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Abstract

In this thesis, we construct several invariants in low-dimensional topology and sym-

plectic topology, including a symplectic definition of generalized Casson invariants,

an extension of Taubes’ Gromov invariants to symplectic Calabi–Yau 3-folds, and

Z-valued genus 0 Gromov–Witten type invariants for general compact symplectic

manifolds, based on solutions to various equivariant transversality problems in sym-

plectic topology. In a different direction, we also study the Rouquier dimension of

wrapped Fukaya categories of Liouville manifolds to obtain applications in algebraic

geometry and symplectic geometry.
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Chapter 1

Introduction

The modern study of rigidity aspects of symplectic manifolds started from Gromov’s

seminal work [Gro85]. Following Gromov, counting pseudo-holomorphic curves and

related objects usually require conducting “Fredholm differential topology” in infinite

dimensions. The first theme of this thesis is to develop enumerative differential geom-

etry in the presence of symmetries. Various results based on solutions to variants of

equivariant transversality problems in symplectic topology are presented in Chapter

2-4. The second theme of this thesis is concerned with Floer theory of Lagrangian

submanifolds. More precisely, we use Fukaya categories, which could be viewed as

“non-commutative spectra” of symplectic manifolds and assemble the information

of Lagrangian Floer homology of many Lagrangians, to study Weinstein manifolds.

Chapter 5 showcases how to use a noncommutative invariant associated with the

wrapped Fukaya categories, known as the Rouquier dimension, to derive interesting

geometric applications.

We present a brief introduction in this chapter. The reader should refer to the

introduction section of each chapter to get a comprehensive overview.

The second Chapter, which is posted as arXiv:2102.03665 , is entitled “A sym-

plectic formula of generalized Casson invariants”. It contains results that could be
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viewed a decategorified version of the Atiyah–Floer conjecture. Suppose Y is an inte-

ger homology 3-sphere, Taubes [Tau90] proved that the number of irreducible critical

orbits of the perturbed Chern–Simons functional on Y , counted with signs, is equal to

the algebraic intersection number of two character varieties associated with Heegaard

splittings when the structure group is SU(2). Taubes’ result established a relationship

between gauge theory and the Casson invariant. This chapter proves an analogous

identification result for SU(n) generalized Casson invariants. As a special case, we

show that the SU(3) Casson invariant of Boden–Herald [BH98] can be equivalently

calculated by taking an appropriate intersection number of Lagrangian submanifolds.

The third Chapter, which is a joint work with Mohan Swaminathan and appears

as arXiv:2106.01206, is entitled “Bifurcations of embedded curves and towards an

extension of Taubes’ Gromov invariant to Calabi–Yau 3-folds”. Here we define an

integer-valued virtual count of embedded pseudo-holomorphic curves of two times

a primitive homology class and arbitrary genus in symplectic Calabi–Yau 3-folds,

which can be viewed as an extension of Taubes’ Gromov invariant [Tau96a]. The

construction depends on a detailed study of bifurcations of moduli spaces of embedded

pseudo-holomorphic curves which is partially motivated by Wendl’s recent solution

[Wen21] of Bryan–Pandharipande’s super-rigidity conjecture.

The fourth chapter, which represents a joint work with Laurent Côté and could be

found online as arXiv:2110.10663, is entitled “On the Rouquier dimension of wrapped

Fukaya categories and a conjecture of Orlov”. In this chapter, we study the Rouquier

dimension [Rou08] of wrapped Fukaya categories of Liouville manifolds and pairs,

and apply this invariant to various problems in algebraic and symplectic geometry.

On the algebro-geometric side, we introduce a new method based on symplectic flex-

ibility and mirror symmetry to bound the Rouquier dimension of derived categories

of coherent sheaves on certain complex algebraic varieties and stacks. These bounds

are sharp in dimension at most 3. As a result, we resolve a well-known conjecture

2



of Orlov [Orl09b] for a large class of new examples, including all toric 3-folds and

certain log Calabi–Yau surfaces. On the symplectic side, we study various quantita-

tive questions such as: (1) given a Weinstein manifold, what is the minimal number

of intersection points between the skeleton and its image under a generic compactly-

supported Hamiltonian diffeomorphism? (2) what is the minimal number of critical

points of a Lefschetz fibration on a Liouville manifold with Weinstein fibers? We give

lower bounds for these quantities which are to our knowledge the first to go beyond

the basic flexible/rigid dichotomy.

The fifth chapter, which consists of a joint work with Guangbo Xu and appears as

arXiv:2201.02688, is entitled “An integral Euler cycle in normally complex orbifolds

and Z-valued Gromov–Witten type invariants.” In this chapter, we define an integral

Euler cycle for a vector bundle E over an effective orbifold X for which (E,X) is (sta-

bly) normally complex. The transversality is achieved by using Fukaya–Ono’s [FO97]

“normally polynomial perturbations” and Brett Parker’s [Par13] generalization to

“normally complex perturbations.” Two immediate applications in symplectic topol-

ogy are the definition of integer-valued genus-zero Gromov–Witten type invariants for

general compact symplectic manifolds using the global Kuranishi chart constructed

by Abouzaid–McLean–Smith [AMS21], and an alternative proof of the cohomologi-

cal splitting theorem of Abouzaid–McLean–Smith for Hamiltonian fibrations over S2

with integer coefficients.
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Chapter 2

A symplectic formula of

generalized Casson invariants

2.1 Introduction

In 1985, Casson introduced an invariant for integer homology 3-spheres (see [AM90,

Mar88]) by considering the SU(2)–representations of the fundamental group. Suppose

Y is an integer homology 3-sphere with a Heegaard splitting Y = H1 ∪ΣH2, then the

inclusions of Σ in H1 and H2 induce embeddings of the SU(2)–character varieties of

π1(H1) and π1(H2) into the SU(2)–character variety of π1(Σ). The character variety

of Y is given by the intersection of the character varieties of M1 and M2 as a set.

After taking a sufficiently small generic perturbation on the embeddings, one obtains

a well-defined intersection number of the character varieties of π1(H1) and π1(H2).

The intersection number is always even (see, for example, [Sav11, Corollary 17.6]),

and the Casson invariant is defined to be half of this intersection number.

On the other hand, let P be the trivial SU(2) bundle over Y with a fixed trivial-

ization, and let C(Y ) be the affine space of smooth connections on P . Let θ be the

flat connection associated with the given trivialization of P . For B ∈ C(Y ), suppose

4



B = θ + b where b ∈ Ω1(Y, su(2)), then the Chern-Simons functional

CS : C(Y ) → R

is defined by

CS(B) =
1

2

∫
Y

Tr

(
db ∧ b+ 2

3
b ∧ b ∧ b

)
.

After fixing a Riemannian metric on Y , the formal gradient of CS at B ∈ C(Y ) is

equal to ∗FB, where ∗ is the Hodge star operator of the given metric; therefore, the

critical points of CS are given by flat connections, and the set of critical orbits of CS

has a one-to-one correspondence with the conjugacy classes of SU(2)–representations

of π1(Y ). Taubes [Tau90] proved that after adding a generic perturbation to the

Chern-Simons functional, the signed count of its critical orbits is equal to two times

the Casson invariant.

A natural question about the Casson invariant is whether it can be extended to

more general groups and more general 3-manifolds. This question has been studied in-

tensively since the introduction of the theory, and many constructions are given using

either intersection of character varieties arisen from Heegaard splittings or the Chern-

Simons functionals. The Heegaard-splitting approach has been studied by Boyer-

Nicas [BN90], Walker [Wal92a], Cappell-Lee-Miller [CLM90], and Curtis [Cur94].

More recently, Abouzaid-Manolescu [AM17] studied the intersection of SL2(C) charac-

ter varieties arisen from Heegaard splittings and obtained a sheaf-theoretic 3-manifold

invariant. On the gauge theory side, Boden-Herald [BH98] defined an SU(3) Casson

invariant for integer homology spheres by introducing real-valued correction terms

on the reducible critical orbits. Variations of the SU(3) Casson invariant have also

been defined by Boden-Herald-Kirk [BHK01] and Cappell-Lee-Miller [CLM02]. To-

gether with Zhang, the author [BZ20] generalized the construction of Boden-Herald

and defined perturbative SU(n)–Casson invariants for integer homology spheres. The
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construction of [BZ20] is reviewed in Section 2.2.

This chapter studies the relationship of the gauge-theoretic generalization of Cas-

son invariants in [BZ20] with Heegaard splittings. We obtain an identification result

analogous to Taubes’ theorem [Tau90]: the quantities entering into the definition of

the SU(n)–Casson invariant could all be expressed in terms of quantities constructed

using finite-dimensional symplectic geometry. As a special case, we show that the

SU(3) Casson invariant of Boden-Herald [BH98] is equal to an appropriate equivari-

ant intersection number of character varieties associated with Heegaard splittings.

Now we describe the contents of this chapter in more detail. Let Y = H1 ∪Σ H2

be a closed, oriented 3-manifold with a Heegaard splitting, and let G be a compact

Lie group with Lie algebra g. In general, the G–character variety of π1(Σ) have

singularities. Their appearance put forth difficulties on constructing perturbations

and studying intersection theory from the differential-geometric approach. To get

around this difficulty, we make use of the extended moduli space of flat connections

Mg(Σ′) on Σ′ introduced by Jeffrey [Jef94] and Huebschmann [Hue95] to study an

equivalent question using equivariant geometry, where Σ′ be the Riemann surface

obtained from Σ be removing a disc. Roughly speaking, there is an open subset

M̂g(Σ′) ⊂ Mg(Σ′) which is a smooth symplectic manifold and there is a Hamiltonian

G–action on M̂g(Σ′) whose moment map reduction µ−1(0)/G is naturally identified

with the G–character variety of π1(Σ). The G–character varieties of π1(H1) and

π1(H2) could be lifted to two smooth Lagrangian submanifolds L1, L2 of M̂g(Σ′) which

are invariant under the G–action. They are also contained in µ−1(0). Details of the

definition and properties of the extended moduli space will be reviewed in Section 2.3.

Note that the extended moduli spaces were used in the work of Manolescu-Woodward

[MW12] to define a symplectic version of instanton Floer homology.

We are then interested in studying the G–equivariant intersection theory of L1

and L2. In Section 2.4, we introduce a transversality result on Hamiltonian pertur-

6



bations that allows us to perturb L1 and L2 equivariantly so that their intersection

is non-degenerate (see Definition 2.4.1). Actually, in Section 2.5.1, we introduce

the notion of a compatible pair of a holonomy perturbation fq on the 3–manifold

Y and a G–equivariant Hamiltonian perturbation ΦH on M̂g(Σ′) such that there is

a one-to-one correspondence between gauge orbits of fq–perturbed flat connections

on Y and G–orbits of ΦH(L1) ∩ L2. Moreover, the non-degeneracy of connection is

equivalent to the non-degeneracy of Lagrangian intersection for such a compatible

pair. Therefore, we can use the equivariant transversality result on the symplectic

side to construct preferred holonomy perturbation on Y to simplify the calculation

of generalized Casson invariants.

Let p, q be two intersection points of L1 and L2 after perturbation, and choose

a disk D such that ∂D = γ1 ∪ γ2, where γ1 and γ2 are two arcs connecting p and

q on L1 and L2 respectively. Suppose H ⊂ G is a closed subgroup and for every

z ∈ D we assume that the stabilizer of z contains H as a subgroup. For such data, we

define an equivariant Maslov index µH(D) in Section 2.4.2 which takes value in the

representation ring of H. On the other hand, the disk D defines a 1-parameter family

Bt(D) of (not necessarily) flat G connections on Y connecting the perturbed flat

connections on Y induced by p and q. In [BZ20], the authors defined the equivariant

spectral flow for a family of self-adjoint operators. The main identification result of

this chapter is the following theorem, where the more precise statement is given in

Theorem 2.5.19.

Theorem 2.1.1. The equivariant Maslov index µH(D) is equal to the equivariant

spectral flow associated with the 1-parameter family of connections Bt(D) on Y .

The proof of Theorem 2.1.1 is presented in Section 2.5. It follows from a com-

bination of Nicolaescu’s arguments in [Nic95], which allow us to identify the H–

equivariant spectral flow of Bt(D) with certain infinite-dimensional Maslov index

(Theorem 2.5.8), Dostoglou-Salamon’s adiabatic limit result in [DS94] which reduces
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the infinite-dimensional Maslov index to some finite-dimensional Maslov index (The-

orem 2.5.17), and some observations regarding the relation between tangent space of

the extended moduli space M̂g(Σ′) and twisted harmonic forms.

After a further identification between the symplectic areas and Chern-Simons

invariants coming into the definitions of SU(3)–Casson invariants on symplectic and

gauge-theoretic sides, we prove

Theorem 2.1.2. Let Y = H1∪ΣH2 be an integer homology 3–sphere equipped with a

Heegaard splitting such that the genus of Σ is at least 3. Suppose ΦH is a sufficiently

small G–equivariant Hamiltonian perturbation on M̂g(Σ′) such that ΦH(L1) intersect

L2 non-degenerately. Let [θ̃] ∈ ΦH(L1)∩L2 be the intersection coming from perturbing

the product connection [θ] ∈ L1 ∩ L2. Given any p ∈ ΦH(L1) ∩ L2, let D(p) be a disc

in M̂g(Σ′) as above which connects p and [θ̃]. For any p, choose a point p̂ in L1 ∩L2

close to p and let D(p̂) be a disc connecting p̂ and [θ] which is close to D(p). Then

the Boden-Herald SU(3)–Casson invariant is equal to

λSU(3)(Y ) =
∑

[p]∈(ΦH(L1)∩L2)irr

(−1)µ(D(p))

−
∑

[p]∈(ΦH(L1)∩L2)red

(−1)µt(D(p))(µn(D(p))− ω(D(p̂))

2π2
+ 1).

(2.1.1)

In the above formula, (ΦH(L1)∩L2)
irr is the set of G–orbits of (ΦH(L1)∩L2) whose

stabilizer is isomorphic to the center of SU(3) and (ΦH(L1) ∩ L2)
red is the set of G–

orbits of (ΦH(L1) ∩ L2) whose stabilizer is isomorphic to U(1) which corresponds to

perturbed SU(2)–flat connections on Y . The index µ(D(p)) is the equivariant Maslov

index with respect to the trivial group, while the indices µt(D(p)) and µn(D(p)) are

the trivial and nontrivial component of the U(1)–equivariant Maslov index µU(1)(D(p))

respectively. The symbol ω(D(p̂)) is the symplectic area of the disc D(p̂) with respect

to the symplectic form on M̂g(Σ′).
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The reader might have realized that this is parallel to the definition of Casson-

Walker invariant [Wal92a, equation (2.2)] for rational homology spheres.

We hope that the symplectic approach used in this chapter could help under-

stand structural aspects of the generalized Casson invariants. Indeed, in [Wal92a],

Walker proved that the SU(2)–Casson-Walker invariant is combinatorial in nature

based on studying various isotopies of character varieties relevant to Dehn surgeries

on 3–manifolds. The combinatorial approach was generalized by Lescop in [Les96] to

define invariants for all 3–manifolds. The symplectic geometry provides much flex-

ibility, though the use of Chern-Simons type invariants in our definition might put

obstructions to the understanding. However, given a knot K ⊂ Y , let Y1/k(K) be

the 3–manifold obtained by doing Dehn surgery of Y along K with slope 1/k, it is

reasonable to expect that the SU(n)–Casson invariants of Y1/k(K) might satisfy the

asymptotic growing rate kn−1 as k → ∞ for a fixed n. When n = 2, this is the clas-

sical surgery formula for Casson-Walker invariants, see [Wal92a, Chapter 3]; when

n = 3, such speculation is supported by the discussion in [BHK05, Section 6]. We

will not discuss this topic further in this chapter.
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2.2 Recap of 3–dimensional gauge theory

In this section, we recall some definitions and results from [BZ20] which will be used

in this chapter. Interested readers should consult loc.cit. for full details.
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2.2.1 Some linear algebra

Let G be a connected compact Lie group. Write the representation ring of G as R(G)

and let R(G)⊗ R be its natural R–extension.

Definition 2.2.1. Define RG to be the set of conjugation equivalence classes of the

triple (H,V, ρ), where H is a closed subgroup of G, and ρ : H → Hom(V, V ) is a

finite-dimensional R–linear representation of H. We say that (H, V, ρ) is conjugation

equivalent to (H ′, V ′, ρ′), if there exists g ∈ G and an isomorphism φ : V → V ′, such

that

H ′ = gHg−1,

and

ρ′(ghg−1) = φ ◦ ρ(h) ◦ φ−1.

Given a closed subgroup H ⊂ G, let RG([H]) be the subset of RG consisting of ele-

ments represented by representations of H. Any σ ∈ RG is called irreducible if it is

represented by an irreducible representation.

Definition 2.2.2. Let H be a closed subgroup of G. Define

iHG : RH → RG

be the tautological map by identifying subgroups of H as subgroups of G.

Given a compact Lie group H, if V is an irreducible R-linear H–representation,

recall that V is said to be of type R,C or H, if homH(V, V ) ∼= R,C or H respectively.

Definition 2.2.3. Suppose V is an orthogonal irreducible H–representation of type

K ∈ {R,C,H}. Given r ∈ Z>0, define dV (r) to be the dimension of self-adjoint maps
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on V r intertwining with the H action. In other words,

dV (r) =



1
2
r(r + 1) if K = R,

r2 if K = C,

2r2 − r if K = H.

Definition 2.2.4. Given σ ∈ RG with representative given by (H,V, ρ) such that

V is an orthogonal H–representation, suppose the isotypic decomposition of V as an

H–representation is given by

V ∼= V ⊕a1
1 ⊕ · · · ⊕ V ⊕am

m .

Define the dimension function of σ, denoted by d(σ), to be the following quantity:

d(σ) =
m∑
i=1

dV (ai).

This definition is independent of the choice of the representative of the equivalence

class σ. According to Schur’s lemma, d(σ) is equal to the dimension of H–equivariant

self-adjoint linear endomorphisms, denoted by SymH(V ), of the representation V .

The following lemma is [BZ20, Lemma 3.18].

Lemma 2.2.5. Suppose σ ∈ RG([H]) is represented by the triple (H, V, ρ) such

that V is an orthogonal H–representation. Let SymH,σ(V ) = {s ∈ SymH(V )|σ ∼=

(H, ker(s), ρ|ker(s))}. Then SymH,σ(V ) is a smooth submanifold of SymH(V ) of codi-

mension d(σ). If K ⊂ SymH(V ) is a linear space, let Π : V → ker(s) be the orthogonal

projection, then s+K is transverse to SymH,σ(V ) at s if and only if the map taking

l ∈ K to (x 7→ Π(l(x))) ∈ SymH(ker(s)) is surjective.
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2.2.2 Some 3–dimensional gauge theory

Let Y be a smooth, oriented, closed 3–manifold equipped with a Riemannian metric.

Suppose G is a compact, connected and simply-connected Lie group and let g be its

Lie algebra. Let P = Y × G be the product principal G–bundle over Y . We use θ

to represent the trivial product connection on P . Fix an integer k ≥ 2. Let C(Y )

be the affine space of L2
k–connections over P , which is an affine space modeled on

L2
k(T

∗Y ⊗ g). Let GY be the L2
k+1–gauge group of P . Then GY acts smoothly on

C(Y ) via gauge transformation. Given B = θ + b ∈ C(Y ), where b ∈ L2
k(T

∗Y ⊗ g),

let Stab(B) and Orb(B) be the stablizer group and orbit of B under the GY –action

respectively. For H ⊂ G, let C(Y )H be the subset of C(Y ) consisting of connections

whose stabilizer contains a subgroup of G which is conjugate to H.

Recall the Chern-Simons functional CS on C(Y ) is an R–valued smooth function

CS(θ + b) :=
1

2

∫
Y

dθb ∧ b+
1

3

∫
Y

[b ∧ b] ∧ b. (2.2.1)

Using the Riemannian metric on Y , we have

(∇CS)(B) = ∗FB for all B ∈ C(Y ),

where FB = dθb +
1
2
[b, b] is the curvature of B and ∗ is the Hodge star operator. In

particular, critical points of CS correspond to flat connections over P .

Next we discuss about a slight generalization of the holonomy perturbation [Don87],

[Flo88]. We follow the notation of [KM11]. This form of holonomy perturbation will

be used later in Section 2.5. Regard the circle S1 as R/Z. We identify the open unit

disc in the plane D2 with the open cube (−1, 1)2.

Definition 2.2.6. A cylinder datum is a tuple (q1, · · · , qm, β, hs) with m ∈ Z>0 that

satisfies the following conditions.
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1. qi : S
1 ×D2 ∼= S1 × (−1, 1)2 → Y is a smooth immersion for i = 1, · · · ,m;

2. there exists ϵ > 0 such that q1, . . . , qm coincide on (−ϵ, ϵ)×D2,

3. β is a non-negative, compactly supported smooth function on (−1, 1), such that

∫ 1

−1

β = 1;

4. For any −1 ≤ s ≤ 1, hs : G
m → R is a smooth function that is invariant under

the diagonal action of G by conjugations and the family {hs}−1≤s≤1 depends

smoothly on s.

Given B ∈ C(Y ) and cylinder datum q = (q1, · · · , qm, β, hs), we can define the

holonomy map of B by

Holq(B) : D2 → Gm

z 7→
(
Holq1,z(B), · · · ,Holqm,z(B)

)
,

where Holqi,z(B) is the element in G obtained by the holonomy of B along the loop

qi(S
1 × {z}) for 1 ≤ i ≤ m using the trivialization P{0}×{z} ∼= G. Then the cylinder

function associated to q is defined to be the map

fq : C(Y ) → R

B 7→
∫ 1

−1

∫ 1

−1

β(λ)hs(Holq(B))dλds,

where we use the coordinate z = (λ, s) under the identification D2 ∼= (−1, 1)2. When

hs = χ(s)h such that h : Gm → R is a smooth function invariant under the diagonal

action of G by conjugations and χ : (−1, 1) → R is a compactly supported smooth

function with
∫ 1

−1
χ(s)ds = 1, the 2–form β(λ)χ(s)dλ ∧ ds defines a non-negative

bump 2–form over D2 with total integration 1 and fq is the usual cylinder function

13



as in [KM11]. These cylinder functions are smooth over C(Y ) and have well-defined

formal gradients. Then one can follow the procedure in [KM11, Definition 3.6] to

construct the Banach space of holonomy perturbations, which is denoted by P . Given

any π ∈ P , write the associated function over C(Y ) as fπ and let Vπ be the formal

gradient of fπ. Let DVπ be the derivative of Vπ.

Definition 2.2.7. A connection B is called π–flat if

∗FB + Vπ(B) = 0.

In other words, B is a critical point of the functional CS+fπ.

Given a pair B ∈ C(Y ) and π ∈ P , we can define a self-adjoint Fredholm operator

with index zero which has discrete real spectrum

KB,π : L2
k(g)⊕ L2

k(T
∗Y ⊗ g) → L2

k−1(g)⊕ L2
k−1(T

∗Y ⊗ g)

by

KB,π(ξ, b) := (d∗Bb, dBξ + ∗dBb+DVπ(B)(b)). (2.2.2)

When B is π–flat, define HessB,π to be the operator

HessB,π : ker d∗B ∩ L2
k(T

∗Y ⊗ g) → ker d∗B ∩ L2
k−1(T

∗Y ⊗ g)

given by

HessB,π := ∗dB +DVπ(B).

This is a self-adjoint Fredholm operator with index zero. Note that both KB,π and

HessB,π are Stab(B)–equivariant operators.

Definition 2.2.8. A π–flat connection B is called non-degenerate if HessB,π is an

isomorphism. A perturbation π ∈ P is called non-degenerate if all the critical points

14



of CS+fπ are non-degenerate.

Because the classical holonomy perturbations all arise as special cases of our for-

mulation of holonomy perturbation, the transversality results proved in [BZ20, Section

4] all carry over due to the abundance of perturbations. The following proposition is

[BZ20, Corollary 4.20, 4.21].

Proposition 2.2.9. The set Preg ⊂ P of non-degenerate holonomy perturbations is

of Baire second category.

For any pair π0, π1 ∈ Preg, one can find a generic smooth path πt : [0, 1] → P from

π0 to π1, such that there are only countably many t where πt is degenerate. Moreover,

for every such t there is exact one degenerate critical orbit Orb(B) of CS+fπt, and

the kernel of HessB,πt is an irreducible representation of Stab(B).

Next we recall definitions and results which lead to the definition of SU(n)–Casson

invariants using gauge theory.

Let V be a Hilbert space and D ⊂ V is a space whose image in V is dense and the

inclusion map is a compact operator. Let Dt : D → V , t ∈ [0, 1] be a 1–parameter

family of self-adjoint operators whose spectra are real and discrete. Let H be a

connected compact Lie group and V admits a linear H–action which preserves D.

Suppose that for all 0 < t < 1, the operator Dt is equivariant with respect to the H–

action. Given any W which is a finite-dimensional irreducible H–representation, we

have an induced family of self-adjoint operators on HomH(W,V) and let the spectral

flow of this family be nW . We use the convention that if D0 or D1 has nontrivial

kernel, the spectral flow of the family {Dt}0≤t≤1 is calculated by the spectral flow

of {Dt + ϵ · id}0≤t≤1 where ϵ > 0 is sufficiently small. Let Rirr(H) be the set of

finite-dimensional irreducible H–representations.

Definition 2.2.10. Define the H–equivariant spectral flow of {Dt}0≤t≤1, denoted by

15



SfH(Dt) to be the following element in the representation ring R(H):

∑
W∈Rirr(H)

nW · [W ]. (2.2.3)

Let π ∈ P be a non-degenerate perturbation and suppose B is a π–flat connection.

Suppose H is a closed subgroup of G and the group Stab(B) = H.

Definition 2.2.11. Define SfH(B, π) ∈ R(H) to be the H–equivariant spectral flow

given by the homotopy from KB,π to Kθ,0 constructed from the linear homotopy from

(B, π) to (θ, 0).

Because of the homotopy invariance of the spectral flow, SfH(B, π) could be

calculated by any path of H–equivariant operators connecting KB,π and Kθ,0.

Let n ≥ 2 be an integer. Suppose the Lie group G is given by SU(n) and Cn is the

standard representation of SU(n). We further assume that Y is an integer homology

sphere. Let Σn be the set of tuples of pairs of integers

((n1,m1), . . . , (nr,mr)), r ≥ 1

such that n =
∑r

i=1 nimi. We also assume that n1 ≤ · · · ≤ nr and mi’s are in

non-decreasing order if the corresponding ni’s are the same. By the discussion in

[BZ20, Section 5], given any connection B ∈ C(Y ), there exists σ ∈ Σn, such that the

vector bundle

E = P ×SU(n) Cn

could be decomposed into

E ∼= E(n1)
⊕m1 ⊕ · · · ⊕ E(nr)

⊕mr (2.2.4)

satisfying
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1. E(ni) is a trivial C–vector bundle over Y of rank ni for 1 ≤ i ≤ r;

2. The connection B preserves this decomposition and is decomposed into direct

sums of irreducible unitary connections on each component E(ni).

Such a connection B is called of type σ. Fix a σ ∈ Σn, connections with above

decomposition define a subset Cσ(Y ) ⊂ C(Y ). All elements in Cσ(Y ) have stabilizers

conjugate to a subgroup Hσ ⊂ SU(n). Then Cσ(Y ) ⊂ C(Y )Hσ and the linear path

from B ∈ Cσ(Y ) to θ stays in C(Y )Hσ .

Suppose g : E → E is a gauge transformation that is decomposed into the direct

sum of gauge transformations gi : E(ni) → E(ni) using (2.2.4). If B ∈ Cσ(Y ), one

can find τ1, . . . , τr ∈ R(Hσ) such that the Hσ–equivariant spectral flow from KB,π to

Kg(B),π is given by ∑
ni≥2

deg(gi) · τi

which is independent of B and π ∈ P , where deg(gi) is the degree of the map

H3(Y ;Z) → H3(U(n);Z) induced by gi. If B is furthermore a flat connection and let

Bi be the E(ni)–component of B, define

CSσ(B) =
∑
ni≥2

CS(Bi)

4π2ni
· τi ∈ R(Hσ)⊗ R. (2.2.5)

Now we are ready to recall the definition of the SU(n)–Casson invariant. Let

CF (Y ) ⊂ C(Y ) be the subspace consisting of flat connection on P . Let U ⊂ C(Y ) be

an open subset containing CF (Y ) such that the inclusion

CF (Y ) ∩ C(Y )Hσ ↪→ U ∩ C(Y )Hσ

induces a one-to-one correspondence on connected components. By Uhlenbeck com-

pactness, there exists r0 > 0 such that as long as π ∈ P satisfies ∥π∥ < r0, the space

of π–flat connections is contained in U .
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Definition 2.2.12. Suppose ∥π∥ < r0 is a non-degenerate perturbation and let B be

a π–perturbed flat connection of type σ ∈ Σn. Take g ∈ GY such that g(B) ∈ C(Y )Hσ

and let g(B̂) be a genuine flat connection lying in the same connected component of

U ∩ C(Y )Hσ as g(B). Define ind(B, π) to be

SfHσ(g(B), π)− [ker dg(B)]− CSσ(g(B̂)) ∈ R(Hσ)⊗ R, (2.2.6)

where [ker dg(B)] is the Hσ–representation associated to the Lie algebra of Stab(B).

The following is claimed in [BZ20, Section 5].

Theorem 2.2.13. There exists a set R̃SU(n), a well-defined map R(Hσ)⊗R → R̃SU(n)

and a Z–submodule B̃ifSU(n) ⊂ ZR̃SU(n) with the following significance. Let [ind(B, π)]

be the image of ind(B, π) in R̃SU(n). If ∥π∥ < r0 is a non-degenerate perturbation,

define

indπ :=
∑

Orb(B) is π– flat

[ind(B, π)] ∈ ZR̃SU(n).

Then for any pair of non-degenerate π1, π2 ∈ P such that ∥πi∥ < r0 for i = 1, 2, we

have

indπ1 − indπ2 ∈ B̃ifSU(n).

Therefore the image of indπ in the Z–module ZR̃SU(n)/B̃ifSU(n) is a topological

invariant of the integer homology sphere Y based on the above claim. One can then

use this quantity to construct Casson-type invariants using different normalizations.

In particular, the R–valued SU(3)–Casson invariant of Boden-Herald [BH98] could be

recovered as a special case of the above construction.

However, it seems to the author that the wall-crossing terms coming from the

values of Chern-Simons’ functional were not treated properly in [BZ20]. The revision

of [BZ20] would carry out an alternative definition using reference connections dif-

ferent from θ. Nevertheless, it still makes sense to talk about the equivariant index
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ind(B, π) regardless of the definition of Casson invariants. Our goal in this chapter,

namely Theorem 2.1.1, is to present ind(B, π) using geometric quantities constructed

from finite-dimensional symplectic geometry when Y is equipped with a Heegaard

splitting and the perturbation π has certain adapted behavior. Its application to

establish Theorem 2.1.2 is independent of [BZ20, Section 5].

2.3 Extended moduli spaces

In this section, we recall the construction of the extended moduli space in [Jef94] and

discuss about some of its properties. Most importantly, we will see that the essential

information of the tangent spaces of the extended moduli space is encoded in the

corresponding space of twisted harmonic forms. We also recall the construction of

Lagrangian submanifolds in extended moduli spaces from [MW12] which will be used

in this chapter.

Suppose Σ is a closed Riemann surface with genus h ≥ 2 equipped with a Rieman-

nian metric. Let p ∈ Σ be a base point. Define Σ′ = Σ\D2
p to be the Riemann surface

with one boundary component obtained by removing a disc D2
p around p. Suppose G

is a simply-connected compact Lie group and g is its Lie algebra. We identify g with

its dual g∗ using the Killing form. Let P be the product principal G–bundles over Σ.

We continue to use θ to represent the trivial product connection.

Fix an integer k ≥ 2.Let A(Σ) and A(Σ′) be the affine space of L2
k–connections

over P and P |Σ′ respectively. Denote the L2
k+1–gauge groups of P and P |Σ′ by GΣ

and GΣ′ respectively. Let M(Σ) = AF (Σ)/GΣ be the moduli space of flat connections

over P , where AF (Σ) is the space of flat connections over P . We also need the group

GcΣ′ consisting of elements in GΣ′ which are identity near the boundary of Σ′.
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Definition 2.3.1. Let s be the coordinate on S1 ∼= ∂Σ′. Define

Ag
F (Σ

′) := {A ∈ A(Σ′)
∣∣FA = 0, A = θ + ξds near the boundary for some ξ ∈ g}.

Then the extended moduli space Mg(Σ′) is defined to be the quotient

Mg(Σ′) := Ag
F (Σ

′)/GcΣ′ .

Mg(Σ′) has a finite-dimensional description similar to character varieties. Let us

choose {αi, βi}1≤i≤h to be a set of simple loops on Σ with common base point at

some p′ ∈ ∂Σ′ ⊂ Σ′ ⊂ Σ which gives the standard presentation of π1(Σ). Choose a

simple loop γ in Σ′ based at p′ wrapping around the boundary once then we have

Πh
i=1[αi, βi] = γ. Using the holonomy map, one can show that

Mg(Σ′) = {Ai, Bi ∈ G,∀1 ≤ i ≤ h, ξ ∈ g
∣∣Πh

i=1[Ai, Bi] = exp(ξ)}. (2.3.1)

We will use both the gauge-theoretic definition and the representation-theoretic def-

inition in the sequel. Note that Mg(Σ′) admits a G–action: given g ∈ G, it acts on

Mg(Σ′) by

((Ai, Bi)1≤i≤h, ξ) 7→ ((gAig
−1, gBig

−1)1≤i≤h,Adg(ξ)),

where Adg is the adjoint action of g on g. Use the Killing form on g to define a norm

on g, the next proposition is proved in [Jef94].

Proposition 2.3.2. 1. The open G–invariant subset M̂g(Σ′) ⊂ Mg(Σ′) defined

by |ξ| < δ for some sufficiently small δ > 0 is actually a smooth manifold;

2. There exists a symplectic form ω on M̂g(Σ′) and the G–action defines a smooth

Hamiltonian action with respect to ω. The moment map µ : M̂g(Σ′) → g∗ of
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this G–action is given by

((Ai, Bi)1≤i≤h, ξ) 7→ ξ;

3. The moment map reduction µ−1(0)/G is naturally identified with M(Σ);

4. If [A] ∈ M(Σ) is represented by some A ∈ Ag
F (Σ

′), then the stabilizer group

of A under the GΣ′–action, written as Stab(A), is isomorphic to Stab([A]), the

stabilizer of [A] ∈ M(Σ) under the G–action.

Making δ smaller if necessary, we can assume that the exponential map exp :

g → G is a diffeomorphism onto its image over {ξ ∈ g
∣∣|ξ| < δ}. Then the following

statement follows from the equation (2.3.1).

Lemma 2.3.3. The map M̂g(Σ′) → G2h defined by mapping ((Ai, Bi)1≤i≤h, ξ) to

the G2h–component is a G–equivariant embedding, where G2h is equipped with the

diagonal conjugation action.

Introduce the notation

A0
F (Σ) := {A ∈ AF (Σ)

∣∣A|D2
p
is given by the product connection}.

Then A0
F (Σ) could be viewed as a subspace of Ag

F (Σ
′) corresponding to ξ = 0. Choose

A ∈ A0
F (Σ). Denote by [A] ∈ M̂g(Σ′) the image of A in M̂g(Σ′), we now give an

explicit description of the tangent space T[A]M̂g(Σ′).

Let Ωi(Σ′) ⊗ g (resp. Ωi(Σ) ⊗ g) be the space of g–valued i–forms on Σ′ (resp.

Σ) for i = 0, 1, 2. Also write the subspace of Ωi(Σ′) ⊗ g consisting of elements with

compact support as Ωi
c(Σ

′)⊗ g. Recall that s is the coordinate on ∂Σ′. Define

Ω1,g(Σ′) = {a ∈ Ω1(Σ′)⊗ g
∣∣a = ξds near the boundary for some ξ ∈ g }.
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We have the elliptic complex

Ω0
c(Σ

′)⊗ g Ω1,g(Σ′) Ω2
c(Σ

′)⊗ g.
dA dA (2.3.2)

Then the tangent space T[A]M̂g(Σ′) is identified with the first cohomology group of

(2.3.2), written as H̃1,g
A . The bilinear form

ωΣ′(a1, a2) =

∫
Σ′
Tr(a1 ∧ a2)

over Ω1,g(Σ′) defines the symplectic form on M̂g(Σ′) under this identification.

On the other hand, view A ∈ AF (Σ), we have the complex

Ω0(Σ)⊗ g Ω1(Σ)⊗ g Ω2(Σ)⊗ g.
dA dA (2.3.3)

The cohomolgy groups H i
A for i = 0, 1, 2 could be identified with the space of twisted

harmonic i–forms. Similarly, the bilinear form

ωΣ(a1, a2) =

∫
Σ

Tr(a1 ∧ a2)

over Ω1(Σ)⊗ g is non-degenerate and descends down to a non-degenerate pairing on

H1
A.

We need to introduce some auxiliary objects to understand the relation between

H̃1,g
A and H1

A as symplectic vector spaces. Let Σ ∼= Σ\{p} be the Riemann surface

obtained from Σ′ by attaching a cylindrical end S1 × [0,+∞) along ∂Σ′. We still use

P to represent the product principal G–bundle over Σ. Choose ϵ > 0 to be a positive

real number. Define L2,ϵ
k (Ωi(Σ)⊗ g) the completion of the space of g–valued i–forms
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over Σ′ under the norm

∥a∥L2,ϵ
k

= (

∫
Σ

eϵχ(|a|2 + |∇a|2 + · · ·+ |∇ka|2))
1
2 ,

where χ is a smooth function on Σ which is equal to 1 over S1 × [0,+∞) and ∇ is

some background connection. This is the norm associated to the inner product

⟨a1, a2⟩k,ϵ =
∫
Σ

eϵχ(⟨a1, a2⟩+ ⟨∇a1,∇a2⟩+ · · ·+ ⟨∇ka1,∇ka2⟩).

Note that the bilinear form on L2,ϵ
k (Ωi(Σ)⊗ g) given by

ωΣ(a1, a2) =

∫
Σ

Tr(a1 ∧ a2)

is non-degenerate, which could be proved using the Hodge ∗–operator. Given A ∈

A0
F (Σ), it naturally defines a connection on P |Σ, namely extending A by the product

connection on the cylindrical end. Therefore, we can define the operator

dA : L2,ϵ
k (Ωi(Σ)⊗ g) → L2,ϵ

k−1(Ω
i+1(Σ)⊗ g)

using the connection A the the L2–formal adjoint operator of dA

d∗A : L2,ϵ
k (Ωi(Σ)⊗ g) → L2,ϵ

k−1(Ω
i−1(Σ)⊗ g).

Lemma 2.3.4. For ϵ > 0 sufficiently small, the kernel of the map

d∗A ⊕ dA : L2,ϵ
k (Ω1(Σ)⊗ g) → L2,ϵ

k−1(Ω
0(Σ)⊗ g)⊕ L2,ϵ

k−1(Ω
2(Σ)⊗ g)

is naturally isomorphic to H1
A and this isomorphism respects the symplectic structure.

Proof. The map ker(dA⊕d∗A) → H1
A is given by the natural inclusion L2,ϵ

k (Ω1(Σ)⊗g) →
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L2
k(Ω

1(Σ)), after identifying Σ with Σ\{p}. This map is the same as the composition

H1
A(Σ

′, ∂Σ′) ∼= H1
c (Σ

′, dA) → H1
A, which is an isomorphism by counting dimensions.

This map obviously respects the symplectic structure.

Lemma 2.3.5. There exists a map P0 : ker(dA ⊕ d∗A) → H̃1,g
A which defines a linear

symplectic embedding. The symplectic orthogonal complement of Im(P0) is isomorphic

to (g/H0
A)⊕(g/H0

A)
∗, where H0

A is identified with the Lie algebra of the stabilizer group

of A ∈ AΣ. Moreover, the induced symplectic structure on (g/H0
A)⊕(g/H0

A)
∗ from ωΣ′

is the same as the canonical linear symplectic form on T ∗(g/H0
A)

∼= (g/H0
A)⊕(g/H0

A)
∗.

Proof. The proof is essentially the same as the proof of [Jef94, Proposition 3.9]. In

loc.cit, Jeffrey constructed a family of linear symplectic embeddings Pr : ker(dA ⊕

d∗A) → H̃1,g
A parametrized by r ∈ [0,+∞) and the P0 here is the specialization at r = 0.

Although [Jef94, Proposition 3.9] was stated for G = SU(2), the same arguments work

for general Lie groups.

Using these two lemmas, and note that all the isomorphisms commute with the

Stab(A)–action, we conclude

Corollary 2.3.6. Suppose [A] ∈ M̂g(Σ′) is represented by some A ∈ A0
F (Σ), then

there is a Stab(A)–equivariant symplectic isomorphism

T[[A]]M̂g(Σ′) ∼= H1
A ⊕ T ∗(g/H0

A), (2.3.4)

where T ∗(g/H0
A) is equipped with the canonical symplectic form and trivial Stab(A)–

action.

Remark 2.3.7. The above corollary could be viewed as a consequence of the symplectic

slice theorem which appeared in the proof of [SL91, Theorem 2.1]. However, we cannot

apply the slice theorem directly because we need to identify the tangent bundle of
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the normal slice explicitly as twisted harmonic 1–forms. This will be important in

our calculations of spectral flows later.

Now suppose Y ′ is a smooth, oriented, 3–manifold with boundary ∂Y ′ = Σ.

Choose the base point p ∈ Σ as above then p also define base points in both Y ′.

Assume that π1(Σ) → π1(Y
′) induced by the inclusion defines a surjective map.

Denote by P the trivial G–bundle on both Y ′ and Σ. Let Ag
F (Σ

′|Y ′) ⊂ Ag
F (Σ

′) be

the space consisting of elements in Ag
F (Σ

′) which extend to flat connection on P over

Y ′. Such space is preserved by the action of GcΣ′ . Furthermore, let AF (Y
′) be the

space of flat connections on P |Y ′ and let G0(Y
′) be the based gauge group consisting

of gauge transformations g ∈ GY ′ such that g(p) = id. Then the map

AF (Y
′)/G0(Y

′) → Ag
F (Σ

′|Y ′)/GcΣ′

is a diffeomorphism. By [MW12, Lemma 5.1], the embedding

AF (Y
′)/G0(Y

′) ∼= Ag
F (Σ

′|Y ′)/GcΣ′ ↪→ Ag
F (Σ

′)/GcΣ′ = Mg(Σ′)

defines a Lagrangian submanifold LY ′ in Mg(Σ′) with respect to the symplectic form

in Proposition 2.3.2. The manifold LY ′ diffeomorphic to Gh and it is preserved by the

G–action on Mg(Σ′). Additionally, this Lagrangian is contained in the 0–level set of

the moment map µ−1(0). As a result, LY ′ is contained in the smooth locus M̂g(Σ′).

One could obtain many G–invariant Lagrangians in M̂g(Σ′) by the construction

above. We will study the equivariant intersection theory of a pair of such Lagrangians

and define some version of equivariant intersection number which calculates the gen-

eralized Casson invariants.
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2.4 Equivariant transversality of Lagrangian sub-

manifolds

This section develops an equivariant transversality result for Lagrangian submanifolds

inside symplectic manifolds equipped with Lie group actions, and defines the notion

equivariant Maslov index which will be used in the calculation of the generalized

Casson invariants.

Suppose (M,ω) is a (not necessarily closed) smooth symplectic manifold of di-

mension 2n, where ω is the symplectic form . Let G be a connected, compact Lie

group that acts on (M,ω) such that ∀g ∈ G, g∗ω = ω. Let L1, L2 be two oriented

Lagrangian submanifolds in M which are invariant under the G–action.

For p ∈ M , we use Orb(p) to denote the orbit of p under the action of G. Note

that Orb(p) could be identified with G/ Stab(p), where Stab(p) is the stabilizer group

of p under the G–action. In particular, Orb(p) is a smooth manifold. A subset X of

M is called G–invariant if G(X) = X; and similarly, a subbundle E of TM |X where

X is G–invariant is called G–invariant if G(E) = E.

Definition 2.4.1. We say that L1 and L2 intersect non-degenerately at p, if for

p ∈ L1 ∩ L2, we have TpL1 ∩ TpL2 = TpOrb(p). L1 and L2 are said to intersect non-

degenerately if they intersect non-degenerately at each of their intersection point.

Remark 2.4.2. Using the terminology in [Poz99], the above definition is equivalent

to saying that L1 and L2 have clean intersection along Orb(p) for each p ∈ L1 ∩ L2.

Note that if L1 and L2 are compact and intersect non-degenerately, they only intersect

along finitely many G–orbits.

2.4.1 Transversality

Suppose (M,ω), L1, L2 are as above, we prove that L1 and L2 intersect non-degenerately

after applying a generic G–equivariant Hamiltonian perturbation on L1. We also
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characterize the failure of equivariant transversality when varying the Hamiltonian

perturbations in generic 1–paramter families.

We start by fixing some notations from symplectic geometry. Let C∞
G (M) be the

space of compactly supported smooth G–invariant time-independent Hamiltonians on

the symplectic manifold M equipped with the C∞–topology.

Definition 2.4.3. Let C∞
0

(
[0, 1], C∞

G (M)
)

be the space of time-dependent smooth

G–invariant Hamiltonians which vanish near s = 0 and s = 1, where s is the

coordinate on [0, 1]. Take {H0
s , H

1
s , · · · } which form a countable dense subset of

C∞
0

(
[0, 1], C∞

G (M)
)
and let

Nm := sup{∥H0
s∥Cm , · · · , ∥Hm

s ∥Cm}.

Define H to be the completion of the subspace of C∞
0

(
[0, 1], C∞

G (M)
)

consisting of

functions of form ∑
m≥0

amH
m
s

such that
∑

m≥0Nm|am| < +∞ under the norm ∥
∑

m≥0 amH
m
s ∥ :=

∑
m≥0Nm|am|.

Given any Hs ∈ C∞
0

(
[0, 1], C∞

G (M)
)
, the Hamiltonian vector field XHs of Hs is

determined by

dHs = ω(·, XHs).

Let ΦHs be the time 1–flow generated by integrating XHs . Then for any G–invariant

Lagrangian L ⊂M , ΦHs(L) is also a G–invariant Lagrangian.

Recall that for every manifold S, there is a canonical symplectic form dλ on T ∗S

(see, for example, [MS17, p. 90]). When S admits a smooth G–action, dλ is preserved

by the induced G–action on T ∗S. We need the following equivariant local version of

the Lagrangian neighborhood theorem:
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Lemma 2.4.4. Suppose L is a G–invariant Lagrangian submanifold of (M,ω), and

suppose Orb(p) ⊂ L. Let E ⊂ TM |Orb(p) be a G–invariant Lagrangian subbundle

that is transverse to TL|Orb(p). Then there exists a G–invariant open subset U ⊂ M

with the following property: if we write S = U ∩ L, then there is a G–equivariant

symplectomorphism φ from an open neighborhood of the zero section of T ∗S to U ,

such that

1. φ equals the identity map on S,

2. the tangent map of φ on S sends the fibers of T ∗S to the fibers of E on Orb(p).

Proof. Because E and TL|Orb(p) are transverse to each other fiberwisely as Lagrangian

subbundles of TM |Orb(p), the map βE : E → T ∗L|Orb(p) given by v 7→ ω(v, ·) is an

isomorphism. Using the identification

TM |Orb(p)
∼= E ⊕ TL|Orb(p)

∼= T ∗L|Orb(p) ⊕ TL|Orb(p),

we can construct a fiberwise G–invariant almost complex structure Jp on TM |Orb(p)

which is compatible with the fiberwise symplectic form on TM |Orb(p) such that Jp(TL|Orb(p)) =

E.

Extend Jp to a G–equivariant compatible almost complex structure J on M and

let gJ = ω(·, J ·) be the compatible Riemannian metric. After choosing sufficiently

small G–invariant neighborhood of Orb(p) ∈ T ∗L so that exponential map of gJ is

well defined, the argument of [MS17, Theorem 3.4.13] carries over. Our special choice

of the almost complex structure guarantees the second condition holds.

Lemma 2.4.5. Let S be a G–manifold and suppose that U is a sufficiently small G–

invariant neighborhood of Orb(p) ⊂ S. Then any G–invariant Lagrangian L ⊂ T ∗S

which is transverse to the Lagrangian foliation on T ∗U induced by cotangent fibers is

locally presented as the graph of an exact G-equivariant 1–form over U .
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Proof. Because L is transverse to the Lagrangian foliation on T ∗U induced by cotan-

gent fibers, it is locally represented by the graph of some 1–form θL over U . The

Lagrangian condition implies that θL is closed.

Using the slice theorem, without loss of generality we can assume that U =

G ×Stab(p) U
′ where U ′ is a contractile G–invariant neighborhood of the origin in

TpS/TpOrb(p). Because the quotient of U by G is contractible, the cohomology

class represented by the equivariant form θL is 0. Using the de Rham complex of

G–equivariant differential forms on U , we conclude that θL is exact.

Now we are ready to establish the equivariant transversality result. Let A ⊂ M

be a compact subset such that L1 ∩ L2 is included in the interior of A. Let H0 ⊂ H

be a sufficiently small open ball centered at zero, such that for every Hs ∈ H0, the

map ΦHs is defined on A, and ΦHs(L1) ∩ L2 is included in the interior of A.

Suppose σ ∈ RG. Define Mσ ⊂ H0× (A∩L2) to be the set of points (Hs, p) such

that

1. p ∈ ΦHs(L1) ∩ L2,

2. The linear space
(
TpΦHs(L1) ∩ Tp(L2)

)
/TpOrb(p) as a Stab(p)–representation

represents σ.

Proposition 2.4.6. The space Mσ is a Banach manifold. The projection of Mσ to

H0, written as πσ, is Fredholm with index −d(σ).

Proof. Let (Hs, p) ∈ Mσ. Let Qp ⊂ TM |Orb(p) be a G–invariant Lagrangian subbun-

dle such that Qp is transverse to TΦHs(L1)|Orb(p) and TL2|Orb(p) along Orb(p). Let B2

be a small G–invariant open neighborhood of p in L2. Then by Lemma 2.4.4, there

exists be a G–invariant open neighborhood B of p in M , such that

1. There exists a G–equivariant symplectomorphism to a neighborhood of the zero

section of T ∗B2,
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2. T ∗
pB2 is tangent to Qp at p under the above diffeomorphism.

After further shrinking B2 and B if necessary, by Lemma 2.4.5, ΦHs(L1) ∩ B is the

graph of the differential of a G–invariant function on B2. This function is uniquely

determined if we require that its integration over B2 is 0. Therefore we have a map

from a sufficiently small neighborhood N(Hs) of Hs to C
∞
G (B2)

π : N(Hs) → C∞
G (B2)

such that for each H ′
s ∈ N(H), we have ΦH′

s
(L1) ∩ B is the graph of dπ(H ′

s), and∫
B2
π(H ′

s) = 0.

Claim: The map π is a submersion at Hs onto the subspace

{
g ∈ C∞

G (B2)|
∫
B2

g = 0
}
.

For each g ∈ C∞
G (B2) such that

∫
B2
g = 0, let ĝ ∈ C∞

G (M) be a smooth, compactly

supported function on M , such that ĝ|B is given by the pull-back of g from B2 to

T ∗B2. Let χ : [0, 1] → R≥0 be a smooth, compactly supported function such that∫
χ = 1. For s ∈ [0, 1], let ΦHs(s) be the integration of XHs from s to 1. Define

Ĥs = χ(s) ·
(
ĝ ◦ ΦHs(s)

)
.

Then

d

dv
π(H + vĤ) = g.

Therefore the claim is proved.

Let D be a slice of B2 under the G–action through p. Let D0 be the fixed point

subset of D under the Stab(p)–action. Then for any (ΦH′
s
, q) ∈ Mσ such that H ′

s ∈

N(Hs) and q ∈ B, we have q ∈ D0 where D0 is viewed as a subset of the zero

section of the Weinstein neighborhood. Choose a G–invariant Riemannian metric on
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B2 and let Sp be the orthogonal complement of TpOrb(p) in TpB2 and let S0
p be the

fixed point subset of Sp under the Stab(p)–action. Using parallel transports, we can

identify TD with Sp. Now we can define a map

ψ : N(Hs)×D0 → (S0
p)

∗ × SymStab(p)(Sp)

(H ′
s, q) 7→ (∇q(π(H

′
s))|D0 ,Hess(π(H ′

s))|Sp),

where ∇ and Hess stand for the gradient and Hessian respectively. It is easy to see

that

Mσ = ψ−1({0} × SymStab(p),σ(Sp)).

Using the abundance result [BZ20, Lemma 2.25] and the result established in the

claim, we conclude that the differential of ψ at (Hs, p) is surjective. Therefore Mσ is

a Banach manifold near (Hs, p). Because the inclusion

ψ−1({0} × SymStab(p),σ(Sp)) ↪→ N(Hs)×D0

is a Fredholm map of index − dim(D0)− d(σ), the projection map from Mσ to H is

Fredholm of index −d(σ). The proposition is proved because of the separability of

H0 × (A ∩ L2).

Corollary 2.4.7. Let L1 and L2 be two G–invariant Lagrangians in (M,ω) such

that their intersection is contained in a compact subset of M . Let H0 be a small

neighborhood of 0 in H.Then for a generic perturbation Hs ∈ H0, the pair ΦHs(L1)

and L2 intersect non-degenerately.

Proof. Using Proposition 2.4.6, because d(σ) > 0 as long as σ is not given by the

0–representation, Hσ := πσ(Mσ) is a C
∞–subvariety of H0 of positive codimension.
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As a result, ⋃
σ∈RG

Hσ

is a meager subset of H0. Any Hamiltonian perturbation constructed from elements

in H0\
⋃
σ∈RG

Hσ establishes the transversality result.

Now we show that for a generic 1–paramter family {Hs,t}0≤t≤1, the intersection

ΦHs,t(L1)∩L2 has at most one degenerate intersection orbit which corresponds to an

irreducible representation for each t.

Choose H0 and A as before. Suppose σ1, σ2 ∈ RG. Define Mσ1,σ2 ⊂ H0 × (A ∩

L2)× (A ∩ L2) to be the set of points (Hs, p1, p2) such that

1. p1, p2 ∈ ΦHs(L1) ∩ L2,

2. Orb(p1) ∩Orb(p2) = ∅,

3. The spaces
(
TpiΦHs(L1)∩Tpi(L2)

)
/Tpi Orb(pi) as Stab(pi)–representations rep-

resent σi for i = 1, 2.

Let Hσ1,σ2 be the projection of Mσ1,σ2 onto H0. The following statement follows from

the arguments in the proof of Proposition 2.4.6 and [BZ20, Lemma 3.23], thus the

proof is omitted.

Proposition 2.4.8. Hσ1,σ2 is a C∞–subvariety of H0 of codimension at least d(σ1)+

d(σ2).

Note that d(σ) = 1 if and only if σ is irreducible. Therefore the following corollary

follows immediately from Proposition 2.4.6 and Proposition 2.4.8 by an application

of the Sard-Smale theorem.

Corollary 2.4.9. Let {Hs,t}0≤s≤1 be a generic path in H0 connecting Hs,0, Hs,1 ∈

H0\
⋃
σ∈RG

Hσ which intersect all Hσ and Hσ1,σ2 transversely. Then there are at most

countably many t such that ΦHs,t(L1) do not intersect L2 non-degenerately. For every
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such t ∈ (0, 1), there is exactly one intersection orbit Orb(pt) such that
(
TptΦHs,t(L1)∩

Tpt(L2)
)
/Tpt Orb(pt) is an irreducible Stab(pt)–representation, and ΦHs,t(L1) intersect

L2 non-degenerately along any other orbits.

2.4.2 An equivariant Maslov index

In this subsection, we give the definition of equivariant Maslov index which will appear

in the index formula later on.

We recall the definition of the classical Maslov index. Let (V0, ω0) be a symplectic

vector space. For a, b ∈ R such that a < b, let P[a,b](V0) be the space of continuous

and piecewise smooth maps

q : [a, b] → {paris of Lagrangian subspaces in V0}.

Then there exists a map

µV0 : P[a,b](V0) → Z

which is called the Maslov index uniquely characterized by the following properties

(see [CLM94]):

1. (Affine scale invariance) Suppose k > 0 and l ≥ 0 and let Γ : [a, b] → [ka+l, kb+

l] be the affine linear map given by t 7→ kt+ l. Then for q ∈ P[ka+l,kb+l](V0), we

have

µV0(q) = µV0(q ◦ Γ);

2. (Homotopy invariance) Given q0, q1 ∈ P[a,b](V0) such that q0(a) = q1(a) and

q0(b) = q1(b), if there is a homotopy between q0 and q1 in P[a,b](V0) relative to

end points, then

µV0(q0) = µV0(q1);
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3. (Additivity under concatenation of paths) If a < c < b and q ∈ P[a,b](V0), then

the following additive property is satisfied:

µV0(q) = µV0(q|[a,c]) + µV0(q|[c,b]);

4. (Symplectic additivity) Let (V ′
0 , ω

′
0) be another symplectic vector space and

suppose q ∈ P[a,b](V0), q
′ ∈ P[a,b](V

′
0). Then

µV0⊕V ′
0
(q ⊕ q′) = µV0(q) + µV ′

0
(q′);

5. (Independence of symplectic framing) Suppose ϕt : [a, b] → Sp(V0) is a 1–

parameter family of symplectic matrices. Denote by q(t) = (L1(t), L2(t)) for

some q ∈ P[a,b](V0) and define ϕ∗(q)(t) = (ϕt(L1(t)), ϕt(L2(t))). Then

µV0(ϕ∗(q)(t)) = µV0(q(t));

6. (Normalization) Equip R2
x,y

∼= Cz=x+iy with the symplectic form dx ∧ dy =

i
2
dz ∧ dz. Consider the path of Lagrangians p(t) in P[−π

4
,π
4
](R2) given by

t 7→ (R{1},R{eit}).

Then

µR2(p|[−π
4
,π
4
]) = 1, µR2(p|[−π

4
,0]) = 0, µR2(p|[−π

4
,0]) = 1.

There are many ways to construct the map µV0 explicitly. For our purpose later, we

use the characterization of µV0 as the spectral flow of certain self-adjoint operators, see

[CLM94, Section 7]. Let J0 ∈ GL(V0) be a complex structure which is compatible with

ω0. Given L1, L2 ⊂ V0 which are linear Lagrangian subspaces, let L2
1([0, 1];L1, L2)
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be the completion of smooth maps f : [0, 1] → V with f(0) ∈ L1, f(1) ∈ L2 under

L2
1–norm induced by the metric ω(·, J0·). Let L2([0, 1];V0) be the space of L2–maps

from [0, 1] to V0. Then the operator

DL1,L2 : L
2
1([0, 1];L1, L2) → L2([0, 1];V0)

f 7→ −J0
df

dt

is a real self-adjoint unbounded Fredholm operator with discrete spectrum. The kernel

of DL1,L2 is the same as constant functions taking value in L1 ∩ L2.

If we take a path of pairs of Lagrangian subspaces q(t) = (L1(t), L2(t))t∈[a,b] in

V0, we have a family of self-adjoint operators {DL1(t),L2(t)}a≤t≤b. Let ϵ > 0 be small

enough so that DL1(a),L2(a) and DL1(b),L2(b) do not have any other eigenvalues between

−ϵ and ϵ except for 0.

Proposition 2.4.10. The spectral flow of {DL1(t),L2(t) − ϵ id}a≤t≤b is independent of

the choice of J0 and equal to µV0(p).

Now suppose V0 is a H–representation where H is a connected compact Lie group,

and the H–action preserves the symplectic form ω0. Let

V0 ∼= (V 1
0 )

⊕a1 ⊕ · · · ⊕ (V m
0 )⊕am

be the isotypic decomposition of V0. Then each isotypic piece inherits a symplectic

structure and the above decomposition is compatible with the symplectic structure.

If q(t) = (L1(t), L2(t))t∈[a,b] is a path such that both L1(t) and L2(t) are preserved

under the H–action, then

(V 1
0 )

⊕a1 ∩ Li(t)⊕ · · · ⊕ (V m
0 )⊕am ∩ Li(t)
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gives the isotypic decomposition of Li(t) for i = 1, 2 and t ∈ [a, b]. Write qk(t) as the

induced path on the isotypic piece (V k
0 )

⊕ak for 1 ≤ k ≤ m.

Definition 2.4.11. The equivariant Maslov index µH(q) of the path q(t) as above is

the element
m∑
i=1

1

dimR Vi
· µ(V i

0 )
⊕ai (qi) · [Vi] ∈ R(H). (2.4.1)

Remark 2.4.12. The above quantity is well-defined because the Vi–isotypic piece of

L1(t)∩L2(t) would change the Maslov index by a multiple of dimR Vi. Alternatively,

we can define µH(q) using the equivariant spectral flow of the H–equivariant operator

−J0 ddt where J0 is an H–equivariant complex structure on V0 compatible with ω0,

based on Definition 2.2.10 and Proposition 2.4.10.

Now we go back to discuss about global symplectic geometry. Recall that (M,ω) is

a symplectic manifold with a symplectic G–action and L1 and L2 are two G–invariant

Lagrangians of M . Suppose H is a closed subgroup of G. Let D ⊂ Cz = R2
x,y be the

closed unit disc in the plane. Suppose we have a map u : D → M which is smooth

except at ±1 satisfying:

1. u(∂D ∩ {y ≤ 0}) ⊂ L1 and u(∂D ∩ {y ≥ 0}) ⊂ L2;

2. For any z ∈ D, the Lie group Stab(u(z)) contains H as a subgroup.

Choose p = u(−1) as the base point. Then the symplectic vector bundle u∗TM

is isomorphic to the product bundle TpM × D respecting the fiberwise symplectic

H–action under a trivialization Ψ. Using Ψ,

qu = (u∗|∂D∩{y≤0}TL1, u
∗|∂D∩{y≥0}TL2)

defines a path of pair of H–invariant Lagrangian subspaces in TpM , after identifying

∂D ∩ {y ≤ 0} and ∂D ∩ {y ≥ 0} with the interval [−1, 1] by projecting to the x–

coordinate. Recall that h is the Lie algebra of H. Because H ⊂ Stab(u(z)) for
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all z ∈ D, the symplectic slice theorem implies that Tu(z)M contains the symplectic

subspace T ∗(g/h), i.e. the tangent space of the cotangent bundle of Orb(u(z)). The

tangent spaces of Tu(z)Li, z ∈ ∂D contain a copy of g/h as a result of the slice theorem.

Define the symplectic vector space

TpM = TpM/T ∗(g/h)

with the induced symplectic structure and the path of pairs of linear Lagrangian

subspaces

qu = (u∗|∂D∩{y≤0}TL1/(g/h), u
∗|∂D∩{y≥0}TL2/(g/h))

which lies inside TpM .

Definition 2.4.13. Define the H–equivariant Maslov index µH(u) ∈ R(H) of the

map u as above to be

µH(u) := µH(qu). (2.4.2)

Using the properties of the Maslov index, it is easy to see that µH(u) is independent

of the trivialization Ψ. It is also invariant under the homotopies of u which satisfy

(1) and (2) above and keep both u(−1) and u(1) fixed.

Example 2.4.14. Suppose V is an orthogonal representation of G, and suppose (M,ω)

is given by the cotangent bundle of V . Let f be a smooth G–invariant function on

V with finitely many critical orbits. Furthermore, we assume that f is a G–Morse

function, i.e. the Hessian of f is non-degenerate on TpV/TpOrb(p) if p is a critical

point of f . Let L1 be the graph of the zero section of M = T ∗V , let L2 be the graph

of df . Then it is easy to see that L1 and L2 intersect non-degenerately. Let p ∈ V be

critical point of f such that H ⊂ Stab(p). Let

V/T Orb(p) = (V1)
⊕a1 ⊕ · · · ⊕ (Vm)

⊕am
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be the isotypic decomposition of V as an H–representation. Then for each 1 ≤ i ≤ m,

the Hessian of f induces an invertible self-adjoint H–equivariant linear map

(Vi)
⊕ai 7→ (Vi)

⊕ai

whose negative eigenspace has dimension denoted by dimR Vi · ind(p, Vi). Define

indH(p) =
m∑
i=1

ind(p, Vi) · [Vi] ∈ R(H).

Now consider that we have a pair of critical points p1 and p2 of f which do not

lie on the same G–orbit and they are both fixed under the action of H. Then we can

find a path γ in V which is invariant under the H–action connecting p1 and p2. Note

that the time-t Hamiltonian flow of the function f : T ∗V → R is given by

(v, v′) → (v, v′ + t · df),

where we extend f : V → R to a smooth function over T ∗V which is constant along

each fiber. The trace of the image of γ for t ∈ [0, 1] defines a map uγ : D → T ∗V

which has a well-defined Maslov index. It could be shown that

µH(uγ) = indH(p2)− indH(p1)

which is a classical computation of Lagrangian Floer homology of cotangent bundles.

Example 2.4.14 shows that in this simple case, the non-degeneracy of critical points

of a G–invariant smooth function is equivalent to the non-degeneracy of intersection

between a closely-related pair of Lagrangians. Moreover, the equivariant Maslov index

could be computed as a relative equivariant Morse index. We extend these basic

correspondences in the next section to infinite dimensions which eventually allow
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us to interpret the generalized Casson invariants using finite-dimensional symplectic

constructions.

2.5 The gauge-symplectic correspondence

This section proves the most important technical results of this chapter. Given a three

manifold Y equipped with a Heegaard splitting Y = H1∪ΣH2, we show that there is a

bijection between gauge equivalence classes of perturbed flat G–connections on Y and

intersection G–orbits of Lagrangians in M̂g(Σ′) induced by H1 and H2 after applying

a compatible G–equivariant Hamiltonian isotopy. Moreover, the non-degeneracy con-

dition from gauge-theoretic context is shown to be equivalent to the non-degeneracy

condition of Lagrangian intersections. We then prove several technical results which

eventually reduce the computation of spectral flows on Y to the computation of

Maslov indices on M̂g(Σ′).

2.5.1 Perturbations

Let Y be a closed, oriented, Riemannian 3-manifold with a splitting

Y = H1 ∪Σ

(
[−2, 2]× Σ

)
∪Σ H2,

where H1 and H2 are handlebodies and the genus of Σ is h ≥ 2. Assume further

that the metric on [−2, 2] × Σ is cylindrical. Let {p} ∈ Σ, D2
p and Σ′ be the same

as in Section 2.3. Throughout this section, the product principal G–bundle over any

manifold will be denoted by P . We introduce a family of cylinder functions on Y

supported on [−2, 2]× Σ, which are closely related to Hamiltonian perturbations on

the extended moduli space M̂g(Σ′).

Suppose

γj : (R/Z)× (−1, 1) → Σ′ ⊂ Σ, j = 1, · · · ,m
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are smooth immersions, and suppose there exists ϵ > 0 such that the γj’s coincide on

(−ϵ, ϵ)× (−1, 1). Let

hs : G
m → R, s ∈ [−1, 1]

be a 1–parameter family of smooth functions on Gm invariant under diagonal conju-

gations by G, such that hs vanishes when s is near −1 and 1. Let

β : (−1, 1) → R

be a smooth, compactly supported function that integrates to 1. Define the function

Hs : A(Σ) or A(Σ′) → R by

Hs(A) =

∫ 1

−1

β(λ)hs(ρλ(A)) dλ (2.5.1)

for s ∈ [−1, 1]. It is easy to see that Hs is invariant under the gauge group actions.

Using the affine linear map x 7→ 2x − 1 identifying [0, 1] and [−1, 1], we can use the

coordinate ŝ on [0, 1] to get the family {Hŝ}0≤ŝ≤1 from the family {Hs}−1≤s≤1. This

fits in with the convention set up in Section 2.4. The Hamiltonian Hŝ descends to a

G–invariant time-dependent Hamiltonian on the moduli space M̂g(Σ′). The induced

Hamiltonian flow preserves the set µ−1(0) ⊂ M̂g(Σ′).

Lemma 2.5.1. Every time-dependent smooth G–invariant Hamiltonian on M̂g(Σ′)

could be constructed in this way.

Proof. Choose {αi, βi}1≤i≤h to be loops with common base point in Σ′ such that they

generate the fundamental group of Σ′. They could be thickened into immersions of

annuli of the form described above. For any [A] ∈ M̂g(Σ′), it is uniquely determined

by its holonomies around αi, βi, 1 ≤ i ≤ h. This is the embedding described in Lemma

2.3.3. Thus all the G–invariant functions on M̂g(Σ′) all come from restricting conju-

gation invariant functions on G2h. Given a smooth 1–parameter family of conjugation
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invariant functions on G2h, denoted by hŝ, we can construct the function Hŝ using hŝ,

the annuli and the cut-off function β. It is easy to see that the function on M̂g(Σ′)

induced from Hŝ is the same as hŝ. This proves the lemma.

On the other hand, the maps {γj}1≤j≤m could be used to define smooth immersions

qj : (R/Z)× (−1, 1)2 → Σ′ × [−1, 1] j = 1, · · · ,m

simply by requiring that qj|Σ′×{s} = γj for all 1 ≤ j ≤ m. Note that the tuple

q = (q1, · · · , qm, β, hs)

defines a cylinder datum on Σ′ × [−1, 1] ⊂ Σ× [−1, 1] as in Definition 2.2.6. Because

hs vanishes for s near ±1, we see that q defines a cylinder datum on Y . Therefore

we have the function

fq : CY → R

which defines a holonomy perturbation.

Definition 2.5.2. The Hamiltonian Hŝ : M̂g(Σ′) → R and the cylinder function

fq : CY → R constructed as above are called a compatible pair.

Suppose A ∈ C(Y ) is in temporal gauge on [−1, 1]×Σ, i.e. ι( ∂
∂s
)(A) = 0 where s is

the coordinate on [−1, 1]. It is well-known that every connection is gauge-equivalent

to a connection in temporal gauge on [−1, 1]×Σ in this case. Let As be the restriction

of A to the slice {s} × Σ. Then A ∈ C(Y ) is a critical point of the perturbed Chern-

Simons functional CS+fq if and only if

A is flat on the complement of [−1, 1]× Σ, (2.5.2)

FAs = 0 for s ∈ [−1, 1], (2.5.3)
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Ȧ−Xs(A) = 0 for s ∈ [−1, 1], (2.5.4)

where Xs(A) is a smooth map Xs : A(Σ) → Ω1(Σ)⊗ g such that

dHs(A)a =

∫
Σ

Tr(a ∧Xs(A)). (2.5.5)

Notice that Xs(A) ∈ Ω1(Σ)⊗ g is supported in the union of Im(γj).

Notice that H1 ∪ [−2,−1]× Σ and [1, 2]×H2 are manifolds with boundary both

given by Σ. Let L1, L2 ⊂ µ−1(0) be the corresponding G–invariant Lagrangian sub-

manifolds of M̂g(Σ′) as described in Section 2.3. Recall that ΦHŝ
is the time 1–map

of the Hamiltonian flow induced by Hŝ. Now we are ready to establish the following

set-theoretic correspondence.

Proposition 2.5.3. Let Hŝ and fq be a compatible pair. Then there is a one-to-

one correspondence between the orbits of perturbed flat connections on Y with respect

to fq and the G–orbits of ΦHŝ
(L1) ∩ L2. Moreover, a perturbed flat connection is

non-degenerate if and only if the corresponding intersection of ΦHŝ
(L1) and L2 is

non-degenerate.

Proof. Throughout the proof, we write ΦHs = ΦHŝ
and work with the s–coordinate.

Suppose As with −1 ≤ s ≤ 1 is a smooth 1-parameter family in A(Σ) that satisfies

equation (2.5.3) and equation (2.5.4). Because As is flat, without loss of generality

we can assume that As|D2
p
is given by the product connection after applying a gauge

transformation. Then the image [As] ∈ M̂g(Σ′) defines a smooth path. Recall thatHs

is a family of smooth Hamiltonian functions on M̂g(Σ′). Then [As] is a Hamiltonian

chord of Hs by equation (2.5.5) and the description of the symplectic form ωΣ′ . Now

if A is an fq–perturbed flat connection, by equation (2.5.2) [A−1] (resp. [A1]) actually

lies in L1 (resp. L2). By equivariance we construct a G–orbit in ΦHs(L1) ∩ L2.

On the other hand, suppose [As] is a Hamiltonian chord of Hs on M̂g(Σ′)∩µ−1(0).

Let As be a lift of [As] to A0
F (Σ), namely a family of flat connections on Σ which are

42



trivial over the disc D2
p, then we have

∫
Σ

Tr(Ȧs −Xs(As), a) = 0

for any s and any a ∈ Ω1(Σ)⊗ g such that dAsa = 0. Therefore there exists ϕs such

that

Ȧs −Xs(As) = dAsϕs.

Hence As solves the equations (2.5.3) and (2.5.4) after a 1-parameter family of gauge

transformations. The Lagrangian boundary condition lifts to (2.5.2). This proves the

first part of the statement.

For the second part, suppose A ∈ C(Y ) is a degenerate perturbed flat connection,

then there exists v ∈ ker d∗A\{0} such thatKA,fqv = 0. We have [A−1] ∈ L1, [A1] ∈ L2,

and ΦHs(Ā−1) = A1. Restricting v to {±1} × Σ defines twisted harmonic 1–forms in

H1
A±1

denoted by v±1. Under the identification

T[A±1]M̂g(Σ′) ∼= H1
A±1

⊕ T ∗(g/H0
A±1

)

from Corollary 2.3.6, it is easy to see that v−1 and v1 define tangent vectors in T[A1]L1

and T[A1]L2 which are orthogonal to the directions corresponding to the G–orbits

respectively. By linearizing equation (2.5.4) and integrate along the s–direction, we

see that (ΦHs)∗(v−1) = v1. Therefore the intersection of ΦHs(L1) and L2 is degenerate

at [A1].

On the other hand, suppose the intersection of ΦHs(L1) and L2 is degenerate,

then we obtain a Hamiltonian chord [As] of Hs connecting L1 and L2 and there exists

v±1 ∈ T[A±1]L±1 such that v±1 /∈ T Orb([A±1]) and (ΦHs)∗(v−1) = v+1. Therefore, we

can identify v±1 as elements in HA±1 . Lift v±1 to w±1 ∈ Ω1(Σ)⊗ g, then w± extends

to w ∈ Ω1(Y ) ⊗ g such that w ∈ ker(∗dA + dVfq(A)) and w /∈ Im dA. Decompose w
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as w = dAu+w′ where d∗Aw
′ = 0, we have w′ ∈ HessKA,fq , therefore A is degenerate

as a perturbed flat connection.

Using Corollary 2.4.7, Lemma 2.5.1 and Proposition 2.5.3, we conclude

Proposition 2.5.4. For a generic choice of small Hamiltonian Hŝ : A(Σ) → R con-

structed as above, the intersection between G–equivariant Lagrangians ΦHŝ
(L1) and

L2 is non-degenerate. Accordingly, the perturbation of the Chern-Simons functional

CS on Y induced by fq constructed as above is non-degenerate.

Remark 2.5.5. The above statement shows that we can obtain equivariant transver-

sality of CS by a perturbation supported in the neck region [−1, 1] × Σ instead of

using loops wiggling all over the 3–manifold Y . Of course, this would not be a sur-

prise because the inclusion Σ ↪→ Y defines a surjection between fundamental groups

so a generic perturbation of the character variety of Y should result form a generic

perturbation of it as a subset in the character variety of Σ.

2.5.2 Spectral flow comparison

Let Y = H1 ∪Σ

(
[−2, 2] × Σ

)
∪Σ H2 and P be the same as before. Suppose H is a

closed subgroup of the structural group G. We choose a generic Hamiltonian and

the corresponding compatible holonomy perturbation fq as from Proposition 2.5.4.

Suppose B0, B1 ∈ C(Y ) are two critical points of CS+fq such that H = Stab(B1) ⊂

Stab(B0) and let As,0, As,1 be the corresponding path in A(Σ) satisfying equations

(2.5.3) and (2.5.4). Let us further assume that we actually have a smooth 2–parameter

family

As,t ∈ A(Σ), (s, t) ∈ [−1, 1]× [0, 1]

connecting the 1–parameter families As,0 and As,1 such that the following holds:

FAs,t = 0 for (s, t) ∈ [−1, 1]× [0, 1]; (2.5.6)
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For all t ∈ [0, 1], A−1,t and A1,t extend to flat connections on

H1 ∪ [−2,−1]× Σ and [1, 2]× Σ ∪H2 respectively.

(2.5.7)

Using the above two conditions, we can construct a 1–parameter family of connections

{Bt}0≤t≤1 on Y connecting B0 and B1 which are in temporal gauge on [−1, 1]×Σ by

extending As,t. We further assume that

H ⊂ Stab(Bt) for all t ∈ [0, 1]. (2.5.8)

Then we have a 1–parameter family of self-adjoint operators KBt,fq and it has a well-

definedH–equivariant spectral flow SfH(KBt,fq) as in Definition 2.2.10. By applying a

homotopy and reparametrization, we can assume that for all t ∈ [0, 1], the connection

Bt is in temporal gauge on [−2, 2] × Σ which defines the family {As,t}−2≤s≤2 ⊂ AΣ

and this family is constant (i.e. independent of s) over [−2, 1]× Σ and [1, 2]× Σ.

On the other hand, we can consider the space

Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g.

It comes with a natural symplectic form

ω̃Σ : ((a1, ϕ1, ψ1), (a2, ϕ2, ψ2)) 7→
∫
Σ

Tr(a1 ∧ a2) +
∫
Σ

Tr(ϕ1 ∧ ψ2)−
∫
Σ

Tr(ψ1 ∧ ϕ2)

and a compatible complex structure J̃Σ given by

(a, ϕ, ψ) 7→ (∗a,− ∗ ψ, ∗ϕ).

Given A ∈ AF (Σ), we define SA to be the twisted de Rham operator on Ω1(Σ)⊗ g⊕
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Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g given by

(a, ϕ, ψ) 7→ (− ∗ dAϕ− dA ∗ ψ, ∗dAa, dA ∗ a).

This is a self-adjoint operator with respect to the natural L2–norm. Now consider

the space

L2
k([−1, 1]; Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g)

which is the L2
k–completion of the space of smooth maps from [−1, 1] to Ω0(Σ)⊗ g⊕

Ω1(Σ) ⊗ g ⊕ Ω2(Σ) ⊗ g using the cylindrical metric on [−1, 1] × Σ. Note that this

space could be identified with

L2
k(Ω

0([−1, 1]× Σ)⊗ g)⊕ L2
k(Ω

1([−1, 1]× Σ)⊗ g)

on [−1, 1]×Σ by mapping (a, ϕ, ψ) ∈ L2
k([−1, 1]; Ω1(Σ)⊗ g⊕Ω0(Σ)⊗ g⊕Ω2(Σ)⊗ g)

to (ϕ, a+ ∗ψds). Because the holonomy perturbation fq is supported on [−1, 1]×Σ,

for each t ∈ [0, 1], the operator KBt,fq is equal to the twisted odd signature operator

∗dBt dBt

d∗Bt
0

 (2.5.9)

on (Ω0(Y ) ⊕ Ω1(Y )) ⊗ g in the complement of [−1, 1] × Σ. The restrictions of this

operator on [−2,−1]× Σ and [1, 2]× Σ are all of the form

∗(ds ∧ ∂

∂s
+ SA∓1,t)

under the identification described above. Let Λ−1(t) ⊂ L2(Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕

Ω2(Σ) ⊗ g) be the subspace consisting of elements that extend to L2
1/2 elements in

ker(KBt,fq) on H1∪[−2,−1]×Σ and let Λ1(t) ⊂ L2(Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g)
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be the similar subspace constructed from [1, 2]×Σ ∪H2. Then it is well-known that

Λ±1(t) defines a pair of Lagrangian subspaces in L2(Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g)

with respect to the symplectic form ω̃Σ, see [Nic95, Section 2] for example. The paths

t 7→ Λ±(t) are continuously differentiable in the sense that the paths of orthogonal

projection operators PΛ±(t) onto Λ±(t) are continuously differentiable.

Definition 2.5.6. Let L2
1([−1, 1]×Σ;Λ−1(t),Λ1(t)) be the subspace of L

2
1([−1, 1]; Ω1(Σ)⊗

g⊕Ω0(Σ)⊗ g⊕Ω2(Σ)⊗ g) consisting of elements whose restriction to {±1}×Σ lies

in the space Λ±1(t). Let As,t ∈ A(Σ) be the family described above. Define

D(t) : L2
1([−1, 1]×Σ;Λ−1(t),Λ1(t)) → L2([−1, 1]; Ω1(Σ)⊗ g⊕Ω0(Σ)⊗ g⊕Ω2(Σ)⊗ g)

to be the operator given by

D(t)


a

ϕ

ψ

 =


∗ȧ+ dAs,tϕ+ d∗As,t

ψ − ∗dXs(As,t)(a)

− ∗ ψ̇ + d∗As,t
a

∗ϕ̇+ dAs,ta

 ,

where the dot represents taking derivative along the s–direction.

Remark 2.5.7. The operator D(t) could be written as J̃Σ(
∂
∂s

+ SAs,t − dXs(As,t)).

Using the Lagrangian boundary conditions Λ±1(t), it is easy to see that D(t) defines

a self-adjoint operator such that the inclusion map from its domain to the background

Hilbert space is a compact operator. Meanwhile, D(t) is exactly the restriction of the

operator KBt,q on the region [−1, 1]× Σ ⊂ Y .

As a consequence, we obtain a 1–parameter family of self-adjoint operators {D(t)}0≤t≤1.

Although this family has varying domains L2
1([−1, 1] × Σ;Λ−1(t),Λ1(t)), its spectral

flow is nonetheless well-defined in this situation, see [SW08, Appendix A]. Note that

all the discussions above are compatible with the Stab(Bt)–action, therefore the H–

equivariant spectral flow SfH(D(t)) of the family {D(t)}0≤t≤1 is also well-defined.
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Now we are ready to state the main result of this subsection.

Theorem 2.5.8. Let {KBt,fq}0≤t≤1 and {D(t)}0≤t≤1 be as above. Then

SfH(KBt,fq) = SfH(D(t)).

The proof of Theorem 2.5.8 is based on adapting the arguments in [Nic95]. The

idea is to modify the path of self-adjoint operators to a preferred form to simplify the

calculation of the spectral flow.

We start by reducing the calculation of the equivariant spectral flow to the calcu-

lation of the ordinary spectral flow. Identifying (Ω0(Y )⊕ Ω1(Y ))⊗ g with the space

of smooth sections of the vector bundle g⊕ T ∗Y ⊗ g, where g stands for the product

g–bundle over Y , for any connection B ∈ C(Y ), its stabilizer Stab(B) ⊂ G acts on

(Ω0(Y )⊕Ω1(Y ))⊗g by the fiberwise adjoint G–action on the g factor. Choose H ⊂ G

as above. Suppose the adjoint action of H on g decomposes g into isotypic pieces

g ∼= V ⊕a1
1 ⊕ · · · ⊕ V ⊕am

m ,

we define the vector bundle

Ẽi = (Ω0(Y )⊕ Ω1(Y ))⊗ V ⊕ai
i

and the vector bundle

Ei = (Ω0(Y )⊕ Ω1(Y ))⊗Kai
i ,

where Ki = HomH(Vi, Vi). Then the global sections of Ei could be identified with

HomH(Vi, (Ω
0(Y )⊕ Ω1(Y ))⊗ g).

Let L2
k(Ei) be the L

2
k–completion of the space of smooth sections of Ei over Y . Then
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this encodes the information of the Vi-isotypic piece of the H–Banach space L2
k(g ⊕

T ∗Y ⊗ g). By the H–equivariance of the operator KBt,fq , it induces an operator

Ki
Bt,fq = L2

k(Ei) → L2
k−1(Ei).

Correspondingly, we have

HomH(Vi, L
2
k(Ω

0([−1, 1]× Σ)⊗ g)⊕ L2
k(Ω

1([−1, 1]× Σ)⊗ g)) ∼= L2
k(Ei|[−1,1]×Σ)

and the spaces over the Riemann surface Σ given by

HomH(Vi, L
2
k(Ω

1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g)) ∼= L2
k(Ei|{0}×Σ).

