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Abstract

Online learning and control refers to identifying a dynamical system on the fly and using the
learned system for model-based control design. In order to be effective, the learning method
needs to be both computationally tractable and accurate. To ensure efficiency, an online
version of dynamic mode decomposition (DMD) is used to learn the dynamics. To make the
set up closer to the lab setting, scenarios with sensor and process noise are considered, and
it is shown that the introduction of either sensor or process noise result in bias in the model
identified by DMD. Convergence of DMD estimation is also explored in chapter three. For
controlling the dynamics, optimal feedback control is employed to minimize a quadratic cost
function, and an algorithm adjusted for sensitivity is applied to online learning and control of
a linearized inverted pendulum. Finally, an experiment is set up to evaluate these methods

in a laboratory setting.
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Chapter 1

Introduction

Control systems are fundamental in engineering, governing the performance of machines,
robots, and other systems. From temperature controllers to unmanned aerial vehicles, con-
trol systems are built in many engineering systems of various scales. The most widely
control technique is closed-loop control, in which the system’s output is being fed back to
the controller. Feedback control has several advantages, including disturbance rejection and
insensitive of change of control system components [1]. Classical closed-loop control tech-
niques, such as proportional-integral-derivative (PID) controllers are mainly designed in
the frequency domain using tools like Bode plots [2] and Nyquist plots [3]. With the devel-
opment of computing technologies, modern control approaches that directly operate in the
time space emerged, and powerful linear algebra tools can be applied to better analyze the
system. To control a real-life dynamical system, the usual approach is to first model the
system and write out the corresponding equation of motion. Then the dynamics is linearized

about a fixed point and expressed in state-space form
& = Az + Bu (1.1)

Where z is the state vector, and A and B are matrices. However, this procedure is unable

to adapt to changes in the system’s dynamics. For example, the old control law is no longer
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applicable if the eigenvalues of matrix A change. Online learning and control addresses
this problem by learning the altered dynamics in real-time and computing a corresponding
updated control law. Different approaches for adaptive control include self-tuning regulators
[4] and learning-based model predicting control [5]. This thesis explores both the theory
and application of online learning and control. For the theory part, a data-driven learning
method is introduced and its bias is examined. For the application part, an algorithm for
online learning and control is proposed and ultimately applied in an experiment of controlling

a crane connected to a rotary arm.
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Chapter 2

Learning the dynamical system

There are many tools for learning the dynamics, including, but not limited to sparse iden-
tification [6], online optimization [7], and regret minimization [8]. Online learning needs to
be done in a short time window, and that requirement makes methods such as deep learn-
ing unsuitable since they usually require extensive data for training [9]. For the learning

problem, we consider linear discrete dynamics given in the form
Tpe1 = Axyp + Buy, (2.1)

where the n x n matrix A is unknown (and to be learned), while the n x m matrix B is
known, and we observe the state vector x € R™ and input u; € R™ at various times k. The

goal is to learn the matrix A from these observations.

2.1 Dynamic Mode Decomposition

The learning tool chosen for the problem is dynamic mode decomposition (DMD) that was
first introduced in the fluid community as a model reduction tool [10]. It is ultimately a

linear regression method which estimates a matrix. This thesis follows the conventions for

12



DMD notations in [11]. Suppose data is generated by some linear discrete dynamics,
Zk+1 = Azk (22)

Where z € R", and A € R"*". Observations of the state vector can be collected into data

matrices X and Y:

Xz[xl _— xm] Y:[yl "o ym] 2.3)

Both X and Y have the dimension of n by m. Since full-state outputs are collected at each
time step for the learning problem, we assume the system is over-determined with m > n.

Each pair of observations in the data matrices should satisfy the following relation:

y; = Ax; (2.4)
If A is the estimator for matrix A, estimation error is given by the matrix

Y — AX (2.5)

Smaller norm indicates the estimator A is closer to true A. Set a cost function J to be the

square of the Frobenius norm of Y — AX:
J="Tr|(Y — Ax)T(v - AX)] (2.6)
A can be found by minimizing J, with setting % =0:

Sii =YX —YXT+24XXT =0 (2.7)

13



After solving (2.7), if data matrix X has full row rank, then the expression of A takes the

form

A=vXxT(xxT) " =yxt (2.8)

Where X' is the pseudoinverse of X.

2.2  Online Dynamic Mode Decomposition

One of the obstacles for applying DMD to online learning problems is the algorithm’s increas-
ing computational complexity. In an online learning setting new data is actively collected,
meaning the lengths of data matrices X and Y are constantly expanding. Since finding the
estimator A requires matrix inversion, the methods does one matrix inversion operation at
each time step. This application has strict requirements for computation time: if a sensor
has a sampling frequency of 500 Hz, then the learning procedure needs to be finished in
0.002 second before the next set of measurement becomes available. To avoid repeating ma-
trix inversions, [12] introduces a new algorithm in which matrix inversions are replaced by
rank-one updates. Specifically, at some certain time step k, estimator A; has already been

formed from data matrices X and Y,. An extra square matrix is needed for the algorithm:
P = (Xp X)) (2.9)

As the dynamics advances by one step, new observations xy,; and y,q are available. A new

scalar parameter v;41 is computed using both xx; and ygiq:

1

—
L+ 2y Pevrn

1 = (2.10)

The estimation can be updated as

A1 = A+ Yier1 (Y1 — Azl Pr (2.11)

14



The algorithm significantly reduces computation time because it replaces matrix inversions

by scalar divisions.

2.3 Limitations of Dynamic Mode Decomposition

Although the online version of DMD is computational tractable, it has some limitations

which are presented in this section.

2.3.1 Requirement on initial condition

As a method that finds linear dynamics, DMD would not work if the initial condition is the
multiple of one eigenvector of the linear dynamics A. Consider a discrete state-space system
in the form of

Suppose one initial condition, z, is the multiple of one eigenvector of A:
Ty = cu (2.13)

Where c is a constant and u is the eigenvector. Then all future states are the initial condition

multiplied by powers of the eigenvalue A:
zp = cAfu = eXfu = Mg (2.14)

In such a case although (2.8) no longer holds because (X X T)fl does not exist, an estimator
of A can still be found by calculating the Moore—Penrose pseudoinverse of X. The resulting A
is a rank-1 matrix with an eigenvalue-eigenvector pair of A\ and u, with all other eigenvalues
taking the value of zero. In other words, only the eigenvalue that is associated with the

specific eigenvector is learned. In real-life applications, the initial condition usually contains

15



some randomness so the problem is often avoided.

