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Abstract

In this work we prove a new Northcott property for the Faltings height. Namely
we show, assuming the Colmez Conjecture and the Artin Conjecture, that there are
finitely many CM abelian varieties over the complex numbers of a fixed dimension
which have bounded Faltings height. The technique developed uses new tools from
integral p-adic Hodge theory to study the variation of Faltings height within an
isogeny class of CM abelian varieties. In special cases, we are moreover able to use

the technique to develop new Colmez-type formulas for the Faltings height.
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Before unearthing this letter, I had questioned myself about the
ways in which a book can be infinite. I could think of nothing
other than a cyclic volume, a circular one. A book whose last
page was identical with the first, a book which had the possibility

of continuing indefinitely.

José Luis Borges, Labyrinths

Overview

1.1 Goals

We develop in this work an explicit new technique to study the change in Faltings
height within an isogeny class of CM abelian varieties over C. Most importantly,
we obtain a new formula for computing this change for certain “fundamental” isoge-
nies between CM abelian varieties. Assuming the Colmez conjecture and the Artin
conjecture, we are able to deduce from these formulas a new Northcott property for
the Faltings heights of CM abelian varieties, namely that there are finitely many iso-

morphism classes of CM abelian varieties over C of a fixed dimension g which have



bounded Faltings height. In certain special small dimension cases, these computations
allow us to write new Colmez-type formulas for the Faltings height.

The results presented here are new, although the question of computing the Falt-
ings height of CM elliptic curves with non-maximal CM order was previously con-
sidered in a paper by Nakkajima and Taguchi [31], and the variation of the Faltings
height for non-CM elliptic curves was studied by Szpiro and Ullmo in [40]. Our tech-
niques, which are also new to questions of this type, are more powerful than those
considered in [31] and [40], both of which are not easily seen to be generalizable to
abelian varieties of dimension greater than 1. The main input for our formulas comes
from integral p-adic Hodge theory, namely to use Kisin modules to analyze the rami-
fication behavior of isogenies between CM abelian varieties. These new tools may be
introduced to reinterpret some classical results of Faltings [15] and Raynaud [36], but
we remark that this would not yield a strengthening of their results. The technique
generalizes to study isogenies between CM motives with an appropriate formulation
of motivic Faltings height. Work on motivic Faltings height has been done by Kato
[20] and Koshikawa [24], and a recent preprint by Johannes Anschiitz [2] shows how
to define CM objects in any rigid Tannakian category, which gives the appropriate
setting for posing the question on CM motives.

To define the Faltings height of an abelian variety, we let K be a number field and
A denote an abelian variety of dimension g > 1 defined over the field K and we assume
it to have semi-stable reduction everywhere. Let A/Ok denote the corresponding
Néron model with identity section s : Spec(Of) — A extending the identity section
on A. Denote by wy := s* \? Q}a\/oK the Hodge bundle on A, and @ 4 the line bundle
w4 endowed with Hermitian metrics at all infinite places (defined in §2.1). The
Hermitian structure allows us to use an Arakelov-type intersection theory, and more
precisely an Arakelov-degree of line bundles. The Arakelov degree of w4 is a useful

invariant for studying questions of diophantine approximations (e.g., the classical



work of Faltings [15] or the more recent work of Tsimerman [42]), and goes under
the name of Fualtings height. The Faltings height may also be written by the explicit

formula

norm

(K Qlhea(A) = deg(@) = log (#57(w) /O @) — 3 —log /

UK‘—>(C 7(C)

where o € w4 and the integral has an appropriate normalization constant (see [35]
for a discussion on various normalizations). We note that this explicit formula is
base-change invariant and independent of the choice of o € w4 by the adelic product
formula.

The original Northcott property for Faltings height shown by Faltings in [15] states
that for a fixed positive integer d and fixed positive real number C', there exist finitely
many abelian varieties A defined over a number field K such that [K : Q] < d and
hpa(A) < C. This property is one of the key propositions in Faltings’ proof of the
Shafarevich and Mordell conjectures [15].

We assume now that all our abelian varieties have complex multiplication (see §3
for a definition). A priori, a CM abelian variety is a complex point on a Siegel moduli
space, but the theorem of Shimura—Taniyama asserts that every CM abelian variety
descends to a number field and moreover has a model over a number field over which it
has good reduction everywhere. Both of these assertions are key to transforming the
abstract geometric question of counting certain complex points on the Siegel moduli
space exhibiting extra symmetric behavior to a question in arithmetic.

The first main theorem we prove is the following.

Theorem 1.1.1 (CM Northcott Property for Isogeny Classes). Let C' > 0 be a
constant and g > 0 be a fized integer. Then the number of isomorphism classes of
CM abelian varieties A of dimension g with hpy(A) < C is finite within isogeny

classes.



This theorem is proved quantitatively: the change in Faltings height is numerically
computed based on the combinatorics of prime splitting in the CM field, or more gen-
erally a CM algebra, which geometrically corresponds to a canonical decomposition
of the isogeny. At each prime-power-degree isogeny, the key computation is that of
the relative Hodge bundle, which is done locally using Kisin modules.

Since our computations are precise, a closed formula for the change in Faltings
height between any two isogenous CM abelian varieties may be obtained in any case
where the splitting behavior of all primes dividing the degree of the isogeny is entirely
understood. We compute one example of this formula, which is new to the literature,
namely the Faltings height variation for simple CM abelian surfaces whose CM en-
domorphism ring is Galois. Namely, we let A be a simple CM abelian surface over a
number field K with CM by Op, where E/Q is a cyclic, Galois CM field of degree
4 and F' C E its totally real subfield. After enlarging K if necessary, let A, be a
simple CM abelian surface isogenous to A over K with CM by O, where O C O is a
non-maximal order with index of index p™ in Opg. Finally, let G denote the kernel of
the isogeny of minimal degree between the Néron models of the previous two abelian

varieties; this is, in particular, a finite flat group scheme over Ok of order p™.
Theorem 1.1.2. Let Ayn = hpa(Apn) — hra(A).

1. If p=p? in E is such that p ramifies in F/Q and p remains inert in E/F,

n 2 1—p™
! {2 p+1<1—p1>] P

2. If p=1p is inert in E, let (A1, A2, A\3) be a non-increasing tuple characterizing G

satisfying A1 + Ay + A3 = n, G is pM-torsion, and the p-height ¢ € {1,2,3} of G

is the largest integer such that A\, # 0. Then

B p+1 L+ [+ 2)(p+ 1)
sl E (25) (257 ()

1=Az2+1 J=Az+1

log p

4



where the sums are evaluated if and only if the difference in bounds is at least

ZET0.

Such formulas for hp,(A,n) for all 9 possibilities of the splitting behavior for p in
E are given in Theorem 8.2.2. This theorem answers a question posed by Habegger
and Pazuki in [19]. In their paper, they ask whether there are finitely many curves
C of genus 2 defined over Q with good reduction at all but a given finite set of places
and for which Jac(C') has complex multiplication. They show this to be true when
the curve has good reduction everywhere and a simple CM Jacobian with CM by a
maximal order. To extend their result to a wider class of CM Jacobians, the problem
is reduced to the stated Northcott property in the theorem above. Note that while
the Northcott property is general, the result by Habegger and Pazuki and stated
application is specific to genus 2 curves, and highlights a unique property that may
be shared only by curves of low genus.

We establish conditionally the CM Northcott property for isomorphism classes of

CM abelian varieties by invoking a famous conjecture due to Colmez [?].

Conjecture 1.1.3 (Colmez Conjecture, [12]). Let A be an abelian variety over K of
dimension g, and suppose that A has CM by the ring of integers O C E, where E
is a CM field and [E : Q] = 2g. Then:

L'(xi,0) 1 g

hia(A) = — | ————= + =1 : = log 2

%

where the x; are a finite collection of irreducible Artin characters of Gal(K/Q) with

Artin conductor f,,, and the ¢; are positive constants (see §2.2 for details).

In [14], Colmez develops a lower bound on the Faltings height by invoking the Artin
conjecture to bound the (logarithmic derivatives of) Artin L-functions in the formula.
This lower bound is expressed in terms of Artin conductors of Galois representations,

and together with Theorem 1.1.1 is sufficient to establish the following theorem.
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Theorem 1.1.4 (CM Northcott Property). Let C' > 0 be a fized constant and g > 0
be a fixed integer. Then assuming Conjecture 1.1.3 and the Artin conjecture, the

number of Q-isomorphism classes of CM abelian varieties A of dimension g and with

hpa(A) < C' is finite.

Cases where the Colmez conjecture are known to be true include abelian CM
fields, which was shown up to a factor of log 2 by Colmez in [12] and later cleared up
by Obus in [34], and many classes of abelian surfaces shown by Yang [43]. An aver-
age version has also been shown independently by Yuan-Zhang [44] and Andreatta—
Goren—-Howard-Madhapusi-Pera [1]. We note that the average formula is not strong
enough to establish our results unless all abelian varieties in computing the average
have the same Faltings height.

The quantitative versions of Theorem 1.1.1 and Theorem 1.1.4 have applications
to future questions requiring an understanding of the distribution of (CM) points on
various moduli spaces of abelian varieties. For instance, it recovers the average growth
of the Faltings height of the Hecke orbit of a CM abelian variety, a formula computed
for some low-dimensional abelian varieties by Autissier in [3]. This Autissier growth
formula was the key input to [11] and [38] to construct thin sets of primes of certain
reduction types on elliptic curves and abelian surfaces. In [38], the authors show this
growth formula computed on a CM abelian surface provides the growth formula for
all abelian surfaces. This lemma is likely true in general, and these formulas then
extend the Autissier growth formula to all dimensions, providing means to extend

[11] and [38] even further.

1.2 Compass and Map

The organization of this work is as follows. In Chapter 2, we introduce the Faltings

height and cite the key theorems and conjectures: the Faltings Isogeny Lemma, the



Colmez Conjecture, and the lower bound on Faltings height from the Colmez Con-
jecture and the Artin Conjecture. In Chapter 3, we review the theory of complex
multiplication. The theory we require goes well beyond Shimura and Taniyama’s
introduction of the subject, since we require the CM theory of Néron models of
abelian varieties and p-divisible groups, and is treated in vast amount of detail by
Chai-Conrad—Oort [10]. Chapter 4 is devoted to the relevant recent developments
in (integral) p-adic Hodge theory we need to compute the (relative) Hodge bundle
in the change in Faltings height, most namely the development revolving around the
Kisin modules originally introduced by Kisin in [21]. The brief Chapter 5 reviews the
arithmetic and group theoretic properties encoded by Kisin modules, such as a charac-
terization of finite flat subgroup schemes and the theory of their Harder-Narasimhan
(HN) filtration.

Chapters 6-8 are the heart of this work and devoted to the proof of the CM
Northcott Property and the application to Colmez-type formulas. In Chapter 6, we
introduce the notion of an Og-linear CM Kisin module and deduce decomposition
theorems of their structure, including a general theorem on a weak characterization
of unstable submodules of Og-linear CM Kisin torsion modules. The work in this
section inspired the recent development of CM Breuil-Kisin-Fargues (BKF) modules
introduced by Johannes Anschiitz in [2], although he works with a certain “isogeny”
category of BKF modules and does not recover (as we do) information on individual
elements in the “isogeny classes”. There is current work in progress by the present
author to extend the present computations to his setting. In Chapter 7, we compute
precisely the HN slopes of unstable submodules of Og-linear torsion CM Kisin mod-
ules using explicit CM and Lubin-Tate theory. We emphasize that one may deduce
from these computations the exact change in Faltings height between any given two
isogeneous CM abelian varieties. This is not yet possible to do without the CM hy-

pothesis with current technology, but it is future work to investigate this question.



Finally, Chapter 8 is devoted to proving Theorems 1.1.1, 1.1.2, and 1.1.4 from the

earlier developments.



Like all walls it was ambiguous, two faced. What was inside it

and what was outside it depended upon which side you were on.

Ursula Le Guin, The Dispossessed

Faltings Height

2.1 Semi-stable Faltings height

Let K be a number field and O C K be its ring of integers. We consider abelian
varieties A of dimension g > 1 defined over the field K with semi-stable reduction
everywhere and write A/Of for their Néron model. Denote by s : Spec(Og) — A
the extension of the zero section, and by wy = s*QY O the canonical line bundle
pulled back along the zero section to a line bundle on Spec(Ok).

Recall the following definition from Arakelov theory.

Definition 2.1.1. A Hermitian line bundle on Spec(Ok) is a pair (£, {||||s }o:xc)



consisting of an invertible sheaf £ on Spec(Of) and a collection of Hermitian met-
rics || - ||o on £* ®, C ranging over the complex embeddings o : K < C such that

[I5°]

oc = ||$||s, where ¢ denotes complex conjugation.

The line bundle w4 can be equipped with a collection of hermitian metrics to give
it the structure of a hermitian line bundle. Define the hermitian norm || - ||, for each

embedding ¢ : K — C by the formula

1
(2

llall5 =

/ aNa
As(C)

where A, denotes the “completion” of the Néron model at the archimedean fiber, i.e.,

a complex manifold which descends to an algebraic model A/K. Here we consider
o€ H(A,, QY ) via the isomorphism wy ®, C ~ H°(A,,Q% ). Then the hermitian
line bundle W4 will denote the pair (wa, {|| - |0 },. ki)

Recall as well the following definition from Arakelov theory.

Definition 2.1.2. The Arakelov degree of a Hermitian line bundle (£, {|| - ||+ },.x,c)

on Spec(Ok) is the value
deg(L) = log #(L/a) = > logllall,
o K—C
where « is a non-zero global section of L.
Remark 2.1.3. By the product formula, this is independent of the choice of «, so the
Arakelov degree is a well-defined invariant.

Using the Arakelov degree, we define the Faltings height as follows. Note that
the Faltings height is an arithmetic invariant on the isomorphism classes of abelian

varieties.
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Definition 2.1.4. The (stable) Faltings height of A is

—

] deg(W.a).

hFal(A) = U(;Q

This is computed explicitly by the formula

deg(@4) = log #(wa/Oxa) = > log |lall,.

g:K—C

The invariant receives its name as a height due to the fact it satisfies the follow-
ing celebrated Northcott property demonstrated by Faltings in [15]. This Northcott

property was a key insight in Faltings’ proof of the Mordell conjecture.

Theorem 2.1.5 (Faltings’ Northcott Property, [15]). Let C' and d be fized positive
constants and g > 1 be an integer. Then the set of isomorphism classes of abelian

varieties A/ K of dimension g with [K : Q] < d and hga(A) < C is finite.

The Faltings height is not an isogeny-invariant. This very property of variation
of the Faltings height in isogeny classes was exploited heavily by Faltings in [15], and

is measured by the following formula.

Lemma 2.1.6 (Faltings Isogeny Lemma, [15]). Let ¢ : Ay — Ay be an isogeny over
K, and let G be the finite flat group scheme kernel of the extension ¢ : Ay — Ay over

Ok, where A; is the Néron model corresponding to A; for i € {1,2}. Then

i (42) = hia(A1) + 5 log(deg(6)) — = Toa(#5 0% 0,.).

1
(K- Q

The techniques to be developed in this paper aim to compute the ramification
term on the right side of this formula and show its contribution is, in all relevant

cases, negligible compared to the term provided by the degree of the isogeny.

11



2.2 Colmez Conjecture

We state here the Colmez Conjecture for the Faltings height of CM abelian varieties.
The theory of complex multiplication for abelian varieties and p-divisible groups will
be reviewed in §3, so we invite the reader to briefly review the definitions if she wants
first to familiarize herself with the subject. Apart from the basic definitions, however,
familiarity with the theory discussed in the section will not be relevant to state the
conjecture.

Let (E,®) be a CM pair where E is a CM field such that [E : Q] = 2¢ and
® = {¢1,...,0,} is a CM type of E. For ¢ : E — Q, define the function ag e on

Gal(Q/Q) by

1 ifgope®,
CLE,¢,<I>(9) =
0 otherwise.

Let Apo =) 4cq @pp e and construct the class function

1
AYol9) =557 . Apelhgh™)
|Go/GEl heoalGn

where Gg and G denote the absolute Galois groups of Q and E, respectively. Then,
letting E* denote the reflex field of (E,®), this class function satisfies A% 4(g) =
AY 4(1) if and only if g € Gal(Q/E"). Since irreducible Artin characters form a basis
for the space of locally constant class functions on Gal(Q/Q), A%,q, has a representa-

tion
A(J)z,cb - Z CiXi
i

where the sum runs through all irreducible characters on Gal(Q/Q) and ¢; denotes
the multiplicity by which they occur. As demonstrated in [14], ¢; = 0 for all but
finitely many characters, and otherwise ¢; > 0. Moreover, ¢; > 0 only when Y; is odd,

and therefore L(y;,0) # 0 for the characters that appear with a positive constant.

12



Conjecture 2.2.1 (Colmez Conjecture, [12]). Let A be an abelian variety of dimen-
sion g over a number field K, and suppose that A has CM by the ring of integers
Op C E, where E is a CM field such that [E : Q] = 2g and ® is a CM type of E.
Let AOE’(I) = . X be as defined above, where the sum is over all irreducible charac-
ters x; € Hom(Gal(Q/Q), C), each with corresponding (unique) Artin conductor f,,.
Then:

hpa(A) = — Z ci (% + % log fm) + glog 2.

In the original paper [12], Colmez proves this conjecture for abelian CM fields
satisfying a certain ramification condition above the prime 2. Obus [34] was later
able to drop the ramification condition and generalize the result to all abelian CM
fields. Yang [43] through independent methods verified the conjecture for abelian
surfaces whose CM field is not Galois over Q. In two different approaches towards
this conjecture, Yuan-Zhang [44] and Andreatta-Goren-Howard-Madapusi-Pera[l]
proved an average version (where the average is over the CM types) of this is true.

Our main interest in the Colmez conjecture is to bound the Faltings height from

below. In a separate work by Colmez [14] the following bound was obtained by

assuming the Artin Conjecture that Artin L-functions are holomorphic over C.

Theorem 2.2.2 (Lower Bound on Faltings height, [14]). Assuming Conjecture 2.2.1

and the Artin Conjecture, there exists an effective constant C' > 0 such that

1 " (3) 0
hpa(A) > 5|~ log 2m — log m + + Cpar(Ag5)

r(3)

where par (AL s) = 22, (A% o X) log fy and fy is the Artin conductor corresponding

to the character .

The lower bound from this theorem immediately gives the following (primitive)

CM Northcott property.

13



Corollary 2.2.3. Let C' be a fixed positive constant and g > 1 an integer. Then
assuming Conjecture 2.2.1 and the Artin Conjecture, the set of isomorphism classes
of simple CM abelian varieties of dimension g with CM by a maximal order Op C E

with [E : Q] = g and hpa(A) < C' is finite.
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Symmetry is tedious, and tedium is the very basis of mourning.

Despair yawns.

Victor Hugo, Les Misérables

Complex Multiplication

3.1 CM Abelian Varieties

Definitions

We give here a brief survey of the relevant theory of complex multiplication for abelian
varieties. This theory is well-known, so the familiar reader can skip this section as it
is entirely self-contained. For a comprehensive treatment of the subject, see Chapter
1 in [10]. We note that we need more than just the theory introduced in [39], which
does not develop the theory on integral models of CM abelian varieties and CM types

valued in arbitrary algebraically closed fields.
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Definition 3.1.1. A CM pair (E,®;) consists of:

e A number field E, called the CM field, having a non-trivial involution 7 &€
Aut(E) such that every embedding i : F <— C satisfies i(7(x)) = i(z)¢ for all

x € E. Here ¢ denotes complex conjugation in C.

o A subset ®;, C Homg a(E, L), called a CM type valued in an algebraically-

closed field L of characteristic zero, such that Homg (£, L) = &, U ®p o 7.