The symplectic form ω̃Σ induces a symplectic form on L2(Ei|{0}×Σ). By restricting

Λ±1(t) to the Vi–isotypic piece, we obtain Lagrangian subspaces

Λi±1(t) ⊂ L2(Ei|{0}×Σ).

As a result, the H–equivariant operator D(t) induces operators

Di(t) : L2
1(Ei|[−1,1]×Σ; Λ

i
−1(t),Λ

i
1(t)) → L2(Ei|[−1,1]×Σ)

for all i = 1, . . . ,m. According to Definition 2.2.10, we have

Lemma 2.5.9. SfH(KBt,fq) = SfH(D(t)) if and only if Sf(Ki
Bt,fq

) = Sf(Di(t)) for

any 1 ≤ i ≤ m.

From now on, we will focus on the operators Ki
Bt,fq

and Di(t) for a fixed i ∈

Z ∩ [1,m].

Definition 2.5.10. An operator D : L2
k(Ei) → L2

k−1(Ei) is said to satisfy unique
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continuation if for any v ∈ ker(D) such that v|U = 0 where U ⊂ H2 ⊂ Y is a

non-empty open set, we have v ≡ 0.

Lemma 2.5.11. For any t ∈ [0, 1], the operator Ki
Bt,fq

satisfies unique continuation.

Proof. Let v ∈ ker(Ki
Bt,fq

) and v|U = 0 where U is as above. The operatorKi
Bt,fq

|[1,2]×Σ∪H2

comes from the twisted signature operator therefore is a Dirac operator. By the

unique continuation property of Dirac operators, we know that v is identically 0 over

[1, 2] × Σ ∪ H2. Over the region [−1, 1] × Σ, the element v defines a curve v(s) in

L2(Ei|{0}×Σ) satisfying the ODE

J̃Σ(
∂

∂s
+ SAs,t − dXs(As,t))v(s) = 0.

Here we use the same notation to represent the induced operators on L2(Ei|[−1,1]×Σ).

Since the solution is uniquely determined by the initial value and v|{1}×Σ = 0, we know

that v|[−1,1]×Σ = 0. The vanishing of v over H1 ∪ [−2,−1]× Σ comes again from the

unique continuation property of the twisted signature operator on H1 ∪ [−2,−1]×Σ

and the fact that we have already shown that v{−1}×Σ = 0. Therefore the lemma is

proved.

Lemma 2.5.12. The operator Ki
B1,fq

−Ki
B0,fq

is a bounded operator on L2
k(Ei).

Proof. By definition, Ki
B1,fq

−Ki
B0,fq

is the sum of a 0–th order differential operator

depending on B0, B1 and the induced operator on L2
k(Ei) given by the difference

DVfq(B1)−DVfq(B0).

Use the definition and [KM11, Proposition 3.5], these 2 terms are both bounded by

C(∥B0∥L2
k
+ ∥B1∥L2

k
) where C > 0 is some constant depending on Y , so the lemma is

proved.
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Recall that for a family of self-adjoint operators {Dt}0≤t≤1, its resonance set Z(Dt)

consists of t ∈ [0, 1] such that ker(Dt) ̸= {0}. Suppose t0 ∈ Z(Dt) and let Pt0 be

the orthogonal projection onto ker(Dt0) . Then the resonance matrix R(Dt0) at t0 is

defined to be the map Pt0Ḋt0 : ker(Dt0) → ker(Dt0).

Definition 2.5.13. A family of self-adjoint operators {Dt}0≤t≤1 is said to be positive

if the resonance matrices are all positive definite. It is said to be negative if the family

{−Dt}0≤t≤1 is positive.

Using Kato’s selection theorem, if the family {Dt}0≤t≤1 is positive or negative, the

set Z(Dt) is discrete.

Lemma 2.5.14. The 1–parameter family {Ki
Bt,fq

}0≤t≤1 defined over L2
1(Ei) ⊂ L2(Ei)

is homotopic relative end points to the concatenation of a positive 1–parameter family

and a negative 1–parameter family such that each operator in these 2–families satisfies

unique continuation.

Proof. Using Lemma 2.5.12, we can choose some C > 0 such that the norm ofKi
B1,fq

−

Ki
B0,fq

over L2(Ei) is bounded above by C − 1. Consider the families

Ki
+(t) = Ki

B0,fq
+ tC · id

Ki
−(t) = Ki

B0,fq
+ C · id+t(Ki

B1,fq
−Ki

B0,fq
− C · id)

for 0 ≤ t ≤ 1. It is easy to see that Ki
+(t) is positive and K

i
−(t) is negative. The affine

homotopy between {Ki
Bt,fq

}0≤t≤1 and the concatenation of these 2 families gives the

desired homotopy. For the unique continuation property, one proceeds exactly the

same as in the proof of Lemma 2.5.11 by noticing that Ki
±(t) could be described by

Dirac operators on H1∪ [−2,−1]×Σ∪ [1, 2]×Σ∪H2 and the kernel of Ki
±(t) consists

of solutions to an ODE on [−1, 1]× Σ.
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Given a positive or negative family {Dt}0≤t≤1, we wish to perturb it further so

that for any t0 ∈ Z(Dt), the kernel of Dt0 becomes 1–dimensional. This is the

transversality result established in [Nic95, Proposition 3.6]. The unique continuation

condition stated above guarantees that the proof of [Nic95, Proposition 3.6] works

without change to give the following statement.

Lemma 2.5.15. For the two families {Ki
±(t)}0≤t≤1 constructed in Lemma 2.5.14,

one can find

α± : [0, 1] → C∞(Hom(Ei, Ei))

which are arbitrarily small such that the following holds:

1. α±(t) is supported away from [−2, 2]× Σ;

2. The family Ki
+(t) + α+(t) (resp. Ki

−(t) + α−(t)) remains to be positive (resp.

negative) and for any t0 ∈ Z(Ki
+(t)+α+(t)) (resp. t0 ∈ Z(Ki

−(t)+α−(t)) ), the

kernel of Ki
+(t0)+α+(t0) (resp. K

i
−(t0)+α−(t0)) is actually 1–dimensional.

Proof of Theorem 2.5.8. Let us fix α±(t) as in Lemma 2.5.15 and denote K̃i
±(t) =

Ki
±(t) + α±(t). By construction, {K̃i

±(t)}0≤t≤1 defines operators

K̃i
±(t) : L

2
1(Ei) → L2(Ei)

for all 0 ≤ t ≤ 1 which are Dirac operators when restricted to H1 ∪ [−2,−1] × Σ ∪

[1, 2]×Σ∪H2 and they are cylindrical over [−2,−1]×Σ∪ [1, 2]×Σ. Therefore, they

define Lagrangian subspaces

Λ̃i−1(t)± ⊂ L2(Ei|{0}×Σ)

consisting of restriction of elements in L2
1/2(Ei|H1∪[−2,−1]×Σ) lying in

ker(K̃i
±(t)|H1∪[−2,−1]×Σ).
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Similarly one can construct

Λ̃i1(t)± ⊂ L2(Ei|{0}×Σ)

by considering the restriction to [1, 2]×Σ∪H2. We can then construct the operators

D̃i
±(t) : L

2
1(Ei|[−1,1]×Σ; Λ̃

i
−1(t)±, Λ̃

i
1(t)±) → L2(Ei|[−1,1]×Σ)

similar to the construction of D(t), which define self-adjoint operators using the

Lagrangian boundary conditions.

Making α±(t) smaller if necessary, the spectral flow of the family {KBt,fq}0≤t≤1 is

the same as the sum of the spectral flows of {K̃i
+(t)}0≤t≤1 and {K̃i

−(t)}0≤t≤1. Similarly,

by concatenating the Lagrangian boundary conditions, it is easy to see that the

spectral flow of {Di(t)}0≤t≤1 is equal to the sum of the spectral flows of {D̃i
+(t)}0≤t≤1

and {D̃i
−(t)}0≤t≤1. Using Lemma 2.5.9, it suffices to show that

Sf(K̃i
+(t)) = Sf(D̃i

+(t)) and Sf(K̃
i
−(t)) = Sf(D̃i

−(t)).

We prove the plus version of the above statement and the negative version holds

using the same argument. From the definition, we see that

Z(K̃i
+(t)) = Z(D̃i

+(t))

therefore it suffices to show that the resonance matrices of {K̃i
+(t)}0≤t≤1 and {D̃i

+(t)}0≤t≤1

have the same sign at any t0 ∈ Z(K̃i
+(t)) = Z(D̃i

+(t)). In other words, we just

need to show that the resonance matrix of D̃i
+(t) at t = t0 is positive definite. Let

v ∈ ker(D̃i
+(t0))−{0}. Note that v could also be viewed as an element of ker(K̃i

+(t0)).

Let χ : [0, 1] → R be a non-negative smooth function supported in (0, 1) which is
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strictly positive over [1
4
, 3
4
]. Then χ defines a function on [0, 1]×Σ ⊂ Y by composing

it with the projection to the s–coordinate. This further extends to a smooth function

over Y in the obvious way. Then for ϵ > 0 sufficiently small, the family

{K̃i
+(t0) + (t− t0)χ · id}t0−ϵ≤t≤t0+ϵ (2.5.10)

is C0–close to {K̃i
+(t)}t0−ϵ≤t≤t0+ϵ and the affine homotopy between them preserves

the spectral flow. This is because ⟨v, χv⟩L2 > 0 and the kernel is 1–dimensional: if

⟨v, χv⟩L2 = 0, the restriction of v to the time slice {1
2
} × Σ is 0 thus it vanishes

on [−1, 1] × Σ by uniqueness of solutions to ODE therefore vanishes on whole Y by

unique continuation of Dirac operators. Accordingly, we can construct the induced

affine homotopy from {D̃i
+(t)}t0−ϵ≤t≤t0+ϵ to

{D̃i
+(t0) + (t− t0)χ · id}t0−ϵ≤t≤t0+ϵ (2.5.11)

preserving the spectral flow. Now notice that because χ is supported in the region

[0, 1]× Σ and the kernels of the new families at time t0 are all spanned by v, we see

that the resonance matrices of these 2 families (2.5.10) and (2.5.11) have the same

value at time t0. This finishes the proof.

2.5.3 An adiabatic limit result

Let {As,t}−1≤s≤1,0≤t≤1 ⊂ AF (Σ) be a smooth family of flat connections on Σ. Viewing

Σ as the boundary of H1 ∪ [−2,−1]×Σ and [1, 2]×Σ∪H2, we further suppose that

A−1,t extends to a flat connection B−1,t on H1∪ [−2,−1]×Σ and A1,t extends to a flat

connection B1,t on [1, 2]×Σ∪H2 for all t ∈ [0, 1]. Then we can define {Λ±1(t)}0≤t≤1 be

the same as in the previous subsection. Note that we do not require that As,0 or As,1

comes from the restriction of a fq–perturbed flat connection on Y as in the previous

subsection. This setup gives us more flexibility for later calculations. Furthermore, we
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assume that Stab(As,t) ∼= H ⊂ G remains to be the same for all (s, t) ∈ [−1, 1]× [0, 1].

Given As,t ∈ AF (Σ), let HAs,t be the kernel of the twisted de Rham operator

SAs,t : L
2(Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g) → L2(Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g).

In other words, HAs,t is given by the total space of twisted harmonic forms on Σ

with respect to the flat connection As,t. This is a symplectic vector space using the

restriction of the symplectic form ω̃Σ. Let

πAs,t : L
2(Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g) → HAs,t

be the L2–orthogonal projection. Define

L±1(t) := HA±1,t ∩ Λ±1(t), for 0 ≤ t ≤ 1.

Lemma 2.5.16. Li(t) is a Lagrangian subspace of HAi,t
for i = ±1.

Proof. By definition, Li(t) is isotropic. So we just need to prove that dimLi(t) ≥
1
2
dimHAi,t

. Notice that (0, ker dAi,t
, 0) ⊂ Li because this comes from the Lie algebra

of the stabilizer group and Stab(Bi,t) = Stab(Ai,t).

Let m = dimker dB−1,t . Recall that h is the genus of the Riemann surface Σ.

Fix a base point p0 on Σ ∼= ∂H1, let γ1, · · · , γh be h closed curved based on p0 that

generates the fundamental group of H1. Let Ĉ be the space of smooth connections B

on H1 ∪ [−2,−1]× Σ such that B(∂s) = 0 on the boundary. Define

Hol : Ĉ → Gh

to be the map given by holonomies along γi. Let U = (−ϵ, ϵ)h, let Φ : U → Ĉ be

a map such that Φ(0) equals B−1,t, and that Im d(Hol ◦Φ) is surjective at zero. By
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construction, Im dΦ(0) ⊂ Ω1(H1 ∪ [−2,−1]×Σ)⊗ g is a h · dimG dimensional linear

space. For every u ∈ Im dΦ(0), there is a unique v such that v ∈ Im dB−1,t , ∗v = 0

on {−1} × Σ, and u′ := u − dB−1,tv ∈ ker(d∗B−1,t
). The kernel of Im dΦ(0) under the

map u 7→ u′ has dimension at most m by considering the holonomies, therefore the

image of Im dΦ(0) under the map u 7→ u′ has dimension at least (h− 1) · dimG+m.

Therefore

L−1(t) ∩ (ker(dB−1,t + d∗B−1,t
), 0, 0) ⊂ HA−1,t

has dimension at least (h− 1) · dimG+m, which proved that L−1(t) is Lagrangian.

The same argument works to prove Li(t) is Lagrangian.

By definition, dimHAs,t remains to be the same for all (s, t) ∈ [−1, 1]× [0, 1]. For

a given t ∈ [0, 1], consider the spaces

L2
k([−1, 1];HAs,t) ⊂ L2

k([−1, 1]; Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g)

L2
k([−1, 1];HAs,t ;L−1(t),L1(t)) ⊂ L2

k([−1, 1]× Σ;Λ−1(t),Λ1(t))

consisting of elements (a, ϕ, ψ) whose value at each s ∈ [−1, 1] lies in HAs,t . Then we

can define a self-adjoint operator

D0(t) : L
2
1([−1, 1];HAs,t ;L−1(t),L1(t)) → L2([−1, 1];HAs,t) (2.5.12)

given by

D0(t)


a

ϕ

ψ

 = πAs,t


∗ȧ− ∗dXs(As,t)(a)

− ∗ ψ̇

∗ϕ̇

 .

By construction, the family {D0(t)}0≤t≤1 has a well-defined H–equivariant spectral

flow SfH(D0(t)). The following is another comparison result of spectral flows.
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Theorem 2.5.17. Let {D(t)}0≤t≤1 be the family constructed in Section 2.5.2 and let

{D0(t)}0≤t≤1 be the family constructed above. Then

SfH(D(t)) = SfH(D0(t)).

The proof of Theorem 2.5.17 is exactly the same as the proof of [DS94, Theorem

6.1]. We will sketch a proof for completeness. Because we have used connections in

temporal gauge, the covariant differentiation ∇s in [DS94] is replaced by the ordinary

differentiation ∂s. Note that the calculation of equivariant spectral flow could be

reduced to the calculation of ordinary spectral flow as in Section 2.5.2 so the H–

equivariance will be suppressed in this subsection.

The idea is to use the 1–parameter family of operators

Dϵ(t) : L
2
1([−1, 1]×Σ;Λ−1(t),Λ1(t)) → L2([−1, 1]; Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g)

given by the formula

Dϵ(t)


a

ϕ

ψ

 =


∗ȧ+ dAs,tϕ+ d∗As,t

ψ − ∗dXs(As,t)(a)

− ∗ ψ̇ + 1
ϵ2
d∗As,t

a

∗ϕ̇+ 1
ϵ2
dAs,ta


depending on the parameter ϵ > 0, so that the spectral flow of {D(t)}0≤t≤1 =

{D1(t)}0≤t≤1 could be reduced to the spectral flow of {D0(t)}0≤t≤1 by passing to

the adiabatic limit ϵ→ 0.

Fix t ∈ [0, 1]. Introduce norms

∥(a, ϕ, ψ)∥20,ϵ = ∥a∥2 + ϵ2∥ϕ∥2 + ϵ2∥ψ∥2
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on the space L2([−1, 1]; Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g) and

∥(a, ϕ, ψ)∥21,ϵ = ∥a∥2 + ∥dAs,ta∥2 + ∥dAs,t ∗ a∥2 + ϵ2∥ȧ∥2

+ ϵ2∥dAs,tϕ∥2 + ϵ4∥ϕ̇∥2 + ϵ2∥d∗As,t
ψ∥2 + ϵ4∥ψ̇∥2

on L2
1([−1, 1]; Ω1(Σ)⊗g⊕Ω0(Σ)⊗g⊕Ω2(Σ)⊗g) using the product metric on [−1, 1]×Σ.

Sketch of proof of Theorem 2.5.17. The proof breaks into five steps.

Step 1-Elliptic estimate:There is an ϵ0 > 0 such that for any 0 < ϵ < ϵ0, there

exists a constant C > 0 independent of ϵ such that

∥u− πAs,t(u)∥1,ϵ ≤ Cϵ(∥Dϵ(t)u∥0,ϵ + ∥πAs,t(u)∥L2) (2.5.13)

for u ∈ L2
1([−1, 1]× Σ;Λ−1(t),Λ1(t)).

This is [DS94, Lemma 7.3]. Note that although our 3–manifold [−1, 1] × Σ has

boundary, the Lagrangian boundary condition guarantees that the integration by

parts formula entering the proof works without change. Meanwhile, our projection

map πAs,t involves the H
0 and H2 part so the reducible connections would not affect

the estimate.

Step 2-Convergence of resolvent set: For every C0 > 0 there exists constants ϵ0 > 0

and C > 0 such that the following holds for all t ∈ [0, 1] and |λ| ≤ C0. If

∥u0∥L2 ≤ C0∥D0(t)u0 − λu0∥L2

for all u0 ∈ L2
1([−1, 1];HAs,t ;L−1(t),L1(t)), then

∥u∥0,ϵ ≤ C∥Dϵ(t)u− λu∥0,ϵ

for 0 < ϵ < ϵ0 and u ∈ L2
1([−1, 1]× Σ;Λ−1(t),Λ1(t)).
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This is [DS94, Lemma 7.4]. Note that the proof is based on a direct computation

and an application of equation (2.5.13) therefore it works in our situation without

change.

Step 3-Refined convergence of operators: Define

R0 = {(t, λ) ∈ [0, 1]× C
∣∣λ is not an eigenvalue of D0(t)}

to be the resolvent set of the family {D0(t)}0≤t≤1. Denote by Rϵ is resolvent set of the

family {Dϵ(t)}0≤t≤1. Then for every compact subset K ⊂ R0, there exists a constant

ϵ0 > 0 such that K ⊂ Rϵ for 0 < ϵ < ϵ0 and

∥πAs,t((λ · id−Dϵ(t))
−1v)− (λ · id−D0(t))

−1πAs,t∥L2 ≤ Cϵ∥v∥0,ϵ (2.5.14)

for (t, λ) ∈ K and v ∈ L2([−1, 1]; Ω1(Σ)⊗ g⊕ Ω0(Σ)⊗ g⊕ Ω2(Σ)⊗ g).

This is [DS94, Lemma 7.5].

Step 4-Multiplicity estimate: For all C0 > 0 there exists a constant k0 > 0 such

that the following holds for all t ∈ [0, 1] and 0 < ϵ2 + δ2 < k0. If λ0 is an eigenvalue

of D0(t) of multiplicity m0 and

u0 ⊥ ker(λ0 · id−D0(t)) =⇒ ∥u0∥L2 ≤ C0∥λ0u0 −D0(t)u0∥L2

for all u ∈ L2
1([−1, 1];HAs,t ;L−1(t),L1(t)), then the multiplicity of all eigenvalues of

λ of Dϵ(t) with |λ− λ0| ≤ δ does not exceed m0.

This follows from [DS94, Lemma 7.6].

Step 5-Concluding the proof. By Kato’s selection theorem, we can find δ ∈ R

which is arbitrarily close to 0 such that the resonance set of the family of the operators

{D0(t)−δ · id}0≤t≤1, written as Z(D0(t)−δ · id) is finite and contained in (0, 1). More-

over, we can guarantee that the resonance matrices of this family is non-degenerate.
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Use σ(D) to represent the spectrum of D. Let Z(D0(t)− δ · id) = {t1, . . . , tN}. Recall

that R(D0(ti)− δ · id) for i = 1, . . . , N is the resonance matrix. Define

mi := sign(R(D0(ti)− δ · id)), i = 1, . . . , N

to be the signatures of the resonance matrices. Then

Sf({D0(t)}0≤t≤1) =
N∑
i=1

mi

and mi could be computed as follows. Choose κ > 0 such that λ = δ is the only

eigenvalue of D0(ti) in the interval [δ − κ, δ + κ]. Now choose τ > 0 such that

δ ± κ /∈ σ(D0(t)) for all t ∈ [ti − τ, ti + τ ]. Then

mi = #{λ ∈ σ(D0(ti − τ))
∣∣δ − κ < λ < δ}

−#{λ ∈ σ(D0(ti + τ))
∣∣δ − κ < λ < δ}.

By Step 2, there exists a constant ϵ0 > 0 such that δ /∈ σ(Dϵ(t)) for t = ti−τ or ti+τ)

and δ ± κ /∈ σ(Dϵ(t)) for all t ∈ (ti − τ, ti + τ) as long as 0 < ϵ < ϵ0. Using Step 3,

Step 4 and the spectral projection operators, one can show that

mi = #{λ ∈ σ(Dϵ(ti − τ))
∣∣δ − κ < λ < δ}

−#{λ ∈ σ(Dϵ(ti + τ))
∣∣δ − κ < λ < δ}.

Therefore we conclude that

Sf(Dϵ(t)) =
N∑
i=1

mi = Sf(D0(t))

for ϵ > 0 sufficiently small. By homotopy invariance, Sf(Dϵ(t)) is independent of
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ϵ > 0. This concludes the proof. For the full details of the proof, we refer the readers

to [DS94, Section 7].

2.5.4 From Maslov index to spectral flow and back

Throughout this subsection, the structure group G is equal to SU(n) and Y is an

integer homology 3–sphere. Furthermore, suppose that the genus of the Heegaard

surface Σ is h ≥ 3. Let Hŝ and fq be a compatible pair of small non-degenerate

perturbations. Suppose B ∈ C(Y ) is a fq–perturbed flat connection of type σ =

((n1,m1), . . . , (nr,mr)) ∈ Σn (see the end of Section 2.2). Without loss of generality,

we can assume that B is in temporal gauge over [−2, 2] × Σ and it is represented

by a path As : [−2, 2] → A0
F (Σ) which is constant for s ∈ [−2,−1] ∪ [1, 2]. After

applying a gauge transform, the connection B is given by the direct sum of irreducible

SU(ni)-connections B
(i) on E(ni) where

P ×SU(n) Cn ∼= E(n1)
⊕m1 ⊕ · · · ⊕ E(nr)

⊕mr . (2.5.15)

Let A
(i)
s be the induced path on the E(ni)–component. Then A

(i)
−1 extends to a flat

connectionB
(i)
−1 onH1∪[−2,−1]×Σ andA

(i)
1 extends to a flat connectionB

(i)
1 on [1, 2]×

Σ ∪H2. Note that because Y is an integer homology sphere, the product connection

θ is a non-degenerate critical point of the unperturbed functional CS. Because fq is

a small perturbation, there exists a fq–perturbed flat connection θ̃ in temporal gauge

over [−2, 2] × Σ with stabilizer G which lies in a contractible neighborhood of the

product connection θ ∈ C(Y ). Denote by θ̃(i) the E(ni)–component of θ̃ under the

decomposition (2.5.15) and θ̃s is the induced path of flat connections in AF (Σ), which

can be further assumed to lie in A0
F (Σ). Then we can find a path of connections

A
(i)
−1,t : [0, 1] → A0

F (Σ) with A
(i)
−1,0 = θ̃

(i)
−1 and A

(i)
−1,1 = A

(i)
−1
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such that A
(i)
−1,t extends to a flat connection B

(i)
−1,t on E(ni) over H1∪ [−2,−1]×Σ for

all t ∈ [0, 1] which is irreducible expect for t = 0. Similarly, we can find the family

A
(i)
1,t on [1, 2] × Σ ∪ H2 and B

(i)
1,t with the same properties. Then the union of paths

{A(i)
−1,t}0≤t≤1, {θ̃(i)s }−1≤s≤1, {A(i)

1,t}0≤t≤1 and {A(i)
s }−1≤s≤1 defines a loop inside the space

of flat connections on E(ni), denoted by A(i)
F (Σ). By our assumption that the genus

of Σ is at least 3, [DU95, Corollary 2.7] shows that the subset of A(i)
F (Σ) consisting

of irreducible connections is simply-connected. Consequently, the loop constructed

above could be extended to a smooth 2–parameter family

A
(i)
s,t : [−1, 1]× [0, 1] → A(i)

F (Σ)

such that A
(i)
s,t is irreducible except for (s, t) ∈ [−1, 1] × {0}. Take the direct sum of

these families for 1 ≤ i ≤ m and apply further gauge transformations if necessary, we

obtain a 2–parameter family

As,t : [−1, 1]× [0, 1] → A0
F (Σ) ⊂ AF (Σ).

Let θ̃ = B0 and B = B1, we can use As,t to construct a family {Bt}0≤t≤1 satisfying

the assumptions in the beginning of Subsection 2.5.2. According to this construction,

Stab(As,t) remains invariant for (s, t) ∈ [−1, 1]× (0, 1].

Lemma 2.5.18. Suppose the perturbations Hŝ and fq are 0. Then for each 1 ≤ i ≤ r,

the symplectic area of A
(i)
s,t : [−1, 1]×[0, 1] → A(i)

F (Σ) under the Atiyah-Bott symplectic

form ωΣ is one-half of the Chern-Simons invariant of B(i).
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Proof. According to our convention of Chern-Simons functional (2.2.1),

CS(B(i)) = CS(B(i)|H1∪[−2,−1]×Σ) + CS(B(i)|[−1,1]×Σ) + CS(B(i)|[1,2]×Σ∪H2)

=

∫
[0,1]×[−1,1]×Σ

Tr(FBt ∧ FBt)

=

∫
[0,1]×[−1,1]×Σ

Tr((ds ∧ ∂sA(i)
s,t + dt ∧ ∂tA(i)

s,t + F
A

(i)
s,t
)2)

= 2

∫
[0,1]×[−1,1]×Σ

Tr(∂sA
(i)
s,t ∧ ∂tA

(i)
s,t)dsdt.

The second equality is an application of the Stokes’ formula over the 4–manifolds

[0, 1]× [−1, 1]×Σ, [0, 1]× (H1∪ [−2,−1]×Σ), [0, 1]× ([1, 2]×Σ∪H2) and notice that

B(i)|H1∪[−2,−1]×Σ, B
(i)|[1,2]×Σ∪H2 are connected to the product connection through flat

connections. The above calculation proves the lemma.

Recall that L1 and L2 are Lagrangians in the extended moduli space M̂g(Σ′)

constructed from handlebodies. The fq–perturbed flat connection B is associated

with the G–orbit [A1] ∈ ΦHŝ
(L1)∩L2 in M̂g(Σ′) in Proposition 2.5.3. Let ΦHŝ

(η) be

the time-η–flow of the Hamiltonian vector field XHŝ
. Then the composition

u(As,t) := ΦHŝ
(1− η)([A2η−1,t]) : (η, t) ∈ [0, 1]× [0, 1] → M̂g(Σ′)

maps {0}×[0, 1] to ΦHŝ
(L1) and maps {1}×[0, 1] to L2 and the stabilizer of every point

in the image contains H = Stab(B) ∼= Stab([A1]) as a subgroup. Using Definition

2.4.13, u(As,t) has a well-defined H–equivariant Maslov index. Here is the precise

statement of Theorem 2.1.1.

Theorem 2.5.19. SfH(B, fq)− [ker dB] = µH(u(As,t)).

Proof. By definition, the equivariant Maslov index µH(u(As,t)) could be computed

using the equivariant spectral flow of the operator −J ∂
∂s

on the space of L2
1–sections
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of the symplectic vector bundle

u(As,t)
∗(TM̂g(Σ′))

with Lagrangian boundary conditions induced by TΦHŝ
(L1) and TL2. Apply the

fiberwise symplectomorphism induced by linearizing ΦHŝ
(1−η), use the identification

(2.3.6) and use the fact that the intersection [θ̃] is non-degenerate, we can see that

µH(u(As,t)) is given by the H–equivariant spectral flow of the family

−D0(t) : L
2
1([−1, 1];HAs,t ∩H1;L−1(t),L1(t)) → L2([−1, 1];HAs,t ∩H1)

from (2.5.12) where t ∈ [ϵ, 1] such that ϵ > 0 is sufficiently small. The symbol ∩H1

means that we require that the 0-form and 2–form components are 0. This is exactly

where the shifting [ker dB] comes in. By Theorem 2.5.17, we see that µH(u(As,t))

is equal to the H–equivariant spectral flow of the family {−KBt,fq}ϵ≤t≤1 up to a

shifting by [ker dB]. By concatenating {KBt,fq}0≤t≤1 with a linear path between Kθ̃,fq

and Kθ,0, using Theorem 2.5.8, we see that µH(u(As,t)) exactly computes SfH(B, fq)

(recall that this is defined using the linear path from (B, fq) to (θ, 0)) by homotopy

invariance.

Therefore, we have the following immediate corollary from Definition 2.2.12, Lemma

2.5.18 and Theorem 2.5.19:

Corollary 2.5.20. ind(B, fq) = µH(u(As,t))−
∑

ni≥2

⟨ω,u(Â(i)
s,t)⟩

2π2ni
· τi, where ⟨ω, u(Â(i)

s,t)⟩

is the symplectic area of the family u(Â
(i)
s,t) induced from the i–th component of the

decomposition of a genuine flat B̂ near B.

Proof of Theorem 2.1.2. Let Hŝ and fq be a compatible pair. For any G–orbits of

ΦHŝ
(L1)∩L2, without loss of generality we can assume that the disc D(p) comes from

a family As,t(p) ⊂ A0
F (Σ) as in this section. If p corresponds to an irreducible SU(3)–
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connection B(p), by Theorem 2.5.19 the spectral flow fromKB(p),fq is equal to µ(D(p))

by noticing that the group acts trivially here and [ker dB] = 0. If p corresponds to a

reducible SU(3)–connection B(p), it has stabilizer U(1) and B(p) is gauge-equivalent

to an SU(2)–connection. The equivariant Maslov index µH(u(As,t)) is the linear

combination of the trivial representation and the weight (−2)–representation of U(1)

in the representation ring of U(1). The coefficient before each of them, is given by

µt(D(p)) and µn(D(p)) respectively. Then the theorem follows from checking the

formula (2.1.2) term-wisely with the formula in [BH98, Theorem 1]. Note that our

definition of the equivariant spectral flow cancels out the factor 1
2
in loc.cit. and our

convention of spectral flow adds the term [ker dB]. Although the formula of Boden-

Herald is written down using a holonomy perturbation which is not of the preferred

form, the identification between (2.1.2) and λSU(3) results from the independence of

λSU(3) on holonomy perturbations, established in [BZ20] and Section 2.2. Therefore

the theorem is proved.
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Chapter 3

Bifurcations of embedded curves

and towards an extension of

Taubes’ Gromov invariant to

Calabi–Yau 3-folds

3.1 Introduction

Let (X,ω) be a symplectic Calabi–Yau 3-fold, i.e., it is a closed symplectic manifold of

(real) dimension 6 with c1(TX, ω) = 0 ∈ H2(X,Z). After choosing an ω-compatible

almost complex structure J ∈ J (X,ω), the genus g Gromov–Witten invariant of

(X,ω) of class 0 ̸= A ∈ H2(X,Z) with no marked points, denoted by GWA,g(X), is

defined by certain counts of stable J-holomorphic maps into X and it is independent

of J . In general, GWA,g(X) ∈ Q because some J-holomorphic maps may possess

non-trivial automorphism groups.

On the other hand, Taubes’ Gromov invariants [Tau96b] define integer-valued in-

variants for symplectic 4-manifolds by counting embedded pseudo-holomorphic curves.
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The construction heavily relies on intersection theory in dimension 4. The goal of this

chapter is to generalize Taubes’ Gromov invariants to define invariants of symplec-

tic Calabi–Yau 3-folds by studying moduli spaces of embedded pseudo-holomorphic

curves.

3.1.1 Statement of the main Theorem

We start by introducing some notions important for our discussion. The term J-curve

throughout this chapter stands for a simple J-holomorphic map with smooth domain

into an almost complex manifold (X, J). Any closed embedded 2-dimensional almost

complex submanifold C ⊂ X, gives rise to a J-curve unique up to the reparametriza-

tion of the domain. In the following, unless otherwise specified, (X,ω) will denote a

symplectic Calabi–Yau 3-fold.

Definition 3.1.1. Define Wemb ⊂ J (X,ω) to be the subset of almost complex struc-

tures J for which there exists either a simple and non-embedded J-curve or two simple

J-curves with distinct but intersecting images.

It is a basic fact (see [DW20, Theorem 2.1.18] for example) that Wemb is of codi-

mension 2 in J (X,ω). Thus, along generic paths γ ⊂ J (X,ω), we may assume that

all simple curves are embedded and pairwise disjoint by appealing to the Sard–Smale

theorem.

Definition 3.1.2 (Normal deformation operator). Let J ∈ J (X,ω) and let C ⊂ X

be a smooth closed embedded J-curve, i.e. the tangent bundle of C, written as TC, is

invariant under the J–action. The normal bundle NC = TX |C/TC is then naturally a

complex vector bundle. The linearized Cauchy–Riemann operator on TX |C descends

to an operator

DN
C,J : Ω0(C,NC) → Ω0,1(C,NC) (3.1.1)
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called the normal deformation operator of the embedded curve C.

Given an embedded J-curve C, the Fredholm index of the operator (3.1.1) is 0.

When kerDN
C,J = 0 (as a consequence coker DN

C,J = 0), recall that we can define the

sign of C as a point in the moduli space of J-curves as follows.

Definition 3.1.3 (Sign). Let C ⊂ X be an embedded J-curve such that DN
C,J is an

isomorphism. We then define the sign of the curve C, denoted by

sgn(C) ∈ {−1,+1} (3.1.2)

as follows. We deform DN
C,J in a 1-parameter family to a C-linear operator which

is an isomorphism and define the sign of C according to the parity of the associated

spectral flow. Alternatively, we consider the straight line homotopy {Dt}0≤t≤1 from

D0 = DN
C,J to its C-linear part D1 and trivialize the determinant line bundle

t 7→ det(Dt) = det kerDt ⊗ (det coker Dt)
∗ (3.1.3)

and define the sign of C to be the sign of the resulting isomorphism between det(D0) =

det(0)⊗ det(0)∗ = R and det(D1) with the complex orientation.

The notion of super-rigidity requires that any holomorphic multiple cover of any

J-curve C ⊂ X does not admit any non-trivial normal deformation, more precisely:

Definition 3.1.4 (Super-rigidity). Given an embedded J-curve C ⊂ X as in Defi-

nition 3.1.2, we say that it is super-rigid if for all holomorphic (possibly branched)

covers φ : C ′ → C, the pullback operator

φ∗DN
C,J : Ω0(C ′, φ∗NC) → Ω0,1(C ′, φ∗NC) (3.1.4)

is injective. We say that a given almost complex structure J ∈ J (X,ω) is super-rigid
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if and only if J ∈ J (X,ω) \Wemb and every embedded J-curve is super-rigid.

Recent work of Wendl [Wen21] shows that the set of super-rigid compatible almost

complex structures is a Baire subset of J (X,ω), verifying the generic super-rigidity

conjecture of Bryan–Pandharipande [BP01]. An important consequence of super-

rigidity is the following finiteness result. Suppose J is super-rigid, then given any

class A ∈ H2(X,Z) and g ∈ Z≥0, there are only finitely many embedded J-curves

of class A and genus g and they have disjoint images in X, see [Wen21, Corollary

1.3]. We remark that the work of Doan–Walpuski [DW21, Theorem 1.6] proves this

finiteness result with only an a priori energy bound, without any assumption on the

genus, though we do not need this stronger result in the present work.

Given a homology class A ∈ H2(X,Z), we say it is primitive if ω(A) > 0 and

we cannot write A = kB for any B ∈ H2(X,Z) and integer k ≥ 2. For a fixed

primitive homology class A, the work of Zinger [Zin11] and Doan–Walpuski [DW19a]

show that the signed count (c.f. Definition 3.1.3) of embedded J-curves of class A

and genus h ≥ 0 for J ∈ J (X,ω) \ Wemb defines an invariant of (X,ω) independent

of J . If A is not primitive, although there are only finitely many embedded J-curves

of class A and genus h for a super-rigid almost complex structure J , the direct signed

count of all such J-curves may not define an invariant of (X,ω) because bifurcations

could happen when varying the almost comnplex structures. The main result of this

chapter is to define a virtual count of embedded J-curves of two times a primitive

homology class for all genera. We adopt the notation Gr in order to be consistent

with Taubes’ pioneering work in dimension 4 [Tau96b].

Theorem 3.1.5. Fix a primitive class A ∈ H2(X,Z) and an integer h ≥ 0. For a

super-rigid J ∈ J (X,ω), define the virtual count of embedded genus h curves of class
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2A to be the integer

Gr2A,h(X,ω, J) =
∑

C′: 2A,h

sgn(C ′) +
∑
g≤h

∑
C:A,g

sgn(C) · w2,h(D
N
C,J) (3.1.5)

where the first sum is over embedded J-curves C ′ of genus h and class 2A, the second

sum is over all genera 0 ≤ g ≤ h and embedded J-curves C of genus g and class A,

sgn is as in Definition 3.1.3 and the integers w2,h are as in Definition 3.5.17.

Then, Gr2A,h(X,ω, J) is independent of the choice of super-rigid J and

Gr2A,h(X,ω) := Gr2A,h(X,ω, J) (3.1.6)

defines a symplectic invariant of (X,ω).

In other words, we construct correction terms to the naive signed count of embed-

ded J-curves of class 2A and genus h from embedded J-curves of class A and genus

g ≤ h to get a well-defined invariant. For a thorough discussion of the correction

terms in (3.1.5), see Section 3.5.1.

Remark 3.1.6 (Symplectic deformation invariance). In fact, Gr2A,h is a symplectic

deformation invariant of (X,ω). This follows from the fact that all the results about

super-rigidity continue to hold when we replace ω-compatible almost complex struc-

tures by ω-tame almost complex structures (see the first paragraph of [Wen21, Section

1.1] for a discussion of this).

3.1.2 Ingredients of the proof

The proof of Theorem 3.1.5 (carried out in Section 3.5.2) relies on a detailed study

of bifurcations of moduli spaces of embedded J-curves when varying J in a generic 1-

parameter family. To be more precise, although super-rigidity is a generic condition

for J ∈ J (X,ω), there are codimension 1 subsets of J (X,ω) where super-rigidity
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fails to hold. Given a path of almost complex structures γ : [−1, 1] → J (X,ω) such

that both γ(−1) and γ(1) are super-rigid, we need to understand the bifurcations

of moduli spaces of embedded pseudo-holomorphic curves when γ intersects these

codimension 1 subsets.

The first key ingredient is a necessary condition for the occurrence of a bifurcation.

For a more general and complete statement, see Theorem 3.3.1.

Theorem 3.1.7 (special case of Theorem 3.3.1). Given a sequence tk → t′ in (−1, 1),

define Jk := γ(tk) and J := γ(t′) so that Jk → J in the C∞-topology. Suppose h ∈ Z≥0

and we have a sequence of genus h embedded Jk-holomorphic curves φk : Σ′
k → X

converging to a stable J-holomorphic map C ′ φ−→ C ⊂ X in the Gromov topology.

Here C is an embedded J-curve of genus g ≤ h and φ : C ′ → C is a stable genus h

map of degree k with target C.

Then we either have g = h, k = 1 and φ : C ′ → C is an isomorphism, or the

pullback map φ∗ : kerDN
C,J → kerφ∗DN

C,J is only injective but not surjective.

Theorem 3.1.7 allows us to exclude the possibility of bifurcations from nodal curves

(possibly with ghost components) into embedded curves once the path γ is chosen

generically. When the homology class represented by φk : Σ′
k → X is primitive,

the degree k is then necessarily equal to 1 and Theorem 3.1.7 implies that the limit

φ must be an isomorphism. In particular, the stable map C ′ φ−→ C ⊂ X does not

have any ghost irreducible component. Combined with Ionel–Parker’s construction

of Kuranishi models for birth-death bifurcations of embedded J-curves [IP18, The-

orem 6.2], one can prove the aforementioned result of Zinger and Doan–Walpuski

regarding counting embedded J-curves representing primitive homology classes with-

out appealing to Gromov–Witten theory as in [Zin11] or the delicate gluing analysis

as from [DW19a], see also Remark 3.3.2. The full power of Theorem 3.1.7 is used in

Section 3.5, which tells us ultimately we just need to worry about bifurcations from

(branched) double covers with smooth domains in order to check the invariance of
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Gr2A,h(X,ω).

The second key ingredient is a sufficient condition for bifurcations to occur. We

construct Kuranishi models of moduli spaces of embedded curves based on a detailed

analytical argument. The technical condition of “elementary wall type” includes all

the cases in the construction of Gr2A,h(X,ω), and in fact is satisfied by a large class

of examples, see Example 3.4.2.

Theorem 3.1.8 (see Theorem 3.4.7). Let {Jt}t∈[−1,1] be a generic path in J (X,ω).

Assume that there exists an embedded rigid J0-curve Σ ↪→ X along with a d-fold genus

h branched multiple cover φ : Σ′ → Σ which has non-trivial normal deformations. If

this cover determines an elementary wall type (see Definition 3.4.1), then Aut(φ) ⊂

Z/2Z and, moreover, the change in the signed count of embedded curves of genus h

and class d[Σ] near φ is given by ±2/|Aut(φ)|.

The notion of “generic path” deserves some further comments. The work of Wendl

[Wen21], recalled in Section 3.2.2, specifies the codimension 1 subsets (“walls”) of

J (X,ω) where a bifurcation could occur. Away from a subset of higher codimension,

these subsets have manifold structures and we require that the path {Jt}t∈[−1,1] only

intersects this manifold locus and the intersection is transverse. However, this notion

of transversality is not sufficient for our discussion. In fact, we define another subset

of the walls with positive codimension, called the degeneracy locus, in Definition

3.4.21 and the path {Jt}t∈[−1,1] is required to avoid the degeneracy locus as well. The

condition of “elementary wall type” is needed in this step to guarantee the existence

and abundance of such paths. This allows us to guarantee the non-vanishing of certain

Taylor coefficients of the Kuranishi maps which leads to Theorem 3.1.8.

For instance, suppose we have a path {Jt}t∈[−1,1] ⊂ J (X,ω) and an embedded

J0-holomorphic torus T ⊂ X with ker(DN
T,J0

) = 0, i.e. the moduli space of J0-curves

is cut out transversely at T . Suppose there exists an unbranched holomorphic double

cover from another torus φ : T ′ → T such that the normal deformation operator
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φ∗DN
T,J0

satisfies dimR ker(φ
∗DN

T,J0
) = 1. Using Kuranishi reduction, one can show

that the parametric moduli space of Jt-holomorphic genus 1 maps in class 2[T ] (near

the J0-holomorphic map T ′ φ−→ T ⊂ X) is locally modeled on

x · (ax2 + bt) = 0 for some a, b ∈ R (3.1.7)

for (x, t) ∈ R × [−1, 1] with a Z/2Z-action given by (x, t) → (−x, t). Wendl’s result

allows us to ensure that b ̸= 0 by choosing the path {Jt}t∈[−1,1] generically. However,

this is not sufficient for our application. We argue that one can choose the path

generically so that we have a ̸= 0 as well. As a consequence, the relevant moduli

space here is indeed described by the “pitchfork bifurcation”.

We remark that our arguments fill in a technical gap in Taubes’ paper [Tau96b,

Lemma 5.18] and the applicability of our result goes beyond the bifurcation coming

from double unbranched covers of tori as in [Tau96b]. As far as we know, this is

the first result studying equivariant bifurcations of pseudo-holomorphic curves in

dimension 6.

The above two ingredients give a complete characterization of the moduli spaces

of embedded pseudo-holomorphic curves of class 2A and any genus along a generic

path of almost complex structures connecting two given super-rigid almost complex

structures. The third key ingredient is the construction of the correction terms in

(3.1.5), which are called linear wall crossing invariants in Definition 3.5.17. These

correction terms are constructed by studying the spaces of R-linear Cauchy–Riemann

operators on the normal bundles of embedded J-curves in a symplectic Calabi–Yau

3-fold and they should be thought of as a version of “equivariant spectral flow”. This

algebraic invariant is used to compensate the change in the signed count of embedded

curves of class 2A when a bifurcation happens and it serves as the last piece of the

construction of Gr2A,h(X,ω).
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Constructions of this kind probably date back to Walker’s extension of the SU(2)-

Casson invariant to rational homology 3-spheres [Wal92b] and similar ideas appear

in other literature of gauge theory, including the SU(3)-Casson invariants for integer

homology 3-spheres [BH98] and the Seiberg–Witten invariants for homology S1 × S3

[MRS11]. Recent work of Eftekhary [Eft20] applies similar ideas to a counting problem

of periodic orbits. However, in our case, even the definition of the wall crossing

numbers requires some work (see Section 3.5.1).

3.1.3 Relations with other work

There are some works in the literature (besides Taubes’ Gromov invariant) which

have close relations with the current work.

Gopakumar–Vafa invariants

Given a symplectic Calabi–Yau 3-fold (X,ω), it was conjectured by Gopakumar–Vafa

[GV98b] that the Gromov–Witten generating function of X satisfies the formula

∑
A ̸=0
g≥0

GWA,g(X)t2g−2qA =
∑
A ̸=0
h≥0

nA,h(X)
∞∑
k=1

1

k

(
2 sin

(
kt

2

))2h−2

qkA, (3.1.8)

where the “BPS numbers” nA,h(X) are integers and nA,h(X) = 0 for a fixed A ∈

H2(X,Z) if h is sufficiently large. The integrality the BPS numbers was proved by

Ionel–Parker [IP18] and the finiteness has been established by the recent work of

Doan–Ionel–Walpuski [DIW21].

However, Ionel–Parker’s proof of nA,h(X) ∈ Z does not illustrate the geometric

meaning of these Gopakumar–Vafa invariants. Their proof proceeds as follows. [IP18,
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Equation (8.1)] shows that the Gromov–Witten generating function satisfies

∑
A ̸=0,g≥0

GWA,g(X)t2g−2qA =
∑

A ̸=0,g≥0

eA,g(X) ·GWelem
g (qA, t) (3.1.9)

where GWelem
g is some universal generating series and eA,g(X) ∈ Z is regarded as a

“virtual count of embedded clusters in X”. They also show that nA,h(X) and eA,g(X)

actually determine each other via the formula [IP18, Equation (8.9)]

nA,h(X) =
∑
A=dB
B∈Z>0

h∑
g=0

nd,h(g) · eB,g(X) (3.1.10)

where nd,h(g) ∈ Z are certain universal coefficients determined by d, h, g. Therefore

the integrality of nA,h(X) is a result of integrality of eA,g(X).

Conjecture 3.1.9. The invariant Gr2A,h(X,ω) is equal to the virtual count of em-

bedded clusters e2A,h from (3.1.9) for all h ≥ 0 where A is a primitive homology

class.

We show that Conjecture 3.1.9 is true for h = 0, see Theorem 3.6.10. The proof re-

lies on a wall-crossing result of virtual Euler numbers, which might be of independent

interest.

Theorem 3.1.10 (see Theorem 3.6.5). Suppose N → C is a rank 2 complex vector

bundle of degree 2g − 2 on a curve C of genus g. Let D = {Dt}t∈[−1,1] be a generic

1-parameter family of Cauchy–Riemann operators on N . Fix integers d ≥ 2, h ≥ g

and consider the moduli stack Mh(C, d) of stable genus h maps to C of degree d.

Assume further that D is (d, h)-rigid (see Definition 3.6.2) except over a finite set

corresponding to holomorphic maps with smooth domains

∆× {0} ⊂ Mh(C, d)× [−1, 1]. (3.1.11)
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Then, the assignment

[f : C ′ → C] ∈ Mh(C, d) 7→ coker (f ∗Dt) (3.1.12)

gives a well-defined vector bundle on Mh(C, d), equipped with a natural orientation,

for small t ̸= 0. Denote the Euler number of this bundle by ed,h(C,D±) for small

±t > 0. Then, we have

ed,h(C,D+)− ed,h(C,D−) =
∑
p∈∆

2 · sgn(D, p)
|Aut(p)|

(3.1.13)

where sgn(D, p) ∈ {−1,+1} are determined by the local behavior of D near p.

The main obstacle to proving Conjecture 3.1.9 in general is to drop the assumption

that ∆ is a finite subset and corresponds to stable maps with smooth domains in the

above statement.

When (X,ω) is further assumed to be a smooth projective variety, Maulik–Toda

[MT18] propose a sheaf-theoretic definition of the Gopakumar–Vafa invariants, based

on earlier works of Hosono–Saito–Takahashi [HST01] and Kiem–Li [KL12]. Despite

the beauty of the definition, it is not known how to prove the deformation invariance

of Maulik–Toda’s ansatz and the proof of formula (3.1.8) using this definition seems to

be out of reach in general. Moreover, the sheaf-theoretic definition relies crucially on

the algebraicity of X, making it hard to generalize it to general symplectic Calabi–

Yau 3-folds (equipped with not necessarily integrable almost complex structures).

Conjecture 3.1.9 proposes a geometric definition of the Gopakumar–Vafa invariants

of two times a primitive homology class via the formula (3.1.10) by counting embedded

pseudo-holomorphic curves.

Remark 3.1.11. Conjecture 7.4.5 in Cox–Katz’s book [CK99] conjectures that the

genus 0 BPS numbers should come from virtual counts of embedded genus 0 J-
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curves, with correction terms coming from genus 0 J-curves of lower degree. Later on,

Katz proposes an algebro-geometric counterpart of this conjecture in [Kat08] using

Donaldson–Thomas invariants. Our conjecture and result are consistent with these

expectations.

Counting calibrated submanifolds

For a given symplectic manifold (X,ω) and an ω-compatible almost complex structure

J , almost complex submanifolds, in particular embedded J-curves, define calibrated

submanifolds of X. Another example of calibrated submanifolds are associative sub-

manifolds of 7-dimensional Riemannian manifolds with holonomy group G2.

There is a proposal from Doan–Walpuski [DW19b] which defines weights from

counting solutions to gauge-theoretic equations on the associative submanifolds such

that the weighted count of associatives defines an invariant. In this work, a symplectic

definition of Pandharipande–Thomas invariant is discussed, based on a weighted count

of embedded pseudo-holomorphic curves with weights again coming from counts of

gauge-theoretic equations.

Our formula (3.1.5) could also be viewed as a weighted count of embedded pseudo-

holomorphic curves which defines an invariant of (X,ω). This definition bypasses the

difficulty coming from compactness issues of moduli spaces of generalized Seiberg–

Witten equations which enters the proposal in [DW19b] and has a closer relation with

the Gromov–Witten invariants.

Study of multi-valued sections

Given an embedded J-curve C in a symplectic Calabi–Yau 3-fold and a holomorphic

(branched) cover φ : C ′ → C, any non-zero element s ∈ ker(φ∗DN
C,J) defines a multi-

valued section of the normal bundle N of C in X by associating any point x ∈ C with

the values of s over the set φ−1(x). Our bifurcation result (Theorem 3.1.8) can be
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interpreted as a sufficient condition to perturb a (holomorphic) multi-valued section

into a “nearby” embedded pseudo-holomorphic curve in X. Moreover, the discussion

in Section 3.5.1 which is required for the definition of linear wall crossing numbers

studies some generic behaviors of these multi-valued sections.

As speculated in [Don19], 2-valued harmonic 1-forms are important for special La-

grangian geometry. Our study of multi-valued sections might have some applicability

in this context, see Remark 3.4.8 and Remark 3.5.13.

3.1.4 Technical remarks concerning transversality arguments

To carry out the numerous generic transversality arguments in this chapter (and in

many other places in the theory of pseudo-holomorphic curves), one needs to appeal

to the Sard–Smale theorem (for Fredholm maps of second countable Banach man-

ifolds) after showing that certain universal moduli spaces are smooth (respectively,

C∞ subvarieties as in [Wen21, Appendix C]) by showing that the linearized opera-

tors associated to their defining equations are surjective (respectively, satisfy a lower

bound on their rank).

Let f : X → Y be the map for which we wish to prove that the set Yreg ⊂ Y of

regular values is a Baire subset (with Y being a space of smooth objects and both

X , Y being second countable). In our applications, this will be the space of smooth

almost complex structures on a manifold or Cauchy–Riemann operators on a fixed

bundle or spaces of paths/homotopies in the aforementioned spaces or, in our most

complicated situation, a space of embedded pseudo-holomorphic curves equipped with

the data of a branched cover of the domain (Definition 3.4.21). The first step of the

proof is always to establish formal regularity, i.e., surjectivity (or rank lower bounds)

for the linearized operators of the defining equations of X over Y at the level of

smooth objects (i.e. without taking any Banach space completions or restricting to

any Banach subspace).
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Now, for most applications (including all the applications in this chapter), one

wishes to prove C∞-genericity statements (e.g. “simple J-holomorphic maps are un-

obstructed for a C∞-generic J”). However, the space Y does not form a Banach

manifold (typically, it is just a Fréchet manifold) and thus, we cannot directly appeal

to the Sard–Smale theorem. Fortunately, there is a well-known technique to over-

come this difficulty (i.e. to upgrade formal regularity into genericity of regular values)

which we briefly outline below. For the complete details and non-trivial examples of

the application of this technique, the reader is referred to the very clear and detailed

exposition in [Wen21] (specifically the proofs of Theorems 5.25 and D therein). Go-

ing from formal regularity to the statement that regular values are generic involves

showing that showing that Yreg is a countable intersection of dense open subsets of

Y .

For this, we use the popular trick (due to Taubes) of exhausting X by a sequence

of subspaces X 1 ⊂ X 2 ⊂ · · · such that f |XN : XN → Y is proper for all N . We then

define YN
reg ⊂ Y to be the subset of points y ∈ Y for which every point in f−1(y)∩XN is

regular. Now, since regularity is an open property on X and f |XN is proper, it follows

that YN
reg is open. As a consequence, Yreg =

⋂
N≥1 YN

reg is a countable intersection of

open subsets of Y . The exact construction of the subsets XN ⊂ X is straightforward

but somewhat tedious and we refer the reader to the proofs of Theorems 5.2.5 and D

in [Wen21] for details.

We are left to argue that each YN
reg ⊂ Y is dense. For this, we fix any reference

point yref ∈ Y introduce Floer’s Cϵ spaces centered at yref, which we denote by Yϵ(yref).

These spaces are Banach manifolds, consist entirely of smooth objects close to yref

but carry a topology depending on the parameter ϵ which is much finer than the C∞

topology. For any xref ∈ Xref = f−1(yref), formal regularity and the implicit function

theorem imply that for all sufficiently small ϵ, the space Xϵ(yref) = f−1(Yϵ(yref)) is

a Banach manifold (or C∞ subvariety of expected codimension) near xref. By the
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second countability of Xref, we can choose a uniform ϵ which works for all xref ∈ Xref.

Thus, we obtain an open neighborhood Xϵ(yref)
reg of Xref in Xϵ(yref) such that the

restriction of f as a map Xϵ(yref)
reg → Yϵ(yref) is a smooth map of Banach manifolds.

Now, the Sard–Smale theorem shows that we can find a sequence yk ∈ Yϵ(yref) of

regular values of this map converging to yref in Y . For any N ≥ 1, the properness of

XN over Y and the openness of Xϵ(yref)
reg ⊂ Xϵ(yref) now show that we must have

yk ∈ YN
reg for all sufficiently large k (depending on N). Since yref was arbitrary, this

shows that each YN
reg is dense in Y .

In view of the above, we adopt the convention of only proving formal regularity

in all transversality proofs that arise in this chapter (and omitting the use of Floer’s

Cϵ spaces and Taubes’ trick to upgrade from formal regularity to genericity of regular

values). Consistent with this, we use the notions of codimension of a subset of Y (or a

C∞ subvariety of Y), the index of the map f etc in this formal sense as a shorthand for

the more detailed proof scheme above. The corresponding notions for maps of Banach

manifolds have standard definitions (a subset is of codimension ≥ k if it is covered by

the images of countably many Fredholm maps with indices ≤ −k; C∞ subvarieties of

codimension ≥ k are defined as in [Wen21, Appendix C] and we note that they are,

in particular, subsets of codimension ≥ k by [Wen21, Proposition C.1]). The above

formal notions will translate to the corresponding notions for Banach manifolds when

we apply the implicit function theorem in the above proof scheme to a suitable Cϵ

space.

3.1.5 Structure of the chapter

We end the introduction by outlining the structure of this chapter. In Section 3.2, we

recall the necessary background on (twisted) Cauchy–Riemann operators and super-

rigidity (following [Wen21]). Section 3.3 establishes a necessary condition for bifurca-

tions to occur (Theorem 3.3.1) while Section 3.4 gives a sufficient condition (Theorem
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3.4.7). In Section 3.5, we apply the results of the previous two sections to construct

the extension of Taubes’ Gromov invariant for symplectic Calabi–Yau 3-folds (count-

ing curves of genus h ≥ 0 lying in two times a primitive homology class) and prove

the main result of this chapter (Theorem 3.1.5). Finally, in Section 3.6, we prove a

result on the virtual Euler numbers of certain obstruction bundles (Theorem 3.6.5)

which allows us to identify our invariant with the Gopakumar–Vafa invariant when

the genus h is equal to 0 (Theorem 3.6.10).
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Conventions.

Unless otherwise stated, all vector spaces, vector bundles and their determinants are

defined over R. Dimensions, Hom-spaces and tensor products without any subscripts

should be understood to be over R.

3.2 Review of embedded curves and super-rigidity

In this section, we will summarize the background on super-rigidity in a form relevant

for our discussion in sections 3.4–3.5. The notation closely follows that of [Wen21,

Section 2]. We will begin by recalling some basic facts about branched covers of

curves and Cauchy–Riemann operators (in §3.2.1) and then move onto super-rigidity
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(in §3.2.2).

3.2.1 Cauchy–Riemann operators and Galois covers

We will consistently use the word ‘curve’ to mean ‘irreducible smooth projective alge-

braic curve over C’ (i.e. a closed connected smooth Riemann surface). A ‘morphism’

between curves will mean a ‘non-constant holomorphic map’.

Definition 3.2.1 (Function field). Let Σ be a curve. Define C(Σ) to be the function

field of Σ (i.e., the field of meromorphic functions on Σ). Given a degree d ≥ 1

morphism of curves φ : Σ′ → Σ, we get the associated degree d field extension

φ∗ : C(Σ) ↪→ C(Σ′). It is a basic fact from algebraic geometry that this is a con-

travariantly functorial one-to-one correspondence (i.e. an equivalence of categories)

between curves and fields of transcendence degree 1 over C.

Definition 3.2.2 (Galois closure). Let φ : Σ′ → Σ be a morphism of curves. We say

that φ is Galois if and only if the associated field extension is Galois. In general, φ

may not be Galois and we can form the Galois closure, a morphism Σ̃ → Σ′ φ−→ Σ,

by taking the Galois closure of the function field extension φ∗ : C(Σ) → C(Σ′).

For a Galois cover Σ̃ → Σ, we define the Galois group Gal(Σ̃/Σ) to be the group

of automorphisms of Σ̃ over Σ (or equivalently the Galois group of the associated

function field extension).

Given a morphism φ : Σ′ → Σ of curves, we call its critical points as ramification

points and its critical values as branch points. Away from the ramification points,

φ restricts to a covering map with connected domain over the complement of the

branched points, which is called the associated covering space. It is a basic fact that

φ : Σ′ → Σ is Galois if and only if the associated covering space is normal. Also,

the associated covering space of the Galois closure of φ is the normal closure of the

associated covering space of φ.
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Definition 3.2.3 (Branched covers and Galois groups). Let the following data be

given: integers g ≥ 0 and d ≥ 2 and branching data b = (b1, . . . , br) where each

bi = (b1i , . . . , b
qi
i ) is a tuple of positive integers adding up to d with b1i ≥ · · · ≥ bqii and

b1i ≥ 2. Define

b =
r∑
i=1

qi∑
j=1

(bji − 1) (3.2.1)

and define h using the formula 2h−2 = b+d(2g−2). Assume that h is a non-negative

integer. Now, let φ : Σ′ → Σ be a morphism of curves of type (g, b), i.e., h =

genus(Σ′), g = genus(Σ), d = deg(φ) and φ has exactly r critical values w1, . . . , wr ∈

Σ with φ−1(wi) = {ζ1i , . . . , ζ
qi
i } and φ is bji -to-1 in a punctured neighborhood of each

ζji ∈ Σ′. We define the generalized automorphism group of φ to be the Galois group

of the Galois closure of φ.

Given a finite group G and a genus g curve Σ, define Md
b,G(Σ) to be the orbifold

of pairs (φ : Σ′ → Σ, ι), up to isomorphism, where φ is a morphism of type (g, b) and

ι is an isomorphism of G with the generalized automorphism group of φ.

We will next discuss Cauchy–Riemann operators on curves and their pullbacks

along Galois covers. Denote by E a complex vector bundle over a curve Σ. Recall that

an R-linear Cauchy–Riemann operator is a first-order real linear partial differential

operator D : Ω0(Σ, E) → Ω0,1(Σ, E) such that for any smooth function f ∈ C∞(Σ,R)

and section s ∈ Ω0(Σ, E), we have

D(fs) = (∂f)s+ fD(s), (3.2.2)

where ∂f = 1
2
(df + i · df ◦ j) and j denotes the complex structure on Σ.

Definition 3.2.4 (Serre dual). Let D : Ω0(Σ, E) → Ω0,1(Σ, E) be an R-linear

83



Cauchy–Riemann operator. Define the Serre dual bundle of E to be

E† = Λ1,0T ∗
Σ ⊗C E

∗ (3.2.3)

and the Serre dual operator D† to be the R-linear Cauchy–Riemann operator on E†

determined by the following condition: for all s ∈ Ω0(Σ, E) and s† ∈ Ω0(Σ, E†),

∫
Σ

⟨Ds, s†⟩+ ⟨s,D†s†⟩ = 0. (3.2.4)

The pairing ⟨·, ·⟩ followed by integration gives the Serre duality isomorphisms

kerD† = (coker D)∗ (3.2.5)

kerD = (coker D†)∗. (3.2.6)

Definition 3.2.5 (Twisted operators). Let D : Ω0(Σ, E) → Ω0,1(Σ, E) be an R-linear

Cauchy–Riemann operator on the curve Σ and let ψ : Σ̃ → Σ be a Galois cover with

Galois group G = Gal(Σ̃/Σ). We can then form the pullback operator

ψ∗D : Ω0(Σ̃, ψ∗E) → Ω0,1(Σ̃, ψ∗E) (3.2.7)

which is G-equivariant with respect to the natural linear G-actions on the source and

target. Let θ be a linear G-representation over R. We define the twisted operator

Dψ,θ : Hom
G(θ∗,Ω0(Σ̃, ψ∗E)) → HomG(θ∗,Ω0,1(Σ̃, ψ∗E)) (3.2.8)

by taking the θ-isotypic piece of Equation (3.2.7). The operator Dψ,θ is naturally

linear over the endomorphism algebra Kθ = EndG(θ).

Remark 3.2.6. This definition is easily seen to be equivalent to the twisted operators

from [Wen21, §2.2 and §3.4] since taking G-invariant sections of θ⊗ψ∗E on Σ̃ amounts
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to taking sections of (Σ̃× V )/G on the orbifold Σ̃/G (which has a natural map to Σ

being an isomorphism except over the branch points).

Remark 3.2.7. Suppose G→ G′ is a quotient map between groups, corresponding to

a factorization Σ̃
φ−→ Σ′ ψ′

−→ Σ of ψ as the composition of two Galois covers φ, ψ′ and

G′ = Gal(Σ′/Σ). Also, suppose that θ′ is a G′-representation and that θ is its pullback

to G. Then, φ∗ gives a natural map of complexes from Dψ′,θ′ to Dψ,θ and this map is

easily seen to be a quasi-isomorphism (using the removable singularity theorem near

the branch points of φ for D and D†). Similarly, if H ⊂ G is any subgroup and

Σ̃′ = Σ̃/H with the associated morphism ψ′ : Σ̃′ → Σ, then the natural pullback map

from (ψ′)∗D to (ψ∗D)H is also a quasi-isomorphism (i.e. an isomorphism on kernels

and cokernels).

The following result, which appears in [DW20, Remark 1.4.15] in a slightly differ-

ent form, will also be useful for the discussion below.

Lemma 3.2.8. Let θi for i = 1, . . . , p be an enumeration of all the irreducible repre-

sentations of G over R with Ki = EndG(θi). Then, the tautological map

⊕
i

θ∗i ⊗Ki
Dψ,θi → ψ∗D (3.2.9)

of G-equivariant two term complexes is a quasi-isomorphism.

Proof. This is because for any finite dimensional R[G]-module V , the tautological

map
⊕

i θ
∗
i ⊗Ki

HomG(θ∗i , V ) → V is an isomorphism of R[G]-modules by Maschke’s

theorem. We apply this to the (co)kernels of the operators in question.

Given a family of curves and a corresponding family of Cauchy–Riemann op-

erators, we introduce the following definition which measures the variation of the

Cauchy–Riemann operators on a particular finite-dimensional vector space. It will be

used later in the analysis of Kuranishi maps.
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Let π : C → B be a smooth family of curves, i.e., π is a proper submersion

between two manifolds C and B with fibers of R-dimension 2 along with a smooth

endomorphism j of ker(dπ) = TC/B satisfying j2 = −1. Let E → C be a C-vector

bundle and set

F = Λ0,1T ∗
C/B,j ⊗C E. (3.2.10)

Assume that we have a smooth family D = {Db}b∈B of Cauchy–Riemann operators

Db : Ω
0(Cb, Eb) → Ω0(Cb, Fb) (3.2.11)

where Cb = π−1(b), Eb = E|Cb and Fb = F |Cb for b ∈ B.

Definition 3.2.9. For any point a ∈ B, define the linearized map at a associated to

the family D

D′|a : TaB → Hom(kerDa, coker Da) (3.2.12)

as follows. Given σ ∈ kerDa, extend it arbitrarily to a section σ̃ ∈ Ω0(C, E). Then,

the section τ̃ = D(σ̃) ∈ Ω0(C, F ) defined by τ̃ |Cb = Db(σ̃|Cb) for b ∈ B vanishes along

Ca and thus, has a well-defined normal derivative

∇τ̃ |a ∈ Hom(NCa/C, Fa) = Hom(TaB,Ω0(Ca, Fa)) (3.2.13)

where we have used the identification NCa/C = π∗(TaB) in the last equality. Now,

for any v ∈ TaB we set D′|a(v) · σ ∈ coker Da to be the projection of the section

∇τ̃ |a · v ∈ Ω0(Ca, Fa).

The operator (3.2.12) is well-defined because if σ = 0, then any choice of σ̃ has a
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well-defined normal derivative

∇σ̃|a ∈ Hom(NCa/C, Ea) = Hom(TaB,Ω0(Ca, Ea)) (3.2.14)

which satisfies Da(∇σ̃|a · v) = ∇τ̃ |a · v for all v ∈ TaB. Note that if a finite group

G acts compatibly on B, C, E, F , with the action on B being trivial, such that the

family D is G-equivariant, then (3.2.12) factors through HomG(kerDa, coker Da).

Remark 3.2.10. It is easily seen from Definition 3.2.9 that we can define the linearized

map D′|a by first choosing suitable trivializations to regard D as a family of G-

equivariant operators

b 7→ Db : Ω
0(Ca, Ea) → Ω0(Ca, Fa) (3.2.15)

and setting D′|a(v) · σ to be the projection of
[
d
dt
Dγ(t)σ|t=0

]
onto coker Da, where γ

is any smooth path in B with γ(0) = a and γ̇(0) = v.

3.2.2 Super-rigidity

For the remainder of this section, we assume that the manifold X is a symplectic

Calabi–Yau 3-fold with symplectic form ω and, moreover, all almost complex struc-

tures under consideration will be assumed to be ω-compatible.

Fix g, d,b as in Definition 3.2.3 and a finite group G. Now, given A ∈ H2(X,Z),

define the universal moduli space

Md
b,G(M∗

g(X,A)) → J (X,ω) (3.2.16)

to consist of tuples (J,Σ, φ : Σ′ → Σ, ι) up to isomorphism where J ∈ J (X,ω),

Σ ⊂ X is an embedded J-curve of genus g in class A and φ is a branched cover of

type (g,b) along with an isomorphism ι between G and its generalized automorphism
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group (this is clearly a purely ineffective smooth Fréchet orbifold). Given any such

tuple, we can then form the associated Galois closure ψ : Σ̃ → Σ and consider the

G-equivariant operator ψ∗DN
Σ,J . Clearly its kernel and cokernel are finite dimensional

real G-representations.

Definition 3.2.11 (Loci of failure of super-rigidity). Given two nonzero finite di-

mensional G-representations k and c over R, define the universal moduli space

Md
b,G(M∗

g(X,A); k, c) → J (X,ω) (3.2.17)

to be the subset of Md
b,G(M∗

g(X,A)) consisting of those tuples (J,Σ, φ : Σ′ → Σ, ι),

with associated Galois cover ψ : Σ̃ → Σ, for which we have isomorphisms kerψ∗DN
Σ,J ≃

k and coker ψ∗DN
Σ,J ≃ c of G-representations.

We now state the version of [Wen21, Theorem D] that we will need for the rest of

the article. Some immediate corollaries are also explained below.

Theorem 3.2.12 (Stratification). In the setting of Definition 3.2.11, away from an

exceptional subset of infinite codimension of J (X,ω), the subspace

Md
b,G(M∗

g(X,A); k, c) ⊂ Md
b,G(M∗

g(X,A)) (3.2.18)

is a Fréchet sub-orbifold of codimension given by dimR Hom
G(k, c).

Remark 3.2.13. In the statement of Theorem 3.2.12, we are using the fact that the

Petri condition (see [Wen21, Section 5] for more details) holds on J (X,ω) away from

an exceptional subset which has infinite codimension. In practice, we can ignore this

exceptional set as in the next corollary.

Corollary 3.2.14. Let P be a second countable manifold and let JP (X,ω) denote the

space of smooth ω-compatible almost complex structures parametrized by P with the
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C∞ topology. Let P = {Js}s∈P be an element in JP (X,ω) for which the associated

map P → J (X,ω) is transverse to the forgetful map (3.2.17) over a closed subman-

ifold Q ⊂ P . Define J (X,ω)P,Q to be the Fréchet manifold of P ′ ∈ JP (X,ω) which

coincide with P over Q ⊂ P . Then, the subset of J (X,ω)P,Q consisting of those P ′

for which the associated map P → J (X,ω) is transverse to (3.2.17) is a Baire set,

and therefore, dense.

Definition 3.2.15 (Wall). For δ = (g, d, b, G, k, c, A) as in Definition 3.2.11 define

Wd
b,G(g, A, k, c) ⊂ J (X,ω) (3.2.19)

to be the image of the forgetful map (3.2.17). Define the wall W ⊂ J (X,ω) to be the

set of all J which are not super-rigid. Clearly, we have

W = Wemb ∪
⋃
δ

Wd
b,G(g, A,k, c) (3.2.20)

by passing to Galois covers in Definition 3.1.4. We refer to each term in the union

in (3.2.20) as a stratum of the wall W.

We will now determine a way to separate W into those strata which have codi-

mension 1 in J (X,ω) and those which have codimension ≥ 2. We do this essentially

by rewording the proof of [Wen21, Theorem A] for X and following the remarks from

[Wen21, §2.4].

Lemma 3.2.16 (Wall: codimension 1 strata). Away from a codimension 2 subset

of J (X,ω), the codimension 1 stratum of W ⊂ J(X,ω) is a union of those strata

Wd
b,G(g, A, k, c) which are non-empty such that

(i) each bji ∈ {1, 2}, i.e., each ramification point is simple and,

(ii) the G-representation k is faithful, irreducible and of real type, i.e., its equivariant

endomorphism algebra EndG(k) is isomorphic to R.
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Proof. Begin by noting that Wemb is of codimension 2 in J (X,ω). Now, take J in

W \ Wemb and not in the exceptional set from Theorem 3.2.12. This means that

we can find a minimum possible d ≥ 1, an embedded J-curve Σ ⊂ X and a d-fold

branched cover φ : Σ′ → Σ such that kerφ∗DN
Σ,J ̸= 0. Let ψ : Σ̃ → Σ be the Galois

closure of φ and let G = Gal(Σ̃/Σ) while H = Gal(Σ̃/Σ′). Let θi for i = 1, . . . , p

denote the complete list of irreducible representations of G over R. For each i, recall

that we have the twisted operators DN
ψ,θi

, as in [Wen21, §2.2 and §3.4] and Definition

3.2.5, whose kernels (and similarly cokernels) are related to ψ∗DN
Σ,J by the following

formulas

kerDN
ψ,θi

= HomG(θ∗i , kerψ
∗DN

Σ,J) (3.2.21)

kerψ∗DN
Σ,J =

⊕
i

θ∗i ⊗Ki
kerDN

ψ,θi
(3.2.22)

where Ki = EndG(θi), and (3.2.21), (3.2.22) are isomorphisms of Ki-modules and

G-representations respectively. Now, the assumption implies that we can find an

1 ≤ j ≤ p such that (θ∗j )
H ̸= 0 and kerDN

ψ,θj
̸= 0. We contend that θj must be a

faithful G-representation. If not, let (1) ̸= K ◁G be such that θj descends to G/K.

Note that K ̸⊂ H (since H has trivial normal core) and thus, DN
Σ,J pulled back to

Σ̃/HK has a non-trivial kernel (contradicting the minimality of d). Now that we

know that θi is faithful, we can use [Wen21, Lemma 2.10] to get

indKj
DN
ψ,θj

≤ −2r (3.2.23)

where r is the number of distinct branch points of φ. Moreover, this estimate is strict

in case Kj = R unless all the ramification points of φ are simple (i.e. they’re all locally

2-to-1). Now, set ti = dimRKi, ki = dimKi
kerDN

ψ,θi
and ci = dimKi

coker DN
ψ,θi

and

90



note that the codimension of Wd
b,G(g, A,k, c) near J is

≥ −2r +
∑
i

tikici ≥ −2r + tjkj(kj + 2r) ≥ 1 (3.2.24)

using Theorem 3.2.12. Note that the shifting −2r comes from the dimension of

the moduli space of branched covers. (Here, b is constructed using φ, A = [Σ],

g = genus(Σ), k = kerψ∗DN
Σ,J and c = coker ψ∗DN

Σ,J .) Moreover, to obtain the

equality in the last estimate, we must have tj = kj = 1, ki = 0 for all j ̸= i (this last

part follows since indKi
DN
ψ,θi

≤ 0 by [Wen21, Lemma 2.10]) and indKj
DN
ψ,θj

= −2r.

[Wen21, Lemma 2.10] now implies that all the ramification points of φ must be locally

2-to-1.

3.3 A necessary condition for bifurcations

In this section, we will describe a necessary condition for a sequence of simple pseudo-

holomorphic curves (defined with respect to a sequence of almost complex structures)

to converge to a multiple cover of an embedded curve.

We emphasize that the main result of this section (Theorem 3.3.1) is independent

of [Wen21] and holds for almost complex manifolds in any dimension.

Fix an even dimensional manifold X2n for the rest of this section. Let

F : V → J (X) (3.3.1)

be a smooth family of almost complex structures on X parametrized by a smooth

finite dimensional manifold V (i.e. F defines a smooth section π∗
XEnd(TX) with

F2 = −id with πX : V ×X → X being the projection). Given a smooth projective

curve C, denote by Mh(C, k) the moduli stack of genus h stable maps of degree k

with target C.
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Theorem 3.3.1 (Necessary condition for bifurcation). Let xν → x be a convergent

sequence in V , with Jν := F(xν) for ν ≥ 0 and J := F(x). Let h ≥ 0 be an integer

and suppose that we have a sequence (Jν , φν : Σ
′
ν → X) of simple Jν-curves of genus

h converging, in the Gromov topology, to a stable map

(J,C ′ φ−→ C ⊂ X) (3.3.2)

with C being a smooth embedded J-curve of genus g ≤ h and φ : C ′ → C being an

element of Mh(C, k) for some integer k ≥ 1. Then, exactly one of the following must

be true.

(i) We have g = h, k = 1 and φ : C ′ → C is an isomorphism.

(ii) The natural pullback map

φ∗ : kerDN
C,J → kerφ∗DN

C,J (3.3.3)

is injective but not surjective.

The alternative (ii) provides a necessary condition for bifurcations of the moduli

spaces of embedded pseudo-holomorphic curves to occur. Before proceeding to the

proof, we make a few remarks comparing this to similar statements in the literature

and pointing out some natural extensions of this result.

Remark 3.3.2. (a) If we further suppose that there exists a sequence Cν of embedded

Jν-curves of genus g converging to C (this is ensured, for example, if DN
C,J is

surjective), then the rescaling argument used to prove [Wen21, Proposition B.1]

yields the weaker conclusion kerφ∗DN
C,J ̸= 0.

(b) Theorem 3.3.1 rules out the possibility of a sequence of simple curves of genus h

converging in the Gromov topology to an embedded curve of genus g < h with
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some ghost components attached. In particular, if A ∈ H2(X,Z) is a primitive

homology class in a 6-dimensional symplectic manifold (X,ω) with c1(A) = 0,

then for any path γ in Jemb(X,ω) (in the sense of [DW19a, Definition 2.36]), the

moduli space Memb
h (X, γ,A) of embedded genus h curves of class A is compact.

This can be used to recover [DW19a, Theorem 1.5(1)].

(c) If ι : C → X is just a simple J-curve and not necessarily an embedding, then the

2-term complex

N•
ι = [TC

dι−→ ι∗TX ] (3.3.4)

of vector bundles concentrated in degrees−1 and 0 (equipped with their respective

Cauchy–Riemann operators) serves as a replacement for the normal bundle NC

equipped with the operator DN
C,J . It should be possible to extend our proof of

Theorem 3.3.1 to the case when ι is simple provided we replace DN
C,J by N•

ι in

the conclusion.

(d) The restriction in Theorem 3.3.1 to finite dimensional families of almost complex

structures suffices for all applications we are aware of but it should be possible

to extend our proof to the infinite dimensional case as well. We would have to

replace the appeal to Brouwer’s Invariance of Domain (as in §3.3.5) by a more

careful analysis of the differential of the inclusion from Lemma 3.3.7. To deal with

the lack of differentiability of the moduli space near curves with nodal domains,

one would have to use suitable relative tangent bundles associated to canonical

“rel–C∞ structures” on the moduli spaces as in [Swa21].

The remainder of this section is devoted to the proof of Theorem 3.3.1. The main

idea of the argument is given in §3.3.1 and involves counting dimensions of moduli

spaces. However, there are some issues related to transversality which we need to

overcome before this outline can be turned into a rigorous proof. In §3.3.2–§3.3.4, we
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show how to tackle these issues and complete the proof in §3.3.5.

3.3.1 Outline of the argument

Set A = [C] ∈ H2(X,Z) and let

Memb
g (X,F , A) (3.3.5)

be the moduli space of pairs (y,Σ), where y ∈ V and Σ ⊂ X is an embedded F(y)-

curve of genus g in class A. Also consider the moduli space

Mh(X,F , kA) (3.3.6)

consisting of pairs (y, φ′ : Σ′ → X), where y ∈ V and φ′ is a stable F(y)-holomorphic

map in X of genus h and class k[C] and the moduli space

Mh(Memb
g (X,F , A), k) (3.3.7)

consisting of triples (y,Σ, ψ : Σ′ → Σ), where (y,Σ) lies in (3.3.5) and (Σ′, ψ) lies in

Mh(Σ, k). There is a natural inclusion of (3.3.7) inside (3.3.6), given by

(y,Σ, ψ : Σ′ → Σ) 7→ (y,Σ′ ψ−→ Σ ⊂ X), (3.3.8)

and the proof of Theorem 3.3.1 will follow by showing that codimension of (3.3.7)

inside (3.3.6) at the point (x,C ′ φ−→ C ⊂ X) is given by the dimension of the cokernel

of (3.3.3). However, both (3.3.6) and (3.3.7) are not smooth in general therefore the

notion of codimension is not well-defined. To remedy the situation, we will need to

thicken the moduli spaces (in the sense of [Par16, Definition 9.2.3]) compatibly so

that (3.3.8) becomes an inclusion of manifolds, at least near the point (x, φ), whose
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codimension can then be computed.

3.3.2 Preparation

Lemma 3.3.3 (Transversality for embedded curves). We can find a smooth manifold

V ′ containing V as a submanifold and a smooth family F ′ : V ′ → J (X) extending F

such that the moduli space

Memb
g (X,F ′, A) (3.3.9)

is a smooth manifold of the expected dimension = dimV ′ + ind DN
C,J near (x,C).

Proof. This is a variant of the argument in [MS12, Proposition 3.2.1]. Indeed, by the

implicit function theorem, it suffices to arrange that the linearized map

TxV
′ → coker DN

C,J (3.3.10)

v′ 7→ 1
2
(dF ′|x · v′) ◦ dι ◦ j (3.3.11)

is surjective, where ι denotes the inclusion C ⊂ X and j denotes the restriction of J to

TC . The right side of (3.3.11) is an element of Ω0,1(C, TX |C) which we are projecting

to Ω0,1(C,NC) and then to coker DN
C,J . Note that the restriction map

TJJ = EndJ(TX) → HomC(TC , NC) = Ω0,1(C,NC) (3.3.12)

is surjective and thus, we may lift a (finite) basis of coker DN
C,J to TJJ . It is now

easy to define V ⊂ V ′ and F ′ extending F such that (3.3.10) is surjective.

Before proceeding further, we pick some auxiliary data.

1. Choose a Riemannian metric onX such that we can identify the unit disc bundle

in NC with a tubular neighborhood of C ⊂ X, with fiber over p ∈ C denoted
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by Dp (a codimension 2 submanifold with boundary of X).

2. Choose an integer m ≥ 0 and finitely many points p1, . . . , pm ∈ C (which are

not the images of critical points of φ or nodal points of C ′) such that

(a) (C, p1, . . . , pm) is a stable curve and,

(b) the evaluation map

kerDN
C →

m⊕
i=1

NC,pi (3.3.13)

is injective.

Note that for all (y,Σ) in (3.3.5) close to (x,C), the curve Σ intersects eachDi :=

Dpi transversally at a unique point (and is disjoint from ∂Di). The submanifolds

D1, . . . , Dm will serve as “stabilizing divisors” in the sense of [Par16, Lemma

9.2.8].

3. Choose a complex manifold M and a complex analytic family π : C → M of

genus g curves with sections σ1, . . . , σm (corresponding to m marked points

which stabilize the fibers), equipped with a basepoint ∗ ∈ M and an isomor-

phism

i : (C, p1, . . . , pm)
≃−→ (C∗, σ1(∗), . . . , σm(∗)) (3.3.14)

such that the resulting map M → Mg,m is étale at ∗ (i.e. provides a local

orbifold chart near ∗). Here, Cs denotes the curve π−1(s) for s ∈ M. The

choice of the family (π : C → M, σ1, . . . , σm) is analogous to choosing a local

Teichmüller slice at (C, p1, . . . , pm).

4. For 1 ≤ i ≤ m, choose a numbering φ−1(pi) = {q1i , . . . , qki }. Note that each qji

must be a smooth point of C ′ with dφ(qji ) ̸= 0. Moreover, (C ′, {qji }) is a stable
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curve. Choose a complex manifold M′ and a (flat) complex analytic family

π′ : C′ → M′ of (possibly nodal) arithmetic genus h curves with sections τ ji

(corresponding to km marked points which stabilize the fibers), equipped with

a basepoint • ∈ M′ and an isomorphism

i′ : (C ′, {qji })
≃−→ (C′

•, {σ
j
i (•)}) (3.3.15)

such that the resulting map M′ → Mh,km is étale at • (i.e. provides a local

orbifold chart near •).