2.3.2 Nonlinearity

DMD algorithm assumes the underlying dynamics is linear, but most interesting dynamical
systems are nonlinear. This doesn’t mean DMD can’t be applied on nonlinear problem;
the algorithm still works, but would only be effective in a limited range near the fixed
points. Another variant of the DMD algorithm, named extended dynamic mode decom-
position (EDMD) [13] addresses the problem. This approach incorporates nonlinearity by
introducing a nonlinear function dictionary which spans the space of nonlinear eigenfunc-
tions. The greatest challenge for applying EDMD on online learning problems is the choice
of nonlinear function dictionary. To achieve optimal learning, functions in the dictionary is
dependent of the types of nonlinear dynamics. For example, when dealing with the dynam-
ics of a pendulum, Fourier modes work better than radial basis functions. There are both
analytical and machine learning approaches for selecting the dictionary [14][15], but in the
setting of online learning the user has no prior info about the nonlinear dynamics so that

leaves the selection of dictionary to be a challenging question.
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Chapter 3

Assessing the biases

When applying DMD to real-world problems, the observations obtained usually aren’t the
full states in the form of x;,; = Axy. Instead, they are subject to either sensor noise or
process noise, or both. In this thesis, sensor noise refers to the white noise that is added
to the full-state output y, and it only affects measurements but not the dynamics. On the
other hand, process noise is added to the state vectors x at each time step and it modifies
the underlying dynamics. A critical question to consider when using DMD for learning is
whether DMD has any bias with the presence of noise. Bias of an estimator is the difference
between the expected value of the estimator and the true value. If the full-state outputs
contain either sensor or process noise, then DMD data matrices X and Y are no longer
determined but are random variables. Consequently, estimator A =YX is also a random

variable and its bias is defined as

E(A) - A (3.1)

If DMD is unbiased, then as more data is gathered from the dynamics, the average of A
should approach A. This chapter assesses the bias with either sensor noise or process noise
is presented, while also introducing ways to correct these biases. Furthermore, this chapter
also explores another question: if there’s noise presented, how much data we need to collect

to produce a satisfactory estimation. The focus is on one-dimensional dynamical systems

17



while considering both stable and unstable dynamics.

3.1 Biasin DMD estimation resulting from sensor noise

3.1.1 Correcting estimation bias resulting from sensor noise

Investigation of sensor noise bias in DMD estimations has been done in [16]. Though the
dynamics discussed in the literature is multi-dimension, the correction for one-dimensional
dynamics can be obtained following the similar routine. Consider the case with only sensor

noise is presented. That is a state-space system:

Tp41 = ATk (3 2)

Yp = T + €

€x, a random variable with the mean of 0 and variance of 02, is added to the full state x;, as

sensor noise. Data matrices X,, and Y,, have the form of

Xm = {xo +e€ axrg+e ... am_lxoem_l}
(3.3)

Y, = {aa:o +e a’rotes ... azo+ eml

Then X,, and Y,, can be further split into two parts: true dynamics and noise. Denote each

column of the data matrices as z,,, = z; + Az; and y,,,, = y; + Ay;, the estimator a would be

>oimy (i + Ayi) (i + Axy)
> iy (i + Awi)Q
Yo (i 4+ yiAw; + Ayx; + Ay Axy)
Yo (22 4 22 Ax; + Ax?)

: (3.4)

If the noise is relatively small comparing to the signal, the inverse can be approximated by

~

v+ Azr;  x a?

(3.5)

18



Utilizing this approximation,

— " (22— 22 A + Ax?
a =~ (yix; + yiAx; + Ay + Ay Axy) 2aiz (73 iAz; + Azi)

3.6
i=1 (Z;il 9322)2 3)

To find an expression for bias, the next step is taking expectation of the estimator a. Due
to the property of Gaussian distribution, the expectation of terms containing one or three
noises terms, like £ (3", (y;Az;)) and E (3" (Ayx;) i (Az)), equal zero. After some

simplifications, the expression of bias due to sensor noise is

. (m + 2)o?

E(a)%a(l—— (3.7)
Do T

In practice, the sensor is first turned on to measure the white noise level, so that an estimation

of 0% is formed. Y ", #7 is often approximated by the observation data " | x2 . assuming

that the noise is relative small. For higher dimension problems the bias expression is similar

and the details can be found in [16].

3.1.2 Data needed for accurate estimation

With the presence of sensor noise, convergence rate of the estimator is investigated. First,

consider an unstable system with |a| > 1. In such a case, magnitude of the denominator

2

>, a7 is dominated by the term with leading power of a*™ 2, so the estimation error

i

(m+2)0?
a2m—2

a—F (a) should converge with the rate of . A numerical experiment is done to examine

the theoretical convergence rate. With a = 1.01 and zy = 10, the linear dynamics zj; = axy
evolves for up to 300 steps. Then a sensor noise with the mean of zero and o2 = 1 is added to

all states. Next, for each number of data used for DMD estimation, a corresponding relative

la—a]

Al The actual convergence of DMD estimation and the theoretical

error is calculated as

convergence are plotted in Figure 3.1. As the leading term with the highest power dominates,
the estimation starts to converge following the theoretical rate. For the case |a| = 1, if the

noise is relatively small, then both the numerator and denominator of the estimator are

19
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Figure 3.1: Convergence of DMD with sensor noise, a = 1.01, averaged from 1000 simulations

dominated by the magnitude of £y and the error would not change as more data is collected.
A numerical experiment with a = 1, 7y = 10, and ¢ = 1 shown in Figure 3.2 confirms that
the estimator doesn’t gain accuracy though more data is collected. For a stable systems with
la| < 1, signal-to-noise ratio is expected to get lower as the dynamics dies down, and error
increases as more data is collected for the estimation. The result of a numerical experiment
with a = 0.4, o = 10 and 02 = 1 is shown in Figure 3.3. The plot confirms that the relative
estimation error does increase with more noisy data collected. However if the number of
observation is fixed for a trajectory, accuracy of DMD estimation can still be improved by
incorporating more trials. See Figure 3.4 for the case with fixed observation and increasing
number of trials. Evolution step is fixed as M = 30 and the number of trials is increased
from 1 to 100. For each trial the initial condition is uniformly distributed between -20 and

