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Abstract

Stable quotients provide an alternative to stable maps for compactifying spaces of maps. When
n > 2, the space @g (Pr=1.d) = @Q(G(l,n), d) compactifies the space of degree d maps of smooth
genus g curves to P?~!, while @Q(G(l, 1),d) ~ M1 4../Sq is a finite quotient of a Hassett weighted
pointed space of curves. In this paper we study the coarse moduli schemes associated to the smooth
proper Deligne-Mumford stacks Q,(P"~!,d), for all n > 1. We show these schemes are projective,
unirational, and have Picard number 2. We then give generators for the Picard group, compute the
canonical divisor, and the cones of ample and effective divisors. We conclude that Q,(P"~!,d) is
Fano if and only if n(d — 1)(d + 2) < 20. Moreover, we show that Q,(P"~!,d) is a Mori Fiber space
for all n, d, hence always minimal in the sense of the minimal model program. In the case n = 1, we

write in addition a closed formula for the Poincaré polynomial.
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Chapter 1

Introduction

1.1 Introduction

One of the foundational steps in the mathematical development of Gromov-Witten theory was
Kontsevich’s construction of moduli spaces of stable maps Mg,m (X, B) compactifying the space of
maps of genus g curves with m marked points to a target X with image in a fixed homology class .
For the purposes of Gromov-Witten theory, the essential feature is that although the moduli spaces
are in general neither smooth nor of the expected dimension, they do carry a virtual class.

In 2009, Marian-Oprea-Pandharipande defined stable quotient spaces, giving a new compactifi-
cation of the space of maps of genus g curves to Grassmanians. These stable quotient spaces tend
to be more efficient compactifications than stable maps. This feature has already been used in sev-
eral applications. Because they have fewer C* fixed loci relative to moduli spaces of stable maps,
localization computations tend to be more feasible on these spaces.

This was used by Pandharipande-Pixton in [PP11] to compute relations in the tautological ring
of My, in particular proving that the conjectured Faber-Zagier relations hold in R*(M,). Another
similar application is the use by Pandharipande of stable quotient spaces to obtain relations in the
x ring of the moduli of curves of compact type, k* (M ) [?]. Doing so, he is able to give generators
and relations for these rings, as well as formulas for the Betti numbers.

As with stable maps, the moduli spaces of stable quotients in al genera carry a virtual class. When
the target is projective space, there is a map ¢ : My, (P!, d) - @Q’m(]P’"*l7 d) and the strongest
possible comparison holds, that is ¢.[Mg ., (P"~!,d)]""" = [Q,, ,,(P",d)]""" [MOP09]. This means,

for example, that the stable quotient invariants of P?"~! equal the corresponding Gromov-Witten



invariants. For targets other than P" !, such a simple relationship is not expected.

In this and related joint work with Aleksey Zinger, I study the relationship between stable
quotients and stable maps, both from the perspective of the geometry of the moduli spaces themselves
and the invariants they can be used to define. In [CZ12], we describe the relationship between the
genus 0 Gromov-Witten invariants of Fano and Calabi-Yau complete intersections in P™ and the
corresponding stable quotient invariants. We find that stable quotient invariants play a role similar
to that of the linear sigma model in physics, and that the relationship between genus 0 stable
quotient and Gromov-Witten invariants is fundamentally linked to the mirror map.

The geometry of moduli spaces of stable maps is generally ill behaved. The simplest target to
consider is P". In this case, Mg ,,(P",d) is smooth (as a Deligne-Mumford stack), while for all
other genera g > 1, the spaces Mg,m(IP’ﬁd) are almost always singular, with multiple components
of different dimensions. This behavior begins almost immediately - even M o(IP?,3), compactifying
the 9-dimensional classical moduli space of smooth plane cubics, has 3 components, two of dimension
9 and one of dimension 10. So it has been difficult to understand the geometry of moduli spaces
of stable maps in positive genus. In genus 0, Pandharipande gave generators for the Picard group,
computed the canonical divisor, as well as intersections of divisors in Mg, (P",d) in [Pa97] and
[Pa99].

The present work is concerned with understanding the geometry of moduli spaces of stable
quotients. One feature of stable quotients is that in genus 1 when the target is projective space, the
moduli spaces Q,(P"~!,d) compactifying spaces of maps without marked points are smooth. This
makes it feasible to address many questions about the geometry of the spaces Q, (P"~!,d) that were
previously addressed for Mg, (P"~1, d).

Previously, there have been other constructions of smooth compactifications of genus 1 maps.
In [VZ06], Vakil and Zinger construct a smooth compactification ]\A/[/Lm(Pnfl,d) by sequentially
blowing up loci in the Kontsevich stable maps moduli space. Zinger subsequently used these spaces
to compute the genus 1 Gromov-Witten invariants for the quintic threefold, validating physicists’
predictions. The relation between the Vakil-Zinger compactification and stable quotients can be

thought of in the following way. We have maps

My (P, d) - B, (P71 d) — @, (B, d)

Where M?)m(]?’”’l, d) denotes the main component of the moduli space of stable maps. The

Vakil-Zinger space is in this sense larger than stable maps, while stable quotients are smaller, and



in the case m = 0 here, smooth. The Vakil-Zinger spaces have the advantage of being smooth even
with marked points.

Our goal here is to understand the basic features of the geometry of the spaces Q,(P"~!,d).
Q,(P"~1,d) is a smooth Deligne-Mumford stack of dimension nd [MOP09] hence it is natural to
consider the following questions. What topological information can be computed? The cohomology
ring? Betti numbers? Geometrically, we can ask for the analogues to the known results in genus
0 for Mo, (P"~!,d). What is the Picard group and canonical divisor? (Computed in genus 0
by Pandharipande in [Pa97] and [Pa99].) What are the cones of ample and effective divisors?
(Computed in genus 0 by Coskun-Harris-Starr in [CHS08] and [CHS09].) Is it possible to run Mori’s
program on this moduli space? (Addressed in genus 0 by Chen-Chrissman-Coskun in [CCC09].)

We address most of these questions for the case of the moduli spaces Q;(P"~!,d). The main
tools we use are the virtual Poincaré polynomial, a Biatynicki-Birula stratification when n > 2, and
standard intersection theory.

The main results presented here are the following:

First the Poincaré polynomial of Q;(G(1,1),d) is computed, and the expected symmetry of

Poincaré duality is seen directly in the proof.

Theorem 2.3.3 If d is odd,

1 2d ;
Pg,cam.a®) = 53 d(1+ )1+ 9T +Z¢ )1+t ) +Zt2f

k|d

and if d is even,

1 |d a5 d
Pg,canat) =55 2(1+t2) (1+14)2 2+§(1+t4)

nla

d—1
+ Z¢(%)(1 +EE)R |+ _Z:tzj-
o

k|d

Using the Biatynicki-Birula stratification for the moduli space we are able to give a formula for
the Poincaré polynomial of @;(P"~!,d) in terms of sums over decorated graphs. We use this to

show that:

Proposition 3.5.4 For all n,d, and all i odd, h*(Q,(P"~',d),Q) = 0. That is, the odd rational

cohomology of @ (P"~!,d) vanishes.
and that

Theorem 4.0.6 The Picard rank of Q,(P"~!,d) is equal to h?(Q,(P"1,d),Q) = 2.



The Picard rank being 2 greatly simplifies divisor computations on these moduli spaces, and
we are able to describe much of the divisor theory of the moduli spaces @, (P"~1,d). The divisors

Dj,D¢q4, and Dy are defined in Section 4.1.
Theorem 4.3.1 The nef cone of @, (P"~!,d) is bounded by the divisors D; and Dq.
Corollary 4.4.1 Q,(P"~!,d) is a projective scheme.

Theorem 4.5.1 The effective cone of @, (P"~!,d) is bounded by the divisors D; and Dy

Theorem 4.6.1 K5 (pn-1 g = (d_ll‘*‘(dl;l)(”—l))Dj — nDy.

Finally, by direct analysis, we prove that
Theorem 5.1.1 Q;(P"~!,d) is unirational.
Finally, we show that

Theorem 5.2.1 Q(P"~!,d) is a Mori fiber space, hence minimal in the sense of the minimal model

program.

1.2 Definitions

In this paper we work over C, and by curve will mean a reduced connected scheme of pure dimension
1. We begin by recalling the definition of stable quotients, as introduced in [MOP09]. In [MOP09]
a more general definition allowing marked points is given, but as we will be concerned only with the

unmarked case, we state only that definition here.

Definition 1. Let C be a curve with at worst nodal singularities, of arithmetic genus g. A quotient
q of the trivial sheaf

055=C"®0c5Q—0
is a quasi-stable quotient if Q is locally free at the nodes of C.

Quasi-stability implies that
(i) the torsion subsheaf 7(Q) C @ has support contained in C™*, the nonsingular locus of C', and

(ii) S is a locally free sheaf on C.



Definition 2. Let k denote the rank of S. Given C' and a quasi-stable quotient Q on C, the data

(C,q) determines a stable quotient if the Q-line bundle
we ® (A*S*)®€ is ample for all 0 < € € Q. (1.1)

No amount of positivity of /\k S* can stabilize a genus 0 component unless it contains at least 2

nodes, and if such a component has exactly 2 nodes, then /\k S* must have positive degree on it.

Definition 3. Two quasi-stable quotients
055> C"®0c5Q—0 and 058 =>C"®0cHQ =0

are strongly isomorphic if S, S’ C C* ® O, are equal.