A CM algebra P is a finite product of CM fields [[, ;. We define on it a CM

type by @, = [[, @1 where the ¢ ; is a CM type on E;.

Remark 3.1.2. When L = C in the definition above, or the algebraically-closed field

L is otherwise evident, we denote the CM type by .

The element 7 in the definition is necessarily unique and its fixed field is a totally
real subfield F' C E which satisfies [E : F| = 2. We call F' the mazimal totally real
subfield of E.

Definition 3.1.3. An abelian variety A of dimension g defined over C has CM by
(P, ) if:

e There is an injective (Q-algebra homomorphism

i: P < End’(A) := Q ®z End(A)

of a CM algebra P such that [P : Q] = 2g.

e The P ®gp C-module structure of Lie(A) is given by the CM type ® valued in
C.

By the Poincaré reducibility theorem (see, e.g., Theorem 1.2.1.3 in [10]), every

abelian variety is isogeneous to a product of its distinct isotypic pieces. Hence, if an
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abelian variety A has CM by (P, ®), then each of the isotypic factors A; have CM by
a sub-algebra P; C P such that P = [[, P,. Moreover, each P, is a simple algebra
of finite dimension over Q, and hence a CM field. We will not lose any content for
establishing the remainder of our theory if we assume that P = E is a CM field and
even if we assume that A is simple, so we will use the term CM abelian variety in the

remainder of this section to refer to this case.

Example 3.1.4. When A/C has complex multiplication by (E, ®), where E is a CM
field, then necessarily End(A) = O for some (not necessarily maximal) order O C E.
Its dual abelian variety has complex multiplication by (£, ® o 7), where the E-action

on A is induced by the composition of the dual action with complex conjugation.

Remark 3.1.5. When we wish to specify the endomorphism order of a CM abelian
variety, we say it has CM by (O, ®). Note that when O = O, ® gives a type on the

integral structure Og.

The starting point for questions of arithmetic interest involving CM theory is the

following theorem.

Theorem 3.1.6 (Shimura-Taniyama, [10], [39]). Let A/C be a CM abelian variety.
Then there exists a number field K such that A descends to K. Moreover, there exists
a finite extension K'/K such that Ax: := A®k K’ has good reduction at all the finite

places of K.

By this theorem, one may construct appropriate integral models of CM abelian
varieties. Moreover, since CM abelian varieties have good reduction everywhere over
some finite extension K’/K, their abelian group structure extends to the entire inte-
gral model (see [6]). The CM structure is also preserved on the integral model, i.e.,
complex multiplication is a theory on the generic fiber. This last fact is shown in the

following theorem.
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Proposition 3.1.7. Let A/K be an abelian variety with CM by (O, ®) and let A/Ok
denote its Néron model. Then End(A) = End(A) and Lie(A) ®o,. C has the structure

of an O @ C-module under ®.

Proof. The map End(A) — End(A) always exists by restricting endomorphisms on
the integral model to the generic fiber, and is therefore also always injective. Surjec-
tivity follows from the universal mapping property of Néron models (see [6]). By the

isomorphisms
Lie(A) ®o, C ~ (Lie(A) ®o, K) @k C ~ Lie(Ad) @k C,

Lie(A)®0o, C has an O®C-module structure under ® inherited from the O®C-module

structure of Lie(A) ®k C. O

Theory of the Reflex Norm

Theorem 3.1.6 has a stronger form which provides more precise information on the
field of definition K to which a CM abelian variety descends. This is contingent on
the theory of the reflex norm, the celebrated player of CM theory. We introduce this

theory starting from the following definition.

Definition 3.1.8. Let

hQE = H hz‘,E : Gm — ResE/@(Gm)C = H Gmﬂ'

i€Hom(E,C) i€Hom(E,C)

be a cocharacter where each h; g is defined such that

t ificd,
hLEitl—)
1 ifid o

The minimal field of definition for he g is the reflex field E* of E.
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The reader can check that the minimal field of definition of he g over Q is stabilized
by those elements of Gal(Q/Q) which fix the CM type ® (this, in fact, was the classical
definition of the reflex field in [39]). Note that the reflex field is always itself a CM
field.

Definition 3.1.9. Let (E, ®) be a CM field together with a Q-valued CM type and
let E* be its reflex field. For any finite extension K/E*, the reflex norm Ng g is

the composite

Res h Nm
Resk/o(Grn) M Resk/o(Resg/o(Gm) k) TN Resg/o(Gnm).

Remark 3.1.10. For any Q-algebra R, the reflex norm induces a map

N<I>,K®R : (K@R)X — <E® R)X

T detE(ﬂv@K@@R)

where Vg g is any F ®qg K-module satisfying Vo x @k Q~ Hieq) Q.

The stronger form of Theorem 3.1.6 can now be stated as follows. We will let
below r#t : A% /K* — Gal(K®/K) be the global Artin reciprocity map where K2
is the standard notation for the maximal abelian extension of K. We let K, denote
the localization of K at a place v with ring of integral elements Ok, and a specified

uniformizer m,, and k, = Ok, /7,0, be the residue field at v of size g,.

Theorem 3.1.11 (Main Theorem of Complex Multiplication, [10]). Let A be an
abelian variety with CM by (E, ®) defined over a number field K. Then the following
hold true:

1. The reflex field E* is contained in K.
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2. There exists a unique algebraic Hecke character
e: Ay — E”
such that at each prime {, the continuous homomorphism

¢r: Gal(K™/K) — E/

ri*(a) = e(a)Nox(a; )

is equal to the (-adic representation of Gal(K®/K) on the (-adic Tate module

Vi(A).

3. A has good reduction at a finite place v of K if and only if e|OIx( = 1. In this

case, for any choice of uniformizer m, € Ok,, €(n,) = Frl where Fr, € E
denotes the endomorphism lifting the relative Frobenius on the reduction A, of

A defined over the finite field k..

3.2 CM p-divisible Groups

Definitions

The theory of complex multiplication for p-divisible groups arises naturally from the
integral theory of complex multiplication for abelian varieties. Throughout this sec-
tion, K will be a local field of characteristic 0 with finite residue field k& of characteristic
p >0 and Og C K will be its ring of integers. Then let A/K be a CM abelian vari-
ety, A/O be a corresponding local Néron model, and A[p>=]/Ox a p-divisible group.
Since End(A) ®z Z, — End(A[p™]), one expects a theory of complex multiplication
for p-divisible groups parallel to the theory for abelian varieties. We refer the reader

to Chapter 3 of [10] for a comprehensive treatment of such a theory; below we review
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what to us are relevant statements.

Recall first that for any p-divisible group G defined over Ok, the endomorphism
ring End(G) is a finite free Z,-module which is necessarily a Z,-subalgebra of End(7,G).
Each p-divisible group also carries with it an invariant A called the height, which is
an integer always bounded below by (and sometimes equal to) the dimension d of the

p-divisible group.

Definition 3.2.1. A p-divisible group G/O of dimension d and height h has (p-
adic) CM by (E,®) if:

e There is an injective Q,-algebra homomorphism
i: E = End’(G) := Q, ®z, End(G)

where E/Q,, called the (p-adic) CM algebra, is a commutative, semisimple
Q,-algebra such that [E : Q,] = h.

e The E ®g, K-module structure of Lie(G) ®z, Q

, 18 given by a subset & C

Hom@p_alg(E,@p), called the (p-adic) CM type, such that #® = d.

Example 3.2.2. Let A/Ok be alocal integral model of an abelian variety A/ K which
we suppose has CM by (E, ®). Then A[p>] has CM by (E,, ®,), where E, :== Q,®¢E
and @, := &g N Home_alg(Ep,@p). The intersection in the definition of ®, means
the set of £ ® Q, — Q, that induce something in ®g by restriction to E, which we
obtain after fixing an inclusion Q — @p (and does not depend on this choice). In

fact, if End(A) = O, then End (A[p™]) = O ®y Z,.

A good class of examples of CM p-divisible groups are those that arise from CM
abelian varieties, as demonstrated above. We note that although a CM abelian variety
might be simple, its p-divisible group A[p™] may not be so. Analogous to CM abelian

varieties, each CM p-divisible group is isogenous to one that isotypically decomposes
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along the simple subalgebras of its CM algebra. We will assume for the remainder of

this section that all CM p-divisible groups that we consider are simple.

Example 3.2.3. Let G/Ok have (p-adic) CM by (E,®). Then its Cartier dual G*
has a complementary structure ®¢ such that Homg,-as (£ ,@p) = &[] ®°. Moreover,
when G = A[p™] for a CM abelian variety A/Ok, then A[p™]* = AY[p>] and ®°

agrees with the induced type from A" as in Example 3.2.2.

Theory of the Reflex Norm

CM p-divisible groups carry an analogous theory of the reflex norm to abelian vari-
eties. We begin with the definition of a reflex field for a CM p-divisible group and

recall that we assume E to be a (p-adic) CM field.

Definition 3.2.4. Let {;} ) be a Z,-basis of the character group of

iGHome_alg(E,@p
Resg/q, G- Let

He g : Gm — ResE/Qme

be defined such that
1 ific®,
(& pao,p) =
0 ifié¢ ®.
The minimal field of definition for ug g is the (p-adic) reflex field E* of E.

Example 3.2.5. Let A/Of be a local integral model of an abelian variety and
suppose it has CM by the global pair (£, ®) and let E* be the corresponding global
reflex field. Then the (p-adic) reflex algebra of A[p>] is £ := E*®¢Q,. This follows

from the compatibility of he with the local cocharacter pig,.

Definition 3.2.6. Let K/E* be any finite field extension of the (p-adic) reflex field
E* of the (p-adic) CM field (E, ®), and let i : G,,, — (Resg;q,Gm)x be the K-descent
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of 1, as in Definition 3.2.4. Then the (p-adic) reflex norm
Npg : Resg g, G — Resgg,Gm

is the composition

ReSK/QP (m NmK/@p

)
Resg/q,Gm Resk /g, ((Resgg,Gm)x) — Resgg, (Gn).

Remark 3.2.7. For any Q,-algebra R, the (p-adic) reflex norm induces a map

NCD,K@R : (K@R)X — <E® R)X

T detE®R('I|V¢,K®QpR)

where Vg  is any F ®g, K-module satisfying Vg @k @p ~ Hz‘e@ @p,i'

We will assume in what follows that the fields £, E*, and K are as in Definition
3.2.6. Let moreover rie¢ : F* — Gal(F?"/F) denote the local Artin reciprocity map
from local class field theory defined on the units of a local field F, where F" is the
maximal abelian extension of F. We also mention the facts, which can be found
in [17] and [10], that every Galois representation attached to a p-divisible group
is crystalline and also that all 1-dimensional crystalline representations are locally
algebraic. These facts apply in particular to the present case in which we consider

Galois representations arising from CM p-divisible groups.

Lemma 3.2.8. Let p : Gal(K*®/K) — E* be a crystalline (i.e., locally algebraic) rep-
resentation on a 1-dimensional E-vector space, and let x : Resk;q, Gy — Resg/g,Gm
loc

be a Q,-homomorphism. Suppose that porg® and x agree on a restriction to an open

neighborhood of OF. Then the two maps agree on the entirety of Of.

Proof. The assertion is a special case of a general result in p-adic Hodge theory that

if an element in the representation space of a crystalline p-adic representation is fixed
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by an open subgroup of the inertia subgroup, then it is fixed by the whole inertia
subgroup (see, e.g., Theorem 3.1.1 in [4]). The open neighborhoods of O} correspond

to open subgroups of the inertia group by local class field theory. O]

Corollary 3.2.9 ([10] Corollary 3.7.9). Every crystalline (i.e., locally algebraic) rep-
resentation on a 1-dimensional E-vector space arising from a CM p-divisible group is

essentially given by the reflex norm. Precisely, for L = K.W(E), a representation
p:Gal(L/L) — E*

attached to a p-divisible group G with (p-adic) CM by (E, ®) equals the composition

1
s X 1/Npa

Gal(L™ /L) — I = Op. — B,

where I is the abelian part of the inertia group of E*.

Proof. Here we lay out the ideas; for details see Proposition 3.4.3, Proposition 3.4.4,
and Corollary 3.4.9 in [10]. The strategy is to construct a CM abelian variety which
locally at p is isogenous to the given CM p-divisible group. Then the main theorem
of complex multiplication for abelian varieties demonstrates that the restriction of p

to the inertia subgroup 72" C Gal(L*"/L) equals the reciprocal of the composition

loc

~ TE* Npg
I = I <= O, E*.

The argument concludes by giving an isogeny between the given p-divisible group and
one with an unramified twist so the image of the representation is given entirely by
the inertia subgroup. Note that L in the statement may be replaced by any finite
extension of QQ, given by taking the compositum K.W (k') for a large enough finite
field extension &’ D k, so long as the appropriate unramified twist of G is defined over

KW (k). 0
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We conclude by remarking that Lemma 3.2.8 and Corollary 3.2.9 are the local
(p-divisible group) analogues of the Main Theorem of Complex Multiplication for

abelian varieties.
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No permanence is ours; we are a wave
That flows to fit whatever form it finds:
Through night or day, cathedral or the cave

We pass forever, craving form that binds.

Hermann Hesse, The Glass Bead Game

Integral p-adic Hodge Theory

4.1 Deformation Theory of p-divisible Groups

The original approach to classify p-divisible groups by Messing in [30] was along
their deformation theory. This classification recovers useful invariants pertaining to
a p-divisible group, such as the Hodge bundle wg and the Lie algebra Lie(G). In sub-
sequent work, Breuil [5] developed an algebraic theory of what are now called Breuil
modules to capture Messing’s abstract theory in computations. Here we summarize
some of these developments by [30] and [5], and show how to write the Hodge bundle

wg using Breuil modules.
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Let k be a perfect field of characteristic p > 0 and W = W (k) be its ring of Witt
vectors. Let Ty be a W-scheme on which p is nilpotent and T be a W-scheme on
which p is locally-nilpotent with a closed embedding Ty < T over W. Let Gy to be
a p-divisible group on Ty and G to be a lift of Gy to T, i.e., G is a T-deformation of
Go. We recall that such a G has a natural relative Frobenius morphism acting on it,
which is the pullback of the Frobenius acting on the base.

In [30], Messing constructs a contravariant functor from p-divisible groups G de-

fined over T to deformation pairs:

G — (Dr(G), Fil'(Dr(G))),

where the deformation pair consists of a Frobenius crystal Dy (G) on the crystalline
site of T together with a filtered piece Fil'(Dr(G)) € Dr(G). For the definition of
Frobenius crystals we encourage the reader to see [30]. We summarize the properties

we need about crystals from loc. cit. in the following lemma.

Lemma 4.1.1 ([30]). Let T be a W-scheme on which p is locally-nilpotent, Ty < T
be a closed W -subscheme on which p is nilpotent, and T' — T be any crystalline

homomorphism of W -schemes.

1. (Crystalline Base Change). Dy ~ Dy @7 T', i.e., the Frobenius crystal is

compatible with arbitrary crystalline base change.

2. (Frobenius Linearization). When p is nilpotent on T, the relative Frobenius ¢

on G induces a map

¢*(D7(G)) = Dr(¢*(9)) — Dr(G).
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3. (Crystal Growth). If G/T is a lift of Go/Ty then

D1, (Go)(T') = Dr(G)(T).

4. (Isomorphism Invariance). If G and G' are non-isomorphic p-divisible groups
over T, then a given isomorphism of crystals Dp(G) = Dr(G') does not map

Fil'(D7(G)) onto Fil'(Dr(G)).

5. (Compatibility with Duality). Dr admits a dual DY satisfying Di(G) = Dr(G*),

where G* denotes the Cartier dual of G.

The deformation exact sequence of a p-divisible group G defined over T is given

0 — Lie(G)" — Dr(G)(T) — Lie(G*) — 0

where Lie(G)Y denotes the Or-linear dual of the module Lie(G) and G* denotes the
Cartier dual of the group G. By Lemma 4.1.1(3), this sequence corresponds to a
deformation pair (D, (Go)(T),Lie(G)Y), and by Lemma 4.1.1(1) and (4), each T-
deformation of Gy/Ty uniquely determines such a pair up to crystalline base change.

It turns out that this completely classifies all T-deformations of Gy /Tp.

Theorem 4.1.2 (Messing’s Thesis [30]). Let T' be a W-scheme on which p is locally-
nilpotent and Ty — T be a closed W -subscheme on which p is nilpotent. Then there

1S a one-to-one correspondence

{T-deformations of Go/To} <> {pairs (Dg,(Go)(T), L)}

where L is an Op-submodule such that the quotient D, (Go)(T)/L is Op-free. In

particular, a given deformation G/T corresponds to the pair (D7 (G)(T), Lie(G)Y).

Breuil’s theory encodes the abstract data of the pairs (D7, (G)(T'), Lie(G)") to
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computable algebraic structures now known as Breuil modules. We retain that k is
a perfect field of characteristic p > 0 and W = W (k) its ring of Witt vectors with
fraction field denoted by Kj. Fix K/Kj to be a finite, totally ramified extension with
characteristic polynomial given by Eis(u) = u® + a._ju®"! + ... + ag, where we note
that pla; for all 0 < i < e — 1 and p? { ag. We define S to be the p-adic completion
of Wu, Eis(u)"/n!],>1. Then S has a natural Frobenius endomorphism ¢ extending
the Frobenius on W by mapping u — u?. The ideal Fil'(S) = ker(S “=% Ok) is also
naturally equipped with divided powers so that S is an object in the crystalline site

of Ok. We also define the ring So, = S @ Ko/W.

Definition 4.1.3. Let BT?S be the category of pairs (M, Fil'(M)), where M is a

finite free S-module and Fil' (M) C M is an S-submodule, satisfying:
1. Fil'(S) - M C Fil'(M),
2. M/Fil'(M) is a free Ox-module, and

3. there exists a ¢ semi-linear map
dpq : Fil'(M) = M

such that its induced map ¢*(Fil'(M)) — M is surjective.

An object in this category is called a Breuil module and the map ¢4 its Frobenius.
The morphisms in this category are natural morphisms of modules which preserve the

Frobenius ¢, and filtrations.

We characterize the following objects in the category.

e An object (M, Fil' M) € BT% is connected if

m +— ¢ (Eis(u)m)
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is topologically nilpotent on M /uM for the p-adic topology.

e The dual object to a pair (M, Fil' M) € BT% is defined as
(M*, Fil' M*) := (Homg(M, S), {f € M*: f(FiI'M) C Fil'S,.})

and for all f € Fil'M*, the Frobenius ¢\ is the unique morphism making the

following diagram commute

)
Fil' M ——= M
f l@\,l(f)
o}
Fillg —— S

For a proof of uniqueness, we refer to Caruso [9].
In what follows, we drop the subscript on the functor D for clarity of notation.
Theorem 4.1.4 (Breuil’s Classification, [5]). Let G/Ok be a p-divisible group. Then

there is a functor

M :p—div/Okg — BT?S

G = (M(9) =D(G)(S), Fil'(M(G)) = Fil'(D(G))(5))
which induces an equivalence of categories when p > 2. When p = 2, this is an
equivalence on connected objects.