20. As the estimator is averaged out with more trials, relative error drops down.
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Figure 3.2: Estimation error of DMD with sensor noise, a = 1, averaged from 1000 simula-
tions

3.2 Bias in DMD estimation resulting from process

noise

3.2.1 ARI1 process

In this section, one-dimensional dynamics with only process noise is considered. The discrete

stochastic dynamics has the following expression:

Tpy1 = axp + wg, (3.8)

where a is a scalar, and wy, is a normally distributed random variable with the mean of 0 and
variance of o2. In statistics, such model is also refereed to as autoregressive model of order
one (ARI1 process), because the future state x4 is correlated with the state that is one step

away [17]. A typical AR1 process is shown in Figure 3.5. For an AR1 process with |a|] < 1,
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Figure 3.5: An AR1 process with o = 0, a = 0.4, and 0% = 1

it has some interesting properties. The process is weak-sense stationary and its expectation
and variance remains constant after transient. Because of this property, taking expectation

of the state:
E(zk41) = aE(xy) + E(e) = aFE(xg) (3.9)

Since (3.9) must hold true for all values of a, F(z;) = 0 and the process has expected value

of zero. Similarly, the process’s variance can also be calculated:

Var(zy) = E(z}) — E(z)? = E(22) (3.10)
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The expectation of the state squared can be obtained by squaring (3.8) on both sides and

taking expectation:

E(2},,) = a’E (27) + 2aE(zye) + E(€}) (3.11)

Then (3.11) suggests that
Var(rpy) = a*Var(xy,) + o (3.12)

As the transient decays, the variance stays at the only fixed point of (3.12):

02

Var(zy) = E (27) = -

(3.13)

3.2.2 Correcting estimation bias resulting from process noise

In [18], a method for quantifying the bias of autocorrelation coefficients estimation was
proposed. Given the similarity between autocorrelations coefficients estimation and DMD
method, a similar approach can be used for correcting the bias of DMD estimation with the

presence of process noise. If the noise is relatively small, the expectation of the estimator

a = }8? can be expanded as
. Cov(ND)  Var(D)
E(a)~a[1—E<N)E(D)+ E(D)? (3.14)
With

i

m—1 m—1
N=YX'"=) 2z, D=XX"=) a7
=0

=0
Another useful property of AR1 progress is the expected value of the product of four states,

assuming o2 = 1:
qltm 4 9g2l+m+1
E($t$t+1xt+1+l$t+1+z+m) = (1 — ag)z (3-15)
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The proof of (3.15) can be found in appendix A. Finally using (3.15) and (3.13), quantities

in (3.14) can be computed so the approximation of £(a) is

E(d) ~ (1 - 3) 0 (3.16)

m

And given an estimator E (@), with the assumption of 02 = 1, an correction for process noise

18

(3.17)

The correction is applied on an AR1 process for estimating a = 0.4. The dynamics is
evolved from zy = 1 following x;,1 = axy + wy and the process noise has the mean of zero
and varience of 1. Number of steps is taken from 2 to 100, and at each step an estimation
is formed. The relative error plots with and without the correction are shown in Figure 3.6.
A distinct improvement is shown for smaller numbers of steps, and as more steps are taken,

the dynamics gradually got dominated by the noise and the two curves converge.

3.2.3 Data needed for accurate estimation

Similar to the case of sensor noise, let’s consider the problem of how much data is needed
to produce an accurate DMD estimation when only process noise is presented. Again, first
consider unstable dynamics with |a| > 1. The result of a Monte-Carlo simulation of a = 1.01,
xo = 10 and 02 = 1 is shown in Figure 3.7. As the state increases exponentially, the bias
also decreases exponentially due to the exponentially increasing state. Next for the case
la| = 1, a simulation having the parameters of a = 1, p = 10 and 0® = 1 is done as in
Figure 3.8. The simulations suggests polynomial convergence, instead of unstable dynamics’s
exponential convergence. For stable dynamics |a| < 1, the setup is o = 10, a = 0.4, and
0% = 1. Differing from the case with sensor noise, the DMD estimation still converges and the
result is shown in Figure 3.9. However, the polynomial convergence is even slower comparing

to the case of |a| = 1.
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Figure 3.6: DMD estimation error of a = 0.4 with and without correction, averaged from
1000 simulations

3.2.4 A special case: connection with Ornstein—Uhlenbeck process

In this subsection, let’s consider a slightly different form of the AR1 process:
Az, = axp At + Agy, (3.18)

Where « is the parameter we are trying to estimate and the normally distributed random
variable Ag; has the mean of 0 and variance of At. This is the discretization of the Orn-

stein—Uhlenbeck process [19], defined by

For such a equation, if the total length of observation is fixed and the number of data

collected is increased, then that’s the equivalence of reducing the intervals for observation.
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Figure 3.7: DMD estimation subject to process noise converges exponentially, a = 1.01,
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DMD estimation can be applied to find an estimator of «, and if the number of observation
goes towards infinity, we are interested about how the accuracy of estimation changes. For
examples below the total time is fixed at 7' = 10. Let’s first consider a mean-reverting
system, with |a| < 0. A Monte-Carlo simulation is done for increasing the number of data
collected, and the relative error is plotted in Figure 3.10. As the number of observation
increases, the error also increases and stays around a constant value. Another numerical
experiment is done for unstable dynamics with |a| > 0, with the result shown in Figure 3.11.
Even though the dynamics is unstable and we have a exponentially-increasing signal-to noise
ratio, the error converges to a nonzero value as observation increases. This is aligned with
the stochastic nature of the Ornstein—Uhlenbeck process, such that it’s impossible to have a
perfect estimation. The asymptotic error limit shows dependence of the total time T', plotted
in Figure 3.12. The total time T increases from 1 to 5, and at that specific end time the

number of observations is taken to up to 5-10*. The asymptotic lower error bound exhibits
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a exponentially decreasing trend.
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Chapter 4

Learning and controlling the dynamics

This chapter combines the previously introduced learning tools with control, and also pur-

poses an algorithm for online learning and control with an adjustment for sensitivity.