An isomorphism of quasi-stable quotients
¢:(Coq) = (C',q)

is an isomorphism of curves ¢ : C = C’ such that the quotients q and ¢*(q') are strongly isomorphic.
In [MOPO09], Marian-Oprea-Pandharipande prove the following:

Theorem 1.2.1 ([MOPO09] Theorem 1). The moduli space of stable quotients @g(G(k,n), d) param-
eterizing the data

(C,0 S —=C"®0c % Q—0)

with rank(S) = k and deg(S) = —d is a separated and proper Deligne-Mumford stack of finite type

over C.

Theorem 1.2.2 ([MOP09] Proposition 1). Q,(G(1,n),d) = Q,(P"',d) is a smooth irreducible

Deligne-Mumford stack of dimension nd for d > 0.

1.3 Notation and conventions

The stability condition (1.1) constrains the isomorphism type of the underlying curve C. In genus
1, there are only two possibilities. If (C, ) is a stable quotient, either C' is a smooth genus 1 curve,
or C' is isomorphic to C;, a cycle of ¢ rational curves, and S* has positive degree on each component
of C;. Thus for a stable quotient in @, (P"~!,d) the underlying curve C is either a smooth genus 1

curve or is isomorphic to C; for 1 <14 < d. This gives a natural stratification on @, (P"~1,d).



Figure 1.1: For example, the curve Cj.

Following the notation of [MOP09],

Definition 4. Let Mg,mw be the moduli space parameterizing genus g curves with markings
{p1, ot U{aq1, -, qa} € C™ C C satisfying

(i) the points p; are distinct,

(i) the points q; are distinct from the points p;

with stability given by the ampleness of

m d
we(Y_pited a)
i=1 j=1

for every strictly positive € € Q.

Note that the points g; can collide. Mg,mw is a special case of Hassett’s more general construction
of weighted pointed spaces of curves, namely where the points p; each have weight 1 and ¢; each
have weight ¢, for € < é.

We end with an alternate description of the moduli space Q,(G(1,n),d). Given a line bundle S
and an inclusion 0 — S — C" ® O¢, the dual sequence is C" @ Oc — S* — 0 and is equivalent to
the data of n sections s; € H(S*). So Q,(P"~!,d) can alternatively be described as parameterizing,
up to isomorphism, tuples (C, S*, (s, ..., Sn—1)) where S* is some line bundle of degree d and s; €
HO(S*), subject to the same stability condition (1.1). In this notation, (C,S*,(sq,...,8n_1)) ~
(C", 8™ (sh,...,s0,_1)) if and only if there exists A € C* and ¢ : C' = C” such that \- s\ o0 ¢ = s;, for
all 4.

In the case n = 1 then, Q,(G(1,1),d) parameterizes pairs (C, D), C a curve of genus 1 and D
an effective divisor of degree d on C, up to automorphisms of C. Stability requires D to have at
least one point on any rational component with exactly two nodes, and (C, D) ~ (C’, D') if there is
an isomorphism ¢ : C' — C’ with ¢(D) = D’. We conclude that Q,(G(1,1),d) is isomorphic to the

quotient M1 gq/Sa.



Chapter 2

Topology of Q1(G(L,1),d)

In this section we compute the Poincaré polynomial of @,(G(1,1),d). The main tool used is the
virtual Poincaré polynomial, which is additive on locally closed stratifications. The stratification we
use here is the one introduced earlier, by isomorphism type of the underlying curve. @Q,(G(1,1),d)
has d+1 strata: Uy, the strata where C'is a smooth genus 1 curve, and Afi, the strata where C' ~ C;,
for 1 <4 < d. Our task reduces to computing the virtual Poincaré polynomial of each stratum. We

begin by recording the definition and some basic properties of the virtual Poincaré polynomial.

2.1 Introduction to the Virtual Poincaré Polynomial

Given a compact (possibly singular) variety M and any U C M the complement of a normal crossing
divisor, there is a mixed Hodge structure on the cohomology groups with compact support H*(U, Q)
[D71], [V03]. This mixed Hodge structure gives a weight filtration W on these cohomology groups,
and the coefficients of the virtual Poincaré polynomial are defined from the dimensions of these

graded pieces

Definition 5.

Py (t) =Y (1) dim(Grig (HE(U))t™.
m,k

We collect here a number of properties of the virtual Poincaré polynomial. The first two can be

found in [F93].

e If X is a smooth complete orbifold, then the Poincaré polynomial and virtual Poincaré poly-

nomial are equal, Px (t) = PY¥"(t).



o If Z is a closed algebraic subset of X and U = X \ Z, then Px(t) = Py(t) + Pz(t). Hence

PYT(t) is additive on locally closed strata.
We give proofs for the remaining three.

Lemma 2.1.1. Given a fiber bundle m : X — B whose local systems Rimw,Q are constant for all i,

the virtual Poincaré polynomial is multiplicative, that is P¥"(t) = P (t) x PRiT(t).

Proof. The standard tool for computing the cohomology of the fiber bundle X is the Leray spectral
sequence EJ = HW (X, Q). Deligne showed [D71] that for a projective fibration this spectral
sequence degenerates at the Ey term, where E;J = HY(B, R’mQ). By M. Saito’s theory of mixed

Hodge modules, the Leray spectral sequence for cohomology with compact supports
Ey’ = H{(B, ’'mQ) = HIY (X, Q),

also degenerates at the Ey term, and is a spectral sequence of mixed Hodge structures [Sag89].
Assuming the local systems R, Q are trivial for all ¢, by an analogue of the universal coefficient

theorem H(B, Ri7.Q) = H{(B,Q) ® HI(F,Q), so

PY7 () = S (—1)M 7 dim (G (HE (0™

m,k

= (-)M™dim(Griy (HF (B, R m,Q)t™

m,k

— Z (—1)Hitatbdim (Griy, (HY(B)) ® Griy (HI(F))) t™
a+b=m,i+j=k

> (=1 dim (Griy (HA(B,Q))) t* | | Y (1) dim(Grly (HI(F,Q))) t*

a,i b,j

= P (t) x Pp"(t).

O

Lemma 2.1.2. If a finite group G acts holomorphically on P", the virtual Poincaré polynomial of

the orbifold P" /G is 1 + 2 + ... + 2.

Proof. If a finite group G acts holomorphically on a smooth projective variety X, H/(X/G,Q) =

H7(X,Q)¢. For smooth orbifolds the virtual Poincaré polynomial and Poincaré polynomial are

equal so it will suffice to compute the ranks of H’(P",Q)%.



For j odd, the rank is trivially zero. For j even, H’(P", Q) is one-dimensional and generated by

the class of a linear subspace S. Let

ai=3"g(s)

geG
be the G-orbit of S. By assumption each ¢ € G acts holomorphically on P", in particular is
orientation preserving. So there is no cancellation in this sum and « is nonzero and by construction

in H7(P",Q)%. We conclude that H7(P", Q)% is one-dimensional for j even. O

Lemma 2.1.3. If a finite group G acts linearly on C”, the virtual Poincaré polynomial of the orbifold
Cr/G is t*".

Proof. 1f G acts linearly on C", this action can be extended to P", and when this is done, the original

C" and the P! at infinity are invariant subspaces of this action on P". Hence
PUT(BT/G) = PUT(CT/G) + PUT (PTG,
the previous lemma applies to both projective spaces, and we have
L+ + . 4+t =P (C"/G) + 1+ + ... + 177,

completing the proof. O

2.2 Computation of the virtual Poincaré polynomial of the
main stratum Uy

2.2.1 Thecasesd=1and d =2

For d > 3, the moduli space M; ;[d] of elliptic curves with full level d structure will be central to our
computation of the virtual Poincaré polynomial of Uy. Because M 1[d] is a fine moduli space only
when d > 3, our general approach cannot be applied when d = 1 and d = 2. We begin by computing
the virtual Poincaré polynomials of U; and Us directly.

When d =1, Uy ~ M; so

i 2
Py =2, (2.1)

Let M1 denote the moduli space of P! with five points ([by, bo, b3, bs],a) on it, where the



P1

C
p2
% o—X P’
b, a b,

Figure 2.1: Map from U, to M {41,

points b; are unlabeled and not permitted to collide with each other, and there is no constraint
on the point a. When d = 2, Uy ~ M®*Y and the isomorphism ® between these spaces is the
following. Take a point (C, (p1 +pz2)) € Ua. The linear system H®(O¢(p1 +p2)) determines a double
cover f: C — PL. Let by,...,bs be the distinct branch points of f and a = f(p1) = f(p2). Then
O(C, (p1 +p2)) = (b1, ba, b3, 4], a).

To compute Pf}?(t)7 we use the following lemma, which is a special case of Theorem 5.4 of

[GPO5].

Lemma 2.2.1. Let G be a connected algebraic group and X a quasi-projective variety a G-action.
If the action of G on X is almost-free, that is, the isotropy groups of the action are finite, then
P (1) = PY" () P4 (0)

Let MY denote the parameter space of 4 distinct unlabeled points on a fized P!. Similarly, let
M4 denote the space of 4 distinct unlabelled points and 1 unconstrained point on a fized P.
PGLs5 acts naturally on both these spaces. Note that 9)?<4>/PGL2 ~ A! because 4 distinct branch
points on P, up to Aut(P!), determine a smooth g = 1 curve, and conversely. So

Uy~ MY ~ gnl / PGLy ~ (P! x MW)/PGL,.