Note that M identifies connected objects in each category and is compatible with
duality, i.e., M(G*) = M(G)*. These assertions are shown in [9].

Examples 4.1.5. Although we will not work with Breuil modules directly, it is

helpful for the reader to see the following examples (see also [8]).
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1. Let G = hﬂp‘”Z/Z =Q,/Z,. Then
M(g) = Sea FIII(M(Q)) = 867 ¢M(g) = ¢7

where e denotes a generator of the S-modules M(G).

2. Let G = lim piyn = pipec. Then
1
M(G) = Se, Fil'(M(G)) =Fil'(S)e, dmg) = z_fb

where e denotes a generator of the S-module M(G).

Corollary 4.1.6. Let M = M(G) and M* = M(G)*. Then

wg ~ Fil' M/ (Fil' S)Fil' M,

Lie(G) ~ M*/Fil' M*.

Proof. By Theorem 4.1.4 we obtain the isomorphism of exact sequences

0 — Lie(G)Y D(G)(S) —— Lie(G*) —0
0——Fil'Mm M M/Fil' M —0

where we recall that we use the convention that Lie(G)" denotes the Og-linear dual of
the first filtered piece of D(G) (see the paragraph following Lemma 4.1.1). By Lemma

4.1.1(1), since S is in the crystalline site of Ok, we also obtain the exact diagram

0 wg D(G)(Ok) — Lie(G*) ——0

z |

0 —= Fil' M/(Fil' S)Fil' M — M/ (Fil' S )M — M /Fil' M —=0 -
The first vertical arrow is the isomorphism wg ~ Fil' M/(Fil' S)Fil' M, and, repeating
the construction with G* in place of G, the last vertical arrow is the isomorphism
Lie(G) ~ M*/Fil' M*. O
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4.2 Kisin Modules

A modern approach to classifying p-divisible groups is via their Kisin modules. This
improves on the classification by Messing and Breuil reviewed in the previous section
in that it gives also a complete classification of all integral and torsion crystalline
representations, not just those arising from p-divisible groups. However, to deduce
the Hodge theory of p-divisible groups, one needs the correspondence between Kisin
modules and Breuil modules (we do this in §4.4).

Let k be a perfect field of characteristic p > 0 and W = W (k) be its ring of Witt
vectors. Let & = W[u] be a ring equipped with a natural Frobenius endomorphism
¢ extending the Frobenius on W by sending u +— uP. We also fix K to be a finite,
totally ramified extension of Ky := W{[1/p] with ring of integers Ok and we fix a
choice of uniformizer 7. Then let Eis(u) € Wu] denote the Eisenstein polynomial
corresponding to the minimal polynomial of the element 7x. In particular, Eis(u) =
U+ ae_utt 4+ - - +aju+ ag where e is the ramification index of K/ Ky, p|a; for all 4,
and ag = cp for some c € W*. We finally let O, = an Oc/p, where C'is an algebraic
closure of K and the limit is over maps o — a?. We note that & — W (O ) with

compatible Frobenius structures.

Definition 4.2.1. Let Mod% be the category of finite G-modules 9 equipped with

a ¢ semi-linear isomorphism

1®¢m:¢*<zm)[ ! ]inm{ ! }

where ¢*(9M) := 6 ®, M. An object in this category is called a Kisin module and
its endomorphism ¢y its Frobenius. Morphisms in this category are the naturally-
defined morphisms of modules which commute with the semi-linear Frobenius iso-

morphism.
We also introduce a category of modules which will behave as the “generic fiber” of
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the Kisin modules defined above. We let Og denote the p-adic completion of S[1/u],
which inherits its Frobenius map ¢ from &, and & be its fraction field. Note that the
residue field of O is k((w)).

Definition 4.2.2. Let Mod%g be the category of finite Og-modules M equipped

with a Frobenius semi-linear isomorphism

where ¢*M = Og ®, M. An object in this category is an étale Og-module and
its endomorphism ¢, its Frobenius. Morphisms are morphisms of modules which

commute with ¢,,.

Remark 4.2.3. We will sometimes drop the subscript 91 or M of ¢on or ¢ in the
definitions when the Kisin module or étale O¢-module is specified or where its re-
tention clutters notation. The distinction of ¢ from ¢gn or ¢ will be clear in those

situations.

Theorem 4.2.4 ([21], Proposition 2.1.12). The functor

. @ ]
GF: Mod/6 — Mod/og

mHm@GOg

18 fully faithful.

In the category Modg/bog, we can define the dual object to an object M € Mod%g
as the module

MY := Homg 4(M, O¢)
with Frobenius endomorphism induced by

)v (1®¢n)V) ™ MY

1® v 6" MY = (¢"M
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Note that duality induces an involution on all of Mod%g.
One cannot, however, specify an involution by duality on all of Mod%, SO We re-
strict to the subcategory 1\/Iod‘f’6fr C Mod% of G-free modules to make this definition.

Then given I € Mod}b’@ﬁ, its dual is the module
MY := Home (M, S)

with Frobenius

L ® oy : 5T {Eisl(u)} - ((b*i)ﬁ {Eisl(%bv v
e, (m {Eisl(U)D - {Eisl(“)} |

The reader can check that duality is preserved under GF.

Let now Repgfo denote the category of crystalline G'kx-stable Z,-lattices spanning
a crystalline G'g-representation.

Theorem 4.2.5 ([21],[26]). There is a fully faithful tensor functor
M : Rep” — Mods

criso ,

which has the following properties. For any L € Repg,.

1. (Preservation of Rank). 9(L) is finite free over &, of rank equal to the rank
of L.

2. (Compatibility with Tensor Powers). There are canonical ¢-equivariant isomor-

phisms



3. (Compatibility with Unramified Base Change). If k' /k is an algebraic extension

of fields, then there exists a canonical ¢-equivariant isomorphism
M(Llc,,) = ML) ®s &

where &' = W(K)[u] and Gg: = Gal(K - W(K)[1/p]/K - W(K)[1/p]). In
particular,

M(L|7,.) = ML) @ S™
where & 1= W (k)[u].

4. (Compatibility with Formation of Duals). Let LY denote the dual representation
to L. Then there exists a canonical ¢-equivariant isomorphism
IM(LY) ~ M(L)".

The functor 9 in the theorem easily extends to the category Repgj;’tors of torsion
semi-stable G g-modules with non-negative Hodge-Tate weights. We note that objects
in Repgi’tors have a 2-term resolution by objects in Repgio. Therefore, the main
content of the following theorem is that 901 extends to a functor on the category

Repgi’tors so that its image in 1\/Iodjﬁ6 is independent of this choice of resolution.

Theorem 4.2.6 ([21],[26]). The functor M in Theorem 4.2.5 extends to a fully faith-
ful functor

m : Repgi’tors — Mod%

which is compatible with the formation of symmetric and tensor powers, unramified

base change, and with the formation of duals.

The theory of duality on torsion Kisin in this theorem is due to Caruso [9] and

Liu [28]. Objects in Repgi;’t"“ have image in the subcategory 1\/Iod7’g°rS - Mod%,
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consisting of p-power torsion objects which have a 2-term resolution by objects in
Mod%ﬁ. Then given L, Ly € RepCGri;O and L € Repgi}j’tors related by the short exact
sequence

0—L— L — Ly —0,

duality is the unique involution making the following diagram commute

0—9M(LY) —IM(L3) —M(L") —0

(LY)
|
0—M(Ly)Y = M(Ly) —M(L)" —0

Liu provides an intrinsic definition of duality on the category 1\/Iod(f’6tors in [28], which
is shown to be compatible with the duality induced on 1\/Iod%°]rs by the above man-
ner. Liu also shows that GF restricted to this subcategory has image in the category
Mod%zors consisting of p-power torson étale Og-modules. Duality on 1\/Iod‘é’tors com-
mutes with duality on Mod%ﬁors.

Up to this point, the definition of a Kisin module relied on a choice of uniformizer
and, therefore, using compatible choices of uniformizers to define duality and base
change. It is a technical theorem of Liu [27] that defining a Kisin module is indepen-

dent of this choice, and therefore compatible choices do not have to be made. We

state the theorem below for reference.

Theorem 4.2.7 (Theorem 1.0.1, [27]). Let M and M’ both be Kisin modules associ-

ated to the same object L € Repg, .~ but constructed on different choices of uniformiz-

ers . and . of K. Then there is a canonical isomorphism
W(ch) ®¢JFK M ~ W(ch) ®¢77r}( gﬁl

where the tensor product on each side is with respect to the embedding & — W (Oe»)
given by u — [r] along the uniformizers m = mx and ™ = 7. In particular, different

choices of uniformizers define isomorphic Kisin modules.
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4.3 Classification of Barsotti-Tate Groups by Kisin

Modules

We define the subcategories of Kisin modules which were considered in [21] to classify

Barsotti-Tate groups. We retain the notation from the previous two sections.

Definition 4.3.1. Let BT% be the full subcategory of Mod% consisting of &-free
modules 9 such that the cokernel of 1 ® ¢gn @ ¢*M — M is killed by Eis"(u). Such

Kisin modules are said to have height at most r.

A Kisin module of height r comes naturally equipped with another map gy :

oM — M, called the Verschiebung, defined so that it satisfies

The reader can check this gives ¥y, uniquely.
Let p-div/Op denote the category of p-divisible groups over Ok. Given an object
G/Ox in this category, we let G*/Ok denote its Cartier dual and T,G := lim G[p"]

denote its Tate module.

Theorem 4.3.2 ([21], [26]). The functor M of Theorem 4.2.5 induces a fully faithful

contravariant equivalence

M : (p-div/Ox) — BTy

G s M(G) = M(T,G").

The functor M moreover admits an inverse functor G, which gives the isomorphism

of Gk -modules

em 1 G(M)|g,. — T&(OM) := Home »(M, W(Oc»))
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where we recall that Op = lgln Oc/p" and W(Oe») is equipped with the Frobenius

morphism coming from the Witt construction.
Examples 4.3.3. The following examples can be computed by elementary means.
1. Let G = hﬂp‘”Z/Z = Q,/Z,. Then

1
M(G) = Ge,  dmg)(e) = ~Eis(u)e, Ymg)(e) =c®e

where e denotes a generator of the G-module 9. We denote this Kisin module
by &(1).

2. Let g = ligupn = fipeo. Then

1 :
M(G) ~ Ge, dmg)(e) = e Yamgy(e) = ¢ ® Eis(u)e
where e denotes a generator of the G-module 2t. We denote this Kisin module
by &.

Corollary 4.3.4. Let G be an object in p-div/Of and M(G)* denote the module
Homeg (M(G), S(1)).

1. The rank of M(G) encodes the height of the p-divisible group G, i.e., tkeM(G) =
ht(G). Moreover, ¢ag) and o) encode the relative Frobenius and relative

Verschiebung endomorphisms on G.

2. M commutes with x-duality, i.e., M(G)* ~ M(G*). In particular, the Frobenius

and Verschiebung endomorphisms on M(G)* are given by

1
(1®T) oY),

" oc

Pa(gy-(T)
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Proof. 1. Since 9 preserves rank, and the rank of the Tate module of a p-divisible
group equals the height of the group, the first part of the statement follows. The
correspondence between the Frobenius and Verschiebung morphisms is implicit

in Theorem 4.3.2.

2. By definition, there is a perfect pairing on the G-modules
(om : M(G) x M(G)" — S(1).
The inverse functor G therefore induces a perfect pairing on the Gg_-modules
(s )7z em  TE(OM) x TE(OM) — &(1).

Using the isomorphisms €9y and egp+ from Theorem 4.3.2, we obtain the exact
diagram
gm) x GaMm) g(

S(1))
eml: zlw L:
Tg(m) x Tg(Mm) Ts(8(1)) -

By this diagram, to show that *x-duality commutes with 91 is equivalent to
showing that x-duality commutes with G. This follows from the fact that the
pairing in the top row of the diagram is identified with pairing of the p-divisible

group G with its Cartier dual G*.

The Frobenius and Verschiebung morphisms are computed from these diagrams.

]

Remark 4.3.5. The module 9t* from the above corollary relates to the Kisin module
dual MY by a twist: M* ~ MY RsS(1). We prefer to introduce this notation to make

it clear this module is identified with the Cartier dual of the underlying p-divisible
group.
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This classification extends naturally to finite flat group schemes. It is well-known
(see, e.g., [4]) that any finite flat group scheme G defined over Ok has a 2-term
resolution by p-divisible groups G; and G each also defined over Of. Thus 90()
extends to the category of finite flat group schemes in such a way that on the exact
sequence

0—-G—-G —G,—0

it induces the commutative diagram

0—=M(Gs) —M(G1) —M(G) —0
¢M(92>L %mgnl ¢Dﬁ<g>l
0 —=M(G2) — M(G1) —M(G) —0

and the construction of 9M(G) is independent of the choice of p-divisible groups pro-
viding a resolution of G. We have already seen that 9t extends in this way in Theorem
¢,tors

4.2.6. Here we identify the precise subcategory of Mod /6 which classifies finite flat

group schemes.

Definition 4.3.6. Let Mod% , be the full subcategory of 1\/Iod‘/b6 consisting of &-

modules of projective dimension 1 which are p-power torsion and and such that the
cokernel of 1 ® ¢gy : ¢*IMM — M is killed by Eis"(u). This category is often called the

category of finite Kisin modules of height at most r.

Let p-Gr/Og denote the category of finite flat group schemes over Ok of p-power

order.

Theorem 4.3.7 ([21],[26]). Let 0 — G — Gy — Gy — 0 be any resolution of the finite
flat group scheme G/Ok by p-divisible groups G1/Ok and Go/O. The functor M of

Theorem 4.2.5 extends to induce a fully faithful functor

M : (p-Gr/Ok) — Mod(g

G — M(G) := coker(M(G1) — M(G2))
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which is an equivalence when p > 2. When p = 2, M gives an equivalence on the full

subcategories of connected objects.

To study finite flat group schemes of p"-torsion for a fixed positive integer n we
introduce further subcategories of Mod% and modify 9 in the following way. Recall
that & = W]u]. Then & projects onto the rings &,, = W, [u] for each integer n > 0,
where W, is the nth truncation of the Witt ring W. We note that &,, has a Frobenius

extending the Frobenius on W,, by u — u?.

Definition 4.3.8. Let Mod%ﬂ be the subcategory of Mod% consisting of p"-torsion
objects for a fixed positive integer n. These modules are defined over the ring &,

and are called finite &,,-modules of height r.

For each n we construct the functor

—© 6, : Modjs — Mods,

M= MR 6, = Mg,
It is clear this commutes with ¢.

Proposition 4.3.9. The functor — ® &,, is full, and faithful on p"-torsion objects
mn 1\/Iod%1 . In particular, there is an equivalence between finite flat p™-torsion group

schemes and the category Mod‘/b’@ln.

Proof. Each part of this statement is easily checked by the compatibility of — ® &,

with the Frobenius morphisms. The equivalence then follows from Theorem 4.3.2. [

Remark 4.3.10. Every object in 1\/Iod%l is G;-free. This, however, is not true of

objects in Mod‘%ﬂ when n > 1.

Examples 4.3.11. Let Eis,(u) € W,,[u] be the projection of Eis(u) € Wul.
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1. Let G, = p™™Z/7Z. Then

1_.
M(Gn) ~ Gne, P, (e) = EE'Sn(U)ea Yan(g,(e) =c®@e

where e denotes a generator of the &,-module 9MM(G,). We denote this Kisin
module by &,(1).

2. Let G, = pipn. Then

1 :
M(G,) ~ Spe, b, (e) = -e VYan(g,)(e) = ¢ @ Eis,(u)e

where e denotes a generator of the &,-module MM(G,). We denote this Kisin

module by &,,.

We note that in these examples G = hgn G, is a p-divisible group, and IM(G) =

lm M(G,) since the M(G,,) have compatible Frobenius structures.

Remark 4.3.12. In light of Proposition 4.3.9, we will write Mg, (G) := M(F) ®s &,..
Then Mg, is a functor on any Barsotti-Tate group and its image is the Kisin module

corresponding to its maximal p™-torsion subgroup scheme.

4.4 Deformation Theory with Kisin Modules

We interpret the deformation theory of p-divisible groups in the language of Kisin
modules. Recall that S is the p-adic completion of Wu, Eis(u)"/n!],>1 with a Frobe-
nius extending the Frobenius on W by u ~ P and a filtration given by Fil'(S) =
ker(S =5 Ok). We also recall that & = W[u] with a Frobenius extending the
Frobenius on W by u +— uP. The categories BT‘;’S and BT‘}S’G1 denoted Breuil modules
and Kisin modules of height 1, respectively, and were defined in §4.1 and §4.3.

The ring S has a natural structure of an G-algebra under v + u, which induces
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the functor

. ?,1 @
M : BT/G — BT/S

M > M(M) = S @6 ¢*M

where the S-module filtration Fil' M(9) € M (M) is defined by the Cartesian dia-

gram

Fil'! M (O M (M) = S ®@g ¢*M

T

FillS @ M— S @ M

This filtered submodule is also written as
Fil' M(9M) = S - Fil'¢* (M) + Fil'S - M(M)

where Fil'¢*(9) is defined by the Cartesian diagram

Fil' ¢* (9 —— ¢*M = 6 @46 M
l 1®pm
Eis(u) - M— M

Theorem 4.4.1 ([21]). Let G/Ok be a p-divisible group. Then there ezists an iso-
morphism

D(G)(S) = M(M(G))
which s compatible with ¢.

Corollary 4.4.2. There is a canonical ¢-equivariant isomorphism

¢"(M(G)/ud(G)) = D(Go)(W)
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where Gy = G ®o, k. In particular, the linear Frobenius and Verschiebung endo-
morphisms on the Dieudonné module are given by 1 ® ¢og) mod u and 1 & apg)

mod .

Proof. The ring W has the structure of an S-algebra by mapping u +— 0. We compute

D(Go)(W) = D(G)(S) ®s W = M(M(G)) @5 W
= ¢"(M(G)) ©e W

= ¢"(M(G))/ud™ (M(G))

where the first isomorphism follows from the crystalline base change property of the
Frobenius crystal in Lemma 4.1.1 (1) and the second isomorphism follows from Theo-
rem 4.4.1. Since each step in the computation commutes with the Frobenius operator,
we conclude that the Frobenius and Verschiebung operators on the Dieudonné module

are reductions of (the linearization of) the original modulo w. ]

Lemma 4.4.3. Let G/Ok be a p-divisible group. There are natural isomorphisms

wg = M(G)/ Py (M(G)),

Lie(G) ~ ¢*M(G)* /Fil'¢* M (G)*.

Proof. Let M = M(G) and M = M(9M). By Theorem 4.4.1 and Corollary 4.1.6, we

have the exact diagram

0 wg D(G)(Ok) Lie(G*) ——=0

| | |

0 — Fil' M/(Fil' $)Fil' M ——— M/ (Fil' )M —— M /Fil'l M —0 -
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The first vertical arrow gives the isomorphisms

wg =~ Fil' M(OM(G))/(Fil' S)Fil' M (9M(G))
=[S Fil'¢" (M) + FiI'S - M(M)] /(Fil'S) [S - Fil' ¢* (M) + Fil'S - M(IM)]

~ M(G)/domg)(M(G)).