4.1 Optimal feedback control

The dynamical system we want to control is
Thy1 = Al’k + Buk (41)

The goal of control is to minimize a quadratic cost function:

o0

1
J = 3 kz:% (zp Qi + uy Ruy,) (4.2)

Where both ) and R are both square matrices. This is a standard linear quadratic regulator
problem that aims to drive the state vector to zero. () gives penalty for the state not being
0, and R gives penalty for control effort, or the energy used. The control u; that minimizes
the cost J is

uy = —(R+ B"PB)'B' PAux, (4.3)
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Where P is a square matrix that can be found by solving the discrete time algebraic Riccati

equation (DARE) [20]:
P=A"PA—-A"PB(R+B"PB)"'B"PA+Q (4.4)

A common approach for solving (4.4) numerically is first transforming the equation into a
generalized eigenvalue problem, then applying an iterative refinement procedure utilizing

Newton’s method [21].

4.2 Actively learning while controlling

New data is constantly gathered while doing control, and both learning and control should
happen simultaneously. The original DMD algorithm assumes the dynamics to take the
form of zj,1 = Az, but when feedback control is applied, the dynamics is actually 1 =
Axy + Buy = Az, — BKxyp. If DMD is directly applied on the controlled dynamics, A — BK
is learned instead of A. To learn A, recall the form in (2.3): for columns in data matrices X

and Y, denoted as z, and y,, they should satisfy the relation
Az, =y, (4.5)

For column vectors in X, the full states x; can be used. For column vectors in Y, control

applied at the previous time step is known, so it can be subtracted from the new state:
Yn = Tr1 — Buy, (4.6)

By introducing a modified Y matrix, (4.5) is satisfied and A is learned. Then an algorithm

for both learning and control is formed in algorithm 1.

33



Algorithm 1 Online learning and control of linear system
Require: n, B,Q, R
. Form the first A from observation phase, using (2.8)
: Form the first control gain K, = —(R+ B'PB)"'B" PA by solving (4.4)
: Calculate initial online DMD parameters as in section 2.2
. for each control time step in n do
Control, xy1 = Axy + Buy
Observe full state x,,, = x, + vy
Update online DMD parameters using rank-1 update, following (2.11)
Update A
Update K, via dlqr(A, B, Q, R)
end for

© PN g Wy

,_.
@

4.3 Sensitivity adjustments from controllability Gramian
matrix

Algorithm 1 is applied on a linearized inverted pendulum problem, simulated in MATLAB.
The system is set up with a inverted pendulum sitting on a rotary arm shown in Figure 4.1,

with explanations and values of the constants shown in table 4.1. The equations of motion

H Constants & Variables Explanation ‘ Value H
J Moment of inertia of the rotary arm 0.0072
r Length of the rotary arm 0.22
l Effective length of the inverted pendulum | 0.33
m Inverted pendulum mass 0.114
g Gravitational acceleration 9.81
Q@ Angle of the rotary arm
0 Angle of the inverted pendulum
T Torque applied on the rotary arm

Table 4.1: Explanations and values of the constants

of this system is

T — mrlcos (d2 sin @ cos  — 4 sin 0) + mrlf?sin 6 — 2mi2af sin 0 cos 0

o= -
J +mr2 4+ mi2sin? 0 — mr? cos2 0 (47)
_r T4+mrlf? sin §—2mi%a6 sin 0 cos 6 <2 _ 9 :
j_ i T G 0 cos ) + &*sinf cos ) — sinf

1— mr2 cos? 0
J+mr2+mli2 sin? 6
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Figure 4.1: Diagram of rotary inverted pendulum

Linearize about a = # = 0 and discretize with dt = 0.01, a linear state-space system is

obtained:
Qi1 1 0.0016 0.0093 0 0.0012
Or11 0 1.0026 —0.0005 0.01 0.0008
Tl = = T + U (48)
gyt 0 0.3173 0.8589 0.0016 0.2307
9k+1 0 0.5091 —-0.0941 1.0026 0.1539

The dynamics has four eigenvalues which are 1, 0.85, 1.06 and 0.96, so the dynamics is
unstable. The goal of control is to stabilize the dynamics by minimizing (4.2). To stabilize

the angles as soon as possible, high penalty for a and 6 not being zero is chosen:

10 0 00
0 10 0 0
Q= L, R=1 (4.9)
0 0 10
0 0 01
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Figure 4.2: Simulation of a linearized inverted pendulum using algorithm 1

The learning strategy is to first learn the dynamics without controlling for ten steps, and then
the control is turned on at ¢ = 0.1. To make the simulation closer to the lab environment,

sensor noise is added to the full state at each step, so the measured full-state x,, is

(4.10)

Ty =T +V=x+

The sensor noises are set at o7 = 0.25-107% and 3 = 10~*, which take different values since
the velocity sensor usually has higher noise level than the position sensor. The simulation
result of applying algorithm 1 is plotted in Figure 4.2, showing the performance of two

controllers. The first reference controller is obtained from assuming the dynamics is complete
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Figure 4.3: Nyquist plot of the system’s loop gain at t = 0.13

known and its performance is marked as “reference alpha” and “reference theta”, acting as a
benchmark for the learned dynamics. The second learned controller is learned on the fly and
its performance is marked as “learned alpha” and “learned theta”. The same sensor noise
is applied to both the reference and learned dynamics. The dashed line at ¢ = 0.1 marks
the control starting time, and shortly after the control is turned on, the learned controller
drives the dynamics into the wrong direction. To get an insight of why this is happening,
consider the Nyquist plot of the loop gain of the system at ¢ = 0.13 in Figure 4.3, which is the
moment that the controller drives the dynamics in the wrong direction. By Nyquist stability
criterion, the feedback system is unstable at this moment [22], and that explains why control
drives the dynamics into the wrong direction. However the Nyquist plot does not give out
reasons for why a bad control law was computed in the first place, so a better indicator
of control performance is needed. For that purpose, a new concept named controllability

Gramian needs to be introduced.
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4.3.1 Controllability Gramian

For discrete linear dynamical systems, controllability Gramian is a square matrix defined as

N
W(N) =) _ A*BBT(A")" (4.11)
k=0
This matrix represents control difficulty [23]. To drive a system from xy = 0 to a final state
ry that can be expressed as

N-1

vy =Y AV By (4.12)

1=0

At each time step, uy that minimizes the 2-norm of the control is given by
up = BTANTFIWL(N — Day (4.13)

