purely cosmetic surgeries:

Theorem 3.1 (Proposition 5.1 of 4]). Let K be a knot in S®. If ax(K) # 0, then K does

not admit any purely cosmetic surgeries.

On the other hand, Ichihara and Wu find the following obstruction, obtained by studying
Lescop’s Ay invariant, which is related to Kontsevich-Kuperberg-Thurston invariant (compare

Corollary 1.3 of [16], obtained from the similar LMO invariant):

Theorem 3.2 (Theorem 3.5 of [13]). If a knot K C S? satisfies v3(K) # 0, then K does

not admit any purely cosmetic surgeries.
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On the Heegaard Floer homology side, Ni and Wu applied the surgery formula of [31] to

obtain the the following obstructions:

Theorem 3.3 (Theorem 1.2 of [25]). Suppose a knot K C S® admits a pair of purely cosmetic

surgeries along slopes p/q and p/q’. Then:

More recently, Hanselman obtained the following obstruction as an application of im-

mersed curve methods:

Theorem 3.4 (Theorem 2 of [7]). Let K C S? be a nontrivial knot and suppose that S (1) =
S3.(r") for r,r" distinct rational numbers. Then {r,r'} = {£+2} or {:I:%} for some positive
integer q. Moreover:

(i) If {r,r'} = {£2} then g(K) =2

“ NP th(K) + 29(K)
(i) I {rr'y =i} then g < 5 05 ey — 1)

Remark 3.5. Notice that if for a knot K with genus greater than 2 the fraction on the
right hand side of the inequality in 15 less than one, then K admits no purely comsetic

surgeries.

3.2 Band presentation and genus

Here we recall some useful results about the genera of 3-braid knots. We shall make use
of the so-called “band presentation” of the 3-braid group Bjs, studied for braid groups in

general by Birman, Ko, Lee [2] and which has proved useful in the study of surfaces bounded
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di ar as

Figure 3.1: The three generators of the band presentation of the 3-braid group.

by knots arising from braid representations; see, for instance, [35, 44, |19]. For 3-braids, the

presentation is as follows:
Bs = <a17 a2, a3|a2a1 = aszagz = a1a3>

Here a; and a9 correspond to the standard Artin generators o, and oy respectively, and ag
corresponds to o010, ' see Figure for an illustration.

A word in the band generators naturally gives rise to a Seifert surface for the correspond-
ing closed braid, which we shall call the banded surface associated to the word. In particular,
starting with three disks, which one can imagine as being vertically “stacked”, one attaches
a half-twisted band between two of the disks for each instance of a;-tlz for a; between the
bottom and middle disks, for a; between the middle and top, and for az between the top
and bottom, twisted appropriately depending on the sign of the exponent; see Figure for
the banded surface corresponding to the braid asaz'a?.

Now suppose that a 3-braid in the band generators has a knot as its braid-closure.

A straightforward computation of the Euler characteristic reveals that the banded surface

produced with the above method has genus

9=—— (3.1)
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XXD

)

)

(b) A diagram for K coming from the clo-

sure of the braid; this can be interpreted as
a “top-down” view of the banded surface

(a) A banded surface for K

Figure 3.2: The 3-braid knot K corresponding to the closure of the braid asa; 'a?; note that
by adjusting the sizes of the “disks”, one can ensure that the only crossings in a diagram of
K come from the group generators
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where ¢ is the length of the braid word (that is, the number of instances of the afls).
Moreover, in the case of 3-braids, a theorem of Bennequin’s says that a minimal Seifert

surface can always be produced in this way.

Theorem 3.6 (Proposition 3 of [1]). If K is a the closure of a 3-braid, then the Seifert

genus of K can be realized by a banded surface.

This was proved by analyzing the foliations induced on a (minimal genus) Seifert surface
of the braid knot by a fibration of the complement of the braid axis. In the 3-braid case, it
turns out that such a surface may be isotoped so that the foliation has a certain “simple”
form, corresponding to our banded surfaces (see also [3]).

Suppose K is a knot which is the closure of a 3-braid expressed as a word in the band
generators. By Bennequin’s theorem, we may take this word to be minimal so that the
associated banded surface achieves the Seifert genus of the knot g(K’). Notice that each
instance of af' and aQil contributes a crossing to the diagram of the braid, while each
instance of agﬂ contributes 3 crossings (see Figure for an example). Let A; denote the
total number of instances of a;-ﬂ in the given word for K. Then K admits a diagram with
Ay + Ay + 3A3 crossings. Further, observe that K is isotopic to the closure of the braid
obtained by cyclically permuting the generators: a; — ay — a3 — a; (indeed, one can even
realize this as an isotopy of a banded surface like the one in Figure by “flipping” the top
disk across the banded areas so that it becomes the bottom disk). Thus, we may assume
that Aj is the least of the A;s; that is, A3 < %(Al + Ay + Ajz). On the other hand, we have
that the length of the word ¢ = A; + A + As. Combining this with equation (3.1)), we see

that K admits a diagram with crossing number:

C:A1+A2+3A3

2
<l+ -/
< —|—3
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= S (o) +1),

Therefore, we have shown the following lemma:

Lemma 3.7. Let K be a 3-braid knot. If g(K) denotes the Seifert genus of K, then K

admits a diagram with no more than 2 (g(K) 4 1) crossings.

Remark 3.8. In fact, we may additionally require that K admit a diagram with an even
number of crossings less than or equal to %(Q(K) +1). This follows from the fact that, in
order for the closure of a 3-braid to result in a knot, the permutation of the strands induced
by the braid must be even (indeed it must be one of the cycles of order 8 in S3, the symmetric

group on the three strands).

3.3 Knot Floer Homology and thickness

Given a knot K, recall that the “hat” version of Knot Floer Homology, denoted HFK (K)
is the homology of a bigraded chain complex denoted C/F?(K ). The two gradings are
called the Alexander and Maslov gradings. In an algebraic re-interpretation of Knot Floer
Homology, Ozsvéth and Szab6 showed [30, 26] that the generators of C/ﬁ((K) may be
identified with so-called Kauffman states of a diagram for K, first introduced in [17] as part
of an alternative technique for computing the Alexander polynomial. A Kauffman state
consists of a choice of one of the four “corners” for each crossing appearing in the diagram
for K, such that all but a pair (chosen once and for all) of adjacent “regions” that make up
the complement of the diagram have exactly one marking (the two “distinguished” regions
never receive any markings). We denote the set of all Kauffman states by & (note that this
depends on the choice of the diagram for K). The Alexander and Maslov grading of each
such generator is the sum of the local grading contributions at each crossing, as shown in
Figure The delta grading of a generator of C/’F?(K ) is defined to be the difference

between its Alexander and Maslov gradings; hence, it too may be computed as a sum of
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Ivlloc

Figure 3.3: The local Alexander, Maslov, and delta grading contributions at a crossing. The
top row shows a positive crossing and the bottom shows a negative crossing.
local delta-gradings, also displayed in Figure |3.3]

The (homological) thickness of a knot K, which we shall denote th(K), is defined to be
the difference between the maximal and minimal delta gradings of the support of HFK (K).

Using the Kauffman state interpretation, we obtain the following bound on the thickness:

th(K) < maxd(s) — mind(s)

se6 se6
= max g O — min E 0
s€6 oe(7) s€ oe(7)
yES yeESs
1 1
S E - — g —
2 2
YES YES
positive negative
C
2

where a sum over 7 € s means summing over all the (marked) crossings v of the Kauffman
state s, and where ¢ denotes the number of crossings appearing in the diagram. Hence, the

thickness of a knot K is at most one-half the number of crossings appearing in any diagram
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for K. Combining this with Lemma (3.7, we obtain:

Lemma 3.9. If K is a knot which is the closure of a 3-braid, then

3.4 Proof of Theorem 1.2

We are now ready to prove the main result of this chapter:

Theorem 1.2 (Theorem of 1.1 [39]). Suppose K is a nontrivial knot which is the closure of

a 3-braid. Then K admits no purely cosmetic surgeries.

Proof. First, consider a 3-braid knot K with genus g(K) = g > 4. By Lemma th(K) <
2(g+1). Hence,

th(K) +29(K) B9+ 3
29(K)(g(K) —1) = 29(g — 1)

1 11 n 5
g—1\6 6g
< 1 /11 n 5) 49 <1
—3\6 24) 72
where the hypothesis that K has genus at least 4 was used in the last step. By Remark [3.5]
K admits no purely cosmetic surgeries.
So we are left with the case g(K) < 3. By Lemma along with the remark following
it, any such knot has crossing number at most 12.
However, in |7], Hanselman also checked that all prime knots with at most 16 crossings

admit no purely cosmetic surgeries, while composite knots were shown not to admit any

purely cosmetic surgeries by Tao [38]. O]

Remark 3.10. As noted in Remark 37 of |7/, some of the prime knots up to 16 crossings were

excluded with the use of numerical calculations, which may not be fully rigorous. However,
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if we apply Corollary 1.6 of [16], with the use of KnotInfo [22] we find that the remaining
3-braid prime knots up to 12 crossings that need to be checked are 10115, 12n749, 12n750,
and 12n830. These knots do not appear in Table 1 of [7] and so their exclusion does not rely
on numerical methods. According to KnotInfo [22], 10115 is a 3-braid knot of genus 4, and
so admits no purely cosmetic surgeries by the above computation. KnotInfo also gives the
Alexander polynomials of the remaining knots, from which we may compute the invariant

as(K) = $A%(1). The results are shown in the following table:

K Ak (t) as(K)

120749 | t3 —t 24t P14+t -2+ 43 6

12n750 2072 — 5t~ L+ 7 — 5t + 2t2 3

12n830 272 — 4t~V + 5 — 4t + 242 4

By a Theorem if a knot K admits purely cosmetic surgeries then as(K) = 0. Hence the

three remaining knots are ruled out as well.
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Chapter 4

Chirally Cosmetic Surgeries

In this chapter, we discuss the various obstructions to chirally cosmetic surgeries and apply
them to several families of knots, including alternating odd pretzel knots, certain Whitehead

doubles, and L-space knots.