5. Let us denote by

Cemb
g (X,F ′, A) ↪→ Memb

g (X,F ′, A)×X (3.3.16)

the universal embedded curve. As a subset, it is given by the union of the subsets

{(y,Σ)} × Σ over all (y,Σ) ∈ Memb
g (X,F ′, A). The first projection of (3.3.16)

defines a smooth family of curves (i.e. Riemann surfaces) over Memb
g (X,F ′, A)

and thus, there is a smooth classifying map

Cemb
g (X,F ′, A) C

Memb
g (X,F ′, A) M

Ψ

Φ

(3.3.17)

defined near (x,C) which maps (y,Σ) ∈ Memb
g (X,F ′, A) to the point of M

corresponding to (Σ,Σ ∩ D1, . . . ,Σ ∩ Dm) and specializes to the isomorphism

(3.3.14) over (x,C).

Remark 3.3.4. All the assertions for the remainder of the argument are to be under-

stood to hold only when we are sufficiently close to the basepoints (x,C), (x,C, φ :
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C ′ → C), (x,C ′ φ−→ C ⊂ X), ∗ and •. The size of these neighborhoods may shrink

from one line to the next.

Lemma 3.3.5 (Auxiliary embedding). The map

Memb
g (X,F ′, A) → V ′ ×D1 × · · · ×Dm (3.3.18)

defined in a neighborhood of (x,C) by

(y,Σ) 7→ (y,Σ ∩D1, · · · ,Σ ∩Dm) (3.3.19)

is a smooth embedding near (x,C).

Proof. By the inverse function theorem, it will suffice to check that the differential

T(x,C)Memb
g (X,F ′, A) → TxV

′ ⊕
m⊕
i=1

NC,pi (3.3.20)

of (3.3.18) at (x,C) is injective. This follows from the exact sequence

0 → kerDN
C,J → T(x,C)Memb

g (X,F ′, A) → TxV
′ (3.3.21)

and the fact that (3.3.13) is injective.

3.3.3 Thickened moduli space of covers

As an intermediate step to tackling (3.3.7), we first study the moduli space

Mh(M, k) (3.3.22)
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which consists of pairs (s, ψ : Σ′ → Cs), where s ∈ M and (Σ′, ψ) is in Mh(Cs, k). We

immediately note that

Mh(Memb
g (X,F ′, A), k) = Memb

g (X,F ′, A)×M Mh(M, k) (3.3.23)

where Mh(M, k) → M is the natural projection while Memb
g (X,F ′, A) → M is the

classifying map from (3.3.17). Now, let

D∂̄|φ : C∞(C ′, φ∗TC) → C∞(C̃ ′,Ω0,1

C̃′ ⊗C φ
∗TC) (3.3.24)

be the linearized Cauchy–Riemann operator associated to the holomorphic map φ :

C ′ → C, where C̃ ′ is the normalization of the curve C ′. Choose E to be a finite

dimensional vector space and

λ : E → C∞(C′◦ × C,Ω0,1
C′◦/M′ ⊠C TC/M) (3.3.25)

to be a linear map (where C′◦ ⊂ C′ is the complement of the nodal points of the

fibers of π′) with support proper over M′×M such that its restriction along the map

C ′ ↪→ C′ × C given by i′ × (i ◦ φ ◦ i′−1) yields an isomorphism

E = coker D∂̄|φ. (3.3.26)

Now introduce the moduli space

Mh(M, k)λ (3.3.27)

consisting of tuples (s ∈ M, s′ ∈ M′, ψ : C′
s′ → Cs, e ∈ E) satisfying the λ-thickened

Cauchy–Riemann equation (in the sense of [Par16, Definition 9.2.3]) and incidence
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conditions

∂̄ψ + λ(e)(·, ψ(·)) = 0 (3.3.28)

ψ(τ ji (s
′)) = σi(s) transverse (3.3.29)

for each 1 ≤ i ≤ m and 1 ≤ j ≤ k. The word transverse in (3.3.29) indicates that

dψ(τ ji (s
′)) ̸= 0. It now follows from [Par16, Proposition 9.2.6 & Appendix B] that

(3.3.27), near the point (∗, •, i ◦ φ ◦ i′−1, 0), is a topological manifold of the expected

dimension with the projection to M being a topological submersion. More explicitly,

the dimension of (3.3.27) relative to M is = vdim Mh(C, k) + dimE where we have

set

vdim Mh(C, k) = 2r (3.3.30)

with r = (2h− 2)− k(2g − 2) being the expected complex dimension of Mh(C, k).

We can now define the λ-thickened moduli space

Mh(Memb
g (X,F ′, A), k)λ = Memb

g (X,F ′, A)×M Mh(M, k)λ (3.3.31)

which is also a topological manifold, near the point (x,C, φ : C ′ → C, 0). Moreover, its

natural projection toMemb
g (X,F ′, A) is a topological submersion of relative dimension

2r + dimE near this point. The loci in (3.3.27) and (3.3.31) where the E-coordinate

vanishes respectively form local orbispace charts for (3.3.22) and (3.3.7).

Pulling back (3.3.25) along (3.3.17), we obtain a thickening datum

E → C∞(C′◦ × Cemb
g (X,F ′, A),Ω0,1

C′◦/M′ ⊗C TCemb
g (X,F ′,A)/Memb

g (X,F ′,A)) (3.3.32)

which we continue to denote by the same symbol λ.
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3.3.4 Thickened moduli space of stable maps

We will now transfer the thickening datum (3.3.32) to a suitably compatible thickening

datum

µ : E → C∞(C′◦ ×X × V ′ ×D1 × · · · ×Dm,Ω
0,1
C′◦/M′ ⊠C TX ′/V ′). (3.3.33)

We explain the notation in (3.3.33). Firstly, TX ′/V ′ denotes the relative tangent bundle

of the family X ′ = X ×V ′ → V ′ of almost complex manifolds defined by F ′ (i.e. it is

the vertical tangent bundle of X×V ′ → V ′ with fiberwise almost complex structures

specified by the family F ′). Secondly, the bundle Ω0,1
C′◦/M′ ⊠C TX ′/V ′ is defined on

C′◦ × (X × V ′) and the right side of (3.3.33) is to be interpreted as the space of

sections of this bundle pulled back along the coordinate projection C′◦ × X × V ′ ×

D1 × · · · ×Dm → C′◦ ×X × V ′.

Combining the embeddings (3.3.16) and (3.3.18), we get compatible embeddings

Cemb
g (X,F ′, A) X × V ′ ×D1 × · · · ×Dm

Memb
g (X,F ′, A) V ′ ×D1 × · · · ×Dm

(3.3.34)

which are fiberwise pseudo-holomorphic, i.e., their vertical differential induces fiber-

wise injective C-linear map from TCemb
g (X,F ′,A)/Memb

g (X,F ′,A) to the pullback of TX ′/V ′ .

Using this embedding we can regard λ as a section of Ω0,1
C′◦/M ⊠C TX ′/V ′ defined over

C′◦ × the image of Cemb
g (X,F ′, A) in V ′ ×D1 × · · · ×Dm. Now, by using a partition

of unity argument, we may extend (a suitable cutoff of) this vector bundle section to

the whole of C′◦ ×X × V ′ ×D1 × · · · ×Dm. This yields a linear map µ as in (3.3.33)

which agrees with λ near (x,C). Next, choose E ′ to be a finite dimensional vector
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space and

µ′ : E ′ → C∞(C′◦ ×X × V ′,Ω0,1
C′◦/M′ ⊠C TX ′/V ′) (3.3.35)

to be a linear map inducing an isomorphism

E ′ =
coker φ∗DN

C,J

coker DN
C,J

(3.3.36)

when restricted to {x} × graph(φ ◦ i′−1).

Now, we may define the (µ⊕ µ′)-thickened moduli space

Mh(X,F ′, kA)µ,µ′ (3.3.37)

to consist of all tuples (y ∈ V ′, s′ ∈ M, f : C′
s′ → X, e ∈ E, e′ ∈ E ′) such that

f∗[C
′
s′ ] = kA (3.3.38)

rji := f(τ ji (s
′)) ∈ Di transverse intersection (3.3.39)

∂̄F(y)f + µ(e)(·, f(·), y, r11, . . . , r1m) + µ′(e′)(·, f(·), y) = 0. (3.3.40)

The words transverse intersection in (3.3.39) indicate that the image of df(σji (s
′))

and Trji
Di together span Trji

X. Note that the expected dimension of (3.3.37) is

(n− 3)(2− 2h) + 2c1(kA) + dim(E ⊕ E ′) + dimV ′ (3.3.41)

= (n− 1)(2− 2h) + 2k(c1(A) + 2g − 2) + 2r + dim(E ⊕ E ′) + dimV ′ (3.3.42)

= ind φ∗DN
C + vdim Mh(C, k) + dim(E ⊕ E ′) + dimV ′ (3.3.43)

where r is as in (3.3.30). Moreover, the locus in (3.3.37) where the (E⊕E ′)-coordinates

vanish gives a local orbispace chart near (x, •, φ ◦ i′−1, 0, 0) for Mh(X,F ′, kA).
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Lemma 3.3.6. The moduli space Mh(X,F ′, kA)µ,µ′ is a topological manifold of the

expected dimension near (x, •, φ ◦ i′−1, 0, 0).

Proof. By [Par16, Proposition 9.2.6 & Appendix B], it is enough to check that the

relevant linearized operator at (x, •, φ◦ i′−1, 0, 0) is surjective. Splitting the linearized

Cauchy–Riemann operator D∂̄J |φ on φ∗TX along the directions tangent and normal

to C, we can argue for surjectivity as follows. The cokernel of the φ∗TC component

of D∂̄J |φ is annihilated by the linearization of the µ-term using isomorphism (3.3.26).

For the normal part, i.e. φ∗DN
C,J , we argue as follows. Using the surjectivity of

(3.3.10), we see that coker DN
C,J is annihilated by the variation dF|x of almost complex

structures parametrized by V ′. The remaining part of coker φ∗DN
C,J is annihilated by

the linearization of µ′ using the isomorphism (3.3.36).

Lemma 3.3.7 (Compatibility of thickenings). The assignment

Mh(Memb
g (X,F ′, A), k)λ → Mh(X,F ′, kA)µ,µ′

((y,Σ), (s, s′, ψ : C′
s′ → Cs, e)) 7→ (y, s′,Ψ−1

(y,Σ) ◦ ψ : C′
s′ → Σ ⊂ X, e, 0)

(3.3.44)

defines a continuous injective map from a neighborhood of ((x,C), (∗, •, i◦φ◦ i′−1, 0))

to a neighborhood of (x, •, φ ◦ i′−1, 0, 0). Here Ψ is the classifying map from (3.3.17).

Proof. It will suffice to show that the map is well-defined since continuity and injec-

tivity are evident. So, let us assume that ((y,Σ), (s, s′, ψ : C′
s′ → Cs, e)) is a point in

(3.3.31). Setting {p̂i} = Di ∩ Σ, this means that we have Φ(y,Σ) = s, a biholomor-

phism

Ψ(y,Σ) : (Σ, p̂1, . . . , p̂m)
≃−→ (Cs, σ1(s), . . . , σm(s)) (3.3.45)

of stable curves and that the equations (3.3.28) and (3.3.29) are satisfied. We then

need to verify that the tuple (y, s′,Ψ−1
(y,Σ)◦ψ : C′

s′ → Σ ⊂ X, e, 0) satisfies the equations
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(3.3.38)–(3.3.40). If (y,Σ) is sufficiently close to (x,C), then we have [Σ] = [C] = A

and thus, (3.3.38) is satisfied. (3.3.29) has (3.3.39) as an immediate consequence. To

deduce (3.3.40) from (3.3.28), it will suffice to check that

Ψ∗
(y,Σ) [λ(e)(·, ψ(·))] = µ(e)(·,Ψ−1

(y,Σ) ◦ ψ(·), y, p̂1, . . . , p̂m) (3.3.46)

since p̂i = Ψ−1
(y,Σ)(σi(s)) = Ψ−1

(y,Σ) ◦ ψ(τ 1i (s′)) for 1 ≤ i ≤ m. By construction, µ agrees

with λ via the embedding (3.3.34) in a neighborhood of (x,C) and (3.3.46) follows

from this immediately.

Corollary 3.3.8. The map from Lemma 3.3.7 is an inclusion of codimension given

by

dimkerφ∗DN
C,J − dimkerDN

C,J ≥ 0. (3.3.47)

Proof. The dimension of (3.3.31) is given by

dimV ′ + ind DN
C,J + vdim Mh(C, k) + dimE (3.3.48)

while the dimension of (3.3.37) is given by

dimV ′ + ind φ∗DN
C,J + vdim Mh(C, k) + dimE + dimE ′ (3.3.49)

and thus, from (3.3.36), we find that the codimension of (3.3.31) in (3.3.37) is precisely

given by (3.3.47).

3.3.5 Concluding the proof of Theorem 3.3.1

We will now prove Theorem 3.3.1 by contradiction. To this end, assume that (3.3.47)

is zero. Then, the map from Lemma 3.3.7 is an injective continuous map between
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topological manifolds of the same dimension and thus, by Brouwer’s Invariance of

Domain ([Hat02, Theorem 2B.3]), its image must cover an open neighborhood of

(x, •, φ ◦ i′−1, 0, 0). Restricting this over V × 0× 0 ⊂ V ′ × E × E ′, we conclude that

Mh(Memb
g (X,F , A), k) = Mh(X,F , kA) (3.3.50)

in a neighborhood of (x, φ : C ′ → C ⊂ X). This is a contradiction to the existence

of the sequence (Jν , φν : Σ
′
ν → X) unless h = g and k = 1 (in which case φ must also

be an isomorphism).

3.4 Bifurcation analysis

We begin by describing the class of bifurcations that we will treat in this article. Given

any δ = (g, d,b, G,k, c, A) as in Definition 3.2.11, let r, h and H ⊂ G be the number

of branch points, domain genus and the (conjugacy class of) subgroup corresponding

to the d-fold covers in question. We remind the reader that, as in §3.2.2, we will be

assuming throughout this section that (X,ω) is a symplectic Calabi–Yau 3-fold.

Definition 3.4.1 (Elementary wall type). We say that δ is an elementary wall type

if it satisfies conditions (1)–(2) below.

(1) d ≥ 2 and either r = 0, i.e. unbranched covers, or for each 1 ≤ i ≤ r, we have

b1i = 2 and bji = 1 for 1 < j ≤ qi.

(2) The G-representation k is faithful, irreducible and of real type. Moreover, if r = 0,

then we have dimR k
H ≤ 1.

In this case, the subset Wd
b,G(g, A, k, c) ⊂ J (X,ω) from Definition 3.2.15 is called an

elementary wall. If we also have kH = 0, then we say that the elementary wall type δ

is trivial.
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Note that condition (1) in Definition 3.4.1 is just a strengthening of condition (i)

in Lemma 3.2.16 while condition (2) of Definition 3.4.1 is a strengthening of condition

(ii) of Lemma 3.2.16. Using [Wen21, Appendix B] and Lemma 3.2.8, the non-triviality

of δ is a necessary condition for a bifurcation to occur (see Lemma 3.4.9 below for

more details).

Example 3.4.2. Definition 3.4.1 covers many cases, including the following.

(1) Any degree 2 morphism Σ′ → Σ of curves gives an elementary wall type δ, with

G = Z/2Z and k being the unique one-dimensional non-trivial representation

of Z/2Z. A result analogous to Theorem 3.4.7 below in the case of unbranched

double covers of tori in dimension 4 appears in [Tau96b].

(2) For any d ≥ 2, consider a degree d morphism Σ′ → Σ with distinct simple branch

points with generalized automorphism group being the whole symmetric group Sd.

Such covers always exist provided

2h− 2− d(2g − 2) = r ≥ 2d− 2 (3.4.1)

where h = genus(Σ′) and g = genus(Σ) and they give rise to elementary wall

types with G = Sd and k being the subrepresentation {(x1, . . . , xd) :
∑

i xi = 0} of

the tautological representation of Sd on Rd. The subgroup H ⊂ G in this case is

given by Sd−1.

(3) For any n ≥ 1, take d = 2n+1 and consider a degree d unbranched cover Σ′ → Σ

of a genus g ≥ 2 curve given by the permutation representation

ρ : π1(Σg) = ⟨a1, b1, . . . , ag, bg : [a1, b1] · · · [ag, bg] = 1⟩ → S2n+1 (3.4.2)

ρ(a1) = ρ(b1) = (1 2)(3 4) · · · (2n− 1 2n) (3.4.3)

ρ(a2) = ρ(b2) = (2 3)(4 5) · · · (2n 2n+ 1) (3.4.4)
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and ρ(ai) = ρ(bi) = 1 for i > 2. Note that the generalized automorphism group

im ρ = G ⊂ S2n+1 of this cover is isomorphic to the dihedral group

D2n+1 = ⟨τ, θ : τ 2 = θ2n+1 = 1, τθτ−1 = θ−1⟩ (3.4.5)

with τ = (1 2)(3 4) · · · (2n−1 2n) and τθ = (2 3)(4 5) · · · (2n 2n+1). The subgroup

H is given by ⟨τ⟩ ⊂ D2n+1. The standard 2-dimensional representation k which

realizes D2n+1 as the isometry group of a regular (2n+ 1)-gon in R2 gives rise to

a non-trivial elementary wall type.

(4) Let n ≥ 2 be an integer and let d = 2n. For integers g, s ≥ 1, define a degree d

branched cover Σ′ → Σ of a genus g curve with 2s distinct simple branch points

{q1, . . . , q2s} ⊂ Σ by the permutation representation

ρ : π1(Σg \ {q1, . . . , q2s}) (3.4.6)

= ⟨a1, b1, . . . , ag, bg, c1, . . . , c2s : [a1, b1] · · · [ag, bg]c1 · · · c2s = 1⟩ → Sd (3.4.7)

ρ(ai) = ρ(bi) = (1 2 · · · n)(n+ 1 · · · 2n), ρ(cj) = (1 n+ 1) (3.4.8)

for all 1 ≤ i ≤ g and 1 ≤ j ≤ 2s. Note that the generalized automorphism group

im ρ = G ⊂ Sd is isomorphic to (Z/2Z)n ⋊ Z/nZ via

((0, 0, . . . , 0), 1) 7→ (1 2 · · · n)(n+ 1 · · · 2n) (3.4.9)

((1, 0, . . . , 0), 0) 7→ (1 n+ 1) (3.4.10)

and the subgroup H ⊂ G is given by (Z/2Z)n−1 × {0}. The group G has a

representation k = Rn, where Z/nZ acts by cyclically permuting the coordinates

while (α1, . . . , αn) ∈ (Z/2Z)n acts by the matrix diag[(−1)α1 , . . . , (−1)αn ], and

this gives rise to a non-trivial elementary wall type.
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Let J+, J− ∈ J (X,ω) be super-rigid almost complex structures (which will remain

fixed for the rest of this section). Define P(J−, J+) to be the space of smooth paths

γ : [−1, 1] → J (X,ω) with γ(±1) = J±. Before giving the statement of our main

result on bifurcations, we need some preliminaries which we now turn to.

Lemma 3.4.3 (Generic transversality to wall strata). There is a Baire subset

B′ ⊂ P(J−, J+) (3.4.11)

such that any γ ∈ B′ has the following property. The image γ([−1, 1]) ⊂ J (X,ω)

avoids Wemb and γ is transverse to each of the maps (3.2.17). In particular, when-

ever the Fredholm index of (3.2.17) is ≤ −2, the image γ([−1, 1]) avoids the image

Wd
b,G(g, A, k, c) of (3.2.17).

Proof. Note that J± are not contained in the wallW (see Definition 3.2.15). Applying

the Sard–Smale theorem (countably many times) to suitable universal moduli spaces

over P(J−, J+), we obtain a Baire subset B′ ⊂ P(J−, J+) consisting of paths γ which

are transverse to Wemb as well as to each of the maps (3.2.17). Since Wemb ⊂ J (X,ω)

is a subset of codimension ≥ 2 (as are those Wd
b,G(g, A,k, c) for which (3.2.17) has

Fredholm index ≤ −2), transversality implies that γ([−1, 1]) avoids all of these.

Let γ ∈ B′ be a path from J− to J+. Suppose that we have t0 ∈ (−1, 1) and

p = (γ(t0),Σ, φ : Σ′ → Σ, ι) ∈ Md
b,G(M∗

g(X,A);k, c). Let ψ : Σ̃ → Σ be a Galois

closure of φ with H ⊂ G being such that Σ′ = Σ̃/H. Introduce the abbreviation

D = DN
Σ,γ(t0)

. (3.4.12)

Lemma 3.4.3 guarantees that γ and (3.2.17) are transverse at (t0, p), which yields a
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canonical isomorphism

Tt0γ
≃−→ Hom(kerφ∗D, coker φ∗D)/TφMd

b,G(Σ) (3.4.13)

between the tangent space of γ at t0 and the normal space of Wd
b,G(g, A,k, c) ⊂

J (X,ω) at γ(t0), where we have used Lemmas 3.2.8 and 3.2.16 to make the natural

identification

HomG(kerψ∗D, coker ψ∗D) = Hom(kerφ∗D, coker φ∗D) (3.4.14)

given by restriction to the H-fixed subspace. Orient the two sides of (3.4.13) by

identifying Tt0γ with R in the obvious way, using the complex structure on the orbifold

Md
b,G(Σ) and using the standard orientation on the determinant line det(φ∗D), which

is obtained via the spectral flow when we deform φ∗D to a C-linear Cauchy–Riemann

operator.

Definition 3.4.4 (Sign of wall crossing). With notation as above, we call the pair

(t0, p) a wall crossing along γ. The sign of this wall crossing is defined to be the sign

of the isomorphism (3.4.13) and is denoted by

sgn(γ, t0; p) ∈ {−1,+1}. (3.4.15)

We call the wall crossing positive or negative in accordance with its sign. When

δ = (g, d, b, G, k, c, A) is an elementary wall type, we say that the wall crossing is

elementary.

If δ = (g, d,b, G,k, c, A) is an elementary wall type for which (3.2.17) has Fred-

holm index ≤ −1, then we have a natural codimension ≥ 1 subspace

Md
b,G(M∗

g(X,A);k, c)♠ ⊂ Md
b,G(M∗

g(X,A);k, c) (3.4.16)
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consisting of points which are “degenerate”. (See Definition 3.4.21 and Lemma 3.4.24

for details.) Denote its image under (3.2.17) by Wd
b,G(g, A,k, c)♠ and note that it is

a subset of codimension ≥ 2 in J (X,ω).

Lemma 3.4.5 (Generic non-degeneracy). There is a Baire subset

B′′ ⊂ P(J−, J+) (3.4.17)

with the property that every γ ∈ B′′ has image disjoint from Wd
b,G(g, A, k, c)♠ for each

elementary wall type δ = (g, d, b, G, k, c, A) for which the map (3.2.17) has Fredholm

index ≤ −1.

Proof. This follows by an application of the Sard–Smale theorem (countably many

times) to suitable universal moduli spaces over P(J−, J+). The key observation is

that the subsets Wd
b,G(g, A,k, c)♠ have codimension ≥ 2 in J (X,ω).

Remark 3.4.6. The subsets B′ and B′′ can both be chosen to be invariant under smooth

reparametrizations of paths.

Theorem 3.4.7 (Elementary bifurcations). Let γ ∈ P(J−, J+) be a path lying in the

Baire subset B′ ∩ B′′. Consider a point

p = (J,Σ, φ : Σ′ → Σ, ι) ∈ Md
b,G(M∗

g(X,A); k, c) (3.4.18)

such that (0, p) is an elementary wall crossing.

We can then find an open neighborhood O of φ : Σ′ → X in the Gromov topology

and an ϵ > 0 such that the parametric moduli space

((−ϵ, ϵ)×O) ∩M∗
h(X, γ, dA) → [−1, 1] (3.4.19)

of smooth embedded γ(t)-curves, with |t| < ϵ, of genus h and class dA, lying in O
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has the following properties. The fiber of (3.4.19) over t = 0 is empty and (3.4.19)

is a smooth oriented 1-dimensional manifold, with the projection to (−ϵ, 0) ∪ (0, ϵ)

being a proper submersion. Let m± and n± denote the unsigned and signed number,

respectively, of points in the fiber of (3.4.19) over t for ±t > 0.

(i) We have m± = 0 if δ is trivial, or if r = 0 and H ⊂ G is not a maximal subgroup

such that kH ̸= 0.

(ii) If we’re not in either of the cases from (i), then we have Γ = Aut(φ) ⊂ Z/2Z,

the estimate |Γ| · |m±| ≤ 2 and the identity

n+ − n− = −2 · sgn(γ, 0; p)
|Γ|

. (3.4.20)

Moreover, if (ti,Σ
′
i ⊂ X) is any sequence of points in (3.4.19) with ti → 0, then

the Gromov limit of this sequence exists and is given by φ : Σ′ → X.

Remark 3.4.8. Note that for J = γ(0), an element σ ∈ ker(φ∗DN
Σ,J) can be viewed

as a d-valued holomorphic section of the bundle NΣ over the curve Σ with singular

points given by the branched points of the cover φ : Σ′ → Σ. Theorem 3.4.7 asserts

that by varying J along a generic path γ, we can obtain a 1-parameter family of solu-

tions to the non-linear Cauchy–Riemann equations in X which give rise to embedded

γ(t)-holomorphic curves of class d[Σ]. We expect the proof of Theorem 3.4.7 (which is

carried out in the next section via Kuranishi models) to be useful in other similar sit-

uations. For instance, it is speculated in [Don19, Section 1] that a 2-valued harmonic

1-form defined over a special Lagrangian submanifold M in a Calabi–Yau manifold

(X,ω,Ω) should give rise to a 1-parameter family of special Lagrangian immersions

ιt : M̃ → X, where M̃ is the branched double cover of M branching along the singu-

lar set of the given harmonic 1-form. The similarity is quite transparent, though the

analysis needed to carry out the program in [Don19] is still under development.
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The rest of this section is devoted to the proof of Theorem 3.4.7. To orient the

reader, we start with a brief plan of the argument. In §3.4.1, we deal with the trivial

case of the theorem and focus our attention on the non-trivial case for the remainder.

In §3.4.2 and §3.4.3, we use the implicit function theorem to construct a Kuranishi

model for the moduli space of interest. The detailed analysis of the Kuranishi model,

which is the heart of the proof, is carried out in §3.4.4. The proof is completed

in §3.4.4 and §3.4.4 (modulo a crucial technical result whose proof is carried out in

§3.4.4).

Throughout the argument, we will be freely using the notation from the statement

of Theorem 3.4.7. In particular, the super-rigid almost complex structures J±, the

elementary wall type δ = (g, d,b, G,k, c, A), the path γ ∈ B′ ∩ B′′ ⊂ P(J−, J+) and

the point p = (J,Σ, φ : Σ′ → Σ, ι) with J = γ(0) will remain fixed for the remainder

of this section. We will be abbreviating DN
Σ,J to D and will sometimes denote the

almost complex structure γ(t) by the symbol Jt.

3.4.1 Simplifications

Let r, h and H ⊂ G be the number of branch points, domain genus and the (conjugacy

class of) subgroup corresponding to the d-fold cover φ (as in Definition 3.4.1). We

will study what happens to the moduli space

M∗
h(X, γ, dA) → [−1, 1] (3.4.21)

of embedded genus h curves of class dA (lying in a neighborhood of φ : Σ′ → X in

the Gromov topology) as we go from t < 0 to t > 0.

Write k = θ∗ for some irreducible faithful representation θ of G of real type. At

the point p = (J,Σ, φ : Σ′ → Σ, ι) ∈ Md
b,G(M∗

g(X,A);k, c), with associated Galois
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closure ψ : Σ̃ → Σ, we have dimR kerD
N
ψ,θ = 1 and

kerψ∗D = θ∗ ⊗ kerDN
ψ,θ. (3.4.22)

Since d = [G : H] ≥ 2, it follows that G is non-trivial (note that we study bifurca-

tion analysis only in the multiply covered case since [IP18, Section 6] already treats

the corresponding analysis in the somewhere injective case). Taking G-invariants in

(3.4.22) implies that kerD = 0. There is therefore a unique embedded γ(t)-curve Σt

close to Σ for each |t| small enough (obtained using the inverse function theorem).

Lemma 3.4.9 (No bifurcations for trivial δ). If δ is a trivial elementary wall type,

then we can find ϵ > 0 and a neighborhood O of φ : Σ′ → X in the Gromov topology

such that (3.4.21) has no points contained in (−ϵ, ϵ)×O.

Proof. Assume to the contrary that we can find a sequence (ti,Σ
′
i ⊂ X) of embedded

γ(ti)-curves of genus h and class dA converging in the Gromov topology to (0, φ :

Σ′ → X). Now, exactly as in the proof of [Wen21, Proposition B.1], we may suitably

rescale Σ′
i in the normal direction to the embedded γ(ti)-curve Σti of genus g and

class A to obtain a nonzero element in kerφ∗D = (kerψ∗D)H in the Gromov limit as

i→ ∞. Now, (3.4.22) shows that kH ̸= 0, which implies that δ is non-trivial.

Lemma 3.4.9 completes the proof of Theorem 3.4.7 in the case when δ is trivial.

Thus, for the rest of this section, we shall focus exclusively on the case when δ is

non-trivial, i.e., (θ∗)H ̸= 0. We record below an important consequence of δ’s non-

triviality.

Lemma 3.4.10. The non-triviality of δ implies that p = (J,Σ, φ : Σ′ → Σ, ι) ∈

Md
b,G(M∗

g(X,A); k, c) satisfies the following.

(i) We have dimR(θ
∗)H = 1.
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(ii) For each irreducible representation ρ of G over R with ρ ̸≃ θ, we have either

indRD
N
ψ,ρ = 0 or (ρ∗)H = 0.

As a consequence, we have the identifications

kerφ∗D = (θ∗)H ⊗ kerDN
ψ,θ (3.4.23)

coker φ∗D = (θ∗)H ⊗ coker DN
ψ,θ. (3.4.24)

Proof. We use Lemma 3.2.8 to deduce the quasi-isomorphism

⊕
i

(θ∗i )
H ⊗Ki

DN
ψ,θi

→ φ∗D, (3.4.25)

which implies that we have the identity

indR(φ
∗D) =

∑
i

dimR(θ
∗)H · indKi

DN
ψ,θi

. (3.4.26)

Now, a simple computation using the Riemann–Roch formula (combined with the

Riemann–Hurwitz formula for φ and condition (1) of Definition 3.4.1) shows that the

left side of (3.4.26) is −2r. On the other hand, using [Wen21, Lemma 2.10], we have

dimR(θ
∗)H ·indR(D

N
ψ,θ) ≤ −2r while each summand on the right side of (3.4.26) is ≤ 0.

Thus, we must have equality in all these inequalities. If r > 0, this immediately gives

us (i) and (ii). If r = 0, then we get (ii) as above and (i) follows from Definition 3.4.1

and the non-triviality of δ. Finally, (3.4.23) and (3.4.24) are formal consequences of

statements (i) and (ii).

3.4.2 Preparation

Since γ ∈ B′, we know that it is transverse to the map (3.2.17) at t = 0 and p =

(J,Σ, φ : Σ′ → Σ, ι). Let us clarify the meaning of this transversality statement a

little further. Choose ϵ > 0 small enough so that for |t| < ϵ the inverse function
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theorem may be applied to produce an embedded γ(t)-curve Σt (of genus g and class

A) close to Σ. Define

Md
b,G(Σ, γ) → (−ϵ, ϵ) (3.4.27)

to be the smooth orbifold consisting of pairs (t, φ′′ : Σ′′ → Σt) such that t ∈ (−ϵ, ϵ) and

φ′′ belongs to Md
b,G(Σt) as in Definition 3.2.3 (equipped with the obvious projection

(t, φ′′) 7→ t). Being a smooth orbifold, it has a well-defined tangent space at each

point (which may be regarded as representations of the isotropy group at that point).

It is easy to see that (3.4.27) is a smooth locally trivial bundle over (−ϵ, ϵ). Thus, we

have a natural short exact sequence

0 → TφMd
b,G(Σ) → T(0,φ)Md

b,G(Σ, γ) → Rt → 0 (3.4.28)

relating the tangent spaces of the fiber, the total space and the base. Transversality

of γ and (3.2.17) at (0, p) then says that the natural map

T(0,φ)Md
b,G(Σ, γ)

≃−→ HomG(kerψ∗D, coker ψ∗D) (3.4.29)

is an isomorphism, where ψ : Σ̃ → Σ is the Galois closure of φ. Here (3.4.29) is

the linearized map, in the sense of Definition 3.2.9, associated to the family of G-

equivariant Cauchy–Riemann operators on Md
b,G(Σ, γ) given by

p′ = (t, φ′′ : Σ′′ → Σt, ιt) 7→ ψ∗
p′(D

N
Σt,γ(t)) (3.4.30)

where p′ 7→ (ψp′ : Σ̃
′′ → Σ′′ → Σt) is a continuous family of Galois closures extending

ψ at p.

Next we will study the stable map moduli space Mh(X, γ, dA) locally near (0, φ)
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as an intermediate step to understanding (3.4.19). The strategy is to use the implicit

function theorem to first produce a Kuranishi model and then explicitly analyze the

resulting Kuranishi map. Before proceeding to this, let us establish the notations for

the domain and target of the Kuranishi map (which are respectively the kernel and

cokernel of the corresponding linearized operator).

Domain of the Kuranishi model

To describe the domain explicitly, let us denote the inclusion of Σ in X by ι and the

linearized Cauchy–Riemann operator on ι∗TX (resp. φ∗TX) by D̃ (resp. D̃φ = φ∗D̃).

Moreover, write K = γ̇(0). The domain of the Kuranishi map is then an open

neighborhood of 0 in the vector space

T Zar
(0,φ)Mh(X, γ, dA) (3.4.31)

which consists of “cocycle” triples (ξ, y, t), where ξ ∈ Ω0(Σ′, φ∗TX), y ∈ Ω0,1(Σ′, TΣ′)

and t ∈ R are such that

D̃φξ +
1
2
(J ◦ dφ ◦ y + tK ◦ dφ ◦ jΣ′) = 0 (3.4.32)

modulo the “coboundary” triples (1
2
dφ(V ), jΣ′ · ∂̄V, 0) where V ∈ Ω0(Σ′, TΣ′) and ∂̄

stands for the Cauchy-Riemann operator on Ω0(Σ′, TΣ′). This vector space contains

T Zar
φ Mh(X, J, dA) (3.4.33)

which is the subspace of T Zar
(0,φ)Mh(X, γ, dA) defined by t = 0.

Similarly, we can consider the parametrized moduli space of d–fold genus h branched

covers of {Σt}|t|<ϵ, denoted byMh(Σ, γ, d) and its (Zariski) tangent space T(0,φ)Mh(Σ, γ, d)

at (0, φ) by considering the vector bundle φ∗TΣ, instead of φ∗TX , and the correspond-
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ing cohomology group. The specialization of the spaceMh(Σ, γ, d) at t = 0 is denoted

by Mh(Σ, d) and its tangent space at φ, written as TφMh(Σ, d), is constructed ac-

cordingly.

These vector spaces fit into the following commutative diagram with exact rows

and columns (we recall again that D = DN
Σ,J).

0 0

0 TφMh(Σ, d) T(0,φ)Mh(Σ, γ, d) Rt 0

0 T Zar
φ Mh(X, J, dA) T Zar

(0,φ)Mh(X, γ, dA) Rt 0

ker(φ∗D) ker(φ∗D)

0 0

(3.4.34)

The exactness of the first row is obvious and the exactness of the second row follows

from construction. The exactness of the left and middle columns follow by using the

long exact sequence associated to 0 → φ∗TΣ → φ∗TX → φ∗NΣ → 0. The exactness

of the right column now follows formally.

In view of condition (1) of Definition 3.4.1, the natural map from the short ex-

act sequence (3.4.28) to the upper row short exact sequence in this diagram is an

isomorphism. In fact, the following diagram

T(0,φ)Md
b,G(Σ, γ) HomG(kerψ∗D, coker ψ∗D)

T(0,φ)Mh(Σ, γ, d) Hom(kerφ∗D, coker φ∗D)

≃

≃ ≃

wφ

(3.4.35)
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is commutative and, because of Lemma 3.4.10, all its arrows are isomorphisms. In-

deed, the isomorphism given by the left vertical arrow is induced by the natural

map Md
b,G(Σ, γ) → Mh(Σ, γ, d), the right vertical arrow comes by restricting to

the H-fixed subspace while the horizontal arrows come by considering the families

of operators (3.4.30) and (t, φ′′ : Σ′′ → Σt) 7→ φ′′∗(DN
Σt,γ(t)

) on Md
b,G(Σ, γ, d) and

Mh(Σ, γ, d) respectively. For future reference, we will label the bottom horizontal

arrow of this commutative diagram as wφ.

Observe that both sides of the isomorphism wφ have natural orientations. Indeed,

we have the following.

1. Mh(Σ, γ, d) is fibered over the oriented interval (−ϵ, ϵ) with complex fibers of

complex dimension r. Recall that r = (2h − 2) − d(2g − 2) is the number of

branch points of φ.

2. An orientation of the vector space

Hom(kerφ∗D, coker φ∗D) = (kerφ∗D)∗ ⊗ coker φ∗D (3.4.36)

is the same as an orientation of its determinant line

(kerφ∗D)⊗1+2r ⊗ det(coker φ∗D) (3.4.37)

where we recall that dimkerφ∗D = 1 and dim coker φ∗D = 1 + 2r. Since the

tensor square of a 1-dimensional space is canonically oriented, it follows that

we simply need an orientation of the determinant line

det(φ∗D) = det(kerφ∗D)⊗ det(coker φ∗D)∗ (3.4.38)

of the Cauchy–Riemann operator φ∗D. This can be defined in the usual man-

ner by homotoping D to a C-linear Cauchy–Riemann operator and using the
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spectral flow.

Thus, the isomorphism wφ has a well-defined sign. Notice that the isomorphism

(3.4.13) for t0 = 0, whose sign is referenced in Theorem 3.4.7, can be derived as

follows from wφ by passing to the quotient Rt of T(0,φ)Mh(Σ, γ, d), using the short

exact sequence

0 → TφMh(Σ, d) → T(0,φ)Mh(Σ, γ, d) → Rt → 0 (3.4.39)

and making the identification T(0,φ)Md
b,G(Σ, γ)

≃−→ T(0,φ)Mh(Σ, γ, d). In particular,

we have

sgn(wφ) = sgn(γ, 0; p). (3.4.40)

Without loss of generality, we will assume for the rest of this section that (0, p) is

a positive wall-crossing, i.e., sgn(wφ) = +1. This assumption can be achieved by

reversing the direction of γ if it is not already satisfied.

Target of the Kuranishi model

The target of the Kuranishi map is the space E(0,φ)Mh(X, γ, dA) of all η ∈ Ω0,1(Σ′, φ∗TX)

modulo all elements of the kind that appear on the left side of (3.4.32). In fact, in

view of the surjectivity of T Zar
(0,φ)Mh(X, γ, dA) → Rt, we can restrict attention to just

elements as in the left side of (3.4.32) for which t = 0. Using the long exact sequence

associated to the short exact sequence 0 → φ∗TΣ → φ∗TX → φ∗NΣ → 0, it now

follows that we have a natural identification

E(0,φ)Mh(X, γ, dA) = coker φ∗D. (3.4.41)
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3.4.3 Implicit function theorem

We will now explain how to construct the Kuranishi model for Mh(X, γ, dA) near

(0, φ) using the implicit function theorem on an appropriate map Φ : X → Y of

Banach spaces (defined on a neighborhood of 0). Let m ≥ 2 be an integer. Define Y

to be the space of sections of Λ0,1T ∗
Σ′ ⊗C φ

∗TX of class L2
m (i.e. m derivatives in L2).

Note that Y has a natural action of

Γ = Aut(φ) = NG(H)/H (3.4.42)

We define X = Xvf ⊕ Xacs ⊕ Rt, where the summands are defined as follows. Choose

a Γ-invariant set of points M ⊂ Σ′ where φ is unramified such that Σ′ has no auto-

morphisms fixing M . For each [z] ∈ M/Γ, choose a complement D[z] ⊂ Tφ(z)X for

dφz(TzΣ
′). Define Xvf to be the kernel of the Γ-equivariant evaluation map

L2
m+1(Σ

′, φ∗TX) →
⊕
z∈M

(Tφ(z)X)/D[z]. (3.4.43)

Define Xacs to be a (finite dimensional) Γ-invariant complement of the map

Ω0
M(Σ′, TΣ′)

∂̄−→ Ω0,1(Σ′, TΣ′) (3.4.44)

consisting of sections compactly supported in Σ′ \M . Here, Ω0
M(Σ′, TΣ′) is the space

of vector fields on Σ′ which vanish on M .

To define the map Φ : X → Y , we need to fix the following choices.

1. A metric on X with its associated exponential map exp.

2. A J-linear connection ∇ on TX .
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3. A smooth 1-parameter family of complex vector bundle isomorphisms

IX,t : (TX , J)
≃−→ (TX , Jt) (3.4.45)

with IX,t = id + 1
2
JAX,t, where AX,0 = 0 and AX,t is J-antilinear for all t ∈

R with |t| < ϵ (after shrinking ϵ if necessary). Explicitly, we can define the

endomorphism AX,t by the formula

AX,t = −2J(id + JJt)(id− JJt)
−1. (3.4.46)

Note that we have γ̇(0) = d
dt
|t=0Jt =

d
dt
|t=0At = K.

4. A smooth family y 7→ jy of almost complex structures on Σ′ parametrized by

y ∈ Xacs with d
dτ
|τ=0jτy = y and j0 = jΣ′ being the given almost complex

structure on Σ′. The concrete choice we shall work with is given by declaring

the following to be an isomorphism of complex vector bundles

IΣ′,y = id + 1
2
jΣ′y : (TΣ′ , jΣ′) → (TΣ′ , jy) (3.4.47)

for y ∈ Xacs with small |y|.

We can now define the map Φ : X → Y for small (ξ, y, t) ∈ X as

Φ(ξ, y, t) = PT∇
[
I−1
X,t ◦ (∂̄Jt,jy expφ ξ) ◦ IΣ′,y

]
. (3.4.48)

Note that Φ is a smooth map of Banach manifolds (see e.g. the discussion in [MS12,

page 43] or [Par16, Section B.5]). Here, the symbol expφ ξ denotes the map z 7→

expφ(z) ξ(z) of regularity L
2
m+1 (i.e. m+1 derivatives in L2), the symbol ∂̄Jt,jy denotes
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the non-linear Cauchy–Riemann operator

u 7→ 1
2
(du+ Jt ◦ du ◦ jy) (3.4.49)

and PT∇ denotes the backward parallel transport along the paths τ 7→ expφ(z) τξ(z)

induced by the connection ∇. Clearly, Φ is Γ-equivariant, Φ(0) = 0 and it is imme-

diate that a neighborhood of (0, φ) ∈ Mh(X, γ, dA) is identified homeomorphically

with a neighborhood of [0] ∈ Φ−1(0)/Γ.

To apply the implicit function theorem to Φ, we first note that the linearization

D̃ = DΦ(0) : X → Y is given by the following formula (compare (3.4.32) from §3.4.2)

(ξ, y, t) 7→ D̃φξ +
1
2
(J ◦ dφ ◦ y + tK ◦ dφ ◦ jΣ′) (3.4.50)

where recall (from §3.4.2) that D̃φ denotes the linearized Cauchy–Riemann operator

on φ∗TX (defined with jΣ′ and J held fixed). We can now readily see that we have

natural identifications

ker D̃ = T Zar
(0,φ)Mh(X, γ, dA) (3.4.51)

coker D̃ = E(0,φ)Mh(X, γ, dA). (3.4.52)

Split the maps ker D̃ → X and Y → coker D̃ by choosing a Γ-invariant complement

X ′ ⊂ X for ker D̃ and a Γ-invariant lift E ⊂ Y of coker D̃.

Lemma 3.4.11. There are Γ-invariant neighborhoods 0 ∈ U ⊂ ker D̃ and 0 ∈ V ⊂ X ′

such that Φ−1(E)∩ (U × V ) is given by the graph of a Γ-equivariant smooth function

Ψ : U → X ′ satisfying Ψ(0) = 0 and DΨ(0) = 0.

Proof. Apply the implicit function theorem to the Γ-equivariant map Φ.
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Definition 3.4.12 (Kuranishi map). Define the Γ-equivariant map F : U → E by

F (κ) = Φ(κ+Ψ(κ)). (3.4.53)

This map F yields the germ at 0 of a Γ-equivariant smooth map from ker D̃ to coker D̃

or equivalently

T Zar
(0,φ)Mh(X, γ, dA) → E(0,φ)Mh(X, γ, dA) (3.4.54)

which we call a Kuranishi map for (0, φ) ∈ Mh(X, γ, dA).

It is clear from Lemma 3.4.11 that there is a neighborhood U ′ of [0] ∈ F−1(0)/Γ

and a neighborhood U ′′ of (0, φ) ∈ Mh(X, γ, dA) with an obvious homeomorphism

Ξ : U ′ ≃−→ U ′′ (3.4.55)

mapping [0] to (0, φ). We may assume, after shrinking U ′, U ′′ and ϵ, that we have

U ′ = ((−ϵ, ϵ)×O) ∩Mh(X, γ, dA) (3.4.56)

for a neighborhood O of φ : Σ′ → X in the Gromov topology (see the discussion

following [Par16, Definition 9.1.3] for an explicit description of a basis of neighbor-

hoods).

3.4.4 Analysis of the Kuranishi map

All functions in this subsection are to be understood to be germs near 0 of smooth

functions which vanish at 0.

Definition 3.4.13. Given two finite dimensional vector spaces W1,W2, two functions
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F ′, F ′′ : W1 → W2 and an integer l ≥ 1, we write

F ′ ≡l F
′′ (3.4.57)

to mean that the ith derivatives of F ′ − F ′′ vanish at 0 for all 0 ≤ i ≤ l. Clearly, ≡l

is an equivalence relation.

We will now analyze the Kuranishi map F from Definition 3.4.12. From Lemma

3.4.11, it follows that F (0) = 0 and DF (0) = 0. We fix some notations first. Let

ς : ker D̃ → ker(φ∗D) (3.4.58)

t : ker D̃ → Rt (3.4.59)

be the natural projections (see the exact commutative diagram in §3.4.2 for more

details, recalling that T Zar
(0,φ)Mh(X, γ, dA) = ker D̃). Fix a splitting

ker D̃ = T(0,φ)Mh(Σ, γ, d)⊕ kerφ∗D = Rt ⊕ TφMh(Σ, d)⊕ kerφ∗D (3.4.60)

compatible with the inclusions TφMh(Σ, d) ⊂ T(0,φ)Mh(Σ, γ, d) ⊂ ker D̃ and the

projections (3.4.58), (3.4.59).

Observe that F−1(0) ⊂ ker D̃ = T Zar
(0,φ)Mh(X, γ, dA) contains a Γ-invariant sub-

manifold Z (passing through 0) corresponding to U ′ ∩Mh(Σ, γ, d) under Ξ with

T0Z = TφMh(Σ, γ, d) ⊂ ker D̃. (3.4.61)

Choosing ς ′ : ker D̃ → ker(φ∗D) ≃ R to be a smooth function such that, near 0,

Z = (ς ′)−1(0) is a regular level set, we can then find a smooth function

F1 : ker D̃ → (kerφ∗D)∗ ⊗ coker D̃ = Hom(kerφ∗D, coker φ∗D) (3.4.62)
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such that F = ⟨ς ′, F1⟩, where

⟨, ⟩ : kerφ∗D ⊗ Hom(kerφ∗D, coker φ∗D) → coker φ∗D (3.4.63)

is the natural pairing. In view of (3.4.61), Z is given by the graph of a function

f : T0Z → ker(φ∗D) with f(0) = 0 and Df(0) = 0. As a result, we may take

ς ′ = ς − f and, in particular, we have the relation

ς ′ ≡1 ς. (3.4.64)

Since DF (0) = 0, it follows that F1(0) = 0. Let F ′
1 denote the function obtained by

restricting F1 to the subspace T0Z ⊂ ker D̃. We then have the following.

Lemma 3.4.14. The relation

F ′
1 ≡1 wφ (3.4.65)

holds, where wφ is the isomorphism introduced in diagram (3.4.35).

Proof. Given any b ∈ T0Z, we need to show that

wφ(b) · σ =
(
d
dλ
F1(bλ) · σ̃

)
|λ=0 (3.4.66)

where σ̃ ∈ ker D̃ is any element (with σ being its image in kerφ∗D) and λ 7→ bλ

is a path in Z with bλ(0) = 0 and ḃλ(0) = b. We will make use of the fact that

Ψ(0) = 0 and DΨ(0) = 0 (Lemma 3.4.11). Recall that wφ comes from linearizing the

Cauchy-Riemann operator. Accordingly, we have

wφ(b) · σ ≡
(
d
dλ
DΦ(bλ +Ψ(bλ)) · σ̃

)
|λ=0 (mod im D̃) (3.4.67)

≡ (D2Φ)(0) · b · σ̃ (mod im D̃) (3.4.68)
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where D2Φ = D(DΦ) denotes the second derivative of Φ. On the other hand,

F1(bλ) · σ̃ = ∂
∂µ
F (bλ + µσ̃)|µ=0 (3.4.69)

for each λ, by the definition of F1. We now compute

(
d
dλ
F1(bλ) · σ̃

)
|λ=0 =

∂2

∂λ ∂µ
F (bλ + µσ̃)|λ=µ=0 (3.4.70)

≡ ∂2

∂λ ∂µ
Φ(bλ + µσ̃ +Ψ(bλ + µσ̃))|λ=µ=0 (mod im D̃) (3.4.71)

≡ (D2Φ)(0) · b · σ̃ (mod im D̃) (3.4.72)

which proves (3.4.66).

Corollary 3.4.15. Z ′ = F−1
1 (0) ⊂ ker D̃ is a Γ-invariant submanifold passing

through 0 and its natural projection to kerφ∗D is a local diffeomorphism at 0. In other

words, Z ′ is given by the graph of a smooth function g : kerφ∗D → T(0,φ)Mh(Σ, γ, d)

such that g(0) = 0 and g is Γ-equivariant. In particular, the submanifolds Z and Z ′

are transverse at 0 ∈ ker D̃.

Proof. Apply the implicit function theorem to the Γ-equivariant map F1, noting that

DF1(0)|T0Z = wφ is an isomorphism.

To continue with the bifurcation analysis, we need to understand the natural

projection Z ′ ⊂ ker D̃ → Rt, which equivalent to understanding the smooth function

kerφ∗D
g−→ T(0,φ)Mh(Σ, γ, d)

t−→ Rt. (3.4.73)

This will be more convenient to do in explicit coordinates which we now introduce.

Recall that dimR kerφ
∗D = 1 and fix an element 0 ̸= σ ∈ kerφ∗D for the rest of this

section. Using σ, we will sometimes regard the map ς from (3.4.58) as an R-valued

linear functional on ker D̃ (with σ corresponding to 1). Finally, let z : TφMh(Σ, d) →
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Cr be a C-linear isomorphism. Thus, the splitting (3.4.60) now gives us explicit

coordinates

ker D̃ = T(0,φ)Mh(X, γ, dA)
(t,z,ς)−−−→ Rt ⊕ Cr

z ⊕ Rς . (3.4.74)

We also obtain (non-canonical) splittings ker D̃ = T(0,φ)Mh(Σ, γ, d) ⊕ kerφ∗D and

T(0,φ)Mh(Σ, γ, d) = Rt ⊕ TφMh(Σ, d) which we will use without further comment

below.

Orient the 1-dimensional space kerφ∗D using σ. Then the natural orientation

on Hom(kerφ∗D, coker φ∗D) gives rise to an orientation on coker φ∗D. Using the

isomorphism wφ, the element σ and the coordinates (3.4.74), we can identify

coker φ∗D = Rt ⊕ Cr
z. (3.4.75)

This isomorphism preserves orientation since sgn(wφ) = +1. With these choices of

coordinates, we can write the Kuranishi map as

F (t, z, ς) = (id + A(t, z, ς)) · (ς − f(t, z)) · ((t, z)− g(ς)) (3.4.76)

with f ≡1 0 and A(·) is a (1+2r)×(1+2r) real matrix valued function with A(0) = 0.

The zeros of F are exactly the points of Z (zeros of the factor ς − f(t, z)) and the

points of Z ′ (zeros of the factor (t, z) − g(ς)). Clearly, the points in Z represent

multiple covers and we are left to determine whether or not the points in Z ′ \ {0}

represent embedded pseudo-holomorphic curves of genus h and class dA. This depends

on the section σ ∈ kerφ∗D as we explain below.

We begin by recalling that the normal bundle NΣ admits an almost complex

structure Ĵ0
∞ (see [Wen21, Equation (B.1)] for the definition, also compare Lemma

3.5.9) such that the projection NΣ → Σ is pseudo-holomorphic and the element σ ∈
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kerφ∗D can be regarded as a Ĵ0
∞-holomorphic map σ̂ : Σ′ → NΣ (see [Wen21, Lemma

B.4] for a proof).

Lemma 3.4.16. σ̂ : Σ′ → NΣ is a multiply covered map if and only if there is a

subgroup H ⊊ H ′ ⊂ G with (θ∗)H
′
= (θ∗)H ̸= 0. Moreover, in this case,

(1) φ is unramified, i.e., r = 0 and,

(2) if σ descends to some intermediate cover Σ′ → C → Σ, then so does any element

of coker φ∗D.

Proof. Let Σ̃ → Σ′ = Σ̃/H
φ−→ Σ be a Galois closure. If there exists a subgroup

H ⊊ H ′ ⊂ G with (θ∗)H
′
= (θ∗)H ̸= 0, then it follows from Lemma 3.4.10 that σ̂ (or

equivalently σ) descends to Σ̃/H ′ and thus, σ̂ is a multiply covered map.

Conversely, suppose σ̂ is multiply covered. Then, it descends to Σ̃/H ′ ζ−→ Σ for

some subgroup H ⊊ H ′ ⊂ G. This implies that (θ∗)H
′ ̸= 0 and thus, (θ∗)H

′
= (θ∗)H

since the latter is 1-dimensional by Lemma 3.4.10. It follows that the (co)kernels of

φ∗D and ζ∗D are identified, using formulas (3.4.23) and (3.4.24). This proves the

statement about the descent of elements in coker φ∗D. It also follows that the indices

of φ∗D and ζ∗D are the same, i.e., the number nφ of zeros of dφ is the same as the

number nζ of zeros of dζ (when counted with multiplicity). This cannot happen with

[H ′ : H] > 1, unless φ is unramified.

We now split our discussion into two cases depending on whether σ̂ is a simple or

multiply covered Ĵ0
∞-holomorphic map.

Case 1 (σ̂ is multiply covered)

By Lemma 3.4.16 we can now assume that φ is unramified and that both kerφ∗D and

coker φ∗D are pulled back from some intermediate cover Σ′ = Σ̃/H → C = Σ̃/H ′ ζ−→

Σ with ζ being of degree d′ and C being of genus h′. We can compare the Kuranishi
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models for (0, φ) and (0, ζ) and we find that they are compatible under the natural

pullback maps

T Zar
(0,ζ)Mh′(X, γ, d

′A) → T Zar
(0,φ)Mh(X, γ, dA) (3.4.77)

E(0,ζ)Mh′(X, γ, d
′A) → E(0,φ)Mh(X, γ, dA) (3.4.78)

both of which are isomorphisms. Thus, every curve close to (0, φ) ∈ Mh(X, γ, dA)

is a (d/d′)-fold cover of a curve close to (0, ζ) ∈ Mh′(X, γ, d
′A). Thus, the space

M∗
h(X, γ, dA) is empty near (0, φ) ∈ Mh(X, γ, dA). This completes the proof of

Theorem 3.4.7 in this case.

Case 2 (σ̂ is simple)

Lemma 3.4.17. Γ = Aut(φ) ⊂ Z/2Z.

Proof. It suffices to show that Γ acts faithfully on the 1-dimensional space (θ∗)H .

Suppose to the contrary that there is an element h′ ∈ NG(H) \H which acts trivially

on (θ∗)H . Letting H ′ be the subgroup of NG(H) generated by H and h′, we find that

(θ∗)H
′
= (θ∗)H ̸= 0. By Lemma 3.4.16, we see that this is a contradiction to the

simplicity of the Ĵ0
∞-holomorphic map σ̂.

Lemma 3.4.18 (Nearby embedded curves). All points in Z ′ \ {0} which are suffi-

ciently close to 0 ∈ ker D̃ are mapped into M∗
h(X, γ, dA) by the map Ξ from (3.4.55).

Proof. Since γ ∈ B′, it avoids Wemb and it is therefore enough to show that the

curves in question are simple. We argue by contradiction. To this end, suppose

(tn, φ
′
n : Σ′

n → X) is a sequence in Mh(X, γ, dA) converging to (0, φ) such that for

each n ≥ 1, we have the following properties.

1. (tn, φ
′
n : Σ′

n → X) is the image under Ξ of a point (tn, φn, σn) ∈ ker D̃ lying in

Z ′ \ {0}. Here, we are using the splitting (3.4.60).
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2. φ′
n is a multiply covered Jtn-holomorphic map.

Z and Z ′ are transverse at 0 by Corollary 3.4.15. Thus, (1) implies that, for n ≫ 1,

the φ′
n are not covers of the embedded γ(tn)-curves Σtn ⊂ X defined in the discussion

following (3.4.22) of genus g and class A. Arguing as in the proof of [Wen21, Theorem

B.1], we conclude that by rescaling the φ′
n (and the almost complex structures Jtn)

suitably in the normal directions to Σtn (and passing to a subsequence), we obtain

a Gromov limit σ̂′ : Σ′ → NΣ which is Ĵ0
∞-holomorphic and corresponds (under

[Wen21, Lemma B.4]) to an element 0 ̸= σ′ ∈ ker(φ∗D). Since dimR kerφ
∗D = 1

and σ̂ is simple, it follows that σ̂′ is also simple. Since being a simple map is an

open property, it follows that the rescalings of the φ′
n in the convergent subsequence

are also simple maps for n ≫ 1. As a result, for n ≫ 1, the maps φ′
n : Σ′

n → X

themselves are also simple Jtn-holomorphic maps and this contradicts (2).

Lemma 3.4.19. The map (3.4.73) has a non-trivial Taylor expansion at the origin.

More precisely, there exists an integer 1 ≤ n ≤ d and a real number c ̸= 0 with

(t ◦ g)(ς) =n cς
n. (3.4.79)

Proof. In view of the expression (3.4.76) for F , the assertion we wish to prove is

equivalent to saying that χ(ς) = (t ◦ F )(0,0, ς) has a nonzero Taylor expansion

χ(ς) ≡n+1 −cςn+1 (3.4.80)

for some integer 1 ≤ n ≤ d and real number c ̸= 0. Examining Definition 3.4.21, we

see that this amounts to saying that the point p = (J,Σ, φ : Σ′ → Σ, ι) does not lie

on the degeneracy locus Md
b,G(M∗

g(X,A);k, c)♠. But this is guaranteed by the fact

that γ belongs to the Baire set B′′ (see Lemma 3.4.5).

Using Lemma 3.4.19, we will now determine the signed count of the zeros of F in
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Z ′ for small t ̸= 0. We divide into cases based on the sign of c and the parity of n.

(Clearly, if Γ = Z/2Z, then n must be even.)

1. c ̸= 0, n odd. The Taylor expansion (3.4.79) shows that for each small t0 ̸= 0

we have a unique ς0 such that t0 = (t ◦ g)(ς0). Moreover, since z is a complex

coordinate, the sign of this zero can be determined by looking at the unique

nonzero solution ς = ς0 = (c−1t0)
1/n of the simplified equation

ς(t0 − cςn) = 0. (3.4.81)

We compute of the derivative at this point

d
dς
ς(t0 − cςn)|ς=ς0 = t0 − (n+ 1)cςn0 = −nt0 (3.4.82)

and find that the sign of the zero is +1 for t < 0 and −1 for t > 0.

2. c > 0, n even. The Taylor expansion (3.4.79) shows that for small t0 > 0,

there are exactly two distinct solutions ς0 ∼ ±(c−1t0)
1/n to t0 = (t ◦ g)(ς0) while

there are no solutions for small t0 < 0. Again, we can compute the signs of

these zeros, by considering the model equation (3.4.81), and we find that both

of these zeros have the sign −1.

3. c < 0, n even. Arguing exactly as in the previous case, we find that there are

exactly two zeros ς0 ∼ ±(c−1t0)
1/n for small t0 < 0 (both with sign +1) and no

zeros for small t0 > 0.

Taking the Γ-symmetry into account and shrinking O and ϵ if necessary, we find that

in all cases the signed number of embedded curves in a sufficiently small Gromov

neighborhood O of φ : Σ′ → Σ reduces by the amount 2/|Γ| ∈ Z when γ goes from

−ϵ < t < 0 to 0 < t < ϵ. Except for the proof of Lemma 3.4.19, we have now

completed the proof of Theorem 3.4.7.
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Figure 3.1: A schematic picture of the moduli space (when n is odd).

Non-degeneracy of Taylor expansion

For any point

p̂ = (Ĵ , C, φ̂ : C ′ → C, ι̂) ∈ Md
b,G(M∗

g(X,A);k, c), (3.4.83)

the moduli space Mh(X, Ĵ, dA) of Ĵ-holomorphic maps in class dA with domains

of genus h (up to isomorphism) can be described locally near φ̂, in the sense of the

discussion surrounding (3.4.55), using a Kuranishi map

Fp̂ : T
Zar
φ̂ Mh(X, Ĵ, dA) → Eφ̂Mh(X, Ĵ, dA) (3.4.84)
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with the domain and target of (3.4.84) being defined following §3.4.2 and §3.4.2. In

particular, we have a short exact sequence and isomorphism

0 → Tφ̂Mh(C, d) →T Zar
φ̂ Mh(X, Ĵ, dA)

ς̂−→ ker φ̂∗D̂ → 0 (3.4.85)

Eφ̂Mh(X, Ĵ, dA) = coker φ̂∗D̂ (3.4.86)

where D̂ = DN
C,Ĵ

is the normal deformation operator of embedded Ĵ-curve C ⊂ X.

Exactly as in (3.4.35), we have a natural map

Tφ̂Mh(C, d) → Hom(ker φ̂∗D̂, coker φ̂∗D̂). (3.4.87)

Denote the image of the associated map

Tφ̂Mh(C, d)⊗ ker φ̂∗D̂ → coker φ̂∗D̂ (3.4.88)

by Wφ̂. Note that the injectivity of (3.4.87) is equivalent to that of (3.4.88) which is

in turn equivalent to saying that Wφ̂ is a codimension 1 subspace of coker φ̂∗D̂.

Now, suppose that after choosing a splitting of (3.4.85), the Taylor expansion of

the function ς̂ 7→ Fp̂(0, ς̂) (mod Wφ̂) about ς̂ = 0 is such that all terms of order < n

in ς̂ vanish (for some integer n > 1). Then, this is in fact independent of the choice

of splitting (and even the particular choice of Kuranishi model) and in this case, we

can view the order n term in the Taylor expansion invariantly as a linear map

T
(n)
p̂ : (ker φ̂∗D̂)⊗n → (coker φ̂∗D̂)/Wφ̂. (3.4.89)

Remark 3.4.20. It is conceivable that we have T
(n)
p̂ = 0 for all n > 1.
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Definition 3.4.21 (Degeneracy locus). We define the degeneracy locus

Md
b,G(M∗

g(X,A); k, c)♠ ⊂ Md
b,G(M∗

g(X,A); k, c) (3.4.90)

to be the subspace consisting of all points p̂ = (Ĵ , C, φ̂ : C ′ → C, ι̂) such that

(1) Wφ̂ is a subspace of codimension 1 and,

(2) we have T
(n)
p̂ = 0 for each 2 ≤ n ≤ d+ 1.

Note that condition (1) in Definition 3.4.21 is open (as it is an injectivity condi-

tion) while condition (2) is closed (as it is a vanishing condition). As a result, the

degeneracy locus is a locally closed subspace of Md
b,G(M∗

g(X,A);k, c).

Lemma 3.4.22. Let p̂ = (Ĵ , C, φ̂ : C ′ → C, ι̂) be a point of Md
b,G(M∗

g(X,A); k, c)

with D̂ = DN
C,Ĵ

being the normal deformation operator of C. Then, for any

0 ̸= ξ ∈ ker φ̂∗D̂ (3.4.91)

0 ̸= ξ′ ∈ ker φ̂∗D̂† = (coker φ̂∗D̂)∗ (3.4.92)

we can find an integer 1 ≤ n ≤ d and a point q ∈ C over which φ̂ is unramified and

the element

∑
q̃∈φ−1(q)

(ξ⊗n+1 ⊗ ξ′)(q̃) ∈ Symn+1
R NC ⊗R N

†
C (3.4.93)

is nonzero.

Proof. Choose a Galois closure C̃ → C̃/H = C ′ → C. Enlarge the subgroup H ⊂ G

to a maximal subgroup H ′ such that we have kH
′
= kH ̸= 0. Applying Lemma

3.4.16, we see that ker φ̂∗D̂ and coker φ̂∗D̂ both descend to the intermediate cover

φ̂′ : C̃/H ′ → C. The element defined by the formula (3.4.93) with φ̂′ in place of
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φ̂ differs from (3.4.93) just by a factor of [H ′ : H] ≥ 1. Thus, there is no loss of

generality in assuming that H ′ = H.

Using this assumption, it follows that for all points q ∈ C, outside of a closed and

at most countable set, ξ(φ̂−1(q)) ⊂ NC,q has d distinct nonzero elements. Choose such

a point q. By perturbing it slightly if necessary, we may also assume that ξ′(q̃) ̸= 0 for

some q̃ ∈ φ̂−1(q). Enumerate the pre-images of q under φ̂ as q̃1, . . . , q̃d ∈ C ′. Choose

linear functionals

Λ : NC,q → R (3.4.94)

Λ′ : N †
C,q → R (3.4.95)

such that the d numbers xi = Λ(ξ(q̃i)) are all distinct and nonzero and the d numbers

yj = Λ′(ξ′(q̃j)) are not all zero. This implies that the product



x21 x22 · · · x2d

x31 x32 · · · x3d
...

...
. . .

...

xd+1
1 xd+1

2 · · · xd+1
d





y1

y2
...

yd


(3.4.96)

cannot be zero, since the matrix is invertible (its determinant is
∏d

i=1 x
2
i times the

Vandermonde determinant associated to the d distinct numbers x1, . . . , xd) and the

column vector is nonzero. Take n to be the smallest number such that the nth entry

of this matrix product is nonzero. It then follows that

〈
Symn+1

R Λ⊗R Λ′,
∑

q̃∈φ−1(q)

(ξ⊗n+1 ⊗ ξ′)(q̃)

〉
=

d∑
i=1

xn+1
i yi ̸= 0. (3.4.97)

which shows that this n suffices.

Lemma 3.4.23. Let p̂, ξ, ξ′ and 1 ≤ n ≤ d be as in Lemma 3.4.22. We can then
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find an element K̂ ∈ TĴJ (X,ω) ⊂ EndĴ(TX) such that it and its first n derivatives

vanish along C and its (n+1)st derivative, in the directions normal to C, projects to

a smooth R-linear bundle homomorphism

K̂n+1 : Sym
n+1
R NC → HomĴ(TC , NC) = Λ0,1T ∗

C ⊗C NC (3.4.98)

satisfying

∫
C′
⟨φ̂∗(iK̂n+1), ξ

⊗n+1 ⊗ ξ′⟩ ≠ 0 (3.4.99)

where i denotes multiplication by
√
−1 on the fibers of NC.

Proof. It suffices to construct a bundle homomorphism L of the type (3.4.98) satis-

fying (3.4.99) with L in place of K̂n+1. Indeed, in this case, we can then construct

K̂ ∈ TĴJ (X,ω) with L = K̂n+1 (using a tubular neighborhood of C ⊂ X and the

argument from [Wen21, Lemma 5.26] to ensure ω-compatibility). Choose a smooth

bundle homomorphism

L′ : Symn+1
R NC → Λ0,1T ∗

C ⊗C NC (3.4.100)

which has positive pairing with (3.4.93) at the point q ∈ C yielded by Lemma 3.4.22.

Multiplying L′ by a non-negative cutoff function on C supported near q, we can

assume that its pairing with (3.4.93) is ≥ 0 at all points of C and > 0 at q. Taking

L = iL′ completes the construction. We refer the reader to [MS12, Section 3.2] for

comparison and further details.

We can now state our main technical result.

Lemma 3.4.24. The inclusion (3.4.90) has codimension ≥ 1.

Proof. Near any point Md
b,G(M∗

g(X,A);k, c)♠, we can choosing auxiliary data (i.e.,
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{D[z]}[z]∈M/Γ, (1), (2) and (4) as in §3.4.11) and define Kuranishi models Fp̂ as in

(3.4.84) for all points p̂ ∈ Md
b,G(M∗

g(X,A);k, c) in this neighborhood. Thus, in this

neighborhood, the inclusion (3.4.90) is defined by the equations

T
(2)
p̂ = · · · = T

(d+1)
p̂ = 0. (3.4.101)

Given any point p̂ satisfying (3.4.101), we show that the linearization of this system

of d equations has rank ≥ 1. This will suffice to show that (3.4.90) is the inclusion of

a C∞ subvariety of codimension ≥ 1 (in the sense of [Wen21, Appendix C]).

Having fixed a point p̂ ∈ Md
b,G(M∗

g(X,A);k, c)♠ satisfying (3.4.101), pick a sec-

tion 0 ̸= ξ ∈ ker φ̂∗D̂. By condition (1) of Definition 3.4.21, we can also pick a section,

unique up to scaling, 0 ̸= ξ′ ∈ ker φ̂∗D̂† = (coker φ̂∗D̂)∗ which annihilates Wφ̂. Lem-

mas 3.4.22 and 3.4.23 then produce 1 ≤ n ≤ d and K̂ satisfying (3.4.93). We can

now find a smooth path γ̂ : [−1, 1] → J (X,ω) such with the following properties.

1. γ̂(0) = Ĵ and d
ds
|s=0γ̂(s) = K̂.

2. The path γ̂ fixes the n-jet of Ĵ along C. More precisely, |γ̂(s)− Ĵ | = O(|νC |n+1)

for all s, where νC = dist(C, ·) denotes the distance to C induced by the given

Riemannian metric.

3. p̂(s) = (γ̂(s), C, φ̂ : C ′ → C, ι̂) ∈ Md
b,G(M∗

g(X,A);k, c) for all s.

Note that (3) actually follows from (1) and (2). Also observe that (2) implies that

T
(i)
p̂(s) ≡ 0 for 2 ≤ i ≤ n. Thus, we have a well-defined element

DT (n+1)|p̂ · K̂ = d
ds
T

(n+1)
p̂(s) |s=0 (3.4.102)

which can be computed by covariantly differentiating the non-linear Cauchy–Riemann

operator and then pairing the result with ξ′ ∈ (coker (φ̂∗D̂)/Wφ̂)
∗. The computation
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in Lemma 3.4.25 now shows that DT (n+1)|p̂ · K̂ ̸= 0 and thus, we have proved that

the rank in question is ≥ 1.

Lemma 3.4.25 (Variation of Taylor coefficient). Using the notation from the proof

Lemma 3.4.24, we have the following identity:

⟨(DT (n+1)|p̂ · K̂) · ξ⊗n+1, ξ′⟩ = −1

2

∫
C′
⟨φ̂∗(iK̂n+1), ξ

⊗n+1 ⊗ ξ′⟩. (3.4.103)

Proof. To get (3.4.103), we inspect the expression for the non-linear Cauchy–Riemann

operator

(J ′, φ′, j′) 7→ ∂̄J ′,j′(φ
′) = 1

2
(dφ′ + J ′(φ′) · dφ′ · j′) (3.4.104)

and differentiate it at (Ĵ , φ̂, jC′) once with respect to the J ′ (in the direction K̂)

and covariantly differentiate it n + 1 times with respect to (φ′, j′) (in the direction

(ξ̃vf, ξ̃acs) ∈ kerD(∂̄Ĵ)|(φ̂,jC′ ), which is a lift of ξ ∈ ker φ̂∗D̂) and use the fact that

K̂(φ̂) · dφ̂ · jC′ = −Ĵ(φ̂) · K̂(φ̂) · dφ̂. By assumption, K̂ and its first n derivatives

vanish along C and thus, the only term which can survive the pairing with ξ′ is the

one from (3.4.103).

3.5 An extension of Taubes’ Gromov invariant to

dimension 6

In this section, we will apply the results of the last two sections to prove Theorem

3.1.5. This invariant can be viewed as a partial extension of Taubes’ Gromov invariant

(defined in [Tau96b]) to symplectic Calabi–Yau 3-folds.
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3.5.1 Linear wall crossing

The purpose of this subsection is to introduce the linear wall-crossing invariant (Def-

inition 3.5.17), which will serve as a “correction term” in the definition of virtual

count of embedded curves of class 2A in equation (3.1.5).

Fix a smooth closed oriented 2-manifold Σ of genus g and a C-vector bundle

π : N → Σ of rank 2 such that c1(N) · [Σ] = 2g − 2. Such pairs (Σ, N) arise by

considering the normal bundle of any embedded pseudo-holomorphic curve of genus

g in a symplectic Calabi–Yau 3-fold.

Definition 3.5.1 (Space of operators). Let J (Σ) denote the space of almost complex

structures on Σ inducing the given orientation on Σ. For K ∈ {R,C}, define the

space

CRK(N) (3.5.1)

to consist of pairs (j,D), where j ∈ J (Σ) and D is a K-linear Cauchy–Riemann

operator on N with respect to j, i.e.,

D : Ω0(Σ, N) → Ω0,1
j (Σ, N) (3.5.2)

is a linear first order differential operator such that for all s ∈ Ω0(Σ, N) and f ∈

C∞(Σ,K), we have D(fs) = (∂̄jf)s+ fDs. This is a bundle of affine spaces over the

contractible space J (Σ) and therefore is also contractible. Every (j,D) ∈ CRK(N)

satisfies indD = 0.

Definition 3.5.2 (Ordinary Brill–Noether loci). For K ∈ {R,C} and any integer

k ≥ 1, define the subspace

Wk
K(N) ⊂ CRK(N) (3.5.3)
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to consist of those pairs (j,D) for which dimK kerD = k. Also define

WK(N) =
⋃
k≥1

Wk
K(N). (3.5.4)

Finally, also define W ′(N) ⊂ CRR(N) to be the set of pairs (j,D) such that there

exists a section 0 ̸= σ ∈ kerD and a point z ∈ Σ such that σ(z) = 0.

Lemma 3.5.3. We have the following codimension estimates on Wk
K(N) and W ′(N).

(i) W1
R(N) is a submanifold of CRR(N) of codimension 1.

(ii) For each k ≥ 2, Wk
R(N) is of codimension ≥ 4 in CRR(N).

(iii) For each k ≥ 1, Wk
C(N) is of codimension ≥ 2 in CRC(N).

Proof. Given any element (j,D) ∈ Wk
K(N), there exists (using [DW20, Lemma 1.1.4]

for example) a smooth function

CRK(N) ⊃ U S−→ HomK(kerD, coker D) (3.5.5)

defined in a neighborhood U of (j,D) such that U ∩Wk
K(N) = S−1(0). Moreover, its

linearization dS|(j,D) restricted to Ω0,1
j (Σ,HomK(N,N)), i.e. the space of variations

of D with j held fixed, is given by

A 7→ (κ 7→ Aκ (mod im D)) (3.5.6)

where κ ∈ kerD. The statements (i)–(iii) will therefore follow by proving suitable

rank estimates on this map. By duality, it suffices to prove rank estimates for the

“Petri map” (recall that D† is the Serre dual of D as from Definition 3.2.4)

kerD ⊗K kerD† → Ω0(C,N ⊗K N
†) (3.5.7)
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s⊗K s
′ 7→ (z 7→ s(z)⊗K s

′(z)). (3.5.8)

By taking a 0 ̸= s ∈ kerD and 0 ̸= s′ ∈ kerD† and using unique continuation for

solutions of Cauchy–Riemann equations, it follows that the Petri map always has K-

rank ≥ 1. This proves (i) and (iii). Statement (ii) follows by using [DW20, Remark

1.1.15] (which is itself based on [Eft16, Lemma 4.4]) to conclude that the rank of the

Petri map is ≥ 2k whenever k ≥ 2 and K = R.

Lemma 3.5.4. W ′(N) is of codimension ≥ 3 in CRR(N).

Proof. Since W ′(N) ⊂ WR(N), Lemma 3.5.3(ii) implies that it is enough to show

that W ′(N) ∩W1
R(N) is of codimension ≥ 3 in CRR(N). To prove this, we argue as

follows. Define

Ŵ ′(N) ⊂ CRR(N)× Σ (3.5.9)

to consist of (j,D, z) such that (j,D) ∈ W1
R(N) and the elements of kerD vanish

at z. It will be enough to show that Ŵ ′(N) is a submanifold of codimension 4 in

W1
R(N)× Σ. Fix any point (j,D, z) ∈ Ŵ ′(N). Choose metrics on Σ, N – this yields

an L2 inner product on the space of sections of N . Fix a section σ ∈ kerD with

∥σ∥L2 = 1 (note that σ is unique up to multiplication by ±1). Then, for every (j′, D′)

in a sufficiently small neighborhood U of (j,D) in W1
R(N), there is a unique element

σ(j′,D′) ∈ kerD′ such that its L2 inner product with σ is 1. We now have the smooth

map

U × Σ
E−→ N (3.5.10)

(j′, D′, z′) 7→ σ(j′,D′)(z
′) (3.5.11)
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which is compatible with the projection to Σ and satisfies Ŵ ′(N)∩ (U ×Σ) = E−1(0).

It will now suffice to show that the linearization

dE|(j,D,z) : T(j,D)W1
R(N)⊕ TzΣ → Nz (3.5.12)

is surjective. We will show the stronger statement that variations in D with j and z

held constant suffice to surject onto Nz. First, we need to find an explicit expression

for this linearization. To this end, let Π : Ω0,1
j (Σ, N) → coker D be the natural

projection and let Q : im D → (kerD)⊥ be the right inverse of D which we extend

to Ω0,1
j (Σ, N) by declaring Q|(im D)⊥ ≡ 0.

Let A ∈ Ω0,1
j (Σ,HomR(N,N)) be such that A ∈ T(j,D)W1

R(N) (from the proof

of Lemma 3.5.3(i), this means that ΠAσ = 0). Then, there exists a smooth path

t 7→ Dt ∈ W1
R(N) such that Ḋ0 = A. Denoting σt = σ(j,Dt) = σ + ξt with ξt ⊥ σ and

differentiating the identity Dtσt ≡ 0, we find

0 = Aσ +Dξ̇0 (3.5.13)

which gives ξ̇0 = −QAσ. To summarize, we need to show that the map

L : Ω0,1
j (Σ,HomR(N,N)) → Nz ⊕ coker D (3.5.14)

L(A) := (−(QAσ)(z),ΠAσ) (3.5.15)

is surjective.

Now, if we let Dz : Ω
0,1
z (Σ, N) → Ω0,1

j (Σ, N) be the restriction of D to the space

of sections of N vanishing at z and Π′ : Ω0,1
j (Σ, N) → coker Dz be the corresponding

projection, we see that we have an injective map

coker Dz → Nz ⊕ coker D (3.5.16)
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Π′η 7→ (−(Qη)(z),Πη) (3.5.17)

which is an isomorphism by counting dimensions. Under this isomorphism, the map

L is simply A 7→ Π′Aσ.

Suppose for the sake of contradiction that L is not surjective. Then, there is a

nonzero distributional section τ of N † such that ⟨Aσ, τ⟩ = 0 for all smooth A (i.e.,

σ ⊗ τ ≡ 0 as a distributional section of N ⊗R N
†) and τ |im Dz ≡ 0. The second

condition implies that D†τ , viewed as a functional on Ω0(Σ, N), vanishes on the

subspace Ω0
z(Σ, N). As a result, there is a linear functional Λτ : Nz → R such that

for any σ ∈ Ω0(Σ, N), we have ⟨D†τ, σ⟩ = Λτ (σ(z)). Thus, D†τ is of class (Lp1)
∗ for

any 2 < p < ∞ (where Lp1 is the space of Lp functions with one derivative in Lp and

we are using the Sobolev embedding Lp1 ⊂ C0). By elliptic regularity, τ must be of

class (Lp)∗ = Lq (where 1
p
+ 1

q
= 1) and smooth in the complement of z (since it

satisfies D†τ = 0 here). But now σ⊗ τ ≡ 0 with σ ̸≡ 0 and τ ̸≡ 0 on the complement

of z contradicts the fact that σ and τ satisfy unique continuation on the complement

of z.

Now, let h ≥ g be an integer such that r := 2h− 2− 2(2g− 2) ≥ 0. Then, for any

j ∈ J (Σ), the complex orbifold Mh(Σ, j, 2) of genus h holomorphic double covers

of (Σ, j) branched at r points is non-empty. In fact, the underlying coarse moduli

spaces are canonically identified for all j (since the isomorphism class of a cover is

determined by purely topological data once j is specified). Call this common coarse

moduli space Mh(Σ, 2); it is naturally a smooth manifold of dimension 2r.

Now, given (j,D, [φ : Σ′ → Σ]) ∈ CRK(N) ×Mh(Σ, 2), the operator Dφ = φ∗D

on φ∗N admits a splitting Dφ = D+
φ ⊕ D−

φ into a direct sum of Cauchy–Riemann

operators on isotypic subspaces corresponding to the trivial and sign representations

of Z/2Z = Aut(φ). We have indD+
φ = indD = 0 and indD−

φ = indDφ = −2r.

Definition 3.5.5 (Equivariant Brill–Noether loci). Given K ∈ {R,C}, an integer
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k ≥ 1 and integers h and r as above, define the subset

Wk
2,h,K(N) ⊂ CRK(N)×Mh(Σ, 2) (3.5.18)

to consist of those (j,D, [φ : Σ′ → Σ]) for which dimK kerD−
φ = k. Also define

W2,h,K(N) =
⋃
k≥1

Wk
2,h,K(N). (3.5.19)

Lemma 3.5.6. We have the following codimension estimates on Wk
2,h,K(N).

(i) W1
2,h,R is a submanifold of CRR(N)×Mh(Σ, 2) of codimension 2r + 1.

(ii) For each k ≥ 2, Wk
2,h,R has codimension ≥ 4r + 4 in CRR(N)×Mh(Σ, 2).

(iii) For each k ≥ 1, Wk
2,h,C has codimension ≥ 2r + 2 in CRC(N)×Mh(Σ, 2).

Proof. The proof is a slight variation of the argument from Lemma 3.5.3. As in

that argument, given any point (j,D, [φ : Σ′ → Σ]) ∈ Wk
2,h,K, we can find a smooth

function

CRK(N)×Mh(Σ, 2) ⊃ U S−→ HomK(kerD
−
φ , coker D

−
φ ) (3.5.20)

defined on a neighborhood U of (j,D, [φ : Σ′ → Σ]) such that U ∩Wk
2,h,K = S−1(0).