Then the minimum cost that is required to move the state to xy is given by

F

J = upg up, = e Wo(N — 1) lay (4.14)
0

b
Il

Therefore, the eigenvalues of W, gives an indication of control difficulty: the smaller the
eigenvalue is, the more energy is required for control. Since A contains an unstable eigenvalue
in the case of linearized inverted pendulum, if W, is computed using a summation as in (4.11),
the result would be dependent on the choice of steps, N. Even though A is unstable, but it
is proven in [24] that only stable eigenvalues of A would affect W.(N)™' as N — oo, so that
the minimal energy only depends on stable eigenvalues. The Gramian matrix W, is found

by solving the discrete Lyapunov equation:

AW.AT —W,.+BB" =0 (4.15)

Therefore, the smallest positive eigenvalue of W, can be used as a parameter for control

difficulty. Figure 4.4 plots the evolution of the smallest positive eigenvalue of the controability
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Figure 4.4: Evolution of the smallest positive eigenvalue of the controability Gramian matrix

Gramian matrix.

4.3.2 Steps skipping algorithm

At the exact time step that the controller drives the dynamics into the wrong direction, the
smallest positive eigenvalue of W, drops to a low value of around 10~7. It means at this time
step the learned dynamics is extremely hard to control, so a huge control gain is computed
(even though the real dynamical system is relative easy to control). To address this issue, a
solution is adopted as follows: if the smallest positive eigenvalue drops below some certain
threshold ¢, for example the red line at 107° as shown in Figure 4.4, the learned system is
too far from the real dynamics such that it is unreliable for control. Instead of updating to
a new control law that drives the system into the wrong direction, the control gain for the
previous time step is reused. In other words, the control gain is not being updated based

on the wrong dynamics. A new algorithm is developed to incorporated this strategy, as in

39



algorithm 2. An if statement is added to skip updating control for inaccurate learned A,

Algorithm 2 Steps skipping algorithm

Require: n, B,Q, R, €
1: Forming the first A from observation phase
2: Forming first the K, using dlqr
3: Calculate initial online DMD parameters
4: for each control time step in n do

5: Calculate W, by solving the discrete Lyapunov equation
6: Calculate the smallest positive eigenvalue of W, o

7 Control, xyy1 = Axy + Buy

8: Observe full state x,,, = x, + vy

9: Update online DMD parameters using rank-1 update
10: Update A

11: if 0 > ¢ then

12: Update K, via dlqr(4, B, Q, R)

13: end if

14: end for

while still taking the data at that time step for learning. Algorithm 2 is applied again on

the discrete dynamical system (4.8), with the same sensor noise vector applied at each time

step. Figure 4.5 plots the performance of the step skipping algorithm, and the algorithm

achieves a much better performance by skipping unreliable updates. The red dots indicates

the steps in which updates are skipped.
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Figure 4.5: Simulation of a linearized inverted pendulum using the new algorithm
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Chapter 5

Online learning and control of a crane

5.1 Experiment setup

Algorithms 1 is applied to learn and control the dynamics of a crane sitting on a rotary arm
using Simulink, and the experiment setup is shown in Figure 5.1. Encoders act as sensors
that measure angles a and 6, which are the angle of the rotary arm and the angle of the
crane with respect to the vertical. The system is actuated by a motor that drives the rotary
arm, and data acquisition is done through a Quanser Q8 board. A more detailed system

specification can be found in table 5.1. The overall Simulink diagram is shown in Figure 5.2.

H Components ‘ Specifications H
Rotary arm length 0.216 m
Rotary arm mass 0.257 kg
Crane length 0.337 m
Crane mass 0.127 kg
Encoder resolution 4096 count/rev
Maximum sampling frequency 500 Hz

Table 5.1: System specifications

For the feedback control loop, angles are read from encoders, while angular velocities are
obtained from the derivatives of the angles, forming the full state vector. There is a extra

square wave output for creating a standardized initial condition for learning. The signal then
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Figure 5.2: Simulink diagram for the online learning and control routine

got fed in the core part of the Simulink program, a custom block also named as S-function,
written in C4++ following algorithm 1. This custom Simulink block takes in two inputs, the
full state and the clock for timing. The only output of the S-function block is the control at

each time step. Detailed S-function code can be found in appendix B.

5.2 Results

All experiments follow the time line as in Figure 5.3. First, nothing is done from ¢t = 0s and
t = 1s to make sure the crane is at rest. Then between ¢t = 1s and t = 2s, some voltage
is passed to the motor to create an initial excitement and no data is collected. The state
of the system at ¢t = 2s is the initial condition of the online learning and control problem,
and the dynamics is learned with no control until the end of learning window. The last step
would be turning on control based on learned information and update the learned model

while controlling.
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Figure 5.4: Input on the motor for creating a initial condition

5.2.1 A trial run

Algorithm 1 was first taken on a trial run to validate the algorithm and experiment setup.
Between t = 1s and t = 2s, an initial condition is excited by a square wave voltage input to
the motor, shown in Figure 5.4. The learning window extends from ¢ = 2s to t = 3s and is
marked in black vertical lines. For this particular initial condition, angle 6 is plotted versus
time in Figure 5.5. In the figure, “online learning” refers to the run with the assumption
that matrix A is unknown but learned. The line “reference” served as a reference for control

performance, and it’s angle 6 of a run which we assume the dynamics is fully known and a
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Figure 5.5: Performance of online learning and control algorithm applied on a crane

corresponding optimal control law is applied.