Replacing the objects in the diagram with their dual objects, the last vertical arrow

gives the isomorphisms

Lie(G) ~ M(M(G"))/Fil' M(M(G"))
= [S@¢"m(GN)]/ [$- Fil'g"(M(G")) + Fil'S - (S @ ¢"M(G"))]
= 0"M(G")/Fil'¢"M(G").
The isomorphism 9M(G*) ~ M(G)* from Corollary 4.3.4 now gives the statement. [

Recall now that Mod%ln is equivalent to the category of p"-torsion finite flat
group schemes. For each n we can also define the category Mod%n in the natural
way, where S, is the level-n quotient of S constructed in the obvious way on the nth

truncation of W. Then we can construct a functor

— ® S, : Mod{y — Mod,

M= M®gS,.

It is clear this commutes with ¢ and with filtrations.

Proposition 4.4.4. The functor M induces a map

M : Modfg — Mod7 .
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When n = 1, this is an equivalence when p > 2 and an equivalence on connected

objects when p = 2.

Proof. The functor M commutes with —®&,, and —®.5,,. We deduce the equivalence

from Theorem 4.4.1. O

Proposition 4.4.5. Suppose k =F,, Ky =W (k)[1/p], and K/Ky is a finite, totally

ramified extension. For any p-torsion finite flat group scheme G/Ok,

#wg _ qvu (det ¢£m61 (g)) )

Proof. By Proposition 4.4.4, the isomorphisms of Lemma 4.4.3 extend to the category
1

Mod /6,7 SO

wg >~ Me, (G)/ P, (6)Me, (9)-

Now choose a basis e, ..., e, of Me,(G) and let u®, ... u®r denote the elementary
divisors of the endomorphism ¢aye (g). Then the degree of the characteristic ideal
of wg is Z?Zl si = vy(detdmg (g)). The statement now follows as a comparison of

modules over FF,. O

Remark 4.4.6. Recall that the category of Kisin modules is a tensor category and that
M commutes with symmetric and exterior powers. Therefore, we may equivalently
state Proposition 4.4.5 in the following way: let £ := A" 9(G) where h denotes the

height of the p-torsion finite flat group scheme G/QOf, then

#wg — qvu(¢2) .
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“What are letters?”
“Kinda like mediaglyphics except they’re all black, and they’re
tiny, they don’t move, they’re old and boring and really hard to

read. But you can use ’em to make short words for long words.”

Neal Stephenson, The Diamond Age

Finite Group Theory with Kisin Modules

5.1 Classifying Finite Flat Subgroup Schemes

We restrict our attention in this section to studying the category 1\/Iod%n introduced
in §4.3. We recall this is the category of p"-torsion Kisin modules for a fixed positive
integer n. When r = 1 the category is equivalent to the category of p™-torsion finite

flat group schemes by Proposition 4.3.9.

Definition 5.1.1. Let 90t € Mod%n. A submodule 9 C 9 is saturated in 9 (or

just saturated) if 1 = (N ®es S[1/u]) N M.
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Lemma 5.1.2 (Proposition 2.3.2, [28]). Let 9 € Mod%n and N C M be a ¢-stable

submodule. Then the following are equivalent:

1. N is saturated in IN,

2. M and M/N are both objects in Mod%n, i.e., both have projective dimension

1

3. GF(M) = N ®gs O¢ is a subobject of GF(M) = M ®¢ Ok.
The equivalence between (1), (2), and (3) relies on the following lemma.
Lemma 5.1.3 (Proposition 2.3.2, [28]). Any object M € Mod%ﬂ is u-torsion free.

Proof. Each object 91 € Mod% has projective dimension 1, hence has a resolution
O—>9ﬁg£>9ﬁ1—>9ﬁ—>0 (5.1.4)

by finite, free G-modules M, and My. Let {eq, ..., eq}, resp. {f1,..., fa}, be a choice
of G-basis for My, resp. My, such that (eq,...,eq) = (f1,..., f4)A, where A is the
transition matrix corresponding to ¢ in (5.1.4). Since 9 is killed by p™ for some
positive integer n, there exists a matrix B with AB = p"I.

Assume for the sake of contradiction that there exists a non-zero element a € 9
which is killed by «* for some k > 1. Let a = 2?21 a;e; be a lift of @ to M. Then
we have

uk(a’h R ,Cld) = (bla R 7bd)A
for some b; € &. Since AB = p"I, we further have
(b17 s 7bd) = uk(p_n)(a’h s 7ad)B'

Let (c1,...,¢cq) = p"(a1,...,aq)B. Then ¢; € & and (ay,...,aqs) = (c1,...,cq)A.

But by the exactness of (5.1.4), this implies @ = 0, a contradiction.

48



To conclude the statement for the category Mod%n, we apply the functor —® &,
from Proposition 4.3.9. Then an object in Mod%n is u-torsion free if its lift in Mod%

is u-torsion free. O

Proof of Lemma 5.1.2. By Lemma 5.1.3, objects of Mod®;

/6, are u-torsion free, and
n

hence GF induces the bijection

{saturated submodules of MM} = {subobjects of GF(9M)}
I — N Re Og

NNMe1—N.

This shows the equivalence between (1) and (3).

For the equivalence between (1) and (2), by the proof of Lemma 5.1.3, an object 9t
in Mod% has projective dimension 1 if and only if u is regular for 9. Therefore, any
submodule 91 C 9 necessarily has projective dimension 1. To establish the statement,
we must relate the condition that the quotient 9t/9% has projective dimension 1 to
the condition that 91 is saturated in 91. If N is saturated in M, it is easy to see that

u is regular on M /N, and conversely, and so we apply Lemma 5.1.3 again. [

Saturated submodules have a geometric interpretation on objects in Modé’i. In
particular, they describe finite flat subgroup schemes under the equivalence in Theo-

rem 4.3.7. We prove this in the following proposition.

Proposition 5.1.5. Let G/Ok be a finite flat group scheme of height g. There is a
one-to-one correspondence between saturated submodules M C Mg, (G) and finite, flat

subgroup schemes H C G; in particular,
mGl (H) = mel <g>/m

Proof. Let H C G be a finite, flat subgroup scheme. Then we necessarily have the
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short exact sequence of finite flat subgroup schemes
0—->H—>G—G/H—D0.
Applying the contravariant functor Mg, , we obtain
0— Me, (G/H) = Me,(G) = Ms, (H) — 0.

Since Mg, is an exact functor and quotients exist in the category of Kisin modules,

it follows that

M, (H) =~ Me, (9)/Me, (G/H).

By Lemma 5.1.2, Mg, (G/H) must be saturated in Mg, (G) for M, (H) to have
projective dimension 1. The converse follows from the equivalence in Theorem 4.3.7.

]

5.2 Harder-Narasimhan Theory of Finite Kisin Mod-
ules

We now introduce the Harder-Narasimhan (HN) theory for the category Mod% :
HN theory was originally developed for finite flat group schemes by Fargues [16] and
extended to Kisin modules more broadly by Levin and Wang-Erickson [25]. The
study of the Harder-Narasimhan filtration of finite flat group schemes, and more
broadly finite Kisin modules, is intimately linked with understanding the variation of
(semi-stable) Faltings height (see Remark 5.2.3).

We start with a warm-up lemma, which will be relevant to the computation of

the HN slopes.
Lemma 5.2.1. Suppose k = F,, Ky = W(k)[1/p|, and K/K, is a finite, totally
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ramified extension. Let G/Ok be a finite flat p-torsion group scheme of height g and
H C G be a flat subgroup scheme of height d. Then there is a line £ C /\gfd M(G)

such that
Hhoy = qvu(det(¢m(g)))—vu(¢s)_

Proof. As in Proposition 5.1.5, we have a short exact sequence of G-modules
0— mgl(g/?{) — mtgl(g) — gﬁgl(H) — 0

where the terms in the sequence have G-rank g—d, g, and d, respectively, correspond-
ing to the height of the groups. Since Mod% is a tensor category, determinants are
additive on the short exact sequence. Moreover, the &-linear determinant of 9¥(G /H)

will be a line £ € AY *9(G). The statement now follows from Proposition 4.4.5. [J

We are now ready to introduce the Harder-Narasimhan filtration on Modé’:.

Definition 5.2.2. The Harder-Narasimhan slope (or HN slope) of an object
M € Mody' is

where

1. deg(9M) is the degree of M, defined as

deg(f)ﬁ) = N(l—Q%)]gz (COker(¢m)),

2. 1k(9) is the rank of 9, defined as

rk(9M) = Co, (GF(IM)).
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Remark 5.2.3. When M € Modé’i, it can be shown that the degree and rank in
Definition 5.2.2 equal to the degree and rank defined for finite flat group schemes in
[16] for objects in Modé’nl. Thus, if we let A; /O and Ay/Ok denote Néron models
of abelian varieties with potential good reduction and f : A; — Ay be an isogeny of
p-power degree, then G/Ok = ker(f) is a finite flat p-group scheme and p(9M(G*)) is
the ratio of the terms in log(deg(f)) and m log(#s*Qé/OK) appearing in Lemma
2.1.6. Thus, the Harder-Narasimhan theory of finite flat group schemes relates in a
natural way to understanding the variation of the Faltings height, an observation that

has already been made in [16].

Definition 5.2.4. An object 9 € Mod%n is semistable if for all saturated sub-
modules 91 C M their slopes satisfy the inequality p () > w(9). If an object is not

semistable then it is called unstable.
Example 5.2.5. All objects 91 € Modé’l1 of rank 1 are semistable.

Lemma 5.2.6 (Corollary 2.3.12, [25]). Let 9 € Mod‘%ﬂ be semistable. Then a
saturated submodule (resp., quotient by a saturated submodule) 9t C M (resp., M —
M) such that p(N) = p(M) is again semistable.

Theorem 5.2.7 (Harder-Narasimhan Filtration, [16], [25]). Let M € Modé’:. Then
there exists a unique filtration

0= CNMy C--- TPy =M
by saturated subobjects such that for all i, ;1 /M; is semi-stable and p(9M; 1 /IM;) >
w(9; /M, _1). Moreover, this filtration is preserved under endomorphisms.

Definition 5.2.8. The Harder-Narasimhan polygon (or HN polygon) of an

object M € Mod% is the convex polygon whose segments have slope (9,1 /9;)
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and length rk(9;11/9;), where the modules 9; are those occuring in the Harder-

Narasimhan filtration. We represent the HN-polygon as a piecewise linear function
HN(R) : [0, vk(900)] — [0, deg(a)]

such that HN(91)(0) = 0 and HN(9%) (rk(901)) = deg(9M).

Example 5.2.9. The Harder-Narasimhan polygon of a semistable finite Kisin module

is a single line of slope p(9N).

Remark 5.2.10. When 9t € BT%T is flat over &, we can extend the Harder Narasimhan

theory on its projections M g &,, to M as follows. We define
degg (M) := deg(M/p™)/n

pe (M) = p(M/p").

That this is independent of n is the content of Proposition 6.3.5 in [25]. Alternatively,
if we let HN(9t/p") denote the HN polygon of the object M/p" € Mod%, the HN

polygon (and hence the HN filtration) of 9t is obtained as the limit of the maps
1
x— —HN(O/p")(nzx)
n

which converges uniformly increasingly as n — oo (Theorem 6.2.3, [25]). It is shown
in [25] that these two definitions are equivalent and moreover the isogeneous flat Kisin
modules have the same HN filtration. We leave it to the reader to check for herself

the details or consult [25] for reference.
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Existence is prior to essence.

Paul Sartre, Existentialism is a Humanism

CM Kisin Modules

6.1 Og-Linear CM Kisin Modules

Fix E to be a (p-adic) CM field such that [E' : Q,] = h and let E* be its (p-
adic) reflex field. Denote by O C E the ring of integral elements. Let K/Q, be
a finite field extension with ring of integers O, a choice of uniformizer 7g, and
residue field k = Ok /1O, and assume that K O E*. Let W = W (k) and Ky =
W[l/p] € K be the maximal unramified subextension of K over Q,. Then the
characteristic polynomial of 7k over K is an Eisenstein polynomial Eis(u) € W{ul,

i.e., Eis(u) = u® + ae_1 + - -+ + aju + ag, where e is the ramification index of K/Kj,
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pla; for all 4, and ag = cp for some ¢ € W (k)*.
In Definition 3.1.9 we introduced the notion of the reflex norm. Evaluating it on

Q-points gives the map:

NQKSKX—}(K@E)X—)EX

T detE(x|vq>,K).

Here, Vg k is a finitely-generated K ®gq, F-module and x € K induces a K ®q, E-
endomorphism on Vg . The subscript £ indicates we take the E-linear determinant
of the endomorphism induced by x on Vg g considered as an E-vector space.

For any p-adic local subfield L C K of finite index, we can define a relative reflex

norm map to be

Nogrop: K = (K®QE)" - (L® E)* = HE%'X
x = detL®E(x‘V<I>,K,L®E) = H detEi ('x‘vé,K,Ei)7

where Vo k 1or ~ Vo x as an L ® E-module, Vg k g, is a finitely-generated K ® E;-
module, and Vo k105 ~ @, Vs kg, is induced from the decomposition of L ® E ~
L, £: into a product of fields. Note that the E; do not all have to be isomorphic
fields, so as Q,-vector spaces the Vg i g, could all have different dimension. This
determinant is well-defined up to permutation of the fields E;. The following lemma

provides a more intrinsic definition.

Lemma 6.1.1. Let A be a ring and M a finite projective A-module with an endomor-
phism x. Let F' be a finite free A-module such that F' ~ M & M’ and I, the extension
by the identity of x to F. Then setting deta(x|y) = det4(I:|r) is independent of the
choice of F.

Proof. Let F} and F; be two choices of free A-modules with respective decompositions
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M @& M; and M & M, into projective A-modules. Then for ¢ € {1,2} let x extend
to endomorphisms I,; on F; which acts on M by x and on M; by 1. Construct the
module Fy @ Fy, = M & M; & M & M, and consider the automorphism u which
switches the two factors of M and behaves as the identity on the other two factors.

This automorphism satisfies

U(IJ;J EB id)u_l = ld ED Ix72.

Taking determinants on each side of this equality shows that det 4 (I, 1]|m ) = deta(Ly2|r,)-
[

Apply the lemma with A = L ® E' and M = Vg g 1gr. There is a natural choice
of a free L ® E-module F' = K ® E which has L ® E-rank [K : L] and splits as

K®FE ~ V@,K,L@E S¥ V@C,K,L@E-

For x € K*, define I, as in the proof of the lemma to be the endomorphism of F' which
acts on Vo k1o by © and on Vee g rerp by 1. Then by the lemma Ng g ror(z) =
detror(l:|kor), and is easily seen to coincide with the definition above, up to a
permutation of the Ej-factors. Note that Nee gk rop(r) = detrgr (LS| ker) where IS
acts on Va g ror by 1 and on Vee g ror by . By multiplicativity of the determinant,

this moreover induces the decomposition

Nmg/r(x) = No k,108(2) Noc kLo (). (6.1.2)

When L = Q,, the definition easily recovers the classic definition of the reflex norm.

For each finite extension K/E*, the relative reflex norm extends to a multiplicative
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map on polynomial rings after a base extension by Q,[u] defined by

Ro rrop « Klu] = (L ® E)[u]

f(u) = Nok roe(f(u)).

The multiplicativity of this map comes from the multiplicativity of the relative reflex
norm. We let Py, 1or(u) denote the image of the polynomial u — x for x € K under

this map.

Definition 6.1.3. An Og-linear CM Kisin Module of type (Og, ®) is an object
of BT% isomorphic to a rank 1 projective & ® Og-module with generator e and

Frobenius and Verschiebung endomorphisms given by

1
(g (€) = ZP<I>C,7rK,Ko®E(u)€7

Yon(g)(e) = ¢* (cPo . kowr(U)) €.

In particular, the Frobenius and Verschiebung endomorphisms satisfy the relation

Bis(u) = Po r kooE * Pocry koop ().

Lemma 6.1.4. Let M be an Og-linear CM Kisin module of type (Og,®). Sup-
pose that K contains all @p-embeddings of E, and let E" C E denote the maximal

unramified subfield. Then under the identification

M= (6 ®z, Op)e = @ (6 ®@opur, OF)er

T€Hom(Evr,Ko)

the Frobenius and Verschiebung are explicitly

Pan(g)er = for)(U)eo(r)
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Yo er = ¢ (Vo—1(r) (1)) e5-1(r)

where

= [ @, & ={red:vpm=r}

VG‘I)T

— H hl/(u), @i:{V€¢CV|Eur:T}

veds
and the polynomials hy,(u) € & ®o g Op satisfy Eis(w) = I, chom, (z.x) b (W)
Proof. This is a natural consequence of the definition of the map Re g+ roE- O

Example 6.1.5. Assume that £/Q, is unramified and that K, contains all embed-
dings of E into @p. Then the module 9T from Definition 6.1.3 has an explicit G-basis
{e1,...,en} so that its Frobenius ¢gy has the presentation
b e 1 L1Eis(u)e,) ifie @
€a(i) ifi ¢ @
where 0 = ¢|y. Since o is cyclic, we can choose an ordering such that o(i) =i+ §
mod h for 1 <7 < hand 1 < ¢ < h. In fact, since o has order h on the residue
field, we can take 6 = 1. An element a € Op acts on the vector x = >, x; by
a(z) = Y ;i(a)z;, where i : O — W. We let the reader construct the analogous

explicit form of 1y as an easy exercise.

Example 6.1.6. Assume that £/Q, is a totally ramified Galois extension. Then
we can write the (reduced) module Mg, from Defintion 6.1.3 with an explicit basis

{e1,...,en} as follows. We let m = mg and note that

Eis(u) = u® — ph(u) = H (uh — H uh — e;mhi(u))

9€Gal(E/Qp)

o8



where g(m) = ¢;m for some ¢; € O, and h;(u) € Wg[u], where Wg = W Qwrp £ and

the degree of h;(u) is strictly less than e/h. Then

PK,WK7K0®E<U)€ = H (U% — CﬂThl(U» €.

icde

We let H,(u) = Z chhl(u) = Zﬂan,k(u), where H,, ;(u) are defined to have

SCoe eS8 k>0
#S=n

unit coefficients in Wy (note, in particular, that Hyo(u) =1 and Hyy = 0 for k& > 0).

Define
k
an(“) = Z pLﬂan(U)a
k>0
k=j modd
and
Pi(u) = Z G j(u)yuhh=d=m)
§.n>0
Jj+n=~k
so that

d—1 h—d h—1
Pr nye kowE(U)E = Zﬂj ( W"Gn,j(U)u’i(hd”)> e = Zﬂ'kpk(U)e.
0 n=0

j= k=0

Using the basis e; = 7't for 1 < i < h, we may write

;lw
_
|

.
;|~
—

dmle) = [Biwlenitp ), [Bw)]ej—p-i--

Il
=

—1

Then, reducing the coefficients modulo p, G, ;(u) = H, j(u) in the above matrix

presentation and ¢gy is represented by an upper-triangular matrix.

Now let G/Ok be a CM p-divisible group with (p-adic) CM by (Og, ®), and we
assume that G has an Og-linear structure, i.e., O <— End(G). We note that G has

height hA and denote its dimension by d.