Moreover, the linearization dS|(j,D,[φ]) restricted to Ω0,1
j (Σ,HomK(N,N)), i.e. the

space of variations of D with j and [φ] held fixed, is given by

A 7→ (κ 7→ (φ∗A)κ (mod im D−
φ )) (3.5.21)

where κ ∈ kerD−
φ . Thus, exactly as in Lemma 3.5.3, the proofs of (i)–(iii) will follow

from suitable rank estimates on this map. By duality, it is enough to prove rank

144



estimates for the “Petri map”

kerD−
φ ⊗K ker(D†)−φ → Ω0(Σ′, φ∗N ⊗K φ

∗N †)Z/2Z (3.5.22)

σ ⊗K σ
′ 7→ (ζ 7→ σ(ζ)⊗K σ

′(ζ)) (3.5.23)

where (·)Z/2Z denotes the Z/2Z = Aut(φ)-invariant part. The key observation is that

kerD−
φ⊗Kker(D

†)−φ already consists of (Z/2Z)-invariant elements – indeed, Z/2Z acts

by the sign representation on both kerD−
φ and ker(D†)−φ – and so, the map (3.5.22)

is well-defined. Thus, we are reduced again to the argument of Lemma 3.5.3(i)–(iii).

More precisely, we can show by unique continuation that the Petri map has R-rank

= 2r+1 in case of (i) and C-rank ≥ r+1 in case of (ii). For statement (iii), we invoke

[DW20, Remark 1.1.15] (or [DW20, Remark 1.3.12]) to conclude that the rank of the

Petri map is ≥ 2(2 + 2r) in case of (ii).

Remark 3.5.7. The injectivity of Petri maps in the proofs of both Lemma 3.5.3 and

Lemma 3.5.6 follows without appealing to Wendl’s work on generic injectivity of Petri

maps [Wen21] because the degrees of the corresponding covers are small enough.

Definition 3.5.8 (Co-orientation on W1
2,h,R(N)). Given a tuple (j,D, [φ : Σ′ → Σ])

lying in W1
2,h,R(N), its normal space in CRR(N)×Mh(Σ, 2) is canonically identified

with

Hom(kerD−
φ , coker D

−
φ ). (3.5.24)

We define an orientation on (3.5.24) in the usual fashion, i.e., we deform D in a

1-parameter family to a C-linear operator and use the spectral flow. This assignment

of orientations to the normal spaces of W1
2,h,R(N) ⊂ CRR(N) is called the natural

co-orientation on W1
2,h,R(N).

In order to make the next definition, we will need the following well-known fact
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which is implicit in [Wen21, Appendix B] and [DW21, Lemma 3.6].

Lemma 3.5.9. Given a complex curve C (not necessarily compact) and a complex

vector bundle π : N → C on it, there is a natural bijection D 7→ JD between

(i) R-linear Cauchy–Riemann operators D : Ω0(C,N) → Ω0,1(C,N) and,

(ii) almost complex structures J on the total space of N which

(a) restrict to the standard complex structure on each fiber of π,

(b) restrict to the given complex structure on C along the zero section,

(c) are invariant under the R× action λ · (z, v) = (z, λv) on N and,

(d) such that the projection π is J-holomorphic.

Under this bijection, if C ′ is another complex curve (not necessarily compact), then

a smooth map ŝ : C ′ → N is JD-holomorphic if and only if φ := π ◦ ŝ : C ′ → C is

holomorphic and the corresponding section s ∈ Ω0(C ′, φ∗N) given by

z ∈ C ′ 7→ ŝ(z) ∈ Nφ(z) (3.5.25)

satisfies (φ∗D)s = 0.

Proof. It is enough to consider the case of the trivial bundle U × Cr → U where

U ⊂ C is an open subset with complex coordinate z and Cr is endowed with the

complex coordinates w = (w1, . . . , wr). Let J be any almost complex structure on

U × Cr which satisfies conditions (a)–(d). Using (a), (b) and (d), we find that the

bundle Ω1,0
J near U × 0 ⊂ U × Cr has a local frame consisting of dz and

dwi + Ai(z, w)dz̄ (3.5.26)

for 1 ≤ i ≤ r where the Ai are smooth functions vanishing when wi = 0 for all

1 ≤ i ≤ r. Now, (c) implies that the Ai are actually R-linear in w, i.e., they are of
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the form

Ai(z, w) = Âi(z)[w] (3.5.27)

where Â = (Âi)
r
i=1 : U → EndR(Cr) is a smooth function. Moreover, the expression

(3.5.26) for a frame of Ω1,0
J is valid on the whole of U × Cr. To this almost complex

structure, we can associate the R-linear Cauchy–Riemann operator D = ∂̄ + Â[·] on

the bundle U × Cr → U . Conversely, any R-linear Cauchy–Riemann operator D on

U × Cr can be written as ∂̄ + Â[·] for some smooth function Â : U → EndR(Cr) and

thus, defines an almost complex structure JD on N , satisfying (a)–(d), by taking the

(1, 0) forms to be spanned by dz along with dwi + Âi(z)[w]dz̄ for 1 ≤ i ≤ r.

It is easy to see that this gives a bijective correspondence D 7→ JD and that the

bijection is preserved under the natural action of the group C∞(U,GLr(C)) on both

sides. Finally, for any open subset U ′ ⊂ C and smooth map ŝ : U ′ → U × Cr given

by ζ 7→ (φ(ζ), s(ζ)) is JD-holomorphic if and only if we have

∂̄φ = 0, ∂̄s+ Â(φ)[s]∂̄φ̄ = 0 (3.5.28)

as desired. Now, the lemma extends to the general case by naturality.

Let us now observe that for any (j,D, [φ : Σ′ → Σ]) ∈ W1
2,h,R(N), all non-zero

elements of kerD−
φ are non-zero scalar multiples of each other. Thus, for any 0 ̸= σ ∈

kerD−
φ , the corresponding JD-holomorphic map σ̂ : Σ′ → N is immersed/injective

if and only if the same property holds for a · σ where 0 ̸= a ∈ R. Therefore, we

can make sense of the locus within W1
2,h,R where this immersion/injectivity property

fails. The discussion which follows constructs Baire sets which avoid this locus (i.e.

the immersion and injectivity property hold). These Baire sets will be used in the

definition of linear wall crossing invariant (Definition 3.5.17).
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Definition 3.5.10. Define the subsets

W1
2,h,R(N)imm, (3.5.29)

W1
2,h,R(N)inj (3.5.30)

of W1
2,h,R(N) to consist of exactly those (j,D, [φ : Σ′ → Σ]) for which the JD-

holomorphic map σ̂ : Σ′ → N corresponding to a nonzero σ ∈ kerD−
φ fails to be

immersed or injective respectively. Also define

W1
2,h,R(N)emb = W1

2,h,R(N)imm ∪W1
2,h,R(N)inj. (3.5.31)

Lemma 3.5.11. We have the following codimension estimates.

(i) W1
2,h,R(N)imm has codimension ≥ 2r + 5 in CRR(N)×Mh(Σ, 2).

(ii) W1
2,h,R(N)inj has codimension ≥ 2r + 3 in CRR(N)×Mh(Σ, 2).

In particular, W1
2,h,R(N)emb has codimension ≥ 2r + 3 in CRR(N)×Mh(Σ, 2).

Proof. The proof is just a combination of the ideas from Lemmas 3.5.4 and 3.5.6.

More precisely, the proof of (ii) exactly mirrors the proof of Lemma 3.5.4 while (i)

requires a slightly more involved argument.

(i) Consider the finite cover C̃imm → CRR(N) ×Mh(Σ, 2) which consists of tuples

(j,D, [φ : Σ′ → Σ]) along with the choice of a point ζ ∈ Crit φ. Within C̃imm,

we can consider the subset W̃1
2,h,R(N)imm consisting of (j,D, [φ : Σ′ → Σ], ζ)

such that (j,D, [φ : Σ′ → Σ]) ∈ W1
2,h,R(N) and dσ̂|ζ = 0 for all 0 ̸= σ ∈ kerD−

φ

(where σ̂ is the JD-holomorphic map corresponding to σ).

It will suffice to show that W̃1
2,h,R(N)imm is a submanifold of C̃imm of codimen-

sion 2r + 5. To this end, fix a point (j,D, [φ : Σ′ → Σ], ζ) ∈ W̃1
2,h,R(N)imm.
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Arguing exactly as in the proof of Lemma 3.5.4 (with Lemma 3.5.6 playing a

role analogous to Lemma 3.5.3 in that proof), we are reduced to showing that

L : Ω0,1
j (Σ,HomR(N,N)) → coker (D−

φ )ζ (3.5.32)

L(A) := Π′((φ∗A)σ) (3.5.33)

is surjective. Here, σ is some nonzero element of the 1-dimensional vector

space kerD−
φ , the operator (D−

φ )ζ is the restriction of D−
φ : Ω0(Σ′, φ∗N)− →

Ω0,1
j (Σ′, φ∗N)− to the subspace of sections s for whose derivative at ζ (well-

defined and independent of choice of connection on N since ζ ∈ Crit φ) is

C-anti-linear and Π′ is the projection from Ω0,1
j (Σ′, φ∗N)− to coker (D−

φ )ζ .

Assume, for the sake of contradiction, that L is not surjective. Then, arguing as

in the proof of Lemma 3.5.4, we deduce the existence of a nonzero distributional

section τ of (φ∗N)† which

(a) is Z/2Z = Aut(φ)-anti-invariant,

(b) vanishes on the image of (D−
φ )ζ and,

(c) is such that σ⊗ τ ≡ 0 as a distributional section of φ∗N ⊗R (φ
∗N)† (for this

last condition, we are using the observation that σ ⊗ τ is invariant under

Z/2Z – see the parallel argument in the proof of Lemma 3.5.6).

Now, note that (a) and (b) imply that (Dφ)
†τ , viewed as a functional on

Ω0(Σ′, φ∗N), factors through the projection

Ω0(Σ′, φ∗N) → HomC(TζΣ
′, Nφ(ζ)) (3.5.34)

s 7→ (φ∗∇)1,0s|ζ (3.5.35)

and thus, it is of class (Lp2)
∗ for any 2 < p < ∞ (where Lp2 is the space of Lp
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functions with two derivatives in Lp and we are using the Sobolev embedding

Lp2 ⊂ C1). By elliptic regularity it now follows that τ is of class (Lp1)
∗ and

smooth in the complement of ζ (since it satisfies (Dφ)
†τ = 0 here). Now, if

support of τ is not just the point ζ, then by unique continuation for σ and

τ (on the complement of ζ), we must have σ ⊗ τ ̸≡ 0. Thus, we must have

supp τ = {ζ}. It follows that there is an integer m ≥ 0 such that τ applied to

any element of Ω0,1
j (Σ′, φ∗N) depends only on the m-jet of this element at ζ.

Since τ is known to be of class (Lp1)
∗ and Lp1 ̸⊂ C1, it follows that m = 0 and as

a result τ acts on the space Ω0,1
j (Σ′, φ∗N) via a linear functional

M : (Λ0,1T ∗
Σ′,j ⊗C φ

∗N)ζ → R. (3.5.36)

But now, it is easy to produce a smooth section s of φ∗N such that

−⟨(Dφ)
†τ, s⟩ = ⟨τ,Dφs⟩ =M(Dφs|ζ) =M((φ∗∇)0,1s|ζ) ̸= 0 (3.5.37)

and (φ∗∇)1,0s|ζ = 0. This contradicts the fact that (Dφ)
†τ factors through the

map (3.5.34).

(ii) The proof is similar to (i) but easier and so, we only indicate the setup. De-

fine C̃inj to be the subset of CRR(N)×Mh(Σ, 2)×Σ consisting of tuples (j,D, [φ :

Σ′ → Σ], z) such that z ̸∈ φ(Crit φ). We can then define the subset W̃1
2,h,R(N)inj ⊂

C̃inj to consist of those elements (j,D, [φ : Σ′ → Σ], z) for which (j,D, [φ]) ∈

W1
2,h,R(N) and σ|φ−1(z) ≡ 0 for all 0 ̸= σ ∈ kerD−

φ . It can now be shown as in

(i) that W̃1
2,h,R(N)inj ⊂ C̃inj is a submanifold of codimension 2r+5. Noting that

W1
2,h,R(N)inj is the image of W̃1

2,h,R(N)inj under the obvious projection gives the

desired result.

The statement concerning W1
2,h,R(N)emb follows immediately from (i) and (ii).
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Remark 3.5.12. The codimension estimates from Lemma 3.5.11 assert that the holo-

morphic curve associated to the kernel of a generic element in W1
2,h,R(N) is embedded.

The injectivity of the relevant Petri map is not hard to establish because our discus-

sion just involves (Z/2Z)-equivariant Cauchy–Riemann operators from 2-fold covers.

In fact, it is possible to extend the statements in Lemma 3.5.11 to elementary walls

as in Definition 3.4.1. The fact that dimR k
H = 1, which follows from the definition of

elementary wall type, is necessary in order to define the holomorphic sections uniquely

up to rescaling. However, one needs to adapt the proof of genetric injectivity of Petri

maps from [Wen21] to this context.

Remark 3.5.13. Any element 0 ̸= σ ∈ kerD−
φ defines a multi-valued section of the

bundle N → Σ. The conclusion of Lemma 3.5.11 can therefore be phrased as the

“generic embeddedness” of multi-valued sections. As pointed out in Remark 3.4.8,

it may be possible to use similar arguments to establish similar generic behavior for

2-valued harmonic forms relevant to special Lagrangian geometry.

The next definition introduces the notion of “2-rigid” operators, paths between

them and fixed endpoint homotopies between such paths. Such operators arise natu-

rally as normal deformation operators of embedded pseudo-holomorphic curves with

respect to any super-rigid almost complex structure.

Definition 3.5.14 (2-rigidity). (a) We say that α = (j,D) ∈ CRR(N) is 2-pre-rigid

if it misses the images of W ′(N),Wk
2,h,R(N) and W1

2,h,R(N)emb in CRR(N) for all

h ≥ g and k ≥ 2. We say that α is 2-rigid if, in addition, it also misses the

image of the map

W1
2,h,R(N) → CRR(N) (3.5.38)

for all h ≥ g. Denote the set of 2-rigid elements by CRR(N)2 and its intersection

with CRC(N) \WC(N) by CRC(N)2.
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(b) Given α± ∈ CRR(N)2, define P(α−, α+) to be the space of smooth paths in

CRR(N) from α− to α+. Define

P⋔(α−, α+) ⊂ P(α−, α+) (3.5.39)

to be the set of paths which consist entirely of 2-pre-rigid elements and are trans-

verse to (3.5.38).

(c) Given γ± ∈ P⋔(α−, α+), define P(γ−, γ+) to be the space of smooth paths in

P(α−, α+) from γ− to γ+, i.e., smooth homotopies from γ− to γ+. Define

P⋔(γ−, γ+) ⊂ P(γ−, γ+) (3.5.40)

to be the set of homotopies which consist entirely of 2-pre-rigid elements and are

transverse to (3.5.38).

For the convenience of the reader, we now summarize the consequences of Lemmas

3.5.3, 3.5.6 and 3.5.11 which are relevant for the next lemma: W ′(N) has codimension

≥ 3 in CRR(N), the image of Wk
2,h,R(N) in CRR(N) has codimension ≥ 4 for k ≥ 2

and the image of W1
2,h,R has codimension ≥ 3 in CRR(N). Moreover, both Wk

C(N)

and the image of Wk
2,h,C in CRC(N) have codimension ≥ 2 for all k ≥ 1.

Lemma 3.5.15. We have the following genericity statements.

(i) CRR(N)2 ⊂ CRR(N) is a Baire subset.

(ii) CRC(N)2 ⊂ CRC(N) is a path connected Baire subset.

(iii) For α± ∈ CRR(N)2, P⋔(α−, α+) ⊂ P(α−, α+) is a Baire subset.

(iv) For γ± ∈ P ⋔(α−, α+), P⋔(γ−, γ+) ⊂ P(γ−, γ+) is a Baire subset.

Proof. This is a straightforward consequence of the Sard–Smale theorem combined

with the codimension formulas/estimates from Lemmas 3.5.3, 3.5.6 and 3.5.11.
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Lemma 3.5.16. Fix α± ∈ CRR(N)2, γ± ∈ P⋔(α−, α+) and γ̃ ∈ P⋔(γ−, γ+). Con-

sider γ̃ as smooth map

[−1, 1]× [−1, 1] → CRR(N) (3.5.41)

such that γ̃(·,±1) ≡ γ±(·) and γ̃(±1, ·) ≡ α±. Then, for any fixed h ≥ g, the

fiber product of (3.5.41) and (3.5.38) is a naturally oriented smooth 1-manifold with

boundary which is proper over [−1, 1]×[−1, 1] and has boundary exactly over [−1, 1]×

±1.

Proof. The fact that the fiber product in question is a manifold with boundary (with

boundary only over [−1, 1] × ±1) is obvious from the transversality assumption in

the definition of P⋔(γ−, γ+). The orientation comes the standard orientation on

[−1, 1] × [−1, 1] and the natural co-orientation from Definition 3.5.8. Thus, what

remains to be proved is properness over [−1, 1]×[−1, 1] and this will be a consequence

of the fact that all elements in the image of γ̃ are 2-pre-rigid. To establish properness,

let pn → p be a convergent sequence in [−1, 1] × [−1, 1] and let α̃n = (jn, Dn, [φn :

Σ′
n → Σ]) ∈ W1

2,h,R(N) be a sequence such that we have γ̃(pn) = αn := (jn, Dn) for

all n ≥ 1, with limit γ̃(p) = α := (j,D). We will show that α̃n has a subsequence

converging to an element α̃ ∈ W1
2,h,R(N). In other words, we will use the assumption

γ̃ ∈ P⋔(γ−, γ+) to argue that there is a limiting (Z/2Z)-anti-invariant multi-valued

section associated to α = (j,D) which is defined over a branched cover of Σ with

smooth domain.

Fix a Hermitian inner product on N and let ω0 be a symplectic form on the unit

ball B1(N) taming the almost complex structure JD (this exists by [DW21, Lemma

3.6]). Since αn → α, it follows that ω0 tames JDn also for n≫ 1.

Let σ̂n : Σ′
n → N be the simple JDn-holomorphic map representing the class

2[Σ] corresponding to a section σn ∈ ker(Dn)
−
φn

with ∥σn∥L∞ = 1
2
. By Gromov
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compactness, we can pass to a subsequence to assume that we have a limiting JD-

holomorphic stable map σ̂ : Σ′ → N representing class 2[Σ] with Σ′ being of arithmetic

genus h. Note that the image of each σ̂n (and therefore of σ̂) is invariant under the

automorphism I : (z, v) 7→ (z,−v) of N . Define φ = π ◦ σ̂ : Σ′ → Σ and note that the

corresponding section σ ∈ kerφ∗D satisfies ∥σ∥L∞ = 1
2
. Each effective component of

Σ′ (i.e. an irreducible component on which σ̂ is non-constant) must map with positive

degree onto Σ via φ. Thus, there are at most two effective components in Σ′. We

now consider two cases.

(a) (There are two effective components C1, C2 ⊂ Σ.) Since φ|Ci
: Ci → Σ are both

of degree 1, they must be isomorphisms. Thus, ŝ1 := σ̂|C1 and ŝ2 := σ̂|C2 give

us two sections s1, s2 ∈ kerD at least one of which must be nonzero. If ŝ1 ̸≡ 0,

then since the image of σ̂ is connected invariant under I, it follows that s1 must

vanish at a point z ∈ C. This contradicts the 2-pre-rigidity of α = (j,D).

(b) (There is a unique effective component C ⊂ Σ′.) Let ψ : C̃ → C be the nor-

malization. Since the image of σ̂ ◦ φ : C̃ → N is invariant under I, it fol-

lows that 0 ̸= ψ∗σ ∈ kerD−
φ◦ψ. Since α = (j,D) is 2-pre-rigid, it follows that

dimkerD−
φ◦ψ = 1 and the JD-holomorphic map σ̂ ◦ ψ is an embedding because

α necessarily lies in the complement of W1
2,h,R(N)emb. This implies that ψ is

an isomorphism, C is smooth and σ̂|C is an embedding representing class 2[Σ].

Since σ̂ : Σ′ → N is the Gromov limit of the simple (in fact, embedded by 2-

pre-rigidity) JDn-curves σ̂n : Σ′
n → N , Remark 3.3.2(b) shows that Σ′ cannot

have any ghost components. Thus, Σ′ is smooth and coincides with C. Moreover,

0 ̸= σ ∈ kerD−
φ and dimkerD−

φ = 1.

We have now shown that Σ′ is necessarily smooth. We conclude that the limit α̃ =

(j,D, [φ : Σ′ → Σ]) lies in W1
2,h,R(N) as desired.
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Definition 3.5.17 (Linear wall crossing invariant). Let α ∈ CRR(N)2 be 2-rigid and

let h ≥ g be given. We then define the invariant

w2,h(α) ∈ Z (3.5.42)

as follows. Set r = (2h− 2)− 2(2g − 2). If r < 0, we define w2,h(α) = 0.

If r ≥ 0, choose a point β ∈ CRC(N)2 and choose a path γ ∈ P⋔(α, β). Then,

using Lemma 3.5.16 and the natural co-orientation from Definition 3.5.8, the fiber

product of γ with (3.5.38) is a compact oriented 0-manifold and we define w2,h(α) to

be the signed number points in this fiber product.

The following lemma shows that w2,h(α) does not depend on the auxiliary data

therefore it is well-defined.

Lemma 3.5.18. w2,h(α) in Definition 3.5.17 is independent of the choice of β and

γ.

Proof. It is enough to consider the case r ≥ 0. Let us temporarily denote the quantity

from Definition 3.5.17 as w2,h(α, β, γ) to emphasize the dependence on the choices β

and γ.

(i) Fix the choice of β and consider γ, γ′ ∈ P⋔(α, β). Choose γ̃ ∈ P⋔(γ, γ′) and

apply Lemma 3.5.16 (combined with the fact that an oriented 1-manifold with

boundary has 0 boundary points when counted with sign) to get

w2,h(α, β, γ) = w2,h(α, β, γ
′). (3.5.43)

Thus, we may write w2,h(α, β, γ) = w2,h(α, β).

(ii) Now, suppose β, β′ ∈ CRC(N)2 are given. Choose a path δ in CRC(N)2 from β

to β′ – such a path exists by Lemma 3.5.15 and it is, moreover, automatically
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in P⋔(β, β′). Now, given any γ ∈ P⋔(α, β), we can set γ′ ∈ P⋔(α, β′) to be the

concatenation of γ and δ. Since there are no intersections of δ with (3.5.38), it

follows that

w2,h(α, β) = w2,h(α, β, γ) = w2,h(α, β
′, γ′) = w2,h(α, β

′). (3.5.44)

Combining (i) and (ii), we conclude that w2,h(α, β, γ) is independent of the choices

of β and γ.

3.5.2 Proof of Theorem 3.1.5

The proof of Theorem 3.1.5 is an application of the arguments of §3.5.1 combined

with Theorems 3.3.1 and 3.4.7.

We fix the primitive class A ∈ H2(X,Z) for the whole argument. Let J± ∈

J (X,ω) be super-rigid almost complex structures. We need to show that for all

h ≥ 0 we have

Gr2A,h(X,ω, J−) = Gr2A,h(X,ω, J+) (3.5.45)

where Gr2A,h(X,ω, J±) is the right side of (3.1.5) for J = J±. We will accomplish this

by studying the bifurcations that occur along a suitably chosen path γ : [−1, 1] →

P(J−, J+). Before this, we need some preparatory facts analogous to Lemmas 3.5.4,

3.5.11, 3.5.15 and 3.5.16.

Definition 3.5.19. Let h ≥ g ≥ 0 be integers.

(i) Define J ′
A,g ⊂ J (X,ω) to be the set of all ω-compatible almost complex struc-

tures J on X for which there exists an embedded J-curve C ⊂ X of genus g in

class A, a point z ∈ C and 0 ̸= σ ∈ kerDN
C,J with σ(z) = 0.
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(ii) Define W2,h(JA,g) ⊂ J (X,ω) to be the set of all ω-compatible almost complex

structures J on X for which there exists an embedded J-curve C ⊂ X of genus

g in class A, a holomorphic branched double cover φ : C ′ → C with C ′ being

smooth of genus h and 0 ̸= σ ∈ ker(DN
C,J)

−
φ such that the corresponding JDN

C,J
-

holomorphic map σ̂ : C ′ → NC defined using (3.5.25) is not an embedding.

Lemma 3.5.20 (Analogue of Lemmas 3.5.4 and 3.5.11). We have the following codi-

mension estimates.

(i) J ′
A,g ⊂ J (X,ω) has codimension ≥ 3 for all g ≥ 0.

(ii) W2,h(JA,g) ⊂ J (X,ω) has codimension ≥ 3 for all h ≥ g ≥ 0.

Proof. We first define the relevant universal moduli spaces and reduce the problem

of estimating the codimension to proving a rank lower bound for the linearization of

the defining equations of these universal moduli spaces. The proofs of the rank esti-

mates from Lemmas 3.5.4 and 3.5.11 (which prove the analogous results for Cauchy–

Riemann operators) apply verbatim once we combine them with [Wen21, Lemma 5.26]

which shows that deformations in the space of Cauchy–Riemann operators can be re-

alized by deformations in the space of ω-compatible almost complex structures.

Lemma 3.5.21 (Analogue of Lemma 3.5.15). The subset B∗ ⊂ P(J−, J+) of paths

γ : [−1, 1] → J (X,ω) with γ(±1) = J± which are disjoint from J ′
A,g and W2,h(JA,g)

for all A ∈ H2(X,Z) and h ≥ g ≥ 0 is a Baire subset.

Proof. This is a direct consequence of a Sard–Smale argument applied to the codi-

mension estimates from Lemma 3.5.20.

For the statement of the next lemma, recall the Baire set B′ from Lemma 3.4.3.

Lemma 3.5.22 (Analogue of Lemma 3.5.16). Fix a path γ ∈ B∗ ∩ B′ ⊂ P(J−, J+)

and integers 0 ≤ g ≤ h.
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(i) Consider all tuples of the form (t,Σ, φ : Σ′ → Σ) where t ∈ [−1, 1], Σ ⊂ X is

an embedded γ(t)-curve of genus g in class A and (Σ′, φ) ∈ Mh(Σ, 2) with Σ′

being smooth. Among these, the tuples satisfying

dimkerDN
Σ,γ(t) = 0, dimkerφ∗DN

Σ,γ(t) = 1 (3.5.46)

form a finite set.

(ii) Let tn → t in [−1, 1] be a convergent sequence and suppose Σ′
n ⊂ X is a se-

quence of embedded γ(tn)-curves of genus h in class 2A which converge to a

γ(t)-holomorphic stable map φ : Σ′ → Σ ⊂ X in the Gromov topology with Σ

being an embedded γ(t)-curve of genus g in class 2A/d for some d ∈ {1, 2} and

(Σ′, φ) ∈ Mh(Σ, d).

Then, Σ′ is necessarily smooth. If d = 1, then φ is an isomorphism. If d = 2,

then the operator DN
Σ,γ(t) is an isomorphism and we have

dimkerφ∗DN
Σ,γ(t) = 1. (3.5.47)

Proof. The key ingredients of the proof are Theorem 3.3.1 and Remark 3.3.2(b).

(i) Since γ ∈ B′, it follows that this set is discrete. It will therefore suffice to prove

compactness. To this end, suppose that (tn,Σn, φn : Σ′
n → Σn) is a sequence of

points in this set with tn → t. By Remark 3.3.2(b), the sequence Σn has, after

passing to a subsequence, a Gromov limit Σ which is an embedded γ(t)-curve of

the same genus g. Now, by identifying the normal bundles NΣn → Σn for n≫ 1

with the fixed smooth vector bundle on NΣ → Σ, we can repeat the argument

of Lemma 3.5.16 to conclude (the condition γ ∈ B′ ∩ B∗ is the analogue of the

2-pre-rigidity condition used in that proof).

(ii) First, suppose Σ itself is of class 2A. Then, Remark 3.3.2(b) shows that d = 1,
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φ is an isomorphism and, in particular, that Σ′ is smooth. For the remainder

suppose that Σ is of class A and d = 2. Theorem 3.3.1 now yields a section

s ∈ kerφ∗DN
Σ,γ(t) which is not pulled back from Σ. Let ŝ : Σ′ → NΣ be the

associated JDN
Σ,γ(t)

-holomorphic map.

Since (Σ′, φ) ∈ Mh(Σ, 2), it follows that Σ
′ has at most two effective components

(i.e. irreducible components of Σ′ on which φ is non-constant). We now split

into two cases.

(a) (There are two effective components C1, C2 ⊂ Σ′.) Since φ|Ci
has degree

1, it must be an isomorphism for i = 1, 2. Thus, s|Ci
yields a section

si ∈ kerDN
Σ,γ(t) for i = 1, 2. Since s is not pulled back from Σ, it follows that

s1 ̸≡ s2. Since C1 can be connected to C2 within Σ′ by a (possibly empty)

chain of ghost components, it also follows that there must be a point z ∈ Σ

such that s1(z) = s2(z). The section s1 − s2 ∈ kerDN
Σ,γ(t) now shows that

γ(t) ∈ J ′
A,g. This contradicts γ ∈ B∗.

(b) (There is a unique effective component C ⊂ Σ.) Let ψ : C̃ → C be the

normalization and set φ′ = φ ◦ ψ : C̃ → Σ. Since γ(t) ̸∈ W2,h(JA,g′) for

g′ = genus(C̃), we deduce that ŝ◦ψ : C̃ → NΣ is an embedding. This implies

that ψ must be injective and therefore an isomorphism. Thus, C is smooth

and ŝ|C is an embedding. Since ker(DN
Σ,γ(t))

−
φ′ ̸= 0, it follows from γ ∈ B′

that this vector space must in fact be 1-dimensional and that kerDN
Σ,γ(t) is

an isomorphism. Using the inverse function theorem, we can now obtain

a sequence Σn ⊂ X of γ(tn)-curves of genus g in class A converging to Σ.

Arguing as in [Wen21, Appendix B], we can now identify tubular neigh-

borhoods of Σn for n ≫ 1 with the normal bundle of Σ equipped with the

pullback of the almost complex structure γ(tn). Rescaling the images of the

embedded curves Σ′
n in NΣ to have distance 1

2
from the zero section gives
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a new sequence of embedded curves which are holomorphic with respect to

the rescaled versions of γ(tn). The rescalings of the γ(tn) converge to JDN
Σ,γ(t)

and moreover, all these almost complex structures are tamed by a symplec-

tic form for n ≫ 1 ([DW21, Lemma 3.6]). Therefore, after passing to a

subsequence, we can extract a Gromov limit given by a JDN
Σ,γ(t)

-holomorphic

map ŝ′ : Σ′ → NΣ whose image doesn’t lie in the zero section. Since C is

the only effective component of ŝ′ (since a holomorphic mapping into any

normal fiber must be constant), it follows that ŝ′ a scalar multiple of ŝ.

We have therefore exhibited ŝ as a limit of embedded pseudo-holomorphic

curves of genus h and class 2[Σ]. Recalling that ŝ|C is an embedding and

applying Remark 3.3.2(b) shows that we must have C = Σ′.

We have now succeeded in showing that Σ′ is smooth. The remaining facts

concerning the operator DN
Σ,γ(t) have already been proved during the course of

(b) above.

Remark 3.5.23. Although the proof of Lemma 3.5.22 is formally parallel to the proof

of Lemma 3.5.16, it is crucial to note that we use Theorem 3.3.1 to construct the multi-

section s over Σ because the rescaling argument from [Wen21, Appendix B] or Remark

3.3.2(a) cannot be used unless we already know that DN
Σ,γ(t) is an isomorphism.

We can now complete the proof of Theorem 3.1.5. Choose a path γ from the

Baire subset B∗∩B′∩B′′ ⊂ P(J−, J+). (Recall the definition of the Baire set B′′ from

Lemma 3.4.5.) Define the moduli space

M∗
h(X, γ, 2A) → [−1, 1] (3.5.48)

consisting of pairs (t,Σ′), where t ∈ [−1, 1] and Σ′ ⊂ X is an embedded γ(t)-curve of
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genus h in class 2A. For each 0 ≤ g ≤ h, also consider the moduli spaces

Mg(X, γ,A) → [−1, 1] (3.5.49)

consisting of pairs (t,Σ), where t ∈ [−1, 1] and Σ ⊂ X is an embedded γ(t)-curve curve

of genus g in class A. Both M∗
h(X, γ, 2A) and Mg(X, γ,A) are oriented 1-manifolds

with boundary over t = ±1 since γ ∈ B′. Moreover, Mg(X, γ,A) is compact by

Remark 3.3.2(b). Since γ ∈ B′ ∩ B∗, Lemma 3.5.22 shows that the set of points in

(t,Σ, φ : Σ′ → Σ) with (t,Σ) ∈ Mg(X, γ,A) for some g ≤ h, (Σ′, φ) ∈ Mh(Σ, 2) with

Σ′ smooth and

kerDN
Σ,γ(t) = 0, kerφ∗DN

Σ,γ(t) = 1 (3.5.50)

forms a finite set. Moreover, γ is transverse to the map

M2
br,Z/2Z(M∗

0(X,A); θ, θ
⊕1+2r) → J (X,ω) (3.5.51)

at any such point (t,Σ, φ : Σ′ → Σ), where we have set r = 2h − 2 − 2(2g − 2) ≥ 0,

br = ((2), . . . , (2)) and θ = the sign representation of Z/2Z.

Enumerate the times t for which there exists φ : Σ′ → Σ satisfying (3.5.50) as

−1 < t1 < · · · < tk < 1 (3.5.52)

and, for each 1 ≤ i ≤ k, enumerate the intersections with the maps (3.5.51) as

pi,j = (ti,Σi,j ⊂ X,φi,j : Σ
′
i,j → Σi,j) (3.5.53)

for 1 ≤ j ≤ ℓi, where ℓi is a positive integer depending on i. Theorem 3.4.7 now

provides numbers ϵi > 0 and neighborhoods Oi,j of φi,j : Σ′
i,j → Σi,j ⊂ X and by
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shrinking these further we can assume that the products

Ui,j = (ti − ϵi, ti + ϵi)×Oi,j (3.5.54)

are all pairwise disjoint. We now make a series of claims.

1. The Z-valued function

(t,Σ) 7→ w2,h(D
N
Σ,γ(t)) (3.5.55)

defined on Mg(X, γ,A) away from t = t1, . . . , tk is locally constant.

Proof. Indeed, fix any point (t,Σ) such that t ̸= ti for all 1 ≤ i ≤ k. Then,

DN
Σ,γ(t) is 2-rigid and the same is true for all nearby points (t′,Σ′). Thus, any

nearby (t′,Σ′) can be connected to (t,Σ) by a path of curves with 2-rigid normal

deformation operators and so, w2,h(D
N
Σ,γ(t)) = w2,h(D

N
Σ′,γ(t′)).

2. The moduli space M∗
h(X, γ, 2A)\

⋃
i,j Ui,j is compact. Moreover, the restriction

of (3.5.48) over the complement of {ti}1≤i≤k is proper.

Proof. Both assertions follow directly from Lemma 3.5.22.

3. The expression (3.1.5) is well-defined with J = γ(t) provided t ∈ [−1, 1] \

{t1, . . . , tk} is a regular value of (3.5.48) and each of the maps (3.5.49). If

ti < t′ ≤ t′′ < ti+1 are two such regular values (for some 1 ≤ i < k), then we

have the equality

Gr2A,h(X,ω, γ(t
′)) = Gr2A,h(X,ω, γ(t

′′)). (3.5.56)

Proof. Claim (2) shows that the first sum in the expression (3.1.5) is well-

defined for such a t. The remaining sums in (3.1.5) are well-defined by Claim
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(1). For regular values t′ < t′′ in (ti, ti+1), we can now use the cobordisms given

by restricting (3.5.48) and (3.5.49) to [t′, t′′] and the local constancy statement

from Claim (1) to deduce (3.5.56).

4. In the previous claim, if we instead have ti − ϵi < t′ < ti < t′′ < ti + ϵi for some

1 ≤ i ≤ k, then (3.5.56) still holds.

Proof. By Claim (3), we can assume t′, t′′ are arbitrarily close to ti. For small

|t − ti| and Σ ∈ {Σi,j : 1 ≤ j ≤ ℓi}, define Σ(t) to be the unique embedded

γ(t)-curve close to Σ (obtained by noting that kerDN
Σ,γ(ti)

= 0 and applying the

inverse function theorem). For such a Σ, define the set IΣ(i) = {1 ≤ j ≤ ℓi :

Σ = Σi,j}, and note that we have

∑
j∈IΣ(i)

sgn(γ, ti; pi,j) = sgn(DN
Σ,γ(ti)

) · (w2,h(D
N
Σ(t′′),γ(t′′))− w2,h(D

N
Σ(t′),γ(t′)))

(3.5.57)

where we check orientations by using the identification

det(DN
Σ,γ(ti)

)⊗ det(DN
Σ,γ(ti)

)−φi,j
= det(φ∗

i,jD
N
Σ,γ(ti)

) (3.5.58)

for each j ∈ IΣ(i). The quantities sgn(γ, ti; pi,j) are as in Definition 3.4.4. Now

recall that the neighborhoods Ui,j were constructed by applying Theorem 3.4.7

to each point pi,j ∈ Ui,j and note that the isotropy group Γ is Z/2Z in all cases.

Restrict (3.5.48) to [t′, t′′] and note that this gives a compact 1-manifold with

boundary over the complement of
⋃
i,j Ui,j by Claim (2). Thus, as in Claim (3),

this portion contributes equally to both sides of (3.5.56).

For the remaining contribution (coming from
⋃
i,j Ui,j), we see from Theorem

3.4.7 that the first sum in the definition of Gr2A,h changes by the negative of the
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left side of (3.5.57) as we go from t′ to t′′, while the second sum in the definition

of Gr2A,h changes by the right side of (3.5.57) when we go from t′ to t′′. These

two changes cancel each other out and so, we again have (3.5.56) as desired.

Combining claims (3) and (4) and noting that ±1 are regular values of (3.5.48) as

well as each of the maps (3.5.49) completes the proof of Theorem 3.1.5.

3.6 Application to the Gopakumar–Vafa invariants

In this section, we will show that the invariant from Theorem 3.1.5 coincides with

the Gopakumar–Vafa invariant for genus 0. The comparison is carried out in §3.6.2

and is an application of the discussion of obstruction bundles in §3.6.1. The main

result of §3.6.1 (Theorem 3.6.5) is stated in greater generality than is needed for the

application in §3.6.2 as it may be of independent interest.

3.6.1 Obstruction bundles and their Euler classes

Let C be a smooth curve of genus g and let h ≥ g and d ≥ 2 be integers such that

the integer

r = (2h− 2)− d(2g − 2) (3.6.1)

is non-negative. The moduli stack Mh(C, d), consisting of stable holomorphic maps

f : C ′ → C with the arithmetic genus of C ′ being h and f∗[C
′] = d[C], has complex

virtual dimension given by r. Moreover, the non-empty open substack Mh(C, d) ⊂

Mh(C, d), consisting of those [f : C ′ → C] for which the domain C ′ is smooth, is a

complex orbifold of complex dimension r.
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Definition 3.6.1 (Virtual fundamental class). Define the class

[Mh(C, d)]
vir ∈ Ȟ2r(Mh(C, d),Q) (3.6.2)

to be the virtual fundamental class of this moduli space as in [Par16, Section 9]. Note

that Mh(C, d) is algebraic and so, we do not actually need to distinguish between its

Čech and singular (co)homologies.

Now, let N be a rank 2 complex vector bundle on C with deg(N) = 2g−2. We are

interested in R-linear Cauchy–Riemann operators on N because N naturally arises as

the normal bundle of J-curves of genus g in a symplectic Calabi–Yau 3-fold. Then,

for any R-linear Cauchy–Riemann operator D on N , we have

ind(D) = 2 deg(N) + (2− 2g) · rank(N) = 0 (3.6.3)

by the Riemann–Roch theorem. For the Cauchy–Riemann operator D and a point

[f : C ′ → C] ∈ Mh(C, d), we can consider the vector spaces

ker(f ∗D)′ := coker (kerD
f∗−→ ker(f ∗D)) (3.6.4)

coker (f ∗D)′ := coker (coker D
f∗−→ coker (f ∗D)). (3.6.5)

Note that these spaces can also be defined as subspaces of ker(f ∗D) and coker (f ∗D),

when C ′ is smooth, using Remark 3.2.7 and Lemma 3.2.8.

Definition 3.6.2 (Cokernel/obstruction bundle). The operator D is said to be (d, h)-

rigid if and only if for all [f : C ′ → C] ∈ Mh(C, d), we have

ker(f ∗D)′ = 0. (3.6.6)
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In this case, the assignment

[f : C ′ → C] 7→ (N d,h
C,D)f := coker (f ∗D)′ (3.6.7)

defines a rank 2r vector bundle N d,h
C,D → Mh(C, d), which is called the cokernel/obstruction

bundle.

Next, define the canonically oriented determinant line of (f ∗D)′ to be

det(f ∗D)′ = det ker(f ∗D)′ ⊗ (det coker (f ∗D)′)
∗

(3.6.8)

= det(f ∗D)⊗ det(D)∗ (3.6.9)

where det(D) and det(f ∗D) are the determinant lines of the Cauchy–Riemann oper-

ators D and f ∗D, which are canonically oriented by considering the spectral flow of a

homotopy between D and a C-linear Cauchy–Riemann operator. If D is (d, h)–rigid,

this gives rise to an orientation of the corresponding cokernel bundle. Accordingly,

we have a well-defined virtual Euler number of the cokernel bundle

ed,h(C,D) = ⟨[Mh(C, d)]
vir, e(N d,h

C,D)⟩ ∈ Q. (3.6.10)

More generally, suppose P is a topological space and D = {Dp}p∈P is a family of real

Cauchy–Riemann operators

Dp : Ω
0(C,N) → Ω0,1(C,N) (3.6.11)

parametrized by P . The family D = {Dp}p∈P is called continuous if the coefficients

of {Dp}p∈P (and all their derivatives in the C direction) are continuous as func-

tions on P × C once we identify the space of real Cauchy–Riemann operators with

Ω0,1(C, homR(N,N)) by choosing a reference operator. The notion of smooth family
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D = {Dp}p∈P is defined similarly when P is a smooth manifold. It is easy to see that

this notion of continuity/smoothness is well-defined. Let ∆̂ ⊂ Mh(C, d) × P be the

closed substack over which (3.6.6) fails, with D in place of D. Then, the assignment

(3.6.7), with D in place of D, gives a well-defined oriented rank 2r vector bundle

N d,h
C,D → (Mh(C, d)× P ) \ ∆̂ (3.6.12)

which has an Euler class e(N d,h
C,D) ∈ Ȟ2r((Mh(C, d)× P ) \ ∆̂,Q).

Definition 3.6.3 (Simple wall crossing). Let D = {Dt}t∈[−1,1] be a smooth family of

real Cauchy–Riemann operators on N . We say that D is a simple wall crossing of

type (d, h) at t = 0 if kerD0 = 0 and there is a finite set ∆ ⊂ Mh(C, d) such that

(i) Equation (3.6.6) holds on (Mh(C, d)× [−1, 1]) \ (∆× 0) and the vector bundle

N d,h
C,D is well-defined here;

(ii) for each [f : C ′ → C] ∈ ∆, the linearized map

TfMh(C, d)⊕ Rt
≃−→ Hom(ker(f ∗D)′, coker (f ∗D)′) (3.6.13)

defined in Definition 3.2.9 is an isomorphism.

Remark 3.6.4. Note that the set ∆ is assumed to be a subset of the locus Mh(C, d)

parametrizing holomorphic maps with smooth domains. This is consistent with the

Equation (3.1.11) in Theorem 3.1.10. This assumption is sufficient for the application

in Section 3.6.2.

By counting dimensions and indices, it follows that we have

dimR ker(f
∗D)′ = 1 (3.6.14)

dimR coker (f
∗D)′ = 1 + 2r (3.6.15)
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over the finite set ∆. Both sides of (3.6.13) are canonically oriented by combining the

discussion surrounding equation (3.4.36) with the orientation on det(f ∗D)′. Thus, to

each [f : C ′ → C] ∈ ∆, we can assign a well-defined number

sgn(D, [f : C ′ → C]) ∈ {+1,−1}. (3.6.16)

which is the sign of the isomorphism (3.6.13).

We want to compute the change in the virtual Euler number ed,h(C,Dt) as we go

from t < 0 to t > 0 for a simple wall crossing D in terms of isotropy groups of the

points in ∆ and the signs {sgn(D, p)}p∈∆. Our main result is the following.

Theorem 3.6.5 (Change in Euler number). In the situation of Definition 3.6.3,

[−1, 1] \ {0} → Q (3.6.17)

t 7→ ed,h(C,Dt) (3.6.18)

is a locally constant function. Let ed,h(C,D±) denote the value ed,h(C,Dt) for ±t > 0.

Then, we have the identity

ed,h(C,D+)− ed,h(C,D−) =
∑
p∈∆

2 · sgn(D, p)
|Aut(p)|

. (3.6.19)

The local constancy assertion is obvious. The remaining assertion will be proved

in the next two lemmas. We continue to use the notation from Definition 3.6.3.

Lemma 3.6.6 (Local to global). For each point p ∈ ∆, choose an open neighborhood

Vp ⋐Mh(C, d)× (−1, 1) (3.6.20)

whose closure has smooth orbifold boundary ∂Vp. Endowing ∂Vp with the boundary

orientation from Vp and assuming that the closures of {Vp}p∈∆ are pairwise disjoint,
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we have the identity

ed,h(C,D+)− ed,h(C,D−) =
∑
p∈∆

⟨[∂Vp], e(N d,h
C,D)⟩ (3.6.21)

where [∂Vp] denotes the standard orbifold fundamental class for each p ∈ ∆.

Proof. Introduce the notation MI := Mh(C, d)× [−1, 1]. It will be enough to show

that the identity

[Mh(C, d)]
vir × {+1} − [Mh(C, d)]

vir × {−1} =
∑
p∈∆

[∂Vp] (3.6.22)

holds in H∗(MI \
⋃
p∈∆ Vp;Q). This will follow from [Par16, Lemmas 5.2.4, 5.2.5 and

5.2.6] applied to the space

MI \
⋃
p∈∆

Vp (3.6.23)

provided we show that it has an implicit atlas with boundary which, when re-

stricted to the boundary, gives (a) the usual atlas (from section [Par16, Section 9])

on [Mh(C, d)]
vir×{±1} and (b) the standard orbifold atlas on each Vp. Constructing

such an atlas is straightforward. Indeed, choose open neighborhoods

Vp ⋐ Wp ⋐ W ′
p ⋐Mh(C, d)× (−1, 1) (3.6.24)

with {W ′
p}p∈∆ still being pairwise disjoint. Endow each W ′

p \ Vp with the obvious

orbifold-with-boundary atlas (with trivial obstruction spaces) as in [Par16, Section

2.1.2] and endow the open subset

MI \
⋃
p∈∆

W p (3.6.25)
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with the restriction of the product atlas (see [Par16, Definition 6.3.1]) on MI . These

1+|∆| open sets cover the moduli space in question. Over the open overlapsW ′
p\W p ⊂

Mh(C, d) × (−1, 1) – note that there are no triple overlaps – both implicit atlases

are equivalent (in the sense of [Par16, Remark 2.1.5]). This is because the standard

orbifold atlas on Mh(C, d) is equivalent to the restriction of the implicit atlas on

Mh(C, d). Thus, we can combine this cover into an implicit atlas on the space

(3.6.23) with the desired properties.

Lemma 3.6.7 (Local contribution). In the situation of Lemma 3.6.6, the neighbor-

hoods Vp can be chosen such that their closures are pairwise disjoint and we have

⟨[∂Vp], e(N d,h
C,D)⟩ =

2 · sgn(D, p)
|Aut(p)|

(3.6.26)

for each p ∈ ∆.

Proof. Fix p = [f : C ′ → C] ∈ ∆ ⊂ Mh(C, d). Since Mh(C, d) is a smooth orbifold,

we can identify a neighborhood Up of p diffeomorphically with the orbifold [V/Γ],

where Γ = Aut(C, f) is the isotropy group of p with its natural complex representation

on V = TfMh(C, d) and the point p is identified with [0]. Without loss of generality,

we can assume that this neighborhood meets no other points of ∆.

Assume, for the sake of concreteness, that sgn(D, p) = +1. This can be achieved

by reparametrizing the interval [−1, 1] in reverse if necessary. The local chart [V/Γ]

gives a map V ν−→ Mh(C, d) which, in turn, yields the following Γ-equivariant com-

mutative diagram (with the square being a fiber square).

C ′ C ′ C

∗ V

j

f

π

ev

0

Here, π is a Γ-equivariant smooth family of curves and ev is a Γ-invariant smooth map

which is holomorphic on each fibre of π. The maps π and ev together with the Γ-action
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realize the open embedding [V/Γ] ↪→ Mh(C, d). We can then define Vp = [BV/Γ],

where BV is the ball bounded by SV, and conclude by Lemma 3.6.8 and noting that

⟨[SV], e(TSV)⟩ = χ(SV) = 2. It is useful to note that, for this last argument to work,

we do not require the isomorphism (3.6.27) to be Γ-equivariant.

Lemma 3.6.8. Use the same notations as in Lemma 3.6.7. For any sufficiently small

sphere SV ⊂ V × [−1, 1] centered at 0 (defined with respect to the orthogonal direct

sum of a Γ-invariant Hermitian inner product on V and the standard inner product

on R), we have an isomorphism

(ν̃∗N d,h
C,D)|SV ≃ TSV (3.6.27)

of oriented vector bundles on SV, where ν̃ : V× [−1, 1] → Mh(C, d)× [−1, 1] is given

by ν̃ = ν × id.

Proof. Let us first make the following auxiliary choices.

1. A Hermitian metric (·, ·) and a compatible C-linear connection ∇ on N .

2. A Riemannian metric (and therefore, an area form) on C ′ whose conformal class

coincides with the one on C ′ induced by j.

3. A smooth trivialization C ′ = C ′×V of the bundle π. Let f̃ : C ′×V → C denote

the map induced by ev, and set fv := f̃(·, v) : C ′ → C for v ∈ V. Also, let

j̃ = (jv)v∈V denote the induced family of almost complex structures on C ′.

4. A smooth family of isomorphisms

Iv : (TC′ , j0)
≃−→ (TC′ , jv). (3.6.28)

We now have the following smooth family of Cauchy–Riemann operators onN parametrized
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by (v, t) ∈ V× [−1, 1]

Dv,t : L
2
1(C

′, f ∗N) → L2(C ′,Λ0,1T ∗
C′,j0 ⊗C f

∗N) (3.6.29)

defined by pulling back the operator Dt on f
∗
vN to an operator on f ∗N by using the

∇-parallel transport along the paths τ ∈ [0, 1] 7→ fτv(z) ∈ C for each z ∈ C ′ and

the isomorphism I−1
v . Obviously, we have D0,0 = f ∗D0 on smooth sections. Since

kerD0 = coker D0 = 0 (and this will continue to hold for small t), we have an obvious

isomorphism

coker Dv,t ≃ (ν̃∗N d,h
C,D)v,t (3.6.30)

for small (v, t) ̸= (0, 0). Orient A = ker(f ∗D0)
′ and B = coker (f ∗D0)

′ so that the

induced orientation on det(f ∗D0)
′ is the canonical one from Definition 3.6.2. Define

the bounded linear map

R : imD0,0 → (kerD0,0)
⊥ (3.6.31)

to be the inverse of D0,0|(kerD0,0)⊥ , with (kerD0,0)
⊥ ⊂ L2

1 denoting the L2 orthogonal

complement of kerD0,0. Let Πim : L2 → imD0,0 be the orthogonal projection and

let Πcoker be the quotient projection onto the cokernel. For small (v, t), the quantity

∥1− ΠimDv,tR∥ is small on imD0,0 and so, we can define the map

Rv,t = R(ΠimDv,tR)
−1 : imD0,0 → (kerD0,0)

⊥ (3.6.32)

which is the inverse of ΠimDv,t|(kerD0,0)⊥ . It is immediate that ker(ΠimDv,t) is given

by the graph of the map −Rv,tΠimDv,t : kerD0,0 → (kerD0,0)
⊥. Define the smooth
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family of linear maps

Lv,t : kerD0,0 → coker D0,0 (3.6.33)

Lv,t = Πcoker Dv,t(1−Rv,tΠimDv,t) (3.6.34)

for small (v, t). We now observe that that the natural maps kerLv,t
≃−→ kerDv,t

and coker Lv,t
≃−→ coker Dv,t are isomorphisms. It follows (using the identifications

A = kerD0,0 and B = coker D0,0) that the oriented vector bundle ν̃∗N d,h
C,D is given,

on a punctured neighborhood of (0, 0), by the assignment

(v, t) 7→ coker (Lv,t : A→ B) (3.6.35)

with the bundle orientation derived from the orientations already chosen on A and

B. Note that L0,0 = 0 and that the first order Taylor expansion of Lv,t about (0, 0)

is given by the positively oriented linear isomorphism

V⊕ Rt
≃−→ Hom(A,B) (3.6.36)

from (3.6.13). Fixing a unitary Γ-invariant metric on V and restricting to any suf-

ficiently small sphere SV ⊂ V × [−1, 1] centred at the origin, we can discard (i.e.

homotope away) the higher order terms from the Taylor expansion of Lv,t. It fol-

lows that the fiber of the vector bundle at a point (v0, t0) ∈ SV is identified with

the quotient of the oriented vector space V⊕Rt by the oriented 1-dimensional space

spanned by (v0, t0). But this is simply the standard description of the (oriented)

tangent bundle of the sphere SV ⊂ V⊕Rt, once we replace “quotient” by “orthogonal

complement” and (3.6.27) now follows.

Note that Lemma 3.6.8 holds for any d and h. It is ultimately a consequence

of the isomorphism (3.6.13) via the finite dimensional reduction argument presented
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above.

Remark 3.6.9. A coordinate invariant way of summarizing the above proof is the

following. The bundle N d,h
C,D, initially defined on (Mh(C, d) × [−1, 1]) \ (∆ × 0),

extends to the real oriented blow-up of Mh(C, d) × [−1, 1] along the smooth points

∆ × 0 as a vector bundle N d,h

C,D. Moreover, for each point p ∈ ∆, we have a natural

vector bundle isomorphism with orientation sgn(D, p)

N d,h

C,D|Sp = TSp (3.6.37)

over Sp, the exceptional boundary component created by blowing up at p. Now, a

direct cobordism argument as in Lemma 3.6.6, applied to the real oriented blow-up

Bl+∆×0(Mh(C, d)× [−1, 1]) gives (3.6.19).

3.6.2 Comparision to Gopakumar–Vafa invariants

In this subsection, we identify Taubes’ Gromov invariant in dimension 6 (Equation

(3.1.5)) with the Gopakumar–Vafa invariants in the case of genus 0 and class 2A for

A ∈ H2(X,Z) primitive. We omit the underlying Calabi–Yau 3-fold (X,ω) from the

notation.

Theorem 3.6.10. The invariant Gr2A,0 satisfies the Gopakumar–Vafa formula. More

precisely, define, for super-rigid J ,

GWA,0 := GrA,0 :=
∑
C:A,0

sgn(DN
C,J) (3.6.38)

GW2A,0 :=
∑

C′: 2A,0

sgn(DN
C′,J) +

∑
C:A,0

sgn(DN
C,J)e2,0(C,D

N
C,J) (3.6.39)

where e2,0 denotes the virtual Euler number as defined in (3.6.10) and the summations

follow the notation of (3.1.5). Then, we have the following relation between GW and
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Gr.

GW2A,0 = Gr2A,0 +
1

23
·GrA,0. (3.6.40)

Proof. From the definitions, it is clear that it will suffice to prove that

e2,0(C,D
N
C,J)−

1

23
= w2,0(D

N
C,J). (3.6.41)

Let ∂̄ denote an operator on NC which is conjugate to the standard operator on

O(−1)⊕2 → P1. The Aspinwall–Morrison formula (see, for example [Voi96]) shows

that we have the identity

e2,0(C, ∂̄) =
1

23
. (3.6.42)

Thus, we are left to prove that the difference of Euler numbers is given by the linear

wall crossing invariant w2,0. But this is immediate from the Definition 3.5.17 and

Theorem 3.6.5 once we choose a path γ ∈ P⋔(DN
C,J , ∂̄) in CRR(NC) to compute

w2,0.

175



Chapter 4

On the Rouquier dimension of

wrapped Fukaya categories and a

conjecture of Orlov

4.1 Introduction

4.1.1 Overview

In his seminal work [Rou08], Rouquier introduced a notion of dimension for triangu-

lated categories. Here is a sketch of the definition: if T is a triangulated category

and G is a (split-)generator, then G is said to generate T in time t if every object of

T can be built from G by taking finite direct sums, shifts, summands, and at most

t cones. The Rouquier dimension of T is by definition the minimal generation time

over all generators of T .

In symplectic topology, an important class of triangulated categories are derived

Fukaya categories in their various guises. We will be mainly interested in wrapped

Fukaya categories of Liouville manifolds. More precisely, given a Liouville manifold

(X,λ), its wrapped Fukaya category W(X) is an A∞ category and as such, it canon-
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ically determines a triangulated category H0(PerfW(X)). The Rouquier dimension

of this triangulated category is a numerical invariant of (X,λ) which will be the focus

of this chapter.

Our applications will be twofold: first, to a problem in algebraic geometry; second,

to quantitative questions in symplectic topology. We discuss each of these two classes

of applications in turn in the remainder of this introduction.

4.1.2 An application of symplectic topology to algebraic ge-

ometry

Motivation

In classical algebraic geometry, one is typically interested in spaces (varieties, schemes,

stacks, etc.) which are locally modeled on the spectrum of a commutative ring. Ac-

cording to the philosophy of non-commutative geometry, it is often profitable to re-

gard A∞ categories as “non-commutative” spaces. One can then attempt to generalize

classical algebraic geometry to the setting of A∞ category theory.

For example, there are standard notions smoothness, properness, dimension, etc.

in classical algebraic geometry. It turns out that there also exist non-commutative

analogs of some of these notions. Namely: an A∞ category is defined to be smooth if

its diagonal bimodule is perfect; it is defined to be proper if its diagonal bimodule is

proper. The dimension of an A∞ category is simply its Rouquier dimension.1

If Y is an ordinary algebraic variety, then one can associate to it the A∞ category

DbCoh(Y ). One typically regards DbCoh(Y ) as the non-commutative partner of the

classical object Y . It is then natural to ask: do the non-commutative notions of

smoothness, properness, dimension coincide with their classical counterparts?

As one might hope, it is known that DbCoh(Y ) is smooth and proper if and only

1Note that there are other reasonable notions of dimension discussed e.g. in [EL21], although the
Rouquier dimension seems the most established in the literature.
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if Y is smooth and proper in the classical sense. Concerning dimension, there is the

following well-known conjecture or Orlov:

Conjecture 4.1.1 (Orlov; see Conjecture 10 in [Orl09b]). Let Y be a smooth quasi-

projective scheme of dimension n. Then

RdimDbCoh(Y ) = n. (4.1.1)

The assumption that Y is smooth is necessary; see 4.2.3. Orlov’s conjecture is in

general wide open. It has been only established for the following rather restrictive

classes of examples, thanks to the combined work of many authors (to the best of our

knowledge, this list is exhaustive).

1. Smooth affine varieties, projective spaces and smooth projective quadrics [Rou08,

Prop. 7.18, Ex. 7.7, 7.8];

2. All smooth projective curves [Orl09b, Thm. 6];

3. The following schemes defined over an algebraically-closed field of characteristic

0: del Pezzo surfaces with rkPic(Y ) ≤ 7, Fano threefolds of type V5 and V22,

toric surfaces with nef anti-canonical divisor, toric Deligne–Mumford stacks

defined over C of dimension no more than 2 or Picard number no more than 2,

Hirzebruch surfaces [BF12];

4. The product of varieties from the previous item [Yan16];

5. The product of two Fermat elliptic curves with the Fermat K3 surface [BFK14,

Thm. 1.6];

6. Smooth toric Fano varieties of dimension 3 or 4 [BDM19, Prop. 2.15, 2.16];

7. Certain blow-ups of the projective space [Pir19, Thm. 4.1];
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8. Some weak del Pezzo surfaces [EXZ21, Cor. 7.5];

We remark that Rouquier proved that

n ≤ RdimDbCoh(Y ) ≤ 2n, (4.1.2)

so the content of Orlov’s conjecture lies in improving the upper bound. See 4.2.6 for

further discussion and references.

Results

We introduce new methods from the flexible side of symplectic topology to study

Orlov’s conjecture. More precisely, we prove:

Theorem 4.1.1. Suppose that Y is a variety over C of complex dimension n which ad-

mits a homological mirror given by a polarizable Weinstein pair. Then RdimDbCoh(Y ) =

n if n ≤ 3. For n ≥ 4, we have RdimDbCoh(Y ) ≤ 2n− 3.

(A Weinstein pair (X,A) is said to be polarizable if X admits a global Lagrangian

plane field ξ.) 4.1.1 implies the following new cases of Orlov’s conjecture.

Corollary 4.1.2. 4.1.1 is true for all 3-dimensional toric varieties over C and the log

Calabi–Yau surfaces in 4.4.4.

In fact, 4.1.1 shows that (4.1.1) holds for a large class of (possibly singular) schemes

and stacks over C, see 4.4.4 for the list. It also gives a new proof of some of the

known cases of Orlov’s conjecture listed above. Finally, 4.1.1 improves Rouquier’s

upper bound (4.1.2) for RdimDbCoh(−) for many examples in dimensions n ≥ 4

(including all smooth toric varieties and DM stacks).

Methods: symplectic flexibility

Although Orlov’s conjecture is a problem in algebraic geometry, our proof of 4.1.1 is

entirely symplectic. As mentioned in (4.1.2), it is already known that RdimDbCoh(Y ) ≥
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n. Hence, we only need to prove the claimed upper bounds. To do this, we apply

homological mirror symmetry. This transforms 4.1.1 into a statement about the

Rouquier dimension of wrapped Fukaya categories of Weinstein pairs; namely, it is

enough to prove that the Rouquier dimension of a (polarizable) Weinstein pair of

real dimension 2n is bounded above by n when n ≤ 3 and by 2n − 3 when n ≥ 4.

This is now purely a problem in symplectic topology which can be approached using

symplectic tools.

According to the recent work of Ganatra–Pardon–Shende [GPS18b], wrapped

Fukaya categories of Liouville manifolds satisfy “Weinstein sectorial descent”. Es-

sentially, this means that if we (suitably) cover a Liouville manifold X by Weinstein

sectors {Xα}α∈I , thenW(X) can be expressed as the homotopy colimit of the wrapped

Fukaya categories of the formW(∩α∈JXα) (where J ranges over all non-empty subsets

of I and the homotopy colimit is indexed by the obvious diagram of inclusions).

It is not hard to show that the Rouquier dimension of a homotopy colimit can be

bounded from above by the Rouquier dimension of its individual pieces. This bound

depends on (a) the “depth” of the diagram (i.e. the longest chain of arrows) and (b)

the Rouquier dimension of the individual pieces; see 4.2.12 for a precise statement.

This suggests a possible strategy for upper bounding the Rouquier dimension of a

Weinstein manifold: construct a sectorial cover of “small” depth, such that each

piece in the cover has “small” Rouquier dimension.

Let us first implement this strategy in the special case where X = T ∗M , for M

a closed n-manifold. We construct a sectorial cover as follows. First, triangulate

M . Then set Xα := T ∗ star(vα) where vα ranges over the vertices of the triangu-

lation. Observe that the intersection of any collection of stars in a triangulation is

either empty, or is the star of some higher dimensional cell. From this, it follows

that the cover has depth n + 1. It also follows (after appropriate smoothing) that⋂
α1,...,αn

T ∗ star(vαi
) ≃ T ∗Dn, and hence the Rouquier dimension of the overlaps is
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zero. Plugging these numbers into 4.2.12, one finds that RdimW(T ∗M) ≤ n. This

upper bound is sharp in general.2

We would like to extend this argument to an arbitrary Weinstein manifold X.

Unfortunately, the naive generalization does not work. If X is an arbitrary Weinstein

manifold, its skeleton may be a highly singular object. Even assuming the skeleton can

be triangulated (which is not automatic), it is completely unclear how to control the

Rouquier dimension of the resulting sectorial cover. It is also unclear how to convert

a cover of the skeleton into a sectorial cover of its thickening (in the cotangent bundle

case, there is a canonical Morse–Bott form which allows one to easily perform this

conversion).

To overcome these difficulties, we will take advantage of recent advances from the

flexible side of symplectic geometry. Namely, the arborealization theorem of Álvarez-

Gavela–Eliashberg–Nadler [AGEN21,AGEN19,AGEN20] provides an h-principle for

simplifying the singularities of the skeleton. The upshot is that, under rather mild

topological assumptions, one can homotope a Weinstein manifold so that the sin-

gularities of its skeleton are of “arboreal” type. Such homotopies do not affect the

wrapped Fukaya category.

Arboreal singularities are indexed by finite rooted trees. Morally, if Sσ is a Liou-

ville sector obtained by thickening an arboreal singularity σ, one expects that W(Sσ)

is Morita equivalent to Rep(Tσ), the derived representation category of the corre-

sponding tree Tσ. Moreover, it is known that RdimRep(Tσ) = 0 if Tσ is of Dynkin

type (i.e. the underlying graph is a Dynkin diagram) and RdimRep(Tσ) = 1 oth-

erwise. This suggests that sectorial thickenings of arboreal singularities are a good

substitute for T ∗Dn,

Arboreal skeleta admit a canonical stratification by “singularity-order”. We prove

in 4.4.2 that this stratification is Whitney. By a well-known theorem of Goresky, any

2For example, we will see that RdimW(T ∗Tn) = n.

181



Whitney stratification can be refined to a (possibly non-Whitney!) triangulation.

This suggests the following updated strategy: given a (polarizable) Weinstein mani-

fold X of dimension 2n, apply a homotopy to make the skeleton arboreal. It therefore

admits a triangulation. Now construct a sectorial cover by taking arboreal thickenings

of the stars of the vertices, like for cotangent bundles.

Unfortunately, there are significant obstructions to making this strategy rigorous.

To begin with, one would need to develop a good theory of arboreal sectors (which

should be closed under intersections), as well as a procedure for constructing a “sec-

torial thickening” of an arboreal singularity. Moreover, one would need a method

for construct arboreal sectors from stars of (possibly non-Whitney) triangulations.

Due to this difficulties, it is unclear to us whether the above strategy can feasibly be

implemented in the framework of Fukaya categories.

Instead, we work in the framework of microlocal sheaf theory. The details of this

approach are carried out in 4.4. After reviewing some basic properties of microlocal

sheaves, we study the stratified topology of arboreal skeleta, and use this to construct

a suitable triangulation. We then carry through a microlocal sheaf analog of the

above covering argument to obtain an upper bound on the Rouquier dimension of the

category of microlocal sheaves. Finally, we apply the main result of [GPS18a] to pass

back to wrapped Fukaya categories.

Remark 4.1.1 (A digression on motives). As a byproduct of our method, we obtain

some additional conclusions which are unrelated to the Rouquier dimension but may

be of independent interest. For example, if (X,A) is an polarizable Weinstein pair

such that W(X,A) is proper (it is a fortiori smooth), then we find that:

• HH∗(W(X,A)), K∗(W(X,A)) are concentrated in degree zero;

• PerfW(X,A) satisfies the non-commutative Weil conjecture introduced by Tabuada

(following proposals of Kontsevich) in [Tab18].
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Both of these statements follow from a more general result about non-commutative

motives, which is itself an easy consequence of the arborealization method described

above. We refer the reader to 4.4.5 for more.

4.1.3 Quantitative problems in symplectic topology

Motivation

As motivation for the geometrically-inclined symplectic topologist, we state some

quantitative questions of rather classical flavor.

Question 4.1.2. Let (X,λ) be a Weinstein3 manifold with skeleton cX . If ϕ : X → X

is a generic compactly-supported Hamiltonian diffeomorphism, what is the minimal

possible number of intersection points of ϕ(cX) with cX?

If (X,λ) = (T ∗M, pdq) for a closed manifold M , then cX = 0M and 4.1.2 is

classical. As is now well-known, it follows from the existence of Floer cohomology (or

finite dimensional analogs) that |cX ∩ ϕ(cX)| is bounded from below by the sum of

the Betti numbers of M .

In general, however, the skeleton of a Weinstein manifold is a highly singular

object for which there is no available notion of Floer cohomology (and it seems rather

unlikely that such a notion exists). Note that even for the cotangent bundle of a closed

manifold, equipped with a Weinstein structure homotopic to the standard Morse–Bott

one, the skeleton is typically singular.

To the best of our knowledge, the only systematic result in the literature address-

ing 4.1.2 is the lower bound |cX ∩ ϕ(cX)| ≥ 1, which holds whenever the Rabinowitz–

Floer homology RFH(X) is non-zero [CF09]. The nonvanishing of RFH(−) for

Weinstein manifolds is now known to be equivalent to the nonvanishing of SH(−)

and W(−); see [Rit13, Sec. 1.6].

3Recall that a Liouville manifold is said to beWeinstein if the Liouville vector field is gradient-like
with respect to a proper Morse function.
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Question 4.1.3. Let X be a Liouville manifold, considered up to homotopy. What is

the minimal possible number of critical points of a Lefschetz fibration f : X → C

with Weinstein fibers?

Let us denote this number by Lefw(X) ∈ N∪{∞}. According to work of Giroux–

Pardon [GP17], any Weinstein manifold admits a Lefschetz fibration with Weinstein

fibers, so Lefw(X) < ∞ iff X is Weinstein (up to homotopy). It is also clear that

Lefw(X) = 0 iff X is subcritical. For topological reasons, one has the lower bound

Lefw(X) ≥ rkHn(X;Z) when X has real dimension 2n. These are the only lower

bounds in the literature that we are aware of.

The real analog of Lefw(X) was considered by Abouzaid–Seidel [AS10b] under the

name “complexity”. By definition, the complexity of a Weinstein manifold X, which

we denote by WMor(X), is the minimal number of critical points of a Weinstein

Morse function on X, where X is considered up to Weinstein homotopy.4 Surpris-

ingly, Lazarev [Laz20] showed that for Weinstein manifolds having non-zero middle

homology, one has WMor(X) = Mor(X), where Mor(X) denotes the minimal number

of critical points of a smooth Morse function on X. Does a similar phenomenon hold

for Lefw(X)?

Results

We give partial answers to the above questions. As we will explain, our results appear

to be the first to go beyond the basic flexible/rigid dichotomy.

We first consider 4.1.2. To this end, suppose that (X,λ) be a Weinstein manifold

with properly embedded cocores (this is a generic condition) and nonzero wrapped

Fukaya category. Let R ⊆ SH0(X) be a subalgebra which is of finite type over a field

k, and suppose that there exists a (split-)generating Lagrangian K ∈ W(X) such

4A Weinstein Morse function on (X,λ) is a proper Morse function with respect to which the
Liouville vector field is gradient-like. Here λ is a particular choice of Liouville structure on X of the
given homotopy class.

184



that HW •(K,K) is a Noetherian R-module, where R acts via the closed-open string

map.

Theorem 4.1.4 (= 4.6.6 + 4.5.1). Under the above assumptions, if ϕ : X → X is a

generic compactly-supported Hamiltonian symplectomorphism, then:

|cX ∩ ϕ(cX)| ≥ dimRHW
•(K,K) + 1. (4.1.3)

Here dimR(−) denotes the Krull dimension of an R-module. Both W(X) and

SH•(X) are defined over k and are, say, Z/2-graded. Here are some examples illus-

trating applications of 4.1.4.

Example 4.1.2. For (T ∗Sn, λ), where n ≥ 2 and λ is homotopic to the standard

Morse–Bott form pdq, we will see that RdimW(T ∗Sn) = 1 (say with Z/2-gradings

and Q-coefficients) and hence |cX ∩ ϕ(cX)| ≥ 2. This lower bound is of course sharp.

Example 4.1.3. Let G be a compact, simply-connected Lie group. Suppose that

(T ∗G, λ) is a Weinstein structure which is homotopic to (T ∗G, pdq). Then we will see

that RdimW(T ∗G) ≥ rankG and hence |cX ∩ ϕ(cX)| ≥ rankG+ 1.

Example 4.1.4. Let us consider the case where 2c1(X) = 0 so that both SH•(X) and

W(X) are Z-graded. Following [Pom21], an object L0 ∈ W(X) is called a homological

section if the restriction of the closed-open map CO to the degree 0 part of SH•(X)

CO : SH0(X) → HW •(L0, L0) (4.1.4)

defines an isomorphism of algebras. If Spec(SH0(X)) is smooth, [Pom21, Cor. 1.4]

tells us L0 is a split-generator. Then we can conclude

|cX ∩ ϕ(cX)| ≥ RdimW(X) + 1 ≥ dimSH0(X) + 1. (4.1.5)

In practice, a large class of such Weinstein manifolds arise from the complement of
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the anti-canonical divisor of log Calabi–Yau varieties.

We now turn to 4.1.3. We have the following result:

Theorem 4.1.5 (= 4.6.5 + 4.5.1). If R ⊆ SH0(X) and K ∈ W(X) are as in 4.1.4,

then

Lefw(X) ≥ dimRHW
•(K,K) + 1. (4.1.6)

Example 4.1.5. We have Lefw(T
∗Sn) = 2 for n ≥ 2. If G is a simply-connected

compact Lie group, then Lefw(T
∗G) ≥ rankG+1. If X admits a homological section

as in 4.1.4, then Lefw(X) ≥ dimSH0(X) + 1.

Example 4.1.6. If W(X) is Z-graded and L ∈ W(X) is diffeomorphic to a n-torus,

then L is a point-like object. By work of Elagin–Lunts [EL18], the existence of such

an L implies that RdimW(X) ≥ n (see 4.3.8). Hence Lefw(X) ≥ n+ 1.

As an application of 4.1.5, we prove that the natural complex analog of Lazarev’s

previously mentioned result “WMor(X) = Mor(X)” fails. This is a consequence of

the following corollary.

Corollary 4.1.3 (= 4.6.1). There exists a Liouville manifold T ∗S3
exotic = (T ∗S3, λ)

which is formally isotopic to (T ∗S3, pdq), but where

Lefw(T
∗S3) ̸= Lefw(T

∗S3
exotic). (4.1.7)

The term “formally isotopic” should be interpreted in the context of the h-

principle: it means that pdq and λ are indistinguishable from the perspective of

differential topology. 4.1.3 provides the first example of a pair of formally isotopic

Weinstein manifolds with non-zero middle homology which can be distinguished by

Lefw(X).5 In particular, 4.1.3 implies that, in contrast to WMor(−), the number

Lefw(−) is a truly symplectic invariant.

5For Weinstein manifolds with vanishing middle homology, Lefw(−) distinguishes exotic examples
for trivial reasons: for example, ifX = Cn andX ′ is an exotic Cn, then Lefw(X) = 0 but Lefw(X

′) >
0 since otherwise X ′ would be subcritical and hence standard.
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The proof of 4.1.3 uses a construction of Eliashberg–Ganatra–Lazarev [EGL20],

who exhibited an exotic T ∗S3
exotic which contains a regular Lagrangian 3-torus. We

will see that this implies that RdimW(T ∗S3
exotic) = 3, and hence Lefw(T

∗S3
exotic) ≥ 4.

In contrast, it is known that T ∗S3 admits a Lefschetz fibration with 2 critical points.

Methods: bounds on the Rouquier dimension coming from geometry

It turns out that the Rouquier dimension of wrapped Fukaya categories provides a

lower bound for the quantities we wish to study.

Proposition 4.1.6 (= 4.6.6). Let (X,λ) be a Weinstein manifold with properly em-

bedded cocores (this is a generic condition) and nonzero wrapped Fukaya category. If

ϕ : X → X is a generic compactly-supported Hamiltonian symplectomorphism, then:

|cX ∩ ϕ(cX)| ≥ RdimW(X) + 1. (4.1.8)

(The result we prove in 4.6.6 is stated slightly differently and is more general.)

Let us sketch the proof of 4.1.6. To begin with, it can be shown that the Rouquier

dimension of any A∞ category is bounded above by the length of the shortest res-

olution of the diagonal bimodule by Yoneda bimodules (minus 1). This is a purely

algebraic fact which has nothing to do with Fukaya categories.

We now set r = |cX ∩ϕ(cX)|. Our goal is to construct a resolution of the diagonal

bimodule ∆W(X) of length r. We do this by the following geometric argument. First,

observe that the intersection points of cX with ϕ(cX) are in bijection with the inter-

section points of the skeleton of (X × X,−λ ⊕ ϕ∗λ) with the diagonal Lagrangian.

Since cX ⋔ ϕ(cX), the diagonal intersects the skeleton transversally in r points. By

applying deep work of Chantraine–Dimitroglou-Rizell–Ghiggini–Golovko [CRGG17]

or Ganatra–Pardon–Shende [GPS18b], one can then construct a resolution of the di-

agonal by r cocores of X × X. Morally, the idea is that as one scales the diagonal
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Lagrangian by the Liouville flow, it converges to cocores at each point where it inter-

sects the skeleton. The upshot is that we have resolved the diagonal Lagrangian by

r cocores in X × X, which are just products of cocores in X. Finally, we can turn

this resolution of the diagonal Lagrangian into a resolution of the diagonal bimodule.

This last step is carried out in the Appendix, following the methods of [Gan12] and

[GPS18b].

There is also an upper bound on the Rouquier dimension coming from Lefschetz

fibrations.

Proposition 4.1.7 (= 4.6.5). Let X be a Liouville manifold with nonzero wrapped

Fukaya category. Then we have

Lefw(X) ≥ RdimW(X) + 1. (4.1.9)

The proof of 4.1.7 is straightforward and (at least implicitly) well-known to ex-

perts: the Fukaya–Seidel category associated to a Lefschetz fibration admits a semi-

orthogonal decomposition of length equal to the number of critical points of the fi-

bration, which immediately implies the corresponding upper bound for the Rouquier

dimension.

Methods: commutative ring actions on wrapped Fukaya categories

In order to obtain conclusions about quantitative symplectic topology, we need a

method for obtaining lower bounds on the Rouquier dimension of wrapped Fukaya

categories which can then be combined with the upper bounds stated in Propositions

4.1.6 and 4.1.7. These lower bounds will ultimately arise from considering a canonical

action of the Hochschild cohomology ring on the Fukaya category. To explain this, it

is natural to start the discussion in a more general setting.

Let C be a pre-triangulated A∞ category and let T = H0(C) be its homotopy
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category. Let Z•(T ) be the (graded-commutative) ring of graded natural transforma-

tions of the identity on T . Given a graded-commutative ring R, a central action of R

on the triangulated category T is by definition a morphism of graded-commutative

rings R → Z•(T ). Concretely, this is the data of a morphism R → hom•
H(C)(K,K)

for each object K ∈ C such that the induced left and right module structures on

hom•
H(C)(K,L) coincide up to sign.

The upshot is that the morphism spaces of objects of T define modules over

R. One can then study the triangulated category T using tools from (graded-

)commutative algebra. This perspective leads to a very rich theory; see e.g. [BIK08].

The workhorse result for lower-bounding the Rouquier dimension of wrapped

Fukaya categories in this chapter is the following:

Theorem 4.1.8 (= 4.5.1). Let T be a Z/m-graded triangulated category (1 ≤ m ≤ ∞)

and let R be a finite type k-algebra acting centrally on T . Suppose that there exists

a (split-)generator G ∈ T such that Hom•
T (G,G) is a Noetherian R-module. Then

Rdim T ≥ dimRHom•
T (G,G).

4.5.1 can be viewed as an “affine” analog of a beautiful theorem of Bergh–Iyengar–

Krause–Oppermann [BIKO10, Thm. 4.2]. In fact, (as we will see) one could directly

apply [BIKO10, Thm. 4.2] and still obtain useful lower bounds for certain examples.

However, for our purposes, [BIKO10, Thm. 4.2] suffers from two limitations. First

of all, it is essentially never sharp (there is a pesky −1 which comes, ultimately,

from working in the “projective” rather than “affine” setting). Secondly, it requires

rather strong hypotheses on R and Hom•
T (G,G) which do not hold in many cases of

interest to us (for instance, 4.1.4 and 4.5.3 would fail).6 In contrast, 4.5.1 is sharp for

many examples (such as cotangent bundles of n-spheres and n-tori), and more widely

applicable.

6There is a typo in the definition of the projective dimension in [BIKO10, Sec. 2] which propagates.
As a result, one needs to add an assumption in the statement of [BIKO10, Thm. 4.2], the most natural
(to us) being that R0 = k.
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Our general approach to proving 4.5.1 via Koszul objects follows [BIKO10]; how-

ever, the input from graded-commutative algebra is replaced by new arguments from

(ungraded) commutative algebra. We crucially use the hypothesis that R is of finite

type. This hypothesis is rather severe from the representation theoretic perspective

taken in [BIKO10]. However, from the symplectic perspective which we adopt in this

chapter, this assumption is rather mild.

Of course, 4.1.8 is useless without a good supply of central actions. Happily,

for any pre-triangulated A∞ category C, there is a canonical central action of the

Hochschild cohomology ring HH•(C) on T = H0(C) called the characteristic mor-

phism. Given any object K ∈ C, this is just the map HH•(C) → hom•
H(C)(K,K) that

projects a Hochschild cochain onto its length zero part. In general, the characteristic

morphism is neither injective nor surjective.

In the case which is relevant to us, namely when T = H0(PerfW(X)) and X

is Weinstein, the characteristic morphism is known to admit a concrete description

in terms of the familiar closed-open map. To explain this a little, recall that the

closed-open map defines a ring morphism SH•(X) → HW •(L,L), for any object

L ∈ W(X). On the other hand, if X is Weinstein, there is an isomorphism of graded-

commutative rings HH•(W(X)) = SH•(X) [CRGG17]. Now the point is simply

that the obvious diagram formed by these maps commutes. As a result, we obtain

the following corollary which is the desired lower bound.

Corollary 4.1.4 (= 4.5.3). Suppose that SH0(X) admits a subring R of finite-type

over k, and suppose there exists a (split-)generator K ∈ W(X) such that HW •(K,K)

is Noetherian over R, where R acts via the closed-open map. Then

RdimW(X) ≥ dimRHW
•(K,K). (4.1.10)

4.1.4 works with any choice of gradings, but SH•(X) will typically be Z-graded
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or Z/2-graded, depending on the application. The flexibility to choose different grad-

ings is convenient in practice, since of course SH0(X) will admit different subrings

depending on the choice of grading.
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4.2 Category theory

4.2.1 Notation and conventions

Unless otherwise indicated, k denotes a field.

Let T be a category. We will routinely abuse notation by writing K ∈ T to

mean that K is an object of T . Similarly, we write I ⊆ T to mean that I is a full

subcategory of T . Given two full subcategories I,J of T , we let I ∪ J be the full

subcategory with objects the union of the objects in I and those in J .

A full subcategory I ⊆ T is said to be strictly full if is closed under isomorphisms.

We will sometimes implicitly identify a set of objects with the corresponding full sub-

category (resp. identify a set of isomorphism classes of objects with the corresponding

strictly full subcategory).

Given an object K ∈ T , a summand of K is a triple (Z, k, r) consists of an object
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Z ∈ T along with maps r ∈ hom(Z,K), k ∈ hom(K,Z) such that k ◦ r = id and

r ◦ k is an idempotent. An idempotent e ∈ hom(K,K) is said to split if e = r ◦ k for

some summand (Z, k, r). A category is said to be idempotent complete (or Karoubi

complete) if all idempotents split.

4.2.2 Triangulated categories

A triangulated category T = (T ,Σ,∆) is an additive category T equipped with an

autoequivalence Σ : T → T , called the shift functor, and a class of distinguished

triangles ∆. This data is required to satisfy certain axioms. A standard reference for

triangulated categories is [Nee01].

We say that a triangulated category T is Z/m-graded (for m ∈ N+ ∪ {∞}

and Z/∞ := Z) if Σm = id. If T is Z/m-graded, we define Hom•
T (X, Y ) :=

⊕m
i=1HomT (X,Σ

iY ).

Given full subcategories I0, I1 of T , let I0∗I1 be the strictly full subcategory which

is uniquely characterized by the following property: an object K ∈ T is contained in

I0 ∗ I1 if there exists a distinguished triangle K0 → K → K1 → with K0 ∈ I0 and

K1 ∈ I1. It is a straightforward consequence of the octahedral axiom for triangulated

categories that the operation (I0, I1) 7→ I0 ∗ I1 is associative (see e.g. [BBD82, Lem.