5.2.2 Selection of LQR parameters

Among the parameters of the system, the selection of LQR weights remains an open question.
Before setting the exact values, we would first like to test whether some penalty value should
be set for the velocities & and 6. Two experiments were run with the same square wave

excitement, with the only difference being the penalty matrix for the full state, respectively
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Figure 5.6: Performance of runs without and with penalty for velocities

taking values of
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The angles evolutions of the two runs are shown in Figure 5.6, in which the control was
turned on at ¢t = 3s for both cases. For angle 6, when we add a penalty for the velocity,
the respond is slower than the case with no penalty. A more distinct difference is shown
in the plot for angle a: the angle never reached zeros when a penalty is introduced. This
happens because the rotary crane system in the experiment is a physical system, so a friction
force exists when moving the rotary arm. With the introduction of the penalty for velocity,
the motor never exert enough force to overcome the friction so that the rotary arm never

reached back to the zero location. Therefore, penalty for velocities should not be introduced
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for better control performance. The next open question is the selection of LQR weights for
the velocities, a and 6. The goal is to stabilize the crane as soon as possible, so # should have
a higher weight than «. To find the optimal ratio weight 6/weight « for fastest stabilization,
a series of experiment was conducted and the result is shown in Figure 5.7. In the plot, the
weight ratio is increased from 1 to 20 with an increment of 1. The y-aixs of the figure is
the total area under curves a(t) and 6(t) combined, giving a measurement of how fast the
states revert back to zero. As the ratio is increased, as expected, the dynamic is stabilized

faster. However after the ratio of 15, the total area stays around the same value. Therefore
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the following LQR weight values are confirmed for experiments:

1 0 00
0 15 0 0
Q= and R =1 (5.1)
00 00
0 0 00

5.3 Optimal learning window

To quantitatively measure the control system’s performance, the following quadratic cost

function is used:

N
Z (2] Qz; +u Ru;) (5.2)

=0

1
7=3

Where @ and R matrices take the value as in (5.1). Calculation of the cost function starts
from the beginning of the learning window with no control, and extends to some time step
where the crane is stabilized. If the window is too short, then the learned dynamics might
be far away from the true, resulting in bad control performance and larger cost; if the learn-
ing window is too long, although the dynamics is better learned with more data gathered,
we might be waiting too long before controlling and that eventually result in larger cost.

Therefore, a optimal learning window might exist in the middle ground.

5.3.1 Oscillatory cost for fixed initial excitement

Experiments for finding the optimal learning window were done with the fixed initial excite-
ment, as shown in Figure 5.4. After the initial excitement from ¢t = 1s to t = 2s, varying
learning windows were waited before the control got turned on. The result is plotted in
Figure 5.8, with experiments for learning windows ranging from 0.1s to 2s all having a fixed
interval of 0.05s. The y-axis of the plot shows cost of the whole process, calculated as in
(5.2). Differing from expected, no global minimum cost is shown in the plot and the cost

function exhibits an oscillatory behavior. Since the initial excitement is fixed for all runs, the
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Figure 5.8: Total cost vs learning window length

crane was moving in a oscillatory way before the learning window closed. Therefore, the total
cost is determined by the control start time: if the control is turned on near the fixed point,
the cost is lower because the dynamics is closer to the linearized dynamics; if the control is
turned on further away from the fixed point, cost is increased because of stronger nonlin-
earity. The low cost is mostly associated with favored timing instead of an optimal learning
window, hence the cost function’s oscillatory behavior. A different approach is needed to
eliminate the dependence on the initial excitement, and that was achieved by introducing

random initial excitement.

5.3.2 Random initial excitement

As mentioned in the previous subsection, the fixed initial voltage input failed in ensuring a
fair comparison between learning window lengths. To address this issue, initial excitements

were randomized to remove the dependence on favored timing. Specifically, the random
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Figure 5.9: Total costs for different learning windows, with random initial conditions. The
error bars represents the standard deviation of 10 experiments at each learning window
length.

initial voltage output took the following form:

u(t) = 1.5sin (27t + @) (5.3)

Where ¢ was uniformly selected from 0 to 27w. Experiments were carried out for learning
windows ranging from 0.3s to 1.4s, with an fixed interval of 0.05s. At each learning window
length 10 experiments with random initial conditions were done, and both their mean cost
and standard deviation are plotted in Figure 5.9. With the introduction of random initial
condition, the cost plot shows the expected characteristic. The cost is high for short learning

windows because the dynamic is poorly learned, and is also high for long learning windows

o1



because too much time was elapsed before turning on control. The optimal learning window

length locates in the middle, at around 0.65 s.
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Chapter 6

Conclusion and future directions

This thesis explored both the theory and applications of online learning and control. Dy-
namic mode decomposition and its online variant were applied as computational tractable
solutions for online learning. Bias were found when either sensor noise or process noise is pre-
sented, and approaches for quantifying the biases were introduced. Monte-Carlo simulations
with different parameters were conducted to examine the convergence of DMD estimation
under various scenarios. Additionally, an algorithm for adjusting learning and control based
on sensitivity was proposed. Finally in chapter five, algorithms and theory were applied to
control a crane. There are also potential directions for future work: first, learn the nonlin-
ear dynamics instead of its linearization. A DMD-based nonlinear learning approach was
introduced in [13], but the selection of nonlinear eigenfunction dictionary remains an open
question if there’s no prior information about the dynamics. A study could be done to re-
search the combined effect of sensor noise and process noise on DMD estimation, and similar
work has been done in [25]. Finally, it would be interesting to explore the possibilities of
doing a experiment of controlling an inverted pendulum, which is an unstable system. The
difficulty of learning such a dynamic is that in a short time window, it’s hard to learn other

modes of the dynamics instead of the dominant nonlinear mode.
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Appendix A

Expectation of the product of four

terms

Consider an autoregressive model of order 1 (AR1) process:
Ty = pri_1 + € (A.1)
We want to find an expression for F(z;2 121 1Ti11404m). First,
P
Litp = P+ Z Pl Et+p—q (A2)
q=0

Then our desired quantity can be expressed as:

I+1 l+m+1

E | (pzi—1 + €) (Pzﬂ@t—l + per + €t+1) (Pl+2$t—1 + Z Pq€t+l+1—q> (Pl+m+2$t—1 + Z pq€t+l+m+1—q>]
"~ Az

In the table below, ABCD represent the four multiplying terms. Within the bracket, 0 means

the first term and 1 refers to the second term, and the additional assumption is the noise

has unit variance.

o7



Product Expectation
p2l+m+7$;1_1 Blglj—pn;;?
0
0
0
0
(pef + evee) p? g
PRS2 (262 42 ) (1+p21)f212+m+3
p3$§—1 Ziicl) Pzi+m6?+l+1—z’ £ wrl+(31:pl)221;,,L+7
R —
PRS2 (262 42 ) (1+p21)iz2+m+3
o En
0
0
0
0
ef Ziié €§+i p2l+m+3—2i + 26% €?+1 p21+m+1 9 p2l+m+1 +3 p25+m+3 4 21+m1—_LZ;+m+3
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Sum the expectations,