Proposition 6.1.7. An Og-linear CM Kisin module of type (O, ®) is isomorphic
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to M(G) for a CM p-divisible group G with (p-adic) CM by (O, ®) and an Og-linear
structure.

Proof. Let 9 be an Og-linear CM Kisin module of type (Og, ®). By Theorem 4.3.2,
M ~ M(G’) for some p-divisible group G’. By Lemma 4.4.3, we compute Lie(G’) to

be
¢*IM(G"™) [Fil' ¢*M(G™) ~ ¢*M* /Fil' ¢*"M* ~ & Rz, Op/(Po . ronr(1)).
This induces the E-linear isomorphism
Lie(G") ® Q, ~ [6 ®z, Op/(Po . kyee(w)] ® Q, ~ H<_p>i

and hence G’ is an Og-linear CM p-divisible group with CM by (Og, ®). By Corollary
3.2.9, after passing to an appropriate unramified extension, any two Og-linear CM

Kisin modules of the same type are isomorphic, so G’ ~ G and 0t ~ M(G). H

The Galois representation attached to G[p®] is a torsion-crystalline representation
on a one-dimensional E-vector space, hence abelian. By Corollary 3.2.9, the image

agrees with the map

NQK : O;;- — (OE/pSOE)X,

and by local class field theory, the representation factors through a totally ramified
abelian field extension K*®/K of degree #(Og/p°*Og)*. Let s-Eis(u) = u® 4 -+ - 4 csp

be the characteristic polynomial of the extension K*/K, with ¢, € W*.
Definition 6.1.8. The level-s model of an Og-linear CM Kisin module 9t ~ 9(G)

is a rank 1 projective & ® Og-module 2M* with generator e and its Frobenius and

Verschiebung endomorphisms given by

1
¢9ﬁ5 (6) - C_P‘?Cﬂr}(s ,K0®E(u)€7
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”Lpgms (e) = (b* (CSP<I>,TFKS,KO®E(U’)) €.

In particular,

5-Eis(u) = P rys koo E * Poenys Koop(W).

Lemma 6.1.9. Let M ~ M(G) be an Og-linear CM Kisin module and M* be its level-
s module. Then M* ~ M(G;) where G Ro,, Oxs =~ Gs. In particular, all p*-torsion
on G s defined over the field K*.

Proof. There are #(Og/p°Or) = p*¥&! different p-torsion points on G,. Since the
height of G, equals [E : Q,], all the p°-torsion points are rational over K®. The

isomorphism 9° ~ M (G) follows from Proposition 6.1.7 and Theorem 4.2.7. ]

Remark 6.1.10. The abelian extensions of K can be described by Lubin-Tate theory.

Specifically, given a uniformizer m = g of E, one can define a formal group law by
[7](u) = mu + u?

where ¢ denotes the size of the residue field of E. Then the class extension K*/K is

defined by the Eisenstein polynomial

_ [7°] (w) — 51 ()0
hﬂ75<u) - [Ws_l](u) + ([ ]( ))

where we define [7°](u) = u. This further explicates Lemma 6.1.4 by setting

fT(u) = H (g*th)<u>

geX -

v-(u) = H (gihrs) (w),

geXs
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where

5, = {g € Gal(@,/K,)/Gal(Q,/K) : gL or €D,}, &, ={i €D :ilpw =7}

3¢ = {g € Gal(Q,/Ky)/Gal(Q,/K) : g ' o7 € ®¢}, & ={i € & :i|pu =T}

6.2 Quasi-Kisin Modules

We introduce the notion of a quasi-Kisin module to simplify computations involving
Og-linear CM Kisin modules, which were introduced in Proposition 6.1.7 and Lemma
6.1.4. The target computation is that of the relative Hodge bundle in Lemma 2.1.6,
related to Kisin modules by Lemma 4.4.3 and Proposition 4.4.5.

Fix k to be a finite field containing the subfield F, where ¢ = p’. Define &@ to
be the module W (k)[u] with a g-Frobenius, i.e., 0@ |4 : a — a? and extends to

u— u? on W(k)[u].

Definition 6.2.1. A quasi-Kisin module (or g-Kisin Module) is a finite &(?-

module M@ equipped with the ¢-Frobenius semi-linear isomorphism
1® ¢ : @+ (M) [1/Eis® (u)] = MW [1/Eis@ (u)]

where ¢(@*(9) := 6@ ) M and Eis'? (u) = ¢/ (Eis(u)).

There is no correspondence such as Theorem 4.3.2 for quasi-Kisin modules, so
they do not describe geometric objects in the way the category of Kisin modules
does. However, one can show that any Opg-linear CM Kisin module is composed of
quasi-Kisin pieces.

Fix E to be a (p-adic) CM field such that £/Q, has ramification degree r > 1 and
inertia degree f, and let Op C E be its ring of integers with choice of uniformizer 7.

Denote by G/Ok an Og-linear CM p-divisible group with (p-adic) CM type (O, ®)
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and let h = [E : Q,] be its height and d be its dimension. Let [ := Hom(E™, Kj).
Then recall by Lemma 6.1.4 that, after enlarging K if necessary, we have the decom-
position

M(G) = (& ®z, Op)e = (S @0, Or)e;

il

into projective & ®ou: ; Opg-modules of rank 1. We will write
M(G)i =6 Rogu, OF

and use the subscript ¢ to denote the ¢-isotypic piece in this decomposition.

Lemma 6.2.2. Let E/Q, be a (p-adic) CM field, and assume that G/Ok is a CM

p-divisible group with (p-adic) CM by (O, ®). If we let MD ~ M(G) ®s 6@ as

(9)

@) — ¢§ﬂ, then there is a decomposition

modules be equipped with a (bé;’t) -Frobenius ¢

into &9 _modules

Mm@ ~ om?
i€l
where qbgjt)(q) =P, ¢;th)(_q>. If E/Q, is Galois, then the 9ﬁ§Q) all have the same & -

rank.

Proof. This decomposition is the quasi-Kisin analogue of Lemma 6.1.4. In particular,
in loc. cit., the Frobenius acts cyclically of order r on elements of I. The statement

on the rank is a basic fact from Galois theory. O

We will refer to the decomposition in Lemma 6.2.2 as the quasi-Kisin decom-

position of the Kisin module 901.

Corollary 6.2.3. If91 C M is a saturated G-submodule, then there exists a saturated

S _submodule WD C MDD with a decomposition

N@ ~ PHon?

i€l
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such that qbgff()q) =D,er ¢;;1<_)q> and

v, (det ¢p) = (;f__ll) Uy, (det dga)) = (;f__ll) Zvu (Cbmz(q))

el

where f denotes the inertia degree of E/Q,. Conversely, a saturated S -module
N C MDD corresponds to a saturated S-module  C M if its Frobenius respects the

quasi-Kisin decomposition of .

Proof. We construct the &@ module M@ from M as we constructed M@ from I
in Lemma 6.2.2. Then M@ is necessarily a submodule of M@ as 91 is a submodule
of M, and saturation also follows. We moreover obtain the decomposition on 91(@
from the decomposition on 9@ and the statement on the determinants follows by
the definition gzﬁgz()q) = qbf); and following its effect on the leading coefficient of the

Eisenstein polynomial at each iteration. Finally, the converse part of the corollary is

clear by reversing the steps in the above construction. O

We say that a (p-adic) CM field E is ramified along a CM type ® if for any two
elements 7, 72 € I, there is an element g € Gal(@p /Q,) such that g&,, = ®,,, where

.. are as defined in Lemma 6.1.4. Otherwise, it is unramified along the CM type ®.

Corollary 6.2.4. If E/Q, is Galois and ramified along the CM type ®, then the smz@

are all isomorphic as &9 -modules.

Proof. Since E/Q, is Galois, each of the zmg‘” have the same rank. Therefore, one
needs to check their Frobenius endomorphisms gb;;)@ induce isomorphic &@-modules.

By Lemma 6.1.4, qﬁi();)(q) = fi(u)¢f, and since £/Q, ramifies along the CM type, the

fi(u) are all E™-conjugate to each other. O

We use the quasi-Kisin decomposition to reduce the computation of the relative
Hodge bundle to either the case where the (p-adic) CM field £/Q, is unramified or

where it is totally ramified and Galois. In each instance we need a form of the Serre
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tensor construction on CM p-divisible groups. A general introduction to the Serre

tensor construction is given in [10].

Proposition 6.2.5. Let E'/E be a totally ramified extension of degree p between
(p-adic) CM fields, and choose a uniformizer wg for E' and a uniformizer mg for
E such that Nmp/ g(ng) = mp. Let G be an Og-linear CM p-divisible group and
G = G ®o, Op be the Serre tensor construction. Denote by G; the image of G
under Wé/ for 7 =0,....,p— 1. Then every Og -stable finite subgroup H' C G’ has
a decomposition H' = H?;é H; where H; C G; is an Og-stable finite subgroup. In
particular,

vu(det ¢9ﬁ61 (’H’)) = Z Vy (det gbgmel (’H]))

Moreover, when H' N G'[7},] has the same height for all 1 <1 < p,
vu(det gbgﬁel(fﬂ/)) = pvu(det gbgmel(q.[o)).
Proof. Enlarge K so that it contains all embeddings of E’. Define

m(g)z =6 ®0Eur’i OEa

M(G)i := (6 R0pu, OF) ®oy Opr = M(G)i ®0 g Op.
By Lemma 6.1.4,
M(G) = ((6 ®z, Op) ®o, Op) e — EB ((6 ®opur, Op) ®o, Op) €; EBfm

Moreover,

M(G;) = (6 @z, Opmhy)e — @ S R0 ; Ol )e;
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Since H’ is Opr-stable by hypothesis, its Kisin module is of the form

9.71(7—[/) @(6 ®(9Eur i 7TE/ OE’/OE/ €, = @ 7TE/ 19:)? (g )

el i€l

for some collection of non-negative integers k;. This induces the module isomorphism

k+]J

M(H); =75 MG Z—EB T * OM(G)i /MGy

We wish to show that

k+]J

zm@E

el

M(G))i/IM(G;)s

is a finite Og-stable Kisin module so that it corresponds to an Og-stable finite sub-
group H,; € G; under Theorem 4.4.1.

Since M(G;) is Op-linear, there exist non-negative integers ¢; such that

bmg,) : M(G;)i — TEM(G)) o)

Then

bem(g/) : m(g )i = 7T}Efli)ﬁ(g )a(z

and since M(H') is Op/-stable,

ki — pli < ko).

But this implies that

ki + 3 kogiy +J

] =<
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so that

ki+j 4
=y —| 2 44,

bomg,) T L MG/ MG))i > T M(G1)o i) /TG)o i)

kg (i) i

and the image is contained in 7., * “9M(G)) o) /M(G;)o (), Which demonstates sta-
bility by the Frobenius endomorphism. Thus, by Theorem 4.3.2, 9, ~ 9M(H,;) for
some Opg-stable finite subgroup H; of G;. The rest of the proposition now follows

from the multiplicativity of the determinant. O

Corollary 6.2.6. Let (E,®) be a (p-adic) CM type and G/Ox a CM p-divisible
group with (p-adic) CM by (O, ®). Assume that E/Q, does not ramify along the
CM type ®. Define p = [E : E™] and let g be a choice of uniformizer for E. Then
G ~G" R0, Op, and for any saturated submodule M C M(G[p"]) corresponding to
a group scheme H C G[p"] such that HNG[r] has the same height for all 1 < r < p,

there exists a saturated submodule Yy C IM(G™) such that

p—1
Uu(det ¢‘ﬁ) = pvu(det ¢‘J?0) =p (pf - 1) ZUU <¢‘J’t(<)qz)>

i€l
where @, mffg is the quasi-Kisin decomposition of No.

Proof. By the structure theorem for local fields and the hypothesis that £/Q, does
not ramify along the CM type ®, G is the Serre tensor construction of a p-divisible
group G" with (p-adic) CM by (Ogur, @ = ®|gur). By Proposition 6.2.5 and Propo-
sition 5.1.5, we then obtain the existence of 91y and are able to compute the constant
p appearing in the formula. Finally, the decomposition of 91 is an immediate appli-

cation of Lemma 6.2.2. O

Proposition 6.2.7. Let E/E denote the Galois closure of a (p-adic) CM field E.
Let G be an Og-linear CM p-divisible group and G:=¢ ®o, O be the Serre tensor

construction. Then for every subgroup scheme H C G, there is a subgroup scheme
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H C G which pulls back to H under the embedding G — G and

v, (det (bzm(ﬁ)) = puy(det da(s))

where p = [E : E.

Proof. The field extension E /E is necessarily totally ramified. Moreover, O3 is a free
Opg-module of rank p, and thus as a p-divisible group G is isomorphic to G”. We can
even further assume that the closed immersion G — 5 is just the inclusion of the
first factor. Then H = H? is a subgroup scheme of G which pulls back to H with the

desired property. O

Corollary 6.2.8. Let E/Q, be a (p-adic) CM field and E/Q, denote its Galois
closure. Let G/Ok be a CM p-divisible group with (p-adic) CM by (Og,®) and
assume that E ramifies along ®. We further denote by G the Serre tensor construction
G ®o, Of. Then for any saturated submodule 91 C M(G) there exists a saturated
submodule M C M(G) such that

vy (detgn) = %vu(dewﬁ) = % > v, (detog, ) -

i€l

Proof. By Proposition 6.2.7 and Proposition 5.1.5, it immediately follows that there
exists a saturated submodule 9 C 9(G) such that vy(detog) = p(detén). The

decomposition N = D, ‘ﬁz is likewise an immediate application of Lemma 6.2.2. []

Remark 6.2.9. By Corollary 6.2.4 and Corollary 6.2.8, if E/Q, is ramified along the
CM type, then the computation of the relative Hodge bundle at each piece in the
decomposition is completely analogous to a case when the (p-adic) CM field is totally
ramified and Galois. We therefore consider, somewhat abusively, the case of a totally
ramified and Galois (p-adic) CM field in place of being ramified along the CM type

for computing the relative Hodge bundle at each instance it occurs.
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6.3 HN Theory of CM Torsion Modules

Harder-Narasimhan theory (reviewed in §5.2) allows us to identify subgroups of G[p"]
where G/Of is an Og-linear CM p-divisible group. The results here are very specific
to the case when G is a CM p-divisible group, as its isogeny class, and therefore its
Harder-Narasimhan theory, is determined by the rational endomorphism algebra.

We first demonstrate that G[p"] is semistable for all n.

Lemma 6.3.1. Let G/Ok be an Og-linear CM p-divisible group of dimension d and

height h. Then IMM(G[p™]) is semistable for all n > 1. Moreover,

Proof. By Proposition 6.1.7, M(G[p"]) is &,, ® Og-projective of rank 1. Then since
Opg-multiplication preserves the Harder-Narasimhan filtration, any submodule of 9(G[p"])
in the filtration must be &,, ® Og-projective of rank 1 as well. The inclusion of such
a submodule is an isomorphism under the functor GF, and therefore itself an isomor-
phism. This shows 9(G[p"]) is semistable.

For the latter claim, we note that #G[p"] = p™, so tk(9M(G[p"]) = nh. Moreover,
since G has dimension d, v, (det pam(gpn))) = (h — d)e, and hence by Proposition 4.4.5,
deg(M(G[p"])) = (h — d)ne. a

Using the fact now that G[p"| is semistable and has an Og-linear structure, we

can characterize subgroups in the following special case.

Lemma 6.3.2. Suppose that E/Q, is totally ramified, and let G/Ok be an Og-linear
CM p-divisible group of dimension d and height h. Let m = wg denote a uniformizer
of O and let 0T C M(G[r"]) =: M be a saturated submodule. Then pw(N) = w(G[n"])
if and only if M/N = M(G[7*]) for some integer 0 < k < r.
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Proof. We proceed by induction on the rank of 9. If 91 = 0, then take k = r.
Otherwise there is a unique integer & < r such that 91 is contained in 7*9t /7”9 but
not in 789N /779N, This induces a projection M — w*M/7F 1IN with kernel I,

and image My, each of which are objects in Mod% . If we show that
Ny = 7"/ m

Ny = 7" M /75 Hm

this will imply 91 = 7*9 /7”9, and thus the statement.
Note that 9, is a non-zero Kisin submodule of 7¢0% /7190t = 91/79M. The latter
is of rank 1 and degree %, hence semistable. Thus 91, has rank 1 and its slope is

at least h%d. However, M, is a quotient of M, which is semistable of slope 24, and

o
thus the slope of 915 is at most and so equal to h%d. It follows 9y = w*M /71N as
a submodule of the same degree and the same rank.

By induction, 91, = Wém/ﬂ'rm for some integer k + 1 < ¢ < r. Since Iy is 7-
torsion, 79t C 91;. On the other hand, since 91, is 7" ‘~torsion, N is 7" ~*F'-torsion.
Therefore, 91 C 7719 /7"9. By the definition of k, £ — 1 < k, but since we also
have k +1 < ¢, £ = k + 1. Hence, M; = 7" /7"9M, which demonstrates the

statement. O

Using these lemmas, we identify the torsion quotients 9t of 9%(G) corresponding
to the exact sequence

0— MG') — MG) - M— 0 (6.3.3)

where G’ is a CM p-divisible group with CM by (O, ®) for some non-maximal order
O C FE as those saturated Kisin modules with strictly smaller slope than that of

M(G). Since it is very important, we spell it out explicitly below.

Lemma 6.3.4. Let G/Ok be an Og-linear CM p-divisible group and 91 C IM(G[p"])
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be a saturated submodule such that M(G[p™])/N is a quotient of the form (6.5.3).
Then () < p(M).

Proof. By Corollary 6.2.6 and Corollary 6.2.8, we may assume that E/Q, is either
unramified or totally ramified (and Galois). The latter case follows by Lemma 6.3.2
and the semistability of G[p"] proved in Lemma 6.3.1. In the former case, the argu-
ment follows similarly: since 1 is not Og-stable, the proof of Lemma 6.3.1 shows it
cannot lie in the Harder-Narasimhan filtration of 9(G[p"]), and a modification of the
argument in Lemma 6.3.2 demonstrates that only the Og-stable submodules preserve

the HN slope. Since G[p"] is semistable by Lemma 6.3.1, the statement follows. [J

The corollary combined with the preceding two lemmas show a priori that the
change in Faltings height in the formula given by Lemma 2.1.6 must be positive
when A; is taken to have CM by a maximal order. Positivity of the Faltings height
variation is not strong enough to prove a Northcott property, since the contribution
by the relative Hodge bundle to the variation must be shown to not compete with the
degree term. However, it identifies a “minimal” element within an isogeny class of
CM abelian varieties, namely the CM abelian variety corresponding to the maximal
order (or the CM abelian variety over the minimal field of definition), which is a result

of intrinsic interest.
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If you are under the impression you have already perfected
yourself, you will never rise to the heights you are no doubt

capable of.

Kazuo Ishiguro, The Remains of the Day

Differential Computations

7.1 Unramified Case

Fix E to be a (p-adic) CM field such that E/Q, is unramified, and let O C E be
its ring of integers with choice of uniformizer mr. We bound slopes of submodules of
M(G[p"]), where G/Ok is an Op-linear CM p-divisible group with (p-adic) CM type
(Op, ®). We denote by h = [E : Q] the height of G and by d its dimension.