4.1 Obstructions

4.1.1 Heegaard Floer

In this section, we employ the immersed curve formulation of Heegaard Floer invariants
to obtain new obstructions to the existence of chirally cosmetic surgeries along slopes of

opposite signs.

Lemma 4.1. Let K be a knot with 7(K) = g(K) > 0. If £ > 29(K) — 1 then

rk HF(S3.(p/q),s) < max; ni(K) for each Spin® structure s € Spin®(S%(p/q)).

Proof. Since 7(K) = g(K) > 0, we must have €(K) = 1, which in the immersed curve setting,
means that vy C T curves downward after reaching the midline ;. Hence, the slope of the
non-vertical segment of g is 27(K) —1 = 2g9(K) — 1. Let s € Spin(S3(p/q)) be given. Then
by Theorem , tk HF (S3(p/q),s) is equal to the minimal intersection number between I'

(the lift of the immersed curve invariant of K) and the lift Ls,, /q C Tof L, /q corresponding to
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Figure 4.1: Schematics of the kinds of immersed curve pairings occurring in the proof of

Lemma .

37



5. As § > 2g(K)—1, we see that Fp/q can intersect p between —g—l—% and g—% at most once.
We consider the two possibilities in turn: in the case where there is such an intersection, say
at height i, the number of intersection points between I' and L¢,, will be n;(K) within this
height range. Since § > 2¢g(K) — 1, we also see that there will be no intersection with the
non-vertical segment of . Moreover, since I is supported between heights of —g + % +¢eand
g — % — €, there can be no further intersections; therefore, the number of intersections is at
most max; n;(K) in this situation. See the left of Figure for an illustration of this first
case. In the second case, we consider the possibility that Fp/q does not intersect p within
the interval [—g + %, g — %] Here there will be no intersections with any vertical segments
of T, and so the only intersections that may occur are with the segment of slope 2g(K) — 1.
Since § > 2¢g(K) — 1, this can happen at most once (see the right side of Figure for an
illustration). Of course, since 7(K) > 0 by hypothesis, no(K) > 1 and so we also see that

the number of intersection points is no more than max; n;(K) in this case as well. O

Lemma 4.2. Let K be a knot with 7(K) > 0. If 2 < 0 then there exists a Spin°-structure

s € Spin®(S3(p/q)) such that tk HF(S3.(p/q),s) > max;n;(K) + 1.

Proof. Let i be such that n;(K) = max;n;(K). There exists a lift L C T, of L, that

p/a
intersects p at level i. By Theorem we choose s to be the Spin® structure corresponding
to this lift; that is, in the notation as above, L = Fp/q. We consider two separate cases. If
|i| = 7(K), then since £ < 0 and 7(K) > 0, the line L¢,,, must intersect with the non-vertical
segment of 7. This can be seen as follows: assuming without loss of generality that : > 0, we
follow the line Fp /q from an intersection at level ¢ until the point at which it reaches height 0.
If it has wrapped at least halfway around the cylinder T, then it will have intersected with the
“positive” non-vertical segment of vy. Otherwise, at the point where it wraps halfway, it will
have a negative height and hence will have intersected with the “negative” part of the non-

vertical segment of y (see the left side of Figure for an illustration of this case). Either

way, along with the n; intersections with vertical segments, there is at least one additional
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Figure 4.2: Schematics of the kinds of immersed curve pairings occurring in the proof of

Lemma .
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intersection point. In the other case we have |i| < 7(K). If at level i the intersection of
Fp/q with p occurs at a positive height, then since § < 0 and 7(K) > 0, there must be an
additional intersection point between the aforementioned intersection point and the point
where Fp /q has wrapped halfway around the cylinder upwards and to the left (see the right
side of Figure for an illustration). An analogous argument holds if the intersection with

i occurred at a negative height. In both cases, we see that there are at least n;(K) + 1

intersection points. Since n;(K) was chosen to be maximal, the desired result follows. [

We now prove our main obstruction:

Theorem 1.6 (Theorem 1.4 of [41]). Suppose a knot K satisfies 7(K) = g(K) > 0. If
S3(p/q) = —S3(p/q") where p,q,q € Z with p,q > 0 and ¢ < 0, then 2 < 29(K)—1 and
2p = (Vert(K) + 29(K) — 1)(q + ¢').

Proof. For the first part, if 2 > 2¢(K) — 1, Lemmas and @ imply that S3-(p/q) and
S3.(p/q') cannot be homeomorphic as there can be no isomorphism between their Heegaard

Floer homologies that respects the Spin® decomposition. As 7(K) = g(K) > 0, we have a

non-vertical segment of slope 2g(K) — 1. From the rank formula (2.2]), we have that:
Ip — q(29(K) — 1)| + Vert(K)g = p — ¢'(29(K) — 1) — Vert(K)q'.

As

SHS]

< 2¢(K) — 1, this becomes:

q(29(K) —1) —p+ Vert(K)q = p — ¢'(29(K) — 1) — Vert(K)q'

(g+q)(29(K) -1+ Vert(K)) = 2p

4.1.2 Finite Type

Here we collect certain obstructions involving finite type invariants.
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As a consequence of Theorem [2.11] Ito obtains:

Theorem 4.3 (Corollary 1.3 of [16]). Let K be a knot and suppose Si(p/q) = +S3(p/q)

for some q # ¢'. Then,
2pu3(K) = (Taz(K)? — az(K) — 10a4(K))(q + ¢')

On the other hand, by combining Lemmas and [2.10}, Ichihara, Ito, and Saito find:
Theorem 4.4 (Theorem 1.2 of [11]). Let K be a knot and suppose Si-(p/q) = —S%(p/q).

Then

4(q+q)ax(K) = —o (K, p)

Following [11], we combine Theorems |4.3| and [4.4] to find that, if a knot K admits a pair

of chirally cosmetic surgeries along slopes p/q and p/q’, then

o(K,p) ,_ 2pus(K)
day(K) 9T T T (K — ay(K) — 10aa(K)

So we have obtained the following useful criterion:

Corollary 4.5. Let K be a knot and suppose S3(p/q) = —S3(p/q'). Then

o(K,p) —8as(K)v3(K)

P B 7&2(K)2 — (ZQ(K) — 10(1,4(K)

4.1.3 Combining the obstructions

Combining Theorems[1.6]and [£.3] we find the following obstruction to the existence of chirally

cosmetic surgeries with opposite signs:

Corollary 4.6. Let K be a knot satisfying 7(K) = g(K) and v3(K) # 0. If Si(p/q) =

—S3(p/q') for some p,q > 0,q¢ <0 then

v3(K)(Vert(K) + 2g(K) — 1) = Tag(K)? — ay(K) — 10a4(K).
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Proof. Substition gives:

v3(K) (g + ¢)(29(K) — 1+ Vert(K)) = (Tay(K)* — az(K) — 10as(K))(q + ¢)-

Notice that Theorem implies that ¢+ ¢ # 0 in this setting, and so the result follows. []

Note that if v3(K) # 0, the obstruction above may be written as:

Vert(K) + 2¢(K) — 1 = Tay(K)? — ZE[IQ — 10a4(K)

The quantity on the left-hand side is Heegaard-Floer theoretic, while that on the right-hand
side is a combination of finite type invariants, so for a generic knot, one would not expect
these two to coincide. Hence, this corollary provides some reason to believe in a negative
answer to Question [L.5} the conditions 7(K) = g(K) and v3(K) # 0 are both sufficient
(although certainly not necessary) for K to be non-amphichiral. Morally, one might interpret
this as suggesting that knots which are “very far” from being amphichiral will not admit

chirally cosmetic surgeries along slopes of opposite signs.

4.2 Pretzel knots

The goal of this section is to prove:

Theorem 1.7 (Theorem 1.5 of |41]). Let K = K(ky, ..., kagy1) where k; > 0 for all i. If at

least one k; > 0, then K does not admit any chirally cosmetic surgeries.

4.2.1 Computing finite type invariants

We consider the case K = K (ky, ks, k3, k4, ks) first. Applying Seifert’s algorithm to a diagram

such as the one in Figure [1.2] one finds that the Seifert form for K may be given by the
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following matrix:

ki+ky+1 ko 0 0
ko +1 ko4 ks+1 ks 0
A=
0 ks+1  ks+ky+1 k4
0 0 ky+1 ky+ks+1

From this, we may compute the Alexander and Conway polynomials. In particular, A (t) =
det (¢t1/2A —t712AT) and Vi(2) = Ag(t)|mproy1e = 1+ ao(K)2? + as(K)z*. Explicit
computation gives:

CLQ(K) =3 + 281’5 + 525 (4 1)

as(K) =14 515+ 525+ S35 + 545

Here we use s, ,,, as a shorthand for s,,(k1, ..., ky,), the nth elementary symmetric polynomial

in kq,...,k, given by:

Snm = Z H ]{Ij

PC{1,...,m} jepP
|Pl=n

Let us here record some properties of the elementary symmetric polynomials, which are

straightforward consequences of their definition.

Lemma 4.7. Let s, ,,, denote the nth elementary symmetric polynomial in ki, ..., k. Then,

the following hold:
o Ifkj =0 for all j > N, then whenever n > N, S, m = Sp.N
® Sumtl = Snm + Emy1Sn—1,m
Remark 4.8. By convention, we take so,, =1, and if n > m, s,., = 0.

Now we turn to the case K = K(ki, ks, k3, k4, ks, kg, k7). As before, we can represtent
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the Seifert form with the following matrix:

ky + ko +1 ko 0 0 0 0
ko +1 ko + kg +1 ks 0 0 0
0 ks +1 ks + ks + 1 ky 0 0
A:
0 0 kqs+1 ka+ ks +1 ks 0
0 0 0 ks +1 ks + ke + 1 ke
0 0 0 0 ke + 1 ke + kr+ 1

Once again, computation of the Conway polynomial gives:

;

az(K) =6+ 3s17 + 527

CL4(K> =5+ 48175 + 382’5 + 283’5 + S4.5 (42)

aG(K) =14+ S1,7 + Sa,7 + 837 + S4,7 + 85,7 + S6,7

\

In the general case where K = K(ky,...,koy+1), we will need the following formulae for

as(K) and v3(K).