1.3.10]).

Given I ⊆ T a full subcategory, let [I] be the smallest strictly full subcategory

of T containing I and closed under finite direct sums and shifts. Let ⟨I⟩ be the

smallest strictly full subcategory of T closed under finite direct sums, shifts and taking

summands. Let ads(I) be the smallest strictly full subcategory of T containing I

and closed under arbitrary direct sums and shifts.

We inductively define [I]n = [I]n−1 ∗ [I] and ⟨I⟩n = ⟨⟨I⟩n−1 ∗ ⟨I⟩⟩. We set

[I]∞ := ∪n∈N[I]n and ⟨I⟩∞ = ∪n∈N⟨I⟩n.

Finally, we let Isd be the smallest strictly full subcategory containing all sum-
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mands of I (this is often called the “Karoubi completion”). A full subcategory of a

triangulated category is called thick if it is closed under taking summands.

Remark 4.2.1. Some sources (e.g. [EL21]) adopt a different convention in which the

indices in ⟨−⟩n and [−]n are shifted down by 1.

Lemma 4.2.1. The following properties hold for all n ∈ N ∪ {∞} and any I ⊆ T .

1. [I] = [[I]], Isd = (Isd)sd and [Isd] ⊆ [I]sd

2. ⟨I⟩n = ([I]n)sd

3. [[I]n] = [I]n and ⟨⟨I⟩n⟩ = ⟨I⟩n

4. Given objects G,H ∈ T , we have ⟨G⟩n ⊆ ⟨G⊕H⟩n and ⟨H⟩n ⊆ ⟨G⊕H⟩n.

Proof. (1) is obvious. (2) can be established by following the argument of [Sei08b,

Lem. 4.1] (and is stated without proof in [Rou08, Rmk. 3.1]). (3) is straightforward

using (2). (4) is obvious.

Lemma 4.2.2. Let T be a triangulated category. Let I,J be thick full triangulated

subcategories such that T = ⟨I ∪ J ⟩∞ and hom(K,L) = 0 for all K ∈ J and L ∈ I.

Then T = ⟨J ∗ I⟩.

Proof. The proof is standard; see e.g. [Bon89, Lem. 3.1]. Since ⟨J ∗I⟩ contains I and

J , it is enough to verify that ⟨J ∗ I⟩ is closed under cones. This is a straightforward

check using [BBD82, Prop. 1.1.11].

Lemma 4.2.3. Let T be a triangulated category. Let I1, . . . , Ir be full triangulated

subcategories which are mutually orthogonal, in the sense that hom(K,L) = 0 for

all K ∈ Ik and L ∈ Il if k ̸= l. Then ⟨I1 ∪ · · · ∪ Ir⟩n = ⟨⟨I1⟩n ∪ · · · ∪ ⟨Ir⟩n⟩ for all

n ∈ N ∪ {∞}.

The following lemma is well-known; see e.g. [Rou08, Cor. 3.14].
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Lemma 4.2.4. Let T be a triangulated category and let T c denote the full triangulated

subcategory of compact objects. Then given I ⊆ T c, we have T c ∩ ⟨ads(I)⟩d =

⟨I⟩d.

4.2.3 A∞ categories

Basic definitions

Unless otherwise indicated, we follow the conventions of [Sei08b] and [Sei] when dis-

cussing A∞ categories. One exception is that all A∞ categories in this chapter are

assumed to be strictly unital. We will work mostly with Z/2-graded or Z-graded

A∞ categories, which are always assumed to be defined over a field k. However, the

categorical reasoning in this chapter applies with purely superficial changes to the

setting of Z/n-graded A∞ categories for any n ∈ N+ (the case n = 1 corresponds to

an ungraded A∞ category).

Given A∞ categories C1 and C2, an (C1, C2)-bimodule is an A∞ functor Cop
1 ×C2 →

Ch k, where Ch k is the dg category of chain complexes of k-vector spaces. Note

that (C1, C2)-bimodules form a dg category, which is denoted by (C1, C2) − mod. As

usual, two such bimodules are said to be quasi-isomorphic if they are isomorphic in

the homotopy category H0((C1, C2) − mod). Let ∆C be the diagonal bimodule over

an A∞ category C. A right (resp. left) module over C is a (k × C)-bimodule (resp. a

(C × k)-bimodule). The right (resp. left) modules over C form a dg category Mod C

(resp. Mod Cop).

Let {Ci}i=1,2,3 be A∞ categories. Given a (C1, C2)-bimodule P and a (C2, C3)-

bimodule Q, we can form their convolution (bimodule tensor product) P ⊗C2 Q.

Using the same notations, the convolution has the following properties:

• it is strictly associative;

• we have quasi-isomorphisms between bimodules ∆C1⊗C1P → P and P⊗C2∆C2 →
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P .

• the convolution −⊗C2 Q induces a dg functor (C1, C2)−mod to (C1, C3)−mod.

Similarly for Q⊗C3 −.

There is a canonical Yoneda embedding C → Mod C. Let Tw C ⊆ Mod C be the

closure of the image of the Yoneda embedding under taking mapping cones. Let

Perf C ⊆ Mod C be the closure of the image of the Yoneda embedding under taking

mapping cones and summands. Note that we have

Perf C = (Mod C)c, (4.2.1)

where (−)c means taking compact objects; see [GPS18a, (A.2) and Prop. A.3].

An A∞ category C is said to be pre-triangulated if the canonical embedding C ↪→

Tw C is a quasi-equivalence. The homotopy category H0(C) of a pre-triangulated A∞

category is a triangulated category.

Given an A∞ category C and a set of objects A, we can form the quotient A∞

category C/A (see [LO06,Dri04]), which comes equipped with a canonical map q :

C → C/A. Suppose B is another A∞ category. Given a functor C → B which sends

A to acyclic objects, there is an induced functor C/A → B (see [GPS18a, Sec. A.7]).

We note that the canonical map (Tw C)/A → Tw(C/A) is a quasi-equivalence, and

the canonical map Perf C/A → Perf(C/A) is a Morita equivalence (it is not in general

a quasi-equivalence).

Equivalent constructions of the derived category of a (dg) k-algebra

In the literature, one encounters various definitions of the derived category of a (dg)

k-algebra. We therefore collect some standard facts which will be implicitly assumed

in the sequel.

195



Lemma 4.2.5. Let A be a dg k-algebra. The following constructions of the derived

category D(A) produce equivalent triangulated categories.

1. Consider the quotient (in the sense of Drinfeld [Dri04]) of the dg category of

dg A-modules by the dg subcategory of acyclic dg A-modules. Then pass to

H0(−).

2. View A as an A∞ algebra and consider ModA, the A∞ category of A∞ A-

modules. Now pass to H0(−).

Lemma 4.2.6. Let A be a k-algebra. The following constructions of the derived

category D(A) produce equivalent triangulated categories.

1. Consider the abelian category of modules over A and let K(A) be the homotopy

category. Then take the quotient (in the sense of Verdier) of K(A) by the

subcategory of acyclic complexes.

2. View A as a dg algebra concentrated in degree zero with the trivial differential.

Now apply either one of the equivalent constructions of 4.2.5.

In contrast to 4.2.6, if A is a graded k algebra, it is in general not the case that

the derived category of the abelian category of graded A-modules coincides with the

derived category of dg A-modules.

Remark 4.2.2. Let A be a k-algebra. Viewing A as a dg k-algebra, we can consider

the A∞ category Perf A. Then H0(Perf A) ⊆ H0(ModA) = D(A) is equivalent to the

smallest idempotent complete triangulated subcategory of D(A) containing A (where

A is viewed as a module over itself). It is shown in [Sta21, Prop. 07LT] that the

objects of this latter category are precisely the perfect complexes, i.e. the complexes

of A-modules quasi-isomorphic to a bounded complex of finite projective A-modules.
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4.2.4 The Rouquier dimension

In his remarkable paper [Rou08], Rouquier introduced the following notion of dimen-

sion for triangulated categories.

Definition 4.2.7. The Rouquier dimension of a triangulated category T is the small-

est n ∈ N∪{∞} such that there exists an object G ∈ T with T = ⟨G⟩n+1. We denote

the Rouquier dimension of T by Rdim T .

The Rouquier dimension of an A∞ category C is defined to be the Rouquier di-

mension of H0(Perf C) and is denoted by Rdim C.

We now collect some standard properties of the Rouquier dimension which will

be needed in the sequel. The following lemma is a useful inequality for the Rouquier

dimension of semi-orthogonal decompositions.

Lemma 4.2.8. Let T be a triangulated category. Let I1, . . . , Im be thick full triangu-

lated subcategories satisfying the following conditions:

(i) for any j > i, we have hom(K,L) = 0 for all K ∈ Ij and L ∈ Ii;

(ii) ⟨I1 ∪ · · · ∪ Im⟩∞ = T .

Then

Rdim T ≤
m∑
l=1

(Rdim Il + 1)− 1. (4.2.2)

(4.2.2) is in general far from sharp, as can be seen by taking for instance I2, . . . , Im =

0.

Proof. Note that T = ⟨I1 ∪ · · · ∪ Im⟩∞ = ⟨⟨I1 ∪ · · · ∪ Im−1⟩∞ ∪ Im⟩∞. Hence it is

sufficient to treat the case where m = 2.

Suppose Rdim I1 = n1 and Rdim I2 = n2. This means that there exist objects

G ∈ I1 and H ∈ I2 such that I1 = ⟨G⟩n1+1 and I2 = ⟨H⟩n2+1.
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We now have, by 4.2.2, T = ⟨⟨H⟩n2+1 ∗⟨G⟩n1+1⟩ ⊆ ⟨⟨G⊕H⟩n2+1 ∗⟨G⊕H⟩n1+1⟩ =

⟨([G ⊕ H]n2+1)sd ∗ ([G ⊕ H]n1+1)sd⟩ ⊆ ⟨([G ⊕ H]n2+1 ∗ [G ⊕ H]n1+1)sd⟩ = ⟨([G ⊕

H]n1+n2+2)sd⟩ = ⟨⟨G⊕H⟩n1+n2+2⟩.

The following statements show that the Rouquier dimension is non-increasing

under quotients of categories.

Lemma 4.2.9 (Lem. 3.4 in [Rou08]). Let T and T ′ be triangulated categories. If there

exists an exact functor T → T ′ with dense image (i.e. every object in T ′ is isomorphic

to a summand of an object in the image), then Rdim T ′ ≤ Rdim T .

Corollary 4.2.1. Let C be an A∞ category and let A denote a set of objects. Then

Rdim C/A ≤ Rdim C.

When a triangulated category comes from an A∞ category, the following lemma

shows that the Rouquier dimension is bounded above by the length of the shortest

resolution of the diagonal bimodule.

Lemma 4.2.10. Let C be an A∞ category and let ∆C denote the diagonal bimodule.

Suppose there exists a resolution of length ℓ ∈ N+

0 = M0 → M1 → · · · → Mℓ (4.2.3)

of (C, C)-bimodules where

• ∆C is a summand of Mℓ;

• there exists perfect modules Pr
i ∈ Perf C and P l

i ∈ Perf Cop such that cone(Mi−1 →

Mi) ∈ [P l
i ⊗ Pr

i ] in H
0((C, C)−mod).

Then Rdim C ≤ ℓ− 1.

Proof. Given Q ∈ Perf C, we convolve Q with the above resolution (i.e. we apply the

functor Q ⊗C −). Note that Q ⊗C P l
i ⊗ Pr

i ≃ H•(Q ⊗C P l
i) ⊗ Pr

i . Writing Ci :=
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H•(Q⊗C P l
i), it follows that Q ∈ ⟨⊕ℓ

i=1(Ci ⊗ Pr
i )⟩ℓ ⊆ ⟨ads(G)⟩ℓ, where G = ⊕ℓ

i=1Pr
i .

Since Q and G are compact objects in Mod C (see (4.2.1)), this implies that Q ∈ ⟨G⟩ℓ

by 4.2.4.

4.2.5 Homotopy colimits

Given a diagram of A∞ categories {Cσ}σ∈Σ indexed by a poset Σ, one can form the

Grothendieck construction (or semiorthogonal gluing)

Grothσ∈Σ Cσ. (4.2.4)

This is an A∞ category with Ob(Grothσ∈Σ Cσ) =
⊔
σ∈ΣOb Cσ. It satisfies the following

important property: if K ∈ Cσ and L ∈ Cσ′ are objects, then the space of morphism

from K to L in Grothσ∈Σ Cσ is zero unless σ ≤ σ′.

The category Grothσ∈Σ Cσ admits a distinguished collection of morphism AΣ called

adjacency morphisms. The homotopy colimit of the diagram {Cσ}σ∈Σ is defined to be

the localization of the Grothendieck construction at the adjacency morphisms:

hocolimσ∈Σ := (Grothσ∈Σ Cσ) [AΣ]
−1. (4.2.5)

We refer the reader to [GPS18b, A.4] for details on the Grothendieck construction

and homotopy colimit. We will not need any properties of these constructions beyond

those mentioned above.

We now collect some lemmas about the Rouquier dimension of homotopy colimits.

We begin with a small piece of notation: given a finite poset Σ and an element σ ∈ Σ,

we let h(σ) ∈ N+ be the length of the longest chain σ1 < · · · < σh(σ) = σ terminating

at σ. Note that h(σ) = h(σ′) implies that σ and σ′ are either incomparable or equal.

Let D be the maximum of h(σ) for all σ ∈ Σ.

Let us now consider the triangulated categories T = H0(Perf Grothσ∈Σ Cσ) and
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T ′ = H0(Perf hocolimσ∈Σ Cσ). We write Iℓ = ⟨
⋃
h(σ)=ℓ Cσ⟩ ⊆ T .

Lemma 4.2.11. Rdim Iℓ = maxh(σ)=ℓRdim Cσ.

Proof. Follows from 4.2.3 and the fact that Cσ, Cσ′ are orthogonal whenever σ ̸=

σ′.

Lemma 4.2.12. We have Rdim T ′ ≤ Rdim T ≤
∑D

ℓ=1(Rdim Iℓ + 1)− 1.

Proof. The first inequality follows from 4.2.1. For the second one, observe that

⟨
⋃L
ℓ=1 Iℓ⟩∞ = T . As noted above, we have homT (K,L) = 0 if K ∈ Ij and L ∈ Ii for

j > i. The claim thus follows from 4.2.8.

4.2.6 The Rouquier dimension of some triangulated cate-

gories

We collect some computations from the literature to be used later. For many other

interesting computations, we refer to [Ela20].

Coherent sheaves

We let DbCoh(Y ) denote the bounded derived category of coherent sheaves over a

scheme Y , which is always assumed to be separated and of finite type over a field.

The following facts are due to Rouquier [Rou08].

• If Y is a separated scheme of finite type over a perfect field, then RdimDbCoh(Y )

is finite; [Rou08, Thm. 7.38].

• If Y is a smooth quasi-projective scheme over a field, then RdimDbCoh(Y ) ≤

2 dim(Y ); [Rou08, Prop. 7.9].

• If Y is a reduced separated scheme of finite type over a field, then RdimDbCoh(Y ) ≥

dim(Y ); [Rou08, Prop 7.16].
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• If Y is a smooth affine scheme of finite type over a field, then RdimDbCoh(Y ) =

dim(Y ); [Rou08, Thm. 7.17].

It follows from the above facts that RdimDbCoh(Y ) = dimY if Y is affine.

Orlov conjectured in [Orl09b, Conj. 10] that this equality holds for any smooth quasi-

projective variety. We will return to this conjecture in 4.4.4.

If Y is a variety which is not assumed to be smooth, then the Rouquier dimension

DbCoh(Y ) can be bigger than its Krull dimension. The following example, which

was communicated to us by W. Hara, shows that there exist projective curves whose

which have arbitrarily large Rouquier dimension.

Example 4.2.3. Fix a positive integer m. Wantanabe [Wat73, Thm. 1] constructed a

k-algebra (A,m) which is a complete intersection Noetherian local domain of Krull

dimension 1 and with dimR/mm/m2 = m. Moreover, by construction, A is the local-

ization of a finite type k-algebra B at a maximal ideal.

Let Y0 = SpecB and let Y ⊆ Pn be the projective compactification of Y0. We

then have RdimDbCoh(Y ) ≥ RdimDbCoh(Y0) ≥ RdimDbCoh(R), where the second

inequality is by [AT15, Lem. 4.2]. We now appeal to [BIKO10, Cor. 5.10], which

implies that RdimDbCoh(R) ≥ m− dimY − 1 = m− 2.

Ballard–Favero gave examples of singular varieties whose Rouquier dimension

equals their Krull dimension (see [BF12, Cor. 3.3]). We will prove in 4.4.4 that

such an equality holds for all toric boundary divisors of smooth quasiprojective DM

stacks over the complex numbers of dimension at most 3 and some other singular

varieties.

Representation categories of quivers

In this chapter, a quiver Γ is a directed graph which is connected, finite, and acyclic

(i.e. having no loops and no cycles).
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Given a quiver Γ and a field k, we can consider the path algebra k[Γ]. As a vector

space, k[Γ] is generated by words of composable arrows; in particular, it is finite

dimensional as a k-vector space since Γ is acyclic. The product of two words is given

by concatenation when this makes sense and is defined to be zero otherwise. The

path algebra of a quiver is in general non-commutative. Unless otherwise indicated,

we always view k[Γ] as an ungraded algebra (although it admits a natural grading by

path length).

For a quiver Γ, we will be interested in the A∞ category Perf k[Γ], as well as

in the associated triangulated category H0(Perf k[Γ]). As noted in 4.2.2, the later

category is equivalent to the smallest idempotent complete triangulated subcategory

of D(k[Γ]) containing k[Γ].

A quiver is said to be of Dynkin ADE type if its underlying graph is a Dynkin

diagram of type An, Dn, E6, E7, E8.

The following proposition is a special case of [Ela20, Prop. 4.3, 4.4] and is ulti-

mately an application of Gabriel’s theorem [DW17, Chap. 4]. (We warn the reader

that the notation Perf(A) in [Ela20] denotes the triangulated category which we have

been denoting by H0(Perf A).)

Proposition 4.2.13. Let Γ be a quiver.

• If Γ is of Dynkin ADE type, then Rdim(Perf k[Γ]) = 0;

• if Γ is not of Dynkin ADE type, then Rdim(Perf k[Γ]) = 1.
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4.3 Wrapped Fukaya categories

4.3.1 Liouville manifolds and related objects

Basic definitions

A Liouville vector field on a symplectic manifold (X,ω) is a vector field V which

satisfies LV ω = ω. Dually, a Liouville 1-form λ on a symplectic manifold (X,ω) is a

primitive for ω.

A Liouville cobordism is an exact symplectic manifold (X0, λ0) with boundary

∂X0 = ∂+X0 ⊔ ∂−X0, such that the Liouville vector field is outward pointing along

∂+X0 and inward pointing along ∂−X0. If ∂−X0 = ∅, such a cobordism is called a

Liouville domain.

A Liouville manifold is an exact symplectic manifold (X,λ) which is modeled near

infinity on the symplectization of a closed contact manifold (Y, ξ = kerλY ). More

formally, this means that there exists a proper embedding

e : (SY, λY ) ↪→ (X,λ) (4.3.1)

which covers the complement of a compact set and satisfies e∗λ = λY . Here (SY, λY ) =

{σ ∈ T ∗Y | σ|ξ = 0} denotes the symplectization of (Y, ξ), where λY is the (restriction

of) the tautological 1-form on T ∗Y . A Liouville manifold can equivalently be viewed

as the result of completing a Liouville domain by gluing on the positive symplecti-

zation of its boundary. The contact manifold Y is written as ∂∞X and is called the

ideal contact boundary of X.

A Liouville sector is a Liouville manifold with boundary which is modeled near

infinity on the positive symplectization of a contact manifold with convex boundary

(see [GPS20, Def. 2.4] for the precise definition). A Liouville manifold is in particular

a Liouville sector. One example of a Liouville sector which is not a Liouville manifold
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is the cotangent bundle of a compact manifold with boundary. Given a Liouville

sector (X,λ), a stop is an arbitrary closed subset f ⊆ (∂∞X)◦. Such a pair (X, f) is

often called a stopped Liouville sector.

A Liouville manifold (X,λ) is said to be Weinstein if the Liouville vector field V

is gradient-like with respect to a proper Morse function ϕ. Note that according to

this definition, being Weinstein is a property of Liouville manifolds rather than an

extra structure. A Liouville cobordism is said to be Weinstein if its completion is

Weinstein; a Liouville sector is said to be Weinstein if its convex completion [GPS20,

Sec. 2.7] is Weinstein. A Liouville pair consists of a pair (X,A) such that X is

a Liouville manifold and A (possibly empty) is a Liouville hypersurface embedded

inside the ideal contact boundary ∂∞X, i.e. the induced contact form λ∂∞X from

the Liouville 1–form λ restricts to the Liouville 1–form on A. The pair (X,A) is

called a Weinstein pair of both X and A are Weinstein. A deformation of Liouville

manifolds/sectors/cobordisms is a one parameter family of such objects.

Skeleta

The skeleton cX ⊂ X of a Liouville manifold or sector (X,λ) is the set of points

which do not escape to infinity under the positive Liouville flow. (More formally:

p ∈ cX ⊂ X iff there exists a compact subset K ⊂ X containing p and such that p

does leave K under the positive Liouville flow). The skeleton is sometimes called the

core in the literature.

The (relative) skeleton cX,f of a stopped Liouville manifold (X, f) is defined to be

the set of points which do not escape to ∂∞X − f under the positive Liouville flow.

If (X,A) is a Liouville pair, we similarly define the (relative) skeleton cX,A to be the

set of points which do not escape to ∂∞X − cA under the positive Liouville flow.

The skeleton of an arbitrary Liouville manifold always has measure zero. If (X,λ)

is Weinstein, then a choice of a gradient-like proper Morse function ϕ : X → R
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defines a handlebody decomposition of X. The skeleton is then precisely the union of

the stable manifolds associated to this decomposition. In particular, the skeleton is

stratified by isotropic submanifolds. In contrast, the skeleton of an arbitrary Liouville

manifold can be much larger (see e.g. McDuff’s examples in [McD91]).

4.3.2 Invariants of Liouville manifolds

The wrapped Fukaya category W(X) of a Liouville manifold (X,λ) is an A∞ category.

The objects of this category are exact, cylindrical Lagrangian submanifolds. The A∞

operations are constructed by counting pseudoholomorphic curves. The wrapped

Fukaya category was first constructed by Abouzaid–Seidel [AS10c] and has become a

fundamental invariant in the study of Liouville manifolds.

More generally, one can also consider the wrapped Fukaya category W(X, f) of a

stopped Liouville sector. The relevant theory was developed by Ganatra–Pardon–

Shende (see [GPS18b, Sec. 2] for an overview), following earlier work of Sylvan

[Syl19a].

The wrapped Fukaya category is invariant up to quasi-equivalence under defor-

mations of the underlying Liouville manifold/sector. More generally, the wrapped

Fukaya category of a stopped Liouville manifold is invariant under deformations which

preserve the contactomorphism type of the complement of the stop [GPS18b, Thm.

1.4].

The symplectic cohomology SH•(X) of a Liouville manifold (X,λ) is a graded-

commutative ring (meaning that ab = (−1)|a||b|ba). The generators can be interpreted

as orbits for a Hamiltonian on X which grows suitably fast at infinity, and the dif-

ferential counts pseudoholomorphic curves. Our grading conventions for symplectic

cohomology are uniquely determined by stipulating that the differential increases

grading and that the unit lives in degree zero. They match those of e.g. [Sei08a] and

[Gan12].
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Symplectic cohomology was originally introduced by Floer and Hofer [FH94] and

subsequently recast by Viterbo [Vit99]. We refer to [Sei08a] for a beautiful survey

which also matches our sign and grading conventions.

Remark 4.3.1 (Orientations/gradings). Note that one must fix additional orienta-

tions/grading data in order for the above invariants to be Z-graded and defined over

a field of characteristic zero. We generally avoid discussing signs/gradings in this

chapter (see instead [GPS18a, Sec. 5.3]).

Remark 4.3.2 (Technical setups). There are multiple technical setups for Floer the-

oretic invariants on Liouville manifolds in the literature. In particular, there are (at

least) three distinct versions of the wrapped Fukaya category of a Liouville manifold.

The first is the so-called “linear” version of [AS10c]. The second is the so-called

“quadratic” version, which first appeared in [Abo10]. The third is the so-called

“localization” version which was first implemented in the literature by Ganatra–

Pardon–Shende in [GPS20]. Some standard references (such as [AS10a] and [Gan12])

also construct Floer theoretic invariants using almost-complex structures of “rescaled

contact type”, which is in contrast to the previously cited references which only use

almost-complex structures of contact type.

The fact that all of these setups yield isomorphic theories is a folklore result which

is routinely assumed in the literature. However, to the best of our knowledge, detailed

proofs for most of these equivalences have yet to appear (see however [Syl19b, Prop.

2.6] concerning the comparison between the quadratic and localization versions). In

this chapter, the reader is free to assume throughout that the wrapped Fukaya cate-

gory is defined according to the localization setup of [GPS20] (this is the only setup

available for sectors). However, we will quote facts from [AS10a] and [Gan12] in

4.5.4, and we will sometimes also appeal to certain mirror symmetry results from the

literature which are proved using other setups.
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4.3.3 Structural facts about wrapped Fukaya categories

We collect some structural properties of wrapped Fukaya categories which will be

used in the sequel. Unless otherwise indicated, the theory summarized here is due to

Ganatra–Pardon–Shende [GPS20,GPS18b].

Definition 4.3.1 (Def. 1.6 in [GPS18b]). A closed subset c of a symplectic manifold

W is said to be mostly Lagrangian if it admits a decomposition c = ccrit ∪ csubcrit,

where ccrit is a Lagrangian submanifold (in general non-compact) and csubcrit is closed

and covered by the smooth image of a second countable manifold of dimension at

most 1
2
dimW − 1. We similarly define the notion of a mostly Legendrian subset of a

contact manifold.

If cX ⊂ X is mostly Lagrangian, a generalized cocore associated to a connected

component of ccritX is an exact (cylindrical at infinity) Lagrangian which intersects this

component transversally in a single point. There is a closely related notion for stops:

suppose c ⊆ ∂∞X is a stop and let p ∈ ccrit. Then there is an associated Lagrangian

submanifold Lp ⊆ X called the linking disk, which is well-defined up to isotopy and

depends only on the connected component of ccrit containing p.

Example 4.3.3. If the stable manifolds of (X,λ) are properly embedded (this condition

holds after a generic perturbation of λ), then the skeleton is mostly Lagrangian. The

cocores of the critical handles are in particular generalized cocores. Similarly, the

skeleton of a Weinstein hypersurface V ⊆ ∂∞X is mostly Legendrian after possibly

perturbing V .

If X is a Liouville sector and c ⊆ ∂∞X is a stop, then there is a natural functor

(often called “pushforward” or “stop-removal”)

W(X, c) → W(X). (4.3.2)

This functor is characterized as follows when c is mostly Legendrian.
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Theorem 4.3.2 (see Thm. 1.16 in [GPS18b]). If c ⊆ ∂∞X is mostly Legendrian, then

(4.3.2) induces a quasi-equivalence

W(X, c)/D ∼−→ W(X), (4.3.3)

where D is the collection of linking disks associated to ccrit.

It is a fundamental fact due independently to Chaintraine–Dimitroglou Rizell–

Gigghini–Golovko [CRGG17] and Ganatra–Pardon–Shende [GPS18b, Thm. 1.10] that

the wrapped Fukaya category of a Weinstein manifold is generated by cocores. We

will need a slightly more refined statement, which follows from essentially the same

proof. This is the content of 4.3.3 below.

To set the stage, let (X,λ) be a Liouville manifold. Suppose that the skeleton

cX = ccrit ∪ csubcrit is mostly Lagrangian, and that every connected component of ccrit

admits a generalized cocore. Let L be an object of W(X) such that the underlying

Lagrangian satisfies the following conditions:

• L ∩ cV ⊆ ccritV ;

• L intersects ccritV transversally.

Theorem 4.3.3. With the above assumptions, suppose that |L ∩ cV | = r ∈ N. Then

there exists a resolution

0 = K0 → K1 → · · · → Kr−1 → Kr = L (4.3.4)

where each cone(Ki−1 → Ki) is isomorphic in H0(W(X)) to a generalized cocore.

Proof. The proof is essentially the same as that of [GPS18b, Thm. 1.11]. After

possibly modifying L outside a compact set, we may assume that λ|L has a compactly-

supported primitive [GPS18b, Lem. 6.1]. Let f : X → R be an extension of this

primitive to X.
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Consider the functors

W(X) ↪→ W(X×C, cX×{±∞}) ∼−→ W(X×C, cX×{+∞}∪cX×{e4πi/3·∞}), (4.3.5)

where the first arrow is the Künneth embedding [GPS18b, Thm. 1.5] and the second

arrow is induced by the isotopy of stops cX × {−∞} ⇝ cX × {eπi·(1+s)∞}) for s ∈

[0, 1/3], which is a quasi-equivalence by [GPS18b, Thm. 1.4].

On objects, (4.3.5) sends L 7→ L×̃iR, which is the cylindrization of the product

Lagrangian L× iR as defined in [GPS18b, Sec. 6.2]. The cylindrization is well-defined

up to a contractible choice of Lagrangian isotopies. It will be convenient to construct

a nice cylindrization. To this end, let C ≫ 1 and 0 < ϵ ≪ 1 be constants which will

be fixed later. Let ϕ(r, θ) = ϕ(r) : C → R be a function with the following properties:

• the derivative of ϕ in the radial direction is non-negative;

• ϕ(r) = 0 for r ∈ [0, C − ϵ] and ϕ(r) = 1 if r ≥ C.

To define the cylindrization, we consider the Liouville 1-form λX + λC − d(ϕf),

where λC = r2dθ. The associated Liouville vector field is

(ZX + ϕXf ) + (
1

2
r∂r + fXϕ). (4.3.6)

Assuming C is large enough, it was shown in [GPS18b, Sec. 6.2] that there is a unique

Hamiltonian isotopy Φ which is the identity on a Liouville subdomain of X × C and

sends ZX + 1
2
r∂r (i.e. the Liouville vector field of λX + λC) to (4.3.6).

For t ∈ [0, 2/3], let Lt := L × eπi·(t+1/2)R. We define L̃t := Φ(Lt) to be the

cylindrization.

Consider now the contact manifold O = X × {r = C}, with contact form λX +

C2dθ. This defines coordinates on (a region of) (∂∞(X × C), λX + λC). We set Λt =

O∩Lt and Λ̃t = O∩ L̃t. By construction, Λ̃t ⊆ O is Legendrian. Moreover, by taking
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ϵ small enough, we can ensure that L̃t is arbitrarily close to the Legendrian lift of Lt

in any Ck norm. In particular, the projection of L̃t onto X×{r = C, θ = π ·(t+1/2)}

is arbitrarily close to Λt.

We now consider the isotopy L̃t for t ∈ [0, 2/3]. The intersection points of L̃t

with the stop cX × {+∞} are in correspondence with the intersection points of Λt

with cX ×{∞}, and hence with the intersection points L∩ cX . By assumption, these

intersections are all transverse and contained in ccritX .

The rest of the argument is identical to the proof of [GPS18b, Thm. 1.11] and is

therefore only sketched. We may assume (e.g. by a small perturbation of the stop)

that the intersections happens at discrete times 0 < t1 < · · · < tr < 2/3. At each

intersection point ti, the wrapping exact triangle [GPS18b, Thm. 1.9] gives Lti+δ →

Lti−δ → Di
[1]−→, where Di is a linking disk. One can verify that Ltr+δ is the zero object

(for example, because it is contained in a Liouville sector deformation equivalent to

X × CIm≥0 whose wrapped Fukaya category thus vanishes). Finally, it can be shown

that the linking disks correspond to generalized cocores under (4.3.5).

Remark 4.3.4. 4.3.3 also follows from [CRGG17, Prop. 9.3] (in a slightly less general

form). Note that in the statement of [CRGG17, Prop. 9.3], the authors implicitly

assume that the Liouville structure has already been put in a “nice” form (see the

discussion in [CRGG17, Sec. 2.2, 9.1]). However, these deformations can always

be assumed to preserve the skeleton and the cocores set-wise so do not cause any

problems.

4.3.4 The Rouquier dimension of wrapped Fukaya categories

We now arrive at the main topic of this chapter.

Definition 4.3.4. Let (X,λ) be a Liouville manifold. We let

RdimW(X) ∈ N ∪ {∞} (4.3.7)
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denote the Rouquier dimension of the wrapped Fukaya category W(X), as defined in

4.2.7.

More generally, if (X, f) is a stopped Liouville sector, we let RdimW(X, f) denote

the Rouquier dimension of its wrapped Fukaya category.

Remark 4.3.5 (Orientations/gradings). Of course, the category W(X) depends on

auxiliary orientations/grading data, so RdimW(X) also depends on this data. Thus

RdimW(−) should be viewed as an invariant of Liouville manifolds equipped with

orientation/grading data.

To obtain an honest invariant of Liouville manifolds defined in maximum gen-

erality, one could simply choose to work exclusively with Z/2-coefficients and Z/2-

gradings. On the other hand, for the purpose of this chapter, we are mostly in-

terested in the Rouquier dimension as a tool for symplectic and algebro-geometric

applications. Thus we will typically restrict our discussion to whichever choice of

coefficients/gradings is most convenient for computations or applications.

In the following examples, we collect some preliminary facts about the Rouquier

dimension of wrapped Fukaya categories.

Example 4.3.6. If X is Weinstein, then it can be shown using either [CRGG17, Thm.

1.1] and [GPS18b, Thm. 1.10] that the diagonal ∆ ⊆ W(X×X,−λ⊕λ) is generated

by product-cocores. It then follows by combining 4.7.1 in the appendix with 4.2.10

that

RdimW(X) <∞. (4.3.8)

We do not know if there exists a Liouville manifold whose wrapped Fukaya category

has infinite Rouquier dimension.

Example 4.3.7. If W(X) = 0, then RdimW(X) = 0. This holds of course for sub-

critical Weinstein manifolds. More generally, the same holds for flexible Weinstein

manifold, namely those Weinstein manifolds which admit a handlebody presentation

211



where all critical handles are attached along loose Legendrians.

Example 4.3.8 (Point-like objects). Suppose that W(X) is equipped with Z-grading

and admits a point-like object (e.g. an exact Lagrangian torus). Then it follows from

[EL18, Thm. 5.2] that RdimW(X) ≥ 1
2
dimRX. (For an A∞ category C, we say that

L ∈ C is point-like if (i) C-module Yr
L is proper and; (ii) hom(L,L) = Λ•V as A∞

algebras, where the right hand side is the exterior algebra (viewed as an A∞ algebra)

of an r-dimensional graded vector space V which is supported in degree 1. Strictly

speaking, [EL18, Thm. 5.2] applies only to proper categories. However, one can verify

that the proof only uses the weaker assumption (i).)

Example 4.3.9 (Homological mirror symmetry). If X happens to be mirror to an alge-

braic varietyX∨, then we can immediately transfer the computations of RdimDbCoh(X∨)

discussed in 4.2.6 into computations of RdimW(X). A partial list of homological

mirror symmetry results for Weinstein manifolds and sectors is [HK20, LP20, LU18,

Gam20,GS17, Pom21]. We leave it to the reader to verify which results from 4.2.6

apply in each of these instances.

4.4 Symplectic flexibility and Orlov’s conjecture

Before delving into the technical details, let us illustrate the ideas of this section by

considering the example (X,λ) = (T ∗M, pdq), where M is an n-dimensional closed

manifold. Choose a smooth triangulation (see the discussion in Section 4.4.1 for a

precise definition) S of M and denote by {vα}α∈I the set of 0-simplices of S. Denote

by star(vα) the star of the vertex vα and let star(vα) be its closure. Then star(vα)

is an embedded polyhedron. We choose an inward smoothing of each star(vα) to

obtain a smooth manifold with boundary Mα such that the boundaries {∂Mα}α∈I

intersect transversely. By [GPS18b, Ex. 1.25], the collection of cotangent bundles

{T ∗Mα}α∈I forms a sectorial cover (see [GPS18b, Def. 1.24]) of the Weinstein mani-
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fold (T ∗M, pdq). Then [GPS18b, Thm. 1.27] asserts a pre-triangulated equivalence

hocolim∅≠J⊂I W(
⋂
α∈J

T ∗Mα)
∼−→ W(T ∗M). (4.4.1)

The sectorial cover {T ∗Mα}α∈I admits the following special properties:

1. it has depth at most n + 1 if the inward smoothing is small enough; i.e. if⋂
α∈J T

∗Mα ̸= ∅, then |J | ≤ n+ 1;

2. each local piece
⋂
α∈J T

∗Mα is Weinstein homotopic to the cotangent bundle of

a closed n-dimensional ball D
n
.

Note that W(T ∗D
n
) is equivalent to Perf(k[A1]) where A1 is the quiver with only one

vertex so RdimW(T ∗D
n
) = 0 by Proposition 4.2.13. Then Lemma 4.2.12 and 4.2.11

and the fact that this cover has depth at most n + 1 implies RdimW(T ∗M) ≤ n

because of (4.4.1).

We wish to apply the above ideas to general Weinstein manifolds or sectors with

arboreal skeleta (see Section 4.4.2). For purely technical reasons, it is more convenient

to implement this argument using microlocal sheaf theory. We therefore study the

Nadler–Shende microlocal sheaf (see Section 4.4.3) as an alternative model of the

wrapped Fukaya category, and appeal to [GPS18a, Thm. 1.4] to translate our results

back into the framework of wrapped Fukaya categories. The Nadler–Shende sheaf

just depends on the topology of the skeleta and satisfies a local-to-global descent

formula similar to (4.4.1). Then we can cover the skeleta by the stars of topological

triangulations and conclude our result Theorem 4.4.13 as above.

We will use the notations skel(X) and cX interchangeably throughout this section

to denote the skeleton of (X,λ).
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4.4.1 Stratifications and Goresky’s triangulation theorem

A stratification S of a topological space X is a locally finite decomposition {Xσ}σ∈S

of X into disjoint, locally closed subsets (called strata7) which satisfies the frontier

condition: if Xα ∩Xβ ̸= ∅, then Xβ ⊆ Xα. The pair (X,S) is said to be a stratified

space. Note that S is naturally a partially ordered set, where we set Xα ≤ Xβ if and

only if Xα ⊆ Xβ.

Given a stratum Xα, the (open) star of Xα is defined to be the union of strata from

S whose closures contain Xα and is denoted by star(α). The link of Xα is denoted

by link(α) and defined as the closure of star(α) minus its interior.

Given a fixed topological spaceX, a stratification S ′ ofX is said to be a refinement

of some coarser stratification S of X if every stratum in S ′ is contained in a stratum

in S (equivalently, every stratum in S is a union of strata in S ′).

If X is a topological subspace of a manifold (without loss of generality X ⊆ RN),

then a stratification S of X is said to be Cµ (for µ ∈ Z≥0 ∪ {∞}) if each stratum is

a locally closed Cµ submanifold.

Definition 4.4.1. A C1 stratification S of X ⊂ RN is called Whitney if the following

condition is satisfied.

Whitney (b): given any pair of strata Xα and Xβ for α, β ∈ S with Xα < Xβ,

suppose that xi ∈ Xβ and yi ∈ Xα are a sequences of points both converging to

y ∈ Xα. Suppose also that TxiXβ converges to a subspace T ⊆ TyRN , and the secant

lines xiyi also converge to a line ℓ ⊆ TyRN . Then ℓ ⊆ T .

Next we review the notion of a triangulation. A k-dimensional simplex is a subset

of Rd (for some d > 0) which is the convex hull of some finite set of independent

points p0, . . . , pk. The faces of a simplex are defined in the obvious way. A simplicial

7The strata are required to be connected under some conventions. We find it more convenient to
also allow disconnected strata – however, this is just a matter of terminology which does not affect
the substances of the arguments.
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complex (see [Mun16, Def. 7.1]) is a set K of simplices in Rd (for some fixed d > 0)

which satisfies the following conditions:

1. every face of a simplex σ ∈ K is also in K;

2. the non-empty intersection of any two simplices σ1, σ2 ∈ K is a face of both σ1

and σ2;

3. local finiteness (i.e. each point of |K| is contained in finitely many simplices,

where |K| is the topological space formed by the union of the simplices from

K).

Note that the space |K| admits a stratification whose strata are given by interiors

of simplices from K and we denote this stratification by SK. Each stratum of SK is

naturally a smooth submanifold of Rd and it is easy to see that SK defines a Whitney

stratification.

The notion of a simplicial subcomplex is defined in the obvious way.

Definition 4.4.2. Given a smooth manifoldM , a smooth triangulation ofM consists

of the following data:

1. a simplicial complex K and a simplicial subcomplex L ⊂ K;

2. a homeomorphism f : |K| \ |L| → X such that for each simplex σ ∈ K and

x ∈ σ \ |L|, there is a neighborhood U of x in the plane containing σ and a

smooth embedding f̃ : U → X extending f |U∩σ.

Definition 4.4.3. For a Whitney stratified space (X,S) with smooth strata, a

triangulation of (X,S) is given by a simplicial complex K and a homeomorphism

f : |K| → X such that for each stratum Xα, the set f−1(Xα) is the underlying topo-

logical space of some simplicial subcomplex of K and f : f−1(Xα) → Xα is a smooth

triangulation.
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Given a triangulation of (X,S) as in Definition 4.4.3, the stratification SK on |K|

defines a (topological) stratification of X and we call a stratification of this from tri-

angulation. It is easy to see that this stratification is a refinement of the stratification

S. The following theorem of Goresky asserts that it is always possible to refine a

Whitney stratification into a triangulation.

Theorem 4.4.4 (Goresky [Gor78b]). EveryWhitney stratified space (X,S) with smooth

strata admits a triangulation.

Note that Theorem 4.4.4 does not prove that the stratification induced by the tri-

angulation is Whitney. It is an open question whether the theorem can be strength-

ened in that way.

For the purpose of our application, we introduce some more notions. Given two

stratified topological spaces (X,S) and (X ′,S ′), a stratified homeomorphism (X,S) →

(X ′,S ′) is a homeomorphism X → X ′ which sends strata to strata and defines a

bijection between strata.

Definition 4.4.5. For a stratified topological space (X,S), a topological triangulation

of (X,S) is defined by a simplicial complex K and a homeomorphism f : |K| → X

such that S admits a refinement S ′ with the property that f : (|K|,SK) → (X,S ′)

defines a stratified homeomorphism.

Then Theorem 4.4.4 implies the following result which suffices for our application.

Corollary 4.4.1. AnyWhitney stratified space with smooth strata admits a topological

triangulation.

4.4.2 Arboreal singularities

We review the necessary inputs from the arborealization program [AGEN21,AGEN19,

AGEN20] and develop some topological aspects of arboreal Lagrangians needed for

our applications.
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Arborealization of polarized Weinstein manifolds

A signed rooted tree T = (T, ρ, ϵ) consists of an acyclic finite graph T , a distinguished

vertex ρ which is called the root, and a decoration ϵ of edges which are not adjacent

to ρ by signs ±. Let n(T) be the number of vertices of T which are not the root. To

any such T, [AGEN21, Def. 2.19] associates a closed Lagrangian subset

LT ⊂ T ∗Rn(T) (4.4.2)

stratified by isotropic submanifolds, where T ∗Rn(T) is endowed with the standard

symplectic structure.

Definition 4.4.6 (Def. 3.1 in [AGEN21]). A subset L in a symplectic manifold

(M2n, ω) is called a (boundaryless) arboreal Lagrangian if, for any p ∈ L, there is

a neighborhood U containing p and a symplectic embedding

(U,U ∩ L) ↪→ (T ∗Rn(T) × T ∗Rn−n(T), LT × Rn−n(T)), (4.4.3)

for some rooted tree T. Here Rn−n(T) ⊂ T ∗Rn−n(T) is the 0-section. We say that L

is an arboreal Lagrangian with boundary (or just an arboreal Lagrangian) if for any

q ∈ L, there is a neighborhood U containing q and a symplectic embedding modeled

either on (4.4.3) or

(U,U ∩ L) ↪→ (T ∗Rn(T) × T ∗Rn−n(T)−1 × T ∗R≥0, LT × Rn−n(T)−1 × R≥0). (4.4.4)

The following theorem is due to Álvarez-Gavela–Eliashberg–Nadler (see Thm. 1.5

and Rmk. 1.6(iii) in [AGEN20]).

Theorem 4.4.7 (Arborealization). Let (X,λ) be a Weinstein manifold which has a

polarization. Let A ⊆ ∂∞X be a Weinstein hypersurface. Then there exists the

following data:
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1. A family of Liouville forms (λt)t∈[0,1] on X with λ0 = λ such that (X,λt) and

(A, λt|A) are both Weinstein homotopies, and such that skel((X,λ1), A) is arbo-

real with smooth boundary and possibly with “corner-type” singularities (i.e.

locally modeled on (0Rn ∪ conormal({xn = 0, xn−1 ≥ 0})) ⊆ T ∗Rn);

2. A Weinstein hypersurface B ⊆ ∂∞X such that skel(B) \ skel(A, λ1) is a smooth

Legendrian with finitely many connected components, and such that skel((X,λ1), B)

is arboreal. (To be clear, we do not allow any “corner-type” singularities here).

Remark 4.4.1. When A = ∅, the skeleton skel(X,λ1) = skel((X,λ1), A) from (1) of

4.4.7 can be made into an arboreal Lagrangian with smooth boundary.

Remark 4.4.2. If X has real dimension at most 4, then both conclusions of 4.4.7 hold

without assuming the existence of a global Lagrangian plane field. (This is essentially

a consequence of work of Starkston [Sta18], although strictly speaking the result there

is only stated under the assumption that A = ∅, and produces an arboreal skeleton

with “corners”.)

The singularity-order stratification

We introduce a stratification on arboreal Lagrangians according to the local behavior

of the singularities.

Definition 4.4.8. Suppose L ⊂ (M2n, ω) is an arboreal Lagrangian. Given a rooted

tree T with n(T) ≤ n, define L(T) to be the subset of L such that for any p ∈ L(T),

there is a neighborhood U containing p and a symplectic embedding modeled on

(4.4.3). For any rooted tree T with n(T) ≤ n− 1, define L′(T) to be the subset of L

such that for any q ∈ L′(T), there is a neighborhood U containing q and a symplectic

embedding modeled on (4.4.4).
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Then the following decomposition, which is denoted by Sarb,

L =
⋃

T,n(T)≤n

L(T) ∪
⋃

T,n(T)≤n−1

L′(T) (4.4.5)

defines a C∞ stratification of L called the singularity-order stratification.

Proposition 4.4.9. For any arboreal Lagrangian L ⊂ (M,ω), the singularity-order

stratification Sarb on L is Whitney.

The rest of this subsection is devoted to the proof of Proposition 4.4.9.

Suppose we have a possibly singular Legendrian Λ ⊂ S∗Rn endowed with a C∞

Whitney stratification SΛ by isotropic submanifolds. When Λ is connected, assume

that (i) the front projection restricted to each stratum from SΛ defines an embedding

into the 0-section Rn ⊂ T ∗Rn; (ii) different strata have disjoint images under the

projection π. If Λ is disconnected, we require that (i) each component satisfies the

previous conditions and; (ii) given connected components Λ1, . . . ,Λk together with

strata Y1 ⊂ Λ1, . . . , Yk ⊂ Λk, the restriction of the front projection π : S∗Rn → Rn

along Y1 ∪ · · · ∪ Yk is self-transverse.

Then we can consider the singular Lagrangian Cone(Λ) ∪ Rn ⊂ T ∗Rn (where

Cone(Λ) is the Liouville cone and we write Rn ≡ 0Rn). The Lagrangian Cone(Λ)∪Rn

admits a natural stratification SCone(Λ)∪Rn as follows. Given any singular isotropic Λ′,

note that π(Λ′) ⊂ Cone(Λ′) and define C◦(Λ′) := Cone(Λ′) \ π(Λ′). Then the union

of all C◦(Y ) for Y ∈ SΛ defines a decomposition of C◦(Λ) and we declare each C◦(Y )

to be a stratum from SCone(Λ)∪Rn . For the 0-section Rn, define

(Cone(Λ) ∪ Rn)Y1,...,Yk =
k⋂
i=1

π(Yi) \

(⋃
Y ′

π(Y ′) ∩
k⋂
i=1

π(Yi)

)
(4.4.6)

where Y1 ⊂ Λ1, . . . , Yk ⊂ Λk are strata of distinct components Λ1, . . . ,Λk and Y
′ is any

stratum of Λ different from Y1, . . . , Yk. Finally, define (Rn)∅ to be the complement of
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the union of all (Cone(Λ)∪Rn)Y1,...,Yk in the 0-section. Then we obtain a decomposition

Rn = (Rn)∅ ∪
⋃

Y1,...,Yk

(Cone(Λ) ∪ Rn)Y1,...,Yk (4.4.7)

and the decomposition SCone(Λ)∪Rn is simply

Cone(Λ) ∪ Rn =
⋃
Y

C◦(Y ) ∪ (Rn)∅ ∪
⋃

Y1,...,Yk

(Cone(Λ) ∪ Rn)Y1,...,Yk . (4.4.8)

SCone(Λ)∪Rn indeed defines a stratification as the frontier condition holds.

Lemma 4.4.10. The stratification SCone(Λ)∪Rn is Whitney.

Proof. It suffices to check condition Whitney (b) for any pair of strata Xα and Xβ

with Xα < Xβ from SCone(Λ)∪Rn .

If both Xα and Xβ are strata of the form C◦(Y ), Whitney (b) holds because SΛ

is a Whitney stratification.

If Xα ⊂ Rn and Xβ is of the form C◦(Y ), then Xα is necessarily of the form

(Cone(Λ) ∪ Rn)Y1,...,Yk such that there exists Yi with Yi ⊂ Y . Whitney (b) holds by

observing that the canonical stratification on [0,∞) by {{0}, (0,∞)} is Whitney.

If both Xα and Xβ are contained in the 0-section Rn, there are two cases. When

Λ only has one connected component, the projection π is assumed to be a topologi-

cal embedding along Λ and is a smooth immersion when restricted to each stratum.

Then Whitney (b) holds because it holds for the stratification SΛ. If Λ has multi-

ple connected components, we make the following observation. Given two smooth

submanifolds N1 and N2 of a smooth manifold M , if N1 and N2 intersect trans-

versely, then the decompositions N1 ∪ N2 = (N1 \ N2) ∪ (N1 ∩ N2) ∪ (N2 \ N1) and

M = (M \ N1 ∪ N2) ∪ (N1 \ N2) ∪ (N1 ∩ N2) ∪ (N2 \ N1) are all Whitney stratifica-

tions. The obvious generalizations for multiple submanifolds are easy to verify. Then

Whitney (b) for the case when Λ has multiple connected components just follows
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from this observation, the discussion for one single component and the transversality

assumption of the front projection π for strata from different connected components.

(Note that it is possible that the front projections of components of Λ are disjoint

from each other, but Whitney (b) holds nevertheless similar to the discussion of Λ

with only 1 component.)

Proof of Proposition 4.4.9. This is because of Lemma 4.4.10 and the axiomatic char-

acterization of arboreal Lagrangians [AGEN21, Def. 1.1]. Note that the stratification

constructed in Lemma 4.4.10 coincides with the singularity-order stratification using

the inductive description of arboreal Lagrangians from [AGEN21, Def. 1.1].

4.4.3 Upper bounds on the Rouquier dimensions

Now we combine microlocal sheaf theory computations with the main result of [GPS18a]

to obtain upper bounds for the Rouquier dimension of wrapped Fukaya categories.

Microlocal sheaves

Given a topological space X, one can consider sheaves/cosheaves valued in a sym-

metric monoidal stable ∞-category on X. For foundational material on sheaves of

categories we refer to [ST16, Sec. 3.1], [NS20, Rmk. 5.1] and the references therein.

If (X,S) is a stratified space, then a sheaf of (stable ∞-)categories on X is said

to be constructible with respect to S if its restriction to each stratum is locally

constant. Thus constructibility with respect to S is a property. Under (rather weak)

hypotheses on (X,S), it is a theorem that the full subcategory of S-constructible

sheaves is equivalent to a certain representation category of the “infinity exit-path

category”; see [ST16, Sec. 4.2.1].

We record the following standard lemma:

Lemma 4.4.11. Let F be a sheaf of (stable ∞-)categories on a simplicial complex |K|
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which is constructible with respect to the canonical stratification SK. Given σ ∈ K,

we have F(star(σ)) = Fc, for any c ∈ |σ|.

Proof. There is a homeomorphism star(s) = [0, 1) × link(σ)/({0} × link(σ)) which

is compatible with the stratification. So p admits a neighborhood base by open sets

Ut := [0, t) × link(σ)/({0} × link(σ)). The restriction maps are isomorphisms since

F is constructible: indeed, the stratification is independent of t and the restriction

maps are isomorphisms on each stratum. See also [ST16, Sec. 4.2.1].

Suppose now that (X,λ) is a Weinstein manifold of dimension 2n, equipped with

a polarization ξ ⊂ TX (or more generally, with “Maslov data” [NS20, Sec. 10]).

Given any conic subset Λ ⊆ X, there is a sheaf of stable ∞-categories µshΛ(−) on Λ,

called the Nadler–Shende sheaf, defined in [She17,NS20].8 For the purposes of this

chapter, we will always assume that µsh takes values in the dg derived category of Z

or Z/2-graded k-modules.

We emphasize that although the construction of µshΛ uses symplectic topology

(i.e. it uses the fact that Λ is a conical subset of a Liouville manifold), µshΛ itself is

not a symplectic object: it is just a sheaf of categories on the topological space Λ.

Here are some facts about the Nadler–Shende sheaf for Weinstein pairs with ar-

boreal skeleton. Denote by µshcΛ(−) the assignment U 7→ µshΛ(U)
c, where µshΛ(U)

c

is the full subcategory of compact objects of µshΛ(U).

Proposition 4.4.12. Suppose that (X,A) is a Weinstein pair (A could be empty), X is

endowed with a polarization ξ, and skel(X,A) = cX,A ⊆ X is an arboreal Lagrangian.

1. The sheaf µshcX,A
is constructible with respect to the singularity-order stratifi-

cation.

8This sheaf of categories is often called the Kashiwara–Schapira stack in the literature. We find
this terminology misleading since µshΛ(−) is not a stack and was not, to our knowledge, defined by
Kashiwara–Schapira (at least not in its current form).
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2. Suppose p ∈ cX,A ⊂ X has a neighborhood U containing p and a symplectic

embedding modeled on (4.4.3). Let T be the underlying tree of T and we endow

T with the natural quiver structure
−→
T with arrows pointing towards the root.

Then the stalk of µshccX,A
(−) at p satisfies

µshccX (−)p ≃ Perf(k[
−→
T ]). (4.4.9)

In particular, the stalks are independent of the signs on the edges of T.

3. The category µshcX,A
(U) is compactly-generated for any open set U ⊆ cX,A.

Hence µshccX,A
(−) forms a cosheaf of categories on cX,A. In particular, if {Uσ}σ∈Σ

is an open cover of Λ closed under intersections and indexed by a finite poset

Σ, then

µshccX,A
(cX,A) ≃ hocolimσ∈Σ µsh

c
cX,A

(Uσ). (4.4.10)

Proof. (1) follows from combining 4.4.6 with [NS20, Lem. 5.3]. (2) was proved by

[Nad17, Thm. 4.4] in a somewhat different language since the definition of µshcΛ was

not in the literature (cf. also [She17, Thm. 4] for our more modern formulation.)

For (3), combine 4.4.9 and [NS20, Rmk. 1.6, 1.7]. (More precisely, for any open set

U , it follows from 4.4.9 that U ∩ cX,A is Whitney stratified by isotropics. Hence

it follows from [NS20, Rmk. 1.6, 1.7] that µshcX,A
(U) is compactly-generated by

microstalks, which are corepresentable.) Note that this property holds with much

weaker assumptions on the skeleton.

It turns out these properties of microlocal sheaves give rather strong control on

the Rouquier dimensions of the sheaf of global sections, after using the topological

results from Section 4.4.2.

Theorem 4.4.13. Suppose that (X2n, A) is a Weinstein pair (A could be empty), X is

endowed with a polarization ξ, and skel(X,A) = cX,A ⊆ X is an arboreal Lagrangian.
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Then

RdimµshccX,A
(cX,A) ≤ n if n ≤ 3 and (4.4.11)

RdimµshccX,A
(cX,A) ≤ 2n− 3 for n ≥ 4. (4.4.12)

Proof. We prove the theorem assuming A ̸= ∅ and the case A = ∅ follows with a

similar (but simpler) proof. Note that cX,A is the mapping cone cA × [0,∞) glued

to cX along cA × {0} using the Liouville flow. Choose N > 0 and consider the

“truncation” ΛN := cX ∪ cA × [0, N ]. Note that ΛN is an arboreal Lagrangian with

boundary. By Proposition 4.4.9, the singularity-order stratification Sarb on ΛN defines

a Whitney stratification. Note that Sarb restricts to a Whitney stratification S∂arb along

the “boundary” cA × {N} ⊂ ΛN .

Using Corollary 4.4.1, we can find a topological triangulation SK of (ΛN ,Sarb)

which restricts to a topological triangulation S∂K of (cA = cA × {N},S∂arb). In fact,

we can extend the stratification SK induced by K to a stratification S̃K of the non-

compact space cX,A simply by introducing strata of the form Xα × (N,∞) where Xα

is a stratum from the triangulation S∂K.

Then the stars of the stratification S̃K on cX,A define an open cover {Uσ}σ. This

cover has the following nice properties.

1. This cover has depth at most n + 1: given any chain of inclusions Uσ1 ⊊ · · · ⊊

Uσk , we have k ≤ n+ 1.

2. Given any star(Xα) for a stratum Xα from S̃K, the category µshccX,A
(Xα) is

equivalent to Perf(k[
−→
T ]) for some quiver

−→
T with at most n+1 vertices. Indeed,

this follows from 4.4.12(2) and Lemma 4.4.11.

The theorem is then a consequence of the local-to-global formula (4.4.10), 4.2.12

and 4.2.11. Indeed, note that any quiver
−→
T with at most 4 vertices must be of Dynkin

ADE type so RdimPerf(k[
−→
T ]) = 0 by Proposition 4.2.13. This proves (4.4.11). For
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n ≥ 4, note that for any chain of inclusions Uσ1 ⊊ · · · ⊊ Uσk , there are least 4 of the

members satisfying µshccX,A
(Uσi) = 0 and (4.4.12) is proved again by using Proposition

4.2.13.

Corollary 4.4.2. Suppose (X2n, A) is a Weinstein pair and (X,λ) is equipped with a

polarization. Then

RdimW(X,A) ≤ n if n ≤ 3 and (4.4.13)

RdimW(X,A) ≤ 2n− 3 for n ≥ 4. (4.4.14)

Proof. By [GPS18a, Cor. 7.28], we can assume that the Weinstein manifold (X,λ) and

Weinstein hypersurface A are real analytic and the relative core cX,A is subanalytic

singular isotropic. Then [GPS18a, Thm. 1.4] asserts the equivalence

PerfW(X,A) ≃ µshccX,A
(cX,A). (4.4.15)

BecauseX is endowed with a polarization, we can find aWeinstein homotopy {λt}0≤t≤1

and a Weinstein hypersurface B with λ0 = λ such that for the Weinstein structure λ1

we have skel(B) \ skel(A) being a smooth Legendrian and c(X,B) = skel((X,λ1), B)

is arboreal by Theorem 4.4.7. Then using Lemma 4.2.1 and the stop removal result

[NS20, Thm. 1.5 (2)], we see that for the Weinstein structure λ1,

RdimµshccX,A
(cX,A) ≤ RdimµshccX,B

(cX,B) (4.4.16)

because µshccX,A
(cX,A) is a quotient of µshccX,B

(cX,B). The corollary is thus proved

by Theorem 4.4.13 the invariance of µshccX,A
(cX,A) under Weinstein homotopy [NS20,

Thm. 1.9(2), Rmk. 8.16].
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4.4.4 Applications to Orlov’s conjecture

Now we can apply the results obtained above to resolve more cases of Orlov’s conjec-

ture 4.1.1.

Proof of Theorem 4.1.1. Given a quasi-projective variety Y over C, the assumption

on homological mirror symmetry identifies DbCoh(Y ) with the derived (partially)

wrapped Fukaya category of some Weinstein pair satisfying the assumptions of Corol-

lary 4.4.2. Therefore we have RdimDbCoh(Y ) ≤ dimC Y . On the other hand,

[Rou08, Prop 7.17] tells us that RdimDbCoh(Y ) ≥ dimC Y . Therefore the Orlov

conjecture holds.

Remark 4.4.3. When n ≥ 4 under the same assumptions, we obtain the bound

RdimDbCoh(Y ) ≤ 2n− 3. (4.4.17)

This improves the general upper bound RdimDbCoh(Y ) ≤ 2n as in [Rou08, Prop.

7.9].

Next we list the new instances of Orlov’s conjecture covered by Theorem 4.1.1.

Example 4.4.4 (Log Calabi–Yau surfaces). In dimension 2, we can consider non-toric

examples arising in the work of Keating [Kea18], as we now explain.

Let Yp,q,r be the complex algebraic variety constructed as follows. We consider the

toric anti-canonical divisor of D ⊆ P2, which is a wheel of three P1. Pick p copies of a

point lying on the first component, q copies of a point lying on the second component

and r copies lying on the third. Assume these points are colinear, lying in the interior

of each irreducible component, and that 1/p + 1/q + 1/r < 1. Now blow up CP2

at these points. (By definition, the blowup along a point x ∈ D with multiplicity

m > 1 means that we first blow up at x, then we blow up at the the intersection of

the exceptional divisor with the strict transform of D, and so forth m times).
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According to the main result of [Kea18], there are equivalences of categories

DbCoh(Yp,q,r) ∼= PerfW(Tp,q,r, V ), DbCoh(Yp,q,r −D) ∼= PerfW(Tp,q,r) (4.4.18)

where

• Tp,q,r is a Weinstein 4-manifold (a certain Milnor fiber in C3);

• V ⊆ ∂∞Tp,q,r is a Weinstein hypersurface;

• (by abuse of notation) D denotes the strict transform of the toric-anticanonical

divisor on P2.

In particular, Tp,q,r is a complete intersection, so it admits a polarization. There-

fore, we see Conjecture 4.1.1 holds for Yp,q,r and Yp,q,r −D.

Example 4.4.5 (Three-dimensional toric varieties). Homological mirror symmetry for

toric varieties (on the B-side) is proved by Fang–Liu–Treumann–Zaslow in [FLTZ12].

We follow the more modern fomulation from [GPS18a, Cor. 6.16]. For any toric variety

T of dimension n defined over C, there exists a singular Legendrian ∂∞ΛT ⊂ ∂∞T
∗T n

such that

Coh(T) ∼= W(T ∗T n, ∂∞ΛT). (4.4.19)

According to the work of Zhou [Zho20], which generalizes the arguments in [GS17],

the singular Legendrian ∂∞ΛT arises as the skeleton of a Weinstein hypersurface

FT. Note that the ambient Weinstein manifold (C∗)n = T ∗T n comes with a natural

polarization therefore Theorem 4.1.1 applies. We conclude that Conjecture 4.1.1

is true for all 3-dimensional toric varieties, using the fact that W(T ∗T n, ∂∞ΛT) is

equivalent to W(T ∗T n, FT).

Using similar techniques, one can also obtain upper bounds for the Rouquier

dimension of derived categories of coherent sheaves on singular algebraic varieties.

227



Although Orlov’s conjecture 4.1.1 is formulated for smooth quasi-projective varieties,

its extension to possibly singular varieties/stacks holds for the following examples.

Example 4.4.6 (Toric boundary divisors). We recall the following result of homological

mirror symmetry by Gammage–Shende [GS17, Thm. 1.0.1]. Denote by ∂TΣ the toric

boundary divisor of a smooth toric stack T over C. Then there exists a Laurent

polynomial WT : (C∗)n → C and a natural Weinstein structure on the generic fiber

FWT
of WT such that

Coh(∂TΣ) ∼= W(FWT
).

Note that FWT
is a hypersurface in the affine variety (C∗)n so it admits a polarization.

When dimC(∂TΣ) ≤ 3, Theorem 4.1.1 tells us

RdimDbCoh(∂TΣ) = dimC(∂TΣ). (4.4.20)

Example 4.4.7 (The mirror of pair of pants). Recall that the (n−1)–dimensional pair

of pants Pn−1 is defined to be the zero set of the polynomial

f(x1, . . . , xn) = x1 + · · ·+ xn + 1

defined over (C∗)n. This description of Pn−1 endows it a Weinstein structure and a

polarization. The mirror symmetry result [LP20, Cor. 1.1.2] tells us

DbCoh({x1x2 · · · xn = 0}) ∼= W(Pn−1).

Then the arguments in the proof of Theorem 4.1.1 for n ≤ 4 show that

RdimDbCoh({x1x2 · · ·xn = 0}) = dimC{x1x2 · · · xn = 0}. (4.4.21)

Example 4.4.8 (Mirrors of Milnor fibers of weighted homogeneous polynomials). A
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weighted homogeneous polynomial w ∈ C[x1, . . . , xn] with an isolated singularity at

the origin is called invertible if there exists a matrix (aij)
n
i,j=1 with integer-valued

entries and non-zero determinant such that

w =
n∑
i=1

n∏
j=1

x
aij
j .

The corresponding weight system (d1, . . . , dn, h) is determined uniquely by requiring

w(td1x1, . . . , t
dnxn) = thw(x1, . . . , xn)

for all t ∈ Gm and gcd(d1, . . . , dn, h) = 1. The transpose of w is defined to be

w̌ =
n∑
i=1

n∏
j=1

x
aji
j

and let (ď1, . . . , ďn, ȟ) be the weight system of w̌. Denote by V̌w̌ (the Liouville com-

pletion of) the Milnor fiber of w̌, which is a Weinstein manifold coming with a global

Lagrangian plane field. The symmetry group of w is defined by

Γw := {(t1, . . . , tn) ∈ (Gm)
n|ta111 · · · ta1nn = · · · = tan1

1 · · · tann
n }.

It is conjectured in [LU18, Conj. 1.4] and proved in [LU20, Thm. 1.2] and [Gam20,

Thm. 1.6] that

mf(An+1,w + x0 · · ·xn,Γw) ∼= W(V̌w̌),

where mf(An+1,w + x0 · · · xn,Γw) is the (dg) category of equivariant matrix factor-

izations. If ȟ−
∑n

i=1 ďi is positive, a theorem of Orlov [Orl09a, Thm. 3.11] identifies

mf(An+1,w + x0 · · · xn,Γw) with Coh(Zw). Here Zw is the stack

[(SpecC[x0, . . . , xn]/w + x0x1 · · ·xn)/Γw].
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For n ≤ 4, Theorem 4.1.1 applies so we conclude that

RdimDbCoh(Zw) = dimC Zw. (4.4.22)

4.4.5 A digression on non-commutative motives

A functor from the category of small A∞ categories over a field k to some additive

category D is called an additive invariant if:

(i) it sends Morita equivalences to isomorphisms;

(ii) it sends semiorthogonal decompositions to direct sums.

. Well-known examples of additive invariants include Hochschild homology, algebraic

K-theory, cyclic homology, topological Hochschild homology, etc. We recommend

[Tab15, Sec. 2.2] for details and many more examples. As explained in [Tab15, Sec.

2.3], all additive invariants factor through a universal additive invariant, which takes

values in the additive category Hmo0(k) of non-commutative Chow motives; the ob-

jects in this category are small dg/A∞ categories, morphisms are obtained by taking

the Grothendieck group of a certain category of bimodules.

As a byproduct of the argument of the previous section, we obtain the following

(to us) rather surprising result:

Corollary 4.4.3. Let (X,A) be a polarizable Weinstein pair such that W(X,A) is

proper (it is a fortiori smooth). Let U(−) be the universal additive invariant. Then

U(W(X,A)) is a summand of ⊕σ∈ΣU(Perf k[Tσ]), where Σ is a finite set and Tσ is a

tree quiver.

Proof. The proof of 4.4.13 and 4.4.2 furnishes a localization map p : G := Grothσ∈Σ Perf(k[Tσ]) →

W(X,A), where Σ is a finite poset. Since p is a localization, the pullback p∗ on mod-

ules is fully faithful. Moreover, since PerfW(X,A) and G are smooth and proper, p∗
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takes PerfW(X,A) into Perf G ⊂ ModG. This implies that there is a semi-orthogonal

decomposition Perf G = Perf⟨PerfW(X,A),B⟩, where B is right orthogonal to p∗

and B is smooth and proper; cf. [Tab16, Sec. 4]. Hence U(PerfW(X,A)))⊕ U(B) =

U(G) = ⊕σ∈ΣU(Perf k[Tσ]).

Here are some consequences.

Corollary 4.4.4. Under the assumptions of 4.4.3, K∗(W(X,A)) and HH∗(W(X,A))

are concentrated in degree 0 and are in fact isomophic. (If one works instead with

Z-coefficients, one similarly learns that HH∗(W(X,A)) and K∗(W(X,A)) are free

abelian groups.)

Proof. It is known that the trace K∗(Perf k[Tσ]) → HH∗(Perf k[Tσ]) is an isomor-

phism and that both sides are concentrated in degree zero (see e.g. [ST16, Sec. 5.3]).

The claim follows from 4.4.3, since K∗(−), HH∗(−) factor through U .

Example 4.4.9. As a sanity check, suppose that k = C and let (T ∗T n, ∂∞ΛT) be mirror

to a smooth toric variety X as in 4.4.5. By the HKR theorem, HH∗(D
bCoh(X)) =

⊕pH
p,p−∗(X). Hence we learn from 4.4.4 that hp,q = 0 whenever p ̸= q. This is indeed

true: it is a consequence of the general fact that the cohomology of a smooth toric

variety coincides with its Chow ring.

If we assume that W(X,A) is defined over a perfect field, then U(Perf kTσ) =

U(k)⊕ · · · ⊕ U(k) (|Tσ| times); see [Tab15, Sec. 2.4.8]. Hence:

Corollary 4.4.5. Assume k is a perfect field and let V (−) be any additive invariant

(such as Hochschild homology, K-theory, cyclic homology, topological Hochschild ho-

mology, topological cyclic homology, etc.), Under the assumptions of 4.4.3, V (W(X,A))

is a direct summand of V (k)m, for some m ≥ 1.

Here is another consequence of 4.4.3: Tabuada, building on proposals of Kont-

sevich, introduced non-commutative analogs of various classical conjectures in arith-

metic geometry; see [Tab18]. By combing 4.4.3 and [Tab18, Cor. 12.2], we learn:
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Corollary 4.4.6. Assume k is a perfect field. If (X,A) is a polarizable Weinstein

pair such that W(X,A) is proper, then W(X,A) satisfies the non-commutative Weil

conjecture and the strong non-commutative Tate conjecture.

4.5 Central actions on the wrapped Fukaya cate-

gory

The main goal of this section is to prove 4.5.3, which gives a lower bound on the

Rouquier dimension of certain wrapped Fukaya categories. We do this by considering

a central action of HH•(W(X)) on W(X) and adapting methods of Bergh–Iyengar–

Krause–Opperman [BIKO10] to deduce lower bounds on the Rouquier dimension.

The crucial point is that this central action can be understood geometrically in terms

of the closed-open string map.

4.5.1 Central actions on triangulated categories

Let T = (T ,Σ,∆) be a triangulated category. Let Zd(T ) be the set of natural

transformations η : id → Σd such that η ◦ Σ = (−1)dΣ ◦ η. Observe that Z•(T ) =

⊕d∈ZZ
d(T ) inherits the structure of a graded-commutative ring by composition. We

call Z•(T ) the graded center of T .

We will be mainly interested in the case where T = H0(C) for C being a pre-

triangulated A∞ category. In that case, the graded center of H0(C) is precisely the

set of graded natural transformations of the identity in H•(C); cf. [Low08, Sec. 4.2].

Concretely, the elements of the graded center of H0(C) are products

ζ = (ζK)K∈C ∈
∏
K∈C

H•(K,K) (4.5.1)
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subject to the naturality condition that the following diagram commutes

H•(K,L) H•(L,L)⊗H•(K,L)

H•(K,L)⊗H•(K,K) H•(K,L).

1⊗ζK

ζL⊗1

(4.5.2)

Given a graded-commutative ring R, a central action of R on the triangulated

category T is a morphism of graded-commutative rings R → Z•(T ).

Any triangulated category T which comes from a pre-triangulated A∞ category

C (i.e. which is of the form T = H0(C)) admits a canonical central action

χC : HH•(C, C) → Z•(T ), (4.5.3)

where HH•(C, C) is the Hoschschild cohomology of C. In general, this map is neither

injective nor surjective. (Recall that the Hochschild cohomology of an A∞ category is

naturally a graded-commutative ring. We refer to [RS17, Sec. 2.13] for a very detailed

overview of Hochschild cohomology of A∞ categories.)

The morphism (4.5.3) which realizes this canonical action is called the character-

istic morphism. To describe the characteristic morphism concretely, let us recall the

bar model for the Hochschild cochain complex.

CCk(C, C) =
∏
l≥0

K0,...,Kl∈C

Homk−l(homC(Xl−1, Xl)⊗ · · · ⊗ homC(X0, X1), homC(X0, Xl))

(4.5.4)

where Homs(−,−) is the space of degree s morphisms of graded vector spaces.
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The differential applied to an element ϕ of degree d is

δ(φ)(al, . . . , a1) =
∑
r,s

(−1)♣1µl−r+sC (al, . . . , ar+1, φ
r−s+1(ar, . . . , as), as−1, . . . , a1)

(4.5.5)

− (−1)d
∑
r,s

(−1)♣2φl−r+s(al, . . . , ar+1, µ
r−s+1
C (ar, . . . , as), as−1, . . . , a1),

(4.5.6)

where ♣1 := d(|as−1|+ · · ·+ |a1| − (s− 1)) and ♣2 = (|as−1|+ · · ·+ |a1| − (s− 1)).

Given any object K ∈ C, there is a natural projection map

πK : CCk(C, C) → Homk(k, homC(K,K)) ≡ homC(K,K) (4.5.7)

φ 7→ φ0
K ≡ φ0

K(1). (4.5.8)

It can be verified (cf. [RS17, Sec. 2.14]) that the projection map is a morphism of

rings. The characteristic morphism is then precisely

χC(φ) = (φ0
K(1))K∈C. (4.5.9)

The fact that this is a central action follows from the definition of the Hochschild

differential. Indeed, given a closed element x ∈ hom(K,L), we have 0 = δ(φ)(x) =

µ2
C(φ

0
L(1), x)− µ2

C(x, φ
0
K(1)). This matches (4.5.2).

Remark 4.5.1. The Hochschild cohomology of an A∞ category is canonically equiva-

lent to the space of natural transformations of the identity functor, i.e. the “derived

center” of the category. The characteristic morphism thus realizes a map from the

derived center of an A∞ category to the center of its derived category. For more on

this perspective, see [NS17] and the references therein.
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4.5.2 Central actions and the Rouquier dimension

The goal of this section is to prove the following theorem. We refer to 4.1.3 for

motivation and a discussion of the proof.

Theorem 4.5.1. Let T be a Z/m-graded triangulated category (1 ≤ m ≤ ∞) and

let R be a finite type k-algebra acting centrally on T . Suppose that there exists

a (split-)generator G ∈ T such that Hom•
T (G,G) is a Noetherian R-module. Then

Rdim T ≥ dimRHom•
T (G,G).

Recollections from commutative algebra

Given a moduleM over a commutative ringR, the annihilator is the ideal AnnR(M) :=

{r ∈ R | r ·m = 0 for all m ∈M} ⊆ R.

TheKrull dimension of a commutative ringR is defined as the length of the longest

strictly increasing chain of prime ideals p0 ⊊ · · · ⊊ pl and is denoted by dim(R). Given

a finitely generated module M over R, one defines the Krull dimension of M to be

dimR(M) := dim(R/AnnR(M)). Finally, the Krull dimension of a (Zariski) closed

subset of SpecR is the length of the longest strictly increasing chain of closed subsets.

When the ring R is clear from the context, we usually write the Krull dimension as

dim(M) := dimR(M).

The support of a moduleM over R is the set SuppR(M) := {p ∈ SpecR |Mp ̸= 0}.

The support enjoys the following standard properties:

Fact 4.5.2 (Properties of the support). Let R be a commutative ring.

1. IfM is a finitely generated R module, then SuppR(M) = V (AnnR(M)) := {p ∈

SpecR | AnnR(M) ⊆ p}. In particular, dimR(M) = dim(SuppR(M)).

2. If 0 → M1 → M → M2 → 0 is an exact sequence of R-modules, then

SuppR(M) = SuppR(M1) ∪ SuppR(M2).
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3. IfM,N are finitely generated R-modules, then SuppR(M⊗RN) = SuppR(M)∩

SuppR(N).

4. IfM is a finitely generatedR-module and I ⊆ R is an ideal, then SuppR/I(M/I) =

V (I) ∩ SuppR(M).

We also need to review the notion of regular sequences.

Definition 4.5.3. Let R be a commutative ring and let M be an R-module. A

sequence x1, . . . , xn is M-regular (or just regular) if for each k ≤ n, we have that xk

is not a zero-divisor in M/(x1, . . . , xk−1)M , and that (x1, . . . , xk)M ̸= M . Given an

ideal I ⊆ R, we let depthIM denote the length of the longest M -regular sequence

contained in I. (If R is local and I ⊆ R is the maximal ideal, we usually just write

depthIM as depthM).

Fact 4.5.4 (Regular sequences). Let R be a commutative ring and letM be a module.

1. Suppose R is Noetherian andM is finitely generated. If m ∈ SpecR is maximal,

then

depthmM = depthmRm
Mm. (4.5.10)

2. Let x1, . . . , xn be elements of R and let and a1, . . . , an > 0 be integers. Then

x1, . . . , xn is an M -regular sequence if and only if xa11 , . . . , x
an
n is an M -regular

sequence.

3. Suppose that x1, . . . , xn is an M -regular sequence. Suppose that there exists

p ∈ SuppR(M) such that xi ∈ p. Then x1, . . . , xn, viewed as a sequence of

elements of Rp, is an Mp regular sequence.

Proof. (1) follows from [Aea17, Cor. 1.27]. (2) is [Sta21, Tag 0AUH]. For (3), note

that since multiplication by xi is injective on M/(x1, . . . , xi−1)M , the same is true

after localizing (recall that localization is exact). Finally, it follows from Nakayama’s

lemma that Mp/(x1, . . . , xn)Mp = 0 iff Mp = 0.
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Lemma 4.5.5. Let R be a finite type algebra over a field k. Suppose that R is

equidimensional (meaning that all its minimal primes have the same dimension).

Given a minimal prime p ⊂ R, if f ∈ R \ p, then dim(R) = dim(Rf ).

Proof. Observe that dim(Rf ) = dim(Rf/p). We have a canonical isomorphism

Rf/p = (R/p)f . Finally, since R/p and (R/p)f are integral domains and finite type

algebras over k, it follows from [Vak17, Thm. 11.2.1] that dim(R) = dim(R/p) =

tr. degK(R/p) = tr. degK((R/p)f ) = dim((R/p)f ) = dim(Rf ).

Note that the hypothesis that R is of finite type is essential. (For example, R =

k[x](x) has Krull dimension 1. However, x is not contained in the unique minimal

prime (0) and Rx = k(x) has dimension 0.)

Corollary 4.5.1. Let R be a finite type algebra over a field k and let M be a finitely

generated R-module. Let p ∈ AssR(M) be an associated prime with the property

that dim(M/p) = dim(M). If f ∈ R \ p and f is contained in every other associated

prime of M , then:

• AssRf
(Mf ) has exactly one associated prime (hence SuppRf

(Mf ) has exactly

one minimal prime).

• dim(M) = dim(Mf ).

Proof. It follows from [Sta21, Tag 05BZ] that p is the unique associated prime ofMf .

Hence [Sta21, Tag 02CE] implies that it is also the unique minimal prime. This is

the first claim.

We have that dim(Mf ) = dim(Mf/p) = dim((M/p)f ). It is enough to show

that dim(M/p) = dim((M/p)f ). It follows from 4.5.2 that Supp(M/p) = V (p) =

Spec(R/p), while the support of (M/p)f is V (p) ∩ D(f) = Spec((R/p)f ) (where

D(f) := {q ∈ SpecR | f /∈ q}). Hence the second claim follows from 4.5.5 applied to

R/p.
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Proposition 4.5.6. Let R be a finite type algebra over a field k and let M be a finite

R-module of Krull dimension c ≥ 0. Then there exists an M -regular sequence of

length c.

Proof. Choose a minimal associated prime p ∈ Ass(M) such that M/p has the same

dimension as M (see [Sta21, Tag 02CE]). Since M is finite, AssR(M) is finite [Sta21,

Tag 00LC]. Choose an element f1 ∈ R such that f1 /∈ p but f1 ∈ q for all q ∈

Ass(M) \ p. According to 4.5.1, dim(Mf1) = dim(M) = c.

Now choose a tower of primes pRf1 = p0 ⊆ ... ⊆ pc in Rf1 of maximal length.

Pick r1 ∈ p1 \ p0. Then r1 is not a zero-divisor of Mf1 (indeed, by [Sta21, Tag 00LD]

p0 contains all zero divisors). According to 4.5.2(4), the dimension of the quotient

module is at least c− 1.

We now replaceM withMf1/r1 and R with Rf1/r1, and repeat the same argument.

After c steps, we end up with (. . . (Mf1/r1)f2 . . . /rc−1)fc/rc. This is the same as

Mf1...fc/(r1, . . . , rc). (Note that this module has dimension zero, so it is not the zero

module!) So r1, . . . , rc is a regular sequence for Mf1...fc .

Since Mf1...fc is not zero, it has a maximal ideal m in its support. We now localize

at m. Observe first that (Mf1...fc)m = Mm (indeed, it follows from 4.5.2(3) that

m ∈ D(f1 . . . fm), so f1 . . . fm is a unit in Rm). Moreover, it follows from 4.5.4(3)

that r1, . . . , rc is still a regular sequence for the Rm module Mm. The conclusion now

follows from 4.5.4(1).

Remark 4.5.2. In fact, more is true: with the notation of the proof of 4.5.6, one

can apply [Kap70, Sec. 3.1, Ex. 23] to show that there exists an M -regular sequence

generating m which is stable under permutations. We thank Srikanth Iyengar for this

reference.
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Support varieties

We begin with some standard facts about Noetherian modules. First, recall that

a module over a Noetherian ring is Noetherian iff it is finitely generated. Also,

Noetherian modules are well behaved under exact sequences, meaning that if 0 →

M1 → M → M2 → 0 is an exact sequence of R-modules, then M is Noetherian iff

M1,M2 are Noetherian.

Lemma 4.5.7. Assume that R is Noetherian and acts centrally on T . Given any object

X ∈ T , the subcategory {Y ∈ T | Hom•
T (X, Y ) is Noetherian over R} ⊆ T is a thick

triangulated subcategory. Similarly for {Y ∈ T | Hom•
T (Y,X) is Noetherian over R} ⊆

T .

Proof. We only treat the first case as the second one is similar. Consider an ex-

act triangle Y1 → Q → Y2 → where Hom•
T (X, Yi) is Noetherian over R. Then

we have an exact sequence 0 → M → Hom•
T (X,Q) → N → 0 where M =

Hom•
T (X, Y1)/ ker(Hom

•
T (X, Y1) → Hom•

T (X,Q)) andN = im(Hom•
T (X,Q) → Hom•

T (X, Y2)).

Observe that M,N are Noetherian over R. Hence so is the middle term.

Suppose that Hom•
T (X, Y1) ↪→ Hom•

T (X, Y2), e.g. if Y1 is a direct summand of Y2.

If Hom•
T (X, Y2) is Noetherian over R, it follows that Hom•

T (X, Y1) is too.

We also need the following lemma, which can be deduced from 4.5.2.