Applying Lemma 2.2.1,

 PET(H)PY, (1)

Pm’r 1) = Pvir 1) = / M (4)
Uz ( ) (Pt ><9;)?<4>)/PGL2( ) Plgng (t)
— PUT(OPYty por, () = PET(OPLT() = (14 £)(12). (2:2)

For the remainder of the discussion of Uy, we assume d > 3.

10



2.2.2 Construction of U; as the quotient of a projective bundle

To compute the virtual Poincaré polynomial of Uy, we give an explicit construction of U;. We begin
by recalling some facts about moduli spaces of elliptic curves. The automorphism group of all but
two elliptic curves is Z/2. The exceptions are &4 and &g, with automorphism groups Z/4 and Z/6,
respectively. We will write ]\71,1 = M1\ {&4,&}, and generally for any moduli space X of genus 1
curves and additional data, will denote by X the moduli space of a genus 1 curve other than &, or

&6, with the same additional data.

Definition 6. Fiz (g a d* root of unity. M 1[d] is the moduli space of elliptic curves with full
level d structure, and parameterizes the data of an elliptic curve (C,p) with a basis (e1,e2) of the

d-torsion of (C,p), such that the Weil pairing {(e1, e3) = (q4.

G = Sp2(Z/d) acts on M 1[d] in the following way: for g € G, g-(C,p, (e1,e2)) = (C,p, (ge1, gez2)).
The subgroup (—1,—1) C Sp2(Z/d) acts trivially, and in fact M;; is the quotient p : M 1[d] —
My 1[d)/(Sp2(Z/d)/(Z/2)) ~ M 1. Moreover, Sp2(Z/d)/(Z/2) acts freely on M, 1[d], so 5 : My 1[d] —
Ml,l is etale, and p is ramified exactly over £, and &g.

As we've taken d > 3, M 1[d] is a fine moduli space and carries a universal curve 7 : C — M 1[d]
together with a section o. By cohomology and base change 7.O¢(do) is a rank d vector bundle over
M 1[d].

The projectivization Py := P(7.0O¢(do)) is a P~ bundle over M 1[d]. This is a fine moduli
space parameterizing the data (C,p, (e1,e2), [s]) where (C,p) is an elliptic curve, (e1,ez2) a basis for
the d-torsion of that elliptic curve with fixed Weil pairing, s € H°(O¢(dp)) a meromorphic function
on C with at worst a pole of order d at p, and [s] the class of that function up to scaling by C*.

There are two natural finite group actions on Py. The first is by H := (Z/d)?. To describe this
action, note that on a smooth elliptic curve (C,p), H*(Oc(dq — dp)) = 0 unless ¢ is a d-torsion,
in which case Oc(dg — dp) ~ Oc and H°(Oc(dg — dp)) = C. Let 7, denote the translation of C
sending p to gq.

Fix (o, 8) € H. Let ¢ = p+aei + ez and 7(4 g) = 74. Pick a nonzero f, 5 € H°(Oc(dp—dq)) =
C. Define the action of H on P(m,.O¢(do)) by (o, B) - (C,p, (e1,e2),[s]) = (C,p, (e1,e2), [T(;:ﬁ) o
(fa, - 8)]). Because f, g was unique up to scaling, this action is well defined and H acts fiberwise
on the bundle P;,.

The second action is by G = Spa(Z/d). Given g € G, g-(C, p, (e1,e2),[s]) = (C,p, (ge1, gez2), [s])-
Unlike with the action of G on Mj 1[d], the subgroup (—1, —1) does not act trivially on P,. Specifi-

cally, at any point = € Mm[d] the isotropy group of this action is Z/2, while the isotropy groups at
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(€4,p) and (&g, p) are Z/4 and Z/6, respectively. These isotropy groups all act nontrivially on the
fibers of Py, so in the quotient of Py by G, the fibers over &4 and & will be further quotients by Z/2
and Z/3, respectively. On 13;, the action of G can be considered in two parts - a Z/2 action that
acts fiberwise and an equivariant, free G/Z/2 action.

Recall that Uy can be described as the moduli space parameterizing (C, D), C' a smooth genus
1 curve and D an effective divisor of degree d, up to automorphisms of C. There is a forgetful map
® : P; — Uy defined on the moduli functors, ®(C,p, (e1,e2),[s]) = (C, |s|), where |s| is the zero set

of the section s of O¢(dp). This induces a map of the schemes Py — U,.
Proposition 2.2.2. U; = (P;/H)/G.

Proof. By Lemma 2.2.3 @ is surjective, and by Lemma 2.2.4 the preimage of every point in Uy is a

G x H orbit. O
Lemma 2.2.3. ® is surjective.

Proof. Fix a point (C, D) € Uy. To show that ® is surjective it will suffice to produce a point p € C'
and a meromorphic function f € H°(O¢(dp)) such that D is the divisor of zeroes of f as a section
of the line bundle H°(O¢(dp)). Pick any point z € C to produce an elliptic curve (C, z). Suppose
D =p; + ...+ pg. Using the group law on the elliptic curve, we can take the sum ¢ = p; + ... + pg,
and then pick a point p such that dp = ¢. Finally, pick any basis (e1, ez) of the d-torsion of (C,p)
with (e1, e2) = (4. Then ®(C,p, (e1,e2),[f]) = (C, D). O

Lemma 2.2.4. The preimage of each point in Uy under ® is a G x H orbit.

Proof. Fix a point (C,D) € Uy, and suppose (C,p, (e1,e2),[f]),(C,p, (e},€h),[f']) are both in
®~1(C,D). O(D) = O(dp) = O(dp’) so p' is a d-torsion point of the elliptic curve (C,p). There is a
unique h = («a, 3) € (Z/d)? such that p’ = p+ ae; + Bea. There is a unique g € Spa(Z/d) such that

(€, ¢e5) = (gTa,p€1,9Ta,pe2). It remains to show that

g- h(Cvp’ (61762)7 [f]) = (C’ Ta, 8D, (gTa,ﬁelagTa,ﬁe2)7 [T;,ﬁf]) = (C7pl7 (6/17612)7 [fl])

All equalities but [7 5 f] = [f '] are by construction, and the last is true because the isomorphism

H°(O(dp)) to HO(O(dp') is exactly 77 5.
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G acts on Py by Z/2 on the fibers and the quotient G/(Z/2) acts equivariantly. So we can study
(P4/H)/G by first taking the quotient P;/H, where H := H x Z/2 acts fiberwise, and then taking

the further quotient by G := G/(Z/2).
Py

Py/H —— Py/H[G =Ty

l |

Mlﬁl[d} e Ml,l
In the following, we will call X a fiber bundle over base B if X is an algebraic variety mapping

to B and the map f : X — B is locally trivial in the etalé topology.
Proposition 2.2.5. Uy = (E/H)/G is a fiber bundle over MM, with fibers P41 /H.

Proof. Since ]3/,; is the projectivization of a vector bundle over ]\A/[/Ll[d], it is Zariski locally trivial,
which implies etale locally trivial. By Lemma 2.2.6 /PZ/ISI is a P91 /H bundle over Mm[d]. Since G
acts freely and equivariantly on Py /H over M, 1.1]d], the bundle descends to a fiber bundle (/PZ /H)/G
over Ml,l with fibers P41/ H. O

Lemma 2.2.6. Given a fiber bundle X — B with fibers P™ and an action of a finite group H on X

such that H acts fiberwise, the quotient X/H is a fiber bundle over B.

Proof. Tt will suffice to give local trivializations respecting the H action. Start with any local
trivialization of the fiber bundle P* x U — U, b € U. We can consider the trivial families of
algebraic groups H x U, PGL,, x U, and SL,, x U. The action of H on X|y determines a map
H xU — PGL, x U, and we can take the fiber product

H —— SL,xU

! l

HxU —— PGL, xU
Each fiber of H over U will be an extension of H by Z/n, and since the moduli of finite groups
is discrete, they will all be isomorphic to a fixed group H. After possibly an etale base change to V,

we can trivialize H to obtain

HxV ——s SL,xV

l l

HxV —— PGL, xV

So we have an action of H on the bundle Y = C" x V — V, the representation R on each fiber
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isomorphic because taking the character on each fiber is a continuous function on V. Let Z be the
bundle C" x V — V with H acting on Z via the representation R on the first factor. By Schur’s
lemma the vector bundle Hom(Z,Y") is a line bundle on V. Take a nonzero section, and let W be
the open set on which it does not vanish. Over W, Z gives a trivialization of Y for which the H
action is via only the first factor. Projectivizing, we obtain a trivialization of X over W on which

H acts via only the first factor, as desired. O

2.2.3 Computation of the virtual Poincaré polynomial of U,
Lemma 2.2.7. Rjﬂ'*(@ﬁd is a trivial local system on Ml,l-

Proof. We will show that R’ mQp, is trivial by demonstrating a nonvanishing global section. A
nonvanishing global section of Rjﬂ'*(@ﬁd = Rjﬂ'*(@(ﬁ; i oye is simply a nonvanishing H-invariant
G‘—equivariant global section of R’ 71'*@13;.