Lemma 4.9. Let K = K(ky,...,kyg+1). Then

1
as(K) = 59(9 + 1) + gS1,29+1 + 52,2941

1

1
v3(K) = 5 (gg(g +1)(29 +1) + 9(29 + 1)s1,241 + 95%,2%1 + 29822941

+ S1,2g+152,29+1 T 53,2g+1>

Proof. We proceed by induction on g. Notice that g = 0 corresponds to the unknot, which

has as = 0. Now consider ¢ > 1 Considering one of the crossings on the 2g + 1st strand,
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we have, in the notation of Figure , K_=K(ki,... ko), Kt = K(ky,... kogr1 — 1),
and K’ U K" is a pair of unknots with linking number —(ky + -+ 4+ kog + g) = — (51,29 + 9)-
Applying (2.5) gives:

CLQ(K(]{?:[, RN ]{?29+1)) — (ZQ(K(kl, R k2g+1 — 1)) = S1,2¢ + g

Repeating this procedure kyyy1 — 1 times gives:

as(K (ky, .. ., k2g+1)) —ag(K (ky, .. ., kags 0)) = k29+1(51,2g +9)

Now repeating this procedure for the 2¢gth strand gives:

CLQ(K(le, ey ng—l—l)) — GQ(K(k’l, ceey k?gg_l, 07 0))

= kog(s1,29-1 + 9) + kag1(S124 +9) (4.3)

Now, applying (2.5) to one of the two rightmost crossings of K (k;...,ks5-1,0,0), we see

that:

&2(K(/f1> cee k?g—la 0, 0)) - az(K(lﬁ, cees k’zg—l)) = (81,2g—1 + 9)
Combining this with (4.3)) and applying the induction hypothesis, we find:
ag(K (K1, ... kogi1)) = aa(K (K1, ... kag1)) + (kog + 1) (51,291 + g) + Kagr1(S1,29 + 9)
1
= 59(9 — 1)+ (g — D)siog-1+ S229-1 + (kog + 1)(8129-1 + 9) + k2g11(5129 + 9)
1
= 59(9 — 1)+ g+ (9= 1)s129-1 + S1,29-1 + ghag + ghagi1 + 52,291

+ kogS1,29—1 + kog151,29

1
= 59(9 + 1) + 9512941 + 52,241
where Lemma [4.7] was used in the last step.
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Let us now compute v3(K). Again we proceed by induction, noting that for g = 0, v3 of
the unknot is zero. Suppose g > 1. As before, we use (2.6) on a crossing in the last strand

and see:

1
Ug(K(kl, coey k‘2g+1)) — U3(K(k1, e ,k29+1 — 1)) = —5 (CLQ(K(kZl, ey k2g+1))

(K (R, kagn — 1)) + (5120 + 9)%)

Repeatedly applying the skein relation (2.6 to the rest of the crossings in the last strand,

one finds that:

V3(K (K1, ... kagy1)) — va(K (K, ..oy Koy, 0)) =
1

— 5((12([((]{1, e ,k29+1)> + QQ(K(kla te 7k297 O))

kag+1—1

+237 aa(K (ko Koy ) + g (5129 + 9)?)

Applying the formula we have obtained for ay together with Lemma [4.7] gives:

V3(K (K1, ... kagy1)) — va(K (K, ..oy Koy, 0)) =

1

1 1
~ 5 ég(g + 1) + g(s1,29 + k2g+1) + S2.29 + k2g+151,29 + 59(9 + 1) + gs1.29 + 5224

kagy1—1

+ 2 Z ( g + 1 + g(81 2g + ]) + S9 29 +j81 29) + k2g+1(81729 + 9)2)

— _% (g(g + 1) + 295129 + gkog1 + 252,29 + kog+151,2¢
+ (kagr1 — 1)g(g + 1) + 29(kagr1 — 1)s1.29 + 2(kogr1 — 1)s2:24
+ ghagi1(kage1 — 1) + kogi1 (kg1 — 1)s1,29 + kagr1(s129 + 9)2)
- _% <k29+19(9 + 1) + 2gkag1151,29 + gkgg-ﬂ + 2115229

+ k§g+181,2g + kogi1 (5%,29 + 295129 + 92) )

46



1
= —§k29+1 (9(29 + 1) + 4gs1.29 + gkogt1 + 252,25 + kog+151,24 + Sigg>

Similarly, applying (2.6 repeatedly to the 2gth strand now gives:

v3(K (ky, ..., k2g+1)) — v3(K (ky, . .. s kag1,0, 0)) =
1

2k2g <9(29 + 1) +4951,29-1 + ghog + 252,291 + kogS1,24-1 + Sizgq)

1
— §k2g+1 <g(29 + 1) + 4981729 + ngg—l—l -+ 282729 + k?gg_HSl,gg + 8%729> (44)

Now, applying (2.6 to one of the two rightmost crossings of K (ky,...,kss—1,0,0), one sees

that:

’Ug(K(k’l, N kgg_l,0,0)) — ’Ug(K(k‘l, ey k’gg_l)) =

1
— = (aa(K(k1, ... k2g—1,0,0)) + as(K (K1, ..., kag—1) + (S1.29-1 + 9)*)

2
1 +1 -1
(9(92 ) 951.29-1 + S229-1 9(92 )

2 + (9 — 1)s1.291
+ 32,2g71 + 5%729_1 + 2g51,2g71 + g2>

1
=—5 (292 + (49 — 1)s129—1 + 252,29—1 + 5%,25})

Combining this with (4.4)) and applying the induction hypothesis gives:

1
Ug(K(k’l, ey kgg+1)) = Ug(K(kl, ey ]{329_1)) - 5 (292 + (49 — 1)81729_1 + 282729_1 + 8329_1)

1
- §k2g (9(29 + 1) +4gs1,29—1 + ghog + 252291 + kog51,29-1 + Sigg,l)

1
— §k2g+l (9(29 + 1) + 495129 + gkogr1 + 252,29 + Kog151,25 + Sizg)

1 <g(g —D(2g—1)
2 3

+(9—1)(29—1)s129-1+(9—1)57 951 +2(g—1) 52,291+ 51,29-152,2-1

+ 8329-1 + 29° + (49 — 1)s1,29—1 + 25294-1 + Sigg_l
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+ kaog (9(29 + 1) +4951,29-1 + gkog + 252,291 + kogS1,29-1 + Sizg_l)
+ kog41 (9(29 + 1) + 4gs1,2g + gkog1 + 252,29 + kog1151,29 + Sigg) )
1(%9+D@9+D

2 3

+9(29 + 1)s1,29-1 + 955,2971 +2982.29—1 + S1,29-152.29—1 + 8329—1

+ 9(29 + 1)kog + 4gkagsi29—1 + gkgg + 2kogS2.9g—1 + kggsl,ngl + k2g5%,gg_1

+ 9(29 + 1)kogi1 + 4gkagt151,2 + gkgg-ﬂ + 2k 115229 + k§g+131,2g + kzg+1sigg>

:_1(mg+U@g+D

9 3 + 9(29 -+ 1)(81729_1 + ]{29 + k29+1)

+ qg (8%’29_1 + 2]{32981’29_1 + kgg + 2]{3294_181’29 + k§g+1)

+29(82,2g-1 + k2g5129-1 + k2g+151,29) + S3.29—1 + K2gS2,29—1 + Kag152,24

+51,29-152,29—1 F k2gS1,29—1(81,29-1 + kag) + k2g52.29—1 + Kkog+152.29 + kag151,24(51,29 + k2g+1>>

We now repeatedly apply Lemma [4.7] to find:

1 +1)(29+1
’U3(K(l€1, RN kgngl)) = —5 (g(g )3< J ) + 9(29 + 1)31,29+1

+g ((81,2g—1 + ng)Q + 2kog4151,29 + k:§g+1) + 29(52,29 + kog151,29) + 329 + kog1152.24

+ 51,2g-152,2g—1 + K2gS2.29—1 + K2gS1,2g-151,29 + Kog1152,29 + k2g+151,2951,2g+1)

1(%9+U@9+U

2 3

+9(29+ 1)s12911 + ¢ (8329 + 2kog 151,29 + k:§g+1) + 209822941

+ 839911 + S2,29-1(81,29-1 + Kog) + kogS1,29-151,29 + K2g+152,24 + k2g+18172g81,29+1)

1(%9+U@9+U

B 3 + 9(29 + 1)s1.2511 + g(s1,29 + k‘2g+1)2 +295229+1 + S53,29+1

+ 52.99-151,2g T K2451,29-151,29 + K2g+152,29 + k2g+131,2g31,29+1)

:_1(M9+D09+D

5 3 +9(29 + 1)s1.2941 + gsiZngl + 29822941 + $32g+41

+ 51,2¢(82.29-1 + KogS1,29-1) + kag+152,29 + k29+151,2951,2g+1)

:_1(m9+n@g+n
2

3 +9(29 + 1)31,2g+1 + 95§,2g+1 + 29822941 + 83241
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+ 81,2952,29 + kog152,29 + k2g+181,2g51,2g+1>

:_1(mg+D@g+D

3 +9(29 + 1)s1,2941 + gSngJrl + 2¢592,29+1 + 53,2941

+ S2,2(S1,29 + k2g1) + k2g+151,2g81,2g+1>

1(%9+U@9+U
3

+9(29 + 1)s12941 + gsi2g+1 + 209822941 + 32941

+ S82.2¢51,2g+1 T+ k29+131,2g8172g+1)

__l(ﬁg+D@g+D
3

+9(29 + 1)s1,2941 + 93%,29+1 + 29522911 + S329+1

+ 51,2g+1(82,29 + k29+131,2g))

:_1(mg+U@g+U
2 3

+ 9(29 + 1)s1,2g41 + 957 9911 + 20522941

+ 83,241 + 81,2g+152,2g+1>

as desired. O

In our case, it is known that K (k, ..., kyg+1) has signature equal to 2g. As the “jump”
in the signature function is equal to two at a simple root of the Alexander polynomial,
whenever such a knot has Alexander polynomial with no repeated roots (as will be the case
for the relevant knots below), the intervals between the roots will attain all nonnegative even

integers up to 2g as signatures;

4.2.2 The case of genus 2 and 3

Our goal is to prove:

Theorem 1.7 (Theorem 1.5 of [41]). Let K = K(ki, ..., kogt1) where k; > 0 for all i. If at

least one k; > 0, then K does not admit any chirally cosmetic surgeries.