Lemma 4.5.8. Let R be a commutative Noetherian ring which acts centrally on T .

Fix an object X ∈ T . Then for any subset U ⊆ SpecR, the subcategories {Y ∈

T | SuppRHom•
T (X, Y ) ∈ U} and {Y ∈ T | SuppRHom•

T (Y,X) ∈ U} are thick

triangulated subcategories.

As a corollary of 4.5.7 and 4.5.8, we get:

Corollary 4.5.2. Let R be a commutative Noetherian ring which acts centrally on T .

Suppose that G ∈ T is a generator and let X, Y ∈ T be arbitrary objects.
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• If Hom•
T (G,G) is a Noetherian R-module, then Hom•

T (X, Y ) is also Noetherian.

• We have SuppR(Hom
•
T (X, Y )) ⊆ SuppR(Hom

•
T (G,G)). In particular, all gener-

ators have the same support.

Proof of 4.5.1

A standard (and possibly the only) tool for obtaining lower bounds on the Rouquier

dimension of a triangulated category is the so-called “ghost lemma”.

Lemma 4.5.9 (Ghost lemma; see Lem. 4.2 in [EL18]). Let T be a triangulated category

and let F,G be objects. Suppose there exist morphisms

Kc
θc−→ Kc−1

θc−1−−→ . . .
θ1−→ K0 (4.5.11)

such that the following conditions hold:

1. Hom•
T (G, θi) = 0 for each i = 1, . . . , c;

2. Hom•
T (F, θ1 . . . θc) ̸= 0.

Then one has F /∈ ⟨G⟩c.

Following [BIKO10], we recall the notion of a Koszul object. Suppose that R is a

commutative ring acting centrally on a triangulated category T . Given X ∈ T and

r ∈ R, we say that X//r is a Koszul object for r if it fits into the exact triangle

X
r−→ X → X//r → ΣX. (4.5.12)

Note that X//r is well-defined up to isomorphism.

By splicing together exact triangles, we get

X
r−→ X → X//r → ΣX

−r−→ ΣX. (4.5.13)
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More generally, given a sequence of elements r1, . . . , rn ∈ R, we inductively define

X//r := X//(r1, . . . , rn) as the unique object fitting into the triangle

X//(r1, . . . , rn−1)
rn−→ X//(r1, . . . , rn−1) → X//(r1, . . . , rn) → Σ(X//(r1, . . . , rn−1)).

(4.5.14)

Lemma 4.5.10. Suppose that a1, . . . , an ∈ R is an M -regular sequence, where M =

Hom•
T (X,X). Then there are natural isomorphisms of R-modules:

1. Hom•
T (X//(a1, . . . , an), X) ≃M [−n]/(r1, . . . , rn);

2. Hom•
T (X,X//(a1, . . . , an)) ≃M/(r1, . . . , rn)

Proof. We only treat (i) because (ii) is similar. Suppose first n = 1. Apply the

functor Hom•
T (−, X) to (4.5.13) (with r = a1) gives an exact sequence of R-modules

M [−1]
−a1−−→M [−1] → Hom•

T (X//a1, X) →M
a1−→M, (4.5.15)

from which the desired claim follows. In general, suppose that the claim holds for all

regular sequences of length at most n− 1. Consider the spliced triangle

X//(a1, . . . , an−1)
an−→ X//(a1, . . . , an−1) → X//(a1, . . . , an)

→ Σ(X//(a1, . . . , an−1)) → Σ(X//(a1, . . . , an−1)).

(4.5.16)

and apply the same argument.

We will also need the following lemma.

Lemma 4.5.11 (cf. Lem. 5.11(1) in [BIK08] and Lem. 3.1 in [BIKO10]). Let n ≥ 1

be an integer and set s = 2n. For any sequence of elements r1, . . . , rn ∈ R, we have

rsi · Hom•
T (X//r,−) = 0 = Hom•

T (−, X//r) · rsi .

Proof of 4.5.1. By assumption, N := Hom•
T (G,G) is a Noetherian R-module. Let

n = dimR(N). If G′ is another generator, then it follows from 4.5.2 that Hom•
T (G

′, G′)
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also a NoetherianR-module of Krull dimension n. Hence, we can restrict our attention

to G. Our goal is to construct an object which is not contained in ⟨G⟩n.

By 4.5.6, there exists an N -regular sequence r1, . . . , rn. Set s = 2n and note that

rs1, . . . , r
s
n is still a regular sequence (4.5.4). For l ≤ n, consider the exact triangles

(obtained by rotating (4.5.14) and setting X = G)

Σ−1(G//(rs1, . . . , r
s
l ))

−w[−1]−−−−→ G//(rs1, . . . , r
s
l−1)

rsl−→ G//(rs1, . . . , r
s
l−1) → G//(rs1, . . . , r

s
l ),

(4.5.17)

where w is the connecting map. Suspending l − 1 more times, we get

Σ−l(G//(rs1, . . . , r
s
l ))

θl−→ Σ−(l−1)(G//(rs1, . . . , r
s
l−1))

±rsl−−→ Σ−(l−1)(G//(rs1, . . . , r
s
l−1)) → Σ−(l−1)(G//(rs1, . . . , r

s
l )).

(4.5.18)

(note that each application of Σ−1 has the effect of changing the sign of ·rsl ; here θl

is defined as the morphism obtained by applying Σ−(l−1)(−) to −w[−1]).

Applying the functor Hom•
T (G,−), it follows from 4.5.10(2) that we have a nat-

ural isomorphism Hom•
T (G,Σ

−(l−1)(G//rs1, . . . , r
s
l−1)) ≃ N/(rs1, . . . , r

s
l−1)[−(l− 1)]. By

regularity, ±rsl acts injectively, and it follows that Hom•
T (G, θl) = 0 by (4.5.18).

Next, it follows from 4.5.11 that±rsl acts by zero on Hom(G//r,Σ−(l−1)(G//(rs1, . . . , r
s
l−1)),

which implies that Hom•
T (G//r, θl) is surjective by (4.5.18). But 4.5.10(1) implies that

Hom•
T (G//r, G) ≃ N [−n]/(r1, . . . , rn). By regularity, N [−n]/(r1, . . . , rn) ̸= 0. Since

this module is the target of the surjective map Hom•
T (G, θ1 . . . θn), this map is nonzero.

We conclude by 4.5.9 (with G//r in place of F ) that G//r /∈ ⟨G⟩n.

4.5.3 Central actions on Fukaya categories

We now specialize the discussion of the previous sections to wrapped Fukaya cate-

gories. For simplicity, we assume that the wrapped Fukaya category is defined with

field coefficients and Z/2-gradings.
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Given a Liouville manifold (X,λ), we wish to consider the canonical central ac-

tion of HH•(W(X),W(X)) on the triangulated category H0(PerfW(X)) furnished

by the characteristic morphism. The following lemma states that this characteris-

tic morphism admits a purely symplectic topological interpretation, in terms of the

familiar closed-open string map which is constructed for instance in [Gan12, Sec. 5.4].

Lemma 4.5.12. For any object K ∈ W(X), the following diagram of unital rings

commutes

SH•(X) HH•(W(X),W(X)) HH•(PerfW(X),PerfW(X))

HW •(K,K)

CO

CO(−)0K(1)

≃

(4.5.19)

Proof. The fact that CO is a ring morphism is proved in [Gan12, Prop. 5.3], and the

left triangle is then tautologically commutative. The top right arrow is induced by

the canonical (Yoneda) embedding W(X) → PerfW(X), and the left triangle is also

tautologically commutative; cf. [RS17, Lem. 2.11]. The fact that the top right arrow

is an isomorphism of graded commutative rings is a manifestation of the familiar

Morita invariance of Hochschild cohomology (see e.g. [Sei, Rmk. 9.5]).

Corollary 4.5.3. Let R ⊆ SH0(X) be a subring which is of finite type as an al-

gebra over k. Suppose that there exists a (split-)generator K ∈ W(X) such that

Hom•
T (K,K) is a Noetherian R-module, where R acts via the closed-open map. Then

RdimW(X) ≥ dimRHom•
T (K,K). (4.5.20)

Proof. Combine 4.5.1 and 4.5.12.

We will see in the next section how to perform concrete computations via string

topology. For now, let us record the following rather trivial example.
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Example 4.5.3. If X = T ∗Tn and F is a cotangent fiber, then we have CO : SH•(X) =

Λ•[v1, . . . , vn]⊗ k[x±1 , . . . , x
±
n ] → k[x±1 , . . . , x

±
n ] = HW •(F, F ), where |vi| = 1, |xi| = 0

and v are in degree 1 and CO(1⊗ xi) = xi. Hence (taking R = k[x±1 , . . . , x
±
n ], we find

that W(T ∗Tn) ≥ n, where W(−) is defined with k-coefficients).

For a related (but significantly more complicated) example, see 4.1.4.

4.5.4 Computations via string topology

We now explain how to obtain concrete lower bounds for the Rouquier dimension of

certain cotangent bundles via string topology. We will always assume in this section

that the wrapped Fukaya category is defined with Q coefficients and Z/2-gradings (so

in particular, all Liouville manifolds carry the appropriate orientations/grading data).

Similarly, all singular homology groups considered in this subsection are assumed to

have coefficients in Q and all graded objects (such as homology/cohomology grousp)

are assumed to be Z/2-graded (although the gradings all come from a Z-grading, so

the reader is welcome to work with Z-gradings if they prefer).

Given a closed, oriented manifold M of dimension n, the (shifted) homology of

its free loop space H•+n(LM) carries the structure of a graded-commutative algebra

(in fact a BV algebra). The product is called the Chas–Sullivan product and was

introduced by Chas and Sullivan in [CS99]. At an intuitive level, this product is

constructed as follows: choose cycles σp ∈ Cp(LM) and σq ∈ Cq(LM), and consider

the intersection ev(σp) ∩ ev(σq), where ev : LM → M is the evaluation map sending

a loop γ : S1 = R/Z →M to γ(1) ∈M . Along this intersection, we can concatenate

loops coming from σp with loops from σq. This defines a p+q−n chain in LM , which

is precisely the desired product of σp and σq.

Next, it will be useful to recall the construction of the umkehr (or “wrong-way”)

map in differential topology. Let M be a smooth manifold and let N ⊆ M be a

closed, co-oriented submanifold of codimension d. Let τM/N → N be the normal
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bundle of N ⊆ M and let U ⊆ M be a tubular neighborhood. We have a sequence

of maps

H•(M) → H•(M,M−N ) → H•(U ,U −N ) → H•(τM/N , τM/N − 0N ) → H•−d(N ),

(4.5.21)

where we are considering singular homology. (The first map is the natural projection,

the second one is obtained by excision and the fourth one is the Thom isomorphism.)

The composition (4.5.21) is called the umkehr map associated to the embedding

N ⊆ M. Note that it is not necessary for M,N to be finite dimensional in this

construction. It works as long as N ⊆ M has finite codimension and admits a

tubular neighborhood.

We will in fact mostly be interested in the umkehr map associated to the em-

bedding ΩpM ↪→ LM , where M is a closed manifold of dimension n < ∞ with a

basepoint p ∈M .

The associated umkehr map

I : H•+n(LM) → H•(ΩpM) (4.5.22)

is called the intersection morphism. It was also first introduced (under a slightly

different guise) by Chas and Sullivan [CS99] and plays an important role in string

topology. The construction of the intersection morphism via the umkehr map is found

in [FTVP07, Sec. 9].

The connection to symplectic topology arises via the work of Abbondandolo–

Schwarz [AS10a].

Theorem 4.5.13 (Abbondandolo–Schwarz, [AS10a]). Let M be a closed manifold of

dimension n. Let Fp ⊆ T ∗M be a cotangent fiber. Then the following diagram
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commutes
H−•+n(LM) SH•(T ∗M)

H−•(ΩpM) HW •(Fp, Fp)

≃

I CO(−)0Fp
(1)

≃

(4.5.23)

Proof. All of this is contained in [AS10a]. However, since the notation and terminol-

ogy in loc. cit. differs from ours, we give a brief overview for the reader.

Given a manifoldM , the wrapped Floer cohomology of a cotangent fiber is denoted

by HFΩ(T ∗M) in [AS10a] and called “Floer homology for Hamiltonian orbits with

Dirichlet boundary conditions”. The intersection morphism that we denote by I is

denoted by i!. The authors describe how to realize this map in Morse theory in

[AS10a, Sec. 2.2], which also depends on material from the appendix. The closed-

open map is denoted by I! and constructed in [AS10a, Sec. 3.5]. The top horizontal

arrow in (4.5.23) corresponds to [AS10a, (3)], while the bottom horizontal arrow is

[AS10a, Thm. B]. The fact that (4.5.23) commutes amounts to the assertion that

the diagram [AS10a, (7)] has a Floer theoretic counterpart; as is often the case in

Floer theory, the proof consists in showing that the two ways of traveling around the

diagram correspond to the two ends of a cobordism of moduli spaces (see [AS10a,

Thm. 4.11]).

We now discuss some concrete computations. We begin by recording the following

lemma.

Lemma 4.5.14. Let M and N be closed oriented manifolds of dimension m and n re-

spectively. Then the following diagram of vector spaces commutes, where the vertical

arrow is the usual Eilenberg–Zilber map:

H•+m(LM)⊗H•+n(LN) H•(Ω∗M)⊗H•(Ω∗N)

H•+m+n(L(M ×N)) H•(Ω∗(M ×N))

I⊗I

≃ ≃

I

(4.5.24)
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The vertical arrows are in fact isomorphisms of algebras with respect to the Chas–

Sullivan and Pontryagin products.

Proof. There are canonical splittings of the based loop and free loop spaces which

are compatible with the inclusions (of the former into the latter). It follows from

the Künneth formula and the definition of the umkehr map that the umkehr map

takes products of spaces to tensor products. Finally, it is apparent from the above

description of the Chas–Sullivan product that it is compatible with the Künneth

isomorphism, which means that the vertical left arrow is indeed an isomorphism of

algebras. Similar considerations apply for the Pontryagin product.

The following theorem is extremely useful, as it essentially reduces the computa-

tion of the intersection morphism I to rational homotopy theory.

Theorem 4.5.15 (Félix–Thomas–Vigué-Poirrier; see Thm. F. in [FTVP07]). LetM be

a simply-connected closed oriented manifold of dimension n with basepoint p. Then

there exists a commutative diagram of morphisms of graded-commutative algebras

HH•(C•(M), C•(M)) H•+n(LM)

HH•(C•(M),Q) H•(ΩpM),

HH•(C•(M),ϵ)

≃

I

≃

(4.5.25)

where ϵ : C•(M) → Q is the augmentation induced by the inclusion p ↪→M .

Given a graded vector space V = {Vi}i∈Z, let T (V ) := ⊕i≥0V
⊗i be the tensor

algebra on V . Let I ⊆ T (V ) be the ideal generated by elements of the form x⊗ y −

(−1)|x||y|y ⊗ x with x, y ∈ V . Then ΛV := T (V )/I be the free commutative graded

algebra on V . See [FHT01, Sec. 3(a)]. If V is generated by a single element v, we

write T (V ),Λ(V ) as T (v),Λv respectively.

Let us now record some useful facts drawn from [FTVP04, Sec. 6.1]. First of all,

HH•(C•(Sn),Q) = T (v) with |v| = n−1. If n > 1 is odd, thenHH•(C•(Sn), C•(Sn)) ≃
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Λu⊗ T (v), where |u| = −n and |v| = n− 1. We have I = ϵ⊗ 1 : Λu⊗ T (v) → T (v),

where we implicitly identify both columns of (4.5.25) under the horizontal isomor-

phisms.

If n > 1 is even, then

HH•(C•(Sn), C•(Sn)) ≃ Λb⊗ k[a, c]/(2ac, a2, ab) (4.5.26)

with |a| = −n, |b| = −1 and |c| = 2n− 2. We have I(a) = I(b) = 0 and I(c) = v2.

Example 4.5.4 (Products of odd dimensional spheres). Let M = Sn1 × . . . × Snk be

a product of odd dimensional spheres with ni ≥ 3. Fix a basepoint p ∈ M . If

k = 1, then it follows from the computations above that there is an inclusion Q[x] ↪→

H•+n1(LSn1) sending x 7→ 1⊗ v, such that the composition Q[x] → H•+n1(LSn1) →

H•(ΩS
n1) is an isomorphism.

For k > 1, similar considerations along with 4.5.14 furnish maps

Q[x1, . . . , xk] ↪→ H•+n1(LM) → H•(ΩM) (4.5.27)

where |xi| = ni − 1 and the composition is an isomorphism.

By combining 4.5.13 and 4.5.3, it follows that

RdimW(T ∗M) ≥ k. (4.5.28)

Example 4.5.5 (Compact Lie groups). Let G be a simply-connected compact Lie

group. Then G has a Sullivan minimal model of the form (ΛV, d = 0), where V =

{V i}i∈N is a graded Q-vector space supported in odd degrees and satisfying V 1 = 0.

Thus G has the rational homotopy type of a product of odd dimensional spheres.

The dimension of V is precisely the rank of the group G [FOT08, Thm. 3.33]. It
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follows from 4.5.4 that we have

RdimW(T ∗G) ≥ rankG. (4.5.29)

For the reader’s convenience, we list the simply-connected simple compact Lie

groups in 4.1. It follows from the classification theorem that all other simply-connected

compact Lie groups are obtained from these by taking products. For i = 6, 7, 8, we

write Ẽi to denote the universal cover of the exceptional Lie group Ei.

Simply-connected compact Lie group Real dimension Rank RdimW(T ∗G)
Sp(n), n ≥ 1 n(2n+ 1) n ≥ n
SU(n), n ≥ 3 n2 − 1 n− 1 ≥ n− 1
Spin(n), n ≥ 7 n(n− 1)/2 ⌊n/2⌋ ≥ ⌊n/2⌋

G2 14 2 ≥ 2
F4 52 4 ≥ 4

Ẽ6 156 6 ≥ 6

Ẽ7 266 7 ≥ 7

Ẽ8 496 8 ≥ 8

Figure 4.1: The simply-connected compact Lie groups

Example 4.5.6 (Products of arbitrary spheres). We again assumeM = Sn1×. . .×Snk .

Suppose first that k = 1 and n1 > 1 is even. Then there is a natural inclusion

Q[x] ↪→ Λb ⊗ Q[a, c]/(2ac, a2, ab) with x 7→ c. Composing with the intersection

morphism gives the map Q[c] → Q[v] sending c 7→ v2. More generally, we can apply

4.5.14, to get a map

Q[x1, . . . , xk] → H•+n1(LM) → Q[v1, . . . , vk], (4.5.30)

where

• |xi| = ni − 1 and xi 7→ vi if ni is odd;

• |xi| = 2ni − 2 and xi 7→ v2i if ni is even.
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Observe that Q[v1, . . . , vk] is a Noetherian module over Q[x1, . . . , xk] (indeed, it is

finitely generated as a module over a Noetherian ring). By combining 4.5.13 and

4.5.3, it follows that

RdimW(T ∗M) ≥ k. (4.5.31)

Example 4.5.7 (Complex projective spaces). Let us also briefly mention the case of

complex projective spaces. The cohomology of ΩCPn is computed in [See14, Thm.

1.3]. It contains a free subalgebra Q[y] where |y| = 2n. On the other hand, as

explained in e.g. [See14, Sec. 3], we have ΩCPn = S1×ΩS2n+1 and hence H•(ΩCPn) =

H•(S
1)⊗H•(ΩS

2n+1). It is shown in [BG17, Ex. 5.7] that the characteristic morphism

hits the class 1 ⊗ v of degree 2n in H•(ΩCPn). For degree reasons, the composition

of Q[y] → H•+2n(LCPn) → H•(ΩCPn) must send y to 1⊗ v.

By a similar argument to 4.5.4, we find that if M = M1 × . . . ×Mk where each

Mi is a sphere of dimension at least 2 or a complex projective space of arbitrary

dimension, then

RdimW(M) ≥ k. (4.5.32)

4.6 Applications to symplectic geometry

We now describe how the Rouquier dimension of wrapped Fukaya categories is related

to certain quantities and operations of geometric interest.

4.6.1 Embedding monotonicity

An important fact about the Rouquier dimension of Weinstein manifolds is that it is

monotonic under Liouville embeddings which are Weinstein up to deformation. To

explain this precisely, we begin with the following definition.

Definition 4.6.1. A Liouville embedding of Liouville domains is a codimension 0
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smooth embedding

i : (X in
0 , λ

in
0 ) ↪→ (X0, λ0) (4.6.1)

where i∗λ0 = eρλin0 + df for some ρ ∈ R and f : X in
0 → R.

We refer to [GS20, Sec. 2.1.3] for a detailed discussion of Liouville embeddings.

As explained in [GS20, Lem. 2.2], any Liouville embedding as in 4.6.1 extends to a

family of Liouville embeddings it : (X in
0 , λ

in
0 ) ↪→ (X0, λ

t
0) such that i = i0 and i1 is a

strict Liouville embedding, i.e. (i1)∗λ10 = λin0 .

Proposition 4.6.2. Let i : (X in
0 , λ

in) ⊆ (X0, λ) be a Liouville embedding and suppose

that (X in
0 , λ

in) and (X0 − i(X in
0 ), λ) are Weinstein up to deformation. Then

RdimW(X in) ≤ RdimW(X) (4.6.2)

where X in, X are the completions of X in
0 , X0 respectively.

Proof. Since the wrapped Fukaya category is invariant under deformation, we may

assume that the embedding is strict, i.e. i∗λ = λin. We may therefore appeal to

[GPS18b, Prop. 8.15], which constructs a Viterbo restriction functor

TwW(X) → TwW(X in). (4.6.3)

As explained in [GPS18b, Prop. 8.15], the hypothesis that the X in
0 and X0−i(X in

0 ) are

Weinstein implies that there is in fact a quasi-equivalence TwW(X)/D → TwW(X in),

where D is a set of objects. The claim now follows from 4.2.1 upon passing to

Perf(−).

In the statement of 4.6.2, note that the orientation/grading data on W(X in) is

implicitly induced from the orientation/grading data on X.

It is natural to ask whether one can drop the hypothesis that X0 − i(X in
0 ) is

Weinstein 4.6.2. We note that Sylvan has proved [Syl19b] that the Viterbo restriction
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functor in this setting functor is a homological epimorphism, although it is not clear

if this helps.

By combining various upper and lower bounds for RdimW(−) discussed in the

introduction and below, it is easy to write down examples of putative embeddings

X in
0 ↪→ X0 which are obstructed by RdimW(−). For instance:

Example 4.6.1. Let X be a Weinstein manifold of real dimension 2(n2− 1) admitting

a Lefschetz fibration with Weinstein fibers having < n − 2 critical points. Then X

does not contain T ∗SU(n) as a Weinstein subdomain.

There is of course nothing special about 4.6.1, and there is a plethora of similar

examples. It seems unlikely to the authors that examples such as these could be

handled using invariants already in the literature. From this perspective, RdimW(−)

is a useful addition to the symplectic topologist’s toolkit of embedding obstructions.

On the other hand, RdimW(−) has many blind spots. The most obvious defect of

RdimW(−) as an embedding obstruction is that it outputs a very limited range of

values: indeed, it seems plausible that RdimW(X2n) ∈ [0, n] (see 4.4.2 for a somewhat

weaker statement).

4.6.2 Lefschetz fibrations

We now discuss upper bounds for the Rouquier dimension of wrapped Fukaya cate-

gories in terms of the number of critical points of a Lefschetz fibration.

Definition 4.6.3 (see Sec. 2 in [MS10]). Given a Liouville manifold X, a Lefschetz

fibration is a smooth map f : X → C having Morse-type critical points and such

that ker df is symplectic away from the critical points. This data is required to

satisfy some additional technical conditions at infinity detailed in [MS10, Sec. 2]. A

Lefschetz fibration is said to have Weinstein fibers if the general fiber is a Weinstein

manifold up to deformation.
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There are various essentially equivalent notions of a Lefschetz fibration in the

literature. We have adopted the setup of [MS10, Sec. 2] for consistency with [GPS20,

Sec. 1.1].

Definition 4.6.4. Given a Liouville manifold X (considered up to Liouville homo-

topy), we let

Lefw(X) ∈ N ∪ {∞} (4.6.4)

denote the minimal number of critical points of a Lefschetz fibration on X with

Weinstein fibers. We set Lefw(X) = ∞ if no such fibration exists.

It was proved by Giroux–Pardon [GP17, Thm. 1.10] using quantitative transver-

sality techniques that any Weinstein manifold admits a Lefschetz fibration with We-

instein fibers. Conversely, if a Liouville manifold admits a Lefschetz fibration with

Weinstein fibers, then it is Weinstein (this is tautological if one uses [GP17, Def. 1.9]).

Hence Lefw(X) <∞ iff X admits a Weinstein structure.

Concerning lower bounds, there is a purely topological bound rkHn(X;Z) ≤

Lefw(X), where X has real dimension 2n. It is also immediate that Lefw(X) = 0 iff

X is subcritical, meaning that it splits as a product of Liouville manifolds (X,λ) =

(F0 × C, λ0 × λC).

The following proposition, which was explained to us by Y. Baris Kartal, states

that the Rouquier dimension gives another lower bound.

Proposition 4.6.5. Let X be a Liouville manifold with nonzero wrapped Fukaya cat-

egory. Then

Lefw(X) ≥ RdimW(X) + 1. (4.6.5)

Proof. We may assume without loss of generality that 0 < Lefw(X) = k < ∞. Fix

a Lefschetz fibration f : X → C with k critical points and choose a set of thimbles

{L1, . . . , Lk}. These form an exceptional collection for the partially wrapped Fukaya

categoryW(X, f−1(∞)); see [GPS20, Ex. 1.4]. According to [GPS18b, Cor. 1.14], this
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exceptional collection is full, meaning that it generates W(X, f−1({∞})). It follows

by 4.2.8 that RdimW(X, f−1({∞})) ≤ k − 1.

It follows from [GPS18b, Cor. 2.11] that W(X, f−1({∞})) = W(X, c), where c is

the skeleton of f−1(∞). The assumption that f−1({∞}) is Weinstein implies that

c is mostly Legendrian [GPS18b, see Def. 1.6]. It then follows from 4.3.2, that the

natural map W(X, f−1({∞})) → W(X) is a quotient of A∞ categories. 4.2.1 thus

implies that RdimW(X) ≤ k − 1.

We do not expect (4.6.5) to be sharp except in very special cases.

Example 4.6.2. The affine quadric {z21 + · · · + z2n + z2n+1 = 1} with the Liouville

structure
∑
yidxi is isomorphic to T ∗Sn as a Liouville manifold. The projection

(z1, . . . , zn+1) 7→ zn+1 is a Lefschetz fibration with two critical points. Hence RdimW(T ∗Sn) ≤

1. By 4.5.6, this is an equality if W(T ∗Sn) is defined with Z/2-gradings and Q-

coefficients.

Although the definition of Lefw(X) only makes sense on Liouville manifolds, it

is not a priori clear to what extent this invariant depends on the Liouville structure

(recall Lazarev’s result “WMor(X) = Mor(X)” discussed in the introduction, which

implies that WMor(X) does not depend on the Liouville structure). The following

corollary shows that the natural complex analog of “WMor(X) = Mor(X)” is false.

Corollary 4.6.1. There exists a Weinstein manifold T ∗S3
exotic which is formally isotopic

to T ∗S3, but such that Lefw(T
∗S3) ̸= Lefw(T

∗S3
exotic).

Proof. [EGL20, Thm. 4.7] produces a Weinstein manifold T ∗S3
exotic which contains a

flexible Lagrangins L ≃ T3. This means by definition that L is regular (see [EGL20,

Def. 3.1]), and hence the cobordism T ∗S3
exotic − T ∗

≤ϵL is Weinstein. Now apply the

monotonicity of Rdim under Weinstein embeddings. It follows that Lefw(T
∗S3

exotic) ≥

RdimW(T ∗S3
exotic) + 1 ≥ RdimW(T ∗T3) + 1 ≥ 4 by 4.5.3. On the other hand, we

saw in 4.6.2 that Lefw(T
∗S3) ≤ 2.
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4.6.3 Rigidity of skeleta

Finally, we prove the quantitative symplectic rigidity result for the skeleton of a

Weinstein manifold which was advertised in the introduction.

Proposition 4.6.6. Let (X,λ) be a Liouville manifold with nonzero wrapped Fukaya

category. Suppose that the skeleton cX is mostly Lagrangian and that every compo-

nent of ccritX admits a generalized cocore.

Let ϕ : X → X be a Hamiltonian symplectomorphism. If cX∩ϕ(cX) = ccritX ∩ϕ(ccritX )

and these intersection points are transverse (a generic condition on ϕ), then

|cX ∩ ϕ(cX)| ≥ RdimW(X) + 1. (4.6.6)

Proof. We consider the Liouville manifold (X × X,−λ ⊕ ϕ∗λ) which has skeleton

cX×ϕ(cX). Let ∆ ⊆ X×X be the diagonal. By assumption, ∆ intersects cX×ϕ(cX)

at finitely many points. Suppose there are r ≥ 0 such points.

Consider the diffeomorphism

(X ×X,−λ⊕ ϕ∗λ) → (X ×X,−λ⊕ λ) (4.6.7)

(x1, x2) 7→ (x1, ϕ
−1(x2)), (4.6.8)

which sends ∆ to the Lagrangian L = {(x, ϕ−1(x)}.

We now apply 4.3.3. This produces a resolution of L of length r ≥ 0 by generalized

cocores of cX×X = cX × cX . Observe that one can choose these generalized cocores to

be products of generalized cocores of cX .

Since L is isotopic to ∆ through a compactly-supported Lagrangian isotopy, they

define isomorphic objects in W(X × X). Applying 4.7.1, we obtain a resolution of

the diagonal bimodule of length r by Yoneda bimodules. If r = 0, then we find that

the diagonal bimodule is the zero bimodule, which contradicts our assumption that
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W(X) is not the zero category. Hence r > 0, and the conclusion now follows from

4.2.10.

Remark 4.6.3. The assumption that ccritX and ϕ(ccritX ) intersect transversally is used in

the proof of 4.6.6 when appealing to 4.3.3. However, we do not know whether this

assumption is necessary for the conclusion of the theorem to hold.

The proof of 4.6.6 can actually be adapted to derive lower bounds for |cX ∩ϕ(cX)|

which do not involve the Rouquier dimension of W(X).

For example, suppose thatW(X) admits a nonzero proper module. Then we claim

|cX ∩ ϕ(cX)| > 1. Indeed, if r = 0, then W(X) = 0. If r = 1, then the proof of 4.6.6

implies that the diagonal bimodule is isomorphic to Y l
K⊗kYr

L for some objects K,L of

W(X). Convolving with P , we find that H•(P, P ) = H•(K,K)⊗H•(Yr
L, P ). Hence

H•(K,K) is finite-dimensional. On the other hand, the convolution argument of

4.2.10 proves that K split-generates W(X). Thus W(X) is proper, which contradicts

the main result of [Gan21].

Similarly, one can show that |cX ∩ ϕ(cX)| is strictly greater than the dimension of

the image of K0(Prop C) in K0(Perf C).

Example 4.6.4. If X contains an orientable closed exact Lagrangian, then this defines

a proper module over W(X) (where we work with Z/2 gradings and Z/2 coefficients).

Hence |cX ∩ ϕ(cX)| ≥ 2.

4.7 Appendix

Let (X,λ) be a Liouville manifold and let W(X) be its wrapped Fukaya category.

Let W(X×X) denote the wrapped Fukaya category of the product (X×X,−λ⊕λ).

If K and L are cylindrical Lagrangians in X, their product K × L is not a cylin-

drical Lagrangian in X×X in general. However, following [GPS18b, Section 6.2], the

product can be “cylindrized”. This results in a cylindrical Lagrangian K×̃L which
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behaves like K×L in the Floer-theoretic sense; see Lemma 4.7.6. If K,L are invariant

under the Liouville flow (e.g. they could be cocores), then K × L = K×̃L.

Let Wcyl(X × X) ⊂ W(X × X) denote the smallest full, replete subcategory of

W(X ×X) containing the diagonal ∆ ⊂ X ×X and all cylindrized products (i.e. all

objects of the form K×̃L).

The purpose of this appendix is to prove the following theorem.

Theorem 4.7.1. There exists a fully faithful A∞ functor

F : Wcyl(X ×X) → (W(X),W(X))−mod (4.7.1)

which satisfies the following properties:

• the image of the diagonal ∆ ⊆ X ×X is the diagonal bimodule;

• the image of any product Lagrangian K×L is the Yoneda bimodule Y l
K ⊗k Yr

L.

Corollary 4.7.1. IfX is Weinstein, then F extends to a fully-faithful functor TwW(X×

X) → (W(X),W(X))−mod .

The proof of 4.7.1 will occupy the remainder of this appendix.

Definition 4.7.2 (Wrapping category of (X,λ)). Define the wrapping category ((X,λ)⇝

−)+ of (X,λ) as follows. The objects of ((X,λ) ⇝ −)+ are Hamiltonian iso-

topies of X generated by Hamiltonians {Ht}0≤t≤1 such that Ht is linear at infin-

ity. Given two objects {Ht}0≤t≤1 and {H ′
t}0≤t≤1 in ((X,λ) ⇝ −)+, denote by ϕHt

and ϕH′
t
respectively the Hamiltonian diffeomorphisms generated by them. Mor-

phisms from {Ht}0≤t≤1 to {H ′
t}0≤t≤1 are given by Hamiltonian diffeomorphisms sat-

isfying ϕH′
t
= ϕHt♯ϕH̃t

and the generating Hamiltonians {H̃t}0≤t≤1 are positive and

linear at infinity. Here ϕHt♯ϕH̃t
means the Hamiltonian diffeomorphism generated by

Ht♯H̃t(x) = Ht(x) + H̃t((Φ
t
Ht
)−1(x)) and Φt

Ht
is the time-t flow of the Hamiltonian

vector field of Ht.

257



Recall that a category C is filtered if

1. C is non-empty;

2. for every pair of objects x, y ∈ C, there exists an object z ∈ C and morphisms

x→ z, y → z;

3. for every pair of morphisms f, g : x → y, there exists an object z ∈ C and a

morphism h : y → z such that h ◦ f = h ◦ g.

A filtered category C is has countable cofinality if there exists a cofinal functor Z≥0 →

C.

Lemma 4.7.3. The category ((X,λ)⇝ −)+ is filtered and has countable cofinality.

Proof. The proof that the category is filtered proceeds exactly as [GPS20, Lem. 3.27],

except replacing the Lagrangian isotopies by Hamiltonian isotopies. That ((X,λ)⇝

−)+ has countable cofinality can be proved by choosing a countable family of linear

Hamiltonians with slope going to infinity.

Lemma 4.7.4. Consider the diagonal ∆ ⊂ X × X as a cylindrical Lagrangian. Let

(∆ ⇝ −)+ be the positive wrapping category of ∆ in the sense of [GPS20, Sec.

3.4]. Denote by π1 and π2 the projection from X ×X to the first and second factors

respectively. Then the functor from ((X,λ) ⇝ −)+ to (∆ ⇝ −)+ by taking a

generating Hamiltonian Ht to the Lagrangian isotopy of ∆ which is generated by

π∗
1H1−t/2 + π∗

2Ht/2 is cofinal.

Proof. This holds by inspecting the definitions.

We introduce a category Õprod

X×X following [GPS18b, Sec. 6.6]. Fix a countable

collection of Lagrangians Ĩprod
X×X in X × X consisting of ∆ and product Lagrangians

K × L ⊂ X × X which represent every pair of isotopy classes. For the diagonal ∆,

choose a countable cofinal family ∆ = ∆(0) ⇝ ∆(1) ⇝ · · · in (∆ ⇝ −)+ induced
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from ((X,λ)⇝ −)+ as in Lemma 4.7.4. Also choose cofinal wrappings K = K(0) ⇝

K(1) ⇝ · · · and L = L(0) ⇝ L(1) ⇝ · · · . Then the category Õprod

X×X has objects given

by Z≥0× Ĩprod
X×X , which are either of the form ∆(i) or K(i)×L(i). The objects of Õprod

X×X

admits a total order induced from Z≥0.

Note that by choosing the wrappings generically, we can assume that for any

pair of Lagrangians in Õprod

X×X , they intersect transversally and are disjoint at infinity

with distance uniformly bounded from below. Using generic product almost complex

structures, as they induce uniformly bounded geometry, one can define A∞ operations

on Õprod

X×X by counting suitable holomorphic discs based on the compactness arguments

in [GPS20, Prop. 3.19]. Of course, the morphism spaces are given by the Floer cochain

complexes. The wrappings define a collection of continuation elements [GPS20, Def.

3.25] Cprod inside the Floer cohomology groups HF 0(K(i+1) × L(i+1), K(i) × L(i)) and

HF 0(∆(i+1),∆(i)). Then we define an A∞ category by localizing Õprod

X×X along Cprod:

W̃prod(X ×X) := Õprod

X×X [C
−1
prod]. (4.7.2)

By construction and [GPS20, Lem. 3.37], the following isomorphisms hold in

W̃prod(X × X) (this is parallel to the computations in [Gan12, Sec. 8.1] under the

“quadratic” setup):

hom•(∆,∆) ∼= SH•(X), (4.7.3)

hom•(K × L,∆) ∼= HW •(L,K), hom•(∆, K × L) ∼= HW •(K,L), (4.7.4)

hom•(K × L,K ′ × L′) ∼= HW •(K,K ′)⊗HW •(L,L′). (4.7.5)

Proposition 4.7.5. There exists a fully faithful A∞ functor Fprod : W̃prod(X ×X) →

(W(X),W(X))−mod which satisfies the following properties:

• the image of the diagonal ∆ ⊆ X ×X is the diagonal bimodule;

• the image of any product Lagrangian K×L is the Yoneda bimodule Y l
K ⊗k Yr

L.
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Proof. Recall that the wrapped Fukaya category W(X) is defined as a localization

OX [C
−1]. Here OX is an A∞ category whose objects are given by Z≥0 × IX , where

IX is a countable collection of cylindrical Lagrangians in X representing all isotopy

classes and for each Lagrangian L ∈ IX we have a cofinal wrapping sequence L =

L(0) ⇝ L(1) ⇝ · · · . The set of morphisms C consists of continuation elements in

HF 0(L(i+1), L(i)). For details, see [GPS18b, Sec. 3.5].

Without loss of generality, we can assume that the product Lagrangians in the set

Ĩprod
X×X in X ×X are all given by product of Lagrangians from IX . Then we can define

an A∞ functor

Õprod

X×X → (OX ,OX)−mod (4.7.6)

by considering quilted holomorphic maps as in [Gan12, Sec. 9]. More precisely, for

any Lagrangian L ∈ Õprod

X×X , it defines an A∞ bimodule ML over OX whose morphism

space associates to a pair of Lagrangians K,L ∈ OX the Floer cochain complex

hom•
Õprod

X×X

(K × L,L). (4.7.7)

The A∞ operations are defined by counting quilted holomorphic maps into X × X

with seam along the Lagrangian L, see [GPS18b, Figure 19] without inserting marked

point along the seam on the left picture and replacing X−, Y both by X. The almost

complex structures are of product type and are chosen generically. Once again, the

compactness arguments from [GPS20, Prop. 3.19] and [GPS18b, Sec. 6.6] guarantee

that the relevant moduli spaces which define ML and verify the A∞ relations are

compact. To complete the definition of the A∞ functor Õprod

X×X → (OX ,OX)−mod, it

suffices to consider quilted holomorphic maps with marked points inserted along the

seam, which are exactly the left picture of [GPS18b, Figure 19] after replacing both

X− and Y by X. Note that we allow Lagrangians ∆(i) as markings on the seam, but

they do not impose further difficulties in the construction. By definition, this functor
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takes the (strict) diagonal Lagrangian ∆ to the diagonal bimodule ∆OX
and takes

the product Lagrangian K × L to the Yoneda bimodule Y l
K ⊗k Yr

L over the category

OX .

The localization functor OX → W(X) induces an A∞ functor

(OX ,OX)−mod → (W(X),W(X))−mod (4.7.8)

and its composition with the functor defined in the previous paragraph defines an A∞

functor

Õprod

X×X → (W(X),W(X))−mod . (4.7.9)

Using the definition of continuation elements in Cprod, we see that the above functor

descends to an A∞ functor

Fprod : W̃prod(X ×X) → (W(X),W(X))−mod (4.7.10)

by the universal property of localization. The statements are proved because of (4.7.4)

and (4.7.5).

Lemma 4.7.6. There exists a fully faithful “cylindrization” A∞ functor W̃prod(X ×

X) → W(X×X) which takes the diagonal to the diagonal and takes products K×L

to their cylindrization K×̃L. In particular, this functor is a quasi-equivalence onto

Wcyl(X ×X).

Proof. Let OX×X be the pre-localized category whose quotient defines W(X × X).

The A∞ functor

Õprod

X×X → OX×X (4.7.11)

is defined using the extension of the (Oprod

X×X ,OX×X)–bimodule B from [GPS18b, Sec.

6.6] by adding the diagonal Lagrangian. Note that by our choice of wrappings of the
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diagonal, all ∆(i) for i ≥ 0 are cylindrical and obviously the diagonal is taken to the

diagonal. The comparisons between Floer cochain complexes as in [GPS18b, Lem.

6.3] carry over without change so the induced functor from B is an equivalence onto its

image. The desired functor is constructed by localization and it is a quasi-equivalence

onto Wcyl(X ×X) by definition.

Proof of Theorem 4.7.1. The functor F is constructed as the composition of the in-

verse of the embedding from Lemma 4.7.6 and the functor Fprod. It satisfies the

desired properties by Proposition 4.7.5 and Lemma 4.7.6.

Remark 4.7.1. Our proof is simply a modification of [GPS18b, Sec. 6] and [Gan12,

Sec. 9] and we include the proof in this appendix just for completeness. The situa-

tion is more interesting with the presence of a mostly Legendrian stop f ⊂ ∂∞X. The

induced stop in ∂∞(X ×X) is then given by (f× cX) ∪ (f× f×R) ∪ (cX × f) and the

strict diagonal ∆ necessarily intersects the stop. To define an admissible Lagrangian

from ∆, one can either wrap it across the stop positively to get a Lagrangian ∆+ or

negatively to a Lagrangian ∆−. The Lagrangians ∆+ and ∆− do not define the same

object in W(X×X, (f×cX)∪ (f× f×R)∪ (cX× f)) in general. The diagonal bimodule

is actually induced by the Lagrangian ∆+ rather than ∆−. Our quantitative intersec-

tion result 4.6.6 has a counterpart in this setting. However, the relative Lagrangian

skeleton c(X,f) of the pair (X, f) is non-compact so the intersection number between

c(X,f) with its generic Hamiltonian push-off should be defined by adding numbers of

“short” Reeb chords in ∂∞X. This could also be used to prove the folklore fact that

the partially wrapped Fukaya category of a Weinstein pair is smooth. However, the

details are beyond the scope of this chapter.

Remark 4.7.2. Continuing the discussion from the previous remark, the bimodule

induced by ∆− also has interesting geometric properties. When f is the core of a

Weinstein hypersurface in ∂∞X coming from a generic fiber of a Weinstein Lefschetz
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fibration π : X → C, this bimodule is related to the graph bimodule of the inverse

of the global monodromy of π, which is further identified with the Serre bimodule

of W(X; f) by the work of Seidel [Sei18]. More generally, such property should hold

for swappable stops in the sense of [Syl19b, Def. 1.1]. Abusing the notation, let ∆±

be the induced bimodules over W(X; f). Suppose f is the core of some Weinstein

hypersurface A ⊂ ∂∞X. The mapping cone Cone(∆− → ∆+) induced by the positive

isotopy is closely related to the geometry of the Orlov functor ∪ : W(A) → W(X;A).

One can speculate that this is the key of understanding the conjectural relative left

Calabi–Yau structures [BD19, Def. 1.8] on the Orlov functor ∪.
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Chapter 5

An integral Euler cycle in normally

complex orbifolds and Z-valued

Gromov–Witten type invariants

5.1 Introduction

Let (X,ω) be a closed symplectic manifold and suppose J : TX → TX is an al-

most complex structure tamed by ω. Given a homology class A ∈ H2(X;Z) and

an integer g ≥ 0, the moduli space of stable J-holomorphic maps of class A and

genus g with n marked points Mg,n(X, J,A) carries a rational virtual fundamental

class [Mg,n(X, J,A)]
vir as constructed by Fukaya–Ono [FO99] using the theory of Ku-

ranishi structures, along with other constructions by Li–Tian [LT98], Ruan [Rua99],

Hofer–Wysocki–Zehnder [HWZ17], Pardon [Par16], and many others. The Gromov–

Witten invariants are defined by pairing [Mg,n(X, J,A)]
vir with cohomology classes

obtained from pulling back classes in H∗(Mg,n;Q) and H∗(X;Q) under the forgetful

map and the evaluation maps.

The Gromov–Witten invariants are in general Q-valued because of the presence of
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non-trivial automorphisms of stable maps, though genus-0 Gromov–Witten invariants

are Z-valued for semi-positive symplectic manifolds as proved by Ruan–Tian [RT95]

and studied extensively in [MS04]. Technically speaking, rational numbers show up

due to the use of abstract multi-valued perturbations of the ∂J -equations as from

[FO99, LT98, HWZ17,MW17], or because Poincaré duality type constructions only

hold over Q rather than Z for orbifolds as used in [Rua99, Par16] (see also [LT98,

Remark 4] for a discussion about when the invariants are integers).

Motivated by seeking for Z-valued Gromov–Witten type invariants, this chapter

explains how to construct integral “Euler classes” for an orbifold complex vector bun-

dle over an orbifold endowed with a “normal complex structure” following a proposal

of Fukaya–Ono [FO97] and the subsequent development by Parker [Par13]. Com-

bined with recent advances in algebraic topology [Par19, Par20] and regularization

of moduli spaces of J-holomorphic maps [AMS21], we can study generalized bor-

dism theories over orbispaces and define Z-valued Gromov–Witten type invariants

for general symplectic manifolds.

5.1.1 Statement of main results

Recall that an orbifold is called effective if the local uniformizer group from any

orbifold chart acts faithfully.

Theorem 5.1.1. Suppose X is a compact effective orbifold without boundary endowed

with an almost complex structure and let E → X be a complex orbibundle. Denote

by X free ⊂ X the suborbifold consisting of points with trivial isotropy group. Then

there exist normally complex (Definition 5.3.18) smooth sections s : X → E which is

strongly transverse (Definition 5.6.1) such that s−1(0) ∩ X free defines a pseudocycle

(Definition 5.5.6). Moreover, given a pair of such sections s1 and s2, the pseudocycles

s−1
1 (0)∩X free and s−1

2 (0)∩X free are cobordant. Therefore, homology class defined by
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the cobordism class of the pseudocycle

χFOP
free (X, E) := [s−1(0) ∩X free] ∈ H∗(X;Z), (5.1.1)

which we call by the Fukaya–Ono–Parker–Euler class, is an invariant of E → X.

Remark 5.1.2. Zinger [Zin08] proved that any (oriented) pseudocycle in a smooth

manifold defines an integral homology class and the space of pseudocycles modulo

cobordism is naturally isomorphic to the integral homology. In Section 5.5, we

show that a pseudocycle in any Thom–Mather stratified space (including any orb-

ifold equipped with the isotropy stratification, see Section 5.3.2), defines an integral

homology class.

Theorem 5.1.1 is a special case of Theorem 5.6.2 in Section 5.6.2, and we comment

on how it generalizes Theorem 5.1.1. Firstly, the existence of (almost) complex struc-

tures can be weakened into the existence of normal complex structures. Given x ∈ X,

the tangent space TxX = (TxX)triv ⊕ (TxX)non is a representation of the isotropy

group Gx and a normal complex structure on X is a family of complex structures

on the direct sum of nontrivial Gx isotypic pieces (TxX)non satisfying certain com-

patibility conditions, see Section 5.3.5. In particular, the Fukaya–Ono–Parker–Euler

class could have an odd degree. Secondly, the compactness assumption on X can be

dropped as follows. Instead of considering a pair (X, E), we can start with a triple

(X, E , s) where s : X → E is a smooth section of an complex orbibundle E → X

over an arbitrary effective normally complex orbifold X, but the zero locus s−1(0) is

required to be compact. Then we can construct strongly transverse normally complex

perturbations of s “relative to ∞” to define an element in χFOP
free (X, E , s) ∈ H∗(X;Z)

independent of the perturbation. Thirdly, a strongly transverse normally complex

section actually defines an Euler-type class of E for any given stratum of the isotropy

stratification, and the class χFOP
free (X, E) is the one associated to the stratum consisting
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of points with trivial isotropy group. These classes could be viewed as refinements of

the rational orbifold Euler class χorb(X, E) ∈ H∗(X;Q) which could be constructed

by multi-valued perturbations.

The first main application of Theorem 5.6.2 concerns about the algebraic topology

of bordisms of (derived) orbifolds. To state this result, we introduce the following

definition. Note that we do not impose the effectiveness on D.

Definition 5.1.3. A derived orbifold chart (with boundary) is a triple (D,E, s)

where D is a smooth orbifold (with boundary), E → D is a smooth orbibundle

and s : D → E is a smooth section. (D,E, s) is said to be compact if s−1(0) is

compact.

Following [Joy07, Par20], we can study geometric bordism type invariants con-

structed from derived orbifold charts. Let Y be an orbispace, i.e. a topological stack

locally modeled on the quotient of a topological space by a finite group (see Definition

5.7.4), then one can consider compact derived orbifold charts of the form (D,E, s)

together with a map f : D → Y . We introduce an equivalence relation among such

quadruples (D,E, s, f) generated by the following relations:

1. (Restriction) (D,E, s, f) ∼ (D′, E ′, s′, f ′) if D′ ⊂ D is an open subset with

s−1(0) ⊂ D′ and E ′ = E|D′ , s′ = s|D′ , and f ′ = f |D′ .

2. (Stabilization) (D,E, s, f) ∼ (D′, E ′, s′, f ′) if D′ is the total space of a vector

bundle πF : F → D, E ′ = π∗
FE ⊕ π∗

FF , s
′ = π∗

F s ⊕ τF where τF : F → π∗
FF is

the tautological section, and f ′ = f ◦ πF .

3. (Cobordism) (D,E, s, f) ∼ (D′, E ′, s′, f ′) if there is a bordism between them

(see Section 5.7.3).

In fact, we restrict our attention to derived orbifold charts (D,E, s) endowed with

a stable complex structure, which is defined to be a stable complex structure on the
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virtual orbibundle TD − E. Then stable complex derived orbifold charts mapped to

Y modulo the above equivalence relation defines the stable complex derived orbifold

bordism of Y , written as Ω
C,der
∗ (Y ). This is a generalization of the stable complex

bordism group over manifolds. A more detailed and precise exposition is presented

in Section 5.7. In particular, any map f : M → Y from a closed almost complex

manifold M represents an element of Ω
C,der
∗ (Y ).

Theorem 5.1.4. (= Theorem 5.7.22) Denote by Γ the set of equivalence classes of

triples [G, V,W ] where G is a finite group and V,W are finite-dimensional complex G-

representations which do not contain any trivial summand, and where the equivalence

is induced from stabilization:

(G, V,W ) ∼ (G, V ⊕R,W ⊕R).

For any [γ] ∈ Γ, there is a well-defined map

FOP [γ] : Ω
C,der
∗ (Y ) → H∗−dimV+dimW (Y ;Z) (5.1.2)

which restricts to the pushforward of the usual fundamental class for the trivial [γ]

and elements represented by maps from compact almost complex manifolds.

We call the set Γ from the above theorem the set of stabilized isotropy types. In

fact, together with a relative version of the map FOP [γ], we can obtain a natural

transformation between two (generalized) homology theories for (orbi)spaces, see Sec-

tion 5.7.5. Theorem 5.1.4 is already nontrivial even when G is the trivial group, as

the map FOP [γ] can be used to endow any compact stably complex orbifold which

is not necessarily effective an integral “fundamental class”. It is well-known to ex-

perts that the set Ω
C,der
∗ (Y ) could be very large and complicated. However, we expect

that the integral shadow (5.1.2) is more amenable to manipulate but still contains

considerable amount of information.
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Our second application of Theorem 5.6.2 is the construction of Z-valued Gromov–

Witten type invariants in symplectic topology as proposed by Fukaya–Ono [FO97].

Besides the transversality issue resolved in proving Theorem 5.6.2, an accompanying

fundamental difficulty in the construction is the lack of smoothness of the moduli

space of pseudo-holomorphic curves. One possible approach for a systematic solution

to the smoothness problem is to either apply the polyfold theory of Hofer–Wysocki–

Zehnder [HWZ07] or the delicate exponential decay estimates of Fukaya–Oh–Ohta–

Ono [FOOO16]. Instead, in this chapter we appeal to a recent work of Abouzaid–

McLean–Smith [AMS21] which ingeniously constructed a global Kuranishi chart with

a smoothing on the genus zero Gromov–Witten type moduli space using a geometric

perturbation. Using the language of derived orbifold charts, one main result from

[AMS21] can be formulated as follows.

Proposition 5.1.5 ([AMS21, Proposition 5.35, 6.31]). Let (X,ω) be a closed symplectic

manifold and J be a compatible almost complex structure. Let A ∈ H2(X;Z) be a

homology class and denote by M0,n(X, J,A) the moduli space of genus-0 stable J-

holomorphic maps to X with n ≥ 0 marked points. Then after choosing certain

auxiliary data, there exists a smooth stable complex derived orbifold chart (D,E, s)

along with a map

s̃t× ẽv : D → M0,n ×Xn

such that the zero locus s−1(0) is isomorphic to M0,n(X, J,A) and the restriction

of s̃t × ẽv along s−1(0) coincides with the product of the stabilization map and the

evaluation map. Moreover, for different choices of J and auxiliary data, the corre-

sponding derived orbifold charts together with s̃t × ẽv define the same element in

Ω
C,der
∗ (M0,n ×Xn).

Remark 5.1.6. The paper [AMS21] uses the notion of global Kuranishi charts instead

of derived orbifold charts. A topological/smooth global Kuranishi chart is a quadruple
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(G,D,E, s) where G is a compact Lie group, D is a topological/smooth manifold

endowed with an almost free continuous/smooth G-action, E is a G-equivariant vector

bundle over D, and s is a G-equivariant continuous/smooth section of E → D. The

equivalence relations introduced in the definition of Ω
C,der
∗ have counterparts in this

context, but there is an additional equivalence relation between global Kuranishi

charts, namely identifying (G,D,E, s) with (G′ × G,P, q∗E, q∗s) where q : P → D

is a G-equivariant principal G′-bundle. This change-of-group operation should be

interpreted as choosing different global quotient presentation of the orbifold [D/G],

so the arguments in [AMS21] indeed prove the statements in the form of Proposition

5.1.5.

Theorem 5.1.7. Suppose (X,ω) is a closed symplectic manifold and A ∈ H2(X;Z).

Fix a non-negative integer n. Given any [γ] ∈ Γ as in Theorem 5.1.4, there is a

well-defined integral homology class

[M0,n(X, J,A)]
vir
[γ] ∈ H∗(M0,n ×Xn;Z) (5.1.3)

defined by virtually “counting” J-holomorphic maps in M0,n(X, J,A) in the stratum

indexed by [γ].

Proof. This is a combination of Theorem 5.1.4 and Proposition 5.1.5.

By pairing with classes in H∗(M0,n;Z) ⊗Z H
∗(X;Z)⊗n, we can define Z-valued

Gromov–Witten type invariants indexed by the stable isotropy type Γ. When (X,ω) is

semi-positive and [γ] is the trivial stabilized isotropy type, as argued in [LT98, Remark

4], our invariants should match the usual genus zero Gromov–Witten invariants.

Remark 5.1.8. As communicated from M. Swaminathan, in the forthcoming work of

Hirschi–Swaminathan, following [AMS21], smooth global Kuranishi charts for moduli

spaces of J-holomorphic map of higher genera will be constructed and such construc-

tions together with stabilization maps and evaluation maps lead to well-defined ele-
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ments in Ω
C,der
∗ (Mg,n×Xn) independent of intermediate auxiliary data. In particular,

one could define higher genus integral Gromov–Witten type invariants as in Theorem

5.1.7. We expect these invariants to satisfy variants of the Kontsevich–Manin axioms

and to define versions of cohomological field theories on H∗(X;Z).

Another application of our construction is an alternate proof of the main theorem

of [AMS21]. This theorem asserts that if P → S2 is a smooth Hamiltonian fibration

over the 2-sphere with fiber given by a closed symplectic manifold (X,ω), there is an

additive splitting isomorphism

H∗(P ;Z) ∼= H∗(X;Z)⊗Z H
∗(S2;Z). (5.1.4)

Via using the virtual class indexed by the trivial group, we provide a simple proof

of the isomorphism (5.1.4) in Section 5.2 without using Morava K-theories or Atiyah

duality for orbifolds. We remark that [AMS21] shows that the splitting (5.1.4) ac-

tually holds for any complex oriented generalized cohomology theory but our proof

only works over Z.

5.1.2 A brief discussion of the proof

Our results have their roots in a brilliant proposal of Fukaya–Ono [FO97]. We explain

Fukaya–Ono’s idea in technical terms and discuss how to realize their proposal using

extra technical inputs.

We consider the following simplified situation. Suppose the moduli space is con-

tained in a single Kuranishi chart (G,U,E, S) where G is a finite group, U is a smooth

G-manifold, E (the obstruction space) is a finite-dimensional G-representation, and

S : U → E (the Kuranishi map) is a G-equivariant smooth map. Then the moduli

space is S−1(0)/G. Let UG ⊂ U be the set of G-fixed points. We further assume

that the normal bundle to UG is trivial with fibre being a G-representation V and
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U = UG × V . We also assume that the obstruction space E does not have a trivial

G-representation as a summand.

Under these assumptions, the map S : U → E can be identified with a map with

target in the space of smooth G-equivariant maps between V and E

f : UG → C∞(V,E)G, (5.1.5)

where for each p ∈M , f(p) is the restriction of S to the fiber {p} × V . For any such

map f , we denote the associated Kuranishi map by Sf , i.e.

Sf (p, v) = f(p)(v) ∈ E, ∀(p, v) ∈ UG × V. (5.1.6)

We wish to define a (relative) homology class of expected degree dimUG+dimV −

dimE represented by S−1
f (0)/G for a transverse section Sf . In general, due to the

failure of equivariant transversality, such a transverse section does not exist. Indeed

Sf necessarily vanishes along M whose dimension could be much higher than the

expected dimension.

Fukaya–Ono proposed a solution by considering normally complex polynomial per-

turbations. Assume that both V and E are complex G-representations. In applica-

tions, such complex structures comes from the nature of the Cauchy–Riemann opera-

tor. Then under the correspondence in (5.1.5) and (5.1.6) we consider perturbations

of SP corresponding to maps of the form

P : UG → PolyGd (V,E)

where PolyGd (V,E) ⊂ C∞(V,E)G is the space of G-equivariant complex polynomial

maps of degree at most d. When d is large enough, Fukaya–Ono showed in [FO97]

that for a generic choice of an element P ∈ Maps(UG,PolyGd (V,E)) the zero locus
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along the stratum with trivial isotropy group under the G-action

Mfree
P := s−1

P (0) ∩ (UG × V free)/G (5.1.7)

is a smooth manifold of the expected dimension. Most crucially, because V and

E are both complex, the set-theoretic boundary of Mfree
P has codimension at least

2. Therefore, using the notion of pseudocycles or any other essentially equivalent

language, an integral homology class can be defined.

However, the right notion of transversality is not only that the free part (5.1.7) is

cut out transversely, but also that its boundary (strata) are cut out transversely. Two

technical difficulties arise then. First, although the interior transversality behaves well

when we increase the cut-off degree d, it was not clear if one has a proper notion of

boundary transversality which also behaves well with respect to the change of degrees.

More seriously, when the action of G on V has additional orbit types, the pointwise

transversality condition depends crucially on the stabilizers. It was not clear if the

transversality at one point implies the transversality at nearby points with smaller

stabilizers. More precisely, for any nontrivial subgroup H < G, let VH ⊂ V be the

space of H-fixed points and NH ⊂ V the complement of VH ; write v ∈ V as (v′, v′′).

Then a map P : UG → PolyGd (V,E) induces another normally polynomial section

PH : UG × VH → PolyHd (NH , E), PH(p, v
′) := P (p)(v′, ·).

One thus needs a good notion of boundary transversality which behaves well with

respect to the change of groups, i.e., P is transverse implies PH is transverse (or vice

versa). Otherwise we will not have the openness of the transversality condition, which

could cause serious difficulties to construct global perturbations.

The technical core of our construction is the resolution of the above issues by

defining the right notion of boundary transversality using the language of Whitney
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stratifications. Indeed, the transversality notion for normally polynomial sections is

related to the complex affine variety

ZG
d (V,E) := {(v, P ) ∈ V × PolyGd (V,E) | P (v) = 0}

and how one decomposes it into strata of manifolds. Specifically, in this chapter we

define a canonical Whitney stratification on ZG
d (V,E) which is a decomposition into

algebraic submanifolds that respects the natural action stratification of V :

V =
⊔
H<G

V ∗
H , where V

∗
H := {v ∈ V | the stabilizer of v is H}.

A map P : UG → PolyGd (V,E) (and its associated Kuranishi map SP ) is said to be

strongly transverse (cf. Definition 5.6.1) if it is transverse to the image of all strata

of ZG
d (V,E) under the map ZG

d (V,E) → PolyGd (V,E). This Whitney stratification

is rather robust so that it transforms naturally with respect to the natural inclusion

map

ZG
d (V,E) → ZG

d+d′(V,E) (5.1.8)

related to the change of degree (see Theorem 5.4.9) and the natural restriction map

ZG
d (V,E) → V ∗

H × ZH
d (NH , E) (5.1.9)

related to the change of groups (see Theorem 5.4.13). In this way, the notion of

strong transversality of normally polynomial sections is intrinsic. The existence of

globally defined strongly transverse normal polynomial perturbations and the relevant

cobordism invariance results thus follow by the technical arguments in Section 5.6.

Therefore, the integral cycles and invariants expected by Fukaya–Ono [FO97] can

be defined. Note that the use of the canonical Whitney stratification allows us to

speak of transversality along each stratum of the isotropy stratification of the ambient
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orbifold. As a result, we actually obtain a system of integral homology classes indexed

by isotropy types.

Remark 5.1.9. As mentioned in the course of the proof, there are several crucial points

inspired by the unpublished work of Parker [Par13]. Unlike our approach, Parker tried

to achieve transversality using a less canonical notion of nice Whitney stratifications

on the variety ZG
d (V,E). Unfortunately, it is unclear to us how to remove the depen-

dence on the choice of these auxiliary Whitney stratifications. The canonical Whitney

stratification on ZG
d (V,E) we define in this chapter is intrinsic to ZG

d (V,E) as it is

the “minimal” Whitney stratification respecting the action stratification, and it has

better functorial properties.

Remark 5.1.10. Parker also introduced the notion of normally complex sections in

[Par13] which generalizes normally polynomial sections as from [FO97]. Although nor-

mally polynomial sections suffice our needs as demonstrated in Lemma 5.6.2, working

with normally complex sections can provide extra flexibility at various points. Hence

we work with normally complex sections throughout the chapter and call them the

Fukaya–Ono–Parker (FOP for short) sections (Definition 5.3.16).

Note that showing the existence of strongly transverse sections requires us to

work with normally complex effective orbifolds and normally complex orbibundles. To

establish Theorem 5.1.4 and its corollary Theorem 5.1.7, we make use of the flexibility

provided by the stabilization equivalences combined with the “enough vector bundle”

theorem proved by Pardon [Par19, Theorem 1.1] to identify a stable complex derived

orbifold chart with an effective derived orbifold chart such that the ambient orbifold

is almost complex and the orbibundle is complex.
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5.1.3 Relations with other work

Z-valued enumerative invariants in symplectic topology

In symplectic topology there are other Gromov–Witten type invariants which take

integer values. Firstly, as mentioned above, for semi-positive symplectic manifolds,

Ruan–Tian’s construction ([RT95]) shows that the genus-0 Gromov–Witten invariants

are indeed Z-valued. Secondly, there are the celebrated Z-valued Gopakumar–Vafa

invariants of Calabi–Yau 3-folds [GV98a,GV98b] which govern the Q-valued Gromov–

Witten invariants as demonstrated in full generality by Ionel–Parker [IP18]. It was

speculated by some experts (e.g. [Joy07, Section 6.3]) that the invariants defined

using Fukaya–Ono’s normally polynomial sections are related to the Gopakumar–Vafa

invariants. However, recent developments [DW19a], [BS21], which should be viewed

as continuations of the groundbreaking work of Taubes in dimension 4 [Tau96b],

construct Z-valued invariants of Calabi–Yau 3-folds by (virtually) counting embedded

pseudo-holomorphic curves and these invariants seems to be better connected with

the Gopakumar–Vafa invariants. Lastly, the K-theoretic Gromov–Witten invariants,

defined by Givental and Lee [Lee04] for algebraic objects (which are expected to exist

for general symplectic manifolds in light of [AMS21, Section 6.12]), are also Z-valued.

Topological construction and the Floer-theoretic counterpart

Recall that the typical method of defining the (Q-valued) traditional Gromov–Witten

invariants goes through the inductive construction of transverse multisections on a

Kuranishi atlas (good coordinate system) over a moduli space. As one only needs

transversality in the topological sense, smoothness of coordinate changes are not

necessary for the construction (see [LT98] and the case of gauged linear sigma model in

[TX18,TX21]). It is expected that one can use normally polynomial sections to define

Floer homology with Z or Z2-coefficients. A relevant work along this line is [FOOO13]

276



which uses the notion of “normally conical perturbations” to define Lagrangian Floer

homology for spherically positive symplectic manifolds. We believe that our integral

Euler classes are topological invariants, but to carry out the constructions we need

to use topological transversality and the theory of micro-bundles. Working out all

the arguments in the topological category would ease up the technical difficulties in

deriving Floer-theoretic applications including the weak Arnol’d conjecture over Z,

which improves the main result from [AB21].

Z-valued invariants in algebraic geometry

There are several types of enumerative invariants constructed using algebraic geome-

try, most notably the Donaldson–Thomas invariants [Tho00] and the Pandharipande–

Thomas invariants [PT09]. Although these invariants are closely tied with the Gromov–

Witten invariants [MNOP06a,MNOP06b], their constructions depend on sheaf theory.

Fukaya–Ono’s proposal is differential-topological in nature, as it is still a variant of

the general position argument. It would be interesting to see if the virtual classes

[M0,n(X, J,A)]
vir
[γ] admit a purely algebro-geometric interpretation. As remarked be-

fore, the classes [M0,n(X, J,A)]
vir
[γ] are refinements of the traditional rational virtual

class [M0,n(X, J,A)]
vir, thus an algebro-geometric construction of them might shed

light on refinements of other curve-counting invariants.

Wasserman’s theorem and stable homotopy theory

A renowned theorem of Wasserman [Was69], recaptured in [Par20, Theorem 5.6],

provides a sufficient condition for equivariant transversality to hold. Our result can

be interpreted as a variant of Wasserman’s theorem given the presence of normal

complex structures, whose existence allows us to extract more regularity. Rather

than developing a theory of stable normal complex bordisms, we confine ourselves

with stable complex bordisms of derived orbifolds because the Pontryagin–Thom
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construction which identifies geometric bordisms with homotopical cobordisms holds

in this case [Par20, Theorem 1.4]. The homotopical cobordism perspective gives

far-reaching corollaries of Wasserman’s theorem, see [Sch18, Theorem 6.2.33]. As

mentioned by [Par20, Remark 5.7], it is an interesting question to understand Fukaya–

Ono’s proposal on the homotopical cobordism side.

5.1.4 Plan of the chapter

We start with a new proof of Abouzaid–McLean–Smith’s cohomological splitting the-

orem over Z in Section 5.2 to demonstrate the utility of our construction. Then we

introduce basic notions related to orbifolds in Section 5.3, especially the notion of

normal complex structure (Definition 5.3.13) and FOP section (Definition 5.3.18). In

Section 5.4, we study the canonical Whitney stratification on the universal zero lo-

cus ZG
d (V,W ) and understand its behavior under the change of degrees and groups.

Section 5.5 proves that any pseudocycle in a Thom–Mather stratified space defines

an integral homology class. The main theorem is established in Section 5.6. In Sec-

tion 5.7, we discuss how to use FOP perturbations to study stable complex derived

bordisms over orbispaces. Finally, the necessary background and results on Whitney

stratifications are discussed in Appendix 5.8.

Remark 5.1.11. When defining the Z-valued genus zero curve counting invariants, or

equivalently the homology class (5.1.3), as M0,n is a manifold, we do not need the

general result about pseudocycles in Thom–Mather stratified spaces. We also do not

need to the more general algebraic topology result Theorem 5.1.4. Hence results in

Section 5.5 and Section 5.7 can be bypassed.

5.1.5 Acknowledgements

We would like to thank Mohammed Abouzaid, Kenji Fukaya, Helmut Hofer, John

Pardon, Paul Seidel, Mohan Swaminathan, and Dingyu Yang for useful correspon-

278



dences and discussions at various stages of this project.

5.2 A simple proof of Abouzaid–McLean–Smith’s

splitting theorem

Let (X,ω) be a closed symplectic manifold. Denote by Ham(X,ω) the group of

Hamiltonian diffeomorphisms of X. Given an element ϕ ∈ π1(Ham(X,ω)), one can

construct a fibration Pϕ → S2 with fiber symplectomorphic to X and structure group

Ham(X,ω) from the clutching construction using ϕ. We use Theorem 5.6.2 to give

an alternative proof of [AMS21, Theorem 1.1]:

Theorem 5.2.1. There is an additive splitting H∗(Pϕ;Z) ∼= H∗(X;Z)⊗Z H
∗(S2;Z).

Denote by res : H∗(Pϕ;Z) → H∗(X;Z) the restriction map induced by the inclu-

sion of a fiber X ↪→ Pϕ. The proof is based on constructing a map sϕ : H∗(X;Z) →

H∗(Pϕ;Z) such that the composition res ◦ sϕ is the identity map on H∗(X;Z). Fol-

lowing [AMS21, Section 3], we introduce the following auxiliary spaces. Let S be the

one-point blow-up of CP1 × CP1. The composition of the blow-down map and the

projection to the second factor defines a map πB : S → B = CP1 which is a CP1

fibration with one reducible fiber over 0 ∈ B. For each t ∈ B, write St := π−1
B (t).

Then there exists a symplectic fibration πS : P̃ → S such that:

1. over a neighborhood W∞ of ∞ ∈ B, the space P̃ is isomorphic to the trivial

symplectic fibration (S2 ×W∞ ×X,ωS2 ⊕ ωS2|W∞ ⊕ ω) and the projection πB :

π−1
B (W∞) → W∞ coincides with the natural projection S2 ×W∞ → W∞;

2. the preimage of the reducible fiber S0
∼= CP1 ∨CP1 under πS is given by Pϕ ∪X

Pϕ−1 such that each component carries the canonical deformation class of the

symplectic structure. Denote S0 = Sϕ ∨ Sϕ−1 where Sϕ resp. Sϕ−1 is the base of

Pϕ resp. Pϕ−1 .

279



Denote by S2
hor the image of a holomorphic section of πB : S → B = CP1 which

passes through Sϕ \ Sϕ−1 . Let (S2 × X)hor be the preimage of S2
hor under πS. Then

(S2×X)hor is symplectically deformation equivalent to the product (S2×X,ωS2⊕ω).

Define Xt to be the the fiber of the projection πS|(S2×X)hor : (S
2 ×X)hor → S2

hor over

t ∈ S2
hor. Denote by Pt the space P̃ |St for t ̸= 0. See Figure 5.1 for illustration.

t∞

Sφ

0

S2
h

(S2 ×X)hor

Figure 5.1: The fibration P̃ .

We choose a compatible almost complex structure J on P̃ making the projection

πS : P̃ → S pseudo-holomorphic. Moreover, we require that over S2 × W∞ × X,

the almost complex structure J is the direct sum of a compatible almost complex

structure on X and the standard integrable complex structures on the S2 factors.

Let A ∈ H2(P̃ ;Z) be the homology class represented by S2 × {∞} × {pt} ⊂ S2 ×

W∞ × X. We consider the moduli space M0,2(X, J,A) with the evaluation map

ev : M0,2(X, J,A) → P̃ × P̃ . Define

Mh := ev−1(P̃ × (S2 ×X)hor)

and its subspaces M∞ := ev−1(P∞×(S2×X)hor) and Mϕ := ev−1(Pϕ×(S2×X)hor).
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After applying the evaluation map, we can view Mϕ as a correspondence

Mϕ

Pϕ (S2 ×X)hor.

πϕ πhor (5.2.1)

Then given any homology class α ∈ H∗(Mϕ;Z), we can define a homomorphism

Φα : H∗(S2 ×X;Z) → H∗(Pϕ;Z) (5.2.2)

by the composition

H∗((S2 ×X)hor;Z)
π∗
hor−−→ H∗(Mϕ;Z)

∩α−→ H∗(Mϕ;Z)
(πϕ)∗−−−→ H∗(Pϕ;Z)

PD−−→ H∗(Pϕ;Z),

where PD is the Poincaré duality isomorphism. The map sϕ : H
∗(X;Z) → H∗(Pϕ;Z)

leading to a proof of Theorem 5.2.1 is constructed by composing certain Φα with the

map pr∗ : H∗(X;Z) → H∗(S2 ×X;Z) induced by the projection pr : S2 ×X → X.

To be more precise, such a class α is produced using the FOP perturbation and it

actually lies inside a thickening of the moduli space Mϕ.

Lemma 5.2.1. There exists a smooth stable complex compact effective derived orb-

ifold chart (D,E, s) such that there exists an isomorphism s−1(0) ∼= M0,2(X, J,A).

Moreover, the evaluation maps evi : M0,2(X, J,A) → P̃ for i = 1, 2 extend to

D

P̃ P̃ .

ẽv1 ẽv2

which are smooth submersions.

Proof. This is a reformulation of the results from [AMS21, Section 5.8]. The con-

struction of stable complex structure is standard in Gromov–Witten theory.
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Lemma 5.2.2. Define D∞ by the fiber square

D∞

��

// D

ẽv1×ẽv2
��

P∞ × (S2 ×X)hor inclusion
// P̃ × P̃

.

Then the triple (D∞, E∞, s∞) := (D∞, E|D∞ , s|D∞) is a derived orbifold chart with

stable (normal) complex structure such that s−1
∞ (0) ∼= M∞. Similarly, define Dh by

the fiber square
Dh

��

// D

ẽv1×ẽv2
��

P̃ × (S2 ×X)hor inclusion
// P̃ × P̃

.

Then (Dh, Eh, sh) := (Dh, E|Dh
, s|Dh

) is a derived orbifold chart with stable (normal)

complex structure such that s−1
h (0) ∼= Mh.

Proof. This follows from [AMS21, Corollary 5.36]. Note that the submersive property

of the evaluation maps is used here.

Proof of Theorem 5.2.1. Consider the stable (normal) complex derived orbifold chart

(Dh, Eh, sh) constructed above. Using Theorem 5.6.2 associated to the trivial isotropy

type, we can find a homology class αh ∈ H∗(Dh;Z) by choosing a generic FOP

perturbation of the section sh. Apply the correspondence construction to the diagram

Dh

P̃ (S2 ×X)hor

ẽv1 ẽv2

we obtain a homomorphism Ψh : H
∗(S2 ×X;Z) → H∗(P̃ ;Z).

Using the inclusion maps ι∞ : P∞ ↪→ P̃ and ιϕ : Pϕ ↪→ P̃ , define Ψ∞ := ι∗∞ ◦ Ψh
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and Ψϕ := ι∗ϕ ◦Ψh. They fit into the following commutative diagram

H∗(P∞;Z)

H∗(X;Z) H∗((S2 ×X)hor;Z) H∗(P̃ ;Z) H∗(X;Z)

H∗(Pϕ;Z)

res

pr∗ Ψh

Ψ∞

Ψϕ

res

ι∗ϕ

ι∗∞

res

(5.2.3)

where the rightmost arrows are induced from the inclusion of a fiber. The split right

inverse sϕ of the map res : H∗(Pϕ;Z) → H∗(X;Z) is defined to be Ψϕ ◦pr∗. To prove

res ◦ sϕ = id, it suffices to show that res ◦Ψ∞ ◦ pr∗ = id.

Let us look at the moduli space Mh geometrically. Recall that over a neighbor-

hood W∞ of ∞ ∈ B, the fibration πS : P̃ → S is identified with W∞ × S2 × X →

S2 ×W∞ and the almost complex structure J splits. Moreover, the degree A of the

curves is generated by the S2-factor of the product. As a result, one has a homeo-

morphism

MW∞ := ev−1
2 (π−1

S (W∞ × S2)) ∩Mh
∼= W∞ × S2 ×X. (5.2.4)

In particular, this open subset of Mh is regular and consists of elements with trivial

automorphism groups. Therefore, for the derived orbifold chart (Dh, Eh, sh) con-

structed for the moduli space Mh, the section sh is transverse over MW∞ . Notice

that sh is also a strongly regular FOP section near MW∞ because of the triviality of

the automorphism groups.

Now we prove that res◦Ψ∞◦pr∗ = id. Fix a ∈ H∗(X). Then by the main theorem

of [Zin08], the Poincaré dual PD(a) ∈ H∗(X) can be represented by a pseudocycle

ιa : N → X. The pullback ι̃ : S2 × N → (S2 × X)h ∼= S2 × X then represents

the Poincaré dual of pr∗a. We may choose a strongly transverse FOP section s′h :

Dh → Eh such that it agrees with sh near MW∞ and such that the evaluation map

ev1 : (s
′
h)

−1(0) → (S2 ×X)h is transverse to ι̃(S2 ×N) as well as its boundary. Then
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the class ev∗1(pr
∗a)∩αh is represented by the pseudocycle ev∗1(ι̃(S

2×N))∩ (s′h)
−1(0).

By our choice of the FOP perturbation s′h, we see that near W∞, this pseudocycle is

identified with W∞×S2×N with respect to the homeomorphism (5.2.4). Then after

pushing forward by the evaluation map ev2 and intersecting with the fibre P∞ ∈ P̃ ,

one can see that the cohomology class ι∗∞Ψh(pr
∗a) ∈ H∗(P∞) is the Poincaré dual to

the pseudocycle S2×N in P∞ ∼= S2×X. Then after restricting to a fibre {pt}×X ⊂

S2 ×X, the resulting cohomology class is the Poincaré dual of N , i.e., a itself.

Remark 5.2.2. Following Theorem 5.1.7, if we denote by ΛZ the universal Novikov

ring over Z

{
∑

aiT
λi |ai ∈ Z, λi ∈ R, λi

i→∞−−−→ +∞},

one can define a quantum product over QH∗
Z(X) := H∗(X; ΛZ) after reducing the

Z-grading to Z/2-grading by considering the 3-pointed virtual fundamental class as-

sociated to the trivial isotropy type. Given an element ϕ ∈ π1(Ham(X,ω)), one could

construct an invertible element in QH∗
Z(X) by counting pseudo-holomorphic sections

of Pϕ, which is the analogue of Seidel’s element in our setting. After proving a suit-

able gluing theorem, one can prove Theorem 5.2.1 using Seidel’s representation as in

[LMP99].

5.3 Normally complex orbifolds and bundles

5.3.1 Orbifolds and orbifold vector bundles

We recall the basic definition of effective orbifolds. We follow the definition of

[ALR07, Section 1.1]. Working with effective orbifolds allows us to use orbifold charts

exclusively without appealing to the language of groupoids. We remark that for our

applications in Section 5.7, we can drop effectiveness by choosing an effective presen-

tation of any given derived orbifold.
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Let X be a Hausdorff and second countable topological space. An n-dimensional

orbifold chart of X is a triple

C = (U,Γ , ψ)

where U ⊂ Rn is a nonempty open subset, Γ is a finite group acting effectively and

smoothly on U , and ψ : U → X is a Γ -invariant continuous map such that the

induced map

ψ : U/Γ → X

is a homeomorphism onto an open subset of X. If x ∈ ψ(U) we also say that x is

contained in the chart C.

A chart embedding from another chart C ′ = (U ′,Γ ′, ψ′) to C is a smooth (open)

embedding ι : U ′ ↪→ U such that

ψ ◦ ι = ψ′.

It follows that (see [ALR07, Page 3]) given a chart embedding ι as above there exists

a canonical group injection Γ ′ ↪→ Γ such that ι is equivariant. Therefore we often

include the group injection as part of the data of a chart embedding.

As we are in the smooth category, we can always find “linear” charts around any

point. An orbifold chart C = (U,Γ , ψ) is called linear if Γ acts linearly on Rn and

U ⊂ Rn is an invariant open subset. We say that a linear chart is centered at x ∈ X

if 0 ∈ U and x = ψ(0).

We say two charts Ci = (Ui,Γi, ψi), i = 1, 2 are compatible if for each p ∈

ψ1(U1)∩ψ2(U2), there exists an orbifold chart Cp = (Up,Γp, ψp) and chart embeddings

into both C1 and C2.

An orbifold atlas A = {Ci | i ∈ I} on X is a collection of mutually compatible

charts Ci which coverX. We say an atlas A′ = {C ′
j | j ∈ J} refines A, equivalently, A′

is a refinement of A, if for each C ′
j there exists a chart embedding C ′

j ↪→ Ci for some
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i ∈ I. We say two orbifold atlases are equivalent if they have a common refinement.

A topological space X together with an equivalence class of orbifold atlases is called

a smooth effective orbifold.

Let X be an effective orbifold. A continuous function f : X → R is called smooth

if its pullback to each chart is a smooth function.

Remark 5.3.1. One can see that orbifolds are all locally compact. As we also assume

they are Hausdorff and second countable, they are paracompact spaces. Hence for

any open cover by charts, there exists a subordinate continuous partition of unity.

Moreover, as one can approximate continuous functions by smooth functions on each

chart, there always exist a subordinate smooth partition of unity.

Remark 5.3.2. We also need the notion of orbifolds with boundary. In that case, the

domain of a chart C = (U,Γ , ψ) is allowed to be a smooth manifold with boundary.

The Γ -action is required to fixed the boundary ∂U ⊂ U set-wise; moreover, for each

x ∈ ∂U , the stabilizer of x is required to fix ∂U pointwise.

Similarly we can define the notion of orbifold vector bundles. LetX be an orbifold,

E be a topological space, and π : E → X be a continuous map. A bundle chart of

E → X consists of an orbifold chart C = (U,Γ , ψ) of X, a Γ -equivariant smooth

vector bundle πC : E → U , and a Γ -invariant continuous map ψ̂ : E → E such that

the following diagram commutes:

E
ψ̂
//

πC
��

E
π
��

U
ψ
// X.

In notation we will use a quadruple Ĉ = (U,Γ , E, ψ̂) to denote the bundle chart where

the map ψ : U → X is determined by the map ψ̂ : E → E . We can similarly define

the notions of chart embeddings, compatibility, atlases for bundles. Then an orbifold

vector bundle structure over π : E → X is defined to be an equivalence class of bundle
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atlases as before. We spell out the definition of sections of an orbifold vector bundle

because of their importance in this chapter.

Definition 5.3.3 (Sections). Let E → X be an orbifold vector bundle.

1. Let Ĉi = (Ui, Ei,Γi, ψ̂i), i = 1, 2 be two bundle charts. We say that a Γ1-

equivariant section s1 : U1 → E1 and a Γ2-equivariant section s2 : U2 → E2

are compatible if for any bundle chart Ĉ0 = (U0, E0,Γ0, ψ̂0) of E and chart

embeddings ι̂i : Ĉ0 ↪→ Ĉi, i = 1, 2 there holds

ι̂−1
1 ◦ s1 ◦ ι1 = ι̂−1

2 ◦ s2 ◦ ι2

as sections of E0 → U0.

2. Suppose Â = {Ĉi = (Ui, Ei,Γi, ψ̂i) | i ∈ I} is a bundle atlas on E . A section of

(E , Â) is a collection s = (si)i∈I where si : Ui → Ei is a Γi-equivariant smooth

section such that each pair in this collection are compatible.