E is the projectivization of a vector bundle over Mlﬁl[d], hence is Zariski locally trivial. So we
can cover I‘Z by open sets 2 over which there is a trivialization E|Q = Q x P41, For any such
Q, fix a linear subspace A C P4~! of dimension j. Under the trivialization, this gives a subvariety
A=A x Q of Pylg. The union M= Yonenh-Ais H-invariant, and its class [)\H] € HI(Pylq) is
H-invariant and é—equivariant. Because the action of H is holomorphic on P41, it is in particular
orientation preserving and hence for each point ¢t € €, the class [)\H (t)] is a nonzero element of
HI (P41, Q).

In this way we obtain a section sq € ij(@;,; (Q) for each Q in the cover. For , ' two open
sets of the cover, the sections sg and sq/ agree on the intersection, so this defines a nonvanishing

H-invariant G‘—equivariant global section of R’ W*Qfgd, as desired. O
Proposition 2.2.8. Py (t) = (1+...+t2472) . PyI" () = (£* + ... + t77).

Proof. By the additivity of the virtual Poincaré polynomial on locally closed stratifications,

Py (t) = PEr(t) + Pty t).

|J‘/11,1\1\71,1

Because we've shown that the local system R’ m(@ﬁd is trivial, we can apply Lemma 2.1.1 to see
that Pz’ﬂé’“(t) = Plgjjfl/ﬁ(t) : P%;l(t), and by Lemma 2.1.2, this is (1 + ... + t2d’2)PXﬂ}il(t).

Meanwhile, the complement M 1 \MM consists of two points {4 and &g, and Ugle, (resp. Uqgle,)
is P41 /H further quotiented by Z/2 (resp. Z/3). In any case, by Lemma 2.1.2, the virtual Poincaré

polynomial of these fibers is also (1 4 ... + t29=2), and we conclude that
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Py = (L4 A 2T PET () + (L4 + 2P () = (1 + 2P ()

as desired. O

Note that Proposition 2.2.8 holds for all d, as the expressions for d = 1 and d = 2 given in

Equations (2.1) and (2.2) match this formula.

2.3 Boundary strata

Now we compute the virtual Poincaré polynomial of the strata Aj. Recall that AY is the moduli
space parameterizing sets D of d unordered possibly coincident points on C}**, the nonsingular locus
of C;. D is isomorphic to D’ if there is an automorphism ¢ : C; — C; such that ¢(D) = D’. Because
we work with objects modulo isomorphisms, in the remainder let us consider C; to be rigidified by
the requirement that the two nodes on each component be {0,000} € P!, and one component meets
the next by gluing 0 to co. With this data fixed, the automorphism group of C; is (C*)* x D,
where (C*)? acts by scaling on each component and the dihedral group D; acts by the standard
representation on an i-gon in the plane.

We further stratify A into substrata defined by fixing, modulo the action of D;, the number of
points on each component of C;. Let A}[dy,...,d;] denote the subset of A% with d; points on one
component, do points on the next, and so on. We will show that PKZ[dl,...,d,q(t) = t2(4=9) and count
the number of such substrata.

Lemma 2.3.1. P}'" (t) = t2(d=1)

Glda,... ds

Proof. The simplest case is A}. Here C; is a nodal P! and there is only one substratum
Agld] =~ Sym?(P' \ {0,00})/(C* x Z/2).

Under the isomorphism Sym?(C*) ~ C4~! x C* given by {ai,...,aq} — (bo,...,ba_1), where z¢ +

ba—129" + ...+ by = (2 — a1)...(z — aq), the action of C* x Z/2 is

(A%bg, ..., Abg_1), if 7 =id € Z/2
()\,T)(bo, ceey bd—l) =

ba_ b . .
()\%bo’ )\dd—illboa-“, Tblo)7 if 7 7é id S Z/2
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So

Agld) = Sym?(C*)/(C* % Z/2) = (Sym®(C*)/C*)/(Z/2) = (C*~/Z/d)/(Z/2)

and we conclude that ngr[d] (t) = t?(4=1D) by Lemma 2.1.3.

In the general case,

Aildy, ..., d;] ~ (Sym™(C*) x ... x Sym® (C*)) /(C*)" x D;
= (Sym™ (C*)/C* x ... x Sym® (C*)/C*) /D;
= (C)"H(Z/dy) x ... x (CYE71/(Z/d;)) | Di.

Again, by Lemma 2.1.3 we conclude Pzif[dl ag(t) = t2(d=1), O
Wldy s ;

It remains now only to compute the number of substrata of Aﬁl. We do so by observing the
following bijection between the substrata Aﬁl[dl, <.y d;] of A% and necklaces of i black beads and
d — i white beads. The substrata of AY, are indexed by i-gons decorated with a choice of a number
d; > 1 for each side, d; denoting the number of points of D on the corresponding component of C;.
Construct a necklace from such a decorated i-gon by putting one black bead at every vertex and
d; — 1 white beads on each edge.

Let us denote by Né,i the number of necklaces of 7 black beads and d — 7 white beads. We

conclude

o, ; d . -
Proposition 2.3.2. Pﬁ"“AZ ) =0, chl_itz(d i)

Combining this with the results of Section 2.2,

. @
o o
— . » — o
o
Q g
P e e PO
A decorated 5-gon. The associated necklace

Figure 2.2: An example of the bijection between substrata A}[dy, ..., d;] and necklaces.
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Pé; (G(1,1), d)( ) ( -+t Z]\ﬂ it @

d
=+ ..+ 272 £ NG 2
=0

=142 4+ .. + 242472 4 424

Note that the necklace counting problem is symmetric under the interchange of the black and
white beads. That is, Né_i = Nid*i. By Poincaré Duality, we know the Poincaré polynomial of
Q,(G(1,1),d) will satisfy

vir vir 2d
Py can.a® = Pglcan.g® ) £

In this particular case, switching black and white beads is the explicit manifestation of this expected
symimetry.

The question of counting necklaces of colored beads is a classical one in combinatorics. Such
necklaces are named “Polya’s necklaces” in honor of Polya who gave a formula for the generating

function for N, (also given independently by Redfield) [Po37], [R27]. Using his formula we conclude

Theorem 2.3.3. If d is odd,

Fg a0 = P5lca e

1
= — [da+2)(1+tHY> +Z¢ )1 +t%) Zt”

2d
k|d
and if d is even,
P@(G(led)( )= PgT(G(l 1), d)( )
= Lo mie g Lo +Z¢ (14¢%)k +it2ﬂ'
2d | 2 X L

k|d

where ¢ is Fuler’s totient function.
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Chapter 3

Topology of Q{(P"~ ! d)

3.1 Introduction to the Bialynicki-Birula stratification

Let X be a smooth projective variety with a C* action. The fixed locus X©" is smooth and hence the
disjoint union of irreducible components Xi |J...|J X, [I72]. Biatynicki-Birula [B74] gave a natural

stratification of X indexed by fixed loci X;, namely the cell X;’ associated to X is defined as

X ={zeX | g\in}))\meXi}.
—

An alternate description is by considering the normal bundle N; to X;. N; decomposes into a

direct sum

meZ
where N;(m) is the subbundle of N; composed of semi-invariants of weight m. Then X" is isomorphic

to the total space of the subbundle @,,50N;(m). Let d;(m) = dimN;(m), df =Y, - di(m).

Theorem 3.1.1. (/B74] Theorem 1) If X is a smooth projective variety with a C* action, then
Px(t) =Y Py, (1)t .
i=1

It is natural to extend this result to singular varieties [CG83], and in fact Theorem 3.1.1 can be
extended to the case that X is a smooth Deligne-Mumford stack, giving a tool for computing the

Betti numbers of such stacks. Specifically,

Theorem 3.1.2. ([F06] Proposition 1.) Let X be a smooth projective orbifold with a C*-action, let
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F be the fized locus and let F; denote its connected components. Then
(i) X is the disjoint union of locally closed subvarieties S; such that every S; retracts onto the

corresponding F; and

%I
N
n

.
v

(ii) the Betti numbers of X are

W™MX) = W (E)
where n; is the codimension of S;.

Note that for all Deligne-Mumford stacks with a coarse moduli scheme, the cohomology groups

with Q coefficients of the stack and the scheme are equal.

3.2 C* fixed loci of Q,(P" ! d)

To use Theorem 3.1.2 to compute the Poincaré polynomial of Q,(P"~!,d), we begin by fixing an
action of C* on @, (P!, d) and describing the fixed loci of that action. Fix a general (w, ..., w,_1) €
Z™ (in particular such that w; have no common factors) satisfying wy < wy < ... < wp—1. Let C*
act on C™ via

A (’JS‘()7 ...7l’n_1) = ()\wol’o, ...,)\wn*ll’n_l).

This induces a C* action on @, (P"~1,d) by letting C* act on the middle term C" ® O¢ of each
stable quotient.

The fixed loci for this action on any stable quotient space Q,(Gr(k,n),d) are described in
[MOPO09]. We record their result in the genus 1 rank 1 case here, with simplified notation. The fixed
loci of Q;(G(1,n),d) come in two types.

Type A.