We first compute saturated submodules of Mg, (G[p]). By Proposition 5.1.5, these
correspond to finite flat subgroup schemes H C G[p] of order p* where k < h. Since

p € Og is prime, we have a priori that all such saturated submodules correspond to
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torsion quotients of the form in (6.3.3). It will be evident from the computations that
this is the minimal degree for an isogeny to such a CM p-divisible group G'.

Recall the presentation in Example 6.1.5 for 9(G). Here we assumed that Ky
contains all embeddings of F into @p so we can choose an G-basis {ej, ..., ey} such
that ¢gy has the presentation

b 5 1 L1Eis(u)eip ifi€ @ (7.11)

it ifi¢ @
where addition on the indexing set is performed modulo h. We consider the set
{1,...,h} to be a torsor under the action of Gal(E/Q,), where the action is by
addition modulo A and induced from the corresponding cyclic permutaton of the

basis (e, ..., ep).

Lemma 7.1.2. Let M = IM(G) where G has CM type ® = {an,...,an—q} C{1,...,h}
as an ordered set. If we let M@ ~ M as modules with a ¢'9-Frobenius ¢g?<q) = Odn

then
M ~ @ Mm@

T€Hom(Evr,Ko)

where each MY is a &D-module of rank 1 with ¢'9-Frobenius

e h—d h—rag)
B0 (@) = (== +pge(w)) -

for some polynomial g, (u) € &9 with degree strictly less than ezg;fph”fl(as).

Proof. We apply the quasi-Kisin decomposition in Lemma 6.2.2. The precise form

follows from the presentation (7.1.1) and the theory of Eisenstein polynomials. [

Let I = Hom(E"™, Ky) and S, C I denote a subset of size r.
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Proposition 7.1.3. Let G/Ok be an Og-linear p-divisible group of type (Og, ®) and

assume that E/Q, is unramified. Then for any subgroup H C G[p| of height k < h,

vu (det(dame)) = min { > <2ph—fl<a5>) } . (}i‘_i) .

TESK s=1

Proof. Let 9@ denote the quasi-Kisin module corresponding to 9(G[p]) by Lemma
6.2.2. Then by Proposition 5.1.5 and Corollary 6.2.3, there exists a saturated quasi-
Kisin submodule 9@ C 9@ of rank h — k corresponding to the subgroup H C G[p]
and by which one can compute v, (det(¢amy)). Then using the presentation in
Lemma 7.1.2 and again Corollary 6.2.3, a submodule of rank h — k is saturated

whenever the iterated sum

TESh_k s=1
is maximized over different sets S),_, C I. ]

We now compute the relative Hodge bundle for saturated submodules of M(G[p"]).

Any p"-torsion finite flat subgroup scheme H C G[p"] is characterized by the non-

increasing tuple (Aq, ..., Ay) where 0 < \; < n are all integers, A\; = n, and A\giq, ..., Ay =

0 for some k < h determined by H (this corresponds to the assumption that HNG[p] =
0, for otherwise we get the same quotient p-divisible group). Let 7' C {0,...,h — 1}

consist of those elements ¢ such that A\,_; — A\r_; 41 > 0 (in particular, 0 € T).

Proposition 7.1.4. Let G/Ok be an Og-linear CM p-divisible group with (p-adic)
CM type (Op,®), and assume that E/Q, is unramified. Let H C G[p™| be of type

(A1, ..., An) and have p-height k < h. Then letting

Ak—i h—d
, oy, ~1
v (det(bman)) =3, D, | Jmin, Z( P <s>> -(pj—éh_l))
1) = ) :1

1€T j=Ap_ip1+1 TESd(z‘ S
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where d(i) = max{j : \; = \y_;} (in particular, d(0) = k).

Proof. We assume at first that A\ = Ay = n so that T consists of a single element

and d(i) = k. Then the formula simplifies to the inner sum and we iterate on n.
When n = 1 the statement reduces to Proposition 7.1.3. When n > 1, for any

integer 0 < r < n we have a factorization of the finite flat group scheme H into a

short exact sequence of finite flat group schemes
0O—-H, - H—>H,»—0 (7.1.5)

where H, = H N G[p"]. Geometrically, this means the isogeny G — G/H factors as a
sequence of isogenies G — G/H, — G/H. Tterating on r gives a sequence of length n
where each isogeny in the sequence has p-torsion kernel.

Let 7 = 1. Then (7.1.5) transforms under 91 to the short exact sequence of Kisin

modules

0— M(G) = M(G) = M(H,) =0

which by Lemma 6.2.2 corresponds to a short exact sequence of quasi-Kisin modules
0 — MD(G)) — MD(G) — MD(H,) — 0.

By Lemma 7.1.2 and the proof of Proposition 7.1.3, we can write

(9) (9)
¢9§1¢(q)(7{1) = @ ¢9;13(q)7

1€S)

where Sy, C [ is a subset of size k which minimizes the sum »_ ¢ (Zi:f phiT?l(aS)> :
Then since M(H,) is the Kisin module of a p-torsion group of height &, 9@ (G;) must

have index p in M@ (G) on k generators. In other words, there is a presentation of
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M@ (G,) such that

(@) _ Ly e ShopheT e
butog) = D v ® (P v mod p.
TESK T¢Sk

Iterating on r, this provides a presentation of 9 (G, ) such that

(@  — L Shophr @) PofpheT e
Otong,) = D w7 e ® P w7 mod p.
TES) T¢Sk

Replacing G by G, in Proposition 7.1.3 allows us to compute the relative Hodge bundle
on H/H, N G.[p]. Then the formula follows from the additivity of the relative Hodge
bundle on exact sequences of finite flat group schemes.

When A\; > A\, we argue in the same way, only at each step of the iteration on r the
height of H/H,NG,[p] can change. We account for it by constructing the appropriate

set T" in the statement. O

Theorem 7.1.6. Let G be an Og-linear CM p-divisible group of type (Og, ®) and

assume that E/Q, is unramified. Then for any subgroup H C G[p"] of p-height k < h,

1 . p—1 1—p"c 1—p™
#[K:Qp] 0 5™ hyj0, < (p5—1) (1—p1 1—pt g

_ h
whereé—m>1.

Proof. By Proposition 4.4.5, the inequality is obtained by computing upper bounds

on the formula for v, (detgom(z)) in Proposition 7.1.4. First, the quantity

h—d
mA 2 (B )

TGSd(i) s=1

is maximal when the CM type is {1,1+4,...,1+d(h—d— 1)}, where § = %1' For
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a given d(i), this maximal value is

d(i)—1

wan (55 (£ (29)

=0

The inner sum that iterates this quantity in Proposition 7.1.4 is maximal when d(i) =

k for all 7. Then

ph_l 1_p—1

p—1\ (1—p*\ (1-p™
€.
p6_1 1_p—1 1_p—1

o dettomn) < 2100 (521 ) (1255 )

7.2 Totally Ramified Case

Fix E to be a (p-adic) CM field such that £/Q, is totally ramified, and let O C E
be its ring of integers with choice of uniformizer 7g. As in §7.1, we bound slopes
of saturated Kisin submodules of 9t = Mg, (G[p]), where G/Ok is an Og-linear CM
p-divsible group with (p-adic) CM type (Og, ®). We denote by h = [E : Q,] the
height of G and by d its dimension.

We first make the computation explicit in the case h = 2.

Proposition 7.2.1. Assume that [E : Q,] =2 and p ramifies in E, and let G/Of be
an Og-linear CM p-divisible group. Denote by M := Mg, (G[p]). Then a saturated
S;-line £ C IMN has either

e if M/ L ~ M(G[rg]),

2

<2p—_1> ¢ otherwise.
p 2

vu(det(pe)) =

Proof. We let m = mp and use Lemma 6.1.9 and Remark 6.1.10 to construct the
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level-2 model 9?(G) using the Eisenstein polynomial
2-Eis(u) = (7 + (mu +u?)P ") (7 + (Fu + uP)P~1) = u + ph(u)

so that

P e koop(w) =T+ (Tu + up)p_l —uz + wha(u).

Then on the G-basis {1, 7}, the Frobenius of Mg (G[p]) has the explicit presentation

P2, (Glp)) =

Since £ has dimension 1, ¢¢ acts as semi-linear multiplication by a monomial u*
on a choice of generating element e of £. By the commutation of the diagram

£ Mg, (Glp)

ut=pg % (lp)

£ Mg, (Glp)

an element v = (fy, f2) € Mg (G[p]) lies in £ if and only if

utfy = u2 f}

wfy = —ulSE T4 b ud g
There are exactly two solutions to this system of equations, which may be found and

verified empirically:

1. fi = 0 and f; = 1: this satisfies u = 5 and corresponds to the group scheme

Gr] (the latter conclusion is also seen from Lemma 6.3.2).

2. fL = —u? and fo = 1: this satisfies u = <2pp%1>§ and by Lemma 6.3.2 is a

solution to (6.3.3).
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]

Theorem 7.2.2. Assume that [E : Q,] = 2 and that p ramifies in E, and let G/O
be an Og-linear CM p-divisible group. Then for any subgroup H C G[p"| such that
HNOGrE] =1 forallr >0,

1

1 [1—p
T log 02, = — log p.
#i ) 8 ox = 5, (1—29‘1) 5P

Proof. When n = 1, by our hypothesis on H the equality is just a translation of
Proposition 7.2.1 by using Proposition 4.4.5.

When n > 1, for any 0 < r < n, H factors into the short exact sequence of finite
flat group schemes

O—-H, - H—>H,—, —0

where H,, = H N G[p"]. Tterating this factorization, H is constructed as an extension
of n groups each of p-torsion.

Let r = 1. Then the following resolution on H;

O—-H —G—G —0

induces the exact sequence of Kisin modules

M(G) — M(G) — M(Hy) — 0.

By Proposition 5.1.5, and Lemma 6.1.9 and Remark 6.1.10 to construct the level-
2 model M?(G), there exists a saturated line £ C IMZ (G) so that M*(H,;) =
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M (G[p])/L and which satisfies

Gom(n,) = u?  mod p.

Choosing the G-basis {1, —u® + 7}, we may then write

mod p.

Cbsmél(g) = 2p—1
u 2 ©

Since H; has p-torsion, the image of M(G;) in M?(G) has index p, so that we may

write
e p=l)e
uz2e —u( p2 )2 +1
P, (G1) = — mod p.
0 u 2v°
Iterating on r,
e (ﬁ)g
w2 —y\pmtt/2 ]
P, (Gr) = 21 mod p.
0 w2 e

Replacing M?(G) by 9MM(G,) and H; by H,/H, 1 in Proposition 7.2.1, the result

follows by the additivity of the relative Hodge bundle on short exact sequences of
O

finite flat group schemes.

Consider now E/Q, totally ramified and Galois, and assume that K contains all

embeddings of F into @p. Then there exists a factorization

Pr e kopp(U)e = H (ur — c;whi(u))e

iede

such that ¢; € Op, m = g, and h;(u) € Wg[u] is a polynomial of degree strictly

smaller than e/h, where W = W ®wnp E. Then as in Example 6.1.6 we can choose
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the G-basis {ey,...,e,} with e; = W};l so that Qo has the presentation

1(G[p])

h—1—1

¢9ﬁ61<9m>(6i> = Z [Pj(u)] ejt

=

where the polynomials Pj(u) are defined in Example 6.1.6. Note that, by the condition
on the degree of h;(u), the degree of P;(u) is strictly dominated by the degree of Py (u)
for each 7 > 1.

For a general saturated submodule, we compute only the following (weak) bound
which will be sufficient for establishing the Northcott property, as within any isogeny
class there will always only be finitely many primes exhibiting this ramification be-
havior. Precise formulas are computed in §8.2 for the special case of a totally ramified,

cyclic extension E/Q, of degree 4.

Theorem 7.2.3. Let G/Ok be an Og-linear CM p-divisible group and assume that
E/Q, is totally ramified. Then for any subgroup H C G[p"] of p-height k such that
HNG[rp] =1 forallr >0,

1 h—d 1—p™
—— Jog s QF k log p.
#aegy s e <k ("5 (1) s

Proof. By Lemma 6.3.4, a priori one has v,(det(dms 1)) < ek (%) by our hy-
pothesis on H. To deduce the stronger bound, we lose nothing to assume that H has
constant p"-height k for all 1 <r < n. Saturated rank h — k submodules of Mg, (G)

have a corresponding saturated rank 1 submodule £ C A" * Mg, (G) with Frobenius

h—k
d)/\h*kmel(g) - /\ P, (6)-

Since ¢me () has a representation by an upper triangular matrix as in Example
6.1.6, ¢ AP s, () also has a representation by an upper triangular matrix by taking

the appropriate tensor power. Moreover, the degree of the polynomial entries in the
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resulting matrix are strictly bounded by the degree of the entries on the diagonal, a
condition which is imposed from Example 6.1.6.

Let v = (f1,..., f(hfk)) € £ C A" " 9Me, (G) generate a saturated &;-line. Then
we may assume fy, = 1 forsome 1 < \ < (hfk) By Proposition 5.1.5, £ corresponds to
asubgroup H C G[p"] of rank k, and by the degree of the entries of Qb/\h—k e, (g) Ve are
guaranteed it satisfies our hypothesis as long as deg,(f;) > 0 for some 1 < i < (hf k)

Replace the Ath basis element representing ¢ AP e, (G) by v for the above choice
of \. Then we may perform the same devissage argument in Theorem 7.2.2 on the

module A" M, (G) using this new basis under the assumption that H has constant

p"-height k. On applying Proposition 4.4.5, this gives the bound. O

7.3 Subgroups of Products

Fix P = [, Ei to be a (p-adic) CM algebra, and let O, C E; be the ring of integers
of the CM field E; with choice of uniformizer 7g,. Define G/Ok to be a CM p-divisible
group with (p-adic) CM by (P =[], Og,, ®p = ][, ®;). Then G ~ [[, G;, where each
G; is a (p-adic) CM p-divisible group of dimension d; with (p-adic) CM by (Og,.®;)
corresponding precisely to those pairs found in the decomposition of (P, ®p). We let
h; = [E; : Q,] denote the height of each group and hp = ). h; denote the height of
G. The goal is to extend the differential computations in §7.1 and §7.2 to subgroups
of G/Ok. Note that those sections concern the case when G = G;, and classification
of their subgroups is not sufficient as not all subgroups of G[p"| decompose into a
product of the subgroups of G;.

We first demonstrate that this problem can be formulated up to isotypicity, and
separate the cases when £/Q, is unramified and when E/Q, is totally ramified and

Galois to do so.

Proposition 7.3.1. Let G = [[,G; be a CM p-divisible group having (p-adic) CM
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by (I1, Op,, 11, i) such that (E;, ®;) = (E,®) for all 1 < i < N, where E/Q, is
unramified and ® = {ov, ..., ap_q} € Hom(E,Q,) is a (p-adic) CM type on E. Then
if M C Mg, (G) is a simple, saturated submodule of rank h—k, there exists a saturated
submodule My C Mg, (G1) of rank h — k such that

vu(det(dn)) = vu(det(Po, ).

Proof. By Theorem 4.3.2, Ms, (G) = [, M(G;) so that d(g) = 1Y, Pan(g,)- Then
M(G) has a quasi-Kisin decomposition induced by the quasi-Kisin decomposition of

each M(G;) from Lemma 7.1.2 as

m@ (G) = @ 91(53?7

T€Hom(Ewr,Ko)
where each ?Jﬁg\?,)T is a G@-module of rank N with ¢(9-Frobenius

hth
s=1P

Sty (e ) = (o 120 (= 4 g () Ty

for some polynomials g,(u) € &@ with degree strictly less than ezh d ph—7""(as)

and Idy denoting the identity matrix of rank N.
Let M

AL, T

- fm(Q) be the quasi-Kisin submodule of rank A\ defined so that

—d _h—1" (as)

60 (oo ) = (e f) (w7 + pgo(u)) Ty,

m(Q)

AL, T

where Id,, is the identity matrix of rank A\ together with an embedding (i.e., a
specified selection of basis elements) ¢ : Idy < Idy. Then by a slight modification of
Corollary 6.2.3 and Proposition 7.1.3, every simple, saturated quasi-Kisin submodule

corresponding to a saturated Kisin submodule 9 C Mg, (G) of rank h — k takes the
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form
AL, T

II- Ax,
@ m(Tq) HreShogmax @ 9171({’,3; - gﬁ(q)(g)

Tesh—k,max TESh—k,max

for some collection of pairs (A, ¢), where Ay, : me < Sﬁgfzﬁ C M@ (G) denotes
the diagonal embedding and Sp_j max € Hom(E ,@p) is the subset of size h — k which

maximizes the sum

S (S{fph—fwag)

TESKL_ \s=1
over all subsets Sj,_; C Hom(E,@p) of size h — k. The statement now follows as the

determinant for every collection of pairs (A,¢) is computed by P, cq, mY. O

Theorem 7.3.2. Let G = G be a CM p-divisible group having (p-adic) CM by
(O, ®N), where E/Q, is unramified of degree h and ® C Hom(E,@p) is a (p-adic)
CM type on E with h — d elements. Let H C G[p"] be an irreducible subgroup with

p-height k < h. Then

1 . p—1\ (1=p*\ (1-p"
#[I(—(@p] IOgS Q'H/OK < <p5 — 1) <1 —p_l 1 —p_l logp

where § = TP

Proof. By Theorem 4.3.2 and Proposition 4.4.5, we translate the problem to comput-
ing the Harder-Narasimhan slope of irreducible, saturated submodules 9t C Mg, (G[p"]).
Performing a devissage on 91 to write it as a composition series of G;-modules, we
may apply Proposition 7.3.1 and subsequently Theorem 7.1.6 for the relevant com-

putation. ]

Proposition 7.3.3. Let G = [[,G; be a CM p-divisible group having (p-adic) CM
by (Hfil Og,, [1; ®;) such that (E;, ®;) = (E,®) for all1 <1 < N, where E/Q, is
totally ramified and Galois and ® C Hom(E,Q,) is a (p-adic) CM type on E. Then

if M C Mg, (G) is a simple, saturated submodule of rank h—k, there exists a saturated
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submodule My C Mg, (G1) of rank h — k such that

vu(det(dnr)) = vu(det(Po, ).

Proof. By Theorem 4.3.2, Me, (G) = [11, M(G:) so that ¢y = [[~, dm(g,)- Then
®an(g) has a representation by a block upper triangular matrix where the blocks cor-
respond to ¢ox(g,) by using the matrix representation of Example 6.1.6.