3. We say two atlases together with sections (Â1, s1) and (Â2, s2) are equivalent if

Â1 and Â2 are equivalent as orbifold atlases and their local representations are

all pairwise compatible.

4. A section of E is an equivalence classes of pairs (Â, s).

Lemma 5.3.1. For each section of E → X and each bundle atlas Â, there exists a

representative (Â, s) of the given section.

Proof. Straightforward.

5.3.2 The isotropy prestratification

One can see from the definition of effective orbifolds that the isomorphism class of the

stabilizer of a point x in an orbifold chart C = (U,Γ , ψ) only depends on the point

287



ψ(x) ∈ X. One can use this isomorphism class to decompose the orbifold. Moreover,

we can actually obtain a more refined decomposition by using the information in the

normal direction.

Definition 5.3.4. Consider triples (G, V,W ) where G is a finite group, V and W

are finite-dimensional (real) representations of G such that the decompositions of V

and W into irreducible representations contain no trivial summands. Two triples

(G, V,W ) and (G′, V ′,W ′) are called isomorphic if there is a group isomorphism

φG : G → G′ and equivariant linear isomorphisms φV : V → V ′, φW : W → W ′. An

isomorphism class of triples is called an isotropy type, denoted by γ.

Now consider an effective orbifold X with an orbifold vector bundle E → X. For

each p ∈ X, consider a bundle chart Ĉ = (U,G,E, ψ̂) centered at p. Let UG ⊂ U be

the G-fixed point locus. Then over UG one has the G-equivariant decomposition

TU |UG
∼= TUG ⊕NUG

where the first resp. the second summand is the direct sum of trivial resp. nontrivial

summands of the splitting of fibers into irreducible G-representations. One also has

the decomposition

E|UG
∼= E̊G ⊕ ĚG

where E̊G is a trivial G-representation and ĚG is the direct sum of nontrivial irre-

ducible G-representations. Define γp to be the isotropy type represented by the triple

(G, V,W ) where V is fiber of NUG → UG and W is the fiber of ĚG|UG . Then γp is

well-defined, independent of the choice of charts.

Lemma 5.3.2. For each isotropy type γ represented by a triple (Gγ, Vγ,Wγ), define

X∗
γ = {p ∈ X | γp = γ}
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Then X∗
γ is a topological manifold of dimension dimX − dimVγ equipped with a

natural smooth structure.

Proof. By definition, for each p ∈ X∗
γ , there exists a bundle chart (U,G,E, ψ̂) centered

at p such that γ is represented by (G, V,W ) where V is the fibre of the normal

bundle to UG ⊂ U and W is the fibre of ĚG at 0. Then UG has dimension equal

to dimX − dimV . Moreover, a neighborhood of p in X∗
γ is homeomorphic to ψ(UG).

Hence X∗
γ is a topological manifold and ψ−1 : X∗

γ ∩ ψ(U) → UG ⊂ U is a local chart.

It is easy to verify that the atlas on X∗
γ obtained in this way is a smooth atlas.

By Lemma 5.3.2, we obtain a decomposition of the orbifold X as a locally finite

disjoint union of locally closed subsets

X =
⊔
γ

X∗
γ . (5.3.1)

An argument similar to the proof of Lemma 5.3.2 shows that the frontier condition is

satisfied. Therefore, (5.3.1) defines a prestratification (see Appendix 5.8) called the

isotropy prestratification.

For each isotropy type γ represented by (Gγ, Vγ,Wγ), define

nγ := dimX − rankE − dimVγ + dimWγ ∈ Z. (5.3.2)

This is the expected dimension of the intersection of X∗
γ and the zero locus of a

single-valued section s : X → E (see Proposition 5.6.4).

5.3.3 Riemannian metric

We need to specify certain auxiliary data to aid our later construction. These data

include Riemannian metrics on orbifolds and connections on orbifold vector bundles.
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Definition 5.3.5. A Riemannian metric on an effective orbifold X is a collection of

invariant Riemannian metrics gC on all orbifold charts C = (U,Γ , ψ) such that every

chart embedding

(U ′,Γ ′, ψ′) ↪→ (U,Γ , ψ)

is isometric.

One can use the standard way to construct Riemannian metrics on orbifolds using

smooth partition of unity on orbifolds (see Remark 5.3.1).

Bundle metrics

We need some technical discussion on metrics on total spaces of vector bundles.

Suppose (M, gTM) is a Riemannian manifold. Let π : E → M be a vector bundle

equipped with a metric hE and a metric-preserving connection ∇E. On the total

space E we define a Riemannian metric gTE as follows. Via the horizontal-vertical

decomposition TE ∼= π∗TM ⊕ π∗E induced by the connection ∇E we define gTE =

π∗gTM ⊕ π∗hE. We call gTE the bundle metric induced from gTM , hE, and ∇E.

Lemma 5.3.3. Suppose E is endowed with the bundle metric as above. Then

1. Each fiber Ep ⊂ E is totally geodesic.

2. We identify the normal bundle of the 0-section (TM)⊥ → M naturally with

E. Then the connection on (TM)⊥ induced from the Levi–Civita connection of

gTE coincides with ∇E.

Proof. (1) As the restriction of gTE to each fiber is Euclidean, geodesics in each fiber

are straight line segments. To show that a fiber is totally geodesic, one only needs to

show that any (short) straight line segments are also geodesics in the totally space. Fix

x ∈M . Choose a local orthonormal frame e1, . . . , ek of E defined over a neighborhood

Ux ⊂ M of x. For any p ∈ Ex, choose r > 0 sufficiently small such that for any
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q ∈ Br(p, Ex), the shortest geodesic connecting p and q are contained in π−1(Ux). We

also assume that Ux supports a local coordinate chart φ = (x1, . . . , xm) : Ux → Rm.

One only needs to show that the straight line segment between p and any q ∈ Br(p, Ex)

is the shortest geodesic. Suppose γ : [0, d] → E is the shortest geodesic parametrized

by arc length. Let y1, . . . , yk be the bundle coordinates associated to the frame

e1, . . . , ek and write

γ(t) = (x1(t), . . . , xm(t), y1(t), . . . , yk(t)).

We can decompose γ̇(t) orthogonally as

γ̇(t) = γ̇H(t) + γ̇V (t)

where γ̇H(t) resp. γ̇V (t) is the horizontal resp. vertical part. Then one has

1 = |γ̇(t)| =
√
|γ̇H(t)|2 + |γ̇V (t)|2 ≥ |γ̇V (t)| =

√
ẏ1(t)2 + · · ·+ ẏk(t)2.

Hence

d ≥
∫ d

0

√
ẏ1(t)2 + · · ·+ ẏk(t)2dt ≥ dEx(p, q).

However, as γ is the shortest geodesic, the above must be an equality. Hence γ(t)

is contained in the fiber Ex and γ(t) is the straight line segment. Hence the fiber is

totally geodesic.

(2) Choose local coordinates (x1, . . . , xm, y1, . . . , yk) on the total space as above where

the bundle coordinates yα correspond to the choice of local orthogonal frame e1, . . . , ek

of E. Suppose

∇E
∂i
eα = ωβi,αeβ.

To show that the induced connection on the normal bundle (TM)⊥ ∼= E coincides
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with ∇E, one only needs to verify that

⟨∇TE
i

∂

∂yα
,
∂

∂yβ
⟩ = ωβi,α.

Indeed, by the formula for the Levi–Civita connection, one has

⟨∇TE
i

∂

∂yα
,
∂

∂yβ
⟩ = 1

2

(
∂

∂xi
⟨ ∂

∂yα
,
∂

∂yβ
⟩+ ∂

∂yα
⟨ ∂
∂xi

,
∂

∂yβ
⟩ − ∂

∂yβ
⟨ ∂
∂xi

,
∂

∂yα
⟩
)

=
1

2

(
∂

∂yα
⟨
∑
γ,δ

ωδi,γy
γ ∂

∂yδ
,
∂

∂yβ
⟩ − ∂

∂yβ
⟨
∑
γ,δ

ωδi,γy
γ ∂

∂yδ
,
∂

∂yα
⟩

)

=
1

2

(
ωβi,α − ωαi,β

)
= ωβi,α.

Therefore ∇(TM)⊥ coincides with ∇E.

We would like to identify tubular neighborhoods of fixed point locus with disk bun-

dles of the normal bundle and equip the tubular neighborhoods with bundle metrics.

To globalize such bundle metric construction we need to verify certain properties of

bundle metrics related to orthogonal decompositions of vector bundles. Let (M, gTM)

be a Riemannian manifold and πE̊ : E̊ → M , πĚ : Ě → M be two vector bundles

equipped with metrics hE̊, hĚ and metric preserving connections ∇E̊, ∇Ě. Denote

E = E̊ ⊕ Ě equipped with the product metric hE = hE̊ ⊕ hĚ and the product con-

nection ∇E = ∇E̊ ⊕∇Ě. Then over the total space of E there is the induced bundle

metric gTE. On the other hand, the total space of E can also be viewed as the total

space of the bundle

π∗
E̊
Ě → E̊.

There is hence another bundle metric gTπ
∗
E̊
Ě induced from the base metric gTE̊ on E̊,

the fiberwise bundle metric π∗
E̊
hĚ, and the connection π∗

E̊
∇Ě. We would like to show

that gTE and gTπ
∗
E̊
Ě coincide.
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Corollary 5.3.6. The following items are true.

1. Over E̊ ⊂ E, the direct sum decomposition

TE|E̊ ∼= TE̊ ⊕ π∗
E̊
Ě

is orthogonal with respect to the bundle metric gTE. Moreover,

gTE|π∗
E̊
Ě = π∗

E̊
hĚ.

2. The connection on π∗
E̊
Ě (viewed as a subbundle of TE|E̊) induced from the

Levi–Civita connection of gTE coincides with the pullback π∗
E̊
∇Ě.

3. For (x, v̊) ∈ E̊|x and v̌ ∈ Ě|x, viewing the latter as a normal vector in (T(x,̊v)E̊)
⊥,

one has

exp(x,̊v)(v̌) = (x, v̊ + v̌).

4. The bundle metric gTE on E (viewed as the total space of E → M) coincides

with the bundle metric gTπ
∗
E̊
Ě on E (viewed as the total space of π∗

E̊
Ě).

Proof. (1) is straightforward, following from the definition of the bundle metric. (2)

is a consequence of the second item of Lemma 5.3.3. (3) follows from the first item

of Lemma 5.3.3. (4) is a straightforward check using (1)—(3).

Straightened metrics

Now we consider Riemannian metrics on an orbifold chart. Let U be a smooth

manifold acted on by a finite group Γ . Let g be a Γ -invariant Riemannian metric on

U . Then for each subgroup G ⊆ Γ , the metric induces the following objects.

1. The orthogonal decomposition splitting TU |UG
∼= TUG ⊕ NUG which agrees
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with the decomposition into the direct sum of trivial G-representations and

nontrivial G-representations.

2. A metric on the normal bundle NUG → UG. Let Nϵ(U
G) ⊂ NUG be the ϵ-disk

bundle.

3. The restriction of the Levi–Civita connection on NUG. This connection then

induces a splitting of TNUG into horizontal and vertical distributions and hence

a Riemannian bundle metric on the total space of NUG.

4. The exponential map Nϵ(U
G) → U which pushes forward the metric on the

total space of NUG to a metric on a tubular neighborhood of UG.

Definition 5.3.7. Let G ⊆ Γ be a subgroup. A Γ -invariant Riemannian metric

g̃ on U is called straightened along NUG if within a G-invariant neighborhood of

UG ⊂ U the push-forward metric g̃G coincides with g̃. A Γ -invariant metric g̃ is

called straightened if it is straightened along NUG for all subgroups G ⊆ Γ .

Lemma 5.3.4. Suppose g̃ is straightened along NUG for some subgroup G ⊆ Γ . Then

there is a G-invariant neighborhood V ⊂ U of UG such that for every subgroup

H ⊆ G, the restriction of g̃ to V is straightened along NV H .

Proof. It is a direct consequence of Corollary 5.3.6.

Definition 5.3.8. A Riemannian metric on an effective orbifold X is called straight-

ened resp. straightened near a subset Y ⊂ X if its pullback to each chart is straight-

ened resp. if its restriction to an open neighborhood of Y is straightened.

It is easy to see that for a Riemannian metric on an orbifold, being straightened

is an intrinsic property independent of the choice of an orbifold chart, therefore the

above definition is well-defined. Before we show that straightened metrics exist, we

consider the following good property of them.
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Definition 5.3.9. Suppose W is a finite-dimensional real representation of a finite

group G. ThenW can be decomposed as the direct sum of irreducible representations.

We call the decomposition

W = W̊G ⊕ W̌G

where W̊G is the direct sum of all trivial summands and W̌G is the direct sum of all

nontrivial summands the basic decomposition of W with respect to G.

Lemma 5.3.5. Suppose X is equipped with a straightened metric. Then for each

orbifold chart C = (U,Γ , ψ) with the pullback metric gC , for each pair of subgroups

H < G < Γ , for each x ∈ UG and v ∈ NϵU
G ∩ NxU

G for ϵ sufficiently small, the

following holds. Using the (orthogonal) basic decomposition with respect to H

NUG ∼= (TUH ∩NUG)⊕NUH |UG

we write

v = (̊vH , v̌H).

Moreover, we use the exponential map exp : NϵU
G → U to identify v̌H ∈ TxU with a

vector of NUH |expx v̊H and still denote it by v̌H . Then one has

expx v = expexpx v̊H
(v̌H).

Proof. As the metric is straightened, locally U is isometric to the total space NUG.

Then the property follows from Corollary 5.3.6.

Now we prove the existence of straightened metrics by a prototypical induction

argument.

Lemma 5.3.6. Let X be an effective orbifold and Y ⊂ X be a compact subset. Then

there exists a Riemannian metric g on X which is straightened near Y .
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Proof. We define a filtration

X0 ⊂ X1 ⊂ · · · ⊂ Xn = X

where n = dimX as follows: p ∈ Xd if for any orbifold chart (U,Γ , ψ) and any x ∈ U

with ψ(x) = p, the dimension of UΓx through x is at most d, where Γx ⊂ Γ is the

isotropy group of x. Then Xd is closed. Let g be an arbitrary Riemannian metric

on X. We modify g inductively such that the modification gd is straightened near

Xd ∩ Y . For d = 0, X0 is discrete. Then for each p ∈ X0 ∩ Y , define a Riemannian

metric gp as follows. Choose a linear orbifold chart C = (U,Γ , ψ) centered at p. Let

g̃ be the metric on U obtained by pulling back g to the chart C. Define a metric g̃p

on U whose restriction to a neighborhood of 0 ∈ U is equal to the pushforward of

the Euclidean metric on T0U ∼= Rn (induced from g̃) via the exponential map on U

centered at 0. Then g̃p induces a Riemannian metric in a neighborhood of p ∈ X.

As g̃p is Euclidean near 0, it is straightened near p. Using cut-off functions one can

obtain a metric g0 which is straightened near X0 ∩ Y .

Suppose we have obtained a metric gd−1 straightened over an open neighborhood

Vd−1 ⊃ Xd−1∩Y for some d ≥ 1. Then by the compactness of Y , one can find finitely

many linear orbifold charts Ci = (Ui,Γi, ψi) for i = 1, 2, . . . , N with Ui being a radius

2ri-ball of Rn such that

1. xi = ψi(0) ∈ (Xd \Xd−1) ∩ Y .

2. The union of F ′
i := ψi(U

′
i) with U ′

i being the radius ri ball in Ui covers (Y ∩

Xd) \ Vd−1.

We claim that one can find a metric gd,k on X which is straightened near Y ∩

Xd ∩ (Vd−1 ∪ F ′
1 ∪ · · ·F ′

k). Indeed, suppose we have find gd,k−1 for some k ≥ 1. For

the chart Ck, let g̃d,k−1 be the corresponding Γk-invariant metric on Uk. Then we

can use the exponential map centered at the origin of Uk to pushforward the induced
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bundle metric on the ϵ-disk bundle NϵU
Γk
k (associated to g̃d,k−1) to a neighborhood

of UΓk
k , and use a Γk-invariant cut-off function to extend it to Uk. This provides a

Γk-invariant metric g̃Ck
on the manifold Uk. Then g̃Ck

is straightened near UΓk
k . Let

gCk
be the corresponding orbifold metric on the open set Fk = ψk(Uk) ⊂ X. Now

choose a cut-off function ρk : X → [0, 1] supported in Fk such that ρk ≡ 1 near F ′
k

and ρk vanishes on X \ Fk. Then define

gd,k = (1− ρk)gd,k−1 + ρkgCk

which is a new Riemannian metric on X. We only need to show that this metric is

straightened near any point p ∈ Y ∩Xd∩(Vd−1∪F ′
1∪· · ·∪F ′

k). Indeed, if p ∈ F ′
k, then

locally gd,k = gCk
which is straightened near p. If p /∈ Fk, then locally gd,k = gd,k−1

which is also straightened near p. If p ∈ Fk\F ′
k, then p ∈ Y ∩Xd∩(Vd−1∪F ′

1∪· · ·∪F ′
k−1).

Then near p the metric gd,k−1 is already straightened. Let x ∈ Uk be a point such

that ψk(x) = p. Then x ∈ UΓk
k . Then near x the metrics g̃d,k−1 and g̃Ck

are identical.

Hence gd,k = gd,k−1 near x so gd,k is straightened near x. Then inductively, one can

obtain a metric gd which is straightened near Y ∩Xd. The induction on d provides a

metric with desired property.

From the construction used in the proof one can see the following: for a closed

subset Q ⊂ X, if we start with a Riemannian metric g on X which is already straight-

ened near Y ∩Q, then one can obtain a metric g′ which is straightened near Y such

that it coincides with g in a neighborhood of Y ∩Q. Therefore one can obtain a “rel-

ative version” of Lemma 5.3.6. In particular, one can connect any two straightened

metric via a one-parameter family.

Lemma 5.3.7. For any pair of Riemannian metrics g0 and g1 on X which are straight-

ened near Y , there exists a straightened Riemannian metric on X × [0, 1] which

coincides with gi + dt⊗2 near X × {i} for i = 0, 1.
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Proof. Define X̃ = X × [0, 1] and Ỹ = Y × [0, 1]. Let t be the coordinate on [0, 1].

Consider an arbitrary Riemannian metric g̃′ on X̃ which coincides with g0 + dt⊗2 on

X × [0, 1
3
] and coincides with g1 + dt⊗2 on X × [2

3
, 1]. Then g is straightened near

Y × (X × ([0, 1
4
] ∪ [3

4
, 1])) Then the inductive construction of Lemma 5.3.6 produces

a straightened metric g̃ which coincides with g̃ near Y × (X × ([0, 1
4
] ∪ [3

4
, 1])).

5.3.4 Connections

We would also like the orbifold vector bundle to be “straightened” in the direction

normal to fixed point loci in a way analogous to Riemannian metrics. We first look

at connections on a chart. Let U be a smooth manifold acted on effectively by Γ ,

and E → U is a Γ -equivariant vector bundle. Let ∇E be a Γ -invariant connection on

E. Suppose also U is equipped with a straightened metric. Then the connection ∇E

together with the Riemannian metric induce the following objects. For each subgroup

H < Γ , there is a neighborhood of UH identified with a disk bundle NrU
H ⊂ NUH →

UH . Let πH : NUH → UH be the projection. Then the parallel transport of E along

normal geodesics induces an H-equivariant bundle isomorphism

ρH : π∗
H(E|UH ) ∼= E|NrUH .

Therefore the H-equivariant splitting E|UH
∼= E̊H ⊕ ĚH extends to an H-equivariant

splitting

E|NrUH
∼= E̊H ⊕ ĚH . (5.3.3)

Definition 5.3.10. (Straightened connections) Let U be a smooth manifold acted on

effectively by a finite group Γ . Let E → U be a Γ -equivariant vector bundle. Suppose

U is equipped with a Γ -invariant straightened Riemannian metric. For a subgroup

H < Γ , a Γ -equivariant connection ∇E on E is said to be straightened along NUH if
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in a neighborhood NrU
H of UH there holds

(ρH)∗(πH)∗∇E|
UH = ∇E.

The following statement guarantees that splittings of the form (5.3.3) induced by

straightened connections behave well with respect to group injections H ↪→ G.

Lemma 5.3.8. Suppose ∇E is straightened along NUG. Then there exists a G-

invariant neighborhood V ⊂ U of UG such that for each subgroup H ⊆ G, the

restriction of ∇E to V is straightened along NV H .

Proof. Basically, this lemma follows from the functoriality of pullback connections.

Indeed, as a pullback connection has no curvature in each fiber, one has

(π∗
H(ρG|V H )) ◦ ρH = ρG : E → π∗

GE|UG

near UG. Therefore,

∇E = ρ∗G(∇E|
UG ) = ρ∗H(π

∗
H(ρG|V H ))∗(∇E|

UG )

= ρ∗H
(
π∗
H(ρ

∗
G(∇E|

UG ))|V H )
)
= ρ∗H(π

∗
H∇E|

V H ).

Hence ∇E is also straightened along NV H .

We define the notion of straightenedness for connections on effective orbifolds.

Definition 5.3.11. Let X be an effective orbifold equipped with a straightened

Riemannian metric. Let E → X be an orbifold vector bundle. Then a connection

∇E on E is called straightened if for every bundle chart Ĉ = (U,E,Γ , ψ̂) and every

subgroup G < Γ , the Γ -equivariant connection ∇E on E → U obtained by pulling

back ∇E is straightened along NUG.
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Lemma 5.3.9. Let X be an effective orbifold with or without boundary equipped with

a straightened Riemannian metric. Let E → X be a vector bundle. Let Y ⊂ X be a

compact subset and Q ⊂ X be a closed set. Suppose ∇E is a connection on E which

is straightened near Y ∩Q. Then there exists a connection on E which is straightened

near Y and which coincides with ∇E near Y ∩Q.

Proof. The proof is similar to that of Lemma 5.3.6.

Definition 5.3.12. Let X be an effective orbifold and E → X be an orbifold vector

bundle. A straightened structure on the pair (X, E) consists of a straightened Rieman-

nian metric on X and a straightened connection on E with respect to the straightened

Riemannian metric. If (X, E) is equipped with a straightened structures, then we say

that (X, E) is straightened.

5.3.5 Normal complex structures

Now we introduce the most important geometric condition which plays the central

role in our construction. In applications, normal complex structures appear naturally

as the Cauchy–Riemann operator has a complex linear principal symbol.

Definition 5.3.13. Let X be an effective orbifold. A normal complex structure on

X is a collection of H-equivariant complex structures

IH : NUH → NUH

on the normal bundles NUH → UH for each orbifold chart (U,Γ , ψ) and each sub-

group H ⊂ Γ . Moreover, the collection must satisfy the following compatibility

conditions.

1. For each chart (U,Γ , ψ), each y ∈ U with stabilizer Γy < Γ , and each pair of
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subgroups H < G ⊂ Γy, notice that we have the H-equivariant decomposition

NyU
G ∼= (TyU

H ∩NyU
G)⊕NyU

H

into trivial and nontrivial summands of H-representations. This decomposition

is also IG-invariant. Then we require that the restriction of IG to the second

summand NyU
H of the above decomposition agrees with IH at y.

2. For each chart embedding from (V,Π , ϕ) to (U,Γ , ψ) given by an injection

Π ↪→ Γ and an equivariant open embedding ι : V ↪→ U , for any z ∈ V sent

to y = ι(z), with Γy ∼= Πz, one has an equivariant isomorphism TzV ∼= TyU

sending NzV
Πz isomorphically to NyU

Γy , we require that this isomorphism is

complex linear.

Similarly we can define normal complex structures on bundles. Let X be an effec-

tive orbifold and E → X be a vector bundle. For each bundle chart Ĉ = (U,E,Γ , ψ)

and each subgroup G < Γ , one has the basic decomposition

E|UG
∼= E̊G ⊕ ĚG

with respect to G.

Definition 5.3.14. A normal complex structure on E is a collection of G-equivariant

complex structures

JG : ĚG → ĚG

on the bundle ĚG → UG for each bundle chart Ĉ = (U,E,Γ , ψ̂) and each subgroup

G < Γ . Moreover, the collection must satisfy the following compatibility conditions.

1. For each bundle chart Ĉ = (U,E,Γ , ψ̂), each y ∈ U with stabilizer Γy < Γ , and

each pair of subgroups H ⊆ G < Γy, notice that we have the H-equivariant
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decomposition

ĚG|y ∼= (ĚG
y )

H ⊕ ĚH
y .

Notice that the decomposition is JG-invariant. We require that the restriction

of JG to the summand ĚH
y coincides with JH .

2. For each chart embedding from (V, F,Π , ϕ̂) to (U,E,Γ , ψ̂) given by an injection

Π ↪→ Γ and an equivariant bundle embedding ι̂ : F ↪→ E covering a base

embedding ι : V ↪→ U , for any z ∈ V (with stabilizer Gz) sent to y = ι(z) (with

stabilizer Gy), one has an equivariant isomorphism F |z ∼= E|y. We require that

the induced isomorphism between F̌Gz |z ∼= ĚGy |y is complex linear.

Remark 5.3.15. If (X, J) is an almost complex orbifold, J also endows X with a

normal complex structure. The notion of normal complex structure is convenient for

the discussion of cobordisms between (derived) almost complex orbifolds, and it also

plays an important role in the discussion of certain invariance result.

5.3.6 Normally complex sections

Now we discuss the notion of normally complex sections originally introduced by

Parker [Par13] which generalizes Fukaya–Ono’s notion of normally polynomial sec-

tions [FO97]. We first discuss the notion of lifts within a single orbifold chart. Sup-

pose G is a finite group. Let V , W be finite-dimensional complex representations

of G. Let PolyG(V,W ) be the space of G-equivariant polynomial maps and for each

d ≥ 0, define

PolyGd (V,W ) ⊂ PolyG(V,W )

to be the subspace of polynomial maps of degrees at most d. Then there is an

evaluation map

ev : V × PolyG(V,W ) → W. (5.3.4)
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These notions can also be defined for the parametrized case. Let M be a smooth

manifold, V ,W → M be smooth complex vector bundles equipped with fiberwise

complex linear G-actions. Then one has the bundle of fiberwise polynomial maps

PolyGd (V ,W) →M

and the corresponding evaluation map

ev : V ⊕ PolyGd (V ,W) → W . (5.3.5)

Now let X be an effective orbifold and E → X be a vector bundle. Suppose

(X, E) is normally complex and is straightened. Then for each bundle chart Ĉ =

(U,G,E, ψ̂) of E and any subgroup H < G, using the straightened structures, we can

identify a neighborhood of UH with a disk bundle NrU
H and we can extend the basic

decomposition

E|UH
∼= E̊H ⊕ ĚH

to a decomposition of E near UH . From now on such identifications and decomposi-

tions will be assumed implicitly.

Definition 5.3.16. Let Ĉ = (U,G,E, ψ̂) be a bundle chart of E → X and let

s : U → E be a smooth Γ -equivariant section. A local normally complex lift of s of

degree at most d near x is a Gx-equivariant smooth bundle map (over UGx)

šx : NϵU
Gx → PolyGx

d (NUGx , ĚGx) (5.3.6)

satisfying the following condition. We define the graph of šx to be the bundle map

graph(šx) : NϵU
Gx → NUGx ⊕ PolyGx

d (NUGx , ĚGx), v 7→ (v, šx(v)).
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Using the basic decomposition of E near UGx , we can write s as

s = (̊sx, šx) : NϵU
Gx → E̊Gx ⊕ ĚGx ∼= E|NϵUG ,

then near x one has

šx = ev ◦ graph(šx).

By abuse of notions, we also call the bundle map

s̃x := (̊sx, šx) : NϵU
Gx → E̊Gx ⊕ PolyGx

d (NUGx , ĚGx)

or the bundle map

S̃x := (̊sx, graph(šx)) : NϵU
Gx → E̊Gx ⊕

(
NUGx ⊕ PolyGx

d (NUGx , ĚGx)
)

a local normally complex lift of s near x.

If s : U → E has a local normally complex lift (of degree at most d) near each

point of U , then we say that s is a normally complex section or an FOP section1 (of

degree at most d).

Remark 5.3.17. In equation (5.3.6), we use the exponential map implicitly to identify

NϵU
Gx with a neighborhood of the zero section in NUGx . In other words, a local

normally complex lift depends on the straightened structure and the normal complex

structure. On the other hand, one can see that being an FOP section is a condition

invariant under chart embeddings. Hence it is a condition intrinsic for the orbifold

bundle, the normal complex structure, and the straightened structures.

Definition 5.3.18. A smooth section s : X → E is called a FOP section or a

normally complex section (of degree at most d) if for each p ∈ X there is a bundle

1Stands for Fukaya–Ono–Parker.
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chart Ĉ = (U,Γ , E, ψ̂) of E → X around p such that the pullback of s to U is a

normally complex section (of degree at most d) in the sense of Definition 5.3.16.

Remark 5.3.19. There is a more restricted notion called normally polynomial sections

considered by Fukaya–Ono [FO97]. A section is normally polynomial if in each chart

Ĉ = (U,Γ , E, ψ̂), for each group G < Γ , near UG ⊂ U the section š : NϵU
G → ĚG is

of the form

š : UG → PolyGd (NU
G, ĚG).

In particular, there is no ambiguity of choosing lifts. In fact it is enough to use

normally complex sections to achieve the required transversality (see the proof of

Proposition 5.6.3). However, the more flexible notion of normally complex sections,

introduced by Parker [Par13], is very convenient to work with. For example one can

do cut and paste as shown below. More importantly, this flexible notion allows us to

prove that our notion of transversality is well-behaved even for normally polynomial

sections (see Section 5.4).

Lemma 5.3.10. The space of normally complex sections of E → X is a module over

C∞(X).

Proof. Left to the reader.

Remark 5.3.20. In general the set of FOP sections is strictly contained in the set

of smooth sections. Consider C acted nontrivially by Z2. The space of equivariant

polynomial maps from C to itself is generated by monomials z, z3, z5, · · · . Hence a

FOP map from C to C is of the form

z 7→ f1(z)z + f3(z)z
3 + · · ·+ f2k−1z

2k−1

where fi(z) is an even smooth function. We can also write such a map as z 7→ f(z)z

with f an even function. However, not all equivariant smooth maps are of this form,
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such as the map z 7→ z.

Now we show that smooth sections can be approximated by FOP sections. To

measure the distance between sections, choose a metric on E . We remind the reader

that X is assumed to be effective throughout this subsection.

Lemma 5.3.11. Let s : X → E be a smooth section with s−1(0) compact. Let D ⊂ X

be a precompact open neighborhood of s−1(0). Then there exists d ≥ 0 such that for

any ϵ > 0, there exists a smooth section s′ : X → E such that

1. s′ is an FOP section near D of degree at most d.

2. There holds the estimate

∥s− s′∥C0(D) < ϵ. (5.3.7)

Proof. By the compactness of D, one can find a finite collection of bundle charts

Ĉ+
i = (U+

i , Ei,Γi, ψ̂i) (i = 1, . . . , N) centered at xi ∈ D satisfying the following

conditions.

1. The bundle chart Ĉ+
i is linear and U+

i ⊂ Rn is a radius 2ri-ball centered at the

origin.

2. The collection Fi := ψi(Ui), i = 1, . . . , N cover D where Ui ⊂ U+
i is the radius

ri-ball centered at the origin.

Define F∞ := X \ D. Then choose a smooth partition of unity subordinate to the

open cover {F1, . . . , FN , F∞}, denoted by ρ1, . . . , ρ∞.

Let si : U
+
i → Ei be the pullback of s to the linear chart Ĉ+

i . We first show that

si can be approximated by normally complex sections. Indeed we can write

si = (̊si, ši) : U
+
i → E̊Γi

i ⊕ ĚΓi
i .

We would like to approximate the smooth map ši by a smooth map ši : U+
i →

PolyΓi
d (NUΓi

i , Ě
Γi
i ) near Ui. Indeed, for each x ∈ Ui, suppose its stabilizer is Gx ⊂
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Γi. Then ši(x) ∈ (ĚΓi
i )Gx . Then for a sufficiently large d (which only depends on

the group Γi) there exists a degree at most d equivariant polynomial map Px ∈

PolyΓi
d (NUΓi

i , Ě
Γi
i ) such that Px(x) = ši(x) (see Lemma 5.4.3). Then one can find

rx > 0 such that

sup
x′∈Brx (x)

|ši(x)− ši(x
′)|+ sup

x′∈Brx (x)

|Px(x)− Px(x
′)| < ϵ.

As Ui is compact, one can find finitely many points xj ∈ Ui such that

Ui ⊂
l⋃

j=1

Brxj
(xj).

Choose a partition of unity subordinate to Brxj
(xj) and U

+
i \ Ui. Define

š′i : U
+
i → PolyΓi

d (NUΓi
i , Ě

Γi
i ), ši(x) =

l∑
j=1

ρj(x)Pxj .

We first check that this (not necessarily Γi-equivariant map) is close to the original

section ši. Indeed, for each x ∈ Ui, then one has

|ši(x)− ev(x, š′i(x))| ≤
l∑

j=1

ρj(x)|ši(x)− Pxj(x)|.

If x /∈ Brxj
(x), then ρj(x) = 0 and the corresponding summand above vanishes; if

x ∈ Brxj
(x), then

|ši(x)− Pxj(x)| ≤ |ši(x)− ši(xj)|+ |Pxj(x)− Pxj(xj)| < ϵ.

Hence one has

sup
x∈Ui

|ši(x)− ev(x, š′i(x))| < ϵ.
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Now we make ši invariant by setting

ši(x) =
1

|Γi|
∑
g∈Γi

š′i(gx).

Then for each x ∈ Ui, one has

|ši(x)− ev(x, ši(x))| =
1

|Γi|

∣∣∣∣∣∑
g∈Γi

g−1ši(gx)−
∑
g∈Γi

ev(x, š′i(gx))

∣∣∣∣∣
≤ 1

|Γi|
∑
g∈Γi

∣∣g−1ši(gx)− g−1ev(gx, š′i(gx))
∣∣ < ϵ.

Then ši together with s̊i defines an FOP section of Ei → U+
i and hence an FOP

section s′i of the orbifold bundle E → X over ψi(U
+
i ). Then define

s′ :=
N∑
i=1

ρis
′
i + ρ∞s.

By Lemma 5.3.10, this is a smooth section of E which is an FOP section in a neigh-

borhood of D. The chartwise estimates imply that (5.3.7) holds.

5.4 Whitney stratifications on the variety Z

The purpose of this section is to specify the notion of transversality for normally

complex sections via the language of Whitney stratifications. The fundamental idea

is from Fukaya–Ono [FO97]. On the other hand, it is rather technical to prove that this

transversality notion is intrinsic, i.e., behaves well with respect to chart embeddings.

It is the work of Parker [Par13] from which we learned how to use normally complex

sections to compare chartwise transversality notions and how to prove another similar

property, i.e. the transversality notion is independent of the choice of the cut-off

degree of polynomial maps.
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The notion of transversality for FOP sections is based on the intricate study of a

particular class of complex affine varieties which we generally refer to as “the variety

Z.” In this section, letG be a finite group and V,W be two finite-dimensional complex

representations of G. We require that the G-action on V is effective. We allow V

or W to have trivial G-summands, hence the triple (G, V,W ) does not represent an

isotropy type in general (see Definition 5.3.4). Define

ZG(V,W ) = {(v, P ) ∈ PolyG(V,W ) | P (v) = 0 ∈ W}

the zero locus of the evaluation map from (5.3.4). Its cut-off at any degree d is

ZG
d (V,W ) := ZG(V,W ) ∩ (V × PolyGd (V,W )).

Similarly, one can define the family of the Z-variety for the parametrized case. Given

a smooth manifold M and V ,W →M smooth complex vector bundles with fiberwise

complex linear G-actions, the zero locus of (5.3.5) is denoted by

ZG(V ,W) := {(v, P ) ∈ V ⊕ PolyG(V ,W) | P (v) = 0}

and ZG
d (V ,W) is defined similarly by considering fiberwise polynomial maps of degree

at most d.

5.4.1 The canonical Whitney stratification

We first recall basic notions about Whitney stratifications. More detailed discussions

can be found in Appendix 5.8.

Definition 5.4.1. Let M be a smooth manifold and S ⊂M be a subset.
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1. A prestratification of S is a decomposition of S

S =
⊔

Sλ

into nonempty locally closed sets such that 1) the decomposition is locally finite

and 2) if Sλ ∩ Sµ ̸= ∅, then Sλ ⊂ Sµ. Each member Sλ of this decomposition is

called a strata of this prestratification.

2. A prestratification is called a Whitney prestratification if all strata are smooth

submanifolds and each distinct pair (Sλ, Sµ) of strata satisfy Whitney’s condi-

tion (b) (Definition 5.8.3).

3. A stratification of S is a rule S which assigns to each x ∈ S a set-germ Sx

containing x such that for each x ∈ S, there is an open neighborhood N and a

prestratification of N ∩ S such that for all y ∈ S ∩ N , the set-germ Sy is the

germ of the strata in the prestratification which contains y. In particular, any

prestratification of S induces a stratification.

4. A stratification of S is called a Whitney stratification if it is induced from a

Whitney prestratification.

5. Let N be a smooth manifold and f : N →M be a smooth map. f is said to be

lemma412 to S with respect to a Whitney stratification S if f is transverse to

each set-germ of S.

6. IfM is a nonsingular complex algebraic variety and S ⊂M is a constructible set,

a Whitney prestratification of S is called complex algebraic if all of its strata

are nonsingular complex algebraic subsets of M . A Whitney stratification is

called complex algebraic if it is induced from a complex algebraic Whitney

prestratification.
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Now consider the variety Z associated to the triple (G, V,W ) and a nonnegative

integer d. For each v ∈ V , let Gv ⊂ G be the isotropy subgroup (or stabilizer) of v.

The total space V has a prestratification indexed by subgroups of G. More precisely,

for each subgroup H ⊂ G, denote

VH := V̊ H := {v ∈ V | H ⊂ Gv}, V ∗
H := {v ∈ V | Gv = H}.

The top stratum is also called the isotropy-free part of V , denoted by

V free := {v ∈ V | Gv = {e}}.

Then the decomposition

V =
⊔
H⊆G

V ∗
H

is a Whitney prestratification of V whose strata are all regular complex algebraic

sets. We will call it the action prestratification on V . The induced prestratification

on V × PolyGd (V,W ), where G acts trivially on the second factor, is also called the

action prestratification.

Definition 5.4.2. A smooth Whitney stratification on Z := ZG
d (V,W ) is said to

respect the action prestratification if for each (v, P ) ∈ ZG
d (V,W ), if v ∈ V ∗

H for some

subgroup H ⊆ G, then the set-germ Zx is contained in V ∗
H × PolyGd (V,W ).

This definition is a special case of Definition 5.8.16.

Theorem 5.4.3. For each d ≥ 0, there exists a unique minimal Whitney stratification

Z on ZG
d (V,W ) which respects the action prestratification. Moreover, it has the

following additional properties.

1. It is complex algebraic, i.e., it is induced from a Whitney prestratification whose

strata are all nonsingular complex algebraic sets.
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2. It is G-invariant.

3. If a self-diffeomorphism f of V × PolyGd (V,W ) preserves the action prestrat-

ification and preserves the set ZG
d (V,W ), then f also preserves this Whitney

stratification.

Proof. The construction of such a Whitney stratification, denoted by Z, is a special

case of Theorem 5.8.17. From that theorem one also knows that Z is algebraic and

is minimal among all smooth ones which respect the action prestratification. The

minimality implies the uniqueness (see Definition 5.8.5).

To prove that Z is G-invariant, pick any g ∈ G. Then g is a particular diffeo-

morphism of the vector space V × PolyGd (V,W ) which satisfies assumptions of the

map f in Proposition 5.8.19. Hence g∗Z = Z. Similarly, a self-diffeomorphism f of

V × PolyGd (V,W ) which preserves the action prestratification and preserves the set

ZG
d (V,W ) also satisfies assumptions of Proposition 5.8.19. Hence the last condition

is also true.

Definition 5.4.4. We call the Whitney stratification Z of Theorem 5.4.3 the canonical

Whitney stratification on the variety ZG
d (V,W ).

Remark 5.4.5. To talk about transversality, one does not need to specify a Whitney

prestratification. However, when we discuss the pseudocycle property in Section 5.6,

it is convenient to have a distinguished set of strata. Indeed, here is a canonically

associated prestratification which induces the canonical Whitney stratification (cf.

Definition 5.8.14). The dimension filtration of ZG
d (V,W ) associated to the canonical

Whitney stratification is

ZG
d (V,W )k := {x ∈ ZG

d (V,W ) | dimRZx ≤ k}, k = 0, 1, . . . .

Here Zx is the set-germ at x given by theWhitney stratification. Then each ZG
d (V,W )k\

ZG
d (V,W )k−1 is a nonsingular complex algebraic set of real dimension k. Each of its
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connected components (in the Euclidean topology) is also a nonsingular algebraic

set (a connected component is also an irreducible component in Zariski topology).

Hence the collection of connected components of ZG
d (V,W )k \ ZG

d (V,W )k−1 for all k

is a complex algebraic Whitney prestratification which induces the canonical Whitney

stratification. From now on, a stratum of ZG
d (V,W ) means a stratum of this canonical

Whitney prestratification.

One can also define the notion of the canonical Whitney stratification of the

parametrized case. LetM be a base manifold acted on trivially by G and let V ,W →

M be complexG-vector bundles with fibers isomorphic to V andW respectively. Then

the structure group of V⊕PolyGd (V ,W) is canonically reduced to GL(V )G×GL(W )G,

whose elements are diffeomorphisms of V × PolyGd (V,W ) preserving both the action

prestratification and the set ZG
d (V,W ). Hence by the last property of Theorem 5.4.3,

the canonical Whitney stratification on ZG
d (V,W ) could be patched into a Whitney

stratification of ZG
d (V ,W) which is “locally trivial”. We also call this stratification

on ZG
d (V ,W) the canonical Whitney stratification.

Remark 5.4.6. The canonical Whitney stratification is an example of Parker’s nice

Whitney stratification ([Par13, Definition 4.6]).

Following Parker, we prove two very useful facts concerning the canonical Whitney

stratification.

Lemma 5.4.1. (cf. [Par13, Lemma 4.10]) Let G,M,V ,W be as above. Fix an integer

d > 0. Let V+ ⊂ V be an open subset and let f 1, f 2 : V+ → PolyGd (V ,W) be two

smooth bundle maps such that

graph(f 1 − f 2) ⊂ ZG
d (V ,W) := ZG

d .

Then the graph of f 1 (viewed as a submanifold of V+ ×M PolyGd (V ,W)) is transverse

(cf. Definition 5.8.6) to ZG
d if and only if the graph of f 2 is transverse to ZG

d .
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Proof. Suppose the graph of f 1 is transverse to ZG
d . For any (v0, f 2(v0)) ∈ ZG

d , we

would like to show that the graph of f 2 is transverse to ZG
d at this point (v0, f 2(v0)).

Choose a compactly supported cut-off function

ρ0 : V+ → [0, 1]

which is identically 1 near v0. Consider the smooth vertical vector field on V+ ×M

PolyGd (V ,W) defined by

ξ(v, P ) = (0, ρ0(v)(f 1(v)− f 2(v))). (5.4.1)

Then ξ can be regarded as a smooth vector field on V ⊕PolyGd (V ,W). Moreover, the

flow of ξ is the 1-parameter family of fibre-preserving diffeomorphisms

Φt(v, P ) = (v, P + tρ0(v)(f 1(v)− f 2(v)))

of V ⊕PolyGd (V ,W) which exists for all time t. It is also easy to see that Φt preserves

the action prestratification on V ⊕PolyGd (V ,W) and the set ZG
d . Hence Φt pulls back

the canonical Whitney stratification on ZG
d to itself. Moreover, Φ1 maps a neigh-

borhood of (v0, f 2(v0)) in graph(f 2) to a neighborhood of (v0, f 1(v0)) in graph(f 1).

Hence the graph of f 2 is also transverse to ZG
d (E ,F) at v0.

Lemma 5.4.2. Under the same hypothesis as above. Let f1, f2 : V+ → V⊕PolyGd (V ,W)

be the maps defined by

fi(v) = (v, f i(v)).

Suppose both the graphs of f 1 and f 2 are transverse to ZG
d (with respect to the

canonical Whitney stratification). Then the Whitney stratifications on f−1
1 (ZG

d ) =

f−1
2 (ZG

d ) pulled back from the canonical Whitney stratifications on ZG
d via f1 and f2
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coincide.

Proof. We just need to check locally around a point v0 ∈ f−1
1 (ZG

d ) = f−1
2 (ZG

d ). Let

Φ1 be the time-1 map of the flow of the vector field (5.4.1). Then in a neighborhood

of v0 one has

f1 = Φ1 ◦ f2.

On the other hand, as Φ1 preserves the canonical Whitney stratification Z on ZG
d , it

follows that near v0, f
∗
1Z = f ∗

2Φ
∗
1Z = f ∗

2Z.

5.4.2 Regularity of the isotropy-free part

We want the isotropy-free part of the variety Z to be transversely cut-out. This is

true if d is sufficiently large as proved by Fukaya–Ono [FO97]. For the convenience

of the reader we rewrite their proof here.

Proposition 5.4.7. ([FO97, Lemma 5],[FOOO, Proposition 35.3]) For any finite group

G, there exists a positive integer d0 satisfying the following conditions. Let V,W be

finite-dimensional complex representations. Suppose G acts on V faithfully. Then for

any d ≥ d0 and for each subgroup H ⊂ G, the set

Z∗
d,H := ZG

d (V,W ) ∩ (V ∗
H × PolyGd (V,W ))

is a nonsingular complex algebraic set of complex dimension

dimCZ
∗
d,H = dimCPoly

G
d (V,W ) + dimCV̊

H − dimCW̊
H .

We first prove a lemma.

Lemma 5.4.3. [FO97, Lemma 5] There exists d0 > 0 such that for all v̊H ∈ V̊ ∗
H and

ẘH ∈ W̊H , there exists P ∈ PolyGd0(V,W ) such that P (̊vH) = ẘH .
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Proof. By decomposing W into irreducible components, we may assume that W is

an irreducible representation of G. Define the G-vector space

W :=
⊕
γ∈G

C{⟨γ⟩}

with G-action defined as

g

(∑
γ

cγ · ⟨γ⟩

)
=
∑
γ

cγ · ⟨γg−1⟩ =
∑
γ

cγg · ⟨γ⟩.

Since W is a regular representation, there is a G-equivariant homomorphism Ψ :

W → W and an element w ∈ W such that

Ψ(w) = Ψ

(∑
γ

wγ · ⟨γ⟩

)
= ẘH .

Since ẘH ∈ W̊H , for all h ∈ H, one has

Ψ(hw) = hΨ(w) = ẘH .

Hence by taking average over H, one may assume that

γ′H = γ′′H =⇒ wγ′ = wγ′′ .

Now we claim that for some d0 > 0 which only depends on G, one can choose a

polynomial f : V → C (not necessarily G-invariant) of degree at most d0 such that

∀γ ∈ G, f(γv̊H) = wγ.

Indeed, there are n := |G/H| distinct elements in the G-orbit of v̊H . One can choose

a linear decomposition V = V1 ⊕ V2 such that V1 is one-dimensional and that the
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projection of these n distinct elements are still distinct in V1. Then by Lagrange’s

method of interpolation, one can find a complex polynomial f : V1 → C of degree at

most |G| taking the prescribed values wγ at the corresponding projection image of

γv̊H in V1. Extend f trivially to V one obtains a polynomial f : V → C satisfying

the required conditions. Now define P : V → W by

P (v) = Ψ

(∑
γ∈G

f(γv) · ⟨γ⟩

)
.

Then this is a G-equivariant polynomial map sending v̊H to ẘH .

Proof of Proposition 5.4.7. For each subgroup H ⊂ G, we can write any polynomial

map P ∈ PolyGd (V,W ) as

P = (P̊H , P̌H) : V → W̊H ⊕ W̌H .

Then the equivariance implies that

P̌H |V̊H ≡ 0.

Therefore

Z∗
d,H := {(v, P ) ∈ V̊ ∗

H × PolyGd (V,W ) | P̊H(v) = 0}.

Then when d ≥ d0, Lemma 5.4.3 and the faithfulness of the G-action on V imply

that Z∗
d,H is a nonsingular complex algebraic set of dimension

dimCPoly
G
d (V,W ) + dimCV̊

H − dimCW̊
H .

Lastly, by the construction of the canonical Whitney stratification of ZG
d which re-

spects the action prestratification (see Theorem 5.8.17), as Z free
d is smooth of dimen-

sion k, it is entirely contained in Z∗
d,k.
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Remark 5.4.8. If W is the trivial representation, then d0 can be taken to be 0. In

fact, all constant maps from V to W is G-equivariant and Z0
G(V,W ) = V × {0} ⊂

V × PolyG0 (V,W ) ∼= V ×W so the

Z∗
0,H = V ∗

H × {0}.

5.4.3 Change of degrees

Here we prove that the canonical Whitney stratifications from different cut-off degrees

are compatible with each other. For each d ≥ 0, consider the inclusion map

ϕ : V × PolyGd (V,W ) → V × PolyGd+1(V,W ).

Then obviously

ϕ−1(ZG
d+1(V,W )) = ZG

d (V,W ).

Our main theorem of this subsection is the following.

Theorem 5.4.9. ϕ is transverse to ZG
d+1(V,W ) and pulls back the canonical Whitney

stratification on ZG
d+1(V,W ) to the canonical Whitney stratification on ZG

d (V,W ).

The idea of the proof is similar to the discussion in [Par13] using Parker’s notion

of nice Whitney stratifications. First we prove an algebraic result which was also used

in [Par13] without providing a proof or reference.

Lemma 5.4.4. PolyG(V,W ) is a finitely generated C[V ]G-module.

Proof. The proof follows from [(k], we present it here for completeness. By Hilbert’s

basis theorem, given any finite-dimensional complex G-representation V ′, the ring of

G-invariant polynomials C[V ′]G is finitely generated. Now let V ′ = V ⊕W∨ whereW∨

is the dual to W endowed with the corresponding G-action. The ring C[V ′]G has a

bi-grading by keeping track of the degree of the V -coordinates andW∨-coordinates re-
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spectively. Choose h1, . . . , hr, hr+1, . . . , hr+m, . . . , hn which generate C[V ′]G such that

h1, . . . , hr have W∨-degree 0, hr+1, . . . , hr+m have W∨-degree 1, and hr+m+1, . . . , hn

have higher W∨-degrees.

Note that PolyG(V,W ) can be identified with the subset of C[V ′]G consisting of

elements withW -degree 1. Then any element in PolyG(V,W ) could be written as a lin-

ear combination of products of h1, . . . , hr, hr+1, . . . , hr+m. Observe that PolyG(V,W )

is naturally a module over C[V ]G, therefore it is generated by hr+1, . . . , hr+m as a

C[V ]G-module.

Next we construct a left inverse of the map ϕ.

Lemma 5.4.5. (cf. [Par13, Lemma 4.11]) Given G, V , W . There exists an integer

d0 = d0(G, V,W ) such that for all d ≥ d0, there is a G-invariant map

ϕ′ : V × PolyGd+1(V,W ) → PolyGd (V,W )

satisfying the following properties. Denote

ϕ′ : V × PolyGd+1(V,W ) → V × PolyGd (V,W ), (v, P ) 7→ (v, ϕ′(v, P )). (5.4.2)

Then

1. ϕ′ ◦ ϕ = IdV×PolyGd (V,W ).

2. For each (v, P ) ∈ V × PolyGd+1(V,W ), ev(ϕ′(v, P )) = ev(v, P ). In particular, ϕ′

maps ZG
d+1 surjectively onto ZG

d (V,W )

3. ϕ ◦ ϕ′ is transverse to ZG
d+1 and pulls back the canonical Whitney stratification

on ZG
d+1 to itself.

Proof. As PolyG(V,W ) is finitely generated over C[V ]G (see Lemma 5.4.4), one can

find a sufficiently large d0 such that PolyGd0(V,W ) contains a set of generatorsQ1, . . . , Qm.
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Then when d ≥ d0, let HomoGd+1(V,W ) ⊂ PolyGd+1(V,W ) be the subset ofG-equivariant

homogeneous polynomial maps of degree d+ 1. Then one has

PolyGd+1(V,W ) = PolyGd (V,W )⊕ HomoGd+1(V,W ).

Choose a basis P1, . . . , Pk of HomoGd+1(V,W ). Then there exist polynomials hij ∈

C[V ]G for 1 ≤ i ≤ k, 1 ≤ j ≤ m such that

Pi =
m∑
j=1

hijQj.

Then for each P ∈ PolyGd+1(V,W ), let P ′ ∈ HomoGd+1(V,W ) be its degree d + 1 part

which can be uniquely written as

P ′ =
k∑
i=1

aiPi.

Then define

ϕ′(v, P ) = (P − P ′ +
∑

aihij(v)Qj). (5.4.3)

This map (which is not canonical) is linear in the variable P . Then it is easy to see

that for the associated map ϕ′ defined by (5.4.2) there holds

ϕ′ ◦ ϕ = IdV×PolyGd (V,W )

and for all (v, P ) ∈ V × PolyGd+1(V,W ) one has

ev(ϕ(ϕ′(v, P ))) = ev(ϕ′(v, P )) = ev(v, P ). (5.4.4)

Therefore ϕ′ is surjective and maps ZG
d+1 to ZG

d .

Now we prove the last property. Define V and W to be the trivial bundles over
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Md+1 := PolyGd+1(V,W ) with fibers V and W respectively. Then we have two bundle

maps f 1, f 2 : V ∼= V ×Md+1 → PolyGd+1(V ,W) ∼= PolyGd+1(V,W )×Md+1 defined by

f 1(v, P ) = (P, P ), f 2(v, P ) = (ϕ(ϕ′(v, P )), P )

where ϕ(v, P ) = P . Then (5.4.4) implies that

graph(f 1 − f 2) ⊂ ZG
d+1(V ,W).

As the identity map of V × PolyGd+1(V,W ) is transverse to Zd+1 (which means the

graph of f 1 is transverse to Zd+1), it follows from Lemma 5.4.1 that the graph of f 2

is also transverse to Zd+1. It is equivalent to say that the map ϕ ◦ ϕ′ is transverse to

Zd+1. Moreover, as the identity map preserves the canonical Whitney stratification,

by Lemma 5.4.2, ϕ ◦ ϕ′ also pulls back the canonical Whitney stratification on Zd+1

to itself.

Proof of Theorem 5.4.9. Still abbreviate ZG
d (V,W ) by Zd. By Lemma 5.4.5, we know

that ϕ ◦ ϕ′ resp. ϕ′ ◦ ϕ is transverse to Zd+1 resp. Zd, it follows that ϕ resp. ϕ′ is

transverse to Zd+1 resp. Zd along images of ϕ′ resp. ϕ. As ϕ′ is surjective, it follows

that ϕ is transverse to Zd+1. Furthermore, notice that

ϕ′ = ϕ′ ◦ ϕ ◦ ϕ′.

Hence the image of dϕ′ at any point coincides with the image of dϕ′ at some point

on the image of ϕ. As ϕ′ is transverse to Zd along the image of ϕ, it follows that ϕ′

is transverse to Zd everywhere.

Now we show that ϕ resp. ϕ′ pulls back the canonical Whitney stratification to

the canonical one. We prove inductively that for each subgroup H ⊆ G, ϕ resp. ϕ′

pulls back the canonical Whitney stratification on Z∗
d+1,H resp. Z∗

d,H to the canonical
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Whitney stratification on Z∗
d,H resp. Z∗

d+1,H . For H being the trivial group, notice

that the pair of maps ϕ and ϕ′ satisfies the assumptions of the absolute case of Lemma

5.8.2 for f = ϕ, g = ϕ′, M = V free × PolyGd (V,W ), N = V free × PolyGd+1(V,W ), and

Y = Y ◦ = Z free
d , Z = Z◦ = Z free

d+1. Hence by Lemma 5.8.2, ϕ resp. ϕ′ pulls back

the canonical Whitney stratification on Z free
d+1 resp. Z free

d to the canonical Whitney

stratification on Z free
d resp. Z free

d+1.
2 Suppose for a subgroup H ⊂ G, one has proved

the claim for all proper subgroups H ′ ⊊ H. Then by the relative case of Lemma

5.8.2, one can show that ϕ pulls back the canonical Whitney stratification on Z∗
d+1,H

resp. Z∗
d,H to the canonical Whitney stratification on Z∗

d,H resp. Z∗
d+1,H .

Remark 5.4.10. If W is a trivial G-representation, then the statement of Theorem

5.4.9 is true for d = 0. In fact for any d > 0, the projection map

ϕ′ : V × PolyGd (V,W ) → PolyG0 (V,W ) ∼= W

constructed in the above proof coincides with the evaluation map.

By Theorem 5.4.9, for any sufficiently large cut-off degree d, there is a canonical

Whitney stratification on ZG
d (V,W ) which is natural with respect to inclusion maps.

We need a slight extension of this result. Suppose W1 and W2 are two complex

G-representations, then for all sufficiently large d1 and d2, consider the set

ZG
d1,d2

(V,W1,W2) = ZG
d1
(V,W1)×V Z

G
d2
(V,W2)

:= {(v, P1, P2) ∈ V × PolyGd1(V,W1)× PolyGd2(V,W2) | P1(v) = 0, P2(v) = 0}.

Abbreviate it by Zd1,d2 . Then the construction of Theorem 5.8.17 provides a minimal

Whitney stratification on Zd1,d2 which respects the action prestratification, which is

also a nice Whitney stratification. We also call it the canonical Whitney stratification.

2Because of Proposition 5.4.7, the base case of the induction does not need Lemma 5.8.2.
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Consider d ≥ d1, d2 and the natural inclusion map

ϕ : V × PolyGd1(V,W1)× PolyGd2(V,W2) → V × PolyGd (V,W1 ⊕W2)

which maps Zd1,d2 into ZG
d (V,W1 ⊕W2).

Proposition 5.4.11. When d1, d2 are sufficiently large, ϕ pulls back the canonical Whit-

ney stratification on ZG
d (V,W1 ⊕W2) to the canonical one on Zd1,d2 .

Proof. One can construct a similar projection map

ϕ′ : V × PolyGd (V,W1 ⊕W2) → PolyGd1(V,W1)× PolyGd2(V,W2).

The rest of the argument is identical to the proof of Theorem 5.4.9.

Corollary 5.4.12. Let W̊ be a trivial complex G-representation and W̌ be another

complex G-representation. Let V be an effective complex G-representation. Let M

be a base manifold. Let V , W̊ , W̌ be the trivial bundles over M with fibers being V ,

W̊ , W̌ respectively. Let V∗ ⊂ V be a G-invariant open subset. Let d be sufficiently

large and let

f = (f̊ , f̌) : V∗ → PolyGd (V , W̊ ⊕ W̌)

be a smooth bundle map. Consider the partial evaluation of f which is

f ′ : V∗ → W̊ × PolyGd (V , W̌)

defined by

f ′(v) = (f̊(v)(v), f̌).

Then the graph of f is transverse to ZG
d (V∗, W̊ ⊕ W̌) if and only if the graph of f ′ is

transverse to {0} × ZG
d (V∗, W̌).
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5.4.4 Change of groups

Let V , W be complex G-spaces. In this subsection, fix a proper subgroup H ⊊ G.

Then we have the basic decomposition

V = V̊H ⊕ V̌H

where V̌H is the direct sum of nontrivial irreducible H-spaces. There is a restriction

map

θ : V × PolyG(V,W ) → PolyH(V̌H ,W )

defined by (denoting v = (̊vH , v̌H) ∈ V̊H ⊕ V̌H)

θ(v, P ) = P |{̊vH}×V̌H .

Define

θ : V × PolyG(V,W ) → V × PolyH(V̌H ,W )

(v, P ) 7→ (v, θ(v, P )).

(5.4.5)

If we view V̊H as a base manifold with the trivial H-action, then over V̊H one has

the product vector bundles V̌H = V̊H × V̌H and W = V̊H ×W . Then the target of θ

can be identified with the fiber product V̌H ×V̊H
PolyH(V̌H ,W). Then for each degree

d one has

θ(ZG
d (V,W )) ⊂ ZH

d (V̌H ,W) ⊂ V̌H ×V̊H
PolyHd (V̌H ,W). (5.4.6)

We will compare the canonical Whitney stratification on ZG
d (V,W ) and the canonical

Whitney stratification on ZH
d (V̌H ,W), where the latter is the parametrized version

induced from the canonical Whitney stratification on ZH
d (V̌H ,W ).
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Denote

V +
H := {v ∈ V | Gv ⊂ H}

which is the complement of the union of finitely many subspaces. Let V̌+
H ⊂ V̌H be

the corresponding open subset of V̌H . Denote

ZG
d (V

+
H ,W ) := ZG

d (V,W ) ∩ (V +
H × PolyGd (V,W ))

and

ZH
d (V̌+

H ,W) := ZH
d (V̌ ,W) ∩ (V̌+

H ×V̊H
PolyHd (V̌H ,W)),

which are Zariski open subsets of ZG
d (V,W ) and ZH

d (V̌H ,W) respectively. Hence

they have the restricted canonical Whitney stratifications. Our main theorem of this

subsection is the following.

Theorem 5.4.13. θ is transverse to ZH
d (V̌+

H ,W) and pulls back the canonical Whitney

stratification on ZH
d (V̌+

H ,W) to the canonical one on ZG
d (V

+
H ,W ).

The main idea of the proof also comes from [Par13] and is analogous to the proof

of Theorem 5.4.9. We first define a smooth map

θ′ : V +
H × PolyH(V̌H ,W ) → PolyG(V,W )

which is roughly an “inverse” of θ. Using the Lagrange interpolation method, one

can find an integer d0 = d(G, V ) > 0 such that for each v ∈ V +
H , there is a polynomial

Lv : V → C of degree at most d0 satisfying

Lv(gv) =

 1, if g ∈ H,

0, if g ∈ G \H.
(5.4.7)

Lv can be made smoothly dependent on v ∈ V +
H . After averaging over H (which is a
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linear transformation) we can require that Lv is H-invariant. Also, using the decom-

position V = V̊H ⊕ V̌H , regard any P ∈ PolyH(V̌H ,W ) an H-equivariant polynomial

map from V to W which is constant in V̊H-direction. Then define

θ′′(v, P ) =
1

|H|
∑
g∈G

g−1 ◦ (Lv · P ) ◦ g.

This map is clearly G-equivariant. Moreover, (5.4.7) implies that

θ′′(v, P )(v) = P (v̌H) ∀v = (̊vH , v̌H) ∈ V +
H ⊂ VH ×NH .

Moreover, for each d > 0, one has

θ′′(V +
H × PolyHd (V̌H ,W )) ⊆ PolyGd+d0(V,W ).

Now, we use iterations of the map ϕ′ defined by (5.4.3) to reduce the degree. More

precisely, by the construction of the map ϕ′, if d > 0 is large enough, there exists a

G-equivariant map

ϕ′′ : V × PolyGd+d0(V,W ) → PolyGd (V,W )

satisfying the following conditions.

1. ϕ′′ is linear in the second variable such that the associated map

2. The associated map

ϕ′′ : V × PolyGd+d0(V,W ) → V × PolyGd (V,W ), (v, P ) 7→ (v, ϕ′′(v, P ))

preserves the evaluation map.

3. The restriction of ϕ′′ to V × PolyGd (V,W ) is the identity map.
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Then define

θ′ = ϕ′′ ◦ θ′′ : V +
H × PolyHd (V̌H ,W ) → PolyGd (V,W ).

We denote

θ′(v, P ) = (v, θ′(v, P )).

Note that θ′ is not canonically defined, but we will just use the existence of such maps

to deduce propositions independent of the choice of θ′.

Before proving the next result, we do some preparations. Consider the composi-

tions

θ ◦ θ′ : V +
H × PolyHd (V̌H ,W ) → PolyHd (V̌H ,W )

and

θ′ ◦ θ : V +
H × PolyGd (V,W ) → PolyGd (V,W ).

For any Q ∈ PolyHd (V̌H ,W ), define a vector field on V +
H × PolyHd (V̌H ,W ) by

vQ(x, P ) = (0, Q− θ(θ′(x,Q)));

for any Q ∈ PolyGd (V,W ), define a vector field on V +
H × PolyGd (V,W ) by

wQ(x, P ) = (0, Q− θ′(θ(x,Q))).

Their flows are

ΦQ,t(x, P ) = (x, P + t(Q− θ(θ′(x,Q)))),

ΨQ,t(x, P ) = (x, P + t(Q− θ′(θ(x,Q))))

By the construction of θ′, one can see that the flows preserve the corresponding Z-

varieties.

Lemma 5.4.6. For any Q ∈ PolyHd (V̌H ,W ) resp. Q ∈ PolyGd (V,W ) and t ∈ R, consider

327



the map

FQ,t := θ′ ◦ ΦQ,t ◦ θ : V +
H × PolyGd (V,W ) → V +

H × PolyGd (V,W )

resp.

GQ,t := θ ◦ΨQ,t ◦ θ′ : V +
H × PolyHd (V̌H ,W ) → V +

H × PolyHd (V̌H ,W ).

Then the following is true.

1. F−1
Q,t(Z

G
d (V

+
H ,W )) = ZG

d (V
+
H ,W ) and G−1

Q,t(ZH
d (V̌+

H ,W)) = ZH
d (V̌+

H ,W).

2. FQ,t resp. GQ,t is transverse to ZG
d (V

+
H ,W ) resp. ZH

d (V̌+
H ,W) and pulls back

the canonical Whitney stratification to itself.

Proof. Notice that θ, θ′, ΦQ,t, and ΨQ,t all preserve the evaluation map. Hence one

has

ev(FQ,t(v, P )) = ev(v, P ) = P (v), ev(GQ,t(v, P )) = ev(v, P ) = P (v).

Therefore, the first item is true.

To prove (2), regard PolyGd (V,W ) as a base manifold MG
d with trivial G-action,

over which we have the trivial vector bundles

E :=MG
d × V, F :=MG

d ×W.

Denote

E+
H := V +

H ×MG
d ⊂ E .

Then FQ,t can be viewed as a bundle map

fQ,t : E+
H → PolyGd (E ,F) ∼= MG

d × PolyGd (V,W ).
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On the other hand, there is the natural inclusion map

ι : E+
H → PolyGd (E ,F), ι(P, v) := (P, P ).

Then the construction implies that

graph(fQ,t − ι) ⊂ ZG
d (E ,F).

As the graph of ι is transverse to the canonical Whitney stratification on ZG
d (E ,F),

by Lemma 5.4.1 the graph of fQ,t is also transverse to ZG
d (E ,F). Equivalently, it

means that the composition FQ,t is transverse to Z
G
d (V

+
H ,W ). The case of GQ,t is the

same.

Proof of Theorem 5.4.13. We first prove that θ′ resp. θ is transverse to ZG
d (V

+
H ,W )

resp. ZH
d (V̌+

H ,W). Consider θ′. The above lemma implies that θ′ is transverse to

ZG
d (V

+
H ,W ) along the image of ΦQ,t ◦ θ. The global transversality of θ′ follows if we

can show that any point in ZH
d (V +

H ,W ) lies in the image of ΦQ,t ◦ θ for some Q and

some t. Indeed, for any (x,Q) ∈ ZH
d (V +

H ,W ), one has

(x,Q) = ΦQ,1(x, θ(θ
′(x,Q))) = ΦQ,1(θ(x, θ

′(x,Q))) ∈ im(ΦQ,1 ◦ θ).

Hence θ′ is transverse to ZG
d (V,W ) at (x,Q). As (x,Q) is an arbitrary point of

ZH
d (V +

H ,W ), it follows that θ′ is transverse to ZG
d (V,W ). The transversality statement

for θ is similar.

It is then similar to Theorem 5.4.9 to show that θ resp. θ′ pulls back the canonical

Whitney stratification to the canonical one, using Lemma 5.8.2 and an induction on

strata of the action prestratification. Here are the details. Abbreviate PolyGd (V,W )

by PG
d and PolyHd (V̌H ,W ) by PH

d ; abbreviate ZG
d (V

+
H ,W ) by ZG

d and ZH
d (V̌+

H ,W) by
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ZH
d . First notice that

ZG
d (V

+
H ,W ) ⊂ V +

H × PG
d , ZH

d (V̌+
H ,W) ⊂ V +

H × PH
d .

The the strata of the action prestratifications on V +
H × PG

d and V +
H × PH

d are both

indexed by the set

B = {I < G | I ⊆ H}.

Then by Remark 5.8.18, the canonical Whitney stratifications on ZG
d and ZH

d are still

the minimal smooth Whitney stratifications which respect the action prestratifica-

tions. For each I ∈ B, denote

ZG
d,I := ZG

d ∩ (V ∗
I × PG

d ), ZH
d,I := ZH

d ∩ (V ∗
I × PH

d ).

Then

θ−1(ZH
d,I) = ZG

d,I , (θ′)−1(ZG
d,I) = ZH

d,I .

Then we prove inductively the following statement.

• Suppose I ∈ B. Then θ resp. θ′ pulls back the restriction of the canonical Whitney

stratifications on ZH
d,I resp. Z

G
d,I to the canonical one on ZG

d,I resp. ZH
d,I .

Notice that we just verified condition (1) of Lemma 5.8.2. On the other hand, by

the Q = 0, t = 0 case of Lemma 5.4.6, conditions (3) and (4) of Lemma 5.8.2 are

checked. Hence by the absolute case of Lemma 5.8.2, the base case of the induction

is verified. Suppose we have proved that for some I0 ∈ B, the above statement is true

for all I ∈ B with I ⊊ I0. Then the above statement follows from the relative case of
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Lemma 5.8.2 where

Y • =
⊔
I⊊I0

ZG
d,I , Z• =

⊔
I⊊I0

ZH
d,I

as the induction hypothesis verifies condition (5) of Lemma 5.8.2.

5.5 Pseudocycles in Thom–Mather stratified spaces

In this section we define the notion of pseudocycles in Thom–Mather stratified spaces

and extend half of the main results of Zinger [Zin08] about pseudocycles in manifolds.

This discussion is necessary as we would like to define the homology classes supported

on the perturbed zero loci in effective orbifolds, which are naturally Thom–Mather

stratified spaces. However, we remark that we do not need the result of this section

to do intersection theory such as to define Gromov–Witten type invariants or Floer

homology.

Definition 5.5.1. [Tho64,Tho69][Mat12] A Thom–Mather stratified space is a triple

(X,S, J) satisfying the following axioms (A1)–(A7).

(A1) X is a locally compact, Hausdorff, and second countable topological space.

(A2) S is a prestratification of X with strata Xα ⊂ X.

(A3) Each member of S is a smooth manifold.

(A4) J (called the collection of control data) is a triple {(Nα), (πα), (ρα)} where for

each Xα ∈ S, Nα is an open neighborhood of Xα, πα : Nα → Xα is a continuous

retraction onto Xα, and ρα : Nα → [0,+∞) is a continuous function.

(A5) Xα = {v ∈ Nα | ρα(v) = 0}.
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(A6) For each pair of strata Xα, Xβ ∈ S, define Nβα = Nα ∩ Xβ (which is an open

subset of the manifold Xβ), πβα = πα|Nβα
, and ρβα = ρα|Nβα

. We require that

the map

(πβα, ρβα) : Nβα → Xα × (0,+∞)

is a smooth submersion.

(A7) For any three strata Xα, Xβ, Xγ one has

πβα ◦ πγβ =πγα,

ρβα ◦ πγβ =ργα

whenever both sides of the equations are defined.

For each ϵ > 0 sufficiently small, denote

Nα(ϵ) = {v ∈ Nα | ρα(v) < ϵ}, Sα(ϵ) = {v ∈ Nα | ρα(v) = ϵ},

and

X0
β(ϵ) := Xβ \

⋃
α≤β

Nα(ϵ).

Definition 5.5.2. (Family of lines)[Gor76,Gor78a] Given a Thom–Mather stratified

space (X,S, J), a family of lines consists of a positive number δ > 0 and a system of

retractions

rα(ϵ) : Nα \Xα → Sα(ϵ), ϵ ∈ (0, δ), Xα ∈ S

satisfying the following conditions. Let Xα < Xβ.

1. rα(ϵ) ◦ rβ(ϵ′) = rβ(ϵ
′) ◦ rα(ϵ).

2. ρα ◦ rβ(ϵ) = ρα.

3. ρβ ◦ rα(ϵ) = ρβ.
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4. πα ◦ rβ(ϵ) = πα.

5. If 0 < ϵ < ϵ′ < δ then rα(ϵ
′) ◦ rα(ϵ) = rα(ϵ

′).

6. πα ◦ rα(ϵ) = πα.

7. rα(ϵ)|Nα(ϵ)∩Xβ
: Nα(ϵ) ∩ Y → Sα(ϵ) ∩ Y is smooth.

Example 5.5.1. 1. Mather [Mat12] proved that a Whitney stratified set S in a

smooth manifold M is a Thom–Mather stratified space.

2. Let G be a compact Lie group acting smoothly on a smooth manifold M . Then

Lellmann [Lel75] proved that the orbit spaceM/G is a Thom–Mather stratified

space.3 As all effective orbifolds can be expressed as a global quotient by a

compact Lie group, an effective orbifold admits the structure of Thom–Mather

stratified space whose strata are labelled by orbit types. Given an orbifold with

a uniform bound the orders of the isotropy groups, it can also be presented as

a global quotient of a compact Lie group [Par19, Corollary 1.3] so it is also a

Thom–Mather stratified space as above.

Theorem 5.5.3. [Gor76][Gor78a] Any Thom–Mather stratified space admits a family

of lines.

The family of lines induces a system of maps

hα : Nα \Xα → Sα(ϵ)× R+

v 7→ (rα(ϵ)(v), ρα(v))

which is a homeomorphism onto its image and which is a diffeomorphism on each

stratum.

3The authors cannot access the original paper of Lellmann. A complete proof can be found in
[DS06, Section II.4].
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5.5.1 Pseudocycles

We generalize the notion of pseudocycles in smooth manifolds to the case of Thom–

Mather stratified spaces.

Definition 5.5.4. Let X be a Thom–Mather stratified space with strata Xα. Let W

be a smooth manifold. A continuous map F : W → X is called smooth if for each

α, Wα := F−1(Xα) is a smooth submanifold of W and the restriction Fα := F |Wα :

Wα → Xα is a smooth map.

Definition 5.5.5. A subset A ⊂ X is said to have dimension ≤ k if there exists a

smooth manifold W and a smooth map F : W → X such that A ⊆ F (W ) such that

for each strata Xα, dimWα ≤ k.

Moreover, for any continuous map f : A → B between topological spaces. The

boundary of f is defined to be

Bdf :=
⋂

K⊂A compact

f(A \K). (5.5.1)

Definition 5.5.6. (Pseudocycles and cobordism)

1. A smooth map F : W → X is called a k-dimensional pseudocycle in X if W

is oriented, F (W ) is precompact in X, dimW = k, and BdF has dimension at

most k − 2.

2. Two k-dimensional pseudocycles Fi : Wi → X (i = 0, 1) is called cobordant if

there exist an oriented k+1-dimensional manifold W̃ with boundary such that

∂W̃ = W0 ⊔W1 compatible with the orientations, and there exists a smooth

map F̃ : W̃ → X such that F̃ (W̃ ) is precompact in X and such that

F̃ |W0 = F0, F̃ |W1 = F1, BdF̃ ≤ k − 1.
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One can define an abelian group Hk(X) whose elements are cobordism classes of

oriented pseudocycles in X and whose addition is induced from disjoint unions of

pseudocycles. Our main conclusion is

Theorem 5.5.7. There exists a homomorphism

ΨX : Hk(X) → H∗(X;Z)

such that if an element A ∈ Hk(X) is represented by a smooth map F : W → X

where X is compact and oriented, then

ΨX(A) = F∗([W ]).

When X is a smooth manifold, this theorem is rigorously proved by Zinger [Zin08].

In fact Zinger showed that Ψ is an isomorphism.

5.5.2 A technical lemma

The proof of Theorem 5.5.7 follows the same line as in [Zin08]. The key step is a

generalization of [Zin08, Proposition 2.2].

Lemma 5.5.1. Suppose dimW = k and F : W → X is a smooth map. Then there

exists an open neighborhood U ⊂ X of F (W ) such that

Hs(U ;Z) = 0, ∀s > k.

We first introduce a few new notations. Given a pair of strata Xα ≤ Xβ, define

Sβα(ϵ) := Sα(ϵ) ∩Xβ. Choose a sufficiently small d0 > 0 and consider the open set

Wβα(d0) := F−1(Nα(d0)) ∩Wβ = F−1(Nα(d0) ∩Xβ) ⊂ Wβ.

335



Then the composition

πβα ◦ Fβ : Wβα(d0) → Xα

is smooth.

Lemma 5.5.2. There exists a collection of real numbers {dα ∈ (0, d0) | α ∈ S} satis-

fying the following conditions.

1. For each stratum β and α1, . . . , αs ≤ β, the intersection

Sβα1(dα1) ∩ · · · ∩ Sβαs(dαs)

is transverse (in Xβ).

2. For each pair of strata β ≤ β′ and for α1, . . . , αs ≤ β, the map

πβ′β ◦ Fβ′ : Wβ′β(d0) → Xβ

is transverse to Sβα1(dα1) ∩ · · · ∩ Sβαs(dαs).

Proof. Sard’s theorem.

Now by rescaling the control data by positive constants, we may assume that all

dα are equal to some d ∈ (0, d0). We can also assume that d is sufficiently small so

that

Nα(d) ∩Nβ(d) ̸= ∅ =⇒ α ≤ β or β ≤ α.

Now following Goresky [Gor78a], we would like to construct an “interior triangu-

lation.”

Definition 5.5.8. Let (X,S, J) be a Thom–Mather stratified space. For d > 0

sufficiently small, a (smooth) interior d-triangulation consists of a simplicial complex

K, a continuous map η : |K| → X satisfying the following conditions.
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1. η is a homeomorphism onto the closed set
⋃
α∈S X

0
α(d).

2. For each α, Kα := η−1(Xα) is a subcomplex.

3. η : |Kα| → Xα is smooth over interior of simplices.

4. The map η−1 ◦ πα ◦ η : η−1(Sα(d)) → η−1(Xα) is a simplicial map.

Lemma 5.5.3. There exists a smooth interior d-triangulation satisfying the following

conditions. For each pair of strata α ≤ β, the map πβα ◦ Fβ : Wβα(d0) → Xα is

transverse to the interior of each simplex of the subcomplex Kα.

Proof. In [Gor76] and [Gor78a] Goresky showed that there exists an interior d-triangulation.

His construction is based on an increasing induction: given any interior triangulation

upto the i-th stratum, one can extend it to an interior triangulation of the i + 1-

st stratum. Then in each step of this induction, we may require the corresponding

transversality condition.

We order the strata of X increasingly as α1, . . . , αm. Namely

αi ≤ αj =⇒ i ≤ j.

We can decompose the domain W as follows. First, notice that

X =
m⋃
i=1

Nαi
(d) =

m⊔
i=1

(
Nαi

(d) \
⋃
j<i

Nαj
(d)

)
.

Lemma 5.5.4. There holds

παi

(
Nαi

(d) \
⋃
j<i

Nαj
(d)

)
= X0

αi
(d).

Hence

Nαi
(d) \

⋃
j<i

Nαj
(d) = π−1

αi
(ηαi

(|Kαi
|)) .

337



Proof. This follows from the commutation relation of the control data.

For each simplex σ ∈ K, as η(|σ|) is contained in a stratum (say Xα), one can

define its codimension as

codimσ = dimXα − dimσ.

Then by the transversality condition guaranteed by Lemma 5.5.3, one has

F (W ) ∩

(
Nαi

(d) \
⋃
j<i

Nαj
(d)

)
⊂ π−1

αi

 ⋃
σ∈Kαi

codimσ≤k

η(Intσ)

 ∩Nαi
(d),

where recall that k is the dimension of W . For each m, define

Kα(m) = {σ ∈ Kα | codimσ = m, πα(F (W ) ∩Nα(d0)) ∩ η(Intσ) ̸= ∅}.

Define

U i =
k⋃

m=0

⋃
σ∈Kαi (m)

η(Intσ) ⊂ X0
αi
(d)

and

Ui := π−1
αi
(U i) ∩Nαi

(d) ⊂ X.

Then we see F (W ) ⊂ U1∪ · · · ∪Um. What remains to be proven is that U1∪ · · · ∪Um

is open and that

Hs(U1 ∪ · · · ∪ Um;Z) = 0, ∀s > k.

We prove inductively that U1 ∪ · · · ∪ Ui is open and that Hs(U1 ∪ · · · ∪ Ui;Z) = 0

for all s > k and i. For the base case i = 1, as Xα1 is a lowest stratum, U1 is open.

Lemma 5.5.5. For each i, one has

Hs(Ui;Z) = 0 ∀s > k.
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Proof. We follow Zinger’s argument. Let sdK be the barycentric subdivision of a

simplicial complex K. Then one has

U i =
k⋃

m=0

⋃
σ∈Kαi (m)

η(Intσ) =
k⋃

m=0

⋃
σ∈Kαi (m)

η(St(bσ, sdKαi
)).

Here bσ is the barycenter of the simplex σ and St(bσ, sdKαi
) is the star of the 0-simplex

bσ in the complex sdKαi
. Then notice that

η(St(bσ, sdKαi
)) ∩ η(St(bσ′ , sdKαi

) ̸= ∅ ⇐⇒ σ ⊂ σ′ or σ′ ⊂ σ.

Then we can write

k⋃
m=0

⋃
σ∈Kαi (m)

η(St(bσ, sdKαi
)) =:

k⋃
m=0

U i,m.

Each U i,m is the disjoint union of contractible sets. Moreover, their mutual inter-

sections are also disjoint union of contractible sets. Hence by the Mayer–Vietoris

principle, one has that

Hs(U i;Z) = 0, ∀s > k.

As Ui is homotopy equivalent to U i, Hs(Ui;Z) = 0 for s > k as well.

Before proceeding to the induction step, we need another lemma.

Lemma 5.5.6. For each pair j < i, one has

Uj ∩Nαi
(d) = π−1

αi
(Uj ∩Xαi

) ∩Nαi
(d).

Proof. It follows from the commutation relations of the control data. More precisely,

suppose x ∈ Uj ∩Nαi
(d). Then x(j) := παj

(x) ∈ U j. Set x(i) = παi
(x) ∈ Xαi

. Then
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by the commutation relation παj
◦ παi

= παj
, one has

παj
(x(i)) = παj

(x) = x(j) ∈ U j.

Moreover, by the relation ραj
◦ παi

= ραj
, one has that

ραj
(x(i)) = ραj

(x) < d.

Hence x(i) ∈ Uj. Therefore one has shown that

Uj ∩Nαi
(d) ⊆ π−1

αi
(Uj ∩Xαi

) ∩Nαi
(d).

The inclusion in the other direction is similar.

Now we assume that we have shown that U1 ∪ · · · ∪ Ui−1 is open with vanishing

integral homology for degrees s > k. We would like to construct a “thickening”

U+
i ⊃ Ui which is open such that

U1 ∪ · · · ∪ Ui−1 ∪ Ui = U1 ∪ · · · ∪ Ui−1 ∪ U+
i ,

such that Ui is a deformation retract of U+
i , and such that

Hs((U1 ∪ · · · ∪ Ui−1) ∩ U+
i ;Z) = 0 ∀s > k − 1.

Recall that by Lemma 5.5.2, X0
αi
(d) is a manifold with corner. Moreover, each

face of X0
αi
(d) is a subcomplex. Then

U i ∩ ∂X0
αi
(d) =

⋃{
x ∈ η(Intσ) | σ ∈ Kαi

(m), 0 ≤ m ≤ k, η(Intσ) ⊂ ∂X0
αi
(d)
}
.