Following [40], we apply the above obstructions to prove the result for the case of genus

2 and 3. Note that chirally cosmetic surgeries for alternating knots of genus 1 were classified
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in [L1].
We treat the five-stranded case first:
The genus 2 case: K = K(ky, ko, ks, ky, k5)
In this case, by and Lemma

(
CLQ(K) = 3 —+ 28175 + 8275

as(K) =1+ 515+ Sa5+ 835+ Sa5 (4.5)

\UB(K) = —% (10 -+ 108175 + 28%75 + 452,5 + 51,5525 + 8375)

We see that as(K), as(K) > 0 and v3(K) < 0. Moreover, we also have that 0 < o(K,p) <

4p for all p > 0. So if K admits chirally cosmetic surgeries with slopes p/q and p/¢’, then,
by Corollary [£.5]

o(K,p) —8as(K)vs(K)
0< p  Tag(K)? — as(K) — 10a4(K) =4
s 209 (K)|vs(K)| < Tay(K)? — ay(K) — 10a4(K) (4.6)

We also have, by (4.5) the following estimate relating as(K) and a4(K):

2 1 1
ag(K)=1+4515+ 525+ S35+ 545> 1+ 3515 + 3525 = gaz(K)

Hence, if K admits any chirally cosmetic surgery, then:

205 (K ) |v3(K)| < Tag(K)? — ay(K) — 10a4(K) < Tag(K)? — ax(K) — 3ay(K)

~ 2|U3(K)| < 7@2(K> —4

Thus, we have shown:
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Corollary 4.10. Let K = K(k’l, k’g, k’3, k’4, ]{35) ]f
2lvs(K)| > Tas(K) — 4

then K does not admit any chirally cosmetic surgeries.

We now apply this corollary to exclude all but four knots in this family from admitting
chirally cosmetic surgeries. We proceed in three cases:

Case I: At least three k; are nonzero: By (4.5) we see that

2|v3(K)| — Tag(K) + 4 = 10 4 10s; + 257 + 459 + 8189 + 83 — 21 — 145y — Tsg + 4
= —7—4s; + 25% — 359 + 5159 + S3

=-T+ (281 — 4)51 + (81 — 3)82 + S3
In this case, we have that s; > 3 and s3 > 1 so that
2v3(K)| = Tag(K)+4> =7+ (6—-4)3+1=0

Hence, by Corollary [4.10] these knots admit no chirally cosmetic surgeries.

Case II: Exactly two k; are nonzero: Notice that, without loss of generality, we may
assume (ki, ko, k3, kg, ks) = (a,5,0,0,0) for a > b > 0. This is because, by the symmetries of
pretzel knots, one may cyclically permute the strands until the longest strand is in the first
position; then, by applying “fyping” moves, one can bring the other “long” strand to the
second position. We compute that s; = a + b, sy = ab, and s3 = 0.

Suppose a + b > 4. Then

lv3(K)| =5+ 5(a+b) + (a+ b)* + 2ab + %(a—l— b)(ab)

ab

>5+4+9(a+0b)+ 5

(44+a+0)
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Thus

20v3(K)| — Tas(K) +4 > 10+ 18(a + b) + ab(4 + a + b) — 21 — 14(a + b) — Tab + 4
=—7+4+4(a+0b)+abla+b—3)

> —-T7+16+ab>0

Once again, Corollary guarantees that K(a,b,0,0,0) admits no chirally cosmetic surg-
eries as long as a + b > 4. This leaves: K(1,1,0,0,0) and K(2,1,0,0,0) as still unchecked;
we deal with these two knots below.

Case III: Exactly one k; nonzero: As before, we may assume (by appropriate per-

mutation) that the longest strand is in the first position; i.e., we are considering the case

K(N,0,0,0,0) with N > 0. Here s; = N and sy = s3 = s4 = 0. Thus, by (4.5)):

Tas(K)? — ay(K) — 10a4(K) = 28N? 4 72N + 50

2a5(K)|v3(K)| = 4N? + 26 N? 4 50N + 30

We see that is satisfied only for N < 2, and so, by Corollary , K(N,0,0,0,0) admits
no chirally cosmetic sugeries when N > 3. This leaves K(1,0,0,0,0) and K(2,0,0,0,0). As
still unchecked. We turn to these and the other two leftover knots now.
The remaining knots: Let us turn our attention to the four knots that still need to be
checked.

First, we consider K = K(2,1,0,0,0). We compute, using that

205 (K)|vs(K)| = 2(11)(36) = 792

Tay(K)? — az(K) — 10a4(K) = 7(121) — 11 — 60 = 776

The inequality (£.6) is not satisfied, and so, by Corollary [4.5] this knot does not admit any

chirally cosmetic surgeries.
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For the next three knots, we will investigate their signature functions in order to obtain
bounds for their respective p-signatures.

Let K = K(1,0,0,0,0). We compute that as(K) =5, as(K) = 2, and v3(K) = —11

—8as(K)vs(K) 44
Tay(K)? — ay(K) — 10ay(K) ~ 15

Hence, by Corollary , if K admits chirally cosmetic surgeries with slopes p/q and p/¢/,
then p = 15n for some positive integer n. From the Conway polynomial 1 + 522 + 22*, we
find that the roots of the Alexander polynomial are et and e**2, where 6, ~ 1.712 > ?—’5’

and 0y ~ 0.473 > 2T

2T Hence, 0,(K) = 0 when —2F < arg(w) < 22 and 0,(K) < 2 when

15 —

—2 <arg(w) < 3Z. See Figure [2.5 for an illustration.

So
o(K,15n) < 2(6n) +4(7Tn — 1)
15n - 15n
~ 40n — 4
-~ 15m
JM0
15 15

Hence, by Corollary K admits no chirally cosmetic surgeries.
Now let K = K(2,0,0,0,0). We compute ay(K) =7, ay(K) = 3, and v3(K) = —19

—8as(K)vs(K) 532

Tas(K)? — as(K) — 10a4(K) 153

As before, by Corollary , if K admits chirally cosmetic surgeries with slopes p/q and p/¢/,
then p = 153n for some positive integer n. By (4.1]), this knot has Conway polynomial
1+ 72% 4+ 32%. Thus we find that the roots of the Alexander polynomial, which we denote

e*® and ¥ satisfy 6; ~ 1.661 > 2% and 6, ~ 0.394 > ZZ. Hence, 0,(K) = 0 when
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— 22 <arg(w) < 22 and 0,(K) < 2 when -3 < arg(w) < 3%, So

o(K,153n) < 2(62n) +4(73n — 1)
153n - 15n
B 416n — 4
~ 153n
- 416 - 532
153 153

Hence, by Corollary K admits no chirally cosmetic surgeries.
Lastly, let K = K(1,1,0,0,0). We compute az(K) =8, as(K) = 4, and v3(K) = —22

—8&2(K)’03(K) _ 88
Tag(K)? — ay(K) — 10ay(K) ~ 25°

As before, by Corollary , if K admits chirally cosmetic surgeries with slopes p/q and p/¢/,

then p = 25n for some positive integer n. From the Conway polynomial 1 + 822 + 42%, we

107

find that the roots of the Alexander polynomial are ¥ and e**%2, where 0; ~ 1.504 > 5

and 6, ~ 0.368 > 22 Hence, 0,(K) = 0 when —2F < arg(w) < 22 and 0,,(K) < 2 when

10 10
— 5 <arg(w) < 5. So

o(K,25n) < 2(8n) +4(15n — 1)
25n - 15n
B 6m — 4

- 25m
76 88

~ 25 "2

Once again, by Corollary K admits no chirally cosmetic surgeries. This concludes the
case of genus 2.

The genus 3 case: K = K(ky, ko, k3, ky, ks, k¢, k7)

In this case, by , and Lemma
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)
az(K) =6+ 3517 + S27

as(K) =54 4s17+ 3s27 + 2537 + Sa7

ag(K) =1+ 817+ So7+ 837+ Sa7+ S57 + Se7

\UB(K) = —% (28 + 218175 + 38%75 + 652’5 + 51,5525 + 8375)

Once again az(K), ay(K) > 0 and v3(K) < 0. Moreover, we also have that 0 < (K, p) <

6p for all p > 0. So if K admits chirally cosmetic surgeries with slopes p/q and p/¢’, then,
by Corollary [4.5]

U(K,p) . —8@2(K)’03(K)
S T Ta®) — a(E) - 10m(E) =
S0 es(K)| < Taa(K)? — ax(K) — 10a4(K) (48)

We also have, by (4.7) the following estimate relating as(K) and a4(K):

6 24 18 12 6
5@4(K> =6 + 381’7 + 382’7 + 383’7 + 58477 Z 6 + 381’7 + So7 = CLQ(K)

Hence, if K admits any chirally cosmetic surgery, then:

%aQ(K)|v3(K)| < Tag(K)? — ay(K) — 10a4(K) < Tag(K)* — ag(K) — ?LQ(K)

o 4|vy(K)| < 21as(K) — 28

Thus, we have shown:

Corollary 4.11. Let K = K(]fl, kQ, kg, k’4, k‘5, k‘ﬁ, ]{57) If
Alvs(K)| > 21as(K) — 28

then K does not admit any chirally cosmetic surgeries.
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Now we compute:

4|U3(K)| - 21&2([() + 28 = —42 — 2181’7 - 98277 + 68%77 + 2517782,7 + 23377

= —42 + 381,7<28177 - 7) + 8277(28177 - 9) + 28377

If S1,7 Z 5, then

Alvg(K)| — 21as(K) + 28 > —42 + 3(5)(3) > 0

Hence, by Corollary [{.11] these knots do not admit any chirally cosmetic surgeries. It
remains to check the knots in this family with s;7 < 5. These are (once again using the
symmetries of the pretzel knots): K(1,1,1,1,0,0,0), K(2,1,1,0,0,0,0), K(1,1,1,0,0,0,0),
K(3,1,0,0,0,0,0), K(2,2,0,0,0,0,0), K(2,1,0,0,0,0,0), K(1,1,0,0,0,0,0),
K(4,0,0,0,0,0,0), K(3,0,0,0,0,0,0), K(2,0,0,0,0,0,0), and K(1,0,0,0,0,0,0).