There are n fixed loci isomorphic to Q;(G(1,1),d). They are X, := i,(Q;(G(1,1),d)) for 0 <
¢ <n — 1, where the inclusion i, : Q;(G(1,1),d) — Q(P""1,d) is defined by
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O@Z O@e

5% @
iw:(CL0S—=-0-Q—-0—=|C0=S— O - Q —0]. (3.1)
5% >

O@(nféfl) O@(nféfl)
Type B.
These fixed loci are indexed by the following decorated graphs:

e I': an m-cycle. Let the vertices be labelled {v;|]1 < i < m} and the edges {e;|1 < i < m}

where e; is the edge from v; to v;11.

v : {vertices} — {C* fixed points in P"~1}

s : {vertices} — {non-negative integers}

d : {edges} — {positive integers}

subject to the constraints

v(v;) # v(Vit1) (3:2)

with the indices taken modulo m, i.e. v(v,,) # v(v1), and

> s(vi) +0(e;) = d. (3.3)

i

To fix notation, name the C* fixed points in P"~! py, ..., p,—1 where p; = [0:...: 1:...: 0] with
all but the j* coordinate equal to 0. If v(v;) = p;, we will write ; = j. Similarly, let s; denote
s(v;) and 0; denote d(e;). The value of s on a vertex will record the amount of torsion on the curve
associated to that vertex and the value of § on an edge will be the covering number for the map
from the associated P*.

Fix such a decorated graph I'. Let u be the number of vertices for which s; > 0. The points of
the associated fixed locus X are certain stable quotients on C ~ C,,4,,, the cycle of m + p rational
curves. C consists of components {C,, } for ¢ such that s; > 0 and {C¢, } for all ¢, glued by the graph
incidences. Using the notation introduced in Section 1.3 let C’' ~ C,,, be the m-cycle of rational

curves obtained by gluing only the components {C,,} along the graph incidences.
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Figure 3.1: T" and its decorations

Xr is isomorphic to H Mg s, /Ar, where Ar is the extension of Aut(I') by [[Z/d;, as de-

i|s; >0
scribed in [Ho03] Sec. 27.3. The map ¥ : H Mg s, — Xrp is given as follows. Fix a point
i]5;>0
¢ € H Momsi. For each ¢ such that s; > 0, ¢ specifies marked points {p1,p2} U{q1...¢s;,} on

i|s;>0
C,, ~ P!, The stable quotient on the component C,, is

O — OCU1, (_QI"' - qs'i) — Cn ® OCU7 - Q — O

where the inclusion is into the factor of C"®0O¢,, determined by the C*-fixed point of P"~! associated
to v;. Namely, if v(v;) = p; then Oc,, (—qi1... — gs,) injects into the §*™ copy of Oc,,

The stable quotient on the component C,, is obtained as follows. Let L ~ P! be the line in P!
between v(v;) and v(v;11). Let

fi:Ce, ~P* - L

be the map of degree d(e;) ramified over completely over v(v;) and v(v;11). The stable quotient on
C,, is obtained by pulling back the tautological sequence of P"~! along f;.

By construction the stable quotients on the components C,,, and C,, are compatible so they can
be glued to obtain a stable quotient on C, and this is the C*-fixed point ¥({). The induced map

U /Ar is a closed immersion of Deligne-Mumford stacks.

3.3 Bialynicki-Birula Cells

To use the above C* action to compute the Poincaré polynomial of Q;(P"~!,d), we must compute
the fiber dimension of each cell. We describe the two cases Type A and Type B separately.

Type A.

Given a fixed locus X, as described in the previous section, the normal bundle N, to X, is

Hom(S,0%¢ @ 0®(=t=1)) and the subbundle of positive weight is N, = Hom(S, 0%*), with di-
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mension

di =d¢. (3.4)

Type B.

To compute the fiber dimension d;r of the Bialynicki-Birula affine bundle over Xr, it suffices to
take any point x € Xr and compute the weights of the C* action on the normal bundle Nt to Xrp
at z. dff is the number of positive weights of this representation.

First consider the case that all s; = 0 in the decorated graph I'. Then the associated fixed locus
is a point and the associated stable quotient is the pullback of the tautological sequence of P71
along the map f : C — P"~! described above, where (recall the notation introduced in Section 1.3)
C ~ Cy, with components {C,,}. In this case the deformation theory is just that for stable maps,
as described in [Ho03]. The normal bundle in this case is just the tangent space to the point, which

in K-theory is
—Aut(C) + @ HO(fi Ten—) = @D HO((f*Tpn1)|Cy,) + Def(C).

Note in this case the curves C' = C’ are equal.
In the general case, Marian-Oprea-Pandharipande compute that for each nonzero s; the tangent

space has an additional summand of
By H (Oc(03)|0i) ® [wj — wy )]

where o; C C,, is the divisor of torsion points corresponding to s; and j runs from 0 to n — 1.
H°(O¢(0;)|o;) carries the trivial C* action and [w; — w, ;)] denotes the vector space C with the
representation A - v = A% ~*»@y [MOP09].

We conclude that in K-theory, the fiber of Ny at x is

—Aut(C") +@H0 FiTpar) @HO (f*Tpu=1)|Co,)+Def(C)+ED P H(Oc(0:)loi)®w;—w, ;).
i jF#v(i)
(3.5)
Arbitrary subsums of this expression in K-theory will not necessarily correspond to vector spaces,

but the following decomposition does correspond to a decomposition into three vector spaces: Nr|, =

N1 @NQ @Ng, where
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Ni =@, Ni(i) = @;[HO(fi Tpn—1) — HO((f*Tpn-1)|vis1) — Aut(Ce,)]
Ny = @, No(i) = Def(C) (3.6)
N3 = @1 N3 (i) = @’L EBj;éi HO(OC(Ui)‘Ui) ® [wj — w;].

The C* weights of Ny(i) are

—6;<c< -1
é(ww - wui_H) for all
' 1<e<é—1
and (37)
JFviory_
wj — (Sigfcwui + 5 wu.,,) for all 7 !

The vector space Na(i) is the deformation of C' given by smoothing the node v; if s; = 0 or

smoothing the two nodes on C,, if s; # 0. The C* weights of Ny(i) are thus

Wy oy + Wy — 2wy, ifs; =0

or (3.8)

Wy, — Wy, and w,, |, — w,, if s; # 0.

i i

Finally, the C* weights of N3(i) are easiest to calculate, and are

{ w; — w; with multiplicity s;, for all j # 4. } (3.9)

So the set of all weights of the normal bundle to Xt are given by the expressions (3.7), (3.8),
(3.9) as i runs from 1 to m. The dimension of the fibers of the affine bundle X; over Xr is d', the

number of positive weights.

3.4 Poincaré Polynomials of the Fixed Loci

Type A.

The fixed loci of Type A in Q, (P" 1, d) are each isomorphic to Q; (G(1, 1), d) with Ps ca,1,a®)
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given by Theorem 2.3.3.
Type B.

A fixed locus Xt of Type B is isomorphic to

H (HOQ\&‘/S‘%)/AF’

i\si >0
where we take the convention that the empty product is a point.

Lemma 3.4.1. ([MOPO09], Lemma 2). For d > 0, the Poincaré polynomial of M 5)q/Sa is

PM[)’Q‘d/Sd (t)=(@1+ t2)d*1.

Lemma 3.4.2. Px..(t) = [[;5,50(1 + £2)si-1

Proof. Lemma 3.5.3, does not compute the Poincaré polynomial directly if Aut(I') is not trivial.
But in that case, a slightly modified version of the proof of Lemma 3.5.3 of [MOP09] adding the use

of Lemma 2.1.3 gives

Px.(t)= ] @+~

i|s; >0

3.5 Computation of Betti numbers of Q,(P" !, d)

Marian-Oprea-Pandharipande proved that @Q,(P"~!,d) is a smooth Deligne-Mumford stack whose
coarse moduli space is a scheme [MOP09], thus we can apply Theorem 3.1.2 to compute the Betti

numbers of Q;(P"~!,d) by summing the contributions from the fixed loci of types A and B:

n—1
+ +
Py pn1,gy(t) = Y Px, (D% + > Px (1)1*% (3.10)
=0 T

For small n,d, we wrote down all the fixed loci and with the aid of some Mathematica script
computed dlf for all of them. (For n = d = 2, there was 1 fixed locus of type B and 4 weights to
compute for that locus. For n = d = 4, there were ~ 100 fixed loci of type B and ~ 1600 weights.)

The result is:
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PQI(IP172) t)=1+ 22 4+ 31 1 946 4 ¢8
Pg, po,3)(t) = 1+ 262 + 34 + 416 + 415 + 4010 4+ 4112 4 3414 4 2416 4 419

Py, s,4)(t)

14 262 + 4t* + 5t + 9¢% + 10610 + 1482 4 14¢ + 17616 + 1488 + 14¢2° + 10£22 + 924 4 5¢26 + 4628 + 230 4 32,
(3.11)

While it is difficult to compute the full Poincaré polynomial of Q(P"~!,d) for arbitrary n,d
because of the large number of fixed loci, it is nonetheless worthwhile to compute the most accessible
Betti numbers, namely h*(Q,(P"~ !, d),Q) for i = 2 and i odd.

In the case of h?(Q,(P"~!,d),Q), the main observation is
Lemma 3.5.1. For any fired locus Xt in Q,(P"~',d) of Type B, df: > 2.

Proof. Fix a decorated graph I'. Pick a vertex v; of I' such that v; is minimal. We demonstrate two
positive weights of the bundle Nr. The first is the weight w,,,, —w,, of Ni(i), which appears in
the first expression of (3.7) for ¢ = §;. This is positive because by our original choice of C* action,
if v; is minimal then w,, < w,,,,.