Notice that ∂X0
αi
(d) is a topological manifold and the triangulation (K, η) induces
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a triangulation of ∂X0
αi
(d). Then each simplex σ appeared in the above union has

codimension at most k − 1 in ∂X0
αi
(d). Hence using the same argument as in the

proof of Lemma 5.5.5, one has

Hs(U i ∩ ∂X0
αi
(d);Z) = 0 ∀s > k − 1. (5.5.2)

Now we define a thickening. Choose ϵ > 0 sufficiently small. Define U+
i,j and

deformation retractions

νi,j : U
+
i,j → U i

inductively for j = i, i− 1, . . . , 1 as follows. First, set

U+
i,i := U i.

Then define

U+
i,j−1 := U+

i,j ∪
{
h−1
αj−1

(x, t) | x ∈ U+
i,j ∩ ∂Nαj−1

(d), t ∈ (d− ϵ, d]
}
.

Here

hα : Nα \Xα → Sα(d)× R+

is the system of maps induced from the family of lines (for ϵ = d). Intuitively, at the

j-th thickening step we extend a little into Xαi
∩Nαj

(d). Define

U+
i = U+

i,1, U+
i := π−1

αi
(U+

i ) ∩Nαi
(d)

From the construction one can easily derive the following conclusion.

Lemma 5.5.7. 1. U+
i is open in Xαi

.

2. U i is a deformation retract of U+
i .
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3. There holds

U1 ∪ · · · ∪ Ui = U1 ∪ · · · ∪ Ui−1 ∪ U+
i .

Corollary 5.5.9. For all s > k there holds

Hs(U1 ∪ · · · ∪ Ui;Z) = 0.

Proof. Abbreviate Vi = U1 ∪ · · · ∪Ui. By Mayer–Vietoris, in integral coefficients, one

has

· · · // Hs(Vi−1)⊕Hs(U
+
i )

// Hs(Vi−1 ∪ U+
i )

// Hs−1(Vi−1 ∩ U+
i )

// · · · .

Suppose s > k. By the induction hypothesis, one has Hs(Vi−1) = 0. By the fact that

Ui is a deformation retract of U+
i and by Lemma 5.5.5, one has Hs(U

+
i ) = Hs(Ui) = 0.

Claim. Vi−1 ∩ U+
i = π−1

αi
(Vi−1 ∩ U+

i ) = π−1
αi
(U+

i \ U i).

Proof of the claim. The first equality follows from Lemma 5.5.6. To prove the second

equality, it suffices to show that Vi−1 ∩ U+
i = U+

i \ U i. Notice that the inclusion

U+
i \ U i ⊆ Vi−1 ∩ U+

i is obvious. On the other hand, given x ∈ U+
i \ U i, by the

construction there exist a sequence of indices j1 < j2 < · · · < js < i (s ≥ 1) such that

x ∈ Nαja
(d) \Nαja

(d− ϵ), ∀a = 1, . . . , s.

Define

x′ = (rαjs
◦ · · · ◦ rαj1

)(x) ∈ U i

where rα is the radial projections provided by the family of lines for ϵ = d. Now by

the definition of U i, there exist a simplex σ ∈ Kαi
and a point y ∈ W satisfying

x′ ∈ η(Intσ), F (y) ∈ Nαi
(d0) and παi

(F (y)) ∈ η(Intσ).
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Then one has that

παjs
(F (y)) = παjsαi

(παi
(F (y))) = X0

αjs
(d).

As the map παiαjs
: Sαjs

(d) ∩ Xαi
→ X0

αjs
(d) is simplicial, η(Intσ) projects to the

interior of some simplex σ′ ∈ Kαjs
. Moreover, η(Intσ′) intersects the image of παjs

◦F .

Hence

x ∈ π−1
αiαjs

(η(Intσ′)) ∩Nαjs
(d) ⊆ π−1

αjs
(η(Intσ′)) ∩Nαjs

(d)

⊆ π−1
αjs

(U js) ∩Nαjs
(d) ⊆ Vi−1.

Therefore U+
i \ U i ⊆ Vi−1 ∩ U+

i . End of the proof of the claim.

Hence

Hs−1(Vi−1 ∩ U+
i ) = Hs−1(U

+
i \ U i).

As U+
i \ U i deformation retracts to U i ∩ ∂X0

αi
(d), by (5.5.2), one has

Hs−1(Vi−1 ∩ U+
i ) = 0.

Hence Hs(Vi−1 ∪ U+
i ) = Hs(Vi) = 0.

Now Lemma 5.5.1 follows by induction.

Proof of Theorem 5.5.7. Given Lemma 5.5.1, the proof is almost identical as those of

[Zin08, Lemma 3.5 & 3.6]. We omit the details.

5.6 Construction of the integral Euler cycle

In this section we finish our construction of the integral Euler classes. We work under

the setting of derived orbifold charts (see Definition 5.1.3). Let (X, E , s) be a compact
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derived orbifold chart (without boundary). Assume that it is normally complex, i.e.,

X and E are normally complex (see Definition 5.3.13 and Definition 5.3.14).

5.6.1 Strong transversality

Suppose the pair (X, E) is straightened (see Definition 5.3.12). Then one has the

notion of FOP (normally complex) sections of E (see Definition 5.3.16).

Definition 5.6.1. An FOP section s : X → E is called strongly transverse at a point

p ∈ X if there is a bundle chart Ĉ = (U,E,G, ψ̂) centered at p satisfying the following

conditions. By abuse of notation, let s : U → E be the pullback of s. With respect

to the basic decomposition

E ∼= E̊G ⊕ ĚG

near the G-fixed locus UG (which is induced from the straightened structures near

UG), we can write s = (̊s, š). Notice that both NUG and ĚG are G-equivariant

complex vector bundles. Then in the disk bundle NrU
G ⊂ NUG there exists a

smooth normally complex lift (for a sufficiently large d)

š : NrU
G → PolyGd (NU

G, ĚG)

of š satisfying the following condition. Consider the bundle map

S̃ : NrU
G → E̊G ⊕

(
NUG ⊕ PolyGd (NU

G, ĚG)
)

x 7→
(̊
s(x), (x, š(x)

)
.

Then S̃ is transverse to {0} ⊕ ZG
d (NU

G, ĚG) with respect to the canonical Whitney

stratification at the point 0 ∈ U .

If s is strongly transverse at every point of a subset A ⊂ X resp. an open

neighborhood of A ⊂ X, then we say that s is strongly transverse along A resp. near
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A. If A = X, then we say that s is a strongly transverse FOP section.

One can check that the strong transversality condition at a point does not depend

on the choice of charts centered at that point nor on the choice of local normal complex

lifts.

Next we prove that the set of points where an FOP section is strongly transverse

is an open subset of X.

Lemma 5.6.1. (cf. [Par13, Lemma 4.18]) If an FOP section s : X → E is strongly

transverse at p ∈ X, then there is an open neighborhood W ⊂ X of p such that s is

strongly transverse at each point of W .

Proof. We only need to consider the situation inside a bundle chart (U,E,G, ψ̂) cen-

tered at p. We also assume that U coincides with the disk bundle NrU
G ⊂ NUG. The

section s is pulled back to a G-equivariant section of E → U , still denoted by s. We

may assume that s(0) = 0; otherwise the situation is trivial. Using the straightened

structures, we write s : U → E as (̊s, š) where s̊ : U → E̊G and š : U → ĚG are

smooth. Then by the strong transversality condition at p, there is a smooth normally

complex lift

š : U → PolyGd (NU
G, ĚG)

of š such that the bundle map

S̃ = s̊⊕ id⊕ š : U → E̊G ⊕
(
NUG ⊕ PolyGd (NU

G, ĚG)
)

is transverse to {0} ⊕ ZG
d (NU

G, ĚG) at 0 ∈ U . Then as the transversality condition

to a Whitney stratified set is an open condition (see [Tro78]), S̃ is also transverse to

{0} ⊕ ZG
d (NU

G, ĚG) at any point sufficiently closed to 0 ∈ U .

Now we consider the strong transversality condition at a nearby point q ∈ ψ(U).

Suppose q is represented by a point x ∈ U with stabilizer H ⊆ G. When G = H
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and x is sufficiently close to 0, as š is also a local normally complex lift of s near q,

it follows that the section s is strongly transverse at q. So we assume that H ⊊ G.

Now, apply the restriction map θ defined by (5.4.5). Then one obtains a smooth map

θ ◦ š : NϵU
H → PolyHd (NU

H , ĚG).

Together with the restriction of s̊ to NϵU
H ⊂ U one obtains a section

s̃′ : NϵU
H → E̊G ⊕ PolyHd (NU

H , ĚG).

Theorem 5.4.13 implies that this map is transverse to {0} × ZH
d (NUH , ĚG) (where

we only view ĚG as an H-equivariant bundle) at the point x. As we have the decom-

position

ĚG ∼= (ĚG ∩ E̊H)⊕ ĚH

we may regard s̃′ as a map

s̃′ : NϵU
H → E̊G ⊕ PolyHd (NU

H , ĚG ∩ E̊H)⊕ PolyHd (NU
H , ĚH)

whose second component is denoted by s̊ : NϵU
H → PolyHd (NU

H , ĚG ∩ E̊H) and

whose third component is denoted by šx : NϵU
H → PolyHd (NU

H , ĚH). Define

s̊x : NϵU
H → E̊G ⊕ (ĚG ∩ E̊H) ∼= E̊H

by

s̊x = (̊s, ev ◦ s̊).

Then s̃x = (̊sx, šx) is a local normally complex lift of s : U → E near x ∈ UH ⊂ U .

Then by Corollary 5.4.12, the graph of s̃x is also transverse to {0}×ZH
d (NUH , ĚH).

Therefore, by Definition 5.6.1, s is strongly transverse at q = ψ(x) ∈ X. As q runs
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over all points in a neighborhood of p, this lemma is proved.

5.6.2 The integral Euler cycles

Now we state the first main theorem of this chapter. Let (X, E , s) be a compact

normally complex and oriented derived orbifold chart. Fix a reference metric on E .

Choose straightened structures on (E , X) (by Lemma 5.3.6 and Lemma 5.3.9, one can

always assume that a precompact neighborhood of s−1(0) is straightened).

Theorem 5.6.2. Given ϵ and a precompact open neighborhood D ⊂ X of s−1(0), there

exists a smooth section sϵ : X → E satisfying the following conditions.

1. sϵ is an FOP section in a neighborhood of D and it is strongly transverse near

D.

2. ∥sϵ − s∥C0(D) < ϵ.

Moreover, when s−1
ϵ (0) ∩ D is compact (in particular, when ϵ is sufficiently small),

for each isotropy type γ (represented by (G, V,W )), the intersection s−1
ϵ (0)∩X∗

γ is a

smooth pseudocycle in X of dimension

dimR(s
−1
ϵ (0) ∩X∗

γ) = nγ := dimRX − rankRE − dimRV + dimRW

hence (by Theorem 5.5.7) represents a homology class

χFOP
γ (X, E , s) := [s−1

ϵ (0) ∩X∗
γ ] ∈ Hnγ (X;Z).

We call it the γ-th Fukaya–Ono–Parker–Euler class of the derived orbifold chart

(X, E , s). Moreover, the following items are true.

1. χFOP
γ (X, E , s) is independent of the choice of the precompact open neighborhood

D, the (sufficiently small) ϵ, and the smooth section sϵ.
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2. χFOP
γ (X, E , s) is independent of the choice of straightened structures.

Hence χFOP
γ (X, E , s) only depends on the normal complex structure.

Proof. Proposition 5.6.3, Proposition 5.6.4, and Proposition 5.6.5.

5.6.3 Existence of strongly transverse perturbations

Now we prove the existence of strongly transverse FOP perturbations. We first specify

a sufficiently large cut-off degree of FOP sections. For each isotropy type γ represented

by (Gγ, Vγ,Wγ), define

d0(γ) ∈ Z≥0

to be the maximum among the d0 of Lemma 5.4.3, the d0 of Theorem 5.4.9, and

the d0 of Theorem 5.4.13. For the compact normally complex derived orbifold chart

(X, E , s), define

d0(X, E , s) = sup
p∈s−1(0)

d0(γp).

By the compactness of s−1(0), this is a finite integer.

We restate the part of Theorem 5.6.2 which concerns the existence of strongly

transverse sections.

Proposition 5.6.3. Let (X, E , s) be an effective, compact, normally complex derived

orbifold chart. Suppose (X, E) is normally complex and straightened. Choose an

auxiliary metric on E and an auxiliary precompact open neighborhood D of s−1(0).

Then for d ≥ d0(X, E , s) and for each ϵ > 0, there exists a smooth section sϵ : X → E

satisfying the following conditions.

1. In an open neighborhood of D, sϵ is an FOP section of degree at most d and is

strongly transverse near D.

2. There holds

∥s− sϵ∥C0(D) < ϵ.
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3. When ϵ is small enough, s−1
ϵ (0) is compact.

The proof is based on an two-layer induction procedure. The basic ingredient for

the induction is the following chartwise relative transversality result.

Lemma 5.6.2. For any isotropy type γ the following is true. Let C = (U,E,G, ψ̂) be

a local chart of E centered at a point p ∈ Xγ. Suppose that U can be identified with

the G-invariant disk bundle NrU
G of the normal bundle NUG of the G-fixed point

locus UG ⊂ U . Choose auxiliary metric on the bundles E̊G and for each d ≥ d0(γ)

an auxiliary metric on PolyGd (NU
G, ĚG).

Let U ′ ⊂ U be a G-invariant precompact open subset. Suppose d ≥ d0(γ) and

s̃ : NrU
G → E̊G ⊕ PolyGd (NU

G, ĚG)

is a smooth G-invariant bundle map over UG whose graph S̃ is transverse to {0} ⊕

ZG
d (NU

G, ĚG) near U ′ ∩ UG. Then for any ϵ > 0, there exists another smooth G-

invariant bundle map s̃′ : NrU
G → E̊G⊕PolyGd (NU

G, ĚG) whose graph is transverse

to {0} ⊕ ZG
d (NU

G, ĚG) near UG which agrees with s̃ near U ′ ∩ UG such that

∥s̃− s̃′∥C0(U) < ϵ.

Proof. For any map s̃ = (̊s, š) : NrU
G → E̊G ⊕ PolyGd (NU

G, ĚG), the graph of s̃

being transverse to {0} × ZG
d (NU

G, ĚG) is equivalent to s̊ being transverse to the

zero section of E̊G and the graph of the restriction of š to s̊−1(0) is transverse to

ZG
d (NU

G, ĚG). We first construct a transverse perturbation s̊′ of s̊ which agrees with

s̊ near UG ∩ U ′. Indeed, the G-invariance of s̊ implies that the derivatives of s̊ in

directions normal to UG all vanish. Hence s̊ being transverse to the zero section at a

point x ∈ UG is equivalent to the restriction s̊|UG being transverse to the zero section

of E̊G|UG at x. Therefore, using the standard transversality argument, one can find a

smooth transverse section s̊′ : UG → E̊G|UG which agrees with s̊ near UG ∩ U ′. Then
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extend s̊′ to a G-invariant section of E̊G to U , still denoted by s̊′ such that it agrees

with s̊ near UG ∩ U ′. Then s̊′ is transverse near UG ∩ U ′. Moreover, for any ϵ > 0,

we may require that

∥̊s− s̊′∥C0(U) < ϵ.

Now we only need to consider transverse perturbations of š restricted to (̊s′)−1(0).

Therefore, one may just assume that E̊G = 0. We will consider perturbations of the

form

š+ f̌ ′

where f̌ ′ : NrU
G → PolyGd (NU

G, E) is the pullback of a smooth map

f ′ : UG → PolyGd (NU
G, E).

We may further assume without loss of generality that NUG and E are both trivial

with fibers being V and W respectively. Then š can be regarded as a smooth map

š : UG × V → PolyGd (V,W )

and f ′ is a smooth map f ′ : UG → PolyGd (V,W ). Moreover, denote the restriction of

š to UG = UG × {0} by

f : UG → PolyGd (V,W ).

Claim. Let Zα ⊂ ZG
d (V,W ) be a stratum of the canonical Whitney prestratification.

The graph of š + f̌ ′ is transverse to UG × Zα at a point x0 ∈ UG if and only if the

map f + f ′ : UG → PolyGd (V,W ) is transverse to proj2(Zα) at x0 where

proj2 : Z
G
d (V,W ) ↪→ V × PolyGd (V,W ) → PolyGd (V,W )

is the projection to the second factor.
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Proof of the claim. Denote P0 = f(x0)+f
′(x0) ∈ PolyGd (V,W ). Suppose (0, P0) ∈ Zα.

Then the graph of š+ f̌ ′ is transverse to UG × Zα at (x0, 0, P0) means that

{(
ξ,Dxf

′(x0)(η) +Dxš(x0, 0)(η) +Dvš(x0, 0)(ξ)
)
| ξ ∈ V, η ∈ Tx0U

G
}
+ T(0,P0)Zα

= V ⊕ PolyGd (V,W ).

Here Dxš resp. Dvš is the partial derivative of š in the UG resp. V direction. The

G-invariance of š implies that Dvš(x0, 0) ≡ 0. Hence the above implies that

(Dxf
′(x0) +Dxf(x0))(Tx0U

G) + proj2(T(0,P0)Zα) = PolyGd (V,W ),

namely, f + f ′ is transverse to proj2(Zα) at x0. The implication in the reversed

direction is also easy to check. End of the proof of the claim.

Now we know that for each stratum Zα ⊂ ZG
d (V,W ), f is transverse to proj2(Zα)

near UG ∩ U ′. Hence by the standard transversality argument, one can find a map

f ′ : UG → PolyGd (V,W ) supported away from UG ∩ U ′ such that f + f ′ is transverse

to proj2(Zα) over UG for all strata Zα. Therefore, the induced map š′ = š + f̌ ′

has its graph transverse to UG × ZG
d (V,W ) with respect to the canonical Whitney

stratification near UG. Moreover, the C0-norm of f ′ can be as small as we require.

Proof of Proposition 5.6.3. By Lemma 5.3.11, we may assume that s is itself an FOP

section (of degree at most d). By the compactness of D, there exists a finite list of

isotropy types γ such that X∗
γ ∩ D ̸= ∅. Moreover, isotropy types form a partially

ordered sets so that

X∗
δ ∩X∗

γ ̸= ∅ =⇒ δ ≤ γ.

We order these finitely many isotropy types as

γ1, . . . , γN
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such that γi ≤ γj =⇒ i ≤ j. For each n ≥ 0, denote

X(n) :=
⋃
i≤n

X∗
γi
.

Fix d ≥ d0(X, E , s). Fix ϵ > 0 sufficiently small. The induction hypothesis of the first

layer of the induction is the following.

Hypothesis An. There exists an FOP section sn : X → E (of degree at most d) such

that sn is strongly transverse near X(n) ∩D. Moreover,

∥s− sn∥C0(D) < nϵ.

Assume Hypothesis An−1 is true and let V(n−1) ⊂ X be a precompact open neigh-

borhood of X(n−1) ∩ D over which sn−1 is strongly transverse. Choose another pre-

compact open neighborhood V ′
(n−1) of X(n−1)∩D whose closure is contained in V(n−1).

Then we can find a finite collection of bundle charts

Ĉj = (Uj, Gj, Ej, ψ̂j), j = 1, . . . , kn

and precompact open subsets U ′
j ⊂ Uj satisfying the following conditions.

1. Each Ĉj is centered at a point xj ∈ X∗
γn .

2. Each Uj is identified with the disk bundle N2rjU
Gj

j and U ′
j is the disk bundle

Nrj(U
Gj

j ∩ U ′
j).

3. The union of F ′
j := ψj(U

′
j) covers the compact set (X∗

γn ∩D) \ V ′
(n−1).

The induction hypothesis of the second layer of the induction is the following.

Hypothesis Bn,k. There is an FOP section sn,k : X → E (of degree at most d) which
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is strongly transverse near

X(n) ∩
(
V ′
(n−1) ∪

⋃
1≤j≤k

F ′
j

)
.

Moreover,

∥s− sn,k∥C0(D) < (n− 1 +
k

kn
)ϵ.

Notice that AN implies (1) and (2) of this proposition and Bn,kn implies An. We

also declare Bn,0 = An−1. Therefore, one only needs to prove that Bn,k−1 implies

Bn,k. Consider the pullback of sn,k−1 to the chart Ĉk, which can be lifted to a smooth

bundle map

s̃n,k−1 = (̊sn,k−1, šn,k−1) : N2rkU
Gk
k → E̊Gk

k ⊕ PolyGk
d (NUGk

k , ĚGk
k ).

By the induction hypothesis Bn,k−1, the graph of the map s̃n,k−1 is transverse to

{0} × ZG
d (NU

Gk
k , ĚGk

k ) near the Gk-invariant compact set

Qk := ψ−1
k

(
V ′
(n−1) ∪ F ′

1 ∪ · · · ∪ F ′
k−1

)
∩ UGk

k ⊂ Uk.

By Lemma 5.6.2, there exists a smooth G-invariant bundle map

s̃′n,k : NrU
Gk
k → E̊Gk

k ⊕ PolyGk
d (NUGk

k , ĚGk
k )

whose graph is transverse to {0}×ZGk
d (NUGk

k , ĚGk
k ) near UGk

k and which agrees with

s̃n,k−1 near Qk. Moreover, we may require that

∥s̃′n,k − s̃n,k−1∥C0(Uk) ≤
ϵ

kn
.

Then using a Gk-invariant cut-off function on Uk supported near Qk, one obtains a
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smooth FOP section sn,k which agrees with sn,k−1 near

X(n) ∩
(
V ′
(n−1) ∪

⋃
1≤j≤k−1

F ′
j

)

and hence strongly transverse near

X(n) ∩
(
V ′
(n−1) ∪

⋃
1≤j≤k

F ′
j

)
.

Moreover,

∥sn,k − sn,k−1∥C0(D) ≤
ϵ

kn
.

So Bn,k is established. Therefore, the section sϵ can be constructed inductively.

Lastly, choose another precompact open neighborhood D′ of s−1(0) whose closure

is contained in the interior of D. Set

ϵ0 := inf
x∈D\D′

|s(x)| > 0.

Then when ϵ < ϵ0, one can see that s−1
ϵ (0) is contained in D′, hence is compact.

5.6.4 The pseudocycle property

Recall that (see Example 5.5.1) an orbifold is a Thom–Mather stratified space whose

strata can be indexed by isotropy types. Hence one has the notion of pseudocycles in

an orbifold (see Definition 5.5.6).

Proposition 5.6.4. Under the assumptions of Theorem 5.5.7. Suppose s : X → E is a

strongly transverse FOP section with s−1(0) being compact. Then for each isotropy

type γ (see Definition 5.3.4), the set

s−1(0) ∩X∗
γ
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is a smooth submanifold of X∗
γ of real dimension nγ (see (5.3.2)). Moreover, the

inclusion map s−1(0) ∩X∗
γ ↪→ X is a pseudocycle in the sense of Definition 5.5.6.

Proof. We first show that s−1(0) ∩ X∗
γ is a smooth submanifold of X∗

γ . Indeed, for

each p ∈ s−1(0) ∩ X∗
γ , choose a bundle chart Ĉ = (U,G,E, ψ̂) centered at p. Let

s : U → E be the pullback of s. Then using the straightened structures, we can write

s = (̊s, š). As s is an FOP section, there exists a smooth lift

š : U → PolyGd (NU
G, ĚG)

of š. As s is strongly transverse, the graph of the bundle map s̃ := (̊s, š) is transverse

to {0} ⊕ZG
d (NU

G, ĚG). It implies that s̊ is transverse to the zero section of E̊G and

hence the restriction of s̊|UG is transverse to the zero section of E̊G|UG . Notice that š

necessarily vanishes along UG. Hence

ψ−1(s−1(0) ∩X∗
γ) = s̊−1(0) ∩ UG

which is a smooth submanifold of UG. This provides a local chart of s−1(0) ∩ X∗
γ .

Moreover, as Zd,G = {0} × PolyGd (V,W ), one has that

dimR(s
−1(0) ∩X∗

γ) = dimRU
G − rankRE̊

G + dimRPoly
G
d (V,W )− dimRZd,G

= dimRX − rankRE − dimRV + dimRW = nγ.

Now we prove the pseudocycle property. Suppose γ can be represented by a triple

(G, V,W ). Consider the boundary of s−1(0)∩X∗
γ (see (5.5.1)). By using the isotropy

prestratification on the orbifold X, one can see that

Bd(s−1(0) ∩X∗
γ) = s−1(0) ∩X∗

γ \ (s−1(0) ∩X∗
γ) ⊂

⋃
γ′⪇γ

s−1(0) ∩X∗
γ′ .
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By the compactness of the above boundary set, there are finitely many bundle charts

Ĉi = (Ui, Ei, Gi, ψ̂i), i = 1, . . . , N

centered at pi ∈ Bd(s−1(0) ∩X∗
γ) ∩X∗

γi
with γi ⪇ γ such that

Bd(s−1(0) ∩X∗
γ) ⊂

N⋃
i=1

ψi(Ui).

Moreover there is an integer d such that over each Ui, the pullback of s, denoted by

si : Ui = NrU
Gi
i → Ei, has a normally complex lift

s̃i = (̊si, ši) : NrU
Gi
i → E̊Gi

i ⊕ PolyGi
d (NUGi

i , ĚGi
i ).

Let the fiber of NUGi
i at 0 be Vi and the fiber of ĚGi

i at 0 be Wi. Then (Gi, Vi,Wi)

is a representative of the isotropy type γi. Define

Ti :=
{
(G′

i, V
′
i ,W

′
i ) | G′

i ⊂ Gi, V
′
i = V̌

G′
i

i , W ′
i = W̌

G′
i

i , γ = [G′
i, V

′
i ,W

′
i ]
}
.

As xi lies in the boundary of s−1(0) ∩X∗
γ , Ti is nonempty. Consider

⋃
(G′

i,V
′
i ,W

′
i )∈Ti

BdZ∗
d,G′

i
⊂ ZGi

d (Vi,Wi).

Now as Z∗
d,G′

i
is the union of strata associated to the canonical Whitney stratification

on ZGi
d (Vi,Wi) and s is strongly transverse, one can see that the associated map

S̃i = (̊si, graphši) : NrU
Gi
i → E̊Gi

i ⊕ (NUGi
i ⊕ PolyGi

d (NUGi
i , ĚGi

i ))
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is transverse to {0} ⊕ Z∗
d,G′

i
(NUGi

i , ĚGi
i ). Moreover,

ψ−1
i (s−1(0) ∩X∗

γ) =
⋃

(G′
i,V

′
i ,W

′
i )∈Ti

S̃−1
i

(
{0} ⊕ Z∗

d,G′
i
(NUGi

i , ĚGi
i )
)

and

dimR(s
−1(0)∩X∗

γ) = dimRU
Gi
i − rankE̊Gi

i +dimRZ
∗
d,G′

i
−dimRPoly

Gi
d (Vi,Wi). (5.6.1)

On the other hand, as Z∗
d,G′

i
is the union of strata, there exists algebraic subman-

ifolds

Zi,α ⊂ ZGi
d (Vi,Wi) s.t.

⋃
(G′

i,V
′
i ,W

′
i )∈Ti

BdZ∗
d,G′

i
⊂
⋃
α

Zi,α.

Each Zi,α is also a stratum of ZGi
d (Vi,Wi). Moreover, as the canonical Whitney

stratification is complex algebraic, one has

dimRZi,α ≤ dimRZ
∗
di,G′

i
− 2.

Consider

Wi,α := S̃−1
i ({0} ⊕ Zi,α) ⊂ Ui.

As s is strongly transverse, the above set is a smooth manifold. Moreover, by (5.6.1)

dimRWi,α = dimRU
Gi
i − rankRE̊

Gi
i + dimRZi,α − dimRPoly

Gi
d (Vi,Wi)

≤ dimRU
Gi
i − rankRE̊

Gi
i + dimRZ

∗
di,G′

i
− dimRPoly

Gi
d (Vi,Wi)− 2

= dimR(s
−1(0) ∩X∗

γ)− 2.

(5.6.2)

Define

fi,α : Wi,α →M, fi,α := ψi|Wi,α
.
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Then fi,α is smooth (in the sense of Definition 5.5.4) and

Bd(s−1(0) ∩X∗
γ) ⊂

⋃
1≤i≤N

⋃
α

fi,α(Wi,α).

Then by (5.6.2) and the definition of pseudocycle (Definition 5.5.6), we have shown

that s−1(0) ∩X∗
γ is indeed a pseudocycle.

5.6.5 Invariance of the Euler cycles

We prove that the pseudocycle up to cobordism is independent of the choice of aux-

iliary structures and the choice of strongly transverse perturbations.

Proposition 5.6.5. Let (X, E , s) be the same as in Proposition 5.6.3. Choose an aux-

iliary metric on E and an auxiliary precompact open neighborhood D ⊂ X of s−1(0).

Then there exists ϵ > 0 satisfying the following conditions.

Suppose X and E are endowed with two possibly different straightened structures.

Let s0 and s1 be two different strongly transverse FOP sections with respect to these

two straightened structures of level d0 and d1 respectively with d0, d1 ≥ d0(X, E , s),

such that

∥si − s∥C0(D) < ϵ, for i = 0, 1.

Then for each isotropy type γ of X, there is a pseudocycle cobordism between

s−1
0 (0) ∩X∗

γ and s−1
1 (0) ∩X∗

γ .

Proof. First one can construct a concordance between the two sets of straightened

structures. Let (gTXi ,∇E
i ), i = 0, 1 be the two straightened structures. Then by

Lemma 5.3.7, one can construct a Riemannian metric gTX̃ on X̃ := X × [0, 1] which

is straightened near D × [0, 1] and which is of product type near X × {0, 1}, whose

restriction to X × {i} is gTXi for i = 0, 1. Then by Lemma 5.3.9, one can find a

connection on the product Ẽ := E × [0, 1] → X × [0, 1] which is straightened near
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D × [0, 1] with respect to gTX̃ and which is of product type near X × [0, 1], whose

restriction to X × {i} is ∇E
i . One can then interpolate between s0 and s1 to obtain

an FOP section s̃ of Ẽ (with respect to the product normal complex structure and

the concordance straightened structure we just constructed). Moreover, as both s0

and s1 are C0-close to s over D, by the proof of Lemma 5.3.11, one can require that

∥s̃− s̃∗∥C0(D×[0,1]) < 3ϵ.

Here s̃∗ is the pullback of the original smooth section s to X̃. Notice that s̃ is already

strongly transverse near D × {0, 1}. Then by the proof of Proposition 5.6.3, one can

find a strongly transverse FOP perturbation s̃′ of s̃ which agrees with s̃ nearD×{0, 1}

and ∥s̃ − s̃′∥C0(D×[0,1]) < ϵ. As ϵ is small, the zero locus of s̃′ is still compact. Then

similar to the proof of the pseudocycle property (Proposition 5.6.4), for each isotropy

type γ, one can see that

(s̃′)−1(0) ∩ X̃∗
γ

is a cobordism of pseudocycles between s−1
0 (0) ∩X∗

γ and s−1
1 (0) ∩X∗

γ .

5.7 Stable complex derived orbifold bordism

We explain how the previous constructions can be upgraded to study the stable com-

plex derived orbifold bordisms. This section is algebro-topological in nature. More-

over, we will not restrict ourselves to effective orbifolds but also allow orbispaces.

Namely, we study certain (generalized) homology theory of topological stacks locally

modeled on the action groupoid of a not necessarily effective finite group acting on a

topological space. Our expositions closely follow [Par19,Par20].
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5.7.1 Orbispaces

Denote byTop the category of topological spaces with morphisms given by continuous

maps. Let Grpd be the 2-category of essentially small groupoids.

Definition 5.7.1. A functor F : Topop → Grpd is called a stack if it satisfies

descent. Namely, for any topological space U and any open cover U = ∪iUi, the

natural functor

F (U) → Eq (
∏
i

F (Ui)⇒
∏
i,j

F (Ui ∩ Uj) →→→
∏
i,j,k

F (Ui ∩ Uj ∩ Uk)) (5.7.1)

is an equivalence, where Eq is the equalizer. Denote by Shv(Top,Grpd) the 2-

category of stacks, with morphisms given by natural transformations. This 2-category

has a natural monoidal structure by taking products in the obvious way.

The Yoneda functor Top → Shv(Top,Grpd) is continuous (commutes with lim-

its), and it admits a left adjoint | · | : Shv(Top,Grpd) → Top called passing to the

coarse space. For a topological space X, one can identify it with the associated stack

Hom(−, X). Similarly, for F ∈ Shv(Top,Grpd), we do not distinguish F (X) and

natural transformations Hom(−, X) → F (−).

Let f : X → Y be a continuous map between topological spaces. It is said

to admit local sections if there exists an open cover Y = ∪iUi such that for each

restriction f |f−1(Ui) : f−1(Ui) → Ui there is si : Ui → f−1(Ui) continuous with

f |f−1(Ui) ◦ si = id|Ui
. A morphism between stacks F1 → F2 admits local sections if for

every topological space X and morphism X → F2, the induced map F1 ×F2 X → X

admits local sections. Using this process of “base change”, one can similarly define

when a morphism F1 → F2 is injective, surjective, closed, open, étale, separated, or

proper.

Definition 5.7.2. A stack is representable if it is in the essential image of the Yoneda

embedding, i.e. it is isomorphic to a topological space. A morphism between two
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stacks F1 → F2 is called representable if for every map X → F2 where X is a

topological space, the fiber product F1 ×F2 X is representable.

Definition 5.7.3. A stack F is called topological if there exists a representable map

U → F admitting local sections where U is a topological space, and such a map is

called an atlas.

A point of a stack F is defined to be a map ∗ → F , or equivalently an object of

the groupoid F (∗) where ∗ is the topological space of one single point. The isotropy

group/stabilizer of a point is defined to be the automorphism group of the corre-

sponding object in F (∗), i.e. the points of the fiber product ∗ ×F ∗. In particular,

the isotropy groups have a natural topological group structure if F is topological.

A standard example of topological stacks is the action groupoid. Suppose V is a

topological space and G is a topological group which acts continuously on V . Then

the action groupoid G×V ⇒ V associates a topological space X the groupoid whose

objects are given by open covers X = ∪iUi together with maps fi : Ui → V and

fij : Ui ∩ Uj → V × G such that fi|Ui∩Uj
= πV ◦ fij and fj|Ui∩Uj

= πG ◦ fij · πV ◦ fij.

An (iso)morphism in [G × V ⇒ V ](X) consists of maps Ui ∩ U ′
i satisfying certain

compatibility conditions for two covers X = ∪iUi and X = ∪iU ′
i . The coarse space

of G× V ⇒ V is V/G and the stabilizers are the stabilizers of the G-action on V in

the usual sense. The action groupoid G× V ⇒ V is also denoted by V/G.

Definition 5.7.4. A stack F is a called separated orbispace if F admits an étale atlas

U → F and the diagonal map F → F × F is separated and proper.

In the following discussions, we work with separated orbispaces exclusively with-

out explicitly mentioning separability. We will use the letter X instead of F to denote

orbispaces. One equivalent characterization of a topological stack X being an orbis-

pace is to require the coarse space |X| to be Hausdorff, and the existence of a cover

of X by open substacks of the form V/G where G is a finite discrete group acting
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continuously on a Hausdorff space V . Note that the stabilizers of orbispaces are all

finite. If X1 and X2 are orbispaces, a map X1 → X2 is representable if and only if it

induces an injection on stabilizers [Par19, Corollary 3.6]. We will use this assertion

as the working definition of the representability of maps between orbispaces.

Definition 5.7.5. 1. An orbispace X is called a topological orbifold if there is an

étale atlas U → F such that U is locally homeomorphic to Rn and n is called

the dimension of X.

2. A smooth structure on a topological orbifold X is a choice of étale atlas U → X

and a smooth structure on U such that the two smooth structures on U ×X U

obtained by the two pullbacks U ×X U → U coincide.

3. A smooth orbifold is a topological orbifold X with a smooth structure.

It follows from Definition 5.7.5 that smooth orbifolds are locally modeled on U/G

where U ⊂ Rn is an open subset (equipped with the induced smooth structure) and

G acts on U smoothly. Note that the smoothness of the group action is equivalent to

its linearity. One can also talk about topological/smooth orbifolds with boundary by

allowing étale charts locally modeled on open subsets in Rn
xn≥0.

It is a standard fact that the notion of smooth orbifolds from Definition 5.7.5

and the one from Section 5.3 if we assume that G acts faithfully on each étale local

chart, see [MP97, Theorem 4.1]. Similarly, we can define vector bundles over orbis-

paces (actually, the same definition works for stacks but we stick with orbispaces for

concreteness) without using local charts explicitly.

Definition 5.7.6. A real or complex vector bundle over an orbispace X is a repre-

sentable map E → X together with maps R or C× E → E and E ×X E → X, such

that the pullback to any topological space defines a vector bundle and the two maps

coincide with fiberwise scalar multiplication and addition.
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A section of a vector bundle π : E → X is then defined to be a map (not

necessarily representable!) s : X → E such that π ◦ s agrees with the identity

morphism on X. When X is a smooth orbifold, a vector bundle E → X is smooth

if its pullback to a smooth étale atlas U → X defines a smooth vector bundle on U .

The smoothness of a section s : X → E is also tested on any smooth étale atlas.

When we present an effective orbifold using orbifold charts, these notions coincide

with the ones in Section 5.3. When X is paracompact, any vector bundle E → X

admits an Euclidean/Hermitian inner product. When X is a smooth orbifold, its

tangent bundle TX is characterized by requiring the pullback of TX to every étale

local chart to give the tangent bundle of the chart.

A principal H-bundle over X is a representable map P → X along with a map

H × P → P such that its pullback to any topological space defines a principle H-

bundle with the structural H-action.

Theorem 5.7.7 ([Par19, Theorem 1.1]). Suppose X is a compact orbispace, i.e. the

coarse space |X| is a compact topological space. Then there exists a complex vector

bundle V → X, whose fiber over x ∈ X (an object in X(∗) using the previous

notation) is isomorphic to a direct sum of copies of the regular representation of the

isotropy group Gx.

An important consequence of the above theorem is, any compact orbispace is

equivalent to the action groupoid of a compact Lie group, by taking the the unitary

frame bundle of a vector bundle as above endowed with the natural action of a unitary

group. Note that the unit disc bundle of V is an effective orbifold with boundary.

This observation will be used later to connect our study of integral Euler classes on

effective orbifolds to derived orbifold bordisms.
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5.7.2 Stable complex structures

Definition 5.7.8. Let X be an orbispace. A stable vector bundle on X is a formal

difference E1 − E2 where Ei → X is a vector bundle over X for i = 1, 2. A pair of

stable vector bundles E1 − E2 and E ′
1 − E ′

2 are isomorphic if there exists a vector

bundle E and an isomorphism

E1 ⊕ E ′
2 ⊕ E

∼−→ E ′
1 ⊕ E2 ⊕ E. (5.7.2)

Stable vector bundles over X and isomorphisms of them form a groupoid. When

X is a topological space, Definition 5.7.8 coincides with the usual notion of stable

vector bundles.

Definition 5.7.9. Let E → X be a real vector bundle. A complex structure on E

consists of a complex vector bundle E ′ → X along with an isomorphism E
∼−→ E ′.

Remark 5.7.10. Given a finite group G, denote by BG the action groupoid ∗/G.

Then orbi-CW-complexes are generalizations of CW-complexes with local building

blocks Dk×BG, and the attaching maps are required to be representable, see [Par20,

Section 2.4]. Given n ∈ Z≥0, there is an orbispace BO(n) [Par20, Section 4.1] such

that isomorphism classes of real vector bundles over an orbi-CW-complex X are in

bijection with homotopy classes of maps from X to BO(n), by pulling back the

tautological bundle over BO(n). A similar construction holds for the unitary group

with tautological complex bundles ξn → BU(n). There is a natural map between

orbispaces BU(n) → BO(2n). Using these notions, a complex structure on E2n

is equivalently defined by a map f : X → BU(n) together with an isomorphism

E
∼−→ f ∗ξn. Note that both the construction of BO(n) and the classification result

are based on obstruction theory, so this homotopical definition works well only if X

is an orbi-CW-complex. On the contrary, Definition 5.7.9 makes sense for arbitrary

orbispaces, or more generally, topological stacks.
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Definition 5.7.11. 1. A stable complex structure on a stable vector bundle E1 −

E2 over X consists of a vector bundle E → X together with complex structures

on E1⊕E and E2⊕E if the difference of the ranks of E1 and E2 is even; if such

difference is odd, a stable complex structure on E1 − E2 consists of a vector

bundle E → X and complex structures on (E1 ⊕ R)⊕ E and E2 ⊕ E.

2. Suppose E ′ → X is a complex vector bundle. Then the E ′-stabilization of a

(stable) complex stable vector bundle E1−E2 is defined to be the stable vector

bundle (E1⊕E ′)−(E2⊕E ′) equipped with the obvious stable complex structure.

3. Consider two stable complex structures on E1 − E2 given by vector bundles

E(i) and complex structures on E1 ⊕ E(i) and E2 ⊕ E(i), i = 1, 2. We say that

the two stable complex structures are isomorphic if there exist complex vector

bundles F (1), F (2) → X such that there are isomorphisms E1 ⊕ E(1) ⊕ F (1) ∼=

E1 ⊕E(2) ⊕F (2) and E2 ⊕E(1) ⊕F (1) ∼= E2 ⊕E(2) ⊕F (2) which intertwine with

the complex structures.

Remark 5.7.12. When the stable vector bundle is actually a vector bundle, i.e. E2

is trivial, a stable complex structure on E1 consists of a vector bundle E → X, a

complex structure on E1 ⊕ E, and a complex structure on E.

Remark 5.7.13. It is important to note that the stabilization in Definition 5.7.11 could

be arbitrary vector bundles over X. This is in contrast with the notion of (stable)

complex structures of vector bundles over topological spaces, where the stabilizations

are of the form ⊕ Rk. The latter definition (called coarsely stable complex structure

by [Par20, section3.3]) is stronger than the former in general. For the construction

of stable complex structures on (virtual) tangent bundles of Gromov–Witten type

moduli spaces, it is crucial to use Definition 5.7.11.
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5.7.3 Derived orbifolds and bordism groups

We discuss bordism-type constructions over orbispaces following [Par20]. Similar

ideas probably date back to the work of Joyce [Joy07, Section 5]. Recall that the

notion of derived orbifold chart is defined in Definition 5.1.3. Given a derived orbifold

chart (D,E, s), define its virtual dimension to be dimD − rankE.

Definition 5.7.14. A stable complex structure on a derived orbifold chart (D,E, s)

is an isomorphism class of stable complex structures on the stable vector bundle

TD − E over D.

Remark 5.7.15. If the virtual dimension of a derived orbifold chart (D,E, s) is odd

and it is endowed with a stable complex structure, we can find an orbibundle E ′ over

D such that the tangent bundle of the total space E ′⊕R admits a complex structure.

Due to the triviality of the factor R, the total space E ′, accordingly its open unit

disc bundle with respect to any metric, is a normally complex orbifold (see Definition

5.3.13) if E ′ is an effective orbifold.

Given a derived orbifold chart (D,E, s) and an open subset U ⊂ D with s−1(0) ⊂

U , the restriction of (D,E, s) to U is given by the derived orbifold chart (U,E|U , s|U).

If E ′ → D is a vector bundle, the stabilization of (D,E, s) by E ′ is defined to be

(E ′, E ⊕ E ′, s ⊕ id). After equipping E ′ with a metric, we can also take the open

unit disc bundle of E ′ to get a derived orbifold chart such that the ambient space

is precompact, provided D is compact. If two derived orbifold charts are isomorphic

after restriction and stabilization, we say they are equivalent to each other. Further-

more, a stable complex structure on (D,E, s) also naturally induces a stable complex

structure on any restriction or any stabilization.

Proposition 5.7.16. Suppose (D,E, s) is a compact and stable complex derived orb-

ifold chart. Then up to a restriction of the derived orbifold chart, there is a stabiliza-

tion (D′, E ′, s′) together with complex structures on TD′ (if the virtual dimension is
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even, otherwise a complex structure on TD′ ⊕ R) and E ′ such that D′ is an effec-

tive orbifold and that the stable complex structure on (D′, E ′, s′) induced from the

complex structures coincides with the stable complex structure induced from that on

(D,E, s).

Proof. By restricting to a precompact open subset of D containing the compact orbis-

pace s−1(0) if necessary, we can stabilize (D,E, s) by a complex vector bundle from

Theorem 5.7.7 such that the ambient orbifold is effective. Using Definition 5.7.8, we

can take a further stabilization to obtain a derived orbifold chart (D′, E ′, s′) so that

TD′ and E ′ are endowed with complex structures.

Remark 5.7.17. Applying restrictions if necessary, any two different effective and

(almost) complex derived orbifold charts constructed from Proposition 5.7.16 admit

a common stabilization compatible with the complex structures, see the proof of

[Par20, Proposition 5.1], which uses the enough vector bundles Theorem 5.7.7.

Let X be a compact orbispace. Let us consider a derived orbifold chart (D,E, s)

together with a map f : D → X (in reality, f is just required to be defined over

a neighborhood of s−1(0) ⊂ D and we can apply restriction). A bordism between

two such pairs (D1, E1, s1, f1) and (D2, E2, s2, f2) is given by a derived orbifold chart

with boundary (W, Ẽ, s̃), a codimension-0 embedding D1

∐
D2 ↪→ ∂W , and a map

f̃ : W → X such that the restriction of the corresponding data along Di agrees

with (Di, Ei, si, fi) for i = 1, 2. When the boundaries (Di, Ei, si) have stable complex

structures, the bordism (W, Ẽ, s̃, f̃) is called a stable complex bordism if there exists a

stable complex structure on (TW⊕R)−Ẽ whose restriction toDi is stably isomorphic

to the given stable complex structures on TDi⊕C−Ei for i = 1, 2. The factor C comes

from the direct sum of the normal bundle (with the inward-pointing orientation) of

Di ↪→ W and the trivial real vector bundle R.
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Definition 5.7.18. 1. Suppose X is an orbispace. The stable complex derived

orbifold bordism of X, written as Ω
C,der
∗ (X), is the set consists of compact sta-

ble complex derived orbifold charts (D,E, s) together with a map f : D → X

modulo equivalence of derived orbifold charts and compact stable complex bor-

dism. Here if π : E ′ → D is a vector bundle, the induced map from E ′ to X of

the derived orbifold chart (E ′, E ⊕ E ′, s⊕ id) is f ◦ π.

2. The representable stable complex derived orbifold bordism ΩC,der
∗ (X) is defined

similarly as Ω
C,der
∗ (X) with the additional requirements that the map f : D → X

and its extension over the bordism f̃ : W → X are both representable. Both

ΩC,der
∗ (X) and Ω

C,der
∗ (X) have an abelian group structure under disjoint union.

In both cases, (D,E, s, f) defines an element in Ω
C,der
k (X) or ΩC,der

k (X) if the

virtual dimension of (D,E, s) is k.

Remark 5.7.19. Given a derived orbifold chart (D,E, s), if E = 0 (which forces s = 0)

and D is a manifold, a stable complex structure on (D,E, s) is equivalent to a stable

complex structure on TD and a complex structure on the stabilizing vector bundle

(modulo an R-factor if D is odd-dimensional). After forgetting the latter structure,

the tautological mapD → ∗ defines an element in the classical stable complex bordism

group.

Remark 5.7.20. Denote by OrbSpc the category of orbispaces and (homotopy classes

of) maps between them, and define RepOrbSpc to be the category of orbispaces with

(homotopy classes of) representable maps. Then there is a natural faithful functor

RepOrbSpc → OrbSpc which admits a right adjoint

R : OrbSpc → RepOrbSpc, (5.7.3)

as proved in [Par20, Proposition 3.13]. In other words, for any orbispace X, we have
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an isomorphism

Ω
C,der
∗ (X) ∼= ΩC,der

∗ (R(X)). (5.7.4)

From the point view of algebraic topology, it is more natural to study ΩC,der
∗ (X) and

the not necessarily representable version Ω
C,der
∗ (X) can be recovered from the former

via the isomorphism (5.7.4). However, to construct integer-valued Gromov–Witten

type invariants, especially without the insertion from H∗(Mg,n), it is better to go

through Ω
C,der
∗ (X), as what we did in Theorem 5.1.7.

5.7.4 Integral homology classes from stable complex derived

orbifold bordism

We show how to use normally complex perturbations to extract integral homology

classes from stable complex derived orbifold bordism. To formulate our result, we

introduce the notion of stabilized isotropy types.

Definition 5.7.21. Define an equivalence relation on the set of isotropy types induced

from the following relation

(G, V,W ) ∼ (G, V ⊕R,W ⊕R)

where R is a finite-dimensional complex G-representation which does not contain

trivialG-representations. The set of equivalence classes Γ, whose elements are denoted

by [γ] = [G, V,W ], is called the set of stabilized isotropy types.

Suppose we have a compact derived orbifold chart (D,E, s) such thatD is effective

and normally complex, and E is endowed with a complex structure. Note that a

complex structure on E naturally defines a normal complex structure, see Definition

5.3.14. Then by Theorem 5.6.2, for each isotropy type γ, one has the Fukaya–Ono–
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Parker–Euler class

χFOP
γ (D,E, s) ∈ Hnγ (D;Z).

Then for a stabilized isotropy type [γ] ∈ Γ, define

χFOP
[γ] (D,E, s) :=

∑
γ∈[γ]

χFOP
γ (D,E, s). (5.7.5)

Now we state and prove the main application of the construction of the integral

Euler class in algebraic topology.

Theorem 5.7.22. Suppose Y is an orbispace. Then the map χFOP
[γ] from (5.7.5) can be

extended to a well-defined map

FOP [γ] : Ω
C,der
∗ (Y ) → H∗(|Y |;Z). (5.7.6)

Proof. We present the proof for derived orbifold charts of even virtual dimensions.

When the virtual dimension is odd, we work with the normal complex structure as

from Remark 5.7.15 and the proof proceeds in exactly the same way.

To define the map (5.7.6), suppose (D,E, s) is a compact stable complex derived

orbifold chart with a map f : D → Y . By Proposition 5.7.16, there is a compact

derived orbifold chart (D1, E1, s1) obtained from stabilizing (D,E, s) via a vector

bundle π1 : F1 → D such that D1 = F1 is effective and almost complex, and E1 =

π∗
1TD ⊕ π∗

1F1 is equipped with a complex structure. In this proof we call such a

stabilization a good stabilization. Define f1 : D1 → Y to be the lift of f . Then

(D,E, s, f) and (D1, E1, s1, f1) represent the same element of Ω
C,der
∗ (Y ). Then we

define

F̃OP [γ](D,E, s, f) := (f1)∗
(
χFOP
[γ] (D1, E1, s1)

)
. (5.7.7)

First, we show that the right hand side of (5.7.7) is invariant under restrictions

of (D1, E1, s1, f1). Indeed, if U1 ⊂ D1 is an open neighborhood of s−1
1 (0) and s′1 is
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a strongly transverse FOP section of E1 → D1 which is sufficiently close to s1, then

(s′1)
−1(0) is also contained in U1. Hence obviously

(f1) ∗
(
χFOP
[γ] (D1, E1, s1)

)
= (f1|U1)∗

(
χFOP
[γ] (U1, E1|U1 , s1|U1)

)
.

Second, we show that the association (5.7.7) is independent of the choice of the

good stabilization (D1, E1, s1, f1). We first consider the case when (D2, E2, s2, f2) is

a further stabilization of (D1, E1, s1, f2) by a complex vector bundle π2 : F2 → D1.

We may assume that D1 is indeed a disk bundle of F1 → D and s1 : D1 → E1 is

already a strongly transverse FOP section with compact zero locus. Then it is obvious

that π∗
2s1 ⊕ τF2 : D2 = F2 → π∗

2E1 ⊕ π∗
2F2 (where τF2 is the tautological section of

π∗
2F2 → F2) is also a strongly transverse FOP section. Moreover, it is easy to see that

(f1)∗
(
χFOP
[γ] (D1, E1, s1)

)
= (f1 ◦ π2)∗

(
χFOP
[γ] (D2, E2, s2)

)
.

Now we consider the case when (D2, E2, s2, f2) is another good stabilization of

(D,E, s, f). Then it represents the same element as (D1, E1, s1, f1) in Ω
C,der
∗ (Y ).

Then by [Par20, Proposition 5.1]4, by applying suitable restrictions and stabilizations

(by complex vector bundles) to both of them, we can assume that (D1, E1, s1, f1) and

(D2, E2, s2, f2) are cobordant to each other via a compact bordism (W, Ẽ, s̃, f̃) such

that all the relevant stable complex structures are actually complex and the orbifolds

are effective. Because the invariance of the pushforward of the Fukaya–Ono–Parker–

Euler class under germ equivalences and stabilizations when the section s is a strongly

transverse FOP section, the cobordism invariance follows from the same arguments

as in the proof of Proposition 5.6.5. Therefore, (5.7.7) is well-defined.

Lastly it is straightforward to verify that (5.7.7) descends to the desired map

4The cited proposition was stated and proved for unorientable bordism in the representable case
but the proof applies to bordisms with structures and the non-representable case.
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(5.7.6) because: 1) a restriction of (D,E, s, f) induces a restriction of a good stabi-

lization; 2) a good stabilization of a stabilization (D′, E ′, s′, f ′) of (D,E, s, f) is also

a good stabilization of (D,E, s, f); 3) one also has a notion of good stabilizations of

cobordisms.

5.7.5 Naturality of the FOP map

Suppose (X,A) is a pair of topological spaces. 5 Then elements in Ω
C,der
∗ (X,A) are

represented by derived orbifold charts with boundary (D,E, s) together with a map

f : (D, ∂D) → (X,A) and we need to choose a stable complex structure on (D,E, s).

Note that using the collar of the boundary ∂D × [0, 1) ↪→ D, the derived orbifold

chart (without boundary) (∂D,E|∂D, s|∂) acquires a stable complex structure. Then

the stable complex derived orbifold bordism group Ω
C,der
∗ (X,A) is defined exactly the

same as in Definition 5.7.18 which is for the absolute case. The additive structure

is given by the disjoint union and the inverse element is induced by the conjugating

complex structure on C as usual.

By restricting to the boundary, we see that there is a well-defined map

∂ : Ω
C,der
∗ (X,A) → Ω

C,der
∗−1 (A). (5.7.8)

Of course, by considering derived orbifold charts with ∂D = ∅, we obtain the projec-

tion

p : Ω
C,der
∗ (X) → Ω

C,der
∗ (X,A) (5.7.9)

and the inclusion

i : Ω
C,der
∗ (A) → Ω

C,der
∗ (X). (5.7.10)

5We restrict ourselves to topological spaces rather than orbispaces because the target of the FOP
maps for the latter case are the corresponding coarse spaces, which bring us back to topological
spaces in any case.
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Proposition 5.7.23. The stable complex derived orbifold bordism group Ω
C,der
∗ (−,−)

defines a generalized homology theory. Namely, it satisfies the Eilenberg–Steenrod

axioms:

1. (Homotopy) If g′, g′′ : (X1, A1) → (X2, A2) are homotopic, then the induced

maps

g′∗, g
′′
∗ : Ω

C,der
∗ (X1, A1) → Ω

C,der
∗ (X2, A2).

are equal.

2. (Exactness) For A ↪→ X, the following sequence between abelian groups are

exact

· · · → Ω
C,der
∗ (A)

i−→ Ω
C,der
∗ (X)

p−→ Ω
C,der
∗ (X,A)

∂−→ Ω
C,der
∗−1 (A) → · · · .

3. (Excision) For U ↪→ A ↪→ X such that U ⊂ Int(A), the natural inclusion of the

pair (X \ U,A \ U) ↪→ (X,A) defines an isomorphism

Ω
C,der
∗ (X,A)

∼−→ Ω
C,der
∗ (X \ U,A \ U).

4. (Additivity) If (X,A) =
∐

i(Xi, Ai), then the canonical morphism

Ω
C,der
∗ (X,A)

∼−→ ⊕iΩ
C,der
∗ (Xi, Ai)

is an isomorphism.

Proof. The proof is exactly the same as the one for classical bordism groups after

keeping track of the vector bundles and sections, see for example [CF64, I.5].

The dimension axiom fails to be true. The group Ω
C,der
∗ (−) looks quite compli-

cated. Understanding its structure would be very useful for symplectic topology.
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Proposition 5.7.24. Suppose [γ] is a stabilized isotropy type. Then the map FOP [γ]

defines a natural transformation between (generalized) homology theories

FOP [γ] : Ω
C,der
∗ (−) → H∗+nγ (−;Z).

Proof. The definition of the FOP map could be easily extended to the relative case

using the collar structure. The functoriality follows from the fact that FOP [γ] is

defined by pushing forward the pseudocycle class produced by a generic FOP pertur-

bation under the bordism map. Therefore, it suffices to show the following diagram

commutes:

Ω
C,der
∗+1 (X,A)

∂
��

FOP [γ]
// H∗+1(X,A;Z)

∂

��

Ω
C,der
∗ (A)

FOP [γ]
// H∗(A;Z).

. (5.7.11)

Given a stable complex derived orbifold chart with boundary (D,E, s), assume that

there is an embedding ∂D × [0, 1) → D. After choosing a straightened structure

on (∂D,E|∂D, s|∂D), we can extend it to a straightened structure on (D,E, s) which

coincides with the product structure on the collar ∂D × [0, 1). After choosing an

FOP perturbation s̃|∂D of s|∂D, we can extend it to an FOP perturbation s̃ of s just

as in the proof of Proposition 5.6.5. After taking out the strata indexed by [γ], the

restriction of s̃−1(0) , which represents the image of [(D,E, s)] under FOPγ, has the

property that the further intersection with ∂D coincides with s̃|−1
∂D(0) over the strata

indexed by [γ]. This is exactly the content of (5.7.11).

5.8 Whitney stratifications

In this section we review the classical result of the existence of canonical Whitney

stratifications in the complex algebraic setting. We also prove certain relative version

of this existence result which will be used in our construction. We follow the narrative
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of [Mat73]. This is an appendix of this chapter.

5.8.1 Prestratifications and stratifications

Let M be a smooth manifold and S ⊂ M be a subset. A decomposition of S into

nonempty subsets

S =
⊔
λ∈Λ

Sλ

is called a prestratification if the following conditions are satisfied.

1. Each Sλ is locally closed.

2. The decomposition is locally finite.

3. (axiom of frontier) If Sλ ∩ Sµ ̸= ∅, then Sµ ⊂ Sλ.

Abusing the notation, we use the letter Λ to denote a decomposition of a given subset

S. Each Sλ is called a stratum of this prestratification. Given a prestratification Λ,

there is a partial order among strata:

Sλ ≤ Sµ if Sλ ⊂ Sµ.

Definition 5.8.1. Two subsets A,B ⊂ M are called equivalent at x ∈ M if there is

an open neighborhood Ux ⊂M of x such that A∩Ux = B ∩Ux. An equivalence class

is called a set-germ at x.

Given a prestratification {Sλ | λ ∈ Λ} of S, it assigns to each x ∈ S a set-germ

represented by the stratum Sλ which contains x. Two prestratifications of S are called

equivalent if they give the same set-germ at each point of S.

Definition 5.8.2. A stratification of S is a rule S = {Sx | x ∈ S} which assigns

to each point x ∈ S a set-germ Sx of closed subsets of S satisfying the following

property: for each x ∈ S, there is a neighborhood N ⊂M of x and a prestratification
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Λ of S ∩N such that for each y ∈ S ∩N , the germ Sy is the germ at y of the member

of Λ which contains y.

We see from the definition that for a stratificationS of S, the set-germ Sx contains

x. Moreover, any equivalence class of prestratifications defines a stratification.

5.8.2 Whitney stratifications

Now we recall Whitney’s conditions (a) and (b). It is well-known that condition (b)

implies condition (a) (see [Mat12]).

Definition 5.8.3 (Whitney conditions (a) and (b)). Let U and V be smooth sub-

manifolds of M . We say that the pair (U, V ) satisfies Whitney’s condition (a) at

x ∈ V if the following is true. Given a sequence xi ∈ U converging to x and TxiU

converges to a dimU -dimensional subspace τ ⊂ TxM , one has TxV ⊂ τ . We say

that the pair (U, V ) satisfies Whitney’s condition (b) at x ∈ V if the following is

true. Given a sequence xi ∈ V converging to x and yi ∈ U converging to x such that

xi ̸= yi, the secant line xiyi
6 converges to a line l ⊂ TxM , and TxiU converges to a

dimU -dimensional subspace τ ⊂ TxM , one has l ⊂ τ .

Definition 5.8.4. Let M be a smooth manifold and S ⊂M is a subset. A prestrat-

ification

S =
⊔
λ∈Λ

Sλ

is called a (smooth) Whitney prestratification if each Sλ is a smooth submanifold of

M of a constant dimension and for any λ, µ ∈ Λ, the pair (Sλ, Sµ) satisfies Whitney’s

condition (b) at all points of Sµ.

A stratification of S is called a Whitney stratification if it is the induced from a

Whitney prestratification.

6The secant line depends on a choice of local coordinate system near x, but the condition does
not depend on such choices.
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A useful fact is that the partial order relation among strata of a Whitney pre-

stratification is compatible with dimensions.

Lemma 5.8.1. Given a Whitney prestratification Λ of S as in Definition 5.8.4, if

Sλ < Sµ, then dimSλ < dimSµ.

Proof. Suppose Sλ < Sµ. Then by definition, Sλ ⊂ Sµ. Choose x ∈ Sλ. Then one

can find a sequence of points yi ∈ Sµ converging to x such that TyiSµ converges to

a subspace U ⊂ TxM . Then by Whitney’s condition (a), TxSλ ⊂ U . Therefore,

dimSλ ≤ dimU = dimSµ.

Now choose a Riemannian metric in a neighborhood N of x in M and identify

a neighborhood of Sλ ∩ N with a neighborhood of the zero section of the normal

bundle of Sλ ∩N . Then one can find another sequence xi ∈ Sλ such that the secant

line xiyi is perpendicular to TxiSλ and that xi converges to x. Moreover, by taking

a subsequence, we may assume that the secant lines converges to a line l which is

perpendicular to TxSλ. By Whitney’s condition (b), U must contain both TxSλ and

l. Therefore one must have dimSµ > dimSλ.

A Whitney stratification defines a dimension filtration as follows. For each k ≥ 0,

define

Sk := {x ∈ S | dimSx ≤ k}. (5.8.1)

Here Sx is the set-term at x specified by the Whitney stratification, which has a

well-defined dimension. Lemma 5.8.1 above implies that each Sk is a closed subset of

S.

Definition 5.8.5. Let S and S′ be two Whitney stratifications on S ⊂ M . We

define S < S′ if there exists k such that Sk ⊊ S ′
k and Sl = S ′

l for all l > k. We say

that a Whitney stratification S is minimal if for any Whitney stratification S′ one

has S ≤ S′.
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It is easy to see that two Whitney stratifications are identical if they have identical

dimension filtrations. Then it follows that minimal Whitney stratifications are unique.

Definition 5.8.6. Let M be a smooth manifold and S ⊂M has a Whitney stratifi-

cation S. A smooth map f : N →M is called lemma412 to S with respect to S (or

transverse to S) if for each x ∈ f−1(S), f is transverse to the germ Sf(x) at x.

If f is transverse to S with respect to S, then f pulls back the set-germ Sf(x) to

a set-germ f−1(Sf(s)) of submanifolds at x.

Theorem 5.8.7. [Mat73, Corollary 8.8] Let X, Y be smooth manifold. Let S ⊂ X

be a closed subset equipped with a Whitney stratification S. Let f : Y → X be a

smooth map transverse to S. Then f ∗S is a Whitney stratification of f−1(S).

Remark 5.8.8. Minimal Whitney stratification is not a functorial object with respect

to pullback via transverse maps. More precisely, suppose S is the minimal Whitney

stratification of S ⊂ M and f : N → M is a smooth map transverse to S. The

pullback Whitney stratification of f−1(S) may not be the minimal one.

5.8.3 Invariance of minimal Whitney stratifications

It is straightforward to prove that minimal Whitney stratifications are invariant under

diffeomorphisms. For the purpose of our application, we would like to generalize this

invariance property to certain relative setting for a broader class of smooth maps.

Definition 5.8.9. Let M be a smooth manifold and S ⊂ M be a closed subset.

Suppose there is a decomposition

S = S• ⊔ S◦

where S◦ is closed in M (we allow S• = ∅). Suppose also that S• is equipped with a

smooth Whitney stratification. A Whitney stratification on S is said to extend the
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existing Whitney stratification on S• if its restriction (viewed as a set-germ valued

function) to S• agrees with the existing one and if its restriction to S◦ is a Whitney

stratification of S◦ (i.e. for x ∈ S◦, the set-germ Sx is contained in S◦).

Lemma 5.8.2. Let M , N be smooth manifolds, Y ⊂ M , Z ⊂ N be closed subsets

with decompositions

Y = Y • ⊔ Y ◦, Z = Z• ⊔ Z◦

where Y ◦ ⊂ M resp. Z◦ ⊂ N is closed. Suppose Y resp. Z is equipped with a

Whitney stratification Y resp. Z which is the minimal extension of the restriction

Y• := Y|Y • resp. Z• := Z|Z• .

Let f : M → N and g : N → M be smooth maps satisfying the following

conditions.

1. f resp. g is transverse to Z resp. Y.

2. f−1(Z•) = Y •, f−1(Z◦) = Y ◦, g−1(Y •) = Z•, g−1(Y ◦) = Z◦.

3. f ◦ g is transverse to Z and pulls back Z to Z.

4. g ◦ f is transverse to Y and pulls back Y to Y.

5. f pulls back Z• to Y• and g pulls back Y• to Z•.

Then f pulls back Z to Y and g pulls back Y to Z.

Proof. Denote m = dimM , n = dimN . As f resp. g is transverse to Z resp. Y, by

Theorem 5.8.7, the pullback Y̌ := f ∗Z resp. Ž := g∗Y is a Whitney stratification on

Y resp. Z. By condition (5) and the minimality of Y resp. Z, one has

Y ≤ Y̌, Z ≤ Ž.
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We prove inductively that for all l ≥ 0

Ym−l = Y̌m−l, Zn−l = Žn−l.

The l = 0 case is automatically true. Suppose the above is true for all l < k. We

first show that Ym−k = Y̌m−k. Suppose on the contrary that Ym−k ̸= Y̌m−k. Then

as Y ≤ Y̌, one must have Ym−k ⊊ Y̌m−k. Hence there exists a point y ∈ Ym−k+1 =

Y̌m−k+1 and y ∈ Y̌m−k \ Ym−k. Notice that y must be in Y ◦. Let Yy and Y̌y be the

corresponding set-germs associated to Y and Y̌ respectively. Then

dimYy = m− k + 1, dimY̌y ≤ m− k. (5.8.2)

The assumption that g◦f is transverse to Y implies that f is transverse to Ž, and the

assumption that g ◦ f pulls back Y to Y implies that f pulls back Ž to Y. Therefore,

by (5.8.2) one has

dimŽf(y) = n−m+ dimYy = n− k + 1.

where Žf(y) is the set-germ at f(y) associated to the Whitney stratification Ž. On

the other hand, by (5.8.2) and the transversality of f to Z, one has

dimZf(y) = n−m+ dimY̌y ≤ n− k.

Therefore,

f(y) ∈ Zn−k \ Žn−k =⇒ Zn−k ⊈ Žn−k.

As Zn−l = Žn−l for all l < k, this contradicts the fact that Z ≤ Ž. Therefore,

Ym−k = Y̌m−k. Similarly, one also obtains that Zn−k = Žn−k. Therefore Y = Y̌ and

Z = Ž.
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It is useful to consider a special case.

Corollary 5.8.10. Let M be a smooth manifold and Y ⊂ M be a closed set with a

decomposition

Y = Y • ⊔ Y ◦

with Y ◦ being closed. Suppose Y is a smooth Whitney stratification on Y which is

the minimal extension of Y• := Y|Y • .

Suppose f :M →M is a diffeomorphism satisfying 1) f(Y ) = Y , 2) f(Y •) = Y •,

and 3) f pulls back Y• to itself. Then f pulls back Y to itself.

Proof. This follows from Lemma 5.8.2 where M = N , Y = Z, and g = f−1.

5.8.4 Existence results in the complex algebraic case

Now assume that M is nonsingular complex algebraic variety. A subset of M is

called constructible if it is a finite union of locally closed sets (in Zariski topology). A

constructible subset U ⊂M is a nonsingular algebraic subset if for each x ∈ U there

are rational functions f1, . . . , fa, regular on a Zariski neighborhood V of x inM , such

that

U ∩ V = {y ∈ V | f1(y) = · · · = fa(y) = 0}

and such that the differentials df1, . . . , dfa are linearly independent at x.

Let S ⊂ M be a constructible subset. A point p ∈ S is called a smooth regular

point if there is an open neighborhood N ⊂M of p (in the Euclidean topology) such

that N ∩ S is a smooth submanifold.

Lemma 5.8.3. p ∈ S is a smooth regular point if and only if there exists a Zariski

open neighborhood U ⊂M of p such that S ∩ U is a nonsingular algebraic set.

Proof. See [Mil68, p.13, Remark].
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Therefore we do not need to distinguish smooth regular points and algebraic regu-

lar points. A regular point p of a constructible set S, has a well-defined local dimension

dimpS. In this appendix “dimension” always means “real dimension.” A point p ∈ S

is called singular if it is not regular. In that case we define the local dimension to be

−∞. For each dimension k, let

Sk,reg ⊂ S = {p ∈ S regular | dimpS = k}.

Then Sk,reg for all k, together with the set of singular points Ssing, are all constructible

sets. We also denote

dimS ≤ k ⇐⇒ dimpS ≤ k, ∀p ∈ S.

Now we give a proof of the existence results of minimal Whitney stratifications

following Mather [Mat73]. We restrict our consideration to the case of constructible

sets inside a smooth complex algebraic variety M . The construction relies on the

following fundamental result, whose original version was proved by Whitney [Whi65]

in the complex analytic setting.

Theorem 5.8.11. (see [Mat73, Theorem 4.1, Addendum 4.4]) Let U and V be disjoint

nonsingular algebraic subsets of M . Suppose dimV < dimU . Let Sb(U, V ) be the set

of points x ∈ V ∩U where Whitney’s condition (b) fails for the triple (U, V, x). Then

Sb(U, V ) is constructible. Moreover, if V ⊂ U , then Sb(U, V ) is nowhere dense in V .

Now we can construct a canonical Whitney stratification on a constructible set.

Indeed the following theorem is the “absolute” version of Theorem 5.8.15 below.

However we would like to give a separate proof to show the reader the basic idea of

the construction.

Theorem 5.8.12. [Mat73, Theorem 4.9] Let S be a constructible set of a smooth

complex algebraic variety M . Then there exists a minimal smooth Whitney stratifi-
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cation S of S, and this stratification is algebraic, i.e., it is induced from a Whitney

prestratification whose strata are all nonsingular algebraic subsets.

Proof. Let n = dimRM . We construct inductively a decreasing sequence of subsets

S = Σn ⊇ Σn−1 ⊇ · · · ⊇ Σk

such that for each l ≥ k the following conditions are satisfied.

1. Σl is a closed algebraic subset of M of real dimension at most l.

2. Σl+1 \Σl is a nonsingular algebraic subset of real dimension l+1 (empty if l+1

is odd).

3. For each x ∈ Σl+1 \ Σl and m > l, the pair (Σm+1 \ Σm,Σl+1 \ Σl) satisfies

Whitney’s condition (b) at x.

We start with Σn = S. Suppose we have constructed Σl for all l ≥ k satisfying the

induction hypothesis. Then define Σk−1 to be the closure of points x ∈ Σk satisfying

one of the following conditions.

1. x is a singular point of Σk or a regular point with dimxΣk < k;

2. x is a regular point of Σk with local dimension equal to k, and there exists l > k

such that the pair (Σl \Σl−1,Σk,reg) does not satisfy Whitney’s condition (b) at

x (in particular x ∈ Σl \ Σl−1).

The set of points satisfying (1) above is constructible; as Euclidean closures of con-

structible sets are also Zariski closed, the closure of the set of points satisfying (1) is

a closed algebraic set of dimension at most k − 1. On the other hand, by Theorem

5.8.11 above, the closure of Sb(Σl \ Σl−1,Σk,reg) is a closed algebraic set and has di-

mension at most k − 1. Hence Σk−1 is a closed algebraic subset of M of dimension

at most k − 1 and Σk \Σk−1 is a nonsingular algebraic subset of dimension k. Other
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properties required for the induction hypothesis for Σk−1 are automatically satisfied.

This completes the induction step.

Now let Λ be the collection of connected components (with respect to the Eu-

clidean topology) of Σk \ Σk−1 for all k. Then the collection Λ is locally finite. Then

Λ satisfies all conditions for a Whitney prestratification except for the axiom of fron-

tier. The fact that Λ satisfies the axiom of frontier follows from Proposition 5.8.13

below.

Now take the Whitney stratification induced from Λ. One needs to show that it is

minimal among all smooth Whitney stratifications. Indeed, let S′ be another smooth

Whitney stratification with dimension filtration {Σ′
k | k = 0, 1, · · · }. We need to show

that either Σl = Σ′
l for all l or it is true for l > k and Σk ⊊ Σ′

k. We prove this claim

inductively. For n = dimRM , one has Σn = Σ′
n = S. Suppose we have proved that

Σl = Σ′
l for all l > k and suppose by contradiction that Σk ⊈ Σ′

k. Then there exists

x ∈ Σk but x /∈ Σ′
k. Hence x ∈ Σ′

k+1 \ Σ′
k. As Σ′

k is closed, it follows Σ′
k+1 = Σk+1

is locally a smooth submanifold near x of dimension k + 1. Therefore, by Lemma

5.8.3, x is also an algebraic regular point of Σk+1, hence x ∈ Σk+1,reg. Then by the

construction of Σk, there must be some m > k such that (Σm+1 \ Σm,Σk+1,reg) does

not satisfy Whitney’s condition (b) at x. As Σm+1 \Σm = Σ′
m+1 \Σ′

m, this contradicts

the assumption that S′ is a smooth Whitney stratification of S.

Finally, we show that this Whitney stratification is complex algebraic. Indeed, for

each k, Σk \Σk−1 is the union of its irreducible components, each of which are nonsin-

gular algebraic subsets. As Σk \Σk−1 is nonsingular, different irreducible components

do not intersect. On the other hand, each irreducible component is connected as it

is regular. Therefore, the Whitney prestratification Λ considered above has its strata

being nonsingular algebraic subsets. Therefore, the minimal Whitney stratification is

algebraic.

Proposition 5.8.13. [Mat73, Proposition 8.7] Let X be a C2 manifold and A ⊂ X
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be a closed subset. Let Λ be a partition of A into subsets, each of which is a C2

submanifold of X. Suppose that Λ is locally finite and if Aλ, Aµ ∈ Λ then the pair

(Aλ, Aµ) satisfies Whitney’s condition (b). If all members of Λ are connected, then Λ

satisfies the axiom of the frontier and hence is a Whitney prestratification.

Definition 5.8.14. We call the Whitney stratification of a constructible subset S ⊂

M constructed in the proof of Theorem 5.8.12 the canonical Whitney stratification

and the prestratification Λ whose strata are connected components of Σk \ Σk−1 the

canonical Whitney prestratification.

5.8.5 Relative minimal Whitney stratifications

For application, we need certain Whitney stratifications which are minimal in some

relative sense. Suppose M is a smooth complex algebraic variety. Let S ⊂ M be a

closed algebraic set with a decomposition

S = S• ⊔ S◦

where S◦ itself is a closed algebraic set. Suppose S• is equipped with an algebraic

Whitney stratification, denoted by S•.

Theorem 5.8.15. Among all smooth Whitney stratifications of S which extend the

existing Whitney stratification on S•, there is a unique minimal one. In addition, the

minimal one is algebraic.

Proof. We follow the same strategy of the proof of Theorem 5.8.12. Let {Ωk} be the

dimension filtration of S• associated to the existing Whitney stratification. As the

existing Whitney stratification is algebraic, for each k, Ωk \ Ωk−1 is a nonsingular

algebraic subset. Suppose dimM = n. For each k ≤ n, we would like to define a

385



decreasing sequence of closed analytic subsets

S◦ = Σn ⊇ Σn−1 · · · ⊇ Σk

such that for all l ≥ k the following conditions are satisfied.

1. Σl is a closed algebraic set of dimension at most l.

2. Σl+1 \ Σl is a nonsingular algebraic subset of dimension l + 1.

3. Σl+1 \ Σl is disjoint from the closure of Ωl+1.

4. For each x ∈ Σl+1 \ Σl and m > l, the pair (Σm+1 \ Σm,Σl+1 \ Σl) and the pair

(Ωm+1 \ Ωm,Σl+1 \ Σl) satisfy Whitney’s condition (b) at x.

Now we start with Σn := S◦. Suppose we have constructed Σn, . . . ,Σk satisfying the

above conditions. Now consider the closure of points x ∈ Σk satisfying one of the

following conditions, denoted by Σk−1 ⊂ Σk.

1. x is contained in the closure of Ωk.

2. x is either a singular point of Σk or a regular point with dimxΣk < k.

3. There exists m > k such that the pair (Σm \ Σm−1,Σk,reg) does not satisfy

Whitney’s condition (b) at x.

4. There exists m > k such that the pair (Ωm \ Ωm−1,Σk,reg) does not satisfy

Whitney’s condition (b) at x.

Then following the same argument as the proof of Theorem 5.8.12, Σk \ Σk−1 is a

nonsingular algebraic subset and Σk−1 is a closed algebraic subset of real dimension

at most k − 1. This finishes the inductive step. Then similar to Theorem 5.8.12, one

can find a Whitney prestratification (of S◦) by taking all connected components of

Σk \ Σk−1. Moreover, the induced Whitney stratification is complex algebraic.
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We need to prove that this canonically constructed Whitney stratification is min-

imal among all smooth extensions of the existing one. Let Sk be the associated di-

mension filtration and let S ′
k be the associated dimension filtration of another smooth

extension S′. Then one can see

Sk = Ωk ⊔ Σk, S ′
k = Ωk ⊔ Σ′

k.

We need to show that either Σl = Σ′
l for all l or there exists k such that it is true for

all l > k and Σk ⊊ Σ′
k. We argue inductively. For n = dimM , one has Σn = Σ′

n = S◦

by definition. Suppose we have proved that Σl = Σ′
l for all l > k. Assume in

contradiction that Σk ⊈ Σ′
k. Then there exists a point x ∈ Σk which is not contained

in Σ′
k, namely, x ∈ Σ′

k+1 \Σ′
k. As Σ

′
k is closed, x is a smooth regular point of Σ′

k+1 of

local (real) dimension k+1. Then by Lemma 5.8.3, x is also an algebraic regular point.

Now because S′ is a Whitney stratification of the whole set S and x ∈ Σ′
k+1 \ Σ′

k,

it follows from Lemma 5.8.1, x /∈ Ωk+1. Then as x ∈ Σk, by the construction of

the canonical Whitney stratification, it follows that there is m > k such that either

(Σm+1 \ Σm,Σk+1,reg) or (Ωm+1 \ Ωm,Σk+1,reg) does not satisfy Whitney’s condition

(b) at x. This contradicts the hypothesis that S′ is a Whitney stratification.

5.8.6 Relative to a prestratification

Let V be a smooth complex algebraic variety equipped with a finite algebraic Whitney

prestratification

V =
⊔
α∈A

Vα. (5.8.3)

We denote this prestratification by A.

Example 5.8.1. Suppose G is a finite group and V is a finite dimensional complex

representation of G. Given any subgroupH ⊆ G, denote by VH the invariant subspace

under the H-action and define V ∗
H ⊂ V to be the subset of V which consists of points
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whose isotropy group is given by H. Then V ∗
H = VH and the decomposition

V =
⊔
H⊆G

V ∗
H

is an algebraic Whitney prestratification.

Definition 5.8.16. Let Z ⊂ V be a closed algebraic subset. A smooth Whitney

stratification of Z is said to respect the prestratification (5.8.3) if for each x ∈ Z ∩Vα

the set-germ Zx is contained in Vα.

The main result here is that there exists a minimal smooth Whitney stratification

that respects the given prestratification, which is also algebraic.

Theorem 5.8.17. There exists an algebraic Whitney stratification on Z which respects

A and which is the minimal among all smooth Whitney stratifications which respect

A.

Proof. The desired Whitney stratification is the union of Whitney stratifications of

the strata Zα := Z ∩ Vα. We inductively construct those Whitney stratifications.

Choose an increasing order of {Vα | α ∈ A} as

Vα1 , . . . , Vαm

such that Vαi
≤ Vαj

implies i ≤ j. For all k, denote

V(k) := V \
⋃
i<k

Vαi

which is a Zariski open subset of V . Denote

Z(k) := Z ∩ V(k).

Suppose, inductively, that we have constructed an algebraic Whitney stratification
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on Z(k) ⊂ V(k) which respects A and which is minimal among such smooth Whitney

stratifications. Now we need to extend to Z(k−1). Let

{Σ(k),l ⊂ Z(k) | l = 0, 1, . . .}

be the dimension filtration of Z(k). Then for each l, the set

Σ(k),l \ Σ(k),l−1

is a nonsingular algebraic subset of V(k). As V(k) is Zariski open inside V(k−1), the set

Σ(k),l \ Σ(k),l−1 is also a nonsingular algebraic subset of V(k−1).
7 Hence the existing

Whitney stratification of Z(k) (which is viewed as a subset of V(k−1)) is also alge-

braic. Then by Theorem 5.8.15, there exists a canonical extension of this Whitney

stratification to the closed algebraic subset

Z(k−1) = Z(k) ⊔ (Z ∩ Vαk−1
)

of V(k−1) and the extension is still algebraic. Inductively, one has constructed an

algebraic Whitney stratification which respects the given prestratification.

Lastly, one can combine induction with the proof of the minimality part of Theo-

rem 5.8.15 to show that the constructed Whitney stratification is minimal among all

smooth Whitney stratifications of Z which respect the given prestratification.

Remark 5.8.18. Suppose B ⊂ A satisfies

α ∈ A, β ∈ B, β ≤ α =⇒ α ∈ B.

7This is the point where our proof does not extend to the complex analytic setting.

389



Define

VB :=
⊔
β∈B

Vβ, ZB := Z ∩ VB.

Then VB is Zariski open in V and has the induced prestratification B whose strata

are Vβ. In the context of Example 5.8.1, a typical example of VB is the set

V +
H := {v ∈ V | Gv ⊂ H}

for a given subgroup H ⊆ G. Then it is easy to see that the restriction of the minimal

Whitney stratification on Z ⊂ V which respects the prestratification A to VB is also

the minimal Whitney stratification on ZB ⊂ VB which respects the prestratification

B.

Lastly, we have the following invariance property of the canonical Whitney strat-

ification which respects the given prestratification.

Proposition 5.8.19. Let f be a smooth diffeomorphism of V such that f(Z) = Z and

such that for some bijection ρ : A→ A there holds

f(Vα) = Vρ(α), ∀α ∈ A.

Then f preserves the minimal Whitney stratification which respects A.

Proof. We decompose

A =
m⊔
i=1

Ai

where theAi’s are the minimal nonempty ρ-invariant subsets ofA. Then {A1, . . . , Am}

inherits a partial order from A which is still denoted by ≤. We also assume the order
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A1, . . . , Am is increasing, i.e., Ai < Aj implies i < j. Set

VAi
:=

⋃
α∈Ai

Vα, i = 1, . . . ,m

each of which is f -invariant and set

V(k) :=
⋃
l≥k

VAl
, k = 1, . . . ,m

each of which is Zariski open. Then by the absolute case of Corollary 5.8.10 (when

M = V(m), Y = Y ◦ = Z(m) := Z∩V(m), f preserves the minimal Whitney stratification

on Z(m) ⊂ V(m). Now suppose we have shown that for some k that f preserves the

Whitney stratification on Z(k) := Z ∩ V(k). Then by Corollary 5.8.10, f preserves

the Whitney stratification on Z(k−1). By induction, f preserves the minimal Whitney

stratification on Z which respects A.
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uate Texts in Mathematics, vol. 17, Oxford University Press, Oxford, 2008.

[FTVP04] Yves Felix, Jean-Claude Thomas, and Micheline Vigué-Poirrier, The Hochschild coho-
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