E($t$t+1$t+1+l$t+1+l+m)
2 1
pm+3 + 2p2l+m+7 5p2l+m+5 + 0 l+m—+3 + p +m

— (1 — p2>2 + o p2 + 2p2l+m+1 + 3p2l+m+3
Pt 42 p2l+m+7 +5 p2l+m+5 + p2l+m+3 + pttm 5 p2l+m+7 _ p2z+m+5 — pitm
N (1—p?)?
. (1— p2)2(2p2l+m+1 + 3p2l—|—m+3>
ek
B _3p2l+m+7 + 4p2l+m+5 + p2l+m+3 + pl—i-m N (1 _ 2p2 + p4)(2p2z+m+1 + 3p2z+m+3) (A_4)
(1 —p?)? (1— p2)2
B _3p2l+m+7 + 4p2l+m+5 + p2l+m+3 + p1+m
(1= p2)?
2p2l+m+1 + 3p2l+m+3 _ 4p2l+m+3 _ 6p2l+m+5 + 2p2l+m+5 + 3p2l+m+7
=)

p1+m + 2p2l+m+1
T =

29



Appendix B

Code

#include <Eigen/Dense>
#include <Eigen/MatrixFunctions>
#include "dlqr_custom.h"

extern "C" {
#define S_FUNCTION_NAME olcsC
#define S_FUNCTION_LEVEL 2

#include "simstruc.h"
#include <string>

static void init_dmd(Eigen::MatrixXd data, Eigen::MatrixXd& Am,
Eigen::MatrixXd& P, Eigen::VectorXd& xkpl){
int numCols = data.cols();
Eigen::MatrixXd X = data.block(0, 0, data.rows(), numCols - 1);
Eigen::MatrixXd Y = data.block(0, 1, data.rows(), numCols - 1);

for (int k = 0; k < 4; k++) {
xkpl(k) = data(k,numCols - 1);
}

Am = Y * (X.transpose()*(X*X.transpose()).inverse());
P = (X*X.transpose()).inverse();

static void online_dmd_update(Eigen::MatrixXd& Am,

Eigen: :MatrixXd& P, Eigen::VectorXd& xkpl, Eigen::VectorXd x, double uk){
double K1 = 0.2065;
double J = 0.0076;
double 1 = 0.337;
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double r = 0.216;

Eigen: :VectorXd B(4);

B << 0, 0, K1/J, -r*K1/(J*1);
double dt = 0.01;
Eigen::VectorXd disc_B = Bx*dt;

double gamma = 1 / (1 + xkpl.transpose() * P *xkpl);
Eigen::VectorXd ykpl = x - disc_Bx*uk;

Am = Am + gamma*(ykpl - Am*xkpl)*xkpl.transpose()*P;
P = P - gamma*P*(xkpl*xkpl.transpose())*P;
xkpl = x;

static void mdlInitializeSampleTimes(SimStruct *S){
ssSetSampleTime(S, 0, 0.01);
ssSet0ffsetTime(S, 0, 0.0);

static void mdlInitializeSizes(SimStruct *S){
ssSetNumSFcnParams(S, 5); // Number of expected parameters

if (ssGetNumSFcnParams(S) != ssGetSFcnParamsCount (S))<{
return; // Parameter mismatch will be reported by Simulink

if (!ssSetNumInputPorts(S, 2)) return;
ssSetInputPortWidth(S, 0, 4);
ssSetInputPortWidth(S, 1, 1);
ssSetInputPortDirectFeedThrough(S, 0, 1);
ssSetInputPortDirectFeedThrough(S, 1, 1);

if (!ssSetNumOutputPorts(S, 1)) return;
ssSetOutputPortWidth(S, 0, 1);

ssSetNumSampleTimes (S, 1);

ssSetNumDWork (S, 8);
ssSetNumRWork (S, 0);
ssSetNumIWork (S, 0);
ssSetNumPWork (S, 0);
ssSetNumModes (S, 0);
ssSetNumNonsampledZCs (S, 0);

/* Specifying Dwork vectors*/

ssSetDWorkDataType (S, O, SS_DOUBLE);
ssSetDWorkWidth(S, 0, 4%2000);
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ssSetDWorkName (S, 0, "stateAS");
ssSetDWorkComplexSignal (S, O, COMPLEX_NO);

ssSetDWorkDataType(S, 1, SS_DOUBLE);
ssSetDWorkWidth(S, 1, 1);
ssSetDWorkName (S, 1, "time_calledAS");
ssSetDWorkComplexSignal(S, 1, COMPLEX_NO);

ssSetDWorkDataType (S, 2, SS_DOUBLE);
ssSetDWorkWidth(S, 2, 4);
ssSetDWorkName (S, 2, "control_gainAS");
ssSetDWorkComplexSignal(S, 2, COMPLEX_NO);

ssSetDWorkDataType (S, 3, SS_DOUBLE);
ssSetDWorkWidth(S, 3, 1);
ssSetDWorkName (S, 3, "controlAS");
ssSetDWorkComplexSignal (S, 3, COMPLEX_NO);

ssSetDWorkDataType (S, 4, SS_DOUBLE);
ssSetDWorkWidth(S, 4, 4);
ssSetDWorkName (S, 4, "xkplAS");
ssSetDWorkComplexSignal (S, 4, COMPLEX_NO);

ssSetDWorkDataType(S, 5, SS_DOUBLE);
ssSetDWorkWidth(S, 5, 16);
ssSetDWorkName (S, 5, "AmAS");
ssSetDWorkComplexSignal(S, 5, COMPLEX_NO);

ssSetDWorkDataType (S, 6, SS_DOUBLE);
ssSetDWorkWidth(S, 6, 16);
ssSetDWorkName (S, 6, "PAS");
ssSetDWorkComplexSignal (S, 6, COMPLEX_NO);

ssSetDWorkDataType(S, 7, SS_DOUBLE);
ssSetDWorkWidth(S, 7, 1);
ssSetDWorkName (S, 7, "flagAS");
ssSetDWorkComplexSignal (S, 7, COMPLEX_NO);

ssSetNumContStates(S, 0);
ssSetNumDiscStates(S, 0);