First, we note that for K = K(1,1,1,1,0,0,0), we have, by , ax(K) = 24, a4(K) =
48, and v3(K) = —112. Thus, 3as(K)|vs(K)| = 3584 > 3528 = Tas(K)? — az(K) — 10a4(K)
so that inequality is not satisfied, implying that this knot admits no chirally cosmetic

surgeries.

—8as (K)vs(K)
Taz(K)%2—a2(K)—10a4(K) "

For the rest of the knots, as in the genus 2 case, we compute F =

By Corollary [£.5, if K admits chirally cosmetic surgeries with slopes p/q and p/¢’, then

@ = F so that p must be a multiple of the denominator of F'. From the roots of their

Alexander polynomials, we obtain bounds on their signature functions. For all but one of

the remaining knots, we find that —”(];’p )

< F' so that those knots admit no chirally cosmetic
surgeries. The results are summarized in the following table (we denote the roots of the

Alexander polynomial by et e*#2 and e*:):
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K F | 6,>]6,>|0;> 2Bl <

K(27 17 17 07 O’ O’ 0) % ?Tg 52)47?)- 12202;r 6(83n_1)+24t)(§7§n)+2(40n) < %
K(1,1,1,0,0,0,0) | 526 | oz | 2ox | Goor | SESn—LICCIS L2000 o 001
K(3,1,0,0,0,0,0) | %60 | 22 | Lior | Zdn | SQOT-DIiCo0) 2000 1854
K(2, 27 07 07 07 O, 0) % é_g Qt%r % 6(27n71)+2$12n)+2(16n) < %
K(2, 17 07 07 O, O, 0) % % ?{4T71r ’iOTq 6(41n71)+141(i(jn)+2(26n) < %
K(l, 1’ 07 0’ O, O, 0) 411;851; lg_érl % % 6(37n—1)+14t)(fjn)+2(24n) < %
K(4,0,0,0,0,0,0) | % | o | 4 | 1z S(Tn=1)+4(6n)+2(04n) - 74
K(3,0,0,0,0,0,0) | 108 | 10n | d8n | 92n | G(Tn-LbAn) 12038 - 534
K(2,0,0,0,0,0,0) | 85 | 42z | 1ofn | 200 | SUMn DIZCHOIA0I00 o 10

Finally, we turn our attention to the knot K(1,0,0,0,0,0,0). By (4.7)), we compute that:

Tant K_)fz(;((l)g’_(ﬁ)m 7 = 4. The roots of the Alexander polynomial for this knot are e

+2mice
)

eF2m8 and et where .056 < a < .057, .19 < B < .191, and .342 < v < .343. Therefore,

we obtain the estimate:

o(K,p) < 6].316p]| + 4(2[.153p]) + 2(2].135p])
p N p
_ 6(:316p+ 1) + 4(2(153p + 1)) + 2(2(.135p + 1))
n p
= 3.66 + g
p

Hence, if p > 53, then @ < 4, which by Corollary excludes the possibility of chirally
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cosmetic surgeries on this knot with slopes p/q and p/q¢’ whenever p > 53. Using Math-
ematica [43], we explicitly compute @ for 1 < p < 52. The results are in the table

below:

21 3 |15 28 | 28| 5L |41 | 8

64 11 156
17| 8 |30 43 | 13

W
N[~

31 22

6 3 19| & 32 » 45 | o

45

23

§ | L o1 2 34| 8 |y7| 12

9 2 |22 § 13| 2 |48 2

19 84 65 180
10 12 |23 8 |i36| 6 |y49| 180

40 43 132 91
11| 9 Joq| 8 |37 12 |5 | U4

25| £ |[38] % 51| &

12 19 51

N~

48 49 140 97
13 %8 Jiog| 4 |39| M0 )5 &

We see that # = 4 only when p = 5. Hence, by Corollary , if K admits chirally

cosmetic surgeries, they must have surgery slopes 5/¢ and 5/¢’ for some integers ¢ and ¢'.
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However, by Theorem [£.4] we must have:

Lo oKD 20 5
79 = Jap(K) 4.9 9

which is impossible, as ¢ and ¢’ are supposed to be integers. O

Now we turn our attention to the general case. As an illustration of the strength and
limitations of the above methods for the general family, we apply them to show that for a
fixed genus, at most finitely many alternating odd pretzel knots can possibly admit chirally

cosmetic surgeries. We shall make use of the following:

Lemma 4.12 (Corollary 6.2 of [11]). Let K be a nontrivial negative knot (i.e., a knot with
all negative crossings). If 4lvs(K)| > Tgas(K) then K admits no chirally cosmetic surgeries

(here g is the Seifert genus of K ).

Proof. This follows from the fact that for negative knots, as(K),as(K) > 0 [5], v3(K) <
0 |37], and o(K,p) > 0 [33]. (For the family of knots we are considering, two of these
inequalities can be seen directly from Lemma . Now Corollary implies that if p/g-
and p/q’-surgeries are chirally cosmetic,

o(K,p) _ —8as(K)v3(K)
D Tas(K)? — as(K) — 10a4(K) —

s day(K)|vs(K)| < g(Tag(K)? — ag(K) — 10a4(K) < Tas(K)?)

~ Afug(K)| < Tgaz(K)

]

Theorem 4.13 (Theorem 1.2 of [40]). Let K = K (ky, ..., kogy1). If ki + -+ + kogy1 > ag

then K does not admit any chirally cosmetic surgeries. Here o = %ﬁ ~ 2.0329.

Remark 4.14. The crossing number of K(ki, ..., kag+1) is 2(ky + - - + kogy1) +29+ 1 and
so one may equivalently rephrase the theorem as saying that such knots admit no chirally

cosmetic surgeries whenever the crossing number is at least 2(a+ 1)g + 1.
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Proof. As these knots are negative, by Lemma [£.12] K admits no chirally cosmetic surgeries
if 4|v3(K)| > Tgas(K) . By Lemma[4.9] we compute:
29(g+1)(29+1) Tg(g+1)

Alvs(K)| — Tgas(K) = 3 — 5 +29(29 + 1)s1.2911 — 792817294_1

+498229+1 — 7gS2.24+1 + 295%,2g+1 + 251,294152,2g+1 + 283,2g41
_ —13¢° — 99> + 4y
B 6

—13¢%> — 9¢®> + 4
= 9 - g 9 + 931,2g+1(281,2g+1 + 2 — 3g) + 82729_:,_1(2817294_1 — 3g) -+ 233729+1

+ (2 — 39)s12g+1 + 298%72#1 — 3982.2g+1 t 251,294+152,29+1 + 2832911

2
If S12941 > ag, then sq2911(2512g41 — 39) > 2L, 2515911 — 3g > 0, and 2gs1 2911 > 49>

Hence:
—13g®> —9¢> +4g  13g

3
4lvg(K)| — Tgaz(K) > : + =5 +4g° >0

as desired. O

In the following sections, we apply the new obstructions from Heegaard Floer homology
to finish the classification of the chirally cosmetic surgeries of the odd alternating pretzel

knots.

4.2.3 Computing Heegaard Floer invariants

We wish to compute Vert(K) for this family of knots. For convenience, we shall actually
consider the mirror images K (ki, ..., kg); of course, a knot admits cosmetic surgeries if and
only if its mirror does as well. Since these knots are alternating (and hence homologically
thin), it is known that their (reduced) Knot Floer complex may be put in a special form. In
particular, there exists a reduced basis such that the only “arrows” are of length one, so that
the complex consists of 1 x 1 “squares” and one “staircase” subcomplex; see Lemma 7 of [32].
These correspond, in the immersed curve formulation, to simple (i.e., height 1) figure-eight
curves and a 7y that “weaves” through adjacent punctures, respectively (see Figure .

Each figure-eight component contributes 4 to the rank of HFK (K) and 2 to Vert(K). On
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0« ®

(a) A 1 x 1 square in the Knot Floer complex (left) and its corresponding
immersed curve invariant (right), a simple figure-eight curve.

o<«——©O

(b) A “staircase” subcomplex with length 1 arrows (left) and the corresponding
immersed curve invariant (right); this is the 7(K) > 0 case.

Figure 4.3: The two kinds of Knot Floer subcomplexes a thin knot may have along with
their corresponding immersed curve invariants.
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the other hand, 7y for this knot will have height equal to 7(K). Hence, if we put F equal to
the number of simple figure-eight components, we have that rk OFK (K)=4F +27(K)+1

and Vert(K) = 2F + 27(K) — 1 (this assumes 7(K) > 0). So we find that:

1 — 3

Furthermore, since K is thin for each Alexander grading s, HFE (K,s) is supported in

Maslov grading o = s+ ¢ for some fixed § which depends only on the knot K. Hence, we see

by that
Ar(~1) = (~1)#(-1)°* tk HFK (K, 5)
=3 (~)** K HFEK(K, s)

= ink[—ﬁ?{(K,s)

= + 1tk HFK(K).