The second is a weight of N5(i). Here there are two cases. If s; = 0, we have the weight

Wy, + Wy, — 2w,,. If 5; > 0 we have two weights w,,_, —w,, and w,, , —w,,. This gives either

i

one or two positive weights, again by minimality of w,,. In either case there are at least two positive

weights of the normal bundle Ny, and we conclude dlf > 2. O

Proposition 3.5.2. h%(Q,(P",d),Q) =2 for all n,d.

Proof. We consider the cases d =1 and d > 2 separately. When d = 1,
QP 1) = My x P~ Pt x PP 1([MOPO09] Section 2).

We see directly in this case that h?(P! x Pn~1) = 2.

When d > 2:

The only fixed loci which can contribute to the ¢ term are those for which d* < 2. By Lemma
3.5.1, no fixed loci of Type B contribute. For a fixed locus X, of Type A, we’ve seen dj > 2 for all

¢ > 1 by Equation (3.4). Thus in the expression
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n—1
+ +
Py o1 gy(t) = D Px, (% +3 " P (1)1
1=0 T

given by Theorem 3.1.2 there is only one fixed locus that contributes, namely Xy ~ @Q,(G(1,1),d)
with dj = 0. Therefore by Theorem 2.3.3,

ha(Q1(P"71,d),Q) = ha(Q1(G(1,1),d)) = 2.

By Poincaré duality, h?(Q,(P"~!,d), Q) also equals 2. O

To compute hi(Q,(P"~1,d),Q) when i is odd, we will use a refinement of the following Lemma

from [MOPO09].

Lemma 3.5.3. ([MOP0Y], Lemma 2). For d > 0, the Poincaré polynomial ofﬁo’g‘d/Sd 18

PMO,Z\&/Sd (t) = (1 + t2)d—1.

Proposition 3.5.4. For all n,d, and all i odd, h'(Q,(P"~1,d),Q) = 0. That is, the odd rational

cohomology of Q,(P"~1,d) vanishes.

Proof. By Equation 3.10 if the Poincaré polynomial of every fixed locus vanishes in odd degree,
Pg pn-1,4)(t) will too. Any fixed locus X, of Type A is isomorphic to Q,(G(1,1),d), and by
Theorem 2.3.3 the Poincaré polynomial of X, vanishes in odd degree.

Any fixed locus Xt of Type B is isomorphic to some

H (MOQ\S,;/S&')/AF’
i\si>0
where we take the convention that the empty product is a point. Lemma 3.5.3, does not compute
the Poincaré polynomial directly if Ar is not trivial. But in that case, a slightly modified version of

the proof of Lemma 3.5.3 of [MOP09] adding the use of Lemma 2.1.3 gives

pery = J[ a+#)=

i\s,- >0
We conclude that for all fixed loci the Poincaré polynomial vanishes in odd degree, so PQ (Pn—1,4) (t)

also vanishes in odd degree. O
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In [F06], Fontanari proves a similar result for the Vakil-Zinger desingularization ]f\\j{))n(IP’T, d) of

Ml)n(Pr,d)l

Theorem 3.5.5. ([F06], Theorem 1.) Hk(Mﬁn(IP’T,d),Q) =0 for everyn >0, r > 1, and odd
k < 10.
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Chapter 4

Picard group

We use the exponential sequence to parlay our knowledge about the singular cohomology of @, (P"~1, d)
into knowledge of Pic(Q,(P"~!,d))g. Taking homology of the exponential sequence for @, (P"~!, d)

and tensoring by Q gives:

HY(Q,(P" 1. d),0)®Q — Pic(Q,(P"',d)) ®Q = H*(Q,(P"1,d),Z) ® Q.

By Proposition 3.5.4, h*(Q,(P"1,d),Q) = 0 so
HYQ,(P" !, d),0) = H*'(Q,(P"',d)) c H(Q,(P"!,d),C) = 0.

Hence Pic(Q, (P!, d)) ® C injects into H?(Q,(P"~1,d),C), and its image is H>(Q,(P"~1,d)).
Since Pic(Q,(P""!,d)) ® C is nontrivial and

Hz)o(@l(Pnil,d)) ) Hl}l(@l(Pnilvd)) S H0,2(§1(]Pm71’d)) = H2(@1(Pn71’ d)a C) = (sz
we conclude that H2°(Q,(P"~',d)) = H*2(Q,(P"!,d)) = 0 and
Pic(Q,(P"1,d)) ® Q ~ H*(Q,(P"',d),Q).

In particular, we have:

Theorem 4.0.6. The Picard rank of Q,(P"~1,d) is equal to h?(Q,(P"~!,d),Q) = 2.

28



4.1 Construction of Divisors

We begin by defining three divisors on Q(G(1,1),d). We define the quotient map

@ Ml,o‘d — QI(G(L 1)7 d)

@(Capla "'apd) = (Oapl + ... +pd)

Definition 7. A point (C,D) € Q,(G(1,1),d), where D = py + ...+ py is in Dy if any p; = p;, i.e.
if D contains any point of multiplicity > 2.
Definition 8. Fiz a complez number p € C. A point (C,D) € Q,(G(1,1),d) is in D;(p) if the
j-invariant of C is p.

For any p and p’, D;(p) is linearly equivalent to D;(p"). We will write simply D, for the linear

equivalence class.

For constructing the next divisor, we begin by defining a divisor Bp, , on Ml)o‘g.

Definition 9. Let P be a pencil of plane cubics through 8 general points in P?. Let a and b be two
base points of this pencil. By the universal property of Ml’o‘g, this gives a map P' — M1,0|2- Let

the curve Bp, , be the image of this map.

Since MLOD is 2-dimensional, Bp, , is a divisor. To define the divisor Dy4, we will use the

following maps:

My ga —— Q(G(1,1),d)
|
M170|2
where 7 : MLOM — M1,0|2 is the projection given by = : (C,q1,...,q4) — (C’,ql,qz) where C is
obtained from C' by contracting any components that become unstable after forgetting the points
43y s qd-
Definition 10.

Dya(Payp) = p«(7*(Bp,,))-

Bp, , is a divisor in M g2, so because ¢ is finite D4 is a divisor in Q,(G(1,1),d). Concretely, a

point (C, D) € Q,(G(1,1),d) is in Dy4(Pap) if there is an isomorphism p : C' — P; from a component
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C of C to a fiber of the pencil such that a and b are both in the image p(D|z). Dya(Payp) is so
named because the pencil P with the choice of ¢ and b determines a set of fixed distances on each
genus 1 curve.

For any two P, and Ptlz’,b/ Bp, , is linearly equivalent to Bp(:/,b/ in M1,0|2 because one can
explicitly construct a family over P! of pencils of plane cubics with two —1 sections, such that
Pap is one fiber of the family and P}, ,, another. Dyq(Pap) and Dyq(P,, ;) are then also linearly
equivalent and we will write simply D4 for the linear equivalence class.

To define divisors on @Q,(P"~!,d) when n > 1, start with the open locus Y C @Q;(P"~1,d) of
stable quotients which correspond to a map f : C — P"~! where C is a smooth genus 1 curve and
the map is nondegenerate in the sense that the image f(C) does not lie in any hyperplane. Now fix

a hyperplane H C P*~!. There is a map
®:Y — Q,(G(1,1),d)

sending (C, f) to (C, f(C)N H).

We define divisors on Q,(P"~1,d) by taking the preimage of divisors in Q,(G(1,1),d) under ®
and then taking the closure. In our definition of the divisors below, we explicitly describe these
closures. Note the similarity between this map from Hy(Q,(G(1,1),d)) — Ho(Q,(P"!,d)) and
the isomorphism described in [CG83] for a scheme X with a good C* action between the homology
groups of X and the shifted sums of the homology groups of the fixed loci.

Where confusion is possible, we will put a superscript 1 to denote divisors in @, (G(1,1),d) and
a superscript n to denote divisors in @, (P"~!,d), but when it is clear what space we are working
in, we will drop the superscripts. Also, for a section s of a line bundle, we will use |s| to denote its

divisor of zeros.

Definition 11. Fiz a hyperplane H C P"~1, defined by apro+...+an 12,1 = 0. Let (C,[s0, ..., Sn_1])
be a point in Q;(P"~1,d), and let sz = agso+ ...+ an_15,_1. Let Dy (H) be the subvariety of points
(C,[50, -, Sn—1]) such that either sg = 0 or on some component C the divisor |sg| contains a point

with multiplicity > 2.

For any two hyperplanes H, H' in P"~!, D?(H) and D}(H') are linearly equivalent. We will

write Dy for the linear equivalence class.

Definition 12. Fiz a complex number p € C. A point (C,[s0, ..., sn—1]) € Q1 (P"~1,d) is in D% (p)

if the j-invariant of C is p.
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As above, for any p and p’, D} (p) and D} (p’) are linearly equivalent, and we will write D} for
the linear equivalence class.

Definition 13. Fiz a hyperplane H. Let P, be as in the definition oijlcd, A point (C, [s0, ...y Sn—1]) €
Q,(P"1.d) is in D% ,(H, Payp) if either sg = 0 or (C,|su|) € D}d. ((C,|sm|) may not be stable, but
after contracting unstable rational components to obtain C, (C, |sg|) will be stable, in Q,(G(1,1),d).)

As above, for any choices of H, H', Pap, P ar v, D} 4(H, Pa,p) is linearly equivalent to D}, (H', P’ o ).
We will write simply D4 for the linear equivalence class.

We will see that any two of these three divisors are not numerically equivalent, hence not linearly
equivalent. So the line bundles associated to any pair of these divisors generates Pic(Q,(P"~1,d)) ®
Q=H*(Q,(P""",d),Q).