Saturated rank h — k submodules of Mg, (G) correspond to saturated &;-lines
£ C A" "M, (G) with Frobenius

h—k
d)/\’“kmel(g) - /\ P, (9)-

Thus, @ pn-r gy, (g) has a matrix representation by a block upper triangular matrix
1
where each block representing ¢ Ao (G;) OCCULS with N2 multiplicity (and there are
1 k3

additional blocks). Define My2;, € A" " Me, (G) to be the saturated &;-submodule

of rank N? with Frobenius

N2

¢SUIN27,€ = H ¢/\h*’c M(G1)"
i=1

Let My, € My2, be the G1-submodule of rank A with Frobenius

t(N)
e = T oprrmn

i=u(1)

where ¢ : {1,...,A} = {1,..., N?} represents the embedding MMy , 1 < My2 . Then
by the proof of Theorem 7.2.3, every simple, saturated Kisin submodule of 9(G) of

rank h — k corresponds to a module of the form

h—k h—k

£C /\ Me, (G1) ‘m Myr C /\ m(G)
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for some pair (A, ¢), where Ay, : Mg, (G1) — M),k denotes the diagonal embedding
and £ is saturated of rank 1. The statement now follows as the determinant for every

pair (A, ¢) is computed by £. ]

Theorem 7.3.4. Let G = GV be a CM p-divisible group having (p-adic) CM by
(OF, ®N), where E/Q, is totally ramified and Galois of degree h and ® C Hom(E, Q,)
is a (p-adic) CM type on E with h —d elements. Let H C G[p™]| be an irreducible sub-
group with p-height k < h such that HN [, Gi[r}] = 1 for all r; > 0 and subproducts
[T Gil75] € GilrE]Y. Then

1 h—d\ (1—p™
— Jog s*QF k log p.
i) 08 won < ( h )(1—p—1> oep

Proof. By Theorem 4.3.2 and Proposition 4.4.5, we translate the problem to comput-
ing the Harder-Narasimhan slope of irreducible, saturated submodules 9t C Mg, (G[p"]).
Performing a devissage on 91 to write it as a composition series of G;-modules, we
may apply Proposition 7.3.3 and subsequently Theorem 7.2.3 for the relevant com-

putation. m

Now we consider more generally when the F; in the decomposition of P are allowed
to be either unramified or totally ramified and Galois. We further let I, 1, resp., Lram k.

to denote the set of indices ¢ for which £;/Q, are unramified, resp., ramified, and

[E;:Q,)) > h—k.

Proposition 7.3.5. Let G = [[,G; be a CM p-divisible group having (p-adic) CM
by (TTY, O, 11, ®:) such that each pair (E;, ®;) is distinct and E;/Q, is either un-
ramified or totally ramified and Galois. Then if W C Mg, (G) is a simple, saturated
submodule of rank h — k, there exists a saturated submodule M; C Mg, (G;) of rank

h —k for some i such that

vy (det(dm)) = vu(det(P,)).
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Proof. By Theorem 4.3.2, Ms, (G) = [, M(G;) so that do(g) = Y, Pan(g,)- Then
®m(g) has a representation as a block diagonal matrix. We may assume that [F; :
Qp] > h — k for every index i and write by I, and Iy, the set of indices for which
correspond to those ¢ € I for which E;/Q, is unramified or ramified, respectively.
Suppose first that .., is empty. Then for ¢ = lem;er, {p"}, MM(G) has a quasi-
Kisin decomposition induced by the quasi-Kisin decomposition of each (G;) for

i € I, from Lemma 7.1.2 as

mIG =P G MG
i€l r€Hom(E;,Ko)

Whenever G; is not a Serre tensor construction of G; for any distinct pair of indices ¢
and j, the slopes in the decomposition are all unique, and a modification of Corollary
6.2.3 gives M = N; C M(G;) for some saturated submodule. Otherwise, the method
of considering diagonal submodules for Serre tensor constructions works identically
to isotypicity in Proposition 7.3.1. Then O, is the projection to a factor in a diagonal
embedding if necessary.

If I, is empty, then 91 corresponds to a saturated line in A" Mg, (G) with

Frobenius
h—k
¢/\h_km61(g) = /\ ¢m51(g)

Thus ¢ AR, (G) has a matrix representation by a block upper triangular matrix.
Again whenever G, is not a Serre tensor construction of G; for any distinct pair of
indices ¢ and j, all potential semi-linear eigenvalues are unique and 91 = 9; for
some ¢. Otherwise, the method of considering diagonal submodules for Serre tensor
constructions works identically to isotypicity in Proposition 7.3.3. Then I; is the
projection to a factor in a diagonal embedding if necessary.

In general, the valuation of 91 can be computed by one of these two instances. [

Theorem 7.3.6. Let G ~ [[, G; where G has (p-adic) CM by (E, ®) and G; are each
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Og,-linear CM p-divisible groups of type (Og,, ®;), where each E; is either unramified
or totally ramified and Galois. Then for any simple subgroup H C G[p"] of p-height
k < h, such that HN[] Gi[ri] =0 for all 1 < r; <n and subproducts ] Gi[rji] C
IL: Gilmg,),

1 * Yk 1 * Yk
#[[(—(@p] 10g8 Q'H/OK = #mlogs Q'Hi/OK'

Proof. We may assume that each each pair (E;, ®) in the decomposition of the (p-
adic) CM pair (P, ®p) is distinct (so the fields F; can repeat, but then their CM
types must differ) by Proposition 7.3.1 and Proposition 7.3.3. Then by Proposition
7.3.5, there is a saturated submodule 9M; C Mg, (G;) of rank h; — k by which we can
compute the determinant. This module corresponds to a subgroup H; C G; for some

1 by Theorem 4.3.2, which gives the statement. O
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You have wakened not out of sleep, but into a prior dream, and
that dream lies within another, and so on, to infinity, which is
the number of grains of sand. The path that you are to take is

endless, and you will die before you have truly awakened.

José Luis Borges, Labyrinths

Main Theorems

8.1 CM Northcott Property

We prove the two versions of the CM Northcott property stated as Theorem 1.1.1
and Theorem 1.1.4 in the introduction.

Fix a CM field E with [E : Q] = 2¢ and let F' C F be its maximal totally real
subfield. Denote by Orp C FE the corresponding ring of integers and O, C Of a
non-maximal order of index n in Og. Let A and A, be abelian varieties defined
over a number field K both of dimension g having, respectively, CM by (Og, ®) and

(O, ®), and let A and A,, denote their corresponding Néron models over Ok. Then
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one may construct an isogeny ¢ : A — A,, whose kernel is a finite flat group scheme

G,, defined over Ok having size n.

Lemma 8.1.1. Let A and Ay be abelian varieties over a number field K as above,
and let ¢ : A — A, be an isogeny of degree p" over K whose kernel is p"-torsion (so
r >mn). Assume moreover that p factors in E as a finite product p = [[, p;" C E with

v; > 0 and Nm(p;) = p/i.

1. If p splits completely in E, i.e., v; =1 and f; =1 for each i, then
r
hFal(ApT) — hFal(A) = 5 Ing.
2. If all primes above p are unramified along the CM extension E/F, then
r p—1 1—ph 1—p™
-2 (=) (55) (i
i fi>1 p p p

where n =Y, n; and k = ). k; are determined by the decomposition A[p"] ~
[T Alpi™]-

hpat(Apr) — hpa(A) > log p

3. If all primes above p are ramified along the CM extension E/F, and we define

the Galois closure Em of Ey, to have relative degree p; = [Epi By, then

r 1 (p-1 h; —d; 1—p™
-5 () (45) (55 |

(2

hFal(ApT) - hFal(A) >

wheren =), n;, g =Y. d;, and h =), h; are determined by the decomposition
Alp"] ~ [T; Alpi™"].

4. For a general prime p, let Iy (resp., I3) denote the set of indices i such that p;

lies over a prime that is unramified (resp., ramified) along the CM extension
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E/F. Then, retaining the notation from cases (2) and (3),

it =it 3 () (57 (57)

i€l fi>1
1
2 () (45 (25 e
i€l3
where the terms are determined by the decomposition Ap"] =~ [[, Alpy™] as in

statements (2) and (3).

Proof. After a reduction to a local problem, the proof is an exercise in piecing together
the decomposition theorems in §6.2 and the computations in §7. First, ¢ decomposes
along the factorization p = [], p;" into a composition of isogenies ¢; each of degree
p/*i. Since the p; in this decomposition are relatively prime, there is no canonical
sequence for this decomposition, so the order may be permuted arbitrarily and we get
a composition series for the finite flat group scheme kernel of ¢. We lose nothing in
this computation to assume that the kernel of ¢ splits along the decomposition of p,
and otherwise apply Theorem 7.3.6, which allows us to project along this factorization
and compute based on an appropriate projection. Then, as Lemma 2.1.6 is additive
on exact sequences of finite flat group schemes, we may compute everything for the
finite flat subgroup schemes of each of the finite flat group schemes A[p;""].

Suppose first that p splits completely as in statement (1). Then by Lemma 6.3.4,
the isogeny ¢ must be étale for otherwise we contradict our hypothesis on Ap,.. Thus,
the relative Hodge bundle is trivial and has no contribution to the variation of the
Faltings height.

Assume now that no prime above p ramifies in the CM extension E/F as in
statement (2). Then the relative Hodge bundle at each ¢; may be computed by
the general formula in Corollary 6.2.6, which demonstrates how to incorporate the

ramification degree, and the bound in Theorem 7.1.6.
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Now assume that all primes above p do ramify in the CM extension E/F as in
statement (3). Then the relative Hodge bundle at each ¢; may be computed by the
general formula in Corollary 6.2.8, which demonstrates how to incorporate the degree
of the Galois extension, Corollary 6.2.4, which incorporates the inertia degree, and
the bound in Theorem 7.2.3.

For a general p as in statement (4) we combine preceding cases. ]

We first prove Theorem 1.1.1.

Theorem 8.1.2 (CM Northcott Property for Isogeny Classes). Let C' be a fized
positive constant and g > 1 be a fixed integer. Then the number of isomorphism
classes of CM abelian varieties A of dimension g with hg,(A) < C' within an isogeny

class is finite.

Proof. By the Poincaré reducibility theorem, every CM abelian variety is isogenous
to one that is a product of simple abelian varieties each with CM by (Og,, ®;) for
some CM field E;/Q. Therefore we fix A ~ [[. A; where each factor A; is simple with
CM by (Og,,®;). By Lemma 6.3.2, the Faltings height variation is zero precisely
when the group scheme kernel of the isogeny is [[, Op,-stable, i.e., when the isogeny
is between two CM abelian varieties both with CM by ([, Og,, [[, ®:). Since there
are finitely many such isomorphism classes of CM abelian varieties by a theorem of
Brauer—Siegel, the theorem reduces to counting pairs (A, G,) where G,, C A is a finite
flat subgroup scheme which is not Og-stable and has prescribed order n.

The computations in §7.1, §7.2, and §7.3 demonstrate the theorem. Indeed, since
the Hodge bundle is additive on short exact sequences and the isogeny decomposes
along the primary decomposition of n in [ [, E;, we may always assume that n = p® for
some prime p and s > 1. Lemma 8.1.1, which may be strengthened to all subgroups
of products of simple abelian varieties by Theorem 7.3.6 and the reductions in §6.2

to the cases of totally ramified or totally unramified (p-adic) CM fields, summarizes
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the computations within each p-isogeny class and allows us to conclude. O]
We now prove the (conditional) Theorem 1.1.4.

Theorem 8.1.3 (CM Northcott Property). Let C' be a fized positive constant and
g > 1 be a fized integer. Then assuming Conjecture 2.2.1 and the Artin Conjecture,

the number of CM abelian varieties of dimension g with hg.a(A) < C is finite.

Proof. Theorem 8.1.2 demonstrates finiteness within an isogeny class. By the Poincaré
reducibility theorem, every isogeny class contains an abelian variety A ~ [], A; unique
up to isomorphism where each factor A; is simple with CM by (Og,, ®;). Since the
Faltings height is additive on products of abelian varieties, we conclude by Corollary

2.2.3, which relies on the conjectures of Colmez and Artin. O

Remark 8.1.4. When we consider only the category of simple CM abelian varieties,
we can describe this growth in terms of the conductor of the order. We recall that
the conductor is the smallest ideal that is an ideal of both O and O. In particular,
the conductor always divides the degree, so to count along the conductor, we can
count along those finite flat group schemes whose order divides the conductor with

the smallest HN slope.

8.2 Colmez-Type Formulas

We make the computations precise to give a few intrinsic cases of Colmez-type for-
mulas for abelian varieties of low dimension. Our first result is to recover the formula
of Nakkajima-Taguchi [31] in the case of elliptic curves. Here we are once again in a
global setting, and will let £ denote a CM field with ring of integers Op and order

O,, C O of index n such that Og/O,, has no Og-stable fixed piece.

Theorem 8.2.1 (Colmez Formula for CM Elliptic Curves). Let A,, be an elliptic
curve which has CM by (O, ®) and let A be an elliptic curve which has CM by
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(Op,®). Then

e(A) = hea(4) + 5 [ S log ( - (;: E;) (11__2 ))

pln

where 1, is the largest exponent such that p™»|n.
Combining this with Conjecture 2.2.1 (a theorem in the case of elliptic curves),

we obtain the formula

- L'(x-4,0) 1 1
hral(An) = — Tx20) 2 log d + 5 log 27
1 - () (1—29"”P>
+ = lo Ty — d
2 mzn gp(p (P—(§)> L-p

where d is the discriminant of E and x_g4 the corresponding quadratic Artin character.

Proof. By the same argument as in Theorem 8.1.3, we may assume that n = p™
and study the problem locally. Since A is an elliptic curve, the trichotomy of the
splitting behavior of p in the CM field E (encoded by the quadratic residue character)
determines the structure of the finite flat group scheme kernel for the minimal degree
isogeny between A and A,,, and therefore the Faltings height.

When p splits, Deuring’s theorem shows that the isogeny is necessarily étale and
the only contribution to the Faltings height variation is the degree of the isogeny.
When p is inert, the differential in the calculation of this variation necessarily attains
the maximum along the bound in Theorem 7.1.6 with £k = 1 and § = 2, since A is an
elliptic curve and, up to complex conjugation, admits a unique CM type. When p is

ramified, the computation has already been done in Theorem 7.2.2. O

We extend this formula to simple abelian surfaces for which E/Q is Galois. We
note that by this hypothesis E/Q must be cyclic, and there can even only be one

CM type (up to complex conjugation) on these abelian surfaces, given by ® = {1, 2}.
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These assertions are checked explicitly in [19]. The local computations for this theo-

rem are found in §7 and Appendix A.

Theorem 8.2.2 (Colmez Formula for Cyclic CM Abelian Surfaces). Let A be a simple
CM abelian surface over a number field K with CM by (Og, ®) where E/Q is a cyclic,
Galois CM field of degree 4 and F' C E its totally real subfield. Let Ay /K be a simple
CM abelian surface with CM by (O, ®) where O C Op is a non-mazximal order with
conductor divisible by p, and an isogeny ¢ : A — Ay has minimal degree p". Let

Apn = hpa(Apn) — hra(A). There are nine cases:

1. If p = p1papspy is totally split in Og, then

n
Apn = 5 log p.

2. If p = p1po in Op is such that p remains inert in F/Q and the prime above p
splits in E/F, then

n
Apn = 5 log p.

3. p=p2p3 in Og is such that p ramifies in F/Q and the prime above p splits in
E/F, then

n
Apn = 5 log p.

4. If p = p1po in Of is such that p splits in F/Q and each p; remains inert in

E/F,
n 1 1—p™
. lZ p+1(1—p‘1>} sp

5. If p = p3p2 in O is such that p splits in F/Q and each p; ramifies in E/F,

then

n 1

1—p™
hFal(Ap”) = hFa1<A> + [5 — 2—p (1 — p_1>:| 1ng.
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6. If p=p? in Og is such that p ramifies in F/Q and p remains inert in E/F,

n 2 1—p™
An=|=—— 1 .
. lQ p+1(1—p‘1>} osp

7. If p = p? in Og such that p remains inert in F/Q and the prime above p ramifies

_n 1 1—p™
B = {2 p(p+1) <1—p‘1>} log.

8. If p=yp is inert in Op, let (A, Aa, A3) be a non-increasing tuple characterizing

in EJF,

G satisfying \y + Ao + X3 = n, G is p-torsion, and the p-height v € {1,2,3} of

G 1is the largest integer such that A\, # 0. Then

b () (8 ) E )

i=A2+1 Jj=A3+1
where the sums are evaluated if and only if the difference in bounds is at least

log p

ZET0.

9. If p = p* is totally ramified in Og, let (A1, X2, A3) be a non-increasing tuple
characterizing G satisfying A1 + Ao + A3 = n, G is pM-torsion, and the p-height

L € {1,2,3} of G is the largest integer such that A\, # 0. Then

n 1 .\ Ri(p) 2 Ro(p)\ (<= Rslp)
A10"— [5_4@4_})3) (Z i )(Z pi ><Z P )]bgp

i=A2+1 J=Az+1 k=1

where the sums are evaluated if and only if the difference in bounds is at least

zero, and R;(p) are defined in Theorem A.0.10.

Proof. We will denote by A/Of the Néron model of A/K, and, for any prime p C
Op, G, = A[p™] the corresponding CM p-divisible group with (p-adic) CM type

(Eyp, ®y). We will let G denote the finite flat group scheme kernel of ¢ : A — A,» and
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wg = S*Qé/oK denote the relative Hodge bundle. By Lemma 2.1.6, we then obtain
the change in Faltings height as a computation of wg.

In (1), A[p>] =~ Gy, X Gy, X Gy, X Gy, and G, ~ G and G, ~ G, Since p splits in
E/F, we may suppose G,, and G,, are CM p-divisible groups with d = 0 and h = 1,
and G,, and G,, are CM p-divisible groups with d =1 and i = 1. Then G must be a
subgroup of Gy, [p"] X Gy,[p"], otherwise by Lemma 6.3.4 A,» cannot have CM by an
order whose conductor divides p. Since G,, and G,, are étale, wg = 0.

In (2), A[p™] ~ Gy, x G, and G, >~ G,. Since p is inert in F/Q, E,,/Q, is
unramified for each p;. However, since the prime above p splits in E/F, we may
suppose G, is a CM p-divisible group with d = 0 and A = 2, and G,, is a CM
p-divisible group with d = 2 and h = 2. Then G must be a subgroup of G,, [p"],
otherwise by Lemma 6.3.4 A,» cannot have CM by an order whose conductor divides
p. Since Gy, is étale, wg = 0.

In (3), A[p>] ~ Gy, x Gy, and G,, ~ G Since p is ramified in F/Q, E,,/Q, is
totally ramified and Galois for each p;. However, since the prime above p splits in
E/F, we may suppose G, is a CM p-divisible group with d = 0 and h = 2, and G,,, is
a CM p-divisible group with d = 2 and h = 2. Then G must be a subgroup of G,, [p"],
otherwise by Lemma 6.3.4 A,» cannot have CM by an order whose conductor divides
p. Since Gy, is étale, wg = 0.

In (4), Ap™] ~ Gy, x G, and Gy, ~ G,,. Since the primes above p are inert in
E/F, E,./Q, is unramified for each p;, and G,, are each CM p-divisible groups with
d =1 and h = 2. By Proposition 7.3.1, we lose nothing to assume G C Gy, [p"] in
order to compute wg, and thus may directly apply Theorem 8.2.1.

In (5), Ap™] ~ Gy, X Gy, and G, =~ G,,. Since the primes above p are ramified
in E/F, E,,/Q, is totally ramified and Galois for each p;, and G,, are each CM p-
divisible groups with d = 1 and h = 2. By Proposition 7.3.3, we lose nothing to

assume G C G, [p"], and thus may directly apply Theorem 8.2.1.
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In (6), A[p™] ~ G,. Since the prime above p is inert in £/F and p is ramified in
F/Q, there exists a degree 2 unramified subfield £* C E, such that G, ~ Q;J“ Q0 gur
Ok

p

and G is a CM p-divisible group with d = 1 and h = 2. Then by Corollary
6.2.6, we lose nothing to study subgroups of G," in order to compute wg, and thus
may apply Theorem 8.2.1 in conjunction with Corollary 6.2.6.