Therefore, rk HFK (K) = |Ag(—1)|. This latter number is an invariant also known as the
determinant of the knot K (denoted det(K)). It follows from the definition that det(K) =
| det(A + AT)| whenever A is any matrix representing the Seifert form of K. We thus have

shown:

Lemma 4.15. If K is an alternating (or more generally, a thin) knot with 7(K) > 0, then

Vert(K) = %det(K) +7(K) — ;

O

Remark 4.16. The case where 7(K) < 0 may be obtained from this by considering the
mirror image of K. The case T(K) = 0 may also be deduced from the above methods to

obtain: Vert(K) = $(det(K) — 1).
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In light of this, we now turn to the computation of the determinant of the knot K =
K(ky, ..., kogs1). Applying Seifert’s algorithm to a diagram such as the one in Figure ,
one finds that the Seifert form for K may be given by the matrix —As,, where A, is the

n X n matrix of the form:

(
ki+kipgi+1 1=

(An)w =
ki +1 1=7+1
0 otherwise

We wish to compute |det(—Ay, — A7) = det(Ayy + AJ,). For the sake of notation, we put

Qn = A, + AT and p; = 2k; + 1 for each i. With this notation, we find that:

(

Di+Diy1 1=

P i=j+1
(Qn)zy -
Dj j=1+1
0 otherwise

Claim: det(Qy) = Snn+1(P1,- -+ Prt1)-

Proof. This is seen by (strong) induction: the case n = 1 is clear (for n = 0 we interpret this
as the empty product which gives a value of 1). For n > 1, we see by expanding along the

last row and applying Lemma [£.7] that:

det(Qn) = (Pn + Pnr1) det(Qn-1) — p? det(Qp_»)
= Pnt18n-1,0(P15 - s Pn) + PuSn—10(P1, - -+ Pn) — Pu(PnSn—2n-1(P1, -+, Pu—1)
= Put1Sn—1,0(P15 - s Pn) + Pu(Sn—1,0(P1s - -+, Pn) = PuSn—2,0-1(P15 - - - s Pn—1))
= Pnt1Sn—1a(P1s -+, Pn) + PuSn—1n-1(P1s -+ Puo1)
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= pn+15n—1,n(p17 ce 7pn) + Sn,n(ph <. 7pn)

= Sn,n+1(p17 e ,pn+1)

Now, substituting 2k; + 1 for p; we observe that:

n+1

St (2k1 + 1, 2k + 1) = > ]2k + 1)
i=1 j#i
n+l n

= Z Z 2" S (ks kicy, Ky oo ko)

i=1 m=0
n+1

= Z 2m Z Sm,n(kla ey kifl, kiJrl, Ce 7k:n+1)
m=0 i=1

- Z 2"+ 1 —m)Smpi1-
m=0

We thus have the following:

Lemma 4.17. Let K = K (ky,...,kog1). Then

29
det(K) = Z 2™(294+1—m)Sm29+1-
m=0

Corollary 4.18. Let K = K (ki,. .., kag+1). Then

29

3 1

Vert(K) = g — 3 + 3 Z 2™(29 + 1 —m)Sm 2511
m=0

Proof. Since K is alternating, it follows from [27] that 7(K) = —30(K) = g. The desired

result then follows from Lemmas [4.15 and 4171 O
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4.2.4 The proof of the general case

We are now in a position to prove Theorem [I.7] We proceed by considering a few cases:

Lemma 4.19. Let K = f(kl,...,k%gl) with each k; > 0. If g > 4 and at least two k;
are nonzero, then K does not admit any chirally cosmetic surgeries along slopes of opposite

51gNS.

Proof. As remarked above, 7(K) = g(K) for these knots, and so by Corollary [1.6] if K did

admit chirally cosmetic surgeries of opposite signs, then
v3(K)(Vert(K) +2g — 1) = Tag(K)? — as(K) — 10a4(K).

Notice by Lemma that ag(K) > 0 and moreover, it follows from [5] that because K is a

positive knot (i.e., one with all positive crossings), as(K) > 0. Hence, we must have that:
v3(K)(Vert(K) +2g — 1) < Tag(K)?. (4.9)

By Corollary 4.18| we see that:

2g
51N
Vert(K) +2g—1=3g — §+§m§:02 (29+1—m)spy,

5 1
> 39 — 5 + 5(2g +1+4gs1 +4(29 — 1)s2)

=49 — 2+ 2gs1 + 2(29 — 1)ss.

Here (and throughout the remainder of this section) we shall suppress the second subscript

of the symmetric polynomial; so s; should be taken to mean s;2441. Now applying Lemma

4.9 we find:

v3(K)(Vert(K) +2g — 1)
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glg+1)(29+1)(29 — 1)+ <192(9 +1)(29 +1) +g(29 + 1)(29 — 1)> s1

3

w|>—x

+ (9?29 + 1)+ g(29 — 1))s7 + <%9(9 +1)(29+1)(29 — 1) +29(2g — 1)) 52

+29(29 — 1)s2 4+ (2¢° + g(2g + 1)(2g — 1) 4+ 29(2g — 1))s155 + ¢g*s°.
As g > 4 by hypothesis, 2g —1 > 7 and 2g + 1 > 9 so that:

vg(K)(Vert(K) 4+ 29 — 1)
% (9+1)(2g+1)(29 - 1)+ (34°(9+ 1) + g(29 +1)(2g — 1)) 51
+ (99° + g(29 — 1))s7 + (%9(9 +1)(29 +1)(29 — 1) +2g9(29 — 1)) Sa

+ 5655 + (29° + 7g(2g + 1) + 14g) 5155 + ¢°s3.
Moreover, since at least 2 of the k; are nonzero, s; > 2 and sy > 1. Hence,

v3(K)(Vert(K) +2g — 1)
% (g+ 129+ 1)(29 — 1)+ (3¢°(9 + 1) + g(29 + 1)(29 — 1)) s1
+(99° + 9(29 — 1))s7 + %g(g +1)(29+1)(29 — 1) +29(29 — 1)
+ 5653 + 2751 + 14g(2g + 1)sy + 14gs155 + 4g*s,

gg+1D2g+1)(29 — 1)+ (35°(9 + 1) + 9(29 + 1)(29 — 1) + 6¢°) 51

OOIl\D

+(9¢° + g(2g — 1))s2 + 5652 + 149(2g + 1)s9 + 14gs, 59
)
= 39(9+ 1)(49° — 1) 4+ (3¢° + 3¢> + 4¢° — g + 69%)s1
(9g2 + (29 — 1))5% + 563% + 149(2g + 1)s2 + 14gs159

g(g+1)(4g* — 1) + (7¢* + 7¢%)s1 + 9g*s]. + 5653 + 14g(2g + 1)sa + 14gs1 2

C«OII\D
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By Lemma we see that:

v3(K)(Vert(K) +2g — 1) — 7a3(K)
.2
§ g(g+1)(4g* — 1) + (7¢® + 7g*)s1 + 9g%s2. 4 5653 + 14g(2g + 1)sy + 1495, 59
7
- ( 9°(g+ 1) +79%(g + 1)s1 + Tg°s; + Tg(g + 1)s2 + Tsy + 1498182)

7
g(g+1) ( (49> — 1) — Zg(g + 1)) +2¢%sT + 4753 + 7g(3g + 1)s,

7
1) L
oo+ ( ~5-3)
2
R
>0,
where we have used the hypothesis that g > 4 in the last two inequalities. Thus we have

found a contradiction to (4.9)), as desired. O

Now we turn our attention to the case where at most one k; is nonzero; in fact, we may
assume it is k1. One sees that these knots are exactly the “odd” double-twist knots of the

form J(—(2k +1),2g) (see Figure 4.4 for an illustration).

Lemma 4.20. Let K = J(—(2k + 1),2g) for k,g > 0. Then

g+2 g+1 (g+2)(g+1glg—1)  (g9+1)g(g—1)
a4(K):< 4 )+k< 3 )Z 24 * 6 b

Proof. Applying the skein relation for the Conway polynomial (2.4]) to a crossing in the odd

twisting region, we find that

Vi@ir20(2) = Vi @i-n29)(2) = 2V1229)(2),

where T'(2,2¢) is the (2,2g)-torus link (with positive linking number). Summing equations
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2k+1

Figure 4.4: The odd double twist knot J(—(2k+1),2g). Here the twisting regions correspond
to k,g > 0.

of the above form from ¢ =1 to k (and observing that J(—1,2g) = T(2,2g + 1)) gives:
V(= @k+1),20)(2) = V1,2911) (2) + K2V 12,29 (2)- (4.10)

The Conway polynomials of (2, n)-torus links are well-known (and can be derived inductively

by repeatedly applying the skein relation (2.4])):

+1
VT(Q,QQ)(Z) = (?)Z -+ (g 3 >2’3 +

+1 + 2
VT(2729+1)(Z):1+<92 >Z2+(g4 )Z4+...

Substituting these back into (4.10]) gives:

Voo (c) = 14 Kg ! ) +/€g} 24 KQ ! ) +k(9 : )} Ay

We now simply read off as(J(—(2k 4+ 1),2g)) as the coefficient of z*. O

Recalling that J(—(2k+1),29) = K(k,0,...,0), we compute from Lemma and Corol-
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lary (.18}

az(J(—(2k +1),29)) = 39(g + 1) + kg

vs(J(—(2k +1),29)) = & (w +g(20+ Dk + gk:2) (4.11)

Vert(J(—(2k 4+ 1),29)) =29 — 1 + 29k
\

Lemma 4.21. Let K = J(—(2k +1),29)). If k > 0 and g > 5 then K admits no chirally

cosmetic surgeries along slopes of opposite signs.

Proof. As before, we suppose for the sake of a contradiction that K admits chirally cosmetic

surgeries along slopes of opposite signs. Then by Corollary we must have

v3(K)(Vert(K) +2g — 1) = Tag(K)? — as(K) — 10a4(K).