/* specify the sim state compliance to be same as a built-in block */
ssSetOperatingPointCompliance(S, USE_DEFAULT_OPERATING_POINT);
ssSetRuntimeThreadSafetyCompliance (S, RUNTIME_THREAD_SAFETY_COMPLIANCE_TRUE);
ssSetOptions(S, SS_OPTION_EXCEPTION_FREE_CODE) ;
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#define MDL_START

static void mdlStart(SimStruct *S){
real_T *count = (real_T*) ssGetDWork(S, 1);
*count = 0;

real T *u = (real_T*) ssGetDWork(S, 3);
ul[0] = 0.0;

real T *flag = (real_T*) ssGetDWork(S, 7);
xflag = 0O;

#define MDL_UPDATE
static void mdlUpdate(SimStruct *S, int_T tid){
}

static void mdlOutputs(SimStruct *S, int_T tid){
double K1 = 0.2065;
double J = 0.0076;
double 1 0.337;
double r 0.216;
double dt = 0.01;

Eigen: :VectorXd B(4);
B << 0, 0, K1/J, -r*K1/(J*1);
Eigen::MatrixXd disc_B = dt * B;

real_T Q_1 mxGetPr (ssGetSFcnParam(S, 0)) [0];
real T Q_2 = mxGetPr(ssGetSFcnParam(S, 1)) [0];
real_T Q_3 = mxGetPr(ssGetSFcnParam(S, 2)) [0];
real _T Q_4 = mxGetPr(ssGetSFcnParam(S, 3))[0];
real T learning window = mxGetPr(ssGetSFcnParam(S, 4))[0];

Eigen: :MatrixXd Q(4,4); // penalty matrix for the states
Q <«<Q1,0,0,0,
2

-2, 0
» Q_3,
b o’ Q_

b b b

0
0,
4-

b

3

O O O
o O o

b

Eigen::MatrixXd R(1, 1);

R << 1;

real T xstatePtr = static_cast<real_T*>(ssGetDWork(S, 0));
real_T xcountPtr = (real_Tx*)ssGetDWork(S, 1);

real T *KPtr = static_cast<real_T*>(ssGetDWork(S, 2));
real_T *uPtr = static_cast<real_T*>(ssGetDWork(S, 3));
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real_T *xkplPtr = static_cast<real_T*>(ssGetDWork(S, 4));

real T *AmPtr = static_cast<real_T*>(ssGetDWork(S, 5));
real T *PPtr = static_cast<real_T*>(ssGetDWork(S, 6));
real T *xflagPtr = (real_T*)ssGetDWork(S, 7);
InputRealPtrsType xPtrs = ssGetInputPortRealSignalPtrs(S, 0);
InputRealPtrsType tPtrs = ssGetInputPortRealSignalPtrs(S, 1);

Eigen::VectorXd vecx(4);
for (int i = 0; i < 4; ++i){
if (xPtrs[i] == nullptr) {
ssSetErrorStatus(S, "One of the input pointers is null");
return;
}

vecx (i) = static_cast<double>(*xPtrs[i]);

double window = learning_ window * dt;

if ((xtPtrs[0] > 2) && (*tPtrs[0] < (2 + window))){ // learning
xcountPtr = *countPtr + 1;
int i = *countPtr;

if (i == static_cast<int>(learning_window) - 1){
*flagPtr = *xflagPtr + 1;
b

if (i <= 2000){ // in case the data matrics are too big, throw away old data
int idx = (i-1)*4;
for (int k = idx; k < idx + 4; k++){
statePtr[k] = *xPtrs[k - idx];
}
} else{
double recentData[1997];
for (int k = 3; k < 2000; k++){
recentDatal[k-3] = statePtr[k];
+
for (int k = 0; k < 1997; k++){
statePtr[k] = recentDatalk];
}
for (int k = 1996; k < 2000; k++){
statePtr[k] = *xPtrs[k - 1996];
}

} else if (xflagPtr == 1){ // forming first estimation of the A matrix
*flagPtr = *xflagPtr + 1;
*countPtr = *countPtr + 1;
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int i = *countPtr;

int idx = (i-1)*4;

for (int k = idx; k < idx + 4; k++){
statePtr[k] = *xPtrs[k - idx];

Eigen::VectorXd state_data(idx + 4);
for (int 1 = 0; i < idx + 4; i++){
state_data(i) = statePtr[i];
}
Eigen: :Map<Eigen: :MatrixXd> mat(state_data.data(), 4, i);

Eigen: :MatrixXd Am(4,4);

Eigen::MatrixXd P(4,4);

Eigen::VectorXd xkpl(4);

init_dmd(mat, Am, P, xkpl);

Eigen: :MatrixXd K dlqr(Am,disc_B,Q,R,1e-6);
Eigen::MatrixXd u = -K*vecx;

for (int i = 0; i < 4; i++){
KPtr[i] = K(i);

uPtr[0] = u(0);

for (int i = 0; i < 4; i++){
xkplPtr[i] = xkpl(i);

for (int i = 0; i < 16; i++){
AmPtr[i] = Am(i);

for (dnt i = 0; i < 16; i++){

PPtr[i] = P(i);
}

} else if (xflagPtr > 1){ // learning with control

Eigen: :Map<Eigen: :VectorXd> mappedxkpl(xkplPtr, 4, 1);
Eigen: :Map<Eigen: :MatrixXd> mappedP(PPtr, 4 ,4);
Eigen: :Map<Eigen: :MatrixXd> mappedAm(AmPtr, 4, 4);
double uk = *uPtr;

Eigen::MatrixXd Am = mappedAm;
Eigen::MatrixXd P = mappedP;
Eigen::VectorXd xkpl = mappedxkpl;
Eigen::VectorXd x = mappedxkpl;
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online_dmd_update(Am, P, xkpl, vecx, uk);

Eigen::MatrixXd K
Eigen::MatrixXd u

dlgr(Am,disc_B,Q,R,1e-6);
-K*vecx;

for (int i = 0; i < 4; i++){
KPtr[i] = K(i);

}

uPtr[0] = u(0);

for (dnt i = 0; i < 4; i++){
xkp1Ptr[i] = xkp1(i);

}

for (int i = 0; i < 16; i++){
AmPtr[i] = Am(i);

for (int i =

PPtr[i] = P(i);

double u *uPtr;

0; i < 16; i++){

real T *y = ssGetOutputPortRealSignal(S, 0);

y[0]

= u;

static void mdlTerminate(SimStruct *S){

¥

#ifdef MATLAB_MEX_FILE
#include
#else
#include "cg_sfun.h"
#endif

}

"simulink.c"

// Mex glue

// Code generation glue
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