In (7), A[p>] ~ G,. Since p is ramified in E/F and inert in F/Q, by Corollary
6.2.4 we lose nothing to study subgroups of a CM p-divisible group G, with d = 1
and h = 2 having (p-adic) CM by a totally ramified degree 2 extension of Q,, as
by Corollary 6.2.3 we may recover this information to compute wg. We thus apply
Theorem 8.2.1 to study the subgroups of G [p"].

In (8), A[p™] ~ G,. Since p remains inert in E/Q, E,/Q, is unramified and G, is
a CM p-divisible group with d = 2 and h = 4. By the assumption that F/Q is cyclic,
we may further deduce that ® = {1,2} as the decomposition group embeds into the
Galois group, and the unique involutive element of Gal(£/Q) must conjugate ® to the
opposite set of embeddings in Hom(E, Q). Then we can directly apply Proposition
7.1.4 using (E,, , = {1,2}).

In (9), A[p™] =~ G,. Since p is totally ramified in £, E,/Q, is totally ramified and
Galois, and G, is a CM p-divisible group with d = 2 and h = 4. By the assumption
that £/Q is cyclic, we may further deduce that ®, = {1,2}. Then this computation

is done in Theorem A.0.10. O
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Ramification Computations for Cyclic

Abelian Surfaces

The computations presented here provide the analogue of Theorem 7.2.2 for certain
Og-linear Kisin modules that correspond to abelian surfaces.

Here we let k be a finite field of characteristic p > 0 and W = W (k) be its ring
of Witt vectors. We construct the ring & = Wu] which has a natural Frobenius
homomorphism ¢ extending the Frobenius on W by sending u +— u?. We also let
S, = Wy [u], where W, is the nth truncation of the Witt construction of W; &, is

likewise equipped with a Frobenius which we also denote by ¢ extending the Frobenius
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on W, by u +— uP. We refer the reader to Definition 4.3.1 for the definition of an
G-module and to Proposition 4.3.9 for their reduction to &,,-modules.

Let (E,®) be a (p-adic) CM pair with £/Q, a totally ramified, Galois field of
degree h and ® a (p-adic) CM type. In most of this section we will let h = 4 and
E/Q, be cyclic with (p-adic) CM type {1,2}. In Definition 6.1.3 we introduced the
notion of an Og-linear CM Kisin module, where O C E is the ring of integers, a
definition which is fundamental to the computations in this appendix. We invite the
reader to first look at the fundamental structure theorems regarding these modules,
most namely Proposition 6.1.7 and Lemma 6.1.9.

The following lemma is fundamental.

Lemma A.0.1. Q, admits a totally ramified cyclic extension of degree 4 only if p =1

mod 4 orp = 2.

Proof. The Galois group of a finite, ramified, cyclic extension of @, is isomorphic to
a finite quotient of Z). If p # 2, Z ~ p,_y X 1 + pZ,, and as (4,p) = 1, it follows

that this quotient must be a quotient of f,_;. O

Lemma A.0.2. Let M be an Si-module of rank h and {ey,... ey} be a choice of

basis such that

ap Qg -+ Qp—1 Qap
0 a -+ ap—2 ap—
o (frs oo fu) = (fs- 0 fH)
ap (05}
0 0 ap
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where the entries satisfy the inequalities

deg, (a;) > deg,(a;),

degu(afak—i-i-l) > degu (aé}ak—j—i—l) )

forall1 <i < j <k < h. Then, up to & -multiples, there are at most h distinct

saturated lines £ C 9N with

wu(der(2)) € {dog o)+ D, () }

Proof. Let £ C 9 be a saturated line with Frobenius ¢¢ = u*. By the commutation
of the diagram

L——Mm

ut=¢ge l l%ﬁ

L——Mm

an element v = (f1,..., fr) € M is also in £ if and only if it satisfies the system of

equations

apfi + - +arff =utfi for 1<k <h. (A.0.3)

We may assume f; # 0 (otherwise let 1 < s < h be the smallest integer such that
fs # 0 and rephrase the problem with h replaced by h — s + 1) so that u* = ay f} -
We proceed by induction and show at each step that the following three conditions

are met:

1. fv=_(fi,...,fn) € £thenif f; =0 for some 1 < j < h, then f; = 0 for all

1<i<j.

2. If v = (f1,...,fn) € £ then deg,(fi) > deg,(f;) for 1 < i < j < h. In

particular, since £ C 91 is a saturated submodule, we may assume that f;, = 1.
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3. Compute v, (det(¢g)) for all potential solutions to the problems above.

For the base case h = 2, (1)—(3) have already been verified explicitly in Proposition
7.2.1.

To show the induction step for (1), we assume that f, = 0 and by the induction
hypothesis that f, 1 # 0, otherwise fy =0 for all 1 < k < h — 1. A solution to the
equation

anfi +---+asff_; =0,

which is satisfied since f;, = 0, then exists if and only if

deg,, (aiflf—i—&-l) = degu(ajflf—j—&—l)

for some pairs ¢ > j. Since fp_1 # 0 by hypothesis, fi # 0 for some 1 < k < h — 1,
and hence for all f; for £ < i < h—1 by the induction hypothesis. We may also safely
assume k = 1, for otherwise replace the h equations by h — k equations in (A.0.4).

But then by the induction hypothesis, the equality of degrees above becomes either

degu(aiaz—zurl) = degu(ajaZ—j+1)

for some pairs ¢ > j. This contradicts our inequality hypotheses, and hence the only
solution exists when f; =0 for all 1 <i < h.

Similarly to show the induction step for (2), suppose the statement holds for h —1
and yet fails at h, so that, in particular, deg,(fn) > deg,(fn—1). By the induction

hypothesis, we may thus assume that f,_; = 1, so that we obtain the equation

arfy + -+ anfl = (e fY + -+ aaff_y + 1) fi
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We may moreover assume by the induction hypothesis that

degu(fl) - degu(fk) = degu(CLl) - degu<a’k>

for all 1 <k < h — 1 so that there exists a solution to the equation if and only if

degu (alfizz)) - degu(ah—lfffh)’

This last assertion follows from the inequalities of our hypothesis, which show that
deg, (an_1fY fr) dominates all the excluded terms. Then by our induction hypothesis,
we may conclude from this that deg, (f,) = deg,(f1). But then a, f{ +---+asf, | =
0, which by the induction hypothesis has a solution if and only if f; = 0 for all
1<i<h-1.

Finally, for (3) we may now a priori assume by (1) and (2) that f; # 0 for all

1 <k < hand deg,(f;) > deg,(f;) for i < j. We can then rewrite the system (A.0.3)

P P p—1
<£> +@<é) +.--+ﬂ_ﬂ(ﬁ) for 1<k<h (A.0.4)

as

e ar, \ Jx ap  ar \ Jr
and note that the solutions for the first k set of equations for 1 < k < h — 1 is given

by the induction hypothesis. Thus, for all 1 <k < h — 1,

deg,, (fk) = deg, <i> + deg, (fr-1)
Jh1
and v = (%, ce ;Z:f) is a solution for the system (A.0.4) on h — 1 equations when

forall 1<k <h-1,

fr ) _ Gk
e, (fh—l) B (ah—l) '
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This has a solution if and only if

P P p-1
o (55 (2 o () o 22

By our hypothesis that deg,(ajan—ir1) > deg,(afap ;1) for 1 < < j < h, the

unique solution (if it exists) is given precisely when the maximum on the left is
attained by k = 1. Since £ is saturated, we may assume by (2) that f, = 1. This

provides solutions for f; and p uniquely, for all 1 < k < h. O

We recall here Example 6.1.6, which provides for E/Q, any Galois and totally
ramified field of degree h the representation of the (reduced) Kisin module associated

to a CM p-divisible group G with (p-adic) CM by (Og, ®). For this, we choose the

Sy-basis {7%, ..., 771}, where 7 is a uniformizer for E, so that
h—1—i
N G Z [Pj(u)]eji
5=0

where the polynomials P;(u) are precisely defined in Example 6.1.6. We note the
important property that the degree of P;(u) for j > 1 is strictly less than the degree
of P1 (U)

Proposition A.0.5. Assume that p > h and E/Q, is totally ramified and cyclic of
degree 4, and let G/Ok be an Og-linear CM p-divisible group of type (Og, ®). Denote
by M := Me,(G) and assume that Y, o c; # 0 where ¢; are the units in Example

6.1.6. Then for a saturated Sy-line £ C 9N,

va(det(ge)) € {[(h—d+p—1)(p" = p"") = (p =" — 20" +p"F)e}.

Proof. This follows if we can apply Lemma A.0.2 to the presentation of Mg, (G) of

Example 6.1.6. We therefore check the conditions of the hypotheses, namely the
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conditions on the degree of the polynomials which appear in the entries of dm (g)-
Recall that by Lemma 6.1.9 and Remark 6.1.10 we can express the polynomials

un +7h;(u) (here we absorb the unit ¢; into our choice of uniformizer 7) by using the

hth iteration of the Lubin-Tate polynomial. By the hypothesis that p > h, we may

therefore write

uk 4+ whi(u) =74+ (7" lu+ 72+ 4w )P mod p

p—1 i1 12
=14+ (Wn(uphl)p—l—il . Z <7T7L2 (uph’Q)h—iz . (Z i (uph*”)@—ig_
i1=0 i2=0 i3=0
ip
Z 7rih—1(up)ih—2—ih—1uih—1 mod ﬂ.h.
in_1=0
Each monomial comprising uk + 7h;(u) is thus identified by a tuple (iy,... i, 1)

such that iy > i3 > -+ > 4,_1. Moreover, if Zi: i; = k, the coefficient of the
corresponding monomial (up to unit multiplication) is 7*. One readily checks that
the maximal degree a monomial with coefficient 7* takes is p"* — 2p"~! 4 p"~*, which
occurs precisely when ¢; =14, =1 and 131 = 15,1 = 0.

By the hypothesis that ), 4. ¢; # 0, the previous computation gives
deg,(ax) = (p" = 20" 4+ ") + (h—d = )(P" = p"7").

Then both hypotheses on the degree of the entries a; in Lemma A.0.2 are satisfied,

and we compute the potential degrees from these values for deg, (ax). O

When h = 4, the case of interest for an abelian surface, this proposition gives for

all p > 4,

vy (det(pe)) € {2p* — 2p°, 3p* — 4p® + p?, 3p* —3p® —p® +p, 3p* —3p® —p+ 1}
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By Lemma A.0.1 this covers solutions for all potentially ramified primes except p = 2.

We consider this separately below.

Lemma A.0.6. Let E/Qq be totally ramified and cyclic of degree h = 4, and let
G/Ok be an Og-linear CM p-divisible group of type (O, ®) with & = {1,2}. Denote
by M := Mg, (G). Then for a saturated S;-line £ C M,

vu(det(gg)) € {2(2* — 2%),2(2" — 2°%) + 2°}.

Proof. By Example 6.1.6, we can choose in each case the basis (1,7, 7% 73) for a

choice of uniformizer 7 of F such that

ay Gz asz a4

a; ag as
¢93T(f17f2;f37f4) = (ff?fgafg)?ff)

ay as

a1

By Lemma 6.1.9 and Remark 6.1.10, we can express the polynomials u +c;mh; (u)

as

ut 4 cimhi(u) = u® 4 cm(ut + 1) + 2 (ut + u?) + Srd(u? 4+ u)  mod 7

so that
ar=u, ay=0, az=u+1, a,=0.

We then compute that the only solutions to this system of equations are

(070755’3/) ¢2 = u167

8 24

(U x,ugy,w,y) ¢2:U >
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where x,y € Fy are not both 0. O]

Now we consider the situation of submodules of higher rank. Saturated submod-
ules of rank h — £k in a Kisin module 9t of rank h correspond to saturated lines in
A"Foan. Moreover, since ¢ Ak = N"F ¢, we can compute these modules by
taking partial determinants.

Specializing to h = 4, we invoke Example 6.1.6 to write a representation of the
module MM := Mg, (G) on the explicit basis {1, 7, 72, 73} for a choice of uniformizer
7 of E. We make the assumption that E/Q, is cyclic and the (p-adic) CM type is
® = {1,2}. Then

a? ajas a3 —ajaz ajaz asaz —ajay; a3 — asay
2 2
ai a1a9 a1Qa9 as 203 — Q104
a2 0 ayas az — ayas
Qb/\sz = )
ai a1a9 a1as3
(l% a1a9
2
a;
and
3 .2 2 2 3 2
aj] ajas a1a5 — aias a; — 24104203 + ajay
CL:% G%GQ alag — a%(lg
3 pr—
¢ m )
A 3 2
aj

where a; = P;(u) (defined in Example 6.1.6) and we recall from Proposition A.0.5

that

deg, (Pi(u)) = 2p* — 3p* + p*™*

when p > 4.
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Proposition A.0.7. Assume that p > 4 and E/Q, is totally ramified and cyclic of
degree 4, and let G/ Ok be an Og-linear CM p-divisible group of type (Og, ®). Denote
by M := Me, (G) and assume that Y, 4. ¢; # 0 where ¢; are the units in Example

6.1.6. Then:

1. For a saturated &;-line £ C \* M,

vu(det(og)) € {4p* — 4p®, 5p* — 6p° + p*, 5p* — 5p® — p* + p, Bp* — 5p* —p + 1,

6p* — 8p* +2p%, 6p* —Tp* +p* —p+1}.

2. For a saturated &;-line £ C /\3 m,

vu(det(og)) € {6p* — 6p°, Tp* — 8 +p?, ' — TP —p* +p, p* =T —p+1}.

Proof. For (1), let v = (fi,..., fs) generate £. Then it satisfies the system of equa-

tions

a%ff =u"fi,

aras f + aiff = utfa,

(a3 — ara3) f¥ + arao fY + alf) = ut fs,

aas f + ara f3 + af ff =t fu,

(azaz — aras) f{ + a3 f5 + arao ff + aras ff + ai ff = v fs,

(a3 — agaq) f{ + (agaz — araq) f3 + (a3 — ayaz) f§ + arasfy + ayaoff + a3 ff = ut fe.

(A.0.8)

It fi=fo=fs=0o0r f; = f, = f; =0, the argument from Proposition A.0.5

shows that the resulting system of equations satisfies the conditions of Lemma A.0.2
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and we obtain a corresponding set of solutions

vu(det(¢g)) € {2deg,(ar) + (p — 1) (deg, (a1) — deg,(ak))}1<ps -

If fi = fo =0and f3, f4 # 0, then by the third and fourth equations in the system
(A.0.8) we have f3 = f4, and making this substitution the remaining system satisfies

the conditions of Lemma A.0.2. This gives the corresponding set of solutions

vu(det(¢e)) € {2deg,(ar), 2deg,(ar) + (p — 1) (deg,(a1) — deg,(az)),

2deg, (a1) + 2(p — 1) (deg, (1) — deg,(a2))} .

If fi =0 and fy # 0, then again f3 = f; by the third and fourth equations in
the system (A.0.8). However, the remaining system does not satisfy Lemma A.0.2,
as deg, (P (u)Py(u)) > deg,(P#(u)). We note that if fy # 0 then f; # 0 for ¢ > 2.
Moreover, using the second through fifth equations of the system (A.0.8), the proof
of Lemma A.0.2 applies to show that deg,(f2) > deg,(fs) > deg,(f1) > deg,(f5)-
Hence, up to multiplication by a unit, either f5 = 1 or fg = 1. These correspond to

the solutions

vu(det(e)) € {2deg,(ar) +2(p — 1) (deg, (a1) — deg,(az2)) ,

2deg, (a1) + (p — 1) (deg,(a1) — deg,(as))}-

Finally, if f; # 0, then it still follows that deg,(f3) = deg,(fs) by the third
equation in the system (A.0.8). Moreover, f; # 0 for all 1 < ¢ < 6. While again
(A.0.8) does not satisfy Lemma A.0.2, the proof of loc. cit. demonstrates that

deg,(f1) > deg,(f2) > deg,(f3) > deg,(f1) > deg,(fs5) by analyzing the first five
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equations in (A.0.8). Hence either f5 = 1 or fg = 1, which correspond to the solutions

vu(det(¢e)) € {2deg,(ar) + (p — 1) (deg, (a1) — deg,(a4)) ,

2deg, (a1) + (p — 1) (2deg, (a1) — deg,(az) — deg, (a4))} -

For (2), the argument from Proposition A.0.5 on the degrees of a; = P;(u) shows
that the entries of ¢ sy satisfy Lemma A.0.2. Thus, after a simplification using the

known degrees of the entries a; = P;(u), we obtain

vu(det(ge)) € {3deg,(a1) + (p — 1) (deg,(a1) — deg, (ar)) }<pes -

O

By Lemma A.0.1, we again cover by this proposition all potentially ramified primes

except p = 2. We again consider this separately below.

Lemma A.0.9. Let E/Qq be totally ramified and cyclic of degree h = 4, and let G/ O
be an Og-linear CM p-divisible group of type (Op, ®). Denote by M = Mg, (G).
Then:

1. For a saturated &-line £ C A>9I,

v (det(gg) € {4(2* —2%), 4(2* — 2°) + 2°}).

2. For a saturated &;-line £ C /\3 M,

vy (det(gg) € {6(2* —2%), 6(2* — 2°) + 2°}.
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Proof. By the computation of P;(u) in the proof of Lemma A.0.6,

w? 0wt +1) WP 4+1) 0 u'® +1
u3? 0 0 0 0
u*? 0 0 u'%ud+1)
Qb/\%m =
U32 0 u16(u8 + 1)
u3? 0
>
and
u® 0 wP(u®+1) 0
u*s 0 u3?(u® + 1)
(%5/\3931 =
u*® 0
48

For (1), let v = (f1,..., fs) € 9 generate £. Then we easily compute that all

saturated lines are of the form

(0707u8707071)7 (070’0’,&8’071) ¢£ = 'Ll,40

(07x7w7w>y72) ¢£:U32,

where z,y, z,w € Fy are not all 0.
For (2), let v = (f1,..., f1) generate £. Then again we easily compute that all

saturated lines are of the form

(0707xay) gbﬂ - u48

8
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where x,y € Fy are not both 0. O]

Theorem A.0.10. Assume that [E : Q,] = 4 and that p is totally ramified in E,
and let G/Ok be an Og-linear CM p-divisible group. Let H C G[p™] be a subgroup
such that H N Glry] = 1 for all r > 0, and characterized by the non-increasing
tuple (A1, Ao, A3) satisfying A1 + Xo + X3 = log #H, H is p* -torsion, and the p-height
v € {1,2,3} of H is the largest integer such that N\, # 0. Then

! ‘o L N R 2 R, %, Ry
st (3, 5) (£,5) (£5)

i=Ao+1 J=As+1 k=1

where the sums are evaluated if and only if the difference in bounds is at least zero,

and for p =1 mod 4,

pt— p?
Ri(p)=9 p*—p* +p*—p
pt—p’+p—1
4
3p* —2p® — p?

Ro(p) =4 3p* —=3p*+p—1
2p* — 2p?
(2" =P —pP+p—1
5p4 - 4p3 _p2
Rs(p) = § 5p* —5p° +p* —p

and for p =2,
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Rs(2) = 6(2* — 2°) — 2%,

Proof. This compiles the computations in Proposition A.0.5, Lemma A.0.6, Proposi-

tion A.0.7, and Lemma A.0.9 using Proposition 4.4.5. O]
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