Hence, from Lemma [4.20{ and (4.11)), we compute:

= v3(K)(Vert(K) + 29 — 1) — Tay(K)? + ax(K) + 10a4(K)
1 (g g+ 1)( 2g +1)

[\]

+g(2g + 1)k:+gk2) (49 — 2 + 2gk) — 7( glg+1) —i—k;g)

5(9+2)(g+1)g(g —1) N 5(9+1)g(g — 1)
12 3

glg+1)+kg+ k

5(9+2)(g+1)g(g—1)
12
5(g+1)g(g—1)
=)

N | —

+

= %9(9 +1)(29+1)(29 1) - 292(9 +1)*+ %g(g +1)+

+ (9(29 +1)(29—1)+ %92(9 +1)(29+1) —T¢°(9+1) + g+

+ (g(29 — 1) + ¢*(29 + 1) — 7¢°) k> + ¢°K®

4 2 2 1 20 5
_ N=2g=2 P = — g — 2V k+g(2¢® — 49 — DK + ¢2K5.
_g<g )( 39 3) g<3g 39 39 3) g( g g ) g

Since g > 5 by hypothesis, §g3 — %92 — 23—09 — g > 3¢° — 23—09 — g > %g — g > 0. Similarly,

29> —4g —1 > 6g — 1 > 0. Hence, since k > 1, we have that:

492 ) 1 20 5
0= Di{-39-3 e 2¢° — 49 — 1) + ¢
> g(g + )( 39 3)+g(39 39— 39 3)+g(g g—1)+g
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where again the last two inequalities used the assumption that g > 5. The contradiction

completes the proof. O

Finally, we consider the case of g = 4; that is, K = J(—(2k + 1),8). From the proof of

Lemma [4.21], we compute that:

v3(K)(Vert(K) + 29 — 1) — Tas(K)* + as(K) + 10a4(K)

4 2 2 1 20 5
— 1 -, 3 -2 =7 Y k,
g(g + )( 59 3) +g(3g 39— 39 3)

= —120 + 36k + 60k> 4 16k>.

It is clear that if £ > 2 then this quantity is positive. On the other hand, when k& = 1, this

quantity is -8. Once again, we may conclude by Corollary [4.6}

Lemma 4.22. Let K = J(—(2k + 1),8)). If k > 0 then K admits no chirally cosmetic

surgeries along slopes of opposite signs.

0
We now complete the classification of chirally cosmetic surgeries for the alternating odd

pretzel knots.

Proof of Theorem[1.77 Theorem 6.4 of [11] covers the genus 1 case, while the results of
Section deal with the cases g = 2,3. Now, we see that Lemmas [4.19, £.21], and [£.22

rule out chirally cosmetic surgeries along slopes of opposite signs for g > 4 and at least one
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k; > 0. Hence for these knots, we only need to consider slopes of the same sign. However,
Theorem implies that any knot admitting such cosmetic surgeries must be an L-space
knot, but K = K(ky,...,kag.1) is not an L-space knot whenever at least one k; > 0. This
can be seen, for instance, by noting that the immersed curve invariant of such a knot will
have at least one figure-eight component, as in the discussion leading to the proof of Lemma
[4.15] Alternatively, one can see that the Alexander polynomial does not have the required

form (e.g., the leading coefficient is not +1 so that K is not even fibered). O

4.3 Whitehead doubles

We now turn our attention to Whitehead doubles. Let us first collect some facts: the
Conway polynomial of D (K, n) is well-known to be 1—nz?, so that ay(D, (K,n)) = —n and
ay(D(K,n)) = 0. Moreover, by Proposition 5.1 of [13], we also know that v3(D,(K,n)) =
—2a5(K) + # Whitehead doubles have genus (at most) one, and we have the following
due to Hedden (Theorem 1.5 of [10]):

T(D4(K,n)) = (4.12)

Our first result rules out cosmetic surgeries for zero-framed Whitehead doubles in a broad

range of cases; it follows purely from finite-type obstructions:

Theorem 4.23. Given a knot K with as(K) # 0, then D, (K,0) does not admit any chirally

cosmetic surgeries.

Proof. Suppose D, (K,0) admitted chirally cosmetic surgeries along slopes £ and 5. By
= 0,

q

the above formulas, we see that in this case, as(D;(K,0)) = as(D4(K,0)) while
v3(Dy(K,0)) # 0. Then Theorem implies that p = 0, but then the two slopes were not

distinct to begin with. O]

71



For our next result, we make use of an obstruction due to Ichihara, Ito, and Saito obtained

as a consequence of Corollary

Lemma 4.24 (Theorem 6.1 of [11]). If a knot K admits chirally cosmetic surgeries along

slopes & and 5 with g + ¢’ # 0, then:

7(12(K)2 — (IQ(K) — 10@4(K)
203(K) ’

Alax(K)| < d(K)

where d(K) is the degree of the Conway polynomial of K.

Theorem 1.9 (Theorem 1.7 of [41]). Let a knot K be given, and suppose az(K) = 0.
If |n| > 5, then D, (K,n) does not admit any chirally cosmetic surgeries. If, moreover,

27(K) > n forn € {—4,-2,1,4}, then D, (K, n) also admits no chirally cosmetic surgeries.

Proof. We note that in this case, v3(D4 (K, n)) = 3(n® —n), and so is nonzero when |n| > 5.
Thus, Theorem implies that D, (K,n) does not admit any chirally cosmetic surgeries
along opposite slopes. Hence, we may apply Lemma to see that if D, (K,n) admits

chirally cosmetic surgeries, then:

Since |n| > 5, we find that

8
10 < 2|n| < ‘7—1——’ <9,
n—1

a contradiction. Now we turn to the second claim: notice that the hypothesis that 27(K) > n
is exactly what is required in order for 7(D, (K, n)) to equal 1, according to (4.12)). Since

D, (K,n) is genus 1, we may apply Corollary to see that if Dy (K,n) admits chirally
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cosmetic surgeries along slopes of opposite signs, then:

n®>—n

(Vert(Dy(K,n)) + 1) = Tn* + n.

If n =1, this leads to a contradiction. Otherwise, this implies:

Vert(D_ (K 1
ert( +< 7n))+ =74 8 .
2 n—1

Since 7(D4(K,n)) =1, one can see that Vert(D,(K,n)) must be odd, and so 7+ —*< must

be an integer, which is impossible for n = +4, —2. O

Remark 4.25. [t is possible to prove similar finiteness results for different values of as(K)
using the same methods (see also Theorem 6.3 of [11]). Then, there will similarly be certain

values of n which can be excluded under extra hypotheses of the type 27(K) > n.

4.4 L-space knots

In this section, we prove:

Theorem 1.10 (Theorem 1.8 of [41]). If K is a nontrivial L-space knot, then K does not

admit any cosmetic surgeries along slopes of opposite signs.

Recall that a closed 3-manifold M is said to be an L-space if tk HF (M,s) =1 for each
s € Spin(M). A knot K is called an L-space knot if S%-(r) is an L-space for some r € Q. We
shall make use of the following criterion for a knot to be an L-space knot in the immersed

curve context:

Lemma 4.26. Suppose K is an L-space knot, and let T C T, be the (standard lift of) the
immersed curve invariant of K. Then ny(K) < 1 for each i € Z. In particular, T consists of

only one component .
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Figure 4.5: Examples of different kinds of immersed curve invariants for L-space knots.

Proof. This follows from standard results for the Knot Floer complex of an L-space knot,
but it can be seen more directly. Let K be a knot such that S3-(p/q) is an L-space. Denoting
the immersed curve invariant of K by I' and its standard lift to T by I'. For any integer
i, there is a lift L; C T, of L,/ that intersects p at level 7, and hence intersects T at least
n;(K) times. By Theorem this implies that there exists a Spin“structure s such that
rk HF(S%(p/q),s) > ni(K). By the hypothesis that S3 (p/q) is an L-space, this implies that
n;(K) <1

Now, suppose I' has a component that is not v,. By the structure of T, it must be a
closed curve supported in a neighborhood of the midline u, (and in fact, it cannot simply
wrap around a single puncture), so it must “double-back” on itself at some point. This

would contribute at least 2 to some n;(K), which is impossible by the above. O

Hence, the immersed curve invariant for L-space knots consists of a single curve which
“weaves” between the punctures at various heights; see Figure for some examples of this

behavior. From this structure result, we can immediately see the following:
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Corollary 4.27. Let K be an L-space knot. Then |T(K)| = g(K) and Vert(K) = 2g(K) — 1.

Up to mirror image, we may suppose without loss of generality that 7(K) > 0 for an
L-space knot K. We shall make this assumption for the rest of this section.

For surgery on an L-space knot, the relative grading structure within each Spin“-structure
has a particularly simple structure: the gradings of the generators may be arranged in a “zig-
zag” pattern. More precisely, define

m; —miy € 2Z~9— 1 for i even
Zn = (m2)1221+1 c Z2n+1 N

Miy1 — My € ZZ>0 —1 for 7 odd

where (m;) ~ (m}) if there exists some N € Z and o € Gy,11 such that m] = N + my(; for

each i. Put Z :=J,5¢ Zn-

Lemma 4.28. Let K be an L-space knot and let § > 0 be given. Then for each s €
Spin®(S3-(p/q)), the gradings of the generators of ﬁ(S}q’((p/q),s) may be arranged into a

sequence (z;) € Z.

Proof. Let I' be the immersed curve invariant associated to K. We consider the lift I c T.
and a lift 'E,,/q of L,/ to T. corresponding to s; note that this latter lift is not unique,
although it is unique up to certain horizontal translations. One may take Zp/q to be a
line of slope ’E’, and with T in “pulled tight” configuration, the generators of HF (S3-(p/q)
correspond to the points in r'n Zp/q. By minimality, we see that any bigon between any
two such points must cover at least one puncture. Label the intersection points x1, zo, ...
from left to right, as in Figure [£.6, We see that adjacent intersection points are connected
by a bigon which covers some punctures, and moreover, such bigons alternate begin above
or below the line Ep/q. As 150 > 0 by hypothesis, we see that the leftmost bigon must be

below the line, while the rightmost must be above it. Hence, there are an odd number of

generators xy, . .., To,4+1, and for each even 2 < ¢ < 2n, there is a bigon from x;_; to z; as well

5



Figure 4.6: An illustrative example of relative grading computation for sugery on an L-space
knot.

as one from z;,1 to x;. Applying formula (2.3, this implies that M (z;) — M (x;_1) =2k — 1
for some k € Z- (corresponding to the number of punctures in the bigon), and similarly
M (z;) — M(z;41) = 2k — 1 for some k' € Z~. Hence, the equivalence class of (x1, ..., Z2,11)

is in Z,. ]

4.4.1 Proof of Theorem [1.10

We are now in a position to prove Theorem [1.10} First, we give a geometric interpretation
to the constraint given in Theorem [I.6] Recall from Lemma that the immersed curve

invariant of an L-space knot consists of a single embedded component. In the covering space

T,, this curve may be seen, after an appropriate homotopy, to consist entirely of (slight

1

5 Where g = g(K) is

perturbations of) vertical segments between heights —2¢g + % and 29 —
the genus of the knot, as well as diagonal segments of slope 2g — 1. Let us now introduce

punctures along the diagonal segments, at the same heights as the existing punctures (that
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Figure 4.7: On the left, a schematic of the general structure of the immersed curve invariant
of an L-space knot lifted to T,,. On the right, the curve after a perturbation to avoid both
kinds of punctures; the perturbations are done in a symmetric way with respect to the two
kinds of punctures.

is, at half-integer values in (—2g,2¢g) and we perturb the diagonal segments to “weave” in
between the new punctures in a symmetric way as the vertical segments weave through the
original punctures. See Figure for an illustration; we depict the new punctures with an
asterisk (x), and we denote the new space by To,.