In Section 3.2, we introduced the inclusion ig : Q;(G(1,1),d) — Q;(P"~!,d). The induced map
iy : H*(Q,(P""',d),Q) — H*(Q,(G(1,1),d),Q) sends D} to Dj and Dy to Dy, hence is an isomor-
phism of vector spaces. Dually, the induced map ig. : H2(Q;(G(1,1),d),Q) — H2(Q,(P"~1,d),Q)

is an isomorphism.

4.2 Construction of Curves

We begin by defining curves in Q,(G(1,1),d).

To define the a curve in the class v; we will use the following maps:

M1,0|d L> QI(G(lvl)ad)

|

My oja-1

where 7 : MLO\CI — M1,0|d—1 is the projection given by 7 : (C, qu, ..., qq) — (C,qu, ..., qa—1) where
C is obtained from C by contracting any components that become unstable after forgetting the

point qg.

Definition 14. Fiz a point Q = (C,q1,...,qa—1) € M1,0\d71-

We will write 7, for the algebraic equivalence class.

Definition 15. Fiz a pencil of plane cubics P and a base point a of the pencil. Let v.(P,a) be the
family (Ps,d - a).
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All choices give a curve in the same algebraic equivalence class, and we will write ~, for the
algebraic equivalence class.

7; and 7, generate Ha(Q(G(1,1),d),Q). Their images under the induced map

Lo - H2(@1(G(17 1)’d)7(@) — HQ(QI(Pn_lvd)vQ)

are curves generating Ha(Q,(P"~',d),Q). Let 7} = io.y; and 72 = ig.y;. When there is no
source of confusion, we drop the subscripts. As the inclusion iy induces isomorphisms on both the
homology and cohomology of @Q,(G(1,1),d) with @Q,(P"~!,d), all intersection numbers computed
in Q,(G(1,1),d) are also valid in Q,(P"~!,d), so for simplicity we will always compute them in
Q.(G(1,1),d),

The intersection multiplicities between the divisors and curves defined on @, (P"~!,d) are given

in the following table.

Vi Tt
d(d—1)
Dy d—1 -5 (4.1)
Dj 0 12
Dyq | 24(d—1) 0

Proof. The intersections are straightforward to compute, with the exception of ~; - Dy, which we do
here.
Recall that Q(G(1,1),d) is the quotient of M g4 by Sq, let ¢ : M1 gq — Q1(G(1,1),d) denote

the quotient map. The preimage of D, under this map is [[,_ . A;;, where A;; is the divisor where

1<j
pi =p; in My g|q-

We defined a pencil P — B = P! with d sections, namely d times the section o given by a base
point a. By the universal property of @,(G(1,1),d), this defines a map p : B — Q;(G(1,1),d), and

we defined the curve 7, as the image p(B). By definition

Vo Dy = c1(WNp, 15, (c(1,1).0)-

By the universal property of Mm\d, w in fact factors through Mu)\d, and we have ' : B —

Mu)\d- Let us write C; for the image p/(B) in Ml,O\d~
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So

AW No, g, can.a) = a0 No, g, can.a) = ol TN, a7,,,) = =5l
1<j

I*x

Al?/ﬁl,o\d)).

It remains to compute the degree of Ma12 on C;. In the remainder, we denote Ao simply by A
and M )4 simply by M.
First, we reduce the problem to one involving only the vertical tangent space for the map

Mm\d — M 1, that is, we avoid deformations that change the modulus of the underlying curve.

0 0

| !

0 —— verThn —— verTy —— Nayy —— 0

l I

0 —— Ta —— Ty —— Nauy —— 0

l I

0 —— Ty, —— Ty, —— 0 —— 0
1,1 1,1

! l

0 0

By the snake lemma, NA/M = Na n- To compute INa /a7, we use the fact that the sum of the

tangent spaces at each marked point surjects onto verTa.

- d—2
0 @g:ZTPi = @g:ZTPi ? Q > 0

0 —— wverTa —— werTyy ——— Nayy —— 0

0 0

Again by the snake lemma, 9Ma /y is isomorphic to the quotient Q. Finally we can compute

d d
NA/M‘Ct = Q|Ct = @Tpi‘ct - @Tpi|ct = TP1|Ct = _1/)1|Ct =-1,
1=1 =2
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where 17 is the standard cotangent class to p;.
We conclude ¢1 (1" Ny, 77, M)) = —1 and
* * d(d-1)
(W Np, g, can.ag) = ™ [Na, a7, = =5

i<j
as desired. ]
We deduce from Table 4.1 that

Lemma 4.2.1. Dfd = d(d - ].)D] + 24Db.

4.3 Nef Cone

Recall that on a variety X, a divisor D is called nef if D - C' > 0 for every irreducible curve C' C X.
To show D is nef, it is sufficient to prove that it is base point free, because given any curve C and a
point x € C, if D is base point free, there is D’ numerically equivalent to D such that D’ does not

contain x, so it does not contain C, so D-C =D’'-C > 0.
Theorem 4.3.1. The nef cone of Q,(P"~1,d) is bounded by the divisors Dj; and Dyq.

Proof. We begin by showing D, is base point free, hence nef. Take any point & = (C, [so, ..., Sa—1]) €
Q(P"~1,d). Fix p not equal to the j-invariant of C. Then D;(p) is a representative of the class D
which does not contain z.

As computed in Table 4.1, D; - v; = 0, and «; is an effective curve. As Dj is nef and has zero
intersection with an effective curve, it is on the boundary of the nef cone.

Now we show that Dyq is also base point free. Again take any point z = (C, [so, ..., S4—1]) €
Q,(P"~1 d). At least one s; # 0. Let H be the hyperplane x; = 0 in P"~1. Let y := (C,|su]|) €
Q,(G(1,1),d). Using again the maps from diagram 4.2, w(¢~*(y)) is a finite set in M; 2. By a
dimension count, we can choose a pencil of plane cubics P and two basepoints a, b of P such that the
associated curve Bp, , C M g2 does not meet 7(o~*(y)). For such a choice of Py, Dyq(H, Pay) is
a representative of the class D¢q which does not contain the point z. Hence D¢y is base point free,
hence nef.

Again, it was computed in Table 4.1, that D¢q -y = 0. As Dyq is nef and has zero intersection

with an effective curve, it is on the boundary of the nef cone. O
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4.4 Projectivity

The above analysis of the cone of nef divisors and its dual, the cone of effective curves, yields a

simple proof of the projectivity of @, (P"~1,d).
Corollary 4.4.1. Q,(P"~1,d) is a projective scheme.

Proof. If d = 1, Q,(P""1,1) ~ P! x M7 ; [MOP09] Section 2.5. Hence for d = 1 Q,(P"~!,d) is
projective.

Now assume d > 1. Let D = D; + D¢q. We show D is ample, by checking positivity on the
closure of the cone of effective curves. As 7; and 7, span the cone of effective curves, any curve
class in the closure of the cone of effective curves can be represented as E,, = avy; + by, for a,b
each nonnegative and not both zero. By the computation in Table 4.1, D - E, ;, = 24(d — 1)a + 120,
which is strictly positive by our assumptions on (a,b) and the assumption d > 1. We conclude D is

ample, and hence Q,(P"~1,d) is projective for all d. O

4.5 Effective Cone

Boucksom, Demailly, Paun and Peternell showed that for a projective variety (more generally, com-
pact Kéhler manifold) the cone of pseudo-effective divisors is dual to the cone of moving curves
[BDPP04]. For a variety X, a moving curve is a linear equivalence class of curves [y] such that for

any point x € X, there is a representative v of [y] such that = € 7.
Theorem 4.5.1. The effective cone of Q,(P"~1,d) is bounded by the divisors D; and Dj.

Proof. By construction, the divisors D; and Dj are effective. To show that in fact they lie on the
boundary, we demonstrate for each a moving curve that has intersection number 0 with the divisor.
Note that to show a curve class [y] is moving, it suffices to show that through any general point
y € X there is a representative v such that y € . This is because for any x € X, we can take a
1-parameter family of general points y; — = as t — 0. If for all ¢ # 0 there is a curve 7y, in the class
[v] through y;, then the limit of these curves 7o contains & = yo and is also in the class [y].

For Dj, the curve «y; serves this purpose. In Section 4.2, we saw that «; - D; = 0. It remains to
see that 7; is a moving curve. Take a general point (C, D) € Q,(P"~1 d), and by generality assume
C is smooth. Throw away a point of D and let D be the resulting divisor of degree d — 1. The
representative +,(C, D) contains (C, D), so v; is a moving curve, as desired.

For the divisor D;,, we demonstrate the existence of a moving curve which does not intersect

it. In the Hilbert scheme of degree m + 1 curves £ in P, let X be the open subscheme where the
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curve is smooth. X has dimension (m + 1)2, as the tangent space to X at a point corresponding
to & in P™ is H°(Ng/pm) with dimension (m + 1), and X is smooth. For any point z € P™, let
X, be the subscheme of X of curves £ passing through z. X, has codimension m — 1 in X. Take d
general points 21, ..., zq, and let X, .. =X, (... X,,. If we take m >d—3, X,, ., will have
dimension > 4, in particular, it will be nonempty.