Consider the shear transformation @, : R*> — R? given by the matrix <(1) —2{%1> . Under
this transformation, we see that the * punctures in T.. become vertically arranged, and the
e punctures become diagonally arranged. Moreover, @Q(f) is a mirror image of T so that,
after performing the vertical reflection ry : (x,y) — (z,—y), we see that Tv(q)g(f)) =T
setwise. Under ry o @4, the two kinds of punctures become interchanged; see Figure for
an illustration. Now, given a slope 2 > 0 and an s € Spin®(S3(p/q)), there exists a lift
ﬁp /q of Ly/q such that the intersection with I' corresponds to H F (S%(p/q),s) as in Theorem
(forgetting about the * punctures). This is a line of slope 2, and so rv((I)g(/L\gp/q)) is a
line of slope ——F5-—. Thus, its intersection with I' corresponds to HF (5}3{(#71)), t)

—q+p/(29—1 —q+p/(

for some t € Spinc(S?((m)) (forgetting about the e punctures). Hence, we see

that ry o @, induces a bijection v : Spin°(Si(p/q)) — Sme(S%{(m)) such that

rk HE(S3(p/q),s) = tk HF (5% (——L_——), 4(s)) for each s € Spin(S(p/q)). This map

—q+p/(29-1)

is well-defined, as a lift L corresponding to a given Spin®-structure is unique up to horizontal

7



(a) Intersection of an immersed curve invariant r
with the line L, ,.

(b) After performing the shear transformation ®,.

(c) After a vertical reflection.

Figure 4.8: The sequence of transformations that give rise to the bijection 1 of Spin®-
structures.
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p

integral translations. Note that prry [

< 0 exactly when § < 2g — 1, and in fact, if a
genus g L-space knot admits chirally cosmetic surgeries along slopes of opposite signs, the

slopes must be related by the above construction:

Lemma 4.29. Let K be a positive (T(K) > 0) L-space knot of genus-g. If S%(p/q) =

—S%(p/q") with p,q >0, ¢ <0, then § <29—1andq¢ =—q+ 29"%1.

Proof. By Corollary [4.27, 7(K) = g(K) = g, and so, we apply Theorem to conclude
that £ < 2g — 1 and (Vert(K) + 29 — 1)(¢ + ¢') = 2p. Corollary |4.27] also implies that
Vert(K) = 29 — 1, so we find that (29 — 1)(¢ + ¢’) = p, from which the second conclusion
follows. O

We now turn our attention to how the gradings compare between two putative cosmetic
surgeries. To do this, we first define an operation S; : Z?"*! — Z2"*! for 1 < i < 2n defined
by:

(ma,...,mj;mi; —2,..., Mo, —2) for i even

Si ((my)iZi') =

j=1
(my,...,my;miq +2,...,may1 +2) for i odd

Lemma 4.30. Let K be a positive L-space knot of genus g, let p,q > 0, and put ¢ =
—q + 2;’%1. For each s € Spin®(S3-(p/q)), there exists a sequence iy, ... iy (possibly empty)
as well as arrangements (:Uj)gffl and (yj)?f{l of the generators of P/ITT(S})’((p/q),s) and

HF(S3.(p/q), ¥(s)) such that:

—(M(y1), .., M(yany1)) ~ Siy o0 8, (M(x1),..., M(xon41))

Proof. We choose a lift ng,q c T, corresponding to s. We label the generators
iy Tonn € HE(S3(p/gq),8) and w1, ..., yons1 € HE(S3(p/q),%(s)) corresponding to the
intersection points I' N /L\gp,q and rv(q)(f N /L\gp,q)), respectively, ordered from left to right.

Let us also number the bigons between successive generators from left to right; we see that
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Figure 4.9: An example of relative grading computation for a pair of Spin®-structures related
by .

ry o® provides an identification between the bigons occurring in the two kinds of intersection
diagrams, so we shall consider just one kind of diagram, as in Figure . Equation ([2.3)) gives
the relative gradings (M (z1),..., M (x2,41)) as well as —(M(y1), ..., M(y2n+1)) as follows:
let k; be the number of e punctures covered by the ith bigon, and similarly let k. be the
number of % type punctures covered by that bigon. Up to an overall shift, we may take
M(z1) = =M (y1). Notice that, since £ >0, k; < ki, and whenever k; > k;, we see that there
is a contribution of £2(k; — k;) to M(x;) + M(y;,) for all j > i, with the sign depending on

the parity of 7. In fact, with careful consideration of the signs and parties, we find that that

2n+1 N

the shift corresponds precisely to (ki — k;) applications of S; to (M (z;));27 "

Claim 4.31. Moreover, if g > 2, there exists an s € Spin®(Ss(p/q)) such that the corre-
sponding sequence iy, ...,tyx in the above lemma is nonempty.

Proof. From the proof of the lemma, it suffices to show that there exists a bigon covering

more * punctures than e punctures. We make use of the following fact: for some sufficiently
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small e < %, we may take the lifts of L, /, to pass through points of the form (i, % + % +¢)
for i, 7 € Z so that minimal intersection is achieved and none of the lifts intersect any of the
punctures. Notice that the e punctures are exactly located at (i, 7 + %) for i, j € Z, whereas
the * punctures are located at (i + %, Jj+ %) By the symmetry of f, not all * punctures

will be (locally) to the right/below T, and moreover, since g > 2, there will be at least one

« puncture locally to the left/above T ata height strictly between —g + % and g — %, say
l+g

2g—17

Y4

at position ( { + 3) for some ¢ € (—g,g — 1). Since lifts of L,, are lines of slope 5

they pass through points of the form (;—;, % + % +¢€) for i,j € Z. By Lemma 4.29, we see

that (29 — 1)(¢ + ¢') = p, so that p is a multiple of (2g — 1). Hence, there is a lift (which
corresponds to some Spin‘-structure) passing through the point (;;“—_91,6 + % + €). This lift
will intersect the non-vertical part of [ near the x puncture, and it will also intersect the
vertical part on the left and below height ¢ + % Thus, a bigon is produced which covers the
x puncture at that height but not the e puncture; see Figure for an illustration. Of
course, for each e puncture at a lower height that is covered, the x puncture directly to the

right will also be covered, as we saw in the proof of the previous lemma, and so this bigon

covers strictly more * punctures, as desired. O]

We now wish to show that applying S; to some of the relatively graded sets coming from
HF(S3(p/q)) results in inequivalent relative gradings. First, we define Ag,, : Z*"! — Q

as follows:

1 1
Agug ((ml)?glﬂ) = g(m2 +my A may,) — n——i-l(ml +mg 4 Mapg).

We claim that this descends to a well-defined map A,y : 2, — Q. This is because any
representative of an equivalence class in Z must be a sequence which alternates in parity;
that is, m; = m; mod 2 & i =7 mod 2, and so we interpret A,,, as the difference between
the averages of the two subsets partitioned by the mod 2 grading. In addition, since it is a

difference of averages, it is also invariant under an overall shift, making it well-defined on
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Figure 4.10: An example of a bigon covering strictly more % punctures than e punctures.

relatively graded sets.

Lemma 4.32. For any (m;)3"1" € Z*"™ withn >0 and 1 <i < 2n,
Aavg ((mj)2n+1) < Ay (S ((mj)%#)) :

Proof. 1f i is even, since A, is invariant under an overall shift, we see that:

Aavg (Sz ((mj)gi—’—l)) Aavg (mly sy My, My — 27 ceeyMop41 — 2)
= Aavg (m1 —|—2 mi+2,mi+1,...,m2n+1)
1 .
—E(z+m2+m4+ +m2n)—n+1(z+m1+m3+---
) 1
_ _ _ Aav 2n+1
n n—+ 1 + g (( ]) =1 )
> Aavg ((m)i21)
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If 7 is odd, we put k = 2n + 1 — ¢ and observing that 1 < k < 2n, we have

Aavg (Sz ((m])?ffl)) = Acwg (ml, e,y mi+1 —f- 2, R ,an_H —I— 2)
1 1
= E(k+m2+m4+.”+m2n) - n—_i_l(k+m1+m3+"'+m2m+1)
k k 2n+1
o ntl + Aavg ((mj)j;lr )
> Daug ((my) 73"

]

Proof of Theorem[I.10. Since K is nontrivial, by Corollary [1.27, 7(K) # 0 (as usual, we
may assume it to be positive), so that K admits no purely cosmetic surgeries by Theorem
. So we only need to consider chirally cosmetic surgeries. If g(K) = 1, then K is a
trefoil, whose chirally cosmetic surgeries are known to be along slopes of the same sign by
[11]. Hence, we consider g(K) > 2. Suppose K admits chirally cosmetic surgeries along
slopes r > 0 and 7" < 0. For each s € Spin°(S%(r)), denote the relatively graded set of

generators of HF (S3-(r),s) by GI; similarly, denote the relatively graded set of generators of

ﬁ(S’?{(r'), t) by G for each t € Spin®(S5(r')). By Lemmas |4.29L |4.30L and |4.32|, for each

s € Spinc(S3 (1)), Auvg (GF) < Auyg <—QZ(5)>. Moreover, by Claim [4.31} there exists an

s € Spin®(S3(r)) such that Ay, (GF) < Aug (—QZL@) . However, since S%(r) & —S%(r'),
we must have that GI = —GI' for each 5 € Spin®(S3(r)). This is in contradiction with the

previous inequalities. []
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