Take a curve v C X, . .,. Restricting the universal family of the Hilbert scheme to « gives

”
is a 1 dimensional family of smooth genus 1 curves in P™, each with d distinct marked points
21, ..., zq- By the universal property of Q;(G(1,1),d), this maps to a curve in Q,(G(1,1),d), and let
Yt € Q1(G(1,1),d) be its closure.

For all (C, D) € v, D is an effective divisor of d distinct points, so v,: - Dp = 0. It remains
to see that v, is a moving curve. Fix any general point (C,D) € Q,(G(1,1),d). By genericity,
C is smooth and D consists of distinct points. Pick any embedding of ¢ : C' < P™, and label the
points of i(D) as z1, ..., zq. Now the image v, of any v C X, . ., contains (C, D), as desired. We

conclude that Dy is a boundary of the effective cone of Q(P"~1,d). O

4.6 Canonical Divisor

Theorem 4.6.1. K@(P“*,d) = (d_lH(dl;l)("_l))Dj —nDy.

Proof. We begin with the n =1 case.

The map ¢ : M1 gq /5 Q1(G(1,1),d) is ramified exactly along the divisor Y_,_.A;;. We can

1<j

use the Riemann-Hurwitz formula to deduce K@(G(Ll), a) from the canonical divisor of MLOW’
Kﬂlyo‘d = 13X — 2Anodal + wtoh

which was computed by Hassett [Ha03]. Here A, 4q; is the locus where the genus 1 curve is nodal,
Yot = »,; %i and A, 9; are the standard Hodge and cotangent classes.

By Riemann-Hurwitz,

K5 Gy = K7, o, — B = 13N = 280040 + Yror — Z Aij (4.2)

1<J

Writing KQ(G(M)@) =aD; + BDy, W*Kél(G(l,l),d) = 12a\ + ﬁZKj A;; and

1200+ 8 Ay =(13—-24+d)A— > Ay

1<j i<j
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SO

—11
K~ :LD'—

Q.(G(1,1),d) 12 J D (43)

For n > 1, we use the inclusion iy : Q;(G(1,1),d) — Q;(P"~!,d), which gives the short exact

sequence

02T a1y, — 0lg, @100 = Na,ca),.a0,0,@-1,a — 0 (4.4)
C
Take a family wl TOI +...4+04

B _
over a curve B C ig(Q(G(1,1),d)). Then the normal bundle is

NG, (ca,0),0)/@, @105 = ™ (O(Z 0’1‘)@"—1) :

We can use Grothendieck-Riemann-Roch to compute the first chern class of this bundle.

ch (W*O(Z ai)@”’l) =, ( ( Zm ) 1) td( TC/B))
= w*[(n—l)(l—l—z Zoﬂ) (1 % W‘H?)‘f‘ )}

Taking the degree 1 part of each side,

o (1o o)) =7 [(n 1) (112<72 t) =2y (Co+ 58 amﬂ

T 7Y - a; T o; 2 T i£i0i"0j

O(0?) is the normal bundle to ;, so

Meanwhile

O'i> = ;.

YO = Cl(WC/B
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So
e1 (P Ngy . ayaerag) = 0= 1) [ A=t + Y Ay
i<j
Writing

“ (NQ(G(l,l),d)/@l(PH@)) = aDj + BDs,

1200 + 8 Ay = (n - (L —d)A+ Y Ay)

1<j i<j

and we conclude

(n—1)(1-d)
e1 (Ng,cana o) = 15— Ditm-1)De

Taking the first chern class of each term of (4.4) and using the expression (4.3) for K5 (1))

we conclude

a(isTgcang) = allgean.g) +aWNg can.a@,e-1.a)
_ D; D;
- ((d )2 D,,) +(n—1) <(1 72 +Db)

Hence

. (d—114(d—1)(n—1))
ZO(KGI(GQJ),d)) = 12 Dj —nDy.

Because i is an isomorphism of the Picard groups of Q;(G(1,1),d) and Q,(P"~!,d), we conclude

that for all n > 1,

(d=11+(d—1)(n—1))
K, r-1,0) = 192 Dj —nDy,

as desired. ]
Proposition 4.6.2. Q;(P"~!,d) is Fano iff n(d +2)(d — 1) < 20.

Proof. Recall that a scheme X is Fano if —Kx ample. We use Lemma 4.2.1 to write fKal (Pn—1,4)

in terms of the divisors bounding the nef cone. We find
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1
—Kg,(pn-1,a) = 57 0Dy = (m(d +2)(d = 1) = 20)D;).
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Chapter 5

Further Geometric Considerations

5.1 Unirationality

Recall that a scheme X is unirational if there is a dominant map P™ — X.
Theorem 5.1.1. Q,(P"~1,d) is unirational.

Proof. In Section 2.2, we constructed the open locus Uy C Q,(G(1,1),d) as the quotient of the
projectivization of the vector bundle 7,0¢(do) over M 1[d] by a finite group. Any vector bundle
E — A' P(E) is unirational, and by composition of maps so is any finite quotient of such a projective
bundle. Hence Q,(G(1,1),d) is unirational.

Similarly, we can construct the open locus Uy C Q(P"~1, d) where U, is the subset of Q, (P" "1, d)
where the underlying curve is a smooth genus one curve as the quotient of the projectivization of the
vector bundle (7.0¢(do))(@n+1) over M ;[d] by a finite group. As above, this proves unirationality
of Q,(P"~1,d). O

Corollary 5.1.2. Q,(P"~1,d) is rationally connected.

Unirational implies rationally connected, from which the corollary immediately follows. Note
that the rational connectivity of Q;(P"~!,d) can also be seen directly using the projection to the
j-line 7 : Q;(P"~1,d) — P!. The general fiber is P"¥~!/G for a finite group G and hence rationally
connected and the base is P! hence rationally connected. Together, this gives rational connectivity

of @, (P"~*, d).
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5.2 Q,(P" ! d) is a Mori Fiber Space

One approach to probing the relationship between stable maps and stable quotients was proposed
by Toda in [T10]. There, he introduces a sequence of moduli spaces Q, ,,(G(r,n),d)* 0 < e € R
interpolating between M ,,(G(r,n),d) and Q,,,(G(r,n),d) = Q,,,(G(r,n),d)*, 0 < € < 1. For
fixed g,m,r,n,d, there are finitely many spaces @g’m(G(r, n),d)€ in this sequence, and the change
of moduli spaces as the stability parameter e varies is an example of wall crossing. When r = 1,
(G(r,n),d)* - Q, .(G(r,n), d)<". The composition

’ : : e . )
whenever € > €', there is a morphism ¢*“ : Q ,,

of all these maps is equal to the map ¢ above, and we have a finite sequence of spaces

My m(P"7Hd) = Qqr(P" 1 d) > . > Q@ (B, d).

A reasonable question is, are Toda’s e-stable quotients related to running the minimal model pro-
gram on the the main component of the Kontsevich space M1 o(P" "1, d)? The scheme M o(P"~ 1, d)™main
is normal [HLO8], [Z04], so it is possible to consider running the minimal model program on it. As

M o(P"=1, d)™ain js birational to @, (P"~!,d), it is unirational by Theorem 5.1.1. Hence the result

of running the minimal model program on it should be a Mori fiber space.

Definition 16. X is a Mori fiber space if there exists a surjection f : X — S with connected fibers

such that p(X/S) =1, dim(X) > dim(S), and —Kx - C > 0 for any curve C C X contracted by f.
We take a first step toward answering these questions by proving that
Theorem 5.2.1. Q,(P"~1,d) is a Mori fiber space.

Proof. Consider the projection to the j-line 7 : Q,(P"~!,d) — P!. The fiber over any point cor-
responding to a smooth genus 1 curve is isomorphic to P"?~! /G for a finite group G, hence Fano.
That leaves the fiber over the nodal rational curve. We will show that for any curve «y in this fiber,
—Kg pn-1,4)-7>0.

For each d, let f; denote the fiber over j = oo of 7 : Q;(P"~!,d) — PL. Let F; be the boundary
of M1,0|d- Fy carries a natural action of Sy given by permuting the points, and we have the quotient
map Fy = f4. Note that Fy ~ M072|2/52 ~ Pl

For each i, j, there is a projection Fy it I, given by sending p; to p; and p; to pa, forgetting all
other points, and contracting any components that become unstable during this process. Consider

the map
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Fy
|
Fo x ... x Fy

where p is the product of all projections m;;, ¢ < j.

Given a point € in [ Fo p~1(€) can be empty. If it is not, then it is a finite set because from ¢
it is possible to recover it’s preimage up to a finite number of choices by first looking at all factors
that are the image of 71 ; and using that data to recover which p; lie on the same component as p;
along with the cross ratio between the (up to the automorphism of the rational curve interchanging
the nodes). Hence the map p is finite onto its image.

Now take a curve v C f;. We wish to show _Kél(lP’nfl,d) -y > 0. By Theorem 4.6.1, KQ(P"*l,d) .

v = (nDy — (d_11+(dl§1)("_1))Dj) -y =nDy -~. Hence it suffices to show that Dy -~ > 0, or that for

any curve 3 C Fy that 8- A >0 where A = s~ 1Dy, = ]_[Kj Ayj.

Well, if i is not the constant map, then it is surjective onto at least one factor, since the target
is a product of copies of P1. But if u(f3) is a single point, then by the finiteness of the map u 8 must
be a finite set of points, which contradicts the assumption that § was a curve. Hence m;;(5) — P!

is surjective for some ¢, j. Then - A;; > 0 and hence 8- A > 0 as desired. O
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